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ON REGULARLY CONVEX SETS IN THE SPACE
CONJUGATE TO A BANACH SPACE

(coBmecTHO ¢ B.JI. llImynbsaoMm)

(Annals of Mathematics. — 1940. — V.41, N 2)

Introduction

Here and throughout this paper we denote by E a Banach space
(a linear, normed, and complete space) and by E* its conjugate
spacet.

A set K C E* will be called regularly convez if for every g ¢ K
(g € E*) there exists an element 29 € E such that

Sup f(zo0) < g(zo).
feK

The space E* itself we consider as regularly convex.

Any closed sphere o(fo;p) (fo € E*,p > 0), i.e. the set of all
elements f € E* such that |f — fo| < p gives us one of the simplest
examples of a regularly closed set. We obtain a still more simple
example if we consider the set of all f € E* such that ¢; < f(y) <
< ¢g where y is an arbitrari element from F and ¢; < ¢ any real
constants.

Observe that if K is a linear subspace of E* then the expression
regularly convex denotes the same as regularly closed (see Banach [2,
p.116)).

It is easily en that only convex sets in E* may be regularly
convex. Furthermore, every regularly convex set is always closed and

" The terminology used will be that of Banach’s well known book [2]. Numerals
in brackets refer to the list of references at the end of the paper.
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moreover weakly closed in the sense of weak convergence of functio-
nals.

It is also clear that the intersection of regularly convex sets taken
in arbitrary number is empty or is also a regularly convex set. In
view of this fact, for every set § C FE* there exists the smallest
regularly convex set containing the set S (namely, the intersection of

all regularly convex sets containing 5). This set K will be called f
the regularly convex envelope of S

In the first chapter of our paper we state some general properties
of regularly convex sets, in particular, in §1 we study the properties
of bounded regularly convex sets. Theorem 1, which gives a repre-
sentation of elements of the regularly convex envelope of a bounded
set by the elements of the set itself, is the central theorem of this
paragraph.

On the basis of this theorem we show that the linear aggregate and
the convex envelope of a finite number of regularly convex bounded
sets are also regularly convex. Most of the theorems of §1 may also
be obtained by developing some transfinite methods proposed first
by Banach (see [2], p.116-122). Establishing a simple lemma we have
succeeded in finding a quite elementary method of proving all these
theorems. Fotmulated in a more particular form, this lemma has been
used in the classical moment problem long ago (see M. Riesz [12];
Achyeser-Krein [1], Article 2; I.J. Schoenberg [14]; L. Kantorovitch
[5])- But it seems that in this paper the lemma is for the first time
applied to the study of regularly convex sets. In §2 we extend a part
of our results to regularly convex unbounded sets. The fundamental
result of this paragraph is that a set is regularly convex if and only if
its intersection with every bounded regularly convex set is regularly
convex.

The proof of this theorem is based on an idea of Banach’s as in
§1 Banach’s transfinite methods are not used. Only after having es-
tablished all the main properties of regularly convex sets do we prove
in §3 that a set is regularly convex if and only if it is convex and
transfinitely closed. This criterion is a generalization of that of Ba-
nach’s that gives the conditions under which a linear subspace of E*

tin analogy with the definitions of linear envelope or convex envelope of a set.
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is regularly closed (convex). The idea of our proof differs somewhat
from that of Banach. Furthermore, we show that it is useful to de-
fine transfinitely closedness in a somewhat different way than it was
defined by Banach. In §4 it is shown that the criterion of regular
convexity of a set may be considerably simplified if the space E or
the set itself are separable.

In chapter II we show that the study of factor-spaces introduced
by Banach ([2], p.232) and Hausdorff [4] is closely related to that
of regularly convex sets. For instance, it is shown that a linear set
belonging to E* is regularly closed (convex) if and only if it is the
conjugate space to a factor-space E/G (G C E). By means of similar
propositions we state that if G is a linear subspace of E then (G*)* is
a linear subspace of (E*)* (see §1); if F is regular ((E*)* = E) then
so are G and E/G, and conversely (see §2). If the unit sphere of E
is weakly compact, then the space G and E/G both have the same
property, and conversely (see §3).

In chapter III we study the regularly convex envelopes of weakly
compact sets. As has been remarked by S. Mazur [9], the convex
envelope of a compact set of F is compact. Using considerably more
complicated means, we state the analogous propositions for sets from
E or E* which are weakly compact in any sense. The case in which
the set belongs to E has been already discussed in another place (see
M. Krein [7] and V. Smulian [17]). The results concerning this case
are now obtained from a more general standpoint. The theorems on
convex envelopes of weakly compact sets permit us to formulate the
fixed point theorems of Schauder in a somewhat more general form
than formulated by Schauder [12].

Chapter I

1. Bounded regularly convex sets. Let § be an arbitrary set.
Denote by @, the linear space of all real-valued bounded functions
() defined over S with the usual definition of the norm

[lll = Sup |p(s)]-
sES

An additive homogeneous (distributive) functional p defined over
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Qs shall be said to be nonnegative, if p(s) > 0 (s € §) implies
p(p) > 0f. Such a functional is always continuous, i.e. belongs to Q%
(Q? is the conjugate space to ;). In fact, for every ¢ € ), we have

llelle(s) £ (s) 2 0

where ¢(s) = 1 (s € S). Therefore, p being nonnegative we obtain
lollp(e) £ p() > 0, and consequently

ol = Sup PP _ ) < o

[l

A nonnegative functional p will be said to be normalized if ||p|| =
=1 (p(e) = 1). The set of all nonnegative normalized functionals p €
€ Q% will be denoted by B,.

Lemmafl. Let L be a linear subspace of Q4 and let e(s) € L. If
a distributive functional py defined over L takes nonnegative values
over nonnegative functions ¢ € L, then there exists a nonnegative
functional p € Q% such that p(p) = po(p) for all p € L.

Proof. Let ¢1(s) € @s— L. Denote by ¢'(s) € Qs (or
¢"(s) € @) any function such that for all s € S

@'(s) < als) (or ¢(s) < ¢"(s)). (1)

Such functions exist for e(s) € L and - ||31||e(s) < ¥1(s) < ||¥1]le(s)-
It follows from (1) that always p(¢’) < p(¢”) and therefore that
there exists such a £ such that

Sup p(’) < € < Infp(e”). (2)

Consider the linear space Ly D L formed by all functions % of the
form: ¥(s) = @(s) + ti1(s), where ¢ € L and ¢ is an arbitrari real
number. Put p;(¢) = p(¢) + t€. The functional p; defined over L,

1'It may be easily show that if an additive functional p has the property that
@(s) > 0 implies p(@) > 0, then it is necessarily homogeneous and consequently
dist‘ributive, Le. p(Ae + uy) = Ap(e) + up(¥) (0, ¢ € Qs).

T.*This lemma is a particular form of a more general one (see Krein [6]). As was
indicated in the introduction, this lemma has its origin in the classical moment
problem.
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is obviously distributive. It is also easy to see that in virtue of (2),
the functional p, takes nonnegative values over nonnegative functions
“/’ € Ll.

Thus we see that it suffices to well order the set @, — L in order
to arrive by the above described extension of the functional py(¢) to
the functional p(y) looked for.

From now on S will denote a bounded set in E*. In this case to
every ¢ € E corresponds a function ¢ (f) € @, defined as follows
@z(f) = f(z) (f € §). Obviously @artby(f) = ap(f)+bpy(f). Now
every p € Q% generates a functional g(z) (z € E) by the formula
g(z) = p(px). Obviously g € E* since g(z + y) = g(z) + ¢g(y) and

lg(2)| < llpll Sup | f(2)] < Cla].
fes

We shall write for g, g = p(5).

Theorem 1. Let S be a bounded set in E*. Then the regularly
convez envelope K of S coincides with the set of all elements g € E*
which may be obtained by the formula

g =p(S5) (3)

where p € P,.

P r o of Denote by K; the set of all ¢ € E* which may be
obtained by formula (3).

The set K; contains the set K. In fact, to every point fy €
€ § corresponds the functional p;, € P, defined as follows py () =
= ¢ fo) (¢ € Q,), and for which we obviously have p; (5) = fo.

The set K is regularly closed. In fact, let go ¢ K. Denote by L
the linear subspace consisting of all functions ¥(f) € @, of the form
() = palf)+ee(f) (2 € B, =00 < ¢ < 00). Put po(t) = go(x) +c.
The functional py defined over L in general may be many-valued. We
state that there exists at least one function

Po(f) = flzo) +co>0 (f€S) (4)

such that
po(¥0) = go(zo) + co < 0. (5)
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In fact, admitting the contrary, ¥(f) > 0 (f € ) implies po(9p) > 0
and, in particular, if (f) =0 (f € S) then py(¢¥) = 0, which shows
that p, is singlevalued. As p, is also additive and e(f) € L, there
exists by the Lemma a nonnegative functional p € @} such that
p(¥) = po(¥) (¥ € L). But then |p| = p(¢) = po(e) = 1, i.e. p € P,
and furthermore go(z) = po(pz) = p(pz) (z € E), le. go = p(5) €
€ K;, which contradicts our supposition.

Thus there exists an element z¢9 € E and a constant ¢g such that
(4) and (5) hold and consequently

Sup f(—zo) < co < go(—20),
f€S

which shows that K is regularly closed.

Thus K being regularly closed and containing S, contains also K.
It remains to show that every element of Ky belongs to K. Admitting
the contrary, let g9 € K; and € K. Then K being regularly closed
there exists an element zg such that

Sup f(zo) < go(xo)-
feEK

On the other hand as go € K, there exists a py € P, such that
g = po(5). Therefore

go(zo) = po(f(z0)) < Sup f(xo) < Sup f(z0) < go(zo),
fes fEK

which is impossible. The theorem is thus proved.
Corollary 1. For everyz € E

Sup f(z) = Sup g(z).
f€S geK
In fact, if g € K then g = p(S) (p € PB,) and therefore
9(z) = p(z) < Sup @z(f) = Sup f(z).
fes fes

Corollary 2. If for any pair 1 € E, 3 € E, f(z1) = f(z2) for
f €S, then g(z1) = g(x2) for g € K.
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In fact, if g = p(5) (p € B;) then g(z1) = p(¢,) = p(¥,) = 9(22)
for ¢z, (f) = f(z1) = f(22) = @a, ()

REMARK. Let R, be a linear subspace of @, containing the func-
tion £(f) = 1 and all functions ¢,(f) (z € E). Denote by PF the
set of all functionals p € R which are positive (i.e., take nonnegative
values over nonnegative functions ¢ € R;) and have the unit norm
(llp]l = 1). It is easy to see that theorem 2 remains true if we replace
in it the set 98, by the set P&,

Before passing to the next theorem we will consider an example
applying theorem 2 in the form indicated in the Remark.

Let S be a sequence {f;}$° € E* converging weakly to an element
fo € E* (ilim fi(z) = fo(z) for every z € E). In this case the
space @, is eqogivalent to the space (m), for every function ¢(f) € Q5
is determined by its values & = (f;) (i = 1,2,..) and ||¢|| =
= Sup|p(f)| = Sup |&|

fES 1<i<oco
The set R of all functions ¢ € @, such that

lim o(f;)

exixts, form a linear subspace of @, which evidently is equivalent to
the space (¢). Therefore to every functional p € R* (see Banach [2],
p.65-67) corresponds a sequence {¢;}3° such that

p(@) =) _cip(fi) +eo lim o(f:) (¢ € R),

=1

00
hence ||p|| = 3 |eil and ¢; > 0 (¢ = 1,2,...) if the functional p is
1=0

positive.

Since the function (f) and every function ¢.(f) = f(z) (z € E)
belong to R we can apply to S theorem 2 (in extended form), and so
we find that the regularly convez envelope K of the set § = {f;}$°
consists of all elements g € E*, which admit the representation

o0

9(x)= Y cifi(@) (z € E), (+)

0
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where

o0
>0 (i=1,2..) and » ¢ =1 (%)
0

(o]
As (x) and (**) imply that g = Y ¢;f; we conclude that the re-
0

gularly convex envelope K of the set S = {f;}{° coincides with its
convex closed envelope.

Theorem 2. Let Sy, 52,...,.5, be a system of bounded sets in E*
and let K1, K,, ..., K, be the corresponding system of the reqularly
convez envelopes of S; (i =1,2,...,n, K; D S;). Then the regularly
convez envelope K of the logical sum S = S;US;U...U S,J coincides
with the convezr envelope K' of the sum KU K3 U ...UK,.

Proof. Obviously K being convex and containing all K; contains
also K1. It remains to show that, conversely, K C K. In proving
this we may suppose without loss of generality that all sets S; (i =
=1,2,...,n) are disjoint, for in the contrary case we replace the sets
S; be sets S} defined as follows:

S1 =51, St = Sk — SkS1 — SkS2 — ... — SkSk—1 (K =2,3,...,n).

Take any p € PB,. Our theorem will be proved if we show that
g = p(S) belongs to the convex envelope of the sum K’ = K; U K, U
U...U K.

Put u; = p(e;) (1 = 1,2,...,n), where

i J1 for fes;
5z(f)—{0 for feS-S (1=1,2,..,n). (6)

Obviously p; >0 (¢ =1,2,....,n) and py1 + po + ... + . = 1.
To every function ¢; € @, corresponds a function ¢ determined

as follows: ;) i fes
_J¥ or € 5,
¢(f)_{0 for feS-S5;.

Put 9i(¢i) = p(¢). Thus our functional p € P, generates n func-
tionals ¢; € @5, (¢ = 1,2,...,n), which, obviously, are nonnegative
and have respectively the norms ||¢i|| = p(ei(f)) = pi (1 = 1,2,...,n).

fI.e. the union of all elements belonging to at least one of the sets Sy, ..., Sy.
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Define for each p; > 0 the functional p; € P, by the formula
1
pi = —¥i.
i

Observe now that each function ¢ € @ generates a function in
each of @5, (¢ = 1,2,...,n). We shall denote this function by the same
letter @. As for every ¢ € Q5

o(f) = e(fe(f)
1

we obtain

p(p) =D p(eip) = Y pini)-

ui>0

In particular, as g(z) = p(f(z)) (z € E), we have

9(z)= Y wipi(f(2)) = Y pigi(z) (= € E),

ui>0 ui>0

where g; = p;(5;) € Ki.
Consequently, recalling that > p; = 1, we conclude that g =
1i>0
= Y pigi belongs to the convex envelope of the sum K; UK, U...U
UK, which completes our proof.

Corollary. If K1, K, ..., K, are bounded regularly convezr sets in
E*, then their convez envelope is also regularly convex.

To obtain this corollary we put S; = K; (i = 1,2,...,n) in Theo-
rem 2 just proved.

If ay,a,,...,a, are any real numbers we understand by a;5; +
+a9852 + ... + a, S, the set of all f that admit the representation
f=a1fi+..4+a,f, where f; € S; (i=1,2,...,n).

The method used by proving the last Theorem permits also to
prove the

Theorem 3. Let Sy,...,5, and K1, ..., K,, have the same meaning
as in the preceding Theorem. Then the regularly convezr envelope £
of the set & = a1 51 + ... + a, Sy, coincides with the set & = a1 K +
+a Ky + ...+ a, K,,.
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P ro o f. In proving the Theorem we may assume all a; > 0 for
some a; < 0 we may replace such an a; by —a; and the correspon-
ding K; by —K; without changing &, & and &; if, furthermore, some
a; = 0, then we exclude from our considerations such a@;’s and the
corresponding K.

If we replace every set S; by the set S; + ¢ (¢ = 1,2,...,n), where
g € E* is a fixed element, the sets & and &' are replaced respectively

n
by the sets &£+ g; and & + ¢;, where ¢, = (E a,') g. Therefore we
1

may assume also that every set S; lies at a positive distance from
zero. But then evidently we may choose constants A; > 0,...,A, > 0
such that all the sets S} = A;5; (¢ = 1,2,...,n) are disjoint. Hereby

n
NG
e_§1:/\is,-,
n

#=Y <

<
)\.I‘ia
. 1
1

where K! = M K; is the regularly convex envelope of the set S
(¢ = 1,2,..,n). In view of this we may also suppose without loss
of generality that the given sets are disjoint.

It is easy to see that & O &. It remains to show that & C &. Put
S =5USU..US, and let ;(f) € @s (i = 1,2,...,n), be the
functions defined in (6). Consider now any nonnegative functional
p € Q; satisfying the following conditions

p(ei) = a; (t=1,2,..,n). (M

We state that g = p(S5) € &. In fact, reasoning as above in proving
the preceding Theorem, we can state that the functional p generates
n functionals p; € P,, such that for every ¢ € Q,

n

p(e) = pleiw) = Y aini() (8)
1

1

and therefore putting g; = p;(S;) € K; (i = 1,2,...,n), we find

n
g9=) aigic &
1
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Take now go € E* which does not belong to &. Denote by L
the linear subspace consisting of all functions ¥( f) € @, of the form
P(f) = aer(f)+...+cnen(f)+ f(z), wherez € Eand ¢; (:1=1,2,...
...,n) are arbitrary real numbers. In this space let po(¢)) = c1a; +
+... 4+ cpan + go(2).

The functional py defined over L may be many-valued. We state
that there exists at least one function

Yo(f) = f(zo) + Rer(f) + -+ caen()) 20 (f€S)  (9)

such that
po(o) = go(2o) + cfa1 + ... + coa, < 0. (10)

For in the contrary case if a ¥(f) > 0 (f € §) then po(xp) > 0
and, in particular, ¥(f) = 0 and then po(®p) = 0, that is py is a
single-valued (evidently additive) functional taking over nonnegative
functions ¢(f) € L nonnegative values. Since furthermore ¢(f) =
= €1(f) + ... + €n(f), we may apply our Lemma and conclude that
there exists a nonnegative functional p € @} such that p(v) = po(¢)
for every 9 € L. In particular

p(ei) =polei) =a; (1=1,2,..,n) (11)

and furthermore go(z) = po(¢z) = p(¥z), i-e. go = p(S). But by the
above go € &, which contradicts our supposition.

Thus there exists such an element z¢ € E and numbers ¢, ...,c0
such that (9) and (10) hold. Now observe that (9) is equivalent to
the system of the following inequalities: f;(zo)+c$ > 0 forall f; € S;
(i = 1,2,...,n). Multiplying these inequalities respectively by a; > 0
(1=1,2,...,,n) and adding them up we obtain

f(zo) + alc(l) + .4 ancg >0 forall fe6. (12)
Therefore comparing (12) and (10) we find

Sup f(—zo) = Sup f(—20) < alc(l’ 4.+ ancg < go(—2o)-
fefR 7€6

Hence go ¢ &. Thus if go ¢ &, then go € &, i.e. & D &. The Theorem
is proved.
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Corollary 1. If Ky, Ko, ..., K,, are bounded regularly convez sets
in E*, then whatever be the numbers a,, ..., a, the set a; K1+...4a, K,
is also reqularly convez.

To obtain this corollary we put S; = K; (¢ = 1,2,...,n) in the
Theorem just proved.

Corollary 2. Let K C E* be a regularly conver bounded set and
p > 0 an arbitrary fized number. The logical sum K, of all spheres
o(f,p) of radius p and with center f in K is also regularly convez.

In fact, K, = K + 0(6, p) and both K and (8, p) are regularly
closed.

We shall now prove the following Theorem.

Theorem 4. Let Ky C E* and Ko C E* be two disjoint regularly
convexr bounded sets. Then the distance d between K, and K, is
positive, and to every d' < d (d' > 0) corresponds an zo € E such
“hat

Inf —d'|zol. 1
fsélzg, f(20) < o f(@0) — d'|zo] (13)

P r o o f. By Corollary 1 to Theorem 3 the set K = K; — K,
is regularly convex. As K; and K3 are disjoint, so the element zero,
6 C E, does not belong to K and consequently lies at a positive
distance from K. Obviously, d is also the dictance between K; and
K,.

By Corollary 2 to Theorem 3 the set K4 is regularly convex and
does not contain the zero . Consequently by the definition of regu-
larly convex sets there exists an zg € E such that

Sup f(zo) <O.
feEK y

Take an fo € K, then o(fy,d’) C Ky; hence

Sllp f((l?o) = fo(zo) + d’|(€0| <0.
fea(fo,d")

Consequently
Sup f(z0) < —d'|zol- (14)
feK

Obviously (14) is equivalent to (13).
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2. Unbounded regularly convex sets. We now pass to the
study of unbounded regularly convex sets in E*. First of all we shall
state the following Theorem, fundamental in the sequel.

Theorem 5. In order that an unbounded set K C E* be reqularly
convez it is necessary and sufficient that the intersection of K with
every bounded regularly convexz set be also regularly convez.

Proofl. The necessity of the indicated condition in trivial. It
remains to show its sufficiency, that is if K satisfies this condition,
then to any given go ¢ K corresponds an zo € E such that

Sup f(zo) < g(zo).
JeK

Denote by d the distance of g from K. Obviously d > 0. Take any
sequence gy = 1> €3 > €3>,...,6p > 0andad < d(d > 0). We will
now form by recurrence a sequence {z;}{° possessing the property: if
for some f € E* and some natural number n the following conditions

’||
l

f €K, f(z:) > g(z:) — (1=1,2,..,n) (15)

hold, then
dl

€n+

|f gl > (16)

To obtain the first element z; of this sequence we consider the set
H, of all f such that

dl
feK and|f—g| < —
€2
the set H; the being the intersection of K with the sphere o(g,d'/¢3)

is by the assumed condition a regularly convex bounded set. As g
lies at a distance > d from H,, there exists such an z; that

Sup f(z1) < g{zy1) — d'|z4].
feH,

Obviously, by this choice of z; the conditions f € K, f(z1) > g(z1)—
~d'|z4| imply |g— f| > d'/e3. Let now z4, zg, ..., z, be formed so that

tThe main idea of this proof is borrowed from Banach ([2], p.120-121).
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(15) implies (16). Then z,4+; can be obtained as follows: Consider
the set H,4; of all f € E* which satisfy the conditions (15) and
belong to the sphere
dl
8n+

lg—f1 < (17)
If the set H,,, is empty, take for £,4; an arbitrary element different
from zero. In another case H,;; being the intersection of K and
of n + 1 regularly convex sets of which one is bounded (namely, the
sphere o(g,d'/en+2)) is itself regularly convex. As the conditions
(15) imply (16), the set H,y, lies at a distance > d'/en4y from g,
and therefore there exists an z,4+; such that

d'|Znq1]
Sup f($n+1) <g(Tnp1) — —.
€Hp 41 Ent1

Consequently, if

fEK, fz)2 gl - T2

(t=1,2,..,mn+1), (18)
then f ¢ H, 41, which is possible if (17) does not hold, that is |g— f| >
> d’/8n+2.

Thus the existence of the required sequence {z;}$° is proved. It
follows from the definition of this sequence that if f € K then at least
one of the inequalities f(z;) < g(z;) — d'|zi|/e; (1 =1,2,...) is true,

i.e.
1<i<o0 |$:|
Putting
Li .
Y= Eim (l = 1,2,...),
we may write the relation (19) in the form:
Sup{g(w) — f(:)} > d. (20)

Denote by Ko the set of all sequences {f(y;)}{°, where f € K. As
|yi] = €i — 0, we have lim f(y;) = 0 and therefore Ko C (¢g) where
1—00
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(co) is the space of all sequences £ = {§;}$° converging toward zero
with the definition of the norm ||£|| = Sup |&].
1<i<o0

The inequalities (20) show that the sequence {g(%;)}$° € (co) is
at a distance > d’ from K. Furthermore, as K is convex, so is Kg.
Therefore there exists in (cg) a hyperplane

(o o]
ait+abet---= ao(Z|“i| = 1), (21)
1
which passes through the point {go(y:)}5°, i.e.

Z a;go(yi) = ao, (22)

and whose distance from Kj is > d’. The last fact can be expressed
by a suitable choice of the sign of ag as follows:

[e o]

S aifo(y) Sao—d (f € K). (23)

1

Putting then
To= ) aiy; (24)
1
we obtain from (22) and (23) that

f(z0) < g(z0) —d' (f € K), (25)

which completes the proof of our Theorem.

Theorem 6. In order that a linear subspace FF C E* be regularly
closed it is necessary and sufficient that there exists in F a bounded
regularly convexr set K which has in F interior points (i.e. isin F a
convez body).

P roof To show the necessity of the condition, take in F
any bounded ¢... S containing in F' interior points. Form then the
regularly convex envelope K of S. As the intersection of K and F (if
F is regularly closed) must be also regularly convex, it coincides with *
K. Therefore K C F satisfies all the requirements of our Theorem.
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Conversely, let F' contain a bounded regularly closed body K.
Obviously, we may suppose that the null element § € K, for in the
contrary case we bring about this situation by a suitable translation
of K in F. Let now K’ be any bounded regularly closed set. It
is clear that for a sufficiently large A the intersection of K’ and F
coincides with the intersection D of K’/ and AK. But K’ and AK
being regularly closed, so is D, which proves our Theorem.

Theorem 7. If Ky, K, ..., K,, are regularly convez sets in E* and
if furthermore all these sets except maybe one are bounded, then the
set K = a1 K1+---+a, K, is reqularly conver whatever the constants
a;,as, ...,a, maybe.

P r o of. In the case in which all sets Ky,..., K, are bounded
the Theorem coincides with Corollary 1 of Theorem 3. Let then
K,,...,K,_1 be bounded and K, unbounded (a, # 0). Put

Ci=Suplfl ((=12,..,n-1).
fEK;

Take now any bounded set H C E*:

C = Sup|f] < oo.
feH

Choose a number R > 0 such that

n—1

|anlR =) lailCi > C.
1

Denote by K, the intersection of K, with the sphere o(8, R) and put
K'=a1K1+4+---+an_1Kn_1+a,K],. The sets Ky, ..., K,_1, K] being
regularly convex and bounded, so is the set K’ and, consequently, the
intersection K’ N H. But it is easy to see that by our choice of R we
have KN H = K'NH. Thus K N H is regularly convex, which proves
our Theorem.

Corollary. Corollary 2 of Theorem 3 remains true if K is an
unbounded regularly convex set.

Consequently, Theorem 4, being based on the two corollaries of
Theorem 3, also admits a generalization, namely:

Theorem 8. Theorem 4 remains true if one of the sets Ky, K,
is bounded and another is unbounded.
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Observe also that for the case in which K; is unbounded and K,
consists of only one element g, this Theorem is a consequence of the
inequality (25), for it follows from (24) that

[o,¢) o0
2ol < 3 laillyd < 3 Jail = 1
1 1

and consequently (25) implies
Sup f(20) < g(z0) — d'|z0|-
fex

3. Transfinite methods. In this paragraph we will outline
another method for studying the regularly convex set which is based
on some ideas of Banach (see [2], p.118-126).

Let ¥ be a limit ordinal. Denote by (pg) the linear space of
bounded transfinite sequences of real numbers X = {£,}} of the type
9 (1 < a < ), in which the operations of addition and multiplication
by a scalar are defined as follows:

1. IfX = {Ea}) Y = {1701}3 then X +Y = {ga + 770:}-
2°. If X = {£4a} and X is a scalar, then AX = {\,}.
Put

p(X) = Tm &,
Obviously, the functional p(X) has the properties:
(X +Y) < p(X)+p(Y), p(AX) = Ap(X), A > 0.

By the well-known Theorem of Banach (see [2], p.29) there exists an
additive functional p(X), such that

p(X) <p(X) (X € (ps)), (a)
and consequently
—p(-X) <p(X) (X €(ps)). (b)
Put for arbitrary X = {£&,}} € (ps)

Lim £ = p(X).
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It follows from (a) and (b) that
lim £ < lim £ < lim &, ({€}] € (P))- (26)
Furthermore, as p(X) is an additive functional we have
Lm0 4] = i dplimme 0D

From now on in this paragraph we shall agree to associate with
every limit ordinal ¥ a fixed operation le on (p,) to the real axis,

which possesses the properties (26) and (27)

Let now {f,}? be any ordered sequence of the type ¥ (1 < a < ¥),
the element of which belong to £* and are bounded in their totality,
i.e.

Sup |fal < 0.
1<a<d

As for every z € E the sequence {fy(z)} is bounded, we may make
correspond to the sequence {f,}? a functional defined as follows:

folz) = Lim fa(2) (= € B).
In virtue of (26) and (27) the functional fy(z) is additive and
|fo(z)l < Sup |fu(2)| < Sup [fa]-|a]-
1<a<d 1<a<d
Therefore fo € E* and

|fol < Sup |fal. (28)
1<a<d

Modifying slightly Banach’s definition ([2], p.119), we shall call the
functional fy transfinite limit of the sequence {f,} and we shall write

fozij%fa- (29)

Now it is natural to say that a set K C E* is transfinitely closed if it
contains the transfinite limits of all ordered bounded sequences {f}
belonging to it.
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Theorem 9. In order that a set K C E* be regularly conver it
is necessary and sufficient that it be transfinitely closed.

P roof. The condition is necessary. In fact, if a bounded ordered
sequence {f,} (1 < a < V) belongs to the regularly convex set K,
then the functional

= Li »
fo a}_{%f

also belongs to K for in the contrary case there exists an zo € E*
such that
Sup fa(2o) < Sup f(zo0) < fo(zo),
1<a<d feK
which is incompatible with (26).

In proving the sufficiency of our condition we may suppose with-
out loss of generality that K is bounded. In fact, it K is transfinitely
closed then by (28) so is the intersection of K(® with the sphere
o(6,n). On the other hand if we show that K (n) is regularly closed,
then so will K be, by Theorem 5.

Thus suppose K bounded and transfinitely closed. Denote by K’
the regularly convex envelope of K. To prove our Theorem it remains
to show that K’ = K. Take a ¢ € K'. Let us well order the elements
of £

E = {z,} (a<?).

To prove that ¢ € K we show that to every ¥; < 9 corresponds at
least one f € K such that

f(za) = 9(zo) (a < P1). (30)

Let first 9; = n + 1 be an integer. Consider the set &, C R, (R, is
n-dimensional Euclidean space) of all points (&, ...,£,), where

El = f(xl),--',gn = f(xn) (f € K) (31)

It is easily seei. .hat &, is convex and closed (the latter in virtue of
the transfinite closedness of K). We state that the point

M = g(21)s ey M = 9(Tn) (32)
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belongs to &,. In fact, in the contrary case there exists by a Theorem
of Minkowski a system of numbers a;, ..., a, such that

n n
Sup Y aibi< Y aim,
(51 ,---,ﬁn)eﬁn 1 1

which by (31) and (32) may be written as follows

n n
Su a;z; | < a;z; | .
! () <o (50)
Since g € K’ this inequality contradicts corollary 1 of Theorem 1.
Thus (71, ...,M) € &y, i.e. for 93 = n + 1 there exists a f € K such
that (30) holds.

Now we can apply the transfinite induction. Indeed let the limit
ordinal #; have the property: to every § < ¥ corresponds a fg € K,
such that

fﬁ(xa) = g(xo:) (a < ﬂ)

Then K being transfinitely closed the functional

fo, = ﬁll_i’gll fs
belongs to K and, furthermore, as it satisfier the conditions fy, (z4) =
= ¢(z4) (o < ), the possibility of applying the transfinite induction
is established. This completes the proof of our Theorem.

The reader who is familiar with the book of Banach has proba-
bly remarked that Theorem 9 presents a generalization of Banach’s
Theorem concerning transfinitely closed subspaces ([2], Lemmas 2, 3,
p-119-122). Our method of proving Theorem 9 is slightly different
from that of Banach, though it is possible also to prove this Theorem
following his methods.

It is easy to see that Theorem 7 may be obtained as an almost
immediate corollary of Theorem 9. However, we should meet some
difficulties in this deduction of the Theorem if we had difined trans-
finitely closed sets exactly as Banach difined them.

We also find in interesting that all the main properties of regularly
convex sets may be obtained as has been shown in the preceding
paragraphs without resorting to transfinite limits.
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4. Separable sets. The criterion that a set K C E* is regularly
convex is much simplified in the cases in which the space E or the
set K itself are separable. We begin with

Theorem 10. Let E be a separable Banach space. Then a set
K C E* is regularly convez if and only if it is convexr and weakly
closed (as a set of linear functionals)t.

P roof. The necessity of the indicated condition being trivial, we
shall prove its sufficiency. Thus let K € E* be a convex and weakly
closed set. As the sphere o, = o(0,n) is also convex and weakly
closed, so is the intersection, K,,, of K and o¢,. Now if we prove that
K, is regularly convex, then so will be the set K (by Theorem 5).
Therefore in proving that K is regularly convex, we may suppose at
once that K is bounded.

Let g € K', where K’ in the regularly convex envelope of the set
K. Our Theorem will be proved if we show that g € K. Let {z,} be
a dense sequence in E. Since F is separable, K is weakly compact.

“Therefore we may reason the same way as in proving Theorem 9 and
show that to every n = 1,2,... corresponds a f, € K such that

fa(z)) = g(z:) (1=1,2,..,n). (33)

K being weakly compact, there exists a subsequence {f,, } and an
fo € K such that fo(z) =limf,, (z) (z € E). Then in virtue of (33),
fo(z:) = g(zi) (¢ = 1,2,...) and consequently ¢ = fo € K. Thus the
Theorem is proved.

One can easily obtain Theorem 10 from Theorem 9 as Banach had
done by proving his particular case (see footnote van in p.25), but we
wished to show how the Theorem may be proved without transfinite
limits.

Lemma 1. Whatever be the separable subspace F C E*, there
ezists a separable subspace G C E such that F C G*ﬁ.

Proof. Let {fn}° be a sequence dense in F. To every f,
corresponds a sequence {Z;,n}52; such that

tFor the particular case when K is a linear subspace of E* one can find this
Theorem in the book of Banach ([2], p.124).

ttSee V. Smulian [15] and [16].
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| fm(Zmn)l
7111_{20 —m— = |fm| (n = 1,2,...).
Denote by G the linear envelope of the set {zmn} (m,n = 1,2,...).
It is easy to see that |f|g = |f|g if f € F. Therefore we may write
F c G~
Lemma 2. Let S be a separable bounded set in E*. If for each
sequence {fn} C S the functional

fO = Lim fn
n—w

belongs to H, then the set H is weakly compact (in the sense of weak
convergence of functionals)t.
Here we denote by Lim an arbitrary fixed operation (generalized

n—oo

limit) corresponding to the first infinite ordinal number ¥ = w which
was defined in the preceding paragraph.

P r o o f. Take an arbitrary sequence {f,};° C S. Denote by
F the linear envelope of the set 5. As the set F is separable, there
exists by the preceding Lemma a separable subspace G C E, such
that F C G*. Let {z;}$° be a sequence dense in G. It is clear that
if f',f" € F and f'(z;) = f'(z;) (i = 1,2,...), then f' = f”. Choose
by the diagonal process of Cantor a subsequence {f,,}52, such that
there exists uh_,n(}o fa,(z;) foreach : =1,2,....

We now assert that u]ivngo fn.(z) exists for every £ € E. Admit the
contrary, i.e. that for some z¢ € E the ull,rgo fn,(%0) does not exist.

Then we can form two subsequences {f,,}52, and {f,, }52, such that
there exist two different lim f, (z0) and lim f (o). On the other
v=—00 Vv—ew

hand putting
= Lim f,,, f"=Lim f,,
V—00 V—w

we obtain that

flz; = U]Lngo fo(zi) = uli»nolo fo(zi) = f(z:) (i=1,2, ) (34)

This Lemma is taken from a paper of V. Smulian [16], where it is proved in a
somewhat more general form.
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and
f'(z0) # f"(0)- (35)

Since by the condition of our Lemma f' € S C F, f" € § C F, the
relations (34) and (35) are in contradiction.

We shall say that a set S C E* is a locally weakly compact set
if every bounded sequence {f,} C S contains a subsequence {f,, }
which converges weakly to a functional belonging to S.

Theorem 11. In order that a separable set K be reqularly convex
it is necessary and sufficient that K be conver and locally weakly
compactt.

P r o o f. To prove the necessity of our condition, consider the
intersection K, of K with the sphere o(8,n) (n = 1,2,..). If K is
regularly convex then so is K,. Therefore, by Theorem 9, K,, satis-
fies the conditions of Lemma 2 and is consequently weakly compact.
Hence K is locally weakly compact.

To prove the sufficiency of our condition we take an arbitrary
g € K. Consider the linear envelope F of the set {K,g}. By Lemma
1, there exists a separable subspace G C F such that FF C G* and
consequently K C G* and g € G*. K being locally weakly compact
as a set of E*, it is the same regarded as a set of G*. Consequently K
is weakly closed as a set of G* and, being convex, is by Theorem 10
regularly convex as a set of G*. Hence there exists an element z¢ € G
such that

Sup f (z0) < g(z0),
feH
which completes our proof.

Chapter II

1. Principal properties of factor-spaces. If G is a linear
subspace of E, we denote by E/G the factor group, obtained from E
and G if we consider E and G as a group and a subgroup, respectively,
with respect to the addition operation of the elements. The elements
of E/G will be denoted by Greek letters £,7,(, ... . So every element

tThe particular case of this Theorem, when K isa linear sﬁbspa.ce was already
established by V. Smulian [15].
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£ € E/G can be considered as a set of elements z € E such that, if
zo € £, then the element z belongs to £ if and only if z — 29 € G.

It is easy to see (see Hausdorff [4]) that £/G becomes a Banach
space if the multiplication of the elements £ € E/G by a scalar and
the norm |£| are defined as follows:

The product A is the element 7 € E/G which contains all ele-
ments A where z € £; the norm

= Inf |z| = Inf |z¢ — .
6l = Infle| = Inf [so—ul (a0 €€)

If F is a linear subspace of E*, we may consider also the factor space
E*/F. The elements of the latter we shall denote by Greek letters
Oy Xy -ee -

Lemma. If G is closed linear subspace of E, and Fl is the set
of all elements f € E* such that '

flz)=0 (z€G) (36)
then G is the set of all elements z € FE such that,
fle)=0  (feF). (37)

Conversely, if F' is a linear, regularly closed subspace of E*, and Git
is the set of all elements ¢ € E for which (37) holds, then F is the
set of all elements f € E* such that (36) holds.

P r o o f. To prove the first statement we have to show that if
zo € G then there exists an fy € F such that fo(zo) # 0. But if
zo € G, G being closed, there exists an fo € E* such that fo(zo) =1
and fo(z) = 0 for z € G. As the last condition signifies that f € F,
the statement is proved. The second part of the Lemma follows from
the difinition of regularly closed subspace of E*.

Theorem 12. If F is a regularly closed subspace of E*, and G
denotes the set of all elements z € E such that f(z) =0 for f € F,
then

F=(E/G) and G* = E*/F. (38)

tObviously, F is regularly closed.
HObviously, G is closed.
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P r o o f. To prove the first of these equalities let us put for
every f € F, f(€) = f(z), if £ = & contains z. Obviously, f(£)
is an additive single-valued functional defined on E/G. As |f(&;)| =
=f@)|=1f(e—w)| <|f|g-|z—ul foru € G, |f(£&)] < |f|g-Inflz—
—u| = |flg-|€z]- Thus f(€)is alinear functional defined on H = E/G
with the norm

|flz < |IflE- (39)

Conversely, let f(£) denote a linear functional defined on E/G. Put-
ting f(z) = f(£) if z € £ we obtain an additive functional defined on
E and satisfying the condition

f(z)=0 (z € G). (40)
As |f(2)| = |f(Ol < | flulél £ |flulz| (z €&), f€ E* and
|fle < {fln- (41)

Further, by (40) and the Lemma f € F. Also every functional f €
€ (E/G)* generates a functional denoted by the same letter f € F
and conversely.

Comparing (39) and (41), we see that |f|g = |f|y, which com-
plétes the proof of the first equality (38).

Now let fo(z) be a linear functional defined on G(fo € G*). Let
@o denote the set of all f € E* such that

f(z)= fo(z) for z€G.

According to the Theorem of Hahn—Banach the set ¢q is not empty
and moreover contains at least one element f’ such that |f'|g = |flg-
If go € @o, then g € o (g € E*)if and only if g(z) = go(z) for z € G,
i.e. ¢ —go € F. Hence we can consider the set ¢y as an element of
E*/F. Obviously

= Inf <\|fllg = .
ol fIEIF|f|E <|\|fle = fole

Thus every element f € G* generates an element ¢ = @5 € E*/F
such that

les] < |fle- (42)
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Conversely, given an element @9 € E*/F, for each pair g; € o
and g2 € o, we have g1(z) = g2(z) for ¢ € G. Consequently, po
determines an element fo € G* such that fo(z) = g(z) for z € G and

every g € . Since | folg < |g|E for g € o,

| fole < glg}; l9|E = |ol- (43)

Thus every element ¢ € E*/F generates an element f € G* such
that ¢ = ¢y, and (43) holds. Comparing (42) and (43) we see that
|fle = |ey|, which completes the proof of the second part of the
Theorem.

In view of the Lemma we can give another from to our Theorem.

Theorem 12'. If G is a linear closed subspace of E and F is
the set of all functionals f € E* such that f(z) = 0 for ¢ € G, then
G*=E/F and F = (E/G)*.

Using the notations of the last Theorem, let us now consider the
spaces E** and G** conjugate to the spaces E* and G*, respectively.
Let L be the set of all elements p € E** such that p(f) = 0 for
f € F. Then according to the last Theorem L is the space conjugate
to the space F*/F, which in turn is the conjugate space of G. Thus
G** = L C E**. We obtain thus

Theorem 13. If G is a linear subspace of E, then G** may be
regarded as a subspace of E**.

2. 1. The Banach space E is said to be regular if to every
p € E** corresponds an z € E such that p(f) = f(z) for f € E*.
A.J. Plessner has remarked that every linear closed subspace of a
regular space is also regularT. This proposition is an immediate con-
sequence of the proof of Theorem 13. The following Theorem com-
plements the proposition of A.J. Plessner.

Theorem 14. Let G be a linear closed subspace of E. In order
that E be reqular it is necessary and sufficient that G and E/G be
regular.

Proof Let E be regular. Then, as we already know, G is
regular. We have to show that the factor space F/G is also regular.

This fact is an immediate consequence of the criterion for the regularity of
the Banach space which was also indicated by Plessner. A simple proof of this
criterion was proposed by V. Gantmacher and V. Smulian [3].
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Keeping the notations of the preceding paragraph we may state that
the space conjugate to E/G is a subspace of the regular space E*
and consequently is regular. But if F' = (E/G)* is regular, then so is
E/Gt.

Conversely, let G and F/G be regular. Let p, € E**. Considering
the functional po(f) on F = (E/G)*, we find in view of the regularity
of E/G that there exists a §;, € E/G, such that

po(f) = f(€zy) = f(20) for feF.

On the other hand putting p,(f) = p(f) — f(zo) for f € E*, we
obtain that p;(f) = 0 for f € F. Therefore, considering p, as a linear
functional defined on E*/F = G*, we find that p € G**. Since G is
regular, there exists a 1 € G such that

pi(ps) = ps(z1) for @5 € E*/F

or

p(f) = fa1) for feE".

Thus
po(f) = f(zo+z1) = f(z) for fe€E7,

which completes the proof of the Theorem.

2. A set M of a Banach-space F will be said to be weakly compact
if every sequence {z,}$° C 9 contains a subsequence {z,, }52, which
converges to an element of E.

]}n proving the next Theorem we shall rely upon two propositi-
ons

A) The unit sphere of a regular Banach space is weakly compact.

B) The unit sphere of a Banach space F is weakly compact if and
only if the unit sphere of the conjugate space is weakly compact.

fThis follows from the proposition of Plessner: A Banach space is regular if
and only if its conjugate space is regular ([8], p.115).

1 These propositions have been proved by V. Gantmacher and V. Smulian [3].
The proposition A), as well as the proposition of Plessner indicated above, have
been recently repeated by Pettis [11].
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Theorem 15. Let G be a linear, closed subspace of E. In order
that the unit sphere of the space E be weakly compact it is necessary
and sufficient that the unit spheres of the spaces G and E /G be weakly
compact.

P r oo f. If the unit sphere of G is weakly compact then it is easy
to see that the unit sphere of G is weakly compact. Furthermore,
given a bounded sequence

{&I° C E/G (Jnl < py, m=1,2,..),

we may choose such z, € &, so that also |z,| < p (n = 1,2,...).
But then there exists a subsequence {z,,}°2, that converges weakly
to an zg € E and this implies that the sequence {{,, }52, converges
weakly to &g,

Conversely, let the unit spheres of G and E/G be weakly com-
pact. In proving that the unit sphere of E is weakly compact it is
sufficient to prove the statement in the special case when the space
E/G is separable. In fact, given a bounded sequence {z,}$° C E,
we may form the linear, closed envelope E; of the set {G,z;,z,,...}.
Then E,/G, is separable and being a subspace of E/G has a weakly
compact unit sphere. Therefore if our Theorem is established for the
case when the factor-space is separable, the unit sphere of E; will
be weakly compact and consequently the given sequence, {z,} C E,
will contain a subsequence {z,, }32; which will converge weakly to
an zg € By C F.

Thus we suppose without loss of generality that the factor-space
E /G is separable and consequently regular. On the other hand, to
prove that the unit sphere of F is weakly compact it is sufficiently
by B) to show that the unit sphere of E* is weakly compact. To this
purpose let us consider the space F = (E/G)* C E* and E*/F = G*.
The space F is regular, and by A) the unit spheres of F and E*/F°
are weakly compact.

But as above by proving that E* possesses the required property
we may suppose that E*/F is separable and consequently regular.
Then, according to Theorem 14, E* is regular and consequently its
unit sphere is by A) weakly compact, which completes the proof of
the Theorem.



On regularly convex sets in the space conjugate 33

3. Linear envelopes of regularly convex sets. The results
of this paragraph complete in some respect those of the preceding
paragraph.

Let F be the linear envelope of a bounded, regularly convex set
K C E*. Denote by G the set of all elements z such that f(z) = 0 for
f € K, and by (E/G)k the factor group £/G with the new definition
of the norm, namely

€l = Sup|f(z)] (£ € E/G), (44)
fEK

where z is an arbitrary element belonging to £. The set K being
bounded, put

C =Sup|f]|.
fex
Then from (44)
€l < Clal. (45)

Moreover since for every u € G
|€lk = Sup|f(z — u)| < Clz - ul,
feK
we find also that
el < C Inf |z ~ u| = Cle].

For every f € F : f(z) = f(y), if only z — y € G; therefore we
can define f(§) as equal to f(z), where z € £. Obviously, f(§) is
an additive, single-valued functional defined over (E/G)x. Moreover
f(€) is continuous over (E/G)k. In fact, every f € F admits the
representation f(£) = const (fi(§) — f2(£€)), where f; € K (¢ = 1,2).
Since, in virtue of (44), | fi(€¢)| < |€|k (¢ = 1,2), we see that

£(©)]

|1 x

Conversely, let fo(¢) denote a linear functional defined over (E/G)k.
Putting fo(z) = fo(€§) if ¢ € £ we obtain an additive functional
defined over E for which by (45)

|fo(z) = 1fo(&)] < [folkl€lk < C|folx]l. (#7)

|flx = Sup

< 0. (46)
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Thus fo is a linear functional belonging to E*. We will show that
moreover fo € F. To this purpose we denote by K+ the convex enve-
lope of the sum of the set K and the symmetrie set — K. By corollary
1 of Theorem 2, Kt is regularly closed. Obviously,

|k = Sup f(z)  (z€§). (48)
feK+

In proving that fo € F it is sufficient to show that each f; = Afy €
€ K+ if |A] < 1/|fo|k- Admitting for some f; the contrary, there will
exist an zg € F such that

Sup f(2o) < fi(zo) = f1(&0) < |l (2o € &o). (49)
fEK+

But this contradicts (48). Thus f; € K*. Observe also that, con-
versely, if f € K, then |f|x = 1, for according to (44) |f(¢)| < |€|k-
Denote by Fg the vector space F in which is introduced the norm
| flk defined by (46). Then we may formulate the result obtained as
follows:

Theorem 16. The Banach space Fg is the conjugate space to
the space (E[G)k, furthermore, the set K+ is its unit sphere.

The space Fk being a conjugate space is complete. On the other
hand it follows from (45) that |f| < C|f|k (f € F). Therefore in
virtue of a wellknown Theorem of Banach (see [2], p.41) if F is closed
the two norms |f| and |f|kx define the same topology in F, which
implies the existence of a constant C; such that | f|x < Cy|f| (f € F).
Consequently in this case the intersection R of the sphere o(8,1) C
C E* with F coincides with the intersection of the sphere o(8, 1) with
the set C1 K. The last two sets being regularly convex, so is the set
R. Recalling Theorem 6 we arrive at

Theorem 17. If the linear envelope F of a bounded, regularly
convez set K C E* is closed, then it is reqularly closed.

Note also the following

Theorem 18. If K C E* is a bounded regularly convez, separable
set, then the factor-space (E/G)k ts separable.

P ro o f. Evidently At is also separable and being bounded
and regularly closed is by Theorem 11 weakly compact as a set of
functionals. Then by Theorem 22, which we shall prove in the sequel,
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the set K is a weakly continuous image of a compact metric set. But
Kt being the unit sphere of the conjugate space to the space (E/G)k,
the aforesaid property of Kt implies (by the Lemma which will be
proved at the beginning of the following paragraph) the separability
of the space (E/G)k.

Chapter III

1. Weakly compact sets in the conjugate space. In this
paragraph we use the notions weakly convergent, weakly compact, etc.
for sequences, sets, etc. of elements from E* in the sense which is
usually adopted for functionals. To avoid a misunderstanding we will
say also that a set S C E* is weakly compact in E* if every sequence
{fa}{° C S contains a subsequence {f,, }, converging weakly to an
element f; € E*; if furthemore, whatever be the sequence {f,}, the
corresponding elements fy all belong to 5, then S is simply called
weakly compact (or weakly compact in itself).

We first prove some Lemmas:

Lemma 1. In order that a Banach space E be separable it is ne-
cessary and sufficient that the unit sphere o = 0(0,1) of the conju-
gate space E* be a weakly continuous image of a compact metric
set.

P roof. If E is separable, then there exists a sequence {z,}{°
dense in the unit sphere ||z|| < 1. We introduce a new distance p(g, f)
between two elements ¢ € E* and f € E* as follows:

If(zn) — g(zn)l .
n

p(g, f)= . Sup (50)

<n<oo

As FE is separable, o is weakly compact. It is easy to see that o
becomes by this new metric a compact metric set, in which the metric
convergence coincides with the originally weak convergence. Thus
o can be looked at as a weakly continuous one-to-one image of a
compact metric set.

Let now conversely o be a weakly continuous image of a compact
metric set T. Then o is the range of a weakly continuous function
ft defined over T (t € T). To every x € E we make correspond a
continuous function ¢.(t) (¢t € T) as follows: ¢.(t) = fi(z) (t € T).
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Thus the space F is isometrically transformed into a linear subspace

of the space [T] consisting of all continuous functions ¢(t) with the

usual definition of the norm: ||| = Sup |¢(t)|. But the space [T7] is
teT

separable, and, consequently, so is E.

Given a set S C E* we denote by S the weak closure of S, i.e.
the totality of all elements of S and of all their weak limits.

Lemma 2. If E separable and S C F is bounded, then the weak
closure S of S is weakly compact and consequently weakly closed.

Pr oo f. Take in E* a sphere o(0,r), which contains S. In
proving the preceding Lemma we have shown, E being separable,
that ¢ can be regarded as a metric compact set in which the metric
convergence coincides with the weak convergence. But then S is the
metric closure of S in o and, consequently, is metrically closed and
also weakly closed.

From Theorem 10 and Lemma 2 follows

Theorem 19. If E is separable and S C E* is bounded, then the
weak closure §Conv_ of the convez envelope Scony. of S coincides with
the regularly convex envelope K of S.

Proof. Since K is convex and regularly closed (and consequently
weakly closed) we have §conv_ C K. On the other hand it is evident
that §com,_ is convex and, being by Lemma 2 weakly closed, it is by
Theorem 10 regularly convex. Hence K C ?com,,

It is now easy to prove the

Theorem 20. Let S C E* be a weakly continuous image of a
compact metric set T. The weak closure §conv, of the conver enve-
lope Sconv. of S coincides with the regularly convez envelope K of S.
Furthermore, the set Scony. itself is a weakly continuous one-to-one
image of a compact metric set.

P roof. Obviously S is a bounded set and therefore K is
bounded. Starting from K, introduce in the same way as in Chap.
II, §3 the linear subspace G C E, the factor-space (E/G)k, and the
conjugate space Fx = (E/G)}. The set S can be regarded as a set
in E* or as a set in Fi. But it is easy to see that in both cases the
set Scony. remains the same. Therefore, recalling Theorem 19, we see
that our Theorem will be proved if we show that the space (E/G)g
is separable. To this end we reason in like manner as in proving
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Lemma 1. By the condition of our Theorem there exists a weakly
continuous function f; (t € T), the range of which coincides with §.
Make correspond to every £ € (E/G)k the function ¢g(t) defined as
follows:

pe(t) = fuz)  (teT),

where z € £. As in virtue of corollary 1 of Theorem 1
|¢lx = Sup | f(z)| = Sup |f(2)| = Sup|fi(z)| = Sup |ee(2)], (51)
z€K z€S teT teT

the correspondence £ « ¢ between (E/G)k and the subspace of the
space [T'] consisting of all continuous functions ¢(t) defined over T is
a linear, isometric one. But the space [T'] being separable so is the
space (E/G)k, which completes the proof of our Theorem.

Theorem 21. Let S C E* be weakly compact in E*. If§ is se-
parable, then it is a weakly continuous one-to-one image of a compact
metric set.

Proof Let F be the linear envelope of S. Evidently, F is
separable and consequently, by Lemma 1 of Ch.I, §4, there exists a
separable subspace G C E such that FF C G*. On the other hand,
if G is separable, we can apply Theorem 19 to the set S. Thus we
obtain that S, considered as a subset of G*, is a weakly continuous
one-to-one image of a compact metric set 7.

Denote by f; the image of t € T in S ; then %, — to implies

fta = fto(2) (52)

for every £ € G. Our Theorem will be proved if we show that (52)
holds for every z € E. Admit the contrary, i.e. that there exists an
zo € F such that

lim sup|f,(z0) — fio(z0)| > 0. (53)

n—oo

As S is weakly dense in S, the antecedent of S in T is dense in T.
Therefore there exist points t;, € T (n = 1,2,...) such that

1
p(tn,t;) < ;, ft;' €S (n =1,2, )
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On the other hand, § being weakly compact there exists a subse-
quence { fy .,} converging weakly to an fo € S as a set of functionals
of E* , that is

lim fa (2)=fo(e) (2 €E).

As for every z € G the function fi(z) is continuous on the compact
T and, consequently, uniformly continuous on T, we have also that

lim fu, (@)= folz) (2 € ). (54)

From (52) and (54) we conclude that fo(z) = fi,(z) for every
z € G and, consequently,

fo(2) = fi(z) (z€E) (55)

for |f' — f'lg = |f' = f"la, if f', " € F. Comparing (53), (54) and
(55) we come to a contradiction. Thus the Theorem is proved.

Theorem 22. Let § C E* be weakly compact in E*. If § is
separable, then Scony. coincides with the regularly convex envelope K
of S. Furthermore, §conv_ is a weakly continuous one-to-one image of
a compact metric set. _

Proof As K is weakly closed the set ' = § C K. In virtue
of Theorem 21 we can apply to §' Theorem 20, thus we obtain that
K = 5! is a weakly continuous image of a compact metric set.

conv. -
Since furthermore the set S’ coincides in this case with the set

o conv.
Sconv. the Theorem is proved.

2. Weakly compact sets in E. Every element z € E generates
an element X € E** (E** denotes the conjugate space to the space

E*) by the formula

X(f)=f(z) (feE)

This element X will be denoted by z**.

If a sequence {z,}$° converges weakly to an element z¢, then
the corresponding sequence {z;*}{° converges weakly (as a set of
functionals defined over E*) to the element z§*. This permits us to
deduce from the theorems which have been proved in the preceding
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paragraph some properties of weakly compact sets in the space E.
The weak compactness of sets in E is understood here in the same
sense as in §2, i.e. a set G C F will be said to be weakly compact in
E if every sequence {z,}7° C G contains a subsequence {z,, } which
converges weakly to an element z¢ € F.

Thus according to this definition if a set G C E is weakly compact
in E the corresponding set G** C E** is weakly compact in E** as a
set of functionals defined over E*, the converse in general not being
true.

Theorem 23. If G C E is a weakly compact set in E its weak
closure G (i.e. the totality of all elements of G and their weak limits)
is weakly compact and weakly closed.

P r oo f Take an arbitrary sequence {z,}$® C G. Choose in
G for every z,, a sequence {ZTmy,}°%,, which converges weakly to z,
(n = 1,2,...). Denote by E; the linear, closed envelope of the set
G1 = {mn} (m,n = 1,2,..). As every closed linear subspace of
F is weakly closed, we have 61 C F, and therefore 61 is separable.
Considering now G; and G, as sets in E** and applying to them
Theorem 21 we conclude that G is a weakly continuous image of a
compact metric set and consequently is weakly compact and weakly
closed. Hence the sequence {z,}{° C G contains a subsequence
{zn,} converging weakly to an element zo € G; C G, which proves
our Theorem.

Theorem 24. If a set G C E is weakly compact in E, so is the
convez envelope K of G.

Proof. Let {z,}{° C K. Then every z, (n = 1,2,...) is a limit of
a sequence of points z of the form z = Y u;y;, where y; € G, p; > 0
(¢t = 1,2,...) and )  p; = 1. Therefore there exists a countable set
G1 C G such that its convex envelope contains the sequence {z,}{°.
The linear, closed envelope E; of G is separable and consequently
so is the set Gy C E,. If we show that the convex envelope of G} is
weakly compact in E, then we can state that the sequence {z,}{° C
C 51 contains a subsequence {z,, } converging weakly to an element
of E, which, consequently, proves our Theorem. Thus we see that to
prove our Theorem it is sufficient to prove it in the special case when
E is separable and the set G C E is weakly closed.

Consider the set G** C E** of all elements z** € E** correspon-
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ding to the elements 2 € G. The set G being supposed weakly com-
pact and separable, then so is the set G** (considered as a set of
functionals defined over E*). Therefore we can apply to G** Theo-
rem 22 and conclude that H, the regularly convex envelope of G**,
is weakly compact and weakly closed. Thus to show that the convex
envelope of G is weakly compact in F it is sufficient to verify that
every element of H is generated by an element of E.

Let Xo € H; then by Theorem I Xg = po(G**), where pg € Pgss.
Consequently, for every f € E*, Xo(f) = po(s), where

ps(e™) =2 (f) = f(z) (=™ € G™).

The space E being separable, in order to prove that there exists an
zg € E such that Xo = z3*, i.e. such that Xo(f) = f(zo) (f € E*),
it is sufficient to show (see Banach [2], p.131) that the functional
Xo(f) (f € E*) is weakly continuous.

Let a sequence {f,}° € E* converge weakly to an element fp € .
€ E*. Then

lim o7, (X) = pp(X) (X €G™). (56)

Let L be the linear space of all weakly continuous functions ¢(X)
(X € G**), which we shall consider as a subspace of Qgs+ (see Chap.I,
81). According to Theorem 21 we may introduce in G** such a metric
that G** becomes a compact metric set and L the set of all continuous
functions defined over this set. Evidently ¢y € L (f € E*) and

llosll = Sup |es(X)| < C|fl,
XGG“

where C' depends only on G**.

Consequently, the relation (56) means (see Banach (2], p.224)
that the sequence {y,} converges weakly to ¢y in the sense of weak
convergence of elements of L and, consequently, of elements of L. But
then

n]g%o Po(®1a) = Po(©50 )
i.e. Xo(frn) — Xo(fo), which completes the proof of our Theorem. .

Corollary. If a set G C E is weakly compact in E, then its
convez closed envelope K is weakly compact in itself.
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In fact, K being convex and closed is also weakly closedf. Con-
sequently K is the weak closure of the convex envelope K; of G.
By Theorem 24, K is weakly compact in £ and consequently K is
weakly closed in itself according to Theorem 23.

3. Invariant points of transformations. Generalizing some
investigations of G.D. Birkhoff and O.D. Kellogg, J. Schauder among
other has established the following Theorem:

A. Let F(z) be a continuous operation, which transforms a convez,
closed set H C E into its compact part. Then F(z) has a fized
point, i.e. there ezists such an z¢ € H that F(zq) = zo.

Using this Theorem, J. Schauder obtains, in addition, the Theo-
rem

B. Let E be a separable Banach space and let H C E be a convez,
weakly compact and weakly closed set. If a weakly continuous
operation F(z) defined over H transforms the set H into its
part, then F(z) has a fized point xo € H (F(zo) = zo).

The results of the preceding paragraph permit one to obtain from
J. Schauder’s propositions A and B two generalizations of propositi-
on B.

Theorem 25. Let H C E be a convez, closed set. If a weakly
continuous operation F(z) defined over H transforms H into its se-
parable and weakly compact part in E, then F(z) has a fized point.

Proof Let Hy be smallest convex, closed set containing
G = F(H). By the corollary to Theorem 24 the set H; is weakly
compact and weakly closed. Furthermore, H,, being evidently sepa-
rable, belongs to a separable space E;. On the other hand we have,
obviously, F(H,) C F(H) C H;. To prove our Theorem it remains to
apply J. Schauder’s proposition B to the operation F(z) considered
over H;.

Theorem 26. Let K C E* be a convez, separable and weakly
closed set. If a weakly continuous operation F(f) transforms K into
its weakly compact part G in E*, then F(f) has a fized point.

ts. Mazur [10], p.80.
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Proof. Let K; be the smallest convex and weakly closed set
containing the set G = F(K). By Theorem 22 K, is weakly compact,
weakly closed, and separable. Denote by F the linear envelope of
the set K. In virtue of Lemma I of Chap.I, §4, we can built a linear,
separable space Eq C E such that Iy C E}. As F, is separable we can
introduce a new norm in E} such that every sphere o(8,7) € E; and
consequently the set K; becomes by the new norm a compact metric
set in which the convergence in the new sense coincides with the
original weak convergence (see the proof of the Lemma I, §1). After
this our Theorem becomes an immediate consequence of Theorem A
of J. Schauder.
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ON EXTREME POINTS OF REGULAR
CONVEX SETS

(coBmectroO ¢ [.I1. MuasmaHOM)
(Studia Mathematica. — 1940. — V.9)

Let E be a Banach space (a linear normed complete space) and
let E be the space of linear functionals adjoint to it.

A set K C E is called regularly convez! if for every fo € E not
belonging to K such an element zo € E can be found that

sup f(zo) < fo(zo)-
fEK

It is obvious that every regularly convex set is convex.

Let fo € E, z; € E(Jz)) <1, i=1,2,..,n) and ¢ > 0; then
by the neighbourhood U( fo; 1, ..., 25, €) we shall mean the set of all
f € E such that :

[fo(zi) = f(zi)l <e  (1=1,2,..,n).

All possible neighbourhoods U( fo; z1,...,Zn,€), Wwhere fo € E,
z; €E, |z <1 (i=1,2,..,n; n=12..)and ¢ > 0, define
in E a certain topology, which is called weak topology (Tychonoff’s
topology)ﬁ.

From Tychonoff’s theorem on bicompactness of the topological
product of segments, as it has been pointed out by Vera Gantmacher

Y This definition has been lorrowed by us from the work: Krein M.G. and
Smalyan V.J. On regularly closed sets etc. // Annals of Mathematics. — 1940.
— 41.

tt Tychonoff A. Uber topologische Erweiterung von Raumen // Mathem. An-
nalen. — 1929. — 102. — P.548.
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and V. Smulyanjf, results the following proposition:

A. A bounded convezr set K C E is regularly convez if and only if
it is bicompact in the weak topology.

A point of a convex closed set is called an eztreme point if it is
not an inner point of any segment belonging to the given set.

We now prove the theorem.

Theorem. Let K C E be a bounded regularly convez set. Then
the set S of extreme points of K is not empty and its regularly convex
envelope“]L coincides with K.

P r o of. According to proposition A, K is a bicompact set in
the weak topology. To every element z € E corresponds a function
¢z(f) = f(z) continuous on the bicompact set K.

Let {z,} (@ < 9) be the set of all the elements of F with |z| <1
well ordered in any way.

Correspondingly to the sequence {z,} (a < 9¥) we form a sequen-
ce of bicompact sets {K,} (a < 9), each one containing the following
(Ko D Kg for a < # < 9), by induction.

Define Ky as a set of those elements f € K on which the function
@z, (f) reaches its maximum. The set K} is closed in the weak topo-
logy, and consequently is bicompact. Now let all K, be defined for
a<§ (§<9). If £ is not a limiting number, then we denote by K
the set of those f € K¢y on which the function ¢,,(f) considered
on K¢_; reaches its maximum.

If £ is a limiting number, then we denote by K é the intersection
of all K,, with a < §; since K3 DO K2 D ...Kq DO Ky41 D ... are
bicompact, so Ké is non-empty. K¢ will now denote the set of all
the points of K}, on which the function @5, (f) (f € K§) reaches its
maximum.

Denote by P the non-empty intersection of all K, (1 < a < 9).
If g, f € P then g, f € K, and consequently

f(za) =9(za) (1<a<d),

tS‘muIyan V. Sur les topologies differentes dans ’espace de Banach // Comptes
Rendus de ’Acad. des Sci. de PURSS. — 1939. — 23, N 4. — P.23.

ttThat is the smallest regularly convex set containing S.
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whence g = f. Thus P consists of one point g. We shall prove that
this point g is an extreme point of the set K. We assume the contrary,
i. e. that with some fy,f;,€ K (fi # f2) andsomet (0<t< 1)

g=th+Q1-1f. (1)

Take the first K¢ to which neither of the elements f;, f; belong. Con-
sider two cases. Let £ not be a limiting number. Then f;, f, € K¢_4,
and consequently

g(ze) = sup f(z¢) > fi(ze) (i=1,2),
feKe

the equality sign being excluded at least for one of fi, f (namely for
that f; which is not included in K¢). Whence

g(ze) = tg(ze) + (1 = t)g(ze) > th(ze) + (1= t) falze), (2)

which contradicts to (1).
Let now £ be a limiting number. Then f;, fo € K, with a < §,
and consequently fi, f2 € K;. Whence

9(z¢) = sup f(z¢) > fi(ze) (i=1,2),
feK!

the equality sign being, as before, excluded, and consequently (2)
holds, which contradicts to (1).

Thus we have proved that the point ¢ is an extreme point of the
set K, and consequently the set S is not empty.

We now prove that the reqularly convex envelope K’ of the set
S coincides with K. It is evident that K’ C K. Assuming that K’
does not coincide with K, we take an element fo € K — K’. Since K’
is regularly convex, there exists an element 29 € E (|zo| = 1) such
that

sup f(zo) < fo(zo)- (3)
feK’

Consider then the set Ky of those f € K on which the function
¢z(f) = f(zo) (f € K) reaches its maximum. Evidently the set
Ky C K is in the weak topology a certain convex bicompact set, and
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consequently is a reqularly convex set. Whence, in virtue of the facts
already proved, Ky has an extremé point gy, which is an extreme
point of K (for it is easily seen that every extreme point of the set
Ky is also an extreme point of the set K ); on the other hand, in virtue
of (3) and the definition of the set Ky, the intersection of Ko with K’
and consequently, with S is empty. We have come to a contradiction,
which completes our proof.

Corollary. If a space E is regular (reflective), then any bounded
convez closed set is the convez closed envelope of the set of its extreme
points.

M. Krein and V. SmulyauﬂL have proved that if $ < F is a bounded
set, then its regularly convex envelope consists of those and only those
g € E that admit the representation

9(z) = M{p:(f)} (e € E, ¢(f)=f(2)),

where M{p} is a certain mean value defined on the space of all
bounded and continuous in the weak topology functions o(f)(f € 5).

As it has been shown by A. Markofit T, to every mean value M {¢}
corresponds in a unique way an additive non-negative function p(e)
of sets e C § (p(S) = 1) possessing a number of properties and such
that

Mis} = [ o(F)duco)

where the integral is understood in the sense of Frechet-StieltjesTﬁ.
Owing to all this, our theorem permits us to say that every point
of a regularly convex space is, in a certain sense, the centre of gravity
of masses, distributed on the extreme points of this set.
Notice that the unit sphere | f| < 1 of the adjoint space is regularly
convex and therefore if E is infinite-dimensional, then the sphere has
an infinite set of extreme points. Hence:

JrSee their work quoted in footnote,.p.44.

H‘Marlcoj‘f A. On mean values and exterior densities // Recueil Mathematique.
— 1938, — 4 (46), 1.

11 For more details see A. Markoff loc. cit.
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If the unit sphere of an infinite-dimensional space E has a finite
number of extreme points, then E is not adjoint to any Banach

space.

We shall now give two examples to which this remark is applicable.

1. Let Q be a topological space and let Cg be a linear set of all
the bounded continuous functions ¢(q)(¢q € @), with the definition of
the norm:

ll¢]] = sup jp(g)].
q€Q

It is easily seen that in this case the point ¢(q) of the unit sphere
K(||¢ll € 1) of the space Cg is an extreme point for K if and only
if [¢(¢)| = 1 (¢ € Q). Therefore, if the space  is decomposed on o
componentst then K has exactly 2 extreme points.

In virtue of this, if a is a finite number and Cgq is infinite-dimen-
sional (the latter, for instance, is carried out if @ contains an infinite
number of points and is completely regular)”, then F is not adjoint
to any Banach space.

2. Let @ be an arbitrary abstract set, and let u(e) be an additi-
ve function of the subsets e € (), forming a certain Borelcorpus B.
Let the corpus B besides that possess in respect to u(e) the fol-
lowing property: if u(e) > 0 for a set e € B, then there exists a
sub-division of e: e = e; + €3 (e1,e2 € B) such that u(e;) > 0 and
[1,(62) > 0.

Denote by Lz a linear set of all the functions ¢(q)(¢ € @) mea-
surable and absolutely integrable in respect to the function u(e), the

1'I. e. on disjointed closed connected parts.

1'1'Selim Krein has called our attention to the fact that in order that the space
Cq (with a finite ) should be infinite-dimensional, it is necessary and sufficient
that @ should contain an infinite number of points and that the number of di-
mensions should be greater than a. The necessity of the conditions is obvious. To
prove their sufficiency we show that if Cq is finitely-dimensional, then the number
of dimensions of Cq exactly equals a. In fact, in this case the unit sphere K" in Cq
contains exactly m (m is the number of dimensions of Cq) linearly independent
extreme points . But as we know, for every such point ¢(g) = £1 and conse-
quently there is exactly o of such linearly independent points, and accordingly
m=a.
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norm ¢ being defined by the equality:

lell = [ le(a)ldue).
Q
It is easily seen that the unit sphere [|¢|| < 1 in the space Lg
does not have extreme points and therefore Lé‘? is not adjoint to any
Banach space.

For the space (L) this result (in a more considerable general form)
has been obtained by I.M. Gelfandf.

tGelfand I Abstrakte Funktionen und lineare Operatoren // Recueil Mathe-
matique. — 1938. — 4 (46), 2. — P.265.
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ON AN INNER CHARACTERISTIC OF THE SET
OF ALL CONTINUOUS FUNCTIONS DEFINED
ON A BICOMPACT HAUSDORFF SPACEt

(cosmecTrO ¢ C.I'. Kpentnom)
(doxnagst AH CCCP. — 1940. — Tom 27, N2 5)

1. In what follows F denotes a linear semi-ordered space, i.e., a
linear set, in which for some elements z the relation z > 6 (6 is the
zero element of the set) is defined, satisfying the following axioms:

Axiom I. Ifz > 0, then z # 6.
Axiom II. Ifz2 >0 andy > 0, then z + y > 6.

Axiom III. For every element z there ezists an element z, > 0
(the positive part of z), such that z, —z > 60 andz' — 24 > 0
for any z' that verifies two conditions ' > 0 and z' — z > 6.

Axiom IV. IfA >0 and z > 0, then Az > 6.

We shall write z; > z; (or, what is the same, z; < z1), if z; —
—z9 > 0.

Denote by z_ (the negative part of z) the element (—z)4 and by
|z| (the absolute value of z) the element z; + z_. Thus

z=z,—z_, |z|=2z4+2_.

The axioms I-IV and their various consequences were considered
before by L. Kantorovitch [1].
We suppose also that besides axioms I-IV the following is verified.

1'Ilo‘n.po6noe H3JNOXEHHE JaHO B cTaThe aBTOpoB: Sur l’espace des fonctions
continues sur un bicompact de Hausdorff et ses sousespaces semiordonnees //
Marem. c6. — 1943. — 13, N®1. — C.1-38. (IIpus. ped.)
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Axiom V. There ezists in E an element u > 6 such that for every
z # 0 (z € E) the set of positive numbers t for which —tu <
< z < tu is non-empty and its greatest lower bound is diffe-
rent from zero.

This greatest lower bound will be denoted by ||z||,. It is easily
seen that ||z||, satisfies all the axioms of the norm, i.e.

lzlls >0 for z#86, |Az|l.=[A[lz]l.
and

Iz + ylle < llzlu + [|9]lu (z,y€ E, —o00 < X< 00).

If there exists an element u satisfying the conditions of the axiom
V, then there exists an infinite number of such elements, all the norms
Il ||, being, however, topologically equivalent.

The element u being fixed, we denote by F, the linear semi-
ordered space E normed with the aid of || z ||,,.

A linear functional f(z) defined over E, (f € E,) will be called
positive (written f > 0) if for every z > 0, f(z) > 0. Using the
method suggested by F. Riesz [2] (see also L. Kantorovitch [3]) it is
easily shown, that the relation f > # just defined turns the space E,
(adjoint to E,,) into a linear semi-ordered space. It is obvious that if
f >0, then

| fll.= sup |f(2)| = f(u).
—u<zr<u

Denote by H, the set of all linear positive functionals having the
norm 1, i. e. the totality of all linear functionals f € E,,, for which

f>0 and f(u)=1

It is easily seen that the. set H, is regularly convext, i.e. for every
fo€Hu(fo € E,) an element z¢ € E, can be found such that

sup f(zo) < fo(zo)-
feH,

t About regularly convex sets see [4].
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As it has been shown by M. Krein and D. Milman [5], the following
general proposition holds:

"Let K C E be a regularly convex set of linear functionals. Then
the set S of extreme points of K tis non-empty and, moreover, K is
the smallest regularly convex set containing S”.

Thus, the set H, has extreme points, the totality of which shall
be denoted by S,.

Theorem 1. A necessary and sufficient condition for a point f €
€ H, to be an extreme point of H, (f € S.) is that |f(z)| = f(|z])
(z € Ey). _

Introduce now into the space F, the weak topology (Tychonoff’s
topology [6]) by aid of all possible neighbourhoods

U(fo;21y 3 2ns€)[fo € Ey,21 € Ey,..zn € E, (n=1,2,...), > 0]

the neighbourhood U(fo; 21, .., Tn,€) meaning the set of all f € E,,
such that

[f(z:) = fo(z;)l < € (i=1,2,...,n).

Theorem 2. The set S, is a bicompact Hausdorff space in the
weak topology. Besides, if

1°. E, is separable, then S, is a compact metrizable space.

2°. E, is separable, then S, is a countable metrizable compact
space.

3°. E, is n-dimensional (n is a natural number), then S, consists
of n points.

In proving this theorem and the following one, we use the following

Lemma. Let Q be a bicompact Hausdorff space and E(Q) a
linear totality of continuous functions ¢(q) (g €. Q), posessing the
properties:

1° For every two points ¢ € @, ¢ € Q and two numbers
ay, ay can be found a function ¢(q) € E(Q) such that o(q1) =
=a1, ¢(q)=as.

tA point f of a convex set K is called extreme point of K, if it is not a mean
point of any segment belonging to K.
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2°. If p(q) € E(Q), then |o(g)| € E(Q)}.

Then every continuous function ¥(q) (¢ € Q) is a limit of a
uniformly converging sequence {¢n(q)} € E(Q).

We now formulate the fundamental

Theorem 3. Associate with every z € E, a continuous function
on the bicompact Hausdor[f space Sy : ¢.(f) = f(z) (f € Su)-

Then the linear correspondence ¢ «—— @;(f) possesses the fol-
lowing properties:

1°. The relation z < y holds if and only if p.(f) < and # ¢ (f)
(f € Su).

2°. ||z]lu = sup |@(f)| (f € Su).
3°. pu(f)=1 (f €Su).

4°. FEvery continuous function o(f) (f € Sy) is a limit of a uni-
formly converging sequence ¢, (f) (zn € Ey, n=1,2,..).

Evidently, the space C(Q) of all continuous functions, defined over
a bicompact Hausdorff set @, satisfies all axioms I-V, the relation
¢ > 0 [p € C(Q)] meaning that ¢(g) > 0 and ¢(q) Z0 (¢ € Q)
and u being any continuous positive function u(q) € C(Q). Since the
space C(Q) is, besides, complete by the norm || ¢ ||,,, from theorem
3 foliows

Theorem 4. In order that a linear semi-ordered space E should
be isomorphic to the space of all continuous functions defined over a
bicompact Hausdorff set, it is necessary and sufficient that the aziom

V should be verified in E and that E should be complete by the norm
Iz,

Observe, that if F is n-dimensional, then from theorems 2, 4
follows, that E is isomorphic to the n-dimensional Euclidean space;
this particular fact has been recently established by Youdine [7].

The following corollary of the theorem 4 presents a generalization
of a theorem of E. Cech [8].

tThis condition can be replaced by a weakened one: |<p(q\| is a limit of a
uniformly converging sequence {¢n(g)} € E(Q).
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Theorem 5. Let T' be a topological space, and E a linear set of
bounded continuous real functions ¢(t) (¢t € T) containing the unit
complete (in the sense of the uniform convergence) and such that if
Y € E, then |¢| € E.

Then there ezxists a continuous mapping ¢ = B(t) of the space T
in a bicompact Hausdorff space Q@ such that ST is dense in Q and
the totality E coincides with the totality of all functions {¢[B(t)]},
where p(q) (¢ € Q) is any continuous function over Q. The space Q
is uniquely defined up to a homeomorphism.

Observe that the linear space satisfying the axioms I, II, IV, V
(without axiom III) has been studied by M. Krein [14, 9]. The same
author considered the set H, for proving different theorems, among
them the theorem about the isomorphism of abstract spaces (satis-
fying only the axioms I, II, IV, V) to subspaces of the space of contin-
uous functions. The authors are indebted to Bogoliouboff for calling
their attention to the expedience of considering extreme points of the
set H,.

2. The following proposition establishes a connexion between our
results and the researches of I. Gelfand and G. Silov [10].

Theorem 8. Let the space E, be complete by the norm || z ||,,.
Then there is in E, an uniquely defined commutative operation of
multiplication zy (z,y € E,) which turns E, into a ring with unit
u and for which zy > 0, if z > 0 and y > 0. This operation being
established, a necessary and sufficient condition that a functional f #
# 0 should belong to S, is that f(zy) = f(z)f(y) (z,y € E,).

3. We illustrate our results by an example. This example has
been considered recently by I. Gelfand [11] with the aid of the theory
of normed rings, but we go somewhat further.

Let M| be an additive subgroup of the group I of all real numbers,
and B(M) the set of all almost periodic Bohr functions z(t)(—-o00 <
< t < o0) with Fourier exponents belonging to M. Evidently, B(M)
is a linear space satisfying the axioms I-V, provided that z > # means

z(t) > 0, :c(t)#O» (-0 <t < 00)

t1. Gelfand considered the case M = I.
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and
w(t) =1 (—o0 <t<o0).

As it was shown by A. Artemenko [12], if we associate with every
linear functional f € B(M) the function p()) = f(e**), we bring the
set of all positive functionals f > 8 [f € B(M)] into an one-to-one
correspondence with the set of all positive definite functions in M i
[A function p(A) = @(—A) # 0 is said to be positive definite in M if
for any n points Ay,...,A, of M (n =1,2,...) we have

n

Y o(h— Atk 2 0 (1)

Jk=1

for arbitrary complex &; (5 =1,2,...,n)].

A positive definite function ¢(A) (A € M) shall be said to have
the finite rank p, if every hermitian form (1) has a rank < p and at
least one of them has the rank p.

From the above general result of A. Artemenko and theorem 6
immediately follows, that to the set S, corresponds the set of all
positive definite functions x(A) of rank 1 and such that x(0) = 1, or,

what is the same, the set of all characters of the group M tt

XA + 1) = x(MNx(w), [x(M)]=x(0)=1, A, ue M].
We shall now state the following proposition:

A positive definite function p(A) (A € M) has a finite rank p
if and only if p(A) admits of the representation

?(A) = p1xa(A) + paxa(A) + - - - 4+ ppxp(A)

where p; >0 (7 =1,2,...,p) and x;(A) (j = 1,2,...,p) are
p different characters of the group M. If o()), being of rank p,
is continuous at the point A = 0 (in the usual metric for real
numbers), then x;(A) = €%* (X € M), where —00 < a; < 0
(7=1,2,..,p).

fA. Artemenko considered the case M = I, but his considerations hold for an
arbitrary additive subgroup M C I.

'ﬁCompare with Gelfand [11].
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This proposition represents a generalization of O. Caratheodory’s
[13] well known proposition on singular Toeplits forms (see also [9]).
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OB BPMHUTOBLIX ONIEPATOPAX
C IE®EKT-UHIEKCAMU,
PABHBIMUY EUHUIIE

(Doxnagwa AH CCCP. — 1944. — Tom XLIII, N28)

B nacTosmiell u cuemyiomux saMeTkaX OYAyT UBINOXKEHH OCHOB-
HEle TONOXKECHHS TEOPHH, YACTHHIMH CICJCTBHAMH KOTOPOH SBITCH
knaccudeckue pesynpratn H. Hamburger [1], R. Nevanlinna [2],
M. Riesz [3, 4], T. Carleman [5], u gp. mo mpobieMe MOMEHTOB, a
Takxke [6] 06 HHTEPIONHPOBAHHH OTPAHUYEHHKIX FONOMOPOHHX PyH-
KIMA B €IMHUYHOM KPyTe W aBTOpa [7] mo mpobneMe MPOJOIKEHHS
SPMHTOBO-TONOKUTENbHEX PYHKIHH.

1. IlycTs $ osHavaeT HEKOTOpOe I'MILGEPTOBO HPOCTPAHCTBO, &
A — spmuTOB onepaTop B §. TakuM o6pasoM, 061acTh ONpeeneHAs
O omeparopa A mioTHa B §, a oneparop A saMmxHyT u (Ag,f) =
=(g9,Af) (g,f € D4). O603na9uM Hepes M., rae z — MPOUBBOIL-
HOe KOMIIEKCHOE YHCIIO, MHOXECTBO DIEMEHTOB ¢ € ) BHIA @ =
= Af - z2f (f € D4). Kak nsBecTHo, a1s n15060ro HeeHCTBHTENb-
Horo z (Iz # 0) MHOXecTBO M, BaMKHYTO.

Jlerko BHETH, YTO MHOXECTBO f)o, IBIFIONIEECE IepecevyeHneM
BCeX MHOXeCTB M ,, IPUBOAUT omepaTop A U 4TO B Hy omeparop A
SBISETCE CAMOCOIPIKEHHEIM; KPOME TOrO0, $p CONEPKUT BCAKOE HHOE
MOANPOCTPAHCTBO B §), oGnajjaloniee BPTUMH AByMs cBoiicTBaMu. bes
orpaHM4eHUs OOGUIHOCTH HAIMX MCCIEIOBAHHH MBl MOX€EM IpeNolno-
KHUTh, 4TO $Hy COCTOMT TONBKO U3 HYIb-DIEMEHTA, T.e. YTO

I 2. = (o). (1)
12#0

Opnonapamerpuieckoe ceMeiictBo E; (—00 < t < 00) orpaHu-
YeHHHIX CaMOCOINPSKEHHKIX ONepaToOpoB B §) GyaeM HasKIBaTh Cnex-
mpaavnoti pynxyuet onepamopa A, ecnu anug moboro f € H:
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1° (E:f, f) He y6uIBaeT Ipu BOBPACTAaHHH I;
2° E,f — HenpepHBHag cneBa QyHKIHS i;
3° E;f > 0uput — —oo u E;f — f nmpu t — oo u, KpoMe TOTO,

4° g mioboro f € Oy

(MAH=/men, M=/mmﬁ D)

U5 uccnenosannit M.A. Heiimapxa [8] nerxo BHTekaeT, 4T0O cXoau-
MOCTH II€PBOrO H3 HAMMCAHHHX B (2) muterpanoB CTunbTheca Bie-
4eT CHIBHYIO CXOAUMOCTH 2-ro mHTerpaia. C IOMOIIBIO BTHX Xe
HCCeOBaHU 6e3 TPyda MOKa3HBAaeTCH, YTO JaHHOEe HaMH Olpeerne-
HHe CHEeKTPANbHOM (PYHKIHH OMEPATOPa COBIAJAET C ONpeAeleHHeM
Kapnemana—-Crona [5,9].

Ecnu npu nio6om ¢t (—oo < t < o) oneparop E; sBugercs ome-
paropom mpoextuposanus (E? = E;), To B oroM ciydae E,E; =
= Enin(st) (—00 < s,t < 00) U cuexTpanbhas QyHKUHS ONEpaTOpa
A HaBHBaETCH 0PMO20HAALHOU.

Kaxnoi cnekrpaibuoil pyukmuu F,; onepaTopa A COOTBETCTBYeT
cBos ”"0606mennas” pesonsBenta R, (Iz # 0), gug koTopon

T d
RJ:/{% (fes, Iz#0). 3)

Ecau f € M,, o R, f € D4, He 3aBHCHT OT BHOOPa Pe30NbBEHTHL
u onpenengercs us coorHourenus (A — zE)R,f = f.

2. IlpepnonoxuM temnepb, 4T0 gedeKT-HHAEKCH omepaTopa A
paBHH 1, T.e. 4ro mpu Iz # 0 oproronaibHOe JomonHeHue X M,
B §) OJHOMEPHO.

IlycTs u — BexTOp M3 §), KOTOPHIH He NPUHAATEXKHUT M, XOTH 6L
IIPM OHOM BHAYEHHWH 2 H3 BepXHeH NONYMIOCKOCTH U OJHOM SHAYE€HHH
M3 HHXHEH MONyIIOCKOCTHM.
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Teopema 1. [Ipu yxa3aunom 6vibope 6eXMOPG U MHONCECTNEO
E. ecex mouex a (Ia # 0), dag xomopwviz u € M, He umeem Hese-
WECTNBENKBIZ NPEJEAbRBIZ TOUEX U, 6oaee MO20, npouseedenue

11 |“+2[ (Iz#0, z€&)
cee @7
czodumced, £axo060 6bi HU 6bl10 nodmuodicecmeo £ € E,.

SaUKCHpyeM DIIeMEHT ¥ M HaB30BEM €r0 MaCWUmabomM.

Teopema 2. Kaxwcdomy saemenmy f € § coomeemcmeyem dymnx-
yug f,(z) (Iz # 0), xomopag enympu xaxcdoii u3 2-z noaynaoc-
xocmet Iz > 0 u Iz < 0 ne umeem unbiz ocobewnocmei, xpome
NOA0CO6, NPUHAIENCAUUT MHONCECTEY £y, U dad Komopoti

- fu(z)ueM,, ecim fu(z)# oo (Iz#0).

3. OGosHayuM Yepes §, COBOKYNHOCTDH Beex pynkuni f,(2) (f €
€ 9).

Teopema 3. Coomeemcmeue f € f,(z) g6agemcs odno-odno-
3HAUNHDIM AUHEUNBIM COOMEEMCTGUEM MENIY H U Hy, NPU KOMOPOM
u — 1. Omo coomeemcmeue obaadaem mem C60UCME0OM, YMO €CAU
g=Af (f € DA); mo gu(z) = zfu(z)'

4. O6osHa1uM Yepes V, COBOKYNHOCTH HeyOHIBalom[AX QyHKIMM
o(t) (—o0 < t < 00), HOPOKAAEMBIX CHEKTPAILHHMHU PyHKIuIMH E}
onepatopa A; o(t) = (Eiwu,u) (—o0 < t < o). OgeBngso, o(t) =
=0(t—-0) (—oo<t< ), o(-00)=0, o(c0)=(u,u).

Teopema 4. [Jag mozo 4mobvi dee cnexmpaavuvie Pynxyuu E(t)
onepamopa A coenadasu, neobrodumo u docmamouno, wmobsi co-
omeemcmeyowue un Pynxyuu o € V, cosnadasu.

Pyuknuio o € V, GyneM HaBHBATb KAHOHUYECKOL, €CTH OHA IO~
POXJaeTcd HEKOTOPOH OPTOrOHATLHOM CHEeKTPAILHOM (yHKIHEH Olte-
paTopa A. '

HasecTHo, 4TO BentecTBeHHad PYHKIUA OrpaHHYeHHOH BapHALlHK
o(t) = o(t—0) (o(—00) = 0) BnonHe onpeenseTcd CBOKM HHTETPa-
oM

wa(z) = / do® (1. #0). (4)

—00
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Huxe MH HaligeM o6uuit BUJ QYHKIHMHE W, (2), COOTBETCTBYIOMIEH
npousBonbHoil Qynkmuu o(t) = (E.u,u) € V,,; saMeTuM, 4T0 B 5TOM
caydae (cM. [3])

wo(2) = (Rou, u). (5)

5. Jlerxo BHieTH, 4TO U3 ycuoBus (1) 1 paBeHcTBa AedeKT-HHIEK-
coB omepaTopa A eMHHIE IerKO BHTEKAET CeNapabenbHOCTh MPOCT-
PaHCTBa ).

Iycts {pk} — HexkOTOpas OPTOHOPMUPOBAHHAL, IONHAE CHCTEMA
sreMeHTOB B §). IlomoxuM gus coxpalleHus

eru(2) = pr(2)  (F=1,2,..).

Tax xax ¢, — pk(2)u € M, (k= 1,2,...), To snement R,{pk —
—pk(z)u}, a cienoBaTensHO, M BHpaXKeHHe

¥e(2) = (Raor — er(2)ul,u)  (k=1,2,..)

He BaBHCHT OT BHGOpa 0606IIEeHHOH Pe30NbBeHTH onepaTopa A.

Ouesngno, Yi(2) (Iz2#0, k =1,2,...) ectb MepoMopHasg PyHK-
A4 BHYTPH BepXHEH M HMXHEHd NONYMIOCKOCTH, IOMIOCH KOTOPOH
NpUHANIEXKAT MHOXKECTBY &,.

YcnosuMmcs mus mo6oit GpyHKIHH ¢(2) COKpallleHHO 0603HAYATH
yepes P(z) Brpaxenue p(z).

Teopema 5. [Jag awbozo z (Iz # 0) unorcecmeo mouex wy(z)
(o € V) 3anoangem nexomopuii xpyz C(z), aexcawuti yeauxom eny-
mpu motl He NoAYNLOCKOCMU, MO U MONKa z. IMOm Kpye C60-
dumcd ¥ mouxe 6 MoM U MOALKO 6 MOM cayude, xoz2da z € &,.
Lenwmp {(2) u paduyc r(z) xpyea C(z) nazodamcg no gopmyaan

i—2y> PR(3)k(2)
{(2) = = :
295 lo(2)P

1
20(S el S lenl]

r(z) = (6)
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Ypaenenue 2panuyvt xpyea C(z) 6 naocxocmu w MoxcHo npedcma-
6umb 6 6ude

£

w—

[oe]
T2 =) lwer(a) + o)l ™)
1
Touxa wy(2) nonadaem na 2panuyy xpyea C(z) 6 mosu u moavxo
6 mou cayuae, xoz2da Pynxyug o € V, deagemcd Kanonuuecxot,
npu amom xaxcdott mouxe w 2panuyvi C(2) coomeemcmeyem odna
U MoAbKO 00Ha Kanonuuecxad Pynxyud.
C sTo#l TeopeMOl TeCHO CBEI3aHa CIeLyIOU[as
Teopema 6. I'panuya xpyza C(z2) (Iz # 0), moxcem 6vimb 3a-
dana caedyYoUUM NAPAMEMPULECKUM YDABHEHUEM:

w = po(2) + p1(2)
g0(2) + Tq1(2)

2de gi(2), pi(2) (i = 0,1) cymp mepomopPuvie Pynxyuu enympu
seprretl U HUNCHET NOAYNAOCKOCTY (€ NOMOCAMU, NPUKAIIENAUIUMY
suuoxcecmey E,) u xomopvie ceg3ansvi ¢ Pynxyugmu pr(z) u Yi(z)
(k=1,2,...) caedyouumu coomuowenugmu:

(-0 < T < ), (8)

90(2)01(0) — a1 ()aw(C) = (2 = ) Y _ wr(2)ex(0),

po(2)P1(C) — P1(2)po(C) = (2= ) Y ¥(2)$w(0), (9)

40()1(Q) - a1(2)Po(C) = 1+ (2 = 0) Y _ w(2) (0,
1

2de z u { — d6e NPOU3EOALHBIE HEBEWLECTNBENNBIE TNOUKY, HE NPUHG-
daexcaujtie Muoxncecmay &, .

Herpyano Takxe MOKadaTh, YTO COOTHONmEHHIMH (9) PYHKIHH
¢i(2), pi(z) (i =0,1) BronHe onpegendOTCE ¢ TOYHOCTHIO O THHEH-
HOrO NMpeo6pasoBaHNs

pa(2) = € (apo(2) + Bp1(2)),

65(2) = €(ago(2) + Bai(2)),
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Pi(2) = €°(1po(2) + 6p1(2)),

61(2) = €°(790(2) + 601(2)),
rae 0 <0< 27 ,aa,B,v,0 — IPOMBBONLHEIE BeUIECTBEHHBIE YHCIA
Takue, iTo ad — By = 1.

Eciu B HeKOTOpPOH OKPECTHOCTH BellleCTBEHHOH TO4YKH £ Bce (PyH-
xuan pr(2) (k = 1,2, ...) ronoMopduH, To 970 xe (cM. [10], Teopema
15) umeer Mecto ¥ ang Qyukuui ¥r(2) (k= 1,2,..) 1 B oTOM Xe
ciyqae Qpynkuuu ¢;(2), pi(2) (¢ = 0,1) MoryT 6HTBH NOCTPOEHH IO
dopmymam

w0(2) =1~ (2= €)Y w(€)pe(2),
a(2) = —(z - €)Y ee(€)er(2),
po(2) = (z = €)Y Be(©)en(2),

() = 14— 6 @O0l

Teopema 7. Kaxcdoi dynxyuu 7(z), 20aomopdnot enympu
sepzneti noaynaocxocmu u yoosaemsopsoujeti Yca061u0

IT(2)20 (Iz>0),

a maxace Pynxyuu 7(2) = 00 omeenaem odna u Moabxo odua ney-
Gvisarwag ozpanuuennas Pynxyug o(t) = o(t — 0) (—oo < t < o0,
o(—o0) = 0) maxag, ymo
po(2) + T(2)pr(2) _ [ do(t)
= . (10)
90(2) + 7(2)q1(2) t—2z2

-00

Hoayuaemoe maxunm obpazom mnodxcecmso Pynxyui o(t) coena-
daem ¢ MHONCECTIEOM VuT.

1'leu nepefaye HaCTOALIEH 3aMETKH B MleYaTh aBTOP y3Hal, YTO GIH3KHH pe-
3yabTaT X TeopeMe 8 nomydeH Takxke M.A. Heitmapxom [10].
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U3 sToil TeopeMH cunemyeT, 4TO HeyOnIBalollas OrpaHHYEHHas

Qynkuusg o(t) = o(t —0) (—oo < t < 00,0(—00) = 0) npuHaiye-
XUT V,, B TOM ¥ TOIBKO B TOM ClIy4ae, eciu Npu moboM z (Iz > 0)
TO4YKa W, (2) npuHagmexut kpyry C(z).

(1]
2]
(3]
(4]
{5]

(6]
(7
(8]

19
10]
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OB SPMUTOBBIX OIIEPATOPAX
C NIE®EKT-UWHIEKCAMMU,
PABHBIMHM EJVHMUIIE. II

Hoxnagst AH CCCP. — 1944. — Tom XLIV, N24
(

1. IIpugepxuBaich Tex Xe onpeneleHH U 0603HAYEHHI, YTO H B
npegplayel 3aMeTke [1], chopMynnpyem npex/e Bcero cieqyomyio
TeopeMmy.

Teopema 1. Ecau u-dynxyusg f,(z) nexomopozo saemenma f €
€ $ 20a0mopPra na sewyecmeennom unmepsase A = (a,b), mo dag
aboti cnexmpaabvnot dynxyuu E; onepamopa A

b
EAf= /fu(t)dEtu, Ep = FEy— E,.

U3 TeopeMnl 1 HemocpenCTBEHHO BHITEKAET

Teopema 2. FEcau u-gyuxyuu g,(2) u fu(2) saemenmos
g,f € $H 2oaomopPubt na eceti eewecmeennoti ocu, mo dad 410-
6oiioc eV,

(e o]

(9.f) = / gu(t) fu(t)do(t).

—O00

2. YcnoBuMce BCHEKYyI0O HeyOHIBAaIOMIYIO YHKUHIO OrpaHHYEHHOH
BapHanud o(t) (—o0o <t < 00) HOPMHPOBATH Tak, YTO

o(t)=0(t—0) (—0<t< o), o(-o00)=0.

Ko Bcaxoit Takoi pyHkmuu o(t) GyaeM OTHOCHTH Tiib6GepTOBO
2
IPOCTPAHCTBO Lé ), COCTOfIIIee U3 BCeX T-H3MEPUMBIX H O-HHTerpH-
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PyeMBIX BMecTe CO CBOMM kBajpaToM QyHkuuil f() BemecTBeHHOrO
aprymerTa t (—oo <t < 00).

TeopeMma 2 nmokasnBaeT, YTO MHOXeCTBO R, BCeX TONOMOPPHHX
Ha BellecTBeHHOU ocu Pynkuui f(z) € §, ABIFETCI HEKOTOPHIM NO[-
OPOCTPAHCTBOM B ng) (o0 € V,,), IpH 5TOM MeTpHKa, yCTaHABIHBae-
Masg B R, Kax 4acTH L¢(,2), He BaBHCHT OT BHGoOpa o € V,. OTta
MEeTpHKa COBHAJAeT C TOH, KOTopad uMeeTcd B R, KakK YacTH
Hu, €CIM ImocieJHee MPOCTPAHCTBO METPH3OBATH NyTeM IlepeHoca B
Hero MeTpPHKH H3 ), NONb3YHCh ANTre6paHIecKEM HBOMOPPHIMOM
f « — fu(z). Hmeg B BHAY Ty MeTpH3auUHIO §,, PACCMOTPHM
TOT CiIyYai, Korja R, IIOTHO B §,.

Teopema 3. Ecau muoxacecmeo R, 6Cer 2040MOpPHBIZ Ha Ge-
wecmeennold ocu Pynxyut f(z) € Hy NAOMHO 6 Hy, THO MHOICECTNEO
V(u) cocmoum u3 mez u moavxo mez neybviearowuzr gynxyui ozpa-

nuuennot sapuayuu o(t) (—o0o <t < 00), dag xomopuiz (g, f) =
oo

= [ gu(t)fu(t)do(t) npu awbviz g.(z), fu(z) € Ry. Ilpu smom

—o00
Pynxyud o € V, 6ydem xanonuvecxold 6 mom 4 MoAbKO 6 MOM CAY-

uae, xo2da R, NAOMHO 6 Lf,z). IIpu evinoanenuu amozo ycaosug
seaxnedy L¢(,2) u 9, (a caedosamesvro, u H) KGK NOAHLIMU 3GMLIKG-
nugmu R, ycmanasaueaemcd ulomempuvecxoe coomeemcmeue. B
CUAY 3M020 COOMEEMCMEUT ONEPATNOP YMHONCERUST HA GP2YMENM 6
ng) undyyupyem 6 § onepamop, A6AMOUUUCT CAMOCONDINCEHKbIM
pacwupenues onepamopa A.

Ilox ” onepaTopoM yMHOXEHHS Ha apTyMEHT” B ng) MH TOHUMaeM
olnepaTop, npeobpasyionui sneMeHT f(t) € LS,Z) B oleMeHT tf(t) ®
06acTh onpeneneHns KOTOPOro COCTOHT U3 Beex Tex f(1) € L,(,z), ong
xoTophix tf(t) € LY.

Teopema 4. Ecau smuoacecmeo R, naommuo 6 H,, mo ecixad
xanonuvecxag Pynxyug o € V, umeem noumu 6crody npou3eéoouyo,
PABHYI0 HYAO.

BosMoxen cnyvai, xorma R, = $,, T.e. KakXJas QyHKOHL
f(2) € 9, ronomopdHa Ha geHcTBHTenbHOH och. B sroM cmydae
cofiepXaHne TeopeM 3, 4 JONycKaeT HEKOTOpHE YIPOIEHHS H YTOY-
HEHHd, KOTOPHe MH yKaXeM modxe (CM. py6puKy 5 »Toil BaMeTKH,
a TaKXe CIeAyIONIyio Hauly 3aMeTky [2]).
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3. Touky a MK GyeM Ha3HBATH pe2y4gpHoti mouxoti u3yuaemozo
onepamopa A, ecin MHOXecTBO M, = (A—aE)D,4 (D4 — obnacrts
olpefeneHns onepaTopa A) 3aMKHYTO.

TaknM 06pasoM, BCIKad HeBelleCTBEHHAd TOYKa @ €CTh peryidip-
Haf TOYKa omepaTopa A.

HeTpyano TakXe mOKa3aTh, YTO A TOTO, YTOOH BellleCTBEHHAS
TO4YKa ¢ GHIIa peryIgpHOi, HeOGXOAUMO, YTOGH B HEKOTOPOH OKpeCT-
HOCTH TOYKH @, KpOMe KOHETHOTO YHCIa COOCTBEHHHIX YHCEl, He Ha-
XOJHIOCh HUKaKHX HHHX TOYeK CIeKTpa M060T0 CaMOCONPIKEHHOTO
pacmmpenus A omepaTopa A, — H JOCTATOMHO, YTOGH DTO yCIOBHE
BHIIIONHANOCH XOTHd OH IS OJHOTO M3 CaMOCONPIXKEHHHIX pacuIMpe-
it A.

Orcioga gBcTByeT, 4TO AOCTATOYHO Mallaf OKPECTHOCTH pery-
NApPHOH TOYKH TAKXKe COCTOMT H3 perylfpHHX Tovek. bes Tpyma
NOKa3HBaeTCI TakXe, YTO €CIH HeKOTOPHH BellleCTBEHHHH HHTep-
Ball HETHKOM COCTOMT M3 PeryIfpHHX TO4YeK, TO HaXOAdImHecs B 9TOM
HHTEpBalle COOCTBEHHBIE YHCIIa ABYX PAasIMYHHIX CAMOCOMPIKEHHHX
pacIIHpeHnH A onepaTopa A Mexay co60d nepeMexaloTc.

Kpowme Toro, jig 11060# TOYKH @ 5TOrO HHTEepBala HaHJeTCs OgHO
K TOIBKO OfHO CAMOCONPIXKEHHOe PacHIHpeHKe A, HMeolIee B BTOM
TO4YKe cob6cTBeHHOe YHcNo. KcTaTH, 3aMeTHM, YTO IpH CAeTaHHBIX
NPEIONOXEHHIX OTHOCHTEIBHO onlepaTopa A (IpocTOoTa onepaTopa
H paBeHCTBO Ae()eKT-HHIEKCOB eUHHIE) BCAKOEe COGCTBEHHOE THCIO
MOBOrO CaMOCONPIKEHHOTO paciIkpenus A omepatopa A — mepBoit
KPaTHOCTH.

Teopema 5. [l4g mozo ymobul nexomopasd mouxa a 6visa peay-
agproti mouxol onepamopa A, neobrodumo u docmamouno, ¥moboi
CYWeCcmeo6a4a maxad OKPECMHOCTb MOYKY G U MaAKoe yeaoe p >
> 0, ymo awobag Pynxyug euda (z — a)? f(z), 2de f(z) € Hy, 2040-
smopPra 6 amoll oxpecmuocmu. Yxazannoe ycaosue 6ydem 6vinoa-
HEHO, ecAat OMO ebinoangemcd, xozda f(z) npobezaem nexomopyro
nocaedosameavnocmv {fn(z)} C $Hy, sunetnag oboaouxa xomopoi
naomua 6 5.

N3 TeopeMH 5 nerxo clefyer, YTO €CiM @ — perylgpHad TO4Ka
omepaTopa A, TO IPH COOTBETCTByWOIIeM BHI6Ope MacluTaba u Bce
$yrkunn f(z) € H ronoMopQHH B OZHOK H TOH Xe OKPECTHOCTH TOY-
KH a, 1 06paTHO, — eclIn MacmTab ¥ MOXHO BHOpaTh Tak, 9TOOK BH-
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NONHANOCH YKaBaHHOe YCIOBHE, TO @ — PerylfpHas TOYKa OIePaTo-
pa A.

BTopasg 4acTh TeopeMH 5 nerko BHTEKaeT H3 CIeLYIOmero Ipej-
NOXEeHHUS.

Teopema 6. Mnoacecmso §, obaadaem mex ceoticmsom, umo
044 KaNCA020 KOMNAEKCHOZO G U TIOAONICUMEALBHO20 T CYUulecmeyem
xoncmanma C = C(a,r) maxag, umo ecau wexomopag Pynxyug
fu(2) € Hy 2040m0pPra 6 xpyee |z —a| < r, mo

LEISCNTTL le—al<zr (1FlI= (DY,

4. Touky a 6ymeM HaoHBaTh U-pe2yagproli mouxol onepamopa
A, ecuy cymiecTByeT Takad OKPECTHOCTh TOYKH G, B KOTOPOH Bce
¢yukuun f(2) € H, romoMopPHI.

M3 TeopeMH 5 HeTPyQHO BHIBECTH, YTO u-peryingpHad TOYKa —
BTO TaKad perylifpHad TO4Ka a omepaTopa A, mid KoToporl u€M,.

OTnpaBiugich OT KakKOH-THGO MOTHOH OPTOHOPMHPOBAHHOH CHC-
TeMH {pr} $, HocTpoMM, Kak 9TO GHIIO MOKaB3aHO B py6pHke 4 Ba-
meTkH [1], nocnenoBarenbHocTr pynkunit {pi(z)} 1 {¢¥x(2)}. Torma
H3 TeopeMH 6 BHBOAMM, 4YTO TOYKa @ GyJeT u-perynipHOd B TOM M
TONBKO B TOM CIy4ae, KOT[a CyMeCTBYeT TaKad OKPECTHOCTh TOUKH
a, B xoTOpoH Bce pynkuuu ¢(z) (k = 1,2,...) ogHOBpeMeHHO rolo-
MopdHH. OxasHBaeTcs, YTO B peryndpHOi TOYKe Takxke Bce (DYHK-
uun Pr(z) (k = 1,2,...) ronoMopHE H HMeeT MeCTO CleAyiollasf
TeopeMa.

Teopema 7. Becxoneunsie pado

> ler(2), > ()

PGEHOMEDPHO CTOOIMCT HA A1000M OZPAHUNEHHOM 3AMEHYMOM MHO-
Hcecmee U-pecysgPHbLIT MOYeEX.

M3 TeopeMn 6 cregyeT Takxke, 4TO €ClIH 2 eCTh HEKOTOpad (PHK-
CHpOBaHHai u-peryispHad Todka omepaTopa A, To f,(2) (f € %)
€CTh TMHeHHHH QYHKHHOHAN B §). Jlerko BHYHCIHTH HOPMY STOTO
$yHKIHOHATA — OKa3HBaeTCH,

@) _ (&, a1
b AT (21:"""(”')') a(5;om,)’
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rae d (u; M,) — pacCToLHHE dlIeMeHTa ¢ OT M,.
00
Tonoxum D(2) = ¥ |er(2)]*.
1

5. OnmepaTop A 6yJeM Ha3HBATH Pe2Y4dpHbIM, €CIH TI00ad TOYKA
KOMIIJIEKCHOM MIOCKOCTH SBIS€TCH IS HETO PerylngpHOu.
CpaBHUTEIbHO HECTOXHO I0OKasHBaeTcd clefyolas
Teopema 8. Caedyrowue ymeepicdenud 3x6U6aAEHMHBL:
a) onepamop A pezyagpen;
6) 0010 U3 CAMOCONPANCENHLIT pacCUIUPEHUT A onepamopa A
(mozda u xancdoe dpyzoe) umeem ceoum obpamubiu onepamo-
POM 6TOANE HENPEPLIBHBIT Onepamop;
8) npu coomeemcmeyowem evibope macwmaba “u” ece Pyux-
yuu f(z) € H, 20a0mopPnvt Ha detdcmeumeabnoii ocu.

Ecnu gns peryngpHoro onmepaTopa MacuiTab v BHIGpaH Tak, Kak
YKa3aHO B 6), TO MH €TI0 GyieM Ha3HBATh Pe2Y4TPHbIM MACUIMAGOM.
OxaseiBaeTcs, YTO peryrfpHHH MacmTab MoXeT OBITh BCErja BHI-
6paH Tak, YTOGH mOmOCH 0G0 u3 QyHkuui f(z) € H, mexarn
BHYTPH BepxHe# momymiockocTH. Ilpu apyroM Beib6ope peryigpHOro
MaciiTaba MOXHO JOCTHYb TOrO, 4TO §),, OyJeT BelleCTBEHHOTO THIIA,
T.e. 06Ia1aTH CBOHCTBOM, 4TO eciH f (2) € Hy, To Takxe f(z) € H,.

Ecin A — peryngpHH# onepaTop, a & — peryIdpHHHE MaciuTab,
TO H, = Ry C LSZ) npu mo6oMm o € V,. Ilo Teopeme 3 Pynkius
o € V, Gyger KaHOHHYECKOH B TOM H TONBKO TOM CiIy4dae, KOTJa

u = ng), T.e. Korja Kaxjad PyHKuus us L COBMaJaeT MOYTH
BCiofly (B cMHICIe 0-MepH) ¢ HekoTopou Qynkuuei us §,. C gpyrou
CTOPOHH, H3 TeOpeMH 8 ¥ O6IUX BaMeYyaHHH, MOMEIEeHHHX B Haqale
py6puku 3, cienyeT, YTO B PACCMAaTPHBAEMOM CIy4dae KaXJads KaHO-
HuYeckas QyHKUME 0 € V,, ecThb 4ucTad QYHKUHL CKAIKOB, TOUKH
CKa4KOB KOTOPOH CTryIIAIOTCE TONBKO Ha GECKOHEYHOCTH; MPH BTOM
TOYKH CKa4KOB [BYX DasIHYHBIX KaHOHMYecKHX QyHKuUHE 0 € V,
CTPOro MeXAay co6od mepeMeXaloTcH, a TOYKH CKavYKOB BCEX BO3-
MOXHHX KaHOHHYECKHX QYHKIHMH BAIOTHAIOT BCIO AEHCTBHTEIHHYIO
OCb.

TaxuM 06pasoM, paBEHCTBO §), = Lf,z) 4 KaHOHHYeCKoH (PyHK-
oMK 0 € V, osHadaeT, 4TO musd Kaxiod Qyukuuu f(t) € IL? nair-
neTcs GyHKUHE Ha §), (BOOOGIIE TOBOPA, 3aBHCALIAL OT O ), KOTOpad
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coBnajaeT ¢ Qynkuued f(t) BO BCeX TOYKAX CKAYKOB KAHOHMYECKOH
¢yukuun o € V,,.

Teopema 9. Ecau A — pezyagpubiii onepamop, a u — pezyadp-
nbiti Macwmab, mo dag mozo umobvt mepomopdrad 6 xomnaexcrol
naocxocmu z gynxyug f(z) npunadaencasa unoxcecmsy $, neobzo-
Jumo u Jocmamouno, Ymobvl NPU HEXOMOPOM 3HAUERUY KOHCTRANMbL
C ebinoangaoce 6c10dy nepasencmeo

|f(2)| < CD(z)

u 4mobbi romd 6bi dag odnoti Kanonuuecxoti Pynxyuu o € V, 6bi-
NOAHIAOCH YCA0BUE

/ |£(®)do(2) < co.

O4eBHgHO, YTO NOCIegHee YCIOBHe OyJeT BHIIONHEHO, €CIH
Qyukuns f(z) orpaHnmyeHa Ha BelleCTBEHHOH OCH.

CIINCOK JINTEPATYPHIL
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OBb OIHOM 3AMEYATEJIbBHOM KJACCE
9PMHUTOBBIX OIIEPATOPOB

(Qoxanagmt AH CCCP. — 1944. — Tom XLIV. — N2 5)

Teopus, pasBepHyTad B 3aMeTKax [1, 2], mosBongeT oGHapyKUTH
OJMH HOBHIA 3aMe4aTelbHHH KIacC SPMHTOBHX ONEPATOPOB.

1. IIpocroii apMuTOB onepaTop A ¢ fedekT-HHIeKCaMHU, PABHBIMHI
equHUIe, OyeM HasHBAaTh LUEIHM OIEPATOPOM, €CIH CYmEeCTByeT
MacmTab u (HaSHBaeMHH HETHM MaclITaGoM) TakoH, YTO KaXIOMY
BeKTOpY f € $) cooTBeTcTBYyeT Henas QyHknus f,(2).

Ecnu A — uennii pMUTOB ONEPATOpP, TO B CHIY TeopeMH 8 [2] on
peryinspeH H, TakuM o6pasoM, M06oe ero CaMOCONPIKEHHOE PACIIH-
penne A HMeeT CBOHM OGDaTHHIM HEKOTODHI BIONHE HelpepHBHHI
omepatop. Bm6upag mns omepaTopa A B KayecTBe u HeNHH Mac-
mTab, MOXHO GyJeT yTBepXJaTh Ha OCHOBAaHHH TeopeMH 3 [2], 4To
orpaHuyeHHas Hey6mBatomad PyHkmus o(A) = o(A—0) (—oo0 < A <
< 00, 0(—00) = 0) mpuHaaTeXHT V, B TOM H TOIBKO TOM CIy4ae,
ecu g TIOGHX JBYX BIEMEHTOB ¢, f € §) HMeeT MeCTO PaBEHCTBO

oo

(0.f) = / 0 (O Fuldo(t).

—00

IIpu sTOM npocTpancTso $, C L‘(,z) 6yneT coBNaJaTh C L((,z) B TOM
H TOIBKO TOM Clyiae, eclid PyHKuud o € V, gBIgeTCcd KAHOHUYECKOM.

2. MacmiTab u 8pMUTOBa onepaTopa A Ha3HBaeTCS BelleCTBEH-
HEIM, eclH H3 f(2) € §, BHTeKaeT, YTO TakXke

f(z) e pu (f(2) = f(2)).

Teopema 1. Y yeaoz0 apmumosa onepamopa A eécezda cyuecm-
syem sewjecmeennbili yeavith macwmab. Iocaednuii onpedesagemcs ¢
MOUHOCTIBLIO 0O CKAAIPHO20 MHONCUNEAS.
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B nocnenyomux yTBepx/eHHIX, He OrOBapUBasi BTOT0, MH Tped-
nonaraeM, YTo A — IeNHH OnepaTop, a ¥ — LeNHd BellleCTBEeHHHH
Macmrab.

Monoxum )

D(z) = sup M (1)
feH (f’ f)

Teopema 2. Pynxyusg D(z) obaadaem caedyowumu ceoticmea-
mu:

1) dynxyug D(z + iy) ecmb wemnag Gynxyug om y, MOROMONKO
pacmywag emecme c |y|;

2) umerom mecmo nepasencmea

(u,u)e™¥ < D(z +iy) < W0 (r= /224 92),  (2)

2de h > 0;

3)log D(z) ecmb nenpepvienad cybzapmonuecxad ynxyug, ume-
oWag 6 6eprHell NOAYNAOCKOCTIU 2APMONUNECKYIO MANCOPANTMY, a
UMENHO:

. y [ log D(t)
< - —_— .
log D(z + iy) < 2hy + - / (t—z)2+y2dt <oo (y>0). (3)

Yucno h, OHOBHAYHO COOTBETCTByOLIee LEIOMYy onepaTopy A,
GyZieM HasHBAaTh THIIOM OIepaTopa A.
Taxk xax B cumy (1)

£u(2)] < (f, )Y2DY2(2),

TO H3 TeopeMH 2 BHTekaeT, 4To miobag QyHkuus f,(2) € $H, 06-
NaJaeT ONnpeJeNeHHHMH CBOACTBAMH B CMEICIE POCTA €e MOJAYIS; OT-
CIO/la MOXHO BHBECTH D]l CIEICTBAH OTHOCHTEIHHO PACHONOXKEHUS H
4aCTOTH ee HylleH, OJJHAKO, 332 HEJOCTATKOM MeCTa, MH HX ONMYCTHM.

3aMeTHM emie, YTO, B CHIy HepaBeHCTBa (2) u Teopemu 9 [2],
$, COflepXHT B ceGe coBOKymHOCTh Lj Bcex menmx ¢yHkuui f(2),
YAOBIETBOPAIOIIMX ABYM YCITOBUIM:

lim }Q_gL_f(Z)J_ <h, sup |f(z)| < oo.

zZ—00 |2| —00<T< 00
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B yacTHOCTH, §, cofepXHT B cebe Bce PyHkuun v(z) Buga v(2) =
= Ce**?, rge —h < a < h. MoXHo NOKanaThb, YTO dIeMeHT v € §) Oy-
JeT IelkM MaciiTaboM omepaTopa A B TOM M TOIBKO B TOM Cly4ae,
ectn v,(z) = Ce®? (C #0; —h<a<h).

B py6puke 4B) GygseT nocTpoeH nmpuMep omepaTopa A, mis KOTO-
poro Lj mnoTHO B §).

3. Ilycto {pk}5° — HekoTOpas NONHAE OPTOHOPMHPOBAHHAL CHC-
TeMa SIeMEHTOB B §); OIOXHM [ COKPallleHHS

or(2) = pru(2)  (E=1,2,..),
TOrJa

D(z) =) lew(2)I".

Bsegeum eme ”conpaxennne” ¢ pr(2) (k=1,2,...) ynkunm (cM.
pasgen 5 [1])1

T - 4
Vi(z) = / Mda(t), (GeV,, k=1,2,..). (4)
Tax xak 4 — BelleCTBEHHHH MacimTab, To 6e3 OrpaHHYeHHH

OGIHOCTH MH MOXeM NPeNIoNoXHTh, 4To QyHkuun ¢i(z) (k =
=1,2,...) BellleCTBEHHH IIPH BEIECTBEHHOM 2.

Ilonaras Torga (cM. ¢opmynn 9 [1])”

w(z) =1 -z ) pr(2)¥(0),

a(2) = =2 ) er(2)er(0), ()

tllerxo BHETb, YTO MHTerpaisl (4) He saBHCAT OoT BHGOpa PyHEuuE o € Vi
(cm. pasgen 5 [1]).
Papwt (6) cxopaTcA a6COMOTHO H PaBHOMEPHO B KaX/JOM KOHEYHOH O6IacTH
B CHIy TOTO, YTO OTHM CBOHCTBOM O6magaloT pash L|ek(z)|° u )3[11:1;(:)[2 (cm.
Teopemy T [2]).
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po(2) = 2 ) ¥u(0)¢i(2),

pi(z) = 1423 ou(Oi(2),

6ylleM MMeTh TOXIOEeCTBa

90(2)q1(¢) — q1(2)a0(€) = (2= ) D _ #r(2)x(C)s

po(2)P1() — P1(2)Po(€) = (2 — ) Y ¥u(2)¥e(¢), (6)

90(2)P1(¢) — @1(2)po(¢) = 1+ (2= ) 3 r(2)¥w(C).

Cornacuo Teopeme 7 [1], cooTHOomeHHE

[ o]

po(2) + 7(2)p1(2) _ / do(t) (Iz > 0)

q0(2) + 7(2)q1(2) t—=z

-00

NPHBOJHUT ‘B OJHO-OJHOBHAYHOE COOTBETCTBHE QyHKuHH 0 € V, ¢
¢ynxunsmu 7(2z), roroMOpPHHMHE BHYTPH BepXHEH NONYILIOCKOCTH
H MMEOUIMMH TaM HEOTPHIATENbHYIO MHHMYIO 9aCTh, €CIH TONBKO
HCKITIOYHTh PYHKIHIO 0o € V,, cooTBeTcTBYIOmYyIO T(2) = 00; NpH
oToM QyHkuus o € V, GygeT XKaHOHMYECKOM B TOM M TOIBKO B TOM
crydae, xorja QyHknus 7(z) CBOAMTCE K BeleCTBEHHOH KOHCTAaHTe
(xoHeuHOM MK GeCKOHEHHOH).

O1cioga, nons3ysch ToXAecTBaMH (6), 1erxo BHBOAUM, YTO TOYKH
pocTa (CcKa4koB) KaHOHHYecKoH QyHKUHH 0¢(t), HMeloled CKaYOK B
To4ke £, COBNAJAIOT C KOPHIMH IENOro TPaHCIeHJeHTHOIO ypaBHe-
HHA

90(2)1(€) — 01(2)q0(§) =0

HIH, UTO TO Xe, ypaBHEHHS

(-6 aOr(z) =0, )
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IpHYeM STH KOPHH BCe BeleCTBEHHH H NpocTH. KpoMme Toro, Haxo-

o Po(€)01(€) — P1(E)ao(€) _
9(§)a1(§) — 01 (§)a0(8)

= §°°: | = D).
[ ]
1

o¢(€+0) —0g(§ - 0) =

CrenoBaTenbHO, €CIIH
<€ <la<bh=E<H <<

CYTh BCe KOPHH ypaBHeHH (7), TO, monarag

p(&)=D71(¢) (-0 <E< ),

IPHXOAMM K cienyoluei Gopmyne mus og(t):

ae(t) = Y_ p(&)  (—00 < £ < o0).

£J<t

Crnenyiolilag TeopeMa SBISETCE aHAJOTOM H, €CIH YTOIHO, 06006-
I[eHHeM H3BeCTHOH TeopeMH YeGHileBa B mpobreMe MoMeHTOB [3,4].
Teopema 3. [lag aoboii Ppynxyuu o € V, cnpasediusvi oyenxu

a(£+0) < Y p(&)),

;<€

a(E+0)> ) p(&),

€;<€

npuuem 3nax "pasno” romd 6vi 6 00HOM U3 IMUT COOMHOWENUT, 603-
MONCEH 6 MOM U MOALKO 68 MOM cayuae, xozda Pynxyud o € V,
coenadaem c dynxyuel o.

C noMoubio TeopeMH 2 MOXHO MOKa3aTh, YTO IeBaf YacCTh ypas-
HeHns (7) (xoropyo MH oGosHauuM 4depes (¢(z)) ymoBreTBopieT
YCIOBHIO

e oglQe(2)l _

b
Z—00 IZI



06 onHoM 3aMeqaTelbLHOM KJacce 9pMHTOBBIX OIIEPATOPOB 75

log IQa(Te‘“’)I

lim

77— 00

= hlsing| (e # 1), (8)

NpUYeM B NOCIeJHEM DABEHCTBE CTPEMIICHHE K IIpeiely COBepllaeTcCd
pPaBHOMEPHO Ha BCAKOM 3aMKHYTOM MHOXeCTBe BHaYeHHH (@, IId KO-
TOpHIX €'Y # £1.

O6ooHavas najee Yepesd n(r) YHCIO KOpHEH {;, HAXONIINHXCE BHY-
TpH UHTepBala (—T,T), MOXHO IIOKa3aTh, UTO

h 1 7
2——-—lo R+0 /
0

/\

T 2R

2h
<2 ro(g) wm=0®) (R-w)
4. le{Be,neM NpHUMEPH 1IeTHX 9PMHTOBHX OIepaTOPOB.

A) HYCTL A4 NMOCiIeNOBaTEIbHOCTH BE€IIECTBCHHBX YHCeEN IIp06-
jleMa MOMEHTOB

(o]

Sk = / thdo(t) (k=0,1,2,...) (9)

—00

nMeeT GeCUHCIeHHOEe MHOXECTBO Dal3lHYHHX HeyGHBAIOIHX pelle-
i o(t) (o(—o0) = 0, o(t — 0) = o(t)). OGosHauum yepes L
MHOX€ECTBO BCEBOBMOXHHIX NONMHOMOB OT ! C KOMIUIEKCHHIMH K09()-
¢uuuentamu. OnpeaenyuM ckalipHOe IPOU3BE/ICHHE ABYX IOTHHOMOB

Pit)=) att, Q)= B,

IIOJIOXKHUB

(P,Q) = scsearBe.

B L onpepennm onepatop A’, NMonoxus g Mo60ro INOTHHOMA
P(t) A'P =tP(t). 3aMKHeM HeNnoIHOe THIBGEPTOBO NPOCTPAHCTBO
L' po nonxoro $, a 3aTeM NMPOJOTKHM onepaTop A OO BaMKHYTOro

Jfl'[pll h = 0.mepBoe B3 paBeRCTB (8), KAk H3BECTHO, BIeYeT CTPEMICHRE K HYIIO
orHowenns n(R)/R npr R — oo.
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spMuToBa onepaTopa A B $. Torga onepaTop A 6ygeT HelHM s5pMu-
TOBHIM onepaTopoM HyneBoro tuna (h = 0)!. IernM Macmrrabom u
oneparopa A GygeT MONHMHOM, TOXJecTBeHHO paBHHH 1. Ilpu Takom
BH6Ope MacmTaba MHOXecTBO V, OyleT COBNAJaTh C MHOXECTBOM
BCeX HOPMHPOBaHHHX pelleHnH npobieMu (9). Bce Hau6Gonee Bax-
Hhle pesylbTaTH Io mpobieMe MoMeHTOB [5, 6] 6yayT mpocTHMH
CIeACTBUAMHY HallleH OOIell TEeOpHH.

B) Ilycts F(z) (—2h < z < 2h) — HempepHBHaf HEOJHO3HAY-
HO MpPOJOIKaeMasi SPMHTOBO-NONOKUTENbHATL QyHKIHUL, T.e. (PyHK-
Mg, JoNycKaolasd 6ecinCIeHHOe MHOXECTBO CYyLIeCTBEHHO Pasiny-
HBIX IpefcTaBiennd (cM. [6]):

F(z) = / eotdo(t) (~2h <z < h), (10)

—00

rae o(t) (—o0o <t < 00) — orpaHHYeHHas HeyGHBaomas QyHKIHS.
O6osnaduM 4Yepes L coBokymHocTh Henbix PyHkuui ¢(t) BHga

h
o(t) = / eda(z) (—o0 < t < 00), (11)
Zh

rae a(z) (—h < z < h) — xoMmmiekcHO-3HaYHAE QYHKIHE OTpaHH-
YeHHOH BapHAaIHH.

OmnpenenuM B L ckanspHOe IpousBeleHHe, NONOXHUB I ¢ € L u
YeL

h h
(0¥ = [ [ Fa - pda(a)d5m),
“hlh

rae a(z) 1 B(z) (—h < z < h) — PyHKUHUE orpaHHYEHHOH BapHa-

IMH, faiomue u3o6paxenue (11) q1d ¢ ¥ 1 COOTBETCTBEHHO.
O6o3Ha1HM vYepes §) 3aMuKanHe L 1o monHoro runs6epToBa mpo-

CTPaHCTBa H PAacCMOTPHM B §) BaMKHYTHH SPMHTOB omepaTop A,

tPagexcrso h = 0 Alg JAHHOTO omepaTopa TpebyeT 0co60ro AOKa3aTenbCTha,
BIPOYEM, HEe CIOXHOrO.
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nonyvalomuiics Kax SaMEKaHue onepaTopa A’, olpeneneHHOro pa-
BeHcTBOM A’'p = ty Ha Bcex Tex ¢ € L, aus xoTopHXx typ € L.

OxapniBaeTcE, onepaTop A — IeNIHd SPMHTOB ONEpPAaTOp THIIA
h. Hennm macmiTaboMm gis A Gymer mioGou snemeHT ¢ € L Bupga
@(t) = Ce**t (C # 0, —h < a < h). Macmrab GymeT BelecTBeH-
HHM, ecin « = 0. Ilpu C = 1 mHOXecTBO V, 6ymer coBmagaTs C
MHOXXeCTBOM OTPaHWYEHHHX HeyORBalomnX QyHKIUH, JAIOWNX npef-
craBrerre (10) pyukuuu F(z) (cM. Takxe [7]).

OTciofa MOXHO MONYYHTH PAf, CYIIeCTBEHHHX JOMOTHEHHH K HC-
CllefOBaHHIM aBTOPa [6] Mo mpo6iieMe MPOJOIKEHUI DPMHTOBO-IIONO-
KATETbHHX QYHKIUH.
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O PE3OJILBEHTAX
SPMUTOBA OIIEPATOPA
C UHIEKCOM OE®EKTA (m,m)

(Toxnagmt AH CCCP. — 1946. — Tom LII. — N2 8)

B oagnoM w3 Hammx npegHaymMx HccaenoBaHWH [1] MH ykasann
cnoco6 moiyveHHs BceXx OoGOGIEHHHX pe3oilbBeHT R, BaganHOro B
ruis6epTOBOM NIPOCTPAHCTBE §) BPMHTOBa omnepaTopa A ¢ MIOTHOH
B ) obnacthio onpesenenus D(A) u ¢ unmexcoM gedexTa ( 1,1)t.

B nacTosmei saMeTke MH 0006lIaeM STOT pe3ylIbTaT M Haxo-
IMM OOLIMH BHJ pe30lbBeHTH R, spMHTOBa omepaTopa A [jf Toro
ciyvad, Korja ero unaexc geexta (m,m), rge m — NPOMBBOIBHOE
HaTypalbHO€E YHCIO.

Ecnn oneparop A nonoxurenex (1.e. (Af, f) > 0npu f € D(A)),
TO y Hero HaHIOyTCd Pe3olNbBeHTH R,, Bech CIIeKTp KOTOPHIX pPacIlo-
noxeH B uHTepBaie (0,00); MH TakXe HaAXOAMM OGINMH BHI BCeX STHX
PEBONBBEHT.

1. Ecau omepatop A umeer uHfekc gedekTa (m,m), To mpu
mMo60OM HeBelleCTBEHHOM z ypaBHeHHe A*p — z¢p = 0 (A* — Maxcu-
MaJIbHO CONPIXEHHHH! kK A omeparop) OymeT HMeTh TouHO M (M He
6olee) THHEHHO HEBABHCHMBIX pellleHHH 1 (2), p2(2), ..., Pm(2), KOTO-
pHe MH NOCTPOHM KaK BeKTOP-QyHKIHH OT Z HEKOTOPHM CHelHalb-
HBIM oOpasoM.

Ilycts A® — nexkoTOpoe caMocolpsXeHHOe pacIIHpeHHe ollepa-
Topa A, a R) = (A° — 2I)™! (Im z # 0) — cooTBeTcTByIOmAL
pesonbBeHTa. Torga muHeliHo HesaBHCHMHe pemenus @;(z) (j =
=1,2,...,m) ypaBHenus A*p—zp = 0 (rae 2 — mo6ad HeBeleCTBEH-
Haf TOYKa HiaH, 6Gonee Toro, mobad perynispHad TOYKa PE30IbBEHTA
Rg ) MOXHO NOCTPOMTH Tak, YTOOH [JIf MOGHX JBYX PerynifipHEX

f,IIpyroe pellieHHe 9Toro Bonpoca 6nno gano M.A. Haitmapxom [2].
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To4YeK 2 H (

¢i(2) = 0i() + (2 = ORZ0;(¢) (5 =1,2,...,m). (1)

Ing sroro mns xaxoro-mu6o ( = (o (Im (o # 0) Bu6upaeMm
IPOH3BONBHYIO CHCTEMY TUHEHHO HE3aBMCHMHX pelleHHH oY, ..., 0
ypaBuenns A*p — (o = 0 u saTeM, nonarad B (1)

C = C(h ‘pj(CO) = (P_? (.7 = 1,2,---7""’)7

onpegenuM orTyaa ¢;(2) (j = 1,2,...,m) gug moboi perynspHor
TOYKH 2 onepaTtopa R,.
BseieM B paccMOTpeHMe MaTPHIY-QYHKIHIO M-TO NOPIAKA

Q(2) = Il 4ix(2) IT" = Il ((z = 20)i(2) + ig0¢;i(Z0), pi(20)) IIT",

rge 29 = Zg + tYo — IPOU3BOINLHO BHOGpaHHA perynipHai TOYKa
pesonbBeHTH R,.

C nomompio (1) HeTpyaHO MOKaBaTh, YTO MATPHUUH-PYHKIUH
Q(z), oTBevaomue pasTHIHHIM BHIGOpAM TOYKH 29, MOIYT OTIH-
4aThCH IPYT OT APYTa TOIBKO Ha BPMHTOBY MaTPHIY, He 3aBUCAILYIO
oT z.

OGosHa4uM vepes N, KIacc BCeX FoTOMOPPHHIX B BepxHeH IIO-
nynnockocts Im z > 0 marpun-Qynxmui F(z) = || fk(2) |IT*, obna-
JAIOUIMX CBOMCTBOM, YTO NPH TIOGHX KOMIUTeKCHHX &1, &2, ..., &n

Im (€*F()6) =Tm (3 fix(2)6uds) 20 (Im 2 > 0).

Jik=1

Jlerko BugeTh, 4TO @Q(2) € ‘nmh, H, 6ollee TOro, YTO COOTBETCTBY-
ola ei spmuToBa Popma Im (£*Q(2)€) crporo nonoxuTenbHa npu
Im z > 0.

IMons3yach H3BECTHHM MHTErPAIbHEM IpeIcTaBleHneM (QyHKIHH
f(2), ronoMoppHHX B BepxHel NMOIYIIOCKOCTH M OTOGPaXAIOUMX ee
Ha CBOIO 4acTb (cM., Haupumep, [3], c.52), MOXHO HONYYHTH 06-
myo GopMyIy mid NPOHSBONbHOH MaTpuun F(z) € N,,. O6osHa-
EM depes N, K1acc Ny, , TONOTHEHHELH HeCKOHETHRIMH MaTPHIAMH-
¢ysxkuuamu F(2), 3ajaBaeMEIMH B BHJE

Gp(z) O

f(z)=5" 0 ool

\S (p+g=m), (2)
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rae Gp(z) — HexoTOpas KoHeYHad MaTpHHa-QyHknus us N,, [, —
eMHMYHAS MaTPUIa NOPIAKa ¢, S — HeocoGeHHad IUCIOBAL MaTpH-
Ha IopLJKa m, a S* — MaTpHIla, DPMUTOBO-CONpPSKEHHad C S.

Ecnu F(z) € Ny, u xoT4 61 gu1 ogHoro z (Im z > 0) spmuToBa
Popma Im (£*F(z)€) cTporo nonoxurensHa, TO 9TO ke 6yaeT HMeTh
MecTo u Ang mo6oro z (Im z > 0); B oToM cmyvae MaTpuua F(z)
HeocoberHa u —F~1(z) € Ny,

llo sTol npmyune, ecun F(z) € Ny, To Bcerga uMeeT CMBCI
marpuna-Qynxmag (F(z) + Q(2))™! (Im 2z > 0). Ecan xe F(z)
uMeeT BUA (2), To MH GygeM molaraThb:

(F(z)+ Q)™ = Jim (F(2)+ Q)™ (Im 2> 0),

rge Fy(z) nonyyaetrcs w3 F(z) nyTem samenH B (2) cuMBona 0o Ha
t. 9To onpefenenre BCera UMeeT CMHCI, H HETPYAHO COOGPasHTh,
Kak BHYHCISeTCS HallMCAHHKIK Ipenen.

3amernM, iTo PopMyra (3) TOrla M TONBKO TOTAA [aeT Pesolb-
BeHTY R, HeKOTOPOro caMOCONPIKEHHOI'O paciiapeHus A onepaTopa
A, xorga F(2) ecth nocTogHHAS DPMHTOBA MATpHIa.

2. PaccMOTpHM Tenepsb TOT CIy4ai, KOTAa SPMHTOB onepaTop A
TONOXKATENEH.

B sToM cuyvae, COrfIacHO HAIIMM NPEIHYHIUM HMCCIEIOBAHHIAM
([5], reopema 2), y onepaTopa A eCTh ABa MONOXHTENLHAX CAMOCOIL-
paxenunx pacumpenns AW u AM), peonssentr koroprx R u
RS,M) 0613JaI0T TeM CBOHCTBOM, YTO IIpH Mio6oM @ > 0 u f € §:

(RWFf, F) < (B_of, f) < (RS, 1),

rge R, — npousBonbHad 0606MeHHAE Pe3OIbBEHTA ONEPaTOpa ¢ He-
orpunarensuuy cnektpom. Ecmm AW = AM), 16 B aToM (u TonbEO
BTOM) ClIyYae onepaTop A MMeeT eIMHCTBEHHOE MOIOXHTENLHOoe ca-
MOCONpAXKEHHOE paclIMpeHue H, 60liee TOro, IHHCTBEHHYIO PE3Oiib-
BeHTY R,, ¢ HeOTPHIATENbHEIM CIIEKTPOM.

Hac 6yieT uHTepecoBaTh TOT ciy4yaii, korga AW #£ AM) Dyor
ClIy4aii MMeeT MecTO Torfa M Toibko rorga ([5], Teopema 3), xorga
cpepu pemenuit ¢(# 0) ypasuenns A*p + ¢ = 0 HalifeTca XoTd 6H
OfiHO, IpHHA/TeXaiee o6nacTH uoMerenns R(A(*)) omeparopa A,
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IIpeanmonarag mo-npexHeMy, YTo HHaekc AedekTa omeparopa A
ecTb (m,m), rae m — HaTypalbHOe ‘mcno’f, NOCTPOMM, KakK GHIIO
ykasaHO B IpeAbyled pyGpuke, CHCTeMH BeKTOp-QyHKmHH ¢1(2),
¢2(2), ...y Pm(z), monarag npu sToM R? = Rg").

Hanomuum Ttenepb, 4TO CnekTpalnbHOH (pyHKUHeH omeparopa A
HaskBaeTcs [1, 4] ogHomapaMerpuyeckoe ceMeiicTBo E(A) (—oo <
< A < 00) orpaHHYEHHHX CaAMOCOTPIXEHHHX OIepPaTOpOB, 061aaa-
folllee TeM CBOHCTBOM, uTo gius mo6oro f € & (E(MN)f, f) — Hey6n-
Baiomas Qyuknus ot A, E(A)f — HenpeprBHaf cieBa QyHKOHUSL OT
A, E(A)f > 0mput > —oo u E(A)f — f npu t — 00 H, Kpome
Toro, gud moboro f € D(A)

(AfAn= [ XdENLD, Af= [ MEOS,

Cuexrpansuoit pynkuur E()) orBevaeT HekoTOpas 0606meHHaS
pesonsBenTa R, (Im z # 0) onmeparopa A

Ri= O ey,

u pynknusg E()) BnonHe onpefendgercs saganneM R, npu Im z > 0.
Teopema 1. Cosoxynnocmb ecex obobujennviz pezoaveéenm R,
onepamopa A 3adaemcsg ¢op.uy.am‘i”

m

R. =R - > (pi(Dhin(2)er(z)  (Imz>0),  (3)
k=1
2de
| hix(2) 7" = (Q(2) + F(2))7",
a F(z) — npouséoavnas mampuya-Pynxyusg u3 xaacca N, bes
02panuyenud O6UHOCTIU Mbl MONCEM NPEINOAOICUIb, YMO BEKMOPb

' Bricrasanusie paHee B py6pHEe 2 yTBepX[eHHA OTHOCHIKCH K TI060MY HONO-
XKHTEILHOMY SPMHTOBY ONEpaTOpy A ¢ WIOTHOH B §) 061aCTHIO ONpeAencHud.

ﬁ‘Iepee (-, ©)¥, rae ¢, ¥ € $H Mu 0603HaYaEM ONEPaTOP, OTHOCALIKHE KaXKIOMY
Bextopy f € §) Bexrop (f, ¢)¥. ’
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?1(—1), ..., 0p(—=1) (p £ m) cocmasagiom bazuc mnoxcecmsea mez
pewenuii ¢ ypasnenug A*p+p = 0, xomopsie npunadaexrcam R(AM).
Moaoxwcum mozda

P(z) = —zlim || (¢;(2), 2x(=£)) Il7-

Herpyguo mokasats, yTo npemen P(z) cymecTByeT Ajd BceX He-
MONOXKHKTENbHEX 2 H YTO IS DTHX 2

Trta dE® Mo, —a) oul—an |
P(Z) = —z / i fz d(E (A)(p](A )’ (Pk( )) ((I. > 0)’
0 1

e E(“)(/\) — cmekTpanbHag QyHKIus onepatopa AK).

HmMeet MecTO

Teopema 2. Cogoxynnocms 6cer uMeNUUT HEOMPUYAMEAbHbIY
cnexmp 06obwennbiz pezoaveenm R, (Im z > 0) ¢ neompuyameas-
nowM cnexmpom onepamopa A 3adaemcg dopmyaoti

R. = RY — > (-, ¢i(®)hir(2)px(2), (4)
7,k=1

20de
| Rk(2) I} = (P(2) + F(2))™,

a F(z) — npouseoavnas mampuya-Pynsyud u3 xaacca ‘)~’l,,, maxad,
umo maxace zF(z) € Ny.

3aMeTnM, yTo ycnosue zF(z) € N, gug F(z) € N, oKBUBaIEHTHO
TOMY, 4TO MaTpulla-QyHKuHE F(2) aHATMTHYECKH NPOJOIKaeMa Ha
BCIO KOMIUIEKCHYIO IIOCKOCTH € PaB3pe3soM BJONb HONOKHUTENbHOR OCH
HOpH z = z (—00 < z < oo) obpallaeTcd B DPMUTOBY MaTpH-
Iy, KOTOPOH COOTBETCTBYeT HeOTpHUIaTeNbHAL DPMUTOBa popMa. B
YaCTHOCTH, BCEM HTHM YCIOBHSM YIOBIeTBOpseT Marpuua P(z) €
€ N,, Ang koTopoi epmMuTOBa PopMa £* P(z)€ (—0o < z < 0) cTporo
HONOXUTENbHA.

Bamerum eme, 4To pesomsBenta RY") momywaercs mo gopmyie
(4) mpu F(z) =0.
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M3 TeopeMH 2 BHTeKaeT, YTO ecli p = 1 (kaxoBoil ciydaii Bceraa
nMeeT MecTO IpH m = 1, AlW) # AM) | 1o s mO6HX QUKCHPOBAH-
HHX 2z (Im z > 0) 1 f € $H TOYKH KOMIIEKCHOH INIOCKOCTH W BHIA
w = (R,f, f), rie R, — npousBoibHai 0606LIEHHAL PE30IbBEHTA
omepaTopa A, UMeOUIad HEOTPHIATENbHHH CIHEKTp, BalONHAIOT He-
KOTOPYIO BHIYKIYIO TYHOYKY, OTPaHHYEHHYIO [IBYMA JyTaMH OKPYX-
HOCTeH, IepeceKalolHXcd MOf yrioM m — argz (yrom usMepseTcd
HSHYTPH IYHOYKH).

TeopeMa 2 HaxogUT HHTepeCHHE NpHMeHeHHS B 0GOGIeHHOU
npo6iieMe MOMEHTOB Ha monyocH [6] (cTHIThecOBCckoro THMA).
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TEOPUA CAMOCOIPAXKEHHBIX
PACIIMPEHU
MOJYOIrPAHUYEHHBIX SPMHUTOBBIX
OIIEPATOPOB U EE NPUJIOXKEHUA. I

(MaTemaTmieckm c6opaux. — Tom 20 (62), N2 3)

Cornacuo J. von Neumann’y [1], nuneiinuit omepatop T B ruib-
6epTOBOM HPOCTPAHCTBe §) HABHIBAETCI IPMUMOGLIM, €CIH ero 06-
nacts onpegenenus D(T') mnorra 8 $ u (Tg, f) = (9, T f) nng mo6Ex
g, f € D(T'). OpmuToB onepaTop T HABHBAETCE NOAYOSPAHUNEHHBIM

CHU3Y, €ClIH ( f)
. Tf,
m) = B 0

B cBoeit PpyrpamenTansHOl paboTe (cM. (1], ¢.103) J. von Neu-
mann BHCKasal IPeNoIoXKeHHe, YTO BCAKKil NOTyorpaHUYeHHHH 8p-
MuTOB oneparop T MMeeT 1o KpaHHeH Mepe OJHO NOLYOrPaHHYEHHOE
caMoconpaxenHoe (TEIepMakCHMaIbHOe) pacumpenne T', JIf KOTO-
poro

> —00

m(T) = m(T).

9T0 npegnonokenre GHII0 Moaxe gokasano M.H. Stone’oM (7] u unaue
K. Friedrichs’ou [2], xoTopHle, ofHako, OCTaBUIK OTKPHTHM BOIPOC
O eAMHCTBEHHOCTH TAKOTO PeHIeHHS Tt

Ham ypanock nokasaTs, YTO Takoe pacumipeHHe OyAeT eIHHCTBEH-
HBIM TONBKO IPH BHIOTHEHHH HEKOTOPHX YCIOBHIH, KOTOpHE COGIIO-
JalOTCd He IS BCIKOIO NMOIYOTPAHMYEHHOI'O OMepaTopa. ITOT pe-
BYIbTAT MH MOIyYaeM IONYyTHO, pelrad 6olee o6IIyIO 3aJady, UMEH-
HO, BaJIAYy O HAXOXK/IECHHH BCEX CAMOCONpPIKeHHHX pelleHHii 1 orme-

thn 3TOM BOHpPOC HMEET CMBLICI CTaBHTh TONBKO MIf HPOCTOTO 3PMHTOBA
OllepaTOopa; TONBKC B 3TOM CIyYae OTPHIATEIbHHE OTBeT HeTpHBHaNeH (cM. [12]).
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patopa T, [yig KOTOPHX m(f) > v, T4e ¥ — IpPOUBBOILHO BHOpanHOE
4mcno, He npesocxogguiee m(T). Ilepexoas oT paccMOTpeHHd moIy-
OrpaHMYeHHOro omepaTopa I X HOIOXKHTEIbHOMY OmepaTopy S =
=T — 7Im(S) > 0, MH CBOAHM HOCIEIHIOI BafJady K 3ajaye Ha-
XOXJEHHS BCeX MONOKHTEIbHHX CAMOCONPSKEHHHX pacCIIHpeHuil
S oneparopa §. OkasHBaeTcs, ITO CpeJH TaKHX PacCIIHPEHHH Hai-
JyTcs 2 7kpaiinux” pacmmpenus S, ¥ Sy ("xkecTkoe” U "Mar-
Koe” pacCIIHpeHHf), OGIajjaiomiue PAfOM 3aMeYaTelbHHX SKCTpe-
MalbHEIX CBOHCTB.

B 4YacTHOCTHM, mas TOro 4YTOOH HOKOKHTEIbHHH CaMOCONpPS-
XeHHHH omepaTop S’ 6BUI pacmIHpeRdeM omepaTopa S, Heo6Xxo-
JMMO H JOCTATOYHO BHIIONHEHHS ClIefyIOLero yCIOBUS: IPH TIO60M
fesn

(S +a) £, /) < ((S"+al)7'f, ) <

< ((Sm+al)7'f, f),

rjile a — NPOU3BONLHO BHOpaHHOe MONOXATENbHOe THCIO.

Yuratenn, sHakKoMH# ¢ paboroit K. Friedrichs’a, o6Hapyxur us
HalmmX paccMoTpenui (cM. Teopemy [10, ra. I], 4To mpueM pacumpe-
HMS NMONOXHTEIHbHOro onepaTopa S, NpeNIOKEHHHH 3THM aBTOPOM,
BCerja IPHBOJAT K XKECTKOMY PacIIHpeHHIo S,,.

Tax kak MOYTH BCE DPMHTOBH ONEPaTOPH, pacCMaTpPHBaeMHe B
BajadaX MaTeMaTHYeCKOH (PUSHKH, HONyorpaHMYeHH, TO HAllld pe-
BYIbTATH HaXOAAT PasIHYHbEE IPHMEHEHHs B 3aJadaX MaTeMaTHe-
cxoit puonkd. B wacTmOCTH, HalilemmHe HaMH (OPMYITH Iepexosa
OT KaKoro-ITu60 MOIOKHTETHLHOrO CaMOCOIPIKEHHOTO PacCIIpeHHus S
omepaTopa S K XeCTKOMY pacummpenuio (cM. Teopemy 12, ri. I) mo-
BBONLIOT JATh HOBHe 5(PpeKTHBHHE MeTONH NOCTPOECHHS (PyHKIHH
I'puna gns pasIHYHNX KPaeBHX 3214 B YaCTHHX POM3BOJHHX (CM.
ru. IIT). '

OTnpaBHEM IIYHKTOM HAlllerO METOJi2 HCCIeIOBAHUS BIFeTCI TO
06CTOSTeNbCTBO, YTO NPO6IeMy OTHCKaHHS CAaMOCOIPSKEHHOr'O pac-
IIMpEeHHS MONOXHTENbHOrO DPMHTOBa omepaTopa S MOXHO CBECTH
K mpo6lieMe OTHICKaHHE CaMOCONPEXEHHOro PacClIHpeHHS C COoXpa-
HEHHEM HODMHEI JTMHEHHOrO OrPaHHYEHHOro olepaTopa A ¢ HeIoT-
HOH B §) obnacThio onpesenenus D(A), yIoBIeTBOPSIOMEro YCIOBKIO
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BPMKTOBOCTKt .

(Ag,f) = (9,Af) (9,f € D(A)).

B camoM jene, ecii S — BaMKHYTHH HONOXKHTENHHHH SPMHTOB
omepaTop ¥ S # §*, TO, KaK JIerko BHIeTH. PAaBEHCTBOM

A(f+5f)=F-5f (feD(4))

onpejengeTci HEKOTOPHH OrpaHMYeHHHH BPMHATOB omepaTop A, 06-
NaCTh ONpENeNeHHE KOTOPOro

D(A) = (I+ S)D(S)
BaMKHYTa M COCTaBIfeT NPaBHILHOE NOAINPOCTPAHCTBO B §), IpUIEM

lAl= sup A1_

sen(a) |f]

Herpyano moxasaTh, 1TO eCM pacHIMPATH omepaTop A [0 Heko-
TOROI“O OTPaHMYEHHOTO CaMOCOIPIKEHHOTO OlepaTopa A ¢ HopMoit
| A= 1 u nonoxurs saren § = (I — A)(I + A)~!, To M nomy-
YHM OGIIMI BHJ, MONOXHTEILHOIO CAMOCONPXKEHHOTO PACIIMPEHUs S
omeparopa S.

NosToMy ruaBy I Mu Hauumaem (§ 1,2) ¢ TeopeM o caMocomps-
XKEHHHX paclMpPeHHiX OTPaHHYCHHHIX SPMUTOBHIX ONEepaTOpoB A ¢
HeIUIOTHOH B §) o6acThio onpefenenus D(A), TeopeM, KOTOpHe, BO3-
MOXHO, CaMH 10 ce6e MpeJCTaBILIOT HeKOTOpHH uHTepec. Ha ocHOBe
9THX TeopeM HCCIEIyIOTCS 3aTeM CaMOCONpIXeHHHE pacCIIMpeHHd
MONyOrpaHHYeHHHX SPMHTOBBIX ONIEPATOPOB.

Oco6oe BuuMaHue MH yaenseM (§ 6, 7, 9actuyno § 8) meorpa-
HHYEHHHIM SPMHTOBHIM OIlEpaTOpaM C KOHEUHHM HHAEKCOM aedexTa,
AMed B BHAY KX 0CO6YI0 pOIb B OMHOMEPHHX I'PaHHYHHX MpobieMax.

B rnaBe II monoxenns o6led TeOpHH MPUMEHAIOTCH IS H3yde-
HHSE OJHOMEPHHX KPaeBHX 8aJa4. JTH HCCIENOBAaHKA IPEJCTABIIIOT
co6oii HeKOTOpOoe 0606ImeHHe # B3aBeplIeHne Golee paHEKX paGoT aB-
Topa [3, 4]. Brarogaps o6u¥M MOHATHEM M MPEJOKEHUIM I'aBH |

tMu paspelnaeM cebe HEXOTOPYIO BOIBHOCTh H Ha3HBaeM ONEPaTOPH A yxa-
SaHHOIO THNA TakXe S3PMHTOBHIMH. ’
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Telephb yaaeTcd JOCTHTHYTh 60IbIIel HACHHOCTH H KPaTKOCTH B pac-
CYXOeHHSX. PesynbTaTH STOH ITaBH MOXHO Jerko OGOGUIMTH Ha
pPasIHYHbE KIaCCH OJHOMEPHHX KPaeBHX Bafav gui audepeHmu-
AIBHHIX CHCTEM.

B runase III pesynpTaTH o6lLIell TeOpHHE MPHMEHSIOTCH JIf H3YYe-
HUS MHOTOMEDPHHX KPaeBHX 3a/[a¥ B YaCTHHX MpousBoaHbX. O6mue
MOHATHA FIaBH | NIPHBOAAT HAC K HOBHM IpoOieMaM B KPaeBHX Ba-
madax. IlomydaeMble sfech HOBHE XapakTepHCTHKH QyHKumit ['puna
M MeTOJH MX KOHCTPYKUHH MOTYT MMETh NPHKIaJHOE 3HAYeHHUE.

OcHoBHHE pe3ynbTaTH riIaBH | 6e3 HoKasaTennCTBa GHUIA ONy-
6IHKOBaHH B OQHOM M3 Hammx cooGimenuii [5] B [loknagax Axagemun
gayk CCCP. B sToM Xe XypHale onmyGINKOBaHO Hallle COOGIIeHHe
[6] , B xoTOpOM ycTaHABIMBAIOTCE PE3YIbTATH, NPUMHKAIOIINE H
YacTUYHO Aomonugomue § 6 ri.l.

B ocHOBHOM MH NpHAEpXKHBaeMCHS TEPMHHOIOTHH M 0603HaIeHHI
kHUTHE Stone’a [7).

I'masa l

OBII AL TEOPHUs1

§ 1. Omeparop Hy

1. Besge B manbHeiilieM §) O3Ha4aeT HEKOTOpOe T'HILGEPTOBO
IPOCTPaHCTBO.

Mu GygeM paccCMaTpHMBaTh pPasIHYHHE DPMHTOBH OIEPATOPHI,
IeiicTBylouHe B §). BBHOy OTCYyTCTBHS CTaGHIBLHOH TE€PMHHOJOTHH
HOSCHEM, YTO THHEHHHIH onepaTop A ¢ o6nacThio onpenenenus D(A)
(D(A) C-%,AD(A) C $) MH GyJeM HaBHBATh IPMUINO6bIM, €CITH

(Ag, f)=(9,Af)  (9,f € D(A4)).

B smowx u deyzr dpyeuz napazpadar mvi 6ydem paccmampuseams
Henpepoinbie IpMumosst onepamopvi A. Kax HsBecTHO, THHEHHHIH
onepaTop A HempepHBEH B TOM H TONBKO B TOM CIy4ae, €CIH OH
OrpaHHYeH, T.e. HMeeT KOHEYHYIO HOPMY:
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lAll= sup A4S

sup ——— < oo.
sen(a) £l

Ecnu spMuTos onepatop A ompenener Ha BceM § (D(A) = H),

TO OH OTpaHHYeH H (Af. )
A

Al= =L,

IA1= S

Takoi omepaTop MH GyeM HaSHIBATb O2PANUUEHNbIM CAMOCONPI-
HCENNBIM ONLEPATNOPOM.

B sToM maparpade MH npesnonaraeM BCIKHH pas3, KOTAa He OTO-
BOPEHO IPOTHBHOE, YTO ONEPATOPH, O KOTOPHX HAET pedb, CyTh
OrpaHHYeHHHE CAaMOCONPIKEHHKE ONePaTOPHL.

Yenosumes mucath A < Bunu B > A, ecim A # Bu (Af,f) <
< (Bf,f) (f€9).

B daavnetiwes H o3nauaem noaoxcumeavnviti onepamop (H >
> 0). [Ing Taxoro onepaTopa CymeCTByeT OJHH H TONBKO OAMH IO-
NOXUTENbHHI ONepaTop, KBagpaT KoToporo paseH H; ero Mu 6ymeM
0603Ha4aTh Yepes H1/2,

Ecnu

1
Hf= / MENS (fenit=| HI)
(0]

— cnekTpalibHOe pasloXeHue onepartopa H, To
14
H/?f = / M2AENF  (f € 9).
0

B pansHeilimeM BaXxHYIO ponb 6yleT UIpaTh Cleyolad

Teopema 1. [Tycms M — nexomopoe 3amxnymoe nodnpocmpan-
cmeo u3 H, a H — noaowcumeavnviii onepamop. Tozda cpedu mmo-
alcetcmea Q@ acez onepamopos C, ydosaemeopsowur déym ycaoeu-
aml:

1) C<H;

tKax o6sramo npHHATO, Yepes JI(A) M 0603HaYaeM MHOXECTBO BCeX BHave-
uwit Af (f € D(A)): Taxum o6pasom, AD(A) = N(A).
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2) NC)cm,
natdemcs 6cezda Maxcumasbrbil onepamop (m.e. onepamop, 60.4b-

wiud ven ecaxull dpyzoi onepamop C dannozo mnowcecmea). Ecau
amom onepamop obosnavums uepe3 Hyy, mo

Hy = H'?P, (1.1)

2de Pg — onepamop opmozonaibro20 npoexmuposarus xa npo-
cmpancmeo £, cocmoguee u3 écexr 6exmopos f € $, dagd Komopviz
HY2f e m.
HoxasaTelbCTB of. O6ooratEM 4yepes D opTOroHalIbLHOE
JOToNHenue X N B H:
D=son

Torpa gns mo6oro C € Q
(Cf,9)=0, Cg=0 (fen geD),
oTkyza
(CfHf)=(C(f-9),f-9) (feH, geD).
Tak xak C < H, To HaXOHM JaJee:
CHLASHS-9),f-9)=|H*f-9))l (fen, ge9)

H, CllefOBaTelbLHO,
. 2
(Cf.f) < mf |HI2f — H'/%[". (1.2)

Ilycte £ — MHOXeCTBO BceX BEKTOPOB h, OpPTOTOHAIbHHIX K
H'2D, a Pa — onepaTop opTOrOHAILHOTO MPOEKTHPOBaHUS Ha L.
’ £
U5 HepaBencTsa (1.2) momyvaem

(Cf, f) < |PgHY?f| = (H'?PgH'*f,f)  (f € ).

tl’[pmaommoe HHXXe JI0K23aTeILCTBO TEOPEMH 3HAYHTENLHO NpOLIEe MEPBOHA-
YalBHOTO JOKa3aTelb(TBa aBTOpPa. YMPOILEHHEM JOKa3aTeIbCTBA aBTOP 06g3an
NU.M. Tenndpangy.
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Ouenuano, onepatop H/2Pa H/2 < H.
Ilo onpepenenuio, £ sleMeHT h € £ B TOM H TONBKO B TOM CIyYae,
ecuy

(h,H'?g)=0 (g€ D),

(H'?h,9)=0 (g€ D),

uinu uxave, H/2h € .

Cregosatensno, N(H/2Pg HY/?) C .

Takum o6pasom, onepatop H/2PaH/? € Q, u Teopema poxa-
BaHa.

2. OrmeTHM pap cBolicTs onepatopa Hey.

Hs gopmynn (1.1) BuTexaet, uto N(Hey) C N(HY?), a crenopa-
TeNnbHO, )

N(Hyy) C N(H) = NNN(HY?).

O4eBHIHO TaKXKe, YTO MHOXECTBO £ He M3MEHHTCH, €CIH BaMe-
HuTh N Ha N(H ); TakuM o6pasom,

a) ch = Hm
Hepr;IHO Tenepb BAKNIOYUTH, ITO

B) Onepamop Hyy = 0 6 mom u moabxo 6 mom cayuae, xozdal
N(H) = NNNHY?) = (0).

B cuny o), B MOSCHEHHH HYX[AeTCi TOIBKO TO OGCTOATENHCT-
Bo, yT0 Hey # 0, ecniu N(H) # 0. Ho, ecnn

peN(H), ¢#0,
TO HailJeTCH DIeMeHT P € £ Tako#, 4YTO
o= HY?%y,
IIpoHOopMEpYeM ¢ Tak, 4TO6H || = 1, Toraa mory4um

) = |, BY2) = (B2 £, )" < |HYV2" = (HF, f).

1'(O) — MHOXEeCTBO, COCTOflllee TONbKO Ha aneMenTa O(€ ).
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Taxum o6pasom, onepatop C,

Cof =(f,p)p

obnasiaeT cBOHCTBaMH 1), 2) TeopeMH 1, a clejoBaTenbHO,

v) Pasencmeo
Hpf=Hf (1.3)

uMeem mecmo 9ag mezx u moavxo mezr f € §, dag xomopviz Hf € N.
B camoMm pgene, paBeHcTBO (1.3) 9KBHBAJIEHTHO TOMY, YTO

- 2
|PoHY2f| = (Hyf, f) = (Hf, f) = |H'*f|".
A H3 9TOro paBeHCTBa. BHITEKaeT, 9YTO
PoHY?f = HV%f, r1e. HYfecg.

Ho ounement g = H'/2f € £ Torna u Tonsko Torga, ecn H1/2g € 9,
Te. Hf €N, '

) Ecam cymecTByeT orpaHMYeHHHH o6paTHHI onepaTop H !,
To onepatop Hgp, paccMaTpuBaeMHH TOIBKO B 91, UMeeT TaM 06-

. " -1
PaTHHN onepaTop. Ecnu mocregHuilt 0603HAYHTh Wapes II‘SI ), ol

HGVf = PuH 'Pyf (f€m).
B caMoM gerne, cornmacHo 7),

(Hnf, )= (Hf,f) (1.4)

ans Bcgxoro f € H7191. Copepuas B (1.4) noacraHoBKy:

f=Hg (gem),

th — onepaTtop, opToronanbHo npoextnpyoumi §) na 9. lpemnoxenne
§) B panbheliiieM HMrAe He HcnomsayeTcd. Ho OHO mHTepecHO TeM, YTo B cuy-
4ae KOHEYHOMEPHOro MPOCTPAHCTBA §) MaTPHNa, Hoo6paxaouad onepatop Heyy
B mnoaxoasuieM 6as’Hce, MOXeT OHTHL NOIy4YeHa M3 coorne'rc'rnylomen MATPHIH
onepatopa H ¢ HOMOIIBIO HPOCTHX PAIHOHANBLHHX ON'PallHi.
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moNy4aeM

(H'HpH 'g,9)=(H 'g9,9) (9€M).

IIpeacraBisis 3aech oneMeHT ¢ B Buje g = Py f (f € $H) u nonpoyscek
TeM, 9TO :

Hmf=H¢anf= Pch_nf (f € %),

MONY4YHEM Jalee, YTO

(RHyRyg,9) = (Ry,9), (1.5)

rge yepes R Ml 0603HAYHIH ONEpPaTOp, AEHCTBYIOLHH B 91 U ompe-
JenfeMBH TaM PaBeHCTBOM

Rg= PpH 'Pyg= PpH'g (g€N).

Tak xax
_ 1
(Rg,9)=(H 'g,9) > 799 (gen, L= H]),

TO CymIeCTByeT OrpaHHYeHHBIH o6paTHHIK omepaTop R~! u, cosep-
mag B paBeHcTBe (1.5) moacTaHOBKY

g=R'f (fem),
MH HaWfieM, YTO
Hyf=R'f (fewm),
4YTO M COCTaBIfeT YTBePkKAeHHE ).
3. Huxe Mu mpuBeneM (POpMYIH, IO KOTOPHM YIO6HO BEIYHC-
n4Th Hgp B pasnHIHEIX KOHKPETHHIX Bajiayax.

IIpenBapHTenbHO 3aMeTHM, 4TO 9IeMEHT ¢ € §) NPHHANICKHT
N(H?) B TOM H TOIBKO B TOM CIyYae, KOIJa

4

= (fAEOEYS

0

HpK BHINIOIIHEHHH 9TOr'o YCIOBHA

o= H7p,
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rae
£
dE(N)y _1
p= [ =2 (= HED)y). (1.6)
0/ Vv

IIycTs $Hr — MHOXeCTBO Bcex HyleH omeparopa H, a §; — ero
OpPTOTOHANBHOE JIONONHEHHE.

Onpenenenmii Ha Muokectse 9(H2) € $, pasencrsom (1.6)
omepatop H -3 (BooGmIe roBOpS, HeOrpaHUYEHHHIH) eCTh O6PATHHIH
oneparop s HZ, paccMaTpHBAaEMOTo B 4+, 4 XOTrla @ mpoberaet
m(H%), TO P = H('%)w npo6eraeT Bce H.

Ha M(H %) BBefleM HOBOe CKaJIfpHOe IPOHBBeleHHe [, X], momo-
XKHUB

[o, x] = (HC D, H2)y).
HPH TaKOM Onpeﬂenennﬂ CKMIPHOI' (0] ]IpOlI:}Be;LeH}m MHOXeCTBO

1
N( H ? ) ecTh moHOE rEIL6epTOBO IPOCTPAHCTBO, H3OMETPHYHOE IPO-
CTPaHCTBY $), H60

[o,x] = (H Do, H-2)y).

8ame’r1{M, YTO TakK Kak

el = Vie el 2 %le (¢ € (YY),

TO BCEKad CXOAMIaficd IO HOpMe [p] mOCIemoBaTeNbHOCTh {Xn} C
CNWH %) 6yaeT M moJaBHO CXoffineiica mo Hopme || (¥, KoHedHO, K
TOMY Xe Ipefeny).

O6osHauuM depes £, BaMKHYTOe MHOXECTBO TeX BEKTOpOB f €
€ H4, g xoTopuix H H f CN. UunME cioBaMH, WIH, ellle HHaYe,

£, = £NnHy = HEDN(H).

Ecnm f € £, T.e. H%f € N, 1o, npencranuig f B suge f = fo+ f4,
rae fo € Ho, f+ € H4, Gymem uMeTh

Hif=0, Hif, =H3fem,

oTkyga fo€ L1 f C L4y C L.
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Taxum o6pasom,

£=L0L4, Lo=£N%K

P e = Pgo + P £,
Tak xak ‘JI(H%) C $4, TO
1 1 L
P&H2 =0, P£H2 = P£+H2,
a cnefioBaTenbHo, popmyny (1.1) nng Heyy MoXHO 3aMeHHTH GopMyo#
1 1
Hm=H2P£+H2. (17)
Iycts {¢, },en — HexoTOpas nonuag B N( H ) opToHOPMHPOBaAH-
Haf cHCTeMa (B CMHICe CKalfpPHOTO IIPOMBBeNeHH [, X]):
[Pu o] =60 (m,v EN).
IloxaxeM, 4TO TOrga

[1
Hyf = Y (f,00)p0s (1.8)

veEN

npudeM, ecnu N — GeckoHeYHOe MHOXECTBO, TO [if n06oro f € H
cpeny xoadpuurentos (f,p,), v € N Tonbko cieTHoe Yucio 6ygeT
OTIMYHO OT HYJS, M CTOSUHH clipaBa paj 6yJeT CHIBHO CXOAMUTHCH B
CMHICIe HODMH [ f]T, a BHAYHT, M IOJABHO B CMHICIe HOPMH | f].

B camoMm fene, HONHOM Op TOHOpMHEpOBaHHOK cucTeMe {p, } B N(H)
OTBe4aeT MOTHAL OPTOHODMHEPOBaHHAL CHCTeMAa (B OGEIYHOM CMBEICIE)
{"/’u} B £4, rae

$=H"1p, ¢, =Hip, (veEN). (1.9)
IlosToMy HMeeM
Pg Hif =Y (Hif,9.)%, = > (fr0.)00. (1.10)
veEN veN

Y410 et oTMetaem snatxom [ ]uap X
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C npyroi cTOpOHH, IPHHHMAg BO BHEMaHHe, YTO €CIH Xn — X, TO
1 1
[HZXn - HZX] — 0,

MH u3 pasercts (1.7), (1.9) 1 (1.10) momyyum

[]
H‘)‘[f= H%(Z(f,%) ¢V) = Z(f’ wu)Wm

veN veN
YTO ¥ TpeboBalOCh NOKA3ATh.
4. OcTaHOBHMCA ellle Ha cIy4ae, korga N(H ) koHeuHOMEpHO.
€) Ecau N(H) — n-mepnoe npocmpancmeo c 6a3ucom {py, Pz, ...
ey Pn}, MO

Huf= > vi(Frei)er, (f€9), (1.11)

7,k=1
2de mampuya Ty = || vk ||} g64gemes obpamnoii no omuowenuo x
mampuye
@ = || [ws> exl II}-
B camoM jeme, HeTpyIHO IPOBEPUTH, YTO CyMMa, CTOAIIAL CIIPaBa
B paBercrBe (1.11)), He uoMeHseTcd mpu 3aMeHe Gasuca {1, P2, ...

..rs P} Ha KaKo#l-1u60 gpyroi 6asuc. C Apyroi CTOPOHH, ecliH 6asHC
{¢1, 92, ---, Pn} BEIGPATH TAK, YTOGHI

[Wja wk] = O3k (]’k =12,.., n)’

to I', = @71 6yger equuuinol MaTpuuei ¥ cyMMa, CTOSIIAd B Tpa-
BOM 4acTd paBeHcTBa (1.11), mepeiiieT B cymmy

Y (frei)ei,
=1

paBHylo Hy f cornacro cootHomenuio (1.8).
3ameTumM, 4To popmyiny (1.11) MoKHO BanucaTh elle Tak:

0 (fie1) - (frn)

Hpf = -

fPl . (1.12)

1
e,
@] .

Pn
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Ecur M — opuoMmepro, N(H) = Nu ¢ € N (¢ # 0), To MH
HaXoauM
(f,9)

Hyf = Tol? ¥ (f € 9). (1.13)

OTa popMyla BepHa Takke H B TOM ciydae, xorga N(H) = (0), a
oHayuT, Hep = 0, H60 B oTOM Cciyyae p€N(H %), H MOXHO CYHTATh

¢ 2
[<p]2 — / dlE(;‘)9°| = 00
0

Ecnun ¢popmyny (1.13) comocTaBATh € TeM, YTO, COMAacHO Teopeme 1,
Hyq = max C,
rge C yaoBreTBOpSeT YCIOBHAM
nCcycn, C<H,

TO JerKo uan,u.eui, 4TO

4

[€2%2) / dlE(V)el’

sup

jeh (H1) )

OTO PaBeHCTBO HETPYAHO JOKA3aTh HENOCPEICTBEHHO, a U3 HEro
yxke momy4rrcd (1.13).
100
5. Ilycrs Temeph {¢;}92, — Kakas-TH6O HOCTENOBATENLHOCTH
onemenToB w3 N(H ), mHHelHas 060n0YKa KoTOpO# mIoTHa B N(H ) B

CMBICTE HODMH [ f]”, H OyCTHh

&, = | [ejr el I} (n=1,2,..).

tB camom aene, ectt N(C) C N, 1o Cf = a(f,p)p; ecin xe C < H, 10
al(f,e)l < (Hf,f), e >(Hf f

1(fre)’
OTKyja Hmf = ag(f,¢)p. Cpasuusag ato pasenctso c (1.13), nonywaem (1.24).

a < ag =inf

HMoxxo YTBEPXJATh CYUIECTBOBaHHE TakHX MOCIeioBaTelIbHOCTEH, eciu £
cenapabensbHo, a 3HAYAT, H HOJaBHO, ecIH £ cemapaGenbHo.
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Ilocne Bcero ckas’aHHOTO HETPYAHO BHAETH, YTO

0 (fyp1) - (frn)

1
Hyf = — lim —— | %1 : 1.15
‘Jlf n—00 Iin . 3 ( )
. n
Pn

IpuYeM Ipefiel CIpaBa CyIeCTBYeT He TOIbKO B CMBEICIE CTApPOH HOP-
MH | f|, HO B B cMBIcie HOpMH [f].

B camoM jene, Tak Kak BHIpaXeHHe, CTOflllee IOJ 3HAKOM Ipe-
Jela, He UBMEHSeTCH IIPH BaMeHe BEKTOPOB (I, ..., {Pn MOGHIMH IH-
HeHHO HEeSABHCUMBIMH BEKTODaMHU ¢, ..., ), BHPaXKAOMKMHCE TH-
HeHHO Yepes 1, ..., {Pn, TO OHO He HBMEHHTCA IIPH 3aMeHe IIOCIeI0Ba-
TeNBHOCTH {(k}§2., NMOCIeNOBATENBHOCTHIO {)}{°, MONyYeHHOH H3
[epBOil IyTeM IOCTeNeHHOH OPTOHOPMAIM3ALMH HO OTHOIIEHHIO K
CKAIIPHOMY NIPOU3BeleHHIO [, ¥]. [loaTOMYy MBI MOXeM cpasy mpep-
HONOXHKTH, YTO

[wj,cpk] = bjk (], k=1,2,..).

Ho Torpa coorsomenne (1.15) mepexoguT B COOTHOUIEHHE

Hyf =Y (fiei)e; (fE€9),
1

KOTOpOe yXe GHIIO YyCTaHOBIEHO B II.3.

§ 2. Oneparoput A, u Ay

1. B nacmosgwesm napazpade mbvi 6ydem paccmampueamsd ozpa-
Huuennbie Ipmumoebi onepamopbi A. bes orpanHvyeHHs OGLIHOCTH
MOXHO BCerfja IpeqIoNaraTh, 4To o6macTh onpefenenus D(A) Ta-
KOTO ollepaTopa saMkHyTa. Hac GyeT HHTepecoBaTh TOT CIy4aH,
korga D(A) — npaBunbHasg 4acTh (OANPOCTPAHCTBO) §; ML DTOIO
coy4ad MMeeT MecTO clefyoias

TeopeMa 2. Y 6c4X020 IpMUM06a 0ZPGHUNENKO20 ONEPATNOPA
A cyyecmeyem no xpainet mepe odno ca.uoconpx:uceunoe pacuiupe-
nue, uMeUee My He HopMy, umo u A.
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JoxasaTenscTBO. DBesorpannyerns o6IHOCTH MH
MoXeM IpeNoNoXHTh, 4To || A ||= 1. Tax xax gug mo6oro f € H

I(Ag, I <L Al -1gl - 151 = lgl - I ],

1o (Ag,f) (9 € D(A)) — nHHeHHNH HenPepHBHHH QyHKIHOHAT Ha
D(A). Cuemosarensuo, no nemme ®. Pucca, niobomy f € $ oguo-
BHaYHO OTBeYaeT HeKOTOPHIi oneMeHT h € D(A) Takoi, 4T0o

(49, f) = (9,h) ~ (g9 € D(4)), (2.1)

mpu sToM k| < |f].
Honoxam

h=A%% (fe®n, A°fe D(A)). (2.2)
Herpyano BHAeTh, 4TO omepaTop A° THHEeeH, IpHYeM
A°f = PAf (f € D(4)).

Ilycts 91 — omepaTop OPTOTOHATHHOTO NMPOEKTHPOBAHHE §) Ha
D(A). U3 paBencts (2.1) u (2.2) HaxoauM, uTo npu f,g € D(A)

(9,A°f) = (Ag, f) = (9, Af) = (9, PAS),

OTKyHa

A°f = PAf (f € D(A)).
Ilycts M — opToronarbHoe aononnenue Kk D (A) B D:
H=D(A)oN,

a {e,},eN — HexoTOpHIr OpTOHOpMHpOBaHHHH 6asuc B N. Tax xax
png mo6oro f € D(A)

Af—A%f = Af - PAfem,
TO

Af = A1+ Y elfles  (f€D(A)),

veEN .
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rae
¢.(f) = (Af,e,) (v€N).

Tax xax, mo mpegnonoxeHuio, || A ||= 1, o

|AfP = A% + Y leu(£)? < I (2.3)

veN

Honoxum

(9,)1=(9,f)— (A%, A%) (9,f€9)

B cuiy cooTHomenus (2.3),

H MBI MOXeM ITOJIOXHTDH

IFly = V(£ D= 11> = 14%F12 (> 0). (2.4)

OToxpgecTBidd B § BcikHe Ba oneMenTa f M f', Ouf KOTOPHIX
|f — f'l; = 0, 1 3aMbikad $) 1m0 HOBOH HOpMe |f|,, MH MoNyYaeM u3
HEKOTOpOe HOBO€ IMIb6epTOBO MPOCTPAHCTBO $H1.

O6osna4nM Yepes Dy samuxkanue D(A) u $;. B cuny (2.3), npn
mo6om f € D(A)

o leNI < IS (2.5)
veEN

Orciona sakmiodaeM, 410 ¢,(f) (v € N) ecTb THHeHHEIH, OrPaHH-
YeHHHH (HempephiBHHN) QyHkuuonan Ha D(A), paccMaTpuBaeMoM
Kak MHOXECTBO DIEMEHTOB H3 f)1; CIEJOBATEIbHO, OH OJAHO3HAYHO
pacmMpieTcd C COXpaHeHHeM HempephiBHOCTH Ha D;. SlcHo Takxe,
4TO IPH 9TOM COOTHOmeHHe (2.5) COXpaHUT cHiy jjif alo6oro f € D;.

Mo nevme P. Pucca giug xaxporo v € N HaliieTcd dneMenT h, €
€ D, TakoH, 4TO

eo(f) =il (f € D) (2.6)

Ilonoxum pag moboro v € N

1(f) = (f,h) (f € Mm). (2.7)
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Mycts Py — onepaTop OpTOrOHANLHOTO IPOEKTHPOBAHUL §; Ha
D,. Torpa, B cuny pasencts (2.6) u (2.7),

YW(f) =7 (Pif) =c(Pif) (f €m),

OTKY/a, IPHHHEMAad BO BHMMaHHe HepaBeHCTBO (2.5), uMeeM

Y (AP =Y lePHP LIPS <IAP  (Fen). (28)

veN veN

Homoxum

Af= A0f+ Z Y(fle. (f € 9).

veN
Tax xax 7,(9) = c,(g) npr g € D(4), To
Aig=Ag (g9 € D(A)), (2.9)

KpOMe TOro, B CHIy cooTHomenuit (2.8) u (2.4),

1AL = 14° 017+ 37 Il AP < 140 f P + I£12 = 1117,
veN
| All=1.

PaccMoTpuM onepaTop A}, conpaxeHHu# ¢ onepaTopoM A;. Ilpu-
HHMad BO BHHMaHMe paBeHcTBa (2.1) u (2.2), Haiipem, 4To npu g €
€ D(A)

(A1g, f) = (9,A1f) = (9, A°f) = (Ag, ) (f€9),

OTKyga
Alg = Ag, g€ D(A). (2.10)

Ho Torpga caMoconpsxeHHHi onepaTop
~ 1
A= S(A1+ 47)

GymeT TpeGyeMBIM CaMOCONPIXEHHHIM PaclIHpeHHeM olepaTopa A,
u60, coraacHo (2.4) u (2.10),

Zg = Ag (g € D(A))a
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a, KpoMe TOro,
~ 1 N
1=l All<ll All< (1 Al + 1 AT 1) = 1,

Te. || A= 1.

Teopema poxasaHa.

2. Bciogy B manbHeiinmeM MH IpegnoXaraeM, YTo A — SpMHETOB
onepaTop, JIf KOTOPOTO

D(A)=DA)#5 u ||Al=1
Yepes N MH GyneM 0603HaYaTh OPTOroOHaIbHOE fononHeHHe K D(A):
H=D(A)dN.

Yepes £ (A) Mu GysieM 0603HaYaTh MHOXECTBO BCEX CAMOCONPIKeH-
HEIX pacmIEpenuii A omepaTopa A, /IS KOTOPHX [I A ||= 1.

Cornacuo TeopeMe 2, MHOXecTBo $(A) He mycro; Gonee Toro,
HMeeT MeCTO

Teopema 3. Muoacecmso §(A) umeem MUNUMBALKbIL IaeMeNm
A, u Maxcumaabubiii Jsemenm Ay, 4 ONO COCTNOUM U3 MET U MOALKO
MET 02PANUNENNBIZ CAMOCONPINCEHNLIZ onepamopos A', xomopbsie
ydo6aeMBOPLIOM YCAOBUI

A, < A' < Ay

JoxasartenbcTBo. Ecir A € $(A), To oneparop A’ 6ymer
CaMOCONpSKEeHHHM NPOJOKEHHEM OllepaTopa A B TOM H TONBKO B
TOM clydae, eCId OH HpeICTaBifeTcd B BHJE

A=A4+C,

rge C — caMocompfXeHHHH oNepaTop, aHHYIHPYIOIIHHCE Ha 9ie-
MeHTax #3 D(A)

Cf=0 (f e D(A)).

TlocnenHee ycnoBHe SKBHBAJIEHTHO TOMY, 4TO

NC)cN (N =96 D(A)). (2.11)
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C npyroit croporH, || A’ [[€ 1 B ToM ¥ Toabko B TOM Ciydae,
ecnu

I(ALNDILIE - (fen),
T.e.
—(f+Af,£)<(C )< (f - Af, f).
Ilo Teopeme 1 nocnennue Hepa,BeHéTBa, npu ycinoBuH (2.11), uMe-
10T MECTO TOTAa H TONBKO TOIJa, €CIH

~I+AHp<C < - Ay (2.12)

B wactHOCTH, yciosus (2.11) u (2.12) ynoBneTBOpAIOTCE, €CIH NOIO-
xuTh C paBuuM ([ — A)gy wnu —(I + A)ey.
Taxum o6pasoM, onepaTopH

AI‘ = Z—(I-{-Z)m,
3 5 (2.13)
A=A+ + A)m

npuHagexat $(A), u ecnn A’ — HekoTOpOE CaMOCONPAKEHHOE Pac-
mmpenne onepaTopa A, To A’ € H(A) Torga H Tonbko TOTAR, KOTAa

A, <A< Ay (2.14)

Jlng saBepHIeHHS JOKa3aTENIbCTBAa TE€OPEMH OCTaeTCHA MOKa3aTh,
4TO BCAKHI CAMOCOIPIKEHHEH onepaTop A, yIOBIeTBOPAIOUIKI yCIO-
BHIO (2.14), ecTh pacmmpenue onepaTopa A.

Hs (2.14) BHTeKaeT, 9TO

R=A"-4,>0, R< Ay - AL,
C ApYTOH CTOPOHH, Tak Kak
Af=Aumf=Af (f € D(4)),

TO

0< (RS, f) < (AMf, f) - (Auf, £) =0, [ € D(4),

(Rf,f)=0 (f € D(4)),
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a Tak kKaK R > 0, To otcioga u
Rf=A'f-Af=0.

Teopema moxasana.
CornacHo (2.13), ecmu A = A, TO

(I+A)y=0. (2.15)
Ecnn xe A = Apm, TO _
(I- A)m = 0. (2.16)

C apyroii CTOPOHH, COrTacHO CBOHCTBY [3) omepaTopa Hg (cM.
§1), pasenctBa (2.15) u (2.16) 5XBHBalEeHTHH COOTBETCTBEHHO pa-
BEHCTBaM:

NANR(I + AV =(0), NnN((I-AY})=(0). (2.17)

OTcioga cienyer _
Teopema 4. Ilycmo onepamop A € H(A) u

1
Af= / MEN)f  (fe9) (2.18)
21

— e20 cnexmpaabroe pasaoxncenuve. Tozda dag mozo umobvt A =
= A, (coomeemcmeenno A = Apm), neobzodumo u docmamoxuno,
umobbl unmez2paa

1 2
d|E(M)¢|

J(<P,A)=/1+—)\,

-1
% COOMEEMCMEENNHO

1 2
Ip,~4)= [AEEL,

-1

pasngacg 0o dag 406020 ¢ € N.
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OmnepaTop A 6yJeT €qHHCTBEHHKIM CaMOCONIPSKEHHKM pacuiupe-
HHeM ¢ HopMoH < 1 omepaTopa A B TOM H TOILKO B TOM CIy4ae,
KOTja OJHOBPEMEHHO

J(p,A)=J(p,—A) =00 (p€MN).

B caMoM fere, oneMent f € $ mpumaamexut N((I + A)1/?), xor-
na coorBercTBylomul HHTerpan J(f,+A) < oo; mopToMy yCluOBHL
IepBOTO YTBepXIeHHI TeOpeMH SKBHBAJIEHTHH COOTBETCTBEHHO yC-
noBusM (2.17). Bropoe Xke yTBepx/[eHHe Te€OpeMHI €CTh CIeNCTBHE
nepBoro, #60 A 6yfeT eNMHCTBEHHHM OIEPATOPOM B H(A) Torga u
TOIBLKO TOrAa, KOTJa OJHOBPEMEHHO A= A, u A= Ap.

3. OpmuTtosy onepatopy A(|| A |< 1) Mur GyzeM OTHOCHTH cBoe
Y cKaldpHOe MpousBeneHKe” M ”HopMYy”, molarad

(9, )a=(9,/))+(Ag,f), l9la=V(9,9)a

KaxgoMy pacummpeHHIO A € YJ(A) 6yneT OTBe4YaTh, IO TeM XKe
¢opmynam, coe ckangpHoe npousseenue (g, f) ; u HopMa |g| 7 (g, f €
€ %), npefcTaBugiomue cO60i COOTBETCTBYIONME PACUIHPEHHS CKa-
ngpHOTO MponsBeneHus (g, f)4 H HOPMH |g| 4.

M5 nepBoit Ppopmynsl (2.17) merxo cnepyeT

Teopema 5. [Jag coenadenusg onepamopa Ace H(A) ¢ onepa-
mopom A, HeobTodumo u docmamouno, wmobvi unoxcecmso D(A)
6bi40 naomno 6 H no nopue |f| 7.

HoxasaTenbcTBo. B cury (2.15), pasenctso A = 4,

SKBHBAICHTHO TOMY, 4TO
Hy =0,

rpe H=1+ A.
C npyroi ctoponH, Tak kak D(A) = $ © N, To, cornacHo ycra-
HOBIIEHHOMY IIPH [JOKasaTelbCTBE TeopeMH 1, mig moboro f € $

_ . _ _ _ . _ ?v
(Hof, )= inf (H(F~9).f-9)= iaf |f~ g

OTKYy[a H Clle[lyeT TeopeMa.

4. Huxe GygeT gaH XPHTEPHH TOrO, YTOGH CyI[eCTBOBAN €IHH-
CTBeHHHI omepatop A € H(A) — xpuTepuit, B kxoTOpoM Oymer Qu-
TyPHPOBATh TOIBKO onepaTop A (a He ero kakoe-TH60 pacUIEpPeHHe).
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IIpenpapuTensHO 3aMeTHM, YTO €CIH COOTHOUIEHHE (1.14) npume-
HETH X onepatopy H = [ — A%, rge A € H(A) uMeeT cmekTpaibHOe
pasinoxenue (2.18), To HaigeM

1

,0)|2 d|E(\)pl?
ap LB [ABNL gy (o
e |f|” - |AflT 2
a eclId 81ech BaMeHHTDH  Ha Z((p), TO IOIYy4YHM
~ 1
Af,o)? A2d|E(\)e|?
sup —|(2 f <P3| 5 = / —ll _(/\Z(pl (¢ € H). (2.20)
reh |fI" = Afl )

Teopema 6. [[ug mozo umobvi apmumos onepamop A (|| A ||<
< 1) umea eduncmeennoe camoconparcennoe pacwupenue A ¢ nop-
smoti < 1, neobrodumo u docmamouno dag awbozo eexmopa ¢ L
1 D(A) (¢ #0) evinoanenus ycaosug

(ALl _
rep(ay |fI* - 1Af?
HoxasatTenbcTBo. Iloxaxem cmepBa, iTo ecnn A, < Ay,
TO ycnoBue (2.21) He Gymer BHNOTHATHCHE JId Bcex ¢ L D(A) (r.e.
@ €N).
B camoum pgene, ecin A, < Ap, TO, NIONAras

(2.21)

~ 1
A= 5(Au+ An),
6ygeM HMeTh, B cuay (2.13),
1 - o~ - ~
E(AM—A;,):-AM—AzA—A“=(I—A)cn=(I+A)<n.
IIycTs x0 € N TakoBo, YTO

9o = (I = Ayxo = (I + A)pxo # 0;

Torga o € N u, corracHo TeopeMe 1,

go € M(I—A)], o €N+ A)7),
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a CIIeIOBaTE€IbHO,

1
d|F(A)go|?
/ 1tx %
21

Orciopia, cornacHo paBeHcTBY (2.20), momy4uM

LGl
foJ f12 - 1Af)"
a BHaYUT, MOJABHO
2

sup
ren(a) |fI* = |Af)?

TaxuM 06pa30oM, yCIOBHE TeOPeMH JOCTaTOYHO 4 TOrO, YTOGH
A, = Am. [loxaxeM Temepb, 4TO OHO TakXke Heob6xogumo. Mng
BTOTO CllelyeT [A0KasaTh, YTO €CIM JJIf HEKOTOporo g € N (o #
# 0) Bunonusercs ycioBue (2.22), To A, < Apm.

OrnpaBinddck oT xaxoro-mu6o omnepatopa A € $H(A), BBegeM B
IIPOCTPAHCTBe §) HOBOE CXaldpHoe npousBereHue ( f,g); 1 HOBYIO HOD-
My |g|,, monaras

(g’f)lz(g’f)—(Zg,Zf)7 l.qll: V(g’g)l-

Tak xak ;ff = Af npu f € D(A), To ycnosue (2.22) osHavaeT, ITO
dyHKIHOHAI

o(f) =(Af,p0) (f € D(4))

HellpepHIBeH 110 HOpMe | f|; Ha nuHeliHOM MHOXecTBe D(A). O603Ha-
1yuM yepes ¢(f) (f € $) ero nuueiiHoe HempepHBHOe IO HOpMe | f|;
pacuIMpenHe Ha Bce mpocTpaicTBo §). Torma 6ygeM HMeTh

[e(HI <7Ifly <7Ifl (f € ), (2.23)

rge ¥ > 0 — nexoropad koncranTa. O1cioga ¢( f) ecTb HenpepHBHHK
(yHKIIHOHAT ¥ MO CTapod HOpMe, a MODTOMY HalfieTCs dneMeHT h € §
TaKOH, YTO

af)=(Hh) (fen). (2.24)
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Ho rorpa, cornacuo (2.19) u (2.23),

1

/d|F(A)h|2=su BN _
1- X2 T

-1

a CIeJOBaTEILHO,
1

[HEORE

T (2.25)

-1

C Opyroi CTOPOHH, TaK KaK
(foh— Apo) = (f,h) = (Af,00) = &f) — e(f) = 0, f € D(4),
1.e. h— Apy L D(A), T0

h=Apo—p1  (p1 €M)

Kpome Toro, ecid B HepaBeHCTBe

([ AEN=EYE (AFQUEYE /‘ AFOHE S

1+£A 1+ A 1£A
-1 -1 -1

MONOXHUTH B
g=Apot e, g-—h=p1%,
TO, yYHTHBaL (2.25) H COOTHOIIEHHE

1

2 1
/"'f_(;)fi - /(1 + \)d|F(\)eol® < oo,

-1 -1
MH HaliieM, 9TO

1

/ d|F(\)(¢1 £ o)l

1A <%

-1
Tax xax @1 £ o € N u, 0o kpaiiHell Mepe, OAWH U3 BEKTOPOB
%1 po oTnmyen ot Hynd (u6o ¢o # 0 ), To Mo Teopeme 4 B H(A)
cofepXaTcd oNepaToOphHl, OTTHYHEE oT A, T.e. A, < Apm.
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Teopema pokasana.

5. OpMuTOB omepaTop A ¢ BaMKHYTOM OGIacThIO onpeleleHHd
D(A) # 9 GyneM HasHBaTh npocmbiM, ecin D(A) He COfepXKHT HH
OJHOTO JTHHEHHOTO MOANPOCTPAHCTBA, HHBAPHAHTHOTO IO OTHOIIE-
HHIO X A.

Ecnu omepaTop A He gBifeTCS MPOCTHM, TO TeOPETHKO-MHO-
XKeCTBeHHAad CyMMa BCeX HHBaPHAHTHHIX MOAMPOCTpaHCTB £ € D(A)
JaeT MakCHMalbHOE MHBaPHAHTHOE MOANPOCTPaHCcTBO £)s. Pasnaras
nug aroro cuydad § 1 D(A) B mpiMble OpTOrOHAIbHEE CyMMBHL:

H=LmxH, DA)=Lm®Dy (D;€ H),

MH CBelieM BOIIpOC 0 HAXOX[IEHHH BO3MOXHHIX CaMOCOMPAXKEHHBIX
pacummpenmii A (|| A ||< 1) oneparopa A x BOMNPOCY O HaXOXK/IEHUH
BCEBOBMOXHBIX CaMOCOMPIXeHHKX pacumpenni A; (|| Ay ||< 1)
onepaTopa A;, JeHCTBYIOUIEro yXe B §; H coBHajaiomero Ha D; =
= Dy(A) c onepaTopom Af.

EcTecTBenHO MOCTaBUTH BONPOC: BCerja Iu IPOCTOH OmepaTop
A (|| A||< 1) umeer pacumpenns A € $(A) ¢ mpocTHM crekTpom?
MoxHo nmoxasaTh, YTO BONPOC BTOT HMeeT OTPHIATENbHHI OTBeT.
Opnako, ecau opmozonaabnoe donoanenue ¥ D(A) odnomepno, mo
41060€ CAMOCONDINCEHHOE PACULUPENUE

Zf:/AdF(,\)f (f € 9)

HMeeT IMPOCTOM CIEeKTP.

B camoM pene, mycts ¢ L D(A) (¢ # 0). PaccmoTpuM nuneliHyo
BaMKHYTyI0 060n04Ky $jg MHOXecTBa F(A)p (—00 < A < o) H
ee OpTOroHalpHOe jgomoiHeHHe N : H = Hy & N. Kax usBecTHO,
AHH = $Ho 1 AN C N. C apyroit CTOpOHH, Tak Kak ¢ € £y, TO
¢ L N u, cnegoarensro, N C D(A). Ho A — npocrou onepatop u,
sHa1HT, N = (0), Ho = H, YTO U IOKABHBAET yTBEPXKICHHE.

tg YaCTHOCTH, 1O 9TOH IPHYHHE COBEPLIEHHO TPHBHANIBHO PEMIAETCA BONPOC
06 ompefenenun obuero puaa omeparopa A € ) (A), xorga D(A) unBapuanTHO
HO OTHOIIEHHIO K A, T.e. Xorja A — caMoconpaxkeHHbH onepaTop B D(A).
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Onupascy Ha TeopeMy 4, HeTPYJHO MOCTPOHTH MPUMEPH IIPOC-
THX BpMHTOBHX omepaTopoB A (|| A ||< 1), gug xoTopHX HMeeT
MeCTO TOT WIH JPYroH CIy4Yau:

1) A, = Apm, 2) A, < AMm.

IIpexpe Bcero 3ameTHM, YTO eCI¥ XOTH OH OfHa U3 Todek —1,1
He MPHHANIeXHUT CIEKTPy Kakoro-nu6o pacumpenus A € $H(A4), To
obg3aTenbHO HMeeT MecTo ciydad 2). B camoM gene, Torga oguu
U3 HHTerpaioB [(p,+A) KoHedeH IPH MOGOM ¢ € §) H yTBepXK/IeHHe
crenyeT U3 TeopeMH 4.

Orciopa, ecnn || A ||< 1, To Bcersa HMeeT MecTO cuy4ait 2), u6o,
0 TeopeMe 1, cymecTByeT A € H(A) TaxoH, 410 || A=l Al=¢t<1
U CIIEKTP TaKOTO omepaTopa GygeT neXaTh B HHTepBane (—£, £).

Ecinu || A |= 1 u 06e To4ku —1, 1 npHHAJTEXKAT CIEKTPY HEKOTO-
poro Ae $H(A), To BOBMOXeH Kak TOT, Tak H APYro#l CIydail.

B camoMm gene, nycTh B — HEKOTODHIH CaMOCONPAXKEHHHIH Olle-
PATOP CO CHEKTPAIbHHIM PasIOXEHHEM:

Bf = / ME(N)f  (f €9)

H mycTh TOYKH —1 ¥ 1 mpuHaJuexaT cnexTpy omeparopa B. Torma
BCerfla MOXHO OymeT BHOpaTh Takoe g € §).

O6GosHayuM 4Yepes D COBOKYMHOCTb BCeX BEKTOPOB f, OpTOro-
HATBHEIX K g, # nonoxuM Af = Bf (f € D). Torga, no Teopeme 4,
onepaTop B 6ymeT eAMHCTBEHHHIM CAaMOCONPAXKEHHKM pPaclIMpeHreM
¢ HopMo#i < 1 omepatopa A (A, = Am = B).

Hao6opoT, ecni Mu BeiGepeM ¢g # 0 Tak, YTOGH XOTHh OJUH U3
uHTerpanoB [(pg,+B) 661 KOHeYeH, TO GyeT UMETh MeCTO CIydYal
2) (A“ < AM).

Ecnu, xpome Toro, omeparop B uMeeT MPOCTOH CHEKTP, TO, BH-
6upadg Yo TaK, YTOOE UMeI MECTO TOT WIH APYTOH CIy4al, MH MO-
XeM 9TOT BHIGOP NMPOM3BOAUTH CPENH TeX DIEeMEeHTOB ¢ € §, aud
KOTODHIX IHHeHHad BaMKHyTas o60onodka MHOXecTBa F(A)p (-1 <
< A <1) coBnajaer ¢ ), 1 Torga onepaTop A 6GygeT MPOCTHM.

B modgcHenue 5TOT0 yTBepXIeHHI B3aMEeTHM, YTO eCIH THHeHHOe
BaMKHyToe MHOXecTBo £ C D TaxoBo, uTo AL C £, a sHayHT, BL C
C £, ro rakxe F(A\)£C £ (-1 < A <1). C gpyro# cTopoHH, 10
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nocrpoenrio D 1 g, u, cregoBaTensHo, o L F(A)L (-1 < A< 1),
T.e. gad moboro f € £

(o, F(A)f) = (F(M)po, f)=0 (-1<A<1).

IlosTOMY, €ClH (g BHOPAHO TakK, YTO THHEHHAS BaMKHyTai 060N04Ka
snementoB F(A)po (—1 < A < 1) naet Bce §, T0 g = 0, T.e. £ = (0),
omepaTop A — NMPOCTOH.

§ 3. IlonoxuTenbHBIEe cCAMOCONPAXKEHHLIE
pacmmpeHns
HOJIOXKHATENbHLIX ONEPATOPOB

1. Opwmuros oneparop S (# 0) (orpaHHYeHHHH HIH HeOTPaHH-
YeHHHH) HaBHBAOT notoXcumeabnsim (M muuyT: S > 0), ecnn

(8£,£)20  (f € D(5)) (3.1)
Us (3.1) BuTekaer

|+ SF12 = £ +2(5F, F) +1SF1? > |fI%
lF+SF2>fP —2SF F)+ISFI2 > |f - SF

IlopTOMYy, €CIN MONTOXHTDH
A(f+Sf)=Ff-Sf (fe D)), (3.3)

TO MBI TeM CaMBIM OTHeceM omepaTopy S omepaTop A = A(S), gus
KOTOPOTO

(3.2)

D(A) =(I+ 5)D(S)
1 KOTOPHIH o6lajfaeT CIenyIoIUMy ABYMS CBOMCTBAMHU:

) 1ANIL1, 2)Ag+g#0 (9€D(A), g#0). (3.4)

IlepBoe us HepaBeHCTB (3.2) mokaskBaeT, 4To onepaTop I + S ogHo-
BHaYHO mpeoGpasyer MHOxecTBo D(S) B MuoxecrBo D(A). Ilo-
ACHHM ellle cBoicTBO 2) omeparopa A. Ecuu g € D(A), g # 0,
To HalifeTcs Takoe f € D(S),f # 0, 4to ¢ = f + Sf, vo Torga, B
cuny (3.3),

Ag+g=2f#0.
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3aMeTHM elne, 4TO onepaTop A, Xak 1 S5, — BPMHTOB ONEPATOP.
B caMoM gene, ecnn gx € D(A) (k= 1,2), To

g =fr+Sfi (f € D(S), k=1,2)

H, CIe[JOBaTeIbHO,

(Ag1,92) =L+ ShH, o= Sfa)=(fi, f2)) +(SF,5f2) =
=(fi—=Sfi,f2+5f2) = (91, Ag2).

3aBucuMocTs (3.3) Mexay onepaTopaMi A ¥ S MOXHO BalHCaTh
eie B clueayioleM BHIE:

A=(I-8)(T+ 8.

Jlerxo BMAETH, YTO MO omepaTopy A BCerja MOXHO BOCCTAHOBHTD
onepartop S. Ecin f € D(S), To u3 cooTHOmeHHI

g=f+5f, Ag=f-Sf
HaxXOJHM ) .
f= E(y + Ag), Sf= 5(9 — Ag).

A rax xak, xorga g npo6eraer D(A), f npoberaet Bce D(S), To MH
IIPEXOJMM K BHBOAY, YTO ONepaTop S BIONHE ONpeJenseTcd paBeH-
CTBOM

S(g+Ag)=g— Ag (g€ D(4)), (3.5)

KOoTopoe MH 6yneM BaMUCHIBATDH ellle TakK:
S=(I-A)T+A)™".

IIycts Tenmeps A — IPOUBBONBHHE SPMHTOB OIEepPaToOp, 06Iaja-
fomnit cBoiicrBamu (3.4). Ilokaxewm, uTo paBencTBo (3.5) onpegenser
MONOXUTEILHEH BPMHTOB OoepaTop 5, Yepes KOTOpHI omepaTop A
BHIpaxaeTcd mo Gopmyre (3.3).

HeiicTBUTENBHO, paBeHCcTBOM (3.5) onpegenuTcs omepaTop S ¢ 06-
nacTsio onpegenenus D(S), B koTopyio ofHO-0qHOBHAYHO Npeobpasy-
ercs MHOXecTBo D(A), ¢ momompio oneparopa I + A, T.e.

D(S) = (I + A)D(A).
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Tak kak paBeHCTBO (3.5) oTIHYaeTCE OT PaBeHCTBA (3.3) TOIBKO TeM,
410 A ¥ S BCIOJy IOMEHATHCh MECTAMH, TO, PACCYXAad B OTHOLICHUH
onepaTopa S Tak Xe, KaK MH PacCyX[Jal¥ BHIIEe B OTHOIIEHHH Olle-
paTopa A, MH J0KaXeM, YTO S — BPMHTOB OIIEPATODP M YTO MMeeT
MecTo cooTHoueHwe (3.3).

OcraeTcs ele mMOKa3aTh, YTO Ji1d S BHIoNHieTcs yciosue (3.1).
JIng sroro samerum, 4ro ecin f € D(S), To HalifileTcs Takoe g €
€ D(A), uro f = g+ Af, n Torma, no onpegenenuio (3.5): Sf=g—
—Af, a crenoBaTenbHO,

(5f,f)=(9— Af,g+ Af) = |g)* — |Ag* > 0.

Hrak, Hallle yTBepX/eHHe JOKA3aHO.

C noMoIbio Hero M TeopeMH 1 HeTPYJHO [JOKasaTh TeopeMy,
BHICKaBaHHYIO0 B BHfe npeqgnonoxenus J.von Neumann’om (1] u go-
kasaHuyo sareM M.H. Stone’om (cM. [7], Teopemy 9.21) u K. Frie-
drichs’om [2].

Teopema 7. Bcgxuii noaoxcumeabuviti spmumos onepamop S,
obaacms onpedesenus xomopozo D(S)naomua 6 H, umeem, no xpai-
nell Mepe, 00HO NOAONCUMEADHOE CAMOCONPINCEHHOE PACUIUPERUE.

HokxasaTenbcTs of. ITocTpouM 1o omepaTopy S 3pMHTOB
oneparop A = (I-S)(I+S5)~1, y xoroporo, kak Ml 3HaeM, || A ||< 1.
Ilycrs A — Kakoe-TH60 caMoCONPIXKEHHOe DacIIMpeHHe OIepaTopa
A ¢ nopmoii || A ||< 1. Jerxo BugeTs, 4TO

Ag+g#0 mpu g#0 (g€9) (3.6)

B camowMm piene, ecu onycTHTD, YTO NPH HEKOTOPOM ¢ # 0 nMeeM
Acp+<p = 0, To npu nM060M g € H: ((,o,g+Ag) = (<p+Acp,g) =
= 0, #, BHa4HT, MofasHo (p,Ag+ g) = 0 nmpu g € D(A), Te. ¢ L
L (I+A)D(A). Ho (I + A)D(A) = D(S), a D(S), xax Bcrogy mioT-
HOe B §) MHOXeCTBO, He MOXeT GHTH OpTOTOHAIbHO K ¢ # 0. Mmu
IPUILTE K NTPOTHBOpPEHIO.

Tak xax oneparop A o6najaeT IByMd CBOHCTBAMH (3. 42 TO MOXHO
TIOCTPORTD MONOKHTENbHEN 5pMHTOB oneparop S = ([—A)(I+A4)~1,

fl'[poc'roe AokasaTenscTBo npeanoxun Taxxe H. Freudenthal [2], ono ocno-
BaHo Ha Mpesx K. Friedrichs’a u onaThb-Taxu He JaeT BO3MOXHOCTH ONMCATh BCE
NOIOXHTENbHEIE CAaMOCONPEXeHREE pacliipeHud onepaTopa S.
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SBIAIONMIACS, OY€BH/IHO, PacllipeHneM ollepaTopa § = I -A(I+
+A)~!. KpoMe TOro, Tak Kak omepaTop A SBISeTCI CaMOCONPIKEH-
HBIM, a TO4kKa —1, B cuily (3.§), He NPHHAJIEXHT ero TOYeHYHOMY
ciexTpy, To u onepatop (I + A)~!, a BMecTe ¢ HEM ¥ omepaTop

S=2I+A4)"!-

— CaMOCONPAXKEeHHHIH.

Teopema pokasana.

W3 npuBeileHHBIX pacCyXJeHUH ACHO TakXe, YTO PaClIHPEHHIMH,
BaJlaHHBIME PopMYyIoH

§=(I-AU+47,

rae
Aen(4), A=(I-5)I+8)7,

HCYEPIHIBAIOTCE BCe INONOXUTENbHBE CaMOCONpAXKEHHbe paclIHpe-
HHMA DPMHUTOBa omepaTopa S > 0. MHOXecTBO BCex ®THX pacIIupe-
HHH MH B JaibHedmeM GyfeM o603HadaTh Yepes P ().

Ilpexpe 4eMm mepeiTH K HccClefoBaHKIO MHOXecTBa P (5), s3ame-
THM ellle, YTO TeopeMa 7 MoXeT GHTH cOpMyIHPOBaHa B HECKOIBKO
6onee o6meit popMe I MOTYOrpaHHYEHHHIX ONEPATOPOB.

OpMHTOB onepaTop 1 HASHBAETCH NOAYOSPAHUUEHHLIM CHUIY,

- (TLA) |
m(T) = in . —00.
1Bt &H 7

Teopema 7'. Bcaxuti noayozpanuvennsiti chu3y IpMumos onepa-
mop T, o6aacme onpedeaenus xomopozo D(T) naomua 6 5, umeem,
no xpaiinel mepe, 0OHO NOAYOSPARUUERHOE CHUIY CAMOCONDPINCENHOE
pacuupenue T, dag xomopozo m(T) = m(T).

B camoMm pene, sapMHTOB onepaTop

S=T-m(T)I

nonoxurerer 1 D(S) = D(T) = §, cnegoBaTenbHo, OH HMeeT CaMO-
compaxeHHOe S, a TOraa

T = §+m(T)I
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6yaeT HYXHHIM NONYOrPAHMYEHHHM CHH3Y CaMOCONDPSXKEeHHBIM pac-
mHpeHHeM onepaTopa 1. 5

2, Hccnenys camoconpaxentnle pacumpenns S € P (S5), Mut 6es
orpaHHYeHHS OOUIHOCTH MOXeM IpeJNolaraTh, YT0 SPMHTOB Oliepa-
Top S BaMKHYT, T.e. YTO ero o6nacTs onpenenenns D(S) ecTs nonnoe
HOPMHPOBaHHOE MPOCTPAHCTBO IO OTHOIIEHHIO K HOpMe

Ifls = VIf1? +1S 717
Tax kax

ISF+ f2=|SFP+2(SF, /) + 11> > 1SF? +1£1%,

ISf+ f12 < ISF2+2Sf1- 11+ 17 < 20 1P + 1),

TO NHHeHHOe MpeobpasoBaHHe

9=58f+f (feD(5)),

npeo6pagsyiouee ogHo-ogHosnayuo D(S) B D(A), o6najaer TeM cBOH-
CTBOM, 4YTO

|fls <19l < 2|5

H, BHayHT, YCTaHaBIHBaeT B3AMMHO HENPEPHBHOE COOTBETCTBHE
mexay D(S) (c Hopmot | f|s) 1 D(A) (c vopmoii | f|). Cnegosarensho,
ecn S — BaMKHYTHIH onepaTop, To D(A) — BaMKHyTOe MHOXeCTBO
B § (M, MeX/y IPOYHM, OGPATHO).

Ecou D(A) = §, To A 1B1seTcd CAMOCONPIKEHHEIM OIIePATOPOM
H TaKOBHIM Xe OyneT omepaTop S.

CnepoBaTenbHo, ecid S # S* , To paBMepHOCTh N OPTOTOHAIb-
Horo jononHentus N_; x D(A) ornndna oT Hyns.

3aMeTuM, 4TO N_; COBIHAJAET C MHOXKECTBOM BCEX PELIeHHH ypa-
BHEHHS

S*e+¢p=0.

TaxuM o6pasom, N_y ecTh COGCTBEHHOE IIOATPOCTPAHCTBO Ollepa-
Topa S*, oTBeqalomee co6cTBeHHOMY YHcIy —1. Jlerko BHOeTh, 4TO
€ro pasMepHOCTH COBIJAET C pasMepHOCTHIO 1(N,;) co6CTBEHHOro
moanpocTpaHcTBa N, omeparopa S*, oTBevalomero mMo6oMy KOMII-
nekcHOMy yucay z€(0,00).
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Iycts S — xakoe-mu60 MONOXHTENIHHOE CAMOCONPIXKEHHOE pac-
UIMpeHHe ollepaTopa S, a

(>
57 = [2FO)S (€ D(S))
0
— ero cnextpaibHoe pasnoxenne. IIycts 2€(—00,0). Ilonoxum

Vf= / SEEN)S (f e o)

04eBHHO, V — HelpepHBHHI ONEepaTOp, HMEIOIHUH HenpephLIBHEIA
o6paTHHI onepaTop V!, mpuyem

V7lf = /,\

Ecnu ¢ € N, Te. S*p— 29 =0, TO
(Sf-2f,9)=0, (V(Sf—2f), V'¢)=0 (fe€ D(9)).
Ho

V= / LN (es).

V(§f-z2f)=5f+F (feD(9))

H, Cle[IOBaTelbHO,
(SF+£V7)=0  (f€D(S).
Taxum o6pasom,
V3iecan,, te V7o, co.
Mengs porsmu —1 u z,V~! 1 V, MBI TakXe JOKaXeM, 4TO
Vo CN..
CrnegoBaTenbHo,

Vo, =N; Vol =0,
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T.e. omepaTop V ycTaHaBIHBaeT THHEHHOE OJHO-OJHOBHAYHOe He-
[pepHBHOE COOTBETCTBHE MeX/y 3aMKHYTHIMH IOAIPOCTPAHCTBAMHI
N_; 1 N, U, CIeJOBATEILHO,

dim 9N, = dim 9N_;.

HrTax, mMOMOXHKTETbHEH SPMHATOB OMepaTop S Bcerja UMeeT HH-
nekc geexra (n,n), roe n = dim N_;.

3. Cpemn caMocONpskeHHHKX PacIIApeHHN § € PB(S) MH BHIE-
nuM ABa "KpadHKX” CaMOCOUDAXKEHHHX PACIIHPEHUI:

Su=(I-A)I+A)7 n Sy=(T-Am)IT+AM)7,

rae A, ¥ Ay — COOTBETCTBEHHO MHHMMAaIbHOe W MaKCHMAalbHOE
CaMOCOTNpPIXKEeHHOe paclIupeHde ¢ Hopmoi < 1 omepaTopa

A=(I-8)I+8)

Pacmmpenne S, MH 6yJieM HaBHBATb ¥HECTMKUM PACWUPEHUEM,
SM — MdeKum pacwupenuem onepaTopa S.

Eciu §, = Su, To B 9TOM cIy4ae H TOIBKO B BDTOM CIydae S
HMeeT eJHHCTBEHHOEe IONOXKHTEIbHOE CaMOCONPIKEHHOe paclIHpe-
HHe.

IlyTeM npocTHX npeo6pa3oBaHHUl M3 TeOPEeMH 4 MOTy4YaeTcs

Teopema 8. Ilycmo S (m = §)) — Hexomopbil noioACUMEsD-
Hblll spmumos onepamop, N_, (4 — NPou36oabHOE NOAONCUMEALHOE
YUCAO) — MHONCECTNBO 6CeT pewsenuli ¢ YpasHeHud

S*o+ap=0,
a S — muexomopuwiii onepamop u3 B(S), umerowuti cnexmpaavnoe
pasaoxcenue
o0
Sf:/AdE(A)f (f € D(5)). (3.7)
0

Tozda das ébinoanenus pasencmea S = S, (5 = Su) neobzodumo
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u docmamouno, ¥mobot npu awbom Y € N_,
[e o]
FAIEQ )@l = o,
0
U COOMBEMCMBENHO (3.8)

[ Bl = oo

Caedosameavno, onepamop S 6ydem eduncmeenHblM NOAONCU-
MEALHBIM CAMOCOTPINCEHHBIM pacuiupenueM onepamopa S moada u
moabxo mozada, xoz2da

[o o]

[ B = [AEQ =0 (pen).
0

0

JoxasaTenbcTBoO. bBesorpanndennds o6IHOCTH MBI
MOXeM MPEANONOXHTh, YT0 @ = 1, HHaYe MBI 3aMeHUIH GHl onlepaTop
S na oneparop S1 =(1/gS, gng xoroporo N_1(51) = N_.(9).

Hounpua =1 9N = N_, coBnagaeT ¢ OpTOTOHAIBHEIM AOMOIHE-
HueM K D(A). C gpyro#i CTOpOHHI, COTIacCHO TeopeMe 4, onepaTop

=(I-8)I+8)™
6ygeT coBmajaTh ¢ Ay, ecin
J(p;4)=0 (peM), (3.9)

¥ ¢ Ap, ecnim
J(pi—A)=0 (peN). (3.9

A Tax xak B cuny pasnoxenus (3.7)

if= / BN = [wiFws  (fes)
-1

rae
FW=(I-FO) (s=1rp 0SA<w),
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TO
1

2
Ip,x4)= [HTULL

1

1 1 1
= 5 [+ X B = 1o + 5 [ 3 B
0 0

Taxum ob6pasowM, yciosud (3.9) u (3.9') vKBHBaJeHTHH COOTBeT-
crBylomuM yciaosusm (3.8).

Teopema mokasaHa.

4. TeopeMa 6 mosBoNgeT JaTh COBCEM IMPOCTOH KPHTEpPHH Cylile-
CTBOBaHHA ¥ S €IMHCTBEHHOrO NONOXHTEIHLHOTO CAMOCOINPIKEHHOTO
PaCIIHPEeHHAS.

Teopema 9. [ag mo2o umobbi noaoxcumeavuviti onepamop
S (D(S)= 9, S# 5*) umes moavro 0dHo NOAOHCUMEILHOE CAMO-
CONPINCENKOE pacuIupenue S, neo6zodumo u docmamouno, wmobsi

npu w060 € N_, (@ — NPasUILHO 6bIGPAHHOE NOAONCUMEALHOE
uucao):

Lo SR _ o
eD(s) |(f, )

JokasaTenbcTBoO. Desorpannienns o6IMHOCTH MOXHO
IPEANONOXUTD, YTO ¢ BRIOPaHO PaBHEIM 1.

TeopeMa 9 GyneT iokas3aHa, eCIH MBI ITOKaXeM, 4To npu A = (I —
—8)(I+S)! ycnosre (3.10) sxBuBanenTHO ycnosuio (2.21) TeopeMu
6. Hoecnim S*p+p=0,10 90 L f+ Sf upu f € D(S), a cnenosa-
TenbHO,

(3.10)

(SE9) = ~(f,0),(f,9) = =5(Sf = f) = ~3(49,9)

mpr g=f+S5f.
C gpyroi cropouu, ipu g = f+ Sf (Ag=f - Sf)

A(ST, f) = lgI* — | Ag|*.
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Ipunomunasg emme, 4To ectn f npoGeraer D(S), Tog= f+ Sf
npoGeraer D(A), Haxomum

2 2
sup I(f, 0)l” _ sup |(Ag, ¥)|

= ©®EMN_G).
ren(sy (S, f)  ren(ay lgl* ~ |Agl? ( )

Teopema JokasaHa.
5. B cuny Teopemu 9, ecnu ans oneparopa S(D(S) = 9,5 # §*)

BelINYHHa
_ . BLD
™) = WG

HONOXKHTeNbHa, TO S, # Su. B camoMm pgene,

(5, o)l < o (£, ) _ lgl?

sup sup

7eD(S) SHH = v seps) (SF,F) ~ m(S)

TakuM o6pasoM, ycroue m(S) = 0 gB1feTcH HeOOGXOAUMEIM yCIIO-
BHEM TOTrO, YTOGH CYyIIECTBOBANO €IHHCTBEHHOE CaMOCONPIXKEHHOe
NMONOXHUTENLHOE PaClIHpeHNue y ONepaTopa .

OpHako BTO yCIOBHE He ABIFETCH JOCTATOYHRIM, AaXe B TOM CIy-
Yae, KOTJa omepaTop S5 — npoc'roﬁ)f. 910 J1erxo o6HapyXHTh, HC-
NONL3YH NMPHMEpPH ONEepaTopoB A, paccMOTpeHHHe B koHie §4, Ho
MBI IPOAIENaeM DTO He3aBHCHMO.

Ilycts H — HeKOTOPHI HeOTPaHWYEHHKIH NONOXKUTENLHEH CaMo-
COIIpAXKEHHHH oNepaTop, HMEIOUIMH IPOCTON HeNPEPHBHHH CIEKTP,
B COCTaB KOTOPOTO BXOAUT To4ka 0, H IycTh

Hf= / MEQN)f  (f € D(H))

— €0 CI€KTpaJIbHOE PA3JIOXKEHHE.

’f,[[:m HENPOCTOr0 SPMHTOBa onepaTopa S yTBepXAeHHE TPHBHAIBHO (CM.
[12]). Opmuros omeparop S(= S*) HasHBaeTCs MPOCTHIM, eciu §) He coaep-
XHT NOgNPOCTPaHCTBa L, IPHBOAAIIEr0o S H B KOTOPOM S — CaMOCONPAXEHHbIH
onepaTop.
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Bri6epem B kadectBe ¢ (|| ¢ ||= 1) BexTOp, 14 KOTOPOTO NHHEH-
Had 3aMKHyTad ob6onovka MuoxecTBa E(A)p (0 < A < o0) coBma-
Jaerc H U

/ A E(N)gf? = oo; /
0 0

O6o0snayum epes D(S) MHoxecTBo Tex f € D(H ), ang KOTOPHX

dE(\)p|? < oo. (3.11)

S| =

(f+Hf9) =0, (3.12)

H IIONOXKHM

Sf=Hf pns fe€ D(S).

B cuny nepsoro us ycmosuit (3.11), ¢ € D(H); orcioga merxo momy-
9HTH, 4To D(S) mioTHO B §.

JecTBHTENbHO, fONYyCKas IPOTHBHOE, T.€. YTO CyIECTBYeT BIe-
MeHT h € $ (h # 0) Taxoi, 4TO

(fh)=0 mpr f e D(S),

MBI, TONaras

$p=(H+I)Th, h=Hy+,

oy 4aeM
(fLHY+¢)=(Hf+ f,4)=0

npu miob6oM f, yaosnerBopsomieM ycnoBuio (3.12). Tak xak mpu f,
npo6eraomiem D(H), Bektop f + H f mpoberaer Bce £, To 0TCIOAa
cregyet, 4ro ¥ = cyp(c # 0). Ho o € D(H + I) = D(H), a cnegoBa-
TenbHO, ¥ ¢ € D(H). MH npuuimu K NPOTHBOPEYHIO.

Ilpegnaras 4MTaTENO TPOBEPUTH, YTO S — NPOCTOH ONEpPaTop,
nokaxeM, 1ro m(S) = 0.

Tax kax To4ka () BXOZMT B HeNPEpHIBHHIH CIeKTp omepaTopa H,
TO IpH mo60oM £ > () HalIyTCH JBa IMHEHHO HE3aBHCHMEIX BEKTOpa
fr (k =1,2) rakue, uTo

ENfe=fr mwu A>¢ (k=1,2). (3.13)
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Torpa npn HekOTOpPOM O BeKTOp
f=cosaf; +sinaf;

6yaeT ypoBneTBopATH ycinouio (3.12), T.e. f € D(S)u, B cuny (3.13),
MH OygeM uMeTh

€

(SF,f)=(Hf, )= / (ENS, f) < £(f, ),

0

otkyaa m(S) = 0. C gpyroi cTOpoHH], B CHiIy cooTHomeHnu# (3.11),
omepaTop S EMeeT GeCKOHEYHO MHOTO PABIHYHHIX MONOXHTETHHBIX
CaMOCONPXKEHHHX PaCIIMPEeHHH.

§ 4. O6 sxcTpeMalbHLIX CBOMCTBAaX
CaMOCONpSAXKEeHHBIX pacllHpeHnR

S, 8 Sm

1. lycrs T(D(T) = $) — HeKOTOPHIH BaMKHYTHH DPMHTOB OIle-
paTop, MOINyorpaHHYeHHEIH CHHUBY, T.e.

m(T) = inf (1, f) > —00
ren(r) (f,f)
Bumecre c K. Friedrichs’ouM [2] BBeieM B paccMOTpeH#e MHOXeCTBO
D[T] C %, onpesensemoe crefyomuM o6pasoM.
Onement f € D[T] Torga u TOIBKO TOIJa, €CIH CYIECTBYeT IO-
crefioBaTenbHocTh { fr} C D(T') Takas, 4o

1)  fa—f mpu n—oo,

2) (T(fm - fn), fm — fn) — 0 mpu m,n— oo. (4.1)
OdeBugno, 4TO
D(T) c D[T).

s mocnenyiomux paccyXaeHud GyfeT CIeioBaTh, YTO B CIyyae
HeorpaHH4YeHHOro onepatopa I’ (a TONBKO BTOT cily4dail u GydeT Hac
unTepecoBats) D(T) Bcerga cocraBiuger npasuibhyio acts D[T).
ScHo Takxe, uTO

D[T]=D[T 4 al] (-00<a< ).
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Eciu pns snementa f € D[T] u nocnegoBarensuocru f, C D(T)
HMeloT MeCTO COOTHOMEHHS 1) ¥ 2), TO yCIOBHMCS I'OBOPHTH, YTO
nocienoBaTenbHocTh { f,} T — cxoauTcs X sineMeHTy f M IHCATh

5y (4.2)

OveBHAHO, 4TO eClIH HMeeT MecTO (4.2), TO CIpaBeJIHBO U COOT-
HOIlIeHHe
T+al

fn - f
mpH 1I060M BelleCTBEHHOM a.
Jlemma 1 (K. Friedrichs). Ecau g,f € D[T], @ {gn} uv {fu} —
xaxue-aubo nocaedosameavrocmu u3 D(T), T-crodswuecs coom-
semcmeenno x ¢ u f, mo cywecmeyem npedea

lim (Tga, £2), (43)

u amom npedea énoane onpedeagemcd svemenmants g u f.

HJoxasaTensbcTsBo . [lud fokasaTerbCcTBa BTOTO IPERIIO-
XeHHUf, OYeBHAHO, IOCTATOYHO YCTAHOBUTH €T0 CHPABENIUBOCTH s
kakoro-mu6o onepatopa T’ = al + T. IlooToMy 6e3 orpaHmYeHHH
OGUIHOCTH MHEI MOX€M IPEeIIOIOXHUTh, YTO 1 — MONOXUTEIbHEIH Olle-
parop: T > 0.

Ilycres T — xakoe-1u60 MONOXHTETbHOE CaMOCONPIXKeHHOe pac-
mupenne oneparopa I (T € P (T)) n

Tf = / ME\)f (4.4)

— ero CmekTpalbHOe IpeACTaBleHHe. BBeleM B paccMOTpeHHe ellle
o =1
caMOCONpSXKeHHHH onepaTop 12

o0

T7 = /,\%dE(,\)f (f € D(T?)),

(4]

rae D(T%) — MHOXeCTBO Tex f € £, [JIf KOTOPHIX

o0

/ M|E(A) f]? < oo. (4.5)

(4]
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O4eBugHO,
D(T) c D(T?)

(Tg,f)=(T29,T2f) (9,f € D(T)).
IlosToMy, ecnn HexoTopas mocinenoBarenbHocTh {fn} C D(T) yno-
BIIeTBOpAET YCIOBHUIO 2), TO TO PABHOCHIBHO TOMY, YTO

|T%fm—féfn| —0 mpu m,n — 00,

eclln e, KpOMe TOro, BHIIOIHEETCH yclIoBHe 1), TO B CHIY BaMKHY-
TOCTH OIEPaTOopa

Hrak, ecnu
T T
In—g, = F
T0 g, f € D(T?) 1 IOCIe0BATENLHOCTIH {T2gn} {T2 fn} cxopgTca
COOTBEeTCTBeHHO X T2 gu T3 f; HO TorHA

hm (Tgn7 fn) = hm (T?gn,Tzfn) = ( % T%f)

JleMMa goxasaHa.

Ilpenen (4.3) Mu 6yneM o6osuayats depes T'g, f].

Taxum o6pasoM, T[g, f] — GunMHedHH# PPMUTOB QyHKIUOHAI,
onpepeneHHb# gud Beex g, f € D(T).

IMonyTHO MHE fHOXaBaly CIELYIOUIYIO TeMMY:

Jlemma 2. Ecau T > 0;T € B (T), mo

D[T) C D(T%) (4.6)

Tlg, f] = (T39,T5f) (g, f € D[T)). (4.7)

JIemMma 3. Fcau noaoxwcumeo

(g’f)Tz(gaf)+T[g’f]’ |g|T= V(g,g)T (g’fED[T])v
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mo D[T] 6ydem noanviu 2usbbepmosvism npocmpancmeos (no omuo-
wexwo X cxaagpromy npoussedenuro (g, f)r, a D(T) — ezo ecrody
NAOMHBIK NOJMRONCECTLBOM.

JInsg ycTaHOBIEHUS TeMMH JOCTATOYHO 3aMEeTHTH, 4T0 eciH { fr} C
C D(T) u f € D[T], To yTBepXpeHue

T
fa—Ff
PaBHOCHIBHO YTBEPXKICHHIO

lfn_flT_’O'

Bes Tpyma ycTaHaBIHBaeTCE TaKike
JlemMa 4. Ecau T — noaoscumesdpusitli CGMOCONPIANCEHHBIT One-
pamop, mo
D[T] = D(T%) (4.8)

1 1
Tlg, f] = (T7g,T?') (g, f € D[T)). (4.9)
HokasaTenbCcTBO. TaKKaKHpHYCIIOBHJ[XIIeMMHllT:T,

TO paBeHCTBO (4.9) ecTh crencTBue (4.7), a f14 JoKasaTenbcTBa (4.8),
B CUMIIy cooTHomeHus (4.6), 0CTaeTCd TOIBKO YCTAHOBUTH, YTO

D(T?) c D[T). (4.10)

Iycrs f € D[T%]; CTelOBaTeIbHO, €CIIH IPENIIOIOKHUTH, YTo (4.4)
ecTh cekTpanbHoe pasioxenne ;ig T = T, T0 GymeT EMeTb MecTO
cooTHomexHe (4.5).

[Tomoxum

fo= /dE(/\)f =E(n)f (n=12,..);
0

TOTIA
foCDT) (n=12,.) 1 fu— f,
H, KpOMe TOro,

n+p
(T(atp = fo)y b = fo) = / MIEO) 2 = 0
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mpu n—o00, p>0,

t.e. f € D[T).

CoorHomenne (4.10), a BMecTe ¢ HUM ¥ eMMa 4 JOKa3aHH.

2. Tak xe, kak ¥ B IpeaniyieM naparpade, BCIOAy B JalbHeH-
meM S — BaMKHYTHIA, IOIOXKHUTEIFHEH S9PMUTOB ONEPATOp, AId KO-
TOpOro

D(S)=9, S*#S.

MMocne goxasaHHBIX TeMM 6e3 TPy[a YCTaHABIMBAETCA CIENyONas
XapaKTepHCTHKA XKEeCTKOrO pacliupeHus S, omeparopa S.

Teopema 10. Cpedu 6CE603MONCHBIT CAMOCONDINCEHNBIT TLOAY-
02PaNUNENHBIT CHU3Y pacwupenud onepamopa S cywecmeyem moas-
K0 00no pacuupenue S, dag xomopozo D(S) C D[S]. Omum pacwu-
penuem géagemcd onepamop S, u dag xezo

D[S,] = D[S]. (4.11)

JoxasaTenbcTBO. PaccMOoTpUM ciepBa pacuinpeHue
S € P (5), nonyyaemoe mo Gopmyie

— (- DT+ A7,

rae

A=I-8)IT+85)™
ECJIH g KakKkoro-Iubo Taxoro paciivpeHud
D(S) ¢ D[S), (4.12)

To, Mo 1eMMe 3, MHOXecTBo D(S) 6ymer S-morHo (T.e. WIOTHO IO
Hopume | f|z B MHOXecTBe D(S5).

C apyroit cToponsl, ecnn f € D(§ ), TO
f=g+Ag mpu g=f+S5f
H, CIIEIOBATENbHO,

£H+SF ) =(9,9+(Ag,9), Te. |flz=lgl;
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A mooToMy, ecii MHOXecTBo D($) S-mioTHo B D(S’ ), TO MHOXECTBO

D(A) = (I+8) D(S) mnorHo no nopMe |g| 7 B D(A) = (I+S) D(S) =

= %. Ho Torga no Teopeme 4 A= A, H, clefoBaTelbHO, S = Sy .
O6parHo, ectn S = S, (T.e. A = A, ), To 10 Teopeme 4 MHo-

xectBo D(A) mnoTHo mo HopMe |g|;y B ), a cuegoBaTenbHO, MHO-

xecrso D(S) S-miorso B D(S). A Tax xax no remme 3  D(S) ects
S-sampixanme muoxectsa D(S) , To D(S) € D([S]) u § — samm-
xanue MHOoXecTBa D(S) maer D[S]. C APYTOil CTOPOHHI, IO TOH Xe
neMMe 3, To 3aMHKkaHue coBnagaer ¢ D[S]. Orciopa

D[S] = D[S] (5=38,).

CooTHomenne (4.11) goxasaHo.

HamM octanoch moxasaTh, YTO HO (4 11) cnenyeT paBeHCTBO S =
= S, He TOIBKO B TOM clydae, korga S € P(S5), a Takxke u B Gonee
obleM ciydae, KOTa S — IPOMSBOIbHOE MOLYOrpaHHIeHHOE CHH3Y
CaMOCONpAXKeHHOe pacllupeHue omepaTopa S.

B »ToM mocnenneM ciyvae nog6upaeM a > 0 Tak, YTOGH S+al >
> 0; rorga us (4.12) naiigeM

D(§8 + aI) = D(S) c D[] = D[S + al],
a ClleoBaTellbHO, COTIIACHO yXe NOK3a3aHHOMY,
S+4al = (S +al),.

Tax xak, B YacTHOCTH, cooTHoIeHHe (4.12) umMeeT MecTo pu S = 5,
TO Takxke

S, +al = (S + al),,

oTkyga S = S,.

Teopema gokxasaHa.

3. Teopema 10 mosBongeT ecTeCTBEHHHIM OGPa3OM PaCIIHPUTH
IOHATHE O XEeCTKOM pacCHIHpeHHH SPMHTOBa onepatopa 1 Ha TOT
clIy4Yal, korjga onepaTop 1 moinyorpaHHYeH CHH3Y.

CaMoconpskeHHOe MONTyorpaHuYeHHOe CHU3Y pacimupenue T mo-
TyOorpaHUieHHOTO OllepaTopa T(E(-IT) = §)) HaSHIBAETCI HCECTNKUM
pacwuperuenm onepamopa T, ecnu

D(T') C D[T). (4.13)
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Tak kax mpu 1060M a (—o0 < a < )
D(T")= D(T' + aI), D[T]= DI[T + al],
T0 cooTHoumeHue (4.13) paBHOCHIBHO TOMY, YTO
D(T' + aI) C D[T + al). (4.14)

Ecin remeppr ¢ BH6paTh Tak, 4T06H 06a onepatopa T + al u

T' 4+ al 6ninn nONOXHUTENbHH, TO, M0 TeopeMe 10, us (4.14) 6ymer
CllejoBaTh, YTO

T +al = (T + al),. (4.15)

O6patno, eciu T + al > 0, To omeparop T’, onpegengeMuil us
paBeHcTBa (4.15), GymeT XeCTKHM pacHiEpeHUeM omnepaTopa I .

TaxuM 0o6pasoM, XKecTkoe pacHiHpeHHe [jIf IONyOrpaHHIeHHOTO
onepaTopa 1 Bceria cymecTByeT M egWHCTBeHHO. Ero Mu GygeMm
o6osHa4aTh deped 1,. B cumy egmHcTBenHOCTH pacumpenus T, us
(4.14), rge T' = T, saxmovyaeM:

T+eal),=T,+al (—o0<a< ). (4.16)

Cornacuo aToMy cootHomexuio, ecma I +al >0, Tou T, + al > 0,
oTCI0a _
m(T) = m(T). (4.17)

OveBrano Taxxe, YTO MIf NIOGOrO MHOrO MONYOrPaHAIEHHOTO
pacumpenus 1 onepatopa T

m(T) < m(T).

4. Ing panpHedIero HaM MOHAJOGATCE Clegylomue 2 TeMMHE:
JIemma 5. ITycmo Hy u Hy — d6a nosodcumeabrbiz ozparuyen-
HbIZ camoconpaNcenusiz onepamopa u nycms Hy < Hy, m.e.

Tozda . .
n(H7) cn(#7). (4.19)
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Ecau, xpome moz2o, 0 ne ecmv cobcmeennoe wucao onepamopa Hi,
mo nepasencmeo (4.18) Ixeusasenmuo nepasencmey:

1 2 -1 2 _1 -1
|Hy 2 f| <|H,*fl (fe€D(H,*)=9H,?)). (4:20)
JokasaTenbcTBO. IlpegnonoxuM cueppa, 4To
Hyf #0 mpu f#0. (4.21)

HepaBencTBo (4.18) oXBHBaJIEHTHO HepaBEHCTBY
\HEf|<|HE Sl (f €9). (4.22)
Onpegennm Ha N (H 1% ) onepaTop B paBeHCTBOM
BHif=HIf (fes)

L
B cuny (4.22), |Bf| < |f|; B cuny (4.21), MuoxectBo N (HZ) mioTHO
B §), ClleI0BaTeNbHO, HePEePHBHHIL ollepaTop B OJHOBHAYHO pacIIH-
pseTcd Ha Bce §). Ilepexons B paBencTBe

1 1
H? = BH] (4.23)
K COIIps’)XK€HHHIM ollepaTopaM, NOolyiaeM
L 1
HF = HZ B, (4.24)

OTKyHa
1 1 1
N(H{) =NH;B*) CNW(HF).

PaccMoTpHM Temeps TOT ciy4dail, korga ycuosue (4.21) He Brmon-
HEeTCd. B 9TOM ciIyyae MBI MOXEM PaslOXHTDb §) B OPTOTOHAIBHYIO
cymMmmy £ | $; , rge £ — MHOXecTBo Hyneil onepatopa Hz. Ho eciu
Hy£ =0, To, B cuny (4.18), u H1£ =0. Us Hxk£ =0 (k = 1,2)
BuTexaet, 4o N(Hi) € H1 (k = 1,2), u and foxasaTenscTBa Hallei
TEMME HaM JOCTAaTOYHO paccMoTpeTh omepaTopH H; u Hy B $H; —
HO TOTfAa MEI IIPHAEM K PaCCMOTPEHHOMY YXe CIydalo.
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Ecnu teneps 0 He ecTh co6¢cTBeHHOE YucHo oneparopa Hy, To To
xke OymeT u and Hy; Torga cyliecTBYIOT CaMOCONIpSKeHHBIE OIlepa-
1 1

TOPH Hl_l,Hz_l, a BHAYUT, H ONEepPaTOPH Hl_-i,H;i, npuyeM
-1 _1
D(H, ?)=9(H, *).
W5 paBenctBa (4.24) nerxo Haxogum

By f=BH'f (feD(HY),

a TakK Kak
| B* |I=|| B |I< 1, (4.25)
T.e
Il B9 I< |9l (g € 9),
TO

-1 2 r—3 2 _1 2 _1
|Hy 2 f| =|B"H, *f| <|H,*fl (feD(H?)).

O6paTHo, eciu uMeeT MecTo HepaBeHcTBO (4.20), To, mOMaras
-1 -1 _1
B*H,*f=H,*f (fe D(H,?)), (4.26)

-1 1
MBI OmpenenuM Ha BceM $) (6o N(H, ?) = D(H}) = $) nmuHelHBIH
orpaHMYeHHHIH onepaTop B* ¢ HopMon < 1.

1
IopcraBnas B paBeHcTBo (4.26) f = Hig (g € $) u npuMenss
1

x ob6eum wactam H?, momydaem (4.24), a cregoBatensho, u (4.23),
rge B — conpaxennnit X B* oneparop. Coornourenne (4.23), ecin
ydecTb (4.25), BredeT HepaBeHCTBO

T 2 1 2

JleMMa nmokasaHa.
Jameuanue 4.1. CTOHUT OTMETHTH clelyiolliee CIeACTBHE JeM-
Mu 5: ecmn Hy < Hy w m(Hy) >0, 0o Hy' < H.

JeitcrBurensho, ecnn m(Hy) > 0, o H', H,
orpaHWYeHHEIEe ONePaTODH, ’

1
2

(k = 1’2) _

_1 2
|H.2f| =(H S f) (fes, k=1,2),
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a nooToMy HepapeHcTBo (4.20) osnadaer, yro Hy' < Hl.

Jdemma 6. ITycmo Si u 52 — noaoxwcumeabnsie camoconpd-
JHcenmble ONEPAMOpsl, @ — NPOU3BOALHO 6LIGPAHHOE NLOAONCUMEALHOE
yucao. Tozda dag moz20 umobvi

(S +al)™' < (83 4+ al)7?, (4.27)

HEOOTOOUMO U OOCTIATNOUHO 6bINOAHENUT J6YT CACOYOUUT YCAOEUT:
1) D[S1] C D[S3];
2) Sl[fvf]?-s2[f,f] npu fGD[Sl]

JoxasartenbcTBo. OnepaTopu
Hip=(Sk+al)™'  (k=1,2)

CYTh OrpaHHYeHHEIE NONOXKHUTEIbHEE CaMOCONPIXKEeHHEIe ONepaTOPH
(0 < Hy < a7'I; k =1,2). llosTomy, ecii EMeeT MeCTO HepaBeH-
crBo (4.27), T.e. Hy < Hy, TO, cornacHo neMme 5,

1 1 _1 1
NW(H{) CN(H), [|Hy*f|<|H *f|

(f € D(H?) = (H])), (4.28)
N(HE) = N(Sk +al) ) = D((Sk + aD)}) =
= D[Sy +al = D[Sy, k=1,2

_1 2 1
\H.Z £ = |(Sk+aD) | = Sklf, ]+ alfI?
(f € D[Sk]’ k= 1’2),

TO MBIl IIPHXOJUM K yCIoBHEM 1) u 2).

O6partHo, eciu ycnoBus 1) ¥ 2) BHIOOIHAIOTCE, TO UMEIOT MECTO
cooTHoweHus (4.28), a OHH, COTTACHO TeMMe 5, DKBHBaleHTHHI Hepa-
BeHcTBY Hy < Hj, wnm, 4To TO Xe, (4.27).

JleMMa JokxasaHa.

Jamevanue 4.2. Jlerko BHAeTH, YTO eCIM B3aMeHHTh B IeMMe 5
ycioBue a > 0 ycioBueM a > —m(Sk) (k = 1,2), To neMMa cOXpaHUT
cuiy.
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Teopema 11. ITycms S(D(S) = 5, § # §*) — noaoxwcumeas-
HbIl IPMUMOE ONepamop, & S — €20 NOAONICUMEALBHOE CAMOCOTPI-
acenroe pacuupenue; moada npu aobosm a > 0

(S, +al)™ < (5§ +al)™ < (Sp +al)7?, (4.29)
a caedosameavro,

D[S,] c D[8] C D[Su]

Sulf, /1< SIf. fl  (f € D[S)).

Mbi ne evinucsieaes coomeemcemeyrouezo Hepasencmea 044 S, u S,
Max Xax, Co24aCHO AeMMam 2 u 4,

SUf, 1= Suf, f1=81f,f1  (f € D[S,]).

HoxasarenbcTBo. KaxMu3HaeM, onepaTopaM S,,5, Spm
COOTBETCTBYIOT onepaToph A,, A, Ay, CBE3aHHHE HePaBEHCTBOM

A, <A< Ay, (4.30)
A Tax xak
A=I-85T+8S) 1 =200+85" -1

H aHAJOIHYHEIE DaBEHCTBAa MMelOT MecTo aus A, u Ap, To (4.30)
paer HepaBeHcTBo (4.29) mpu ¢ = 1. Ho Torga, cormacHo nemme 5,
GymeT uMeTh Mecto (4.30), 4To, B CBOIO O4epens, Bueder (4.29) npu
mioboM a > 0.

Teopema moxasaHa.

3aMeTHM, YTO IOCIe TOTO KaK [AOKasaHa CIPaBelIHBOCTH Hepa-
BeHcTBa (4.29) npu a = 1, cupaBefIHBOCTH ero mpu moGoM a > 1
nonyyiaeTcs 6e3 Tpyda ¢ MOMOIIBIO IpeNjioxKeHHd, cPOPMYINPOBAH-
HoOro B 3aMedaHu#u 4.1.

5. CymecTsopanue nepBoro H3 HepaBeHCTB (4.29) MOXHO yTBep-
XJaTh IPH 6ollee OGIHX NPERNONOKEHHIX OTHOCHTEIBHO S.

IIycTs § — xakoe-mu60 NOAyOorpaHHIeHHOe CHU3Y paclIipeHue
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onepaTopa S (KOTOPHI TOXe MOXHO IPEJIOIOXHKTH NONyOrpaHuIeH-
HEIM cHu3y). Toraa

(S, +a)"'<(§+al)™ mpr a>-m(8). (4.31)

Ing Toro 4To6H B DTOM y6eIHTHCH, JOCTATOYHO BHIIHCATH Iep-
Boe U3 HepaBeHCTB (4.29) B IPEMEHEHHH K ONepaTOpaM

S, —m(S)I, §-m(S),

IpeACTABILIOMKM co60# MepBHH — XeCTKoe, a BTOpPOH — Kakxoe-
nu60 CaMOCOTIPAXEHHOE NONOXUTENLHOE pacHIpeHue onepaTopa S.

§ 5. Cayvan, xorga m (S) > 0

1. B oToM ciyyae HepaBeHcTBO (4.31) cpaBeqiuBO, B YaCTHOCTH,
npu a = 0, T.e. _
S;t<Ss

IloxaxemM, 4To, 6ollee TOTO, CIPaBENINBO CleAyiOllee YTBepkKie-
HHE: N
Teopema 12. Ecau m(S) > 0, mo

5.1 =571 (5 Ny, (5.1)
2de Mg — MHONHCECTNBO 6CET pewenuti Y YPasHeHUT
S*¢ =0. (5.2)

MoxasaTenbcTBso. Bes orpanuyenns oGUHOCTH MH
MOXeM IIPeNNoNoXHTh, Yro m(S) > 1, a cienoBarensHo, u m(S) >
> 1.

Ionoxum 5

Si=85-1, §=5-1,

TOTAaA
S1u=5,—-1.

Ilonoxum, nanee,

A=(I-8)I+5)7",
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TOrJa ONepaTOpPH

Ay =TI = 51)I+ 5,) = 23;:1 -1,
_ _ B _ (5.3)
A=I-S)I+5)1=28"1-1

6yayT NpeICTaBIiTh CO60M MepBHil — MUHHMAJbLHOE, BTOPOK — He-
xoropoe orpanudernnoe (|| A ||[< 1) caMoconpsxkenHoe pacmEpeHwe
omepatopa A.

Cornacuo ¢opmyrne (2.13),

Ay =A—(I+ Ay, (5.4)
rae ‘.no — MHOXeCTBO BC€X BEKTOPOB, OPTOIOHAJIbHHX K

HIIH, 4YTO TO Xe CaMoe, MHOXEeCTBO Bcex pelleHHH ypaBHenus (5.2).
B cuny (5.3), paBercrBo (5.4) 9KBHBAJIEHTHO TOMY, 9TO

2571 —I1=25"-1-(25 "),

a 9TO, B CBOIO OYepelb, SKBUBAIEHTHO cooTHomenuo (5.1).
Teopema gokasaHa.
HanomunM, 4To, coraacHo (1.8), coornomenne (5.1) MoXHO Ba-
IIHCATh elle B CleyoleM BHje:

S =51 =) (fie)en  (fE9), (5.5)

veN

IIPH 9TOM CHCTEMa BeKTOPOB {@, },eN TONydYaeTcs ciefyoomum ob-
pasoM.
M=uoxecTBO

£=9nnD(§2)=nn D[S (5.6)

[IpeBpalllaeM B FWIL6EPTOBO NPOCTPAHCTBO, MONarad CKajlfpHOe IIPo-
U3BeeHNe ABYX DIeMEeHTOB ¢, f € £ paBHEM:

Slg, f1 = (5%9,5% ). (5.7)
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Torga B KayecTBe CHCTEeMH {{®,},eN MOXHO B3STh IPOM3BOIBHYIO
MONHYI0 Op TOHOPMHPOBAaHHYIO CHCTeMY B £, Tak 4TO

Slew, eul =06y (4,v €N). (5.8)

HamoMunM, 4To peg, QurypHpyoOlHi B IpaBOi YaCTH COOTHO-
meHRs (5.5), conepXuT He Gollee CYETHOTO YHCIA WIEHOB, OTIHYHBIX
OT HyId, ¥ CXOAMTCA CHILHO; Goliee Toro, aiug nioGoro f € H

lim S f Z(f,(ka)(Pvm f Z(fy‘Puk)QOVk _0

n—oo
k=1 k=1

rie {vi}{° — HocCneNoBaTeNbHOCTH 3HaYeHMH v € N, Jjid KOTOPHIX

(fsov) #0.

2. B paccmarpuBaemoM ciayydae (m(S) > 0) omepatop Sy obna-
JaeT OYeHb MPOCTOH XapaKTePUCTHKOM.

Teopema 13. Ecau m(S) > 0, mo No C D(Sm) u Smp = 0
(¢ € Mo). Huxaxoe dpyzoe camoconpaxcennoe pacuiupenue S one-
pamopa S amus ceoticmeomx ne obaadaem.

MoxasaTensrcTBO. Ilycts S — KaKoii- -n6o onmepaTop
w3 P(S), ms xoroporo m(§) = m(S) > 0. Ipu Taxom BrGope S
olepaTop

A=T-85T+5en(d) (A=T-8)T+5)™)

He GyfieT MMeTh TOYKH 1 B CBOeM CIIEKTp€ H, CIeOBATEIbHO, CAaMO-
conpsxennsi onepatop (I — §)~! orpanuden. Ho Torga, cornacuo
npeajioxeHuo v), § 1

(I-Ap=(I-Ap1e (pe(-AN,), (59)
rie M_; — MHOXECTBO BCeX BEKTOPOB ), OPTOTOHAIBHHIX K
D(A) = (I + S)D(S). (5.10)
C ppyro# cTopoHH, Kak MH BHaeM (cM. (2.13)),

Am = A+ (I - A)g
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H, CIeJOBAaTENbHO, B CHIY paBeHcTBa (5.9),

Amp=¢ (pe(-A)n,). (5.11)

A Tax xax
D(Sm) = (I + Am)9,

t0, cormacho (5.11),

1 ~_
¢=5(p+Amp) € D(Su) (pe(I-A)q)  (512)
H, KpOMe TOro,

1 1
Smep = §SM(<,0 + Apme) = 5(s0 - Amp) =0

. (5.13)
(p € (- A)"'n_y).

3aMeTuM Temnepb, YTO Tak kak I _; €CTh OPTOrOHANBHOE JOTON-
nenue K D(A), To (I - A)~9_; 6ymeT opToroHaNbHEIM JONONHEHHEM
k (I — A)D(A). C gpyroi cTopoHH, B culy cooTHomenus (5.10),

(I - A)D(A) = (I - A)(I + S)D(S) = (I - A)(I + S)D(S) =
= [I + § - A(I + 5)] D(S) = 25D(S) = SD(S),
orxyga (I — A)~191_; ects opToronamsuoe gononnenue k SD(S), T.e.
(I- A~y = N,.

9To paBeHCTBO B coequnenuy ¢ (5.12) u (5.13) goxasniBaeT mep-
BYIO YacTh TeopeMHl 13.

Ilycrs Temepb S; — Kakoe-TuGO CaMOCONPAXKEeHHOE pacUIMpeHUe
omepaTopa S, ob61ajaloliee TeM CBOUCTBOM, YTO

No C D(51), Si1p=0 (p€ No). (5.14)

Mokaxem, yTo S = Spf.
Jlng 5Toro 3aMeTHM, YTO BCAKMH BEeKTOP f € § MOXHO IIpeICTa-
BATH B BHJ/Ie OPTOTOHAILHOM CyMMBI:

f=¢p+g, 1toe PENY, gEM=25HOMN,
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npu sToM, eciu f € D(S;), To, B cuny (5.14), Takxe g € D(S;)
$1f = S19-

Hs (5.14) BEITekaeT TakXe, YTO
N(S1) LNy, T.e. N(S1)C M. (5.15)

TakuM obpasoM, I TPUBOTUT omepaTop S ¥ Jig o6NacTH ompenene-
uug Do(S1) omepatopa S; B M umeen|

Do(51) = PapD(51) = D(S1) N .

C nmpyroii cTopoHsl, Tak kak Sy ecThb pacmupenue S, To N(S1) D
> N(S) = mit, a crepoBarensno, npu conocrasnenuy ¢ (5.15) maxo-
[uM

SlDo(Sl) = ‘JI(SI) =M.

IMonyyenHOe PaBeHCTBO IIOKa3HIBAET, YTO OmEpPaTop S; MMeeT B M
06paTHHI oepaTop Sf_l)
IlycTh Temeph S — Kakoe-TH60 CaMOCONPSIKEHHOE PACIIHpEHHe
omepaTtopa §, Taxoe, YTO m(§ ) > 0.
Bcakomy BekTopy g € M oTBeYaeT BEKTOP

, KOTOPHIH X TOMY € OrDaHHYeH.

f=5gem, (5.16)

nng xoroporo Sy f = g. C gpyro# croposH, Tak kax N(S) = M, To
g OTBeYaeT TakKXe HEKOTOpHH BekTop fi € D(S) TakoH, 4To

Shi=SH=8fi=¢g (=5,
OTKyJa ~
=89, S*A-f=S(A-f)=0

4, BHAYHUT,
h=Ff+¢ (p€Ny),

TPm — omepaTop OpTOrOHAIBLHOTO HpoekTHpoBanua Ha IN.

ttTax xax Mo ecTs oproronansioe gononnenue k I(S), To N(S) nzorHo B

M. C apyroit cTopoHw, Tax Kak no ycrosuio m(S) > 0, To, Kag Nerko BHAETS,
N(S) samruyTo. Orcioga M(S) = M.
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a Tak Kax f € M, To
f=Pyf = PpSly.
Conocrapnsgs ¢ paBencTBoM (5.16), MBIl BHOMM, 4TO
iV =Py 59 (gem).

TakuM o6pasoM, omepaTop Sf_l) He BaBHCUT OT BHOOpa caMo-
CONPSXKEHHOTO paciiMpeHHus S;, obnajaiomero cpoicTBoM (5.14),
a ClefJoBaTelbHO, CBOKCTBO (5.14) OJHOBHAYHO OIpefeNseT ONepPaToOp
S1, oTkyaa S; = SMm.

TeopeMa gokasana.

IlomyTHO MHEI foXaBaH, YTO onepaTop Sps uMeeT B I OGpATHHIM
OrpaHMYeHHHH OIlepaTop SI(\,;I) "

S Vg =PpStg  (gem), (5.17)

rae 5§ — NPOM3BOIBHOE CAMOCONPIKEHHOE PacClIHPeHHe olepaTopa
S, MOAYMHEHHOe euHCTBeHHOMY ycioBuio: m(S) > 0.

3. Temepp HETPYOHO TaK¥Ke BRIACHUTH, YTO IIPEICTABIIET COGOR
MHOXecTBO D[Sp].

IIng sroro samernM, 4To eci f € D(Spy), To

h=Suyfem.

C mpyro# cTOpoHH, B cui1y paBeHcTBa J(S) = 9N, HaligeTcs Takoe
g € D(S), 4to

a clemoBaTeNlbHO,

SuM(f-9)=0, ¢=f-geN.

TakuMm o6pasoM, snemenT f € D(Sp) Bcerga momyckaeT Ipen-
CTaBleHHe:

f=g9+¢ (9€D(S), ¢€MN). (5.18)

OvyeBuaHO TaKkXe, YTO U O6PATHO, €CTH HEKOTOPHIH 9leMeHT f €
€ $ pounyckaer npencrasienue (5.18), ro f € D(Spy).
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Tax xax Mo L D(S), To B npeacransnenun (5.18)
oL Sg=>5mg=>5mf
H, CleOBaTelbHO,

(Smf, f)=(S5g,9)- (5.19)

Ilycts Temeps

FeDIS], {fu}C D) u fudf.

Mocneguee, kak waBecTHO (cM. m.4.1), o3HaYaeT, 4TO
1) fo — f up n — o00;
2) (SM(fm = fr), (fm = fa)) — 0 npr m,n — oc.

Ilonarag, cornacko (5.18),

fo=gn+¢n (gnED(S)7 Pn €Ny, n=12..),

mony4aeM, B cuiy paseHctB (5.19):

(SM(fm - fn)7 fm — fn) = (S(gm‘_ gn)’ Im — gn) > m(S)lgm - gn|2
(m,n=1,2,..),

a ClefoBaTelbHO, YCIOBHe 2) [ud HociefoBaTenbHOCTH {f,} Bleder
3a co6OM CyIeCTBOBaHUE BIEMEHTa ¢ € §) TaKkoro, YTo
1')gn—+gnpnn—>oo,
U TIPH DTOM
21) (S(gm - gn)’ Im — gn) — 0 mpx m,n — oo.
Ycnosus 1'), 2') osnavaior, 4o gn;g» g ¥, TakKuM o6pasoM, g €
€ D[S].
C gpyroi cropoHsl, 3 1) u 1’) BHTekaeT, 4TO

pn—oep=f-g.

Tax kxak 9y — BaMKHyTOe MHOXeCTBO, TO ¢ € Ng.
Taxum o6pasoM,

f=g+¢ (g€ D[S], ¢€No). (5.20)
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Tak xax
Mo C D(Sm) C D[Sm], D[S] C D[Sum],

TO ¥ OGPaTHO, eClIH HEKOTOPHIH BIeMeHT f € §) JOoIyCKaeT MpPeACTaB-
nenue (5.20), o f € D[S].

Nrak, foxasaHa

Teopema 14. Ecau m(S) > 0, mo

D(Sp) = D(S)+ Mo, D[Sum] = D[S]+ Mo.

IIpu PopMynMpoBKe STOH TeOpeMH MH IONb3yeMci OGOBHave-
HMeM, COrTacHO KoTopoMy moj cuMmBoioM Ej + E; + --- 4+ E,, roe
Er e (k=1,2,..,p), IOHKMAETCE COBOKYIHOCTH DIEMEHTOB ¢
BUAA: g =g1 + g2+ -+ gk, e gk € By (k=1,2,...,p).

JlemmMa 7. Ecau m(S) > 0, mo

D(5*) = D(S,.) + Mo. (5.21)

JoxasarteanbcTBo. Iycrs f € D(5*) u S*f = h,
g =S;h. Torpa
geD(S,) u Sug=f.

C [pyro# CTOpOHH, Tak Kak omepaTop S* eCTh pacIIMpeHHe olepa-
Topa S,, TO TaKkXe

S*9g=h, S*'(f-9)=0
H, CIefloBaTenbHO, ¢ = f — g € Ny. Taxum obpasom,

f=9+f (peN, g€ D(SL)),

D(S™) C D(5,) + Mo.

C Opyro# cTOpOHH, UMeeM
No C D(S*), D(S,)C D(S*), Mo+ D(S,.)C D(S),

OTKyfJa cregyeT paBeHCTBo (5.21).
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Teopema 15. Ecau m(S) > 0, mo dag écgxoz0 noayozpanuuen-
noz2o pacwupenug S onepamopa S

D[S] = D[S]+ 9, rtme M =9 N D[S]. (5.22)

MoxasaTenscTBOo. IIpenmomkuM coepBa, YTO m(§) > 0.
Torpa, cormacuo Teopeme 11 u 14,

D[S] C D[Sm] = D[S] + Mo (5.23)

U TaK Kak -
D[S] c D[3], (5.24)

TO MH OPHXOAMM K cooTHomeHHO (5.22).

Ilycts Temeps m(S) < 0. Bubupas Torga a > —m(S), ME cMo-
XeM IpEMEeHUTH HepaBeHCTBO (5.23) x omepaTopam S +al u S + al
H TOrga HaHaeM

D[S] = D[S + aI] C D[S + aI]) + M, = D[S] + N, (5.25)
rge M, ecTh MHOXKECTBO PEIIeHHH 1) yPaBHEHAS
S*Y+ap =0.
Tak kak Ny € D(S5*), To, cornmacHo memme 7 B TeopeMe 10,
Na C D(S,) + Mo C D[S] + Mo,
4TO B COYeTaHHM C cooTHomenueM (5.25) gaeT
D[5]  D[S]+ Mo

Ilocnennee xe BMecTe ¢ (5.25) Bueder paBencTBO (5.22).

TeopeMma gokasaHa.

Jlemma 8. Ecau S — noayoepanuuennoe chudy pacuupenue one-
pamopa S(m(S) > 0) u

g€ D[S], ¢eNNDIS],

mo §[g,cp] =0.
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IHoxasaTenbcTBO. besorpanniyendd o6IIHOCTH MH
MOXeM IIPeJNoNOXHUTh, YTO

m(§) > -1.

Torpga, cornacuo neMMme 3, D[S] ecTs runbp6epTOBO IPOCTPAHCTBO CO
CKaIIpHLIM IPOM3BeJeHHEeM

(9,f)s = (9, f) + Slg, f1 (g,f € D[S]),

upu sroM D(S) mIoTHO B 9TOM HPOCTpaHCTBE.
CaenoBaTensHo, aug snementa g € D[S] C D[S] HalileTca mocie-
JoBaTenbHOCTh {gn} € D(S) Takag, yTo

(9= 9n1g—9gn)s—0, gn—yg. (5.26)
A -Tax xak, COrIacHO TeMMe 4, Ipu T=S5 +1
~ =L =1
(g,f)g = T[g’ f] = (ngszf)7

T0 (5.26) o3HadaeT, YTO

a CllefIoBaTeNbHO,
Slg,el + (9,9) = Tlo,¢] = (T29,Th) = lim (T3ga, T2¢). (5.27)
C gpyro# CTOpOHH, TaK Kak
{gn} C D(S) = D(T) c D(T),
To M3 paBeHCTBa (5.27) BEHTeKaeT Jaiee, YTO
519, ¢+ (9,9) = lim (Tgn, ) = lim (Tgn, ) =

= nlLHéo[(Sgn, SD) + (grn QO)] = (g’ SD)’

u6o ¢ L N(S).
JleMMa JokasaHa.
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Teopema 16f. Ecau § — NOAYOSPAHUNERNKOE PACLUPENRLE One-
pamopa S(m(S) > 0), mo dag nosorcumesbnocmu S neobrodumo u
docmamouno, 4mobni

Slp,¢]>0 (€ 9M%nN DIS]). (5.28)

OHoxasatTenbcTso. [edcrBurensuo, S > 0 B ToM &
TONBKO B TOM CIIy4ae, eClIH

Sif, f1>0 (f € D[S). (5.29)

TakuM oGpasoM, ycnoBue (5.28) HeOGXOAMMO; HO OHO H JOCTa-
To4HO, H60, ectu f € D[S], To, cornacno Teopeme 15,

f=g+¢ (g€D[S], ¢e€NnD[S)),

a TOTJa, B CHIY leMMH 8,

51f, f1 = Slg, 9] + Sle, @] > Sle, ¢l

H, cleoBaTelbHO, HepaBeHcTBO (5.28) Biredet (5.29).

Teopema gokasana.

Teopema 17. Fcau §k (k = 1,2) — noayozpanuuennvie pac-
wupenug onepamopa S (m(S) > 0), mo dag mozo umobsvt zoms 6
npu odnom a > m(Sx) (k = 1,2) (a mozda u npu écez maxuz a)
UMEAO MECTNO HEPABEHCTNBO

(S1+a)P < (824 a7t
#e06Z00UMO U AOCTNAMOYHO 6BINOANEHUT CACTYIOUUT YCA0BUT:

No N D[S41] C N N D[Ss] (5.30)

Sale, 0l < S1le,¢] (¢ € 9o N D[Sy)). (5.31)

'r,IInx TOro cayvad, xorja n < oo, (n,n) — uHAEKC JedexTa onepaTopa S, HaMH
noaxe 6yfieT AoKasaHO Gollee oflliee IpeIOKEHHE (cM. Teopemy 19, §6).
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HoxasaTtTenscTBo. CornacHo temme 6, §4, ans goxa-
BaTeNbCTBA TeOPeMH JOCTATOYHO YCTAHOBATH, 4TO ycioBHe (5.30)
SKBHBAJIEHTHO COOTHOIIEHHIO

D[Sll C D[Sz] (5.32)

¥ 410 1npy BunonHennd (5.32) ycnosue (5.31) 9KBHBAIEHTHO CIeNyIO-
meMy HepaBeHCTBY:

Saolf, f1< Slf, f] - (f € D[S1)). (5.33)

OxBuBaneHTHOCTH(5.30) ¥ (5.32) BEITEKaeT O4eBHAHEIM 0GPaB3OM
U3 TeopeMH 15.
C apyrou cropousl, ecmu f € D[S1] C D[S:], To, cornacuo Toi
JXKe TeopeMme,
f=g9+¢

(9 € D(S), ¢ €NND[S1])

H MODTOMY, B CHIY JIEeMMH 8,

S1lf, f1 = Salf, f] = Sile, ] — Sale, ¢l

Teopema gokasaHna.

§ 6. Ilonyorpanm4yeHHble ONEePaTOPhI
C KOHEYHLIM fiePeK THHIM amncnom!

1. CpopmynupyeM mpexae BCero cieqyoUIyio TeopeMmy:

Teopema 18. Ecau noayozpanuuennsiii cnu3y onepamop T ume-
em xoneunoe dedexmuoe wucao n(T) < oo, mo ecaxoe ezo camocon-
paxcennoe pacwupenue T maxdce noayozpanuveno u, 6osee mozo,
cnexmp maxozo pacuwupenus 6 unmepsaae (—oo,m(T)) cocmoum
U3 KOHEUHO020 UUCAQ COOCTMEEHHBIZ wuces, CYMMa xpamuocmets Ko-
‘mopuwiz ne npesoczodum n(T).

Jloxa3aTennCTBO STOH TEOPEMHE! HE NPENCTaBIgeT HAKAKOTO TPY-
na. OpHaxo, Tak Kak B clegyioleM maparpade 6ymeT goxasano 6onee

t,[[e(bex'muu YHCIOM SDMHTOBa ON€paTOpa C HHAEKCOM fAedekTa (n,n) HasH-
BaeTCHd KapJHHAJILHOE YHCIO M.
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obyee npegnoxenue (TeopeMa 21), TO MBI OIYCTHM [OKa3aTeNbCTBO
TeopeMHul 18.

Teopema 15 nmosBongeT ycTaHOBUTH Goliee TOHKOE npe;],nox(e}mdL .

Teopema 19. ITycms S — nexomopoe camoconpixcennoe pac-
wupenue onepamopa S, dag xomopozo m(S) > 0 u deexmmnoe wuc-
40 N KOMOP020 KOMeuHo; nycmb, dasee, {P1,P2,...,Pr} — Hexo-
mopbii 6a3uc nepecevenud mnoxcecme Ng u D[S]. Tozda v(S) —
CYMMA Kpamuocmeti OMPUYANEALHBIT COOCTMEENNBIT uUCes ONepa-
mopa S — 6 MOYNOCTIU PAGHA YUCAY OMPUYATMEALHLIT K6AIPATNOE

popubt
Y Sloi, erléie. (6.1)

Hk=1

JoxasartenscTBo. CornacHo nemMe 4 (§4), gng noGoro
f € D(T) umeem! 1

o0 0 v
517, 1 = / AIEQV) 2 > / MEWSE = S wil(f )12,
m m j:l

rae Y1, P2, ..., ¥, — NOIHAL OPTOHOPMHUPOBaHHAA CHCTEMa COGCTBEH-
HHX BEKTOPOB S, OTBEYAIOMHAX OTPUIATENHHEIM COOCTBEHHBIM YHC-
TaM

pr Spp <<y (<0)

omepaTtopa S.
B wactHOCTH, MONArag

F=Y ben,
k=1

f.Herxo coo6pasHTh, 4YTO Teopema 18 gBiudeTCHA cleqcTBHeM TeopeMsl 19;
OfHAKO Ha 9TO OOGCTOATENBCTBO MEI COCIATHCHE He MOXEM, TaK KakK IPH JAOKa-
3aTeIbCTBE NOCIEAHEH MH GyfeM onmMpaThCcd Ha TeopeMy 18, mpeamonarad ycTa-
HOBIEHHBIM, YTO OTPHUATENHHBIH CNEKTP ONEPATOpPa S COCTOHT M3 KOHEMHOTO
YHCla COGCTBEHHBIX YHCEl.

ttMm npegnonaraem, 4To m = m(S) < 0, 60 CIPaBEXTHBOCTE TEOPEMEI MPH
m(S) > 0 oueBnana.
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HoNy4aeM
T - _ v 2
> Slei, orléilr > Y 1 :

5k=1 =1

D (ki)

k=1

OTcioga BHTEKaeT, YTO YHCIO P OTPHUATENBHHX KBaAPpaTOB (POPMEL
(6.1) He Gombre v.
C Opyro# cCTOPOHH, COTIacHO Teopeme 15, uMeeM

b= awer+x; (D[S} §=1,2,..,0),
k=1

a CliegoBaTelbHO,

p=> mivi= Gortx=0+x

7=1 k=1

rae

-
& = Zajknj (kv=.l,2,...,r),
i=1

X =Y_mjx; € D[S].

j=1

Ho Torpa, cornmacuo nemme 8,

S[9, ¥ = Sle, o] + S[x, x] = Sle, ¢l + Slx, x1 > Sle, ¢l-

Taxum o6pazoM,

S, 91 = lumil® 2 Slos oxlCice = Sle, ¢,
=1

3k

oTkyga v < p.

TeopeMma moxasana.

2. NInd ganbHeHIIero HaM MOHaAO0ATCA HEKOTOpHeE OoflIHe MONO-
JKEeHHH, OTHOCHIINECS K HPOMSBOILHHM BPMHTOBHM OIEpaTOpaM C
uHekcoM aedekTa (n,n), rae n < 0o.
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Ilycts H(D(H) = $) — HexoTopHil Taxo# oneparop, H — ero
HEKOTOpOe CaMOCONMpPIXEHHOe PaCIMpeHne H

Ry=(H - D)™

— pesonbBeHTa omepaTopa H , CymecTByomas [y Bcex perynLgpHEIX
sHadeHdH A (T.e. BHaYeHHH A, He MpHHaJIeXaluX cnekTpy H).

Bri6upas mpoussonsuo Ag (J(Ag) # 0), mocTpoumM Kakou-1u6o op-
TOHOpMHPOBaHHEH 6asuc {©1(Ao), ..., Pn(A0)} MHOXecTBa ), Bcex
pemenuil ¢ ypaBHenus H*p — Aoy = 0 ¥ monoxuM mius moboro pery-
N4pHOTO A

@i(A) = @i(A0) + (A= Xo)Rapi(Xa) (G =1,2,...,n).
IMonbsysch PyHKUMOHATHLHEIM YPaBHEHHEM Pe30IbBEHTHI
R, =Rx+(p— A)R,R),

HETPYAHO IIOKa3aTh, YTO TOTJa MIf MIOGHX ABYX peryldpHHX 3Haye-
HEOA p M A

ei(k) = 9i(A) + (k= MRup;(A)  (G=1,..,n). (62)

Ilonarag sgech j1 = Ag, MH IPHAEM K BaKIIOYEHHIO, YTO MPH TI0G0M
PETyIAPHOM A BEKTOPH 1(A), ..., Pn(A) nuHelHO HesvaBucuMH. Tloka-
’KeM, YTO OHH COCTaBIFIOT OasMc MHOXecTBa 9I1) penleHHH
ypaBHEHUS

H*o = Ao (6.3)

B camoMm pemne, Tak kak
H*R\f = HR\f = f+ AR\ (f €9),
TO, cornacuo onpenenennio (6.2),
H*piA = H¢j(d0) + (A = ) H*Rap;(A) = dow;(Ao)+
+(A = 20)(pi(Xo) + ARrp;(X)) = Ap;(A) (5 =1,2,..,n).
BBegeM B paccMOTpeHHe YHHTAPHHH ONEpPaTOp

Uy=(H-X)(H-X)"=TI+()-XR,. (6.4)
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3aMmends B paBencTBe (6.3) sHadeHHe 4 Ha A, a A Ha A, HAXOOUM

Urpi(X) = ¢i(A)  (G=1,...,n). (6.5)
Tak xax mo moctpoeruio {¢1(Ao),...,¢n(Ao)} — opToHOPMEpO-
BaHHHIA Gasuc, a Uy u Uy = Uy ! — yHuTapHHe omepaTOpH, TO

6asuc
{£1(X0), -+ Pn(A0)}

- - * BY —
MHOXecTBa Ny peulenudl ¢ ypasnenus H*p — Aoy = 0 Takxe opTo-
HOPMHDOBAH.
YuuTeBag, 4To 93 €CTh OpTOrOHanbHOe JononHende k N(H —
—Aol), MHI BaKIO49aeM, YTO npd mo6oM f € §

Fro = F=D_(frer(20))er(A0) € N(H — Aol),

a ClleIOBATEIbHO, IPH 11060M f € § BHIpaXxeHHe
U (f -2 <Pk(’_\0))‘Pk(/—\0)) = fro+ (A=) (H = XoI)7 fi, (6.6)
1

He BaBHCUT OT BHOOpa paclIMpeHAd H omepaTtopa H.

IIyctp Teneps H — HEKOTOpOe OTIHYHOE OT H CaMOCOIpAXKeH-
HO€e pacIIHpeHHe onepaTopa H M mycTh, B COINIACHH C IIPeNbLIyIUMHA
0003HaYeHUIMH,

R, =(H'-AD)7', U,=I+(\-\)R,.

Tax xak x omeparopy Uj IpUMEHHME Te Xe PacCyX[eHHS, YTO H K
onepatopy Uy, To, B CHIy CKa3aHHOTO 0 BekTope (6.6),

U3 (£ = (5 oxOoen(Ra)) =

D (f - heloed)  (Fem.  (6D)
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Omnepatop Uj , Tax xe xax u oneparop U),, npeo6pasyer uso-
MeTpHYEeCKH ‘JI’AO B M), , MOPTOMY

Us,0k(Ro) = Y _uikpi(do)  (k=1,2,...,n), (6.8)
Jj=1

rae ||ujk]|? — HexoTopas YHCIOBad yHHTapHAd MATpPHIA.
Conocrasnis paBenctsa (6.4), (6.5), (6.7) u (6.8), HaxoguM
n

Bpof = Bauf + 575 3 (uie = 50, 0:00)pi(h0) (f €9).
1,k=1

(6.9)

OGosHa4yuM Yepe3 T paHT MATPHIH ||ujx — §;x(|T. Sa cder nMero-

merocs MPOM3BONa B BHIGOpe opTOHOpMUpOBaHHOro G6asuca {¢1(Ao),
.-y @k(Ao)} cooTHOmIEHHE (6.8) MOXHO GyfeT MPABECTH K BHAY

oS = Baof = D ain(frox(M0))pi(Ao) (fEH),  €6.10)
7.k=1

rae ||a;k||] — HexoTopas HeocoGeHHad MATPHIA.
BBegeM B paccMOTpeHHe MATPHIY

Q(%0) = 1Q;k(M)lIT = lleiell ™! (6.11)
H, falee, Iis TIOGOH PeryingpHOi TOYKH A ollepaTopa H— MaTpHIY
Q) = Q(R0) + (A = 20)lle; (M), px(Ao)IT- (6.12)

C nmomompio ypasuenuit (6.3) HeTPyaHO MOKa3aTh, 4TO AL TIOGHX
peryinipHHX TO4YeK A H u oneparopa H

Q(A) = Q1) + (A — (@5 (A), ()1 (6.13)

Kpowme Toro, ecniu giis HEKOTOPOro PEryiIipHOTO A

det Q(A) # 0, (6.14)
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ol
r

Ry=Ry- Y QGVONfeiM)ee(V) (fFes).  (6.15)

Jk=1

IIng A = Ag oT0 paBercTBo cregyet u3 (6.10) u (6.11). g mio-
60ro Opyroro peryispHoro A, yJAOBIETBOpSIioIero ycnoBuio (6.14),
9TO PaBEHCTBO YCTaHABIMBAETCH Iy TEM HENOCPEICTBEHHON TPOBEPKH
TOTO, 4TO JaBaeMoe HM BHpaxeHue jus R f ynoreTopseT ypaBHe-
HUIO

A =Ry f+ (A= Q)RR f  (f€9)

Tak xax det Q(Ag) # 0, To B HEKOTOPOH OKPECTHOCTH TOYKH Ag
ycioBue (6.14) GyaeT BHIIOIHATHCE.

ITokaxeM, yTo ycioBue (6.14) BHIONHIETCH A1 TOGOT0 BHAYEHHS
), peryigpHoro oguoBpeMeno and H u H'.

[lng sToro cmepBa BaMeTHM, YTO TakK kak det @(\) — romomopd-
Has (YHKIHS B OKPeCTHOCTH BCIKOH peryngpHod mis H TodYxH A,
TO Takaf TOYKAa He MOXeT OHITH TOYKOH CTYIIEHHUS HYyIeH STOro ae-
TepMHHAHTA H, CIeIOBATEIbHO, B TIOG0H €e OKPECTHOCTH HaWIyTCH
BHaveHUd A, JIf KOTOPHIX GYAyT UMeTh MeCTO cooTHoumlenud (6.14)
u (6.15).

C npyro#i cCTOpOHHI, eCIH A1 — TakXe peryiipHai TOYKa oOIe-
paTopa H, To, OTHPaBI44Ch OT BHAYEHUS A\, MBI CMOXEM JOKaB3aTh,
YTO B HEKOTOPOH OKPECTHOCTH TOHYKH Ay

Bi=Rf- 3 PSOASONGR) (Fes),  (6.16)

ak=1

rae pi(A), ..., ¢y, (4) — HEKOTOpHe NHHEHHO He3aBHCHMBIE PellleHH:
ypaBHeHus (6.1), yaoBneTBopsiomue GyHKIHOHAILHHM ypaBHEHHIM
tuna (6.3). CpaBuuBag paBencTBa (6.15) u (6.16) gng Tex sHave-
HAH A, A4 KOTOPHIX DTH PaBeHCTBa OJHOBPEMEHHO HMEIOT MeCTO,

-1 o -
1"—Iepea ng ) Mbl 0603Ha4YaeM 3IEMEHTH OGPAaTHOH MaTpPHILI Q 1. Bame-
THM, KCTaTH, 4ro dopmyust (6.3), (6.13), (6.15) aHanorm4HH H3BECTHHIM Qop-
mynam H. Bateman’a [8] B TeopHm HHTerpalbHBIX ypaBHEHHH (CM. TakXe:

Kanmopoesuu-Kpeiaos, Ipubnuxennoe pemenne audpdepeHiHaIbEBX ypaBHEHHH
B MacTHHIX mpousBogueix. — M.-JL., 1936).
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MBI HAXOAMM, YTO 71 = T H YTO CYyleCTByeT HeOCOOEHHAd YHCIOBag
matpuua |[Cj||] Takag, 4To npn moGoM A, peryngpuoM g H,

Pi(N) =) Crier(V) (G =1,2,.07)
k=1

H TomaT

P()) = C*Q(M\)C (6.17)

V1L BceX A, Iis KOTOPHIX HMeIOT MeCTO paBeHCTBa (6.15) n (6.16), a
SHA4YHUT, ¥ [JIg BCeX PerylgpHEIX TOo4ek A omepaTopa H. B 4acTHOC-
TH, U3 cooTHoureHusd (6.17) mpn A = A; HalineM

det Q(X;) = det P(\;)| det C|* # 0.

Hame yTBepxpaenue JoxasaHo.

3. Ilocne 5THX MpegBapHTENbHHX COOOpaKeHNH [OKaXKEM CIe[y-
IOIYIO TeopeMy. 5

Teopema 20. Ilycms S,S u {¢1,...,pr} — maxosvt xce, xKax u
6 meopese 17. Ecau 0 — pezyagpnad mouxa onepamopa, mo

ST f=87F -3 ai(fei)en (fE€9),

k=1

ede ||laj||] — necuneyagpuag spmumosa mampuya, obaadaowad men
CBOUCMBOM, UMO YUCAO OMPUYAMEALHBIT Keadpamos dopmbl

.
> anéie
hk=1

8 MOYHOCTNU PABHO CYMME KpamHocmet OMPUYAMEAbRBIT cObCMEeN-
MBI uUuces onepamopa S.

HokasaTenscTBo. Mu GygeM mOnNb30BaThCI PE3YILTATAMH
.2 IPYMEHUTENBHO K CIy4alo

H=S, H=§, H' =6,

ter — MATpHHNa, KOMIUIEKCHO-CONDAXXEHHAA H TPAHCIOHHPOBAHHAX 1O OTHO-
wenuio x marpune C = HCjkIH.
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Tax xax SHaYeHUI 5
a>-m(S),0

~

CYTh perynipHble sHadeHHs gus H u H !, To, cormacHo Qopmyie
(6.15),
(Su+al)7'f=

1
—Gra) - Y QA fe- -0 (618
Jk=1
C papyroil CTODOHHI, IPH pacCMATpPUBaeMHIX BHAYEHHIX 4 K
omepatopaM S + al u S, + al npuMeHnMa TeopeMa 12, B cuiIy KO-
TOpOH

(Sut+al)™ =(S+al) = (S+aD)y ,

rge M_, — MHOXECTBO BCEX DelIeHHH ypaBHeHHE S*¢p + ap = 0.
Taxum o6pasoM,

(S+al)y f= ZQ‘ Y(=a)(f,0i(~a))pi(~a) (f € B).

Jik=1

IIpunoMunad Temeps npeguoxenue ¢ u3 §1, MH BakI04YaeM, 1TO
cucteMa {p1(—a), ..., ¢r,(—a)} obpasyer Gasuc nepecedeHus

N_q N D((S + al)?) = N_, N D[S] (6.19)
Q=)= [ A+ dEN)e(-a),u(-a) =
m(S)

= Slpj(—a), pr(—a)l+a(pj(—a), pr(—a))  (j,k =1,...,m1). (6.20)

3aMeTHM Telnepb, YTO €CIM HEKOTOpai BeKTOp-QyHKuuL ()

(A mpoGeraeT MHOXeCTBO DeryIfpHEIX TOYEK OLEpaTOpa §) yOoB-
JeTBopfeT PyHKUMOHAIHLHOMY YPaBHEHHIO

e(A) = o(u) + (A = ) Rap(u)
(Ry= (5 -1 (6.21)

¥ XOT4 OHl I OJHOI'O peryIapHOro 3HaveHus A BekTop ¢(A) € D(S),
TO 9TO XKe UMeeT MeCTO Ijid BCeX PerylIgpHBIX 3HAYeHHH .
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B camou ferne, ectu () € D[S], To, Tak xak Rap(u) € D(S) c
C D[S] B cuny ypasrenus (6.21) Taxxe p()) € D[S]. Hooromy, ecan
cucreMa {p1(—a),..., ¢, (—a)} cocraBager 6asuc MHOXKecTBa (6.19),
to cucrema {¢;(0),...,¢r,(0)} OymeT cocTaBnITh 6a3UC MHOXECTBA

Mo N D[S;]

H, CleIoBaTelbHO, MOXeT GHITh BhIGpaHa B XadecTBe Gasuca {®i, ...
.eesPr}, O KOTOPOM HAET peyb B TeopeMe 20 (u, cTano G6HITH, 'y = T).

B paBencrse (6.18) oHaYenne ¢ MOXHO BaMEHHTDH TIOGHM pery-
NAPHLIM 3HaYeHHeM A omeparopa S. B YacTHOCTH, MBI MoXeM TOJO-
XHTh TaM a = 0 ¥ Torja momy4iuM

Sif=58"1f- Z Q4 V(0)(£, £i(0))ex(0). (6.22)

J.k=1

C gpyroit CTOpOHHI, ecid B o6eux JacTEX paBeHcTBa (6.20) sa-
MEHHTH @ Ha A, TO MBI MTONYYHM TaM AHATATHYeCKHe PYHKIMH OT A
H, TaK KaK OHH COBIAJAIOT MPU BCeX JOCTATOYHO GOINBUIHX MOIOXKH-
TEeNbHEIX 3HAYEHUIX APTYMEeHTa, OHM TOX[IECTBEHHO PaBHEI IIPH BCeX
A, peryngpuuix mug S. CruegoBarensHo, B (6.20) MOXKHO MOIOXHATH
a=0.

TakuM ob6pasoM,

Qx(0) = S1pi(0),0x(0)]  (Jsk =1,..7), (6.23)

4TO BMeCTe ¢ paBeHCTBOM (6.22) u Teopemoit 19 naer Teopemy 20.

Jameuanue 6.1. Us coorHomrenns (6.23) peitexaer, 10 ecmu 0
— peryngpHad TO4YkKa omepatopa S, To ¢opma (6.1) HecunrynspHa.
Hetpynno y6enurbcd B Tom, 4To panr ¢opmu (6.1) Bcerma pasen
r —d, rae d(> 0) — xpaTrocTh WHcna 0, kKak COBCTBEHHOrO YHCIA
omepaTtopa S.

§ 7. OpMATOBEI ONEPATOPLI
CO CHEKTPAJILHLIM JIIOKOM

XOoTHd OCHOBHOHM 33jJadedl HAcTOfIeH paboThl ABIFETCS MCCIENO-
BaHHE CAMOCOIPHXKEHHBIX PACIIUPEHUH TONYyOrpaHHYeHHEIX OllepaTo-
POB, TeM He MeHee [eneco06PasHO MPHBECTH BLITEKAIONIME U3 HAIIHX



TeopHst caMOCONPAXKEHHBIX PacUIMPEHHH 153

PAcCMOTPEHHH CIeACTBUA B TEOPHH CAMOCONPEXKEHHBIX PacCIIMpeHHui
IPOUBBOIBHEIX DPMUTOBHIX OIEPATOPOB.

1. Ilycts H — HeKOTOpHI! SPMUTOB ONEPATOpP, 06IACThH Ompe/e-
nenus xoroporo D(H) nnoTHa B §.

Koneunsiit uaTepBal (a,b) ycnoBnMcs Ha3HBATh 4I0KOM ONlepa-
Topa H, ecan

a+b
2

b—a
>

Hf - 2=

f I/l (f € D(H)).

Ecmu H — caMoconpsXeHHHIl ONepaToOp, TO YTBepXKAeHUE, UTO
(a,b) — mok omepaTopa, PaBHOCHIBHO, KaK 1eIKO BHAETDh, yTBEPXK-
JeHuio, 4To (a,b) ecTh MHTepBal peryngpHocTH omeparopa H (T.e.
4TO HHTepBal (a,b) COCTOHT HCKIIOYUTENBHO U3 PeryIdpHEIX TOYEK
onepaTtopa H).

HmeeT MecToO

Teopema 21. Ecau spmumos onepamop H(D(H) = H) umeem
a0k (a,b), mo on donycxkaem camoconpgxrcennvie pacwupenug!, u
cpedu nocaednuz natidemed no xpatinet mepe odno pacwupenue, dag
xomopozo unmepeaa (a,b) fFeagemed unmepea.som pezyagprocmau.

HJokxasaTenscTBo. Ecin BMecro onepatropa H pac-
CMaTPHBATh ONEPATOP

Hy = 2 (H—a+bI),

b—a 2
TO MBI OyileM HMeTh ciaydail, korja ¢ = —1, b = 1. IlosToMy Ges
OTpaHMYeHHd OGHIHOCTH MOXHO Cpasy IPUHATH, 4To @ = —1, b =1,
T.e. 4TO onepatop H ynoBreTBOpHAeT yCIOBHIO
|Hf|2|fl (fe D(H)). (7.1)

OnpenenumM Ha MHOXecTBe 9(A) 5pMUTOB omepaTop A, monarad
| AHf=[ (f€D(H).
Taxum o6pasom, D(A) = N(H) u, B cuny ycnosus 7.1,
|[Agl <lg] (9 € D(A)),

f3’1‘0 yTBepXjeHHe TeopeMsul 6buto ycraHosneno emte J.N.Calkin’eim (cm. [9],
Teopema 2).
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[[A|l £ 1. o Teopeme 2, onepaTop A AomyckaeT IO KpadHei
Mepe OHO CaMOCONpIXeHHoe pacimupenne A ¢ opmoi < 1 (||4| <
<1). IlokaxeM, 4To () He eCTh COGCTBeHHOE YHCIO ONEPATOpPa A.

B camoM pienie, fonycTuB cyirecTBoBaHMe BekTopa ¢ # 0, mas
KOTOPOTO /I(,o = 0, MBL CMOXeM yTBepXAaTh, 4To ¢ L I(A); HO
mociegHee HEBOBMOXHO, H60

o(A) c N(A) = D(H), DH)=$.

Ho ecut 0 He ecTh cOGCTBEHHOE THCIO ONEPATOPA A TO CyMIECTBYeT
omepaTop H=A4" LN ABIFIOIMACE BMeCTe C A CaMOCONpAXKeHHBIM
oneparopoM. Tax kak || A [|< 1, To

[Hfl>1fl  (f e D(H)),

T.e. uHTepBal (—1,1) ecTh MIOK WIK, YTO TO XKe caMoe AIf JAHHOTO
ciydas, MHTEPBAI PEryIgPHOCTH ONepaTopa H. Tax kax caMoconps-
XKeHHHIH onepaTop H gBIgeTcd, OYeBHIHO, PACIIMPEHHEM OTEPaTOpa
H, 10 TeopeMa [I0OKaBaHa.

M=l mpemocTaBIfeM YHTATENI0 BO3MOXHOCTH MOINYYHTH C TO-
MOINBIO OCTATBHEIX TeopeM §2 COOTBeTCTBYMOLIHE KPHUTEPHH TOrO,
xora onepatop H c moxoum (a, ) gomyckaeT eUHCTBEHHOE CAMOCOI-
pfKeHHOe pacuirHpende H ¢ uHTepBaloM peryigpHocTH (a,b).

2. Cuenyiouias TeopeMa, Kak ObUIO paHee YKaBaHO, KMeeT CBOMM
crencTBUEM TeopeMy 18.

Teopema 22. FEcau defexmuoe uucao n(> 0) apmuumosa one-
pamopa H ¢ aoxom (a,b) xoneuno, mo cnexmp awbozo camoconps-
acennozo pacwupenud H onepamopa H enympu (a,b) cocmoum u3
KOHEUNO020 UUCAA COOCTNBEHHBIT WUCEA, CYMMA KPAMHOCTELD KOMO-
pbiz He npesocrodum n.t

JokasaTenbcTBo. llycts H — HEKOTOpOe CaMOCONPSKEeH-
Hoe pacuiupenue omeparopa H, nus xotoporo (a,b) ecTs unTepBam
perynspHOCTH, a H — Kakoe-1u60 pyroe caMoCONpsKeHHOe PaCIH-
penue omepatopa H. B xaxmoit peryngpHoil Touke A omepatopoB H

tflerxo BHIETh, YTO eCiH S — ®pMHTOB omepaTop, To m(S) = b(> ~o0) B
TOM H TONBKO B TOM Cly4ae, KOIAa NpH mobom a < b unrepBax (a,b) ecTs miox
omepaTopa S; CIelOBaTeIbHO, TeOpeMa 18 BHITEKaeT M3 TeOpeMHI 22.
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u H' cooTBeTcTByIOIIHE BTHM ONlepaTOpaM pesombBeHTH Ry u R
CBE3AHBl COOTHOLIEHHEM

R\f = RAf+ZQ( DO)Sei(Mer(d) (fen)  (72)

Jik=1

rge 7 < n, a Bekrop-Qyukmun @r(A) (k = 1,2,...,7) 1 MaTpuyga
Q(A) = ||@Q;jx(A)||] romoMopdHEl Ha MHOXecTBe peryISpHEIX TOYEK
onepatopa Ry (cM. §6, m.2). OTcioga saxmodaeM, YTO CHEKTp ome-
paropa H BHyTpu HHTepBala (a,b) COCTOHT M3 H3OMHPOBAHHEIX COG-

CTBeHHBIX YHcel (KoTophie cyTh Hymn det @Q(A) ).
b

a+
IIpegnonoxuM cuepBa, YTO TOYKa € = —5  ~— PeryiipHai ToY-

ka gz H' u H. Torga B pasencTse (7.2) MOXHO 6yfeT MOIOXHTH
A = ¢ H MBI TOIYYHM

R.f = R.f - Z QSO @i(e))ex(c). (7.3)
1,k=1

OjHoBpeMeHHO BaMeTHM, YTO TaK Kak (a,b) — miok omeparTopa
H, to

2
|Rcf| < Talfl (f € 9). (7-4)
JomycTum Tenepb, BOIPEKH yTBePXKACHUIO TeOPEMEl, YTO Cyllle-

CTByeT OPTOHOPMHUPOBAHHAd CHCTeMa Py, Y2, ...,%Pn (R > T) cober-
BEeHHEIX BEeKTOpOB omepaTopa H, mid xoTopoi

Hvy;=piv;, a<pi<b (j=12,.,n0)

Torpa ang mo6Goro BekTopa f # 0 BHga

f=&¥r+ -+ &tn

HMeeT MeCTO HepaBeHCTBO

o] = |§ —ul> 2 a|§€j¢j‘ = I
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C npyroit CTOPOHBI, €CIM 7 > T, TO BCerja HaHjeTcd CHCTeMa
gucen (i, ...,(r, 3 KOTOPHIX He BCe PaBHEl HYIIO, TaKad, ITO

(f7 ‘Pk(c)) = Zéj("/)ja ’Pk(c)) =0 (k = 1,27 ceey n),

=1

u qud Hee, B cuny (7.3) u (7.4), 6yneM nmeTh

, 2
|RLA| = |Rof] < I

Msl OpHIITH K TTIPOTHBOPEYHIO.

HT&K, €ClIH TOYKa ¢ = eCcTh COOCTBEHHOEe YHCIIO omnepaTopa

H, To cniexTp omepaTopa H BHyTpH uHTepBana (a,b) 6yger cocTodTh
H3 COGCTBEHHBIX YHCEN, CyMMa KpaTHOCTEH KOTOphIX < T, a BHAYHUT,
H mogaBHo < n.

[IpeamonoxuM Temepb, 4YTO ¢ — COGCTBEHHOE YUCIO ONEPaTOpa
H'. B oroM cinydae mo6as To4Ka ¢;, OTIAIHAL OT ¢ M JOCTATOYHO
6nuskad K ¢, 6yJeT peryndpHOd TOYKOH omepaTopa H' 4, CleroBa-
TebHO, B CHIy YyXe [JOKa3aHHOrO, BO BCAKOM MHTepBale ¢ LeHTPOM
B TOYKe C1, Bakmoyamomemcs B (a,b), cuektp oneparopa H' 6yaer
COCTOSTH M3 COGCTBEHHHIX HHCell, CyMMa KPaTHOCTeH KOTOPHIX < 1,
a CIefoBaTEeIbHO, DTO Xe GyleT HMeTh MeCTO H BO BCEM OTKPHITOM
uHTepBate (a,b).

Teopema noxasana.

3ameuanue 7.1. Tem xe MeTOOOM MOXHO 6e3 TpyHa [OKa3aTh,
9TO eClH CIeKTP HEKOTOPOIO CaMOCONPIKEHHOTo pacuupenns H
onepatopa H (1 < m(H) < oo) BuyTpu unrepBaina (a,b) cocTout
U3 KOHEYHOTO YHCIa COGCTBEHHBIX YHCel, CyMMa KPAaTHOCTEH KOTO-
pbix < N, TO CIEKTP BCAKOIO HHOTO CaMOCONPAKEHHOI'O PACUIMp eHUs
H' oneparopa H BHyTpH (a,b) 6ymeT cOCTOATH U3 KOHEYHOTO YHCIA
COGCTBEHHHIX 4HCel, CyMMa KpaTHOCTEeH KOTOpPHIX < m + nm.

3. BemecTBeHHYI0 TOYKY A YCIOBHMCH HaSHBATb pe2ytdpHoil
mouxoti Ipmumosa onepamopa H, ecin OHa ABIFETCI peryngpHOH
TOUKOH XOTH GBI OZHOTO CaMOCONPIKEHHOro pacumperns H omepa-
Topa H.
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B cuny TeopeMu 21, ©T0 ompefeleRHe DKBHBAICHTHO TaKOMY:
mouxa A (—00 < A < 00) Ha3vieaemcd pezyagprot mouxod Ip-
MUMOBA ONEPAMOPA, €CAU HEXOMOPAI €€ OKPECTHOCTMb F6ALemcs
aoxom onepamopa H.

JIng cnydas, xorga n(H) < oo, HMeeT MeCTO

Teopema 23. ITycmo Ay < Az < + -+ < A; — pezyagpubie Mouxu
apmumosa onepamopa H, a py, Py, ...,ps — namypasbnvie yucsa ma-
xue, wmo p1 + p2 + -+- + ps = n(H). Tozda cywecmeyem no xpai-
neti Mepe 0dno camoconpacennoe pacwupenue H onepamopa H, das
xomopozo Aj (j = 1,2,...,5) g6agemcd COGCMEEHHBIM YUCAOM KPATT-
Hocmu ne menvwet p; (j = 1,2,...,3)1.

HokxasaTenbcTBO. Ecim Ay < A3 < -2 < A
— peryngpHbele TOYKH omepaTopa H, To HaloyTCE HONOXKHTEIbHEIE
aucna 6; > 0 (§ = 1,2,...,8) Takde, 4TO

|Hf - Xifl 2 é|f|  (f € D(H)). (7.5)

Hycts Hy — Kakoe-mH60 caMOCONPIXKEHHOE PAaCIIHPEHHe Olepa-
Topa H, gng koToporo A; — perynipHai Toika. O6o3HaTHM depes
"\ PesonbBeHTy omepaTopa H] M IOCTPOMM C NOMOWIHIO Hee Ioio-
MopPHHe Ha MHOXecTBe peryIipHHIX Todek omepaTopa H; BekTOp-
Qyukuum ¢;(A) (5 = 1,...,n), cocrapngomue 6a3HC pellleHHH ypaB-
Henus H*p = Aop.
O6ooHa4nM tepes D(H;1) MHOXeCTBO BeKTOPOB f € §) BHIA

=Y tiei(M)+g (g€ D(H)) (7.6)

i=1
H TIOMOXHM
P1
Hif=X zgj‘Pj(/\l) + Hg.
=1

Taxum o6pasoM, B HaCTHOCTH, HMeeM

Hl(loj(’\l) = A1“0.1.()‘1) (.7 = 172s---’pl)'

1'Teopeuy 23 cneayeT cauTaTh BrepsHe ycranopientoi H. Hamburger’om ([10],
TeopeMa 12), XoT4 OHa y Hero Hurje He popMylIBpyeTcd B TOK (opMe, KOTOPYIO
MH edl npujann. Hame j0KasaTeNbCTBO CylIeCTBEHHO OTIHYAeTCA OT JOKasa-
TenbcTBa Hamburger’a.
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Hetpyano mpoBeputTh, 4TO omnepatop H; ecTh HeKOoTOpoe ®p-
MHTOBO pacirupenue omepaTopa Hy. IlosToMy Bcixoe pelnenme ¢
YPaBHEHHS

Hig=Xp (JA#0) (7.7)
ABISETCH OJHOBPEMEHHO pellleHHeM ypaBHeHHs H*yp = Ay u, cieno-
BaTelbHO, UMeeT BHJ,

¢ = c1p1(N) + c2pa(N) + -+ + caion(N), (78)

rge ¢; (j = 1,...,n) — HexOoTOpHe KOMIITEKCHEIE IIOCTOSHHEIE.
Jlng Toro 4To6u BekTOp ¢ BHAA (7.8) AefCTBHTENHHO GEII pellie-
HueM ypaBHeHHd (7.7), HeOOXOAMMO U JOCTATOYHO, YTOGH

MoncTaBum ciofa BMecTo f ero BHIpaXkeHHe H3 paBeHCTBa (7.6);
Tak Kak npu f = g € D(H) ycnosue (7.9) BEnonHgeTcsd npH 1060M ¢
BHAa (7.8), MBI HalijieM, 4TO BTO yCIOBHe DKBHBATEHTHO BHIIOTHEHUIO
pPaBeHCTBa

(90’ on(A)) = ch((Pj(’\)”}ok(A)) =0 (k =1,2, ""nl)' (7'10)

Tax xax MaTpuna
llpi(A), Pe( MY (7.11)

opu A = A o6paiaeTcs B MaTpully I'paMMa, KOTopad HECHHTYIAPHA,
TO U HpH koMmIekcHHX A (JA # 0), gocTaTo4Ho GIHBKHX K Aq,
MaTpHua (7.11) 6ymer HecuuryngpHa. CnegoBaTelnbHO, IPH STUX XKe
A paHT MaTpHUH CHCTeMBl ypaBHeHuH (7.10) OTHOCHTENBHO Hems-
BECTHHIX €y, €2, ...,Cp, TOYHO PaBeH Pp, H, BHAYUT, 9T CHCTEMA HMeeT
TOYHO T — Py THHEHHO HE3aBHCHMBIX PeleHHH.

TaxuMm o6pasoM, mpu A, JOCTATOYHO OTMB3KHX K A;, ypaBHEHHe
(7.7) uMeeT TOYHO N — p; THHEHHO HEBABUCHMEIX DElLIEHHH, T.e.

n(Hl): n(H) - .

IToxaxeM Temepp, 4TO TOUKH Ay < Az < - < Ag CYyTh perynap-
HBle TOYKHM Takxke u ans H;. [ng oToro, npeacrasnss f € D(H,)
cormacHo paBeHCTBY (7.6) B Buze

f=¢v+g9 (g€ D(H)) (Hip=H"¢=Xyp),
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yUMTHBag HepaBeHCTBa (7.5) H ToT (axT, 4To ¢ L Hg — \;g, Haxo-
OHM
|Hyf = MifI? = |Hg = Aig+ (A = M)ol* =
= |Hg — Mgl + (A = MPlel* > 8219 + |A; — Mol
(1=2,3,...,9).

TTonoxum
6, =min(6;, A - A1) (1=2,3,...,8);

TOTJa

, 1,
8lgl* + 1% = MPlel” > 67(Ig* + lol*) > 56719 + ¢l*.

TaxuMm o6pasoM,
1 .
IHlf_AJfl 2 Ea_;lfl (] = 2’37'"18)7

T.e. Touku A; (j = 2,3,...,8) CyTh peryndpHhle TOYKH OIlepaTo-
pa H;.

Ananoru4Ho ToMy, Kax mo onepatopy H crpourcd oneparop H;,
MOXHO, OTIPABILICh OT onepaTopa H;, 06pasoBaTh ero SpMHTOBO
upogomxenue Hy, N1 KOTOPOTo A2 €CTh COGCTBEHHOE YHCIO MOPII-
Ka p2’

n(Hz) = n(H) — p1 — p2,
M Jjif KOTOPOr'O TOYKH Ag,...,As CYTh peryngpuue Todukd. IIpogon-
’Kad 9TOT IpolecC jalee, MK MPHAEM K CAMOCONPIXKEHHOMY OIlepa-
topy H,, XoTopsiil 6yJeT yJOBIeTBOPATH BCeM YCIOBHIM TeOpEMH
23 u 419 KOTOPOTO, MEXAY NPOIHM, A; GyaeT COGCTBEHHBIM THCIOM
POYHO KPATHOCTH Pj.

TeopeMa mokasaHa.

3ameuanue 7.2. Ilpu mokasarenbcTBe TeOpeMH He 06I3aTEIBHO
65110 HyMepoBaTh YHCIa Aj (7 = 1,2,...,8) no ux Bospacrauuo. Ilo-
®TOMY W3 HalleTo [J0Ka3aTelbCTBAa TeOPeMbl BHITEKaeT, YTO BCera
CyllecTByeT CaMOocConpaxeHHoe pacimupenne H oneparopa H, xoTo-
poe YIOBIeTBOPIET BCEM YCIOBHAM T€OpPEMH H [If KOTOPOro MPOU3-
BONBHO (PHKCHPOBaHHOE Aj GyJeT COOCTBEHHHM YHCIOM TOYHO KPaT-
HOCTH Pj.
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Ecau xe Bce Touku A; (j = 1,2,...,58) IpHHaLIeXKAT OSHOMY H
TOMY Xe JNIOKY omepaTopa H, To MoxHO byaeT, Gonee TOro, yTBep-
XIaTh, YTO CylIeCTBYeT CaMOCONpIXKeHHOe pacmuperue H, pid xo-
Toporo kaxgoe A; (j = 1,2,...,s) GyieT COGCTBEHHBIM THCIOM TOYHO
kpatHocTH p; (j = 1,2,...,,8). OTO yTBepXKJeHHe HENOCPEICTBEHHO
CliefiyeT U3 CONMOCTaBIeHHS TeopeM 22 u 23.

3aMeTHM, HakOHell, ITO M3 YKa3aHHOTO HaMH ClocoGa pacum-
penus omepatopa H pmo TpebGyemoro omepatopa H BHTekaeT, 4TO
NOCIeHNH HUKOT[a He ompeflelNseTcd eAHHCTBEHHKIM 00padoM, eCiH
s > 0 m, HaoGopoT, ompenenseTci eJHHCTBEHHHM oOOpasdoM, ecin
s=1.

4. CormacHO BTOpOMY OIIpeJeleHHIO peryiipHOH TOYKH SPMH-
TOBa oneparopa (cM. 1m.2, §7), ectd OTKPHTHIA HHTepBal (a,b) ecTh
HIOK SPMHUTOBa onepaTropa H, TO Bce TOYKH DTOTO HHTEPBAIa CYyTh
peryinspHHe TOYKH omepaTopa H.

OOGpaTHOe yTBepXIeHHe HEBepHO, T.€. €CIH BCe TOYKM OTKpPH-
TOro HHTepBala (a,b) CyTh perynsipHbie TOUKH onepaTopa H, To BO-
BCe He 06fg3aTeNbHO, YTOGH MHTepBal (a,b) GBI MIOKOM omepaTopa
H. Cornacuo Teopeme 23, B 9ToM ciy4ae (B NPeIIONOXEHUH, YTO
n(H) < 00) MOXHO GyfieT TOTbKO YTBePKAATH, YTO CHEKTP OG0T
CaMOCONPAXEHHOTO PACUIHPEHHI H onepaTopa H BHyTpH HHTepBala
(a,b) COCTOMT M3 W3OIHPOBAHHOIO MHOXECTBa COGCTBEHHHIX YHCEN
KOHEYHOM xpa'moc'rnt. ocnennee yTBepxpenue, xak 6yneT cleuo-
BaTh M3 MOMeEINaeMOH HHXe TeopeMH 24, B ciyiae IIPOCTOro olepa-
Topa H momyckaeT oGpalieHue.

HanmoMuuM, yTo spmuToB omepatop H (H # H*) nasmBaetcs
IPOCTHM, eClIH §) He COAePXKHUT HHKAKOro COGCTBEHHOIO MOJIPOCT-
paHCTBa, koTopoe NpuBoguT H ¥ B xoTopoM H — caMocomnpixen-
HHH OmepaTop.

IIpexne 4eM cPopMymHpoBaTh TeopeMy 24, ciemaeM cleayouiee
3aMeYaHHe OTHOCHTEIBHO IIPOCTHX BPMUTOBHX onepaTopoB H ¢ uH-
AexcoM JeQekTa (n,n), mpuyeM QI MPOCTOTH OTPAHMYHMCE CIIy-
qaeM, Korga n < oo.

ycTs H— HEKOTODPO€ CaMOCONPIXKEHHOE PacHIMpPeHHe IPOCTOro

tH6o, no TeopeMe leitne-Bopens, xaxauil BEyTpeRHMHE 10 OTHOWEHHO K (a, b)
uHTepBal (a1, b1) MOXHO Gy/leT MOKPHITH KOHEYAKIM YHCIOM IIOKOB onepaTopa H.
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omnepaTopa H, a R) — pesonbBeHTa H. O6pasyeM, Kak OBLIO NMOKa-
3aHo B 1.2 §6, THHeHHO HeBaBUCHMEIe romoMop(Hble BeKTOp-QyHKIHH
w;i(A) (7 =1,2,...,m) (JX # 0) 1 moxaxeM, ITO eCIH [If HEKOTO-
poro -BekTopa f € §

(feiN)=0 (j=1,2um, JA£0),  (T12)

To f =0.

B caMoMm Jiere, gonyckas IPOTHBHOE, PACCMOTPHM MHOXECTBO $Ho
BCeX BeKTOpOB f € ), Jjid KOTOPHIX HMeeT MecTO ToxgecTso (7.12).
Ipexnae Bcero gug mo6oro A (JA # 0) umeeMm

R)\f)o C ij)

n6o, ecnut f € o, To B CHIy cooTHomreHui (6.3),

(f05(0) = (£, 05(m))

(Rrf,0i(w) = (f, Rxpi(p)) = . =0

(J =12,..,n, p # ’—\)’

T.e. Ryf € $Ho.

C gpyroit cToponn, Tak kak cucteMa {p1(A),...,n(A)} obpa-
syeT 6asuc oproroanbioro gononsenus x N(H — AI) (JA # 0), o
KaxXgoMy olIeMeHTy f € §)o oTBedaeT BekTop g = g(A) (JA # 0)
TaKOH, YTO

Hg—-Xg=f, te g=RyfeD(H).
TaxuM o6pasoM, onepaTop H onpenenen Ha MHOXeCTBe
Dy = R3$0 C $Ho

H eClIH ero pacCMaTpPHBATHL B §H Ha Dl, TO TaM OH CaMOCONpAXEH,
ubo (H - /\I)Dl = fo (J/\ # 0)

[IycTs Temepsn
geD(H), f=(H-ADg (JA#0).
Pasnoxum BexTop f:

f=fo+fi (fo€$H, fi €HOH),



162 M.I'. Kpern. Ha6panusie Tpyael. Ku.2

TOTAa NOIYYHNM

g=Rrf=Rrfo+Rrfi=g0+ 91,

npu sToM go = Ry fo € Dy C D(H). Kpome Toro, Tax xax f; L H,
to fi L R;H0, a cienoBaTensHo, g1 = Rxfi L $Ho. Taxum obpasowm,
Kaxnpiii Bektop g € D (H) uMeeT cBoeli IpoekIKeH Ha, §) HEKOTOPHIH
BexTOp go € D; C D(H) T.e. $ npuBogut H.

Mp OpHIITH K IpOTHBOpedYHIo, KGO, Mo Impennonoxenuio, H —
IPOCTOH OTEpPaTOP.

YTBepxkIeHHe NOKa3aHO.

Teopema 241, Hyems H(D(H) = $ — npocmoti spmumoe one-
pamop ¢ undexcom dedexma (n,n), 2de 1 < n < oo. [Hag moezo
umobbl xadxcdad mouxa omxpvimozo unmepeada (a,b) bviia peey-
agprott mouxot onepamopa H, neobzodumo (docmamouno), umoboi
cnexmp 4106020 (zoms 66t 001H020) CAMOCONDINCERRO20 PACWUPEHUT
H onepamopa H enympu (a,b) cocmoga u3 u304upoeannozo muo-
Jcecmea cobCMBERNBIT wucea.

JoxasaTenbcTBo. Heo6xoquMOCTh yCIOBHE, KaK yxKe
OTMeYalloCh, CIEeAyeT K3 TeopeMh 23 He3aBHCHMO OT TOTO, IPOCTOH
nu oneparop H HuH HeT.

JlokaxeM JOCTaTOYHOCTh YKa3aHHOTO yCIOBHA.

Urak, nycts y H cymecTByeT caMOCONpiKeHHOe pacUIHpeHne H ,
CHEKTP KOTOpPOro BHYTPH (@,d) COCTOHT H3 H30OTHPOBAHHOTO MHO-
KecTBa co6cTBeHHBEIX Yucen {Aj}. Torma Bcgkad To4ka A, oTIHYHAL
ot Touek A;(j = 1,2,...), GymeT peryngpHo# TOHKOH omepaTopa H R
a oHa4uT, ¥ H. Ocraercs mokasaTs, uTo  TOUkH A; (j = 1,2,...)
PeryigpHH.

3ametum, 4To ecim A < A’ — pBe ToukH HHTepBana (a,b),
MeX/y KOTOPHIMH HET TO4YeK IIOCIeNoBaTenbHOCTH {A;}{°, To uH-
repsan (AN, \") gBugercs moxoM omneparopa H, a oHauuT, 1 omepa-
Topa H. CrnenoBaTennbHo, o TeopeMe 22, CIeKTp TiOGOrO HHOTO Ca-
MoconpsxkeHHoro pacumpenrs H' oneparopa H BHyTpH HHTepBaia

fTeopema. 24 TakXe CONEPKHTCA B Pe3yIbTaTaX YNOMIHYTOH yXe CTaThbH
H. Hamburger’a [10]. [ua ciy4as n = 1 aBTOp nMOIb30BAICA €10 B CBOHX IPEABIAY-
HIMX KecaefoBaHUAX (cM. [10]). Haue goKasaTenbCcTBO OTIHYHO OT JOKa3aTelb-
cra H. Hamburger’a.
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(A, A") COCTOHT M3 KOHEYHOrO YHCIa COGCTBEHHKIX YHCEl, 3 BHYTDH
BCero HHTepBana (a,b) — H3 H3OTHPOBAHHOTO MHOXECTBa CO6CTBEH-
HEIX YHCeI.

IlycTs, no-npexuemy, {@1(A), ..., on(A)} — 6asuc MHOXeCTBa pe-
IIeHH# ypaBHeHUs H™p — Ap = 0, NOCTPOEHHHIH 10 H3BECTHOMY CIIO-
co6y ¢ moMombio pesonbBeHTH R) omepaTtopa H.

ITokaxxeM Temepsb, YTO KPATHOCTH TI060TO COGCTBEHHOTO YHCIA
Ao € {A;}{° He mpeBocxogutT n. Jlomyckas MPOTHBHOE, MBI _CMoO-
XKeM yTBepX[aTh CyleCTBOBaHHe cOGCTBEHHOro BekTopa ¥ (HY =
= Ao?¥, % # 0) Taxkoro, 4TO

(¢’ (Pj(A)) = 0 (j = 1’27"'1 n)’

rae A — IPOUBBONLHO BHIGpaHHAd peryldpHad TOYKa ONepaTopa H.
Ho torma ¥ = M(H — AI), a cregoBaTensHo,

=(Xo— AR\ € D(H), Hy = Agp.

Myl OpHIUIM K NIPOTHBOpPEYHIO, HGO, COTIACHO ONmpeaelNeHHIo
IIPOCTOro onepaTopa H, oH He MOXeT HMeTh COGCTBEHHKIX BEKTOPOB.

Mycts {41, V2, oy ¥p} (p £ n) — GasHC MHOXeCTBa COGCTBeH-
HEIX BekTOpoB ¥ (H1p = o).

3aMeTHM, 4TO Aud TI060T0 COGCTBEHHOIO BEKTOPA

p=an (lal’>0) (7.13)
k=1 1

H perynspHO¥ TO4YKH A omepaTopa H 1o xpaiiHeH Mepe OfHO M3 CKa-
NEPHEIX NPOH3BEJEeHUH

(pi(A)¥) (=12,..) (7.14)

OTIHYHO OT HyiAs. B caMoMm Jiene, eci AOIMYCTHTH, YTO Aid HEKOTO-
POr'0 PEryIsipHOTO A BCe STH IPOM3BENeHHS PABHEI HYNIO, TO TOTJa
U IPU BCAKOM [IPYTOM PEeryISpHOM [

(pi(1), ¥) = (pi(A) + (1 = A Rup;(A), ¥) =

= (2N, + (7 - N Ra) —*" (%(A) $) =




164 M.T". Kpesin. Ha6pauunie Tpyar. Kn.2

(Gj=1,2,..,n),

4YTO MPOTHBOPEYUT NMPOCTOTe omepaTopa H.

BHocs B (7.14) Brpaxenue 1 us Gopmynn (7.13), MBI HalifeM,
4YTO OTMeYeHHHH (PakT OBHavaeT cleAyioliee: IPH TIOGOM peryidp-
HOM A MaTpHIa

le; (Al (3=1,2,..,n; k=1,2,..,p)

HMeeT paHT, PaBHHI P.

PaccMaTpuBag 5Ty MaTpHIy OpHM KaKOM-THGO BelleCTBEHHOM pe-
TyISpHOM A = a M HMes B BHAY, 4TO 6a3HCH {p1(A),...,on(A)} u
{%1,%2, ..., %p} ompenengioTCE C TOYHOCTHIO 10 THHEHHHIX HECHHIY-
NApHHIX Ipeo6pa3sOBaHKi, MK MPHAEM K BHBOAY, 4TO 6e3 orpaHHYe-
HUE OGLIHOCTH MOXHO NPEIINONOXKUThH

@@ ={g 125 Gk=l2wp (@19

[MonoxuM Torga mig mwoboro f € H
P
R,f = Rof =) _(frpi(@)) ¢j(a). (7.16)
Jj=1

IIpumenss xk o6eUM 4acCTIM STOTO paBeHCTBa omepaTop H* — al
M YYHTHIBAA IPH BTOM, YTO

H*p;(a) —apj(a)=0 (j=1,2,..,p),
HaXOOqUM
(H* — oI)R.f — (H* = al)Rof = (H — al)Rof = .

9TO PaBeHCTBO MOKasHBaeT, 4yro R, f # 0, ecun f # 0, u, cnegosa-
TeNbHO, JjId CAaMOCOIpAXKEeHHOro omeparopa R/ cymecrsyer obpart-
HEI caMoconpsxeRuHi oneparop (R.)™1.

Tlomoxum

H'= (R +al  (D(H')=9(R,)).
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HeTpynHo y6eauThes B TOM, 4To onepaTop H' ecTh paciiupeHue ore-
paTopa H.
B camom siene, ecnu g € D(H) u

f=Hg—ag=Hg-ag,

ro (f,pij(a@)) =0 (j = 1,2,...,n) K, CrefoBaTeIbHO, COTACHO ONpe-
peneruio (7.16),
Rixf = Raf =g,
orkyma g € D(H') u
H'g—og=(H'-a)R,f=f=Hg- ey,

T.e. H'g= Hg.

Touka Ag gig pacinupenus H' MoxeT 6HITh THOO peryispHOi ToY-
KO, THGO HBONHPOBAHHKIM COGCTBEHHHIM 4HCIOM. EcIH MH IIOKa-
XeM, YTO HMeeT MeCTO IIepBHIA CIy4ai, T.e. YTO PaBEHCTBO

H'x—=Xox=0 (7.17)

BredeT x = 0, To TeopeMa Gyger fokasaHa (K60 A9 — IPOMBBOIBLHO
BHIGpaHHAd TOYKA IOCIENOBATENBHOCTH {A;}).
W3 paBenctBa (7.17) BHTeKaeT, 4TO

(Ao — @)Ryx = RL(H'x — ax) = x,

a CIeJOBaTEeIbHO, B CHIy onpeneneHus (7.16),

X = (Ao = @)Rax = —(% — @) D (6 pi(@)pi(@). (7.18)
1

C mpyroii cTopoHsI, cHcTeMa {1, Y3, ..., ¥, }, OyaydH 6a3HCOM MHO-

XKeCTBa pelleHHH ypaBHeHHs H = Ao, GyneT Takxke 6a3HCOM MHO-
XKeCTBa pellleHHH YpaBHEHHS

Y —(lo— @)Rap = 0. (7.19)

Ecmu yMHOXHTH 06e JacTH paBeHcTBa (7.18) Ha ¢ (k= 1,2,...,p)
¥ IPHHETH BO BHuManwue (7.15), To MuI HailgeM

(x; k(@) =0 (k=1,2,..,p) (7.20)
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H, clefoBaTenbHO, B paBeHcTBe (7.18) mpaByio 4acTh MOXHO BaMe-
HUTH HyneM. Taxum o6pasoM, X eCTh peurenue ypaBHenus (7.19) u,
cTalio OHTB,

X =c1r+ 2t + - - + .

BHocs Temeps 8TO BHIpaXKeHHe [Jid X B paBeHCTBO (7.20) H BOCHONb-
BoBaBUINCH CHOBa (7.15), MH HaiiieM, 4To ¢ = 0, k = 1,2,...,p, T.e.
x = 0.

Teopema gokxasana.

5. CmexTp caMOCONpEXKEHHOTO onepaTopa H yCIOBMMCSH HaBHI-
BaTh JuCKpemHbIM, €CIIH OH COCTOUT H3 M30NHPOBAHHOTO MHOXECTBA
COGCTBEHHBIX YHCel KOHEYHOH KPaTHOCTH.

W5 TeopeMu 24 MOXHO BaKIIOYHTH, YTO €CIH HEKOTOpPOE CaMo-
compaxenHoe pacmmpenue H omepatopa H (1 < n(H) < 00) umeer
OHCKPETHHIH CIHEKTP, TO H BCIKOE HHOE CAMOCOIPIXKEHHOE paciiipe-
nue H' aToro omeparopa HMeeT JMCKDETHBIH CIeKTP.

B camowm pene, ecnu cuextp H puckperen m H — mpocTol ome-
paTop, TO, IO TeopeMe 24, BemleCTBEHHad OChb COCTOMT M3 OJHHX
pPeryiapHHEX TOYeK M MOSTOMY, B CHIY TeopeMHl 22, CIeKTp Io60oro
HHOTO CaMOCONPSKEHHOT'O PACIIHPEHUS H' COCTOHT M3 HBOTHpPOBaH-
HOTO MHOXEeCTBa COGCTBEHHHIX YHCEI KPATHOCTH < 7.

B cay4ae xe, korga onepatop H — He NMpocTOi, MBI IpHAEM K
TOMY Xe BHIBOLY, IONb3YICh PABIOKEHUIMHU:

ﬁ=ﬁ0®ﬁla
H=H0®Hl7

rge Ho — MaKCHUMallbHOe IIpOCTpa.HCTBOT, KoTopoe npuBoguT H U B
koTopoM H (cBogdck kK Hy ) — caMocOUpsXeHHHH onepaTop, $; —
€T0 OpPTOTOHAIBHOE IoNoNHe ke, a Hy 1 Hi — 5pMHTOBHI OIEPaTOPHI,
nopoxjaeMuie onepatopoM H cooTBeTCTBEHHO B Hp H H;.

tia PacCyKAeHHH, RPOBEJEHHHX Nepe] A0Ka3aTelbCTBOM TeODeMH 24, che-
AyeT, 410 $)o €CTh COBOKYNHOCTH BCEX BEKTOPOB f, OPTOTOHAUBHHX K BEKTOpaM
¢;(A) (7 =1,2,...,n) npu zo6om A (I # 0).
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§ 8. Ilonyorpard4eHHbIe ONEPATOPLI,
Jonyckaiomue pacIIMpeHns
C MUCKPETHHIM CHEKTPOM

[lycrs T — mnonyorpaHnYeHHHH (CHUBY) omepaTop, a T — ero
IONyOrpaHHYeHHOEe CaMOCOIpiKeHHOe paclIMpeHHe, HMelomiee THC-
KpeTHHH cmekTp. Torga cmekTpalbHOe pasloXeHHe OIepaTopa T
IpHHUMAeT BHU[,

o0
Tf =Y X(T)(f,¢5)ei
i=0
rae {¢;};° — mOIHaZ OPTOHOPMHPOBAaHHAi CHCTeMa COGCTBEHHBIX
BEKTOpOB onepaTopa 1" u

M(T) < AT < - < A(T) < -

— COOTBETCTBYIOUIMH pAfi, COGCTBEHHHIX YHCEN, B KOTOPOM KaXioe
CO6GCTBeHHOE YHCIO PUIYyPHPYeT CTONBKO pasd, KaKOBa €r0 KPATHOCT.

Ecnu, xpome Toro, 1 < n(T) < oo, TO, corracHo Teopeme 18 u
BaMe4YaHHIO, CAeTAaHHOMY B KOHIle IpeAnayuero naparpadga, B 9ToM
CiIydae BCIKO€ CaMOCONpLXEeHHOe paclIHpeHHe omepaTopa I’ Gymer
HMeTh NONYOTPAHWYEHHHLIH CHH3Y M IPHTOM [OHCKDETHBHIH CIEKTP.
Ecau xe n(T) = oo, To 3T0 yTBepXjeHHe HEBEPHO HH B OJHON CBOEH
JaCTH.

BBuay sTOro mpeacraBiageT HHTEpeC CleAyiomas

Teopema 25. Ecau nexomopoe cauoconpaicennoe noayozpanu-
uennoe pacwupenue T spmumosa onepamopa T (1 < n(T) < o0)
umeem duckpemmnbvili cnexmp, mo cecrmxoe pacuupenue T, onepa-
mopa T umeem ducxpemusili cnexmp, npu Imom

M(T) < X(Tw) (5=1,2,..), (8.1)

2de /\j(f), Ai(T,) (7 =1,2,...) — nocaedosameavnbie cobcmeennbvie
yucaa onepamopoe T u T),.

IIoxasaTenbcTBoO. Ecinm MH BaMeHUM B TeopeMe JaHHHIE
onepaToph T, Tu T, cOOTBeTCTBEHHO OllepaTOpPaMH

S=T+al, §=T+al, S,=T,+al,
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rde a — Kakoe-THOO BelleCTBEHHOE YHCIO, H JOKaXeM TeopeMy if
oneparopos § 1 Sy, TO, OYEBHIHO, T€M CaMhIM OHa OyJeT JoKalaHa
H I JaHHBIX OIEPaTOpOB. _

Bri6epem a > m(f), rorga m(.S) > 0 u, cormacHo Teopeme 12,

S;t =851~ (5Nm,, (8.2)

rage 919 — MHOXeCTBO pellleHHH ypaBHeHHs S*¢p = 0.
Tax xax, IO ycnoBHIO, CIIEKTP OepaTopa S JACKpeTeH H IOTo-
XKHUTENeH, TO ONepaTop $1 ac HuM K omepaTop (.5' 1)‘510 BIIOITHE

Henpepmnnmt. Crano 61T, 1 onepaTop S, —1 pronHe HelpephLIBeH, a,
BHAYHT, CHEKTp ollepaTopa S, JUCKpeTeH.
Ecnu

M(5) < Aa(8) < -+, A(5) < Aal(S,) < -+

(0 < M(5), 0.< A(5,))

CYTh NOCHeIOBATENHLHOCTH COOGCTBEHHBIX YHCeN, PACIONOXKEHHHIX II0
BOBPACTAHHIO, COOTBETCTBEHHO, OIEPaTOpoB S K S, TO

AU 2 A7U8) 2 AT 2 AHSL) > -

CYTh TOCIENOBATENLHOCTH COGCTBEHHLIX YHCeNl, PAaCHONOXKeHHHX IO
YGHIBaHHIO, COOTBETCTBEHHO, omepaTopo S~' u S;1. A Tax Kxak,
COr'TacHO COOTHOIEHH (8.2),

S;t< 8§

I

TO, B CHIY M3BECTHHIX MHHH-MaKCHMAIbHBIX CBOHCTB COGCTBEHHHIX
YHCeN BIOJHe HENPEePHIBHHX ONEpaTOpPOB,

MUY <SATHETY), me A(5) <5 (F=1,2,..).

Teopema gokxasana.

tCornacro TeopeMe 1 (cM. dpopmyay (1.1)), ecan caMoconpsaxenHmit onepaTop
H Bronne HenpepsiBeH, To npH mo6oM 3aMkHyTOM MHOXecTBe )1 C §) onepaTop
Hgy Taxxe BONHE HenmpepHBeH (H60 NTPOUIBE/CHNE BCAKUX ABYX ONEPATOPOB, H3
XOTOPHIX OfMH OTPaHMYeH, a APYTOH BMONHE HENMpPEPLIBEH, €CTh BIIONHE Hemnpe-
PHIBHBIH ONEPATOP).
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3ameuanue 8.1. B ToM ciyuae, xorga n(T) < 0o, MOXHO yTBep-
XJaTh Gonblle, 1eM JaeT (8.1), a MMeHHO:

A(T) € Xi(T) € Ajn(T)

G=1,2,..).

B camowm piene, ecii 6u1 119 HEKOTOPOr'O 3HAYEHHA J HMeIO MECTO
HepaBeHCTBO Aj4n(T) < Aj(T,), To BHyTpH HHTepBana (—00, Aj(Ty))
HaXOJHIOCh GHl j —1 COGCTBEHHEIX YHCeN (CYHTAL C HX KPATHOCTSMH)
oneparopa T, ¥ j + n cOGCTBeHHHX YHCeNX onepaTopa T, YTO HEBO3-
MOXHO, COTIaCHO 3aMe4aHHIo 7.1.

Teopema 26. Ecau nexomopoe camoconpisxcennoe noayozpa-
Huuennoe pacwupenue S onepamopa S, dag xomopozo m(S) > 0,
umeem ducxkpemusiii cnexmp, mo u pacuiupexue Sps onepamopa S,
paccmampueaemoe 6 Mg, 20e Mg — 0pMo20HaALbHOE JONOANEHUE
X Hyaesomy cobcmeennomy nodnpocmpancmey Ng onepamopa Syy,
umeem ducxkpemudili cnexmp.

HokasaTeabcTBso. CortacHo IpegHAyIed TeopeMe, olle-
paTop S, MMeeT AMCKpeTHHIH cnekTp. C APYroH CTOPOHH, COIMacHO
dopmyne (5.17), monmyTHO JOKaB3aHHOH IPH JOKa3aTeNbCTBE TEOPeMb
13, uMeeMm

Si"9 = Pono 39

(g9 € Mo),

roe SI(‘;I) — omneparop, o6paTHui ;g Sp B Mo, a Py — oneparop

OPTOTOHAIBHOT'O IPOEKTHPOBaHUE Ha Mp.

Takx xax omepaTop S, MMeeT AMCKPeTHHIH CIEKTp, TO OllepaTop
S, BIIONHe HeNpepHIBEH, a CIeJOBATeNbHO, TAKOBHIM Xe fBIfeTCs
omepaTop S](‘;I) H, BHAYUT, omepaTop Sps HMeeT B My TUCKpPETHHH
CIIEKTD.

Jamevanue 8.2. HamoMHEHM, 4yTO Ny mpeacTaBiseT co60H MHO-
JXKEeCTBO pellleHHH ¢ ypaBHeHHS S*¢ = 0 H MMeeT YHCIO H3Mepe-
HUH, paBHOe 7(.5), KOTOpoe MOXeT OHTH GeckoHeyHHIM. Ecmu xe
n(S) < 00, TO TeopeMy MOXHO cPOPMYIHPOBATH MpOIE, 3 HKMEHHO
Tak:

SM umeem duckpemmubil cnexmp.
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g sToro ciy4ad MOXHO yTBEPXJATh, YTO KAKOBO Gl HH GLLIO
MONOXHUTETbHOE CAMOCONIPSKEHHOe paclIMpeHue S omepaTopa S, ero
co6CTBeHHEIe YHCIa BCErJa YIOBIeTBOPIIOT HEPABEHCTBAM

Ai(54) S A(S) S Xi(Sm)  (G=1,2,..). (8.3)
B camowm gene, cornacHo Teopeme 11, mpu a > 0:
(S, +al)P < (S+al) < (Spy+al) .

Bce Qurypupyiouue saech o6paTHHE ONEPATOPH BIOIHE HEIpe-
PHIBHEL H NOSTOMY HEPaBEHCTBa MeX/[y HHMH BIEKYT COOTBETCTBY-
Iolilie HepaBeHCTBa MeXIy MX IOCIeNOBATeTbHHIMH (110 yORIBAHHIO)
COOCTBEHHBIMH YHCIAMH.

TakuM 06pa30M, CIPABELIHBE HEPABEHCTBA

1 1 1
< = <
Ai(Su) +a = Xj(S)+a ~ Ai(Sm) ta

(G=1,2.),

OTKyJa M BHITEKAIOT cooTHoueHus (8.3).
3aMeTHM TakXe, YTO eciH S — INPOCTOH omepaTop, TO, Kak
MOXHO [I0OKa3aTh, HMEIOT MECTO CTPOTHe HEePaBEHCTBA

Xi(5m) < A(S) (=1,2,..).
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ITPO EPMITOBI OIIEPATOPHA
3 HAITPAMHUMUA ©YHKIIOHAJIAMHA

(C6opuux Tpygos UucTHTYyTa MaTEeMaTHKH
AH YCCP. — 1948. — TowM 10)

g craTTs mpucBSYeHa MOKIAJHOMY OOIDYHTYBAHHIO Ta JAllb-
LIOMY POSBMTKY OCHOBHOI TeopeMn Hauroi HoTaTku [1] 706 ogxoMm
oflIeM MeTo[e pasioXeHHs TOIOKHMTEIbHO ONpefeleHHHX igep Ha
DlleMeHTapHbe NMPOUBBefeHHT”, fKa MOBiioMIeHa 6e3 NOBeNeHHd i €
ysaraibHeHHIM ofHiel BaxiauBoi Teopemu M.C. Jlisumna [2].

3a 6pakoM Miclg TYT He MOJaHi PI3HOMaHITHI BaCTOCYBaHHS Iiel
TeopeMH 00 mpeAcTaBleHHd QYHKHIHA y BHragaj inTerpanis Crine-
ThECA.

TluM sacTOCYyBaHHAM MM CIHOJiBaEMOCE MPHUCBATHTH OKPEMY CTaT-
TIO, B AKiil, 30KpeMa, GyJe MOJAaHO POBB’I30K MHTAHHA NPO BiuIy-
KyBaHHS 3aralbHOro Burisny HemepepsHoi QyHkmil f(r) (0 < r <
< R, R < o), HOfaTHO OBHa4YeHOI BCepeJHHi rimepkymi pajiyca
R n-mipHOoro a6o HecKiHYeHHOMipHOTO TPOCTOPY CTajiol KPHBHBHH
k < 0 (mpocropy Esxuiga) (Tins6epra, JIo6adeBchkoro, Jlo6ateBch-

koro-Tinp6epra)l.

t Hexait Q — fedxa MeTpHYHa MHOXHHa 3 ¢yHKuico Bigaam d(p, ¢)(p, 9 € Q).
Dyuxuis f(r), osHaveHa pus Beix sHaveHb r = d(p,¢)(p,¢ € Q), HasHBacTLCE
aa Schoenberg’om pgogaTHo osHaveHolo Ha Q, sxuo ¢ynxuniz ®(p,q) =
= fld(p, ¢)] € nosaTHO o3HavYeHe FapO Ha Q, TO6TO % GyAb-AKKX q1 € Q, ..., qn €
€ Qi pincuux €, ...,6n (n =1,2,...) BHKOHYETbCA HEPIBHICTH

> ®(gj, Qu)éik > 0.

J,k=1
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§ 1. OcHOBHI O3Ha4YeHHSL

1. Hexait £ — peska niHiiHA MHOXHHA, a A — NedKHil TiHIMHAH B
£ omeparop, o61acTh osHadeHHs skoro D(A)(C £), Bsarami kaxyHi,
CKIaJac MpaBUIbHY JacTuHy £ [D(A) # £].

Osuavenus 1. Hexaim ®;(f;A) (§j =1,..,p) — niniini
¢yHKUiOHATH, O3HaYeHi Ha BCiM £, i Taki, Mo BaleXaTh BiJ AiHCHOrO
mapamerpa A (—00 < A < o). Cucrema Qynknionanis ®; (j =
= 1,...,p) HAaBHBAETBCI HANPIMHOIO CUCTNEMON [Jid OomepaTopa A,
AKITO BOHA Ma€ TakKi BIaCTHUBOCTI:

1. Ilpn mo6oMmy dikcoBaromy f € £ pyrxuii ®;(f;A) (j =1,...,p)
€ aHamiTHIHI QyHKOIT Big A Ha BCid OiMCHIH OCi.

2. Xo1 6u npu ogHoMy dHadeHHi A Qyukmionamu ®;(f;A) (7 =

= 1,...,p) ni”iitHO Heoamexi! .

3. Slki 6 He Gynm eneMenTH fo € £ Ta ckadgp Ag (—00 < Ap < 00),
piBHIHHE AXY — AgX = fo Ma€ pOBB’430K B TOMY i IHIlie B TOMY
BUNAJKY, KOIH

;(foi %) =0 (j=1,2,..p).

Is osHayeHHHS HampAMHOI cucTeMu (QyHKUiOHANB omeparopa A

a) Axwo x € D(A), mol {
D;(Ax;A) = A8i(x;A) (7=1,2,..,p)

HiicHo, Ha mifcTaBi yMOBH 3 O3HaYeHHA Ta NiHIAHOCTI PyHKIiOHA-
1B @5,

0=2;(Ax — Ax;A) = 2;(Ax; A) — A®;(x;A) (1 =1,2,...,p)
b) Axwo dag dedxozo f € £ i degrozo ditichozo Ao
Q](f7 A0) =0 (] = 132""71))’ (1)

'B wawii HoTaTui [1] ymoBa 2 nomunxoBo Gyra BHmylieHa B OpMyNIOBaHHi
OCHOBHOI TE€OpPEMH.

H'Cmmonom = MM NO3HA4Ya€MO TOTOXHY PiBHICTH 1IOAO A.
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mo 3natdembce maxe x € D(A), wo

&;(fi M) :
() = ——= =1,2,...,p).
@J(X, A) (A— AO) (J y &y ap) (2)
Cnpaspj, i (1) BumunBae icHyBaHHS Takoro x € D(A), mo
Ax — dox = f.

3acTOCOBYIOYH 0 060X JacTHH Hie] piBHOCTI PyHKmionamn @ Ta
KOPHCTYIOHHCH &), MH OfepXHuMo (2).

¢) [ag dosiavnozo cxinuennoeo inmepeaay I diticnoi oci 3uai-
dymoca eaemenmu uj € £ (3 = 1,2, ...,p) maxi, wo demepminanm

AX) = |®j(uk; )T #0, xomm A€l

Cropasjj, STifHO 8 yMOBOIO 2 O3HadYeHHS, NPH JEeIKOMy A = a
Oyuknionanmn ®;(f;a) (j = 1,2,...,p) niniiino Hesamexni. Orxe,
niHiiHa MHOXHHH Bcix BexTOpiB X(&y,&2, ..., &p) BUIILNY

& =9i(f;a) (feg

p-MipHa i, 3HaYMTH, BHaMAyThcd Taki fr € £ (k = 1,2,...,p), mo
JeTepMiHaHT

|®;(fi; )|} # 0.

IToxmagemo
A1(A) = A(f1, fas e 3 A) = |@5(fis D] (00 < A < ),

TO}
Al(a) ;é 0.

Yepes Te, mo A;(A) — anamiTuiHa QyHKIif Ha BCil AiHCHIN oci,
TO TBEep[XeHHA C), O9eBHIHO, Gyfe AOBeNeHO, SKIIO MH MOKaXeMo,
IO piBHICTH

A(f17f27 () fp; )\0) =0 (—OO < ’\0 < OO) (3)
TATHe 32 co60I0 iCHyBaHHS Takux fi € £, mo

A(fla f27 seey fp; A)
(A=2X)

A, fay s f3A) =
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I3 (3) BununBac icuyBanus Takux ¢; (k= 1,2,...,p), mwo

14 14
Doa®i(fisd)=0  (G=12..p), D lal#0. (4)
k=1 1

Cepen 1ucen ci He Bci piBHI HymO; Hexail, HanpHKnaf, ¢, # 0.
Iloxnagatoun Tomi
P
>k fi
* 1
fp - ,

Cp

Gymemo MatH, origuo 3 (4): ®;(f55h0) =0 (§ = 1,2,..,p), a
SHAYUTH, 3rigHo 3 b), BHalHJeTHCI TaKe fz’, € £, mo

®;(f5; M)
(A= 2o)
Arne ropnj mpu f; = fr (k=1,2,...,p— 1) Ta sHaiinenomy f, GymeMo

MaTH
A *”"’ *— ] *;)‘
A(fi’ seeey f;’—l’ f",; A) = (fl (A ;fPAOI) fP ) —

_ A(f],---, fp—l,fp; ’\)
A=2)

Qj(flli; A) = (.7 = 1723 -",p)'

TBepaXeHHH C) JOBEJEHO.

2. BeepeMo:

OsHaveHHs 2. JliHilHy MHOXHHY £ HasBeMoO K6a3izitbbep-
moeus IPOCTOPOM, SKIIO B Hill BafaHo Pyukuionan (g, f) (g, f € £),
AKUWA Ma€ TaKi BIACTHBOCTI:

I(g,f)=(f.9) (9,f€®

I (91492, f) = (91, ) + (92, f) (91,92, f € £)
I (Ag, f) = A9, f) (g, f € £ A-cranap)
IV (9,9) 20 (g€ 2).

TakuM 4uHOM, QyHKuioHan (g, f) Mae Bci BIACTHBOCTI BBHYAM-
HOTO CKaJIgpHOro NobyTKy, KpiM, MOXIHBO, ojHoro (g,g) > 0, npu

9#0.
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Ing xBasickangpHoro JO6YTKY (g, ) SaIHINAETHCH CHPABEMIHBOIO
HepiBHicTh IlIBapma

(g, /)I* < (9,9)(, f)- (5)

Ha ocHosi ii MHOXHHa 0 BCiX THX ¢ € £, aig sxux (g,g) = 0,
miHiAHA.
PosrngneMo ¢axTop-IpocTip

£=

O>I e}

EneMentamn ioro 6yayTh HiHiiHi migMHOXEHE G C £, SKi MaIOTh Ty
BIIa.CTHBlCTb, mo xomn g € G, To G CKIAJA€ThCS 3 THX | TIIBKHM THX
g €L, mmaxnxg —gGO fxmo G € € 1a g € G, To yMoBHMOCS
mucatH: G = §.

TonaBaHHL B £ Ta MHOXEHHH Ha CKIAP A BEBHaYa€ThCH TaK, WO,
KonnG_g,H_hTa,f g+h,ToG+H=F,pe F= f,KOIIH
G=9, f=MAg,T0 \G = F,pe F = f

Ha ocuosi (5), xonu g € 0, To (9,f) =0 npn ROBITBHOMY fec.
3BigcH nerko 3po6GHTH BHCHOBOK, Io komn G, F € £, To (9, f) ne
BaleXUTh Bi BuGopy ¢ € G Ta f € F, i MOXHa HOKIaCTH

(G, F)=(9,f) (9€G, [eF).

Jlerxo 6atuTH, mwo Qynknionan (G, F), Tax BHBHaYeHHH Ha BCiX
G,F € £, 6yle MaTH BCi BIACTHBOCTi CKAJLPHOTO RoGy TKYy (mebTO
sracrasocti I-1II i Bnactmsicts (G,G) > 0 mpn G # 0). Beenenns
ILOTO HO6YTKY B £ o6eprae £, K10 BOHO CKIHYeHHOMipHe, B yHITap-
HHIl IpOCTIp Ta, KO £ HecKiHYeHHOMipHe, — B JeSKHil, Boaraii
KaXy4H, HeMOBHHH TilbGepTOBUH IPOCTipP, KHH, 3a BIIOMUM MpaBH-
oM, MOXe Gy TH JONMOBHEHHH [0 TIL6epTOBOrO MPOCTOPY.

Taxum 4MHOM, KBasirinp6epTOBHE IMPOCTip £ BaBXKIU MOPOLKYE
abo0 JedxU#l YHITapHHHM IPOCTip, 300 JedKuM rinbGepTOBHH MPOCTIp.
B Tomy i ApyroMy BHHaaxXy NOPOAKYBaHMH IPOCTip MH OyIeMo o3Ha-
JaTH depes fHgp.

Hexait {gn} C £ Ta g € £, yMOBUMOCH IHCATH g, — ¢, IKIIO

(g —9n, 9 — gn) — 0. (6)
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O4eBnaHO, WO K6a3136iKcHicmb HocTifoBHOCTI {gn} (C £) mo ene-
MeHTa ¢ € £, fKa BHPaXAEThCA (6), eKBiBaJIeHTHa B61KHOCTI IO-
cripoBrocti {Gn} (C £) [0 eneMenta § € £ B podyMiuHi BBHYaiHOI
86IXXHOCTi B riTb6epTOBOMY NPOCTOPi Hg.

AcHo Takox, w0 KBasickalgpHuH JOGyTOK (g, f) HemepepBHHMH
BiJHOCHO KBasis6ixkHOCTi, TO6TO KO ¢, — ¢ Ta fn — f, TO (gn,
f n) - (g f )

3. Osunavesnus 3. Jlimiiuud omeparop A, SKHH [ie
B KBasirinb6epToBoMy npocTopi £, GymeMO HasHBATH €pMIMOoeuUM,
AKIIO

(A9, f) =(9,Af) (9, € D(A)) (7)

ta xonu D(A) xBasiminsHe B et
EpumiToBuil onepaTop Mae Taki BIacTHBOCTI: Xm0 go € D(A) T2
go € 0 TO Agg € 0.

Hacnpaspj, gk1io go € 0 1a go € D(A), 1o, sriguo 3 (7): (Ago, f) =
= 0[f € D()] \

Yepes Te, mo D(A) kpasimjineHe B £, TO SHaWfETHCA MOCII-
poBHicTh {fn} C D(A) Taka, mo f, — Ag; macrasagioun B (7) sa-
MicTh f eleMeHT f, Ta Nepexoff4d A0 IPaHUIli MPH N — 00, MM
aHafigeMo, mo (Ag, Ag) = 0, To6T0 Ag € 0.

lloBeneHe exBiBaleHTHe TakoMy: SKWO hy = Agk (k =1,2) ta
g1 = G2, T0 hy = hs.

“epes ne epMiToBmii omepaTop A B £ MOPOKYE BABKIM JeIKHM
epMiTOBH# onepaTop (IKHH Mu GyeMo MO3HAaYaTH Yepes A) BL (abo
$¢), SKHA MOXHA BH3HAYHTH TaK:

1) D(;l\) = D(A), T06TO0 i)(;i) CKIAfAEThCE 3 THX i TIIBKH THX
eneMeHTiB G € £, [Id IKHX SHalfieTbcd ¢ € D(A) Take, MmO

G=7 (9€G).
2) fxmo g € D(A) Ta h = Ag, 10

~

h = Ag.

tTo6ro ana moboro g € £ sHailaeThca nocuiaosicTs {gn} C D(A) Taxa, wo
gn — 9.
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Indexcom deexmy epMmiToBOro omepatopa A, axkui gie B £, MI
6yJeMO HasHBaTH iHIekc Je@eKTy BiIOBIIHOTO epMiTOBOrO OIepa-
TOpa A, posragayBsasoro B $Hg. Skmo (m4, m_) — ingexc gedexty
omeparopa A, To XapauHaIbHI 4HcIa My = m4(A) i m_ = m_(A)
Mu 6ygeMo HasuBaTH defexmuumy wucaamu onepaTopa A.

EpMiTosuit onepatop A 6yneMo HasHBaTH dodamHum, KOIH

(Ag,9) >0 [g € D(A))].

O4eBugno, Mo xoIu onepaTop A JOJATHHH, TO i onepaTop A Ho-
JaTHHHA, | HABOAKH.

§ 2. OcHoBHaA TeopeMa

MosxayuMmo 4epes V, (p = 1,2,...) xnac Bcix epMiTOBHX omepa-
ropis MaTpunb-Qyuknii T(A) = ||k (A)||], Takux, mo

1) pnd fOBiTBHHUX KOMIUTEKCHHX {1, &2, ...,&p opMa

14
> Tik(VEikk

3k=1
€ Hecmajaoia QyHKIig Big A;
2) F0)=0, TI(A-0)=F(A) (—00< A< ).

Jlerko 6ayuTH, IO B BIACTHUBOCTI 1) BHIIIHBaEc OGMeXeHICTH Bapi-
anii koxHoi 8 Qymkmiin T;x(A) (4, k = 1,2,..,p) B DoBinbHOMY
CKiHYeHHOMY iHTepBali.

Teopema 1. Hezati £ — degxuil ziavbepmosuti npocmip ma A
— degxut epmimosuli onepamop 6 £, KUl Ma€ HANDIMHY CUCTIEMY
dynxyionaaie ;(f;A) (7 = 1,2,...,p).

Todi anaiidemoca zou odua mampuys-Pynxyis T(A) € V, maxa,
w0 dad dosiabKur 060T esemenmie g, f € £

0.0=Y [ & BTN, ("

Jik=1_0g
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Axwo, xpin mozo, A dodamuut, mo mampuys T(A\) € V,, gxa
dae npedcmasaenng (!), moxce 6ymu obpana max, wo6 I(A) = 0 npu
A <of.

HoBsemgeHH a. Y4BHMO CHOYATKY, IO MHOXHHA 0 cxma-
BA€ThCA TIIbKH 8 HyId, To6TO, WO (f, f) > 0 Ans gosinsHoro f € £,
BIIMIHHOTO Bif HyIA.

Y npoMy BHIaJIKy MOXHa BBaXaTH £ = E, i £ O6yne JedxO0I0O TiHil-
HOIO BCIOHM HITHHOIO MHOXHHOIO TUIL6€PTOBOTO HPOCTOPY $ = Hg, i
A — epMiTOBHM OIIEPATOPOM B ).

JIxmo BkIacTH HPOCTIp $ B JeSKHi iHIMH riIE6epTOBAM TPOCTip
$ Tak, W06 YHCIO BEMIpiB OPTOTGHAIBHOrO JONOBHEHHS § O H 6y-
10 JOCTNAMHbO 6€AUKUM, TO ONepaTOp A [ONycKaTHME B § CaMO-
cupmxkeni (rimepMakcuManbhi) posmmpenns A (guB. crarTio [4]
M.A. HaiMapka, Je JOKIaJHO BHBYEHI CaMOCHPSXKEHI pOSIIHpEHHS
e€pMITOBHX OMEpaTOpiB 3 BH X O 4 O M B LINPIIHA npoc'rip)”.

HNosuaunMo depes E(A) = E(A —0) (-c0 < A < o) cmek-
TPAIbHY ONepaTop-QYHKIII0 SKOTro-HeGYah TAKOTO CaMOCIPSKEHOTO
poommpenss A. Tosi aus gosinsroro x € D(A) i A € (—00, )

Ax—Ax = / (t — ANdE(t)x.

Bregemo no posrigay omepaTop
Ak = E(\+h) = E(A) (h # 0)
IS HOTO MaTHMEMO
A+h

AM(Ax = Ax) = / (t = A)dE(t)x,
A

TIIopimm'ii 3 Teopemoio 1 norarku [2] M.C. JliBukua.

1 Taxoro pOAy POBLIMpEHHA A MOXHa OfepKaTH, HAIPHKIAJ, TAKHM CIOCO-
6om. Hexali (m,n) — inpgerc gedexTy epmiToBoro omeparopa A B §). YTBOpHMO
Ilie AKMH-HeOyb rinb6epTOBUM NpocTip §); 1 B HbOMY epMiTiB onepaTop R 3 iHgex-
com aedexty (n, m). [losHayumo Yepes §) ApAMY OPTOrOHAIBHY CyMY IPOCTOPIB
H Ta 1, a yepes C onepaTop, AKMH NPEACTABIAEC NPAMY CYMy omepaTopiB A Ta
R. Yepes Te, wpo inaerc aedpexty onmeparopa C AOpiBHIOE (m + n,m + n), To
onepatop C JOMYCKa€ [lesike CAMOCHPAXKEHE POSLIHpEHHA C B §, sxe ogHo¥acHO
6y/e CaMOCHpAXeHUM DOSIIHPEHHAM onepaTopa A B ).
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a BHAYUTD,
Ath AR
laktax - 0l =| [ = 3pacpex| <w| [ aEon).
+0 . +0
TaxuM 4uHOM,
A% (Ax = M)l = [Ble(h; x, A), (8)

Ae npH foBinbHEX QikcoBaHnx x € D(A) Ta A € (—00,00)
e(h;x,A)—= 0 mpn h—0.

Ile monepenne sayBaXKeHHs MH He3a6apOM BHKOPHCTAEMO.
Hexait Temep I — mesxuil BIAKpUTHA iHTepBal AiMCHOI Oci, a efle-
meuTH ux € £ (k= 1,2,...,p) Taxi, mo

Aty ey Up; A) = [B(ur; )] #0 mpr A€ I. (9)

Hexasi wmarpuus |y (u)(A)|| € OGEpHEeHOIO BiJHOCHO MaTpHIi
||®;(uk; A)|| B Toukax A, ge A # 0, To6TO

Z (“)(,\)@ (uk,/\) Jk (j,k =1,2, ...,p). (10)

v=1

EnemenTy f € £ BingeceMo cxangpHi QyHKIiT
P
F,(0) =Y 9®0Nei(f;0) (w=1,p AeT)
j=1
i BekTOp-PyHKLiIO

h=f- ZFu(A)un (Ae D).

u=1
Ha migcrasi (10)

Qj(f}\;A) =0 (.7 =12, maP)
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i, BHaYNTh, BHalETHCH eneMenT gy € D(A) Takui, mwo
fr=Agx — Aga, (11)

3Bigky srigHo 3 (8) g JoBinbHOI TOYkM A\ € [

h—»o“ AfAi h—»o”h( i - ZF“(A)AW”) =0 (12)
3 gpyroro 60Ky, MaeMo
A+h
tm | (Fu¥) A%, - ! RWas@u)|=0
(r=1,2,...,p).

HdificHo, BMpas, AXMH CTOITH Hiji BHAKOM TpaHHUIi, 36iracThcd 3
BHPa30M
Ath

“;1; / [Fu(¥) - Fu(t)]dE(t)uu” -
A-h

A
= 1 { [ 1) - BB )
A

KBaJIpaT SKOTO, HampHKIaj, npu h > 0, He Ginbire
MZI(E(A+ hyu,u) — (E(A+ 0)u, w)],

ne M, — MakcumyM Mopyns noxiguol F,(A) Ha inTepsaii I.
3 (12) Ta (13) BEBOgHMO, 1O

Ath

pmli (o5 [ oamon)| -0 o

Taxum yuHOM, fx1o BadikcyBaTh a € | i moxmacTd

A p A
o0 = [aE0r-Y [R@dED,



182 M.I'. Kpetin. Ha6paunusle Tpyael. Ku.2

To (14) 6ynme osHa4aTH, IO BeKTOP-PYHKIiS Ma€ COITbHY MOXigHY IO
A, piBHy Hynesi Bciogu B I. Bepy4u go yBaru, mo ¢(a) = 0, BuBogu-
Mo, mo p(A) =0 (A € T).

TaxuM IuHOM,

/\”

EGW\f-EX)f =Y / Fu(t)dE()u, =

p=1 N

p M
=y / O0);(f;1)dEMu, (fe NN eI).  (15)

ﬂvj=1/\f
3Bigxu
(E(")g, f) - (E(N)g, f) = (E(\")g - E(N)g, EQX") f = E(X)f) =
p » -
= > [0 08 00 0d B ) (5)
mivag k=13,

(9. feg; XN, XNel).

Temep Hexall A9 — JOBiIbHE AiMCHE YHCIO.

BissMeMmo 5a I JoBITBLHEM CKiHYeHHMH iHTepBaJd, IKAH MiCTHUTH Y
co6i Touku 0 i Ag, 3a ux (k = 1,...,p) JOBiNbHI eneMeHTH i3 £ npu
yMoBi BukoHaHHS (9), i moxmagemo

2o
P
(o) = 3 / PO NAEN s, w)
pw=1 0 (17)
(4, k=1,2,...,p).
Mu nokaxemo, mo matpuus T(Ao) = ||7jk(Ao)||] uinkom BusHa-

JaeThCd BHaYeHHIM Ao (OTXe, He BalleXXHTh Bii BHGOpYy Gasuca u;,
., Up) i O OflepXyBaHa TakuM YHHOM MaTpuud-Qynkuig T(A) € V,
Ma€ BIaCTHBICTh 1, §Ka BUMaracThCi T€OPEMOIO.

Jlng uporo BBeJeMoO B POBIIL SKy-HeOyab iHIIy CHCTEMY elleMeH-
TiB vy € £ (k = 1,2...,p) Takux, mo A(vy,...,0;A) # 0 npu go-
BiTbHOMy A i3 saMkHeHoro inTepBany (0,)Ag), Ta cknafemo qud Hel
MAaTPHI[IO ||1/J(")(A)|| oGepHeny BigHocHo MaTpuui ||®;(vk; A)||}-
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3 nomomoromwo (16) sHaxogumo, wo

)3 / PO AVER)op, ) =

p,U—l [¢]

-y / BB (2)8;(v,,1)x

2214 1]1k1pvv—1 (1]

X ®(vs, t)¢(u)(t)¢(“)(t)d(E(t)uu, w,) =

-y / S OB, w)

TS_

(TVS = 1723 "-ap),

o i NoBOOMTH HesamexHicTh MaTpuui ¥(A¢) Bim BuGopy 6asuca
{ur}i-

Ha nigcrasi osnaenns (17) matpuui %(Ao), 3 (16) Bunnusae, mo
Jiig AOBinbHUX g, f € £

(E(A”)g’ f) - (E(’\l)g’ f) =
n A

=Y @ BT (N en. (s
j1k=1Al

Yepes Te, wo 3riAHO 3 ¢) IpH BianoBigHoMy Bubopi 6asuca ug (k =
= 1,2,...,n) iuTepBan I Moxe GyTH 3pO6NeHUH JOBINBLHO IIMPOKHM,
TO TYT MOXHa cupiMyBaTh A’ 10 —00, a A" 10 400, i Mu oepxuMoO
npencrasnenns (1).

IMoxaxemo, mo F(A) € V,. Yepes re, mo srigHo s mobynosoio
%(0) =0, (A —0) = F(A), To BaMMIIAEThCH IepeBipuTH, o PopMa

P A

S Vb= S / X (O X (), 1),

k=1 pu=1 0
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e

Xﬂ(t) = Z ¢M.7(t)51 (ﬂ = 1’2a-"7p)

i=1

€ HecmafHa QyHKIig Big A. A e BHIIUBa€ 3 TOro, o0 iHTerpail

» A+h
3 / X)X, (O)d(E@u,,u) (A+he)
=1 2\

€ TPaHHIA AeAKOl MOCTiIOBHOCTI CYyM BHI'IEAY

N P 2

> acB (X Xuttew)|

k=1 p=1

(AkE = E(tk+1) - E(tk); k=12, ...,N),

AK1 MiCTETh TINBKH HeBig €MHI JOTaHKH.

OTxXe, eple TBePIXeHHS (B IPHIYIeHH] £ = £) JOBeJeHO.

IoBeneHHd OPYroro TBEPIXEHHS He CTAHOBUTH HiSKHX TPYIHO-
miB.

Cnpasgi, Konu omepaTop A mogmaTHu#, TO BiH, SX BigoMo ([uB.
[5]), Domyckae momaTHI caMOCHpSXeHi posumpeHHS (HaBiTH ¥y TOMY
rinkGepTOBOMY NpPOCTOpPi, B SKOMY BiH .Ji€, — B JAaHOMY BHIaJKy
$H¢). Cnexrpanbua Qynknis £(A) Takoro posimpeHHS Ma€ Ty Bla-
ctuBicts, wo E(A) = 0 mpu A < 0, i gug BigmoBigHOI n0 Hei sa
dopmymoio (10) marpuni T(A) 6ysemo matu: T(A) =0 mpu A < 0.

OTxe, B IpUNyIIeHH] £=2g TeopeMa JOBENeHA.

IMlo6 noBecTu Teopemu npu ;f: # £, 3aMiHMMO B HalllUX MipKyBaH-
HAX omepaTop A Ha omepatop A i mig E(A) 6yneMo Temep posymiTi
CeKTPanbHy onepaTop-QyHKIiI0 FKOTO-He6GYab CAMOCIHPIKEHOTO PO-
SuIdpenHs A omepaTopa A. Marpuuio ¥(\) BESHa4uMO Temep 3a
dopmynoio (17), erementy gxoi u, (p = 1,2, ...,p) 3aMiHEMO eneMeH-
ramu %, (g = 1,2,...,p).

Ilomivaloyn fmaii, mo 3 piBHocTi (11) BHmIuBae piBHiCTH ]‘:\ =
= Agy — A\ i mo Bei ganpmi pisrocti (12), (13), (14) s6epiratoThed,
AKIO0 B HUX HaJ KOXKHHM BeKTODPOM i3 £ MOCTABATH BHAYOK * , MH
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JloBeIeMo, 1o
~ _ » A”
EOF - BT = Y [owe,(indb@a.  (9)
I‘xj=1A/

Jlerko BHeBHUTHCE, [0 1 BCAKi AANBII PiBHOCTI 36epiraloTh CHIY,
fKIO B HUX Y BiANOBiAHUWX Micugx (ame He Bcloma)t HaJl, elleMeHTaMu
i3 £ MOCTaBUTH BHAYOK

Tax mpomosxyiouu, Mu mosegemo piBHicTh (!), B gKiif, mpote,

samicTs (g, f), 6yae dirypysaru (g, ) a 4epes Te, mo (g, f) = (9, f),
TO TeopeMa Gyae JOBeleHA.

§ 3. Kpurepiun egunocri npeacranienns (!)

1. TosHaunMo depes V,(A) cykynHicTh BCix MaTpHub-QyHKHIH
Z(A) € Vp, 1xi patots npencrabnenns (!) mobyTky (g, f).

Iloxaxemo, mo pgopimbHa MaTpuus-Qynknis T(A) € V,(A) Moxe
6yTH ofiepXaHa CIOCOGOM, OKa3aHUM IIPH [JOBeJeHHi Teopemu 1.

Hexaii mesxa Marpuus-Qynxuigz T(A) = ||7jx(A)|]}. Ilosraummo
1epes £o(T) minidiHy cykynHicTh BexTop-QyHKuin X(A) = (z1(A),...

»2Zp(A)) (—00 < A < 00), IKi MAIOTH Ty BIACTHBICTb, IO KOXKHA

KoMmnoHeHTa zk(A) € B-pumipHa QyHKIUif, Taka, UIo

/ e V)Pdrs(A) < 00 (k= 1,2,...,p). (20)

Yepes Te, mo Ba o3HaYeHHIM Kiacy Vp(A) mpu HOBITBHEX A < Ag

Y [oie(Ae) — oi(AM)sée = D Avjaiée > 0,

5,k=1 k=1

1'Bayxaa)muvxo, 10 omepaTop A, Bsaram KaxXy4uM, He MaTHMe HAaNPAMHOI CHC-
Temu Qyukiionanis. Cmpasa B ToMy, wo pisaicts (f, f) = 0 (To6To f € 0) ne
o6oB’askoBo flac ToTokHocTi ®i(f;A) =0 (5 =1,2,..,p), yepes mwo Pyukmio-
Hamu ®,, Barani xaxyuu, He 6yqyTh NOPOAXYBATH OJHOZHAYHMX (yHKIjoHaNiB
B £. Yepes ne cnpaBesaHBICTh TEOPEMH JIA BHNAJAKY £=£ 6esnocepeaubo 1ie
He NPH3BOJKTH A0 CHPABENIMBOCTI 11 B 3aralbHOMY BHNAJKY.
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TO
|Acjk|? < Aojj - Aok (5,k=1,2,...,p)

i 4yepes ue npu BukoHaHHi (20)

/ 25 (Dllse(Wldrs(V)] <

o0 o0
< /|xj('\)|2d7’jj/|1‘k('\)|2d7‘kk<00 (G, k =1,2,...,n).
-00 -0

Yepes ne gnsg gosinbaux X € £o(%) Tta P(A) € L£o(T) MaTuMe BMicT
BHDas

@D =Y [ o),

Jk=1_¢

AKMH MM [IPUAMEMO 33 KBasiCKangpHuM AOGYTOK ereMeHTiB X, 9.
IMosna4umo yepes By oneparop B £o(T), £Kuil BUBHATAETHCH ABO-
Ma yMOBaMH:

1) ¥oro obnacts osHadeHHs D(By) CKIafaeThcd B THX 1 TIIbKH
tux X € £o(%), Ang sxux
oo
[ Reidrs(3) < oo

-0

2) gxuo
X € D(Bo), Box = m,

yi(A) = Az;(A)  (G=1,2,..,p).

Jlerko Ga4yuTu, 1m0 By — pgedkuil epMiTiB omepaTop B KBaBirilb-
6eproBoMy mpoctopi £o(%).

Busnaunmo g foBinbHOrO fjlicHoro t onepatop Fo(t), mokmaga-
o4 g gosinsroro X = {z;(A)}] € £o(%)

Eo(t)x = x9 = {90},
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e
| A%n={xw mpn A <t,
J 0 opu A > L.

OueBuano, mwo mis goBinsHoro X € £o(%):
0 < (Eo(t)X, Eo()X) = (Eo(1)X, €) < (X,X) (—o0 <t < 00).
Kpim Toro, ang nosinpuux t' < t”
Eo(tYEo(t") = Eo(t),
i gx1mo t, — t — 0 upu n — oo, To npu AosinbHOMY X € £0(%):
Fo(ta)X — Eo()%.

Jlerko Taxox mepeBipuTH, IO MiIf goBinbHUX X, € L£o(T)

(Box,9) = [ (BT, 9)
" e (21)
(BoX, BoX) = / t2d(Eo(t)%, X).

Bigupasnsgioduck Bif kBasirine6eproBoro npoctopy £o(%), yTBo-
pumo npoctip £o(%) BigHOCHO BMicTy omepalii, IO NMO3HAYAETHCH
cumBonoM ~ (guB. §1), a moTiM ioro samukanug £(%) (Jo moBHOrO
rinE6epTOBOTO HPOCTOPY ); OZHOYACHO IIepel/ieMO Biji EpMITOBHX Olre-
paTopiB By Ta Eg(t) (—00 <t < 00) 10 epMiTOBHX OIEPATOPiB Bo Ta
Eo(t) (=00 < t < ), a moTiM ix saMukanHsM B £(T) — onepaTropam
B ta E(t).

Ha nigcraBi nepenitennx BnactuBocted Eo(t) oneparop-QyHKiis
E(t) 6yne nesxoio cnexTpanpHOl0 QyHkuieio B £(T), i Yepes Te, mo
piBaicTh (21), o4eBHIHO, B6epiracThcd, IKIO B HiM BaMiHnTH By Ta
Ey(t) sigmoBigso epes By ra EO(Q a6o B Ta E(t), a mig 4ac X Ta
) posyMirtu nosinbHi enemerT D(By), To oneparop B caMocupaxe-
uuit, a F(t) — foro cnexTpanbHa QyHKIiS.

IloBepTaioyuch Temep IO MpocTopy £ Ta omeparopa A, mpo fKi
e MOBa B TeopeMi 1, posrigHeMo TiHiiiHe Bigo6paxeHHs £ B £0(%T),
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fKe OflepXYEThCH Bi[HECEHHIM BCIKOMY eleMeHTy g € £ eleMeHTa
X(g9) = {®;(g9;A)}}, upr uboMy mpuHATeXHicTH eneMenTa X(g) g0
npocropy £o(%), Tak caMo K i piBHICTH

(9,f)=(X(9), X(f)) (9,f€2) (22)

BHIIIMBAE 3 TOTO, IO MaTpuui-Pyrkuis T(A) € V, nae npencrapien-
ut ().

3aBagku “isoMeTpmyHOCTI” [TO6TO BiacTHBOCTi (22)] BimoGpa-
KeHHE g — X(g) Mu MoxeMo oTOoTOXHATH ¢ Ta X(g) i posrnggatu £
1K qacTHHY £o(%), a Tomi $Hg Gyne YaCTHHOIO £®, IIpu ubomy, Ha
ocHOBi BracTHBoCTi a) (guB. §1) ¢ynkuionanis ®; (j = 1,2,...,p)
onepaTop Bg Gyge SBISTH CO60I0 Jegke POSIIMPEHHH omepaTopa A,
a onepatop B — Jefike caMoCIpiXeHe POSIIEPeHHS onepaTopa A iv
He B LT)D He.

Hexaii Temep Ao(# 0) — pefxe pjiiche yucno, uj € £ (j = 1,
2,...,p) Taki, mWo

Ay, gy oy Up; A) = |8 (ug; M) #0 mpr X € (0, A),

a ||¥;k(A)||} — marpuus, obeprena BigHocHo mMatpuui ||®;(uk; A)||}.
Topj, Maloyu Ha yBagi, IO elleMeHTH %, OTOTOXHeHI BiANOBiAHO 3
BeKTOP-QPyHKIigIMHU

x(ult) = {Qj(ull; A)}_17’=1 (”’ = 1727'"’1))1
MM SHaHIeMO, 10

p N

> / Ui ()W, ()d( Eo(t)uy, ) =

Ao

uu_lo
P> / ¥, ()T (D

0
t

Z / B, (u,; A)®, (s Ndrrs(A) | =

TS—

= Tuu(AO) ([I,,I/ = 1,2,...,[)).
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TakuM YuHOM, nepexonsiu Big Ey(t) no E(t) i Big eneMenTiB u € £
no eneMenTiB U € £ C £(T), ME MOXeMO HAINMCATH:

p N
w00 = Y [ U NTENGE) (v = 1,20,
1k=17
(23)
IO i JOBOJUTD, IO AOBiNbHA MaTpPULA-QYHKIIiS MOXe 6y TH ofiepKaHa
cmocoboM, BasHa4YeHUM IpH AOBedeHHi TeopeMHu 1.

2. Ilicng uboro BxKe JIETKO IOBECTH TaKy TeOpeMy:

Teopema 2. 3a ymos meopemu 1 mampuyg-Pynxyiz T(A), axa
dae npedcmasaennsg (!), 6usnavaemovcd 00nosznauno 6 momy i miavxu
6 momy 6unadxy, Koau npunatimMui odue 13 dedexmuut wucea my abo
m_ onepamopa JdopieHioe Hyao.

NoBenenns. Hexait $ — [eSKuil TinB6ep TOBHI IPOCTIp, KUl
MIiCTHTB §) = $Hg, a A — caMoclpsKeHe POSIIMPeHHS ONepaTopa A
isH B9, E()\) — cuextpanbHa onepatop-QyHKUis omepaTopa A i,
Hapemrri, Hexail T(A) = ||7jk(A)||]] € Vp(A) — maTpuns-Qynkuiz, 1xa
OfIepXKYEThCL 3a BiJOMEM cmocoboM 3a (opmynowo (17).

Ilo3HaYUMO Yepes P oepaTop Op TOrOHATLHOTO IPOEKTYBAHHS 5
Ha §) i MOKIageMo Jif JOBIIBHOTO g € §

E.(A\)g=PE(A)g (—00 < )< ).

Oneparop-Qynkuig F,(A) € Tak 3BaHa y3a2aabHena ClIeKTPAIbHA
oneparop-pynkuis omeparopa A (qus. [4]). Ax mokasas M.A. Hai-
Mmapk (auB. [4], Hacuigku 6, 7), ysaralbHeHa CIeKTpalbHa ONEPaTOp-
(QYHKIig epMiTOBOrO OIepaTOpa BUBHAYAETHCI OJHOBHAYHO B TOMY
i TiNBKM TOMY BHIAQJKYy, KOIH OTHO i3 geeKTHHX YHCeNl ONepaTopa
JIOPIBHIOE HYIIIO.

3 npyroro 60Ky, Yepes Te, WO JJIf JOBIIbHEX ¢, f € Hp

(E(N)g, f) = (Ex(A)g, f) (—00 < A < 00),

70 (23) MOXHa IepemHCcaTH Ife TaK:

p Mo
w00 = Y [ OOV TOHE N ) (47 = 12,01,

Jik=1 0
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i yepes 1e, xonu oneparop-QyHkUis E,(\) Bu3HaYa€THCE OJHOBHAYHO,
to i MaTpuusg-QyHknis T(A) € V,(A) BUBHa4a€THCE OTHO3HATHO.

TaxuM 4MHOM, 8rigHo 8 pesyabraToM M.A. Haiimapxka, Teope-
Ma Gyje [0BeeHa, KON MU NOKaXeMo, IO JBOM DI3HHM y3arailb-
HeHUM CNeKTPAIbHEM ONepaTop-QyHKIiIM EY )(/\) (¢ =1,2) onepa-
Topa A DaBXIM BigNOBiJaOTH pisHI MaTpuui-QyHKUi (X))
(1=1,2).

3riguo 3 (16), nug JoBinbHEX g, f € fy 6yneMo MaTu

EINgH= 3 / 8;(9, 8, (1)

Jok=1_
(mo < A<o0; 1=1,2).

Yepes Te, 10 £ winbue B § ¢ 1 onepaTop-QyHKIii, 3rigHO 3 MpH-
NyleHHsEM, PisHi, TO 3HaUAyThCL Taki ¢, f € £, mo

(EMg, 1) # (EPg, f),

a BHaYUThb, 3HAHAYThCA Taki t, IO T(l)(t) # ‘I(z)(t).

Teopemy moBeneno.

Teopema 3. fAxwo 6 £ icuye cucmema eaemenmis v; (j = 1,
2,...,p) maxa, wo

A(01 00y Up3 A) = | @5(0k; )} £ 0,

('Ul,'t)]) = (1)2,'02) == (vp’vp) = Ov (24)
mo mampuyd-dynxyia T(A) € V,, gxa dae npedcmasaenns (!), 6u-
3nauaembvca 00HO3HAUKO: 60HA 36epizae NOCMITHE 3HAYEHHT HA KONC-
HOMY INMEP6aL, Wo He Micmumb Kyaie Pynxyii A(vy, ..., vp; A).

B yvomy sunadxy indexc-dedexm onepamopa A € (0,0) i cnexmp
onepamopa A craadaemvcs 3 mur wyaie Pyuxyii A(vy,...,vp;A), 6
IKUT Mampuyd-Pynkyid mae cmpubor.

Hosemenns. Hexait 9(D Hg), A, E()) osHadeni Tax camo,
K 1 IpH JOBeeHHi ICIePeNHbOl TEOPEMU.

Hexait I = (Ao — 6,A0 + §) — sxuii-HeGyap iHTepBal, WO He
MicTHTH HyTiB QyHKUII A(vy, ..., Vp; A). SanumeMo Jid UbOTo iHTEp-
Bany criBBinHourenus (19). Yepes e, mo (24) osHadae, 1o

’131:”0\2=---:6p20,
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TO 3 HbOI'O MM BMBOIOHMMO, IIIO
EW)f=EONF (FESr—6<N <A <A+6). (25

3Ha4YUTh, Mg AoBiTbHOTO f € D(A)

oo

1AF = 2oflI2 = / (A= do)2d(EMNF, F) > &2/I111%

—oQ

Mu 6a4uMo, 1110 OnepaTop A- Aol, AU gie B E, Ma€ TaM o6MeXeHnH
oGepHeHHH omepaTop, a Iie Moxnuso Tinbku ToAi (aus. I. Calkin [6] i
M. Kpeiin [7]), xonu gedexTHi uncna omeparopa A piBHI MiX co6oro:
my(A) = m_(A).

Sxuwo mpumycTHTH, IO BOHH BiIMIHHI Biff HylId, TO B onepaTopa A
SHal/IeThCd B §) o POSIIMPEHHS A, SKe Ma€ TOYKY Ag B CBOEMY CIIeKTPi
(zus. [8] a6o [7]), mo Gyae cymepednTn (25).

Takum yuHoM, m4(A) = m_(A) = 0, a BHa4UThH, OHEPATOP A,
AKWH € BaMHKaHHIM epMiTOBOro omeparopa A, € CaMOCIpIXKeHUH
onepaTop.

3rigHo 8 TeopeMoio 2, epuHicTs MaTpuui PyHkuii T(A) € V,(A)
JOoBeeHa.

OgHoYacHO AOBefeHO, IO CHeXTp omepaTopa A cKmajaeTbcs 3
Hy1iB (He 060B’#3K0BO BCix) PyHKHIT A(vy, ..., Up; A).

A sBigcu, Ha ocHoBi Popmyn (17), maTpund-Pyuxuiz T(A) s36epi-
Ta€ CTajle 3BHaYeHHA Ha KOXHOMY iIHTepBalli, BiIbHOMY Bifl TOYOK CIIeK-
Tpa omepaTopa A.

SalUIIAETHLCA JOBECTH, IO KOMH f4 — JesKa TOYKa CIeKTpa oIe-
paTopa A, To

u+0) — () # 0.

Bu6epemo Taxe § > 0, w06 inTepBan (p—4§, u+ 6) 6yB BiIbHMI Bif
TO4YOK cmekTpa omepatopa A. Topji Bcepenuui inTepBainis (p — 6, p) i
(4, e+ 6) s6epirae mocTidiHe 3HaYE€HHL, a BHAYHTH, KOIY NPAMYCTHTH,
mwo T(p+ 0) = T(p), To ang gosinsroro f € D(A), na macrasi (!) Ta
a) §1, maTumemo:

P o0

(A -ufAf D)= 3 [ = wP e (s BT () 2

Jk 1k=1_°°
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P [o o)
> 62 Z / ®;(f; M @:(f; Ndrie(A) = 6%(f, f),
1k=1"c

iHakie Kaxy4u, 6yaeMo MaTH: ||217— uf" > 6| f ||, mo cynepetnTs
TOMY, 06 To4Yka x 6yla TOYKOIO CIEKTpa olepaTopa A.
Teopemy noBeneHo.

§ 4. Bunajgok p = 1; KpuTepiH HOBHOTH
cucremn dpyuknin ¢(f;)) B £,
B uboMy maparpadi M pOBIISJaEMO BHIIAJOK, KOTH P = 1, TOG-
To epMiToBEH omepatop A (AN C £) Mae TIIbKH ONMH HANPAMHHH
dynkuionan ®(f; ). B upomy Bumanxy npencrasinenHs (!) Habupae
BHIIALY

.0 = [ oG NEEND) (9f €9, (m

ge T(A) = 7(A = 0) (7(—o00) = 0) — pedxa HecmagHa QYHKIIL.
Cykynuicts ynxui 7(A) € Vi, xi gaors npeacrasuenns (),
Tenep NMo3HadYaTUMeThcH depes V(A).
Axmo 7 € V4, To £, 6yle 03HAYaATH TiNLGEPTOBHE NMPOCTIpP BCiX
T-BEMIpHAX QYHKILiH (), LI SKHX

[ lear) < oo

io BBHYAHHAM CKAUILPHAM JOGYTKOM
[o o]

()= [ oY) (g, € 2.

—00

Yepes £), MH IOBHAYHMO CHCTeMY BCiX AHANITHYHHX (PYHKUiH
®(f;A) (f € £).

driguo 3 (!!), ans poinbHOrO T(A) € V(A) MHOXHHY £) MOXHa
POSIISfaTH K YacTHHY L£,. Y BMillleHiH HHX4e TeopeMi 4 MH JaMo
BIATOBIAL Ha BallMTAaHHS, KOIH CHCTeMa £) IiIbHa B £,.
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3ayBaxuMmo, 1o, STifHO 3 HomepenHiM, MuoxuHa V(A) sHaxo-
JUTHCA B OAHO-OfHO3Ha4YHIK BigmosigHocTi T(A) «— E,()) 3 MHOXH-
HOIO BCiX yBaralbHEHHX CHeKTpalbHHX QyHkuii F.()) omepaTopa ;1\;
npH uboMy, IKmo T(A) «— E.(A) [r(A) — nopogxkyerncs E.(A)], To

A A
JaEMnn= [Binpae)  (fes).

Teopema 4. [Jag mozo, wob cucmema £y eciz ynwxyiti ®(f; )
6yaa wiavnoro 6 L., de T(A\) — Jdegxa 3 Pynxyit, gxa dae nped-
cmaeaennsg (!!), neobzidno i docmamuvo, wob onepamop A dony-
cxas camocnpaxceni poauupennd 6 Ho ((mobmo my(A) = m_(A))
i w06 T(A) nopodxcyeasocyt cnexmpaavnoro Pynxyiero E(X) odnoezo
3 YuT po3wupens.

3oxpema, axuo m4(A) = m_(A) =0, mo Pynxyig T(A)[€ V(A)]
6U3NAUAEMBCT OOHO3KAUNO i, OMICE, 3a00604bHIE 3AIHAUENIT YMOBT.

Hosepexnnsa Hacnpasgi, yepes Te, mo

®(Af;A) = A8(f;A)  [f € D(4)),

TO onepaTop A iHgymupye B mpoctopi £3(C £;), isoMeTpHiHOMY E,
JedKHil onepaTop A) MHOXEHHA Ha A:

Are(Y) = Ap(V) [p() € D(AN)],

npu uboMy D(A)) NpeAcTaBife MEOXKHHY BCix QyHKIii g() BHrungay:
e(A) = @(f; ) [f € D(A)].

Yepes Te, mo D(A) minbHe (abo kBasiminbHe) B £, To D(A))
minbHe B £).

EpMiToBuit onepatop Ay, gxuit gie £ C £, Mae B £, caMoCnps-
XeHe posmupeHHs B (IIOBHHH OmepaTop MHOXeHHE Ha A B £,), Jd
AKOTO

Be(A) = Ae(A) [p(}) € D(B)],
i D(B) cknajaeTbcd 3 THX i Tinbku THX @(A) € £,, WIS IKHX

(o o]

/ M |p(\)[2dr(A) < oo.

—00
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Axwo E(\) — cuexTpanbHa onepaTop-QyHKIis oneparopa B, To
Jid Bcgxkol PyHKUii ¢ € £,

A A
/MOWWQF{/ﬂﬂM%w) (00 < A < o0).
0 0

3okpeMa, Iiid JOBiTbHOI PYyHKIIT ¢ € £y:

A A
.ﬂwnWﬂ»=/a&uw&x (26)

pe E.()\) (ysaranbHeHa ciekTpaibHa QyHKIif onepaTopa Ay ) — ome-
paTop B £), BUSHAYyBaHHH DiBHICTIO

E.A)p=PE(A)¢e (-00<A<o0; @E€&L) (27)

np¥ uboMy P OBHadYa€ OllepaTOp OPTOrOHAILHOTO MPOEKTYBaHHL £,
Ha £) (BaMUKaHH MHOXHUHE L) B £;).

Axmo temep €5 = £,, To P = [ i E,(\) = E()) sB1se coboo
SBUYAMHY CIEKTPAIbHY OepaTop-PYHKILiI0 CAMOCIPIKEHOrO POSLIH-
penns B omepaTtopa Ay B £) (i, oTxe, m4(Ay) = m_(A4))). Yepes
Te, IO IIPOCTip BaBXAM MOXHA POSIISfaTH, SK AedKy pealisaliio
rinb6epTOBOTO MPOCTOPY §), IPH AKik € peanisyeTsct y BUragdi £y, a
omepaTop A y BUIIL[j onepaTopa Ay, TO B OJHOMY HAIIPIMi OCHOBHE
TBEePJKEHHI TeOPEMH J0BeJEHO.

Jlnd MOBHOrO HOrO JOBEEHHA HAaM BaIMUIACTHCA MOKaBaTH, IO
Kol oneparop-pyHkuiz E.(A), 1ka ofepxkyeTbcs 3a dopmynoro (27)
[wo exBiBanenTHa (26)], € cnexTpanbHa QYHKIif IESKOTO CAMOCHP-
XKEHOTO poslIMpeHHs onepaTopa Ay B £y, To £ = £;.

Hexait R,(Im z # 0) — pesonbBerTa onmeparopa A B £y, To6T0

T dE (Ve _
sto—/ o, (PED.

3ayBaxXuMo, W0 Ha micTasi (26), mig JOBINBHEX @, P € £)
T d(EO)ep, e
(R = [ AEREY) / ) 1),

-0 —00
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(Re, Bap) = ——[(Rop ) — (Rutp, )] = |T“Td(n,

—00

a 4epes Ie
A
|Rep— $I* = (Rogp — b, Rugp — ) = / £y [ary.

Yepea Te, mo R,p € £, To g1 AoBimbHOTO € > 0 BHameTHCS
Pynkuiz ¢ € £y Taxa, wo ||R.p — ¢|| < €, To6TO

/ ¥ ""(’\) — )| arn < 2.

3BincH, IKIo ¢ € £), TO NPH JOBIILHOMY HENiHCHOMY 2
(A= 2)"tp(X) € .

Yepes ue, xonu feska Qynkuis h(A) € £,, opTOroHaNbHa 10 Ly,
TO OIS JOBIIBHOTO @ € £)

/ @dr(,\) =0 (Imz>0).

—00

3Bifcu s3a popMynoio obepTanug inTerpana CTinbTheca NMpH JOBITb-

Hux N < A":
AII

/wuﬁﬁwﬁn=o
J

i, oTXe,
/\II

[ 1eREdr ) =o.
AI

Yepes Te, mo anamiTHiHa QyrEmiz @(A) = ®(f; ) € £ saBxIU
Moxe GyTu ob6pana (guB. c), §1) Tak, mob6 He oGepTaTHCH B HYIH Hi-
fe B Hamepe[ 3aJaHOMY CKiHYeHHOMY iHTepBaii (a,b), To M# po6uMoO
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BHCHOBOK, II[O

/ IA()[2dr(A) = 0.

3eigcu £) = £,.

OcHoBHe (nepire) TBepI)KeHHE TeOPEMH JOBefeHe.

Ing sakiHYeHHS JOBefeHHS TEOPEMH BAIHIIKIOCE HAraJaTH, IO
komr my(A) = m_(A) = 0, To, 3a Teopemoio 2, pynkuiz 7(A) € V,
1xa nae npeacrasnenns (!!), BABHAYaE€ThCA ONHOBHAYHO, i B CHiBBifHO-
weHHi (26) 1% BignoBimae cnektpanbHa $yHkuigs F(A) caMocmpake-
Horo onepatopa Ay (amuxanug A) B £)), fKa € OQHOYACHO EANHOIO
y3araibHeHOIO cliekTpanbHoo QyHKuieio E,(A) omepatopa A. Yepen
Ile B IbOMY BHIIaAKy EA = £,.

Teopemy poBeneno.

BucHoBoEk Cucmema fynxyii ®(f;A)(f € £) wiabna 6
£, [r € V(A)], xoau 6 £ icnye eaemenm g maxud, wo (g,9) =0, a
®(g,A) = 0.

CnpaBfi, B IbOMY BHIIafIKy, 3Ti[HO 3 TeopeMoio 3, PpyHkuig 7(A) €
€ Vi, sxka pae mpencrasients (!!), BUSHAYa€THCA OJHOBHAYHO i
my(A)=m_(A)=0.

§ 5. Ipa mpukiIag¥ Ha 3aCTOCYBaHHA TeopeMH 1

Ilexinbka MpUKIajiB Ha 3aCTOCYBaHHA TeopeMHu 1 6yno mogaHo B
Hamii Horatui [1]. [[uM npuknIagaM Ta iHIIMM MU CIIOJiBaEMOCH IPH-
CBATHTH OKpeMy CTaTTi0. TYT e MH OOMEXHMOCE TaKMMH [BOMa
imocTpanigMu.

1. Hexai £ osHavae NiHIMHY MHOXHHY HellepepBHHX p-MipHHX
BexTOp-QyHKUiR ¢(t) = [g1(1), ..., gp(t)], BUBHAYeHHX Ha JedKOMY iH-
Tepsaii (0,a) i TakuX, M0 33A0BONBHIIOTH TPAHUYHY YMOBY

9(0) = g(a).

[MosnaunMo vepes D(A) MHOXHHY BCix HelepepBHO-IU(epeHILio-

. d,
BaJIbHEX BeKTODP-QyHKIiH g € £ i nokmageMo Ag = ¢ d_i
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Ilokmapemo, 3 apyroro 6oky,

a

ﬂmn=/w@ma(ﬁﬂmmm. (28)
0

Jlerxko 6a¥uTH, O TaK OBHAYeHi PYHKUIOHATH GYAYTH HANPIMHU-
Mu 1714 omepaTopa A.

Hexaik Temep F(t) = || fiu(t)|} (—a < t < ) — sesxa nenepepona
MaTpUuLg-QYHKIIL.

IMoknageMo aus JoBiILHEX g, f € £

0.0 = [ [ FFes- gt (29)
0 0

Ilpx nbOMy Bamucy MH BEKTOP § MHUCIHMO, K IIPEMOKYTHY MaT-
pHIIO, fKa CKIaJacThCd B OJHi€l BepTHKAI g1, ...,Jp, & §*, K MaT-
PHUIO, IO CKIaJacThCd 3 OfiHi€l TOPH3OHTAN §i,...,Jp, NPH IBOMY
MaTpHIi, IKi CTOLTH IiJ BHAKOM iHTerpaia, MEePEeMHOXAIOThCI 33
TMpaBHIOM MHOXEHHS MATpPHIb.

TaxuM YUHOM,

a

(9,f) = // Z fir(s — )gr(s) f;(t)dsdt.

0 0 Jk=l

HeBa’kko mokasaTH, mo Tak BU3HadeHu# PyHukuionan (g, f) (g, f €
€ £) 6yme MaTH BCi BTAaCTHBOCTI KBadicKalfpHOTO J0GYTKYy Tomi i
TiIbKK TOMi, KONK NI NOBINHHHX YHCEN Si,...,S, 8 iHTepBany (0,a)
i JOBINBHUX P-MiDHHX BEKTODIB Z1,...,&, (7 = 1,2,...) cHpaBefmTHBa
HEpPiBHICTH

n
Z z; F(sj — sg)zr > 0.
Jik=1

Ilpu BukOHaHHI Li€l yMOBH GyneMO rOBOPHTH, IO MATPHII-PYHK-
uis F(s) (—a < s < a) HanexuTh K1acy P,. Jerko 6a4uTH, WO KOIH
F(s) € P, 10 F(—3) = F*(s), 10610 f(=s) = fi(s) Gk =
=1,2,...,p; |s| < a).
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IIpononyeMo YuTadeBi epeBipUTH, IO KOIH KBal3iCKalIpPHUH JO-
6yTox (g, f), BusHa4enui 3a gopmynoo (29) Ba JOMOMOrol AesKoi
Qyukuii F(s) € PB,, To HaBeeHUH BHILle onepaTop AudepeHniloBaHHS
A 6yge epMiTOBHM.

Yepes ne, Ha mifcTaBi TeopemMu 1, MoxHa 6yge TBEpAHTH IIPO
icuyBanng MaTpuni T(A) € V), Takoi, mo

/ / FOF(s — o(Ddtds = / ®;(g; N8R (T3 Nidrie().

Jk=1_

A sBigcu Bxe, 6epy4n fo yBaru Buriaf (28) dpynkuionanis ®;(f;A)
(j =1,2,...,p), nerko BUBECTH, LIO

F(s) = / e*dg()\) (—a‘s s<a). (30)

—00

Yepes Te, 1m0, 30KpeMa,
[o o]
F(0) = / ds(N),
—00

0 T(A) (—00 < A < 00) — o6MexeHa MATPHIL-PYHKIIS.

Mu posenu HaGiNbII CKIAAHY YACTHHY TaKOl TEOPEMH.

Teopema A. [ag mozo, wo6 desxa mampuys-Pynxyiz F(s)
(—a < s < a) donycrasa npedcmasaenns (30), de T(X) € V,, ne-
00zidn0 i documdb, W06 60na Hasexcasa Kaacy P, .

JIpyra JacTuHa TeopeMH (HeOOXiJHICTH YMOBH) NepeBipIETHCA
6esnocepenHbO.

Y Bumajxy p = 1 ug TeopeMa 6yna ycTaHOBIeHa paHimte [9] i ange
co6oio fesKHil PO3BHTOK BioMoi TeopeMu Boxuepa [10].

Teopema A, B cBOIO Yepry, AoNmycKae Take y3aralbHeHHS (OGIpyH-
TyBaHHE Horo GyJe faHO B iHmOMY Micui).

Hexait $ — pedxuii rin6epToBHil mpocTip, a F(t) (—a <t < a)
— OfiHONIapaMeTpHiHa CiM’d OO6MeXeHHX ONlepaTOpiB B ), IKa Mae
TaKi BIACTHBOCTI:
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a) IpH JOBUTbHEX T,y € § Bupas (F(t)z,y) € HenepepBHa PyHK Uik
Bin t € (—a,a);

b) mns OOBITBHUX WYHCelN S1,S2,...,S, 8 iHTepBaLy (—a,a) i JOBiNL-
HHX Z1 € §, ..., Tp € §H BUKOHYETHCS HEPIBHICTH

> (F(s1 = sa)zkz;) > 0.

hk=1

3a yux mpunyuieHs onepaTop-pyukuii F(t) Bignosigae ognomapa-
MeTPpHYHUH aHCaMOIb OGMeXEHHX CaMOCIpiXeHHX onepaTopiB T(A)
(=00 < A < 00) Takux, Wo:

a) fiad JOBiNbHOrO z € $) BekTOp-QyHKuis T(A)z (—00 < A < 00)
HellepepBHa BIiBa;

B) nng posinbHoro x € $ Bupas (T(A)z;z) € HecnagHa QyHKHis
Bil A € (—00,00), IKa B3aJOBONbHIE HEPIBHICTH

[(2(A)z,2)| < 7(z,2) (—00 < A < o),

e ¥ — KOHCTaHTa, HezaleXHa Bif ¢ € §. [lng goBiabHOTO = € § B
POBYMIiHHI CHIBHOL 361XKHOCTI

F(t)z = / e"dI(Nz (-a<t<a). (31)

—00

3ayBaxuMo, o ) A03BONIE TBEPJUTH iCHYBaHHS JBOX oO6Mexe-
HHX CaMOCIpPIXeHHX onepaTopiB T(—oo0) i T(+00) Takux, wWo mis
[oBiTbHOrO z € $ BekTOp-QyHKuiz T(A)z mpamye no I(—oo)z (Bin-
nosinxo g0 ¥(oo)z) mpr A — —oo (BigmoBigHO A — +00). Yepes ue
Pynxuiio T(A) MOXHa HOpMYBaTH me ymoBoio T(—oo) = 0.

Npencrasnenns (31) mokasye, wo yMoBH a) Ta b) npusBogdTh 10
cunbHOI HenepepBHOCTI BekTOp-PyHkuii F(t)z npu noBinbHOMY = € §.

CopMynboBaHe MONOKEHHS Ma€ TaKOX Miclle Y BHIIAJKY OIepa-
Top-PpyHruik F(t),safaHnx B HecKiHYeHHOMY (BiIKpHTOMY) iHTEpBa-
1i (—00,00) i B uboMy BHIAJKY BoHO 6yno noBeseno M.A. Halimapkom
(mus. [11], Hacaigok 3). IIpore y upoMy BHIAgKy BOHO He Mae iHTe-
pecy, 60 Moxe GyTu GesnocepeqHbo ofepxKaHo 3 TeopeMu BoxHepa
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i mpuTOMy B GiIbII CHILHOMY (I)opmymonanﬁi)‘, a came, saMicTh f)
JOCHTH BUMaraTh, Wo6 Inpu goBinbHOMY = € § Bupas (F(t)z,z) 6ys
[0faTHO O3HaveHo QyHKuicw Bigt(—0o0 < t < 00), T06TO, W06 Ik
JOBiTLHUX JOJATHHX S1, ..., Sy (7 = 1,2,...) BHKOHYBaNach HepiBHICTH

Z (F(sj — sk)z,z) > 0.

Jk=1

2. Hexali Tenep £ osHadYac MHIAHY MHOXHHY p-MIpHHX Hemepep-
BHHX BeKTOp-QyHkuif g(t)(—o0 < t < 00), gKi 06epTalOTHCI TO-
TOXHO B HYlb-BEeKTOD IIPH JOCTATHBHO BEIHKHX BHAYEHHIAX |t|.

BusHauumo B £ ckangpuui 106yTox (g, f), moxinagaodu jud [o-
BimbHHX ¢, f € £

0.0= [ roswi= [ SawkDe 6
—00 oo k=1

[MosHaunMo 4epes D(A) MHOXHHY BCiX HellepepBHO AudepeH-
niloBaIbHHX BeKTOp-QyHKLiH g(t) € £ i mokmageMo s HOBITHHOTO
g € 9(4)

.dg
Ag - I"E + ng

me Q(t) = ||gix()|| (=0 < t < o0) — mesxa foBinbHa (ikcoBana
HellepepBHa epMiToBa MaTpuig-QyHKUig Big t. Jlerko GauuTu, mo A
— epMiTOBHI OIepaTop BiJHOCHO CKaIAPHOro No6yTKy (32).

Ilo6ynyeMo HemepepBHO [audepeHNiOBAIbHY Ba { MaTPHIIO-
¢yHKmio P(t,A) (—00 <t < 00; —00 < A < 00), 9Ka BUSHAYAETHCL
TaKAM PiBHEHHEM 3 II0YaTKOBOIO YMOBOIO:

dy ~
_3E+¢Q_’\¢_07
Q/)(0) = Iy

TA}mnori'-me 3ayBaXXeHHA MOXe GyTH TakoX 3po6lieHO BIJHOCHO OCHOBHOI Te-
opemu crarti [11] M.A. Hajimapra. Pasom 3 THM HaBefieHe TaM [OBEJEHHA Te-
opeMH Ma€ iHTepec, 60 MICTHTH HOBY iiel0, AKa JOBBOIAE YCTAHOBUTH BaXKIHBE
MIONIOXKEHHA, TO3HaYeHe B CTATTI, AK BUCHOBOK 1.
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i BinHeceMmo xoXxHill BekTOP-PyHKIIl f € £ aHATITHYHY BeKTOp-(PyHK-
nito

F(\) = / B(EN (Dt (00 < A < 00). (33)

Jlerko 6aduTH, WO NMpu JaHOMY A Ta f € £ piBHAHHE Ag —
—Ag = f Mae posB’g30k Togi i Tinbku Toai, xomH F(A) = 0. Ye-
pea ne koopaunatH F;(A) = ®;(f;A) (j = 1,...,p) BekTOp-PyHKLIT
F()) e nanmpamui pynkuionanu gnsg onepatopa A.

Ha migcraBi Teopemu 1 MoxkHa 6yie TBepIUTH iCHyBaHHS MaTPHIIi-
$yukuii T(A) € V, Takoi, mo and JOBIIbHEX g, f € £ MaTHMe Micle

PiBHicTH
o0

/ FA()g(t)dt = / FO)E()G). (34)

—00

TaxuM 4YMHOM, HEITOBHUH rIL6ePTOBKE TPOCTip isOMOp(HUH Mpo-
cropy £) neperBopenux BekTop-QyHKLiH F()A), Konu B OCTaHHEOMY
BUSHAYUTH CKaISpHUE NOOyTOK 3a popMynoio

(G, F) = / F{VES(A)G()  (F,G € £3). (35)

—00

3aMKHYBIIH £ [0 IIOBHOTO Tib6epTOBOrO IPOCTOPY, MH Ofiep-
kMo upoctip £ sxumil ckmagaeThcs B BeKTOpP-PYHKIIR g(t) =
= g1(t),..,gp(t) (-0 < t < 00), KOOPAMHATH IKHX € BHMIpHi

$yHKIil, Taki, mo
[e o]

[ Clatorar < o,

1

IpY UbOMY CKaIgpHHE J06yToX (g, f) mnd poBinbHuX ¢, f € £2) gyne
soGpaxaTice nonepesusoio Gopmynoo (32).

IsoMop@isMm Mixk £ Ta £ nopomxye isoMopdisM MixK £®3) 1a £E\2)
(saMuxanus £y [0 MOBHOTo rinkGeproBoro mpocropy). IlikaBo Gy-
no 6 8’acyBaTH, y BUIIAA SKHX QYHKLIH Big A MOXHA peali3yBaTH
eleMeHTH IpocTopy £ /\2) 3 THM, I[O6 NIPH BiNOBITHOMY y3aralbHeHHI
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npoliecy iHTerpyBaHHs B6epiranacs 6 popmyrna (35), a BHaYHTS, i
dopmyna (34).

[le nuTaHHd OCOOGNUBO LiKaBe [jid TOTO BUMAJKY, KOTH MaTpPHIE-
Qynknigz T(A) € V, BHSHAYaeTbCE OJHOBHAYHO piBHicTIO (34) mns
9. f €&

3rigHo 5 TeopeMoo 2 Ieil BHIAJOK MaTHMe MicClle TOMi 1 TIIbKH
TOJli, KON OfiHe 3 fe(DeKTHHX 4HCel onmepaTopa A JIOPIiBHIOE HYIIO,
To6TO KOmH BaMukaiHE A omepatopa A B £2) ¢ camocnpsxenmi
(rimepMakcUManbHUiL) 260 MaXCUMAIbLHUH €pMiTOBHH OIepaTop.

[ixaBo 6ymo 6 Takox BHAUTH PopMyny oGepTaHHA Jjid IepeTBO-
perHs (33).

JIng moscHeHHS IONIEPENHBOrO BayBaXXUMo, Ifo Ipu p = 1, Q(t) #
= 0 neperBopeHHsd (33) mepexoguTh B nepeTBopenns Pyp’e

oo

F(\) = / = £(1)dt.

—00

Y upomy Bumaaxy dZ(X) = (2r)~1d\ i pinicts (34) nepexoguTh
y BigoMy piBHicTh IlapceBansa-Ilnanmrepens.

3asHaYMMO, HapelnTi, IO IOmepefHi POBILILIY Ierko y3araib-
HIOIOThCS Ha BHMAJOK caMocupixkeHHX (3a JlarpamxkeM) mudepes-
HiaTbHUX OlepaTopiB BMIIOro mopinky. Hampukman, sa omepaTop
A MoxHa 6yno 6 o6paTH ONepaTOPH BUTISIY

d (pdg @
49 = 5 (Rg +59) - 575 + Qs
ae R(t) = llrs(®E Q) = gl 5@) = lsiu®If — pesxi
MaTpHIi-PyHKIi]l, TP HbOMY Ieplii [Bi epMiTOBi, a S*(t) — MaTpu-
ng-QyHKIis epMiTOBO cupsxkeHa 3 S(t).

IIpu yboMy Ba iHTepBAX BMiHH s ¢ MOXHA OOPATH, HAIPUKIAI, i
inTepBan (0,00), a npu BusHaveHHI D(A), KpiM piay audepennians-
HHUX BIaCTHBOCTed, EMMaraTH Big ¢ € D(A) 3a0BONeHHT IesKUM
IPaHUYHAM yMoBaM B Toyumi (.

Ha npoMy mndxy Mum npuiifeMo Jo Y3arallbHeHHs PesynbTatia
H. Weyl’s [12].



IIpo epMiToBI onnepaTopH 3 HaNPAMHHMH QYyHKIIOHATAMH 203

(1]

(2]

(3]

[4]

(5]
(6]

(7]

(8]

[9]

(10]

(11]

[12]

Cuaucox iireparypu

Kpetin M.I". O6 ogHOM o61ieM MeTojAe PaslOXeHHA MONOKHTEIBHO ONpefe-
IEHHHIX A1ep Ha sneMeHTapHbie nponaseaenns [/ JAH CCCP. — 1946. —
LIII, N21. — C.3-6.

Juswuy M.C. O6 ogHOM NpPHMEHEHHH TEOPHH BPMHTOBHIX ONEPATOPOB B
o6o06wennoit npo6reme momentos [/ MAH CCCP. — 1944. — XLIV, N21.

Schoenberg 1.J. Metric spaces and completely monotone functions // Ann.
of Math. — 1938. — 39, N4. — P.811-841.

Hatismapx M.A. Cnextpanpnnie yHKIUK CHMMeTpHYecKoro omepaTtopa [/
Hss. AH CCCP. Cep. maTem. — 1940. — Bun.4. — C.277-318.

Stone M.H. Linear transformations in Hilbrert space. — New York, 1932.

Calkin J.W. Symmetric transformation in Hilbrert space // Duke Math. J.
— 1940. — 7. — P.504-508.

Kpetin M.I". Teopus caMOCONPAXKEHHHX PACIUHPEHHH MONYOrPaHHYEHHHIX
IPMHTOBHIX ONEPAaTOPOB K ee npHaoxenus // Mat. c6. — 1947.

Hamburger H.L. Contributions to the theory of closed Hermitian Transfor-
mations of deficiency index (m,m) // Ann. of Math. — 1944. — 45, N1.
— P.59-99.

Kpetin M.I". O npo6nemMe NpoAoONKeHHA SPMHTOBO-NOIOXHTENbHHX HENpe-

pusnex Gynxuuit // JAH CCCP. — 1940. — XXVI, N21.
Bochner S. Fouriersche Integrale. — Leipzig, 1932.

Hatimapx M.A. IlonoXHTENBHO ONpeAeNeHHLle OnepaTOpPHLle GYHKLUHH Ha
xommyTtatusuoi rpynne // Uas. AH CCCP. Cep. mat. — 1943. — 7. —
C.237-244.

Weyl H. [/ Math. Annalen. — 1910. — 68.



204 M.I'. Kpeiin. Ha6pannrie Tpyaer. Kn.2

OCHOBHBLIE IIOJIOXKEHUSA
TEOPHUM [IPEICTABJIEHUA
SPMHUTOBBIX OIIEPATOPOB
C UHIEKCOM JE®EKTA (m,m)

(Yxpamacxmi MaTeMaTHIECKHH XYPHAI
AH YCCP. — 1949. — N22)

Ilpn HCCIEIOBaHHH CHEKTPAIBHHIX CBOMCTB CaMOCOUDIKEHHEIX
pacCUIHpeHUH SPMHUTOBHIX OIIEPATOPOB MOXHO BCErJa OTPaHHIHTHCA
TeM ciydaeM, Korja omepaTop npoct (cuM. §1, m.3).

B ocHOBe HacTOfIEr0 MCCIENOBaHKA IEXHUT TO OGCTOLTENHCTBO,
YTO BCAKHH NEHCTBYIOMMA B TMALGEPTOBOM IPOCTPAHCTBE § IPOC-
Tol BpPMHTOB ollepaTop A ¢ MHIexcoM aedexta (m,m) (m — Hary-
palibHOE YHCIO) NMOPOXJaeT HEKOTOpoe IHHeHHoe usoMopdHoe oTo-
G6paxenne f — f(z) mpocTpaHCTBa 5 B IHHEHHOE MHOXECTBO M-
MepHHX BexTop-Qynkuni f(2) = (fi(2), ..., fm(2)) HeBewecTBenHOTO
apryMenTa z, MepoMOpQHHX BHYTPH BepXHeH M HHXHEH NONyINOC-
KOCTe#, IpHIeM DTO oTobpaxeHWe OOTaJaeT TeM CBOMCTBOM, YTO
€CIlM DleMeHT [ mpuHaMIeXHT ob6IacTH onpeneneHus A, a g = Af,
To g(2) = 2f(z).

910 oToGpaXxeHHe He ONpeenseTcd OMHO3HAYHO omepaTopoM A,
€CII¥ TOIBKO He B3aJaHK HEKOTOPHE JONOTHUTETbHEE HOPMUPYIOIIHE
YCIOBHA, KOTOpHE Janbliie OyAyT yKasaHH. B 9acTHOCTH, 3aMeTHM,
470 oTOGpaxeHHe f — f(z) MOXHO BCeria TaK pealHB30BaTh, YTOGH
BCe BeKTODP-QYHKIMH f(z) GHIIH ONOMOPQHEIMA BHYTDH BepXHEH M
HIJKHEH IONYIIOCKOCTEN.

Ecin, nanpuumep, $ ects £03)(a,b) (—oo < a,b < ), T.e. mpo-
CTPAHCTBO KOMILIEKCHO-3HAYHHX H3MEPUMEIX ¥ HHTErPHPYEMBIX
BMecCTe co cBouM kBafiparoM ¢yskumit f(t) (a <t < b) c ecrecTBen-
HBIM ONpefelNeHHeM CKANIPHOTO IPOU3BeleHnd, a A — HEKOTOpHIH
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BPMUTOB OlIepaTOp C HHAEKCcOM JedekTa (m, m), HOPOXKAEHHHIH HEeKo-
TOPHIM IHHEHHEM JudepeHnuaNbHBIM BHpPaXeHHEeM M-T0 MOPIJKa
L( f)T T0 Tpebyemoe oToGpaxenue f — f(z) = (f(1)(2),..., f("‘)(z))
MOXHO OCYIIECTBHTH, IIONaras

b
f9(z2) = / fOet,2)dt (G =1,2,..,m),

rae ¢1(t, 2), ..., om(t, 2z) (@ < t < b; 2 — KOMIIEKCHOe YHCIO0) — CHC-
TeMa IMHENHO He3aBHCHMEIX pellleHHH ypaBHEHHS

L(p) - zp =0,

HOPMHDYEMHIX B KakKoil I1HGO BHyTpeHHeH Touke o € (a,b) ycmoBu-
AMH

dfpi(t, 2 .
%lt:to = 05k (Jak = 17 2) ooy m)'

B sToM cnydae Bce BekTOp-PyHKIuE f(2z) oKasHBalOTCH nenbmu”.
3aMeTuM, 4T0 OGHYHOe MpeobpasoBanne Pypbe MOXKHO TPaKTO-
BaTh Kak oTobpaxenue f — f(z), cOOTBeTCTByOIEee cIydaio m = 1

u L(f)= 'Li’[
dz

IIpu nccnenoBaHuy KOHKPeTHHIX SPMETOBHX OflepaTOpOB 0TO6pa-
Xenne f — f(z) OOBIYHO MOCKaB3HIBAETCH CaMOMl NOCTAHOBKOH IIPO-
GneMHl.

Ho, no-BuguMoMy, 3ech BOepBEE PasBUTa OOIIAiL TeOpHd TAKHX
0oTOGpaXeHUH, Ha3BaHHAad HaMHU TeopHel MpeACTaBIeHHI SPMUTOBEIX
OTepPaTOpPOB.

IIng ee moCTpoeHMS HaM OPHIIIOCH MOOHIMB0OBATH METOIH
(a uHOTHa M HOBHE CpEICTBa) TEOPHH AHANHTHYECKHX (QPYHKIUI,

f”Hopoxq;euuuii” ClleiyeT NOHHMATDH B TOM CMEICIE, YTO 061acTh ONnpeelenus
A cocrouT u3 ymxuui f, ofpamfalolMXCE B HYIbF B OKPECTHOCTH TOYeK a,b,
aBCONIOTHO HeIpepHIBHHIX BMecTe co cBoMMH npomssogubiMu S, f", ..., f{™1) u
Takux, yro Lf € £, npu sroM Af = L(f) ( momycraeTcd, 4T0 ROHIE HHTEPBala
{(a,b) MoryT 6bITH cHHTynapHEIME ToukaME jias L(f))

CornacHo TeopeMe (13), §9 B TakoM ciyuae CeKTp TIO60I0 CAMOCONPAKEH-
HOTO pacumMpeHrs A omepaTopa A JHCKpeTeH.
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KOTOpHIE [0Celne He MPUMEHATUCh TP HCCIETOBAHUH CIEKTPATbHBIX
CBOHCTB OTEPaTOPOB.

HauGonee Tonkue MeToA moTpeboBanuck B §5, 6 118 ycTaHOBIe-
Hug TOoro (akTa, YTO TOT HIM HHOH XapaKTep NOBeJeHHI BEKTOD-
$yHKUHH f(z) B OKPECTHOCTH JAHHOMN BellleCTBEHHOI TOYKH oIpee-
JIfeT MOBe[eHHe CIIeKTPA CAMOCONPIKEHHHX PacIIKpeHNH ONepaTopa
A B 9TOH OKPECTHOCTH DTOH TOYKH.

HNccnenoBanue onpeeneHHEM 06pa3oM HOPMHPOBaHHOTO 0TO6Gpa-
xeuns f — f(z) mospongeT kmaccuPUUUPOBATH BPMUTOBHL OIEpPa-
TODH, HCXOLd M3 IPHHAJIEKHOCTH BeKTop-QyHKUHH f(2) X ToMy
uny uEoMy Kiaccy Qynkuuit. Ha sToM myTm oGHapyxuBaeTci 3a-
MevaTeNnbHHIH KiIacc Uelkix onepaTopos (§8, 10). Ilensie onmepaTops
OHBAIOT JBYX TUIOB: MAHUMAIBHOTO H HOPMAILHOTO.

[Ipocreluuii mpuEMep HENOTO ONEPaTOPa HOPMAIHHOTO THIIA C MH-
nexcoM gedexta (1.1) MoxHO IIOIIy‘[I/ITL,dpa,CCManI/IBaJI YPMUTOBEL

OIepaTOpH], MOPOXKIaeMEIe Olepalueit id— B IIpUMeHeHHH K PYHK-
UUIM, IS KOTOPHIX CKaISpHOe nponanenegne onpenengeTcs 0Co6bIM '
o6pasoM (§10, 11). DTo BuepBHe GHIO O6HAPYXKEHO aBTOPOM B
CBEBH C MCCIeJOBaHHEM TaK HaBHIBaeMOH MPOGIEMEl MPOJOMKEHHI
BPMHTOBO-NONOKUTENbHOH PyHKIMY [la, 6, K].

K uemoMy omepaTopy MHHHMAIBHOTO THIIa OPHBOJUT TakK Ha-
SBIBaeMEIH HeOlpeleNeHHEIH CIyYald KIacCHYeCKOH CTemeHHOH mpob-
TeMBl MOMEHTOB.

C MoMeHTa 3apOX[IeHHS CIeKTPalbHOH TEOPHH ONEepPaTOPOB ee
HJle¥ HaXOOWIHCh B HeIPEPHBHOM B3aHMMOJEHCTBHH C MIeIMH IpOG6-
TeMBEl MOMEHTOB.

Ham kaXxeTcd, YTO B 3TOM HCCIEIOBAHUHM JOCTHIAETCH €IUHCTBO
Upeit oiHOM M APYroM o6IacTH B TaKOM CTEleHH, B KAKOH PaHbIile OHO
He HaOIIONAIOCH.

B o61meii TeopuM HETHX ONEPATOPOB yAaeTCd HAUTH aHATOTH BCeM
OCHOBHHIM IIPEJJIOKEHHAM HEONPEleNTeHHOro CiIydad KIaCCHYeCKOH
npo6ieMH MOMEHTOR BIUIOTH 10 3HAMEHHTHIX HepaBeHCTB JeOniieBa
(em. [16]). C ppyroii CTOpOHBI, MOCTpOeHHe OOILEH TEOpPHUH Iie-
NHIX OIEPATOPOB MO3BONIET IIPOCTO PEUIMTH PasINYHEE 334l THIIa
Ipo6leMK MOMEHTOB, pellleHHe KOTOPHX MEeTOJaMH KIaCCHIeCKOro
aHalus3a IpencTaBuiIo OHl 6onblilNe TPYIHOCTH BBHIAY OTCYTCTBHS
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KaKHX-THOO oOIIMX OpHeHTHpyouMX uaed. B kxadecTBe ABYX TakuX
IPUMEPOB MHE IPHBOAYM MAaTPUYHYIO CTEMeHHYIO IpoGieMy MOMEH-
toB (§10, 1) u mpo6eMy IPOJOIKEHHS DPMHTOBO-NONOKHUTEILHON
maTpuns-Qyskuun (§10, 11).

Ws-3a HemocTaTKa MecTa MH HE MOITH HONOXHTH Pe3yIbTaTH
HCCIeoBaHui 06 0606IIEHHHX PeSOIbBEHTaX SPMUTOBA ONEPaTOPA
c unpiekcoM gedexta (m, m). B cBE3K ¢ HTHM ONylleH K BHBOJ, COOT-
HOIIEHHUH, U3 KOTOPHIX HaXOOUTCH OOLIMA BHI MaTPHI pacipeaeneHus
T(A) = |[(Exuj, uk)||T*, cooTBeTCTBYIOMUX JAHHOMY BPMHTOBY Olle-
paTopy A, 0 KOTOPHX HAET peYb BO MHOTHX maparpadax.

Ilo Toitl e mpHYWHEe MHEI He M3IIaraeM 3[ech MPHIOKEHUH pas-
BUTOH TEOpPHH K PABTMYHHIM HHTEPIOINIIIHOHHHM 3ajfadaM TeOpUH
Pyukumit Tuna npobiemsl Hesannuana-Iluka, x mpo6GiremaM mpopon-
XeHHd B IHIb6GEPTOBOM IPOCTPAHCTBe BHHTOBHIX Ayr (cM. [1Ir, a]) u
MHOTHMM JPYTHM BOIIPOCaM.

OcHOBHBIE IIONOXEHNUS TEOPHHU IIPEACTABIEHNS D9PMUTOBHIX omepa-
TOpOB ¢ uHAekcoM AedexTa (1.1) ¥ pag MX IPUTOXKeHHH GHIIH COO6-
meHH HaMM 6Ges JoKasaTelbCTBa B XypHale ” Jlokmaan AxajeMuu
Hayk CCCP” eme B 1943-1944 rr. 31ech MOXHO HAHTH JOKaBaTelhb-
CcTBa GONBIIMHCTBA DSTHX IONOXEHHMH H IPUTOM Aig Golee o6Iiero
caydas.

Bce cBasanHOe co crenu(puIeCKEME OCOGEHHOCTIMHE CIyqad m =
= 1 MH npeAnoNaraeM H3IOKHTH B OTAETHHON CTaThe.

IlepBHIME HHTepecaMH K Pa3sIHYHBIM Ipo6GIeMaM IPOJOIKEeHHS U
K mpo6ileMe MOMEHTOB aBTOpP 0643aH CBOeMy He3aGBEHHOMY YYHTETIO
Huxkonaio I'puropseBuyy YeGoTapeBy, CBETION TaMIATH KOTOPOTO ITO-
CBAINAETCL 9Ta CTATHL.

§ 1. OcHOBHbIE NOHATHSL

1. B panpHeliieM $) o3HaYaeT HEKOTOpOe THILGEPTOBO IIPO-
crpancrBo. OpgHomapaMeTpuyeckoe ceMeicTBo E) (—00 < A < o0)
OTpaHHYEHHBIX CAaMOCONMPAXKEHHBIX ONepaTOPOB B §) 6y1eM HasHBaTh
IUCTpUGY THBHOH onepaTop-QyHKIueH, ecid Jiug do6oro f € H:

1°. (Exf, f) He yOBIBaeT IpU BO3PAaCTaHHH .

2°. E)f — HenpephiBHag CleBa PyHKIHL A.

3°. Exf = 0mpu A — —o0.
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4°. Exf — f upu A — oo.
[ucTpubyTHBHAZE omepaTOp-QYHKIHS HABHIBAETCE OPTOTOHAIB-
HOH, eClIn

E\E, = Emin(A,u)\ (0o <A, p< o).

Cornacuo xnaccuyeckoi temme M.A. Haiimapxa [2a,6] Bcaxoit quc-
TpHGY THBHOH omepaTop-PyHkuuE Ey MOXHO CONOCTaBATH I'miIbGep-
TOBO TPOCTPAHCTBO $, COfEpXKallee B cebe $), © OPTOTOHAIBHYIO B
HeM JMCTpHOYTHBHYIO onepaTop-pynknuio E) Tak, 4T0

Ey=PE, (-0 <)< o), (1.1)

e P — omepaTop OPTOrOHAIBHOTO NPOSKTHPOBAHAL B § Ha § .

llpencrasnenne (1.1) MOXHO Bcerga BHOpAaTh Tak, 4TOGH OHO
6LUIO HEMPHBOAEMBEIM, T.e. YTOGH B § O § He CYIecTBOBAINO MOf:
IPOCTPaHCTBa, HHBAPHAHTHOT'O II0 OTHOIIeHHIO KO BceM E). Oxasu-
BaeTcd, YTO HelpHBoauMoe npeacTanienue (1.1) onpenenseTcs ofHoO-
BHAYHO [0 YHHTAPHOH SKBHBAICHTHOCTH. JTO BHAYHT, ITO Ajd BCH-
KOT'O TaKOro IIpeCTaBIeHAS

E) = P'E)‘ (=00 < A < ),

~1!
rie P! — omepaTop IpoeKTHPOBaHHL MPOCTPaHCTBA § D §H (B xo-
TOPOM JIEHCTBYeT HEMPHBOAMMAL OPTOrOHANbHAL ONepaTop-pyHKIHS
E 1) Ha IPOCTPAHCTBO $), HaliieTcd yHHTapHOe oToGpaxenne U Tpo-

CTPaHCTBa fj Ha f)’ OCTaBIIgIOlllee Ha MecTe §) U Takoe, YTO E,\
=U E’ Ul

I/Ia npefacTaBirenus (1.1) BHTekaeT, 4TO €CIH 1jI HEKOTOPOTO Bek-
Topa f € H:

J= / Md(Es f, ) < oo, (1.2)

TO OyayT CHIBHO CXOOHTHCE HHTETPANK, (JUI'ypHPYIONIHE B PaBEHCTBE

oc

/ ME\f=P 7 AE\f, (1.3)

—00
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160, cormacho (1.1), Takxe

o 0]

/ Nd(Erf,f) =J < o,

—00

a i OPTOTOHAIBbHON OnepaTop-QyHKIHH KOHEIHOCTH DTOTO HHTe-
rpala BleYeT CHIbHYIO CXOAMMOCTH HHTerpaia, cTosimero B (1.3) mog,
sHakoM P.

IIycTh Temeps A — HEKOTODHIH, NEHCTBYIOUIMH B §) BaMKHYTHIH
SPMUTOB OIIepaTOp € 0bnacThio onpenenenut Dg4 (D4 = H).

ucTpubyTuBHyo oneparop-dpynknuio Ey (—oo < A < 00) GymeM
HasHBaTh cnexmpaasrot Pynxyuetd onepamopa A: ecnu ajug mo60ro
fE€D4

IAfI? = [ ¥dEBsrs) w ar= [ 2B (14)

Bocnonbsyemcs mpepcTaBienneM (1.1) gns cmexTpaibHO# QyH-
knue Ey). OproronanbHad omepaTop-QyHKIHL E‘A olpefeinseT B 9
HEKOTOPHIH CaMOCONPAXKEHHHH olepaTop A ¢ obmactbio onpeperne-
HuA D g, cocTodlel u3 Bcex Tex f € 5, JIf KOTOPHIX

00
/ Azd(EXfa f) < 00,
—00
U IpH 9TOM fjg 1io6oro Takoro f
o0
Af = / ME, f.
—00
B vacTHOCTH, MH BakiiodaeM, 4To Dy C D~.

Kpowme Toro, B cuny (1.4) aug moboro f € D Ie

(>0} 0

1Af1? = [ YdEsr = [ NaEar,s) = 14712

—00 —00
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Af = /AdE,\f:P /AdE',\f=PZf.

s 5THX ABYX paBeHCTB BHTeKaeT Af = Af ipu f € Dy, Tee. A ecTb
HEKOTOPOe CaMOCONpIkKeHHOe paclIHpeHHe omepaTopa A ¢ BEIXOIOM
H3 §) B HEKOTOpOE 5 0 9H.

CoBceM IIPOCTO IPOBEpIETCH NPEMIOXKeHHe, OGpaTHOe NOKa3aH-
HOMY, T.e. €CliH A eCTh HEKOTOpPOe CaMOCOIPSKEHHOEe paclIHpeHHe
omnepaTopa A ¢ BHIXOIOM U3 §) B HexkoTopoe 5 cCH,a E,\ — OOHIYHag
cnekTpalbHad QyHKIHL omepaTopa A, TO paBeHCTBOM

E) = PE, (=00 < A < 00)

ompeJiengeTcd HeKOTOpad cekTpanbHas yuxknus F) omeparopa A.

IlpepcraBnenne GyfieT HENPHBOAUMBIM B TOM H TONBKO B TOM CIIy-
YJae, KOT/Ja paclIipeHne A HeIpHBOAWMO, T.e. B 5 © $ HeT HHBapH-
anTHOrO guf A MOANPOCTPAHCTBa, B KOTOPOM omepaTop A Owul OH
CaMOCONPIKEHHBIM.

Mu onucain cnoco6 monyvYeHHs BCeX CIEeKTPATBHEX QYHKIHI Bp-
MHTOBa OIlepaTopa, KOTOpHH Guin yxasan M.A. Halimapxoum [2a] mpu
HHOM HCXOJHOM OIIpEJeNeHHH CIeKTPaNbHOH (PyHKIMH SPMUTOBA Olle-
PaTopa, a IMEHHO ompefeleHnu, fainoM KapremMaHoM—CTOHOM; OHO
OKasHBaeTCH YKBHBAJICHTHHIM HallleMy M MH €T'0 IPHBOJUTDH He OyaeM.

Herpynno BugeTh, 1TO BCAKHAE SPMUTOB ollepaTop A HMeeT caMo-
coIpsKeHHKe pacnmpeHHs A ¢ BexomoM (cM. [2a]), a ciemoBaTens-
HO, Y Hero BcerjJa HMeeTcd II0 KpaHHeH Mepe O[Ha CIIEKTPaThHAL
GyHkmHs.

SaMKHY THH SDMHETOB OIlepa‘l up HMeeT €JUHCTBEHHY |0 CIEKTPaiib-
Hyl0 QyHKIOHIO B TOM H TOIBKO TOM CiydJae, KOTJa OH MaKCHMAJeH
[2a].

2. Ilycrs A— HEKOTOPOe CaMOCOIPAXKEHHOEe PaCHIMpEHHEe Bam
KHYTOTO BPMHTOBA OlepaTopa A ¢ BHXOIOM B $ D H (3 vacTHOM
ClIydae $ MOXeT COBIAJATH C $). MonoxumM gng MOGHX HeBelIeCT-
BEHHHX 2 1 (

Ro=(A-zD)", Up=I+(z-QR,=(A-CI)A-2D)
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HeTpyaHo BHIeTH, 4TO:
1°.Ue, = U, (—zl.
[+] 7 — ~_
2 . Cz — UCE.
3°. U¢Uye = Uge.
Jlng saMKHyTOro ®pMHTOBa olepaTopa A IpH mMoGOM HeBe-
INeCTBEHHOM 2 IIPIHefI}me MHOXeCTBO

M, =(A-zI)Dy

BaMKHYTO.
ITomoxum

N:=HOM; (Im z # 0).
ITokaxem, 4uTo:

4°. [Ing moGLIX HeBellleCTBeHHHX (,z omepaTop U¢, oToGpaxaeT
OJIHO-OfHOBHAYHO ¢ Ha ..

B camoM fiene, ecnd ¢ € ‘.ﬂ(, T.e o L QRZ, TO 1pH TI060oM f € Dyt

(Ueztps (A= 2D f) = (0, Us (A - 2I) f) = (¢, (A= {D)f) = 0.

Takum o6pasoM, Ue,M¢ C N,. Ananoruyno U,eN, C N¢. Ilpunn-
Mad BO BHHMaHHe cBoicTBO 1° oneparopa Ug¢,, y6exnaemce B 4°.

3. IlokaxkeM Temeph, UTO IepecedeHue iy BCEX IMOAIPOCTPAHCTB
m,:

$Ho = n m.
Im 2#£0

SBIfeTCS MaKCHMAIbHHIM HHBAPHAHTHHIM MOJIPOCTPAHCTBOM Ollepa-
Topa A, B KOTOPOM OIIEPATOP CaAMOCOMpPIKEH.

B camoMm gene, ecin £ — HexoTopoe MHBapuHaHTHoe mif A mof-
IPOCTPAaHCTBO, T.e. AD; C £, e D; = D4 N L, u B £ onepatop A
CaMOCOIPSXKEH, TO IIPH TIO60M HEBEIeCTBEHHOM 2

£=(A-zI)D, CM,,

T.e. £C Ho.
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C mpyroii CTOpPOHH, IPHHAJIEXKHOCTE f K §jo O3HAUAET OPTOro-
HambHOCTH f Ko Beem 9, (Im z # 0). Ho ectm ¢ € N, To cormac-
HO 4° _ 5

b=p+(z-QRped,
H, CefIoBaTENLHO, H3 OPTOrOHANBHOCTH f K ‘JI( " ‘J”tz BHITEKaeT Op-
TOTOHAIBHOCTH f X chp Orxyna sz L ¢, Te. sz L Ng. B cuny
npoussonsrocTH { H 2 (Im z,Im { # 0), sakmoyaeM, 1ro R.f € %0,
1.e. R,$H0 C Ho upu moboM z (Im z # 0).

3aMeTuM Temnepb, YTo ecnu f € Ho, To f € M, u, clegoBaTENHHO,
HalifieTcs g € D4, Takoe, uro (A — zI)g = (A — 2I)g = f. Otxyma
sz =g, T.e. D1 = R,50 C D4 N Ho.

[lycTh Temeps g — MPOUBBONBLHEIN DIIEMEHT U3 Mepecedenns Dy N
N$Ho 1, crenoBatensro, f = (A—zI)g. Torma R¢f = g+ (¢ —z)R¢g €
€ D4 N Ho u, cienosarensuo, f = (A — (I)R.f € M, (Im ¢ # 0),
T.e. f € Ho. Taxum o6pasoM, o HHBAPHAHTHO IO OTHOMUIEHHUIO K A,
u TaK Kak (A — zI)D; = Ho, T0 A B §Ho IBILETCE CAMOCONPIKEHHEIM
ONepaToOPOM.

YTBepxaeHHe JOKaBaHO.

Ero moxHo 6nimo 6H J0ka3aTh 6e3 mpHUBIeYeHus PakTa CymiecT-
BOBaHMS Yy 9PMHTOB2 ONEPATOPa CAMOCONPIKEHHHX pacumpenui A
(BooGIIE TOBOP, C BLIXOJOM) H HCIONL30BAHUL CBOKCTB ONEPATOPOB
U¢., HO Tak Kak IOCIeJHHE HyXHHI GyAyT HaM H B JPYTHX IEIIX, TO
MBI BHI6GpAI# STOT IMYTh AOKa3aTEIbCTBA.

B cuny mokasaHHOrO H3yYeHUe HHTEPECYIOUX HaC CBOMCTB Olle-
paTopa A CBOAATCE K H3Y4YEHHIO COOTBETCTBYIOUIMX CBOUCTB OIepa-
Topa A; (c TeM Xe mHOEKcOM gedekTa, YTO y A), HHAYHUPYEMOro
omepaTopoM A B HHBApHRHTHOM NOANIPOCTPAHCTBE $H; = H O Ho —
OPTOT'OHAILHOM AONOTHEHHH §o.

IMosToMy 6e3 orpaHuyYeHNs OGUIHOCTH MEI GyieM paccMaTpPHBATH
TONBKO MPOCTHIE SPMHUTOBHI ONEPATOPH, JJIf KOTOPHIX

M m.=o. (1.5)
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§ 2. Vso6pakeHHe NMPOCTOr'C BPMHETOBA ONIEpaTopa
C KOHEYHLEIMH PDaBHHIMH fedeKTHHIMA YHCIAMH

1. Bciogy B panbHelmeM npenmonaraercs, YTo A — mIpocToi
BaMKHyTH# SPMHTOB ollepaTop ¢ HMHAekcoM fedekrta (m,m), rme
M — HEKOTOpOoe HaTypalbHOe YHCIO.

IMocrennee ycnoBue o3Ha4YaeT, YTO IpH MIOGOM HeBeIleCTBEHHOM
Z OpTOTroHaIbHOE K M, NOMONHEHHE, KOTOpoe GygeT 06O3HAYATHC
yepes 9z, UMeeT PasMepHOCTh, PABHYIO M.

Kak usBecTHO, M, COCTOUT U3 BCEX pelNIEHHH ( ypaBHEHUL

A*p—2¢ =0,

rae A* — compixXeHHHH ¢ A omepaTop.

Mycts A° — HekoTOpoe caMocompskKeHHOe paclIHpeHye B §) olle-
patopa A, a R, = (A°—2I)~! — cooTBeTcTByIOmAa% My pe3OTbBEH-
Ta.

Ha oneparopu U¢, = I + (2 — ()R, pacupocTpaHIIOTCE Te CBOH-
CTBa, KOTOPHIE MBI YCTaHOBHIH [11 Goree o6mero kacca ONepaTopos
U¢, (em. §1, m.2).

HcnonbsyeM oTH OmepaTopH s MOCTPOCHUS AHATHTHYECKOTO
6asuca {p1(2),...,om(z)} mpocrpancrsa N,.

Ilng 5TOro, OTHpaBILiCh OT KOro-1u60 (He 0643aTEIHO OPTOHOD-
MHEpPOBaHHOTO) 6asuca ¢Y, ..., %, mogmpocrpancrsa N, (20 — mpo-
HBBONHHO BHIOpaHHAd HEBEIeCTBEHHAd TOYKA), MONOKUM

QOj(Z) = (P_? + (z - ZO)RzSD_? (.7 = 1323 ’m)

B cumy Toro, uro omeparop U, OfHO-ONHO3HAYHO M IHHEHHO OTO-
Gpaxcaer ¢ ¥ N;, BEKTOPH ©1(Z2), ..., Pm(z) GyAYT 06Pa3OBHIBATEH
6asuc N, npu TIOG0M HEBEMIECTBEHHOM 2. JTOT 6asUC HHTEpeceH
TeM, YTO €r'o YIeMEeHTH CyTh ToIoMOpdHEIe BEKTOP-PYHKIUN BHY TPH
BepxHed ¥ HUXHEH MONYIIOCKOCTeH M, Booblne, B KaXIoW oOIacTH,
COCTOflIel U3 PETYIIPHEX TOYEK PEeSONbBEHTH R .

B cuny coornomenus U,, = U, U,¢ MOXHO yTBepXIaTh, YTO
Ind TIOGHIX ABYX PEryIapHBIX TOYeK 2,({ pe3onbBeHTH R,

0i(2) = @i(O) + (2 = OR.pi(¢) (G =1,2,...,m).
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IloxaxxeM Temepb, YTO IPOCTOTa onepaTopa A BleyeT cemapa-

6elIbHOCTH IPOCTPAHCTBA $).
100 -

B camowm gene, mycTs {z;}$ IIOCIeNOBATENLHOCTH HeBellleCTBEH
HEIX TO4YeK, HMEIMUX OJHY TOYKY CrylleHMS BHYTDH BeDXHeH IIO-
NYIUIOCKOCTH H OfHY TOYKY BHYTDM HEJXXHEH NOIYIUIOCKOCTH.

B sToM ciydae B cHIy aHAIHTHYHOCTH BeKTODP-QYHKIUE ¢;(2)
(7 = 1,2,...,m) gng moboro f € § paBeHCTBa

(fier(z)) = (fp2(z)) = - = (from(a) =0 (k=1,2,..)

BIEKYT 3a cOG0H TOXJECTBa

(f7 SO](Z)) = (f7 902(‘?:)) == (f7 (Pm(z)) =0 (IIII 2 # 0),

T.e. IPHHAJIEXHOCTH f kK0 BceM M, (Im z # 0), a BHATUT, PaBEHCTBO
f=o.

TaxuM o6GpasoM, §) ecTh THHEHHAS 3aMKHYTad 060T0YKa CHCTEMEL
BekTOpoB @;(2x) (j=1,2,...,m; k=1,2,..).

Mexpay nmpovuM, JOKa3aHHOE YTBepXKAEHHe IIeTKO MOXeT OHTh
0606IeHO M Ha CIy4Yall OmepaToOpOB C NIOGHM HWHIEKCOM gedekTa
(m,m), roe XapaUHANbHBIE YHCIA M, 7 < MOIHOCTH CYETHOI'O MHO-
J)ecTBa.

2. IloxaxeM, 4TO BCAKMH NMPOCTOH SPMHUTOB omepaTop A ¢ HH-
nexcoM gedekta (m,m) (m < 00) MOPOXKAAET HEKOTOPOE IPEACTAB-
JTeHHe IPOCTPAHCTBA §), B KOTOPOM KaXAHH BekTop f € £ msobpa-
XaeTcd HEKOTOPOH aHANTUTHYECKOH BeKTOp-QyHKIHMEHd B M-MEPHOM
IPOCTPAHCTBE.

C oroll menpio BHOGepeM B §) Kakoe-THGO m-MepHOe NIPOCTpPaH-
ctBo M C $ (HashIBaeMoe B JaIbHeHIIEM M0dyaen npedcmassenud),
KOTOpoe XOTH OB NpH OJHOM 2 =, Zz4 M3 BepXHeH IOTyINIOCKOCTH M
OfHOM z = 2_ HHXHell IONYIIOCKOCTH B IlepecedyeHuH ¢ M, maeT
BexTop 0.

Ycnosue

M, = (0) (2.1)

03Ha4aeT, Y10 B M HeT BekTopa (# 0), opToronanbaoro k N;. Ecau
Uy, U2, .., Uy — HEKOTOPHIH 6asHc M, TO BTO ycloBHe GyfeT BHION-
HEHO, eCIIH JeTepMHHAHT Ay(2) = |(uj, pk(Z))|]* oTinyer oT Hyns.
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Jlerxo BHAETH, YTO MOAYTb M, yAOBIeTBOPSLIOMHYH ycuoBHo (2.1
mp z =24 (Im 24 >0)u z=2_ (Im z_ < 0), Moxer 6HTH Bcerga
BHIGpaH XOTH GBI B IHHEHHOH 060TO4Ke BEKTOPOB ©1(Z4 ), .0y Pm(Z+);
(,91(2_ ), seny (Pm(f_).

O603na4yuM Yepes Sy CUETHYIO COBOKYIHOCTD BCEX HEBEIECTBEH-
HBIX Hyne# geTepMuHaHTa Ay(2).

Taxum o6pasoM, Iid HeBellleCTBEHHOTO 2 ycuoBHe (2.1) Brmonas-
€TCA B TOM ¥ TOIBLKO B TOM ClIy4ae, eciu 2€S)y.

B pansHeitmreM (cM. §5) 6ygeT noxasaHo, YTo AeTepMUHAHT A, (2)
B KaXxpaou u3 ABYX momymnockocTed Im 2 > 0 u Im z < 0 ecthb Pyn-
knusg knacca (V) (ompenenerne sToro kinacca cM. B §4).

Orciona 6yseT BHTEKaTh, YTO €CIH KaXKAYIO TOYKY & € Sy CUH-
TaTh CTONBKO pPa3, KAKOBa ee KPATHOCTbH, Kak HyIs A,(z), To

> <o
.
a€ESy 1+|a|

Ecnu meBemectBennoe z€S), T.e. BHUonHseTcs yciosue (2.1),
TO §) pasinaraercd B IpaMyio cyMmmy MM, u M:

ﬁ:mz'*'M,

H KaxjaoMy f € §) 6ygeT OZHOBHAYHO OTBEYATE €ro KOMIIOHEHTa B M.
9Ty KOMIOHeHTY MH 6ygeM o6osHayaTh 4epes far(2); OHA, TaKuM
ob6pasoM, onpegendeTcd IByMd YCIOBHIMHU:

1°. fm(z) € M.

2°. f— fM(z) cMm,.

Ecnn {uy, 42, ..., Uy} — HekoTOpHH Gasuc M, To fp(2z) MoxHO
IPEICTaBUTh B BUIE

() = Y £9u;. (22)

YcnoBue 2° 9KBHBAIEHTHO TOMY, YTO

(f = m(2), px(2)) = 0 (k=1,2,..,m).
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TaxuM o6pasoM, ckaiipHEE QYHKIHH f,sj)(z) (G = 1,2,..,m)

OIIpeIeNsi0TCE U3 CHCTEMEl yPaBHEHUHT

m

Y@ en®) = (fer(2)  (k=1,2,.,m).  (23)

i=1

s sTuX ypaBHeHHH IBCTBYET, UTO ANL BCIKOTO f € §) BEKTOD-
$ynxuus fpr(z) ects MepoMopdHas PyHKIMS BHYTDH KaXKAoH H3
IByx nonymnockocred Im 2 > 0 1 Im z < 0 ¢ momocamu, TexanuMu
B SM.

O6osHayuM 4epes §H)s THHEHHOE MHOXKECTBO BceX BeKTOD-QYHK-
nuit fp(z) (Im z # 0), oTBeyalomNX BCeBO3MOXHEM f € §.

OueBupuo, 4T0 oTo6paxenue f — fpr(2) mpocTparcTBa §) Ha H)f
THHEHAHO, KpOMe TOI'0, OHO OJHO-OJHO3HATHO.

B camom gene, ecnut fp(z) = 0 ToxpecTBeHHO, TO f BXOUT B
nepecedenue Bcex M, (Im z # 0), T.e. f=0.

Haum ocranocs HeMHOTO JO6aBUTh, YTOGH YCTAHOBATH Cleqylolee
npeJIoKeHue.

Teopema 1. Omobpadxcenue f — fap(2) g6ademed aunetnvim
uzomopdusmonm mexcdy H u Hs. lpu amom uzomopduame ucroduviii
onepamop A neperodum 6 onepamop ymuoxcernud na z. Omobpadce-
nue f — fp(2) ocmasagem M nenodeudrcnvin, m.e. ecau f € M,
mo fpm(z) = f.

HorxasaTtensbcTso. Ilocregaee yTBepXKIeHHE TEOPEMBI
OYEBHIHO, H MOPTOMY OCTaeTCd JOKaBaTh, 4YTO ecd f € D4 U g =
= Af, 10

Sm(z) = zf m(2).

Hoecnn g = Af,Toh=g—2f = (A - z2I)f € M, u, ciegosa-
TenbHO, h(2) = &pm(2) — 2f M(z) = 0, 4T0 ¥ TpeGoBaIOCH HOKABATS.

OTMeTuM eme cregyioljee CBOMCTBO MHOXECTBa BeKTOp-(PYHK-
LuH Hy-

Teopema 2. Buecme c xaxcdot eexmop-pyuxyuet fp(2) 6 Hy
codepacumed u eexmop-Pynxyug

f(z) —i(a)

- (24)



OcHOBHEIE NONOXEHNS TEOPHU NIPENCTaBICHAS 217

20e @ — NPOU360AbHOE HEBEW,ECTNBERNHOE YUCAO, HE TeATOUlEECT NO-
aocom f(z).

IokxasaTenbcTBo. llycth f — oneMerT U3 §), COOTBET-
crByfomuit f(z), T.e. fpm(z) = §(z). Honoxum h = f — fp(a). Tak
Kak oTo6paxenne g — Sp(2z) mpocrpancTBa §) Ha M ocTaBugeT die-
MeHTH M HemoaBWMXHBIMH, TO hps(2) = f(2) — fm(e). B qacTHOCTH,
hp(a) = 0. CnegoBarensuo, h € M,. O603HAYAM 4Yepes g DIEMEHT
u3 Dy raxolt, uro (A — al)g = h. Torgma (z — a)&m(z) = hp(2) ®
MH y6exngaeMmcd, 4To Qynkuus (2.4) coBnagaer ¢ Pynkunei Spr(z).

Haum nonago6urcd cienyiolad teMMa, T03aUMCTBOBAaHHAL U3 KaH-
mupatckoil nuccepranuu M.C. Jlusmmna [36).

Jlemma 2.1. yems 7(A) = 3(7(A+0)+7(A—0)) (=00 < A < 00)
— Hexomopad PyHKYUL 02PARUNERHON BAPUAYUY HA KANCOOM KOHENU-
HOM UKMeEpPEAde, MAKAL, YN0 UNMESPaL

oo}

F(z) = / % (Im z # 0) (2.5)

—00

abcoaromuo czodumes! .

IIyems, dasee, p(\) — nexomopad anasumuvecxad Pynxyud 6
aamxnymon unmepsase A = (a,b).

Ob6o3navuun vepes A, (¢ > 0) pazopeannsii nymsd unmezpuposa-
Hud, cocmoguui u3 nanpasaennozo ompesxa (a—ie,b—ic) u anmu-
napaaaeavnozo ompesxa (b+ ic,a —ic).

Tozda

b

m L p(2)F(z)dz = ——/cp(,\)dr(/\). (2.6)

e—0 271
A a

tYcnosue abcomorHoi CXOAMMOCTH SKBHBAIEHTHO TOMY, 4TO

T 1drO)|
T

-00
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OTa IeMMa ecTh HelOoCPeACTBeHHOe 0606IeHne H3BeCTHOrO npa-
Buna Crunbrheca obpalleHEs HETerpana (2.5).

IlpuBegeM JOKa3aTeNbCTBO STOM JEeMMH MIf CIy4ad, KOrja a M
b cyTs Touku HempepniBHOCTH QymKuuu 7(A) (TOIbKO BTOT CIydaH
HaM M IOHaJo6uTCH).

HoxasartenbcTBO. Ilomoxum

b a [o ¢}
Fy(z)= irfxz)’ Fi() = ( / + /)%\L%)

a —o00 b

JlemMa, GymeT JOKaBaHa, €CIH MEL IOKaXeM, YTO

b

lim = [ @R =~ [oer®), O
A, a
lim 2:” o(2)Fy()dz = (In)

A

O6osHauuM 4Yepes I'c KOHTYD, COCTaBIEHHHLIH M3 OTPE3KOB (a —
—ig,b — i€),(b + ie,a + i) u AByx momyokpyxuocredi K;. u Ko,
HMeIOIMX COOTBETCTBEHHO YPaBHEHHL:

. T 3r
—a=ce¥ [=<p<™
zZ—a=c¢e (2_cp_2)

z—b=¢ge? (—gggogg).

Tak xak koHTYp I'. oxBaTHIBaeT oTpesok A = (a,b), To

1 }{ o(2)Fi(2)dz = /b {2 L }{ ;P(z)z dz}dr(y) =

a

Te

b
. / o(N)dr(N).
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C gpyro# CTOPOHH, HMeeM

F @Rz = §ole)Fula)ia+

r. A,

+ f o(2)Fi(2)dz + f o(2) Fy()dz.

K. K>,

IlosroMy mns gokasarensctsa (I) ocTaeTcs mokasaTs, 4TO
=lim [ =0.
e—rO e—0
Kie Ka.

A Tax kxax JIHHa KaXAOW momnyokpyxHocTu K. paBHa wE, TO Hud
BTOTO JOCTATOYHO MOKA3aTh, YTO

|Fy(2)] = éo(e) mpr € K.. @2.7)

ToxaxeM vTo, HampuMmep, muf z € Kqi.. ng z = a + ce*
(r/2 < ¢ < 31/2) 6yneM uMeTH

(n—1)e

|Fi(a + £€')] S/b\}'% / /

a (n-1)e

IA

1(n-—l)s ) b
<z — <
<t [ e+ [ o<

a (n—-1)¢
(n—-1)e b

<2 [ o [iaro)

a a
Tax xak BHpaXeHHe, cTofllee B KBaJPATHHIX CKOGKaX, npr21 BEIGODe
AOCTATOYHO GONBIIOrO 7 ¥ JI0GOr0 MONOXUTEIBHOTO € < —5 CTAaHO-
n

BHTCS CKOIb YTOOHO MAIHM, TO (2.7) HokasaHo.
TakuM o6pasoM, coorHomenye (I) nokasaxo.
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Ananorayno iokasnBaeTci cooTHoumenue (II), mug vero yxe cue-
ayeT: BMecTo koHTypa . HcnonssoBaTh koHTYp I'., momyvaommuiics
u3 I'. samenoi monyokpyxuocreil K, u K, ux gononHennsmu K7,
u K, 10 NOTHHIX OKPYXKHOCTEH.

JleMMa JokKasaHa.

3. PaccmarpmBasg fp(z) oTgenbHO B BepxHeH M HIDKHEH IOIy-
IIIOCKOCTH, MHE IOJy4aeM, Boo6lle TOBOpH, iBe PasTHYHbIEe aHATHTH-
Yeckne BeKTODP-QYHKUUM (BepXHIOIO M HHXHIOK), KOTOphle MOTYT M
He GHITHh OfHA AHATMTHIECKHM IIPONOKEHHEM JDYTOH.

To4Ky a BelmeCTBEHHOU OCH MHI 6yJeM HasHBAaTh PEryIipHOR TOY-
Koil pyHKIHA f pr(z), ecnu o6e cOOTBETCTBYIOMME eil PYHKITHH (Bepx-
Hif M HMXKHAd) IPOJOIXKaeMHbl Yepe3 HeKOTOpHI uHTepBal (a — 6,
a + 6) ¥ IpH HTOM IEePeXOAiT OfHA B JPYTYIO.

BypeM roBopuTh, 4To BekTOp-QyHKIUS fpr(z) perynspHa Ha He-
KOTOPOM MHOXECTBe, eCIH KaX]ai TOYKa MOCIeJHEro ABIIeTCH pe-
rynspHoil Toukon Qynkmuu fpr(z).

Teopema 3. FEcau dag nexomopozo f € $H eexmop-dynxyug
fm(2) peeyagpna na 3amxnymom uwmepsase A = (a,b), mo dug
a0boi cnexmpaasnoti pynxyuu Ex onepamopa A cnpasedauso pa-
6enCMeE0o

m b ’
Enf=Y / FE(NYdEyus. (2.8)

k=1 a

HoxasaTenbcTBo. Kax MH yXe 3HaeM, CIEKTPAILHYIO
¢ynknuio Ey MOXHO IPEICTaBUTh B BUIE

E, = PE), (=00 < A < 00), (2.9)
rge Ey — CIeKTpanbHad (QYHKIUE HEKOTODOTO CaMOCONPIXKEHHOTO
pacurperus A omepaTopa A ¢ BEXogoM B § D £, a P — omepatop

IPOEKTHPOBAHUL §) HA 5).
Ilonoxum

R.=(A-zI)', M, =56M; (Imz#0).

IIpousBonbHO BauKCHpOBaB HeBemleCTBeHHOEe ( M BHIGpaB IpO-
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H3BONBHEH BeKTOP Yo € MN¢ C ‘YI(, obpasyeM BEKTOp
~ T A-C .~
¥(2) = o+ (2 — ()Rztp0 = / TS0 (Im 2 #0). (2.10)
—00

Tak kak omepaTop I‘jg = I + (2 — ¢)R, orobpaxaer 9, Ha MN,,
H, clefioBaTenbHo, N¢ B I, To Y(Z) L M, npu moboM 2 (Im 2z # 0).
Orkyga gna mo6oro f € H

(f —fm(2), ¥(2)) =0 (Im z # 0).

Takum obpasoM, gug moboro f € H

m

(f () = Y fPE) ue, 9(2))  (Im z # 0). (2.11)

k=1

B cuny (2.9) n (2.10),
(@) = [ 3=tdEsb0) = [ T, )

AHanoru4unM 06pasoM BHIPaXalOTCH M CKaJIIpHEE IPOH3Bee-
ung (ug, ¥(2)) (k=1,2,..,m).

IIpegmonoxuM cmepBa, YTO TOYKE @ X b — Todukm "Hempe-
PHBHOCTH” cuekTpairbHOM Qymkuum E,. IIpuMeHss Torma memMmy
M.C. JluBumma X cIy4asM, KOrga

dr(A) = (A= Qd(Exrf,90), ¢(A)=(A=¢)™

dT(A) = (’\ - C)d(EAUk, ¢0)’
eN) = FPNA-0 (k=1,2,..,m),

HaXoOUM, ITO

e—0

A

b
iy [ L2 = [ a(8ss, ) = (Bt )
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H COOTBETCTBEHHO

0
lim / L _(z)(uk,d)(i))dz -
A

b

- / FPO)A(Exur, o) (k= 1,2,...,m).

TaxuM o6pasou, corracto (2.11),

m b
(Bafitn) = Y [ £9@Ew, ) (2.12)
k=1,
3pech 19 — IPOMBBOILHEIM BeKTOp M3 ¢, a ( — IPOM3BOIBLHOE

HeBelleCTBeHHOe YHCI0. Tak Kax TMHEeHHAs 3aMKHY Tad 060I04Ka BCexX
Ne (Im ¢ # 0) coBnagaer ¢ $ (A — npocroit oneparop), To (2.12)
Bireder (2.8).

TakxuM 06pasoM, paBeHCTBO (2.8) HOKa3aHO AI4 CIyYasd, KOTJa a U
b cyTh TOYKM HeMpPepHIBHOCTH CeKTpalbHou QyHkuuu F). B obmem
ClIy4ae BCerjJa HaWJeTcs CKOIb yrOAHO Maioe € > () Takoe, YTO a+¢€ H
b+ ¢ 6ynyT TouykaMu HenpephBHOCTH QyHKkuuy E) ¥, ClefoBaTeIbHO,
(2.8) GymeT uMeTH MeCTO C 3aMeHOM @ ¥ b COOTBEeTCTBEHHO Ha a + €
nb+e.

ITepexonsd x mpeeny Mo MOAXOALIE BHOPAHHEIM £, — 0, TOIyYuM
(2.8) u gug oburero cuyvad.

Teopema mokasaHa.

Cnepcrsue. [lycmo Ey — nexomopasg cnexmpaavnag dynx-
yug onepamopa A, a

7ik(A) = (Exuj,ug) (4,6 =1,2,..,m).

Ecau dag nexomopuiz g, f € §H eexmop-pynxyuu Sp(z) u far(z)
pezyagpubl na 3amxnymon unmepease A = (a,b), mo

m b —_—
(Bafio)= Y [FON@Nra. (219

jyk=1 a
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B camoMm gene, cornacseo (2.8),
m 0
(Eafio) =Y [ FOOVd(Es u3,0) =
=1 a

m

=2 / 9N d(uj, Exg). (2.14)

1=1 a

C npyro#t cTOpoHH, samucHBad (2.8) NIPUMEHUTENLHO K WHTEp-
Bany Ay = (a,)) ¥ f = g, HaxoguM

S
(uj, Exg) — (uj, Eag) = ) / 9B (N)d(uj, Exug) =
k=1

m A
=Y. [P0, (2.15)

k=14

Comnocrasnenne (2.14) u (2.15) maer (2.13).

§ 3. Kpasuperynspauu 6asuc

1. OrpanudenHylo ®pMmuTOBy Marpumy-Qyukmuio T(\) =
= ||7;x(A)||T* 6ynem HasHBaTH Mampuyeii pacnpedesenus, ecin

1) ans mOGHX KOMINEKCHHX &y, ..., &m opMa
m
Y Tik(A)EE,
Jik=1
ecTh Hey6HBalomad QYHEOHL A,

2) TA=-0)=T(A) (-0 < A< 00),

3) T(-o0) = lim T()=0.
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3aMeTHM, 4TO U3 CBOMCTBa 1) BHITeKaeT, YTO Kaxjaasf U3 QyHK-
uni 7jk(A) (j,k = 1,2,..,m) uMeeT orpaHMYEHHYIO BapHAIHIO H,
ClIeOBATENbHO, MpefenH Tjk(A—0) 1 ,\Elfloo 7ik(A) (4,k=1,2,...,m)
BCeT/ia CyIIeCTBYIOT.

M= nconpsyeM pesynsTaTh H. Ka.lIa.t Ji18 IOCTPOEHUS THIL6ep-
TOBa IPOCTPAHCTBA, OPeeNIeMOro MaTpulel pacupenenerus T'(A).

Iomoxum

o(A) = irﬁ()‘) (00 < A < 00).
j=1

Hs 1) BETekaeT, 4T0 14 NpHpalnenuii AT;; Ha T060M HHTepBalle
(AyA 4+ A)) BrImonHIeTCE HEPABEHCTBO

ATlP < Ao (G,k=1,2,...,m).

IlosToMy HalifyTci O-H3MepHMHE H O-MHTerpHpyeMHe (CyMMHpYye-
muie) ysrnnn pjr(A) (4, k = 1,2,...,m) Takue, 4TO

A
Tik(A) — Tx(0) = / pik(u)do(p)
0

(-0 <A<o00; Fk=1,2,..,m),

IIpH 5TOM Ge3 orpaHHieHu S OGITHOCTH MOXHO MPEMIOIaraTh, 1TO BCe
pik(A) =0 (j4,k=1,2,...,m) B kaxao# To4Ke A, B KOTOPOH XOTH GH
OfIHa M3 IPOM3BOAHKX do;i/do He cymecTByeT. Torga B cuny 1) gus
TI06HX KOMUIEKCHBIX

D pik(NEE =0 (—00 < A< ). (3.1)
k=1

Jlng mo6eix AByx BekTop-QyHEmui g(A) = (g1(A),...,gm(A)) ®
F(A) = (fi(A), ...y fm(A)) apryMenTa A (—00 < A < 00) mONOKHEM

p(f:F3 ) = D pir(N) fi(A)ge(N).

tk ay A. O ruas6ep TOBHX NPOCTPAHCTBAX, MOPOXKJAEMBIX MOHOTOHHHEIMH 3D~
MHTOBEIMH MaTDHIaMH-PyHKNRAMH (1949) (cTaTha IepepaHa B NeYaTs).
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B cuny (3.1),
p(f,§;A)20 (—0 <A< ) (3.2)

H, CIelI0BaTENLHO,

6(F,8; A)| < PZ(F,§;A)p%(8,8;A)  (—00 < A < ). (3.3)

O6o3HauuM Yepes £ COBOKYNHOCTH BCeX O-HB3MEPHMHX BEKTOP-

gymxmmii f(A) = (f(A), s fn(A), TaxEX, 470

/Mm»wm<w

—00

B cuny HepaBeHcTBa (3.3) 414 BcAKHEX ABYX BekTOp-QyHKIui f(A)
u g(A) us £1 GyaeT MMeTh CMHEICT BHpaXeHHe

(oo}

mm:/mme&

-00

KOTOPOE€ MEI M HaB0BEM CKAAIPHLIM NPOU3GEJEHUEM IAEMEHMO6 f
Hg.

9TO HaBBaH¥We ONPABAHIBAETCHE TeM, UTO, KaK Iler’KO MOKaBhIBa-
eTcd, £T eCTh THHEHHOe MHOXECTBO BeKTODP-PYHKIMH ¥ BHIpaXKeHHe
(f,9)T B HeM o6naflaeT BCeMH CBOHCTBaMH OGEHIYHOrO CKAIfPHOTO
Ipou3BeNeHNd, Ba MCKIIOYeHHeM, MOXeT GHTH, TOro, IYTO B Hepa-
BeHcTBe (f,f)r > 0 sHak = BosMoxeH u npu f # 0.

OcuoBuout pesynbraT M. Kanma rmacur, 4To oTOXAECTBIEHHWE B
£T BCIKHX [BYX DIEMEHTOB f1 M f2 TakuX, 410 (f1—f2,f1 — f2)T =0
obpamaeT £ B IONHOE THILOEPTOBO MPOCTPAHCTBO.

Jlns BCAKUX ABYX SIeMeHTOB f U g U3 £ YCIOBHMCH YHCTO CHM-
BOIHYECKH IMUCATh

OOm

(mhj/Zﬁmﬁmmm-

oo Jrk=1

tBex’rop-q)ynxnlu f(A) = (fi(A), .oy fm(A)) HasHBaeTCd -H3MEPHMOH, €CIH
Bce ee xoopauHaTH fx(A) (k =0,1,...,m) cyTh o-H3MepHMBle PYHKIHH.
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B onpasganne 5Toil CHMBOTHYECKOH 3allMCH BaMETHM, ITO He [JId
BCEKOH mapH f,g € £ GyoyT CylleCTBOBATh HHTErpalbl

[ 50BN Gk= Lm0

OpHaxo, ecli 1 HeKOTOPHIX O-H3MEPHMHIX BeKTOP-PyHKIHUH Cy-
HECTBYIOT ¥ abCONIOTHO CXOAITCH HeCOGCTBeHHEe HHTErpansl (3.4),
To f,g € £7 ¥ cyMMa 5THX uHTerpajoB gaeT (f,g)r.

OTo yTBepXK/eHne BHTEKaeT ellle H3 TaKOH XapaKTepHCTHKH Ipo-
crpaHcTBa L7, JokasanHou M. Kamowm.

Ecan §(A) = (f1(A), ..., fm(A)) — HekoTOpad BekTOP-QPyHKIMS, a
N > 0, o 4epes fnN(A) = (fny(A), .oy fNm(A)) OGO3HAIUM BekTOD-
$yurumo, onpenengemyio ycaosuamu: f y(A) = f(A) B xaxmoi Touke
A, toe Bee [f;(MD) < N (5 = 1,2,..,m) u fn()) = (0,0,...,0) B
KaXJIoH To4uke A, Iie XoT4 65 ofHa w3 PyHknumi § ;(A) uMeeT Moaynb
> N.

Iycts Teneps f(A) u g(A) — ABe HBMepUMEIe BeKTOP-QYHKIHHE A
(=00 < A < 00). Monoxum

(F.orn= ) /fN,-()\)gN,,(/\)dek-

Hk=1_"

OxasnBaeTcs mo6o1 o-H3MepuMoH BekTop-OYHEIUH f(A
?
CyIIeCTBYeT KOHEYHHH MiIM GeCKOHeYHHH HeOTPHUATEIbHKH Ipenen

I\}i—lzloo(f 9 f )T;N-

Ecau smom npedes Koneuen, mo 6 3mMoM u MoAbKO 6 IMOM CAY-
vae f € L.
Kpome Toro, dag arvbbviz f,g € L1

(f 9 G)T = I\P—I-vnoo(f ’ g)T;N- (35)

CpenaeM ele Takoe 3aMevaHHe, KOTOpOe HaM B JalbHeHIneM Io-
Hajio6uTcd. Eciu xaxpas koopgunara f;(A) (5 = 1,2,...,m) BexTop-
Pyuruuu f(A) € £r moutu Bcogy (B CMbICTe COOTBeTCTBYOIIEH el
T;;~Mephl) paBHa HymO, TO f (A), Kax oIeMeHT £T, 9KBHBaJICHTEH HYIIO.
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B camoM pente, ecn f;(A) (5 = 1,2,...,m) moYTH BCIOAY B CMHICTe
COOTBeTCTBYIOEeH T;;-MepH (j = 1,2,...,/m) paBHO HyIIO, TO BTOKe
mofiaBHO uMeeT Mecro M mug fy;(A) (5 = 1,2,..,m). Ilosromy
BekTop-Qynkmu¥ (fn,,0,0,...,0),(0, fn,,0,...,0)x T.0. (0,0,..., fN,.)
SKBHBAJEHTHH HymO B £1, #60 KBaIpaT HOPMH j-H H3 STHX BEKTOp-
PyHKIUA paBeH

/ | WPdr5(0) = 0 (5 = 1,2,...,m).

CnenoBaTensuo, ¥ BekTop-pynHknus fn(A), paBHad cymMMe DTHX
BeKTOp-QyHKIUH, paBHa Hymo. Ho rorga u (f,f) = ]}im (fn,fN) =
00

= 0, 4To ¥ Tpe6OBAIOCH JOKABATh.

C mpocTpaHcTBoM £7 MH 6yleM acCONUHPOBATH [ICHCTBYIOMIHK
B HeM CaMOCONpPAKeHHEIH omepaTop A = A7 (omepaTop yMHOXeHHS
Ha apryment). Ero o6mnacThio ompenenenus 6ygeT MHOXeCTBO D
Bcex | € L7, Ang KOTOpHX Takxke AMf € £1 u Af = Af. Jlerxo pugeTs,
4YTO omepaTop A caMocCompsXKeH, HETPYJHO TaKXe II0Kas3aTh, YTO ero
CIIEKTP MMeeT KPaTHOCTh < M.

O6osHa4ynM yepes £, (—o0 < pu < 00) creKTpalbHy0 QyHKUHIO
omepaTopa A. Ee geiicrBue Ha dneMeHTH f € £ BakmiodaeTcd B
cuepytomeM: ecnu g = E,f, To g(A) = §f(A) mpu A < p m g(A) = 0 mpx
A>p.

2. BosBpamagce x usydeHuio otoGpaxenus f — fu(z), mo-
POXIaeMOro SpMHUTOBEIM onepaTopoM A, o6os3Ha4uM 4Yepes R MHO-
KeCTBO Tex f € §), KOTOPHIM OTBeYaloT BeKTOp-QyHkuuu f pr(2), pe-
T'yIgpHEE Ha BCeH BelleCTBEHHOH OCH.

CornacHo clefCTBHIO TeopeMH 4, quf mo6HX f,g € R

fa)=Y / SN N)drie(),

Jk=1_"0g

rae
Tik(A) = (Exvj,ux) (-0 <A< o0; j,k=1,2,..,m), (3.4)

a E) — xakag-1u6o cuekTpanbHag QyHKIUL omlepaTopa A.
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O6osnayuM vepes V, MuoxecTBo Bcex MaTpru-pyukuui T'(A) =
= ||7jk(A)||T* ¢ snemenTaMu, Oy YaeMEIME N0 PopMynaM (3.4'). Oe-
BHUJHO, Kaxpad MaTpuna T(A) € V,, ynoBrersopser yciousum 1), 2),
3), yKkasaHHHM B mpeqHaylel pyGpHKe.

M=u GyzeM TOBOPHTB, 4TO 6asuC {up,..., Uy} K6a3upezyidpen,
ecIu MHOXecTBO R IUIOTHO B .

Ins xBasupery1spHoro 6asuca {uj, ..., Uy } IMEET MECTO

Teopema 4. Munoaxwcecmeo V, cocmoum uz mezr u moabxo mex
ozpanuuennviz mampuy-gyuxyuti T(A) = ||7x(A)||7*, dag xomopuiz

(f,9) = Z / FONGPNdr(n) (3.5')

npu ao6viz f,g € R.

JokxasaTennbcTBo. HeobxoguMocTh ycnoBus Gblla
noscHena BHIe. JlOkaXeM ero JOCTaTOYHOCTb.

Urax, nycts T(\) — HekoTOpas OrpaHWYeHHAd HEYGHIBAIOM[AL
MaTpHUa-QYHKIH, I8 KOTOPOil EMeeT MecTo (3.5') npu mo6Hx f,g €
€ R.

O6pasyem npocTpaHCTBO L£7.

IIycTh 2o — kaxag-nu60 HeBeleCTBEHHAS U-PerylfpHas TOYKa.
OneMeHT f € §) NpUHANIEXKUT IMN,, B TOM U TOIHKO TOM CIydae, eClIy
fm(20) = 0. Bcarxomy ouementy f € M, oTBedaeT bieMeHT g € Dy
Takoi, 4To (A — 20])g = f u, cnegoBaTENbHO,

fM(z)

0

om(z) = —— -

Ilocnenyiee cooTHolleHHe MOKasHIBaeT, 4TO ecuu f € R, To Takke
g ER.

O603HaYUM Yepes Dg Mepecedenne D 4 U R, a Yepes Ag omepaTop,
UMeIoIHH Dg CBoel 061aCTHIO ONpeAeleH)S X COBIAIAIOMUi Ha Dy €
A. Tloxaxewm, 4To 3aMbIKauue Ay onepaTopa Ag maer A. Ilpu saMu-
KaHHH ollepaTopa Ao 3aMEIKaeTcs ¥ MHOXeCTBO Ry = (Ag—20])Dg C
C M,,. llooToMy paBeHCTBO Ap = A 6yfeT n0xasaHO, eCIM MH J10-
KaxkeM, YTO 3aMHIKaHHe MHOXeCTBa Ry coBmagaeT ¢ M, a BTO BK-
BHBAJlEHTHO TOMY, YTO OPTOTOHAILHOE AONONHEHHEe K My UMeeT m
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usMepeHuii. [lomycTuM, 4TO NOClenHee He BHIMONHseTcd. Torma Ha-
JeTcd OpTOHODMMDOBaHHAS CHCTeMa BEKTOPOB fi,..., fm41, OPTOrO-
HaIBHHX K Rg, # 110601 BeKTOp f BHAA

m+1 m+1
f=Zijj <Z|Cj|2=1)
1 1

6yneT ypaneH oT R, Ha paccTodfHMe, paBHoe 1. Tak kxak R mo ycuo-
BHIO IMOTHO B §), TO MOXHO OyfieT BHGpaTh B R BekTOpH fi (j'=

= 1,2,...,m) Tax, urobu |f; — f}| < 1/4/(2m + 1), u Torpa moGoi

BEKTOp
m+1 m+1
f,:chf-; (Z|cj|2=1)
1 1
6ymeT ynameH oT Rg Ha paccrosHue > 1/2.

C ppyroit cropoHH, KOHCTAaHTH ¢; (j = 1,2,...,m + 1) mMoryT
OBITH BCerja BRHIOPAaHEL TakK, YTO

m+1

fu(z0) = ) ijgM(Zo) =0

1

H, clefioBaTenbHo, ' € Ro. MH mpunum K mpoTuBopeuuo. Hrax,
Ay = A.

IIycts Temeps T(A\) — kakag-mu6o orpaHuYeHHAs HeyGHIBaIO-
mad MaTpuua-QyHKIOUE, A1s KoTopoi umeer Mecro (3.5') mpu mio-
6nx f,g € R.

IIns poxasatenbcrBa Toro, uro T(A) € V, ob6pasyem £7. B
cuiy (3.5') oro6paxenne ®: f — ( f,sl)()\), vees ,S")(A)), olpefeneHHOe
Ha Bcex sneMeHTaX f € R, oro6paxaer yHuTapHo! R B HEKOTOpYyIO
YacTb £r, H Tak Kak R = §), TO ero MOXHO PACIIHDHTH C COXpaHe-
H¥eM yHHTApHOCTH Ha Bce §). IIpu oTo6paxenuu ® omepaTop Ag me-
PEXOOUT B Cy)XXeHHHIH OIePaTOpP YMHOXeHHS Ha A, oNpeleleHHHH Ha
$Dy. Oroxnecrpuss f C D f u, cnefoBaTenbHO, paCCMATPUBAL §) KaK
4acTh £, MBI CMOXKEM YTBEPXKJATh, YTO CAMOCONPAXKEHHKH Ollepa-
Top A (olepaTop yMHOXEHHS Ha apI'yMeHT) eCTh pacIIHpeHMe OIle-
paTopa Ag H, CllejoBaTenbHO, oepaTopa A = Ag.

tTO €CTh C COXpaHCHHEM CEKAJIAPHOI'O NPOH3BCIACHHS.
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HcnonbayeM Temepb cmekTpanbuyio yskuumio E) omepaTopa A;
eciu P — omepaTop mpoexTupoBanus L£r Ha ), To Ey = PE) 6ymer
06006IeHHOM CIeKTPaIbHOH QyHKIHeH omepaTopa A M [Jis Hee (cM.
m.1)

A
(Exuj,ux) = (PExuj, ug) = (Exuj, ug) = / drjk(p) = Tik(A)

(4, k=1,2,...,m; —00< A< 00),

T.e. MaTpuua-Qynkuus T'()\) mopoxgaeTcd CiekTpaIbHO# QyHKIHeR
E) omepatopa A.

Teopema gokazaHa.

Matpuny pacnpemenenus T(A) € V, ycioBuMcd Ha3HBaTh Ka-
Honuuecxol, eciu OHa Mopoxpaerca no gopmyne (3.4') mekoTopoi
opmozonatbrotl ciekTpanbHol PpyHkuuenr E) omepaTopa A.

Nmeer MecTO )

Teopema 5. Ilycmv T(A) — nexomopag mampuyae-dywxyug
uz V,. Omobpaxcenue f — (fU(X),..., f(™(X)) mnoxcecmea R 6
L1 nopodcdaem ynumaproe omobpaxcenue ® ecezo $H 6 L. Omo
omobpadxcenue 6ydem uzomopPuamom mexcdy $H u ecem LT 6 Mmom
U Moabxo 8 mom cayuae, xozda T()\) — xanonuuecxag mampuya
pacnpedesenud.

HJokxazaTenscTBO. YcioBue Heob6xomumo. B camoum gene,
ecny $ = £, To, oToXaecTBIdd f u P f, MBI cMOXeM paccMaTpH-
BaTh OIepaTop A KaK CaMOCONpfKeHHOe pacliMpeHHe omepaTopa A
B ), a Ey = E) Kak OPTOTOHAJIbHYIO CIEKTPAIbHYIO (YHKIHUIO Ole-
paTopa A (B manHoM ciydae P = I), W, ciegoBaTelbHO, MaTPHUIa
pacupenenenus T'(A) 6ygeT KaHOHHYECKOH.

CrnoxHell JOKa3HBAETCH AOCTATOYHOCTH YCIOBHL.

Hrax, mycts snemenTH T(A) = ||7;x(A)|| o6pasoBann mo dop-
MylIaM

Tjk(’\) = (E/\uj’ Uk) (]7k =12,.., m)1

rae E) — cmekTpanbHad YHKIHS HEKOTOPOTO CaMOCONPSIXEeHHOTO
pacunmpenus A omepaTopa A B §.
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HaM HagjeXuT mokasaThb, YTO MHOXecTBO $R minoTHo B HT, H60
B 9TOM H TOIBKO B 5ToM ciuydae ®$ = L£r. Ecam f € §, To 4epes
f(A) (6es mupexrca M) 6yneM oGosHadaTh BekTOp-QPyHKumo D f.

Beenem B paccmoTpenue pesonsbenTy R, (Im z # 0) omepaTopa

A: R, =(A-zI)™L.
Ha ocuoBauuu (2.8) gug mo6ux f,g € R

(retg) = [ LRLD -

—O00

1SJ) pY 1("‘) pY
/ 1 ( f e ) 4y, (3.6)
3k=1_
A Tak Kak IpH HeBeHIeCTBEHHHIX 2z H {

R, = R¢+(z - )RR,

To u3 (3.6) BEITEKaeT, YTO

(sz7 sz) = (Rszf, f) =
= %[(sz,f)_(Rf.ﬂf)] =

-

3k=1_"g,
CooTHomenus (3.6) n (3.7) COKDAIIlEHHO MOXHO 3aIUCAaTh B BHIE

(R:f,9)= (F2L4)

(R.f,R.f) = ( (A)z ;(_A)z )T (f,9) € R.

f(:)( A)g(k)()\) dr(N). (3.7)

W5 wux BrITeKaer, grol

1rs ot = A s} (roem. @)

J[‘Iepe:; [If [|l7 Mt o6osmataem /(f,f)T-
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Tak xax R mWIoTHO B §), TO mid moboro f € R, HeBenmleCTBEHHOT'O
z u € > 0 Haiijercs Takoe g € R, 4ro ||R.f — g|| < €. B cuny (3.8)
®TO O3Ha4YaeT, YTO 3aMHKaHHe MHOXKecTBa PR B £7 coepXuT Bce

BeKTOp-PyHKIHH BIA 3 F(A) ,rie f(A)=@f (f €9).

Ilycrs Temeps b(A) (hl()\), hm(A)) BexTop-Pynkuus us L,
oproroHanpHad k PM. Hamra TeopeMa GymeT HBokasaHa, eCIM MH
pokaxeM, 4ro h(A) okBuBaneHTHO Hymo. M opToronamsHocTH h(A)
K ®R BEHTeKaeT OPTOroHAIBHOCTH h(A) M mI0GOH BekTOp-PyHKIHH

f(_) ,tae f(A) = ®f (f € R). Taxum o6pasom,

()t(—,\)z b(’\))T = p(f h) do(A)=0 (Im z #0).

—00

Otciopga ¢ momoubio H3BecTHOH (opMyinsl oGpamenus CTHIbTHECa
HaxofuM, 4YTO npu mobux A < A"

A”

[ #ts.0)do3) = 0.

AI
lonaras speck f = u; (j = 1,2,...,m), HaXofuM, 4TO

XII

/de(,\) =0 (j=1,2,..,m).
Al

Orciopa hj(A) (j = 1,2,...,m) nouru Bciogy (B CMEICIE T;;-MepH)
PaBHO Hymo. A dTo, Kak GHIIO MOKaB3aHO B I.1, BlieYeT HKBHBAIEH-
THocTh h(A) Hymio B £7.

Teopema moxasana.

§ 4. BcnoMoraTenbHble NPENIOKEHAS
TeopHHd PyHKIHH

1. Ilycte G — HekoTOpad ONHOCBEBHad OGIACTH KOMIIEKCHOH
IVIOCKOCTH. YCIoBHMcE roBoputh 4ro QPymkmus f(z) (z € G)
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ects QyHknus xnacca (N) B G, ecin oHa ronoMopdua BEyTpH G H

+

log | f(2)| umeeT B G rapMmoHmyeckyio Maxopanty. Ilocreguee ycimo-
BH€ O3HAYaeT, YTO HaljIeTCcd, IO KpaiiHell Mepe, OfHa raPMOHUYECKaL
B G QyHkuus u(z), 118 KOTOpOH

lglf(z) <u(z) (z€G).

OueBupnHo, 4TO IpH KOHQYOPMHOM oTobpaxeHHH obractH G Ha
HekoTopylo o6nacTh (7 Bcgkas Pyunkmus kinacca (N) B G mepeiieT
B HekoTopyio ¢yHkumio kracca (N) B G.

Kak noxasan P. HeBaunuusna [5] (cm. Takxke [6a, 6]), mug Toro
4TO6H HekoTopas QyHkmus F(z) (]z| < 1) 6nuta xnacca (N) B enn-
HUYHOM Kpyre, HEOOXOZMMO ¥ JOCTAaTOYHO, YTOGH OHa [OIMycKama
clenyomee pencTaBleHue:

™

F(z) = eB(2) exp(/

-

elt+z
et —z

doft)) (121 < 1),

re le| = 1,w(t) (-7 <t < 7)— HekoTOpask BenleCTBEeHHAd PYHKIUL
orpaHMYeHHOH Bapuanuu, a B(z) — ¢pyHkuus Busuike, T.e. xoHeuHOE
nin GeckoHeYHOe cXo/flleecs IPOU3BEEHHE BH/Ia
ar — 2z |okl
B(z) =2l ——— — 2l <1 4.1
() =22 g o, (4.1)
rae v — uenoe ducino > 0,a le| <1 (k=1,2,..).
Kak H3BeCTHO, yCIOBHEM CXOJMMOCTH GECKOHEYHOTO NPOH3Befe-
HuS (4.1) ABISeTCA HePaBEHCTBO

E(l — |a]) < . (4.2)
k=1

Ipyrum ycrnoBueM Toro, 4To6H romoMopduas ¢yHkuus F(2)
(|2] < 1) 6mma xnacca (N) B eqMHHIHOM Kpyre, SBISeTCE HePaBeHCT-
BO

2r
+ .
sup /log|F(re“")|dcp < 00. (4.3)
ogr<ty
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U3 mpuBeneHHHIX XapakTEPUCTUYECKHX CBOMCTB (PYHKIHMH KiIac-
ca (N) B equnuyHOM Kpyre clelyeT, YTO OHH O6pa3yIOT IHHEHHOE
KONbLO; TPH DTOM, eclIH Be (JyHKIMH BXOAST B BTO KOIUBIO H HX
yacTHoe romoMopdHo B G, TO U 9TO JaCTHOE BXOAHUT B KOIBIO.

B cuny usBectHol PopMyns Uencena (4.3) BredeT HepaBeHCTBO

sup /|log|F(re“")||d<p < 00,
0<r<1 o

a clleJoBaTelIbHO, I HEPABEHCTBO

1 27

3(F) = // |log | F(re'*)|| rdrdep < oo. (4.4)

0 0

Crogmiuii cleBa HHTerpal MpeAcTaBuseT cob6od WHTErpal oOT
Ilog |F (z)”, PacIpOCTPaHEHHHH NO IUIOWAJN eIUHUIHOIO KPYyTa.

2. CpopMynnpyeM B KadecTBe I€MM HEKOTOPHE IIPOCTHE ClIef-
CTBHS HBIOXKEHHEIX (aKTOB.

JIemma 4.1. Ecau dynxyug f(2) npunadaescum xaaccy (N) 6
eeprueti noaynaockocmu Im z > 0, mo

T T loglf(2)ll
0// @+ 2D —————"dzdy < oo. (4.5)

JTokxasarensctTsno. Pyuxuun f(z) orBedaer PyHKIHUS
F(¢) (I¢] < 1) kmacca (N) B eguHu4HOM Kpyre, MOLyYalouascd NPH
oMol Ipeo6pa30BaHUL

f(z) = F(({), rpe C__ (4.6)

z+z

3anucas mug Gyrkuuu F(() HepaBeHcTBO (4.4) U Mpofenas B HeM
npeoGpasoBanue (4.6), HaligeM, 4TO

IF) = // lloglf(li)”dxdy< 00.
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Tak kax |z + | < 1+ |z|, To oTciona saxnovaem (4.5).
3. B panbHeflIeM HaM YacTO IpPHAETCA NONb30OBAThCE TeM (ak-
roM (cM. [4, 66]), 4o Bcskuit uHTerpan J(z) Buga

J(z) = d"“) (Im 2 £ 0),
a BHaYAT, ¥ HHTerpal
16)= [ $52de)  (m = £0), (4.7)

rae 0(A) (—o0 < A < 00) — QPyHKUHUE OrpaHUYEHHOH BapHAIMH Ha
BCell ocH, ecTh QyHkuuL knacca (N) B Kaxmol U3 ABYX MOIYIUIOC-
kocrer Im 2> 0 Im 2 < 0.

HamM moHagobuTca Takxe

JdemMma 4.2. FEcau fynxyug f(z) donycxaem npedcmasaenue

(4.7), mo

1 T T 1oglfz)] *

— ——d <l . .

4ﬂ_// )G zdy < log var o + 2 (4.8)
0 —oo

JoxasaTenbcTBO. EcmuBunrerpane (4.7) nmepeiiTu K
HOBHIM II€PEMEeHHHIM

TO MH Ha#fieM, 4YTO

f(2) = F(¢) = ¢ / dw(t),

rae w(t) = o(A).
Taxum o6pasoM,

2
|C| var w < vr e

-1l 1-¢|

[F(O)] < (Kl < 1)
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H, CIeJOBATEIbHO,

+ +
log |F(z)| < log var o + log 2 + log(1 — [(]).

OTcrofa mociie NPOCTHX BHYHCICHAN MOIYYaeM

27

1

+ :
//log|F(re’¢)|rdrd<p$
00

+ 3 +
<rwlogvaro+ (log2+ Z) < wlogvar o + 2.

Ilepexoas B ABOWHOM HHTErpaie OT IepeMeHHON ( = Te'? K mepeMeH-
HOM z, mpujeM k HepaBeHCTBY (4.8), B xoTopoM BMecto (1 + |z|)*
6ymer cToaTh |z +i|* < (1 + |2

4. BaxHyio pons B janbHedmeM OygeT UrpaTh ClIeAylomas Teo-
peMa, JoKasaHHag aBTOPOM B ApyroM Mecte [lu].

Teopema 6. [Jag mozo umobvi yeaas Pynxyug f(z) 6viaa xaacca
(N) 6 xaxcdoti u3z noaynaockocmeti Im z > 0 u Im 2z < 0, neobzo-
dumo u docmamouno, Ymobbl 6bLINOARIAUC, 0BG YCA06UL:

oo +
1°. / de < 00.
1+ |z]

2°. Dynxyug f(z) — muna xe eblwe IKCNONEHYUAILHOZO, T.€.

A P (4.9)
lzl=oo |2

Ycnosus 1°,2° mig ueno¥ (QPyHKUHMK HMEIOT CIEACTBHEM pAJ HHTe-
PECHHEIX CBOHCTB.

B yacTHOCTH, HAIOMHHM, ITO eclH i Ienok GpyHKuua f(z) BH-
nonugercs yciuosue (4.9), To, kak nmokasan I'. Ilomma (cM. [7, 10]),
HHAMKATPHCCA pocTa f

wo)= g BN ocpcon @)
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ABILETCA OMOPHOH (PYHKIHEN K HEKOTOPOMY OTDAHUYEHHOMY BHIYK-
IOMYy BaMKHYTOMY MHOXecTBYy K, rpaHHIla KOTODOTO HasHBaeTCH
unduxamopnot duazpammot Gyuxuuu f(z)

h(p) = max (zcosp+ysing) (0<¢p <2m).
z+iyeK

Kpome Toro, Bepxuui mpegen B (4.10) nocTuraeTcs paBHOMEPHO,
T.e. Aud mo6oro € > 0 HaiineTcs R, Takoe, YTO IPH BCEX ¢

log |f(re*)| < (h(p) +€)r mpu r > R,.

Ecan xe mns ¢yukuuu f(z) Bmnonnsercs eme ycioBue 1°, To
TErKO MOKaBhIBaeTCa, YTO K BHIPOXKAAETCA B OTPE30K MHHMOH OCH H,
ClielOBaTENbHO,

T\ .
h(—2—) sin ¢ 0L p< ),
h(p) = T\ .
—h(—g) sing (-7 < <0).

Hndg Takux QyHKUMH MOXHO yTBEPXKHATH CYLIECTBOBAHHE U DPa-
BeHCTBO Ipesenos (cm. [11)):

A l
fim M0 _ gy 220 L
r—oo T r—oo T 27

rae ny(r) u no(r) — umcna Hyneit Qpynkuuu f(z), He mpeBoCxOaZ-
HUX 10 MOAYIIO -7 ¥ JeXaIIuX, COOTBETCTBEHHO, B IIPABON U JIEBOMH
MONYyIIOCKOCTAX, a £ — pmuHa oTpeska K, T.e.

=4(5) +4(-5)

B panpHelimeM GyaeT UrpaTh BaXHYIO POIb TO O06CTOATENHLCTBO,
470 g wensix GyHkuuin f(z), yqoBIeTBOPLIOMMX ycuoBuEM 1°,2°,

T 2 7 ;
—) = lim — )| si
h(:t2) _,ll,oo 7”./log|f(re )| sin pdep. (4.11)
0

5. Ecmn f(z) — uenas ¢ynxung, o dyuxuus u(z) = log|f(z)|
cy6rapMoOHHYHA BO BCeH INMOCKOCTH.
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Teopema Ilomua merxo o6obimaeTcs Ha mMoO6He TOrapHPMUIECKH
cy6rapMonnyHuie GpyHKkuuu u(z), LI KOTOPHX

A= Tm osu?)

b
lzZl—c0 |2

MMEHHO [JjId HUX TaKXXe CIIPDAaBEOJINBO yTBEpXKIACHHE, YTO

— i
— log u(re'?)

h(¢) = L

T—+00 T

(0<p<or)  (412)

eCTh omopHad (YHKIHI HEKOTOPOT'O OTLPAHUYEHHOTO BEIIYKIOTO
BaMKHYTOrO MHOXeCTBa; IIpH ®TOM Bepxuuii mpegen B (4.12) poc-
THTaeTCi PaBHOMEPHO OTHOCUTEINBHO . B vacTHOCTH,

H= oé?pag"%w h(g).

§ 5. OcHoBHas TeopeMa O peryiafpHBIX TOYKaX
BeKTOp-QyHKIHH

1. Ecnu pemrnth cucreMy ypaBHeHui (2.3) oTHOCHTENbHO QyHK-
k .
mum £ )(z) ¥ BHECTH HX BHIpaxkeHHs B (2.1), To MH HaiiieM, 4TO

)= Y, 2 re@u, (5.1
1,k=1

rae Ajr(2)  (4,k = 1,2,..,m) cyTh anre6panieckue NONOTHEHUL
oneMeHTa (ug, p;(Z)) B feTepMUHAHTE

A(2) = |(uk, 25(2)[Fk=1-

Ecnu B Hekoropoli Touke a (Im a # 0) nerepmunanT A(z) oTnu-
YeH OT HyInd, TO Haiifierca HekoTopHi# kpyr K(a,7) (|[z—a| < 1), B
xoTopoM |A(z)| 6ygeT OTIHYHO OT HyIs M, CHEIOBATENHHO, OrPAHH-
YeHO CHHBY NONOXHUTEIbHHM YKcIoM. B cuny romomopduocTH PyHK-
uni (f,¢(2)), A(z) 1 Ajx(z) BHyTpPH KaXKuoi M3 JBYX NOIYIIOCKOC-
Tell Halinercs koHcTanTa C = C(e,r), 3aBUCAIad TOIBKO OT @ H T,
HO He OT f, Takag, 4TO IpH To6oM f € §

lfm(2)ll < C(a,r)lIfll mpu z € K(a,r). (5.2)
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Huxe MHE mokaxeM, YTO i M0GOro a (BelecTBEHHOrO WIH He-
BellleCTBEeHHOro) M mio6oro r > 0 HaligeTca xoHcTtanta C = C(a,r)
TaKad, YTO HepaBeHCTBO (5.2) 6yeT BRIOIHITHCS BCAKHE Pa3, KOTLa
QyHkuus fpr(z) perynspua B kpyre K(a,2r).

IIp mocrpoeHun cucTeMH BeKTOP-QyHKUHH ;(2) MBI MOIIH Ba
”HavalbHOe” 3HaveHHe 2o (cM. §2, m.1) BHGpaTh 29 = i ¥ Ba "Ha-
JaTbHYI0” CHCTEMy cp? ( = 1,2,...,m) BH6paTh HEKOTOPYIO OPTO-
HODMHUDOBAHHYIO CHCTEMY, TaK 4TO

((Pj(i)’ ei(1)) = 6k (4, k=1,2,...,m). (5.3)

Tak xak onepatop U; —; = (A°—iI)(A%+iI) ynurapen, To Takxe

(pi(—1), r(—1)) = bjk (G, k=1,2,...,m).

U3 cooTHOmeEHus

vi(2) = p;(2) + (2 — 1) R.;(3) =

A—1 . .
= / A—:;dEA(pJ(t) (] = 1,2,..., m),

—00

rae E) — cnexTpanbHad QyHKnus onepaTopa A°, maxomum, wro mig
ao6oro f €

[e e}

(i@ = [ 32

—00

LU(Er0i6)) =

Ta—i ,
= / Y5 (G=12..,m)

‘Insg mo6oro unrepsana A = (a,b) nmeem
lo;(8; f) — oi(a; )l = [(Eaf, ;i())| =
= |(Eafs Eapi()] < |IEafll |Eap;(9)l <

< S(IEAfIP + 1 BasG)IP) <



240 M.I'. Kpeitn. Ha6panuete Tpyael. Ku.2

< SU(Eaf, 1)+ (Bagi(i) oi(i)

a MoPTOMY, IpMHMMas Bo BHuManue (5.3), Haxogum
T 1
aroif)= [N < 5P+ D, 64

TaxuM 06pasoM, COrlIacHO HBIOXKeHHOMY B §4 mpm mio6oM f €
€ 9 Qpynxuus (f, p;(Z)) npunamgiexut xaaccy (N) B Kax/J0H U3 ABYX
nonynnoci(oc'reii Imz2>0uImz< 0. A Tax xax oTH xmaccH CyTh
KOIblla, TO K HUM npHHagnexaT ¥ Pynkuun A(z),Ajr(z) (4,k =
= 1,2,...,m), BEpaxalomuecs B BHJe MHOTOYIEHOB Yepe3 QyHKIHU
(ur, 0j(2)) (4,k=1,2,..,m).

IIpu ||f|| = 1, cornacho (5.4): varo;(A; f) < 1, a moeToMy no
neMMe 4.2
T T oeltei(2)
— D P drdy < 8.
/ / (1+]2])*

Tax kax Takoe e HepaBEHCTBO MOXHO GyeT HalMCaTh A 4 HH-
Terpajla o HUKHeH MOMYIIOCKOCTH, TO BaKIO4aeM, YTO [IIf TI060ro

fenc|fl=1

AR P
// —arp)r ety s ter. (5.5)

—00 —00
Momoxum

-] [t

—00 —00

o o +
log|A]k(Z)| .
—————=dzdy 7, k=1,2,...,m).
/ / ek ( )

—00 —00

TJIM MOXYTIOCKOCTH Im z < 0 MOXHO TIOBTOPHTH BCE NPEALIAYLIHE PacCyX/e-
HHA, OTNPABIAACH yXKe OT CHCTeMH ¢;(—1) (7 =1,2,...,m).
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CormacHo eMMe, Bce BeTHIMHH v, Yk (j,k = 1,2,...,m) KOHeUHH.
Bocnonb3oBaBUINCH H3BECTHEIM HEPaBEHCTBOM

+ & T+
logZa,, < Zloga,,+logm,
1 1

Mu u3 (5.1) HaxoguM, 4TO

+ + [ & -
log [Ifa(2)ll < log| Y Ajk(2)(f, 0i(2)us| +log |A(2)] <
7,k=1

< ) loglAj(2) + Y log luel+ (5.6)

]1k=1 ],k=1

m
+ —_
+ _log|(f,¢i(2))| +log |A(2)| + log m.
Jj=1
JIemMma 5.1. Onepamopy A u Modyaro M moxcno conocmasumb
xonucmanmy I', max umo dag a0bozo0 f € $, dag xomopozo || f ||= 1

T T sl
og lifm(#
—————dzdy <T. 5.7
| | 0
—00 —00
B camom pemne, cormacuo (5.7) u (5.6), HanucaHHOe HEPABEHCTBO
6yleT BHIIONHATHCA NPH

I'=16m=r + v+ Z Yik + o Zlog|uk| + —logm
J,k=1 k—

2. HaM noHago6uTCH YaCTHHH CIy4ad clefyiomen o61eH TeMMEI.
JIlemma 5.2. Ilycmbv £ — nexomopoe 6anazroeo npocmpancm-
60, a f(z) — nexomopog 2oaomopdnag 6 obaacmu G xomnaexcuo
naockocmu éexmop-Pynxyug co 3navenugmu ud £. Tozada Pynxyug

+
log ||f(2)|| cy6eapmonuuna 6 G.
HoxkasaTeunscTsBo. [lug moboro g € £ nMeeM

llsll = sup [@(g)I,
lleli=1
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rge yepes ® o603HadeH THHEHHHIH HeIPEPHBHHHN (QYHKIHOHAT Ha £.
OTciona

+ +
log [|f(2)l| = sup log|®(f(z))| (z€G).
1®ll=1

Tax kax Qynkuus ®(f(z)) sBnferca cxangpHoil, ronoMopduoir B G

QyHKIHeH, TO 0 HBBECTHOH TeopeMe ee l;g |®(f(2))| 6ymeT cy6rap-
MoHHYHOH B G QyHKIUHEH.

C Opyroil CTOPOHE, KaK H3BeCTHO, BepXHid orubaiourad mo6oro
MHOXeCTBa Cy6rapMOHHYHKIX QYHKIUHE eCTh CHOBa Cy6rapMOHMYHAS
QyHKUIUSL.

JleMMa gokasaHa.

Temepp yXe He IpeicTaBifeT TPyAa JOKaBaTelbCTBO OCHOBHOM
TeopeMHl 9Toro maparpada.

TeopeMa 7. Kaxcdoii mouxe a xomnaexcuotl naocxocmu u no-
aodcumeavromy r > 0 omeenaem xoncmanma C = C(a,r) maxad,
4mo xoab cxopo dag nexomopozo f € § eexmop-Pynxyud fpe(z) 20-

aomopPra 6 xpyee |z — a| < 27‘T, mo

I fp(2) 1< Cla,r) || £l mpu |2—a| <. (5.8)

HJoxasarenbcTBsBo. Tax xak omepaTop, OTHOCIIUI
K f BexTop-QyHKuMIO fps(z), OMHOPOOEH, TO JOCTATOYHO HOKa3aTh
HepaBercTBo (5.8) iz f€ Hc | f|=1.

Ecnu nexoropomy f (|| f ||= 1) orBedaer BexTop-pyHruus fpe(z),
romoMopdHag, B kpyre K(a;2r) (|z — a| < 2r), To B 83TOM Kpyre

+
Qynxuus log || far(2) || 6ymeT cybrapmonuyHOH M, CIEIOBaTeIbHO,
png mo6oro ( € K(a;r)

+ 1 +
08 1 (©) 1< 717 [[ 198 11 aa(2) I dody
K(¢r)

(xpyr K(¢;r) uenuxom Bxogut B xpyr K (a;2r)).

TKOS(I)({)HILKeHT 2 MOXHO 3aMEHKTbH Ha mo6ok Apyrod ¢ > 1 k Toraa, xoHeuno,
C 6ygeT saBuceTs He TONbRO oTa K T, HOo H oT ¢: C = C(a, 1;9).
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C gpyroil CTOPOHH, OYE€BUIHO, ITO

J[ el 1 deay <

K(¢r)

+
S (1 + a + 27,)4 // log ” fM(Z) ” dxdy S 1'\(1 + a+27,)4'

(14 [2[)*
K(¢r)
Taxum o6pasoM,
T(1+a+ 2r)*
I a(2) 1 exp “EEEE2 gy <,

Teopema AokxasaHa.

§ 6. M-peryagpHbie TOYKH omeparopa A

1. Touka a KOMIIEKCHOM IMIOCKOCTH Ha3HIBaeTCd mouxol pezy-
ATIPHO20 MUNA AUHEUHO20 Onepamopa At, €CIH eil OTBeYaeT YHCIO
2, > 0 Takoe, 4TO

| Af —af |2 | fIl mpn fE€Da. (6.1)

Jlerko BHOETH, UTO €CIH onepaTop A BaMKHYT, TO M3 YCIOBHL
(6.1) BEITeKaeT 3aMKHYTOCTb MHOXECTBaA

M, = (A - aI)DA.

MoxaxeM, 4TO Ajif BaMKHYTOTO ONEpaTopa A, He HMEIOIEro To4-
Ky @ COGCTBEHHEIM YHCIOM, 3amknymocme M, ge4demcd HEe MOALKO
He0OTO0JUMbIM, HO U JOCTNIAMOUNBIM YCAOBUEM TMO20, YMOObI MOUKa
a 6Gviaa pezyadprozo muna.

B caMoMm pene, ecnu nmuHedHBIN onepaTop A BaMKHYT, To D4 IB-
IHeTCH MONHHM HOPMMDOBAHHHM NPOCTpaHcTBOM 1o HopMe || f |4,
rae

I flla =1+ 11 (A=aD)f ]}

B 1.1 sroro naparpada MEI pacCMaTpHBaeM IPOMBOIBHEIN IHHEHHEIH Olle-
paTop A c mio6oit 061aCTBIO ONpefeleH .
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JIuneiinbii onepaTop A —al oToGpaxaeT OgHO-OTHOBHAYHO U He-
IpepHBHO 6aHAXOBO MPOCTPAHCTBO D4 Ha NMOITHOE IMIb6epTOBO NMPO-
crpanctBo M,. Ho Torga mo msBecTHOU TeopeMe Banaxa sTo oTO-
6pakeHre B3aHMHO HENPEPHIBHO, M, CIeIOBAaTEIbHO, HAWIETCI TaKoe
» > 0, 9TO

I (A=aD)f |2 %[l flla (f€Da)

Tak kax ||f||a >|| f ||, To npeanoxenue goxasano.
Kax usBecTHO, 111 5pMHUTOBa onepaTopa A Bcerga

| (A-aD)f |2 Imaf[| fII (f€Da)

MOPTOMY BCEKO€ HeBeleCTBeHHOe a GyJeT TOYKOH peryasipHOro THIA
BPMHTOBA ONEPATOPA.

Ecnu @ — Toyka BelecTBeHHOH OcH, TO HepaBeHCTBo (6.1) qus
SPMUTOBa onepaTopa A 6yaeT o3HaYaTh, YTO HHTEpBAL I, = (a— s,
@+ »,) ABISeTCE CIeKTPAIbHHM JII0OKOM ONepaTopa A, H B 9TOM CIy-
4ae y omepaTopa A CylIecTBYeT MO KpaliHell Mepe OJHO CaMOCONpI-
JKeHHOe paclIHpeHne A, He cofepXKallee TOYeK CIEKTPa B HHTepBalle
I, (cM. [1x]).

B sToM yTBepXkeHHH HHYEro He NMPEINONaraeTci OTHOCHTEIHHO
uHgekca gedekTa omepaTropa A. Eciu ke 8TOT HHOEKC HMeeT Bu
(m, m), rie m — uenoe YUCIO, TO 6CIKOE CAMOCONPIKEHHOE PACIIN-
peHue omepaTopa He 6yfeT HMeTh BHYTDPH HHTepBala [, HHEIX TOYEK
CIEKTPa, KpOMe COGCTBEHHRIX YHCel, CyMMa KPaTHOCTEH KOTOPHIX He
npesocxoguT m. MoxHo Takke nmokasath (cM. [1xk] u [12]), yTo B
®TOM CiIy4ae, KaKOBH OBl HY OBITH qHcHa A; (7 = 1,2,..,p; p < m),
BBATHeE BHYTpu [,, H HaTypanbHHe 4ucia k; (j = 1,2,...,p), roe
ki + ky 4+ --- 4+ k, < m, Bcerga HaliieTcd OFHO H TOIBKO OfHO Ca-
MOCONpPAXKEHHOE pacUIMpeHue Z, ang xotoporo A; (j = 1,2,...,p)
6yayT cOGCTBEHHBIMH YMCIaMH COOTBETCTBEHHO KpaTHOcTeil k; (j =
=1,2,...,p) 1 y KOTOpOro He OyfeT HUKAKUX APYTHX TOYEK CIEKTPa
BHYTDH I,.

2. BosBpamagch kK H3Y4YEHHIO MPOCTOrO B3aMKHYTOTO BPMHTOBA
onepatopa A ¢ ungekcoM gedexra (m,m), rge m < 00, MOKHO BHI-
CKa3aTh TaKxke cilefylomee npemitoxenue (cM. [1x]).

1°. dus mozo umobbi Mouxa a 66i4a MoKt pe2yagIpHo20 Mmuna
dag A, neobzrodumo u docmamouno, umober romd 6bi odHo camo-
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conpsgocennoe pacwupenue A onepamopa A 6 nexomopotd oxpecm-
HOCTNU TMOYUKYU G HE UMEAO UNLIT MOYEK CNEXMPA, KPOME KOHEUHO20
YUCAG COOCTNEEHNBIT YuCea Koneunol Kxpamuocmu.

Ecnu B — HeKOTOpHIH CaMOCOIPAXKEHHHH ONepaTop, TO €ro
CHEKTP HaBHIBAETCH JUCKPEMMHbIM, €CIH B KaXKJOM KOHEYHOM HHTep-
BaJle OH COCTOHT M3 KOHEYHOTO YHCIa COOCTBEHHBIX YHCENl KOHEYHOH
KPaTHOCTH.

Comocrapngs 1° co ckasaHHEM B 1.1, ME y6exXIaeMca B CIeIyIO-
ueM: _

2°. Ecau zomd 6bl 00n0 camoconpiicennoe pacuiupenue A one-
pamopa A umeem ducxpemnbiti cnexmp, mo u 40boe e2o dpyzoe ca-
Mmoconpaxcennoe pacwupenue bydem o0baadams IMusm C60UCMEOM.
Mag mozo, umobbl amom cayuati umes Mecmo, Heo6zodumo u do-
cmamouno, umobbl 8ce MONKU GEUeCMEERHOU OCU Oblau pe2ysdp-
noz20 muna dag onepamopa A.

OmnepaTop A, yIOBIeTBOPAIOUWH YCIOBHIM NPENIOXKEHHT 2°, Ha-
BOBEM pe2yadpHbIM.

3°. Touxy a ycaosumcd naszvieamo M-pezyagprot, ecau npu ne-
xomopom p > 0 ecaxag eexmop-Pynxyud far(2) (f € H) peeyagpua
6 xpyze K(a,p).

Teopema 8. [lagd moz0, ymobbi nexomopad mouxa a 6viia M-
pez2yagphoti, Heobrodumo u docmamouno, umoobsbl ona 6viaa pezyadp-
HO20 muna u Ymobusi

M, N M = (0). (6.2)

HJoxasateanbcTBo. Eciu Im a # 0, To nepsoe ycroBue
Bcerjla BHITONHeHO. BTopoe ke ycmoBme B 9TOM cIydYae OB3HA4YaeT,
4T0

A(a) = |(ux, pj(a))lf # 0. (6.3)
IIpu ero BEIMOMHEHHH cormacHo opmyie
fu(2) = ) ﬁ,(z;)(f’ ei@Du =Y fPu  (64)
7,k=1 k=1

BekTOp-PyHKIHS far(2) 6yger ronomMopdHok B kaxaoM kpyre K(a,p),
B xoTopoM A(z) # 0.
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Ecmu xe A(a) = 0, To, mo kpaitHeil Mepe, ofHa 3 (PyHKIHH
Ajk(2) Bpg(2)
A(z) A(z)
HMeeT B TOYKe @ IIONIOC MaKCHMAILHOrO mopiaka. BribepeMm saTeM
f € $ Tax, 4TO6H

HMeeT IIOII0C B TOYKe a. HyCTB Ta U3 HHX, KOTOpad

(ho@)={] ™= I7P

Torpa, nmerxo BHAeTh, QYHKIHSL
T Ajg(2) _
f0() =Y 5 0i(2),
( ) = A(Z) ( (PJ( ))

a ClleoBaTelbHO, H BeKTOP-QyHKIHL fpr(2) GymeT MMeTh momioc B
TOYKE a.

TaxuM o6pasoM, 4jid CIydad HeBelIeCTBEHHOIO @ TeopeMa JoKa-
SHBaeTCL OYeHb HPOCTO.

IlycTh Teneph a BemeCTBeHHO. JIOCTATOYHOCTDH YCIOBHHA H B 9TOM
cllydae JOKaBHBaeTCi MPOCTO.

B caMoM pene, ectm TOYKa @ peryispHOrO THHA, TO BCerJa HaH-
JeTcs caMoconpiXeHHOe paciupenHe A omepaTopa A, KoTopoe B He-
xotTopoM kpyre K(a,p) He 6yneT uMeTh TOYeK CmeKTpa. BribepeM
B kavecTBe A? MMEeHHO DTO pacnmpenHe H C IOMOIIBIO €0 PE3OINH-
BeHTH NOCTPOMM BekTop QPymkmuu ¢;(2;A) (j = 1,2,...,m). Torma
®TH BekTOp-QyHKmuH, a ¢ HEMH # Qyskmmn A(z),Ax(2) (4,k =
= 1,2,...,m) 6yayt ronomopduni B kpyre K(a,p) u, ciengoBaTens-
HO, Popmyna (5.1) 6ygeT HMeTh MeCTO B HEKOTODOH OKPECTHOCTH
tToukH a. Ilo-mpexHeMy ycnoBus (6.2) u (6.3) GyayT SKBEBaJeHTHH
H BCEKasd BeKTOp-QyHKIuS f)s(z) GyaeT ronmoMopdua B kpyre K (a,p),
B xoTopoM A(z) # 0.

IlepeiieM X JOKaBaTenbCTBY HEOOXOOUMOCTH YCIOBHH s CIyYas
BEIIeCTBEHHOTO @. IJTa YaCTh JOKAa3aTelbCTBa TEOPEMH SBISeTCH
Han6Golee TOHKOM.

IIpexpe Bcero HaOMHMM, YTO, COIIacHO TeopeMe 7, CymecTByeT
koucranta C = C(a,r) (r = p/2), Taxas, 4T0 KaXgas BeKTOpP-QyHK-
uns fps(z), perynspuas B K(a; p), yioBieTBopgeT HepaBeHCTBY

Ifm ()l < CIIAI- (6.5)
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IMosToMmy, ecin BexTOp-QyHKmMH fps(2) (f € $H) perynspmu
B K(a;p), To BekTop-PyHkunu fps(2), oTBevaiomue BCeBO3MOXHBIM
omeMeHTaM f eguHmyHoro runepmapa S (||f]| < 1) B $, paBHOMepHO
orpaniyenn B kpyre K(a;r) u, cregoBarensno, mo teopeme CTuib-
Theca 06pa3yIOT KOMIAKTHOE CEMEeNCTBO S)f B CMEICIe paBHOMEPHOM
CXOJMMOCTH B KaXKJ0M BHYTDEHHEM KpyTe.

C opyro# cTOpoHH, QUKCHPYd Kakoil-mu6o muTepBal A = (a —
—r1,a+ 1), rge 0 < ry < r, ud 10601 crnekTpainbHon QyHKUuH Fy
omepatopa A 6ygeM uMeTh

m

(Bafig)= [ 3 FONTB A, (6.6)
A k=1
rae
k(X)) = (Exuj,ue) (4, =1,2,..,m). (6.7)

ycrs E) — HekOTOpad OPTOTOHANbHAL CIEeKTpalbHad QyHKIUL
onepaTopa (T.e. cnekTpaibHad PyHKIUI HEKOTOPOT'O CAMOCOTPAKEH-
HOTO pacimpenus A omepatopa A B 9).

Kax MHI 3HaeM, IS JOKa3aTelbCTBa PETyIIPHOCTH TOYKH G JO-
CTAaTOYHO IOKa3aTh, YTO, KpOMe KOHEeYHOTO YHCIa COGCTBEHHHIX YH-
cell KOHeYHOH KPATHOCTH, ONePaTop A MHHIX TOUeK CIeKTpa Ha HH-
TepBale A He HMeeT HIH, YTO TO Xe, 9T0 FAf eCTh KOHeYHOMEPHOE
IIPOCTPAHCTBO.

[Mocnentee xe 0o6HapyKUBAETCL M3 TOTO, YTO eAUHMYHBIH THIEpP-
map SA mommpocTpaHcTBa EAfH XoMnakTeH. B caMmoM pgene, ecin
f,9 € Sa, To gnd (f,g9) = (Eaf,g) uMeeT MecTo paBeHcTBO (6.6), 1
KOMIIaKTHOCTb SA Clle[lyeT U3 KOMIAaKTHOCTH Ha A B CMHICIe paBHO-
MEpHOH CXOAMMOCTH MHOXecTBa QyHKUHH fpr(2), COOTBETCTBYOMMUX
fesSacs.

Konb cxopo mokxasaHo, YTO TO4YKa @ peryispHOro THNA, TO JO-
Ka3aTelbCTBO HEOGXOJUMOCTH BTOPOro ycrnoBus (6.2) MOXHO BecTH
TaK XKe, Kak M JjIf ClTyYad HeBeIeCTBEHHOTO &, eCIIH NPeJBapPUTEILHO
MOCTPOHTH cucTeMy BekTop-Qymkmuu ¢;(2) (§ = 1,2,...,m) ¢ no-
MOIIBIO PesonbBeHTH R, caMocompsxennoro pacirupenuns A® ome-
paTopa A, He MMeIOLIETO TOYEK CNEeKTPa B HEKOTOPOH OKPECTHOCTH
TOYKH Q.

Teopema gokasaHa.
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OTMeTuM cienyiomee ee HemocpeACTBeHHOE

CunepcrtBue. Ecau 6ce mouxu seyecmeennod ocu M -pezy-
AgpHbL, MO A10060€ camoconpgicennoe pacuiupenue A 8 § onepamopa
A umeem ducxpemnsvili cnexmp.

Ecnu gedpextHoe uncio m = 1, To, Kax HaM yOaloCh MOKa3aTh,
NpefioXeHne NOMYyCcKaeT o6pallleHne, T.e. MOXHO YTBepXAaTh, YTO
ecau zomd 6bi 00HO (@ 3nawum u 41060€) CaMOCONPINCENHOE PACULY-
penue A onepamopa A umeem ducxpemmnbiti cnexmp, mo npu coom-
6EMCMEYIOUEM 8bIOOPE MACWMAOHO20 BEXMOPA 6CE MOUKY BEUJECT-
sennotl ocu bydym M-pezyagpusi.

Tak xax 10Ka3aTelbCTBO STOT'0 NMPENIOKEeHNd TpeGyeT CIenUalb-
HEIX PACCMOTPEeHHH M3 TEODUH LeNHX (yHKUHIH, TO ero AOKasaTelb-
CTBO MHI OIIYCKaEM.

3. Ilpu onpenenenuu, FBlIgeTCd TH JaHHAd TOo4Ka M -peryirdipHoi,
YAOGHO MONB30BATHCE CIEAYIOUMIUM IIPELIOKEHHEM.

Teopema 9. Ecau mouxe a moacho conocmasums xpyz K(a;p)
U naomunoe 6 §) aunetinoe MHodHcecmeo D max, umo xaxcdouy f € D
omeeuaem pezyaipnad 6 K(a;p) dynxyusg fpr, mo mouxa a M-pe-
2yadpra, a caedosameabro, eCmb MONKA PE2YAIPHO20 MUNG.

HoxasarenbcTBo. Illpur = p/2 nng xkaxgoro f € D
BHIIOTHIETCH HepaBeHCTBO (5.5).

C apyroit cTOpOHHI, KaXKJOMY ¢ € §) OTBeyaeT CXOAJIIAACE K HEMY
nociefoBaTensrocts { f(M} C D. Tax kak mid Hee

152(2) = KM ()| < CIF™ = fo))| npu z € K(a;7),

To BHyTpH kpyra K(a;r) BexTop-QpyHKIuH fg;)(z) CXOA4TCe K HEKO-
TOpO# roioMopdHOH BHYTPH TOrO Xe Kpyra BekTop-QyHkuuu h(z).
C mpyroit cTOpOHH, B KaX/I0# HeBellleCTBeHHOH To4ke 2 € K(a;r), B
koTopoit A(2) # 0, BekTOp-PyHKIHH fg’})(z) cornacHo Gopmyre (5.4)
GynyT cxomuthes K gar(2). Orkyma gpr(z) = b(2).

TaxuM o6pasoM, [ XKaxaro g € §H BekTop-PyHKUUL gys(2) pery-
ngpHa BHyTpu kpyra K(a;r).

TeopeMma goxasaHa.

Teopema 9'. [Jag mozo umobst nexomopad mouxa a 6viaa moyu-
Kot peayadgpnozo muna dad onepamopa A, neob6zodumo u docma-
mouno, umobbi eli omeeuaaa nexomopad oxpecmuocms K u yeaoe
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wucao p > 0 maxoe, umo dag amobozo f € $ Pynxyug (z — a)Pfps(2)
pezyagpua 6 oxpecmuocmu K. [Jag mozo umober oxpecmnocmoe K
mouxu a u yeaoe p > 0 obaadasu yxazannvim ceoticmeom, docma-
mouno, umobvt onu 064adaiu IMUM CEOUCTMEOM NO OMHOULENUIO K
aaemenmam [ nexomopozo aunetinozo mmodxcecmea £, NAOMHO20
6 9.

IHokxasaTenbcTBo. B caMoM gene, ecniu To4ka a peryundp-
HOTO THMNA 418 A, TO, KaK HEO[JHOKPATHO OTMEYaI0Ch, MOXKHO MOCTPO-
uTh 6asuc {p1(2),...,om(2)}, roroMopQHEE B HEKOTOPOH OKpecT-
Hoct K TOYKH a, ¥ Torga B cuny ¢opMyns (6.4) 9sTa 0OKpecTHOCTH
K u 4ucno p, paBHoe nopgaxa A(z), B Touke a 6yayT yIOBIETBOPATDH
YKaBaHHKIM B TeopeMe TPeGOBaHHIM.

IIycTp Tenepb, 06paTHO, H3BECTHO, YTO TOYKE & COOTBETCTBYET
HeKoTopad oKpecTHOCTh K M 1enoe p > 0 Takue, YTO Jjid DIEMEHTOB
f HexoTOpOro IHHEHHOro MHOXeCTBa £, MIOTHOTO B ), yHKnus (2 —
—a)Pfp(2) perynspHa B okpectHocTH K. JlokaxkeM, 4TO @ €CTh TOY-
Ka perynfpHOro THINa [yif omepaTopa A.

Ins f € £ B oxpecTHocTH K HMeeT MeCTO pasloXeHHe

fu(z) = Y Cu(f)z - a)f,
k=-p

rae Cx(f) (k= —p,—p+1,...) — HexoTOpHe IHHEeHHbIe (PyHKIHO-
HAJIBI, ONpe/ielleHHble Ha £.
0603Ha4uM Yepes T MHOXKeCTBO Tex f € £, I KOTOPHIX

Coa(f) = Coa(f) = -+ = Cyl(f) = 0. (68)

dueMenTaM f € T oTBe4aloT BeKTOP-PyHKUUHU fps(2), peryngpHbie B
K. B cuny paccyxeHu#, MpUBEJEHHHX IPH JOKAa3aTeIbCTBE TeO-
peMH 9, HaugeTcd okpecTHOcTh K7 C K Toukm @, B KoTOopou 6yayT
perynspunl Taxxe Bce QyHkuuu fps(2) ang f € T (caMmuxkanns T).
O60sHayuM Yepes P omepaTop opTOroHaILHOIO MPOEKTHPOBAHUL §
HAR=HOF%.

Juneinoe MuoxectBo P£ uMeer He Goinee yeM p usMepenui. B
caMoM pene, eciu g; = Pfi, roe fi € £ (i = 1,2,..,p+ 1), To Hail-
ayres & (‘l =12,..,p+1, Z |§i|2 > 0) TaKHe, 4TO0 f = z&'fi 6yner
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YIOBIeTBOPATH ypaBHeHusM (6.8) u, cregoBaTennHo, GyfeT NMpHHa-
nnexatb T. Ho Trorga Pf =) &g: = 0.

Uz Toro, uro P£ He 6onee yeM p-MepHO, BHITeKaeT, iTo PL =
= P$ = R He Gonee 4yeM p-MepHO.

Mycts Tenepb A = (a—h,a+h) — HekoTODHI HHTepBAT, TeXa-
wiuid BHyTpH K;, a F)\ — HeKoTOopad opTOroHalibHaf CIeKTpalbHas
¢ynkuus onepatopa A. Hama TeopeMa 6ymeT [oKa3aHa, €CIH MH
JOKaxKeM, 4YTO MognpocTpancTBO EafH = EAT® FAR KoHeYHOMEpHO,
4TO DKBHBAIEHTHO TOMy, 4T0 EAT KoHeyHOMepHO. A Tak Kak s
BCAKOH Maphl 5leMeHTOB f,g € T Qyukuun far(z), gpr(2) perynapun
Ha A M, ciefoBaTelbHO, HMeeT MecTo (5.6), TO KOHeYHOMEPHOCTH
EAT BHTeKaeT U3 pacCyXaeHHi, TPHBeJeHHEIX NMPH JOKa3aTelbCTBe
TeopeMH 8.

TeopeMa goxasaHa.

§ 7. Basuc {e1(2),....,enm(2)} 1 pyuxnus Vps(z)

1. B xaxmoii M-peryngapHoil Touke 2z IMHEHHHH OIepaTOp, OT-
HOCAIUACE K f € §) KaK BEKTOp

m
fu(2) = Y fN2)u;,
i=1
HelpephiBeH M, CIeI0BATENbHO, f,Sj )(z) (j = 1,2,...,m) cyTh Henpe-
PHIBHEIE THHEWHEE (YHKIHOHANH OT f € §).
Ilo TeopeMe Pucca GymeM uMeTh

fO2) = (f,e(2) (fen j=1,2,..,m).

IIycts G — HexoTOpasg 061acTh M-peryingpHuIX TO‘{eK IIo ompe-
JeleHnIo, B 9TOi o6nacTH mig moboro f € H Pynkuuu fu (z) (G =
=1,2,...,m) roroMop}HH H, cne,nona’remi{o, BeKTOp-QyHKIuK €;(2)
(4 =1,2,...,m) roroMopdHHI B o61acTH G (3epPKAIBHOM OTPAXKEHHH
(G OTHOCHTENHHO BEUeCTBEHHOH OCH).

B oToM MOXHO 1 HemocpeaCTBEHHO y6eMUThC, BHIMUCAB 11 €;(Z)
(4 = 1,2,...,m) ux BHpaxeHHe, Nomy4alomeecs u3 Gopmynn (6.4),
KOTOpad HMeeT MeCTO B JOCTATOYHO MaJioM OKPeCTHOCTH Tio6oi
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M-perynspHoil TOYKH z NPH Ha[jlexalleM BHGope 6asuca ¢1(Z2), ...
veey Pm(Z).

Bexroph €;(2) (j = 1,2,...,m), 6yay4H IHHeHAHHIME KOMOHHAILY-
MH BeKTOpOB ¢;(Z) (j = 1,2,...,m), npunajuexar M. A Tak Kak
f—im(z) €M, 10 f—fp(2) Lej(2) (7=1,2,..,m), Te.

(f - Z(f, ex(2))ur, ej(z)) =0 (j=12,..,m).
k=1

BBugy npousponbHOCTH f € § BakmodaeM OTCIOAa, YTO
(uk,e;(2)) =6k (J,k=1,2,...,m).
OTH yCiIoBHA 6HOPTOI‘0H&HBHOCTH, BMecCTe C yCIOBHIMH
ej(2)en; (1=1,2,..,m),

BHONHe ompefensioT cucteMy (e1(Z),...,em(Z)), cooTBeTcTByIONIyIO
M -peryngpHo# TOUKe z.
2. IMonoxum B M-peryndipHo# Todke 2

Vm(z) = sup M (7.1)
sen Il
Bemnaunal
£l

-1 s
Vi) = R TG
HMeeT NMPOCTOM reOMeTPHYECKAH CMECI.

B camoMm pgene, korga f mpoberaer §), fM(z) npoGeraet Bce M; ¢
IpYroil CTOPOHH, ecM § € M, To g = fps(2) And Tex m TOIBKO Tex
f, xoTopnie npeacraBuMu B BEAe: f = g+ h, rme h € M,. Taxum
o6pasoM,

- : —h|?
Vi}(z)= min llg__
m(?) seMpeM,  |lg]|?

M mosBondeM cebe mucaTh min BMecTo inf BBHAY TOro, Xak BHIACHHTCA
HeCKONIBXO Jalbllie, YTO BepxHad rpaus B (7.1) Bcerga gocTHraeTcs.
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Hoectnge M u| g|=1, To

min —h
min lg—hll

€CTh CHHYC yIWa HakioHa ImpaMor Ag x M,. Orcioma V;}(z) eCcThb
CMHYC HaMMeHbIero yria HakmoHa M x 9N,.

OTMeTuM Temeps crefyoiiee cBoHCTBO Vs(2).

Dyuxuusg Vps(z) norapudpmMudecku-cy6rapMoHHYHa B KaXI0H 06-
nactd (G, cocrodueil U3 M-perynspHHX TOYeK.

B camoM fene, log Var(2z) B G ecth Bepxusg orubaiomas cy6rap-
monmyeckux pyuxuuit log || far(2) || (|| f [|= 1)-

3. IloxaxeM, KaK BHPaXaeTCi M OLleHMBaeTCE Yepe3 BEKTOp-
oyuxuun e;(z) (j = 1,2,...,m) Qyuxuus Vp(z), npu sToM, npocro-
THL Pajii, IPEIIONOXKHM, YTO 6a3UC (Uq, ..., Uy ) BHOPAH OPTOHOPMH-
POBAaHHBIM:

(uj,uk) = 5]' (j,k= 1,2,...,m).

Torna

Ifae(2)I1? =D (i)

i=1

C apyroi cCTOpPOHH, KaXIH BeKTOp f € §) MOXKHO NPEICTaBUTh
B BHJIe OPTOrOHAIBHOH CyMMH f = g+ h, rme g € M., a h € N;.
Tax kax mpu oroM |far(2)| = lom(2)l, a || & |I<]| f ||, ecz g # O,
TO BepxHHd I'paib B (7.1) GyJeT JOCTUraThCH Jid BeKTOpos f us N,
T.e. Ha BeKTopax f BHIa

f= i)
j=1
Tonoxum
1ik(2) = (ex(2),€i(2)) (4, k=1,2,..,m)

H pacCMOTPHM MaTPHIK

I(2) = [T, T2)= IPE)IT.
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Jlerxo BHaEeThH, YTO

3

s ) 21:7_7?1;(2)5:'31:
Viu(2) = max —;

21: 7i(2)EEx

ecTh Hambonbiiee XapakTepucTuyeckoe yucino MaTpuusl I'. Tak xax
BCe XapaKTepUCTHYeCKHe YHcIa MaTpuunl ['paMma I’ monoxuTenbHH,

a ee clief
m m
> i = llei@),
1 1

TO MH IPHXOJMM K HEPaBEHCTBY
1 m m
=2 llei@I? < Vig(2) < 3 lles (2. (7.2)
1 1

4. IIycrs {dx}{° — HexoTOpasg HONHAS OPTOHOPMHDOBaHHAL
cucreMa B 5. Yepes 0x(2) (k = 1,2,...) o603H24uM BeXTOpP-QyHK-
LMY, B KOTOpHe IepexofadT sneMeHTH d (k = 1,2,...) npu usoMop-
Pusme f — fpr(z). Takum o6pasom,

w%(z) = Z(dk,ej(f))uj' (k=1,2,..).
=1

Nmeem

k(I = D I(di,e5(2))1*

=1

C Opyrou CTOpOHH, B CHIy paBeHCTBa IlapceBais

e = D I(ei(2sd)l (G = 1,2,...,m).
k=1

Takum o6pasoM,

DI = liCes (I
1 J=1
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Takx Xax coaraeMble, QUrypHpyOllMe B BTOM DaBEHCTBe, Hellpe-
PHIBHHL, TO, BCHOMHHAS M3BECTHYIO TeopeMy [[uHHU, a TakXKe HepaBeH-
cTBo (7.2), MBl IPUXOAMM K IIPEIIOKEHHIO

Teopema 10. Pgd

> lw(=)I1

PABHOMEPHO CTOOUMCH HA KAHCIOM 02PAHUNEHHOM 3AMKHYMOM MHO-
acecmee M -pe2ysgpHbiz MOYeEK; €20 CYMMA HE 3ABUCUM OM 6bi6Opa
noanot opmonopmuposantoti cucmemvt {di}5° u 3axarouena mexncdy
V2,(2) u mVi(2).

3aMeTHM, YTO Ha OCHOBAHHH TeOPEeMhl MOXHO YyTBEPXAATh, YTO
HeXOTopad TOYKa @& ABIFeTCE M-perylngpHoOH, eClIM MOXHO yKasaTh
TaKyI0 ee OKPeCTHOCTb, B KOTOPOI TONOMOP(QHH BCe BEKTOP-QyHKIUH
w(z) (k=1,2,..).

3aMeTuM elle, 4TO [if m = 1 Bo Bcako# M -peryinspHoi Touke

Vir(z) = D w2l

§ 8. Ilennie onepaTopsl

1. IIpocTol BaMKHYTHIE SPMHUTOB OIEPATOP C HHAEKCOM edexTa
(m, m) 6ymeM HasHBaTb YeabiM, €CIH MOXHO BHOPaTh Momynb M
(HasbIBaeMHIH LETRIM) TakK, YTOGH KaxaoMy f € $) oTBeyala Lenas
BekTOP-QYHKIHE fas(Z2).

Ing memoro omepaTopa A ¥ uemoro Moayns M Bce TOYKH KOM-
IIIEKCHOM IIOCKOCTH OyayT M-perynapHHIMH H, Cle[OBaTelbHO, pe-
T'YIEPHOTO THIA.

Taxum o6pasoM, Lenbii onepaTop peryigped. [lpuauMas Bo BHE-
MaHHe TeopeMy 8, MOXHO, ClIeIOBaTelLHO, OMPEAETHTD UeNHH onepa-
TOP KaK peryjigpHHH ONepaTop, AL KOTOPOro CyWIeCTBYET MOYIb
M Taxou, 4TO IpH BCeX KOMIUIEKCHHIX 2

m, N M = (0).
Ecnu M — uennii Mogynb, TO B BEIpaXKe€HHH
m

m(z) =D f(2)u;  (fE€9)

3=1
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Bce QpyHKUUH fy 2 (2) (7 =1,2,...,m) EBILI0TCE LETBIMH U AOMYCKAIOT
npepcTasierue (cM. §6, m.5):

) = (f,e5(2) (G=1L2..m; fe€9),

rze ej(2) (j =1,2,...,m) — HekoTopHe Lielble BeKTOP-QYHKIHA €O
BHaYeHHIMH U3 §).

Kak 6o BrigcHeno B m.2 §4, B xaxm;on U3 IByX HOMYIIOCKOCTEH
Im 2z > 0uIm 2z < 0 pyHKUHE fu (7 = 1,2,...,m) npeacTaBUMH
B BHjJe YacTHoro AByx QyHkumii xmacca (N). B paccMaTpusaemom
ciydyae OoHM, OyLy4M LeETHIMH, CaMH CyTh kiacca (N) B kKaxaol 3
BTHX JABYX INIOCKOCTEH, a IIO9TOMY K HMM IPHMEHMMH TeopeMa 5 u
CIeJICTBHS U3 Hee.

TaxuM o6pasom, eciu e(z) 0GOBHaYaeT KaKyio-THGO U3 BEKTOD-
oynxuuit e;(2) (§ =1,2,...,m), To

)

|2|—o0 | 2]
. [ log"|(f,e(=))
20, / 14 22 dr < 0.

B cBEBH C THM NOH2JOGHTCA Clefyiollasd BaXXHad

Jemma 8.1, Iycms e(z) (#£ 0) — nexomopag yeaas sexmop-
PYRKYUL KOMNAEKCHOZO GPZYMERTA 2 CO HANEHUIMY U3 §H U nYcmb
dag 4106020 [ € $ evinoangiomed ycaosug 1°,2°.

Tozda

e logllell (8.1)
loj—oo  |2]
U ecau noaAoIH UMb

) = T Bl

OO

(-T<p <),

" he(g) sin ¢ (0L p <),

he(p) = (8.2)

~he (—E) sing (-1 < p<0).

tﬂemma HEMOCPEACTBCHHCO NEPEHOCUTCA Ha IelIbie BeKTOp—CI)y}{KIIlﬂ( CO JHade-
HHAMH H3 moboro GaHaxoBa opoCTpPaHCTBa.
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HDoxasartrenbcTBO. B cumy 1° gng mo6oro f € $
(f # 0) paBHOMEPHO OTHOCHTENBHO ¢ € (—T,T) HOCTHIaeTCd Bepx-
HHUH Ipeen

M) = iy DEILECe )

(_ﬂ' <e< 7r)’

npH s5ToM B cuny 2° (cM. §4, 1.3)

h(f;2)smp  (0<p<m),
we) = { -h(fz;-g) sing (-7 < <0).

Kpome Toro, ecnn nonoxuts (cM. (4.11))

TE() = o= [1oBl(feneTNlde  (n=1,2,..),
0

TO
T

KE(f) = h(fi23) = lim JE(S)  (fen, [#0).
IManbreiimue paccyxaenus 6yaeM BecTH and Pynkunonana ht(f).

Ing pyuxumonana h~(f) paccykieHHs COBEPIIEHHO aHAIOTHYHHI.
OtmeTuM creaymomye cBoiicTBa ynkunonana ht(f):

1) h¥*(Af) = h*(f) (f €9, A — cxansp);
2) h*(fi + f2) < max(k*(f1),h*(f2)) (fr, f2 € 9).

OGosradum yepes £ MHOXecTBO Bcex f € § c ||f|| > 1. Jerxo
BHLeTb, 4To QyHkumonans J;F (f) (n =1,2,...) HenpepHBHH Ha K.
A Tax Xak £ — NOTHOe MeTpHYeCKOe IPOCTPAHCTBO, TO MHOXECT-
BO TO4YeX HempephBHOCTH Qynkumonana h*(f) nrorno ma £. Mycts
fo (| foll > 1) opna us Eux. Torma mig moboro € > 0 HaligeTCs Takoe
6> 0, 4To

W (fo+g) <h*(fo)+e mpm [ g|<é.

IooToMy ansg mo6oro g€ Hc | g|l<éme>0

h*(g) = h*((fo+9)+ (9 — fo)) <
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< max(h*(fo + 9),ht(fo—9)) <A™ (fo) + &

B cuny 1) B umepasenctse h*(g) < A*(fo) + ¢ ycuosre |g| <
< 6 MoxHo ot6pocutb. Tak kak, kpome Toro, £ > 0 BHGpaHO mpo-
U3BOIBHO, TO MH 3aKII0YaeM, ITO g moboro f € $

h*(f) < BF(fo).

Taxum 06pa.30M, MOXHO yTBePXKOaTh CynleCTBOBaHHE€ KOHEYHBIX
MaKCHMYMOB:

t = + T =maxh”(f). .
H —Ipea%ch (fy = H —f:;jch (f) (83)

Tlonoxum

_[Htsing (0<p<m),
H((P)_{H“Siw (-Tr << 0).

Cornacuo (8.3), ing moGoro f € §
h(fi0) < H(p) (-m<p<m).
TonoxuM nng mpousBonbHLIX € > 0,7 >0 1 ¢ € (—7,T)
$.o(f) = (f,e(re))eHO* (f e 5).

IIpu mo6ux PUKCHPOBAaHHBIX @, T QyHKIHOHAN P, , THHEeH U He-
npepsiBeH. C apyroi cTOpOHSI, 3Ha4YeHNd Bcex pyHKuHoHaN0B P, ,( f)
(r >0, —7 < ¢ < 7) Ha mo6GoM QuxcupoBanHOoM f € §) OrpaHHYe-
HH. CnefoBaTenbHO, IO M3BeCTHOW TeopeMe BaHaxa HOPMH Bcex
¢ynxunoHanoB ¥, , B X COBOKYNHOCTH OrPaHHYEHH, T.e. CyUIeCTBY-
eT Takoe N, > 0, yTo

1276l = lle(re)le= oMo < N,
T.e.
le(re)|| < NeemH@+  (n 50, —r <p< ).
TakuM o6pasoM, (8.1) gokasaHo, a Takxe n- TO, 4YTO

he(9) < H(p) (-1 <p <),
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Cramo 6BITH, MHOMKATOpHad AUAarpaMMa norapudMuiecku cy6-
rapMonuyeckoit Qynkuu¥ || e(Z) || comepxurcs B orpesxe (—H ™1,
H*3), a cienoBaTensHo, caMa ecTh oTpesok MHEHMoi ocu. OTkyma
BHITeKaeT (8.2).

JleMMa nokxasana.

3ameuanue 8.1. HerpyaHo BHAETEH, YTO

hi9) = H(p) (-7 <p <) (8.4)

B camowm pene, gig mio6Goro f € §

h(fi ) She(p) < H(p) (-m<p<m).

C gpyroit cTopomH, coriacHo (8.3), HaliayTcd snementh f+ u f~
Takue, YTO

(5 =) (D) =1(-5)

T
Orciopa he (:t—g—) = H(:i:-Q—), 4TO Breyer (8.4).
HeTpynso TakXe COOGPa3HTh, 4TO, IO KPailHell Mepe, 1L OfHOTO

u3 BekTopos f = f¥, f~, ft + f~
h(fip) = he(fip) (-m <@ <)

3amevanve 8.2. Ham MeTon mosBoigeT TakXke J0Ka3aThb, YTO
IPH yCIOBHEX JeMMH 8.1 cymecTByeT KOHCTAaHTa 7Y, Takad, YTO

1 [ log|(f,e(x))
T / 1+ 22

—00

dz<y+log|l Il (f €9)

2. [lenTpanbHBIM IpeioXKeHHeM BToro maparpada sBigercd
Teopema 11. Jlozapupmuuecxu cybeapmonuuecxas @ynxyug
Vm(z), omeenarowad yeaomy modyao M, eécezda ne eviwe axcno-
HEHYUAALHOZ20 MUNG, M.€. '
— log Vu(z
lim _g—() <

|z| =00 |Z| ’
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npuuem ee unduxamopnasd Juazpamma eCmb OMPE3OK MHUMOT OCU,
max umo

T\ .
R T PO
M\P) = T
r—oo —hm (—g) sing (-1 <9 <0).
JlokasaTensbcTBO. Brbpa gug mpocToTsl 6asuc
{u1,..., 4} Mogyns M opTOHOPMHDPOBAHHHIM, GyieM HMETb

2

”fM(Z)"2 = Z(f, ej(f))’u,j =
1=1

Il

PG RS A B [CHE)]
1=1 7=1

Taxum o6pasoM,

||fM( i :
Vi (z) = max TS (Z leNF)*. (85)

Tax xak kaxpoe e;(z) (j =1,2,...,m) yIoBIeTBOPET yCIOBHIM
nmeMMHL 8.1, To TeopeMa 11 ecTh ClIeqCTBHE DTOrO HEPABEHCTBA.

3. Ilpu umccreioBaHMH KOHKPETHHIX LETHIX OMEPATOPOB HrpaeT
poub ciegyiomas

Teopema 12. ITycmb £ — nexomopoe naomuoe 6 § MHONCECTNE0.
Tozda unduxamopnag duazpamma Pynxyuu Var(z) ecmv naumens-
wuti ompezox muumot ocu, codepaucawuti 6ce unduxamopuvie Ju-
azpammvr sexmop-Pynxyud far(z) dag f € L.

JokasaTenbcCcTBoO. B cury o4eBHIHOrO HepaBeHCTBA

log IIfM(re“")ll

H(f;¢)= 11 <hm(p) (-m<p<m)
MHJUKATODHAd AMArpPaMMa BeKTOp-QYHKUMH fys(2) Bcerga cogepKuT-
cd B oTpeske S = (—hM(—g i, hpm 5 1) — MHIMKATOPHOH aW~T

pamme pyrkuun Var(z).
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TeopeMa GygeT HOKasaHa, eCIH MH [OKaXeM, YTO Jjif 10GOTO
€ > 0 HalinyTca onemenTH fT, f~ € £ Taxwe, 4yTO

B4 ) 2 (7).

IlokaxxeM, Kak, HampUMep, JOKa3HIBaeTCi CyIECTBOBaHHE 9ie-
MenTa fT.
CornacHo (8.5),

(5) 2 s 5ot (5)) = (5

Beegem B paccMoTpenve (DyHKIIMOHAI

W) = tim Bl e i)

y—oo )

KOTODHIH MBI yXe pacCMaTPHBAIM IIPH JOKasaTelbCcTBe TeMMH 8.1.
Kak Mbl 3HaeM (CM. JOKasaTelnbCTBO IeMMH 8.1 u saMeyaHue 8.1),
®TOT (JyHKIMOHAI HMeeT TOYKHM HeIPEepHIBHOCTH, B KOTOPHIX JOCTH-

T
raeT CBOEro MakCHMyMa, PaBHOIO h., (5) . lIycth fo — ogHa M3 HHUX.

Torpa gna moboro € > 0 Halimercs sneMedT f1 € £, gocTaToyHO
6nuskuit Xk fg, TaKOH, YTO

™

hE(f*) 2 b} (fo) — € = he, (5) —€e> hM(g") —¢.

A Tax xax
far (2N 2 |(f5e.(2))I,
TO ¥ . r
H(f43) 2 b5 2 hae(5) — <.

Teopema JokaszaHa.

4. MoxHo mokasaTh, YTO pH m = 1 JI¥HA WHIMKATOPHOU V-
arpaMMH He BaBMCHT OT BhiGopa Monyna M. Ilpu m > 1 sroro yxe
yTBepxaaTh Henbsg (cM. §10, saMevanue 10.1).

OnHako w mpu m > 1 ecth cnydyal, Korja HHIHKATODHAf JH-
arpaMMa, BHIpOXAadch B TOYKy 0, He BaBHCHT OT BHIGOpa Ieloro
Mofyng. OTO cIyyaWl Leloro omepaTopa MHHMMAIBLHOIO THIIA,
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XapaKTepH3YOLIETOcd TeM, YTO IOPH HEKOTOPOM BHIGODE IENOoro
Moayns M
— log V(2
T o Vm(2) _
[2]—0 E

0. (8.6)

Ycnosue (8.6) 9XBUBATIEHTHO TOMY, 4TO JjId Bcgkoro f € §

i Lol _ o (8.7)
|z]—0 |2]

IloxaxeM, yTo ®TO ycnoBHe, GyAy4YH BEINONHEHHHIM A4 OJHOTO
nenoro Moayns M, GygeT BHIIOIHEHO M /IS BCIKOTO APYT'Or'o LENOro
Monyns M. ~

ycts {v1,v2,...,0m} — HekoTopHi 6asuc M. Ilpm msomop-
gusMe f — fpr(z) BekTops v; (j = 1,2,...,m) nepeiayT B BekTOp-
dyHKIHHK

v;(2) = Z vj(ﬁ)(z)uk (G=12,..,m)
k=1

MHEHMMAJILHOI'O THIA, T.e. YJOBIeTBOpHiomue ycIoBHo (8.7).
PaccMoTpuM msoMopdusm

=152 =D f(z)w;  (f €9).

=1
Hs
f—15(2) €My vi—vj(2) €M, (j=1,2,..,m)

JIeI'KO BaKIIO4YUTh, 4YTO

=Y f9C)w(2) e m..
i=1
Taxum o6pasom,

fu(z) = Y fD (i) = 3 1D (2P (2,
=1

Jyk=1
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m

P =Y @z (k=12.,m)  (88)

i=1

W3 5THX paBeHCTB HaXONATCA BHPaXXeHUA LeTHX QyHKIHI f,g’ ) (2)
Yepes NenHe (PYHKIHA f,gk)(z) 4,k = 1,2,...,m). A rax xax mo
ycnoBuio mid mo6oro f € § nensle GyHKIHE f,(‘k)(z),vg-k)(z) (4, k=
= 1,2,...,m) Bce MHUHUMANHHOrO THIA, TO ¥ PyHKIUH fi’)(z) (J=
= 1,2,...,m) cyTh Uensle PyHKIHH MUHHMAILHOIO THIOA. OTO yT-
BepX/ieHHe NpHoGpeTaeT elle GONBIIYI0 OYEBHOHOCTH, €CIH 3aMe-
THTH Clegyloinee.

Tlonaras B (8.8) f = u¢ (£=1,2,...,m), nonysaem

S ud@ @) = (k,€=1,2,m).
—~

TakuM 06pasoM, MATPHNA HETHX QYHKIIHH ||v§ﬁ)(z)||’1" HMeeT CBOeH

0oGpaTHOH MATPHLY ||u£f,)(z)||’1", TaKXe COCTOSIyI0 U3 IemTHX QyHK-
IHH.
OTciopa JeTepMHHAHT |v(k)(z)|"1 He HMeeT HyJeH, a Tak KaX OH
}1 rq p ju 1 y ]
ecThb nenas PyHKIUI MEHEMATHHOTO THIIA, TO MEl BaKI0OYaeM, ITO

[v$(2)|" = const (# 0). (8.9)

OTO TOXAECTBO ABIFETCI, OYEBHIAHO, HE TONBKO HEOGXOmH-
MBIM, HO ¥ [JJOCTATOYHEIM YCIOBMEM TOPO, YTOGH CHCTEMa BEKTODPOB
V1, U2y eevy Uy CIYXKHIT2 6ABUCOM HEKOTOPOTO L[€TOTO MOMYIA.

B caydae memoro omeparopa HOPMAIbHOTO (T.e. HEMHHMMAIb-
HOTO) THIIa ycloBHe (8.9), HeTPYJHO BHIETH, Iepel/ieT B yCIoBHe

|v](ﬁ)(z)li" = const €%, (8.10)

Ijle @ — HeKOTOpas BeljeCTBeHHas KOHCTAHTA.
OTcioga HeTPYIHO y6EIHTHCA B CIPABEIIMBOCTH BaMeYaHHi, C
KOTOPOr'o MH Ha4aJdH STOT NYHKT Hmaparpada.
5. Tax xak menpi omepatop A peryngpeH, To mo6oe ero camo-
COIpAXeHHOe paciIEpenue A B §) HMeeT JUCKDPETHHIH CIEKTp.
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[Ipenripymue pe3synbTaTH MHO3BOIAIOT YCTAHOBHTH DAM BaXKHBIX
XapakTEPHCTHK HTOTO CIEKTPa.

Iycrs {¢, }7° — nonnad opTOHOPMHPOBaHHAH CHCTEMA COGCTBEH-
HHIX BEKTOPOB OmepaTopa A:

Zﬂou = )\uﬁom (9011,90#) = 6#1/ (“7” = 1727"')°

3aMeTHM Teneps, 4TO eclH A = Aoy (¢ # 0), To Takke A*p =
= Ao, T.e. € M), H, BHAYAT, Y €CTh THHEHHaS KOMOHHAINS Bek-
TOpoB €1(Ag), ..., em(Ao), cocTaBIgIOMUX GasHc Ny,

m

p= ic]-ej()\o) (Z |e; | > 0). (8.11)

1

IIycTs Temeps ¥y, Y2, ..., ¥Ym — KaKag-THOO CHCTEMa THHEHHO Hesa-
BHCHMBIX COGCTBEHHEIX BEKTODOB OIlepaTopa A:

Ay = )\(k)'tbk (k=1,2,..,m).

Ecnu Tenepp Av<p = Aoy H Ag OTIHYHO OT Kaxmoro us uncen A1), ...
ey A™) 1o

(Qoa "pl) = (‘P? "b?) = e = (90, "bm) =0. (8'12)

Brocs cioga BrpaxeHue g ¢ u3 (8.11), monyyuM cucTeMy pa-

BEHCTB
m

ch(e,-(,\o),zbk) =0 (k=1,2..,m). (8.13)

Orcioga Ag €CTh HyIb JeTEepMHHAHTA

D(A) = |(e5(A), #w)IT"-

Ecnu co6cTBeHHOMY YHCIY Ag OTBEYaeT P THHEHHO HE3aBHCHMEIX
COGCTBEHHEIX BEKTOPOB, TO UM OyleT COOTBETCTBOBATDL P THHEHHO
HE3aBHCHMHIX pelleHHH (c1,¢2,...,Cm) cHcTeMH (8.13), a cuemoBa-
TenbHO, pif, gerepMuHaHTa |(e;(Ao), Yi|* Oymer He MeHbIIe m — p;
OTKyfa Ao Gymer HyzeM D(\) KpaTHOCTH He MeHsbLIe p.

Camu umcna A, .., A(™) raxxke Moryr 6uITH HymrEME feTepMu-
nanta D()); umenno, A\U) 6ymer nynem D()) kpaTmOCTH > Pj, €CIH
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cpen: CcOGCTBeHHHX BeKTOpoB, mpHHamtexammx A1), maiizercs P;j
BEKTODOB, THHEHHO HE3ABHCHMHIX OT ¥y, VY2, ..., ¥y (60 TOrga Hali-
.JeTcd ¥ p; OPTOTOHAIBHHEIX K 91,92, «.ey Y ).

TaxuM 06pasoM, Bce COGCTBeHHBIE THCIA OIEpaToOpa A (xaxmoe
CYMTas CTONBKO Pa3, KaKOBa €r0 KPATHOCTH) HAXOAATC Cpeqy HyleH
nenod QyHKIHH

(A= A = A®). (A= A D(). (8.14)

OTa (QyHKUHS, O4€BHAHO, YIOBIETBOPAET YCIOBHAM 1), 2) TeopeMH
6, H60 ABIZEeTCH TOMHHOMOM CTENeHH M OT QYHKIUHUH, YIOBIETBOPI-
IOIIMX STHM YCIOBHSM.

I[IpuanMas BO BHEMaHHe TeopeMy 11, sakmiodaeM, YTO HHIHKA-
TopHad nuarpamMa QyHkuud (8.14) ecTh OTPEBOX MHMMOH OCH [JIH-

HOH < m(hM( ) +hym(— )) TaxuM o6pasoM, ectn N (r) — quncio

COOGCTBEHHBIX YHCEN ONepPaTopa AB HHTepBale (—r,T), TO

1) < o (5) e -5):

6. Cpems caMocoNpiXKeHHHX paclIHpeHHil A B $ omepaTopa A
BHIJIeNIFeTCS BaMeyaTeNbHOe OJHONAPAMETPHIECKoe CeMelHCTBO pac-
HIMpeHuH Ag (=00 < € < 00). CamoconpakeHHOe pacuImpeHne Ag
XapakTepusyeTca TeM, 4To { ABIFETCH /IS Hero CO6CTBEHHEIM THC-
IOM TOYHO KpaTHOCTH m. TakuM o6pasoM,

Agej(6)=tei(6)  (i=1,2,...,m)

H, CIeNOoBaTelbHO, B KaYecTBe BekTopoB %; (j = 1,2,...,m), o ko-
TOPHIX IINIa peYb B IpeIHAyIIeM IYHKTE, MOXHO BHOpPaTh BEKTOPHI
ei(€) (G =1,2um).

Ctano 6HITH, BeCh CIEKTP ONEpaTopa ZE COJEpXKUTCH CPpeIu MHO-
XKeCTBa Hyled 1enod QyHKIUH DKCIOHEHIHATHLHOrO THIIA

(A= &)™I(ej(A), ex(NIT"- (8.15)

BeposaTHO, MOXHO JOKa3aTh, YTO CIEKTP COBNAJAET C MHOXECT-
BOM Hylledl 9Toi QyHKuUH (IpH HTOM KaX[IHH HyITb H KaXaag 0dKa
CIIeKTPa CYHTAIOTCH CTONBKO Pa3, KaKOBa HX KPATHOCTB).
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Jng m = 1 9TO TpemIokKeHHe TOKa3aHO M GLIIO HAMH COO6IeHO
paHee [16]. 5

3aMeTHM, YTO B DTOM CIydae PACIIHpEHHIMH A¢ HCIEPIHIBAIOTCS
BCe CaMOCONpIXKeHHEEe pacIIHpeHud B § omepaTopa A.

IIlpn msyveHHM KOHKPETHEHIX IIeNhIX OHEpATOPOB JacTO YHAeTCH
CPaBHHUTEILHO IPOCTO IOCTPOUTH MOIHYIO B §) OPTOHOPMEPOBAHHYIO
[OCIeOBATEIbHOCTD {d,}, 1711 XKOTOPOH NEerko HAXOJUTCS COOTBET-
CTByIOUIaf CHCTeMa BekTOp-Qynkuui {3,(2)}5°:

m

0,(2) = Y diN(2)u; =Y (dy,ej(D))u;  (v=1,2,...). (8.16)

B cuny pasenctBa ITapceBans mpoussenenns (e;(A),ex(£)) Hal-
ayrcda o fopMmyraM

(ej(A),ex(€)) = D dDNP(E)  (G,k=1,2,..,m).  (8.17)
v=1

B vacTHOCTH, IpH M = 1 cmexTp A Gyger coBHajaTh € MOCIeJOBa-
TeTbHOCTHIO KODHEH ypaBHEHHS

A=Y 4N =0.
v=1

§ 9. Teopema 06 BPMHTOBLIX oepaTopax
¢ HAUPABIAIOIMEME (PYHKIHOHAIAMHE

PesynsTaTs npeguaymux naparpados MOBBOIMIOT CIETATH OIHO
CYHIECTBEHHOE [JONONHEHHE K PAasBHTOH HaMH TEOPHH SPMHTOBHIX
OlepaTOPOB C HANPAaBILIOMMME PyHKUMOHamaMu [13].

1. Ilyctp £ — HexoTOpoe IHMHEHHOe MHOXECTBO, B KOTOPOM
onpepener $yuxnuonan (f,g) (f,g9 € £), o61aga.omui BceMH CBOH-
CTBaM# OGHIYHOTO CKQISPHOTO IIPOM3BEIEHNHA, Ba HCKIIOYEHHEM, MO-
XeT GEITh, TOTO, YTO B HEpaBEHCTBE

()20 (feg)

BHaK = MOXeT MMeTh MeCTO Takxke H .11 HeXoTophix f # 0.
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Tlonoxum
I fll=v(ff) (fe).

0606111a9 06GHYHOE OTpeeIeHHe SPMHTOBA OnepaTopa, 6yneM ro-
BOPHUTB, YTO IMHEHHKIN omepaTop Ag, IeHCTByIOUME B £ ¢ HEKOTOPOH
obnacTn onpefeneHns D4, C £, 9PMUTOB, €ClIK

(Aog,f)“—'(g,Aof) A 066X g)fegAm

1 MHOXecTBO D4, "HmuoTHo” B £, T.e. Al moboro f € £ HaljgeTcs
mocneoBaTenbHOCTh {gn} € D4, TaKad, 4TO

n]jm lf — gxl| = 0.
asde

Jlerko BuzieTs (cM. [13]), 4TO TaK oNpeieNeHHBI YDMUTOB OlEpa-
TOp 6yfleT 06IalaTh CBOMCTBOM, YTO

| Agll=0, ecmx | g|=0.

TlosToMy, ecid OTOXAECTBUTH B £ BCAKYIO Napy SIEMEHTOB (i, g2,
IJIs KOTOPHIX || g1 — g2 ||= 0, TO £ o6paTuTcs B HEKOTOPOE IHHEHHOE
MHOXKECTBO §, KOTOPOe MOXKHO GyleT pacCMaTpHBATh, KaK IIIOTHYIO
4aCTh HEKOTOPOT'O THIBLGEPTOBa MPOCTPAHCTBA §); MPH dToM Ag IIo-
pomut B £, a CIEIOBATEILHO, U B §) HEKOTOPHIH OGBIYHEIH HPMHUTOB
omepaTop Ao, BaMBIKaHHe KOTOPOTO 0603HATAM depes A.

IIyctes Teneps mis Ag cyllecTByeT HAIpaBifiollad CHCTeMa,
¢ynxumonanos ®;(f,A) (j = 1,2,...,m), obnafaomad clenyomIMu
cBoiicTBaMu ! :

Il

1) Ilpu mio6om ¢ukcupoBannoM f € £ Qynkunmu ®;(f;z) (j
=1,2,...,m) cyTh Uenne QyHKUHH 2.

2) Xors 68 mpu ongHOM sBHadYeHHu z QyHkuuoHauu P;(f;z) (j
=1,2,...,Mm) THHEHHO HE3aBHCHMEL.

TTpe60mume 1) ¢ coxpaHeHMeM BCex NMOCHEAYIOIMX BHIBOAOB MOXKHO 3aMeHHUTD
Sonee cnaGpiM, a UMEHHO: cyulecTByeT obnacth G, cofepXkalljad BeUIECTBEHHYIO
ocs, B KoTopo#t Bce yuruun ®;(f;2) (7 =1,2,...,m; f € §) aprymenrta z romo-
Mopdurl. IIpn TakoM ocnabieHus ycaoeus 1) B ycnoBuax 2) u 3) CKangp z cieayer
CYMTaTh NpuHagzexawmm G.
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3) Kakxue 651 HE GBITH DIeMEHTHI fo € £ u ckandp 2o, ypaBHEHHE
Aog — Aog = fo uMeerT pemlenue g € D4, TOrJa H TOIBKO TOT[a,
ectn ®;(fo;20) =0 (j =1,2,...,m).

IIpu 5THX IpeINONOXKEeHUIX, KaK [0KasaHo B [13], cymecTByeT 9p-
muropa MaTpuua-Qysxmus T(A) = ||7x(A)||* ¢ mey6riBatomeli ¢op-

Mol
m

> (N,
Jk=1

Takad, UTO 14 TIOOHX ¢, f:

(9= Y [ 80508 Nl (9.1)

nk=1_¢,

M3 (9.1) BuTeraer, 4TO eclu mIg HekoToporo f € £ TOXAECT-
BEHHO OTHOCHTEIBHO 2:

®i(f;2)=0 (j=1,2,..,m), (9.2)

To || f[|=0.

ITosToMy Ges orpaHMYeHHE OGITHOCTH MBI MOXEM MPEIIONOXATh,
YTO BHIIOIHIETCH YCIOBHE

4) MHoxecTBO £9 Bcex f € £, As XOTOPHX BHNonHEeTcH (9.2),
COCTOHT K3 OJHOTO HOIb-BEKTODA.

B camoMm fene, B IpOTHBHOM ClIydae MB Iepelnid Okl OT PacCMOT-
penus £ ¥ Ag X paccMoTpenuio ¢axrop-nmpocrpancTsa £/Ly = £' u
omeparopa Af,, nopoxpaaemoro B £ omepatopoM Ao, XOTOpHi yXe
6ymeT HMeTh HanpaBIfIONIyIO CHCTeMY (PyHKIHOHAIOB, 06IaJal0NIyIo
BCeMH cBolcTBaMu 1)-4).

Ecmr ycnoBuTbcs HopMEpoBaTh MaTpumy-Qyukumio T'(\) Tak,
9TO6H, Ha.upnmepT:

1°. T(A-0)=T(\);

tHopanOBxa T(—o0) = 0 Temeph He BCerja BO3MOXKHA, Tak Xak MaTpHIA
T(A) MoxeT 6LITH HeorpaHMYeHHOH M mpegen T(—oo) = Alilil T(A) moxer He
—400

Cyl1eCTBOBATbD.
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2°. T(0)=0,

TO OHa 6yIeT OQHOBHAYHO ONPEAENAThHCH COOTHOmeHnAMH (9.1) B ToM
H TOIBKO B TOM CIy4ae, eCId XOTA 6B OfHO U3 AeEeKTHHIX THCel
omepaTopa A paBHO HYIIO.

CorazacHo CBOHCTBY 3) HampaBIfIOmEeH CHCTeMH, NPH ITO6OM Z
¢daxrop-upocrpanctso £/(Ag — 2I)D4, MaxcumyM m-meprO. O7T-
ciofja, mocle MPOCTHX PacCyXAEHHH, 3aKIiodaeM, YTO AedexTHHE
4McIa my X m_ omepaTopa A (T.e. pPasMepPHOCTH NPOCTPAHCTB
N, = HO6 (Ao — 2I)D4 mpr Im 2 > 0 u Im z < 0), He npeBOCXO-
4T m.

Wupekc pedexra (my, m_) oneparopa A GygeM Ha3HBATh TakXKe
undexcom dedexma onepamopa Ag.

Hac 6ygeT mHTEpecoBaTh TOT CIydail, KOTAa My = M_ = M.

Teopema 13. Ecau 3pmumos onepamop Ao umeem nanpassd-
owyo cucmeny Pywxyuonaaos ®;(f;z) (j = 1,2,...,m), obaada-
0wy ceoticmeanu 1)-4), a e2o undexc-defexm ecmsv (m,m), mo
npouseedenue (f,g) ne cuneyagpno, m.e.

(/i f)>0 npu f#0, (9:3)

a onepamop Ag peayagpen.

JloxasaTenbcTBO. Mo cBoiicts 1)-3) nerxko BuTexaer
(cM. [18]) cymecTBOBaHHe TakO# CHCTEMBI BEKTOPOB {u1, U2, ..., U },
4TO

A(2) = [®;(ur; 2)IT" # 0.

Jlng xaxmod TOYKH z, B koTopoit A(z) # 0, mobomy f € £ onno-
BHAYHO OTBEYAET BEKTOP PYyHKIHH

m

fu(z) =Y fP (2w (9.4)

k=1

CO 3HAYEHUAMH H3 THHEHHOH 060M0YKH M BEKTODOB 1y, ..., Uy, TaKad,
YTO ypaBHEHHE

Aog — 29 = f — fu(2) (9.5)

OygeT uMeTh pellleHHe g € Dy, .
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JlelicTBUTENBHO, cornacHo 3), ypaBHeHHe (9.5) GyfeT HMeThb pe-
IIleHHE B TOM H TONBKO B TOM CIy4ae, eClId

Qk(f - fM(Z),Z) =0 (k = 1727"'>m)7

T.€. €ClIN

> () ®(ug;2) = @(fF;2) (G =1,...,m). (9.6)
-

Otcioga fék)(z) (k = 1,2,...,m) onpeaensioTcs OLHOBHAYHO U IPH-
TOM KaK MepoMopdHEie (YHKUHH 2.

Ilpu €CTeCTBEHHOM roMoMopusMe £ Ha .C npH xotopoMm f € £
epexoauT B f € £, paBeHCTBO (9.5) mepefiier B cnenymomee:

AG - 25 = f—tu(2),

rae

fu(2) = ) f9(2) .

TaxkuM obpasoM, oiad mo6oro f €z HMeeTCcHE MepoMOpPHasi Bek-
rop-PyHKLuE fps(2) co sHavyeHMsMH H3 M (THHEHHOH OGONOYKH
Uy U2y eeey Upy ) M C TOMIOCAMH, PACHONOKEHHBIMH B HyIsx A(z), Ta-
Kad, 4TO

_fM(z) emz = (A—ZI)@A- (97)

Ha ocnoBanuu TeopeMHl 9 3aKiIo4aeM, YTO ONEPATOP PEryispeH.
Hawm ocraercs gokasars (9.3), T.e. YTO eCOH [JIf HEKOTOPOroO
g € £ Bextop g = 0, T0 ¢ = 0. Ho ecan fo = 0, To, cornacuo (9.7),

fp(2). € M,, ecim  A(z) # 0.

Ecnu ponmycruth Temeps, 4To g # 0, To, corna.cno ycuoBHio 4)
 (9.6), MOXHO GyieT yTBEpXKAATh, YTO He BCe gu (z) (G =1,2,.
.eey M) TOXIECTBEHHO PABHH HYIIO.

Taxum 06pasoM, BEKTOPH Uy, U3, ...y Uy, THHEHHO BABHCHMEL MO
Moxyno M, Aiug Bcex z, Ba ncxmo‘{ennem, MOXeT OHTBh, T€X, B KOTO-
poix A(z) = 0 wnn gy )(z) == gl )(z) = 0.
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BosbMeM mpoHBBOILHOE HEBElIeCTBEHHOE 2, He IIPHHATIeXallee
K yKasaHHOMY HCKIIOYHTETbHOMY MHOXecTBY. B cmmy (9.7),

ﬁ:mz'*’ﬂ

H, CIeIOBaTENbHO, M o Monymio M, m-mepHO (HHAYE TN = H O M,
HMeNo YHCIO H3MepeHHH < m).

M= npHuITH K TPOTHBODPEYHIO.

Teopema fokasaHna.

2. IIpu noxasarenbcTBe (9.3), Kak Terko BHAETH, MBI UCIIOIB3O-
Ball¥ THIIb TOT (DaKxT, YTO OJHO M3 YHCEI M4, M_ PABHO HYIIO. '

[IpemocTaBiageM YUTATENO JOKA3aTh C MOMOUIBIO PACCYXKIECHHH,
AHAIOIMYHBIX MPeJLAYLUINM, clefyiolee MpemIoKeHHe.

Teopema 14. Ecau 6 £ cywecmeyem k aunetino ne3asucumviz
8EKMOPO8 1, ..., Jr MAKUT, YMO

(91’92) == (gk7gk) = 07

mo defexmmuvie nucaa my u m_ onepamopa A ydosaemsopgiom ne-
pasencmeam
my<m-—k, m_<m-k.

[ng ctyvyas k = m, Ho IpH 6onee OOLIMX NMPEINONOKEHHIX OTHO-
CHTEIBHO HallPaBIfIONleH CHCTeMEl (DYHKIHOHANOB TeopeMa 14 Gbila
JokasaHa panee (cM. [13], Teopemy 3).

3. B roil xe cTaTbe [13] MBI ONKCATH, KaK MOTYYUTH BCE MATPUIH
T()), naromue npencrasuenue (9.1).

Nmes B Buay npuMephl, pasbupaeMbie B clenyiomeM maparpade,
MBI OIDaHHYHUMCHE Bech ClIy4YaeM, KOTja cyuecTByeT 6asHC up,...
<+y U, GHOpTOTOHATBHEI ¢ QyHKuHOHATaMH & (5 =1,2,...,m), T.c.
npu moboMm z

®i(ur;2) =6 (5,k=1,2,..,m). (9.8)

B sTOM ciy4ae KOOpAMHATH f,gj)(z) =0 (5 =1,2,...,m) BexTOp-

$yukuun fps(z) 6ymyr, cornacto (9.6), COBIaJaTh C COOTBETCTBYIO-
mume ;(f;2) (j=1,2,..,m), T.e. npu mo6oM z

3(f;z)=fU(:) (G =1,2,.,m; feESH).
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Matpuna T'(\), naomad mpencrabienre (9.1) ckalspHOro mpo-
usBeenus (g, f), 6ymeT OrpaHMYeHHOU M ee O6UMII BHJ MPH HOPMHU-
pPOBKe

TA=0)=T(A\) (—o<A<x), T(-00)=0
OyneT mDaBaThcd (POpPMYITIaMU
Tik(A) = (Exdj, W) (7 =1,2,...,m), (9.9)

(T(A) = lImsellT),

rae E) — xaxag-nn6o cnexTpanbHai GyHKIUL omepaTopa A.

Ecnu ckangpHoe IpoUsBefenue He CHATYISpHO, TO f = f, ¥ Kou-
mavyku Hag u; (§ = 1,2,..,m) MoxHO 6yner or6pocuth. Pop-
myasl (9.9) coBnagator ¢ popmymamu T'(A) gug T(A), raHEEIMH B §3,
HO OHH Teleph YCTAHOBIEHH IPH APYTHX NPEINONOXKEHHIX OTHOCH-
TeNbHO omepaTopa A, B YaCTHOCTH, ero JepeKTHEHE YHCTa My U M _
Tenepsb He 06ABATEINBHO PABHH M, OHH < M.

§ 10. [Isa mpuMmepa nennIxX omepaTopoB

IlpocTeiflunii mpUMep LENOTO OmepaTopa ¢ MHAEKCOM aedekTa
(1.1) BmepBhie BCTpeTHICE NPH H3Y4YEHHH TaK HABHBAEMOTO HeOI-
PelleleHHOTO CIy4Yad KIaCCHYECKOH CTENeHHOH NpOGIeMBl MOMEHTOB;
HEeIH ONepPATOp, OTBEYAIOUHH HTOMY CIy4alo TPO6IEME MOMEHTOB,
BCerJa MUHUMATIHHOTO THIA, T.e. Jud Hero hpr(p) = 0 (cM. §8).

CymecTBoBaHHe LENHX ONEPATOPOB HOPMATHHOrO (HEMHHHMANb-
HOTo) THIA ¢ uHgekcoM JedexTa (1.1) 66110 O6HAPY XKEHO HAMH B CBS-
BH ¢ TPOGIEMONl MPOJOKEHHS YPMHTOBO-IONOKUTEIBHEX (PYHKIUR
[16, x].

ng Toro 4To6H MOCTPOHTH HETPHBHAILHEIE MPHMEPH ILENHIX
onepaTopOBT MHHEMAIBHOTO B HEMHHHMAJIBHOTO THNA C TIOGHM HH-
pexcoMm pedexta (m,m), HEOGXOAUMO COOTBETCTBYIOUINM 0GPasoM
0606UIUTH KITACCHYECKYI0 NPOGIEMYy MOMEHTOB H IpobieMy Ipofol-
XeHHS DPMHUTOBO-TONOKHTEIbHHX QYHKIUM.

tHe pacmagatouuxcs B IpaMyIo CyMMy HEIEIX OIEpaTOPOB C HHAEKCOM Aedex-
Ta (1.1).
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I. Marpu4unas npo6ieMa MOMEHTOB B MHTepBaje (—oo,
00). 1. O6osHauuM Yepes M  m-MepHOe IPOCTPAHCTBO BEKTO-
pos z = (&1, ...,€n) C KOMIUIEKCHRIMH KOOPJMHATaMH.

Ectu H = ||hjx||7 — marpuma m-ro nopsgxa, a z = ((1,...
eeslm)y ¥ = (My-eym), TO HOR y*Hz M GygeM IOHHMATH BH-
paKeHHe, ompenegeMoe PAaBeHCTBOM

m
y*Hz = Z hjkfkﬁj.
k=1

IlycTh faHa HeXOTOpad NMOCIEAOBATENBHOCTD { Sk} ®pMUTOBEIX
MaTpHI, m-ro nopgaka. Hac 6ylieT HHTepecoBaTh BOIPOC, KOT/Ia BTa
IOCIeI0BATelHLHOCTD ABIIETCH MOCTeJOBATENLHOCTHIO CTEIIEHHBIX MO-
MEHTOB HEeKOTOPOH MaTpHUH paclpe/eleHHs, T.e. KOTJa NOCIeNoBa-

TenbHOCTH {Sk}$° AomyckaeT mpeAcTaBlIeHHe

Sk = j #+aT()), (10.1)
-0
rae T(A) = ||7jkl] (o0 < A < 00) — orpaHH4eHHas MaTpHIa,

obGnajaonias TeM CBOWCTBOM, YTO IIpH Mo6oM z € M
*T(AN)z >0 (—o00< A< )
H HOPMHDOBaHHad TaK, YTO
TA=0)=T(A) (—0<A<00), T(-00)=0.

Jlns nocnepoBaTensrocTH {Sk}°, AOMycKalomell IpecTaBleHHe
(10.1), BOBHHKAIOT JaIbHEHUINE BOIPOCH], B YaCTHOCTH BONPOC €NHH-
CTBeHHOCTH npeacTasienns (10.1) u Bompoc onucaHus Bcex Ipef-
CTaBJeHHH B CIyYae HeeUHCTBEHHOCTH.

Kpurepuii cymecrBoBanus npencrasinenns (10.1) ycraHaBnusa-
eTcd 0YeHb IPOCTO.

A) [lag mozo umobbi nocaedosameabrocms IPMUMOEHIT MAMPUY
{8k} donycxasa npedcmasaenue (10.1), neobzodumo v docmamoy-
HO, 4mobbl dag mobuiz z; € M (j =0,1,2,...) stinoangaucs ycaosus

n

> 2Siz; 20 (n=0,1,2,..). (10.2)
7,k=0
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JoxkasarTensbcTBo. Heobxomumocts ycrosuit (10.2)
nony4yaeTcs U3 npeactaBiednd (10.1) TpuBHATLHEIM 0GPAasOM.

JTokazkeM JOCTATOYHOCTH DTUX YCIOBHM.

O6o3HayuM yepes £ IMHEHHOE MHOXKECTBO BCeX ~MOIMHOMOB”
f(A) ot cuMBona A:

fA) = Map (meeM; n=0,1,..). (10.3)
k=0

3amaguM B £ 6unuHelnslit yukunonan ( f,g), mouaras

4 n

(£,9)=3> v"Sisrzs (10.4)

7=0 k=0

nas f sBupa (10.3) u
P
g N = Ny (meM; k=0,1,..,p)
k=0

B cuny ycnoBuit (10.2) mns mo6oro f € £

(f,f)20.

TakuMm o6pasoM, (f,g) — HeKOTOpOe cKalspHOe (BOBMOXHO, CHHTY-
nspHOe) MpousBeseHue B L.

OmnpenenuMm B £ onepatop Ag, nonaras qusg moboro f € £ BuIa
(10.3)

n
Aof(A) = Af(A) =D N*tla;.
=0

Jlerko BUgEeTH, 4TO Ag — DPMHUTOB OIEPATOP.

Mu1 nokaxeM, 4To qiug Ag 1 £ BHIMOTHAIOTCS Bee ycnoBus m.3, §9.

[IpocTpakcTBO M MOXHO pacCMaTPHBAaTh KaK NOANPOCTPAHCTBO
~ (0HO ecTh MHOXeCTBO BCeX NONUHOMOB f € £ HyNeBOH CTENEHH).

Ecnu B Beipaxkenun f(A) BMecTo cuMBOIa A BCTaBUTH YHCIO 2,
TO MBI mony4um BekTop f(2) € M, mpu sTom

FA) = f(2) = (A - 2)g=(N),
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TIe

9z(A) = Z N2Fzi.
j+k<n

TaxuMm o6pasoM,
f = f(2) = (Ao - 2I)g..

B cornacuu ¢ o6osHavennaMu §9
£(2) = ().
IIpu sTOM, eciTH HONOXATH
u; = (1,0,...,0), u2 = (0,1,...,0),...,um = (0,0,...,1),

T0 f(2z) mpeacTaBHTCH B BHOE

f(2)=3 f (=)

i=1
rge PyHKIHOHAIH )
F9N(2) = 8(f;2)

GyayT yIoBIeTBOPATH BCeM YCIOBHAM 1)-4) HapaBugiomei CHCTeMH,
ykasaHHBEIM B §9, a Takxe cooTHomeHHsMH (9.8).
TakuM 06pasoM, eciii HONOXKHTH

Tik(A) = (Exujyur) (5 = 1,2,...,m), (10.5)

rae Fy — xakas-mu6o cnekTpanbHas QyHKUHE omepaTopa A, moiy-
7aeMOTO H3BEeCTHHIM 0o6pasoM H3 omepaTtopa Ag (cM. §9), To Gymem
HMeTh

(=Y [ 1O0FEDm0.  (0)
Jk=1_"
Conocrasnenne (10.4) u (10.6) ang f = t"u;; g = ui gaer

o0
wlSnu; = / Pdrp(d) Gk =1,2mm; n=0,1,2,..), (10.7)

—00
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4yT0 paBHocuibHO (10.1) mpu T(A) = |7k |-

IIpeoxenne A) pokasaHo.

Tax xax us (10.1) Barexaer (10.7), a crenoBaTensHo, (10.6), To
dopmynamu (10.5) Bagaercd oblee pelleHHe IPOGIEMH MOMEHTOB
(10.1).

2. IIpo6memy momenToB (10.1) GymeM HaSHIBATb 6NOAKE HEOM-
pedeaenoti, eclin 3aMKHYTHIH 9PMUTOB ollepaTop A, MOPOXKIaeMHBIH
onepaTopom Ag, uMeeT HHfekc (m, m). B obmmeM ciydae mmgexc ge-
¢exra onepatopa A ects (my,m_),rme 0 < my, m_ < m.

B cuny TeopeMh 13 MOXHO yTBepXKAaTh:

B) [lag moz2o wmobbi npobaesma momenmos 6biia 6noane Heon-
pedeaennoii, neobrodumo, umobvr Popmst (10.2) 6viau cmpozo noso-
JHCUmMeabHbl.

Crporag nonoxurenbHocTs dopu (10.2) osHadaeT, 4TO BHaK = B
(10.2) BosMOXeH JIHIIb IPH Tp = L1 = -+ = T, = () HIH, 94TO TO Xe,

(f,f)>0 mpu f#0. (10.8)

B panbHeiilieM IpeqnonaraeM, YTO 9TO YCIOBHE BHIIOIHIETCA.

Torga omepaTop A ecTh He 4TO HHOe, KaK BaMblKaHHe Ag oIe-
paTopa Ay B THIL0EpTOBOM NPOCTPAHCTBE §), ABIAIOIEMCE BaMEKa-
HHeM IpOoCTpaHCTBa L.

Ilycth Temeps uupmekc-gedexT oneparopa A pased (m,m). Tax
Kak jug mioboro f € £ coorBercrBylomee fa(2) = f(2) ects "no-
nmuHoM” M £ = $, To o Teopeme 9 omepaTop A peryngpen. Boiee
TOr0, Ha OCHOBaHHM TeopeMH 7 §5 MOXHO OygeT yTBepXKIAaTh, ITO K
s mioboro f € §) BeKTOp-QyHKUUS fM(z) — ueras QyHkuud. Taxum
o6pasoM, A — IeNHil OnepaTop.

Kpome Toro, mng mio6oro f € £, odeBuato,

o logll sl _

b
ldl—oo 2]

a CIefioBaTeNbHO, IO TeopeMe 12 omepaTop A MMHMMAIHLHOIO THIIA,

T.e.
i g IVE _

lslooo 2]

0,
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rie

sen I fII

UTtak, HaMHu J10KaBaHoO:

C) Onepamop A, omeeuaiowut enoane Heonpedesennot npob-
aesme momenmos (10.1), ecmob yeabiii onepamop MUHUMAAILHO20 MU-
na.

3. Tax kxak 114 Henoro omepatopa A otobpaxenue f — f(z) =
= fp(z) nuneitno u HenpeprsHo (V(z) < ), T0 V(2) MOXHO eme
TaK ONPEIeTHTh:

9(6)  sup 1]

seel FII

(10.9)

970 onpenenenne GpyHkuuu V(z) uMeeT cMBICI BO BCeX CIydafX,
HE3aBHCHMO OT TOro, Kakoil HHIeKC meekTa omeparopa A, eciu
TOIBKO JAONMYcKaTh [iud V(2z) BHa4eHHd, paBHbIE 0O.

D) ITycmb 29 — npou3eoavro eébibpannad mouxa sepruet (Huor-
neti) noaynaocxocmu.

Koneunocms V(z) ecmd neobrodumoe u docmamounoe ycaosue
mozo, ymobbi deexmnoe uucao my (coomeemcmeenno m_) one-
pamopa A paengaocs m.

JoxasaTenbcTBo. llomoxum M, = (A—20)Dy u
Mo = (Ao — 21 = (A - zI)L.

Tax xax A = Ag, Tonpu Im 2 # 0 M, =ﬁ£.

C opyro#t cTOpOHBI, Tak Kak mjig moboro f € Lu h € M ycrnosue
g = f—h € M sxksuBanentHo h = f(2), To onpegenenne (10.9)
Gyuxuuu V(z) 9KBHBAIEHTHO ClIeAyOIIEMY:

h h
V)= sp Ao, MR
heIM,geM? llg — &I heM,geM, I~ — gl

TakuM o6pasom (cM. §7, m.2) dynxyug V1(2) ecmv cunyc nau-
Menbwezo yeaa naxaona M x M.

MooToMy, ectn npu HekoTopoM zp(Im 29 # 0) V(z) < 00, To M
He epecekaeTcd ¢ M, ; CIEOBATEIBHO, §) IO MOAYIIO M, m-MepHO,
T.e. N;, Mm-MepHo.

IIpennoxenune goxasano.
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4. O6osHaunM depes {dk}$° MOTHYI0 Op TOHOPMHPOBAHHYIO CHC-
TeMy B §), HOIydalomylocd IyTeM IOCIeNOBATeIbHOH OPTOTOHAIN-
Salli¥ H HOPMHDOBaHHE NOCIENOBaTeIbHOCTH:

ULy Uy eeey U, /\ul, /\11.2, ceey Aum, /\211.1, /\211.2, ceny /\2um, (1010)

g caydyas BIOIHe HeoIpeneleHHOX TpoGIeMH MOMEHTOB, COT-
TaCHO pesyIbTaTaM §7, MOXHO yTBEPXKIATH, YTO

Y ld(@)IP < V() < m Y fldi(2)]. (10.11)
1 1

HeTpynHo moxasaTh, YTO 5TO HEPaBEeHCTBO COXpaHieTcd M B ca-
MOM ob6ureM cirydae. YTo6H B 3ToM y6enuThCH, 0603HaYad Yepes L.,
IMHEHRYI0 OGONOYKY MepBHX nm duemeHToB us (10.10), T.e. MHoO-
XKeCcTBO Bcex "monuHoMoB” f € £ creneHn < 7 — 1, IONOXHM

2
Va(e) = max WO,
sega LI

O6o3Ha4uM Yepes A,, OmepaToOp YMHOKEHHA Ha A, JeHCTBY O
s £, B L£,1.

Jlerxo BugeTh, YTO XOoTd A,, UMeeT B £, HEIIOTHYI0 O6GIACTH
olpe/eNeHUs, B H3BECTHOM CMEICHe eTo HHAEKC aedekTa ecTh (m, m),
H [jid HeTro B CYH[eCTBEHHOM MOXXHO MOBTODHTBH PacCyXaeHHs §7, Ha
OCHOBe KOTOPHIX GHIIO BhIBesieHO cooTHolenue (10.11), u, TaxuM 06-
pasoM, HalgeM

> lldk(2)II < Vi(z) < m Y lldi(2)]I%
1 1

Ycrpemnis saTeM n XK 6eckoHedHOCTH, nHomydaem (10.11).
Otcopa us npemnoxkenns D) BETeKaeT ClIeAyONHH KpUTepHH:
E) IIycmb 29 — npou36oabno 6b16paHHOE HEBEUECTNEENHOE HUC-
a0. Jag moeo, umobv: npobaema momenmos (10.1) bviia eénoane
neonpedeaennoti, neob6rodumo u docmamouno, umobvt

D lldk(z0)l* < o0, D lldr(Z)|I* < co. (10.12)
1 1 .
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OTO NpemjioXeHHe IBIFETCE HENOCPEeNCTBEHHBLIM 06GoGlIeHneM
xputepus [aMGyprepa (8, 9] HeompeaeneHHOCTH KIACCHIECKOH NPOG-
neMBl MOMeHTOB (cIydast m = 1).

3ameTuM, 4To ecnd MaTpuuu S; (k =0,1,...) CyTh BellecTBeH-
HBle CUMMeTpHYeckie MaTpHIH, TO omepaTop A — BeljeCTBeHHHN
P €CTECTBEHHOM OIIpefelieHHH B £ OepalHH KOMIIIEKCHOTO COIpA-
XKEHHUS, I IO9TOMY M4 = M_.

TaxuM 06pasoM, B DTOM Cllydae BTopoe u3 ycioruit (10.12) ects
CIIe[ICTBYE TIEPBOTO.

5. Hamu nccrenobanus [1i1] 06 06061IEHHBIX PE30IbBEHTaX PMHU-
TOBHIX OIIePaTOPOB ¢ HHAekcoM JedexTa (m,m) JAIOT BO3ZMOXKHOCTH
HOCTPOUTH KOHCTPYKTHUBHHE (GopMyinnl [jid obmero pemenus 1(A)
paccMaTpHBaeMoOil Ipo6GIeME MOMEHTOB.

OpHako BTH PeSyIbTATH MH BHHYXIEHH ONYCTHTH, IOCKOIBKY
Blech He HBIOXKEHH MCCIEIOBaHUS O Pe30iIbBeHTaX.

3aMeTHM TONHKO, ITO Ha OCHOBAHHM TeOPEeMH 5 14 ClIydad BIIOJI-
He HeoNpe/eleHHoN TpO6IeMEl MOMEHTOB MHOXeCTBO BCeX TOMHHOMH-
anbHBIX BeKTOp-QyHKuui f(A) = (f,Sl)(/\), ...,fém)()\)), f € £ 6yger
OIOTHO B £7 B TOM M TONBKO B TOM ciy4dae, eciid T(A) mopoxpaero
OpTOTOHANBHON CIeKTpanbHOH Qynkuuei E) omepatopa A ( T(A) —
KaHOHHYeCKOoe pellleHHe IpoGiueMmnl). Kanonndeckoe pemenme T'(A)
OyneT MaTpuueH-QyHKIMeH YHCTHIX CKAaYKOB M BCe ee CKaIkH OyayT
PAcIONOXeHH B HyJISX HEKOTOPOH Lemod (YHKIMH MHHMMAIHLHOTO
THIA.

Us orux xanonndeckux T'(A) Beigengiorcs Te T¢()\), KoTopHie mo-
POXIAIOTCE CaMOCONPAXKEHHHMH pacliupeHusMu A B §) omepaTopa
A, umeromuMu B Todke £ (—00 < £ < 00) COBCTBEHHOE YHCIO KPaT-
HOCTH .

CrnexTp omepatopa A, Kak Gbino moxasaHo B §8 (cm. (8.15) u

(8.17)), comepuTca B MHOXeCTBe Hylell Leloi QYHKIMA MUHAMATb-
HOTO THIA

e )TN (10.13)
v=1 !

rue df,j)(,\) (4 = 1,2,...,m) — xoopauHaTH BekTopad, (v =1,2,...),
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T.e.

d, =Y dINu (v=1,2,.).
i=1

Jlerxo noxasats, YTo U3 Beex peurernit T'(\) npo6reMbl MOMEHTOB
(10.1) pemenne T¢(\) oTnndaercs TeM, YTO HMeeT ~MaKCHMAIbHEIN"
CKaJyoK B Touke &, T.e.

T(§+0)-T(§—0) < Te(§+0) - Te(€ - 0), (10.14)
IIpHYeM DHaK = BOSMOXKEH THIIb B ciydae, kormal
T(A)=T¢(A) (—00 <A< o00).
Ionoxum s mo6oro z
L(z) = k(I
e

Yin(z) = Y dD()dP(2) Gk =1,..,m).

v=1

Herpynno mokxasaTh, 4TO
Te(€+0) - Te(6-0)=T7'(§) (-0 <€<o0).  (10.15)

6. Ilpusemem elre 6e3 JoKasaTelbCTBa cleaylollee TPaBHIO BHI-
yucneHus JeeK THHIX THCell My U m_ olepaTopa A B o0IIeM ciIydae.
IlomoxuM, 4To gug mo6oro z:

Ta(2) = 1150 her (n=1,2,..), (10.16')
rae
Wz = Y d(2)dP) Gk =1,..,m). (10.16")
v=1

TCOﬁCTBe}[HO, 9TO 3aMevaHue H HHXecneayomad ¢opmyna (10.15) MoryT 66T
chenaHbl B oTHoweHHH MaTpuu-pynkuui T(A), cooTBeTcTByOLMX MOGOMY Ife-
nomy onepaTopy. Bo us6exanne HeIOpasyMeHHH B TONROBaHMH 3Haka < B (10.14),
MOACHHM, 4TO i JBYX PasiIMYHBIX 5PMHTOBHIX MaTpull Hy u H2 m-ro nopaaxa
mbl nuiieM Hi < Hz, ecin npu mo6om £ € M z*Hiz < z*Haz.
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Heprm{o I10Ka3aTh, YTO g4 mioboro z cynieCTByeT npeneilbHad
9PMHTOBa MaTpHIla

lim I'7Y(z) = TCY(2). (10.17)

Ee panr o6osnatum depes r(z). OxasnBaeTcd, 1TO

_fmy mpu  Imz>0,
r(z) = { m_ nupu Im z<0. (10.18)

B 4acTHOCTH, onepaTop A GyneT caMOCONpSAXeH, eCld And Ipo-
H3BOIbHO BRHIGPAHHOTO HEBENIECTBEHHOTO Z

r=(z) = r=1(z) = 0. (10.19)
OmnepaTop A GyneT MUHHMMAIEH, eClli XOTH GH OJHO U3 PaBEHCTB
rY(z)=0, rEYE) =0 (Imz#£0) (10.20)

HMeeT MecTo.

CornacHo TeopeMe 2 Hallell cTaThbi [13], eIMHCTBEHHOCTH Npef-
craBnenud (10.1) 6ygeT uMeTh MecTo, eciu onepaTop A MakCHMaleH,
T.e. eCI’ XOT4 6B ofHO M3 paBeHcTB (10.20) uMeeT Mecro.

7. OcraHoBHMCH ellle HA OJHOM ClIocoOe 06pas30BaHud IOCIEN0Ba-
renbHOCTER {5k}, KOTOPHIM COOTBETCTBYET BIIONHE ONpPEIeNeHHBH
CIydail TpoGlleMH MOMEHTOB.

Ecmn {SP}° n {S}}{° — nBe nocrenoBaTenbHOCTH ”MOMEHTOB”
(T.e.  MOCIENOBATENBLHOCTH, [ONMYCKAlOlIWe NPEICTABICHAS THIIA
(10.1), To, oueBngno, u {Sk}y (Sk = SR+ S, k= 1,2,) 6ymer
NOCIeJ0BATETHFHOCTHIO MOMEHTOB.

Kax ot u3 9THX NOCTeJOBATETLHOCTER OTBEYAET CBOE CKAIIPHOe
npousBefeHue B £, 0603HAYUM DTH IPOM3BEIEHHS COOTBETCTBEHHO

wepes (9, 1)°, (9,1) # (g, f). Ovemuo,
(0. 0)=(0.))°+(g.f) (9,f¢€2).

CkanspHnM npoussenenuam (g, f) u (g, f)° orsedator HopMH || f ||
u || f]|° u pynxuun V(z), VO(z). Ovesnaro,

IAC<NFN (f €9
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Takx xax B KOHEYHOMEPHOM NIPOCTPaHCTBe M Bce HODMH TOIOIO-
I'MYeCKH DKBHBAJIEHTHH, TO B IIPEINONOXKEHNN HECHHTYIAPHOCTH TIPO-
usBenenns (f,¢)° HalieTca KoHcTaHTa ¢ > 1 Takad, 4TO

| FUL qlfI° mpm fe€ M.

Orcioga, cormacuo (10.9),
V(z) < qV°(2).

Cle1oBaTeIbHO, eCIIH NPOOIEMA MOMERMOE 04F NOCaedo6amend-
nocmu {SP} enoane neonpedesennag, mo maxoeot ona 6ydem u dag
nocaedosameavrnocmu {Si}.

[IycTs Teneps mocne oBaTENbHOCTAM IMCIOBHX MOMEHTOB {S ,(c’ )}8°
(j = 1,2,...,m) oTBedaeT HeoNpeJeleHHbH CIyYad KIaCCHIECKOH
Ipo6ileMbl MOMEHTOB.

Torpa, oyeBHOHO, U MOCIENOBATENHHOCTH {S£}8°, riae

s 0 ... 0
0 0 s® ... 9
Sk = k tee (k = 1,2, ...)
0 ... ... sm™

6yfeT OTBeYaTh BIOIHE HeONpeleleHHKH CIydail Mpo6GieME MOMEH-
TOB.

OTnpaBigsch OT MOCIEJOBaTENbHOCTH {ST}, MOXHO O6pasOBH-
BaTh yxke Golee ClOXHbE TOCnegoBaTenbHOCTH Bufa {SY + S}, xo-
TOPHIM OyjieT OTBeYaTh BIIOJIHE HEeOIpeAeleHHHH ClIydall MpoGireMbl
MOMEHTOB.

I1. IIpo6nemMa mpeAcTaBlIeHAS HeNpepLIBHOM BPMHTOBO-
nolloXurelbHoM MatTpunbli-gynknma. 1. IIycts ¢ — HexoTo-
poe uucio > 0. O6o3Ha1uM depe3 P, COBOKYNHOCTH HEMPEPHBHHX
matpuu-Qyukunit F(t) = ||Fjx(®)||7 (-e¢ < t < a), obragaomux
CBONCTBOM, YTO [Id MOOHIX 1 € M,...,Z, € Mt u

a a a a
t; € (—5, 5),...,tn S (—5, §) (n = 1,2,...)

tM osranaer To Xe, 4TO H B paspelne | sToro naparpada.
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nMeeM

Z :BZF(tj — tx)z; 2 0. (10.21)
7,k=1

HeTpyaHo BHmeTs, yTo cBoiicTBO (10.21) BreyeT paBeHCTBO

F(=t) = F*(t) (~a<t<a),

P}k(_t) = Fk](t) (—a <t<La .77k = 1,27 ey n)

WmeeT MecTo npejioxenue:
A"). [z moeo, umobvr mampuya-dynryug F(t) = || Fe()||T
(—a <t < a) donycrasa npedcmassenue

F(t) = / T (—a <t <a), (10.22)

— 00

2de T(A) — nexomopad mampuya pacnpedesenud, neobrodumo u do-
cmamouno, umobn F(t) € P,,.

OTo mpemIokenue GHNO yxKe ycTanoBneHo panee [1s]. Ins myu-
HIero ysACHeHUs el MBI CHOBAa NIPUBENEM J0Ka3aTelbCTBO B MPOBa-
PUEPOBAHHOM uzel.

HoxasatTenscTso. HenpepriBHOCTH MaTPULH-PYHKIHY,
Jomyckaomei npencrasienne (10.22), a Takxe BHIOIHEHKE i Hee
HepaBeHcTB (10.21), mpoBepseTCs HENOCPEACTBEHHO.

JokaxeM o6paTHYIO 4acTh TeopeMsl, T.e. and F(t) € P, cyume-
cTByeT mpefcTaBnenune (10.22).

O6o3Ha4nM yepes £ COBOKYNHOCTDH Beex BekTop-Qynkuui f(t) =
= (fi(t)yers, fm(t)) (0 £ t < @), XOOPAMHATH KOTOPHIX CYTh
QyHKINY OrpaHMYeHHON Bapuauuu B uHTepBale (0, a), o6palarouy-
ecd B ero koHIax B 0, Tak 4YTO

£(0) = f(a) = 0. (10.23)

tTEM 6ollee, YTO AOKAa3aTENbCTBO, aBHOE B [13], HONOKEHO OYeHb KPATKO, H B
OfIHOM MeCTe MMeeTCs JOCajHad ofleYaTka: BMecTo AByx ycuonuil (10.23) yrasano
opHo ycuosue f(0) = f(a).
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Ilng BCIXMX IBYX DIeMEHTOB ¢, f € £ MomoXuM

0.0 = [ [ - nass) =
0 0

=Y [ [ Bt - 058t (10.23)
0 0

Jik=1

IIpunnMag Bo BuuManue (10.21), nerko y6enutned, uro (g, f) 6y-
JeT HeKOTOPHM CKalfpHHM (BOBMOXHO, CHHTYISDHEIM) IIPOH3Bede-
HueM B £.

O60snaunM 4epes Dy MHOXKeCTBO Bcex f € £, Ijif KOTOPHIX CY-
mecTByeT B Kaxjoil Touke t € (0,a) mpoussonnas f'(t), xoTopad
MIPUTOM TaKXKe NMpUHAIIEXKUT L.

OmnpenenuM Ha Dy onepatop Ag, monaras

Aof=3f (f€Do).

IlokaxeM, 4TO onepaTop Ay 9pMUTOB. {14 BTOro IPENIONTOKUM
cnepBa, 4To F(t) uMmeer HempepriBHyio mpousBopayo. Torma mus
mobkIX ¢, f € Dy, npuHAMad BO BHUMaHHe YCIOBUL

9(0) = g(a) = f(0) = f(a) =0,

Ha.ﬁ,!],eM . véM HHTEerpHpoOBaHHUA IO YaCTAM:

(Af,0) = / / dg* () F(s — t)df'(s) =

_ % / / ()F(s — t)df (s)dt =

. / / g 0P8 p(s)asa =
0 0



284 M.I'. Kpeiin. Ha6pauuste Tpyasl. Ku.2

zl// aF(s OF(s = 1) ey in =

1

s]'—‘

/ / 9" ()F(s — )df(s) = (f, Ag).

PaccMoTpuM Tenepb o6wmit cnyyai MaTpuusl-pynkuun F(t).

Mycts h > 0,a ¢ = a/(a+ k). OdeBugHO, YTO MaTpHUA-yHKIHL
F(qt) oupenenena npx |t| < a + h 1 npEHALIEXUT Pyyp-

Jlerko falnee BHIETH, YTO YyCPeIHEHHAS MATPUNA-PYHKIHS

h

Fut) = 35 [ [ Flatt+€-ndsan =

2 2

h
= [ (b= DFe +ry)ar
0

Takxke npuHaguexuT P,. Ho Marpuna-pyuxuus F(t) yxe nudde-
pennupyema. O603HaYad COOTBETCTBYMOIEE eil B £ CKAIIpHOE MPO-
usBefenne depes (g, f)n, 6yaeM, [0 NOKa3aHHOMY, HMETH

(Aogaf)h"_‘(gaAOf)h (g’fes)'

Ilepexons saTeMm kx mpegeny npu h — 0, HaijgeM, YTO

(Aog,f)=(9,A0f) (gvfes)'

Ecnu pgns nexkoroporo f € £ ypaBHenue
Agg—29=f (10.24)

HMeeT pelleHne, TO OHO €IUHCTBEHHO H

t
g(t) = /eiz"f(s)ds (0<t<a)
0
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Ing Toro 4TobH g, ONpefensieMoe BTHM PaBEHCTBOM, IIPHHa/Ile-
xano Do C £, Heo6XOQUMO ¥ AOCTaTOYHO, 4To6H ¢'(a) = 0. Takum
o6pasoM, npu gavHoM f € £ ypaBHende (10.24) 6yzeT paspemmmo B
TOM ¥ TOILKO TOM CIlydae, eCiu

a

i)\/a € f(s)ds = —/eiz’df(s) =0.
0

0

OTCIOﬂa MBI 3aKiIliaeM, ITO CACTeMa q)yHKIIPIOHa.JIOB

a

8,(fi2) = [ €d(s) (G=1,20m) (10.25)

0

ABIgeTCS HaIpaBiIdiomen g Ag.
Tomoxum

uy = (60(t), 0, ceey 0), sesy Um = (0, 0, ...,60(t)),

rae 65(t) (0 < s,t < a) MH 06o3HaYaeM PYHKLUIO

_JO mpn t<s,
5s(t)_{1 npu t > s.

Torpa, cornacuo (10.25),
®i(uk,2) =0 (4,k=1,2,...,m). (10.26)

TaxuM 06pasoM, CUCTeMa HampaBigioumx ¢pysxunonanos ®; (7 =
=1,2,...,m) obnajaeT BceMH CBOHCTBaME 1)-4), ykasaHHKMH B §9,
u Ha ocHoBanu¥ (10.26), cormacso 1.3 §9, ckanspHOe MPOH3BeEHHE
(g, f) monyckaeT mpefcTaBleHHe

(h9)= Y [ SUNEEHR),  @Nes (1020)
Hk=1_"1

npuyeM o6umil B MaTpuns pacupegeneus T'(A) = ||k (AT, na-
IOlleH BTO MpeICcTaBlIeH e, MOTyYaeTcd IO PopMyre

Tjk(’\) = (E/\uja ug) - (4, k=1, ey M), (10°28)
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roe F) — xaxag-mu60 cekTpaidbHad PYHKIUL 3aMKHY TOTO 3PMHTOBA
onepaTopa A, MOPOXKAaeMOro H3BeCTHHM 06Pas30M OIepaTopoM Ag.
Monaras B (10.27)

f=d, g=d (k=1,2,..,m; 0<s,t<a)

rze
ul?) = (8,(1),0,...,0), .., ul) = (0,0, ..., (1)), (10.29)
MBI IOy 4aeM, cornacHo (10.25),
Fir(s = 1) = (uf,4) = / = Mdrir(A)

(J,k=1,2,..,m; 0<s,t<a)

OTH paBeHCTBa SKBUBaTeHTHH (10.22).

TeopeMa nokasaHa.

OpuoBpeMeHHO MHl NONYYHIH NPABHIO MocTpoeHus Bcex T'(A),
Jatomux npeacrasrenye (10.22).

2’. AHaJOrMyHO COOTBETCTBYIOLIEMY OINpENeleHHIO B CTENeHHON
npo6ieMe MOMEHTOB GyieM Ha3KBaTh NIPOGIeMy PeACTABIEHNI MaT-
puusl-pyukuun F(t) € P, enoane neonpedeaennot, ecnu onepaTop
A, IOpoX[aeMulil onepaTopoM Ag, HMeeT uHfekc gedekta (m,m).

AnanoroM npemnoxenus B) 6yneT npenoxenue

B’) [ag mozo, umobti npobaema npedcmasaenus F(t) € P,
6viaa eénoane neonpedeaennot, neobrodumo, wmobvl dopma

a

/ dg*(£)F(s — )df (2) (10.30)

0

Obiaa noaodcumeavrol npu f # 0.

IIpegnoxeHue HEMOCPEACTBEHHO ClieflyeT W3 TeopeMHl 13.

AnanoroM C) 6yneTr npemoxenue

C'). Onepamop A, omeeuarowut énoane neonpedeaennoti npo-
baeme npedcmasaenud F(t) € P,, ecms yeawii onepamop nopmaas-
%020 muna ¢

hat() = g(| sing| —sing) (0 < o< 2m), (10.31)
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ecau 6 xKauwecmee yea020 modyad M evibpana aunetinag oboaouxa
6EKMOPOS U1,y U2, ...y Uy, ONPedeaenntiz 6 (10.26).

JoxasatenbcTso. B cury (10.25) npr ykasaHHOM
BeIGOope M mus mio6oro f € £:

m a

fu(2) = i ®;(fizyu; =), ( / e"z’dfj(t))u. (10.32)

=1 j:] 0

TaxuM 06pasoM, Bce BeKTOP-QYHKUHH fpr(2) cyTh uentie GyHKuuy, a
ClleJOBaTeNbHO, U onepaTop A (3aMuKanue Ag B ) = £) uen.
Pagenctso (10.31) gug mHARKATPHCH hprp QYHKIHE

Vum(z) = sup Iine (Ml (10.33)
ree 1A

OBHaYaeT, YTO HHAMKATOpHAL guarpaMMa ¢yukuun Vas(2) ecTs oT-
pesok MHHUMOH ock (0, —at).
W5 (10.32) HeTpyaHO ycMOTpeTb, YTO

fie) = T =2 <

< 3(Ising| —sing) (0 ¢ <2m),

4TO IOKa3HIBaeT, YTO HHAMKATODHAI AHArPaMMa KaXIOW BEKTOD-
Oyuxun far(z) (f € £) copepxurca B orpeske S = (0, ai).

C pmpyro#t cTopoHH, Bcgkag Todka —is (0 < s < a) oTpeska §
ABNAETCS HWHAMKATOPHOH JMarpaMMOM BeKTOp-QyHKIHK

u&s)(z) = €7y,

B KOTOpYIO 11pH oToGpaxeHnn f — fpr(2) mepexoguT oneMeHT ugs)
(0 < s < a), onpenenennni B (10.29).

CrenoBaTensHo, o TeopeMe 12, S ecTh MHAMKaTOpHAL IHATpaM-
ma pyuxuun Vyas(z2).

Ipegnoxenne C') mokasaso.

3ameuanue 10.1. Denwit Mogyns M uenoro omepaTopa, Boobiie
rOBOP4, He ONpe/ielfeTCs OepPaTOPOM OHO3HAYHO.
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HanpuMep, and paccMaTpHBaeMOro onepaTopa A HeNbIM MOLY-
meM OyneT TakXke NTHHelHas OOONOYKa BCAKOH CHCTEMH BeKTOPOB
s1) , (52) (sm)
ug s Uy Ty ey U (0 < 81y000y8m < ). ~
Ecnu, B wactHocTu, M 3aMeHHTH MooylneM M c 6asucom

(3) ~ () = (3)

U = U™y U2 = Uy yeeey Uy = Um

TO
a

.oom
fu(2) = e 3 / (1)) ;.
j=1 0
Y106 y6eIUTHCS B DTOM, JOCTATOYHO IIPOBEPUTD, YTO yKasaH-
HOe BhIpaxeHue 4s fys(2) yIOBIeTBOPEeT YCIOBUIM

8i(f—f5z(2),2)=0 (5 =1,2,..,m).
Jlerko BHIETh, YTO M COOTBETCTBYeET
a .
hiz(e) = 5lsing| (0 < ¢ < 2n),

T.e. HHAHKATOPHad AHarpaMMa QyHkunun V i;(z) ecTh OTPesoK MHHU-
¢ .a ,

MOH OCH (—i 3 1 5)

MoxHO TMOKasaTbh, YTO NP BCIKOM Bhi6ope menoro Moayins M
MHIMKaTOpHAL AuarpaMMa QyHkuuu Vas(2z) GymeT oTpeskoM MEUMON
OCH [JIHUHBI, He MEHbIIeH a.

3’. PaBenctBom (10.33) MoxHO onpenenuts ¢yukumic Var(z)
(momyckas fnd Hee M GecKOHeYHHe BHadeHus) B IIOGOH TOYKe 2,
HEBaBHCHMO OT TOT'O, KakoB HHAekc-nedexT omepatopa A. Jlerxo
BH/IETb, YTO IIPH BTOM IpemiokeHue D), ycTaHOBIeHHOe [jis CTe-
IeHHOH TpPOo6lIeMhl MOMEHTOB, COXpaHfeT NMONHYIO CHIy M AjId pac-
CMaTPUBaeMoOro cliyyasd.

PacnonoxuM B IOCIEIOBAaTeNbHOCTL BCe BEKTOPHI ugs),ugs), e €
pannoHanbHeiMu $ € (0,a4) ¥ IPOOPTOHOPMHpYeEM STy MOCIENOBa-
TeIbHOCTh B HEKOTOPYIO IOCIenoBaTenbHOCTh {d,}5°. O6osnaduM

Jalee yepes

0,(2)= de,j)(z)u (v=1,2,..)

=1
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BeKTOp-QYHKIHH, B KOTOPHIE IIEPEXOJAT COOTBETCTBEHHO BEKTODHI d,,
(v = 1,2,...) npr usoMoppusme f — far(2).

Torga MOXHO GyJeT U B pacCMATPHBAaEMOM ClIy4ae cPopMyIupo-
BaThb npeanonoxerne E) c samenon d,(2) Ha 0,(2) (v = 1,2,...).

TouHo Tak Xke BCe JalbHeHIIHE BaMeYaHHd, CAelaHHbE B 1.4, 5,
MOXHO IlepeHeCTM M Ha PacCMaTpHBAaeMyio Temepb IpoblieMy Ipef-
CTaBIEeHHS.

4'. PyxoBoacTBYsCh TOH Xe Hieed, YTO U B 1.6, MOXHO CTPOUTH
pasuuyHbe nIpuMepH MaTpuu-QyHkuui F(t) € ‘B&m), O7d KOTOPHIX
npo6neMa NpelCTaBlIeHHs BISETCS BIOIHE HEOIpeneleHHOM.

Bes poxasaTenbcTBa MEI MPHUBeJEM ellle CIEAYIOUHH CIocob mo-
CTPOEHHs TaKUX IPHMEPOB.

Oycrs F(t) = ||Fjk(t)||7 — MaTpEna-QyHKuns, onpeneneHHas
u aBaxan guddepenuupyemas B uurepBate (0,a). Ilycth, kpoMe
toro, Matpuia H = F'(0) o6nagaer TeM CBOHCTBOM, 4TO BPMHTO-
Ba (opMa, COOTBETCTByOL[af ee ~BelecTBeHHOH’ 4YacTu Re H
(2Re H = H + H*), nonoxuTenbHa.

Onpenenum F(t) gns t € (—a,0), nonaras F(—t) = F*(t) (0 <
<t<L a)

Torga, paccMatpuBas F(t) B nocraToyno ”cxaToM” HHTepBale
(—a,0) (0 < a < a), MOXHO OyneT yTBepXmaTh, YTO F € ‘,B,(,m) H,
Gonee TOro, YTO INpobGleMa IpefcTaBleHns ycedenHod F(t) (—a <
<t< a) ABIFeTCH BIIONHE HeolpeneneHHOH.

5'. IIng cnyyas m = 1 npegnoxkenne A') npecraBinger co6oit He-
NOCpeICTBeHHOe 06061IeHne H3BeCTHOU TeopeMbl Boxuepa [14], co-
FIacHO KOTOpOH ckangpHad QyHkuns ¢(t) (—oo <t < 00) gomyckaeT
IpeiCTaBIeHHe

o0
o(t) = / et dr()) (=00 < t < ) (10.34)
~o0
¢ HeyGHBaoleil QyHkuuer 7(A) B TOM ¥ TOIBKO TOM CIy4ae, eClIu

1
OHa IPUHAMIEKHT KIaccy ‘B((,o), T.e. OHa HempephIBHA M IIPH TIOOBEIX
HEOTPHUATENbHBIX 11, ...,t, ¥ KOMIIEKCHHIX &1,...,&n (n=1,2,..):

n

D ot — tr)€Ex 2 0;

Jk=1
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IpH BEIIONHEHHH yKasaHHOro ycnoBus QyHkums 7(A) = 7(A — 0)
(1(—o0) = 0), palomas npeactaBnenne (10.34), onpenengeTcd ofHO-
BHAYHO.

Us TeopeMbl Boxuepa HemocpeacTBeHHO ciefyeT, 4TO jif TOrO
uT06H MaTpuna-QyHknus F (t) = || Fjk(t)||* momyckana npencrapie-
HHe

Ft) = / e dT()), (10.35)

—00

rge T(A) — HekoTOpas MaTPHURA paclpefieleHHs, HeOGXOAMMO H [I0-
CTaTOYHO, YTOOH Npu M060M z € M Pysruus ¢,(t) = z*F(t)z €
€ zp!,}); IIPH BHINONHEHHH HTOrO YCIOBHE MaTPHIA DacCIpeleleHHs
T(X) onpenengercs u3 (10.35) ogHOBHAYHO.

Kracc maTpuu-dyskumit F(t) = ||Fx(¢)||T*, ynoBreTBopsomux
ycnoBuo z*F(t)z € apf,l,) npH moboM z € M, o603HaYNM Hepes ‘pg,n ).

Haue mpegnoxkenne A’) MoXHO emnle Tak cOPMyTUPOBATh: KaHc-
dag mampuya-Pynxyug F(t) xaacca p{m™) (a < ) moxcem bvimo
NPOGOANCERA 6 HEKOMOPYIO MAMPUYY-PYHKYUIO Kaacca ﬁpg)n).

U, oyeBuaHO, MpOGIeMa HCCIENOBaHKS Beex MpencTaBnenui (10.22)
JaHHOU MaTpuun-Qpyukuuu F(t) € ‘13,(1'") SKBHBaJIeHTHa pobieMe Uc-
CleJOBAHHL BCeX ee MPOIOIKEHHit B kracce Pir ),

lIng cnydyas m = 1 npobueMa npencTaBieHdd (IPOAONKEHHS)
Qyukuuit F(t) € ‘,]3,(1"‘) Ghllla HCCeOBaHa HaMu paHee [1k].

B HacTogmell cTaThe ME OGOGIMIHM SHAYUTENHLHYIO YaCTh OC-
HOBHBIX PeByIbTaTOB WIf CIy4Yag m = 1 Ha oOLIMH coydail mo60ro
HaTyPAIbHOTO M.

3akaHYMBag, OTMETHM, YTO Hid ciydYas m > 1 HaMM [JOIyIeHO
HEKOTOPOe OTIUYHE IPH OIpefeleHHH KIacCOB ‘B,(,m) u ﬁpg? ), Ormpe-
JeNeHe KIacca ZBS,? ) 6EIO 6B BlONHE AHATOTHYHEIM OllpeeneHuio

Kiacca zpf,"‘) 0<ax< oo), ecnn O MEL KlIacc ‘,Bg’) OXapaKTepuso-
BaJM yCIOBHEM:
nenpepvienag mampuya-Pynwyug F(t) = || Fix(t)||T* npunadaeacum

xaaccy P o. 6
Y Poo ' 6 MOM U MOALKO TMOM CAYHGE, €CAU OAd A100LIT T, €
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EM,.. z, € M u neompuyameavnviz t1,ta,...,t, (n=1,2,..):

D wiF(t —t) z; > 0. (10.36)
k=1

M&1 ke -9TO yCclnOBHe BHeENIHe ocnabuinn, TpeGyd, 4TOGH BCe BEK-
TOPHL Z1, ..., &n, OBLIH KOMIHHeapHH: z; = §jz (§ = 1,2,...,n).

Opnaxo ang cnydasg Knacca ‘,Bgm) (m > 1) yxanannoe ocriabienne
ycunoBuit (10.36) mpuBoauT, HO-BEIUMOMY, K APYTOMY KIIaccy.

la.

16.

1B.

Ir.

14,

le.

1x.

1a.

1n.

1x.

1x.

2a.
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O ®OPMYIJIE CJEIOB
B TEOPUU BOSMYUIEHU

(MaTremaTuaecxmu c6opuux. — 1953. — Towm 33 (75), N2 3)

B cBE3H c HEKOTOPHIME BOIPOCAMM KBAHTOBOM CTATUCTHKH H TEO-
puu xpuctamwioB .M. JIudmmy [1] HegaBHO paccMoTper CileLyomyio
BajJavy.

JlaH HeXOTODHIl CaMOCONPSKEeHHHIH (TUIepMakCHMAIbHEIN) Olle-
patop H (migz xoToporo, BooGumie rosops, ciel He CYHeCTBYeT) H
HEKOTOPHIH CaMOCONPAXeHHbI KoHeYHoMepHEIi omepatop 1. Tpe-
GyeTcs oud BemecTBeHHOH Pymkmumu P(A) (—o00 < A < o) "go-
CTATOYHO 06INero BMAa” NaTh MPABWIO BEIYMCIEHHA Clefa PasHOCTH
onepatopoB ®(H + T) — & (H).

IIpu sTOM mOApPasyMeBaNoCh, YTO MIOHITHE Clela B IPUMEHEHHH K
CaMOCOIPSKEHHOMY OIepaTopy A HMeeT CMBICI B TOM IHLIb CIy4Yae,
KOT/I2 OIepPaTOp BIONHE HeNpepHBEeH U PANl, COCTABICHHHIH U3 €ro
CO6CTBEHHBIX YHCeN, KaXJoe M3 KOTOPHIX CYMTAeTCI CTOIBKO pas,
KaKOBa, €r0 KPaTHOCTb, aGCONMIOTHO CXOAUTCH; CyMMa ®TOro pina (B
JanbHeiileMm o6osHavaeMas depes S{A}) u 6yzeT cme oM ome
patopa A.

B pesynbTare coero uccnegoBanug M.M. Jlupumn mpumen x
BeCbMa MHTEpPeCHON (I)opMyneT:

S{B(H +T)-a(H)} = / E(A)dB(N), "

tiM. JIudwmn (1] nps Bmeoge Popmynst (!) npeamomara;, 4TO CHEKTp
onepatopa H HenpepHBeH H, B ClIyyae NOABIeHHA y BOBMYIICHHOLO ONEPATOPa
H = H 4T pucxpeTHoro crexTpa, BBOGMI B IpaByio 4acTh (1) psj AONMONHHTEb-
HHX 4IEHOB, B 4eM IpM HallleM onpefienceHuu Pynxmuu ¢(A) He GyfeT HuKaKOH
HaJo6HOCTH.
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rge £(A) — HexoTopas QyHKUHH, BHYHCISeMas II0 ONpeneleHHBIM
npaBuIaM Mo JaHHKM omepatopaM H u T'.
IogcTanus Popmaibao B fopMyany cuepgoB (1) BMecTo

®(A) pyrkumo
_ 1 (AL,
w={o (G50

U.M. JInudnmy Hamren, YTO

5(#) = S{En - E#}
(1)

(—OO <p< OO),

rae E, u E,, — CIeKTpalbHEe YHKIHMH COOTBETCTBEHHO ONEPaTOPOB
HuH=H+T.

U.M. JIndumy oTMETHI, YTO IMNIABHOW IENbIO €ero paboOTH ABIS-
eTcd MOCTpPoeHHe PopMasu3ma TEOPUH U MOILYyHeHUe IPPexmuensiz
$opMy1; cTporoe XKe UCClIefoBaHNe IPaHUL IPHMEHNMOCTH ero §op-
MY JOIDKHO CIyXHUTh NPEIMETOM OTAEIbHOTO HCCIeJOBAHUS.

3pecs mpennaraercs (§3) mpyroit (Gomee mpocToit #, BMecTe C
TeM, 6oliee CTPOTUiT) BEIBOJ, TeX Xe GopMyll, TOCTPOEHHKIH Ha IPHH-
IHUIaX, TO3BONAIOIMX BEIACHUTh MaTeMaTHIECKOe COfIepXKaHUe DTHX
$opMyIL, KOTOpOE OKAaBHIBAETCH JAIEKO He MPOCTHIM.

B §6 MuI mpuBOgUM NIpHMe) OrpaHHYEeHHOro omepaTopa H = H*
1 ogHOMepHOTO omepaTopa T, nid kKoTopux dopMyna (1) ne umeem
HENOCPeACMEENHO20 CMBICAG, TAK KaK Pa3HOCTD E, —E,, B BTOM TpHU-
Mepe He umeem cieda B TOM CMBICIe, KaK BTO GBUIO YKa3aHO BHIIIe.

EcTecTBenHO mOCHE BTOr0, 4YTO CIPaBeJIMBOCTD 06mIed GOopMynsl
cnenoB (!) ymaeTcs yCTaHOBUTBH, NUINL CY3HB JOCTATOYHO KIacc JI0-
nyckaembrx Qynkumii (). Ognako Mur moxaseiBaeM (§5), 4To sTOT
knacc QyHkouii () MOXHO BHAYMTENHHO PACHIMPHTH, ecin (Qop-
myny (!) HOHEMAaTH B HEKOTOPOM YC406HOM CMEICIE ([OMyCKaloweM
TOYHOE OIpefieNeHne).

Kax HaM kaxeTcs, BHICHEHHE DTOTO YCA06HO20 CMBICTA POPMYITHI
cenoB (') o6bACHIET peasbnbiti CMBICT 9TON HOPMYIHL B €€ IPHIOXKe-
HHEX B BompocaxX ¢uBHKM (B YaCTHOCTH, B B33jlaie BHYHUCIEHHS CBO-
60HO! DHEPTUH TBEPAOro pacTBopa, paccMoTpenroil .M. JIudun-
ueM B cTaThe [1]).
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3aMeTHM ellle, YTO Hall BEIBOL QOPMYIHI CI€JOB IPUBOAUT K
”royHbIM” xapakTepuctukaM Qynkuuu £(A) (cM. Teopemy 3, §3) —
”TOYHEIM” B TOM CMBICIE, YTO KOJIb CKOPO HekoTopas QyHKius ()
(=00 < A < 00) UM YEOBIETBOPIET, TO OHA OPOXK/JACTCE HEKOTOPHIM
CaMOCOIPSXEHHEIM OIepaTopoM H ¥ KOHeYHOMEPHHKIM OIepPaTOPOM
BosMymeHus 7.

OnnoBpemenHo MHI 0606iraeM dopMyry cremos (') Ha cuayvai
mo60rT0 6eCKOHeYHOMEPHOTO ONepPaTOpa BOBMYIIeHHS ', HMeIoLero
KOHeYHHIH cnep (§2, 4).

§ 1. Knacc £ onepaTopoB, HMEIOIIKX ClIef

B panbueiimeM §) 03HadaeT cemapabelbHOe THIL6EPTOBO IPOCT-
PaHCTBO, R — HOPMHEPOBAHHOE KOIbIO BCeX OrPaHUYEHHHIX OIlepa-
. TOPOB B §) C OOLIYHEIM ONpeNelleHHeM HOPMHEL:

Af
|A|h = sup u

fEH |f|

(1= VED ).

ByxBy h BHUBY MHI CTaBUM /i OTIHYHS STOH HOPMHI OT HOPMEI
|Al,, xoTOpyIO MBI HHMXe BBefieM IS OFHOTO CIHEUHATIBHOIO KiIacca
OIlePaTOPOB.

O603HavuM Yepes P KOHYC BCeX HEOTPHUIATEIbHBIX ONEPATOPOB
A € R, T.e. OLIepPaTOPOB, XaPAKTEPUBYIOUIUXCH YCIOBHEM:

(Af,f)>0 npu mobom f € 5.

B sroM nmaparpade 6ynyT copMyTupPOBaHEl HEKOTODEIE IPOCTHIE
IIPeIOKeHNs, TO-BUAUMOMY, BIepBHe onmy6nukoBanubie B [2] u (3]

(cM. BX mBnOXeHHE B [4])T

1°. IlIycmov A € P. Ecau dag xaxoii-4u60 noanoti 0pmonopmaavrot

fHesaBnchO OHM GBUIM NMOIY4YeHHl aBTOPOM M JOKIAJHBAIHCh B 1946 r. Ha
ceMHMHape NIpH KadeapaX MATEMATHKH M TeopeTHUeCKoi Mexannku OfecCckoro um-
CTUTYTa HHXEeHepOB MOPCKoro ¢uoTa.
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cucmenvt {pr}$° seaununa

${4} = Y (Apr, 1) (1.1)

k=1

xoneuna, mo onepamop A énoane nenpepvieen u S{A} coena-
daem ¢ cymmotli €20 cOOCMEEHHBIT Yucea.

TakuM obpasoM, ecnn fug A € P Bennminsa S{A} KoHeyHa, TO
OHA He BaBHCHT OT BHGOpa OpTOHOpManbHOTO Gasuca {¢x}$° B H.
O603Ha4uM Yepes £ THHEHHYIO 060NOYKY deMeHTOB A € ‘P, nug
koTopuix S{A} < oco. OueBugno, omeparop A (€ R) GymeT npu-
Ha[jlexxaTh £ B TOM H TONbKO B TOM CIy4ae, KOIJa OH JONYCKAaeT
IpefCTaBIeHHe
A=Ay — Ay +iAs — iAs,

rae
A; €, S{4;}<o0 (5=1,2,3,4).

Ilng mo6oro A € £ uMeer cMuich Bennyuna S{A}, onpenensemas
paBeHcTBoM (1.1); OHa HasHIBaeTCH caedou onepaTopa A.

2°. [lag moz0 umobbi camoconpaicennviii onepamop A (A = A*)
npunadaexcas £, Heobrodumo u docmamouno, umobvl on 6bvia
enoane nenpepvigen u wmobwvl pad, cocmasaennvii u3 €20 cob-
cmeennviz wucea, abcoaromuo croduacs. Caed S{A} pasen
cymme amozo pLoa.

TakuM o6pasoM, A = A* € £ B TOM M TOIBKO B TOM CIy4ae, KOIJa
A jomyckaet npenc'rannenne’f

A= X955 (1.2)

i=1

tPagexcrso (1.2) MBI noHKHMaeM B ToM cMEICIe, 4TO Jig ao6oro f € )

Af =Y (S, 9i)e5-

i=1
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rae .
(90_17 <Pk) = 05k (]7k = 1a27'")a

o0
D 1Al < oo,
j=1

1 B 9TOM ClIy4ae
o0
5{A}=>_ ).
i=1

UMeeT MecTo creayioliee BaxHOe IpEIIOXKEHHE:
3°. Ecau A € £, mo npu aobou X € R:
AXeg, XAcg,

S{AX} = S{X A}

u, 6osee mozo0,
|S{AX}|

Al, = sup ————. 1.3
I Il IX|h ( )

XeR

9To npeoXeHHe OBHAYAELT, YTO BCIKUH omepaTop A € £ mopo-
XNaeT B R NUHEeAHHH HempepHIBHHE QyHKIHoHAT F4 mo PopMyre

Fa(X) = S{AX}

(X em),
[pHYeM ero HOpMa ¥ eCTh BeIudyuHa |Ale.

4°, Ecau A € £, mo u A* € £, npuvem

|Ale = |A%]e 2 |Aln.

BBegeM Temepp B paccMOTpeHHe MHOXECTBO ¥ Bcex BIOINHE He-
IPEPHIBHEIX ONEPAaTOPOB B §j, BIFIONIeecE, KaK UBBECTHO, OBYCTO-
POHHHUM HjealoM B R.

5°. Jluneiinoe npocmpancmeo £ c nopmoii |Ale ge6agzemcs conpsg-
dcennbim npocmpancmeom x T u, caedoeameabno, NoAHO N0
nopse |Alg.
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OTO yTBepXeHHe OBHaYaeT, 4To PyHkuuonamamu F4(X) uciep-
NBIBAIOTCH BCe NMHEHHEe HellpepLIBHEIE (DyHKIHOHAIK B T U YTO pa-
BeHCTBO (1.3) He HapymmTCE IIpu 3aMeHe R Ha T, T.e.

Xe% |X|h
B cuny (1.3),
IS{AX} < |Alel X]|n
(A€L, XemR).

B wactHOCTH, mpH X, paBHOM TOXIeCTBeHHOMY omepaTtopy I, mony-
JaeM

|S{A} < [Ale (A€ 9).
ITo HepPpaBEeHCTBO NMOKAa3bIBaeT, ITO

6°. Caed S{A} geagemcd auneinbim nenpepoiHbIM GYHKYUONALOM
na £.

ll1g MONHOTHI IPUBeIEM ellle clefylolllee MpeIioXeHrHe, BIpoYeM,
HHUT[e [ajbliie He HCIOIb3yeMoe.

7°. Koabyo R feagemcd CONPINCEHHBIM NPOCMPAHCTNEOM K NPO-
cmpancmey L.

9To o3HavaeT, 4¥To QyHKuHoHamaMu Ha £ : P4(X) = S{AX},
rae A — xaxou-mu6o sneMeHT U3 R, NCYEPNHBAOTCA BCe NUHEHHEIE
HellpephIBHBIE (PYHKIIHOHAIHL H

|S{AX}]|
|A]n = sup ———.
Xel |X|e

Ham IIpyueTCcd IMOIb30BATHCHE CICAYIOIUINM IIPOCTHIM IMpENIoXe-
HHeM:

8°. Ecau A € £ u cywecmeyem obpamuwiii onepamop (I + A)~!
(€ R), mo
(I+A)'=TI+B,

2de B € &.
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B camoM gene, us (I + A)(I + B) = I naxonuM
B=-A- AB,

a, B cuny mpemnoxenus 3°, AB € £.

§ 2. PesonbBenTa R, BOBMYILIEHHOI'O
oneparopa H=H+T

1. B panpHeiimeM H 0603HaYaeT HEKOTOPHIH CaAMOCONPSKEHHBIN
(rumepMakCUMANBHE ), BOOGIIe TOBOPH, HEOTPAaHUYEHHEIH OIIEepaTOP,
JeHCTBYIOUIMH B §) C HEKOTOPOr'O THHEHHOTO IIOTHOTO B §) MHOXECT-
Ba D.

Kax usBectHo [5, 7], oid m060ro HeBeI[ECTBEHHOTO Z OIEPATOP
H —zI (I — TOX[eCTBeHHHI} 0OnepaTop) 0TO6paXKaeT B3AHMHO OJHO-
sHayHO D Ha . O6parHmii onepatop R, = (H — 2I)~! oTo6paxaer
$ Ha D U IBISEeTCH OTPAHUYEHHBIM ONEPaTOPOM:

1
|R.g| < I_Jz_llgl (g € 9). (2.1)

Ilycrte T =T*€ £n H=H +T, Te. H— OIIepaTop C TOW Xe
o6IacThio onpenenenud D, uto u H, u mig moboro f € D

Hf=Hf+Tf.

HaiiieM pe3onbBeHTY R, (3z # 0) omeparopa H. Inz sToro pac-
CMOTPHM ypaBHEHHE

Hf-2f=g (2.2)
npu moboM g € §. HHade ero MOXHO 3amuCaTh B BHjIe

(H-zDf+Tf=g.

IIpuMenss x 06euM JacTEM DTOr0 paBeHCTBA pesonbBeHTy R, noiy-
YaeM, YTO OHO SKBHBAJICHTHO CIeLYIOLIeMY:

(I+R.T)f=R.g. (2.3)
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Onepatop R,T orpanuden u, 6onee Toro, cormacso (2.1),

|RzT|h < |Th|

I’J |
CnepoBarensno, ecnu |Jz| > |T|p, TOo cymecTByeT orpaHmyYeHHBIH
obpaTtHmtit omeparop (I + R,T)~! 1, 6onee Toro,

(I+RT)Y'=1+ f:(—l)k(RzT)k.
k=1

TaxuMm o6pasoM, ypasHenue (2.3) umeer mpu [Jz| > |T|, onHo u
TONBKO OJHO pellleHkEe

=({I+RT)'R.g=R, (I + i(—l)"(TRz)") 95

k=1

KOTOpOE Of{HOBPEMEHHO ABIfSeTCH pellleHHeM ¥ ypaBHeHus (2.2). Ot-
ciofja, B YaCTHOCTH, 3aKIIOYaeM, YTO DPMHTOB onepaTop H:

(Hf,9)=(f,Hg) (f,g9€D)

CaMOCOIPIXKEH.

Ho Torga ypasuenue (2.2), a cnienoBaTensHo, ¥ (2.3), ang BCIKOrO -
g € $ OyJeT UMeTh OJHO H TOJILKO OJHO pellleHHe NpH Mo6G0oM HeBe-
mecTBenHoM 2. Korpa g mpoberaeT Bce §), BekTop R.g mpo6eraer
MHOXeCTBO D, IIOTHOe B §). YYHTHBad Takxke, iTo oneparop R,T
BIIONIHE HellpephIBeH, 3aKIOYaeM, YTO IPH TI060M HeBeleCTBEHHOM
z cymecTByeT o6paTHH onepatop (I + R,T)~!. Ero Bceraa MoxHo
npencrasuth B Buge ([ + R )1 =1+4T,.

O6osHaunM yepes R, pesonbBeHTY OIepaTopa H.

CpapHuBad pemenue f = R,g ypaBHenus (2.2) ¢ pelneHueMm

f= (I + RZT)_IRzg =R, 9+T.R,g,

HaXOJUM 5
R,=R,+T.R,.

Hac 6ymet unTepecoBaTh TOT ciay4ai, korga 1" useem caed , T.e.

TekL.
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B vsroM caydae Takxke (cM. mpemioxennd 3° u 8° §1)
R.Tecg, T,eg, T.R, €L
CrepioBaTensno, R, — R, € £ u uMeeT cMbIcn
S{R. - R.} = S{I.R.}.

Ilpu |3z| > |T|, uMeeT MecTO pasIoXKeHHe
[ o]
=Y (-DHR.T),
k=1

KOTOpOe cxoguTce mo HopMe xonbua R. Ilpenmonaras |3z| > |T|¢, MH
MOXeM YTBepXJAaTh, YTO HPaBai TaCTh CXOAUTCE U o {-HOpMe, U
Tax Kax

|4ln < |4le (A€ %),

TO OHa GyJeT CXOEUTHCH K TOMYy Xe omepartopy [',.
OOHOBpEMEHHO MONYYaeM OLEHKH:

IT.le < f:uz T|f < f: Tl _ __ITle (2.4)
= LIS L T o] [T '

|7,

R, — = <|r < .
|Be = Bale = |Taele < Tl Beln < o=

M3 HuxX monyvaeTcs cnefyomas
TeopeMa 1. Jag awbozo z (3z #0)

T,

i (2.5)

|R R|1_I

JoxasaTexbcTBo. [lngmoboroz (Jz# 0)naigercs
Takoe HaTypalbHOE N, YTO

1
=Tl < [32] = Iy

(z=z+1iy).
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Iomoxum

k
H.=H+-T,
n

RY = (Hy, - 21)?

(k=0,1,2,...,n).

Torpa, corzacho (2.5),

|REHD) _ p)|, < T,
ITll
nlyl {1yl -
(k=0, 1,2,...,n— 1).

A Tak xakx R(o) R,, R(") IE, H

n-1

IR, — R, <) |RIHY - RY),
k=0
TO T
|-§z - Rzll S I tl 1 .
lvl (11 - ~I7d)

Tak kak n MOXHO HeOTpaHMYEHHO YBEIHYHBATH, TO yOexIaeMcd B
CIIPaBENINBOCTHE HepaBeHCTBa (2.5).
CnepcrBue. Ilyemv Ty =T; uTy = T; — dea onepamopa

uz L u
Hy = H+ Ty, R® = (Hy - zI)™

(k=1,2).
Toz20a

|IR® - RM|, < |2 3|72 = Tile. (2.6)

B camom ferne,
Hy,=H,+T,

rae T = T, — Ty, 1, ciefoBaTensHo, (2. 6) HMeeT MecTO, B CHILy JIOKa-
BaHHOH TeOpeMH.
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Jameuanue. Ecmm H — orpaHHYeHHHH OIEpaTOp, TO OLEHKA
(2.5) MOXeT GHITH yIy4IleHa, a HMEHHO:

~ T
IRz - Rzll S d|2(|zl)7 (2.7)

rae d(z) — paccroguue To4kd 2z a0 uATepBana (—|H|p — |T|n, |H|n +
+|Tx).
2. ITonoxum

$(z) = S{R. - R.}. (2.8)
Cornacuo (2.5),
1
L —= . .
15:1 < Il (29)

B §4 MBI ycTaHOBHM CllefyiolIyio TeopeMy:
Teopema 2. Kaxos 6bt nu 6bit onepamop T = T™* € £, dpynrxyug
S(z) donycxaem npedcmasaenue:

T &)

S@=- | G

(2.10)

2de £(A) (—o0 < A < 00) — nexomopad eewjecmeennads Pynxyud,
maxad, 4mo

/ IE)IA < [T

Pyuxnnsg {(A) (—o0 < A < 00), ¢ TOTHOCTHIO [0 ee BHAYEHUH Ha
MHOXeCTBe Mephl Hyllb, GyeT eAMHCTBEHHHIM 06PasoM OlIpeleniThC
us npenctabrenus (2.10) (cM. §4).

PapencTBo (2.10) MBI BamuIIeM ceddac B HeCKONHKO HHOM BHJE,
KOTODHIH HEIOCPEJCTBEHHO IPUBeET HaC K OCHOBHOM IpobieMe, BO3-
HUKLIeH B cBisH c ucciefoBanneM N.M. Jlupuuna [1].

[lonoxuM mus mo6oro z (Jz # 0)

2.0 = v
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Torga, Ha ocHoBaHHH onpesenennd (2.8) Gyukuun S(z) u mpegcrapie-
Hug (2.10), MOXHO HAIHCATh:

T do,
X

—00

S{®,(H) - &,(H)} = &) an.

Ionarad specs 2z = z; (Jz # 0,7 = 1,2, ..., m) 7 yMHOXad KaxKjoe
Jj-€ U3 IoNyYalomAXcHd Tak PAaBEeHCTB Ha IPOM3BONLHYIO TOCTOSHHYIO
¢; (j=1,2,..,m), MBI, IOCIIe TOYIEHHOTO CyMMUPOBaHHL BTHX pa-
BEHCTB, IOIyYaeM

sta() - o) = [ e, (2.11)

—00

rae ®(A\) — QyHKuus BHga

B()) = i G (2.12)

A—z;
i=1 ’

Kak 6ymer mokasauo B §4, popmyna ciuenos (2.11) cmpaBemnuBa
IS BHAYMTENbHO Gomee mupokoro knacca dynxnuit ®(A). Opgraxo
HaM He yJaloch HaWTH XapakTepPUCTHKH KIacca BCeX TeX QyHKIUM
®(A) (—o00 < A < o), Anf KOTOPHIX CHpaBemInBa GopMyna CIeIoB
mpu 1I060M BHIGOpE CaMOCONIpAXKeHHOTo omepaTopa H u omepaTopa
T=T*¢c L.

B §3 Mu1 magum s¢dexkTuBHbie GOPMYIH i onpeneneHus QyHK-
mun §(A) u MccuenyeM ee CTPYKTYpPY [l CIy4ad KOHEYHOMEDHOTO
oneparopa 1.

§ 3. Cny4al KOHeYHOMEPHOTO
onepaTopa BOBMYIIEHHS

Omneparop T Ha3HBAETCE KOHEUNOMEPHbIM, €CIH €ro 061acThIo
usMeHeHus 1§ aBIgeTCH KOHEYHOMEpPHOE MPOCTPAHCTBO. JHCIO U3-
MepeHU! T OONACTH USMEHEHUS HaB3HIBACTCH PAIMEPHOCTNBIO ONEPA-
mopa. Ecou {¢1,...,or} — HekoTOpHIl Gasuc B T'H, To eMy Bcerga
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oTBedaeT Takou Gasuc {¢y,...,¥,} B T*H, 4T0
T
T =Y (~9;)¥; (3.1)
j=1

Bcesxui xoneunoMepubiit omepaTop T nmpuHagneXXut £ U Ierko BU-
IeThb, YTO

S{TY =Y (%5, 95)- (32)
Jj=1

lIng cnyyas xoneyHoMepHoro onepatopa I’ Braa (3.1) ypaBHeHue
Hf-z2f=g (H=H+T)

DKBHBAJEHTHO CACTEMe ypaBHEHHH

hf+) e —2f =g, (3-3)
k=1
& =(Fe) (G=12,..,r1). (3.4)

IIpumenss x o6euM dacTaM paBeHcTBa (3.3) pesonsBenty R, = (H —
—2zI)~1, 6ynem umeTs

f+Y &Rotb = Rag.
k=1

Ilony4aomeecs oTciofa 3HadeHne yig f BHeceM B (3.4); Torma Hai-
JeM

&+ Y (Rathn, 5)6k = (Ra9,05) = (9, i)
k=1 (35)

BBeseM B paccMoTpeHHe ONpegennTelnb

A(z) = |65k + (Ro¥k, 95)1-
O6osHa1nM yepea A ji(z) anre6pandeckoe JONOTHEHHE €T0 HIEMEHTa

ik + (Ra¥ro05) (G, k=1,2,..,7).
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Torga u3 (3.5) HaxomuM

j A(Z) Z Ak](z)(g7 z(PJ)

(7=12,.,r).

Brocs Haligennsie sHadenns fusg £; B (3.4), IOTyIuM OXOHYATeNbHOE
BhIpaxenue g f = R,g:

Reg = Reg = 55 Y Ao Ep)hs. (39

k,j=1

TakuM o6pasoM, R,-R, — KOHeYHOMEPHHH OIlepaTop.
Brryncngs mo gopmyne (3.2) cien

S(z) = S(R, - R.),

OIy4YaeM

S(Z) - _A( ) Z Ak](Z)(Rz'([)k, z(PJ) (37)

Jk=1

A Tax xax
. d
(Rz¢k, Rz(PJ) = (R§¢k7 ()0,7) =75 [6,1]: + (Rz'ﬂbk’ ()DJ)]
dz

(ja k= 1, 2a eeey 1‘),

To (3.7) paer
A'(z)
A(z)

®opumynn (3.6) n (3.8) gBusioTca HemocpeaCTBeHHHM 0606me-
HHeM E3BeCTHHX (opmyn Barmana (cM. [8], c.170) B Teopur mHTe-
rpanbHHX ypaBHeHHH. PopMyion (3.6) ME HEOIHOKPATHO NOIB30Ba-
JIACH B HAIIHX HCCIEJOBAHHIX PE3OIbBEHTH DPMHTOBHX ONEpaTOPOB
¢ uHgexcoM gedexra (m, m) (cM., Hampumep, [9, 10]).

3. [lo cux mop MH HHTAe He IONH3OBAIHCH TeM, 4To T = T™*, a
Takxe TeM, 4To H = H*. BHJO HCIONB30BaHO JIHIIL TO, YTO g

S(z) = —

(38)
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PacCMaTpHBAEMOT'0 2 CYIIeCTByeT HellpepHBHaf pPe30IbBEeHTa R, m
A(z) #0.

Ecnu T = T*, 1o, BH6GHpas B XKadecTBe {1, P2, ..., Pr} OPTOHOP-
MaJbHYIO CHCTeMy COOCTBEHHHIX BEKTOpOB omepartopa 1 ¢ HeHyle-
BHIMU COOCTBEHHBEIMH YHCIAMH:

Te;=1j0; (3=12,..71), (3.9)
OyneM UMeThH

Tf=> 1i(f2i)ei,

i=1

r (3.10)
ITle =) |7l
J=1
IIycTs
TlZTzz"'ZTp>0>Tp+lZ"'er-!-q
(3.11)

(ptg=r).
Ilpennonaras Bcioy, Kax npexje, 4To H — caMoconpaXeHHBIH
omepaTop, JOKaXeM cleylollee MpeJioXKeHne:
Teopema 3. Ecau T(= T*) — xoneunomepnviti onepamop ¢ p
NOAONICUMEABHOIMY U § OMPUYATNEALHLIMU COGCTIEENHBIMU YUCAAMY,
mo

5(z) = — %dx (3z # 0), (3.12)

2de noumu dag écex A (—00 < A < 00)

HOE L lim arg A(X + in); (3.13)
T nl0
npu mon
—¢<é&A)<p (3.14)
u

[ telan<izie (3.15)
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JokasaTenbcTBo. Takkak §(Z) = 5(z), To MBI MOXeM
OTPaHMYUTHCE paccMoTpenneM S(z) TOIBKO B BepXHel MONyIIOCKOC-
Ti. Ilockonbky S(z) HMeeT cMHCI B MI0GOH HeBellleCTBEHHOH TO4Ke,
To A(2) # 0 mpa 3z > 0. Jlerko BHfEeTH, 4TO

A(z):l-i-O(jlz) npu 3z — oo.

M= MoxeM mosToMy ompenennTs In A(z) B BepxHell OIYIIOCKOCTH
TaK, YTOGHL OH JaBal ronoMopPHyIo PYHKIUIO B 5TOH IOIYIOCKOCTH
u

InA(z) = 0(%) mpu  Jz — 0. (3.16)

IIpepcraBuenne (3.12) GymeT MOIydYeHO, €CIM MBI JJOKaXKeM, ITO
In A(2) monyckaeT nmpeicTaBueHHe:

In A(z) = %d)\, (3.17).

—00

rae {(A) — HekoTopas yHKINL, yIOBIETBOpHIOmas ycIoBHIM (3.14)
u (3.15).

Kak nsBectHo (cM. [11], ru.1), ong wHTerpata Buja (3.17) moyrn
BCIOfly Ha BeIECTBEHHOW OCH BHIIONHAETCS COOTHOIICHHE

.1 .
&)= 11;11'1(} —1;3 In A(X + 7).

OTO PaBEeHCTBO O3HAYaeT TO Xe, ITO U paBeHCTBO (3.13).
Jlng BeBoga mpencraBiuenus (3.17) paccMOTPUM CHAavala CILydai
olHOMepHOTO onepaTopa 1"

T= T( °y 99)997

rae
T 20, (p,0) =1

B sToM ciyvae

A(z) =1+ 1(Rp,0) (32 #0).
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Mycts E) (—00 < A < 00) — cunexTpaibHad QYHKIHS OllepaTopa
H. Torpa

(o}

d|Exp|?

(Re0,00) = / —ll\—_'il_
—o0
u
[ dIExpl?
T 13A(2) = 32 - IA—_A—(":IE- >0 mpm Jz>0.
-0
CunegoBaTensHo,

0<eIJnA(z) <7 mpr Jz>0,

Te € = signr.

C gpyroit cTopoHH, kax u3BecTHO (cM. [12], ra. II, §2), ecnu Hexo-
Topas Qyukuus F(z) romoMopdhHa B BepxHEeH MOIYmIOCKOCTH Jz > 0
H yIOBIETBOPSET TaM yCIOBHIM:

0<IJF(z) <7 (32> 0),
nmpr  Jz — oo,

In F(z) = o(jiz)

TO OHa JOIIyCKaeT IIpelcTaBlieHHEe

T h(
F(Z) = X(—_)ZdA,
Te
0<h(N) <1

"

o0

/ h(A)dA < oo.

—00

Ilpumenss »To mpegnoxende k Qynkmum In A(z), mpuxoguM X
BHIBOLY, UTO B paccMaTpuBaeMoM ciydae In A(z) momyckaer mpen-
craBnenne (3.17), roe

0 < sign 7-£(A) < 1. (3.18)
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BocnonsayeMcs Temeps fokasaHHEIM B §2 HepaBeHCTBOM (2.9):

1

<
151 <

|Te.
COHOCTaB]Iﬂ.H €r'o C paB€eHCTBOM
o0
. 200N
lim *S(is) = [ €N,
—00

O4YeBHJHHM 06pasoM BHTekalommuM 3 (3.12), sakmodaeM, 4T

Ij E(\)dA

00

=/mmusthL

Taxum o6pasoM, mis ofHOMepHOTO T’ TeopeMa IOTHOCTHIO JOKa3aHa.
PaccMoTpuM Teneps o6mmii ciyvaii oneparopa T’ Buga (3.9). Ilo-
noxuMm Ho = H,

k
Hy=H + Z i e))ei  (k=1,2,..,7)
i=1
R¥) = (Hy - 2I)™* (32> 0).

Torpga
Hy = Hi1 + (-, 01) 0k

(k=1,2,..,r),

H IpEMeHeHHe TeOpeMH [jid JoKas3aHHOTO ciydas (r = 1) gaet

Sk(2) = S(RY B¢y = - [ - fk_(?)z dx
(k=1,2,..,r),

rge
0 <sign Tk€e(A\) < 7 (=00 < A < 00), (3.19)
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/ [Ex(N)|dX < |1x] (k= 1,2,...,7).

C mpyro#t CTOpOHEI, OYEBH/IHO,

a T &n
S(2) = Sk(z) = = | ——5dA,
(2) kg A 4 e

rae
EA) =) &) (-0 <A< o).
k=1

Tak kak ycuoBus (3.14), (3.15) SBIfIOTCA CIEICTBHIMY YCIOBHH
(3.19), To TeopeMa IOIHOCTHIO AOKABAHA.

dameuanue. MoXHO IOKa3aTh, ITO TeopeMa He MOXeT GHTh yCH-
leHa. DTO CleflyeT IOHHMAThH Tak: eciu Hekoropas Qynkums £(A)
(=00 < A < 00) ynoBuerBopger ycnoBusM (3.14) u (3.15), To Hail-
JeTcd caMoconpskeHHH onmepaTop H u omeparop T’ = T* panra r
H CHTHATYDH P — ¢, KOTOPHM OyfeT oTBe1aTh JaHHad PyHKmus £(A).

4. Ha ocHoBanuu coorHomenus (3.16) ¥ H3BeCTHHIX IpeLIONKe-
HAH Teopuu PyHKUmH, mpencraBienue (3.17) MOXHO Cpasy HAIHKCATH,
KOIb CKOPO H3BECTHO, ITO

—g<argA(2)<p mupm 3z>0. (3.20)

VYxaKeM BKpaTie, KaK HEMOCPEJCTBEHHO MOXeT OHITh YCTaHOB-
nero cooTHomenxHe (3.20).
O6osnadum 4epes (x(A) (k = 1,2,...,7) cOGCTBeHHHE YACIA MAT-
PUIIEL
[(z) = [|&5x + me(Rz0k, 0315

T.e. KODHH ypaBHEHHS
I(1 = {)éjk + Tr(R20x, p5); = 0.

Torpa

A(A) = G(A)(A)--6r(A)
1 HepaBeHCTBO (3.14) GyfeT yCTaHOBIEHO, eclH GyJeT JOKaBaHO Clle-
Iyiolliee TpeNIoKeHHne:
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a) Cpedu uwucea (x(A) (k=1,2,...,1) 6cezda poso p narodumcs

enympu eeprueti noaynaockocmu Iz > 0 u posno ¢ — enympu
nuacrnet Jz < 0.

Ecau noaoascumo
¢ = ||mdjx i1,
mo IpMumoeol mampuye
er-1*¢
1z = ||(R2pk, Rz 05) 5|7
6ydem omeeuampb nosodrcumenvnad gopma

T

Z (Rotpk, Ro0j)TiTiziZj = | R,
7,k=1

20e

T
$= Z TkTkPk-
k=1

[Ipennoxenue @) EBNIETCA MOITOMY CIEACTBUEM CIEAYIOIIEro 06-
1ero anre6panvdeckoro MpeIIoKeHu:

B)

ITyemov € = ||Tjk||] — Hexomopag spmumosa mampuya, ume-
0WAT P NOAOHCUMEALHVIT U ¢ OMPUYATNEALHBIT COBCTNEEHNIT
uucea (p+ q = r), a T = ||yjk||] — nexomopas mampuya,
maxag, ¥Mmo 3PMuUMo60t mampuye

1
H (eI - T*e)
0meeuaem noLOICUMebHo onpedetennad Popma
1 .
;((‘H‘ - I"¢)z,z). (3.21)

Toeda p cobcmeennviz uucea mampuyvi ' aexcam enympu
eeprreld noaynaocxocmu Jz > 0 u ¢ — enympu nusicHed
J2<0.
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9To NpegioXeHHe, B CBOIO O4Yepenb, ABISETCE IPOCTHIM Clefl-
CTBHEM ajIre6paMvecKoro lipelioXKeHHd, IPHBeJeHHOr0 B Havyalle Ha-
mel cTaThy [13].

Ecnu BH6paTh Kakoe-mu60 ucio » > 0 Tak, YTOGH

det(T' +5al) #0

H TIONIOXHTH

U = (T = sdl)(T + sal)™?,

TO Ierxo Ha.ﬁ,c.n;eu, 4YTO
(T + sdI)*(€ — U*eU)(T + »il) = ’7,‘(@:1‘ — T*¢).

TakuMm o6pasoM, ectu PopMa (3.21) nonokuTENbHA, TO HOTOXKHU-
TelbHa U Pa3HOCTH opM

(¢z,z) — (eUz,Uz) (z #0),

T.e. U gBngeTca C-cxxumMaiomei Matpuneir. Ho Torga, B cuny ymoms-
HYTOTO IpemioxeHus us [13], poBHO p COGCTBEHHBIX IMCEN MATPUIEI
U 1mo Mojymio MeHblle IUHHIEI ¥ POBHO ¢ — G6ONbIe eIUHANH. A
TaK Kak co6cTBeHHHe yncna p; (j =1,2,...,r) MaTpuys U cBEsans
¢ co6cTBeHHEIMHU Yuctamu (G (j = 1,2,...,7) maTpunst I' coorHome-
HUAMH .

- %—Jr—: G =120,
TO OTCIOfA yXKe clefyeT yTBepxjenue () and MaTpuus I

Bupouem, yTBepxaenue () HEIOCPEICTBEHHO CIEAyeT TaKxke U3
npepoxeHus 4° Hamen crateu [13].

Kak yxe oTMe4al0Ch, U3 IPEJIOXKEHHS (1) IerKo MONyYaeTcs He-
paBencTBo (3.20), a us Hero ¥ us (3.16) — mpencraBnenue (3.12),
IpHYeM, Ha OCHOBaHWHM HepaBeHcTBa (3.20), MoxHO GymeT yTBep-
KIATh, 4YTO BHIONHIeTCH nepBoe u3 ycnosuit (3.14). Ius ycraHoB-
NeHUs BTOPOTO U3 HUX, NMO-BHAMMOMY, BC€ PABHO IPHUILIOCH 6HI IIO-
BTOPUTD PacCyXk/[eHHS U3 NPUBEJEHHOTO BHIIE AOKa3aTeNbCTBa Te-
opeMH 3.

Pyukunu (x(A) (k= 1,2,...,7) paccmaTpusan Taxxke U.M. JIug-
L, ¥ ok gurypupyot B ero opmyne gig (), Ho, To-BUIUMOMY,
CBOMCTBO ) 5TUX QYHKIHUH HTOMY aBTOPY He GHUIO H3BECTHO.

Pj
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5. Us npeacrannenus (3.12) BHTeKaeT:
S{T}= 7§(A)d/\. (3.22)
B camoM gene, B cuny (3.17), -
— ylLI{)lo iyln A(iy) = 7 E(A)dA.
C ppyro# cropous, us (3.10) 6es Tpyna HaxoguM

- 1
A(z)=1+ E Ti(R295,95) + O(W) npu  Jz — 00,
i=1

a ClIe1oBaTENIbHO,

r

InA(2) = Z Ti(Rz05,%;5) O((j )2) mpu  Jz — oo.

i=1

Taxum o6paszom,

~ lim iyln Aiy) = —ZTJ lim iy(Riyp;, #5) =
i=1
= Y 7i(¢j %) = S{T}.
i=1

PaBencrso (3.22) BripaxaeT ToT (PakT, 4To fopmyna crenos (2.11)
ciupaBegmuBa gt (A) = A
6. Eciu r = 1 u, cregoBatensro, T' = 7( -, ¢)p, TO

T d(Exe,
A(z)=1+r(R,¢,<p):1+r/—(,\*_Lz‘p),

IIpenmonoxuM, YTO B HEKOTOPOM HMHTepBale a < A < b cymect-
ByeT HellpepHIBHAA MPOU3BOSHAL

C()\) — d(E:\l;Ps ‘P)’
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KoTOpad, KpoMe Toro, yiaosierBopseT ycuosuio Lipa (0 < a < 1),
T.€.

[e(A") = (M) < HIN = X" (a< XN,N'<D).
Torpga (cM. [11]) pyuxuus A(z) EMeeT npefenbHoe 3Hadenne A(p)
IPH CTPEeMIEHHH 2 IO TI060MY HEKaCaTeTbHOMY IYTH K M0G0 TOYKe
¢ (a < p < b), n uMerHO:

Ap)=1+ T[wic(p) + 7' %d)\] ,

TJe WITPUX OBHaYaeT, YTO HHTerpal 6epeTcd B CMHICIE [IABHOTO BHA~
yenns Komm.

IIpAIOMHAHAS COOTHOIICHHE (3.13), Mu mpuxomuM, TakuM 06pa-
.80M, K opmyne H.M. JIn(I)mlma [1):

£(k) = = arctg ——=° W) (3.23)
147 f ! Aﬁ% dA

npuyeM BHaYeHHe apTaHTeHCa CleiyeT BHOHPATh TaK, YTOOH BHI-
HONHANOCH ycnosue (3.18).

9Ta (popMyna MPUMEHHMa TONHKO MPH YACTHHIX MPEIHOTOXKEHH-
1X oTHOCUTenbHO Qyukuuu (Exp, ), HO X NP STHX YACTHHIX Ipef-
HONOXKeHUIX, ecnd PyHknus £(A) MokeT GHTH JO KOHIA BEIYKCIEHA,
TO, II0-BHAMMOMY, IIPOIIe BCero oHa OymeT BHYHCIATHCI IO O6men
dopmyne (3.13).

7. IloxaxeMm, kax Bu4ncagercs Pyrrnus £()\) B oQHOM MPOCTOM
cryyae, korga gpopmyna (3.23) HenpEMeHEMA.

IIpepmonoxuM, 9T0 BHYTPE HeKOTOporo HHTepBana (a,b) (xo-
TOPHH B YaCTHOM CIydYae MOXET COBNACTh CO BCEH BeleCTBEHHOM
ocbio) onepatop H nMeeT KOHeTHOE YHCIO TOYEK CIEKTPa

(<)M <A< ... < An(< D)

mo60i KpaTHOCTH (Jaxe GeckoHewnoi). Torga

A(z)_1+r{/ /d(E”P"p)+EA }, (3.24)
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rae
C? = |(Ex\j+0 - E/\j—o)‘PP (.7 =12,.., m)

Mu MoxeM IpeqonoXHTh, 4To Bce ¢; # 0 (j = 1,2, ...,m)’f;
B IPOTHBHOM CIy4ae, ME OH BHKHHYIH T€ \j, KOTOPHM OTBEYAIOT
¢; =0, a ocTaBmecs A; 3aHOBO IepenyMepoBanu. Hs paBecTBa

’ a+0 (o]
ldA / / dlE,\<‘o|2 e c12~
+ + —_— >0
Tdp o (A —n? ; (Aj — n)?

SBCTBYeT, 4TO:
1) Bce Hynu Qynxumu A(p) BEyTpH (@,b) — mpoctHe,

2) Mexpy Aj 1 Ajy1 (F=1,2,...,m— 1) 5eXHT TOYHO OfHH HYIb
B (.7 =1,2,..,m— 1)7

3) BHYTpH KaXJOro U3 HHTePBAJOB (&, A1) H (A, b) 1exuT He 60-
nee ogmoro Hyns A(p).

faxmM ob6pasoM, A(u) HMeeT BHYTPH (a,b) mu60 m, 1u6o m + 1
Hyllei.

IIpenmonoXxuM Mmis KOHKPETHOCTH, YT0 A(p) HMeeT m HyIed i;
"

(<)M <p1 <A< p2 <. < Ay < i (< b).

M3 paccMoTpenus BHpaxeHHs (3.24) B mHTepBale ¢ < 2 < A\
HeTPYAHO y6eIuThCs, YTO B 9ToM ciayyae (mpu 7 > 0)

() = Sarg A = 51 —sxgn[["’ ro,) @<u<b).

j=1

tllerxo BHAETH, 4TO, €ClIH Kakoe-1n6o c; = 0, To Co6CTBEHHOE MOANPOCTPaH-
crBo P; omepatopa H, coorBercTByoliee cobcTBeHHOMY ducny Aj, nubo Gymet
COBNAJaTh C CO6CTBeHHEIM MognpocTpancTeoM P; onepatopa H, coorsercrayio-
LHM TOMY Xe YHCIy A;, 1460 6yaeT Ha OAHO H3IMEpDEHHEe MEHbUIE, B 3aBHCHMOCTH
ot Toro, 6yaeT au A(A;) # 0 uan A(X;) = 0.

Hao6opoT, ecau c; # 0, To mognpocrpanctso P; Ha ogHO H3Mepenue Gomplie
COGCTBEHHOTO MOFUPOCTPaHCTBa P; (M, cuesoBaremsno, ecnn P; ogHoMepHO, TO
P; cocrorT uo nyns).
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IoaToMy B Popmyne crnenos (1)

i=1

b m
[ #wiedn = 3 12s) - 20,
49YTO H ClIeJOBAJIO OXHIATH.

§ 4. Oynxnus S(z) u popmyna cienos
B obmeM ciygae
1. Ilycts _
H=H+T,

rae T = T* € £ — 6eckoHeUHOMEPHHI OIepaTop.

JoxaxkeM g 9TOTo o6IIero cnyyas reopeMmy 2, cpopMyTHpOBaH-
Hyio B §2.

B cuny ycnosus T = T* € £ (cm. 1.2 §1), onepaTop T momyckaer
NpefCTaBIeHUE

o0
T =Y 7i(:¢i)¢i»
Jj=1
rae
(pirr) =8 (4,k=1,2,..),

7; (4 =1,2,...) Bce BeuleCTBeHHH K
m N
> Iril = ITle < co.
Jj=1

onoxum

n
To=Y 15(o0i)0i Ha=H+Ta (n=12,.),
Jj=1
R™ = (H,-zI)" (n=1,2,.), R,=(H-z)"

U, malee,

S(z) = S{R. — R}, Sa(z) = S{R{™ —R,} (n=1,2,..)
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Corinacuo cnegctBuio TeopemH 1 (§2),
|T — Tnle
|3z[2

(n=12,..; 32>0)

|R. — ROl <

U, CIenOBaTENbHO,
5(2) = Sa(2)| = |S{R. - R}| <
IT — Tnlt

< EEE (n=1,2,..).
Tax xak
[e o}
|T — Thle = E |7l = 0 mpu n — oo,
j=n+1
TO
S(z) = lim §M(z) (3= #0). (4.1)

C gpyroi cTOpPOHHI, COFTacCHO TeopeMe 3, mug mioboro n = 1,2, ...

50) = - [ 2O

Kpome Toro, Tak kak

dx, / 16 (V)| dA < oo

H,=H,1+ Tn(', ‘Pn)ﬁon
(TL = 1,2,...; Ho = H)

S{Rgn) - Rﬁ"—l)} = 8u(2) = Sn-1(2) =

T &) &)
_ _4 st

(n=1,2,..; &=0, R§°) =R,),
TO, COTMIacHO TOH Xe TeopeMe 3,

/ 16a(A) = bacx WA < |7l (= 1,2,..).
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CrnenoBaTenbHO, B CMHCIE cXoauMocTH B Ly(—00,00) (mpocTpatcTBo
BCEX U3MepUMHIX cymmupyeMBix Qymxuuit f(A) (—o0 < A < 00))
cymecTByeT B L;(—00,00) mpemen

§=lim & =&+ ) (bnrr — &),
n=1
nmpuyeMm

/ EONA S S Iral = [T

n=1

IIpunoMunas coorHomenue (4.1), Haxogum

—5(2) = lim / (/\"(?)20\ / (/\gil\z))zd,\ (3z #0).

Teopema 2 goxasana.
2. Cornacso gopmyme (3.8),

Sn(2) = - 8 (n=1,2,..),

rae Aq(2) (n = 1,2,..) — onpegenuTens, coorBeTcTBylomui H,,.
U3 paBHOMepHOM cxomuMocTH S,(2) Ha BcixoM MHOXecTBe &,
HAXOASIIeMCH Ha IONOXKHTENHHOM PACCTOSHHH OT BellleCTBEHHOH
ocH, BHTeKaeT PaBHOMepHai CXONUMOCTh Ap(z) Ha £ XK HeKoTOpPOH
Oyurnuu A(z).

O4eBupHo,
A'(z)
A(2)

InA(z) = / f(—_’\)zd)\.

S(z)= -

®Pyuxnus £()\) onpeenseTcs Yepes QyHKIHIO

A(2) = nh—.I%o An(z) (3z#0)



320 M.I". Kpeitn. Ha6pannste tpyapl. Kn.2

no gopmyne (3.13).
3. Omnepatop _
A,=R,-R,

ABIgeTcs ronoMopdHOH BeKTOp-PyHKUHeHA BHYTPH KaxKIOM M3 JBYX
nonymiockocte Jz # 0 mo h-zopme xombua R. Ilokaxer, uro sTo
Xe uMeeT MecTo U 1o £-HopMe. Tak Kak 11d MOGHX HeBeleCTBEHHBIX

¢z
R¢=R.+(C—2)R¢R., R¢;=R.+((—2)R(R.,

TO A A
(-4 _ 55
= BB - ReR. =

= R} - B2+ (R, - R.)(R. - R.) + (A¢ — A)R..
Craiio 6HTH,

Ac— A,
A=A gy e
(—=z

, < IR, — Re|n|R. — R.|e+ (4.2)

+|A( - Azlllelh-

Tak Kax 8aech CopaBa CTOAUT BelHYHHA, OTPaHHYEHHAL IO {-HOpMe
npu 2 — {, 10 |A¢ — Azle|¢ — 2|7! — Taxxe orpaHmYeHHAS BeNMYHHA
H, clefioBaTensHo, |[A¢ — A.le — 0 mpu ( — 2. Ho Torga ms (4.2)
HaXOJuM

T e S ) [

(—z C -z z Zle

H, TaKEM 06pasoM, B CMHCIe {-HOpMH

Ac— A, ~
lim ——% = R? _ R?,
(—Ig (-z R - R,

llonyTro HaMu fokasaHo, 9To R2 — R2€ Cm

S{R2~ R} = fi-fl—iz—) = -2 ()\ij\g—yd)\.

—00
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AHaTOrHYHHIMU PacCyXKAeHUIMH MOXKHO JOKa3aTh, YTO Boobme RY —
-Rteg (n=1,2,..)u

[ &xdr

S{RM - R} = Do

(n=1,2,..).
—00

OTH COOTHOIICHUS SBISIOTCS YACTHHIM ClIyvyaeM (OpMynH CIefoB

s{a(h) - s} = [ #()Ear
CIpaBeqIMBOM g IEPOKOro Knacca Ppyskmuir B(A) (—oo < A < o).
CrupaBegIMBOCTh €€ M KIacca QPYHKIWH (I>(/\) BHfa (2.12) MB yxe

OTMeYalH.
HemocpencrBeHHEIM o6oGmenmeM kmacca Qymkmumi ®(\) Bupa

(2.12) gBageTcd xIacc (Z) Qyuxnuin () Buga
B(A) = / STdu() (~o0 < A < c0), (4.3)

rae Il — MHOXeCTBO Bcex HeBellleCTBEHHHX TO4YeK, a u(€) — BronHe
aIMTHBHAS KOMIIEKCHOBHa4YHad (JyHKIHE Ha Telle OrpaHHYEHHBIX
6openeBckux MHOXecTB H3 II, Takad, 94TO

/ Tsi_V‘ ldu(z)| < 00 (k=1,2). (4.4)
Il

B cuny sToro ycnosus, Pynkuus ®(A) € (E) abCONIOTHO Helpe-
PHIBHA ¥ UMeeT IOYTH BCIOAY OrPaHHYEHHYIO IPOH3BOAHYIO

(N =- / -(/\_;z)z,du(z) (=00 < A < ).
in

Ecnn nop, ®'(\) moHUMaTh CTOSIIHA 3€Ch CIPaBa abCOMOTHO CXOAH-
IAHCE HHTErpal, To GyJeT MMeTh CMEICT HHTerpal JleGera

[e0)

| #ear

—00
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u60, o Teopeme Py6unm, B cuny (4.4) npu k = 2, 6yayT a6COMIOTHO
CXOOUTHCH MHTErpalhl, PUrypUpyIolue B paBeHCTBE

[(] §2Fae= [ ([ 5Zp)emn=
Il

—00 —00

- / FNENIN (32 £ 0).

Kpome Toro, BBHAY OrpaHHYeHHOCTH M HENPEePHIBHOCTH (PYHKUUH
®(A) 6yayT uMeTh CMBICI ONEPaTOPH

®(H) = / ®(\)dE\, u ®(H)= / B(N\)dE)

u, 6onee Toro, 6yneM UMeTh

n

o) = [Rdu(), o) = [Rdu(s),
I1

rfie HHTErpansl NOHMMAIOTCA B CMHCIe HHTErpala oT abCTPaKTHOM
BeKTOD-(QYHKIMH CO 3HAYEHHIMH M3 HOPMHPOBAHHOTO KOIbla R.

4. AmeeT MecTO

Teopema 4. Jag aoboii Pynxyuu ® € (L) onepamop (H) —
—®(H) npunadaercum xaaccy £ u umeem mecmo Popmysa caedos:

S{®(H) - S(H)} = / (e (4.5)

JJoxasarenbcTBo. IlonoxuM, kak B 1.3,
A,=R.—-R, (3z2#0).

CornacHo (2.5),
|A:le< -5 (32 #0) (4.6)
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H, CTalO OHITH, B £ HMeeT CMHICI aGCTPaKTHHIM HHTErpal

A= [ A du(z) € &, (4.7
/

npuieM

|dp(2)|

< < .
|A|l — /IAZIlldll’(z)I — ITIl |32|2
II In

Tax xak S{A} — HenpepHBHHI THHEHHHI yHKIHOHAT Ha £, TO

5{4} = [ $14:)du(z) = [ 3G1aut) =
I1 I1

_ / ( (592):)2 dA)d,u(z): / B'(\)E(N)dA.

IT *-oo -

C gpyroit cTopoHH, ectu unTerpan (4.7) cxogutcs B £, To OH GyneT
CXOIUTHCE K TOMY XK€ olepaTopy H B Kolblle R OrpaHMYEHHHX Olle-
paTopoB (u60 h-mopMa < {-HopMH). MMes B BuAY cxoauMocTh B R,
MOXHO HaIUCaTh:

A= / (R, — R,)du(z) =
n

= [Rau(s) - [ Radu(s) =0l -2m) @)
I1 II
H, ClIeIOBATEeNLHO,
S{A} = S{®(H) - ®(H)}.

TeopeMa noxasaHa.
3aMeTuM, uTo, B cuny (4.6), (4.7) u (4.8),

|®(H) — ®(H)|, < ! "fg‘iﬁ)ﬁﬂb (4.9)
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5. B xadecTBe npuMepa ykaxkeM, ITO KIaCCy (E) NpPHHAMIEXHUT
npH 11060M BellieCTBeHHOM ¢ QyHKIUS

e —id-1 1 / e — 1 iz
A2 2w ) 2(z-))

rge D — xakxag-mu6o npaMag Jz = h, mapannerbHad OCH T H TeXallad
B TOM Xe nonymwiockoctd Jz > 0 wimm Jz < 0, 4To m —it.

SaMeHndad ofuMH pas t Ha 2f, Opyroil pas Ha —2t U Geps saTeM
HONyCyMMY MOTyYeHHHIX QyHKIUH, HaigeM, YTo QyHKIUSL

w =22 e (7).
Taxum o6pasom, Bceraa
[¥e(H) —p(H) €  (0<t< c0).
Ilpumenenue ouenku (4.9) o6HapyXuBaeT, YTO
[%e(H) — pe(H)le < Che®  (0<t<o0; h>0),

rge Cp, He BaBHCHT OT i, a TOILKO OT h.
Otciopa, MeXy IpoYHM, MOXHO BaKIIOYHTh, 4T0 PopMyla cCle-
noB Gypetr cmpaBemuuBa K ais pyukuuu H(A) Buga

oo
B()) = / sm:;\t dr(t),
0
€ClH [JIf IOCTATOYHO MAJHIX NONOXUTENbHEX h
oo
/e"‘|dr(t)| < 00.
0

6. BosMmoxHO, 9TO npu moboM BenieCTBEHHOM ¢
[exp(itH) — exp(itH)] € £

u ang ®(A) = exp(it\) Ppopmyna cnenos (4.5) cupasemmuBa.
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Jl1g cnydas orpaHudeHHOro onepaTopa H CIpaBeIHBOCTH HTOTO

NPeANoNoXKeHNd YyCTaHABIUBAETCE CPAaBHUTENBHO IIPOCTO.
3aMeTHM, 4YTO, Boo6lLle, Ha OCHOBAHHH oLleHKH (2.7) cama Teo-

peMa 4 us caydas orpaHmyeHHOro omeparopa H MoxeT GHTbH yCH-
neHa (B cMHIcIe pacumpenus knacca (X)).

§ 5. PacmiupenHoe TonkoBaEHe POPMYILI CIEOB

1. B sTom nmaparpade MH GygeM IpefnoraraTh, 4To I' — KOHEY-

HOMEDHHIH ONepaTop PasMepHOCTH T:

T
T =Y 7i(9j)pi (—00<Ti<00; j=1,2,.,7)
i=1
YcnoBHMCS TOBOPHTH, YTO HOCIENOBATENIbHOCTH CaMOCOIPAKEH-

HHIX OIlepaTOpPOB
o0

H™ = /,\dE§"’ (n=1,2,..)

CHEXTPATHHO CXONUTCH K CAaMOCONpAXeHHOMY onepatopy H

H= //\dE,\,

ecnu aas 06X f,g € H
Jim (E("f,9) = (Baf,9)

B n1000H TOYKe A HENPEPHIBHOCTH CIEKTPAIbHOU PyHKuHU E).
Mocnenosarensrocts H™W (n = 1,2,...), kak meBecTHO, GyieT
CHeKTPaTbHO CXOOUThcE K H B TOM M TOIBKO B TOM ciy4ae, KOTAA

I71d M060T0 HeBeleCTBeHHOTo 2 | f, g € §

nlLIgo(Rgn)f,g) = (R-f,9), (5.1)

rae
R™ =(H™ — "' (n=1,2,..), R,=(H-z2I)"".
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PaccMaTpuBas BosMymieHus omeparopoB H, H () TIpH IOMOIIX
JaHHOTO KOHeYHOMepHoro oneparopa 1

]~{=H+,T, f[(n)=H(n)+T,
MBI IPpUXOOJHM K cilegymoueMy npeajoXeHnio:
Teopema 5. Ecau nocaedosameasnocms CamMoCONpIACERHBIT One-

pamopos H (n) (n = 1,2,...) cnexmpaavro czodumcd x onepamopy
H, mo nocaedosameabrocmp

Sn(z) = S{R™ -~ R} = / (,\"(’\) dX

- 2)2

czodumcd 6 410601 Heseujecmeennoti mouxe z ¥ Pynxyuu

S(z) = S{E, - R.} = / (Aff’\z)zdx

Louaee mozo, pasnomepno na ecedi oct —oo < A < 00

A A
tm [ ewdn= [ e (52
JloxasaTeabcTBO. B camoMm fene, cornacuo (3.8) u
(3.10),
Sa(r)= B2 1s ),
rie

An(2) = 1655 + (BP0 )i (n=1,2,..).

Craino 6niTh, B cuny (5.1),
Ap(z) > A(2) mpr n— oo (5.3)

PaBHOMEPHO Ha TI060M MHOXecCTBe & , HaXogdImeMcd Ha IOIOXHUTeNbL-
HOM paCCTOdHHH OT BeIIIeCTBeHHOﬁ OCH.
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Tak xax, xpome TorO,
InAn(A) = ]o %d)\ (n=0,1,2,...; Ao(A)=A(N))
", corJ;acuo Teo;ozme 3,
7 (&M < [Tle  (n=0,1,2,...; £o(A) =&(R)),

TO, Ha OCHOBaHHM TeopeM Xemrn, us (5.3) merko sakmovaeM, 4TO
HMeeT MeCTO cooTHouenue (5.2) B mo6oi Touke A € (—00,00).

BBuay Toro 4o, cormacHo Toi xe Teopeme 3, Bce Ppynxuuu &, (A)
(n=0,1,2,...) paBHOMEDHO OTpPAHH YEHHL:

(M <r (n=0,1,2,...; —00< A< ), (5.4)

HHTerpaiH, crodumue B (5.2), paBHOCTENEHHO HENpPEPHBHH, a IO-
BTOMY CXOAMMOCTH B (5.2) HMeeT MeCTO PaBHOMEDHO B KaXKIOM KO-
HEeYHOM HMHTepBale.

Y4YuTHBag Jaiee, 4TO, cornacHo (3.22),

[ear= [aon=sm) (=12, 65

nerxo y6eguThcs B PAaBHOMEPHOH CXOJMMOCTH HHTerpaioB (5.2) Ha
Bceil ocu (—00,00).

2. JloxasaHHas TeopeMa NO3BONLET JAaTh PaCUIMPEHHOE TONKOBA-
HHe (OPMYIIHl CIIeIOB:

s{a(i) - a(m) = [ # NN, (5.6)
IPH KOTOPOM OHa TONYy4YaeT CMBICT g knacca Qynxmuir ®(N), sHa-

YHTenbHO Gollee MMPOKOTO, HexenH Kiacc (X), 0 koTopoM IUIa peddb
B IpeaniayieM maparpade.
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0603Ha4uM Yepes V, coBOKynHOCTH Beex Qynkuuit $(A) (—oo <
< A < 00), a6CONIOTHO HENPEPHBHEIX K OIPAHUYEHHOH BapHAIHH:

/ 18/(\)|dA < co.

Eciu @ € V,, To unrerpan, crosuui cupasa B (5.6), 6yget uMeTs
cMuica. Bynyt umerb cMuicn u oneparopu ®(H) u ®(H). Ho nam
He U3BECTHO, 6yfeT IH BHIIOTHATHCH YCIOBHE

[®(H) - ®(H)| € £ (5.7)

H, KpoMe TOro, OyJeT I BHNONHATHCE QopMmyna cuenos (5.6), eciu
Bunonagerct (5.7).

Opiako HMeeT MecTO clefyiolliee NMpelIoKeHne, KOTOpoe, o-BH-
JUMOMY, SBISE€TCHE BIOIHE JOCTATOYHHIM OGOCHOBAaHHEM IPUMEHH-
MocTH QopMmynn crenoB (5.6) K TeM BajadaM CTaTHCTHYECKOH (u-
3uKH, XoTopHe uMen B Buay U.M. JIudpmuu, ycranaBnmuBag 5Ty $op-
MyILy.

Teopema 6. ITycms H™ (n = 1,2,...) — nocaedosameas-
HOCMb CAMOCONPINCEHHBIT ONEPAMOPOS, CNEXMPAALHO CTOITUUTCA K
H, dag xomopoiz cnpasedausa npu dannom xoneunomepron T = T*
u ® €V, dopmyaa caedos:

S{B(H™ +T)— 3(H™M)} = / (V&N (n=1,2,..). (5.8)
Tozda
Jim S{®(H™ +T) - 8(HM™)} = / ®'(A)E(N)dA. (5.9)

JloxasarenbcTBO. B camom gene, Pyuxuuu £,(A) (n =
= 1,2,...) orBevaer B npocTpancTBe L;(—00,00) Becex Ppynxuui f(A),
CYMMUDYeMHX Ha BCell OCH, (PyHKIMOHAT

Balf) = / En(N)F(N)dA.
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HopMur aTux (yHKIHOHAIOB PaBHOMEPHO OrpPaHWYeHH, KOO, B CHIY

(5.4),
Ba( ) < 7 / O

C ppyroit cToponH, cornacHo (5.2), 9Tu QyHKIHOHANH CXOAITCI HA
XapakTePUCTHIEeCKOH (PYHKIHH TI060T0 HHTEpBala, M TAaK KakK IH-
HelHad O60N0YKa TaKHX XapakTePUCTHYECKHX (PYHKIHH IIIOTHA B
Li(—o0,), T0o onu BooGme crabo cxopgrcs Ha Lj(—o00,00). Ilo-
cllefjHee OBHaYaeT, 4To Ajig mobok Qyuxuuu f € Ly(—o00,00)

tn [ &0rma= [ e,

Monaras sgecs f(A) = ®’(A), Mu npupgeM k coorHomenuo (5.9).
Sameuanuve. Cormacuo (5.5), B TeopeMe 6 MOXHO GHIO GBI OCHa-
6uTh Tpe6oBanue P € V,, sameHHB ero TpeGoBaHUEM

B(X) = e + Bo(N), (5.10)

rie ¢ — IOCTOSHHAd, a P € V.
TaxuM o6pasom, ang Qyuxnuu @ Buga (5.10) npegen

lim_ S{®(H™ + T) — d(H™)}

He BaBHCHT OT BHOGOpa mociegosatensroctd {H (™}, cnexrpansio
cxongureiics x H.
Ecnn ycnosuThea nop,

S{®(H +T) - $(H)}

HOHUMAThb BTOT Mpelel, TO HPU TAaKOM pPacCIIMPEHHOM TOIKOBAaHHH
®TOrO BHpaxeHUus PopMyna cliegos 6yleT BepHa AId M0G0k QyHKIMH
® Bupa (5.10).

CnepyeT elle 3aMeTHTb, YTO CHEKTPAILHO cxofgmascd k H mo-
crefoBaTensHocTh { H (")}, YOOBIeTBOPSIOMas YCIOBHIM

@AM +T)-2(HM)ee (n=1,2,..)
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u ycnoBuaM (5.8), Bcerga MoXeT OHITH IIOCTPOEHA.
B caMmoM gene, MOXHO, HapEMeP, NONOKUTH

H® = / LnXdEs  (n=1,2,..),

-n

rae E\ — cnexrpanbHas Qynxuus oneparopa H ([p] oGosHauaeT
I[eyI0 YaCTh BellleCTBEHHOTO THCIA f).

CmexTp Tak ompefenenHoro oneparopa H(™ 6yger cocroaTs wa
KOHEYHOTO YHCIa TOYEK, 3 €CIH CIHEeKTD HEKOTOPOTrO CaMOCONPIXKeH-
Horo oneparopa Ho COCTOMT M3 KOHEYHOrO YHCIa TOYEK, TO IErkK0
BHfIeTh, 4To Ipu mioboi Ppyrknun ® onepatop ®(Ho + T) — ®(Hop)
6yfeT XOHEYHOMEDHHIM, M [yIf aOCOMIOTHO HempepHBHOH (DyHKIHH
®(A) 6yger cupaBegmuBa popMyna cirenos (cM. 1.6 §3).

Ilpu npuMeHeHHH TeopeMH 6 cliefyeT Takxke UMEThH B BHJY, YTO
onepatopsl ®(H) u ®(H + T) BnonHe ompefensioTcs 3HaYeHUIMH
Qyuknuu & Ha BaMKHYTOM MHOXECTBe TOYEK CIEKTDA ONEePATOPOB

"Hu H+T (cM. [6]). IlosToMy B mHTepBamax, CMEXHHX C DTHM
MHOXeCTBOM, PpyHKiuio ® MoXHO Bcerga CUMTATh THHEHHOH, a eClIH
CpeIH DTHX HHTEPBAIOB eCTh GeCKoHe4YHHe (KX MOXeT GHITh He 6olee
ABYX), TO B TaxoM uHTepBaie PyHKuuio ® yro6HO CIUTATH NOCTOLH-
HOH.

§ 6. PasHOCTb CHEXTPanbHEIX PyHKIHHA
OAHHOrO M BOBMYINEHHOrO oneparopa

Kax yxe oTMedanocs Bo BBefleHHH, T0ACTABHB (POPMAIBHO B Op-
myny cienos (!) Bmecto ®(A) PyHkumo

0 (A>p),
w={1 G

rje 4 — IPOUBBOIHHO BRIGpaHHOe BemecTBeHHOE Yucuo, .M. JTudp-
muy [1] mony4Yuna paBeHCTBO

S{E,- E,} = —£(p) (o0 < p < o0),

rge E, u E, — coOTBeTCTBEHHO CIIeKTpAIbHEIE PYHKIIHE OlePaTOPOB
HuwH=H+T.
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Huxe M npuBenem npumep orpanuvenHoro oneparopa H u ogHo-
MepHoro omepatopa T, gng xoTopux E, — E, He npuHagnexut £ U,
cnefoBarenso, cie S{E, — E,} B abCOTOTHOM CMEICIe DTOTO CIOBA
He CyHIeCTBYeT.

1. IlycTs $ peanusoano B Buje nmpocTpancTBa Lo(0,00) usMepu-
Muix ¢ynxmui f(z) (0 < z < 00), EMEIOIEX CYMMUPYeMBbIH KBaJpaT.
TaxuM o6pasoM, ecnu f,g € L2(0,00), To

(fag) = f(x)mdx.
/

BBegem B paccMoTpeHue fapa

H(z,s) = {Sh ze”” (z<s),

shse™® (z > s), (0<2,5< )

~ _ fchze™® (z<s),
H (z,5) = {ch,se"’ (z 2 s).

3aMeTHuM, 4TO 5
H(z,s) = H(z,s)+ ¢(z)p(s), (6.1)

rae p(z) = e~ %, _
Snpam H(z,s) u H (z,s) orBeqaloT orpaHuyenssie B Ly(0,00)
OIlepaTOpH

Hf(x) = [ H(z,5)1(s)ds,
0

I?f(:c) = /I?(a:,s)f(s)ds,

npudeM, B cuny (6.1),
H=H+(-,¢)p

OrpaHHYeHHOCTH ONEPATOPOB BHITeKaeT H3 Toro, Yro H f u H f npu
mo6oM f € Ly(0,00) sBngiorcs pemennaMu u3 Ly(0,00) cooTBeT-
CTBEHHO KPaeBHX 3aJa:

-y"+y=f  ¥0)=0
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-v"+y=f, 4 (0)=0.

TaxuMm o6pasoM, ecid OGOBHAYUTHL depe3 A CaMOCONpAXKEHHHHN
olepaTop, NOPOXK[aeMblil omepanued —d?/dz? u rpaHMYHNM yclo-
BreM ¥(0) = 0, a yepes A — caMOCONIPAXKEHHHI OEpPATOP, HOPOKIA-
eMHil TOHl Xe omepaiHel ¥ rpaHHYHEM yciosueM ¥'(0) = 0 (cm.[5]),
TO MOXHO YTBEpPXAaTbh, YTO

H=I+A)™" u H=(I+A)™"

Tak Kak CHeKTp omepaTopa A, paBHO Kak M A, COCTaBIfeT Io-
xyoch (0, 00), To cHEKTp KaxKaoro us onepaTopoB H u H cocrasuasger
narepsan (0,1) m omepaTopu H u H orpanuvenn.

IOycts Fy wFy (0-< A < 00) — cnexTpanbHbe QyHKIHHE ONEPaTO-
poB A u A. Torga cnexTpanbEHMHA QyHKnnHIMA E, u E,, OonepaTopoB
HufH 6ynyT

EIJ=I—F/\’ELL=I_IF/\ (OS[ISI; /\=;—1)

H, CIefOoBaTeNbHO,
P & 1
E,—E,=F\—-F) (Os,usl; A=;_1),

C npyro¥ cTOpoHHI, Xak usBecTHO (cM. [14, 15]), omeparop F)

BaiaeTcd SAPOM

0 A
F\(z,s) = ;/sintz sintsdt,
0

a F\ — sopoM

N

F\(z,8) = cos tz costsdt,

8N
o

H IO3TOMY

(Bu- B0 = [ Kulz,9f(s)ds  (0< 2 <o0),
0
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rae
2 7
K, (z,3) = F\(z,8) - Fy(z,s) = = / cost(z + s)dt =

0

=—2 __sin\/X(z+s) (0<a: 8 < 00)
T T+s =7 )

Ecau 6u pasnocts E, — Eu npHHagjexana £, T.e. £, ~ E,, GBI
BIIOJIHE HENPEPHBHHIM OIEPATOPOM C aGCONIOTHO CXOAAMIEHCH CyM-
MOH COGCTBEHHHIX YHCEN, TO CYMMa KBaJpaTOB COOCTBEHHHIX THCEN
BTOro ONEPaTOpPa TaKXKe CXOAUTACH OH, a TOr[a, Kak H3BECTHO, CXO-

awicg On M HHTerpal
o0 OO
//|K“(z,s)|2da:ds.
00
4
Ho sTOT ABOMHOH HHTErpal C TOYHOCTHIO IO MHOXHTEIS —; paBeH

[o <lie o] 2 . 9
//sm \/_(z-{»s)d ds _/sm Y 1y = oo
00 0

(z +s)? u

Taxum obpasoM, E, — E’,;e‘s H, eCIIH MOXHO TOBODHTE O Cliefie OIie-
patopa E, — Eu, TO TOIBKO B HEKOTOPOM YCIOBHOM CMHICTE.

BecsMa mHTEpecHO, YTO B OGHYHOM CMEICIEe TEOPHH HHTErpaib-
HHIX ypaBHeHu# 1apo K ,(z,s) HMeeT cief, a HMEHHO:

/K (5,8)ds = —/Sln2sf3 s=3 O<u<l).  (62)
0

Brruncnenne Qpynkunu (1) A4 JagHOrO Cuydad JaeT

i (0<u<),
=15 G2

TaxuM ob6pasoM, Mexay (6.2) 1 (6.3) uMeeTcs moOnHOe COrIacHe.

(6.3)
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dopMyia ClenoB 414 pacCMaTpEBaeMHX onepaTopoB H u H npu-
HHMaeT OYeHb IPOCTOH BHJ:

25{®(H) - ®(H)} = (1) = &(0).

2. Ilycts A = (a,b) — HekOTOpPHIH KOHEYHHH B3aMKHYTHH HH-
TepBal BelleCTBeHHOH ocH. IIpuaepXuBadch OGHYHEIX OGO3HAYEHHH,
MONOXHM

Ea = Eyyo — Eqo, Ea = Epy0 — E;—o.
CornacHO TONIbKO YTO IIOKa3aHHOMY B II.1, MOXeT CIyYHThCS, YTO
(Ea — Ep)EC.

BBuny sToro npefcTaBIgeT HHTEpPEC

Teopema 7. Ecau mouxu a,b g6amomcs coomeéemcmeenno npa-
6bIM U AE6bIM KOHYOM CTLEKMPAALHIZ A10K06 onepamopa H, mo (Ep—
—Ep)€ELu

S{Ea — Ep} = £(b + 0) — £(a - 0). (6.4)

JoxasaTenbcTBsBo. Tak kak B TeopeMe IpeAnonaraercs,
Y10 T — KOHEYHOMEPHH OIepaTop, TO JOCTATOYHO PACCMOTPETh
ciydai, xorga T — opgHoMepHHI onepatop: T = 7( -, ¢)p, U, CIenO-
BaTenbHo (cM. (3.10), (3.11)):

AZ___fgz_Rz=7-ﬂ°)R_z¢.
1+ 7(R.0,9)

YcnoBue TeopeMbl 0O3HAYAeT, YTO NPH HEKOTOPOM € > 0 BHyTpH
uHTepBaIoB (a—¢,a) ¥ (b,b+¢€) OTCYTCTBYIOT TOYKM CIEKTPa ONepa-
topa H. Torpa (cM. 1.7 §3) npu gocraToyHoMm ManoMm € > 0 BHYyTpI
unTepBanos (a—¢,a) u (b,b+¢) GyAyT OTCYTCTBOBATH M TOUKH CIIEK-
Tpa oneparopa H. BrbpaB Takoe ¢ > 0, okpyXuM uHTepBail (a,b)
npocTHM KoHTypoM C, HalpaBIeHHHM IPOTHB YaCOBOH CTPEIKH M
NepeceKalouNM BelleCTBEHHYIO0 OCh MeX[Yy @ —¢& U a M MexXay bu b+e.
Jlerxo BumeTh, 4TO Ha KOHType C omepatop A, 6yaeT HenpepHBHOR
BekTOp-(PyHKL¥eH CO BHAYeHUIMH #3 £, a CIeNOBaTENbHO,

J=——1fAzdz€£.
271
(o}
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C gpyroi cTOpOHH, B3 POPMYIHI
a—c b40

e (4 [ REP-

-0 a=0 bie

+0 o
d(Ex - E))

2ZSN 4T,

a—0
rge I', — romoMop@pHag BekTOp-QyHKIUA CO 3HAUEHHIMH U3 R B KOM-
IUIEKCHOM IMIOCKOCTH ¢ paspesoM BAoIb (—00,a —€) # (b+ €,00), Ges
TPyOa HaigeM, YTO B CMHCIE CXOQHMOCTH B R

27“f(R —R,)gz=Ep - EA

Tax Kak cXogMMOCTh B £ BleYeT CXOOMMOCTh B R, T0 J = Ep —
—~FEa. Torga

S{Ea — Ea} = 2_35 f S{A,}dz = % f S(z)d=.  (6.5)
C C

C npyroi cTOpOHH, BOCHONB30BABIINCH T€M, YTO BHYTPH HHTEP-
BanoB (a — €,a) ¥ (b,b + ¢) Pynknus £()) coxpaHfeT NOCTOLHHOE
sHadenne (cM. 1.7 §3), MH MoxeM mpeacTaBuTh S(z) B cieayiomeM

BHJE:
-5()= / o[+ / / / B -
/ /H/ = z)?+
+f(a_0){z-1—a_z—¢11+5}+€(b+0){2—;—5—3‘1'b}.

BHocs monydeHHOe Bhipaxenue giaf S(z) B (6.5), MBI momy4mm
(6.4).
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3akaHYHBag, 3aMETHM, YTO Pa3BHTHE 3/1eCh METOAH MO3BOIIIOT
H3Y9HTH TakKXe CIeLyIONHH BOIPOC.

Ilycts A — HEKOTOPHH SPMHUTOB OLEepaTop C MHAeKcoM jgedexTa
(r,r) (r < ), a A1 ¥ A2 — [Ba Pa3ITHYHHX CAMOCONPIXKEHHEIX pac-
mmupenus onepaTopa A. MOXHO IOCTaBHTH BOIPOC 06 OIpelencHuy

5{®(42) — &(41)} (66)

I JOCTATOYHO obimero kxnacca Gynxuui .

ATOT BOmpOC OYeHb GIHB0K K TOMY, KOTOPHIH pasGHpAICH BHIIE.

B camoM gerne, gns moboro z (Jz # 0) pesonbBerTH (A; —2I)~! u
(A2 — zI)™! 6yayT oTAHYATHCE APYT OT ApPYra Ha ONEpPaTOp pasMep-
HOCTH He Bhue r. [lng aToro omeparopa (cM. [9] u [7]) MoxHo momy-
YMTH DPOCTYIO0 (POPMYLy, a OTCIOfA yXKe MOXHO HOLYYHTh H PopMy-
ny Anis BHYHCneHus (6.6).

NMenno sTH coobpakeHHd HaBeld HAC Ha PaCCMOTpEHHE IpH-
Mepa, paso6panHoro B 1.1 §6.
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OB OINIPEIEJIUTEIIAX BOSMYIIEHUA
N ®OPMYIJIE CJENOB OJs YHUTAPHBIX
A CAMOCOIIPA2KEHHBIX OITEPATOPOB

(Hoxnagm AH CCCP. — 1962. — Tom 144, N2 2)

1. B panbHeitmeM §) o603HavaeT cemapaGenrbHoe runb6epTOBO
IPOCTPAHCTBO, R — NHHEHHOE KONbIO BCEX OTPaHNYEHHEIX ONepaTo-
POB, IeHCTBYIOIHX B §j, a & — NBYCTOPOHHMH Huean B R, COCTOSIIHH
U3 BCeX f/iePHHX OINepaTOpOB, T.e. M3 BCeX BIONHe HelPepHIBHEIX
onepaTopoB A TakWX, ITO

Sp |A| = Sp (A*A)Y/? < .

Ing A = & umelor cMHicn aBa yHruuoHana Sp A u det (I + A).

Eciu G — HexoTopas 06l1acTh KOMIUIEKCHOM IINIOCKOCTH, A,
(z € G) — ronoMoppHag onepaTop-PyHKLHSE CO 3HAUEHUIMHE U3 G, a
A(z) = det(I+A;), To B 10601 TOUke 2 € G, mug kKoTopoit A(2) # 0,
HMeeT MecTo opMyna

N(2)/A(z) = Sp (I + 4,)7(d4./d2)].

IIycts A — HeXOTOpPHI IMHEHHHIL ONEPaTOP € 06IaCTHIO ONpefe-
nenus D(A)(C H) u HemycTHM MHOXecTBOM p(A) BCeX perynspHHX
TOY€K, T.e. BCEX KOMIUIEKCHRX TOYeK Z, JIf KOTOPHX CYLIeCTBYeT
Pe30NbBEHTA

R.(A)=(A-zI)"en.

Ecmm B — HexoTopHI Apyroi IHHeHHHI oneparop ¢ O(B) = O(A)
H X0T4 6H B ofiHOH Touke 2 € p(A) BHIIOIHIETCE YCIOBHE

(B - A)RZ(A) €6,
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TO BTO YCIOBHe 6yeT BHIOIHATHCE MIf BCexX 2z € p(A) H [Jjid 9THX 2
6ylleT ¥MeTh CMEICI ONpeIeInTelb BOBMYIEHN !

Apa(z) = det [(B—zI)(A-zI)]=

(1)
= det [I + (B - A)R,(4)],

IPEACTaBIKIOIHUHE CO60H rooMOopPHYIO PYHKIHIO Ha KaXAOH CBI3HOM
koMmmnonenTe p(A). Us gopmynst (1) caeayer, 410 B To4Kax z € p(A),
Ans XOTOpHX Apg/4(2) # 0:

% AB/A(Z)/QB/A(Z) =

= Sp [R.(A) — R.(B)], (2)

z € p(A) N p(B).

OnpepenuTeny BO3MYIIEHHS [jId TeX WIH HHHIX IIap ONEPATOPOB
A, B ucnonp30BalHCh B PasIMYHHX paborax aBropa [1, 2]. Ilo-
BHOMMOMY, He 3Had 006 ®THX paboTax, K PaCCMOTPEHHIO ONpeleln-
reneil BosMyulenus npumen @ IL.T. Kypoma [3]. On paccmorpen
cBoiicTBa Ap/4(2) Ad CIyYad IBYX BaMKHYTHIX THHEHHHIX ON€pPaTO-
poB A, B, nus xoropaix D(A) = O(B) miotHo B §. B sToM ciyuae
MOXHO YyTBEPXJATH [4], 4TO e HEKOTOpHIEe CBA3HHIE KOMIIOHEHTHI

G(A)Cp(A) = G(B)Cp(B)

uMeioT ob1yio To4ky, To G(A) = G(B) n Ha G(A) Qynxuus Apg 4(z)
gBngeTcs MepomopdHo PyHKiHei, mpuyem NOpaNok Ap/4(2) B Tio-
60il Touke z € G(A) BHYKCIZeTCE eCTeCTBeHHEM 06pasoM [1, 3]. He-
pes p(A) (p(B)) smech 0603HaYaETCE MHOXECTBO KOMIIIEKCHBIX TO-
yek, cocTosliee U3 p(A) (p(B)) ¥ Bcex HBOIUPOBAHHBIX TOYEK CIEK-
Tpa omepatopa A(B), sBugionuxcs co6cTBeHHEIME wnciamu A(B)
KOHEYHOH aire6pauieckod KPaTHOCTH.

B nnemapuom poxinage Ha IV BcecolosHoM MaTeMaTHYECKOM
cpespie (6.VIL. 1961) aBTop ykasan, 4YTO B HBBECTHHX CIyYadgX MO-
XeT GHTb BBEJEHO IIOHATHE 0606UWenno0z0 onpedeaumed 603MYUe-
nug Ap/a(z). Hanpumep, 5To BOBMOXHO, Korjja omepaTopsl A i B
P€30NbBEHTHO CPaBHUMEL, T.€. KOI'/la MHOXECTBO p = p(A) N p(B ) He
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IycTO M XOTd 6bl Jd OQHOH TOYKK z € p (a Torja M Jjd BCeX z €
€ p) R.(B) - R,(A) € 6. B oToM ciyyae, BHOpaB IIPON3BOIBHO
20 € p, MOXKHO NOTOXHTH

Apjal?) = Dy/ay(?),

rae

Ao = R, (A),  Bo= R,(B).

HeTpygHo moka3aTh, YTO ¢ TOYHOCTHIO [JO MYIbTHINIMKATHBHOM
NOCTOSHHOH ompefienuTenb Ap/4(2) He BaBHCAT OT BHGOpPa TOYKH
29 € p; II4 z € p CHOBa GyfeT BHIIOIHATHCH (2) ¢ 3aMeHOH A Ha A.

2. Bce yTBepxpenus TeopeMbl 1 GBI yCTaHOBIEHH eue B [2],
KpOMe HOCIeJHEr0 U3 HUX, KOTOPOE€ COJEPXKUT NMOIOKUTEILHHH OT-
BeT Ha BOIIPOC, IOCTABICHHKH B [2, c.618].

Teopema 1. Ilycmos H, — camoconparcennviii onepamop, V € .
€6, Hy = Hi +V u A(2) = Ay,/n,(2). Toeda npu coomeem-
cmeyrowem onpedesenuy In A(z)

InA(2) = / f(—:\);dA (Im z #0), (3)
2de £(A) — esewjecmeennad uamepumat PyHKYUL, npurem

D [ lelar < se v
o (4)
2) / £(\)dr = Sp V.

Ecau onepamop V umeem 6cezo p noaodcumeavuviz (6cezo q
ompuyamesbubiz) cobcmeennuiz wuces, mo nowmu 6cdy £(A) <
< p (&(A) > —q). B uwacmuocmu, ecau onepamop V mneompuya-
meaen, mo nowmu 6cwdy £(A) > 0. [Jag 410601 Komnaexcroznaunot
nenpepvieno duddepenyupyemot dynxyuu () (—oco < A < 00) ma-
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B(\) = / eMdu(t),
w 5)
/ tlldeo(®)] < oo,

-—00

ecezda ®(H,) — ®(H,) € & cnpasedauea popmyaa caedos
Sp [8(212) - ()] = [ €NFN)ax (6)

®Popmyna (6) BrepBrie 6bina o6Hapyxena U.M. JInpumnem [5]
B CBE3H C HEKOTODHIMH BONPOCAMH KBaHTOBOH TEOPHH KPHCTAIIIOB
(cM. Taxxe ero o6sop [6]). IIp BEIBoje 5TOH GOPMYIHl YIOMSHY Tl
aBTOp IpeAnonaral, 4To V — KOHeYHOMEPHHH OllepaTop, H Hajaraln
Ha crmekTpaibHyio ¢yHkumio F()) oneparopa H; pan TpeGoBaHmit
rIagKOCTH (KpoMe TOro, NpH NosBIeHHH ¥ Hy AUCKPETHOro ClekTpa
U.M. JIndpmuy sanuceBax Gopmyny (6) B gpyrom Buge).

3. Bce yTBepxeHHs TeOpeMHl 1 HMEIOT CBOM aHAIOTH B TE€ODUH
YHHTapPHEIX OIlEPaTOPOB. B 4aCTHOCTH, HMeeT MeCTO:

Teopema 2. Ilycmes U, u U; — dea ynumapuwiz onepamopa,
npuuem Uy — Uy € 6. Tozda ¢ mounocmvro do nocmognnoz2o caaa-
emoz2o cywecmeyem eduncmeennad eewecmeennag Pynwxyug n(t) €
€ Ly (—7,7) maxag, umo

Sp [¥(U) - ¥(0)] = [ n(tav(e), ™)
2de ¥(¢)(|¢] = 1) — arobas Pynryus, donyckaowad pasodrcenue

00

V)= Y el
e ®)

[e o]
Z [nen| < oo.

n=—oo
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Dynxyug 1(t) moxcem 6bimb noayuena no Gopmuyae
1., .
n(t) = < 1;%111 arg Ay, ju, (pe') + const. (9)

CrenaeM HEKOTOpHIE IOSCHEHA K JOKa3aTEIbLCTBY TeopeMbl. Ecmu
Up—Uy €6, U, =U:(I+T),tne T € &. Tax xax I + T — yuu-
TapHHIH omeparop, T0 T = Y 7;P;, tne Pj = (-, ¢5)p; (7 € J) —
HeKOTOpad KOHeYHasd WIH GeCKOHeYHas MOCIeoBaTelbHOCTh MOMapHO
OPTOTOHAIBHBIX IPOEKTOPOB, a 1 4+ 7; = exp(id;) (-7 < 0; < 7) —
TOYKM eNUHHYHOH OKpyXkHocTH, npuieM Sp |T| = Y |r;| < oo0. Ta-
KUM obpasoM,

U =(1+ Y 58) = [[(1+7P),

J€J JeJ

Sp | Ino(UT102)| = Y 165] < o0,
Jj€J

rae depes Ing(Uy le) 0603HaYeHO TO ONlepaTOpPHOEe SHAYEeHHe
In(U] 1U2), CHEeKTP KOTOPOTO JEXHT Ha OTKPHITOM ClleBa HHTEpPBAIe
(—mi, 7).

PaccMoTpuM ciiepBa cIyyail OAHOMEPHOTO BOSMYIUEHH, T.€. KOT-
Ja

Uz = Un(I +7(, 9)%),

re
lell=1, 14+7=exp(if) (-7<8<m).

B sToM ClIy4Yae JIETKO ITIOKa3hiBaeTCd, YTO

& 0 .. 0 zt + z
vy, (2) = ¢ [cos S+ isins | ST d(E()e,p)] (121 # 1),

-

rne E(t) — cmexrpansHas QyHkuus omepatopa U;. A orcioga yr
HETPYIHO BaKIIOYATH, YTO

.6 et + 2
In AU2/U] (Z) = 1,— + 7,/ nl(t)dt

-7
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T

/mmm:;

-7

roe |m(t) < 1usignf-m(t) >0 (-7 <t < ). Beromunas
cooTHomenue (2), ybexmaeMcs i PacCMaTPUBAEMOrO Ciydas B
capaBeguuBoctH (7) npu

nt)=m(t) n ¥O) =T ()=(-2)"" («#1).

Kons cxkopo PpopMyna cenos nonyveHa nis ceMeitcta Gynkuui ¥,(()
(|| # 1), To pacmpocTpanenne ee Ha Bech kaacc Ppynknmit ¥((), yka-
BaHHHIH B TeopeMe 2, He COCTABIZET 0COBOrO TPYIa.

B cmy4ae obmero coorHomerus (9) ¢pynkuns n(t) B (7) Moxer
6biTh monyyeHa (cM. [2, §4]) B Bune cxopsimeiics B MeTpuke Lq(—7, )
cymmu Y. 1;(t), roe n;(t) (7 = 1,2,...), nony4aomancs ykasaHHEM
Bhlle criocoboM, — QYHKIUA n3 POopMybl clIeqoB Ajid YHHTAPHHIX
onepatopos U() u UL+, mpuyem

vt = g1 +1P) (j=1,2,..; UD=1y).

ITOT myTh ycTaHOBIeHHS PopMmyunn cienos (7) MHTepeceH elle
TeM, 4TO OH JocTaBiseT QyHKNUIO 7)(t), 06IATAONYIO CIeAYOMKMH
IBYMS CBOMCTBaMHU:

/ In(®)ldé < Sp [lno(U702)),

s

i / n(t)dt = Sp Ino(U;1U2). (10)

-

IocmenuuM paBeHCTBOM OSHOBHAYHO olpefensercs QyHkuug 7(t) B
dopmyre crenoB (7). OTO paBEHCTBO MOXHO PacCMaTDHBATh Kak
TpeGoBaHKe cHpaBegiuBocTH PopMynw (7) mig Pysknun ¥(() =
= Ing {, ecnn npu sToM BEpaxen#e Sp [IngU; —IngU; | moHnMaTh Kak
Sp [lno(U;'U;)]. Hopmmposanuyio pasencrsom (10) dyrxuuio ()
6ymeM HasHBATh @ynxyuet cnexmpaabrozo cdéuza ynopsdouennol
napst yrumaprsiz onepamopos Uy, U;. Us ee mocTpoeHHd BHITEKaET
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TakXke, 4YTO KOb CKOpO omepaTop U; 1y, uMeeT Bcero p co6CTBeH-
HBIX YMCel B 3aMKHYTO#l moxyninockoctd Im z > 0 (Bcero g co6eTBeH-
HBIX YHCel B OTKPHTOH HonymiockocTu Im z < 0), To mouTu Beioay
n()<p (n(t) 2 -q).

4. Jlerxo BUpETH, YTO [JBa CAMOCOIPAXKEHHHX omepaTopa H; u
H, pesonbBeHTHO CpaBHMMH B TOM M TOIBKO B TOM CIy4ae, KOTAQ
PasHOCTH U3 mpeobpasoBanui Konu

= (il — H)GI + Hy)™! (k=1,2)

anepua: Uy — Up € 6.

N3 TeopeMH 2 M ApYrHX YTBepXAeHUH OTHOCHTEIbHO QPYHKIUN
7(t) BHIBOAHTCS

Teopema 3. Bcgxoii ynopadouennoti nape pe3oabéenmuo cpas-
HUMBIZ camoconpaNcennviz onepamopos Hy, H, omeeuaem ¢ movu-
HOCTBIO JO NOCMOARKOZO CAG2REMO20 EOUNCTNGENNAL BEUJECTNEEN- -
Hag usmepumag ynxyug £(A) (—o0 < A < ) maxag, umo (1 +
+2%)71¢(X) € Ly(—00,00) u

Sp [(Hy — zI)™ = (Hy - 2I)™') =

/ (“ L)y (2 € p(H) N o). (11)

Ecau noaoxcums A(z) = AH2 /H,(2) u evibpamb odnosnaunylo zap-
smonuuecxyro eemeb arg A(z) (Im z > 0), mo mpebyemasz Pynxyus
&(X) moxcem 6bimb noayuena no dopmyae

&) = %ﬁﬁ} arg A(A +i¢) + const (mouTH Bcioay).

Dynxyug £()) 6ydem noayozpanuvennoti crU3Y, K04b CXOPO 6bi-
NOANTIOMCA caedyroujte Ycao6us:

1) 9(Hy) = 9(Hy);

2) dopmua ((Hz — Hy)f, f) (f € D(H;)) umeem xoneunoe wucao
OMPUYAMEALRBIZ K6aAOPAMO6;
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3) cywecmeyrom xowcmanmut a,f (0< a <1, B > 0) maxue,
umo

(A2 — Hi)f|| < el Hi £l + Bl fIl,  f € O(Hy).

IIpn noxasaTenbCTBe NOCTENHETO YTBEPXKICHUS IPHXOAKTCH IPH-
BIEKATh TeMMYy, KOTOpad, Kak OGHapYXXUI aBTOp, MONEe3Ha B PasiIHy-
HBEIX BOIPOCAaX TEOPHH BO3MYIIECHHH.

Ecmn cmexTpw yHuTapHHX omepatopoB Uy (k = 1,2) mexat
COOTBETCTBEHHO Ha Jyrax

C=exp(if) (ex<O<fi k=1,2),
TO CHEeKTp X mpousBegeHns Uy U, mexuT Ha gyre
¢ =exp(i0) (a1+ az <0< B+ Ba).

OTMeTHM, YTO COBOKYNHOCTH yCIoBHi 1) 1 3) mo apyromy moBogy
HCIOIB30BATAch B paboTe [7].

Pasymeercs, ¢pyuxuus £()), oupenensemas u3 (11), nmossonser
HamucaTh GopMmyny ciegos (6), koTopas OymeT CIpaBefIHBa JiId CO-
OTBeTCTBylomero knacca Gyuxuuit B(A).

5. Ecin H, — momyorpaHuieHHHH omneparop (WM, B 6olee 06-
IeM BHfE, — ONEPAaTOp, HMEIOIHH HEKOTOPHH CIEKTPAaIbHHIH TIOK ),
TO TakOoBHM 6yfeT H BCIKHH CaMOCONpLXeHHHH omepaTop Ha, pe-
BONBBEHTHO CpaBHUMHI ¢ Hy. B »THX ciyyadx mepsHe aBa yTBep-
XJIeHHd TeopeMHl 3 MOTYT GLITH JeTKO MONyYeHH H3 TeopeMH 1 myTeM
nepexona ot omepaTopoB Hy m Hy kx ux pesonsBenTaM Ry(Hy) m
R.(H3), roie a — xakad-mu6o BelleCTBeHHAS TOYKA, PeryIdpHas [jif
H, u H,. Bonee Toro, Jug ciyyas, Korja, HallpaMep, 06a onepaTopa
H, u H, nonyorpaHu4eHH CHH3Y, OPMyla CIelOB JiIf HEX MOXeT
6HTD HonyYeHa (Ha OCHOBAHHY TeOPeMH 3) IpH BHIOIHEeHHH yCIOBUS
RY(H;) — RY(H,) € 6, e v > 0 1 @ — xakas-mu6o! BemecTsennas
TOYKa, TeXxainad JeBee cnekTpoB Hy u Hy (mo noBoay sToro ycioBus
cM. [8, 9)).

t Brnonnumocts YCIOBHA He 3aBHCHT OT BHG6OpDa TOYKH @& H €ro JXeCTKOCTb
NajaeT C yBeIHYEHHEM V. .
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