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BBepeHUne

N3nr0keHne Kypca HAYHEM C PACCMOTPEHUS HAWUBHOM (KAHTOPOBCKOM)
Teopuu MHOXecTB [1, 2]. AAd Hayara ONUIIEM A3bIK (MAM CUMBOAMKY)
TEOPUU MHOKECTB. B Teopuu MHOKeCTB (KaK B HAUBHOM, TakK U B op-
MaAbHOM) MBI AIOOOM OOBEKT CUMTAEM MHOXXECTBOM, T.K., BO-TI€PBHIX,
9TO HUYYTh He MelllaeT HaM MOAEAWPOBATH IIPU IOMOIIM TEOPUU MHO-
>KeCTB peasbHble OOBEKTHl, @ BO-BTOPHIX, 3TO YIIPOIaeT IIOCTPOEHHUe Ca-
MOM TEOPUH.

Ans1 0003HAUEHMS IIPOU3BOABHBIX MHOXKECTB MBI OyA€M HMCIIOAB30BATh
AQTUHCKUE OYKBHL a,b,...,2, KOTOpPBIE B AQAbHeHUIIeM OyAeM Ha3bIBATh
nepemeHHbIMU.

OCHOBHON AOTHMYECKOU (POPMYAOU IIPU ONMCAHUU MHOKECTB SIBAS-
eTcsa (popMyaa BUAQ * € ¥y, TAe I€pPEeMEeHHbIe T,y MOryT OBIThH 3aMeHe-
HBI AIOOBIMM APYIMMHU IlepeMeHHbIMU. OTMeTUM Takke, 4TO B (hOpMy-
A€ T € y epeMeHHbIe x,y, 0003Hayvalolue MPOU3BOABHBIE MHOXKECTBA,
MMEIOT HECKOABKO OOAee KOHKPETHBIM CMBICA, @ UMEHHO, iy 0003HavaeT
HEKOe MHO>KECTBO IA€MEHTOB-MHOXKECTB, CPEAU KOTOPBIX €CTh MHOXKe-
cTBO z. [loaTOMy hopMyAad x € y UUTAETCA «r €CThb DAEMEHT Yy» HUAU XKe
«x TIPUHAAAEIKUT y», MHOTAQ TaK>Ke TOBOPST «y COAEPXKUT x (B KauecTBe
saeMeHTa)». M3 ocHOBHOM, a Aaree MBI OyAeM HasbIBATh €€ amomap-
HOU, (POPMYABI MO>XHO IIPM IIOMOIIM AOTMYECKUX CBI30K U KBAHTOPOB
CTPOUTH HOBBIE (POPMYAbl, ONUCHIBAIOIIUE PA3AMYHBIE CBOMCTBA MHO-
KecTB. AAG 3TOTO BBEAEM B PACCMOTPEHNE CUMBOABI AOTUUECKUX CBS30K
W KBAHTOPOB: ] 3aMeHdeT 4aCTHUIy «He», A\ — COI03 «Hu», V — «HAn», —
— (CAEAYEeT», <> — «TOTAQ U TOABKO TOTAQ, KOTA@», «PAaBHOCUABHOY», YV
— «AAS ATOOOTO», 3 — «CYIEeCTBYeT».

[Toctpoenue (popMyAa NPOUCXOAUT PEKYPCHUBHO C MCIOAB30BAHUEM
QTOMAapHOU (POPMYABI U AOTMUECKUX CBSA30K M KBAHTOPOB. Tak, IIpu I10-
MOIIIX aTOMApPHOHN (DOPMYABI MOXKHO TIOCTPOUTH (DOPMYARL: (1 € y) A (x €
z), 3z ((z € 2)A](x € y)). TTepemenHasi B hOpMyAe HA3BIBAETCS CBS3AH-
HOU, €CAM OHA CTOMUT HOA KaKUM-AMOO KBAHTOPOM, B IIPOTUBHOM CAyYae
OHa HasbBaeTcsi cBoboghol. Tak, B dopmyae Iz ((z € 2) A (|(z € y))
rnepeMeHHas r CBA3aHHAas, a IepeMeHHbIEe ¥, z CBOOOAHBIE.



Camu (OPMYABI MBI TaK)Ke OyAeM 4acTo 0003HAyaTh MepeMeHHBIMH,
AAST OTUX TIeAeM MBI UCTIOAB3YeM Tpedeckue OYKBBHI ¢ M 1), YKa3biBas B
CKOOKAaX, €CAU HY)KHO, IIepeMeHHBIe, CBOOOAHO BXOAALINE B (DOPMYABL.
Hamnpumep, MBI MOKeM 0003HAYUTL (OPMYAY x € y 4epes ¢, ¢(x), p(y),
o(x,y) nam p(y,z). [Ipu 3TOM BCerAa CAEAyeT IOMHUTH, KaKue UMEHHO
nmepeMeHHbIe YKa3aHbl B CKOOKAX, YTOOBI TIPU 3aMeHe IepPeMeHHBIX He
HapyuaAach CTPyKTypa (opMyabl. Tak, ecAu y Hac depes p(r) o603Ha-
yeHa opMyara x € y, TO ¢(z) 6yaeT o003HAUaTh (POPMYAY z € y; €CAU
J)Ke MBI O0O3HAUMAU uepe3d ¢(zr) OPMyAy y € z, TO p(z) yKe OyaeT
0003HavaTh POPMyAy y € 2 |

YTOOBI HE UCIIOAB30BATH 'POMO3AKHUE 3aIUCU (POPMYA (KOTOPBIE K TO-
My K€ YacTO OKAa3bIBAIOTCS HEYAOOOUYHUTAEMBIMH), MbI OYAEM HCIIOAb-
30BaTh COKpAIIEHUsT 3amucu AAS PopMyA. Huke TMPUBOAUTCS CIMCOK
COKpAIlleHu, B KOTOPOM CAeBa OT 3HAUKA := CTABUTCSI OTPEAEASIeMbIN
CUMBOA, a CIpaBa — (PpOpMyAa, KOTOPYIO OH 3aMeHSseT.

Ve€a: p:=Vz (r €a— @)
dr€a: p:=T3z (x €aNnyp)
aCb:=Vr(r€a—z€b)
a=b:=(aCbAbCa)
aCb:=(aCb)A(a+#Db)
aé¢b:=]|(a€b)

=]
a#b:=(a=0>)

[TepBbie ABa OIpeAeAeHUsT 3AeCh SBASIOTCS He COKPAIEHUSIMU AAS
KOHKPETHBIX (DOPMYA, @ CXeMaMM COKpAllleHUuY, a Ka*kKA0e KOHKPETHOe
COKpaAllleHUEe ONPEAEASIeTCS y>Ke KOHKPETHOU 3aMeHOMN IepeMeHHOMN
Ha HEKOTOPYIO POPMYAY.

Hekoropble U3 3TUX (POPMYA UYUTAIOTCA CIEIMAABHBIM 00Opa3oM, a
UMEHHO, a C b UMTaeTCs «a COAEPIKUTCS B b» UAU «a €CTh IIOAMHOXXECTBO
b», a C b — «a ecTb cOOCTBEHHOE IIOAMHOXXECTBO b».

Bce o0o3HavyeHUs], MpUBEAEHHBIE TYT, CTAHAQPTHBI M BCTPEYalOTCId BO
BCexX 0OAQCTSAX MaTeMaTHUKU. 3aMeTUM, UYTO PaBEHCTBO MHOXKECTB MbI
ompeAeAsieM, @ He pacCMaTpUBaeM ero Kak HeuTO IIPeAOIpeAeAeHHOe, U
BbIpa)kaeT OHO TOT (PaKT, YTO MHOXKECTBA, COCTOSAIIAE U3 OAHUX U TeX
K€ DAEMEHTOB, PaBHHI.

Kpome o6o3HaueHUss POPMYA UCIIOAB3YIOTCS TaKyKe OOO3HAUEHUS AN
MHO>KECTB. DTO CBSI3@HO C T€M, YTO MHO>KECTBa MOKHO 3aAaBaTh IMTOCPEA-
CTBOM HEKOTOpPBIX (popMyA. Hampumep, aAr 0003HAUYEeHUST MHOKECTBQ,



6 BBEAEHHE

COCTABAEHHOT'O M3 ABYX 3AEMEHTOB I,Yy, UCIOAB3YeTCsi CUMBOA {z,y}.
OrnpepeaeHre TaKOTO MHOKECTBA 4epe3 OIMMCAaHUe ero 3AeMeHTOB OCY-
IECTBASIETCST YKa3zaHueM (POpMyABl ¢(z):=z = x V z = y, T.e. MHOXe-
cTBO {Z,y} COCTOUT M3 BCEX TAKUX IAEMEHTOB Z, AASI KOTOPBIX MCTUHHO
¢(z). Takol crroco® ONMMCAHUS MHOKECTB MBI U 3a(PUKCUPYEM B CAEAY-
IOUX 0003HAUeHUsIX (OOBIYHO MX MPUHSATO Ha3bIBaTh mepmamu). Hepes
{z| ()} ycroBuMCs 0603HaUATH MHOMKECTBO BCEX TaKUX I, AAST KOTOPBIX
¢(r) McTUHHO,! AaAee TTOAOKUM:

{a,b} :={z|z =aV 2z =0}
{a} :={a,a}
anNb:={z|x €anzecb}
aUb:={z|x €aVurecb}
a\b:={z|x €anz¢b}
Ua:={z|Jy €a: z €y}
Exp(a) i={z] 2 C a}
S(a):=aU{a}
0:={x| x # x}

[ToHaTHO, YTO BCE 3TU TePMBI, KpoMe S(a), UMEIOT CBOM Ha3BaHUS, U
BCe OTHU Ha3BaHUS CTAHAQPTHBI AAST AFOOOM 0OAACTU MaTeMaTUuku. Hampu-
Mep, aNb 0603HaYaeT repeceveHre MHOXKECTB a U b, TepM Exp(a) o603Ha-
yaeT MHO’KECTBO BCeX ITOAMHO>KECTB MHO’KeCTBa ¢ U Ha3bIBAeTCsl DKC-
IIOHEHTOU WAW CTEIIeHHBIM MHO’KeCTBOM MHOJKeCTBa «a, a TepM {a}, 060-
3HAQUAIOIMMNA OAHOTOUEUYHOE MHOXKECTBO, Ha3bIBAeTCSl CUHIAEémOM. Tepm
S(a) OyAeT MCIOAB30BATHCS HAMU AOCTATOYHO YaCTO IIPU U3AOKEHUU
Kypca, IMO3TOMY MBI BBEAEM Ha3BaHUWe U AA Hero. MHoxkecTBO S(a)
OyAeM Ha3blBaThb NOCAEgYIOWUM 3a MHOKECTBOM a. ECAM pAcKpEITH ero
olpepeAeHUe 6oAee TOAPOOHO, TO HETPYAHO 3aMETUTh, UYTO AASL BCSIKOTO
9AeMeHTa ¢ € S(a) UMeeT MeCTO x € a V & = a. DTO MHOKECTBO Ha OAUH
9AEMEHT paclIUpsieT MHOKECTBO a, AOOABASISI B KAUeCTBEe dAeMeHTa CaMo
MHO>K€ECTBO .

'Tako# crmoco6 OMMUCAHUS MHOJKECTB 3acTaBASeT Hac HCIOAB30BaTh TepMBI, B KO-
TOPHIX IPUCYTCTBYIOT CBsI3aHHEBIE IlepeMeHHble U (hopMyArl: B TepMme {z| p(x)} mepe-
MeHHasi & CBsi3aHa, a (PUrypHble CKOOKM HUTpAlOT 3AECh POAb KBAHTOPA C TE€M AMIIb
OTAMYHMEM, UTO B UTOTe MBI IIOAy4aeM He (POpMyAy, a TepMm. TakuMm oOpa3oM, A3BIK,
KOTOPBIM MBI OIIMCHIBAEM ceMldac, He SIBASIETCS S3BIKOM nepBoro nopsagka [3, 4]. I'lo-
CKOABKY SI3BIKM IIEPBOTO IOPSAKA MMEIOT HECKOABKO IPEUMYIIECTB (C TOYKU 3PEHUS
MIPOCTOTHI UX U3YUEHUsI) TIepe) OCTAaAbHBIMU SI3bIKaMH, TO B § 1.1 MBI IOCTPOUM TEOPHUIO
MHOJKECTB B SI3bIKE IEPBOTO MOPSIAKa — 6e3 MCIIOAB30BaHUS MOAOOHBIX TEPMOB.



W3 onpepereHrss paBeHCTBA MHOYKECTB HETPYAHO 3aKAIOUUTh, YTO AAS
Ka’kKAOTO MHOYKEeCTBa 7 UCTUHHO T = I, TIO3TOMY B IIYCTOM MHO>XeCTBe )
HeT HU eAWHOTO dAeMeHTa. [TycToe MHOXKeCTBO () HaM TakyKe HeOOXOAU-
MO AASl IIOCTPOEHUS TEOPHUM MHOJKECTB, KaK, HallpuMep, YUCAO HOAb B
apudmeTrke. Tak Kak Mbl XOTUM B pe3yAbTaTe llepecedeHuss MHOKEeCTB
BCSIKUM pa3 IOAYYaThb MHOKECTBO, TO MBI OO43aHBI IIPEAYCMOTPETH U
TOT CAydYal, KOTA@ ABAa MHOXXKeCTBQ, llepecedyeHue KOTOPBIX MBI HIIEM,
He UMEeIOT OOIIMX 3AEMEHTOB, T.e. UX IlepecedyeHUueM SIBASETCS IIyCToe
MHO>KECTBO.

Ha 5TOM 3aBepInaeTcst OnucaHue si3bIKa TEOPUU MHOMKECTB.?

C camoro Havanra Mbl IPEAIOAOXKMAU, UTO BCE MHOKECTBA, KaKue MbI
paccMaTpyuBaeM B HAWBHOM (KQHTOPOBCKOW) TEOPUM MHOJKECTB IIPEA-
CTaBALIOT U3 Ce0sl IPOU3BOABHBIE HAOOPBI MHOJKECTB, HUKAKUX APYTUX
OrpaHMYEHUU HA MOHSATHE MHO’KECTBA MBI He HaKAaAbIBaAu. [Tokarkewm,
YTO TaKoe AOCTAaTOYHO ITPOU3BOABHOE OINPeAeAeHUe MHOKEeCTBa He MO-
>KeT OBbITb KOPPEKTHBIM C TOUYKU 3PEHUSI AOTHMKM, MO0 MPUBOAUT K MPO-
TuBOpeunio. CAeAYIOIIUM TAPAAOKC, KOTOPBIM MBI IIOAYYMM 3A€Ch, Ha-
3bIBaeTCA Iapapokcom Pacceana.

[TockoAbKy aToMapHas opmyaa x € ¥, BbIpAKAIoWas IIPUHAANEK-
HOCTh MHOJKECTBA T K MHOJXXECTBY ¥, UMEET CMBICA AAS AIOOBIX MHO-
KeCTB T U Yy, HUUTO He MelllaeT HaM PAaCcCMOTPETh TAKOU ee BUA: & € .
C TOuUKM 3peHusi 3ApaBOTO CMBICAA (POPMyAd & € & AOAJKHA OBITH AOXK-
HOU AASL AIOOOrO MHOXKeCTBa , MO0 MBI CUMTAEM, YTO 4aCTh HEKOEeTO
00BbeKTa (B AQHHOM CAy4Yae MHOJKECTBA) He MOJKET COBIAAATh C CAMUM
9TUM OOBEKTOM. [T0O3TOMY MBI BBOAUM CAEAYIOIllee OIIpeAeAeHue: MHO-
JKEeCTBO X TaKoe, UTO = ¢ I, Ha3bIBAETCS PEryAspHbIM, @ MHOXXECTBO I,
MM KOTOPOTO = € T, HA30BEM CUHI'YASPHbIM.

CHOBa HaM HHMUTO He MeIllaeT CoOpaThb BCe PeryAsipHble MHOKEeCTBa
B OAHO MHOKeCTBO R, TouHee, R:={z| x ¢ z}. [lonbITaeMcsa Tenepsb OT-
BETUTh HA CAEAYIOIIUN BOIIPOC: PETYASIPHO UAM CUHTYASIPHO MHO>XECTBO
R?

[TpeAToAOKHM, YTO MHOXKeCTBO R peryaspHo, T.e. R ¢ R. Ho Toraa
R ypOBAETBOpSIET TOMY CBOMCTBY, KOTOPBIM OHO CaMO OIIPEAEAEHO, 3Ha-
unt, R € R. [lporuBopeune. [IpeAlIOAOKUM TOTAQ, YTO R CUHI'YAADHO,
T.e. R € R. Ho Torna R He yAOBAETBOPSET TOMY CBOUCTBY, KOTOPBIM
OTIPEAEAEHBI €TI0 DIAEMEHTHI, CAeAOBaTeAbHO, R ¢ R. IlpoTuBopeune.

HNTak, MHOXeCcTBO R He PEeryAipHO U He CUHTYASIPHO, 4ero OBITh He
MOJKET, €CAU Mbl IPUHUMAEM 3aKOH MCKAIOUEHHOT'O TpeThbero (Ambo A,
Anbo He A). Tak MmoxeT ObITh, & — He MHO>XeCTBO?

’Boaee MOAPOGHO O SI3BIKAX TEOPUHU MHOKECTB M UX aHAAM3 cM. B [3, 4].



8 BBEAEHHE

[ToAnyyeHHBIV MAapapOKC, KaK MOJKET ITI0KAa3aThCs, AOKA3bIBAET HECO-
CTOATEABHOCTH CAMOU MAEU MHOJKECTBA, KaK BBICIIIEN TOUYKM aOCTPaKIIMKU
B MaTeMaTHYeCKUX HaykKax. Ha caMoM ke pAeae BeChb TOT IyTh, KOTOPHIA
MBI TIPOIIAU TIPU IOCTPOEHUU MHOKECTB M IIPU PAacCMOTPEHUHU Iapa-
AOKca Pacceana, y>ke paeT IIPEANOCBIAKH K peIIeHHIO 3TOTO MapapoKCa.
MBI ¢ camoro Hayana CYUTAAM, UYTO MHOXKECTBO €CTh IIPOU3BOABHAS CO-
BOKYTIHOCTH (MHO>KECTB), YTO IIPUBEAO K IIOCTPOEHUIO ITapaAOKCAABHOTO
MHO>KecTBa [R. HaCKOABKO BEAMKO 3TO MHO’KECTBO, Mbl TaKyKe He 3Ha-
eM, U0O MBI IIPEATIOAOKHUAU CYIIeCTBOBaHME CUHIYAIPHBIX MHOKeCTB. C
APYTOM CTOPOHBI, €CAU IIPEAIIOAOKUTD, YTO BCE MHOXKECTBA PETryASIPHEI,
TO R OypeT IIpOCTO MHOXKECTBOM BCeX MHOXXeCTB. KOHeuHO, 3TO He u3-
OaBAsieT HAC OT IIPOTUBOPEYMS, HO 3aTO AQET ITOBOA MOIBITATHCSI UCKAIO-
YUTHh U3 PACCMOTPEHUS] CUHTYASPHble MHOXKECTBQ, a TaKXKe «CAUIIKOM
OOABIIIME» COBOKYIITHOCTHM MHOJXKECTB IIyTE€M HaBA3bIBAHUS MHOXKECTBAM
HEKOTOPBIX YCAOBUU MAU, KaK IIPUHATO TOBOPUTH, AKCUOM.

MBI moAeM IPUMEpPHO II0 TOMY JKe IIyTH, KAKUM B CBO€ BpeMs IIOIIeA
Llepmeno, onyOoaukoBaBiuu Briepsble B 1908 roay HEKOTOpBIE aKCUOMBI
TEOPUU MHOJKECTB, KOTOPble OBIAM BIIOCAEACTBUM AOIOAHeHBI DpeHKe-
AeM. MBI BOCIIOAB3YeMCSI METOAOM (hOpMaAu3anuu ['mapbepTa, KOTOPBIU
BIIepBBIe ObIA IpUMeHeH [MABOepTOM ITpU NOCTPOeHUHU (POPMAABHOM aK-
CHOMATUYECKOU TeoMeTpuu [5] (4eM, cOOCTBEHHO, ObIAQ 3aKpBITa IIPO-
OAeMa mAaToro MocTyAaTa EBKAMAQ) M PAa3BUT B ero COBMeCTHOM C bep-
HanucoM (pyHAAMEHTAABHOM Tpyae « OCHOBAHUSA MaTeMaTUKu» [6].

AAS 5TOTO MBI ITOIIBITAEMCS OIIPEAEAUTH OCHOBHBIE TPEeOOBAHUSA K MHO-
>KeCTBaM TakK, YTOOBI M30eKaTh N3BECTHBIX IIaPAAOKCOB HAUBHOM TEOPUU
MHOJKECTB U B TO K€ BpeMsl COXPAaHUThb YPOBEHb aOCTPAKIIUU ITOHATHUS
MHO>KECTBaA.

[TepeyricAmM HEKOTOPBIE U3 3TUX TPeOOBAHUM.

1) OcHOBHOE CBOMCTBO paBeHCTBA (1o ['MAbOepTy [60]), 3akArOUaroIe-
ecsi B CAGAYIOIeM: eCAM & = Y, TO €CAM UCTUHHO (), TO TaKOBO
Ke U p(y). DTO CBOMCTBO MHOXKECTB MBI OYAeM Ha3bIBaTH 00bEM-
HOCMbIO.

2) CyiecTBOBaHMe TyCTOTO MHOXXecTBa ().

3) M3 ABYyX MHO’KECTB & U § MOJKHO IIOAYYHUTDH APy MHOXKeCTB {z,y},
KOTOpasi Takke OyAeT MHOKeCTBOM.

4) AAd BCSIKOrO MHOJKECTBA T KO MHOXXeCTBaM OTHECeM U ero o0b-
eAnHeHue Uz.



5) AAST BCSKOTO MHOXKECTBA & MHOXECTBOM HA30BeM U €ro CTelleHb
Exp(z).

6) Ecau = MHOXecCTBO, a (z) — dopMyAa, TO MHOXKECTBOM OYAET
Takke U {z| z € x A p(2)}.

7) Bce MHOXKecTBa OyAeM CUUTATh PETYASIPHBIMMU.

Bce 3Tn TpebGoBaHUS, KpOMe IIOCAEAHErO, OTPA’KAIOT KOHCTPYKTUB-
Hble aKCUOMBbI MHOXXKECTB, T.€. aKCHMOMBI, SIBASIOIIUAECSd, 110 CYTH, IIpa-
BHUAAMU AASL TIOCTPOEHHUSI MHOXKECTB, OTIIPABASISICH OT IIyCTOTO MHOXKe-
ctBa. OAHAKO 3TUX aKCHOM ellle OKa3hIBaeTCsI HEeAOCTAaTOUHO AAS TOTO,
yTOOBI POPMAAM30BaTh B TEOPUU MHOIKECTB OOABIITMHCTBO MaTeMaTHU-
YEeCKUX pe3yAbTaTOB, HAIIpUMepP, M3-3a OTCYTCTBUSI aKCUOMBI OeCKOHeu-
HOTO MHOXXeCTBa. [IOAHBIM HAOOP aKCUOM, MPEACTABASIONIMM CETOAHS
dopmMarbHyIO Teopuio MHOXKeCTB Llepmero—@DpeHKeAs BKAIOUAET Ae-
BATH @aKCUOM, C (DOPMYAMPOBKH KOTOPBIX MBI U HaYHEM PAaCCMOTPEHHEe
AKCUOMATUYECKOU TEOPUU MHOKECTB.



I'raBa 1

OCHOBAHUE

§1.1 dopmanrpHass akCHOMaTUKa

[TpeameT u3yueHus AQHHOTO Maparpada npeacTaBasieT cOOOM SI3BIK Mep-
BOI'O TIOPSIAKA (MO0 B Ka4eCTBe TEPMOB MBI MUCIIOAB3yeM TOABKO IIepeMeH-
Hble), O0oAee TIPOCTOU, YeM TOT, C KOTOPBIM MBI UMEAU AEAO BO BBeAe-
HUM, ¢ HAOOPOM aKCHOM, KOTOphble MBI IIPUBEAEM UYyThb IO33Ke. S3BIK,
KOTOPBIM MBI ONUIIEM 3AEeCh, IO TPAAUIIMU MBI OyAeM Ha3biBaTb ZF —
[0 TEepBBIM OYKBaM CO3AATEAeN aKCHMOMATUYeCKOM TeOpUU MHOXKEeCTB
Llepmeno (Zermelo) n @penkeas (Fraenkel). OroT ke cumBoa (ZF) mbl
OyAE€M HUCIIOAB30BAaTh U AA OOO3HAUEHUSI TOABKO aKCUOMATHUKU Hallen
TEOPUHU.

Kak u npe>kpe, MBI UCIIOAB3YEM 3A€Ch AQTUHCKUE OYKBHI a,b,...,2 B
KaueCTBe IIepeMeHHBIX, IPOOeraroux MHOKECTBa, 'peyeckue OYKBHI ¢
U ¢ B KadecTBe OOO3HAUeHUMN (POPMYyA U NPUHUMAEM BCe Te IIpaBUAA
IIOCTPOEHUU (POPMYA U COKpAIeHUU 3anUCh (POPMYA, O KOTOPBIX IIAQ
peub BO BBEACHUU. '

Akcnomaruka ZF (mo Koamoropoy [4]) mpeACTaBAsieT COO0OM CAEAY-
IOIIMYU CITMCOK aKCUOM.

S1. AKcuoMa 3KCTEHCUOHAABHOCTH (OO BEMHOCTH):

r=y—>(re€ez—ycEz2).
S2. Akcuoma IyCcTOoro MHO>XKeCTBa:

JuVz z ¢ u.

M1 Toka u3beraeM HCIOAB30BAHUS COKPALIEHUIH AAS 3aIIICH MHOYKECTB (TEPMOB),
KOTOpPHBIe OBIAM Y>Ke ONPEAEAEHBI BO BBEAEHUHU, IMOCKOABKY XOTUM C(OPMYAUPOBATH
aKCHOMBI B MAKCUMAABHO IIPOCTOM SI3BIKe, CM. [3, 4].
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S3. Akcuoma naphl:
JuVz(zceus (z=aVz=y)).
S4. Akcuoma OOBbeAVUHEHUS (CYyMMBI):
JuVz (z€us Jv(ze€vAvEra)).
S5. Akcuoma CTelneHHOTO MHOYKeCTBa (3KCIOHEHTHI):
JuVz (z €uszCua).
S6[¢]. Cxema akKCHOM COAEP’KATEABHOCTH (BBIACAECHUS):
JuVz (zeuszexp(z)),

rae hopmyaa ¢(z) a3bika ZF He copep>KUT CBOOOAHO TTepeMeHHOH u.
S7. Akcuoma peryasapHOCTH (PyHAUPOBAHUIA):

(Fzzex) > (Fz€x:|Fu(u€zhué€Er)).
S8[¢]. Cxema akKCHOM ITOACTAHOBKMU:
JuVz (z€eueIrecv: px,2) ANVw (p(z,w) = 2z = w)),

bopmyra ¢(z,z) HE COAEPKUT CBOGOAHO IIEPEMEHHBIX U U 0.
S9. AkcromMa O€CKOHEUYHOCTH:

Ju (Ve Ve x ¢ z) > 2z€uN
Vzeu: Vo (VexeverezVae=2) —veEu)).

HeTpyaHo yOeAUTHCS B TOM, UTO IIepBbIe CeMb aKCUOM S1 — S7 mpakTu-
YeCKH B TOUHOCTU MOBTOPSIOT T€ TPeOOBAaHUS K MHOKECTBAM, KOTOPhIE
OblAM HaM#u C(POpPMyAMPOBAaHBI BO BBepeHUU. Hampumep, akcuoma S2
BBIpa’KaeT CYIeCTBOBAHMUE IIYCTOTO MHOJKECTBA, AAS 3TOTO AOCTATOYHO
BOCITOAB30BAThLCS OIPEAeAeHreM TepMma (), TPUBEACHHOTO HaMHW BO BBe-
AeHuHn. AKkcroma S1 uMeeT 6oAee TPUBUAABHBIU BUA, YeM Hallle TpeOoBa-
Hue 1). OKa3bIBaeTCs, UYTO @aKCUOMBI S1 AOCTATOYHO AAS BBITIOAHEHUS 1),
O 4eM CBUAETEABCTBYET CAEAYIOIIasd TeopeMa O PaBEeHCTBE MHOXKECTB.

Teopema 1.1. PaBeHCmBO MHOXeCMB ygOBAeMBOpsAEm CAegyroujuM CBOU-
cmaam:

1) x = x gaa ar060ro MHOXecmBda .

2) gast npou3BoAbHOU opmyabl @(x) co cBoOOgHOU nepeMenHou x:

r=y— (p(x) = 0(y))
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Aokazameabcmso. [lepBoe yTBep>KAeHHE BBITEKAeT HENOCPEACTBEHHO
U3 ONpPEeAEAeHUd PAaBEeHCTBA U IIPABUA BBIBOAQ, AAS IIPOBEPKU BTOPO-
ro HeOOXOAUMO BOCIIOAB30BAThCSl BCEMU COKPAIEHUSIMU AAT POPMYA U
IIpaBUAAMM BBIBOAA (CM. [60]), a TakKe akcuomou Sl.

CHauvanra 3aMeTHUM, YTO PABEHCTBO MHOXXECTB CHUMMETPUUYHO, T.e. U3
T = y BBITEKAEeT Yy = x, YTO IIPOBEPSeTCs HEOCPEACTBEHHO IIO OIIpeAe-
A€HHIO POPMYABI PABEHCTBA.

AOKa3aTeAbCTBO YTBEPKAECHUS 2) IIPOBOAUTCSH UHAYKTHUBHO IIO CAOXK-
HOCTU (POPMYAEL ¢, @ akcuoma Sl aBageTrca 0a3ou MHAYKIUU. VIMeHHO,
CHa4YaAa HEOOXOAUMO IIPOBEPUTH, UTO 2) CIIPABEAAUBO B TOM CAyYae, KO-
rAa () siBAsieTcs aToMapHOM (popmyaoi. [Ipu 3TOM ¢ MOXKET WMeTb
OAVH U3 CAEAYIOIIUX ABYX BUAOB: AMOO ¢(r):=2z € x, AMOO p(r):=1x € 2.
[ToHATHO, 4YTO BMECTO 2 MO’KHO IOACTABUTH AIOOYIO APYIYIO IIepeMeH-
Hy!0. CIIpAaBEAAUBOCTE YTBEPKAEHUA 2) AT (DOPMYABL 2 € & BBITEKAET
HEIOCPEACTBEHHO U3 OIIPEAEAEHHUSI PaBEeHCTBA (CM. BBepeHue); andg gop-
MYABL & € Z YTBEP)KAEHHUE 2) eCTb B TOYHOCTU akcuoma Sl.

WTak, 2) BEIIOAHSAETCSA AAS @TOMAapHOU (POPMYABL. [TpeAnoAoKUM pAa-
Aee, 4TO 2) BepHO AAd (hopmyA ¢(z) u ¢(x). Temepb HEOGXOAUMO TIO-
Kas3aTb, 4TO 2) OyAeT CIpaBepAUBO U AAST opMyA |o(x), ¢(z) A (),
dz ¢(z,2), TAe 2z CBOOOAHO BXOAUT B . Bce mpoune (hOPMYABI SIBASIOT-
Cs1 KOMOMHALUSIMU MMEePEYUCAEHHBIX TOABKO YTO (POPMYA, IIO3TOMY HET
HEOOXOAUMOCTH MX PAaCCMATPUBATh.?

PaccmoTpuMm cHauana |(z). [To TpeATIOAOKeHHIO

=y — (p(r) = ),

OTKyAQ 3@aMEHOM IIepeMEeHHEBIX IIOAyYaeM

y=1x— (py) = o(z)).
N3 cuMMeTpUYHOCTH PABEHCTBA M IIO IIPABUAY KOHTPAIIO3UIIMU [0] 11O-
AyyaeM

z =y — (Jo(x) =le()),

YTO M TPeOOBAAOCH.
Paccmotpum Tenepsb () A ¢(x). [TOCKOABKY B CHAY IIPEAIIOAOKEHUS
nMeeM

r=y— (ox) =), z=y— W) —=YQy)),

TO IO MPAaBUAY COEAUMHEHUS BBIBOAOB [0] ITOAYUMM:

r=y— (o) = oy) A W) = P(y)),

2NetictBuTeasHO, p V¥ &1(JpAlY); © = ¥ &]p Vi,
leed]e (@29 AM =) Vop el ]e).
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OTKYAQ IO IIPABUAY BBEACHUS KOH'BIOHKIUU [0] 3aKAIOYAEM:

=y — (¢@) ANY(z) = py) AN(y)).

PaccmoTpuM, HakoHer, hopMyAy Jz ¢(z, z). V13 TpeAnIorOKeHUs

z=y— (p(x,2) = oy, 2))

10 IIPABUAY BBEAECHHUS KBAHTOPA CYILIECTBOBAHU [0] IMOAydYaeM

r=y— (p(r,2) = Jtp(y,1)),

OTKyAQ KOHTPAIIO3UIIMEN TPUXOAUM K

r=1vy— (Vt ]cp(y,t) _>]90(‘T7Z))7

rAe IIpUMeHsIeM IIPABUAO BBEAEHHMSI KBAHTOPA BCEOOITHOCTH [0]:
z=y— (Vt|o(y,t) = Vi Jo(z, 1)),

OTKyAQ 3aMEeHOU IIepeMeHHBIX U 10 IIPABUAY KOHTPAIMO3UIIUU TOAYUUM:
r=y— 3z p(x,2) = Iz p(y, 2)).

HTak, MBI IIOKa3aAM, 4YTO IIPU MOCTPOEHUU IIPOU3BOABHOU (DOPMYAHI,
OTHPAaBASISICH OT @TOMApHOU (POPMYABI, Ha Ka’KAOM IIIare MOCTPOEHUS
dopmyaa ypoBAeTBOpSEeT CBOUCTBY 2). Takum oOpa3oM, AA AFOOOU 3a-
AQHHOU (DOPMYABI ¢(r) CBOUCTBO 2) BBIIIOAHEHO. O

AaHHas TeopeMa O paBeHCTBE MTOKA3bIBAET, YTO PABEHCTBO MHOXKECTB,
OIIPEAEAEHHOE HAaMM 4Yepe3 aTOMAapHylo (POPMYAY IPUHAAAEKHOCTH,
YAOBAETBOPSIET aKCMOMaM PaBEHCTBA, C(DOPMYAMPOBAHHBIM ['MABOEepTOM
B «OCHOBaHUAX MaTeMaTUKU» [0].

AKCHOMA PEryAapHOCTH BBIPA’KAeT HECKOABKO HMHOE CBOMCTBO MHO-
>KECTB, YeM TO, KOTOpOe OBIAO OO0O3HAYEHO HaMU 7), @ UMEHHO: B Ka>KAOM
MHO>KECTBE €CTh HaWUMEHBIIUWU 10 IPUHAAAEKHOCTH dAeMeHT. [louemy
5TO TAK, HaM ele NPEACTOUT BBIACHUTHb. OOBIYHO MHOXKECTBQ, YAOBAE-
TBOPAIOIUE aKCUOMe S7, Ha3blBalOT (YYHJUPOBAHHLIMU (CM., HAIIpUMeEp,
[# 8]), yTO OTMeyeHO HaMU B Ha3BaHUU aKCHOMBI. Ha caMoM peae, Aro-
00e PyHAUPOBAHHOE MHO’KECTBO PEryASIPHO, O 4eM TaKyKe IIOMAET peyb
B CAeAyIoleM naparpade.

PoAb cxeMBbl aKCMOM TIOACTAHOBKM M aKCHUOMBI OECKOHEUYHOCTHU MBI
YCTAQHOBUM HEMHOI'O IO3AHEe, KOraa y’ke OyAeT HAaKOIAeH HEKOTOPBIM
OIBIT pabOThl C MHOKECTBAMU.
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B sToMm nmaparpacde Mbl paccMoTpeArn (POPMAABHYIO AaKCUOMATHUKY TeO-
pUU MHO’KECTB M COOTBETCTBYIOIINYU pOpMarbHBIN A3bIK ZF. B AaabHen-
1IeM MBI He OyAeM IPUAEPIKUBATHCI TOABKO A3blKa ZF npu nmocrpoeHnu
TeX UAU UHBIX OOBEKTOB B TEOPUU MHOXKECTB U IPU AOKA3aTEABCTBE ee
TeopeM. OTO HEPA3yMHO, T. K. (DOPMAAbHBIN A3bIK, OYAYy4YM UYpEe3BBIYAWHO
CTPOTUM MHCTPYMEHTOM, He SIBASETCS YyAOOOUUTaeMbIM a3bIKOM. [ToaTo-
My 4Yallle BCero Mbl OyAeM IPUMEHSTH PA3TOBOPHBIM (PYCCKHUU) A3BIK U
COKpallleHUsI AAS TePMOB, MPUHATHIX HAMU BO BBEAEHUHU, OAHAKO MPU
9TOM He CAeAyeT 3a0bIBaTh O TOM, UTO BCE HAIIM PACCYKAEHUSI O MHO-
>KeCTBax AOAKHBI (POpPMaAnM30BbIBAThHCS B ZF.

Bce mocaepytoliiee mocTpoeHue TEOPUU HA3BIBAETCS COgepKameAbHOU
YaCThIO TEOPUU MHOJKECTB, MO0 ITIOA MHOXKECTBAMM MBI OyAEM BCe JKe I10-
HUMaTh He YUCTO POpMaAbHbIE TEPMBI, @ HEKOTOPhIe BIIOAHE TTOHITHBIE
HaM OOBEKTHI.

§1.2 OcHOBHBIE CBOVICTBA MHO>KECTB

[TpuBeaeM 3pecCh ellle pa3 COKpalleHUs 3allMCU MHOXXECTB, UCIIOAb3Ye-
Mble B HameM usaroxxkeHuu: {x| ¢(z)}, {a,b}, anb, aUb, a\ b, Ua, Exp(a),
S(a), 0.

To, 4TO GOABIIIMHCTBO U3 3TUX TEPMOB SBASIOTCSI MHOKECTBAMU, HaM
elle IMPEACTOUT AOKa3aTb. A celdac YCAOBUMCSH, 4YTO B KadecTBe Iie-
pPEeMeHHBIX, 0003HAyaloIMMX MHOXXECTBa, MBI OYA€M HCIIOAB30BaTh He
TOABKO CTPOYHBIE AQTUHCKHEe OYKBHI a,b,...,2z, HO Tak’ke 3arAraBHbIE
A/ B,...,Z, xpoMe S (OHa 3aHATA y HAC AAS OOO3HAUEHUSI TTOCAEAYIO-
IIero MHO’KECTBA), BCe Ipedeckue, KpoMe ¢, ¢ U w, U BCe TOTUYECKUe
A,a, B,b,..., 3,3 Kpome ¢, Y u i, couyertas UX C Pa3AUYHBIMU MaTeMa-
TUYECKUMU aKileHTaMu (Hanmpumep, A', ¥ u npouee). BykBbl w, ¢, U u U
OyAYT UCIIOAB30BATHCA HAMU KaK 0003HaUeHUsT HEKOTOPHIX KOHKPETHBIX
OOBEKTOB, T.e. B KaUeCTBe TePMOB-KOHCTAHT.

KpoMme nepeunicAeHHBIX CIIOCOOOB 3alIMCU MHOJKECTB (TE€pPMOB) MBI OYy-
A€M BBOAUTH M HOBBIE, HO B CUAY AOCTATOUYHO OOABIIOTO UX KOAWYECTBA
MBI He OYAEM TePEeuUuCASITh 3AeCh BCe 3TU TEPMBI, @ BMECTO 3TOTO YCAO-
BHUMCS, YTO BCSIKO€ HOBOe O0O3HAaUYeHMEe MBI OyAeM BBOAUTH AUOO CpeA-
CTBAMM Pa3rOBOPHOTO (PyCCKOTO) s3bIKa, AUOO MPU IMOMOIIM CUMBOAA
=, KaK MBI 3TO y’Ke AeAaAr paHee. DTOT Ke CUMBOA MBI OYAEM HCIIOAb-
30BaTh MPU OTIPEACACHUN HEKOTOPBIX (hopMmya, Hampumep, ¢(z):=0 € z.

Teopema 1.2. Ilycmbr A, B — MHOXecmBa, ¢ — HeKomopast ¢popmyaa
asbika ZF. Torga mepmbl {z| x € AN p(x)}, {A,B}, ANB, AUB, A\ B,
UA, Exp(A), S(A4), § cymb mHoxecmsa.
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AoxkazameabrcmBo. Mpst TepmoB {z| © € AN p(x)}, {4, B}, UA, Exp(A),
() AOKa3aTeAbCTBO HEIIOCPEACTBEHHO BBITEKaeT u3 akcuom S2—S6. Pac-
cmoTpuM TepM A U B. HerpyaHo BupeTh, uto AU B = U{A, B}, oTkyaa
M0 aKCHOMe Taphl U aKCUoMe OObeAnHEeHUs moAydaeM, uto A U B ecTb
MHOKecTBO. ANB = {z|r € AAz € B}, OTKyAQ II0 aKCHOMe COAEPIKaTeAb-
HOCTH TIOAyYaeM, 9To u AN B — MHOXXeCTBO. AHAAOTUYHO MTPOBEPSETCS
TepMm A \ B. Aanee, mockoabky S(A) = AU{A} u {A} = {A, A}, To o
y’Ke AOKasaHHOMYy S(A) — MHO’KeCTBO. O

YacTto BMecTo TepMma {z| x € A A ¢(z)} UCIOAB3YIOT CEMaHTUYECKH
paBHBIA eMy TepM {x € A| p(z)}, YTOOBI HOAUEPKHYTh, YTO AQHHBIM TepM
OTIpeAeAseT MHOYKECTBO KaK 4YacTh APYTroro 60oAee IMIMPOKOTO MHOMKe-
cTBa A pu nmomouiu (OPMYAHI ¢(z), U B 3TOM CAydYae roBOPST, YTO MHO-
xxecTBO {x € A| p(x)} aBAsieTcst onpegeasiemoli ((POPMyAOH @) uacmbio
MHO>XecTBa A.

MTak, MBI BUAUM, UTO AASL TepMa {z| p(x)} MBI He BCerAa MOKeM CKa-
3aTh, YTO OH SIBASIETCSI MHOKECTBOM, aKCHOMa COAEP>KaTeAbHOCTH, KOTO-
pasi orpaHUYMBAET HAC B 3TOM, — 3TO CBOeoOpa3Has «IAaTa» 3a yCcTpa-
HeHWe M3BECTHBIX MapapOKCOB Teopuu MHOMKecTB. OAHAKO MBI HAMAEM
npuMeHenue u tepmy {z| ¢(x)} B obmeM BuaAe, KOoraa 6yAeM BeCcTH pas-
roBOpP O KAaaccax MHOXKecCTB (§ 1.7). OcHOBHas >Ke 4aCTh TEOPUM (HE Ka-
caroIasicsi KAACCOB MHOJKECTB), TIOAUEPKHEM ellle pa3, AOAKHA (popma-
AU30BBIBAThCA B sA3biKe ZF.

Oo6paTumMcs Ternepb K akcuome peryaspHocTu S7. DakThuuecku 3Ta ak-
CHOMa YTBEPIKAAET, UTO AASI KaXKAOTO MHOJKECTBA & OHO AMOO IYCTO, AU-
00 B HEM HAMAETCA TAKOU IAEMEHT 2, 4TO IlepeceuyeHue z Nx IIyCcTo. OTO
TpeboBaHUe (PYHAUPOBAHHOCTBL) OOAEE CUABHOE, 4YeM PEryAsipHOCTH, B
yeM HacC yOe’KAQeT CAEAYIOoIIas

Teopema 1.3. Ars At06bix mHOXecmB A u B
Ag¢ A, AeB—B¢A.

Aoxkazameabcmso. Ilpepnonoxum, A € A. PaccMoTpuM MHOKecTBO {A}.
B 3TOM MHO’KecTBe IO aKCHOMe PEryASpHOCTH CYIIeCTBYeT SAEMEeHT 2
(.. {A} He mycTO), He UMeIuNi O0IIUX dAeMeHTOB ¢ A. OUeBHAHO,
910 2 = A, a Mo akcuome peryasipHoctu ) = zNA = AN A = A, uro
IIPOTUBOPEYUT TOMY, 4YTO A He IycTO (Bepb A € A).

AAS AOKA3aTeABCTBA BTOPOM YACTU YTBEPKAEHUS PACCMOTPUM MHO-
)xecTBO {A, B}. TTo akcmoMe peryAasipHOCTH cylecTByer z € {A, B} Ta-
KoM, uto z N {A, B} =0, otkyaa AN{A, B} =0 uau BN {4, B} = 0.

Ecam AN{A,B} =0, To B¢ A. Ecau 5xe BN {A,B} =0, To A ¢ B.
[TpotuBopeune. Mtak, B ¢ A. U
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3ameuaHue 1. AHAAOTMUYHBIE TEOPEMBI MOXXHO AOKA3bIBaTh AAS TTPOU3-
BOABHBIX KOHEUYHBIX ITOCAEAOBATEABHOCTEM MHOXKecTB. Tak, Hampumep,
ecam uMeeT Mmecto A € B € ' € D € E, To He BepHOo, uto F € A.
AAsT pAOKazaTeAbCTBa HYKHO paccMoTpeTb MHOXecTBo {A, B,C, D, E},
KOTOpOE SIBASIETCSI MHOKECTBOM KaK OIpeApeAsieMasi 4aCTh MHO>KeCTBa
Exp(AUBUC U DU FE), u BHOBb IPUMEHUTH aKCUOMY PETyASPHOCTH.
IOTOT IpUMep MOKHO OO0OOHIUTH U A0 OECKOHEYHBIX HaOOPOB MHOKECTB
C HEKOTOPBLIMH OTPAHUYEHUSIMU.

Onpepeaenue 1.1. TTycth 3apaHa HekoTopast dopmyaa ¢(x) s3wika ZF.
MgbI TOBOpUM, YTO (POPMyAA o OIPEAEAsieT MHOMKECTBO ¢ OGHO3HAUYHO,
HUAM UTO a, AASI KOTOPOTO ¢ WCTUHHO, egUHCMBEHHO, €CAU p(a) U AAS
AIOOBIX Z,y M3 TOro, 4TO ¢(x) A ¢(y), CAepyeT & = y.

UHUTATEAIO IIPEAAATaeTCsi CaMOCTOSITEABHO NPOBEPUTH, UYTO BCe KOH-
crpykuuu MHOXecTB {x € A| ¢(z)}, {A,B}, ANB, AUB, A\ B, UA,
Exp(A), S(A), () onpeaeAsitoTcsi OAHO3HAYHO MO UCXOAHBIM MHOKECTBaM
A, B u popmyare ¢.

Omnpepeaenne 1.2. Ynopsagouennou napot (mo KypaToBcKOMYy) MHOKECTB
a u b HaswiBaercs tepM {{a}, {a,b}}, AAST KOTOpPOTO BIpEAb MBI OyAeM
HCIIOAB30BaTh 0O03HaueHue (a,b), @ MHOXKECTBA a W b HA3BIBAIOTCS, CO-
OTBETCTBEHHO, AeBOlU ¥ NPABOlU KoopguHamamu maps (a, b).

Teopema 1.4. YnopsgoueHnasa napa MHOXXeCMB eCmb MHOXECMBO U A
AIOOBIX MHOXKecmB a, b, c,d umeem:

(a,b) = (¢,d) & (a=c) A (b=d)

AoxkazameabcmBo. [lo akcuoMe Iapbl HETPYAHO IOAYYUTBH, 4TO {a}
{a,b} cyTh MHOXKecCTBa, O3TOMY (z,%y) TaKKe MHOXKECTBO IIO aKCHOMe
napbl. AOKa’keM BTOPYIO 4aCTh TEOPEMHL.

VIMIAMKAIMs CIpaBa HAA€BO CAEAYEeT U3 OIPEACAEHUS YIOPSAOYEH-
HOM IIaphl ¥ ee eAMHCTBEHHOCTH IIPU 3aAQ@HHBIX KOOPAMHATAX.

[Tyctb (a,b) = (¢, d), T.e. {{a},{a,b}} = {{c}, {c,d}}. [To arcuome mapsr
3AeCh BO3MOJKHBI CAeAytomue BapuaHThl: {a} = {c} A {a,b} = {¢,d} urn
{a} ={c,d} N{a,b} ={c,d} uru {a} = {c,d} A {a,b} = {c} uau {a} = {c}
A {a,b} ={c}.

[ToAB3YSCH ONIpEACACHHEM PAaBEHCTBA, B IIEPBOM CAydYae MOAYYHM a =
=cuecau b=c, To U ¢ = d U, CAeAOBATEABHO, b = d, ecAn b # ¢, TO b = d.
Tak nam mHaue, noryyaem a =c A b =d.

[TpeanonrokuMm panee, uto {a} = {c¢,d} A {a,b} = {¢,d}. 113 nepBoro
pPaBEHCTBA BLITEKAeT ¢ = ¢ = d, TOTAQ U3 BTOPOTO PaBEHCTBA IIOAyYaeM



§1.3. OIIPEAEAAEMBIE OTOBPAKEHUA U ®YHKLIWN 17

{a,b} = {a}, moaromy a = b = ¢ = d. Tlyctb Teneps {a} = {c,d} A {a,b} =
={c}. Torhaa=c=d u ¢ =a = b, OTKyAd BHOBb a = b = ¢ = d.
Hakomnemn, B mocaeprem caydae {a} = {c} A {a,b} = {¢} moryuaem a =
=cu c=a=>b Iloaromy us (a,b) = (¢,d) caepyer {{a}} = {{a},{a,d}},
orkyaa {a,d} = {a}, oTkypa a = d. B uTore BHOBb MOAYUUM ¢ = b = ¢ =
=d. O

Omnpepeaenune 1.3. [IpsambiM (gekapmoBblM) Npou3BegeHueM MHOXKeCTB A
U B Ha3blBaeTcsa TepM

AxB:={z|JueA: ve B: z=(u,v)},

a MHOXXecTBa A M B HA3BIBAIOTCSI, COOTBETCTBEHHO, A€BbIM U NPABbIM
COMHOXHUTEASIMU TTpou3BepeHus A x B

Teopema 1.5. [Ipamoe npousBegeHue MHOXECMB eCmMb MHOXECMBO U
onpegeAsiemcsi OGHO3HAYHO NO MHOXKecmBam A u B.

Aokazamearcmpo. Ilyctb A m B mHOKecTBa. Ecama € A, b € B, 10 {a} €
Exp(A U B), a takxke {a,b} € Exp(A U B). ITostomy (a,b) C Exp(A U B),
OTKyAa caepyert (a,b) € Exp(Exp(A U B)). Toraa

Ax B={x € Exp(Exp(AUB))|Ja€ A: b€ B: z=(a,b)}.

[ToaTOMY B CMAY @KCHOMBI CTEIIEHHOTO MHOYKEeCTBA U aKCUOMBI COAEP-
>KAaTeABHOCTHU MPSIMOe MTpou3BepeHre A X B eCTbh MHOKECTBO.

OAHO3HAYHOCTL MOCTPOeHusT A X B 1mo MHOKecTBaM A u B BIIOAHe
OUYeBUAHA. Ul

§ 1.3 Omnpepenrsiembie OTOOpa>keHus: 1 PyHKIUA

[TycTb mmeeTcs HekoTopast hopmyAaa ¢(x,y) sa3bika ZF, B KoTopou nepe-
MEHHBIE I,y BXOAAT CBOOOAHO.

Onpepeaenue 1.4. Mul roBopuM, 4To hopMyAa ¢ onpegeasem (x — y)—
omobpaxenue, €CAH, BO-TIEPBBIX, CYIIECTBYIOT z,y TakKue, 4To ¢(z,y),
BO-BTOPBIX, BCSIKUM pa3 M3 TOro, 4TO ¢(x,y) A p(r,2) CAepyeT y = z.

3HAUOK (T — y), IBASIONIUNCS, BOOOIe TOBOPS, TEPMOM CO CBOOGOA-
HBIMHU TIEPEMEHHBIMU T, 1y, Mbl OYAeM YIOTPeOASTH MO0 Mepe HeOOXOAU-
MOCTH, TOYHee, TOTAQ, KOrAd HaM OYAeT Ba)KHO yKas3aTh AQHHBIE Iepe-
MeHHbIe B AAHHOM ITOPSIAKE, HAIIpuMep, Ipu (popPMarbHOM BEIBOAE HEKO-
TOPBIX (POPMYA.
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[Tyctb ¢(x,y) ompepeaserT oToOpa*keHUe, W MyCTh A — MHO>KEeCTBO.
SI3BIK TEOPUM MHOKECTB, ONMHUCAHHBIM HaMH BO BBEAEHHUHU, ITO3BOASET
HaM OIIPEAEAUTH TepPM

ran (p|A):={z| Jx € A: p(z,2)}.

MO>XHO AW OIPEAEAUTh TaKoe MHOXKeCcTBO B Teopuu ZF? UToOwI oTBe-
TUTh Ha 3TOT BOIIPOC, 3aMEeTUM AAS Ha4yaAa, uTo popMyaa

dr e A: oz, 2)
SKBUBaAeHTHa Gopmyae °
dr e A: (¢(x,2) A (Yw p(z,w) = z = w)).

Tenepp 0OpaTUMCsa K aKCUOMeE IOACTAHOBKU S8. HeTpyaHO BUAETH, UTO
SAEMEHTHl MHOXKEeCTBa U, CYILIeCTBOBAHWE KOTOPOrO HAM IapaHTHUpPYyeT
5Ta AKCUOMAQ, OIIPEAEAIIOTCS POBHO TAKUM JKe CIIOCOOOM (YYUTHIBASA I10O-
Ka3aHHYIO0 9KBUBAAEHTHOCTD), Kak daeMeHTHl ran (¢|A). [ToaTomy

ran (pl4) = {2 I € A+ (p(x,2) AVw (pla,w) = 2 = )},

oTKyAa ran (p|A) — MHOKeCcTBO. B 3TOM, COOCTBEHHO, M 3aKAIOYAEeT-
Cd POAB CXeMBl aKCHOM TIOACTAHOBKH, TOYHEe, eCAU y HAC HUMeeTcCs
HEKOe MHOXKECTBO U (POpPMyAQ, OIIpeAeAdronias OoToOpa’keHue, TO II0
9TOMY MHOXECTBY U (POPMYAE MBI MOYKEM MOCTPOUTH HOBOE MHOKECTBO
ran (¢|A), KoTOpoe MBI BIpeAb OyAeM Ha3bIBaTh 00OAACMbIO 3HAYEHUU
OTIPEeAEAIeMOTO (POPMYAOH ¢ OTOOpPa’kKeHUs OMHOCUMEABHO MHO>KECTBa
A.

[TpuBeAeM MpUMep OAHOT'O YaCTO UCIIOAB3YEMOI'O B TEOPUU MHOKECTB
ompeaeasieMoro oTobpa)keHusi. PaccmorpuMm dopmyray o(z,y) =y =
= S(x), KOoTOpas, Kak MBI 3HaeM, AOCTATOYHO IIPOCTO (POPMAAUIyeTCs
B ZF. Iyctb o' = 0, v’ = {0}. HeTpyaHo ybeautbcs B ToM, uto y = S(x')
npu BBIOpaHHBIX ', 4. Aaree, mpeanorokuM, 4to y = S(z) A z = S(z).
Toraa, Kak Aerko IpOBEpUTh, y = z. [TloaTomy dopmyaa y = S(z) ompe-
AensieT oTroOpaykeHue. HazoBem Torapa OykBy S OoTOOpa>keHUeM, OlpeAe-
AsieMBIM hopmyaoit y = S(z). Toraa AAST KaXKAOTO MHOKecTBa A 06AaCTh
3HaveHu ran (y = S(r)|A) orobpakeHus S OTHOCUTEABHO MHOKeCTBa A
OyAeT MHOKECTBOM TI0 aKCUOME TTOACTAHOBKH.

SToBopst TouHee, U3 YCAOBUS, UTO ¢(x,y) onpeperseT (r — y) — OToOpaskeHue, MOXK-
HO BBIBECTH 3KBHUBAACHITHIO YKAa3aHHBIX (POPMYA, a 3HAYUT, U MMOKA3aThb UX ACAYKTUB-
HOe paBeHCTBO [0].
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[Tepeipem K omnpepereHUo (pyHKIUU. OOBIYHO B MaTeMaTHUKE IIOA
QYyHKIIMEN TIPUHATO NOHUMATh HEKOTOPOE IPABUAO, IO KOTOPOMY 3Ae-
MeHTaM OAHOTO MHOJKECTBA CTaBATCS B COOTBETCTBUE DAEMEHTHI APYTI'OTO
MHO>KeCTBa TaK, YTO Ka)KAOMY 3AEMEHTY IIEpBOT'O COOTBETCTBYET OAUH
U TOABKO OAMH 3A€MeHT BTOPOro. [TOCKOABKY MBI XOTHM MCIIOAB30BaTh
TEOPUIO MHOJKECTB AAS ONMCAHUSA BCEX MAaTeMaTHYECKUX OOBEKTOB, TO
Takoe OIllpeAereHue PYHKIUM HAc, IIOHATHO, He YCTPOUT. Beab oObeKTa-
MM HU3y4YeHUSI aKCMOMATHUYECKOM TEOPUU MHOKecCTB ZF aBAd1OTCS MHO-
>KeCTBa U TOABKO MHO’KeCTBa. [103TOMy HaM HY>KHO OIPEAeAUTh (PyHK-
LIMI0 UMEHHO KaK HEeKOTOpOe MHOXKEeCTBO U HUKAK MHaye. AAS 5TOTO MBI
BOCIIOAB3YEMCS IIOHATHEM, TaKKe YaCTO UCIIOAB3YEMBIM MaTeMaTUKaMU,
— rpacduk dyHknuu. Bepb rpaduk (pyHKIIUK, ONpepAeA€HHOM Ha MHO-
)XecTBe A M NpUHHUMAIOIeN 3HaUeHUs U3 MHOXKeCTBa B, eCTb He 4TO
WHOE KaK IIOAMHO>KEeCTBO IIPSIMOro IIpou3BeApeHus A X B ¢ HEKOTOpHI-
MU CIIeIIUPUIECKUMU CBOUCTBaMM. Ha 3TOM M OCHOBAHO OIIpeAeAeHHre
dyHKIIMM B Teopunu MHOXKeCTB Llepmero—DpeHKeAs.

Omnpepeaenune 1.5. [ToamHokecTBO f C A X B mpsAMOro IPOWU3BEAECHUS
MHOXXeCTB A U B HaswBaeTcsa ¢pyHkyuel (U3 A B B), ecau:

1) Ars KaXKAOTO x € A cytiecTByeT y € B Takoe, uTto (x,y) € f;

2) u3 (z,y) € f A (x,2) € f caepyeT y = z.

Tot daxkrT, uto f ecTb PyHKIUA U3 A B B IPUHATO 3alIMCHIBATh B BUAE
CAeAyIOIeN COKpallleHHOW 3anucu (opmyasl: f : A — B, Ipu 3TOM ro-
BOPAT, 9YTO MHOKeCTBO A ecTb obaacmb onpegerenuss PyHKOuUmM f. Arg
0003HaUeHUsT 0OAACTU ONPEAEAEHUST (PYHKIIMU UCTIOAB3YIOT TaK)XKe TepM
dom (f). AAsT K&XKAOTO MHO>KECTBA = € A MBI MO>KeM PacCMOTPETh eAVH-
CTBEHHOe MHOXXeCTBO y € B Takoe, 4T0 (x,y) € f. YCAOBUMCSI 3TO MHO-
>KeCTBO, OAHO3HAUHO oIllpepeasdeMoe PyHKIUeN [ ¥ MHOKeCTBOM x, 000-
3HayaTh TepMoM f(x), KOTOPBIM OyAeM HasblBaTh 3HaueHueM yHkyuu f
B mouke x. Torpa BMecTO (POPMYAHI (x,y) € f MBI MOXKeM 3aIlHCHIBAThH
OKBUBAaAEHTHYIO el popmyay y = f(z), aubo f(z) =y.

MHo>kecTBO

ran (f):={y € B|dz € Ay = f(z)}

Ha3bIBAETCsA 00AaCmblO0 3HaYeHull QPyHKIuM f.

Oynkius f: A — B Ha3bBaeTcs cropbekyuel, ecaut ran (f) = B, unb-
exkyuell, eCAM AT AIOOBIX z,y € A u3 paBeHcTBa f(r) = f(y) BbITEKaeT
x =y, buekyuell (B3aUMHO OAHO3HAUHBIM COOTBETCTBUEM), €CAU [ UHDb-
eKIIMs U CIOPBEKIIUS OAHOBPEeMeHHO. AAst 0003HaueHUsT TOro PaKTa, uTo
f ectb Oueknua u3z A B B, MBI UCIIOAB3yeM CUMBOA f : A <> B. Ecau
>Ke MBI XOTUM BBIPa3UTh TO, UYTO CYIECTByeT OueKiusa u3d A B B, TO MBI
nuiem A < B.
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[Mycts f: A— Bu D C A, D#0. Toraa pyHKIHST
flp={(z,y) € Ax Blz € DA(z,y) € f}

Ha3bIBAETCS CyXKeHueM (DyHKIUU [ HA MHOXKeCTBO D.

[Tycte Teneps f: A — B, g : B — C, torpa ¢dysknusa h : A — C,
onpepensieMast Kak h = {(z,z) € A x C| z = g(f(z))}, Ha3bIBaeTcs cynep-
nozuyueti PyHKUMHN f U g, AASI Hee OOBIYHO UCIIOAB3YEeTCSd 0OO3HauUeHUe
go f.

Oyuknus f : A — A Ha3bIBaeTCs MOXgecmBeHHOU Ha A, €CAU AAA
KaXXAoro r € A umeeM f(x) = z. B 3TOM caydae AAg f IPUHSTO UCIOAB-
30BaTh 0OO03HaUeHHUe id4.

Mu1 roBOpuM, uTO AAT PYHKIUM f: A — B QyHKIUA g : B — A ABAd-
eTCcsl 00pamHOU, €CAV UX CYIepHO3UIUSA TOXKAECTBEHHA, T.€. go [ = idy.
AAst 0OpaTHOM K f (PYHKIMHM UCIIOAB3YeTCsl OOBIYHOe 0Oo3HaueHue [

Chepyrolniasa TeopeMa IokKas3blBaeT HEKOTOPbIe TPUBUAAbHBIE CBOUCTBA
OOpaTHBIX PYHKIUMN U OUEKIUU.

Teopema 1.6. f: A — B, morga:
1) cywecmsyem f~! morga u moabko morga, Korga f — 6Guekuus;
2) ecau cywecmsyem f~!, mo f~! — Guekuus;
3) ecau cywecmsyem f~!, mo f cymb o6pamnas Kk f~' ¢pynkuus.

BBeaeM Temnephb ellle HECKOABKO ITOAE3HBIX O0O3HAYEeHWN M ITOHSITHS
o6paza 1 mpooOpa3a MHOKEeCTBa OTHOCUTEABHO (DYHKITUH.
Ecam f: A — B u C ecTb MTOAMHOXECTBO B A, TO MHOXXECTBO

fC={yeB|Ixr(rec Any=f(x))}

Ha3bIBaeTcst obpa3zom mHoxecmBa C' omHocumeAbHO pyHKuuu f.
Ecam f: A— Bu C C B, ToO MHOXECTBO

[C={z € A f(y) € C}

Ha3bIBaeTCsA Npoobpa3om MHoxXecmBa C' omHocumeabHO pyukyuu f. Chae-
AyeT oOpaTUTh BHUMaHKWe Ha TO, YTO MHO>XKeCTBO (' 3peCh BOBCe He 00s-
3@HO OBITH ITOAMHOXXKECTBOM OOAQCTU 3HAUeHUM (PYHKIUM f, @ TAaKKe
BIIOAHE MOJKET OBITh IIyCTBIM MHO’KECTBOM (B 3TOM CAyYae, OYEBUAHO,
oOpa3 u nmpooOpa3s Takke OyAyT IIYCTHI), ¥, KpOMe TOTO, oOpaTHas (PyHK-
v K QyHKIIUUA f MOXKET M He CYILeCTBOBATh.

Ecau MHOKecTBO C' B TOM U APYT'OM CAyuyae 3allMCaHO B BUAE AAWH-
HOTO MHOTOCHMBOABHOTO TEPMQ, TO YAOOHee 3aKAI0YaTh €ero B CKOOKH,
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IIO3TOMY AASL OOO3HAYEeHUM 00pa3oB M IMIPOOOPA30B pa3periuM HUCIHOAb-
30BaTh U Takue o0O3HAUYeHUs: *

f[C] — anst oGpasa, f7'[C] — arst mpooGpasa.

HcnoAb30BaHWEe KPYTABIX CKOOOK 3AeCh HEAOIMYCTUMO, MOO TaK MBI
o0Oo3HauaeM 3HaueHUe (PyHKIIUKU B AQHHOU TOYKE.

[TpeanorokuM panee, uto dopmyara ¢(x,y) OHmpepeAsieT (r — y)—
oTOOpa’keHne, U PacCMOTPUM MHOKECTBO A TaKoe, UYTO CYIIEeCTBYyeT
xr € A, AASI KOTOPOTO HaWAETCS y TaKoM, 4To ¢(z,y). Kak MBI y>Ke 3HaeM,
CYIIIeCTBYeT MHOXeCTBO ran (p|A) — oOAacTb 3HAUEHUM OIIPEAEASTIEMOTO
opMyAOH ¢ OTOOpPaKeHUsT OTHOCUTEABHO A. PaccMOTpUM TTOAMHOMKE-
CTBO f mpsiMOro npousBepeHust Axran (¢|A), onpepeAsieMoe CAeAYIOIINM
oOpazoMm:

f=A{(z,y) € Axran(p|A)] ¢(z,y)}.

[ToCKOABKY ¢ ompepeAseT oToOpa>keHue, TO A f, OUEBUAHO, BBITIOA-
HEHO BTOpoe TpeboBaHUWe olpepereHUs (PyHKUIuH. OOO3HAUMM Adree
yepe3 D MOAMHOXKeCTBO MHOXKeCTBa A, BKAIouarolliee Bce Te x € A,
AT KOTOPBIX ¢(x,y) UCTUHHO IIPU KAaKOM-HUOYABL y. Toraa MHOKECTBO
f Gyaer dyHKIMer u3 MHOXKecTBa D B MHOXecCTBO ran (¢|A), npuuem
ran (f) = ran (p|A).

HTak, MBI BUAUM, UTO IIO BCAKOM (POPMYAE, OIpeAeAdrolel oToOpa-
JKeHUEe, MOKHO IIOCTPOUTH (DYHKIIUIO (M A@Ke AAAEKO He OAHY). AArd Ta-
KON (PYyHKIIUM OOBIYHO UCIIOAB3YETCS TEPMHUH CY)XeHUue OmoOpaKeHUus.
B mammx oOo3HaueHUAX [ eCTh Cy’KeHHe OIIPEeAeAsieMOro (popMyAoH
oToOpa>keHust HAa MHOKecTBO D. [ToHsATHe PYHKIIUU TTO3BOASET HaM pac-
CMaTpUBaTh Cy’KeHUe OTOOpa>keHUsI Ha HEeKOTOpoe (IPOM3BOABHO BhHI-
OpaHHOEe) MHOXXeCTBO U, TaKUM 00pa3oM, BMeCTO (POPMYABI (OOBEKTa
U3y4YeHUsI MeTaTeOpHUH) PacCMaTPUBATh BIIOAHE OIIPEAEAEHHOe MHOKe-
CTBO (OOBEKT udyueHuss Teopuu ZF).

OTMeTUM TakK)Ke, YTO AASI BCAKOM (PYHKIUU f MOYKHO OIIPEAEAUTH
dbopmyry ¢(x,y):=(z,y) € f, m sra dopmyara, Kak HETPYAHO IpOBe-
puUTh, OyAeT ompepeAdaTh (r — y)—oTobpaykeHue. [ToaTomy (YHKIUIO
MBI UTHOTAQ OyA€M Ha3bIBaTh onpegeAsieMblM OmoOpaKeHueM VAU IIPOCTO
omoOpaxeHueM.

B MaTeMaTHKe 4acTO MCIIOAB3YeTCs TaKOe MOHITHE KaK UHAEKC. 3AeCh
MBI HaMepeHBl (DOPMAaAM30BaThH IIPEeACTaBAeHHE 00 MHAEKCe (XOTd Obl
YaCTUYHO).

4Kyparosckuit u MoctoBckuii [9] ucnoabsytor cumBoa f1(C) ara o6o3HaueHust 06-
pas3a mHO>KecTBa C.
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[Tycte umeerca ciopbeknusa f : I — X. B 3ToM cayuae MBI MOXXeM
FOBOPUTB, UTO MHOXecmBO X NPOUHGEeKCUpOBAHO MHOXecmBoMm [, mpu
aToM (pyHKUIMIO f MBI OyAeM Ha3blBaTh uHgekcayuel. C yeM CBsi3aHa
Takasgs TepMUHOAOIHUS? [TOHATHO, YTO INOCKOABKY (PYHKIUS [ ABASET-
CS CIOPBEKIIMEeN, TO AAS MHOXKeCTBa X CIIpaBEAAMBO PAaBEHCTBO X =
={f(i)| i € I'}. BBeaem BMecTO TepMa f(i) TepM z;. Toraa MHOXKeCTBO X
MOJKHO 3amucaThb B BUAe TepMma {z;| i € I}. HacTo BMeCTO Takoro tepma
HCIIOAB3YIOT O0O3HaueHue {z;};c;. B TakoM BuAe OOBIYHO 3aIMCHIBAIOT-
Csl IIOCA€AOBATEABHOCTHU (B aHaAM3e) U ApPyrHe IIPOUHAEKCHUPOBAHHbBIE
ceMeMCcTBa MHOXKeCTB. [TepeMeHHYI0 ¢ IPU 3TOM IIPUHSATO HAa3bIBATh UH-
geKCoM.

Emnre pa3 oTMeTuM, 4YTO B CHUAY aKCHUOMBI ITOACTAHOBKU S8 {z;},c; AB-
ASeTCSI MHOXKECTBOM, eCAU | — MHO>KecTBO. [TOHATHO, 4TO mepeMeHHbIe
2 M i MOTYT OBbITh 3aMeHEeHBI Ha APyTHe, AUIIb Obl TOABKO He BO3HMKAAO,
KaK MBI TOBOPUM, KOAMU3UU MEXKAY IepeMeHHbIMH.

NHupekc yAOOHO UCIIOAB30BaTh, HAIIpUMeEpP, AAI 0003HAUYEeHUS OOBEeAU-

HEHUsI 9AeMEeHTOB MHOKecTBa X: | J z;, nAm nx mepecedenust: [ | ;.
iel iel

§1.4 OTHOLIEHNI U X CBONCTBA

Onpepeaenne 1.6. ANto60e TOAMHOXKeCTBO MHOKecTBa A X A Ha3LIBaeTCs
OUHAPHBIM OMHOWEHUEM (UAM OMHOWeHueM) Ha A.

«BBIDOKAEHHBIE» CAyYauW OTHOIIEHUM Ha A: mycroe () u moaHoe A X A.

Arobasa pyskuua f: A — B eCTb IOAMHOXeCTBO B A X B, a 3HauuT, U
B (AU B) x (AU B), noaromy f ecTb oTHOIIeHUe Ha A U B.

Ecan R ectb oTHOIIeHUe Ha A U (a,b) € R, TO 3TO IPUHATO 3alIUCHIBAThH
Tak: alh.

Ha AroOoM MHO>KecTBe MO’KHO 3apaTh ABa TaKyKe AOCTATOUYHO CTaH-
AAPTHBIX OTHOIIIEHUS: PABEHCTBO U MMPUHAAEKHOCTE. AAT 0003HAUYEHUS
OTHOIIIEHUM MCIIOAB3YIOT, KaK ITPABUAO, Pa3HBbIE «3K30TUUYECKHUE» CHUM-
BOABI, HAIIpUMep, <, ~, *, <.

PaccmoTpuM Tenepb HEKOTOPHIE BUABI YaCTO BCTPEYAIOIINXCS B MaTe-
MaTUKe OTHOIIIEHUH.

Omnpepeaenune 1.7. (BUpbI oTHoIleHUM) OTHOIlleHue R Ha MHOXKecTBe A
Ha3bIBAETCS

a) peAaeKCcuBHbIM, €CAU AAI AlOOOTO = U3 A umeeM xRux.

0) cumMmempuuHbIM, €CAM AAS ATOOBIX X,y € A u3 xRy caepyet yRx.

B) MpPAH3UMUBHbIM, €CAU AMS AIOOBIX ., Y, 2 € A u3 xRy A yRz caepyeT
rRz.
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1") OmHoOweHuUeM SKBUBAAEHmMHocmu, €CAM OHO peq)AeKCI/IBHOe, CHUM-
MeTpUu4YHOEe U TPAH3UTUBHOE.

[Tpe>kae ueM IepPerTH K OIPEASACHHUIO OTHONIEHUH IOPSIAKA, PacCMOo-
TPUM HEKOTOpHIE CBOMCTBA OTHOLIEHWS SKBUBAAEHTHOCTH. AAS Havarad
BBEAEM CAeAyIolnye o603HaueHus1. Hale BCero OTHOIIEHNEe SKBUBAAEHT-
HOCTH 0003HAYaIOT CUMBOAOM ~. MHOXecTBO [a].:={x € A| x ~ a} prs
KakKAOTo a € A OGyaeM Has3bIBaTh KAGACCOM 5KBUBAAEHMHOCMU JAEMEHTA
a € A. B cayyae, Korpa M3 KOHTEKCTAa OYEBHAHO, O KaKOM OTHOIIEHUU
UAET peub, BMeCTO [a]. MBI OypeM IHcaThb NpocTo [a|. Kraccel sKBUBa-
AEHTHOCTU OOAQAQIOT CAEAYIOIIUM CBOUCTBOM.

Teopema 1.7. ABa kaacca 3KBUBAAeHMHOCMU AUOO He nepeceKaromcs
(nepecevenue nycmo), Aubo copnagarom.

Aokazameabcmso. [lycTb ~ — OTHOIIIEHUE 3KBUBAAEHTHOCTU HA MHO-
)xectBe A, a,b € A. TIpeanoroxkum, uto [a] N [b] # 0. Toraa cyiecTByer
¢ € [a]N[b]. Torpa ¢ ~ a 1 ¢ ~ b. OTCIopA@ B CUAY CUMMETPUYHOCTU U
TPAH3UTUBHOCTH OTHOIIEHUS ~ TOAy4YaeM a ~ b. Ecau x € [a], TO = ~ a,
OTKyAd = ~ b, T.e. x € [b]. Tak 4yT0 [a] C [b]. AHAAOTHYHO TOAyYAEM
[b] C [a]. UTak, [a] = [b)]. O

HeTpyaHO mOKa3aTh (MCIOAB3YS @aKCHMOMY CTEIIEHHOT'O MHOJKECTBA),
YTO AASL AFOOOTO MHO’KeCTBa A M AF0OOOTO OTHOIIEHUS! 3KBUBAACHTHOCTHU
Ha MHOXXeCTBe A CyIleCcTByeT MHOKeCTBO BCEX KAACCOB 3KBUBAAECHTHO-
ctu MHOXKecTBAa A. AAsT ero 0G03HAUEHUS HMCIOAB3YIOT CUMBOA A/, U
HA3BIBAIOT (pakxmop-mHoxecmBoM MHOXKecTBa A. MTak,

Al ={x € Exp(A)| Ja € A: z =a].}.

[TpopAOAKHM OTIpepAeAeHrEe PA3AMUYHBIX BHUAOB OTHOIIEHUU. OTHOIIe-
HHe R Ha MHOXeCcTBe A Ha3bIBaeTCs

A) aHmupepAeKCUBHBIM, €CAU AN AToOoro a € A umeeM |(aRa).

e) 4acCmuuHbIM ynopsagodenuem (MAW 4ACIMUYHbIM NOPSAGKOM), eCAu R
aHTUPe(AeKCUBHO M TPAH3UTUBHO.

JK) 4aCTUYHOE YIIOPSIAOYEHHE HA3bIBAETCS AUHEUHbIM NOPAJKOM, €CAU
AASL ATOOBIX 9AEMEHTOB @, b € A BBIIIOAHEHO YCAOBUE CBSA3HOCIMU:

(aRb) V (a =b) V (bRa)

Yarge BCero YaCTUYHBIA ITOPSIAOK MBI OyAeM 0003HAa4YaTh CHMBOAOM
< C MHAEKcaMH uAM 6e3 TakoBbIX. EcAM Ha MHOXKecTBe A 3apaHO da-
CTHYHOE yIopsiAOueHUe <, To napa (A, <) Ha3bIBAeTCs YaCTUYHO YIIOPS-
AOUYEHHBIM MHOXKeCTBOM. EcAmM < — AMHEMHBIM NMOPSAAOK, TO (A4, <) —
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AMHEHHO yIOPSIAOUEHHOe MHO>KecTBO. I[TycTb paree (A, <) — 4aCTHYHO
YIOPSIAOUEHHOE MHOKeCTBO. BMecTo opmyasl (z < y) V (x = y) 6yaeM
nucaTh, Kak o0buHO, = < y. [Tycth B C A. DAeMeHT © € A Ha3bIBaeTCqd
HUWKHel (BepxHell) rPaHb}O MHOXKeCTBA B, ecanm aag aroboro b € B nuMme-
eM x < b (b < 7). UHepes inf B (sup B) 0003Ha4al0oT MOYHYy}0 HU>KHIOIO
(BepxHIOIO) rpaHb MHOXKECTBA B, KOTOpast AOAJKHA YAOBAETBOPSTH TOMY
YCAOBHIO, UTO, BO-IIEPBBIX, CaMa SIBASETCS HUJKHeUN (BepxXHel) I'PaHbIo, a
BO-BTOPBIX, AAS BCSIKOW HUXKHEU (BEpXHEW) I'PaHU r MHOXKeCTBa B ume-
eT MecTo z < inf B (sup B < z). Ecau inf B € B, To BMecTO cUMBOAA inf
NUUIYT min, B 3TOM CAy4Yae TOUHAs HUXKHSS I'PDaHb HA3bIBAETCS MUHUMY-
mom. Ecam sup B € B, TO BMECTO CHUMBOAA sup IHUIIYT maxX, ¥ B 3TOM
CAy4Yae TOYHAsl BEPXHSS I'PaHb HA3bIBAETCSI MAKCUMYMOM.

MHorpa mop cuUMBOAAMHU sup, inf, min, max npunucbiBatoT 0OO3Haue-
HHe TOTO YaCTUUYHOTO MOPSIAKA, B KOTOPOM OHU OIIPEAEAEHBbl, HAalIpuMep,
sup B.

<

KpoMe noHsATHS MakCMMyMa MHO>XKeCTBAa €CTh TaKyKe IIOHSATHEe MakK-
CHUMAABHOI'O 3A€MEeHTa MHOJKECTBA. JDAeMeHT r € B Ha3bIBaeTCs MAKCU-
MAAbHBIM AASI MHOYKECTBA B, eCAU AAST ATOOOTO 3AeMeHTa b € B He BEepHO,
yTO 7 < b. 3aMeTHUM, 4TO B CAydYde YACTUYHOIO YIIOPAAOYEHUsA POpMy-
ABL |(z < b) m b < o He KBUBAaAEHTHEHI, T.K. YaCTHYHOE YIIOPSIAOYEHHUE,
BOOOIIe TOBOPS, HE CBA3HO, HO U3 BTOPOU (POPMYABI BEIBOAUMA IIE€PBasi.
[ToaTOMYy MaKCUMyM MHO>KECTBA B BCETAQ SIBAIE€TCI MAKCUMAABHBIM SAe-
MEHTOM, HO O0OpaTHOe B O0lLeM CAydYae He BepHO. B cayyae AMHeUHO-
ro IMopsAKa yKadaHHbIe (DOPMYABI PABHOCHABHBI. TOUHee, CIIpaBeAAMBA
CAEAYIOIIAs

Teopema 1.8. ITycmb (A, <) — AuHellHO ynopsagoueHHOe MHOXecmBO U
B C A, B # 0. Torga caegyrowue ymBepKgeHusi PABHOCUAbHbL!

1) x = max B,

2) gra aoborobe Bb<zuxé€ By

3) * — MAaKcuMaAbHbIU 9AeMeHm B B.
PaBHnocuabHbIMU ABASIOMCA MAKXeE U yMBepPXKgeHus

1) x = min B;

2) gra aroborobe Br<buxeB.

BBeapeM ellle HECKOABKO TEPMHHOB U3 TEOPUHU YIIOPSIAOUEHHBIX MHO-
)kecTB. [TycTts mo-npesxxuemy (A, <) — 4YaCTUYHO YIIOPSIAOUEHHOE MHO-
)ecTBo 1 B C A. MHo>XecTBO B Ha3bIBAaeTCs Uenbio B A, eCAU YacTud-
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HBIU MOPSIAOK < AMHEWHO YyIIOpSIAOYMBAeT MHO>KeCTBO B. Llenb Ha3bI-
BaeTCs OrpaHud¥eHHOU B A, eCAU AAS Hee CYIIeCTBYeT BepXHssl I'pPaHb B
MHOecTBe A. Llenb Ha3bIBaeTcs CKBO3HOU B A, eCAU y Hee HET Bepx-
HeU I'PaHU, He IIPUHAAAeXKaAlley el caMoU (T. e. AUDO y Hee BOOOIe HeT
BepXHeU TpaHu, AMOO ee BepXHAd TpaHb B A eAMHCTBEHHA U SIBASIETCS
MaKCUMyMOM 3TOM LeIn).

OTHoIlleHUe AMHEWHOTO MOpsiAKa Ha A Ha3bIBAeTCsI BNOAHE YNOpsago-
yeHUeM (MAU NOAHBIM yNoOpsgoueHUeM), eCAM Ka*KAOe HeIlyCToe IIOAMHO-
)kecTBO B C A mmeer muaumyM. [lapa (A, <), TAe < — BIIOAHE YIOPSI-

AOUeHMe Ha A, — Ha3bIBAETCS BIOAHE YIIOPSIAOYEHHBIM MHOKECTBOM.
Ecam (A, <) — 4YaCTUYHO YIIOPSIAOYEHHOE MHOJKECTBO, a,b € A, TO
MHOJKeCTBa

[a;b):={r € Ala <z <
(a;0):={r € Ala<z <

b}, [a;b):={zr € Al a <z < b},
b}, (a;b):={z € Ala<xz<b}
HA3BIBAIOTCSI, COOTBETCTBEHHO, OMPE3KOM (MAU <-OMpPEe3KOM), NOAYUH-
mepBaAGMU ¥ UHMEPBAAOM (<-UHMepPBAAOM). B TOM cayudae, KOrAa HE06-
XOAUMO OTMETHUTH, KaKUM MMEHHO YaCTUYHBLIM IOPSIAKOM OIIPEAEAEH
OTPE30K, MOAYHHTEPBAA WAW WHTEPBAA, MBI AOIyCKaeM OOO3HAYEHWUSI:

[a; b]<, [a;0)<, (a;b]<, (a;b)<.

§ 1.5 HarypaabHble UnCAa

B sToMm maparpage MBI HaKOHEI BOCIIOAB3YEMCS AEBATOMU (IIOCAEAHEN)
akcuomon Llepmero—DpeHKeAd U3 TPUBEAEHHBIX HaMU B IIEPBOM Iia-
parpacge akcuom S1—S9 — akcuomaTuku popmarbHOU Teopuu ZF.

Omnpepeaenue 1.8. Besikoe MHOXKECTBO w, YAOBAETBOPSIIOII€e CBOMCTBAM
1) 0ew;
2) Ve ew: S(z) € w;
JVeew: (x#£0—Tyew: x=5));

HA3bIBAETCSI MHOKECTBOM (NOPAGKOBbIX) HAMYPAABHbIX qYuceA. Aass 00o-
3HAUEHUsS TAKOro0 MHOXKeCTBAa MBI Bceraa OyAeM HCIOAB30BaTh OYKBY
wW. DAEMEHTHI W HA3BIBAIOTCS (IIOPSIAKOBBIMM) HATYPAABHBIMU YMCAAMU,
A UX O0O3HAUEHUSI Mbl, KaK IIPAaBUAO, OyAeM HCIOAB30BAaTh OYKBBI
n,m,l,p,q,s, €CA He OTOBOPEHO IIPOTUBHOE. YCAOBUMCS TaK>Xe, 4TO ITy-
CcTOe MHOXKeCTBO () MbI GyaeM 0003HauaTh Kak () B TOM CAy4Yae, €CAU MbI
HCIIOAB3YEM €ro Kak MOPSIAKOBOE HAaTypPaAbHOE YHMCAO.
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[Tpexkae, ueM NeperuTHd K N3y4eHHUIO CBOMCTB MHO>KECTBA w, HaM HeO0O-
XOAMMO AOKAa3aTh O HEM CAEAYIOIUM (hakT.

Teopema 1.9. MnoxecmBo w cywecmByem U eguHCMBEHHO.

Aokazameabcmpo. 1o akcuoMe 6€CKOHEUHOCTH S9 CyIIeCcTByeT MHOXKe-
CTBO U, YAOBAETBOPSIIOIEEe CACAYIOIIUM CBOUCTBAM: () € u ¥ AAST BCSIKOTO
x € u umeeM S(x) € u. TakuM 06pa3oM, MHOMKECTBO U YAOBAETBOPS-
eT TpeOoBaHUAM 1) U 2) onpepereHUsT MHOXKECTBA w. bypaeM Ha3bIBaTh
TaKre MHOXXKeCTBa NPOrpeccuBHbIMU. B KauecTBe MHO>KeCTBA HATypaAb-
HBIX YMCEA W MBI XOTUM B34Th HaWMEHbIlee M3 BCeX IMIPOIPeCCUBHBIX
MHOJKECTB, T.e. UX IlepeceueHue. TouHee, ITOAOKUM

w = {x € u| Vy (y — mporpeccuBnoe) — x € y}.

[To akcroMe copeprRaTeAbHOCTU S6 w OyAeT MHOXKecTBOM. HeTpyaHO
YCTaHOBUTD, UTO w OYAET NIPOrPeCCUBHBIM MHOXKECTBOM, T. €. YAOBAETBO-
pset 1) u 2). [loka>keM, 4TO w YAOBAETBOPSIET YCAOBUIO 3). AAsl 3TOTO
BBIAEAVM B w MTOAMHOXXECTBO X, OIIpeAeAeHHOe KakK

X={zewz#0—>Fyecw: z=5S))}

HeTpyaHO mOKa3aTh, 4T0 X MPOrpPeCcCUBHO. AeUCTBUTEABHO, ) € X u
AT KaXKAOTO iy € X uMMeeM y € w U, TOCKOABKY w IPOTPECCHUBHO, TO
S(y) € w, HO S(y) YAOBAETBOpSET CBOMCTBY 3A€MEHTOB MHO’KeCTBa X,
noatomy S(y) € X. Urak, X mporpeccuBHo. Toraa ¢ OAHOM CTOPOHBI
nmeeM X C w, ¢ Apyror — w C X, TOCKOABKY w COAEPKUTCS BO BCEX
IIPOTrPEeCCUBHBIX MHOXXeCTBax. TakuM odpasoMm, X = w.

A 3TO ¥ O3HAyaeT, YTO AAS BCSIKOTO I € w €CAU & # (), TO CylecTByer
Yy € w TakoW, uTo = = S(y), T.e. MHOXKECTBO w YAOBAETBOpSET 3).

[Toka>keMm Telepb, YTO MHOXKECTBO w, YAOBAETBOPSAIOIEe CBOUCTBAM
1) —3), eauHcTBeHHO. [1yCcTh AAS W' TakyKe BBITOAHEHBI yCAOBUSA 1)—
3). AomycTuM, 4TO MHOeCTBO w \ w' He mycTo. TOoraa B CUAY aKCHOMBI
peryAspHOCTH S7 CyLIecTByeT r € w \ w' TakoH, 4ro z N (w \ ') = 0.
[TocKOABKY = # (), TO cylmecTByeT y € w TakoH, uyto x = S(y). HerpyaHo
IMOKa3aTh, YTO B 3TOM CAydYae y € w'. Ho Toraa B CHAY IpOrpeCCUBHOCTH
MHOXecCTBa w' umeeM z € w'. TTporuBopeune. Utak, w \ w’ = . Touro
TaK ke AOKasbIBaeTcs, uTo w' \ w = (). Takum o6paszom, w = w'. Teopema
AOKa3aHa. |

BmecTo cuMBOAa € AAS HATYPAABHBIX YHUCEA MPUHSTO MCIOAB30BaTh
CUMBOA <. OTO NpPaBUAO OyaeT elle 0000meHO HaMu B raase 2. [lo
OIIPEAEAEHUIO TIOAOKHUM n + 1:=S5(n) AAS BCAKOro n € w. Aaree MBI
3anMeMcsI U3y4eHHeM CTPYKTYPbl MHOXKECTBA w.
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Teopema 1.10. Muoxecmso w ygoBaemBopsiem akcuomam IleaHo:
1) 0 ew;
2) gaa aoboro n € w umeeM n+ 1 € w;
3) gas ar06oro n € w BepHo n+ 1 # 0,
4) gra amobpix n,mEeEwn=m<n+1=m+1;
5) ecau X C w u X nporpeccuBHo, mo X = w.

AOKazaTeAbCTBO 3TOM TeOpeMbl HECAOKHO, U MBI IIPpeAAaraeM IIpo-
BECTH €T0 YUTATEAI0 CaMOCTOSATeAbHO. Caeayroliasd TeopeMa BhIpa>kaeT
W3BECTHBIU IIPUHIUII MameMamuyieckol UHgyKuuU.

[TycTb ¢(x) — mpon3BoAbHast hopMyaa s3bika ZF.

Teopema 1.11. Ecau ¢(0) u gaa kaxgoro n € w umeem p(n) — o(n + 1),
mo morga Vn € w: ¢(n).

Aokazameabcmso. Tlycte X = {z € w| ¢(z)}. HeTpyaHo yOepuThCS B
TOM, 4TO X €eCTb IIPOTPECCUBHOE MHOXeCTBO U X C w, IO3TOMY X = w,
OTKyAa Vn € w: ¢(n). O

Onpepeaenne 1.9. MuoxectBo X Ha30BeM MPAH3UMUBHbBIM, €CAU AAS
Ka>xporo ¢ € X umeeM r C X,

Teopema 1.12. w u KaXghblll ero sAemeHm mMpPAaH3UMUBHABL.

AokazameabcmBo. O603HaUUM 4epe3 X MHOXKEeCTBO BCEX TAKUX N € w,
AAsE KOTOPBIX N C w. T[MonsitHo, uto X # (), T.K. 0 € X. Ilyctb n € X,
orciopa caepyet, uro n C w u {n} C w. [ToaToMmy u MHOKecTBO nU {n} =
= n + 1 copepxurcsa B w. Takum obGpasom, n + 1 € X. [lo npunnuny
IIOAHOM MHAYKIWM TIOAy4YaeM, uTo X = w. TakuM oOpa3oM, w TpaH3u-
TUBHO.

AAST AOKa@3aTeAbCTBA TPAH3UTUBHOCTH BCEX N € w CHOBA BOCIIOAB3YEM-
csl nHAyKIOueu 1o n. OueBUAHO, 4TO () TpaH3UTUBEH. [IPEAIIOAOKUM, UTO
TPAH3UTUBHO n. PaccmoTpuM MHOXKecTBO n + 1 = n U {n}. [lycTb k € n.
Torpa ambo k € n, ambo k = n. B cayuae k € n umeeM k C n, OTKyAQ
k Cn+1. B cayuae k = n oueBupHO, uTO k C n + 1. MTak, n + 1 Tpansu-
TUBHO. [10o NpUHIUIY WHAYKIMU 3aKAIOUAEM, YTO Ka’KAOe IOPSIAKOBOE
HaATypaAbHOE YHMCAO TPAH3UTUBHO. O
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[TpuBeapeHHast TeopeMa MO3BOASIET OIMCATh HAM HaTypaAbHBIE YHCAQ
CAEAYIOIIUM 00pa3oM:

0=0, 1={0}, 2=1{0,1}, 3=1{0,1,2},
n+1={0,...,n}:={mew/m<n}

M KaXKAOTO n € w. AOKAzaTeAbCTBO 3TOTr0 (paKTa MBI OTAOXKUM TIOKA A0
TA@BHI 2, B KOTOPOU MBI B OOIIlEM BUAE (AAS BCEX OPAMHAAOB) AOKa>kKeM
PSIA TTIOAE3HBIX CBOMCTB MOPSIAKOBBIX YHUCEA (B YaCTHOCTHM HaATypPaAbHBIX)
TaKMUX, KaK, HAIIpuMep, BIIOAHE yIIOPSIAOUEHME MX OTHOIIIEHUEeM IIPUHAA-
AE>KHOCTH.

OO0 apudmernueckux onepanusax (CAOKeHHe U YMHOJKEHMe) Ha Ha-
TYPAABHBIX YUCAAX peub IIOMAET B CAeAylollelt raase (§2.3), koraa Mbl
OyAeM 3aHUMAThCS MTOCTPOEHUEM apUu(PMETUKN OPAUHAAOB.

Panee MBI y>ke paccMaTpUBaAM Ha ITPOU3BOABHBIX MHOKECTBAX TaKHe
orepaiuu, Kak o0bepuHeHUe, IepecedeHure, Pa3HOCTh, IIPOU3BEAEHUEe
ABYX MHOJXeCTB. Bce 5Tu omepanum MBI OTHOCUM K apugmMemuke MHO-
skecmB. Tenepb MBI XOTUM IOTIOAHUTH CIIMCOK apuMeTHueCKUX orepa-
MU Ha MHOKECTBAX CAOKEHUEM U YMHOKEHUEM.

§1.6 CyMMBI U IIPOU3BEAECHUSI YIIOPSIAOYEHHbBIX
MHOJKECTB

[Tyctb {L,}rcc — TPOMHAEKCUPOBAHHOE MHOKECTBO MHOKECTB.

Onpeaeaenne 1.10. MHo>KecTBO

U {z} x La

zeC

Ha3bIBAETCS NPAMOU CyMMOU (UAW QU3BIOHKIMHBIM O00beguHEeHUeM) MHO-
KecmB L, 1o MHOKecTBY C' 1 o003HauaeTcs y, L.
C

[Tyctb panee (C,<.) — AMHEHWHO YIOPSIAOYEHHOE MHOXKECTBO U {<,
| z € C'} — MHOXeCTBO AMHENHBIX TOPSIAKOB Ha MHOXKeCTBaX L,, Tak 4TO
M KaXKAOT0 € C' MHOXKECTBO L, AMHENMHO yIIOPSIAOYEHO OTHOIIIEHUuEM
<z

Ha nmpamont cymme Y L, MBI paCCMOTPUM OTHOIIIEHUE <, YAOBAETBO-
psollee CACAYIOIUM §§CAOBI/IEIM:

r <.y WAHU

,a) < (y,b) &
(w,a) < (3,0) r=yANa<,b (a,b€ Ly,)
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MM ATOOBIX (2, a), (y,b) € 3 L.
c

[Tapa <Z L, <) Ha3bIBAETCSI KAHOHUYECKOU CyMMOU (MAU TIPOCTO CyM-
C

MOMW) AMHEUHO YIOPSIAOYEHHBIX MHOJKECTB II0 AMHENHO YIOPSAOYEH-
HOMY MHOJXECTBY, a OTHOIIIeHHe < B 35TOM CAydYae Ha3bIBAeTCsT KAHO-
HUYeCKUM (AMHEWHBIM) IOPSAKOM. HeCAOKHO IIpoBepseTcs CAepyiolee
YTBEPIKAEHHE O CYyMMe AMHENHO YIIOPSIAOYEHHBIX MHOKECTB.

Teopema 1.13. Cymma AuHEUHO ynopsagouyeHHbIX MHOXKECMB NO AUHEUHO
YNOPSAGOUEeHHOMY MHOXeCmBY AUHEUHO yNopsgoveHd.

EcAu MBI Tellepb IPEAIIOAOXKHUM, YTO BCe AMHENHBIE TIOPSIAKU <, CYTh
BIIOAHE YIIOPSIAOYEHUSI MHOXKeECTB L,, @ <. — BIIOAHE YIIOpPAAOYEHUE
MHO>KecTBa (', TO, BBeAd AQHAAOTMUYHO TE€PMHWUH CyMMBI BIIOAHE YIIOPS-
AOUYEHHBIX MHOJKECTB II0 BIIOAHE YIOPSIAOYEHHOMY MHOXXECTBY, AETKO
IIOKAa3aTh YCUAEHUE NIPEABIAYIIIEN TeOpeMbl, @ UMEHHO

Teopema 1.14. Cymma BnoaHe ynopsagoueHHbIX MHOXECMB NO BNOAHE
YNOPAJOUeHHOMY MHOXECMBY BILOAHE YNOPSAGOUYEHA.

CAepyIoIInM BOIIPOC, KOTOPBIM MBI 3A€Ch PACCMOTPUM, — 3TO IIPOU3-
BeAEHUs MHOXKeCTB. PaHee MBI y>Ke TOBOPUAU O IIPSIMOM ITPOU3BEAEHUU
ABYX MHOX€eCTB. Terneps >Ke Mbl XOTUM OOOOIIUTHL 3TO IIOHSATHE HA IIPO-
U3BOABHBIM HAOOP (MHOXKECTBO) MHOXKECTB. KaK oImpeAeAruTh, HalpuMep,
nmpousBepeHre MHOKeCTB A, B 1 C'? MO>XHO BOCITOAB30BAThCS IMTOHSTH-
eM YIIOPSIAOYEHHOM Iaphbl, U HA €e OCHOBE IOCTPOUTH YIIOPSIAOUEHHYIO
TPOUKY Kak ((a,b),c), rae a € A, b € B, ¢ € C. HeTpyaHO TIOKa3aThb, 4TO
CYIIIeCTBYeT MHOJKECTBO BCeX TaKMX TpoeK (oHO paBHO (A x B) x ().
OAHaKO y>Ke B 3TOM CAyYae BUAHO «HEpPaBHOIIPABHOE» BXOXKAEHUE KOM-
IIOHEHTOB TPOWKHU, UOO MBI MOTAM OBl OIIPEASAUTH TPOUKY Kak (a, (b, c))
U MMOAYYHUTH B UTOTE, BOOOIe rOBOPS, COBEPIIEHHO MHOE IIPAMOE ITPOU3-
BEeAEHHE TpeX HAlllMX MHOXKEeCTB. AAST TOTO, YTOOBI HaM He IMMPUXOAUAOCH
BBIOMPATH ¥, KPOME TOT'O, AeTKO OOOOIIUTH MOHATHE YIIOPSIAOUYEHHOU Ta-
PBI A0 VIIOPSIAOYEHHOI'0 Habopa (KOpTe’Ka), MbI IIOCTYIIUM CAEAVIOIUM
o0pa3oM. KaXkKABIM YyIIOPSAOYEHHBIM HAOOP 3AEMEHTOB MBI OyAeM pac-
CMATPUBATh KaK (PYHKIINIO, OIPEAEAEHHYIO HQA HEKOTOPOM YIIOPSIAOYEH-
HOM MHOKECTBe (HallpuMep, YUCAOBAs MOCAEAOBATEABHOCTh B @HAAU3E).
OTO MO3BOAUT HAM 33aAaBaTh CKOAb YIOAHO OOABIINE YIIOPSIAOYEHHBIE
HaAOOpBI MHOXKECTB. [leperiaeM K OIpeAeAeHUTO.

BHOBB paccMoTpuM MHOKECTBO { L, },cc, MPOMHAEKCHPOBAHHOE MHO-
xectBoM (.
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Onpepeaenne 1.11. MHOXKeCTBO

HLx::{f‘(f:C’% U L) A(VzeC: f(x)ELx)}

zeC
HA3BIBAETCA NPsAMbIM npou3dBegeHueM MHOXXECTB LI II0 MHO>XXEeCTBY C.

Ha Bompoc — myCTO MAU HET 3TO MHOXKECTBO — MBI HE MOXKeM I10Ka
AATh OIIPEAEAEHHBIN OTBET 3a UCKAIOUEHHEeM TOro cAaydas, koraa C' = n,
T.€. KOTAQ MHAEKCHPYIOIlee MHOXKECTBO SBASIETCS HATypPAaAbHBIM YHC-
aoMm. Ilpu C' = n MBI MOKeM AOKa3aTh CYIIECTBOBAHME XOTS Obl OAHOU
QYHKIIMY, IBASIOLUIENCS DAE€MEHTOM IIPOMU3BEAEHUs, IIPU OeCKOHEYHBIX
C — HeT, ¥ 3TOT BOIPOC MBI OTAOXKUM AO § 2.4 06 akcuoMe BbIOOpa. Te-
Iepb Ke MBI IIPEAIOAOKHM, UTO IIPOM3BEAECHHME He IIYCTO, U IIeperpAeM
K U3YYEHUIO €ro CBOMCTB.

ODyHKIUY, ABASIONIAECS JAeMEeHTaMU MPSIMOTO IPOU3BEAEHUS MHO-
>KeCTB, Ha3bIBalOTCs kKopmexamu. Ecam aas arodoro x € C umeem L, = L
IIPY HEKOTOPOM MHO>KeCcTBe L, TO BMeCTO E[Lz HCIIOAB3YIOT CUMBOA L¢

(Mex B [10] nmpeararaer cuMBoA © L), KOTOPBIHM, B CYIHOCTH, 0003HAYAeT
MHO>XeCTBO Bcex (pyHKUuu u3 C' B L. 3aMeTUM, YTO IMOCKOABKY BCe L,
OAMHAKOBBI, TO IIPU AIOOOM CKOAb YIOAHO OOABIIIOM MHO>KecTBe C' MBI
MO>KeM AOKAa3aTh CyllleCTBOBaHMe (yHKIMU U3 C' B L, T.e. YTO MHOXe-
ctBO LY He mycTo.

B KauecTBe MpUMepOB NPUBEAEM CAepyiole: R" — MHOKeCTBO BCex
n-OK BeIIeCTBEHHBIX yuceA, RY — MHOXXeCTBO BCeX IMOCAEAOBATEABHO-
CTeM BeleCTBEHHBIX uucea, 2¢, tae 2 = {0,1}, — MHOXecCTBO Bcex Oy-
AEBBIX (ABOMUYHBIX) ITIOCAEAOBATEABHOCTEM.

[TpeAIOAOKUM AdAee, UTO Ha Ka*KAOM MHOXKecTBe L, 3apaH AUHEU-
HBIU IIOPSAOK <,, @ Ha MHOKeCTBe (' 3apaHO BIIOAHE YIIOPSIAOUEHUE <.
OnpepeArM Ha MHOXKECTBE 1;[L5D OTHOIIIEHUE < CAEAYIOIIUM O00pa3oM:

M AIOOBIX f, g € T] L, TOAOKUM
c

dreC: f(x) <;g(x)

"
f=9e VzeC: (z<.x— f(2) =g(2)).

(1.1)

[Tapa <H L, <) Ha3bIBAETCSI KAHOHUYECKUM npou3BegeHueM (UAU IIPO-
c

CTO TIPOM3BEACHUEM) AMHENHO YIOPSAAOYEHHBIX MHOXXECTB IIO BIIOAHE
YIIOPSIAOYUEHHOMY MHOJKECTBY, @ OTHOILIEHHe < — KAHOHUYeCKUM (AW-
HEUHBIM) ITOPIAKOM. CIIpaBEeAAMBA CACAYIOIIAS

Teopema 1.15. [IpousBegeHue AUHEUHO YNOPAGOUEHHbIX MHOXKEeCMmB IO
BNOAHE YNOPAJOUeHHOMY MHOXXECMBY AUHEUHO YNOPSgOUYEeHO.
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AokazameabcmBo. AAd TOTO, 4TOOBI YCT@HOBUTD, UTO < €CTh AMHEWHBIN
MOPSIAOK, OYEBUAHO, HAAO ITOKA3aTh, YTO OTHOIIEHUE < aHTHUPE(MAEKCUB-
HO, TPAH3UTUBHO U CBSI3HO.

1) TToka>keM aHTHUPE(MAEKCUBHOCTDL <. ECAM NPEANIOAOKUTE f < f, TO
M3 (1.1) MOAYYMM, YTO cymiecTByeT x € C TakoH, uto f(z) <, f(z), 4To
MPOTUBOPEYUT aHTUPEPAEKCUBHOCTH AMHENHOTO TOPSIAKA <.

2) I'MokakeM TpaH3UTUBHOCTH <. [lycTb f < g u g < h. Toraa cyie-
cTBYIOT z,y € C Takue, uto f(x) <, g(z), g(y) <, h(y) 1 Arg ATOGOTO
z € C u3 z <, x crepyet f(z) = g(z) u u3 z <. y caeayert g(z) = h(z).
OG6o3HaunM Yepe3 a MUHHUMYM MHOXXecTBa {z,y}, T.e. a = min{z,y}.
HeTpyaHO IpOBEPUTH, UTO B 3TOM cAydae f(a) <, h(a), T.K. UMeIOT Me-
CTO HepaBeHCTBA f(a) <, g(a) u g(a) <, h(a), MpuYem Mo KpaHen mepe
OAHO M3 HEPABEHCTB CTPOroe. AAS AFOOOTO 2z <, a UMEeM z <, T U 2 <. Y
U, CAepoBaTeAbHO, f(z) = g(z) = h(z). UTaxk, [ < h.

[TynkTe! 1) 1 2), B AOKA3aTEABCTBE KOTOPBIX MBI UCIIOAB30BAAU TOAb-
KO AMHEHWHOe yIopsiAoueHue MHo)KecTBa C' ¥ YaCTHYHOE YIIOPSIAOUYeHUe
MHOKEeCTB L, TOKa3bIBAIOT, YTO MIPOU3BEACHUE YACTHUYHO YIIOPSIAOUYEH-
HBIX MHO>KECTB IO AMHEHHO YIOPSIAOYEHHOMY MHOKECTBY €CTh YaCTH4-
HO YTIOPSIAOYEHHOE MHOYKeCTBO. MO>KHO TaK’)Ke MOKa3aTh, UTO CHSTHE
YCAOBUS CBSI3HOCTU C OTHOIIEHUSI <, He IO3BOAWUT HaM AOKa3aTb JTOT
daxKrT.

3) T'lokakeM Temnepb CBI3HOCTbL OTHOIIeHUsA <. [lycth f,g € l;le.

[Tycts Takxke f # g. Ham HeoOXOAUMO MOKazaTh, YTO AMOO f < g, AMOO
g=<rf.

BeipeAarM B MHOKeCTBe C' MHOYKECTBO B, COCTaBA€HHOE U3 BCEX TaKUX
x € C, ppst KOTOpBIX f(2) # g(x). SlcHo, uTo B # () (uHaue OBl QYyHKIUN
f 1 g OblAM OBI paBHBI). B cuAy TOro, 4ro <, CyThb IIOAHOE YIIOPSAO-
YeHHe, cyulecTByeT z = min B. [ToHSTHO, 4TO, BO-EPBHIX, f(x) # g(x),
a BO-BTODBIX, AT KaXKAOTO z <, r uMeeM f(z) = g¢(z). Teneps, B CUAY
CBSI3HOCTU OTHOIIEHUS <, MOAYUuM: f(r) <, g(x) uau g(z) <, f(z). Ecan
f(z) <z g(x), Tom f < g, ecant g(x) <, f(x), TO g < f. Takum o6GpaszoM,
OTHOIIIeHNEe < CBSI3HO, U TeopeMa AOKa3aHa. O

AAst TOrO, 4TOOBI AOOUTBHCS IIOAHOI'O YIIOPSIAOYEHUS IIPSIMOTrO ITPOU3-
BEAEHUS MHOXKECTB, He AOCTAaTOUYHO MPEAITOAOKUTH AOITOAHUTEABHO, UTO
<; CYTb BIIOAHE YIIOPSIAOYEHUSI MHOKeCTB L,, KakK 3TO OBIAO B CAydYae
CYMMBI MHO>XKeCTB. HeoO0X0AMMO TaK>ke IMIPEAIIOAOKUTH, YTO MHOKECTBO
(C KOHEYHO, UAH, He Tepss OOITHOCTH, YTO MHOKeCTBO (' eCTh HaTypaAb-
Hoe yucao. ChopMyarupyeM 3TOT Pe3yAbTAT B BUAE TEOPEMBI.

Teopema 1.16. [IpousBegeHue BnoaHe ynopsgoueHHbIX MHOXKECMB NO HA-
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mMypanrbHOMY HUUCAY ABASAEINCS BINOAHE YNOPAGJOHE€HHbIM MHOXXECIMBOM.

[TpoBepKy 3TOM TEOPEMBI MBI IIPpEAAATAEM YUTATEAIO.

B kauecTBe mpuMepa CKa)keM, UYTO Ha OCHOBAHHUHU 3TOU TEOPEMBI
HETPYAHO YKa3aThb IIOAHOE YIOPSAOYEHHME TAKOI'0 MHOJKECTBQ, KakK w'.
AAsg TOrO, 4TOOBI YOEAUTHCS B TOM, UTO YCAOBHE KOHEYHOCTU MHOJKe-
ctBa ' B O0IIleM CAy4Yae MBI CHATH HEe MOXKEM, IPUBEAEM OAMH IIPOCTOM
npuMep. PaccmorpuM npoussepeHue 2¢ (MHOKECTBO BCeX OyAEBBIX IIO-
CAEAOBATEABHOCTEN) C KAHOHMYECKHUM AWHEWHBIM ITOPSIAKOM <. Bbipe-
AVIM B 3TOM MHO>KECTBe TIOAMHO>KECTBO B mocaepoBaTeAbHOCTEN fi(n),
onpepeAsieMbIX (DOpMyAaMU:

0, n<k
fe(n) =
1, n>k

HeTpyaHO 1IpOBEpUTS, UTO fi < f,, TOTAQ U TOABKO TOTAQ, Korpa m < k

(3peCch CMMBOA < O0O3HAUaeT MOPSAOK HA HATypPAaAbHBIX 4yKcAax). [lo-

HSITHO, YTO B TAKOM MHO>KECTBe HET HAauMEeHBIIIero AeMeHTa (T.K. B w

HeT HauOOABIIIEr0), @ 3HAUUT, 2 HEBO3MOYXHO BIIOAHE YIOPSAOYUTH Ka-
HOHUYECKH.

§ 1.7 KAaacchl MHOXXECTB

B sToM maparpadge MBI pacCMOTPUM IIOHATHE KAACCa, KOTOpoe, BOOO-
1le TOBOpS, He IpPUHATO (popMarm3oBbiBaTh B ZF, HO IIOCKOABKY, Kak
IOKa3aHo B [7], BBeAeHHe TTOHATHS KAACCa B TEOPUIO MHOKECTB He IIpU-
BOAUT K IIPOTUBOPEUUIO, OOAee TOro, odoraliaeT TeOPUI0 MHOXKECTB, TO
Mbl HaMepEeHBI TaK)Ke BOCIIOAB30BAThCSI U 3TUM IMOHsSTHEeM. OOpa3HO ro-
BOPS, KAQACC — 3TO HPOU3BOABLHBIN OIPEeAeAdIeMbld HAaOOp MHO>KECTB.
TouHee roBOpS, €CAM y Hac uMeeTcsl HeKast opmyaa ¢(x) sa3bika ZF, To
tepM {z| p(z)} aBaseTcsa kraaccoM. Kakpoe MHOKECTBO SIBASIETCS Kaac-
coMm (T.K. A = {x| x € A} AAT ATOGOTO MHOKeCTBa A), HO He Ka’KABIUA
KAQCC SIBASIETCSI MHO>KECTBOM (00 3TOM IIOMAET peub HMKe). Kaacchl,
He SIBASIONIMECS MHO>XeCTBaMH, Mbl Ha3bIBaeM COOCMBEHHO KAACCaMHU.
AAs1 0003HAUEHUST KAACCOB MBI UCIIOAB3yEeM HOBBIU COPT IIEPEMEHHBIX —
Kanaurpadpuyeckue rnaTUHCKUe OYKBBI A, ..., 2, — U KOHCTaHTHL U U Ll
Mpn1 Tak>ke OocTaBAseM 3a COOOM IpaBO HMCIIOAB30BaTh HEKOTOpHIE CIIe-
nyarbHble CUMBOABI (HampuMmep, Card, Card, uam ) arg oOo3HayeHU
HEKOTOPBIX KOHKPETHBIX KAACCOB. Bce 3T CUMBOABI OyAYT OIIpEAEAEHBI
HaMU B AAALHEMIIIeM.
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B cBA3M ¢ BBepAeHHEM KAACCOB HAM IOHAAOOATCS ellle HECKOABKO CO-
TAQIIEHUU AAS 3aIUCH POPMYA, @ UMEHHO:

z € {z] p(2)}:=p(2),
{z] o(2)} = {2| ¥(2)} =V (z) = b(2),
A={x| p(x)}:=Vrxr e As p(z),
{z| p(x)} = A:=Vz p(z) &z € A,

TAe TlepeMeHHast A He BXOAUT B (POPMYAY (). DTU COTAAIIeHUs T03BO-
ASIFOT HaM PACIPOCTPAHSTH CTAHAAPTHBIE TEOPETHKO-MHOKECTBEHHBIE
OTHOIIIEHMS € U = Ha KAACCHI, NPaBAQ, C HEKOTOPHIMU OTPAHWYEHUSI-
mu. Tak, Mbl HUKOTAQ HEe MOKeM HCIIOAB30BaTh 3amuch {z| ¢(x)} € X,
IIOCKOABKY B OOIIIEM CAydYae KAACC He SIBASETCS MHOXEeCTBOM; MBI HH-
KOTAQ He MOJKeM CTaBUTb CUMBOA KAACCa IIOA KBAHTOP MAU B KaueCTBe
aprymeHTa (hOpPMYABI, TOCKOABKY BCE 3TU IOACTAHOBKY BO3MOXKHBI AU
AAST MHOJKECTB.

PaHee, Korpa MBI UCIIOAB30BAAU BO BBeAeHUM TepM {z| ¢(x)}, MBI He
OTIPEAEASIAML AASI HETO HUKAKUX IIPAaBUA, HaXOASICh B paMKaX HaUBHOU Te-
OPHWH MHOKECTB, U CYUTAAM €TO KaK 0O03HaueHHe MHOKecTBa. OAHAKO
C OsIBA€HMeM akcuoM ZF HaM npHImAOChk OTKa3aThCsl OT UCIIOAB30BAHUS
9TOTO TepMa B O0IeM BHAE, a TOAb30BAThCSI TOABKO €ro YaCTHBIM CAyYa-
eM {z| v € AANp(z)}. Tenepb ke MBI BHOBb HaMepPEHBI HUCIIOAB30BATh 3TO
o003HaYeHMe, HO y)Ke He AAS MHOJKECTB, a AASI KAACCOB, a IIPUBEAEH-
HEIE TIPABHUAQ, COOCTBEHHO, ITOKA3bIBAIOT, YTO BCE HAIIN PACCY’KACHUS,
copeprKallye MOHSATHE KAACCa, MBI MOXKeM 6e3 Tpyaa (hOpMaArM30BaTh B
ZF.

ApPyruM# CAOBaMH, KAAQCCHI HaM IOTPeOOBAAUCH AAS YIIPOIIEHUS 3a-
IIUCH YTBEP)KASHUH Ha sisbike ZF, TOuHO Tak ke, KaK CcOKpaleHus ¢op-
MyA Tana x C y uau = ¢ y. EcAn, HapuMep, y HaC UMeeTCs AOCTATOYHO
6oapmas opmyra ¢(x):=(r € A)A(z € B)V (xr € C) u T.1.,, TO MBIl
MOXKeM ompeAeAuTb kKaace K :={z| p(r)}, 1 B pAaAbHENIIIEM BMECTO 3TOMU
MUHHON (DOPMYABI ITHCATh KOPOTKO 7 € K.

PaccmoTpuM mpumepsl cOGCTBEHHO KaaccoB. [lyctes U:={z| © = x}.
Kaacc 2 — »5TO Kaacc BCceX MHOMKECTB, U MHO>KECTBOM OH OBITHL He
MOXKET, T.K., IPEATIoAaras uTo ¥ eCTh MHOYKECTBO, MBI IIDUAEM B IIPOTH-
Bopeure ¢ TeopeMo# 1.3, 3 KoTopou caepyet, uTo U ¢ L. AHAAOTUIHO
Kaacc Pacceana {x| v ¢ x} He gBAIeTCS MHOKECTBOM IIO TOM IIPOCTOM
IpUYMHE, YTO OH COBHApAeT ¢ U B CHUAY aKCHOMBI PEryAsipHOCTH S7.
HeTpuBrarbHBIM IPUMEpPOM COOCTBEHHO KAACCA SIBASIETCS KAACC BCEX
TPAH3UTUBHBIX MHOKecTB. [lyctb T:={x| + — TpausutusHo}. [1pearo-
AOXKHUM, UTO T SIBASIETCSI MHOKECTBOM. TOTAQ CYIIECTBYEeT MHO>KECTBO
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p = UT. [TokakeM, 4TO MHOXXeCTBO S(p) TPAaH3UTUBHO. AEeHCTBUTEABHO,
u3 toro, uto x € S(p) caeayer x € p wau x = p. Ecam x € p, TO Cy-
LIeCTBYeT TPAaH3UTHUBHOE MHOXXECTBO ¢ Takoe, 4YTOo x € ¢, Torpaa = C {,
oTKypa = C p #, caepoBaTeAbHO, © C S(p). Ecau >Ke x = p, TO OUEBHUAHO,
yro  C S(p). Utak, S(p) TpausutrusHO, nostomy S(p) € T u S(p) C p.
[MTporuBopeune. Takum o6paszoM, T He SBASIETCS MHOMKECTBOM.

ITogkaraccom rkaacca K HazbiBaeTCcd AIOOOM TaKoM KAaacc L, 4TO AAS
KaXxporo MHoO)KecTBa © € L mmeeMm z € XK. Ecam mopraacc L siBAsIeT-
Csl MHOKECTBOM, TO €ro MBI Ha3bIBaeM NOgMHOXecmBoM Kaacca K. Aast
KAACCOB, KaK M AASI MHOJKECTB, MBI UCIIOAB3YEM BCE COKpPAIeHUST AAS
opmya, onpepereHHBIE HAMU BO BBEAEHUM, U IOUYTH BCE COKpAIeHHUS
AT TepMoB, a umeHHO: KN L, KU L, K\ L, UK, Exp(K), npuuem 1mmop
kaaccoMm Exp(K) MBI mOHMMaeM KAacc BCeX MMOAMHOMecCTB Kaacca K.

[ToHAaTHS TTOCAEAYIOIIEro KAacca M Iaphbl KAACCOB y’Ke HEKOPPEeKT-
HBI B CAy4ae COOCTBEHHO KAQCCOB, OO 3A€MEHTAMU KAACCa MOI'YyT OBITh
MHO’>KeCTBa U TOABKO MHO’>KECTBa.

Ha Kaaccax MBI TaK)Ke MOYKEM pacCMaTpPUBATh OTHOIIIEHUS KaK KAac-
CBbI TIap MHOJKECTB, B YaCTHOCTHU MBI MOJKE€M BBECTU B pacCMOTPEHHe
mpsiMoe TPOU3BEAEeHUWEe KAACCOB. [ToaToMy B AaAbHEHIIEM (CM. TAABY
2), xorpa MBI OyAeM AOKa3bIBaTh, HAIIPUMep, BIOAHE YIIOPAAOYEHUE
HEKOTOPOTO KAacca, Mbl (paKTUUECKM OyAEM ITPOBEPSITH CAEAYIOIIUe
cBoucTBa. [lycte K — Kaacc, ¥ Ha 3TOM KAACCe 33AaHO OTHOIIIEHHE
R:={(z,y) : ¢(x,y)}. Toraa orHOmEeHNEe R HAa3BIBAETCS BIOAHE YIIOPSIAO-
YEeHUEeM, eCAU:

1) Vo € K : |2Rx (@aHTUPE(DAEKCUBHOCTD);

2) Vo,y,z € X: 2Ry AN yRz — xRz (TpaH3UTUBHOCTB);

) Ve,ye KX: z=yVaRyV yRr (CBA3ZHOCTD);

4) arst aro6oro mopamuoxkectBa A C K, A # (), cymiecTByer Takou x € A,
YTO AAS ATOOOTO y € A umeem xRy nAu © = y.

AHaAOTHYHBIE OTIPEAEAEHUST MOJKHO TTPUBECTU U AAST BCEX OCTAABHBIX
BUAOB OTHOIIIEHWH, KaKue MBI paccMaTpuBaAu B § 1.4.

[Top omobpaxenuem JF : X — L raacca K B kracc L MBI IOHUMaeM
Kracce F C K x L takon, uTo ard Kaxxporo x € K cymectByeT y € L Takow,
910 (r,y) € F, u BcsikuM pas us (z,y), (z,2) € F caepyer y = z. TTons-
THEe OTOOPA’KEHUSI — 3TO €CTEeCTBEHHOE IIPEACTABACHUE ITIOHATUN PYHK-
ITUA U ONPEAEASIEMOT0O OTOOpa’kKeHUs B TepMUHAX TEOPUU MHOXKECTB C
KAaccaM#. AeUCTBUTEABHO, eCAU opMyAa ¢(z, y) OpepeAseT (x — y) —
orobpakenue, To krnacc F = {(z,y)| p(z,y)} ABAsIeTCS OTOOpA’)KEHUEM U3
kaacca K = {z| Jy ¢(x,y)} B kaace L = {y| Iz ¢(x,y)}. Ecau xe f ecTb
dysknusa uz A B B, To noaaras X = A, L = B, F = f, noayuaem, uto F
ectb oToOpakenue u3z K B L.
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Anst oroOpakenus F popmyasl F(z) = y uau y = F(z), Kak 4 B CAydae
(byHKITMM, 03HAYAIOT MONPOCTY, 4TO (z,y) € F.

AAs OTOOpayKeHUM TaK K€, KaK U AAI (DYHKIUN, BBOAATCS IIOHATUS
WHBEKTUBHOTI'O, CIOPBEKTUBHOI'O M OMEKTHUBHOTO OTOOpa’kKeHUsd, Cylep-
MMO3UIUU OTOOpakeHU, 0OpaTHOIrO OTOOpa>keHus, oOpasa U mpoodpasa,
Cy>KeHMs OTOOpa>keHus Ha MOAKAACC UAM HAa MOAMHO>KECTBO.

[Toka>kem 0AHO (PyHA@MEHTAaABHOE CBOMCTBO, KOTOPOE MBI OyAE€M BIIO-
CAEACTBHUM HEOAHOKPATHO MCIIOAB30BATh IPU AOKA3aTEABCTBE TEOPEM.

[Tycts K — HEKOTOPBIM KAAcc, Y — MHOKECTBO.

Teopema 1.17. Ecau F ecmb unbekmuBHOe omobOpaxeHnue kiaacca K B
mHOXecmBo Y, mo kracc K ecmb MHOXeCMBO.

AokazameabcmBo. BriaAeAMUM B MHOXKECTBe Y IIOAMHOXXECTBO / Kak
obracTe 3HaueHuH F, T.e. morokuM Z = {y € V| Jz € X : F(z) =
= y}. Torpaa orobGpakenue F : X — 7 OUEKTUBHO U, CAEAOBATEABHO,
ob6patumo. Otobpaxkenue F~!: Z — K, obparHoe K F, CIOPBEKTUBHO,
OTKYAA@ B CHAY @KCHUOMBI IIOACTAHOBKM S8 moaydaeM, 4To KAaacc K ecThb
MHOYeCTBO. 0

Ha sTomM MBI 3aBepiliaeM pacCMOTPEHUE OCHOBAaHUU TEOPUM MHO-
xecTB. [loaABeAeM HEKOTOpBIE UTOTH HAIIUX IIOCTPOEHMU. B 3TOM TAa-
B€ MBI IIOIIBITAAUCH IIOCTPOUTH (POPMAABHYIO aKCMOMATUYECKYIO TEOPUIO
MHOJKECTB, B aKCMOMaxX KOTOPOW MBI 3a(PUKCHUPOBAAU BCe OCHOBHBLIE U
BIIOAHE OYeBHAHBIE TpeOOBaHUS K MHOXKeCTBaM. [Ipuaep>KuBasich CTpoO-
I'MX IIpaBUA s13bIKa ZF, MBI CyMeAU OIIPEeAEAUTh B PaMKax TEOPHUHU MHO-
KeCTB IPAaKTUUYECKU BCe OCHOBHBIE MaTeMaTH4YeCKHe MOHATHUSA TaKue,
KaK OTHOIIeHWe, PYHKIIMS, OTOOpakeHue, MpsiMOe MPOU3BEeACHUE MHO-
>KeCTB, HaTypaAbHBIE UMCAQ U NTpodee. MBI BBeAU B pacCMOTpPEHHUE IIO-
HATUE KAACCa, C MOMOIIBIO KOTOPOT'O MOXXHO AOBOABHO KOMIIAKTHO U
WHTYUTUBHO IOHATHO 3alMCHIBATH MHOI'ME I'POMO3AKHE (DOPMYABI S3BI-
Ka ZF.

YTo paeT HaM TAaKOU IMOAXOA? Bo-TiepBBIX, TOYHOCTH BCEX BBIBOAOB
TEOPUU U OTCYTCTBHUE BCEX U3BECTHBIX ITAPAAOKCOB TEOPUU MHOJKECTB.
Bo-BTOpBIX, OOBEMHOCTH TEOPHUM B TOM CMBICAE, UTO B TEOPHUIO MHO-
xecTB LlepmMero—@DpeHKeAsT MOKHO HOIPY3UTh IIPAKTUYECKHA BCE Ma-
TeMaTuYeCKUe PACCyKAEHUS. B-TpeTbUX, 3a AOATHE T'OABI TIIATEABHBIX
HCCAEAOBAHHUM MaTeMaTUKaM He yAAAOCh OOHApYy>KUTh B ZF HM opHOTO
IIPOTUBOPEYHUS, UTO BCEAdeT B HAC OOABIIYIO YBEPEHHOCTh B HEIIPOTU-
BOPEUYUBOCTHU ITOU TEOPHUHU.



I'rnaBa 2

OPAMHAADI

§ 2.1 OmnpepereHue u CBOMCTBA OPAMHAAOB

O,A,HO U3 CAaMBbIX YdCTO HCIIOAB3YEMbBIX B TeOpHUU MHOXXEeCTB HOHSITUU
— OTO IIOPSAOK, MAH, TOUHEEe, TTOAHBIN IIOPAAOK SA€MEHTOB HEKOTOPO-
'O MHO>XeCTBa. npeACTaBI/IM cebe MHO’KeCTBO HEKOTOPEIX 3AE€MEHTOB,
OTBAEKAsCh OT UX ITPHUPOABDBI:

00999 o

0 1 2 3

HaTrypaAbHbIEe YUCAQ, IPOCTABAEHHBIE CHU3Y, OTMEYAIOT MOPSIAKOBBLIN
HOMEp Ka’KAOI'O JAEMEeHTa, YCTAHABAMBAS TEM CAaMBIM B3aUMHO OAHO-
3HQUHOE COOTBETCTBHE MEKAY HAaTYPAABHBIM UMCAOM N ¥ HAIIIUM MHOXKe-
cTBOM. ECAM MBI UBMEHUM MOPSIAOK 3IA€MEHTOB, OTBAEKASICh OISATH )K€ OT
WX IIPUPOABI, TO IIOCAE IIepeHyMepalii BHOBb IIOAYYUM Ty K€ KapTHUHY.
AENCTBUTEABHO, A KOHEUHBIX MHOXKECTB IIPU IIepeCTaHOBKE 3AeMeH-
TOB MX aOCTPAKTHBIN ITOPIAOK (MAM MOPSAKOBBIU THUII) He MeHdeTca. Ho
IIOCMOTPHUM, KaK OOCTOUT AEAO C OeCKOHEUHBIMU MHOXKeCcTBaMu. Bo3b-
MeM, K NPUMepY, MOCAEAOBATEABHOCTh YuCeA 1 — 1/n, yIopspAOUeHHBIX
110 BO3pACTaHWUIO, T.€e. OOBIYHBIM CIIOCOOOM, IIPMCBOMB MM B KaueCTBe
HOMEPOB HATypaAbHbIE UKUCAQ:

O O 00

0 1 2 3

Tenepp mmepeHeceM HYAEBOM SAEMEHT B «KOHEIl» 3TOTO PIAQ, U IIOCAE
IlepeHyMepanum ¢ HyAs IIOAYYUM

O O O... O.

0 1 2 w

HOCAQAHQMY OAEMEHTY B Ka4eCTBe «HOMepa» MBI IIDUCBOUAU W. SAQCB
Y>Ke uMeeTci HOCAeAHI/Iﬁ OAEMEHT, XOTA KOANYEeCTBO 3AEMEHTOB He H3-
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MEHHAOCH, T.€. MEXKAY TeM U APYTMM MHO>KECTBOM MOJKHO YyCTaHO-
BUTH B3aUMHO OAHO3HAYHOE COOTBETCTBHE. UTOOH! OBITH GOAEe TOUYHHI-
MU, BMECTO IepBOrOo IIpuMepa MOCAeAOBaTeABHOCTH {1 — 1/n}°, BO3b-
MeM MHO>KeCTBO w C OOBIYHBEIM IIOPSAKOM, & BMECTO BTOPOIO IpUMepa
YIOPSIAOYEHHOT'O MHOJKeCTBa pacCMOTPUM MHOKecTBO S(w) = w U {w},
TAe OTHOIIIEHME IPUHAAAEKHOCTU YCTAHABAMBAET BIIOAHE YIIOpPSAOYE-
HUe, IPUYEM w B 3TOM MHOMKECTBE SIBASIETCSI HAMOOABIIUM 3AE€MEHTOM.
Buexkuyen MeXxAy 3TUMU MHOXKeCTBAaMU OyA€T, HAllpuMep,

f(n) = ntl, new f:Sw) ¢ w.

0, n=uw,

[TpoporKast Aaaee MpPoIece «ImepedbpPOCKU» DAEMEHTOB M3 «Hadara» B
«KOHeIl» B HaIlleM IIpuMepe, Mbl OyAeM IIOAy4YaThb BCEe HOBBIE U HOBBIE
MOPSIAKOBBIE KOHCTPYKIIMM UAW, KaK MBI Aaaee OyAeM TOBOPUTH, NOPsg-
KOBbleé MUnbl.

JTa 0COOEHHOCTh OECKOHEUYHBIX MHO’KEeCTB ObIAA BIIEpPBBIE ITOAMEYe-
Ha KantopoMm (cM. [1]) B ero Tpyaax o TEOpUU MHOXKECTB. Toraa oH
BBEA IIOHSATHUE MOPSAKOBOI'O TUIIA BIIOAHE YIIOPSAOYEHHOTO MHOKECTBA
KaK HeKoero o0'beKTa, MOAy4aeMoro IIyTeM adCTparupoBaHus OT IIPUPO-
ABL DAEMEHTOB 3TOI'0 MHOXXKeCTBa. MBI J)Ke BOCIIOAB3yeMCSI MeTOAOM (DOH
HelimaHa aag onpepeAeHusT TTOPSAKOBBIX THIIOB, KOTOPBIM 3aKAKOYAET-
Cs1 B [IOCTPOEHUHU CIIEIIMAABHBIX IIOAHOCTBIO YIIOPAAOYEHHBIX MHOKECTB,
Ha3bIBaeMbIX HaMU OpPAMHAAAMHU U OOAQAQIONIUX BeChMa IIPUBAEKATEAb-
HBIMU CBOMCTBAMHU, IIPUUYEM AAS KA’KAOTO ITOAHOCTBIO YIOPSAOYEHHOTO
MHO>KECTBA HAaUAETCSI U TOABKO OAWH OPAWHAA, IBASIOIIUMICS €TI0 MOPSIA-
KOBBIM THIIOM.

Omnpepeaenne 2.1. OpguHarom (UAM NOPAGKOBbIM HUCAOM) HA3BIBAETCS
BCSIKOe MHOKecCcTBO X, oOAapaloIiee CBOMCTBAMMU:

X TPaH3UTHUBHO U AIOOOM 3AeMeHT x € X TPAaH3UTUBEH.

AAs1 0003HAUEHUST OPAMHAAOB MbI OyA€M HMCIIOAB30BATh, KAaK IIPABUAO,
rpeueckre OYKBBI, [IO3TOMY YCAOBHUMCS BCIOAY B AQABHEMIIEM AKOOYIO
rpeuecKkyro OyKBYy, KpOMe ¢ M 1, IIOHUMATh KaK OO0O3HaYeHUe OpAUHA-
AQ, eCAU He OoroBopeHO npotuBHoOe. Hepe3 Ord 0o003HAUMM KAACC BCEX
OpAMHAAOB. PaccMOTpUM Ternepb OCHOBHBIE CBOMCTBA OPAMHAAOB.

v 2.1. TTycToe MHOKeCTBO () eCcTb OpAMHAA.

B aanbmeiiniem, Koraa () Mbl GyaeM KMCIIOAB30BATh KaK OPAMHAA, MbI
OyAeM Ha3bIBATh €ro HyAe€BBIM OPAMHAAOM, 00O3Hauas ero (.

v 2.2. Ka)kKABI DAE€MEHT OpAMHAAA eCTh OPAUHAA.
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Aokaszameabcmso. [lycts © € a. Toraa v TpaH3uTUBeH. B cuay TpaH3u-
TUBHOCTH (¢ TIOAYYUM z C «, OTKyAQ M KaXABIM DAEMEHT y € x, OyAydd
SAEMEHTOM (v, TAKKe TPAH3UTUBEH. O

v 2.3. N\1o60e HATypaabHOE YHCAO N € w, @ TAKKe MHOXKECTBO w SIB-
ASIOTCS OpAMHAAAMM, YTO CAeAyeT M3 TeopeMbl 1.12 U mpeabIAyIIero
CBOICTBA.

v 2.4. Ecam o« — HeHyAeBOM opAnHaA, To 0 € a.

AokazameabcmBo. VI3 aKCUOMBI peTyAIpPHOCTHU (S7) CAeAyeT, U4TO Cylie-
CTBYeT ¥ € « TakoH, 4To = Na = (). Tak Kak = C o, TO z N = x, OTKYAQ
x = 0 1, caAepoBaTeAbHO, 0 € a. O

v 2.5. EcAm o — opauHana, To S(a) — OpAMHAA.

Aoxkazameabrcmso. Tlyctb x € S(«), Toraa AMGO x € o, AMOO x = . B ATO-
oom caydae © C o B CUAY TPAH3UTHUBHOCTH . Kpome TOro, Aast Aro00ro
x € S(a) MHOXKECTBO & TPAH3UTHUBHO, T.K. T € o UAUL T = (. O

Panee MBI y>Ke MCIIOAB30BAAU MPUHIMI UHAYKIMHU AASI HATYPAABHBIX
YHMCEeA, T. €. Ha MHOXKeCTBe w. Tenepb Mbl AOKa>keM OoAee OOIIUIN TPUH-
U AASI BCEX OPAMHAAOB.

Teopema 2.1. ITycmsb p(x) — ¢opmyaa asvika ZF. Ecau gas aroboro o u3
moro, umo V5 € a: ¢(f), cregyem p(«), mo morga gast Al060oro o umeem

p(a).

Aokazameabcmpo. TIPEATIOAOKUM, CYIIECTBYET ¢ TaKOH, UTO |p(«).

Paccmorpum MHOKecTBO X = {f € a| |¢(8)}. EcAm 3TO MHOKeCTBO
mycTo, To V(3 € a: (), oTkyaa ¢(a). ITpoTuBopeune.

[Tyctb X # (). Toraa mo akcuoMe peryaspHoctu S7 cymiectByet § € X
Takow, uro SN X = (). AAst opAMHaAA 3 BEPHO CAeAyIoliiee.

a) BC q, T.K. f € @ U o TPAH3UTHUBEH.

6) aArst AtoGoro v € [ umeeM (), T.K. SN X = ().

Ho Toraa mo ycaoBuio TeopeMbl oaydaeM ¢(/3). [IporuBopeune. [

AOKa3aHHYIO TeOpeMY HA3BbIBAIOT OOBIYHO MPAHCHUHUMHOU UHJYKUU-
el UAM IIPOCTO UHgYKuueu. MTHAYKIIUA UCIIOAB3YETCS AOCTATOYHO YaCTO
IIPU AOKA3aTeABCTBE TEOPETUKO-MHOKECTBEHHBIX (DAKTOB U APYTHUX Te-
opeM, AeKalllUX B OCHOBAHUAX MATE€MaTUKU.

3ameuanue 1. EcAu y Hac mMeeTcs HEKOTOPBIM HEIYCTOM KAACC OpAU-
HanroB K (T.e. K C Ord), a popMyra ¢, yKazaHHasl B TeopeMe UMeeT BUA
r € X — ¢(x), To MBI TOBOPUM 00 UHJYKUUU HA KAQCCe OPAMHAAOB. B
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5TOM CAyYae AAS IIPOBEPKHM YCAOBHUU TEOpPEMBl, OYEBUAHO, AOCTATOUYHO
OpaTb OpPAMHAABL @ M [ TOABKO M3 Kaacca K. Tak MBI mocTynaeMm, Ha-
IIpUMep, IIPpU AOKA3ATEAbBCTBE TeopeMbl 3.19, UCIOAB3YS MHAYKIWIO HA
KAacce OeCKOHEYHBIX KapAUHAAOB.

[TpoBepka ycaoBuss TeopeMbl Ipu « = (0 (@ B CAy4yae UHAYKIMUU II0
Knraccy oppuHaroB K mpu o = minXK) OOBIYHO OCYIIECTBASETCS OT-
AEABHO M Ha3bIBaeTcsd 0a30M MHAYKIIUU. [IpoBepuM, YTO yCAOBUE TeO-
pembl ipu o = 0 paBHOCUABHO opmyae (0). ! TTo ycroBUIO MBI UMeeM
(VB e0: ¢(8)) = ¢(0). Bocmoab3yeMcs HAIIMMU ONIPEAEACHUSIMU COKPa-
IIEHHOU 3alIUCH POPMYA (CM. BBEACHHUE), U NIepelulleM YCAOBUE NHAYE:
V6 : B €0 — ¢B) — ¢0). IMnaukanusa € 0 — ¢(f) UCTUHHA
B CHAY AOKHOCTH IOCBIAKM TIPU AIOOOM OpAWUHAAE (3, TIOITOMY HCXOA-
Hasi hOpMyAa pPaBHOCHUABHA CAepyiomiel ¢ — ¢(0), rae ¢ obo3Havaer
KaKyI0-AM00 MCTHHHYIO opmyAy, Hampumep, 3 ¢ (). Hy a Toraa Haia
ncxopHast hopMyaa paBHOCHABHA ¢(0), YTO BBITEKAeT y’Ke M3 CBOMCTB
UMIAUKAIIUU.

3aMeTuM, UTO MHAYKIIMIO MOJKHO IIPOBOAWTH HE TOABKO Ha KAacce
OPAMHAAOB, HO TaK)Ke Ha AIOOOM ero IOAKAAcCe MAU IMOAMHOXKECTBe, a
TaKk>Xe, B 00Aee 00111eM BUAE, HAa AFOOOM BIIOAHE YIIOPSIAOYEHHOM KAACCe,
TOABKO BMECTO OpArMHaAa 0 HAAO OpaTh MUHMMYM 3TOT'O KAACCA, @ BMECTO
OpPAMHAAOB OpaTh UCKAIOUUTEABHO SAE€MEHTHI AQHHOT'O KAacca.

AOKa>keM Temnepb OAHO U3 OCHOBHBIX, Ha HaIll B3TASA, CBOMCTB OPAU-
HaAOB.

Teopema 2.2. Kaacc Ord BnoaHe ynopsgoieH omHOWeHUeM NPUHAGAEX-
HoCmu.

AokazameabcmBo. AHTUPE(MPAEKCUBHOCTb € CAEAYET U3 aKCUOMEI pery-
ASIPHOCTH, U OBbIAG YK€ HaMU He pa3 AOKa3aHa.

TpaH3UTUBHOCTH € HA OPAMHAAAX BBITEKAET U3 TPAH3UTHUBHOCTU OP-
AVMHAAOB.

AAS AOKa3aTeAbCTBA CBSI3HOCTU € Ha OPAMHAAAX PACCMOTPUM (POpMY-
AY oo, f)i=a € fVa=FVEEa.

Ham neobxopumo nokasats Vavi ¢(a, f). Ard 9TOro AOKaykeM HUCTHH-
HOCTb QOPMYAHI Y () :=Vf ¢(«, f) nHAYRKIHEH 10 «. [TpeATIONOKHUM, YTO
AASI ATOOOTO v € v UCTHHHO 1)(7y). Temnepb AOKa)keM MHAYKIMeN 10 [ uc-
TUHHOCTb (v, ) (Ipu (PUKCHUPOBAHHOM «). [IpeAorokuM, uTo ¢(w, )
npu Aro6oMm v € . Ytak, paKTUUeCKU y HaC UMEEeTCSI CAeAYIolllee IIPeA-

'JacTo B KHMrax IO Teopuu MHOKecCTB (Hampumep, [13]) B ycroBHe TeopeMbl 06
MHAYKUIMH A00aBAsIOT TpeGoBauue ¢(0), KoTopoe, BOOOIe roBOPsI, U3AUIIHE.
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noroxenue: (Vy € a: ¢(v,8)) A(Vy € : ¢(a,v)), B3 KOTOPOTO HAAO
BEIBECTH (v, [3).

Ecau a = 3, To Bce oueBupHO. [lycTb o # (3. Torpaa a\ 8 # 0 vam
f\ a # (. PaccmoTpuM mepBbIM BapuaHT. Ilycth v € « \ 3. Toraa us
IIPEAIIOAOKEHHS TToAydaeM: ¢(7, 5), T.e. v € BV vy = [V € v. Cayuan
v € [ UCKAIOUAeTCs 10 BBIOOPY Haliero . Takum oOpa3oM, v = SV 3 € 7.
M3 TpaH3UTUBHOCTH (v U TOTO, UTO 7 € (v, MOAy4aeM 3 € o, T.e. p(a, §).

PaccmoTpum BTOpO¥ BapuaHT. I1ycTh v € [\ a. VI3 npeanorokeHus
MOAyYaeM TOrpd ¢(«,7y), IpUYEeM CAy4Yau v € « UCKAIo4aercs. [TloaTomy
nMeeM « € vV a = 7. Tak UAX UHaAYe, U3 v € [ B CUAY TPAH3UTUBHOCTHU
f moayunMm « € 3, T.e. p(a, f).

Tem caMbIM MBI AOKa3aru Vi p(«, ). Termepb HHAYKITUEH IO v 3aKAIO-
gaeM, 4To YaVvj ¢o(a, 5).

HTak, CBI3HOCTb € Ha OPAMHAaAAX MoKa3aHa. OCTaAOCh MOKa3aTh, YTO B
AIO60M HEITYCTOM MHOJKECTBE OPAMHAAOB CYIIIECTBYeT MUHUMYM. [1yCTh
B — HemycTOoe MHOXXECTBO OPAMHAAOB. [10 akCcMOMe PeryAspHOCTHU CY-
mecTByeT 3y € B Takoi, uro By N B = (). Toraa aast aroGoro [ € B
noayyaeM Aubo [y = [, aubo [y € B, T.K. BapuaHT [ € [3;, O4EBUAHO,
UCKAIouaeTcs. Mrak, Sy = min B. O

v 2.6. 113 TOABKO UTO AOKa3aHHOU TEOPEMBI CAEAYET, YTO Ka’KABIM Op-
AVHAA BIIOAHE YIIOPSIAOYEH OTHOIIEHUEM IIPUHAANEKHOCTH.

B aAanpHeMIeM, KOraa Mbl OyA€M T'OBOPUTH O IIPUHAAAEKHOCTU KAk
00 OTHOIIEHUM IOPSAKA HAa OPAMHAAAX, BMECTO CUMBOAA € MBI OypeM
nucaTh <, a popmyaa « > [ OyAeT paBHOCHUABHA IO OIIPEAEAeHUI0 Pop-
MyAe [ < «. Kak 0OBIUHO, pacCMaTPUBAIOTCS ¥ PABHOCUABHBIE (DOPMY-
ABL @ < f ¥ 8 > «a HeCcTpororo HepaBeHCTBa. B cooTBeTCTBUHU C oOIpe-
Aerenusimu u3 § 1.4 mapa (o, <), TAe @ — OpAMHAA, < — OTHOIIEHHUe
IIPUHAAAEKHOCTH, HA3bIBAETCS BIIOAHE YIOPSIAOUYEHHBIM MHO>KECTBOM.
YCAOBUMCST AAST ODAMHAAOB BMECTO Haphl (a, <) MUCATh IIPOCTO CaM Op-
AWHAA (r, OTHOCSI K HEMY TIOHSITHE BIIOAHE YIIOPSIAOYEHHOTO MHOXKEeCTBA.

V27. a<fEsacCflas s alf).

Aokazameabcmpo. Ecam o < 3, TO o C # B CHAY TPAQH3UTUBHOCTH [3.
[Tyctb oo C 5. TIpeanioaoskum, uto |(a < (). Toraa f < «, oTkypa 3 C «
B CUAY TPAH3UTHUBHOCTH «. [IpoTuBOpeune. U

v 2.8. Ecam A — MHOXKeCTBO OPAMHAAOB, TO B Kaacce Ord cyirecTByeT
sup A 1 oH paBeH UA.
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Aokazamearcmpo. Ilyctb x = UA. MHOXXECTBO & €CTh OPAMHAA, T.K. AAS
Ka’>kKAOTO z € x CYIIEeCTBYeT o € A TaKOH, UTO 2z € «, IO3TOMY, BO-TIEPBHIX,
z TPAH3UTUBHO, @ BO-BTOPHIX, 2 C o C 7, OTKyAd T TPAH3UTHUBHO.

[Toka>keMm, 4TO = = sup A.

a) Aag aroboro o € A umeeM « C x, OTKyAQ 1O CBOMCTBY 2.7 a < «x,
T. €. x IBASIETCSI BepXHEU IpaHbio AAT A.

0) [MycTb v — BepxHsa rpaHb AA A. Tak Kak AL ATOOOTO v € A BEpHO
UAU « < 7Y, TO AASI ATODOTO v € A 0 CBOMCTBY 2.7 moAayuuM « C 7, OTKyAQ
x C 7y, T.€e. IO CBOUCTBY 2.7 UAu = < 7.

HTak, xr — To4yHas BepXHss rpaHb A. [

v 2.9. He cymecTByeT HauOOABIIETO OPAUHAAAQ.
AoxazameabcmBo. Ecau o = max Ord, To S(«) C a. IIpotTuBOopeune. [
v 2.10. Karacc Ord He gBASIETCSI MHOKECTBOM.

Aokazameabcmpo. Ecan Ord — mHOXecTBO, To UOrd ecTh OpAMHAA 1O
CBOMCTBY 2.8, mpuuyeM, oueBUAHO, U Ord = max Ord, 94TO IpOTUBOPEYUT
CBOMCTBY 2.9. 0

OnpepeAarM ABa OCHOBHBIX TUIIA OPAMHAAOB.

Omnpeaeaenne 2.2. OpAWHAA « Ha3bIBAETCS NOCAEGYIOWUM, €CAU CYIIe-
CTBYeT MHO>KECTBO & TaKoe, uTo o = S(z). B IpOoTMBHOM cAydyae OpAMHAA
(v Ha3bIBAETCS NpegeAbHbIM, €CAU TOABKO « > (.

HecAo>XHO TTOKa3aTh, YTO KAACC IMTPEASABHBIX OPAMHAAOB M KAACC IO-
CAEAYIOITUX OPAWHAAOB He orpaHmdeHbl B Ord, T.e. He ABASIOTCS MHO-
JKeCTBaAMMU.

v 2.11. o eCTb TIOCAEAYIOIINU OPAWHAA TOTAQ U TOABKO TOTAQ, KOTAQ
supa < .

AokazameabcmBo. Bo-TiepBbIX, CChHIAASICh HA CBOMCTBO 2.8, 3aMeTUM, 4TO
AASI ATOOOTO HEHYAEBOTO OPAMHAAQ (v

supa = Ua = U x,
reEQ
IIpAYEM SUpP @ €CTh OPAWHAA.
Bo-BTOpBIX, MOKakeM, 4TO yTBEPKAEHHE o < SUp (v AOKHO IIPU AFOOOM
HEHYAEBOM OpAMHAAe «. [ToAB3ysCh CBOMCTBOM 2.7, IOAYYUM

supa:UxQ nga. (2.1)

TEQ rCa
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Tak, myCcTb o €CTh MTOCAEAYIOIINI OPAMHAA. TOrAQ CYIIIECTBYET OPAU-
HaA 3, Takou, uto a = S(3).

Torpa sup a = Ua = (UB) U = § 1o (2.1). CAepOBaATEABHO, Sup a < a.

O6patHo, mycTb sup @ < «. Paccmorpum opaunaa S(sup «). Mmeem

S(sup a) = (Ua) U {Ua} C « (2.2)

110 HEPABEHCTBY (2.1) U IO IPEAIOAOKEHUIO.
[To ompepenenHuIo sup a AN AtoGoro < a: B < (supa) U {supa} =

= S(sup a).
[TosTomy
a C S(sup ). (2.3)
OKoOHYaTeAbHO U3 (2.2) U (2.3) UMeeM « = S(supa), TO eCTb a —
IIOCAEAYIOIIUN OPAWUHAA. O

s AOKA3daTeAbCTBA OTOI'O CBOMCTBA BBITEKAIOT CAeAYIOoNIe ABAd KpU-
Tepus IMOCACAYIOIIETo U IIPeAEeABHOT'O OPAMHAAOB.

v 2.12. o eCTb IOCAEAYIOIIUNA OPAMHAA TOTAQ U TOABKO TOTAQ, KOTAQ (v =
= S(sup«); o ecTb IPEASABHBIN OPAMHAA TOTAQ M TOABKO TOTAQ, KOTAQ
o = supa.

§ 2.2 PeKypCHBHBIE OIIPEAEAEHUSI.
ITopsiAKOBBIE THIIBI

OpHa M3 4acTO BCTPEYAIOIIVXCSI B MaTeMaTUKe KOHCTPYKLIUM — pe-
Kypcusi. Hanpumep, BbIOpaB oOIpepeAeHHBIM 00pa3oM BellleCTBEHHYIO
pyHKIUIO f U YUCAO @, MBI MOJKEM pPacCMaTPUBATh ITOCAEAOBATEABHOCTh
{z,}52, olpepeAsieMylo PaBEHCTBAMU: Ty = G, Tpi1 = [(Zn), n € w. [lo-
CAeAHee PaBeHCTBO IPUHATO HA3bIBAaTh PEKYPCUBHBLIM. BooO1ie, BCaKas
PEeKypCcHs MOAPa3yMeBaeT IIOCTPOeHUE ITIOCAEAOBATEABHOCTH IIyTEM yKa-
3aHUSA 3aBUCHUMOCTH JAEMEHTOB AQHHOW ITOCAEAOBATEABLHOCTU OT BAe-
MEHTOB C MeHBIIUMU HOMepaMu. [Ipu s3ToM (B 0011eM cayuyae) «HOMepa»
He 00513aHbl OBITh UCKAIOUMTEABHO HAaTYPAAbHBIMU YMCAAMM, OHU MOT'YT
OBITh U OECKOHEUYHBIMU OPAMHAAAMMU.

[Tycte K — Kaacc, B KOTOPOM MBI XOTMM HOCTPOUTH (PEKYPCHUBHO)
HEKOTOPYIO TPAHC(PUHUTHYIO ITOCAEAOBATEABHOCTH (T.€. OTOOpa’keHue
n3 Ord B X). ITycTh Takke 3apaHo orobpaskenue F : Exp(K) — K. IMpu
IIOMOIIIM 3TOTO0 OTOOPa’KeHUs MBI U OIIPEAEAUM IIE€PEXOA B PEKYPCHU OT
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OAeMEeHTOB C HOMepaMu MeHbllle «, TAe &« — OPpAHWHAA, K JAeMeHTy C
HOMEpOM « CAEAYIOIITUM O6p630MI

o = F({xs| < a}), x9=F (D).

KoppekTHO A Takoe onpepereHUe? OTBET Ha 3TOT BOIIPOC AAET CAe-
AyIollas

Teopema 2.3. (O peKypCUBHEIX OIIPEACACHUSX).
IMycmps K ecmb kracc u 3agano omobpaxenue F : Exp(K) — K. Torga
MOXHO onpegeaumb omobpaxenue G : Ord — K makoe, umo

VA € Ord: §(A) = F({5(0)] 6 < A}). (2.4)

AokazameabcmBo. AAd TOTO, YTOOBI AOKa3aTh TeOpeMy, HaM HeOOXOAM-
MO CKOHCTPYUPOBATh TaKy0 (DOPMYAY ¢, KOTOpPas OIpeAeAsrd Obl OTO-
opakeHnue u3 Ord B K, yaoBaeTBOpSIoliee (2.4). AAd 9TOTO MBI CHadaAa
paccMoTpuM (POpPMyAy

Y(h):=FJa€Ord: (h:a—K)AVE <a: h(B)=F(hp).

3aMeTuM, 4TO BCsAKOe oToOpakeHue h : a — K aBagerca yHKUIHEU
II0 @aKCUOMe IIOACTAHOBKY, MO3TOMY (DOPMYAQ ¢ IOCTPOEeHA KOPPEKTHO.
[Toaarast panee H = {h| ¢(h)}, MBI BEAMM, 4TO Kracc H He HycCT, T.K.,
Hanpumep, byuknus h = {(0, F(0))} aBasgercs snemenrom H. boaee Toro,
KAacC H AMHEWHO yHOpSIAOYEH OTHOIIeHueM C. AeUCTBUTEABHO, IIyCTh
h,h' € X u a=dom(h), & = dom (h'). AAT OIPEAEAEHHOCTH MTOAOXKUM,
9T0 v < . Aerko yCTaHOBUTBH ([0 WHAYKIUH), 4TOo h'|, = h, OTKyAQ
caepyetr h C K.

O6o3naunMm paree § = UH. [TockoabKy Kaacc H AMHEMHO yIIOpsIAOYEH
OTHOIIIEHUEM C U COCTOUT U3 PYHKIIMUU, TO § ABAIETCSI OTOOPAKEHUEM.
3aMeTHUM TaK)Xe, YTO OTOOpakeHHe § OIIpepeAeHO AASL BCeX OPAMHAAOB.
IMeHHO, eCAM IIPEANIOAOKUTH, YTO « — HAUMEHBIIWN U3 OPAUHAAOB,
MsT KOTOpbIX § He ompepeaeno, To h = § € H. INoaaras paree h' =
= hU{(a, F(ha))}, 3ameuaem, uto h' € H, uéo h' ypnoBreTBOpseT opMyAae
. Takum o6pasomMm, § C h'. I[IpoTuBOpeune.

Tenepb onpepeanM QOPMYAY ¢(«, ) Tak:

ola,z):=3Fh e H: h(a) ==x.

Hetpyauo npoBeputs, uto § = {(o, 2)| ¢(a, x)}. VTak, dopmyaa ¢(a, x)
onpeaeaseT oroopakenue G : Ord — XK, npuuem AN Ka>KAOTO OpAWHAAA
a nmeeM §(a) = F(Ga), TOCKOABKY AAST KQKAOTO (v CYITIECTBYeT (PyHKITHS
h € 3 takas, uto G|s) = h u h(a) = F(ha). O
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Tenepb MBI BUAUM, UTO Halll TIPUMEp C BelleCTBEHHOMW ITOCAEAOBa-
TEABHOCTBIO {r,}, TPUBEACHHBIM B Hauaae maparpada, ecTb YacTHBIN
CAy4Yal TPAQHC(PUHUTHOU PEKYPCUU. AeNCTBUTEABHO, PACCMOTPUM KAACC
KX = R xw. TTocrpoum F : Exp(K) — K Tak: AAST Ka’)KAOTO IIOAMHOKECTBa
A C Rxw, sBagiomerocs ynkiueit A : S(n) — R npu HeKoTOpoM 1 € w,
moroxkuM F(A) = (f(A(n)), S(n)), arst Bcex mpounx A C R X w TMOAOKUM
F(A) = (a,0). 3paech GYHKIUA [ ¥ YUCAO @ T€, KOTOPBIE ObIAK YIIOMSTHYTHI
B Hauaae naparpadga. Terepb HETPYAHO IIPOBEPUTH, YTO OTOOPA’KeHUE
G : Ord — K, cyliecTBoBaHHEe KOTOPOTO AOKA3aHO B TeopeMe, 0OAaAaeT
CAEAYIOLIMMU CBOUCTBAMMU:

G(n) = (xn,n) mpun < w, S(a) = (a,0) opu a > w.

[TocTpoeHre peKypCUBHBIX OIIPEAEACHUN (TOUHEE, PEKYPCUBHO OIIpe-
AEAIEMBIX OTOOpa>keHMM) — OAHA M3 CaMbIX YaCTO BO3HUKAIOIIUX 3apa4
He TOABKO B TEOPUM MHOXXECTB, HO TaK’Ke B apu(MeTHuKe, TOIIOAOTUU U
T. A. Hallle BCcero 3Ty TeopeMy IMPUMEHSIOT KO MHOJKeCTBaM, T.€. B CAY-
yae, Koraa kaacc K gaBasieTcsi MHOXKECTBOM, HO MHOTAA (CM., HAllpuMep,
raaBy 3, teopemy 3.8, rae K = Card,) NIpUXOAUTCS UCIIOAB30BATH U 0O-
Aee O0IUM ee BAPUAHT, KOTOPBIM OBIA TOABKO YTO AOKa3aH. B Tekyien
rA@Be MBI ellle HEOAHOKPATHO BO3BPATUMCS K AQHHOUM TeopeMe.

Omnpepeaenne 2.3. [Tycth (X, <x) — BIIOAHE YIIOPSIAOYEHHOE MHOMKe-
ctBo. Ecam Mexxpy X M HEKOTOPBIM OPAMHAAOM A CYIIECTBYeT MOPSIA-
KOBBIM m3oMopdusMm, T.e. Takasg oueknusa f : A — X, 4To npuU AIOOBIX
a< f <A nmeeM f(a) <x f(B), To opaArHaAA A Ha3BIBAETCS NOPSAGKOBHIM
munom (X, <x), ¥ AASL HETO B 3TOM CAydYae MCIIOAB3YeTCsi 0603HaueHue
|(X, <x)| uam Ord(X, <x).

[TockoabKy ) x ) = (), To AtoGoe oTHoIeHue Ha () coBmapaer c ().
[ToaTOMy 1O ONpeAeAeHHIO TakKe moroxkuM (0, )| = 0.

Teopema 2.4. N1000e BnoAHe ynopsagoueHHOe MHOXKeCImBO umeem eguH-
CMBEHHbIU NOPAGKOBBLU mun.

Aokazameabcmpo. [lycThb HellyCcTOe MHOKeCTBO X BIIOAHE YIIOPSIAOYEHO
oTHoIeHUeM < y. [Toctpoum dyukmuio F : Exp(X) — X mo caeayroie-
MY IIPaBHUAY: AASI AFOOOT'O COOCTBEHHOTO ITOAMHOKecTBa A C X IOAOKUM
F(A) =min X \ A, B cayuae A = X noroxxum F(A) = min X.

[To TeopeMe O peKypCUBHBIX OIIPEAEACHUAX CYIIECTBYeT OToOpake-
ure § us Ord B X Takoe, uro §(a) = F(Ga) npu ato6om « € Ord.?

’HanomuuM, uTo cuMBOA Ga 0603HavYaeT o6pa3 OPAMHAAA (v OTHOCUTEABHO OTOOpa-
>kenust G.
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I I'loxaxxem cywecmBoBanue nopagkoBoro muna X.

[Tycte o € Ord 1 Ga C X. I'lycTe Takke (3 < a.

Ia) [TokaxkeMm, 4TO B 3TOM caydae G(8) < G(a).

AetictButeabto, §5 C Ga, otkypa X \ Ga € X'\ G4, otkyaa 9(8) < G(o),
a mockoAbKy G(f) € Ga, To §(B) # G(a), oTRyAa G(B) < G(a).

I6) TTokakeM, 4TO CyIecTByeT opAuHaA A TakoH, uro GA = X.

B camoM apene, ecAr TPEANIOAOKUTH, UYTO 3TO He BepHO, To U3 la) cae-
AyeT, 4To § ecTh MHBEKTUBHOe oToOpakeHme u3 Ord B X, oTKyaa IO
TeopeMe 1.17 nmoayuaem, yto Ord OypeT MHOXKecTBOM. [IpoTuBOpeune.

Yepe3 A 06003HAUYUM HAaMMEHBIITUU U3 TAKUX OPAUHAAOB.

IB) [MokaxkeM, 4TO § AGMCTBYeT MHBEKTUBHO ¢ A B X.

AeNCTBUTEABHO, TIO olpepeAreHuo A 1pu AtoOoMm a < A umeeMm Ga C
X, oTKyAa B cuAy la) aast Aro6BIX [ < a < A moayuum §(5) < G(a), T.e.
§|ao — nHBEKIHSL.

Ir) U3 la), I6) u IB) caepyeT, 4TO G| OCYIIIECTBASIET TOPSIAKOBBIN M30-
Mopdu3M opamHara A u MHOXKecTBa X. Mtak, A = |(X, <x)|.

IT [Tokawkem, umo NOpsAgKoOBbI mMun BNOAHE YNOPSAGOUEHHOTO MHOXKe-
CmBa onpegeAsemcsi eguUHCMBEHHbIM 00pPA30M.

[Tyctb opaumHarbl A < ' SBASIOTCS HMOPSAKOBBIMU TulaMu (X, <x).
AerKo ToKa3zaTh, YTO B OTOM CAydYae CYIIEeCTBYeT IOPSIAKOBBLINM M30MOP-
dusm f: A —T.

[TpeAnnorO>KUM, UTO [ He SIBAIETCS TOXKAECTBEHHOU (PYHKIIMEWU, U 4de-
pe3 a 0003HAYMM HAWMEHBIIUM W3 TaKUX OPAMHAAOB, AAST KOTOPBIX
f(a) # a. Ecan npeAnoAOKUTD, 4TO f(a) < o, TO CyIIecTByeT § < « Ta-
Koe, 4To f(J) = f(«), 4TO HapylIaeT UHBbEKTUBHOCTD f. UTak, f(a) > a.
Toraa aast Aro6oro § < o umeeM f(J) < a, a AAST ATOGOTO § > «, § € A,
noayauMm f(§) > a.

Wtak, o ¢ fA =T, uro nporuBopedut Tomy, 4To o < A < I', T.e. a € T
CAepOBaTEABHO, f eCTh TOXKAECTBEHHOe OoTOOpa>keHue, oTkypa A =1', u
TeopeMa AOKa3aHa. [

O ¢pyHAMPOBAHHOCTH KAACCOB.

B § 1.7 HaMu OBIAO BBEAEHO ITOHSITHE KAACCa KaK OIPEAEAIEMOM CO-
BOKYIIHOCTA MHOXXeCTB. Kaaccamu, Hanipumep, aBASIOTCS U (Kracc BCexX
MHO>KecTB) 1 Ord (Kracc Bcex opAMHAAOB). OTMETHM, YTO aKCHMOMa pe-
I'YAIPHOCTU ((PyHAMPOBAHUA) S7, KOTOPass HABOAUT AOCTATOYHO CTPOIAU
MIOPSAOK Ha MHO>KECTBAX, OblA@ HAMU CHOPMYAUPOBAHA AAST MHOJKECTB.
[ToaTOMYy BO3HUKAET BOIIPOC: HACKOABKO CIIPABEAAMBO IIOAOOHOE yTBEp-
JKAEHUE AN KAACCOB, YIIOPSIAOYEHBI AU OHU CTOAB K€ CTPOTO KaK MHO-
KecTBa?
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OTBeT Ha 3TOT BOITPOC COAEPIKUTCA B CAQ,A,YIOH_[eﬁ Teopeme.

Teopema 2.5. Ecau K — Henycmoil kaacc, mo cywecmByem MHOXeCMBO
X € K maxoe, umo X NK = 0.

Aokazameabcmpo. [lyctb KX — HemycTou Kaacc. [TpeAIoOAOKUM, 9TO AN
ato6oro X € K umeem X NK # (). AAs AOKa3aTeAbCTBA TEOPEMBI II0-
CTPOUM CIIEITHAaABHYIO TTOCAEAOBATEABHOCTb MHOXKECTB, KOTOpasi CBEAET
dPYyHAUPOBAHHOCTb KAACCOB K (DYHAUPOBAHHOCTU MHOJKECTB.

Tak kKak K # (), To cymectByer Ay € X, Toraa mHokectBo Ay N K
Henycto. [Toctpoum orobpakenune F u3 kaacca Exp(Exp(X)) B kaacc
Exp(X) mo mpaBuAy: aasi AroGoro Hemyctoro MmHokectBa A C Exp(XK)
TTOAOKAM

FA) = U@Enx),

acAzEa

At mmycToro MHOXKecTBa: F(() = Ag N K.

[To TeopeMe O peKypCUBHBIX OIIPEAEACHUAX CYILIECTBYeT OToOpaxke-
Hre § : Ord — Exp(X) Takoe, 4TO AAST Ka’KAOTO OpAMHAAA « UMeeM
(o) = F(Ga). B cuay Halero mpeArnoArOKeHUs: 0 He(pyHAUPOBAHHOCTHU
Kaacca K Aerko mokasaTb, 4To npu Ao6oM « € Ord mHOXecTBO G(«)
HEeITyCTO.

PaccmorpuMm cykeHue oToOpakeHUss § Ha MHOXKeCTBO w. [lo akcu-
oMe TIOACTAHOBKHM Kpaacc {G(n)| n € w} ecTs MHOKecTBO. O603HAUUM

yepe3 X,, MHOXecCcTBO §(n) npu KaxpoM n € w. Toraa X = U X, ecTb
new

MHO’KECTBO 1O aKcuoMe oObepAnHeHusi, Kpome Toro, X C K.

AASL IPOU3BOABHO BBIOpDAHHOTO z € X CyLIeCTByeT n Takoe, 4TO
r € X,. Ilo namemy mpeamnoroxkenuio x N K # (). Kpome TOro, Aerko
npoBeputhb, 4To t NK C X, 11, Te. 2NK C X, otkypa xNK C xN X,
oTkyAd N X # (). TToAyueHO TPOTUBOpEYHre C aKCUOMOM PEryAsipHOCTH
AASI MHO>KecCTBa X . 0

§2.3 ApudmMeTrnka oOpANHAAOB

Korapa MBI pA@eM onpepeneHre HEKOTOPOMY OOBEKTY (MHOXKECTBY), Ha-
3bIBas €ro YuCAOM, TO 3TO HAKAAABIBAET OIIPEAEAeHHBIe 00s13aTEABCTBA,
100 Hap YUCAAMU IIPUHATO OCYLIECTBASATH KAK MUHUMYM ABE Ollepalluu:
CAOXKeHUe U YMHOKeHHue. Caepyst AQHHOM TPAAUIIMU, MBI BBOAUM BCIIO-
MOTAQTEABHBIM MHCTPYMEHTApUM Ha KAACCE OPAMHAAOB, KOTOPBIM OyAeT
pPacCMOTPEH B AQHHOM Iaparpade U KOTOPBIN, OIATh JKe 110 TPAAUIINHY,
OyAeT Ha3BaH apugmemukol OPGUHAAOB.
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[TycTh y HaC UMeeTcsi HeHYAeBOM OpAMHAA A, UHAEKCUPYIOIIUNA MHO-
JKECTBO OPAMHAAOB {as}scan. Ha Bcex opaAmMHaAax MBI pacCcMaTpuBaeM
OAHO M TO ’K€ OTHOIIIeHHEe IIOAHOI'O YIIOPSIAOUYEHUS — OTHOIIEeHUEe IIPU-
HaAAEKHOCTHU. Torapa Mbl MOXKEM OIIPEAEAUTb KAHOHUUECKYIO CYMMY Op-
AUHAAOB 5 IO OpAMHAAY A TaK, KaK Mbl OIPEAEASAU KaHOHUYECKYIO
CYMMY BIIOAHE YIIOPSIAOYEHHBIX MHOXKECTB IIO BIIOAHE YIOPSIAOUYEHHO-
My MHOXXeCTBY B § 1.6. M3 Teopemn! 1.14 BEITEKaeT, 4TO KaHOHUYECKAs
CyMMa OPAMHAAOB (5 II0 OPAUHAAY A eCTb BIIOAHE YIIOPSIAOYEHHOE MHO-
>KeCTBO. A 3TO O3HAYaeT, YTO Y KAHOHUYECKON CyMMBI OPAMHAAOB CY-
IIeCTBYeT e€AMHCTBEHHBIM ITOPSAKOBBIU THUII, KOTOPBIM TOXKE SBASETCSH
OPAMHAAOM.

4. MMoOll B (5 B 51 Ha3bIBAETCA IO-
Omnpepeaenue 2.4. C oll OpDQUHAAOB s B NOopsigke /A Ha3BIBAETCS IO
PSAKOBBIM THUII UX KQ@HOHUYECKOM CYMMBI 10 opArHaAy A. CymMa opau-

HAAOB &5 B IIOPSdAKe A oOo3HavaeTcss CUMBOAOM Z Q.
dEA

B Tom CAy4Yae, KOTAd OpAWHAA A sgBAsIETCS HAaTYPAABHBIM YHCAOM UAN
OPAUMHAAOM W, AAA 0003HaYEeHUS CyMMBI OPAMHAAOB MBI AOITyCKaeM HC-
IIOAB30BAHHE CTAHAAPTHEBEIX MATEMATHMYE€CKHUX CHMMBOAOB, HAIIpPHUMED,

00
Qg+ Qp 4 -0+, Zan-
n=0

AAST HarAIAHOTO TIPEACTABAEHUSI CYMMBI OPAMHAAOB MOYKHO BOCIIOAb-
30BaThCSI KAPTUHKOM:

[o o;)o...)[o oo?l...)[o 00?2...)...

[Tpu croKeHUM OpPAWHAABL BBEICTPAUBAIOTCS «APYT 3@ APYTOM» U 00-
Pa3yioT HOBBIU IIOPSAAKOBBIM THII. HeTpyAHO IIDOBEPUTH, UTO B CAyYae,
KOTAQ (g U (v SIBAIIOTCSI HATYPAABHBIMU UMCAAMU, UX CYMMQ, KaK CyMMa
OPAMHAAOB, COBIIAAQET C OOBIYHOU CYMMOW HATYPAABHBIX UHCEA.

[TeperipeM K ompepeAeHUIO NMTPOU3BEAEHUS OpAMHAAOB. PaccMmorpum
MHO>KECTBO OPAMHAAOB {5 }sea. [TOCKOABKY BCe OPAMHAABI BIIOAHE YIIO-
PSAAOYEHBI, TO MBI MOKEM OIIPEAEAUTH KAHOHUUECKOEe MTPOU3BEAECHUE OP-
AVHAAOB (5 110 OpArHAAY A. B cooTBeTcTBUM € TeopeMoi 1.15 aTo mpous-
BepeHUe OyAET AMHEWHO YIIOPSAAOYEHHBIM MHOKECTBOM. AAS €TI0 BIIOAHE
YIOPSIAOYEHHOCTH IIPUXOAUTCS IIPEAIlOAAraTh, YTO OpAWHAA A ecTh Ha-
TypaAbHOe uucAO. [ToaTomy morokum paree A = n. Toraa mo Teopeme
1.16 KaHOHWYECKOEe IIPOU3BEAEHNE OPAWHAAOB (5 IO OPAWHAAY 1 OyAeT
BIIOAHE YIIOPSIAOYEHHBIM MHO’KECTBOM, AAS KOTOPOTO CYIILeCTBYeT eANH-
CTBEHHBIN MOPSIAKOBBIM THUII, IBASIOITUUCSI OPAUHAAOM.
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Omnpepeaenne 2.5. [IpousBegenueM OpguHAAOB (s B NOpsigKe n Ha3bIBa-
eTCSl MMOPSIAKOBBIM THUII MX K@HOHUYECKOTO ITPOU3BEAECHUS 110 OPAUHAAY
n. Ilpou3sBepeHrEe OPAMHAAOB (5 B MOPSIAKE n 0003HAYaeTCss CUMBOAOM

[T a5, AMOO OAHMM M3 CAEAYIOUIMX CTAaHAAPTHBIX CUMBOAOB!
dEN

n—1
H (679 QpXp ... Oy 1.
1=0

3AeCh MBI OIPEAEAVAM ITOKA TOABKO KOHEYHOE IIPOU3BEACHUE OPAM-
HAAOB. B paabHelIIeM MBI OIpeAeAUMM UM OeCKOHEUYHbIe TPOU3BEAEHUS,
IIOAB3YSICh TEOPEMOM O PEKYPCUBHBIX OIPEAEACHUSIX.

[TpousBepeHUE ABYX OPAMHAAOB (pv; (IIPU 1 = 2) MOXKHO IIPEACTABUTH
TaK:

[ o ) oo ) o ) )

@Q

[Tpu mpousBepeHUN OPAMHAAOB (p M vy OPAMHAA (v TIOCAEAOBATEABHO
IIOBTOPSAETCS B TOM IOPSIAKE, KOTOPBIU AUKTYeT OpAUHAA «y. Ecan oy u
(v} €CTh HAaTyPAAbHbIE UMCAQ, TO UX [IPOU3BEACHUE COBIIAAAET C OOBIYHBIM
[IPOU3BEACHUEM HATYyPAABHBIX YHCEA.

Be3 pOKasaTeAbCTBa MPUBEAEM IPOCTEUIHE CBOUCTBA CYMMBI U KO-
HEYHOT'O MPOU3BEACHUS OPAUHAAOB.’

v 2.13. CroxkeHHue BOOOIe TOBOPSI HE KOMMYTAQTUBHO, T. K., HAIIpPUMED,
wH+l=5w)al+w=uw.
v 2.14. CrokeHHMe accolMaTUBHO: (o + ) +v =a+ (6 + 7).

v 2.15. HyareBOU OppMHAA eCTh HEUTPAABHBIM BAEMEHT II0 CAOSKEHHUIO:
a+0=0+a=aqa.

v 2.16. AeliCTByeT 3aKOH COKpAIleHUsI CAeBa: eCAu « + [ = a + v, TO
f=n.

v 2.17. 3aKOH COKpallleHUd CIIpaBa He peucTByeT. Hanpumep, 1 +w =
=24 w, HO 1 # 2.

v 2.18. [lpousBepeHre OpPAMHAAOB BOOOIe TOBOPSI HE KOMMYTATHUBHO.
Tak, HapuMep, w -2 = w, HO 2 - w # Ww.

33ameruM, 4TO AAST (POPMAABHOM IPOBEPKM PaBeHCTBA MOPSIAKOBBIX THUIIOB ABYX
MHOJKECTB, Ha KOTOPOM OCHOBAHBI AOKA3aTEAbCTBA 3TUX CBOMCTB, AOCTAaTOYHO YCTaHO-
BUTH IOPSIAKOBBIM M30MOP(U3M MEKAY 3TUMH MHOJKECTBAaMM, KOTOPBIM KaK ITpaBU-
AO OYEBUAEH M3 CTPYKTYPhI MHOJKECTBA, OIPEAEASIOUIET0 PEe3yAbTAT CAOKEHUS UAU
YMHOKEHUST OPAMHAAOB, UHTYUTUBHO JK€ 3TU CBOHCTBA AET'KO YCTAHOBUTH, MOAB3YSICh
rpaUYeCcKUM IPEeACTaBAEHUEM CYMMbI U ITPOU3BEAECHMUS, .
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v 2.19. TlpousBepenue accoruatuBHo: (af)y = a(f7).
v 2.20. 1 eCTb HEUTPAABHBIU BAEMEHT II0 YMHOXKeHUIo: 1 -a =a -1 = a.
v 2.21. AeHiCTByeT IpaBbIil AUCTPUOYTUBHBIN 3aKOH: (v + )y = ay + (7.

v 2.22. NeBBIM AUCTPUOYTUBHBINM 3aKOH He AEMCTBYeT. Tak, Hallpumep,
2w+ ) =(w+)+ (w+l)=w+(1+w)+1=(w+w)+1, H0 2w+ 2 =
= (w+ w) + 2.

v 2.23. MoHoTOHHOCTE: ecAu o > 0, To f < aff u [ < fBa.

v 2.24. TlpaBag AUCTPUOYTUBHOCTDH B OOIIlEM BHUAE:!

(Z 045) B="> (asp).

dEA dEA

EcAu B 3TOM paBeHCTBE MTOAOKHUTE (s = 1 TIpU AIOOOM 0 € A, TO AETKO
AOKAa3aTh CAEAYIOIee YTBepKACHUE.

Ecau aast AtoGoro § € A mMeeM a5 = 3, TO >, as = A - .
sEA

AAST OTIPEAEAEHUST TTPOU3BOABHOTO MTPOU3BEACHUS] OPAMHAAOB HaM T10-
TpeOyeTcs TeopeMa O PEeKYPCUBHBIX OIpepereHusaX 2.3 U, KpoMe To-
ro, HECKOABKO HOBBIX 0003HaueHuMu. Bo-mmepBbiX, uepe3 Ord; 0603HauUM
KAQCC HEHYAEBBIX OPAMHAAOB. BO-BTODBIX, AAS KAXKAOU YIIOPSAOYEHHOU
napel (a,b) 4epes co;(a,b) OyaeM 0603HAYaTh AEBYIO ee KOOPAWHATY, a
yepes coq(a, b) 0603HAYMM TIPaBYIO ee KOOpAMHATY. HaKoHel B-TpeThuX,
AASI BCSIKOTO TIOAMHOXKECTBA B B TIPSIMOM MTPOM3BEACHUN KAAcCOB K x L
yepe3 m; B 0603HaunUM MHOXKeCTBO {co; §| s € B}, a 4epe3 mB 0603Ha-
YUM MHOJKECTBO {c0y s| s € B}. m B U m9 B Ha3bIBAIOTCSI COOTBETCTBEHHO
AeBoOU ¥ NpaBol NpoeKyusMUu MHOXKeCTBa B.

Teopema 2.6. Ara aro6oro omobpaxenusa J : Ord — Ord; cywecmByem
omobpaxenue P : Ord — Ord; makoe, umo:

1) PO0) = 1;
2) Pla+1)=P(a) o),

3) ecau @ — npegeabhbili, mo P(a) = sup P(7).
<o

Aokazamearcmpo. Tlocrpoum oro6pakenme F : Exp(Ord; x Ord;) —
Ord; x Ord; o nmpaBuAy: aasg MHOKecTBa B C Ord; x Ord; mmoAo>KuM:

(1,0), B =0;
F(B) = { (supm B,sup mB), sup moB & mB;
(supm B - J(sup mB),supmeB + 1), supmB € myB.
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Toraa 1Mo TeopeMe O PeKypPCHUBHBIX OIPEAEACHUSX CYIIEeCTBYeT OTO-
opaxxenue G u3 Ord B Ord; x Ord; Takoe, uTO

(o) =F(Sa), «a€Ord.
Teneps BBepeM oToOpakeHue P : Ord — Ord; 1mo mpaBuAy:
Va € Ord : P(a) = co; §(a).

a) N3 ompeperenusi orobpakeHus F BUAHO, UTO €CAU OIPEAeAeH
supm B, TOo coy F(B) > supmB. Ilyctb a < . Tak kak G(a) € §6, TO
supm §F > cor §(a), otkyaa coy §(B) = cop F(GB) > co1 §(a), T.e. orobpa-
>)KeHre P MOHOTOHHO BO3pacTaer.

6) [Moka>keM MHAYKIIMEH, uTO TIpU ATo6oM a € Ord umeeM co, §(a) = a.
[TpeAIToAOKMM, UYTO OHO BEPHO MPU AIOOOM [ < .

Torpa mGa = «a. I3 onpeperenusi & BUAHO, UTO €CAU sup a € «, TO
coy F(Ga) =supa+ 1 = a, ecan e supa € «, TO supa = « 1 co F(Ga) =
= supa = «. 3AeCh OBIAO HMCIOAB30BAHO CBOMCTBO 2.12 OpAWHAAOB U3
§2.1.

B) AOKaykeM MHAYKIMEH, 4To oToOpakeHue P u ecTh uckomoe. Aeli-
crButeabHo, §(0) = F(0) = (1,0), T.e. P(0) = 1. TTycTh npu ATOGOM 7y <
oToOpakeHUe P yAOBAETBOpPSAET BBIBOAY TeopeMbl. [TokaxkeM, yto P Oy-
AET MCKOMBIM U AAST (.

[Tycts o = 8 + 1. Toraa B CUAY MOHOTOHHOCTU P MOAy4YUM sup 7 Ga =
= P(B). B cuay nynkra 6) mGa = a U, caAepoBaTEABHO, sup mGa = [ €
mGa. Torpa mo onpeperenuto orobpaskenus F noayuum P(a) = P(S) -
3(8).

[Tycts o« — mpepeAbHBIM opAvHaA. CHOBa B CHUAY MOHOTOHHOCTH P
MOAYYMM sup m Ga = sgp P(v). U3 ©) caepyet, uTo mSGa = o 1 sup meGa =

y<a

= «a ¢ mGa. Toraa u3 onpeaperenus F 3akatodaeM, uto P(a) = sup P(7).
<o

HUTaxk, P aBAsieTCST UICKOMBIM OTO6pa}KeHI/IeM. TeopeMa AOKA3dHa. ]

Onpeaeaenne 2.6. OTroopakeHue P, 3aBucsiee oT oTodpakeHus J u
CyllleCTBOBaHUE KOTOPOT'O TOABKO UTO OBIAO AOKA3aHO, Ha3bIBAeTCs NPO-
JYKUUOHHBIM OMOOpaKeHueM ¢ nopsigkom J.

[TpoAyKIIMOHHOE OTOOpa’keHUe CAYKUT AASL IIOCTPOEHUST IIPOU3BeEAE-
HUN OPAWHAAOB.

Omnpepeaenune 2.7. [1ycTh €CTh MHOXKECTBO OPAMHAAOB A, IPOMHAEKCU-
poBaHHOe opArHAAOM A U dyHkuua I ectb uHAekcanus. Ecau 0 € A, To
0 Ha3bIBaeTCd npou3BegeHueM OpguHaAoB u3 A B nopsigke I.
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Ecam 0 ¢ A, TO IPOAOAKMM MHAEKCUpPYIOULYIO (pyHKIUIO [ (OHA Ael-
CTBYeT CIOPBEKTUBHO M3 A Ha A) A0 KakKoro-aubo orobpakeHus J u3
Ord B Ord; (mampumep, nmoroxuMm J(a) =1 npu a > A). U mycts P obo-
3HAQUaeT IPOAYKIMOHHOE OTOOpa’keHue C IopgpkoMm J. Toraa oppvHaA
P(A) HazbIBaeTCsa npou3BegeHueM OpgUHAAOB u3 A B nopsigke A.

B ToM u Apyrom cay4ae nmpoudBepeHHe 0003HavYaeTcs

I1 1(9).

dEA

[TpousBepeHME HEHYAEBBIX JAEMEHTOB OpAMHaAra S(A) B ecTecTBeH-
HOM TIOPSIAKE (T.e. B KaueCTBe WHAEKCHUPYIOIIEero MHOXKeCTBa Gepercs
MOPSIAKOBBIN THII MHOKECTBA HEHYAEBBIX OPAMHAAOB U3 S(A), KOTOPHIM
saBAsieTcst caM opauHaA S(A) mpu A > w, u n upu A = n) Ha3bIBAIOT
¢axkmopuarom opprHara A U obo3HavaroT Al T.e.

INEEE |
seS(AN0)

/Aerko MpoOBEepPUTH, UTO AQHHOE TTOHATHE (paKTopHUara AAS HAaTyPaAbHO-
IO YMCAQ COBIIAAQET C OOBIYHBIM IOHSATUEM (paKTOpHUAAQ.

3ameuanue 2. B cayyae, korpa A = 0, T.e. MHOXeCcTBO A mycTo u
MIPOMHAEKCUPOBAHO HYAEBBIM OPAMHAAOM, IO OINPEAEACHHIO ITOAYYUM

T11(6) = P(0) = 1.

boaee HarAdAHBIE IIPpABHUAA AAS IIOACYUHETA IMTPOMU3BEACHUS OPAWMHAAOB
TAKOBBHI:

e IIPOU3BEAEHUE HYAST COMHOXUTEAEU eCThb 1;

® ©CAM M3BECTHO IPOU3BEACHHE (v COMHOKUTEAEH, TO YMHOKUB €ro
Ha (o + 1)-1I COMHOKUTEAD, IIOAYYUM IIpOU3BepeHue (a + 1)-ro co-
MHO>KUTEAS;

® €CAM OpPAMHAA @ — MPEAEAbHBIM U U3BECTHBI MPOU3BeAeHUs 3 co-
MHO>XHUTEAEN AN KaXKAOr0 [ < , TO CYIIpeEMyM 3THUX ITPOU3BEAE-
HUU U eCThb IPOU3BEACHUE (v COMHOXKXHUTEAEH.

§2.4 Axkcmoma BbIOOpa

AxcuoMa BbIOOPA, 0 KOTOPOU 3AECh MOUAET pPeub, IMOSIBUAACH B CBA3HU C
OAHOUM He BIIOAHE OYeBUAHOU IIpoOaeMou. IIpepcraBum cebe, 4TO y HAC
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UMeeTCs] HECKOABKO HEITYCThIX MHOXXeCTB X1, ..., X,, U U3 KaKAOTO U3
3TUX MHO’KECTB HEOOXOAMMO BBIOPATh IO OAHOMY DAEMEHTY X1, ..., T,
(z; € X;), obpa3oBaB IIpu 3TOM HOBoe MHOXXecTBO C' = {z1,...,x,}, KO-
TOpPOE Ha3bIBAETCS CeueHueM MHOKecTBa MHOXKecCTB { X1, ..., X, }. Takou
BBIOOD, Ka3aAaoCh Obl, HE MPEACTaBASIET CAOKHOCTU. Ho 4TO ecau ume-
eTcsl OeCKOHEeYHBIH HabOP UCXOAHBIX MHOXKECTB? Kak oCcTpouTh (PyHK-
110, KOTOPasi KayKAOMY M3 3TUX MHOXXECTB CTaBUAA Obl B COOTBETCTBUE
ero coobcTBeHHBINM saeMeHT? Kak oKazaaoCh, 3TO CAEAATh HEBO3MOIKHO,
eCAM MBI HaxopuMcsa B paMkax akcuoM ZF! Chopmyaupyem Tenepb ak-
cuomy Brlbopa (AC):

Ara aroboro mHoxecmBa X, ecau MHoXecmBo UX He nycmo,
cywecmByem ¢ynkyusa f : X — UX makasa, wmo npu Ar060Mm
r € X ecau v # (), mo f(x) € z, npu smom [ HaseiBarom
¢ynkyueu BrlOOpa gas mHOXecmBa X.

Ha BOIIPOC O TOM, IIOUYEeMYy AC Ha3BLIBAIOT UMEHHO aKCI/IOMOfI, OTBEYaAloT
CAaepyIoIe TeopeMbl MeTdMAaTeMAaTUKU.

Teopema 2.7. (Kypt ['épensn, 1936). HeBO3MOXHO onpoBepriymb aKCUOMY
Bbibopa (B cumBoaax: Con(ZF)— Con(ZF+AC)).

Teopema 2.8. ([Toab KésH, 1963). HeBo3MOXHO gokaszamb AKCUOMY Bbl-
6opa (B cumBoaax: Con(ZF)— Con(ZF+]AC)).

3aech cuMBOA Con 0003HAYaeT COBMECTHOCTh (HEIIPOTUBOPEUYUBOCTH)
aKCUOMATUKH, YKa3aHHOU B CKOOKax, a BuIpakeHue ZF+AC obo3Hauaer
aKCHOMATHUKY, TTOAYUYEeHHYIO A0oOaBAeHHMeM akcruoMbl Beibopa AC K akcu-
omam ZF, coorBetrcTBeHHO, ZF+]AC 0603HaUaeT akCMOMATUKY, TTIOAyUEH-
HYI0 A0OaBAEHHUEM OTpUIlaHUSI aKCMOMBI BhIOOpa K akcuomam ZF.

Takum oOpa3oM, akcuoMma BbIOOpA He 3aBUCHUT OT OCTAAbHBIX aKCHOM
TEOPUM MHOXKECTB, U MOJKeT OBbITh IIPUHATA KaK ellle OAHA aKkCMoMa Ha-
ey Teopun. Ho MoCKOABKY OHa BCTpedaeT HeOAOOpeHHe MHOTMX MaTe-
MaTHUKOB (B OCOOEHHOCTH C IOSBAEHHEM B IIOCAEAHEe BpeMs He MeHee
MIPUBAEKATEABHONW aKCHUOMBI AeTepMuUHUpOoBaHHOCTU AD, mpoTuBopeua-
mett AC), Mbl He OyAeM paccMaTpUBaATh ee Kak ele opHy akcuomy ZF,
a apa teopuu ZF+AC BBepeM crientmarbHOe obo3Hauenme ZFC. Caepys
KyparoBckomy [9], Bce yTBep>KAEHUSL, KOTOPBIEe MBI OyA€M AOKa3bIBATh
B pamkax Teopuu ZFC, Mbl OyaeM oTMedaTh 3HAKOM ©, BBICTABASISL €rO
Iepep KAIOYEBBIM CAOBOM yTBEP>KAeHUs, HanpuMmep, °Teopema.

KpoMe akcuoMBlI BhIOOpPA MHOTA@ HCIIOAB3YIOT pa3Hble ee YaCTHhIe
caydau. Tak, Hampumep, akcuoma cuemHoro Bbnlbopa AC, rapaHTUpYyeT
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cylecTBoBaHUe PyHKIUM BeiOopa f: X — UX AUIIb AAY CUETHBIX MHO-
xecTB X (T.e. TaKMX MHOXKeCTB X, 4yTo X < w, cM. cTp. 19). OTta akcu-
oMa XOpollla TeM, YTO OHa BbIBopuMMa Kak m3 AC, Tak u u3 AD, u ¢ ee
MIOMOIIIBIO HEAB3SI MOAYYUTH BCE Te «IapaprOKCAAbHBIE» BBIBOABI, KOTO-
pble paeT OOBIYHAA aKCHMoMa BbIOOpa (HEKOTOPBIE U3 3TUX BHIBOAOB MBI
paccMOTpUM B KOHIIE AQHHOTO maparpada), HO TeM He MeHee MO’KHO
[IOAYYUTH OOABLIMHCTBO TEOPEeM aHaAn3a.*

Kak okazanochk, CylecTByeT MHOTO S3KBUBAAEHTHBIX aKCHUOMe BbIOOpa
BeChbMa IIEHHBIX YTBepXAeHUU (CM. [9]). 3peCh MBI IIPUBEAEM TOABKO
ABa, ©OO OHU MOHAAOOATCSI HaM B AaAbHeulleM. OTo Teopema Llepmenao
O IIOAHOM YIIOPSIAOYeHUM U AeMMa LlopHa.

Teopema 2.9. Caegyroujue ympepxXgeHUusl 3JKBUBAAEHMHbl B PAMKAX Meo-
puu ZF:

1) AC (axcuoma BblOOpQ);

2) ZT (meopema Llepmeno): Kakgoe Henycmoe MHOXKECMBO MOKem
Oblmb BNOAHE YNOPAGOUEHO;

3) ZL (aemma L]opha): B At060M 4QCMUYHO YNOPAGOUEHHOM HENyCcmoMm
MHOXecmBe, eCAu A0as ero uenb OrpaHUYeHd, UMeemcs MAKcu-
MQAABHBLU IA€MeHm.

Aokazameabcmso. TTokaxkeMm, uro AC — ZT — ZL — AC.
I INokaxkem, umo u3 akcuomsl BblOOpa Brlmekaem meopema Llepmeno.

[Tycte X — HemycTOe MHOXKeCTBO, f — (PyHKIIMS BBIOOpA Ha MHOXKe-
ctBe Exp(X), a dynknusa F : Exp(X) — X AeHCTBYeT IO CAEAYIOIeMY
IpaBUAY: A KakpoTo A C X F(A) = f(X \ A).

3 TeopeMBbl O PEKYPCUBHBIX OIIPEACACHUAX (CM. TeopeMy 2.3) CAeAy-
eT, 4To cyulecTByeT oToOpakeHue §: Ord — X Takoe, 4TO IIpu AOOOM
opauHare o G(a) = F(SGa).

Ia) ITyctes G5 C X (coGCTBEHHOE TTOAMHOKECTBO) ITPU HEKOTOPOM Op-
AvHaAe [ u opauHaa « < (. [TokaxkeMm, uTto B 3TOM caydae G(a) # G(B).

AetrictButeasHo, §(f8) = F(G5) = f(X \ §5) u maOXectBO X \ 3 HE
mycTo, moaromy §(3) ¢ G5. C Apyroi CTOPOHBI, KaK ATKO BUAETH, §(a) €
96, otkyaa G(a) # 5(5).

I6) [Moka>keM, yTO cyllecTByeT opAuHaA A TakoH, 4yTo G| AeUCTByeT
n3 A Ha X CIOPBEKTUBHO.

‘Boree moappoGHO 06 akCmMOMe BEIOOpA M aKCHOMe AETePMHHHPOBAHHOCTH CM. B
[8, 11].
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AOITyCTUM, UTO 3TO He Tak, T.e. IpU AI00OM opauHare A umeem GA C
X. Toraa, Kak BupHO u3 la), aast opamHanroB A’ # A’ moayuum G(A') #
= G(A"). Takum ob6pa3oM, UMeeTCs MHBEKIIUS C KAacca OPAMHAAOB B
MHO>XEeCTBO, OTKyAQ A€rKo IlokasaTh (1o Teopeme 1.17), uto Ord ecth
MHO>KeCcTBO. [IpoTuBOpeune.

HTak, cymectByeT opAuHAA A, ¢ KOTOPOro § AeMCTBYeT CIOPBEKTUBHO
Ha X. B paabHeinieM uepe3 A 6yaeM o603HauaTh HAMMEHBIITUN U3 TaKUX
OPAWHAAOB.

IB) OueBupno, A > 0, T.K. X He mycTro. [Toka)keM, 4TO (PYHKIUS g =
= G|a aevictByeT u3 A B X MHBEKTUBHO.

AeUCTBUTEABHO, IYCTh o < 3 < A, TOorAa ga ¥ g3 eCTh COOCTBEHHbIE
nmopMHOKecTBa X (MHaue A He ObIA OBl HAUMEHBIIIUM W3 OPAMHAAOB, C
KOTOPBIX § AEUCTBYeT CIOPBEKTUBHO Ha X ). Teneps, u3 la) Aerko moay-
YUTB, 4TO ¢() # ¢(f), OTKyAQ CA€AyeT UHBEKTHUBHOCTD ¢.

Ir) 13 16) u IB) 3akAtOUaeM, 4To PYHKIUS ¢ €CTh B3aUMHO OAHO3HAY-
Hoe cooTBeTcTBUE MexXAy X u A. [Toaarast Tenepb AAST ATOOBIX a,b € X :
a<xb<s gl(a) < ¢g7'(b), mOAyUaEM TOAHOE YIIOPSIAOUEHUE MHOXKECTBa
X, arst koroporo Ord(X, <x) = A.

Il Ilokaxxem, umo u3 meopemnl LJepmero Bbimekaem Aemma L{opHa.

[Tycth X — 4aCTUYHO yIIOPSIAOYEHHOE OTHOIIEHUEM < HEITyCTOe MHO-
>KeCTBO, B KOTOPOM Ka’kKA@s Liellb orpaHuyeHa. HeoO6XoAMMO IOKa3aThk,
YTO MPU BBIIIOAHEHUU TeopeMbl LlepMenro B X eCTb MAaKCUMAABHBIN dA€-
MEHT.

N3 Teopemsl Llepmeno caepyeT, uTo Ha X MOXKHO 33AaTh OTHOILIEHUE
IIOAHOTO TOpsiAKA. O003HaUUM 3TO OTHOLIeHUe K. [lycTh

Qu={r e X|Va€ A: a<zx} anaBcex AC X.
Paccmotpum ¢yukiuio F : Exp(X) — X Takyto, 4TO

HgnQA, Qa # 0,

H%IIX, QA:(Z)7

F(A) =

A€ CHUMBOA ngn 0003HauaeT MUHUMYM MHO>KeCTBa IO OTHOIIEHUIO <.

OTO pazanure HeOOXOAMMO, T.K. Y HAC 3aAaHO ABa OTHOIIIEHUS TTOPSAKA
Ha OAHOM U TOM ’>Ke MHO)KecCTBe X.

[To TeopeMe O PEeKYpPCUBHBIX OIIPEAEACHUAX (CM. TeopeMy 2.3) cylle-
ctByeT oToOpakenue G u3 Ord B X Takoe, 4TO IIpu AFOOOM OpAMHAAE (v
nmeeM G(ao) = F(Ga).

Aerko BHUAETH, uTo mpu opamHarax A’ < A” umeem GA' C GA" u,
KpomMe TOoro, QgAH g QgAI.
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ITa) IMokraxkeM, uTo ecau Qgar # B, To G(A') < G(A").

[ToCcKOABKY MHO>KECTBO {lga» He IIYCTO, TO U3 OlIpepeAeHus F' BUAHO,
gro G(A"”) € Qgar. Toraa aas AtoGoro a € GA” umeem a < G(A”), B
gactHocTH, G(A') < G(A").

I16) [Toka)keM, 4TO CyIeCTBYeT OpAMHAA A TaKoH, 4TO (g = 0.

AEeVCTBUTEABHO, MPEAIIOAOKHUM, UTO 3TO He TaK. Toraa AAS AIOOBIX
AByx oppmHanroB A’ < A" mmeem G(A') < G(A") us Ila), T.e. § ecTb
UHBbeKTHUBHOe oToOpakeHue m3 Ord B X, oTkypa mo Teopeme 1.17 Ord
OyAeT MHO>KeCTBOM. [IpoTuBOopeune.

IIB) Yepes A 0603HauUM Terepb HAUMEHBIITUN U3 TeX OPAUHAAOB, CY-
IecTBOBaHUE KOTOPHIX AoKazaHo B 116). [TokaskeMm, uto GA ecTh 1lenb B
X. AAS DTOTO AOCTATOYHO ITOKA3aTh CBSI3HOCTH OTHOINEHUWS < Ha MHO-
s>kecTBe GA.

[Tyctb 2,y € GA. Toraa CcyliecTByIOT OpAMHAABL «, f € A Takue, 4TO
r = G(a), y = §(5). BOBMOXXHBI TOABKO TPHM BapHaHTa: « < 3 UAH « = [
uad 5 < a. B cayuae a =  umeem x = .

[lyctb o < . flcHO, uTO MHOXecTBa (lg, M {lgz He IIyCTH], T.K. B
IIPOTUBHOM CAy4Yae A He ObIA Obl HAUMEHBIIUM W3 TaKUX OPAUHAAOB,
AAST KOTOPBIX Qga = (). Toraa u3 Ila) x < y. AHAAOTUYHO B cAaydae f < «
AOKa3bIBAETCs, UTO Yy < X.

HTak, < ecTb OTHOIIIEHHE AMHEMHOTo Tmopsiaka Ha GA, T.e. A — 11enb
B X.

IIr) ITycte anemeHT ¢ € X orpanmuuBaet nenb GA. TTokakem, 4To ¢
€CTh MAaKCHUMAAbHBIM 3AeMeHT B X.

[TpeanoaokuM, uTo cytecTByeT ¢ € X Takou, uTo ¢ < . Torpa pas
Ar00oro a € GA umeeM a < ¢ < ¢, T.e. a < ¢, OTKyA@ CAeAyeT, UTo
¢ € Qga, ITO TPOTUBOPEUUT TOMY, UTO {2ga = ().

Utak, B X ecThb MAKCUMAALHBINM DAEMEHT.

III I'lokaxem menepn, umo u3 Aemmbl LJ]opHa Bbimekaem akCcuoma Bbl-
oopa.

[TycTh MHOKeCTBO X TakoBo, uTo UX # (). U mycThb BBITOAHEHa AeMMa
LHopna. [TocTtpouM ara MHOKecTBa X (PYHKIIMIO BBIOOpA.

Yepes D 0603HaUMM MHOXKECTBO Bcex (PyHKIIMU BhiOOpa f: A — UA
takux, uTo A C X u UA # (). MuoskectBo D He mycto, u60 aasa A = {g},
zo # (), dyHKIIMS BEIOGOpPA CYIIEeCTBYeT Bcerad. MHoOkecTBO D 4acTUYHO
YIOPSIAOYEHO OTHOIIeHWeM C COOCTBEHHOT'O BAOKEHUS MHOKECTB.

IITa) ITokakeM, uTo B D Karkpasi 1erb OorpaHuYeHa.

[Tycts § — nenb B D. Yepes f, o003HauuM MHOXKeCTBO UgF, a uepe3s
Ay 0003HauUMM OOBEAMHEHHEe BCeX TaKuxX mopMHO)KecTB A C X, uTo B
§ cymiecTByeT PYHKIUS BBIOOpaA C 0OOAACTBIO OlipepereHusa A. 3aMeTumM,
YTO AAS BCAKOro x € Ay cymecTByeT (pyHKuua f € § Takas, 4To [ :
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A — UA, z € A. Tlpu atom B caydae r # () umeem f(z) € z, a 3HAYUT,
napa (z, f(x)) ecTb SAeMeHT MHOXKeCTBa fy. DTO O3HAYaeT, UTO eCAH fj
— (pyHKIUA, TO OHA HeIpeMeHHO OyAeT U (PyHKIUen BbIOOpA.

[Tycts (z,2'), (x,2") € fo. I3 onpepereHuUs fy BUAHO, UTO CYIIIECTBYIOT
dbyakun f', f" € § Takue, uro f'(z) = 2/, f"(r) = 2”. Tak Kak § — 1ens,
TO MBI MOXXKEeM BBIOpaTh HaUOOABIIMU U3 dAeMeHTOB f') f”, o603HAUMB
ero f. Toraa f(z) =2’ u f(x) = 2", otkypa o' = 2”. Utak, fy — DyHKIUA
BbIOOpa AAST MHOMKeCTBa Ajg.

Oyukius fy aBasercs saeMeHToM D ¥ orpaHUYUBaET 1enb §.

I116) Haviaem Tenephb YHKIIUIO BHIOOPA AAST X .

Kak BupnOo u3 Illa), MHOXecTBO D yAOBAETBOpPSET YCAOBUAM AEMMBI
Lopna. Toraa B D cymlecTByeT MakKCUMAAbHBIM 3AeMeHT. O003HAUUM
ero €. € aBasieTcda PyHKIMelN BbIOOpa C OOAQCTBIO OIpeAeAeHus A, TAe
A C X. TIpepnorokuM, uTo cyijectByeT zo € X \ A, 2o # (. Toraa
dyukuug € He ompepereHa B Touke zo. IlycTts yy € xy. Paccmorpum
MHOXecTBO € U {(xg,o)}. Aerko mokasaThb, 4YTO 3TO MHOKECTBO OyAeT
dyHKIIMEN BBIOOpPA, OOABIIEN (B CMBICAe BAOXKeHUS), yeM €. [ToayueHo
MIPOTUBOPEYHE C MAaKCUMAAbHOCTHIO €.

HUrak, € ectb pyHKOUA BBIOOpA A X, U TeOpeMa AOKA3aHa ITOAHO-
CTBIO. U

ITprAoOKeHUsT aKCUOMBI BbIOOpa

3AeChb MBI IIPUBEAEM HECKOABKO AOBOABHO MHTEPECHBIX C Halllei TOou-
KU 3pEeHUsI CAEACTBUM M3 aKCUOMBI BHIOOPA, XOTS Te€M CaMbIM MBI IO-
Ka’keM AUWIIb HUYTOJKHYIO YaCTh TOW POAM, KOTOPYIO MI'PAaeT aKkCHUoMa B
COBpEMEeHHON MaTeMaTHuKe.

[Tpexkae Bcero HapO BCIIOMHUTB, UTO KOTAQ Mbl pacCMaTPUBaAU MpPSi-
MOe IIPOU3BEAEHME MHOXKECTB B § 1.6, MBI He MOTAM rapaHTHUPOBATH CY-
IIeCTBOBAHNE XOTS OBl OAHOTO dAeMeHTa B MHOXKEeCTBe ];[LI. Axrcuoma

BBIOOpPA MTO3BOASIET 3TO CAEAATh. AeHMCTBUTEABHO, IyCTh [ : C' — {L,}.ecc

ecTb uHAeKcanus, T.e. [(z) = L, png aroboro z € C. PaccMOTpUM KaKyio-

HUOYAR pyHKIMIo BeIGopa f : {Ly}tzec — U L. Toraa, oueBHAHO, Cy-
zeC

nepnosunus f oI OyAeT S5AeMeHTOM IPSAMOTO IpousBepeHusd [[ L,, T.K.
c

fol:C— U L, u, xpome toro, (fol)(z) € L, arst kaxxporo z € C.
el
PaccMoTpuM elrle HECKOABKO CAEACTBUN aKCHOMBI BEIGODA.

°Teopema 2.10. [Tycmb A — Henycmoe MHOXecmBo, Ry — omHoweHue
nopsagka Ha A. Torga natigemcsi omHoweHue R O Ry, komopoe AuHeluHO
ynopsagouuBaem A.
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AokazameabcmBo. Hepe3z K 0003HAaUMM MHOKECTBO BCEX OTHOIIEHUM
nopsiaka Ha A, copepskamux Ry. MHoskecTBO K 4aCTUUHO YIOPSIAOYEHO
OTHOIIIeHueM C COOCTBEHHOT'O BAOXKEHUS.

[Mycts P — 1ens B K. [TokakeM, 4To OHa orpaHuyeHa B K.

[Mycts @ = UP. OueBupHO, st AtoGoro S € P umeem S C (). Aerko
MIPOBEPUTH, UTO () — OTHOIIIEHUEe YaCTUYHOTO NopsipAka Ha A. [TosTomy
nensb P orpaHuueHa.

Toraa mo aemme LlopHa B K eCcTb MAKCUMAABHBIN 3AEMEHT, 0003HAUYUM
ero R. [Toka)keM, 4TO 3TO AMHEMHBIN MOPSAAOK. Tak Kak R — 4aCTUYHBIN
MMOPSAOK, TO AOCTAaTOYHO ITOKA3aTh €ro CBI3HOCTh. [ IpeAIoAOKUM, UTO R
He CBSI3HO, T.e. CYILIeCTBYIOT a,b € A Takue, uto |(aRb) A (a # b)A](bRa).

ITycte S = {(z,y)| (z,y € A) A ((zRa A bRy)V(x = a A bRy)V(xRa Ny =
=b)V(r=a A y=0»>))}, R = RUS. TTokaxkeM, uro R’ GypeT OTHOIlIEHUEM
YaCTUUYHOTO ITOPsiAKA Ha A.

1) anTMpedAEKCUBHOCTD: NIyCcThb rR'x, T.K. R aHTUpedAEKCUBHO, TO
zRa 1 bRy, unt x = a u bRz, unt tRo m x = b, uamx =aux = b. B
AIOOOM CAyYae MOAYUYUM ITPOTHUBOPEUYUE C IIPEAIIOAOKEHUEM.

2) TpaH3UTUBHOCTE: IycTh xR'y m yR'z. BO3MOXHBI TOABKO YeThIpe
BapuaHTa:

a) (xRy) A (yRz), oTkyAa xRz u, chepoBaTeAbHO, TR z;

6) (zRy)A\(ySz), oTkyaa (zRy)A(yRa)A(bRz), uau (zRy)A(y = a)A(bRz),
ura (zRy) A (yRa) A (z = b), uan (zRy) A (y = a) A (z = b). B Aro6om u3
9TUX CAydYaeB MOAYUMM UAM (zRa) A (bRz), mau (xRa) A (z = b), OTKyaa
xSz U, cAepOBaTEeABHO, T R'z;

B) (zSy) A (yRz). Tak >Ke, KaK B IIyHKTe ), MOJKHO IIOKa3aTh, 4TO .5z,
OTKyAa zR'z.

r) (xSy) A (ySz). 3AeCh AeTKO ITOKa3aTh, YTO B AFOOOM CAyYae MOAYIUM
bRa, 9TO HEBO3MOXXKHO IO MTPEATIOAOKEHMUIO.

HMtak, R’ — YacTUYHBIN MOPSIAOK Ha A, mpuuem R C R/, T.K. aSb (m
3Ha4MT, aR'b) u B TO Xe BpeMs |(aRb). [ToAydeHO IPOTUBOpPEUHE C TEM,
yTO R — MaKCUMaAbHBIM dAeMeHT B K.

OKoHuaTeAbHO uMeeM: R — AMHEeWHBIW TOPSAOK Ha A. U

Onpepenaenne 2.8. MuoxxectBa X 1 Y Ha30BeM paBHOMOWHBLIMU, €CAU
X <Y, T.e. ecam cymectByeT Oueknusa f: X — Y

B Teopuu ZFC GyaeM Ha3bIBaTh MHOKECTBO KOHEUHbIM, €CAW OHO paB-
HOMOIITHO HEKOTOPOMY HATypPAAbBHOMY YHCAY 7, B IIPOTUBHOM CAyYae
Ha30BeM MHOXKeCTBO OeckoHeuHbIM. B raaBe 3 B pamkax Teopuu ZFC 6y-
AET AOKa3aHO, UYTO MHOXXeCTBO OECKOHEYHO TOTAA U TOABKO TOTAQ, KOTAQ
OHO PABHOMOIITHO HEKOTOPOMY CBOEMY COOCTBEHHOMY ITOAMHOXKECTBY.

Be3 pAOKa3aTeAbCTBA IIPUBEAEM CAECAYIOIIUM (PAKT.
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°Teopema 2.11. [ITycmb A — OeckoHeuHoe MHOXecmBo, a M — HekKo-
mophblll Habop ero NOgMHOXKeCmB (He 0043ameAbHO BCEX), PABHOMOWHbLX
A. Torga cywecmByem nogmHoXecmBo Z C A, paBHOMOwHoe A u cBoe-
My gonoaHenuto A\ Z, obragarowjee meM CBOUCMBOM, UMO gAsl AOOOTO

XeM
ZNX#0 AN (Z#£X = X\Z#0),
u makoe, 4mo ero gonoaAHeHue 05Aagaem SMuM Ke CBOUCMBOM.

°CaepctBue 2.12. Ecau B meopeme 2.11 noroxumb A = R, M — cemeli-
CIMBO HENYCMbIX COBEPWEHHBIX MHOKECMB’, MO NOAYHUM, 4MO CYWeCMBY-
em mHoXxecmBo Z C R, umeroujee ¢ KAWKGbM COBEPUWEHHBIM MHOXECMBOM
06Wyl0 MoKy, U ero gonoAHeHue obaagaem mem xe cBoucmBom®,

baszuc I'amenas.

MuoxxectBo X C R HaA3BIBACTCS HE3ABUCUMBIM, €CAU AASI AFOOOTO KO-

HEYHOTO Habopa HEHYAEBBIX DAEMEHTOB Iy, ..., T, € X U AIOOBIX paluo-
n

HAABHBIX YUCEA Ty, ..., T, CYMMa y. x;r; OOpallaeTcsa B HyAb TOTAQ U TOAb-
i=1

KO TOTAQ, KOTA@ BCe 7; PaBHBI HyAto. Hampumep, MHOXecTBO {v/2,/3}
He3aBUCHMO.

Aerko mokazaThb, UTO €CAM B — 1enb He3aBUCHUMBIX MHOXKECTB (MO
BAOJKEHMIO), TO ee IpepeAr UB TakKe eCTh He3aBUCHMOE MHO’KECTBO.
[TosToMy 13 AeMMEI LIopHA BEITEKAeT CAeAyIoIast

°Teopema 2.13. B R cywecmByem makcumaabHOE He3aBUCUMOE MHOXe-
cmso.

Onpepeaenne 2.9. MakcuMarbHOE HE3aBUCHUMOE MHOXKECTBO Ha3bIBaeT-
ca 6asucom I'ameas.

[Tycte H — Gasuc ['ameada. Bnnoane oueBupAHA

°Teopema 2.14. Aars ato6oro x € R\ {0} BepHo paBencmBo © = fj r;b;, rge
i=1

r € Q\ {0}, b; € H, u amo pasroxenue equHCMBEHHO.

AokazameabcmBo. ECAU 1 He IPEACTABUMO B TAKOM BHAE, TO MHOJKECTBO
H U {z} He3aBUCUMO B IPOTUBOPEYUU C MAKCUMaAbHOCTBIO H. Ecaum ke

n m
r=>Y b=y rib;
i=1 i=1

>Takue MHOXKecTBa paBHOMOITHEI R, cM. Kypatosckuti Tomoaorus, T.1, «Mup», M.,
1966, 1.2, «Mup», M., 1969.
5Mo>kHO AOKa3aTh, YTO 3TO MHOKECTBO HeM3MepuMo 1o Aebery.
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IIpYU PasAMYHBIX HaOopax b; u b, U He paBHBIX HYAIO 7, 7, TO MHOXXECTBO

{br, ..., bp, 0, ..., 00}

3aBUCUMO, OTKYAQ 3aBUCUMO U MHOXeCTBO H. [IpoTuBopeune. ]

AxcuoMa BBIOOpa BMeCTe C ITPUBAEKATEABHBIMH BBLIBOAAMH, IMOA0O-
HBIMU TOABKO YTO NPUBEAEHHBIM (DaKTaM WAU TeM TeopeMaM, KOTOpbie
9KBUBAAEHTHHI el (B ZF), oOAaapaeT 1 MHOTUMU «CTPAHHBIMUY» CAEACTBU-
SIMH, AOKA3BIBAIOIIMMU CYIIeCTBOBAHUE PA3HOI'0 POAA «IK30THUECKUX»
MHOXXeCTB. HekoTopble U3 HUX MBI ceruac MmokakeM, a 0oAee OOraThii
0030p CAEACTBUUM aKCHMOMBI BBIOOpA MOXKHO HawuTu B [8, 11].

°Teopema 2.15. CywecmByem BeWweCmMBEHHAsl AQgguMUBHAA He Henpe-
PbIBHAA (PYHKUUA.

Aokazameabcmso. Tlycte H — 06aszuc 'amens, xg € H. B cuay TeopeMbl
2.14 apsg kaxporo € R\ {0} cymjecTByeT eAMHCTBEHHOE pa3A0KeHUe
o saeMeHTaM Oas3uca ['ameas. EcTeCTBEHHO, dA€MEHT Ty MOJKET KakK
BXOAUTH B 3TO pa3AOKeHHe, TaK U He BXOAUTD.

Omnpeapernm pysknuio f : R — R Tak: ecAu 1y BXOAUT B PA3AOKEHHE
r ¢ KO3UIMEHTOM 7, TO ToAaraeM f(x) = r, ecau ke = 0 UAU 17 He
BXOAUT B pas3rokeHue x, TO moaaraeMm f(z) = 0. AerkKo nmpoBepuTh, UYTO
MM ATOOBIX 2,y € R umeeMm f(z+y) = f(x)+ f(y) u B TO )Ke Bpems (PyHK-
uus [ pa3pbIiBHQ, T.K. IPUHUMAET TOABKO paljMOHAAbHbIE 3HaueHus. [

°Teopema 2.16. (ITpumep Burtaan). CywecmByem Heu3dmepumoe no Aebe-
ry mHoXxecmso B R

Aokaszameabcmpo. Ha MHOKecTBe R BBeAeM OTHOIIIEHUE ~ CAEAYIOIIUM
obpa3oM. [TOAOKUM T ~ y B TOM M TOABKO B TOM CAydYae, KOTAQ & —
— Y eCTh pallMOHAABHOE YUCAO. HeTpyAHO TPOBEPUTH, UTO OTHOIIIEHUE ~
eCTb OTHOIIIeHHEe SKBUBAAEHTHOCTH Ha R. Ka)KABIM KAQCC 9KBUBAAEHTHO-
ctu umeeT BUp a+Q, tae a € R, Q — MHOKeCTBO paljMOHAABHBIX YHCEA.
OueBUAHO, UTO KaXKABIM KAACC COAEP>KUT TOYKU U3 orpeska [0; 1]. [Toab-
3ysiCh aKCMOMOM BBIOOPA, IIOCTPOUM MHOXKeCTBO M, co6paB B HEM POBHO
IO OAHOM TOuKe ¢ oTpesKa [0; 1] M3 Ka’kAOTO KAacca SKBUBAAEHTHOCTH.
[TokasxeM, uto MHOKecTBO M C [0; 1] Hem3mepumo 1o NAebery.

O6osuaunm M, = M +r, tae r € QN [—1;1], m nmyctb S = U{M,| r €
QnN[—1;1]}. MHo)xecTBa M, onapHO He IepeceKaroTCs, TO3TOMY B CHUAY
CUETHOM aAAMTUBHOCTU Mephl Aebera p IIOAYYUM:

puS =y uM,
reQN[—1;1]
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OTKYyAa cAepyeT, uTo npu puM = 0 umeem pS = 0, a upu pM > 0 moAydum
wuS = oo, T.K. M, = pM mpu aro6om r € QN [—1;1].

SlcHo, uTO AAA ATOOOM TOUKM « € [0;1] cyllecTByeT pariioHaAABHOE 7
Takoe, 4To « + r € M, mpudeMm r € [—1;1]. TToatomy [0;1] C S, oTKyAQ
BBITEKAeT, uTo 1S > 0, a 3HauuT, uS = oo, T.e. uM > 0.

C ApyToM CTOpPOHBI, OOBbEeAWHEHUE BCeX MHOXeCTB M, COAep>XKUTCS B
[—1;2], oTKyAa BBITEKaeT, 4To uS < oo, T.e. uM = 0. [IporuBOopeuue.

HNrak, mHOXecTBO M He m3Mepumo 1o Aebery. O

OpHMM 13 HauboAee YAUBUTEABHBIX CAEACTBUU aKCUOMBI BBIOOpA S1B-
ASIETCS T. H. «IIaPAAOKCAAbHOE» pa3dbueHue cdepsl, IIOCTPOeHHOe Xayc-

AOPGOM.

°Teopema 2.17. (Xaycpopd). CywecmByem pa3buenue cgeprl S Ha no-
napHo Henepecekaroujuecss MHoxecmBa X,Y, 7 (), komopble obaagarom
CAegylowuMu CBOUCMBAMU:

i) X,Y,Z uY UZ nepexogam gpyr B gpyra BpaujeHuem cgpepml;

(ii) mHOXecmBo () cuemHo.

AokazameabcmBo. PaccMoTpuMm aABe ocu a U b BpateHus cgepsl S. Pac-
cmoTpuM rpymmel Bpamenut {1,p} u {1,q,qq}, TAe p — BpallleHue Ha
180? BOKpyr ocu a, ¢ — BpaijeHue Ha 120° BOKpyr ocu b. OTu rpyu-
IIbI MO>KHO CBOOOAHO IIEPEMHOXXUTH M IIOAYUYUTH HEKOTOpPYIO Ipynny G
BpallleHu# cepwl.

Ka>kaAbIl 3AeMeHT 3TOU I'PYIIBl €CTh HEKTOPOE CAOBO, COCTABAEHHOE
n3 OykB 1,p,q. B 3an1MCcu CAOB MBI, €CTECTBEHHO, UCKAIOUYAEM IIOCAEAO-
BaTEeABHOCTU OYKB pp U (qq¢, TOCKOABKY OHM 3aME€HUMBI IIOCPEACTBOM
TOKAECTBEHHOT'O BpaleHud 1.

Ocu a 1 b MO>XHO BBIOpPATH TaK, YTO pa3Hble CAOBA ONMMCHIBAIOT Pa3HbIe
BpaueHusd. AeMCTBUTEABHO, AOITYCTUM, YTO 3TO He TaK U IIPEAIIOAOKUM,
YTO AASL AIOOBIX OCeM a M b HaWAYTCS ABA PA3HBIX cAoBa W u V, onucel-
BAIOIIMX OAHO M TO JKe BpallleHHe, TOrpaa cAoBo WV ™!, B KoTopoMm MBI
YAQAMM BCe IIOCAEAOBATEABHOCTU OYKB pp U ¢qq, IBASIETCS TOXKAECTBEH-
HBIM BpallleHUueM, HO 3TO CAOBO, OYEBHUAHO, HE TPUBUAABHO (IIOCKOABKY
W # V). O6o3HauuM uepe3 t YTOA MEXAY OCAMU a U b. AAsL AQHHOTO
HETPUBUAABHOI'O CAOBQ, SIBASIIOIIErOCSI TeM He MeHee TOXXAECTBEHHBIM
IpeoOpa3oBaHueM C(ephl, CYIeCTBYeT AUIbL KOHEYHOE MHOXKECTBO AO-
IIyCTUMBIX 3HaYeHUU yraa t. Bcero croB — cueTHoe MHOXKecCTBO. Toraa
BCEero 3HaUeHUM yrAa t — CUeTHOe MHOKeCTBO. [IpoTuBopeune.

Aaree cuuTaeM, 4TO YTOA t MeXAY OCSIMU @ U b BBIOpAH TakK, 4TO HU-
KaKoe HeTpUBUAAbHOE CAOBO HE MOJKET OBITh paBHO 1, T.e. YTO pa3Hbie
CAOBa AQIOT pa3Hbie BpallleHUs.
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KatoueBoli MomeHm: pa3oObeM Tpynny (G Ha TPU HemepeceKaroluxcs
nmopaMHOXecTBa A, B, C' Takux, 4TO

Ap=BUC, Ag=B, Aqq=C.

OueBHAHO, UTO MOXXHO B A coOpaThb CAOBa, OKaHUMBaloIecs Ha p, B B
— OKaHuMBaroluecsd Ha pq, B C — Ha pqq, u oTpaTh 1 B A, ¢ — B B, qq
— B C.

Ha cdepe S cymecTByeT AMIIB CUETHOE MHOXKECTBO TOYEK, OCTAlo-
IIUXCST HEITOABUIKHBIMU IIPU HEKOTOPOM BpalleHuu g € (7, MOCKOABKY
Ka’>kAO€e BpallleHre UMeeT POBHO ABe HEeIIOABUJKHBIE TOUKH, a BCEro Bpa-
meHul B (G cueTHoe MHOKeCcTBO. OO03HAUUM uepes () MHOXKECTBO BCEX
TaKUX TOYEK.

Tenepb BBEAEM OTHOIIEHWE 3KBUBAAEHTHOCTM Ha MHOXXecTBe S \ )
TakK, YTO Ka’KABIM KAACC 9KBUBAAEHTHOCTU — 3TO OPOUTA, TOPOKACHHAs
rpyunoi G, ToOuHee, TTOAOKUM AN z,y € S \ () = SKBUBAAEHTHO Yy TO-
I'A@ M TOABKO TOTAQ, KOTAQ Yy = & * ¢ IIPU HEKOTOPOM BpallleHuu g € G.
Aanree ¢ TTIOMOIIBIO @KCMOMBI BBIOOPA MTOCTPOUM MHOXKecCcTBO M, copep-
>Kallee pOBHO MO OAHOM TOYKe M3 KAa’KAOTO KAACCa DKBUBAAEHTHOCTH, U
nmornoxkuM X =M x A, Y =M=xB, Z =M xC.

HeTtpyaHo BupeTh, uTO MHOXKecTBa X, Y, 7, () mONapHO He IlepeceKa-
IOTCS U YAOBAETBOPAIOT (i) M (ii), MOCKOABKY

Y=MxB=M=x(Aq)=(M=x*A)g=Xq, Z=Xgqq,
YUZ=Mxx(BUC)=M =% (Ap) = (M x A)p = Xp,

() cueTHO. U

B 3akarouenue cpopmyaupyem napagokc banaxa—Tapckoro. Ha moa-
MHOYXECTBAX IPOCTPAHCTBA R? ONpPEACAMM OTHOIIEHUE ~ CACAYIOIIMM
obpazom: moArokuM X ~ Y TOraa M TOABKO TOTAQ, KOTAQ CYIIECTBYET
Takoe pazdomenme X = X; U---U X, MHOKecTBa X Ha KOHEUHOE YWUC-
AO TIONAPHO HelepeceKarolUuXCcsi MHOJKEeCTB M Takoe pa3dueHue Y =
=Y, U---UY, Ha TO Xe caMoe UYMCAO IIONAapHO HemepeCceKalomnuXCcs
MHOYXECTB, 4TO X; KOHIPYIHTHO Y; AAST KaXKA0TO i =1,...,n.’

HeTpyAHO IIpOBEPUTH, UTO OTHOIIEHUE ~ SBASIETCS OTHOILIEHHWEM 3K-
BuBareHTHOCTH HA Exp(R?), mpuuem, ecau X He mepecekaercs ¢ X/, Y
He mepecekaetrca ¢ Y/, X ~ VY, X' ~ Y 1o XUX' ~ YUY’ Hmes
B PaCIOPSA’KeHUHU IIepeuYrCAeHHble CBOMCTBA OTHOIIEHUSI ~ U TEOpeMy

HamoMHUM, YTO ABa MHOJKECTBA B apHU(PMeTUIeCKOM KOHEUYHOMEPHOM IIPOCTpAaH-
CTBEe KOHIDYSHMHbI, €CAU M TOABKO €CAHM OHU TIEPEXOAST APYT B Apyra Ipeodpa3oBaHU-
sSIMU TIOBOPOTA M IIepeHoca.
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Xaycpopda, B pamkax Teopuu ZFC MOKHO AOKa3aTh CAEAYIOIee yTBep-
SKAEHHE.

°Teopema 2.18. (Banax—Tapckuit, 1924). 3amkuymspiii wap B? moxem
Oblmb pasbum HA gBA Henepecekarowuxcsi MHo)ecmBa B* = X UY mak,
ymo B3~ X, B~ Y.

NHbIMM CAOBaMU, IIOAB3YSICh @KCMOMOM BBIOOPA, 3aMKHYTHIM IIap B?
MO>KHO pa30UTh Ha KOHEYHOE YMCAO YaCTeu Tak, UTO IIOCAe HEKOTOPOU
IIepeCTaHOBKHU 3TUX YacTeM IIOAYUYMM ABa IlIapa TOTo >Xe papuyca. [lo-
HATHO, 4TO BCE YaCTH, HA KOTOPBIE «Pa3pe3aeTcs» MCXOAHBIM map B3,
He u3MepuMel 1o Aebdery.



I'rnaBa 3

KAPANHAADBI

B mpeapipyllel rAaBe MBI 3aHUMAAWCh M3yY€HHWEM PAa3AMUYHBIX BUAOB
BIIOAHE YIIOPSIAOYEHUW MHOXKEeCTB, TOYHEee, MBI PACCMOTPEAU HEKOTO-
pble CBOMCTBA CIIELIMAABHBIX MHOJKECTB, MOAEAUPYIOIIUX BCE BO3MOXK-
Hble TIOAHBIE TTOPSIAKU DSAEMEHTOB Ha MHOXKEeCTBaX, OTBAEKAsICh OT WX
MIPUPOABL. DTU MHO’KECTBA Mbl Ha3BaAU OPAUHAAAMHU.

Tenepsb ke Mbl HaMepeHbI TTIOUTH ellle AAAbIIle, U PACCMOTPETh TaKue
MOAEAU MHO’KECTB, KOTOPbIe OTPa’katoT AUIIb «KKOAMYECTBO» S3AEMEHTOB
B MHOJKECTBAX, OTBAEKASICh y)Ke M OT IIOpsIAKa 3THUX 3AEMEeHTOB. MEI
MMOCTPOUM CHEIIUAABHBIM KAACC MHOYKECTB, Ha3blBa€MbIX KapAWHAAAMU,
KOTOpbIe M OYAYT HAIlIUMU MOAEASIMU «KOAUYECTBY», UAM, KaK IIPUHSTO
TOBOPUTH, MOIITHOCTSIMMU.

Kaaccel OpAMHAAOB M KApAMHAAOB — 3TO ABA YHHUKAABHBIX KAQC-
ca MHOXKECTB, NIpPEAHA3HAUEHHBIX AASl OTOOPA’KeHHSI ABYX OCHOBHBIX
CBOMCTB a0CTPAKTHBIX MHOJKECTB: OPSIAKA M KOAMUYECTBA DAEMEHTOB.

[TepeipeM Tenepb HEIOCPEACTBEHHO K U3YYEHUIO KAPAWHAAOB.

§3.1 MomHocTh MHOXecTBa. Aredbl

AAd TOro, 4TOOBI YMETh CPAaBHUBATh «KOAMUYECTBA» SAEMEHTOB B MHOJKe-
CTBAX, HEOOXOAMMO CHAyaAd HAYUUTHCS OIIPEAEASITH MHOXKECTBA C OAM-
HAKOBBIM «KOAMYECTBOM» SAEMEHTOB. AAS 3TOTO MBI IIOAB3yeMCSI OAHUM
OCOOBIM BUAOM (DYHKIIUM — B3aUMHO OAHO3HAUHBIM COOTBETCTBUEM (OU-
exnuen). Mbl roBOpUM, YTO ABA MHO’KECTBA PABHOMOIIIHBI, €CAU MEXKAY
HUMHU CYIIECTBYeT B3aMMHO OAHO3HAUYHOE COOTBETCTBHE (CM. omp. 2.8).
AN MHOXXeCTB C KOHEYHBIM (HAQTYPAAbHBIM) KOAMUYECTBOM BAEMEHTOB
9TO ONpeAeAeHUe BIOAHE eCTeCTBEeHHO. AAST BCeX MPOYUX MHOKECTB MBI
IMPUHUMaeM TOUHO TaKoe >Ke OlIpeAeAeHue.
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Chepytoliasg TeopeMa SIBASIETCS IIPOCTBIM AOCTATOYHBIM ITPU3HAKOM
PaBHOMOIIIHOCTH ABYX MHOJKECTB.

[ToCKOABKY B OAHMX MCTOYHUKAX (cM., Hanpumep, [12]) aTa Teope-
Ma HasbIBaeTcs Teopemou KanTtopa—DbepHITeliHa, a B ApyTrux (HAIpu-
Mmep, [13]) — Teopemon llIpepepa—DbepHIuTeliHa, MBI OyAeM HaA3bIBATh
aTy Teopemy Teopemon Kanropa—bepuirerina—IlIpeaepa, cokpaleH-
HO oOo3Hauvas CBS.

Teopema 3.1. (CBS) Aas Ar06bix gByx Henycmblx MHOXecmB A u B ecau
cywecmsylom uHbekyuu f : A — B u g: B — A, mo smu MHOXecmBa
PABHOMOUJHHIL.

Aokazamearcmpo. Paccmorpum dyuknmio H : Exp(A) — Exp(A), ompe-
AENIEMYIO CAEAYIoler (DOPMYAOMU:

H(X)=A\g[B\ fX] ara Bcex X C A.

[TpeATOAOKHM, YTO CYIIEeCTBYyeT KOpeHb ypaBHeHus: H(X) = X —
HeKoe MHOXecCTBO Xj. [TocMOTpHUM, KAKUMHM CBOMCTBAMHM OHO OOAAAQeT.
O6o3naunm uepes Yy MHOKecTBO B\ fXj. [Tockoabky H(Xy) = X, TO
gYy = A\ X,. Takum oGpasoM, cy>keHus PyHKIUHA f|x, 4 g|y, AEUCTBYIOT
Ha HelepeceKaroluXxcsi TOAMHOKECTBAX MHOXeCTB A u B, HO TeM He
MeHee «ITOKPBIBAIOT» 3TH MHOXKECTBA I[eAUKOM.

TouHee, paccMOTpUM OOPATHYIO K ¢|y, (PYHKIIHMIO, OIIPEAEAeHHYIO Ha
mHoKecTBe A\ Xy, o6o3HaumB ee h. Umeem: h: A\ Xy — Yy — Oueknus,
flx, : Xo — B\ Yy — Toxxe 6ueknus. Toraa oObepAHEHNE 3TUX (DYHKITAN
hU f|x, ecTb Oueknus uz A B B.

Tak, AOKa3aTeAbCTBO TEOPEMbI CBEAOCH K MOUCKY KOPHS ypaBHEHUS
H(X) = X. HazoBem mHOKecTBO X xopowum, ecau X C H(X), u yepes
7/ 0003HAauUMM O00beAWHEHUEe BCEeX XOPOUIMX MHOXKECTB.

HeTpyaHo mpoBepuTb, 4TO (PyHKIIMST H MOHOTOHHA IO BAOYKEHHIO
MHOXecCTB, T.e. ecan X C Y, o H(X) C H(Y). Ilycts 2z € Z. Toraa
CYyIIIeCTBYeT Xopolllee MHOXecTBO X Takoe, uto z € X. Kpome Toro,
nmeeM H(X) C H(Z) u X C H(X). Orciopa 3akatodaeM, uTo z € H(Z),
U OTO BEPHO MM AtOOOTrO 2 € Z. Takum oO6pa3oM, Z — XOopolllee MHOXKe-
CTBO.

YT0oOBI TOKa3aTh, 4YTO Z U €CTh KOPEHb HAlllero ypaBHEHUs, HAAO IIPO-
BepUThH OOpaTHOe BAOXKeHWe, T.e. uro H(Z) C Z. AomycTuM, 4TO 3TO
He Tak. Toraa cymectByet x € H(Z) \ Z. PaccMoTpuM MHOXKeCTBO 7' =
= Z U {x}. OTO MHOXXeCTBO He MOYKeT OBbITh XOPOIIUM, T.K. UHAUYe OHO
OBl copepkaroch B Z. Ilosromy Z' ¢ H(Z'). fcno, uro H(Z) C H(Z'),
nostomy Z' ¢ H(Z). C ppyroit croponsl, Z C H(Z). CAepOBaTEABHO, TOU-
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Ka © — EeAMHCTBEHHAasi TOYKA MHOJKecCTBa /', He momapatomas B H(Z).

[ToayueHo mpoTUBOpeune ¢ TeM, uto = € H(Z).
Wrak, H(Z) C Z, otkypa H(Z) = Z, T.e. Z — HWCKOMOe MHO>XEeCTBO.
0

OtMmeTuM 0e3 AOKa3aTeAbCTBAa HECKOABKO IOAE3HBIX CAEACTBUU OTOU
TEOPEMHI.

CaepctBue 3.2. MuoxecmBa Z, 7 X 7 u Q paBHOMOWHbL w.

CaeactBue 3.3. Muoxecmso R, ompe3sok [0;1] u noayunmepsaast [0;1),
(0; 1] paBromoujHbt unmepaay (0; 1).

BBeaeM, HaKOHEIIl, TIOHSITHE KapPAWHAAA.

Onpepeaenne 3.1. OppuHAA T HaA3bIBAETCS KAPGUHAAOM (UAU Kapgu-
HAABHBIM YUCAOM), €CAU AASL AIOOOTO OpAMHAAA « < T HE BEPHO, 4YTO
Q4> T.

WMTak, MBI BUAUM, YTO KapAMHAA — 3TO B IIEPBYIO OUYePEeAb MOPSIA-
KOBOe umncAo. Ho M3 Bcex paBHOMOIITHBIX APYT APYTY HOPSIAKOBBIX UU-
CeA KapAMHAA BASIETCSI HAUMEeHBIIIUM TaKUM YHUCAOM, peaAu3ysl KakK Obl
Hanuboaee «eMKHM» U3 BCEX BO3MOYKHBIX ITOPSIAKOB AASI AQHHOT'O «KOAM-
yecTBa» SAEMEHTOB. BHIOOD TaKMX yHUKAABHBIX MHOXXECTB B KauyecTBe
KapAMHAAOB OIIPEAEASeTCs, BO-TIePBBIX, 3aMeuaTeAbHBIMM CBOWCTBAMU
CcaMMX OPAMHAAOB (MX TPAH3UTUBHOCTBIO U BIIOAHE YIIOPSAOUEHHOCTHIO),
a BO-BTOPBIX, T€M, UYTO B KaueCTBEe MOIIHOCTeW Mbl OepeM BIOAHE KOH-
KpeTHble 00BbeKThl TEOPUU MHOXKECTB, T.e. MHOKeCTBa.

Ternepb HaM CAEAYET AOTOBOPUTHCSI 00 0003HAUEHUSTX KapAUHAABHBIX
YHUCeA, UCIIOAB3YEMBIX Ha NMPOTS>KeHUU Bcel raaBbl. Hepesd Card mMbl Oy-
AeM 0003HauyaTh KAACC Bcex KapAuHaAoB. SlcHo, uro Card C Ord, mo-
3TOMY KAACC KapAUMHAAOB TaK)Ke BIIOAHE YIIOPSIAOUEH OTHOIIEHWEeM IIpU-
HaAAEKHOCTH, KaK U KAACC OPAMHAAOB. 3HAK < AASI KapAUMHAAOB OyAeT
HUCIIOAB30BATHCSA B TOUHOCTU C TOM JKe IIeAbIO, C KAKOM OH MCIOAB3YeTCS
Ha KAacce OpPAMHAAOB. MTak, KapAMHAABI MBI MOXKeM CPaBHUBATh, U 3TO
CpaBHeHUE eCTb OTHOIIEHHEe IIPUHAAAEKHOCTH, BIIOAHE YIIOPSIAOUYMBAIO-
1ee KapAWHAaABI.

Ecam 7 ecTh KakoM-AMOO KappuHaA, To yeped Card, MBI OypaeM 00o-
3HAYaTh KAACC BCEX KapAWHAAOB, HE MEHBIINX, YEM T.

PaHee MBI YCAOBUAUCH «IIO YMOAYAQHMIO» MCIIOAB30BATh I'peYECKUE
OYKBBI, KpOMe , 1) U w, AASL OOO3HQUEHUSI TPOU3BOABHBIX OPAUHAAOB.
Teneps ke Mbl YCAOBUMCS, UTO BCe TpeuecKue OyKBBI, HAUMHASI C A U AO
KOHIIa aAdaBUTA, MCKAIOYAsd, KaK OOBIYHO, ¢, 1 U w, 0OO3HAYAIOT Kap-
AVHAABI, €CAU He OIOBOPEHO IIPOTUBHOE. ByKBEI ¢ U 1), KaK U IIPEXKAE,
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3ape3epBUPOBAHBl HAaMU AAST 0003HAUEHUsT (POPMYA, @ w €CTh CUMBOA-
KOHCTaHTa, 0003HAYAIOIINY MHOKECTBO HATYPAABHBIX UKUCEA.
KapavHan 7 MBI Ha3bIBaeM OECKOHEYHbIM, €CAH T > w. B mpoTuBHOM
CAy4yae KapAWHAA Ha3bIBAeTCsS KOHEYHbIM, ¥ ero MBI 000O3HaYaeM TOYHO
TaK ke, KaK HaTypaAbHbIE UMCAQ.
PaccMoTpuM Teneph HEKOTOpPBIE CBOMCTBA KapAWHAAOB.

v 3.1. beckOHEeUYHBIM KapAUHAA SIBASIETCSI TPEAEABHBIM OPAMHAAOM.

Aokazameabcmpo. TIPEATIOAOKUM, UTO 3TO He TakK, U IycTb 7 = S(«),
7 > w. [loka)keM Tenepb, YTO OPAUHAABI « U S(«) paBHOMOIIHBL. Ecam
MIPEATIOAOKUTD, YTO @ < w, TO OTCIOAQ TIOAYYHUM T < W, T.€. KApAUHAA T
KoHeueH. [IporuBopeune. [Tostomy o > w. [lycts f: S(a) > au

S(), v <w,
f(ﬁ/): 77 wgﬁ/<a7
0, v =aqQ.

HeTpyaHO yOepAUTBCS B TOM, YTO [ €CTh B3aUMHO OAHO3HAYHOE COOT-
BeTcTBUE MeXAy S(a) m a. Ho @ < 7 = S(a). Toraa mo ompepereHu:o
KAapAWHAAOB T He SIBASIeTCS KappAuHAAOM. [IpoTuBopeune. [

v 3.2. OppMHaAA w U BCe HATyPaAbHbIE YHUCAQ SIBASIIOTCS KapAWUHAAAMMU.

v 3.3. OpaunHansel S(w), S(S(w)), S(S(S(w))), ... He ABASIIOTCS KapAWHA-
AQMU.

Onpepeaenne 3.2. Ecau Mexpy MHOKeCTBOM X M KAPAUHAAOM T CylIe-
CTBYeT B3aMHO OAHO3HAQYHOE COOTBETCTBUE, TO KAPAWHAA T Ha3bIBAETCS
mowHOCcmbo MHOXKecTBa X. [Ipy 3TOM MBI UCIIOAB3YEM AAG T CAEAYIO-
mue o6o3Hauvenus: || X||, Card X.

[To onmpeapeAeHUIO MOAOKHM TAK)Ke, YTO MOIIHOCTBH ITYCTOT'O MHOXKe-
cTBa () eCThb HYA€BOM KapAWHAA.

OueBUAHO, UTO AASI KQKAOTO KapAMHAaAa T uMmeeM ||7|| = 7.

v 3.4. MoOIITHOCTh MHO>KEeCTBa OIIPEAEASTeTCS OAHO3HAUYHO.

Aoxazamearcmso. Ecau 7 = || X|| u € = ||X||, To 7 u £ paBHOMOIIHEL Ec-
AM TIPEATIOAOXKHUTD, UTO T < &, TO £ HEe eCTh KapAUHAA (IO OTIPEAEAEHUIO).
AHaAOTMUYHO MCKAIOYaeTCs BapuaHT & < 7. CAepOBaTEeABHO, £ = T. Il

v 3.5. EcAM o« — OpAMHAA, U T — €ro MOIIHOCTb, TO T < «.

v 3.6. MHOXecTBO X MOXXHO BIIOAHE YIIOPSIAOYMTH TOTAQ M TOABKO TO-
r'Ad, KOrAA OHO MMeeT MOIITHOCTb.



§3.1. MOLJHOCTb MHO>KECTBA. AAEDBI 07

Aokazameabcmpo. TTyctb (X, <) — BIIOAHE YIIOPSIAOYEHHOE MHOXKECTBO,
TOTAQ AASL HETO CYIEeCTBYeT €AWHCTBEHHBIW IOPIAKOBBIM TUIl . O00-
3HAUMM yepe3 A MHOXXEeCTBO BCEX TaKMX OPAMHAAOB } < «, UTO « <> [.
[Tycts v = min A. Toraa, 04eBUAHO, ¥ <> @ U AASL AFOOOTO [3 < Y HEe BEPHO,
qTO [ 4+ 7. [ToaToMy v — KapauHanr. HeTpyaHo BUAeTh, uTo || X|| = 7.
O6patHo. Ecan || X|| = 7, To cymecTtByer Oneknus f : X — 7. Toraa
IIOAOKUM AASL AIOOBIX 7,y € X 1 < y TOrpAa M TOABKO TOIAQ, KOIAQ
f(z) < f(y). Utak, (X, <) — BIIOAHE YIIOPSIAOYEHHOE MHOKECTBO. O

HNcnoab3ysa 3TO CBOUCTBO U TeopeMy 2.9, HECAOKHO AOKA3aTh CAEAY-
IOIMK PaKT.

Teopema 3.4. Akcuoma Bbibopa AC 3KBUBAAEHMHA YMBEPXJEHUI: KAX-
goe MHOXXeCcmBO uMeem MOWHOCMb.

Chepyroliag TeopeMa IIOKA3bIBaeT CYyIleCTBOBaAHME HEPAaBHOMOIITHBIX
OeCKOHEYHBIX MHOXKEeCTB, O0Aee TOTO, C ee MOMOIIbIO MOKHO ITOCTPOUTH
OEeCKOHEYHO MHOT'O MOMapHO HEPAaBHOMOIITHBIX MHOKECTB.

Teopema 3.5. (l'eopr KanTop). Exp(X) ¢ X.

AokazameabcmBo. A ITyCTOTO MHOXKeCTBA X TeopeMa oueBUAHA. [TycTh
X # (. TIpeanioro>xuM, uto cymiectByer 6uekius f : X — Exp(X). ITyctb
A={z € X|z ¢ f(x)}. OueBupno, A € Exp(X). ITycts a = f~1(A) (Beab
f — Oueknus). Kak cBsa3aHbl a 1 A? 3AeCh CUTyallys, aHaAOTUYHAA Iia-
papokcy Pacceana.

AomycTtuM, uto a € A. Toraa 1o onpepeAeHUIo MHOKeCTBa A IOAYYUM
a ¢ f(a), HO f(a) = A. TlpoTUBOpeuUmE.

[TpeanorokuM, uTo a ¢ A. Toraa BHOBB IIO OIIPEAEACHUIO MHOYKECTBa
A nmeeM a € f(a), BHOBb mpoTtuBOopeune. Mrak, Exp(X) ¢ X. O

CaeactBue 3.6. Ecau cywecmByem mowHocms Exp(X), mo cywecmByem
mowHocmb X u || X|| < || Exp(X)]|.

°CaepctBue 3.7. He cywecmByem HaubOOAbUWETO KAPGUHAAQ.

AokazameabcmBo. Ecav 7 — HamOOABIINMM KapAuHAA, TO B cuay AC cy-
IeCTBYEeT MOIITHOCTH Exp(7), KOTOpas MPeBOCXOAUT 7T B IPOTHUBOPEUUNH
C MAKCHMAABHOCTBIO KapAWHAAQ T. O

3amMeTuM, 4yTo 0e3 aKCHUOMBI BBIOOpA yTBEPIKAEHHUE O HeCyIeCTBOBa-
HUM HAauOOABIIIETO KapAWHAAQ UAM PABHOCUABHOE YTBEPIKAEHHE O TOM,
yto Card — He MHO>KeCTBO, BOOOIIle TOBOPS He AOKa3yeMbl.
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[Toab3ysacek Teopemont KaHTopa M U3BECTHBIM (PAKTOM aHAAM3a O TOM,
uro R « Exp(w),! Aerko Buperh, uTo w 4 R, Goaee TOro, B paMkax
teopuu ZFC cupaBepanBo HepaBeHCTBO: w < ||R||.

HeTpyaHO AOKa3aTh CAEAYIONIUW IIPU3HAK CPABHEHUS MOITHOCTEU.

v 3.7. Ecau y MHOKecCTB A u B cyimecTBytoT MoutHocTH, To ||A|| < || B,
€CAU BBIIIOAHEHO XOTs1 OBl OAHO M3 YCAOBHH:

1) cymecTtByeT uubekuusa f: A — B;
2) cymecTtByeT ciopbeknuda [ : B — A.

v 3.8. EcAm A — MHO>XeCTBO KapAUMHAAOB, TO UA — KapAWHAaA, IpuyeM
UA = sup A B Kaacce Card.

AokazameabcmBo. 1o aHAaAOTMYHOMY CBOMCTBY OPAMHAAOB IIOAYYAEM,
yTOo UA — opauHaA, npuueM UA = sup A. OcTtaroch ToKa3aTk, 4To UA —
KapAUHAA.

[Tycth @ < UA m o paBHOMOIeH UA. O4eBUAHO, cyllecTByeT 7 € A
TakoH, 4ro a < 7. Ilycth & = ||a||. Toraa &€ < a < 7. Kpome ToToO,
7 C UA. TToCKOABKY « <> UA 1 & = ||a]|, TO cymecTByIOT GHeKIIUM U3
UA B o ¥ U3 o B {. DTO O3HAUaeT, 4TO CYLLeCcTByeT Omekuus u3z UA
B &, @ 3HAUUT, CYyIIeCTByeT UHBbeKInd U3 7 B £. C APYTrOM CTOPOHHI,
TOKAECTBeHHAsA PyHKIMS Ha ¢ OypeT UHBeKIued u3 £ B 7. Toraa 1o
Teopeme CBS moayuum & = 7. [IpotuBopeune. Mtak, UA — KapAUHaA.

O

BBepeM caepyroiriee oGo3Hauenue. HYepes 77 6ypaeM 0603HAYATH HAU-
MEHBIIIUY U3 KaPAWUHAAOB, OOABIIUX T, €CAU TAKOU KAapAWHAA CYILECTBY-
er. B Teopun ZFC xapapuHaA 71 CyIeCTBYeT AAS AIOOOTO KapAWHAaAa T,
KpOMe TOTO, CIIpaBEAAMBA CAEAYIOIIAs

°TeopeMma 3.8. (O6 aredax?).
CywiecmByem u equHcmBeHHO omobopaxenue N : Ord — Card,, makoe,
umo:

1) R(0) = w;
2) R(S(a)) =R(a)*;

3) ecau a — npegeabnbili, mo N(«) = sup R(7y).
<o

'TIpu pokaszaTeAbCTBe 3TOTo (haKTa aKCHOMa BBIGOpa He MCHOAb3yeTcs!
2Arec — N — mepsast 6yKBa ApeBHeeBpelcKoro ardaBuTa.
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Aoxkazamearcmso. Ilycts F : Exp(Card,) — Card, u F(A) = sup A, ecan
supA ¢ A, u F(A) = (supA)™, ecam sup A € A, AAST AFOGOTO HEIYCTOTO
nopmuoxkectsa A C Card,, F() = w.

Torpa 1o TeopeMe O PEKYPCHUBHBIX OIPEASAEHUSX CYIIEeCTBYeT OTO-
opakenue X u3 Ord B Card, Takoe, uto R(a) = F(Ra).

a) IMycte a < B, Toraa Ra C NG, orkypa N(a) < R(f). R(a) € NS.
[TpeanonroxxkuM, R(a) = R(F), Toraa X(F) € NG, orkypa F(RF) € N3, uro
mpOTUBOpeunT onpeperennto F. Utak, N(a) < R(F).

6) R(0) = F(0) = w.

B) Tak Kak N[S(«)] B CHAY MOHOTOHHOCTH X, AOKa3aHHOU BHIIIIE, IMeeT
MakcuMyM, paBHBIH R (), To F(R[S(a)]) = R(a) T, oTkysa R(S(a)) = R(a)™.

r) AAS IPeAEABHOI'O OPAMHAAA (v UMeeM Sup & = « (CM. CBOMCTBO OpPAM-
HanoB 2.12). Ecau N uMeeT MAaKCUMAAbBHBIM DAEMEHT, TO B CUAY CTPOTOU
MOHOTOHHOCTHU N, AOKa3aHHOM B a),  TAK)Ke UMeeT MAaKCUMAAbHBIN dAe-
MEHT, OTKyAQ sup « € «. [IpoTuBopeuune.

Nrtak, B N HeT HaMOOABIIETO dAEMEHTa, CAepoBaTeAbHO, F(Na) =
= sup Ra, oTkyaa R(«a) = sup R(7).

<o

A) EAvHCTBEHHOCTE oTOOpakeHUs N, yaoBAeTBOpsAmoero 1) —3), aer-
KO IIPOBEPAETCA 110 UHAYKIUMN. O

YcAOBUMCST Be3pe Aaree BMecTO N(a) AAST pPACCMOTPEHHOTO B TeopeMe
oToOpakeHUsd N mucaThb N,, T.e. UCIOAbB3yeM HHAEKC. Takoe oOo3Haue-
HUe OeCKOHEYHbIX KapAUHAABHBIX YUCEeA OBIAO BBEAEHO ellle KaHTOopOoM.
OTUM, COOCTBEHHO, U OO'BICHSIETCSI Ha3BaHUe TeopeMbl: 00 aredax.

°Teopema 3.9. OmobpaxeHue R, cywecmBOBAHUE KOMOPOro JoKA3aHO B
meopeme 3.8, b6ueKmMuBHO.

AokazameabcmBo. 1) UHBEKTUBHOCTb N CAEAyeT M3 IyHKTa a) AOKasa-
TEABCTBA TTPEABIAYIIIEH TeOPEeMbI.

2) TTokakeM CIOPBEKTUBHOCTDL N. [TPEATIOAOKHUM, UTO N He CIOPBEeK-
TUBHO, ¥ 4epe3 7 0003HAUYMM HAUMEHBIITUM U3 KAPAUHAAOB, HE MPUHAA-
Aexamux oopasy N Ord. OueBUpHO, T > w.

[Tycte X = {£{| w < £ < 7}. B cuAy MOHOTOHHOCTH N AETKO IIOKa3aTh,
yTo MHOXKecTBO A = {a| N, € X} aBasercs opannarom. Toraa ecam A
— TIpepAeAbHBIM OopAMHAA, To sup X ¢ X u B TO ke BpeMs sup X < T,
nosromy sup X = 7. Ho sup X = X, mo Tteopeme 3.8, mosromy 7 € X Ord.
[IpoTuBOpeune.

Ecau A — mocaepyromuii opauHana, To sup X € X, otkyaa 7 = (sup X)*
+. Ho A = S(supA) (mo coicTBy 2.12 OpAMHAAOB), OTKypd Np =
= (Raupa)™ = (supX)™ = 7, oTkypa cHoBa moayuaem 7 € ROrd. Ipo-
TUBOpEYHe.
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CAQAOBaTeABHO, N CIOP'EKTUBHO, U TeoOpeMd AOKad3dHa. ]

HTak, Atob6oe GecKoHeYHOe KapAMHAABHOE YMCAO MOKHO MPEACTAaBUTH
Kak N, IIpU HEKOTOPOM OPAMHAAE v, €CAU MBI IIDUHUMAEM aKCUOMY BHI-
o6opa.

Kak MBI 3HaeM, CYIIeCTBYIOT IIPEAEAbHBIE U IIOCAEAYIOIINE OpAWHA-
ABL. OHHM COCTABASIIOT ABa AOCTATOYHO OOTaThIX II0 CBOMCTBAM IIOAKAACCA
Kaacca Ord. Ka>kabIM KapAMHAA SIBAIETCS OPAUMHAAOM, IIO3TOMY W HEHY-
A€eBble KapAUMHAABI MOJKHO Pa3pAEAUTh Ha ABAa KAACCA, OTHECS K IIepBOMY
KAACCY KapAWHAABI, SIBASIONINECS IIPEeACABHBIMM OpAMHAAAMU, @ KO BTO-
pOMY — KApAMHAABI, SIBAGIOIIMECS ITOCAEAYIOIMIMMHU OopAuHaramMu. OA-
HaKO, Kak IMMOKa3bIBaeT CBOUCTBO 3.1, Takoe pa3bueHWe KapAWHAAOB Ha
KAACChl BeChbMa IPUMHUTUBHO, MOO TEPBBIM KAACC COBIIAAET C KAACCOM
Card,, a BO BTOpPOM BOMAYT BCe KOHEUHbLIe HEHyAEBble KapAWHaAhbI. [lo-
3TOMY AASL KADAMHAAOB UCIIOAB3YIOT MHOW CIIOCOO pa3OueHns Ha CIelu-
aABHBIE KAACCHI, @ UMEHHO:

Onpepeaenne 3.3. KapaAvHaA 7 HA3BIBAETCA U30AUDOBAHHBIM, €CAU CYy-
MECTBYeT KapAWHAA £ TakKou, 4To 7 = {1, B IPOTUBHOM CAyYae HEeHyAe-
BOU KapAWHAA T HA3bIBAETCS NIPEJEeAbHBIM.

AeNCTBYs 110 @HAAOTMHU C AOKA3aTEeAbCTBOM TOABKO UTO IIPUBEACHHOU
TEOPEMBI, HETPYAHO YCTAQHOBUTH CAEAYIOIIUU (PAKT.

°Teopema 3.10. Ars A100bIX HEHYAEBOTO OPgUHAAQ (v U HENYCIMOI'O MHO-
JKecmBa OpguUHAAOB A cnpaBegAuBoO cAegyrouwiee:

1) @ — npegeabHblll OpguHAA MOrga U MOABKO morga, kKorga R, —
npegeAbHbLU KADGUHAA;

2) a — nocaegyrmowul OpguHaA morga u MOAbKO morga, korga 8, —
U30AUPOBAHHBIU KAPGUHAA;
3) Ngupa = sup R,.
yEA

[ToaTomMy KappuHaA N, KakK ¥ KAPAUHAA w, IBASIETCS TPEAEABHBIM Kap-
AMHAAOM, @ BCe KapAUHAABI N, U30AMPOBAHBI IIpu n > 0.

[TpuBepeHHBIE TeOpeMbl 00 OTOOpPa>kKeHUM N U3 KAAcCa OPAMHAAOB B
KAACC KapAWHAAOB TTOKA3bIBAlOT, 4TO ecAM Card — He MHOXKeCTBO, TO N
eCTh ITOPSAKOBBIM M30MOPMU3M MEKAY 3TUMHU KAACCaMHM, T.€. B3AUMHO
OAHO3HAYHOE COOTBETCTBUE, COXpaHsIollee IOPSAOK. Ha camoMm aeae cy-
LIeCTBYeT ropa3po 0oAee obiiasg TeopeMa 00 m3oMopdu3aMe HEKOTOPHIX
KAQCCOB, He SIBASIONINXCS MHOXKECTBAMHM, ¥ KAACCA OPAMHAAOB, a Teope-
Ma 00 areax ABASETCS AUMIIL €€ YaCTHBIM CAy4aeM OAaropapsi akCuoMe
BBIOODA.
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Teopema 3.11. (O6 uzomopcdusmMe KAQCCOB).
I[Tycmb cobcmBenno kaacc K BnoaHe ynopsagoieH omHouweHUeM-KAaACCOM
< U ygoBAemBOpsiem yCAOBUIO:

gra kawkgoro y € K xkaacc {z € X : = <y} ecmb MHOXeCcmBO.

Torga kaaccot K u Ord uzomopgubl (m. e. MOKHO onpegeAumb B3AUMHO
ogrnoznaunoe omobpaxenue u3z X B Ord, coxpansioujee nopsgox).

B wactHOCTH, A100blEe gBAG COOCMBEHHO KAQCCA OPGUHAAOB NOPAGKOBO
U30MOpPHBL.

Mgl He OyaeM IPUBOAUTH 3A€Ch AOKA3aTEAbBCTBO 3TOM TEOpPEMEI, T. K.
OHO MPaKTUYECKU MOBTOPSET AOKA3aTEAbBCTBO TeopeMbl 00 aredax U UC-
IIOAB3YeT IIOCTPOEHUE HEOOXOAUMOI'O OTOOpakKeHU 110 TPAHCHUHUTHOU
peKypcuu. MBI IpepraraeM YUTaTeAo ITOIIpoOOBaTh AOKA3aTh IIPUBEAECH-
HYIO TOABKO UTO TEOpeMY.

§ 3.2 KoHeuHble 1 O0eCKOHEUYHbIEe MHO>KECTBaA.
KoHTHNHYYM-THIIOTE3a

MBI y>Ke AOBOABHO 4acTO IMOAB30BAAUCH ITOHATHUSIMU KOHEUYHOTO U Oec-
KOHEYHOT'O MHOJKECTBA, M AaXe OIPEAEAUMAM KOHeuHble U OeCKOHeu-
Hble KapAUHaAbl. BBepeM Terephb onpepeAeHre AAS TTPOU3BOABHBIX MHO-
KECTB.

Onpepeaenne 3.4. MHoKecTBO X HasblBaeTCsd OECKOHEUHbIM, €CAU OHO
00AapaeT OECKOHEYHOM MOIIHOCTBIO, T. €. CYIEeCTBYeT KapAUHAA T: T =
= ||X||, 7 > w. MHOXecTBO X Ha3bIBA€TCS KOHEUHBbIM, €CAU OHO O0AQAQeT
KOHEYHOM MOIITHOCTBIO, T. €. CyIlecTByeT n: n = || X||.

Mmuo>kecTBO X Ha3bIBAeTCS CUemMHbIM, eCAt || X|| = w.

Mmuo>kecTBO X Ha3bIBaeTCsl He Ooaee ueM cuemHbM, ecau || X || < w.

Kaxkpoe MHOKeCTBO AMOO KOHEYHO, AM0OO OeCKOHEYHO, AuOO yTBep-
JKAEHME O CYIIeCTBOBAHUM €ro MOITHOCTH HepoKa3dyeMo B ZF. Akcuoma
BBIOOpA IMO3BOASIET UCKAIOUUTH 3TOT TPETUU CAyYal U TOBOPUTH, 4TO
Ka>kKAOe MHOYKeCTBO AMOO KOHEYHO, AM00 OeCcKOHeuHO. beckoHeuHbIe
MHO>KeCTBa OOAAAQIOT CAEAYIOIIUM CBOMCTBOM, OTAMYAQIOIIUM MX OT KO-
HEYHEBIX.

Teopema 3.12. Ecau X — OeckoHeuHOe MHOXXeCmBO, MO gAsi At0OOro MHO-
xecmBa a mowjHocmu muoxecmB X \ {a}, X u X U{a} paBhbL.
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Aokazamearcmso. Tlycts ||X|| = 7, 7 > w, u nyctb a ¢ X. HerpyaHo
MOKa3aTrh, yTo MHOXXecTBO X U {a} paBHOMOIIHO TOorpa opauHanry S(7).
Meskpy opAMHAAOM S(T) M T AETKO YCTAaHOBHUTH B3aMMHO OAHO3HAYHOE
COOTBETCTBME, KaK MBI 3TO YK€ AEAaAM NP AOKa3aTeAbCTBE CBOMCTBA
3.1 kapauHanos. [Toatomy || XN{a}|| = 7. Arg a € X Teopema OUeBUAHBIM
00pa3oM CIIpaBEeAAUBA.

ITycte Teneps YV = X \ {a}, a € X. [ToHATHO, YTO UCIOAB3YS IIOAHOE
yropsipoueHre X, KOTOpOe MOKHO 3aAaTh IIPH IIOMOIIY B3aUMHO OAHO-
3HAYHOTO COOTBETCTBMSI MHOKeCTBa X M KapAWHAAA 7, MOXKHO BIIOAHE
YIOPSAOYUTH U MHOKeCTBO Y. [TosaTomMy MomHOCTS Y cyiectByeT. Ecan
Y KOHEYHO, TO MOHSTHO, YTO X TOIAQ TaK)Ke KOHEYHO — IIPOTUBOpEYHe.
Ecan Y 6eCKOHEUYHO, TO IO TOABKO YTO AOKA3aHHOMY MBI IIOAYYHMM, UTO
Y]] = [|Y U{a}||, T.e. ||Y]] = ||X]|]- [Ipu a ¢ X Teopema TaKKe OYEBUA-
Ha. 0J

NTak, Mbl BUAWUM, YTO IIPU «BLIOPACHIBAHUU» OAHOM (MAM HECKOAb-
KHMX) TOYEK U3 OECKOHEYHOTI'O MHO’KECTBA MOIIHOCTBH 3TOI'O MHOKECTBA
coxpaHsieTcsa. Takum 00pa3oM, Kakpoe OeCKOHEeUHOe MHOKECTBO paB-
HOMOIITHO HEKOTOPOMY CBOeMYy COOCTBEHHOMY IIOAMHOKeCTBY. Ha aTom
IIpU3HAKe 0Aa3uUpyeTcss APyroe olpepeAeHre KOHEUYHBIX U OeCKOHEUHBIX
MHO>KeCTB, IpUHapAeKallee AeAeKUHAY.

Onpepeaenne 3.5. MuoxecTBO X HasbIBaeTcsl O0eCKOHeuHbIM no Aege-
KUHQJY, €CAM OHO PABHOMOIITHO HEKOTOPOMY CBOEMY COOCTBEHHOMY IIOA-
MHOJKECTBY, B IIPOTUBHOM CAyYae MHOXKECTBO X HAa3bIBA€TCSI KOHEUHbIM
no AegekuHgy.

Onpepenenne AepAeKUHAQ He MOApPA3yMeBaeT HAaAWYMS Y MHO’KeCTBa
MOIIIHOCTH, U IIOTOMY AI00O€ MHO>KECTBO AMOO KOHEYHO II0 AeAEKUHAY,
Au00 OeCcKOHeuHO 1o AepeKuHAY. [Ipu BBIITOAHEHUM aKCHOMBI BBIOOpPA
oba onpeAeAeHus COBNAAAIOT, pu oTpuiianuu AC MOTYT CyIIecTBOBaTh
TaKhe MHOJKECTBA, KOTOPbIe HEe MMEIOT MOIIHOCTH, HO TEM He MeHee
OeCKOHEYHHBI (MAM KOHeYHHBI) 1o AepekrHAY. O0a 3TU paKTa BBITEKAIOT
U3 CAEAYIOUIEU TEOPEMEL.

Teopema 3.13. Ecau mHOXecmBO X KOHEYHO, MO OHO KOHEYHO no Aege-
KuHgy. Ecau muoxecmBo X 0ecKOHeUHO, mo OHO OeCKOHeyHO no Aege-

KUHGY.

BBepeM Tenepr obo3HaueHue: ¢ = ||R||, ecau cymiecTByeT MOIIHOCTD
MHOXXeCTBa R Bcex BellleCTBEeHHBIX unceA. [ToHaTHO, uTo R 6ecKOHEeUHO
o AepekuHAY, 160 R « [0, 1], @ ecAr MBI IpeATIoAaraeM CyIleCTBOBaHUE
MOIIIHOCTH ¢ (MOILIHOCTH KOHTHHYyMa), TO R OyaeT U nmpocTto GeCKoHeu-
HO. B cuay caepctBuM K TeopeMe KaHTOpa MBI MOXKeM CKas3aTh AdXe,
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YTO ¢ > w, T.€. KOHTUHYyM HecueTeH. M 3paech BO3HUKAeT HOBBIM BO-
IIPOC: HACKOABKO BOOOIIe KappAUHAA ¢ OOAbIlIe w? Man: CyllleCcTBYIOT AU
MHOKeCTBa MOMIHOCTH 7T TaKOM, UTO w < 7 < ¢?

OTOT BOIIPOC BIIEpBBIe OBIA chopMyAnpoBaH KanTopoMm B KoHIle XIX
Beka. Cam KaHTOp HEOAHOKPATHO IBITAACS OTHLICKATh HECYETHOE MHO-
>KeCTBO MOIITHOCTHU MeHbIIIe ¢, «IIPOPe’kuBas» U3BECTHbIe KOHTHUHYAAb-
Hble MHOXXEeCTBA, CTPOS HUTAE He IAOTHbIe MHOKECTBa BeIllleCTBEHHBIX
yrceA. B pe3yabTaTe MOSSBUANMCH KQ@HTOPOBBI COBEPIIIEHHbIE MHOYKECTBAQ,
HO BCE OHM OKAa3aAUCh KOHTHMHYyaAbHbIMU. Ha OCHOBaHMU BCeX CBOUX
HCCAeAOBaHUM KaHTOpP NPEeANOAOIKUA, UYTO HE CYIIeCTBYeT TaKOTO MHO-
)ecTBa. Ero rumoresa B Hammx 0003HAUEHUAX (POPMYAUPYETCS B BUAE
paBeHCTBA w' = ¢, KOTOPOEe HA3bIBAETCS runome3oli KOHMUHYYMA WAU
KOHMuHyyMm-runome3soti u o6o3navaercs CH.

BBeaeM caepytoliiee oO003HaueHUe: yepes 27 Mbl 0003HAaUMM MOIITHOCTH
MHOKecTBa Exp(7). OObscHseTcs: Takoe 0003HaUeHHe CAEAYIOIUM 00-
pa3zoM. Korpa Mbl OIpEAEASIAM TIPSAMOE IMTPOM3BeAeHHEe MHOKECTB B 00-
meM BUAe (CM. § 1.6), MBI BBEAUW TakK)Ke IOHATHE BO3BEACHUS MHOXKe-
cTtBa A B CTenmeHL-MHOXeCTBO B, 0603Havas yepes AP MHOXecTBO Beex
¢dyuknuit u3 B B A. EcAu MBI Tenepb B KauecTBe MHOKecTBa A pac-
cmoTpuM opauHaa 2 = {0,1}, To 28 Gyaer MHOKeCTBOM BCex (DyHKIIMIA,
OIlpeAEAeHHBIX HAa B U npuHuMaromux 3HaveHuss 0 uau 1. HeTpyaHo
YCTAHOBUTH B3aUMHO OAHO3HAYHOE COOTBeTCTBHe MexAy 28 u Exp(B),
BLIOMpAst AAST KaXkpaoM yHKIuu u3 28 npooGpas epwnuipl [TosTtomy
|| Exp(B)|| = ||25]|, oTkyaa u mossurock o6osnavenue: 2/18ll:= || Exp(B)]].
B wacTHOM cayuae, Koraa B = 7 MOAYYHM, 4TO MOIIHOCTH Exp(7) paBHa
27,

M#b1 yKe yImoMUHaAW paHee, YTO MOIITHOCTh KOHTHMHYyMa TaKoOBa JKe,
KaK MOIIIHOCTb MHOJKECTBA BCeX IIOAMHOXKECTB HATYpPaAbHOI'O DPSAQ,
T.e. ¢ = ||Exp(w)|| uan, B cuay Hammx oGo3HaueHu#, ¢ = 2. Torapa
KOHTHUHYYM-TUTIOTE3a BhIPa’kaeTCsi PABEHCTBOM w = 2¢,

AHAAOTMUHO, paccMaTpuBasi BMECTO KapAWHaAd w IPOU3BOABHBIU
OeCKOHEYHBIU KapAWHAA T, c(hopMyaupyeM 0000WEeHHYI0 KOHMUHYYM-
runome3y (GCH): 7+ = 27,

Ha ceropHAmHUM AeHb U3BECTHO, UTO KaK KOHTHMHYYM-THUIIOTe3a, TaK
1 0000IIIeHHass KOHTUHYYM-TUIIOTe3a He 3aBUCAT Kak OT akcuoM ZF, Tak
u ot akcuoMm ZFC. TouHee, clipaBEAAMBHI CAEAYIOIINE TEOPEMHI.

Teopema 3.14. (Kypt I'épenn, 1930).
Con(ZF)— Con(ZF+CH), Con(ZF)— Con(ZF+GCH),
Con(ZF)— Con(ZFC+CH), Con(ZF)— Con(ZFC+GCH).

Teopema 3.15. (IToap Kosn, 1963).
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Con (ZF)— Con(ZF+]CH), Con(ZF)— Con(ZF+]GCH),
Con(ZF)— Con(ZFC+]CH), Con(ZF)— Con ZFC+]GCH).

ChepyeT opHako orMeTuTh, uTo GCH BAeueT akcromy Bei6opa AC [7].
Orciopa caepyet, uro Teopust ZF+GCH+|AC nporuBopeumnBa. To ecTb
MBI He MOyKeM ckKaszaTrh, 4yTo AC He 3aBucur ot akcuom ZF+GCH. Bo-
Aee TIOAPOOHOE pacCMOTpeHue MPOoOAeM, CBA3aHHBIX C AOKa3aTEeAbCTBOM
HenpotuBopeunBocT CH 1 GCH ¢ akcromaTukon Llepmero—DpeHKens,
MO>XHO HauTu y [I. KosHa B [7] uan B CIpaBOYHOU KHUTE II0 MaTeMa-
TUYECKOU AOTHKe [8].

HTak, KpoMe akKCMOMBI BHIOOpA CYIIECTBYIOT M APYTUE yTBEP)KACHUSI
O CBOMCTBaAX MHOXXECTB, KOTOpPbIe MOYKHO C(POPMYAUPOBATH B paMKax
a3blka ZF, HO HEeBO3MOKHO HU AOKa3aTh UX, HU OIpOBeprHyTh B ZF.
Ha camom aeae, B cuay TeopeMsbl ['épens o HenmoaHOTe [4] Takux yTBep-
KAEHUM MOXKHO HaUTH OeCKOHeYHO MHOTO. B § 3.5 MBI paccMoTpuM eliie
HECKOABKO TTOAOOHBIX yTBEP)KAECHUU.

§3.3 IIpeapeArbHBIE TEOpeMBbI O MOIHOCTSX.
TeopeMa 0 KBaApare

B aTom maparpade Bce TeopeMbl MBI OyAeM AOKa3bIBaTh B Teopum ZFC.
[TepBas TeopeMa, KOTOPYIO MBI 3A€Ch AOKaXXeM, 110 CYTHU SBASIETCS Ilepe-
dopmyanpoBkOoM AeMMHEI LlopHa.

°Teopema 3.16. ([IpuHIMn cKBO3HOM Llenu). B At060M yacmu4HO ynops-
gOueHHOM MHOXXeCmBe CywecmByem CKBO3HAs Uenb.

Aokazameabrcmpo. Tlyctb (X, <) — YaCTUYHO YIOPSAOYEHHOE MHOXKe-
cTBO. [IpeanronoskuM, 4yTo B X CyllecTByeT HEOrpPAHWYEHHAs! HeIyCTas
uensb C. Torpa sTa 1enb U OyAeT CKBO3HOW, KOO AAS Hee He CYIeCTBYeT
saeMeHTa a € X TaKoro, 4To IpU A000OM ¢ € C' uMeeM ¢ < a.
[TpepnnonoxuM Tenepb, 4TO B X AroOas Lelb OorpaHudYeHa. Toraa B
cuAy AemMbl [lopHa B X cyllecTByeT MaKCUMAABHBIM 3AeMeHT a. Ho
TOTAQ MHOJKECTBO {a} SIBASIETCSI CKBO3HOM IIeIbIo B X. O

[Tycts C' — 11ellb MHOKECTB TI0 BAOKEHUIO, T.e. (C, C) SIBASIETCSI AH-
HEWHO yIIOPSIAOYEHHBIM MHO’KeCTBOM. [Ipegeaom 1ieniu C' Mbl Ha3bIBaeM
obwepuHeHne UC ee 3AeMeHTOB. AcHO, 4TO A AloGoro A € C umeeM
A C UC, moaromy ||A]| < ||UC|| arsa atoboro A € C. Ho kak ykasaTb
OOAee TOUHYIO OIIEHKY AASI MOITHOCTHU IIpepend 1enu C'?

Chepyrolrias TeopeMa IIO03BOASET HaM OTBETUTH Ha 3TOT BOIIPOC.
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°Teopema 3.17. (O momHOCTH npepera nenu). Ilycms C' — uenb MHO-
JKecmB NO BAOXKEHUIO U gAst Kwkgoro mHoxecmBa A € C umeem ||Al| < 7.
Torga ||UC|| < 7.

Aokazameabcmso. Ilyctb X = UC. PaccMOTpUM MHOXKeECTBO § BCeX Ou-
eKIuen Me>kAy MHOKecTBaMu A € C' 1 UX MOUIHOCTAMHU £ < T, @ UMEHHO,

S={f: f:A=& AeC, ¢< 1, f — Oueknus}.

SICHO, 4TO 3TO MHOXKeCTBO He IIycTO. KpoMe TOro, OHO 4aCTUYHO yIIOPS-
AOUYEHO OoTHolleHWeM C. Tak 4TO B CHMAY NPUHIIMIA CKBO3HOU LIeNH B §
cymectByeT ckBo3Has 1enb & O6osznauum C' = {dom(f) : f € ¢}. '
— HenycTrad noapnens nenu C. [TocKOABKY ¢ gBASIeTCS 1elIbI0 OUEeKINH,
TO ee mpeper f; = UE Takke ecTh Omeknus Mexpy UC' = dom(fy) u
Ufeeran(f) = ran(fo). Acno, uro dom(fy) € X, ran(fo) C 7.

[TpeanorokuMm Teneps, uro dom(fy) # X. OTo o3Havaet, uro B nenu C
cymectByeT aaeMeHT A takou, 4To A ¢ dom(fy). [Tockoabky dom(fo) —
910 TIpeaeA 1enu C’, To OUeBUAHO Takke A Z B aas kaxporo B € C'. Ho
TOTAQ B CUAY AUHEMHOU YIOPSIAOUEHHOCTH C' MO BAOKEHUIO ITOAyYAEeM,
4TO AAST KaKAOTO B € C' mmeer Mecto B C A, orkyaa dom(fy) C A n,
OoAee TOUHO,

dom(fy) C A (3.1)

BBUAY IIPEAIIOAOKEHUST 0 TOM, uTo A & dom(fy).

[Toka>keM Temeps, uTo ran(fy) ecTb KapAWHAA, MEHBbITUN 7. AeHCTBU-
TEABHO, TIOCKOABKY AAST KaXkA0TO [ € € umeeM ran(f) € Card, To ran(fy) =
= Ujeeran(f) Takke eCcTb KapAMHAA IO CBOWCTBY KapAuHaroB 3.8. [1pu
9TOM

ran(fo) = [|dom(fo)|| < [[A]l <. (3-2)

O6o3naunMm Teneps B = A\ dom(fy), D = 7 \ ran(fy). Oba sTtut MHO-
JKeCTBa He IyCThI COTAACHO (3.1) u (3.2). Ecam ||B|| > ||D||, To cymuie-
cTByeT uHbeKIuda U3 D B B. Toraa, UCIoab3ysi OMEKIUIO fj, HETPYAHO
MIOCTPOUTb MHBEKIMIO U3 T B A, OTKypa 1o Teopeme CBS moayyaem
||A|| = 7. IIpotuBopeune. Uraxk, ||B|| < ||D|| < 7. Ilyctb h: B - D —
nHbeKusa. O603HauUM uepe3 « NMOPSAKOBBIM Tl ran(h), hy : ran(h) —
[ran(fo); ran(fo)+,0r) — MOPSAKOBBIN N30MOPMU3M, TAe UYepes +, 0003Ha-
YeHa CyMMa OPAMHAAOB. MHAYKITMEN HETPYAHO ITPOBEPUTD, UTO AAST KaJK-
poro 3 € ran(h) umeet mecto hy(f) < (. Toraa us Toro, uro ran(h) C 7,
caepyer, uto ran(fy) + ,a < 7. Toraa, Kak HETPYAHO BHAETH, MHOKECTBO
f = foU (hy o h) sBAseTcs Gueknnent MexxAy A u ran(fy) + oa.
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Utak, f € § u f aBAsIeTCst BepXHeH rpaHbio aag €, npuueM, [ ¢ €, T.K.
dom(f) = A D dom(fy). OTO MIPOTUBOPEUYUT TOMY, UTO Ielb & CKBO3HAsI.
MTak, mpeanoaoskenue o ToM, uto dom( fy) # X, IPUBOAUT K IPOTHUBO-
peunto, caepoBaTeAbHO, dom(fy) = X. Aaree, TOCKOABKY fy — UHBEKIIUS
B 7, TO ||X|| < 7, TO U TPeGOBAAOCH IPOBEPUTH. O

YcaoBue TeopeMsl ||A|| < 7 arg Kakporo A € C cyliecTBeHHO. Aeli-
CTBUTEABHO, PACCMOTPUM M30AMPOBAHHBIN KapAUHaA 71, DTOT KapAUHAA
caM SIBASIETCSI IeTIbI0 M0 BAOKEHUIO CBOMX 3AE€MEHTOB-OPAMHAAOB. Ec-
AU KapAMHAA T GECKOHEYHBIH, TO CPEAM OPAMHAAOB o € T, TIOHSITHO,
CYIIECTBYIOT OPAMHAABI MOILTHOCTH 7, TIPHYEM, TOCKOABKY 71 SIBASIETCS
IpeACABHBIM OPAMHAAOM, TO 71 SBASETCS HMPEAEAOM Ielld CBOMX JAe-
MeHTOB. AAs KaXXA0ro o € 7+ umeeM ||a|| < 7, HO HecTporo HepaBeHCTBa
AOOHTLCS HEAB3sl, @ MOITHOCTL MIPEAEAa Tienu 7+ GoAbIIe 7.

Caepyrolasi TeopeMa MO3BOASIET MPEACTABAATL AF060e GeCKOHeuHoe
MHOJKECTBO B BHAE TIpEAeAd Ielld ero MOAMHOKECTB MeHBIIed MOIIHO-
CTH.

°Teopema 3.18. [Iycmb X — beckoneynoe mHoxecmso. Torga Hatigemcs
yenn» C' ero nogmHoxecmsB maxasa, ymo UC = X u gaa awboro A € C
umeem ||Al|l < || X]|.

AokazameabcmBo. AAsE OECKOHEUHOI0 MHOYKeCTBa X pacCMOTPUM MHO-
KecTBO P Bcex ero mMOAMHO’KECTB MeHbIIIe MOIITHOCTH, T. e.

P ={A e Exp(X)[ ||A]] < [[X]]}-

OueBUAHO, 4yTO P HeE MyCTO U YACTUYHO YIIOPSIAOYEHO OTHOIIEHUEM
C. Toraa B P HatipeTcsi ckBo3Has 1lenb &. Hepe3 A* 0003HAUUM IIPEAEA
arou menu. OueBupHo, uto A* C X, moaromy ||A*|| < [|X||.

[Tpeanoaoxxum, uto ||A*|| < || X]|. Toraa cymectByer a € X \ A*. Pac-
cMOTpUM MHOXecTBO Ay = A* U {a}. Ecan MHOKecTBO A* KOHeUYHOE, TO
MHO>KeCTBO Ay TakKe KOHeuHOe, OTKyAQa ||Ay|| < || X||. Ecau ke MHOKe-
ctBo A* 6eckoHeuHoe, To ||4y|| = ||A*|| < ||X]]. UTak, B AtoGoM caydae
Ay € P u orpanuumBaer 11enb &, He OYAYUYM DAEMEHTOM 3TOU ey, T.e.
nernb € He MOXKeT ObITh CKBO3HOU. [IpoTuBOpeune.

[Toaromy ||A*|| = ||X]|. TTycts f : A* — X cyTb Ouekius. [TocTpoum
nensb C Kak obpas nenu € no pyHKuuu f, T.e.
C={fA| Ae &}

HeTpyaHO BUAETB, YTO B CUAY OMEKTUBHOCTH [ 3TH IeIN IOPSIAKOBO
M30MOP(MHBI IO BAOKeHHUIO. KpoMe TOro, arst Aro6oro A € € mMeeM
||A|| = || fA|| moaTomy Bce sneMeHTHI enu C' UMEIOT MOITHOCTE MEHbIIIe
|| X]|. A mockoabky UC = f[UE], To UC = X. Teopema pAoOKa3aHa. O
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AOKazaTeAbCTBO 3TOU TEOPEMBI MHTEPECHO TeM, YTO ero MOXXHO HC-
IIOAB30BATh B HAUBHOM TEOPUU MHOJKECTB, T. K. Mbl HE UCIIOAB3yeM 3AeCh
OIIpeAEeAeHNe KapAWHAaAd M OpAMHaAa 1o poH Henmany. C ucrnoab3oBa-
HUEM TEOPUU OPAMHAAOB U KAPAMHAAOB B CMbICAe (poH HermaHna 3Ty
TeopeMy Aerko AOKa3aTh, pacCMaTpuUBas OMEKIIUI0 MeXXAY MHOXKECTBOM
X U KapAUHAAOM T.

3 3TOM TeopeMbl, B YaCTHOCTH, CAEAYeT, 4TO oTpe3ok [0, 1] C R Mox-
HO IPEeACTaBUTH KaK IIpeAeA BOo3pacTalolel el MHOKECTB MOIITHOCTHU
MEHBIIIE ¢, @ B CAy4ae IPUHATUA KOHTUHYYM-TUIIOTEe3bl, — CUETHBIX MHO-
KeCTB. OTa Liellb, PA3yMeeTCs, He MOXKET OBbITh CYETHOM, UHaue Mbl Obl
MIPUIIAKU K IIPOTUBOPEYUIO, HATIPUMED, CO CUYETHOU AAAUTHUBHOCTBIO Me-
puI Aebera.

Chepyroliasg TeopeMa IIO3BOASIET HAM BBIUUCAATH MOIIJHOCTH KOHEY-
HBIX MIPSIMBIX TPOM3BEACHUN OECKOHEUHBIX MHOKECTB.

°Teopema 3.19. (O kBappate). Ecau 7 — OeCKOHeuHblU KAPGJUHAA, MO
|| x 7|| =T.

AokazameabcmBo. Bocmoab3yeMca TpPaHCPUHUTHON MHAYKITUEN Ha KAAC-
ce GECKOHEYHBIX KapAWHAAOB.

[TpeAIOAOXKHM, YTO AAS KA’KAOI'O OECKOHEUHOIr'o KapauHaaa & < T,
€CAM TaKOBOW MMeEeTCsl, YTBEP)KASHUE TeOPeMBl CIIPABEAAUBO, T.e. ||€ X
x £|| = ||€||, n TOKa)KeM 3TO PAaBEHCTBO AAS T.

Bo-niepBBIX, OTMETHM, UYTO TIOCKOABKY ||| < T AAST AFOGOTO OpAMHaAA
a < T (3TO CAEAYeT M3 OIPEASAeHUsT KapAUHAAQ), TO AAST KaKAOTO OPAU-
Hana a < T uMeeM ||a x al| = ||a||, ecan @ > w, U ||a X a| < w, ecanm o —
HaTypaAbHOE YHCAO. B ATOGOM cAydae pag o < 7 UMeeM ||a X al| < 7.

Bo-BTOpPBIX, KapAWHAA T €CTb IPEAEABHBIM OpPAWHAA, TOJTOMY T =
=sup7 = U «, OTKyA@ HETPYAHO IIOAYYHUTb, UTO

a<T

rx7=]axa,
a<lT
T.€. MHOKECTBO T X T SBASIETCS MPEAEAOM IIeMUd MHOXKECTB « X «, TAE
a<T.
Tenepp no TeopeMe 3.17 0 MOLIHOCTU IIPEAEAd LU IIOAYYAEM, UYTO
||7 x 7|| < 7. C Apyro#f CTOpOHBI, OUEBUAHO, UTO ||7 X 7|| > 7, a 3HAUMHT,
T X T UMeeT MOIIHOCTb 7. Teopema AOKa3aHa. U

°CaepctBue 3.20. Ara atob6oro 6eckoneunoro muoxecmnsa X umeem || X x
< X[ = [1X]-

°CaeactBue 3.21. Ecau mHoXecmBo X OeCKOHEeuHOo, a MHoXecmBo Y ma-
koso, umo [[Y'|| < ||X]|, mo [|X x V|| = ||X]|.
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Aoxkazameabcmso. TTockoabky X X YV C X x X, To oueBHAHO, 4TO || X X
x Y| < [|X x X|| =[|X]|]. C apyro# cTopossl, || X x Y|| > || X]]. O

°CaeactBue 3.22. Ecau mHoxecmBo X 6OecKOHeuHo, n € w, n > 0, mo
[|X™| = ||X||, umo nHecaroxHO npoBepumbr Mamemamuueckol UHgyKuuell
no n.

Kak yacTHBIN CAydall oTMeTuM, uTo ||w"|| = w, ||R*|| =r¢, n > 0.
°Teopema 3.23. (O cymme). ITycmb umeemcst mHoxecmBo {X;}ic; u gas

kawxkgoro i € I umeem ||X;|| < 7. Kpome moro, ||I|| < 7, a kapguuaa 7
beckoneuHnbll. Torga

2 X

I

U-Xi

el

<7, <T.

Aokazameabrcmpo. TTockoabky || X;|| < 7 Arg Kakporo ¢ € I, TO MOXK-
HO IIOCTPOUTL MHBEKIuH f; : X; — 7. AHAAOTHYHO MOYKHO IIOCTPOHUTH

UHBEKIUIO ¢ : [ — 7. Tenepb paccmoTpum yHKuuio F : Y X; — 7 X
T

X T, OIpepeAsaeMylo caepyroment cdopmyron: F(i,z) = (g(i), fi(x)) Ard
(i,z) € {i} x X;. HeTpyaHO yOepAUTBCS B TOM, 4TO F' eCTh MHBEKIUS U3
> X; BT x71.lloaromy

T

> x

I

<|lrx 7l =7

BTopyio 4YacTb YTBEp>KAEHHUSI TEOpPeMbl AErKO AOKa3aTb, MOCTPOUB
cropbeknuoo u3 . X; B J X;. ]
1 i€l
°CaepctBue 3.24. He OGoree uem cuemHoe oObeguHeHue He Ooaee uyeM
CuemHbIX MHOXeCmB He OoAee 4eM CUemHO.

§3.4 ApudmMeTnKa KapANHAAOB

B §2.3 MBI n3yuyaru apudMeTUKy OPAMHAAOB — CAOKEHUEe U YMHO-
>KeHre. 3AeCh Mbl HaMepeHBI PAaCCMOTPETh CAOKEHHEe, YMHOJKeHUe M
BO3BEAEHHE B CTelleHb KapAMHAAOB. [TOCKOABKY AASI AOKa3aTeAbCTBA
OOABIIMHCTBA PABEHCTB AQHHOTO naparpada TpedyeTcs CylleCTBOBaHUE
MOIITHOCTEM pacCMaTPUBAEMBIX MHOJKECTB, TO BCEe YTBEP)KAEHUS 3AeCh
MBI OyaeM cumnTtaTh Teopemamu ZFC, a He ZF, X0Ts1 HEKOTOpBIE CBOMCTBA
MO>KHO AOKA3bIBaTh M 0€3 aKCUOMBI BHIOOPA.
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[TycTb MMeeTcsi MHOKECTBO KapAMHAAOB {T;};c4, TPOMHAEKCUPOBAH-
HOEe MHOYXeCTBOM A.

Choxenue.?
Uepes Y 7; 0603HAUYUM MOITHOCTE MHOXKecTBa |J {i} X 7;.
i€A i€A
Onpepeaenne 3.6. CuUMBOA Y 7; HA3bIBAETCSA CyMMOU KAPGUHAAOB T; 110
i€A
MHO>XeCTBY A.
Mst A = () moroxkum > 7; = 0.
i€A
Anst ||A]| < w MBI BCTIOAB3yeM OOBIYHBIE MaTeMaTHiecKue oO0o3Haue-
n
HUS CYMMBI, HAIIpUMep, » 7, UAU 7+ &+ -+ + x.
i=1

EcAu MBI OOpaTuM BHHMaHHE Ha OIIpeAEAeHUe CyMMBI ODAMHAAOB, TO
YBUAUM, UTO CyMMa KapAMHAAOB B CMBICAE€ CAOKEHHUSI OPAUHAAOB (BeAb
KapAWHAABL SIBAFIOTCS OpAMHAAAMM) BOOOIEe TOBOPS OTAMYHA OT CyM-
MBI KapPAWHAAOB, TIO3TOMY 3TH IIOHSATHUS CAEAyeT pa3andaTrb. Kpome To-
ro, CyMMa KapAUMHAAOB OOAQA@eT ropa3p0 OOABIIUM YUCAOM OOBIYHBIX
apudMeTUUYECKUX CBOUCTB CAOKEHUS, YeM CyMMa OPAMHAAOB. AAd Ha-
TYPAAbHBIX YHCeA, KAK HETPYAHO IIPOBEPUTH, CyMMa KapAWHAAOB COBIIa-
AAET C OOBIYHOU CyMMOM HATYPAAbHBIX YHCEA. PAacCMOTpUM HEKOTOpPHIE
CBOMCTBA CAOKEHUS KapAUHAAOB.

v 3.9. (KOMMyTaTUBHOCTB) T+ & =&+ 7.

v 3.10. (oO600mieHHasi KOMMYTaTUBHOCTDL) Ecau pyHkius f: A — A aB-
AsIeTCSsI TIepecTaHOBKOM MHOKecTBa A, T.e. Oueknuen u3z A B A, To

Yo=Y &, tAe & = Ty,
icA icA
T.e. CyMMa KapAMHAAOB HE 3aBHCHUT OT II€PECTAHOBKH CAAraeMbIX.

v 3.11. (HeUTparbHBIU dAeMeHT) 7+ 0 = 7.

v 3.12. (monotoHHOCTBL) EcAamt A C B u pnd i € A umeeM 7; < &, TO

o< &

€A i€B

v 3.13. (accommaruBHOCTL) 7+ (£ + x) = (T + &) + x.

SBOABIIMHCTBO CBOMCTB CAOKEHHS, YMHOMKEHHUS U BO3BEACHHUS B CTeIeHb KapAH-
HaAOB NIPUBEAEHBI 37eCh 0e3 AO0Ka3aTeABCTB BBUAY He OCOOOM MX CAOKHOCTH. OTHU
AOKa3aTeAbCTBa MOJKHO HaWTH, HanmpuMmep, B [9, 14].
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v 3.14. (o6o61eHHas acconuaTtuBHOCTh) Ecam A = U B; u ana j # §'
JEA

nMmeeM B; N By = B, To

Sr=%(Tn

i€A jer \i€B;
N3 TeopeMbl 0 cymMe 3.23 HETPYAHO IIOAYUUTH CAEAYIOIIVE CBOMCTBA
CAO’KEHUST KaPAUHAAOB.

v 3.15. 7 + £ = max{r,{}, ecan XOTd ObI OAMH U3 KapAMHAAOB T UAM &
OeCKOHeYeH.

v 3.16. Ecau 7; < 7 pAns AroGoro i € A m ||Al| <7, 10 X T < 7.
i€A

v 3.17. EcAu MHO>XeCTBO KapAUHAAOB {7;};c4 UMEET MaKCUMYM UAH T; <

sup, 7; UAH || Al 6eCK0Hequ TO Y, T, = max{sup i, || A|[}
1€EA

YMHOKeHue.

Omnpepeaenune 3.7. [IpoudBegeHuemM KAPGUHAAOB T; IO MHOKECTBY A mpu
A # () Ha3BIBaeTCS MOIIHOCTD IIPSIMOTO MTPOU3BEACHUST KAPAUHAAOB T; TIO
MHO>XeCTBYy A:

an”{f‘ (f:A=>UUm)A(Vie A: f(i) 67'1}H

icA €A
Mst A = () monraraem [ 7; = 1.
i€A

AoolnpepereHre TIPOM3BEAEHHS B CAyYae IIyCTOro MHOXKecTBa A (Kak
U CYMMBI) IIPDOM3BOAWUTCS AUIIb AAS €AMHOOOPA3us 3alucu (QOpMyA
apu(pMeTHnIeCcKUX paBeHCTB C KapAUHAAAMU.

[TpousBepeHUE KAPAMHAAOB, KaK U CyMMa, OTAMYAETCS OT IIPOU3BEeAe-
HUSI OPAMHAAOB KaK OIIpeAeAeHHeM, TakK U CBOMCTBaMU. Aasl 0O003Haue-
HUS1 KOHEYHBIX IIPOU3BEACHUU MBI TAK)Ke OYAEM HUCIIOAB30BATH OOBIYHEBIE

n
MaTeMaTUYeCKU CUMBOABI TaKue, Kak [[ 7; uau 7€...x
i=1

PaccMoTpuM HEKOTOpPBIE CBOMCTBA ITPOU3BEAECHUS.
v 3.18. (KOMMyTaTUBHOCTB) T7E = &T.

v 3.19. (0o600mmeHHasi KOMMYTaTUBHOCTL) Ecau dynknus f: A — A as-
ASeTCs TlepecTaHOBKOM MHOXKecTBa A, TO

HTi = Hfz', &i = Tf()>

€A €A
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T.e. TPOU3BEeAeHUEe KapAMHAAOB He 3aBHUCUT OT IepecTaHOBKU COMHO-
SKUTEACH.

v 3.20. (HeUTpaAbHBIU dAEeMeHT) 7 -1 = T.

v 3.21. (yMHOXeHme Ha HOAB) 7 -0 = 0 U, OoAee OOIIO, €CAU IIPU HEKO-
TopoM ¢ € A umeem 7; =0, To [] 7; = 0.
€A
v 3.22. (moHoToHHOCTBL) Ecaut A C B, AAst KaXRA0TO § € A umeeM 7; < &
U A G € B\ A umeeM & > 0, TO
= <IIé&
icA i€B
v 3.23. (acconmaTtuBHOCTB) T(€)) = (7€) X-
v 3.24. (oGobmeHHas acconuaTtuBHOCTh) Ecam A = U B u ana j # j'
JEX
umeeM B; N By =), To

-1 (1)

icA jex \ieB;
13 TeopeMsl 0 kKBappare 3.19 HECAOKHO IIOAYUUTH CAEAYIOIlee CBOM-
CTBO.

v 3.25. 7&.. . x = max{7,&, ..., x} AAT AIOGOTO KOHEYHOTO Habopa Kap-
AMHAAOB, €CAM XOTsI Obl OAMH M3 HUX OeCKOHeUYeH M BCe OHHU OOABIIIe
0.

Chaepytoliyie CBOMCTBA OTPA’KAIOT CBSA3b CAOKEHUT U YMHOKEHUd Kap-
AWHAAOB.

v 3.26. Ecau pas aroboro i € A 1, =171, T0 Y T, =7 ||A]l.
icA

v 3.27. (amcTpubytuBHOCTB) (T + &)x = 7X + £X-
v 3.28. (0oOoO1IeHHAass AUCTPUOYTUBHOCTD)
(Zn)e- T
icA i€A

v 3.29. (teopema FO. Kenwura) Ecau panst i € A umeeMm 7; < &, TO

Z T < H &.

icA icA
AokazameabcmBo. B COOTBETCTBUHU C ONPEASAEHUSIMU CYyMMBI U IIPOMU3-
BeAEHUST KapAMHAAOB PaCCMOTPUM MHOXKECTBa

S=J{i} x 7 Pz{f‘(f:A—) &) AVieA: f(i)Eﬁi)}.

€A €A
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Heob6xoauMo 1oKasaTk, 4To He BepHO ||S|| = ||P||.

AAST Havana ompepeAuM IpoekTop 7; : P — &, noaaraa m;(f) = f(i)
M Kakporo f € P. PaccMOoTpuM IPOM3BOABHYIO QyHKOuUIo ¢t : S — P.
Ee cyxenue t|(y,, ectb dyHknus us {i} x 7; B P, a Cyneplno3unus g; =
= T; 0 t|(iyxr, ABASIETCS PyHKIMeH U3 {i} X 7; B &. [TOCKOABKY T; < &;, TO
dyHKIIMS g; He MOXKeT OBbITh CIOPBEKIUEH, IIOITOMY CYIIECTBYeET z; € &;
TAKOW, UYTO AAS AIOOOTO z € 7; He BEpPHO, UTO ¢;(i, 2) = ;.

PaccmoTpum dyHKIUIO f € P Takyio, 4To AT AoGoro @ € A f(i) = x;.
SlcHo, uTO TpU AIOOBIX (i,2) € S He BepHO, 4TO t(i,2) = f, T.K. MHaue
MOAYYUAOCH OBI, UTO ¢;(i,2) = x; B IPOTUBOPEYHNU C BEIOOPOM ;.

Hrak, arobas yHknua t : S — P He MOXeT OBITh CIOPBEKIUeH, II0-
aToMy He BepHO, uto ||S|| > ||P||. Toraa ||S|| < ||P||. O

Bo3BepeHME B CTENEHb.

Onpepenaenne 3.8. CmeneHblo A KapAWHaAa T Ha3bIBAeTCSd MOIIHOCTh
MHO>KeCTBa BCeX PYHKIMU U3 A\ B T, €CAU KAPAUHAABL A U T OTAUYHBI OT
HyAs, 0003Ha4YaeMas 7. AAS OCTaABHBIX CAy4YaeB IIOAATraeM: 70 =1, ecAu
7 >0, u 0 = 0 npu Aro6oM \ (B wactHOCTH 0° = 0).

PaccMoTpuM HEKOTOpPBIE CBOMCTBA CTEIEHH.

v 3.30. Ecam anst atoboro i € A 1, =1, 10 [[ 7 = 74l mpm A # 0.
i€A

v 331, A =1A e,

v 3.32. (t&)N =11 &N

v 3.33. (TM)H =,

vV 3.34. Ecam 7 < Em A < i, TOo T LR
v 3.35. || Exp(X)]|| = 2!,

OTO CBOWCTBO CBUAETEABCTBYET O TOM, UTO BBEA€HHOEe HaMHU paHee
obo3HaueHue 27 Tenepb IPUOOPEAO apUPMETUUECKUM CMBICA.

v 3.36. Ilo Teopeme Kantopa 7 < 27.
v 3.37. I'lo TeopeMe o0 KBappaTe 7" = T AAST OECKOHEUHOTO T.
v 3.38. Ecau2 <7< Anw< )\, o 7 = 2N

Aokazameabcmpo. 2% < 7 < A\ < (22 = 224 = 24, O
Tenepb MBI BCIOMHHMM NpPO OTOOpa>keHue XN, «HyMepyrollee» OpPAU-

HAaAaMM KapAWHAABL B IIOPSIAKE BO3PACTAHUS, U IIPUBEAEM CAEAYIOIIVe
PEKYPCUBHBIE (POPMYABL.
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°Teopema 3.25. (pekypcuBHas popmyaa Xaycaopda) Ara Arobrix opgu-
HAAOB «, } U HAMYPAABHOTO YUCAQ N UMeem MeCmo paBEeHCMBO!

NB . N
Na-}—n - Naﬁ ' Na-!—m

rge cymmy « + n cAegyem NOHUMAmb KAK CyYMMY OPDJUHAAOB.

AOKa3aTeAbCTBO 3TOM TEOPEMBI UCIIOAB3YET ITOHSATHE KOH(PUHAABHOTO
XapaKTepa KapAUHAAQ (CM. CAEAYIOUIUK Iaparpad) U AOCTAaTOYHO CAOXK-
HO, TI0O3TOMY MBI He IIPUBOAMM €ro 3AecChb.*

Kak caepcTBHe M3 3TOM TeopeMbl (IpU « = () HETPYAHO AOKa3arTh
PEKYPCUBHYIO (popMyAy BepHITelHa:

NI ACIRS \

§3.5 Tunbsl KapAVMHAMNOB.
Briciine akcrnoMbl 0€CKOHEYHOCTH

Panee MBI y>)Ke MMeAM A€AO C ABYMS PA3HOBUAHOCTSIMH (MAM THUIIAMMU)
KapAMHAAOB — C M30AMPOBAHHBIM KAapAWMHAAOM U MPEAEABHBIM. B sTOM
naparpadge Mbl paCCMOTPHUM ellle HECKOABKO TUIIOB KapPAWHAAOB.

[TycTh 7 — OeCKOHeUYHBIU KapAMHAA. OUEBHUAHO, YTO 7 MOJKHO IIPEA-
CTaBUTb B BUAE CYMMBI ), 7;, TA€ KaPAUHAABL 7; U A HE IIPEBOCXOAIT T.
[Ipu A = 7 MOXXHO Aa)Kelei\'IOAO)KI/ITb 7, =1 < 7, @ eCAU IIpU HEKOTOPOM
¢ T; = T, TO MOKHO IIOANOKUTb A = 1 < 7. boAee MHTepeCcHBIU CAydau
BO3HMKAET, KOTAQ MBI XOTUM NOTPeOOBaTh YCAOBUE T; < T AAS AIOOOTO
TEAUANLT.

Onpepeaenne 3.9. KoHuHaAbHBIM XapaKmepoM KapAWHaAQ T Ha3bIBa-
eTCsl HAMMEHBIITUHM U3 KapAMHAAOB A\ TaKUX, UTO CYIIIECTBYeT MHOKECTBO
KapAUHANOB {7; }icx, 73 < T, YAOBAETBOPSIOIIEe PABEeHCTBY T = Y. T;.
)
KoH(prHaABHBIN XapaKTep KapAuHaAa 7 ob6o3Havaercs cf(7).
KapauHaA 7 HaA3bIBAETCSl PEryAsiDHBIM, eCAM cf(7) = 7, B IPOTUBHOM

caydae (cf(7) < 7) KapAMHAA T HA3bIBAETCS CUHTYASPHBIM.

HNtak, Mmbl pazpeauan kracc Card, O€CKOHEUHBIX KapAWHAAOB Ha ABa
MMOAKAQCCA — PEryAsIDHBIX M CHHTYAIPHBIX KapAWHaroB. Hampumep,
KapAWHAA w PEryAsipeH, a KapAuHaA N, CUHTYASIPEH.

°Teopema 3.26. Ecau 7 > w, mo 77 — peryaspHbiil.

43T0 AOKA3aTeALCTBO MOYKHO HaWTH B [9].
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Aokazameabcmpo. TTpeAlTOAOKUM, UTO 71 cuHTYAsipeH. Toraa 77 = 3 7,
)
tAe ; < Tt U A< T, A=cf(rT). Torpa 7; <7, A< 7, oTKypa S 73 < 72 =
i€A
= 7. [IpoTUBOpEeune. [

Ecan MBI IpUHUMaeM akKCHUOMY BBIOOPA, TO OAAropapsi 3TOM TeopeMe
HETPYAHO IOKa3aTh, YTO KAACC PETryASIPHBIX KapAWHAAOB HeOoTpaHUYeH
B Kaacce Card, T. e. SBAsIEeTCSI COOCTBEHHO KAACCOM. AeNCTBUTEABHO, AAS
Ka>KAOTO PETryAsipHOTO KapAWHAAA T KapAWHAA 71 Takyke peryaspe. [1o-
Ka’keM, UYTO U KAACC CHHTYASIPHBIX KAapAMHAAOB SBASIETCS COOCTBEHHO
KAraccoM. AAST TPOUM3BOABHOTO KapAWHaAa N, Mbl MOXXKeM pPacCMOTPEThb
IMOCAEAOBATEABHOCTh KaPAUHAAOB N, U KapAWHaA N,,,. DTOT KapAU-
HaA €CTb CyMMa BCeX KApAMHAAOB N,.,, a moromy cf(R,.,) = w, T.e.
KapAuHAA N, CUHTYAIPHBINM. OTO O3HAYAET, YTO U KAACC CUHTYASIPHBIX
KapAWHAAOB HeorpaHuueH B Kaacce Card, ¥ IOTOMY SIBASIETCS COOCTBEH-
HO KAQCCOM.

13 Aroboro KapArHaAa (M B YaCTHOCTU CUHTYASIPHOT'O) MOYKHO AOBOAbB-
HO IIPOCTO IOAYUYUTH PETYASIPHBIA KapAWHAA.

°Teopema 3.27. Kapgunaa cf(r) peryaspen npu Aro6om T > w.

AoxkazamearcmBo. OueBUAHO, 4TO cf(7) > w, TaK 4YTO MBI MOJKEM T'OBO-
PUTh O €ro PeryAsipHOCTH.

[TpeanonroskuM, uto cf(7) CHHTyASIpHBIM. BBepeM oGo3HaueHUs: \ =
= cf(7), p = cf(N). p < A < 7 10 npepnoroxenuto. Toraa

T 2125271, A :::£:4Aj, T <T, Aj'( A.

1EA JEWR
HNcnoab3ya 3aKOH 00OOIIEHHOM aCCOIMATUBHOCTH HETPYAHO IpPOBe-

PUTH PABEHCTBO
T=2 D TGk
JEN ke

rae i(j, k) OCYIIECTBASIET B3aUMHO OAHO3HAYHOE COOTBETCTBUE MEXXAY

MHO>XEeCTBOM | { J } X )\j U KapAWMHAAOM A IIO0 OIPEAEAEHHIO CyMMEBI Kap-
JEW

AWHAAOB.

PaccMOTpuM OAHO IIPOM3BOABHOE CAAraeMoe & = kEZA Ti(j k) OUEBUAHO,
)
uto & < T, T.K. Tk < T U A < 7. EcAm pomycTuTh £ = T, TO MBI

IOAYYMM IIPEACTaBAeHUe KapAMHaAa T depe3 MeHbllee, ueM A = cf(7),
YHCAO CAAQTaeMBIX, YTO HEBO3MOXKHO IIO ompepereHuio cf(r). [MToaromy
éj <T.
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- 1l . .
Ho Torpa mmeem 7 = > &, T.e. BHOBb KapAMHAA T INPEACTABACH B
JEM
BUAE CYMMBI C MeHbIIUM, yeM A\ = cf(7), YMCAOM cAaraeMbrx, uO6O MBI
IIPEAITIOAOKHUAM, UTO 1 < A. [IpoTnBOpeune.

Urak, cf(cf(r)) = cf(7), T.e. KOHDUHANBHBIN XapaKTep peryadapeH. [
°Teopema 3.28. Aara arob6oro T € Card,, umeem 7 < cf(27).

Aokazameabcmso. Tlyctb A = ¢f(27), 27 = > 7;, TAe 7; < 27 IIpA AIOGOM
)
i € \. TIpeanioroskuMm, 9To A < 7.
Bocmioab3yemcsa Tenepb TeopeMou KeHura, u3 KOTOPOU CAEAYET, YTO

=Y r<@2)=2""=2",

73
YTO HEeBO3MOJKHO. [ToaTomMy 7 < A, T.e. 7 < ¢f(27). O

3 3TOM TeOpeMBl BHITEKaeT, uTo w < cf(c), B yacTHOCTH MHOKecTBO R
BeIlleCTBEHHBIX YHUCEA HEBO3MOXKHO IPEACTABUTH KaK CYETHOe OObeAu-
HEeHHe MHO’KECTB MOIIJHOCTU MEHBIIIE C.

EcAu MBI IpUHUMaeM KOHTHUHYyM-TUIoTesy, To cf(¢) = ¢, T.e. ¢ CyThb
peryAapHbIN KapArHaA. ECAM MBI TpuHUMaeM 0000IIeHHYI0 KOHTUHYYM-
TUTIOTEe3y, TO Ka)KABIM KapAMHAA 27 PeryaAsipeH.

3aMeTuM, YTO KOHPUHAABHBIM XapaKTep KapAWHAAA MbI OIIPEAeAsieM
yepe3 CYyMMY KapAWHAAOB MEHBIIEW MOIHOCTU. DTO O3HAYAET, YTO U3
CYIJeCTBOBAHUSA KApAMHAAA T MBI MOXKEM AOKA3aTh CYyIIeCTBOBAHUE ero
KOH(PUHAABHOTO XapaKTepa, OOAee TOTO, BCe Olepaluu CAOXKEHUS Kap-
AUHAAOB, HE IIPEBOCXOASAIINX T, BIIOAHE OIPEAEAUMEBI 03 aKCUOMBI BhI-
Oopa AMIIb IPU YCAOBUU CYIECTBOBAHUSA KapAauHaAa 7. [loaTomMy Hale
OIIPEAEAEHUE DPEryAIpPHOCTU U CHUHIYAIPHOCTU KapAUHAAA AOIYCTHUMO
dopmyaupoBats B ZF.

M3BecTtHO [8], uTO akcmomatuke ZF He NpPOTHUBOpPEYAT CAEAYIOIIUE
YTBEP>KAECHUS:

d) ¢ — M3O0AMPOBAHHBIM KAapAWHAA;

0) ¢ — CHUHIYASIDHBIM KapAWHAA;

B) ¢ — IIPEAEABHBIN PEryAIpHBIM KapAWHAA.

PaCCMOTpI/IM ellle HEeCKOABKO THUIIOB KapPAWHAAOB.

Onpepeaenne 3.10. KapanHan 7 > w HasblBaeTcsd cAaO0 HegoCmuwku-
MbIM, €CAU OH IIPEAEABHBIM U PETryASIPHBIM.
BeckoHeuHBIN KapAWHAA 7T Ha3bIBAETCSI JOMUHAHMHBIM (UAU CUABHO
npegeAbHbIM), €CAU AAST KaXKAOTO KapAuHaAa & < 7 umeeM 28 < 7.
AOMUHAHTHBIN PETYASIPHBIM HECUETHBIM KAPAUHAA HA3bIBAETCS CUABHO
(MAM cmporo) HegoCmMUKUMBbIM.
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Bce cUABHO HEAOCTHI)KMMBIE KapAUMHAABI OOpPa3yioT MOAKAACC KAaacca
OPAMHAAOB, @ TIOTOMY MOTYT OBITh «3aHYyMepOBaHbLI» OPAMHAAAMU B IO-
psAKe BO3pACTaHUs B CUAY TeopeMsbl 3.11. OTu KapAUHAABL IPUHATO 000-
3Hayarh In,, rae @ — oppuHAaA. [IOCKOABKY A0 CHUX IIOP HE YAQAOCH AO-
Ka3aThb UAM OIIPOBEPIHYTH CYIIECTBOBAHHWE CTPOTO HEAOCTHU KMMBIX Kap-
AUHAAOB, TO YTBEpP)XKAEHHE O CYIIeCTBOBAHUM Iny Ha3bIBAIOT aKCUOMOM
u oboszHavaroT Sl (or Strong Inaccessibility). Kapaunana Ing Mb1 Oyaem
Ha3bIBaTh AdAee MEePBBIM CTPOT'O HEAOCTUMXKMMBIM KapAUHAAOM.

HackoAbko 6e3oracHa Sl B cMbICAe HEIIPOTUBOPEYHUBOCTU TEOPUH, TIO-
AYUYEeHHOU NpHCcoepArnHeHneM 3ToM akcuombl K ZF nau ZFC, He u3BecTHO,
OAHAKO CIIPAaBEAAVBA CAEAYIOIIAs

Teopema 3.29. HeBO3MOXHO gokaszamb, umo akcuomy S| HeBO3MOXKHO
onpoBeprHymb (B cumBoaax: Con(ZF)-/ Con(ZF+Sl)).

Ho pake ecAM IpPUHATH aKCUOMY CYIIE€CTBOBAHUS I€PBOIO CTPOTO
HEAOCTHXXHUMOT'O KapAWHAAQ, TO 3TOT'O OKA3bIBAETCS HEAOCTATOYHO AAS
AOKA3aTeAbCTBA CYIIECTBOBAHUS APYIMX CTPOTO HEAOCTHUKUMBIX KapAU-
HAABHBIX YHUCeA. [To3TOMY AN KaXKAOTO OPAMHAAA (v MOJKHO BBECTH CBOIO
akcuomy Sl, O CyIIecTBOBaHUM (-TO CTPOTO HEAOCTUXKUMOI'O KapAUHAAD-
HOTO YMCAQ.

PaccMoTpuM ellle OAWH TUIT KAPAMHAAOB.

Onpepeaenne 3.11. KapavHaa 7 Ha3bIBAETCS U3MEPUMBIM (11O S’AaMy),
€CAM Ha HeM MOXXHO OIIPEAEAUTb Mepy Yaama, T.e. TaKylo (PyHKIUIO
m: Exp(7) — 2, 4TO

) m(r)=1;
2) arst AroGoro a < 7 umeeM m({a}) = 0;

3) ecam X = {X,}22, — IOCAEAOBATEABHOCTH IIOIIAPHO HellepeceKa-
IOIIMXCSI TIOAMHOXKECTB KapAUHaAa 7, TO

o0

m(UX) = > m(X,).

n=0

Ha ceropHgamHum pAeHb He U3BECTHO, TPOTUBOPEUYUT AU YTBEP)KAECHUE
O CylLIeCTBOBAHHWM HM3MEpUMOIo KappuHanra akcuomam ZF. O BeanumHe
IIEPBOTO U3MEPUMOT0 KapAUHAAQ, €CAU TAKOBOM CYIIIECTBYET, MOKHO CY-
AUTH IIO0 CAEAYIOIeMY pe3yAbTaTy TapcKoro.

Teopema 3.30. [lepBoe udmepumoe KAPGUHAALHOE YUCAO OOAbUWE NEePBOro
Cmporo HegoCMuU>XUuUMOIO.
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CylecTByer elje HeCKOALKO TUIIOB KapAMHAAOB.” OG0 BCex 3THUX Kap-
AMHAAAX M3BECTHO TOABKO, UTO OHUW HAMHOTO OOABIIIE BCEX TeX KapAU-
HAAOB, CYyI[eCTBOBaHME KOTOPBIX MOKHO AOKa3aTh B ZF.

AKCHOMBI O CYIIIeCTBOBAHUM KAapAWHAAOB TaKUX CIEIUPUIECKUX THU-
OB, KaK CTPOTO HEAOCTU)KUMbIE UAM U3MEPUMbIe, BO3HUKIIIUE B PE3yAb-
TaTe HEYAQUHBIX IOMNBITOK AOKa3aTh UAU OIPOBEPTHYTH CYIIIeCTBOBaAHUE
TaKUX KapAWMHAAOB, HA3bIBAIOTCS BbICWUMU aKcuomMamu OecKoHeuHocmu,
T. K. IOCTYAUPYIOT CYIIIeCTBOBaHME OUYEeHb OOABIITNX KapAWMHAAOB.

§3.6 YHumBepcaabHBIE MHO’>KECTBA.
MeTop MoAeAen

[TopoOHO TOMY, KaK paHbIlle, B F'A@Be 2 MBI BBEAH KAACC CIIEIMAABHBIX
MHO>XECTB — OPAWHAAOB, 3aMeTHO OOAETUYMBHIUX ITOHUMaHWe caMOM Te-
OpHUH MHOKECTB, KaK IT03Ke MBI BBOAMAM KAACC KapAWHAABHBIX YHCEA
(B TekyllleM raaBe), TaK Tellepb MBI BBEAEM HOBBIM KAAQCC MHOYKECTB,
0OAAAQIONTUX HEe MeHee UHTEePECHBIMU CBOMCTBAMM KaK C TOYKM 3PEHUS
TEOPUU MHOYKECTB, TaK M C MO3UIIMU MATEMAaTUUYECKOU AOTHUKH.

Hamomuum oGo3Hauenue u3 § 1.7: yepe3 U Mbl 0003HAYaeM KAACC
BCeX MHO>KEeCTB.

Teopema 3.31. CywecmByem u equHcmBeHHO omobpaxenue G u3 Ord B
U, ygoBAemBopAwoujee CBOUCMBAM:

1) 5(0) =0
2) §(@) = Exp(S(8)), rge a = S(B);

3) §(o) = U G(B), ecau a — npegeabhbili OpGUHAA.
B<a

Aokazamearcmso. TToctpoum otoGpakenue F : Exp(Y) — U mo caepy-
forjemy npaBuay: F(0) = 0 u pns aro6oro MHOKecTBa A # ()

UA, ecam UA ¢ A,

F(A) =
(4) Exp(UA), ecam UA € A.

[To TeopeMe O peKypCUBHBIX OIIPEAEACHUAX CYILIECTBYeT OToOpake-
Hue G u3 Ord B ¥ Takoe, uTo nmpu Arobom « € Ord

§(@) =F(Ga),  rae Ga={S(B)| B <a}.

SCwm., mHampumep, [8].
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AoKa>keM TpaHC(HUHUTHOM UHAYKIIUEH, 9TO AAST MHOXKeCTB G(«) BBI-
MOAHSIIOTCS YCAOBUsT TeopeMbl 1) — 3). AeiictBureasto, §G(0) = F(0) = 0,
Tak 4To Ipu a = 0 MHOXKecTBO G(«v) yaoBAeTBOpsieT 1) —3).

[TpeapnionoKuUM, 4TO YCAOBUS 1) —3) BBIIOAHEHBI AAS AlOOOTO o < A.

Tenepb HaM HEOOXOAUMO TIOKa3aTh, YTO G(A) Tak>Ke NOAYMHSETCS 3TUM
YCAOBUSM. B paMKax HaIero IPeAIOAOKEHHSI AOKaKeM CAEAyIoIue
cBoiicTBa G(a):

I. AAST ATOOBIX MHOXKECTB 7,y M AToOoro o < A u3 x € y € G(«) caepyer
z € §(a);

II. Anst ATOOBIX < @ < A umeeM §(f5) C G(w).

AOKa3aTeAbCTBO MEPBOTO CBOMCTBA IMPOBEAEM TPAHC(PUHUTHOU HH-
AyKnued mo a < A. OueBUAHO, UTO AAd o = (0 3TO CBOMCTBO CIIpa-
BeAAUBO. [TPEeATIOAOKHM, UTO OHO CHPABEAAMBO AAST Al0OOTO [ < a.

[Tycte x € y € §(a). BO3BMOKHEI ABa CAyUas:

a) o = S(f), oTKypa B cuay Hamtero npepnoaoxxkenus §(a) = Exp(G(5)).
Toraa y C §(B), otkyaa = € §(5). AAst AFOGOTO 2 € & TIO IIPEATIOAOIKEHHIO
MHAYKIIMK uMeeM z € §(f), orkyaa caeayet x C G(f5), T.e. z € G(a).

6) o — mpepeabHbIN. Toraa G(a) = BU G(B), oTkyaa cyiecTByer [

<«

Takoe, 4To y € G(f). B CHAY IPEATIONOIKEHHST MHAYKIIUN HOAYUYUM I €
G(B), otryaa = € G(a).

Wtak, cBoMcTBO I AOKazaHo. Ternephb MOKa)KeM CIIPaBEAAUBOCTh CBOM-
ctBa lI. AOKa3aTeAbCTBO TaK)Ke IIPOBEAeM TPAHC(PUHUTHOU MHAYKIHEHN
0 HEHYAEBBIM v < A. OUeBUAHO, YTO NP o = 1 yTBEP>KAEHUE UCTUHHO,
T.K. §(0) = C G(1). ITycTb OHO UCTUHHO AAS BCEX o < (jy. BO3MOIKHEI
ABa BapuaHTa:

a) ag = S(a). Toraa G(ap) = Exp(G(«)), T.e. §(a) € G(p), OTKyAQ B CHUAY
cBoiictBa I G(a) C G(ag). A mo npeanoroxenuto naayknuu G(5) C G(a)
mpu AroGoM [ < . Toraa u npu Aro6oM [ < ap moayunM §(5) C G(ap).

6) oy — mpepeabHBIN. Torpa G(ag) = U G(8), oTKypra O4YEBUAHO

B<ag
G(B) C G(ap) mpu Ar06OM [ < .

Hrak, cBoucTBo Il pokazanHo. BepHeMmcs K AOKA3aTEABCTBY CBOMCTB
1) —3) Arst opamHara A. 3peCh CHOBa PAaCCMOTPUM ABa BO3MOJKHBIX Ba-
puaHTa:

a) A = S(0). B cuay pokazanHoro cBomcTsa Il Aerko nmokasaTe, 4TO

U S =
y<A
OTKyAa 1O ompepereHmio oroopakenus F umeem G(A) = Exp(5(9)).

6) A — npepeabHBIN. Ecan mpeanoroxkuTs, uto |J G(7v) € GA, TO cy-
<A
IeCTBYeT 7y TakoH, uro J G(v) = G(7). Tak Kak A CyTh IpPeAeAbHBIN
y<A
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opauHan, To S(7v) < A. B o xxe BpeMsi §(S(70)) = Exp(G(7o)) mo mpea-
MTOAOKEHUIO MHAYKITUH, OTKyAd 3akAatouaeM, uyto Exp(G(70)) € G(v0), uTO
HeBO3MOXXHO. Tax,

U S() ¢ 3,

y<A
noatomy G(A) = F(GA) = EJA S(v).
v

Utak, prd o = A ycaoBus 1) —3) Takke cripaBepAuBbl. CAepOBaTEAb-
HO, §(a) M ecTb UCKOMOE OTOOpa’KeHHUe.

AOKa>keM ero eAMHCTBEHHOCTb. AOIyCTUM, 4TO oToOpakeHne H(«)
TakKe ypoBAaeTBOpseT 1) —3). HaripeM HauMeHBIINN U3 OPAUHAAOB, AAS
KOTOpbIX (o) # H(«) u o6o3HauumM ero A. SlcHo, uro A > 0, T.X. §(0) =
=0 = XH(0). Ecam A = S(6), To

§(A) = Exp(§(9)) = Exp(H(9)) = H(A).

[MTpotuBopeune. Ecau A — mpeAeAbHbBIN, TO

= U 50 = U Hv) =H(A).

y<A y<A

[TporuBopeune. Mrtak, oroopakenue §(a) epAmHCTBEHHO. TeopeMa AOKa-
3aHa. U

Onpepeaenue 3.12. B panbHeliemM ycaoBuMcst BMecto §(a) mucathb U,,.
Bcsikoe MHOKecCTBO U, Mbl OyAeM Ha3bIBaTh (-bIM YHUBEPCAAbHBIM MHO-
JKecmBOM UAM, KOpPOYe, (r-bIM YHUBEPCYMOM UAU YHUBEPCYMOM, a KAAcCcC

U={Y,| o € Ord}
BCEX YHUBEPCYMOB OYAEM HA3BIBaTh YHUBEPCAABHBIM KAQCCOM.

CaepctBue 3.32. M3 npuBegeHHOro goka3zameAbCmMBA MeOPeMbl A€TKO BU-
gemb, umo nocmpoeHHoe omobpaxenue G(«) cmporo MOHOMOHHO, M. e.
gas a00bix o < 3 umeem G(a) C §(B) uau, B cury Hawux o603HaueHull,
U, C Vs.

CaepctBue 3.33. Ecau x € U, mo x C °Y,,.

Aokazameabcmpo. [lycts x € U,. B CUAY IIPEABIAYIIIETO CAEACTBUS T €
V() = Exp(Y,). Toraa z C YV,,. O

Chepyroiias TeopeMa BhIpa’kaeT OAHO M3 OCHOBHBIX CBOWCTB YHUBED-
CYMOB U OAHOBPEMEHHO ITOKa3bIBaeT, UYTO KAACC il He SIBASIETCS MHOMKe-
CTBOM.
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Teopema 3.34. Ara kaxgoro mHoxecmBa X Haligemcsi Makou OPGUHAA
a, umo X C Y,

AokazameabcmBo. AOIyCTUM, UTO 3TO HE TaK, T.e. CYyLIeCTBYeT MHOXXe-
cTBO X, He copeprkallleecsl HU B OAHOM yHuBepcyMme. OdeBUAHO, X #
= (). TToAB3ysiICh TEOPEMOU O PEKYPCHUBHBIX OMPEAEAEHUSX, MOJKHO 3a-
AATh QYHKIUIO f : w — U, YyAOBAETBOPSIOIIYIO PABEHCTBAM:

f(0)=X, f(n+1)=Uf(n), new.

O6o3naunMm panee dyepes T'(X) oObeprHeHHMe OOAACTH 3HAUYEHUH
dbynakiun f. ITonarao, uro 7(X) ecTb MHOXKECTBO (3TO MHOKECTBO Ha-
3BIBAIOT MPAH3UMUBHBLIM 3AMbIKAHUEeM MHoOXecmBa X). IToCKOABKY u3
Toro, urto Y € f(n), caepayer Y C f(n + 1), TO AAST BCSIKOTO MHOYKECTBA
Y € T(X) umeem Y C T(X), T.e. mHOKecTBO T'(X) TPaH3UTHUBHO (CM.
onpeperenue 1.9). Kpome Toro, oueBupno, X C T(X), oTKypa B 4acT-
HOCTH CAepyeT, uTo MHoxkecTBO T'(X) He mycro. PaccmoTpuMm Ternepb
MHO>KECTBO

M={Y eT(X)U{X}|VaeOrd: Y ZU,}.

[TousatHo, uto X € M, nosromy M He mycTo. Toraa 1mo akcuome pery-
ASIPHOCTH CyItiecTByeT Z € M Takoe, uro ZNM = (). I3 TpaH3UTUBHOCTH
T(X) caepyet, uto Z C T(X). OueBupHo, Z # (), uGO AASI TIYCTOTO MHO-
>)xectBa umeeM () C Yy, a moromy () ¢ M. HeTpyAHO BHUAETH, UTO AAS
Ka)XXAOTO z € Z CyLeCTBYeT OPAMHAA v TAKOH, UTO 2 € 7,5

Ha MHOXecTBe Z 3apapuM (PYHKIIUIO 7(z), CTaBSIIyI0 B COOTBETCTBUE
SAEMEHTYy 2z € / HAUMEHBIIMM U3 TAaKWUX OPAMHAAOB «, 4TO z € ‘U,.

Teneps uepes  o6o3HauuM sup r(z). [Tokaxxe™m, uro Z C Uz, AelcTBU-
z2€Z

TeABHO, IIyCThb z € Z. Torpa r(z) < [, OTKypa B CHAY MOHOTOHHOCTH
YHHUBEPCYMOB II0 BAOKeHHIO (caepcTBre 3.32) moayuum U,y C Uz, Ho
Torpa 2 € Ug. Takum obpasoMm, Z C Uy, 4TO IPOTUBOPEUYUT TOMY, UTO
Z e M. O

B cuay TeopeMbl 3.34 KOPPEKTHO CAEAyIOlee

Onpepeaenne 3.13. Panrom mHoXecmbBa X Ha3bIBaeTCSI HaUMEHBITUN
oparMHaA « TakoH, 4yTo X C U,. Panr maHokecTBa X 0603HauuM rank(X).

S AeticTBuTeAbHO, 2z € Z, mostomy z € T(X), HO TeM He MeHee z ¢ M, mostomy
CYLIEeCTBYeT « Takou, 4To 2 C U, Torpa z € Vg(q)-
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B wacTHOCTH () €cTh MHOKeCTBO (-TO PaHTa, HATypPaAbHOE MOPSIAKOBOE
YHCAO N €CTh MHOXXECTBO n-I'O PaHra, OPAMHAA w €CTh MHOXXEeCTBO paHTa
w. BooObite, aAast ATOGOTO OPAMHAAA v €70 PAHTOM OyAeT OH caM.’

Teopema 3.35. Ecau 7 — cmporo HegocmuXXumbll KAPGUHAA, MO gAS AtO-
6oro o < 7 umeem ||B,|| < 7, ecAU MOABKO YKA3AHHASL MOWHOCMb CyUje-
cmByem.

AokazameabcmBo. AOIyCTHM, YTO 3TO He TakK, M 4epe3 « 0003HAUUM
HaUMEHBITUN OpAMHAA TakKoH, uTo ||U,|| > 7, o < 7. OueBHAHO, UTO
a > 0, mo3TOMy <@ AMOO IIOCAEAYIOIINM, AMOO IIPEAEABHBIU. 3aMeTUM
TaK)Ke, UTO M3 CYIIeCTBOBAHUS MOIHOCTH U, CAEAYeT CYIeCTBOBAaHHE
MOIIHOCTeH BCeX YHUBepCyMoB Ug, B < o, MOCKOABKY Uz C U,,.

1) IMycte o = S(B). Ho Toraa Y, = Exp(Ws), oTKyAa HETPYAHO IIO-
Ayunuth, 9To ||U,|| = 2%, tae £ = ||Uj||. B cuay BeiGopa opauMHara «
MOITHOCTE [3-TO yHHBepcyMa MeHblle 7, T.e. £ < 7. Ho Toraa us pomu-
HAHTHOCTHU T CA€AyeT 28 < 7 B IPOTHUBOPEUHH C TeM, 4TO |[T,|| > 7.

2) Ilycts Temephb o mnpepeAbHBIM. Torpa U, = U Ys. IToCKOABKY
B<a

||Val| = 7, TO cymecrByer unbekiusa f : 7 — L, ObozHauum Xz =
={yer| f(y) € Us}, B < a, — npoobpas yuusepcyma Uz OTHOCUTEAB-
HO (yukuum f. [MonarHo, uto ||Xj|| cymectByer u || Xg|| < ||Vs]| < 7

B cuAy BeiOOpa . Torpaa 7 = | Xg. Orcropa M U3 TeopeMbBl O CyMMe
B<a
MOIITHOCTEM BBITEKAIOT HEPAaBEHCTBA:

T< Y Xl < 7llal] =7,
B<a

YTO IIPOTUBOPEUYUT PEryAIPHOCTU KapAMHAAQ T. O

Tenepp MBI yCTAHOBUM OAWH HEMAAOBA’KHBIM (PAKT M3 MaTremMaTuye-
CKOM AOTHKH, Kacatomuics copmectHocTu Teopunt ZFC u ZFC+SI. men-
HO, METOAOM IIOCTPOEHUSI MOAEAM MBI AOKa>XeM B CAEAYIOIeN TeopeMe,
yTO coBMecTHOCTB Teopuu ZFC+Sl BaeueT coBmecTHOCTh ZFC. DTOT TpM-
Mep IPUBOAUTCS 3A€Ch HE TOABKO KaK MaTeMaTHYeCKUU pe3yAbTaT, OH
TaK>Ke SBASIETCS HAaTASIAHOU MAAIOCTpAliMel MeToApa AOKa3aTeAbCTBa OT-
HOCUTEABHOU HEMMPOTUBOPEUYNBOCTU DOPMAABHBIX aKCUOMATUUYECKUX Te-
OpUM IIyTEM MOCTPOEHUS MOAEAM.

[TosscHUM KOPOTKO CyTh MeTOAd MoAeAer. [TycTb y Hac umeercs dpop-
MaAbHAs aKCHOMATHUYeCKas Teopusd (Aasee IMpocTo Teopusa) T B A3bIKe
IIepBOTO MOPsSIAKA (Kak, HanpuMep, ZF), onpeaereHHasi CBOMMU aToMap-

MBI IpeararaeM YMTATEAIO IPOBEPUTE 3TOT (DAaKT, HOAB3YSICh TPAaHC(UHUTHON UH-
AYKIIEH,
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HBIMU (POPMYAAMH @1 (X1, ..., Tk, ) -1 Pn(T1,..., Tk, ) (@ B TEOPUU MHO-
KeCTB eCThb AMIIb €AMHCTBEHHAsl aToMapHasda (popMyAa — IIPHUHAAAEK-
HOCTb), KOHCTA@HTaMU U IlepeMeHHbIMU (B Teopuu ZF, akcMOMBI KOTOpPOU
MBI paccMaTpuBaru B § 1.1, cylecTByeT AMIIL OAMH COPT IIepEeMEeHHBIX,
Ha3BAHHBIX HAMU MHOXKECTBAMH), @ TAaK)XKe HAOOPOM 3aMKHYTHIX (POp-
MYA, Ha3bIBaeMbIM aKCMOMATHUKOM 3TOM Teopuu.?

Onpepeaenne 3.14. Mbl rOBOpUM, 4TO MHOXKeCTBO M saBAsiemcsa moge-
Abl0 meopuu T, ecAn Ha MHOXKeCTBe M 3aAaHBl TaKWe OTHOIIEHUS
Ri(x1,...,x5,)y .., Ro(21, ..., x), ), YTO TIpU 3aMeHE aTOMAPHBLIX (DOPMYA
©1,...,p, Teopun T Ha oTHOWIeHUsA Ri,..., R, COOTBETCTBEHHO U KOH-
CTAHT Teopuu T HAa HEKOTOpbIe MHOXKECTBA, ITpUHapAesKalue M, akcu-
OMBI TeOpPUM T CTAHOBATCS UCTUHHBIMU YTBEPIKACHUSIMU HA MHO>KECTBE
M (TO eCThb IpM TOM yCAOBMH, UTO BCe I€pPEeMEHHbIE B IIOAYUYEHHBIX aK-
CHMOMax IIpPOOeraroT UCKAIOUYUTEABHO MHOKeCTBO M).

DOopMyABI, TOAYUEHHBIE B pe3yAbTaTe YKa3aHHOM 3aMeHbl @TOMapHbIX
dOpPMyA M KOHCTAHT, Ha3bIBAIOTCS UHMepnpemayuamu QOpMyA TEOPUH
T na mHOXecTBe M.

3ameuanue 1. Hamie ompepereHHe MOAEAM TEOPUM MMEET HECKOABKO
OOAee YIIPOIEHHBIU BUA, YeM 3TO OOBIUHO IIPUHATO B KHUTAX IO Mare-
MATUYECKOU AOTHKe (CM., Hanpumep, [3, 4]). Mbl HaMepeHHO TPUBOAUM
TaKOe OIpPeAeAeHHe, IIOCKOABKY HaM 3TOTO OYAET AOCTATOYHO AAS AO-
Ka3aTeAbCTBA IIPUBOAMMOM HUJKE TEOpPEeMBI M B TO JKe BpeMs 3TO AQEeT
IIPEACTABACHUE UUTATEAI0 O METOAE MOAEAEM AOKAa3aTeAbCTBA HEIPOTH-
BOPEUYMBOCTU aKCUOMATUUECKUX TEOPHUMU.

B ToM cayuae, koraa T ecTb akCMOMaTUYeCKas TeOpUsl MHOKECTB (Ha-
npumep, ZFC+SI), Anst mocTpoeHUsT MOAEAU HaM HEOOXOAMMO AMIIB yKa-
3aTh MHOXKECTBO-MOAEAb U HEKOTOpOoe OMHApHOe OTHOoIIeHWe R Ha 3ToM
MHO>XeCTBe, KOTOpOe OyAeT UHTePIIPEeTUPOBATh OTHOIIIEHUE IIPUHAANEIK-
HOCTU B Teopuu T. HacTo B KauecTBe TAKOro OTHOIIeHUs R OepyT ca-
MO OTHOIIIeHUEe NTPUHAAAEKHOCTHU. AAS YAOOCTBA BOCIPUATUS MBI OyAeM
pasAnyvaTh llepeMeHHble B UCXOAHOU Teopuu T U mepeMeHHbIe B MOAe-
AU (TO eCThb ImepeMeHHbIe, ITpoderawlnie UCKAIOUUTEABHO MHO>KECTBO-
MOAEAB). AASl IIepeMEHHBIX B MOAEAU MBI OyA€M MCIIOAB30BAaTh MAaAble
roTuyeckve OYKBBI, B TO BpeMsl KaK IIepeMeHHble TeOpuu T, CAeAysd
npeonrorun § 1.1, OyayT 0003HAUATHCA MAABIMU AQTUHCKUMU OyKBAMU.
Takum oOpa3oM, eCAM B KayecTBe OTHOINEHUsS R, MOAEAUPYIOUIEro OT-
HOIIIeHUEe IIPUHAAAEKHOCTH, MBI BBIOMpaeM CaMoO ’Ke OTHOIIeHWe IIpU-
HAAAEKHOCTH, TO aTOMapHOU (DOpMyAe x € y TeOpUU 1 COOTBETCTBYET

8Boaee moppoGHOe U cTporoe m3AoKeHHe cM. B [3], raaBa 2.
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dopmyaa r € 1y, B KOTOPOU IIepeMeHHBIE [, f) IPO0eraroT UCKAIOUUTEABHO
MHO>XXecTBO M.

[TpeAIOAOXKHM Tellepb, YTO Mbl TOCTPOUAM MOAEAb M Teopum T. Ecau
Teopusa T MPOTUBOPEUYUBE, TO B HEM MOJKHO HAWUTU TAKYIO (POPMYAY ¢,
KOTOpasi BLIBOAMMA B Teopuu T BMecCTe C ee OTpHUIIaHUEM (T. €. | TaKKe
BbIBOAMMaA B T). O4eBUAHO, B OTOM CAydae MHTepHpeTanuu GOpMyA ¢ U
|¢ BEIBOAMMEL B paMKax MopeAu M. Toraa Mopeab M IPUBOAUT K IIPO-
TUBOpeunto. Takum oO6pa3oM, U3 COBMECTHOCTH Teopuu MHOXKecTB (ZFC,
ZF, ZFC+Sl, ZFC+CH u T.11.), B KOTOPOM MBI CTPOMAN MOAEAD, BLITEKAET U
cOoBMeCTHOCTb TeopuH T. [TOCKOABKY 3A€Ch COBMECTHOCTb TEOPUU MHO-
KeCTB, B KOTOPOU CTPOUTCS MOAEAb TEOpPUM T, UTpPaeT OCHOBHYIO POAb
IIPU AOKA3aTEAbCTBE HEIIPOTUBOPEYUBOCTHU T, TO COBMECTHOCTH TEOPUU
T Ha3BIBAIOT OMHOCUMEALHOL.

Ha ceropHamHu AeHb OOABIIMHCTBO PE3YABTATOB II0 HEIIPOTUBOpPE-
YUBOCTU TEOPUU SIBASIOTCS UMEHHO OTHOCUTEABHBIMU. [Ipu 3TOM Hempo-
TUBOPEUYUBOCTh CaMOM MCXOAHOW TEOPUU MHOKECTB (KakK ITPABUAO 3TO
ZF nau ZFC) cunTaeTcss ICTUHOM, OO Ha MPOTSI)KEHUN HECKOABKUX Ae-
CATUAETUM MHTEHCUBHBIX UCCAEAOBAHUU B HeU He OBIAO IIOAYYEHO HU
OAHOTO TIapajpo0Kca.

[TepeiipeM, HakKOHeIl, K yIIOMSHYTOM BBIIIE TeOpeMe, B KOTOPOU MBI
MTOCTPOUM MOAEABb AAsT Teopuu ZFC B HEKOTOpPOU 60oAee CUABHOU TEeOpUHr
— ZFC+SI. AaHHasi MOAEAB, IIOHSITHO, SIBASIETCS TakXXe U MopeAbio ZF,
OAHAKO B coBMeCTHOCTH ZF MBI Bce ke OOAee yBepeHbl, YeM B COBMeCT-
Hoct ZFC+SIl, mosToMy He CTOUT CYMUTATh AQHHYIO TeOpeMy HaAeKHBIM
AOKa3aTeAbCTBOM HEIPOTHUBOPEUYMBOCTU Teopum LlepMero—DpeHKeAs.
JTa TeopeMa IBASIETCS He ODOAee UeM KPACUBOM U HATASIAHOM MAAIOCTPA-
e MeTOAA MOAEeAelr, OMUCAHHOTO B AQHHOM Taparpade.

°Teopema 3.36. Ecau 7 — nepBoe cmporo HegocmuXXKumoe KapguHAaAbHOE
yucao, mo B, — mogeab ZFC (B cumBoaax: Con(ZFC+Sl)— Con(ZFC)).

AokazameabcmBo. VITak, B COOTBETCTBUU C M3AOKEHHOM BHIIIE HAEO-
AOTHEH, TPEAIIOAOKMM, YTO aToMapHou ¢dopmyae z € y Teopun ZFC
cooTBeTCcTBYeT popmyAaa ¢ € y Teopuu ZFC+Sl, rae mepemeHHble ¢ U 1)
npo0eraroT UCKAIOUUTEABHO MHOXKeCTBO ‘U,. Tenepb HaM HeOOXOAMMO
MMPOBEPUTH CIIPABEAAMBOCTH akcuoM ZFC (TouHee, MX MHTepIIpeTaIuii)
B yHuBepcyMe ‘Y,. [To Mepe HapOOHOCTU MBI OyAe€M BBOAUTH U Apyrue
roTudyeckyre OyKBBI B KaueCTBe IIepeMeHHBIX, IPOoOeraiux MHOKEeCTBO
0.

1) Akcuoma 5KCmeHCuUOHaAbHOCIMU. 3AECh HaM CAEAYeT IPOBEPHUTH, UTO

t=p) = (tc3) = (mey).
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[Myctb z,y,z € BV,. [lo arkcuome 3KCTEeHCHUOHAABHOCTU Teopum ZFC
+ Sl (a oHa, MOHSITHO, UMEET TOT JKe BUA, YTO U OAHOMMEHHAasi akCHuoMa
Teopuu ZFC), moaryuaem

(z=y) = ((zez)=(ye2),

a IIOCKOABKY Z, Y, 2 € U,, TO UX MOKHO 3aMEHUTH HaA [, ), 3 COOTBETCTBEH-
HO, ¥ T€M CaMbIM IIOAYUYUTH TpeOyeMoe yTBep>KAEHHUE.
2) Akcuoma nycmoro mHoxecmBa. DOpMaAbHO HaM CAEAyeT IIpoBe-

puTh QGOPMYAY
V3¢ u,

a (paKTUYEeCKM HAM HAAO YKas3aTb MHOXeCTBO, ycToe B ‘U,. IlocKOABb-
Ky MHOJKECTBO (), orpeaeAsieMoe aKCHOMOM ITyCTOTO MHOKEeCTBAa TEOPUHU
ZFC+SI, sBasiercsi saemenToM yHuBepcyma U, (T.K. ) = Uy € U, 1o
CBOMCTBAM YHUBEPCYMOB), TO OHO, OUEBUAHO, HE UMEET IAEMEHTOB, IIPHU-
Hapaekarux U,. Takum o6pasoM, () — mycroe B U, 4TO ¥ TpeGOBAAOCH.

3) Akcuoma napsnl. Teniepb MBI y>Ke He OyAeM IIPUAEP>KUBATHCS CTPO-
ro pOpMaAbHOT'O AOKA3aTEeAbCTBA, YTOOBI HE MOTAOTUTH OOMAUMEM AOTH-
YEeCKOW CUMBOAUKHU CYTh AOKa3aTeAbCTBa TeopeMbl. KTak, Tenepb Ham
HaAO IIPOBEPUTH, UYTO AAS AIOOBIX MHOXKECTB r, 1) € U, napa {r,y} Takxke
eCTb DAEMEeHT ‘Y.

[ToCKOABKY 7 €CThb IpeAeAbHBINM oppuHaA, To U, = U U,. [TosTomy
a<T

CyLIEeCTBYeT « < T TaKOH, 4To r,§ € U, oTkypaa {r,n} C U, OTKyAa
{r,n} € Exp(Va) = V(). A moCKOABKY S(a) < 7, TO {1,9} € V..

4) Axkcuoma obbeguHeHnus. Ilyctb ¢ € ‘U,. lokaxxem, urto Ur € V..
AHANOTMUHO MMPEABIAYIIEMY IIOAYYaeM, 4To ¢ € ‘U, IpU HEKOTOPOM « < T.
[Tockoabky ¢ C U, 10 caepAcTBUIO 3.33, TO AAST KA’KAOT'O 0 € I UMeeM
v € Y, u, 3Hauut, v C Y,. [Tosromy Ur C U,. Toraa Ur € Vg, OTKyAa
Ur € °U,.

5) Akcuoma cmenenHoro mHoXecmsa. [Tycts ¢ € U,. IIpoBepum, uTo
Exp(z) € U,. BHOBB cymiecTByeT o < 7 Takoi, uto ¢ C U,. [Tosromy
Exp(r) € U, u, caepoBaTersHo, Exp(r) € Vg,) oTKyaa Exp(r) € V..

6) Cxema akcuom cogepxameabHocmu. ITycThb p(z) — opmyAaa si3bka
ZF co cBobopHOU TiepeMeHHOUM x. Ee mHTepriperaliyeil Ha MHO>XeCTBe
U, aBasercs popmyaa ¢(x).? Tycts A € Y,. TTokakeM TOrAQ, YTO MHO-
kecTBO B = {r € A| p(r)} cyTb 2reMeHT yHHUBepcyMa U, .

TlockoAbKy B sizbike ZF (cM. § 1.1) HEeT KOHCTAHT U APYTMX TEPMOB, KpoMe Iepe-
MEHHBIX, a aToMapHble dopmyabl Kak B ZFC, tak u B ZFC+S| (B mHTepuperanuu Ha
MHO>KECTBe) UMEIOT OAMHAKOBBIM BUA, TO AAS IOAYYEHUSI HHTEepIpeTanuil GopMyA HaM,
IIOHSITHO, AOCTATOYHO AWIIG IIPOU3BECTU COOTBETCTBYIOLIVIO 3aMEHY [IePEMEeHHBIX.
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[Tpu HekoTOopoM o < 7 umeeM 2 C U, OTKypra HETPYAHO BUAETH, 4TO
MHOXeCTBO B eCTb d9AeMeHT Vg (,). [TosTomy B € U,

7) Akcuoma peryasaprnocmu. [IpoBepka 3TOM aKCMOMBI @aHAAOTHUYHA TIpe-
ABIAYTITUM.

8) Cxema akcuom nogcmanoBku.'® Dta cxemMa aKCHMOM TOBOPHUT O CAe-
AyioieM. Ecan mMeercs: HeKast popmyaa ¢(z,y) C AByMsI CBOOOAHBIMU
IepeMeHHbIMU T,y, U Ha HEeKOTOPOM MHOXXecTBe A AaHHas (opMyaa
omnpepeasieT (x — y)-oToOpa*keHue, T.e. 3apaeT (PYyHKIIUIO, TO 00AACTb
3HAQUEHUU OTOr0 OTOOpaKeHUs ((PyHKIUU) eCTbh MHOXKECTBO.

AAST TPOBEPKU 3TOW aKCUOMBI B Hallle MopeAun Teopuu ZFC Ham HeoO-
XOAMMO IIPOAEAATH cAepyioliee. Bmecto dopmyabl ¢(x,y) MBI paccMmo-
TpUM (POPMYAY ¢(r, ), B KaueCcTBe MHOKeCTBa A MBI BO3bMEM JAEMEHT
20 yuuBepcyma U,, Ha KOTOPOM ¢ OIpeAeAsieT (r — p)-oToOpakeHue,
U AOKa’keM, U4TO OOAACTh 3HAUEHUU MOAYUYEHHOTO OTOOpa>keHHUsl TaKKe
eCTb DAEMEeHT ‘Y...

O0o3HauMM Aanee OoToOpakeHue, onpepersieMoe POPMYAOH ¢, yepe3
f. [TousitHO, uTO § : A — Y,. [MoHsTHO Takxke, uro ran (f) C Y,.!! Heob-
XOAMMO IIOKa3aTh, 4To ran (f) € V..

Kak u paHbIlle, HETPYAHO MMOAYYUTH, YTO TTPU HEKOTOPOM « < T UMe-
eM A C Y,. Orciopa, a Takke u3 AC u TeopeMbl 3.35 BBITEKAET, UTO
||| < 7. PaccmoTpuM yHKIMIO g : A — 7 Takyto, uro g(a) = rank(f(a)).
O6o3HaunM yepes 7 cynipeMyM Bcex g(a), a € . Slcuo, uro v < 7. IIpea-
IMOAOXKMM, UTO 7 = 7. Toraa KapAuHAA T MPEACTaBUM KaK OObepAMHEeHUe
MEHBIIINX er0 OPAUHAAOB B uncAe ||A||. OTcropa HETPYAHO ITOAYYIHUTE, YTO

=2 lg@ll, gl <

acA

[ToanyyeHO mpoTHMBOpeuYHe C PEryAsapHOCTBIO KappauHaaa 7. [ToaTomy
7 < 7. Tenepk, HOCKOABKY AAST KaXKAOTO a € /A uMeeM f(a) € Vrank(j(a)):
TO AAST KQKAOTO a € 2 B CUAY MOHOTOHHOCTH Uz 10 [ moAydaeM f(a) C
U, U, crepoBaTeAbHO, f(a) € Vg, Ho Toraa ran (f) mpuHAAAERUT K
yHuBepCcyMy Ug(s(y)), KOTOPBIA B CHAY IMPEACABHOCTH OPAMHAAA T, €CThb
IIOAMHO>XeCTBO yHUBepcyma U, .

Uraxk, ran (f) € Q..

9) Akcuoma 6eckoneuHocmu. CIpaBEAAMBOCTD 3TOU aKCUOMBI B HAIllen
MOAEAHU BBITEKAeT U3 TOTO, 4TO w C Y, T.e. w € Vg(,), a 3HAYUT, w € V.

10) CopaBepAMBOCTH MHTEPIIPETAllMM aKCMOMBI BBIOOpA HAa MHOXKEe-
cTBe U, OUeBHAHA B CHAY TOTO, YTO aKCHMOMa BbIOOpPA MPUCYTCTBYET B

103pech ¥ TOABKO 3A€Ch MBI UCTIOAB3YyeM CTPOTYIO HEAOCTHIKUMOCTH KapAWHAAA T U
akcmoMy BbIOOpa!
""Hanmomuum, uto yepes ran (f) o603HavaeTcsi 06AACTh 3HAUEHUH (DYHKIUH f.
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Teopuu ZFC+SI u TeM caMbIiM obecrieurBaeT CyIleCTBOBaHUE (DYHKITUU
BBIOOpa Ha AI0OOOM 3AeMeHTe yHuBepcyma U..

Hrak, MHOKXeCTBO U, siBAsieTcss MoAeAbio Teopun ZFC. Teopema poKa-
3aHa. O

[TocTtpoenHnasi moaeab Teopum ZFC mpumeuvaTeAbHa MO KpauHEW Me-
pe 1Mo TpeM TpUYMHAM. Bo-IepBBIX, 3TO MOAEAh Ha MHOXKecCTBe. Beab
MTOAB3YSICh ONPEASACHUEM TTOCTPOEHUS MOAEAU MBI MOTAUM OBbI TTOAYUYUTH
nmnavkanuo Con(ZFC+Sl)—Con(ZFC) Goaee mpocThIM ITyTeM, a UMEH-
HO, YKa3aB TOXKAECTBEHHOE COOTBETCTBHE (DOPMYA B 3THUX TEOPHUSIX (IIPHU
aroMm Mopeabio Teopuu ZFC B ZFC+SI cTtaro 6B1 y’ke He MHOKECTBO, a
KAQCC BCeX MHOXKeCTB ‘Y, Ha BHIBOA YKa3aHHOW UMIIAMKAIIUU 3TO HUUYTH
He HMOBAMSAO Obl). OAHAKO MOAEAb Ha MHOXKECTBe Bcerpa Ooaee IIpu-
BAEKaTeAbHAa C TOUYKM 3PEeHUsT MaTeMaTUuuyeCKOU AOTUKHU, OCOOEHHO, eCAU
MHO>KECTBO-MOAEAb BOCIIPUHUMAETCS B MHTYUTUBHOM CMBICAe. Kpome
TOTO, 3Ta Ke MOAECAb SIBASIETCSI, OUYEeBUAHO, MOAeAbIo Teopuu GB+AC,!?
MMOCKOABKY B KaueCTBe WMHTEPIpeTalui KAaacca Ha AQHHOUW MOAEAUM AO-
CTaTOYHO OpaTh HEKOTOPOE MMOAMHOKECTBO MHOKecTBa ‘U, .

Bo-BTOpBIX, akcuoma BhiOOpa B ZFC+S| paeT BO3MOKHOCTBH ITOCTPO-
UTh (PyHKIIUIO BBIOOpA Ha BCeM yHuUBepcyMme ‘U.. A 3TO O3HAYaeT, 4TO
U, ABASIETCSI MOAEABIO AAST Ooaee cHAbHOU TeopuH, yeM GB+AC, — aas
Teopuu GB+GC, rae nmocpeactBoMm GC MBI 0003HaUYaeM aKCUOMY IOOAAb-
HOro BbIOOPA, YTBEPIKAQIOINIYIO, UTO CYIeCTByeT oTroOpakeHue € Kaacca
0 B Kracc Y Takoe, YTO AAST KA’KAOTO HEIyCTOTO MHOXKecTBa X HMeeM
C(X) € X. Takum 06pa3oM, akCHOMa TAOOAABHOTO BHIOOpAa COBMECTHMa
C TeopWel MHOXKeCTB U KAaaccoB (Teopuent GB), ecam Toapko ¢ ZF cos-
MectuMbl opHOoBpemeHHO AC 1 S| (B cumBoaax: Con(ZFC+Sl)—Con(GB
+ GCQ)).

B-TpeTbux, mOCKOABKY 7 ¢ U, (7 = Ing), B MopeAr U, UCTUHHO OTPHUIIA-
Hue Sl. CaepyeT TakKe OTMETHUTD, UYTO OIPEAEAeHUe CTPOTO HEAOCTUIXKHU-
MOT'O KAPAUHAABHOT'O UMCAQ, TIPUHAAAEIKAIIETO YHUBEPCYMY, PABHOCHUAD-
HO 3TOMY JKe OIIPEAEAEHHUIO C YCAOBHEM, UTO BCe IepeMeHHbIe, Y4aCTBY-
IOIHE B ONIPEAEACHUH, TPOOEratoT UCKAIOUUTEABHO AQHHBIN YHUBEPCYM.
OTO HETPYAHO YCTAHOBUTB, MOAB3YSICh TPAH3UTUBHOCTBHIO YHUBEPCYMa.
TakuMm ob6pasoM, ecam akcuoma Sl coBmectHa ¢ ZFC, To u ee orpulilaHue
takke coBMecTHO ¢ ZFC (Con(ZFC+Sl)—Con(ZFC+]Sl)), T.e. Sl B aToM
CAydyae He 3aBUCHUT OT akcuom ZFC.

2Teopusi GB — sT0 Teopus ['éaers—BepHaiica [7], ABAIONIASACS pacIIPeHUEM Te-
opuu ZF. GB BKAOUaeT KOHEYHOE YMCAO aKCHUOM (B oTAmuue oT ZF, B KOTOpoM mpu-
CYTCTBYIOT CXEMBI aKCHMOM), HO COAEPIKHUT ABa COpTa IEPEMEHHBIX — MHOMKEeCTBa U
KAAccChl. OTa Teopus popMarm3yeT MOHATUE KAacca, omucaHHoe Hamu B § 1.7, VI3BecT-
HO [7], uTo yrBepkaeHue Con(ZF) paBHOCUABHO yTBep>kpaeHuto Con(GB).
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ran (f)
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x IPUHAAAeXXUT y (aToMapHas dopmyaa ZF) 4
oTpunianue QOpMYyAEL ¢ 4
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nepecedeHre MHOXKECTB a U b 5
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oObepArHEeHNe SAEeMeHTOB MHOKeCTBa a 0

MHO>KECTBO BCEX MOAMHOXKECTB MHOJKECTBa a 6
IIOCAEAYIOIlee 3a MHOKECTBOM ¢ MHOKeCTBO 6

IIyCTOe MHOXKECTBO 0

o0o3HaueHUsa (POpMYyA (YTBEP>RKAEHUU O MHOKecTBax) 10
o0o3HaueHre POPMYA C YKazaHUueM CBOOOAHBIX
nepeMeHHBIX 10

cuctema akcuoM Llepmero—®Dpenkeas 10
YIIOPSAOUYEHHAs napa MHOKeCTB a u b 16

IpsiMOe MPOU3BeAeHre MHOKeCTB A u B 17

00AACTh 3HAUEHUM OTOOpa>keHHs, OIpeAeAsdeMoro (opMy-
AOH (p, OTHOCUTEABHO MHOXXecTBa A 18

oOaacTe 3HaueHuM gpyHkriuu f 19

MHO>KecTBa X u Y paBHOMOIIHBI 19, 57

cy>keHue pyHKuum f Ha MHOXecTBO D 20
cynepnoaunius pyHkiun f u g 20

dyHkIMg, odpaTHad K pyHKuuu f 20

TOKAECTBEeHHast Ha MHO)KeCcTBe A pyHKims 20

oOpa3 MHOXecTBa C oTHOCUTEeABHO (pyHKIuuM f 20
mpoobpas MHOXecTBa C' OTHOCUTEABHO pyHKIUU f 20
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{@itier

[a]~; [a]

sup B, inf B
max B, min B
[a; 0]
[a;0), (a3 b]
(a;0)

w

0,1,2,3
n+1
> Ly

c
<

[ Ly
C
R

R’I’L
20.)

dEA

SFAN
coy(a,b)
cos(a,b)
7TlB, 7T2B

OI‘dl
Al
AC
Con(T)
ZFC

MHO>KeCTBO, IIPOMHAEKCHUPOBAaHHOE MHOKeCTBOM [ 22
KAQCC DKBUBAAEHTHOCTH 3A€MeHTa a 23
(hpaKTOP-MHOKECTBO MHOKecTBa A O OTHOIIEHMIO DKBUBA-
AEHTHOCTHU ~ 23

YaCTUYHOE, AMHEeWHOEe UAM BIIOAHE YIIOPSIAOYeHHe Ha MHO-
JKeCTBe MAU Kaacce 23, 40, 65

TO Xe, uTo a < bVa=>b 23

YAaCTUYHO, AMHENHO UAM BIIOAHE YIIOPSAOUEHHOE MHOKECTBO
23

TOUHAsl BepXHSSI U HUKHSSA 'PAHU MHO’KecTBa B 23
MaKCHUMyM U MUHUMYM MHOXXecTBa B 23

OTpe30K 25

TOAYUHTEPBAA 25

UHTepBan 25

MHOJKECTBO HATYPAAbHBEIX YHCeA, HAUMEHBIIHWN OeCKOHed-
HBIU KapAuWHAA 25

0003HaUEeHNsI HAaTYyPAAbHBIX UYuceA 28

HaTypaAbHOE YUCAO, CAEAYIOllee 3a n 28

npsiMast CyMMa MHO>eCTB L, 1o MHOXecTBy C' 28

KAHOHUYECKOe YIIOPSIAOUEHHWEe Ha IPSAMOM CyMMe WAU Tps-
MOM IpOM3BepAeHUuU MHoKecTB 28, 30
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MHOKEeCTBO BeIlleCTBeHHBIX unceA 30

MHOXECTBO BCeX n-OK BellleCTBeHHLIX yrucea 30
MHO>XECTBO BCeX OYAEBBIX (ABOMYHBIX) IIOCAEAOBATEABHO-
crer 30

KAACC BCeX MHOMecCcTB 33

KAAcc BCexX OpAuMHaAOB 37

CUMMETPHUUHBIE 0003HaUeHUs AT < U < 40

TIOPSIAKOBBIM THUI BIOAHE VIIOPSAOUYEHHOTO MHOXXeCTBa
(X, <) 44

CyMMa OPAMHAAOB «5 B TIopsiake A 47

MTPOM3BEASHUE OPAVMHAAOB (5 B TTopsiake A 47, 51

AeBad U IpaBasi KOOPAWHATHL YIIOPIAOYEHHOU TIaphl
MHO>XeCTB a U b 49

A€Bas U IpaBasd MPOEeKIMM MHOYXKeCTBa B B IPSIMOM HpPOU3-
BEAEHUHU ABYX MHOXXeCTB 49

KAACC HEHYAEBBIX OPAUHAAOB 49

dakTopuan opamHara A 51

akcumoMa BbIOoOpa 52

YTBEP)KAEHHEe O COBMECTHOCTH Teopumu 1 52

Teopus Llepmero—®DpeHKeAs: ¢ aKCUOMOM BbIOOpa 52
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AC,
ZT
ZL
Q

CBS
Z

Card

Card,
IX I, Caxd(X)
7-+
Rq
¢

CH
2T
GCH
> Ti

i€EA
II 7
i€A
7_)\
cf(7)
In,

S|
SI,

RUS

1
rank(X)

GB

GC

aKcUoMa CYEeTHOTO BhIOOpa 52

TeopeMa Llepmenro 53

AremMa Llopnaa 53

MHO>KECTBO pPallMOHAABHBIX YUCEeA 58

Teopema Kanropa—bepuinretina—IlIpeapepa 64
MHOXECTBO BCeX IeABIX UHhCeA 65

KAAcC BCeX KapAWHAAOB 65

KAaCC BCeX KapAWHAAOB, He MEHBIUX 7 65
MONIHOCTBL MHO>KecTBa X 66

CAEAYIONIUH 3a T KapAuHaA 68

anred C OpAMHAABHBIM HOMepoM « 69
MOIIIHOCTh MHOJKECTBA BelIeCTBEHHBIX YHCEA, KOHTHHYYM
72

KOHTHUHYyM-TUIIOTe3a 73

MOIITHOCTb BKCIIOHEHThI KapAUHaAa 7 73
00o01IeHHasd KOHTUHYYM-TUIIOTe3a 73

CyMMa KapAWHAAOB 7; 110 MHOXXecTBY A 79

IIpOU3BeAEeHUE KapAMHAAOB 7; 110 MHOKecTBy A 80

CTelleHb A KappAuHanAa 7 82

KOH(PMHAABHBIM XapaKTep KapaAuHasa 7 83

Q-0e CTPOr0 HEAOCTU)KUMOE KapAMHAABHOE YUCAO 86
aKCHOMa CYIIeCTBOBAHHUS IIEPBOTO CTPOrO HEAOCTH>KMMOTO
KapAWHaABHOTO uncaa Iny 86

aKCHOMa CYIIeCTBOBAHUSI -TO CTPOTO HEAOCTH>KMMOTO Kap-
AMHAABLHOTO UMCAd 86

Q-0e YHUBEpPCAaAbHOe MHOXKECTBO (YHUBepcyM) 89

KAacCC BCeX YHUBepCyMoB 89

panr mHokectBa X 90

akcuoMaThuecKas Teopus MHOKecTB ['épenss—DbepHatica 96
aKcuoMa TAOOaAbHOTO BhIOOpa 96
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Axcuoma BeIGOpa 52

— raobaabHOTO BEIOOpa 96
— CYeTHOTO BbIOOpa 52
Axcuomatuka ZF 10, 11
Axcuombl paBeHCcTBa 13

Basuc Tamenss 58
buexknus 19

Brioane ynopsipoueHue 25, 34
Bricuine akcuoMbl OeCKOHEUYHOCTH
87

I'panb mHOXecTBa 24

Nuperc 22
WNupykuus 27, 38
Nuavekmnua 19

Kapaunan 65

— OeCKOHeYHBIM 66

— AOMUWHAHTHBIM 85

— u3MepuMblli 86

— M30AUpPOBaHHBIM 70

— KOHEUHBIM 66

— npepeAbHBIM 70
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85
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Aemma LlopHa 53
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[TopsiAkOBBIYM THUI 44 — yacTuuHoe 23

[MpuHIUT CKBO3HOM Ileniu 74 YnopsipoueHHas mapa 16

[TporpeccuBHOe MHOXXeCTBO 26

[Tpou3BepeHMe BIIOAHE YIOPSAO-
YeHHBIX MHO>KeCTB 32

— KapauHaroB 80

— AMHEWHO YHOPSAOUYEHHBIX MHO-
xectB 30

— opauHaAroB 47, 51

[Tpoob6pa3 MHOKeCTBa OTHOCUTEAb-
HO pyHKOuu 20

[TpssMoe mnpouszBepeHUE MHOKECTB

(I)aKTop-MHmKeCTBo 23
Qopmyra 4

— bepHinTetina 83

— Xaycpopda 83

— aToMapHas 4

Oyukumu odbAacTb 3HaUeHU 19
— — omnpepereHus 19

— cyxXeHue 20

Oyukuuil cynepnosunus 20
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BBEAEHUE B AKCMOMATHNYECKYIO
TEOPUIO MHOJKECTB

PepakTop

I[Toammcano K nevatu xx.xx.2000.

®opmart 60 x 90%

Bymara tunorpadgckas Nel.

lapauTtypa AnTepaTypHasa. BbICcoKas nedarTh.
Yca. med. A. 6.9 Yu.-usp. AL 7F

Tupax xxx 3K3.

H3paTerbcTBO (He omp.)



