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IIpepucaorue

JuddepeHnyanbHas reoMeTpHs W TOMOJIOTHA NpeAcTaBisier co60i BaXKHbIA pasjedn
MaTeMatHkH. BypHoe passuTtHe TeoperHuecKoH (H3MKH H MexaHMkH XX B. NpHBesO
K TMOHHMMAHHIO (YHHAMEHTATBHOCTH TeOMeTPHYECKHX NpeACTaB/JeHHI B 3THX HayKax.
JI0CTaTOYHO yKa3aTh TakHe 06/1aCTH, KaK TEOPHsl OTHOCHTEJbHOCTH, MEXaHHKA CIIJIOIIHBIX
Cpefi, 37eKTPONMHAMHKA, e reOMeTPHYECKHe MeTOMIb SIBJISIIOTCA OCHOBOM MareMaTHue-
CKOTO amnmnapara.

Hacrosimmit kype nocesiieH ocHoBaM AHd¢epeHLUHaNbHOM FeOMETPHH H TOIOJIOTHH.
CoBpeMEeHHOe COCTOSIHHE 3TOH 06/1aCTH BO3HHKJO B Pe3y/bTaTe YCHJMH MHOTHX T1OKO-
JIEeHHH MaTeMaTHKOB. TPYAHOCTb OMHCAHHSI HCTOPHH PAa3BHTHS FEOMETPHH 3aK/IOYaeTCs
B TOM, YTO B HacToslliee BpeMsi MHOTHe TreOMeTpHYeCKHe MNpo6ieMBl H_HIeH Mbl
npeacTaBnsieM, COBCEM B HHOM CBeTe, HeXeJI MaTeMaTHKH NPeXHHX BpeMeH. [To-HoBOMY
OCMBHIC/IEHHI TIOYTH BCe TreoMeTpHueckHe (M He TOJBKO reOMeTpPHUYeCKHe) MeToAb B
MareMatHke. C COBpeMeHHOH TOYKH 3DEHHSI TeOMETDHSI H TOIOJIOTHSI, OCHOBb! KOTODBIX
H3Jaraiorcs B yueGHHKe, 6a3UpYIOTCS Ha HECKOJIbKHX (YHIaMeHTaNbHBIX HesX, KOTOpble
KPaTKO MOXXHO H3JIOXHTDb C/eJylolHM 06pa3oM.

TeopeTHKO-MHOXeCTBeHHasl, WM o6lLasl, TOMOJOrHS — 3TO pasjiesl reoMeTpHH, BOG-
paBIUHA B ce6si (opmasbHEe OOLUMe NPHEMB HCCJeJJOBaHHSI BOMPOCOB CXOAHMOCTH H
HemnpepuIBHOCTH. BaXkHas Hjiesi B reoOMeTPHH — 3TO HAesl HCMO/Mb30BaHHS KPHBOMHHEHHBIX
CHCTEM KOODAWHAT, NMPHBeAWasi B KOHEYHOM HTOre K TEH30DHOMY aHAaJlH3y H TEOPHH
HHBapHaHTOB. Ec/ii MaTeMaTHueCKHiT aHalH3 H TeopHs AH¢depeHLHANbHEIX YPaBHeHHH
B OCHOBHOM HCCJeAyIOT CBOMCTBA QYHKUHH «B MaloM» (Ha 6eCKOHEYHO MajbiX pac-
CTOSIHHSIX TOYeK APYr OT ApYyra), TO reOMeTpHsl H3ydaeT CBOHMCTBA QYHKUHI H APYTHX
aHAJIOTHYHBIX 06BLEKTOB «B 60JIBLIOM», T. €. Ha OCTATOYHO GOJBIIHX PACCTOSHHSAX TOUEK
JPYyr OT Apyra. ta MHTYHUTHBHAasl Hiesl M3y4YeHHsl CBOWMCTB reOMeTPHYECKHX O6BEKTOB
«B 6OMIBLIOM® NpHBesa K QYHAAMEHTaJbHOMY MOHSATHIO MHOroo6pa3us, Kak o6061eHHIo
NOHATHA 06/1aCTH eBK/IHIOBA MPOCTPAHCTBA.

He menee BaxHEIM Aas reoMeTpHH B JaJbHeMleM SIBUJIOCh CoYeTaHHe YKa3aHHHIX
unes B HX Pa3/IHYHHX KOHKPETHRIX NPHJI0XEHHAX!

reoMeTpHYeCKOe OCMBICIEHHE TEODHH HHTErPHPOBAHHS, TEOPHS OMOJIOTHH Kak ¢op-
MasbHOe anre6paHuyeckoe OQOpMJEHHe HHTYHTHBHOrO Iepexofia OT H3y4yeHHs Mpo-
CTPaHCTB «B Ma/OM» K HX M3y4eHHIO «B GOJIbLIOM#; reoMeTpHYecKasi HHTeprpeTaLHs
JIMHEMHO! amNMpOKCHMALMH HeJHHeHHBX QYHKUHMA M 0TOGpakeHHH, NMPHHUMI obliero
TOJIOJKEHHS B TeOMETPHH M MHOTHe JpYrHe.

Bce 3T reoMetpuueckHe HeH BO3HHKJH NPH pelieHHH KOHKPETHHIX 3afay, croco6-
CTBYfl KaK HX DeIlIeHHIO, TaK H PasBHTHIO reOMeTPHUYECKHX NPeACTaBJIeHHN H MeTOMOB.
HHorza 6biBaeT TPyAHO OTAEMHUTH NPEACTABJIEHHS, OTHOCHMbEIE Tenepb K AU depeHLHaNb-
HOW TeOMEeTPHH H TOMNOJIOTHH, OT APYTHX reoMeTpHYECKHX HAei,0(OPMHBLINXCH cefdac
B Pa3fiesiil aHaJIMTHYECKOM reOMeTPHH s JIHHeHHOH anre6phl UM Boo6lue OTHOCSLIHeCS
K JPYTHMM pa3fesiaM MaTeMaTHKH.

TeoMerpHs ApeBHHX, MoJyuHBIIas cBoe 3aBepieHde B «Hauanaxs EBksmuna, B Hau-
MeHblleH CTeNeHH 3aTPOHyJa pa3sHTHe AHGdepeHIHalbHON reoMeTpHH. OIHH TOJIBKO
BOMPOC, Ha MpPOTSXKEHHH MHOTHX BEKOB Ka3aBIUMICS IVIaBHeMIWMM, Halllesl MPOCTOe M
ecTeCTBEeHHOe pa3pelleHHe B paMkax AWddepeHLHalbHON reoMeTpHd. D10 BOMPOC O
JIoKa3aTesIbCTBE MsiToro rocrynara Eskmnaa. Popmyanposka nsroro nocrynara Eskianaa
Ka3a/1acb HaCTOJIbKO Aa/IeKOH 0T CaMOOYEBHAHOCTH 'M HE3aBUCHMOCTH OT APYTHX aKCHOM
reoMeTPHH, YTO Ha MNpPOTSIKEHHH MHOTHX BEKOB MaTeMaTHKH 6e3yCrellHO MHTaNHCh
JlaTh eMy N0Ka3aTesJbCTBO Ha OCHOBaHHWH APYrHX akcuoM. Ilepsas B EBpone nomsitka
JIOKa3aTh MOCTY/IAaT O MapaJJie/ibHHX Gbla, M0-BHAUMOMY, clesaHa JIbBoM ['epcoHMEOM
(1288—1344). NokasaTe bCTBOM MATOTO MOCTYJ/IaTa 3aHHMAHCh TAKHE MaTeMaTHKH, KaK
K. Knasuit (1574), 1. Karansau (1603&, Jx. Bopeann (1658), x. Burane (1680),
Jx. Banmmce (1663), k. Cakkepru 0733), H. Jlambept (1766), A. Jlexarzp (1800),
&. Hlsenikapr (1818), ®. Taypunyc (1825) u maxke K. ®. Taycc. Xors mombiTkd
JIOKa3aTe/IbCTBA [ISTOrO M0CTY/IaTa OKA3a/JUCh Ge3yCrelHbIMH, POJIb 3THX HCC/IeA0BaHHI
BeJIHKa — OHH 3aJI0XH/HN QYHAAaMEeHT A/ Pa3BHTHS HOBOM, HEEBK/IHOBON reoMeTpHH.
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OCHOBOIIOJIOXKHHKOM 3TO reOMeTPHH, OCHOBAHHOM Ha OTKa3e OT NSITOro IocryJsara,
apuncs BeJHKui pycckuit mareMatHk H. M. Jlo6auemckuit (1792-1856). B 1826 r.
OH CcIeJal NepBoe cOOGLIEHHe O HOBOM HeeBKNHAOBOH reomerpuu. C 3TOro BpeMeHH
OTKpHIBA€TCS HOBasl 3pa B Pa3BHTHH [EOMETPHUYECKHX Npeactasienuit. B 1832 r. 6una
ony6uKoBaHa pabora 51. Bosbsiv aHasork4Horo conepxanus. K rakum xe uaesm npuuen
u K. &. Taycc, He ony6aHKOBABLIHHA CBOH PaGOTH.

Ecnn H. H. Jlo6ayeBcKHil npHien K CBoeit HeeBKJIHAOBOH reOMeTpHH, OCHOBLIBasICh
4a aKCHOMATHYECKOM MeTOAe HCC/eNOBaHHMM, TO JAajbHeMilee Da3BHTHE HOBBIX HAei
B TeOMETPHH MPOMCXOAHJO yXKe B COeJHHEHHH C APYrMMH (DYHJaMeHTa/JbHBIMH TpPHH-
L[MT1aMH OTIpefie/IeHHs] reOMeTPHYECKHX O6BEeKTOB, CBSI3aHHLIMH C BBEJEHHEM CHCTeMbI
xoopaHHaT. KoopauHaTh ynorpe6siivch ele APeBHHMH B reorpaduit ¥ acTpOHOMHH.
B nronemeesoil <«['eorpaduus BCTpewaloTCs YXKe IIHPOTa M JOJNrOTa KaK YHCJIOBHe-
koopauHatel. B EBpore 6au3ko K uee koopauHar nopowen H. Opesm (1323-1382)
npy rpacdMyeckoM 3afaHHK QyHKUKA. OIHAKO O CaMHX KOOPAHHATaX y HEro HeT M peum.
Co3naTe/ISIMH METOa KOODAHHAT M Ha ero OCHOBE aHAJHTHUYECKON reOMeTpHH SIBJSIOTCS
P. Jlexapt (1596—1650) u I1. depma (1601-1666). CrcTeMaTHuecKoe HCMONb30BaHHE
KPVBOJIMHEMHHIX KOOPAHHAT B COENHHEHHH ¢ HaesiMH JI06aueBcKoro npHBesH K 6ypHOMY
pa3BHTHIO COGCTBEHHO aM¢depeHuHanbHoi reometpiH. B. Puman (1826—-1866) cpenan
TPHMHUHHANBHO HOBHIA WAl — CTa/ H3y4YaTh [IPOH3BO/IbHLIE, TAK Ha3biBaeMhle PHMaHOBH,
NPOCTPAHCTBA, HalllefllliHe BaXKHbIE NIPHJIOXKEHHS] B MeXaHHKe, TEOPHH OTHOCHTENBHOCTH
¥ ap. Bo3HHMKIH KpYNHElE GHICTPO Pa3BHBAIOLIHECS pa3fieJibl TeOMeTPHI — BEKTOPHOE H
TeH30PHOE HCYHCJ/IeHHe, PHMaHOBA reOMeTpHS.

OpnHOBpPeMeHHO C PMMaHOBOM reoMeTpHel 3aK/afblBalOTCS OCHO- Bhl TOMOJIOTHH, Kak
4acTH TeOMeTpHH, MOCBSILEHHOM CBOMCTBY Herpe- PHIBHOCTH. KOHe4HO, MCTOKH TOIO-
norvM caefyeT (McKath B aHanHae GeckoHeyHo MaJkix. Ho mepshie pa6oth co6CTBEHHO
TOMOJIOTHYECKOro xapakrepa nosiBuaxcb y JI. diepa (1707-1783) u K. XKopaana (1838—
1922). B Hauane XX B. cosgatorcs ocHOBH tononoru (M. dpewe, ®. Xaycnopo,
A. Jle6er, JI. Bpaysp). BoJbiuyio poJib B CO3JaHHH TOTOJIOTHH H €€ MPHMEHEHHH ChIrpal
A. Ilyankape. Toro- sorusi B (HacTosiiee BpeMs siBasieTcs 6ypHO pa3BHBalolueiics obna-
CTBIO.

Heckonbko paHee odopmuics pasgen AMdQepeHUHaNbHOM reoMeTpHH — TeOpHs
nosepxHocTell. TeopHsi noBepxHocreil Hauamach ¢ pabot JI. ditnepa u I'. Monxa.
CoefyHeHHe uHuell HeJIHHeMHBIX KOODAHMHAT, BEKTOPHOTO M TEH30PHOTO HCYHC/IEHHs,
TEOPHUH MOBEPXHOCTEH, a TaKXKe IVIOAOTBOPHOCTb IeOMEeTPHYECKHX MpeiCTaB/eHHI B
Pa3NHYHBIX 33/la4aX eCTeCTBO3HAaHHSA MPHBEJH K BaXKHeMHIlleMy B reOMeTpHH MOHATHIO —
MHoroo6pasuio. Ilo-BHAHMOMY, MepBEIM YeTKO BhULeaHa 3710, noHstve A. Ilyankape
(1854—-1912). B Hacrosiliee BpeMsi MOHSITHE MHOroo6pa3usi Hactonbko (IIpouHo yko-
PeHHTOCh B MaTeMaTHYECKOM MHIIVIEHHH, YTO HEBO3MOXXHO YKa3aTb MaTeMaTHKOB,
CrenHaNbHO pa3pabaThiBAIOLIMX TEOPHIO MHOrOO6pa3nH.

HakoHel, clegyetr OCTaHOBMTBCS ellle Ha OAHOM (YHHAMEHTANbHOM MPHHLHMIIE,
ChIrpaBilleM BaXKHYIO POJIb B Pa3BUTHH H TOHUMaHHH reOMeTpPHH H MHOTHX (PyHaaMeHTab-
HBIX Tpo6/ieM COBPEMEHHOH TeopeTHYecKoM (H3HKH. DTO Tak Ha3blBaeMhle IpYMIMOBhle
MeToAbl, OCHOBAHHHE Ha Hjee (HHBapHAaHTHOCTH reOMeTPHYECKHX OGBEKTOB OTHOCH-
TeJIbHO FPYNIMLl CHMMETPHH MPOCTPaHCTB. B reoMeTpHH rpynnosbie MeTOAH 3apPOAH/IHCH
NPH H3yuyeHHH NPOEKTHBHOM reOMeTpHH H cBsi3aHH ¢ MMeHamH [loHcene, Ulraynra,
Me6uyca, ITmokkepa, Kanu. B 1872 r. Brma 3HaMeHHTas paGota ®. Kneiina, kotopas B
JlanbHeMIeM MOJy4YHsa Ha3BaHHe «DpJIaHreHCHKOM nporpammel». B neit @, Kneitn noasen
HTOTH K yeTKO ¢OPMYJIHPOBAJ rPYNIOBLE NPHHLMIE NOCTPOeHHs: reoMeTpHH. ['pynno-
Bble MeTOAR OKa3ajH 6oJiblIOe BJAHSIHHE Ha pa3BHTHe AH(GepeHLHaIbHOH IreOMEeTpHH
M TOMOJIOTHH M Pa3NHYHBIX TPHJIOKEHHH reOMeTPHH K ADPYTHM pasfiefiaM MaTeMaTHKH H
€CTEeCTBEHHBIX HayK, XOTS C/efyeT OTMeTHTb, UTO BCE€ MHOroo6pa3He reoMeTpHYecKHX
METO/I0B He CBOAMTCS K FPYIMIOBOH TOUYKE 3DeHHs] HAa FeOMETPHIO.

Yncno MareMaTHKOB, BHeCWIMX GOJBIION BKJAaJ B PasBHTHe AH((epPeHLHAILHON
TEOMETPHH M TOMOJIOTHH, OYeHb BeMHKO. OTMETHM TOJIBKO, YTO PYCCKHE H COBETCKHE
TeOMeTphI OKa3asH cyluecTBeHHOe BJIHSIHHE Ha 3TO Pa3BHTHe.



IT'nasa 1

BBEAEHHE B TP PEPEHIIUAJIBHYIO TEOMETPHIO

§ 1. KpuBoauneiiHble CHCTEMBbI
koopaunar. I[Ipocreiimue npumepsl

1. MoTuBHMpOBKa. PaccMOTpUM €BKJIMIOBO NPOCTPAHCTBO pPa3MepHO-
CTH m, KOTOpPOoe MH B HajbHedmeM OymeM o6o3Hauath yepe3 R”".
ByneM cuurath, 4To B HeM BHOpaHH M (UKCHPOBAHBI NEKAPTOBHI
KOOPAMHATH ', . .., ", C TOMOIUBIO KOTOPHIX MOXKHO OZHO3HAYHO OIIpe-
IeJIMTDb TI0JIOXKEHHEe TPOM3BOJNbHOM TOUKM B R", comocraBuB edl Hab6op
BELECTBEHHBIX YHCEN — ee KOOPAMHATH OTHOCHTEJbHO BHIODAHHOIO M
(ukcHpoBaHHOrO Opro6a3uca, BEKTOPH KOTOPOToO (e}:LHHH‘{HOH AJTUHBL
M OpTOTOHaJbHHEE APYT ApYry) 6ymeM o6o3HauyaThb yepes €, €, ..., €,.
Hnest onuchiBaTh TOYKH €BKJIHIOBA NPOCTPAHCTBA C NMOMoLIbI0 Habopa
BEILECTBEHHBIX Yuces (KOTOphle TaKKe MOXHO NOHHMaTb KaK KOOPIH-
HaThl pafuyc-BeKTOpa, HMAYIUEro M3 Hayala KOOPAHHAT B 3Ty TOUKY)
JIEXXHT B OCHOBE aHAJMTHYECKOH FeOMETPHHM, NO3BOJSAIOLIEH pellaTh
MHOTHE FeOMeTpHYecKHe 3aJa4yd C TOMOIIBI0 YHCTO ajre6pauvyecKux
MeTofoB. DTa BaXKHas uies Oblia BIepBhe (B SIBHOM BHIE) BBeleHa
B MaTeMatuky llekapToM, MMsi KOTOPOTO M 3aKpelMJoch B Ha3BaHUH
«[I€KapPTOBHIX KOOPAMHAT». Asre6pau3aiys reoMeTPHH ChIrpana 4pe3Bhl-
YalHO BaXKHYIO POJIb B Pa3BUTHH HE TOJIbKO F€OMETPHH, HO H MaTeMaTH-
KH B 1eJioM. Mul He 6yneM 3[iech IPUBOANTb H3BECTHHIE IPUMEpH 3ajay,
MPOCTO M M3SIIHO pellaeMbiX C IOMOLIBIO ajare6po-aHATHTHYECKHX
MeToJoB (HampuMep, 3ajaya O KJacCH(pUKaAIUH NIOBEPXHOCTEH BTOPOTo
TNIOPSIIKAa B TPEXMEPHOM NPOCTPAHCTBE), OTChIIAS YHTATENs K KypcaM
anre6psl M aHAJIMTHYECKOH reoMmerpuu. HamoMHMM TOJBKO, 4TO €
IeKapTOBLIMH KOOPAMHAaTaMH B R" TecHO CBSI3aHO NMOHATHE eBKJIHIOBA
CKaNIsSIPHOTO MPOM3BefeHHs] — OuiMHeHHOH (OPMBI, CONOCTABASIOLIEH
KaX[OH TNape BEKTOPOB £,% € R BellecTBEHHOE YHCO, OGHYHO
o6oaHauaeMoe (£, 7}), IpHYEM 3Ta ONepalKst CONOCTABNEHHS! SBISETCS
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CUMMETPHYHOH, JHHEHHOH N0 KaXKIOMY apryMeHTy, a cama ¢opMa —
TIOJIOXKHUTENBHO oNpeleeHHOH. B mekapToBo# cHcTeMe KOOpAMHAT

E =€+ €™, E=(&..,€"), =",

OnHako, Kak I0Ka3biBAIOT YXK€ MPOCTEHIIHe NPUMEPH, A€KAPTOBHIX
KOODJMHAT HEIOCTATOYHO JIs1 YIOGHOH aHAJUTHYECKOH 3aMTUCH MHOTHX
KOHKpeTHbIX 3ajady. [IpomeMoHcTpHpyeM 3TO, HanmpuMmep, Ha MpHMepe
3arMCcH YPaBHEHMH KPHMBHIX Ha IJIOCKOCTH, CHaG)XXEHHOH N1eKapTOBbIMH
KOOPAMHATAMH z, y. KOHeuHo, Korga Mb MMeeM MIeJI0 ¢ JOBOJbHO
NPOCTHIMH KDHBBIMH, HalpuMep, C OKPYXKHOCTHIO WJIH SJJIMIICOM, TO
HX aHANUTHYECKOE BHIPAXKEHHE B JEKAPTOBHIX KOODAMHATAX SIBJISIET-
cs BeCcbMa MNPOCTBIM M €CTECTBEHHHM. B camoM gene, ypaBHeHHe
OKPYXXHOCTH paiuyca R ¢ LEHTPOM B TOYKe A 3aMHUCHIBAETCS TaK:
(z— A" +(y— A®)?=R? rne A=(A", A?).

[Tpocto 3amuceiBaeTcst W ypaBHeHHe sjaunca: (z— A')?/a® +
+(y— A?)?/b2=R2, rie uucna a U b ABJSIOTCS BEJHYMHAMH IJIaBHBIX
nosyoced asnumnca (puc. 1).

Puc. 1 Puc. 2

Onnako BecbMa 4acTo B Pas3JMYHLIX TPHJIOKEHHSIX M KOHKPETHEIX
MEeXaHH4YeCKUX U (DM3UYECKMX 33aayax BCTPEYAIOTCS TVIAJKUe KPHBHE
(cKaXxxeM, TPaeKTOPMM ABMHXEHHS MaTePHAJbHBLIX TOYEK B TOJe KAKHX-
JU00 CHI), sIBHOE BHIPaXKEHHE KOTOPHIX B JEKAPTOBHX KOOPIHHATAX
BecbMa 3aTpyfHuTenbHo. Tak, HanpuMep, ciefyoliee ypaBHEHHe Onpe-
ZesisieT B eKapTOBLIX KOOPAHHATAX CIMpasb: \/ x2 4 y? — e @€ =(
(puc. 2). Koneuro, 3amuch 5Toi KPHBOH B I€KAPTOBEIX KOODIMHATAX,
ObITh MOXET, M He C/IMIIKOM CJOXKHA, HO TeM He MeHee 3Ta KpHBast
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3aMMILeTCs 3HAYUTENbHO TIPOILE B APYroH, Tak Ha3kBaeMOH noAspHOLU
cucmeme KoopouHam Ha MJIOCKOCTH — B CHCTeMe KOOpAMHAT (7, ),

CBSI3aHHBIX C J€KAPTOBHIMH KOODAMHATa-
YA MU Z, ¥ COOTHOILEHHSIMH

T =T COS ¢, y=rsinyp

(puc. 3). B 3THX KoOopaMHaTax ypaBHe-

T HHE CNUPaIM NPHHHUMAeT BHI T = e ?,

YTO MO3BOJISIET CPa3y OLEHHUTb XapakTep

2 IBUXXEHHs] TOYKH 10 3TOH TPaeKTOPHH.

5‘ s Huxe Mbl ewme BepHeMCst K MOJIsIPHOH

CHCTeMe KOOPAMHAT, a 3/IeCh TOJIBKO OT-

Puc. 3 METHM, YTO NOsIBJI€HHE TAKHX KOOPAHWHAT

(Ha3bIBaeMEIX KPHBOJTMHEHHBIMH KOODIHM-

HaTaMH) sBJsIeTCsT He NIPHXOThI0 MATEMaTHKOB, CTPEMSILIIHXCSI BBECTH B

paccMOTpeHHe Bce HOBhIe M HOBble OOBEKTH, a,B HEKOTOPOM CMBICJE,

NPaKTHYeCKOH HeoOXOOUMOCTbIO, MHOrJA BecbMa IOJE3HOW NPH KOH-

KPETHhIX BLIYMC/EHMSIX. YKaXeM (He BIaBasiCh II0Ka B MOAPOOHOCTH)

Ha OJHYy 3ajayy, B KOTOPOH HCIIOJb30BaHHE MOJISIPHBIX KOOPAMHAT
SIBJISIETCSI [IOJI€3HbIM.

PaccMoTpuM aBHXKeHHe MaTepHasbHOH TOYKHM Ha IJIOCKOCTH B I€H-
TpanbHOM mnoje cua. Ilycts ueHTp Haxomutcs B Touke O M Ha
TJIOCKOCTH BBeJIeHH MOJISIPHblE KOOPAHU-

HatH (7, ). [lycts 7 — pamuyc-sektop Y A .

JBHXKYLIEHCS] TOUKH (PafiHyC-BEKTOP Bh- {4 a
xonur 43 Touku O), r — ero JJMHa,
t — BpeMsi (ImapaMeTp ABMXKEHHs ); TO-
T2 KOOPOUHATH T U ¢ OYAYyT KaKUMH-
TO GYHKUMAMH BpeMeHH. PaccMoTpuM
B Touke 7(t), UMeloLIe# MONsIPHEIE KO-
OpAMHATH T = |F|, ¢, ABa eIUHUYHBIX P
OPTOTOHANILHBIX BEKTOPA: BEKTOD €., Ha- o e
TNpaBJEeHHbIH 10 PafHyC-BEKTOPY TOYKH
(oTMeTHM, YTO NpPH 3TOM BHIIOJHEHO Puc. 4
COOTHOLUEHHE “F =T€,), U BEKTOp €,

OPTOTOHA/JIbHEIH BEKTOPY €, M HampaBJeHHHH B CTOPOHY yBeJHye-
HHsSI MOJISIpHOM KoopauHaTh ¢ (puc. 4). Toukoit GymeM ob6o3Hayath
I depeHuupoBanue paguyca-sekropa 7(t) mo Bpemenu t. Torna,
KaK M3BeCTHO M3 MEXaHHKH, [ABHXKeHHe MaTepHaJbHOH ToukH (OyneM
CYHTaTh AJsi POCTOTH, YTO ee Macca paBHa l) B LieHTpasibHOM IoJe
CHJl Ha MJIOCKOCTH ONpeiensiercss CJefyloluM audepeHunasbHHM
ypaBHeHueM: 7 = f(r)€_, rme f — HekoTopasi riankas (YHKLMs OT

o
37}

1t
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omHoro aprymeHta r. CcopMmyJaupyeM MO XOAy fesa MONE3HYIO Misi
yyTaTessl 3ajavy: nepenuiuuTe 3To AH(dEpeHIHaIbHOe YPaBHEHHE B
[eKapTOBBIX KOODAMHATAaX Ha IMJIOCKOCTH.

JlsuKeHHe Hallled MaTepHaJbHOH TOYKH MOXHO 3alaTh B BHME ABYX
dyskumi: 7 =r1(t), ¢ = p(t), T. €. B NONAPHOH CHCTEME KOOPAHHAT.
JloBONILHO J1eTKO yOeIuThCsl B TOM, YTO IPH JBHXKEHHH MaTepHaJbHOM
TOYKH B LIEHTPATbHOM [10JI€ CHJI COXPAHSIETCsl BETMUHHA T2¢. DTO ecTh
ofMH M3 3aKoHOB KemJsepa, KOTOpble OH OTKpbLI, H3ydasi ABHXKEHHe
nnaneT B CosiHeYyHOH cHcTeMe (B ero pacropsi)KeHHH Yxe Obliu
tabaMubl, YKa3blBalOIHe KOOPAHHATH MJaHET Ha HeGecHol cdepe Kak
(hYHKUHH BpeMeHH). DTOH COXpaHsOLeHcs BeJHuHHe MoXeT ObTb
NpUAaH NOBOJMBHO NPO3payHbIll reoMerpHueckuit cMmuica. Cam Kemsep
BBEJ [JIs1 3TOr0 caefyioliee yno6Hoe MOHSITHE: OH Ha3Bas CEKTOpHAb-
HOM CKODOCTbIO U CKOPOCTb H3MeHeHHsi miomapd s(t), 3aMeTaeMoi

panuyc-BekTopoM 7(t) (pagmyc-BeKTOp ecTb (yHKUHSI BpPeMeHH), T. e.
__ds(1)
—Tdt - .
B TepMuHax ceKTOpHaNbHOM CKopocTH 3akoH Kemnsiepa dhopmyaupyer-
cs TaK: B DaBHHIE BpeMeHa PafHyc-BEKTOP 3aMeTaeT pPaBHHE IIOLIAfH,

HHLIMH CJIOBAMH, CEKTOPHAJIbHAsi CKOPOCTb MOCTOSIHHA: d—fi(tﬂ = const.
MoXHO TakXe MNOKa3aTb (Mbl 3lecb He OygeM Ha 3TOM OCTaHaB-
JUBaThCsl), YTO 3TO — OfHA H3 (OPMYJHPOBOK 3aKOHA COXPaHEHHS
MOMeHTa uMnysabca. Yuraresb MoxeT yOeIuThCsi B TOM, YTO BHIBOL
3TOr0 3aKOHa B IOJSIPHHIX KOODAMHATaX 3HAYHTEJbHO Mpolle, yYeM
B IEKapPTOBbIX KOOPAMHATaX (XOTSl BHIYHCJIEHHsT MOXKHO NPOH3BOIMTb,
KOHEYHO, H B IEKaPTOBLIX KOOPJHHATAX).

AHnanornyHbiM 06pa3oM NpH pelIeHHH KOHKPETHBIX 3aflady MeXaHHKH
H (QU3UKM BO3HHKJH M Jpyrue (TaKk Ha3biBaeMble KPHBOJHHEHHbIE)
KOODAMHAThl — LMJIHHADHYECKHE, chepHyecKHe U T. 1. BHHMaTenbHO
u3yyasi BCe 3TH Pa3JHYHblE CIIOCOOH CONOCTABIEHHs] TOUKAM [IPOCTPaH-
CTBa COBOKYITHOCTH BellleCTBEHHBIX yHce (Ha3blBaeMhiX KOOPAMHATAMH
3THX TOYEK), MOXHO 3aMeTHTb, YTO B OCHOBE 3THX COOTBETCTBHH
JEXHUT HeKasi oOliasi uiesi, JOMycKawouasi pa3yMHYI0 (opMasin3auuio,
YaCTHBHIMM CJy4asiMM KOTOPOH M OYAYT Bce NepeYyHC/EeHHbIE BbILIE
KPUBOJMMHEHHBE KOOPAHHATHI.

2. JlexapToBnl M KPHBOJNMHEHWHLIE KOOPAMHATHI. PaccMoTpum
IIPOH3BOJIbHYIO 006JaCTh B €BKIMAOBOM npocTpaHcTse R". HamomHum,
4TO, KaK H B Kypce aHa/JH3a, Mhl Ha3biBaeM 00.4acmbt0 MPOH3BOJBLHOE
MHOXecTBo C B €BKJIHMIOBOM IIPOCTPAHCTBE, KaX/iasi TOuka P KOToporo
BXONMT B 3TO MHOXECTBO BMECT€ C HEKOTOPHIM LIAPOM AOCTATOYHO
MaJioro paguyca, HMeIUM TOYKY P cBOMM LEHTPOM.

PaccMoTpum BTOpO# 5K3eMILISIP €BKANIOBA MPOCTPAHCTBA, KOTOPHIH
06o3Hauum yepes R}. 3amaTh KoopauHaTH ToukH P B obgactu C —
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3HAYHT COINOCTaBUTh 3TOM TOYKE HAbGOp 4YHCEeJ, KOTOPhle M MOXHO
GymeT Ha3BaTb KOOPAHHATaMH. SICHO, YTO, 3aaBasi 5TO COOTBETCTBHE
[POU3BOJLHO (T. €. 6e3 KaKHX-THOO JOMOJTHATENbHBIX Tpe6oBaHUH), MbI
HUYEro XOPOILEro He MOJYYHM B TOM CMbIC/IE, YTO 3TO COOTBETCTBHE MO-
XKeT oka3aTbcst 6eccomepkKaTeibHHIM (XoTesoch Obl, YTOOH BBEJEHHbIE
TOHSITHsI IPHHOCHJIH HEKOTOPYIO 110/1b3y, HAallPUMep, BHYHCIHTEbHYIO,
KaK 3TO ¥ IPOHM3OLULIO C NEKAPTOBLIMH KOOPAMHATAMH B HCTOPHH
pa3BuTHsi HayKH). [IpuMep Takoro 6eccomeprkarTeibHOTO COOTBETCTBHS:
COMocTaBuTh KaXno# Touke P obsiactu C onuH U TOT e Habop yuce,
ckaxem (0,0,0,...,0). Takum o6pa3oM, BHIPHCOBLIBae€TCS I€PBOE
Tpe6oBaHHE, KOTOPOMY HOJKHO YIOBJETBOPSITh HAllle COOTBETCTBHE:
xorenoch Obl, 4TOOb Pa3NHYHBIM TOYKaM o6JacTH OTBeyasH pasjauy-
Hble Habopsl uncen (koopauHat). [IpuBeneHHbIH Bblllle MPUMEDP 3TOMY
Tpe6oBaHUIO He ynoBaeTBopsieT (Bce ToukH obsnactu C UMEOT OfHH H
Te )K€ KOOPAMHATHl — HYJeBbIe).

TakuM 06pa3oM, Mbl XOTHM CONOCTABHTb KaXK1no# Touke P obaactu C
Habop n BelleCTBEHHBIX 4YHCeJ. SICHO, YTO 3TO COMOCTaB/ieHHE 3ahaeT
Habop n ¢yuxkumir z!'(P),..., z"(P), umeoumx ob6aacTpio onpexe-
neHusi obnacts C; 3mech z',..., 2" — KOODAHHATH B €BKJIHIOBOM
npoctpanctBe RT. OO6buHO TpebyioT, 4TOOH S5TH (GYHKUMH ObLIH
HernpepHIBHEI H Aaxe Iiafku (1o KpaidHeid Mepe [Jisl [OUTH BCEX TOYEK
obaactu C), T. €. 4TOOBI [IPH MAJOM U3MEHEHHH [OJOXKEHHs] TOYKH P
ee KOODAMHATHl TaKKe MEHSIJIHCh Majo H YyToOH riagkasi AedopMauusi
TOYKH P nopoxziana Takxe IJafkoe H3MeHeHHe ee KOOpAMHAT.

Hrak, paccMoTpuM fmBa 3K3eMmisipa eBKJHAOBA MpocTpaHcTBa: R”
C JeKapTOBHIMH KOODAMHATaMHu y', ..., y™ u R} ¢ KekapTOBHIMH KOOD-
AdHaTamu z', . .., z"; nyctb C — obaacts B R™.

3AMEYAHHE. EBknumoBo npocrpadctBo R} MoxHo Obuto O
CYHTATh apH(OMETHYECKHM I[POCTPAHCTBOM, OTOXKAECTBHB €ro TOYKH
C TOC/eIOBATENbHOCTSIMH JJIHHHL 1, COCTABJEHHBIMH H3 BELIECTBEHHBIX
qHceJ.

Onpepeaenne 1. Henpepoigroll cucmemoii koopOuram B obna-
ctu C eBKIHMAOBA npocTpaHcTBa R"™ Ha3biBaeTcsi cucTeMa (QYHKUMEH
(¥, ..., y"), ..., z™(¥y', ..., y"), 3a0a0IWMX B3AHMHO ONHO3HAYHOE H
HelnpephiBHOe B 06e cTOpoHH oTobpakeHHe obsacti C Ha HEKOTOPYIO
obnacts A B eBkiIugoBOM mnpoctpaHctBe RT. MHeiMH cioBamu, 3srta
cucreMa ¢yHkuu# z'(P),..., z"(P) 3amaer orobpa)keHHe, HMHOrAa
HasuBaeMoe zomeomopdusmom obnactu C Ha obnactb A (0 NOHATHH
roMeoMopdu3Ma Mbl, BripoueM, GyieM FOBOPHTb [103Xe).

Onpenenenne 1 gopManusyer Halle JKeJaHHe, YTOOH IPH HENPEPHIB-
HOM HM3MeHeHHH ToukH P u3 obnactu C Habop ee KOOPOHHAT TakkKe
MeHsiicst HerpepbiBHO. PyHkuuu z!'(P),..., z*(P) 6yneM HaswbBaTh
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xoopOuHamamy TOUKH P OTHOCHTENbHO KOOPAMHATHOIO 0TOGpaXKeHH st
f: C—A.

Hanpumep, B KayecTBe KOOpAMHATHOro otobpaxenus f: C — A
MOXKHO B3§ITh TOXJeCTBeHHoe oTo0pakeHHe, 3ajlaBaeMoe JTHHEHHBLIMH

pyHkumaME ' =y, .., T =y
HMuorna GyneM 3anuceiBaTh To4ky P ¢ ee koopauHatamu z'(P), ...
.., z"(P) B Buge P(z!,...,z"), npedmosarasi, 4yTo yXe 3afaHO H

(buKCHPOBaHO KoopauHaTHOe oTo6paxenne f: C — A.

Cpenn Bcex HempepHBHHIX KOODAMHATHBIX OTOGPaKeHHH Bbile1€Hbl
TaKHe, KOTOphle 3afaloT raankoe orobpaxeHune obaactu C Ha obiaacTs
A, 1. e. Bce dpynkuun z'(y',...,y"),..., z"(¥!,..., y") aBas0OTCA
r1aJKMMH QYHKUHMSIMH OT CBOMX apryMeHTtoB y',..., y™. OnHako rnan-
KOCTh CaMOr0 KOOpAMHAaTHoro otobpaxkeHusi f 6Ge3 NpeAnosoXKeHHs
rJ1afikocTH o6paTHOro eMy oto6paXkeHust f~! He gaeT comepKaTesbHbIX
NPUMEPOB CHCTEM KOOPAHHAT, a MOTOMY Mbl CeHyac cpasy mepeinem
K ONpeNeJeHHI0 TaKHX KOOPAMHATHBIX CHCTEM, Y KOTOPHIX IJIaAKHMH
sBstioTcsi 06a orTobGpaxkeHus: kak f, Tak W f~!. [lns 3Toro Ham
norpe6yeTcsi onpeneHTh HOBOe MOHsITHE — MaTpHLy SIKo6H raagkoro
otobpaXKeHus.

[lyets f: C — A — rnagkoe otofpakeHue, 3afaBaeMoe HabopoM
pynxkmuit z!(y', ..., "), .., (Y, ..., Y).

Onpeneaenne 2. Mampuyeii Slkobu oro6paxkeHus f Ha3biBaeTcs
(byHKUHOHAIbHAS MaTpHUA

or! ox!

_l PR an
ar=(%)=| 2 2ol

o

COCTaBNEHHAs] W3 YaCTHHIX MPOM3BOAHLIX OT KoopauHar z!'(P),...
..., z*(P). Onpenenurens 3Toi MaTpuubl OyneM o6o3HauyaTh depe3
J(f) u HasbiBaTL AK06UAHOM OTOOpaXKeHHs f.

3AMEYAHUE. BsegenHoe HaMmu o6o3HaueHue df st MaTPHLBI
Slko6u He BhI30BeT myTaHHUB ¢ 0603HayeHHeM AuddepeHuHana rnaj-
KOH (pyHKUMH f 110 TOH IPOCTOM MPHUYHHE, YTO AU(DEPEHUHA TNATKOH
GyHkuum f (IpH COOTBETCTBYIOLIEM €ro HCTOJKOBAaHHHM) KaK pas
CoBnagaer ¢ Matpuued $Slko6H B 3ToM uYacTHoM caydyae. K 3roMmy
BoNpocy MH eule BepHeMcsi. OTMeTHM ele pa3, uyTo MatpHua fxobu
SIBJISIeTCs] epeMeHHOM MaTpHLeH, T. e. 3aBHCsled OoT TOYKH P u3
o6nactu C; TOYHO TaK Xe TKo6HaH 0TO6pa)eHHs f SBJIsIeTCs IIaAKOM
byukuuest J(f)(P), P € C, Ha obaactu C.

Onpepenenne 3. Pezyrsproi cucmemoii koopdunam B obia-
CTH C eBkaMmOBa MPOCTPaHCTBA R"™ HasblBaeTCsi CHCTEMa TIAKHX
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bynkumit z'(y', ..., y"), ..., z"(y', ..., y"), 3a0aA0OMHKX B3AUMHO OJHO-
3HayHoe oTobpakeHue obsnactu C Ha HekoTopyio o6sacTe A B €BKJIH-
IOBOM OpocTpaHcTBe R, NMpHyeM Takux, 4To sSIKOOHaH OTOOpaXKeHHs
J(f)(P), P € C, orauueH oT HyJs1 Bo BceX Toukax obnactu C.

OtMeTHM, uTO Tpe6GOBaHHE OTJHYHS OT HYJs sikoGHaHa oTob6pa-
KeHust f Bo Bcex Toykax obsmactu C aBTOMaTHYeCKH O3Hayaer,
uto oroGpaxeHue f~!, oGpaTHoe K OTOGpaXKeHHI f, SIBASIETCS He
TOJILKO HEMpEpPHIBHHIM, HO M TJafKHM. JTO CJeLyeT H3 TeOpeMHl O
cHCTeMe HesiBHBIX (QYHKUHH. TakuM o6pa3oM, peryJsipHasi CHCTeMa
KOOPAMHAT 3afaeTcsi ABYMsl IVIaIKHMH, B3aUMHO o6paTHHIMH OToOpa-
JKeHHsIMH, YCTaHaBIHBAIOIMMH roMeoMophu3M Mexay obaactsmu C H
A. Onpepenenue 3 dhopManu3yer Haule XejgaHHe, YTOGH IPH IJIALKOM
n3MeHeHUH TO4kH P u3 obnactu C Habop ee KOOpOHHAT TaKXKe
MeHsiIcs IJ1afiko; GoJiee TOro, MPH TJIaJIKOM H3MEHEHHH «KOOPAMHATHON
TOYKH» B B o6nacT A riagko MeHsieTcsl COOTBETCTBYWOINast el (npH
otobpaxenun f~') Touka P. OTMeTHM Ternepb, 4TO, KaK BHIHO H3
NpHUBEeHHLIX BhIlle ONpefeJeHHH, caMo IMOHSTHE TJIafikOH W pery-
JSIPHOH CHCTEMBl KOODAMHAT aBTOMAaTHYECKH. MpeArojaraeT 3ajaHue
no KpahHed Mepe [ABYX 3K3eMIJISIPOB CTaHAAPTHOTO €BKJIHIOBA MPO-
CTPaHCTBa, HEKOTOPhIe 06JAaCTH KOTOPHIX OTOXKIECTBJEHH C TOMOIIBIO
HelpeprBHOTO M B3aUMHO OJHO3HAYHOrO OTOOpPaXkeHWsi, HA KOTOpoe
JIOTIOJTHUTEIbHO HaJIoXKeHH TpeGoBaHHsI IIaKoCTH (B 06e CTOPOHHI).

JlaHHBIEe HAMH Onpefie/ieHUsT MOXHO HHTEPIIPETHPOBATh U C HECKOJb-
KO HHOM TOYKH 3peHHst. MoXHO 6bL10 Obl CUHTATH, UTO C CAMOrO Hayasa
B ob6nactu C eBkiuAoBa npoctpaHcTBa R" Oblia BBeleHa MEKapTOBA
CHCTeMa KOOPAHHAT (C MOMOLIbI ToXAecTBeHHOro otobpaxenuss C
Ha A [pH eCTeCTBEHHOM OTOXIECTBJIEHHH OOOHX 3K3eMILISIPOB €BK-
JupoBux npoctpaHetB R™ u RY). Torma BBemenue B obnactu C eue
OIHOW CHCTEMHl KOODIHHAT, 3ajaBaeMOH PeryJsipHeIM OTOOpaxKeHHeM
f (1. e. T1agKuM, B3aHMHO OJHO3HAYHKLIM OTOOPaXKEHHEM C HEHYJ/IEBHIM
SIKOGHAHOM), MOXKHO paccMaTpPHBaTh KaK 3aMeHY KOODAMHAT: Mbl mepe-
LLTH OT HCXOQHOM JE€KAPTOBOH CHCTEMbl KOOPAHHAT K HEKOTOPOH HOBOH
CHCTeMe KOOPAHHAT, 3alaHHOH B Toi Xe obnactu C.

Onpepeaenue 4. PerynaspHylo cHCTeMy KOOPAHMHAT B 06JacTH
C OymeM Ha3blBaTb TaKXKe KDUBOAUHEUHOL cucmemoil KoopOuHam
B obaactu C.

PaccMotpum Teneps B o6aactu C 1Be NpoH3BOJibHbIE KPHBOJNHHEH-
Hble cHcTeMbl koopauHar: z!(P),..., z*(P) u z'(P),..., z"(P). I1o
03HAyaeT, YTO 3afiaHbl U (HKCHPOBAHLI B PETYJSIPHBIX OTOGPaXKEHHS:
fung, e

f: C— ACR}(z!,..., z"); g: C — B CR}(Z!,...,2"),
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1. €. oToOpaXkeHHsi f W g YCTaHABIHBAIOT B3aHMHO ONHO3HAYHbIE H
rnaakue B o6e CTOPOHBI COOTBeTCTBHSI Mexkay obsactamu C, A u C,
B cooTBeTcTBeHHO. MHbIMH cjioBaMu, Kaxjao# Touke P u3 obaactu C
COTIOCTaBJIeHbl IBa Habopa ee KPHBOMHHEHHBIX KoopnuHaT, {z‘(P)} u
{z'(P)}, 1< i< n. [lockonbKy COOTBETCTBHE B3aHMHO ONHO3HAYHO,
TO MOXHO PacCMOTpPETh COOTBETCTBHE, CONOCTABJSIIONee KOOPAHHATAM
{z*(P)} Touku P ee koopauHath {z‘(P)}, uto onpenenser oro6pa-
xenue ¢, . A— B, 1.e. 9, (P)— 2'(P), I i< n

OnpenenenHoe TakuM o6pa3oM oTofpaxeHnue i, , Mbl 6yneM Hasbl-
BaTb 3amenoi xkoopounam B obnactu C. Ilpu stoit 3aMeHe Touka P
0Jly4aeT BMECTO HCXOLHBIX KPHUBONHMHeHHbIX koopauHat {z'(P)} Ho-
BHE KPHBOJMHMHeHHble KoopauHaThl {z¢(P)}.

Jlemma 1. Omobpaxcerue Y, . ABALEMCA 83AUMHO OOHOZHAUHLLM,
2na0kum 8 obe cmopoHel omobpasceruem obracmu A Ha obaracme B
€ HeHYyreBbiM AKOOUAHOM.

JokasaTteabcTBO. B3auMHasi OfHO3HAaYHOCTb OTOOpaXKEHHsI
Y, , ClelyeT HemocpeACTBeHHO W3 onpenenenus 3. [namkocts 0TG-
paXeHHs 9, , CellyeT U3 TOro, YTO KOMMO3HIMS IBYX IMafikux oTo6pa-
KEHHH TaKXe siB/isieTCs rJagkuM otrobpaxkenueM. OcTanoch NpOBEPHTS,
4TO OTOGpaXKeHHe ¥, , UMeeT HeHyeBoH (B KaX 1ol Touke obiactu B)
skobuan J (¥, ,).

C

R"(2)

Puc. 5

B camom nene, oto6paxenue 1, , pacnagaercsi B KOMIO3HIHIO ABYX
oTo6paxenuii: ¢, ,=g-f~': A— B (puc. 5). Marpuua flko6u oto6pa-
KeHus 1, , pacnajgaeTcsi B Ipou3BefieHHe MaTpul Iko6u otobpaxkeHus
f' n oto6paxenus g.

B camom nese, dy,_ , = 22 Pacemorpum 2%, Tak xax
T,z Oz p 87

2t =2y, ..., y")=2i(y'(z!,. .., z"),..., y"(z}, ..., ")),
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rae dyukuuu {y*(z!,...,z"), 1 < a < n}, 3agawT rnagxoe oroGpa-

xenue f~!: A — C, To no gopMyse nuPDHepeHIIHPOBAHHS CIOKHOH
i n i k

byHKUMH nonydaeM X = & % 4yro u o03Hauaer, 4TO MaTpu-

oxl {2\ Oy daT
ua Slkobu di,, pacnanacb B npousBeJieHHe NBYX MaTpHl, dg H
df~'. MH BOCII0O/Ib30BaIHCh 3€Ch POPMYJIOH, BHIPAXKAIKOLLEH 3J€MEHTH
MPOM3BENEHHs] JBYX MATPHI[ yepe3 3JEMEHTh CaMHX 3THX MaTPHIL.
Ocranoch BHSICHMTb, KaK CBsi3aHbl Matpuusl SIko6u df u d(f7').
Tak kak komno3uuusi f~!.f sBAseTCS TOXAECTBEHHBIM OTOGpaXKe-
HHeM ofsnactH C Ha cebs (CM. ompefeneHHe peryJasipHOH CHCTEMb
KOOPAMHAT), TO MO TOJIBKO YTO NOKAa3aHHOH (opmyse Mbl MOJydaeM,
uto d(f~'-f)=df'.df = F, rne E — enunHu4Hasi MaTpHLa MOPsiAKa
n, T. e. okoHuartesbHo, d(f~!)=(df)~'. Tem cameiM HOKa3aHO, YTO
INsi MaTPHILBl dy), , BHIONHEHO ToXpaecTBo dy, , = (dg) - (df)~!, 1. e.

J(¥,.)= %, M TaK Kak o6a skobuaHa J(g) u J(f) OTIHUYHB OT
HYJs1, TO M ikoGuaH J (3, ,) oTaudeH ot Hyns. O

Ecnu 3amaHo ortoGpaxkenue f obmactu C B obaacth A, ycra-
HaBnuBawouee B ob6inacty C KPUBOJHHEHHbBIE KOODAHHATH, TO OTOO-
paxenue f~!, oroGpaxawomee obaactb A Ha o6aactb C, MOXHO
CUMTATb YCTAHABJHBAIOUMM KPUBOJIHHEHHEE KOOPAHHATH B 06/1acTH A
(c momombI0 KEeKapTOBbIX KOOpAMHAT M3 o6jacTH C). DTHM NPOCTHIM
3aMeyaHHeM M OyneM B HaJbHeHIeM YacTo MOJb30BaThCs, MEPEXOAs
ot oto6paxenus f x f!.

[Tycts Ha obnactn C 3apan Habop rmagkux Qynkumi {z‘(P)},

1 £ 7 < n. Kak y3Hats, 3agaet Ju 3TOT HaboOp perymisipHyI0 CHCTEMY
koopauHat B C?

Jemma 2. [Iycmo Habop eradkux ¢pynkyul {z*(P)}, 1 <1< n,
obradaem mem cgoiicmaom, umo aKoOUaH amol cucmemsl GYHKYULL
J(f), f={z'(P), 1 <i<n}, omauuen om nyrs 8 obracmu C. Tozda
ora Kascdoi mouku P u3 obracmu C cywecmsyem makas om-
Kpbimas oKpecmHocme, 4mo 8 amoil oxpecmHocmu Habop dyHkyuli
{z*(P)} sadaem pezyaspuyro cucmemy xoopdunam.

Takylo cucTeMy KOODOHMHAT MOXHO Ha3BaTh AOKAAbHOL cucmemol
KoopOuHram.

MNoka3zatenabcTBo. BycrnoBuu nemmbl He ObLT0 IPEAONOKEHO,
uto HaGop pyHkumit {z*(P)} onpenensier (xoTs 6bl JOKAJILHO) B3AUMHO
onHO3HayHoe oToOpaxkeHue obmactu C Ha obaacTh A eBKIMAOBa
npoctpadctBa RY. OnHako mo tTeopeMe o cucTeMe HesiBHBIX (YHKUHH
(1 TeopeMe o cylecTBOBaHHH 06paTHOr0 OTOOPaXKEHHUsT) U3 OTJIHYHS OT
Hyns1 sKoOMaHa BbiTeKaeT CylleCTBOBaHHe (10 KpalHeHl Mepe B HEKO-
TOPOH OTKPBITOH OKPECTHOCTH) 0OpaTHOro oToOpaXKeHHsi, KOTOpoe,
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Kpome Toro, 6y/eT rafkuM. Y TBEPXK/EHHE JIEMMbl CJIeyeT Tenephb u3
onpe/ieIeHHsl PEeTyIsPHON CHCTeMb KoopauHat. [

OTMeTHM, 4TO Ha6op (YHKUMH, YIOBJETBOPSIOUIMX YCJOBHIO JieM-
MB 2, He 0053aTeJbHO ONpefesieT PeryJspHYyl0 CHCTEMY Koopmma'r
cpasy Bo Bceit obnactu C, T. e. rmajgkoe otob6paxcenne f~' ofnactu
A Ha obnacts C MoXeT H He cymecTBoBaTh. [leficTBUTENbHO, PaccMo-
TpUM MpPOCTO# mpumep. BozbmeM B Kauectse oé.nacm C nByMepHyIO
[eKapTOBY ILJIOCKOCTb, M3 KOTOPOH ,,BBIKOJIOTA" OfHA TOYKA — HA4aJso
koopauHaT O, a B KauecTBe oToOpaXkeHus: f (3anaBaeMoro 3ech AByMsi
pynkuusimu, z'(P) u z?(P)) paccMOTpHM IiiafKoe oToGpaxeHue

@' y)=(z"(v), z%(v)), =z'(¥", ¥’ )=(y")2—(¥?)? =2 (¥', ¥*)=2y"y?,

T. €. eCliM MoJNOXHTb z = y' + 1?, w = z! + 1z? (rme © — MHuUMas
eIMHHLA), TO w = 22. D10 OTOGpANKEHHE
epeBOIUT KOMILIEKCHOE YHCJIO Z B €ro y
KBajapat (/s y106CTBa MOXKHO CUHTATh,

yTo 06a 3K3eMmJjsipa €BKJHIOBOMH mJo-
ckoctH, R%(y) u R%(z), oToX€ECTBICHB!
Mexnay coboi). DTo xKe oToGpakeHHe
yno6HO 3amHcaTth B MOJSIPHHIX KOODAH-
HaTax Ha [JIOCKOCTH (7, ¢); TOrAa mojy-  —
uuM f(r, p) = (r?, 2¢); reometpuuecku O z
neicTBHe oToOpaXkeHus f MoKa3aHO Ha

puc. 6. HaiineMm siko6uan J(f) otobpa- Puc. 6

XeHusi f (mogcyuTaeM ero, HarmpuMep, B

MCXO/iHOM eKapToBo# cucTeMe KoopauHat y', y? Ha R%(y)). Marpuua
Slko6u df umeer BUR

a=(30 ). In=4er+eM>o

Ms1 BuauM, 4TO sIKOGMAH TOJIOXKHTEJEH Bo BceX TouKax obmactu C
(Tak KaK Haya/no KOOPAMHAT ,,BHK0JOTO"). ClleoBaTeNLHO, IO JeMMe 2
Hallle oTo6pa)keHHe YCTaHABJIHBAET JIOKAJIbHYIO (PeryJsipHyIo) CHCTEMY
KOODAMHAT B HEKOTOPOH OTKPHTOH OKPECTHOCTH KaXHOH TOYKH M3
obnactu C. B To e Bpemsi otob6paxkeHue f He uMmeeT 0GpaTHOro
oToGpaxkenus f~!, MOCKOJIbKY f HE B3aHMHO OJHO3HAYHO.

B camom pene, kaxmas touka w = z' + iz? € R%*(z), He sBAs-
I0masics HayaJoOM KOODAMHAT, BCerja HMMeeT POBHO 1Ba mpooGpasa
NpH otobpaxkeHun f, 3To — ToukH (71, ) U (1, ¢ + ™), ABIASIOUIU-
€Cs, KOHeYHO, pa3JM4YHHMH ToukaMu objactu C. TakuM o6pasowm,
€CJIM 3a1aH KOHKPeTHHH Habop (yHKUMH, NpeTeHAYIIHX Ha pOJib
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Puc. 7

peryJsisipHOH CHCTEMbl KOOPAMHAT B HeKOTOpo# obsacti C eBKIHAOBA
NPOCTPAHCTBA, TO AJIsi MPOBEPKH 3TOTO CJEAYET He TONbKO YOemHTbCs
B TOM, YTO SIKOGHAH 3TOH CHCTEMbI OTJIHYEH OT HYJs (BO BCeX TOYKaX
o6sactu C), HO U IPOBEPHTb B3aHMHYIO OHO3HAYHOCTb OTOGPaXKEHHSI,
3aJ1laBaeMoro 3TuM Habopom.

OTMeTHM TaKKe, YTO B NPHBEAEHHOM NPHMepE SIKOOHAH CHCTEMBbI
GyHKIMA cTpeMHTCS K HyJ IO, Koraa Toyka P mpubimxkaercss K Hy-
J10. B reomerpun u3BecTeH ciegyloumuil Bonpoc: OyaeT JH B3aHMHO
ONIHO3HAYHHIM TaKoe IJafKoe orobpaxkeHue f eBKJHIOBA MPOCTPaH-
cTBa Ha ce6s, NpH KOTOpOM Ha siko6uaH J(f) HajloXXeHo ycJoBHe
0<e<g< J(f) < N <oo? 3necy € u N — nocrosiHieie. Mbl He 6yneMm
3[ech 3aHUMAaThCsl STHM BOIPOCOM.

Kaxknast cucTeMa KpHBOJIHHEHHBIX KOOpAMHAT B obaactu C ompene-
JsIeT ceMeHCTBA TaK Ha3blBA€MHIX KOODAMHATHHIX JIHHMMH, ompeaessie-
MBIX TaK: ©-sl KOOPAMHATHasl JIUHUSI 33[aeTCs1 YPaBHEHHEM

1 — 2 — i — — i —
T (P)_ch T (P)_c'b RS} z l(P)_ci—l) zl(P)_ t,
gt (P)=c¢;,qy .. 2"(P)=c,,
TZie Bce c; MOCTOsSIHHbIe, a t — HenpepbIBHLINA napamerp. C u3MeHeHH-
eM t Touka P npoferaer HeKOTOPYIO I'MIafIKyl0 TPAeKTOPHIO B o6/1acTH

C. Takum o6pa3oM, u3 Kaxaoii Touku P o6aacti C BBIXOJUT n rJaj-
KHX TPaeKTOPHH, KOTODHE H Ha3bIBAIOTCSI KOOPAMHATHHIMH JHHHSIMH
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[IaHHOH cHcTeMH KoopauHaT (B Touke P). Jlas npyroii Touku P Gyner
JApYyrasi CHCTeMa KOODAMHATHBIX JIHHHUH, H 3TO CEMeACTBO KOOPAMHATHEIX
JMHUE Tagko pedopMupyercss mpH u3meHeHuH Toukd P. Hampumep,
ecJH CHCTEMa KOODAHHAT — [JeKapTOBa, TO €€ KOOPAHHATHble JHHHH
SBJSIIOTCS MPSMBIMH, MPOXOASIIUMMH dYepe3 Touky P mnapannesnpHo
KOOpAHHATHHM ocsiM. [Tpn HarnsmHOM H306paXkeHHHM KPHBOJHHEHHBIX
CHCTEM KOODAMHAT YacTo ObIBaeT MOJie3HO H300paXKaTh KOOPAMHATHBIE
JMHHH; B YAaCTHOCTH, MPH MOMOIIH H306paKeHHs] KOOPAUHATHON CETKH
XOPOIUO BHIHBI KPHBOJIHHEHHblE 3aMeHBbl CHCTE€M KOODAHMHAT (CM., Ha-
npumMep, puc. 7).

3. IIpocreiimue NMpuMepbl KPHBOJAHHEHHBIX CHCTEM KOOPAH-
gar. Mbl HauHeM 3TOT MYHKT CO CJeLYIOLIEro 3aMe4aHHsi: MOJspHast
cucTeéMa KOOpAMHAT (7, ) Ha EeBKJIHAOBOH MJIOCKOCTH He SIBJsIeTCS
peryJsipHOH cHCTeMOH KOODIHHAT, ornpejeleHHOH Ha BceM MJIOCKOCTH
R%2. B camom pene, paccMOTPHM (YHKUMH 3aMeHbl KOOPAMHAT OT
MOJISIPHOM CHCTEMBI K [€KapTOBOM cucTeMe. DTH (YHKUHMH TaKOBbI
z! =rcosp, z? =rsinyp. Hafinem sikobuan J(y) 3TOH 3aMeHBI.
[IpsiMoe BbluHCIEHME HaeT

d¢=( cos ¢ sincp), J(W)=r

—rsing rcosy

TakuMm o6pasoM, sikoOMaH paBeH HYJI0 B Hayajse KoopauHaT. Tak
KaK [IeKapToBa CHCTeMa KoopauHat z', z2, oueBmaHO, perysipHa (Kak
CHcTeMa KoopAuHat) Ha miockocTd R?(z!, z?), To oTciona cienyer, uto
noJisipHasi cHCTeMa KOODAMHAT He SIBJIsSieTCsl PeryqsipHod (B cMbicae
onpepesieHusi 3). OnHako Ha 3TOM HENMPHUSITHOCTH, CBsI3aHHLIE C MO-

A

I R )
2w C
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JSIPHOW CHCTEMOM KOOPAMHAT, He KOHYAIOTCs. JTa CHCTeMa KOOPAHHAT
He sIBJSIeTCS B3aMMHO OJHO3HAaYHHIM OTOOpa)KeHHeM BceH NByMepHOMH
€BKJIM/IOBOH IIJIOCKOCTH Ha ce6s1, TaK KakK TOUKH BUAA (13 ) U (13 p+27)
MEePEXOMsT B ONHY U TY XK€ TOYKY.

Cnenyer BhmenuTh Ty obsaactb C, B KOTOPOH MOJsipHast cHCTeMa
KOOPAWHAT SIB/IsIETCS PETyJsiPHOH CHCTEMOM KOOpAHHAT. Pa3bepeM 3ToT
npuMep NoAPoOHO.

PaccMotpum eBkaugoBy miockocts R%(r ), roe y' =r, y2 = o.
B kauectBe ob6sactu C Bo3bMeM GeCKOHEUHYIO MOJIOCY, ONpelensieMylo
HepaBeHcTBaMHu 0 < ¢ < 27,0 < 7 < +00. Torna B KauectBe obaactu A
B miockoct R?(z!, 2%) caepyet B3sTh BCIO ABYMEPHYIO [JIOCKOCTD, 32
uckioyenuem ayda ! > 0, 22 =0. Oro6paxenue f: C — A 3agaercs
dopmynamu z' = 7 cos ¢, z?>=rsinyp. Ha puc. 8 mokaszano, uto
MPOUCXOMUT C KOOPAHHATHBIMH JMHHSIMH CHCTEM KOOPAMHAT NpH 0TO6-
paxenuu f. [IpsimoyrosibHast ceTka JeKapTOBHIX KOOPAHHAT MpeBpalia-
eTCsl B MOJISIPHYIO CeTKy. B3auMHasi 0fHO3HaYHOCTb H PEryJsipHOCTb
MIOCTPOEHHOro oToOpaXKeHusl f OYeBHIHHI.

R*(r, ¢, 2) R(z!, 2, %)

Puc. 9

PaccmoTpum Tenepb TpexMepHOe €BKJIKHI0BO [IPOCTPAHCTBO M H3YUHM
TaK Ha3HBaeMYI0 yuiunopuueckyro cucmemy koopouram. Popmyns
3aMmeHbl caefyiomue: ' = 7 cos p, 2 = rsin ¢, z° = z. Paccmotpum
R3(y', v%, %), tme y' =7, y¥> =, y* =2, u B KauectBe C BO3bMEM
obsactb 0 < r, 0< ¢ < 2w, —00 < z < +00. [IpuBenennte BulIe (op-
MYJIbl ONIPENeNsIioT rafKkoe otobpaxenue f: C — A C R¥(z!, 22, 23),
rae obaacte A noayuaercs u3 R3(z!, z2, %) BubpachiBanuem moJy-
nnockocT ¢ =0, r >0 (puc. 9). Marpuua flko6u nMeeT crenyOLHH
BHLL:

cos sinp 0
—rsing rcosp O
0 0 |
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flko6uaH 3ameHHl paBeH r. TakuM o6pa3oM, B 06;1acTH A UHIHHAPH-
yecKasl CUCTeéMa KOOPAHHAT peryJsipHa (skoOuaH paBeH HYJIO TONbKO B
TOYKAX OCH Z); MOJYIIOCKOCTh MCKIIOYeHa Asi obecrneyeHHs] B3aMMHO
OIHO3HaYHOTO COOTBETCTBHS.

Tenepp pacCCMOTPHM m-MePHOE €BKJIHAOBO MPOCTPAHCTBO U BBENEM B
HeM Tak Ha3blBaeMYlo cgepuueckyro cucmemy Koopouram. Popmysl
3aMeHHl, BhYHCJeHHe MaTpuubl Slko6u H sKo6HaHa Mul INpoBefeM
B M-MepHOM cJiyyae, a pa36op cTpyktyps obaacteit C u A (B uenasix
HAarJsiMHOCTH) TOJbKO JJIsl CJydasi TPEXMEPHOro eBKJMAOBA MPOCTPaH-
ctBa. PopMyJbl 3aMEHH TaKOBHI:

[:C(r,6,,6,,...,6,_)— A(z!,22,..., z");

(2! =rcos b,

z? = r sin 6, cos 6,,
3w .
z® =rsin g, sin 6, cos 6,

z*'=rsinf sinb,...sinf,_,cos b, _,,
L z"=rsinfsinb,...sinf, _,sinf, _,

3AMEUYAHHE. CrpykTypa 3THX (opMmys sicHa: yHOOHO CHHTATh,
4YTO BCe CTPOKH HMMEIOT OfHO M TO XKe IPOMCXOXJAEHHE, HO TOJbKO
napaMeTpHl f;, HauKHasi ¢ HoMepa ¢ =n, paBHH HyJ10. MaTpuua Skobu
orobpaxkeHus f, UMeeT BUL:

cos 6; —rsin 6, 0
sin 6, cos 6, T cos ) cos 6, —rsin 6, sin 6,
sin ...sinf,_ycos6,_; rcosb ...sinf, _,cos6, ; —rsinf ...sinf _,
sin@ ...sinf,_osinf,_, rcosf ...sinf,_,sinf, _, rsinf ...cos6,_;

J,=(=1)"rsin6,...sinf,_,cos8, _,cosb,_,J _,+
+(—=1)"rsin6,...sinf,_,sinf,_,sinb, _,J _,=
=(=D)"rsin6,...sin6,_,J,_;
J,=7, J,=-r%sinf, J,=r3sin’4 sin b,
J; = 74 sin® 6, sin® 6, sin 6,
¥ TaK nasee.

Inst TpexmMepHOro eBKJIMIOBA MPOCTPAHCTBA CdepHYEcKHe KOODPIH-
HaThl 06nMHO 0603HayaoTcst 4epe3d (7, 6, ); B 3THX 0603HAYEHHsIX
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(opMyJIHl 3aMeHH MPHOGpeTaloT BHA;

1 2 3

=17 cosb;

zl=rsinfcosy, z*=rsinfsiny, =z

O<f<m O<p<2m r20.

B atux koopaunatax J = r2sin 6.

C(r6,9) - A(e!, 2%, 2°)

Puc. 10

PaccMoTpuM cTpykTypy obaacteir C u A
(cM. puc. 10). PaBencTBo Hys10 siko61aHa 3TOH
3aMeHBl HMEeT MEeCTO TOJIbKO B TOYKax ocu z°;
ocTajibHBE TOYKH, MPHUHAAJIeXKallde MOJYIIO-
ckoct z2 =0, z! >0, ynaneHs Ais TOrO,
4yTOOB 06ecrnedynTb B3aUMHYIO OAHO3HAYHOCTh
KoopauHaTHO# cucteMbl. [Ipu ¢ukcHpoBaHHOM
T KOOpAHHATHbIE JIMHHH 1aPaMEeTPOB 6, ¢ UMeIoT
BUJ, MOKa3aHHW# Ha puc. l1. DTu yrsioBhe
napaMeTpH HHOrZAa Ha3bBAlOTCS IIHPOTOH H
JONTOTOH (AT KOOPAMHATHYIO ceTKy Ha riobyce). Marpuua Skobu
B TPEXMEPHOM cJjiyyae UMeeT BHI

Puc. 11

sinfcos¢y rcosBcosy rsinfsingp
dp=| sinfsiny rcosfsiny rsinfcosyp
cos 6 —rsin @ 0

3agaun k § 1

1. Jlokasatb, 4To cHcTeMa QYHKUMH u =z +siny, v=y — % sinx Ha MJIOCKOCTH
SIBJISIETCS PEry/sIPHOI CHCTEMO! KOOPAHHAT,

2. TNoka3aTb, uTo Ha OKPYXHOCTH S! He/b3s 3afiaTh eAHHOM CHCTEMbl KOOPAHHAT.

8%y | 8%u .
3. 3anucatb ypasHenue Jlannaca Au = Fye + a2 =0 B mnoaspHo# cucteme
T
KOODAMHAT. y
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§ 2. lnuHa KPUBOH B KPUBOJMHEHHOH CHCTEMEe KOOPAHHAT

1. la¥Ha KPUBOH B eBKJMJOBOM cHcTeMe KoopamHart. Paccmo-
TPHM eBKIHIO0BO NpocTpaHcTBO R™ M 3a1alMM B HEM eBKJIHIOBO CKaJsp-
HOe pPOU3BeJieHHe (E, ny=> &, E, 7€ R". Toraa KaxaoMy BEKTOPY
E € R™ MOXHO COIIOCTaBHTh BELIECTBEHHOE UYMCJIO, HA3HIBAEMOE €ro

Mmodysem unn OAuHOL W onpenensieMoe popmyJoi |€|= v (€€ ). dra
(opMyJa 3ajaeT NJIHMHBI BEKTOPOB, HAYUIMX H3 TO4KH O B HEKOTOPYIO
touky £ € R". Ecain ke MB XOTHM ONpeIeNUTb PacCTOSTHHE MEeXAY
IBYMsl MPOM3BOJbHBIMH Toukamu &, 7 € R", To cieqyer BBIYHCIHTD
nauHy Bektopa £ — 7j. Kak u3BecTHO M3 aHaMUTHYECKOH reOMeTpHH,
yroJl ¢ MeXIy ABYMsi BEKTOPaMH, £,7 €R", Tak:Ke MOXeT GHTh BbIpa-

)XeH Yepe3 CKaJsipHble NMPOU3BE[EHHsI [0 (OPMYJIe COS p = (€:7) My

BMAHM, YTO TAKHE BaXKHbE METPUYECKHE MTOHSTHS, KaK mumﬂ@ropos
M YIJIBl MEXIY HUMH, TECHO CBSI3aHBbl CO CKAJISIPHBIM MPOH3BEIEHHEM B
eBKJIHIOBOM INpocTpaHcTBe. [Ipu mocTpoeHUH APYruX BaXKHHIX MOHSITHH
reoMeTpuH Mbl 6yJeM 4acTO Ki1acTh B OCHOBY OMpefeNeHHH HMEeHHO
CKalsipHOE NPOH3BeJleHHe BEKTOPOB.

KpoMme pyiuH npsiMOJIMHEHHBIX OTPE3KOB B €BKJIMIOBOM MPOCTPAHCTBE
MOJIE3HO YMeTb BBIYHCJSITH JJIMHB NMIafKMX KpuBbX. [amuM ompepe-
JeHHe JUIHHb TafkoW KpuBod. [lns aToro 3amagum KpuBywo y(t) B
rapaMeTpUYecKOM BHAe, T. €. OyleM cuyMTaTh, UTO 24a0Kas Kpusas
3ajaHa B eBKJHJOBOM IPOCTPaHCTBe Ha6opOM T TIIafKUX (GYHKUHH

z!'(t),..., z"(t), rne napamerp (Bpemsi) mpoGeraeT su6o BCIO Belle-
CTBEHHYI0 OCb, JHOO (3TOT caydyal OymeTr Iyt Hac 0ocOGEHHO BaXKeH)
oTpe3ok [a, b]. Tlpu atom Mbl cuuraem, uyto z!,...,z" sBASOTCA

NeKapTOBBIMH KoOpAMHAaTaMu B R".

Onpeaeaenne 1. [aunoi xpusot ~y(t) oT To4kH ~y(a) IO TOUKH
v(b) (nnu oT 3HaUeHUs napaMeTpa t =a 10 3HaYeHHUsi mapametpa t =b)
b

HasmiBaetcst uncao I(v)t = § +/(7(¢), 7(t))dt, roe v(t) — BekTop

a
dz!(¢ dz"(t .
KOODAUHATaMH ( xdt( ),..., z dt( ) ), Ha3bIBaeMBbIH HHOTJA 8EKMOpOM
CKkopocmu KpHBOH ~y(t) B TOuKe t HJIH KACameAbHbiM BeKMOpoOM
K KpuBOH y(t).
Takum o6pa3oM, Mbl Ha3BanM JJIMHOH KDHBOH HMHTErpan oT M-

HB ee BeKTOpa CKOPOCTH (MJIH OT MOJYJsi ee BEKTOpPa CKODOCTH).
SIBHOM BHAe (oOpMyJa IS MIHHB KPHBOH mnpuHoOperaeT BHA
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Jemma 1. [lycmv 3adana zradkas kpusas Y(t), u Ha Hel
¢ukcuposanv. 0se mouku, y(a) u y(b), omseuaroujue 3HaUeHUAM
napamempa t =a u t =b. [lycme t = t(7) — npousgosvrasn 2/Ladrcaﬂ
3ameHa napamempa t Ha HOBbUL napamemp T, RPUYEM d t>o0.
Tozda Oauna xkpusoil L(y(t)): He usmenumcs, m. e. umeem mecmo
pasercmgo L(y(t)) =1(y(7))8, 2de a= t(a), b=t(pB).

da!(t dz™(t
HNokaszateabcTBo. OB603HAUMM BEKTOP %J, o %dt(—l}
yepes +,. [IpsiMmoe BhuHCIEHHE AaeT

b 8
1Dt = | Vi ade = | /1) () ear =

a

B
/ d [T N
j (’Y"’ 7") ZI d:' dr = j (77) '71) dr. O

I[Tyctsb Teneps 3a/1aHH fiBe IVaJIKue KPHBbIE, ~,(t) 1 v,(7), nepeceka-
I0I[HeCs] B HEKOTOPOH TOYKe P eBKJIHJ0BA NPOCTPAHCTBA, T. €. CYIIecT-
BYIOT TaKHe 3HayeHHs napameTpoB t =au 7=>b, uto P =~,(a)=",(b).
OnpenenuM yros MeXXny AByMsi KDHUBHIMH B TOUKE HX MepeceyeHHs.

Onpeneaenne 2. Yziom MeXQy OBYMs MepeceKamOUIMMHCS IJIaf-
KAMH TpaekTopusiMi, ,(t) H ~,(T), B TOYKe HX MepecedyeHHs
P = v,(a) = ,(b) Ha3wBaeTcs yroa ¢, onpejieisieMblii PaBEHCTBOM:

(71(“): ’92("))
[ (a)] [%(B)]”

€CJIH TOJbKO 06a BEKTOPa CKOPOCTH, 7,(a) U Y,(b), OTIMYHBI OT HyJIs
B TOuKe P.

cos p =

3AMEYAHHE. Crporo ropopsi, 3T0 paBeHCTBO ONpejesieT He OfHH
yroJi, a IBa yrjia, DAiOlMX B CyMMe yroJ,
PaBHBIH 7; ONHAKO €CJIH CYUTATDb, YTO HALIH
.KPHBbI€ 3aHyMEePOBAaHBI, TO TOrJa BO3HHKA-
€T IOHSITHE OPUEHTHPOBAHHOTIO YTJa, KOTO-
PHI yXe onpegensieTcsl MPUBEJEHHOH BHI-
mwe ¢opMyson ogHo3HauyHo. OcTaHOBUMCS
TaKXe Ha Tpe6oBaHUH, YTOOH 06a BeKTOpa
CKOPOCTH OBLTH OTJIMYHBI OT HYJISI B TOYKe
Puc. 12 nepecevenusi. Jlejio B TOM, 4TO B TOYKaX,

re BEKTOP CKOPOCTH IJIafKOH KPHBOH 00-

paimlaercst B HyJb, 3Ta KPHBasi MOXKeT IIpeTepreBaTh H3JIOM, CKaYKoM
MeHsisl HarpaBJieHHue CBOETo JBHXKEHUs. TakuM o06pa3oM, IPH MOMbITKe
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OTMpPENeNUTh YroJ B TOYKE repeceyeHHs] C TAaKOH KPHBOH, BO3HHKaeT
HeOonpeleIeHHOCTh B BhIGOpPE OMHOTO M3 MABYX INIafIKHX KYCKOB KpH-
BOH, KOTOpble pasfensier Touka u3noma (puc. 12). OTMeTHM Takxe,
4TO HaJMYHe Ha IJIafIkOH KPUBOH TOYKH H3J0Ma (B TeX 3HAYEHHSIX
napameTpa, LJisi KOTOPbIX BEKTOP CKOPOCTH aHHYJIHPYeTCsl) OTHIONb He
NPOTHBOPEUHT IMIafKOCTH KPHBOH (CM. ompefesieHHe INIafKoi KPHBOH).

z(t) y(t)

v(t)=(z(t), y(t))

Puc. 13

[MpuMmep riiagkoit KpUBOH, UMeIOIIEH H3JOM B OTHOH TOYKE, MOKAa3aH
Ha puc. 13; 37ech «yroJ H3JOMa» TIJafKOH KPHBOM
B ocoboi Touke paBeH /2. Jlerko mocTpoHTb MpHUMep
JIafiIkoil KPHBOH, HMeloIel B 0cO00H TOYKe yros H3JioMa,
paBHblil 7 (puc. 14).

YnpaxHeHHe. Hanmuumure napamerpuueckoe
ypaBHeHHe KPHBOH, H3oOpakeHHoH Ha puc. 14. Moxer
JU KpHBasi, H3o0pakeHHas Ha puc. 14, OwiTh 3anaHa Puc. 14

aHaquTHYeCKUMH GYyHKiusaMu z(t), y(t)?

O6cynum Teneph BONPOC HACKOJbLKO HAHHOE BhILIE ONpefesieHue
LJHHBl KPUBOH YIOBJETBOPSIeT HArJsAHbLIM NpPEACTABJIEHHSIM O [JIH-
He, 6a3upYIOIIMMCSl Ha MOHATHH €BKJIMAOBOH NJIHHbI OTPE3KOB M Ha
MOHSITHM TOHKOH HEPAaCTSDKMMOH HHMTH, C MOMOIUBIO KOTOPOH MOXHO
M3MepsIThb IMHBH GoJiee CJIOXKHBIX, YeM OTPe30OK, KPHUBHX. Kpome Toro,
HaM U3BECTHH TaKXKe ONpefieIeHHs] JUIHHBI OKPYXHOCTH, KOTOpasi HHO-
Tla BBOAUTCSl KaK mpefes NMepUMeTPOB BIHCAHHBIX (MJIM OMMCAHHBIX)
MHOrOyroJIbHHKOB NPH CTPeMJEHHMH K GeCKOHEYHOCTH YHCJIA CTOPOH
BRIMYKJIOrO MHOTOYTOJIbHHKA, alllIPOKCHMHDYIOIEro OKPYyXHocTb. Hau-
HeM, KOHEYHO, C OTpe3Ka.

1) Mycts kpuBasi y(t) 3agaercss TMHEHHHIMH GYHKUMsMH z*(t) =
=a't, a*=const, ] <7< n, ag t <b. Toraa, BeYHCASAST JIHHY 3TOU

T1agkoi KpUBOH OT 3HAaueHHWsl mapaMetrpa t =a g0 t = b, nonydyaeMm
b n n

Ly)i=§ 4/ 3 (af)?dt =(b—a)4[ 3 (a*)?. TTockonbKy HauambHOM TOY-

i=1

KOH oTpe3Ka sIBJISIeTCS TOYKA C KOOpAuHAaTaMu {a‘a}, a ero KOHeuHok
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TO4YKOi — Touka {a‘b}, To 06byHAs (€BKIMAOBA) JUIMHA OTPE3Ka paBHA

n
at 2, 4YTO COBIAagaeT CO 3HAYeHHEM HHTerpaJja l Y b,
p a

i=1

2) Tycrs kpuBasi y(t) 3amaercst Ha miockoctd R?*(z, y) napamerpu-

4eCKUMH ypaBHeHHsiMH = = R cos t, y = R sin t. HenocpenctseHHbI#
nopcyer uHrerpana gaer l(y)! =27R, rne a=0, b=2m, uro, oye-
BHM/IHO, COBIAflaeT C H3BECTHbIM BbIPAXKE€HHEM ISt JJIHHBI OKPYXKHOCTH
pamuyca R.
2. lnuHa KPUBOH B KPMBOJMHEHHOM cHcTeMe KoopauHar. Pac-
CMOTPHM Tenepb MPOU3BOJbLHYIO KPUBOJMHEHHYIO CHCTEMY KOOPAMHAT
B o6s1actu C eBKJIMAOBA MPOCTPAHCTBA, H MYCTh -y (1) — MPOH3BOJbHAS
r1agKas KpuBasi B 3ToH o6sactu. Kak 3anuimercss mjMHa KpPUBOH
~v(t) B 3TOH KPHBOJMHEHHOH cHcTeMe KoopmuHat? [Ipociienum, uro
MPOMCXONUT C KOMIOHEHTAMHM BEKTOpa CKOPOCTH KpuUBOH (i) mpu
3aMeHe KoopauHat. O603HAYMM KPHBOJIHHEHHble KOOPAMHATH Yepe3
2, ..., 2", 1. e. o' =z'(z); Torna no npasuay AU depeHUHPOBAHUS
CJIOXKHOU (PYHKUHM MMeeM

dzi(t) _ dzi(2()) _ — Oz’ 8zF .
=TG-y 5 1<isn,
T. €.
b 2 b n
1= GO0Y g = (55 (3 2 a2y g,

a

b

b
'61:’(1 dz? d dz?
=j\/zzaz o dem Zdt—j S g (2) 2 gy
m,p

i=1

n
o oz
rie GQYHKUMHM g, (z) HMEIOT CIeiylOlMH BHL ¢,,(z) = ) 52" 57
i=1

OueBHgHO, 5TH (YHKUMH CHUMMETPHYHHI MO0 HHAEKCaM m H p, T. €.
Imp = Gpms CHIEJIOBaTEINILHO, HAGOP QYHKUMH g, MOXKET ObITh OPraHM30-
BaH B CHMMETPHUYHYIO MaTpHLy, KOTOPYl0 Mbl OyaeM B AajibHeHIiem
o6o3Hauath yepes G =(g,,). B moayuenHoit Hamm cdopmyne Kosd-
¢uuneHTH MaTpuubl (G mpeicTaBJeHb B BHAE CYMM MPOU3BeJeHHH
3JIeMEeHTOB MaTpHLbl SIKOOH.

B camom nene, dy, , = (g’:) clefoBatesbHO, MaTpuua G npencras-

JISieTCs B BUJe [IPOH3Be/ieHus AByX MaTpul: G=AAT, rne A =dy,,
SlcHo, uro MaTpHua G 3aBUCHT OT KPHBOJHMHEHHOH CHCTEMbI KOOPIHM-
HaT z H Oyner, BooOule rOBOPsi, H3MEHSITbCSI MMPH 3aMEHAX CHCTEMbI
koopauHat. KakoB 3akoH M3MeHeHHs1 MaTpUubl G(z)?
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CpmenaeM elle OfHY 3aMeHy lepeMeHHbIX, NepeHAsi OT HepeMeHHbIX
{z'} K nepemeHHmM {y"} T. €. PacCMOTPHM DeryJisipHylo 3aMeHy
KOOPAMHAT BHJA 2' =z (y y o y™), 1 €4 < n. [1pu 3TOM MBI cunTaeM
{y*} cHOBa KpHBONHHEHHHIMH KOOPIHHATAMH B obnacTtu C.

Torma ko3t duueHTH gmp(z) MEHSIIOTCSI 110 3aKOHY

_ P 9z™ 9t 92 _
gu(y) = 121 lzl 1%: 82™ gy 027 gy

az™ Z P ort\ 8P
=1%ﬁ(2 2™ 3;)'537*2 8y" mp( )

m, p

ay"

r.e. G(y)=dy, ,G(2)(dy,,)".
3AMEUYAHUE. [lna ynpoiieHuss 0603HaueHHH B BRIPaXKEHHsIX BHAA
E a‘b’, rme CyMMHDOBaHHE BelETCs 1O IOBTOPSIOIIUMCS HHIEKCAM,

MBI 6yneM omyckaTh 3HAaK » , W MHCAThb npocto a ‘b*. Tak, Hanpumep,

npuBeJieHHass Bbille ¢opmyna: g,(y) = E —%y—%@,—l 3anuueTcs
i=1

C y4eTOM 3TOro corjauieHus B Buge g,(y) = #—%@,—Z Huorna
Mbl 6yneM o603HauaTh HOBbIE KOOpIMHATBI TaK: z', CTaBs WITPHX
Y HHIEKCOB, 3alIMCAHHHBIX B HOBOH CHCTEME KOODAHHAT; HAlIPUMED, g, .

DyHkuuH g, (2) IMEOT NPO3PAYHBIK reoMeTpUYecKui cMbici. Pac-
CMOTPHM MPOU3BOJbHYIO TOUKy P B 06iactd C' ¥ KOOPAUHATHHE JTHHUH
KPHBOJMHEHHON CHCTEMBI KOOPAMHAT 2',..., 2", NpOXojsiiue uyepes
Touky P. Kaxpass 3 3THX JHHHH MoxeT ObITh 3ajaHa mapaMeTpH-
YeCKHMH ypaBHEHHSIMH BHJA

1 _ s—1 i i+l
Z=c, ..., z = 2=t =z =

s — 19 i+ 1 .oy z

me c¢,, |l < a<n, az#1i, — Takue NOCTOSIHHbE, YTO To4YkKa P
(8 cucteme z) uMeer koopmMHaTH z° =c,, | < a < n. O6o3Hauum
m-10 KOOpAHHATHYI0 JUHHIO udepe3 v,(t), 1 < m < n. Tormga m-a
KOOpJMHATHAs JIMHHSI CHCTEMBl z B CHCTEMe KOOPAHHAT z 3amHILeTcs
TaK: T(Cpy .. vy Cpp_yy 2™ tcm+l,..., n) 1<i<n.

Bexrop cxopoctn 3To#t rmagkoil KpuBo# B TOUKe R HUMeeT KOODAH-

(!
HaThl €= {8 } 1 < i< n. Tak kak g,,(z) = g:p,
Bpra)KEHPIe MOXHO 3amucath B Bufe g, (z) = (€, € P), T. €. QyHKUUH
9mp SIBISIIOTCS] CKAJSIPHBIMU POM3BENEHHSIMH BEKTOPOB, KacaTeJbHbIX
K COOTBETCTBYIOLIMM KOODAHMHATHHIM JHHHAM (puc. 15). 3aMmertum,
UTO MmosyyeHHoe CKaJsipHOE MPOU3BENEHHEe — EeBKIHMAO0BO, T. €. OHO

ABJISIETCS] XapaKTePUCTUKOH 0ObEMIIOLIETO TPOCTPAHCTBA.

TO 3TO XKe
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TeM cambiM, MBI BHIMM, 4TO MaTpHua G (2z) npH 3aMeHax KOOpAMHAT
npeobpasyercsi Kak MaTpHlla KBagpaTH4HOH ¢opMel. B wyacrtHocTH,
€CJTH MCXOAHbBIE KOODAMHATH ObLTH AeKap-
TOBBIMH, TO MaTpuua G sIBASIETCS eNHHHY-
HOi M, cJefoBaTesibHO, B JIO6OH Apyroi
(KpHBOTHHEHHOH) CHCTEMe KOODAMHAT ee
MOXHO 3anucath Tak: G(z) = AEAT, rne
A=dy,,, ecin {z'} — nexapToBB KOOD-
IUHATH (B 9THX KoopauHaTtax G(z)=FE).

[Tpexxne yeM gBUraThCsl fafble, PACCMO-
TPHM IpOCTeHIuHe rpuMepbl (GopMmyn wisi
JJIMHBl KDHBOH B Pas/jMYHbIX KPUBOJHHEH-
HBIX cHcTeMax koopauHaT. [lonmyTHo Mbl
BBIYMC/JMM B SIBHOM BHAe MaTpuuy G s
3THX KPUBOJMHEHHBIX CHCTEM KOODAHHAT.

1) INonsipusie KOOpIMHATH HA ABYMepHOH miockocTH R%(7 ). Ma-
tpuua G(z) B AeKapToBhIX KoopauHarax (z', z?) umeer BHA:

G(z)=((l) ‘1)) . e. gij=5,.j={0’ LET

1, 1=7

Puc. 15

Marpuua fIko6u, yxxe BbIYHC/IEHHAs! BbllIe, HMEET BHJ,

d¢=( cos @ sin ¢ );

—rsinp rcosy
oTCI0fa

G(r, p)=dy(dy)’ =
_ cosp  singp cosp —rsinp)_(1 O
—rsing rcosp singp rcosp 0 r2 )"
CnenoBatesibHO, B MOJNSIPHOH CHCTEME KOODAMHAT [JMHA KPHUBOM, 3a-

naudol B Bupe v(t)=(r(t), v(t)), Brpaxkaercsi no popmy.e
b

7y = S \/ (&) +r2 (%) ar

a

2) Lmnuuapuyeckue KOODAMHATH B TPEXMEPHOM €BKJMIOBOM IPO-
crpaictBe R3(7 ¢, z). Matpuua G(z) B 1N€KapTOBbIX KOODAMHATAX
L z?, 23 G(z)=E. M 6u 6
(z', 2%, 2°) umeer Bupg G(z) = E. Martpuua SIko6u 6Gbl1a yxe BHYHC-
JleHa HaMH Bhillle, OHA HMeeT BHJ

cos sing O

dp=| —rsinp rcosp 0 |;
0 0 1
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oTciola 1 0 0
G(r,p2)=(dyY)dp)" =0 72 0].
0 0 1
CnenoBaTeJbHO, B LHTHHAPUYECKOH CHCTEMe KOOPIMHAT JUIMHA KPHBOH,
3agaHHou B Bune: y(t)=(r(t), p(t), z(t)), Bupaxaercs no popmyne:
: 2 2 2
d d d
I(y)t = S \/(d—:) + 1 (d—f) + (d—:) dt.

a

B kauyecTBe npuMepa PacCMOTPUM BbIYHCIEHHE IHHH BHHTOBOH
JUHHM Ha MPSIMOM KPYroBOM IMJHHAPE, 3afaHHOH NapaMeTpPHUYECKH
ypaBHeHusiMu: 7(t) =R, p(t) = wt, z=qt. Torna

b

I(7): = s VR?*w? + q%dt = (R*w? + ¢*)(b — a).

a

3) Cdepuyeckne KOOPAMHATHI B TPEXMEPHOM €BKIHIOBOM IpO-
crpauctee R3(7 6, ). Marpuua G(z) B [O€KapTOBHIX KOOPAHHATAaxX

I 22, 28 G(z)=E. M SIkobu 6 -
(z', z%, z°) uMeer Bug G(z)= E. Matpuua SIkobu Oblna yxe BbYHC
JIeHa HaAMM BHIIIE, OHA UMeeT BHA!

sin@sinyp rcosfsiny rsinfcosyp

sinfcosp rcosfcosy rsinbsingp
cos 6 —rsin @ 0

oTCI0aa: 1 0 0
G(r, 6, p)=(dy)(dy) = | 0 r? 0 -
0 0 r2sin®6
CrnenoBatenbHo, B cpepHyecKod CHCTEMe KOOPOMHAT [JIMHA KPHBOH,
3anaHHol B Bune y(t) = (r(t), 6(t), ¢(t)), BupaxkaeTcs no popmyJe
; 2 2 2
()t = j \/(j_:) +r? (%) + r2sin? 0 (‘fi—f) dt.

a

WHorma ObiBaer yno6HO BMECTO MOJNHOM [JIMHBH AYTH BHIIHCATh
TOJIbKO sBHYIO (GopMyny Ais AuddepeHuHpoBaHHsT AIMHH OyrdH dl.
B yacTaoctn, B paso6panHbIX BHIIe NpUMepax STH nuddepeHuHany (B
COOTBETCTBYIOLIMX KOOPAHHATAX) UMeloT BUL: (dl)2=(dr)?+r%(dyp)? —
B MOJSIPHOM CHCTeMe KoopauHat Ha muockoctd; (dl)? = (dr)? +
+ r%(dp)? + (dz)? — B unMAHHApHYECKOH cucTeMe KoopmuHat B R3;
(d]fk )32 =(dr)®+r2(df)?+r? sin? § — B chepuyeCcKOii CHCTeMe KOOPIHHAT
B
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3. IlonaTne PpUMAaHOBOH METPHKH B 00JaCTH €BKJIHMIOBA IPO-
cTpaHcTBa. Mbl CONOCTAaBHIH KaXXAOH KPHUBOJHHEHHOH CHCTeMe KO-
opauHaT z B obaacty C raagkyio Matpuunylo o¢yskuuio G(z), npe-
o6pasyomyiocsi Ipy 3aMeHe KOOPAMHAT, KaK KBajpaTHyHas ¢opMa (B
Kaxo¥ Touke). Posib 3TOro Habopa MaTpuyHEIX QYHKIMI 3aKI0YaeTcst
B TOM, YTO €ro 3ajaHHe I03BOJSIET BBHIYUCJIHTb [JMHHBI KDPHUBBIX B
KPHBOMHHEHHBIX CHCTEMAaX KOOpAMHAT. BblieNMM M3 BceX CBOHCTB
aToro Habopa MaTpHYHHIX (GYHKUHE CBOHCTBO NpeoOpa3oBLIBAaThCS,
KaK KBajpaTHyHas ¢opMa (B Kaxmod Touke). PaccMoTpuMm Temepn
IIPOM3BOJIbHbEIE HAOOPHI, YIOBIETBOPSIIOLME ITOMY CBOHCTBY.

Onpepenenne 3. Mbl cKaxeM, 4TO 3aJlaHa pUMAHOBA MemMpuxKa
B obnactu C eBKJIHMIOBA IPOCTPAHCTBA, €CJIH B KaXJOH peryssipHoH
CHCTeMe KOOpAMHAT z!,..., 2" onpenejed HAabop TJIaAKHX GYHKIHI
Imp(2', . .., 2") TaKuX, YTO:

1) 9,,(2) = g, (2) —T. €. MaTpuua G(z) CUMMeTpHYHa;

2) marpuua G(z)=(g,,,) HEBHPOXKEHA H MOJOXKHUTEJIbHO OTpesese-
Ha;

3) npu 3aMeHe CHCTEMbl KOOpAMHAT z — y Martpuua G(z) mpe-
obpasyercst no npasuiy G(y) = dy¥G(z)(dy)" (HanoMHHM, YTO Ml
paccMaTpHUBaeM TOJIBKO PeryJ/sipHble 3aMeHbl CHCTEM KOODAHHAT). 31ech
yepe3 di) o6o3HayeHa Martpuua SIkoOM 3aMeHbl CHCTEMBI KOOPAHMHAT
dy, ,.

Onpepenenne 4. Ecau B obnactu C 3amaHa pUMaHOBa MeTPHKa
G(z) =(g;), u B cucTeMe KoopauHAaT (z‘) 3amaHa rJafKas KpUBas
v(t) ={z'(t)}, To ee Oaunoil or Touku y(a) KO Touku 7(b) HA3H-

BaeTCsA 4YHCJIO b

Iy = S 9;(2) (di(;tﬁ)?dt.

a
Eciu B Hekotopoit Touke P € C nepecekaioTcsi Jse IN1afiKue KpHUBhIE
() 1 %(t) (rakue, uto 7,(0) =%(0) = P; 4,(0) #0, %(0) #0), To
YIJIOM MeXJy HUMH (B JaHHOH PUMaHOBOH MeTpPHKe) Ha3bIBaeTCst TaKoe
YHCJIO ¢, YTO dzi (t) d=g ()
95(2)—gr 4t
dzf (t) dzf (t) dzi (t) dZ(t)

9% ~a —a V%D Ta "a

JlaHHoe BhILIE oONpefeNeHHe PUMaHOBOH METPUKH MOXHO Terepb
copmyupoBaTh B Gosee HHBAPHAHTHHIX TEPMHHAX, He amnesIHpys K
SIBHOW KOOPAMHATHOM 3alHCH METPUKH. A UMeHHO, 3afaHHe PHMaHOBOH
METPHKH I03BOJISieT OMNpeNeMTh KBafpaTHinyo dopmy (, ),, onpene-
JeHHYI0 (B KaXIOH Toyke o61acTH) Ha MHOXKECTBE BCEX BEKTOPOB,

cos p =
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KacaTesNbHbIX K IVTafIKHM TPAEKTOPHSIM, NPOXOASIIIAM Yepe3 3Ty TOYKY.
B camom nene, eciu v,(0) = P = ,(0), rae P € C, 10 ansi BEeKTOPOB

€ =7(0) u 7j =4(0), e £ =(&',...,£"), Hi=(n',...,n"), MoxHO
MIOJIOXKHTh: (ﬁ 7),=9:;€'n’. OTMeTHM, YTO KOOPAMHATEI BEKTOPOB &, 7
BLIYHCJISIOTCS B CUCTEME KOOPAHHAT 2, .. ., 2.

Jemma 2. Omobpasenue £,7 +— (£, 7), 3adaem HesbLpoHcOeH-
HYIO, NOAONHCUMEAbHO OnpedeleH Y0 K8adpamuiryro popmy, eAadko
3a8UCAULYIO OM MOUKU.

NoxasarteabcTso. CuMMeTpusi U OUJIMHEHHOCTb OCTPOEHHOTO
oroOpaxkeHusl cJelyeT U3 onpepeseHus: 3. YOenuMcss B TOM, YTO 3TO
COOTBETCTBHE onpefensieT OunnHeiHyio dopMy. CinenaeM peryssipHyio
3aMmeny koopauHar {z'} — {z%}. Torna

n(t)={z(t),..., Z{‘(t)}, %(t)={z(t),..., z'(t)},

E,-: _ dzli _ 9z* dzl _ i 32 i Oz‘ 827
dt 8Zi 7’ z "7 bl gi’j’ az az] g
Orciona
", .., o o 9t Oz _
£y = 97" = 52595 az e =

2\ ([ 827 o7 i (F. 7
k) (ﬁé) 9;;€ 77p_5k5]9ij£k’7p:gij£ n]:<£’n>9’

(ﬁ,i)‘)g AeHCTBUTENbHO sIBAsieTCS] GHIMHEHHOH (popmoﬁ. Ipn

ozt
JIOKa3aTeJbCTBE Mbl BOCIIOJIb30BAJHCh TE€M, UTO Zz az ==& 10
BbITEKaeT u3 Toro, 4yto (dy )(dy)'=FE. 0O

Takum o6paszoM, onpeneneHue pUMaHOBOH METPHKH MOXHO [aBaTh B
CleNyoMX TepMHHAx: 6yneM roBopHTb, YTo B obsactu C eBKIMAOBA
TNPOCTPAaHCTBA 3aJaHa PUMaHOBAa METPHKA, €CIH B KaXOOH TO4YKe
obnactu 3agaHa 6uuHerdHas GopMa (cKansipHoe POU3BENEHHUE), Onpe-
JlesieHHasl Ha BEKTOPaX, KacaTeJbHbIX K IVTaJIKUM KPHBbIM, IPOXOAS UM
yepe3 3Ty TOYKY, mpuyeM (opMa HEBHIPOXKIAEHHAsI H IOJOXKHTENbHO
onpepeJeHHasl.

U3 neMMbl 2 BHTEKaeT 3KBHBAJEHTHOCTb 3TOTO OMpe/eeHHUsI ¥ olpe-
Aenenust 3. B 4yacTHOCTH, U3 1eMMHBl 2 BHITEKaeT HE3aBUCHMOCTb [/THHHEI
IJ1aiKo¥ KPUBO# OT BbIGOpPAa KPUBOJUHEHHON CHCTEMB KOOPAMHAT (ec/u
PrMaHOBa MeTpHKa ()UKCHPOBAHa, T. €. €CJM OHA 3aJjaHa B KaKOU-TO
OJIHOH cucTeMe KOOPAMHAT W mnpeobpa3yeTcsi NpH 3aMeHaxX KOOPAMHAT
0 YKa3aHHOMY BbILIE [PABUIY).

CymecTByioT nu puMaHoBu MeTpuku? [IpuMep MH yxe npusesu
Boiie. B caMoMm pene, eciu B obsactu C B HEeKapTOBOH CHCTeMe
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KOOpAMHAT, z',...,z", 3a1aTh MaTpHUy G(:c)=(5i].), TO TOrga B
JII060¥ APYroil KpHBOMMHEHHOH CHCTEME KOODAMHAT Z, MoJyyanmencs
M3 JeKapTOBOH CHCTEMbl KOOPAMHAT T PEryJsipHOH 3aMEHOH, MOXXHO
no onpefieleHHIo noJoxuTh G(z2) = dyG(z)(dy)" = (dy )(dy)T, rae
dyp — marpuua Slkobu nanHo# 3aMmennl. [locKOJBKY, OYEBHMMOHO, JIIO-
6asi peryJspHasi cHCTEMa KOOPAMHAT z MOJy4YaeTcsi M3 AEKapTOBOH
CHCTEMbl KOODAMHAT pery/sipHOH 3aMeHOH (CM. BhILIEe ONpEeNeJeHHE
PeryJisipHO# CHCTEMbl KOODAHHAT), TO TEM CAMHIM MBI ONpPENEJHIH B
TIPOH3BOJIHOHM PeryJIsipHOH CHCTeMe KOOPAMHAT MAaTPHUUHYIO (PYHKLHIO
G(z). Y3 npoBeieHHEIX pacCy>XIeHHH BHITEKAET, UTO BCe ycJoBHs 1)~
3), KOTOPHIM [OJXKHA YNOBJIETBOPSITb PHMAaHOBAa METPHKA, BHINOJHEHH.
B camoM pene, cBoficTBa 1) u 2) npoBepsloTCSl HENMOCPEINCTBEHHO U3
onpenenenust G(z); cBoicTBO 3) caenyeT U3 TOro, YTo MaTpHua SIko6u
KOMIIO3HIMH JBYX 3aMeH KOOpPJAMHAT paBHA MPOM3BENEHHIO MAaTPHI]
Slkobu KaxgoW u3 STHX 3aMeH di, , =dy, ,dy, ,. TeMm cambm
MBl ONpEJeJIMIM PUMaHOBY METPHKY, 3a[JaHHYI0 B 00JaCTH €BKJIMMO-
Ba NPOCTPAHCTBa. JTa METPHKAa SIBNSIETCS €BKIHIOBOH METPHKOH, H
KBafipat qubdepeHLHana gyru raagkon l'prBOif'l B IIEKapTOBOH CHCTEMe

KoopAuHAT 3anuckBaetcs TaK: (dl)? =) (dz')?. OnHako eciu 3apana

“~

NPOM3BOJIbHAS PMMAHOBA METPHKA, TO HE CJefyeT AyMaThb, YTO MyTeM

MOAXOASIIEH 3aMeHH KOOpAMHAT B obsactu C 3Ty METPHKY MOXHO
n

npuBeCTH K Bugy Y. (dz*)?.
i=1
Onpeaenenue 5. Pumanosa Metpuka G, 3ajanHas B o6aacTu
C, uasnBaercsl eskaudosol, eciu B C cymecTByeT Takasi (BooOie
roBOpsi, KPHBOJIHHEHHAs1) CHCTEMAa KOODAMHAT Y, B KOTOPOH MaTpHLa
G(y) cTaHOBUTCS eUHUYHOH MaTpHLEH.

Ecau 3agaHa eBKIMIOBa MeTPHKA (OTHOCHTEJBLHO HEKOTOPOH CHCTe-
Mbl KOOPAMHAT), TO MOXHO ONMCATh BCE APYTrHe CHCTEMbI KOOPAMHAT,
B KOTOPHIX 3Ta METPHUKA TAKXe SIBJSETCS €BKIHIOBOH (TAaKHX CHCTEM
MHOro). JTO ONHCaHHE Mbl JalMM 3HAYHTENbHO II03XKe, MOCKOJBKY
He pacrojiaraeM B JaHHHIH MOMEHT HeoOXONMMBIM annaparoM s
pelleHus: 3TOH 3afayH. 34eCh OTMETHM TOJIBKO, YTO BCE TaKHe CHCTEMBI
KOOPAMHAT MOXHO MONYYHTb M3 OIHOH CHCTEMH IyTEM BpalleHHI,
CIOBHIOB M OTPa)KEHHUH B €BKJIMIOBOM IIPOCTPAHCTBE.

CyuecTBoBaHHe HEEBKIHAOBHX METPHK, T. €. TAKHX, KOTOPbIE HE MO-

n

ryT OLITh IpUBEJIEHH K BUAY Y (dz')? HH B KaKO# CHCTEMEe KOOPAHMHAT,
=1

NOKAa HHOTKYZA He cjiefyeT. B HaHHHIA MOMEHT MBI He MOXKEM yKasaTb

TaKyl0 PUMaHOBY METPHKY, O KOTOPOH C OTIPeNe€eHHOCThIO MOXHO OBLIO

66l yTBEpPXJaTbh, YTO OHA HeeBKIWAOBA. MIHTYHTHBHO SICHO, 4TO LJS
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oGHApYXXeHHsI TaKOH METPHKHM CJefyeT HAMTH KaKue-TO WHBAPHAHTHI
MeTpPHK, COXPaHSIIOIHeCs: PH PeryJIsipHLIX 3aMeHax KoopauHat. Torza
MBI MOTJIH Obl OGHAPYXKHTb HEIKBHBAJIEHTHOCTDb ABYX METPHK, CPAaBHHB
MX HHBADHAHTHl M BbISICHUB, YTO 3TH MHBApPHAHTH Pa3/HYHbL. TaKue
MHBApHAHTHl JEACTBHTEJbHO CYIECTBYIOT, H BCKOPE MBI HX ONMpeJETHM.
TosbKO TOrA@ Mbl CMOXEM CTPOro [0Ka3aTb CYIeCTBOBaHHE HEEBKJIH-
IOBBIX METDPHK, OnpelejieHHbX B 06/1aCTH €BKJIHAOBA MPOCTPAHCTBA.
Kak GOm0 oTMeyeHo paHee, €BKJIMIOBA METPHKA, 3anMMCcaHHas B
POU3BOJIbHOM CHCTEMe KOOPAHHAT Z, TepsieT CBOH NIPOCTOH «eBKJIHIOB»
BUJ M 3amaercs Mmarpuued G(z), pacrnosHaTb B KOTOPOH €BKJIHAOBY
METPHKY He TaK-TO IIPOCTO, 0COOEHHO eCJIM Mbl He pacrosaraeM KaKiMu-
AM60 WHBapHAHTAMHM, PA3JHYAIOUIUMH Da3JHYHble METPHKH (T. €. He
nepexofsiuye APYr B APyra npH Moaxofsiuei 3aMmeHe koopauHar). [Toc-
MOTDHM, KaK 3alHChIBaeTCsl €BK/JIHAOBA METPHKA B MPOCTEHLIMX KpPH-
BOJHHEMHBIX CHCTEMAaX KOOPAMHAT, YKa3aHHHX Bhile. Yacto GniBaer
yno6HO 3anuchiBaTh He MaTpully G(z) PHMaHOBOH METPHKH, a KBaJpar
aubdepeHInana LIMHEl AyTH TafKol Kpusoi: (dl)? = g, (z)dz'dz’.

1) MonsipHasi cucreMa KOOpAMHAT HA MuocKocTH: dl? = dr? + r2dyp?.

2) Uununapuyeckue KOOPAMHATH B TPEXMEPHOM IIPOCTPAHCTBE:
dl? = dr? 4+ r2dy? + d22.

3) Cdepuueckue KOOpAMHATH B TPEXMEPHOM NpocTpaHcTBe: dl? =
=dr? + r2(d6? + sin® 6dy?).
4. UapeduHUTHBIE MeTPUKHU. J[0 CHX MOp MBI UMeJH AEJIO TOJBKO
C MOJIOXKHTENILHO OMNpeejieHHEIMH MEeTPUKaMH, KOTOPhle ME Ha3hIBaJIH
puMaHOBLIMH. B yacTHocTH, Bce pa3o6paHHble HAMH NPHMEPHI SIBJSIOT-
Cs1 MOJIOXKHUTEJILHO Ornpefie/ieHHBIMH MeTpHKaMHi. OHAKO B MPHJIOXKEHH-
SIX YaCTO BCTPEYAIOTCS] TAK Ha3blBaeMble HHIE(GUHHTHHIE METPHUKH.

Onpepenenne 6. Mbl ckaxeM, 4To 3ajiaHa uHOedurumHas me-
mpuka B obisactu C eBKJIMAOBAa NPOCTPAHCTBA, €CJAH B KaXKIOH
peryJisipHO#t cuCTeMe KOOpAHMHAT z', ..., 2" onpeneneH HaGop riagKux
Gynkumi {g,,(z',...,2")}, ynoenerBopsomux BceM TpeGOBaHUSM,
HaJIO)XeHHBIM Ha pPHMaHOBY MeTPHKY (CM. ompejeseHue 3), KpoMe
TpeGOBaHHsI MOJIOKHUTEJNLHON ONPENeNeHHOCTH, T. €. COOTBETCTBYIOLIAsI
KBazipaTHyHasi popMa siBisieTCs] HHAEDHUHHUTHOM.

B kayectBe npocreiiiero npuMepa MHAEPHHHTHOM METPHUKM pac-
CMOTDHM TaK Ha3blBaeMhle MCEBJOEBKJIHIOBb METPHKH HHIEKCA S B
NCeBROeBKIMAOBHX mnpocTpaHcTBax RI. Jlns mocTpoeHust 3Toit Me-
TPHKH JOCTATOYHO PaccMOTpeTh OObIYHOE EeBKIMAOBO MPOCTPAaHCTBO
R", orHecenHoe K JekapToBHM KoOpAMHATaM x!,..., ", W 3amaTh
B Kaxmoit Touke P € R™ ciemyomywo GuiuHeiiHylo dopMy (¢ Tmo-
CTOSIHHBIMM, T. €. He 3aBHCSUIMMH OT TOYKHM KO3(h{(HIHEeHTaMH):
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(€,7),=— E ' + Z ¢in7. Torna ans mo6oit rIajgkoi KpHBOH
j=s+1
y(t)={z* (t)} 1 €7 < n, AMHA OyrH BhIpaxkaeTcs no GopMmyJe

b
s i j
b dz dx
k= yf-5 (%) + 5 (%) a
i=1 i=s+1
a
[Ipn n =4 nceBmOeBKIHAOBO NMPOCTPAHCTBO HHAeKca | HasniBaeTcs
HHorzna npocmpancmeom Munkosckozo (B crieMajbHOH T€OPHH OTHO-
CHTeNbHOCTH); MHl TaKxe GyneM paccMarpuBath npoctpancrsa R? u R2.
OTMeTHM, YTO MCEBAOEBKIHIOBO MPOCTPAHCTBO MHAeKca 0 coBnapaer
C OOBIYHHM €BKJIHAOBHIM MPOCTPAHCTBOM.

3AMEYAHHUE. Hayuenue npocrpancts R _, cBoguTCs B HEKOTO-
pPOM cMHICJIe K H3y4eHHIO mpocTpaHCcTB R, MOCKONbKY BCe [JIHHBI B
R} _, MOXXHO YMHOXHTb Ha ¢ (MHUMasi eUHHLA); Toraa ¢opma (, ), _
npespamaercsi B popmy (, ),. [TosToMy 6ynem ajisi IpOCTOTH CYHTATD,

YTO BHINOJHEHO HepaBeHCTBO s < [n/2].

Kak u B o6eryHOM €BKJIMAOBOM IDOCTPAHCTBE, AJHHA BEKTOpa f B

npoctpanctse R® onpegensiercs o dopmyse |€|, = Y (€, €),, onnako
B R}, B orsmune ot R", LIUHB BEKTOPOB MOryT ObITb HYJEBBIMH
¥ MHHMEMH. B camom gene, Tak kak ¢opma (, ), He sBiIsieTcs
TIOJIOXKMTEJIbHO OrpeesieHHOH, TO MHOXecTBO Bcex BekTopoB & € R,
BHIXO/ISILUMX, HanpuMep, M3 Hayala KOOPAMHAT, pasbuBaercs Ha cie-
RylolMe TPH HernepeceKalOHecs: MOAMHOXeCTBa: (€,€),<0 (8pe-
MeHunoOobHbie BeKTOpHI), (&, £ ), =0 (csemosvle nau usomponuote
BEKTOpHL), (E € ) >0 (npocmpancmsennono0obHble BEKTOPH). ITO
06CTOSITENIbCTBO BhI3LIBAET NOSIBJIEHHE BEKTOPOB, HMEIOIMX HYJEBYIO,
BellleCTBEHHYIO H YHCTO MHUMYIO A1HHY. B camMoM nese, BpeMeHunono6-
Hble BEKTOPH HMEIOT YHCTO MHHMYIO [JIHHY, CBETOBHIE (H30TPOMHbIE) —
HYJIEBYIO, a IPOCTPAHCTBEHHONOAOOHHE — BEIIECTBEHHYIO JUIMHBI. DTH
TPH THIIa BEKTOPOB OTHEJEHH APYr OT APyra H C TOYKH 3PEHHs] HX
pacrojioxxeHus1 B mpoctpaHcrBe. OmnuiueM 3To pacrnpejeseHue st
BEKTOPOB, BBHIXOJSLIMX M3 Hayana KoopAuHaT. M3 onpepeneHust BuAHO,
YTO M30TPOIMHbIE BEKTOPHl 3aMOJNHSIOT KOHYC

- Z(ﬂC Y+ Y (aif=
j=s+1
C BepmﬂHOﬂ B HayaJsie KOOpMHaT; BpeMeHPmOILOGHhIe BeKTOpH paC'
ITIOJIO2KEHbI BHyTpPl KOHyca, T. €. B €ro II0JIOCTH, OnpeneJIﬂeMoﬁ
KOOpﬂHHaTHOﬁ MJIOCKOCTbIO (:L'l, ooy :L"), a HpOCTpaHCTBeHHOn0n06Hble
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BEKTOPHl PACIOJIOXKEHbl BHe CBeTOBOro Kouyca (puc. 16). ¥Yxe ogno
3T0 06CTOSITENILCTBO 10KA3bIBAET, YTO HHAE(DHUHUTHAS METPHKA onpeje-
JISieT 3HaYHTeNbHO 6ojiee pPa3HOOOPA3HYI0 reOMeTpHIO (B METPHYECKOM
CMBLICJIE), YEM €BKJIHIOBAa MeTpPHKa.

3AMEUYAHUE. B npocrpanctse Munkosckoro R} (B cneuuasnbHoi
TEOPHH OTHOCHTENbHOCTH) H30TPOMHBIA KOHYC LIEJIMKOM COCTOMT H3 TaK
Ha3blBaeMbIX CBETOBBIX BEKTOPOB £ (1. e. (f f)l =0) u Ha3nBaercs
CBETOBHIM KOHYCOM, TaK KaK Jyd CBeTa, BBINYLIEHHHH H3 Hayaja
KOODAHMHAT, 6yeT pacnpocTpaHAThCS MO OXHOM M3 06pa3yIOlMX 3TOro
KOHYca (B IPEANOJIOXKEHHH, YTO B KauecTBe KOOpAMHATH z' BhIGpaH
napamerp ct, rae ¢ — nocTostHHasi, 0603Hay4awIas CKOPOCTb CBETa).

Kak u B eBKIHIOBOM NPOCTPAHCTBE, Mbl MOXKEM Terephb ONMpeeNHTh
OAuny m000H IyaaKoH KPHBOH B MCEBIOEBKIHIOBOM MPOCTPaHCTBE
R? uHOEKca S, MOJIOXKHB 1], =0

=

l,(7)ﬁ=§ v{(7,7),dt. Or-

JINYHE OT eBKJIMI0BA CJy-
4asi COCTOMT B TOM, YTO
HEKOTOpble KpHUBBHIE MO-
TyT UMeTb HYJIEBYIO, YH-
CTO MHHMYIO H KOM-
IJIEKCHYIO [IuHY. B ca-
MOM JeJie, B CHJIYy af-
OUTHBHOCTH HHTerpasia
BIOJIb KPHBOH €ro MOX- Puc. 16

HO pa3buth B CYyMMY

HEeCKOJIbKHX cJlaraeMbiX (HONMYCTHM JJIst MPOCTOTHI, YTO YHCJO cJjara-
eMbIX KOHEYHO), KaXKJoe M3 KOTOPHIX XapaKTepH3yeTcsi TeM, 4YTO B
KaXXJI0H TOYKe BBHIJEJEHHOro OTPe3Ka KPUBOH CKaJsipHOe pou3BeieHHe
(v, 7), He MeHsieT 3HAKA (MOXKHO BBIIEJIUTDb TAKXKE OTPE3KH, HMEIOIIHe
HyJseBylo niauHy). Torma B obiieM ciayyae AJMHA KPHBOH MOXeT GBITh
3aMMCaHa KOMILJIEKCHBIM YHCJIOM.

Bosbiryio posib B MCTOpDHH pPasBUTHsI HAaYKH ChIrpajio MPOCTPaH-
ctBo R{, BBemeHHoe pisi Gosee YHOGHOM 3amMCH HEKOTODPHIX 3¢-
(bekTOoB crneuuanbHOM TEOpHH OTHOCHTeJleOCTH. OtHeceM mpocTpaH-
ctBo R! x KOOpAHHATaM =ct, z' =z, 2=y, 3=2, 1. e
dl? = —c?dt? + dz? + dy?® + d22. 311ec1, t — BpeMsi, ¢ — CKOPOCTb CBeTa.
paCCMOTpHM B R} opropenep €, &, €&, €, (OTHOCHTEJIbHO eBKJIHJ0BOH
MeTpuku R*, Kotopoit cHa6xeHa Mofesb npocTpancTsa Ri, coMernen-
Hasl B 1eJIsiX HArJIsIAHOCTH H3JI0XKEHHSI C €BKJIHIOBHIM YeThIpexXxMePHbIM
npocrtpaHcTBoM). PaccMOTpPHM Tak Ha3blBaeMyl MUPOBYIO AUHUIO
KaKOH-HHOYNp MaTepHanbHOM uYacTHUBl +(T); 9Ta JMHHS SBJASETCS
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rnankoi Tpaexkropueit B npocrpaHctse Ri. Ecim koopmuHath z, y, z
TPAaKTOBaTh KaK MPOCTPAHCTBEHHbIE KOOPAMHATHI, TO TOrA ABHXKeHHe
YacTHUBl [0 3TOH TPaeKTOPHH ¥(T) MOXHO HHTEpPIPETHPOBATH KaK
3BOJIIOLMI0O B TMPOCTPAHCTBE H BO BPEMEHH HEKOTOPOH MaTepHalb-
HOH TOYKH, MepeMellaoleics B
TpPeXMepHOM eBKJIHIOBOM POCTPaH-
crBe. [lycte 7 — Kak u paHb-
e, KacaTeJbHHH BEKTOp K Tpa-
ekTopud ~y(7) B Touke T. To-
rIa MOCKOJbKY B CrHEUHaJbHOH Te-
OPMH OTHOCHUTEJILHOCTH MPHHHMA-
ercsl MOCTYJaT, COIacHO KOTOpO-
MY HHKAaKOH CHTHal He MOXeT
PacrpocTpaHATbCSI CO CKOPOCTBIO,
NpeBHILAONIEH CKOPOCTh CBeTa C,
t0 cdt > \/dz? +dy? + d2?, rHe
(cdt, dz, dy, dz) — KoopauHaTh bec-
p . KOHEYHO MaJIOro BeKTOpa CMelleHHsI
uc. 17. MupoBoit UM, H306paKeH-
HOW B HIDKHel! YaCTH pUCYHKa OuTh e ~ BAOJIB TPAGKTOPHH 7y(T) B Hampas-
MOXeT JeHHH KacaTteJbHOro Bekropa (7).
WMHpMu cnoBamu, miuHa J060ro mMyTH OUEHHBAaeTCsl CBEPXY TeM
paccTosiHHeM, KOTOpOe yCleeT 33 NaHHbIH IPOMEXYTOK BPEMEHH MpOH-
T ay4 cBera. OTcioma MBI MoJydaeMm, YTO BAOJb MHPOBOH JHHHH
~(7) n0601 MaTepHaNbHOH YACTHLBI BCEera BHIIOJIHEHO COOTHOIIEHHE
—c?dt? +dz? + dy? + d2? <0, 1. e. (y(7),¥(7)); <0. D10 03Haua-
eT, 4TO KaXKABIH KacaTeJbHBIH BeKTOP K MHPOBOH JHHHH sBjsieTCS
BpeMeHHUNofRo6HbIM BeKTopoM. OTciofa ciefiyet Takxke, YTO MHPOBasi
JIMHHSI MaTepHaNbHOH YacCTHUH BCErga MMeeT YHCTO MHHMYIO IJIHHY.
B wactHocTH, MHpOBas JMHHS LEJIHKOM paclpOCTpPaHsieTcsi CTPOro
BHYTPH CBETOBOrO (M30TPONHOr0) KOHYca, HMEIOLIEro CBOEH OChI0 OCh
t. DTO ycnoBHEe [OMKHO BHIIOMHSThCS B KaXKAOH TOYKE MHPOBOH
auHun (puc. 17). HamomHuM, YTO H30TpOmHBI KOHYC OmpefeneH B
KaXJIOW TOYKe ICeBIOeBKIHAOBA npocTpaHcTBa. K Gosee mompoGHOMY
M3y4EeHHIO TeOMETPUH MPOCTPaHCTBA MMUHKOBCKOro Mbl BEpPHEMCsl B
ClenyOIHX naparpagax.

3agauu k § 2

1. IpoBeprTh, U4TO AMHY KPMBOH MOXHO BBIUMC/IATH Kak Mpefes AJMHH JIOMaHHIX,
KOTOpLIE COCTOSIT H3 OTPE3KOB, COEAHHSIOIMX [10C/Ie10BaTeNbHO KOHEUHOe YHCI0 TOYeK
Ha KPHBOH, KOTa MaKCHMa/bHas I/IHHa OTPE3KOB CTPEMHTCS K HYJIO.

2. JlokasaTb, YTO B €BK/IMJOBOM MNPOCTPAHCTBE MpSIMOJHHEHHBI OTPE30K HMeeT
MHUHHMAaNBHYIO AJIMHY CPead AJHH KPUBhIX, COEAHHSIOMX 1BE TOUKH.
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§ 3. FeomeTpua Ha chepe, NIOCKOCTH

Jlnsi Hayajsa paccMOTPUM ABYMEDHYIO eBKJIHIOBY IJIOCKOCTb, OTHe-
CEHHYIO K J€KapTOBbHIM KOODAWHATAM Z, Yy H CHaOXeHHYIO eBKIHI0BOM
metpukoil dl? = dz? + dy? (oTMeTHM, YTO HHOrAA AJisi 0GO3HAYEHHsI
GeCKOHEYHO MaJioro 3JeMeHTa [AJHHBI AyTH [JIafKOH KPHBOH HCIIOJb3Y-
10T Hapsay ¢ di? Takxke cuMBoa ds?; Mbl GyJieM M0J1b30BaThCsT 060HMH
5THMH 0003HaueHHSIMH). JTa PHMAaHOBA MeTpHKa (ee MOJOXKHTeNbHast
oTpefeNeHHOCTh_OYeBH/HA) TOPOXKAAET COOTBETCTBYIOlIEE CKAJNsIpHOE
npou3sefierne (€, 7) = &'n' + £2n?. 3agaHue cKansipHOro mMpoH3Befie-
HHSI €CTECTBEHHO MOPOXKAAeT [OHATHE OKPYXKHOCTH KaK MHOXeCTBa
TOYEK, SIBJSIIOIMXCS] KOHLAMH BeKTopoB MiuHbl R. Ecium BBectn
NONSIPHBIE KOOPAMHATH HA IIJIOCKOCTH, TO TOTZId OKPYXHOCTH € LIEHTPOM
B TouKe O OKaXyTcsl KOODAMHATHbLIMH JHHHMSIMH BHAA 7(t) = const.
B nosisipHo# cHcTeMe KOODAMHAT GECKOHEUHO Masblii 3JeMEeHT AYTH
OKPYKHOCTH paBeH rdp.

PaccMoTpuM Temepb cTaHOAPTHOE BJOXEHHe AByMepHOH cdeph B
TpexMepHoe MPOCTPAaHCTBO, OTHECEHHOe K JIeKapTOBbIM KOOPAHHATaM
Z,y, 2 B BHIE MHOXECTBA TOYEK, SIBJASIOIIMXCS KOHLAMH BEKTOPOB
anuHe R, Buixomsmux u3 Touku O. Ilpexpme uyem nepexomutTh K
Gosee moppo6HOMY H3YUeHHIO TeOMeTPHH ABYMepHoit cdepsl, ocra-
HOBHMCSI Ha ciemyiomeM ofmeM Bompoce. JlonmyctuM, uto Ha cdepe
S? pacrionoxeHa Kakasi-TO IMafKasi Kpusast y(t), W mycTb Hac HHTe-
pecyeT 3amaya O BHIYMCJIEHHHM IJIMHB 5TOH KDHBOH (MM ee 4acTH).
[Tockonbky cOOHTHSI MPOUCXOAAT B E€BKJIHIAOBOM IPOCTPAHCTBE, TO
MOXXHO DacCMOTpeTh 0OBEeMJIOUIYI0 TPEXMEPHYK eBKJIHIOBY METPHKY
ds? = dz? + dy? + dz?, 3anucaTh IIafKyl KDHBYIO B NapameTpuye-
ckoM Bume Y(t)= (z(t),y(1), 2(t)) H BHYHUCIUTL HHTEPECYKILYIO
Hac BeJHYHHY 110 pelenTaM, H3JOXKEHHBIM paHee. TodHO Tak Xe
MOXHO [MOCTYMHTb, €CAH Mbl XOTHM H3MEDHTb YroJ MeXIY IBYMS
nepecekaomumucst Ha cdepe S? kpusniMH, v,(t) ¥ (%) (xorma
ofe KpuBLIe LEJHKOM Jexar B chepe S?). st 3Toro HyKHO HaHTH
AeKapTOBbl KOOPAHHATH BEKTOPOB 7, H 7, (B TPeXMepHOM €BKJIHIOBOM
NpocTpaHcTBe) U, CHOBA UCIIONb3Ys 00 BEMIIONLYIO eBKIHAOBY METDPHKY,
BBIYMCIIUTL 3TOT YTOJ.

OnHako npu 3TOM cefyeT 3aMeTHTb, YTO BCE 3TH BHYHCIEHUS
UCTIOJb3YIOT TONBKO CBOHMCTBA €BKJIHIOBOH METPHKH, COCPENOTOYEH-
HOM B HenocpencTBeHHo# 6au3ocTd oT chepu S2. UHpiMH cioBamy,
MOXHO 6bu10 OBl C caMOro Hayaja pPaccMOTPETh €BKJIHAOBY METDHKY,
COCPeoTOUeHHYI0O TOMBKO B TOYKaX ABYMEPHOH cdephl, H 3amucaThb
STy MeTpMKy B B TepMHMHaX KOOPAMHAT Ha 3tol cdepe. ITockosbky
Chepa S? 3amaercs B R® omHEM ypaBHeHHEM, TO, CJI€LOBATENBHO, YHCIO
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napaMeTpOB, ONMHCHIBAIOIIMX I0JOXKEeHHe TOYKH Ha cdepe, paBHO ABYM
(T. e. Ha egMHHIly MeHbllle, YeM COOTBETCTBYIOIee YHCJIO NapaMeTpoB
B TpexMepHOM npoctpaHcTBe). Oco6eHHO HAIMISIAHO 5TO BUIHO, €CJH B
R® BBeseHbl cpepuyeckre KOOpAUHATH T, B, . Torna aBymepHas cdepa
pagvyca R 3amaercsi OfHUM ypaBHeHHeM T = R, R = const.
BolunciuM B SIBHOM BHe CKansipHoe NPOU3BeleHHe IBYX BEKTOPOB,
KacaTesbHbIX K KDUBbIM, LIETMKOM JieXKamuM Ha cdepe S? (4 TeM caMbiM
SIBJSIIOIIMXCSI KacaTenbHEIMU K chepe). [Tyets v, () =(R, 0,(t), ¢, (1)),

Y(t) = (R, 6,(1), @y(t)). Torma %,(¢) = (0, 6,, $1), %(t) = (0, b, &),

T. €.

(T1> 1) = R2(6,6, + sin® 6(t) ¢, ),
roe (6(t), ¢(t)) — KoOpAMHATH TOYKH MepecedyeHHusl KpUBhIX 7, (t) U
Y(t).

Otciona BHAHO, 4YTO BHIYMCJIEHHOE HAMH CKajsipHoe MpOU3Be-
IeHUe COBMajaeT Co CKalsApPHHIM IIPOM3BENEHHEM JBYX BEKTO-
pos, (6,,¢) u (6,, ,), OTHOCHTENBHO HOBOH OWITHHEHHOH ¢op-
Ml R2(6,6, + sin® 0(t)¢,p,)- dta Gunuueiinas dopma ompenensier
KBampaTHuHyio (opmy R2(d6? + sin® dp?), nomyuyaomyiocs M3 Co-
OTBETCTBYIOIEH KBaZPaTHYHOH (OPMBl B €BKJIHMIOBOM IPOCTPaHCTBe
dr?+r%(d6%+sin® 0dp?) myTem NONCTAHOBKHU B Hee BMECTO IepeMeHHbIX
7, 0, ¢ HOBrIX QyHKUMA oT 6, ¢ Buga r=R, 6 =0, ¢ = . Bynem
TOBODHTb, YTO MOJYUYEHHAs 10C/]€e 3TOH OrNepalid PUMaHOBAa METpHKa
Ha cepe S2

R?(d6? + sin® 6dp?)
SIBNISIETCST UHOYYUPOBaHHOL Ha ctepe o6beMIIOLEH €BKIHIOBOH Me-
TPHKOH TPEXMEPHOro MPOCTPAHCTBA.

[Tockonbky Ha cepe S? mosoKeHHe TOYKH MOXKHO 3a[4aBaTh ABYMsI
napametrpamy, ¢ u ¢, (IUKPOTA U OOITOTA), TO, CNEAOBATENbHO, PAAUYC-
BEKTOD TOYKH Ha ctepe MOXKHO NPENCTABHTh B BHIE

z=z(0, p)=RcosBcosp, y=y(0, )= R cos 0 sin ¢,
z=2z(6, ¢)= R sin ¢.
[ToncTaBsist 3TH TPH QYHKUMH (OT ABYX MaPaMeTPOB) B BHIPAXKEHHE [JIsI

KBanpata AudepeHurana LIMHb IyTH B TPEXMEPHOM IPOCTPAHCTBE
dz? + dy? + dz?, Mbl ¥ nonydaem

(dz(6, ©))? + (dy(6, @) + (dz(6, ))? = R2(d6? + sin® Odp?).

JToT KOoHKpPeTHHH nNpumep OymeT HaMd B JajnbHEHIIEM CHJBHO
0600I1IeH M OKaXeTcsi BeCbMa YAacTHHIM CJy4YaeM HWHAYLHPOBaHHBIX
pPHMaHOBBIX MeTpHK. [lns1 9TOrO B [OCJENYIOMHX [M1aBax GyaeT BBELEHO
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CTpOroe INOHSITHE OBEPXHOCTH, HAa KOTOPYIO MBI H 6y/leM OrpaHHYHBATh
o6BeMIIOLIYI0 pHMaHOBY MeTpuKy. JIByMepHast ctepa, cTaHmapTHO
BJIOXKEHHAsi B TPeXMepHOe MPOCTPAHCTBO, KaK pa3 M sIBASETCs MO-
BepPXHOCTbIO. Bckope Mbl mpuBefieM M ApYyrue mpUMepsl MOBEPXHOCTEH,
KoTopble OyAeM B OCHOBHOM 3alaBaTh B BHJAE BeKTOP-QYyHKUMH OT
HeCKOJIbKHX nepeMeHHbIX. Hanpumep, eciu B TpexMepHOM €BKJIHAOBOM
MPOCTPAHCTBe 3afaHa BeKTop-QyHKuMs BuAA T = z(u, v), ¥ = y(u, v),
z = z(u, v), TAe mapaMeTphl u, U MEHSIOTCS B KaKoH-To obsacTH Ha
[JIOCKOCTH, TO TOTAA 3TOT Paguyc-BeKTop OyaeT (MpH H3MEHEHHH u, v)

3aMeTaTbh HEKOTOpO€ MHOXXECTBO, KOTOpoe (B MNPEeANOJIOKEHUH, YTO

Oz oz Az Oz o .
BEKTOPHI (%, %, E) H (%, %, %) JMHEHHO He3aBHCHMBI B KaXKI0H

Touke (u, v)), Mbl B JabHeleM U 6yfieM Ha3bIBaTh IBYMEPHOH NOBEPX-
HOCTBIO B TPexMepHoM npoctpaHcTBe. (Obwee onpenenenue G6ynet aa-
Ho no3xe.) Ecn 3anana takas noBepxHoCTb (HJIM ee KYCOK), TO Ha HeH
BO3HHKAET CJeRYyI0Ilasi KBafipaTH4Hast ¢opMa, HHAYLHPOBaHHasl eBKJIH-
JoBoH pUMaHoBo# MeTpukoi: (dz(u, v))? + (dy(u, v))? + (dz(u, v))>2.

WUtak, paccMoTpuM ABYMepHYK cdepy S2, CTaHZAPTHO BJOXKEHHYIO
B R® W cHabGXeHHYI0 MHAYLUMPOBAaHHOM pHMaHOBOH MeTpukol. Kak
ObLIO yXK€ BBIYMCJIEHO paHee, SIBHBIA BHJ 3TOH METPHKH TaKOM:
R2(d6? + sin’® 8dp?), rne 6, ¢ — chepuueckue koopnuHath. Ha chepe
S? MOXHO BBECTH TaKXe M [pyrHe KpPHBOJHHEHHbIE KOODAHHATHI,
MHOTJA HCIOJb3yeMble MPH KOHKPETHBIX BhIUMCJaeHUsiX. [lpuBenem
OCHOBHBIE TPUMEPHI TAaKHX KOOPAHHAT.

CHayajla pacCMOTPHM CcTepeorpaguyeckyld Mpoekuuw ceps S2
Ha mwiockocth R2 Jlnsi storo momecTHM LEHTp cdepsl paguyca R
B Hayano KoopauHaT O M pacCMOTPUM KOODAMHATHYIO MJIOCKOCTb
R%(z, y), npoxoasmyo yepe3 Touky O; OTMETHM Takke Ha cthepe S2
ceBepHHH mosoc N u 10xHbIH noawoc S. I[lyets P — npousBosibHast
TouKa cephl, oTIHYHAs OT N; coeJMHHUM ceBepHBbIi nosioc N ¢ ToukoH
P u npogomxnM otpezok NP no nepecedyeHusi ¢ naockoctoio R%(z, y)
B Touke (). ComoctaBuM Touyke P Touky Q. MBI mosy4yuM HeKoTopoe
oToBpaxkenue @, S? — R2, KoTopoe U HasbiBaeTcs cmepeozpaguie-
CKoi npoekyueii chepsl Ha MIOCKOCTb.

Kak BupHo M3 mocTpoenus, oToBpaxenue ¢, onpemeseHo BO Bcex
TOYKax cdepsl, 32 HCKIOUEHHEM ceBepHoro noqioca N. MoxHo ycsios-
HO CYHTATb, YTO CEBEPHBIH MOJIOC H306paXkaeT 6eCKOHEUHO yAaJeHHbIe
TOYKH nByMepHOH mnuockocTH (puc. 18). 3amnmem otobpaxeHue ¢,
aHanuTHYeckH. [lnst aToro ciepyeT BBeCTH KOOPAMHATHI Kak Ha cdepe,
TaK ¥ Ha naockocTu. PaccMoTpuM, HanpuMep, cdepruueckre KoopAHHa-
Tel 7, 6, B R®. DTH KoOpAMHATH MHAYLMPYIOT KOODAHHATH Ha cepe

? ¥ Ha mockoctn R¥(z, y).



38 I'n. 1. BBEIJEHHE B JTUOOEPEHLIMAJIBHYIO TEOMETPUIO

B camom nese, Ha cdepe Bo3HHKAIOT KoopauHaTH (6, ), a Ha R? —
KOOpIHHATH (7, ) (nossipHele KoopauHaTH). Tak Kak oTo6paxeHue (,
COXpaHsieT KOOPAHHATY (¢, TO AJIsI OoNpeleseHus: @, A0CTATOYHO HAWTH
SIBHYIO 3aBHCHMOCTb pajuyca 7 ot yraa 6. Jlas 3toro paccMoTpuUM

Puc. 18 Puc. 19

J7I0CKOe ceyeHHe S? II0CKOCThIO, MpoXofsiel yepes Touku P, O, N
(puc. 19). Tak kak yron ONT paseH %— 3, TO H3 MPSIMOYTOILHOrO
TpeyroabHuka ONQ nonydaem r=0Q =R tg (% - g) =R ctg g. Ta-
KHUM 00pa3oM, OKoHYaTeJibHEe (hOPMYJIbl 3aMeHbl KOOPAMHAT BHITJSIAST
TaK: p = p; r=Rctgg.

Haiinem marpuny $Iko6u 3Toii 3aMeHH. HecsioxXHO mpoBepuTbh, UTO

1 0
OHa umeeT BUA | o ___R ,T.e. J= —2—,—2—,,; TakuM obpasoM,
23in2 [] sin 3

3aMeHa SIBJISIETCS] PEryJasipHOH BO BCeX TOYKAaX, 3a UCKJIIOYeHHeM ceBep-
HOro roJjioca. TeM cambiM Ha cdepe S? MOXKHO BBECTH KOOPAMHATHI,
3aMMCTBOBaHHbIE C MOJSIPHBIX KOOPAMHAT Ha eBKJMAOBOH MJIOCKOCTH.
Kako#t BMI npHHMMaeT pHMaHOBa MeTpPHKa cdephl B 3THX HOBBIX
KoopauHaTax? MmeeM

ds? = R%(d6? +sin® 6dp?),  dr = —1-df

2sin2% ’
.20  R? . 280 1P
sin 27 R4, cos 27 RZ4 %
4
2__ _ 4R 2 2,3 2
ds —m(d’l" +7r dQO ).

Caenyer OTMETHTb, YTO MOJYYEHHHI HAMH BHI METPHKH Ha cdepe
OT/IMYAeTCSl OT €BKJHZOBOM METPHKM Ha ILIOCKOCTH, 3alMCaHHOH B
TNOJISIPHBIX KOOpPAMHATAX, T. €. 0T (dr? + r2dp?), TOJIbKO rnepeMeHHbIM

4

R
MHOXHTeJEM 27 Takue MeTPUKH Ha3bBaOTCSI KOHPOPMOHLIMH.
T

(R%+
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Onpeneanenne 1. PumaHoBa MeTpHKa g;;(z), 3amaHHas B 06-
gacth C eBKIWAOBA MPOCTPAHCTBA B KPHBOJNHHEHHBIX KOODAMHA-
tax z',..., 2", HasnBaeTcs KOMpOpMHOU, ecim OHa WMMeeT BH]
9;;(2) = A(2)g;;(2), rne /\(z)—manxaﬂ (pym(upm Ha C, a g{(z) —
KOMIIOHEHTHl €BKJHNOBOH METpPHKH, 3alMCaHHOH B KOOpAWHATax
z!',..., z". VHpIMH coBaMH, MeTpHKa g, (z) HasbBaercst KoH(opMd-
HOM, €CJHM CYUIeCTBYeT TaKas CHCTeMa KOOPAMHAT &z, B KOTOPOH

0,(2) = \(2) 2 (da*)".

TakuM o6pa3oM, Ha eBKIMIOBOH IMJIOCKOCTH (OTHECEHHOH K moJsip-

HEM KOODAMHATaM), MOXHO DacCMOTpPeTb [Be DHMAaHOBH METPHKH:
4R*

dr? + r2dyp? (eBknumoBa) u W(dr2 + r2dp?) (MeTpuka cdephl).
T

O6e MeTPHKH MOXHO CYMTATh 3a[JaHHHIMH Ha OJHOW H TOH XKe 06s1acTH

onpenenenus: R%(z, y).
BepHeMcst K Bompocy, 3aTPOHYTOMY BhllIe, — BOINPOCY 06 3KBHMBa-
JeHTHOCTH MeTpuk. CylIecTByeT JIM TaKasi pery/isipHasi 3aMeHa Koop-

IMHAT Ha nnockoctH R?, npu Kotopo#t Metpuka dr? + r2dyp? nepeiimer

B METPHKY %(dr2 + r2dp?)? Mul nmpuBeseM no KpakiHeHd Mepe
T

HHTYUTHBHOe 06OCHOBaHHMe TOro ()akra, 4YTO 3TH JBe METPHKH He3K-
BMBaJeHTHHI. J{1s1 3TOrO NOACYMTaEM JJIHHY OKPYXKHOCTH T2+ y*=a’ B
IBYX METpPHUKax: B €BK/IHAOBOH U B cpepuueckoil. Mbl NnoHuMaeM 3zxech
OKPY>XHOCTb KaK HEKOTOPYI0 IMafKyld TPAeKTOPHI0 Ha miocKocTH R?,
LJIMHY KOTOPOH MOXHO BLIYMCJSITH B PAa3NHYHEIX METPHKAX, BBOAUMBIX
Ha R? Haiigem uHTepecylowmylo Hac BeJHYHHY KaK (QYHKUMIO OT
pamvyca OKPYXHOCTH. [liHHA B eBKIMAOBOH MeTpPHKE HaM M3BECTHA:
[, =2ma, rne a — paguyc (NOACUYHTAHHHH B €BKJIHAOBOH MeTpHKe).
HafineM niuHy okpy»XHOCTH B ctepuyeckod MeTpuke. CHayasna Hai-
JeM COOTHOLueHHe MeXAY €BKJIHAOBOH BeNHYHMHOH pafidyca a 4 ero
BeJIMYMHON p B cpepuyeckoi MeTprke. FimeeMm

a 27
2 2

p=25 R_zRﬁd’”;‘ZR arctg (%) lc=25 11:2 j_da"" ;;mR =2nR sinp

0 0
(puc. 20). TeoMeTpuueckd BeJHYHMHA p H306paKaeTcs Kak JJIMHA
MepHauaHa, COeHHSIOLIEro CEBEPHHIN MOJIOC C IePEMEHHON TOYKOH Ha
OKDY>KHOCTH. Bhlumc/ieHHsl, BHINIOJHEHHbIE HAMH (POPMAbHO Ha si3blKe
PMMaHOBBIX MeTPHK Ha IIOCKOCTH, MOXHO MPOM3BECTH, HCIOJb3Ysi
SlleMeHTapHble reOMeTPHYEeCKHe COOTHOLIeHHs. TaKHM 06pa3oM, ecau
bl Mbl CMOTJIH JaTh OMpefieleHHe OKPYXKHOCTH pajnyca a C LeHTpPOM
B HEKOTOPO TOYKe, B TEDMHHAX, He 3aBHCHMBIX OT BhHIGOpA JIOKAJbHOM
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CHCTEMbl KOODAMHAT, TO TOrAa (OpMyJa AJTHHBI OKPYXKHOCTH TOXe
He 3aBucesna Obl OT BHOOpa JIOKanbHOH CHcTeMbl KoopAHHaT. Takoe
onpeneneHde cyuectByer. HasoseM pac-
e, CTOSIHHEM MeXIy HOBYMsI TouKamu, P u
f ‘ (2, MHHHMaNbHYIO JJIHHY KPHBOM, coelu-
l& HAOWEeH 3TH To4yku (MHHHUMYM Oepercsi
0 BCEM IVIaJKUM KPHUBHIM, CO€IHHSIOINM
ToukH). Toraa oKpyHOCTbIO pajuyca a
LIEHTPOM B TOYKe P Ha3oBeM MHOXECTBO
BCEX TOYEK (), PacCTOSIHHE OT KOTOPHIX A0
TOYKH P paBHO a.

Insi Toro 4ToO6H MPHMEHHTH 3TO OIpe-
IeleHHe K ciay4alo cdepsl, HeoOXomHUMO
[OKa3aThb, YTO PAcCTOsSIHHE MeXNIy ABYyMs
ToukaMH, P U @, Ha ctepe S? paBHsieTcs AIHHE AYrH G6OJbLIOH
OKPYKHOCTH, mpoxofsiie# yepe3 Touku P u Q. Iis aTOro nocratoyHo
J106y10 KPUBYIO, COeMHSIOIYI0 P U @, annpoOKCHMHPOBATh JOMaHOH,
COCTaBJIEHHON U3 KOHEYHOro YHcsa Ayr 6OMbUIMX OKPYXHOCTEH.

Puc. 20

B yactHocTH, npu p — 0 (T. €. 0/1s1 OKPY>KHOCTEH MaJjioro paauyca
no cpaBHeHHI0 ¢ R) nonyyaeM, uto I, ~ 2mp, T. e. nonyyeHHass HaMH
(opMyJsia NepexouT B €BKJIHIOBO BblpaXKeHHe LISl [JUIMHB OKPYXKHOCTH.
ConocraBasisi iBe QOPMYJILL: «€BKIHAOBA AJIHHA OKPYKHOCTH pagHyca
P paBHa 2mp» U «cdepHuecKass AJHHA OKPYKHOCTH pajuyca p paBHa
27wR sin p», MBl BUAMM, 4TO (QYHKIHH JJIHHBI CYIIECTBEHHO Pa3JHYHHI;
B YAaCTHOCTH, OfIHA JIHHEHHas, a BTOpasi mepuoauyeckKas.

Tor ¢akr, yro BHNYyKJIast NOBEPXHOCTb cdepbl He MOXKeT ObiTh
JedopMHPOBaHA C COXpaHEHHEM JJIMH KPHUBLIX Ha Hed B 06,1aCTh Ha €BK-
JIMJIOBOH IIOCKOCTH, MOXXHO MPENCTaBUTb cebe, eclid BCIOMHHUTD, KaKoe
TpebyeTcs ycuaue, yToObl CIIOIUTL Cepu-
4YeCKHH CerMEHT Ha MJIOCKOCTb, 110 CPABHEHHIO
C YCHJIMEM, KOTOpOe Mbl NPHK/IANbIBAEM IpH
M3rHOaHHH, HampuMmep, MPSIMOrO KPYroBOro
LUIHHAPA, TOMELIAIONIEM. IO Ha MJIOCKOCTb.

[lpoBenieHHble BhillE BHIYUCJAEHHS [JIHHBI
OKPY>KHOCTH Ha cepe MOXHO Oblo OBl Mpo-
BECTH M HEMOCPEACTBEHHO B CGepHUYECKHX
KoopauHatax (6, ¢ ), B KOTODBIX MeTpHKa
coepn uMeer Bum R2(dO? + sin® dp?). O6-
JIaCThIO OMpefieNIeHHsT 3TOH METPHUKH MOXHO
CYHTATb JUCK pajdyca 7 Ha eBKJIHIOBOH
IJIOCKOCTH TNepeMeHHLX 6, . B 3THX KOOpAHHATax OYEBHIHO, YTO
JJIMHA OKpYXXHocTH pamuyca € paBHa 27R sin @ (puc. 21). Ilpu

Puc. 21
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5ToM ToukKa O ecTeCTBEHHO OTOXMAECTBJISIETCS C CEBEPHBLIM MOJIOCOM
cthepH, a TpaHHYHAst OKPYXKHOCTD (pafuyca 7) uMeet aauHy 0, Tak Kak
d6 =0, sin(7) =0, a noToMy BCS5I 3Ta OKPY>XHOCTb CKJI€UBAETCSI B OOHY
TOUYKY, KOTODast H OTOX/JECTBJISIETCS C I0OXKHBIM IOJI0COM cepsl.
PaccMOTpHM Tenepb BONPOC O BBHIYUCAEHHH JUIMH TVIaKMX KPHBBIX
ua chepe. Pazbepem st nmpuMepa Tak HasblBaeMyl A0KCOOpOMY —
TPaeKTOPHIO, MepeceKaioulyi0 KaXKIbld MepHAHaH chepsl MOA ONXHHM
u TeM Xe yrioM a. OTMeTHM, 4TO 3Ta KpHBAsl XOPOIIO HM3BECTHA B
TeOpPUM HABHralWH, MO0 HeHl YHNOOHO NPOKNaAblBaTh MapUIPYyThl CaMo-
JeTOB MeXJy AByMs (HKCHPOBaHHHIMH TouKaMu. [leso B TOM, 4TO ¢
PaKTHYECKOH TOYKH 3PeHHsl yrol « JIErko MOAJaeTcsi H3MePEeHHIO: OH
paBeH YIJy MeXJy BEKTODOM CKOPOCTH CaMoOJieTa H BEKTOPOM, orpejie-
JIsleMBIM CTPEJKOH KOMIaca. TeM caMbIM IOCTATOYHO CJEeUTh TOJNbKO 33
OfIHMM 3THM MapaMeTpoM (IpH 3TOM Mbl, KOHEYHO, CHJIbHO Orpy6isieM
peanbHYI0 CHTyalHio), 4ToObl [ABHraThCsi MO 3apaHee MPONOXKeHHOH
JIOKCOZPOME, COeIUHSIIOIe#l HayanbHbli 1 KOHEYHBIH MYHKTH [0JeTa.
HalineM siBHoe mapaMeTpuuyecKoe 3afaHue Jokcoipomsl. st ato-
ro yno6HO MpUMEHHTb K cdepe (M, crefoBaTeNbHO, K JOKCOAPOME)
cTepeorpauuecKyio MPOEKIHIO, MOC/]Ie YEro Mbl MOJTYYHM HEKOTOPYIO
TPaeKTOPHIO Ha IJIOCKOCTH, OTHECEHHOH il yHOOCTBAa K MOJSIPHBIM
KoopauHaTaM (1, ). Kak Mbl y2Ke BEIMUCIISUIH, MeTPHKa chepsl B 3THX

KOOpPAUHATaX HUMeeT BU 4 z(dr + r2dy?). Tlpu crepeorpaduue-

CKOH MPOEKLHH Mepﬂ}.‘lHaHbI nepeuny'r B JIY4YH, BHIXOASIUIME H3 Hayana
KOODAMHAT Ha MJO0CKOCTH. Mbl yTBepKaaeM, 4To 06pa3oM JIOKCOAPOME
OymeT Takas KpuBas Ha IJIOCKOCTH, KOTOpasi nepecekaeT BCe 3TH
Jy4Yd MOJ TeM XK€ YIJIOM & (M TeM CaMblM OJHO3HA4HO, C TOYHOCTBIO
IO TOBOPOTA OmnpefessieTcss 3STHM YIJoM). DTO yTBepXIeHHe ciefyeT
u3 Gosee obuero ¢akra: crepeorpaduyeckasl MpoeKUHsi COXpaHSET
YIIbl MeXAy [epeceKalolUUMHcs KPUBBIMH. Takue mnpeobpa3oBaHus
Ha3bIBaIOTCS KOHpOpmHbimu. Dosnee TouHO, Mbl MMeeM B BHAYy cJe-
Lylolllee: pacCMOTPHM Ha Y2

chepe cepuueckyio me-  ds?

TPHKY (CM. BbILIE), HHAY-
LMpOBaHHYIO obbemito-
IEeH eBKJUAOBOH METPH-
KOH, W mycTh ABE repe-
cekalouuecsi KpuBble 06-
pa3yior B TOuyKe mepe-
cedeHuss yron a (v, %)
(MBl mpenmonaraem yr-
JIBl OPHeHTHPOBAHHBIMHU)
(puc. 22). Puc. 22
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Yucao a(v, v,) onpeneneno B § 2. Kpussle v, U «, nepexoasr mocnae
oro6paxkeHus ¢, (cTepeorpatuyeckas NpoeKIHsi) B HEKOTOPble KPUBbIE
g, ¥ g,, YrOJ MeXJy KOTOPHIMH, MOACYHTAHHBIH B €BKJIHIOBOH MeTpHKe
dl? Ha nnockocTH, Mbl 0603HauuM uepe3 3(4,, 4,).

Jemma 1. [ra at06bix nepecekaroyyuxca Kpusolx vy, u v, umeem
mecmo pasencmso (%, %) = B(4y, 4)-

loka3atenbcTBO. JlocTaTOYHO CPAaBHHUTD SIBHbIE GOPMYJIBI IS
YrJIOB a U (3, a TakXKe HCIOJb30BaTh 3aMHCh CHEPHYECKOH MeTpPHKH
nocsie 0TOGpaXKeHUsi ¢, B MOJSIPHBIX KOOPAMHATAaX Ha miockKoctd R2.
Hmeem

ds*(r, ) = %(dr"’ + r2dp?), dl*(n, ) =(dr’ + r’de?).
T
ScHo, uto ds?(r, @) = A2(r)dl%(r, ¢). Torna

.. N2(, 7y + 72 ) .
(Y, %)= ) 122.2 21.22 > 2 = B(dy, do)- O
\//\ (7 + m290)A (75 + 7°9))

B nmeficTBUTENbHOCTH HMeeT MecTo elie Gosee oblee yTBepKAEHHE.

Jlemma 2. Ilycmo g,;(z) u q;(z) — O0se mempuxu, 3adanHbie 8
obracmu C eskAudo8a RPOCMPAHCMBA 8 KPUBOAUHELHbIX KOOPOU-
Hamax (2, ..., z"). Toeda ecau 8 kaxdoi mouke z € C 8bLNOAHEHO
moxcdecmso g, = Aq,;, 20e A = A(z) — esadkas ¢pyukyus, mo
yenvl Menly nepecekaroujumMuUcs KPUBbIMU, BbLHUCAEHHbIE 8 IMUX
mempukax, cognadarom.

JlokaszaTeanbCcTBO [OCJIOBHO MOBTOPSIET pPacCyXAeHHe, Mpoje-
MOHCTPHpOBaHHoOe B jeMMe 1.

BepreMcsi Tenepr Kk 3amaye o Jokcoipome. B cuny gemmb 1
JOCTaTOYHO HaUTH ee ypaBHEHHe HAa €BKJIHAOBOH IJIOCKOCTH. Y CJIOBHE
coxpaHeHHs yraia a o3Hauaer, yto ((7, ¢), (1, 0)) =c0s & (HaroMHUM,
yro « = const), roe (7, ) =~ — KacaTeJbHbIH BEKTOP K JOKCOI-
pome, (1,0) — BekTop ckopoctH Jayda ¢ = const, r =t. Orciona

T

—5—— = €08 a =const. Jlasee,
\/'r + 719 '

72sin® @ = r2p2cos? @; F/r=¢ctga;
(Inr) =pctga, r=cev e,

rie ¢ =const. [lonoxus ¢ =t, uMeem 7 = cctgaeve>, ¢ =1.
Briyucasisi 4MHY AyTH, MOJyYaeM

Y __ Alpptctga "
l('y)%—ce +c”,

rae c¢”, ¢’ =const. 3agaya: HalauTe 3HAUYEeHHE MOCTOSIHHBIX ¢’, c”.
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3agauu x § 3

1. Tloka3aTb, YTO y TpeyroJbHMKa Ha cdepe S2, COCTAaBIEHHOTO M3 AYr GOMBLIMX
OKpY»HOCTeH, CymMa yrnoB Gonbiue 27,

2. BolpasuTh CyMMY YIVIOB TPeyroJibHHKa Ha ctepe s2 Yepe3 ero nJouanpb (Tpeyrob-
HMK COCTaBJIeH H3 Nyr GOJIbLIMX OKPYXHOCTe#H).

3. Tlokasath, uTo Ha cdepe s2? npeo6pa3oBaHHe TNOAOOHSA BO3MOXKHO TOJLKO C
eMHHYHBIM KO3(dHLHEHTOM.

4. TloxasaTb, 4TO AJs /OGO PMMAaHOBOH METPHKH HalleTCsl Takasi CHCTeMa KOOPAH-
HaT, B KOTOPOI B JaHHOM TOYKe MaTpHLA PHMAHOBOM MeTPHKH eJHHHYHa,

§ 4. llceBnocchepa u reomerpus Jlo6auesckoro

PaccMOoTpUM MCEBROEBKAMAOBO mpocTpaHcTBo R; uHAekca s. B
eBKJIMIOBOM npocTpaHcTBe R cpepa S™~! (runepcdepa) moxer GbITh
orpefiesieHa KaK MHOXXeCTBO TOYeK, YAaJeHHbIX OT Hayala KOOpAWHAT
Ha PacCTOsiHHe p. B nceBnoeBKIHIOBOM INPOCTPAHCTBE TaKXkKe MOXKHO
pacCMOTPeTb MHOXECTBO TOY€K, YHAN€HHBIX OT Hayala KOODAMHAT
Ha paccTossHHe p (HO TOJb-
KO TeNepb YHCJIO p MOXeT
ObITh He TOJIbKO BellleCTBEH-
HBHIM, HO TaKXe YHCTO MHH-
MBIM HJIH HyJieM). DTO MHOXe-
CTBO TOYEeK Mbl GyleM Ha3sbl-
BaTh ncesdocghepoli MHAEKCaA
s ¥ o6o3HauaTb yepe3 S™~!.
Slcho, uto Sp~!=S""1. B
HaJjbHermeM GypgeM pasiu-
4aTb IiceBAoc(eps BellecT-
BEHHOro, MHHMOIO H HyJe-
Boro paguycos. [IceBrocdepa

(€,8),>0

HyJeBoro paavyca ONHUCbIBa- Puc. 23
€TCsl ypaBHEHHEM BTOPOTo Io-
s n
psaka — > (z')*+ > (27)?=0, rme z',..., ™ — NeKapTOBH Ko-
i=1 Jj=s+1

opauHatel B R", Ha KOTOPOM MBI M MOJENHpYeM ICEBIOEBKIHI0OBO
npoctpanctBo R]. OueBnano, 4yTo ncesmocdepa HyJeBoro paiauyca
COBMajla€T C H30TPOMHBIM (HYJIEBEIM) KOHYCOM.

Paccmotpum otaensusie npumeps. Iycts n =2, s = 1. UsoTponnwiix
KOHyC cocToMT W3 ABYX mnpsMbiXx: z! = +z? (Mbl paccMaTpuBaem
AByMepHyI0 miockocTh R?, OTHECEHHYI0 K AeKapTOBBIM KOOPAMHATaM
Z', 2%, ¥ Ha 3TOM IUIOCKOCTH MBI MONEJHPYeM MCEBAOEBKJIHIOBY reo-
METpHIO WHIeKca OAMH). DTOT KOHYC pa3buBaer R? Ha aBe o6nacTu: B
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omoit u3 uux (£, &), >0 ) (370 06naCTh, OMpenensieMasi HEPABEHCTBOM
|z2| > |z"]), B apyroii (€, £), <O (a HMeHHO 3To 061aCTh, ONpeaensiemMas
HepaBeHcTBOM |z%| < |z!'|) (puc. 23).

IceBroctepsl BewecTBEHHOroO paguyca — 310 runep6osas —(z')? +
+ (z%)? = a?, roe a — BewecTBeHHoe yucio. [Icegocdepsl MHMMOTO
paauyca — 3to runepGoasl —(z')? + (z?)? = —a? (puc. 24).

(gv E)l > 0

(Ey g)l < O
Puc. 24 Puc. 25

[Tyctb Teneps n =3, s =1. M3oTponusi#t koHyc (ncespochepa Hy.te-
BOTO pajinyca) — 3TO OOLIYHBIH KOHYC BTODOrO MOPsiKa, 3afaBaeMblH
ypaBHeHueM —(z')? 4 (22)?+(2%)2=0 c ocsio z!. OH Takxke pazGusaer
BCe MNPOCTPAHCTBO Ha JBe objacTH (B JAaHHOM cJjyyae, NOJb3YysCh
NPUBLIYHBIMH T€PMHHAMH, MOXKHO CKa3aThb pa36uBaeT Ha BHYTPEHHIOI
U BHeWHIO0 obsactu) (puc. 25). [IceBmocdeps! BelllecTBEHHOrO paguy-
ca — 370 ofHonosocTHLIe runepbosonnsl —(z!)? + (z?)2 + (z°) =+a?
[TceBnocdepsl MHHUMOTrO paguyca — 3TO ABYXNOJOCTHbIE THIEPOONOHAbI
—(z')? 4+ (2?)? + (2%)2 = —a?, (P’ = —az) (puc. 26). Usyyum Teneps
MeTpHYecKHe CBOMCTBA npoctpaHcTBa R?, Kotopoe cHoBa Gyaem Mmo-
menupoBath B npoctpaHcTse R3; yepes z, y, z 6y11eM 0603Haanb
neKapToBsl KoopauHathl B R3; Torna (f f) =—z2+ y? 4 22
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PaccmoTpum rcesnocdepy MHHMOro paguyca. JTO — ABYXIOJOCT-
HBI THNepOoJIoM/, 3adaBaeMhil ypaBHeHHeM —a? = —z? + y? 4 22
[TockonbKY OH BJOXE€H B R?, TO MOXHO CKa3aTb, 4TO FeOMeTpHs
npocTpaHcTBa R? HHAYLHpPYeT HEKOTOPYIO reOMeTPHIO Ha rceBochepe
MHHMOrO paguyca. C TOYKH 3peHHs] HHIe(QUHHTHOH METPHKH, 3aJaHHOH
B R3, 3Ty e Mbicab MOXHO C(HOPMYTHPOBAaTh TaK: MeTpHKa R?
MHAYLHPYET HEKOTOPYIO METPHKY Ha ncesnoctepe. Brnpouem, naxke He
pacroJiarast IOHITHEM DUMaHOBOH METPHKH, Mbl MOXXEM INPHIATh HEKO-
TOPHIH CONEPXKATeJIbHBIH CMBICH CJIOBAM «T€OMETPHs], HHIAYLIHPOBaHHAsI
Ha runepbosionse».

Pacemotpum ncenochepy —a? = —z? + y% + 22 (ans npocTOTH
OrpaHHYMMCSI M3yYeHHEeM TOJbKO OJHOH ee I0JIOCTH, HalpHMep, TOH,
KoTOpasi onpefeseHa HepaBeHcTBoM z > 0); «TOYKaMH» HHAYLHPOBAH-
HOH Ha HeH reoMeTpHH OOBSIBHM OOLIYHLIE TOYKH rumepGosouaa, a
«[IPSIMBIMH» HMHIYLHPOBAHHOH TFEOMETPHH BCEBO3MOXKHHIE JMHHHM Ha
runepGoJonae, MONy4yalolecs: NPH NepecedeHHH €ro IIOCKOCTSIMH
BuIa az + by + cz =0, NpoxoAsSMMH 4Yepe3 HayaJo KOOPAMHAT
(puc. 27). OkasbiBaeTcs, BO3HHKAIOUIYI0 TAKHM 06Pa3oM reoMeTpHIO

LY

ax + by+cz=

Puc. 27 Puc. 28

Ha nceBpoctepe MOXKHO H3y4aTh METOJAMH aHAJHTHYECKOH reOMEeTPHH
(T. e. Ge3 mnpuBNEYEHHs] MOHATHS PHUMAHOBOH METPHKH), MPOBOMS
IOBOJILHO HaJieKO aHAJOTHIO C reoMeTpHeH Ha oObyHo# cdepe. s
3TOro ygoGHO COBEPLIHTb NpeoOpa3oBaHHe, aHAJOTHYHOE CTepeorpa-
Ouueckon npoexuuu cheps Ha miaockoctb. LleHTpom mncespocdeps
St={—a?=—1z241y?+ 22} 6yneM cUMTATh HAYAIO KOOPAHHAT — TOUKY
O; cesepHpiM monocoM N — TOYKY C [I€KapTOBHIMH KOODPAHHATAMH
(~a, 0, 0); 10XHbLIM MOMOCOM S — TOUKY C J1€KapTOBBIMH KOOPAHHATa-
MH (o, 0, 0); B KauecTBe MJOCKOCTH, Ha KOTOPYIO Mbl GyieM OCyIIecTB-
ST IPOEKUHUIO, BO3bMEM MIOCKOCTh YOZ, NPOXOASLLYIO Yepes LeHTp
NceBnocdepsl (KCTaTH, OrpaHHYEHHE CKaNsIPHOrO Npou3BefeHus (¢, 1),
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Ha nnockocts YOZ mmeer Bun £°n° + €%, 1. e. ncesnoeBKINIOBO
cKansipHoe mpou3BeneHue (&,7), HMHAyUMpyeT Ha mJjockoctH YOZ
eBKJIMI0BO CKaJsipHOe [pou3BeleHue).

PaccMotpuMm Temepb nepemeHHYyI TO4YKY P Ha MNpaBOH IIOJOCTH
runep6osionsia u _COeMHHUM ee C TOo4KOH IV (T. €. C ceBepHHIM MIOJIOCOM).
Torma orpesok PN BcTpeuyaer miockKocTb YOZ B HEKOTOPOH TOUYKe,
KOTOpyio MH 0603HauuM yepe3 f(P) u Ha3oBeM 06pa3oM ToukH P mpu
crepeorpaguyeckoit npoekuun f: S — R2 ToyHo Tak e MOXKHO
OMpefieUTh cTepeorpaduyecKyio NPOEKUHIO JeBOH MOJOCTH runep6o-
Joufia Ha Ty Xe maockocts YOZ, ucrnosnb3ysi B KayecTBe LEHTpA
NPOEKTHPOBaHUs IOXHHH moaioc S. Ha puc. 28 nokasano ceueHue
ncesnochepH MJIOCKOCThIO, Mpoxonsuel yepe3 ock OX . O6pa3 npaBon
foJocTH runep6o/IoMaa MOKPLIBAET He BCIO MIOCKOCTh YOZ, a TOJIBKO
BHYTPEHHOCTb AMCKa paguyca a: y® + z? < a?. O6pas neBoil noJaoctH
runep6osonaa MOKpbIBaeT BHEWIHOCTb OKPYXKHOCTH y? + 22 = a?. B
oTauyue oT 0oO6n4HOH cdepnl S?, o6pas nceemocepsl S? mnpu ee
cTepeorpadM4yecKoil MPOEKUHH [OKPHIBAE€T TOJBKO YacCTb MJIOCKOCTH
YOZ, tak kak OKpyXHOCTb y? + 22 = a? He mnpuHamiexur obpasy
npoexkuun. CeBepHulii nosioc N nepexomdT (Kak H B ciydae cdepnl)
B OeckoHeyHO YyHaJleHHyl0 TOYKy maockoctw YOZ. Ilycts Tenepn
Touka P HMeer [eKapTOBH KoopauHaTH (z, y, z) (rme z >0) u
nyctsb (u!, u?) — mHeKapTOBH KOOpAMHATHl TOYKH f(P) Ha MJIOCKOCTH
YOZ, rpe orobpaxenue f — crepeorpatudeckass npoekuus. Haiinem
(hOpMYJIH], CBSI3LIBAIOIIHE 3TH KOOPAHUHATHI.

Jdemma 1. IIycmo P =(z, y, z), f(P)=(u', u?). Tozoa

x_a|1‘2|2+a2 y= 2a%u! 2= 2a%u?
a2—|1'i|2’ a2_|1—2|2’ a2—|1'l|2’

2e |2 = (u')? + (u2)?, i = (u', u?).

JdokasateabcTBo. M3 puc. 28 cregyer:

Yy _TH+a zZ _zTH+a _ T+ a _ T+ a
;l- o F_T, T. €. y—u'T, z=u? a
Tak kak —a?=—z2 + y? + 22, 10
2
2 _ 2 1)2 nn{zt+a
—a?=—a? 4 ((u')? + (u?)) EEEL
Hanee (mockoasky (z — ) > 0),
=12, 2
x__a=:v+2a|-o|2, T. e. x:alttzl# O
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Jemma 2. Koopdunamer (u', u?) (mensroujuecs 8 omxpoimom ou-
cxe (u')?+(u?)? < a?) 3adatom pecyrspryto cucmemy KoopouHam Ha
npagoi nosocmu eunepbosouda, m. e. cmepeozpaduueckan npoex-
yus 3adaem pezyrsapryro 3ameny koopouram f(z,y, z) — (u', u?).

Jloka3zateabcTBO. 3aBHCHMOCTb MEXJIYy KOOpAMHAaTaMH
(z, 9, 2z) Toukn P Ha npaBod NOJOCTH mNCeBAOCHEpH OMHCHBAETCS
ypaBHeHHeM —a?=—z?+y*+2%, a notoMy nosoxxeHHe To4kH P MOXHO
O[IHO3HAYHO ONpENEeHTh, 331aB TOMLKO 1BA YHCJIA, HAllpUMep, ¥, 2, T. €.
KOODAHHATHl OPTOrOHAJNLHOH NMPOEKLHH TOYKH P Ha miockocts YOZ.
[Ipx 3TOM MOXHO CUHTATh, YTO NPABasi MOJIOCTb NCEBAOCHEPH 3afaeTcs
ypasHeHHeM z =1/ a® + y* + 2°. TeM caMbIM cTepeorpaduyeckyio mpo-
eKUMI0 f MOXHO MOHHMAaTh KaK 3aMeHy KoopauHaT (y, z) — (u'!, u?).
OcTanoch HaliTH MaTpuly SIKoOM 3TOH 3aMeHHl U yOEIUTHCS B TOM, 4TO
sIKoOMaH ee oTnuyeH ot Hyxsi. [lpsiMmolt mopcuer maert

8y _ 2a%(a®+ (u!): - (vH)?) 8y _ 2a%2u'y?

ou' @ -[@P? k(P -[aP)”
Oz _ 20%2u'u? Oz _ 2a2(a? + (u?)? = (u!)?)
dul  (F—uf)?’ o (-fapy?
2 =12 3
J(f)=4at-2 B __daz

(=@ (a®-a?)?

Taxkum o6pa3om, sikoOHaH 3aMeHbI NIOJIOXKUTEJNEH BO BCEX TOUKAX JHUCKA
v¥+22<a?. 0

[Tpexxne ueM gBuratbcst ganblie, BePHEMCS K PaCCMOTPEHHIO cdephl
S2. Kakasi reoMeTpHsi BO3HUKHET Ha cepe, eciid «TOYKaMu» OGbSIBHTD
OOBIYHbBIE TOUKH CEepH, a «[IPSIMBIMH» — CeUeHHs1 Cepsl IOCKOCTSIMH,
npoxonsmuMu 4yepe3 uneHTp O (1. e. sksaropamu)? OcraBasich Ha
3/1eMeHTapHOM YPOBHE NIOCMOTPHM, KAaKHM IeOMeTPHYECKHM aKCHOMaM
YIOBNETBOPSIET MHOXECTBO 3THX TOYEK M MpPAMHIX? SIcHo, 4To yepe3
KaXX[yl0 Napy He AHAMETDPAJbHO MPOTHBOMOJOXKHEIX TOYEK MPOXOAHT
OfHa W TOJbKO OOHA MpsIMasi; OAHAKO €CJH TOYKH AHAMETPaNbHO
NPOTHBONONOXHBI, TO Yepe3 3TH TOYKH NPOXOAHT GecKoHeWHOe MHO-
XKecTBo npsiMbix. KpoMe Toro, depe3 TOUKy, pacnosio)Ke€HHYI BHe
NpsiMOii, Hesb3sl IPOBECTH HH OJHOH NpsIMOMH, He mHepecekamlneHcs ¢
HCXO[HOH MpsIMOM, T. €. B 3TOH reOMETPHM Ha cdepe He CyliecTBYeT
napajjenpHHX (T. €. He MepeceKaouMxcs) NpsiMbIX.

Ecru mbl 3aX0THM MakcHManbHO NpPUGIM3MTL 3Ty TEOMETPHIO K
€BKJIH/IOBOH, TO KOe-KaKHe YJy4lIeHHsl Ha 3TOM MyTH CAeNaTb MOXHO.
Hanpuwmep, 06bs18BuB «TouKaMH» HOBOI reoMeTpHY Naphl AHAMETPATHHO
NPOTHBONOJIOXKHLIX To4eK, P U —P, Ha cthepe S2?, Mbl yCTpaHHM
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nepBbl H3 OTMEYEHHBIX BhIIIe HEJOCTaTKOB, a HMEHHO — Telepb
yepe3 o6yl mapy TOYeK [POXONHUT ONHA H TOJBKO OOHA IpsiMast
(ecmM 3TH TOYKH He COBMAJAIOT). JTO CBOMCTBO YK€ aHAJOTHUHO
COOTBETCTBYIOIIEMY CBOHCTBY B €BKJIHMAOBOH reOMeTPHH. DJIeMEeHTapHO
[pOBepsieTCs], YTO Telepb B HallleH reOMEeTPHH BHINOJHEHH BCe KJIacCH-
YyecKHe akcuoMmbl EBK/Ha, KpoMe TaK Ha3bBaeMOro MSTOrO MOCTyJaTa,
a UMEHHO: MO-TpeXHeMYy, yepe3 TOYKY, B3STYI0 BHE MPSIMOH, HeJb3s
NPOBECTH HU OJHOH MpPSIMOM, MapasieJbHOH AAaHHOH, T. e. Jobue Be
npsiMble TH60 repeceKanTcsi B OAHOU To4uke, JHGO coBnafaT. B camom
nene, mobHe [Ba 9KBaTopa Ha cdepe (HECOBMAJAOIIHE) OMPEAENSIOT
OIHY M TOJBbKO OfHY TOUKY (P, —P). OkassiBaercsi, moJy4eHHasi HAMH
reoMeTpHsi (Ha3biBaeMasi HHOTIA JAAUNMUYECKOU 2eomempuell) sIBaS-
eTcsi He MeHee COfiepKaTesNbHOH, YeM eBKJIHI0BA FeOMETPHSI, HO TOJBKO
MHOTHe TNPUBHIYHEIE [Jii HAC CBOWCTBAa €BK/IMAOBOH IJIOCKOCTH 3aMe-
HSIIOTCS B JUTHITHYECKOH reOMeTpHM ADYTHMH, OHITL Moxer, Gosee
9K30THYECKUMH C KJIACCHYECKOH TOYKH 3peHHsi, HOpMHPOBaBLIEHCST HA
OCHOBe IPOCTHIX (PH3HYECKHX NpeicTaBjaeHHH 00 OKpyXKaiolleM MHpe.
[To-BunuMOMYy, HenocpeACTBEHHHIH YeJ0BeYeCKHH ONkT 6osiee TAroTeeT
K eBKJHMIOBLIM NPeACTaBIEHHSIM.

OnucaHHas Bhlllle Orepalysi OTOXAECTBJAeHUs1 Touek P u —P, rne
Touka P mnpobGeraet cdepy, SKBUBaNeHTHa (aKTOpH3alUH c¢epsl 10
JIEHCTBHIO CUMMETPHM OTpaxeHusi B Touke O. Tak Kak Kaxpasi mapa
(P, —P) onpegnesisier OAHY ¥ TOJNLKO ORHY MpPSMYIO B TPEXMEPHOM IpPO-
cTpaHcTBe (KyAa CTaHAAPTHO BJOXeHa cdepa), TO MOXKHO COMOCTaBUTh
KaXXIOH TPSMOH 3JUTHIITHYECKOH reoMeTpuu (T. €. IKBATOPYy) OpTO-
FOHAJbHYIO NPsSIMYI0, Opoxopsauryio yepe3d Touky O. Takum obpasom,
3/ITHITHYECKAs] TEOMETPHSI MOXKeT ObITh MOAENHPOBaHA Ha JBYMEPHOM
BeIleCTBEHHOM NMPOEKTHBHOM IPOCTPAaHCTBE, H3BECTHOM M3 Kypca aHa-
JUTHYECKOH reomeTpuHd. B nanpHeimem mul eine 6yaeM HEOZHOKPAaTHO
BO3BpalaThcsi K 3ToMy 06bekTy. OmnucaHHOe BHIILIE COMOCTaBJEHHE
TOYKe MpPsSMOA MpeBpallaeTcss B ABOMCTBEHHOCTb HAa MPOEKTHBHOM
[IPOCTPAHCTBE, [I03BOJSIOIIYI0 aBTOMAaTHYECKH MMOJYYaTh H3 KaXKI0H Te-
opeMbl, c()OPMYJHPOBAHHOH B 3JUIHITHYECKOH reOMeTPHH, HEKOTOPYIO
HOBYIO TeopeMy, ()OPMaJbHO MOJNYYAKOLIYIOCS U3 NPeNblaylel 3aMeHon
BCEX TOYeK Ha mnpsiMble, U Haobopot. [Ipu 3TOM mosnyyaercsi, BooGiie
roBOpsi, HEKOTOPOe YTBEPXKAEHHE, He TOXAECTBEHHOE HCXOTHOMY.

BepHemcsi Teneps K NCEBIOEBKIHAOBOH FeOMETPHH M K T€OMETPHH,
KOTOpPYIO OHa HHAyLUHDYeT Ha nceBaocdepe MHUMoro papuyca. [Ipu
crepeorpaduyeckoil npoekuun f: +SZ — {y?+ 22 < a?} = D? (rne
yepe3 *S? Mb 0603HayaeM MPaBYI0 MOJOCTb THNepBONOMHA) TOUKH
runep6oJ0Ma 1epexoqsiT BO BHYTPEHHHe TOYKH JBYMEpDHOIo IHCKa
D? paguyca «. B kakue Kpusble Ha kpyre D? nepedayT mpsimble
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Hallell reoMeTpuH Ha runepGosioHfe, T. €. JHHHH IepeceyeHHsi ero
TJIOCKOCTSIMH, IPOXOASIIIAMH yepe3 LEeHTp nceBpocdepsl — Touky O
(T. e. aHaJIOrH 3KBATOPOB Ha cdepe)?

Jemma 3. Kaxoas aunus nepecevenus *S? ¢ naockocmoro suda
az + by + cz =0 nepexodum npu omobpasxcenuu f 8 Oyey OKpYy#HO-
cmu, nepecekarouyyrto oKpymcrocme y* + z2 = a® nod npamoim yeiom
(puc. 29).

NokaszateabcTBo. HanmoMHHM, 4TO yrioM MeXAy repecekaro-
LMMHUCS TVIAAKMMH KPHBLIMH Mbl Ha3blBaeM Yrosl MeXAY UX BEKTOPAMH
CKOPOCTEH B TOuKe nepeceyeHusi. B cuny nemMmsl 1 ais1 BEIsicHeHus1 Toro,
B KaKyl0 KDHBYIO [IEPEXOHT npsiMast Ha * S, 10CTaTOYHO MOACTABUTDH B
ypaBHEeHHe IIOCKOCTH az+ by+ cz =0 siBHbIe BhIpaXKeHHs IlepeMeHHbIX
T, Y, Z KaK (QYHKUHH oT nepemMenHsX u', u?. [ycts, Hanpumep, a#0.
Torma ypaBHeHue

2 2 2,2
aa |u| |4|2 + 2ba I'L_I:I2 + 22c¢i I‘le -0

rocse 3neMeHTapHbIX anre6pauqecxux npeo6pa3oBaHUH MPUBOAUTCS K
BHOY

2 2
(ul + bTa) + (u? + 2)2 = -((’:—Z(b2 + ¢ — a?),

a

ba ca
T. €. ONIpe/leJsieT OKPYXKHOCTb C LIEHTPOM B TOUYKE (—T’ ——) pamuyca

21/ b? + c? — a®>=r, nepeceKamolIyio OKPYKHOCTb y>+22=a? B TOUKAX
AuB nop npsiMeiM yrioM (puc. 30). Tot dakr, uTo yron B TOYKax
MepeceyeHHsl paeH 7/2, BHITEKAEeT U3 OYEBHAHOTO COOTHOIIEHHsS a? +

b o
+ r? +c . OtmetuM, 4to mpsimo#t u3 +S? npu orobpaxkeHun f

2
b 2
SIBISIeTCS] He BCS1 OKPYXKHOCTb (u' + —;'i) + (u?+ =) =12, a Toasko
Ta ee 4acTb, KOTOPasi cofepXuTes B Kpyre y2 + 22 < a. O

Oxpyscrocme
Beckoneunozo paduyca

Puc. 29
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Hrak, reomeTpusi, HHAYLHPOBaHHAasi Ha nceBrochepe MHHUMOTO pa-
ouyca B R? coBnamaer (mocsie mnomxomsimied 3aMeHbl KOODAMHAT)
C reoMeTpHeH, BO3HHMKAIOLIEH B Kpyre paguyca « Ha €BKJIMIOBOH
miaockocTd R2, ecau B KayecTse «TOYEK» 3TOH
reoMeTPHH B35ITh OOBLIYHBIE TOYKH 3TOTO Kpyra
(6e3 rpaHHYHHIX TOYEK), 2 B KayecTBe <«IPSIMbIX»
2] 5TOM reoMeTpHH B3siTh AYTH OKPYKHOCTEH, mepe-

Z] CceKaomux rpaHMLly Kpyra noj MpsiMbiM yrioM (B

. YaCTHOCTH, «[PSIMBIMH» SIBJSIIOTCSI BCE IHAMETPH

////////m\\\\ KPYyTa, MOCKOJbKY MX MOXHO pacCMaTpUBaTh Kak

IYTH OKpyXKHocTed 6ecKoHeuHO GosbLIOTO paiu-

yca). I'eometpusi 3Ta HasmBaetcs ceomempueil

Puc. 31 Jlobauesckozo, a ee Mofiens B Kpyre pajuyca o

Ha eBKJIHJOBOH IJIOCKOCTH Ha3bIBaeTCsl MOOeAblo

ITyankape reomerpum Jlo6auesckoro. Cam H. U. Jlo6auesckuii mo-

CTPOMJ CBOIO T'€OMETPHIO COBCEM MHHLIM IMyTeM, 6e3 HCIOJb30BaHHS

TCeBJOEeBKIHIOBHX POCTPAHCTB, 2 HEMOCPEACTBEHHO OTIPABJSISICh OT

TaKoH (OPMHl «[ISATOrO MOCTYyJaTa», KOTOpasi Mpeanosaraia HamiHiue
6ecKOHeYHOro MHOXECTBA MpSIMBIX, NapaJjJejbHblX JaHHOH.

Ha mopenu Ilyankape Jsierko mpoBepuTh Bce aKCHOMBI (mocTyJsa-
Tl) EBknHma m y6emuThesi, 4TO Bce OHH, KpOMe MSITOTO MOCTYJATa,
cnpaBegnuBel. Ha puc. 31 HarssinHo nokasaHo, 4To udepe3 Jio0ylo
TOYKY, B3ATYI0 BHE MPSIMOH, MOXHO MpoBecTH OeCKOHeYyHOe 4YHCJO
NPSIMEIX, [apaJyieNbHBX DaHHOH (T. €. MPSIMBIX, HE MepeceKaloUHuXCs
¢ Hell) . C TOYKM 3peHHsI AaKCHOMH O MapaJsiesbHbIX, TeOMETPHsI
Jlo6aueBcKOro NpoTHBOMONOXKHA MU THIECKOH reoMeTpun. OTMeTHM
TaKoKe, YTO €CJIH YCTPEMHTh apaMeTp & K 6ECKOHEYHOCTH, TO B J060H
KoHeyHOH o6sactu Mozenu [lyankape reometpusi Jlobayesckoro 6ynet
«CTPEMHTbCSI» K €BKJIHIOBOH reOMETPHH, TaK KaK JAYTH OKpPYKHOCTeH
Ha4YHYT PacHpsIMASITbCS M MPeBpaIlaThCsl B €BKJIHAOBBI npsimble. ['pa-
Huua mopenu [lyankape — okpyxHocth y? + 22 = a? — HasbiBaeTcs
abcoarromom, Ha HeH pacrosoXeHsl OGECKOHEYHO yAaneHHble TOYKH
nyockocTH Jlo6aueBckoro. MHorna npu usydenun niockoctu Jlo6aues-
CKOT0 M0J1araioT JJisi IPOCTOTH a = 1.

%/

3AMEYAHUE. MoxHo 6bIo Ob pPacCMOTpPeTh reoMeTpHIO, BO3-
HHKAOIYI0 Ha rceBrocepax BelllecTBEHHOro paguyca B R3 (7. e.
Ha ONHOMNOJOCTHBIX runep6osonpax). [lokaxute, 4TO 3Ta reoMeTpusi
coBnazaer ¢ reomerpuel Jlo6ayesckoro.

[TepeiineM Temepb K BONpPOCY O BHIYHCJIEHHH PMMAHOBOH METPHKH,
HHAYIMPOBaHHOH Ha mnceBocepe MHHMOrO paguyca oObeMJIoNEeH
nHAe(HUHUTHOH MeTpHKOH. [locTynum mo aHanoruu ¢ o6uyHOH cdepoi,
BBeJs1 B npocTpaHcTBe R3 aHasor ceprueckux KOOPAUHAT, C IOMOLIBIO
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KOTOPHIX 3amuiueM B yno6HOMH /151 Hac fopMe ypaBHeHHe nceBaochepsl.
B msockoct YOZ BBeleM moJisipHble KOODAMHATH! (7, ), THE @ —
yroan c¢ ocbi y. Kpome Toro, BBenmeM eme napamerp 6' — ananor
COOTBETCTBYIOLIEro MapamMeTpa B OOBIYHBIX chepHIeCcKHX KOOPAHHATAX.
ChenaeM Ternepb 3aMeHY IepeMeHHbIX

y=ashf'cosyp, z=ashb'siny, z=achb.

B 3T0# «IceBRoctepHYeCcKOl» cucTeMe KOODAHHAT YPaBHEHHe NCeBJOC-
(epHl 3anmuiuerTcss B BHAE o = const. ITO HEMOCPeACTBEHHO BhITEKaeT
U3 ypaBHeHHMs rceBroctepsl MHHMOTO paguyca.

BriyuciuM BUI PUMaHOBOH METPUKHU Ha nceBfiochepe B KOOpOHHATAX
u!, u? Ha mopmenmn [lyankape. Mcnoab3yss dopmyssl mis crepeorpa-
¢UYecKOl MPOEKUHH H MOACTABJAS MX B BHPaXKeHHe s KBaJapara
muddepeHunana muHs gyru B R, noaydaem (mposepsre!):

1,2 242
—(da(u', u?)PH(dy(u', u) H(dz(u!, uh)) =dat LB
(e = (u')" = (v%))

CnenoBaTtesibHO, B MOJSIPHBIX KOOPAHHATax (mycTh o = 1) Ha MoxesH

[Tyankape 3Ta ke MeTpPHKa 3amuIUeTCs] TaK:

ds? =4 dr? + r2d<p2
(1= r%?

Kak BuaHO M3 3TOH 3amHCH, NMOJYYMBIUAsICS METPHKA SIBJISIETCS KOH-
(OPMHOH, T. €. OTIHYAETCSI OT €BKJIHIOBOH NepeMeHHbIM MHOXHTEJIEM
A(r)=4(1 — r?)~2. TlepenuiueM Tenepsb 3Ty XKe METPUKY B HICEBAOCHE-
pHyYecKHx KoopauHaTtax. Ilist 3TOro cuesnaeM 3aMeHy KOOPAHHAT (7 )
Ha HoBble napameTphl (X, ¢) no dpopmynam: r =cth(x/2), ¢ =. Heno-
cpencTBeHHOe BhuHcsieHHe naet (nmposepbre!) ds? = dx? + sh?xdy?.
DTOT BHJ METPHKH [OJHOCTbIO aHAJOTHYEH 3aMHCH METPHKH CdepH
B KoopauHatax (0, @), HO TOJBKO OOBbIYHBIE TPHrOHOMETDHYECKHE
(GYHKUHMM 3aMeHeHH 3[iech Ha runepbosnyecKue.

Hatinem reomeTpuueckuiét cMeicn napamerpa x. PaccmorpuM, Ha-
npumep, naockoctb XOZ, Toraa Ha Hed BO3HHMKaeT WHAYLMPOBaHHas
TCeBROEBKINA0BA MeTpHKa ds? = —dz?+dz?. [lceBnoctepa nepecexkaer
3Ty mJOCKOCTb Mo rumep6oJie, napaMeTpHyecKoe 3alaHHe KOTOPOH B
nceBocdepHUeCcKHX KOOPAHHATAX UMEeT BUA (Mbl CUHTaeM, 4To a = 1)
z=ch@', z=sh§' (puc. 32). B kavectBe mapamerpa 6 Bo3bmMeM
eBKJIMI0BO 3HaueHHe yraa POS; torna, oueBuaHo, tg 6 =th §'. Hafinem
AJIMHY oTpe3Ka runep6oJbl B 1CE€BAOEBKIHIOBOH METPHKE OT 3HaYeHHsI
0 no ¢'. Vimeem

o

l= S \/—sh?6+ch?60do=0.

0
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Takum o6pa3oMm, €' coBmajaer ¢ MIMHOH «MepUIMaHa» Ha ICeB-
Jocdepe, HAYLIETO H3 IOXK-
Horo mnoJgioca S B mepe-
MeHHyl0 Touky P, T. e.
9TOT rapaMeTp BIIOJIHE aHa-
JorayeH o6bIYHOMY Mapame-
Tpy 6 Ha cdepe. B uyact-
HOCTH, MHl MPOSICHHJIH Teo-
MeTPHYECKHH CMbICI ICeB-
HDOEBKJIHIOBHX KOOPAMHAT
(puc. 33). Kak BunHo, nces-
Jochepuyeckue KoOpAHHaA-

Puc. 32 Thl [OJHOCTHIO aHAJOTHYHHI
chepuyeckuM KoopmuHaTtaM. Ecium « # 1, To maMHa «MepuiHaHa»
paBHa af'.

PaccmorpuM Temeph crepeorpaduueckyio MpoeKUHI0 (AJjsi OPOCTO-
Thl, MO-NPEXHEMY paccMaTpHBaeM ToOJbKO muockocTh XOZ, Tak
KaK BCe HallM BHIYHCJEHHS
COXPaHSIOTCST [MpH Bpalle-
HusX naockoctH XOZ Bo-
Kpyr ocn 0X). Tak kak

2u2a

zZ = Trz, TO IOJiydaeM:

a

z=—2"_ (12K kaK ul=r
1

8

B miockoctu XOZ). Tak
Kak z = sh 6'sin o =sh @’
(tak Kak @ = 7/2), TO
"> =sh@', otkyma r =
-7
=cth(6'/2). TeM caMuM f0-
KasaHo, yro x = ¢'. Urax, Puc. 33

dr? + r2dp?
(1=72)2 °
OTMeTHM, YTO 3Ta MeTpPHUKA SIBISIETCS MOJOXHTENbHO OlpejeseH-
HOM, XOTs1 o6beMJIIonasi MeTpuKa Obla NCeBIOEBKIHIOBOH, a MOTOMY
nHaebuHUTHOH. TakuM 06pa3oM, HEKOTOpHE [TOBEPXHOCTH (HanpHMep,
ncepnocdepa MHHMOTO paguyca) MOTYT HeCTH Ha cebe MOJIOXKHTEJNbHO
onpefesNeHHYl0 MeTPHKY H OHTb B TO JXe BpeMsl BJIOXXEHHHIMH B
NIPOCTPaHCTBO ¢ MHAePUHUTHOKH MeTpHKOH. To 06CTOSTENBCTBO, YTO Ha
ncesgocdepe HMHAYUHPYETCS] MOJOXKHTENbHO ONpefeNeHHasi MeTpHKa,
MOXXHO OblJI0 6Bl YCMOTPETh H M3 HarJsifHBHIX FeOMeTpPHYecKux coobpa-
KeHHH. PaccMOTPHM A5l IPOCTOTH CeYEHHE NICeBAOCHEPH MTOCKOCTHIO
XOZ, u nyctb £ — BEKTOP CKOPOCTH runepbossl B Touke P. Mbl X0THM

MBI TIONY4HJIH Ha Mogenu [lyaHKape puMaHOBY MeTpHKY 4
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y6eIuThCS B TOM, YTO €ro MCEeBJOEBKINI0BA JUIMHA BEIIECTBEHHA. JTO
cjenyer U3 puc. 34, Ha KOTOPOM OTYeTJHBO BHIHO, YTO BeKTOp £ pac-
MOJIOXKEH BHE CBETOBOrO KOHyca (¢
BEpIIHHOH B Touke P), a moToMy siB-
nsieTcsl MPOCTPaHCTBEHHO-ONOGHKIM
BEKTOPOM.

[TonyueHHass HaMu Bhille PUMaHO-
Ba METPHKa Ha3blBaeTCsl MempuKoll
Jlobauesckoeo (B 3anucH Ha MOJEJH
[Tyankape). Takum o6pa3som, 3Ty Me-
TPHUKY MOXHO TPaKTOBAaThb KaK HeKO-
TOPYI0O HOBYI0 METPHKY, 3aJaHHYIO
Ha Kpyre B €BKJHIOBOH MJOCKOCTH,
OTHECEHHOM K OOBIYHEIM MOJISIPHBIM
KoopauHataM. PaHbimie Mu yxe mo-
3HAKOMMJIMCh C ABYMsl JPDYTMMH NPHMEPaMH PHMaHOBBIX METPHK, 3a-
IaHHBIX B eIMHUYHOM Kpyre (IJ1s1 TPOCTOTH CYMTAeM, 4TO PafHyc Kpyra
paBeH 1): 3To eBK/IHOBA U chepHYecKasi METPHKH. Dblso foka3aHo, 4To
3TH METPHKH He 3KBHBAJIEHTHHI.

JlokaxxeM Teneps, uTo MeTpuKa Jlo6aueBcKoro He SKBUBaJ€HTHA HH
OIHOW M3 [OBYX MpPEeNHAYIIHX MeTPHK. [l1si 3TOro MpUMEHHM yXe HC-
MOJIb30BAHHBIH BHIIIE IPHEM: HaH[eM JJIHHY OKPY>KHOCTH Ha MJIOCKOCTH
Jlo6aueBcKoro U BEIPa3uM ee Kak (hYHKIHIO OT paguyca (BHYHCJIEHHOTO
B MeTpuKe Jlo6aueBckoro). bymeM cuuTaTth AJs1 MPOCTOTH, YTO OKPYXK-
HOCTb MMeeT CBOHM LeHTPoM TouKy O H ee eBKJIHIOB paguyc PaBeH a.
HaitneM pnuny pammyca B MeTpuke Jlo6aueBckoro. [lo onpepesnenuio
IUIHHBl KPHBOH, MoJy4aeM

a

_ dr l+a _{ 1+a
X—QK 1_r2_21n\/1—a_1n1—a’

0
T. e. a=th(x/2). [lnuHa OKPY>KHOCTH:
2w

zA

Puc. 34

l1—a

1=2 j e, = A —omshx.
0

Ecnm x mocrartouHo Masno, TO NpHOMHIKEHHO MOXHO CUMTATh, 4TO
l ~ 27y, 1. e. mony4aeM (opMyay AJsi JUIMHBl OKPYXKHOCTH B €BK-
JuoBoii MerTpuke. IlockoibKy, Kak H B cjydyae JBYMEPHOH ccephl,
MHl BBIPAa3WJIH JIMHY OKpYXHocTH (B MeTpuke Jlo6aueBcKoro) B HH-
BapHaHTHBIX (OTHOCHTEJbHO 3aMeH KOODAMHAT) TePMHHAX, T. €. yepe3
BeJMYHHY pagMyca, TaKxke MOACYHTAHHYI B MeTpHKe Jlo6aueBckoro,
TO IpUBeJieHHas Bhillle GopMysa st AMHHB OKPY>KHOCTH HHBapHaHTHA
OTHOCHTE/IbHO 3aMeH KOOPAMHAT, a MOTOMy MeTpHKa Jlo6auesckoro He
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9KBMBaJIeHTHa HH ONHOM M3 ABYX mpefbaymux merpuk. Ha pue. 35
NpHBeieHa CPaBHUTeNbHast Tabuula MeTPHK cdepbl U NceBaochepsl.

Coepa IIcesdocgpepa
ds®=d0%+ sin® 9 dp? ds? = dx? + sh? x dy?
0<f<m 0<Xx <oo
0<p<2n 0K <27
Passepmka
copepor S2\S
ds? = dr? + r? dqp2 ds? = dr? + 12 dtp2
(1+7r%)? (1-r?)?
0<r<oo ogr<l
0<p<2n 0K <2
Puc. 35

YKaxem eme fgBe mnose3Hnle (OPMbl 3aMMCH MEPEYHCTEHHLIX paHee
MEeTPHK — TaK Ha3blBaeMbleé KOMILUIEKCHbIE (JOPMbI 3aIHCH.

Jlnst aToro paccMOTpHM €BKJMAOBY IMJIOCKOCTb M BBeleM Ha Hei
KOMILJIEKCHYI0 KOOPAMHATY 2 = z + 1y. lorga B KayecTBe Z BO3bMEM
z — 1y. MBI He 6yneM 31ech BAABaThCsl B F€OMETPHYECKHH CMBICT 3THX
HOBBIX KOOpAMHAaT, a OymeM paccMaTpuBaTh 3aMeHY (Z,y) — (2, Z)
KaK HeKyio ¢opMmanbHyio 3aMeHy. Matpuua SIkobu 31oit 3aMeHbl HMeeT
BUJL { _:. . SIkobuan J =—2¢ #0, a noToMy 3Ty 3aMeHy MOXXHO
cuutath peryssipHoii. Tak Kak dz =dz + i dy, dZ=dz — i dy, 10
eBKJIHJ0Ba METPHKA B 3THX HOBBIX KOODAMHATaX NMPHHHUMAeT BHUI;

ds? = dz? + dy® = (dz + i dy)(dz — i dy) = dz d 2.
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MeTpHKa cdepsl, c1ef0BaTeNbHO, MPHHUMAET BHI:
o _ _ dz® +dy? dzd 3
ds® = 72,202 227
(I+=z"+y%)" ~(1+]2%)
rae |z|? = zzZ = 2% 4+ y? = r?2. CoBeplIEHHO aHAJOTHYHO MOJy4aeM
KOMILJIEKCHYI0 (hopMy MeTpukH JloGaueBckoro: ds® = %.

Jnsa metpuku JlobaueBcKoro cyuecTByeT enie ofHa noJe3Hasi popma
3anyMCcH Ha BepXHeH MoJymI0CKOCTH. PaccMOTpHM ellle OquH 3K3eMIJsip
eBKJIHIOBOM MJOCKOCTH, Ha KOTOPOH BBelEM HOBYIO KOMIIEKCHYIO KO-
OpAMHATY w, H BHAEJIHMM Ha 3TOH MJIOCKOCTH BEPXHIOI MOJYMIOCKOCTb
(T. e. MHOXECTBO Bcex Touek, s KoTopsix Im(w) >0, rre w=u + wv;
v =Im(w)).

PaccmotpuM orobpaxenne R*(w) — R?(z), 3anaBaemoe popmynoi

z= ::U”Ig, rie a, b, ¢, d — KOMIJIEKCHBIE YHCJIA TaKKe, 4To ad — bc #
#0. Takne oTo6pakeHHs Ha3blBawOTCst OpoOHO-AuHelHboimu. OTMETHM,
yT0 ecau ad — bc =0, To 310 oTOOpaAKEHHE NEPEBOIUT BCIO MJIOCKOCTh
R?(w) B OOHY TOYKY, a MOTOMY Mbl H HCKJIIOYUHJIH 3TOT TPUBHAIbHBIH
cayya#.

Tenepr Mbl XOTHM HaWTH Takoe oToOpaxkeHue 2z = Z::I«li” KoTopoe
nepeBesio Obl BCIO BEPXHIOW MOJYIJIOCKOCTh BO BHYTPEHHOCTb €UHHY-
Horo Kpyra |z| < 1 Ha miockoctH z. [Ipu 3TOM BelecTBeHHasi npsimasi
Im(w) =0 go/mkHa mepeHTH B IPaHHYHYIO OKPYXKHOCTb |z| =1. OKa3sl-
BaeTcsi, Ji06oe HeBbHIpOXKAEHHOE IpPoOHO-THHEHHoe oToOpaXxkeHHe (T. e.
Takoe, It Kotoporo ad — bc # 0) ogHo3HayHo ompefessieTcs: o6pasom
JI06bIX TPEeX TOYEK, He JieXKallMX Ha OJHOH HPSIMOH B MJIOCKOCTH w.
Mui He GyneM 3pgech IOKa3bBaTh 3TO obliee yTBepXKIEHHE, MOCKOJbKY
B TaKOM BHJE OHO HaM He moTpebyeTcsi, a MPOAEMOHCTPUPYEM 3TO
CBOWCTBO APOGHO-THHEHHbIX 0TOOpaXKeHUH Ha OHOM KOHKPETHOM MpH-
Mepe, KOTOPHIH H OKa)XeTCsl HCKOMBIM OTOOpaXKeHHEeM MOJYIIOCKOCTH
Ha eIHHUYHBIH KPYT.
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Hajinem takoe orto6paxeHue z = ‘::U”Ig, ytober 0 —» 1, 7 — 0,

1 — ¢ (umknnyeckas: nepecraHoBka) (puc. 36). [lonyyaem cienyioryio
CHCTEMY ypaBHeHHW# 114 a, b, ¢, d:

1_2 i_a+b _at+b
T a T c+d? T ea+d’
1+ w

Pewas ee (nposepbre!), nonyyaem z = 1——. Hrak, mb Hamim ogHo
npo6Ho-THHelHoe npeo6pa3oBaHue, NepeBOfsillee BEPXHIOK MOMYILIO0-
CKOCTh B efMHHYHBIN KpYr. (Takux npeo6pasoBaHuil HMeeTCs1 MHOTO.)

_ 14w
TlokaxceM, uTo NpeoGpa3oBaHue z = {——— ONpPeJesisieT Pery.IsipHyo
3ameHy KoopauHat. B camom mesie, cHauana npeacTaBuM npeo6pasosa-

HHe 310 npeobpa3oBaHue B BHIE:

ST T w1

¥4

noay4daeMm, 4Yto s OOKa3aTeabCTBa PEryjasipHOCTH 3aMEHBl OOCTa-

TOYHO [0Ka3aTb, 4TO NpeoOpa3oBaHHe z = .- SIBJSIETCS PEryNsiPHON
3aMeHOM KOoOopAMHAT (IOCKOJIbKY MCKOMOe npeo0pa3oBaHMe SIBJISETCS

KOMII03uLIHeH [1Pe06pasoBaHuil: z = o, CABHra Ha MOCTOSIHHBIA BEKTOP,

1
NOBOPOTA M PACTsKeHHsi). 3anucaB OTOOpaXKeHHe z = .- B TePMHHAX
BellleCTBEHHOH U MHHMOH YacTH, Mojy4yaem

= u y - —v

u? + v?’ u? + v?’

Marpuua flko6u paBHa (C TOYHOCTHIO A0 MONOKHUTENHLHOTO MHOXHTE-
2 2

vi—u 2uv

aist) 2 _ .2 ) . Orciona J = (u? 4+ v%)? > 0. YrBepx)aeHue

—2uv vi—u
JI0Ka3aHo.
Hanpem dz. Umeem

dz — idw(l —w)+idw(l+iw) _ 2idw
(1 —iw)? T (1 —dw)?’

Orciona _
_ 4dwd w
dzdz=——.
|1 — 7w|
[TpousBoasi COOTBETCTBYIONIYI0 3aMeHY B BHpakeHuH ds? =
noJy4aem:

dzd z
(1=’
ds? — 4 dwd@__ du? 4 do?

$°= 2 = 2

(w — ) v
Ortcloza ele pa3 BHAHO, YTO TOYKH BelllecTBeHHOH ocH (0o6pa3 abcosio-
Ta Mogesu [lyaHkape) siBsistioTcsi 6eCKOHEYHO YAaJieHHbBIMH TOYkaMH Ha
niockoctH JlobaueBckoro (Ha 3TOT pa3 CMONEHPOBAHHOH Ha BEepXHEH
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noJymnjiockoctd). B camMom nese, eciH MBl 3aXOTHM MOACYHTATDH JUIHHY
orpe3ka ocu Ov, 0T TOUKH ¢ 10 ToukH O (yKe He mpHHaAJeXaIleH mnio-

i 1
d
ckoctH Jlo6aueBckoro), To noayuum ! = § T” =In v| = —In(0) — oo.
0 0

BrisicHUM, B KaKue KpHBbHIE MEPeHAyT NPH OTOOpaKeHHH Ha BepX-
HIOI0 MOJYIJIOCKOCTh NpsiMble miockocTH Jlo6aueBckoro (B momenu
[Tyankape). CHayana pemIHM aHaJOrHYHBIA BOMPOC AJIST JJTHITHIECKOH
reoMeTpud. HamoMHuM, 4TO B KayecTBe NPSIMBIX 3TOH F€OMETPHUH MH
paccMaTpHBaJH BCEBO3MOXHbBIE 9KBAaTOphl Ha cdepe S%. Paccmorpum
crepeorpaguuecky npoekuuio S? Ha mirockocts R2Z. Haiinem o6pasni
9KBaTOPOB NPH 3TOM OTOOpaXKeHHH.

Jlemma 4. [lpu cmepeoepaguueckoil npoexyuu 3K8amopst nepe-
xo00am aubo 8 okpymcHocmu Ha naockocmu R?, aubo 8 npamole,
npuvem, IKgamop nepexooum 8 npamyro mozda u moAibko moeoa,
Koz0a ox npoxodum 4epe3 cesepHulii NOAIOC Ccihepel.
JlokaszaTteabcTBO.
CHayana 3anuuieM cre-
peorpaguyeckyio Mpoek-
M0 B HEKapTOBBIX KO-
opouHarax. Ilyets z, y,
Z — KOOpAMHATHl TOY-
KH P Ha cdepe, a
7', Yy — KOODIOMHATHI ee
o6pasa Ha MJIOCKOCTH
(mocne crepeorpaguye-
cKod npoekuun). Torma
u3 puc. 37 nonyqaeM
COOTHOLUEHHH x'
y= l -z

YpaBHeHHe OKpYXHO- Puc. 37
CTH Ha cepe paguyca 1
3amuiieM B BHAE ABYX ypaBHeHHH: ar + by +cz=d, 22+ y*+22=1.
Hmeem:

T 1-2z

d —az — by d —azx' — by

= —g=—c¢—d _
c ’ z_c—az'—by" 1 z_c—a:c'—by"
(@)1= 2 + ()1 — 2 4+ 22 = L.
Tak xak 1 — z >0, To

’ ! 1+ 2 2Ad — ax’ — by’
(z)2+(y)2=ﬁ=1+ﬁ=1+ oz —by)

2 =

(@) + )+ =37+ =
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Kak n3BecTHO U3 aHAJTHTHYECKOH eOMETPHH, 3TO YPaBHEHHE BTOPOTO
nopsigka omnpeaessier Ju6o NpsiMyto, JHO0 OKPY>KHOCTh HA MJIOCKOCTH,
B 3aBHCHMOCTH OT COOTHOIIEHHH MeXJy mapaMeTpamu a, b, ¢, d. O

AHanoruyHoe yTBepXKAeHHE HMEeT MecTo M Jisi mockocTu JloGayes-
CKOTO.

Jlemma 5. Hesoiposoennoe Opobro-auHelinoe npeobpa3osaHue
b
z:‘c';”_td (m. e. makoe, umo ad — bc #0, 2de a, b, ¢, d —

KOMNAEKCHble YUcAQ), nepesodsujee OBYMEPHYIO NAOCKOCMb 8 cebs,
omobpadcaem npamoie U OKPYXHOCMU CHOBA 8 nNpAMble U OKPYHCHO-
cmu, npuiem nPAMas moxcem nepelimu 8 OKPYicHoCcMsy, u Haobopom.

HdokaszateanbcTtBo. Eciuc=0, To yrBepXKaeHne oUeBHIHO, TAK
b M .
Kak npeo6pa3oBaHue z = %w + 7 mpencrasnsier co6oi napassenbHbli

b
CHBHT Ha BEKTOD 5 H YMHOXeHHe Ha KOMILIEKCHOe umciao 5 (pac-
(ad — b ;
tskenne ¢ nosopotoM). [lyets ¢ #0. Torma z = = — 224 1, e,

c c(cw+d)’
YTBEPXKIEHHE JJEMMbI OCTAJOCh JOKA3aTbh TOJbKO IJs I[pO6HO-JIPlHeHHO‘

1
ro npeo6pa3oBaHust z = .

PaccMOTpHM NPOH3BOJIBHYI0 OKPYXXHOCTD Ha MJIOCKOCTH 2 M 3aMHIIEM
ee YpaBHEHHE B BUIC |z — z|> =€, 1. e. (z — 2,)(Z — 2,) = 2. [lenas
3aMeHy z = -, NIOJy4aeMm

(1 —2z2)(1 —22))=¢c%2zz, T.e. zZ(e?—22Z,)+ 22+ 2,2 —1=0.

SlcHo, 4yTO 3TO Yypas-
HeHHe (B 3aBHCHMOCTH
oT BbI6Opa MapaMeTpoB
€, 2,) onpepensieT au6o
OKPYXHOCTb, 1160 nps-
Myo. O

CneactBue 1. Pac-
cmompum omobpasce-

Hue z = if:z nepeso-
Osujee BEPXHIONO NOAY-
naockocme 8 eOuHuH-
noul kpye. Toeda nps-
mole modeau I[lyanka-
pe, m. e. Oyeu oxkpyscHocmeil, opmozoHarbHblx abcortomy, nepe-
xodam aubo 8 npamvie Ha niockocmu W, opmoeoHaibHbie 8e-
wecmaennoil ocu u (2de W = u + i), aubo 8 nosyokpymcHocmu,
opmozoHarbhbie sewecmsernoll ocu u (puc. 38).

Puc. 38
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JokaszaTteabCcTBO. DymeM cyHTaTh, 4TO €JHHMYHBIH KpYr
BJIOXKEH B IJIOCKOCTh KOMILIEKCHOH NepeMeHHOH 2, a BEepXHsis IOoJy-
JIOCKOCTh — IJIOCKOCTh KOMIIIEKCHOH mnepeMeHHol w. Toraa otobpa-

L+t
KeHHe z = ltzz MOXKHO CUHTAaTh ONpe[e eHHHM BCIOAY Ha MJIOCKOCTH
w. B cuny neMMe 5 310 oToOpakeHHe NepeBOAMT NpsiMble JHOO B
npsiMble, THOO B OKPYXKHOCTH (2HAJOTHYHO H OKPY>KHOCTH IEePeXOoAsiT

aubo B mpsiMele, JHO0 B OKpyxHocTH). [lockosnbky npeo6pa3oBaHue
1+ 1w z—1

z =1, HMeeT obparHoe: w = eEa) (HarmoMHuM, uTo ad — bc #£0),

TO 3TO Xe€ CaMoe yTBEPXKAEHHe BEPHO H It 0OpaTHOro oTo6paxkeHust
-1

w = —=—. CuaenosatenbHo, npsiMpie Moxenu IlyaHkape (ecau ux

% 1)°
L[OIIOJH(-IiI;b ),uo NPSIMBIX U JI0 OKPY>KHOCTEH Ha IJIOCKOCTH z) MepeXonsiT
au6o B mpsiMble, JHOO B OKPYXKHOCTH Ha miockoctH w. Ocranoch
JI0Ka3aTh, YTO OHH AOJKHBI OBITh OPTOrOHANBHEI BEIeCTBEHHOH OCH (B
TOYKaxX [epecedyeHHsi ¢ 3TOH ocblo). ITo ByneT cJefoBaTh U3 JeMMH 6.

Jemma 6. Jlroboe HesbipoxrcdenHoe OpobHO-AuHeliHoe npeobpa-

_aw+b
308aHue z = cwtd’ omoépao;carotqee nAoCKocmes w Ha nAocKocmb

z, coxpansem yaibl meHOy eAQOKUMU KDUBbIMU B8 MOUKAX UX
nepecevenus.

,H, OKa3aTeJabCTBO. I[ocraro'mo BHIYHCJ/IHTL B §fIBHOM BHJIE

€BKJIHIOBY MeTPHKY dz d Z B HOBHIX KOOpAHHATax w = u+%v. [IpoBepka
TOro (paKTa, 4To OTOBPaXKEHHE 2z = ‘c':jig, rae ad — be #0, onpenensier
peryJisipHyio CHCTeMY KOOPAHMHAT, TPOBOAMTCS TAK Xe, KaK H NPOBeNIeH-
HOe BHIIIE PacCyXIEHHe O PEryJsipHOCTH 3aMeHH z = ifzz Ipsimoe

BbIYHCJIEHHE [TOKAa3bIBAET, YTO

dz = adw(cw +d) —cdw(aw+d) _  ad —bc
(cw + d)? (cw + d)?’

|ad —bc|2

T.e dzdzZ= v
|ew + d]

dw d@w. B BemecTBeHHHX KOOPAHHATaX (Z, y)

__|ad - be|?
" ew + dJ?
0TO6paKeHHe 0Ka3anoch KOHPOPMHBIM, T. €. YMHOXKAIOIUM €BKIHIOBY
METPHKY Ha IOJIOXHTENbHHH ([lepeMeHHbII) MHOXHTENb H, KaK OblIo
H0Ka3aHO paHee, COXPAHSIET YIJIbl MEXAY [lepeceKaloUMHCST [IaIKHMH
KpuBbiMH. [J

TeM caMbIM MOJHOCTBIO NOKA3aHO U cJaeacTBHe 1.

u (u, v) uMeeM dz? + dy? (du®+ dv?). TakuM o6pasoM, Hae

PaccmorpuM Gosee meTanbHO CBOMCTBA OTOGPaXKEHHSI w = ﬁ

Touka —1 nepexomuT B GECKOHEYHOCTb, CJ€0BATENLHO, JHAMETP Ha
Mozxenu [lyankape, npoxopsitiuii yuepe3 Touku O u —1, mepexoqut B nps-
MYI0, OPTOroHaJbHYIO BelecTBeHHOH ocH u B Touke O (puc. 39). Ilpu
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Puc. 39
z—1
oTo6paXKeHHH w = T FT) OKPYyxHOCTH |z| =1 MePeXOMT B BellecT-
v _ | T ev_1
BEHHYIO OCh u. B caMoM feqte, et A\ = ———— T A= ———— =},
y . i(e® +1) i(e® +1)

T. €. A\ BelleCTBEHHO.

PaccMorpuM nJockocTh Jlo6aueBckoro B ee peaju3audu Ha Bepx-
Hed moaynaockoctH. Ilyete P, u P, — fBe NpPOH3BOJbHbBIE TOU-
KH B BepXHeH MOJYIJI0CKO-
cru. Torma oHM Bcerga Mo-
ryT OHITb COEIMHEHH eIHH-
CTBEHHOH IPSIMOH B IJIOCKO-
ctu Jlo6auesckoro. [loctpoe-
HHE TAaKOH NpSMOH IOKa3aHO
Ha puc. 40. B toM cayuae,
Korga o6e TOYKH pacroJioxe-
HH Ha NpsIMOH, OPTOTOHANb-
HOU BeIeCTBEHHOH OCH, IIps-
Masi ockoctH Jlo6aueBckoro
COBMAfIaeT C 3TOH IPSIMOH.

HaiineM siBHY10 ¢opMyny ansi AHHH OTpe3Ka NPSIMOH OT TOYKH P,
no touku F, (B MeTpuke Jlo6auesckoro). CHauana cpesiaeM NpoCToOe
npeo6pasoBaHue NpPSIMOH, HE MeHsollee NIHHY ee Nyr, — MapajJenb-
HbH NepeHoc BJOJMb OCH u. Tak Kak MeTpuka JloGayeBCKOro umeer
dz? + dy?

2

Puc. 40

Bug ds?= , TO OHa WHBapHaHTHA (COXpaHsieTCsi) OTHOCH-

TENbHO TaKHMX INapaJyleNbHLHX NEepPeHOCoB (MJIH, KaK MHOrAA TOBOPSIT,
TPaHCJSIUMOHHO MHBADHAHTHA OTHOCHTEJHHO BeIIEeCTBEHHLIX CIBHIOB,
T. e. cABHroB BRoab ocH z). [lycte P, u F, He jexaT Ha NIPSIMOH,
OPTOrOHAJbHOH BeIECTBEHHOH OCH. B 4acTHOCTH, MOXHO CYMTaTb,
4TO LEHTP OKPYXKHOCTH, H3006paxKaioled NpsiMyIo, IPOXOASIIIYIO Yepe3
touku P, u P,, Haxomutcs B Touke O. [lapamerpuueckd ypaBHeHHe
STOH NPSIMOH HMeeT BUA T = T,, Iae (7; ¢) — MONsSIPHEE KOOPAHHATHI.
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[Tycts Toukn P, m P, 3amaloTcs KoopaMHAaTtaMu (7o, ;) 4 (75, @)
cooTBeTCcTBeHHO. Torna AjauHa ayru ot P, 1o F, umeeT BUJ

[} 12]
_ mde [ de _ 1 (L4t\[%_
l(Pan)—s rosirl(p_s sinp — 1 -t cosw,_
1< 41

_ Ly, (L+cospp)(l—cosep) (tg%)
(I —cos (1 +cos ) tg %

[lycts Temeps ToukM P, u P, jexaT Ha NpsMOH, OPTOrOHAJbHOM
BELIeCTBEHHOH ocu. Torxa, oueBuaHo, I[(P, B)=In (y& , tie (z,y,)

u (z, y,) — KoopauHaTH Touek P u P, cooTBeTcTBeHHO. B TOM ciyuae,
Koraa Toukd P, u P, pacnoJioxKeHbl Ha OKPY>KHOCTH (C LIEHTPOM Ha Be-
IECTBEHHOH OCH), CJIeyeT OTMETHTb OJHO IoJie3HOe 06CTOSITENbCTBO:
paccTosiHie Mexny Toukamu P, u P, He MeHsieTcs IpH peo6pa3oBaHUH
noao6usi ¢ ueHTpoM B Touke O. (Mbl cuuTaeM, YTO UEHTP OKPYKHOCTH
COBMeIIEH C Ha4anoM KOOpAMHAT.)

Hcxomst M3 mosyyeHHOH (OPMYJH AAsl AJIHHB OYTH MOXHO JO-
Ka3aTh, 4To Ha muockoctd Jlo6aueBckoro st J060ro TpeyroJbHH-
Ka, COCTaBJEHHOIO U3 OTPE3KOB «IIPSIMBIX», BHIIOJHEHO HEPaBEHCTBO
TpeyroJbHHKa, T. e. eciu P, F,, P, — BepIMHH TPeYroJbHHKA, TO
I(R, B) + I(E, B) > (B, B).

JlokaxkeM HepPaBEHCTBO TPEYroJbHHKA /sl NPSIMBIX B TIOCKOCTH
Jlo6auesckoro. [yisi sToro yno6HO cHOBa BepHYThCS K H306PaXKeHHIO
naockocTH Jlo6aueBcKoro B BHAE ABYXIOJOCTHOro runepbosonna +S2,
3afaBaeMoro ypasHeHueM —(z')? + (z?)? + (z3)? = —1. Hanomuuwm, uto
npsimble Ha miaockocTH Jlo6aueBcKOro — 3To nepeceyeHHsi MIOCKOCTEH,
NPOXOASILIMX Yepe3 HauyaJo KOOPAHHAT C ABYXMOJOCTHEIM THIep6oou-
HOM.

[lycts €,,€, € *S? — mBa BeKropa Ha miockoctH JloGayeBckoro,
P — nyiockocTh, MOPOXKIEHHAsT BEKTOPaMH €, H €,. Torma ckansipHoe
npousseneHue B R? uHIyuMpyeT MHAE(QHUHHUTHOE CKAJISIPHOE MPOH3BE-
nenue Ha miockoctH P. Tlockosbky (€, €)= —1, To miaockocts P
u3omopdHa R? u, cienoBarenbHO, Ha IOCKOCTH P MOXHO TaK BBECTH
JIHHEHHble KOOPAMHATH (z, y), YTO METpPHKa mpumeT BHA —z° + y?, a
ypaBHenue npsiMolt I 3anumercs B sune —z2+y?=—1. CiienosarensHo,
AJTHHY oTpe3Ka KpuBod [ Mexny ToukaMu € = (z,, ;) U & = (xy, ¥)
MOXXHO BBHIYHCJHTD [0 y3Ke NPUBEJEHHHM Bhie Gopmynam. st sToro
nonoxum z =ch y, y=sh x. Toraa

z,=chy, y=shx, zm=chx, y=shx,
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a JJIMHA OTpPe3Ka KPHBOH PaBHA
Ly =X — xo| =| arcch z, — arcch z,| =
= | arcch(z, 7, — y, )| = arcch(— (€, §)).

TakuM o6pasoM, eciu JaHH TPH BEKTOPa, €, &, & € *SZ, To Hepa-
BEHCTBO TpeyrosbHHKa MMeer BHA [, < l; + l,. TlogcraBum B 3TO
HepABEHCTEO BHpAXeHHe Yepes CKaNAPHOe NPOH3BeENieHHe BEKTOPOB €,

&, &'
arcch(— (&, &)) < arcch(— (&, &)) + arcch(~ (8, &)).

OTMeTHM, YTO BCE TPH CKANsSIPHBIX INPOM3BefieHHs, (€|, &,), (&, &),
(€,, &) monoxurenbub Ha * SP. [IpuMeHsist K eBOM W MPaBOM YacTsM
HepaBeHcTBa QYHKUMIO ch, momyyaem

—(€,8) < (&, &)(&, & \/ 1 &)’ _1\/(elaes -

HJIH:

~(6,8) — (8, &)@, &) < /(8 8)2— 1 /(& 8)2 — 1.
BMeCTO rnocaenHero HepaBeHCTBa JAOCTATOYHO MNOKAa3aThb COOTHoOLIe-
HHE

(€, &) + (&, &)*(6, &) + 2(€,, §)(&, &)(&, &) <
< (_élv é’a)?(éz, %)2 +1- (_él’ _éa)z - (62) é’3)2’
HJIH
-1+ 2<E|v _éz)(%) 'éa)('é“ %) + (él7 62)2 + (el, ) - (em ea) <0
[Tockostbky (€, €)=—1, (&, &)=—1, (&, &)=—1, To B neBoi yacTu
HCKOMOTO HepaBeHCTBa CTOMT ompejenuTess ['pamMa, cocTaBNeHHHH M3
CKalSIPHBIX TIPOU3BeJIeHHH BEKTOPOB €, &,, €
(_él’ _él) (%) —él) (%7 _él)
det | (€,%) (6,8&) (&8) | <0
(€,8) (6,&) (&8)
3H4K onpenenurensi [pama He MeHsieTcs IpH 3aMeHax 6a3uca, Ho3ToMy
B CTaHIapTHoM 6a3uce OH MMeeT BHI

-1 00 .
det| 0 1 0]=-1+#0.
0 0 1

HepaBeHCTBO TpeyroabHHUKa NOKAa3aHO.
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[TocTynas mo aHanoruu co cgepoit, BbiBeleM OTCIOAa caefyloliee
yTBEPXKJIeHHe.

Jemma 7. [las aoboix 08yx mouex, P u Q, ompe3ok npamod,
coeOuHAOWel amy MoOYKU, peasudyem MUHUMAALbHOE PACCMOAHUE
Menc0y Imumu mouKamu.

JokaszarteabcTBO. JledcTBUTENBbHO, PACCMOTPHUM ILIOCKOCTDb
Jlo6aueBckoro u ee peanu3auHi0 Ha NMPaBOH IOJOCTH ABYXIOJOCTHOIO
runepbosouna *S?2. Toraa npsiMasi, coeguHsiiomasi To4ku P u @, pea-
JM3yeTcsi Kak Ayra IJIOCKOro ceyeHus runepbosousa *.S2 miockocTsio,
npoxopsimelt 4yepe3 Touky O (ueHTp ncesiochepn). PaccMoTpum
NPOM3BOJIbHYIO IVIaAKYI0 KPHBYIO <y, COEMHHSIOIIYI0 TOUkKH P u @ Ha
runiep6osouse. ANNPOKCHMHPYeM KPHBYIO <y JIOMaHOH, COCTaBJeHHOMU
H3 OTPe3KOB NpsAMbIX. JlocTaToyHo A0Ka3aTh, YTO AJHHA Ji060H TaKoil
JOMaHOU He MeHblle, YeM [JJIHHA NpsMoH, coemuHsiomed P u Q.

OrMetuM, yto mobyio Napy Touek Ha Mockoctu JloBauesckoro
MOXHO COEIMHHTb OTpe3KoM mnpsiMod. Mul yxe moka3anu 3To paHee
B MOIEJH Ha BePXHeH IMOJYMJIOCKOCTH, KOTAA N0 [POU3BOJIBLHOH Mape
TOYEK Ha BepXHeH INOJYIUIOCKOCTH IIOCTPOMIH OKPYXHOCTb, IIPOXO-
OSLLYI0 Yepe3 HHUX W OPTOrOHAJbHYIO BellecCTBEHHOH OCH (B TOYKax
nepeceyeHHs).

Tenepp MBI MOXeM 3aMEHHTb Hally JOMaHYI0 HOBOH JIOMaHOH,
IJIMHA KOTOPOH He NPeBOCXOMUT JJIHHBI HCXOAHOH JoMaHou. [is sToro
PaccMOTPHM [iBa COCEIHHX 3BEHa HC-

XO[HOH JIOMaHOH H (B TOM Ciy4ae, KO- B

Tla 5TH OTPE3KH He JiexXaT Ha OJHOH
NIPSIMOii) TIOCTPOUM HOBHIH OTpE30K,
COeMHSAIO LI Hayaso NepBoro 3BeHa
C KOHLIOM BToporo 3seHa (puc. 41).
Tak kak tpeyronbHuk ABC cocras-
JIeH M3 TPeX OTPe3KOB INpSMBIX, TO,
Kak OBbUIO J[OKa3aHO BhbIllIE, BHINOJ-
HEHO HEepaBeHCTBO TPEYTrOJbHHKA, B
CHJTy KOTOPOTO IJIMHA HOBOH JIOMaHOH
He NPEeBOCXOIUT JTHHBI HCXOIHOM JIO-
maHo#. [Ipomomxasi sTor mpouecc u Puc. 41

UCTONB3Yst TOT (PakT, YTO y HadaJb-

HOH JIoMaHO# OBIIO KOHEYHOEe YHCJIO 3BEHbEB, MBI 4Yepe3 KOHEYHOoe
YMCJIO LWIAToB NOJYYHM JOMAHYI0, COCTOSIIYIO TOJBKO H3 OJHOTO 3BEHa,
T. €. COefUHUM TOYKH P u @ HeKoTopriM oTpe3kom npsivoi. OxHako
M3 NIPOBE/IEHHOTO paHee pacCyXeHHs], JOKa3bIBaBIIETO CYLIeCTBOBAHHE
TIPSIMOH, COeAHHSIIOIIE! IPOU3BOJILHYIO NIaPy TOYEK, CJAELYeT, UTO TaKast
npsiMasi equHcTBeHHA. CiieoBaTeIbHO, Halll IPOLECC YNPOLIEHHUsI JJoMa-
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HOH OCTaHOBHJICSI B TOT MOMEHT, KOTa JIOMaHasi COBIA/Ia C OTPe3KOM
npsiMo#, coemuHstiouM P u Q. O

HTtak, Mbl IOJYYHIH HEKOTOPOEe 060CHOBAHHE TOTO, TOYEMY IJIOCKHE
ceueHHsi runepOo/ioHa UTPAIOT POJb NpPSMBIX B reoMeTpuu JlobGaues-
ckoro. OKa3anoch, 4TO OHH KaK pa3 U peasH3yiOT Kpardaiiluee paccro-
sHHe MeXIy TO4YKaMH B MiockocTH Jlo6aueBckoro. Mbl NMPHUBLIKIH K
TOMY, YTO Ha €BK/JIMAOBOH IUIOCKOCTH ABHXKEHHE IO TPSIMOH KAk pa3s
¥ O3HayaeT ABM)XKEHHE 10 TPAEKTOPHM, PeaNU3yKOlled MHHUMYM pac-
CTOSIHMSI MEXIY ABYMsI TOUKaMH. TaK Kak B reoMetpuu Jlo6aueBcKoro
(kaK ¥ B reoMeTPHH Ha cepe) NMOHSITHE NPIMONHHEHHOTO JBHXKEHHS
e (GOpMYJHpPYeTCsi MPOCTO M €CTECTBEHHO Ha si3blKE BEKTOPOB C
[OCTOSIHHHIMM KOMIMOHEHTaMH (YKa3blBAaOUIMMH OQHO3HAYHO HAampas-
JIeHHe [BHXXEHHsI), TO eCTECTBEHHO Ha3BaTh NPSIMOJHHEHHBIM ABHXKe-
HHEM TaKoe, KOTOpPOe TMPOHCXOAHT MO HEKOTOPOHM IJIaiKOM KPHUBOM,
peanusyoied MHHAMYM DacCTOSIHMSI MeXIy HaualibHOH M KOHEeYHOH
toukamu. Kiace Takux KpuBHIX Mbl OOHApYXXHJHM KakK Ha cdepe, Tak
¥ Ha miockoctu Jlo6aueBckoro. M1 B ToM, H B ApPyroM ciydyae 3TOT
KJ1acC COCTaBJI€H M3 MJIOCKHX CEUYEHHMH JBYMEPHBHIX MOBEPXHOCTEH, MO-
JENHPYIOLMX COOTBETCTBYIOIIHE reoMeTpuH (cdepsl u ncesaocdepsr).
B manbHeiieM, KOria Mbl IO3HAKOMHMCSI C TIPOCTEHLIMMH dJ€MEHTAMH
BAPHALMOHHOI'0 HCYHCEHHSs, Mbl JOKAXKEM, UTO 3TOT XKe KJIACC KPHUBBIX
MOXeT ObITb BblEJEH M3 MHOXECTBA BCEX [VIAfIKUX KPHUBBIX TAKXKe H
TEM CBOMCTBOM, YTO BHOJb 3THX NPSIMBIX MOXHO €CTECTBEHHO olpe-
J€JUTh TIOHSITHE TMapajJieibHOro mnepeHoca, obobuiaioiiee OOGLUHBIH
papajjiesbHEH MEPEHOC B €BKJIMAOBOM NPOCTPAHCTBE (TaKHe KPHUBBIE
Ha3bIBAIOTCS Fe0e3HUYECKHUMH ).

3agauu x § 4
1. TlokasaTh, YTO y TpeyrosbHHKa Ha InceBjoctepe (COCTaBIEHHOTO H3 OTPE3KOB
NPSIMBIX) CyMMa YIJIOB MeHblie 2.

2. Brlpa3uTtbh CyMMy YIVIOB TPeYrosibHHKa Ha rceBpocgepe (COCTaBJEHHOro H3 OTpes-
KOB TIPSIMBIX) Yepe3 ero IJowamp.



Cnasa 2

OBIIAS TOIIOJOTI'MsI

Tomosiorust — 3To pasfgen MaTeMaTHKH, KOTOPHH H3y4aeT CBOHCTBA
reoMeTPHYECKHX OOGBEKTOB, He MEHSIOIIHecs] NPH «AehOopMaluH» HIH
npu npeo6pasoBaHHUsIX, MOKOOHHIX AedOPMALHM.

[lepBOoHayanbHO TOMOJOTHYECKHE 334aYH BO3HHKIH B MaTeMaTrHye-
CKOM aHa/iu3e, e BCTPeYaeTCss MHOTO MOHSITHH CXOXHX [0 CBOHM
CBOHCTBAM M MeTogaM HccaenoBaHusi. Hanpumep, moHsTHs cxom-
MOCTH H [pefesa BCTPEYAlOTCsl B aHalM3e B KayecTBe: a) npenena
rocJae0BaTeNbHOCTH, 6) Pa3iHYHKEX THIOB MpefesoB (QYHKUMHE OQHOH
riepeMeHHOH, B) NpeesoB (GYHKUHN MHOTHX TlepeMeHHHX, I') [IPelesoB
BEKTOPHO3HAYHHX (DYHKUMH, ) CXOAMMOCTH HHTerpaibHux cymMM. Bee
5TH MOHSITHSI CXOAUMOCTH M NpPefie]ia OCHOBAHH Ha HEKOTOPHX 06LHX
[Jis1 HUX [IPHEMax MCCJeN0BaHMsl, KOTOPHE HHTYHTHBHO MH IOHHUMaeM
KakK 6/1M30CTb TOUEK HEKOTOPOro MHOXXECTBA.

JIpyruM Ba)KHHM CTHMYJIOM [Jisi PA3BHTHSI TOMOJOTHH OHIIO H3yUeHHe
Pa3NHYHHIX THIIOB IIOHSTHsI HEMTPEPHIBHOCTH, K KOTOPHIM TECHO MPHMBI-
KaeT MOHSITHE CXOAUMOCTH.

OO6masi TomoJorHsi BO3HHMKJIA B pe3ysibraTe H3ydyeHHss HaHOousee
OOLIMX CBOHCTB reOMETPHYECKHX MPOCTPAHCTB M MX Npeobpa3oBaHMH,
CBSI3aHHKIX CO CBOHMCTBAMH CXOQMMOCTH M HelpPePHBHOCTH.

§ 1. Onpenenenns u npocTedmne CBOMCTBA
METPHYECKHX ¥ TOMOJOTHYECKHMX IPOCTPAHCTB

1. Merpuueckue mnpocTpaHcTBa. B KauecTBe (yHIAMEHTANBHOTO
MIOHSITHSI B TOIOJIOTHH BHIOHpaeTcsi MOHSITHE «OJH30CTH» 3J1€MEHTOB
IPOM3BOJLHOrO MHOXKecTBa. Haubonee yno6Ho uaMepsiTh creneHsb G-
30CTH YHCJAMH B BHJIE PACCTOSTHHSI MEXAY JeMEeHTaMH.

PaccmoTpuM Kakoe-n6o MHOXecTBo X, cocTosiliee M3 3J1€MEHTOB
Npou3BoJbHOH npupopsl. Mempukoii Ha MHOXecTBe X HashBaeTcs
4YHcsIoBasi HeoTpHuaTenbHast QyHKuMs p(z, y), 3aBHcsIAst OT MapH
3JIeMeHTOB Z, Y € X, 1/l KOTOPOH BHIOJHEHb CleAyIOIIHe CBOMCTBA:

a) p(z, y) =0 Torma u TONbKO TOTAA, KOTAA T = ¥;

6) p(z, y) =p(y z);
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B) 151 NIOOLIX TPEX 3J1EMEHTOB z, y, z € X Bceraa p(z, y) < p(z, 2)+
+r(z 9).

CeolictBa a), 6), B) Ha3HIBalOTCs, COOTBETCTBEHHO, aKCHOMaMH
TOX/JECTBAa, CHMMETPHH H TPEYTOJbHHKA.

MuoxecTBo X BMecTe ¢ HEKOTOPOH METPHKOH p, onpelesneHHOH Ha
MHOXKecTBe X, Ha3blBaeTCsl MEMPUUECKUM NPOCMPAHCMBOM, dJeMeH-
Thl MHOXecTBa X Ha3HBAlOTCS mouKkamu. 3HaueHHe MeTPHKH p(Z, y)
Ha nape Touyek z, y € X Ha3HBAETCS PACCMOAHUEM MEHOY MOLKAMU
z U y. MeTpuueckoe NpocTpaHCTBO OOEIYHO 0603HAUaeTCsi B BHJE Maphl
(X, p). Ho pmns KpaTkocTH, eciH 3TO He BHI30BET HeJOpa3yMeHHH,
MeTpHYyecKoe mpocTpaHcTBO MH OyaeM 4acto 0603HayaTb NPOCTO
yepe3 X.

ITpocTrefilunmM nMpHMepoM MeTPHYECKOro NMPOCTPAHCTBA SIBJSIETCS Ca-
MO MHOXECTBO BellecTBeHHhx uucen R!. Merpuka Ha HeM 3amaercs
paBeHCTBOM p(z, y)=|z — y|. PyHKUMs p obnagaer BceMH cBOHCTBaMH
METPHKH H npespamaer R' B MeTpuueckoe npocTpaHcTso.

Ecau X — MeTpuueckoe NPOCTPAHCTBO C METPHKOH p, a Y C X —
HEKOTOpoe ero NoJMHOXXeCTBO, TO C IIOMOIIBbIO TOH JKe METPHKH p MHO-
XecTBO Y npeBpaiaercsi B METPHYECKOe MpocTpaHcTBo. MeTpHyeckoe
npoctpaHctBo (Y, p) 6yneM Has3HBaTh noONPOCMPAHCMBOM METpHYe-
ckoro npoctpancTBa X . [lyers Y C X — npousBoJibHOE IOIMHOXECTBO
MeTPHYECKOro MPOCTPAHCTBA. PaccMOTPHM BePXHIOIO rPaHb BCEX YHCEN
p(z, y), Koraa z, y mpoberaioT TOYKH MHOoXecTBa Y. Eciin 3Ta BepxHsis
rpaHb KOHeYHa, TO MHOXeCTBO Y Ha3HBAlOT 02PAHUYEHHbIM, 3 UHCJIO

d = sup {p(z, y)} — duamempom MHOXecTBa Y.
,y€Y

Hlaposoii ok pecmrocmero ¢ yenmpom T € X paduyca € Ha3biBaeTcst
MHOXecTBO O,(x) Bcex Touek y € X, Wis KOTOPHX p(z, ¥) < €.

Paccmosnuem mexncoy dsyms muoxcecmeamu Y, Y,C X (p(Y], ¥3))
Ha3bIBaeTCst HIXKHsIsSI TPaHb MHOXKECTBA uHces p(z, y), Koraa = npobe-
raetT MHOXecCTBO Y|, a y npoberaer MHOxecTBO Y,. Eciiu MHOXecTBa Y]
1 Y, uMeiot obmyto Touky, To p(Y], ¥;)=0. Onnako MoxxHO npuBecTH
NpHMepH HelepeceKaloUIUXCsl MHOXXECTB C HYJIEBHIM pacCTOSTHHEM
MeXIy HHMH.

Ulaposoii okpecmrocmoro mHoxcecmsa Y paduyca & Ha3bBaercs
MHoxecTBo O,(Y') Bcex Touek = € X, mis Kotophx p(z, Y) < €.

Toukoli npuKocHOBeHUs MHOXKECTBA Y Ha3nBaeTcs BcsiKasi TOUKA T,
nast Kotopo# p(z, Y)=0. B yactHocTH, Kaxfasi Touka £ MHOXeCTBa
Y sBasiercsi ero Toukod npukocHoBeHHsi. O6paTHOe yTBepXaeHHe,
BooOie rosopsi, HesepHo. Hanpumep, unrepsan (a, b) C R' umeer B
KayecTBe TOUeK IIPHKOCHOBEHHsI TOUKH a H b, KOTOpHe He NPHHaLIeXaT
uHTepsany (a, b).
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3ambikaHuem MHOXKeCTBA Y Ha3nBaeTCsi MHOXKECTBO BCEX €ro ToueK
NPHKOCHOBEHHs1. 3aMbIKaHHe MHOXecTBa Y 0603HauaeTcst yepes Y.

TakuM o6pasoM, Y C Y, Ho o6paTHoe, BOoGIie roOBOps, HEBEPHO.
HanpuMep, 3aMbIKaHHe HHTepBaJa (a, b) siBnsieTcst OTpe3koM [a, b].

MHOXeCTBO Y MeTPHUYECKOro NpoCTPaHCTBA HA3LIBAETCS 3AMKHY-
mblM, €CJIH ero 3aMbikaHHe Y coBnagaer c Y: Y =Y.

Touka z HasbiBaeTcs SHympeHHel mouxkoi MHOXecTBa Y, ecaH
ee HEKOTOpasl IIapoBasi OKPeCTHOCTb copmepxurcs B Y: O (z)C Y.
MHOXeCTBO BceX BHYTPEHHHX TOYEK MHOXECTBA Ha3blBaeTCsl 8HY-
mpeHHOCmbro MHOXKeCTBa Y M ob6o3HauaeTcs yepe3 Int Y. Eciu MHo-
eCTBO Y cOBMajaeT co cBoed BHYTpPeHHOCThIO Int Y, To MHOXecTBO
Y Ha3HBaeTCs OMKPbLMbIM.

Teopema 1. [Tycmv X — mempuueckoe npocmpancmso. Muooce-
cmeo Y C X ssasemcs 3amKHymoim moaoa u moivko moeoa, Ko2oa
donoanerue X \'Y omkpeimo.

JokxasateabcTBO. [lycTh Y — 3aMKHyTOe MHOXecCTBO, Y =
=Y, u z€ X \ Y. Oro 3HauuT, YTO TOYKA T HE SIBASIETCS TOYKOH
IPUKOCHOBEHHS] MHOXecTBa Y, T. e. p(z, Y) =€ > 0. [lokaxem, yro
O.(z)C X \ Y. B camom nene, ecan y € O,(z), T0 p(z, y) < €. Ecan
6l y€Y, T0 p(2,9) 2 p(2,Y), T. e. p(z, y) 2 €, 4TO NPOTHBOPEYHT
ycnosuw. CrefoBatenbHo, MHOXecTBO X \ Y oTKpHTO.

O6parno, nycts X \ Y — orkpuroe MHoxectBo. Torama, ecau
z€ X\Y, 1o Haiinercst waposasi okpecTHocTh O, (z), nexamasi B X \Y.
10 3HaywT, 4TO p(Z,Y) 2 M1 y€ Y, 1. e. p(z, Y) > €. Cneposa-
TeJbHO, TOYKA T He SIBAsIeTCS] TOYKOH [PHKOCHOBEHHs] MHOXecCTBa Y.
Takum o6pasom, ecan x zeY, r0z¢(X\Y), 1.e. z€Y. 310 3Hauu,

yto Y C Y, 1. e. Y =Y. Cienosarensho, MHOXeCTBO Y 3aMkHyTo. [J

Teopema 2. Ilycmv X — mempuueckoe npocmparcmso. Tozda
obvedunenue 2106020 cemelicmsa OmKpbLMbLX MHOHKECMEB ABALEMCA
OMKPLIMbIM MHONECMBOM, Nepeceyerue KOHEeYH020 HUCAA OMKpbl-
motx mHoscecms8 — omkpoimo. Cnpagedauso maksce 0golicmeenHoe
ymeepacoeHue: nepeceuenue A0bo2o cemeticmga u o0b6veduHeHue
KOHEYHO20 HUCAQ 3AMKHYMbLX MHOMECME ABAAIOMCA 3AMKHYMbIMU
MHONECMBAMU.

HokaszartenbctBo. [lyets Y, C X — ceMeiicTBO OTKPHTHIX
MHOXecTB. [TokaxeM, uto o6benunenne Y =|J Y, siBisieTcst OTKPHTHIM

a
MHOXecTBoM. [lycts z € Y, Torna z € Y, mist HeKoToporo HHAaekca «,
H TIOCKOJIbKY Y, OTKDHITO, TO B Y, JIEXKHT Ileslasi l1apoBasi OKPECTHOCTh
O.(z)CY,. oatomy O,(z)CcY,cU Y, =Y, 1. e. Y — oTKpHITOE MHO-

a
XecCTBo. ﬂOHYCTHM Telneppb, YTO HHACKC « npoéerae'r KOHEYHO€E 4YHCJO0
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3HayeHu#. [TokaxeM, uto nepeceyenue Y'=() Y, siBJsieTCS] OTKPBITHM

a
MHoxecTBoM. Ilyets z € Y/, Torma = € Y, nns KaXXnoro 3HauyeHHs
uHpekca a. [lockonpky Y, — OTKpHITOE MHOXECTBO, TO HEKOTOpasi
mwapoBasi okpecTHocTb O, (z) nexur B Y,. [lonoxum e =mine, >0
a a

(3mech MHl BOCMOJIb30BATHCh KOHEYHOCTHIO MHOXKECTBA HHIEKCOB Q).
Torma O,(z) C O, (z) C Y, nns Bcex 3HaueHHH HHIEKca a, T. e.
O.(z)c(N Y, =Y. CaenosatensHo, Y — OTKPHTOE MHOXECTBO.

a
JIBoHCTBEHHBE YTBEPXKIEHHsT [Jisl 3aMKHYTHX MHOXECTB CJELYIOT
3 TeopeMbl | M CBs3H omepauui OObeNHHEHHS, MepeceuYeHHs H
JOTIONTHEH U

NX\Y)=X\UY, L;J(X\Ya)=X\OYu- O

Bo Bcex mpembimylinX YTBEPXKOEHHSIX Mbl [OKAa HE I[0JIb30BAaJNHCh
CBOHCTBOM B) MeTpDHKH. J[oKaxkeM Ternepb HECKOJIBKO ITOJI€3HbIX YTBEP-
JKIEHHH O MEeTPHYECKHX MPOCTPAaHCTBaX, OCHOBAaHHHIX Ha 3TOM Hepa-
BEHCTBE.

Teopema 3. IIycmv X — mempuueckoe npocmparcmso. Tozda:

a) waposas okpecmuocms O,(T) A845€MCS OMKPbLMbIM MHONCEC-
mesom;

6) snympennocmoe Int Y npousgoavrozo mrosecmsa Y seasemcs
OMKPbLMbIM MHONECMBOM;

B) samoikanue Y npoussoisHozo mroxecmsa Y a6asemcs 3amK-
HYMblm MHONECMBOM.

JdokasareanctBo. Ilyers y € O,(z), Torma p(z,y) =6 < e.
[TokaxkeM, yto Hatimercs Takoe uHcao & >0, uro O.(y) C O.(z).
Bri6epeM &' TakuM, uytobnl § + €' < €. Torma, ecin z € O.(y), TO
p(z, y) < ¢'. CaepoBarensho, p(2, ) < p(z, y)+ p(y, 2) < 6 + €' < ¢,
T. €. 2 € O,(z). dro ¥ 3Hauut, uyro O,(y) C O.(z). Takum obpasom,
O.(z) — OTKphITOE MHOXECTBO.

Tenepp mokaxeM, yto IntY siBAsieTCsT OTKPBITHIM MHOXKECTBOM.
3ameruM, uto ecan Y, C Y,, to IntY CIntY,. Iloaromy, ecau
zelntY, o O, (z) CY, a 3HauuT, B CHJY YTBEpXIOEHHUS a),
O.(z)=Int O,(z) CInt Y. Toraa, cornacHo onpeseseHHIO, MHOXECTBO
Int Y aBnsieTcsi OTKPHTHIM.

Haxkonen, nokaxeM, 4to Y — 3aMkHyTOoe MHOXecTBO. CornacHo
onpeJie/IeHHIO TOYKA T HE NPHHAJIEXHT Y TOrJa H TONbKO TOr/a, Koraa
zelnt (X\Y), 1. e. X\Y=Int (X\Y). o reopeme 1, ecan Int(X\Y)
OTKPHITO, TO Y 3aMKHYTO. [J
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Bo MHOTHX yTBepXKAEHHSIX O MeTPHYECKHX NPOCTPAaHCTBAX HCIIONb-

3yIOTCSl TONMBKO CBOMCTBA, C(OPMYyJHpOBaHHHE B Teopemax | u 2.
[To3TOMY MOXHO PacLUMPHTb KJacC NMPOCTPAHCTB, JIsT KOTOPHIX HMeeT
CMBICJT TOBOPDHTb 00 OTKDHITHIX, 3aMKHYTHIX MHOXXE€CTBaX, BHYTPEHHHX
TOYKAX ¥ TOYKAX MPHKOCHOBEHHSI.
2. Tomonoruyeckne NpocTpaHCcTBa. ['0BopsT, UTO HAa MHOXecTBe X
3a[laHa monoAo2us, ecy BBeeHO HEKOTOPOoe ceMEHCTBO OIMHOXECTB
MHOXeCTBa X, Ha3bIBaeMEIX OMKPblMblMI MHOXKECTBAMH, JUIsi KOTOPO-
ro BHIIOJNHEHBI CIeLYIOLIHE YCAOBHS:

a) Bce MHOXecTBO X, a TaKXe MyCTOe MHOXECTBO SBJSIOTCS
OTKPBITHIMH MHOXECTBaMH;

6) o6benuHeHHe M060T0 CEMENHCTBA H nepeceieHHe KOHEYHOro Yyuca
OTKPHITHIX MHOXECTB SIBJSIIOTCSI OTKPHITHIMH MHOXECTBaMH.

MHuoxecTBo X ¢ 3aaHHOM Ha HEM TOMOJOTHEH HA3HIBAaIOT MOnNo-
A02UYECKUM NPOCMPAHCMBOM, 3NE€MEHTH MHOXecTBa X Ha3bIBalOTCS
moukamu npoctpancTBa X. JlomosHeHHst K OTKPHTHIM MHOXeCTBaM
Ha3hIBAIOTCSl 3aMKHymoimu mHoxecmsamuy. O4eBHIHO, YTO B JI060M
TOMOJIOTHYECKOM MpocTPaHcTBe X BHINOJHEHH IBOHCTBEHHBIE YCJIOBHS
IUIs1 3aMKHYTHIX MHOXECTB:

a') Bce MHOXecTBO X, a TaKxe IMyCTOe MHOXECTBO SIBASIOTCS
3aMKHYTBIMH MHOXXECTBaMH,

6') mepeceuyeHue a1060r0 ceMelcTBa H OGbeNHMHEHHE KOHEYHOrO
YHCJIa 3aMKHYTHX MHOXECTB SIBJISIIOTCS] 3aMKHYTHIMH MHOX@CTBaMH.

B cuny atux ycnosuii miasi 3afmaHus TONOJOTHM Ha MHoXecTBe X
BMECTO CEMeHCTBa OTKDHITBIX MHOXECTB MOXHO 3alaTb CceMeHCTBO
MHOXECTB, YNOBNETBOPSIIOIMX ycsoBusiM (a') u (6'), U Ha3BaTh 3TH
MHOXeCTBa 3aMKHYMbIMU.

Teopema 2 n. 1 noka3eiBaer, 4TO ceMeHCTBO OTKPHITHIX MHOXECTB
MeTPHYECKOro npocTpaHcTBa X 3anaeT Ha X HEKOTODPYIO TOMNOJOTHIO,
T. e. mpeBpamaer X B TONOJOTHYECKOEe MPOCTPAHCTBO.

B Tomonornueckux nmpocTpaHcTBax BOCHPOM3BOLSITCSI MHOTHE BaX-
HHle MOHSTHS METPHYECKHX NPOCTpaHCTB. OKPeCmHOCMbi0O MOUKU T
TOMOJIOTHYECKOro MpocTpaHcTBa X HaszoBeM JI060e OTKPHITOE MHO-
KEeCTBO, cofepxallee TOYKY . AHaJOrMYHO OTKDHITOE MHOXECTBO,
cofepxkaiiee MNOAMHOXKECTBO Y, Ha3bIBaeTCsi OKPECMHOCMbIO MHO-
wecmsa Y. Toukoi npuxkocHosenus wmHoxecTBa Y C X Ha3smBa-
€TCA Takasi TOYKAa T, [AJ KOTOPOH Kaxfasi €e OKDeCTHOCTb HMeeT
Hemycroe nepeceyeHHe ¢ MHOXeCTBOM Y. MHOXeCTBO BceX TOYek
[IPUKOCHOBEHHs] MHOXeCTBa Y Ha3hBaeTCs 3aMblKAHUEM MHOXECTBa
Y u o6osnauaercs uepes Y. Bnympenneii mouxol MHoXecTBa Y
HasbiBaeTcsi Takasi TOYKa Z € Y, KoTopasi JIeXHT B Y BMecTe C
HeKoTopoil cBoe#H OKpecTHOCTbI0. MHOXeCcTBO BCeX BHYTPEHHHX TOYEK
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MHOXKeCTBa Y Ha3hlBaeTCsl BHYMpPEeHHOCMbt0 U 0003HaYaeTcsi yepes
IntY.

Teopema 4. Mnowecmso Y C X 3amkuymo (m. e. agisemcs
OOnoOAHEeHUEeM K OMKPLIMOMY MHOXECM8Y) moaoa 1 moAbko moeoa,
Koeda Y =Y.

JdokasateanbcTBo. [lycTh Y — 3aMKHyTOe MHOXeCTBO, TOrAa
X \ 'Y orkpeito. CnenosaresbHo MHoxectBo X \ Y siBisieTcst okpect-
HOCTBIO JJs1 J1000H CBOEH TOUKH, T. €. TOYKH MHoxectBa X LY He
SIBJISIOTCS TOYKAMH NPHKOCHOBEHHs1 MHoxecTBa Y. [lostoMy Y C Y,
ciemoBatenbHo Y =Y.

I[Tyctb, Hao6opor, Y =Y. Torna eciu z ¢ Y, T0 z He sBasiercs
TOYKOH [IPUKOCHOBEHHsI MHOXeCTBa Y, T. €. HEKOTOPasi ee OKPECTHOCTb
U, He nepecekaercsi ¢ Y, u noaromy U, C X \ Y. Takum o6pa3om,
mHoxectBo X \ Y mpeacraBieHo B BHAe OObeNMHEHHsT OTKPHITHIX
MHOXecTB U, H, 3HaYHuT, CaMO SIBJSIETCS OTKPHLITHIM. [J

Teopema 5. 3amvikanue Y npousgorbrozo mHoxcecmsa Y mo-
nosoeuueckoeo npocmpancmea X A8AAEMCA 3AMKHYMbIM MHONCE-
cmasom.

HoxasatenbctBo. CornacHo npensaymei Teopeme Heo6xonu-
MO 10Ka3aTh paBeHcTBO Y =Y. Briouenue Y C Y oueBHAHO, O3TOMY

ocTaeTcsi NpoBepuUTbh obpaTHoe BKmoueHne Y C Y. Ilyets z €Y.
10 3HayHMT, 4To JI06ast OKpecTHocTb U TOUKM Z HMeeT HemycToe
nepeceyenue c MHoxectsoM Y. [Iycts ye UNY. . Torna Muoxectso U
SIBJISIETCS] OKPECTHOCTBIO TOUKM y. Tak Kak y € Y, To MHOXecTBO U
MMeeT HemycToe NepecedeHHe c MHOxectBoM Y. CrenosaresbHo,
TOYKa T SIBJSIETCS TOYKOH MPHKOCHOBEHHs] MHOXecTBa Y, T. e. ZE Y.

TakuM 06pa3oM MH 110Ka3ajH, uTo Y C Y. TeopeMa moka3aHna.

[TPUMEP 1. Paccmorpum MHOXecTBo X, cocrosiliee M3 ORHOrO
aneMeHTa z. Toraa Ha X MoxeT OhITb BBelleHa €AHHCTBEHHAasl TOMO-
JIOTHSI, OTKPHITHIMH MHOXXKECTBaMH KOTOPOH SIBJISIIOTCSI MHOXeCTBO X H
NycTOe MHOXECTBO. '

[TPUMEP 2. PaccMoTpuM MHOXecTBo X, cocTosiliee H3 [ABYX
3JIeMEeHTOB, £ H Yy, = # y. Ha 3ToM MHOXecTBe MOXXHO BBECTH
yXKe HEeCKOJIbKO Pa3iuyHbX Tomosorui. [lepsasi Tomosorusi 3amaercs
MHOXXECTBOM BCEX MOJMHOXECTB B KAa4yeCTBE OTKPHTHIX MHOXECTB,
1. e. {2, {z}, {y}, X}. Bropas Ttomonorus 3apgaercsi cjaenyoUHUM
CEMeHCTBOM OTKPHTHX MHOXecTB: {&, X }. MoXHo 3a1aTh U TPeThIO
TOIMONOTHIO, B KaYeCTBe CeMeHCTBa OTKPHITHIX MHOXECTB KOTOPOH cJie-
nyet B3stb {&, {z}, X }. Mbl nepevyHcIHIH BCe Pa3jMYHbe TONOJOrHH
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Ha OOHOM H TOM X€ MHOXECTBE X, KOTOpbI€ 33a[43I0T TPH Pa3/IMYHBIX
TOIMOJIOTHYEeCKHX MPOCTPAHCTBA.

[TPUMEP 3. Ilycrp X — npousBosbHOe MHOXKecTBO. BBeneM Ha X .
TOMOJNOrHI0, 06bsIBUB Ji060€ ero MOAMHOXKECTBO OTKPHITHIM. Toraa
n1060€ OHOTOYEYHOE MOAMHOXKECTBO SIBJISIETCS] OTKPBHITHIM, a 3HAYHT, U
BCSIKO€ MOAMHOXECTBO KaK 00beMHEHHe CBOHX TOYEK TOXe OTKPHITO.
Taxasi TOMOJIOrHs Ha3bIBaeTCsl OUCKPEMHOLL.

[lyctb X — TomoJsiornyeckoe MpocTpaHcTBo, Y C X — ero nog-
MHOXecTBO. Torfa Ha Y TakKe MOXHO 3aflaTh TONOJIOTHIO, OOBSIBHB
OTKPHITHIM Bcsikoe MHoxecTBO BHAa Y N U, rme U — oTKphToe B
X MHOXecTBo. Toraa TOnosoruyeckoe mpocTPaHCTBO Y HasblBaeTcs
nodnpocmparcmseoMm TOIONOrHIECKOro NpocTPaHcTBa X, a TOMOJOrHs
B Y — undyyuposarnnoi monosoeueil. Ecin X — Merpuyeckoe npo-
CTPAHCTBO, a Y — ero MoAnpocTPaHCTBO, TO TOMOJOrHs B Y 3ajaercsi
HEe3aBHCHMO OT IOPsiiKa oriepalHii: orpaHHYeHHs] MEeTPHKH H Iepexosia
K TOIOJIOTHH, HJIH Nepexojia K TOMOJIOTHH 1 HHAYUHPOBaHHS TOMOJOTHH.

ITyete Y C X — noAMHOXeCTBO B TOIOJOrHYECKOM IIPOCTPAHCTBE
X. MHoxecTBo Y HasbiBaeTcsi niomHbim (8Ct00Y NAOMHbLIM), €CH
Y=X.

Teopema 6. Ecau Y, u Y, — dsa omxpoimolx nAOMHbLX MHOMCE-
cmsa 8 npocmparncmee X, mo ux nepeceverue Y =Y NY, omkpoimo
u naomno 8 X.

Hokasarteabctso. [lycts z € X — npoussoabHasi Touka, U —
ee oKpecTHOCTb. [TockoJIbKY MHOXKecCTBO Y| niotHo, To UNY; #2, T. e.
Halgercsi Takasi Touka y, uto y € U NY|. Tak xak U N Y] — oTkphiTOE
MHOXeCTBO, a Y, — IJoTHoe MHOoXecTBo, T0 UNY NY, # 2, 1. e.
UNY # @, 3to 4 03HayaeTt, YyTo Y — MJIoTHOe MHOXecTBO B X . O

3. HenpepsiBHbie oToOpaxeHus. [IoHsITHe TOMOJOrHYECKOro Mpo-
CTPAaHCTBA HACTONBLKO YIOOHO, UTO ONpefie/ieHHe HellPEePHBHOCTH 0TG-
Pa)keHHs IOCJOBHO IEPEHOCHTCSl 3 MaTeMaTHYeCKOro aHa/u3a.

Onpenenenne (no Komu). Otobpaxenue f: X — Y Tomnodo-
TMYECKHX IPOCTPAHCTB HAa3bIBAETCS Henpepbl8HuiM 8 mouke z, € X,
ecau aas ao6oi okpectHocTH V (f(x,)) Touku f(xz,) € Y cymectsyer
Takasi okpecTHOCcTb U(xy) Touku x, € X, uro f(U(z)) C V(f(z)).
OroGpaxkenne f HasblBaeTCsi HenpepoL8HbiM OmMOGpANCEHUEeM, eCay
OHO HemnpeprIBHO B KaXKIOH TOYKe MpocTpaHcTBa X .

Teopema 7. Omobpaxcerue f: X — Y HenpepvisHo mozda u
MoAbKO moeda, K020a 8biNOAHEHO OOHO U3 CACOYIOUUX IKBUBALEHM -
HbLX Ycao8uLl:

a) npoobpa3 4106020 OMKPLIMO20 MHONCECMBA ABAALMCS OMKPbL-
MbIM MHONCECMBOM,
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6) npoobpas 1106020 3AMKHYMO20 MHONECMBA ABASEMCA 3AMK-
HYymoblm MHOXCECMBOM.

JdokaszateabcTBo. [lockonbky misi mpoo6pa3oB crpaBemTHBO
coornowenne f-'(Y\ A)=X\f"'(A), To ycnoBusi a) u 6) 3KBHBa-
JgeHTHbl. JlomycTuM, urto f — HempepbiBHOe otobpaxeHnue, V C Y —
OTKpbITOE MHOXKecTBO. [lokaxeM, yro ero mpoo6pa3 f~!(V') oTkpsiT.
[ycte z € f~'(V); torma f(z) € V, 1. e. V sBIsIeTCS] OKPECTHOCTHIO
tTouku f(z). Torna cornacHo onpeneseHUI0 HempepLIBHOCTH oToOpake-
HUs f Haipercst Takasi okpectHocTs U Toukd z, uto f(U)C V, T. e.
U C f~Y(V); arto o3uauaer, yro maoxectso f~'(V') orkpsito.

O6parHo, nycTb BHNoONHEHO ycioBue a). Ecau V' 5 f(x,) — okpecrt-
HOCTb TOYKH f(z,), To U = f~'(V) 5 x, — oKpecTHOCTb TOYKH (Z),
npuueM f(U)= f(f~'(V))=V C V. CrenosaresibHo, f — Henpepsis-
Hoe orobpaxenue. [J

YcnoBust a) u 6) TeopeMbl 7 ynoOHbl DU MPOBEPKe HeNpepPbIBHOCTH

oro6pakeHu# TOMoJIOrHYecKux npocrpaHcTs. Hampumep, nosnesHa B
JaJbHeHIeM cJelyloiasi TeopeMa.

Teopema 8. [Iycmv monoroezuueckoe npocmpancmso X npeo-
cmasaeHo 8 sude ob6veduHeHus 08Yx CBOUX 3AMKHYMbLX NOOMHO-
wmecms: X =F UF,, u nycmo f: X — Y — omobpaxerue npo-
cmpancmea X 8 monosoeueckoe npocmpancmgo Y. Omobpascerue
f HenpepvisHo moeda u moabko mozoa, Ko20a HenpepvlBHbl 02PAHU-
uenus f|p u f|;, omobpasxenus f na noomnoxecmea F, u F,.

JokaszateabctBo. Ilycts f — HenpepsiBHOe oTo6paxe-
uue. [lokaxem, Hanpumep, uTo f|. — HemnpepbiBHOE oTOOpaxe-
Hue. IIpooGpa3sl otobpaxenusi f| F|l BBIUKCISIOTCST MO  (opMmyJe
(flr)'(A)=FNnf~'(A). Tlostomy, ecin A — 3aMKHYTO® MHOXeCTBO,
TO 3aMKHYTHIMH OynyT u f~'(A) u F, N f~'(A).

OGparxo, nycts f| u f|; — HenpepbiBHbie oToGpaxenus. [Toka-
XeM, uTo otobpaxcenue f HerpepsisHo. [Iycts A =A C Y. Toraa

A= A)NX =1 (A)N(FUER)=
=(f(A)NE)U (1 (AN E)=(fl) " (A) U (flg)"(A).

[TockosbKY MHOXKECTBO (f|F, )"'(A) 3amMkHyTO B nomnpocTpanctse F;,
a F=F, 10 (f|FI)“(A) 3aMKHyTO B X . AHaJOrH4HO, MHOXECTBO
(f1g)~'(A) Toxe samkuyro B X . Torna u f~'(A) samknyro B X. O

Paccmorpum HenpepbiBHoe oTo6paxkenue f: X — Y Tomosoruye-

CKOro mpocTpaHcTBa X B TOMOJIOTHYECKoe MpocTpaHcTso Y. Ecau
oto6paxeHue f B3aMMHO ONHO3HAYHO, a o6parHOe oToGpaxKeHue f~!
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genpepbIBHO, TO oToOpaXkeHue f HasblBaeTcsi zomeomoppusmom. Ilpu
5TOM TOIOJIOTHYecKHe mpocTpaHcTBa X U Y Ha3mIBalOTCA 20MeoMOpg-
Hblmu monosozuieckumu npocmparcmsamu. Ilpu romeoMopdusme
yCTaHABJHMBAETCS HE TOJNbKO B3aUMHO OJHO3HAYHOE COOTBETCTBHE MEX-
Ay TOYKAaMH TOMOJOrM4ecKuX npoctpaHcTs X M Y, HO M B3aHUMHO
OJIHO3HAYHOE COOTBETCTBUE MEXIY CAMHUMH TOIMOJIOTHSIMH, T. €. MEXIY
ceMeMCTBAaMH OTKPBITBIX MHOXECTB (CeMeHCTBAMM 3aMKHYTHIX MHO-
)ecTB). Ml 6yJieM rOBOPHTb, YTO HEKOTOPOE CBOHCTBO TOINOJOrHYECKO-
ro MPOCTPAHCTBA MONOAOCULECKY UKBAPUAHMHO, €CTH OHO BHIMOJHEHO
111 JI060ro roMeoMOp@HOro TOMOJOrMYECKOTO MPOCTPAHCTBA. |aKUM
0o6pa3oM, NpH H3yYEHHH TOMOJOTMYECKH HHBAPHAHTHBIX CBOMCTB MbI
MOXX€EM HE Pa3jHyaTh rOMeOMOpGHbIE MPOCTPAHCTBA.

[TPUMEP 4. CBoiictBo oto6paxenus: f: X — Y ObiTb Hempepsis-
HHIM SIBJISIETCS] TOMOJIOTMYECKH WHBAapHAHTHHIM CBOWCTBOM. B caMoM
nene, ecin p: X' — X, ¢: Y — Y’ — roMeoMop(U3MH, TO H

vfp
koMnozuisi X' — Y’ aBnseTcsi HenpepelBHHIM OTOOPaXKeHUEM.

[TPUMEP 5. BaxXHbIM 4YacTHBIM cJy4aeM HeNpephBHHX OTOOpa-
XXEHHUH SIBJSIOTCS HenpepelBHblE (YHKLUHH, T. €. HelpephBHbIE OTOO-
paXxeHusi TomoJorudeckoro mnpocrpaictBa X B mnpocrpaHcTBo R!
BELIECTBEHHBIX YHCE/. YCJIOBHE HENPEPLIBHOCTH (PYHKUHH f MOXKHO
copMynupoBaTh CiaenyoIUM obpa3oM: Oasn Arobol mouku x, € X
u aobozo € >0 Haiidemcsa maxas okpecmuocmb U mouku x,,
umo npu y € U svinoaneno Hepasencmso |f(xzy) — f(y)| < e. s
(YHKUHHA Ha TOMOJIOTMYECKOM MPOCTPAHCTBE MOXHO ONpPENeNUTb pPaB-
HOMEepHBIH Npefies1 N0CAEN0BATENbHOCTH HelpepuBHEIX (yHKuui. Tak
Xe, KaKk U B cjaydyae (yHKLHH ONHOH BelleCTBEHHOW MepeMEeHHOH,
CIpaBe[IMBO yTBEpXKIEeHHE: ecau f = ﬂlm:o f. u nocaedosamenvrocme

{f.} nenpepoisroLx ynKyuil Ha monosozuveckom npocmpancmee
X cxodumcs k f pasnomepro, mo pynkyus f mosxce HenpepovlsHa.
B camom pene, nycts z; € X, € >0. Tak Kak MoCJef0BaTENbHOCTD
f, cXomuTcsi paBHOMEPHO, TO MOXHO BHIOPAaTb TaKOH HOMep m, 4TO
If(z)— f.(z)| < /3 nas moboit Touku z € X . [lanee, nockonbky f, —
HerpepeIBHBIE QYHKIMH, TO HAHAETCS TaKast OKPeCTHOCTb U TOUKHU
uto npu z € U BHIOJHEHO HepaBeHCTBO |f, (xy) — f,(z)| < €/3. Torma

£ (z) = f(2)] < |f (%) = ful@)| + | fa(2) = ful(z)| +
+|f.(z)— f(z)| <3 -¢/3==¢.

[TPUMEP 6. Ilycts f: X — Y — HenpepsiBHOE 0oTOGpaXkeHue
METPHYECKUX MPOCTPAHCTB, p; U P, — METPHUKH Ha MpoCTpaHcTBax X
1 Y coorsercrenHo. Torna ycnoBue HenpepsIBHOCTH O0TOGpaXkeHHus f
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MOXHO C(OPMYJHPOBaTh CAeAYIOIMM o0pa3oM: O 4106020 1, € X U
€ >0 cywecmsyem maxoe 6 >0, umo u3 nepasencmsa p,(z, 1) < §
caedyem Hepasencmso p,(f(z), f(x,)) < €.

Jlnst MeTpHYecKHX MPOCTPAHCTB IOJE3HO Takxke oboblieHHe MOoHS-
THS CXONMMOCTH YMCJOBOH mocsefgoBaTesbHOCTH. CkaxeM, 4To IO-
CJIelOBaTeNbHOCTh TOUeK {z,} cxodumcsa Kk mouxe 1z, lim z, = x,

n — oo

ecan lim p(zy, z,) =0. B TepMHHax CXOMSIIMXCS MOCJIEAOBATENbHO-
n—00

cTell MeTpPHYecKoro npocTpaHcTBa (pOPMYJIHPYIOTCS MHOTHe CBOHCTBA

npoctpaHcts M orobpaxenud. Tak, MHoxectBo Y C X sBisercs

3aMKHYTHIM, eCJIH A5t JIoOoH CXoAsilerics nocjeoBaTebHOCTH TO4YeK

{z,} C Y npenen z,= lim z, Tarke npuHamiexxut MHOXecTtBy Y. Jla-
n — oo

Jiee, ycJI0BHE HelpephBHOCTH oTobpaxenus f: X — Y MeTpuueckux
IIPOCTPAHCTB MOXHO cthopMy/HpoBath Mo [eiixe.

Onpepenenne (no Ieitne). OtobpaxeHue f HempepLIBHO B TOY-
Ke I, ecJIH U3 paBeHCTBa I, = lim z, cienyer paBenctBo lim f(z,)=
n — 00 n — oo

= f(z)

[TPUMEP 7. PaccMOTpHM [Ba TONOJIOTHYECKHX IpocTpaHcTBa X
u Y. O6pa3yeM HoBoe TonoJsoruueckoe npocrpactso X x Y. Muoxe-
ctBo X X Y ecTb MHOXecTBO Bcex nap Buaa (z,y), z€ X, yevY,
H Ha3biBaeTcsi Oekapmosvim npoussedeHuem mHoxwcecms X u Y.
OnpepenuM Teneps TomoJsiordio B X X Y. MHoxectBo U C X x Y
Ha3oBeM OTKPHTHM, ecid U mnpeactaBUMo B BHAe 0oObeAHHEHHS
U=UV, xW,), tne V, C X, W, CY — OTKpPHTHE MHOXeCTBa.

a

IlpoBepka CBOMCTB OTKDHITHIX MHOXECTB TpHBHajJbHa. MHoXecTBO
X X Y c onpenesieHHOH Bhille TONOJIOTHEH Ha3hiBaeTcsi JeKxapmosobim
npoussederuem monoroauyeckux npocmparncma X u Y. Ilpu arom
TOMOJIOTHYECKHE NMPOCTPAHCTBa X H Y Ha3hIBAIOTCS COMHONUMENAMU
nekaptoBa npousBefieHust X x Y. CnpaBejiuBH cJeAylOlHe CBOHCTBA
LEKaPTOBHIX NIPOU3BENEHHIH:

a) mpoctpaHctBa X X Y U Y X X romeoMopdHH; 6) mpocTpaHCTBa
(X xY)xZun X x(Y x Z) roMeoMOpHH.

B mnepBoM cayyae B KauyecTBe roMeoMopdH3Ma cCiefyeT B3siTh
otobpaxenue p: X x Y — Y x X, p(z,y) =(y, z). Torna, ecau
U =J(V, x W) — oTKpHTOE MHOXeCTBO mpocTpaHcTBa X X Y, To

(U )a= U(W, x V_) — oTKpBITO® MHOXEeCTBO NPOCTPaHCcTBa ¥ X X.

Bo BTOpPOM cayuae B KauecTBe roMeoMopdH3Ma cliefyeT B3STb (p:
X xY)x Z— X x(Y x Z), o((z,9), 2) = (z, (y, 2)). TIpoekuus
neKkaproBa npou3BeneHust X X Y Ha OfMH H3 COMHOXHUTEJIEH, CKaXKEM,
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Ha X, f: X xY—X, f(z, y)=z, ABAsieTCs HeNpepHIBHLIM OoTOGpaxe-
uveM. B camoMm gmese, npoo6pas oTkpuiToro MHoxectBa U C X nMeer
gl f-(U)=U xY, 1. e. f}(U) siBAsIeTCS OTKPHITHM MHOXECTBOM.

[MTPUMEP 8. Ilycts X u Y — MeTpuyecKue npocTpPaHCTBA; TOTAA
IeKapToBo nmpoussefieHre X X Y fomyckaeT MeTPHKY, COTJIacOBaHHYIO
¢ TomoJiorHed JeKkapToBa npousBefieHHs. [lycte p,, p, — MeTpHKH
npocTpancts X u Y coorsercTBeHHO. OnpefesdM MeTPUKYy p B
JekapToBoM npousBefieHHH X X Y no dopmyne

p((zy, %), (225 %)) = max{p,(z;, 2,), Po(%1, %)} (1)

[lposepuM cBoiicTBa a), 6), B) mIs 3ToH Merpuku. Ecun
P((mn y])’ (1‘2’ yz)):o, TO pl(zh 1‘2)=p2(yl1 y2)=01 T.€. I =5, Yy =1,
OTKYHa CIIefyeT, 4To (T, ¥ ) = (%, %)

O6patHo, ecau (z,y) = (2, %), TO 2, =, Y = Y, 3Ha-
aut, py(T, 3,) = po(Yy, %) = 0; caenosarensto, p((z, 4), (%, %)) =
= max{0, 0} =0. CpoiicTBo a) nokasano. Jlanee,

p((z1, %), (25, 1)) = max{p (2, 1), po(¥1, )} =

=max{p\ (2, ), Po(%, W)} = P((2, %), (1, ©1)),
M CBOMCTBO 0) TOXe JOKa3aHo.
HakoHew, npoBepuM HEPaBEHCTBO TPEYrONbHHMKA:

p((zy, Y1), (225 %)) = max{p,(z;, T,), Po(Y1s %)} <
< max{p,(z;, ;) + (23, T,), Po(Y1, ¥s) + Py (13, W)} <
< max{p(z, z;), Po(Y1, ¥3)} + max{p,(z;, T,), P, (s, %)} =
= P((a”la Y )s (3, %)) + P((xa’ %), (22, %))

TakuM o6paszoM, topmyaa (1) ompenensieT HEKOTOPYIO METPHKY B
nekaproBoM npousBefeHud X X Y. [lokaxkem, uto Tomosorus, orpe-
IeJieHHasi [10 MeTPHKe p, COBMAfaeT C TOINOJIOTHeH JeKapToBa MPOH3-
BelleHHsl. PaccMOTPHM WIapOBYIO OKPECTHOCTb PafHyca € C UEHTPOM B

TOUKe (I, Yp):
O. (%5, w) ={(z, ¥) | p((2, ¥), (20, %)) <€} =
={(z, v) | p1(z, ) <& po(y, w) < €} = O,(zm) x O,(1)-
CaenoBaTtesibHo, 1060€ OTKPHITOE MHOXKECTBO B CMHIC/IE METPUKH p SIB-
JISIeTCsl OTKPHITHIM B TONOJIOTMH AE€KAPTOBA MPOU3BENEHHs], H HA060POT.
CyuiecTByIOT ¥ Apyrde crnocoObl 3aaBaTh METPHKY B J€KapTOBOM
npousBeneHud. Yacto ynorpebi.ieTcss aHaJOTHs MEXIY MEXIY COMHO-

xuteaasMu X M Y jgekaproBa mpou3BeleHHsI C OCSIMH KOODAMHAT Ha
nockocTH. MeTpuka 3ajaercst no dopmyse

(21, 1) (2 1) =/ 2u(1, ) + (s, ) )
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ITposepky cBoiicTB a), 6), B) MBl mpefocTaBasieM yuTaTeno. Utobnl
0Ka3aTh, YTO TONOJIOrHsl, 3ajaBaeMasi MeTPUKOH (2), coBmaiaer c
TOMOJIOrHeH, 3afiaBaeMoii MeTpHKor (1), mocTaTouHo HalWTH ABe Takue
koHcTaHTh C; >0 u C, >0, uyto

Clp((ml) yl)) (1:2) yz)) S p’((:l)l, yl)a (1:2) y2)) S
< Gp((z), Y1) (23, %)) (3)

B camoMm nene, ecn yepe3 O, 0603HaYUTh IIAPOBYIO OKPECTHOCTb B
MeTtpuke p, O! — B MeTpHKe p’, TO IOCTAaTOYHO, YTOOH! B KaXKI0H TOUKe
npocrpaHcTBa X X Y BHIMONHANIOCH BKIIOYEHHE

0. ((z9, %)) C O ((%5, %)) C O+ (%, %)) 4)

rie € BHOHpaeTcs st mpousBoJbHOro & >0, a & BHOHpaeTcs mist
npousBobHoro €” >0. Y3 HepaBeHcTBa (3) BEITEKAeT, UTO BHKJIIOUEHHE
(4) Buinonnsiercst mpu €' = Cye”, € =¢'/C,. Utak, HaM HeoGXxomHMO
IoKa3aTh HepaBeHcTBa (3). MMeem

o'((z, ), (2, 1)) = /01 (31, B + oo, %) <

<V2max{p (z,, 1), o(%, )} = V2((z), %), (22, %)),
p((zy, y,), (2o, yz))=max{l’1(mn ), po(Y1, yz)} <

<o B + (v, 1) = 0/ (71, ), (2 1):
Takum obpa3oM, HepaBencTBa (3) cmpaBemiusn npu C, =1, C, =
=V/2. Wtak, MH nokasanu, 4To B IEKAPTOBOM Npou3BefeHnd X X Y
JBe MeTPHKH, 3anaBaeMeie ¢opMynamu (1) u (2), nopoxparoT ogHy H
TY K€ TOIOJIOTHIO IeKapTOBa MPOH3BENEHHUs.

3agaun k § 1

- 1. TIpuBecTH MpHMep METPHKH Ha KOHEUYHOM MHOXECTBe, KOTOpas He HHAYLHMpyeTCs
HHKAaKHM ero BJIOXKeHHeM B eBKJIHA0BO MPOCTPAHCTBO.

2. [oka3aTb, 4TO KOHEYHOE MHOXKECTBO Ha MPSIMOM SIBJISIETCS 3aMKHYTBIM.

3. TNokasats, uto p(z, Y) = p(z, V).

4. lokasaTs, uTo pyHKUMs f(z)=p(z, Y') HerpepbiBHA A5t I060r0 MOAMHOXKECTBA Y.

5. INokasaTs, 4yTo M0Gasi METPHKAa HAa KOHEYHOM MHOXKECTBE HHAYLHPYeT Ha HeM
JMCKPETHYIO TOMOJIOTHIO.

6. IokasaTb, 4YTO HMHTepBaJ, MOJYHHTEPBal U CErMEHT Ha BeLIeCTBEHHOM MpPSIMOM
NonapHo He roMeoMOpPGHBI.

7. JlokasaTb, 4To MeTPHKa p(z, y) SIBISETCH HeNpephIBHON (yHKUHEH Ha 1eKapTOBOM
kBagpate X x X MeTpHYecKoro rnpocTtpaHcrsa X .

8. IlokasaTtb, 4To MHOXecTBO X TMpEACTaBHMO B BHMe Pa3HOCTH ABYX 3aMKHYTBIX
MHOXECTB TOTAa H TOJIbKO TorAa, Koraa (X \ X)) siBnsieTcst 3aMKHYTHIM MHOXECTBOM.

9. JlokasaTb, uTo0 06pa3 MIOTHOrO MOAMHOMKECTBA MPH HENPEPHIBHOM OTOGpaXkeHHH
nnoTeH B o6pase.
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§ 2. Cea3HOCTb. AKCHOMBI OTHAEJIMUMOCTH

Cpenu Bcex TOMOJOTMYECKHX MPOCTPAHCTB MOXHO BhIIENUTh Gosee
y3KHe KJIacCCHI, OfpeJessieMble TOMOJOrHYeCKH MHBAPHAHTHHIMH CBOM-
ctBaMu. Hanpumep, B npumepe 3 § 1 Obla BheseH Ki1acc TUCKPETHHIX
TOMOJIOTMYECKHX MPOCTPAHCTB. [INIst STHX MPOCTPAHCTB BHIOJHEHO CJe-
fylolllee CBOHCTBO: 8CAK0e omobpaxcerue f OucKpemHnozo npocmpan-
cmea X 8 Opyzoe monosoz2uiecKkoe npocmpancmso Y seisemcs
nenpepbi8Hoim. Celiuac Mbl paCCMOTPHM JpYrHe, 6oJiee BaXKHbIe KJaCChl
TOMOJIOTHYECKUX NMPOCTPAHCTB.

1. CesasHocTh. Ecin mpoctpaHcTBo X colepXHT oTiHyHOe oT X H
MyCTOrO MHOXECTBa & OJHOBPEMEHHO OTKPHITOE M 3aMKHYTOEe IOJ-
MHOXecTBO Y C X, To roBopsT, YT0 X — HecB8A3HOe TOMOoJoruye-
ckoe mpocTpaHcTBo. HampuMep, Bcsikoe OMCKpeTHOe TOIMOJOrHYecKoe
NPOCTPAHCTBO, cocTosimiee GoJee yeM H3 OJHOM TOYKH, HECBSI3HO,
TI0CKOJIbKY JI060€ ero MOAMHOXEeCTBO KaK OTKPHITO, TaK M 3aMKHYTO.
Ecau npocTpanctBo X HecBsI3HO, TO OHO pa3naraetcss B o6benu-
HEeHHEe [BYX OTKPHITHIX HelepeceKaloIIUXCs HEMYCThIX MOAMHOMXECTB:
X =Y U(X \Y). Tononornueckoe mnpocTpaHctBo X Ha3blBaeTcs
CBA3HLIM MONOAOSUHECKUM npocmparHcmeom, ecnd X Henb3ss pas-
JIOKHUTb B 00belMHeHHe IBYX OTKPHITHIX HelepeceKalolixcsi HemyCThX
TIOIMHOXECTB.

[TPUMEP 1. PaccMoTpuM OTpe3oK 4HCIOBOH mpsiMod [a, b]. Tloka-
XeM, 4TO OTPe30K [a, b] siBisieTCs] CBSI3HBIM MHOXECTBOM.

JonyctuM, 4TO OTpe3oK [a, b] npenctaBieH B Buae oObeAHHEHHUS]
IBYX HENYCTHIX OTKPbITO-3aMKHYTHIX HellepeceKalolMXCsi MHOXEeCTB,
[a, b] = A U B. Be3 orpauuueHust o6mHocTH 6yaeM cUMTaTh, YTO a € A.
Torna B cusly oTKpHITOCTH A HaipeTcst Takoe € > 0, UTO MOJYHHTEpBAJ
[a,a+e)C A. Tlycts g, =sup{e}, Korma £ npoberaer Takue yucia,
uTo [a,a + €) C A. Torma mna mwoboro e < g HMeeM BKJIOYeHHe
[a, a+e+ 502_ £ YCA, T.e. ate€A mnsamoboro € < . CregoBaresbHo,
a+¢e, € A B cuny 3aMKHYTOCTH A. Tak Kak A oIHOBPEMEHHO OTKPBHITO,
TO €, BXOOUT B A BMecTe C HEKOTOPOH OKpecTHOCTbI0. EnuHcTBeHHOM
BO3MOXHOCTBIO IJISI € MOXeT OBITb TOJNBKO PaBEHCTBO a + & = b, no-
CKOJIbKY B [IPOTHBHOM ciay4ae &, < sup{e}. TakuMm obpasom, A =[a, b],
T. e. B =@, 4YTO NPOTHBOPEYHUT MPEANOJONKEHHIO. AHATOTMYHO MOXKHO
NOKa3aTh, YTO OTKPHITHIH HMHTepBaJ (a,b) 4YHCIOBOH oOcH sIBJASIETCS
CBSI3HHIM MHO>KECTBOM.

ﬂOKa)KEM Tenepb HECKOJbKO YTBer(IleHHﬁ, [MOMOraliux YycCTaHO-
BHUTH CBA3HOCTb TOIMNOJIOTHYECKHUX MNPOCTPAHCTB.
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Teopema 1. [Tycmo X =|J X, kaxcdoe X, c813HO u nepeceuenue

N X, renycmo. Toeda npocmpancmeo X c8a3Ho.

HokaszateabcTBO. JlonycTuM npoTuBHoe, T. e. X = A U B,
ANB =g, MHOXecTBa A ¥ B oTKpHTH H HemycThl. Torga X, =(X, N
NA)U(X,NB), rne X,NA u X,NB ortkputh B X,. Ho mockosnbky
MHOXecTBO X, CBsI3HO, To aubo X, NA =@, mubo (X,NB)=2, T. e.
Kaxjoe MHoxkecTBO X, LeNHKOM JexXHT Jaubo B A, 1ubo B B. [lanee,
TaK KaK MHOXecTBa A u B HenycThl, TO HaWAyTcs TO4KH a€ A, b€ B.
IMyets a€ X, , Torna X, C A. Ilyets b€ X, , torna X, C B. 3Haunr,
X, NX, =@, 4T0 NPOTHBOPEUHT YCJIOBHIO TeOpeMsl. []

Teopema 2. [Tycmv 8 monosozuueckom npocmpancmse X 0an
at06bLx 08yx mouek z, y € X Haiddemca ceasnoe mHoxwecmgo C,,
cooepxcawee amu mouxku. Tozda X — cea3HOe monosoauvecKkoe
npocmparcmso.

JokaszateabrcTBoO. [lonycTMM npoTuBHoe, T. e, X = A U B,
ANB =g, rie A, B— OTKPHTH M HenycThl. Torga HaufyTCsi TOUKH
a€ A, be B. PacemorpuM pasnoxenue C, =(C, NA)U(C,, N B).
Touka a npunamnexutr C,, N A, Touka b npunamnexutr C,, N B.
3uayut, muoxecta C, N A u C,, N B HenycTH, OTKpHTH B C, H
He nepecekatotcst. [lonyunau nporuBopeune. [J

Teopema 3. Ob6pa3 npu HenpepvlBHOM OMOOPANCEHUU CBRA3HO2O
npocmpancmea C8a3eH.

HdoxaszarteabctBo. Ilyeth f: X — Y = f(X) — Henpepnis-
Hoe ortobpaxenue. [loaToMy ecau Y — HecBsi3HOe mMPOCTPAHCTRO,
o Y=AUB, AN B =g, MHOXectBa A, B — OTKpHITH H
wenyctH. CnefoBatensho, X = f~{(Y)= f~1(A)Uf~1(B), MHOXecTBa
f1(A), f~1(B) oTKpHTH, HemycTH U He mepecekaiotcst. O

[TPUMEP 2. U3 rteopeMnl 3 cienmyer, YTO BCsIKas HenpephIBHAs
BewiecTBeHHass QyHKUMs y = f(z), onpemeneHHasi Ha oTpe3ke [a, b]
BEIeCTBEHHON MpPSIMOM, NMPHHMMAET NPOMeXYTouHbHe 3HayeHHs. Ecau
6n QyHKUMsl f He MPUHMMAana Kakoe-TH00 MpoMeXyToyHoe 3HaueHHe
%, TO 06pa3 f([a, b]) pacnagancst Obl B o6benuHeHHe ABYX OTKPHITHIX
HEMyCTHIX MHOXECTB: TeX 3HAa4YeHWH, KOTOpble MeHblle Y, H Tex
3HayeHWH, KOTopele Bouiblle Y, YTO MPOTHBOPEYHUT TeopeMe 3.

YacTHHM ciydyaeM NpUMeHeHHst TeopeM 2 u 3 sIBJIsieTCSl MOHSITHE
JMHEHHOH CBsI3HOCTH. TomoJornyeckoe npoctpaHcTBo X Ha3swiBaeTcs
AUHEHO CBA3HbLIM, ecaH Jio6be 1Be ero TOYKH, T H Y, MOXHO
COENMHHUTb OTPE3KOM KPHBOH, T. €. CYIIECTBYeT TaKoe HerpephBHOEe
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oto6paxenue f orpeska [0, 1] yncyoBo# ocu B npocTpaHcTBO X, 4TO
fO=z f(l)=y.

Teopema 4. Jlunelino c8s3HOe monosozuiecKkoe npocCmparcmso
X asasemcs C8A3HLIM.

B camom gnene, o6pa3 f([0,1]) no TeopeMe 3 cBs3eH U COREPKHUT
TOYKH T H y. B cuny TeopeMn 2 npocTpaHcTBO X sIBAsieTCS] CBSI3HBIM
POCTPAHCTBOM.

[TPUMEP 3. PaccMoTpuM mpuMep CBSI3HOTO TONOJOTHYECKOrO MpO-
CTPAHCTBA, HE SIBJSIOLIErocs JHHEHHO CBSI3HBIM.

[Tycts X — 3aMblkanHe rpaduka ¢yHkuun y = f(z)=sin(l/z) kak
MHOXECTBA B [BYMEPHOM €BKJHAOBOM mnpoctpaHcTBe R? (puc. 1).
Metpuka B R? Gepercsl knaccuyeckas, IO JJIHHE OTPE3KOB, COEMH-
HsloWKMX mnapsl Toyek B R?. Torma MuoxectBo X cOCTOMT H3 00b-
enuHeHus rpaduka QyHkuuu y = sin(l/z) u BepTHKaNbHOrO OTpe3ka
F,={(z,y)|z=0, —1<y<+1}. I'paduk dyuxkuun f pacnagaercs
Ha [(Ba MOJMHOXECTBA, KaXX0€ H3 KOTOPhIX FTOMEOMOP(HO HHTEpBaJY:

rl={(l‘,’y)|0<$<00, y=f(x)})
L={(z,y)| —co<z<0, y=f(z)}

[TosTomy, eciiu X = AUB, ANB =9, A, B — OTKpHTbIE HENYCTHE

MHOXecTBa, To Kaxjaoe u3 nogmHoxects I}, [,, ['; ueankom sexur

Jubo B A, mubo B. Ilyers [; C B.

HerpynHo mnpoBeputb, urto Jmobas y

okpecTHocTb ['; epecekaercs Kak ¢

[,rakucTl,, 1.e.T,CB, I[;CB.

3Hauut, A = &, 4YTO NpPOTHBOpE-

YuT npepnoxenHio. TakuM o6pasom, /=

X — cBsi3HOE HPOCTPaHCTBO. I/ x
[TokaxxeM Temepb, uto X He

SIBJIsieTcsl JIMHEHHO cBSI3HHIM. Pac-

cMoTpuMm ase Touku P = (—1/m, 0)

¥ Q=(1/m0) B X. Ilpexnono-

XHMM, YTO CYIUECTBYeT HEIpephIB- Puc. 1

Hoe ortoGpaxenue f: [0,1] — X,

f(0)=P, f(1)= Q. OtobpaxeHue f 3afaeTcs IBYMs HeNpPePHBHHIMH

4ncIoBHIMH GYHKuMAMHU: f(t)=(z(t), y(t)), y(t)=sin(1/z(t)) npu

z(t) # 0. INockoasky z(0)=—1/m, To TouHAs HMXKHSA TPpaHb t, Tex

3HayeHH# t, nis KoTopux z(t) =0, cTporo Goabiue HyJs, t, > 0.
WUrak, na wuntepsane [0, t,] sbinosHeHn yciosusi: z(t) < O,

y(t) = sin(1/z(t)). Mockoabky z(t) — HempepuBHas (YHKIMA, M
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CYIIECTBYeT IMOC/JeloBaTeNbHOCTh b, > b, t, — t,, rae z(t,) =0,
10 z(ty) = lim z(¢t) =0. Ho torma ¢yukumus sin(1/z(t)) He umeer
t——»lo

npegena npu t — t, — 0; cienoBatenbHo, GyHKUMS y(t) He siBasieTCS
HerpepbeIBHOH. TakuM 06pa3oM, MpocTpaHCTBO X He sBAsieTCsI JUHEHHO
CBSI3HBIM IPOCTPAHCTBOM.

[TPUMEP 4. PaccMoTpUM 1Ba TOMONOTMYECKHX MPOCTPaHCTBa, X
u Y. [locTpouM HOBoe TomoJorMyeckoe npoctpaHcteo Z =X UY,
TOYKaMH KOTOPOTO SIBJSIIOTCSI COBOKYITHOCTb TOYE€K MPOCTPaHCTB X H
Y, npuueM cyuraem, yTo npocTpaHcTBa X U Y He UMEIOT 061IHX TOYEK.
O6bsBUM OTKPHTHIM MHOXECTBOM MPOCTPAHCTBA Z J060e MHOXKECTBO
Buga W =U UV, rne UC X, V CY — oTKphTHE MHOXECTBa B
npoctpaHcTBax X u Y.

[TpocTpancTBOo Z Ha3blBaeTcsl HECBA3HOU CYMMOL npocmpaucme
X u Y. llpoctpaHcTBo Z HEHCTBUTENbHO SIBASIETCSI HECBSI3HBIM,
HIOCKOJIbKY MOANpocTpaHcTBa X W Y SIBASIIOTCS OTKPLITHIMHM Herepece-
KaloIMMHuCsT oAMHOXecTBaMH. M3 nByx npoctpancTe X u Y MoxHo
IOCTPOMTH ellle ONHO TOIOJOrHYecKoe IPOCTPAHCTBO, Ha3blBaeMoe
C8A3HOU cymmol uau 6GyKkemom TONMOJOrMYECKHX MpocTpaHcTB. s
3TOro (PMKCHpyeM B npocTpaHcTBax X H Y no Touke: rp€ X, yeY.
PaccmorpuM o6bepuHeHue npocTpaHeTB X U Y M OTOXIECTBHM B HEM
TOYKH T, H Y. [lonyyeHHOe npocTpaHcTBO 0603HaYMM yeped X VY.
OTKpBITHIMH MHOXKeCTBaMH B X VY Ha3oBeM Takue MHOXecTBa U, 4To
nepecededuss X NU u Y N U aBAAI0TCA OTKPHITHIMH MHOXECTBaMH
B X u Y coorBercrBeHHo. Eciu mpoctpanctBa X W Y cBsi3HH, TO
UX cBsi3Hast cyMMa X VY B culy TeopeMb 2 sBJsIeTCSI CBSI3HBIM
TONONOTHYeCKHM npocTpaHcTBOM. Eciu X u Y — nuHelHO cBsi3HHe
IPOCTPAHCTBA, TO HX cBsi3Has cyMmma X V Y saBasiercs JuHeHHO
CBSI3HBIM IIPOCTPAHCTBOM.

2. AKCHOMBI OTAEJMMOCTH. ToIloJOTHYeCKoe MPOCTPaHCTBO X Ha-
3bIBaeTCsl xaycoopgoseim nPOCMPAHCMBOM, eClIH Als JIOOBIX TOYeK
z, y€ X, x # vy, HaupyTcss Takue okpectHoct U(z) u U(y), uto
U(z)NU(y)=o. He Bcsikoe Tononoruyeckoe mpocTpaHCTBO SIBJISIETCS
xaycpoptoBbiM. B mpuMepe 2 § 1 Mbl paccMorpesu npocTpaHcTBo X,
cocTosiiee U3 JBYX TOYEK T M Y, OTKPHITHMH MHOXXECTBaMH KOTODOTO
o6bsiBnensl @, X, {z}. Toraa Touku z, y pasnuuHbl H HE CYLIECTBYeT
HelepeceKalolMXcst OKPeCTHOCTEH 3THX Touek. B xaycmopdoBoM mpo-
CTPaHCTBe KaXKiasi TouKa = € X sIBJsIeTCS] 3aMKHYTHIM MHOXXECTBOM.
B camoMm pene, eciu y # x, To Halimercsi okpecTHocTb U(y) TOYKH

y, He coiepxkauiast z. Torna MHOXecTBo X \ {z} = |J U(y) siBasiercst
y#z
OTKPHITHIM, 3 €ro JOTIOJHEHHE, COCTOsIIee H3 ONHON TOUKH &, 3aMKHYTO.
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JluckpeTHOe TOMONOTHYECKOe MPOCTPAHCTBO X sIBIAsieTCS XaycHAop-
(oBeIM pocTpaHcTBOM. B caMoM feste, kaxaasi Touka ¢ € X siBasieTcs
OTKPBITHIM MHOXXeCTBOM, 3HAYHT, €CJH T # Yy, TO OKPECTHOCTH {z} u
{y} He nepecekaioTcs.

Teopema 5. [lycmv X u Y — xaycdopdoser monorozuueckue
npocmparcmsa. Tozda dexapmoso npousgedeHue, Hec8A3HAR U
CBA3HAR CYMMbL ABAAIOMCA Xaycoop@osvimu mMOROACZUHECKUMU
npocmparcmeamu.

JdoxasaTeabcTBo. PaccMoTpuM aBe Touku: (z,,y )€ X x Y,
(2, %) € X x Y. Ecau oHu pasnnunH, To qubo z, # x,, 1160 y, # 1. B
IEPBOM cJy4ae B CHJIY Xaycaop(oBoCTH NpocTpPaHcTBa X HMeloTcs [Be
Henepecekawomuecsi okpectHoctd U(zx,) u U(x,). Torma okpectHocTH
U(z))xY n U(x,)xY Touex (z,, y,) 1 (,, ¥,) TOXKe HE niepeceKkaloTcsl.
Bo BTopoM ciyyae B cuay XaycHop¢oBOCTH MPOCTPaHCTBA Y cyuiecT-
BYIOT Hemepecekaioluecst okpectHoctH V(y,) u V(y,). ITostomy He
nepecekaiorcst okpectHoctH X x V(y) u X x V(y,) Touek (z;,y,)
(22, %)

PaccMoTpum mapy pasnuyHbix Touek z, y € X U Y. Eciu obe Touku
JI€XAaT B ONHOH KOMIIOHEHTE, CKakeM, X, TO B CHJY XaycAOpP(HOBOCTH
npoctpaHcTBa X HMeIOTCs HerepeceKaiomuecss okpecTHocTH U(z) u
U(y), KoTopble ONHOBPEMEHHO SIBJASIIOTCSI OTKPHITHIMH MHOXX€CTBaMH
B cyMmMe X UY. Ecinm TOYKH JekaT B DasJMYHBIX KOMIIOHEHTaX,
ckaxeM, £ € X, y€ Y, To caMu KOMNoHeHTH X, Y cayxaT mist HUX
HelepeceKaloUIUMHCS OKPECTHOCTSIMH.

PaccMotpum teneps 6yker X VY H B HeM napy pa3jiH4YHHIX TOYEK T,
y. [TycTb cHayana HU ofHA U3 3THX TOYEK He COBMNAfaeT C OTMeYeHHOH

= 1y,. Ecau ogHa u3 Touek nexut B X, a apyrasi B Y, To MHOXeCTBa
X \{z} u Y\ {z} Oynyr ux HemepecekaiolUMuCsi OKPECTHOCTSIMH.
Ecnu xe o6e Touku Jexat, ckaxeM, B X, To cuay xaycaopdoBocTH
npoctpaHcTBa X OHH 06/1afal0T HenepeceKaloUMHUCS OKPECTHOCTSIMH
U(z) u U(y). Torma MHoxectBa U(z) \ {x} 1 U(y) \ {x} Oynyr
HenepeceKalOUIMMHCs OKpecTHocTsIMH £ M y B X V Y. Ilyctb Teneps
O/lHa U3 TOYeK, CKaXkeM, T COBNAJlaeT C &, U MyCTb AJIs ONpefeeHHOCTH
y€ Y. Torna xaycmopdoBocTs Y BieueT cyiecTBOBaHHE HX Hemepece-
Katomuxcs okpectHoctel U(z) u U(y) B Y. MHoxectBa U(z)U X n
U(y) 6ynyT HenepeceKaloMUMHUCSI OKPECTHOCTSIMH 3THX ToUeK B X VY,
Teopema nosnHOCTHIO HOKa3aHa.

Onpeneaenne 1. Tomonoruyeckoe npocTpaHcTBO X HasbBaeTcst
HOPMaAbHbIM, €CIH OHO XaycAOP(OBO M st MIOOHX ABYX Helepecekao-
IMXCst 3aMKHYTHIX MHOXeCTB F| H F, cyIecTBYIOT HelepeceKaloluecst
okpectHoctu U, D F, u U, D F,.
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HopMasnbHEE TPOCTpaHCTBa — 3TO HauboJjiee 4acTO BCTpeyaroluics
KJ1acC TOMOJOrHYECKHX NPOCTPAHCTB. TOT KJacC OCTATOUHO MIHPOK H
COIEPXKHT BCe MeTPHYECKHe [POCTPaHCTBA.

Teopema 6. Bcaxoe mempuueckoe npocmparcmeo HOPMAALbHO.

JdoxkasateabcTBo. [lyeth X — MeTpuueckoe MpoCTPaHCTBO C
MeTpHKOH p, Fi u F, — 1Ba HelepeceKalOMHUXCsl 3aMKHYTHIX MHOXeCT-
Ba. [lycts z € F, e(:c) =(1/3)p(z, F,). Nonoxum U, = U O, (»)(z).

z€F
Anasornyso onpenenuM oTkpeitoe MHOXectBo Uy = |J O, (), Tne
YER
e'(y) = (1/3)p(y, F}). Mu noayunnu oxkpecTHOCTH MHOXecTB F, H
E,. Tlokaxewm, uto MHOXecTBa U, n U, He nepecekaiorcsi. JlomycTHm
MPOTHBHOE, T. €. YTO CYILIECTBYeT TOYKa 2z € Ul N U,. Torma mns
HEKOTODbIX ToueK = € F| u y € F;, umeeM z € O,, (), z € Oy, (y),
T. e. p(z, 2) < (1/3)p(z, F), p(y, 2) < (1/3)p(y, F) B wactHOCTH,

p(z, 2) <(1/3)p(z,v),  p(y, 2) <(1/3)p(y, z).

CkuafpiBasi 3TH [Ba HepaBeHCTBA, MOJNy4aeM

p(z, 2) + p(y 2) < (2/3)p(g; y),

4TO MPOTHBOPEYHT HEPABEHCTBY TpeyrodbHuKa. (]

CucreMa oTKPHITHX MHOXecTB { U, } TomoJIoruueckoro NpocTpaHCTBa
X HasuBaercss omkpuimoim nokpoumuenm, ecnd X =|J U,. okps-

a
THSI — yI0GHOE NOHSITHE TIPH H3Y4YeHHH TOTMOJOrHYECKHX [IPOCTPAHCTB.
Hanpumep, ecin B kaxxaom MHoXecTBe U, 3afaHa HelpephBHAs QYHK-
ums f,, a Ha kaxaom nepecedennn U,NU,; dyukuuu f, u f, copnagaior,
TO CYLIecTBYeT OfHA HenpephiBHast GyHKuust f Ha mpocTpaHctBe X,
coBnazgaiowas ¢ f, B KOKIOM OTKPHTOM MHOXecTBe U, .

[Tyctb 3agano nBa OTKpHTHX nokpuitus {U,} u {V} TOTOJIOTHYe-
ckoro mpocrpaHctBa X . CkaxeM, YTO TOKPHTHE {V} usmenviaem
nokpoumue {U, } win ssanemcs 6oaree meakum, wem nokpeimue {U, },
ecH KaXJIoe MHOXecTBO Vj JIeXHT B HeKoTopoM MHoxecTse U,,

= a(p).

Teopema 7. [lycmv X — HOpmaabHOe monoaoeuueckoe npo-
cmpancmso, {U,}Y_, — xoneunoe omkpoimoe nokpvimue. Tozda
cywyecmeyem 6oree meaxoe nokpomue {V,}N_,, npuvem V_ C U,.

JlokazaTeJabcTBO. 3aMeTHM, YTO B TeopeMe 7 yTBepXAaeTcs
CyIlecTBOBaHHE He MpPocTO Gosiee MEJKOro MOKPHTHS, a TaKOro, y
KOTOPOTrO 3JIEMEHTH HYMEPOBaHH T€M K€ HHIEKCOM « U BKJIOYEHHE
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MHOXECTB MPOHCXOOHUT C OAHUHAKOBLIM 3HAYEHHEM HHIAEKCA . ILIIS!
JI0Ka3aTeJbCTBA T€OPEMBbI PACCMOTPHM 3aMKHYThHIE HernepeceKawluecs
N

mHoxectBa X \ |J U, u X \ U,. B cuny HopManbHOCTH POCTPAHCTBA
a=2
X CyIEeCTBYIOT OKPECTHOCTH, pasfelsiolliue 3TH [IBa MHOXecTBa. B

Ka4ecTBe OKpECTHOCTH V HYXXHO B3§iTh TY M3 HHX, YTO COJEPXHT
X\ U U,. Torna X \ U U,cV,CcV,CU, u cucrema MHOXeCTB

{Vl, Uz,.. ., Un} noprlsaeT npocrpaHctBo X . [loaToMy MblI Moxem
HalTH MHOXecTBO V, C V,, npuueM cucreMa {V, V,, U, . .., U, } Toxe
MOKPHIBAa€T NPOCTPaHCTBO X . 3aMeHsisl MOC/I€/I0BATENbHO MHOXECTBO
U, Ha V, C V, C U,, Mbl npuzeM K uckoMomy nokpuituio {V, ..., Vy}
3a N waroB. O

3apauu x § 2
1. JlokasaTs, uTo ecad H3 R", n > 2, BHOGPOCHTb KOHeYHOe (HJIH CHETHOe) YHCJIO
TOYEK, TO OCTaBlleecst MPOCTPAHCTBO GyAeT CBA3HLIM.

2. JlokasaTs, 4T0 ecad M3 R™ BHIGPOCHTh KOHeUHOe HHCJO MOAMPOCTPAHCTB pasMep-
HOCTH MeHbllle, YeM n — 1, To OCTaBuIeecs MPOCTPAHCTBO 6yAeT CBSA3HO.

3. MoacumuraTb, Ha Kakoe HaHGoJblIee YHCIO KOMMOHEHT CBSI3HOCTH pa3obbeTcs R?
KOHEYHHIM YHCJIOM NpsiMbix. KakoBo HaMeHblllee YHCI0 KOMMOHEHT CBSA3HOCTH?

4. Tlycts f: X — X — HenpepbiBHOe oTO6paxkeHHe xaycnopdoBa NpOCTPaHCTBA.
JlokasaTb, YTO MHOXECTBO HEMOABHXXHbLIX TOUYeK (T. . TOYeK &, AN KOTOphX f(z) = z)
3aMKHYTO.

5. Ilokasatb, 4To 06pa3 HOPMaJLHOTO NMPOCTPAHCTBA MPH HelpPepLIBHOM OTOGpPaXeHHH
B Xaycaop$oBo NpocTPaHCTBO HOPMaJieH.

6. JlokasaTh, uto mpoctTpaHcTBO X xaycaopoBo TOra M TOJBLKO TOTAa, KOraa
auvaroHans A= {(z,y)|z =y} C X x X samknyta B X x X.

7. llokasaTb, uto oTo6paxeHHe f: X — Y B xaycnopgoBo npocTpaHCTBO Y Hempe-
PHIBHO TOT/la M TOJIBKO TOTAA3, Korla rpadmk I, = {(z, f(z)) |z € X} C X x Y 3amkHyT
BX xY.

§ 3. KomnakTHbsIe mpocTpaHCTBa

CBOHCTBO KOMIAKTHOCTH, KOTOPO€ MBI PaCCMOTPHM B HACTOSILIEM
naparpade, siBisieTcsl OMHHM H3 BaXKHEHIIMX CBOHCTB TOMOJIOHYECKHX
npocTpaHCcTB. B yacTHocTH, 3TO CBOHCTBO Hrpaer (pyHAaMeHTaJbHYIO
POJIb NPH HCCJENOBAHHH BeleCTBEHHBIX YHCe W HenpephIBHLIX (YHK-
L1,

1. KoMnakTHbI€ NPOCTPAHCTBA.

Onpeneaenne 1. XaycnoppoBo TOMNOJOrHYECKOE MPOCTPAHCTBO X
Ha3bIBaeTCsl KOMNAKMHbIM, €CTH U3 €r0 BCSIKOTO OTKPBHITOrO MOKPHITHS
{U,} MoxHo BemeuTs KOHeuHyio yactb {U, _}¥- 1, noxpuiBaomyo X.
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MoxHo Tpe6oBaTh BCEro JHIilb, YTOOB CYIIECTBOBAJO KOHEYHOE
6osiee MeJNKOe MOKPLITHE.

3AMEUYAHHUE. [lepBoHayanbHO Takue MPOCTPAHCTBA Ha3bIBAaJIHCH
6UKOMNAKMHbIMU, 3 KOMIAKTHEIMH MPOCTPAHCTBAMH Ha3bIBATHCh Me-
TpHYecKHe GHKOMMaKTHHIe npoctpaHcTBa. OnHAaKo B nociefHee BpeMs
B JIMTEpaType MpefNnoYHTal0T GHKOMMAKTHHIE POCTPAHCTBA HA3HIBATh
MPOCTO KOMMAKTHBIMH NMpPOCTPaHCTBaMH. Mbl Gynem caemoBaTh Gosee
No3IHEeH TePMHHOJIOTHH.

[TPUMEP 1. Jlokaxem, yTo m060H KOHEYHHIH OTpe3ok [a, b] Be-
mecTBeHHOH ocH R sBAsieTcss KOMMAaKTHBIM NMPOCTPaHCTBoM. B camom
nene, ecan {U,} — oTkphiToe MOKpeITHE OTpe3Ka [a, b], To 6Ge3 orpa-
HUYEHHs] OBLIHOCTH MOXKHO CUMTaThb, YTO KaXKABIH 3JE€MEHT NOKPHITHUS
U, siBnsieTcs HHTepBaioM (c,,d,) (32 MCKIOUeHHEeM OBYX MOJYHH-
TepBanos, [a,d) u (b', b]). PaccMoTpuM MHOXecTBO P Bcex TaKHX
qucen z € [a, b], 4To oTpe3oK [a, z] MOKPHIBaE€TCS] KOHEYHBIM YHCJIOM
anemenToB U, . Toraa, ecnn z € P, y < z, TO y TOXe MpUHaIIeXuT P,
[TockonbKy TOYKa a MPUHALJIEXKUT JMEMEHTY MOKpHTHA [a, @), d > a,
TO MHOXecTBO P cocrout Gosiee ueM M3 OIHOH TOYKH Q.

[Tycts x, — ToyHas1 BepxHsisi rpaHbp MHoxectBa P, z, > a. Ecan
T, < b, TO TOUKA I, EKHUT B HeKoTopoM uHTepBane U, =(c,, d, ), T. e.
C,, < T < d, . Ilyetb y, z — Takne yuena, yro ¢, <Y<z <z<d,.
Torna y € P u, 3HauuT, KOHe4YHOe YHCJIO MHOXecTB U, MOKpHIBaeT
OTpe30K [a, y|, mo3TOMYy OTpe30K [a, 2] ToXe MOKPbIBAETCS] KOHEYHBIM
uucioM MHoXectB U;. CienoBaTesbHO, I, He SIBJSIETCS BepXHEH
rpaHbio MHOXecTBa P. TakuM obpasoM, z,=b. Torma b’ < zy="b. Ecan
b'<y<z,, To y€ P, 1 oTpe3oK [a, y| ONsITb-TaKH MOKPHIBAETCST KO-
HEeYHBIM YHCI0M MHOXecTB U;. BMecTe ¢ HUM MOKpHIBaeTCsl KOHEUHBIM
yucjoM MHOXecTB Uy M Bech OTPesoK [a, b].

2. CBojicTBa KOMIAKTHBIX MPOCTPAHCTB.

Teopema 1. Komnakmuoe monoiozuieckoe npocmparcmeo Hop-
MAALHO.

HdokaszateasbcTBo. ‘[lycth X — KOMNaKTHOE MPOCTPAHCTBO,
TOTZA 10 ONpefieeHHI0 KOMIIAaKTHOCTH NMpocTpaHcTBo X xaycnopdoso.
[Tycts F — 3amxHyTOe MHOXecTBO B X. [TokaxkeM, 4TO ecjiu TOuKa
T He NPHHAJIEXHT MHOXecTBY F', To HaHmyTcs HemepeceKailliuecs
okpectHoctH U(z) u U(F).

Jemma. 3amxrnymoe noomHoxmcecmso F 8 KOMnaxmuom npo-
cmpancmee X camo A6ASLeMCS KOMNAKMHbIM NPOCMPAHCMBOM.

B camom pmene, ecium {V,} — oTKpHTOE mMOKpHTHE MHOXecTBa F',
To Kaxpaoe MHoxecTBo V, umeer Bup U, N F, rne U, — oTKpHTOE B
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X wmHoxecTBo. Torma cemeficTBO OTKpPHTHX MHoxectB {U,, X \ F'}
NoKpHBaeT npocTpaHcTBo X . Cile0BaTeNbHO, CyIECTBYET KOHedHoe
cemeiicteo {U, , X \ F'}, nokpusaomee X. Torna {V, } noxpusaer
MHOXecTBO F'.

Bepuemcst k nokasarenbcTBy TteopeMH 1. [lockomeky z ¢ F', TO
Lisi Jo6oi Toukn y € F' B cuay xaycnopdoBOCTH MpPOCTpaHCTBA
X cywmecTByioT Hernepecekawouuecss okpectHoctd U, >z u V, 3 y.
CemeiicTBo {V,}, OueBHIHO, IOKPHBAET MHOXECTBO F'B CHIy TeMMbI
1 HahgeTcsT KOHEYHOE YHCJIO MHOXECTB {V |, NOKpHBaOUHMX

MHOXecTBO F'. HoaTomy OKPecTHOCTb ﬂ U, TOYKM T He nepecekaeTcs
=1

¢ ob6peluHeHHeM U vV, D F.
k=1
PaccMoTpum Tenepb ABa HemepeceKaloLIHXCs 3aMKHYTHIX MHOXECT-

Ba, F| u F,, B KoMnakTHoM npoctpaHctBe X . Torna misi oG0H TOYKH
z € F| HalifyTcs Hernepecekaiouuecsi OKpecTHOCTH U, Touku z u V,
mHoxectBa F,. CemerictBo {U,} moKpbiBaeT KOMIAKTHOE MHOXECTBO
E, noaromy cymwectByet KoHeuHoe nokputue {U, }i'_,. Torna o6be1m-

HeHue U U, conepXut F n He nepecekaercsi C repecedeHuemM ﬂ Ve
k=1
conepx(aumm F,. Teopema fnoka3ana. O
Teopema 2. [Iycmv F C X — komnakxmuoe noonpocmparcmso
8 xaycdopposom monosoeuveckom npocmparncmee X . Toeda F —
3amMKHYymoe mHoxecmso 8 npocmparcmsee X .

JlokaszarteabcTBo. [lycTh £ — nponsBosibHAst TOYKA POCTPAH-
ctBa X, He npuHagnexamasi F'. B cuny xaycropdoBocTtu npocTpaHcTBa
X nns Touek y € F' HaiinyTcs Herlepecekaiomuecsi okpecTHocta U, D y
u V, >z Torma cemeiictBo {U,} nokpbiBaer MHOXecTBo F, a B

cn.ny ero KOMMNAaKTHOCTH Haiifetcs KoHewHoe cemeiictBo {U, W_.
N

TMOKpHIBaOLIIEE F Torma o6venunenne (J U, He nepecekaercs ¢
k_
nepeceyeHueM ﬂ V, ¥ coiepxur MHOXectBo F. CienoBaresbHo,
k=1
TOYKa T HMeeT OKPEeCTHOCTb, He mepeceKallnylocsi ¢ MHOXecTBoM F',
4TO M O3HayaeT, YTo MHOXecTBO F' 3aMKHyTO0. Teopema moKa3aHa.

Teopema 3. I[lycmo f: X — Y — Henpepvignoe omobpadcenue
Komnaxmnoeo npocmparncmea X 8 npocmpancmeo Y. Toeda obpa3
f(X) asrsemca KomnaKxmuoim nPOCMPAHCMBOM.

HNokasateabcTBo. Ilyeth {U,} — OTKpPHTOE MOKPHTHE MHO-
X). T i (U, -

xectBa f(X). Torna cemeiictBo {f~!(U,)} siBAsieTCss OTKPHTHM IO
KPHTHEM KOMIakTHoro rnpoctpaHcTBa X . Cilef0BaTeNbHO, HEKOTOpOE



86 I'n. 2. OBLIASI TOIOJIOTHS

KoHeyHoe cemerctBo {f~'(U, )}"’_l MOKphIBaeT MpocTpaHcTBO X.
Torna cemeiictso {U, }}_, rokpsiBaeT o6pas f(X). O

M3 Teopem 2 u 3 BEITEKaeT caefyioiiee obliee CBOHCTBO HenpephiB-
HBIX (YHKIHH Ha KOMIAKTHBIX MPOCTPAHCTBaxX, M3BeCTHOE M3 Kypca
MaTeMaTH4YeCKOro aHaju3a.

Teopema 4. [Tycme f: X — R! — nenpepvignas ¢ynxyus Ha
komnaxmuom npocmpancmse X . Toeda ¢ynkyus f ozpanuyena u
npuHUMaem MaKCUMALbHOe U MUHUMAALHOE 3HAYEHUS.

HokaszatenbctBo. [lo Teopeme 3 obpa3s f(X) sBasercs
KOMIIAaKTHEIM mofnpocTpaHcTBoM B R!, a no Teopeme 2 — 3aMKHyThIM
MHOXecTBoM. Ecoii 661 06pa3 f(X ) He Gbl1 OrpaHHYEHHHM, TO CHCTEMA
nHTepBaioB U, =(—n, n) nokpuiBana 6 f(X) 1 u3 Hee Hesb3st OHJIO

66l BHIEJIHTb KOHEYHOro MoanokpuTus. Ilomoxum A = sup{f(z)},
zeX
B = in;{f(z)}. Torma A u B — TOYKH IPHKOCHOBEHHSI MHOXXECTBa
TE

f(X). Tak xak mHOXecTBo f(X) 3aMKHyTO, T0 A, B € f(X). O

3. MeTpuuecKkHe KOMMNAaKTHbIE NPOCTPpaHCTBA. [lns1 MeTpHYeCKUX
IIPOCTPAHCTB CBOHCTBO KOMIIAKTHOCTH MOXHO C()OPMYJIHPOBATh B IPH-
BHYHHX i1 MATEMaTH4E€CKOrO aHalu3a TePMHHaX.

Teopema 5. Ilycmv X — mempuueckoe npocmpancmso. Ilpo-
cmpancmgo X a8AAeMCA KOMNAKMHbIM moeda U moAbKO moeda,
K020a 8bLNOAHEHO OOHO U3 CACOYIOWUX IKBUBANEHMHbLX CBOLCMS:

a) ecakas nocaedosamervrocme {x,} umeem cxo0auyyrocs nood-
nocaedosamesvHoCmy;

6) 8caKkas nocire0o8amesbHROCTb BAOHCEHHBIX HENYCMbLX 3aAMKHY-
motx noomnoxcecms {F,}, F, D F, |, umeem Henycmoe nepeceuerue.

HokasateabctBo. [lycTh X — KoMnakTHOe MeTpHuYecKoe
npoctpaHctBo, {F,} — roclief0BaTebHOCTh BJIOXKEHHBIX HEIyCTHIX
3aMKHYTbIX MHOXecTB, F, D F, . Torma ecin NF, =&, To OTKpHI-
THe MHOXecTBa G, = X \ F, NMOKpPHIBalOT MPOCTPAHCTBO X, MpHYeEM
G, C G, ,. B cuny koMnaktHocTH npocTpaHcTBa X KOHEYHast CHCTEMa
{G,,..., G, } nokpuBaer npoctpanctso X . Bes orpannyenns obupo-
cTH GyleM CYMTaTh, 4TO 7 < My < ... < n,. Torma G, C G, npu k <s,
1. e. X = G, . CaenoBarensHo, F, = &, 4yTo npomaopeqm YCJIOBHIO.

Ilanee, mokaxeM, 4To H3 CBOHCTBA 6) cllefyeT CBOHCTBO a). IlycThb
{z,} — npousBonbHasi nocienOBaTENbHOCTh TOYEK MpocTpaHcTBa X .
Ecnu nocnenoBatensHocTs {z,} He HMeeT mpefeNbHbIX TOYEK, TO BCS-
Koe MoAMHOXecTBO F' C {z,} siBasiercst 3aMKHYThIM. [TosToMy MH Mo-
»eM ITOCTPOHTDb MOC/E0BATEIbHOCTh BIOXKEHHBIX 3aMKHYTHIX MOIMHO-

xkectB {F,} c nycThiM nepeceyeHuem, nonarasi F, ={z,, |, =

n4+1) Un42y 0o S
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CneoBaTeNbHO, CBOHCTBO 6) BleYeT CYIIeCTBOBaHHe IpenesibHOH TOY-
KH T, € X y nociefosarebHocTH {z,}.

BriGepem Tenepb mnopnociefosarenbHocts {z, }, cxopaulylocs K
Touke z,. PaccmoTpum okpecTHOCTh O, (7). Haiizercs: Takoit HoMep
ny, 410 I, € O,(zy). TlycTh yKe HOCTPOEHBI YJEHH {:c ...,:vn'},
n, <my<...<mn, npuieM p(z, z, ) < 1/k. Ilycts

. 1
e=min{; 17, P(%, 7)), - . ., P(T0, T, ) }-
Torma B oxpecTHOCTH O  (z,) HalmeTcs To4Ka T, ., € O.(x). Slcno,

uto p(zy, T n) <E€E<3IT + 1 ¥ mostomy m, ., > n,. UTaK, no uHRyKuuH

MOCTPOeHa HOCeOBATENbHOCTD {z, }, npuuem lim p(z, z,)=0. o
3 — 00 .

u o3Hayaer, 4yto lim z, =z,

s — 00

Hakonen, moxaxem, 4To W3 CBOHCTBAa a) cJefyeT KOMIAKTHOCTb
npoctparctBa X . Ilycts {U,} — npou3BoJibHOE OTKPHITOE MOKPHITHE
MeTpuyeckoro npocrpaHctsa X . JlomycTHM, 4YTO CYLIECTBYeT TaKoe
yucso €, yro nokputHe mwapamu {O,(z) |z € X} BnucaHO B NOKpHTHE
{U,}. Toraa uuciio € Ha3nBaetcs wucsom Jlebeza nokpuirus {U,}.

Jlemma. Ecaiu 8binoAHeHO Yycrosue a) meopemvt S, mo B8CAKOe
omkpsimoe nokpoimue umeem wucao Jlebeea.

JdokasatenbcTBo. s Kaxaold Toukd z € X BribepeM YHCIO
e(z), paBHOe TOYHOH BepxHeH rpaHu Takux yucen § >0, uro wap
O;(z) Jexur B HekoTopoM 3JjeMeHTe nokpuTtusi U,. Eciu dyHkuus
€(z) uMeeT CTPOro MOJOXKHTENbHYI0O HHXKHIOI IPaHb g = 325( e(z), To

4HCIIO €y/2 siBnsiercsi uncaoM Jlebera nokpurtus {U, }.
Ecau mf e(x) =0, Torna Ha#ijeTcs TaKas MOCJELOBaTENbHOCTD

{z,}, lrro 11m e(z,) =0. B cuny csoiictBa a) TeopeMn 5 MH Mo-
xeM Bu6pan> TaKylo TMOANOC/Ie[0BATENbHOCTb T, , YTO 11m T, =Ty
[Tycts ky — Tako# HoMep, 4YTo mpH k > k, BHINOJHEHO HepaBeHCTBO
1
P(2y, 3, ) < 76(x). Torma O, yu(=,) C O,y2(%) C U,. Orciona
crenyer, uto e(z, ) > %e(zo) H [03TOMY kllm e(z, ) > :;‘5(%) >0. 310
3HAYHT, 4TO ianY €(z) He MoxeT paBHsAThcs HyJo. JleMMa fokasaHa. [0
zT€E
PaccMotpuM Tenepb nmpousBoJbHoe nokphitHe {U, }. B cuity seMmer 1
B nnokpeitie {U, } Biucano nokpuitue mapamu {O,(z)|z € X }. [penmno-
J0xuM, yto nokputue { U, } He HMeeT KOHEYHOro noAnoKpuTHs. Torna
nokpuitie {O,(z) | z € X} TakKe He HMeeT KOHEYHOrO MOAMOKPHITHSI.

3aduxcupyeM NpousBoabHYIO TOUKY z, € X . [Tockonbky wap O, (z,) He
NOKpbIBaeT mpocTpaHcTBO X, TO Haljercs Todka x, ¢ O,(z;). IlycTs
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MOCTPOEHH TOYKM Zi,..., T, Takue, 4To z, ¢ O,(z,) npu n > k > s.
Cucrema mwapos {O,(z,), ..., O.(z,)} He nokpuiBaeT nmpocTpaHcTBO X .
[TosTomy Hafimercst Touka z, , | ¢ O,(z,)U...UO,(z,). Takum o6pasom,
N0 MHAYKUMM I[IOCTPOEHa I0CHeNOBATEJbHOCTh To4eK {z,}, npudem
p(z,, z,) > €>0. C npyroii CTOPOHH, B CHJIy CBOHCTBA a) CYIIECTBYeT
NOANOC/Ae0BaTeNbHOCTb {z, }, CXOLSLAsCS K HEKOTOPOH TOUKe I,
T. €. kli_{‘[:o p(z, , 1)=0. B yactHocTH, npHu noaxoxnsiieM Bribope Homepa

ky u3 k > k, crenyer, 4ro p(z, , z,) < %5. Torma

p(z,,z, )< p(T,, %)+ p(2, %) <e

DTo MPOTHBOpeYHe JOKA3bIBAET TEOpPeMy .

B kauecTBe cjeicTBHSI M3 TEOPeMH 5 MpHBefeM clenyiouiee GyH-
JAMEHTaJbHOe CBOMCTBO BEIECTBEHHHLIX YHCEN: nOCAe008ameAbHOCMb
BAONHCEHHBIX OMPE3K08 BeluyecmBeHHOl npamoll umeem ob6u,yto mou-
Ky.

4. Onepauuu Hajg KOMIAKTHBIMM npocrpaHcrsamu. Ecau xayc-

nopdoBo mpocTpaHcTBO X siBJsieTcsl oGbeAMHEHHeM KOHEYHOro 4uc-

Jla CBOMX KOMMAKTHHIX MOAMHOXecTB, To X SBJsSEeTCS KOMIIAKTHHIM
n

npocTpaHcTBoM. B camom pene, eciu X = |J X,, rne X, — Kom-
k=1

nakTHele npoctpaHctBa, {U,} — OTKphITOE MOKPHITHE MPOCTPAHCTBA

X, To Kaxjoe MOAMHOXeCTBO X, IIOKPHIBAeTCSI KOHEYHHIM YHC-

JIOM 3JIEMEHTOB {Ua“, s Uy, }. Torma Bcst KOHeYHasi COBOKYIHOCTh

"

{Ua“, 1 <k <n, 1<s< n,} nokpuiBaer Bce npoctpaicTBo X . Bouee
CJIOXKHO NOKa3blBaeTcsl Clefylolasi BaXKHast TeOpeMa O NPOM3BeLeHHH
KOMIIaKTHBIX [IPOCTPAHCTB.

Teopema 6. [lexapmoso npou3sedenue X x Y Komnakmmoix
npocmpancms X u'Y agasemcsa KOMNAKmHoiM npoCmparHcmeom.

HokasatenbcTBo. B cuiay Tteopemn 5 u3 § 2 pmekapro-
BO mpoHu3BefieHHe X x Y sBIseTcs XaycHOPGHOBHIM IPOCTPaHCT-
BoM. [lycth {U,} — npousBosibHOe mnoKpuiTHe npocTpaHctBa X X Y.
Be3 orpaHuyeHusi oOuIHOCTH MOXHO CuHTaTh, 4TO U, HMEIT BHJ
U, =V, x W,. 3aduxkcupyeM Touky = € X M pacCMOTPHM MOAMNPO-
cTpaHeTBo = X Y C X x Y. [lognmpocTpancTBo = X Y romeomopdHO
NPOCTPAaHCTBY Y M MOSTOMY SIBJISI€TCSI KOMIIAKTHHIM MPOCTPAaHCTBOM.
TosTomy cymectByer KoHeuHoe uncio daeMeHToB {U, ,)}i%), mo-

n\z,
KPHBalOIKMX mpoctpaHcTBo z X Y. [lonoxum V, = () V, Torna

(k z)°
oTkpeiTee MHOXecTBa {V, x W, .} Bmucaun B nokpuitue {U,} u
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MOKPHBAIOT IPOCTPaHCTBO Z X Y. MHoxecTBa { W, ,)}1%) nokpeiBatoT
n(z)

NpoCTpaHcTBO Y, T. €. U w(kz) = Y. MHOXecTBa {V,} nokpuBaiwT

npocTpaHcTBo X. B cpmy KOMMAaKTHOCTH npocTpaHcTBa X KOHEYHOoe

cemeiicteo {V, };., nokpnsaer npoctpanctso X. Torma koHeuHoe

ceMeHCTBO {Vz x W (,:’ ) |1 <s<m 1< k< n(z,)} nokpeiaer

npocTpancTBo X x Y.

3AMEYAHHUE. Ecinu 6 npoctpanctBa X M Y OblIM METPHUECKH-
MH, TO JI0OKa3aTeJbCTBO TeopeMbl 6 CHIBHO ynpocTujoch Ou. B camom
neJie, COrJIacHO TeopemMe 5 pacCMOTPHM IIPOH3BOJIbHYIO I10C/IE10BATENb-
Hocth {z,}, 2, =(<,, y,)- [lockoJbKy X — KOMIAKTHOE NPOCTPAHCTBO,
TO CyIIeCTBYeT CXOAsimasics mopnociefosatenpHocts {z, }. Torna B
CHJIy KOMMAKTHOCTH MpOCTpaHCTBa Y W3 [10C.IeI0BaTeHOCTH {v..}
BBIIEJISIETCS] CXOASIIAsICS OANOCIEL0BATENbHOCTD {yn }. Takum 06pa-

30M, MOAMOCAENOBATEIbHOCTD {2, } TaKXe CXOLHUTCS.

3agauu x § 3
l. IIOKaSaTb, 4To 06'benHHeHHe KOHEYHOIr'o YHucJ/ia KOMIAKTHBIX npocrpancn; KOMIIAKT-
HO.

2. TokasaTs, 4to ecnmH X — HEKOMIAaKTHOE MeTpHYecKoe MPOCTPAHCTBO, TO CYIUECT-
ByeT HelpepbiBHasi M He OTDaHHYEHHast Ha 3TOM MPOCTPAHCTBE (DYHKLHMA.

3. Jlokas3aTb, 4TO MeTpHYecKoe KOMIAaKTHOe MpPOCTPAaHCTBO HMeeT CYeTHoe IJIOTHOEe
MOAMHOXECTBO.

4. Jloka3aTb, 4TO €C/JH B KOMNAKTHOM MEeTPHYECKOM NPOCTPAHCTBE OB 3aMKHYTBIX
MHoxecTBa A M B He nepecekatorcs, To p(A, B) > 0.

§ 4. PyHKUMOHAABHAS OTAEJAUMOCTh. Pa3bueHue e THHUIIBI

B 3ToM maparpate Mbl HOpHBENEM TEOPEMEI, [03BOJISIIOLIME MPH
JOBOJILHO CJ1a0bIX MPENNoJIOXKEHHsIX NPOBOAUTb aHAJM3 HeNpephIBHbIX
GOYHKUMA TaK XXe, KaKk M B cJydyae (QYHKUMH ONHOW BeleCTBEHHOH
nepemeHHol. Kak yxe oTmeyasoch paHee, HenpepsiBHbE QYHKUMH Ha
TOMOJIOTHYECKHX MPOCTPAHCTBAX BO MHOTHX OTHOLIEHHSIX BefyT ceOsi
TaK XXe, KaK U (QYHKUMH OJHOH BeliecTBeHHOH mnepemeHHoH. Cymma
f + g, npousBeneHue f g ABYX HeNpephIBHBIX (GYHKUMH, a TakKke
oTHoweHue f/g npum g # 0 SBASIIOTCS HeNpPepbLIBHBIMH (DYHKLHSIMH.
B kiacce HenpepbiBHBIX (YHKUHH Ha TOMOJOTHYECKOM MPOCTPAHCTBE
X MOXHO mnepexomuTb K mpeneay. [locienoBaTenbHOCTh (QYHKIMI
f, pasHomepHo cxodumcs X dyHKuuH f, ecam ajsi moboro € >0
CyliecTByeT Takod HoMep NN, uTo npH n > N BHINOJHEHO HEPABEHCTBO
If(z) — f,(z)| < € nas a060# ToukH T € X.
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Teopema 1. PasromepHblll npedes nocredosamenrbHoCmU Henpe-
PbIBHBIX (DYHKYUL HA MONOAO2UYECKOM npocmpancmee X asasemcs
HenpepolBHOU GpyHKyuell.

HoxkaszateabctBo. [Ilyets f(z)= lim f (z). [TokaxeM, uTto
n — 00

¢yskuust f HenpepniBHa. Pukcupyem umucio € >0 u Touky z, € X.
Torna Haiimercsi Takoi Homep n, uTo AJsi Jio6o# ToukH z € X
BBINOJIHEHO HepaBeHCTBO |f(z) — f,(z)] < /3. Tlockoabky GyHKuus
f, HempepeiBHa, TO HaWjeTcsi Takasi oKpecTHocTb O(x,), 4TO INpH
z € O(x,) BHMOJHEHO HepaBeHCTBO |f, (z) — f,(%)| < €/3. Toraa npu
z € O(xz,) nMeeM

|f (z) = f(@)| < |f(2) = ful@)| + | fulz) — fulmo)| +
+ | fu(m) — f(xp)| < €/3+¢€/3+€/3=¢. O

1. PyHkuuoHanbHasA oTAeduMocThb. Eciu F), F, — nBa Henepece-
KalOIMXCSl 3aMKHYTBIX MHOXECTBAa B TOINOJOTHYECKOM IPOCTPaHCTBE
X, To I NIOCTPOEHHS HellepeceKaloNIUXCsl OKPECTHOCTEH MHOXECTB
F| u F, [ocTato4yHo NOCTPOHTh TAKYyl0 HENpPEepHIBHYIO (QyHKUMIO f Ha
npocrpaHcTBe X, ajst Kotopoil f(z) >anpuz € F|, f(z)<bnpuz€F,
1 a> b. Torna B kauecTBe OKpecTHOCTed MHOXKecTB F; U F, MOXHO
B35IThb poo6pa3sl uHTepBasoB f~!(c,00) u f~!(—oo,c), rne b <c < a.
B HekoTOpOM cMbIC/Ie CTIpaBefIHBO H 06paTHOe yTBEPXKAEHHE.

Teopema 2 (nemma Ypsicona). [Tycme X — HopmarvHoe mo-
nosozuyeckoe npocmparcmseo, Fy, F| — 08a 3amkHymoix Henepece-
Karowuxcs mHoxcecmsa. Toeda cyujecmeyem makas HenpepoleHas
pyuryus f: X — [0, 1], umo fli‘.,EO, f|F, =1.

HlokasarteanbctBoO. [locTpouM Takylo cucTeMy OTKPHTBIX MHO-
xectB [, 3aHyMepOBaHHEIX BCEMH [BOMYHO-DALMOHANBLHEIMH YHCTAMH
0< <1, yto BhiNoJIHEHH caefyomue yeaosus: 1) Fy CTy; 2)I1 C X\ F,
3),CT, mpur<r.

Torma cuctemy oTkpuiThix MHOXecTB {[,} MOXHO pacuUIMPHTb, 10-
6aBuB k HuUM MHoxectBa I, = |J I, rme t — yxe mnpousBoJbHOE

r<t
BemectBeHHoe unucyao, 0 < t < 1. CucreMa oTkpeiThix MHOXecTB {[,}

ynoBJieTBopsieT TeM ke ycaoBusiM: [, C T, npu ¢ < t’. B camom peue,
B35iB TaKHe PalMOHaJIbHbIE YHCJIA T, T',_‘{TO t<r<r <t’, nonryyaeM
Ir,cr,I,crT,, crenoBateamsno, I', I, CT_, CT,.

[ToctpouM Tenepnr HempephiBHYIO ¢yHKummio f: X — [0, 1], moxaa-
ras f(z)=0 npu z €T, u f(z)=sup{t |z ¢T,} npu z ¢T,.
[TokaxeM, uto f — HempepniBHast (QyHKuHsl. PUKCHPYeM TOUKY X,
n € >0. Tlonoxum t, = f(x,). B cuny onpenenenuss ¢yHkuuu f
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umeeM I & I, _ 1), T € I, +e/2)- PaccMorpumM oxpectHocts U TOY-
KH ! U= I‘(,DH/Z) \ I‘(,D_E/z). Torma ecin ye U, 10 y € I‘(%H/z),
y ¢, - [lo onpenenenuio GYHKUMH f BBINOJHEHb HepaBeHCTBA
t, — 72 SfW) <ty +¢€/2, 1. e |f(z) — f(y)| < e. Takum obpasom,
¢dyHKuus f HenpepbiBHA. KpoMe Toro, eciu z € Fy, 1o f(z) =0, a ecan
z€ F, to f(z)=1.

Uro6nl 3aBepIIUTh JOKAa3aTENbCTBO TEOPEMBI 2, HAM 0CTAJIOCh TIOCTPO-
UTh CHCTEMY OTKPBHITHIX MHOXecTB I, YIOBJIETBOPSIIOLINX YCJIOBHSIM
1), 2) u 3). B cuny HopManbHoCTH mpocTpaHctBa X pis Jjoboro
3aMKHyTOoro MHoxkectBa F' u ero okpectHoctu U, F C U, uangercs
Apyrasi okpecTHocTb V' TtaKasi, 4to F C V C V C U. [lnas kpatKocTH
6ynem mucate V€U, eciu V CV CU. Hrak, F=F,C X \ F,.
[Tostomy Fy € X \ F|. CnenoBatesibHO, HaliileTCsl OTKPHITOE MHOXECTBO
T, Takoe, uto Fy €[y € X \ F|. AHanoru4Ho, HaiifieTCst TaKoe OTKPLITOE
mHoxecTBo [, uto Fy €Ty €T, € X \ F|. [lpeanonoxum, uro mjs Bcex
JBOUYHO-PALIMOHANBHBIX uHcen Buaa r = p/2", 0 < p £ 2", yxe moctpo-
eHbl OTKpbIThe MHOXecTBa [, mpuueM [, oy € [, 4 1)) Onpenennm
TOTZa MHOXECTBO 'y, | 1) /oner TAK, 9TO I') oo € T gy 4 1y/0ne1 €Iy 4 1y/2n- Tlo
MHAYKUHH Bce ceMedcTBO MHOXecTB {I' } moctpoeHo. O

M3 teopeMsl 2 ciienyet BaXKHast TeopeMa.

Teopema 3. [lycmv X — HopmasbHOe monosozuiecKkoe npo-
cmpancmso, F C X — samxnymoe mnoxecmso, f: F — R! — nenpe-
poisras dyuxyus na muoxecmee F'. Toeda ¢pynxyus f npodoasca-
emcs 0o Henpepoisroll pyukyuu g: X — R! Ha scem npocmpancmee
X. Ecau ¢pynxyus f oepanuuena, |f(z)| < A, mo u ¢ynxyuro g
MONCHO 8bLOpamMb 02panu4eHroll moi xe koncmanmoi, |g(z)| < A.

NokasateabcTBo. IlpeanosoxkuM cHayana, 4to (YHKUHS
f orpaHuueHa, |f(z)| < A. Ilomoxum ¢y (z) = f(z) u paccMo-
TPUM [Ba 3aMKHYThIX NOAMHOXecTBa: A, = {z | py(z) < —A/3},
By ={z | py(z) > A/3}. Iockonbky MHOXecTBa A, u B, He mepe-
CeKaloTCsl, TO COINIaCHO TeopeMe 2 CyLIeCTBYeT HelpepbiBHasi (QYHK-
uus fy: X — [-A/3,A/3], paBHas —A/3 Ha MHoxecTBe A, H
A/3 Ha MHoXecTBe B,. [lpyrumu cnoBamu, |fy(z)| < A/3, z€ X,
le(z) — fo(z)| < 24 /3.

IMonoxuM ¢, (z) = py(z) — fo(z). Torna ¢pyskuMs @, orpaHUYeHa Ha
MHoxecTBe F' koHcTaHTo#l 2A /3. TloaToMy, moBTOpsisS Bech mpolece,
MOXHO TOCTPOMTh [Ba HellepeceKaloIUXcsi 3aMKHYTHIX MHOXeCTBa:
A, ={z|p(2) < —24/9}, B,={z | p(2) > 24/9}, n nenpeprphyi0
bynxumio fi: X —[-2A/9,2A/9)], pasuyio —2A /9 Ha MHOXecTBe A,
1 2A/9 Ha MHoXecTBe B,. Ilpyrumu cioBamu, |f(z)| <2/3-A/3,
lo,(z) — f,(z)] < 4A/9. TloBTopsia yKasaHHbIi Tporecc GecKOHeuHoe
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YHCJIO pas, Mbl [OCTPOMM JBe MOCJENOBATEJIbHOCTH (GYHKUHH f,:
X - R!, ¢ : F—R' yloBieTBOPSIOUMX CJIEAYIOLHUM YCIOBHSIM:

@0 1(2) = 0,(2) — £, (2),
@< (3) % (1)
@< (3) 4 @)
Janee,

f(Z)=po(z) = fo(z) + () =...
=fo(x)+ fi(z)+...+ f.(2)+ ¢, (z) pU = € F.

B cuny HepaBeHctBa (1) psin Z fi.(z) cxomurcs paBHomepHo Ha BceM
npoctpanctBe X . o Teopeme 1 ¢yukuusa g(z) = Z fi(z) aBasercs

k=0
HelpepulBHOH M Mo mnoctpoeHuo g(z) = f(z) npu z € F. B cuny
HepaBeHcTBa (1) numeem

(o] o0 n
9@l < 3 @<y (3) 4 =4
k=0 k=0

TeM cambIM TeopeMa oKa3aHa sl cjly4yasl orpaHM4eHHOH QyHKuuu f.

B o61ieM ciyuae paccMoTpuM romeoMopdusM h: R' — (—1, 1). Toraa
KoMmnosuuusi hf: F — (—1, 1) sBasieTcsi HempepbBHOH OrpaHUYEHHOH
¢ynkuueid. [IpumeHnsis TeopeMy 3 ansi orpaHHyeHHOH (yHKuuu hf,
NOCTPOUM HemnpephiBHYIO (yHKumio g: X — [—1, 1], mpomomxkarouryio
¢yukuuio hf. 3HaueHus +1 QyHKuMSI g TIpUHMMaeT Ha HEKOTOPOM
3aMKHYTOM MHOXecTBe F], He mepeceKalmoleMcsi co MHOXecTBOM F'.
[To Teopeme 2 cyuecTByeT HempepbiBHasi pyHkuus ¥: X — [0, 1],
paBHasi | Ha MHoxXecTBe F' u O Ha MHoxecrtBe F|. Torga ¢yHkuus
g9,(z) =v¢(z)g(z), z € X, coBnamaer ¢ GpyHkuuei hf Ha MHOXKecTBe
F u He npuHuMaer 3HayeHud =+1. TakuMm o6pasoMm, dyHKuus g,
otobpaxaer mpoctpaHcTBo X B mHTepBan (—1,1). HakoHen, nouo-
xuM g(z) = h~'g(z). Torna g: X — R! HenpepsiBHa u npu z € F
BHINIOJIHEHH paBeHcTBa g(z) = h~'g,(z) = h™'hf(z) = f(z). TeopeMma
TIOJIHOCTBIO IOKa3aHa.
2. Pas6uenne enuuunubl. Hocumesem HenpepelBHOH GYHKUMH f Ha
TOTOJIOTHYEeCKOM NPoCcTPaHcTBe X Ha3biBaeTCsl 3aMbIKaHHE MHOXKeCTBa
Tex Touek z € X, rae f(z) # 0. Hocurear pynkuum f obo3Hauaercs
yepe3 supp f. TakuM o6pa3oM, BHe HocuTeNst QYHKLUMS f TOXKOECTBEH-
HO paBHa Hymwo. OXHUM M3 NOJIe3HHIX NIPHEMOB B TOIMOJIOTHH SIBJISIETCS
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pa3noXeHue GYHKUHH B CyMMy TaK, YTOObl KaXK[0e M3 CJlaraeMbiX
HMeJIO I0CTATOYHO MAaJIbl HOCHTEb.

Teopema 4. ITycmv X — nHopmaavroe npocmpancmso, {U,} —
KoHeuHoe omkpeimoe nokpbvimue. Toeda cywecmsyrom maxue
pyncyuu @,: X - R, 0< ¢, (z) <1, umo: a) suppy, C U,
6) - pa(2) = 1.

Cucrema ¢yukuuit {¢,}, yxasaHHbIX B TeopeMe 4, Ha3biBaeTcs
pasbuenuem eduruybl, noouurennsim noxpeimuto {U,}. [lpu arom
MOXHO He MpeArnoJarath KOHEYHOCTb MOKPHITHS, a BMECTO 3TOrO
Tpe6OoBaTh JOKANIbHYIO KOHEUHOCTD, YTOOBI KaxK/Jast Touka € X uMena
okpecTHoCcTh O (z), NepeceKaoULyIoCs JHLIL ¢ KOHEYHBIM YHCJIOM HOCH-
TeJielt supp ¢, . Boobiue cucreMa nogMHoXecTB { A, } Tomosnoruyeckoro
npocTpaHcTBa X Ha3blBaeTCs AOKAAbHO-KOHEUHOU cucmemoll, eciu
Iist mo6o¥ Touku x € X Halmercs okpecTHocTh O(z), KOTOpasi UMeeT
HeIycToe IepeceyeHue JHIIb ¢ KOHEYHBIM YHCJIOM MHOXecCTB A .

[TPUMEP 1. TlokpeiTHe BeulecTBeHHOHW npsiMoil R' uHTepBanaMu
(—mn, n) He siBAsieTCs] TOKAJIbHO KOHeyHbIM. [ToKphITHE XKe HHTepBalaMu
(n, n + 2) siBAsIeTCS JJOKAJAbHO KOHEYHBIM.

TakuM o6pa3oM, ceMeHcTBO HocuTened {supp ¢,} HempepbiBHBIX
(GYHKLHH @, SIBJsIETCS JOKAJbHO KOHEYHbIM, TO B KaXJ0H Touke z € X
JIMLIL KOHEYHOe YHCJIO0 QYHKUHH @, OTJIMYHO OT HyJs. [losToMy cymma
v(z)=)_ ¢, (z) KOPpPeKTHO onpeneneHa B Kaxao# Touke z € X . [lony-

a
yalomasicss GyHKUMSI HellpepblBHA. B caMoM nese, yciioBHe HempephiB-
HOCTH (QYHKLUMH ¢ JOCTaTOYHO NPOBEPHTb B HEKOTOPOH OKPECTHOCTH
Kaxpao# Touku. [lockombKy cucTeMa {supp ¢,} J0KaJbHO KOHEUYHa,
TO HaWgmeTcsl Takasi okpecTHocTb O(z), B KOTOPOH TOJBKO KOHEYHOE
YHCIO QYHKUMA @, ..., ¥, OTAHYHO OT HyJs. CieloBaTelbHO, B
okpectHoctH O(z) OeckoHeyHast CyMMa, BXOAsilas B oOIpejeseHHe
N

(DYHKUMH ¢, TI0 CYLIECTBY SIBASIETCS] KOHEUHOH, T. €. p(y)= 3 ¢, (¥)
k=1

st y € O(z). TlosTtoMy ¢GyHKUHSI ¢ HempephiBHA B KaXIOH TOYKe
zeX.

NlokaszatenbcTBO TeopeMnl 4. PaccMOTpUM KOHeUHOE MOKPHI-
tie {U, }. CornacHo Teopeme 7 u3 § 2 Hajifetcst 6oslee MeJIKOe TIOKPHI-
te {V,}, npuuem V _ C U,. Ilo TeopeMe 2 cyumecTByeT HelpephiBHAsS
¢GyHKuMs 1, Ha mpocTpaHCTBe X, YAOBJETBOPSIOILAS YCAOBHSIM

d’alVa 1, I(lbalX\UnEO, 0y, <1

910 3Hauut, 4to Suppy, C U, u ¢ (z)=1npuz € V,.
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[Monoxum ¥ (z) =) ¥, (z). Pyaxkuus ¢ HenpepniBHA. [TokaxeM,

a
yrto ¥ (z) > 1 B kaxnod Touke z € X. B camoM mene, mocKosabKy
cucreMa {V, } nokpsiBaeT npoctpaHcTBo X, TO HAUAETCS] TAKOH HOMEp

ag, uto €V, , 1. e. ¢, () >0. Torma ¢ (z) =3_ ¢,(z)=2¢, (z) >0.
Hakonen, nonoxuM ¢_(z) =9y, (z)/v¢ (z). Tor;la

supp ¢, =supp ¥, CU,, 0<p,(z) <1,
¥ (@)=Y ¥, (2) /9 (z) = (X ¢a(2)) /¥(z) =¥ (z)/¢(z)=1. O

3AMEYAHHUE. TeopeMa 4 Moxer OHTh 0606ueHa Ha chay4an
JIOKaJIbHO KOHEYHHIX OTKPHITHIX TOKPHTHH. [lIsi 3TOr0 HOCTAaTOYHO
06006uTh TeopeMy 7 § 2 Ha cayd4ail JIOKaJbHO KOHEYHBIX MOKPHITHH.
Eciu nmpocTpasctBo X KOMIAKTHO, TO BCeraa MOXHO OrPaHMYHThHCS
KOHEYHBIMH NOKPHTHSIMH. B ciyuae HeKOMNaKTHBIX IPOCTPaHCTB OblBa-
I0T CYIUECTBEHHO HEKOHeYHble NOKPHITHS, LJsi KOTOPHIX TEM He MeHee
Heo6XouMO CTPOMTh pa3bueHue eauHuubl. [loaTOMy ecau B JaHHOe
nokputue {U,} ymaercst BnHcaTh JIOKaJbHO KOHEYHOE MOKPHITHE, TO
MOXHO TOCTPOHTb U pa3bHeHHe equHHLbL.

Be3 pmokasarenbcTBa NpHuBefieM cilefylollee yTBEPXKAEHHE: nycmb
X CR" — npoussoabroe nodnpocmparcmeo esxau0osa npocmpat-
cmea, {U,} — ezo omxpeimoe (He 0633amesbHO KOHeuHOe) no-
kpoumue. Tozda cywecmsyem pa3buenue eOuHUYUbl, NOOHUHEHHOE
nokpetmuto {U,}.

3amauu x § 4
1. Jloxasats, 4To B TeopeMe 2 MOXHO TpeGoBaTh, UTOGH GYHKUHMS f GhlIa IVIafKOH,
ecnu X — eBKJHIOBO MpocTpaHcTBO R™.

2. Jloxasate, 4to B TeopeMe 4 npu X = R"™ MoxHO Tpe6oBaTh, 4TOGH QYHKUHH @,
6BITH TVIaAKHMH,

3. Jlnst OKPY?KHOCTH TOCTPOHThL pa3bHeHHe eIHHHLL CHCTEMOH a) HempephIBHHIX, 6)
IaaKuX QYHKUHI.

4. Jloxka3aTb, 4YTO A/ OKPYXKHOCTH He CyIUeCTByeT pa3GHeHHS efHHHUB CHCTeMOM
aHANHTHYECKHX QYHKUHIL.

5. O606wHTh 3anaum 3, 4 Ha cayuvail chepn S™ = {:::12 +.. -9’721+1 =1} s R"*!,
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TJADKHE MHOTOOBPA3HS (OBILIAS TEOPUS)

B ran. 1 Ha pa3nnyHbIX NpPHMepax ObLIO IOKa3aHO, YTO OCHOBHBIM
HHCTPYMEHTOM IIPH H3y4YeHHH TIeoMeTPHYeCKHX OOBLEeKTOB sBJsIeTCS
cHCTeMa KOOpAMHAT, XapakKTepu3ylollasi PacrojioXKeHHe To4yeK B Ipo-
crpaHcTBe. C MOMOMLIBIO CHCTEMBI KOOPAHHAT MBI MOXKEM HCIIOJIb30BaTh
[JIs1 pelleHHs] MHOTHX 3ajad MeToapl AW depeHIHalbHOrO M HHTe-
rpajbHOro ucuucjeHust. [103ToMy B reoMeTpHH BBIAEJSIOT B OTAEJNbHBIH
pasmen HM3ydyeHHe TaKHX [POCTPAHCTB, KOTOpDHIE MHONYCKAalOT TaKHe
TIOHAITHS, KaK Aud¢epeHnupyeMble WK I1agKue (QYHKUHH, OlNepanuu
IMdepeHIHPOBAHUS U HHTErPHPOBaAHHS.

[Tonesno paccMoTpeTh HEeCKOJBLKO IPUMEPOB TAKHX [IPOCTPAHCTB.

[TPUMEP 1. PaccMmoTpuM Ha IiockocTH (T. €. B IBYMEDHOM €BK-
JaupoBoM mpoctpaHctBe R?) oxpyxHocTh S' emuHMYHOro pamumyca.
Jnsi Toro 4yToOhl OMHCATh TOYKH OKPYXKHOCTH C TMOMOLIBIO CHCTEMbI
KOOPIMHAT, 3afafiiM ee KaK MHOXEeCTBO TOYeK, YHAOBJIETBOPSIOLIHMX
YPaBHEHHIO

z?+y? =1, (1)

rie (z,y) — NeKapTOBH KOOPAMHATH TOYKH Ha IJIOCKOCTH. TaKuM
o6pa3soM, Kaxzasi Touka P € S! onHO3HauHO 3ajaeTcsi Mapol YHces —
JeKapTOBbIMH KoopAauHaTaMH z M y. OJHaKO [Jis TOYeK OKPY>KHOCTH
M3JIMLIHe 5afiaBaTh o6e KoopAMHATH z M y. Eciu HaM u3BecTHa Koop-
AMHaTa T TOuKH P, To BTOpasi KOOpAMHATa y MOXeT ObiTh ToJydyeHa U3

ypaBHeHusi (1): y==++/1 — z?, T. e. BTOpasi KOOpAMHATA Yy ONHO3HAYHO
(c ToyHOCTBIO 10 3HaKa) ompefeJsieTcs epBOH KoopAuHaTol z. Bosee
TOr0, eC/IM To4yKa Fy= (1, Y ) He HaXOMUTCs Ha ocH abcumce, T. e. Y, 70,
TO HaHJeTCsl Takasi IOCTaTOYHO Masasi okpecTHocTh U Touku F), uro
nasi Bcex ToueK P € U BrIGOp 3Haka KOOpPAMHATH Yy TOYKH P onpepens-
€TCsl OTHO3HAaYHO 3HaKOM KOOPIMHATH Yy, To4kH Fy. B HekoTopoM cMbI-
CJle Mbl MOXXEM CKa3aTb, YTO TOYKH HAa OKPY>XHOCTH S' omHchiBaoTCs
OIHMM YHCJIOBHIM I1apaMeTPOM — ee IePBOH IeKapTOBOH KOOPAHHATOH
z. Bosnee TouHO, MOXHO yTBEPXKIATh, YTO TOYKH, J€XKAlIKe B BEPXHEH
TIOJIOBUHE OKPYXKHOCTH, T. €. YAOBJETBOpsiiOlMe HepaBeHCTBY y > 0,
OMHO3HAYHO 3aflal0TCSl OJHUM YHCJOBHIM TapaMeTPoM Z. AHaJIOrM4YHO,
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TOYKH, JIeXalllie B HHXKHeH IOJOBHHE OKPYXKHOCTH, T. €. YIOBJeT-
BopsilolMe HepaBeHCTBY y < 0, TOXe ONHO3HAYHO 3afalOTCSl OJHHM
YHUCJIOBHIM MapaMeTpoM z. Kak iisi BepXHeH MOJIOBHHBE OKPYKHOCTH,
TakK M /IS ee HIXKHEeH [0JIOBHHH 00J1acTh H3MEHeHHs 1apaMeTpa Z ofHa
U Ta Xe, 2 HMEHHO HHTepBas BellecTBeHHOH ocH (—1, 1). Eciu 6nl Mb
3axoTesd MOJOOHHM Ke 06pa3oM MapaMeTpPHYeCKH ONHCHIBATh TOYKH
OKPY>KHOCTH, BKJIOYasi H ocTraBlinecss «ocobue» Toukn F) = (1,0) u
P =(-1,0), To HaM 6Gbl IPHILIOCH IOMEHSTH MECTAMH KOOPAHHATH Z
U y ¥ BHIPa3uTb U3 ypaBHeHus (1) KOOpAMHATY z yepe3 KOOPAMHATY Y.

BosHuKaeT Bonpoc: Heslb3s JIM TaK BBECTH NIapaMeTPH3alHMIO TOYeK Ha
OKPY>KHOCTH S|, 4T0Obl Cpa3y BCe TOYKH OKPYXHOCTH OZHO3HAa4HO 3a-
IaBalUCh HEKOTOPHIM 3HaueHHeM YHCJoBoro napamerpa? Hawmmydmum
npubaMKeHHeM K OTBETY Ha 3TOT BOIPOC SIBJSIETCS YIJIOBOH MapaMeTp
¢, PaBHBIH YTy MeXay ochbio abcuucc W Paguyc-BEKTOPOM C KOHLIOM
B Toyke P. Ho yruioBo#i mapamerp ompeneneH HeomHo3HauHo. Eciu
JKe Mbl OrPaHHYHMCSI 3HaYeHHEM Yrja ¢ B HEKOTOPOM HHTepBale,
ckaxeM, 0 < ¢ < 27, To QYHKuMs, comocTaBjsiomass Touke P € S
3HayeHHe YIJIOBOrO NnapaMeTpa ¢, 6yneT nmpeTepneBaTh Pa3phiB B TOUKE
B=(1,0).

Taknm o6pa3oM, MOXKHO chOpMYJIHPOBATh Cllenyiollee YTBePXKAeHHUe:
Ha oxkpyxcHocmu S' (Kak Ha Monoao2u4ecKoM npocmpancmee) He
cyuwecmayem maxotl Henpepol8HOL (YHKYUL, 3HAYEHUR KOMOpPOLU
00HO3Ha4HO onpedensisl Gbl MOUKU OKPYHHOCMU.

[TPUMEP 2. B kayecTBe elle 0gHOro puMepa PaCCMOTPHM ABYMep-
Hy10 cdepy S? B TpeXMEPHOM €BKJIHIOBOM MPOCTPAHCTBE, 3a[aBAEMYI0
ypaBHeHHeM

2+ y?+22=1. (2)

Tak ke, Kak M B CJayyae OKPYXKHOCTH, AJsi Todek ctepn S?2
M3MHIIHE 3a/laBaTh BCe TPH [EKapTOBH KOOpAMHATH (Z, y, z), IO-
CKOJIbKY, CKa)X€M, KOODAHHATY 2z MOXHO BBIPa3HTh Yepe3 IepBhie
nse: z=x4/1 — z? — y2. SlcHo, uTO Ha BepxHe#l (M, aHaNOrM4HO, Ha
HIKHeH) nonycdepe, KOOpAHHATA 2 TOYKM P ogHO3HAayHO BOCCTaHaB-
JIMBaeTcs 110 ee repBhHM JBYM KOODAHHATAM I H Y.

MoxHO 1oKasaTh, YTO M B cjiydyae OBYMepPHOH ctepsl HEBO3MOXKHO
HaliTM J[Be HenpephiBHHE (YHKUMM Ha cpepe S?, 1Mo 3HAYEHHIAM
KOTOPHIX TouKa P Ha ctepe BoccTaHaBIMBaNach 66 ONHO3HAYHO.

PaccMoTpeHHble MpUMepH T0Ka3bIBAIOT, YTO MBI HMEEM TOJbKO ONUH
BHIXOJ — OTKa3aTbCsl OT MOMLITKH IOCTPOEHHs] CHCTEMH KOODAMHAT,
eIUHOH [JIs1 BCeX TOYEK PacCMaTPHBAEMOro NPOCTPAHCTBA, H AOBOJb-
CTBOBAaTbCSl AJsl PA3MMYHEIX YacTed MPOCTPAHCTBA CBOEH CHCTEMOH
koopauHaT. CTporoe onucaHHe STOH KOHCTPYKIHH [IPHBEJIO K BBEJEHHIO
CrelHaNbHOTO MOHSITHSI B reOMeTPHH — MHOroo6pasusi.
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§ 1. llonaTue MHOrooGpasmusa

1. OcHoBHbIe onpexeneHus. MeTpHueckoe npoctpaHcTBo M Ha-
3bIBA€TCS] N-MEPHbLIM MHO2000pa3uem (MJIH NPOCTO MHO2006pa3uem),
ecJqd Kaxnaass ero Touka P copmepxutcsi B okpectHoctw U C M,
roMeoMopgHoii HekoTopoH o6sactH V eBkiupoBa mpocrtpaHctea R”.
D70 ycioBHE KPaTKO (OPMYJHDYIOT CJeyloIHuM o6pa3oM: n-MepHoOe
MHoroo6pasue M soKasibHO roMeoMop(hHO 06.1acTH B eBKIMAOBOM IPO-
ctpadctBe R". [Ipu 9ToM roBopsit, 4To pasamepHocms mHO2006pa3us
M pasHa n u 3anuchiBaiot dim M =n. TakuMm o6pasom, eciu M — n-
MepHOe MHOroo6pasue, TO B IPOCTPAHCTBe M MOXKHO yKa3aTh CHCTEMY
OTKpPHITHX MHOXecTB {U,}, 3aHyMepoBaHHHIX HEKOTODHIM (KOHEYHBIM
nid 6ecKOHEYHBIM) MHOXECTBOM HHIEKCOB ¢, M TOMeoMOp(H3MOB
¢;: U, — V., CR" MHOXecTB U, Ha obsactn V,. Ilpu stoM cucrema
OTKpHITEIX MHOXecTB {U,} mo/XHa MOKpHIBaTh MPOCTPAHCTBO M:
M =U,U,. Obaacta V, Moryt, BooOlie roBopsi, NepecekaTbCcst Mexay
co6o#.

[TpennonoxkuM, 4to B eBKIHAOBOM mpocTpaHcTBe R" ¢ukcuposa-
Ha HeKoTopasi [eKapToBa cucTeMa KoopauHat (z',..., z"). Torna
s Besikor Touku P € U, pe-

KapTOBbl KOODAHHATHl TOYKH y
¢;(P) € V. MoxHO paccMa-
TPHBATh KaK YHCJOBYIO Mapa-
MeTpu3auuio Toukn P. Ilo-
3TOMy roMeoMop(hH3M ¢, Ha- Iz s z
3bIBAIOT KOOPOUHAMHbIM 20- 2
MeOMOpPU3IMOM, eKaPTOBBI Uy Y
KoopauHaTH (Z', ..., ") Tou-
KU @;(P) Ha3blBAalOT A0KAAb-
HbIMU KOOpOUHAMAMU MOY- Puc. 1

ku P e U, u numyr z* =

=zF¥(P), k=1,...,n. Crporo roBops, N€KapTOBH KOOPAHHATH
(z',...,z") B eBKAMAOBOM mpocTpaHcTBe R" SIBJSIIOTCS JMHEHHBLIMH
(GYHKUHSIMH, onpeneseHHHIMH B R", a cOOTBETCTBHE, CONOCTABJISIOLIEE
BekTopy d € R" Habop ero koopauHar (z,(d),..., z,(d)), onpenenser
orobpaxkenne R" B apu(MeTHUECKOE JHHEHHOE N-MePHOE MPOCTPAHCT-
Bo. [TostoMy syuwe nucats z* = z*(P) = z*(yp,(P)). Lnst KpaTKOCTH,
Mbl 6yieM ONyCKaTbh CHMBOJ (;, €CJIH 9TO He BHI3BIBAET HEe0Pa3yMeHHH.

Cucrema Qynxuuit z* = z*(P), 3anaHHasi Ha OTKPHITOM MHOXECTBE
U;, Ha3blBaeTCsl AOKAAbHOUL cucmemoi KoOpOuHam, caMo OTKpPHITOE
MHOXecTBo U, BMecTe ¢ (DMKCHPOBAaHHOH JIOKAJbHOU CHCTEMOH KOOD-
AMHAT Ha HeM Ha3blBaeTcsi Kapmot MHoroo6pasust M. Takum o6pasoM,

#1
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Kapta — 3710 napa (U, y;), mpuueM paisi KPaTKoCTH Mbl €e 4acTo
6yneM 0603Ha4yaTh TOJNBKO MepBHIM CHMBOJNOM U,. COBOKYITHOCTb KapT
{U,}, noxkpuBawuas Bce MHoroo6pasue M, Ha3wBaeTcs amiacom
Kapm. Y0oGHO JOKanbHHE KOOpAMHAaThl TOYKH P € M HyMepoBarh
IOTOJIHUTE/BHEIM HHIEKCOM, HyMepyoiuM camy kapty U;: zF = zF(P).
[TockonbKy Touka P MOXeT NpHHaAJIeXXaTb OTHOBPEMEHHO HECKOJIbKHM
KapTaM, TO OHa mpHoGpeTaeT HeCKONbKO HaBOPOB JIOKANbHBIX KOOPAH-
Har.
PaccMoTpuM npocTeliline npuMeps MHOroo6pasui.

[TPUMEP 1. Bo BBenenuu Guina paccMoTpeHa okpyxHocth S' C R?,
3anaHHas ypasHeHueM z? + y? = 1. [TokpoeM S' atnacoM, cocrosium
H3 yeThipex KapT (puc. 1)

U ={(z,y)e S y>0}, U,={(z,y)e S': y<0},
Uy ={(z,y)e S" >0}, U={(z,y)e S": <0}

CootBetcTpytomue uM obaactu V|, V,, V;, V, Ha BemecTBeHHOH NpsMOH
R! coBnanawt u paBHH OTKpbITOMY HHTepBany (—1, 1). Tomeomopdus-
MH , U @, IOCTPOHM KaK NPOEKIHH OKPYXHOCTH Ha och abcumcc:
p(z, y) = po(z, y) = T, 2 roOMeOMOPHHU3MBL (5, , — KaK NPOEKIIHH Ha
OCb OPIMHAT: ¢y(Z, ¥) = p,(z, y) = y. UrobH mOKa3arh, 4To oTOGpaA-
XeHust ¢,, k=1,...,4, AB1s10Tcd roMeoMop(hH3MaMH, JOCTaTOYHO B
SIBHOM BHJI€ 3amucaTh (OPMYJH A1 0OpPaTHHX OTOOpPaXKEHHH:

pri(z)=(z, V1I-2)€ S, ¢g'(z)=(z,-V1-z?)eS'
ol =(1-3Ly)eS, ol(y)=(-V1-y%y)eS!

1 ybeauTbesi, 4yTO oOpaTHHeE OTOGpaXkeHHst HeNpepHBHH. Toraa
Ha OKPY>XHOCTH I[IOJy4alOTCSl YeThIpe JIOKAJIbHBIX CHCTEMBI KOODAH-
HaT, KaXfasi M3 KOTOPHIX COCTOHT M3 Ofi-

Yy HOH KoopaWHatH: I, = (T, y) ==z, z, =
=@(zy)=2 m=p(ny)=y z=
= ¢,(z, y) = y. Hekotoprie ToukH cHabxe-
Hbl Cpa3y ABYMsi JOKaJbHHIMH CHCTE€MaMH
KkoopauHat. Tak, Hampumep, Ais Touyek P
nepeceuennsi U, N U, onpeneneHbl KOOpAH-
Hatel x,(P) u x(P) (puc. 2). Cymecr-
BYIOT W Jpyrue crocoObl BBeJeHHs arja-
ca KapT Ha OKpyXHocTH. B ra. 1 Onin
Puc. 2 PacCMOTpeHHl MONsIPHHE KOOPAHHATH (7, )

Ha IJIOCKOCTH. YpaBHEHHe OKDYXHOCTH B

NONSIPHBHIX KoopAuHAaTax HMeer npoctoit Bua: r = 1. Crporo roso-
psi, MOJsIpHBIE KOOPIAMHATHL Ha IJOCKOCTH He SIBJASIIOTCS CHCTEMOi

U




§ 1. IOHATUE MHOTOOBPA3HA 99

koopauHat (cM. ra. 1). TlosatoMy Ha okpyx-
Y| Hoctn S' BeemeM Kapth U, = {(z,y) € S":
z# -1}, U,={(z,y)e S": z#1} (puc. 3).
[Tonoxum o, (P)
¢,(z, y) paBHBIM 3Hadye-
T HHIO YIVIa @, Jexamemy
B pOMexyTke (—, ),
a p(P) = gz, y) —
PaBHEIM 3HAYEHHIO yraia
¢, JexameMy B IMpo-
Mexytke (0,27), 1. e.
% ‘/1 =(—7r, 7!'), %:(0’ 27")
SlcHo, 4YTO JOKaJbHBIE
¥ KOOPIAHHATH ¢, = ¢, (P)
" p, = @,(P) coBnana-
0T AJs1 TOYEK BepXHed
[OJYyOKPY>XHOCTH H He
COBMAfAT AJS TOYEK
Puc. 3 HIXKHEH OJyOKDPYXHO- Puc. 4
ctH, T. e. ¢z, y)=
= (7, y) npn y >0, ¢ (7, y) = p,(z, y) — 2w npu y <O (puc. 4).
[TPUMEP 2. OxkpyxHoctbh S!, paccMoTpeHHasi B puMepe 1, npex-
cTaBasieT co6oH y)Ke NOBOJNBHO CJOXHOe MHoroo6pasue. Ilpocreiinm
[IPUMEPOM SIBISIETCSI CaMO €BKJIHAO0BO MpoctpaHcTBo R”. Atnac kapt
MOXHO B3sITb COCTOSIIIHM BCero JHIIb H3 OfHOH kapth U = R",
KOODAHHATHHH roMeoMOp(pH3M ¢ — 3TO TOXKAECTBEHHOE 0ToOpaxKeHHe
p: U — V =R", 1okanpHass CHCTEMa KOOPAMHAT — 3TO AEKAPTOBH
KoopauHaTH Toyek B R". AnanorumuHo, niobas obaacts U C R™ sBas-
eTcsi n-MepHHM MHOroo6pasueM, atjac KapT KOTOPOrO TOXE COCTOMT
H3 ONHOH KapTH C J€KapTOBOH CHCTEMOH KOODAHHAT.

N

[TPUMEP 3. Tlycrs f: R" — R' — HenpepuBHas dpynkuus u [, C
CR"*+! —ee epaguxk, T. e. MHOXKECTBO TOuek Buaa (z',..., z", z"+!):

z"*! = f(z',..., z"). Ilpocrpancro I, sBIseTCA 7-MEPHHIM MHO-
roo6pasueM C at/acoM Kapr, cocro;mmM u3 onHon kaptel U =T,.
KoopauHnatHsiit I‘OMeOMopCbPISM p: U— V =R" onpenenum kak npo-

€KIHI0 BIOJb MOCHe[Hel KoopauHaTH: p(z!,..., z" z"*!)=(z!,...
.., ") € R™. Torna o6patHoe oToGpaxeHue ' 3amaercst GpopMynon
(2, ..., z") = (', ..., 2", f(z',..., ")) Hu, OYEBHOHO, sBASIETCS

HernpepbIBHBIM 0To6pa)xe}meM.

[TPUMEP 4. PaccMorpuM n-mepryro chepy S™ eIMHHYHOrO pajgH-
yca, 3amaBaeMylo Kak MHOXecTBO Toyek B R"*!, ymosaersopsiommx
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ypaBHeHHW (z')? + (2%)®+...+ (z"*')?=1. [lokaxeM, yTo n-MepHas
ctepa siBisieTcsl n-MepHBIM MHoroo6pasueM. B kadectBe atsaca Kapt
BO3bMEM OTKpHITHIE MHOXECTBA

Ur={(z',..,z""H)eS" 2 >0}, U-={(=',...,z"*)e S": z* <O}
Bcero nomydaeM 2n + 2 OTKPBITHIX MHOXECTB, MOKPLIBAIOIIUX BCIO
chepy S™. B camom pnese, ecau Touka P =(z!,...,z"*!) He mpu-
HagnexuT HU KapraM U7, Hu kaptam U~ nisi Bcex HOMEpOB ¢, TO
TOra BHIIOJHEHH KaK HepaseHcTsa ' <0, Tak u z° >0, 1. e. z° =0,
1=1,2,...,n+ 1. Torma (z')*+... 4+ (z"*")?=0, 1. e. Touka P
He JexuT Ha ctepe S". KoopauHaTHee roMeoMopduaMul @}, ¢,
ONpefesIUM KaK MPOeKIHH eBKIHaoBa npoctpancrea R™*! Ha R™ Brosib
koopauHath z‘. Torma obnactu V;* u V.~ coBmagaiot Apyr c Apyrom u
PaBHH IIapy eAHHUYHOrO pajuyca, a KOOpOHHATHHIE rOMeOMOP(HU3MEI
3apatorcs GhopMynaMu

of (.., ) =g (e, et ) =

=(z',.., g, 2t L 2r ) eR™
O6paTHble roMeoMOp(QH3MbI ONpenesioTcs GopMyaaMu
('Y, Y™ =

:(yla LIRS} yi_l’ \/l - (y1)2 T T (yﬂ)2y yi’ s yn) €§ n’
(W) 'y =
= (yla e yi_la _\/1 - (yl)2 T T (yﬂ)2, yi, QY yn) € § i
KOTOpHIE, OYEBHHO, HelPePHBHAIL.

[TPUMEP 5. PaccMoTpuM npoekTuBHYyW0 miockocts RP?2. Mu ee
6yZieM NpefCTaBISTh KakK IPOCTPAHCTBO, TOYKAMH KOTOPOro 00bsIBNEHE!
BCEBO3MOXHHIE IpsIMble, [IPOXOMsIHe Yepe3 Hayano KoopauHat B R3.
OnpepnenuM paccTosiHHe MeXAy ABYMsl NPSIMBIMH KaK MeHbLIMH Yros
Mexnay HuMu. Torna RP? npespaiyaercs B METPHYECKOE [IPOCTPAHCTBO.
[TokaxeM, uto RP? siasiercst 2-MepHbIM MHorooGpasueM. Jlnsi 31oro
yHo6HO Kaxaywo mnpsiMylo P € RP? 3agaBaTh TpeMsi OZHODOAHBIMH
KOOpAMHATaMu (z : y: z), KOTOphle paspellaeTcss YMHOXKATh Ha OTHO H
1O e yncao A # 0. OgHopoaHbsle KOOpAHHATH He 00palaiTcs B HyJb
ONHOBpEMeHHO, T. €. z? + y% + 22 > 0. [lokpoeM RP? TpeMsi KapraMu:
U={(z:y:2): 2 £0}, Uy={(z:y:2): y#£0}, ={(z:y: 2): z0}.
[yers V=V, =V, =R% B KayectBe KOOPAMHATHLIX FOMEOMOD(H3MOB
BO3bMeM cJiefiyiolue otoGpaxeHus ¢,: U, — V, =R%:

o(z:y:2)=(y/z, 2/z), @(z:y:2)=(2/y, 2/y),
p3(z 1y z)=(2/2 y/2).
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TakuM 06pa3oM, Mbl [IOCTPOMJIH TPH JIOKAJIbHBIX CHCTEMbl KOODAHHAT:

gl =y/z, =z, m=zly F=z2/y y=gz/5 zH=y/z

Jlnsi Toro 4ToObl NPOBEPHTDb, YTO OTOOPaXKeHHS (), SIBASIIOTCS TrOMeo-
Mop(hH3MaMH, JOCTaTO4YHO OCTPOHTb OOpaTHbIe OTOOpaKEHHSI:

ozl zf)=(1:2{:2f), ;' (x, )=(xz:1:3),
o5 (ah, )= (ad 1231 1)
¥ YGEMUThCsI, YTO OHU HENpPEepLIBHHL.

PaccMOTpeHHBIE NpPHMephl MOKa3HBAlOT, YTO B OJHOM H TOM Xe
MHoroo6pasuu M MoxHO (DMKCHPOBATh pa3JHYHbIe atjach Kapt. [axe
€CJTH KapThl KaK OTKPbIThIE MHOXXECTBA OCTABHTb HEM3MEHHHIMH, MOXHO
MEHSITh JIOKaJbHYI0O CHCTEMY KOOPJMHAT B KapTe myTeM Bufopa Apyroro
KOOpAMHATHOro roMeoMop¢usma. B yactHocTH, cnpaBennuBa

Jemma 1. [Tycmo M — n-meproe mnozoobpa3sue, U — Hexomopas
€20 Kapma ¢ KOOPOUHAMHBbIM ZOMEOMOPPUIMOM @ U AOKAALHOL
cucmemoii koopouram (z', ..., z"). Ecau U' C U — omkpeimoe nood-
muoxcecmso kapmot U, mo na U' mooe moxcHO onpedesums Ko-
opOuHamubLy 2omeomopdusm @' u L0KAAbHYIO CUCMeMYy KOOpouHam
(', ..., y"), npuvem ¢'(P)= p(P), y*(P)=z*(P) dra P U'.

JlokaszaTenbCTBO JeMMH ClelyeT H3 TOro, 4YTO roMeoMophH3M
¢: U — V romeoMopdHO oTo6Gpaxaer n060e OTKPHITOE MOIMHOXKECTBO
U’'c U. Ilo3ToMy KOCTaTOYHO B KayecTBe ' B3sTh OrpaHHYEHHE roMe-
oMoppH3Ma ¢ Ha nogMHoxectBo U’, a B KayecTBe y* — orpaHuveHune
KOOpAMHATHLIX QYHKUMH zF Ha To ke moaMHOXecTBO U'.

Jlemma 1 nokasbiBaer, 4To M3 3ajaHHoro atnaca KapT {U,} MoxHO
MIOCTPOHTDb HOBBIH atJac, cocrosimil U3 Gosnee Menkux kapt. C gpyroi
CTOPOHbI, €CJIH HaM 3aiaHsl 18a atnaca Kapt {U;} u { U]}, To o6benune-
HMe 3THX JIByX aT/1acoB CHOBA SIBJISIETCS] aTaCOM KapT MHoOroo6pasmsi.
[TosToMy cylecTBYeT MaKCUMAAbHOLE AmMAQC Kapm, COCTOSIMA H3
BCeX KapT JaHHOro MHoroo6pasusi. MakcHMasbHEIH aT/1ac KapT MOXHO
paccMatpuBaTh KaK o6beJHHEHHE BCEX aTacoB KapT Ha MHOroo6pasuH.

[TonresHoli B anbHeHIIEM OKaXeTCst

Jemma 2. ITycmo {U;}, {U/} — dsa amraca kapm na mnozoobpa-
3uu M. Toz0a cyuwecmsyem mpemuii amaac Kapm, u3Mesbuarouyuil
kak {U,}, max u amaac {U/}.

s noxasatensctsa nonoxum W, = U, NU/. CornacHo nemme | Ha
K2XJIOM OTKPHITOM MHOXecTBe W,; MOXHO BBECTH JIOKQJIbHYIO CHCTEMY
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xoopuHat. C npyroit croponn, W, C U, W,; C U] u cucTeMa MHOXeCTB
{W,;} nokpsiraet MHOroo6pasue M. 3nauur, cucrema {W,;} asasercs
aTacoM KapT, u3Mesbyalomum o6a atnaca {U;} u {U/}.

2. PyHKUMH 3aMeHbl KoopaAuHaT. OnpeneseHue raafKkoro MHo-
roo6pa3us. Bujenenne MHoroo6pas3ui cpein MpoM3BONBHEIX METpPH-
YecKUX (WU B OGWIEM clyyae TOHOJOrHYeCKHX MPOCTPAHCTB) OKa3HBa-
eTcst BecbMa nosie3HhIM. Tak, HanpHMep, BCsikasi HenpephBHAst PYHKIHs
f: M — R, onpenesnenHast Ha n-MepHOM MHoroo6pasuu M, B OKpecT-
HOCTH KaXno# Touku P € M MoxeT GHTb OTOXAECTBJIEHA C HEKOTOPOH
0GLIYHOM HenpepHBHOM BelleCTBEHHO3HAYHON GyHKuMel h(z!, ..., z™)
OT M HEe3aBHCHMHX BElEeCTBEHHHX MepeMeHHHX (z',..., z"), npuyem
¢ynkuuss h Oymer onpepmesneHa B HEKOTOPOH 00/1acTH eBKJIHAOBOTO
npoctpancTa R™. B camom gene, mycts U — kKapra, comepkaiuas
Touky P, ¢: U — V C R® — ee KOOpEMHAaTHHH roMeoMopdHusm,

(z'(P), ..., z"(P)) — nokanbHasi cucTeMa KoopauHart B kapre U. Ecau
Z=(z!,..., ") — BeKrop ¢ KoopauHaTtamu (z!, ..., "), TO NONOKHUM
h(z!,..., z*) = f(¥~'(Z)). ObparHo, eciu h — HenpephBHasi GYHK-

IIHs1 OT M BeleCTBEHHHX NMepPeMeHHHX, 3afiaHHast B obnactu V C R",
TO €H COOTBETCTBYeT HenpepuBHast QyHKIMsI f, onpeeseHHast B OTKpPHI-
ToM MHOXecTBe U MHorooGpasust M: f(P)= h(z'(P),..., z"(P)).
Bonee o6mum obpasom, nycts f: M, — M, — HenpepHBHOe 0T006-
paxeHue n-MepHoro MHoroobpasuss M, B m-MepHoe MHoroo6pasue
M,. llyere Qy= f(R), B € M,, Q,€ M,. Torna B HeKOoTOpOH MaJOH
okpectHocTH U 3 F) orofpa)keHHe MOXHO OTOXJIECTBHTb C Hempe-
DHIBHOH BEKTOp-GYHKUHEd h OT m He3aBHCHMBHIX MepeMeHHHX. B
camoM fene, nyctb U’ 3 @, — HeKoropast Kapra MHoroo6pasus M,,
(', ..., y™) — nokanbHas cucteMa KoOpAMHAT. [locKoabKy oTobpaxe-
Hue f HenpepHBHO, TO B CHJy JeMMH 1 Halimercst Takas kapra U
touku By, utro f(U) C U'. Ilycrs (2!, ..., ") — noKaJbHas cHcTema
koopauHaT B Kapre U. [lockonbky Toukn P u3 kapth U Haxomstcs
BO B3aHMHO OJHO3HAYHOM COOTBETCTBHHM C HabopoM HX KOODAMHAT
(z'(P),...,z"(P)), a Toukn @ wu3 kaprhi U’ — ¢ HabopoM HX
koopauHart (y'(Q), . . ., y™(Q)), To paBeHcTBO Q = f (P) 03Hayaer, 4TO

v (Q)=v*(f(P)=y*(h(z'(P),..., z"(P)))=h*(z'(P),..., z"(P)).

Oyukuun {h*(z!, ..., z")} aBAsIOTCS HEMpPepHIBHEIMH (YHKUUSMH, 110
HUM oToGpaxkeHHe f ONHO3HAYHO BOCCTaHaBIHBaeTcs B Kapre U.
Takum o6pa3om, Kaxzasi HenpepHBHast GYHKUHUs f Ha MHOroo6pasuu
M B noKanbHOW cHCTeMe KOODAMHAT NpeACTaBJsieTCsl BellleCTBEHHOH
¢yHkuueld h OT n He3aBHCHMHX nepeMeHHHX. Eciu MH H3MeHUM
JIOKAJBbHYI0O CHCTeMY KOOpAMHAT, H3meHuTcss M ¢yHKuus h. Cnpa-
IIMBAeTCsl, M0 KAaKOMY 3aKOHY MeHsiercsi (yHKuMsi h npH 3ameHax
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koopmuHat? Ilyers (z',...,z"), (¥',..., y") — HBe JOKalbHHE CH-
cTeMHl KOODAHHAT. Be3 orpaHnyeHHst 0OLIHOCTH MOXHO CHUHTATh, 4TO
obe JIOKalbHbHE CHCTEMbl KOOPAMHAT orpefeseHbl B ofHod Kapre U.
[ycts h u h' — dynkuun or koopmunar (z',...,z") u (y',...,y")
COOTBETCTBEHHO, npeacrapasiomue GyHkuuio f. Torpa

f(P)=h(z'(P),..,z"(P))=h'(y'(P),...,y"(P)). (1)

[TockosibKy KoopaMHATH (y', ..., y™) — TOXe HEKOTOphle HelpephB-
HHe QyHKuMHM B Kapre U, TO OHH NpeACTaBHMH KaK GYHKLUHH OT M
He3aBHCHMBIX [lepeMeHHHX z!, ..., z", T. e.

y'(P)=y'(z'(P),..., z*(P)),
.................... (2)
y*(P)=y"(z'(P),..., z*(P)).

B 3THX (opMysax MH HaMepPEeHHO OJHHM H TeM e CHMBOJOM y*
0603HaYHIH KaK KOODAMHATY TOYKH P, TaK U ee NpelcTaBieHHe B BUIE
(GyHKUMH OT mepeMeHHBIX (z!,..., z"): y* =y*(z!, ..., z"). Toraa us
tdopmyasl (1) momyyaem TOXKIECTBO

h(xl’ e :En) = h’(yl(xla LS :Eﬂ)a s yn(zl, cee xn)) (3)

Oyukuun y* = y*(z!, ..., z"), cTosiMe B MPaBOM YaCTH COOTHO-
mweHu#t (2), B ri. 1 GblIM Ha3BaHH (QYHKUMSMH 3aMeHH KOOpPAHHAT
B cjyyae, Korja MHoxecTBO U siBasiioch 061acThi0 B €BKIHIOBOM
npocTpaHcTBe. MBI COXpDaHHM 3TOT XKe TePMHH H JUisl CJIy4asi MHOr006-
pasui.

Omnpeaeaenne 1. ITlycts M — n-mepHoe MHoroo6pasue, {U,} —
ero atyiac KapT, y; — KOOpAHHATHHE romeomopduams, {z}} — Habop
JIOKaNbHBIX CHCTEM KOOpAMHAT. B kaxmom nepecevennn U; = U, NU;
IBYX KapT OIpefesieHbl [Be JIOKAJbHBE CHCTeMbl KOOpAMHAT, {zf} n
{zf}, npuuem zf (P)=zf(z/(P),..., z}(P)), P € U;. Oynkuun z}f =
=zf(z},..., =) Ha3HIBAOTCA PYRKUUAMU 3AMEHbL KOOPOUHAM WUIH
pynxyusamu nepexoda ot xoopmunat {z}} x koopnunaram {z}.

PyHKIMM 3aMeHbl KOODIMHAT ONpe/eseHbl He BO Bcell obnactu V, a
B ee HekoTopo# Yactu Vj; = ¢,(U,;), TaM, rie UMeeT CMHICJ FOBOPHTD
Cpa3y o IBYX CHCTEMax KOODAHHAT.

Ha puc. 5 nna yno6ersa obnactu V, u V; B eBKIMIOBOM MPOCTPaH-
CTBe NMOKa3aHH KaK HelepeceKalolHecsi MHOXeCTBa.

DyHKUMH 3aMeHBl KoopAaMHAT zf = xf(z},..., Z]') OCYWIECTBJISIOT
coBMecTHoe oTo6paxenue obnactu V; B obnacts V,;, nexamue B R™:

T, = {xzk(x]l’ D) x]n)} = {xzh(?é))} = :—ii(_x'j) = ¥; on_l(‘:éj) = (pij(:_ij)' 4)



104 Tn. 3. TJIAIIKUE MHOTOOBPA3HS (OBILASI TEOPHS)

Oro6paxenus ¢,;: V; — V,, 3anapaemsle ¢popmyJioh (4) , ecTb He YTO
HHOe, KaK ApYrasi 3anuch (YHKUMH Iepexofid U SsIBASIOTCS OMeoMop-
¢usmom obnactu V; Ha obracts V. OTmerum, 4TO ecau i =j, TO
U;=U, V=V, =V, azl(,..., )=z}

BepHeMcsi Temepb K INpeACTaBJEeHHIO HernpepeBHOH (yHKuuH f,
orpefieNeHHOH Ha n-MepHOM MHoroo6pasuu M, B BHAe QyHKUHMH h OT
n He3aBHCHMHIX [epeMeH-
HBIX — JIOKaJbHHX KOODAH-
HaT TOYKH MHOroo6pasus.
U3 kypca mateMmaTHyecko-
ro aHajiu3a M3BECTHO, 4YTO
none3Ho u3ydarb GoJsee y3-
KuA Kjacc QyHKUMA —
auddepeHnpyeMble (QyHK-
uuH. Mbl nepeHoOCHM 3TO
BaKHOE [MOHSTHE Ha CJy-
4a# GyHKIHH, 3afaHHKX Ha
mHoroo6pasuu. Ecnu dyHk-

Puc. 5 uust h(z!,..., ") asaser-
cs1 HernpepHIBHO AuddepeH-
uupyeMod (QyHKUHeH, TO YyTBepXAATh TO Xe caMoe O (YHKUHH
h'(y!, ..., y™), NpeAcTaBasOUEH Ty e camylo GyHKuuio f B ApYyro#
JIOKaJIbHOH cHcTeMe KOoopauHatT (y',..., y™), MH He Moxem. B camom
nene, GyHKuMM h H h' cBsizaHn coorHoweHueM (3). Tak urto mis
Toro, 4yroOH ¢YHKIHS h’' Toxe Ohia HenpepuHBHO AubdepeHUHpYe-
MOH, JOCTAaTOYHO mNoTpe6oBaTh, YTOOH (QYHKUHHM 3aMeHH KOODAHHAT
z* = zk(y!, ..., y") Onin HempephBHO AubdepeHuupyemu. Ecan xe
(yHKLHMH 3aMeHbl KOOPAMHAT He SIBJSIOTCS HellpepHBHO Au(depeHuH-
DYeMHIMH, TO CYIIECTBYeT Takasi QYHKUHs f, 4TO ee mpeicTaBieHue h
B KoopauHatax (z',...,z") Gymer HempepuBHO AUddepeHuUpyeMon
GyHKuMe#, a mpeacraBieHue h’' B KoopauHaTax (y!,...,y") atomy
YCJIOBHIO YIOBNETBODPSITb He OynmeT. B kauectBe mpumepa ¢yHKuuu f
Bo3bMeM clenylomyo dyHkuuo: f(P)=z*(P), P € U C M. Torza
h(z!,..., z") = z* — uenpepnisHO KU PepeHunpyemas pyuxuus. On-
Hako h'(y', ..., y")=z*(y',..., y") yXe 3TUM CBOHCTBOM He obsaja-
er. TakuM 06pa3oM, MBl IPUXONHM K CJAENYIOIIEMY ONpeaeeHHIO.

Onpepenenue 2. ['radkum n-mepHoim mHO2000pa3uem Ha3bHBAET-
cs1 n-MepHoe MHoroo6pasue M, Ha KOTOPOM (DPHKCHPOBAH aTJjac KapT
{U,} ¢ nokansHbIMH cHcTeMaMu KoopauHaT {zf}, ynosieTsopsoumMMH
YCIIOBHIO: (YHKUMH 3aMeHbl KOOpAMHAT zf = xf(z), ..., T) ABISIOTCS
HenpepuBHO JuddepeHuUpyeMbIMH QYHKIHUSIMH 51 060K maps KapT
U; u U; u BO Bcel 061aCTH HX Onpe/eseHusl.
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OnpefneneHue IJ1afkoro MHOroo6pasusi 1aéT HaM BO3MOXXHOCTb BbI-
[enUTh cpeay Bcex QyHKUMH Ha MHOroo6pasuu M Kjacc HemnpephiBHO
audepeHIHpYeMBIX QYHKUMH.

Onpenenenne 3. Pyukuus f: M — R!, onpenenenHas Ha ryian-
koM MHoroo6pasun M, Ha3HBaETCSA HENPEPLIEHO ducpcpepeuqupyemoﬁ
cpymcuueu B Touke F) € M, ecnu B M060H NOKAIbHOH CHCTEME KOOD-
nuHat (z}, ..., ") (Kapru U, 5 F, n3 (UKCHPOBAHHOro aTjaca KapT)
(yHKUHMS f TpEeACTaBJseTCs B BHAE HENPEPHBHO AU(OepeHunpyeMon
dyHKuMH h(z!, ..., ') OT N HE3ABHCHMBIX [IEDEMEHHEIX B OKPECTHOCTH
roukn (z;(R), ..., =} (R))-

OrMeTtnM, 4To TpeGoBaHWe HempepHBHON audGdepeHIHPYyeMOCTH
(yHKUHMH 3aMeHbl KOODAHHAT B ONpe/ieJIeHHH 2 CyleCTBEHHO AJ1si onpe-
JneneHHst 3 HernpepHBHO AH(depeHUHpyeMOoH QYHKUMH f Ha Iagxom
MHoroo6pasuu M. Kak MH yxe ykasnBanH paHee, ecau Obl QyHKUHH
3aMeHbl KOODAMHAT He YNOBJETBODSJIH YCJOBHIO HelpephBHOH Aud-
(hepeHLMPYEMOCTH, TO YCIOBHe HeNpepHBHOH NHGdepeHIHpyeMoCTH
¢yukunu f B Touke F) € M 3aBuceno 6u or BebOpa KapTh U,
comepxaiuei Touky F).

[TPUMEP 6. PaccmoTpum crepgylomuii npuMep arjaaca Kapt Ha
mHoroo6pasuu M. Ilyctb M = R! — BeuwecTBeHHas npsiMasi, atJaac
KapT COCTOMT M3 MABYX OmMHaKoBux Kapr U =U,=M =R!, Ho
C pa3NTHYHbLIMH cCHCcTeMaMu KoopauHar. Ha U, 3amamuM KoopauHaTy
z, =z, z € R!, a Ha U, koopauHaty 3afagum dopmyaoi z, = z3. Toraa
(YHKIMH 3aMeHH KOOPAMHAT HMEIOT BHJ

5, = zy(3,) = (2,)’, (5)
T = z,(3) = J/T. (6)

Ecnu pyHkuus 3ameHs KoopauHat (5) siBisieTcsi HenpepuBHO audde-
peHuupyeMoii ¢pyHKuueH (MHorouneH!), To yHkuus (6) umeer paspuis-
Hy10 npou3BoiHymo. [losaToMy cornacHo onpeneseHu0 2 MHoroobpasue
M c arnacom kapr {U,, U,} He siBisieTcs r1afikuM MHOrooGpasueM.

3AMEYAHUE. Ecam arnac kapr Ha MHoroo6pasuu M COCTOHMT
H3 ofiHOW KapTH (T. €. M romeoMopdHO 06sacTH B eBKJIHIOBOM
npocrpaHcTBe), To M sBAsieTcs TafKuM MHoroo6pasuem.

Onpepeanenne 4. Ilycts Ha mMHOroo6pa3uu M 3amaHu ABa ataaca
kapt, {U,} u {U/}, u no orHouwlennio k Kaxnomy u3 uux M ssasercs
TJ1aJKuM MHorooépasneM Jlea atnaca xapr, {U,} u {U]}, HasuiBaioTCst
9KBUBANEHMHbIMU, €CIH (QYHKUHH Iepexofa OT KaXAOH JOKaJbHOH
cHCTeMbl KOOpAHHAT B atsiace {U;} B KaXIyIi0 JOKAJBHYIO CHCTEMY KO-
opauHat B atnace { U]} siBasioTcs HenpepHBHO AUddepeHunpyeMbMHy.
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Onpepenenue 4 onpaBAbBaeTcsl TeM, 4TO 8CAKas Pynkyus f Ha
MmHoeoobpasuu M ssarsemcs Henpepvi8HO Ougdepenyupyemoil 8
amaace {U} moezda u moabko moeda, kozda OHa Henpepul8ro
ougppepenyupyema 8 amaace {U]}. Takum 06pasom, c TOUKH 3peHHs
HerpepbiBHO Aud(epeHunpyeMblx GYHKIMHA HAa MHoroo6pasun M 3k-
BHBAJI€HTHHIE aT/Iachl KAPT PABHOINPABHBI, U [Is MPEACTABJIEHHsST HYHK-
M B BHAE HernpepunBHO AU(depeHLHpYeMbX BelleCTBEHHO3HAYHBIX
GYHKUHH OT He3aBHCHMHIX NepeMeHHbIX (KOOpAHHAT TOYKH) MOXHO
M0/Ib30BAThCS JIIOOKIMH W3 SKBHBAJEHTHHX aTJacoB KapT. Bo3moxHa
apyrasi (opMynupoBKa onpegeneHuss 4: nBa ataaca kapt {U.} wu
{U;} oxsusarenmnoi, ecntu M siBnsiercss raaikum MHoroo6pasuem
OTHOCHTE/NIbHO HOBOTO aTjiaca, PaBHOr0 0ObeNHHEHHIO HCXOAHBIX ABYX
arnacos {U;} U {U/}.

JoBonbHO vacto TpebyeTcss paccmMaTpuBaTh Oosiee y3KHe KJacChl
¢yHkuui. HanomHuM, uTo BelecTBeHHO3HauHasi yHKuus h(z!,...

.., ") HMeeT Kiacc raagkocty C" (r=1,2,...,00) B OKpPECTHOCTH
(zg, ..., ), €C/IM B OKPECTHOCTH ITOM TOUKH CYLIECTBYIOT U Herpephs-
HbHl BCe YaCTHHIE MPOM3BOAHLIE (QYHKUMH h 10 MOpsiiKa r BKJIIOUHTE/b-
Ho. B cayuae r =00 3TO 03Hayaer, YTO CYIIECTBYIOT M HeNpepHBHH
YacTHHIE NPOM3BOAHHE (YHKUMH h Bcex mnopsigkoB. B coorBeTcTBHM
C 3THM Ha aTJacH KapT MHoroo6pasuss M Mu Toxe OyneM HajaraTb
ycJ10BHsl, C(OPDMYIHPOBaHHbEIE B CJENYIOIIEM OnpeeNeHuH.

Onpenenenne 2'. Muoroo6pasne M ¢ (GHKCHPOBAHHBIM arT-
nacom kapt {U,} Ha3uBaercs esadkum mHo2006pasuem Kiacca
C'(r=1,2,...,00), ecnu Bce PYHKUHUH 3aMeHb KOOPAHHAT SIBJSIIOTCS
(GYHKUHSIMH Ki1acca ragkocTd C™ Bo Bcex TOYKax 06sacTH HUX omnpene-
JIEHHsI.

Onpepeaenne 3'. Ilyctb M — ranagkoe MHoroo6pasue kiacca C™ u
f — HenpepuiBHasi GyHKuMst Ha HeM. PyHKuMsT f Ha3kHBaeTcss PYHKYU-
eil kaacca enadkocmu C*, s < r, 8 okpecmuocmu mouku Py€ M, ecin
Jio6oe ee npeacTaBieHue B BUAE QYHKUHH h OT JIOKAJIbHEX KOOPAHHAT
(z',...,z") (U3 HUKCHPOBAHHOrO atyaca Kapr) siBJjsieTcsi QyHKUHeH
knacca C° B okpectHocTH ToukH (z'(R),..., z"(R)). PyHKuus f
HaselBaeTcst npocto ¢yuxyueld xaacca esadkocmu C°, ecqn OHa
siBasieTcst (PyHKuued knacca riagkoctTH C° B OKPECTHOCTH KaxkAOH
Touku F) ee o6nacTu onpejeneHus.

B nanbHelimeM, eciu He OroBOopeHO NPOTHBHOE, Mbl OyaeM paccMa-
TPUBATb TOJNBKO MHOroo6pasusi knacca C*, a ¢GyHKUMH Ha MHOroo6pa-
3uH — Kyacca rnankoctd C™.

[TPUMEP 7. Monuduuupyem npumep 6. BribepeM koopauHaTy BO
BTOpoM Kapre U, paBHo#l z, = z + z|z|. Torma mHoroo6pasue M
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ABJISIETCS [VIaIKUM MHOroo6pasueM knacca C!, HO He SIBASIEeTCSI TA0KUM
mHoroo6pa3ueM knacca C2.

B npuMepax 1—4 paccmoTpeHs! MHOroo6pa3usi ¢ TaKMMH aTJacaMH
KapT, YTO 3TH MHOroo6pasusi aBTOMAaTHYECKH SIBJSIOTCS INIAAKHMH
MHOroo6pasusiMu knacca C*.

B reomeTpuH paccMaTpHBAaIOTCS M Apyrue, 6ojee CHIbHbIE YCJIOBHS
Ha aTjachl KapT M WX (QYHKIHH 3aMeHb KOOpDAMHAT. Tak, eciu Bce
(YHKUHH 3aMeHbl KOOPAHHAT SIBJISIIOTCS BEIECTBEHHO aHAJHTHYECKHMH
(QYHKLUHMSIMH, T. €. B OKPECTHOCTH KaXJOH TOYKH HX OINpejeseHHs
pasnaraloTcsi B CXOAsIHecs psiibl TeHjopa, To caMo MHoroo6pasue
Ha3blBaeTCS BEw,eCMBEeHHO aHaiumuieckum mHo2006pasuen. Bere-
CTBEHHO aHAJMTHYECKoe MHOroo6pasue siBjsieTcsi IMIafIKUM MHOroo6pa-
3ueM kinacca C™.

Bosiee BaXkHbIN K1acc MHOroo6pasuii — KOMIJIEKCHO aHAJUTHYECKHE
mHoroo6pasusi. [lycts M — 2n-mepHoe mHOroo6pasue, {U;} — aTzac
ero Kapt, ¢;: U, — V. C R®™ — ero KoopaHHaTHble rOMEOMOP(HUIMEL.
OroxpmecTsUM 27n-MepHOE €BKJIHIOBO MPOCTPaHCTBO R?*™ ¢ m-MepHBIM
KOMILJIEKCHBIM JIHHEHHbIM npocTpaHcTBoM C", cuuTasi, 4To KOMIJeKc-
HEE KOODAHHATH TOUYKH (z',..., 2") AaOT 2n BeleCTBEHHLIX KOOPIH-
Har (z!,...,z", v, ..., y"), z¥ = z*¥ + iy*. Torma 2n KoopAHHATHHIX
dbyskuuit z/(P),..., z}(P), y}(P),..., y}(P) B kapre U, npespama-
I0TCS B 7 KOMILIEKCHO3HA4HHIX ¢yHKuul zf(P) = zf(P) + iy} (P).
®dyukuuu zF(P) MB Ha30BéM KOMIUIEKCHHIMH KOODAMHATAMH TOYKH B
kapre Uj. Ha nepeceyeHuu ABYX Kapt U; N U; Mbl UMenH QyHKUHMH
repexofia U3 ONHOH CHCTEMEl KOODAMHAT B APYTYIO B BHIE

| P | n ool "
xj_:z:j(:v,,...,-’li,,y,,n-,yl)’

n o pnfpl n 1 "
1:1.—xj(wu-“,zt’yu--"yl)’ )
1 — (ol 1
yj_yj(zla“-azln’yl""’y{‘)’

n_ nfnl nogyl r
yj_yj(zla-”azl’yl"”’yl)'

®dynkuun (7) MOXHO NMPEACTaBHTh KaK KOMIIEKCHO3HAYHHE (YHK-
LHH OT 7 HE3aBHCHMBIX KOMILJIEKCHHX MepeMeHHbIX:

zl=2}(2,...,2),

............. (8)

2 =2Mz,..., ).

OyHkuuu (8) Mbl HazoBeM (QYHKUHSAMH [epexoia WM (QyHKIMSMH
3aMeHbl KOMIJIEKCHBIX KOOPAHHAT.
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Mmuoroo6pasue M ¢ GpHKCHPOBaHHHIM aTsiacoM KapT {U;} u noKane-
HHIMH CHCTEMaMH KOMIUIEKCHHIX KOODIHMHAT (Z/,..., 2}') Ha3hBaercs
KOMNAEKCHO aHaiumuieckum mHozoobpasuem, eclid Bce (YHKIHH
3aMeHH KOMIIIEKCHHIX KoopauHat (8) sBJSIOTCS KOMIJIEKCHO aHa-
JUTHYECKMUMH (YHKIHMSAMH, T. €. Da3JaraiTcs B CXONSLIMECS Psiibl
Tepmopa KOMILIEKCHBIX TE€PEMEHHEIX B OKPECTHOCTHM KaXAOM TOYKH
cBOeH 06s1acTH onpeeseHusl.

B kauectBe mnpumepa MHOroo6pasHsi, AONYCKAIOLUIEro CTPYKTYPY
KOMIIJIEKCHO aHAJHTHYECKOr0 MHOroo6pasusi, pacCMOTPHM JABYMep-
Hylo cthepy S? W creuuanbHHM 06pa3oM MOCTPOMM Ha Hel atiac
KapT. B ra. | 6bu1a moctpoeHa crepeorpaduyeckasi npoekuus cgepsl

2={2? + y*+ 22 =1} u3 cesepHoro noswoca F, = (0,0, 1) Ha koop-
JUHATHYIO niockocTh (z, y). O603HauuM 310 oToGpakeHHe yepes .
Oro6paxeHue ¢, oToGpaxaeT BCe TOYKH cheph S2, 3a HCKNOYEHHEM
nomoca B, T. e. otkpuitoe MHoxecTBO U, = S?\ F) romeoMopdHO Ha
Bcio naockocth V; =R2 B nexapToaux KOOPAMHATaX roMeoMopdu3M
0, UMeeT BHI tpo(:z:, v 2) = (1=, 72 )- [osromy BBemem B Kapre

U, OnHY KOMIIJIEKCHYIO KOODAMHATY w, = zlt’zy BHIP2XKEHHYIO 4epe3

JeKapTOBE KOOpPAMHATH TOYKH Ha ctepe. Kpome 3Toro, paccMoTpuM
10xHuH noaoc B, = (0,0, —1) 1 crepeorpaguyecKyio MPOEKIHIO
M3 I0XKHOrO INOJI0Ca HAa Ty € KOODAHHATHYIO IJOCKOCTh (Z, y).
Oro6paxeHue o, romeomopHo otobpaxaer MHOXecTBo U, = S?\ P, Ha
Bcio maockocts V, =R2. B neKapToaux KOOpPIMHATaX roOMeoMOppH3M ¢,
uMeeT BHA ¢, (Z, v, z) ( z Beenewm B kapTe U; KOMIJIEKCHYIO

1+2’ 1+ z)
Koop,thaTy wl = . Torna Ha nepeceuenun U, N U, nonayuyaem

1 + z
wow, = zl + y = 1. CrenoBaTebHO,
1 1
w0=w0(wl)=gl, w ='w1(w0)=%. (9)

dynkuun (9) ABAAOTCS KOMIIEKCHO3HAYHHIMH QYHKIHUAMH. 3HAYHUT,
chepa S? sBAsiETCS KOMIJIEKCHO aHAJHTHYECKHM MHOrooGpasuem.
Kaxnasi kapra U, u U, nokpsiBaer Bcio cdepy S2, 3a uCKIIOUYEHUEM
ONHOH TOYKH, H C IOMOIIbIO KOOPAMHATHBHIX FOMEOMOP(H3MOB ¢, H
¢, OTOXAECTBJSIETCS] ¢ KOMIJIeKCHoH miockocthio C! = R?, [Toatomy
ctepy S? 0BGHYHO OTOXAECTBJSIIOT C TAK HA3HIBAEMOM IOMOJHEHHOM
KOMILJIEKCHOH INIOCKOCTBIO, KoTopasi noJayyaercss u3 C! nyrem npucoe-
IUHEHHUsI elle ONHOH «6eCKOHEUHO yHaJeHHOH» TOUYKH.

[TpousBosbHOe raagkoe MHoroo6pasue He 06513aHO GBITH KOMIIJIEKCHO
aHaJUTHYECKHM. TaK, ec/M ero pa3MepHOCTb HeyeTHa, TO 1O TPHBH-
aJMbHEIM cOOOpaXKeHUsIM TaKoe MHOroo6pa3ue He sIBJIsSIETCS] KOMILIEKCHO
aHanuTHyeckuM. OfHAKO B caydae YyeTHOMEPHHX MHOroo6pasuil mme-
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10TCsl IPHMEPBI, He [OMYCKAlol[He CTPYKTYPH KOMILIEKCHO aHaJHTHYe-
ckoro MHoroo6pasusi. Hanpumep, npoekTuBHasi I0OCKOCTb He SIBASIETCS
KOMILJIEKCHO aHaJIUTHYECKHM MHoroo6pasuem. Mul 3To nokaxem B § 6
. 4.

3. FTnankue oro6paxenus. Audpdeomopdusm. [lycte M, u M, —
ABa TVIaiKuX MHoroo6pasmus, f: M; — M, — HenpepuBHOe oToOpaxe-
Hue. Kak yxe ykasmnBanoch, B OKpecTHOCTH s060d Touku P, € M,
orofpaxeHne f MOXHO MNpPeACTaBMTb B BHIAE BeKTOp-QYHKuuu h,
y*=h*(z!, ..., z"), rae (z', ..., ") — JOKanbHasl CHCTEeMa KOOPAHHAT
B OKpPecTHOCTH Touku Py € M|, a (y',..., y™) — J0KaJbHasi CHCTEMA
KOODAHHAT B OKPECTHOCTH TOUKH @, = f(F) € M,.

Onpeneaenne 5. OrobpaxeHnue f: M, — M, riankux MHoroo6pa-
3ui HaswiBaercsl eaadkum omobpaxenuem xkaacca CT (r=1,2,...
..., 00), €CJIH 151 JIOOHX JOKAJBHEX CHCTEM KoopauHat (z', ..., z") B
OKPeCTHOCTH J060# Toukn By € M, u (y', ..., y™) B OKPECTHOCTH TOUKH
Q, = f(R) € M, npexncraBnenne QyHKuMu f B BHIE BEKTOP-GOYHKLHH
y=(y*)=(h*(z!, ..., ")) = h(Z) aBasiercs BeKTOp-bOYHKUMEHN Kanacca
raagxoctu C'.

OTMeTHM, YTO ONpefesIeHHe [JIAfKOro OTOOpaXKeHusl K1acca riajKo-
cti C" MMeeT CMHICJ TONBKO B TOM CJjlydae, KOTla KJacCH IJ1afiKOCTH
MHoroo6pasuii M, u M, He MeHblIe, YeM T.

[lyets f: M, — M, — roMeomop¢usm MHoroo6pasuii. Ecim f
siBJIsieTcsl TVIafIkHM oToOpaxkeHHeM kiaacca C”, To obpaTHoe 0TO0G-
paxeHne f~! He 06s3aHO ObiTh MMagKuM oTobGpaxeHueM. [Toaromy
ecau obpatHoe otobpaxenue f~': M, — M, Toxe sIBAsSieTCS TJIafKHM
otobpaxenueM kjacca C", To romeomMopdu3M f HA3LIBAOT 2AA0KUM
eomeomoppuzmom kaacca C™ unu oucbgpeomopdusmom xaacca C'.
Nudpdeomoppuamul r1afiIKuX MHOTOOOPa3HH UrPalOT TY XK€ POJib, YTO H
roMeoMOp(H3MH TOMOJIOTHYECKHX MpocTpaHerB. Ecan f: M, —» M, —
Iuddeomoptduam, To MHoroobpasust M, u M, HasmBaoTcs muddeo-
MOpGhHHMH MHoroo6pasusMu. COBOKYMHOCTb XK€ BCeX MHOroo6pasuit
pa3buBaeTcsi Ha HenepeceKalI[Hecs: KJacchl HomapHo AHddeomopd-
HbIX MHOroo6pasuii. Besikoe obiiee cBOHCTBO IMIafKUX MHOroo6pa3sui,
TafKkuX GYHKUMH HIH oTOOpaXKeHHH Ha MHOroo6pasuu mepeHOCHTCS
Ha jo6oe gpyroe nuddeomopdHoe emy MHoroob6pasue. [Toatomy MH,
KaK npaBuo, He Oynem pasnuyath nuddeoMopdHEe MHOrO06pa3us.

OnHako ecTh Takue CBOHLTBa MHOr0o6pa3uii, «OAMHAKOBOCTb» KOTO-
pHix anst napu muddeoMopdHEX MHOroo6pa3ni He cCOBCeM OYeBMAHA.
B wacTHocTH, MH NpHOHCANH KaXIOMY MHOroo6pasuio UYHCJIOBYIO
XapaKTePUCTHKY — Pa3MepPHOCTb MHOroo6pasusi. byzmer siu oquHaKoBO#
pasMepHoOCcTh qudheoMophHBEIX MHOroo6pasui?
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Teopema 1. [Iycmo f: M, — M, — 2ara0kuii eomeomopdpusm Kiac-
ca C™ (r 2 1) enadkux mroeoobpasuii. Toeda dim M, =dim M,.
JlokasateanbctBo. [lycts By € M, — npou3BoJbHasi TOUKa,

Q,=f(R), g=f~' — obpatHoe oTobpaxkeHue. BribepeM JIOKalbHEIE
KoopauHaTH (z!,..., z") B okpectHocTH U, ToukH F, H JoKanbHbIe
koopauHath (y',...,y™) B okpecTHoctH V, ToukH @, Torma oTo6-

paxeHuss f M g NPEACTAaBJSIOTCS B BHAE IBYX BEKTODP-(QYHKIHH,
Z=h(y) u y=h"'(Z), npuuem h(h~'(Z))=Z, A~ (h(7))=7. Usyuum
otobpaxenust h u h~!. Oto6paxeHune h coOCTaBJeHO U3 M (QYHKUMH

y'=h'(z!,..., ") OT n He3aBHCHMBHIX NepeMeHHbIX z!, ..., z". Cocra-
BHM MaTPHLy BCEX YACTHHX [POMU3BOAHBIX QYHKUHMH h':
oh! oh!
"—l o e W
dh=| 2= .. .....°7
oh™ o™
ol o

Marpuua dh siBasieTcst npsIMOYTroJIbHOH MaTpHLEH Nopsiaka m X n, T. €.
HMeeT m CTPOK M m cToJ6uoB. Marpuua dh HaswiBaetcss mampuyell
SAKkobu orobpaxenus h.

Jdemma 3. IIycme Uy CR", V,CR™, W, C R* — omkpeimote
obracmu esxkaudoseix npocmpaucms, f: Uy— Vg, g1 Vo — W, —
Henpepoul8HO Ougpepenyupyemsie omobpaxcenus, h: U, — W, —
Komno3uyus omobpasxcenuti f u g, m. e. h(P)= g(f(P)). Toeoa
ors mampuy Slkobu omobpaxcenuii f, g, h svinoaneno coomuouse-
Hue: dh(P)=dg(f(P))df(P), P € U,. Apyeumu crosamu, mampuya
Arxobu xomnosuyuu h = go f pasna npoussedenuro mampuy SKobu
omobpasxcenuti f u g.

Jloka3aTenbCcTBO  JIeMMH IPOBOAMTCSI HENOCPENCTBEHHBIM

auddepeHUMPOBaHHEM CIIOXHBX GyHKuwmit. [Tyets (2!, .. ., z), (v, ...
.5 Y™), (2!, ..., 2¥) — nekaprossl KoopauHathl B obaactsix U, V;, W,.
Torma
yi:fi(wly---’wﬂ), zjzgj(yla---7 ym)’

Zi=hi(z',..., ") =g (fi (=, ..., z"),..., f"(z', ..., z")).
HNanee, nubdepeHunpyst GyHKumH h? mo nepeme}mmM z', UmeeM

(@ nz) =3 B (A, 2, ) (e 2. (10)

=1 3_1/
$opmyna (10) B ToyHOCTH coBmajaetT ¢ omnpeneneHueM obie-
ro sjeMeHTa MNPOM3BEleHHs1 ABYX MaTpuy, T. e. dh(z!,..., z") =
=dg(f'(z',..., z"),...)df (z',..., z"). Eciu Touka P umeer Koopau-
HatH (z!,..., Z"), TO KPaTKO Mpelsayliee PaBEHCTBO MHLIEM B BHE:

dh(P) = dg(f(P))df(P). O
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[TpumeHuM nemMMy 3 Kk nape orobpaxenuit h u h~'. Ilycts ey —
KOMMO3HLHUsT oto6paxeHuit h u h~!, e, — KoMno3uuus oTo6pakeHum
hlu b, 7. e (Q) = h(h"Y(Q)), Q € V;, &,(P)=h"'(h(P)), P € T,

O6a otobpaxenusi e: V; — V, u e;: Uy — U, ABASIOTCS TOXAECT-
BeHHHIMH OTo6pakeHusiMu. CiiefoBaTesNbHO, MaTpHLUH SIKo6u oToGpa-
XKEHHH e, H e, SBJISIOTCS eIWHHYHBIMH MATPHLAMH MOPSAKOB M H
n CcooTBeTcTBeHHO. B wactHoctH, rk de, = m, rkde, = n. C npyroi
CTODOHBI, IPHMEHSIS JieMMy 3, moJyyaeM

dey(Q)=dh(h™'(Q))dh"(Q), QEV,,
de,(P)=dh~'(h(P))dh(P), P€U,

M3 nuHeliHOH aire6pH H3BeCTHO, YTO PaHr NpPOM3BeJeHHs [ABYX Ma-
TPHIl He NPEBOCXOAMT PaHra KaXoro u3 coMHoxxurtened. Ilockoabky
tk dh < min(m, n), rkdh~! < min(m, n) (Marpuun dh u dh~' —
npsiMoyroibHue!), To rank de, < min(m, n), rank de, < min(m, n).
CnepoBartesnibHo, m £ min(m, n), n € min(m, n), Wi max(m, n) <
< min(m, n), 4To U 03Hayaer, 4T0O m = n. TeopeMa AokasaHa. O

[ToHsiTHE pa3MepHOCTH OHUIO BBEIEHO HE TOJBKO IUIsl INIaIKUX MHOTO-
06pa3uii, HO W isi NPOH3BOJNbHHIX MHOroo6pasuii. [TosToMy Bo3HHKaeT
eCTecTBEHHHH BONpPOC: COBMNAJAIOT JIH Pa3MepPHOCTH y roMeoMopGhHHIX
MHoroo6pa3uii? OTBeT yTBepAMTeJbHbIH, T. €. ecau M, u M, — Osa
eomeomopprebix mHozoobpasus, mo dim M, =dim M,. 3To yTBepx-
JleHue sIBJAsieTcsl oYyeHb ryOoKoH TeopeMoH OOLIed TOMOJIOrHH, H OHO
ocTaercsl BHe IPeeJIoB Hallero Kypca.

B 3akisioyeHHe NOKaXKeM HECKOJNBKO MOJIE3HHIX 3aMeYaHHH O CTPYK-
Type ataaca kapr. [lo onpepenenuio, atyac KapT Ha MHoroo6pasuun M
COCTOHT M3 OTKPHTHIX MHOXecTB U, romeoMopdHuX obaactsm V, C R".
Ecnu M — rinankoe MHoroo6pa3ue, ToO KOOpAMHAaTHbIE FOMEOMOPQHU3MHI
w;: U, — V. sBasiioTest nIagfkKHMH roMeoMopduaMaMu. MHorna GniBaer
roJle3HO yNPOCTHTh BHA obsacTeil V, B eBKJIMIOBOM npocTpaHcTBe R",
npaBja, 3a cYeT YBeJHYeHHs 4MCJa KapT Ha aTtJace.

Jlemma 4. B enradxom muozoobpasuu M cywecmsyem maxoi
amaac kapm {U,}, umo kaxdas kapma U, ougdeomopgpra R".

JdoxasarteanbcTBo. CHayalna nokaxem, YTO MOXHO MOCTPOHTh
TaKOH aTJyac KapT, 4ToOnl Kaxpast Kapra 6uia nuddeomMopdHa OTKPHTO-
My mapy Hekotoporo paguyca € B R". [lycts B € M — npou3BoJibHasi
Touka, U; 3 R, ¢;: U, — V, C R" — KoopaAHHATHHIH roMeoMopGH3M,
Qo= p;(R). [Tockoneky V, — oTKphiTOe MHOXecTBO B R", To Halinercst
Takoe 4YHCJO €, YTO OTKPHITHH LIap pagHyca € C LEHTPOM B TOYKe

Qo mexxur B V,. O603Hauum stot wap yepe3d O,(Q,), a ero npooGpas
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07 1(0.(Q,)) — uepes W,. CemeiicTBO OTKPHTHX MHOXecTB {W,}
SIBJISIETCSI aTJ1acOM KapT Ha MHorooOpasuu M, u kaxnasi kapra Wy nucd-
teomodHa oTKpeTOMY 1wapy B R™. UTo6H 3aBepuIMTh JOKA3aTEJNbCTBO
JIeMMBI, TOKa)KeM, YTO OTKPHITHIH Wap paguyca € auddeomMopden R™.
IocratouHo paccMotpers cayyait € = 1. Urak, nyers (2!, ..., z"%) —
Touka B wape pamuyca 1, (z')?+...+ (z")? < 1. [Nonoxum
k k
k z k Y
y* = zF = . (11)
Vi@ - - @) VI+ @)+ + @)
Oyuxuun (11) ABASIOTCS MNIaAKUMH H OCYLIECTBJSIOT B3auMHO o6par-
Hoe oToOpaxkeHusi wapa paguyca 1 u R™. O

Jemma 5. [Iycmv M — eaadkoe komnaxmroe mHozoobpasue,
{U.;} —amaac kapm na nem. Tozda cywecmsyem zaradkoe pasbu-
enue edunuypl 1;, noduurennoe nokpoimuto {U,}.

JdokaszateabcTBO. JlOCTaTOYHO CYMTATh HA OCHOBAaHHH JeM-
Mbl 4, 4TO BCe KapThl roMeoMoptHbl wapy pamuyca 1. [lyers ¢;:
U, — D> C R" — koopauHaTHHe roMeoMop¢dusMu. (3mecyr D — or-
KPHTHIH IIap paguyca r ¢ UEHTPOM B Hayane KOOp).‘[HHaT) Bri6epem
TaKoe NOCTaTo4HO Majoe € >0, urobu ¢ '(D]_,)) NOKpHBaNH MHO-
roobpasue M. JlonycTuM, 4TO CYIIECTBYeT Taxaﬁ riankas ¢yHkuus f
kiacca C* Ha wape Dy, uto supp f = Dy _,), 0< f < 1. T[lonoxum

0, ecn P ¢ U,
f(p:(P)), ecm PeU,.

Mockombky f(p;(P))=0 npu P ¢ o '(Di_,)), To dynkuun 1,[)
rJamKue Ha MHoroo6pasum M, mnpuuem suppi; C U, 0< 9, <
Bonee Toro, supp ¥; D ¢; (D _.)). CnenosarensHo, cymma (pym(uun
P9 (P) —Ez,b (P) crporo GoJblue HyJsi B KaXHoH TouKe. Torma

[OJIOXKHM 1,b1.(P)= ¥ ,(P)/%(P). ®yukuuu 1, (P) o6pasyoT raamxoe
pasbueHue efMHUUH, Noa4HHeHHOoe nokpuTuio {U,}.

Takum 06pa3oM, HaM OcTaJIOCh IOCTPOUTD TaKylo GYHKIHMIO f Kilacca
C* B R", uto6H ee Hocutenb bt wap Dy _ . Bynem uckate GpyHkumio
f B Bume f(z',...,z")= h((z')?+ + (x")2) CnemoBaTenbHO,
NOCTAaTOYHO MOCTPOMTH IJIAAKYIO Q)ynxumo OmHOH mepeMeHHo# h(z),
uT06H BHIOJHSIHCH yeoBus: h(z)=0 npu z > (1l —€)? u h(z) >0
npu z < (1 — €)?. B kauecTBe h Bo3bMEM (DYHKUHIO

e"VE-0=eP " g < (1 —¢)?

h(z)z{ 0, D en(l-ep

KOTOpasi, KaK H3BECTHO, sIBJIsIeTCs TIafikod kiaacca C™. O

1,1)(1’)—{
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3apaun k § 1
1. Jloxa3aTh, YTO NPOCTPAHCTBO PAaCMOJIOXKEHHA JKECTKOro OTpe3Ka Ha MJOCKOCTH
SIBJIsIeTCS TrJ1agKHM MHOI‘OO6P33HGM‘

2. lokasarts, yto rpynna SO(3) romeoMoptdHa TpeXMepHOMY NTPOEKTHBHOMY IPOCTPAH-
CTBY.

3. Onucatb KOH(HUrypaLMOHHOE MPOCTPAHCTBO CHCTEMBl M3 ABYX ILIAPHHPHO COeAM-
HEHHBIX CTep)XXHell B TPeXMepHOM MPOCTPAHCTBE.

4. TIpuBecTH npuMep IVIafIKOro B3aHMHO ONHO3HAYHOrO OTOOPa)KeHHs, He SBAAOLIE-
rocsi AxddeoMophH3IMOM.

5. Iloka3aTsb, uTo Ha chepe S™ He CylUeCTByeT aT/aca, COCTOSILErO H3 ONHOM KapThl.

§ 2. 3apanne MHOrooGpa3uii ypaBHeHHSAMH

CymecTByeT CTaHAAPTHHH crnoco® OMHCaHHS M MOCTPOEHHsT MHOro-
o6pa3uii, HanboJsiee YacTo MPUMEHSIIOINNKACS Ha NMPaKTHKe.

B npepnnymem mnaparpade (a Takke B IN. 1) MHOTHe MpUMEpH
MHoroo6pa3uii BO3HHKa/JH B BHAE MHOXECTBA peLIeHHH HEKOTOpo-
ro HeJMHEHHOro YpaBHEHMsl, 3aJlaHHOr0 B €BKJIHAOBOM MPOCTpaH-
crBe. Tak, HanpuMep, n-MepHas cdepa S" 3amaeTcss ypaBHEHHEM
(') + (2?)?+ ...+ (z")* =1 B eBkAMOOBOM mpocTpaHcTBe R"*!;

ncesochepa S? 3amaercst ypaBHeHueM z’ + y? — z2 = —1. BooGue,
ecau f(z',..., ") — HenpepniBHO mubdepeHurpyeMast QyHKIUMS , TO
MHOXECTBO pelleHHH ypaBHeHHs f(z',...,z") —c =0 HasmBaercs

MmHo2006pa3uem yposHs ¢ pynkyuu f. TakuM o6pa3oM, Bce eBKIHAOBO
npoctpaHcTBo R™ passaraercst B o6nequHeHHe MHOroo6pa3uii ypoBHs
¢yHkuuit f. B cayyae QyHKUMH JBYX nepeMeHHHX pelleHUs] ypaBHeHHst
0GBIYHO HA3HIBAIOT AUHUAMU YPOBHA GYHKUUH f, a B ciydyae PYHKUHH
TPex MepeMeHHBIX — NO0BePXHOCMAMU YPOBHA.

Uro6ul ompaBAaTh Ha3BaHHe «MHorooOpa3ue ypoBHst (GYHKuuu f»
Heo6xonuMo Obuto GBI IOKa3aTh, YTO MHOroo6pa3ne ypoBHS (GYHKUHH f
IeACTBUTEJLHO siBJsieTcst MHOroo6pasuem. OmHako 3T0 He Bcerja Tak.

[TPUMEP 1. Paccmorpum ¢yHkumio f(z,y)= z?— y?. Ee JauHuu
YPOBHSI OMMCHIBAalOTCS ypaBHeHHWeM z2 — y?=c. Ecau ¢ > 0, 1O
JIMHHUsI YPOBHSI COCTOMT M3 ABYX KOMIIOHEHT CBSI3HOCTH, Ka)K[as H3
KOTOPbIX MOXeT ObiThb OMHCaHA ONHHM M3 YpaBHEHHH T = \/c + 32,
z=—+v/c+ 3% 1. e. sBAsieTcst rpaUKOM (GYHKUMH OJHOM MepeMeHHOH
(puc. 6). AHanoruuHo, npu ¢ < O JMHUST YPOBHS COCTOMT U3 rpadMKOB
ABYX ¢yHKuME: y =V azl—c, y=—vz?—c. Takum obpaszoM, npu
¢ # 0 JHHUH YPOBHS SIBASIIOTCS ONHOMEPHHIMH MHOroo6pasusiMmu (CM.
npumMep 3 u3 § 1). Ocobuiil ciyyall npeacTaBJsieT JIUHUS YPOBHSI MPH
¢=0. B aTom ciryuae JMHHUS YPOBHSI COCTOHT H3 MapHl MepPeceKaomuxcs
OpSIMBIX: T =Y, T =—y, H He siBJsieTcsl MHOroobpasuem. B camom neue,
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nokaxeM, yto touka P, =(0,0), Jexamast Ha JuHuH ypoBHs f =0,
He uMeer okpectHoctH U,, roMeoMopthHoH 06JacTH B €BKJIHIOBOM
npocrpaHcTBe. Ecin 65 Takoi roMeoMop-
dusm @: Uy — V, CR! cymecrBoBan, To
6e3 orpaHU4Y€HHsT OOIHOCTH MOXHO OBLIO
66l cuuTaTh, UTO V,, SBASIETCS OTKPHITHIM
HHTepBasoM, a U, cogep»XuT Bce TOUkH P,
Haxofsilli¥ecst oT TOUKH F) Ha pacCTOSIHHH,
MeHbleM HEKOTOporo €. Torma MHOXecT-
Bo U, \ F, uMesio 6l He MeHee YeThIpex
CBSI3HBIX KOMIIOHEHT, a €ro roMeoMopg-
Hei o6pa3 Vj \ {p,(R)} — Bcero Jauub
[Be CBSI3HHIE KOMMOHEHTH. [IpoTuBOpeyne
IOKa3blBaeT OTCYTCTBHE roMeoMopduama
¢, o R'. AHalorM4HO AOKa3bIBAETCS
OTCYTCTBHE roMeoMoptu3Ma ¢, 1 obiactu V; C R" npu n > 2.

Tem He MeHee B HEKOTOPOM CMBICJIE MOYTH BCerga MHOroo6pasws
YPOBHS HelpephiBHO AubdepeHIpyeMol QyHKIHH f SBJASIOTCS MHO-
roo6pa3usiMu.

Teopema 1. [Tycmo f = f(z!,..., z") — ynxyusa rkaracca C*,
onpedesennas 80 8cem eskaudogom npocmparcmse R™. [loroscum
M, ={(',...,z"): f(z!,...,z")=c}. Ecau epaduenm ¢ynxyuu
f omauuen om Hyrs 8 Kamdoi mouxe mromecmsa M, mo M,
asasemca eaadkum (n — 1)-mepuoim mHozoobpasuem xiacca C*.
IIpu amom 8 oxpecmuocmu kaxcdoii mouku Fy€ M, 8 xauecmse 10-
KAAbHbIX KOOPOUHAM MONCHO 83AMb HEeKomopble n — 1 dexapmosvix
Koopdunam obvemaroujezo esxiudosa npocmpancmsa R”.

HJokasateancTBo. [lo cyru mena teopema | sBiasieTcst Teo-
peMolt o HessBHOH (PyHKIMH, chOPMYJHPOBaHHOM B YNOOHHIX IJsl Hac
TepMuHax. PukcupyeM Hekoropyw Touky B, € M, B, =(z),..., &)
ITockonbky

Puc. 6

grady £ #0, gradf=(Z;,.., %),

TO HalifieTCsl OTJIMYHASI OT HYJsA B Touke P) yacTHast H;OHSBO}IHaH. Bes
OrpaHHYEeHHs] OOIIHOCTH MBI MOXEM CYHTaTh, YTO —&f—n(%‘, e IY)F#
#0. Iycrs Q,=(x], . .., 77 ') — Touka B R" !, sBasiomasicst o6pazom
TOYKH F) NP NPOEKIHH BAOJIb KOOPAHHATHOH OCH Z™.

CorsacHo TeopeMe 0 HesIBHOH (DyHKLMH CYIIECTBYIOT TaKasi OKpecT-
Hoctb V3 @, ToukH @, MHTEPBA (2 — 6, ' + §) U TaKasi HenpephIB-
Hasi QyHRuus y = y(z!, ..., z"~!) wiacca raagkoctu C™, ompeneseH-
Hast B oKpectHocTH Vj, uTO:
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a) f(z!',...,z" 1, y(m', .., 2" !'))=c B obnacru V;

6) x5 = y(xg, .., 7 ');

B) |z — y(z',.. "“)|<5 B o6nactu V;

r) BcsiKoe pemelme (z',...,z") € Vy x (2§ — 6 = + §) ypaBHeHHus
f(z', ..., z") =c umeer BPI}I z =y(z!,...,z" 7).

Torna uepe3 U, 0603HauWM OKpeCTHOCTb TOUYKHM F) € M., paBHyI0
U=Mn(V, x (ag' — 6 x5+ 6)). OxpectHocTh U, ¥ 6yner MCKOMOM
KapToH, comepxauieid Touky F,. B kauecTBe KoopauHaTHOro romeo-
Mop¢u3aMa ¢, Bo3bMeM orpaHudeHue Ha U, npoekuuu R" B R"~!,

wo(z!, ..., z") = (z',...,2" 1) € V°. O6patHoe oro6paxeHue ;"
3aflafiiM PaBEHCTBOM

o'zl ...,z ) =(z', ..., 2" y(z', ...,z ).
U3 ycnosus B) caenyert, uto gy ' (z!, ..., z" " eV x (zf — & z¢ + 6),
a u3 ycaosusi a), uto ;' (z!,. "“) € Mc TakuM o6pa3om,
ez ..,z ) e U, O'r06pa)xeﬂm ¢, ¥ ;' HempepuiBHBI U B3a-

HUMHO 06paTHHI.

Mpb nokasanu, 4yro MHoxecTBO M, sBiasiercss (n — 1)-MepHEIM
MHoroo6pasueM, ¥ yKasald B OKDECTHOCTH KaxHod Touku Py € M,
JIOKaJIbHYIO CHCTEMY KOODAHHAT, COCTABJIEHHYIO H3 HEKOTODHX AeKap-
TOBBIX KOODAMHAT eBKJHAOBAa npoctpaHcTBa R". JlokakeM Teneps,
yTOo (YHKIHMH 3aMeHbl KOODAMHAT SIBJASIIOTCS TJIAaAKUMH (GYHKUHMSIMH.
[Tycts Touka P, comepxXHTCs ellle B ONHOH Kapre U, M B KayecTBe
JIOKaJbHBIX KOOPAMHAT B Kapre U, B3ATbl NEKAPTOBH KOOPIHMHATH

zl, ..,z i+l z". Torma Ha nepeceuennu Kapt U, N U, xo-
opauHatH z',...,z'~!, '+ ... z" BhIpaxkaloTCs Yepe3 KOOPAHMHATHI
z!',...,z" ! KaK PyHKUMH chenyOwKM 06pa3om:
z' =1!
-1 _ i1
Tt F A
1 _ i+l
il =g+l (1)
-1 _ -1
zhT =z,
— 1 -1
"=y(z',..., ")
[ockoabky dyHkuust y=y(z!,..., z" ') uMeer kiacc raagkoctu C*,

To U Bce ¢yHkumu (1) 6ynyr kaacca raagkoctu C®. Teopema 1
MOJIHOCTBIO f0Ka3aHa. [

ITPUMEP 2. CHoBa paccMOTPHUM n-MepHYIO ctepy S”, 3anaHHYyIO
n+l

ypaBHeHueM f(z!,...,z"*!')= 3 (z*)*=1. papvenr dyHkuuu f pa-
k=1
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BeH grad f = (22!, 222,...,2z"*"). Eciv Touka P =(z!, 22, ..., z"*!)
JEeXHUT Ha cepe S™, To He Bce ee KOOPAMHATH 06PALIAIOTCS B HYJb;
CJIefOBaTeNbHO, OfHA M3 KOOPAMHAT TpajveHTa OTJHYHA OT HYJIS.
BoinosHeHb! ycsoBusi TeopeMbl 1, U, 3Hauut, cdepa S" sBiasercs
rjIaikuM MHoroo6pasueM kiacca C'*,

[TPUMEP 3. PaccMoTpuMm eBKIMIOBO mpocTpaHcTBo R™ pasmep-
HocTi n?. ByneM npenctaBasTh TOUKM mpocTpaHcTBa R™ B BHIE
KBaJpaTHHIX Marpuu A nopsizka n ¢ KoopauHatamu A = (a;;). Pac-
cMotpuM MHoxkecTBo SL(nm, R) Bcex Matpuu A € R™, neTepMuHaHT
KoTophix paBeH enaunuue: det A =1. Muoxecrso SL(n, R) sBasiercs
TPYIIIOH OTHOCHTENbHO OMepaluHd YMHOXXEHHs] MaTpHL M Ha3blBaercsl
cneyuanvrol auHetnol epynnoi. [TokaxeM, yto rpymna SL(n,R)
SIBJISIETCs] [VIafKuM MHoroo6pa3ueM kmacca C™ u pa3MepHocTH n? — 1.

Paccmorpum ¢yukumio f ot n? nepemennsix f(a;;) =det(a,;). Pynx-
uus f sIBJIsIeTCS MHOTOYIEHOM, H, 3HaYHT, UMeeT Kiacc riagkoctd C™
Uro6H npUMeHUTb TeOpeMy |, cienyeT BHYMUCIHTb IPafiHEHT (pym(upm
f Bo Bcex Toukax rpynns SL(n, R). [lyets F — enuHu4yHass MaTpuua.
[Tockoabky det E =1, To E € SL(n, R).

BuiuncauMm rpagueHT ¢yHKuMH f B Touke E. Jlns 3TOro pasnoxum
cHayasa det A mo nepBo# cTpoke:

det A=aq, det A, —a,detA,+...+(=1)"*'a, detA,,. (2)

B pasnoxenuu (2) cTOAT feTePMHHAHTH MaTpPHL A, , KOTOpbIe SIBJISI-
I0TCS1 MHOTOWIEHAMH BCEX MEePeMEeHHBIX a,;, KPOMe 3JIeMEHTOB nepaoﬁ
cTpoku. Torma qacmaﬁ npou3BonHasi GYHKUHMH f 10 nepeMeHHOH a,

MMeeT BHJ, 3‘2{ , 6a (a,, det A,;)=det A,,. B Touke E nonyyaem

o (E)=1. 3)

TaxuM obpa3oM, rpagueHT QyHKUHMH f B Touke E OTJIHYEH OT HyJs.

[TokaxkeM Ternepb, YTo B MpOU3BOJIbHOH Touke A, € SL(n, R) rpagu-
eHT QYHKUMH f TOXKe OTIIMYeH OT HyJsi. BeeneM HOBble nepeMeHHbIe b,
3anaBaeMbie paBeHCTBOM (b)) = B = Aj'A = Aj'(a;). Ecmn A = A,
To B=F. Torna

f(A)=f(A,B)=det(A,B) =det A, det B = f(B).

Torma, nuddepeHunpys cyneprno3uLmio (pyHKum“a, nojydyaem

SLB) =3 (A g 4)
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JleBast yacTs paBeHcTBa (4) paBHa efuHHIE corjacHo ¢opmyae (3).
CaenoBaTenbHO, B IPABOH YacCTH XOTsi Obl OIHO cJlaraeMoe OTJIHYHO OT

9 “
HyJIsi. 3HaYHT, OfHA U3 YaCTHBIX MPOU3BOAHBIX a‘ff:(Ao), a BMecTe C Hel
1]

¥ rpagueHT QYHKUUH f OTJIHYHB OT HYJIsi. TakuM 06pa3oM, BEIIOJHEHSI
ycloBusi TeopeMsl 1, u, 3Hauut, rpynna SL(n, R) sBasietcs: raagkum
MHoroo6pa3ueM pasmepHoctu n? — 1.

Teopema 1 Jserko o6obmaercss Ha cjaydall CHCTEM HeJHHEHHBIX
ypaBHeHUH. 3aMeTHM, UTO yCJOBUe TeopeMbl 1 MOXHO cOpMyIHPOBATDH
cienyiomuM ob6pa3oM. ['pagueHT ¢GyHKUHMH f OpeACTaBUTCSI B BHIE
cTonbua 4YacTHBIX MPOWU3BOAHBIX GYHKUMM f, U, 3HAYUT, SBJISIETCSH
Matpuue# SIxkobu ¢yHkuuu f. Torma ycjioBHe HEeTPUBHAJBLHOCTH rpa-
nueHTa f B HeKoTOopoH Touke Fy € R" 3KBHMBaJleHTHO TOMY, 4YTO paHr
Matpuusl SIko6u df GyHKuuM f paBeH emuHHULE, T. €. MAKCHMAaJeH.

[TycTb 3apaHa cucTeMa ypaBHeHHH

iz, ..., z") =cl,
2!, .. a7y =, )
fk(xl’ LS ] xn) - cka
KOTOPYIO KPaTKO MOXHO 3amucath B Buie f(Z)=7¢, rne Z =(z!,...
., z")ER", é=(c!,..., c*)ER¥, a f — orobpaxeHue, onpegeisieMoe
dyukuusmu (f1, .. ., f¥). MHoxecTtBO M, pewenuit cuctems (5) 6ynem
Ha3blBaThb MHOrooGpasueM ypoBHsi cucTeMsl GyHkuui (f, ..., f*).

Teopema 2. [Tycmo f: R® — R* —omobpaxcenue kracca 2radxo-
cmu C®, M, — mHoxiecmeo peuwenull cucmemst ypasuenuil f(Z)==2.
Ecau pane mampuyst SIkobu omobpaxcenus f makcumarer 8 kaxnooil
mouke By M, (m. e. tkdf (R)=k), mo M; asasemcs (n — k)-mep-
HoiM 2aadkum mHozoobpasuem xkaacca C*™. Ilpu amom 8 okpecm-
Hocmu xaxcdoil mouku Py € M, 8 Kavecmee LOKAAbHbLX KOOPOUHAM
MOMHO 83amb HeKomopeie n — k dexapmossix Koopouram o06vem-
Atouezo eskaudosa npocmparncmea R".

JloKkasaTelAbCTBO [OCJAOBHO MOBTOPSIET JOKAa3aTeJbCTBO Te-
opeMsl | c TOH JHMWIbL pa3HUUEH, YTO BMECTO OJHOH IEepeMEeHHOMH
z" Bhmensiercs k nepeMeHHbIX U, ..., z*. O603HauMB 3Ty rpymnmy
nepeMeHHbIX OfHON OyKBOH, cKaxeM, ¥ = (z*,...,z%), Mbl GyneMm
noJiy4aThb Te e (HOPMYJbl, 4TO U B JOKa3aTesbcTBe TeopeMsl 1. O

[TPUMEP 4. PaccMoTpuM B eBKIHIOBOM mpoctpaHcTBe R ¢ Koop-
IuHaramu z', z?, 23, z* cucTeMy ABYX ypaBHeHHH

(') + (=) =1, () +@E=")=1 (6)
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CootercTByomue UM QYHKUUH f, U f, UMEIOT BUJ
fl(:l:l, 12, xa, 1;4) — (:1:1)2 + (:1:2)2, f2(-'1:1, .’1:2, za, :1}4) — (1:3)2 + (:124)2.

Uro6rl nprMeHUTb TeopeMy 2, BbUMCIMM Martpuuy Skobu otobpaxe-

must f = (f', f2):

or' of' o' of!
df_gyyy_:lezz‘z 0 o0
e e a2 a2 \ 0 0 223 224)°
or' 07 8 ot

SlcHo, uto rkdf <1 Tonbko B TOM ciyyae, Korja OfHA W3 CTPOK
Marpullbl §SIKo6M paBHa HYyJIO, YTO HEBO3MOXXHO B TOYKAax pelleHHs
cucteMsl (6). TakuM o6pa3om, perenus cucreMsl (6) o6pasyror raagkoe
nByMepHoe MHoroo6pasue kiacca C™. [Tockosbky cucteMa (6) pacna-
naeTcst Ha /1Ba YPaBHEHHsl, KaX0e OT CBOEH rpymnmbl NepeMeHHbIX, TO
¥ MHOXXECTBO pemelmn MOXHO TPeJCTaBUTb B BHAE A€KaPTOBA MPOM3-
BeleHHs] pellleHUH KaXJOoro ypaBHEHHUs! B OTHAENbHOCTH, T. €. pPelleHHust
cucTeMH (5) MPeACTABSIOTCS B BHAIE IPOU3BENeHHUsI IBYX 3K3eMILISIPOB
OKPYKHOCTH. DTo MHoroo6pa3ue Ha3biBaeTcsi (IBYMEPHBIM) moOpoM.

§ 3. KacareabHsie BekTopbi. KacareabHoe nmpocTpaHCTBO

B . | ™Mbl BumeaH, YTo ANST M3y4eHHs] METPHYECKHX CBOUCTB
KPUBBIX W INOBEPXHOCTEH M BooOlie MeTPHYECKHX CBOHCTB obsacren
€BKJHMIOBOr0 IPOCTPAHCTBA BAXKHYIO POJIb MrPalOT TaK Ha3biBaeMHle
WHUHHUTe3NMaJIbHble CBOHCTBA MPOCTPAHCTB. DTO TaKHe CBOHCTBA,
KOTOpbIe ONpeaessiioTCst B OYeHb MaJOH OKPeCTHOCTH (MKCHPOBaHHOM
tTouku P nyreM mnpeHebpexeHuss BeJuYMHaMHu OoJbllIero MOpsiiKa
MaJIoCTH, YeM paccTosiHie 1o Toukd P. B MaTeMaTuueckom aHanuse
CYLIECTBYIOT aHAJOTHYHBE MPOLENypH MpeHeOpexxeHHss GeCKOHEYHO
MaJIbIMH BeJMYHHAMM NPH H3YYeHHH HoBeleHHs] QYHKUMH B OKpecT-
HOCTH HEKOTODOH TOYKH. [IpH M3yyeHHH IJIafKMX MHOrooOpasui ToXe
BO3HHKAeT eCTeCTBEHHOE XKeJlaHHe OCYIIECTBJSITh NPOUeaypy npeHeb-
pexxeHust GecKOHEYHO MalhiMH BesHuuHaMu. OOMH M3 TaKHX CIOCO-
60B 3aKJIIOYaeTCsl BO BBENEHHH CIIELHANbHBIX MOHSTHH, aHAJOTHYHBIX
KacaTeJIbHHIM BEKTOPAaM K KPHMBBIM M KacaTeJbHHIM I[UJIOCKOCTSIM K
[I0BEPXHOCTSIM.

1. IIpocTeiimue npumMepnl. PaccMOTPUM IIafiKyI0 KPHBYIO B TPEXMep-
HoM mpocTpaHcTBe R3, mapaMeTpH3oBaHHYIO HEKOTODHIM MapaMeTpoM
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t: =72(t)=(z'(t), z%(t), z3(t)). Puxcupyem 3HaueHnue napa-
merpa t,. IlpuMeHuM K BekTOp-QyHKUMH Z = Z(t) pasnoxeHHe MO
tdopMmyse Teilslopa B OKPECTHOCTH TOUKH i,:

Bty + At) = F(ty) + Z(t,)At + O(A¢2), (1)

[lepBble ABa ciaraeMbix B npaBo# yacTH (1) MOXHO, ¢ OHOH CTOPOHBI,
paccMaTpUBaTb KaK HEKOTOPYIO alllPOKCHMALIHIO BeKTOP-QYHKIWH Z(t)
B OKPECTHOCTH TOYKH t, C TNOMOLIBIO JHHEHHOH
BekTop-¢yHkuuu. C mpyrou cmponm 3Ta JUHeH-
Has ¢yHKuus J(At)= a:(to)+ (to)At 3ajaer B
R® npsiMy10, npoXoAsILy0 qepes Toqu P, =3%(t,).
Bosee Toro, cpenu Bcex MNpPSIMBIX, MPOXOASIIUX
yepe3 Touyky F), npsiMas y(t) HaubGoJiee «TecHO»
npuMbiKaeT K Kpusoi Z(t). CkaxeM, 4To mpsiMast
y(t)=1d+ bt, |b| =1, xacaemcs xpuBoit Z(t)
B TOuKe Z(t,), eciu paccTosiHHe OT TOYKH Z(t)
[0 TPSIMOH eCTb BeJW4YHHAa OecKOHEYHO MaJjasi 1o
OTHOWIEHHIO K PacCTOSIHHIO OT TO4kH F) = Z(t,)
10 TOW »XKe ToukH Ha Z(t). Torma Touka F, Jje- Puc. 7

XKuT Ha npsiMoi Y(t). MoxHo cuutars, uro Z(t,) = Y(t,). Torna
U(to+At)=Z(t,)+bAt. Paccrosime ot Toukn Z(t,+At) 1o npsiMoit
y(t) paBHO

|Z(t, + At) — Z(ty) — b(E (L, + At) — E(2,), b)| =
= o(|Z(ty + At) — Z(t,)])”

Honyctum, 4To %(to)aéo. Pasnarasi Z(t) no dopmyae (1), nonyya-
eM
LAt - B( (WAL B)|=0ae?)
npu At — 0, unu, pasgenus Ha At,
dz 2 (dz Z
2 (t) - (k). B)|=o(At). 3)

ITockonbky neBast yacth (3) He 3aBucHT oT At, TO, mepexoas K
npeneny npu At — 0, moayyaeM paBeHCTBO

() =b( 5 (%), B), 4)

YTO 03HAYaeT, YTO BEKTOPH b H z—f(to) KoJlIHHeapHH. TakuM o6pa3oM,
JUHelHas yactb opMysn Teisopa (1) Bekrop-dpyHkuun Z(t) 3amaer
napaMeTpHyecKoe MNpeACTaBleHHe KacaTeNbHOH NpsiMod B Touyke B
(puc. 7). PaccMoTpuM Teneph MOBEpPXHOCTb M B TpexXMepHOM Mpo-
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ctpaictBe R3, 3amaHHyw B napa-
MeTpPHYEeCKOM BHJE BeKTOP-QYHKUHH
Z=72(u, v) OT ABYX He3aBUCHMBIX Na-
pameTpoB u, v. [loBepxHOCTD Z(U, V)
Ha3nBaeTCsl HeB8bLPOKHCOeHHOU, ecaH
B Kaxmoﬁ TOYKE 4YacTHble IIPOH3-
BOLHbIE au(“ v) H 92 (u, v) JHHEeH-
HO HEe3aBHCHMBI Kak BeKTopr B R3.
®PukcupyeMm napametpsl (u,, vy) H
nnockoeth IT: 2 = Z(uy, v) + du +
+ bv, mnpoxomsulyld 4Yepe3 TOYKY
PR, = Z(uy, v,) Ha noBepxHocTH. [l10-
z ckocth 1 HaswiBaeTcst xkacamenvroil

K moBepxHoct® M B Touke B, ec-

JH paccTosiHe oT miockoctH [T po
TOUKH Z(u, v) ecTh BeJuYHHA OECKOHEYHO MaJjasi [0 CPaBHEHHIO C
paccTosiHHeM OT TOYKH Z(u, v) 1o Touku F). Pasnaras ¢pyHkuuio z(u, v)
no ¢opmyJie Teisnopa B Touke (uy, vp):

Puc. 8

3t + Au, 1 + Av) = F(ug, ) +
+ B2 (uy, ) A + GZ (g, %) Av + O(Aw? + Av?),  (5)

fosiy4aeM, YTo JHHEHHasl YacTh pa3noxkeHus (5) onpenensier ABynapa-
MeTpHYyecKoe 3afaHHe KacaTesbHOHM miockKocTd [I k moeepxHoctn M
B Touke By = Z(uy, v,) (puc. 8).

EcrecTBeHHO Ha3BaTh KacameAsbHbIM 8EKMOpPOM K NOBepXHocTH M
B Touke F) BCSKHH BEKTOp C HayaloM B TOYKe R, JeXallMH B Kaca-
TeabHo# miockoctH I1. Y3 dopmyant (5) BugHO, YTO napaMeTpHyeckoe
3agaHHe KacaTenbHOH mJjockoctd Il k mosepxHoctH M B Touke F)
uMeeT BHJ

- - 0z 0z
B(Au, Av) = 3(uy, ) + 22 (v, )Au + 2 (uy, 5)Av  (6)
CrenoBaresibHO, BCSIKMH KacaTelbHbIH BEKTOP £ pasnaraetcs B JIMHEM-
HYI0 KOMOHHALIMI0O BEKTOPOB %(uo, 1) H %(uo, ):
0z 0%
£€= Ex(“m v)Au + Wx(uﬂoa %)Av (7)

ISt non,xo;mmero Bubopa napaMerpos Au u Av. TakuM o6pasom,
oz

BEKTODHI 3u(u0’ Y) H 3 = (uy, Up) 06pa3yoT 6asuc B KacaTesnbHOM IJI0-

ckoctH 1, a peqmaunel Au u Av cayxat JTHHEAHBIMH KOOPAMHATAMH

KacaTreJbHOro BeKTOpa £ B sTom Gasnce.
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[lpoBeneM Temepbp Ha MOBEepPXHOCTH M rIafkylo KpuBylo Z = Z(t),
npoxozsimyo yeped Toyky F). [Tockonbky KpuBasi Z = Z(t) JIeXHUT Ha
MOBEPXHOCTH M, TO ee mapaMeTpPHYECKH MOXHO MPEACTAaBHUTb B BHIE

KOMITO3HLIUH

Z(t) = 2(u(t), v(t)) ®)
ans Hekotopbix (QyHKuMHd u(t), v(t). MHaue 310 MOXHO cKasath
caenywomuM obpazoM: ¢yHkuuu u(t), v(t) sABIASIOTCA MapaMeTpHde-
CKMM 3aJlaHHeM KDHBOH B JIOKaNbHOH cHCTeMe KOoopauHat (u, v) Ha
noBepxHocTH M. Torma ycjoBHe NPOXOXXIEHHsI KPHBOH yepe3 TOYKY
P, nepenuiueM B BHAE YCJOBHSI Ha KOODAMHATH uy = u(ty), vy = v(%y).
BbluHCIUM Tenepb KacaTesbHbIH BEKTOP K KPHBOH (MM, KaK ero WHaye
Ha3bIBAIOT, BEKTOP CKOPOCTH KPHUBOH):

92 (1) = 2(F(u(t), v(t))l,_, =
= 52 (ulto), v(t)) 5 (t0) + G (ulte), v(to)) 1 (1) =

0% du 0% dv
= u (W, %) 77 (o) + Fy (U, %) g7 (t)-
CnenoBaTesibHO, KacaTeNbHbIH BEKTOP K KPUBOH, JieXaleHd Ha MoBepx-
HOCTH M, JIeXXHUT B KacaTeJbHOH IJIOCKOCTH.

Onpeneaenne 1. Tlycts € = %(%, ' + %(uo, vy)€? — Ka-
caTeJbHbIH BeKTOp K mnoBepxHocTd M B Ttouke F). Torma uwucna
(€', €?) HasoseM koopOunamamu KacameavHo2o 8ekmopa & K Io-
BepxHOoCcTH M B Touke F) B JIOKaJbHOH cHCTeMe KoopAauHaT (u, v) Ha
noBepxHocTH M.

D70 omnpefeseHHe TOAMTCSH HE TOMBKO IS KOOPAMHAT (u,v), ¢
IIOMOIIbI0 KOTOPHIX MapaMeTPHUYeCKH 3ajlaHa MOBepXHOCTh M, HO H
AJISL TPOM3BOJBHOM CHCTEMBI KOOpAMHAT (u', v') B OKPECTHOCTH TOYKH
F,. B camom pene, ecau (u',v') — Apyrasi cucteMa KOOPAHHAT, TO
KOODAHHATH ¥ W v BHIPAXKAIOTCH KaK rMagkie PyHKUHUH OT KOOPAMHAT
u', v u=u(u,v'), v=o(u,v'), y=u(uyy, v), v =v(u, vy). Toraa,
paccMaTpHBasi KOMIIO3HLMH (YHKUMH, Mbl OJy4aeM HOBOE apaMeTpu-
YyecKoe 3aflaHie NoBepXHOCTH M:

3 =F(u(w, v), v(u, v). )
[TapameTpuyeckoe ypaBHeHHe KacaTesnbHOH maockocTH I1 B Touke B)
IJisl HOBBIX napaMeTpoB (u', v') UMeeT BHJ,
3 =3(u(w, §), v(w, ©)) + S5 AU + 3= Av =

= oz Su y, O o] '
= (1, %) + %(“m ’UO)WAU + Ex(“m UO)WAU +
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(u()v vo) ' Av + (u[)’ ”o) &' Av
au' ! ' !
= Z(up, vp) + E('Um Uo)(w('um vp)Au' + W(“ﬂm v)Av ) +
9z v,y oy ' Qo '
+ EI(UO’ vo)(ﬁ(“m v)Au’ + W(u()a %) Av )
[onaras

6“ 7 ! ] 6“ ! ! !
Au= w(%, v)Au' + W(uo’ ) A,
61) ! 12 ! 3u ! ' !
Av= W(um UO)AU' + g(“oa UO)AU )
MBbl IPUXOJUM K IapaMeTpU4eCcKOMY 3a[laHHIO0 KacaTeJbHOH MJIOCKOCTH

IJISI CTAapHIX 1apaMeTpoB (u, v):

(10)

- o oz oz
% = B(ug, ) + 2 (v, W) Au + 92 (g, 1) Av.

Takum ob6pasom, dopmyaa (9) maer mpyroe nmapaMeTpHuYeckoe 3aia-
Hue noBepxHocTH M ¢ TOH e KacatesbHOU miockocTbio I1. [Tosatomy
KpuBasi (8) MoxkeT OHITb 3amHCaHa C MOMOLIBI0O HEKOTOPHIX (QYHKUMH
u'(t), v'(t) Tak, yrobu Z = Z(u(u'(t), v'(t)), v(u'(t), v'(t)). Torma
COIVIaCHO OIpefie/IeHHI0 KOOPAHHAT KacaTeJsbHOro BeKTopa K Kpuaoﬁ B
JIOKaNIbHOH cucTeMe KoopauHat (u', v') mapa uHcen ( (to), (to))
SIBISIETCS] KOODAMHATAMH KacaTe/IbHOrO BEKTOpa K Kpuaon Ilnd)d)epeﬂ—
LMpYsl CNOXHble (QYHKUHH, MOJYYHM 3aBUCHMOCTh MeXQy KOOpAHHATa-
MM KacaTeJIbHOro BEKTOPa K KPUBOH B Pa3/IMYHBIX JIOKAJbHBIX CHCTEMAX
KOOpAMHAT:

d Qg o ydu
d_;l ty) = w(“m Uo) au' (Um Uo) (to)»

j;:) = &tl(u()v ”o) (to) + avl (uo’ Uo) (to)

(11)
CpasnuBas ¢opmyan (10) u (11), nonyyaeM, 4To 3aBHCHMOCTb MEXAY
KOOpPAMHATAMH KacaTeJbHOr0 BEKTOpPa K KPHBOH COBNAJaeT ¢ 3aMeHOH
napaMeTpoB IS OnpefiesieHHsi KacaTeNbHOH MIOCKOCTH.

[TpuBeneHHOe ompefesneHe KacaTeabHOrO BeKTOpa YAOOHO TeM, UTO
IIPH TaKOM OIpefieleHHH KOOPAHHATH KacaTeNbHOro BEeKTOPa K KPHBOH,
JNexaued Ha noBepXHOCTH M, 3aBHCSIT He oT crniocoba BJOXKEHHs IOo-
BEPXHOCTH M B TpexmepHOe mpocTpaHCTBO R3, a TONBKO OT J10KaJIbHOM
cucTeMbl KoopauHaT (u,v) Ha moBepxHoctH M. CdopMynupyeMm 3To
yTBEpXKIeHHEe B BUME OTAEJbHOH JIEMMBI.

Jemma 1. [Tycmo M — nesvipoxcdennas nosepxHocms 8 R3,
R e M, (u,v) —r0KkareHan cucmema KOOpOuHam 8 OKpecmHoCmu
mouku R, nosepxrnocmu M, (u(t),v(t)) — esradxkas Kpusas Ha
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nosepxnocmu M. Toeda xacamenvHbli 8eKMOp K KpusBol 8 mouke
B, umeem 8 sokaavrol cucmeme Koopduram (u,v) KOOpOuHAmMbL

‘;—':(to), %(to)). Ecau % =7Z(u, v) — napamempuueckoe 3adarnue M,
z =%(u(t), v(t)) —kpusas, mo

%(to) = (“o’ vo) (to) +2 (Uo, Uo) (to)-

2. OGmee onpegeneHue KacaTelbHOro BeKTopa. PaccMoTpeHHue
MpUMepH MMOKa3biBAIOT, YTO H3yyeHHe HHGHHUTE3WMAJNbHBIX CBOHCTB
KPUBHIX B MHOroo6pasuu MoxeT ObITb NMPOBEJEHO TOJbKO B pPaMKax
HEKOTOPO# JIOKaJbHOH CHCTEMH KOOpAWHAT Ha MHoroo6pasuu. B yact-
HOCTH, B TEOMETPHH BaXKHYIO POJb HMIPaeT MOHSATHE KacaTeJbHOro
BEKTOpPa M KacaTesJbHOro MpOCTPAHCTBA MPOM3BOJBLHOIO INafIKoro MHO-
roo6pasusi, UMelIHe MOJHYI0 aHAJOTHIO C KacaTeJbHbIMH BEKTOPAMH
M KacaTeJbHHIM MPOCTPAHCTBOM IJisl [IOBEPXHOCTH, PAaCIHOJOXEHHOH B
TPexMepHOM npocTpaHcTBe R3.

Onpeneaenne 2. Ilycts M — ranagkoe n-MepHoe MH01P06pasne,
R, € M — npousBosbHas Touka. Kacameavroim sexmopom £ 8 mouke
P, Kk mHoeoobpa3uto M Ha3biBaeTcsi COOTBETCTBHE, KOTOPOe KaXJoH
JIOKaJbHOM cHcTeMe KoopauHat (z;, ..., z!') comoctaBisier HaGop 4u-
cean (&),..., &), yOOBJIETBOPSIIOWIHNH ClEYIOIIEMY COOTHOIIEHHIO st
KaXKJIOW Naphl JOKAJbHEX CHCTEM KOODAWHAT:

€= o - (R)E.. (12)

=1
Uucna (6 .., &) Ha3HBAOTCA KOOpPOUHAMAMU KACAMEAbHO20
gexmopa £ B JOKaNbHOM CHCTEME KOODIHHAT (z}, ..., z}). CooTHoe-

Hue (12) HaswlBaeTCsl MEH30PHbLIM 3AKOHOM npeoépasoaanuﬂ Koop-
OJuHam KacaTesbHOro BeKTopa £ NPH 3aMeHaX JIOKaJbHRIX KOOPAMHAT.

Onpenenenne 2 o6o6iaeT MOHsITHE KOOPAMHAT KAacaTeNbHOrO BEKTO-
Pa K KpHBOH Ha moBepxHocTH. 3aKoH (11) u3MeHeHHs] 3THX KOOpPAUHAT
SIBJISIETCS YACTHHIM CJ1y4aeM TeH3opHoro 3akoHa (12) npeo6pasoBanust
KOOpJMHAT KacaTeJbHOro BeKTopa K MHoroo6pasuio. Bosee Toro, Bes-
Kasl rafikasi KpMBasi Ha IJIafkoM MHoroo6pasuu cHabxaetcsi B KaXKaod
CBOel TOYKe KacaTesJbHHIM BEKTOPOM B CMHIC/IE ompejeneHus 2. ITo
Ba)XHOEe CBOWCTBO Mbl CQOPMyJHpYyeM B BHAE IpPeJIOKEHHs.

Hpepaoxenne 1. [Iycmv M — zaradkoe mHozo06pasue, «:
(~1,1) > M — zaa0koe omobpaxenue unmepsara (—1,1) 8 mHo-
2oobpasue M. Toez0a coomsemcmaue, Komopoe Kaxc0oi L0KaibHOL
cucmeme xoopdunam (z', ..., z") 8 okpecmnocmu mouku Fy= v(0)
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1
conocmasasem Habop uucen (%(7@)),..., (7(t))) Rl
emcs KacameAbHbiM 8EKMOPOM 8 CMbICAE onpedeneuuﬂ 2.
Jnsi mokasartesnbcTBa MpeiyioKeHHsT 1 JOCTaTOYHO MPOBEPHUTb TEH-
30pHbIA 3aKOH npeo6pa3oBanusi koopauHat (12). TMomoxum &) =
k

=—L(v(¢))|,_, tme (z}, ..., &) — NOKanbHas cHCTEMA KOOPAHHAT Ha
MHoroo6pasun M B okpectHocTH TouKH F)y. Torna nnist AByX noKanbHBIX
CHCTEM KOOPIAMHAT MOJYYHM:

gh=2 ,-*(v(t))l,_ =%<z*(z!(v(t»,..., zf‘(v(t)))l,_
('Y(t))dt ;(V(t))lt_ 6:' (P)fl

l
l=1 3‘1:

D10 M ecTh TeH30PHHIA 3aKoH (12). O

Takum 06pa3oM, yKa3aHHOe B rpeiIoXKeHnH | cooTBeTCTBHE ecTecT-
BEHHO Ha3bIBaTbh KACAMEAbHbIM BEKMOPOM K KPUBOL Y HIIH 8EKMOPOM
ckopocmu Kpusoii . KacatenbHulii BeKTOp K KpHUBO# OyneM o6o3Ha-

4aTh yepe3 dt(to) wiu y(t,).

3. Kacareannoe npocrpancrso Tp(M). MuoxecTBo Bcex Kaca-
TeJbHBIX BEKTOPOB B ()MKCHDOBaHHOH TouKe F) K MHoroo6pasuio M
Ha3blBAeTCsl KACAMEAbHbIM NpocmpaHcmeom K mHoeoobpasuro M
8 mouke K. 10 MHOXecTBO oBosHauaercst yepes Tp(M). Kaxnpii

KacaTesJbHHH BEKTOp fe Tp (M) onHO3HAYHO OmnpefessieTcsi CBOMMH
KOMIIOHEHTaMH B OJHOHM (MKCHPOBaHHOH cHcTeMe KoopauHat. [JleHcTt-
BHUTEJIbHO, eCJM 3ajaH Habop uucen (p', ..., u™) U Mbl CUMTaeM 3TOT
Hab6op KOMIIOHEHT MCKOMOrO KacaTesJbHOro BeKTOpa B (PMKCHPOBAaHHOM
JOKanbHOW cHcTeMe KoopauHat (z,...,z7), T. e. p*=§&f, 1o mas
3afaHusl BCErO KacaTeJbHOr0 BEKTOPa HEOOXOMMMO OMPENEeNUTb €ro
KOMIIOHEHTH B KaXK[OH JIOKaNbHOH cHCTeMme KoopauHat (z!, ..., zl).

[TonoxuM mis storo

=3

oz
l
pa i)
=1 10
[TonyyeHHbIe KOMIIOHEHTHI HOKHBI YAOBJIETBOPSIT TEH30PHOMY 3aKOHY
npeo6pa3oBanus koopauHat (12). [lnst npoBepKH 3TOro 3aKoHa MOACTa-
BUM B (12) 3Havenus £f M ¢

n

oxk LI
R,)n > G (B) 2 o (Rt =
=1 %

s=1

" (5 ont gy 2 )
-5 (5 i)
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[TocKombKY ,— = Z e (P) (P) (3aKoH M3MeHeHHs] MaTpHLBI
oz, (R) /21 9%

SIkoGu TpOIHOH 3aMeHbI Koopzuma'r) TO cooTHoweHHe (12) BHMOJHS-
eTCsl TOXAECTBEHHO.

Mbl ycTaHOBH/IH, TAKMM 06Pa30oM, UTO MHOXKECTBO BCEX KacaTeJbHHX
BEKTOPOB K MHoroo6pasuio M B Touke F, OMHO3HaYHO ONHCHIBAETCSI
CBOMMH KOMIIOHEHTAMH B OIHOH (PUKCHPOBAHHOH JIOKaJbHOU CHCTe-
Me koopauHar. CrefoBaTesbHO, Bce KacaTesbHoe npoctpaHctso T
OTOXJIECTBJSIETCS C apH(PMeTHYECKHM BEKTOPHBIM mpocTpaHCTBOM R™.
D10 3HAYMT, YTO KacarespHoe npocTpaHcTBo Tp (M) MOXHO CHabAUTD
CTPYKTYpOH JHHeHHoro npoctpaHctBa. Kasanoch Obl, cTpyKTypa JH-
HeitHoro npoctpaHcTsa B Tp 3aBHCHT OT BEIGOPA JIOKAJbHOM CHCTEMH
KOODAMHAT B OKpecTHOCTH To4yk# F). B peficTBHTEnbHOCTH BepHO
obpaTHoe.

Ipenaoxenne 2. Onepayuu CAOHEHUS BEKMOPO8 U YMHONEHUA
gexmopa Ha 4uca0 8 kacamesvrom npocmpatcmee Tp (M) e 3a8u-
cam om 86.60pa AOKAALHOU cucmembl KOOpoOuHam Ha MHO2006pasuu
M 8 okpecmnocmu mouxku Fy.

NlokasateabcTBo. Ilycts &, 7 — 1Ba BeKTOpa M3 T (M),

(z!,...,z7), (2},..., z7) — nBe JOKa/IbHHIE CHCTEMH KOOPAMHAT Ha
MHoroo6pa3uun M B okpectHocTH ToukdH Fy. Ilyers (&},..., &),
(n4, ..., 17,.';) — KOODAMHATH BEKTOPoB &, 7j B cucteMe (z/,..., z7), a
&)y €7), (n},...,n}) — KOOPIHHATH TeX XXe BEKTOPOB B CHCTEMe
(zj,...,z). Torna cornacHo TeHsopHoMy 3akoHy (12) mpeo6pasosa-
HHSI KOOPAMHAT KacaTelbHbHX BEKTOPOB CIIPaBe[JIMBhl COOTHOIIEHH S
k - 6$k l
£ = Z 3:'1 (Po)fja (13)
1=1 9%
k - 6$k l
nE =2 6:1' (R))"Ij- (14)
1=1 9%

CJIE}ILOBaTeJIbHO, CKJIa[bIBAs NMOYJEHHO 3TH PAaBEHCTBA, MoJy4yaeM

n

8k
(fik +"’.‘k) = ;l 3:’1. (Po)(f; + 77;)

[TocnenHee paBeHCTBO oO3Hauaer, 4To Habopwl uucen (&} +n),...
.. &+ ) NONUMHSIOTCS TEH30PHOMY 3aKOHY npeoOpa3oBaHHs KO-
OPIIMHAT, T. €. ONPENESIOT OfIMH KacaTeJbHHH BEKTOP HE3aBHCHMO OT
BbI6OpA JIOKANbHOH CHCTEMH Koopzmﬂa'r TouHo Tak ke, ymHOXast (13)

T(R)(XE}), 1. e. Habop uucen

Ha yucao A, monmydaeM: AEf = Z

i=1

axl
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(AEF) Toxe moguuHsIETCs TEH30PHOMY 3aKOHY npeo6pa3oBaHHsi KOOP-
JMUHAT KacaTeJbHOTO BeKkTopa. O

TeH30pHbIN 3aKOH npeoGpa3oBaHust KooparHaT (12) MoXHO paccMa-
TPUBATh KaK crocob OTOXIECTBJIEHHsS] apH(MeTHYeCKHX MPOCTPAHCTB
KOOPIMHAT KacaTeJbHHIX BEKTOPOB B KaX/I0H JIOKaIbHOH cHCTeMe KOop-
IMHaT. DTOT €ri0co6 3aK/I04aeTCst B TOM, 4TO cTos6erl KoopauHat (£F)

YMHOXaeTcsi Ha Matpuuy SIko6u nepexoma oT KoopauHar (), ..., Z}')
K KoopauHatawm (z}, ..., z*):
1 1
£l ax", . —gxx‘; I3
t 3xj Zl 3
& ot s \er
; -
bz} 3z

3z,
wim (Ef) = (g;)(fj‘)
CrnenosareipHo, KacaTeapHoe npoctpanctso Tp (M) — sto mpo-

CTPaHCTBO, H30MOp(HOE BceM apHPMeTHUYEeCKHM IIPOCTPAaHCTBaM KOOP-
JHMHAT KacaTeJbHHX BEKTOPOB.

4. IIyyok COMPHMKAcAIOmMMXCH KPUBLIX. B mnpepbinymux myHKTax
MHl faJH (opMajibHO-aJre6panyeckoe onpejeseHne KacaTeJbHOro Mpo-
CTPaHCTBa K MHoroo6pasuio. B sToM onpejeseHHH mjoxo BHAHO reo-
MeTpHYeCKoe CBOHCTBO KacaTesJbHOrO BeKTOpa — JIMHeHHoro npubiu-
JKeHHs1 K KpHUBoi#. Kak ke onpefesauTh 3TO CBOHCTBO 6€30THOCHTENBLHO
K pacnoJioxXeHHI0 MHoroo6pasusi B JuHeHHOM npoctpaHcTBe? OnuH H
TOT XXe BEKTOpP COOTBETCTBYET Cpa3y MHOTHM KPHBBHIM, s KOTOPBIX
OH siBJIsileTcsl KacaresJbHBIM. [losToMy Ham Huuyero He ocraercs, Kak
BBUIEJIUTh TaKHe KJIAaCCH KPHUBHIX, KOTOPblE B IHHEHHBIX IPOCTPAHCTBAX
uMesH Onl oOLME KacaTesbHHH BEKTOP.

Onpeneaenue 3. [IBe xpuBne, 7, H <, Ha MHoroo6pasuum M,
nepecekaiouecss B ONHOH Touke I}, Ha3HBAIOTCS CONPUKACAIOUU-
MUCA, €CTH B KaXhJIOH JIOKANbHOM cHcTeMe KoopauHart (z!,...,z") B
OKPeCTHOCTH TOYKH F) BHIIOJHEHO COOTHOLIEHHE

@)~ (O =0t - o mput =ty (15)

Kak u panbure, ycnosue conpukacanus (15) moctatoyHo npoBepsiTh
BCEro JIHILIb B ONHOM JIOKAJbHOH cHCTEMe KOOPAHHAT. ¥ CJIOBHE COIPHKa-
CaHHUsI TeCHHM 00pa3oM CBSI3aHO C KacaTeJbHHMH BeKTopamu. Cienyio-
asi TeopeMa, B YaCTHOCTH, ONpaBIbIBA€T TEPMHH «CONPHKAcCaIOIIHeCs
KPHBBIE».
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Teopema 1. [[se zradxue kpusoie v, u v, Ha mHozoobpasuu M
conpukacaromca 8 mouke By moeda u moavko moeda, kozda y
Kpusblx v, U vy, cognadarom KacamesbHbie 8eKmopbl 8 mouke F).

JlokasaTtenbcTBO. YciaoBue (15) mepenuuwem B cilemynouieM

BHIE: n k k 2
lim (I (’Yl(t)t)_—tz (’Y2(t))) =0.

to =]
[Tocsie aseMeHTapHHX Npeobpa3oBaHui MoJydaeM

> (Ft () = Frat () |,_ =0,

HJIH d d
)| =T oue)]_ . k=l.m

[NocsienHee paBeHCTBO B TOYHOCTH O3HAYaeT, YTO KacaTesbHEE BEKTOPHI
K KPHUBBIM -, H 7, coBHagaoT: v,(t,) = %(t,)-
O6patHo, ecaH v,(t,) = %(t,), TO

n k k 2
z (*n(t))—r (%(t))
th—{I}o kz_:l( —% )

= 3 (ot e — st (uen) |, =0 O

TeopeMma 1 naet mpyroii cnocob onpeneneHus Kacarenbﬂoro BEKTOpa
K KpuBOH. MHOXeCTBO BCeX INIafIkKHX KPHBHIX, IPOXOASIIHX Yepe3
3afaHHyl0 TouKy F) Ha MHoroo6pa3uu M, pac-
najaetcsi Ha HelepeceKaloUHecs KJIacCH Io-
MapHO comnpHKacawiuxcsi KpuBnx. Hasosem
KacamesbHbIM 8€KMOPOM KIAacC CONpHKaca-
IOIMXCST KPUBHIX, MPOXOMSIIMX Yepe3 TOYKY
Rye M. Torma MH moJyyaeM B3aHMHO OJHO-
3HayHOe COOTBETCTBHE MEXIy KacaTeJbHbIMH
BEKTODAaMH B CMBICJe olpefieleHHst 2 W B
CMBICJIE KJIACCOB COMPHKACAIOIMXCSI KPHBBIX Puc. 9
(puc. 9).

5. IlpoussonHas PyHKUHMH Mo HanpaBaeHuio. CyuecTsyer eme
ONMH croco® MpefCTaBJsATb KacaTeJbHbIH BEKTOP Ha MHOroo6pasuu
M. Kak Bcerna, HauHeM c mpocroro mpumepa. Ilyets f(z, y) —
rjafkasi GyHKOHS OT ABYX HepeMeHHHX, F) = (%, Y¥,) — HeKoTopas
TodKa, ¢ = (&', £%) — Bekrop B miockoctH R?. B MatemaTHueckoM
aHaJIH3e M3y4aloT MPOU3BOMHBIE QYHKUMH f MO HAnpaBJEHHIO BEKTOPa
&, KOTOpble OnpefessiioT no gopmyie

E() =Lz w)E" + E (2 w)E2 (16)
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[lpousBomHYI0 1O HampaBJEeHHIO BeKTOpa & MOXHO TaKXe olpe-
JeJIUTh, UCMOJB3ysl rjagkue Kpusbie. [Tycth (t) — ryaamkasi KpHBasi
Ha miaockoctH R?, npoxomsimas uepe3 Ttouky K. Honmyctum, 4ro

KacaTeJbHHIH BeKTOp K KpHBOoH <y(t) B Touke F, paBen . Torma
(puc. 10)

EN=FSO®)| _, 1w=h Lan

B camom pene, ecan y(t) = (z(t), (t)) T0{'= (to) 2= (to)
CrenoBatesibHO, NMOACTABJsIST KOOPAMHATH KPHBOMH 7(t) B aprymembl
¢yHkuuu f U quddepeHUUpys Mo NapaMeTpy, HoJaydyaeM

W), =g, v, =

= % (2(to), y(te)) (o) +
+Z(2(t), (1)) T (t0) =
= Lz, )" + L2, w)E2 = E(f).

TakuM ob6pa3oM, onpenesuM Teneps B 06-
IEeM clydyae Mo KaXI0OMy KacaTeJbHOMY
BEKTOPY £k MHoroo6pasuio M B TOYKe
F, onepauuio nudepeHurpoBaHus raaj-
Puc. 10 Kol QyHKuuH B Touke F).

Onpenpeaenne 4. Tlycts R e M, = Tp, v(t) — rnankast kpuasi,
npoxogsmasi yepe3 Touky ), v(t,) = F, ¥ ee KacaTeJbHHE BEKTOp B
touke P paBeH £. [lycts f — riagkasi hyHKuust Ha MHoroo6pasuu M.

Yucao p .
)|, =& (18)

Ha3hlBaeTCs NPouU3BoOHOL pyHKUuU f no HANPABAEHUIO KACAMEAbHO-
20 sexmopa £. Onepauusi B3sTHsI IPOH3BOAHOH HasuBaeTcsl Ougdge-
peryuposanuem Gynkyuu f no Hanpasienuro sexmopa £.

Teopema 2. [Iycmo (z',..., z") — r0kasbHas cucmema Koopdu-
Ham 8 OKPECMHOCMU MOHKU R =(z,..., o) mHozoobpasus M,

& =(&',...,€") — kacamenoholi 8exmop Kk mHoz006pa3uto M 8
mouke P(‘,, f=f(z,...,z") —eradkas ¢pynkyus 8 oxpecmuocmu
mouxku F), npedcmasiennas Kax GYHKyuUs om AOKAAbHBIX KOOPOU-
Ham (z',...,z"). Tozoa

n

£ =3 5a, . )" (19)
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Caedosameavno, onpedeserue (18) npoussoonoi He 3asucum om
8bl60pa Kpusol y 8 KAQACCe CONPUKACAIOUUXCA KPUBLLX, A npasas
yacmo (19) He 3asucum om svibopa A0KAALHOL cucmembvl KOOpOU-
nam. Ecau g — Opyeasn enadkas pynkyus 8 okpecmrocmu mouxku B,
mo 0as npoussedeHus ¢Gyukyuli f u g cnpasediusa gopmyra
Judpgpepenyuposanus Horomona — JlelibHuya:

E(f9)=f(z3,. .., z)E(9) + E(Fg(a, . . ., 7). (20)

HdokxasarteabctBo. [lpencraBum kpuByio y(t), NpoXomsuLyio
yepes Toyky F), B koopmuHaTHoM BHpme: (t) = (z'(t),...,z"(t)).

., d
Torna mo onpesieeHHIO KacaTeJbHOrO BEKTOpPA K KPHBOH %(to) =¢
Janee,

EN =20 _ = af =), vc"(t))\l=
L ap)Er

dopmyna (19) nokasana. [okaxem Q)opmyny (20). Hcnoabsys (19) u
muddepeHUHPYS NpoU3BefieHHe QYHKIMH, NOJaydaeM

—i (%""%)Bt|

i=1

E(fo) =3

i=1

=2 (et 3900, V(o 35) (s )=

0 1 n 1 n i
azi(f(xv“ﬂm )g(:z: yeen L )) z"=:r,;‘£ -

n

= (X 2@ w93, 3)+

+f(m01v---) m&’)(i aal;gl

i=1

g =
=E()g(Zy ..oy 7))+ F (2., T)E(9)-

Takum o6pasom, dopmyna (20) Toxe nokasana. O

Onepauust auddepeHMpPoBaHUsT IMafKkod (QYHKUMHM f 1O Hampas-
JeHHIO KacaTeJbHOTO BEKTOpa & MOXKeT OhiTh oXapaKTepH30BaHa
HEKOTODbIMH CBOMMH CBOHCTBAaMH Tak, YTO B (OPMYJHMPOBKAX 3THX
CBOHCTB BOBCe He OyleT yyacTBOBaTb KaKasi-THOO JIOKaJbHAasi CHCTEMA
KoopiuHat. Tako# croco6 omucaHusi HauGoJiee ynoOeH mpu MpoBepKe
He3aBHCHMOCTH reOMeTPHYECKHX KOHCTPYKIUMH OT KOHKPETHOM JIOKaJIb-
HOH CcHCTeMbl KOOpAMHAT. ¥ omnepauud AudQepeHUHPOBaHHS TaKHX
CBOMCTB [IBa:
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a) omepauusi nuddepeHIMPOBAaHHSI [0 HampaBJeHHIO BeKropa &
JUHEHHa, T. €. eclld f U g — JBe NIagKHX GOYHKUHH, a A, g — [Ba
NPOU3BOJILHEIX YHCJIA, TO

EONf +ng)=XE(f) +ré(g); (21)

6) onepauusi nudQepeHUMPOBAHHSI MO HANpaBJeHHIO BeKTopa &
ynosJyieTBopsieT (opmyJde (20) Hriorona — Jleit6Huua.
Janum ofiiee onpeneneHue.

Onpeneaenne 5. Onepauusi A, CONOCTABJSIOMAs KAXI0H rJIaAKOH
¢yskuun f wiacca C™ Ha riagkoM MHoroo6pasuun M umciao A(f),
yRoBJIeTBOpsiOlllee CBOHCTBaM a) W 6), Ha3blBaeTcsi onepayuet Oug-
gepenyuposarus 8 mouke Bye M.

B ¢opmyne Heiotona — Jleit6buuua (20) yyactByioT 3HaueHHs1 QyHK-
uu# B Touke F). [TostoMy onepauun nuddepeHnupoBaHus B pa3HIHBIX
TouKax Ky u F He MoryT coBnagaTb. fIcHo, yTo omepauus mudde-
PEHLMPOBAHHS! [0 HANPABJEHHIO KACATENBHOIO BEKTOpa & SIBJSETCS
YaCTHHIM cJy4aeM [pOCTO onepauuH AuddepeHIMPOBAHHS B CMHIC]e
onpepeneHus 5. Oka3niBaeTcss, Apyrux onepaiuid auddepeHIMPOBaHUS
HeT. DTO 3HAYHT, YTO WIS KaXKAOH onepauuu nuddepeHUHPOBAHHUS B
CMBICJIe onpefieleHHst 5 HaHAeTCsl KacaTeJNbHbIH BEKTOP, MO Hampasie-
HHIO KOTOPOTO M IpPOM3BOAUTCS AuddepeHUHpoBaHHEe (HYHKIHH.

Teopema 3. [Tycmo M — enadkoe mnozoobpa3sue kracca C*, By €
€ M — npousgosbHas mouka, A — onepayus audupepeuqupoeauuﬂ
8 cmolcae onpedesenus 5. Toeda cywecmsyem u eduncmeern maxoil
KacamenbHblil 8eKxmop £ 8 mouke B, umo A(f)= £ (f) Oaa aroboi
enadrot pynkyuu f 8 okpecmuocmu mouku F.

JlokasartenbcTBo. KacareabHnii BeKTop 6yeM HCKaTh B BHAE
cTonbua ero KOMIOHEHT B HEKOTOPOH JIOKaJbHOH CHCTEMe KOOpAMHAT
(z',..., z") B okpecTHocTH ToukH F). Toraa Besikyio r1afkyo QyHKUMIO
6ymeM NpencTaBisiTh B BHAE (QYHKUHMH OT NepeMeHHHX (z!,...,z").
JlokaxxeM jiBe BCrIOMOrarteJbHbIE JEMMBI.

Jemma 2. Becakyro eradkyro dynxyuro f(z!, ..., z") kracca C*
MOJCHO npedcmasume 8 8ude

f(ml’.,.,$n)=f(l'()ly~-az0)+2n: (%’.,:1:6')(2:1_2:6)+
+ E hy(a', ... 2"\ (@ — &)z ~ ), (22)

2de hy(z!, ..., z") —anradkue pynkyuu Kracca C*.
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ﬂ oKa3aTeJdbCTBO. 3anuileM TOXIECTBO:

f@' . e =z, .. 10) +

+ j L i+ (2 = a), . 7+ (" — 7)) dt,

0

H npoH3BeleM muddepeHUHPOBaHHEe MO t NOJ 3HAKOM HHTErpaJa:

f@y ) = F(E, e T +

1

4[5 i+t =)o+ (e = N - ) de =

0 = 1@ )+ L (@ = Fh(, 2. (23)
B nocnenHeM paBeHcTBe (YHKUHH

[é)
hi(z!,...,z")= s 8:{
0
SIBASIIOTCST IMIagkuMu GyHKuusMH kKaacca C®. [loacrasasia z* = xj,
nosy4yaem

), .. &+ t(an — 77)) dt

1

1 ny — af n —_ af n
h(abs o a) = | Zal o) de = ol a) (29)
0
[TpumenuM Teneps dopmyay (23) Kk caMuM byHKuusM h,(z', ..., z™).

[Tonyuum
hi(z!, .., 2")=hi(zg, .. 7g) + L (a7 — @)hy(a!, ..., z"), (25)
i=1

rue h;(z',..., ") — HexkoTopHe raankue dyHkuuu Knacca C=. Ilon-
craBuM (25) B (23) u yurem (24):

fl&!, .., z")=f(z, .. ,%)+Z(z T (2, 25) +
+ Zzl(z - )z’ — f)h,(z', ..., z").

B utore Mu nonyuusin uckoMoe npencrasienue (22). O

Jlemma 3. [lycmo f, g — O0se makue eradkue QyHKYUL Ha
MmH02006pa3uu M, umo f(BR)=g(R)=0. Tozda s at0bozo dugpge-
penyuposanus A 8 mouke Py umeem mecmo pasencmso A(fg)=
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JokasaTedbcTBO cJlenyer HeMe[leHHO U3 ¢opMyasl HbioTo-
Ha — Jleii6uuna (20). O

INepefineM Teneps K HOKa3aTeabcTBY TeopeMsl 3. [IpencTaBuM QyHK-
o f B BHOe (22) M npHMEHMM K JIeBOH H MPaBOH 4acTsM OmMepauHio
oM depenupoBanus A. B cuay 1HHeAHOCTH omepanuH nojydaeM

AF)=F(zh, .. )AL + i (..., ) A - 3) +

+ Y Al - =)@ - w)hy(al, .., 2"). (26)

hi=1

3aMeTHM, 4TO LIS MOCTOSIHHOH QYHKIUHM, paBHOH eguHHue, A(l) =
=A(1-1)=A(1)-1+1-A(1)=2A(1)=0. [anee, B mocnenHei cymme
n3 (26) kaxnoe ciaraeMoe MPECTABHMO B BHe NPOH3BEeJEHHsT IBYX

bynxuud, (z° — z5) u (27 — xg)h (', ..., z"), KaXpas U3 KOTOPHIX
obpautaercsi B HyJIb B TOYKe P [Tostomy B cuay nemmn 3 A((z* —
—z{)(z? — )h,](z y- - ™)) =0. CepoBarenHo,
A(f)—E L (2, ... A — 7). (27)
IMockonbky B popmyse (27) dyHkumsi f Npou3BosIbHAs, TO, MOJAras
£i=A(z' — ), nonyyaem takoi Bekrop & =(&1,..., &™), uTo
A(f)—E &) =E(f).

JlokaxkeM Tenepb eJUHCTBEHHOCTb HCKOMOTO BEKTOpA €. Ecou 6wl
HawWnoCh f18a TakHX PasIMYHBIX KacaTebHIX BeKTOpa, £ u i, uto
A(f) = .f(f_} L(f), To, moJoxuB (=€-§ #0, Mol umenu Obl
paseHcTBO ((f) =0 mns moboi pyHkuuu f kaacca riaagkoctu C*™ B
okpecTHocTH To4KH F) € M. OpHako Takoro G6HTh He MOXeT. B camMom
geJe, B JIOKAJbHOH CHCTEMe KOOpAMHAT (z!,..., ") BeKTop ¢ umeer
koMroHeHTH (¢!, ..., ™), He Bce paBHble Hyso. lonycTuM, uto ¢ * #0.
Torna nnst pyHkuuu f(z', ..., z") = z* nonyyaem

n

E(f)=2=:1 %(lﬂ,...,zo")ci:i _?:;;.Ci=<k?é0.

1=1
Taxum o6pa3oM, TeopeMa 3 MOJHOCTHIO JOKa3aHa. O
Teopema 3 ycTaHaBIHBaeT B3aHMHO OJHO3HAYHOE COOTBETCTBHE
MeXIy KacaTeJbHEIMH BEeKTOpaMH K MHoroo6pa3uio M B Touke F) € M

H oniepalUsIMH IH((epeHLHPOBaHHS B TouKe F) raafkux QyHKuui. M
MOXXeM [03TOMY AaTh TPeThe SKBHBAJEHTHOe OmnpefieleHHe KacaTellb-
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HOro BEKTOpA : KacameabHblil 8exmop — 3T0 onepauus iuddepeHn-
pOBaHHS TMIaKHX QyHKUMH B Touke Fy MHorooGpasusi M.

[IpuMepoM pudpdepeHUHPOBAHHS T[NAAKUX GYHKUMH CJYKHT
orepalsi B3sITHS YaCTHOH MPOH3BOAHOM B HEKOTOPOM JIOKAJbHOH CH-

a
cteme KoopauHart (z!, ..., z"). [lo TeopeMe 3 onepauusi — siBjsieTcs

KacaTeJbHbIM BEKTOPOM, KOOpAHHaThI KoToporo pasHel (0, ..., 1,...,0),

rie 1 crout Ha MecTe ¢ HoMepoM k. [losToMy KacaTenbHble BEKTOPBHI

{%} o6pasyloT 6asHc B KacaTeabHOM mnpoctpancte Tp(M), a

BCAKHI KacaTesibHHH BekTop £ =(&!,. .., £ ™) pasnaraercsi B JHHEHHYIO
KoMOuHauuw £ = flg +...+ & 57 OTo ynobHoe npeacraBieHne
6yneT HeOMHOKPATHO HCIMOJb30BAThCS B JajbHEHIIEM.

3AMEYAHHE. Crporo roBopsi, NpeAcTaBUTh (GyHKUMIO f B BHHe
(22) MoxHO TosbKO JioKasbHO. [losToMy onepauust A, Boo6buie rosops,
He TpPUMeHMMa K (GYHKUHMSAM, BXOASIMM B pasnoxeHue (22). Heo6-
XoguMo Jau60 pacnpocTpaHUTbh AeHCTBHe onepauun A Ha QyHKuMH,
omnpefieleHHHE JIHIIb B OKPECTHOCTH TOUKH F) € M, 160 NoAXoAsIHM
o6pa3oM H3MeHHTb pasnoxeHHe (22). OpHako, 3TO YTOYHeHHe MblI
OCTaBHM YHTATeJIO B KaYecTBe YIPaXKHEHHS.

6. KacareapHoe paccaoennme. MHOXeCTBO BCcex KacaTesNbHBIX BeK-
TopoB Tp(M) K MHoroo6pasuio M B Touke K siBJsieTCsi, KaK Mbl
yKe BHJEJH, JUHEeHHBIM NMPOCTPAHCTBOM TOH JXe Pa3MepHOCTH, YTO H
MHoroo6pa3ue M. B reomerpnu HHOrA MoJIe3HO H3y4aTh BCIO COBOKYII-
HOCTb KacaTeJbHBX BEKTOPOB K MHoroo6pasuio M, KoTopasi, 04eBHIHO,
npeacrasjsietcsi B Buie o6venunennst | J Ty (M). I10 (moKa ere He
ReM

TOIOJIOTHYECKOe) NIPOCTPAHCTBO 0603HaualoT Yyepe3 T'(M) u Ha3HBaOT
KacameasbHbiM paccioeruem mHoeoobpasus M. TepMHH pacciioeHHe
yKa3biBaeT Ha To, 4To T'(M) COCTOMT M3 «CJI0€B» — KacaTeJbHHIX
npoctpanctB T, (M) K oTAeJbHBIM TOYKaM Fy MHorooGpasust M.

KacarenpHoe pacciioeHHe OTHIONb He sIBAsIeTCS] BEKTOPHBIM Ipo-
CTPAaHCTBOM, IMOCKOJIbKY OlepauHsi CJIOXKEHHS] BEKTOPOB H3 pa3HHIX
cnoeB GeccMmbiciieHHa. Ecan, HanpuMep, MHoroo6Gpasuwe M sBjsietcs
IBYMepHOH nosepxHocThio B R3, T0 Torma T(M) coctouT U3 o6benu-
HEeHHsl BCeX KacaTeJbHBIX IJIOCKOCcTeH K mnoBepxHoctH M. Crenyer
06paTHTh BHMHMaHHe, YTO KacaTelbHble IJIOCKOCTH K [1OBEPXHOCTH,
KaK NpaBHJIO, NepeceKaloTcsl M, 3HayuT, uMeloT obumue ToukH. Ho mo
onpeneneHuo T'(M) 5TH TOYKH B KaXKAOM CJoe 33aalOT Pas3jHyHbIE
BEKTOPbI, TaK KaK Hayajla 3THX BEKTOPOB Pa3JIHUHbI.

PaccMoTpuMm crenyomuii npumep: okpyxHocts S' C R2 Ha puc. 11
TIOKa3aHbl [iBe KacaTeJbHBIX K OKPYXHOCTH B TOouKax Fy H @, M 1Ba
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Puc. 11 Puc. 12 Puc. 13

KacaTeJIbHHX BEKTOpa € u ji, uMelowMe oK KoHel. [ToatoMmy, pns
TOro 4ToObl H306pa3uTh KacaTessHoe paccioenne T'(S') B Buae Tomo-
JIOTHYECKOT0 MPOCTPAHCTBA, PACMOJIOXKEHHOTO B eBKJIHIOBOM NPOCTPAH-
cTBe, HeOGXOAUMO MepedTH B TpexmepHoe npoctpaHcTBo R® u «mosep-
HYTb» KacaTeJibHble K OKPY>XHOCTH Ha HEKOTODHIH yTroJI [0 OTHOLIEHHIO
K IJIOCKOCTH (z, y) TaK, 4TOOK OHH MepecTaH nepecekarscs (puc. 12).
Torma kacarenbHoe paccioenne T'(S!)
[PEBPATUTCS] B OJHOMOJOCTHHH rumnepbo-
Joun (reoMerpuueckud unauHap). Ilpu
3TOM IOTEPSIeTCs CBOMCTBO «TECHOro MpH-
MBIKaHHSI» KacaTeJbHOrO MPOCTPAHCTBA
Tp(S') x oxpyxHocTH. MBI KaK 6bl «0TOD-
BaJIH» KacaTeJNbHYI0 K OKPYXXHOCTH H 3a-
6BIH O TOM, YTO CJIOM JOJKHBl KacaTb-
csi oKpyxHocTH S'. MoXHO HEMHOro u3-
MEHHTb Croco6 BJIOXKEHHs] KacaTesJbHOro
Puc. 14 paccioenust B R3 Tak, 4ToGel CBOHCTBO
KacaHHsi TH)(S‘) K S! Hcyesno M pasnuyHBE CIOH HE MEepeceKalHCh.
DTo MOXHO chenaTh He Ha BceH OKpPyxHoctH S!, a Toibko Ha ee
yacth — nyre. BaoxuM ayry B R® B Bume BuHTOBOH JMHHM. Torma
KacaTeJbHHE K BHHTOBOH JIHHUH He mepecekaiorcst (puc. 13).
PaccMoTpuM HeKoTOpble MpHMepH M3 MeXaHHMKH, MOKa3blBaloIIHe,
4TO JJIsi ONMHCAaHHsl MeXaHHYeCKHX CHcTeM YHOOHO paccMaTpHBaTh
HeTpHBHAJbHBIE MHOro0Opa3Hsi U KacaTeJbHble PACCJIOEHHs K HHM.

ITPUMEP 1. PaccMOTpHM IBHXXEHHE MJIOCKOr0 MasiTHHKA, T. €. TBep-
JIOTO CTEPKHS1, 3aKpenJIeHHOro [apHUPOM B OfiHOH Touke (puc. 14). To-
rlla MoJIOXKeHHe CTEePXKHsl OrnpenessieTcsl OfHHM [apaMeTpoM — YIJIOM
( MeXJY OCbIO CTEPXKHSI H BepTHKa/bio. [To3TOMy MHOXKeCTBO Bcex Io-
JIOKEHHH CTEepXKHs MpeAcTaBjsieT co6oi oKpyXHocTb S'. MHOXecCTBO
BCeX MOJIOXKEHHH Ha3bIBAIOT KOHPUSYPAYUOHHbIM NPOCMPAHCMBOM.
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PaccMOTpUM [OBYXIIapHUPHBIA MasiTHUK — JIBa CTEPXKHs, COeJUHEH-
HuX WwapHUpoM (puc. 15). [losoxxeHne MasiTHHKA onpenessieTcs: ABYMsI
yIJaMH, ¢ H (,, a MHOXECTBO BCeX [MOJOXEHHH MNpeaCcTaBiasieT
nBymepHblit Top T?=S!x.S'. Ha puc. 16 nso6paxena apyrast cucreMma,
y KOTOPOH IPOCTPAaHCTBO KOH(HUTYpaLHMil BJSIETCS TOPOM, BJIOXKEHHBIM
B R3.

[IPUMEP 2. B MexaHHKe 00ObIYHO OIHCHIBAIOT ABHXXEHHE MeXaHHUe-
CKOM CHCTEMBI COBOKYITHOCTHIO 1apaMEeTPOB, ONMHCHIBAIOIIHX TTOJIOXKEHHE
CHCTEMBl H CKOpOCTeHd ee
yacTed. MHoXecTBO Bcex
pacroNoXeHnH MexaHHUYec-
KOH CHCTEMBl C Yy4eTOM
CKOpOCTeH Ha3HBaOT ¢a3o-
goim npocmparcmeom. To-
raa ¢asosoe MNPOCTPAHCTBO

i @ €CTeCTBEHHO OTOXXAECTBHTb

i C KacaTeJbHBIM paccjOoeHH-

eM K KOH(HIypauHOHHOMY
Puc. 15 npocTpaHcTBY. TaK, HamnpH- Puc. 16

Mep, eclH MaTepualbHas
TOYKa ABHXKETCS1 [0 MOBEPXHOCTH ABYMEPHOH c(ephl C IOCTOSIHHBIM
MoayJleM CKOPOCTH, TO ()a30BbHIM MPOCTPAHCTBOM B JaHHOM cJydyae
OyneT MOAMHOXECTBO B KacaTelbHOM paccJOeHHH, cocTosliee M3
KacaTeJbHHX BEKTOPOB MOCTOSIHHOH AJIMHBL.

[TPUMEP 3. DuBaloT u OoJiee cioXHble NpPHMePH KOHQHrypa-
LUMOHBIX M (Da30BHIX OpoOCTpaHCcTB. PaccMorpuM, Hampumep, TBepmoe
TPeXMepHOe TeJlo ¢ 3aKpelyeHHoH TouykoH. BceBo3aMoxHble ero mo-
JoxeHuss B R® MoxHO ommcaTh crepylomuM o6pa3oM. PuKcupyeM
B TBEPIOM Tele TPH OPTOHODMHDOBAHHLIX BEKTODa, €, €, €, C
HadaJloM B 3aKpenJieHHOH Touke. Toraa Jo6oe pacrnosoXXeHHe TBEPAOro
TeJla C 3aKpelJieHHOH TOYKOH ONHO3HAYHO 3afaeTcsl PacrojoXKeHHeM
3THX BEKTOPOB €, &,, & B R®. Takum 06pasoM, KOHGHIypaUHOHHOE
NPOCTPAHCTBO MOXHO OTOXIECTBHTb C KOMIOHEHTOH CBSI3HOCTH MHO-
KeCTBa BCEX OPTOHOPMHPOBAHHKIX 6a3HcoB B R3.

§ 4. IlonmMHoroo06pasus

Teneps Mbl B COCTOSIHMM MepedTH K U3y4eHHIO AUddepeHUHaTbHOro
MCUHMCJIeHHs] Ha [JIaAKuX MHoroo6pasusix. MHorue BaXKHble MOHSTHS
MaTeMaTHYeCKOro aHajM3a TakMe, Kak AudQepeHLHaN (YHKUHH, KPH-
THYECKHe TOYKH, HesiBHHE QYHKUMH, HaXOoOsIT ecTecTBeHHoe 00606-
IeHHe Ha cJyyad NPOM3BOJBHBIX [VIaKHX MHoroo6pasuii. B pamkax



136 [a. 3. TNIAIIKUE MHOTOOBPA3US (OBLLAST TEOPHS)

obuiell TeopHH IVIaAKMX MHOrooGpasuil IOJYy4alOT eCTEeCTBEHHYIO HH-
TeprpeTaunio TaKue MOHSATHs AUQQepeHUHaTbHOr0 HCYHCIEHHs, Kak
ouddepeHuran GyHKUMH, TPafHMeHT (QYHKUMH, TeopeMa O HesBHOH
(YHKUHMH, perysisipHble TOYKH (YHKIUHMH H ApyTHe.

1. ludpdepennuan raagkoro orobpaxenus. [lonsarue quddepen-
1Mana r1agkoi (GyHKUHH JIerKo MepeHOCHTCs Ha Cly4aH nmpOH3BOJbHBIX
rJIaKUX MHOroo6pasui.

Onpepeaenne 1. Ilycts f: M, — M, rnagkoe oTo6pax<eHue ryan-
KHX MHoroo6pasuii. Ju¢pepenyuarom df, 2aadkoeo omobpaienus
f 8 mouxe Fy € M, Ha3biBaeTcsi JMHeHHoe oToOpaXeHHe KacaTelb-
Horo npoctpaictBa Tp(M,) B KacatenbHoe npoctpaHcTBo T, (M),
Q, = f(R), onpenensieMoe B JIOKaJbHBIX CHCTEMax KOOPAMHAT MaTpH-
ue#t SIko6u oroGpaxkenus f.

Hanomuum, yto B § 1 Mbl onpenesnin Matpuiy SIKoOH [ist CHCTEMbI
oyxkuuit y' = fi(z!, ..., z"), ..., y™ = f™(z,..., ") KaK MaTpHLY
YaCTHHIX MPOH3BOJHBIX

af! of!

o’ ="

df =] «coeeiiiit.

of,. of,.

Bt o
Torma ecau (z!,..., z") — JoKajlbHasi CHCTeMa KOOPAMHAT Ha MHO-
roo6pasun M, B oxkpecTHocTH ToukH B, (y',..., y™) — JOKajabHas

cHcTeMa KOOPOMHAT Ha MHOroo6pasuu M, B OKPECTHOCTH TOYKH @,

TO oToOpaxkeHHe f mnpeacTaBisieTcss B BHAe Habopa KOOPAMHATHHIX

dyskumit y* = f*(z', ..., z"), a KacatenbHsie npoctpanctsa Tp (M)

U TQO(M2) B BHie apHU(MeTHYeCKHX MPOCTPAHCTB cronéﬂuos JJTAHBI

n ¥ m coorBercTBeHHO. [lycTsh KacartenbHbni Bektop & € Tp (M)
1 n

uMeer KoopauHath (€',...,£&"), a BeKTOp 7 € TQO(MZ,) KOODIHHATHI

(',..,n™). Ecnn 7 = dfy (€), To

1 1
7' L(R) LR\ (€
T e O (1)
n" Yrmy ... Lemy) \e

Onpenenenue | nnddeperunana dfp, Ka3anoch Obl, 3aBHCHT OT BbIGOpa
JIOKaJbHbIX CHCTEM KOODJAMHAT B OKPeCTHOCTSX ToueK F) € M|, u
Q, € M,. B neiicTBHTENLHOCTH XKe 3TO He Tak. YTo6bl Moka3aTh 37O,
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Mbl JOJDKHBI BHIODAThH elle OAHY Napy JIOKAaJbHHIX CHCTEM KOOPAHHAT
B OKpecTHocTsix Touek ) € M|, u Q, € M,, H, nojib3ysicb TeH30PHBIM
3aKOHOM Mpeo6pa30oBaHUs KOOPIAMHAT KacaTeJbHbIX BEKTOPOB, MpOBe-
PHTb MHBADHAHTHOCTb OnpejeneHus aucdeperunana. Mel nocrynum
no-IpyroMy. ¥ Hac OblJIo TpPH pasjM4HBIX crocoba ompeneseHHsi
KacaTeJbHOTO BeKTopa K MHoroo6pasuio M. B omHoM H3 crnoco6oB
Boo0lle He y4yacTBOBAaJH HHKaKHe JIOKaJbHble KOODAMHATHEL. JTO ompe-
JIeJIeHHe KacaTeJbHOTO BEKTOpa uepes onepauuio Ax¢depeHIHPOBaAHHSA
¢yHkuuH. [losToMy ecnm Ml nmepedopmysnupyeM onpeneneHHe 1 B
TepMHHAX QU {epeHIHPOBaHHH [VIaAKNX QYHKUHH, TO aBTOMaTHYECKH
HOJyYUM He3aBHCHMOCTb AHGGepeHIHata otobpaxeHus f ot Beibopa
JIOKaJIbHBIX CHCTEM KOODAMHAT B MHoroo6pasusix M, u M,.

_ Jemma 1. [Tycmo f: M, — M, 2radxoe omobpascenue, f(Fy) = Qy,
£ = T, (M,) — kacamenvtoil sexmop Kk mnozoobpasuto M, 6 mouxe
B, n= df,%(ﬁ) — KacameabHbLil Bekmop Kk mHo2o06pa3uto M, 8 mouke

Q, 8 cmoicre onpedesenun 1. Toeda Ors atoboil eradkoil pyrkyuu g
Ha mHro2006pa3uu M, 8binOAHERO COOMHOULEHUE

7(g)=¢&(gof). (2)
JdokaszarteanbcTBo. CorllacHo onpenejeHH0 | Hy>XXHO BbIOpaTh
JIOKaJIbHble CHCTeMBbl KoopnuHar (z!,...,z") u (¥!,...,y™) B MHOro-

obpasusx M, u M, B okpecTHocTsix Touek By u Q, = f(R) coorseT-
ctBeHHo. Torga oto6paxkeHue f mpeacrasJisiercs: HaGopoM (YHKIHH

k= fk(z',...z"), QyHKUMA g 3aMeHsieTCsl Ha [JIAKYl0 (QYHKUHIO
koopuuHat g = g(¥y',...,y™), BeKTOp & nOpHOGPETaeT KOOPAMHATH
(¢, ..., &™), a Bektop n KoopauHatu (7!, ..., n™). Toraa

n(g)—Z ayl(Qo)"], E(gof)= E (g0 f)¢' =
Z (g(f (z',...,z"), ..., f™(, ..., z"))¢ =

]—l
n n

= £ 5 @ re = £ 5@ (% ).

1

IIpuMensis Kk nocaenHeMy paBeHcTBY dopmyay (1), moayyaem:

m

E(gof)=2 25(Qm' =iilg). D
=1

PaccMarpuBasi cootHowenue (2) B KayecTBe onpeneseHusi nadde-
peHiMana orobpaxenus f, T. e. noJjarasi

dfp(E)(9)=E€(g 0 f), ®3)
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MH Ha OCHOBaHHHM JieMMH | fenaeM BHIBOA, 4YTO omepauus g —
— dfp(€)(g) siBnsiercs onepaumneit AuddepeHUHpoBaHHsT QYHKUMHE Ha

MHOroo6pasun M, B Touke @, T. €. dfp (§) siBasieTcs KacaTesbHHM
BEKTOPOM B Touke (), K MHOF006p83H10 M,, xoTopHi coBnagaer c
onpenenesneM 1, no dopmysne (1). CnegoBarensHo, onpenesnenue 1 He
3aBHCHT OT BHOODA JIOKAJbHBIX CHCTEM KOODAHHAT.

Hakxonen, paccMoTpuM rnociefHee ornpefesneHHe KacaTeJbHOTO BeK-
TOpa B TEPMHHAX MYYKa COMPHKACAIONMXCST KPUBIX.

Jemma 2. [lycmo f: M, —» M, — eradkoe omobpascerue, Q, =
= f(R), 7 —eradkasa xpusas 8 mHozoobpasuu M,, npoxodawas
uepe3 mouxky K, g — 2aa0Kas QYHKYus Ha MHO2006pa3uu M,.

Myems & =7(t,), 7 = df (€). Tozda
n(9)= 9| _ - 4)

%
JokxaszaTeanbcTBO ynobHee BCero MPOBOAHTh B HEKOTOPHIX
JIOKaNbHHIX CHCTeMax KoopauHar (z',.. ., z"), (y', ..., y™) MHoroo6pa-
3uit M, M,. [TycTb Bce (GYHKUHMH U BEKTOPH HMEIOT TaKHe XKe MpeCTaB-
JIeHHs] B KOOPAMHATaX, 4To U B JeMMe 1, a v(t) = (z!(t),..., z"(t)),

k__ dz*
E = W(to) Torna
fita)= 3 25 (@,

d,g(f(v(t)))l,_,—z 7 (Q0) L (B (1) =

n

m m F) .
=2 2 (Q E o (Bye’ = 2 (@' =iilg). O
= &' - -1 0y

JlemMa 2 nokasniBaeT, YTO €C/IM KacaTes b BEKTOP £ npeacTaBieH
KaK KacaTelbHHH BeKTop KpuBoH (i), Y(&) =& € T (M), To ero

obpas 7 = dfp (f ) mpeacTaBiseTcs KaK KacaTeibHHH BEKTOP KPHBOH
f(v(t)) Ha MHOrOOGpa3uu M,. Bosee Toro, U3 neMMhl 2 crepyert, 4To
ecan Kpusnle 7 (t) U 1,(t) compukacaoTcss B Touke Fy € M, To ux
obpasn f(7,(t)) u f(1%(t)) Toxe compukacaoTcsi B Touke Q, € M,.
[Tostomy muddepeHunan orobpaxkeHust f MOXKHO ONpPeNeSsiTh KaK Ta-
Koe oro6paXkeHue, KOTOpoe MYUKy cornpuKacaiomuxcst Kpusuix {v(t)}
B TouKe P) comocTaBisieT My4oK COMPHKACAIOIIMXCS KPUBHIX B TOYKe
Q, MHoroo6pasusi M,, conepxaumx Bce Kpusne {f(y(t)}). Onnako
npu nociefgHeM crnocobe onpeneneHus: fuddepeHIaNa niIoxo BHIHO,
noyemy auodepenuuan dfp orobpaxeHus: f siBAseTCs AuHedHbLM
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omobpasxcenuem KacaTenbHuX npoctpaHcTB. Ha puc. 17 u3obpaxkeHo
otobpaxenue f(z, y)=(z, ¥*), f: R2— R2. [1pu sTOM BHIHO, YTO My4OK
conpukacatoumxcst B Touke Ry = (0, 0) KpuBbIx NpH oTo6parkeHuH f He
TIOKPHIBAeT BeCh MYYOK COMPHKACAIOIMXCST KPHBHIX B TOUKe (.

Yy Y
., I f (1)
1
k An &f‘“ £%)
/fﬁ \\'E z W =@ =
T3
Puc. 17

[TPUMEP 1. PaccmotpuM raankyio GyHKuuO y = f(z) Kak raagkoe
otobpaxenue MHorooGpasuit f: R! — R!. Torma corsacHo omnpepe-
JeHuio 1 puddepeHunan — sto Ju-
Hei'moe orobpaxenne T (R')=R! B
( I,(Z) (R') = R!, 3apaBaeMoe ¢opmysnoi

), T. e. n = f'(z)¢. B MaTeMaTHuye- / Ay

¥

CKOM aHanu3e nop muddepeHIHaNOM
¢yHKuMM f(z) MOHHMAOT JHHEHHYIO ~—-
YacTh MOpUpamieHHs] QYHKUMH f Kak

(OYHKUHIO OT ABYX HE3aBHCHMBLIX apry- / |
MeHTOB (2 U dz): dy = f'(z)dz. Tak :
4TO0, nonarast dr =¢§, dy=n, nojay4aem I
COBrajieHue MOHSATHH. 7

[TPUMEP 2. PaccMoTpuM ruiagkyio
GyHKIMIO f OT n HE3aBHCHMBIX IIe-
pemenunx y = f(z!,..., z"). Tak xe,
KaKk U B cJydae (GYHKIMH OJHOH MepeMeHHOH, Mpe[CTaBUM ee Kak
rnagxoe oto6paxeHue MHoroobpasuii f: R™ — R!. Torna muddepenun-
an otobpaxkeHusi f SIBJISIETCS] JMHEHHBIM OTOOPaXKEHHEM KacaTeJbHHX
NPOCTPAHCTB

dfp: Tp (R")=R" - T, (R)=R', F=(z{,..., %), Q=F(],..., %)
llmpq)epeﬂuua.n dfp B JOKaNbHBIX KOODAMHATax 3ajaercst GopMynoH

Puc. 18

n= Z (P)f k. C mpyro# cTopoHsl, quddepeHuuan GyHkuuu f ecTb
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JMHEHHAasi 4acTb npupauiesuss pyHkuuu (z!, ..., z") Kak QYHKUHMs OT
IBYX TPYNI He3aBHCHMHIX MepeMeHHuXx, (z!, ..., z") u (dz!,..., dz"):

n

df(z!,...,z")= 3 %(ml, .. z™) dzk.
k=1

[Monaras ¢* = dz*, n = dy, nonydyaeM coBnafeHue MOHATHH AUGD-
¢epeHumana QyHKUMH W OHdepeHLHana ee e KaK OTOOpaxKeHHs
MHoroo6pa3uii. Bosee Toro, Marpuua auddeperuuana dfp ecTb Ma-
tpuna $lkobu oto6paxkeHus f, a ¢ OPYrod CTOPOHH — rPajHeHT
grad f ¢yHkuuu f; TakuM o6pa3oM, rpagMeHT f — 3TO MaTpHua
muodeperunana dfp B (pMKCHPOBaHHOH cucTeMe KoopauHaT. SIcHo, uTo
NPH U3MEHEHHH CHCTEMH KOOPAMHAT OYAYT MEHSIThCS M KOMIIOHEHTHI
rpagueHTa QyHKUuH f.

[IPUMEP 3. PaccmorpuM raaakyio ¢yekuuio f = f(z!,...,z"),
nycts By =(x,..., ) — 9KcTpeManbHast Touka ¢yHkuun f. Toraa
O/lHA M3 TeOpeM aHa/u3a riacut, uro grad, f =0. B Haweil Tepmu-
HOJIOTMH 3TO 3HA4HT, 4To dfp =0. 310 y'rBep)K;LeHne ob6obaercs Ha
CJy4aid MPOU3BOJBHHIX Mﬂorooépasnu ecau 8 mouke By e M 2znao-
Kas pynkyus f docmueaem sokasbrozo maxcumyma, mo dfp =0.

Tp (5%)

f(B) $-—— ===
et

Puc. 19 Puc. 20

3To 06CTOSITENHCTBO MOJYydaeT HOBOE OCBEIleHHE B TEOPHH MHOro-
obpasuii. B cayuae obsacTedl B €BKJMAOBOM MPOCTPaHCTBE BCeraa
CYIIECTBYIOT TaKue IJagkHe GYHKUMH, 1nsi Koropeix grad f #0 B
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kaxnaou Touke. Insa raagkoro MHoroo6pasusi 3TO yxe He Tak. Ha-
npuMep, Ha aByMepHo# chepe S? must BCsiKoM raaakod ¢yHkuuu f
ee quddepentuan df obpamaercs B HyJb MO KpalHed Mepe B ABYX
TOYKAaX: B TOYKE MAaKCHMyMa GYHKUMM f M B TOUKe ee MHHHUMyMa.
Boob6ie, ecau M — komnakmnoe eaadkoe mHozoobpasue, mo OAf
gcakoll eradkoi dynkyuu f udpepenyuan df obpawaemcs 8 Hyrv
He meHee uem 8 08yx moukax. Ha puc. 19 u3zobpakeHo noBeneHue
auddepeHurana GYHKUHH «BBICOTHI» Ha ABYMepHOH ctepe S2, a Ha
puc. 20 — GYHKIHs BLICOTH Ha Tope T2,

[TPUMEP 4. Ilycts f: R" — R™ — nuHelHOe oToOpaxeHue, KOTO-

poe B CTAaHAAPTHHIX KOOpDAMHATAX 3alMChIBA€TCs1 B MATPHYHOM BHJE:
=AX,

! !
Y z a, ... a

Y=|...], X=|...], A= ...

Y
Torma, ouesuaHo, Marpuua $lko6u orobpaxenus f (a, 3Ha4MT, H
middepeHLnan df,,) coBnagaer ¢ Matpuued A. J[pyruMu cjoBamy,

df,,(ﬁ)—f(f) Bnpouem, 310 He ymuBuTeabHo. Ecam npemcraBuTb
Lmq’(bepeﬂuuan dfP, KaK U B cjyyae (QYyHKIHMH MHOTMX MepeMeHHHIX
B BHJAE JHUHEHHOH YacTH MNpUpALIeHHs] OTOOpPa)KeHHs, TO MOJYYHM
AY =A(X+AX)-AX =AAX. CregoBaresibHo, CaMO NpUpalleHHe
AY ToXaecTBEHHO COBMAjaeT C ero JHHeHHOH 4acTbio. TakuM obpa-
3oM, nubdepeHIan JUHEHHOro oToOpaKeHHst He 3aBHCHT OT TOYKH
F eR"

2. JlokanbHbIEe CBOMCTBA OTOOpaxkeHMH M Aud¢epenuuan. B
MaTeMaTHYeCKOM aHaJu3e OTMeyaeTcsi BaXKHOE CBOMCTBO IJIafKHUX
GYHKUME: ¢ MOMOIIBI0 AH(PdEpeHIHaNbHbBIX CBOUCTB QYHKLHH B TOUKE
MOXXHO ONpe/essiTh aHaJOTHYHbIe CBOHCTBA B 11€JI0H OKPECTHOCTH 3TOH
TOYKH (XOTs, OLITh MOXET, 3Ta OKPeCTHOCTh M Mana). Tak, HanpuMep,
ecau npousBofHas f'(x,) dyHKuuu f mosoxurenvHa, f'(z,) >0, To B
MaJloli OKPeCcTHOCTH TOYKH I, pyHKumus f Bospacraer. CnpamunBaercs,
B yeM 3aKJI0YaeTcsl aHANOTHs ABYX CBOHCTB: MOJIOXKHTENbHOCTb MPO-
u3BoqHOH f'(x,) M Bo3pacTaHue QYHKUMH f B OKPECTHOCTH TOUKH T?
Ora aHasorust Jerde Habmogaercs, ecau ycaosue f'(zy) >0 chopmy-
JMPOBaTb cjaepylomuM obpa3oM: audepeHunan GyHKuuu f B TOUKe
T, sABJsieTcs Bo3pacraiollel (JuHelHHoH) ¢dyHkuued. Torma TeopeMa
aHanu3a OymeT 3By4aTh cjaeayloliuM obpasoM: ecau duggpepenyuan
pynxyuu f 8 mouke x, cmpoeo gozpacmaem, mo U Cama QYHKUUSL
f cmpoeo sospacmaem & oxkpecmnocmu mouku xz,. B xauectse
BTODOro TakKoOro K€ IpHUMepa CHOBa PaCCMOTPUM TeOopeMy O HesiBHOM

n

m z" a ...oa

ml mn
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q)yﬂxmm. ypaBHeHue f(z, y) =0 monyckaer pemwenue y = y(z), ecian

f(:z;o, %) 7 0 B HeKoTOpoil TOUKe (1, Y,), AIs1 KOTOPOH f(zy, y) =0.
lély omeITaeMcsi cQOpMYJTHPOBATD YCJIOBHE TEOPEMBI O HEsIBHBIX (QYHKIHSX
B TepMHHax auddepeHimnanos: auddepeHunan GyHKUMH f B TOUKe
(z, Y) UMeeT BUR

df = &Lz, w)dz + & (7, w)dy.

3aMeHuM B ypaBHeHuu f(z, y) =0 dyHkuuio f Ha ee guddepeHunan
M PacCMOTPHM HOBOe ypaBHeHue dfi, ., =0. ITo ypaBHeHHe OTHOCH-
TeNbHO HOBHIX nepeMeHHBIX (dz, dy) siBisieTcst TMHEHHBIM U HMeeT BHJ

& (@, w)dz + I (7, w)dy =0. (5)

Torna ycnoBue l@f(ab, %) 7 0 5KBHBaJIEHTHO CYLIECTBOBAHHIO pelleHHust

ypaBHeHusi (5). [loaToMy Teopema o HesiBHOW (GYHKUHH (OPMYIHPYETCS
cJenyIoIMM 06pa3oM: ecau ypasHerue 8 dupdepenyuarax (5) umeem
pewenue, mo cywecmsyem peuieHue U Y UCXOOHO20 YPABHEHUR
f(z, y) 8 okpecmuocmu (xy, yy)-

Tenepb Mu MoXxeM c(hOpPMYTHPOBATh HEKOTOPHIH MOJIE3HbIH PHHIHIT
IpH aHaju3e [JIaJKHX MHOroo6pasuii U HUX OTOOpaXKeHHH: ecAl Bbl-
noAHeHo Hekomopoe csolicmseo 0Aa Ougpgepenyuara omobpaxerus
2aa0Kux MH0o2000pa3ul 8 HEKOMOpPOoL mo4Ke, Mo AHAA0SUYHOE CBOU-
CMBO BbINOAHAEMCA U OAR CAMO20 OMOOPANEHUS — 8 OKPECMHOCMU
amoi mo4Ku.

DTOT NPHHLMI Ha3kiBaeTCsi 0OLIYHO nPUHYUNOM 06U,e20 NOAOHCEHUS
HIH npuryunom AuHeapusayuu omobpascenut. IlepBoe HasBaHHe
yKashBaeT Ha TO, YTO CBOMCTBO JHHEHHOro 0TOOpaKeHHUs1 coXpaHsieTcst
IIPH MaJIBIX HeJIMHEHHBIX HCKaXKeHUsIX oTobpaxkeHusi. Pasymeercsi, aToT
NPHHLMI CIIPaBe[JIMB He JUIs KaXXKI0ro CBOMCTBA, U Mbl He OyfeM yTou-
HATb 06s1acTh ero npuMeHeHusi. [IpuBenem Hanbosee BaXKHbIE TEOPEMH,
CBSI3BIBAIOIIHE CBOMCTBA O0TOOpaXKeHUst U ero AuddepeHLHaNa.

HauneM c TeopeMsl 0 HesIBHHX (PYHKIMSX AJIsi MHOrooOpa3ui.

Onpeaenenne 2. Ilycts f: M, — M, — rnagxoe oto6paxeHHe.
Touka F, € M, Ha3HBaeTcs pecyiapHol moukoii omobpaxcerus f, ec-
JH m«l(p(pepenuna.n orobpaxenus dfp: Tp (M) — Ty (M,), Qo = f(R),
SIBJISIETCST SNIHMOP(H3MOM, T. €. oroépaxelmeM Ha Bce MPOCTPAHCTBO
Ty, (M,). Touka Q, € M, HassiBaeTcst pezyiaprod moukoii omobpa-
acenus f, ecin Bcsikasi Touka Py u3 npoobpasa f~!(Q,) sBasercs
peryJsipHo# Toukod oTobpaxkeHust f.
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C nomowpl0 omnpefeseHus: 2 MOXHO C(HOPMYJHPOBATH YCJOBHS
TeopeMbl O HesIBHHX (YHKUHSIX B HOBBIX MHBAPHAaHTHBHIX TePMHHaX
nuddepeHuuanos orobpaxxeHuid. B camom Jeste, B IOKaJabHOH cHcTeMe
koopauHaT (z'!,...,z") B OKPEeCTHOCTH TOYKH F, M B JIOKaJbHOH
cucreMe KoopmuHat (y',..., y™) B OKPECTHOCTH TOYKH (), oTo6paxe-
HHe f 3anuuIeTcss Kak cucrema QyHkumin y* = f¥(z!,..., z"). Bynem
paccMaTpHBaTb 3TH PaBEHCTBA KaK CHCTeMY yDaBHeHHH

fl(zl)"" :I:n)=y01a
........ . (6)
fm(w Yy n)_,yo’

[Tockonery f(B)= @y B=(z3,..., &), Q=(¥,---, ), T0 TouKa F)
siBJisieTcsi pelieHHeM cucteMul (6). Toraa TeopeMa o HesIBHBIX YHKLHSIX
(Teopema 2 u3 § 2) naer ycjoBHe WISl CYLIECTBOBAaHMSI PelIeHHsI B
suge: rk df = m. CienoBaresibHO, paHr MaTpHUH SIKOOM oTOGpaxkeHHs
f, maM, 4ro TO Xe caMoe, paHr Marpuubl AHddepeHunana dfp
paBeH pa3MepHOCTH KacaTesibHOro npoctpanctsa Ty, (M,). 10 3HaHT,
4YTO JHHeiHoe oToOpaxeHue dfp sBIseTCS 3nnM0p¢m3M0M [Toatomy
06o6uieHneM Teopembl 2 U3 § 2 siBaseTcs clefyloinasi Teopema.

Teopema 1. [Tycmo f: M, — M, — 2aadxoe omobpaxcerue 2aa0-
Kux mrozoobpasui, @, € M, — pezyssapras mouka omobpaxerus f.
Tozda npoobpas M, = f~1(Q,) asasemca eradkum mHozoobpasuen,
dim M, = dim M, — dim M,. Boiee moezo, 8 Kasecmse AOKAAbHbLX
KoopduHam 8 mrozo06pa3uu M, MOIHO 83imb HeKkomopble U3
AOKAAbHBLX KOOPOUHam mHozo06pa3us Fy € M,.

HokasarenbctBo. Jlna toro 4ro6w noKasatb, uro M, sB-
JsieTcsi MHOrooGpa3ueM, NOCTAaTOYHO B OKPECTHOCTH KaKIOM TOUYKH
P, € M, npumenurb Teopemy 2 u3 § 2. [lonyuaem, yro Kaxpasi Touka
F, € M, ponyckaer okpectHocTs U 3 F), roMeoMopdHyl0 objacTH B
eBKJINA0BOM npocTpaHcTBe R™ ™™, rae n =dim M,, m =dim M,. Boxee
TOrO0, B KaueCTBe JIOKAJbHEX KOODAHHAT B OKpecTHOCTH U MOXHO B3SITh

HeKOTOphle (n — m) JOKaNbHbIX KOOPAMHAT (z!, ..., z") MHOrooGpasus
M, B okpectHocTH Touku F,. Ecam 310 KoopmuHath (z%, ..., z™-"),
TO ocTalbHHE JOKaJbHble KOOPIMHATH (z7) BhlpaxaioTcss Ha M,
depe3 (z4,..., z»-~) B BUIe Magkux GyHkuui. OTcioa ciedyeT, 4To
M, — rnankoe MHorooGpasue. B camom nene, mycrs (y',...,y") —
ApYyrasi CHCTeMa KOOPAMHAT Ha MHoroo6pa3uu M, a (y",..., y» ") —
00pa3yioT JIOKaJbHYIO cHCTeMYy KoopauHar Ha M. Toraa
yr=yi(z!, .., ) =y (el (2h, . ), 2 (e L )

— Itagxkas @yHkuus. O
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Ham ocranoch mpuBecTH aHajor elne OZHOrO CBOHCTBA JIMHEHHOro
oTo6paxkeHHsi — CBOHCTBa OHITh MOHOMOP(H3MOM.

Onpeneaenne 3. Ilycts f: M, — M, riagkoe oro6pakeHHe.
OtobpaxkeHue f Ha3HIBAETCSI NOZPYHEHUEeM, €CM B KaKIOH TOUKe
P € M, muddepenunan df, siBasercss MOHOMOPQH3MOM, T. €. B3aHMHO
OIHO3HAYHEIM OTOGpaxkeHHEM Ha cBOH o6pas.

Ecnn, kpoMe Toro, oTo6paxkeHue f B3aHMHO OfHO3HaYHO oTOOpaxaer
MHoroo6pasue M, Ha cBod obpa3 f(M)) u f(M,) — 3amxHyTOE
MHOXXeCTBO, To oToOpaxkenue f Ha3uBaetcs 8ar0xceHuem. O6pas f(M,)
(paBHO Kak W M|) B 3TOM cllyuyae HasbiBaeTcsi noOmHOzo0bpasuem
MHoroo6pasus M,.

I[TPUMEP 5. [Ilpoobpas perynsipHo#t Touku oroOpaxkeHus f:
M, — M, cornacHo Teopeme 1 siBAsieTcsi noaMHoroo6pasuem. B
camMoM Jiesle, TaK KaK B KauecTBe JIOKAaJbHOH CHCTEMBbl KOOp-
OMHaT B M, MOXHO B35iTb HEKOTOpble M3 JIOKAJbHBIX KOODAHM-
Hat oObemmwouiero MHoroo6pasusi M;, TO B JOKaJbHHX KOOPIH-
HaTax TOXJecTBeHHoe orToOpaxeHne ¢: M, — M, umeer BuL

Y T =,
-m_ -
T zﬂ m_z m’
zn—m+1=zn—m+l(xl’...’ :L.n—m),
Puc. 21 IE"=:L'"(IL‘1,..,,:1:"‘"').

[ostromy Mmarpuua $Iko6u dy comepXUT B cefe eIMHHYHYIO KBai-
patHywo Matpuuy. CnemoBarensHo, tkdp =n — m, T. e. dy siBasieTcst
MOHOMOP(HHU3IMOM.

[IPUMEP 6. Paccmorpum otobpaxenue f: S! — R?, 3anan-
Hoe ¢opmynamu f(p) = {cos ¢, sin2¢}. Bekrop ckopocTH paBeH

d, . »
dp = {—sinp,2cos2¢} u HU B KaKOH TOuUKe He obpalaercsi B HyJb,

T. e. paHr MaTpuub $lko6u paBeH eauHuue. [losatomy f siBasercs
norpyxenuem (puc. 21). KpuBasi, uso6pakenHasi Ha puc. 21, siBasetcs
onHo# u3 ¢uryp Jluccaxy, 1 MoxeTr OHTb MoJyueHa Ha ocuuaiorpage
MPH CHHYCOMJAJbHBIX CUTHaJaX Ha BEPTHKAJIbHOH H TOPU3OHTAJIbHON
pa3BepTKax.

3. Teopema Cappa. B npenmpbiiymieM NyHKTe MH [10Ka3aju, KakK Mo
cBoHcTBaM quddepeHLHaNa BOCCTAHABIMBAIOTCS JIOKAJIbHEE CBOHCTBA
rJIafikoro oToGpaXkeHHsi. B HeKoTopHX cayudasix MoxHo, W o6part-
HO, BOCCTAHOBHMTb CBOHcTBa AuGdepeHlMasa MO CBOHCTBAM CaMoro
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otobpaxeHnusi. Hanpumep, ecan f: M, — M, — rianku#i romeomop-
¢u3M, To, Kak Obuio nokasaHo B § 1 (nemma 3), muddeperunan
df: Tp(M,) — T;py(M,) siBasiercst usomoppuamom. Paccmorpum Te-
nepb 3ajady, B HEKOTOPOM cMbicJe 06paTHYIO K 3ajaue, peLIeHHOH
B Teopeme 1. Ilycts f: M, — M, — rnagkoe otobpaxkeHue MHOro-
obpasusi M, Ha Bce MHoroo6pasue M,, T. e. f(M,)= M,. Takue
oTOOpaXKeHHsI MOXKHO PAacCMaTPHUBATh KaK aHAJOTH 3MUMOPGH3MOB IJist
JUHEHHBIX oToOpaxeHu#. [loctaBuM Bompoc: 6ynet qu auddepeHLHaN
df: Tp(M,) — T;p)(M,) snumopdusmom? K coxanenuio, 3To He Tak.
PaccMotpum caenyomui npumep. I[lyets M, =M, =R!, f: R' - R!,
f(z)=12% z €R'. Torma f — rnagkoe oroGpaxkenue u f(R')=R!.
Onnako B Touke z =0 muddepeHuuan df paBeH HYNIO H, 3HAUHT,
He siBjsieTcst anuMopduamomM. B apyrux xe toukax nuddepenuuan df
uMeet 3HaueHue 3z? dz u siBAsieTCst SnUMopdu3MoM. B paccMoTpeHHOM
InpUMepe MOXHO MpefyrafaTh oOIHA OTBET HA MOCTaBIEHHBIH BONPOC.
Mt! ero chopMyJiupyeM B BHIE CIeYIOLIEr0 YTBEPXKAEHHS.

Teopema 2 (Capn). [Tycmo f: M, — M, — 2aadkoe omobpadce-
Hue Komnakmrolx mHozoobpasui. Tozda mroxcecmso G pecyrsipHolx
mouek Q € M, omobpasxcenus f asasemcs omxkpoimoim 8CrOOY
NAOMHbIM MHONCECMEOM.

[Ipexxne ueM DOKa3BIBATh TEOPEMY 2, pACCMOTPHM HECKOJIBKO MpHMe-
poB.

MMPUMEP 7. Tlycts f: R' = R!, f(z)=a, rne a=const. B stom
cay4ae nu¢pdepeHunan df Hu B OJHOH TOYKe He SIBJIsieTCS SMUMOPduU3-
mom. OnHako o6pa3 f(R') cocTOMT M3 OXHOM TOUKM @, T. €. COINIACHO
onpefiesIeHHIO BCsIKasi TOYKA Yy # a sIBAsSIeTCs PeryjasipHol (Tak Kak
f~Y(y) #9). CnenoBatenbHO, MHOXECTBO PErYJsSIPHHIX TOYEK SIBASETCS
OTKPHITHM BCIOAY MJIOTHBIM MHOXX€CTBOM.

[TPUMEP 8. Ilycts f: R! - R! — dunutHas riagkas QyHKuus.
[ycts F ={z: f'(z) =0}. MHoxectBo F sBisieTcsi 3aMKHYTHM
MHOXecTBOM. OO6pa3 f(F') siBisieTci KOMIAKTHBIM MHOXECTBOM H
COCTOMT M3 BCceX HeperyJasipHbix Todek. [lokaxewm, uro f(F') Hurme
He miaoTHO. Ecan Obl 310 ObLIO He TaK, TO Hauwiach 6bl BHYTPEHHss
Touka y € f(F), T. e. Touka y JexuT B f(F') BMecTe ¢ HEKOTOPOH
okpectHocTblo Yy € U C f(F'). [Tockonbky f — buHMTHAS QYHKLHUS, TO
o6pas f(F') nexut B o6pa3e HekoToporo uHTepsana f([a, b]). Apyrumu
CJI0BaMH, JOCTaTOYHO MOKa3aTh, yto obpa3 f(F'), F' = F N]|a,b],
Hure He mioteH. [lycts V O F' — HekoTopasi OKPECTHOCTb MHOXKECTBA
F', F'=V C (—2a,2a). Torna f(V) conmepxur oxkpectHocts U.
3HauuT, HalieTcs Takas Touka z € V, y KoTopol mnpoussonHas f'(z)
no mopynaio Gosbue uncaa e = diam U/4a. YMeHblIasi OKPeCTHOCTb
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V, noayuuM mnociefoBaTeNbHOCTb Toyek z, — F'. Be3 orpannuenus
OGIIHOCTH MOXHO CYHTaTh, UTO Z, — I, € F'. Torma f'(z,) — f'(x),

T. €. |f'(z,)| = €, uTo nporuBopeuut ycaosuio f'(z,) =0, zy € F' C F.

Teopemy 2 yno6Hee cdopMynnpoBath Gojiee obiuM obpa3om: ecau
F C M, — komnaxmmroe mMHO%MCECMB0, COCMOAUu,ee U3 HepecyrapHbLX
mouex, mo muoxecmso f(F') nuede ne naomro. [Tokaxem, 4To Teo-
peMy 2 IOCTaToOYHO J0Ka3aTh IJisl caydasi, Koria M, siBisieTcsi OKpecT-
HOCTBIO 3aMKHYTOI'O IICKa B €BKJIMIOBOM IpocTpaHcTBe. B camoMm pee,
nokpoeM M, KoHeuHbIM aTjacoM Kapt U, u Bubepem V., C V_ C U,
TaK, 4To6H V, 6blJI0 roMeoMOp(HO AUCKY B €BKJIHAOBOM IIPOCTPAHCTBeE.
Ilyets G, C M, — MHOXeCTBO peryJsipHHIX TOYeK sl 0TO6paXKeHus
f, orpannyennoro Ha V. Torna nepeceuenne G =MNG, COCTOMT H3
peryJsipHHX ToueK Bcero oto6paxenns f. Ecin G, — oTKphTHE BClOLy
IUIOTHbIE MHOXeCTBa, TO G TOXe SIBISIeTCS OTKPHTHIM BCIOAY MJIOTHHM
MHOXecTBOM. BHGepeM 10CTaTOuHO MeJKHH# atiac Kapt U, Tak, 4To6H
obpas f(U,) nexan B onHoit kapre W, mHuoroo6pasusi M,. Torna
TeopeMy 2 JIOCTAaTOYHO NOKa3aThb A5l PeryJsiPHbIX TOYeK OTOOpaXKeHHs
fly: U, »Wyna V.

B caMom nese, ecin G C W; — MHOXeECTBO peryJisipHbiX To4eK 0ToC-
paxeHust f|, , To GU(M,\ f( V) AiBNsieTCs MHOXeCTBOM peryJisipHHIX

Touek oTo6paxenus f: U, — M, na V. Urax, nycts U — oKpecTHOCTD
aucka D™ B R*, f: U —» R™ — rnankoe oto6paxeHue. [lokaxeM, uto
MHOXeCTBO Tex Touek y € R™, mist koropux D™ N f~!(y) cocrout u3
PEryJNSIPHEIX TOYEK, SIBJASIETCS] OTKPHITHIM BCIOLY MJIOTHHIM MHOXECTBOM.

Jemma 3. Teopema cnpasedausa ora m=1.

HdokasarteabctBo. [lyctb F C D™ — MHOXeCTBO HeperyJsp-
HuX ToueK PyHKuuu f. Torna f(F') KOMOAKTHO H COAEPXKMT BCce Hepe-
ryasipibie Touku QyHkuuu f. [Tokaxem, uro R'\ f(F) Bciony mioTHo.
Ecsn 310 He Tak, To HaipgeTcs uHTepBad V C f(F). PukcupyeM k >n
M PacCMOTPHM MHOXecTBO F, TaKHX TOYeK, Y KOTOPHX BCe€ YacTHHE
NPOU3BOAHKE (YHKUHM f 1O TIOPsAKAa k BKJIIOUMTEJbHO PaBHH HYJIIO.
Torna, pasnaras pynkuuio f no gopmyise Telsiopa B OKPeCTHOCTH IPO-
M3BOJIbHOH TOUKH Yy € F,, nonydaem oueHky |f(y) — f(z)| < C|z — yl*,
npuyeM KoHctaHta C He 3aBHCHT oT BHbGopa y € F, u z € D". 3ro
3HAYMT, YTO €CJH MOKPHTb MHOXecTBo F, Ky6amu co cropoHoit 1/N
(uucso aTux Ky6oB He mpeBocxomut N™), To o6pa3 f(F,) mokpoercs
HHTEpBa/laMM, MPHYeM [UIMHA KaXXJAOro HHTepBala He NPeBOCXOIMT
yucna 2¢/nC/N*~". Ciienosate/bHO, CyMMa JJIMH BCEX HHTEPBAJIOB He
npesocxogut 2v/nC/N*~" u crpemurcs K Hymio npu N — co. 3HauuT,
MHOXecTBO f(F,) HUTrle He MJIOTHO.
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Ocrasuywocs 4actTb MHOXecTBa F', T. e. F'\ F}, MOXHO IPEACTaBUTh
B BHUAe OObeIMHEHHs KOHEYHOro CeMeHCTBa IOJMHOXECTB, KaxJoe
M3 KOTOPHIX JIEXKHT Ha IOAMHOroo6pasvH, 3aJaBaeMOM OJHHM H3
ypaBHeHHH

=0, lL+...+l=Il<k

B camoMm nene, mycTs F} , — MHOXeCTBO Tex Touek W3 F', rie

'y  _
— =0, grad 76 0 (7
Oz ...0zy
SlcHo, uto F \ F, = U E . C npyro# CTOPOHBI, MHOXECTBO
L4+l <k "
F, . JeXuT Ha nouMHorootSpasun M, ., cocTosieM H3 TeX TOYeK,

rae BHIMOJHeHH ycnoBusi (7). Pasmepﬂocn noamHorooGpasust M,
Menbwe n. [105TOMY, NpHMeHsii MHAYKUHMIO, MOXHO CUMTaTb, 4TO
neMMa 3 BHNOJHeHa pist M .

Hrak, mHOXecTBO f(F}) He noprIBae'r uHTepBan V. 3HauuT HaizeT-
cs1 Takasi okpectHoctb U, D F;, uto f(U,) He mokpeiBaeT uHTepBan V.
Myers 4, +...+1,=k — 1. Torna F . \ U, KOMIIaKTHOE MHOXEeCTBO
B MHOI‘006p33HH M, ., w noa'romy f(F;1 \ U,) He mnokpniBaer

VA (D), 1. e f(F UEF, ..) He noprmae'r V. CaenoBareibHo,
MMeeTcsl TaKas oxpecmocrb Us DF U U E ., uro f(U,)
s<h+..+1,<k "
He noKpeBaer WHrtepBan V. IlosroMy mHoxectBa F| . \ U, npu
l,+...41 =s ToXe He NMOKPHBAIOT IpH 0T06pa)eruu "f octarka
V\f(ﬂu U EI,SJ 3HauuT f(FkU U F,
s<h+...+1 <k s<h+...+1 <k

He MOKpHIBaeT HHTepBad V. 32 KOHeYHOe YHCJIO IIAroB IOJy4aeM, YTo
f(F') ne nokpuBaer V. JlemMa nokasana. O

[lpumennm sneMMy 3 K MOKasaTeJbCTBY TeOpeMbl 2 IJisi cJaydast
cucremsl pyukumii f: U - R™, D" C U, f(P)=(f(P),..., f™(P)),
MHAyKuMed 1o uucay m. [lockonbky f! — riagkasi QyHKuusi, TO 10
JeMMe 3 MHOXKeCTBO (5| PeryJsipHbIX 3HaYeHHH GYHKUMH f' OTKPBITO H
Bcioay maotHo B R'. Tlyers 4 € G, N =(f')"'(y). [To Teopeme 1
MHOXecTBO N siBiIsieTCsl IMIafKHM NOAMHOroo6pasueM, KOTOpoe C
noMompio oTobpaxkeHusi f orobpaxaercsi B THIepIIOCKOCTh R™~
Torna Touka (3, .. ., ") sABAsieTCsl peryJasipHOM AJs otoGpaxeHHus f|y
TOrla M TOJbKO TOrAa, KOraa Touka (e, ..., y) sBisieTcsi peryJisipHOH
nast oro6paxkenust f. [To mpeanonoxeHn0 HHAYKIHH MHOXECTBO TOYeK
(%, ..., y"), peryasipHbix pisi oro6paxeHus f|y, Bcioay miotHo B R™

[}
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BCIONYy MJIOTHO B R™~!, clienoBaTesbHO, B MHOXKECTBO DeETYJSIPHBIX

TOYeK misi otobpaxkeHHs f Bciogy mioTHo B R™. Ilnst Toro ytoO6ml
10Ka3arb, YTO MHOXECTBO DeryJsipHRX To4YeK OTKPHTO, AOCTATOYHO
3aMeTHTb, 4TO mnpoobpas perynsipioit Toukw D™ N f~1(y, ..., u)
sSIBJISleTCs] KOMIAaKTOM H B KaXJOH ero TOYKe OTJIHYEH OT HYJA
HEKOTOPHIH MHHOP MaTrpHibl AuddepeHunana otobpaxenus f. Ilo-

3TOMY JIs JIo60¥ AocTaTouHo Giu3Kodt ToukH (¥, ..., y') mpoobpa3s
Dnf-'(y!,..., y") JeXUT B JOCTATOYHO MAJIOH OKPECTHOCTH MHOXe-
ctBa DN f~Y(y, ..., %), T. €. Te e MHHOPH! OTJHYHbI OT HYJIs. ITO H

3HAYHT, YTO MHOXECTBO PeryJsipHHX ToueK oToOpaxkeHHs f OTKPHITO.
JlokasaTesbcTBO TeopeMbl 2 3aBepuieHo. [

B kayectBe npuMeHeHHsi TeopeMsl Capaa paccMOTpPHM TIJlajKoe
otobpaxxenne f: M, — M, npu dim M, < dim M,. Torna HM opHa
Touka P € M| He MoxeT OHITb peryJisipHod. JTO 3HA4YHT, YTO 06pa3
f(M,) Burge He mioteH B MHoroo6pasun M,. B uactHocTH, 06pa3
otobpaxkeHHus1 f He MOKphIBaeT MHoroo6pasue M,.

3AMEYAHHUE. Teopema Capma Moxer GbiTbh 0606IeHa Ha caydail
HEeKOMIaKTHHIX cenapabesibHuXx MHoroo6pasuii. OfnHako Toraa MHoXe-
CTBO DEryJisipHHIX TOYeK He 00513aHO OBITb OTKPHITHIM MHOXECTBOM, a
BCero JIMLIb [lepeceyeHHeM CYETHOTrO YHCJa OTKPHITHIX BCIOAY MJIOTHBIX
MHoXxecTB. Takue MHOXecTBa HashBaloTcsi G;-MHOxecTBaMH. M3 06-
1ed TOMOJIOTMH H3BECTHO, YTO MepeceyeHHe CYETHOTO YHCJIA OTKPBITHIX
BCIONY IVIOTHHIX MHOXecTB B R" Bcerma He mycTo W BCIOAY MJIOTHO.
Tak 4yTo MHOXeCTBO peryJIsipHbIX TOYEK Jyisl cJy4yasi HEKOMIAKTHbIX
MHOroo6pasuii HemycTo u BCIOAY IJIOTHO.

4. BaoxeHue MHOroo0pasmii B €BKJIHMIOBO MPOCTPAHCTBO. Mul
3aBeplIMM HAaCTOSIIIHA mnaparpad TeopeMoH YHWTHH, MOKa3bBaloIIeH,
4TO BCSIKOE KOMMaKTHOe MHOroo6pasue MOXXHO CYHTaTh MOAMHOroo6-
pa3ueM eBKJMIOBA NPOCTPAHCTBA AOCTATOYHO 6OJbLIOH Pa3MepHOCTH.

Teopema 3. [Iycmo M — eaadkoe Komnakmuoe mHo2006pa3ue.
Tozoa cywecmsyem sroxncenue p: M — RN daa nodxodswezo
svibopa pasmeprocmu N.

NokasarteasbctBo. [lycrs {U,}M_ |, — KoHeuHbI#l atyac Kapr,
(2!, ..., z¥) — nokanbHasi cucreMa KoopauHat B kapte U, . Bes orpanu-
yeHHs] OOLIHOCTH MOXHO CYMTaTh, YTO KapTh U, roMeoMop¢Hbl Wapy
D™ C R" paguyca 1, npuyeM KoopauHaThl (z}, ..., ") oCyWECTBISIOT
roMeoMop¢usM ¢, Kapte U, Ha wap D". [lamee, MOXHO CHHTaTh,
yro wap D" nexur B R" n He comepKMT Hayaja KOOPAHHAT. DTOroO
MOXXHO IOCTHTHYTb C NOMOIIbI0 NapaJuiesibHoro nepeHoca B R™. Ilycrs,
nanee, D C D™ — map MeHblIero paguyca C TeM JXe LEHTPOM,
uyto M wap D™, npuyeMm oTKphiTHie MHOXecTBa U! = ¢ !(D*) C U,
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nokpuBaioT MHoroo6pasue M. Ilycts f — ruankas ¢ysHkmus B R”,
paBHasi TOXJECTBeHHO emuHuue Ha D, u supp f C D". Tlonoxum
TOTAA:

2 (p) = LoD, eemP U,
@ 0, ecuP ¢ U,.

flcno, uto y¥(P) = z*(P), ecu P € U!. Mbl mony4unnu cucremy
rnankux Qysxkuuii {y,(P)} B KomuuectBe N = nM. Irta cucrema
(GyHKLUHMH COBMECTHO OCyIIecTBJseT oToOpakeHHe g MHoroo6pasust M
B eBKJIMI0BO npoctpaHctso RY: g(P) = {y*(P)} € R".

[okaxkeM, uto paHr muddepeHuHana oTtoOpakeHHs g B KaXKAOH
tTouke paBeH n. Ilyctb P € M — npousBoJbHass Touka, U, 3 P,
(z},..., &) — NoKaJbHasi cucTeMa KoopauHaT. Marpuua SIko6u oTo6-
paxeHHsi g B TOuKe P B JIOKaJbHOH cHCTeMe KOOpAMHAT (z.,..., z7)

%s
COCTOHT W3 YaCTHBIX MPOH3BOJHLIX W(P) . B uacTtHocTH, ecin
B8 =a, 0 a

dyh ozt
%—E(P)= gg(‘p)= 6F,

T. e. MaTpuua Slko6u oTo6pakeHHsl g CONEPKHUT €IHHHYHYIO MATPHUIY
nopsinka n. CaenosarenbHo, rk dg =n.

TakuM o6pasoMm, oTobpaxeHWe ¢ sBJsieTcst NorpyeHueM. Jlis
Toro yro6nl oTtoOpaxkeHHe g ObLIO BJIOXEHHEM, HEOOXOOUMO, YTOOH
pasiuuHble Touyku P H @ nepexoguau B pasiuuHbie Touku g(P) u

9(Q).

[Moctpoum HoBoe otob6paxenne G(P)={y*(P), f(p,(P))}eRN+M,
OHo mo TeM Xe NMpPHYMHAM, YTO M g, sBJsieTcs norpyxeHueMm. [lyctb
teneps P u Q, P # @, — 1Be TOYKH Ha MHOroo6pa3uu. PaccMoTpuM ta-
Koit Homep , t0 £(10,(P)) = 1. Ecan f(p,(Q)) < 1, 1o g(P) £ g(Q);
ecmn f(p,(Q)) =1, 10 y5(P)=2(P), y5(Q) =z4(Q), u, snaunr, uis
HEKOTOpOro HoMepa k KoopauHat (zl, ..., z) umeeM: zX(P) #£ zX(Q),
T. e. g(P) # g(Q). Takum o6pa3om, otoGpaxenue g: M — RN+M
SIBJISIETCS] B3aHMHO OHO3HAYHKIM IOTPYXXEHHEM, T. €. BJIOXKeHHeM. [

Hrak, BCsikoe riiafkoe KOMIakTHOe MHOr0o6pasne M MOXHO CUMTATh
BJIOXXEHHLIM B BHIE [OAMHOroo6pasHsi B €BK/IHAOBO MPOCTPAHCTBO
RY wuexoTopo# nocratouHo Gosblwoit pasmepHoctd N. Ha camom
Iesle pa3MepHOCTb €BKIMA0BA npocTpaHcTBa RY MOXHO cyuiecTBeHHO
NoHu3uTh. Tak, HanpuMep, chepa S™ BknagsiBaercsi B R**!, a Top T
BKaanbiBaeTcsi B R?™. [1poekTuBHasi miockocTh RIP? He BKIamniBaeTCst
B R3, onnako Moxer ObiTh BioXeHa B R®. B camom mene, nyctsb
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(2, : =, : -,) — opgHOpoAHBE KOOpAMHATH Touku P B RP2. [Monoxum

2 2 2

1 _ T 2 __ 3 __ )
Trag+g T dvd g VT g

4 _ o ') 5 _ ToT3 6 3Ty
Zrg+g U g+ T drd+d

[TonyyaeM oro6paxkeHue
g RP2 RS, g(P)=g(z :2,:3)=(v", ¥% ¥°, v*, ¥°, °).

Ha camom nene o6pa3 oToOpakeHusi g JIeXKMT B JIMHEHHOM IOAMPO-
crpanctee R®° C RS, sanaBaemoM ypasHenuem y' + y2 + y* = 1.

ITpoBepum, uto g siBAsieTCSs] MOTpPYXKeHHUeM, T. €. fuddepeHHan dg B
Kaxaon Touke P € RP? siBisiercst MoHOMopdu3moM. [IpyruMu clI0BaMH,
Heo0X0JMMO MOKa3aTb, YTO B JIOGOH JIOKaJbHOH CHCTEMe KOOpAHHAT
paHr Matpuun $lko6u oToOpakeHusi g paseH 2. Bce xoopauHaTHHe
GYHKIMH 0TOOpa’keHHs] CUMMETPHYHH OTHOCHTEJNbHO IepecTaHOBKH
omHoponHuXx KoopauHat (z!: z?: z3). Ilostomy O6e3 orpaHuueHHs
OGIHOCTH MOXHO CYMTATDb, YTO B OKpecTHOocTH Touku F) € RP?, z; #0
H, CJIefIOBATEJIbHO, B KaUeCTBE JIOKaJbHOH CHCTEMbl KOODAMHAT MOXHO
B3Tb KOODIMHATH I,, T; MpH z, = I.

BriuncsuM marpuny SIko6u otobpaxenus g:

—2z, —2z,
2z)(1 + 23) —2z3 s
-2z}, 2z,(1 + z3)
dg = 1 2 2
—T + —22,1,
(l -z + ) z(l+ 27 — =)
2,3 1+ 23 — a3

Ecmn z,z, #0, To MHHOD M3 MepBLIX ABYX CTPOK OTJHYEH OT HYJs.
Eciu z,=0, z; =0, To MHHOD, COCTaBJIeHHHH H3 YETBEPTOH H LIECTOH
CTPOK, oTJn4eH ot HyJsi. Ecin z, =0, z, #0, To MHHOP, cOCTaBJeHHHH
W3 NepBOH M YeTBEPTOH CTPOK, OTJIMYEH OT HyJs. TakuM o6pasoM,
tkdg =2, T. e. g IBJISIETCST IOTPY>KEHUEM.

[TokaxxeM Temepb, 4To OoTOOpa)keHHe g B3aHMHO ONHO3HauHO. bBe3
orpaHHyYeHHst OOIHOCTH MOXKHO CYHTATh, YTO ONHOPOJAHHE KOOPAHHATH
BHOpaHH Tak, 4ToOHl zf + z7 + 22 = 1. Wrak, nycts P =(z, 1z, : ;) ,
Q =(z{: zy: z;). Torna

9(P)= (2}, 23, 2}, 7, Ty, Tyzy, T,T,),
9(Q)= (=, ’, zi?, x|z}, 7z}, T]).-
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Ecau g(P)=g(Q), 10 =¥ =z;*. Ecim z, #0, 10 2, = £z{, a NOCKONLKY
OIHOPOZHbIE KOOPAMHATHI MOXXHO YMHOXaTh Ha %1, TO MOXKHO CYHMTATh,
yTo ; = z{. TOrda W3 PaBeHCTBa YeTBEPTOH M IIECTOH KOOPAMHAT
nojy4aeM, 4To T, =1x,, 2, =3, T. €. P = Q. [locKoJbKy Bce KOOpAMHATHI
z,, T,, T; paBHONpaBHH, T0 H P = Q. Takum ob6pa3oM, oTo6paxeHne
g SIBJISIETCs] BJIOXKEHHEM MpOeKTHBHOH miockoctH RP? B nmsiTHMepHoe
eBKJHA0BO MpocTpaHcTBO RE.

AHanoruuHoe yTBepXK/leHHE CIIPaBe[JIHBO AJs1 JI060r0 KOMIAKTHOTO
MHoroo6pasust M.

Teopema 4 (Yutun). [Tycmo M — 2aa0Koe KomnaxmHoe mHO20-
o6pa3sue, dim M =n. Tozda cywecmeyem grosxcerue p: M —RE*+1,

JlokaszaTteancTBo. Bocrnons3yeMcs TeopeMoit 2 H nonsiTaeMest
MOHHU3HTh Pa3MepHOCTb eBKINA0Ba npocTpaHcTBa RY. Ilycts € € RV —
HeHyJIeBOH BeKTop, p;: RV — RY ~! — oproroHasbHasi npoekuust BIOJb
BEKTOpa € Ha MOANPOCTPAHCTBO, OPTOTOHANbHOE K €. MHorma koMmno3u-

mas M — RY 2, R¥-! ocraercs BloxeHnueM, Mccrenyem ycaosus,
NPH KOTOPHIX KOMIIO3HLHSI p. O ¢ siBIsieTCst BloxKeHHeM. [lnsi storo
Heo6XOMMMO NPOBEPHUTH ABA YCJOBHSI:

a) MoHOMopdHocTh TG depeHIHaNS;

6) B3aUMHYIO OHO3HAYHOCTb OTOOpaXKeHHsl.

PaccMotpuM ycnosue a). [lyets P € M, V, =dpp(T, M) CR". Qs
Toro yroOnl mHGdepeHLHaN KOMIO3MUHH d(p.- @) B TouKe P Obla
MOHOMODP(®H3MOM, HEOOXOAMMO H AOCTaTOYHO, YTOOH NPH NMPOEKILHH Py
MOANpOCTPaHCTBO V), MOHOMOpdHO oTo6paxanoch B RV, uro sxkBuBa-
JIEHTHO TOMY, 4TO € ¢ V,,. PuKcupyeM HEKOTODPYIO JIOKAJIbHYIO CHCTEMY
koopauHat (z!,...,z") B okpectHoctH U Touku P u Gasuc B R".
[TocTpouM oro6paxenueM h: U x R® — RRY !, nonaras

roe

n k
(F= 3 B, (v = eah 2.
a=
OTtob6paxenue h sBiasieTcsl TJAfKUM OTOOpaXKeHHEM 2n-MepHOro
MHoroo6pasusi U x R™ B npoektusHoe npoctpaHctso RPY-!. Torna
ycnoBue € ¢ V, B TOYHOCTH O3Ha4aeT, YTO NpsiMasi, MOPOXKAEHHast
BEKTOPOM €, KaK TOYKa IPOeKTHBHOro mpoctpaHctsa RPY ! ue npu-
Hapyexxut o6pa3y orobpaxenus h. [lo nemme Cappa npu 2n < N — 1
MHOXECTBO TaKHX TOYEK SIBJSIeTCS] OTKPBLITHIM M BCIOAY IJIOTHBIM BO
BceM npocrpaHctee RPY~!. PaccMoTpes nocsenoBaTesbHO KOHEUYHHIH
ataac Kapt B M, MH noJiyyaeM, 4TO [Jis OTKPHITOTO [IJIOTHOTO MHOXECT-

Ba G B RP" ! BektopHl €, nopoxaaoume To4ku u3 G, yIOBJIETBOPSIIOT
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ycnosuio € ¢ Vp nist mo6oit Touku P € M. D10 3HaYMT, YTO MHOXXECTBO
TeX BEKTOPOB €, sl KOTOPHIX MPOEKLHsI P, NOrpyKaeT MHoroobpasue
¢(M) B RY !, siBNsieTCs] OTKPHITHIM [JIOTHBIM MHOXECTBOM.

PaccmoTpuM Teneps ycoBue 6). OTcyTcTBHE B3aHMHOH OJJHO3HAYHO-
CTH 03HayaeT, YTO BEKTOp € mnapallieJieH NpsiMoH, NMPOXoAsiiel dyepe3
HeKoTopyio napy To4ek, P u Q, P# Q, Ha p(M). Tak Xe, KaK H B CJ1y-
yae ycloBHsI @), PaCCMOTPUM oTobpaxenue h': (M x M\ A) —» RPY -1,
Kotopoe mape TouekK P u @, P # @, conocTaBiseT NpsIMYI0, NPOXO-
nsiyto yeped o(P) un ¢(Q). CornacHo nemme Cappa npu 2n < N —1
MHOXECTBO TO4Y€K, He coiepxaumxcss B obpase oTobpaxeHus h',
SIBJISIETCSI OTKPHITBIM IIOTHBIM MHOXecTBoM G'. IloaTomy BekTOop €
crenyeT BHOMpAaThb TaK, 4TOOB NpsiMasi, MM IOPOXKJAEHHasi, Jexala
B GNG' #Q. Mb nokasanu, 4To NPH BHIOJHEHHH HepaBEHCTBA
2n < N — | MOXHO HaHTH TaKyl0 MPOEKLHUIO p;, YTO KOMIIO3ULHS P; - ¢
siBIsieTcsi BIOXKeHHeM. CiefloBaTesbHO, IIAr 3a LIATOM MBI CMOXEM
yMeHbIaTh Pa3MEPHOCTh OGBEMITIONIEro eBKIMA0Ba npocTpaHcTBa RV
IO Tex Mop, Moka He OyaeT BHIIOJHEHO HepaBeHCTBO 2n =N — 1,
T. e. N=2n+ 1. 910 1 ecTb MHHHMaJIbHasi Pa3MEPHOCTb E€BKJIHAOBA
npocTpancTBa R2"*!, B KOTOpOoe MOXHO BJOXHTb J0Goe n-MepHOe
KOMIakTHOe MHoroo6pasue M. O

5. PumaHOBa MeTpHKa Ha MHOroo6pa3mm. Temepb Mbl MOXeEM
IaTh obiuee NMOHsiTHE PHMaHOBOH METPUKH Ha MHOroo6pa3uH, 4aCTHbIe
CJIy4aH KOTOPOTO PacCMaTPHBAJIHCH BhILIE.

Pumanosoii mempuxoii Ha raagkoM MHoroo6pa3uu M Ha3oBeM ce-
MeHCTBO MOJIOXKHTEJIBHO ONpeleIeHHBIX CKaJsiPHBIX POH3BEfeHHH, 3a-
HOaHHBIX B KaX/OM KacaTesnbHOM npoctpaHcTBe T,(M). Ecan B okpect-
Hocti U Toukn P (DMKCHpOBaHa cHcTeMa KoopauHar (z!,..., z"), 10
u B T,(M) 3amaercst cucteMa KoopmuHart (¢!, ..., €"). CkansipHoe
Npou3BeieHHe B CHCTEMe (5 Lo u €& onpejessieTcs HEeBLIPOXJIEHHOH
cumme'rpuqecxon Marpuuet G =(g;), 3aBucsimed oT Touxku. [lpu
nepexojfie K HOBOH cHcTeMe KoopauHat (y!, ..., y*) MaTpHLa MeHsieTCst
0 3aKOHY:

g;(P)= E g,.ﬂ(P) (P) (P),

e G'=(g';(P)) —ManHI.la CKaJISIPHOTO TMpPOM3BEleHUs] B HOBOMH
cHCTeMe Koopmmar v, .. ., y™).

Onpepeaenne 4. Pumanosgoil mempukoi Ha TyajkoM MHoroo6pa-
3uH M Ha3HBaeTCsl TaKOe CEMEeHCTBO HEBHIPOXKAEHHHIX MOJOXUTEIbHO
onpefieJieHHHIX CKaJSIPHBIX IPOM3BEleHHH B KaXKIOM KacaTeJbHOM
npoctpanctBe T,(M), P € M, 4T0o B JIOKaJbHOH CHCTEMe KOODAMHAT
MaTpHLa CKaJIsPHOTO MPOM3BENEHHUsI SIBJISIETCS MIAAKOH (YHKUMEH OT
JIOKQJIbHBIX KOOPAMHAT.
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MeTpHKY MOXHO 32/1aBaTh KaK COOTBETCTBHE, COIMOCTABJISIOIIEE KaXK-
mod chcreMe KoopauHat (z!,...,z") B Kapre U, MaTpH4YHO3HAaYyHYIO
rankylo ¢ynkuumio B Kapre U,: G*(P) = (g5(P)), Takyw, 4ro:

a) MatpHua G*(P) cHMMeTpHYHA H MOJOXHTEJNbHO OIpefieseHa;

6) kostdduuments g5 (P) npeobpasyioTes no 3akoHy

95(P)=

(P ) ®)

pisi Touek P e U,NU,. Ecma € =(&.,...,€0), T=(nl,...,ns) —nBa
KacaTe/bHbIX BEKTOPA, TO CKaJIsPHOE POU3BeNeHue & , 7} 3aMHCHBAETCs]
TaK: . .
(&, 1)= 22 g5(P)¢ami.
ij=1

Huxe Mbl mpuBenieM GoJiee 0611y10 KOHCTPYKIHIO PHMAHOBOH METpH-
KH Ha MHOroo6pasuH.

[lyets f: M, — M, — rnagkoe BJIOXeHHe MHoroo6pasus M, B
MHoroo6pasue M,, dim M, = m, dim M, = n. Ha MHoroo6pasuun M,
onpejieleHa PUMaHOBAa MeTPHKAa, KOTopasi 3aflaHa HabopoM MaTpHYHO-
3HauHEX Qynkumi {G*(P)=(G;(P))} Ha arnace xapt {U,}.

Torna Baoxenue f 3amaeT Ha noaMHOroo6pasMu M, pHMaHOBY
METPHKY, MOPOXAEHHYI0 PHMaHOBOH METPHKOH B 0GBEMJIOIEM MHO-
roo6pasuu M,. B camoM gnene, Ge3 orpaHHYeHHsl OGIIHOCTH MOXHO
cuMTaTth, YTo arTiac Kapt {V,} Ha noaMmHoroo6pasunm M, 3apaercs
nepeceyeHHsIMH

V.=MNnU,

M HEKOTOPHIMH JIOKaNbHHIMH KoopauHataMH {y.} ;¢ B Kapre V.
Bnoxenue f B kaprax V, u U, 3amaercss HaGopoM (popMy.n

N ) 1
zi=zi(Ysy .o YT)-
Martpuua fIko6u storo oTo6paKeHusi HMeeT MaKCHMAaJbHBIA PaHT
Ii .
k(22 ) = m dim M,
Ya
Mertpuka Ha MHOroo6pa3un M, 3amaetcst GopMynaMH

(h(Picijem PEV,,

rae
3:!:
ot o ®

ht](P)_ 9u
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Hpenaoxenne 1. Popmyrst (9) 3adarom pumarosy mempuxy Ha
MHO2006pa3uu M,.

NokaszatenbcTBo. CHMMETPHYHOCTDb M MOJOXHTENbHAS Olpe-
neneHHocTh MaTpuusl H*(P) cienyer u3 ajre6paHyeckKHX CBOHCTB
topmya (9). Ocrtanoch MpoBepUTh TOJNLKO BHIIOJHEHHE 3aKOHa IIpe-
o6pasoBanus (8). B cuny dopmyn (9) umeem:

py 255 Oa5 0 bmy
c')y’ = 9P E T 5l 5y =

6:1:‘_ 5(P )axﬂay;;axﬂayg_ ho( )3_«;5%
3y’ oyl I ol eyl T oyl

h;] (P)= gkI(P)

—gst( )

TeM caMbIM BHIOJIHEH 3aKOH mpeoGpa3oBaHus (8). O

Caeacreue. Ha nwbom komnakmuom mHozo0bpasuu cyuwecmay-
em pumaHos8a mMempuxa.

JlokaszaTeabcTBO. HanomMuum, yto B cuay npenjioxeHus 1
pHMaHOBa MeTPHKa omnpeJiesieHa Ha noAMHoroo6pasuu M, ecyu oHa oHa
orpeaesneHa Ha o6beMIOIEM MHOrooGpasuu M,.

B cuay TeopeMH YHTHHM, 3afjaya CBOLMTCS K [IOCTPOEHHIO PHMAHOBOH
METPHKH Ha eBKJIHI0BOM rnpocTpaHcTBe RY. Tak Kak MHorooGpasue RV
HIOKPHBaeTCsl OHOH KapTOH, TO HEOOXOAHMO MPeqbsiBHTb JHIIb OLHY
¢ynkuuio G(P), P € RV. B kauecTBe 3TOH (YHKLIHH MOXHO BhIGpaTh
G(P)=E, rne E — equHuyHas matpuua. Tem caMuM, Ha RY umeercs
XoTsi 66l OfIHA PUMaHOBA METPHKa, a, 3HAYHT, Ha JI0OOM KOMIIAKTHOM
MHOroo6pa3uu TakXxe CyIecTByeT PHMaHOBa MeTpHKa. [

3agauu k § 4
1. Hcnoneays Teopemy Capaa, 10Ka3aTb, YTO BCSKOE TUIafKoe Komnaxmoe MHOro06-
passie M paamepHOCTH n MOXHO BoxuTh B R2™ * ! 4 norpyauts B R2".

Ykasanue. Paccmorpers npoekisn RY — RY ! i sri6pats npoexistio noaxons-
MM o6pa3om.

2. ToctponTs BnoxeHne Topa T" B R™*!.

Ykasanue, Tlpencrasuts Top T™ KaK ruIeproBepXHOCTs Bpawenus T™~ ! Bokpyr
ocH.

3. Tloctpouts Broxenue S2 x T2 B R®.
Ykasanue. Haitis RO OTKPBITYIO 06/1aCTh, FOMEOMOPdHYIO S% x R3.

4. Hcnonssys Teopemy Cafma W TeopeMy YWTHM, OKa3aTh, YTO BCSIKOE I/afKoe

oTo6paxenne f: M™ — R*™+! komnakTHoro mHoroo6pasns M™ cKo/b yroaHo 6/1H3KO
anMpOKCHMHUPYETCS BJIOXKEHHEM.

Yka3aune. Jonosuuts oro6paxenyie f 10 BIOKEHHS B RN=RN-@n+)yRg2n+l
M PacCMOTPeTh MPOEKUHI0 BAOJb MOANPOCTPAHCTBA, 6113KOr0 K RN -@n+1),



ITnara 4

TJIADKUE MHOI'OOBPA3US (IIPUMEPBI)

§ 1. Teopus KPUBBIX HA IJIOCKOCTH
H B TPEXMEPHOM IIPOCTPaHCTRBE

1. Teopusa KpuBBIX Ha nAOCKOCTH. Popmyast Ppene. Mu GyneM
paccMaTpuBaTh €BKJIHIOBY IJIOCKOCTb R?, OTHECEHHYIO K J1€KapTOBHIM
KoopauHataM (z,y). [nagkue kpuseie +(t) Ha miaockoctH R? Gy-
OeM 3aaBaTh C MOMOLIbIO ABYX ¢yHKuui: z(t), y(t), T. e. OymeM
paccMaTpuBaTh pamuyc-BekTop 7(t) = (z(t), y(t)) rnamkoét KpuBOH
~(t), BHXOASIMHA U3 Hayana KoopauHaT — ToukH O. HanoMHuM, yTo
BEKTOPOM CKOPOCTH U(t) KpUBOH y(t) B TOUKe ¢ Ha3RBAEeTCs BEKTOP C

d
KOODAMHATaMH (é%tﬁ, —%tt—) . OnpepensieMast 3TUM BEKTOPOM MpsiMasi

IBJISIETCSI KacaTeJbHOM K KPHBOH B Touke <y (t). [Ipu aToM, KoHeuHo,
npeanosaraeM, uro v(t) #0. 1o npeamosoxeHue Mbl OymeM Ha
MPOTSKEHUH 3TOro naparpaga C4HuTaTh BHIIOJTHEHHHIM (HalIOMHHM, YTO
B T€X TOYKAaX, B KOTOPHIX BEKTOP CKOPOCTH obpaliaercsi B HyJb, I1ajKasi
KPHUBasi MOXET MpeTepreBaTh H3J0M; NMPUMepH ObIH NPHBENEHH B
ri1. 1). TlpousBomHylo paguyc-BekTopa OymeM HHorga 0o603HaYaTh Tak:

7(t)=3(t) = (2(t), 9(t))-

Yepes |M(;tﬁ\ =|9(t)| 6yneM 0603Ha4aTh MOLY/Ib BEKTOPa CKOPOCTH

(B eBkmuaoBoi Merpuke). IlycTh s o603HayaeT MIMHY AYrM KPUBOH
OT HEKOTOPOH (PMKCHPOBAHHOH TOYKH 1O MEepeMeHHOH TOYKH Ha KpH-
BOH; TOrAa (B CHJy MOHOTGHHOTO BO3DacTaHHsi JJIMHEI AYyTH M0 Mepe
OBUXKEHHSI TOYKH B ONHOM HamMpaBjeHUH [0 KPHUBOH) [JIMHY AYTH
MOXXHO B3SITb 32 MapaMeTp BAOJNb KPHBOH. DTOT MapaMeTp Ha3hBaeTcs
HamypaaibHuiM napamempom; ypaBHeHHe KpuBor 7(s) = (z(s), y(s)),
3amMcaHHOH B BHJE BEKTOP-QYHKIMH OT MNapaMeTpa S, Ha3hBaercs
HamypaavHol napamempusayuell Kpugou.

Jlemma 1. Moodyre sexmopa cxopocmu Kpusol, 3anucaxHol 8
HamypaibHOM napamempe, NOCMORHEH U paseH eOuHuye.
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HNokasareanbctBo. Tak Kak Al ATHHH AYyTH Mbl HMeeM ¢op-
b

myay: I(7)h= S
dl = dt di(fl’ 0

Takum o0pa3oM, MOXHO CYMTAaTh, YTO [0 KPHBOH, OTHECEHHOH
K HaTypaJbHOMY MapaMeTpy, ABHXKEHHE MPOHUCXOAUT C [OCTOSTHHOH
CKOPOCTBIO (HOCTOSIHHEIM SIBJISIETCSI TOJBKO MOLYJ/Ib BEKTOPa CKOPOCTH,
HO He ero HampasJ/ieHue).

d7(t “
jt—zldt, TO B KaXJI0M TOYKE BHIIOJHEHO TOXIECTBO:

CaexcrBue. B xaxcdoi mouxe xpusoi sexmop cxopocmu T(s)
OMAUYEH OM HYAR.
Mbl Henonb3oBanu TOT GakT, YTo AJIsi HCXOQHOTO napaMerpa t GuuIo

dr(t
BHIIIOJTHEHO COOTHOLIEHHe A—) # 0. Hapsiny ¢ BekTOpoM CKOpOCTH,
KaXJIo# TOYKe KPHBOH MO)KHO COIIOCTaBHTD ellle OJHH BEKTOp, IMafKo

3aBHCSILIHH OT TOUKH 'r(s) = Aﬁ DTOT BEKTOP OPTOrOHANEH BEKTOPY
CKODOCTH, 4YTO BBITEKAeT M3 c.nenylomeu JIEMMHL.

Jdemma 2. [lycmo 3adana sexmop-gpynkyus P(t) makas, umo
|B(t)| = 1. Toeda sexmop ’;tt opmozonasen 8exmopy P(t)

(npu Aw0bom t maxom, 4mo d_(i;tﬂ #0).

I
—_

NokaszatenbctBo. M3 ycroBusi cmepyer, uro (P, D)
JuddepeHnupys 3TO TOXKIAECTBO M0 MapaMeTrpy t, noJay4aeM:

dp = - dp dp -
(If-,p)+(p, d—f)EO, T. e.(df,p) 0. O

Hrak, B KaXmo# TOuKe Tafkod KPHUBOH y(S), OTHECEHHOH K Ha-
TYpPaJbHOMY MapaMeTpy, eCTECTBEHHO BO3HHKAIOT JBA OPTOTOHANBHHIX
IPYT IPYTY BEKTOPAa, OHH — BEKTOP CKOPOCTH, IPYTOH — BEKTOP YCKO-
peHHsi. DTOT BEKTOP yXKe He 00s13aH MMEeThb NJMHY, PaBHYI0 €IMHHLE.
MPEAToNOoXHM, 4YTO '3’ #0. Torma ymo6HO paccMOTPeTb €IHHUYHBIH

BeKTOp 7i(5) = ﬂs— / ‘—ﬂf—’ Tem caMbIM 1IpH H3MEHEHHH Mapamerpa

S MBI [IOJTy4aeM Bnonb KPHBOH IM1afIKoe pernepHoe moJe, T. €. CEMeHCTBO
IBYMepPHHX penepoB Bupaa: (¥(s),7(s)). Bekrop 7i(s) Ha3niBaercs
8eKMOpomM HOPMAAU K KPUBOH B Touke s. Kaxkmelii penep, nocse ero
napajsiefbHOrO MepeHoca B Hayajno KOOPAMHAT, ONHO3HA4yHO OIpene-
JIsieT HeKOTOopoe BpallleHHe IJIOCKOCTH BOKPYT TOYKH (O; TeM caMbiM
periepHoe mosie BOOJNb KPHBOH ornpenelsieT HEKOTOpoe riafkoe orobpa-
JKeHHe vy (s) B IPYNIy OPTOTOHAJIbHBIX MATPHLL, T. €. B IPYIIy BpaleHHH
IJIOCKOCTH. VIHEIMH C10BaMH, MOXXHO CYHMTATh, YTO KaXKast KpuBas y(s)
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MOPOXAeT HEKOTOPYIO TMAAKYI0 KPHBYIO, TOYKAMH KOTOPOH SIBJISIIOTCS
OpTOTrOHaJbHBIe MaTpulbl (2 x 2). Mbl H3y4HM HeKoTOpble CBOHCTBA
STOH KPUBOH Cpa3y B MHOTOMEDHOM cJydae, T. €. [JIsl Cy4asi [VIafIKoH
KPHBOH, PacroJIOXXeHHOH B MHOTOMEDHOM €BKJIHIOBOM MPOCTPAHCTBE
(06 sToM HuXe).

Onpeaeaenue 1. [lycts rnaaxasi KpHBasi OTHECEHA K HATYPaJbHOMY
napamerpg Kpueuauou Kpusoli B TOYKe S HasblBaeTcsl BeJHYMHA

k(s)_’

Hocxo.nbxy KpPHMBH3Ha (10 onpefie/ieHHIO) sIBJsIeTCS] MOLLyJleM BeKTopa

2
YyCKOpeHusi, TO %3—) = k(s)7i(s), rme 7i(s) — BeKTOp HoOpMalu K

KpPHBOH B TOYKE §, @
() ()
k(s)_\[(dsz a2/

Eciu €, é — emuHHuYHbIe OPTOrOHAaJbHBIE BEKTOPH, 3ajalolIHe
JeKapTOBH KOOPAMHATH Ha miockocTH RZ(z, y), TO BEKTOp HopManu
MOXHO 3aIHCaTh B SIBHOM BHJE TaK:

_ a2y \"'2 %y -
n(s) = (_ ds2) (ds e'+ds2e2)

Onpepeaenne 2. Paduycom KpususHbt IafKOH KPUBOH B TOUKE S
HasnBaetcsi yucno R(s)=1/k(s).

[lpexxme 4yeM pBUraThCsl Aanbiue, PACCMOTPHM T€ MPOCTHE MPH-
Mephl KPHBHIX, KOTOpPheé OOOCHOBHIBAIOT BHIOOP TEPMHHOB: <«KPHBH3-
Ha» M «paguyc KpHBH3HED». [lpocrefinast KpuBasi Ha IIOCKOCTH —
3TO TpsiMasi, 3afiaHHasl NapaMeTPUYeCKH B BHIE JHHEHHOH BeKTOp-
oyskuun: z(s) = z(0) + as; y(s) = y(0) + Bs, rne s — HaTypanbHHI
napamerp. JTO HaKJIafiblBaeT OrpaHHYeHHsi Ha BuOop umcen «, B:
SICHO, YTO NOMKHO OHTb BHIIOJHEHO paseHcTBo \/ a’+4 3% =1, Tak
Kak ¥ = (o, 8) u |9(s)|=1. Torma BeKTOp ycKOpeHHs -d—:'ilsﬂ paseH
HYJIO TOXIECTBEHHO, a I[OTOMY KPHBH3Ha IPSIMOH JIMHHH TaKXe
paBHa Hym10. COOTBETCTBEHHO, PaAHYC KPUBH3HK [IPSIMOH JTHHUH PaBeH
6eCKOHEYHOCTH.

PaccMoTpuM Ha miocKocTH OKpPYXHOCTh pamuyca R. [Tapamerpuye-
CKHe ypaBHEHHs] OKPY>KHOCTH HMEIOT BHI;

z(s)=z(0) + R cos (%) , y(s)=y(0)+ R sin (%) .

[lapamerp s usmeHsiercs or O go 27. BexkTop ckopoctu

9(s)=(—sin (g); cos(%))-
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CrepnoBaresbHO,
dz: = (—% cos (%) —% sin (%)) .

1
Takum 06p330M, KpUBH3HA OKDPY>KHOCTH MNOCTOsiIHHA M paBHA " a

pamuyc KpHBH3HH paBeH % =R.

OnHako npH pemieHHH MHOTHX KOHKDETHBIX 33afad OKa3hIBaeTcs,
4TO ypaBHeHHsI KPHBOH OTHECeHH He K HaTypajJbHOMY MapaMerpy,
a K KakOMY-TO MpPOM3BOJbHOMY MNapaMeTpy t, a MOTOMY MOJE3HO
yMeTb BHIYHCJSITh KPHBH3HY KDHBOH, OTHECEHHOH K IPOH3BOJbLHOMY
napameTpy.

Teopema 1. [Ilycme cnadkas kpusas y(t) omuecena K HeKo-
mopomy napamempy t, He obs3zamervHo HamypasvHomy. ITycme
8 mouke t sexmop ckopocmu v(t) omauuen om Hysas. Toz0a umeem
mecmo gopmyra:

", "
k(s iJs_ _ 1"y -y
(5= (=) + )P’
20e uepe3 z', z", ... 0603Ha1eHbl NPOU3BOOHbIE NO napamempy t.

Jdoxasarteasctso. [lycrs 7(t)=(z(t), y(t)) — napaMerpuye-
ckoe 3apanue y(t), v(t)=(z'(t), ¥'(t)) — BEKTOp CKOPOCTH; €CJIH § —
HaTypa/bHEI NapaMerp, TO IS TPOM3BOJBHOH BEKTOP-GyHKuMH §(t)

uMeeM:
d ooy _ dg(t) dt
I =55
B kayecTBe § Bo3bMEM

d(t) =9(¢)/[o(t)| = L.

W3 onpenenenust KpUBH3HH MOJyyaeM:

- |5 = 1% ()] =% (=)
Ianee:
% (R) — & (=)
Han,ueM . Tak Kak ds = —T(ﬁi dt, To
d 1 _ 1
ds — IREON




§ 1. TEOPHS KPHBbBIX 159

Orclona
_ 1 od(B@)\__ 1 (di(t) _ B(t) d o _
k=G @ (Iﬁ(t)l) BOP ( EOl dt'”‘”')

dt
_ 1 fow T dm U (o 7 oy
- |—;_TI2 (7' - |7. I dt |7' | I |2 T 2I?I|2 dt | | *

~

Tak Kak p
LR = F (7, 7) =27, 7)
TO

k_|4—l” 7 - T

l;_l|2

I”'I2
Bonee noxpobHo:

1 (F” _ ?I (?I’ ?”!) . 1 (x” _ x, le” + ylyll ) e

|;I|2 I;_I|2 |-1‘_I|2 (:!: ) + (y )2
v 'z + 4y yn _
+ip (V' =V )
1 (x"[y’) _xlylyll) 3 1 (yn(x/)z ylxlxll) _é2
PP\ @+ 2\ @)+ )
Orciona
_ ((2:,)2 + (y )2)—4((y )2(2:// ! yllxl)2 + (xl)2(yllxl — :Ellyl)2) —

((x WP
Hrak, k = ="y —y"z)| .
(=" + @)

BepHeMcsi kK u3y4eHHI0 IBHXKeHHs1 peniepa (U(s), 7i(s)) npu uaMeHe-
HuH napamerpa s. Oka3blBaeTcs, YTO POM3BOIHLIE OT BEKTOPOB pernepa
YIOOBNETBOPSIOT MPOCTHIM COOTHOIIEHHSIM, Ha3biBaeMbIM «(QOPMYJIaMu
Dpene».

Teopema 2. Ecau enradkas Kpusas omueceHa K HAMYypaibHOMY

napamempy, mo 8vinoOAHEHbL pasenHcmsa:
(s dn(s —
L) — k(s)ii(s), 2BL) = _k(s)a(s).

Hoxasateanctso. [lepsas gopmyna dpeHe HenocpeacTBEHHO
cienyet U3 onpepesieHusi KpHBH3HKI k(s). Ocranoch mpoBepuTh BTOPYIO
dbopMyny. PaccmoTpuM BekTOp-QYHKUMIO 7i(S); B CHJAY ONpeneNeHus
uMeeM (7i(s), 7i(s)) = 1. B cuny nemMMmul 2 umeem

(ﬁ(s) , %ﬁ(s)) =0
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T. €.
di(s) -
3 = A(s) U(s),
rie A(s) — Hekoropas raagkasi GyHkuus ot s. HaineM sty dynkumio.
[Tpomuddepenunpyem mo s Toxaecrso: (T, 1) =0. [Toayuum

(5.7) (s, 4) =0

otkyna k(7A,n)+ (9, A0)=0, 1. e. k=-A. O
Bekropst ¥ um 7 Moryr ObITb OpraHu3oBaHn B cTonbel; Toraa
tdopmyns PpeHe MPHHUMAIOT BHJ,

dv/ds \ _ 0 k 0]
difds |\ -k O n)’
e X = ( _2 0 ) — KOCOCHMMETpHYeCcKasl MaTpuua. JTOMY Co-

OTHOIIEHHIO MOXHO [PHAATh MPO3PAYHBIH TEOMETPUYECKHH CMHICT.
765) v PaccMorpum B Touke s pemnep w(s)=

= (Y(s), 1i(s)) U cMecTHMCSI 0 KpH-
Bod 7(s) M3 TOoukH s B Oec-
KOHeYyHO OIH3Kyl0 TO4Ky s + As
(puc. 1). Ilepenecs napanyenvHo pe-
nep w(s + As) B TOUKy s, monay-
YUM B TOYKe s fBa penepa: w(s)
u w(s + As), npuuem w(s + As)
nosy4yaercst u3 pernepa w(s) HoBopo-
TOM Ha 6eCKOHeYHO MaJbil yroa Aep.
Puc. 1 CrenoBaTesibHO, MOXXHO CUHTATh, YTO
penepn w(s + As), w(s) cBsiza-

Hbl OPTOTOHAJbHBIM Mpeo6pa3oBaHu-

eM: w(s + As)= A(As)w(s), rae A(As):( cos Ap sin Ay )

—sinAp cos Ay
Pasnarass ¢yskuun cos Ay, sin Ap B psiibl 10 MajJoMy MPHPALIEHHIO
Ay u mnpeHebperasi uJeHaMu BTOPOTO MOPsifKa ManocTH mo Aep,

nosy4aem:
aan=(§ )+ (8, 4+
T. €.
w(s+ As)=w(s)+ (—ggo Aotp) w(s) +...
Orciona

. 0o %)
%w(s)=Al’1r_1}oﬁ (—gga AO‘P) w(s)= (_d(’o[s) ‘:)S ) w(s),
ds
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rae ¢(s) — yroax ImoBopoTa pernepa w(s) OTHOCHTEJNbHO KaKOro-
10 (DMKCHPOBAHHOTO Derepa Ha MJIOCKOCTH (CKaXKeM, OTHOCHTeNbHO
penepa w(0)). B 1o xe Bpems, us ¢opmys PpeHe cirenyer, 4TO
%w(s) = —k?(s) kgs) w(s). CpaBHUBasi MoJy4eHHHE MaTpPHULbI,
uauM, 4to k(s) = dyp(s)/ds. TakuM o6pa3oM, KPUBH3HAa KPHBOH B
TOYKe S MOXKEeT OLITb HHTEPIPETHPOBAaHA KaK CKOPOCTb U3MEHEHHS YIia
©(s) B 3TOM TouKe. B cayyae niocko# KpuBo# 3amaHue GpyHkuuu k(s)
[OJIHOCTBIO OMpefesieT KpUBYIO, ecau ToNbKo k #0 mis Bcex s. Bosee
TOYHO, UMEeT MeCcTo

Teopema 3. [Tycmo 3a0ana eradkas gyukyus k(s), He obpawa-
rou4anca 8 Hyab Oas 6cex makux s, umo a< s < b. Toeda na naocko-
cmu cywecmsyem 2aadkas Kpusas 7(s), onpedessemas 0OHO3HAUHO
C mouHOCmblO 00 NAPAANEAbHO20 NepeHoca U OpmO2OHAAbHO20
npeobpasosarus, 0is Komopot k(s) aersemca Kpusu3Hol, a s —
HaAmMypasbHbIM Napamempom.

NoxasateabcTBO. PaccMoTpum cucteMy audepeHUHATbHBIX

. [ dv(s)/ds 0 k(s v(s
ypaBHeHHH (dﬁgs))éds) = (—k(s) g )) (ﬁgs; , Toe k(s) —
3anaHHasi pyHKuusi. Tak Kak k(s) #0, To 0o Teopeme CylIeCTBOBaHHUS
H eIUHCTBEHHOCTH H3 TeopUH AuddepeHIHANbHbHIX YPaBHEHHH, 3Ta
cHcTeMa uMeeT (eIHHCTBEHHOE, MPU (HHKCHPOBAHHLIX HAayaJlbHHIX HaH-
HbIX) pelleHHe, 1Ko NPoJoJIKaloIeecs: Ha Bech mrr_e&;an a<s<b.

CrnenoBaTesbHO, MOXHO PaCCMOTPETh ypaBHEHHeE d;: = k(s)3(s).
[To TeM e npu4yuMHAM, 3TO ypaBHEHHe HMeeT pelleHHe, OfHO3HaYHO
ornpefeseHHOe NPH 3aJaHUH HayaJbHHX AAHHHX M MPOAOJKAKLIEecs
Ha Becb uHTepBanl a< s < b. (Ilpo-
BepbTe, YTO pellleHHe 7 = 7(s)
siBnsieTcst uckomod kpusoii!) Taxk
Kak Jo0Oble 1Ba HayanbHHX JaH-
HBIX MOTYT OBITh COBMEIIEHH Ha
IJIOCKOCTH MapaJjiesbHbIM Mepe-
HOCOM H OpPTOTOHAJBHHM Ipeobpa-
30BaHHeM, TO, CJIEOBATENbHO, Of-
HO3HAYHO onpeaeseHHoe peleHHe
(GuKcHpyeTCcst ¢ TOYHOCTBIO JIO Mpe-
o6pa3oBaHuil yKa3aHHOro tumna. O]

Cnenyetr obcymuth poab ycJo-
Bus k(s)#0. Ha puc. 2 npuse-
AeHb 1Be KPHBHI€ Ha MJOCKOCTH,
HMeiomue COBMNAfaolue INajKHe
GyHxkuun k(s), HO, OUeBHIHO, He Puc. 2
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nepeBoJMMble APYr B Apyra napajuieIbHHIMH IlepeHOCaMH H OpTo-
rOHaJbHEIMH Tpeo6pa3oBaHusiMH. O6e KpuBbIe COCTaBJEHH H3 JYT
OKpY»HocTeH. Pa3nuyHbfi xapakrep NOBefeHMS 3THX KPHBHIX 0OCO-
6eHHO OTYETJHBO NPOSIBJSETCS MPH PaCCMOTPEHHHM BEKTOP-(QYHKIHH
HopmMauiu 7i(s). Hopmans 7, (s) mist KpuBoi 7, (s) Bce BpeMst HanpasJieHa
B TouKy O — UeHTp OKpyHocTH. KpuBast 7(s) siBisieTcsl ryagkoi
KPHBOH, a KpHBasi T,(S) He rjlajkasi, TaK KaK BTOpas IIPOH3BOAHAs
pamuyc-BeKTopa 7,(S) TEepIHT pa3phB B Touke P. DTo 06CTOSATENBCTBO
CBSI3aHO C TeM, 4YTO KpPHBH3Ha k(s) sIBAsIeTCS] OTJHMYHOH OT HYyJIs
TIOCTOSTHHOM BO BceX TO4YKax o6enx KpuBHX. OIHAKO MOXHO HOOGHTHCS
TOro, 4ro6n o6e KpHBBHE, MMEIOIHE COBMANAIOLHe KPHBH3HH, OLLIH
HEeKOHTPYSHTHH M ryiankH. M3 npuBegeHHoro BhIle IpUMepa MOHSITHO,
KaK Hafio MOCTYNaTh.

PaccMoTpuM npoH3BoJbHYIO MMIaAKYI0 KPHUBYIO, GDYHKLHS KPHBH3HH
KOTOpO# siB/IsIeTCS IJIaAKOH M B HEKOTOPOH TOYKe s = s, ofpamiaercs
B HyJIb BMECTe CO BCEMH CBOMMH IPOH3BOJ-
HHIMH Bcex nopsiikoB. CyliecTBOBaHHE TaKHX
Sy KPHBBHIX BHITEKaeT H3 TeopeMHl 3, IpHMEeHEeH-
HOH K IMagkoil QyHKuuu k(s), HMelouen
HyJbr OeCKOHeYHOro INOpsiAKa B OAHOH H3
s<5, 555 KOHLIEBHIX TOYeK, a MM b, rme a< s < b.
Torpma, compsirass nBe TaKH€ KpPHBHE B HX
Puc. 3 ofL1eill KOHLIEBO# TOUKe, B KOTOPOH (DYHKLHH
KPHUBH3HH 00palialoTcss B HyJb BMeCT€ CO BCEMH CBOMMH IPOH3BOJ-
HBIMH, MBl H TIOJIY4a€M [Be IJIafiKHe KPUBLIE, HMEIOLHe COBIAfaI0IHe
(YHKUMH KPHBH3HBI, HO HE KOHIPYSHTHHeE (CM. pHC. 3).
2. Teopus npocTpaHCTBEHHBIX KPpUBbIX. Popmyast Ppene
PaccMorpum Teneps riagkyo Kpusyio 7(t) B €BKIHAOBOM IPOCTpPaH-
ctBe R", oTHeceHHOM K [€KapTOBHIM KOOpAHMHATaM z!,..., z", T. e.
7(t)=(z'(t),..., z"(t)). Oka3uBaercs, 4TO, KaK U B [LIOCKOM CJIy4ae,
C KaXJI0H TOYKOH KPHBOH 7(S) MOXXHO OfHO3HAYHO CBSI3aTh HEKOTODPHIH
periep, KOTOpHI O6yneT riiafko MeHSIThCSl BIOJb KPHBOU MPH H3MEHEHHH
HaTypaspHoro napamerpa s. [Ipexxne yem nmepexomuTb K [OCTPOEHHIO
3TOro penepa, KOTOPHIH Mbl HasoBeMm penepom Ppee, 110 aHAIOTHH C
IIJIOCKHM CJy4aeM, HOKaXKeM BCIIOMOraTesbHOe yTBepxKaeHue o qudde-
PEHLIMPOBAHHH MAaTPHYHKLIX (PYHKLHH.

PaccMoTpuM riagkyl KpHBYIO B JIHHEHHOM [POCTPAaHCTBE Ma-
TpHL, T. €. OfHomnapaMeTpHuyeckoe cemeictBo A(t), rme A(t) —
(n x n)-Marpuua, KoapdHIUHEHTH KOTOPOH CYTh IMafkue (YHKIHH 110
t, t € (—a,a). [Ipennonoxum, uto Bce mMaTpuusl A(t) (mpu Bcex t)
SIBJIIIOTCS] OPTOrOHAJbHBIMM MaTpPHIIAMH C orpefienuTenem +1, a takxe,
yro A(0)=FE, rne £ — equHU4HAsi MaTPHUA.
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Jemma 3. O603nauum vepes X = A(t)|,_, npoussodnyro amoeo
odHOnapamempu4ecKozo cemelicmsea opmozonarvrolx mampuy A(t)

npu t =0, m. e. X —amo mampuya, cocmasiennas u3 QyrHxyuil
da(t
suda agt( ) , 20e A(t)=(a;(t)). Toeda X — rococummempuue-

ckasn mampula®

NokaszateabcTBo. Kaxnayio oproroHanbHylo Matpuuy A(t)
MOXHO TMpPEACTaBAATb KaK JHHEHHHH OnepaTtop, NEHCTBYOLIMHA B
n-MEPHOM €BKJMAOBOM [POCTPAHCTBE, MPHYEM 3TOT ONEpPaTop Co-
XpaHsieT eBKJIHOBO CKaJsipHOe Mpou3BeleHHe. DTO O3HayaeT, YTO
gns JoObIX [OBYX BekTOopoB I,y € R™ HMeeT Mecto TOXIecTso
(A(t)Z, A(t)y) = (Z, 7). TlockonbKy c/ieBa CTOMT TIJaafKasi (YHK-
uusi OT ¢, TO MOXHO paccMOTpeTb €e IPOH3BOAHYI0 Mo t MpH
t =0. Tonyuum (A(t)Z, A(t)7) + (A(t)Z, A(t)y)|t_0 =0, 1. e
(X%,79)+ (2, X79) =0. BssiB B kauecTBe BEKTOPOB Z M Y Ga3ucHbIe

BEKTODH €; H €; COOTBETCTBEHHO (rme €, ..., €&, — oprobasuc B R")
nonydaem (X, €;)+(€;, X€,)=0, uton osﬂaqaeT KOCYI0O CHMMETPHIO
maTpulpl X B opTOGasuce el, .., €.0

3AMEYAHHUE. IlockonbKy MHOXECTBO OPTOrOHAJNBEHIX MaTpHI
BJIOXKEHO KaK MOLMHOXECTBO B JIMHEHHOE NPOCTPAHCTBO BCEX MAaTPHL
pasmMepa n X m, TO TIJIagKyl Kpuylo A(t) MOXHO paccmMaTpuBaTh
Kak [JIaAKyl0 KPUBYI0 B n2-MepHOM JHHeHHOM npoctpaHcte. C 3TOM
TOYKH 3peHusi matpua X = A(t)|,_, €CTECTBEHHO OTOXIECTBJISIETCS
C OGRIYHEIM BEKTOPOM CKOPOCTH ryiagkod kpusod A(t) mpu t =0.

MarpuuHosnauHyo GyHkumM0 A () MOXHO pa3oXKUTh B Touke £ =0
o cTeneHsiM 6eCKOHeYHO MaJsoro npupameHnus At:

A(A)=E +440)| At

Torma matpuua X nosiBisieTcst Kak «Koatbtpuuuem» npu At.
[Tepeiinem Tenmepb K moctpoenuio penepa Ppene. [lycts 7(s) —

r1ankasi BeKTOP-GYHKIHS, 3afalomasi IJafkylo Tpaektopuio <v(s) B

eBKJIHAOBoM npocTpaHcTBe R™. [Ipennosnoxum, uto npu a< s < b Bce

d7 d’F 477

—:, It JIHHeHHO HEe3aBHCHMH [PH KaXIOM S.

Torma B kaxmon Touke 7(s) BOSHHKaeT perep (He oproroHanbHHI!),

d7 d%  d"F
COCTABJEHHHI W3 BEKTOPOB ., = ar... g M MIaJKO MeHsIoIuiHcs

OT TOYKH K TOuke. B CHUJY NPEArnoJIOXKEeHHA JIUHEHHOH HEe3aBHCHMOCTH

BEKTOPH BHIA

k=

NPOH3BOJHBIX PafHYyC-BEKTOPA HMEEM, 4YTO BCE % OTJIHYHHI OT HY.JIs,
<k gn.

IIpennoxenne 1. [Tycmo 7(s) — enadkasn eekmop-¢pynkuus 8
R*, u nycmo k-1 npoussodnas ‘;Lf 0Ka3anacy AUHEUHO 3asucumor
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d7 d%F dk-17 y
Om npou3sooHsLY G-, ——, . . . FT 8 Kaxdoil mouke unmepsaia
S S
52
ag s<b, npuuem F ,f #0 npu a<s<b u 8ce npoussoonobie
S

d7 d%*F dk-1z

T goZr o gk T AuHetino He3asucumbt npu a < s < b. Toeda kpu-
sasn r(s) yeauxom codepucumcs 8 uercomopou (Ic— 1 ) -MepPHOI NAOCKO-
d7 d’7 dk-1z

cmu, HAMAKYMOIL Ha BeKMOPbL 4, FRERRE dsk— 3ma naockocme
He meHsem c80e20 noAoKHeHUs 8 npocmpancmse R™ npu usmernenuu
somadob.

JdokasatenbrcTBO. B cuay ycioBusi CywiecTByWOT TJafikue

GhyHKUHH )\ (s) 1 < i < k — 1, Takue, 4TO B KaXIOH TOYKE S HMe-

dk7 -
eM -~ z (s ) . B cuny nuHefdHOH# He3aBHCHMOCTH BEKTO-
i=1
d7 4’7 dk-l*
pos ST, T dk—_lr 5TH BEKTODH MOXHO MpHHATh 3a Gasuc
S S
B miockocTH RF~!, HaTaHyTOM Ha 3T BeKTOPH. i TOro 4YTOGH

J0Ka3ath, YTO KpHBasi 7(S) Bce BpeMsl OCTAeTCsl B OOHOH H TOH Xe
k-MepHOH MJIOCKOCTH, JOCTATOYHO I10KAa3aTh, YTO MJockocth RX~!(s)
He MEeHsIeT CBOero MoJioXKeHHs B MpocTpaHcTBe R" mpu M3MeHEHHH S.

2= k- l—-
k-1 d7 d°T d
IMockonbky 6asucom B R*~!(s) ciyxar BekTopH -, TZ g kT

TO JOCTaTOYHO [0KAa3aTh, YTO MPOM3BOAHAst 3TOro 6a3Hca COCTOHT M3
BEKTOPOB, pa3naraioumxcsi no stomy 6asucy. OnHako 3TO OUEBHIHO B
CHJY YCJIOBHS npemjioxeHus. [

d7 d%F "7
Hrak, eciu BekTOpH Ts g7

KpHBasi 7(s) He CONIEPXKHTCS HU B Kakou (n — 1)-MepHOH MJ0CKOCTH

B R*~! C R", HenomsuxHOH npu u3meHeHHH s. [loctpoum Temepb
B KaXIOH TOYKe S OPTOHOPMHPOBAHHHH 0asHc, Bexroru KOTOpOro

JUHEHHO HEe3aBHCHMH, TO

a7

= = d -
6ynem 0603HauaTh yepes 7, ...,7,. [lonoxum - /|5-|=7. 3arem

L d*F
paccMOTPHM ABYMEPHYIO MJIOCKOCTb, HATSIHYTYIO Ha BEKTODH 7, H d_"’:’

1 BeI6epeM B 3TOH MJIOCKOCTH BEKTOP T,, OPTOrOHaNbHHIH 7,. TaK Kak 110
d7 d%*F

HpeI[HOJIO)KeHH]O ds H d— JlHHeHHO HE€3aBHCHMBEI, TO ’T2 HMeEeT HYJEeBYIO
d2

IPOEKLHIO Ha d_zr- Cuienyiomuit BEeKTOp 73 BHIGEPEM B TPEXMEPHOM IIPO-
S

a7 o a3 d?# dF

CTPAaHCTBE, HATAHYTOM Ha dT y Tgy T{» T. €. HA BEKTODPH Ts’ E, s

npu4yeM B KayecTBeE 7'3 BO3bMEM BeKTOg OpPTOrOHAJBbHbIH I1JIOCKOCTH,

d’F d7
HaTSIHYTOH Ha BEKTOPH 75, 7j, (1. €. 5=, 5T). Tlpomomxas mpouecc,

MBI M [I0JTy4aeM HCKOMBIH opmuopmupoaanﬂmn penep 7, ..., 7,. flcHo,
4YTO PH H3MEHEHHH S BEKTODHl perepa 7(s) TakXKe [VIaKO MEHSIOTCS
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oT TOYKH K Touke. Kak u B nockom ciydae, pacCMOTPUM NPOH3BOAHBIE

ot BeKTopoB penepa 7(s)=(7(s), ..., T,(s)). Oka3mBaercs, 4TO OHHU

TaKKe YAOBJETBOPSIIOT MPOCTHIM COOTHOWIEHHsIM, o6obmaomuM ¢op-
myasl Ppene 175 NJI0CKOH KPHBOH.

Teopema 4. [lycme eradkas xkpusas 7(s) 8 R omHecena K

= g2 ne

HaAMYpPasbHOMY napamempy s, U NYCmos 8eKMOpbL %, ‘:—s;, e %.’-

AuHelino He3asucumsl 8 Kaxcool mouke a < s < b. Toeda cywecmey-

rom makue eraokue pyukyuu ky(s),..., k,(s), wmo svinosrnsromcs
moxcoecmsa (gopmyrvt Dpene)
( dF .
o R
d7 o
s = kT3 — kT,
e
a7,
n-1 __ 7. = =
ds kn n kn—lTn—Z’
a7, -
\ ds n'n-1»
&% ko~ kT, 20e Ky =k,,, =0
m.e = =K 1Tin i Tio 1 1= R =Y
HoxkasatenbcTBo. Tak xak Bektop 7, (mia 1 < i < n)
I d7 d'7
COINEPXKHUTCST B JIMHEHHOH 0O6OJOYKE BEKTOPOB d—:, sy g TO
S
a7, .
€ro Mpou3BOAHAas -7t CONEPKHMTCS B JMHEHHOH 000JOUKE BEKTO-
d7 diF d*tlz
POB s oty geT T € CYIIECTBYIT HEKOTOphe GbYHKIMHA
a;,(s), ..., a;;,,(s) Takue, 4yro
d7 i+1

o= E a“(s)’r'j(s).

i=1

TakuM o6pa3oM, eciH Mul COCTaBUM MaTguuy X pasmepa n x n,
7 T,

d7 =
BHIPaXXaIyl0 Habop BeKTOpoB —t, ..., ™ uepes pemep 7(s)=
=(7, ..., T, ), T0 OHa GydeT UMeTb CAeAYIOIM BUL;
a) Gy
G2 Gy Oy *

Qg3 G33 Gy

=]

O an—l,n-—Z
a

n—-1l,n~1 nn-—1

=]

n-1l,n nn
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C npyro#l cTOpPOHH, HaM H3BECTHH HEKOTOPhIE MOMOJHHTENbHHE
cBoiicTBa MaTpuus X . B camom fene, Kak H B IBYyMEPHOM CJy4ae, Mbl
MOXKEM HHTEpIpeTHPOBaTh NepeMelleHue penepa 7(s) BAONb KPHBOH
v(s) B TepMHHaxX ceMeHCTBa OPTOroHaNbHHIX MaTpull A (S) Takux, YTo
7(s) = A(s)7(0). 3ananue 3TOro OJHOMapaMETPHYECKOIo CeMeHCTBa
ONHO3HA4YHO OmnpefessieT 3BOJNIOLMIO perepa 7(s) NPH H3MEHEHHH

s. Torna, oueBumHo, mMatpuua X OymeT coBHafaTh € NPOH3BOAHOH

MaTpHIHI %&ﬂ npu s =0. B cuny nemmb 3 marpuuma X Oyzmer

KOCOCHMMETPHYECKOH, T. €.

0 —ay
a; 0 —ay O
ay 0 —ag,
a, O
X =
O 0 Gy _9 -1
a’n-2,n-l 0 —an—l,n
an—l,n 0 /

BssiB B kKauectBe (yHKUMH k,(s) GOYHKUMH a
JI0Ka3aTeJbCTBO TeopeMul. [J

Paccmorpum TpexmepHHi cayyai: n = 3. 3aech gopMmyan PpeHe
[PUHHMAIOT BUA

i i+ 1(s), MB nosnyyaem

d7 a7 da7.

T =hk® I EkhH-kT, 2 =-k7.
Bekrop 7, sBnsieTcsl eMMHHYHBLIM BEKTOPOM CKOPOCTH KPHBOH 7(s)
u 0ObuyHO o6o3Hauaercss 4epe3 U(s). Bekrop 7,(s) coBmapmaer c

TNPOH3BOJIHOM 110 § OT BEKTOPa U, TaK KaK % 17 u|v(s)|=1. 3nech Ml
HCIIOJb30BaMH TOT (AaKT, YTO S — HATypaJ/bHHH nmapameTp. Bekrop 7,

OPTOTOHAaNeH U U 1L = ‘j—:, T. €. MOXXHO CUMTAaTh, YTO OH COBMajaeT
C BeKTOPHHIM NPOM3BEJEHHEM BEKTOPOB U, 7i. Bekrop 7i HasmBaiOT
8eKmMOpom HOpMaAL K KPHBOH T(s), a BekTop b =T, 1] — sexmopom
bunopmaru K KpuBoH 7(s). 3mech uyepe3d [T, 7] MBH 0603HauMIH
BEKTOPHOE Mpou3BefeHHe U M 7i. B 3THX 0603HaueHHsX (POPMYJIHI
Ppene 3anmuiyTcs Tak:

9 — ki, E—2b-kv, GL=—27
3nech k(s)= ky(s) u Ha3nBaeTcst KPUBU3HOU KPHUBOH, a %(s) = ky(s)
1 Ha3biBaeTcsi KpyueHuem Kpusoil. (MHoraa BekTop 7i(s) Ha3bIBaOT He
NPOCTO HOPMAAbIO, @ 2AABHOL HOPMAALIO K KPHBOH T(s)).
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Jlnst yno6etBa paGoTH ¢ KPUBH3HOH KPHBOM, OyneM Bcerfa CYHTATh,
4yTO BEKTOP 7, COBIMAfaeT ¢ ﬂﬂ / Aﬁ)—|; Toraa k(s) cosmamaer c

MOMlyJIEM BeKTOpa J—l H, CJIe[JOBATEJbHO, SIBJSETCS MOJOXHTEIbHRIM
yuCIOM (MHI cqmaeM 4YTO COOTBETCTBYIOIIHE NPOH3BOJAHHE DPamHyC-
BeKTOpPa OTJH4YHH OT HyJas). Ecnm kpuBasi miiockast, To BeKTOp GHHOp-
Malli SIBJIsieTCs] IOCTOSIHHEIM BEKTODOM, He MeHsleTcsl IIDH H3MeHeHHH
TOYKM Ha KDHBOH; B 4YaCTHOCTH, Kpy4YeHHe KPHBOH DPaBHO HYJIIO.
C/efoBaTeNbHO, TUIOCKHE KPHBHIE MOIYT OHTb OXapaKTepPH30BaHH (cC
ToukM 3peHHsi R®) Kak KpHBHE C HYJEBHIM KpydeHHeM.

Puc. 4

H3yuyum Gosee nompo6HO POJIb KPYHeHHsI MPOCTPAHCTBEHHOH KpH-
BOH B TOM Cly4ae, KOTAa KpyYeHHe OTJIMYHO OT HyJs. PaccMoTpum
CKosbXeHue penepa (T, 7, b) BIOJIb KPUBOH H GyleM NPOeKTHPOBaTh
BEKTOPH T(s), 1i(s) u b(s) Ha IJIOCKOCTb, HATSHYTYIO Ha BEKTOPH b(so)
H 7i(s,), Toe s, — HeKoTopoe (BDHKCHPOBaHHOe 3HaueHHe MapaMeTpa
S, a 3Ha4yeHHs s npefnosaraloTcss 6€CKOHEYHO OJNH3KHMH K S,. [lpu
3TOM BEKTOP CKOPOCTH CIPOEKTHPYETCSI B BEKTOP GECKOHEYHO MaJjioH
IJIMHB, a MOTOMY MOXHO CYHTaTh (B MepBOM MHPHOJHKEHHH), YTO
5TOT BEKTOP IIPOEKTHUPYeTCsl B HYJb. TOTAa B IJIOCKOCTH E(so), 71(Sq)
BO3HMKaeT HEeKCTOpOoe [ABHXXEHHE BeKTOPOB _l;(s) 7i(s) cnpoekTHpoO-
BaHHBIX Ha 3Ty miockocth. W3 dopmyn Ppene cneayer, yro 3to

dn db
IBHXKeHHe omuchiBaeTcst GopMyJaMH d" =2, g5 = —x7, T. e. 1BH-

KEHHe onpefiessieTCsI KOCOCUMMETPHYECKOH MaTpuLeH ( _2 76 ), 4TO
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ornpezesisieT 6eCKOHEUHO MaJlblii IOBOPOT pernepa b, 7. CienoBaTesbHo,
BEKTOPH b, 71 BpalalOTCs OTHOCHTEJBHO BEKTOPAa CKOPOCTH KPHBOH,
NpHYeM CKOPOCTb 3TOTO BpAlleHHs] ONHO3HAYHO 3aJaeTrcsl KpyueHHeM
KPHBOIl (OTCIONA, KCTATH, IPOUCXOIUT H CaM TEPMHH «KpydeHHe»). [Ipu
3TOM KPHBasi TepsieT CBOIO IIOCKYI0 ()OPMY M CTAaHOBHTCSI «H30THYTOH
B [POCTPAaHCTBE», €CJIH OHA I[epBOHaYaNbHO Oblna miIockoi. Hrak,
MOXXHO CUHTAaTh, YTO NPOCTPAHCTBEHHAsi KPHBasi (B MaJIOM) MOXeT OHTh
roJlydyeHa U3 MJIOCKOH KPUBOH, €CJIH ABUraThCs 110 HEH ¢ paBHOMEPHOH
CKOPOCTBIO, «[IOAKPYYHBAs» B KaXKIbIH MOMEHT BPEMEHH 3Ty KPHBYIO C
MOMOIIbIO KpyueHHus: x (puc. 4).

3AMEYAHHUE. Kak u B ciryyae mjockod KDHBOH, CyIiecTByeT Habop
HHBAaPHAHTOB, OJHO3HAYHO (C TOYHOCTHIO JO NBHXKEHHS] TPEXMEPHOro
[POCTPAHCTBA) OMpeleNsIONMH IVIAAKYI0 KPUBYIO. DTH UHBAPHAHTH —
KPHMBH3HA M KpyueHHe KDHBOH; 3aflaHMe 3THX IBYX (YHKUMH onpeje-
JsieT INIafKylo KpuByio. [l0Ka3aTeJbCTBO MPOBONMTCS B TOYHOCTH MO
TOH JXe cXeMe, Kakasi OblJla YyKe HCII0Jb30BaHA DU JOKa3aTesNbCTBE
TeopeMbl 3. [lockosbKy B fajbHeHUIEM Mbl He OyfeM M0Jb30BaThCs
5THM (DaKTOM, TO [OKAa3aTeNbCTBO «TPEXMEPHOr0 YTBEPXKAEHHS» Mbl
OIyCKaeM.

PaccMorpum riagkyio kpusyio B R". [lycTh BeKTOp CKOPOCTH 3TOH
KPHUBOH OTJIHYEH OT HYJs B KOXJOH TOUKe.

IIpennoxenune 2. [ra0kas Kpusas C HEHYAEBbLIM BEKMOPOM
CKOpOCMU ABASEMCA 2AA0KUM OOHOMEDPHbIM MHO2000pa3uem, 2Aa0KO
8r0xceHHbiM 8 R™.

JdokaszateanbcTBo. To, 4TO KpHBas SIBJSIETCS] [JIAAKUM MHO-
roo6pasueM, HeNoCPeACTBEHHO CJiefyeT H3 ONpejesieHusi TIJIaJKOro
MHoroo6pasusi. OcraeTcsi HPOBEPUTh, YTO OHA SBJISETCS TIJIAAKHM

nogMHoroo6pasueM B R", misi 4ero HyXHO
H3yYuTh AU GepeHUHan oToOpaxKeHHsi BJIOXKe-
Hus ¢, T. €. JuHelHoe oToGpaxeHue di. [lo-
CKOJIbKY OHO MOJIHOCTBIO OMpeesieTcsi BEKTO-
POM CKOPOCTH KPHUBOH, TO MaTpHua SIKoOu HMeeT
MaKCHMAaJIbHHIH PaHT B KaXX0H TOYKe KPHUBOH, a
IOTOMY KpHBasi siBJIsieTCs nogMHoroo6pasueM. O

3AMEUYAHHUE. KpuBasi, pacnosioxeHHass B
[JIOCKOCTH H H300pakeHHasi Ha pHC. 5, sBJS-
ercsl [JIagKuM MHOroo6pasdeM, HO He sIBJsIETCS
TJIaJKUM TOAMHOroo6pa3ueM B MJIOCKOCTH. SICHO, UTO OHa MOXeT OhITh
3a[aHa C MOMOIIbI0 PafHyC-BeKTOpa C IJIafIKHMH KOMIOHeHTaMu z(t),
y(t), ooHaKo B BepIIHHAX TPEYroJbHHKAa BEKTOP CKOPOCTH HOJKEH
obpalaTbest B HyJb, 4TOOB KPHUBasi MOIJIa CAEJIATh Pe3KUH MOBOPOT.

Puc. 5
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SlcHo, uTo J1060e OIHOMEPHOE [VIAfIKOe 3aMKHYTOE (T. €. He uMeroilee
Kpasi) MHoroo6pasue audoeomopdHo JuG0 npsMoi (HeKOMNaKTHOe
mHoroo6pa3sue), JHOO OKPY>KHOCTH (KOMIAKTHOe MHorooGpasue). Ta-
KUM 00pa3oM, BCe OJHOMEPHbIe MHOr00OPa3Hst HCUEPILIBAIOTCS TOJBKO
IBYMsI Pa3JIMYHBIMH MHOroo6pa3usiMi. DTH MHOroo6pasust yxe He qud-
(eoMOpP(dHEI, TaK KaK NpPsiMasi HEKOMIIaKTHA, @ OKPY>KHOCTb KOMIIAKTHa.

3agauu k § 1
1. Jloka3aTs, 4YTO eC/IH y TJIOCKOH KPHBOM KPHBH3HA TOXAECTBEHHO PaBHa HY/O, TO
3T0 — NpsiMasl JIHHHSA.

2. Jloxka3aTb, 4TO B TPeXMEPHOM MPOCTPAHCTBE MJIOCKHE KPHBHIE XapaKTepPHU3YIOTCH
ycnosHeM z =0.

3. Jloxasats, UTO MpPSIMbIE B TPEXMEPHOM MPOCTPAHCTBE XapaKTEPH3YITCS YCNOBHAMH
k=0, x=0.

4. OnucaTh KJacce KPHBLIX, 1S KOTOphiX k = const, = = const.

5. HOKaSaTb, YTO TPaEKTOPHH NBHXEHHS MaTepHaanoi"l TOYKH B LEHTpaJIbLHOM
CHJIOBOM TI10Jie SABJISIOTCA NJIOCKHMH KDHBRIMH.

§ 2. IlorepxHoctH. [Ieppasg u BTOpas KBagpaTUuHbIE (POPMBEI

1. Ilepas kBagpaTHuyHas c¢opma. PaccMOTpHM eBKIMAOBO Ipo-
ctpaHcTso R™, u mycts V"~ ! — raankoe nogMHoroo6pasue pasmepHo-
cti n—1 (WM, KaK roBOPSIT, «<KOPa3MEepPHOCTH OHH» ), BIoXKeHHoe B R”.
B HacrosimieM naparpade Mbl 6yaeM B OCHOBHOM HHTEPECOBATHCS TOJb-
KO JIOKaJIbHHIMH CBOMCTBAaMH 3TOH MIIEPIIOBEPXHOCTH, He HHTEPECYSICh
ee r106aNpHOM CTPYKTYPOH, TO3TOMY MOXKHO CYHTATh, UTO Y HAC IPOCTO
HMeeTcs Tyiajikoe BaoXeHHe aucka D™~ ! B R™. Beie Mu yxe o6Ccyxk-
IaJu Pasjiu4yHble CrocoOb 3aflaHusi MHOroo6pa3uid, B TOM YHCJe TH-
neproBepxHocted. s yno6ctBa BoibepeM NapaMeTpHUYecKoe 3aaHHe
Vr-1 1. e. 6yneM cuutath, 4to V"~ ! (Win BJOXeHHHH auck D™~')

onpenensieTcsi TNaAKUM pagumyc-Bekropom 7 = 7F(u!,...,u""!)C R",
rge mapameTpsl (KoopamHathl) u!,...,u"”! MeHSI0TCA B HEKOTOPOM
IMCKE B eBKJHIOBOM NPOCTPaHCTBe mapaMeTpoB R™~'(u!, ..., u™~1).

ITockonbKy MBI CYMTaeM, 4YTO pajUyC-BEKTOP OINpefeJsieT IJIafKoe

NIOIMHOroo6pasue, TO 9TO O3HAYaeT, YTO BEKTOPH d—rl, cen %
JIHHEeHHO He3aBUCHMH B KaXJIOH Touke obJacTu onpeneqfleﬂnﬂ. arom-
HHM, YTO 3TH BEKTOPH! SIBJISIIOTCSl KacaTeJbHHIMH K COOTBETCTBYIOLIHM
KOODAMHATHHIM JIMHHSIM, MPOXOASIUIMM 4Yepe3 BHIOPaHHYI TOUKy P Ha
nosepxHoctn V"~!. Kak GbIo TMOKa3aHO BhILeE, IVIAJKOE BJIOXEHHE
V»=1 g R"” nopoxnaaer Ha V"~ ! MHAYyNHPOBAHHYI PUMAHOBY METPHKY.
Hanomuum sty koncrpykumio.

[lyets !, ..., 2" — nekapToBbl KoopaMHATH B R™; Torna paauyc-Bek-
TOp 7 3agaeTcsi Ha6opoM rafkuxX GyHkuMid z'(u'l, ..., u" "), 1<i < n.
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n
[Mycts ds? = Y (dz*)® — eBkingoBa meTpuka B R?; Torma BO3HHKaeT
i=1

cjienyiomasi KBaapaTuuHasi gopma:

ds? |V,1—E(d:c (u',...,u"" )2 = zn: Z ( ) —
i=1 i=lk=1
= Z”I "il il =5 du*du? = "El 9 (u)du* du?,

i=lkp= kp=1

3nech yepe3 (, ) 0603HayeHO cKajlsipHOe npousBeneHue B R”.

Onpeneaenne. [lepsoil icsaapamutmoﬂ ¢opmoil zunepnosepx-
nocmu V"~! B R" HaswBaercs dopma ds®|y... =) g, du*du?, rme
dbyskuun g (u', ..., u""') onpeneneHs Bhiue. kp

DyHKUMH g,, 3aBHCAT OT DajHycC-BEKTOPA TMNEPIOBEPXHOCTH H
MeHsI0Tcsl, BooOlie roBopsi, NMPH H3MEHEHHH pafuyc-BeKTOpa, T. e.
npu aedopMauuu runeprnosepxHocTH. [lepBasi kBagpatuuHasi Qopma
orpefiesieHa Ha BeKTOpax, KacarelbHux K V"~ ! DBosee ToyHo: ecau
g, be T, V™~! — nBa npou3BONILHHIX KAacaTeJbHLIX BEKTOPA, TO ONpese-

ne
= — kpp k
JIeHO CKaJisipHoe Tpou3Befiente (d, b) 4z (yn-1) = gy a* b = LZ— Jo

HanomuuM, 4To pisi ynpolueHusi 0603HaYyeHHH MEI OMYCKaeM 3HaK
CYMMHPOBaHHSsI, KOTla CYMMHDOBaHHe Be[ETCs N0 COBNAJAIOUM BepX-
HUM M HHXXHMM HHOekcaM. U3 reoMeTpHYECKOro CMbICIa yHKuM# g,

CJIefyeT, YTo CKajsipHOoe rnpousBeeHue (a, ).t.z(v- 1) IPOCTO COBNajaeT
C OOHYHEIM €BKJMJOBHIM CKAJSPHHIM MPOM3BENEHHEM BEKTOPOB d
W b, paccMaTpMBaeMbiX KaK BEKTOPH OGBHEMJIOIIEr0 MpOCTPaHCTBA
R". Matpuua Mertpuyeckoro TeHsopa &, cocTaBjieHHasi U3 (QYHKUHH
gp(u', ..., u"""), uMeer BHL

HanoMHuM, 4TO puMaHOBa MeTpHKa BO3HHKJA paHee KaK HEKO-
TOPHH OOBEKT, YHOOHBIH [jisT BHYMCJEHHS MJIHH IVIaJKHX KPHBBIX,
pacrnosoKeHHHX Ha moBepxHocTH. C 3TOH TOYKM 3peHHs [JIHHA
nyru ~y(t), pacnojoxeHHow B V"-! Bupaxaercs no ¢opmyie

b

RP(t)=§(7,7)dt. B repmunax dyskumi g, (u) 3T0 Xe BH-
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pa)keHHe npHoGpeTaeT BHA

b n-1 A duP

Bre)= [ || X omlu(e) 252220 g

a kp=1
Dta dopmyJia «BHIOHEE» TEM, YTO B Hell y4acTBYIOT QyHKUMH g, (u),
He 3aBHCsIIMe OT BHIGOPA KPHUBOM Ha MoBepXHOCTH V"~ !, a 3aBucsimue
TOJBKO OT camoi noBepxHoctd V"~ ! u oT ee mapamerpusanuu. Kpome
TOro, 3TH (QYHKUMM He MEHSIIOTCS MPH H30METPHSX MOBEPXHOCTH,
HanpuUMep MPH M3THOAHHH MJIOCKOCTH B LIMJIHHJP.

PaccMoTpuM Tenepb, Kako# BUA MpHOOpeTaeT HepBasi KBaApaTHYHAS

¢opMa WIS Pa3nTMUHBIX Cr0co60B 3afaHusi rumeprnosepxHocTH. [TycTb
V»-1! sanana B Buge rpagmuka z" = f(z!,..., z""!). Umeem:

n—1
yor = 2 (d2')? + (dz™ (2!, ..., 2" 7)) =
i=1

ds?

n—1 n—1
=Y e+ y LA Gekder =

i=1 kp=1 a‘tk oz?
n—1
of & n—
= k.zl (5,‘,, + Eﬁg{,) dz*dz? =g (', ..., z"~')dz*dzr.
Py
of
WHorna 6ynem o6o3Hayath 5 & Yepes f,..

[lyctb Temepb moBepxHocTh V™~! 3amaHa ¢ nOMOWIBIO HeSIBHOM
¢Gyukuuu, T. e. B Bume F(z!,...,z")=0, rae % # 0. Torma
Mo TeopeMe O HeSIBHOH (YHKLHMM CYIIECTBYeT (JIOKaJbHO) pelleHHe
ypasHenuss F'(z!,...,z") =0 Buma z" = f(z!,...,z""!), npuuem

Of/ 8z = —(O0F/0z*')/(8F/0z™). TloactaBasis BMecTO f,. BHIpAXKEHHE
Buna (OF/0z®)/(9F/0z™), nonyuyaem & = (g,,), rae

o= [(2525)/(25)] 5.

PaccmoTpuM yacTHBIH cliydyal — BJIOXKEHHE IBYMEPHOM M10BEPXHOCTH
B TPexMepHoe eBKJIHI0BO npoctpaHcTBo. [lycth V2 3anaHo napameTpu-
decku: 7 = 7(u, v). Torna nepBasi KBafpaTHyHasi ¢popma OOLIYHO 3amH-
coiBaetcsi B BuAe ds*(V?) = Edu? +2Fdudv + Gdv?, rpe E =(7,, 7, ),
F=(#,7%) G=(%,7% ) — koapduuueHTH (OPMBI, BHIPAXKEHHHIE
yepe3 KOMIIOHEHTH pajuyc-BeKTopa 7

— 2 2 2 — — m2 2 2
E=z2+y’+22, F==zz,+y,y +22, G=z2+y2+z2%.
Hanomuum, uro metpuka ds?(V'?2) HasbiBaeTCs: KOHpOPMHO-€8KALOO-

8oii, ectu E=G u F =0.

PaccMmotpum npumep mepsoit kBagpaTH4HOM (GOPMBI [/ OBEPXHO-
CTed BpaueHusi, BjaoxeHHbX B R3. ITycts B R® BBefeHb LUMHHADHYE-
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CKHe KOOpAHMHATH (T, ¢, 2), U MyCTh NBYMepHasi MOBEPXHOCTh 3ajaHa
napamMeTpHyeckH: ¢ =u, 2 = v, r = r(v). Torga BLYHCIEHHE AaeT

ds?(V?) = dv? + r2(v)du? + (dr(v))? = (1 + (71)?)dv? + r2du?.

3nech F(u, v)=0, E(u, v)=r%(v), G(u, v)=1+(r!)% Tor daxr, uto
F =0, o3HauaeT, YTO KOOPAMHATHI JIMHHHU v =V, =const u u =u, =const
OPTOrOHANBHbL PYT APYTY B KaXJo# Touke (puc. 6).

Jemma 1. [Tycmop V*~! C R — esaadkoe noomuozoobpasue u & —
nepsas xeadpamuunas gopma. Toeda ¢opma & Hesviporcoena.

JlokazaTenbcTBO. B cuny onpemeneHus pajmyc-BeKTOpa
F=7(u!,...,u""!) Bce BekTOpH T, | < k < n— 1, nuHeHHO He3a-
BHCHMHl B TOYKax P, mpuHamnexaumux V™~!. [Tockonbky matpuua &
COCTaB/IeHAa M3 CKaAsiPHbIX MPOHM3BElleHUH BEKTOPOB 7, W T,,, T. €.
& =((F,.,T,)), T0 B HeBhHpOXKaeHa. (]

ITOT GaKT MOXKHO YCMOTPETh M H3 reOMETPHYECKHX COOGpaKeHHH:

ecau Obl cuMMeTpHYeckass Matpuua &

z Obl1a BHIPOXKJEHA, TO TOrga MO Kpau-

Hell Mepe OfiHO ee coOCTBeHHOE YHCJIO

2 6b10 6bl paBHO HYJIO, a TOTAA HY-

JeBoe coOCTBEHHOE 4MCI0 HMeja Obl

H HCXOHAsl eBKJHIOBAa METPHKA, 4TO
[IPOTHBODPEYHT €€ ONpefeeHHIO.

e /1 a1
r=r(u]...,u™) 2

Puc. 6 Puc. 7

2. Bropas xBanpatuuuas c¢opma. [lycts V"~! — runepnosepx-
HocTh B R", 3amaHHas paguyc-BekTopoM BHAa 7 = F(u',...,u""!).
[lyctp 7 = 7i(P) — eAMHHUYHBIH BEKTOP, OPTOTOHAJIbLHBIA [1OBEPXHOCTH
Vr-! B touke P. Onpepenum kBagpaTuynyio ¢opMmy Q(d,d), 3anas
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ee 3HaueHust Q(d, @) anst npousBoabHOro Bekropa d¢ € Tp(V"~1'). st
3TOr0 PACCMOTPHUM INPOH3BOJIBHYIO VIAAKYI0 KPHBYIO (i), Jexaiyo
Ha V"~ u npoxoasiyio 4yepe3 Touky P, npuyem Tak, 4yro y(0) =P
4(0) = 4. Takas xpuBasi BCerga CyueCTBYeT, XOTsi M ompejeseHa
HeolHo3HayHo (puc. 7). Tak KaK BoJb KPHBOH v(t) paauyc-BeKTOp 7

siBJIsieTcsl QYHKUMEH oT ¢, TO = %?(u(t)) i PaCCMOTpHM pamuyc-

(YHKLHIO ?— r(u(t)) u ee npousaom{ylo not,T.e. r_d—r(u(t))

0O603HaunM qepes r. 3Hauenne 7 mpu ¢t =0. D10 M ecTb BTOpAst
HpOHSBO}.IHaS{ pamuyc-BEKTOpa 7 no HamnpasJIEHHIO BEKTOpa a.

Onpenenenne. Tonoxum q(d, @) = (7 ; 7).

OrnpenesieHHOE HAMH YHCJIO SBJSIETCSI BEJHYHHON NPOEKUHH BEKTOPA
T, Ha BeKTOp Hopmanu 7i B Touke P (puc. 8). Brrumcaum 3nauenue
Q(d, d) B siBHOM BHJe Yepe3 KOODAHHATH BeKTopa 7. MMeeM

d%7 du® du? | o d%ut

4i2  whe Tt dt Wz

2 = ~  duk du?
t T(u(t)))n>=<ru*,u’:—tdlt’n>+0’

— d fod
n> d;‘(rk,n)=0,

=31

du?
dt

=Q(4, ).

t=0

o o\ du*
>=<r,,k,u,|,=o,n>;—t

t=0

Puc. 8 Puc. 9

Ilpn 3ToM csepyeT NOMHUTb, YTO BEKTOP G HMMeeT KOOPAMHATH

(dul(O) du™~ 1(0)

qt o @ , T. €. OKOHYAaTeJbHO

Q(E,8) = (7, Tuul o) a*a
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Sta KBajpaTHYHas ()opMa OOHO3HAYHO ompefensieT OGHIHHEHHYIO
dopMy Q(d, b), 3HaueHHe KOTOPOH Ha Mape MPOM3BOJNLHHIX BEKTOPOB
4, b e T,(V"~') onpenensiercs Tak:

Q (3, b) = g,,(P)a*b?,

roe qu(P) = (i"u"u’lt =0 ﬁ)
Jlemma 2. Boipamenue Q(a,d)= q;,a*b*, 2de g, be T,(Vr1)
onpedessem GUAUHEUHYIO POPMY.

JlokaszateabcTBO. MMeeM

- . ouk ou? [ 9%°7(0) - ou* ou?
Wy = wrlio 1) =57 57 <&7(a§)_ ! "> = oF o7 T

T. €. QYHKUMH g, MPeobpasyioTcsi MPU 3aMeHe KOOPAMHAT KaK Kod(-
¢uLuHeHTH 6unHHelHOH (GopMel, uTo M TpeboBanoch fOKa3aTh. I

Onpepgenenne. bununeitnas gopMa Q(d, b) Ha3uBaeTcss 8mopou
Kkeadpamuurol ¢opmoii nosepxrocmu V*~! C R".

SlcHo, uto ¢dopma @Q 3aBHCHT OT crocoba BjaoXeHus V"~! B
R", T. e. mpu raagkoit medopmaumu V"' sra dopMa, B00G-
mwe rosops, Oymer MeHsThcs. [Ipn 3ToM ¢QopMa yxe He sBis-
eTcsl MHBapHAHTHOM oTHocuTenbHo u3oMerpuit V"~! B R". Tak,
HarnpuMep, npu usrubGanuum V"~!, 1. e. npu raamkon aegop-
Mauuu R", npu Kotopoli mnepBas ¢opmMa He MeHsieTcs, op-
Ma () Oygmer, BooOue roBopsi, H3MeHsiTbcs. Hampumep, nycth
V? — nByMepHass miockocTh B R3; Ttorma pamumyc-sektop 7(u, v)
MOXHO CYHTaTh JHHEHHOH (QYHKUHeH
or mapamerpoB u, v. CnenoBarens-
Ho, nepBasi (QopMa sBJISIETCS €BKJIH-
HOBOH mJockod MeTpukoi: du® + dv?
(puc. 9).

Tenepb paccMoTpHM H30MeTpHYECKOE
npeobpasosanue V2 — csepThiBaHME MLJ10-
ckoctd R? B LMJIMHAD, OChb KOTOPOro
napaniesbia ocu Oz (puc. 10). SlcHo,
4To BTOpasi GOpMa LUHIHHAPA OTJIHYHA OT
HyJsl, TaK KaK OTJIMYHO OT HYJsl YHCJO
(*,, ). B 10 xe BpeMmsi BTOpasi ¢opma
naockoctd R? TOXAECTBEHHO paBHA HY-
JII0, CJIeloBaTebHO, IPH H3rubaHuu (T. e.

NMpH M30METPHH) BTOpasi (OpMa H3MEHH-
Puc. 10 Jlach.
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PaccMoTpuM (pukcupoBaHHOe moaMHoroo6pasue V"~! C R", mycTtsb
P e Vr-l. B kaxnou touke P ompepeneHa napa ¢opM, & u Q
(nepBasi u Bropasi (opmer). C 3To# mapoi cBsi3aH Ha60p YHCJIOBHIX
MHBapHAHTOB, NI03BOJISIOLMX U3y4aTh V™ ~! HEe3aBHCHMO OT BBENEHHOM
Ha Hell cucreMb KoopauHat. O603HauuM depes & u @ MaTpuubl
COOTBETCTBYIOIIMX ()OPM H PaCCMOTPHM IOJHHOM IO NEPEMEHHOH A:
det(Q — A ®). ITockoabky opma & HeBblpoXkIeHa (cM. JemMy 1), To
cyiecTByer Marpuua &', ob6paTHasi K ®; cJef0BaTeJbHO, ypaBHEHHE
det(&'Q — AE) =0 s3xBuBasieHTHO ypaBHeHHIO det(Q — A &) =0.
OG6o3HauuM uepes A, ..., A, _, cOOCTBEHHbIE YHCJIa MaTpHLLl B! Q,
T. €. KOpHH ypaBHeHus det(Q — A &) =0. Bckope MH f0KaXkeM, 4TO BCE
OHM BELIECTBEHHH. 3amulleM XapaKTepHCTHYecKHH MosuHoM F'(\) B
n—1

Buge », o\, e o, — cuMMeTpHyeckue GYHKUMH OT KODHeH A, ...
k=0

c Mn—10

Jemma 3. Pynxyuu o (A, ..., A, _|) ABARIOMCA UHBAPUAHMAMU
napot popm B u Q, m. e. COXPAHAIOMCA NPU NPOU3BOLLHOL HeBbl-
poXcOeHHOU 3amene KoopOunam 8 okpecmrocmu mouku P € V=1,

JdoxkaszarteabcTtBo. [Ipu peryasipHoit 3aMeHe KoopaHHaT T — T’
B OKPECTHOCTH TOYKH P B KacatesbHOM npocrtpaHctBe 1, V"~ ! Bo3nu-
KaeT WHAYLHPOBaHHOE JIMHEHHOE HEBHPOXAEHHOe Npeobpa3oBaHHe C
noMoupio Matpuus Skobu: J: Tp — Tp. [Ipu sroM Matpuus & u Q
nojsepraloTcs npeobpasosanuio: & — JBEJ T =&'; Q — JQJT =Q'.
CanenoBaTeJibHO:

det((8")'Q'—AE)=det[(JT) (& 'Q —AE)J " |=det(&'Q — \E),
4yro H TpeboBajoch 10Ka3aTh. [J

Hac 6ynyT oco6eHHO MHTepecOBaTh HHBAPHAHTHL:

n-1

E A, =Sp(&7'Q);, o, = H A =det(87'Q).

OCTaJleble ak, 2<k<n-2, Ol'lHCblBalO'l‘ 6oJiee TOHKHE CBOMCTBA
V=1 KOTOpHIMHM MbI cefiyac 3aHMMAThCsl He

6yneM. ITockoabky &~'Q #0, ecau Q #0,
TO CyLIECTBYeT XOT Obl ONMH WHBAPHAHT

O), OTJHYHBIM OT HYJIS. HuBapnauth o, u [ { o;(} (o
O, _, SIBJSIOTCA «KPaHHUMH» HHBapHAHTAMH
(puc. 11). Puc. 11

Onpepeaenne. Pyukuus H(P)= o (P)=o0,(\,,.--,A,_,) Ha-
3biBaeTcsi cpedneil kpususnoi nogepxnocmu V"' CR" 8 mouke
Peyr-! ®yukuus K(P)=o,_(P)=o0,_,(\,-.., A,_,) Ha3bBa-
eTcst eayccosoll kpususnot nogepxnocmu V- € R" 8 mouke P.
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Ecin n=31u V2CR?, 10 H(P)=\, + Ay, K(P)=2X, - A,

Teopema 1. Bce cobcmsenHtbie wucaa A, ..., A, _, napot popm &,
Q sewecmsenHobl. B mom cayuae, koeda sce uucaa A, ..., A, _, no-
NapHo pasiuyHbl, 8Ce cOOCMBeHHble BEKMOPLL €, . . ., €, _ | MAMPUYbL

&'Q B83auMHO OpmMOZOHANbLHLL, KAK OMHOCUMEAbHO 00vemArouell
eskaudosoil mempuku 8 R™, max u omHOoCUMEAbHO PUMAHOBOL
mempuKu, undyyuposanroi Ha V"~ eromenuem V- - R".

JlokasateascTBo. [lo u3BecTHOH TeopeMe u3 anre6pel cob-
CTBEHHble YHC/a CHMMETPHYECKOH MaTpHUbl BellleCTBEHHB, H Bce
ee coOCTBEHHble BEKTOPbl B3aMMHO OPTOTOHANbHH JJIsl Pa3JHYHBIX
cob6ecTBeHHBIX yHces. [Toka uTo 3Ta TeopeMa He MoXKeT ObITh IPHUMEHEeHa
B Hallleff CHTyauWd, TaK Kak MaTtpuua &~'Q, Boobuie rosopsi, He
cumMmetpuyHa. CumMetpust &~!Q umena Gbl, HanmpUMep, MeCTO, €CJH
66l ® u (@ koMMyTHpoBanH. Tak Kak ¢opma &(P) cuMMeTpHyHa
npH KaxaoM P, To B HEKOTOPOH OKpecTHocTH P cylecTByeT pe-
ryJsipHasi 3aMeHa KOOpAMHAaT z — z' Takasl, YTO B ONHOH Touke P
topMa &(P) npuBomMTCSl K AHMAroHaJbHOMY BHAY. Takoe INpHBene-
HHe BO3MOXHO, BooOLIe roBops, TOJbKO B ofHOH Touke. [lockoub-
Ky NpHBeJeHHe K [HaroHaJbHOMY BHIY HeOoOXONMMO OCYIUIECTBHTb
TONBKO B ONHOH TOYKe, TO B KaueCTBe MCKOMOH 3aMeHbl NOCTAaTOYHO
B35ITh JIMHelHYyl0 3aMeHy. [IpuBens & K AuaroHaJbHOMY BHAY, MOXHO
3aTeM INPHBECTH ee K eJMHHYHOH MaTpHle, NDHMEHsIsT pacTsKeHHS
BIOJb TJaBHBIX oceit (opMbl. [lycts A — snuHelHbIH onepaTtop A:
T, V' - T,V"~! ocymwectsasiomuii npusefeHne & K eIMHHYHOH
Mmatpuue; toria & = AEAT = AAT. Marpuua E, BO3HMKaOLIast
rnocJsie BHINONHeHHs1 A, onpenessier oprobasuc 4y, ..., o, B Tp V"L
[onyuaem det(Q — A®) =det[A(A'Q(A™")T - AE)AT].

Paccmortpum dopmy @Q = BQBT, rne B = A~'. HcxomHoe ypas-
Henne det(Q — A®)=0 sanuwercs B Gasuce $,...,$,_, B BHLE
det(Q AE)=0, 1aK kaK det A #0. Ilpu stom QT = Q, TaK Kak
Q" = Q. CnenoBatentHo, Bce COGCTBEHHbE YHCIAa H COOGCTBEHHBIE
BEKTOPH y opMbl Q 1 MaTpuusl &' Q omunu u Te xe. Tak Kak dpopMa
() cUMMeTpHYHa, TO Bce ee cobcTBeHHble yucaa (T. e. A, ..., A, _|)
BeIlleCTBEHHH, M B CJyyae, KOra BCe OHM IOMAapHO Pa3JH4HbI, BCe
ee coOCTBeHHble BEKTODH B3aHMHO ODPTOTOHAJBHHL. IDTO CJIELyeT H3
H3BeCTHOH TeopeMbl anre6pel. Oprobasuc €,,...,€,_, He 06s3aH
COBMajaTh ¢ 0pTobasucoM Py, ..., P, ;. O

Kak BHOHO W3 HOKasaTenbcTBa, B caydae, KOraa Bce coOCTBEHHbIE
4Hcaa pas3iuyHel, opTobasuc é,,..., ¢, _, B maockoctd T, V"~! ompe-
JleNleH ogHo3HayHo. Eciu ke cpemu A, ..., A, _, €CTb COBNajamollMe,
TO OCTAeTCsi HOBOJILCTBOBATHCSI TOJBKO COOTHOIWIEHHEM €; L €, ecau
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A; # A, Ecim cobctBeHHoe umcio mMeeT KpaTHoCTh k, TO eMy
oTBeYaeT k-Mepoe HHBapHaHTHOE MOANPOCTPAHCTBO, BEKTOPbI KOTOPOTO
YMHOXAIOTCSi Ha OHO M TO XK€ YHCJO A; B 3TOM MOANPOCTPAHCTBE
MOXHO TaKxKe BhiGpaTh (HEOAHO3HAayHO) Kk-MepHBI opTobasuc.

Onpenenenne. Hanpasienus, 3anapaeMble BEKTOPaMH €, . . ., €, _ |
(ompefeseHHHIMH OJIHO3HAYHO, ecau A, # A; NPH % # jJ) Ha3bBaTCS
2/aBHbIMU HANPABAEHUAMU 2unepnogepxHocmu V™~ ! B Touke P, nin
IJIaBHBIMH OCSIMH.

HWrak, Mbl CBSI3aJH C KaXK0# TOYKOM runeprnosepxHocty V"~ ! oxHo-
3HaYHO OMpe/eNeHHbIi (ecau A, # A ; mpH & 7 J) C TOYHOCTHIO 10 BhIGO-
pa 3Haka oprobasuc €,..., €, _,
rjiagko 3asucsitiuid ot P. Opro-
roOHaNbHOCTb BEKTOPOB {€;} MMeert
MecCTO KaK B oObeMmioniel eBKJIH-
JOBOH MeTPHKe, TaK H B HHAYIHPO-
BaHHOM MeTpuke Ha V"~ ! CR".

[Tockosnbky B oprobasuce €, ...

.., €,_, Matpuua ® CTaHOBHTCS
eIHHHYHOH, TO A[,...,A _, co-
BMAJIAlOT C COOCTBEHHBIMH YHCJIAMH
tdopMbl (), 3anmHcaHHOH B opToba-

n

auce é,...,€,_,. Puc. 12
PaccMoTpuM uacTHbIH caydai.

Mycts V*~! C R" 3amana B Bume rpadmka z" = f(z',...,z""");
nycts maockocts T,V "~ ! B Hekoropoit Touke P € V"~! cosnana-
eT C MJIOCKOCTHIO mepeMeHHbix z',...,z"~' (puc. 12). Torma Hop-
Matep A(P) x V"' B touke P wumeer KoopmuHatn (0,...,0,1);
pamMyc-BEeKTOp 7, OMHCHBAOMMH moBepXHOCTb V™~! nmeer BuA
F=7(z!,...,z" " )=(z',...,z""; f(z', ..., "7 ")). Tak Kak runmep-
maockoets (z',...,z"~ ') = T,V"-! kacaercs V"~! B Touke P, TO
BHIIOJIHEHO COOTHOLIEHHE 6—]:. =0,1<t<n—1;orcioma (P)=E,

TaK KakK g;; = fo: s + 5,~j.
Y
PaccmoTpuM MaTpuiy Q = (‘1;,'): rae q; = (P M) = Jﬂ. Urak,

P d
Q =(f,:,;(P)) coBnagaer ¢ MaTpuuei recCHaHa QyHKUUH {}ft B TOYKe
P. Cpennsis kpususHa H(P) uMeer BuI

n-1

H(P)=Sp(&7'Q)=SpQ =3 farzs;

IJis1 rayccoBod KpuBu3Hb K (P) nmojyuaeM
K(P)=det(!Q) =det Q = det(f,.,.;(P)).
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Jnst ;ByMepHO# noBepxHocTH (nmpu n = 3) noaydyaeM

2 2
e=f(zy), H(P)=2f+31=Af

2 2
e A= % + % — oneparop Jlansnaca Ha mockoctu RZ;

K(P)=det (ﬁ: {’Z) =fufy - F2.

3. neMeHTapHas TEOPHMHE TIaXKMX KPHMBBIX Ha IMmeprioBepx-
HocTH. PaccMoTpuM npousBosibHyio Touky P € V*~!, u nycts #(P) —
HOpMaJib K runepriosepxHoctd V"~ ! B R". PaccMOTPHM NPOM3BONbHYIO
ABYMEPHYIO IuocKocTh R2, mpoxopsiuiyio yepes P M nepecekaiomiyio
V-1 no Hekoropo# raankoi Kpusoi y(t)=R2NV"~! (mo-npexuemy
Hac MHTEPeCyIOT TOJbKO COOHITHS, NPOMCXOASIME B MaJOH OKpPecTHO-
CTH TOukH P).

Onpepeaenne. [nankasi kpusas y(t)=R2N V"~! HasuBaercs
naockum cedenuem zunepnosepxnocmu V*-!' C R".

Yepes Touky P npoxomuT GecKOHEYHO MHOrO IJIOCKHX CedeHWH.
B To Xe BpeMs ganeko He Bcsikasi rJiafikasi KpuBasi y C V*~! gB-
JsieTcsl TJIOCKUM cedeHuem V™!,
Jnst Toro utobel v C V! He 6wi-
JIa TUIOCKMM ceueHueM, OCTaTOYHO,
4yTOGH < MMeJa HeHyJeBOe Kpy-
yeHue. [lycTb vy — nJjockoe ceye-
Hue V"~! (3adpuxcupyem comepxa-
myio ee miockocth R?), u mycrb
Touka O — HayajJo KOOPAMHAT, U3
KOTOPOTO BHIXOJUT PafMyC-BEKTOP
*=7(u',...,u"""), onucuBa Wit
noBepxHocTh V™!, npuHamiexur
niockoctd R2. Iyctb m(P) — Bek-
TOP HOPMalH K IJIOCKOH KPHBOH
¥y=R’N V"l comepxammiica B
R? (puc. 13). [NockombKy Mul pac- Puc. 13
CMaTpHBaeM IIPOU3BOJILHOE IJIOCKOE
ceueHHe, TO HOPMAJH 7i U M, BooOIIEe roBOpPsi, HE COBMNAMAAIOT.

Beenem Ha kpuBoil v =R2NV "~ ! natypasbHbiit napamerp s: vy =-(s)
(s — mmuna pyru). Torma B muockoctd R? kpusas +y(s) 3amaercs
pamuyc-BeKTOpoM T = 7(s), rae 7(s) = F(u'(s),..., u""!(s)). B cuny

dopmyn PpeHe ans MIOCKHX KPHUBHIX HMeeM k(s) = !d—'@, rae

ds?




§ 2. TOBEPXHOCTU. MEPBASI U BTOPAS KBAJIPATUUHBLIE ®OPMbI 179

k(s) — KpuBu3Ha KpuBod 7v(s) B Touke P. HamoMHuM Takxe, urto
2=
d-;f(ﬂ =mk(s), rne m =m(P), P € y(s). C apyro#l cTopoHsl, ecau
S
a= %F(s) — BEKTOP CKOPOCTH KpHBOH 7Y(s) B Touke P, To (B cuay

onpefeieHHst BTopol (popMu () HMeeM
Q@@,d) = ( 2,ﬁ>=(kﬁz,ﬁ)=k(fr‘z,ﬁ)=kcos€,

rae @ — yroa Mexny HopmajisiMH m H 72 B Touke P (cM. puc. 13). C

OpYro¥ CTODOHBHI,
-2 -
__(ds d7 d7
= (&) e(& %)

— - — 2
N d7 d7\ _ d7 d7 dt
Q(@,8)= Q(E, g) =Q (W’ E) (E)
rie t — MPOM3BOJIbHLIM TNIAAKMH NapaMeTp BHOJb KpUBOH v = RZN
NV"-'. 3necs ‘; F=a— nponaao.nbﬂblﬁ KacareJIbHbIi BEKTOP K KDHBOH

v B Touke P. Ecim @ =(al,.. ., a""), TO
)
k cos § = 2@ _ ke
g, tal g fal”

)

[TockoabKy B HanmpaBJleHHH 06010 KacaTeJbHOro Bekropa & € 7, V!
MOXXHO MPOBECTH KPHBYIO <y, SIBJASIOLIYIOCSl IJIOCKHM CEYeHHEM, TO,
cJle[0BaTeNbHO, HAMH [0Ka3aHa
Teopema 2. [lrs rr06020 Kacamerbrozo gexmopa & € T,V ™!
u 2106020 naockoeo cevenus vy (maxozo, umo Yy = &) omHoweHue
smopoii ¢opmbt K nepsoii pasHo k cos 6, m. e.
QG,d _ '

L — — =k cos 0.
®(4,d) gija'OlJ

KpuBu3Ha k HasniBaercsi Kpusu3Hoi naockozo ceyerus. Cpenmu
IVIOCKHX CeYEHHi BHJEJIEH KJIacC HOPMaJbHEIX CeYeHHH.

Onpenenenne. [lnockoe ceuenne v =R?2N V*-! B rTouke P
Ha3blBaeTcsi HopmaabHoim, eciid L(P) € R?, 1. e. § =0.

Takum o6pa3om, Kaxkzoe HopMalibHOe ceyeHHe v B Touke P € V"~
B3aHMHO OJHO3HAa4HO 3aJlaeTCsl KacaTeJbHHIM BeKTOpoM a € T, V"~1,
T. €. AByMepHasi miockocTb R?, onpenensiiomast 3To ceyeHHe, HaTsIHYTa
Ha fnBa Bekropa: Hopmais 7i(P) u Bekrop @ € T,V"-!. Bpamas
mi1ockocts R? Bokpyr 7(P), nojyyaeM Bce HOPMaJbHble CEYEHHs
runeproBepxHoctd V"~ ! B Touke P.

Ilnst HopmanbHoro ceyeHust v =R? N V"~ ! nokasaHHas B Teopeme 2
GopMyJia MPHHUMAET BHI

k= Q(&,8) _ %™ il

&(a,d) — gi]-a iqd?
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TaK Kak 0 =0. Tak Kak KpHBH3Ha IJIOCKOTO ceyeHHsi (BIOJIb BEKTOpa & ),
o6pasytoutero yroJ ¢ c HopMadinio 7i( P), 3aBucHT 0T @, To 3Ty QyHKLMIO
cilenyer 3anucath B BuIe k(6, &@). B cuiy nokasaHHoro yTBepxaeHus:
k(6, @) cos § =k(0, @), rne k(0, ) — KpHBH3Ha HOpPMaJBHOIO ceue-
HHs (BIOJb BEKTOpa & ).

TakuM o6pa3om, eciu H3BeCTHa KPHBH3HA HOPMAJIbHOTO CEYeHHs!
k(0, &), To KpuBH3HA JIO6OTO MJIOCKOTO CeUeHHs (BlloJ[b @), obpasyio-
wero yroat 6 ¢ 7, Haxomutest U3 popmyibt k(6, @) = 5k(0, @).

Teneps HanoMHUM, 4TO B KacaTeabHOH miockoctd 1,V"~! Bceraa
onpefeJieHH TIJaBHHeE HampaejaeHus € (P),..., é',,_l(P), orpepeJsiio-
mMecst ONHO3HA4HO, Korma A; # A, mpu 4 # j. Paccmorpum stu
«rnaBHHe ocu» €,(P),..., €, _(P) u nocTpouM Mo KaXAOMY H3 HMX
COOTBETCTBYIOLIEe HOPMaJIbHOE milockoe cedeHue v, =RZN V"1, rpe
nockocth R? HarsiHyTa Ha 7i(P), €,(P). Bce riaBHble HampaBieHust
€;(P) B3auMHO OPTOTOHAJbHH B €BKIMIOBOM MeTpuke Ha T,V"~ !
O6o3Hauum 4yepe3 k;(P) KPHBH3Hy HODMalbHOTrO cedeHHs <, (3TH
CeyeHHs] HHOTZA Ha3bIBAIOTCS IVIaBHHIMH HOPDMaJbHBIMHM CeYeHHSIMH).

Teopema 3. Cobcmesennvie uucia Ay, ..., X, _, cosnadarom ¢ Kpu-
gusnamu ky, ..., k, | era8HbLX HOPDMAALHBIX CEHeHUI.
7
9;; ata
HNokasarennctBo. M3 Teopemn 2 umeeMm kcos0——],
g.a a
q;; tal ij
TaK KaK 6 =0 mis HopManbHOTO cedeHHs, To k = —1——, rne a@ —
g;jotal
OIpefieISIIOIHA BeKTOP HOPMAJIbHOTO CeYeHHs. CDHKcupyeM BT, V"~
oproGasuc €,...,€,_,. Torma g, = 5,],
q; = 5,5)‘.': CJIe/IOBATEJLHO,
T A
k — i=1
Z (a')?

i=1

Ecmu @€ T,V"~! coBnamaer ¢ OfHHM H3
Puc. 14 €, To k; =)\, uto u TpeboBanocs. [J
Paccmorpume T, V! npoussonbﬂblﬁ BEKTOp & H PaccMOTPHM HOp-

MaJjibHoe ceyeHHe Boab &. O603HaunM uepes o (1<ig<n—1)yramn,
obpasyeMble G € IVIaBHEIMH HalpaBJeHHSIMH €,,..., €, _, (puc. 14).

Hpepnomenne 1. [Jas HOpmarvHO20 ceveHUus 8004b NPOU3BOLL-
Hozo sexmopa & € T,V"~! gunoaneno coomuowenue (popmyra
Jiirepa)

n-1
— ~) — 2
k=k(a)= Y X cos?qy,.

i=1
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ILoxasaTe.anTBo B cuny teopemub 3 umMeeM

Z A (@f)? a,)? n-1
BE@=S— = A S s g,

s o — —
L ==, rae yepe3 |&| o6o3HaueHa giuHa &. To,

re oS p; = ——I—= 3}
\/ Zl(a H?

YTO COS ; = Idl oueBHOHO. [J

dopmyna Diinepa Mo3BoJsSIET HCCNENOBATh TaK Ha3HBaeMhble «3K-
CTpeMasbHble CBOHCTBa» IMIaBHBIX KPHBH3H A, ..., A, _,. PaccMoTpum
KPHBH3HY HODMasnbHOro cedeHusi k(&) Kak QyHKuHio oT & € T, V"~!,
Tak kak k(a)=k(pa), rae p # 0 — BemecTBeHHoe 4Hca0, TO k(&)
3aBHCHT TOJBKO OT HAaMNPAaBJSIOIMX KOCHHYCOB COS ¢y, ..., COS @, _|,

n-~1
TAe @,,..., P, | — BBEJEHHHE PaHee YIJH; IpH 3ToM Y. cos® p, = 1.
i=1
Tak kak {cos ¢;,,] <7 <n— 1} MOXHO cUHTaTb KOOPAHHATAMH €[H-
HUYHOro BeKTopa & /|a|, To, momoxuB z‘* =cosy;,, 1<t <n—1,

n-1
MOXHO cuyHTaTh, 4t0 k(&) = k(z!,...,z" )= 3 A,(z%)? saBas-
i=1
eTcs raagkod GyHKuued Ha cdepe S™~2, 3ajaHHOH ypaBHEHHEM
('Y +...+ (" ')Y=18 T,V"~!. Tak kak k(&)= k(—a), 10
MOXXHO CYMTAaTh, YTO KPHBH3Ha k(&) siBasieTcsl IJ1afkod (GyHKUHeH
Ha TIDOGKTHBHOM MPOCTPAaHCTBE RP"-2 = S*~2/Z, (HanoMHHM, 4TO
RP" -2 — raankoe mHoroo6pasue). Utak, k(a)oxasbmaercs{ G yHKUHEH

0T n — 2 mepeMeHHHX (z‘, ezt Z (z')> =1). Tak xak coepa

S™~2 4 nmpoeKTHBHOE NPOCTPAHCTBO R]P’" 2 — ryagKue MHoroo6pasus,
TO B OKPECTHOCTH KaXMIOM TOYKH = € S™~2 MOXHO BBECTH JIOKAJIbHbIE
KoopauHaTH y', ..., y"~? (Hanpumep, npu z"~! > 0 KoOpAMHATAMH Ha
S™-2 MOXHO cuHTaTh z!,..., z""2).

Ha3sosem Touky z, € S*~? ;cpumuuecxo:i aas Gysxkuun f(z), 3anan-

Hoil Ha S™~2, ecau %L_o 1 <i<n—2. TaK Kak ﬁ% = %gyy%,

TO TOYKAa I, OKa3aBIIHChH Kpumqecxoﬁ B KaKOH-TO OMHOH CHCTEMe KO-
opauHaT y', ..., y" 2%, aBTOMaTHYECKH GYNeT KPUTHYECKOH H B M0G0
IPYrof cHCTeMe KOOPAHHAT. 1eM CaMBIM OINpejesieHHe KPHUTHYECKOMH
TOYKH HWHBAaPHAHTHO.

Bompoc: kakue KpuTHYECKHE TOUKH UMeeT Ha cdepe S~ 2C T,V "~!

n—1
rnankast pynkuus k(a)= Y, A,(z*)*? Y, kpome Toro, Kakue 3HaueHHUsI

i=1
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NPUHUMaeT KpPUBH3HA k(&) B 3THX KPDHTHYECKHX Todkax (T. e. BIOJb
HamnpapJeHHH &, COOTBETCTBYIOLUIMX KDHTHYECKHM TOYKaM Ha cdepe
Sn-2)?

Teopema 4. Kpumuueckumu moukamu ¢yHkyuu Kkpususmol k(a)
Ha c¢epe S*-2e T,V™-! agastomca 8 mownocmu mouku suda *te;,
1<i<n—1 (m. e xonyvl sexmopos L€,), 8 mom cayuae, /coeaa
/\, #X; npui#j. B moukax +¢, d)ymcquﬂ k(a) npunumaem 3na-
uenusn, pasuote A;, 1 <1< n—1. B amom cmuicae erasHble KpUBU3-
Hbl ABASIOMCA IKCMPEMALLHOIMU SHAHEHUAMU QYHKUUL KPUBUSHbL
k(a). Ecau cpedu cobcmsennovix uuces {\;} ecmo cosnadaroujue,
mo ymeepxcdenue npuHumaem maxow 8ud: KPUMU4eCKUmyU mouKamy
pynkyuu k(o) a6ast0mcs 8 moLHOCMU KOHYbL 8CeX COOCMBEHHbIX
sexmopos ¢opmol Q.

JokasatenbcTBO. PaccMoTpuM IpOM3BOJIBHYKO OuJIHHEH-
nyo cuMMeTpuuHyl0 ¢(opmy B(Z,7), onpegeneHHYI0O Ha BeKTOpax
Z,yeR"" Hanpnmep, B KayecTBe B MOXHO B35iTh BTOPYIO popmy
Q(Z,Y) = g;z'y’. [locTpoum dyukuumio f(z)= JIITI roe £ € S™2,

By Hafinem Bce KpuTHueckne TOUKH f(z).
\ SlcHo, uto f(z)= B(Z, %), ecau |Z|=1.
To, uto z, € S*~? sBisieTcsi KpUTHYe-
CKOH TOYKOM Anst ¢yHKkuuu f(z), o3Ha-

d
qaer —{| =0 mis gwoboro BekTOpa
db s,
b, KacateabHOro K S™~% B TOuKe 1,
rIe yepe3 —| 0603HayeHa NPOH3BOA-

-

Hast f(z) mo HampaBneHHIO b, T. e.
1 n-—2 . .

af =3fy,-~i,y | b oa gt —

db |z By

JOKATbHEE KOOPAMHATH DKOJIO .

MCHOJIbSYﬂ SKBHBAJIEHTHOE OIpeneJie-
“ o d
HHE 3TOH NPOH3BOAHOH, HMEEeM d_{l;| =

Puc. 15 ! [ ]I E
. f;iytt L= , tie y(t) — nobas kpu-
Bas, LENHKOM Jexauiass Ha cdepe Sn—z; npwien v(0) =
dy(t
10| (prc. 15). Oreona 28| = & B(3(1),7(1))|_

[Tockosbky B R*~! D §n-2 Q)nxcnpoaaﬂo CKaJmpHoe nponsseneﬂne
(, ), To hopme B(Z, J) MOXKHO B3aUMHO OAHO3HAYHO COTIOCTABHTh CHM-
MeTpHuHbIH onepatop B: R"~! — R"~! takoi, uto B(Z, §)=(Z, B7),
1. e. f(z)=B(%,Z)=(Z, BZ), rne z € S"~! — KoHel BeKropa Z,
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unymero u3 O B z € S™~2. Otciona
AD| = LB, () = (7(1), Bx(t)) =
= (1), Br(t)) + {(7(t), B(t)) =
= (F7(t), BY(®)) + (Br(2), %7(1)) =2((2), By(1)).

Tax Kak :7(t)|,_o =0, 10 bf(2)|, =2(b,B%)=0, 1. e
(b, B%,)=0. Tak kak (b, BZ,) =0 nist o6oro be T, S™~*, 10 BeKTOp
B7%, oproronanen T, S™~? (puc. 15). HUrak, BZ, Ko.mmﬂeapeﬂ Ty, T. €.
A(zy)Z, = B, rne 3 (%y) # 0 — cobeTBeHHOE (BelecTBEHHOE) YHCJIO.
TeM caMuIM KpUTHYECKHMH TOYKaMHu QyHKuuH f(z)=B(Z,Z) Ha S"~2
AIBJSIIOTCS B TOYHOCTH T€ H TOJBKO Te€ TOYKH, KOTOPHE SIBJSIOTCS
KOHLIAMH €IMHHYHBIX cOOCTBEeHHHIX BeKTOpoB ¢opMu B. Tak Kak u3
coOCTBEHHHX BEKTOPOB (OPMH B MOXHO BHOpaTth opTo6a3suc, TO
A(z,) coBnagaetr ¢ co6CTBEHHHM 3HayeHHEM, KOTOPOMY COOTBETCTBYeT
BeKTOp Z,. O

[Mycts n=3 u V2 Bnoxena B R3. Torna hopmyaa ditnepa npuHuMaet
Buf k(3&) = A, cos? ¢, + A\, cos? g, tne cos? @, + cos? p, =1 (mycthb
A=), T. e k(@)=(X;—A,) cos? p,+A,. ScHo, uTo MUHHMYM k (&),
paBHHI \,, focTHraercst npu cos? ¢, =0; MakcUMyM k (G&:), paBHHI A,
nocturaercst npu cos? o, =1. Ectn A, = A, T0 k(@)= A(=A;=1],)
(puc. 16).

C reoMeTpHUYECKOH TPAKTOBKOH IVIaBHRIX KPHBH3H CBsI3aH KPACHBHIH
reoMeTpUYecKHii 00pa3 — TaK Ha3biBaeMasl KBaJpHKa HOPMaJIbHBHIX
KpuBH3H: X, cos? ¢, +...+ A, _, cos? ¢, _, = const. [Ipu 37oM Hanpas-
JIeHHsl, COOTBETCTBYIOIHE SKCTPEMANbHHM (KPHTHYECKHUM) 3HAYEHHSIM
KPHUBH3HBI, COBIMAAAIOT C [MIaBHBIMH OCSIMH 3TOM noBepxHocTH. Ecau Bce
riiaBHBE KPUBH3HH A |, ..., A, _, HEOTPHLATEJbHH, TO KBanpuKa SIBJISI-

€TCsl SJUIHTICOU/IOM C TJIaBHBIMH NoJyocsiMH 1/ \/_, yI<ig<n =1, 1. €.
BeJIMYMHA % -i [VIaBHOI MOJYOCH PaBHA /T;, TAe T; — coorneTcrayxoumu
pPaauMyc KPUBH3HH i-TO HOPMAaJbHOTO cedyeHust vy, = RN V"~
Pas6epeM ciyuaii gpyMepHoil nosepxHoctd V2 C R3. OxasniBaercs,
rayccosa kKpusu3Ha K (P) oTBeuaeT 3a JOBOJILHO BaXKHHE JIOKaJbHHIE
XapaKTepUCTHKH ABYyMepHOH mnoBepxHocTH. HamoMuum, uto K(P)=
= A,A,, a NOTOMY BheasIOTCS TPH cayuyas: a) K >0; 6) K <O0; B)

A, >0 A <0 A >0 A <0
K= . . 1 1 .
0. Orciona: 2) {,\,>oHJI {)\ <0 ){)\ <0" {,\,>0’

A =0 A #0
A =2,=0.
B){/\z#omm{/\zzomm | =0
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JocTaTo4yHo paccMOTpeTb TOMBKO caydau: a) A, >0, A, >0; 6) A, >0,
A, <0;B) A, =0, A, #0; A, =, =0.

2, (02, (1) = 4(@)>0

0 :
2, ()2 |2, (x?)2=const >0

Puc. 16

B cayuae a) nosepxHocts V2 HMeeT 0Koso TOYKH P (J10KanbHO) BHA,
nokasaHHHIH Ha puc. 17. 3pgech
V2 pacnosioxeHa 1o OQHy CTOpO-
Hy OT KacaTeJbHOH MJIOCKOCTH B
touke P. B cayuyae 6) V? umeer
0KOJIO TOYKH P (J0KasibHO) BHL,
noka3aHHbIH Ha puc. 18. 3necs V2
pacroJyioxkeHa 1o o6e CTOPOHH OT
T,V?2. Toukn P rtakoro THna Ha-
3bIBAIOTCS CELJIOBBIMH (CelaMH).
HMHorpa ux Ha3biBalOT TOYKAMH Ile-
peBana. B ciyyae B), mpu A, #0,
Puc. 17 A, =0, nosepxHocTs V2 umeer

(noxanbHO) OKoJiO TO4YKH P Bup,

noka3aHHbIH Ha puc. 19. Tak kak A, # A,, To V? umeer B Touke P
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Puc. 18

Puc. 20
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B TOYHOCTH B2 OPTOTOHA/JbHHIX [JABHBIX HanpaBleHHs1 €, €. He
clenyer mymaTb, uto V2 okoso Touku P, B KoTopo#H A, = A, =0,
JIOKaJIbHO YCTPOEHa Kak IJIOCKOCTb (C METPHYECKOH TOYKH 3PeHHs).
Heno B ToM, yTO ecsu Bropasi Gop-
Ma @ aHHynupyercss B P (B 3ToM
caydae A, = A, =0), To JokaabHas
ctpykrypy V2 okosno P He KBajipa-
THYHA.

[Ipumep: B xayectBe V2 BO3b-
MeM rpaduk <«obe3bsiHbEro cemjias
z=f(z, y)=Re(z +1iy)* = z° - 3zy*
(puc. 20). Ilepsas c¢opmMa & B
'rque (z =0,y =0) umeer BHuL

9 = BTopaH t¢opMa @ B TOU-

Puc. 21 ke (0, 6) BHIpOXKAEHa: A\, = A, =0.

3necy Q =(g;;), Tre g;; = fz igir T €.

Q= 6( Zy :g) Q@ =0 B touke (0,0). Cucrema JUHUH YPOBHS

¢yukuun f(z,y) B okpectHoctH (0,0) mMeeT BHJI, NMOKa3aHHBIA Ha
puc. 21

4. TayccoBa U CpeHAA KPHBU3HbI JBYMEPHBIX NTOBEPXHOCTEH.
HaiineM siBHBIE BHJ rayccOBOM M CpeiHEH KPUBH3H ILJIs SIBHOTO 3aJaHHUsI
asyMepHou mnosepxHoctH. [lycts mnosepxnocts V2 C R® 3agana B
Buge rpaduka z = f(z,y), roe (z,y, 2) — DEKapTOBE KOODAHHATH
B R3. Ilycts f(0,0) =0; Torna xoopauHaTHasi MIOCKOCTb (z,y) —
KacaresbHast K V2 B touke (0, 0). Tak kak

10 K =det Q=f_f,—f2; H=Sp Q=f_+f,=X +X,. Haxoxnenue
H n K B toukax, orinuHux ot (0, 0), TpebyeT BhYHCJIEHHH.

HychS:(E F) Q_(]ll;d A]\/{) Torma ' = 1( C}; _EF)

rae g =det &,

61Q = l GL-FM GM-FN
o —-FL+EM —-MF+EN

H= Sp(es-'Q) = 1(GL - 2MF + EN),

_ 1t~y _ LN —M?
K =det(¢7'Q) = o F
Ecmu z = f(z, y), 10 ds® = (1 + f2)dz? + 2f, f,dx dy + (1 + f2)dy®. Tak
KaK pamuyc-BekTop V2, 3amaHHoil rpadukoM z = f(z, y), UMeeT BUL
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7’:(1" y) = (:l), Y, f(wa y))’ To

r:z = (0) 0’ f:l::l:)’ l_’"::y = (0’ 0’ f:y)’ 7,"Ayy = (07 0’ fyy))
o gradiz—f) _ (“for—fp 1)
| grad(z — f)| \/1+f3+f3,

[P U VS R VS R—
Ny N Ny
Orciona
_ GL—2MF + BN _ (L+ 1)) = 2 fyfoy + (L4 1)y
T 1+ f2+4; 1+ 2+ 1% ’
focy— 12,

[ayccoBa M cpemHsisi KPHBH3HH SIBJSIOTCSI CKaJISIPHHIMH (YHKLMSIMH,
onpefeseHHHIMH B KaXXJOH TOYKe MOBEDPXHOCTH, H HWHBapHAHTAMH
[OBEPXHOCTH; B YAaCTHOCTH, OHH He 3aBHCSIT OT BHOOpa JIOKAaJbHHIX
KOOPJIMHAT.

BHYHCIHUM FrayccoBy H CpPefHIOI KPHBH3HH CTaHIAPTHO BJIOXKEH-
Hoit chepu S2 C R3. Tak kak mw06oe HOpMajbHOe ceueHue S2 B
nponsaonbnoﬁ TOuKe P SIBJISIETCS 3KBAaTOPOM, TO A, = A, = ;l, rie

— paguyc cdeprl. ClrefoBaTesbHO, KpuBusna J1060ro HOpMaJbLHOTO
CeueHHsT paBHa A = 7> @ noromy K = , H= 122, B YaCTHOCTH,
rayccoBa M CpPeJHsisi KPHBH3HBI nocrosmﬂu.

layccoBa u cpeiHsisi KPUBH3HH ABYMEPHOH IJIOCKOCTH PaBHH HYJIO.

Onpenenenne. JlBymepHasi nosepxHocTs V2 C R® HasmBaercs
noBepxXHOCMbIO NOCMOARKOL KPUBU3HbL, €ClH ee rayccoBa KPHMBH3HA
K nocrosiHHa.

Tak, Hanpumep, craHaaptHas cdepa S2 W eBKIHIOBA IJIOCKOCTDb
SIBJISIIOTCSI MHOTOOOPA3UsIMH MTOCTOSIHHOH KPHBH3HHL.

Onpenenenne. J[symepHas mnosepxHocTh V2 C R® HaswBaercs
n08epXHOCMbI0 NOLOWUMENLHOL, HYAEBOL, OMPULAMELLHOL KPUBUS-
Hbl, €CJIM COOTBETCTBEHHO rayccoBa KPMBH3HA MOBEPXHOCTH BO BCEX €€
TOYKAX MOJIOXHUTENbHA, PABHA HYJIO, OTPHIATENbHA.

CranpapTtHast ABymepHasi ctepa siBisieTcst MHOroo6pasueM MOJIOXKH-
TeJIbHOH ([IOCTOSIHHOH) KPHBH3HHI.
3apmaya. Iloxa)xm‘e uto nosepxHocTh V2 C R®, 3apaBaemas

ypaBHeHHeM — o + 5+ = > —l (3quncounn), sIBIsieTCs] IOBEPXHOCTHIO
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CTPOTO MOJIOXKHTENBbHOH KPUBH3HH, €CJIH MOJYOCH a, b, ¢ OTJHYHH OT
0 1 co. DMIHICOHI MOXKHO 3aMHCcaTh apaMeTPUYECKH TakK:

z=acosfcosyp, y=bcoshsiny, z=sinb.

EBrinioBa IByMepHasi MJIOCKOCTh SIBASIETCS] MHOroopasueM HyJle-
BOH MOCTOSIHHOH KpHBH3HHL. [IpHMep MHoroo6pasusi oTpHLATENbHOH
KPMBM3HHI faeT rpaduk z = z? — y. SlcHo, 4TO

S _4 <0
T+ 2412 T (1+ 42 + o))

B sToM npuMepe rayccoBa KpHBH3Ha SIBJISIETCS] IEPeMEHHOH GYHKI[HEH.
Xoresoch Obl, 10 aHAJIOTHH C [TOBEPXHOCTSIMH MOJIOXKHTEJILHOH H HyJle-
BOH KPHBH3HH, MOCTPOHTb MHOroo6pa3ne MOCTOSITHHOH OTPHLIATEJbHOH
kpusuaHb V2 C R3. Cefiuac Mbl yKaXKeM OfHY H3 TAKMX [OBEPXHOCTEH.
Tem caMbIM Mbl JOKaXXeM CJefyIOllee yTBEPXKAECHHE: 8 MpexmepHom
egkaudogom npocmpancmse cywecmsyrom (AOKAALHO) NOBEPXHO-
Cmu nOCMOAHHOU NOAOHUMEAbHOU, HYAE8OU U OMpPUUAMEAbHOL
KPUBU3HEL.

Paccmotpum Ha niockocTH (z, y) IMagKylo KPHBYIO 7, PacHoJOXeH-
HyI0O B [IEPBOM KBaJ[paHTe, CO CJEAYIOLIMM CBOHCTBOM: JJIMHHA OTpe3Ka
KacaTeJIbHOW OT TOYKH KacaHHst ¢ KDHBOH [0 TOUKH mepecevyeHHs Kaca-

TesbHOH ¢ ockio Oz
MOCTOSIHHA M paBHa
a (puc. 22). Ilpu
nepeMelieHHH TOY-
KH A 1o KpuBoH
|AB|=a = const 4 Touka B cKonb-

I IAh]- 7 3ut no ocu Oz, H
oTpe3ok AB umeet

X 2 8 -=—  [I0CTOSIHHYIO JUIHHY,
paBHy0 a. Kpusas

Puc. 22 Y MOXET ObITh IO-

Jy4eHa YHCTO MeXa-
HUYeCKHM MyTeM, eC/JH CBs3aTb ABe TOUKH, A M B, HepacTsXHMOH
HMTBIO IJIMHBEI a H, noMecTHB A U B B mosioxenust A,, B, cooTBeTCT-
BeHHO (cM. puc. 22), HauaThb nepemeniath Touky B nio ocu Oz. Ilpu
3ToM Touka A 6yneT mpodyepuHBaTh KPHBYIO v, Kacawulywcs ocu Oy B
Touke A, M uUMerIy0 acuMnToTy — ock Oz. [Ipu sToM MBI cuHTaeM,
4TO TOYKH A U B CKOJb3SIT MO IJIOCKOCTH 6e3 TPeHHs; Torqa BEeKTOp
CKOpOCTH OyneT Bce BpeMsi HanpaBJeH BJOJb HHUTH, COEIHHSIONIEH
Toukn A u B, T. e. ABHXXeHHe TouKH B Gyner ofHO3HayHO onpefneneHo.

Haiinem nuddepenunansHoe ypaBHeHne KpuBoH . M3 TpeyrosbHuka
AB_ (cm. puc. 22) umeem tg o = —y., roe y = y(z) — rpadux 7;
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asin ¢ = y. OTciona

Yz

Vi+@?

sin p = T. €.

rae z = z(y) — rpaduk v. Urak,

a

z(y)=— g V@ - P dy=—a j

)

+$ ydy

Ve -y

Yy

:_fSL_‘/az_y'z:_ E—y?+%in (a+ a —y).

yva —y

a—\/ai—y2

Msl nonyuuiu siBHyio GopMyny rpaduka z = z(y). Paccmorpum
MIOBEPXHOCTb BpAIlEHHs], MOJYHaIOUIYIOCs NPH BpalleHHH KPHBOH 7y
Bokpyr ocu Oz (puc. 23). [Nonyuaiowasicsa nosepxHocts V? HasbiBa-
ercsi nosepxrnocmoro beavmpamu, nnu ncesdocgepoii; 3To nocaegHee

Ha3BaHHe Mbl [POKOMMEPTHDY-
eM mnosxe. Haitnem rayccosy
KPUBH3HY moBepxHocTH beib-
Tpamu. [liisi 3TOro Hy>XHO yMeTb
BBHIYHCASITL TayCCOBY KPHBH3-
HY MOBEPXHOCTH BpauieHus.. Pe-
WHM STy 3amady B O6lieM Bu-
ze.

Paccmorpum B R3(z, y, ) no-
BEpPXHOCTb BpaueHuss V2, 06-
Pa30BaHHYIO BPalleHHEM BOKPYT

Puc. 24

ocu Oz rnaBko# KpuBoil z =z(y) (T. e. 06pasyioleii), pacrnosoKeHHOH
B miuockoctd Ozy. Ha V2 Bo3HHKaeT KOOpAMHATHAS C€Th: Mapajieny
M MepHAMaHbl; 3Ta CeThb OPTOrOHAJbHA B TOM CMbICJIE, YTO B KaXKIOH
TOYKe KOODAMHATHbIe JIMHHH MepeceKaloTcsl MOA MPSIMbIM yrioM (pHC.

24).
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Jlemma 4. B kascdoli mouke nogsepxHocmu 8paujenus 2aagHole
HANPABAEHUS, M. €. HANPABAEHUS, OMBEHAOWUe 2AABHbIM KPUBL-
3HaM |, Ay, 8CE20Q MONCHO cHUMAmMb COBNAOAIOWUMI C HANpaBAe-
HUAMU MEpUOUAHA U NAPAALEAU, NPOXOOAUUX Yepe3 ImY MOUKY.

3AMEUAHHE. B dopMynuposke JeMMbl, yrnorpebisii TepMHH
«MOXHO CYMTaTb», Mbl HME€JH B BHAY CJeENyiollee: eclH A, # A,,
TO IJIaBHHE HanpaBjieHUs ONpefeseHbl OJHO3HAaYHO H COBMAJAIT C
HanpaBJeHUsIMH MepHAMaHa M MapajieNu; eclH A, = \,, To Jioboe
HanpasJleHHe IJIaBHOe, B YaCTHOCTH M B3aUMHO OPTOTrOHaJIbHbIe Halpas-
JIeHHs] MepHIMaHa U napajliesy.

JlokaszaTteabcTBO. Kak Mbl 3HaeM, IVIaBHBIMH HanpaBJeHHSIMH
I’ B T,V? gBASIOTCS Te€ M TOJBKO Te Op-
To6asucH €, €, B KoTophx obe dop-
MH ® u ( nauaroHaabHH. flcHo, uTO
nepsasg ¢opMa & pauaroHajbHa B CH-
CTeMe KOOpIMHAT, MOPOXIEHHOH MepH-
IOHaHAMH M mnapajjensiMu (CM., HampH-
Mep, BHYHCJIeHHe ¢opMn & Id 1no-
BepxHocTH BpameHus). Ocranoch HOKa-
3aTh, YTO B 3TOH XK€ CHCTEMe KOODAH-
HaT [uaroHalbHa W BTOpast ¢opMa Q.
[lycts (u, v) — koopauHatH Ha V2, mo-
POXKJAAIoLMe KOOPAUHATHYIO CETh: MEpH-
IMaHe ¥ napamntenu. Hamo mokasats,
uro M =(7,,1) =0, roe 7(u,v) —
pamuyc-BekTop V2, i — HopManb K V?;

Pue. 25 Q= ( ]1\34 A]\{ ) — BTOpasi ¢opma. Pac-

CMOTPHUM LMJHHADHYECKHe KoopauHatH (7,9, z) B R3. Ilycts V2
3anaercsi obpasyoiel r = r(z); Toria paguyc-BeKTop 7(z, @) noBepx-
HoctH V? umeer Bufi 7(z, ) = (z, r(z) cos ¢, r(z) sin ¢) (puc. 25).
Orciopa 7, = (0, —7'sin ¢, ' cos p). Hopmanp x V? umeer BHA

i = (', — cos p, — sin ) /V/1 + (r')%. flcHo, uro (7,,,7) =0, uto u
tpeboBanocs. Utak, Q = (f’) 1(\), , UTO M JOKa3nBaeT JeMMy. [J

Jlemma 5. Tayccosa xpususna K(P) 8 mouke P € V2, 20e V* —
nosepxHoCMb 8pAWEHUS, umeem BU0

_ 1™
|K| - 1‘(1 +(rl)2)2’

ede r =r(z) — ypasnenue obpasyrouell nogepxrHocmu gpaujenus V2
8 YuAUHOpULecKUx KoopouHamax.



§ 2. TIOBEPXHOCTH. MEPBASI U BTOPASI KBAIIPATHYHBIE ®OPMbI 191

3AMEYAHUE. Huumu ciosamu, K = A, A,, Ilie 1

1

KPHUBH3HAa HODMAJIbHOrO CeueHHsl BJOJb Hanpameuﬁﬂ ngpgmenu B
touke P. Boofuie rosopsi, HOpMajlbHOe ceYyeHHe B HalpaBJeHHH
napaiiesv He COBNajaer C caMoil mnapasjenbio (3Ta dopMmyna mis
KPUBH3HH A, Oyner nokasaHa Huxe). Ilanee A, = k(x) — KpuBHu3Ha
IJIOCKOH KpHBOH y = y(x) B TOUYKe x, T. €. KDUBH3HA MepHAHAHA.

JNoka3zateabcTBO. B cuny jeMMu 4 riaBHbE HampasieHHs
COBIIAJIAIOT C HANpaBJeHUsIMH MepHJMaHa H NapajesH, IPOXOASLIUX
yepe3 TouKy P, a moromy K(P)= A\, e A, H A, — KPHUBH3HH
IJIOCKHX KPHUBBIX — MepHIHaHa H HOPMaJIbHOTO CeuYeHHsl BJOJb Halpas-
JIeHHs] napajlled cooTBeTcTBeHHO. [locKosbKy napanienb sIBASIETCS
OKPYKHOCTBIO, TO €€ KPHBH3HY MBI HHXKe HCIIONb3yeM ISl HaX0XAeHHUs]
KPHUBH3HH HODMANbHOTO CeYeHHs. TaK” KaK MepHAMaH COBIajaer C

o6pasyioueit 7 =r(x), T0 A,(z)= 4TO cyenyeT U3 HopMya

T
(l+(rl)2)3/2’
®dpeHe IS IOCKHX KPHBHIX.

Hadinem A,(z) Ansi HopMaJbHOrO ceyeHMsl BIOJb HalpaBJeHHs Ta-
pamienn B Touke P = (z, r(z)). PaccmMoTpuM mnapanniens Kak Iio-
ckoe ceyeHue V?2; Toraa kpuBM3Ha k(0,3) 3toro ceuenus (BHOJIb
&, OIpefieJIsieMOro napajielbio) paBHa
1/r(z), Tak Kak pagHyc OKPY>KHOCTH- r l my 4n
napauienu paseH r(z). 3mech yrox 6
paBeH yriy Mexay HopMaibio K V2 u
BEKTOPOM 77, PacCloJIOXKEeHHHM B ILIO-
ckoctd mnapaimenu (puc. 26). Hanowm-

HHM, 4YTO —
k(6,3)= oy k(0, &) —T

(cm.  Bume). 3pecs  k(O, &)g =
= cos 0k (0, &) — uHTepecyomasi Hac
KpuBu3Ha A,;. Ocramoch HaiTH cos 6, Puc. 26

rae @ — yroj Mexny eIMHHYHbBIMH BEKTOPAMH M M 7i. 1aK Kak B
nnockoctu zOr BeK'rop m HuMeeT KoopauHaTh (0, 1), a BekTOp 7o —

KOODJAHHAThI —7',1), T0 cos § = ——. CaemosarenbHo,
P \/ )2 ( ) V14 (1")2
A () = ———. Orciona
l( ) rvV 1+ (' ) A

IKl N l |T”| |T”|
IR T+ D T r 1+ R
Jlemma 6. [losepxnocme Beavmpamu sagisemcs mHozoo6pasuem

NOCMOAHHOU ompuyamessHol Kpusu3Hnol (KPUBU3HA CMPO20 Ompu-
yameroHa).

O
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HNokasateanbctBo. [lockonbKy nmoBepxHocTh BenbTpaMu sBas-
eTCsl TIOBEPXHOCTBIO BpaIlleHHs], TO AJIS MOACYeTa rayCCOBOH KPHBH3HHI
MOXXHO BOCII0JIb30BaThCsi (POPMYJIOH, BbIAEIE€HHOMH B JemMMe 5. PyHKuus
y = y(z) siBasiercs o6paTHO# (yHKUMEH K QYHKIHH

2 2
a a-+ a” —
(L':(L'(y):— az—y2+§lr1(—2y,z),
a—va —y
“ . E— 2
HalileHHOH HaMHu paHee. Kak 6bL10 yKe MOACYMTAHO, T, = —

a2

n n n_r
T - —z'z 1

T+ &

Orcioga z" = , CJIe0BaTeJbHO,

TR EY? @y (1+

1
)
3HaK MHHYC BO3HHK BCJEJCTBHE TOrO, TO KpuBasi y = y(z) BbIMyKJIa
BHHM3, a MOTOMY MO OTHOLIEHHWIO K J0oO6oMy BbiGopy HopMmanu 7i(P)

co6CcTBEHHbIE YHCIa |, A, UMEIOT pa3iuyHble 3HaKu. Urak, K = ——,
a
4TO W JIOKa3biBaeT JemMmy. [

Hrak, Mb yka3anu B R® (no kpaiiHeill Mepe JIOKaJIbHO) MOBEPXHOCTH
MOCTOSIHHOH TOJIOXKHTEJLHOH, HYJE€BOH M OTPHLATEJIbHOH ayCcCOBOH
KpHUBH3HH. MHoroo6pa3ue MOCTOSIHHOH MONOXHTEJIbHOH KPHBH3HBI
(ctepa) siBasieTCst KOMINAKTHBIM M 3aMKHYTHIM (6e3 Kpasi) MHoroo6pasu-
eM; MHoroo6pasue HyJieBOH KPUBH3HBI (IJIOCKOCTb HJIH KOHYC, o6pa3o-
BaHHHIH CEMEHCTBOM MPSIMbIX, MCXOASILIMX U3 OJHOM TOYKH, KOHEYHOMH
W GECKOHEYHOMH, H CKOJIb3SIIIUX M0 MPOM3BOJLHOM [VIAAKOH MJIOCKOH
KpuBoil vy B R3) sBasercss HeKoMnakTHbIM (6€3 Kpast) OTKPBITBIM
MHoroo6pa3ueM. [IpenbsiBieHHOe HaMH MHOroo6pa3ue OTpHLATEJbHOH
MOCTOSIHHOH KPHBH3HbI OTJHMYaeTCsl OT MpPEeAbIAYyLIMX ABYX IMPHMEpOB
TeM, YTO 3Ta MOBEPXHOCTb He sIBJIsSieTCS] 3aMKHYTHIM MHOroo6pasueM H
He MOXeT ObITb MPOAOKEeHa Ha 6eCKOHEYHOCTh. DTa MOBEPXHOCTb (CM.
pHc. 23) UMeeT rpaHULy — OKPY>KHOCTb PafiMyca a C LeHTPOM B HayaJjle
KoopauHat O, npuyeM MOXHO MOKa3aTh (Mbl 3fech He OyneM H3yyaTb
3TOT BOINPOC J€TAJbHO), YTO [OBEPXHOCTb HE MOXKeT OblTh MPOLOJKEHA

3a 3Ty OKPYXXHOCTb C coxpaHeHHeM yciaoBusi K (P) = _L2 <0.
a

OG6HYHO 3Ty NMOBEPXHOCTb «HOCTPAHBAIOT», N0OaBJsIST MOBEPXHOCTD,
CHMMETPHYHYIO HCXORHOH OTHOCHTeNbHO mimockoctH yOz (puc. 27).
OTa NOBEpPXHOCTb HMEET «OKPYXKHOCTb H3JIOMa», B TOYKAaX KOTOPOH
MOBEPXHOCTh He SIBJSIETCS [JIafIKUM rofmHoroo6pasuem B R3. Oka3bi-
BaeTCsl, YTO MOSIBJIE€HHE 3TOH OKPY>KHOCTH, COCTaBJIEHHOH H3 0COOBbIX
ToyeK, He ciayyaiHo. Ha mepsbiii B3rjsif, 3THX 0coGeHHOCTEH MOXHO
6bl10 661 M36exkaTh, MPONOJ/DKHMB MMOCTPOEHHYIO BhIIIE «BOPOHKY» 3a
OKPYXHOCTb pajuyca a; HarnpuMep, Tak, KaK 3TO OKa3aHO Ha puc. 28.
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(HanmomHnM, yro B Touke A, Ha ocu Oy rpaduk obpasyiomeil Kacaetcs
ocu Oy.) OmHako, crenaB Takoe MPOJOJKeHHe, Mbl OOHapy>KUBaeM,

i

Puc. 27. Ceuende nosepxHocTH BenbTpamu

YTO MOJNYYawInasicsi MOBEPXHOCTb BpAIEHHs YyXKe He SBAseTcs [Mo-
BEPXHOCTBIO OTPHIIATE/bHOH KDHBH3HBI: 4aCTb [OBEPXHOCTH, 3aMeTa-
emast gyrod A,C (cM. puc. 28),

SIBJISIETCSI IOBEPXHOCTHIO MONIOKHU- ¥ ¢

TeJbHOH KPHBH3HbI, TaK Kak Hyra
A,C Bbinykna BBepx (B OTJIHYHE A
ot nyru AyA).

CremoBaTesbHO, BO3HHKAET I10-
ZO3peHHE, YTO MH He MOXKEM I[1PO-
HIO/DKUTb TJIafKUM o0pa3oM mo-
BePXHOCTh DBesbTpaMu 3a okpyx-
HOCTb, NPOYEPYHBAEMYIO TOYKOH
A, TpuH BpalleHHH BOKPYr OCH
Oz, c CcoxpaHeHHEM YCJOBHs
OTPHLATENbHOCTH KPUBH3HBI. TaKUM 06pa3oM, HaIIM MOMBITKH [OCTPO-
uTb B R® 3aMKHyTOe, KOMNakTHOE M/ HEKOMIAKTHOE, HO yXOMsliee
10 BceM HanpaBJeHHsSIM Ha 6eCKOHEeYHOCTb MHOroo6pa3ue MoCcTOSHHOM
OTpHLATEeNbHOH KPHBH3HH, HaTAJKHBAeTCs Ha TPYAHOCTH. 3€Ch JIETKO
YBHJIETb CYyLIECTBEHHOE OTJMYHe MMOBEPXHOCTEH MOCTOSIHHOH OTpHUa-
TeJTbHOM KDHBH3HbI OT IOBEPXHOCTEH MOCTOSHHOH MOJOXHTeNbHOH
KPHBH3HH (MOBEPXHOCTH IepeMeHHOH OTPHLATeJbHONH KPHBH3HH, YXO-
nsmue B R? Ha GeCKOHEYHOCTb [0 BCEM HAMpaBJAEHHSIM, CYLIECTBYIOT:
HanpuMep, yKa3aHHasi HaMH DaHee MOBEPXHOCTb THIEpPGOIHYECKOro

><V b

Puc. 28
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napa6osionna z = z? — y?*; 31ech rayccoBa KpUBM3Ha OTpHLATENbHA H
CTPEMHTCS K HYJII0 Ha 6€CKOHEYHOCTH, HanpuMep, ecd z2+y? — o). B
CaMoM fieJie, CTaHIApPTHasl AByMepHasi cepa HMeeT NMOCTOSHHYIO T0J0-
XHUTEJbHYI0 KDUBH3HY B HHIYLMPOBaHHOH 3THM BJIOXK€HHEM MeTpHKe.

Yr0o6H NMpoaBHHYTHCSI HEMHOTO AaJbllie B MOHHMaHHH CJIOXHBLIEHCS
CHTYyaLHH, HaliieM HHIYLIMPOBAHHYIO PUMaHOBY METPHKY Ha «BODOHKe»
BesnbTpamu, BroxenHoi B R3. BeegeM B R® unsiMHADHYECKHE KOODAIH-
HatH (z, 7, p), THe T=12, y=rcosp, 2=rsinp (1. e. ocb Oz —
och BpameHus)). Torna HMHAYLUMPOBaHHAasi METPUKA Ha MOBEPXHOCTH
BpalLeHHs ¢ obpa3syoleii, 3ailaBaeMoi ¢yHKuHel z = z(r), IMeeT BHJ

ds?=(dz(r))> + dr?+ r’dp? = (1 + (z!)*)dr? + r2dp>.

2
—— (cM. Bbime), T. e. ds®= dTLZ +r2dp?.

B HameM npumepe z! =—

YrBepxnenne 1. Pumanosa mempuxa, uHOYyyupoOBaHHAsR HA NO-
gepxrocmu beavmpamu obvematouell eskarudogol mempukol, A6A5-
emcsa mempukoil Jlobavesckoeo.

1

JokasateabcTBo. PaccMorpuM 3aMeHy u = o, v=_. Torna

2 2 2 2
d d d
ds? =2 dv? + &% = ST yro, oueBHIHO, W OKA3BIBAET YTBEPXK-
v v v
nenue. O

Hrak, nokanbHO noBepxHocTb BesnbTpaMu M30MeTpPHYHA IMJIOCKOCTH
Jlo6ayeBcKoro, T. €. Mbl NOCTPOMJIH H30METPHYHOE BJIOXKEHHE HEKOTO-
po#t obsactu nockoctH Jlo6aueBcKoro B TpexMepHOe eBKJIHAOBO IPO-
cTpaHcTBO. Kakast MMeHHO 4acTb miocKocT Jlo6ayeBcKoro nomyckaer
u3oMeTpuyHoe BioxeHue B R (B Bune nosepxHoctu Beabrpamu)? C
€aMoro Hayana OTMETHM, YTO BCsl NOBEPXHOCTh DenbTpaMu He Hu30-
MeTpUYHA HUKAaKOMY Kycky msockoctd Jlo6aueBckoro. B camoM nere,
NOBEPXHOCTb DesbTpaMu roMeoMopdHa AMCKY C BBIKOJOTOH TOYKOH,
cJIefloBaTeJbHO, ecau Obl 3TO KoJblLO OO roMeoMopdHO obsnacTH B
njockoctH Jlo6aueBckoro, To 6eCKOHEYHO y[aJeHHAasi TOYKAa BOPOHKH
BesbrpamMn nomkHa Oblia 661 0TOOPa3UTHCS B HEKOTOPYIO KOHEUHYIO
TOYKy mJockocTH Jlo6aueBckoro (puc. 29). DT0 NPOTHBOPEYHT TOMY,
4yro GecCKOHEYHO yHaJieHHasi ToOYKa BOPOHKH DesbTpaMu ynaneHa Ha
6ecKoHeYHOe PacCTOSIHHE OT TOPJOBHHBI BOPOHKH.

B neficTBHTeNbHOCTH, M30MeTPHYHO Ha obsacTb B miockoctH Jlo-
6ayeBcKoro orobpakaetcsi BOpoHKa besbTpaMu rnocJe paspe3a BHOJb
J060ii U3 ceoux obpasytomux (puc. 30). CoorBercTBYIOIIAs il 06aacTh
Ha mockoctd Jlo6ayeBckoro (B Mopesu IlyaHkape) mokasaHa Ha pHC.
31. Jra obnactb (Ha puc. 31 OHa oTMeyeHa CHMBOJAMH oo, A,,
B,) 3aknoueHa Mexny ABYMsl Mapa/uiebHBIMH NPSIMBIMH (B CMBbICJe
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reoMeTpuu Jlo6aueBcKoro), BLIXOASIIMMH H3 ONHOH TOYKH 0O Ha
a6bcoJgote, U ayrod AyB,, sBasomencs: Ayroi fuuHb 27 (ecau a=1),
YaCTbIO OKPYXKHOCTH (B €BKJIMIOBOM CMBIC/I€), KAaCAIOIIEHCs] TOUKH 0O

Ha abcoJoTe.

Puc. 29

8

Puc. 30

Takum obpasoM, obaacts (0o, A, B,) siBNsteTcst 6eCKOHEYHOH MOJI0-
COH, 3aK/IIOUEHHOH MeXy ABYMs MapaJiebHbIMH MPSIMBIMH H OTPaHH-

4YeHHOH C OfHOro KoHua ayroi A, B,.
PaccMotpuM Ha Mopenu [lyankape gBa ce-
MeHCTBa KOOPAMHATHRIX JHHUH, 06pa3ymoIux
OPTOrOHANBHYIO CeTKY (KaK B €BKJIHAOBOM
CMHICJIE, TaK H B CMHIcie MeTpHKH JloGaues-
CKOro, MOCKOJbKY 06€ METPHKH OT/IMYaITCs
JpYT OT Apyra Ha KOH(OPMHEIH MHOXHTEJb).
OnHo ceMeHCTBO siBAIsieTCSl MHOXKECTBOM Ma-
pajnenbHHX OpAMBIX (B cMbicae JloBaues-
CKOro), BHIXOASIIMX M3 ONHOH TOYKH 0O Ha
abcosiioTe, T. €. yramu OKpYXKHOCTeH (B €BK-
JIHJOBOM CMEICJI€), BHIXOASIIIUMH Ha abCOJIOT

(=]

Puc. 31

0Ofi MpsiIMbIM yrioM. Bropoe ceMelcTBO 006pa3oBaHO MHOXECTBOM
OKpYXHOcTeH, Kacawiiuxcsi abcosota B Touke oo (pHc. 32). Ira
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CHCTEMa TPAaeKTOPHH COBMAaJdaeT C CHCTEMOH JHHWH YPOBHsI Belle-
CTBEHHOH M MHMMOM 4YacTeH KOMIIEKCHO aHaJUTHYECKOH (YHKIMH

1 1 ) -
f(z)=3, 1. e. Ref(2) = ;coslgo, Im f(2) =7 sin ¢, roe z = re';
COOTBETCTBYIOLIME ypaBHeHHsi: - cos ¢ = C), +sinp =G, (C}, C, —
const). 9Ta KoopAMHATHasi C€TKAa OPTOroHa/lbHA. B TO BpeMsi Kak ofHO

\
)
I3

A

VR LIMN
NN
SO

7 /,
7

Puc. 32

M3 STHX CEeMeHCTB COCTOMT W3 NpSIMHX B reoMeTpuu Jlob6auesckoro,
TPaeKTOPHH BTOPOro ceMeHCTBa MPSIMBIMH B reoMeTpuu Jlo6aueBckoro
He SIBJISIOTCSI. DTH TPA€KTOPHH OJHO3HAYHO ONpPeeNSIOTCS TeM CBOHCT-
BOM, YTO BC€ «IepPIeHIHKYJSIPH», BHINyLIIEHHbIE H3 TOYEK TPAaeKTODHH,
TnapajlleJIbHhl APYT APYTY M [lepeceKaloTcst B TOUKe 0o, MPUHAJIexamel
abcomoTy (HamOMHMM, YTO a6COMIOT He MPHHALIEXKHT IJIOCKOCTH
Jlo6aueBckoro) (cM. puc. 32). Jlerko mokasath (mpoBepbre!), 4yTO
Jio6bie B TPaeKTOPHH BTOPOTO CeMeHCTBA KOHIPYSHTHBI, T. €. MOTYT
ObiTb NepeBefeHH APYr B APyra HEKOTOPOH H30METPHEH IMJIOCKOCTH
Jlo6aueBckoro (1. e. mudpdeoMophU3MOM, COXPAHSIIOUIMM PHMAHOBY
MeTpHKy). BoJsee Toro, B kayectBe Takoi H30METPHM MOXHO B3SITh

ApoGHO-IHHEeHOe MpPeo6pa3oBaHue BUAA w = ::Ij’ roe a, b, ¢, d —
rioaxofsiiuM o6pasoM nonoOpaHHbIE KOMIUIEKCHHe uyHcaa. BrpoueM,
3TOT (PaKT HaM He nortpebyercsi.

HMrak, paccMOTpUM MPOM3BOJILHYIO TPAEKTOPHIO BTOPOTO CeMEHCTBa
(OKpyXHOCTb C KacaHueM B TOYKE 00) U Ha HeH NMPOM3BOJILHYIO Mapy

Touek A,, B, OoTcTOSmMX APYr OT Apyra Ha paccTositHHe 27 (Mbl
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cuMtaeM, 4Yro a =1 W pamuyc eBKIHAOBOH Mogmeau [lyaHka-
pe ToXe paBeH efuHuue). Torma mnojoca, 3aKJIOYEeHHasi MeXAy
IOBYMsI [epHeHIHuKY-
asipaMu (A, o©0) H
(B,, 00), BOCCTaHOB-
JEHHbIMH B TOYKax
A, u B, wu3oMe-
TPUYHA pa3pe3aHHOH
BJIOJIb M PH/IMAHA BO-
poHke benbrpamu.
[Ipu 3TOM opTOroO-
HalbHast ceTKa Me-
PUIMAHOB W mapal-
Jened Ha BOPOHKe
BeapTpamMu mnepexo-
IUT B OPTOroHalb-
HYIO CeTKYy TpPaeKTo-
puii mepBOro M BTO-
poro ceMeHCTB Ha
Mopenu [lyankape B
nonoce (oo, Ay, By)
(puc. 33). Ha mnao-
ckoctu Jlob6aueBcko-
ro (kak ¥ Ha €BK- Puc. 33

JUOBOH IJIOCKOCTH)

BCEr/ia CyIIeCTByeT OTPaXKeHHe OTHOCHTEJbHO NMPOHU3BOJNbHON NMPSIMON;
B YacTHOCTH, OTpa3uB mnogocy (oo, A,, B;) OTHOCHTEJbHO MNPSIMOH
(00, Ay), MBl NONYyYHM HOBYIO IOJOCY, H3OMETPHYHYIO MCXOIHOH
(00, Ay, B,) u peanusymomyiocsi B Buje pa3pe3aHHOH BOPOHKH Deib-
tpamu B R®. OTpaxasi Tenepb 3Ty HoByw mnoJocy (co, 4,, A,) oTHO-
CHTeJbHO NpsiMol (oo, A,), nomydaem nojocy (oo, A,, A,) c TeMu xe
cBoHcTBaMHu M T. A, OTpaxkeHHe OTHOCHUTEJbHO MPSIMOM Ha IJIOCKOCTH
Jlo6aueBckoro siBisieTcsl H30METPHEH, a NIOTOMY TPaeKTOPHsI BTOPOro
ceMelcTBa, NPOXoJsdllasi yepe3 napy Touek A,, B,, nepeiifer B cebs,
TaK Kak J106asi H30MeTpHsl, COXPaHSIIOIAsl TOUKY 0O, IEPEBOJAUT TPaeK-
TOPHHM BTOPOrO CEMEHCTBAa CHOBA B TPAaeKTOPHH 3TOr0 Xe ceMelicTsa.
Bce otpesku (A,, A,_,), | < kK < 0o, HMEIOT OAMHAKOBYIO IJIHHY,
paBHy10 27. CoBepLIEHHO aHAJOTMYHAasl POLEAyPa MOPOXKAAET ITOJNOCHI
(o0, By, B,_,), | <k <00, c TeMH Ke CBOHCTBaMH. TeM caMbIM Bech
Iuck D?, orpaHHYeHHHIH TPaeKTOPHEH BTOPOro ceMeHcTBa (OKPYX-
HOCTbIO), pa3buBaeTcst Ha 6eCKOHEUHOEe YHCJO IMOJIOC, CXOASIUXCS B
Touyke 0o Ha abcomiore. Temepp yxe MOXHO IIOCTPOHTb OTOOpaXKeHHe
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Bcero Aucka D? Ha BopoHky bBenbTpamu (yxe Ge3 paspesa) B
R? TakuMm o6pasoM, uToGnl Kaxfas mojoca tvna (oo, A,, A,_,),
(o0, Ay, By), (00, By, B,_,), 1 £ k < 0o, H30MeTPHYHO 0TOOPa3H-
Jacb Ha BOpPOHKY Deabrpamu.
[Ipu srom muck D? Gymer Gec-
KOHEYHOe YHCJO pa3 HaMarThl-
BaTbCsl Ha BOPOHKY besbrpamu
| o) (puc. 34).
‘ L Bonpoc: MoXHo Jqu H30Me-
TPUYHO peanuszosaTh B R3, B BH-
Iie ABYMEPHOH NOBEPXHOCTH IIO-
Puc. 34 CTOSIHHOW OTPHILATeNbHOH KpH-
BU3HH He TOJIbKO noJjiocy (0o, A,, B,) (uiu jobyio Apyrylo nojocy, el
H30METPHYHYIO), HO H Bclo miockocth Jlo6aueBckoro? OTBeT oTpHUA-
TesbHbIN. JloKa3aTeIbcTBO Hepealn3dyeMocTH mlockocTH Jlo6aueBckoro
B R® BecbMa HerpusHanbHo u npuHagnexut H. B. Egumosy.

DT0 — ofiHO U3 IiIyOGOKHX OTJIHYMI MEXIy METPHKAMH MOJIOXHTeNb-
HOH M OTpHLATeJbHOH KpuBH3HH. O6paTMM BHHMaHHe Ha TO, 4YTO
HHYLIHPOBaHHAasl MeTPHKa Ha BOpoHKe Beabrpamu coBnana ¢ Merpu-
Ko#t Jlo6aueBckoro. [Ipu stom Merpuka JloGauesckoro MoxeT OHITH
ornpefesieHa «a6CcTPaKTHO», 6€30THOCHTENLHO K BIOXKEHHIO B €BKIHI0BO
NPOCTPAHCTBO, a B CHJIy YKa3aHHOrO COBMAJieHHsI 3Ta MeTPHKa o6JafaeT
rayccoBoi KpUBH3HOH. XOTsl Hallle HCXO[JHOE OrpeesieHHe rayCcCoBOH
KPHBH3HBl HCIIONb30Balo BiIOXeHHe V™~! — R", u, cieloBaTesbHO,
rayccoBa KPHBH3Ha 3aBHCeJia OT IIePBOH M BTOPOH ()OPM, OIHAKO, Kak
Terepb OKa3bIBaeTCsl, rayccoBa KPHBH3HA, MO-BUAHMOMY, He 3aBHCHT
OT BTOPOH (GOPMHL, T. €. siBIsieTcs] (QPYHKIHEH TOJBLKO OT PHMaHOBOH
MeTpHKH ®&; B YaCTHOCTH, KpHBH3Ha K He MeHsieTCsl IPH H30MeTPHSIX
V»=! B R™. D12 TeopeMa, BHUMCISIOLIAsI TAYCCOBY KPUBH3HY TOJIBKO B
TePMHHaX PHMaHOBOH MeTpHKH, OyneT HoKa3aHa HaMH MO3Xe.

PaccMoTpuM Teneps cpeaHioo KpusuaHy nosepxHocrent V2 C R3. Kak
6bI0 OTMeyeHO, CPeflHsisi KPMBH3HAa 3aBHCHT OT croco0a BJIOXKEHHs
V2 C R3, 1. e. onpenensiercsi Kak NepBOH, TaK M BTOPOH (GopMaMu.
[Tpu u3yueHHH CBOHCTB rayccoBOH KPHBH3HKI Mbl Pelia/i, B YaCTHOCTH,
TaKylo 3ajiayy: HaTH JBYMepHHIE NOBEPXHOCTH, MMelOlHe 3aIaHHYIO
NOCTOSIHHYIO KPHBH3HY. MH [OBOJIbHO JIETKO NPENbSIBUIH TaKHe NpH-
MepH, T. €. NPHUMephH MOBEPXHOCTEH IIOCTOSIHHOM IOJIOXHTENbHOH,
HYJIeBOH H OTpHLATENbHOH KpuBH3HH. XOTs MH M He OymeM 3zechb
3TOro MOKa3hBaTb, HO JOBOJIBHO JIETKO OINHCATh BCE IOBEPXHOCTH
V2, uMeiowme NOCTOSIHHYIO KpUBH3HY. HanpuMep, nsymepHoe raagkoe
3aMKHYTOe PHMaHOBO MHOroo6pasie NOCTOSTHHOM MOJIOXKHTEJbHOH KPH-
BU3HH roMeoMopdHo Jubo cdepe, 1160 NPOEKTHBHOH NJIOCKOCTH.
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CooTBeTCTBYIOIIAsl 3afiaya O MOBEPXHOCTHAX IMOCTOSIHHOH cpemHeH
KPUBH3HBI, T. €. mpobJeMa OMHCaHHsl [OBEPXHOCTEH MOCTOSHHOM
cpenHell KPMBH3HH, 3HAYNTEJbHO CJIOXKHEE H PellaeTcsl 3HAYHTeNbHO
meHee 3 (EKTHBHO, YeM B CJydyae rayccoBod KpHUBH3HbL. PaccMoTpuM,
HampuMep, NOBEPXHOCTH HYJeBOH cpPefHed KPMBH3HH — TaK Ha3blBae-
Mble MHHHMaJbHble ITOBEPXHOCTH. DTH IOBEPXHOCTH, KCTaTH, Xapak-
TEpH3YIOTCS TeM CBOMCTBOM, 4TO
[J0Laab HX JIOKAJbHO MHHHMAaJb-
Ha MO CPaBHEHHIO C IVIOIAMbIO
APYTHX THIePNOBePXHOCTEH, OTJIH-
YaIOUUXCS OT HCXOAHOH TOJIBKO
BHYTpH (J06oro) mapa goctaTou-
HO Majioro paauyca (puc. 35). du-
3HYECKOH MOJEJbI0 MHHHMaJbHBIX
nosepxHoctelt V2 C R® sBasiot-
csl «MblJIbHBIE IVIEHKH», BO3HHKa-
OIlMe Ha 3aMKHYTHIX KOHTYpax,
M3rOTOBJIEHHBIX M3 NPOBOJIOKH, MO- Puc. 35
cle U3BJEeYEHHSI HMX M3 COCYIa,

HanoJIHEHHOTO MBLIbHOH BofoH. IIpH 3TOM Ha OmMH M TOT XKe KOHTYP
MOXKHO HaTsIHYTh, BOOOlle roBOPSl, HECKOJbKO MHHHMAaJbHBIX MJIEHOK.

PaccMotpuM V2 C R® 1 BHBeeM ypaBHeHHe ABYMEPHBIX MMUHHUMAaJbHBIX

nosepxHoctedt. Tak Kak H = -GL—_gﬂ";—M, TO ypaBHeHne H =0

npuHumaer Bug GL — 2MF + EN =0. Ecom NOBEpPXHOCTb 33a[aHa C
noMompio rpaduka z = f(z, y), T0

ds? = (1 + f2) d=z? 4+ 2f, f dz dy + (1 + f2) dy?,
L — f:: M_ fx!l — f!l!l

Jie2+r2 T Jie2eg? N_,/1+f3+ff’

CJIe10BATEJIbHO,

(I + f) e — 2f 0 fufy + (1 + £2)fy, =0.

¥YXe cam BUJ 3TOTO ypaBHeHHsI B YaCTHHX NPOM3BOAHBIX (peIeHHs-
MH KOTOPOTO M SIBJISIIOTCSI MHHHMaJbHble NOBEPXHOCTH) MOKa3blBaeT,
4TO DelleHWsl ero HOBOJBHO CJOXHH. [IpuMep: eBKIHAOBA MJIOCKOCTh
R? C R® sBisieTcs MHHHMaJbHOH TOBEPXHOCTBIO, TaK Kak @ =0
(npoBepsre!).

Bonee cioxHBIH npuMep HEKOMIAKTHON MHHHMANBHOH OBEPXHOCTH
noJyd4aercsi Tak: paccMoTpuM B R® nBe opToroHasbHble, mepecexaro-
lnpecss B Touke O npsimbie [, u L. Pukcupyem npsmywo [, u Gynem
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nepeMelaTh BAOJb Hee C MOCTOSIHHOM CKOPOCTbIO a npsiMyio L, onHo-
BPeMeHHO Bpamas l, ¢ NOCTOSIHHOH YIJIOBOH CKOPOCTBIO w BOKPYT OCH

Puc. 36

l, (Bo3HHKaeT BHHTOBOE [IBHXEHHE).
[Ipsimast I, 6yner 3aMeTaTbh HeKoTopoe
IBYMepHoOe rJiafixoe MnogMHoroo6pasue
V? C R® koTopoe HashBaeTcs nps-
mom 2eauxoudom (puc. 36).

YnpaxHeHHe: [0Ka3aTh, 4YTO
NPSIMOH TeJIMKOHJ — MHHHMaJIbHast 1o-
BepxHocTb. [lns ymo6cTBa BHIYHCIIE-
HHA HYXKHO BBECTH Ha HeM KOOpIH-
HaThl, MHAYLUMPOBaHHblE LHJIHHApUYE-
CKMMH KoopauHaTamH B R3® ¢ ockio
l,=0x.

OTMeTHM, 4YTO J106asi MHHUMAJbHAS
nosepxHoctb V2 C R® umeer HemoJo-
JKHUTEJNBHYI0O TaycCOBY KPHBH3HY, TakK
Kak A + A, =0.

Caenyomuii npumep Oyner cBsi3aH
¢ koHTypoM I' C R®, rne mox I' mowwu-

MaeTcsi TVIafikoe BJIOXKeHHe Habopa okpyxHocted B R3, KoTopme He
nepecekaoTcsi. PaccMOTpUM HEKOMNAKTHYIO MHHHMAJIbHYIO MOBEpX-
HOCTb BpallleHHsl, 06pa30BaHHYI0 BpalleHHeM BOKpYr ocu Oz riagxon

\
\
\
\
\
\
\
\

\

\ A

\

Js

~—,———

Puc. 37

Puc. 38

KpuBo# 7(t), 3anaBaeMo¥i ypasHeHHeM y = a ch(z/a). Kak uaBectHo u3
Kypca aHa/lu3a, 3Ta KpHBasi onpefessier (GopMy NPOBHCAHUS TsKeJOH
eny, 3aKpernJyieHHoH B AByX Toukax, A u B (puc. 37). [Ipu stoM MH
TMpearosaraeM, 4To TsKeJsasi Lellb MoiBelIeHa JOCTaTOYHO BHCOKO, TaK
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yto KpuBas y(z) He mepecekaeT ocH Oz. Cuia TSXKeCTH HanpaBieHa
pHu3, BIONb och Oy. CooTBeTCTBYIOIIAsi NMOBEPXHOCTb Ha3biBaeTcsi
xamenoudom (puc. 38). Hadinem H. M3 nokasarenbcTBa JieMMH 5
BHJ(HO, 4TO

H=M+=——re - Y =

= A 2= y\/1+(y1)2 (1+(yl)2)3/2
-1/2 -3/2

= (ach 2)™" (145" 2) / —pchZ (145 2) " ~o

Hrtak, KaTeHOMI — MHHMMaJbHasi NOBepPXHOCTb. Ecim paccMoTpers
TOJMBKO TY 4YaCThb KaTEHOW[AA, KOTODas 3aKJIIOYeHa MeX1y MABYMsi
OKPY>XHOCTSIMH, 00pa30BaHHBIMH

spauieHueM touek A u B Bo-
kpyr ocu Oz, TO MOJNY4YHM MPH-
Mep MHHHMaJIbHOH NOBEPXHOCTH,
HaTsHYyTOH Ha KoHTyp I, cocro- -
SIMHA M3 3THX ABYX T'PaHHYHBIX
OKpYXHOCTeH. 3mech HaM IIpe-

JIOCTaBJsIETCS] CaIy4ad MPOJEMOH-
CTPHPOBATh, YTO pellleHHe 3aja-
Y4 Ha OTHICKAHHE MHHHMAaJbHON
IJIEHKH C 3aJlaHHBIM KOHTYPOM
B KayecTBe TpaHHLB HeeIHHCTBEHHO. B camoM pese, kpome yxe
npembsiBJeHHOro HaMH pemeHusi (puc. 38), cyumecTByeT elle ofHa
MHHHMMaJlbHasl IIJIEHKa C TeM JXe TPaHHYHHEM KOHTYPOM — 3TO MBa
JMCKa, 3aTSATMBAIOIIHe TPaHHYHHE OKPYXHocTH (puc. 39). DTa MuUHH-
MaJbHasi IJIEHKa cyllecTByeT Aisi Jio6o#i nmapH Touek A u B, B TO
BpeMsl KaK KaTeHOHW] JaJleKo He Bceraa HaTArHBaeTCs Ha TPaHHYHbIE

Puc. 39

B

Puc. 40

OKDY>XHOCTH. fIcHO, uTO ecsii TOUKH A H B pacrnoJyioXXeHbl JOCTaTOYHO
Haneko npyr ot Apyra, TO KaTeHOMH NOCTPOUTh Heab3s (puc. 40).
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[IpensitcTBHE K €ro MOCTPOEHHIO 0COGEHHO HAIVISIAHO IPOSIBJSIETCS,
KOrZla Mhl Ha4HHaeM pa3[BHUTaTh IPAaHHYHbIE OKPY>KHOCTH, PacTsIrHBasi
KaTeHOHJl, [1epPBOHAYaJbHO NMOCTPOEHHHH MJIs1 JOCTaTOYHO GJIM3KO pac-
noJIoXKeHHbIX ToueK A u B. [Ipou~cc pacTskeHHsI 10Ka3aH Ha pHc. 41.
[lpu pacTsnkeHUH TsDKeJsasi Uelb HayMHaeT MPOBHCATh, TFOPJIOBHHA
KaTeHOM/1a yMeHblLIaeTcsl, H B MOMEHT ee KacaHHs ¢ ocblo Oz rayccoBa
KPHMBH3Ha [IOBEPXHOCTH B TOYKe KacaHHs obpaliaeTcss B 6eCKOHEYHOCThb
(MBITBHAS MJIEHKA pa3phiBaeTcs).

Puc. 41

Eue oqun npuMep KOHTYpa, AJisi KOTOPOrO CYLIECTBYIOT [BA pPelLIeHHS
ypaBHenuss H =0, nokasan Ha puc. 42. 3gecb o6e MHHHMaJbHbHE

r 1-e pewenve 2-e pewerue

\\\\\\\mnummnmmlmm) Y,

Puc. 42

Y/

IVIEHKH roMeoMopdHH Apyr apyry. B 3aBucuMocTu or croco6a Bio-
XeHusi okpyxHoct S' B R® MeHsieTcsi ¥ BHI 3aTSIrHBAIOLMX ee
MHHMMaJIbHHIX MUIEHOK. [IpH CTaHIAapPTHOM BJIOXKEHHH OKPYXXHOCTH
z? + y> =1 B miockocTh (z, y) MUHUMAJbHASL [VIEHKA, 3aTArHBAIOLIAs
3TOT KOHTYpP, TOJILKO OfHA M coBmajaer c¢ muckoM z2 + y? < 1.
Ecnu ke S!' nBa pasa o6opauuBaercsi Bokpyr ocu Oz, TO pelueHHe
ypasHenuss H =0 ssasiercs jsuctoM Mébuyca (puc. 43). Ecau S!
o6opauuBaetcsi BOKpyr och Oz TpH pa3a, TO pelleHHEe YDaBHEHHs
H =0 saBnsietcst TpoiHbM JucToM Mé6uyca (puc. 44). Ero moxHo
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[IOJYYHTh, [lepeMelasi BAOJb OKPYXHOCTH, CTaHAAPTHO BJOXEHHOH B
JIOCKOCTb, TPHJIMCTHHK, COCTABJIEHHHH H3 TPeX OTPE3KOB OHHAKOBOM
JJIMHBI, CXOMSILHUXCS [10[, PaBHBIMH yriiaMu 27/3. [1pu 5TOM TPHIMCTHHK
J0JDKEH TocJie MOJHOTO 000pOTa BOKPYT OKPY>KHOCTH MEPEHTH B cebs
¢ nosoporoM Ha 2w/3 (cM. puc. 44). Ilpouecc mnocTpoeHus 3THX
[IOBEPXHOCTEH B HEKOTOPOM CMBbIC/IE aHAJIOTHYEH NOCTPOEHHIO MPSIMOTO
reaukouna. TpoiiHoi Juct Me6uyca roMeoMopdeH MOBEPXHOCTH C
caMolepeceyeHHsIMH, [I0Ka3aHHOH Ha pHC. 45.

7 Z
A

\z Puc. 43
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MuHHuManbHast IJIeHKa, 10Ka3aHHas Ha puc. 44, B OTJHYHE OT
OpeblAyLHX IPHMEPOB, HMEET MHOTO 0COOLIX TOYEK, CHHTYJISIPHOCTEH,

Z
Z
Z
Z
Z
Z
Z
2
Z
z
Z
Z
z
z
z
z
z
z
Z
z
=
=

Puc. 45

T. €. TOUEK, HHKAKasl OTKPbITasi OKPECTHOCTb KOTOPBIX
He romeoMopdHa aucKy. OKpecTHOCTb KaXA0H TaKOH
TOYKH HMeeT CTPYKTYpY, MOKa3aHHYyI0 Ha puc. 46,
T. €. TPH MOJOBHHKHM AHCKA CKJEeHH 1o obumeMy
nuametpy. Jlerko coo6pa3uth, uto Jw0basi ocobas
TOYKAa NBYMEPHOH MHHHUMAJbHOH IJIEHKH, SIBJISIO-
melcss HEKOMIAKTHONH NMOBEPXHOCTbIO 6e3 I'DaHHIIH,
HUMeeT CTPYKTYPY, NOKa3aHHYIO Ha puc. 46. B camom
Jesie, ecyid B 0cob0i TOUKE CXOASITCS ABE MOJOBHHKH
IMCKa, TO TOrJa OKPECTHOCTb TOYKH romeoMopdHa

Puc. 46

Cevenue

Pacnad ocodewnocmy A~A'UA"
B L
o 6\ /]
7\
R Jij

nucky. Eciau B ocoboii Touke cXomsiTcsi YeThIpe MOJIOBHMHKH OHCKa
(puc. 47), To cymectByeT Ae(opMaLHs OKPECTHOCTH, YMeHbLUAIOLIast
nyomwans. CymMapHass aiuHa otpeskoB AB, AC, AD, AR 6onbuie
CYMMapHOH AnHHH oTpe3skoB A'B, A'R, A’A", A"C, A"D (pacnag

Puc. 47
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4yeTHIPEXKPaTHOH 0COOEHHOCTH Ha TpexkKparHble ocobeHHocTH). [lnsi
MMHHUMAJLHLIX [JIEHOK C TPaHULEH 3TO YTBepXIeHHe YXKe HeBepHO.
[lpumep npuBegeH Ha puc. 48. 3pech deThHIpeXKpaTHbHE TOYKH 3a-
nonHsiloT otpe3ok AB. HHrepecHo, 4To Ha TOT ke KoHTYp I, Ho
H3rOTOBJIEHHBIA M3 MPOBOJIOKH KOHEYHOM TOJIIIHHBI, MOXXHO HaTSIHYTh
elle OJHY MBLIbHYIO MJIEHKY, 0coOble TOUKH KOTOPOH, PacrosioXKeHHble
Baosb oTpe3ka AB (puc. 49), ABJSAIOTCS yXKe TPEeXKPATHHIMH.

//// w )
7711 1742410011

7

Puc. 48 Puc. 49

C MHUHHUMaTbHEIMH [OBEDXHOCTSIMH TECHO CBsi3aHbl TAaK Ha3blBae-
Mble rapMoHuueckue nosepxHoctH V2 C R3. Ilycrs V? 3apano Tak:
7 =7(u, v), rIe u, v — KPUBONMHEeHHble KOOPAHHATH Ha V2,

Onpepeaenne. Panuyc-Bektop 7(u,v) Ha3blBaeTcsi eapmoHuue-

9% | 9% -
CKUM OTHOCHTEJBHO KOOPIMHAT u, ¥, eC/H E; +;§ =0, 1. e. AF=0,
rie A — oneparop Jlansnaca B KOOpAMHATAX u, V.
Papuyc-Bektop 7(u, v), rapMOHHYeCKHH B KOOpAHHAaTax (u,v), He
006s13aH ObITh rapMOHMYECKHM B APYTHX KOoopauHaTax (u’, v').
Onpeapeaenne. [losepxHocts V2 C R? HaswiBaetcs e2apmoHuue-
CKOlj, ecii OHa MOXeT ObiTh 3ajjaHa C [OMOLIbIO HEKOTOPOro rap-

MOHHYECKOro pajfinyc-BeKTopa 7(u,v) B HEKOTOPHIX KPHBOJHHEHHBIX
KoopauHarax (u, v).

ByneM roBopuTh, 4TO pamuyc-BeKTOp 7(u,v) MUHUMAAEH, €CJH
CpefHsisi KDUBH3HA €ero TOX/IEeCTBEHHO paBHa HYJO. TaK Kak QyHKLHs
H =X+ X\, — ckansip 4, B YaCTHOCTH, He MEHSIETCsI IPH PeryJisipHbIX
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3aMeHax KOODAMHAT Ha MOBEPXHOCTH, TO €CJH PafiHYC-BEKTOP SIBJsIETCS
MHHHMaJbHHM OTHOCHTENbHO OIHOM CHCTEMH KOOPAWHAT, OH Oyner
MHUHUMAaJbHBIM U OTHOCHTEJNbHO JIOO0H APYrod perysisipHOd CHCTEeMH
KoopauHat. WTak, moHsiTHe MHUHMManbHOH MJIEHKH He 3aBHCHT OT
BBENIEHHBIX Ha Hell KoopauHart. J1s rapMOHHYECKHX MOBEPXHOCTEH 3TO
y>Ke He TaK, a MOTOMY TOBOPSIT O FapMOHHYECKHX OTOOpa)eHHsix T:
D(u, v) — R%(z, y, z), tne D(u,v) — obnactb Ha miockoctd (u, v),
a 7(u,v) — oto6paxeHue, onpemensouiee nosepxHocts V2 C R3.
OtobpaxkeHue 7, rapMOHMYECKOE B OHHX KOOpPAMHATAX, yXKe He Oyner,
BooOIe roBopsi, FapMOHMYECKMM B APYrMX KOOpAMHATax (mpuBeguTe
npuMep!). [IpiMep rapMoHHUECKON MOBEPXHOCTH: 3aKanuM 7(z, y) dop-
Mmydoit 7(z, y) =(z, y, z>— y?), rie z, y, 2 — NeKapTOBH KOOPAHHATH B
R3, 1. e. noBepxHocTh V2 3afaetcsi rpagukoM z = z? — y%, OTHECEHHHIM
2
K IeKapTOBOM cHCTeMe KOOPAMHAT. SICHO, 4TO :z—z; + %) 7=0,T.e.
noBepxHOCTh 2z = z? — y? rapMoHuYeckasi. B To e BpeMs OHa He
MuHuManbsHa: H =0 tosbko B Touke (0, 0), a B npyrux toukax H #0.
HanoMHuM, uTo KpuBOJIHHEHHBE KOOPAMHATH (u, v) HA MTOBEPXHOCTH
V2 C R® Ha3HIBAIOTCS KOMPOPMHbIMY, €CIH B HUX MeTpuka F du? +
+2F dudv+ G dv?, ungyuuposanHas Ha V2 o6beMaIoled eBKIA0BOH
MEeTDHKOH, SIBJsIETCS CKalsipHoH, T. e. B =G, F =0.

3AMEUYAHHE. PaccMoTpuM AByMepHOe IJ1aikoe PUMaHOBO MHOro-
o6pa3ue, Ha KOTOPOM 3alaHa PUMaHOBa MeTpPHUKa ds?, He 06s13aTeNbHO
MHAYUMPOBaHHAsi KaKUM-1u60 BroxeHHeM M? B R3, c BeuiecTBEHHO
aHanMUTHYeCKUMH Kospduumentamu E, F', G, paccMaTpuBaeMbIMH Kak
(GYHKUMH OT JIOKaJbHBIX KPHBOJIHHEHHHX KOOPAHHAT u, v. 10rAa, OKa-
3biBaeTcs, A Ji060d Toukn P € M? cyumecTByer Takasi OKPECTHOCTb
U =U(P), yto B U MOXHO BBECTH KOODAHHATH p, ¢ (SBASIOIIHECS
BeIleCTBEHHO aHATUTHYECKUMH (DYHKUHSIMH OT HCXOAHBIX KOOPAMHAT u,
v), B KOTOpHX ds? umeer BUL A(p, q)(dp? + dg?), T. e. KOODAMHATHI P,
g 6ynyT KoH(opMHEIMH. J[0Ka3aTelbCTBO HECJNOXKHO, OTHAKO Tpebyer
CCBHUIKM Ha TeopeMY CYIeCTBOBAaHMs PeLUeHHsl ClelHalbHOro ypaBHe-
HHUS B YaCTHBIX MPOU3BOAHLIX (ypaBHeHusi BenbTpamu — Jlannaca), uro
BHIXOJMT 32 PAMKH Haulero Kypca.

Kak cBsi3aHn rapMOHHYeCKHE M MHHHMajbHble BeKTOpPH B R3?
[Ipumep rapMoHHYECKOro, HO He MHHHMAJIbHOTO BEKTOPA Mbl MPUBEJIH.
BepHo ;11 o6patHoe, T. e. 060 M MUHUMAJIbHbIH BEKTOP rapMOHHYe-
cKuit? 1o Toxe HeBepHO (mpuBemute npumep!). TeM He MeHee uMeeT
MecCTO cjenyiolee

YrBepxkaenue 2. MunumarvHoli 8eKmop, 3anucarnHolli 8 KOHGopM-
HblX KOOpOuHamax, A6ASREMC 2aPMOHUYECKUM.
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JdoxasateascTBo. [lyctsh (u, v) — KOHQOPMHBIE KOODPAMHATHI,
a 7(u, v) — BEKTOp, OMUCHIBAIOIIHI MHHHUMAJBHYIO IIEHKY.

Hanomuum, uto E =G =(7,7) = (%, 7,), F =(%, 7). Tpebyercs
10Kasats, 4ro 7, + 7, =0. [Tonoxum a =7, +7,. Tak kak H =0, 10
GL —2MF + EN =0, 1. e. L + N =0. Orciona (&, i) = (7,,, &) +
+(#,, #) =L +N =0, rae 71 — Hopmanb K V2. Octanocs J0Ka3aTb, 4TO
(a,7,)=(a, 7,)=0, TaK Kak Torjaa & 6yneT UMeTb Hy/IeBbE CKaIsIPHHE
[POH3BeIeHHs] C OPTOrOHANbHLIMH BEKTOPAaMH T,, 7,, T. €. 7 JOJKeH
6biTh HyseBHIM BekTopoM. [lnddepenuupys toxnecrsa E =G, F =0,

H_(;)le‘jaEM (Fuj:? @) = (Fuw i':v)’ (an ’_r.u) = (Fvw ?v)’ (Fuu7 Fv) = _<?u7 ’_r.uv)’
(rmn TV)=—<7‘1‘, Tw)' R R
Orciona (@, 7,) = (%, 7,) — (F, 7,) =0. Ananoruuso, (a,7) =0,

uv) v vu) v
4yTo B TpeboBanoch. [

3AMEUYAHUE. Brue Mb coobumnu (6e3 foKa3aTesnbcTBa), UTO B
OKpecTHOCTH JI060H TOYKH ABYMEDHOH BeleCTBEHHO aHAJTHTHYECKOH
[IOBEPXHOCTH MOXXHO BBECTH KOH(OpPMHble KOOpAHHAThl. MoXHO mo-
Ka3aTb (3TOT (akT HeTpHBHAJEH), uTO JK06as MHHUMaNbHas MJEHKa
MoxeT ObITh 3a[jaHa BeleCTBEHHO AHAJIHTHYECKHM PalHyC-BEKTOPOM,
a cJIefloBaTeNIbHO, B OKPECTHOCTH JI000H TOYKH MHHHMAaJbHOH [OBEpPX-
HOCTH BCerja MOXHO BBeCTH KOH()OPMHbIE KOODAHHATHI.

3apaun k § 2
1. IIOKaSaTb, YTO €CJIM rayccoBa H CpeaHsisi KDHBH3HB TOXAECTBEHHO paBHH HYJM0, TO
TNOBEPXHOCTbL B R? siBnsSileTCSA MJIOCKOCTHIO.

2. IycTs noBepxHOCTb S 06pa3oBaHa KacaTeslbHBIMH NPSIMBIMH K KpHBOH. Brpa3uts
rayccoBy M CPe[HIOI0 KDHBH3HHI TIOBEPXHOCTH S Yepe3 KPHBH3HY H KpyueHHe KPHBOH.

3. B npeanipyiued 3afaue nokasaTh, YTO METPHKA Ha [TOBEPXHOCTH 3aBHCHT TOJIBKO OT
KPHBH3HB KPHBOH.

§ 3. T'pynnsl npeo6pa3oBaHuit

1. IIpocreiimue npuMepsl rpynn npeoGpasosaHuit. 31ech Mbl
OymeM u3yyaTb OCHOBHHIE NPHMEpH TIpPynn MpeoOpa3soBaHHil METPHK,
T. e. oroOpakeHUH MHOroo6pasui, COXpPaHSIOLIMX MeTpHKY. Paccmo-
TPUM PUMaHOBO MHorooGpasue M™ ¢ MeTpHKo# g, .

Onpeneaenne. [uddeomoptdnsm f mHoroobpasus M"™ Ha cebs
HasblBaeTcs Jgujenuem DPHMAHOBOM METDHKH g, WM usomempueil,
€cJM PHMaHOBa METPHKAa NPH 3TOM OTOOpaXKeHUH nepexomuT B cebs,
T. €. BHIIONHEHO TOXIECTBO

91y (4) = 95, (2(v)) 5 2 250,
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rae y',..., y" — JOKanbHble KOOPAMHATHL B HEKOTOPOH OKPECTHOCTH
TOYKH y € M™; z!,..., 2" — JIOKajbHble KOOPAHHATH B HEKOTOPOH
OKPECTHOCTH TOYKH z € M"; ' =zi(y', ..., y"), 1 <i < n, — QyHKUHH,

3apaoume (10KaabHO) oTobpaxkeHue f, nmpuueM z = f(y).

Mu fanu «koopaMHaTHOe» onpefieneHne u3oMeTpun. MHorna 6biBaer
yROOHO MO/Ib30BaThCsl HHBAPHAHTHLIM OMpefieleHHeM, He HCIOJb3YIOo-
MM JIOKaJbHble KOOPAMHATHI, BHIGOP KOTOPhIX HeoaHo3HaueH. [Ipu
otrobpaxenun f nupdepenuman df orobpaxaer T,M" na T,M",
npuyeM 310 oroOpaxkeHHe — JHHEHHBIH H30MOpPU3M, TaK KakK f —
maddeomopdusm. B kaxmom u3 KacatenbHblx npoctpancts T,M" u
T,M" onpeneneHo ckansipioe npoussenenue (, ), u (, ), coorser-
CTBEHHO, MOCTPOEHHOE M0 PUMAHOBOH METPHKe, T. €. B JOKAJIbHEIX
KoopnuHaTax y', ..., y" umeem (4, b), = g,.(y)a‘b’, rne 4, b € T, M".

Onpepeaenne. [lupdeomopdusm f MHorooGpasuss M" Ha cebs
Ha3uIBaeTCsl uzomempuetl, eciu (Zi,_l;)y = (df(a@), df (b)), anst MO6LIX

4,be T,M", z=f(y).

Jlemma 1. Koopounamuoe u ungapuanmuoe onpedeserue u3ome-
mpuil 3K8uBaieHMHbL.

—

HoxaszateanctBo. [lyctbde T, M", a=(a, ..., a") B JOKaIb-
HBIX KOOpAHMHATax y',..., y"; orciopa df(a) € T,M™ umeer BuI

i _ Ot
(df @) = 75 W,
TaK KaKk df: T, M" — T, M™ 3apaercs marpuuei Slko6u. Orciona
~ 7 (y) 927
(df @), df (). = g,(2(v)) 5 L T at @ = g, o,

YTO W AOKasbiBaer jJeMMmy. [J

Jemma 2. MHoocecmso 8cex usomempuil pumanosa mHoeoobpa-
sus M™ obpasyem epynny (8 arzebpauueckom cmoice).

HdoxasateabcTBo. To, YTO KOMIO3HLHST H3OMETPUH CHOBA H30-
MeTpHsi, BhTeKaeT 3 npaBuia auddepeHUHPOBAHUS CJIOXKHOH (YHK-
UMM H 3aKOHA H3MEHEHHs] KO3(Q(PHUMEHTOB g,; MPU 3aMeHe KOOPAMHAT.
To, uto f~! sBnsieTcsi M3oMeTpHeH, BHITEKAeT M3 TOrO, YTO MaTpHUA
Slkobu f-! aBasieTcs mMatpuueit, o6patHoil K Marpuue Sko6u J(f). B
KadecTBe eIHHUYHOrO 3/71€MEeHTa IPYIILL CIEAYeT B3SITh TOXKAECTBEHHOE
npeo6pasoBaHue. [

T'pynna uzomempuii pumaHoBa MHoroo6pasusi M" oObYHO CHab-
JKaeTcsl TOMOJIOTHEH M3 MpocTpaHCTBa oToOpaxkeHUHd M o6o3HayaeTcs
yepe3 [so(M™). PaccMoTpuM mpocTeiiiiie npuMeps.
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[TPUMEP 1. B kayectBe M' BOo3bMEM BeLIECTBEHHYIO MPSMYIO
(HekOMNaKTHOe OfHOMepHOe MHorootpasue) ¢ eBKJHIOBOH MeTPHKOH
ds? = dz?, rage z — koopauHata Ha npsiModt. [lycts f — muddeomop-
¢usM R! Ha cebs1, 3anaBaeMblt, CJI€I0BATENbHO, CTPOrO BO3pPacTaIOIIEH
(unm y6biBatomie#t) dyHkunei z = f(y); ycjoBue, 4To f — H3oMeTpHS,
naet ds® = (f))*dy®> =dy? t. e. (f})?=1. Takum obpasom f umeer
aubo Bun: f(y)=y+ a, mbo f(y)=—y+ b, rae a u b — npoussoJb-
Hble noctosiHHHe. Mtak, rpynma u3oMeTpHH BelleCTBEHHOH MPSIMOH
roMeoMop(dHa nape BelleCTBEHHBIX NPSIMbIX (COOGCTBEHHbIE H30METPHH,
COXpaHSOIIMe OPHEHTALHIO MPSIMOH, H HecOOCTBEHHbIE H30METPHH).

DTOT npuMep SIBASIETCS MPAKTHYECKH €IHHCTBEHHBIM, B KOTOPOM,
OCTaBasiCb Ha 3/€eMEHTapHOM YPOBHEe, MOXXHO HAaHTH MOJHYIO Tpymmy
H3oMeTpHH MHoroo6pasusi. [leso B TOM, UTO TPYAHO JOKA3bIBaTh MOJHO-
TY nNpeabsiBI€HHON MOATPYNbI B rPyMe Bcex H30MeTpHi. B npuBeneH-
HOM pHMepe 3TO YAANOCh TOJNbKO 33 CUeT TOTrO, YTO IJ1anKast PyHKIHs,
HMeIOINast TOCTOSTHHYIO TPOH3BOJHYIO, sIBNsIeTCs] THHEeHHOH. Bckope Mbl
M03HAKOMHMCSI C TOHSITHEM reofe3HYecKoH /sl PAMaHOBOH MeTPHKH
M TOTZlA CMOXEM JO0Ka3hBaThb I[OJHOTY HEKOTOPbIX IMpelbsiBJeHHbIX
HOATPYII B rpyrnre BceX H30MEeTpPHH.

[TPUMEP 2. PaccMOTpPHM eBKIHIOBY ABYMEPHYIO IJIOCKOCTh H HaM-
IeM TPYINy H30MEeTPHH, COXPAHSIOMUX TOYKY O — Hauyajao KOOPAHHAT.
ByneMm HckaTh H30MeTpHM cpefd JHHEHHHX NpeoOpa3oBaHMi MIOCKO-
ctiH (MOXHO 10Ka3aTh, YTo J00asi M30METPHUsl MJIOCKOCTH JHHEHHa;
HO ceiyac Mbl He OyneM Ha 3TOM OCTaHaB/iuBaThcsl). TpeboBaHHe
MHBAapHAaHTHOCTH MeTpuku dz’ + dy?, g,; = §,; 3amuchiBaeTcss B BH-
ne MatpuuHoro ypasHeHuss E = AAT, rpe A: R? — R? — junedn-
Hoe npeo6pasoBaHHe. JTO — ompeleseHHe OPTOrOHANbHOH TPYIIMH,
T. e. B JaHHOM cayuae rpynnsl O(2), cocrosimieif M3 MaTpulu BHAA
cos ¢ sin ¢

( CoS  SINY ) (co6cTBenHble BpameHus) H sing — cos o

—sing cosyp
(Heco6cTBeHHBIE BpaIlEHHUs, HIH OTpaXKe-
Hus). Co6cTBeHHble BpalleHHs1 06pasyoT
nogrpynny B O(2), o6o3nauaemyo SO(2); 50,
HecoOCTBEHHbIE BpalleHHs OATPYIIL HEe
o6pasyiot. [logrpynna S O(2) ssasiercs

~/

[’,_‘;)-so(z)

HopManbHbIM gmenuteneM B O(2); cuae- .
AOBaTeJNbHO, ONpefieneHa (akToprpymmna

0(2)/ SO(2), usomopdHast Z, (uukinye- N
CKo#l rpymnme BTOporo mnopsinka). Ipyn- 0(2)
na O(2) siasieTcsi MOATPYNNOH B rpymnmne

BCeX M30MEeTPHUH OKPYKHOCTH, CHabxeH- Puc. 50

HOH CTaHNApPTHOH PHMAaHOBOH MeTPHKOH
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ds? = dyp?. Tlockoabky O(2) COCTOMT M3 MATpHLl, TO, CJIELOBATENbHO,
3Ta rpynna npeBpamiaeTcsi B TOIOJOrHYeCKoe MPOCTPAHCTBO, €CJIH
COIOCTABHTb KaXKJAO0H MarpHue 3HaueHHe yraa ¢ (jasi co6CTBEHHBIX
BpaueHui). TakuM o6pa3oM, MHOXecTBO Martpul, obpasyoumux O(2),
roMeoMop(HO OBYM 3K3eMILIsIpaM OKpPYKHOCTH; caemosaresbHo, O(2)
MoxKeT ObITh CHaGKeHa CTPYKTYPOH IVIaIKoro OfHOMEPHOro 3aMKHYTOro
(HecBsiaHOro) MHOroo6pasust (puc. 50).

Jokaxure, uto rpynna O(2) coBnagaer ¢ Ipymnmnod BCex H3OMeTPHi
OKDYXKHOCTH C MeTpHKOH ds? =dyp?. YKasaHMHe: MOCTYNHTb 1O
aHasoruu ¢ rpynmno# Iso(R').

[TPUMEP 3._‘I[BPI)KeHHe €BKJIMIOBOH MJOCKOCTH MOXHO 3alucaTh B
Buge y=AZ+0b, rie A € O(2), a Bekrop b onpenensieT napajienbHHNA
nepeHoc (CHBHr) Ha MIOCKOCTH. SICHO, YTo Bce Takue npeoBpa3oBaHus
COXPaHSIIOT €BKIHAOBY MeTpuKy (mposepbre!). Kak 6ynmer mokasaHo
Iajlee, OHH HCYEPNHIBAIOT cO000K0 BCE H3OMETPHH IJIOCKOCTH. ITY
IPYINY MOXHO MPEACTABUThH B BHIE MaTpPHI]

—

A b
0 0 1

(TTpoBepsTe, uto cooTBeTcTBHE (Y=A Z+b)— T siBnsietcst n3omMophus-
MoM rpynmn.) CrenoBaTenbHO, KaK U B NPEIbIAYIIEM IPUMeEpe, rpymna
Iso(R?) MoxeT ObiTh MpeBpalieHa B TOMNOJOrMYECKOE MPOCTPAHCTBO,
roMeoMop(HOe NpsSIMOMY MPOM3BEIEHHIO TAaPH OKPYXKHOCTEH Ha €BKJIH-
JIOBY IJIOCKOCTb, H TEM CaMbIM 3TO MHOXECTBO MOXKeT OhTb CHa6KeHo
CTPYKTYPOH IJIaIKOro TPeXMEPHOro MHoOroo6pasusi (HEKOMIIAKTHOIO H
HeCBSI3HOI'0, COCTOSIIIEro U3 JBYX KOMIOHEHT CBSI3HOCTH).

[TPUMEP 4. PaccmotpuM HHIeDHHHTHHE MeTPUKH. 3ajaguM Ha
R? unnepuHUTHYIO MeTPUKY —dz? + dy?, npeBpalalomy0 ABYMEPHOE
TNPOCTPAaHCTBO B ICEBNOEBKJIMAOBY miockocTh R?. Marpuua nepso#

topMbl B nocTosiHHa M UMeeT BHJI : B = <_(1) (1) . CaienoBareJibHO,

€CJIH Mbl XOTHM HaHTH Bce JIHHEelHble OfHOPOIHHE Npeobpa3oBaHusi, Co-
XPaHSIOLHE 3Ty METPHKY, TO JOJDKHH pPeluuTh ypaBHeHHe B =ABAT,
roe A: R} - R? — snuHeiiHoe npeo6pasoBaHHe. 3amucas ero B BHIE

A= ( ‘c‘ 3 ) rnoJiy4aeM CHCTeMy YpaBHeHHWH Ha a, b, c, d:

a’—b%2=1, ac=bd, d?—c?=1.

Pemas cucremy, noayyaem

A_(d:ch¢ ﬂ:shd:)
“\*shy Fchy )°
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1 1
+ +
2 2
A=| VIpF VIR ) e top g=thy.

+ +
Vi-g2  Vi-p
JlonycTHMBIMH SIBASIOTCS ClAeAYIOlHe KOMOHHALMH 3HAKOB:

(£ H)eon(Z T)een(t T)een (2 1)ee.

3pmech npencTaBieHbl Bce BO3MOXHbEIe BapuaHTh. Hanpumep, i' ;

npuHagieXXur &,, Tak KaKk 3aMeHHMB ¢ Ha —, MH [peBpa-
+ - + +

aeM B HanoMHuM, uyto sh(—v) = —sh4,

waew (£ 1) s (1) (—4) = —shy

ch(—¢)=ch). Tem campm & =6, U B, U B, U &, (nposepsbre!) 1
B, NG, =0, ecin ¢ # j. B camom nene, ponycrum, Hanpumep, uTo
&, NG, #J; torna ch o =—ch, shp =—shy, uto HeBO3MOXKHO,
ockoabKY ch ¢ > 0 npu mo6oM . AHaIOTHYHO YCTaHABIHBAETCS, YTO
B, NG, =0.

Tak kak rpynma ® sBJsieTCS TPYNNOH OJHOPOAHHIX H30OMe-
tpuii R2, To ee mnpeobpasoBaHHsi nepeBoAsST B cebsi MHOXECTBO
{-z?+y?’=1}u{-z*+y?’=—1}, 1. e.
napy nceBIOOKPYXKHOCTEH BelleCTBEH-
HOTO W MHHMOro pamuycoB. B cayuae
eBKJIMI0BO# miockoctH R? Kaxnoe Bpa-
LIEHHE ONpEeAeJsIOCh YIJIOM MOBOPOTA
¢ opTOpernepa; aHaJOrHYHHH MapaMeTp
MHl BBElIEM M B CJy4ae I[CEBJOEBKJIH-
noBoil miockoctd R?. Paccmorpum op-
topenep €, = (1,0), & =(0,1). Torna
Nox AeHCTBHEM M3oMeTpuH A 3TOT pe-
nep npeobpa3yercsi TaK, Kak 0Ka3aHO
Ha puc. 51. BBegem BMmecTo 06BIYHOTO
€BKJIM0BA Yria MOBOPOTA ¢ YroJ I'H- Puc. 51
nep60oJHYECKOT0 IOBOPOTA 1, [OJIOKHB
B =tht (cM. Bbme); mpu 3ToM rpynna & mnpeBpauiaeTcs B Ipymnmy
runep6oJHYECKHX [TOBOPOTOB.

HanoMHuM, 4TO rpynna oOpTOTOHaJbHBLIX MPeo6pPa3oBaHUH €BKJH-
JOBOH IJIOCKOCTH COCTOMT M3 [BYX CBSI3HBIX KOMIIOHeHT. [pynna
runep6oJHYECKHX [MOBOPOTOB YCTPOoeHa 6oJjiee CJOXKHO: OHa COCTOMT
H3 YyeThHIpeX KOMIOHEHT CBSI3HOCTH. DTO — MHOXecTBa B, B,, 6B,, &,

T A{E D) D))
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—00 < P < 4o0o. [lockonbky Mbl peanusoBanu rpynny & B Buie
rPynIbl MaTpull, TO rpynna @ BKJIAAbIBAeTC KaK MMOJMHOXECTBO B
YeTHIpEXMEPHOE BelleCTBEHHOE €BKIHI0BO MPOCTPAHCTBO BCEX MATPHIL
BHJA 2 3 , a, b, c,d €R, a noaToMy HacJieLyeT TOMOJIOTHIO, TPEB-
pawamnyo rpynny & B TonoJorudeckoe npocTpaHctso. OTHOCHTEBHO
3TOH TOMOJIOTHH Ka)kjaoe M3 noAMHoXecTB &, 1 < ¢ < 4, sBagercs
JIUHEWHO CBSI3HBIM.

B camoM pene, paccMoTpuM, Hampumep, marpuus tuna &,. Toraa

IJ1s1 OO0 maphl MaTPHIL (EE g; (S:E zll ) " (gﬂ g: zg 1’4//2) MOXHO

yKa3aTb HernpephBHHE NyTb y(t), COEQUHAIOINHA HX B MHOXeCTBe B;
3To

(iﬁi ztﬁi):ﬂt), % <t < Py

CoBeplLIeHHO aHAJIOTHYHO MpoBepsieTcsl THHeHHasi CB3HOCTb M OCTaJb-
HBIX rnoaMHoxecTB: ®,, &,, &,. M3 3Tux uyernipex CBSI3HHIX KOM-

shy chy

MOHEHT MOATPYNINOH sIBAsSieTCS TOJbKO &, T. e. (Chlp sth)
(npoBepbte!). OcTanbHble KOMIOHEHTH [OATPYMIAaMH He SBJSIOT-

cia. Hanpumep, npousBenenue AByx MaTpuu Buaa | :) na-

+ +

er (+ +), T. e. ecid a,B €8, 10 af € G, af ¢G,
EnnHnyHasi Matpuua npuHamnexut &,. I'pynna & saBasiercs mnof-

MHOXECTBOM B YeTblpeXMepHOM MPOCTPAHCTBE MaTpPHIL (‘a b ;

npu stoM Kaxkpaoe &, 1< ¢ <4, romeoMopdHO BemecTBeHNOH mps-
MOH. DTOT romeoMopdu3M (Hanmpumep, LIs

¥ ¢ ®,) ycTaHaBIMBaeTCsl COOTHECEHHEM KaX-
! ? . chy shy

Ro# matpuue |( o % chi 3Ha4eHust

.. b yraa 1. JTO COOTBETCTBHE B3aUMHO Ol

% HO3HayHoO W HemnpepniBHO CM. puc. 52,

_(1 0) _ (—1 0>

rge g =e = y g —_ ’

94 & 1 (O 1 2 0 -1

1 0 -1 0

93=( _ ).g4=( ).prnna@
94 ¢ 0 -1 0 1

nepeBONUT B ce6si ICEeBAOOKPYXKHOCTb MHH-
moro paauyca —z? + y*> = —1. Ha puc. 53
Puc. 52 MOKa3aHO JeHCTBHE ueThlpex npeobpaso-
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BaHMH — mnpexcraBureneit &,, &,, &;, &,. AHajorHyHble COOBITHS
MPOHCXOJSIT H C MCEBAOOKPYKHOCTBHIO BellleCTBEHHOIO pajuyca.
[pynna & xomMytatuBHa (mpoBepbre!). B 3TOM OHa HanoMuHaer
rpynny O(2), toxe kommyrtatuBHylo. [loarpynna &, — HopmanbHBIH
nenutens B &, MOCKOJbKY g~'qg, rme g € ,, g € &, saBasercs
no-npexxHemy mnpeo6pa3oBaHWeM THNA |, TaK KaK [MOJYyd4aeTcsi M3

Puc. 53. a) g, =e= ((1) (1)) — TOXJeCTBeHHOe Npeo6pa3oBaHue;
6) go= _(l) _(1)) — OTpaXkeHHe OTHOCHTEJIbHO Hauya/a KOODAHHAT;

3) 93 = ((l) —(l)) — OTpa>xeHHe OTHOCHTEJIbHO OCH Oz;.

2) g4 = (_(1) (l)) — OTpaXkeHHe OTHOCHTeJbHO ocH Oy

npeo6pa3oBaHUsl THMA | 3aMeHOH KOOPAMHAT C NMOMOLIbIO runepbosu-
yeckoro mosopora. Mrak, onpeneneHa ¢axroprpynna &/&,, nopsitok
KOTOPOH paBeH YHCJY CBsI3HBIX KOMIOHEHT B &, T. e. 4. Tak kak &
KOMMYTaTHBHa, T0 &/®, Toxe KoMMyTaTuBHAa. CyIIEeCTBYIOT TOJBKO
JlBe KOMMYTATHBHbIE IPYIIIbI YETBEPTOrO MOPSIAKA: Zy, B Z, u Z,. Kakoi
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HUMeHHO rpynne u3oMoppHa &/®,? CoctaBuM TabuaHLy YMHOXEHHS
91, % 9 9;, SIBISIIOLINXCS MPEACTABHTE]SIMH B CBOHX KOMIIOHEHTaX
CBSI3HOCTH (cM. Bhilre). BriuucneHue paet

1 2|3
1 l 213
2 | 2 1 4
3 13| 4 1
4 | 43| 2 l

N | W | |

HUrak, 6/®, usomoppHa Z, ® Z,. B srom orimune rpynmsl BpameHHH
TICEBJOOKPYKHOCTH OT T'PYMIbl BpalmeHHH 0OBYHOH OKPYKHOCTH.

[TPUMEP 5. Paccmorpum rpynmy H3OMeTpHH ABYMepHOH cdepsl,
paccMarpHBaeMod Kak pHMaHOBO MHOroo6pasue ¢ MeTPHKOHM, HHIYLH-
POBaHHOH cTaHAapTHHIM BjaoxeHueM B R3. CHauana paccMotpum R™
H HaleM rpynny JHHeHHBIX OMHOPONHHIX NpeoOpa3oBaHuit A, coxpa-

n

HSIOIIHX eBKIHAOBY MeTpHKy ds?= ) (dz*)’. Tak Kak Matpuua (g,;)

i=1

1 0
uMmeet BYA B = , To iMeeM E = AAT; peLueHusIMH 3TOTO

0 1
ypaBHEHHs! sIBJISIIOTCS] OPTOTOHANbHHE MAaTPHIB, 00pa3yiolye rpymnmy
O(n). B Heit conepxurcs noarpynna SO(n), cocrosimasi #3 co6CTBEH-
HHX (C onpemesuTesieM, paBHHM + 1) BpaiuieHu#; ocTaibHHE BpalleHHs!
(Heco6cTBeHHBE) noarpynnsl He obpasywor. [Toarpynna SO(n) — Hop-
ManbHEH geautenb B O(n), u dpakroprpynna O(n)/ SO(n) nzomopdra
Z,.
[lycts n =3. Torma O(3) coxpaHsieT eBKIMAOBY MeTPHKY B R3.
CnenoBatesbHo, nepeBonut B cebsa S2: z2+4-y?+22 = RZ=const. Urax,
O(3) — noarpynna B Iso(S?). Nanee Mbl mokaxem, uro O(3) =Iso(S?).
Pacemorpum SO(3) € O(3). Tak kak SO(3) peanu3oBaHa Kak MOAMHO-
’KeCTBO B IPOCTPAHCTBE BCEX MATPHL pa3Mepa 3 X 3 ¢ BelleCTBEHHHMH
Ko3hdHuLUHMeHTamMH, oToXAecTBAsieMOoM ¢ RY, To oHa cHaGxkaercs uHAY-
[UPOBaHHON TOMOJIOTHEH, TPeBpallasich B TOMOJOTHYECKOE NMPOCTPaH-
CTBO.

Jlemma 3. T'pynna SO(3) xax monosozuueckoe npocmparcmeo
2omeomopdra mpexmepromy npoexmusromy npocmparncmsy RIP3.

HokaszateabctBo. Ilycte A — anement SO(3). Torna B R®
cywecTByer HenonsHxHas ocb [(A) rtakas, uro gedicrBue A B R3
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cBoguTCsl K MoBOpoTy BOKpYr l(A) Ha HekoTopulii yron ¢(A). Ecau
A #FE, 10 I(A) onpepmeneHa oxHo3HayHo. PaccMoTpuM miocKoCTh
[1(A), oproronansHyio ocu [(A) u npoxoasuryio yepes O. B [1(A) BbI-
GepeM NMPOU3BOJBHBIH BEKTOD €, H NIYCTb €, — BEKTOP, NOJYYAI0UHHACS
U3 €, 1npu noBopore Ha yroa p(A) (puc. 54).

JHlononnuM €, €, TpeTHMM BEKTOPOM €, 10 penepa (€, €,, €;) TaK, YTo-
Obl OpHeHTalMsi penepa (€, &, €;)
cOBNana C OpHeHTalueH pemnepa
(@1, Gy, Gy), 1€ (G, Gy, dg) — HeKo-
TOPHIN PHKCHPOBAHHEHIH penep B R3.
Ocs I[(A) npeBpaiaeTcs: B BelecT-
BEHHYIO NPSIMYIO, €CJIH Ha HeH MOX-
HO 3a/1aTh HanpasJleHHe C MOMOLIbIO
€, H OTJOXHTb 3HaueHHe ¢(A).
MBI 0OIHO3HAYHO COMOCTABHIH KaX-
nomy anementy A € SO(3) Touky
B R3; o6o3nauum ee P (I, ). SlcHo,
uro P(l, 7)= P(l, —7), TaK Kak mno-
BOPOTHI BOKpYT [(A) Ha w M Ha —7
cosnagaor. Ecin xe |p(A)| <, Puc. 54
10 P(l, 0) COOTBETCTBYET ONHOMY H
TOJIbKO ofHOMY BpameHuio A. HenpepsiBHO MeHsisi A, MH HENpepHBHO
MmensieM P(l, ¢); BepHo u obpatHoe.

Hrak, MH B3auMHO OIHO3HAaYHO H HenpephBHO B 00e CTOPOHH
OTOXKIECTBHJIH OPTOTOHAJIbHHE INpeobpa3oBaHusi A ¢ TOYKaMH Tpex-
MepHOTO IIapa paguyca w, Ha rpaHulle KoTtoporo (T. €. Ha ctdepe

53

DJ

Puc. 55

pamuyca w) CKJIeeHbl IHAMeTPajbHO NMPOTHBOMNOJOXKHHEeE Touku P (I, )
U P(l,—7). Ocranoch mOKa3aTb, YTO STOT IIAp €O CKJIEHKAMH Ha
rpanuue romeomopden RP?. OnHo u3 ompepenenuit RP? peanusyer
€ro Kak My4yok npsiMbix B R*, npoxopsimux uepe3 O. dra Monesb
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SKBHBAJIEHTHA CJELYIOIIEeH: HyXHO B3STh chepy S° U OTOXAECTBUTH Y
Hee IMaMeTpPajbHO MPOTHUBOIMOJOXKHbIE TOYKU. JlJIsl 3TOr0 HYXKHO B3SITh
nonychepy S? M OTOXKIECTBHTb AMAaMETPAJIbHO [IPOTHBOMOJONKHbIE
TOYKM Ha ee rpaHUUe, T. €. Ha skBatope S2 (cM. puc. 55). [Toayc-
tepa muddeoMopdHa TpexMepHOMY AHMCKY; AU GDeOMOPHHU3M MOXKHO
OCYIIeCTBUTb OPTOTOHAJLHLIM IpoekTHpoBaHHeM S? Ha D? (puc. 55).
Hrak, RP® romeomoppno D*® ¢ 0TOXHECTBAEHHBIMH AHAMETPAJIbHO
MIPOTHBOIOJIOXXHBIMH I'PAaHHYHBLIMU TOYKaMH. [J

Tak xak RIP® — nunesiHo cBsi3Ho, To O(3) COCTOMT M3 ABYX KOMIIO-
HeHT JMHEHHOH CBSI3HOCTH.

[TPUMEP 6. PaccMorpuMm rpynny u3oMerpuil miockoctu Jlo6aues-
CKOTO CO CTaHAAPTHOH PUMaHOBOH MeTPHKOH. PaccMoTpuM peanusauuio
nynockocTH Jlo6aueBcKoro Ha BepXHEH IOJNYIJIOCKOCTH C METPHKOH

dzdz . »
(z—_";g. ByneM ucKaTh rpymny H3oMeTpHii 3TOH MeTPUKH Cpeu APoGHO-
zZ—2Z
o o o b
JMHeHHBIX NPe06pa30BaHHil KOMILIEKCHOM miockocTH 252 4 b, ¢,
+b cz+d
az

d € C. V3yyuMm peficTBre npeo6pa3oBaHuil w = Ha eBKJIHJOBY

MeTpHKy dz d z. Tak kak dw = % dz (npoepsTe!), TO
cz
dwdw=122% 4, 45
ez +d|* ’

Hrak, MeTpuka DOMHOXaeTCsi Ha CKaJISIPHBIA MepPeMeHHbIH MHOXH-
TeNb, T. €. APoOHO-THHelHHe Mpeo6pa3oBaHusi KOHGOPMHEL. DTH Mpe-
00pa30BaHUsI COXPAHSIIOT KOCHHYCH YIJIOB MEXAY MepeceKalolUMHCs
KPHMBBIMH; OCTaJOCh NPOBEPUTb, YTO COXPAHSIOTCSI CAMH OPHEHTHPO-
BaHHbIE YIVIBL.

I’:[I

df/z

2_p2 2_ o2
TR%=R T, k%= R
Puc. 56
[MopcuuraeM sikobuaH J (w = :;ij) u y6emuMcsi, 4TO OH MOJOMH-
b ad — bc
tenen. [lyetb 2 €R2, weR?, w=2F2 dw=X(2) dz, \(z)=-2324—2%
y ER’ GR! cz+d’ ( ) ’ ( ) (cz+d)2’

T.(R?) =R?, T, (R?) =R? (puc. 56). CnenosarenpHo, neiictsue df
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otobpaxeHus f: z — w 3anuceiBaercs Tak: df(z) =\ -z, rne A € C.
[Tycts A =u + w, u, v € R. Torna marpuna flkobu B BelecTBeHHOH
3aMHCH HMMeeT BHJ —1; Z , T. e. sAkobuaH paBeH u? + v? u
nosioxkureyneH. Or6epeM H3 Bcex APoOHO-THHEHHBIX npeoOpa3oBaHHi
T€ M TOJbLKO T€, KOTOPhIE [ePeBOAST B ceOsi BEPXHIOK MOJYIJIOCKOCTD.

Jemma 4. [Ipeobpasosarue w = ‘::Ig nepesodum 8 cebs 8epx-

HIOIO noaiynaockocmes mozda u moavko moada, kozda (a, b, c,d) =
=p(d,b',c',d'), ede d,b',c',d'€R, peC, p#0 (m. e. kozda 8sce
Koagduyuenmot a, b, c, d nponopyuoHarbHbL uemeepKe 8ewecmsen -
Holx wuces d, b’y c',d') u, kpome moeo, ad — bc > 0.

HdokasateansncrtBo. [lycts yeTBepka KoadduiHeHTOB mporop-
IIMOHAJIbHA BellleCTBEHHOH YeTBepke (KOTOPYIO cpa3y 0603Ha4uM uepe3
a, b, ¢, d). ficHo. uTo BelecTBeHHAas OCb MepexoauT B cebs. Jlokaxem,
YTO €CJIH TOYKA 2z MPHUHAJJIEXKHUT BEPXHEH MOJYIIJIOCKOCTH, TO ee 06pa3

az+b o
= cz+d TOXe npnﬂan,nexm'r BerHeH [IOJIYyIIJIOCKOCTH, T. €. 4TO

Im (::Ig) > 0. B camom fede,

w = (az +b)(cZ+d) _ ac(zZ)+bd | adz+bcz
lez +d|? lez +d|? lez +d)?’
ad —bc

T Imz>0,

Imw=

TaK KaK ad — bc >0, Im z >+(g
az
O6patso. Ilyets w = _——
CKOCTb.
Tpebyercst noka3aTh, YTO CyllecTBYeT OOLIMH TaKOH MHOXHTENb p,
4TO a, b, ¢, d MponOpLUHOHANbHH BelecTBeHHbM a', b, ¢/, d’. Ecan z =
=2z, To w = w. CienosartesbHO, NpH

nepeBOAHT B ceOs BEPXHIOK MOJYIIO-

NPOH3BOJbHOM Z € R umeem vk
az+b _ar+b
cx+d éx+d

Ilpu z — oo

a
C

oo

=p€eR, b=Ad, a=pc;

Puc. 57
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npu z =1
i+ §
:IZ=§IJ=P€R, pc+Ad =pc+pd, (n—p)c=(p—A)d.

PaccmatpuBasi ciyya#t oOlIero noJioXXeHus1, T. €. korna u — p #0, p —
— X #0, nonyuaeM c = £d, £ € R. Urak, Bce 4eTbipe KOMILJIEKCHBIX
4ucna a, b, ¢, d pacrionoxeHsl Ha ofHOH npsimoii (pHc. 57). JlomMHOXas
Ha OOMIMH KOMIIJIEKCHBIH MHOXHTENb, MOXKEM MMOBEPHYTb 3Ty HPSIMYIO
Ha BellecTBEeHHYIO ocb. [J

b
Jemma 5. Jloboe npeobpasosanue w = ‘c’ji 7 makoe, umo a, b, c,

d €R, ad—bc >0, asasemca uzomempueil naockocmu Jlobauesckoezo.

JloxasaTteabcTBO. MMeeMm

__ad—bc 2 dwdw _ dzz
(cz+d)? 7 (w—@)? (2—2)?’

4TO U Tpe6OoBaNOCh NOKA3aTh.
Tak kak ad — bc > 0, To MOXKHO cUHTaTh, YTOo ad — bc=1. O

IIpeanoxenne 1. I'pynna uzomempuii naockocmu Jlobavesckoeo
Iso(L,) codepxcum nodepynny, uzomopdryro epynne SL(2;R)/Z,,
m. e. pakmopepynne SL(2, R) mampuy, pasmepa 2 x 2 ¢ seuecmaen-
Hbomu Koagppuyuenmamu u onpedesumesem +1 no nodepynne Z,,
cocmosuel u3 npeobpasosanuii E u —F.

JokasateabcTBo. PaccMoTpuM w=:jij, rnea, b,c,deR

H ad — bc =1. B cuny nemmnr 5 sro usomerpun. Mx cosokynHocTb
o6pa3syer rpynny. B caMoM nmene

1 (az+b '
a (cz+3)+b _ (da+cb)z+ (db+db)
o (az+b) +d' - (c'a+cd’)z+(clb+ddl)

cz+d

— CHoBa mnpeo6pa3oBaHHe C BelIECTBEHHHIMH KO3(DGhHUHEHTaMH H
onpenenuteneM, pasHuM +1. Tak kak ad — bc #0, To cymecTByer
obpaTHoe npeo6pa3oBaHHe TOrO XKe THIIA.
PaccMoTpuM Tenepb MarpuuHyio rpynny SL(2, R) — rpynny
a b
c d

¢: SL(2,R) —» &,, rne &, — rpynna npeo6pa3oBaHHH w =

,rme a,b,c,d €R u ad — bc = 1. Tloctpoum oToGpakeHue

az+b
cz+d’

a b\ _az+b
c d /) cz+d’

 — romoMopdu3M (nposepbre!). dnuMophHOCTD ¢ ouyeBHaHA. HalineM

a,bcdeR, ad — bc=1. lonoxum ¢ ( SlcHo, ytoO
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Ker ¢. flcHo, uto ¢(g) = ¢(—g), a noromy Ker ¢ D Z, = (F, —E).

— _ az+b _ dz+b
,(I)[oxa)l(eM, uyro Ker ¢ =Z,. Ilycts ©(g) = ¢(¢'), T. e. ot d =t d
TCIONA

I

b d a c a+b a
?:_'=A’7=?:”’C+—d d"b_Ab, d=Ad’,

a=pud, c=puc, p.a’d’+/\b'c’=pc'b'+/\d’a’,
(b= A)(dd' =b'c')=0, u= A, dd'—b'c'=1.

Urak, % = % =Z=5=X\ T e g =\g, nostoMy A =+l g' =g,
yto u TpeGoBanoch n0Kasath. O

a

3apauva. Jlokaxwure, uro SL(2, R)/Z, — cBsi3HOe TONOJOTHYECKOE
POCTPAHCTBO.

He cnenyer nymars, uro npeo6pasosanusi SL(2, R)/Z, ucuepnsBaior
Iso(L,). B camoM fene,.paccMOTpHM g,: 2 — —Z. DTo oTOoOpaXKeHHe Ie-
PEBOMHT BEPXHIOK MOJYMJIOCKOCTh
B cebst U coxpaHsieT MeTPHKY Jlo6a- Y
yeBCKoro (oTpakeHHe OTHOCHTeJIb-
Ho ocu Oy). B To ke BpeMmsi g,

az+b
He MMeeT BHIA . B camoMm
az+b

Rente, -7 KOH(QOPMHHI (CM. Bh-
me), T. €. COXPaHSIOT OPHEHTHPO-
BaHHHle yriaul. [Ipeo6pasoBanue g,:
z — —Z KOH(QOPMHHIM He sIBJsIeTCS
(cM. puc. 58).

Hrak, MBH DOMKHH eme paccMo-
TpeTh mpeoOpasoBanus g(z) BUAA
w=g(z)=—§§¢3, rae a, b,c,d €
€R, ad — bc =1, nau, 4to TO XKe
camoe, w= ::_13, rae a, b, c, d €R,
ad — bc = —1. O603HaYMM MHOMKECTBO BCeX TAaKHX NpeobOpa3oBaHHi
yepe3 B,. MHoXecTBa &, 1 B, roMeoMOpP}HH, TaK Kak Jwboe g € B,
uMeeT BUI g = g,f, rae f € &,, U TaK Kak g, H f — H30MeTpHH,
TO U g,f — u3oMerpusi. [oMeoMoppu3M ycTaHaBIMBaeTCs NyTeM YM-
HOXeHHs] MHoXecTBa &, Ha g, € &,. Jlanree, &, N &, =, Tak KaK

Puc. 58

az+b aZ+f az+b
atd * ~ET 8 B camom pene, - +4 COXPaHsieT OPHEHTHPOBaHHbIE
YIaIH, a :zig HE COXpaHsIeT.

Jlemma 6. Muoxcecmso & =86 ,UB,={f}U{g,f} neanemcs epyn-
noil 8 komopoti &, — nodepynna, a &, He asasemcs nodepynnoil.
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JJokaszaTenbcTBO. PaccMOTPHM COBOKYMHOCTb BCEX BEILECT-
BEHHBIX MaTpull pa3Mepa 2 X 2 c onpefenutesneM =+1; 3To, oueBHAHO,

rpynmna, ‘cz g ,ad — bc ==+1 ), KoTOpyl0 Mbl 0603HayuUM yepe3

L(2, R). Dra rpynna Kak TONOJOrHYecKoe MPOCTPAHCTBO HeCBsi3HA; B
Hell 1iBe KOMIIOHeHTH cBsidHocTH L(2, R) =L, UL,, roe

L1={(z 3), ad—bc=1}, LZ:{(‘: 3), ad—bc=—1}.

[Moprpynna L, panee o6osnauanace SL(2, R). [TocTpoum ¢: L — &;
ecan A = (2 b €L, 10 p(A)=F€ B, f(z)=2EL ad—bc=1;

d cz+d’
ec.lmB=(g' Z)GLZ,TO p(B)=f€e®,, g(z)=§::_“:§, ad—bc=-1.

SlcHo, yTo ¢ — roMomopdusm (mposepbre!). Hanee, ¢ — smuMop-
¢u3M; ¢ He sIBIsSIeTCS] B3aHMHO OJHO3HAaYHHIM H HMeeT sinpo. [nsi
HaXOXIEeHHs sifipa JOCTATOYHO HalTH npoo6pa3 eAHHUYHOro dJeMeHTa
rpynnsl &. Kak u B npemnoxenun 1, nfoxkasmnBaercs, uro Ker(y)=2Z,,
rie Z, = (+E,—F); sra noarpynna — ueHtp B L(2, R). O

daxTHYeCKH N0Ka3aHa CJefyouas JeMMa.

Jemma 7. I'pynna 6=8,U&,={f}U{g} usomoppna L(2, R)/Z,,
2oe

L(2,R)={(g g) ad—bc::l:l}, Z,=(E, —E).

Hrak, B rpynne usoMerpuit miockoct JIo6aueBcKoro Mul npeabsiBu-
JIY OATPYIINY, COCTOSIIILYIO H3 IBYX KOMIIOHEHT JIHHEHHOH CBSI3HOCTH, a
umeHHo & = L(2, R)/Z,. CkonbKUMH NapaMeTpaMH OMHCHBAIOTCS 3Jie-
MeHTH 310l rpynnu? Tak kak L(2, R) = { (‘cl g ) ; ad — be = %1 },
TO 3JIeMeHT g € & 3afaeTcsl TPeMsl He3aBUCHMbIMH [1apaMeTPaMH.

Jlemma 8. I'pynna SL(2, R) kax monoaozuueckoe npocmparcmeo
20MeoMOPPHA NPAMOMY NPOU3BLOCHUIO OKDYHCHOCMU HA eBKAUO08Y
naockocme, a noamomy moxcem Ovimb cHabxceHa cmpykmypoil
22a0K020 mpexmeprozo muozoobpasus (Hexomnaxmmuoezo). Coom-
semcmsento L(2,R) eomeomopira npamomy npousgedenuro 08yx
IK3EeMNAAPOS8 OKPYHCHOCMU HA eBKAUCO8Y NAOCKOCMb.

HokaszareanbcTBO. H3 Kypca anre6pu craemyer, uto Jso6oe
JIMHeHHoe OJJHOPOIHOe npeo6pa3oBaHue eBKJIUAOBOH IJIOCKOCTH C OIpe-
genuteneM +1 Moxer ObITh OJHO3HAYHO MPEACTABJEHO B BHE KOMIIO-
3ULHH COOCTBEHHOTO BPAILEHHs U TPEYroJIbHOro npeo6pasoBanus (Teo-
peMa o6 oproroHanu3auuu 6asuca). Urak, qobas marpuna g € SL(2, R)



§ 3. TPYTIIIbI [TIPEOBPA3OBAHUM 221

nonyckaer (0AHO3Ha4YHO) NMpeACTaBJeHHe B BUJE POU3BENEHHS] MATPHUL

_ cosp singp @ ,?
g —siny cos 0 </
cos ¢ sin g

Tak Kak MaTpuubl ( —sinp cosp

) 00pa3yioT OKPYXHOCTb, a Ma-

TPHLBI ( g ’i) — eBKJIMIOBY IJIOCKOCTb, TO JIeMMa l0Ka3aHa. O
a

Tonomoruyeckasi crpykrypa L(2, R) Gosee rioxHa.

Kak 6yner nokasano, noarpynna L(2, R)/Z, noJHoCTbI0 HCUepTIbIBA-
et coboto Bcio rpynmy Iso(L,). OTMeTHM TakKe, YTO rpyNIL H30METPUH
cthepsl M niIockocTH JIo6aueBCKOro MMeIOT OJHHAKOBYIO Pa3MepHOCTb
H MOrYT ObITb CHabOXeHbl CTPYKTYPOH IVIafIKMX TPEXMEPHBIX MHOroo6-
pasui.

)

Puc. 59. a) ToxnectseHHoe npeo6Gpa3oBaHHe; 6) OTpaXkeHHe B
MJIOCKOCTH y2; 8) OoTpaxkeHHe B Touke 0; ¢) oTpa)keHHe B MJIOCKOCTH YT

CpnenaeM 3ameyaHue o rpyrnie H30METPHH IICEBIOEBKJIHAOBA IPO-
crpaictBa R3. HanoMHuM, yTo rpynmna usoMerpuii AByMepHoit cdephl
cosmana ¢ rpynno# usoMerpuit R3, ocraBisiommux Ha Mecte Touky O,
T. e. ¢ rpynno#i O(3). CoBepiieHHO aHaNOrMYHO MIOCKOCTh Jlo6ayes-
CKOTo MOXeT GuTb peain3oBaHa B R? B BuAe onHo# u3 mosocreil ABYX-
noJioctHoro runep6osionna (nceBnocdepsl MHUMOrO paguyca), u jawoboe
ABHXeHHe TockocTH Jlo6aueBckoro GyfeT HHAYLHPOBAHO HEKOTOPOH
uzomerpuen R?. [Tockonbky mncesgocepa MHHMOTO PajMyca COCTOMT
M3 JBYX CBSI3HbHIX KOMIOHeHT, TO Iso(L,) He ucuepnbiBaeT co6010 BCIO
rpynny Iso(R?),, rae yepes Iso(R?), o6o3HaueHs Bce naomerpuu R3,
ocraBisiomue HernoABHxkHOH Touky 0. Cuenyer nobaBuTh eie mnpe-
00pa3oBaHusl, IOPOXAEHHblE OTPaXKEHHSIMH, MEePeCTaBJSIOLMMH ABe
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nosoctu runepbonouna. HUrak, rpynna Iso(R?), coctour us uersipex
cBsI3HBIX KoMroHeHT. Ha puc. 59 nokasaHsl yeThipe mpeoOpa3oBaHHUs
91 92 93, 94 COXpaHsioMe ncesrocdepy S D L, u mpuHamnexamme
K Pa3JM4HbHIM KOMIIOHEHTaM CBsi3HOCTH rpynmnsl Iso(R3),.

[TPUMEP 7. Eme pa3 BepHemcsi K rpynne ABHXeHHH €BKIHJOBOMH
minockoctd. HalijeHHble HaMu npeoGpa3oBaHusi Buga y= AZ + b, rne
A €0(2), b € R?, MOXHO 3anucaTh B KOMILIEKCHOH (opMe w = az + b,
rae beC, a€C, |a|=1, 1. e. w=¢€*-z+b. Dra rpynna npeobpasoBaHui
H30MOp(GHA MaTPHYHOM IPYIIe, COCTOSIEH U3 MaTPHUI[ BUAA 8 Il) ,
rae a= e, CoxpaHeHHe eBKIMIOBOH METPHKH CJeNyeT U3 TOXAECTBa
dw=adz, dwdw=|al’dzdZz.

Kak u B cillyyae mIOCKOCTH, JIErKO NpOBepsieTCst, YTO TPyMna JH-
HellHHIX n3oMerpuil Iso(R"™) eBkiumoBa nmpocTpaHcTBa R™ Moxer OHTBb
NpeacTaBleHa Kak rpynmna npeo6pa3oBaHuii y=A Z+b, rie marpuua A
NPHHAIEXUT OPTOroHaIbHOM rpynme O(n), a BEKTOp b 3ajaeT CHBHT.
Ipynna Iso(R") n3omMopdHa MaTpU4HOH rpyrine, COCTOSIIENH U3 MaTPHLL

BHA . Urak, rpynna Iso(R") kak TornoJoruyeckoe

IPOCTPAHCTBO romeoMopdHa npsimoMy npousBeneHuto O(n) x R", rae
O(n) u R™ paccmarpuBamTCst KaK TOMOJOrHYECKHE MPOCTPAHCTBA. ITO
pasjioxeHue, BIpoYeM, He SIBJSETCS] IPYNIOBLIM.
2. MarpuuHble Tpynnsl npeod6pasoBaHmil. Mu BufeNH, YTO Bce
pa3oOpaHHbIe MPUMEphl TPy OKa3hIBAJIUCh TOMOJOTHYECKHMH MpO-
CTPaHCTBAaMH, Ha KOTOPHIX MOXHO ObIJIO BBECTH CTPYKTYpPY IMIafKHX
MHOroo6pa3uii ecrecTBeHHHM o6pa3oM. IIpu 3TOM MH m0Jb30BaNHCDH
TOMOJIOTHEH, BO3HHKAWIed Ha rpymnmne npeoOpa3oBaHHH Mocle ee
BJIOXKEHHs] B TPYINNy MaTpHL, TOMOJOrHsi B KOTOPOH OIpefessercs
OOLYHEIM 00pa3oM: MaTPHIE CYUTAIOTCS OJIU3KHMH, €CJIH OHH GJIM3KH
noasieMeHTHO. TakuM 00pa3oM, eCTeCTBEHHO BO3HHK HEKOTOPHIH KJacc
IJIafiKMX MHOroo6pa3u#, TOYKH Ha KOTOPHIX MOXKHO YMHOXaTh, IPUYEM
3TO YMHOXXE€HHeE YIOBJIETBOPSET BCEM aKCHOMaM ajire6pauveckoii rpyn-
B BheINM 3Ty CUTYalHIO ¢ MOMOLIBIO CIIELHATIBLHOTO ONpefeNeHHUs .

Onpeaeaenne. I'nankoe MHoroo6pasue M™ Ha3snBaeTcsi epynnoi
Jlu, eciu Ha HeM 3ajiaHHl [Ba IVIafKUX oToOpaxeHus, f: M" x M™ —
— M" (ymHOXeHHe) u v: M"™ — M" (B3situe o6paTHOro 3JeMeHTa),
o6o3Hayaemble o6buHO TaK: f(z,y)=z -y, v(z)= z~!; KpoMe TOro
CYIleCTBYeT OTMeYeHHast Toyka e € M™, ynoBJeTBOPSIOIAsi BMECTE C
oToOpaXKeHHsIMH f, ¥ COOTHOLIEHMSIM:

Dz-(y-2)=(z-9) 2

e-z=z-e=z,z-z'=z"' z=e.
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OG6biuHO Tpebyercsi, 4ToOb! onepauuu f U v ObUJIM HelpepLIBHHIMH,
OIHAKO BO BCEX KOHKPETHHIX NMPHUMEepPax, ¢ KOTOPbIMH Mbl OyaeM MMeTb
JeJIo, TPYIOoBbe onepalun OYAyT IVIaflKHMH, a IOTOMY MH U BBEJH B
onpejeneHue rpynnsl JIu MMeHHO riafKkne oTobpaxkeHus f u v.

Onpeneaenne. MHoXecCTBo 3jieMeHTOB g rpynnsl JIlu &, KoTopbie
MOX>XHO COEJMHHTb HElpPEepPhBHLIM MYTeM C eUHHIeHd Tpynnbl &, HasH-
BaeTcs CB8A3HOL Komnonenmou edunuybt epynnot & u o6o3Havaercs
yepe3 &,.

Yreepxknenue 1. Muoawecmso &, sasarsemca nodepynnoii 8 &. bo-
see moeo, &, —HopmanbHbll Oesumens 8 &, a nomomy onpedesera
paxkmopepynna &/S,.

HoxkasareabcTtBo. [lycts g, g, € &,. Tpebyercs nokasaThb, UTo
g, 9 € B,. B cuny onpenenennsi &, cyuecTByOT HellpephIBHbIE MYTH
v (t) u 7,(t), Takue, 4ro

10)=e, M(1)=g; %O0)=e xR(l)=g,.

Paccmorpum nyte v: I — &, roe v(t) = v,(t) - %(t). B cuny
HenpephBHOCTH onepaluu yMHoXeHHss B & nyTb 7y(t) HempephiBeH,
a 1oToMy g, - g, € B,, TaK Kak

YO0)=%(0)-%0)=e, F()=7() - %(1)=g -g-

Tlokaxem, uto gjis Jio6oro g, € B, u Ji06oro g € & sjaeMeHT ggyg~'
npuHamiexur &, Tak Kak g, € &, TO cyllecTByeT HelpepLBHHIH
nytb v(t) Takoi, uro y(0)=-e, v(1) = g,. PaccMoTpum HoBHH myTH
©(t)=gv(t)g™'. OH HempephIBeH B CHJIy HEIPEPHIBHOCTH ONEpPaALHU
YMHOXeHHs!; B TO e BpeMst p()=e; p(1)=gg,97', 1. €. ggo97' €&,. O

[Tpumepn rpynn JIu HaM y»Ke u3BecTHH. Tak, rpynna opToroHaJbHEIX

Matpul sBiasiercs: rpynnodl Jlu (mposepbre!). PaccMoTpuM ocHOBHHIE
NpUMepsl MaTPHYHHX rpynn. Bee atu rpynnsl siBasiiores rpynnaMu Jlu,
OHaKO Mhl He OyleM NOKa3biBaThb 3TOr0, OrPAHHYMBLIMCH HEKOTOPHIMH
YaCTHBIMH CJIy4YasiMH.
3. Moanas auneinas rpynna GL(n,R) u L(n,C). Paccmorpum
€BKJIMA0OBO MPOCTPaHCTBO R™ M MHOXeCTBO BCeX HEBHPOXIEHHBIX
JHHEHHHX ONHOPOIHHX npeo6pa3oBaHuil R" B cebs, T. e. MHOXeCTBO
BCeX HEBHPOXIAEHHBHIX MATPUI[ n X N C BEIIECTBEHHHMH KO3(QHuLU-
eHTaMH. D10 MHOXecTBO o6o3Hayaercsi yeped GL(n, R). AHanornuHo
onpepeasiercst 1 GL(n, C).

Jemma 9. Mnoxecmsa GL(n, R) u GL(n, C) ssasromca epynna-
mu Jlu.



224 Tn. 4. TJIAIKME MHOTOOBPA3HS (ITPUMEPbI)

JdokaszateabcTBO. PaccMorpum nnsi ompeiesleHHOCTH MHO-
xectBo GL(n,R). Tor dakr, yuro MHoxectBo GL(n, R) o6pasyer
rpynny (B ajdre6panyeckoM cMuicie), oueBueH. OcTajoch POBEPHTD,
yto GL(7n, R) MOXHO CHaGOUTb CTPYKTYPOH IJIagKoro MHoroo6pasus
TaKOro, 4YTO BCe TPYMMOBHE orepauuu OyayT raagkumu. SIcHo, 4To
GL(n, R) = R™ \ {det g(¢9) = 0}, rme eskmmmoBo mnpoctpanctBo R™
OTOXIECTBJIEHO C MPOCTPAHCTBOM BCEX MATPHIL mopsifka n (Haj rnojaeM
R) Tak Kak ypaBHeHHe det(g)—O MOJMHOMHAJBHO, TO MHOXECTBO
R" \ {det(g) =0} otkpuito B R™, T. e. siBnsteTcs obaacThio B R™,
MOTOMY IVIaIKUM MHOr00Opa3HeM pa3MepHOCTH n’. Y MHOXeHHe Ma'rpnu
SIBJISIETCS [VIAAKOH onepaluel, TaK KaK KaXKIH{ deMeHT MaTpuusl A B
SIBJISIETCS] [IOJIAHOMOM BTOPOrO MOPSIAKA OT 3JEMEHTOB MaTpui A H
B. Kaxnpiit 35ieMeHT 06paTHOM MaTpuubl A ~! siBisieTcsi pauMoHaIbHOM
GyHKLHeH OT 3/leMeHTOB MaTpuubl A (co 3HaMeHaTeJsieM, OTIHYHBIM OT
HyJsis1 B CHJly HeBHpoXaeHHocTH A). Equnnued rpynnn GL(n, R) siis-
eTcst Marpuua F. AHaJorH4HBIM myTeM noKasuBaercs, 4yto GL(n, C) —
rpynna Jln. O

4. CneuuanbHas auHednaa rpynna SL(n, R) u SL(n, C). ['pynna
SL(n, R) onpenensiercst kak nogMHoxectBo B GL (n, R), 3anaBaeMoe
ypaBHeHuneM det(g) = 1. flcHo, YTO 3TO MHOXECTBO SIBJIsIeTCsl IPYIIOH
M TOMNOJIOTHYeCKHM mpocTpaHcTBoM. B nmefictBuTesnbHocTH SL(n, R)
SIBJISIeTCsl [JIaAKAM MHorooGpa3ueM, Ho Mbl He OymeM 3mech 3TO 10-
KasuBaTb. ['pynna SL(n, C) onpenensiercst kKak noarpynna B GL(n, C),
ynoBJeTBopsiiomasi cooTHoweHunio det(g) = 1. Paameprnocts SL(n, R)
paBHa n? — 1, a paamepHocTb SL(n, C) paBHa 2n? — 2.

5. OproronansHas rpynna O(n,R) u O(n, C). Paccmorpum R" ¢

GunuHeiHOH dopmoit (G, b) = Y a'b?, 3apawoued eBKIHIOBO CKaJsIp-

Hoe npousBefeHue. ['pynna O(n,lR) ornpejessieTcsl KaK rpymnna Belie-
CTBEHHBIX MaTPULl A NOPsiKa m, COXPAHSIOMMX 3TO CKalsipHOe Npo-
u3Be[leHHe, T. €. yYAOBJETBOPSIOIKMX COOTHOWEHH IO (A d, Ab)=(a, b)
mst Mo6X @, b € R™. O6huHO rpynna O(n, R) o6o3Hauaercs O(n).
I'pynna O(n,C) onpenensiercst aHanoruyHo. I'pynna O(n) comeput
noarpynny, o6o3HayaeMyio SO(n) M HasblBaeMyi0 cneyuaivHol op-
moeoraavhoil epynnoii: g € SO(n), ecau det(g) = 1.

Jlemma 10. I'pynna SO(n) auneilno cesadana u cosnadaem co
c8a3HOl Komnonenmoti edunuypt 8 epynne O(n). Paxmopepynna
O(n)/ SO(n) usomopgpna Z,, m. e. O(n) cocmoum u3 08yx C8s3HbIX
KOMNOHeHM.

NoxkaszateanbctBo. M3 kypca anreGpn u3BecTHO, 4TO MJisi
Jio6oro sneMeHra g, € SO(n) cymecTByeT Takoe OPTOroHajlbHOE peot-
pasoBanue g € O(n), 4to a=ggyg~', eciu n =2k yeTHO, ecTh MaTpHLA
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BHJA:

cos ¢, sin ¢,
—sinp, cos ¢

0

0

coS ¢, sin ¢,
—sin g, cos y,

H, ecsid n =2k + 1 HeyeTHo, MaTpHua BHJA:

cos p, sin
—sin ¢, cos ¢,

0 )

O cos ¢, sin g, 0
—sin g, cos g,
0 1

B kayecTBe HempepniBHOro myTH y(t), COEHHSIONIETO g, C €AHHHLEH
E, nocTaToyHO pacCMOTpeThb Clefyiollee ceMeHCTBO MaTpPHLL

0

cos ¢, sin ¢,
—sin @, cos p,

0

Hrak, SO(n)=O(n),. Tak Kakx MHOXECTBO OPTOrOHAaJbHHX MaTpHIL]
¢ ompenmesureieM —1 romeomoptHo SO(n), To orcioga u ciegyer
JI0Ka3aTeJIbCTBO JIeMMHI. []

Unorna yno6xo npeacrasasts O(n) Kak nogMHoxecTso B R™, onpe-
mensieMoe cucteMoll ypaBHeHuii AAT = FE, rae R™ oToXIecTBIeHO ¢
JMHEHHHM MPOCTPaHCTBOM MaTpHL A nopsizka n.

Paccmorpum B R™ dopmy (A, B) =tr ABT. flcHo, yTo 3TO cKa-
JsIpHOe MpOM3BeeHHe €BKIHA0BO B 6a3uce, COCTOSIIIEM H3 CJELyIO-
IMX BEKTOPOB (KaX<Ihlli BeKTop B R™ oTOXIECTBJeH ¢ MaTpuuel
nopsiaka n): €; (Bce 3JeMEeHTH MaTPUUB PaBHH HYJIO, KPOME OJHOTO,
PaBHOrO efWHHIE W PaCIOJOXEHHOro B i-H CTPOKe M j-M CTOJOLe;
1<, 7 <n). Ecmu

TO

43
8 — 68
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4TO, OYEBHJHO, COBMajfiaeT CoO CKa-

JISIPHEIM €BKJIMAOBHIM POHU3BENEHH-

eM B oprobasuce {€;}. Oroxnecrs-

ass Kaxnayilo matpuuy A € R™ ¢

BekTOopoM A =3 al€;, MB MOXeM
1

COTOCTaBUTb €H eBKIMAOBY MJIMHY
BekTopa A, rue ||A||2=tr AAT. Kak
6e10 orMedeHo, O(n) peannsoBaHa
KaK MOAMHOXecTBO B R™, ynoser-
Bopsioliee ypasHeHHio: AAT = E.
CneposarenbHo, st A € O(n) uMme-
em: |A||=+v7n, 1. e. O(n) pac-
HOoJIOXKeHa B CTaHAApTHOH cdepe

Puc. 60 S™-1c R™ panuyca v/n (puc. 60).
6. Yunrapnasa rpynna U(n) u cnenmansHad yHMTapHas rpynna
SU(n). PaccMorpuM koMmsiekcHoe npoctpaHcTBo C", oTHeceHHOe K
KOOpIMHATaM z!,..., z", U CHa6NMM ero 5pPMHUTOBHIM CKAJSIPHEIM IIpO-

n .
- T ad v v
usBegeHneM (4, b) =Re | 3 a’b |, accounnpoBaHHbIM ¢ GHIHHERHON

i=1
n

KOMILIEKCHO3HayHOH (opMoit ) a'b. Yepes U(n) o6o3HauuM rpynmy
BCeX JIMHEHHBIX oneparoposl 13l C", COXpaHSIOIMX 3TO CKaJsipHOe
Npou3BeJieHHe, T. €. TPYNNy BCeX KOMILIEKCHO3HaYHHX Matpun A
nopsiika n, Takux, uto (4, b) = (Ad, AD) mist mo6HX @, b € C". Ao
yCJIOBUe SKBHBAJEHTHO MaTPUYHOMY ypaBHeHHi0 A A "= FE, rze 4epra
o6o3HayaeT KoMiuieKcHoe compsikeHue. Otciopa, ecau g € U(n), To
det(g) = e*. Onpenesnum SU(n) kaxk nogrpynny B U(n), Takyio, uro
det(g)=1.

Jemma 11. I'pynna U(n) u epynna SU(n) sunelino ceasanot, m. e.
€08naodarom co c80UMU KOMNOHEHMAamu eOUuUHLYbL.

HNokasareancTBoO. Pacemorpum SU(n). U3 kxypca anreGpn
M3BeCTHO, uTo s Jioboro g, € SU(n) cymecrByer yHuTapHOe npeob-
pasoBanue g € U(n) Takoe, 40 a = gg,g~! — AHMaroHasbHasi MaTpuULA
BHIA

e

el 0
0 e’

(3mecs €™, 1 < k < n, — cobcTBeHHEle yMesa orepatopa g,). B ka-
yecTBe HeNpepHBHOro myTH y(t), coenuHsiouero g, ¢ E, noctaTouHo

, o+, =2lm, leZ



§ 3. TPYIITbI TPEOBPA3OBAHHI 227

paccMoTpeTh HernpephiBHOe ceMelicTBo Matpull y(t) =g 'a(t)g, rue

e

e’ 0

n-1
iQlr—tY 9,)

0 e k=t
SlcHo, uto v(0)=FE, a (1) = g,. Ceassocty U(n) nokaswiBaercs
aHAJIOTMYHO: B KauecTse -y(t) moctaToyHo B3siTh nyTh Y(t)=g 'a(t)g,

e
et
et 0
a(t)= . O

0 ent

HHorpa yno6Ho mnpeacrasaars U(n) kaK TOIMHOXECTBO B R,
onpezesisieMoe CHCTEMOH ypaBHeHHH AA = =E, rne R* = C™ orox-
IECTBJEHO C JHHEeHHBLIM MPOCTPAHCTBOM BCEX KOMILJIEKCHO3HAYHBIX
Marpun A nopsinka n. Paccmorpum B C 6asuc, COCTOSIIIMI U3 MaTpHILL
E,; u I,;, Bce aneMeHTHl PaBHBI HYJII0, KDOME OJHOrO, PacIioJIOKEHHOro

B k-M cTosbue M j-i c1'poxe 1<k, <n. Ecm A, BeC”

To (A, B) =Re trAB' E aib], 4TO coBmajaeT c SPMUTOBHIM
Wi=1

cKansipHHIM npousseneHneM B C™, otoxnectsaeHHHM ¢ R2Y. Otox-
RECTBIsIS KaXAylo MaTpuuy A c BEKTOPOM, MOXeM COMOCTABHTH eil
eBKIWIOBY aMHY Bekropa A: ||A|]2 =Retr AA CnenoBaTeJibHO,
U(n) pacronoxena B cpepe S2* ! panuyca

Jloka3as quHeiiHy10 cBsidHocTb SO(n) u O(n), IOKaxeM cJenyiomiee
yTBEpXKAEHHE.

Jlemma 12. [I'pynna GL(n,R) cocmoum u3 08Yyx KOMNOHEHM
suneinol ceasnocmu. I'pynna GL(n, C) arunetino csasHa.

HNokasateabcrtBo. [pynna GL(n, R) pacnapaercs B o6venute-
HHe JBYX MoaMHoxecTB, B, ={g|det g >0} u &, ={g|det g <0}. Itu
MOJIMHOXKeCTBA He MePeceKaloTcsl, TakK Kak OIpeleNUTeNb MaTPHIIbl —
raankas QyHKUMs OT ee KO3 (PHUILUEHTOB, T. e. KoopauHat B R™. [aree,

&, roMeoMopdHO &,,. I‘omeomop%msm yCTaHaBJIHBaeTCst 0TOOPaKeHHEM

g —ag, rae a=

0 -1
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Ocranoce noka3athb cBsI3HOCTb &,. Tak Kak KaXnaHi aneMeHT g € &,
MoXeT OHTb WHTEpIIPpeTHPOBaH KaK HeKoTophd 6asuc B R, ToO,
NpUMeHsisi U3BECTHHIH MpollecCc OpPTOroHaaM3auuu 6asuca, nosydae,
4TO g MOXHO IPENCTaBUTb TaK: g = -, e a € SO(n), a ¢ — BepxHe-
TpeyroJsbHasi MaTpHia. MaTpuua g Moxer OHTDL Ternepb HernpephHBHLIM
obpasoM npopedopMHpPOBaHA B MATpUly «; IJIs 3TOrO JIOCTATOYHO
paccMOTpeTh HemnpephBHHH nyTh Y(t) = a - ¢(t), roe

ot +(1-1)
Pyt +(1—-1) Pt
p(t)=

0 et +(1—1)

Ocranoce Bocnosmb3oBaThesl Ha cBsi3HocThlo SO(n). Jlemma po-
KasaHa jansi GL(n, R). Paccmorpum GL(n, C). Ilocrpoum raaakoe
oro6paxenne f: GL(n, C) — S'; nosoxus f(g)=det(g). O6paszom
GL(n,C) siBnsieTcsi OKPYXKHOCTb; mpoo6pa3oM emuHMUH Ha S' siB-
JsieTcs nogMHoxecTBo Marpuul B GL(n, C) takux, uro det(g) =1,
1. e. f7!(1) =SL(n, C). ITockoabKy OKPYKHOCTb JIMHEHHO CBsI3HA,
TO JOCTaTOYHO [OKa3aTh JHHeHHyW cBsi3HocTh rpynnn SL(n, C).
[IpuMeHsist npouecc OPTOroHaMM3auNH, IPUBOMSIIMH OT IPOH3BOJBLHOTO
YHHMOJYJISIDHOTO KOMILIEKCHOro 6asuca K IPMHTOBY, CBOAMM, KakK H
BHIIIE, Bonpoc o cBsidHocTH SL(n, C) k Bompocy o cBsiaHocTH SU(n).
[MocnenHssi rpynna cBsidHa B cuay JemMH 11. Jlemma 12 nokasana. O

3AMEYAHHE. CssisHocTb GL(n, C) 1 HecBsiaHocTb GL(7, R) Mox-
HO NOSICHUTH (HecTporo) eme Tak: rpyrnna GL(n, R) nonyuaercs usz R™
myTeM BhiGpachiBaHUs runepriosepxHocty det(g) =0, pasnensiomei R™
Ha iBe 06J1aCTH, OJ]HA 13 KOTOPHIX H €CThb CBsI3Hasi KOMIIOHEHTA e [MHUIIbI
B GL(n, R). B koMnnekcuoM caydae GL(n, C) nonyuaercs us C* =R
BeIOpachiBaHHEeM mopMHoxecTBa det(g) =0, Kopa3MepHOCTb KOTOPOro
paBHa 2 (c BelleCTBEHHOH TOYKY 3peHHsi), TaK KaK KOMILJIEKCHoe
ypaBHenue R™ skBuBaneHTHOo nByM BemectBeHHHM Re(det(g)) =0
Im(det(g)) =0. UHTYynTHBHO sICHO, YTO MOBEPXHOCTb KOPa3MEPHOCTH
IBa He pa3busaer R®™ Ha gBa Kycka.

Mt onpepesuan U(n) Kak rpynny MatpH1, coxpaHmoumx BelIecT-
BeHHO3HauHoe mpoussenennue (4, b) = Re Z a*b*. Opuako Hapsiny ¢
HumMH B C" nMeercst accounnponaﬂna;{ 6unuﬂeuna;{ KOMILJIEKCHO3Hay-
Hasi dopma (4@, b) = Z a* b a OTOMY ecTecTBEHHO BO3HHKAeT rpymnmna

marpun U(n), coxyanmom_p}x 3Ty opMy, T. €. YAOBJETBOPSIIOIIHX
toxpectBy (Bd, Bb)=(d, b) nnsa mobex d, b € C".
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Jemma 13. I'pynna U(n) u epynna U(n) cosnadarom.

NokasarteabcTBO. Tak Kak U(n) coxpanser (a, b) TO OHa
coxpaHsieT (0 OTHENbHOCTH) ee BELIeCTBEHHYI0 W MHHMYK 4YacTH; a
TaK Kak (@, b) = =Re(d, b), To n3 coxpaHeHus dpopmul (d, b) crenyer
coxpanenue (@, b). Urak, U(n) C U(n).

O6patHo, myctb nan snemeHT A € U(n), 1. e. (Ad, Ab) = (@, b)
npu JoGhx G, b e C". Tak KaK 3T PaBeHCTBO BEPHO NpH Ji06bIX @,
becCn, _TO OHO MMeeT MECTO M /sl Nlapbl BEKTOPOB BHAA: 4, b, 1. €.
Re(:4d, b) = Re(A(73d), Ab) Tak kak omepatop A KOMIUIEKCHBIH, TO
A(7d) = 1A, cnepoBatesnbHo, Im(ad, b) =Im(Ag, Ab), uto o3Hauaer
coxpaHeHHWe MHUMOHU 4acTu GopMH (a, b). TakuMm obpasoM, A coxpa-
Hsier (G, b), T. e. Un)CcU(n). O

B nanvHeiilieM Mbl He 6yqeM pa3ii4yaTth 3TH [B€ IPYIb HHBaPUAHT-
HOCTH.

O6cynuM oneparuio OBEIeCTBJIEH s, T03BOJSIOILYI0 OTOXAECTBJISTh
C" ¢ R?". Brbepem B C" spMuTOB 6asuc €, ..., €,, T. €. 060ii BEKTOP
Z € C" pomyckaeT eqMHCTBEHHOe pa3noXeHHe Z = z,€, + ...+ z"€,,
rae z* = ¥ +iy*, z¥, y* € R. PaccMOTpUM MHOXECTBO OPTOrOHAJbHBIX
(oTHOCHTeNBHO (G, b)) BeKTOPOB &, ..., E,;18,..., i€, Torma mis

n n
qioboro Z € C" Bo3HHMKaeT pa3noxeHue z= Y. z*€, + >, y*(i€,), rae

k. y* € R. 9To no3BoOJSIET OTOXIECTBUTh (é’rlc R?". !

OrobpaxeHue ¢: C" — R?", neiictBywiee no top™myre ¢(zZ)=
=(z!,...,z" y',..., y"), OyneM HasHBaThb ONepPamMopom oBew,ecms-
senus C".

UTo NPOHCXOAHT ¢ SPMUTOBOH (opMoii (@, b) mocse npuMeHeHHs! (?
SlcHo, uTto

@ B)=3 b — 3 (z* + iyt)(c* — id*) =
k=1

k=1

ZE(:L‘kck-i-ykdk)-i-’i Z(ykck—:l:kdk),
k=1 k=1

(aa _6)=Re('a’, -I;)—-) i(zkck + ykdk)’
k=1

MHBIMH CJIOBaMH, CKaJIsipPHOe 3pDMUTOBO npousseneHue B C" nepexomur
TnocJie OBEILECTBJEHHUsS] B €BKJIMAOBO CKaJsipHOe NpousBefieHne R2".
Kakoi#i cMblcni BKiajgbiBaeTcst B cjioBa «3afaTh B R?® KoMmJexc-
Hyl0 CTPYKTypy»? PaccMorpum osemectBienue ¢: C" — R?; T1o-
ria B R?™ BosHukaer oproGasuc {e,,ie,},, | < k < n, npuuem
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R* = R" @ iR" = C". Urak, B R?" Bo3HHKaeT JUHEHHHI onepaTop A,
rae A(Z)=1Z. flcHo, uto A2=—F u A(1é,)=—¢,, T. e. B oproba3uce

(€,...,é,;1¢,...,1€,) matpuua A uMeer Buf A = g —g),
rie E — enuHuuHas MaTtpuua nopsuu(a n. ot oneparop HMeeT
2n coOCTBEHHHIX YHCE: A, =...= A, =1; A = A, =
(nposeperel), npuueM A € SO(n).

Onpenenenne. bByneM roBoputb, YTO OPTOrOHAJBHBIH OIepaTop

A € SO(n) B R™ raxkol, uto A%2=—F, onpedessem KOMNAEKCHYIO
cmpykmypy Ha R®",

Mu onpaBnaeM 3To omnpefeseHHe, €CaH C MOMOIBIO A MOCTPOMM
otoxzaectsneHue R?" ¢ C". [lockosnbky omnepatop A opToroHaneH, To
IyTeM OPTOroHaJbHOrO MoBOpoTa 6a3uca ero MOXHO NMPHBECTH K BULY

0

n+l =

cos ¢, sin g,
—sin ¢, cos p,

.
0

cos p, sinp,
—sin g, cosp,

Tak kak A2=—F, 10 p, = 2—275+lk1r (I, €Z). IlepecraBnsis 6a3ucHbe

BEKTOPHl MOXXHO TIpHBeCTH omepatop A K Buay A = ( 0 —-F )

E O
Wrak, BosHuk HeKOTopbm oprobasuc §€,,...,€,; t,, ..., t  TakoH,
uro A(é,)=1,; A(f,)=—¢,. Hararupas Ha €,, ..., é, mpocTpaHCTBO

R"{€,}, nonyuaem pasnoxenue R’ =R"{€,} ® R"{t,} Takoe, uro
A: R*{¢,} - R"{¢.}, A: R*{{,} —» R"{€,}. CnenoBarensHo, mob6oi
@€ R?™ ponyckaeT eIMHCTBEHHYI 3amuChb BHIA G =2 + iy, TAe Z,
g€ R"{€,}. Tak kak A2=—F, to ™Mbl nonyyaem C", paccMoTpeB Bce
KOMILJIEKCHbIE JIHHEeHHble KOMOUHauKH BekTopoB {€, }.

CKOJIbKO KOMIIJIEKCHBIX CTPYKTYP MOXHO 3agaTh B R?"? HHbiMH
CJIOBaMH, Kak omnucaTb Bce Takue A € SO(2n), uto A?=—FE? Tak
kKak A=—A"', A-'=AT, 10 AT=—A, 7. e. oneparop A onpesensier
KOMILJIEKCHYIO CTPYKTYPY TOTZ@ M TOJIbKO TOTA3, KOT@ OH KOCOCHMMe-
TPHYEH.

PaceMorpuM osemecrsienue ¢: C* — R?", u nycrs [12 C R** — npo-
M3BOJIbHAs IByMepHasl BellecTBeHHasi miockoctb. Korma 12 sBasiercs
KOMILIEKCHOH HpPSIMOH, T. €. KOTAa 3Ta IJIOCKOCTh siBisieTcsl oOpa3oM
KOMILJIEKCHOH npsiMOi mnocJie osewectsneHusi? OkasbiBaercsi, uto [12
SIBNSIETCS KOMILIEKCHOM MNPSIMOM TOraa M TOJIBKO TOrAA, KOr4a OHa
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SIBNISIETCS] MHBAPHAHTHOM MJIOCKOCTHIO sl onepatopa A: R?™ — R?",
JloKa3aTesbCTBO OCTaBJISIEM YUTATEJIO.

UTo mpoUCcXOmsT ¢ YHUTApHOW TPYIIOH IOC/Ie OBEILECTBIEHHS ¢
C" — R*? Ilycts A € U(n). [Nockoapky 3TOT onmepaTtop coxpaHsier
3PMHTOBY (DOpPMY, TO MOCJ€e OBEIIeCTBJEHHUs] OH NPEeBPATHTCSI B Onepa-
T0p A, nedctByimi B R?" U coxpaHsoWMH eBKIHAOBY QOpMY, TaK
KaK 3PMHTOBa (OpMa MEPEXOAUT B €BKINAOBY. Tak Kak pA coxpaHsier
eBKJIUAOBY GopMy, TO OH siBasieTcsi aaeMeHToM rpynnel O(2n). Kakos
sIBHBIH BHJ BaoXeHHus1 ¢: U(n) — O(2n)?

IIpeanoxenne 2. Monomoppusm ¢: U(n) — SO(2n), so3nuka-
rouuil npu osewjecmsrenuu p: C* — R, sanuceisaemca max:

A=C+iB — (g _g)GSO(Qn),

20e C u B sewecmsennol. Kpome moeo,

i (U(n)) =SO(2n)Nyp (GL(n; 0)) .

JdokasateabctBo. [lycrs €, &,,..., €, — 6asuc B C". Toraa
npu ¢: C* — R?" a10oT 6a3uc nepexomurt B €, &, ..., €,, 16;, 1 &, ...,

1€,. Orcopa (C + i:B)é, = C€, + B(i¢,), (C +iB)(i€,)=—Bé¢, +
+C(1€,), T.e. p(A)= g _103' . [IpsiMoe BhIYMCIEHHE TOKA3HIBAET,
uto det(p(A))=|det AJ?, 1. e. det(v(4)) > 0.

Jlokaxen Teneps, uto ¢ (U(n)) =SO(2n) N ¢ (GL(n, C)). Mycts
¢(A) € ¢ (U(n)). Torna, ¢ omHoit croponr, @(A)€ SO(2n) (cm.
BhIIIE), C IPYTOH CTOPOHHI, p(A) noJiydeH oBelecTBIEHHEM KOMILIEKC-
HOTO HeBEIPOXEHHOrO onepatopa, T. €. p(A) € ¢ (GL(n, C)); otciona:
¥ (U(n)) cSO(2n)N e (GL(n, Q).

O6patHo, nycts g € SO(2n) u g € ¢ (GL(n, C)). I1o 3Hauut, 4t0 g

nveer s | C B ), T.e. g€ ¢ (U(n)). O

B C

HMeetcsi eme ogHo oueBumHoe BiaoxkeHne U(n) D O(n) B BuAme
MOArPYINIIE BEIECTBEHHLIX MaTpHLI.

Ecin A € U(n) — onepatop yMHOXeHHst Ha ¢, T. e. AZ =1Z, TO
1ocJIe OBelleCTBJEHUsI OH MpeBpallaeTcs B ](;); _lg ) Beime 65110
YCTaHOBJIEHO, YTO MHOXECTBO KOMILIEKCHEIX CTPYKTYP B R?" coBnanaer
CO MHOXXECTBOM BCE€X OPTOrOHAaJIbHHIX KOCOCHMMETPHYECKHX MaTpHIL.
Eciu A € SO(2n) — xoMnniekcHast CTPYKTYpa, TO CYIIECTBYET TaKas
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Mmarpuua C € SO(2n), uto A = CT,C~!, rne

BepHo u o6parHoe: Jio6oit oneparop Buga CT,C~! siBisietcst KOM-
IJIEKCHOH CTPYKTYpOi. Takum 06pa3oM, MHOXKECTBO BCEX KOMIIJIEKCHBIX
CTPYKTYP B R?" MOXeT GbITb OTOXAECTBJIEHO CO MHOXECTBOM MaTpHL
Buna CT,C-!, rue C € SO(2n).

MoxxHo nokasaTb (MH 3TOrO fesaTh He 6ymeM), UTO Bce MaTpHUHbIE
TPYNME], NepedyncyieHHble HaMH, SIBISIOTCS rpynnaMu Jlu.

7. CumnaekTuyeckas rpynna Sp(n). dta rpynna onpejessieTcs
noMobio anre6prl kBarepHuoHoB Q. HamoMuuM onpenesnienne Q. Pac-
cMorpuM R, oTHeceHHOe K 0pTO6Ga3sucy, BEKTOPH KOTOPOro 0603HauuM
uepes 1, 4, 7, k. TakuM o6pasoM, mw06oit g € R* 3anuchiBaercst B BHMIE
g=ad-1+a*i+a®j+ak,rne &, a', a%, @® €R. OnpenenuM ymHOXKeHHe
B R*, 3amaB ero Ha Gasuce 1, i, j, k, a 3aTeM NPONOKHB Ha BCe
BekTopH U3 R*. Tabsmua umeer BUx:

1 1 J k
1 1 i J k
) 7 -1 k -7
J 7 —k -1 )
k k j —1 -1

Bosnukaer yeTbipexMepHasi anre6pa Hag R, accounaTtuBHasi, HO He
KoMMyTaTuBHasi. OHa u Ha3biBaeTcsi aAszebpoii keamepruornos Q. B Q
CYUIECTBYET ONepalusi CONpPsKEHHUsI

g—q=a-1—-ad-i1—-a-j—-a*-k

H omepauusi B3ATHSI 0OpaTHOro 3jeMeHTa (AJs1 OTJHYHOTO OT HY.JIS)
3

g '=4q/lql?, roe |g>=q-qd= >(a’)>. B Q umeercs ckaasipuoe

i=0
BellleCTBEHHO3HaYHOe NpoH3BeNeHue (q;, ¢,) = Re(q, - G,). 3nech yepes
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q; - g, o603HayeHo mpousBefieHHe B Q. DieMeHTH g € Q Ha3bIBaOTCS
keamepruoramu. KsatepHuoHsl, y KoTopbix a® =0, Ha3bBATCS MHU-
Mbimu; KoopauHata a® B pasnoxeHun ¢ =a®-1 +a'-i+a?-j+a®-k
obo3Hauaercst uepes Re(q). Utak ¢ =Re(q) + Im(q).

Teneppr MbH MOXEM pacCMOTPeTb n-MepHOe KBaTEPHHOHHOE IIPo-
ctpaictBo Q" ¢ 6Ga3sucoM €,..., €, T. e. JMoboi BekTop d € Q"

n’ n
JOTyCKaeT ONHO3HAYHYIO 3amuCch BHIA a= », g*€é,, rue ¢* € Q.
k=1
Onpepeaenne. Cumnaexmuueckot epynnoi Sp(n) Ha3hBaercs
COBOKYIHOCTh BCEX JIMHEHHBIX KBaTePHHOHHLIX mnpeoOpasoBanuii Q"
coxpaHsiomux ToukKy O, OCTaBJSIIOIMX HHBAapHAHTHBHIM Clefyloulee
CKaJisipHOoe mpou3BsefieHue B Q":

- n —
(@ b)=Re 3 a*b",
k=1
1. e. Sp(n) = {a: Q" —» Q"; (&, b) = (Ag, Ab), &, beQ"}

UHneno n HasbiBaeTcst KgamepHuorHnol pasmeprocmosto Q™. Tlpo-
cTpaHcTBO Q" MOXHO KaHOHHYECKH OTO)KILeCTBHTb ¢ C?. TNonoxum
n=1; torna Q'=Q. Iyets gq=a-1+ad -1+ -5 +a-k.
Torma, ucnonbaysi TabJaMuy YMHOXKEHHS, ¢ MOXHO 3alMcaTh B BHJE
g=(a+a'-i)+j(a*—a®i)=2'+72% rme 2! =a’+ia', 2’ =a’+a®i —
KOMILIEKCHbIE 4HCJId. BHIOMHSS 9Ty omepaudio BOOJb KaXIOH KBa-
TEPHUOHHOH KoopauHath B Q", mosyyaeM oroxaectsienue Q" = C?",
Kak u B KOMIIEKCHOM ciy4ae, Hapsiny ¢ Sp(n) ompeneseHa rpymma
HHBapUAHTHOCTH KBaT€PHHOHHO3HAYHOH (HOPMBI

T)=an . @, bt eQ

BepHo yTBepxpmeHHe: rpymnmna HHBapHaHTHocTH (4, 3) coBMNajaeT
¢ rpynno#t Sp(n). JlokasaTenbCTBO NPENOCTaBASIEM YHTATENO Kak
o0si3aTesbHOE YIpaXKHEHHeE.

PaccMoTpHM onepaunio OKOMIIEKCHBAHHS (He MyTaTbh C KOMILIEKCH-
¢ukaumeit!), 1. e. oroxnecrsiaenus Q" ¢ C*. Uro npoucXomuT mnpu
3TOH omnepaulH C KBaTepHHOHHO3HauyHOH dopmoi (d, _I;)? [Tonoxum
n =1, Torma

a-b—(p+3@)(c+id)=(p+3q) ¢ —dj)=
=(pC—jqdj)— (pdj — 74¢) = (p¢ + qd) + (—pd + gc)j;

3neck a— p+3q, b—c+jd (cM. Bhwe). Mb BOCNONB3OBANHCH
COOTHOIIEHHSIMU jq = §7, j2=—1, a- b="b - a (nposepsre!).
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[Ipu npoussosbHOM 7 (hopMa (@, -5) nepexoguT B opMy
3 (et +q*d )+ 3 (gkck —ptd*) -
k=1 k=1

roe

(a',..,a") > (p'+7q"...p"+ 37",

a=(al,
b=(b,...,b") —(c! +id. . em +35d").

SlcHo, uto ¢dopma (@, 3)3,». =Y (p*c* + ¢* Jk) COBNAjaeT C SPMH-
k=1

ToBOi (opMoit B C2*; a popMa (@, b),., = 3. (g*c* — p*d*) sBasercs
k=1

KOCOCHMMETpPHUECKOH, T. €. (4, b)), = —(b, @),.,. Ecau onepatop A:
Q" — Q" coxpausier (@, _5)“,, TO nocje oroxaectsienus Q" c¢ C,
OH coXpaHsieT yxe ase ¢opMar: (d, Z)SPN u (g, 3) . To, yto oneparop
coxpauser (a, 3)

O3Ha4aeT, YTO OH CTAHOBHMTCSl YHHTAPHHIM olepa-
TOPOM.

Mu nokasanu, yto Sp(n) Moxer Onith BioxeHa B U(2n) kak
TMOATPYNINa TEX 3JEMEHTOB, KOTophe coxpaHsiior B C?" KococumMme-
n

KCM

apu?

Tpuueckyio dopmy (4, b),. = . (¢c* — p*d*). 3necs C2" cumraercs
k=1

npeacrabjeHHEM B Buge C" @ C", 1. e. koopauHaTh B C>" pa3buTh Ha
ase rpynnsi: a=(p',..., p"; q',..., q").

IIpennoxenne 3. I'pynnet GL(n, R), GL(n, C), SL(n, C), SL(n, R)
nexomnakmuo, epynnet U(n), SU(n), O(n), SO(n), Sp(n) xom-
nakmuol (Kax monosozusecKue npocmpancmsa).

HNoxkaszateabcrtBo. HekomnakrHocts GL(n, R), GL(n, C) Bu-
TEKaeT W3 TOro, YTO 3TH TPYNIH — HeOrpaHHYeHHHEe 06JacTH B
eBkH0BoM npocrpaHcTee. Komnakraoers U(n), SU(n), O(n), SO(n)
BEITEKAaeT U3 TOro, YTO Mbl PEajH30BaJH UX 3aMKHYTHIMH OrpaHHYeH-
HbIMH TIOAMHOXecTBaMu B cthepe. KoMmnakrHocTs Sp(n) BHTekaer u3
TOrO, YTO 3Ta IPYyNIa peajM30BaHa KaK 3aMKHYTOe NOAMHOXECTBO B
U@2n). O

Mu He ucyepnanu crucok Bcex rpynn Jlu. CyiecTByioT eue Kak
KOMIIAaKTHBIE, TaK M HeKoMnakTHee rpynnsl Jlu. Hanpumep, cpeau
HEKOMIaKTHHX rpynn Jlu Goabuiyio poab urpaioT rpynne O(n, k) u
SO(n, k), roe O(n, k) — rpynna uHBapuaHtTHOCTH ¢opMmu (B R"):

-4 k . . n . .
@@, b)=— > a'b*+ >, a'b’. Ipynna SO(n, k) — noarpynna yHu-
k=1 j=k+1
MonynsipHbix Matpul B O(n, k).
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PaccMoTpuM Hekoropble rpynnsl Jlu Manbix pa3MepHocTed. Mu
Bugenn, uto SO(2) romeomopdHa okpyxxkHocTH; SO(3) roMeomopdHa
RIP. SlcHo, yro U(1) = S'. Mayunm rpynnst Sp(l) u SU(2).

Hpenaoxenne 4. T'pynnot SU(2) u Sp(1) usomopgrot (8 arzeb-
pauueckom cmoicae) u obe comeomopdrol cepe S3. I'pynna SO(3)
aeasemca pakmopepynnoti SU(2) no nodepynne Z,, cocmosweli u3
asemenmos B, —F

HdokxasateanbctBo. [pynma Sp(l) mefictByer B Q' = Q kak
YMHOXKEHHe Ha KBaTepHHOH, T. e. Kaxmuii A: Q— Q, A € Sp(l)
uMeer BUN: Ag=q-a, e g€Q, a a€ Q — @chuposaﬂﬂuﬁ KBa-
TePHHOH. TakK Kak (g, ¢)wr = 9 * §o COXpaHsieTCsl NPH HeHcTBHH A,
TO (qH q2 KBT (Aqh Aq2)xn'r' T. €. qqu - qlaa’qZ |a| q, ° - OTC]OI[a
la]>* =1, |a|=1. Tak kak |a|-|b|=|a- b| (upoBepsre!), To Sp(l)
H3oMoptHa (B anreGpaHyeckoM CMbIcje) TrpyIle BceX KBaT€PHHOHOB
a € Q rakux, yto |a| = 1. Takue KBaTepHPlOHbl o6pasyiot chepy S3, Tak
kaK |af’ = (a°)? + (a' )2+( ?)? + (a’)

Ezm}muen rpynnsl S? sBasiercs l = (l, 0, 0, 0). Mokaxem, uto Sp(1)
n3omoptHa SU(2). Paccmorpum Bioxkenune Sp(1) — SU(2) (cm. Bbiue).

Tak kak n=1, To BJI0O’)KeHHe HMeeT BHJ, _g % , T. €. COBOKYIHOCTb
Takux Matpui obpasyer Sp(l) B U(2), npuueM pp+ gg=1.

B camoMm nene, neiictBre A: g — g- G Nocsie OKOMIJIEKCOBAHUS HMeEET
BHI

g—qa=(a+38)p+73)=(ap— 7 +(ag+ D)
T. e. OTHOCHTeJbHO 6Ga3uca: €, (a =1, 8 =0), é(a =0, 8 =1) Mmarpuua
oreparopa MMeeT BHI z _g , 4TO M TpeboBanoch (mocje 3aMeHH
g — —q). Tak kak kaxpasiii A € Sp(1) ects n3omerpust R*, To oH coxpa-
HsIeT YeThlpexMepHbiil o6beM, T. e. det g _g) Hrak, |p|*+|q|*=1,

4To U TpeboBanoch N0Ka3aTh. (J

Hrak, Sp(1) usomopdHa yHuMonyasipHo# noarpymnme B U(2), npuuem
pasMepHocTb ee paBHa 3. Tak kak SU(2) B U(2) takxke TpexmepHa, TO
Sp(1) u SU(2) uzomopcusl. Mel noKa3anu Takke, 4to saementsl SU(2)

MOTYT GBITh 3aIMCaHbl B BHAE g _g P+ 1glP=1.

Jlokaxewm, 4to cymectByer roMmomoppusm f: SU(2) — SO(3) ra-
KOH, YTO OH sIBJSIETCS SMMMOP(U3IMOM M HMeeT $APO, H3OMOpGHOE
Z,. Peanusyem SU(2) Kak rpynny efHHUYHBIX KBaTePHHOHOB B Q.
[Tonoxum f(a)=agqa, rae a€ S3; |a|=1, a g€ Q u Re(q)=0, T. e.
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MHHMble KBaTepHHOHBI, o6pasyiomme R? C R*, opToroxasnsHoe k 1 € Q.
Torma f — roMoMopdu3aM, Tak Kak f(a, - a,) =a,a,9a,a, = f(a,)- f(a,).
[Ipeo6pa3osanue f(a) nepesoaut B ce6si R® (MHUMbIE KBATE€PHUOHbI) H
sIBJIsseTCsl H30MeTpHeH, Tak Kak Re(aq, aag,a) =Re(aq, 7,a) =Re(q,q,).
Hrak, f(a) € SO(3) (8 cuny cesisnoctu S® o6pas f(S3) sexur B
SO(3)).

Haitnem sinpo f. Ecim aga= g npu awbom q € R® (Re(q) =0),
TOo ag =qa, |a|=1, T. e. a==*l, Tak KaK KOMMyTHDOBAaHHE a CO
BCeMH MHHMbIMH KBaTEPHHOHAMH 03HayaeT, YTO MHUMas 4acTh @ PaBHA
Hyao. Tak kak Ker(f)=2Z,= (E, —F), to dim(S3/Z,) = 3, u Tak Kak
dim SO(3) =3, to f — sanuMopuam. O

Tot dakr, uro SO(3) = S3/Z, coorsercrByer npexacrasieHuio RP?
B BUle Gakropa: S3/Z,, rne Z, pmeifictByer Ha S® Kak yMHOXeHHe
BEKTOPOB Ha —1.

3agauu k § 3
1. oka3aTs, uro rpynna O(2) coBnagaer ¢ rpynmnoi BCeX H3OMETPHIM OKPYXKHOCTH
(¢ MeTpuKo# ds = di?).
2. Jloxasarts, uto rpynna SL(2, R)/Z, aBnseTca THHEHHO CBA3HOM.

3. Hoka3saTs, uto rpynna U(n) (kak Tomosoru4yeckoe NMpOCTPaHCTBO) roMeOMOpdHa
npsAMOMY NpoH3BeneHHi0 SU () Ha OKPY>KHOCTh st

4. [ycte & — cBsi3Has rpynna JIn 1 H — ee QvMCKpeTHast HOpMasbHas MOArpynna.
(Tlonrpynna H HasniBaeTcs AHCKPETHOH, eclH eadMHWua rpynne & obnagaet Tako
OTKpHITOM OKpecTHOCThi0 U, uYTO B HeH CONEPKHTCH TO/MbKO ONMH 31eMeHT H —
eannMua.) JlokasaTs, uTo /moGasi AUCKPeTHast HOPMa/bHast MOArpynna H JeXHUT B LeHTpe
&, T. e. KOMMYTHpPYeT CO Bceil rpynmoit &.

5. Haiith sBHyw ¢opmyny BnoxeHHs Sp(n) C U(2n) nmo aHanorHd C BiOXeHHEM
U(n) C SO(2n).

§ 4. luHaMHYeCKHe CHCTEMBI

HanoMmHuM npocreliiye cBOACTBA rpafiieHTa [JIaKoM qunu. Mu
yXe 3HAaKOMbl C IIpUMepoM BeKTopHoro moss v(z) = gradf(z), rme
f —rnapkas ynkius Ha R". B neficTBHTEIbHOCTH B KPHBOJHHEHHBIX
KOOpIMHaTax grad He sIBsleTCsi BEKTOPHBIM II0JIEM, TaK KaK Y HEro HHOH
3aKOH NpeoOpa3oBaHHsl, H TPaKTOBaTh grad Kak IoJie MOXHO TOJbKO
NIpH HaJHYHH pnmaﬂo_Bc))ﬁ METPHKH.

HanomunM, yto gradf cBs3aH ¢ mpou3BomHOMH ?yﬂxuuu f 1o Ha-
NpaBleHHI0 BeKTopa d € R” caenyomum o6pasom: % =(ad, gradf), roe

d

]dl_% — [IPOM3BOJHAS [0 HATIPABJIEHHIO, (, ) — eBKJIHA0BO [IPOH3BENEHHE,
ycte f 3amaHa Ha R"; Torga oHa oIlpenessieT I'MIIEPIIOBEPXHOCTb

ypoBHs (ecin n =3, To 6yneM TOBODHTb O IOBEPXHOCTSIX YPOBHS,
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a eciM n =2, TO O JHUHHUSIX YPOBHs). ['HIEpPNOBEPXHOCTh YPOBHS
omuchiBaetcsi n — 1 mapaMetrpamu (Ha n napaMeTpoB B R™ HajioXeHa
OllHA CBsI3b. ypaBHeHHe f(z) = c = const), NoO3TOMy pa3MepHOCTbH
runeprnosepxHoctd {f =c} pasia n — 1, ecin {f = c} — rnankoe
MHoroo6pasue.

Onpenenenne. Touka xz, € {f = c} Ha3bBaercs Kpumuueckol

moukol ¢ynkyuu f, ecan gradf(z,) =0; B NIPOTHBHOM caydae, x,
Ha3blBaeTcsl Heocobol (Hekpumuieckol) moukoil.

IMPUMEP. [lyctb Ha R? 3anaHa yHKums 2 = 22— y?; TMHHUS YPOBHS
2z =0 uMeer BUI; £ ==+y M COCTOHT U3 ABYX NpsiMbix. Touka (0, 0) —
e[MHCTBEHHAsi KPHTHYECKasl TOYKa 3TOH (YHKIHMH.

[Mycts z, € {f = ¢} — Heocobasi Touka. BekTop d, mpHJIOKEHHBIH B
TOYKE T, HA3bIBAETCSl KacameAvbHvim K rumepnosepxsoctd {f =c},
€CJH CYlecTBYeT riajgkasi Kpusasi y(t), LENMKOM NpHHALEeXAlas
{f =c¢} u raxkas, uto v(0) =z, u 7(0) =4.

Jemma 1. [Iycmo f(z) — enadxas gbymcq_u;)z Ha R" u xye{f=
= c} — nHeocobas mouka. Tozda sexmop gradf(a'o) OpMO2OHANEH

eunepnosepxnocmu {f =c} 8 mouxe z,, m. e. gradf (z,) opmozonanen
aobomy sexkmopy @, kacameaviomy k {f =c} 8 mouxe .
—_—
HNokasarteabcTBo. Tak Kak (G, gradf) = %, TO JOCTATOYHO
BBIYHCJHThL NPOH3BOAHYI0 f 1O HaNpaBjieHHIO G, T. e. ;—t f(v@) .
t=0

Tak kak f(y(t))=c =const u tak Kak y(t) C {f =c}, 0 3—%:0. O

Ecmn e {f=c} — KPUTHYeCKasi TOUYKa, TO gr?f(:ro) =0, u
topManbHO MOXHO cYHTaTh, 4to gradf(z) oproroHasned xk {f =c} B
J1000H ee TOuKe. N

Tak Kak HampaBjieHHe U BeJHYHHA gradf yKashBalOT HampaBJeHHE
M CKOpocTb pocta GyHKuMH f, TO (yHKuMs f Bcerma pacrer c
MaKCHMaJIbHOH CKOPOCTHIO 110 HOPMAJH K HIIEPIIOBEPXHOCTH YPOBHS.

Hanomuuwm, 4yto Ha riagkoM MHoroo6pasun M™ 3amaHo rJajfiKoe
BeKTOpHOe moJe U(P), ecnu B Kaxnon Touke P € M™ 3amaH BeKTOp
9(P)€ T, M", rnagko 3aBHCSIIMH OT TOYKH P.

B nokanbHOM cHcTeMe KOOpAMHAT z',..., 2" BeKTOopHOe moJe v(P)
MoxKeT ObiTh 33laHO HabOpOM ruagkux QyHkumi vé(z',..., z"). AHa-
JIOTHYHBIM 06pa30M ONpeJeNsiloTCs HellpephiBHbIE MOJSL.

Onpepenenne. Touka Fy€ M™ HasniBaetcsi 0co60ll Ijisi BEKTOPHOTO
nonst 9(P), ecmn ¥(FR)=0. Ocobast Touka P, € M" nons v(P) Ha3wl-
BaeTcsl U30AUPOBAHHOL, €CIH y Hee CYIeCTByeT HEKOTOpasi OTKPhITasi
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oKpecTHocTb U, B KoTOpO# noJie ¥(P) He UMeeT APYriux oco6eHHOCTeH,
KpoMme TOUKH F.

BripoueMm, B ¢M3HKe GONBIIYIO POJIb MIPAIOT Pa3pbIBHBIE MOJIS, SIBJIS-
IolKecs] IIaJKHUMH BCIOAY, KPOME HEKOTOPOro 4YHMC/a H30JHPOBAaHHBIX
TOueK pa3pniBa Ha M". C npuMepamMu Mbl T03HAKOMHMCSI HHXKeE.

[Tycts ¥(P) — rnagkoe mone Ha M™. HanomuHum, 4yTo Tpaek-
Topusi y(t) HasmnBaeTcsi urmeepaavHoli kpusol noas U(P), ecan
v(t) =U(v(t)), T. e. ecu KacaTesjbHble BEKTOPbl CKOPOCTH K ~y(t)
COBIAfAIOT C BEKTOPAMH MOJNS U.

Fﬁ)cmorpum npumepsl. [lyers f(P) — ¢yHxkuus Ha R? u 9(P) =

= gradf(P). .,

a) f(P)=1z*+ y? gradf =(2z, 2y). UHTerpajbHble TpaeKTOpHH
00pa3yioT my4oK JyueH, _MCXOJISIMX M3 TOUKH O (puc. 61).

6) f(P)=—z?— y?, gradf =(—2z, —2y). UnrerpanbHble TpaekTo-
PHH — JTy4H, BXOASLIME B TOUKY O (puc. 62).

B) f(P)=—z%+ 4%, gradf =(—2z, 2y). Unrerpanbusie Tpaekto-
puu — runep6oss (puc. 63).

Bce nosist a)—B) uMeior B Touke O 0cobylo TOuKy. PyHKuus f UMeeT
B Touke O B ciydae a) MUHUMYM, B ciydae 6) MakCHUMYM, B cjay4dae B)
CeIJIOBYIO TOYKY.

|

Puc. 61 Puc. 62

YacTo 0 BeKTOPHOM moJie U Ha M™ roBOpST KaK O MOTOKE XXHUAKOCTH,
TeKyleld no mHoroo6Gpasuio. [IpH 3TOM cyMTaeTcsi, YTO B KaXIOH
YaCTHIIEe >XKHAKOCTH TOMelLleH BEKTOP, YKa3blBAlOIIHH CKOPOCTb 3TOH
yacTtuupl. Ocobble TOYKH MMOJA — ocoOble TOUKH IOTOKA XHIKOCTH;
Hanpumep, ocobasi Touka Ha pHC. 61 — MCTOUHHK (PKMAKOCTb <«BLITE-
KaeT» 13 Toukd O), a ocobast Touka Ha puc. 62 — crok. UnTerpasnbHelie
TPAeKTOPHH MO/ U HHOTAA HAa3bIBAIOTCS AUHUAMU MOKA HUOKOCMU,
IBHXXeHHe KOTOPOH OMMCHIBAETCS STHM IoJeM ckopocrel. [laneko He
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KaXk[B# peasbHB NOTOK XKHIKOCTH NOPOXKAAET NoJie B HalleM CMbICTe.
Jleso B TOM, YTO KOOPAMHATHl HALIKMX TOJEH He 3aBHCSAT OT BPEMEHH;
HHLIMH CJIOBAMH, COOTBETCTBYIOLHE TAKUM TOJISIM OTOKH XKHAKOCTH —
cTalMOHapHHe NOTOKU. [10TOKH, 3aBHCSAIIME OT BPeMEHH, Ha3hIBAIOTCS
Hecmayuonapromu. OHH MOryT ObITb MOJENHPOBAHBl C TMOMOLIBIO
cemeiicTa nojied U( P, t), mafKo 3aBHUCSIIMX OT napameTpa t.

-

Puc. 64. Takoil uHTErpa/jbHOM
Puc. 63 TPaeKTOPHH GhITh He MOXeT

Kak B fIBHOM BHle HaUTH HHTerpaibHule TpaeKTopuH nojs? Coorser-
CTBYIOLMH anmnapat pa3paboTaH B TeOpuH OOHKHOBeHHHX mudepeH-
uMaNbHEX ypaBHeHuH. Kaxnoe nome ¥ = (v!(P),..., v*(P)) MOXHO

k

OTOXJECTBHTb C CHCTEMOH OOLIKHOBEHHHX YPaBHEHHH % =vk(z!,...
.2z, 1<k n.

HanomHuM, YTO a8MOHOMHbIMU CHCTEMAMH Ha3hIBAIOTCS CHCTEMH,
NpaBeie YaCTH KOTOPHX He COAEpPXKaT fIBHO mapameTp t. ABTOHOMHHE
CHCTEMBI COOTBETCTBYIOT CTALMOHAPHLIM NMOTOKAM >XHIAKOCTH.

OcTaHOBHMCS HAa YaCTHOM CJlyyae, KOTAa TOBeJeHHe HHTerpajbHhX
TPaeKTOPHH MOXeT OHITh ONHCAHO B AOBOJBHO NMPOCTHIX TEPMHHAX.

Onpenenenne. Ilycts 3anaHa cucreMa auddepeHUHaNbHEX ypaB-
HeHHWH, orsedaionux nomo v(P) Ha M". Humezpasom cucmemol
HaseiBaetcsl raajxas ¢yHkuus f(P) Ha M", nocTosiHHas BAOJb BCeX
MHTerpajbHHX TPAEKTOPHH MOTOKA.

Ilycts f — unrerpan. ['unepnosepxHoctu {f =c} paccrausaior M
npu U3MeHeHHH ¢. PaccMOTpUM (QUKCHPOBAaHHYIO TMIEPHIOBEPXHOCTDb
JF(R) = ¢,- V3 onpeneneHusi HHTErpana CJefyeT, YTO €CJH HHTErpab-
Hasi TpaekTOpusi uMeet obuyio Touky ¢ {f = ¢y}, TOo Bcs TpaeKTopus
nexur B {f =c¢,}. Orciona cienyer, yto nose ¥(P) Kacaercs B KaXA0H
Toyke P nosepxHoctu {f = f(P)} (puc. 64). dTo o03Hayaer, yTO



240 T'n. 4. TJIAIIKWUE MHOT'OOBPA3MS (ITPUMEPHI)

Kaxkziasi nosepxHocTh { f =c} pacciioeHa Ha MHTerpasbHble TPAEKTOPHH
NOoTOKa . DTO MO3BOJSIET IOHH3UTb MOPSIOK HMCXORHOH CHCTEMb
yPaBHEHHIl Ha efMHHULY, OTPAHUYMB 110J€ U Ha noBepxHocTb {f =c}.
HanoMHuM, uTo B oKpecTHOCTH J060H Heocoboil Touku ansi grad f
nosepxHocTH {f =c} sBASIOTCS IAagKHMHM TOAMHOrooOpasHsiMH pas-
MepHocTH n — |. Ecoin Ham na-
Hbl B2 ()YHKUHOHAJbHO He3a-
BUCHUMBIX HHTerpana f u g
(T. e. MOYTH BO BCeEX TOYKaX
M?" nona grad f u grad g nu-
HeHHO He3aBHUCHMH), TO MOPsi-
JOK CHCTEMbI TIOHHXKaeTcs yxKe
Ha ase emuHMUb! (puc. 65), u
T. A Eciau 3agaH Habop u3
n — 1 QyHKUMOHANTBbHO He3a-
BHCHMBIX HHTErpajoB, TO IIO-
TOK MOJHOCTBIO HHTErpHpyer-
csl, T. e. BCe HHTerpajbHble
Puc. 65 TPaeKTOPHH MOTyT ObITb OIH-

caHel TaK: Y(t)={f,=¢,}N...

oo {fo_1=c,_}, He Y(0)=P, f,(P)=c, 1<k<n—-1.

Onpeneaenne. Ilyctb Ha M™ 3amaHbl noast vy, ..., T,. OHH Ha-
3bIBAIOTCSl AUHEUHO He3asucumbimu, eciu BekTopsl ¥,(P),..., v, (P)
JUHEHHO He3aBHCHUMBI B KaXnoH Touke P € M™.

Ecnn kakoe-To mose ¥, obpamaercst B Hy/ib B HEKOTOPOH TOYKe, TO
BCSI CHCTeMa T, .. ., U, YKe He siBJIsleTCsl He3aBHCHMOH.

IIpepnoxenne 1. ITycmoe M"™ = ® — epynna Jlu. Toeda Ha &
8cez0a cyu,eCmeyrom n AUHEUHO He3A8UCUMbBLY 2AAOKUX BEKMOPHLLY
nosel vy, ..., ,.

n

HlokasarteabcTBO. Dynem cuurath, 4To & — MaTpUuHasi rpyn-
na. PaccmorpuM Ha & onepauumio seBoro casura L : g — ag. SlcHo,
uro L, siBnsieTcst nuddeomopdusMom &. PacecMorpum emununy e € &,
3agagum B T.® n JHHEHHO HE3aBHCHMBIX BEKTOPOB €,..., €, M pac-
cmotpuM aucdepenunan dL : T,6 — T.&. [Tonoxum v, (a) = dL (€,).
Tak kak L, — nudpdeomopduam, To dL, HeBBIPOXKAEH, T. €. BEKTOPHI
U(a), 1 < k < n, 1uHeHHO He3aBucHUMHL. (I

Bckope bl nmpuBemem npuMeps M™", Ha KoTopeix sio6oe raap-
Koe moJie o0si3aTeJbHO HMeeT ocobble Touku (T. e. Hyqau). HHte-
PecHbIi NpHUMEp TPeX He3aBHCHUMBIX [MOJell MOXHO MOCTPOHUTb Ha
S3. Tak xak S°® romeomoppua SU(2), To B cuay npenjioxenus 1,
Ha S? cymecTBylOT TpH He3aBUCHMHX moJs. HaineM ux sIBHbIH
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sua. [lycts S®={q € Q; |q| =1}. Monoxum 7,(q) = ig, T,(q) = 59,
U,(¢) = kg. Ot monst kacaorcss S3 B Touke g. B camoM pe-
Jie, BBIYHCJHM CKalsipHOoe NpoM3BefeHHe, Hampumep (ig, q). Mmeem
(i, ) =Re(iq - ) =Re(i|g|*) =|g|* - Re() =0.

3anaua. HaiTu B BHOM BHAe HHTerpajbHble TPAEKTOPHH YKa-
3aHHBHIX MoJiell Ha chepe S°.

Cpenu riiankux nosei Ha M" BbllesleH KJacC TaK Ha3blBaeMbIX rpa-
JIUEHTHHIX WJIH NOTEeHUHaNbHbIX nosed. OOCynHuM MOHsITHe rpagHeHTa
Ha M™. Ilyctb M" cHabXeHo PHMaHOBOH MeTpHKOH W f — ruamkas
¢yHkunst Ha M™. Torpa grad f = {:ji — 3JIleMeHT MPOCTPAHCTBA,
ayanbHoro K T, M". Jlnsi Toro uToOH MOJYYHTb BEKTOP, PACCMOTPHUM
(B noKanbHOH cHcTeMe KoopauHat) mose U(P): vk(z) =g"’(:c)3—(,’;(x%l.
BuiuHc/ieHHe nOKa3biBaeT, 4to Habop v!, ..., v"™ mpeobpasyercsi mo
3aKOHY MpeoGPa3oBaHHsi KOODIMHAT BEKTOPA; €ro Ml H 0603HAYMM

yepe3 gradf.

Onpepneaenne. [Tomenyuarvroim nosem v(P) Ha M™ Ha3piBaeTcst
nosie Bupa (P) = gradf(P), rae f — raagkasi GyHKuMs Ha M".

Jlemma 2. [lomeHyuasbHoe nose He umeem 3AMKHYMouLX uHme-
eparvHolx mpaexkmopuil 6e3 ocobbix mouex.

JdokaszarenbcTBo. IlycTh cymecTByeT 3aMKHyTasi MHTErpasb-
Hasi TPaeKTopusl (TaKHe TPAEeKTOPHM HA3bIBAIOTCSI WHOrAAa MEpUOAHYE-
CKHMH pelieHHsIMH cucTeMul). Torna £(t)=7v(x), rae z(t) — pemieHne.
Ecaun f — noreHuunan, to

4 (2, 5(z)) = 9,3 v (z) = g, v*(z)v/(z) = |gradf|* > 0.

[TosToMy f cTporo MOHOTOHHO pacTeT B HanpaBJe€HHH BO3pacTaHHs
t. Ho Tak Kak Tpaekropus (i) 3aMKHyTa, TO uepe3 HEKOTOpOe
BpeMsi TO4Ka 7y (t) BepHEeTCs B MPeXKHee MOJIOXKEHHE, YTO IPOTHBOPEYHT
HenpephiBHOCTH f. O

Hanpumep, nosne, uzobpaxkeHHoe Ha puc. 66, He MOTEHLHAJILHO
(BpaleHHe XHIKOCTH BOKPYr Hadaja KOOPAHHAT).

PaccMoTpHM MOTOKH Ha NBYMEPHHX MHOroo6pasusx. Iisi mpocToThI
OrpPaHHYHUMCSl JIOKAJbHHIM H3y4eHHEM [OTOKOB; TOr4a MOXHO CYH-
TaTh, YTO MOTOK PACCMAaTPHBAETCS HAa €BKJMAOBOH MJocKocTH. Bynem
TPAaKTOBaTh MOTOK KaK MOTOK >XHMIKOCTH C MOCTOSIHHOH MJIOTHOCTbHIO
(paBHo# 1). M3yunM H3MeHeHHe Macchl XHOKOCTH B KaX[AOH TOY-
Ke ¢ TeyeHHeM BpeMeHH. Kak H3BeCcTHO H3 Kypca OOBLIKHOBEHHBIX
IupdepeHHaNbHBX YPaBHEHHH, C Ka)KIAbIM NIOTOKOM HHBAaPHAHTHHIM
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ofpa3oM cBsi3aHa ofHOINapaMmeTpuyeckasi rpymna auddeoMopdu3Mos,
T. €. CIBHIOB BIOJIb HHTErpajbHHX TpaekTopuil noss. Ocobble TOYKH
NI0TOKAa — HEMOJBHXHbBE TOYKH AEHCTBHSI 3TOH rpymmnsl. IlycTs mose
v uMeer koopmuHate (P(z,y), Q(z, y)). PaccMoTpuM H3MeHeHHe

fy /V/(M)

ay

(xy

Puc. 66 Puc. 67

Macchl B OeCKOHEYHO MajoM IPSIMOYroJibHHKE CO CTOpPOHaMHu dz,
dy (puc. 67). 3nech (z, y) — mekaproBn KoopAuHaTH. Ecau dm —
Macca XHIKOCTH B NpsiMoyroJbHHKe (dz, dy), To dm = dzdy. [lyctb
¥(t) =9(vy(t)) — cucrema, orBevarouiass v. Eciu y(t) — pemeHnue,
TO t ompenesieHo BAOJD Y(t) ¢ TOYHOCTHIO 10 CABHIa; MOXHO CYHTATh,
uro 7(0) = P, rne P — Hekotopasi Touka. [lonoxum f, (P)=7(t),
rie 7(0) = P. Orobpaxenue f, — nucddeomopdusm. Paccmorpum
P = (z,y) ¥ npuMeHHM K NpsiMOyrosnbHUKy (dz, dy) obpaTHoe mpe-
obpasoBanue f ,,, roe y(t) = P. O6pasom (dz, dy) npu f_,, Oyner
6eckoHe4yHo Masni# napanenorpamum I. [Ipumenss f, ,, MH nepeBeneM
[ B (dz, dy) (puc. 68). Touka P = y(t) oTBeyaer 3HaueHHIO t, a ee
npoo6pa3 npu f,, oTBeyaer 3HaueHuio t —A t. C uaMeHeHHeM t Macca
dm(t) =dz(t)dy(t) Taxke MeHsieTcs.

ax
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Jemma 3. Hamenenue maccol 8 6eCKOHEUHO MANLOM NPAMOY2ONb-
Huxe (dz, dy) umeem 6ud

%(dm(t)):( 0y) dz dy.

HokaszareabctBo. bynem cuurats, 4to f,, BBOAUT B (dz, dy)
HOBYIO CHCTEMY KOODAHHAT (3aMeHa ¢ MOMOIIbI0 Masoro autdeoMop-
¢u3ma). B ucxonHolt cucremMe Mbl HMeeM

dz(t + A t)dy(t + At)y=d(z(t) + A tz})d(y(t) + Aty}) =
= (dz(t) + A td(z;))(dy(t) + A td(y;)) =
= (dz(t) + A tdP(z, y))(dy(t) + A tdQ (=, y)) =
= (de(t) + A t(Gdo+ %’dy)) (dy(t)+At(G2dz+ %Qdy)).

Tak kak B mepBoM coMHoXurene dP(z,y) GepeTcs MO NMpHpALEHHIO
TOJIbKO BHOJIb ocH Oz, TO B 3TOM comnomm‘ene npupaueHue Ay paBHO

HyJII0, T. €. ocTaercsi TobKo dz(t)+A t —d:c AHanoru4HO BO BTOPOM
COMHOXXHTEJI€ PaBHO HYJIO npupameﬂue B}.‘[OJIb Oy, 1. e. Az ucuesaer,

a notoMy octaetcst dy(t)+ At Wdy Hrak,

(da() +A t%’dz) (du(t)+ A t%dy) -

= dz(t)dy(t) + A tdz(t)dy(t)(ﬁp %).

Mb npeHe6peraeM ManbiMH Bhiciero nopsigka. Otcrona

Adm(t)_At( fgy?)dz dy,

2 (dm (t))—(az %‘j)dzdy O

Onpepnenenne. dyuxuus div(v) = aP(at: v) 4 an’ Y) yasuisaercs
Ousepeenyuell nomoka U. I10TOK Ha3bIBaeTCs HECHUMAEMbIM, €CIH
div(7) =0.

M3 neMmul 3 caenyer, 4TO M3MeHeHHe MacChl PaBHO HYJIO TOTAA H
TOJIBKO TOT/a, KOTIa MOTOK HecxkuMmaeM. PaccMoTpuM aHasor GopMy.JH,
nosyyeHHo#l B JemMMe 3 s obsacTell KoHeyHoro pasmepa. Ilycth
D — orpanuyeHHasi 06acTh C KyCOYHO IJamkoil rpaHuueit, D(t) —
obsacts, nonydeHHas U3 D nyTeM ee CABHra BAOJb HHTErpajibHBIX
TPaeKTOpPHH U 3a BpeMsi ¢ ¢ MOMOLIBIO OJHOMAPaMeTPHYECKOH IPYIIHL.
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IMycte nnomane D(t) paBHa V(t) (ecqu MIOTHOCTb XXKHUOKOCTH PaBHA
1, To V(t) — macca, 3akmodenHasi B D(t)).

IIpennoxenne 2. [ara awoboii oeparuvennol obaacmu D(t)
umeem

i) — ﬂ div(%) dzdy.

D(t)
Jlns nmokasarenpcTBa HOCTaToYHO pasbute D(t) Ha GeckoHe4yHO
Masble MPSIMOYTOJIbHHKH M IIPHMEHHTH JeMMY 3.

Onpeaenenne. Ilotok ¥ =(P, Q) Ha3biBaeTcst 6€38UXPEBbIM, €CITH
P=Q,

JT0 YycJOBHE MOXXHO BHAOM3MEHHTb. PaccMOTpPUM Ha MJOCKO-
CTH MPOH3BOJIbHBIH TI'JaJKHH KOH-
1yp C (camoHenepecekamouyncs
oKpyHocTb), C =+y(t); B Kaxnon
TOYKE KOHTYypa BO3HHKAaeT YHCJO
(@(y(t)), 7(t)) (puc. 69). Bux-
pem nomoxa U Baosbp C HasbBa-
ercst yneno §(v(y(t)), ¥(t)) dt.

Jlemma 40 IIomox v = (P, Q)
be3suxpegol moezda U MOAbLKO
moada, xozda ez2o Buxpb 800Ab
2100020 24a0K020 KORM Ypa pasex
HYAIO.

HdokaszatreabctBo. Ilycrs
D — obnacts, orpaHuueHHass C.

Nmeenm:
j (Br(8)), () dt = j P(3()) da(t) + Q((£)) dy(t) =
() 2n ()
[ (Ph+o®) a= | B-Qdoty 2@ =em).

3pecs npuMeHeHa ¢opMyna Crtokca (cM. . 6). O

Ipenaoxenne 3. [lycmov U — 6e38uxpesolli nOMoK HA NAOCKO-
cmu. To2da U nomenyuaren, m. e. cyuecmsyem 2Aa0Kas GYHKYus
a(z, y) makas, umo U = grad a(z, y). Popma Pdz + Qdy — noanoui
Jugpdpepenyuan pynxyuu a(z, y), onpedesenHol 0GHO3HAUHO C MOY-
HOCMbi0 00 adOumuUBHOL NOCMOSAHHOU.

JdoxasateabctTBOo. HyxHo npoumerpugoaa'rb CHCTEMY ypas-

o [ a
HeHul P = Ea Q= %"’ TpH yCNOBHH, YTO Z- = Q Hurerpupys
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no z mepBoe ypaBHeHWe, mnojy4aeM a(z,y)= { P(z, y)dz + g(y).
0

TIuddeperunpyeM 1o y: aa(;y v - [ PEY) gy d—fi(yﬂ, OTKyHa:
0

O
~—~
B
N
N’
Il
© sy iy
(o}
Q
&m
e
o
8
+
&
Qe

i Q(z, 9) = Q(z, ) — Q(0, y) + G, uro maer: ¢'(y) = Q(0, ),
T. e. g(y) = !S' Q(0,y)dy + C, roe C = const. Hrak,
0

a(s, y) = 5 P(z,y)dz + s Q0,y)dy + C
0 0

Ecan 6p1 MbI Haqa.)m WHTerpupoBaHue C ypaBHEHHs Q= ay, TO
nonyuusu 6u a(z, y) = S Q(z, y)dy + S P(z,0)dz + C.

Puc. 70 Puc. 71

dyHkuus a(z, y) — noreHuuan notoka. Onumem a(z, y) reoMeTpu-
4yecKH. PaccMOTpHM Ba KYCOYHO IVIaAKHX MYTH: ¥ =Y, Uy, 1 ¥ =U7,
(puc. 70). flcHo, uTo

a(z,v)= | Pz, v)do + Q(o,y)dy=j(sz+Qdy),

a(z,y)=\| Q(z,y)dy +

O Sy (3 © S 1
O ey O Sy 2

P(z,0)dz = j (P dz + Q dy),
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T. €. 3HaueHHe a(Z, y) MOXKHO IMOJNY4YHTb, IPOMHTErPHPOBAB AH(DEPEH-
uuanbHyio Gopmy w = Pdz + Qdy Bronb myTH < aubo BroJab v/, oba
13 KoTophiX BenyT u3 ToukH (0, 0) B Touky (z, y). O

IIpennoxenne 4. [lycmo nomox ¥ 6e3suxpesoiti. Tozda oH
nomexyuarer, U NOMEHYUAL B0CCMAHABAUBAECMCA MAK:

a(z, y) = 5 Pd:v+Qdy=S w,

v s

20e v — at0boil Kycouno-eaadkuli nyme, sedyujuii uz mouxku (0,0) 8
mouky (z,y). Humeepas § w ne 3asucum om svibopa nymu.
Y

JloxaszateabcTBo. JJokaxeM, 4To S(P dz + @ dy) He 3aBHCHT

v
ot BuOopa myTu (ecaH HayaJo M KoHel (ukcupoBaHhsl). Ilycts v/ —
apyro# nyts u3 (0, 0) B (z, ¥); pacCMOTpHM a = S w-—fw= § w;
v YU(=7)
rae (—~') — nyTh ', ODHEHTHPOBAHHHKIH B 06pa'rH0M HanpaBJeHHH (CM.

puc. 71). Torna

(Pdz + Qdy) = j (Pdz + Qdy) =0,
TU(=7) c

TaK Kak C =y U (—~’) — 3aMKHYTHH KOHTYp, a NOTOK Ge3BUXpEBbIi
(cnencrBue u3 popmyan Crokca).
Urak, a =0 n {w={ w. Tak kak HesaBucuMmocTh { w oT myTH

'

v s Y
JIOKa3aHa, TO /sl HAXOX/eHHs! YUCJEHHOr0 3HaYeHHs | w MOXHO B3siTb
v
OIMH M3 MyTeH, [OKa3aHHHX Ha puc. 70. O
M3MeHeHHe Haya/bHOH TOYKH MHTErPUPOBaHHSI MeHsieT a(z, y) Ha
aJMTHBHYIO NocTOsiHHYW0. IlycTh moTok U — 6e3BHXPEBHH M HECXKH-
MaeMblii. Torna ero koopauHath P U () TaKOBBHI, 4YTO

O _ Q@ 9°_9Q p_d% _
Z== ey oy PTEam €S
OTKyza 6:2 a % 3 =0.
JluHeiHu n,mptpepenuuanbﬂuﬁ onepatop BToporo mopsaka A =

9 | o? .
= — + — (3amHcaHHBIH B [eKapTOBBIX KOODAMHATaxX), Ha3blBaeTcs
T oz Ay

onepamopom Jlanaaca. Pynkuns f(z, y) Takas, yro Af =0, Ha3biBa-
eTcsl 2aPMOHUYECKOLL.



§ 4. ITMHAMHWYECKHE CHCTEMbI 247

Mul [0Ka3ajM, YTO TNOTeHUHaN O6e3BUXPEBOr0 M HECKHMAaeMOro
NI0TOKa — rapMoHuyeckasi pyHkuusi. O6b4HO a(z, y) paccMaTpHBAIOT
B Iape C IPYrHM INoTeHUMaJOM b(z, y), Ha3HIBAEMHM CONPANCEHHbIM
NnOMeHyUasoM WIM TOTEHLUHATIOM coggﬂmeﬂnoroaglomxa. Jasi ero
ONpeJie/leHnst PaCCMOTPHM CHCTeMy oz = —Q, &= = P. ®yukuus
b(z, y), sBISIOIIASCS PelleHHeM 3TOH CHCTEeMbl, Ha3blBaeTcsi COINpsi-
KEeHHBIM NoTeHIMa oM. JloKkaxeM ero CyuecTBOBaHHeE.

[Tooxxum P=—-Q, Q = P. Torna % =P, % = () TIPH YCJIOBHH,
4TO %‘? = —%, % = %. ITo cucTeMa, KOTOPYIO MBI BhIIIE IPOHH-
TerpupOBaJIM 1151 HaXOXAeHHUs a(z, y).

Hrak, b(z, y) cymectsyeT u urpaer poab NoTeHuuana a(z, y) s
notoka v = (P, Q)= (—Q, P). [loTok T Ha3bBaeTCsi CONPAHCEHHbIM
Kk nomoky = (P, Q).

BepHo u o6paTHoe: moreHuman a(z, y) conpspkeH K b(z, y), T. e.
TIOTeHLHaJl, IBaX /bl COTIPSDKEHHbIH K a(Z, y), coBnanaer ¢ HuM. [lotokn
U H U opToroHaabHu: (U, ) = —PQ + QP =0.

PaccMoTpuM mtockocTh (Z, y) KaK IJIOCKOCTh KOMILIEKCHOH mepe-
MEHHOH 2z = + iy M PacCMOTPHM KOMILIEKCHO3HAYHYIO (YHKIHIO:
f(z, y)=a(z, y) + ib(z, y), Tie a U b — COOTBETCTBEHHO MOTEHUMAJ H
COMpPSDKEHHHH MOTeHLHa HecxKuMaeMoro noroka v = (P, Q). Bumecro
%, % 6yneM mucaTb IPOCTO 9y o Tak kak a, = P, a,=Q,
b,=—Q, b,=P,100a,=0b, a,=—b,. Takue pyukunu f(z, y) =a+1ib
Ha3HBaOTCS KOMNAEKCHO AHAAUMUYECKUMU, 3 YPaBHEHHsS HAa a H
b — ypasHenuamu (yciaoBusimu) Kowu — Pumana. OyHkuuu a u
b Ha3HBAIOTCSI COOTBETCTBEHHO BEW{CMBEHHOL U MHUMOL 4aACMAMU
pynkyuu f: a=Re(f), b =Im(f). HanomMunM HekoTOphe cBoficTBa
KOMIIIEKCHO aHAJHUTHYEeCKUX GYHKUHH.

[lyets z=z + iy, Z=x — 1y. Torna m=%(z+2), y=_7'(z—2).
[Tostomy mo6ast pyukuus g(z, y) = u(z, y)+ w(z, y), panaraomascs
B CXOISIMIHCS PSif MO NepeMeHHBIM T, Y, MOXeT OhTb 3alucaHa TakK:
9(z, y)=9(2, Z). [1o npaBuny AU depeHPOBAHHS CAOKHONH PYHKIHH

HMeeM

o _020 o _1(0 .0

8z 0z0x ' 8z8y 2\ 8y)
AHanoruuso % = % (% + z%) BugeauM U3 MHOXecTBa (PYHKIHH
g9(z, Z) e, Komgue 3aBHCAT TOJBKO OT z. AHAJTHTHYECKH 3TO MOXHO

3anucatbh TaK: 3=>9g(2, Z) =0. Takue GyHKUMH H HA3HBAIOTCH KOM-
NAEKCHO QHAAUMUYECKUMU; OHH Pa3jaraloTcst B CXOASIMHCS Psif

Y ;) .
TOJIBKO TI0 CTEIIeHsIM TepeMeHHOoH 2. Tak Kak —{%=0, 10 g,+19,=0, T. €.
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u, + v, +1(u,+1v,) =0, u yciosue g_ 0 3KBHBaJIEHTHO YPaBHEHHsIM
Kot — Pumana U, =v,, u,=—v,.

TeM caMuM, HaMu noxasaﬂa

Teopema 1. Jlioboii 6e3suxpesoili u HecxHumaemvili nOMoxK
9= (P, Q) moxem Goimv npedcmassen 8 eude v = grad a(z, y), a
CONpANCEeHHbLL NOMoK U = (P Q) — 6 6ude T = grad b(z, y), 2de
pyukyus f(z, y) = a(z, y) + tb(z, y) KOMNAEKCHO aHaLUMUYECKAS U
onpedesena OOHO3HAYHO C MOYHOCMbIO 00 a00UMUBHOL NOCMOSH-
Hotl.

Bepro u obpammoe: ecau f(z) — KOMNAEKCHO anaiumuieckas
¢yukyus, mo nomoku v = grad Re(f(z)) u v =grad Im(f(z)) 6e3sux-
pesvle u Hecxcumaemble:; KPOMe MO20 OHU COnpPAceHbL Opye opyey.

HHTerpanbHble TPAaeKTOPHH U U U OpTOroHaJbHb. PyHKUHS f =a+1b
Ha3HBAeTCs] KOMNAEKCHbIM nOomeHyuaiom nomoka. V3yuuM teneps
oco6ble TOUKH BEKTOPHHIX MOJIEH Ha MJIOCKOCTH.

[lycTs ¥ — Ge3BuxpeBHH M HeCKHMaeMHH NMOTOK. Kak HalTu Hynm

U u U? U3 ypaBHenuii Kown — PuMaHa umeeM
1 . . .
= §(fz —-1if,)=a, —ia,= b, +1b,.

Jemma 5. Touku, 8 komopoeix fi(z) obpawaemcs 8 HYyss, cosna-
darom ¢ Hysamu nomoka U (amu e mouKu — HYAU nomoka ).

Jloxa3aTenbcTBO cpa3y ciiefiyet u3 paBeHcTBa f)(z)=a, —ia,=b, +
+ 1b,.

Urak, pist HaxoXAeHHsl HyJeH TOTOKOB U, U NOCTAaTOYHO PeLIHThb
ypaBHeHue f'(2)=0. [lo cux mop Ml pacCMaTpPHBaJH IJIafiKue TOJS.
OpHako Bce IpOBefeHHHE BHILIE PAaCCYXKIEHHSI MOXKHO MOBTODHTb M
IJIsi TIOTOKOB, HMEIOIIMX MH30JHPOBAHHHE TOYKH Pa3phiBa, KOTODHE,
KOHEYHO, He SIBJSIIOTCS pelleHHsiMH ypaBHeHust f'(z)=0.

[IpakTuyeckui BOMpOC: MYCTb U — HEC)KUMaeMbld, Ge3BHXpPEBHIH
noTok; T. e. norok Buma grad Re(f(z)), roe f(z) — aHanuTHYeckas
(GYHKIMS;, KaK HalTH MHTerpajbHele TPAaeKTOPHH 3Toro mojs? Okashl-
BaeTcsi, HeT He0OXOMMMOCTH B SIBHOM BHJ€ PelllaTh COOTBETCTBYIOMIYIO
cucreMy nuddepeHINaNbHHX YPAaBHEHHH.,

~

Ipennoxenue 5. [Iycmo f =a+ ib —Kkomniexcho anasumuse-
ckas ¢pyuxyus, Y = grad(a), v = grad(b). Tozda b — unmeepan 011
noas U, a a —uxHmezpas 0As U, m. e. unmezpaivHolie mpaeKmopuu
T cymov AUHUL YPOBHA YHKYUU b, a unmezpaisbHble mpaeKmopuu

U — AUHUL YPOBHA PYHKYUU a.
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M d
11 okasaTeabcTBoO. JlocTaTouHo HAHTH d_?" H d— Hanpuwmep,
v

= (9, gradb) =a,b, +a,b, =0. Ananoruyso di‘% O, T.e.aubd
nocrommm Ha COOTBETCTBYIOIUX TPaeKTopHusix. O
PaccmMoTpuM Hekotopbie mnpuMmephl. Ilyete f(2) = 2, k > 2,
f'=kz*~!. Slcuo, uto f (z) =0 Tosnbko B Touke z =0; f =r¥(cos kp +
+14 sin kp), 1. €. a=r* cos ky; b=r* sin kp. Ha puc. 72 nsaobpaxeHst
uHTerpajbHble Tpaekropun grad a mpu k = 4. Hawano koopmunar —
ocobasi TOYKa, TOJy4Haoluascsi CJOHSHHEM HeCKOJbKHX ocobeHHOCTed
MeHee BBICOKOTO TIOpsiKa (CM. HHXe).

R

Puc. 72 Puc. 73

Iyers f(2)=2z7%, k>1, f=r"*(cos kyp — i sin ky). Ha puc. 73
H306paxKeHbl HHTerpanbHbe TpaekTopuu grad a npu k =4.

Puc. 74 Puc. 75
Mycrs f(z)=Inz. Ha puc. 74 u3obpaxkeHbl MHTerpajbHble Tpa-

—

€KTOPHH ¥ u U. D10 — norapudmuyeckass oco6eHHOCTb. PaceMoTpum
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¢dyskuuio )Kykosckoro: f(z)=z+ % HHTerpanbHble TpaekTopuu (mis
OJIHOTO TOTOKAa) CM. Ha pHc. 75.

3anaya. [locTpoiiTe TpaeKTOPHH COMPSXKEHHOTO MOTOKA.

[Tycrs f(2) = é(ln(z + a)—In(z — a)), a BewecrBeHHoe. KapTHHa
OJIHOTO MOTOKA M0Ka3aHa Ha puc. 76.

3anaya. [locTpoiite KapTHHY CONpsIXKEHHOro MOTOKA.

& K

Puc. 76 Puc. 77

3mech MOXHO NPOWJIIOCTPHPOBATh CiusiHHe ocobeHHocted. [Ipu
a # 0 kapTHHa notoka (puc. 76) coBmagaer ¢ gunoJeM (ABa 3apsiaa,
noMeleHHble B 0COObIX TOYKAX).

Mpr o —0 f(2)— fi(z) = 1/z,
U U U M TroJle [HMIOJSl IpeBpallaer-
cs B [MoJNe [OTOKa, OTBevalo-
IIEero IMoJoCy MepBOrO Mopsiaxa
(puc. 77).
PaccMotpuM nonunoM P, (z)=

k

= [I(z = &;) ¢ npocTeMu Be-
i=1

LeCTBEHHHIMH KOpHsiMH. [loTok

nokasaH Ha puc. 78. ITlycrs

BCe KODHH «; CTpPeMsiTcsi K HY-

g0 (MOMHHOM mpeBpaliaeTcs B

P,(z) = z*¥, y xoroporo Toib-

Puc. 78. k=6 KO ONMH HyJb k-ro nopsigxa).
Jlebopmaruio MnoTOKa CM. Ha
puc. 79.

“* K GyHRUHH

k
(H (z — q )) W HapHUCYHTe KapTHHY Ae(OpMalLH [NOTOKA.

i=1

3apava. [llocrpoiite nedopMaunio GYHKUMH 2
—1
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N
2

Puc. 79

Jlo cux mop Mbl pacCMaTpUBAJIH MOTOKM Ha miockocTu. [lepeuncien-
Hble pa3Mephl nepeHocsTcs Ha cohepy S2. Crepeorpaduyeckasi npoek-
Ml YCTaHABJIHBAeT COOTBETCTBHE MEXY TOU-
KaMH S? ¥ TOYKaMH PacLIMPEeHHOH KOMILIEKC-
HOH NJIOCKOCTH (T. €. IVIOCKOCTH KOMILJIeKc-
HOTro riepeMeHHOro0, NMONoJHeHHOH 6eCKOHEYHO
yIaJleHHOH TOYKOH).

[lotok v = grad Re(z) Ha R? umeer Gec-
KOHEYHOCTb CBO€H eJUHCTBEHHOH TOUYKOH;
3T0 — noJjioc l-ro mopsiaka (ecau ero pac-
cMarpuBath Ha S?) (puc. 80). Ha puc. 81
N0Ka3aHa KavyecTBeHHasi KapTHHA NOBeJeHHsI
grad Re(z+1/z), grad Re(In 2), grad Im(In 2). Puc. 80

3apaya. [JocTpoliTe KapTHHY MOBEJEHHUS] TPAEKTOPHH MOTOKOB:

(a+1i8)In (::IZ) , % +lnz, z2zF+Inz

[TonuiTku moctTpouts Ha S? rnagkoe mose 6e3 0CoGeHHOCTEH KOH-
4alTcs Heynayel, B YAaCTHOCTH INOCTPOEHHHE BHIIE TOTOKH HMEIOT
ocobeHHoctH Ha S2%. Dto o6cTOSATENLCTBO He cayyaiHo. JlanuM uH-
TYHTHBHOEe 0060CHOBaHHe TOro (akra, 4To Jio6oe TIafkoe MoJe Ha
S? uMeer ocobeHHocTb. Jlomycrum, 4to Ha S? mocTpoeHo mnoJe 6e3
oco6enHocrtel. IlpencraBum S? B BHAe OGbeNMHEHHs] IBYX HUCKOB:
S?= D, U D,, rne D, — mucK ¢ LUeHTPOM B ceBepHoM momioce N u
Manoro pamuyca €, D, — nonosnHenue X D, (puc. 82). Tak kak mnoJe
TJIafiKkoe, TO MOXHO CYMTaTh, YTOo B D, 3TO NoJe MOCTOSIHHO, U €ro
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Puc. 82

BEKTOPH B Toukax A, B, C, D ¥MeIOT HanpaBieHHs], I0Ka3aHHbIE HA
puc. 82. Beegem Ha D, u D, nexaptoBsl KoopauHath (z!, y') u (22, y?).

8

Torna B D, none ¥ (B 3THX Koop-
IMHATax) uMeeT BHJ, NIOKAa3aHHHIH Ha
puc. 83. DTOT BHI MOXHO YCMOTPETb
eme H Tak. PacrsiHeM D, Bjosb Me-
PHAHAHOB TakK, YTOOBI OH NMOKPHLI BCIO
cdepy, 3a uckiaoueHneM D, Majoro
pamuyca. Toraa Mul ¥ OJYYHM KapTH-
HYy, NoKa3aHHYy10 Ha pHc. 83. Tak kak
pamuyc D, MOXXHO CYMTATh MaJbIM, TO
HHTYHTHBHO SICHO, YTO BHYTPH HOJIXK-
Ha ObITb OCOGEHHOCTh, B NMPOTHBHOM
cydyae KapTHHAa TPaeKTOpPHi coBMasna
66l ¢ KapTHHOH B D,.
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§ 5. Knaccu¢pukanusa ARyMepHBIX MOREPXHOCTEMH

B aTom naparpadge Mbl H3y4HM CTPYKTYPY ABYMePHBIX MHOr006pa3u.

Mbl HauHeM ¢ 06LIHX OTIpefieIeHHH, 3aTeM NPHUBeEM IPUMEPSI, a IOTOM
nanuM (GopMasibHOE [0KA3aTeNbCTBO TEOPEMbl KIacCH(PHUKALMH.
1. MHoroo6pasug ¢ KpaeM. Paciinpum noHsiTHE IJIafKOro MHOroo6-
pa3usi, BKJIIOYHB B Hero noaMHoxectBa B R", 3afaBaeMble cucTeMaMu
ypaBHeHuH M HepaBeHcTB. O603HauuM yepes R} C R" moaynpocrpan-
cTBO, 3ajiaBaeMoe TaK: z" >0, (z',..., z")ER". Fpaﬂnuy R?, 3anaBae-
myio z" =0, 0603HauumM yepe3 Rj~'. Ecau f: R} — R! — HenpepriBHas
(GYHKUHSI, TO BO BCEX TOYKAaX, BKJIOYas M TPaHHYHblE, ONpPeNeSuM
nudoepenuupyemocts ¢ynxkuuu f. Ecim Touka %, € R} BHyTpeHHss,
T. e. z" >0, To onpenenenne aucpdepeHuupyeMoct obviuHoe. Ecaun
xe Zye R?™!, 1. e. 2" =0, To ckaxeM, uto f Ougpdeperyupyema 8
mouke Z,, eCI CIpaBefIHBO Pa3JioXKeHHe

@)= 1)+ 3 ala’ - =) +o( - %),

rae lim 2Z=%) —0, 2" >0. Torna a,= X (Z) npu i =1,2,..., n—
R I(Z I : oz’

—1n an=h11m0 E(f(%l’ cen L P+ h)—f(x, - . ., zf)). Nocnennui
-+

. . 0
npenes yMeCTHO Ha3BaTb 4ACMHOL npou3sooHol ﬁfﬂ byHKUHM f B
TOuKe Z,. AHaJOrHYHO ompefeJisieTcsi Kiacc QYHKUMH raagkoctu C7,
r=1,2,...,00.

Onpeneaenne. MeTpuyeckoe npoctpaicTBo M HasniBaercst 24ad-
Kum mHozoobpasuem C Kpaem, eClH CYIIeCTByeT TAaKOH aTsiac KapT
{U,} n xoopnunatHee roMmeomMopdusMu ¢,: U, — V, CR}, rae V, —
OTKpbITOE MHOXecTBO B RY, 4T0 (QyHKIMHM 3aMeHbl KOODAHHAT

305" Vg = 0o (U, NTp) = Vi, = 93(U, N Up)

— ryagkue ¢yHKuuyu kiaacca C7, r=1,2,... 0c0.

Jluneiinbe koopauHaTsl (z',..., z") B R} MHIyuupyoT JoKa/ibHHE
KoopauHathl B Kapre U,: zX(P)= z*(yp,(P)). Toraa B a060i J0KaNb-
HoH cucTeMe KoopauHaT uMeeM z”(P) > 0. Touka P € M Ha3uBaeTcs
sHympennell Toukoit, ecan z2(P) > 0. Touka P Ha3biBaeTcsi 2parut-
Holl, ectn z(P)=0.

Ecin Touka P BHyTpeHHsis, TO B Ji060H JOKaJbHOH CHCTeMe
KoopauHar (z', ..., z") uMeeM z"(P)>0. Ecsu Touka P rpaHuuHas, TO
B M06oi JoKaibHOM cucteMe (z!, ..., z") umeem z"(P)=0. B camom
Iene, NOMYCTHM, YTO ANsl HEKOTOPOH TOYKH P HMeIoTCs 1Be CHCTEMBI
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koopauuar (z',..., z") u (v, ..., y*), npuuem z"(P) >0, y*(P)=0.
Koopaunatu (z',...,z") oCyliecTBJSIOT roMeoMOp(H3M HEKOTOpOH
okpectHoctd U C M B o6nacts V C R", a KoopauHartsl (y', ..., y") —

roMeoMopdu3M Toi e okpecTHoctH U B obaacts V' C R7.

PaccmoTpuM ¢YHKUMIO Tepexofia Kak IJIafKHH roMeoMOphH3M (:
V- V', gk =k (!, ..., z"), npuyem:

a) y* = p"(z',...,z") 20,

6) 1St HEKOTOPOM TOUKH Ty=(zg, . . ., 7)€ V uMeeM y" = p"(xg, . . .

.o ay)=0.

DTH yCJOBHSI O3HAYalOT, YTO B TOYKe Z, (QYHKUHS ™ NOCTHraer
cBoero MuHMMyMa. [TOCKOJBKY I, — BHYTpPEeHHsisl TOYKa s obaacTH
V CR", To rpanueHT ¢" B Touke Z, obpaiiaercst B HyJb, T. €.

n
%@g,...,m:q i=1,...,n
3yi
8z)
TEPMHHAHT, YTO IPOTHBOPEYHT YCJOBHIO INIAAKOCTH QYHKIHH Nepexona
OT OIHOMH JIOKAJIbHOH CHCTEMB! KOOPOMHAT K APYroH.

Hrak, MHOroo6pa3sue c KpaeM xapakTepu3yeTcsi T€M, UTO CYIIeCTBYeT
Takoi atnac kapr {U,} c JokanrbHHIMH KoopauHatamu (zl,. .., z7),
4yro st J060H KapTH BHIIOJHEHO CTporoe HepaBeHcTBO z >0 Bo
BHYTPEHHHX TOYKax M paBeHCTBO z? =0 B rpaHHYHHX Toukax. Ecan
KapTta U, He comepXHT rpaHHYHHIX TO4YekK, TO ycjoBue z2 >0 MOXHO
6e3 orpaHuyeHHst O6LIHOCTH OTOpocHTb. MHOXecTBO OM TrpaHHYHBIX
TOYeK — IJIafikoe MHoroo6pasue Ha efHHHIy MeHblleHd Pa3MepHOCTH.
B camom pene, B KauecTBe aTiiaca KapT ClefyeT B3sTb lepeceyeHHe
W, =0M N U,, a B KauecTBe KOOPAMHAT — NepBHe n — | KOOpAMHAT
z), ...,z ! xaptu U,. KoopnunatHsie roMmeomopduaMul ¢, (CM. BbI-
we) orobpaxair W, romeomopdHo Ha V, NR? ~!, a PyHKuHM 3amMeHHl
OCTaIOTCSl TIAAKMMHM KaK OrpaHUYeHHs] (QYHKUHMH 3aMeHbl KOOPAMHAT
MHoroo6pa3ust M.

Ecin OM =@, 10 npuxomuM K mpexHeMmy MOHSITHIO MHOrooOpaswus,
KOTOpOoe OTHHHe OyneM Ha3hBaThb 3aMKHYTHIM MHOroo6pasueM.

[TPUMEP 1. PaccMotpum map D", 3anaBaeMHi HepaBeHCTBOM

CrepoBaTtesbHo, MaTpuua SIko6u | || B TOUKe I, UMeeT HyJeBOH fie-

n
> (z*)*< | B R", npoctpancTBo D" — mMHoroo6pasue ¢ kpaem S™~ 1.
i=1
TTPUMEP 2. Ilycrs f: R™ — R* — BexTop-yHKUHS, YAOBJIETBO-
psiloIast yCJOBHSIM TEOPeMbl O HeSIBHHX (YHKIHSIX, T. €. BO BCeX
Toukax P € M = {f(P)=0} mudceperuuan df uMeer MakCHMMaIbHO
BO3MOXHHI1 paHr. PaccMoTpuMm cucremy

fi(z',...,z")=0, ..., fk-Yz',...,z")=0, fk(=z!,..., z") >0,
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H NyCTb M’ — MHOXEeCTBO pelIeHHH 3TOH CHCTEeMHI.
1

Ecau B kKaxpoit Touke P € M’ paHr ||%||, I<i1<k—-1;1<s<n,
paBseH k —1, To M’ — mHoroo6pasue c kpaeM OM’' = M. B camom nese,
B Toukax P € M'\ M cyuwecTByeT atjiac KapT I10 TEOpPeMe O HesIBHOM
dyHkuun mas cucremu f'=0,..., f¥~! =0. Paccmorpum P € M.
[Tycte N’ — MHoXecTBO peweHuin cucteMn f!=0,..., ff"1=0 8
HeKOoTOpo# okpecTtHocTH Touku P. Torna f* MoXHO paccmMaTpuBaTh Kak
dyHxuuo Ha N'. SlcHo, uto nuddepenunan f* Ha N’ oTan4eH oT HyJs.
CunenoBarenbHo, o Teopeme | ri1. 3 § 5 N' nuddeomopdHO mpsiMomy
npou3BeeHHI0 HHTepBaJa (—¢, €) Ha MHoroo6pasue N, sBJisiIOLIeeCs
nepeceyeHHeM M c OKpecTHOCTBIO TOUKH P: N'=N x(—¢, €). [Ileatomy
HepaseHcTBO f" >0 BhHgessier kapty Buaa N x[0, €), B KoTopo# B Kaue-
CTBE KOOPIHHAT MOXHO B3sTb Habop (z!,..., z"~*) Ha MHOoroo6pasuu
N u pyugumio f* > 0.

[IPUMEP 3. B npensaymem npumepe BHAHO, YTO AEKAPTOBO MPOH3-
BelleHHe MHoroo6pa3usi M ¢ kpaeM OM Ha 3aMKHyToe MHOroo6pasue
N siBnsiercsi MHOroo6pasuem M x N c kpaemM OM x N.

2. OpueHTHpYeMbie MHOr00Opa3usd.

Onpeneaenne. MHoroo6pasue (c KpaeM) M Ha3nBaeTcs opuex-
mupyemoim, €cliH cyliecTByeT Takoi atiaac xapt {U,}, 4to sikoGuaH
(yHKUHII nepexoaa OT OAHOH JIOKAJbHOH CHCTEMH KOOPAMHAT K APYroOH
nonoXurteneH. Bynem rosoputs Takke, uro armac kapr {U,}, y
KOTOPOTO BCe SIKOGHaHH (YHKLMI [Iepexofia MOJOXKHUTENbHH, 3a1aeT Ha
MHOroo6pasux M OpHMEHTAaLMIO, 2 CaM aTJac KapT Ha30BeM OpuUeHmu-
posannbim amaacom kapm. Ilsa atnaca xapt, {U,} u {U;}, 3anawot
ONMHAKOBYI0 ODHeHTaumio, ecin obbenuHenme atmacos {U,} U {U;}
CHOBA SIBJISIETCS] OPHEHTHPOBAHHLIM aTJIACOM KapT.

Besikuil aTiiac KapT Ha OPHEHTHPYEMOM MHOTO06Pa3uH MOXKHO MpeB-
PaTHTb B OPMEHTHPOBAHHHI aTJaC KapT I1yTeM U3MEHEHHs JIOKAJbHHIX
KOODAHHAT B KaX10H KapTe. B camom neunte, nycts {U,, (2., ..., z*)} —
TMPOM3BOJIbHHIH aT/aC KapT, COCTOSIMM M3 CBSI3HBIX KapT. [10CKOJBKY
MHoroo6pasne M opuHeHTHpPYyeMO, TO Ha M cyulecTByeT OPHEHTHPO-
Banuui# atnac {Vj, (y5,..., ¥5)}. PaccMoTpuM nmpOM3BOJIBHYIO TOUKY

1
PeU, nnycrs P€V;. Ecan M(P)>O To B Kapre U, coxpa-
Ygr-- 1 Yp)

d(z ; z7?)
a yﬂ, M ] y[’i‘)
HOBOH JIOKaJbHOM CHCTEMH KOoOpauHaT Bo3bMeM (—zl,z?Z, ..., zM).
Urak, coxpansisi npexxune 0603HaueHusi, Mbl JOGHIHCH, YTOGH KOG
aHH nepexopa oT (z,, ..., Z2) K (Y}, ..., y5) OHIN NOJOXKHTENbHHIMH

HUM KoopauHaTthl (z!, ..., z"). Ecau xe <0, To B KauecTBe
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XoTsi 6H B OfHOU Touke P Kaxmo# kapth U,. B cuny csssnoctu U,
SIKOOMaHbl MOJIOXKHTEJbHH B JI060# Touke KapThl U,.

Y106HO TOBOPHTB, UTO OTAENbHAsl KapTa 3ajaeT JIOKaJbHYIO OpHeH-
TalMo0 Ha MHoroo6pa3uu M, a eciin siKoOMaH repexona OT KOOpAMHAT
OIHOH KapTH K KOOPAHWHATaM APYroH KapTH MOJOXHTEJEH, TO CKaXeM,
YTO JBe JIOKaJbHHe opHeHTauWu Ha M coeaacosanel. Ecnim va M
yXe 3aJaHa ODHeHTAllUsl C MOMOIIbI0 OPHEHTHPOBAHHOIO arjaca, TO
JIOKaJIbHasi ODHEHTalHsI HEKOTOPOH APYTOH CBSI3HOH KapThl MOXeT OhITh
COIVIaCOBAHHOW HJIH HECOIJIaCcOBaHHOH ¢ opueHTauuei M. B nepsom
cnyd4ae 6yaeM TOBODHTb, YTO JIOKaJbHasi OPHEHTAllHsl COBMNAfiaeT C
opueHTauuei M, a Bo BTOPOM — 4YTO JIOKaJIbHasi OPHEHTALHsI IPOTHBO-
0JI0KHA OpHeHTauuu M.

Hpenaoxenne 1. Ha ceasznom opuenmuposanHHom mHo2006pa3uu
cyuecmsyrom poBHO 08e pa3Au4Hble OpUEeHmayuu, npusem arobas
Kapma 3adaem AOKQAbHYIO OpueHmayuro, cosnadarou,yro ¢ 00HOU
u3 opuenmayuii M.

JokasatenbcTBoO. Oyere {U,,z),...,x2}, {V;u5,...
..., Y3} — IBa ODHEHTHDPOBAaHHHIX aTJaca. Ecam y omno#t kapth Vj
JIOKaJlbHasi OPHEHTalMsl COBNAAaeT ¢ opueHTauue# araaca {U,}, To
06a aryiaca 3ajalOT ONMHAKOBYIO OpHeHTauuio Ha M. B camom pene,
6(:::;, ConZY)
Yz, 95)’
PeU,nV,. llyers K € U, NV, — npouspoibHasi Touka. CoenHnM
P u F) HenpepnBHOH KpuBoH ¢: [0, 1] = M, ¢(0)=R, ¢(l)=P.
PaccMoTpum TouHyIO HMXKHIOIO TpaHb %, Tex uucea t € [0, 1], misa
KOTODHX 3HaK siIkoOMaHa B Touyke (t) OTpHLAaTeNeH [Jisi HEKOTOPOro
BEIOOpPa KapT, Cofep)Kamux ToukKy ¢(t). Torma, ¢ omHOH CTOPOHHI,
t,#0, 1. e. p(t,) # R. C npyroii cTOpoHH, Touka ¢(t,) JEXHT
B OJHOH KapTe BMeCTe C HEKOTOPOH TOYKOH ¢(t), rae sikoOuaH
orpuuareieH. Bubop kaptet U, 3 ¢(%,), ¢(t) u kapte V; 3 o(t,),
©(t) HecymecTBeH, Tak Kak siKoOMaH OyjaeT OTpHLAaTelNeH B TOYKe
p(t) mns moboit mnapw kapr U, u V;, comepxkamux o(t). Tak
KaK sIKoOMaH — HeNpephiBHAs, OTJIHYHAs OT HyJasi (QYHKLHS, TO H B
TouKe ¢(ty), a TakKe H B TouKe @(t') mpu t' < t, 3HaK skoOuaHa
ToXe OyzneT oTpuuareabHbM. Cllef0BaTeNbHO, i, He sIBJsETCS HHXKHeH
rpanbio. [IpornBopeune nokasuiBaert, uro 06a atJaaca Kapt 3agaioT Ha M
OMHAKOBYIO OPHEHTALMI0. AHAJOTHYHO NPOBEPsIeTCsl, YTO BCE KApTH,
HMeIollHe JIOKANbHYI0 OPHEHTAllHIO, MPOTHBOMOJOXHYI0 OPHEHTALUHH
ataaca {U, }, o6pa3yloT opueHTHPOBaHHHH aTJjac Kapt. O

Cyuecrsyer apyroe npencrasieHHe o6 opueHtauuu M. Ckaxew,
yto 6a3uc (€, .. ., €,) €R" 3amaeT OpHEHTALHIO €BKJIHAOBA IPOCTPAHCT-
Ba. JIa 6a3uca cuuTaOTCS 0OUHAKOBO OPUEHMUPOBAHHBIMU, ECIH €~

cleflyeT MNpOBEPHTb 3HaK siKoOHaHa B J000H TOUKe
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TEePMHHAHT MaTpHIHl Nepexofa noJjoxurened. Torga R™ npuobperaer
POBHO [iB€ Pa3JUYHHIX OpPHEHTAluH. 3a1aTh OPHEHTALHI0 M — 3HAYUT
3a1aTh OPUEHTAIMIO KACATeJbHOr0 NpocTpaHcTBa Tp M B KaXKAOH TOUKE
P e M. Tlyets o: [0,1] = M — npousBosbHH# nyTh. [as mo6oro
6a3uca B HayaabHOH Touke (E,...,€,) € fll,_(o)M MOXHO TOCTPOHUTb
HernpepbiBHOE cemeiicTBO Gasucos (€,(t), ..., €,(t)) € T, M, naunna-
oleecs ¢ 6asuca (€, . . ., €,). Bosee Toro, mo6ue gBa Takux cemencTBa
nawot B T, ,)M onuHakoByio opueHtaumio. Eciu M opuenTnpyemo, To
ODHEHTalHsl B KOHeUHOH Touke ¢(l) myTH ¢ He 3aBHCHT oT BhibOpa
nytd. Takum of6pa3oM, 3agaTh OPHEHTALUMI0 Ha M — 3HAYUT 3a4aTh
OPMEHTALHI0 KacaTeJbHEIX NpocTpancTB T, M Tak, 4TOOH OHH ObLIH
COIJIacOBaHH 10 JIOOOMY HeNpPEPHIBHOMY INYTH, COEJHMHSIIOIEMY NapH
TOYEK.

Teopema 1. Ecau mrozoobpasue ¢ kpaem M opuenmupyemo, mo
kpaii OM moxce asAsemcs OpUEHMUpYembim mHo2000pasuenm.

HNokasareabctso. Ilyers {U,,(z},..., z*)} — artaac Ha M.
[Mocnenusisi KoopauHaTa z7 B J1060i KapTe sIBIsleTCS HEOTPHIATEJIbHOH
tdynkuueii. [lockoabky M opHeHTHpyeMO, TO, MEHsIsl B KaXXIOH KapTte
U, xoopauHaty ! Ha —z!, eciiu 3TO HEOOXOAUMO, MOXKHO CUHTATh, YTO
SIKOOMaH 3aMeHH MePeMEHHHIX MOJIOXKUTeNeH B KaXKIOM NepecedeHHH
kapt U,z = U, N Uj. B kauectse kapT Ha OM, KaK H paHbllle, BO3bMEM
nepeceuennss W, = U, N OM, a B KauecTBe JIOKaJbHHX KOOPAHHAT —
nepsuie n — | KoopauHar, T. €. (¥, ..., y* ) =(=z!,..., z*1). [loka-

n-1

i
g > 0 B npoussoabHO Touke P € W, N W,.

Bllij=1

B camom pmene, B o6bemioneM MHoroo6pasun M Marpuua fkobu
3aMeHBl KOODAMHAT B Touke P uMeeT BUJ

XKeM, uto det

Bz} oz~ oal
8z bmy  dm
o) _ | i i as
O(zg) B2y ] oap 1 Bop
Bz} oxz~' 8zl
oz} oz Oz

azﬂ
Ilockonbky Ha nepeceuenun W, N W, z} =z =0, To =0, 1<

A

. d(z,) a(y,) 6z?
<1 < n— 1. Mosromy det -—2¢ =det 2. =% > 0. Cne HO
; "\ n 3TOMY 3(zy) 3(y;) 0z} > 0. CregoBaTesibHO,
azﬂ

62—2‘ #0. Tak kak z7 >0 B nepeceuennu U, NUj;, To ax_Z‘(P) > 0. Hrak,

det %(P) >0. 0
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Onpepeaenne. Ilyctb M — opueHTHpOBaHHOe MHOroofpasue ¢
kpaem, {U,, (z},..., z?}), z» > 0, — atnac, 3agamomuii OpHeHTaLHIO
Ha M. OpueHraunmss Ha OM, 3amaBaemasi atnacom W, = U, N oM,
(¥, .., yr"Y=(zl,...,z*""), Ha3uBaercs: opuenmayuet, coeAacO-
sanHou ¢ opuenmayuei na M.

[TPUMEP 4. PaccMorpum cHoBa wap D? C R?. [lns 3agaHust
opueHTauuu Ha D? poctatoyHo B OLHOM
TOuKe (DHKCHPOBaThb 0a3uC KacareJsbHO-
ro npocrpaHcrBa. Ecimu Touky P BHIG-
patb Ha dD?=S!, T0 6a3Hc MOXHO
BhHIOpAaTh TaK, 4TOOH IEPBHI BEKTOP €,
Kacajcsi Kpasi, a BTOPOH — €, yKa3nBal
HarpaBjieHHe BHYTpb wapa (puc. 84).
Torma opueHTauusi Kpasi, onpejejsemas
é,, cornacoBaHa ¢ opuentauuei D2, Ha
PHCYHKe YKa3aHO Apyroe HarpaBJleHHe
OpHeHTalluM JBYMEPHOTro MHoroo6pasus
B BHJle HamnpaBJeHWsl BpallleHHsl Kaca-
TeJbHOH IJIOCKOCTH MO MeHbIIeH ayre OT
€ K &,

I[TPUMEP 5. PaccmorpuM Tpexmepuuil map D?® u ero kpait S2.
Ha puc. 85 nokasana cornacoBaHHasi opueHTauus D® u kpas S? ¢
noMolpio 6a3uca (€, €,, €;), NpaBHIa BHHTA H TPeX MaJblieB.

Puc. 84

|
]
] -
o T S,
cb Vo ~
| .
| A b
| 7
|
!

Puc. 85

[TPUMEP 6. Paccmorpum juct MéGuyca, npeactasieHHbH B BUAE
KBajipaTa C OTOXIECTBJIE€HHEM [BYX [POTHBOMOJOXHBIX CTOPOH B
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pasHbix HanpasieHHusix (puc. 86). Pukcuposap 6a3uc (€, é,) B Touke
A, NOCTPOMM HernpephiBHOE ceMeHcTBO 6a3uCOB BROJb KpuBoi A BA.
B KoHue KpuBoH 6a3uc HM3MEHMT OpHeHTaluio, T. e. Jguct Mébuyca
HeopreHTupyeM. OnHaKO, Kpail — OpHeHTHPYyeMoe MHOrooGpasue.

Puc. 86

3. Knaccudukauus AByMepHbIX MHoroo6Gpasmi. [lepexogum K
OMHCAHMIO ABYMepHHX MHoroo6pasuii. [Ipocreiimee u3 Hux — cdepa
S?, nuddeomopdpra CP!. Mel sHakomsl ¢ TopoM T2 = S!' x S!, nony-
CKalIIMM TaKxXe caefyloulee npeacrasienue. [lyers & =Z(a)dZ(b) —
abesmeBa rpymnna, obpasyiouie KOTOPOH a M b mpeicTaBJeHH CHBH-
rama Ha RZ a(z,y) =(z + 1,y); b(z,y) =(z,y + 1). Paccmorpes
¢akropnpoctpancTBo R%/Z & Z, nonyuyaem T2, Ksampar 0 < z < 1,
0 < y < 1 HasnBaeTcs ¢pyHOamenmanrbrol obaacmoto; €e pojib B TOM,
4TO, MPHUMEHsIsT K HeHd 3jJeMeHTH &, MH MOXXE€M ¢3aMOCTHTb» BCIO
miaockoctb (puc. 87). Imagkumu ¢yHKuusimu Ha T2 ABJSIOTCSI TaKue
oyukuuu f(z,y) Ha R?(z, y), KoTOpble MHBAPHAHTHBI OTHOCHTEJBHO
npeo6pa3oBanuii Z(a) ® Z(b).

g ’

K

N

(10)

Puc. 87

Paccmorpum Ha R?(z, y) kiacc riagkux QYHKUME f, HHBADHAHTHbBIX
OTHOCHTeJIbHO Apyro# rpynmnsl &(a, b), o6pasyoune KOTOPOH 3a4a0TCs
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Ha R? tak: b(z, y)=(z, y+1); a(z, y)=(1—=z, y+1). (Haitgure cooTHo-
eHHsi Mexay a 4 b.) PyHnnamenrasnbHas obiacTb oKkasaHa Ha puc. 88.
CrpesikaMu 10Ka3aHbl OTOX/ECTBJIECHHS] CTOPOH B COOTBETCTBHH C JeH-
cTBHeM rpynnd. [ToBepxHOCTb, BO3HMKaloWasi rnocie (GaKTOpH3aUHH,
riokasaHa Ha puc. 88 u HasniBaetcsi 6ymoirxol Kaetna. Top u 6yThUIKa
Kneitna — riagkue MHOroo6pasusi; TOp — OpHeHTHpPYeMoe, a GyThLIKa
Kne#ina — Heopuentupyemoe. ([Iposepbre!)

W

L)
Y

Puc. 89

Puc. 88

DTu ABa NpuUMepa MOACKA3HIBAIOT
OpOCTOH crocob MoJy4eHHs: APYTHX
IBYMepHBIX MHoroo6pasuii. Paccmo-
TPHM CKJIeHKY Ha TpaHHLe KBaJpaTa,
nokasaHHylo Ha puc. 89. Tak Kak
KBajipaT roMeoMop@eH JUCKY, TO MH
MOJTYYHJTH NMPOEKTHUBHYIO IJOCKOCTD.
[Monpo6yem usobpasuth ee B R3,
BHIIOJHHB TpeGyeMble ckieHKH. Ha
puc. 90 mnokasaH mpolecc CKieHBa-
HUsI, NPUBOAAMME K Mojesu RP? B
R3. TMonyunnu o6beKT, He SIBASIO-
IMACSI NOTPYXKEHHBIM [OAMHOroo6-
pa3ueM — 3TOMY MpensiTCTBYeT 1apa

ocobbix Touek A u B. Ha puc. 90 nokasaHbl ceyeHHs] MOAeJH
IVIOCKOCTSIMH, OPTOTOHAJILHBIMH CHHTYJISIPHOMY OTpe3Ky. XOoTsi HaM He
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yZAaJ0ch Orpy3uth 3TuM criocobom RP? B R?,
OJIHAaKO MorpyxeHue Bce xe cymectByeT. 06
3TOM HHXKeE.
Jlemma 1. RP? comeomopro ckaeiike no
obweil epanuye ducka u aucma Mébuyca.
JlokasaTenbcTBo Ha puc. 91.

N

DKBHBaJeHTHasi (HOPMYJTHDOBKA: €CIH M3
RP? ynaauTb OMCK, TO ocTaHetcs JucT Mé-
6uyca. CMm. puc. 92, rae ocrtaBIIMHCS JHCT
Mé6uyca pacnosoxen B R® tak, uto ero

A
E 1D
- l !
rPaHHYHAsl OKPYXKHOCTb JIEXHT B ByMepHOH

72 IJIOCKOCTH (32 3TO NPHUXOAMTCH «IJIATHTb»
nosiBjleHneM IBYyX ocoOnx Touek A u B);

Takoe pacriosoxkeHue saucta Mébuyca p, B
Puc. 92 R® Ha3bIBaeTCs CKpeweHHbIM KOANAKOM.

N

AN

1,
i

RSXN

7'2

1l
i Illl‘nl‘_/’

Yunundp = s'x D2
(D'~ ompesox)

Puc. 93
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PaccmotpuM T2 u RP? ¢ uHO#M TOuKM 3peHHs. [IpuMeHMM K HHM
roMeoMop¢H3M, NoKas3aHHHH Ha puc. 93. MoxHO cuuTaTh, YTO TOP
nony4daetcsi u3 S? BoiOpachiBaHHEM ABYX AHCKOB U MPHKJEHKOH BMECTO
HUX pydku (cM. puc. 93), romeoMopdHoit S! x D!. Ilns noayuyenus
RP? cnepyet BHIOpocHTh U3 S? OQMH AUCK M NPHKJEHTh BMECTO HEro
auct Mébuyca (cM. puc. 93). DTy omepanHio Ha3bIBAIOT MPHUKJIEHKOH
nieHkn Mé6uyca. [Ipu monbiTke peanu3oBath 3Ty onepauuio B R3
cJIeflyeT MoJb30BaThCsl CKPEILIeHHEM KOJMNakoM (cM. Bhile). [IpuMenum

Puc. 94

OMHCaHHble ONEepalHH: NPUKIEHKY PY4KH M IieHKH Mébuyca no asa
pasa. Kakue mnoJiyyum noBepxHOCTH? PaccMOTpPHM BOCBMHYTOJBHHK
(puc. 94), Ha rpaHuuUe KOTOpOro paccTaBleHn OyKBul a, b, ¢, d,
obpasyoomue NpH MNocjenoBaTeJbHOM 06xofie (MO0 YacoBOH CTpeJiKe)
cioBo W = aba'b-'cdc™'d~!. Buimomuum ckiaeiiku (cm. puc. 94).
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[TonyueHHoe nByMepHOe MHOroo6pa3ue Ha3hlBaeTCsl «KpeHaesJeM»; OHO
roMeoMopdHo cthepe ¢ mByMsi pyukamu: S2 + 27 (uepe3 7 YCJIOBHO
o603HayaeM pyuKy).

Jlemma 2. Bymoiaka Kaeiina zomeomopdra cgepe, 3axkieeHHOL
dsyms naenkamu Mébuyca.

JlokasatenbcTBo cM. Ha puc. 95. Ckuefika aByx JuctoB MéGuyca
no Hx oOLIel rpaHHUIle S5KBMUBAJEHTHA BKJIEHKE 3THX JIHCTOB B cdepy C
IBYMsl IBIDKaMH (3aK/IeliKa LMIMHApPA ABYyMsi MieHKaMu Mébuyca). O

Puc. 96

[MpenbsiBum norpyxenue RP? B R3. PaccMoTpum morpyeHue JucTa
Mébuyca B R® B Bume monoBunkM GyTthiiku KneitHa (cM. puc. 96).
Hleno B TOM, yTO pa3pe3aB OYTHIIKY Tak, KaK NOKazaHo Ha puc. 96,
nonyyaeM faBa Jucra Mébuyca (cMm. semmy 2). B cuny snemmu 1
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pas noaydyeHuss RP? poctatouHo 3akieutb JucT MEGHyca IHCKOM.
Bynem crapartbcsi ocyumiecTBUTb 3Ty 3akjaeiiky B R® Tak, 4ro6n nosy-
yusioch norpyxenne RP? — R3. ITomectum rpanHuuy Jucra Mé6uyca
B IJOCKOCTb (cM. puc. 97) U HayHeM NepeMellaTb 3TY IJIOCKOCTb
napanjielbHO caMoil cefe Mo HampaBjieHHIO K 3purenwo. Ilpu stoM
OyneM BHIMOJHSATL B HeH IMIaiKyl AedOPMAaIHI0 TPaHUYHOH KDHBOH
aucta Mé6uyca (cM. puc. 97). ABTOMaTHYECKH NOCTPaUBaeM HCXOLHOE
norpy>xeHue Jucra Mébuyca noBepxHOCTbIO, 3aMeTaeMol aeopMHUpY-
IOLIeHCs] OKPYXHOCTbIO. B mocienHu#i MOMEHT BPEMEHH OKPYXKHOCTh
CTaHOBHTCSI CTAHAAPTHO BJIOXKEHHOH, H MBI 3aKJIEHBAEM €€ IHCKOM, YTO
u gaet uckoMmoe norpyxeHue RP? B R3. Ha puc. 97 nokasana ctpykrypa
MHOXECTBa TOYeK caMorepeceyeHHus.

(J(BIOY
b

Puc. 97

Mul nonyuusnu aBa croco6a MOCTPOEHHsI ABYMEPHBIX MHOroo6pasui
(puc. 98):

1) k S? HYXHO NPHKNEUTb k PYYeK;

2) Kk S? HyXHO NpUKJIEUTb s MieHok Mébuyca.
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E
g

Puc. 99

Ionyuaem e cepun Muoroo6pasuit: M2_, = S+ kr, M?_ = S*+
+ spy. 3nech M? opueHTHpyeM:l, a M} HeopueHTHpyeMmbl. Ha M?
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BCErJa CYIUECTBYIOT IJIafikue MYTH, MPOXOAsiuye no naeHke Mébuyca,
T. €. MEHSIOIHe OPHEHTAUHI0 perepoB, ABHXKYLIMXCS BAOJb 3THX
nyrei (cM. Bbie). Anpiopu Morau Gbl CyLIeCTBOBaTb MHOroo6paswust
CMEIIaHHOrO THIA, T. €. TMOJy4YyeHHble M3 S2 myTeM MNpPHKJIEHKH k
pydek M s IueHoK Mé6uyca. OgHako 3Ta omepauusi He AaeT HOBBIX
MHoroo6pasuii. PaccMotpum S? + r + p. 3aduKCHpyeM OHY MOAOLIBY
PY4YKH T M HayHeM MepeMellaTbh BTOPYIO NOJOLIBY II0 HaNpaBJEHHUIO
K nieHke Mé6uyca, 3aTeM MNpoBeJeM IMOAOWIBY BJOJb OCH JIHCTA
Mé6uyca u yineM c Hero, BEpHYBIIHCb B IPEXHIOK MO3HUHIO. Pyuka
IpeTepnHT H3MEeHeHHs B ee pacnosoxeHHH (cM. puc. 99); ato moso-
)KeHHe Ha3blBaeTCsl BLIBEDHYTOH PYYKOH H OTJIHYAeTCs OT OOGBIYHOH
crnioco6oM npukierku nogows K S2. Ho (puc. 100) chepa ¢ BuiBEpHYTOH
pyukoi romeoMoptdHa 6yThiike KneiiHa, T. e. (cM. jeMMy 2) coepe
¢ AByMsi IieHKaMu Mé6uyca. DTo 3HAYHUT, UYTO PYYKa B MPHCYTCTBHH
nieHkn Mébuyca npeppaiaercst B ase naeHkd Mébuyca. B yactHocTH,

Puc. 101
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S 4+ 7r+p =82+ 3u. Orcriona S? + kr + sp = S? + (2k + s)u,
T. €. MHOroo6pasusi CMelllaHHOTO THIIA rOMeoMOp¢hHb MHOroo6pasusM
HEOpHEHTHPYEeMOH CepHH.

Kax 6uit0 mokasano, Bce M? Moryt GbiTh IIamKo BJOXeHH B R2,
JlokaxkeM, 4yTo MHOroo6pasusi HEODHEHTHDYeMOH CepHH MOryT OHTh
rnagko morpyxeHs B R3. Mub nokasanu sto gns RP? = S? + pu.
IlpencraBumM, uto M? Takoe, Kak mokasaHo Ha puc. 101. SlcHo, uro
M? ecTb ckneika Hecxonbxux sk3eMisipoB RP?. Tlorpyxas Kaxmpii
H3 HHX TI0 otnenbHocTH B R®, no6usaeMcs norpyxenus M? B R®.

Oka3sbiBaeTcs, IBYMsl YKa3aHHHIMH CEPHSIMH Mbl TIePEYHCJIHJIN BCe
KOMIaKTHbIe, IIafiKie, 3aMKHYTHe IByMepHble MHOroo6paswusi.

Teopema 2 (teopeMa kiaccudukauuu). Jlwoboe zradkoe, Kom-
nakmuoe, C8a3HOe, 3amKHymoe OsymepHoe mHOo2006pasue 2oMmeo-
mopdro aubo ciepe S? ¢ k pyuxamu, rubo cpepe S? ¢ s naenkamu
Mébuyca.

JokaszateabcTBo. Pazo6neM ero Ha HeCKoJIbKO 3TanoB. Bynem
FOBOPHTb, 4T0 M? (yKa3aHHOrO THIA) CHAGXEHO TPHAHTYJsILHeH (Hau
TPHAHTYJIUPOBAHO), €CJH Ha HeM OTMeyeHO KOHeYHOe YHCJO TOoYeK
P,..., Py, coequHeHHbIX (B KakKOM-TO MNOpsAKe) KOHEUHHIM YHCJIOM
OTPe3KOB IVIafIKHX KPHUBLIX -, TaK, UTO:

1) xaxnpplii OTpe3oK 7, HayMHaeTCsl B HEKOTOpOH BepiunHe P, u
3aKaHYMBAeTCs B HEKOTOpo BepuinHe P, P; # P,; npuyeM Ha HeM
Het apyrux P, kpome P, u Fy;

2) COBOKYNHOCTb BCEX 3THX OTPE3KOB pa3buBaer M? Ha KOHeyHOe
YHCJIO 3aMKHYTHIX TPEYTrONbHHKOB C BEpLIMHAMH B TOYKAaX M3 MHOXe-
crea {P,};

3) mobnle nBa TpeyrospHHKa, A, W A,, MOJyYeHHOro pa3bueHHs
160 He nepecekaTcsl, THO0 epeceKaoTcst o ONHOH obiel BepllKHe,
Ju60 TepeceKaloTcst N0 OfHOH obuiell cTopoHe (T. €. IO KAKOMY-TO M3
OTPE3KOB 7;).

Puc. 102
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ITtu TpeOOBAaHHS 3aNpEIAOT CHTYalMH, NMOAOGHHE TeM, KOTOpPHE
noka3aHsl Ha puc. 102. [IpuMep TpuaHryasiuuu cM. Ha puc. 103. Ito
tpuanryssinust RP?, cocrosimasi 3 24 TpeyroJbHUKOB U 13 BepIIuH.

3apaua. [Ilocrpoiite TpHaHTyJsiLMK Topa M OyThiKM KieiHa.

OnHo u To Xe MHoroo6pasue M? pomyckaetr GeCKOHEYHO MHOrO
TPUAHTYJISLMH.

Jemma 3. Jlwoboe dsymepHoe, earadkoe, KOMnaKmuoe, C8a3HOE,
samkHymoe M? donyckaem KOHEUHYIO MPUAHSYARYUIO.

JlokasatesbcTBO GYAET AAHO B II. 5.

PaccMoTpuM TpuaHrynsuuio M? (ykasaHHoro tuma). Kaxnoe pe6po
KaXJ0ro TpPEYroJbHHKa OTMETHM KakoH-mM60 OykBoH, mpuueM O6y-
IeM TIpeAroJarath, YTo pasHble
OTpe3KH 3aHyMepOBaHbl pa3Hbl-
Mu OykBaMu. Ha kaxpo#t cro-
pOHe IOCTaBHM CTpeJKy, YKa-
3bIBAIOIIYI0 OPHEHTALHI0 OTpe3-
Ka. PaccTaHoBKa cTpesioK MOXeT
CUHTaTbCs MPOW3BoJbHOH. Pas-
pexeM M? Bnoab Bcex OTpes-
KOB (CTODOH TpeYroJbHHKOB).
Torma M? pacchnaercss B Ko-
HeyHoe MHOXEeCTBO TPeyroJb-
HHUKOB, Yy KOTOpBHIX Ha KaXIoOH
CTOpOHE CTOHMT Kakasi-To OyKBa.
Mul cuntaeM, uto, paspesas M2
BIOJb KAaKOrO-TO OTpe€3Ka, Mbl
cTaBUM Ha oboux Oeperax pas- Puc. 103
pesa Ty 6ykBy, KoTopas crosina
Ha orpe3ke (puc. 104). Ha kaxpmoii ctopoHe OoTMeueHa OpHEHTALMs;
6yKBa CHa(XeHa CTPEJKOH.

Puc. 104
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Hama uenp — ckients o6paTHO Bce 3TO MHOXECTBO TPeYroJbHH-
KOB, HO TaKHM 00pa3oM, 4TOObI MOJYYHJCS MIOCKHH MHOTOYrOJbHHK.
HauHeM mnocTpoeHue ¢ Toro, uto BhOepeM KaKOH-TO TPeyroJbHHK
(o6o3Hauyum ero A,). PaccMoTpuM n106y10 ero cTopoHy, oHa cHabkeHa
6yKBOH H opHeHTauueH. Tak Kak Kaxkaasi 0YKBa BXOAUT B o61IHiI Habop
CTOPOH TPEyroNbHUKOB B TOYHOCTH [Ba pasa, a M? 3aMKHYTO, T. €. He
HMeeT Kpasi, I03TOMY Kax[blii pa3pe3 uMeet aBa Oepera, To HaijeTcs
ellle OJWH TpeyroJbHUK (0003HauuM ero A,), Ha CTOpPOHe KOTOPOTro
CTOMT Ta xe OykBa. Jta OyKBa HaHJeTcst Ha TPeyroJbHUKe, OTJIHYHOM
oT A, TaK Kak B IPOTHBHOM CJyyae HCXOJHOe pa3bueHue He Oblio Obl
TPHaHTyJsiliHel (peasH3oBbIBaCst Obl OHH U3 Cay4aeB, H300paXkeHHbIX
Ha puc. 102). MoxHo ckiaenth A, u A, mo 3Toii obweil cTOpoOHe,
coBMellasi HampaBieHHusi cTpenok. [lonyuyaercst nnockass durypa, Ha
rpaHulle KOTOpPOM paccraBjeHbl OykBol co crpenkaMu. CHoBa GepeM
Kakylo-To OyKBY; cHOBa Haigercsi A,;, Ha OQHOH M3 CTOPOH KOTOPOro
cTOUT Ta ke Oyksa. [IpukneuBaeM A, u T. . [Ipouecc 3akoHyuTCsl B
TOT MOMEHT, KOrfia Bce TPeyroJbHHKH OYyAyT HCYepHaHBbl.

Mul ckenM Bce TPeyrosibHHKH, TaK Kak eciH Ohl B KaKOH-TO MOMEHT
OKa3asoch, 4TO HHMKaKas rpaHuMuHas OykBa nosydawoiedcss obaacTH
He TosiBJIsieTcsl cpely OYKB, OCTaBIIMXCSI Ha elle HelpHCOeAHHEeHHBIX
TPeYyrobHHKaX, TO, CKJIEHB Bce MoMnapHble OYKBLI, BePHEMCS] K HCXOM-
HoMy M? (cK/eliKa TUKBHIUPYET pa3pessl), HO B CHJIY MPEAON0KEHHS
3T0 M? 6o OB HECBSI3HO, YTO NMPOTHBOPEYHMT YCJOBHSM. MTak, Mu
HcyepriaeM BCe TPEYrONbHHKH M MMOJYYHM I[JJOCKHH MHOTOYTOJIbHHK
W. To, uto W mnJjockuii, cieiyetr W3 TOro, YTO KaXKAHH pPa3 MH
NPHKJIEHBAIH K IIJIOCKOH 06JaCTH IMJIOCKHH TPEYrONbHHK TOJbBKO IO
OJIHOH CTOpOHE.

[Tepeuncaum cBoiicTBa MHOroyroiibHHKa W (OH ompezesnieH HeOmHO-
3HA4HO, faxKe NpH QUKCHPOBaHHOM TpHaHryssituu): 1) W nnockwuii; 2)
rpaHuua OW cocToMT M3 YeTHOro YHucJsa pebep, Ha KaXA0M H3 KOTOPhIX
nocraBneHa 6YKBa M CTpesiKa; Kaxkaasi 6ykBa BXOAHT B rpaHMLy .IBa
pasa.

PukcupyeM Ha W OpHeHTAaLUHIO H, COBEPLIHB 06XOJ IPaHMUbI Ha-
YHHast C MPOH3BOJILHON BepUIHHH P, Moc/eJoBaTebHO BhIIHIIEM BCe
6ykBbl. Ecnu HanpaBieHHe o6xona coBmafaeT co CTPesKOH, OTBevalo-
mweil 6ykBe, To OyKBa BOHAET B CJOBO B CTelNeHH +l; B MPOTHBHOM
cnydyae 3anuiieM OykBy B crerneHH —1. BepHyBumch B P, Moay4um
cioBo W Bupa W =a, a2 ... a3, e €, ==£1; 5T0 €JI0BO OHO3HAYHO
3a/jaeT MHOTOYTOJIbHHK Vi} (cM. puc. 105).

Mbel conoctaBusn KaxaoMy M? (B HEKOTOPOH TPHAHTYJISILMH) CJIOBO
W (ueomHo3nauHo). CioBo W MOXHO paccMaTpuBaTh Kak Kom M2,
M 3TO KOAMPOBaHHE HEONHO3HAYHO: ONHOMY H ToMy e M? orBeyaer
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6eckoHeyHoe yMcJI0 KoaoB. Hama uesin — pokasarth, 4yto aw6oe M?
(ykasanHoro Tumna) romeoMopdHo au6o M? smbo M?Z. Jlna storo
[epecTPOUM MHOTrOYTOJMBHHK C NMOMOLIBIO a
onepauud, COOTBETCTBYIOIUHX HEKOTO-
peIM roMeoMopduaMaM ucxomHoro M?
(3TH omepaiuu He 6YAYT COXPaHSATh TPH-
aHTYJSILHIO; ee POJib 3aKOHYHJIACh B TOT ¢
MOMEHT, KOTJla MH cornocTaBuin M? ero
Ko — cioBo W). Eciiu BHIOJNHHUTL Tpe-
GyeMble ckiedkd Ha OW, To mosmyyum
HCXOIHOe MHOroo6pasue.

Jlemma 4. Croso W moxcno nepe-

L

cmpoums max (C NOMOUYbIO 20MEOMOP- Is =~
pusma M?), umo 8ce 8epuLuHbL MHO20Y- Puc. 105. W =_
eoavHuka W ckaeamca 8 0OHYy mouky. =010y0) 6y 030403 a4 G5a5

JlokaszateabcTBOo. Pa3o6beM BepminHe W Ha Kiacch 3KBH-
BaJIeHTHHIX BepIUHH. ByneM cuMTaTh nABe BepLIMHH 3KBHBaJEHTHHIMH,
€CJIH OHH CKJEHMBAIOTCS B OMHY TOYKY NPH BHINOJHEHHH OTOXIECTB-
neHuit Ha OW. Eciu W uMeeT TOJAbKO ONHH KJIacC 3KBHBAJEHTHHIX
BepIUHH, TO Bce aoka3aHo. [lycts W comepkur no kpaiHeil Mepe aBa
Kiacca skBuBasieHTHHX BepwuH: {P} u {Q}. MoxHo cuuTaTh, YTO
cyuiecTByeT pe6po a Takoe, 4TO ero Havajo npuHamiexur {P}, a Ko-
Hew { Q }. BuinosnuM nepectpoiiky W ¢ noMouisio romeoMopduama M2
(puc. 106). HanoMHuM, uTo Kaxkaasi 6yksa (B ZaHHOM cJiy4yae ¢) BXOTHT
B W poBHO nBa pa3a. Pe3ysbrar nmepecTpoHKH — MHOrOYroJabHUK W',

Puc. 106

npuyeM Hauuuo ciaenyiomue uaMeHeHusi B {P} u {Q}: B {P} crasno Ha
OfiHY BepIIHHY MeHbiue, a B {Q} — Ha omHy BepwuHy Goubiue. B3ss
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eute ofHy BepuinHy U3 {P}, ToXe MOXXeM YHHYTOXKHTb €€ C NOMOILbBIO
KaKoro-1n6o kiacca (He o6si3atensHo ¢ noMoinpio {Q}), u Tak GyneM
yMeHbwaTh yucno BepuwuH B {P}, noka B {P} He ocraHeTcs ofHa
BepuwmHa. [TocnenHuii war: Tak Kak B {P} oaHa BeplIHHA, TO COCEHHE
pe6pa uMmelot Buf a, a”! (cm. puc. 107). O

¢ —=afnepeokosmayams])

Puc. 108

Jemma 5. [Tycmo W = Abaa'cB. Tozda cywecmsyem zomeo-
moppusm M?, nepesodsuuii W 8 caroso AbeB.

HokasatenbcTBo. CokpaileHHe aa™' BHINOJHSIETCS TaK XKe,

KaK YHHYTOXKeHHe rocJie[lHeH BepLIHHH B jeMMe 4. O

3neck yepes A u B o60o3HaueHbl Te 4acTH W, KOTOpble He MEHSIOTCS
IIPH IlepecTpPoHKe.

Jlemma 6. Ecau W = BaAaC, mo cyuecmsyem 2omeomopdusm
M? makoii, ymo W nepexodum 8 W' = BA~'aaC.

JlokasarenbcTBo cM. Ha puc. 108.

Jemma 7. Ecau W = AaRbPa ' Qb~' B, mo cyuwecmsyem zomeo-
moppusm M?, nepesodawui W 8 W' = AQPaba 'b~'RB.
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JlokasatenbcTBO cM. Ha puc. 109.

RBA

Puc. 109

Jlemma 8. Ecau caoso W (Had xomopeim 8bLnoAHeHbL 8Ce npe-
Obl0ywue onepayuu) codeprcum napy 6yke a u a': W =AaBa'C,
npusem B # @, mo cywecmsyem napa b, b~' maxas, umo
W =AaDbQa'Rb~'T, 20e B=DbQ, C=Rb~'T, m. e. a1 st0boii
napet a, a”' (e0e B #Q) cywecmsyem «3ayeniennass ¢ Hei napa
b, b~'.

HdokasateabcTtBo. JlonycTHM NpOTHBHOE: MyCTb JIs JiIO60M
b € B coorBercTByMOmas el 6ykBa b° (rme € =+1) nonagaer B TO
Ke caMoe cioBo B. BunonHuwm ckieiiky W

no a. Pesyabrar cMm. Ha puc. 110. Hrak,

Bce BepuMHE W pa3buBaioTcs 1o KpaiHeir  fy “
Mepe Ha IBa KJiacCa HESKBHBAJIEHTHBIX Bep-
muH., Tak kak Hag W BHINoJIHeHa omepa-

M5l IeMMH 4, TO OJYYHJIH IPOTHBOPEYHeE. Puc. 110
Ocranoch f0Ka3aTh, 4To € = —1. Ecau 6u

€ =41, To noayunau 6u nporuBopeure ¢ BUAoM W, ycTaHOBJEHHHIM
B cuay JeMMn 6. O
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3AMEYAHUE. llenouka npegmaymux JieMM TakoBa, YTO KaXnasi
JeMMa coxpaHsiet cBoiictBa W, mosyyeHHbe C MOMOLIBIO MPeAbIAYLIHX
JIEMM.

Urak, W npuBefeHO K NPOM3BEIEHHI0 BHpaXKeHHH Buua aba 'b~!
(xommymamopst) u cc (k8adpamot). TO CleLyeT U3 TOTO, YTO BHIpa-
KEHHs1 —a — a— MPUBOAATCS K —aa—, a BUAA —a — @~ ' — MPHUBOAATCS
K Buay —aba~'b~!'—. Ocrajioch paso6paTh TOT cjy4ail, KOra B CJOBE

BCTPEYAIOTCSI KAK KOMMYTaTOPH, TaK H KBajpaThl.
Jemma 9. Ecau W = Aaba™'b~'BceQ, mo cywecmeyem zomeo-
mopuam, npugooawui W k sudy
W'= Mp?q®>d*N = Aabd'B~'bad ' Q.

JlokasateabctBo cM. Ha puc. 111. Dra onepauuss nepesomutr W
B cioBo W = Aabd~'B~'bad~!Q. Ocranoch cobpaTh BMecTe TpH
KBaJ[paTa, YTO MOXHO cleJarthb JeMMo# 6. O

Puc. 112. W = aa~! — He TpuaHrynsums

Ota JeMMa ecTh (opMasibHOE NOKA3aTeNLCTBO TOTO, YTO MHOTo0Opa-
3Hs1 CMellIaHHOTO THIIAa TOMeOMOpP(}Hb HEOPHEHTHPYEMbIM MHOr006pa3u-
sIM BTOPOH cepHH (CM. BHIIE).
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KoMGHHHDYs1 OKa3aHHBIE JIeMMbI, OJNydaeM:

Jdemma 10. ITycmo W —o0un u3 kodos M?. Tozda cywecmeyem
eomeomoppusm M?, npusodswui W x o0Homy u3 caedyrouyux
8u008:

1) W=aal;

2) W=aba'bi'...a,b,a,'b;";

3) W=c¢ce,...cc,.

Kakue MHoOroo6pasusi orBedaloT 3THM TpeM THnam? B caydae 1)
sicHo, uto M? romeoMopdHo cdepe (puc. 112). B caywae 2) M?
npeacrasasiercs B Bune S? ¢ g pyukamu. Yucsno g HasbiBaetcsi podom
nosepxnocmu. B camom pnene, npu g =1 croso W = a,;ba;'b;!
3ajaer Top (cM. Boime); npu g =2 cioBo W = a,ba7'b ayb,a5'b;!
3ajaer KpeHaenab (cM. Buine). Jlanee mo uHAyKuuu. B caydae 3) M?
romeoMoptdHo cepe ¢ k miaeHkamu Mé6uyca. B camoM pene, eciu
k=1, to W =c,c, onpenensier RP? (cM. BHie); eciu k =2, 10
W = ¢, c,coc, onpepensier 6yTeiky Kaeitna u 1. 1. Urak, teopema 2
JoKasaHa. O

CylwecTBYOT U Ipyrue ynoGHbe npeacTaBaeHuss M2,

Teopema 3. Jlroboe 2radkoe, KOMNAKmMHoe, C83HOE, 3AMKHYMOe,
dsymeproe mHozoobpasue M? moxcrno npedcmasumeo 8 gude:

= -1,-1 -1 e
W =aqa,...aya7'a; ...ay_,a%,

2de e = —1 mozda u moavko moeda, koeda M? = M? (opuenmupy-
emo), 8 amom caysae N uwemuo; u € =+1 (N -—mo6oe) moeda u
moabko mozda, koeda M? = M? (neopuenmupyemo).

HokasarteabcTBo. OTMETHM, YTO Takoe NpeacTaBieHHe M2
Ha3blBaeTCsl KAHOHUYECKo# cuMMeTpuyHod dopMoit. To, uto W nyreMm
OMMCAHHBIX 3JE€MEHTAPHBIX ONepalHi NMPUBOAUTCS K OJHOMY M3 BHAOB
(1), (2), caenyer u3 npenpinyuiero. PaccMoTpuM Ai1s onpenesieHHOCTH
e =—1. Hano nokasarp, 4TO npejicTaBieHHe, ONHCAHHOE B HACTOsIIEN
TeopeMe, BO3MOXHO 1isi moGoro M?2. Jlanee cM. puc. 113. Tak Kak
N =2g uetHo, To W npusoaurcs k Buny W =a,b,a7'b;". . .a,b,a;'b,",
rae g awo6oe, 4To U TpebGoOBaNOCh JOKa3aTb. AHAJOTHYHO paaanaeTCﬂ
u caydail € = +1 (nposepbre!). O

Mt He pacrnosiaraeM 3fech annapaToM JAJIsi JOKa3aTeabCTBa TOTO, YTO
MHOTo0Gpa3usi M He roMeoMop(Hbl IPYT IPYTY NpH g, # g, ¥ uTO M?
He romeomop(pﬂbl Y 1, 7 thy, @ TAKXKe, uTO M? 1 M? He romeomoplpﬂbl
Mu coobmaeM 3TH dakThl Ge3 noxasaTe.anTBa
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Puc. 113

§ 6. PuMaHOBBI MOBEPXHOCTH alnredpandeckux GpyHKIuR

HanmomHuM npocThie CBOHCTBAa KOMIVIEKCHO3HAYHHIX (PYHKIHI, KOTO-
puie HaM notpebyoTes. OtHeceM C™ K KoopauHaTaM z!, ..., z". Ecau
v(t)=(z'(¢t),..., 2"(t)) — rnagkasi KpuBasi, TO
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o _1(o _ .0\ o _1(8 .0
8z~ 2 \oz gy )1 0z 2 \Oz &y /)

OtoxnecrBuM C"{z*} u R>™{z* y*}. Torma, kak yxe orme-
yajoch, Jo6oit mommHoM f(z2',...,2z") MOXHO 3amucaTth B Ie-
pemennnix {z*, y*}: g(z',y';...;z", y"). O6paTHo: moGoi momu-
HoM g(z',y';...;z" y") MOXHO 3amucaTh B NepemeHHnx {z*,z*}:

f(zY 24 . 20 27).
Jemma 1. [Torurom f(%‘f, z';...; 2™, 2™) He 3a8ucum om z* moeda

u moavko mozda, Kozda 3.5 = 0.
z

JokaszatenbcTBo. B omHy cTOpOoHY yTBep)KieHHe OUEBHAHO.
a - J—
[TpoBepuM, uTto eciu 657 =0, to f(2!,2';...; 2", 2™) He conepXuT ne-
peMeHHOM z®. JIoNyCTHM NPOTHBHOE M NPeicTaBuM f B BUe MOJHHOMA
10 CTeneHsM NepeMeHHol z%: f = w - (2%)” +. .., rie Ko3ahHHUHEHTH
ag ... He 3aBucHT oT z°. IlycTh p — MaKcuMaJibHas cTeneHb 2°. Toraa
f

5= =P" w(z*)P~!.. ., 4TO MPOTHBOPEYHT ycJIoBHIO. (]

HanomuuM, uto f(z!, 2.2 z™) Ha3blBaeTCsl aHaAAUMU1ecKol,
ecsn :—f_a =0, | < a < n. [Ipu n =1 umeem R?(z, y) =C!(2) =R?(z; 2),
z
_ . )
f(z, y) = 9(z, 2) = u(z, y) + iv(z, y). Ecamn g% =0, To

%(u + v) +i%(u +1v) =0,

(B-8)ri(Eed)=0 &=5 §-%

ik 82 52

Uy TV 6y2 820z°

vy

Hawm morpebyercsi KOMIJIEKCHBIH aHAaJlOr TEOPEeMbl O HesIBHOH (yHK-
umnu. JlokasaTeabCTBO COLEPKHUTCS B Kypce Teopun (QyHKIMH KOMILJIeKc-
HOro TepeMeHHOro.

IIpeaaoxenne 1. [Tycmo f(z, w) — KOMNAEKCHO aHaAUMUYECKAS
Qyrkyus na C*(z, w). Paccmompum ypasnerue f(z, w)=0 omuocu-
MeAbHO NepemeHHol w, U n]ycmb 8 Hexomopoii mouke By € {f =0}

9

8blnOAHEHO coomHouenue - #0.

Toeoa cywecmsyem omkpoimas okpecmrocme U(FR) mouku B
6 C?, maxas, umo 8 Hell cywecmsyem pynxkyus w = g(z) co
csolicmseamu:

1) g(z) —xomnaexcro anarumuueckas,
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2) pynkyus w=g(z) — pewerue ypasnenus f(z, w)=0 8 oxpecm-
nocmu U(R), m. e. f(z, g(2))=0 8 U(F), u amo pewerue eouncm-
senno 8 U(R).

l'eoMeTpHuecku yno6HO paccMaTpHBaTh pelteHHe w = g(z) B BHAE
rpadmka (puc. 114).

¢'(w) D
(w)=5’ (v S

u(r,)

Puc. 114 Puc. 115

Onpegeaenne. Ilycts f(2, w) — NOJMHOM TO NepeMeHHbIM z, W
B C?, u nycTb ypasHeHue f(z, w) =0 pa3peminMo OTHOCHTEJILHO W B
HEKOTOpOH OTKphITOH okpecTHocTH U(F,) (Hanpumep, mycTb gw—f #0).
Torpa ¢yrkuns w = g(z), ABASIOWAsCS pelleHHeM 3TOro ypaBHeHHs,
Ha3blBaeTcst anreebpauieckoli, a COBOKYIHOCTb ToUYeK (2, w) TaKHX, UTO
f(z, w)=0 (1. e. HyJIeBasi HOBEPXHOCTb YPOBHs hyHKUMM f(2, w)), Ha-
3bIBa€TCS PUMAHOB0L NOBEPXHOCMbIO OAs arzebpauveckol yrKyuu
w = g(z) B Tex TOYKax, rae onpejpeneHa w = g(z).

OrMeruM, uTO ecin B Touke By = (z,, w,) uMeeM % #0, To B
U(R,)) cymecTByeT peuenue z = p(w), T. e. ypaBHeHne f =0 MoxHo
paspewnTts oTHocHTeNbHO 2. IIpn sToM ¢(w) ymoBierBopsieT ycioBH-
sM 1), 2) npemyioxenust 1. Urtak, yciioBHe J0KanbHOH pa3pelIHMOCTH

af 9
ypaBHeHus f(2, w) =0 umeer Bupg grad f = (a—':, %f) #0, rne grad f —
KOMIIEKCHBIH TPagHeHT QYHKUMH f.

3anuueM noauHoM f(z, w) B o611eM BHAe, Pa3JIOXKHB ero, HalipuMmep,
no crenedsM z: f = ay(w)z" + a,(w)z"~! 4 ... 3gech KoshdHIHEHTH
a,(w),0 < k € n, — nojuHoMbn or w. Cpasy OTMETHM CBOHCTBO
DPHMaHOBHX [OBepXHOCTeH aJjre6panuecKux (GYHKUHH: NOBEPXHOCTH
HEKOMIIAKTHHl M YXOAAT Ha 6eckoHeuHocTb B C2. (Msl cuuraeM, uto f
OTJIMYEH OT TOXJAECTBEHHOro HyJs.) B camom mene, dukcupyeM Touky
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wy € C'(w); BO3HHKaeT ypaBHeHHe ag(wy)2z" + a,(wy)2"~!...=0 oTHo-
CHTEJIbHO z; TI0 M3BECTHOH TeopeMe ajreGphl OHO BCErfa MMEET KOM-
IJIEKCHBIH KOPEHb, T. €. CYIIECTBYeT TOYKa z, Takas, uTo f(z,, w,)=0.
[TockosbKy w, MOXHO ycTpeMuTb K OGeckoHeuHoctH mo C!(w), To
noBepxHocTb f(2, w) =0 Takxke yxomut Ha 6ecKoHeuHocTb (puc. 115).
Tak kak UMeeM [eJO C TOJHHOMOM, TO, KOHEYHO, MOXHO ObLIO Gl
NepeiTH OT HEONHOPOIHBIX KOOPAHHaT 132(CIP’2 K OJHOPOJHBIM KOODAHHA-

taM z', 22, 2%, nonoxus z—za, w=%. Toraa f(z, w)= 2 a,whz?

TPeBPaTHTCS B ONHOPOMHBIA MoHHOM ) a, (z')!(z?)"(2%)*~ P+, rpe
s — HauboJsblasi cTerneHb MOHOMOB wFz?; deg(w?z?) =p + q. Tak
MOXHO KOMNaKTH(QUUHPOBAaTb PUMaHOBY NOBEPXHOCTb, IIepeHecs ee U3
C? B CP2. Iockosbky ypaBHenue g(z!, z2, %) =0 na CP? nonuHOMu-
aJlbHO, OT 3Ta moBepxHocTb ypoBHs B CP? xoMnaktHa. Mbl He Gynem
BJIAaBAaThCsl B JleTAJIH 3TOH KOMNAKTHOHKALMK, TaK KakK MNpoleaypa 3ta
HeTpPUBHAJIbHA U He OyeT HaM HYXHa JJsl JaJbHeHuero.

H3y4yuM, Kak yCTpPOEHH C TOMOJOrH4eCKOi TOYKH 3peHHs] PHMaHOBHI
noBepxHocTd. C BelllecTBEHHON TOYKH 3peHHs, ypaBHeHue f(z, w)=
=0 pacnanaercs Ha asa: Re(f) =0 u Im(f) =0 B R*, T. e. B Toukax
obiero mosoxeHuss MHoxecTBo f =0 — nByMepHas (BellecTBeHHas)
TIOBEPXHOCTb.

Teopema 1. Ilycmo nosunom f(z, w) umeem 8ud f = w? — P,(2);
nycme noaurom P,(z) ne umeem kpamuoix Kopreii. Toeda ypasHerue
f(z, w) =0 onpedessem eradxoe dsymeproe (Had R) nodmHoz2006-
pasue 8 C*(z, w).

NoxaszateabctBo. [lycTs Touka F, NpHHaMIeXHT MHOXe-
ch' {f =0} n umeer KoopmuHaTh (z, w,), rae w, # 0. Torma
F,

=qui '#0 B F, T. e. M0 TeopeMe O HeSBHOM (YHKUUH

ow
(cM. orlpeu,uox(elme 1) mosepxHocTs {f =0} sBAsieTcsi B HEKOTOPOi
OKpecTHOCTH F) riaaxuM AByMepHHIM NOAMHOroo6pa3ueM — rpapukoM
ajrebpandeckoil pyHKuuH w = g(z). Pemenue w = g(z) B Hawem cay-
qae uMeet BuA w = {/ P,(2). Ocranoch paccMoTpeTh TOUKH R = (z,, 0).

Ho grad f(R) =( dF, (z") O) # 0. B camom ne.ne ecau 6wl

P,(z,) =0, To B TOouKe (zo, 0) umenu 6u P,(2,) =0 n P ) (2,) =0.

TCIONA 2, — KPaTHHI KOpeHb P(z) 4TO npomaopeqm YCJIOBHIO.
Hrak, grad f(R)#0, u B HeKOTOPOH OTKPHTOM OKpecTHOCTH U TOUYKH
(29, 0) nmoBepxHocts {f =0} 3amaercs riagxkuM rpadukoM w = g(z),
rae g(z) — aHanuTnyeckasi pyHkuus. O

[To3HakOMHMCSI C OCHOBHBIMM CBOHCTBaMM ajre6paHyecKux ¢yHK-
LU H.
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1) Anrebpauyeckne GYHKUHH OOHYHO SIBJISIIOTCS MHOTO3HAaYHBIMH,
T. €. HEKOTOPHIM 3Ha4YeHHsIM apryMeHTa z OTBeyaeT HeCKOJbKO 3Hauye-
Huil GyHKIMM w = g(z). [IpuMep: w=¥/2", Ille ¢ ¥ n B3AHMHO MPOCTHI.
[pocreitiuumit ciyyait: w = +/z, Koraa KaxkaoMy z, OTBeYaeT POBHO 1Ba
3HaueHHus w = %,/7,, ecu 2%, # 0. AHa/NOrH4YHO, MHOTO3HAYHOH MOXeT
ObITb U QyHKUMS z = (w). JInHe#Hast GyHKUMsT w = az+b ofHO3HauHa.

MHoro3HayHOCTb w = g(2) MOXHO IPOKOMMEHTHPOBaTh TaK. Paccmo-
TPHM OPTOroHaMbHYI0 npoekuuio w: C2 — C!'(z), n(z, w) =(z, 0); npu
3TOM npoo6pa3oM Jo6oi TOYKH z, € C!(2) siBiIsieTcst KOMILJIEKCHAs! TIpsi-
masi H(z,), napannensHast C'(w); puManosa nosepxHocts ['={f =0},
paccMaTpuBaeMasi Kak rpaduk w = g(z), Takxe IPOEKTHpyeTcs Ha
C!(z); npu sToM mpoo6pa3soM J060# ToUKH 2z, € C'(z) npu npoekuun
m: [ — C!(2) aBASAOTCS B TOYHOCTH BCe 3HaueHHs! QYHKUHH w = g(z)
B TOUKe 2, (puc. 116). [Tockoabky ¢yHKIMS w = g(z) aare6panyeckas
(1. e. f — noauHOM), To 06pa3oM moBepxHOCTH [ mpH NpoeKuUHH 7
['— C!(z) siBasiercs Best maockocets C!(z), T. e. wist 06oro z, € C!(z)
CYIIECTBYET 10 KpaiHel Mepe OfHO pelleHHe MOJHHOMHAJLHOTO ypas-
HeHHus f(z,, w)=0.

%

J} 20) o)
0

Puc. 116 Puc. 117

CpenaeM 3aMeHy nepeMeHHOH: 3anuueM w = g(z) B Buge w = p(P),
rie P € I — nepemeHHast Touka Ha nosepxHocty, [ (puc. 117). ScHo,
uro w = p(P) — ogHo3HauHas QYHKLMS, TaK KaK KaXIOMYy 3HaY€HHIO
apryMeHTa P € orBeyaer B TOYHOCTH ONHO 3HaueHHe (YHKUHH
w=p(P). Mbl fo6unucs Toro, yto anrebpauueckasi GyHKUHs (B HOBBIX
nepeMeHHbIX) CTala ONHO3HAYHOH, HO 32 3TO NPHULIOCH «3aMJATHTh»
3HAYHTENbHHIM YCJIOXXHeHHeM o06/1acTH H3MeHeHHsl apryMeHTa (yHK-
unu: BMecto C'(z), rme MeHsuiach NepeMeHHasi z, Mbl BHIHYXKJIEHbHI
Tenepb MeHATb apryMeHT P Ha noBepxHocTH ' — gByMepHOM MHOro-
obpazumu.



§ 6. PUMAHOBBI [TOBEPXHOCTH AJITEBPAMYECKHUX ®YHKLIHUN 281

Hrak, pumaHoBa nosepxHocTb I'={f =0} anre6panyeckoil GpyHKUHH
w = g(z) saBasiercss 06JIACTHI0O ONHO3HAYHOCTH 3TOH (YHKUMH. ITO
CBOMCTBO HHOTZA KJIafieTCsl B OCHOBY JPYroro OnpejesieHusi pUMaHOBOH
MIOBEPXHOCTH, SKBHBAJIEHTHOIO HalueMy.

2) Tak Kak mist Kaxnoro z € C'(z) cymectByer, BooGlie rosops,
MHOro 3HaueHMH w; = g(%,) (MX YHCJIO PaBHO YMCJY Pa3HbIX KOpHeH
TIOTMHOMHAJIbHOTrO ypaBHeHHs f(z,, w)=0), To B OTKPHTOH OKpPecTHO-
CTH KaX0ro 2, € C'(z) MOXHO onpeneuTh Ha6op HeNpPepLIBHLIX (naxe
rnankux) oyHkuun w={y,(2)}, | <7 <k, rie k — creneHnb noJuHOMa
ag(z)w* +a,(2)w* " '+.. .+a,(2z) = f(2, w) no nepemennolt w. Kaxnas
M3 HHX ONMCHIBAeT H3MEHEHHe KaKOro-TO OJHOTO KOPHsI ypaBHEHHsI
f(2, w) =0 npu naMeHenun z. Pynxkuun ¢,(z), 1 <7 <k, MoxHO
TIPOJIOJIKATh Ha BCe 3HaYeHHs MePeMeHHOH z; NPH 3TOM B HEKOTOPHIX
TOYKaxX 3TH NMPOAO/DKEHHbe (QYHKIMH MOTYT COBManaTth W, 6oJiee TorO,
MEHSITbCSI MECTaMH.

dyHKuuH @, (2) Ha3blBalOTCS 8emgamu aicebpaudeckoil ¢pynkyuu
w = g(z). Kaxnas BeTBb ONMHChIBaeT MNOBeJEHHE KAaKOTO-TO KODHS
ypaBHeHHsl f(z, w) =0; Mbl CYyHTaeM z NapaMeTPOM B YypaBHEHHH
f(z, w)=0, a2 w — nucKoMOi BeJHYHHOH.

Hap kaxneiM z, € C!(z) «BHCSIT> 3HayeHuss QYHKuMH w = g(z),
SIBJISIIOLIMECST KOPHSIMH YpaBHEHHsI

f(zg, w) = ay(z)w* + a()w* ' +... + a, (%) =0.
W3 TeopeMnl 0 HesiBHOH QYHKUMH CJELyeT, 4YTO KaXKasi BETBb OIpefes-
eT (IIOYTH BO BCeX TOYKAaX) rVIafKoe, aXKe KOMIJIEKCHO aHaIUTHYECKOe
noaMHoroo6pasue B C?, Tak Kak ¢,(z) — (JI0OKaJbHO) KOMILJIEKCHO
aHaJuTHYecKass QyHKIHS.

3) ComocTaBHM KaXKIOH TOYKe

%, € C'(2) umcio k(z,), paBHoe c'(w)
YUCJYy Pas3JMYHHIX KOpPHEH Yypas-
HeHust f(z, w) = 0. SlcHo, urO
k(2,) < k. Ecan Bce KopHH ypas-
HeHust f(z, w) =0 mnpocrhe, TO
k(z,) = k; eciu Xe ecTb KpaTHHE
KOpHH, TO k(z)) < k. Uncno k(z)
PaBHO YMCJY Pa3/JMYHbIX 3HaYeHHH
w = g(z) B TOUKe 2,. TOUKH z,, Ie
k(zy) < k, xapakTepH3yIOTCs TaKXKe
TeM, YTO B HHX HEKOTODHe BETBH
©;(2) pyHkunn w = g(z) cauBawOT- Touxa Bembrenun  K(Zf=K '(z)
csl BMecTe, YMeHbIUas YHCJIO pas- Hizg)<x

JHYHbIX 3HaueHH# {y;(z)} Hanm z,
(puc. 118). Puc. 118
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ByneM cuurats, uto f(2z, w)= w? — P,(2), u noiuHoMm P,(z) He
MMeeT KpaTHbIX KopHel. B cuny Teopemst 1 mosepxHocts '={f =0} —
KOMILIEKCHO aHaluTHYeckoe nogMHoroo6pasue B C2. Touku z, € C'(z),
LIS KOTOPHX k(z,) < k, Ha3oBeM moukamu semeieHus arzebpau-
ueckol dynkyuu w = g(z) (06 s3ToM TepMuHe cM. Huxke). B cayuae
w = {/P,(z) Toukamu BeTBieHHs (B KoHeuHo# wactu C!(2), T. e.
B nuockocTd C'(z), He NMOMOMHEHHOH «GECKOHEYUHOCTHIO») SIBJISIOTCS
KODHM mosiuHoma P, (z); mpuueMm ecsH z,, ..., z, — KopHu P,(z) (Bce
OHH IIpocThe), TO k(2,) < k =g =deg, (w?— P,(2)), Tak KaK k(z,)=1,
1 < @ < n. Touky «GeckoHEYHOCTh» MIOKA He paccMarpuBaeM. Mrak, Bce
TOYKH BeTBJEeHHs QYHKUMH w = {/ P,(2z) U30JMPOBaHHI.

4) Touku BerBieHus (B KoHeuHo# yactu C'(z)) ob6nagaiT TakuM
CBOHCTBOM: B HHMX CJIHBAIOTCS HECKOJbKO BeTBeH (yHKUHMH w = g(z).
Taxk Kak TO4Ka BeTBJEHUsI H30JHPOBAHA, TO MOXKHO CUHTATh €€ LIeHTPOM
JOCTAaTO4HO MaJjioro aucka D2, B KOTOPOM HeT APYTHX TOYEK BETBJIEHHUS,
a notoMy k(z) =k npu z € D? z # z,. PaccMOTpUM OKDYXHOCTb C
LIEHTPOM B z,, pacnoJjioxxeHHyio B D?; cosepwuM 006Xo[ 1o Hell BOKpYT
%,. Torma BetBH GYHKUMH g(z), BooOlle roBops, MEHSIOTCS MeCTaMH
H, 00Xo[s Hy»HOe YHCJIO Pa3 BOKPYT z,, MOXHO IlepeHTH C BeTBH Ha
BEeTBb.

V0070000000070 7z z07ggggmg 7777z zz”77zz7zz7 777 77 2]

Puc. 119

Pas6epem npumep. Ilycts f = w? — P(z), roe P,(z) He uMeer
KPaTHBIX KOpHeH; nycTs n=1, 1. e. f = w® — z. Torna w = g(z) =/z.
Sleno, uto k=2, w={(2), py(2)}, re ¢,(2) =+/2, s(2)=—v/%;
ecin z =r1e™, T0 U @ (2) = VTe?, v (2) = —/Te¥?, p,(2) # py(2)
npu z #0, ¢,(0) = p,(0) =0. Touka 0 € C'(z) — exuHCTBEHHAasi TOYKa
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BETBJEHHsT B KOHeYyHoH uacTH nnockoctH. O6e BeTBHM — ruagxue
¢ynkuun. [Ipu o6xome Bokpyr O (r mocrosiHHo, O < ¢ < 27) BeTBH
¢,(2) 1 ,(2) MeHSIOTCST MeCTaMH:

‘Pl(z)z\/;e% - \/;eﬁqﬁl =—\/Fe% = py(2).

YcnoBHO 3Ta cXeMa nepecTaHOBKH H3o0paxkeHa Ha puc. 119. Ha
caMoii DHMaHOBOH MOBEPXHOCTH OCOOHIX TOYEK HeT, TaK Kak [ —
raajgkoe nogMHoroo6pasue B C2.

H3ayuyuM riobasnbHble TOMONOrHYECKHE CBOHCTBA PHMAHOBBIX OBEPX-
Hoctei. OrpaHuuuMcsi caydaeM f(z, w) = w? — P,(z), rne P,(z) He
uMeeT KpaTHHX KopHe#. [losepxHocts I 3amaetcss B C? Kak rpaduk
w=g(z) =+/P,(z). U3yuuM nosenenue I' Ha GeckoHeuHocTH. Caenyet
MOSICHHTb, YTO Mbl OyeM MOHHMaTh 1nof «GecKoHeuHoCThIO». MMeeTcs
HECKOJIbKO Pa3HbIX c0cO60B NMPHAATb 3TOMY COEPKaTeJbHbIH CMBICI.
Ita 3ajaya HasbiBaeTcsl 3ada4el Komnaxmugpukayuu 1 cssana c 6o-
Jiee 0OLIMM BOIPOCOM: KaK MOXKHO [eJIaTh U3 HEKOMIIAKTHBIX OTKPHITHIX
MHOroo6pa3uii KOMMaKTHHE MHOroo6pasusi, «[IPHCOeNHHsisi Kpai». B
obmeM caydae, 3Ta 3ajaya He MMeeT YHHBEPCAJbHOrO PelUeHHs, TaK
KaK MOHSITHE KOMIAaKTH()HUKAUMHK 3aBHCHT OT HYXJ JAHHOH 3amayu —
OfHO M TOXe OTKPbiTOe MHOroo6pasue MOXXHO KOMMAKTH(GHUHPOBATh
pPa3nMYHBIMH crioco6aMu (ecau OHO BooOlIe HOMycKaeT KOMIaKTH(HKaA-
LHIO).

PaccMorpum npsimyio C!(z) u nonosHuM ee GecKOHEYHO yAaleHHOH
TOYKOH, T. €. MPUCOENMHUM K miockocTH R?(z,y) GecKoHEYHOCTb;
npu 3toM C! Uoco npespamaercss B S?, KoTopyio OyneM HaseBaTb
nonoanernol komnaiexcrol npamoti. UMeeTcss KaHoHHYecKH# croco6
OTOXIECTBHTb MONOJHEHHYI0O KOMIIIEKCHYI0 MPSIMYyI0 C OJHOMEPHHM
npoctpaHcTBoM CP!. Bruibepem mis CP' Monens (Az', A22), rie A #0;
paccMoTpuM oTobpaxeHue

h: (2!, A2?) = 22— 2 € 52 Cl(z) U oo
Az z

Ecn § =5 =p, To MOXHO cuutath, uto a=1,c=1,T.e. b=d=p""' u
(1, p~N)=(1, p7!), 1. €. B «<KOHEYHHIX» TOUKAX PACIIHPEHHOM MJIOCKOCTH
R?Uoco = S? orobpaxenne h — romeoMophusM; no6aBjeHHe TOYKH 0O
COXpaHsieT 3To cBoicTBO h. MTak, nHOrma MoxHo cuurtath, yto CP! &2
>~ S§2. HanoMHHM, 4TO OTOXKIECTBJEHHE MOMOJHEHHOH MJIOCKOCTH ¢ 52
MOXXHO IPOM3BOAHTD C MOMOLIBI0 CTePeorpaguyeckoi MPOEKLHH.

PaccMoTpum Teneps mpsimoe npousseneHue S? x S2. B aToM yeTH-
pPeXMEpPHOM MHOroo6pa3WH MOXXHO BBECTH KOMILTIEKCHYIO CTPYKTYPY,
Tak kak S? = CP!, 1. e. S? — xoMnnekcHoe MHoroo6pasue. Puk-
cupyeM Ha Kaxpod ctepe S2?(z) u S%(w) TOYKH o0, M 0O, —
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GecKOHEeUHo yAaJeHHbe ToUKH. bynem cuntath, uto S2(2)=C!(2)Uoo,,
S%(w) = C!Y(w) U co,. Torma B S?(z) x S?(w) BbimeneHa TOY-
Ka (00,,00,), Uepe3 KOTOPYI0 MpPOXOASAT JABa 3K3eMIuisipa ccephl:
00, x S%(w); S*(z) X co,. Ecan Mu BhiGpocuM 3TOT GyKeT ABYX chep
(ckyeeHHHX B Touke (00,,00,)), To noay4yuM R*, oToxnecTBjeHHOE C
C?(z, w) (puc. 120). flcHo, uToO

(8%(2) x S*(w)) \ [(§?(2) x 00,) U (00, x S*(w))] =
=(8%(2) \ o0,) x (§*(w) \ 0,) =C!(z) x C'(w) = C*(z, w).

0x5°(w)

0

) xc'(w)

Puc. 120. (5% x $?)[(52(z) x 00,) U (00, X S2(w)] = C?(2, w)
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ITO0 — YyacTHHIH ciaydaid GopMyJIb

(X xY)\[(X X %) U (7 x V)] Z(X \ 1) x (Y \ 5),

rie € X,y €Y.

O6paTtHo, C*(z, w) MOXHO NPEBPATHTb U3 HEKOMIAKTHOTO OTKPHITOrO
MHOroo6pa3usi B KOMNaKTHOe, IPUCOEJUHHB K HEMy KpaH, T. e. GyKeT
nByx cdep: (S2x00,)V (0o, x S2), CKIeeHHHX B OQHOH TouKe (00,, 00, )
(6yxemom Osyx monosocuueckux npocmpancms X u Y HazuBaercs
MPOCTPAHCTBO, MoJyyeHHoe U3 X M Y OTOXIECTBJEHHEM [BYX TOYEK:
7€ X, yo € Y; o6o3Hauenne: X VY). DTo u ecTb oauH U3 crnoco6os
koMnaktuukamuun C2. Jlpyroit crnoco6 — npucoenunuts K C? opuy
TOUKy — GeckoHeyHocTb, yTo mpespauwaer C? B coepy S*. dtu nsa
crioco6a CyIecTBeHHO PasJiHyYHbl; MOXKHO J0Ka3aTh, 4to S? x S? u S*
He roMeoMOpPGHH (Z0Ka3aTeJbCTBO OMYCKAaeM).

Ectb 1 eue oguH cnoco6 KoMnaktuduuuposats C? 1 NpeBpaTHTh €ro
B KOMIaKTHoe MHoroo6pasue. DToT crnoco6® YaCTHYHO HAM H3BeCTeH
M 3aKJIYaeTcs BO BBEJEHHMH MPOEKTHBHHIX KOoopauMHAat. PaccMorpum
CPP?, oTHeceHHOe K OMHOPONHHIM KoopauHataM (z!, z?, z3); Torna CP?
MOKPLIBAETCS TPeMsl KapTaMu, roMmeoMophHuMu C2:

Al = {’\(xla (1:2, z3)’ xl #0},
Ay={\(z', 2%, 2%), 2 £0}, A,={A(z!, 2, 2%), 2* £0}.

[Tycts
\ L s 2 22 2! 22
ay: Ay — C¥(z, w), ag(A (2!, 2%, 2%)) = a3 FEm w=T5

Torma o, — romeomopdusM Mexny kaprodr A, u C2. AHanormuHo
CTPOSITCSI TOMEOMOPHU3MHL a: A, — C*(u, v), a;: A, — C*(a, B);

z! 3 2 3

u=2% y=Z%.q="% g=Z
22, 2:2’ :z:“ :z:l’

(puc. 121). [Monoxum

CP =S ={X(0,2% 2%}, CP=5={\(<',0,2°)},
CP = S2={\(z!, 22, 0)}.

Torma CP2=A,U S, CP2=A,U S}, CP?=A,US?, rue KOMIaKTHHE
ABYMepHHEe MHoroo6pasus SZ, SZ, S romeoMoptHsl S2. Utak, C? Mox-
HO KOMNakTuuUHpPoBaTh f00aBjeHueM chepsl S?, uto npespamaer C?
B CPP?; npuueM 3T0 npHcoefuHeHHe Cheps MOXKHO OCYIIECTBISATh ABYMSI
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croco6amu (cM. Bhie). PaccMorpum Bee TpH criocoba KOMMNaKTH(HKa-
uun C? 1 npociiequm 3a TeM, YTO [POHCXOAUT NPH 3TOM C PHMAaHOBOH

nosepxHoctbio I', BioKeHHOH B C2.
Tak kak ' HeKOMmakTHa H YXORMT
Ha GeckoHeYHOcTb, TO I Takxe INoOA-
Bepraercsi KOMIAaKTH(QUKALMH, TIPEB-
pamasicb B KOMIIaKTHOE TOTOJOTHYe-
ckoe npoctpaHcTso I. [Tokaxewm, uro
I' — riagkoe MHoroo6pasue.
Teopema 2. Komnaxmuguyupy-
em C2 0o S? x S2, donosnus C?
6ykemom O0syx cgpep: S?V S%=
= (5%(2) x 00,) V (00, X S¥(w)).
IIpu amom pumarnosa nosepxrHocms
Puc. 122 [ aneebpauueckoi pynkyuu w =
= /P, (2) (noaunom P, umeem
npocmoie KOpHU) Komnakmugpuyupyemcs 00 KOMNAKMHOZ0 2Aa0KO-
20 3amKHYymoezo 0symepHozo mHozoobpasusn I.

HNokaszatenbctBo. PaccMoTpuM cHavana Ty 4actb I', Kotopas
conepxutcsi B C? = (5% x §%)\ (§?V S?). B cuny Teopemsi 1 sta yactsb
' — raapxoe MHoroo6pasue. Mayuum I'N (S?V S?). Mbl yrBepxnaen,
4TO 3TO — OfIHA TOYKA, T. €. I’ TOJbKO B OJHOM TOYKe KacaeTcst MHOXe-
cTBa 6eCKOHeuHO ynajleHHbX Touek (S2(z) x 0o, )N (oo, x S?(w)). B
caMoM Jiesie, M3 BHIa w =/ F,(z) cirenyer, uto o6pasoM GecKoHeyHo-
CTH siBJIsieTcs] 6ECKOHEYHOCTb M TOJbKO OHa, T. €. [ COmepKHUT TOJNBKO
onHy 6eCKOHeYHO yJasleHHYI0 TOuKYy: (00,,00,) (puc. 122).

JlokaxkeM, 4TO B OKPEeCTHOCTH TOYKH (00,, 00, ) Ha [ MOXXHO BBecTH
CTPYKTYPY IJ1afikoro MHorooGpasusi. Beenem Ha S? x S? KOOpAMHATH,
B3sIB B KayecTBe HHUX MepeMeHHble z H w, npoberawmue S2(z) u S%(w).
CnenaeM 3aMeHy u = 1/z, v =1 /w. [TockonbKy 3aMeHa z — u = 1/z
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peryasipHa Ha S%(z), To oHa peryJisipHa u Ha S*(z) x S*(w); npu sTOM
00, =0, € S*(z), o0, — 0, € S*(w). YpaBHeHue

w'=F,(2)= H](z — ),
k=
Iie a; # a; NpH % # j, Npespawaercs B

1 LS| PR LR < TR .
?_kl;ll(i_ak)—o' o2 kl;.[](l a,u)=0,

T. e n
V= .
IT (1 -a,u)
k=1
HayuuM cTpykTypy HyJel QYHKUMH
fu,v)=1%— ,‘L
kl:[](l —a,u)

B okpecTHOCTH TOYKH (u =0, v =0). CrenaeM 3ameny: v>=t, u = u.
n

Torna ypaBHeHHe npuoGpeTaer BUA t = —— . Iloncyer rpanuen-
kl'll(l —a,u)

Ta jaer grad f(t, u)|,=(1,0) mpu n > 1 u grad f(t, u)|,=(1,1) npu
n=1, 1. e. grad f #0 B Touke 0, ¥ N0 TeopeMe 0 HesiBHOH (YHKUHH
HCKOMasi IOBEPXHOCTb B NlepeMeHHHIX (i, u) — riaaxoe nogMHoroo6pa-
sue B C? (B okpectHoctu 0). IIpu obparHoit 3aMeHe v =Vt,u=1u
rpaduk npefpiLymiero MHoroo6pasusi noaBepraercsi Nnpeo6pasoBaHUIO
u3BJleueHHs: KopHs. Tak Kak ypaBHeHue v? — t =0 omnpenessieT 0KoJo
0 riagkoe mogMHoroo6pasue, TO H HCXONHBIH rpadHMk OB TJIagKHUM
nogMHoroo6pasueM. [

IIpu mpyrux koMnakTudukauusx (Lo6aBJeHHH TOYKH M NOGaBIEHHH
cdepnl) cooTBeTcTBYIOUIMe KoMNakTHuKamuu [ u I Takke O6ymyT
IIaIKUMH MHOroo6pa3usivi B KoMnakTuuuuposaHHoM C?; 3Toro Ml
He OyfieM I0Ka3biBaTh B 00IeM cJy4yae, OrPaHHYMBIIKCH IPUMEPAMH.

[Tpu komnakrudpukaiuun C? — C? U oo = S* mosepxHocts I, BiIO-
XeHHass B C?, Takxke KOMNAaKTH(OHUMpPYeTCsi OOHOM TouKoi. [Ipu
koMnaktuukaiuun C? — C*U S? = CP? curyauus cioxHee. Tak Kak
FCc A;={X(z', 2 %), % # 0}, To npu komnakruduxamuu C> — CP*
clenyer HaiiTu nepeceyenue I ¢ fo6asieHHo# chepoit S?=CP! = S7.

1 n

2
Iycrb n > 2. Ipu 3amene z = %, w= % ypasHerue [] (z-—a,)=w?
k=1
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nepexomut B (z?)?(z3)»~2 — f[ (z! — a,z®) =0 (nposepsre!). Tak xak

S; onpenensercs 8 CP? ypa;}l_elﬂnem z® =0, To IS HaXOXMIEeHHUsI Niepe-
ceyenusi ["N.S? crenyer noJoXuTsb B 3TOM ypasHeHun z° =0, uro naer
pemenue (z' =0, z* moboe, z° =0).
dro 3Hauut, uto [" N S7 cocrout
M3 ONHO TOUKM, MMelOlleH B Kap-
e A, ={\(z!, :7: , %), 22 # O; KO-
OpPIUHATHI: u———O v—I——O

(pnc. 123). IIJm H3Yy4YeHUsl JIOKaJb-
HOH CTPYKTYPHl MHOXECTBA pellleHuiH
ypaBHeHHsI

(@22 - I1 (' - a,2%) =0

B OKpecTHOCTH ToukH (z! = 23 =
=0, z2= ), cienyer caenaTb 3aMeHy
1 3
Puc. 123 u=2%;, v= "5, 4r0 maer ypasHeHue
T T
n
g=v""2-]] (v—a,v)=0. Ilpu n >2 nonMHOM g UMeeT HyJeBOi rpaau-

k=
€HT B TOUKe iO, 0); aTO He NO3BOJISIET HENIOCPEACTBEHHO YCMOTPETb, 4TO
MOBEPXHOCTb — IJIafKOe MOAMHOroo6pasue B 3TOH Touke. XOTsI MOXHO
crenaTb HOBYIO 3aMeHY, Nocjie KOTOPOH 3TOT (DaKT CTaHeT OYEeBHIHEIM,
Mbl He 6yieM Ha 3TOM OCTaHaBJHBATbCsl, H PACCMOTPHM TOJBKO CJIy4au
n=1lun=2.
[Tpu n =1 nmeem:

2

2
w? —2z=0, (2—3) —I—;=0, (z?)? — z'z®=0.
T z

Tak kak [ C A4;, TO Hy)KHo Haiitu 1" N S2Z 1. e. mojoxurh z° =0,

uro paer (z' — mwboe, z?2 =0, z® =0). Urak, nepeceuenue I ¢

GecKOHEYHO yHaJieHHOH cdepoil S — onHa ToUKa, HMeOIAs B Kap're
3

A ={\(z, 2%, 2%), 2! # 0} koopuuHaTH a = = —0 B===0. lns

2
usyqemm OKPECTHOCTH 3TOM TOYKH CJEefyeT ChelaTb 3aMeHy a = -,
T

:!I
B = T 4TO laet

(@)~ 222 =01 [(F) - 5 =0] =[a?~ 5 =0}

8
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SlcHO, YTO 3TO ypaBHeHHe omnpefessieT IJajkoe MNOAMHoroo6pasue B
OKPECTHOCTH TOYKH « = [ =0, YTO U N0Ka3bIBaeT IJIafKOCTh KOMIAK-

THOUUHPOBaHHON moBepxHOocTH [ B 6eCKOHEYHO yIasNeHHOH TOoYKe.
IIpu n =2 nMeeM w? — (2 — a,)(z — a) =0, rue a, # a,,

(_)_ (5-a) (5-a)=0 @r-@-as)e-a)=0

Kak n npu_n =1, nonyyaem, uro ecmn 2° =0, 10 z? =+z!, 7.
nepecedenune [N S? cocrout u3 aByx Touek: T, =(z' =\, 22 =, 23
=0), T,=(z'=X\, z?=-), 2°=0). B xapre A, ={\ (', 22, 23), !
#0} umeeM T, =(a=1,8=0), T,=(a =-1,8=0). Tak Kak z! #
TO MOXEM IepeHTH B KapTy A, C MoMoILIpbl0 3aMeHH « = %, B = %,
yro naetr a? — (1 —a,8)(1 — ,8) =0, B Toukax T,, T,

gradfa® — (1 —q,8)(1 - 0‘2,3)]'1',7; =
=(2a, a(1 — a,8) + ay(1 - a,;8))r 1, =(£2,a,+a,)) #0

@

“ON I

a MO3TOMY MOBEpPXHOCTh [ — rjaskoe nmogMHoroo6pasue OKOJO TOYEK
T n 1. _

[Tpu n =1, 2 MBI moKa3anu, yTo KoMnakTuukauus [ — [, Bo3HHKa-
jowas npu Komnakruduxauuu C? — CP?, paer ruagxoe MHoroo6pasue.
OTo BepHO M OpH M > 2, OMHAKO 3TO AOKa3aTEJbCTBO MBI OMYyCKaeM.

B nanbHeimeM MH 6yneM cYMTaTh, yTO noBepxHocTb I C C? nonosiHe-
Ha ofiHO¥ 6eCKOHEUHO ynaJeHHOH TOYKOH, mocJe 4yero I mpeBpainaercs
B IJafKoe KOMMakKTHoe MHoroo6pasue. H3yyuMm Touku BeTBiIeHHS

dyskuuu w =4/ P,(z), onpeneneHHol yxe Ha Bcelt chepe S? =CP'.

IIpennoxenne 2. [Tycmo w?—P,(2)=0, 20e P,(z) umeem morbko
npocmeie KOPHU a,, . . ., a,. Toz0a 8ce amu mouku — mo4Kku semsie-
Hus w=1/P,(z), pacnoroxeHHble 8 KOREUHOL 4aACMU NAOCKOCMU,
Ha cgepe S* k amum mouxkam Oobasisemcs euwe 00HA mouKa
gemsaeHus — 6ecKkoneuHocms 8 mom caydae, Koeda cmeneHv P,
neuemua. [as P, uwemHoli cmeneHu mouka oo He ecmb MOUKa

gemerenus. [pysux mouex semsrenus ¢pyuxkyus w = /P, (2) He
umeem.

HNokasarteabcTBo. PaccmorpuM cayyait w? — z =0. OyHkuus
w = +4/2z uMeer nBe BeTBH: ¢, =+/z M @, = —/z. PaccMorpum
OKDY>XKHOCTb KOHEYHOro paguyca c uneHTpoM B O H coBepumiuM ob6xop
Bokpyr 0. BeTBH ¢, H ¢, MEHSIOTCS MeCTaMM, YTO He I[O3BOJSIET
clesaTbh (QYHKLMIO OMHO3HAaYHOH M riagkoH Ha ctepe. [loBTopum sty
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TNpOLEaYypY, B3siB B Ka4eCTBe LIEHTPA OKPYXKHOCTH TOYKy oo € S2. Ha
S? Bce TOYKH PaBHONMPABHH OTHOCHMTEJbHO TPYIMH Npeo6pasoBaHHi

b

z: I 7+ B HaCTHOCTH, 0O MOXeT OhTh NepeBefieHa B JI0GYI0 KOHEUHYIO
TouKy. OKPYXHOCTb C LEHTPOM B 0O MOXHO pPacCMaTpuBaTh M Kak
OKPY?KHOCTbB C LieHTpoM B 0, a MoTOMy 006X0[ BOKPYT 0O TaKKe MeHsieT

BeTBH (pHc. 124).

NN—

o ———=il

/ K

///Iu\

SIS e

Paccmorpum obmmit caywait. [lycrb a, — npou3BOsIbHBIH KOpeHb
P (2). Faccmorpnm Manyio OKpYXHOCTb S! ¢ ueHTpoM B a,, BHYTPH
KOTOPOH HeT [IPYrHX KOpHei MOoJMHOMa, W 3amuuieM Touky z € S! B
BHIe z = a, + re*, rie r — paguyc oKpyxHocTtH. MMeeM

= [TMlz-a)/z=q=
p#k

— H(Z_ap).rl/z.ei‘f’/2
Puc. 125 p#k

(puc. 125). Hanee

’lD(Zo) — ,',ol/2 . ei<p0/2 H (Z _ ap) — rol/2 . ei(cp,,+21r)/2 H (Z _ ap)
v p#k V p#k

npu obxone BOKPYr a,. Tak Kak npu obxome BOKPYr a, apryMeHT
(z—a,) wmensietca Ha 27, TO /2 —a, MeHseT 3HaK. B To xe
BpeMsi npH o6xone BOKPYr a, apryMeHTHl 4Yucen z —a,, p # k, He
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MOJY4aloT MPHpaLleHust Ha 27 ¥ BO3BPAIIAIOTCS K MPeXXHeMY 3HaUeHHIO
(puc. 126), 1. e. Bce pamuKaJH ,/z — a, BO3BPALIAIOTCS K MPeXHEMY
3HaYeHHIO ¥ Mepexo]| C BeTBH Ha BeTBb OCYIECTBJISETCS TOJNbKO 32 CYeT
pamukana \/z — a,.

Puc. 126

Hrak, touku {a,} — Touxku BerBIeHHs. PaccMoTpuM oo M cprenaeM
3aMeHy u = l/z; torma oo mepeiier B 0 m w = g(z) npuMer BUL

,, . Eciit n yeTHo, TO npu o6xofe BOKPYr TOYKH (DYHK-
vu ] /1-a,u
k=1

M BO3BpAUIaeTCs K NpeXXHeMy 3HA4YE€HHIO, 4 MOTOMY 0 He ecTb Touka

1 1”7
BeTBJeHus. Eciu n =2p + 1 HeyeTHo, TO w = i klle V1—a,u, n
B HyJle MMeeTcsl BeTBJIeHHe. []

Kak Mul 3HaeM, noBepxHocTb I — o6JiacTh ofiHO3HaYHOCTH anrebpau-
yeckol ¢yHkuuu. IlpencraBuMm I' B BUie CkIeHKH HECKOJbKHX JIHCTOB,
KaXIpIH M3 KOTOPHX OyneT rpadgukKoM onNHO3HayHOH ajre6panyeckoH
¢yHkuun. HayneM ¢ npuMepa.

PaccMoTpuM QYHKUHIO w =++/Z, onpejeieHHyI0 Ha S? U UMeIoLIyI0
nBe Touyku BeTBJeHHs: 0 u oo. CoemuHuM 0 M co riiagkoH KpHBOH
v Ge3 nepeceueHH#l M cfenaeM BHoJab 7y pa3pe3 ot 0 go oo. Torma

Ha S? Bo3HukaioT ABa nouMHoxectBa: I, u T,, rme I'| — rpadux
3etBU ¢, = /z, onpenenedHon Ha S%\~, a [, — rpapuk BeTBH
wp, = —v/z, onpefeieHHoi Ha S?\ . Tak Kak < COeNMHSIET TOUYKH

BETBJIEHHsI M APYrMX TOYEK BeTBJEHHsl HeT, TO 3amnpelleHbl 06Xombl
BOKPYT TOYEK BETBJIEHHMs], T. €. OCTaBasich Ha S?\ vy, HeJb3si mepelTH
C BETBH ¢, Ha BeTBb (,. OTCIONA cllefyeT, YTO KaXAbii U3 JHCTOB [
u [, roMmeoMopden S?\ 7y, U 3TOT roMeoMoppH3M YyCTaHABJIHBAETCH
dynkuusmMu @, 1 @, (I';, —rpaduk ¢;) (puc. 127). I1pn npoekuuu =:
C? — C!(z) Bpoamb C'(w) xaxapii u3 jucroB I'| u [, romeoMopduo
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= W —}

———a

Puc. 128



§ 6. PUMAHOBBI [IOBEPXHOCTH AJITEBPAMYECKUX ®YHKLIMH 293

npoektupyetcst Ha S?\ . Urak, ' ckieeHa M3 ABYX KYCKOB: JHCTOB
[, u T,. Kakum o6pasoM ocymecTsiasietcs: ckiaeika? 3agaguM Ha S2
OPHMEHTALHI0 U OTMETHM OfuH Oeper pa3pe3a 3HaKOM «—», a APYrod —
3HAaKOM «+». DTH MeTKH BO3HHKalOT Ha Oeperax pa3pe3oB KaXAOro
aucta: I, u T,. Tak Kak oHu roMeoMopdHb S?\ 7, TO MbH OMKHH
I BOCCTaHOBJeHHsi | ckieuTb ABa sKk3eMmisipa S?\ vy, y4uThiBas
pacroJioXXeHHe 3HAKOB «+» H «—». Tak Kak npH o6Xofie BOKPYT TOYeK
BETBJIEHHs] BETBH MeHsUIMCb MecTaMH, To Oeper -t jmcra I'| momken
CKJIeHTbcsl ¢ GeperoM ~y, JHcTa [; COOTBETCTBEHHO CKJEHMBAIOTCS H
IBa 3K3eMmuisipa 6epera 4, H 7,5 Ha jucrax ['| u T, (puc. 128). flcHo,
4TO 3Ta CKiIelKa naet chepy. Mrak, HaMu n0Ka3aHa

Jlemma 2. Komnaxmuguyuposannas pumanosa nosepxuocms I
anzebpauueckoil pynxyuu w = ++/z 2omeomopgua cpepe S2.

PaccMoTpuM pHMaHOBY 0BepXHOCTh QYHKIMH w =14/ (2 — a)(z — b),
rie a# b. B cuny [penyioxenns: 2 sta ¢pyHKUHUST HMeeT IBe TOYKH BETB-
JIeHHsI: z=a U z = b; TOUKa 0o — He eCTb TOYKa BeTBJIeHHs. Bripouem,
XOTSl 0O M He SIBISIeTCS] TOYKOH BEeTBJEHHS, HO B HEKOTOPOM CMEIC]e
OHa — ocobasi TOYKa KOMINAaKTH(QULMPOBAHHOH MoBepXHOCTH [, Tak Kak
B HeH J1Ba JIHCTA KacaloTcs APYT ApYyra, a 3HaueHHs o6eux BeTBeH ¢,
H ¢, B 6eCKOHEYHOCTH COBNajalT (u paBHH OeckoHeuHocTH). Mrak,
00 — ocobGast Touka norpyxenus [ B C2U(S?V §?) = §% x S?%, Ho —
He ocobasi Touka caMoit nosepxHoctd I'. MU3yunum camy nosepxHocTts I,
CYHTas1, YTO B 0O KaCaHHE ABYX JHCTOB OTCYTCTBYET, T. €. «PaCKJIEHM»
TOYKY 0O, YIBOHUB €€ M CHaOIHB KaXKIKH JHUCT «CBOEH» TOYKOH 0O.

Jlemma 3. Komnaxmuguyuposarnnas pumanosa nogsepxrocme I
(c «packaeennoil beckoHeuHocmbo») areebpauieckol pynKyun w=
=++/(z — a)(z — b) eomeomopgna dsymeproii chepe.

JlokasaTeabcTBO. TOYKaMH BeTBJIEHHs SIBJSIIOTCS a M b, mno-
3TOMY CJlefyeT cAieslaTh pa3pe3 7y OT a 10 b ¥ MOBTOPHUTH PACCYKAEHHS
JIEeMMH 2, 4TO U JOKa3bBaeT HacCTOSINYIO JeMMy. O

Kak 6o oT™eueHo, norpyxenne S? =T — §? x §? ckiensaer nse
TOYKH, a IOTOMY MCTHHHasi KApTHHA pacnojoxeHus [ B S2 x S? umeer
BHII, [I0Ka3aHHBIA Ha puc. 129. Tak Kak HaMu 10Ka3aH Pe3yJibTaT O TOM,
uyto [ B TOUKe oo siBjIsieTCsl [JIafIkKUM MHoroo6Gpa3ueM, To ocobasi TouKa
00 sIBJIsIeTCS] MMEHHO KacaHueM JIBYX [VIa[IKHX JIUCTOB, a2 He KOHHYECKOH
Touko# (puc. 130). PaccmorpuM ofmui ciyyai.

Teopema 3. [Iycmo f(z, w) = w? — P,(2), 20e noaurom P, He
umeem Kpamuulx KOpHel. _

Toeda komnaxmuguyuposannas pumarosa nogepxHocme I
(¢ «packaeennoll bGeckoneunocmoros) ascebpauyeckol GyHKyuu
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w=x1%/F(2)=4 / ﬁ (z — a,) comeomopgra ceepe c ["—;—1] pyuKa-
k=1

mu (4epe3 [ ] obo3nauena yeras wacme), m. e. mrHozoobpasuro muna
2 _|n=1 Y
M} poda g=|=—5—|. [lozpysxenue amoi nogepxHocmu 8 Komnaxmu-

puyuposarnnoe C1U(S?V S?)=S% x S? asasemcs 8r00ceHuem, ecau
cmenenb n HewemHa, U ABASEMCA NOZPYHCEHUEM, CKACUBAIOW UM O8e
mouxu oo (Ha pasubix aucmax ') ul,), ecau cmeneno n wemna.

5=y

52152

KNacanue
= 0fyx avemol

f

Puc. 129

? [ [ ] L L]
d Iz oo f %

Kacanve yx memof

Konuvecraa
movka

Puc. 129



§ 6. PUMAHOBBI [TOBEPXHOCTH AJITEBPAMUECKUX GYHKLIMHA 295

HdokaszateasbctBo. [lyetb n=2p+ 1. Torga B cusy npemio-

n
I1 (z — a,) sBasOTCS
k=1

BCe KOPHH @,...,Q, H TOUYKa 00. JTO MHOXECTBO MOXHO pa3bHTb
Ha mapsl, HanpuMmep, (a,, a,), ..., (a,, a,, ), rae a, ., = co. CoenuHsis
BHYTPH Ka)KIOH Mapbl TOYKH Gy | H G, TJNAJKHM OTPE3KOM -,
1 <k <p+1, nonyuaem chpepy S? c p+1 paspesamu, v, .. ., Yp+1- LOTAA
Ha S?\(v,U...U7, ) KaXnas BeTBb, @, H ¢, ABISIOTCH OIHO3HAYHHIMH
(YHKUMSIMH.

B camoM pente, Mbl 3anmpeTuJi 06Xoibl BOKPYT HEYETHOTO YHCJA
TOYEK BEeTBJIEHHsI — IIPH HalleH CHCTEMe Pa3pe3oB Mbl MOXeM 060HTH
TOJIBKO BOKPYT YETHOrO YMCJA TOYeK BeTBJeHHsi. [lycTb MH o6oluiu
napsi: (a;,a; ,),--- (a;,a; ). UTo npoucxomut c BeTBSIMH ¢ H
¢, Tak Kak mnpupaimeHue 27 MOJYYMJIH aPryMeHTH TOJbBKO TeX
TOYEK, BOKPYr KOTOPHX coBeplIeH 00XOH, TO Mbl IMOJYyYaeM 4eTHoe
YHCJI0 U3MEHEeHHH 3HaKa mepel pafHKajlaMu. BrpoueM, Tak Kak Touek

XeHHsl 2 TOUKaMH BeTBJIeHHsl w ==++/F,(z)=

Puc. 131

YeTHOe YMCJIO, TO MOXHO He Pa3JIH4aTh MOHSITHsSI «BHYTPH KOHTYpa» H
«BHE KOHTYpa», TaK KakK BHe KOHTYpPa TOX€ OCTaJoCh HYeTHOe YHCJIO
ocobeHHOcTeH (KpoMe TOro, Ha cdepe MOHATHSI «BHE» W «BHYTPH»
KOHTypa ABoiicTBeHHH) (puc. 131). iMeem mpu o6xoae BAOJIL ~:

‘Pzﬁ\/(z_az;)(z_ai,ﬂ) I1 zZ—a,—

t=1 E# (i, +1)

— ﬁ (_\/z — ai,) (_\/z — ai,+1) k#(i,,I.I.,i,+1) m= ®.

t=1

Eciu Mbl pazo6beM TOYKHM BeTBJEHMs] Ha Naphl APYrHM crnocoboM,
TO 0o6nacTh, MOJyYeHHasl MyTeM Pa3pe3oB BIOJb HOBHIX myTeil, 6yaer
roMeoMop¢Ha y>Ke pacCMOTPeHHOH obsacTH.
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Hrak, BbinosHsieMble HaMH OMepaLHH He 3aBHCST OT criocoba pas-
OHeHHus] TOUeK BETBJEHHS Ha Maphl H OT crnoco6a COeNHMHEHHS ToueK
BHYTPHU KaHOW mapel ragkoid KpuBoH. OrTmetuM Oepera Kaxmoro
paspesa 3HakaMH + W —. Torpga Kaxawi# quct I', u I, romeoMopden

2
S\N(MU...Ux,)

CnepoBaTeJsbHO, /sl BOCCTaHOBJIEHHs! | clleflyeT CKJIEHTb 3TH MBa

+ -
JucTa, npukneus Geper i, Ha ') x Gepery 7., Ha [, (puc. 132).

Monyuaem M2, 1. e. chepy S?c g=p= ["T_l] PYy4YKaMH.

+
0]

T

N
\ \\\\\\\

Puc. 132
[Tyctb n=2p. B cuay npemoxeHus: 2 TO4KaMH BETBJIEHHS SIBJISIOTCS
BCE KOPHH a,, . . ., Gy, U TOJIbKO OHH; B 6ECKOHEYHOCTH MMeeTcs ocobas

TOYKAa — KacaHHe [BYX JIUCTOB, BOZHHMKAWOILIEe MPH MorpyxeHuu [ B
S? x S?. Pas6uBaeM KOPHM Ha Maphl, COEAUHSIEM TOYKH BHYTDH MapHI

TJIaflKHM OTPe3KoM, HyMepyeM Oepera paspe3oB M, paspe3asi I BIosb
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npoo6pa3oB 3THX MyTeH, Mosy4yaeM [Ba JHCTa. TOYKY 0O MBI «packJe-
uBaeM», cHabxXasi KaXKAbIH JIUCT cBoed TOuKoM oo. BoccTanasiausaem I
nyteM obpaTHo# ckieliku (puc. 133). O

RO

S

SN

Puc. 133

Hrak, 1ByMepHbIe MOBEPXHOCTH BO3HHKAIOT €CTECTBEHHHIM IIyTEM —
KaK PMMaHOBH NTOBEPXHOCTH HEKOTOPBIX anreOpanyeckux ¢HyHKUHH.

YrBepxaenue 1. Kawdoe OsymeprHoe eaadkoe komnakmHuoe
c8a3HOe 3amKHymoe mHozoobpasue poda g (m. e. muna M?) mo-
scem Gvimob CHAbHCEHO CMPYKMYPOL KOMNAEKCHO QHAAUMUYECKOZO
MHO2006pa3us.

HokasateascTso. PaccmorpuM I' st pyHkuuu w==+/P,(z),
rie P, — uMeer mnpocThie KopHH. Tak kak [ C C?, rme 3amaercs
rpapukoM w = g(z) uan rpagukoM z = w(w), TO MMeeM [Be Op-
TOroHajbHble npoekuuH, 7: (2, w) — C'(z) u m,: (z, w) — C'(w).
B xaxpmou Touke (z, w) € I' onpeneseHa no KpaiHed Mepe OfHA u3
npoexuui, TaK Kak grad(w?— P,(z)) #0 B kaxnoi Touke (2, w) €T (cMm.
Teopemy 1). [Tonyyaem mnokpuitHe I' JIOKaJbHBIMM JMCKaMH; OCTaJlOCh
HaWTH (yHKuumH nepexoga. OHH Moryt OBITb TOJNBKO [BYX THIIOB:
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w=g(z) wu z=w(w). Tak kKak ¢yHKuun ¢(z) WIH w(w) KOM-
JIEKCHO aHaIuTHYecKHe (CM. npenjoxkeHue 1), To mojyyaeM uckomoe
yTBepXneHue, H60 IMPONO/KEeHHE KOMIIEKCHOH CTPYKTYpPhl Ha TOYKY
00 noBepxHocTH [' BhInoJIHsIEeTCSt BHy'rpu KOMIIJIEKCHO aHaJIHTHYECKOro
MHoroo6pasust S? x S2=CP! x CP'.

Jlerko mokasathb, 4TO MHoroo6pa3uﬂ M? He MoryT GHITb CHaGXeHbI
CTPYKTYPOH KOMIIIEKCHO aHAJIMTHYECKHX MHOI"OO6paBHH (nposepbre!).

YrBepxnaenue 2. Kascdoe Osymeproe eradkoe Komnaxmuoe
Cc883HOe 3amMKHYmoe mMHOo2006pasue poda g (m. e. muna M?) moxcem
6oimo cHabxcerO KORGOPMHOL pumMar080il mempuxol.

HokaszateabcTBO. MeTpuka HasbiBaeTcsi KOHQOPMHOH, €CIH
CYIIECTBYIOT JIOKaJbHEE KOOPAMHATH, B KOTOPbHIX OHAa HMMeeT BHA:
g;; =0 -6,;. Peamusyem M? B C? (mononHeHHOM) B BiJie PUMaHOBOH I10-
BerHOC‘l‘H GOYHKUMH W = :}:\/ P,(z). PaccMoTpuM Ha M? KoopmuHaTH,
npo6eraiomue C'(z). PaccMoTpum Ha M? KoopauHaTHI, npo6eraroume
C!(z). dta KoMmJeKcHast KOODAHHATa 06CJIy)KPlBaPT Bce M?, kpome
To4KH O, B OKpECTHOCTH KOTOPOH HY>KHO BBECTH Koopnnﬂary w, CBsI-
33aHHYIO C Z KOMILJIEKCHO aHaJIMTHYECKHUM npeobpa3oBaHHeM w = g(z).
BeegeMm B C? = R* MeTpuky

4
ds?’=dzdz+dwdw= Y, (dz*)%
k=1

paccMoTpuM ee orpaHuyenne Ha I C C?. Mimeem
ds*(M?)=dzdz + dg(z)dg(z) =
=dzdz+ ¢'(2)7(2)dz dz=(1 +|g.(2)|?) dz d z,
HIIH
ds* (M) = (1 + u] + v)(dz® + dy?),
rne 2=z + 1y, g=u + .
3nechb
d 1 (0 . 9 .
z9(2)=3 (5 - 1@) (u+w)=
= -;—(u: + w, — tu, +v,) =u, + W, =v, + v,
TaK Kak u, =v,, v, =—v,. U
Eciu cpenaTh KOMIJIEKCHO aHANIHTHYECKYl0 3aMeHy z = 7n(§), To

noJly4eHHasi Bhlllle KOH()OPMHast METPHKA OCTaHeTCs1 KOHQOPMHOH, TaK
KaK

ds® + a(z)dz dz=a(n(€))ln'(§)Pd¢ d& = p(€) d¢ dE.
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[TpokoMmenTHpyeM croco6 BioxeHHust [ B C? B OKPECTHOCTH TOYKH
BeTBJeHHsI. XOTS Mbl IOKa3aJ, YTO B 3THX TOUKax [ sIBJIsieTCS TVIafKHM
MHOroo6pa3ueM, HO NpPH MONMHTKE H300Pa3UTh TOUKY BETBJEHHUS B
R® BO3HHKAIOT TPYAHOCTH, CBsI3aHHHE C «MaJoMepHocThio» R® mo
cpaBHenu ¢ R*=C2 Ha puc. 134 MB mnonurtanuch u306pa3uTh
YCJIOBHYIO cxeMy 00Xoia BOKPYT TOUKH BETBJIEHHS.

kh/

Puc. 134



Tanasa 5

TEH30PHBINA AHAJIU3 U PUMAHOBA TEOMETPHSA

§ 1. OGmee MoHATHE TEH30PHOTO MOJS HA MHOrooGpa3uu

PaccmotpuM raankoe MHoroo6pasue M™; nycts P € M™, u z!,

.., T" — JIOKaJIbHasi peryjsipHasi CUCTeMa KOOPAMHAT B HEKOTOPOH
okpectHocTH P. CymecTByeT 6eCKOHEYHOE MHOXECTBO APYTHX pery-
JSIDHBIX CHCTEM KOOPAMHAT B OKPECTHOCTH P; Hallla LeJb — H3YYHTh
06beKTH, WHBApHAHTHbIE OTHOCHTEJIBHO BCEBO3MOXXHHBIX 3aMeH KOop-
JUHaT. Bynem oGosnauath HOBElE KOODIMHATE 3HAKOM «IUTPHX» —
R 1

1) Iycte @ € T,(M") — KacarteabHbt BeKTOp K M"™ B Touke P.
PaHee MBI MPHUBOAMIM HECKOJIBKO OMpefeseHHH KacaTeJbHOro BEKTOPa,
CpPei HUX OBUIM TaKue, KOTOphle OMpenessiii BEKTOP HEe3aBHCHMO
OT BbIOOPA JIOKAJIbHBIX KOOPAMHAT, T. €. KaK OOBbEKT, HHBADHAHTHHIH OT-
HOCHTEJIHO peryJisipHIX 3aMeH (HampuMep, omnpejesieHHe C MOMOLIbIO
nyyKa COMpHKacamoiuxcsi KpuBbix). OQHAKO KaK TOJBKO MBI 3aXOTHM
COMOCT3BUTh KacaTeJbHOMY BEKTOPY €ro KOOPAMHATH, T. €. 3amucaThb
€ro aHaMUTHYeCKH, HaM noTpebyeTcss BBECTH CHCTEMY KOOPAMHAT,
B KOTOPOH BEKTOp U mpuoGperaeT KoopauHath. [lpu BhiGope mpyro#
CHCTEMBI, 3TH KOOpPAMHATH u3MeHsiTcs. HalimeMm cBsisb Mexnay Koop-
AUHAaTaMH BeKTopa HO}IC'-lHTaHHblMH B pa3HHX cuCTeMax. Tak Kak

. .9 8 o _ ozt 0 P
=g =q'-2% = -, M TaK KaK { ——
d=a'pr=a'sr 0a" o5 aaz’ g7+ M TAK KA {az*}ospa3ym

6asuc 8 T,(M"), 10 a” Z

HaTt BeKTOpa [IpH 3aMe€He CUCTEMBI: KOOPI[HHaTb] a g ooy a” npeoﬁpaay-
3Ii

I0TCH C MOMOUIBIO Man“ubl HKOéH (a{) =J. 310 YCJIOBHE ITOJYYEHO

HaMH Hu3 TpesOBaH“ﬂ HHBapHaHTHOC’l‘H BEKTOpa KakK l‘eOMeTpﬂ'{GCKOI‘O

06'beKTa npu 3aMeHe KOOpﬂHHaT.

MoxHo, Hao60poT, OMpefeNHTh BEKTOP Kak OOBEKT, 3amaBaeMbli
B KaX/IOH CHCTeMeé KOOpAMHAT z',..., z" HaGopoM uucea a',...,a",
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npeo6pasyioluxcst NPH MEPexofe OT CHCTeMH z',...,Z" K cHcTe-

me z', ..., z" no npasuay a'’ = g’;—la". $IcHo, uTO onpejeseHHbBIA TAKUM

o6pa3oM 00beKT OyneT HHBaPHAHTHLIM.

2) Myetp f(z) — rnagkas ¢yskuust Ha M". PaccMorpum grad f =
Ei 3Stot Habop yucen (GHYHKUHHE TOUKH P) onpenesieH B KaXI0H

CHCTEMe KOOpIOMHAT; HaljeM 3akoH npeo6pasoBanus. [lo mpaBuiy
IuddepeHIHPOBaHUS CIOXKHOH QYHKIMH, HMeeM

(=0 O o 0
Y 8" 0rt Brt i et
roe
grad f={6,.. . &) &=2L, (&)=,
T. e. 3T0T Habop (&,,..., &,) mpeobpasyercsi 1o APYroMy 3aKOHY,

yeM Habop KOMIIOHEHT BeKTOpa; a MMeHHo grad f npeo6pasyercs

12
¢ noMouibio Matpuusl (J~!)T, roe J
TaKXXe MOXHO MOJIYYHTb, HCXOAS U3 TpeOOBaHUSI MHBAPHAHTHOCTH (OT-
HOCHTEJIbHO 3aMeH KOOPAMHAT) HEKOTOPOTo reoMeTPHYECKOro 06beKTa,
a2 UMEHHO MpOM3BOAHOH (GYHKIMH f 1O HampaBJeHHIO KaKoro-iubo
BekTopa d € Tp,(M"). B camoM nene, 3Ta npou3BoAHasi He 3aBHCHT
OT BHIOODA JIOKAJbHEIX KOODAHHAT, a [IOTOMY

af _ ;o f(v(e) = f(7(0))
E—.&—llm ul z ul y

e—0
roe
t)e M, y(0)=F 7(0)=de T(M"),
df _ Of dzi(t) RPN SR )
da ™ ggt dt |,_o 3,;* 3;,;1”
oTCl01a .
o of _ ;02" of
a 3:!:1 =a' 812i azi”
T. €

o ; oz" ; az" azt
a Ei':a % f,-:=af,-, Eizéilg, éi'zgén

4To U TpeboBanoCh.

3) PaccmorpuMm T,(M™) wn conpsDKeHHOe K HeMy npOC’l‘pch‘l‘-
Bo T'(M") BelleCTBEHHHIX JHMHEHHBIX (yHKUHOHANIOB I(d),
ac T, p(M™). Halinem 3akoH npeo6pa3oBaHHsi KOOPAHHAT qoyHKumHa-
JIoB | npu 3aMeHe KOOPAMHAT B OKPECTHOCTH TOYKH; BBeneM B Tp(M"™)
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Gasuc e' er cocmsmmﬁ 13 (QYHKUHOHAJIOB, OnpefeasieMhlX ycJo-
BHEM e"(e )— , Tne €,...,€, — 6asuc B T,(M"). Tak kak l(d) —
BellleCTBeHHOe dneno m TaK KaK CKalsip He 3aBHCHT OT BhIGopa
KoopamHar, 1o 1(@).,, = 1'(a),,); oTciona

oL . ) . , oz*
da=d'¢; l@)=(le')a*"e)=1d =].d" = l,‘,?a".
- az*' azt
Orciona B culy npOU3BOJIBHOCTH G HMeeM [, = ﬁlk,, T.e. LL=—F1
[TosToMy 3akoH npeo6pa3oBaHHsI KOODAMHAT (YHKLUHOHAJA | coBnajgaer
¢ 3aKOHOM mnpeo6pa3oBaHusi KoopauHar grad f. Daementst T (M™)
Ha3BIBAIOTCST KOBEKTOPAMH; HTaK, grad f — KoBeKTop.
Mu Beenn B T* compspKeHHHIH 6a3Hc, COCTOSIIUMH H3 KOBEKTO-
poB e!,...,e™, a noToMy MOXHO OoTOXAecTBuUTb T ¢ T'*, MOJIOXHB
n
p: T—T* @(@)=1, rne a=ake,, | =) da*e*, T. e. cuwuras,
k=1

yro [, oTBevawmui ¢ NpH H3oMOpdH3Me ¢, HMEeeT OTHOCHTEJbHO

e!,..., e™ Te e KOODAMHATH, YTO ¥ BEKTOP & OTHOCHTEJbHO €|, . . ., €,

-
3TOT NMHEeHHHH H30MOP(H3M He HHBAPHAHTEH MPH 3aMeHe KOOPAHHAT
(z) — (z'), Tak Kak BEKTOD W KOBEKTOp MpeoGpa3yloTcsl MO Pa3HbIM
3aKOHaM; BeKTop — Martpuuest J, a Kosektop — Marpuues (J!')'.
Hrak, ykasannoe oroxpectBnenne T' ¢ T* B cucteMe () paspymurces,
ecJIH pacCMOTPHM 3aMeHY obmero Buaa (z) — (z'). MMerorces, Bnpouen,
TaKHe 3aMeHBl, TP KOTOPhIX cooTBeTcTBHE : T — T coxpaHsercs;
3To 3aMeHHl, rae J =(J~')7, 1. e. 3apawowumecs B aHHOM Touke P op-
TOTOHaJIbHOH Marpulledt fIko6H. 3aMeHa o01iero BHIa UMEET HEBLIPOXK-
JeHHYI0 MaTpuuy SIko6u, HO OTHIOAb HEe OPTOTOHAJLHYIO. TeM He MeHee
T n T* MOXHO OTOXIECTBHTb C NMOMOILbIO JIHHEHHOrO H30MOpP(HU3Ma,
BBIIEPIKHBAOIIEro JioObe 3aMeHHn KoopauHat. O6 3TOM HHXKe.

4) Tlycts C — NMHEHHKIH ONHOPOAHHIH ONeparop, npeobpasyuMi
B cebs T,(M™); nyctb C — MaTpHLa Orneparopa, 3anucaHHasi B 6asuce

€y 'f,} Ilenasl 3aMeHy (z) — (z'), noaydaem C' = JCJ7!, 1
o _ Ox' 8z!
Cjl = ot 5o7 Ci+ 32KOH NPeoBpa3oBaHHs MATPHLUEI ONepaTopa MOXer

6LITh MONTyUeH HCXOAs K3 TpeGoBaHus, 4TOGH cooTHowenne: b = C(a)
(@ — opousBosbHHA BekTOp T,(M™")), OHJIO MHBAPHAHTHO OTHOCH-
TeJIbHO 3aMeH KoopauHaT. B caMom gnesie, B 3TOM COOTHOIIEHMH BCe
0OBEKTHl HOMYCKAIOT HMHBADHAHTHOE, HE3aBHCHMOE OT KOOPAHHATHOH
3anucu onpenesieHne. [IpoBepKy TOro, YTo OTCIOAA CJefyeT HYXHHIH
3aKkoH npeo6pa3oBanust C, oCTaB/sieM YMTATENIO KaK ynpaKHeHHe.

) paCCMOTpHM 6uIMHeHHYI0 CHMMeTpUYHYIO dopmy B Ha T,(M™):
B(a, b) =b,;a’b’. U3 anre6pu u3BeCTHO, YTO NMPH 3aMeHe KOOPIMHAT
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matpuua B dopmer npesparurcsi B MaTpuuy B’ Takyio, uto B'=JBJT,
_ o &y

T. €. by, = 2" a7 b,. Kak u Bbie, 3TOT 3aKOH npeo6pasoBanus B

MOXHO MOJY4YUTb U3 TPeOGOBaHHS cOXpaHeHHs ckaasipa B (4, b); 4, b €

€ Tp(M™) npu npousBOJIbHLHIX 3aMeHax. B caMoMm peue,

B(@G, b) = bya'b = b, ,a" b7 = b, 22 2 gips,

iy 311 32]
T-€ 8z 827 8t 9z
b =byp 7 ot o7 MM by = 27 5a7 O

Mu npuBenn mpocreiuiye NpUMepH 3aKOHOB NMpPeoOpa3oBaHMs; HX
Pa3nu4Msi MBI YKa3bIBaJIH Pa3JU4YHBEIM PACHOJIOKEHHEM HHAEKCOB Y KOM-
TMOHEeHT 06bekToB: @', L, ci, b,;. BepxHue MHIEKCH Ha3HIBAIOTCS KOH-
mpasapuanmHuimu, HIKHUE — KO08apuanmHuoimu. Y 106HO comocras-
JISITh KaXXAOMYy 0GBEeKTY U3 MepeyuceHHbIX Bhlle napy (p, q), Tae ¢ —
YHCJI0O KOBAPHAHTHHIX, P — YMCJO KOHTPBAapHAHTHHIX MHAEKCOB. Mrak,
Habop koopauHaT BekTopa d € T,(M™) umeer tun (1, 0), KoBekTOpa —
(0, 1), oneparopa — (1, 1), 6ununeiiHoi GopMu Ha BekTopax — (0, 2).
Hapsiny ¢ takoit ¢opmoit cymecrsyer u popma B(l, m) Ha KOBeKTo-
pax [, m e Tp(M™). Buqncneﬂue (o ananoruu ¢ B(a, b)) naer, ura

7
ecan B(l, m)=>bl,m,, 10 0*¢ %%a”, = e. B'=(J")TB(J).

[TepeuncienHble 0GBHEKTH JOMYCKAIOT HHBAPHAHTHOE OMpeJesieHHE,
He3aBUCHUMOE OT KOHKPETHOH KOODAMHATHOH 3alHCH B KOHKPETHOH
cHCTeMe KOOPAMHAT, W 3aKOH Mpeo6pa3oBaHUs KOMIIOHEHT OOBEKTOB
noJiy4yaeTcsi KaK CjIeICTBHE 3TOH MHBapHaHTHOCTH. TakuM o6pa3oM, ec-
JIH B K2XXIOH CHCTEMe KOOPAHHAT 3ajak Habop uuces (QyHKuui), npe-
06pasyioIuxcst APYT B APYra Mo yKa3aHHBIM IPaBHJIaM, TO Mbl MOXKeM
CHeNaTh BHIBOA, YTO 3TH HaGOpH OnpenensioT HEKOTOPHH HHBAapHAHT-
HBbIA OG'bEKT, KOTOPHIH MBI H3y4aeM C [OMOIIbI0 KOOPAUHATHOM 3aMHCH B
Pa3JMYHBIX CHCTEMAaX KOOPAMHAT. DTC 06CTOSTENbC~BC KJIafe1csl B OC-
HOBY 00111€T0 OnpenesieHHsi TEH30PHOTO MoJisi HA MHOr00Opa3uH, sIBJSIIO-
Ierocsi FeOMeTpHYeCKHM 06'beKTOM, HHBADHAHTHO ONpPEeNeJIeHHBIM, T. €.
He 3aBUCSIMM OT BHOOpA JIOKaNbHOH cucTeMsl KooparHat. OT Koopau-
HaTHOM CHCTeMBl 3aBHCHT KOHKDETHasi 3alHCh KOMIIOHEHT 0ObeKTa.

Onpepeaenne. Tensopom Tuna (p, q) paHra p+q (COOTBETCTBEHHO,
TEH3OPHHIM MOJIeM THMa (p, q) paHra p + q) HasbiBaeTcsi OOBEKT,
3a1aBaeMBIil B KaXXI0H cucTeMe KoopauHar (z)=(z',..., z") HabopoM
qucen I;I" *» (cootBeTcTneHHo pyHxkumit Tp" '(z) KoTophie Gynem
CYHTaTh r.nammmu) npeo6pasyomuxcst npn 3aMeHe cHCTEM KOODOH-
Har (z) — (z') no 3akoHy

P

o ozh T oo 0z ggh Hdn

e 8zt 8z’ 8zh B i
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D10 ompezneneHue oTBe4yaeT TPeGOBAHMIO, YTO BBOAHUMEIH OGBEKT
MoXKeT OHITb Onpefe/leH HHBAPHAHTHO, GE30THOCHTENBHO K €ro KOH-
KPeTHOH KOOpAHHATHOH 3anucH. B camoM aeJie, Kak U3BeCTHO U3 Kypca
anre6phl, TeH30p (TeH30pHOe [0Jie) MOXKHO ONpelesNHTb KaK IIO0JH
JIHHeiiHoe oToOpaxeHue

T Tpx..xTpxTgx...Tg—-R,

3afaBaeMoe HOpMyJIOH

= = .71 Py — Th- by ) Ja 7l 4
T@G,,...,a;l,...,1 )_7},.“;:0]1""“«41‘1 "'l‘}’

q’
rne d, = a}€;; ¥ =1lfe”; {a}'} — xoopmunary sexropa @, € Tp(M")
(k-i comuoxurenn); {If} — koopnunath kosekropa l* € T;(M")
(k-# cOMHOXHTEND).
Gynkunu T » ABAKOTCS Kodpduumuentamu orobpaxenns T
., $
M3 kypca anre6pu u3BeCTHO, YTO MOJHIHHEHHOE OTOGpaXKeHHe BCeraa

MOXHO 3anucarb B TakoM Buae. Ecin ¢ukcuposanb 6asucH €, .. ., €,
ue',... e 1o T;' " » BO3HMKaeT moyesHas popmyra
o dy
- . i i
CZ;l l'—T( ],...,ej',e",...,ev).

B camomMm nene

T(E, . 8 eh, . eh) = T (@) o (& (), - (e7), =
— Tal r5P| A 5]{016;11 .. 6:» — CZ;IHJI,.

Hlanee, T MOXHO ompefejuTb B HHBAPMAHTHHX TePMHHaX, TaK Kak
Bce o6beKTH, Bxomsmue B dopmyay T: (Tp)' @ (1Ip)” — R, a Takxke
CBOHCTBO MOJMJIHHEHHOCTH, HHBapHaHTHH. OT Buéopa KOOpIuHAT
3aBHCHT KOHKDeTHasi 3anuch K03 (HIUEHTOB Tl

XoTs 1MoJb30BaThCs NMOJHIHHEHHBIMH omépamennsmn yno6Hee B Ux
HHBapHaHTHOM BHJie, MHl OyneM NouTH Bcerga paboTath ¢ KOOpAMHAT-
HOH 3aMHChIO, TaK KaK OHA BeCbMa I0JIe3Ha MPH KOHKPETHHIX BHUHCJIe-
Husix. Jlnst yno6cTBa BBeAeM crelaibHoe 0003HaueHHe — TaK Ha3biBa-
eMEle MyJIbTHMHAEKCH ()= (3;. . .%,), 3aMeHss Leyi0 CTPOKY HHIEKCOB
ONHHMM HHJeKcoM. Harmpumep, TeH30pPHHH 3aKOH 3aMHUIETCS TaK:

@ 09 8 py o ) et aet
00 T 3e® g0 T MRS B T ot 5t



§ 1. IOHATHUE TEH30PHOTO I10JIA 305

M3yuuM npocreiilue cBOHCTBAa TEH30PHHIX MOJIEH.

Jemma 1. [Tycmeo (x) — (z') — pecysasprasn 3amena. Toeda us co-

(i) 61:)
(i) — ox
omuouenus T = -5y =y T,y (mensoproLil 3akon) credyem, umo
G) _ 8z 52"

() T 3z gz@ "G

9z’ 9z% _ 9zt — 5,
ocF 07 07 1’
) — Marpuua Slko6u. O

]
1

azi

Jemma 2. [Tycmv Oano meH30pHOe nose, 3anucaHHoe 8 cucme-
me (Z) u nycmo 8vlnoAHeHbl 3ameHbl Koopdunam (z) — (2) — (y),
(z) = (v) — (y), m. e. mot 98yma cnocobamu nepewru om (zx)
K (y) —4epe3 (z) u uepes (v). Tozoa 3anuce nors T 8 cucmenme (y)
He 3asucum om cnocoba nepexoda om (z) K (y).

o3Hayaomero, yro J J~'=F, rae J = (

JokasatenbcTBo cienyer U3 GOpPMyJnl JHPGEPEHIHPOBAHHS CJIOXK-

HBIX (QYHKIHI: . . ‘
GO
2% 0z ggF  Ou° gk

HanoMHuM cBo#icTBa T€H30pOB, H3BECTHHIE U3 Kypca aare6pH.

a) TeHsopwl paHra p + g tina (p, q) (TEH30pH pacCMaTpUBAOTCS
B TouKe) 06pa3yloT JHHelHoe npocTpaHcTBO H, nmpuyem dim H =nft1,
Jloka3aTenbCTBO CJIeflyeT U3 MPeACTaBJeHHs TeH30pa Kak MOJHJIHHEH-
Horo oTo6pa)keHus: JHHelHass KOMOUHALMs TaKUX 0TOOpaXKeHHH CHOBA
HOJNHIHHEHHA.

6) B npoctpancTBe H Bcex TeH30pOB paHra p+gq Tvna (p, g) MOXHO
BHIOpAaTh AJHTUBHBIA 6a3uC, 3JeMEHTH KOTOPOro (HOJNHIHHEHHhIe
oTobpaxeHust) 0603HAYAIOTCS TAK:

£, ®...0F ®e’ ®...Q0¢€".
Yucno ux paBHo nP 9. Kaxnoe orobpakeHue

€,®...0F ®¢ ®...08&"
3ajaercst popMyJaMu

& ()=1, me leT;(M"); e*(d)=a", e d€ T,M"

(8, ®...08 ®e'®...Q")(G,,...,8,1',...,17)=
=&,(I")... & (I")e"(@) ... e"(@,) = ...l;:a{- ..
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Ecomu T: (TpM™)? x (Tp M™)? — R — npoH3BOJIbHOE MOJHIHHEHHOe
oro6pakeHHe paHra (p, g), TO

T@, .. Gl P)=T2 hal . all) . =

= I}f'_“':r(‘é,.l ®...0F ®e"®...0e")@G,..., ;... 17),

@

T} HE,6. 88, 8eh 0.0 k)

Hrak, orobpaxenus € ®...QF€ Re’®...Qe’ 06pa3yOT aJTUTHBHHLI
P
6a3nc B MPOCTPaHCTBE BCEX TEH30poB THNA (p, ¢). C MOMOIIBIO MYJIb-
THHHIEKCOB 3TO Pa3jo)KeHue [POU3BOJBHOrO TeH3opa 1’ mo 6a3HCHBIM
TeH3opaM 3anuchBaercs Tak: T = T ()€ ® eV).
HanoMHuM 3akoH npeo6pa3osaHus 6a3UCHHX T€H30pPOB 'é,-l ®...06 Q
P

®e’ ®...® e’ npu 3aMeHe KOOPIUHAT:

, G g .
€y ®e? = %% &) ® €Y.

Bce stH cBoMCTBa U onpesiesieHUsI mepeHOCATCS Ha CaydaH TVIafKux
TEH30DHBIX MOJIEH Ha MHOroo6pa3uH; OTJHYHE B TOM, HYTO HYXHO
paccMarpuBaTh TeH30DHHIE 110J1s1 KaK JHHeHHbe KOMOHHAIMH 6a3HCHBIX
noJiel Tuna (p, q) ¢ nepeMeHHHMH K03 UIIMeHTaMH, YTO MpeBpaliaer
MPOCTPAHCTBO TEH30DHHIX MoJieH B 6eCKOHEUHOMEPHOe MPOCTPaHCTBO.

YactHuii cayyai: nwboe TeH3opHoe mnoje tuna (1,0) momyckaer
JOKaJbHO npeicTasienue Buga 1' = T*(z)é,(z); aHanoruyso, Jo6oe
noJie Tuna (0, 1) gonyckaet npeacrasierue supa | =l e*(z).

§ 2. TIpocTeifimue NpUMephl TEH30PHBIX MOJEH

1. Ilpumepsl.

1) Tlycte Ha M"™ paHO TmJ1afikoe BEKTOpHOE MoJe T(z). Torna
OHO siBJsieTcsi TeH3opHEIM mnojgeMm tuna (1,0); mpocrpaHcTBo Beex
riankux nose tuna (1,0) otoxpecTBiasieTcsi ¢ 6ecKOHeYHOMEPHHIM
POCTPAHCTBOM BCEX INIafIKHX BEKTOPHHIX moJjei Ha M™.

2) Ilyctb Ha M™ naHO ri1agKoe KOBEKTODHOE MoJie, T. €. B KaXIoH
Touke = € M" oTMeyeH JUHEHHHH (yHKuuoHan l(z) € T)'M™, rnan-
KO 3aBHUCSIIMH OT TOYKH. JTO I10Jie — 3JeMeHT GeCKOHeYHOMEPHOro
npocTpaHcTBa TeH30pHHX moJeit tuna (0, 1). B stom mpocrpancTBe
JIEXHUT JIMHeliHoe 6eCKOHeYHOMePHOe ITOANPOCTPAHCTBO, COCTABIEHHOE
u3 noJed grad f(z), rae f — rinagkast yHKuust Ha M™".
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3) Ilyctb Ha M" 3ajana pumaHoBa MeTpuka g, (z). Tak Kak
3.1:‘ oz’
gi’j’ 3:!:' 32'7’ gz]’
na (0,2), T. e. riagkoe mnoJje OWJIMHEHHHIX (OPM. ITOT TEH30p
Ha3blBAETCSI MEMPUHECKUM MEHIOPOM.

4) KoMmiekcHO aHaluTHYecKoe MHoroo6pasue M?" xapakrepuayet-
Csl TeM CBOMCTBOM, 4YTO B KaxuoM T, M?" cnpepeneH oneparop I —
«yMHOX€eHHEe Ha MHUMYIO equHuuy», I? = —F. Tak Kak 3ToT onepatop
TJIAKO 3aBHCHT OT TOYKH, TO MoJydyaeM TeH3opHoe noJe tuna (1, 1).

5) Tensop momenmos unepyuu. [TycTb jaHO TBEpHOE TEJO C OQHOM
3akperienHo# Toukoil O B R3; Teso Bpawaercst Bokpyr Touku 0. Bynem
CYHTaTh, YTO OHO COCTOMT H3 KOHeYyHOoro uucia N MaTepHaJbHBIX
TOYEK, XKeCTKO CKpeIIeHHHX Mexay co6oio (B mpolecce ABHXEHHS
HX B3aHMHOe pacrojioXeHHe He MeHsieTcsi). Bymem paccMmarpuBath
TOJILKO OPTOrOHaJIbHEIE cHCTeMbl KoopauHat B R3. O603HauuM Macchl

T0 Habop g,;(z) ompenmessieT TEH30pHOe MoJe TH-

TOYEK Yepes my, My, . .., My, a HX KOOPIMHATH B (HOUKCHPOBaHHHH MoO-
MEHT BpeMeHH ¢t — qepes Ty -+ Tiwy © =1, 2, 3. TlocTpoum MaTpuuy
.o N . . .. 2
al=— 3 M, Ty Ty + 87 Z My |Z o[>

a=1 a=1

IMonyuunnu Tensop paura 2 runa (0, 2), npuyeM MaTpuua a” cuMMmerpuy-
Ha. DTOT CHMMETPUYHHIA TeH30p a” Ha3blBaeTCsi TEH30POM MOMEHTOB
HHEepLMH TBEPAOro Tesa (pa3juyHble TeJa HMEIOT Pa3iHYHbE TEH3O0PHI
MOMEHTOB HHEpLHH).

INosicnuM posb aToro Tensopa Ha npumepe. Ilycts yepes O npose-
ieHa mpsiMasi ¢ eMUHMYHHIM HamnpasasiowuM Bekropom [ = (11, 12, 13).
Haiinem cymmy > a“lil7 = H(l). Tak xak a” u l* — TeH30pH, TO

1
H (T) — UHBApHaHT OPTOTOHAJIbHOM 3aMeHbl KOOPOHMHAT, T. €. CKaJsip.
Briunciienns naior

HN) =Y avlili =
- agl m, ; ziy 2}: LANE +i2j AR E aZ=l ma|:'1:'(a)|2 =
N -2 XN - N =\ 2
= Z m, ((zﬁ(a)’ l)) + Zl mall|2|§(a)|2= Zl my, (lz_ﬁ(a)|2_(<i(a)? l)) )

a=1 a= a=

. - 2
OTo BHIPaXEHHE WHTEPNPETHPYETCS TaK: MHOXHTeNb |Z,)|* —

—(Za), 1)? ecTh KBajpaT PacCTOSHHS TOYKH C MAccoil m, 1O OCH I;
T. €. Mbl [IOY4YHJIH U3BECTHOE BhIPa)K€HHe JJIST MOMEHTa MHEepUHUH Tesa
OTHOCHTeNbHO ocH. Co6CTBEHHbE BEKTOPhl MaTPHLbl a” MapajiesbHbl
TaK Ha3blBaeMbIM IVIaBHHIM OCSIM HHEPILHH TBEPHOro TeJa.
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6) Tensop Oegpopmayuii. PaccMOTpPUM CIJIOIIHYIO Cpely, 3amoJHS-
IOIYI0 HEKOTOpHH o6beM B npocTpaHcTse R”, OTHECEHHOM K HeKap-
TOBBIM KOOPAHMHATaM z!,..., "; TOYKH 3TOH OGJACTH OTOXKAECTBJEHHI
C ToyKaMH cpensl. PaccMoTpum Manywo aedhopMauuio cpeibi, Hanpumep
Mof IEHCTBHEM KaKHX-TO CHJ, HEHCTBYIOIIMX Ha 3TOT obbeM. Bynmem
CYHTATh, YTO HAM 33aJaHbl CMEIUEHHs] TOYEK Cpenhl, T. €. TJIafKue
byskumn ui(z', ..., z"), | < i < n, 3aBUCSAIIAE OT TOYKH U NO3BOJISIO-
1I[He BHYHCJSTb KOOPAHHATH CMEILEeHHOH TOUKH P 4yepe3 KOODAHHATH
HCXOIHOM TOYKHM 10 ¢opmyJte: Z* =zt + ui(z!,...,z"). O6n4HO pac-
CMaTPHBAIOT MaJjible CMelLleHHus], T. €. QYHKUMH u'(Z) MpeAnosaralnTcs
HOCTaTOYHO MajiuiMH. Jisi aKKypaTHOH MMOCTAHOBKH 33[ayu CJIe[0BAJIO
6Bl paccMOTpeTh 6eCKOHEYHO MaJibe CMEIeHHs] TOUeK, YTO SKBHBAJIEHT-
HO 33aIaHMIO0 TVIaKOrO BEKTOPHOro moJjisi B o6nactu. OfHAaKo B T€OpHH
CIIOIIHOH Cpefbl PacCMATPUBAIOT MHOTAA M KOHEuYHHE aedopMaluu,
[103TOMY OCTAHOBHMCSI Ha NPE/JIOXKEHHOM Bhille (opMasu3Me.

HUrak, touka P =(z',..., z") nepeMectunacy B Touky P = (z' +
+ ui(z!,..., z")). HallneM u3MeHeHHe [JIMH TJIaJ[KHX KDHBBIX, BO3-
HHKalllee 1npu AedopMauuu cpensl. Paccmorpum nBe 6s3KHe TOY-

KH: P(:::1 z") u P'(z',..., z"). Ilyets (Al)?= Z(m —z')?=

= Z(Az )2 — KBaJpaT JJIMHB €BKJIHI0BA OTPe3Ka, coeguHsomero P
i=1

u P’. Haiinem kBagpar punsl (Al')? orpeska, coenuHsiomero o6pass

Toyek P u P’ mocjie X CMeIleHHs MOJ BJAHsSHHEM NeOopPMalHH Cpebl

B HOBHle ToukH P u P’ (puc. 1). Umeem

(Al): = zn: (zi'+ui(z’)—zi—ui(m))2 =

i=1

= él (2% — @) + (ui(z) — wi(z))] =
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= Xn:(Ax" + Aut)?= zn:(Azz:")2 +2 i Az Au’ + zn:(Aui)2 =

i=1 i=1 i=1 i=1

— (A2 +23 Az A + 3 (Aui).

i=1 i=1

] i
Tak Kak Au’ = %Az", TO

(AU): — (A1) =23 AciAu’ + 3 (Aui)2=

i=1 i=1

:22 Az Azk+ Y kapr-"’hAfE’_
AIGP
Bt 't
=% ( ) AziAzt +H§p o sop Azt Azr.

Hrak,

COCED> (&k n 6x,)dac dot + 3 2020 " dat da?.

ik p

Ecnu nedopMaunu ui(z) Majb, TO MOXHO CYUMTATh, YTO
n2 __ 2~y
CORCIED) (azk + 31__,) dz’ dat.

[Tonoxum 7, (z) = 3:::" + 5.7 TOrA (dl')? —(dl)*=n,, dz, dz,. Habop
¢byHKuMi 7, obpasyer TeH3op Broporo paHra tuna (0, 2), Ha3biBaeMulit
TEH30POM MaJibiX nedopMaiui.

7) Tensop Hanpascenut. PaccMOTPHM ymnpyroe TeJso, MoABepray-
Toe HekoTopod medopmauuu. Ilpn 3TOM B HeM MOSIBJSIIOTCS «HAMpsi-
XKeHHUsi». OOBSICHUM 3TOT TEPMHH, MPHMEHsIs] CTAHJAPTHYIO MOJeJb,
pa3paboTaHHY0 B KJaccu4ecKoi Teopud ynpyroctd. [lyets do —
MJIOCKasi MaJjasi MJIOLIaaKa, PacroJioXKeHHasi B TeJle H MPOXOAsiIuasi
yepe3 TouKy P; nycts 7i(P) — HopMaib K do B Touke P; Oy-
JIEM CYMTaTh, YTO do OPUEHTHPOBaHA W HOPMalb TaKXKe CHabXeHa
opueHTaumein (puc. 2). B6amsm mnuomanku ynpyroe Teso pasburo
9TOH MJIOLIaAKOH Ha JB€ YacCTH: OfHA DACMOJIOXKEHa C MOJIOXKHTEJNb-
HOH CTODOHBI MJIOLIAfKH, Apyrasi — ¢ orpuuareJpHoi. Cuuraercs,
4YTO HaJIHYHe B YNPYroM Teje HanpsDKEHHH O3HayaeT, 4To mepsasi
M3 STHX IBYX 4acTed ympyroro Teja AEHCTBYeT Ha BTOPYI 4epes
miomanky do c cuinoit F, o6o3HauaeMoii BekTopoM F', npHJIOXKeH-
HoiM B P. Ilon TepMHHOM «OmMcCaTh HampspKeHHsST B Tesie» OOBIYHO
MOHUMaeTcs CJefyiolllee: YCTAHOBHTb CHJY HaNpspKeHHs Aasi Jo6oi
OPHEHTHPOBAHHOH MNJIOIIAAKH, MpeanoJjaraeMoil GecKOHEYHO MaJIoH;
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Puc. 2

dopmoit ee npeHe6peranT. CuuTaercsi, 4To B Touke P sl LaHHOH
Hopmasmu 7i(P) cuna F, peficTByomasi Ha do, NpomopuHOHaJbHA
ee MJIOLIAfH, KOTOPYIO Takxke 0603HauuM uyepe3 do. Mrak, nosnyyaem
COOTBETCTBHE, CONOCTaBsIOlIee Kaxnoi Hopmanu 7i(P) B Touke P
BekTOp F'(7); T. €. MeXny 7 H F' nMeercst 3aBHCHMOCTb: F' = F(n)
XapakTep ee ycTaHaBJIHBAaeTCsl B KJIAaCCHYECKOH TEOPHH YIPYTOCTH,
HCXOIS M3 MeXaHHYeCKHX coofpaxkeHHH; Mbl He 6yneM B HHUX BHHKaTb
M COOOIIUM TOJNBKO Pe3yJbTaT, K KOTOPOMY OHH ITPHBOJSIT: OKa3bIBaeTCsl
(B xopouleM npuGIMKEHHH K PearbHOCTH) MOXKHO CUMTAaTh 3aBHCH-
MocTh F'(7) JHHEHHOH, T. €. 4TO B KaXNOM TOUKe P onpejeieH
JHHEHHHH omepatop 7t — Q(7); Torma F(n) MOXHO 3alHCaTh Tak:
F(#) = Qp(it)do, tne Fi= Qjn'do; {n'} — KoopauHatsl 7i(P).
Bo3nukaer TeH3opHoe mone Tuma (l,1): B kaxnoi Touke P 3anaH
JHHEeHHHH onepaTop Qp, [VIAJKO 3aBHCSIIIHH OT TOYKH. DTO I0Jie oIpe-
IieJisieT TeH30p HanpspkeHuH. HampsokeHHst 3aBucsT oT nedopMmanuu
Cpenbl; O XapaKTepe 3TOH 3aBHCHMOCTH Mbl 6y/eM rOBOPHTh HHXKe.

U3 Mexanuueckux coobpaxkeHHH (KOTOphE MBI OMyCKaeM) cJaefyer,
4YTO TeH30p HanpspDKeHHH (p HO/DKeH OHTh CHMMETPHYHBIM (T. e.
MarpHLa onepaTtopa (p, — CUMMeTpHuHa). TeH30p HanpsKeHHH MOXHO
onpeneauTb (M BHIYHCIHTH) HE TOJNBKO B 1eOPMHPOBaHHOM YNpPYroM
tesie. Hanpumep, oH umeercst U B upeanbHoH xuukocTH. CyHTaercs,
YTO B HJEANbHOH XHAKOCTH CHJIbl BHYTPEHHEro TPeHHsi OTCYTCTBYIOT,
a MOTOMY cHJa HampspKeHus F'(7), meficTByoomiasi Ha do, MOXeT
OHTL HanpaBleHa TOJbKO M0 HOpMal¥ K do, T. €. — COBNajarh
C CHJIOH HOpMasbHOro faBieHHs Ha do. Tak kak F(7) = Qp(#i)do,
TO onepaTtop (Jp — AHAroHaNeH, T. €.

Q/=q(P)é}; F'=Qjn’do=q(P)n’do=q(P)n'do;
F' = g(P)n‘(P)do;

rie g(P) — ckansipHasi QYHKIUSI TOYKH P, HasbiBaeMasi JaBjeHHEM
B Touke P. JlaBnieHne q(P) He 3aBHCHT, ClleloBaTeNbHO, OT HamnpasJe-
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HMSI 7L M ONpefeJsIeTCs TOJMbKO CaMoi TOUKOH P (OT TOYKH K TOYKe [aB-
JleHHe MoxxeT MeHsTbest). Ecan cpena Takosa, uro Qp =¢q(P)- E, To ro-
BOPSIT, YTO B Hel BbImoJHeH 3akoH [lackans. 3akon [lackanst BbimosHs-
eTcsi IaIeKO He B KaXKIOH Cpefie; HanpuMep, B BA3KOH XXHAKOCTH TEH30p
HanpsDKeHUH MOXKET MMeTb 6oJiee CIOXKHBIA BHAI, TaK KaK MOMHMO HOp-
MaJIbHOT'O [aBJIeHHs], CYIIECTBYIOT ellle H CHJIbI, TOPOXKA€HHbIE TPEHHEM.

Mexny TeH3opaMH naeopMaunMH H HampsDKEHHsI CYIIECTBYeT 3a-
BHCHMOCTb; €€ H3y4YeHHEe COCTaBJsieT ONUH M3 BaXKHEHIIHX Pa3fiesoB
TEOPHH ynpyrocTd. B mepBoM NpHOIMIXEHHH MOXHO CHMTAaTb, YTO
npu Manpix nepopMauMsix TEH30pP HanpsDKeHHH JIMHEHHO 3aBHCHT
OT TeH30pa fedopMallHi, T. €. UMEeeT MeCTO cooTHomeHue: Qf =a*n,,
rie gpynkumu o obpasyior TeHsop 4-ro paura (runa (3,1)). B R
TeH30p o umeer 81 KOMIIOHEHTY. YKa3aHHOe JIHHEHHOE COOTHOIEHHe
Ha3nBaercsi 3akoHoM ['yka. Ilpeanosioxxum, 4To B cpele BbINOJHEHH
yCJIOBHS ouHopouHocm H H30TPOIHHY, T. €. BUI 3aBUCHMOCTH @ = Q (1),
Q; = a®n,, He MeHseTcs NPH OPTOroHaNBHBIX NPeo6pasoBaHHsX
Ri T. e. TeHsop o ¥ wuHBapHaHTeH oTHocutenpHo SO(3). MoxHo
MoKa3aTh (MBl 3TO OMYCTHM), YTO OTCIOAA BbITEKaeT c.nenylomui'l BHUJL
3aBucuMocTH Q = Q(n): Q] = Q;; = pny; + A spur(n) - §,;, rae uucia
[ M A Ha3HBaOTCS Kosq)(buuueﬂ'ramn Jlame (OHH onpenesoTcs
cpenoit). ®yHkuusa L7, = spur(n) UMeeT MPOCTOH CMHICH (Mbl He pas-
JIMYyaeM BEPXHHX H HH)XKHHX MHJEKCOB, TaK KaK COOHTHSI NPOMCXOMST
B R3). PaccMoTpuM mnepemelieHHe YacTHL CPefbl MOA AEHCTBHEM
MaJibiX feopMmanuii; Toraa GYHKUMH u®, onpefeNsiiouue nepeMeneHus
TOYEK, MOTYT PacCMaTPHBAThCS KaK KOMIIOHEHTH BEKTOPHOTO I0J,
3anampomero nehopMalHio; oéoaﬂaan 10 mone depes v(P). Tor-

Aa spur(n) = Z(g:—: + Z,) 2 Z = =2div(v), 1. e. spur(n) —

JUBEPreHUHsT MOJs nepemememm. Ko:-)(p(pnuneﬂ'r [ IS XHIKOCTH
Ha3eiBaeTcsi K09GGHIHEHTOM BSI3KOCTH.

[TepefineM Teneps K APYroMy KJIaccy NpHMEPOB TEH30PHKIX MoJeH —
TOJISIM, KOTOPble MOXXHO KOHCTPYHPOBAaTh, HCXOAsSI U3 (HKCHPOBAHHBIX
MoJieH MyTeM NMPUMEHEHHsi K HUM ajire6paHyecKux onepauuii. TeMm ce-
MBbIM, pacrnoJiarasi HEKOTOPEM Ha60pPOM TEH30POB, MOXKEM 3HAYMTEJLHO
€ro pPacClIMpPHTb.

2. Anre6panyeckue onmepanun HaJ TEH30PaMH.

(1). Mycts ZIaHH /B2 TEH3OPHBIX MOJIsSI OAMHAKOBOrO THNA W paHra:

T m P" ", TOrma MOXHO oépasosa'rb HOBOE Teﬂsopﬂoe noJe,
q q

ONpefieUB €ro Kak Ha6op (QyHKuMii: C" " = T" " + P'l . Hc-

XOsi M3 ONpefesNeHusi TeH30pa, nposepnercn 4To C" ‘r —-reﬂaop

(nposepsre!).
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(2). Eciu T’l o— Teﬂsopnoe nose, a f(x) — riankasi GyHKIHS
Ha M", To Haéop f (z) T" * TaKxe o6pasyer TeH30pHOe rosie Ha M™.
I[oxasa'renbcrso oquHnHo.

(3). Iepecmanoska undexcos odHozo muna. IlycTb 1aHo TeH30pHOE
nojie (mist mpocToThl paccMorpuM node tuna (0, g)): T, ; ; mocTpouM
s

HoBoe nojie no Qopmyne: F, yeiyd, = L. T € omepa-

LMt CBOMMTCS K NePeCTaHOBKE KOMIOHEHT TeH30pa (IepeHyMepaus).
SlcHo, uTO 3Ta oOmepauusi — TeH3opHas (nposepbTe!). 3mech Oblra
npUMeHeHa nepecTaHOBKA, MeHsIBIIAsi MECTaMH [Ba MHIEKca: i, H i,.
$lcHo, uTO MOXHO GLIO Ob IPHMEHHTH JIOOYIO MEPeCTaHOBKY.

3AMEYAHHUE. [lepectaHoBKa HHIEKCOB pasHoro Ttuma (T. €. Ko-
BapHaHTHOTO M KOHTPaBapDHaHTHOIO WHIEKCOB) He siBisiercsi, BooOuie
roBopsi, TEH30PHO! OrMepaifeil, Tak KaK BepXHHe HHIEKCH npeobpasy-
I0TCSI C MOMOIIbIO MaTpuLb! J, a HIKHHE — ¢ noMolibio (J )T (cM. BH-
me), a 3TH Marpuupl, Boobiie rosops, pas3auyHel. [ITPUMEP: Pac-
cMoTpuM mnose tuna (1,1), T. e. moje oneparopoB C B T(M™");
NPENIOJOXKHM, UTO B HEKOTOPOH CHCTeMe KOOPAHHAT () BBINOJHSETCS
TOXIECTBO: C‘ C7, 1. e. C «cHMMeTpHYEH». 3[1eCb Mbl MOMEHSIH
MecTaMu BerHHH W HIKHUHA uHAeKkchl. Ha sismike marpuust C 3TO
ycnosue BurasautT Tak: C = CT. JlonycTuM, 4To W B JioGo# Apy-
rox"d cucTeMe , BHIMOJHseTCsl To e cootHowenwe: C = Ci, 1. e.

=(C")". Ilyetb A — martpuua SIko6u 3ameHsl, nepeBopsimasi ()
B(:c') torna C'=ACA~!', ACA'=(ACA); (ATA)C=C(ATA),
T.e. BC=CB, rne B —ATA. Hrak, Haue yciioBHE SKBHBAJIEHTHO
YCJIOBHIO KOMMYTHpOBaHusl MaTpull B u C, 4TO BHIMOJHSIETCS AAJEKO
He Bcerna. Eciu 6n 3aMeHa (z) — (z') obsnagana 6B OPTOrOHaJLHOH
Marpuue# flkobu A, 1.e. ATA=F, To nepeMeHa MeCTaMH HHIEKCOB 1%
M j Obl1a OB TEH30PHOM omepauned.

(4). Onepayus ceepmxu. Ilyctsb T' ‘P — TeH30pHOe mnoJe; (HK-
cHpyeM nBa u}mexca pasHoro Tuna — Koaapnaﬂ'muu J U KOHTpaBa-

puan‘mmn i,; H nocrpouM clenywouye (QyHKUHH: Pl .J.n.;,:'l J’ =

=) T °l';'_‘,";.'°l+' i . Dra onepauus —TeH30pHaH (nposepste!)
P M n ’ .+
1

M NepeBORHT TeH30p Tuna (p, q) B TeHsop THMa (p—1,9—1). Ecan
p =g, TO Ans HcxopHoro mojs ;' ]_., MOXHO OIpefeNuTh MOJHYIO
CBepTKY, CBEpHYB Bce BepXHHE mmexcm CO BCeMHM HWXXHHUMH; MOJYYHT-
cs cKaasipHasi pyHkums spur(T’), sBasioasicss ”HBapuaHToM roast 17,
T. €. He MEHSIIOIIAsICsl MPH 3aMeHaxX KOOPHHHAT.

(5). Tensopuoe npoussedenue. IlycTb naHbl OBa TEH3OPHBIX MOJS
obwero Bupa: T;"» u Fy' 3. MoxHo o6pasoBath HoBoe moJe
M |
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C; ; o =T P Py 5. SlcHo, uTo 3TO — TeH3opHoe modte Thna
(p+.5' g+t); oHO 0603Haqae'rCﬂ tak: C= T ®P. Onepauusi TeH30pHOT0
YMHOXeHHs1, BooOlie roBopsi, HeKoMMyTaTHBHa: T® P #AP Q T.

(6). Toonamue u onyckarue uxoexcos. PaccMoTpuM, Hanpumep,
TeHsopHoe nose tuna (0,2) — a;;; NYCTb OHO HEBBIPOXKMAEHHO, T. €.
Marpuua A = (a;) HEBbIPO)K}IeHa B K2X/I0H TOUKE; TOAa CYIIeCTBYeT
o6paTHasi Ma'rpuua A~ KosddHuuHeHTH KOTOpPOH 0603HayuM a¥.
Orciona a* ay, = ;. IlycTs nano npousBosbHOe TeH3opHoe noje T;' i

MOXHO MOCTPOMTH HOBOE rOJIe BH/A! P”"'lp =a,; T, " . AHanoruuHo,
o,

L.
Ha3blBaeTcsi onepayuet onycrcauuﬂ uHOexca, BTOpasi — nOOHAMUEM
undexca. DTH omepalyd — TEeH30pHbE, TAaK KaK SIBJISIIOTCS KOMIO-
3HLHEeH OBYX TEH3ODHBIX OMNepanud: YMHOXEHHSI U CBEPTKH TEeH30-
poB. Onepauun MOgHSTHS M OMYCKAHHS] HHIEKCOB B3aUMHO OOpPaTHH
B CHJY HeBupoxmeHHocm Tensopﬂoro noJist a" B CaMoM [eJie:

a].laC];’f‘.'.'];' a; W0 T e =80T T]l"]z . O6bluHO B KauyecT-
Be a,; Oepercst Merpnqecxnn Teﬂsop g,J Ha pnmauosom MHOroo6pasuu.
Hanplmep, ectn M =R" u g; = §,, To 3aKoH npeoOpa3oBaHus
BEPXHHX M HIXKHHX HHIEKCOB COBMajaeT (B TOH CHCTeMe, B KOTOPOH
g;; = 6;, T. €. B IEKapPTOBOH CHCTEME, OTHOCHTEJHLHO OPTOTOHAJILHBIX
3aMeH W napaiesIbHbIX IePEHOCOB); MO3TOMY B JeKapTOBOH CHCTeMe
HeT Pa3sHUUbl MeXNy BeDXHHMH M HH)XXHHMH HHIEKCaMH H HX MOXHO
MOAHMMATh M ONYCKaThb B MPOH3BOJbLHOM MOPsIAKE, HAPUMEP, CUHTATh
Bce MX HIKHUMH. Onepanus NogHSTHS H ONyCKaHHsI HHAEKCOB B 061eM
cJydae 103BoJisieT IPOM3BECTH KaHOHHYecKoe oToXKaecTBaeHue 1, M™"
u Ty M". B camoM pene, sneMeHTaMu T, M" SBASIIOTCS BEKTOPHI —
TeH3o0phl THna (1, 0), a sneMedTamMu 15 M™ — KOBEKTOpHI, T. €. TEH30PH

tuna (0, 1). [TocTpouMm JuHelHbIe 0OTOGPAXKEHHUS:
A: T->T*, A(@)=¢ rte aeT=T,M", (€T =T;M";
£i=go0% B:T'—T; B(n)=b b =g"=g°n,
Torna:

MOXHO MOCTPOHTbL M MOJIe C‘”‘ b= a”’li; "». Ilepsas omnepaums
I q

((Bo A)d)' =g*(Ad), =g™g,;0’ = 6] =d,
T. €.
BoA: T—-1T BoA=l1,
(ToxnectBeHHoe oTo6GpakeHHe). AHaJOrHYHO:

((AoB)E); =9, (BE)" =g,,9%¢;=6/€,=¢;
T.e. AB: T*— T*; A B =1,. 310 03Hauaer, yto A u B — u3omop-
¢usmbl. bojiee Toro, Bo3HHKawuiee oToxkiaecTsieHne 1T' U T* uHBa-
PHAHTHO OTHOCHMTEJbHO 3aMeH KOOPAMHAT, TaK KaK HCIOJb30BaHHHIE
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orepanuuu — TEH3OPHLIE. B YaCTHOCTH, CJenywliue ABe auarpamMmbl
KOMMYTAaTHBHBHI:

™ — I ™ — T

AT (J—I)T TA Bl (J—I)T lB

T — T T — T
J

(7). Cummempuposarue. PaccMoTpuM cHayana mapy MHAEKCOB OfI-
HOrO THNA M MO TeH30pHoMy momo T' , .~ MOCTPOMM HOBOE MoO-

1
ne (T ; ;. +T ; ;. )(nepecrasus sTu ABa mmexca) Onpenenum
ofmee cummerpuposanue Tak: B, =T q, Z To,...5y THE
CYMMHPOBaHHe BelleTCsl 110 BCeM MepecTaHOBKaM mmexcos Ty ov oy By

Onepauunsi cHMMETPHPOBAaHHSI — TeH30pHasi (mpoBepbTe!).

Onpepeaenne. Tlone T ' HashBaeTCsi CuMMEMPUHUHbLM, €CIH
q
OHO He MeHsieTCsl [PH MepPecTaHOBKe MeCTaMu JIOObIX IBYX HHIEKCOB

OJHOTO THIA.

[lpumMeHeHHe CHMMETPHPOBAHHS K CHMMETPHYHOMY I1OJIIO aeT TO XKe
caMoe roJe.
[TPUMEP. MeTpuYeCKH# TEH30p g;; CHMMeTPHYEH.

(8). Asrvmepruposanue. PaccMOoTpUM cHayaja napy COCeqHHUX HH-
JIEKCOB OJIHOrO THINA M IO TeH30pHOMY nojio 1’ ;; MOCTPOMM HOBOe
+T . ) AunbTepHUpPOBaHME ONpeaeSUM TaK:

= :Z?Jl A Z( I)P(")T RS
" (9
3pech (o) — yeTHOCTb NHepecTaHoBKH o (uHorma muwyt (—1)7).
Onepauusi aJbTepPHUPOBAHHUST — TeH30pHast (npoBepbre!).
Onpeneaenne. TeH30pHOe noJe T.' ].'P Ha3blBaeTCst KOCOCUMME-

mpu4Hoim, €CJH €ro KOMiIOHEHTH MeHﬁ]OT 3HAaK MPH TPaHCIOHHWPOBA-
HHH JI00bIX ABYX COCE€NHUX HHAEKCOB OOHOrO THIIA.

Gy dy

Jdemma 1. A/meepuupoeauue He MeHnsem KOoCocummem puiHbLil
mengop T, .. ([das npocmomet paccmampusaem men3opol, umeto-
wue rcoeapuaumubze undekcol.) Arvmepruposarue obpaujaem cum-
MEmpu4HbL MeH30p 8 HYAb.

JokaszaTtenbcTBO ClefyeT M3 oOnpeleNeHUs CHMMETPHYHBIX
M KOCOCHMMETPHUHBIX TE€H30poB. [J

Ha 3ToM Mbl 3aKOHYMM IepeyHc/ieHHe OCHOBHBIX ajreGpaHyecKux
onepauuii Hap TeH3opaMu. O6CYIUM MOHATHE CHMMETPHYHOTO H KOCO-
CHMMETPHYHOro ornepatopa. Mbl npuBeJM NpUMeD, MMOKA3bIBAIOLIMH, YTO
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TIOMHITKA OTPEAeJUTh, HanpuMep, CHMMeTpuuHbH onepatop C = (cf)
dopmyaoii: C =CT (koTopasi ZO/KHA BHITONHSITHCS BO BCEX CHCTEMaX
KOOPAMHAT), IPHBOJSAT K POTHBOPEYHSIM, TaK KaK 3TO OnpejeseHHe —
He TeH30pHoe, u cooTHoueHHe C = C'T paspyuiaeTcsi mpH 3aMeHax
koopauHat. [loHsiTHE CHUMMETPUH H KOCOH CHMMETDHH OIE€pPaTOpPOB
HMEIOT CMBHICJ TOJIbKO MPH HAaJHYHH PHMaHOBOH METPHKH Ha MHOTO-
o6pa3un (Gosiee O6IIO: MPH HAJHYHH HEBBIPOXKAEHHOTO TEeH30PHOTO
noJisi THNa (O 2) nmu (2,0)). PaccMmorpum M™ ¢ MeTpuxo# g,
nopoxpamouiei B KaxxaoM T, M" ckajsipHoe Npou3BefeHHe
(@, b)p =g,;(P)a’b?, a, be T,M".

Onpeneaenne. Oneparop T (B ogHOMU TouKe P) WM onepaTopHoe
nose tuna (1, 1) HaswBaercst cummempu4roim (COOTBETCTBEHHO, KO-
cocummempu4Hbim), €CH BbIOJHsIeTcst ToxaecTBo: (T4, b) =(d, T'b)
A MO6HX G, b € T,M" (B onmHOH TOYKe, HJH BO BCEX TOY-
Kax — JUI51 O[IepaTOPHOro 10Jist); cooTBeTcTBeHHO: (TG, b) = —(d, TH);
4, be T, M™ (mjsi KOCOCUMMETPHYHOTO CJy4as).

[osicuenne (nanpumep, ajst CHMMETPHYHOTO oneparopa): (d, T_l;) =
=(T4,b); (@, Tb) = g;a"(Tby = g,a bek—(g,]:l;f)a b* = T, a'b*,
re T, =g,; T,/ Nanee: (TG, ) 9,;(Tay'bi =g, Tia*bi =g, T a'b* =
=T,a'b*, tne T,, =g, T’. TaKKaKTab"—Tab",'roT. -
Hrak, nocne onyckaHus WHAeKkcoB y TeH3opa T rtuna (1, 1) ycaosue
cHMMeTpHH (HajloXKeHHoe Ha TeH3op Tumna (0, 2)) mpuobperaer mpu-
BHYHHH BHA, T. e. T, He MEHSIIOTCH NPH TPAHCIO3HUIMH HHAEKCOB.
AHanoruyHo ycTaHaBJIMBaeTcCst Kocast CHMMeTpust T, mocJie onycKaHus
HHIEKCOB B KOCOCHMMETPHYECKOM Clydae.

3. KococumMeTpuuyHbie TeH30phl. ByneM paccMarpuBaTh KOBapH-
aHTHBIE KOCOCHMMETPHYHbIE TeH30pbl T; . (MJIM TEH3OPHEE MOJs).

Jemma 2. Kococummempuunolii meH3op T, .. makcumarbnozo
panea n Ha M™ noarocmoro onpedessemcs moAibko 0OHOL c80eil

komnonenmoi T, . (cywecmsenHol KOMNOHEHmMOW); ocmanrbHble
omauvaromcs om Hee moavko muoxcumenem (—1)°, m. e.

7;1...:‘,_ =(-1)"Ty a0 (.- i)=0(1,2,..,n).

JlokazarteabcTso. PUKCHPYEM CHCTEMY KOOPAMHAT Z!,...,z";
rorga B Heit T, ;, =(—1)"Tj, , (cM. onpeneneHHe KoCOH CHMMeT-
pun). Ilycts chenaHa 3aMeHa: (z) — (z'). UMeem:

8zt Bz’ o 8zh Bz
T'...nl=g-'-@Tn...n=(Z(—l) gg)Tmn
’ =(detJ)- T, .
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Hrak, mns onucaHuss KOCOCHMMETPHUYHOTO TeH30pPa MaKCHMAaJbHOrO
paHra JOCTaTOYHO 3HATh €r0 CyLIeCTBEHHYI0 KOMIIOHEHTY (B KaKOH-TO
OJIHOH CHCTeMe KOOPIMHAT, TaK KakK CyIleCTBeHHble KOMIIOHEHTH B [PY-
THX CHCTEMaXx IMOJY4aloTCsl JOMHOXKEHHEM Ha siKoOuaH 3aMeHhl). JleMma
JloKa3aHa. [J

JInsi KoOCOCHMMETPHYHBIX TEH30POB OIlpeliesieHa BaXKHasl olepaumsi:
sHewnee ymuoxcenue. Ilyctb I, ., w B j, — ABA KOCOCHMMe-
TPUYHBIX TEH30pa; OMNpEeNeJHUM HOBbIH KOCOCHMMMETPHYHLIH TEH30p,
o6o3Hauaemuiit yepes R A P, rae

1 o

TRUE T S A :l?il...i,“Pjr..j’] = %ig! ;(_l) Il(il...ik‘le...j’)‘ (1)
OTO yMHOXeHHe sBJsieTCsl OMIHHEHHOH omepauMel; PaHTH TeH30-
poB cyMMHpYlOTCSl. PaccMOTpMM MHTepHpeTanMio Ha si3blke BHeIU-
HuX nuddepeHunasbHbix (opm. CHayala paccCMOTPHUM KOCOCHMMe-
TPHYHBE TeH30pw T ,, 3ajaHHHe B OfHOW Toyke M". Tor-
ma T, , ompejessieT KOCOCHMMETPHYHOE MOJMINHEHHOe OTOOpaxe-

Hue T: (T, x...x T.) > R, tne T, = T, M". dukcupyeM HeKOTO-
| S

k
10 CUCTEeMY KOOPAMHAT z',...,z" U PACCMOTPHUM HX KakK rJagkKue
’ )

GYHKUHM Ha OKPECTHOCTH TOYKH P; TOrAa onpepesieHbl quddepeHuu-
ansl dz',. .., dz" stux Qyukumi. Jisa mo6oi rnaakoit ¢oyHkuuu f(z)
ee quddepeHunan df ecTb 3MeMEHT IPOCTPAHCTBA, CONMPsKEHHOro K 17,
T. €. JUHeHHbIH GyHKuHoHan Ha T,. B caMoMm nene, eciu d € T, TO

1

ﬂzdfi'y{t)!
da at |, o’
ree v(0)=P, v(0) =4, 1. e.
df _ of d=*| _ o . . 4 _ Of &
4= 5 |, " 3aF Hrak: 4a = 5 F 9
T. e. ecsm f =z, TO %= bz a* = §ia* = a'; dz* = a*dt.

e

Hrak, dz* MoXHO cuumraTh (yHKuMOHanamu Ha T, T. e. — aJje-
MeHTaMu T'*. Cuutas dit Majol BEeJMYMHOH, MOXXHO pacCMaTpPHBaTb
€ro KakK K03GQHIHEHT MPONOPIHOHAILHOCTH, KOTOPHH B JajlbHEHIIEM
6ynem onyckarb. Ecan €,...,€ € T, — 6asuc B 7,, TO B KayecTse
Gasuca B T* Bo3bMeM dz',...,dz", cuuras, yro dz*(€,) = &%,
dz*(d) = a*. Onpenenum BHewHiow airebpy A(dz',..., dz") ¢ o6-
pasylomumu dz', ..., dz", MeXAy KOTOPHIMH 3aflaHbl COOTHOIIEHWSI:
dz' Adz? + dz? Adz? =0, ¢ # 7, onepauusi A OuiuHe#Ha, ajire6-
pa A nopoxpaeHa (B ajIMTMBHOM CMbicje) MOHOMamu: dz!,..., dz™;
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dziAdz?, i <j;...;dz" A...Adzh, 4, <...<i,; dz'A...Adz". Kak
M3BECTHO U3 Kypca anre6pbli, MEXAy 3THMH MOHOMAaMH HET JHHEHHBIX
COOTHOIUEHHH C MOCTOSIHHHIMH KO3 ()HIHEHTAMH; MYJbTHIIHKATHBHbI-
MH o6pasyomumu anare6pu A(dz!, .. ., dz*) asasiotest do!, . . ., dz* —
6asuc T*. Aurebpa A moxer 61,11':) pa3jioxeHa B MpPSIMYI0 CYMMY JH-
HelHbix noanpoctpadcets A; A= @ A, rne A, 1 < k < n, nopoxnaeHo
k=0

MOHOMaMH: dz'A. . . Adz*, 4, <...<i; N =R, nopoxneHo enuHuues 1.
Pa3MepHocTb anre6pel A pasHa 2".

Paccmorpum Hosywo anre6py A(M™), sjieMeHTaMH KOTOPOH SIBJSIIOT-
cst nuHeliHue KoMOuHaun WM =T, | dzA...Adz* 1 BCeBOIMOXHbHIE

n

nuHeiHbe Kombunauuu Y, w®), rme T, ; (z) — KococuMMeTpHuHOe
k=0

TEeH30pHOEe MoJie paHra k W MHIEKCH 1, ... %, YNOPSOYEHH B MOPsIIKe

Bo3pacTaHus. YMHoxeHue B A(M™) onpeneneHo Huxe.

Mu onpepenunn snement w*) B JaHHOM CHCTEMe KOOpAMHAT: T, . ..
..., z" npuyeM O < k € n. Uro mpoucxomuT ¢ 3THM OOGBEKTOM MHPH
3ameHe (z) — (2')?

Jdemma 3. Jnemenmor w® =T, . (z)dz"A...Adz* onpedesensi
UHBAPUAHMHO, 8 MOM CMbiCAe, 4mo npu 3amene (z) — (z') umeem:
T, qdziA.. Adzh =T, ,dzhA...Adzh.

loka3arteabcTBo. J0CTaTOYHO BLIMOJHHTL 3aMeHY (z) — (z')
M BOCIIOJIb30BAaThCS 3aKOHAMH npeobpasosanust T,  ; (z) u dz*. O

Onpepneaenne. dnemedta w® angre6pu A(M") HasuBawTCs
sHewHUMU OuhpeperyuarbHoimu popmamu.

PaamepHocTs A(M™) GeckoHeuHa. Kaxnasi BHewHsisi dopma w(®)
OJIHO3HA4HO orpefensieT Ha6op KoMnoHeHT T, ; () KoCOoCHMMeTpHY-
HOro TeH30pa; BepHO W oOpaTHoe: J060H KOCOCHMMETPHYHHH TeH-
30p (TouHee — TEH30pPHOE [10Jie) OJHO3HAYHO ONpEAENsieT BHEWHIOn
dopMy. SI3bIK BHEIIHHX (OPM — 3TO ONMH H3 SI3BIKOB OIMHMCAHHS
KOCOCHMMETPHYHHIX MOJIeH.

3AMEYAHMUE. [lpu onpenesieHUH BHEIIHHX (OPM MOXXHO OHLIO Ol
paccMaTpuBaTh JIHHEHHble KOMOMHAUMM BHIA Ai.---i. dzh A ... Adz*,
rae A; ; — NPOH3BOJIbHOE TEH30pHOe moJje (He o0s3are]bHO KOCO-
CHMMeTpHYHOe), H CYMMHDOBaHHE BeJleTCsl 10 BceM Habopawm i, ... i,
(He ynopsimoueHHbIM). B cuny Kocoi cummeTpuu o6pasyomux dz', . . .
..., dz™ OTHOCHTEJbHO BHEIIHEro YMHOXEHHs] UMeeM:

b
A, ,.d:zi'A...Adzi~=A[i i]dzi'A...Adxi*, 4 <... <7

Tk 1"

Y
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T. €. Jio6ast KoMOuHaumst A, -dz" A...Adz* NOPOXAAET HEKOTOPYIO
BHEIIHIOW AuGGhepeHIHaNbHYI0 GopMy.

3ananuM ymHoxenne B A(M"). Ecnn w® =T, dz" A... Adz*,
(4 <...%), 1w W =PF  _dz’ A...Ad2”, (5, <...<j,), — nBe
BHeLIHHe (POPMH, TO uX npoussefeHue w** 9 = w*) A W) onpenenum
Kak QopMy BuAa:

wk+ = (T mikd:r"' A...AdzH)A (P].l“_j'd:v"' A...ANdz?)=
=T, B ;de" A Adzh Adzh A A dah

B . (4 <...<4) (G <...<3)
1 D

=T 5 0 dzh({l\;_'__'!\iff“"

flcHo, uTro yMHOXeHHe (OPM COBHafiaeT C BHEIUHHM YMHOXEHHeM
COOTBETCTBYIOIIMX MM TeH30pHHX mojed. Mrak, A(M™) cHabxkaercs
CTPYKTYpOH ajre6phl ¢ eqUHHLEH; YMHOXKEHHE aCCOLIMAaTHBHO (TaK Kak
aCCOLMAaTHBHO yMHOXeHue B airebpe A(dz!,...,dz"), Ho He KoMMy-
tatuBHO. Asre6pa A(M™) pacnamaercsi B NMPSIMYK) CYMMY JHHEHHBIX
nopnpocrpancrs A(M™)={T; ,dz* A...Adz’}. Uneno k Hasmsa-
ercsi crenenbio hopMu w'). dneMeHTH w'*) Ha3HBaWTCS OAHOPOAHEIMU
ssieMeHTaMH anre6pu A(M™). Juddeperuuansibie popmu w*) ynobHo
TPaKTOBAaTh KaK MOJHJIMHEHHbIE KOCOCHMMETPHYECKHE OTOOpaXKeHHs.

Ecnmu @, ..., 4, € T, M", To, cuurtas, uto dz*(d)=a' (¢-s1 KOOpAMHATA),
T. €. ONYCKasi MHOXHUTeJb di, nosydaem:
WGy, ..., 8,) = (T, (2)dz" A...Adz™)(G,. .., 6) =

=T, (2)de""(@) ... dz"N(G) =T, ,(2)a-... at'=

— i B h §
=T;. .0 ---a=1 ,a ...af.

l..l aee 'k
Hrak:
k). . k). (7 — L4 kY (7 =
wh: T x...x T,=R; w®:(d,,a,...q,)=(-1)"w®(q,,...,d).
| A 2
k
Paccmorpum R™ u nyers z!,..., 2" — JEKapTOBH KOOPIMHATHL.
[Mycts w™ =dz'A...Adx™ — BHewHsis1 POPMa MAaKCHMaIbHOIO PaHIa;
d,,..., 4, € R" — npousBosibHHH Habop BEKTOPOB-apryMeHToB H3 R".
O6o3HayumM yepe3 vol [1(G,, . . ., d,), n-MepHH# 06beM mapasiesenumne-
na Il(G,,...,d,), Hatauyroro Ha 4, ..., 4, (puc. 3).
ai ... at
Jdemma 4. ITycmo A=\ .......... —Mampuya, nocmpoex-
aﬂ aﬂ
1

Has u3 Koopouwam 4, ..., 4,. Toeda det(A)=volIl(4,,...,d,).

n
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& ne,..&,) HokxaszarteasrctBo. Ilpu n=1
yTBepxaeHue oueBHaHO. [lycth dopmy-
Ja fokasaHa g k < n— 1. PaccmoTtpum
d,,...,4,; Tak kak volIl(d,,...,d))
He MeHsieTcsl IPH BPALIEHHsIX, TO MOXKHO
NIOMECTHTb G,...,&,_; B IJIOCKOCTb,
HaTsSHYTYIO Ha €,...,€,_,, TOe €,...
..., €, — 6a3uc B R". Torna Matpuua A
IpPUHUMAeT BHJ:

Puc. 3

B’ *
0...... 0| ar

CremoBaTeJbHO:

det A =det A’ =(det B')- (d), =
= (volTI(&,, ..., 4,_,)) - (@) = Vol 1(G,, . .., &,)

(puc. 4). 3necs (), — npoekuust 4, Ha €,. O

Puc. 4

Jemma 5. Ilycmv R" omueceno k Oekapmosvim KoopouHamam
z', ..., 2", u nyemo W™ =dz' A...Adz" — ¢popma makcumarvro2o
panea. Tozda w™(4,,...,d,)=volIl(d,,...,d,).

HokasarteabcTBo. Tak Kak dz'(d) =a’, To:

w™(@,,...,d,)=(dz'A...Adz")(4,,...,d,)=
=dz!'(@,)-...-dz"(d,)=dl" - ... ahl =det 4,
a ... a B .
rmea=| .......... , T. e. det A =volIl(4,,...,d,). O
1 n
aﬂ aﬂ
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Wrak, 3HaueHuwe cTaHaaptHo# ¢dopmel dz' A ... A dz" Ha JoGoM
Habope d,, ..., 4, PaBHO €BKJIHAOBY oObeMy mnapajenenuneja, Hars-
HYTOrO Ha G, . .., 4,. B yacTHOCTH, 06beM mapansesenunesa (B Takow
TPaKTOBKe) He CKaJsip; HampuMep, OH MeHsieT 3HaK NPH HeyeTHOH
nepecTaHoBKe 4, ..., d, (3TO — «ODHEHTHPOBaHHbI 00BeM»). Hrak,
MBI TIPEACTaBUIH w = dz' A...A dz" KaK n-IHHEHHbIH (PYHKUMOHAN
oT Gy, ..., d,. DTa TOYKa 3peHHUs] Ha 00beM, KaK Ha 3HaueHHe BHeIIHeH
¢dopMbl (OT apryMeHToB 4, . . ., G, ), IJIONOTBOPHA; OHA JIEXXHT B OCHOBE
MHOTHX reOMeTpHYeCcKHX (DaKTOB; HampuMep, M3 Hee H3BJeKaeTcs
MHBAaPHAHTHOCTb KPAaTHOrO HHTErpajia MpH 3aMeHe NepeMeHHbIX.

AHanoruuHass HHTEprpeTauusi BO3MOXHA M it GOPM MEHbIIeH cre-
nenu. [Tycts, Hanpumep, B R” 3anana popma w*) =dz" A. . .Adz™. Tpe-
Gyercst HaiTH 3HaueHue (dz" A...Adz*)(G,, ..., d,), rae G, ..., 6, —
NPOU3BOJLHEIH Habop BEKTOPOB
B R". llokaxwure, uto w*(g,...

.o @ )=volTIl(b,, ..., b,) —0bb-
eM k-MepHOro mnapajjejenumne-
I3, PpacloJIOXKEHHOroO B KOOPHH-
HaTHO# muockoctn R*(€;, .. ., €;)

M HaTSIHYTOTO Ha BEKTOpH b, ...
ey _l;k € R¥, ssasomuecs op-
TOTOHAJILHLIMH POEKLMSIMH BeK-
Puc. 5 TOPOB @,,...,G, Ha IJIOCKOCTb

R*(€;, ... &) (puc. 5).

Ecin dopMa w™ ecth komOunaums suga w, . dz" A...Adzh,
To ee 3HaYeHHe Ha Gy, ..., 4, OyneT JuHeiiHOH KoMOMHaUKeH o6beMoB
volTI(by, . .., b,) ¢ «Becamm» w; ;.

YkaxkeM Ha CBsI3b BHEIIHHX (DOPM MaKCHMaNbHON CTENEHH ¢ 06 beMOM
orpaHu4eHHOH 06acTH Ha PUMaHOBOM MHoroo6pasuu. bynem cuutars,
YTO YHTATENb 3HAKOM C ONpefieleHHEM MHOTOMEPHOro (KpaTHOro) HHTe-
rpana Pumana. [Tycts M" — riiagxoe pumaHoBo MHoroo6pasue u D —
oTkpHiTas o6nacte B M", nuddeomopdHas oTkpeiToit obiactu U B R”,
OTHECEHHOM K 1€KapTOBbIM KoopauHatam z!, ..., z". KoHeuHo, He pisi
Kaxgod obmactu D Ha M" cymectByer Takod auddeomopdusM,
HO /YIS IPOCTOTHI Mbl OFPAaHHYMMCSI «[OCTATOYHO MaJIBIMH» O6JIACTSIMH.
Iycts g(z) — onpenenunrens Matpuupl (g;(z)).

Onpeneaenne. Ob6vemom obracmu D C M™ Ha3biBaeTcs YHCIO:

V(D)=vol(D)={--{v/g(z)dz' A...Adz",

U(z)

rne z',...,z" — [eKapToBbl KoopauHaThl B obmactu U(z) C R"

(puc. 6).
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X”

Ufx)=Rr”"

Puc. 6

310 onpeneneHne HYXKHO 060CHOBATb, T. €. I0Ka3aTb, YTO B IPOCTEH-
IIMX CJy4asix 3Ta (opMyJia MPUBOAMT K TEM XKe 3HaueHUsIM o6beMa,
KOTODBIE NOJYHalOTCS U3 JPYTHX cooOpa’KeHHH.

(1). lyers M™ =R", U =D C R — orpannyeHHas obnactb B R",
g; =6, 7. e. g(z) =1, a notomy

vol(D)= {--{da'...dz",

U(z)

4YTO COBHAafaeT ¢ OOBIYHLEIM, «EBKJIHAOBHIM», OmpeleseHHeM o6beMa
orpaHuueHHod ob6nactu B R™. Tlpu 3sTom cuuTaercs, 4TO B CHMBOJ
dz',...,dz", Kpome ero (GoOpMalbHOrO cMbicja (CM. ONpejfeNeHHe
HHTerpana PuMaHa) BK.IafpiBaeTCsl TaKXe Clefyiollee coaepxaHHe:
ecau cuutath dz',...,dz" GecKkOHe4HO MalbIMH BeJHYHHAMH, TO
do =dz'-...-dz" — ecTb GeckoHeuHO Majblii 06beM GECKOHEYHO
MaJioro napaJjijiesieniuiesa co CTopoHamu dz',. .., dz", U3MepeHHHIMH
B JIEKapTOBHIX KOOpAMHatax z!,..., z". Mrak, o6beM orpanH4eHHOH
obnactu U(z) CR™ MOXHO npencTaBasTh KaK «CyMMY» 6ecKOHEYHOro
yucia 06HeMOB SeCKOHEYHO MallbiX MapalijielielHnenoB, BHYHCIEHHBIX
no o6bryHOH opMyste (T. e. 06beM MPSIMOYTOJNILHOTO Napaliiesienunena
PaBeH MPOH3BEEHHIO Bcex ero pedep, BEIXOASIIIMX H3 OLHOH BEPUIMHEI).

(2). Mycts M™ — raanxoe noamHoroo6pasue B RY, g, (z) — unmy-
LUHPOBaHHasi pUMaHoBa MeTpuka Ha M" C RV (o6bemiwias MeTpu-

Ka — eBkaunosa). Ilycts z!, ..., 2" — KPUBOJNMHEHHbIE KOOPAMHATHI
B OKpecTHOCTH ToukH P Ha M"; mycts obiacte D conepxuTcs
B o6JacTH meHcTBHS KoopauHaT (z!,..., z"); TOra MOXHO CYHTaTh,

4yto 06beM obnactH D — vol (D) — ecTb cyMMa GeCKOHEUHOro yHcaa
06beMOB GeCKOHEYHO Mallbix [apajjenenunefoB (yxxe He MPsSMOY-
ronbHbix) {I1,}, koTopele nomydawoTcss npu pasbuenun D koopau-
HAaTHBIMHM IJIOCKOCTSIMH z* = const (¢ «6eCKOHEYHO MaJlplM IIAaroM»)

\'\'l
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Puc. 7

(puc. 7). Tak xak M" — raapgxoe
nogMHoroo6pasue B RN, TO MOXHO
cuuTath, 4yTo [I, XOpOLIO aANmMpPOKCH-
MHDYeTCsl «JTHHEeHHbIM napaJjijiesenure-
nom» I1,, copepxauuMmest B T, M™", rne
P — BepumHa [1, (puc. 8). CropoHn
[1, HampaBieHsl BIOJb KOOPAHHATHHIX
Puc. 8 auHui {z'}, npoxopsimmx uyepe3d P.

[lyets @, ..., 4, — BEKTOPHI CKOpO-

CTeill 9THX JIMHMH (T. €. G, — BEKTOPH CKOPOCTH JIHHHH, BIOJb KOTOPOH
MEHSIeTCS TOJIBKO i-f1 KOOPAMHATa z‘, a OCTajibHble (UKCHPOBAHBHI).
Tak xax g, MH/yLIHPOBaHA €BKJ/IHIOBOH €BKJIHMIOBOH METPHKOH, TO
vol (I1, ) = vol (H x) COBIAJIA€T C eBKIHIOBHM 00beMOM (n-MEpPHbIM) i .
BnoxeHHoro B R". Hrak, vol (D) =3 vol (H ). Ilyctb B Touke P,

(i

Hapsily C HCXOOHBIMM KpHBOJIHHel';IHbI;ﬂH KoopauHaTaMu z!,..., z"
BBeleHbl KOODAMHATH ¥, ..., y", OpTOroHanbHee B P, T. e. 3ajaio-
IHe feKapToBbl KoopauHaTh B T, M™". Ilyctb €,..., €, — BeKTOpHI
CKOPOCTEH 3THX HOBBIX KOODAHMHATHHIX JHHHH B Touke P; mycTb
OHM enuﬂuqﬂoﬁ nauHbl, Torma B KoopauHarax y',... y" umeeM:
g.:(y) = B Touke P (ToJBbKO B ONHOW TOYKe, BooOle roBopsi).
nJyCTb (z)——»(y) — 3amMeHa u J — MaTpHua Slko6u B ToOuke P.
Torpa J, peiictByst B T, M", nepesonut €, ..., €, B d,, ..., d,. [loka-
xeM, uto vol (I1,) = v/g(z) do™, rme do™ =dz!, ..., dz" — eBxuunoB
061eM NpsSIMOYTOJILHOrO Mapajiiefienunesa co CTOpOHAMH dz!, ..., dz".
PaccmorpuM napannenenunen I1,, HatsaHyTH# Ha d,,..., d,. Torma
volIl, (G, ..., @,) = v/ g(z), rme vol oéosHaqaeT eBKJHI0B 00BeM.
B camom ;Lene TaK KaK B KOOpAMHaTax y!,..., y" TeH30p g, MMeeT
BUL g;;(y) = 6, TO (g,,(a:))—J(gl,(y))JT—JEJT JIT, 1. e
9(z) = det(g,(z)) = det(JJT) = det(J)2 T. €. detJ = \/g(z Tak
Kak npu nedictBuu J opropenep €, ..., €, NEPEXOMMT B G, ..., q,

n’
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TO, B cHay JeMMbl 4: \/g(z) =det J =
=volIl,(4,,...,d,). YTBepxxneHue J0-
KaszaHo.  _
Tak xak I1; Hatsnyr Ha (dz')d,...
., (dz™)a, (puc.9), To

volI1, (&, - dz', .. ., &, - da") =
= (volIT,(G,, ..., d,)) -dz'-... - dz" =
=+ g(z)dz'-
Tak kak u3 06bHEMOB ﬁk (npu ux cym- Puc. 9
MHPOBaHHM) W Habupaercs obbeM 06-
aactu D, to vol (D)= {--{+/g(z) dz'-...-dz", uro u TpeGosanocs.
U(z)

(3). IMycts M2 C R® — rnankoe nogMHoroo6pasue, 3agaBaeMoe paju-
yC-BeKTOPOM 7 = 7*(u, v); TOTA2 B CUJY AAHHOTO ONpeeJeHHs MJIOIIaan
obaactu D Ha M2, umeeM:

vol(D)= § /g(u, v) dudv; det(g g)=EG—F2,

Uy, v)

vol(D)={§ VEG — F*dudv= { |[7,, 7 ]| dudv,

U(v)

rzie yepe3 [ , | o603HaYeHO BeKTOPHOE MpPoH3BefeHHe, a yepes |[ , ]| —
ero MonyJs. Mrak, dopMyna mist niomagn o6nacTu coBmala ¢ OfHOM
U3 (OpMYJ, BHIBOOUMHIX B KypCe KIaCCHYECKOro aHa/u3a.

(4). Mycts nogMHoroo6pasue M™~! C R" 3amaHo B Bume rpaduka
raaakoi gpynkuuu z” = f(z', ..., 2"~ '). HailgeM o6beM orpaHuueHHOM
o6nactu D C M"~!. MoxHo cuutars, uto vol (D) =X (do), rne do —
6eckoHeyHO Manit 06beM 6ecKOHEUHO MaJioro napanienenunesa. [1po-

€KTHPYS ero Ha KOOp}IHHaTHYIO THIEPIIOCKOCTh R*!(z! FEE z" 1),

nojyyaeM Ha Hell GeCKOHEYHO MaJIHH obneM dw =dz'-...-dz",
_ dw _ ol

CBSI3aHHHH ¢ do TaK: do = ;5 = oy d:n _‘(pnc.uIO).

3nech a — yros Mexay HopMaJibl m K M™~! u BeKTopOM €.. Haiinem
(-én’ iﬁ') - hond

cos a. flcHo, 4ro cos a = B = (é,, m), roe

ol

_ L= grad F
=0,...,0,1); =7~

n
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rae
F(z',..., 2 =2 = f(a), .., 2 );
gradF(—fxl, .o ey _fxn-l, l);

n-1

IgradF|=\/1+_§(f:-)2;
I 1 .

(&, M) = =i

I+ 3 (fo)?
\/1+2_:l(f ) dz' - zn 1,
1=1
Hrak,

== vol(D)=
Rn-l(x ,X”-’)

n—1
”l+ i )2dz! ... dzmt.
Puc. 10 U(zl’ L,z 1) g(f )

CoBnajaer au sta ¢opMmyna c¢ obueil GopMyJsoi, NpenIoXKeHHOH
BhIllle JyIsi onpeneneHusi o6beMa? HaiineM siBHBI BHI HHAYLMPOBAHHOM
MeTpuKH Ha M™~!. Hmeem:

ds? = (1 + (£ ) (d=')? + 21, f,odo* da’;
L+ (fa) foiFas
(gij) = ;
fxif,; 1+ (f:"-')z

i

fitw

n-1
g(z)=1+ > f2 (nposepsre!). Hanpumep, eciu n =3, to: g(z)=1+
i=1
+ 24+ 1.
3ANAYA: Hailgute niomans Kpyra paguyca r Ha niockoctu Jlo6a-
YeBCKOTO M Ha JIByMepHo# cdepe.
Hrak, MH npenbsiBUIH HeCcKObKO 060CHOBaHHH o6lield (opMmysH:
vol (D)= §--§v/g(z) dz' ... dz", c momompI0 KOTOPOH Mpexnnaraercs
U(z
BBIYHCJISATh O(GZbeMbl orpaHHYeHHHX obnacteit D Ha PUMaHOBBIX MHOTO-
o6pasusx. [IpaBga, Mu npegnonarany, uro D conepKUTcsi B OQHOM Kap-
Te. [Ipu o6ocHoBaHUH GHOPMYJIBHI MBI 0Ka3aJjH, 4To Ais yucaa vol (D)
CYIECTBYeT NpeacTaBaeHHe:

vol (D)= §--{/g(z) - (dz' A...Adz")(G,dt", ..., &,dt"),

U(z)
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(dz' A...Adz™)(G,dt', ..., 4, dt") =
=dzl!(g,dt")-... - dz"(G,dt*)=dtl ... dt" =dt'-....dt",

rie d,,..., d, — KacaTeJbHble BeKTOpr CKOPOCTH K KOOPAHHATHHIM
auHusM {z'} B Touke P, a dt!,...,dt"™ — BeaUYHHH GeCKOHeYHO
MaJBX cMelleHud u3 P Brosb :-rmx Jmmm 3TH CMelleHust 06pasyioT
6ecKOHEeYHO MaJbli MapaJsiesenunesn i (@, dt!, ..., a dt"). [TosTomy
dopMyJay mJIsi o6beMa MOXXHO 3aMHcaTh TakK:

vol (D) = {{/g(()) (dz' A...Adz")(G,dt!, ..., d,dt").

U(z(t))

O6ruHO ee numyT B cokpaueHHoM suge: §--§v/g(z)dz' A... Adz",
U(z)
Noipa3yMeBasi pa3BepHYTYI0 GOPMyJy, NIPHBELEHHYIO BhILE.
SlcHo, uto unterpan §--§/g(z) dz'A...Adz™ He 3aBucHuT OT BHGOpa
U(z)
JIOKaJbHOM CHCTeMHl KOOpAMHAT. B camoM gnene, ecin naHa 3aMeHa:

(z) — (y), To:

§SvVa(y)dy' Ao Adyr=§-§(det J,) - dy' A.. . Ady" =

U(y) U@y)

= {- S(detJ)( )dy(x)/\ A dy™(z) =

U(y(2))
= {-{(det J)- XY .dz' A... Ade" =
U(y()) ( ) (3.1:)
={.-{(det) de'A...Adz"=(--{\/g(z)dz' A...Adz"
U(y(z)) U(z)

Wnrerpan §--§+/g(z)dz' A... A dz" unorna yno6Ho paccMaTpusaTh
D

KaK «BHEIIHIW0 AuddepeHUHANbHYIO (OPMY», NMPUMeHeHHe KOTOpOH
K ceMe#CTBY BekTOpoB BHAa d,(z)dt!,...,d (z)dt™ paer uucno —
o6beM obaactu D. PaccMoTpuM eme OOHY CTPYKTYpY: CBsSI3aHHYIO
C KOCOCHMMETPHYECKHMH T€H30paMH BTOPOTO PaHra.

Onpeneaenne. [osopsiT, 4To Ha M?™ 3amaHo Kococummempi-
4eckoe CKAAApHOe npou3sederie, ecin Ha M™ 3ajaHa BHeWHss
2-popma w® = w, (z)dz’ Adz’, maTpuua KoTopoi (w;;) HeBHPOXK/eHa,
T. e. det(w; )760 (Takue 2-bopMbl Ha3bIBAIOTCS HeBblpox(ueHthMH

W3 HeBHPOXIEHHOCTH w;; CJeayeT CYLleCTBOBaHWe OGPaTHOro ro-
as: wh, T e wyw* = 6" C dopmoit w® MoXHO cBsizaTh (GopMy
MaKCHMaJIbHOTO paHra Q, a umeHHo: R =0 =wA ... Aw (n pa3).
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Teopema 1. Kococummempuueckoe npoussederue w®: w®(d,b)=
=w,;a'b’ nesbipocdenno 8 mouke P € M*" mozda u morvko moeoa,
Kozda gopma Q™ omauuna om HYyis 8 amol mouke.

JlokaszateanbcTBO. [locTynuM no aHanoOruH C JOKAa3aTesbCT-
BoM GopMmyse: do =./gdz' A...Adz" 11 PHUMaHOBOH MeTPHKH.
Jloka3aresbcTBO TeopeMbl | cBOmHTCS K npoBepke nono6HoH Gopmysl
JJ1s1 KOCOCUMMETPHYECKOro CKaJsipHOro mpou3BefeHHs. Tak Kak {2 —
dopMa MaKCHMaJbHOTO paHra, TO B KoopauHatax z',...,z?™ oHa
uMmeer Bun: Q= f(z)dz' A...Adz®", rne f(z) — rnagkass GyHKUus
Ha M?. Ornuume ot Hyas ) B Touke P o3Hauaer, uto f(z) #0.

Mu yreepxpaeM, uto f(z) = 4/det(w,;). Otciona u 6yner crenosatnh
TeopeMa. B camom nene, paccMoTpuM MaTpuly w;; B Touke P. Toraa

B OKPecTHOCTH P MOXHO BHOpaTh HOBble KOOPAMHATH y', ..., y*",
B KOTOPHIX (w;;(y)) (B Touke P) mpuMet BHUI:
[ 01 \
-10 0
01
0 -10
0
\ 0/

HanoMuuM, uyrto s06asi KococHMMeTpuuecKasi MaTpuua MoXeT OHITb
npuBeJleHa K TaKOMy BHAY (HEe3aBHCHMO OT ee BbIPOXKAEHHOCTH
wiu  HesbhlpoxneHHocTH). Ecim  (w;(y)) HeBblpoxpmeHa, To oHa
He HMeeT HyJeBoro coberseHHoro uucaa. [lycrs (w;;) HeBHpOXmeHa;
J — Marpuua fIko6u 3ameHn (z) — (y); Torma: A(z)=JA(y)J",
rne A(z) = (w;(z)), A(y) = (w;(y)), 1. e. detJ = +/det A(z) =
= y/det(w,;(z)). Ornocurensno y',..., y** dopma Q uMeer B TOY-

ke P Bum Qy) =dy' ... Ady*™. llepexoms k z',...,z", 1. e.
nenast 3aMeny: (z) — (y), umeeMm: Q(z) =det J dz' A...Adz?, 1. €.
f(z)=4/det(w,;(z)), uro u TpeGoBanocs. [l1s1 HEBEPOXKAEHHON MATPH-
usl (w;;) yrBepxnenue fokasano. Ecim xe det(w,;;) =0, 1o (w,;) umeer
HyJeBble COGCTBEHHBlE YHMC/IA, T. €. B TO4Ke P B ee KaHOHHYECKOM
pasnoxeHud w=23Xdz*Adz™"* He comepxaTcsi HeKOTOpble IepeMeHHble
(oTBeyaromue HysneBHM uHcaam). CrenoBaTesibHO, paccMaTpuBast m-io
BHEILHIO CTeneHb, nonydaeM, uro Q=0. O
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Ecau n =2, to:
w®=w,dz! Adz? + wy,dz* A dz*;

O =w A w=g;(2w, wyydz' Adz? Adad Adz*)=(w,wy )dz' A... Adz?;

f2(z)=det(wij)=(wl2w31)2; f(z)=w12w34=v det(wij)‘

§ 3. CeasHocTh M KoBapuaHTHOe nM¢pdepeHIMpoBaHHE

1. Onpenenenue u croictBa adp(PUHHON CBA3HOCTH.

Jlo cux mop MB pacCcMaTpUBaJIH TOJbKO ajirebpanuecKue ornepanuu
HaJl TeH30paMu; onepauuio fuddepeHUHPOBaHHSI M TI0Ka He 3aTpard-
BaJu. TO — He CJYYaHHOCThb; ceHyac MH OOBSICHHM MPHYMHH HalueH
OCTOPOXXHOCTH.

Heo6xomgumocTs yMeTh puddepeHIHPOBaTh TeH30PHBIE MOJS1 BO3HH-
KaeT B GOJIBILOM YHCJe NPUKJIAJHLIX 3afay (CM., HalpuMep, onpefese-
HUe [UBepPreHIMH BeKTOPHOro noJsi). [lepBeIM KaHAMIATOM Ha 3Ty ore-
pauuio siisieTcsi o6nyHOe aubGdepeHIPOBaHHE KOMIIOHEHT TEH30pPOB
B KPHBOJHHEHUHbIX KOOPAMHAaTaX. PaccMOTPHM, MIsl IPOCTOTH, KOBapH-
autHoe nose T; . PuKcHpyeM KPHBOIMHEHHYIO cuctemy z', .. ., 2"

By by

u noctpoum HaGop Qymkumi F, ; = —F-5*, T. e. PacCMOTPHM

YacTHbIE POM3BOAHbIE (B 0OBIYHOM CMbICJIE) OT KOMIIOHEHT TEH30PHOrO
nonsi. BeimonHUM 3Ty omepaluio B KaXKAOH CHCTeMe KOOPAMHAT; T. €.
COIMIOCTaBMM B KaX[0il cucTeMe HaGopy KoMnoHeHT T, . HOBbIi
9

R T,
TeH30pHoe mnose P? JlpyruMu cinoBaMu, OYAyT JH 3TH HaGopHl mpe-
06pa3oBHBAaTLCSl APYT B Apyra MpH 3aMeHe KOODAMHAT M0 TEH30pPHOMY
3akoHy? [IposepuMm 3To Bhiumcsenue. [Ipu nepexome or (z) k (z')
BO3HHMKaeT npeo6pa3oBaHue:

Habop: F,. i . Bonpoc: ofbpasyotr sau 3TH Habopsl

p 0Ty b (6:‘1 ._.32"*T _
ai i i T aza’ - a,:a’ 312"’ 3:1’1‘ 1 L
_ .2 oz dzh oz o (d8zh  azh) _
_3:0(1—:1 ih)axa’ &'l’ az'l; +:Z:|1*6$al(61;", M 321’,‘)_
_p meah ek o (2t ot
= Taii i, 5o potl ozt Wb g \ gt T Oz, )"

Hrak,
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rae

_ 9 (ozh dz™
Sc.'i;_..-‘,;—T:'l...-‘,k &a'(m axi;)'

INpu samene (z) — (z') obuiero BuAa BEIpaXeHue S, , BooOlle ro-
BOPsl, OTJIMYHO OT HyJsl, T. €. F,, ; 1peo6pa3yIorcsi He N0 TEH30PHOMY

.Ik

3akoHy. HUrak, onepauusi o6braHOro aucddepeHUHpOBaHHAS 5,7 He TeH-
30pHasl onepauusi; OHa NMePeBOAMT TEH30pHOe MoJie He B TeH30pHoe
nose. M3 nonyuyeHHo# (opMyssl TakkKe BHIHO, B KaKHX MpeArNoJoxe-
HHUSIX onepalusi — SIBJASIETCsS] TEH30PHOH: OHa OyAeT TaKOBOH TOJbKO
OTHOCHTEJIbHO JIHHEeHHbIX 3aMeH (z) — (z'); ecqn 3aMeHa JHHeMHHa,
T0 S, ...y =0. Jnst Toro, uToGH! emle Gosiblle «IUCKPEeAHTHPOBATEH>

onepaumio —— ¢ TEH30PHOH TOYKM 3DE€HHs, PaCCMOTPHM BEKTOPHOe

nose T*, OTHeCEHHOe K KPHBOJMHEHHOH cHcTeMe (Z), M MOMbITaeMcsl

Y- aT*
ONpefeNUTb A5 Hero AuBepreHuuio no opmyae: div(T) =32 5T
1
«CIIACaB» ee C ONpefesNeHUs] JUBEPreHUHH B €BKJIHMAOBOH CHCTeMe
KOOpAMHAT. Byner /sin 3TO BHIPaXKeHHE CKaJsIpoM, T. €. GyAeT JH OHO
COXPaHSThCS IPH NPOM3BONbLHOM 3ameHe (z) — (z')? [IpoBepuM paBeH-
crBo: div(T'),,, = div(T'),,, Tae (z) u (z') — NPOM3BObHBIE CHCTEMBI.
[Tonyuyaem:

o 0TV 8 (6x¥ i) _ 8T 8z* 8z ;0 8%zY
(T =5 G = 5o (5 1) = SoF oo s + T oo i =

33:' + R(T7 z, zl) = div(T)(:) + R(T7 z, :1:'),

i

=%

1

rne R(T, z,z') = T"azl.c, ai—xt [Ipu npousBosibHOH 3aMeHe, Be-
L oz dz*ox’

auunHa R(T, z, ') OTIMYHA OT HyJ s, T. €. NPeAJOXeHHoe HaMu

ornpeneseHHe AMBEPreHUWH He HHBapHaHTHO. M3 sBHoH dopmyssl

anst R(T, z, z') BugHo, uro R =0, Hanpumep, NpH JHHEHHbIX 3aMe-

Hax. HTak, no OTHOWIEHHIO K HeJHMHEMHBIM 3aMeHaM, onepauus

He SIBJIsIETCS] TEH30PHOH OrepalHen.

Hama penb: HayunTbCsi MHBapHaHTHO nHGQepeHUHPOBATH TEH30P-
Hble M0JIsT B MPOM3BOJbHBIX CHCTEMax KOOPAMHAT. JTO HeoGXOaHMO
yMeTb fesaTh y>Ke XOTsl Obl MOTOMY, YTO Ha IVMIaAKMX MHOroo6pasmusx
JIOKaJIbHble KOOPAMHATHl «[IOYTH BCeraa» KpuBoJHHeHHsl. HTak, HyXHo
HaiTH onepaumio (0603HauMM ee yepe3 V — «Habsa») cO CaeqyIOLMMH
cBoiictBamu (6ynem moka cyurath, uto M" =R");

(1). B mekaproBbix kKoopauHatax B R" omepauusi V mo/kHa cosna-

JaTh ¢ OOHYHLIM AU (DepeHIHpOBaHHEM { aa,.
T

S
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(2). Onepaunsi V nomxkHa ObITb TEH30PHOH omepauued, T. €. eCaH
T — reH3opHoe moJe Ha R" (OTHeceHHOe K KPHBOMHHEHHBIM KOODAH-
HataMm), TO H VT [O/KHO ObITh TEH30PHBIM IOJIEM.

Haunem ¢ npuMepos. PaccMorpum B R™ BekTopHOe nose T'*; mycTh
(z) — nekaproBa CHCTeMa KOODAHHAT, (z') — NPOH3BOJNbHAS CHCTEMA.
Paccmorpum V u 3anmumeM tpe6osanusi (1) u (2), HanoXeHHHe

oT*
Ha V. Torna B cHcTeMe () HMeeM: (VT) o7+ TpH mepexonie
K (z') momxHo Obith: (VT)% = da” Oa? “=5(VT)i. Tlepen Hamu CTOHT

oz 827
3ajaya: HauTH SIBHBIH BHA V, T. €. BbIYACJAHTb KoMroHeHTsl (VT
B NPOM3BOJILHOH CHCTeMe KoopauHar. HiMeem:

(V) = ' 8z’ o (81;' )zaz_fazf' 8z' 9T* 9z
8z’ 8¢ 8z7 az* oz7 az"’ oz 0z’
ozt ox? 8 ( ost :3T 825t

Ok —( ) 5568 oz .
+ 8xr' 8z’ Bz* k 3:5' az? oz
i o oz 8%t
(VT)i = | F'.,k, = o 2T

Hrak, Bo3HHKIH Hexompbxe bynkuun I}, u3Mepsiomue OTKJIOHe-
HHe V ot onepauuu 06LIYHOTO (esmunosoro) JMH(epeHIHPOBAHHS.
Mrl Hame geficTBHe V Ha BEKTOPHBIX MOJISIX.

PaccmorpuM Tenepr B R™ koBekTopHoe mone 7. Jlnsi oTHICKaHuS
SIBHOTO Buna V Ha T, crepyer cHOBa pelIHThb cncremy yPaBHeHHH:

(VT), = ax S (VT),y = 2222V T),. Nveen:

T 8z Bzl
o' a9 (8a¥ )
(VT)i’ - azt 8z’ 82]( T

_ 22 0n) 0¥ 0L, 0% | 02t Bad 2 (%) -

T 82" 827 8zt 0z 8z' | BV 8T Hawi\ b2t )T

+ o 0T 3%z¥ 8t 9x7 6T, .

k' Cca k . Tk .

=0 87 o+ Tk' % os 0:7 a7 — 5o T Leliy
~ 2k i ~
k' 0°z . Ox . aTl k. k!

roe [y, = 27 o —&t - Arak, (VT),.. = ,+T,I".,j,, roe 'Y, —

GYHKIMH, H3MepsIIOIIHe OTKIOHeHHe V oT o6bquoro mupdepernupo-
BaHHS Ha KOBEKTODHHIX MOJSX.

Jemma 1. Hmeem mecmo pasencmeo I" —-T¥;.

i

HNoxasartenbcTso. OueBHOHOE TOXIECTBO
HuddepeHumpys ero no z¥, noayyaem:
8P 0¥ ¥ T Oz¥ 82?0z 6a¥
1. e. I, +T5, =0. Jlemma nokasana. O

z —
e

' "

=0,
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Hrak, peitictBue V Ha BeKTOPHBIE H KOBEKTOPHBIE MoJsi (B KPHBOJIH-
HeHHHbIX Koopmmarax B R") umeer BuA:
aT,,

(VY=L 4 T¥Tfys (V) = o5

Teneps paCCMOTpuM IeicTBHe V Ha OomepaTOPHHIX MOJSX, T. €. Ha
noasix tina (1, 1). Mmeem:
7).
()

i a
(VT)]'k = _k

o _ 0" 88 8k @ (zh" o a')_
(VT)]"I:'_ axt 63‘1 azk a:ck aza' 3:::’ -
_ 8z" 9z Ba* 8zt 8a¥ Oy &t | bzt % ot 92 ou? a”
8z’ oz7 Oz 02 8x' 8xY 8z* ' TP 8z 827 8% 08278z BzF 827
o 02" 8z 8% 8z 8%z i ' i
T o 5 0o oo kot = 57 (L) T T = T T
Hrak, MH Hamau gerctsue V Ha 7}’.
Teopema 1. [Iycme M™ =R", (z) — dekapmoset KoopOuHamot,
z') —npoussosvHble KpusoiuHelinote Koopounamet. Tozda 8 R™ cy-
p p p Y
wecmsyem men3opHas onepayus V, 3a0a8aemasn Ha nPoU3B0LbHOM

MmeH30pHOM nose T'1 ‘~ ¢popmynoli:

a4

.. gy _
(VT)j; Fiar =
k

11 .4 .3 '
( ) Z 3. ,’, :.I" Z T J.—-q Jrg,’ﬂ"
20e qbymcquu [, npeobpasyromca npu samene (z') — (z") max:

ri"' 62' azj azk r‘ azi" 821"
J'Ilkll — axl az] &kll Ikl azil ax]’azkll .

JloxasarteabcTBoO. JSBHHH BHA V Ha noJe T‘I ’h yCTaHaB-

JIMBaeTCs! NOCJOBHHIM IOBTOPEHHEM MNPOAEJaHHBIX BHILIE Bbmuc.neﬂnn
INIst Cly4asi BEKTOPHBIX, KOBEKTOPHLIX, H ONEPaTOPHBIX MojeH, MOBTO-
PEeHHBIX CTOJNBKO Pa3, KaKOB PaHT M0Js T'I '~ BrnuceBanue dopmyn
OCTaBJISIETCS] YHTATENI0, KaK o6ﬂ3a'reJ1bHoe ynpa)xﬂelme H3yuum 3a-
KoH npeo6pasosanus [7,,,. Umeem:

s aTY "
V.T" =% + TPT%,;
oz* LA
V. TV = ar" 4 TR — oz¥ 8 (82" mu oz?" TET
k' - azk' P"k" - azk” azkl aI‘ Pl pllkll -
_ o¥ " ar? o 8zF 92z T,,, -
T 8™ 82" oz¥ az*" 8z¥ z¥ PR
o ozk 3::’ o 8z* 8" aT
=Vk,,T' = &ck Vk,T = 61,:,,-3—:;7( -+ T" F',k,).
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CpaBHHBas1, MOJy4aeM:
,ax ax .  ozF 9%z " ;
Tp F = T? -67 3:!:“32" + T? —F Pk
Tax Kak 3TO TOXAECTBO JOJKHO UMETh MecTo mjs Jioboro noas T'%, To
o _ i O0aF 8Y 8" 8z¥ 8zF 927
I PR T I Pk o p" o k" o3 5.k o ko p
8z?" 6a*" Oz 827" 8zF 9z% 8z?
B cuny nemmu 1

” in

___ 9% &" 8" 8aV
az*" 0”0z 9z¥  z? 0zF  Ox

&k’ 62Ikl axi

9%z Ba?
3z¥ 927 Bz
Teopema nokasana. O
Mul n0Ka3anu TeopeMy CYIECTBOBaHHSI «TeH30pHoOro nuddepeHIy-
poBaHHsI», NpaBAa, cAeJalH 3TO TOJbKO RIS ciaydasi, korna M"™ =R",
T. €. CHa6XXeHO IeKapTOBLIMH KOOPAHHATaMH. STO [03BOJIHJIO HAM B SIB-
HOM BHJle BHIYUCJHT [, H3MepsiolIKe OTK/IOHeHHe V OT eBKJIHI0BOTO

muddepeHIIHPOBaHUS ;,, a UMeHHO:
ot o 9% ot e
K 8rt 9z o 9z79z*  9z¥ 8z7"

Mul cymecTBEeHHO HCIO/B30BaJH TO, 4TO B R™ CYIIECTBYIOT Bhife-
JIeHHble, NPHBHJETrHPOBAHHbIE KOODAMHATHI — NEKaPTOBbl, B KOTOPHIX
onepauust V coBnajla ¢ o6uyHHM auddepeHuupoBaHueM. [lepeiinem
Ternepb K PaCCMOTPEHHIO MPOM3BOJNBHHIX INIaAkux MHoroo6pasuit. Ho-
Byl omepauuio V 3ajaiuM aKCHOMAaTHYeCKH, IIOJIOXKHB B OCHOBY
ornpefeJieHHs] BHYHCJIEHHbIe BHIIe cBoicTBa V Ha R™.

Onpepenenne. byneM rosopuTb, 4YTO Ha TIJIagKoM MHoroo6pa-
3uM M" 3amaHa onepanusi KoBapHaHTHoro auddepeHuposanus V, ec-
JI¥ [T K2)KI0TO TJIafIKOrO aTJiaca B KaXKJ0# KapTe 3afaH Habop ryafkux
¢ynkumit I, npeo6pasyiomuxcsi Npy 3aMeHe KOOPAHHAT MO 3aKOHY:

i — o' 027 bz* + ¥ 9%t
'k T 3::' 3:] a,:h’ jk a,:i axj’azk"

Torma V 3anaercs dopMyJioi:

i, el iy =g T P i
(VT)]':...jP;a=F(I;:E..jP )+§ 1;‘11 e hrq‘a—z rl;," 12,=q- J,r;’.

i s=1 ‘
CymecTtBoBaHHe Takux M ", Ha KOTOPBIX MOXKHO BBeCTH V, 0Ka3aHO

HaMHU BblllIe: MOXHO nosnoxurb M "™ =R"; torna '}, 3anawrcs nomyyen-

HbBIMM HaMH Bbiie ¢dopmynamu. BaxHo, uro Haéop I}, ne obpasyer



332 I'n. 5. TEH30PHBIM AHAJIU3 U PUMAHOBA TEOMETPUS

TeH3opa! DTH GyHKUMH HasbiBaloTCs cuMBosamu Kpucrodoens. HUx 3a-
KOH npeo6pa3oBaHHsi CTAHOBHUTCS TEH30PHLIM, HallpUMep, B TOM clyuae,
Koria 3aMmeHa (z) — (z') nuHeiltHa. B onpepenenun V cucrema (z)
(He WITPUXOBAHHAsI) yKe He SIBJISIETCS] JeKaPTOBOH CHCTEMOH, TaK Kak
coOhITHS Pa3BHBAIOTCS y)Ke Ha npou3sosibHoM M™. MHorma rosopsr,
4ro cHMBoJIH Kpucrotddenss (mmm V) samaior Ha M" addurHYyO
CBSI3HOCTb.

Onpenenenne. Tenszopom Kpyuenus apgunnoi ceasnocmu I,
Ha3blBaeTCsl TEH30D, 33alaBaeMblii B KaXKAOH CHCTeMe KOOPAMHAT pa-
BeHcTBOM: {2 =7, — T}

Jlemma 2. Habop ¢pynkyui Q, Oelicmeumenrsrno obpasyem men-
30p.

HokasatenbcTso. Tak Kak npu 3ameHe KoopauHat [}, npeo6-
Pa3yioTcsi 0 3aKOHY:

i — o' 8z OzF ; | 0¥ 8%zt

I bzt ont 0z T 0t 0x B
TO anbTepHupys [}, MO HIKHUM MHIEKCaM, [OJyYaeM, B CHJY CHM-
MeTpHUH «HeTeH30pHoro no6aBka» no j' u k' dopmyay

Rl

o ozt 9z7  9z*
Q=

Onpenenenne. CBA3HOCTb (MM KOBapuaHTHoe AUt GepeHLHpOBa-
Hue) V HashBaeTCsl CUMMEMPU4HOLl, eCJH TeH30p KpY4eHHs paBeH
HYJIIO.

Css3HOCTb, BBelleHHasi HaMu B R, OblJla CUMMeTPHYHOH; 3TO cJle-
nyer u3 (opMmyJ, 3amaoumx V) B TePMHHAX HacTHHIX NPOH3BORHBIX.
Ha npoussosbHoM M™ cuMBoJsibl Kpuctoddens: yxxe He 06si3aHbl HMeTb
BHJ, BTOPbIX YaCTHHIX [POH3BOIHBIX OT KOOPAMHAT — Takasi popMmy.a
BO3HHKaeT TOJIbKO TOr[a, KOTAa Ha M™ cyllecTBYIOT JIOKaJbHO €BKJIH-
noBbl KoopauHaThl. Ecoin dukcnposana cucrema koopauHar, To V npen-
CTaBJSIeTCS] B BHJE COBOKYNHOCTH onepauuii V, — KOBaPHAHTHBIX

muddhepeHIHPOBAHUN MO OTAEJbHBIM KOOPAMHATAM | aHAJIOTH 4aCTHBIX
. 9
I depeHIHPOBAHUH ﬁ)

IIpepnoxenne 1. Kosapuanmuoe ouggepenyuposanue (c8:a3-
Hocmb) V ydosaremeopsaem COOMHOULEHUAM:

(1) onepayus V ={V,} — aruneiina;

(2) Ors npoussoabHO20 MEH30PHOZO NOAS 1;](;) Habop dyHkyuil
V. Ty = (VT){);) obpasyem mensoproe nose;
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(3) ecau mensoproe nose — ckarsproe (m. e. zaadkas Gyuk-
yus f na M", mo:

9
Vi={V.f}= {az—fk} =grad f;
(4) onepayus V na sexmophoix noisx T* umeem 8uo:
i _ oT! aTi
VkT == E:E_k- + T rak.

Onepayus V Ha KosekmopHbix noasx T, umeem 8ud:

o, .
V., T;= Bk T,T%;

(5) onepayus V yodosaemsopsem opmyare Jleibruya:

VA{TH R} = (VL T) - B + T - (VL RS,

2de Ty u Bf}) —npoussorbrole men3opHoie noAs.

JdokaszartenbctBo. Cgoicrsa (1)—(4) cpa3y cienyoT u3 omnpe-
nenenusi V. Ocranocs noka3ats (5). PaccMoTpuM npocredimuii cay4qaii:
onxo u3 noneit T (), R’ — ckansaproe. Torna (5) BeiTekaer us gopmy-
Jabl Jleli6HuLa anist ckansipHbix GyHkuui. [1ycts Teneps nons T' u P —
BeKTOpHHe nonst T, P7. UMeeMm:

V, (T Pi)= %(T‘ .P3)+ T*PiTi, + T:P°Ti, =
= (% T*)P7 + T4 Zp(P9) + T*PiTi, + T'P°T, =
i ; . _( op7 . o , .
= (& + o1 ) P+ T (22 + PUTLL) = (V. THPI + TH(V, PY).
Jloka3aTtenbcTBO MJsi NPOM3BOJIbHBIX mnojdel P u T sBiasercs Imo-
BTOpPEHHeM MpefblAylIero paccyXAeHHs Mocje 3aMeHbl HHAEKCOB i, §
Ha MyJbTHHHAEKCH (%), (j) U mpHMeHeHHeM (OPMYJIbl, ONpeReJsio-
wei V. BenucsiBaHue GOPMYJT 0CTaBISIEM YHTATENIO KaK 06s13aTelIbHOe
ynpaxkxHeHue. OJ
Teopema 2. [Tycmo Ha M™ 3a0ana onepayus V={V,}, ydosiem-
soparouwas (1)—(5) (cm. Ilpedroscenue 1). Tozda das npoussosbHo20
mengoprozo noas T} umeem mecmo mosxcdecmso:
VLT =V T =

L))

a3 i... 1 = ..d =18, T 2 i ... w
=& (Thk) +:L:41 o Ty = Z:l T e g Ui
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m. e. V — Kosapuanmnoe ougpgeperyuposanue 8 CmbiCie Haule-
20 onpedesenus (cm. svuue). Arzebpauueckue csoticmsa (1)—(5)
00HO3HAa4HO 3adarom onepayuro V, m. e. ee MONHO 6800umb
akcuomamuyecku ¢ nomowypro ceoticms (1)—(5).

JdokasarteabcTso. Heficteue V Ha CKalsIpHBIX QYHKLUMSIX H Ha
TeH3opax paHra | 3amaHo coriacHo (1)—(4). Ocranoce Ha#itu V,
Ha TeH30pax MPoH3BoJibHOro THna. JlokaxkeM JieMMy: Jio6oe TeH30pHOe
noJle pa3jaraeTcsi B JIHHEHHYI0 KOMOMHaLMIO (C IVIAAKHMH KO3 OHLH-
€HTaMH) Npou3BeleHUH MoJiell nepBoro paHra. B camom gene, Jo6oe
TeH30pHOe I0Jie eCTh MOJNHIHHEeHHOe oToOpaXkeHHe.

T—a‘l ’*e ®...QF Qe ®...®e": (T.) x (T*)* - R,

rie € ,e* — mons 1-ro panra. DTo onpejeNeHHe HHBAaPHAHTHO,
U pasjioXKeHHe BO3HHKAeT NPH (DHKCHPOBAHHH MPOM3BOJBLHON KOOP-
JHHAaTHOH CHCTeMH (B OPYrod CcHcCTeMe pa3jOXXeHHe H3MEeHHTCs).
3nechb a'1 ': — riagkie ¢yHkunu. PuKCHpyeM KaKyoo-THO0 cHCTe-

My z',...,z" u nycts {T;°} (rme ¢, — ¢ukcuposaHo) — HaGop
KOMIIOHEHT TeH30pa €, ; COOTBETCTBEHHO ’1}, (rme j, ¢uKcHpoBaHO) —
Ha6op KOMIIOHEHT e’. 3ammcas T B 5TOH CHCTeMe, noJy4aeM:

T=ay 4T T Th ... Tl x
o o ’k ﬂl e o o ﬁ'

()00 (e)o (&) o0 (8)"

—

=g () e.e () e (&) ..o (L)

Iwﬂul ﬂak _ az :L 11111l 11;{, L Z'Iﬁj'.

oo By A

rae

Jlio6oe nomumuHEeHHOE oroépax(enne MIOTHOCTBIO OMNpeJessieTcs KO-
aq)qmuuemamu OTHOCHTeJIbHO Oa3uca. BepHeMcst k JIOKa3aTeLCTBY
tdopMyan neiictBust V Ha T(’) Jl1s mpocTOTH paccMOTPHUM cJydai
2-ro panra (mnst HpOH3BOJIbHOI‘O MoJisl BHIKJIAAKH aHaJjoruuHel). B cu-
Jay JuHedHoctTH V Qopmyay (5) HOCTATOYHO NPOBEPHTb Ha MOHO-
Max T, = a(z) T, P, rae a(z) — rnanxas ¢yHkuus. Boruucaum V(1)
B npenmnonoxeHuy, uyto V,(T}) yxe ussectsn (cM. (4)). Ilo dopmy.e
Jleit6Huua (5) uMeem:

Vi(T;) =V (a(z)TF) =

=27P o2 - TrL) P+ T35 - BTG ) =
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[l
=55(aTP) - ol TP, — al, TP, =
L]
=§(Tii)— fkT;Jj_ ;I:Ta}p

4To U TpeboBatoch. [J

Onpeaeaenne. Ilycts V — addunnas cBsiaHocTs Ha M™. Jlokauns-
Hble KOOPAMHATHl z!,..., " Ha3bBaIOTCS e8KALAOBbIMU Jiisi V, eciu
B Hux [} (z) =0.

Takue KOOpDAMHATH MOI'YT M He CYIIeCTBOBaTb, Hanmpumep, eciun V
He CUMMeTpHYHa. B camoM fiente, ecin V HecuMMeTpuuHa, To 2}, OTaH-
yeH oT HyJsi. Ecotu Ol cylecTBOBa/IM KOODAMHATHI, B KOTOPHX [}, =0,
TO B 3TOH e cucTeMe o6paTuiics 66l B HYJb U 25, a TOraa OH 6bLN OH
TOX/IECTBEHHBIM HyJleM B JII060H CHCTeMe B CHJY TEH30PHOCTH.

BaxHo, 4yTo moHATHe KoBapuaHTHoro auddepeHuupoBaHus (T. e.
ahHUHHON CBA3HOCTH) He HCIOJb3yeT NMOHATHS PUMaHOBOH METDHKH,
Mbl MOJIb30BAJMCh TOJIBKO HaJHYHeM TIJIaJKOH CTPYKTypel Ha M",
[TosToMy, puMaHOBa MeTpHKa M CBS3HOCTb — 3TO [Be pa3jHyHble
CTPYKTYPH Ha M". B yacTHOCTH, eBKJIMAOBH KOOPAHHATH s ahduH-
HO¥ CBAI3HOCTH M €BKJIMIOBE KOOPIMHATH ISl METPHKH g;; (T. €. TaKHe,
B KOTOPHIX g;; = §,;), 3T0 — pa3uule noHatus. Hrak, B obueM ciyyae
pHMaHOBa MeTpHKa W KOBapHaHTHoe Hu(QepeHIMPOBaHHe He ompeje-
JSIOT IPYT Apyra.

Ilyctb Ha M™ QuxcupoBaHa MeTpuka g,;. Torma M3 MHOXeCTBa
BceX ap@UHHBIX CHMMETPHYHBIX CBSI3HOCTEH MOXHO BHIIENHTb OOHY
(1 TosbKO OAmHY!) CBASHOCTb, «COIVIACOBAHHYIO» C 3TOH MeETPHKOM
M NOJIHOCTBHIO OINpefeNsieMyIo el0. DTO — BaXKHHH KJIacC CBS3HOCTEH,
Ha3biBaeMbIX PHMaHOBHIMH CBSI3HOCTSIMH.

2. PumaHOBBI CBE3HOCTH.
IMycts g,; — MeTpuka, a V = {I'%, } —addunnas ceassocrs Ha M".

Onpenenenne. Apdunnas cummerpuyHas csasHocts V = {I'%,
Ha3bIBAETCS CO2AACOBANHOU ¢ mempukol g,; (MM Ha3bIBaeTCS pUMA-
Hosoll ceasrocmoro), ecan V(g;)=0.

B cuny tensopHoctu V toxpecrso {V,(g,) =0}, okasasmmcsb
BHINIOJIHEHHHIM B OfHOH CHCTEMEe KOOPAMHAT, GyleT BHIIOJHEHO H BO
BCeX APYrux cHcreMax. MTtak, OTHOCHMTEJbHO PHUMaHOBOH CBSI3HOCTH,
TEH30D g;; — <«IIOCTOSIHEH» B TOM CMHICJe, YTO €ro KOBapPHAaHTHasi
npoussoiHasi pasHa Hymw. OTciopa ciepyer, 4to misi JOGOro TeH-
soproro nonst T8 umeeM V, (g, T%) =g,V (TF), cm. dopmyry
Jleii6uuua (5). B wactHoctH, V KOMMyTHpYeT ¢ onepauuesi NoAHSATHS
M ONYyCKaHWsi HHAEKcOB. JlokaXkeM CyIecTBOBaHHE W €IMHCTBEHHOCTb
PHMaHOBOH CBSI3HOCTH.
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Teopema 3. [Iycmo g,; —mempuxa na M". Toeda cywecmayem u
eOUHCMBEHHAR CUMMEMPUYHAR APPUHHAS CBAZHOCMY, COZAACOBAH-
HaA C g, npuiem:

i = L gia( %k + 99ja _ 99
* =39 \ 57 ozk  8z% )°
JokasarteabcTtBo. [IpeanonoxuM, 4To CyllecTBOBaHHE NOKa-
3aHo. [TokaxkeM emMHCTBEHHOCTH cBsi3HOCTH. COIVIaCHO OmpejeJeHHIO:
V.(g;) =0. Tak ka V 3anaetcs [}, To moCTaTOYHO NOKa3aTh, YTO

. 9g;;
i j
M3 STOW CHCTEMH OHO3HAYHO HaxopsaTcsi I, Kak QYHKUMH g; M z5

99,
Umeem: V, g, =0, —% =g,.T5 + 9,5 Uuxanueckn nepecrasiss

HHOEKCHI, MoJdydaeM:

o, ..
axljc :rj:ik +ri:ﬂ= (i7k)
bl ..
ai?‘ =Lk + Dy (i)
b9, .

- 3:3 :rk;ji + r:':ki (7k2)

U3 CyMMbI TPETbE, MOJdy4daem:

roe I....=g¢g. I't.. CkinagpiBasi mepBble OBa TOXIECTBA M BLIUUTAS
T kg g:a kj

99;; | Bg; 99, o
ot T o et = Zin = 20l

(Hanomnnm: [, =Tj,.) Hanee,

# =29 \ g0k T 5p7 ~ B
Mu Bocrosb30BaNMCh PABHJIOM pelueHHsi cHCTeMbl: g,, 1'% = Q. Tak
KaK g,, — HEBBIPDOX/IEHHBIH TEH30D, TO CyleCTByeT 0OpaTHbIA TeH30p
g°?, TaKoii, uro g,,9” = §], orciona:

gﬁ‘YgaﬁTazgﬂ'YQﬂ; 6:Tu:gﬁ7Qﬂ; T":gﬂaQﬁ'

Mut nostyuunn dopmyanl, Bhipaxaiouue [ depe3 g, H ero mpou3sBon-
Hble. TeM caMbIM €CJIH pelleHHe HCXOAHOH CHCTEMBI CYLIeCTBYET, TO OHO
equHCTBeHHO. [lIsl JOKa3aTeJbCTBA CYLIECTBOBAaHHSI JOCTATOYHO OIpe-
nemuts [, ¢ noMompio nosyyeHHHIX BHe popmydr. [ToTopsisi BEKIAA-
KH B o6paTHOM nopsike, nojyyaem: V,(g,;) =0. Teopema noxasana. [

3AMEYAHHME. [lycte Ha M" cymecTByeT cucTeMa KOOPAHHAT
z',...,z", B KoTOpO#f g, = 6. CyllecTBOBaHHe TAKOH CHCTeMBI 3K-
BHUBAIEHTHO CYIIECTBOBAHHIO CHCTEMbl, B KOTOPOH (g;;) CTaHOBHTCS

re — l i (% 99, 3gjk)
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[OCTOSIHHOM MaTpulled (He 3aBHCsIEd OT TOYKH BHYTPH HEKOTOPOMH
okpecTHocTH). Torma myreM JIMHEHHOH 3aMeHbl MOXKHO MPHBECTH 3Ty
MaTpuuy (BO BCeX TOYKAaX OKPeCTHOCTH OILHOBpeMeHHO) K BHLY 6.
Hrak, cucteMy KOOpAMHAT MOXKHO Ha3blBaTh €BKJIHAOBOMH, €CJIH B Heit
MaTpHLa METPHYECKOro TEH30pa MOCTOsIHHA. Y YHTHIBAsi 3TO 3aMeyaHue,
BEepHEMCS] K aHaJH3y pPHMaHOBOH CBsI3HOCTH. JloKajbHasi cucTeMa
KOOPAMHAT €BKJIMAOBA C TOYKH 3PEeHHsI CBSI3HOCTH TOTZA H TOJBKO TOTAA,
Korja B 3toit cucteme {I'%, =0} (B HekoTOpO# OKpecTHOCTH).

Yreepxnaenue. Cucmema koopounam eskiudosa ¢ MOUKU 3pe-
HUS PUMAHOBOL CBAZHOCMU, COZAACOBARKOL C g,;, m020a U MOALKO
moeda, Koz0a ama cucmema e8KAUO08A C MOUKU 3peHus g, (m. e.
gi; AOKAABHO NOCMORHEN).

HNoxasarteabctso. B camom nene, eciu g;; J0KaibHO MOCTOSA-
HEH, TO, B CHJY TeopeMbl 3: T, =0, 1. e. 372 CHCTeMa — eBKJINJIOBA
" pHMaHOBOH cBsisHoctH V. O6patno: ecan %, =0, to B cuny

=0ail 5+ 95 =0, T. €. g,; nOCTOSIHEH B 3TO¥ CHCTEME

KOODJHMHAT, ‘{TO u TpeboBanocs. [
PaccMoTpuM riagkyio rumneprosepxHocts V™~! C R", 3amannyio

rpapukom: z" = f(z',...,z""'); llycts Fy € V"~! — npoussonbHas

touka. [lycts T}, (V"") napaJuiesibHa miaockoctd R*~!(z!, ..., z" 1),
¥ (R)

i =0, I <7< n—1. Ms yxe BHYHCASUIA BHR g;; B TOY-

Ke R) OTHOCHTEJIbHO TAKOH CIEelHaJbHON CHCTEMBbI KOOpAHHAT. Hmeenm:

: ., =0, 1. e.['% (R)=0, rne V — pumanoBa

CBSI3HOCTB, COTJIACOBaHHasi C g,;. PaBeHcTso Hymo [}, o6ecneunsaercs,
BooGIile TOBOPSl, TOJbKO B TOouke P, B oxpecmocm R T yxe
He 00s13aHHl ObITh HYJIEBHIMH.

Mul yxe yKa3aju Ha TO, YTO MOMLITKA ONPEeNHTh )mBepreHumo

ziJzie

BEKTOPHOIO I0JIS1 C IOMOINBI0 «EBKJIHAOBOH (OPMYJIbI»: E
ic1 0=

He MPUBOAHT K ycrmexy B oOlieM cJy4yae, TaK KaK 3TO BhIPaXKEHHE
He ckaasip. [lokakeM, YTO HajH4YHe DHUMAHOBOH CBSI3HOCTH I[03BO-
JIleT KOPPEKTHO OMNpenejuTh AUBEpPreHuHi0 mnotoka. OTMeTHM, uTO
CaMo MOHsITHe NHMBepreHUNH (M3MeHeHHsl 6eCKOHEeYHO Majioro ofbeMa)
npepnoJiaraeT Haluyue Ha M"™ MeTpHKH, HHaue MOHATHEe oObeMa
COLEpPXaTeJbHO He OmpefelieHo.

Wrak, nyets T — BEKTOPHOe rnoJjie Ha M™, CHa0XeHHOM PHUMaHOBOH
CBSI3HOCTBIO. [loJioxuM: d1v(T)—V T¢, rne T — nose. B cuay
CBOHMCTB V moJjiydaem, 4ro d1v(T) — cKajJsipHas GyHKuuss Ha M".
Haiinem siBubiit Bup div(T') B TepMUHAX g;; M KOMIIOHEHT MOJIs.
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YrBepxnaenue 1. Hmeem mecmo popmyara:

2 (nyg),

20e g — onpedeaumens mampuyot (g;;).

div(T) = 2L

HdoxasatenbcTBO. B cuny reopeMmn 3 umeem:

7 i i a Ie)
diVT:V‘T'zaT —ﬂ_}_Tﬂ ;gzy( gPG+ ypl 3gm)

at — 8t Ox?
TaK KakK
1"1 zp a‘qﬂa + a‘qﬂk — agka
ak = 6Ik ox® ox?P |
Hanee:
divT_aT‘JrlT g g,,a+ ,,, _ i,,aym aT‘_'_lTa i» %9
= T3 ) g 9zt 731 9 5
TaK KaK

iag zags
_gp;,% 9% 5 =0.

3
Hapno Haiitu g"’

i 9y, d
"ot = 2557 (1N V/9):

A,

Hanomuuwm, uro g* = —£, A, — MHHOD (CO 3HaKOM), NOTIONHHTENbHHIH

K g, B Matpuue (g,;). OTCiona cienyer. 4To AOCTaTOYHO MPOBEPHTH
COOTHOLIEHHE:

Lp 2 _ 11 0
9 Gp #62% Vg V9 8"
T. €. 10Ka3aThb, 4YTO
T A, 99, &g
IP axn - 3za

(i p)

Onpenenurens g = det(g,;) ecTb cyMMa OZHOPOIHBIX MOHOMOB CTere-
HU n, rae n=dim M". QukcupyeM g, B g u cobepem Bce ‘{JIEHH B cyM-
Me g, cofiepxkaiuue g, (Kak MHOXHTeJb). Torna: g =.

rae R,, — nosuHOM cTeneHu n—1, yxe He conep)l(aumn g, fnecn: napa
mmeKCOB (%, p) MOXeT OHITb IPOM3BOJILHOH, HO AJIs1 TOTO, ‘{T06bl Tenepb
HaWTH KO3(QHUMEHT Nepel APYrHM 3JIEMEHTOM g,;, ClelyeT «pac-
CHIaTb» NpeApayLee NpUBEAeHHe MOJOOHHX YI€HOB H OPraHH30BaTh
M3 OMpejiesIuTeNisi g HOBOE BhiPaXKEHHE, MMEesl BBUAY MHOXHTENb g,4:
g=...+g.,5R,;+... [lycts napa (i, p) dukcuposana; rorna R, =A

ip*°
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B camom peue, PaccMOTPUM CTaHIAPTHOE Pas/OXeHHe g Mo cTonbuy
(mru Mo crTpoke) g = Z 9.\, (3TO BepHO mpu JboOM %), rae ¢
qucuponaﬂo Tak kak g,p BXOJIUT TOJIbKO B cliaraemoe g, A, (B cym-

Me E 9.0), T0 R, =A,,. Buiunciss aia
a=1

B OTBET C MHOXHTeJeM A, ; B Ipyrue claraemble 3TOH CYMMH, T. e.
B(A,) rme (A,)=9g— gwA,p, ¢yukums g,, He Bxomut. Crenosarelin-

9g;
HO, 62:9" =3 554,

(5 P)

9; “
BHAMM, 4TO axl.’ BOHIeT

i+ 4TO M TpeGoBanocs. O

HUrak:

divf’=— T aa(lnf)

§ 4. NapannennHsrit nepenoc. l'eonesnueckue

1. IpenBapuTenbHbic 3aMeYaHHU4.

Paccmorpum riagkoe MHoroo6pasue (He 006s13aTeJbHO PHMaHOBO).
Bo MHOrMX KOHKDeTHbIX 3afiauax BO3HHKaeT mNpobjeMa CpaBHEHHsI
BEKTOPOB, IPHJIOXKEHHKIX K Pa3JIMYHBIM TOUKaM; Harmpumep, Tpebyercs
CPaBHHTb [Ba KacaTeJbHBIX BEKTOPA, PACMOJIOXKEHHHX B Pa3HHX Ka-
caTeJIbHHX MpOCTpaHCTBaX. B caydae npomsBosbHoro M™ 3Ta 3amaya
CPaBHEeHHs CJIOXHA M0 TOH mpuumHe, 4ro T,M"™ u T, M" pa3nuunbl
H CyLIecTBYeT MHOro crnoco6oB HX OTOXHECTBJIeHHs.. B HekoTophix
YaCTHHIX CJy4asix, Hanpumep, korma M"™ = R", Bo3HHKaeT ecTecT-
BeHHasi oNepauMsi MapajeJbHOro MepeHoca, MO3BOJSIOUIas CPaBHH-
BaTh BEKTOPH, I[IPHJIOKEHHble B pPa3HbIX TouKax. PopmaibHO 3Ty
npouenypy (mnss M"™ = R") MoxHO omnpeneiuTh Tak. PaccMoTpum
napy toyeKk P M ) 4 mycTb d — BeKTOp B Touke P; paccMoTpuM
rJIafKy1o0 KpUBYIO v (t), Takyo, uto v(0)=P u v(1) = Q; ocyimecTBuM
napajjiesIbHbI MepeHoc & BRoJb Y(t) Tak, 4ToOB Hayajlo BeKTOpa
CKoJb3WIo mo Yy(t), U d mnepeHocwicsi Obl BOOJbL <y, OCTaBasCh
napajiesibHbIM caMomy cefe. ITa omnepauusi MNOPOXKAAET BHOMb 7Y
BEeKTOpPHoe mnoJse a(t), UMeloliee MOCTOsSIHHbIE (MO0 ¢) KOMIIOHEHTHI,
paBHble 3HayeHHWIO KOMIIOHEHT d B HayaJbHHI MOMeHT. B wacTHocTH,
POU3BOJHbIE O ¢t OT KOMIOHEHT moJsi d(t) paBHH HyJaw. OTMeTHM,
4yTo BeKTOp d(l), mpHJIOXKeHHbI B TOYKe (), He 3aBUCHT OT TOTO,
BJIOJIb KAKOK KPHBOH -y GBI OCYIECTBJIEH I€PEHOC; MOXKHO CKa3aTb, YTO
onepatus napaJJeapHoro nepeHoca B R™ He 3aBUCHT oT myTH (puc. 11).

OnHako mpu nepexofie K NMpou3BojabHOMYy M"™ 3Ta mpocras cxema
paspyuiaetcsi. DTO CBsSI3aHO B MEPBYIO ouyepelb C TeM, YTo M Hesb3si
MOKPHITh ONHOW KapTo#, T. €. BBECTH ENMHYI0 CHCTeMy KOOPAMHAT,
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Puc. 11

obuywo st Bcex Touek. CHayana MNpeanoioXuM, 4ro M? raapko
BioxeHo B R® u mycts P, Q € M? — napa nocTaTodyHo OJH3KHX
touek Ha M?. Tlycts d € T,M? u v — kpuBast u3 P B Q. MoxHo
NPEJIOKUTb TaKoe MPaBWJIO MapajlebHoro nepeHoca Ha M2 pac-
CMOTpeTb @ KakK BekTop M3 R® W ocymecTBuTb BAOJb -~ OOLIYHBIH
«TPeXMEpHHIA» MepeHoC; TOrAa G rnepedier B b B Touke @, ONHAKO
b yxe He ofsi3aH npuHaanexatb T, M?. DTOT HeJIOCTATOK MOXHO
YCTPaHHTb, OPTOTOHAJNBHO cripoeKTHpoBaB b Ha T, M? u Ha3paB
(1o ompeneseHHIO) MPOEKLHIO 7b pe3yJbTaTOM napaeNbHOTO Me-
peHoca u3 P B @ BekTopa d Bmoab vy (puc. 12). dta onmepauus
He 3aBHCHT OT nyTH nepeHoca. OgHaKo y Hee eCTh HENOCTATOK:
orepaiusi onpesiesieHa TOJbKO B MaJIOH OKPECTHOCTH TOYKH P; ecjiu Mbl
3aXOTHM OCYIIECTBHTb NIEPEHOC d «Ha [AJIEKOe PaCCTOSIHHE», TO MOXKET
0Ka3aThCsl, UTO BEKTOP b, KOTOPHIH Mbl OGBSIBHIH «I1aPaJIEJbHBIM G»,

ﬂf%:ﬁJ

Puc. 12
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’

‘”!(((!////////

okaxeTcs1 HyJesbiM. Hanpumep, 3To mpoumsompmer Ha S? (puc. 13),
€CJIM MbI OCYIIECTBHM I€PeHOC BIOJb MOJOBHHH MepunuaHa PQ. Ects
MHOTO0 co06pa)keHu, 10 KOTOPHIM OMePaLHIO apalliesbHOrO epeHoca,
JAI0IIYI0 B pe3yJibTaTe nepeHoca HyJIeBOH BEKTOD, CJeyeT OTBEPrHYTh.
BrnpoueM, MoxHo Obl1o 6bl MOCTYNHTb OoJiee aKKypaTHO: ABHaThCs
1o -y 6eCKOHEYHO MaJIbIMH IIaraMH H I0CJe KaXJOro TaKoro Liara ocy-
IECTBJISATh OPTOrOHAJbHOE NMPOEKTHPOBAHHME MOJNYy4YHBLIEIOCsl BEKTOPa
Ha T, M?. OxasbBaercs, YTO TaKyi0 OINEPAaLHI0 MOXHO KOPPEKTHO
OMpPEeEeJIUTh, IOCJIE Yero OHa JeHCTBHTEJIbHO 33JaCT HEKOTOPHH «Mapal-
JeJbHHE nepeHoc» Ha M2 C R3. Msl He 6yzneM GoJiee neTaibHO U3y4aTh
3TOT BOIMPOC, TaK KaK 31eCh HCH0Jb3yeTcs (akT Bioxenuss M? B R?; xo-
Tesoch Obl BHPab0oTaTh TaKoe obliee MOHSTHE MapalJIeJbHOTO EPeHO-
ca, KOTOpOe He aneJlJIupPoBano 6bl K KOHKPETHOMY BiloxeHuio M™ 8 RV,

O6paTuM BHUMaHHe YHTATeJIs], YTO MPH ONpefieIeHHH MapalIeIbHOTO
nepeHoca MH BHHYXI€HH (PMKCHPOBATh INIANKYI0 KPUBYIO, BAOJbL KOTO-
PO HYXHO oCyIIeCTBUTb NepeHoc. [losiBjieHHe KPHBOH — eCTeCTBEHHO;
HHaye HEIOHSTHO, KAaKOH CMBICJ MOXHO BJIOXKHTb B CJIOBA: «[l€PEHECTH
BeKTOp u3 Touku P B TouKy @ ». I'pybo roBopsi, st «nepeHoca» BeKTO-
pa cllefyeT «B3siTh €r0 B PYKH» M ABHrathcsi o M™, npoyepunBas npu
5TOM HEKOTOPYIO TPaeKTopHio. [IpencTaBuM Ternepb, UTO Mbl JBHXKEMCS
BHYTPH Kakoro-To M", «Hecsi B pykax» BekTop d. A’priori HesicHO:
3aBHCHT WJIM HET Pe3yJbTaT 3TOTO NepeHoca OT MYTH, 10 KOTOPOMY Mb
neuranuchb. Moxer oka3aTbesi, UTO 3aBHCHT. IIpuMep: napasnnenbHbIH
nepeHoc BAOJb LEHTPANbHOH ocH Jucta Mebuyca (puc. 14). B nanuom
clyyae 3aBHCHMOCTb pe3yJibTaTa [epeHoca OT MYTH €CTb CJeICTBHE
HEOPHEHTHPYeMOCTH M2, OIHAKO U HA OPHEHTHPYEMOM MHOrooGpasuu
HHOTKYyla He CJellyeT, YTO Omepalusi nepeHoca He 3aBHCHT OT MYTH.
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Puc. 14

2. YpaBHeHue napanneibHoOro nepeHoca. Eciu BcnoMHuTh ompe-
JeJleHHe MPOM3BOJHOH [0 HANpPaBJIEHHIO, TO BHAHO, YTO OIlpeneJe-
HHE CBSI3aHO C BO3MOXKHOCTBIO CPaBHHMBaThb 3HAYEHHUSI TEH3OPHOrO
nojsi B GIM3KMX TOYKAX, HaXONSIUMXCS B ONHOH CHCTEMe KOODAHMHAT,
a MOTOMY 3afaHue, HanpuMep, KOBapHAHTHOro NHGdepeHIMPOBaHHS,
YKa3hBaeT Ha BO3MOXHOCTb orpejesieHust 6eCKOHEYHO MaJIbIX CBHIOB.
[TonoxxuM No3TOMY B OCHOBY OmpefesieHHs MapajiieIbHOro MnepeHoca
Ha M" onepaumio V.

[Tycte P, @Q — nBe mnpou3BoJbHbIE TOYKH Ha M", coemuHeH-
Hble IVIaAKOH (MM KYCOYHO-TJIafKoH) TpaeKTopue# <y(t), TakoH, YTo
7(0)=P u v(1) = Q; nycTb ¥ — nosie CKOpPocTel BROJb Y(t); ecau
3aaHa CHCTeMa KOOpPHMHAT z!,...,z", TO KOMIIOHEHTH 3TOr0 MOJs
o6o03uauuM yepe3 {£¥}, 1 < k < n. [lycts Ha M™ 3apana adunHas
CBSI3HOCTb, 3a/laBaeMasi B CHCTEMe KOOPAMHAT HabopoOM YacCTHBIX Au-
¢epenunposauunit V ={V, }. OnpenesnM KOBAPHAHTHYIO IPOM3BOAHYIO
tensoproro nonst T = { Ty3’} Broab BeKTOpHOro mojist ¥ Qopmysoit:
VAT)= {Vﬂ; ‘)')} Yenosro 6ynem mucaTh: V, =€*V,. Ity onepa-
LMIO HAa30BeM KOBapuaHmmoim oupgeperyuposaruem 8006 KpUBOL.

Onpenexenne. I1ycts (1) —ruagkast KpuBasi ¥ MyCTh BAOJDb Hee

3apano raaaxoe note 1T ={T*}. 1o nose GyneM Ha3HBaTb NAPAL-
senbHbim 80046 7y (L) omnocumensro ceasnocmu V, ecau V ,(T)=0.

B cuay onpepenenust Vv, = £*¥V, MOXHO CKa3atb, yTo moJjie 1', «mna-
paJiesibHOe BHOML y(t)», HMeeT KOBaPHAHTHO ITOCTOSIHHbIE KOOPAHHA-
Thl BOOJb Y(t). ITO — aHaANOrusi C eBKJIHAOBLIM CJIydyaeM, TaK KaK Haule

9
onpejeJileHHe MapaluleJbHOCTH NpeBpaiaercs miss V = {Vk = Q}
H it M" =R" B o6nYHOE onpefesieHue MapalieJbHOrO MEPEeHOCa.
dukcHpyeM KOOPAMHATH !, ..., Z" U 3aNHIIEM YCJIOBHE Mapajiieb-

HocTH noast T. UMeewm:
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V(T%) = €4V, T =0; fk=M”

(1) =(@'(t),. . 2(1)); d;_:( + 1T, .) =0

dz* oT"? pdz
“dt gk T “dt ek =0.

a t Tprpk dt

k
4 =0 HasbiBaeTcs ypas-

HeHuem napariesbHozo nepenoca 800ib Kpusow y(t).

On JeHHe. YDaBHEeHUE d—Ti-i- D R
penenenune. Yp — "

MamenuB v, Mbl U3MEHUM H YypaBHEHHE MapaJlIeJIbHOTO MEPeHOCa.
IT0 — ypaBHEeHHEe HAa KOMIIOHEHTHI MapajjiesbHoro noiast T, xoTopble
HaXOMSITCS M3 3TOT0 YpaBHEHHUS (peyub MIAET O CHCTEME U3 1 yPaBHEHHH

k
nepBoro nopsigka). Tak Kak () 3agaHa, To QyHKUHH udtﬂ H3BECTHHI.
[lepeiineM K KOHKPeTHOH 3ajiaye MapaJJeJbHOroO fMepeHoca BeKTOpa.
[Tycts 7(t) — raagkast kpuBasi, uaymas u3 P B ), W nOycTb
d={ad'} € T,M" — Bekrop, 3anannnit B P. Hama uesn: nocrpoutb
B Touke () HoBHH BekTOp b € T, M™, xoTopnii Oblio Obl ecrecT-
BEHHO Ha3BaTh «Mapa/UIeIbHBIM BEKTOpPY d». PaccMoTpuMm Bhosb

YPaBHEHHe NMapaJlIe/IbHOro MePeHoCa; B 3TOM ypaBHeHHH dyHKUuH [},

dz*(t o
Ldt(—l CYMTAIOTCS] H3BECTHBIMH; HAal0 HAHTH HEH3BECTHHE (YHK-

unu {T(t)} — KoMmoHeHTH napamiensHoro noass T'(t). Caemyer
Hatu Takue {T¢(t)}, 4yTOOH B HaYaJbHHIH MOMEHT BHIIOJHSIOCH
ycnosue: T%(0) = a'. Kak u3BecTHo M3 Kypca 06bIKHOBeHHbIX mub-

dT
(epeHHaNbHEIX yPaBHEHHH, pelleHHe CHCTEMBI d— + T"I“kd—t =0
CYIIECTBYET, €IMHCTBEHHO M MPOAOJKAETCS BIJIOTh 10 Q.

Onpeneaenne. Bekrop b= T(1) e T,M", Bo3uukawumii B Q,
Ha3blBaeTCsl napasiesbHuim BeKTopy a € T, M™ Bnonb kpusodt y(t),
70)=P, v(1)=Q.

fleHo, udTo b 3aBHCHT, BooOlIe roBopsi, OT <, BAOJb KOTOPOH
ocyuiectsasiics neperoc. Ecmn M™ =R", 1o b napannenex @ o6b4HOM
CMbICHIe, ecii B KayecTse V B3SiTb eBKJMIOBY CBSI3HOCTD: [} =0.

PaccMoTpuM cBoOHCTBa napasjesIbHOTO NepeHoca Ha puMaHoBoM M™.
[Tycts V — puMaHOBa CBSI3HOCTD.

Teopema 1. Ilycme 'a',_l; € T,M™ — npou3soibHble 8eKMOpb,
u y(t) —esnadkas kpusas uz P 8 Q. Paccmompum napasresvHolil
nepenoc @ u b 8dosv y(t). Tozda o coxpausem cKaaspHoe
npoussedenue eercmopoe m. e. ecau 'd(t) u b(t) — napasrsessrbie
noas 8doab y(t), a(0)=a, b(0)=5b, mo dt(a(t),b(t)) =0, 20e(, ) —
cKarspHoe npouaeeaeuue 8 T, M", nopoxdennoe g,;.
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—

,Il 0OKaszaTeabCTBO. Bxkiwouum d u b B napaiienbHblie MoJs:

=a(t) u R =Db(t), T(O) =1d, R(0)=Db. PaccMoTpuM yHK-
uno f(t)=(T, R) 0= (95 T*R7)(t), 1. e. cKansipHoe nmponsseienne
BIOMb Y(t). ,Ilu(p(pepeﬂunpyﬂ noJy4aeM:

YO G f(t)=¢*V, f=E*V, (g, T*RI)=
=£’°g¢jv,c(T Ri)=¢€*g,(V,T)Ri+¢*g, T (V,RY)=
=ginj(£kvkTi)‘*‘gijTi(fkkaj):ginj(vﬁTi)‘i‘gijTi(v»;Rj)EO,

TaK Kak V,i(’._f’) = V,i(l_i) =0.0

Bepto u obpatHoe: ecau Ha pumarosom M" Oana cummempuinas
appunnas cesa3HocCmb, 8 KOMOPOU napaisrervHuiil nepeHoc 8004b
2110601l KpUBoll coxpausem CKaALpHoe npoussederue, mo ama cea3-
Hocmb — pumarosa. B camoM pene, obpawmasicb K H0Ka3aTeJNbCTBY
TeopeMu 1, monyuaem: {*T*R7(V,g,;)=0, 1. e. V, g, =0.

XoTs MB OCYLIECTBJSIIM mepe-
HOC BJOJIb [VIAIKUX KPHBBIX, OfIHAKO
HE COCTaBJsieT TPYAA ONpPeleNHTh
€ro M BJI0Jb KYCOYHO-TJIAAKHX KDH-
A BbIX. B camoM pese, mycTh Ha (1)
€CThb M30JHPOBaHHAsi TOYKAa H3JIO-
Ma, CIpaBa M CjeBa OT KOTOPOH
KpHBasi [JIafiKasi C HEHYJEeBbIM BeK-
TopoM ckopocTH (puc. 15). [Tepeno-
csi Bpoab y(t) BEKTOP @, ropouaeM
P KAmu moJydHM B Heil BekTop b,
napajsedbHbiii d. [IpuMem b 3a Ha-
YaJibHOE MOJIOXKEeHHEe HOBOTO napan-
JIEJIbHOTO MMOJISI YK€ BIOJb y4acT-
Ka AB ¥ NoBTOPHM Mpoliecc.

7

2y
>

Puc. 15

3. F'eoneauueckue. ,

Onpepenaenne. Ilyctb M"™ cHabxeHo ahQUHHOH CBSI3HOCTBIO (Ha-
JIMYHe MeTPHKH He npeamnoJaraercs). [1ankast kpuBasi 7y (t) Ha3biBaeTcst
2eolesuteckoil 8 dannol ceasnocmu V, ecmu V, (7) =0, roe v —
BEKTOPHOE [10J1e CKOPOCTH TpaeKTopuu y(t).

MHbIMU ciioBaMH, reopgesnyeckas — 3TO TaKasi TPaeKTOPHs, BHOJb
KOTOpOH mapaJjiiesIbHbIH [ePeHOC ee BeKTOPa CKOPOCTH MOPOXKAAET BCe
nojie CKOpPOCTeH: BEKTOP CKOPOCTH NepPeXOAHMT B BEKTOP CKOPOCTH,
OCTaBasiCb KacaTeJbHbIM K TPaeKTOpHH. BriBenieM ypaBHeHHe reofie3u-
YeCKHX.



§ 4. IAPAJIJIEJIbHBIV [TEPEHOC. TEOJIE3UUYECKUE 345

Hmeem:
. dz* dz? . ; _ dzt
0=V7‘(7)={W(V'=W):0}’ ecmm T =Ty, 0
dT a kT d2z’ ; dz® dz*
TO W+T T Fak—O, HJIH —d?—*‘rak—ww—o
YpaBuenusi (I') HaseBawoTCst ypasHeHusmu ceodesudeckux. Hx
pelueHnsi — 3T0 HaGopsl GpyHkuu# z'(t), ..., z"(t), 3anawiume Tpaek-

topuio 7(t) — reome3nyeckyio. Cucrema (') — sto cucreMa n ypas-
HEHHH BTOPOro Mopsifka B OOBIKHOBEHHBIX MPOH3BOJIHBIX; €€ pellleHHe
OHO3HAYHO ONpefeJsieTCs] 3aflaHHeM HadalbHbIX AaHHbIX: z'(0) = P*,

rne P =(P!,...,P"); %(92 =a', a€ ToM™; (uToro — 2n MOCTOSIH-
HBIX: T MIOCTOSIHHBIX OMPeNeJsIOT M0N0XKEeHHe TOUKH P, yepe3 KOTopyio
MPOXOAUT pelleHHe, a APYyTrHe 7 MOCTOSIHHBIX ONpPeNeJsiOT BEKTOp
CKOpOCTH B 3TOH ToukKe). M3 n3BecTHBIX TeopeM TeOpHH OOLIKHOBEHHBIX
IudepeHHaIbHEX YPABHEHHH ClIeyeT

YrBepxaenue 1. [Iycmo P e M", uda€ T,M". Toeda cywecm-
s8yem u eduncmsenHa 2eode3uveckasn y(t), maxas, umo y(0) =P,
7(0)=a.

INokasateabcTBo. BeemeM Koopauuate z!,...,z" B OKpecrT-
HocTH P; Torma HaxoIeHHe reofe3MYecKOd CBORUTCS K 3ajaye Ha-
xoxaeHus1 pewenusi cucteMsl (I'); cyuiecTBoBaHHe M eJUHCTBEHHOCTb
pelleHHs] FapaHTHPYeTCsl TeOpeMaMH TeOpHH OOGLIKHOBEHHbIX Audde-
PEeHUHANbHHX ypaBHeHHH. [

CaeactBue. [[e reoge3nueckue, KOCHYBIIHeCS] APYT APyra B HEKO-
TOpPOU TOYKe, COBMAAAIOT.

PaccMoTpum puMaHoBo M"™ u puMaHoBY cBsi3HocTh V. PaccMmoTpum
reofie3audeckKue, MOpoXkaeHHsle V, M H3y4UM MepeHoC BHOJb reoje-
sauyeckux. IlycTp - — reomesnueckasi, 7 — moje CKOPOCTEH, T —
BEKTOPHOE MoJIe, NapaJliesibHoe BAoab y. Torna B Kaxao# Touke y(t)
(T, )

MOXXHO ONpefesNHTb YHCJIO: cos a(t) = TR
|y

—

BekTopaMu T H 7.

, Tne a(t) — yroa Mexny

Jlemma 1. [Ipu naparressrom nepernoce sekmopa T 8dors zeo-
Oesuueckoll v yeor o coxpansemcs: a(t) = const.

JlokaszatenbrcTBO. B cuny TteopeMn | coxpaHsioTcsi BCe
nonapHble CKajsipHble MPOH3BENEHHS], T. €. B TOXJECTBE (T, v) =
= |’T4||7| - cos a(t) coxpaHSIIOTCSl KaK JeBas 4acTb, TaK H MOAY-
ma | T, |¥]. O

B MHoroMepHoM cJjy4ae 3TOro HeJOCTATOYHO, YTOOBLI OXHO3HAYHO
3a1aTh NapajielbHbli epPeHOC BAOJb reofile3H4eCcKoH, OfHaKo niasi M?
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M3 JeMMbl | mosy4aem: mycTh 7y — reofesu-
yeckas u 4 € T, M? (puc. 16); Torna napa-
JIeJIbHOE ToJIe T(t) TaKoe, 4To T(0) =14, o6-
Pa3oBaHO BeKTOPaMH T (1), HMeIUMH TY XKe
nany, urto 1 ¢= T'(0) u o6pa3yomumy ¢ Bek-
TOpoM y(t) OOYH M TOT XK€ Yrosa «, PaBHHH
Puc. 16 yriy Mexny d 4 +y(0). [Tockonsky mapadieds-
HBIH MepeHoc BJOJIb reoile3HYecKHX yxKe ornpe-
JieJieH, TO MOXHO OMNpeesHTh MapaielbHbld MepeHoc BROJbL J60H
KYCOYHO-TJIafIKOH KpuBOH . [l1s1 aTOrO Ciiefyer anmnpoKCHMHPOBATDb 7y
JIOMaHOH Teofe3HMyecKoH (COCTaBIEHHOH H3 IJIANKHX Treofie3HuyecKHX
OTPEe3KOB), a 3aTeM OCYILECTBJISTb ePEHOC BAOJb KAXKIOT0 U3 IVIafAKHUX
OTPE3KOB, HCIOJIb3Ysl CBOUCTBO MOCTOsIHCTBA yria. [Ipu napannensHoM
nepeHoce BJI0Jb TPA€KTOPHH, He SIBJISIOIIEHCS reoie3u4eckoi, yrod, o6-
pa3yeMblii NEPEHOCHMBIM BEKTOPOM C BEKTOPOM CKOPOCTH TPaeKTODHH,
6ynert, Boob1ue roBopsi, nepeMeHHBM. PaccMOTpUM Tenepb NMpHMepBI.

(1). Ecnin M?=R?, 10 na-
paJliIeJIbHBIH 1epeHOC BIOJb
[JIafIKOH KPHBOH OCYILECTBJIsI-
eTcsi N0 OOLYHOMY MPaBUIY:
napajjieJlbHOe [0Jie  HMeeT
MOCTOSIHHEIE KOMIIOHEHTH OT-
HOCHTEJNbHO JEeKapTOBOH CH-
CTeMBl KOODJHHAT.

(2). MNycts M? — npsiMoit
Kpyrosoil kouyc B R3 c yr-
JIOM MpH BeplIHHe, PaBHLIM 0
(puc. 17). Bymem cumurtars,
4TO BepLIMHA <«BBLIKOJOTa», 4YTOOBl MMETb N0 C IJIafKHM MOAMHO-
roo6pasuem B R3. IlycTs ~y(t) — ceueHue KOHyca MJIOCKOCTHIO, Op-
TOroHalbHOM ocH; nyctb OP =r, 4 € T,M? HamnpaBleH B Bep-
wHHy KoHyca. OcyluecTBHM mapajljleJbHbIH TEePEeHOC 3TOro BEKTOpa
Broab +y(t) mo Bo3BpameHusi o6patHo B P, W HaWueM, Ha KakoH
yroJl NoBepHETCsI G mocJjie 3TOH omepauud. Mcronb3yeM CBSI3HOCTB,
COrJIACOBAaHHYI0 C HMHAYUHPOBAHHOHM METPHKOH Ha KOHyce. Tak Kak
3Ta MeTPHKa €BKJHMIOB2, TO KOHYC MOXXHO Pa3BePHYTb Ha MJIOCKOCTb,
pa3spe3aB ero BHoJb o6pa3ymouied. JlocTaTouHO HAHTH NMOBOPOT G MPH
ero mapajyenbHoM mnepeHoce Ha R? Bpoab v, (puc. 18). HMmeem:

PS=r sm(2), nnuHa y(t)=2m- PS =2m r sin g, nuHa PQ (myHk-

Puc. 17

THpHasl Oyra) =27rr—27rrsin%=21rr(l—sing)——-r-go, T. €.

go-27r(1 sin ) Hrak, yron noBopora ¢ paseH 27r(1 —sin 0) 3nech
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MBI HMCNOJIb30OBaJH TO, 4TO I“j.k =0. ns M?, MeTpuka KOTOpOro
He eBKJIMI0BA, BHYHCJEHHS] YCJOXHSAKTCS U TPeOyIoT NOoAcYeTa CHM-
sosioB Kpucroddens. O6cynuMm reoMeTpuyeckKHi CMBICH 3THX KO3hdu-
LHMEHTOB C TOYKH 3PEHHsl Omnepauuu napajjenbHoro nepenoca. Hai-

nem Vy (8 ), rae 8, u 8 — KOOpJMHATHbIE BEKTOPHHIE MOJIsI, B KOOP-
AuHaTax z',..., z" Ha M". Tensop V; (Bﬂ) CHOBA — BEKTODHOE I1oJe.

Jdemma 2. Hmeem mecmo mowdecmeo Vi, (8;) =T%,,.

JokasarteabcTBo. HMmeem:

v 7 i a i i 3\1%
Ay(V)=Z; Vg(Y)=X"V (Y)=2% [V,(5,)] =aV,(T}),
rae
8,={at=62}; 8,={T}=06};

aV,(Tf) =at (o Tf + T;Th, ) = af T TS, = 836;T%, =Th,;

Vga( ﬂ) =I';‘,aa,c.
JlemMma nokasana. O
IT0 yTBEPXKAEHHE MOXHO NOHHMATb TaK: PACCMOTPHUM penep 51, e
" 5,, B TO4YKe P H ocyiiecTBHM 6eCKOHEYHO MaJIbii NepeHoC BEKTOpa
B HalpaBJIeHHH d,; npH 3TOM 5,, KaK-TO «IOBEPHETCsA», H Koahpuu-

€HTH ero pasJIoXKeHus 1o 4, ..., 4, Kak pa3 u pasHH [%_.

(3) [Tycte M™ = R", OTHeceHHOe K [E€KapTOBHIM KOODAMHATaM
z',..., z"; rorma T} =0 (cBA3HOCTb — pPUMaHOBA). YpaBHEHHs Teo-
He3HYeCKHX HMEIOT BHA!

FEO, Iagn, T.e. z*=a"t+b®, rae {a*,b*}=const.
Hrak, reogesnueckne — npsiMble JIMHUH U TOJLKO OHH.
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(4). Mycte M? = S? B cradnapTHOM MeTpHKe. Bbl6epeM Ha S2
cdepuueckue KoopmuHaTh (6, ), B KoTOphx: ds? = d6? + sin’® 8 dp?;
3nech ceBepHH moJsioc 3agaetcs Tak: 6 = 0. [na onpepeneHus

reofile3HYeCKHX CJefyeT HaWuTH I"'k Tak kak (g;) = ((1) quza),

TO umeeM (mposepbre!): [y = —35 L sin 26; %, =ctgb; I"]k =0 mas Bcex
ocTalbHBIX HabopoB HHJIEKCOB (1., 5 k); 3nec1> ' =0, 22=¢p; g, =1,
=g, =0, gy =sin’ 0 OTClo;La ypaBHEHHs reofie3u4ecKHX HMeIoT

dt dt
HUMeeT BUL: ¢ =const, 6 = t. ITo pelieHue — MEPUAHAH, BbIXONSIIHH
M3 ceBepHOro mnosoca. Mrak, OomHO H3 IUIOCKMX ceyeHHH cdephl
TJIOCKOCTBIO, [IPOXOJSIIEH Yepe3 LEHTP, sIBJISETCs] reofe3nyeckon Npu
BoOOpe napaMerpa 6 =t — LIMHA AYTH.

Ld% 1 . dp d
BHL: —3 — 3 sin QH(E) =0, ?+ctg0—— =0. OnHo u3 peleHu#

IIpepnoxenne 1. [lycmo S* cnabwena cmandapmHoi mempu-
koti. Toeda eeode3uueckumu pumaHosoll C8A3HOCMI ABASIOMCA BCe
naockue cewenus cepol (uepes ee yenmp) u MOALKO OHLU.

JdokasartenbcTBo. CHayana moKaxeM, 4TO Jio6oe LEHTPalb-
HOe MJIocKoe ceyeHue S? — reofeauyeckasi (OTHOCHTENbHO HATYpalb-
Horo napaMerpa). Jlnsa omHoro MepummaHa <y, 3TOT GakT Obl1 yxe
ycraHoBJleH (cM. Bhile). PaccMOTpHM NpOM3BOJILHHE «3KBaTOP» 7,
T. €. IUIOCKOe LEeHTPajJlbHOe cedyeHHe. TakK KaK KaXKAbH 3KBaTOp
OZIHO3HAYHO 33aJaeTcsl OPTOrOHAJbHOH MPSIMOH K MJOCKOCTH, orpene-
JSIIOIIEHd 9KBAaTOP, TO BCErZa CYILIECTBYET Takoe BpalleHHe, KOoTopoe
rnepeBefieT 7y B 7,.

Jdemma 3. Ilycmo f: M™ — M"™ — uzomempus pumaHos8a MHO-
2o06pasus M"; v — eeode3uueckas pumarosoti ceaznocmu. Toeda
obpa3s v npu uzomempuu f —maxce a8A8emca 2e00e3uiecKoll.

JokaszateabcTBO. ScHo, yTO
H30MEeTpHsI COXPaHsieT PUMAHOBY CBsi3-
HOCTb, a IMOTOMY COXPaHsieT W ypaB-
HeHHsl reoge3uyeckux, T. e. f mepe-
BOJHUT pelleHHe CHCTEeMbl CHOBAa B pe-
IIeHHe CHCTEeMb, 4YTO H TpeboBa-
Jocs. O

Bosspaiuasich K fokasaresnscTsy [1pe-
IJIoXXeHust 1, mosydaeM, 4To Y — reo-
nesnyeckasi. O6paTHo: mycTb y — reo-
me3uueckasi Ha S2. PaccMoTpuM B mpo-
M3BOJIbHOH TOYKE Y €e BEKTOP CKOpo-
CTH 7 M NpOBeeM Yepe3 3Ty TOUKY
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B HamnpaBJIeHHH BEKTOpa 3KBaTop (uepe3 Jwo6yio Touky S? B m060M
HanpaBJeHHH MMPOXOAHT OQUH M TOJbKO OofmuH 3KBarop) (puc. 19). Tak
KakK 7y M SKBAaTOP — PELIEHHS] ONHOH H TOH XKe CHCTEMH, H TaK KaK 3TH
PelLeHHs] KacaloTcsl, TO OHM coBnapamt. O

(5). NNycrs M? =L, — nnockocTtb Jlo6aueBcKoro, OTHECEHHast K CTaH-
naprHoi MeTpuke ds? = dx2+sh’ x dy?. HaiineM reonesuueckue puma-
HOBOH CBSI3HOCTH. TakKoH BHJ METPHKa NPHHHMAaeT B MOJSIPHEIX KOOp-
nuHarax (x, @), 06CAY>KHBAIOIKX JBYMEPHYIO IJIOCKOCTb; PACCMOTPHM
monesn [lyankape ¢ Merpukoit (1 — r2)~%(dr? + r? dyp?).

Ipeanoxenne 2. [eodesuueckumu naockocmu Jlobauesckoeo
8 modeau [Tyankape sagastomcs 8ce 0yeu oxpyscrocmed, 8b.x00AULUX
na abcorrom nod npamowm yzaom (8 wacmnocmu, ece duamempol),
U MOABLKO OHU.

HalineM ypaBHeHHsi reopme3nyeckux. Tak Kak Merpuka L, mouay-
yaetcss M3 METPHKM S? 3aMeHOH TPHIOHOMETPHYECKHX (PYHKLUHMH Ha

runepGosuyeckue, T10: [}, = —% sh(2x); I}, =cthyx; T% =0 mis
BCEX OCTAJbHEIX MHJEKCOB (z?, 5 k); 3mecy z''=yx, z?= . Orciona
2
‘;T’z‘ —% sh(2x)- (Z—f) =0, ZT‘!; +cth x - Z_f% =0. OnHO U3 pelueHuH
HMeeT BUA: ¢ = const, x =t — npsiMasi, npoxopsimast yepe3 tTouky O
Ha IJIOCKOCTH. TaK Kak (X, @) «0OCAYKHBAIOT» B TO K€ BPEMsI IIPaBYIO
MOJIOCTb Trunep6osonaa — IceBrocGepsl MHUMOrO Pafuyca, a MOTOMY
npu crepeorpa¢uyeckod MPOEKLHH NPsiMas ¢ YPaBHEHHEM ¢ = ¢,
X =t nepeuzeT B OAMH U3 AHAMETPOB €IHHUYHOrO Kpyra. MH f10Ka3ainu,
4TO OfMH M3 IHAMETPOB 7, Ha Mojeau [lyaHkape — reopge3uyeckas.
JlokaxeM, uto Ji06asi Ayra OKPYXXHOCTH, OPTOTOHaJbHasi abcoJio-
Ty — reopge3uyeckasi. Mcrnoab3yem jJeMmy 3: Hano nokasatb, 4To Jiobas
OKDY>KHOCTb YKa3aHHOTO BHJA II€PeBOAMTCS H30MeTpHeH B ~y,. st
3TOro r;epeﬁzneM K MOMNEJH Ha BepXHEH MOJYIJIOCKOCTH C MEeTpH-
dz -};dy H

KO aroMHHM, YTO CyllecTByeT APOOHO-IHHEHHoe IMpe-

oGpasoaéjﬂne, nepeBojsiiee eIUHHYHHEA KPYr B BEPXHIOK MOJYILIO-
CKOCTb, — H30MeTpHsi. [IpH 3TOM rpaHuua Kpyra nepexoauT B BeLieCT-
BEHHYIO OCb, IHAMETP Y, — B NPSIMYI0, OPTOrOHAJBLHYIO BELIECTBEHHOH
ocH (puc. 20). MoxHo cunTaTh, YTo ocb OY Ha BepxHei MOJYIJIOCKO-
CTH SIBJSIETCS FeOfe3HYECKOH, MOCKOJbKY OHa — 06pa3 guaMeTpa 7,
npu usoMetrpuu. Mrtak, mobast npsimasi, OpToroHajbHasi BelECTBEHHOH
OCH, — reofie3uyeckasi, Tak Kak CIBHT z — z+ a, o € R, — u3omeTpusi.
Orciona cienyer, 4To Jio6asi Ayra OKPYXKHOCTH, BBIXOAsILIAsi IIOM
NpsIMBIM yrJIoM Ha ochk OX, — reome3nuyeckasi, TaK Kak MOXeT GHTb
nepesegeHa B ocb OY npo6HO-THHEHHKM npeobpa3oBaHHEM: cHayaja
caBur z — z + o, a €R, 3ateM z — z_Tza’ a € R (puc. 21). IlokasaHo,
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W

7

il

|

Puc. 20

Puc. 21

4TO BCe NMPsIMble, OPTOrOHaJbHHE Belle-
Y 7 CTBEHHOH OCH, H BCe [IYTH OKPYXHO-
crtel, Berpevaromwux ocb OX nopn npsi-
MBIM yraioM, — reogesnyeckde. [lyctb
Tenepb 7y — NPOH3BOJDbHASA reojesHye-
cKasl (Ha BepxHeH NOJYNJIOCKOCTH); Ha-
IO [0Ka3aTb, 4TO OHa coBmapaer Jubo
c mnpsMoH, oproroHanbHoH ocu OX,
X ubo C OKPYXHOCTbIO, OpPTOrOHAlb-
Hoi abcomioTy. Bo3bMeM Ha <y Tou-
Ky P u paccMoTpuM BekTtop 7. Ilpo-
BefieM 4eped P nmyry OKPYXHOCTH,

=y

Puc. 22
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BCTPEYAIOLIYI0 a6COMIOT MO/ IPSIMBIM YTJIOM H UMEIOILYIO TOT JK€ BEKTOp
ckopocTH (puc. 22). Kak Mbl y>ke 3HaeM, 7y COBMNajaer ¢ 3TOH AYyrou.

B kayecTBe NPHJIOXKEHHs] H3YYHM, KaK INapajjieJbHO IepeHOCHTCs
BeKTOp Ha maockoctu Jlo6aueBckoro BIosb Tpaekropuu 7y(t), 3anaBae-
MO¥ Ha BepxHeH IOJIYIJIOCKOCTH YPaBHEHHEM y = Y, =const, T. e. v —
npsiMasi, mapanienabHasi ocu OX. DTa TpaeKTOpHsi He reoje3udeckasi,
a MOTOMY MapajjleJbHHH MepeHoC BAOJb Hee He COXpaHsieT KacaTelb-
HOe ToJie CKOpocTel. AMNMPOKCHMHpYeM 7 JIOMaHOH reofe3HyecKoi
(puc. 23). KayecTBeHHasi KapTHHA NapaJulesIbHOrO MepeHoca d Mokasa-
Ha Ha puc. 24. [lepeHOCHMBIH BEKTOD BpallaeTcsi BOKPYT CBOEro HayaJa.

Puc. 23
a
|
'S > ———my
4 q
0 Et—
X
Puc. 24

3AMEUYAHHE. Tleoge3nyeckue Ha maockocTH JIo6aueBCKOro MOXXHO
HaliTi 6osiee 3JleMeHTapHO: B IBHOM BHJI€ IIPOMHTErPUPOBAB YPaBHEHMUS
reofie3u4ecKux. IT0 ynOOHO BHIMOJHHTb Ha BEpPXHEH no.n?'rl.nocxomu.

1
CumBoant Kpucroddens: uMeror sug (nposepore!): T}, = o h= —
1 . 2zy
[Z, = 4+ OCTa/IbHbIE DaBHEI HYJIIO. YPaBHEHNUS reofle3suyeckux & = %,
-2
v

. —z2
y="—F— Orcona:
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d2y Yy — Iy g “Z— 2_.22"!] 1 3'/2 1
— — y Yy —_ — 2 } .
5> = 3 = 3 ___(2+1)_ (yl l),

1" 1 ' . J . / .
y'=—3@*+ 1) w+y?=-1 (w)y=-1

y2 z? D
w=—2+C; ydy=(-z+C)dz; H=-F5+Cz+75;
22-2Cz+y*=D; (z—C)+y*=C%*+D.

Buito mpepnonoxeno, uto Z #0. Ecin xe =0, T0 3T0 naer
npsiMble, OPTOTOHAJIbHbIE BelecTBeHHOM ocH. Ecan £ #0, To mosyyaew,
OYEeBH/IHO, OKPY>KHOCTH, OPTOrOHaJIbHLIE a6COJIOTY.

3AIAYA. OcymecTBHTh NapajesbHbIA 1e-
peHoC BeKTOopa ¢ BHOJb IVIOCKOro (He LEHT-
panbHoro) ceuenust S? (puc. 25).

(6). Iycts M? = T? — nBYMepHBIH TOP.
Ero MOXHO mnpeBpaTHTb B PHMAaHOBO MHO-
roo6pa3ue ¢ JIOKAJbHO EBKJIHAOBOH MeTpH-
KoH. BBemeM Ha KaXIOH M3 OKPYXHOCTEH
S'(p) u S'(¥) koopmuHaTH ¢ H ; TOrAa
KoopauHath (@, ¥), 0 < ¢, ¥ < 27 OynyT
KOOPIHHATaMH Ha TOPE, B KOTOPHIX MeTpPHKa

Puc. 25 npuMet BUL: dp? + di®. Dta MeTpHKa Mo-

XeT ObITb MpeACTaBleHa KaK MHAYLHPOBaH-

Hasi eBKIHMOOBOH Merpukoit u3 R* mpu Bioxenun T2 B R* = C?

no popmyune: f(p, )— (e, e?)eC?. Tak kak ds(R*)=dzd 2+ dwd w,
10 ds?(T?) = dp? + dy2.

Y |

2% /

2%

Puc. 26

Hrak, nockosbKy B eBKaIHf0BO# Metpuke [ =0, T0 reonesuyeckue
Ha Tope — 3T0 06pa3sl NpsiMbix Ha miiockocTH R%(¢p, 1) npu dakro-

pusaunn h: R (o, ¢) = T?(p, ), h(p, %)= (o, ¢)mod2m, 7. e.
T?=R?/Z & Z (puc. 26). [pyrux reome3udeckux Ha Tope Her. [eo-

Jne3u4YeCKHe pasénaam‘cx Ha [Ba KJlacca: 3aMKHYTbI€ H HE3aMKHYTHIE.
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Teome3nyeckne Ha Tope ynoGHO M300paXkaTh NMpPsSIMBIMH Ha R?(¢, )
C OTMe4yeHHOH peweTkod Z @ Z = (2mm, 2wn); m, n € Z. PaccMoTpuMm
My40K MOPSIMbIX, Bhixomsimux u3 Touku O Ha R?(yp, 9) M BHIACHHM:
KaKue reofie3anyeckue SIBJSIIOTCS 00pa3aMH 3THX MpPsIMbIX. SICHO, 4TO
reofe3nueckasl, npoxonsmasi Ha tope 4epe3 Touky (0,0), 3aMkHyTa
TOra M TOJIBKO TOTZAA, KOr[a COOTBETCTBYIOIIAsl el mpsiMasi-poo6pas
BCTPEYaeT KaKyw-l1H00 «Leayw» Touky: (27m,2mn); m,n € Z. Or-
ciofa: reogesnueckasi Ha T2, mpoxogsimas depe3 (0,0), He3aMKHyTa
(roMeoMop(dHa npsiMO#) Torna M TOJNBKO TOTAA, KOTAA COOTBETCTBYIOIIAS
npsiMasi He COIEPKHUT «leJibiX» Touek, KpoMe Touku (0, 0). BeipazuM ato
B TEPMHHaX TaHreHca yIya HakJIoHa npsiMoit K ocu OX : reonesnyeckas
3aMKHYTa TOrAa H TOJbLKO Tora (roMeoMopdHa OKPYXXHOCTH), KOTAa
tga=X/Y, rne | = (X, Y) — HanpaBasiiolMiz BEKTOp MPsiMOH [
(puc. 27) — pauuoHaljieH; clief0BaTeJbHO, reofie3uueckasi He3aMKHYTa,
ecau tg a uppauunonaned. Ha puc. 27 nokasana npsiMasi, npoxonsimasi
yepe3 TOUKy (27-3, 27-2); nocse HaKTOpH3aLMU MH [OJYYHUM Ha KBaj-
pate 0 < ¢ < 2m; 0 < ¢ <27 Habop oTpe3KoB-06pa30B 3TOU MPSIMOM
(puc. 28). Ha puc. 28 nokasaHa TakKe TpPaeKTOpHsl, BO3HHKAIWOILast
Ha Tope nocJie CKJIeHKH QyHIaMeHTaJIbHOr0 MHOTOYTOJbHHKA B COOTBET-
CTBHUH C fiedcTBUEM rpynnsl Z®Z. Ha puc. 29 nokasana reomesuyeckas,
rie tg o = n/m (pauxoHaleH) W reofe3nyeckas C HPPaLHOHAJbHHIM
TaHreHcoM. B mnocsemHeM ciydae oTpe3KH NPSIMOH BCIOAY MJIOTHBI
Ha KBajpare (CKOJIb yrogHO O6JH3KO OT JM060H TOUKH NPOXOIUT OTPE30K
npsiMoit | moclle ee axrtopusauun). Iloaydaromasics TpaekTopus
Ha Tope MOPOXJaeT MPPALHOHAILHYI0 OOMOTKY TOpPa — 3aMbIKaHHEM
3TOH TPaeKTOpHH siBasieTcsi Bech Top (puc. 30).

v

2

7

A 2

Puc. 27
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=

Puc. 29. Cnesa tg a — pauso 0, CrpaBa — HppaLHOHa/IbHOE

ff((((»»ﬂ

Puc. 30

[IpuMeHUM reonesnyeckre K KOHKPETHBIM [eOMeTPHYECKHM BOIPO-
cam.
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Teopema 2. [Tycmo M? — 00O u3 caedyrowux mHozo06pasuil:
(a) R% (6) S% (8) naockocme Jlobauesckozo L,, crabxcerHbix
cmanOapmuoimu mempuxkamu. ITycme & = Iso(M?) — epynna scex
usomempuiic. M?. Toeda kaxndoe npeobpa3osarue g € & 3adaemcs
mpems Henpepol8Hoimu napamempanu, m. e. dim & =3.

[Tox & moHuMmaeTcsi mosHasi rpynna H3OMeTPHH, T. e. rpynna auob-
deoMoptdhu3MoB, coxpaHsOUX MeTpHKy. ['pynna & = Iso(M") Moxer
6bITb OmpefesieHa s Jo6oro riagKoro puMaHoBa MHoroo6pasus; sra
rpynna Moxer OHTb MpeBpalleHa B TONOJOTHYECKOe MPOCTPaHCTBO:
aBa npeo6pa3oBaHUsl g,, g, CUHTAIOTCS ONM3KHUMH, €CIH OHH OJH3KH
Kak naupdeoMoppusMel M", T. e. o Bcex ToueK T € M" 6im3KH
TOYKH g,(Z), g,(z), rme g,, g, € &.

TeopeMa 2 ecThb YacTHHH ciy4al ofiiero yTBepxaeHusl, KOTOPOe MH
coobuuM 6e3 noKasaTesnbCTBa:

ITycmv M™ — xomnakxmuoe earadkoe pumMaroB80 C8A3HOE 3AMKHY-
moe mHozoobpasue u & =Iso(M™); mozda dim & < ﬂ"2—+ll m. e.

kaxcdoe npeobpa3ogarue g € & 3adaemcs He boree Hem g(n2_+ll
HenpepoleHbIMUL NAPAMEMPAMU.

B sroM ofmeMm Buie TeopeMa HaMM MCIOJb30BaThCS Hajblie He
6yner. XoTsl NOKa3aTeJbCTBO Mbl IPOBENEM TONBKO IJISI YKa3aHHHEIX
TpPex MHOroo6pa3uii, HO Bce PacCy>XAeHHs1 BePHH ISl IPOH3BOJBHOIO
MHOroo6pa3susi; B poliecce 10Ka3aTeNbCTBa Mbl OTOBOPHM T€ MOMEHTH,
rZie MH MCIIOJIb3yeM KOHKpeTHHH BHA M2

JHokasateancTtsBo. [lycts 2 € M" u H(x,) C & — MHOXECTBO
M30MeTpPHH, OCTABJSIOIINX L, Ha MecTe. SIcHO, yTo H (x,) — moarpynmna.
OHa Ha3nBaeTcsl CMAyuUOHApHOL nodepynnoi mouxku x,; LIS pas-
HHX T, U T, noarpynns H(xz,) u H(z,), BoobLie roBopsi, pa3jIMYHHI.
Ilycts h € H(x). Tak Kak h(z) =, T0 dh(z,): T, M" — T, M™. Ilo-

cTpouM oTo6paxenue A: H(z)) — GL(n; R), nonoxus A(h) = dh(z,).
SlcHo, uto dh € GL(n; R), Tak kak h — puddeomoppusm. Hanee, A
orobpaxaer H(xz,) B moarpynny O(n) C GL(n, R). B camom pene,
MOXHO CYHTaTh, YTO B OKPECTHOCTH &, BHOpaHH KOOpAMHATH, Ta-
Kue, 4T0 g, (%) = 4,;; Torma g,;(z,) ompenensier 8 T, M" eBkauaoBy
METPHKY; TaK Kak h — usoMerpusi, To dh(x,) COXpaHsieT eBKJIHUAOBO
ckansipHoe npoussenenue B T, M". Jlanee: A — romoMopduaM H(x,)
B O(n). B camom nene: A(h, o hy) =d(h, o hy)(x,) = dh,(x,) 0 dhy(zp).
Bosee Toro, A — MoHoMopdu3am. B camom nene, nonyctum, uro dh =F
(ToXmecTBeHHO); Hajo NoKa3arb, 4To h(z) =z ana Joboro z € M™.
Bocnosnb3yemcst Tem, yto M™ — onHo u3 MHorooGpasmii: S2, R?, L,.
Ha kaxnoM u3 Hux J/mobasi napa Toyek MoxeT OHTb coefuHe-
Ha reome3uveckod. Ha miockoctH yrBepxaeHHe ouesuaHo. Ha S2,
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B cuay [lpemnoxenuss 1, re-
Ofle3HYECKHe — 3TO 3KBaTOPHI,
] 4TO J[OKa3hIBa€T YTBEPXKIEHHE.
Ecin M?=1L,, To paccMOTpHM
BEPXHIOI0 IOJYIJIOCKOCTb; I10-
CTpOEHHEe TreoJe3HYyecKol MoKa-
3aHo Ha puc. 31. Jto yTBepxe-
HUe BepHO AJId J060ro MHOroo6-
pa3usl yKa3aHHOTO THIIA, OJHAKO
Mbl He OyZileM 3TOro JOKa3biBaTh.
Hrak, nycts dh(z)) = FE; co-
€IMHHM [POU3BOJBHYI0 TOYKY
Puc. 31 z€ M" ¢ z,. [Tyets 7(0) — Bek-
TOp ckopocTH Y(t) B Touke x,
reofieaudeckol <y(t). Tak kak h — u3omerpusi, To 0o6pa3 - npH
JedcTBUH h — reofe3sndeckasi, a TaK Kak dh(xz,) =F, To reofie3uyeckas
v = h(y) uUMeeT B z, TOT XXe BEKTOp CKOpOCTH, 4ro M 7. [lBe
Kacaiolyecs reofie3Hyeckue COBIANAKOT. 1aK KaK <y MOXHO OTHECTH
K HaTypaJbHOMY MapaMeTpy, To h He MEHSIeT ero BAOJb Y, a IIOTOMY
T ocTaeTcs Ha 7y Ha NpeXHeM pAacCTOsiHHH OT I, T. €. h(z) ==z,
uyro H Tpe6oBanock. Urak, H(xz,) — 3amkHyrasi noarpynna B O(n).
3amkHyTOCTb H(Z,) BEHITEKaeT M3 TOro, YTO H3OMETpHS, SIBJISIOMASCH
TnpefieJoM M30METPHH, COXDaHSIOUMX I, caMa coxpaHseT x, MHrak,
miss M?= 5% R? L, umeem: dim H(z,) < dim O(2) = 1. [lns npo-
u3BoJbHOrO M™ MOXHO moka3aTth, uyro dim H(x,) < dim O(n), 1. e.
dim H(z,) < n(n — 1)/2. PaccMotpum teneps rpynny &.

YrBepmaenne. Jlrobas usomempusn g € & onpedessemcs obpasom

mo4Ku 1y, m. e. g(x), u Oudppepenyuarom dg(z): T, M" — T, \M".

B camom pnene, paccMorpum coorBercTBHe: g — (g(%); dg(z,))
u nycts (g,(%); dgi(2)) = (9:(%): dgy(%)). Orciona g,(z,) = go(%),

dg, () = dgy(z,); Torna paccmotpum g(z) = (9i') 0 g,(z), € M".
Hmeem:

9(z) =(g7") o 92(%) =1, T.e g€ H(x);
dg(zo) = d((gi") © ,)(%) = ((dg,)™" 0 (dg,)) () =
= (dg)(%5)) ™" 0 (dgy(z)) = E,

cM. Bue: g=F Ha M", 1. e. g(z) =z, g(z) = g,(z). Tak kak g(=x,)
ompefensetcss n napaMerpamu, a dg(z,) 3amaercsa He Gosee ueM
mn=1) hapamerpamu, To g MoxeT 6WTb 3aiaHO He Godee, ueM

n + ( —1) _ "("2+1) napamerpamu. [na M? = S2%, R?, L, umeewm:
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dim & < 3. C npyro#i cTopoHH, Kak OnJIO NMOKa3aHo B . 4, Kaxnaas
u3 rpynn Iso(R?), Iso(S?), Iso(L,) comepxut noarpynmy, npeo6paso-
BAHUS KOTOPOM TaKXe 3aNalOTCsl TPeMsi MapaMeTpaMH. TaK Kak 3TH
MOATPYININE OTKPHTH M 3aMKHYTH, To mia M? = S2, R?, L, umeem:
dim Iso(M?) = 3. Teopema foka3aHa. O

Caeacreue. ITycmo Iso(M™), — cs8a3nas Komnonenma eOuHULbL
6 Iso(M™); moeda Iso(M?), drsa M?= S%, R?, L, cosnadaem
C memu mpexmepHuIMU 2pynnamu, Komopsie nocmpoeHvt 8 2a. 4;
m. e. Iso(S?), = SO(3); Iso(L,), = SL(2; R)/Z,; Iso(R?), cosnadaem
€ epynnoii 8cex AUHeUHbIX u3omMempuill RAOCKOCMU, COXPAHAIOULUX
opuenmayuro.

Teopema 3. Jloboe dsymepHoe eradkoe, KOMNaKkmHoe, C813Hoe,
3amMKHYymoe mHoeo0bpasue mpuanzyiupyemo.

HNoxaszateabctBo. CHabgum M? puMaHoBOH MeTpuKo# (Ha-
npuMep, BJIOXHM M? B eBKIMAOBO IPOCTPAHCTBO) M PACCMOTPHM
reonesuyeckre Ha M2, [lns 1oka3aTenbCTBa TEOpeMbl noTpebyercs:

Jdemma 4. [asn xaxcdoi mouxku Py Ha pumanosom M™ cywecm-
syem okpecmuocms U u uucao € >0, makue, umo. (a) kaxOvle
0se mouku u3z U coedunsem o0Ha u moabko 0OHa 2eode3uyecKkas
Oaunvt merowe €; (6) ama eeode3uteckas 2Aa0K0 3a8UCUM OM CBOUX
KOHY08.

HdokxaszareabctBo. HanoMHuM TeopeMy H3 TeOpHH OGHK-

HOBEHHHX [u(depeHUHAJbHBIX YpPaBHEHHH: IycTh JaHa CHCTEMA
d2a — 1 o

T —F( , dt)’ roe 4 =(u',...,u") u F' — Habop U3 m raagKux
GyHKUMH, onpeaeeHHHX B okpecTHocTH W Touku (4,, ;) € R*". Torna
cymecTByeT okpecTHocTh U ToukH (U, ;) H uucio € >0 Takue,

’ dt
MMeeT efMHCTBeHHOe pelueHue t — %(t), onpefesneHHoe NpH |t| < e
u Takoe, uto u(0) =1u; ﬂ“tgl = ¥,, IpHYEM pelIeHHe IJIafKO 3aBUCHT
OT HauajbHHX ycaoBui. Ilycte Py € M"; Torma B cully yKasaHHOro
YTBEDX/IeHHsl CyIlecTByeT okpecTHocTh W Touku F, TakKasi, 4To AJIsi
Kaxno#d toukn P € W onpesenieHo oto6pakeHHe eXpp, 3afaBaeMoe
TaK: nyctb 4 € T, M"™ — BeKTOp AJNMHH, He NPEeBOCXOAsIIeH &; BH-
IIyCTHM 10 HampaBJIEHHIO 3TOro BeKTopa reofie3uveckyio <;(t), orHe-
CeHHYI0 K HaTypajJbHOMy napaMeTpy ¢ M CONOCTaBHM d TO4Ky (1),
KOTOpYI0 0603HaunM uepe3 expp(d). [Toayunan raankoe orobpaxeHue
mapa paguyca € B M" (auddepeHuHpyeMocTb clieflyeT H3 yKa3aHHOH
TeopeMH CyIlecTBOBaHHS H eauHctBeHHocTH) (puc. 32). IlocTpoum
oro6paxenne F: V — M" x M", rne V — okpectHocTb ToukHu (B, 0)

25 = -
4TO A8 KaXmoH ToukH (%, ¥,) € U ypaBHeHHe ‘:T" =F (”’ d—u)
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Puc. 32

8 mnozoobpasuu T,M", 1. e. V={(Bd); PecU(R), |d<e}
u F(P, @)= (P, expp(d)). Crpykrypa riagkoro MHoroo6pasusi B T, M"
BBOUTCS Tak: I,M" coctout u3 Bcex nap (P, d), Pe M", a€ T, M,;
ecqu z!,..., " — KoopaMHaTH B o6nacth U C M™, TO KaXIbli

ae T, M" ogHO3HAYHO MpeACTaBJsieTcs B BUAe a=t°0., rae 0. =
P (1 i

a3

ozt |p’
Oyukuuu (2!, ..., z; ', ..., t™) 06pa3yioT JOKaJbHYIO CHCTEMY KOOP-
JIMHAT B OTKPHTOM MHoXecTBe R?>" C T, M". lokaxeM, 4To siIKoGHaH
otobpaxkennss F HeBuipoxaeH B (F),0). O603HayYuM KOOPAHHATHI
BUXUCM"x M" yepes {zf;z;}, 1 < ¢ < n; Toraa:

E(o)=ar *ax Elo) =ap

T. e. MaTtpuua Slkob6u orobpaxkenuss F B Touke (Fy, 0) umeer BuA:

(g g ); CJIeA0BATEJbHO OHA HEBHIPOXK/EHaA. Us TEOpEMH O HesIBHOH

¢byHkuuu caenyet, uro F quddeomopdHo orobpakaer okpecTHocTh W
ToukH (R, 0)€ T, M" ua okpectHocTb R?" Touku (B, B)Ee M"xM".O

OTy JleMMy MOXHO foKa3aThb W ApyruM nyTteM. Paccmorpum T,M";
TOrZia Ha HeM BO3HHKaeT AWHaMHYecKasi CHCTeMa, HasbiBaeMasi ceodesu-
YecKkum nomoxom; paccmoTpuM Touky (P, @) € T, M™; B cuy TeopeMH
CYIleCTBOBaHUS H €IHHCTBEHHOCTH, U3 P B HampaBJleHHH BeKTopa d
BLIXOJMT €IMHCTBeHHasi reoje3uyeckass y(t), T. e. BO3HHKaeT MoJe
ckopoctedt v: B T, M™ nonyuyaeM tpaektopuio (P(t); v(t))=I(t); atu
BEKTOPHl CKOpocTeH u 06pa3yloT reofie3nyeckui notok. HrerpanabHue
TPaeKTOPHH 3TOrO IM0Jsi MOryT ObIThb MPOJO/DKEHH HEOrpaHHYeHHO,
B 4aCTHOCTH, Ha paccTasiHue € (OJHO M TO e Jjsl Bcex Touek T,M"),
4TO M JOKa3bBaeT JeMMmy 4.

BepHeMcsi K [0Ka3aTeqbCTBY TeopeMbl. Tak Kak M? — KOMMakTHO
H 3aMKHYTO, TO €r0 MOXXHO [OKPHTb KOHEYHBIM YHCJIOM MaJbIX AUCKOB.
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B cuny teMMHB 4 MOXXHO CYHTATh, YTO KaXK/AbH H3 HHX TaKOB, YTO J06as
napa ero Touek MoxkeT OHTb coeJMHEHa €IHHCTBEHHOHN reofie3nuecKon
IJIMHH, He TPEeBOCXOAsUIeH €, TAe € AocTaToyHo Majo. [lokpus M?
AOCTATOYHO IUIOTHOH ceTbl0 ToueK {P.}, MOXHO COENMHHTb TOYKH,
rionaslliHe BHYTPb KaKOro-mu60 AUCKa NOKPHTHS, reoile3H4ecKo u pas-
6uTh KaXKAKH AMCK Ha TPEYroJbHHKH, YAOBJIEeTBOPSIOLIHEe TpeOOBaHHIM
TpHaHryJsiuu. BaxkHo, yTo6H riiagxue KpuBhHe pa3GueHus, BOZHHKILHE
B OTHOM M3 JHUCKOB, OCTaBaJHCh OB IVIaIKMMH H C TOUKH 3peHud J060ro
JAPYroro [UcKa, B KOTOPHH OHH MOIJIH MONACTh, €Y COeAMHsIeMble HMH
TOYKH JIeXKaJli B nepecedeHHH AUcKoB NoKpuTHSA. Ho riagkocTs rapaH-
THPYeTCsl [VIaJKOCThIO pellleHHH YpaBHEHHH reofile3u4ecKHux, a MoToMy
TPHAHTYJISILIMIO MOXKHO PacIpOCTPaHSTh Bce JaJjbllle W Aajblle, MOKa
He MoKpoeM e Bce M2, O
B nokasartenbcTse cyuiecTBEHHO MCMOJb30BaHa AByMepHoCcTb M2,

§ 5. Tensop KPHBH3HBI

1. IlpexBapuTenbHbIC 3aMEeYaHH .

Paccmotpum M™ (He o00si3aTe/bHO pHMaHOBO) € CHMMETpPHY-
Hoit ad@uuHOM cBsA3HOocTbiO V. Bhime Onua fokasaHa dopmyda:
V;(9) = I";ﬁg , Tne 0, — 6asucHHE BEKTOPHHe mnoJs. 3ajgaHue V
onpefieiieT NapaJeJbHEI NepeHoc (Ha GEeCKOHeYHO Majoe paccTo-
sIHMe) BJOJb KOOPAHMHATHON
JuHUH z*. PUKCHpYeM Tod-
Ky P H pacCMOTPHM cJlefly-
IOLHe MmapajiieJibHEe nepe-
Hoco: V,V, u V,V,, rre
Va=V; (puc. 33). Mox-
HO CYHTAThb, YTO MH CMeLIa-
eMcsl BJIOJIb KOOPAHHATHHIX
JuHu# z* u ' Ha Manne
paccrosiiust a u 3. Koneu-
Hble ToukH Q u Q' OymyT, Puc. 33
BooOlille roBOpsi, Pa3JHYHHI.

A10T 3pPeKT MOXKHO OGHAPYXKHTh M NPH APYroM crnocobe mnepeHoca:
PaccMoTpuM nmBHXKeHHe, nokasaHHoe Ha pHc. 34. DTOT Majbli «na-
pasienorpaMM» 6yznet, BooOlie roBopsi, pA30OMKHYT — MH He BepHeMcs
B TOUKY P B CHJIY «HMCKDHBJIEHHOCTH» M™. YCJIOBHO 3Ty «HCKPHBJIEH-
HOCTb» MOXHO MONbITaThcsl H3MEPHUTb pasHocThio: V,V, -V |V, =¢.
Ecin M™ = R™ u KoopauHaThl AekapToBu, T0 V,V,=V,V,; ec-
a1 M™ — npou3BoJIbHO, TO 3TOT AudepeHHaNbHbBIA OnepaTop, Boo6-
11[e rOBOPSI, OTJIMYEH OT HyJs. Harnsiguuii npuMep naer S2, orHeceHHas
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Puc. 34 Puc. 35

=\

K KoopmuHatam (6, ¢) (puc. 35). 3mecb o — cMelleHHS BIOJb
MepHIUMaHOB, a +( — cMelleHHs BJOJb Napajienen.

[TpocTble mpuMepH OKA3BIBAIOT, YTO XapakKTep HCKPHBJIEHHOCTH MO-
xeT OuTb pasnuyeH. [IpogeMoHCTpPHPYyeM 3TO Ha mpuMepe S? H MIIOCKO-

i
y/j
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ctu Jlo6auesckoro L,. PaccMorpuM Ha S? u Ha L, reoe3sudeckyio vy
H U3 KaX/IOH TOUKHM HEKOTOPOTO ee OTPe3Ka BHIYCTHM OPTOTOHAJbHEE
el reopmesnueckue. [lpocienuM 3a moBemeHHEM 3TOrO My4ykKa OPTOro-
HaJbHBIX K <y Tpaekropuit. Ha puc. 36 msobpaxkeHa kKauecTBeHHas
kaptuHa. Ha S? nydok cobupaercs (110 060MM HanpaBieHHSIM CBOEro
pacrnpocTpaHeHHsl) B [[Be TOUKH: CeBepHHH M 0XHBIH nomtockl. Ha L,
IIYYOK «PACXOMHMTCSI» H PACCTOSIHHE MEXAY KPaHHUMH reofe3udecKUMH
Bo3pacraer 10 6eckoHeyHocTH. Ha puc. 37 BHAOHO, yTO pasberaHue reo-
ne3uyeckux Ha L, uMeeT MecTo B 00e CTOPOHH OT oTpe3ka A B, Tak Kak
muHbe gyt CD u RT paBHH GeckoHeuHocTH. PasinuyHoe moseneHue
reofie3auueckKux Ha S? u L, BHIHO TaKXKe Ha NMpuUMepe My4Ka reofesH-
4eCKHX, BHIIYIIEHHHX U3 ofHOH ToukH (puc. 38). HanoMHuM, 4yTO

\\“i ][,';:/
W

il

\
\

Puc. 37

)

Puc. 38



362 Ta. 5. TEH3OPHBIM AHAJIM3 U PUMAHOBA TEOMETPHUS

S? u L, uMeloT PasjMYHYIO rayccoBy KPHBH3HY: S? — MOCTOSIHHYIO
TIOJIOXKHTENbHYI0, a2 L, — NOCTOSIHHYIO OTpHLATeNbHYI. Bckope Mbl
TIOKaXKeM, 4TO rayccosa KpuBHM3Ha (misi M?2) TecHO cBsi3aHa cO CBOHCT-
BaMu oneparopa V,V, — V,V,, H3MepsIOIEro «<ACKPUBJIEHHOCTb» M2,
2. KoopauHaTHOE ompeaeeHHe -rensopa Kpunnsﬂm [Myers M™
OTHECEHO K JIOKaJbHHM KoOpAuHaTaM z!, ..., z" B OKPECTHOCTH TOYKH

P; paccmorpum V,V, —V,V, u npnmeHuM ero K momo 1" = {T*}.
Cssi3HOCTb V — CUMMETPHYHA; IOACYET AAET:

V Tt +TPI‘: .

V.V (T%)= Max,+axk I"+T” (r-)+v,(TP)r*k—v,,(T*)r;=
32 e aT 't £ T
62,:&:,4‘ 81,‘ wtT? > & (ri)+ STt T T — az, —TT

i § 9 i
(thl_vlvk)T =Tp(§rpl lryk)_

—(F” I‘};) +T" [T, —I2 T8 —Ti Ty + T8 Th ).
Tax kak I}, =T;

k]’

(ViV,=V,V,)T'= T"[—r' DT+ T4 T3 T4] = TR,

321: ql
rae ) )
. ery eri : .
R:;,kl = 321 3:1 +r21 ok~ r‘q’krpl'

Jlemma 1. Habop R;,, o6pasyem men3op 4-2o panea.

JokasarenbctBo. OHO oueBHAHO, TaK Kak V = {V,} — reH-
30pHas onepauus. O

Onpepeaenne. TeHzop qu u Ha3HBaeTcsl MeH30POM KpPUBL3HbL
Pumana dannoil ceasnocmu V.

Ecin M™ =R", T0 3TOT. TeH30p paBeH Hyawo. B camoM gene,
OH ofpamiaeTcss B HyJb B [JEKapTOBOH CHCTeMe, a NOTOMY, B CHJY
TEH30PHOCTH 3aKOHa npeo6pa3oBaHMsi, PaBeH HYJIIO H B J1060# Apyrou
cucreme. Cymecrylor M™, rne R}, orTiuyeH or HyJas (cM. Huxe).
HanomuuM, uro KoopaMHaThH — €BKJIWIOBH [Js1 JAaHHOH CBSI3HOCTH,
eciu I, =0 B sTHX KoopmuHaTax. OTciona cienyert:

Jlemma 2. [lycme M" cHabxceno cummempuunoii agpdurrol
csasnocmoto. Ecau men3op KpususHol Pumana amoil ceasxHocmu
omauden om Hyara (8 Kaxoi-mo cucmeme xKoopounam), mo Ha M"
HEeAb3A 88ecmU e8KAUA0B8bL KOOpOuHambt (8 OKpeCcmHOCMU MOYKU).
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Ecan 6B Takue KOOPAMHATHl HAILJIHCh, TO B HHX aHHYJHPOBAIHCDH
6b1 I}, a noToMy TeH30p KPUBM3HE Takxke o6paTuiics 6ul B Hysb. UTaK,
TEH30p KPHBH3HH ONMHCHIBA€T NPEMNSTCTBHE K BBENEHHUIO €BKJIHIOBHIX
KOOPAHHAT (A1 JAHHOH CBSI3HOCTH).

3. MaBapuaHTHOE onpeaelieHne TEH30Pa KPHBH3IHEL. Brime Mu
MOCTPOMJIM T€H30p PHMaHa B KOHKPETHOH CHCTEMe KOOPAHMHAT.

Ilanum Teneph uHBapuaHTHoe ompenetenue. Ilyets X, Y, Z —
NPOU3BOJIbHEE [JIaJIKHE BEKTOPHBIE MoJsi Ha M" (c cHMMeTpHYHOH
ad¢uHHOR cBsisHOCTHIO). [locTpouM «onepamop kpususnenr R, co-
noctasasiolld Tpoike X, Y, Z HoBoe BeKTOpHoe moje. ¥Ymo0HO
TPAKTOBaTh I110Js1 KaK JuHeHHble Au¢GepeHHaNbHbE ONEPaTOPH; 3TO
06cTosiTeNIbCTBO GY/leM YKa3bIBaTh TaK: BMecTo X HamumeM npocto X .

Onpeaeaenne. Tlonoxum: R(X, Y)(Z)=V,V(Z2)-V,Vx(Z)-

V xv(Z). Urak, R nepesomutr T, x T, x T, 8 T,, rne z € M".

Teopema 1. Omobpasxcernue R mpuauHeiino u nomomy 3adaem
meH30p 4emeepmoeo paHnaa.

JlokadartenbcTBoO. Ecan paccMoTpeTh THHElHHEIE KOMOHHAUKH
nojiel — apryMeHTOB C IOCTOSIHHBIMH K03G(GUIMEeHTaMH, TO TPHJIH-
HeHHOCTb oyeBHAHA. B noKasaTesnbcTBe HyXAaeTcsi TOT (AKT, 4TO
3a 3HaK omepauud R MOXHO BHHOCHTb TJaixkyl© ¢yHkuuwo f(z).
Ecan sto nokasatb, To R 6yner MOJNHOCTBIO ONPEReseHo HedCTBHEM

Ha 6a3uCHHE [10JST: 50 = ( a‘:,, ), 1 < a £ n. PaccMorpuM oro6pakeHue
(XY, 2)—> (XY, f(z)-Z), rne f(z) — rnapkas ¢oyHkuusi. Tpebyercs
nokasatb, uto R(XY) - (fZ)=f-R(X,Y)- Z.

VxVy(fZ)=VyVx(fZ)=Vix(FZ)=V x (Vv )Z)+Vx(fVy Z)—
_VY((VXf)Z)_VY(foZ)_(le,y]f)z_fle,ylzz
=(vayf)z+(vyf)vxZ+(fo)vyz+f(vxvyz)_
=(VyVxNZ—-(VxfIVyZ—(Vy IV Z—f(VyVxZ)-
~(Vixnif)Z = f(VixnZ)={(X(Yf)-Y(Xf)— (XY -YX)f} Z +
+f{VXVyZ—VyVXZ—V[X,YIZ}=0+f-R(X, Y)Z,
tak Kak Vyf = X(f). Tpebyer nposepurb, uto: R(fX,Y)Z =

=f-R(X,Y)Z. Umeem:
R(fX,Y)Z =V xVyZ —=VyV 37 — Vx| 2
ScHo, uto V y = fV, Tak Kak

(fo)T = (fX)th T= f{kakT} =f(VxT)-
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Janee:
X Y=f(XY)-Y (fX)=f(XY)—(Yf)X-f(YX)=f[X, Y]-(Yf) X

Orclona:

R(fX, Y)Z=f(VxVYZ)_VY(fVXZ)_Vf[X,Y]Z+V(Yf)xZ =
=f(VxVyZ)=(Vy IV Z = f(VyVx Z) = fVixZ +(Yf)Vy Z =
=f-R(X,Y)Z+0=f-R(X,Y)Z

yro u TpeboBanock. CoorHowenue: R(X, fY)Z = f - R(X, Y)Z npo-
BepsieTcs1 aHaJoruyHo. [J

CBskeM HHBapMaHTHOE ONpefeJieHHe TeH30pa KPHBHU3HHI C €ro
KOODAHHATHHIM omnpefeneHueM. Beenem 6asucHbie noas 0, (xkak aud-
tepeHuuanbHble onepatopn). Pasnoxum X, Y, Z no srtuMm rmo-
aam: X =X'0,; Y =Y70;; Z=27"9,. lonywaem: R(X,Y)Z =
=X'YiZ*k. {R( ., 0,)0, }; I e. R(X, Y)Z TOJIHOCTBIO OrpeensieTcs
sananueMm R(0;, 9;)0,. Hanee,

R(9,, ,)Z VaVaZ VaVaZ Vlaa|z

SlcHo, uro V, =V, (no onpejeneHuio Va) T. e. R(0,, ])Z =
=(V,V, -V, V,)Z - Vi, 8] Z. Tak xax [9,, d ;]=0, To R(9,,0;)Z =
=(V, V V V.)Z. I/I'rax MHL nosy4uin (B qucnpoaaﬂﬂou cHcTeMe
KoopzmnaT a:‘, .., T") «KOODAMHATHOE» OlpejieieHue TeH3opa PuMana,
YTO W J0Ka3biBaeT COBMNAajileHHe OnpeleseHnH.

4. Anre6pauyecKkne CBOMCTBA TeH30pa KPUBN3HbI Pumana.

Teopema 2. [lasn atoboix mpex eradkux noseti X, Y, Z na M"
BbLNOAHAIOMCS moxcOecmea:

1) R(X,Y)Z + R(Y,X)Z=0; R}, + R}, =0; m. e. xocas
cummempusn no apeymenman X, Y.

2) R(X,Y)Z+R(Z, X)Y + R(Y, Z2)X =0 —moxdecmso Sxobu;
8 xoopdunamax: R}, + Rj, + R} ;=0. 30eco & sanucu R},
umeemcs maxoe coomsemcmsue mexcoy undexcamu (J, k, 1) u no-
asmu X, Y, Z: 5~ X, k~Y,l~2Z.

3) B mom cayuae, xoeda cesasnocme V — pumanosa, umeem
(R(X,Y)Z, W)+(R(X, Y)W, Z)=0 9as at06btx norei X, Y, Z, W;
30eco ( , ) —cKasfapHOe npoussederue, NOPONOEHHOe MempuKol g, ;
8 xoopduuamax R,u+R;,,=0 e0eR,, =g,R},.

4) Ecau csa3Hocmo 8 pumanosa, mo (R(X,Y)Z W) =
=(R(Z,W)X,Y), m.e. R,, =R, ...

Ha ssbike kommonent R, (T. €. mocjie onycKaHusi MHIEKCa)
AMeeM KOCYI0 CHMMETPHIO BHYTPH Kaxmou mnapwl: (4, j) u (k, 1),
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a Takke — CHMMETDHIO NpH IepectaHoBKe mnap (korma ofe naphl
MEHSIIOTCSI MECTaMH, HO BHYTPH Iap HHIEKChl He MePecTaBJIsIOTCs).
HNoxkaszarteabctBo. 1) Tak xak R(X,Y)Z =V,V,Z —
—VyVxZ —V|xy)Z, 10 Kocast cumMerpust R(X,Y)Z no mape X,
Y oueBupHa.
2) CHayana fokaxeM, YTO MJsi CUMMETPHYHOH CBSI3HOCTH HMeeM:
VyY -V, X =[X,Y]. B camoM fese, B KOOpAHHATAX HMeeM:

VY -V, X =X'V,Y - YiV,X =

- (2 ) (85 ) e

_ ok o axk ipk_ipk}i_
_{X S — Y S+ X YT — YIXOT), | T =

; oYk :0Xk\ 8
(e vty i
Tak Kak Y XPIY =Y?XTk; Tk =T%. Ecim X u Y KoMMyTHpYIOT, TO
V,Y =V, X. Teneps nokaxem Toxnectso SIko6u. B cuny Teopemn 1
JIOCTAaTOYHO MPOBEPHTb €ro TOJbKO Ha MOMNAapPHO KOMMYTHPYIOLIHMX
nonsax: X, Y, Z (uanpumep, Ha 9;, 9;, 0,). locTaTouHO NpOBEpPHUTb,
4TO!

VxVyZ =VyVyZ = Vixy)Z +V;VxY —V,V, Y —
—VizxY +VyV, X =V, V, X — V35X =0.

Kak 6bl10 otMeueHo, X, Y, Z — KOMMYTHPYIOT, a moToMy Tpebyemoe
TOXJECTBO CJelyeT M3 cooTHomleHuWH THna: V,Y =V, X. Csoict-
BO (2) nokasaHo.

3) Tpebyercst nokasath, uto (R(X,Y)Z W)+ (R(X, Y)W, Z)=0.
Ilocratoyno nposeputb, uto (R(X,Y)Z Z) =0 (yuurnBasi mossipu-
3aumio kBagpaTH4yHbiX ¢opM). CHoBa cumraeM, yro [X, Y] =0. Tor-
na: (R(X,Y)Z, Z)=((VxVy —VyVx)Z Z). PaccMoTpuM GyHKUHIO:
(Z,Z)=f n BouncauM X (f)=X(2,2)=Vx(Z,Z)=2(V, 2, Z).
Hanee:

YX(f)=2Vy(VxZ Z)=2VyVy 2, Z)+2(Vx 2, VyZ);

aHanoruyHo nosydaeM: XY (f)=2(V4V,Z Z)+2(V, 2,V 4 Z). B cu-
ay cummerpuu ( , ) uMeeM: (V, V7 Z)=(V,V,Z, Z), 4o u Tpe-
6oBaJioCh.

4) Tpebyercsi nokasatb, uto (R(X,Y)Z W)= (R(Z W)X, Y).
PaccMoTpuM okTasnp, mokasaHHeli Ha puc. 39. UeTnipe ero rpaHu
3aIITPUXOBaHH, M B KaXKIOH €ro BepIIHHE [OCTAaBJEHO CKalsipHOe
npousBefenne. CyMMa NpoH3BeleHHH, PaClOJIOXKEHHBIX B BepLIMHAX
KaX/IO 3alUTPHUXOBAaHHOH IpaHH, paBHAa HyJo. [IpoBepuM, Hampumep,
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3To sl TpaHK aac. MiMeeM, ucnonb3ysi yke 0Ka3aHHbIe CHMMETDHH,

(R(X,Y)Z; W)=—(R(X,Y)W; Z);
(R(Y, W)Z; X) =—(R(Y, W)X Z);
(R(X, W)Y; Z) = —(R(W, X)Y; Z),

T. €.

a+ta+c=(R(X,Y)Z; W)+ (R(Y, W)Z; X) + (R(X, W)Y; Z) =
=—(R(X, Y)W; Z) — (R(Y, W)X; Z) — (R(W, X)Y; Z) =
=—(R(X, Y)W + R(Y, W)X + R(W, X)Y; Z)=0

B culy ToxaectBa SIko6u. AHaJOrM4YHO NpOBepsieTCsl PaBeHCTBO

o <R(AY)Z;w>

A ‘ <REw)x;y>

Puc. 39

Hymo cyMM: a+b+d; c+d +8; a+ b+ (. Hanumem toxpectso: 0+
+0=0=040 u pacruumeM Kaxabli U3 3THX HyJel TakK: (a+ o +c)+
+(a+b+d)=0=(a+b+B)+(c+d+pP); otkyna 2a =203, 1. e.
(R(X,Y)Z; W)=(R(Z,W)X;Y), uro u Tpeboanocs. O

Onpenpenenne. Tensopom Pu44u puMaHOBOW CBSI3HOCTH Ha3HBaeT-
csi teHsop Ry =R, T. . TeH30D, NOJNy4€HHBIA CBEPTKOH (MO nape uH-
JIEKCOB) TeH30pa Bumana. Tensop Puyun cuMmerpuyen (nposepbrel).

Onpeaeaenne. Cxaraproll kpususnoi R pumaHoBa MHoroo6pa-
3usi Ha3uBaercst pyHkuusi R (z)=g* R, T. e. nonHasi cBepTKa TeH30pa
Puyun ¢ TeH3opoM, 06paTHHIM K METPUYECKOMY.

SlcHo, uto R,, — TeH3o0p 2-ro paHra, a R(z)— ckansipHast QyHKIMs.
Jlnsi MHOTHX KOHKPETHHIX 3ajay I0JIe3HO 3HATh SIBHOE BhIpaXKeHHe
TeH3opa PuMaHa yepes g;; U NPOM3BOAHKLIE OT g,;.
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Teopema 3. Ha pumanosom mHo2000pa3uu umeem Mecmo mox-
decmeo:

— a —
Riq,kl = Giallgu =

1( d%g, 8 g, 3%y, 8g,
(s o P P, e

oz99z% ' 8z*ox' ori8z' oxtort
JokasarteasbcTso. Y3 xoopauHaTHO# 3anmucu TeH3opa PuMana
HMeeM:
, _ory ory ; ; ary,
Rq,u':_azi - 3:1 +F§,’: pk :,l: o= ( +r )[k l],

rie 3HaKoM [k, ] o6o3HaueHa anbrepHauusi Mo uHAekcaMm k u [ Ge3s
neaeHust Ha 2. Jlanee,

0= 0. Riw = Rogs = 0 (o T30 ) [k, 11 = g, (255 4 87 [ 1),

Tfle 3HaKOM * o603HaueHa napa unpekcos (gl). BepaxeHue B Kpyribix
cko6Kax MOXHO (H)OPMaJbHO MOHMMATh KaK pe3yJbTaT KOBaPHAHTHOIO
nuddepenunposanusi V, Habopa I'f, rie Ha 3Hak * noka He oGpamaem
sBHuMaHusi. HaGop I} He o6pa3syer TeH3opa, OHAKO, B KaXKI0H AaHHOM
cucTeMe KOODAMHAT MOXHO PacCMOTPETb H T€H30D C TAKHMH KOMIIOHEH-
ramu: I} (B Apyrux cucreMax 3ToT TeH30p OyIeT UMETb yXKe Kakue-TO
IpYrue KOMIIOHEHTH, OTJH4YHHeE oT [, HO mias auddepeHUHPOBaHUs
B NIaHHOH cHcTeMe 3T0 06CTOsITeNbCTBO HecylecTBeHHO). Tak Kak g,;
MOPOXKAAET ONMYCKaHWE HHAEKCA y «TeH30pa» [, TO 3TO MOXHO BhI-
TIOMHUTh U TOJ 3HAaKOM KOBapHAaHTHOro auddepeHUUpPOBaHHUSI, TaK KaK
TEH30p g;; KOBapHaHTHO nocrosineH. Orcioxa:

0=g,V, (ri)[k» l]=V, (gniri)[k? l[]=V, (ra,.)[k» 1],

1 39, , 99, 9y, 1(9 9, 9,
=T, =39:0" (o4 + ot - 5 ) = 5 (4 + 2~ 5¥)-

[loncrasnsst 370 BHpaXKeHHE B HCXOAHYI0 ¢opMmyay mis R, ,,, momy-
qyaeM:

Ru=Vy(C)k 1= (L T, T8Ik 1= (58 T, T2 )k 1]=

1( 0%, 82 g, 92 g, .
=§(3z'°!:9:::" + 5toel ~ &k;;,)[k,l]—g@r"r [%1]=

—_ = 82-‘7.1 azqu _ azgak _ 82ng
AN o L

)+ 0 (W2 -T412). O
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CaencrBue 1. Ecau mensop xpususuet Pumana He obpawaemcs
8 HYAb 8 KaKoi-mo cucmeme Koopournam, mo Ha M™ Heav3sn ssecmu
AOKAAbHBIE €8KAUO0BbL KOOPOUHAMbL, M. e. MAKUE, 8 KOMOPLLX g;; —

nocmosnnas mampuya (uiu, umo mo xce: I'y =0).

JlokaszaTeabcTBO chenyer u3 JeMMu 2. O
CBsi3b MeXHy paBEeHCTBOM HYJIO TeH30pa KPHUBH3Hb H BO3-
MOXHOCTBIO BBENIEHHSI €BKJIHMIOBHX KOODAHHAT YCMAaTPHUBAeTCsl elle
H3 cJefylomux coobpaxkeHHH. PaccMoTpuM 3akoH npeo6pa3oBaHHSI:
o _ ozt [ 8zF 8z 8%z?
r'»,k, - - _I_Ir' +ﬁ
j 8z' \oz* az7 * ' 5o o
OpIMHATHI, B KOTOPHIX I‘;'.',k, =0, Heo6XOMMMO BBITIOJHEHHE COOTHOIIEHHH
“ '\, 32xi — 3:::’6.1:" ri H 6
(T. e. ypaBHeHu#t Ha KOOPAHHATH z*): 570" — el 5o Lsk- Fieobxo-
IUMBIM YCJOBHEM Pa3pelIMMOCTH 3TOH CHCTEMH SIBJSIIOTCS TOXKAECTBA!

). JLi1s1 Toro, 4To6H CYIIEeCTBOBAJIH KO-

4 (i) = L (ﬁ) DTO HaKJafablBaeT YCJIOBHS Ha fnpasbie
32 \ 927 62F 2 \ 57 5 ) y

4acTH cHCTeMBl. MOXXHO POBEPHUTD, UTO BHIIOJHEHHE 3THX TPeOOBaHHH
9KBHBAJIEHTHO 06pallleHHI0 B HyJ1b TeH3opa KpusuaHbl. ([IpoBepsre!).

5. HexkoTopnie npulokKeHUus TeH3opa KpHBH3HbI Pumana. Pac-
CMOTPHM JByMepHOe DHMaHOBO MHoroo6pasue. 3mech T€H30D KPHBH3-
Hbl YCTPOeH 0CO6eHHO NpocTo (3afaya: KaKOW CMBICJ HMeeT TeH30p
KPHUBH3HH IS OMHOMepPHOro MHOroo6pasusi?). PaccMoTpuM ckansipHyIo
kpuBH3HY R (z) — dyHkumio Ha M?2. Tak Kak 3Ta QyHKUHS H3MepsieT
«HCKDHMBJIEHHOCTb» M?, TO ecTb OCHOBAHHSI CUMTATh, YTO OHA CBsi3aHA
C rayccoBOH KPHBH3HOH, KOTOpasi, KaK Mhl 3HaeM, TaKXKe OTBeyaeT 3a
«UCKPHBJIEHHOCTb» M2,

Teopema 4. Ha dsymeprom earadkom pumarno8om mHozoobpa3uu
umeem mecmo moxdecmeo. R =2K, 20e R(P), P € M?, —cxarap-
Hasa kpususta, K(P)— eayccosa kpusu3Ha.

Caencreue 2. Tax xax R(P) noanocmeto onpedersemcs 3ada-
Huem g;, mo K(P) maxoce noanocmoto onpedesfiemca moabKo g,
8 wacmnocmu, He mensemca npu usomempusx M? e R® (npu useu-
6aHuAx nosepxHocmu ).

HerpuBuasbHOCTb 3TOrO CJIEACTBHSI BUAHA M3 TOTO, YTO B HCXOLHOM
onpeneneHnd K (P) y4acTBoBajia BTOpasi KBaapaTH4Has (opMa, ONH-
chiBaiowas Bloxenne M2 B R3. HenocpencrsenHasi npoBepka HHBapH-
anTHocTH K (P) mpyu n3rn6aHusX TakKe 3aTPyAHHTeJbHA H HauboJee
eCTeCTBEHHO IIPOH3BONUTCS TOJBbKO NocJe H3ydeHHS TeH3opa PuMana.

JlokaszaTeabcTBO TeopeMHu. B cuiy teopeMn 3:

1 ¥gy Og,;, a%g, 329.,1 mp myp
Riq,kl —5((%.,3:): + oziort  oziod &iaxk) +gmp( qkrsz _rqlrik)'
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BeemeM B R? crenuasnbHylo JeKapTOBY CHCTEMY KOOPAMHAT; BhiGepeM
Ha M? touky P u 3amaguM M? B okpecTHoctH P B BHAe rpadHka
z = f(z,y), rae (=, y) — nekaproBu koopauHat B T, M2 Tak kak
T, M? = R*(z, y) — KacaresbHasi IJIOCKOCTb, To grad f (P)a— 0, 1. e
95(P) = (8, + [ fu)(P) = &, man Tiy(P) =0, max xax (5)| =0
(npoaepbre') B cuny anreépauqecxux cuMMeTpuii R, ,, Yy Hero
ceHyac MMeeTcCs TOJNbKO OfHA CYIIECTBEHHas KOMNOHeHTa: R, .
OcranbHbie — qu60 paBHH HYyJ0, JMG0 oTMyaioTcs ot R, |, TOMbKO
3HaKOM, HJIM COBNafawr ¢ R, ,. 3anuwem TeH3op PuMana B cucteme
KoopauHar (z, y). UMeem:

6 12 3 22 321
=5[2(%.5,).,— (1) = (1) )= (fuaf, + £ 1), — (o fa) . — (ff ) =
=fofyH Fuafot Fosfost oo = Forfos = FoFomy = FosFg = oo
— fxz fzy —
=7 |—K'

Orcwona: Ry, , = K. Bruncaum R.

R=g¥R, =g Rk, P gngqu,al = R12, lZ(E:tgH . gaq)’

rae
) gklgaq :gzzgll 21921 +g“ 22 _gl2gl2
—2(922 1 (912)2)=2det(gij)_ 251 rne gzdet(gij)‘
HUrak: R = ZR,, |,. Orciona: R = 2K, 1ak kak g, (P)=§;. Ho rax
Kak R u K — cKajlsph, TO HX 3HayeHHS He 3aBUCHT 01' BhHIGOpa

KOODAHHAT H MOTOMY B JI060# cucteMe nogyyaeM: R =2K. O

TakuM 06pa3oM, 0 XapakTepy CBOEro NMoBeIeHHS] OTHOCHTENbHO M3-
rubanni, K (P) oTnnuyaercs oT cpefiHeil KPHBH3HEI, I03TOMY rayccoBa
KPHUBH3HAa — «BHYTPEHHHH MHBapHaHT» NMoBepXHOCcTH. PaccMoTpum

[IPUMEPHI
(1) mns eskaunoBoit Metpuku dz?+ dy?: R =2K =0;

. . 2
(2) mns chepuyeckoit MeTpuku dr? 4+ (snn2 Tio) do* R=2K =%,
Te
T. . CKaJiipHasi KPHBH3HA MIOCTOSIHHA M TIOJIOXHTEJIbHA; 0

2
(3) mns Me'rpmm mockoctu Jlo6ayesckoro dr? + (sh2 TL) dy?

HMeeM: R =2K = 2 , T. €. KpUBH3HA MOCTOSTHHA M OTPHIATEJbHA;
0
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(4) mnst XoHGOPMHO-eBKIMAOBOH MeTpukH A(z, y)(dz® + dy?), rae
A(z, y) — nonoxuTtenbHast GyHKuus, iMeeM: R =2K = —%A In A, roe
A — oneparop Jlannaca. JlokasaTenbcTBO: PsIMOe BHYHCJIEHHE.

CrpykTrypa TeH3opa PumaHa B TpexmepHoM ciydae yxe GoJee
cioxkHa. Bonblle 4ucao cyumlecTBEeHHHX KOMIOHEHT: Ry 35 Ry o
Ry 355 Rig19; Ry 135 R 935 OCTaNIBHEE R, ), MG0 PaBHH HYJIO, nm6o
COBMNAJAIOT C YKa3aHHBIMH, JTHOO OTJIHYAIOTCS 3HAKOM.

«CiioxHocTe» R, ), omnpefessieTcsi YMCJOM CYIIECTBEHHBIX KOMIIO-
HeHT. Jlnsi M? Takas KOMIOHEHTa - 9nHa, anst M?3 — mwectb. MoXxHO
MMOJACYMTATh, YTO s M™: "—("—_ll, rie N — 4HCJIO cyllecT-
BEHHHX KOMIIOHEHT; KOTa m — 00, omomeﬂue N x obmeMy yucay
KOMIIOHEHT (T. e. K n*) ctpemutcsi K 1/12. (3ALAYA: Buuncaute N).

B reomerpun Gouibllioe 3HaUeHHE HMeEET «KPUBUIHA NO 08YmepHOMY
Hanpasaenusos. PaccMoTpuM pumaHoso M"; myets X, Y € T, M™.
[Tyctb oHu BhIOpaHH TaK, 4TO IJOWaAb napaiienorpamma I1(X,Y),
TNOCTPOEHHOr0 Ha 3THX BekTopax, paBHa | B Merpuke g,. Torza
Kkpususnol M™ 6 dsymeprom Hanpasienuu o, onpefensieMom X, Y,
HasmiBaercsl yucyo R(o)=(R(X,Y)X;Y), roe X, Y — l'IpOH3BOJ1b-
Hble BEKTODHHle NOJsI B OKpecTHocTH P, Takue, uyro X(P) =X,
Y(P)= Y, . e. coBnagaoume B P ¢ BEIODaHHBEIMH BEKTOPaMH X, 7.
Caenyet AOKa3ath, 4TO R(o) He 3aBuCHMT OT cmoco6a BKJIOYEHHS
BeKkTOpoB X, Y B BekTOpHHe noast X, Y.

Jlemma 3. Hmeem mecmo ¢popmyra R(a) Ry X' X*Y'Y?, 20e
X® u YP —koopduname. sexmopos X u Y. 30eco R 5 — Men3op
u R(o) He 3asucum om cnocoba 8xkitoueHuUs X, YeX,Y.

JlokasateabcTBo. MMeem:

[R(X,Y)Z]*=Rt, X?Y'Z7;
R(0)=g,s YP[R(X,Y) X" =g, Y’ R, X X*Y' =R, , X X*Y'Y?,

4rto H TpeboBasoch, Tak Kak X' =X(P), Yi=Y*(P). O

Onpeneaenne. PuManoso MHoroo6pa3ue M™ Ha3niBaeTcsi MHO20-
obpasuem noroxcumervrot (nocmosnnol, ompuyamenrsroil, Hyre-
80l u m. O.) KPHUBH3HBI, eCNH €ro KPHBH3HH [0 BCEM ABYMEDPHHIM
HamnpaBJEeHHSIM IIOJIOJKUTENbHH (IIOCTOSIHHBI, OTPHLATENbHLI, HYJIeBHE
HT. 1)

Jlnst onpaBnaHusi onpegeseHHs ClefyeT CONOCTaBHTb €ro C AByMep-
HbIM CJY4YaeM, B KOTOPOM MOHSITHS NOJIOXKHTEJbHOH M T. A. KPHBH3H
yKe onpelesieHb HAMH HNPH [IOMOIIM IrayCcCOBOH KPHBH3HHL.
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Jemma 4. Paccmompum pumaroso M?, u nycme K(P) — eayc-
cosa_Kpususha, R(o) — kpususra no 63y)nepH0My Hanpasﬂeuuro

(X,Y)=0 8 mouxe P € M?2. Tozda R(a)—K(P)——R(P)

JdokaszarenbctBo. PaccMorpuMm koopauHath (z,y), Koop-
OMHAaTHHE JIHHHM KOTOPHIX OPTOTOHAaNbHH B TOYKe P; cKajsipHoe
Npou3BefieHHe, HHAYUHPOBaHHOe MeTpuko# Ha T, M%, MOXHO cuHTaTh
eBKJIUAOBHM. Torpa:

R(U):RpiquXkXﬂXl=
=Ry, o(X2X?Y'Y' - X2X'Y2Y' + X' X'Y2Y? - X' X?Y'Y?) =
=Ry, o(X?Y' = Y2X!) =Ry, ;- 1 = Ry

Tak kKak X?Y'—Y? X' =[nnowany napannenorpaMmma (X, ¥), nars-
HYTOTO Ha X, Vs HeKapTOBHX KoopauHaTtax (z,y) B T,(M?)]. Tak
Kak Ry, , = K(P), 10 R(0)= K(P), uto 1 TpeéonaJIOCb. O

Hrak, npennoxxeHHOe HaMH omnpefieJieHHe KPUBH3HH T10 [BYMEPHOMY
HaNpaBJIeHHIO eCTeCTBEHHO 0000611aeT OHATHE rayccoBoi (CKaJsIpHOH)
OBYMEPHOH KPHMBH3HH PHMAaHOBOH MeTPHKH. SICHO, YTO KPHUBH3HH
no Jiobomy IBYMEPHOMY HaNPaBJIEHHUIO B R" paBHH Hyi0, T. €. R" —
MHoroo6pasue HyJIeBOH KPHBH3HHI.

JInst KpUBU3HHL IO IBYMEPHOMY HaNpaBJIeHHIO 0 = (X Y) CylLlecTBy-
eT HaIJIsiIHOe UCTOJIKOBaHHe, KOTOpoe Mbl IpHBeieM 6e3 JoKa3aTesbCT-
Ba. PaccMoTpuM B TouKe P € M™ 18yMepHYI0 III0OCKOCTb H , HATSHYTYIO
Ha )_(", Y, u BunycTHM M3 P B HalpaBJeHHH KaXI0ro BEeKTOpa ZeH
reofe3nyeckyio 7z(t). SlcHo, yto 3TH reopmesnyeckue (JOKaJbHO)

Puc. 40

06pasyloT AByMepHYIO noBepxHocTb M2 C M™, kacaTe/ibHasi JIOCKOCTh
K Koropol coBnamaer ¢ H (puc. 40). Ota noBepxHOCTb Ha3biBaeTcsl
eeodesuueckol nogepxHocmoero. Ha Hell BO3HMKaeT MHAYLUMPOBaHHas
MeTpPHKa, Y KOTOPOH MOXHO BBIYHCJIHTb rayccoBy KpuBu3Hy. OKa3biBa-
ercs, 4yto R (o) coBmagaer ¢ 3Toi rayccoBoi KPpHBH3HOHM.



TFnasa 6

TEOPHSI TOMOJIOTHH

Jlo cux mop Mb B OCHOBHOM H3y4aJslH JIOKaJbHble CBOHCTBA IJIaIKHX
MHoOroo6pasuii, T. €. TaKHMe CBOHMCTBAa, KOTOpPhle MOXHO Oblo ompene-
JATb W BBIYHCJIATb B OKPECTHOCTH KaXIoH TOYKH P MHoroo6pasus
M He3aBHCHMO ApPYr OT APYra M KOTOpHE€ He 3aBHCEJH OT TOrO,
KakuM ob6pa3oM M npexcrasieHo B Buae o6benuHeHHst Kapt. OqHako
BO MHOTHX 3ajayax Yy»Ke HeJOCTaTOYHO 3HaTb TOJbKO JOKAaJbHblE
cBorcTBa M.

PaccMorpuM B KayecTBe npumepa ciaepyiomylo 3apauy. Ilycte M =
= S! — OKpYKHOCTb, B KauecTBe JIOKaJIbHOM KOOPAMHATH Ha KOTOPOH
B3SIT YIJIOBOH NMapaMeTp . PaccMoTpuM 3amauy o6 OTHICKAHHM TaKOH
riagko¥ ¢yHKuuM f Ha S!, 4TOGBI BHIIOJHSIOCH TOXAECTBO:

L =9(o), (1)

rae g — HekoTtopasi riajakasi ¢pyHkuus Ha S'. Ecau pewars sty 3apauy
B MaJIo# OKpecTHOCTH To4KH P € S' ¢ KoOpAMHATOH ), TO peLIeHHeM
6yneT CIyXKHTb JI06asi mepBoobpasHas dyHkuuHu g: f(p) = g(v) dp.
B uenom xe Ha S! pewenue cywecrsyer He Bcerna. B camoMm gene,
JIO6YI0 MagKyl0 (QYHKUMIO Ha S' MOXHO OTOXAECTBHTb C MEPHO-
Iu4ecKoll (yHKIHell OIHOH BelIeCTBEHHOH NepeMeHHOH C MepHoaoM
27. Torpa ¢yHKuus f siBAseTcs pelIeHHeM HalleH 3ajayH, eciH
f(p)= 1 9(¢) dp u dyHKums f sBASIETCS MEPHOAUYECKOH (yHKUHMEH.
Bcesikast neppoo6pasHasi GyHKLMM g BbIpaXKaeTcsl Yyepe3 onpefeseHHbH
14

unterpal: f(p)= { g(¢)dp + C. [loaToMy ycioBHe NepHOAUYHOCTH

“ 1po+21r
dbyHkuuu f 3anuceiBaercs B Bume: § g(yp)dp =0, nan

%o
27

S 9(p) dp =0. (2)

0
27
Hanpuwmep, ecin g(p) =1, 10 § g(p) dp =27 #0. [Tosromy B cayuae

0
9(p) =1 3anaua (1) He umeer pewenus Ha S'. Yciosue (2) siBasiercs



5. 6. TEOPHSI TOMOJIOTHI 373

HeoOXOOHUMHIM U JOCTATOYHLIM YCJIOBHEM sl CYIleCTBOBAHHUS pPeLIeHHst
3amaun (1). B paccmorpeHHo#l 3ajaye BHAHO, YTO CYyLIECTBOBaHHE
PEeLIEHHSI CYILIeCTBEHHO 3aBHCHUT OT CTPYKTYPbl MHOroo6pasusi B LieJIOM.
B HacrosiieM naparpade 6ynyT M3ydeHbl MMEHHO TaKHe CBOMCTBA
MHOroo6pa3uii, OT KOTOPHIX 3aBHCHT [TOBEJIeHHE TeX HJIH UHbIX QYHKLHH
H 0TOOpa)KeHHH B 1IeJIOM Ha MHOroo6pasuH.

§ 1. Hcunciaenne BHEMHHUX
aucddepenuuansabix popm. Koromonorun

1. fuddepennuposanne BHemHUX TH¢PepeHIINATBHBIX (POPM.
Jnsi BHemHuX nuddepeHLHaNbHEX GopM AHbdepeHIMaTIbHOE HCYHC-
JIeHHe HeCKOJbKO YIPOIIAeTCsl M0 CPaBHEHHIO ¢ AHG¢epeHIHalbHBIM
MCUHC/IEeHHeM IPOH3BOJbHBIX TeH30pHbIX moJed. Ecam Ha MHOroo6-
pa3un QHUKCHPOBaHAa HEKOTOpasi CBSI3HOCTb, TO KOBAPHAHTHBIH Ipamu-
€HT KOCOCHMMETPHYECKOr0 TEH30DHOTo MoJs He sBJsieTcs, Boobie
roBOpsi, KOCOCUMMETPHYECKHM TeH30PHHIM noJeM. [TosToMy ectecTBeH-
HO ONpefeJ]UTb TPafHEeHT BHeIUHeH NubQepeHIHaNbHOR (HOPMBI Kak
KOMITO3HLIMIO KOBADHAHTHOrO TPafiieHTa W aJbTePHHPOBAHHS MO BCEM
HHIEeKcaM TeH30pHoro moJjsi. [Ipu sToM, eciin CBSI3HOCTb CHMMETPHYHA,
TO B (opMyJsie sl rpagueHTa BHeIUHeH AH(depeHLHaIbHOH (OPMBI
BooOuie He yuyacTBYIOT cHMBoJanl Kpucroddens, T. e. onpeneneHue
rpaaMeHTa BHelIHeH nuddepeHUHaNIbHON (GOPMBI He 3aBUCHT OT BriGopa
CHMMETPHYECKOH CBSI3HOCTM Ha MHorooGpasuun M. B camoM gene,
NycTh B JIOKaJbHOH cHcTeMe KoopauHar (z!,..., z") auddepeHuu-
anbHasi GOpMa w HMMeeT KOMIIOHEHTHI {w,.p__, ;,}- Torna rpapuent dw
onpenesuM (HOPMYJIOH:

(dw)jl,...,j“| :Z’:(_l)lﬂl oG ) Yoo (5) (1)

e
v _ 3"’:‘1,...,1; o re 9
Wi i = ot %o i i, T T E Wi e (2)

IMopcrasnss (2) B (1), monyuaem:

o) Yol o)
(dw ERRES /O _Z( l)l l '”(Jkn) ==

—Z E( l)l |I‘a(]“|)d(]) o(5)---0(5,_1)ao(s, ). 0(5)"

o s=1

Bropoe cnaraemoe ofpamaercs B Hyab, H60 NpH (DHKCHPOBAHHBIX
3Ha4YeHHUsIX MHAEKCOB S H a CyIUIeCTBYeT POBHO JiBe IlepecTaHOBKH 0,0’
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MHIEKCOB (J), . -« Jxs Jk 41)» A5 KOTOPBIX 0(5)=0"(5,), ..., 0(J,_1) =
= Ul(js— l)’ U(ja+ l) = Ul(js+ l)’ ceey U(jk) = U,(jk)r a U(jk+ l) = al(ja)r
0(3,) = '(J . 1) TIpx 3TOM YeTHOCTb NePeCTaHOBOK 0 H 0’ Pa3JMyHa.
[TosTomy B cuy cuMMeTpuyHOCcTH cuMBosoB Kpucroddens I, no nux-
HUM HHJIEKCaM Mapa cJiaraeMbiX, COOTBETCTBYIOIHX NIePEeCTaHOBKAM o
H o', yHHuTOXaeTcsl. TakuM obpasom,

(d(.U) . = Z( l)lal%ﬁ(]’*). (3)

T dean
B dopmy.te (3) MHOrHe ciaraeMble OBTOPSIIOTCS. B camoM fente, eciu o
H 0’ — JIBe NlepecTaHOBKH, JIst KOTOPHX 0 (7, ,,)=0"(J; ), T0o o' =0h,
rae h —mepecTaHOBKa, OCTaBJsiOlIasi j, ,, Ha Mecre. Toraa

R ow . .
|a'| Yo' (3)y om0 (J,, lo] + |;.| Yoh() - w o) _ ¢ 13y[e] Yol .. 9(,)
( 1) :7(_7 ( 1) 326]"“) ""( 1) &ca(jul) *

[TosToMy (a2 Takxe [Jsi COrIacOBaHHsl OMepalMH pajHeHTa C olepa-
LMed BHEIIHEro NPOH3BefeHHs]) B KOMIIOHEHTax rpajHeHta dw GyneM
YYHTHIBATH TOJILKO ONHO U3 k! OIHHAKOBHIX cjiaraeMblXx. TakuM o6pasoM,
IaJHM

Onpeaeaenne 1. ['paduenmom srewHel Oupdepenyuarvrol
¢opmbl w HasbiBaeTcsl BHeWHss1 AuddepeHnuanbias dopMa dw, KoM-
MIOHEHTHI KOTOPOH B JIOKa/NbHOM CHCTEME KOOpAMHAT (z!, .. ., ") HMeloT
BHLL

LR/Y8

Y et M v e
(@);...5, = 2 (1) dansiade, (4)

®dopmyaa (4) ornnyaercs: ot (3) MHOXHTENEM H 3HAKOM.

Teopema 1. I'paduenm srewrux oudgeperyuarvtolx popm yoos-
Aemsopsem CACOYIOUUM YCAOBUAM:

a) d(w, A wz) = dw, A w, + (—=1)*“ w, A dw,,

6) d(dw) =

HNokaszareabctBo. [lycrs (z',...,z") — JoKajbHasi cuCTEMA
KOOpPAMHAT, w,, W, — JBEe BHEIIHHX AH(GdepeHIHaNbHBX GOpPMBI CTe-
NeHeH p W ¢, COOTBETCTBEHHO. Torma KOMMOHEHTH (GOpM w, H w,
OTJIMYHH OT HYJSl TOJBKO IJs1 TaKHX HAaGOpOB HHAEKCOB (il, cenly),
(Fs - ]q) L5 KOTOPBIX ) 7éz,, _7575_71 npu s #1. Eam 4, <4, <... <%,
I={i,...5}, 1 <p<...<j, J={5 .7} 10 momoxum:
Wi =Wy Wy = wz_].“_ E Ananoruuro, ecin [ <... <1,
K={l,.., Hq}, nonoXEM (w; A wy)x = (w, A Wi, Torna 1o

thopMyJie BHelwIHero YMHoXeHHs ¢opM (c. 318) nmeem:

(W Awy)g = Z(_l)laml Wy, 1W gy ()
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rle CyMMHpPOBaHHe MPOM3BOOUTCS MO BceM NoiMHoxectBaMm I C K,
cocrosiiuM u3 p aneMmeHTos, J = K \ I, a 0 — Takasi lepecTaHOBKa,
KOTOpasi IepecTaBisieT MHAEKCH U3 MHOXecTBa I Ha IepBHE p MeCT ¢
coxpaHeHHeM nopsinka. Popmyny mist rpaguenTa (4) Toxe nepenuiem
B BHIIE:

. O ;
(dw),; = ZI (=1)l “;I\i{t}, (6)
1€

rie o(¢) — nmepecTaHoBKa MHOXecTBa I, MepecTaBJsIoONniasi HHAEKC 1%
Ha epBoe MecTo, COXpaHsisi MOPSIAOK OCTANbHBIX HHAEKcoB. [IpuMeHHM

dopmyay (6) x (5), momyunm:

(d(w Aw))e= 3 (- 1)|o<->|3(‘*’1’+3)xﬂ -
ieK

i O(wy 1wy g\ 1\{i})
= T (= 1) (= 1Yo . _

= 3 (_l)lv(I,K.i)IM_
K=IUJu{i} oz’

B nociegHell cyMMe CyMMHPOBaHHE IIPOM3BOAMTCS N0 BCEBO3MOXKHEIM
pa3bueHusiM MHOXecTBa K Ha TpPH HellepeceKalomuxcs IOAMHOXeCTBa
{¢},1,J, a o(I, J, 1) — nepecraHoBKa, KOTOpasi [IEPECTABJSIET UHIEKC
i Ha IepBOoe MecTo, a jajee uaytT MHoxectBa I u J ¢ coxpaHeHHeM
nopsigka BHyTpu MHoxecTB I u J. TakuMm o6pasom,

. 7] .
d(WwAw))= X (_l)la(sI.K)l_(w =
K =IuJu{i} Oz
= (_l)|.y(g['1()|a“’_l.i1w2 S+
K=IUJu{i} oz ’

. Ow.
+K IZJ {(}_l)lﬂ(”'mlwl.l 3:8'1 =(dw,Aw2)K+(—l)d°“"'(wlAdw2)K.
=ITuJu{s

CaoiicTBO 6) HOCTaTO4HO AOKa3aTh AIsi 6a3UCHHX (GOPM, O KOTOPHIM
pasnaraercs Jwbass ¢opma. Be3 orpaHuueHusi OOIMHOCTH, MOXHO
CYMTaTh, YTO B JIOKAJbHOH cucTeMe KoopauHat (z',...,z") dopma
w uMeer BHL: w = f(z',...,z")dz' A... A dz*. 3amerum, YTo ecan
cBOicTBO (6) BHIIONHEHO Wisi GOPM w; M w,, TO OHO CIPABEJIHBO U
IJisl UX BHeLHero npoussegeHus w, A w,. B camom pene,

dd(w; A wy) = d(dw, A s, + (—1)*8“ W, A dw,) =
= ddw, A wy + (= 1)*E4 D dw, A dw, +
+ (=1)*8“4 dw, A dw, + (—1)2%E“ w, A ddw,.
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[TepBoe u nociienHee cilaraeMbie pPaBHBI HYJIO [0 MPEAINONOXEHHIO, a
I[Ba CPeAHHX OAMHAKOBHI C MPOTHBOMNOJOXHHMH 3HaKaMH. TakuM o6-
pa3oM, cBOHCTBO 6) JOCTATOYHO NOKA3aTh [Ist IPOM3BOJLHON (DYHKLHH
f u nas dopmel dzk. B nocnenHeM ciayuae dd(dz*) =0, nockonbky
z* — Toxe HeKoropasi (GYHKUHsI Ha MHoroo6pasuu. Urtak, mokaxem,

yro d(df)=0. Umeem (df); = nanee

or'’

9(df);  a(d 3? - o?
(d (df))lj i. (az‘i) a,:] éfxz - 3:1';;)' = 0' D

OTMeTHM, 4TO YcsI0BHE 6) TeOpeMbl | OCHOBBIBANIOCH HA 3aMeYaTeNbHOM
CBOHCTBe ()YHKUHH MHOrHX IlepeMeHHBIX — HEe3aBHCHMOCTH CMeIuaH-
HBHIX YaCTHHIX MPOHM3BOAHHIX OT Nopsnka nuddepeHuunposanusi. CBoii-
cTBO 6) B HEKOTOPOM CMBHICJIE SIBJISIETCSI MAKCHMAJbHHM 0600LIeHHeM
3TOro CBOMCTBA Ha cJlydai cucTeM QYHKUMH, 06pa3yOIHX KOMIIOHEHTHI
KOCOCHMMETPHYECKOrO TEeH30pa.

[TPUMEP 1. B JokanbHOH cuCTeMe KOODAHHAT BCSIKAsi BHEIIHsIS
muddepeHLnanbHas GopMa COrJIacHO ONpeNeSeHHI0O HMeeT BHI CYMMBH

w= 3 w . . dzh A...Adz". TlosTomy, no TeopeMe | rpanueHt
i <...<i ?
(OpMH w BHUHCJSIETCS N0 (hopMyJte
dw=.<z<. =d(wi““_,i,)/\dz’1/\.../\dx". (7)
‘l.l cee 1P

Janee, rpagueHT riagxon ¢ quun df B JIOKaJbHOH CHCTEME KOOp-
[
IOMHAT UMeeT KOMIIOHEHTH . CrntepoBatensHo, df = E f -dzt.

3::1
[Tostomy dw = E Z —h dai AdghA, .. ., Adz®. Tlocrenusis
4 <...<i, i=1
(opMyJia, OueBHAHO, SKBHBAJIEHTHA (opmy.te (4).
PaccmoTpuM 3ajauy oThHICKaHHSI TaKoH AH(depeHIHaabHOH (OpPMbI
w, 4TOOB! BHITOJHSIIOCH TOXAECTBO:

dw =, (8)

rie §) — ¢uKcHpOBaHHasi aMbdepeHLHaNbHast GopMa. B kaxmo# Jso-
KaJbHOH CHCTeMe KOODAMHAT ypaBHeHHe (8) npeBpauiaercsi B CHCTEMY
AuddepeHIHaIbHEIX YPaBHEHHH B YaCTHBIX POH3BOMHBIX:

k+1

u. . . .
UYRETI U TR AR TRppey _
Z( 1)s+l 61:{‘“ k41 -Qq,...,i“,'

s=1

[To ycnoBuio 6) Teopeme | pemreHust ypaBHeHusi (8) cyuiecTBYIOT
TOJNbKO TOrAa, korna d§2=0. B caMoM nese, mpuMeHHB K JieBOH H
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npaBoi yactu (8) onepauuio d, no,yuaeM: d{)=d(dw)=0. B uactHoM
caydae, Korna deg =1, 3aaua CBOZUTCSI K OTHICKAHHIO TAKOH IJIaAKOH
¢yHKuuu f Ha MHorooGpa3uu M, rpagueHT KOTOPOH paBeH 3aaHHOU

dopme 2. B JokanpHOH cucteMe KoopauHar (z!,..., z") dopma
n
uMeer BuI: Q2= Y Q.dz*, ypaBHeHHe (8) 5KBHBaN€HTHO CHCTEME
i=1
9 .
55;:(),., i=1,...,n 9)

Ecau pemenne cucreMs (9) cywecTByer, To, npoauddeperupoas (9)

110 MepPeMeHHbIM Z7, noNydyaeM: — o7 = @‘- [Tockoabky cMeliaHHbIE
T

YacTHble MPOU3BOAHHIE INIANKOH (YHKUHM f He 3aBHCAT OT MOpsiaKa
nuddepeHIHpPOBaHHUs, TO

o0, _ 9%y 1

8’ bzt
YcnoBusi (10) B GeckoOopIHHATHOH 3alMCH 3KBHBAJEHTHH YCJOBHIO
dQ =0. INokaxeM, uro ycaoBusi (10) mocrarouHsl Ajsi TOoro, 4ToGhl
cucreMa (9) uMena peleHHe B JOCTAaTOYHO MAJOH OKPECTHOCTH JIOGOM
Toykn P MHoroo6pasmsi M. Jlisi 3TOr0 pemiuM cHayala ORHO H3

ypaBHeHHH cucTeMbl (9), ckaxeM % = Q,. Nmeem:

N

i, j<n (10)

ZI
f(z!,...,z")= S Q,(z', 2% ..., z") dz' + (2%, ..., z"), (l11)
2!
rae @,(z?%, ..., ") — NPoU3BOJIbHAS [IafKasi PYHKUHS OT NepeMeHHbIX

(z?% ..., z"). loncraBum npaByo yactb (11) Bo Bropoe ypaBHeHue
cucremsl (9):

of _ S %(:r',:r yeon z™)da! + Y2(22, ..., ") = (!, ..., z").

YuureiBas (10), nmonyuaem:

z!

02(z',...,z")=s802(:r,... ")dx+ %2 (22, .., zm)

L

=Q(z!, ..., z") — Qy(zg, 2%, ..., 2") + 3802(:1: A

3‘°2(z LT =y, 22, .. 2. (12)
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O6uee peuteHne ypasHeHust (12) umeer BuA:

z?

or(@ -yt = | el 27 2 4 (@, 3. (19)
e

IMoacrasass (11) u (13) B Tperbe ypaBHeHHe cucTeMul (9), monydaeM
Q! ..., z") = S —(z',..,z")dz' +
z
+

_3_(1'(;7 z?, .. , T") dz? + (""’3 »Z"),
%

U cHoBa, yuyuthBas yciaoBHe (10), mosyyaeM ypaBHeHHe Ha (YHK-
LMo @5, y

(2, ..., z") = j % (s, ..., z") da' +

2 %
4"803(1"0’ oo Z") dz’ + (.’l: o ZY) =
7
= QS(ml, MR mn) - Qa(:l"}, 22, AR ] In) + Qa(a'&, 27 RS ] In) -

—93(1‘6,2‘6",23,... n)+ (z )v

%(1-3,..., ") = Qy(xl, 12, 2°, .. ., :z:").

[TpomomXUM 3TOT mpouecc; MOJYyYHM IOCJHeIOBATENbHOCTh (HYHKLHH
. (z*, ..., "), onpeneisieMblX PeKypPEHTHO HOPMyaMH:

k—1

Qu(zg, ..., g~ z*, .., z") dz*+

+‘Pk+l(mk+l,~ L] :L.n),

pu(at, ... ") =

3, Sy 8

¥, . =const,
:k

f(z', ..., :z:")=kz_:l s Qu(zg,..ozg~ Y zk . z™)dzk + o, .

k

1‘0

[NocnenHsisi popMyJsia AaeT HaM NPOU3BOJbHOE pelleHue cucteMs (9),
3aBHCsilllee OT OJHOTO HMCJOBOTO NapaMeTpa ¢, ., = const. Bnpouewm,
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HeeMHCTBEHHOCTh pelueHus1 cucteMH (9) cienyer u3 ofuux anre6pa-
HYECKHX CBOMCTB BHeIUHHX nuddepeHuHaNbHEX hopM. B caMmoMm nmene,
ecau f, U f, — aBa peweHusi cucreMu (9), To df, =Q, df,=, 7. e.
d(f,— f,)=Q—-Q=0. Oyskuusi h = f| — f, obnanaer TeM cBOHCTBOM,
YTO ee rPafiMeHT TOXKIECTBEHHO paBeH HYJIO Ha MHoroo6pasuun M.
CunenoBatesibHO, h — JIOKaJbHO NOCTOsSIHHAst (yHKuus. Ecoum M —
CBsi3HOe MHOroo6pasue, To Torga h — NoCTOsiHHAast QyHKuMs. TakuM
obpasoM, awbble 08a peweHus cucmemot (9) omauuaromcs Ha
KoHcmaHnmy, a mHoxcecmso 8cex peuwenutl cucmemot (9) uau nycmo
UAL A8ASEMCA OOHOMEPHBIM MHO2000pa3uem 8 nPOCMpancmae écex
eradkux ynkyuil Ha mHozoobpasuu M.

[Tepexomsi K o6weMy cayyao peuwleHHH cHcTeMH (8), MH MoXeM
ceNaTh CJeNyIolne 3aKII0YeHHs:

a) HeobxoOumbiM YCAOBUEM CYULECMBOBAHUR PEULeHUs CUCmembl
(8) ssasnemca ycrosue d2 =0;

6) ecau w — pewenue cucmemot (8), mo scaxan popma suda w +
+ dw' mooce aeanemca peweruem cucmemot (8).

2. Koromoaoruu raaakoro mMHoroo6pasus (xoromolorum ae
Pama). CucreMmsl (8) uMeloT riry6oKoe 3HaYeHHe sl H3y4YeHHsl CTPYK-
TYPH AaHHOro MHoroo6pasus. CBoicTBa pemeHuii cucteMnl (8) yno6Ho
(GOpMYJHPYIOTCS B TEPMHHAX TaK Ha3blBaeMOW TEOPHH KOTOMOJIOTHH [ie
Pawma.

Onpepenenne 2. Brewnss nupdepenunanbias popMa w Ha raaf-
KoM MHoroo6pasuu M HasmBaercs 3amkrymoi, eciu dw =0. opma
w Ha3bIBaeTCsl MOYHOL, €ClIH ee MOXHO NpPeACTaBHTh B BHIE w = dw'.
DaKTOpPNPOCTPAHCTBO MPOCTPAHCTBA 3aMKHYTHIX (OPM cTemeHH k 1o
HIOATNPOCTPAHCTBY TOYHHX (JOPM HA3BIBAaeTCS epynnoil KOo2omoAo2ull
(0e Pama) pasmeprocmu k MHoroo6pasuss M u o603Hayaercs yepes
H*(M).

Bcsikasi ToyHas popMa w sBJIsIETCSI 3aMKHYTOH, MOCKONBKY dw =
=d(dw') = dd(w) =0. [TosTOMYy NPOCTPAaHCTBO BCEX TOYHHIX (OPM SIB-
JISieTCsl TIOANIPOCTPAHCTBOM B IPOCTPaHCTBe 3aMKHYTHX ¢opM. ['pynna
KoroMoJsioruii H*(M) siBnsieTcsi BeKTOPHBIM IPOCTPAHCTBOM (BoOGLIE
roBopsi 6eCKOHEYHOH pa3MepHOCTH). B TepMHHaX rpymm KOroMoJorui
3ajaya O pelueHHH ypaBHeHHs (8) cdopMmyJHpyeTcsi cienyromuM o6-
pasoM. Ilycts w — 3aMKHyTas BHeIWHsAs AuddepeHunatbHas Gopma
creneHu k. O6o3HauuM yepe3 [w] — 3J€MEHT IPymmbl KOrOMOJOrHH
H*(M), paBHbIH K1acCy CMEXHOCTH (GOPMH w MO MOANPOCTPAHCTBY
TouHbIX (hopM. Torma umeer mecro

Teopema 2. Paccmompum ypasHerue

dw=Q, degQ=Fk+]1. (14)
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a) Pewenue ypasrenus (14) cywyecmsyem moeda u moabko moeoa,
koz0a ¢opma 2 3amknyma, a Karacc kozomorozuii [Q2] € Hx+1(M)
pasex HYyrto.

6) Bcakue O0sa pewenus w u w' ypasnenus (14) omauuaromcs
Ha 3amxnymyro gopmy, m. e. d(w — w')=0. Mnoxecmso scex
peulenut YpasHeHus ABAAEMCA KAACCOM CMEHHOCMU Popmbl w no
nodnpocmpaucmey 8cex 3amKkHymolx ¢popm cmenenu k.

B) ITpocmpancmao scex 3amxrnymolx popm cmenenu k u30MOpPHO
nPAMOL cymme npocmpaHcmea mouHolx ¢opm cmenenu k u epynnot
kozomonoeuii H*(M).

JokaszatreanbctBo. Ecm w — pewenne ypasHeHus (14),
To ) — TouHas ¢QopMa, 3HAYHT, COMIacHO ompepeneHuio, [2] =0.
O6patHo, ecau [2] =0, To 2 — TouHas dopMma, T. e.  =dw mid
HEKOTOpOH (OpPMH w, KOTOpasi M SIBJSIETCSl pelleHHeM ypaBHEeHHs
(14). Tlyets w ¥ w' — pgBa peweHus: ypaBHeHus (14), T. e. dw =1,
dw'=Q. Torna d(w — w')=dw—dw'=0-Q=0,T. e. w—w —
3aMKHyTasi ¢opMa. CiienoBaTesbHO, BCSKOe pelueHHe w’' YypaBHeHHs
(14) MoxHO moJyuHTb MyTeM NpHOaBlIeHHs K (GOpMe w HEeKOTOpOH
3aMKHYTOH (opMul. O603HauuM uepes 2, (M) JuHeNHOE NPOCTPAHCTBO
BCEX BHEIIHUX AU((epeHIHaNbHEX (GOPM CTeeHH k Ha MHOroo6pasuu
M. Torpa rpagueHT d siBIsieTCsl JHHEHHBIM OTOGPaXKeHHEM:

d: Q(M)—Q, (M) (15)

M3 POCTPaHCTBA (OPM CTeleHH k B NPOCTPAHCTBO PopM cTeneHH k+1.
[TpocTpaHcTBO 3aMKHYTHX hopM cTereHH k cosnagaet ¢ sapoM Ker d C
C Q,(M) orobpaxkenust (15). AHasornuHo, rpagueHT d oToGpa)kaer
npoctpaHctso 2, _ (M) B Q,(M):

d: @, _ (M) — Q(M). (16)

Torma mpocTpaHCTBO TOYHHIX (OPM cTerneHH k cosmagaer ¢ o6pa3oM
orobpaxenus (16): Imd =d (2, _,(M)) CKerd c Q,(M). Cneposa-
TeJIbHO, rpynna k-MepHbIX KoroMosoruit H* (M) cosnanaer c ¢axrop-
npoctpaHcTBoM Ker d/ Im d. B 0603HaueHuH nocseHero npocTpaHCcTBa
MBl OfIHOH M ToH ke OykBod d 0603HaYHJIK [BAa PA3JHYHHIX OTOOpaxe-
Husi (15) u (16). OngHako 3TO He NpUBENET K MyTaHHIE, MOCKOJIbKY
MBI pacCMaTpHBaeM MOANPOCTPAHCTBAa B OXHOM mpocTpaHcTse 2, (M)
t¢opM cremenu k. B suHeilitHom mnpoctpaHctBe Kerd paccmorpum
ajrebpauyeckoe ponosHeHue H' K nommpoctpaHcTBy Imd C Kerd.
Torma npoctpaHcTBo Kerd pa3snaraercs B OpsMyl CyMMY CBOHX
nopgnpoctpacTe Kerd =Imd & H'.

[ToxkaxkeM, yro mpoctpaHcTBo H' H30MOP(HHO rpynne KOroMoJOrHi
H*(M). B caMoM pnene, nyctb ¢: H' — H*(M) — orobpaxeHue,
corocTasjsionee 3aMKHyToH ¢opMe w € H' ee Kiacc CMeXHOCTH
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[w]e H¥(M). Ecan p(w)=0, 10 [w]=0, T. e. w — TO4YHas dopma.
Ar1o 3Hauur, uto w € Imd. Tlockonbky nomnpoctpaHcTBa Imd wu
H' nepecexamorcsi TOJbKO IO HyJaeBoMy 3jieMeHTy, T0 w = 0. Ta-
KuM o06pa3oM, oTobpakeHHe ¢ sBjaseTcss MOHoMopduaMoM. Ilyctb
z € H*(M) — npou3BosbHLI 3jeMeHT. Torga « fIBIsieTcsl KJIaccoM
CMEeXHOCTH HeKoTopoil (opMbl w € Ker d mo moanpocrpaderBy Im d,
z =[w]. NockonbKy npoctpaHcTBo Ker d pasiioikeHo B IpSMYIO CyMMY
ceoux mnoanpoctpaHcts Imd u H', To u dopMa w pasjaraercsi B
cyMmMy w =dQ+w’, dQ€lmd, w' € H'. Torna z =[w]=[w'] = p(w').
CrenoBaTesnbHo, ¢ sBasieTcsl anuMopdu3MoM. Mu jmokasanu, yto ¢
sBJseTcsl H3oMopduamMoM. O

[IPUMEP 2. PaccMoTpuM B KayecTBe MHOTooOpasusi OTKPHITHIH
MHTEpBaJ BeWECTBEHHbIX ynucen M = (a, b). BHuncauM ero rpynmsl
KoromoJstoruii. [lockosibKy MHoroo6pasue M oJHOMEDHO, TO OTJIHYHK OT
HYJIS TOJIbKO mpocTpaHcTBa opM creneHu O u 1. CHavana paccMoTpuM
npoctpaHcTBo 3(M) dopMm crenenn 0. Beskas dopma crenenu 0 —
3TO r.na;u(aﬁ ¢GyHKuMs Ha uHTepBale (a, b). Ee rpaguent df umeer
BUL: df = (:c) dx, rie x — neKapToBa KOODAMHATa HAa WHTEpBaJe
(a, b). Hosmmy IPOCTPAHCTBO 3aMKHYTHX ¢opM ctenenu O, 1. e, Ker d,
COCTOMT M3 BCEX TAKUX (QYHKUHH, AJIST KOTOPHX d—(z) 0, 1. e. Kerd
COCTOMT H3 MOCTOSIHHHBIX (YHKIMHA. C.nenoaa‘renbﬂo IPOCTPaHCTBO
Ker d usomoppHo omHoMepHoMy npoctpaHctBy R!. TouHmX dopM B
npocrpancrse (M) Her. [lostomy H°(M)=Ker d =R!. PaccMmoTpum
Tenepb npoctpaHcTBo 2,(M) ¢opMm crenenn 1. I[TockosbKy BesiKast
(hopMa cTeneHu 2 Ha ONHOMEPHOM NPOCTPAHCTBe paBHA HYJIO, TO Ker d
cosnagaer ¢ npoctpaHctBoM 2,(M). Buuucaum teneps Im d. Ilycts
we (M) — NpoH3BoJIbHAs UG depeHuManbHas ¢gopMa crenenu 1. B
JIOKaJbHOH cHCTeMe Koopnﬂﬂa'r OHa uMeer BUI: w = g(z)dz. [Toatomy
ecu df =w, TO df(:c)_g(a:)da: T. €. % = g. CnepoBareJibHoO,
(GYHKUHIO f MOXHO ONpENeJHTh PaBEeHCTBOM

f(z)=Sg(:c)d:c, z€(a,b), a<ec<b. (17)

Takum o6pa3oM, Beskas popMa w € Q, (M) npeacraBuMa B Buae w =df
st nopxonsiued ¢pyHkuuu f. 1o 3Hauurt, uro Imd = Q (M) =Ker d.
Torma rpynna ogHoMepHbIX KoromoJsioruii H'!'(M), onpepensieMast Kak
dakroprnpoctpancTBo Ker d/Im d, pasua nymo: H'(M)=0. lna scex
ApYTHX pa3MmepHocTedl k > 2 rpynne KoroMosoruit H*(M) pasHbl
HYJIIO, TOCKOJbKY YK€ NpocTpaHcTBo ¢opM cTemedd k npu k > 2
PaBHbI HYJIO HAa OOHOMEPHOM MHoroo6pasuu M. Otser: H°(M) =R!,
H*¥(M)=0npu k > 1.
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[TPUMEP 3. Ilycts M = S! — opHomepHasi okpyxHocTb. Tak ke
KaK M B npuMepe | BHYMCJseTcs Ipynna HYJbMEPHEIX KOTOMOJIOTHH
H°(S")=R!, u rpynna H*(S') =0 npu k > 2. Ocraercsi BHYHCIHTD
OHOMEpPHYIO Tpyrnmy KoroMoJoruii H'(S'). B cuny onHomepHocTH S'!
aapo Kerd cosnamaer ¢ Q,(S!'). IlycTh ¢ — JoKaJbHHE YrI0BOH
napamerp okpyXHoctu S'. Pemum ypasHenne df = w IJis HEKOTOPOH
¢dopMH w = g(p)dp. Oyukuus f(yp) HOMKHA OHTH NEPHOAHUECKOH 110
napaMeTpy <p c nepnonom 2m. Ucnosnb3dys dopmyay (17), nonydaew,

yro f(&p)—Sg(&p) dp u Sg((p) dp =0. TakuM o6pa3oM, He BcsiKas
dopMa w € Q'(S') nonanae'r B 06pa3 rpagHeHTa Imd a TONBbKO
Takasi ¢opMa, A KOTOPOH BHINOJHEHO YCJOBHE: Sg(go) dp =0.

0
[MokaxkeM, uro npoctpaHcTBo dopM Q!(S!) pasnaraercs B npsiMyio
cymmy ceoux mnogmpoctpancts '(S!') =Imd @ R', npuueM BTO-
poe cjlaraeMoe COCTOHT H3 (OPM C MOCTOSIHHEIM Ko3(D(HUHEHTOM
g(p) = const B caMoM gene, mycthb w = g(yp)dyp — NpOH3BOJbHAS

dopMa, ¢ =5 S 9() dp. Torza dopma w' = g'(9)di =(g(y) ~ ¢)dy
yXe JIeXHT B Im d, NOCKOJBKY S g'(p)dp =0. C npyro#i cropo-
HH, J06asg ¢dopMa w = g(p)dy c MOCTOSHHEIM K03 duuHeHTOM
g(p) =c =const npu ¢ #0 He sexur B Im d, u6o S cdp =2mc #0. To-

rna pakroprpynna H'(S')=Kerd/Imd = Q,(S')/ Imd =R'. Otger:
H(S')=H'(S')=R!, H*(S')=0 npu k > 2.

3. ToMoTonuuyeckHe CBOWMCTBA rpynn KoromoJoruwi. [pynnu
KOTOMOJIOTHH TJIafIkHX MHOroo6pa3uii o0O6JafaloT pPsIOM TOJe3HHX
CBOHCTB, HCIIONB3YIOLUIUXCS TIPH OMHCAHUH 3THX IPYNI. 3aMETHM MpeX-
[ie BCero, YTO KaXKjoe IMafikoe oToOpaxKeHue MHOroo6pasuii HHAYLHUPY-
eT oTo6paxkeHHe BHEIUHMX AH(depeHIHaIbHEX (OpPM, HanpaBJeHHOE
B 00paTHYyI0 cTOpoHy: f: M, — M,, f*: Q,(M,) — Q,(M,).

Onpeapeaenne 3. Ilycty f: M, — M, — riagkoe orobpakeHue
MHoroo6pasufi, w € €2, (M,) — BHewHsis1 Au¢depeHUManbHas GopMa
creneHu k Ha MHoroo6pasuu M,. O6pamuoim obpasom f*(w) ¢op-
Mbl W HA3LIBAETCS BHELIHSASA nnq;q;epeﬂmaanbﬂaﬁ (popMa Ha MHoOrO-
o6pasuu M,, 3anaBaeMas cilefyomen GpopMymnon: f* (w)(§ 3 k) =
—w(df(fl), ., df (£})), rae g,,. . §k € Tp(M,) — KacaTe/bHbIE BEK-
TODHI B TOUKE P MHoroo6pasus M,, a df(E,), ..., df (.)€ T, 1y (Mz) —
ux o6pasn npu guddepeHHane oTobpaxeHus f
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Tak onpenesieHHoe oto6paxkenue f*: Q, (M,)— Q,(M,) npocTpaHcTB
auddepeHNHaNbHEX (OPM SIBJSI€TCS, O4€BHAHO, JJHHEHHBM O0TOGpaxe-
HHeM JIMHEHHHX NMPOCTPAHCTB.

Teopema 3. Ob6pamHoiii 06pa3 dupdepenyuarvroix gopm yoos-
aemeopaem CAeOYIouUM COOMHOULEHUAM:

a) ecau f: M — M, u g: M, —» M;, mo

(9f)y =rg", (18)
6) omobpaxcerue f* Kommymupyem ¢ onepamopom d, m. e.
frd=df, (19)

B) omobpadxcerue f* adpo Kerd omobpaxcaem & sadpo Kerd,
a Kaaccol Kozomoaozuli 8 Kaaccet Kozomosozuil: f: H*(M,) —
— H*(M,);

I) ecAl 8 AOKAAbHbIX KoOpOuramax omobpadxceHue f 3anucoiéa-
emcs cucmemot ¢pynkyuii y' = fi(z',..., z"), a dopma w 3anuce-
saemcs 6 6ude w=3 w;, . (¥',...,y")dy" A...Ady", mo

ffw=2Xuw, (.., 2"),..., (', ..., z")) x
x dfi(z!,...,z")A...Adf*(z', ..., z"). (20)

[Tocnennee cootHomenue (20) sBasieTcss 0606IEeHHEM TaK Ha3nBae-
MOro CBOHCTBa MHBapHAHTHOCTH Au((depeHnHana QyHKIUH, Tiacsiie-
ro, 4ro BHA AMddepeHnnana GyHKUHH y = f(z) He 3aBHCHT OT TOrO,
IBJIsieTCs] IepeMeHHast T He3aBHCHMOH HJIH, B CBOIO oyepeap, PyHKuueH
OT ApYyroi nepeMeHHOH: dy = %(:c)dm.

JokaszaTeabcTBO TeopeMH 3 HauHeM c cooTHouweHus (20).

Mycts &, = (&), ..., & = (£;) — KacaTe/bHEHE BeKTOpH B TOYKe P
MHoroo6pasusi M B JioKaJbHOH cHcTeMe KOOpAHHarT (z!, .. ., z"). Toraa,
COIJIACHO OIpefeNIeHHIO,

Fr W)€ -0 &) = w(df(£)), ..., df (&) (21)
KoMnoneHTH BexkTopoB 7j; = df (E,.) B JIOKaJIbHOH CHCTEeMe KOODAMHAT
(y', ..., y™) MHOroo6pasus M, UMeIOT CJeAyIOmHi BUL:

ni =3 Lek=dfi(E).
k
[Tostomy:
F@En 8= wy i ml =
=) “’j,...j,dfj'(gl) ce dfj“(gk)z
= (T w, df AL AAFR)(E, .., €.



384 Ia. 6. TEOPHSI TOMOJIOTHMH

®dopmyna (20) mokasana. CoorHowenne (18) HemocpencTBeHHO cie-
ayer u3 (20) B J06Go¥ JOKaNbHOH cucTeMe KoopauHAT. JloKaxkeM
cootHoieHnue (19). Cornacuo (20), ecan

w=Yw (Y., ™Y AL A dYR,

L]

TO
F)=Yuw, (2. z"),.. )df A Adfh,

[Toatomy:
dw=3dw, (y',..,y")ANdY' A Ady*=
=3 %(y', coay™)dy Adyt AL LA dyE.
frdw=>%" au"'+a'y‘;."i(f'(::.-',...,:c"),...)alff/\alf"r A...ANdfs =
=3 d(w, . (f'(z's...,z"),...)) Adf A...Adf% (22)
C mpyro# cTOpPOHHI,
df'(w)=2d(wﬂ,_”’ii(fl(:x:l,...,:l:"),...))/\dfilA...Adfi*, (23)

T. e. npasnle yactu (22) u (23) cosnapaior. Hakoner, cBoiicTBo B) cie-
nyet u3 6). B camoM neue, ecint w € Ker d C (M), To dw =0. Torna
df*'(w)=f"d(w)=0, . e. f*(w)eKerd CQ,(M,). Knacc koromonorui
[w] € H*(M,) — 310 RI1acC cMeXHOCTH HOPMbI w 110 MOANPOCTPAHCTBY
Imd c Kerd C Q,(M,). O6pa3 aroro kjacca CMeXXHOCTH TpH oTo6pa-
xeHHH f* coctout u3 dopM Buaa f*(w + dw'), w € Q, _(M,). B cuay
(19) Bce Takue dopmbl uMeT BHL: f'(w + dw') = f*(w) + df*(w'),
T. €. JIEXaT B KJacce CMeXHOCTH (opMul f*(w) M0 NOANPOCTPAHCTBY
Imd CKerd c Q,(M,). [losTroMy KoppekTHO ornpepiesisieTcsi TOMOMOD-
¢usm f*: H*(M,) — H*(M,) rpynn xoroMoJioruii MHoroo6pasuit M,
H M,. Ilo cBoficTBy a) mIs OTOOpa’KeHHH rpYMNI KOTOMOJIOTHH TOXe
BHINOJIHEHO cooTHouteHue (gf) = f*g*. O

Teopema 3 nosne3Ha Bo MHOTHX OTHOIIEHHSX. TaK, HanmpuMep, ecJH
nBa MHoroo6pasus M, u M, mucddeoMopdHbl, TO HX TPYMNIbl KOTOMOJIO-
ruil n3oMopdHH. B camoM nene, ecau f: M, — M, — ToOXIeCTBeHHBIH
i deoMopduaM, To roMomopduam f*: H¥(M,) — H*(M,) Toxe sBas-
eTcsl TOXKIEeCTBEeHHHM H3oMopdu3MoM. [Tostomy ecan ¢: M, — M, —
MPOH3BOJIbHBIA JHPPeoMopdhu3M, To, B3AB 06paTHHIH AU HeoMOpHHIM
¥: M, — M,, nony4aeM nBe BO3MOXHbI€ KOMMNO3HIHH Pp: M, — M|,
pY: M, — M,, npuyeM obe SBJSIOTCS TOXAECTBEHHbIMH AHDheoMop-
tbu3MamMu: P =1 My PP = 1 M Torma, npuMeHsisi TeopeMy 3, HoJydaeM
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o'’ =lgagy ¥'0" =l T. € TOMOMOPOU3MBI ©* U Y* B3aHMHO
o6patHbl. Ciie1oBaTeNbHO, * (a TaKkKe H 1 *) sBAsieTCs H30MOPHH3MOM
TPy KOrOMOJIOTHH.

B nelicTBHTENbHOCTH, rOMOMOPGU3Mbl KoroMosoruit f*: H*(M,) —
— H*(M,), uHRyuupOBaHHbIe INIAAKUMH OTOGpaxeHusMu f: M, — M,
MHoroo6pa3uii, 06/1anaT 6ojiee CHIbHBIMH CBOHCTBaMH.

Onpepeaenne 4. Ilycte X, Y — npousBoJbHHE TOMOJOTHYE-
CKHe MPOCTpaHCTBa, | — eNHHUYHHH OTPE30K BeLIeCTBEHHHIX YHCeJ.
HenpepuisHoe orob6paxkenue f: X x I — Y HaswiBaeTcs ecomomonueti
mexncdy omobpaxceruamu fo=flx, 0 % fi=Flxxqy Eom X, Y —
raajgkue MHoroo6pasus, a f — ryiagkoe orob6pakeHue, To f Ha3blBaeTcst
enadxoii eomomonueti. Ilpu sToM orobpaxkenusi f, u f, Ha3blBawOTCH
20MOMONHbIMI OMOBPANCECHUAMLU.

3AMEYAHHUE. Ecimm X — riagkoe MHoroo6pasue, TO Je€KapTOBO
npoussenenne X x I He siBnsieTcsi MHoroo6pa3neM (TOYHbLIE onpeneJe-
Husi 6YyAyT AaHH B cjaenyoweM rnaparpage). OnHako sl [eKapTOBOro
Npou3BeeHHs] HMEeT CMBICJI IOHSATHE IJIafikoro otobpaxeHus. B camom
nene, ecin U, C X — HeKoTopasi Kapra, (z.,..., z") — JoKajbHasi CH-
cTeMa KoopauHaT, To oTobpaxeHue f Ha MHoxectBe U, X I npencras-
asiercsi B Bue GyHKuuu ot (n + 1) nepemenusix f = f(zl, ...,z t),
t € I =[0; 1]. Cxaxewm, uro pyukuus f(z!.,..., z*, t) asnsercs esad-
kotl ¢yHKyueil, eciu B OKPECTHOCTH Kaxno# TOYKH (zl,..., z", t),
0<t <1, dyskuus f rmagkasa kinacca C™, a Bce ee 4acTHble
MPOM3BOAHbIE HENPEPHIBHO MPOJOJKAKOTCSA HAa 'PaHHYHbIE TOYKH BHAA
(z},...,zr,0) wmm (zl,...,z* 1). Takoe onpeneseHHe He 3aBUCHT
OT BHIOOpA JIOKAJILHON CHCTEMbl KOOPIHMHAT, a OrpaHuyenus f|x, (.,
flx x 1y ABASIOTCS TVIafKUMK 0TOGPaXKeHHSIMU MHOroo6pasust X B Y.

Teopema 4. l'omomonneie eradxkue omobpaxcenus fy, fi: M, —
— M, uuaykqupytom O(Zuua;cosbui 20MOMOpPU3M epynn KO2OMOAO2UL
* *,
fo =1 HY(My) —» H*(M,).
HokaszarteabctBo. [loctpouM Takoe JHHeiHoe oToGpaxe-

HUe MPOCTPAHCTB BHEMIHHX AuddepeHunasbueix dgopm D: Q,(M,) —
— Q, _(M,), 4To6bl BBINOJHAIOCH TCXKAECTBO

(fo = fi)(w) = (dD + Dd)(w) (24)

st 10608 hopMbl w € 2, (M,). B camom nene, ecin w — 3aMKHYyTas
(opMa, npeacTaBasLas Knace Koromooru#t [w] € H*(M,), To hopmul
fo(w) 1 f(w) TOXe 3aMKHYTHl M [PEACTABJSIOT KJIACChl KOTOMOJIOTHIH
L@l n fi(w]). B cany xe (24) pasnocts dopm fi(w) — f;(w)
paBHa (dD + Dd)w = d(Dw) £ D(dw) = d(Dw), nockonbky dw = 0.
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[Tosromy dopmul fy(w) u f;'(w) Jexar B ONHOM KJacce CMeXHOCTH 110
MOANIPOCTPAHCTBY TOYHHIX (DOPM, T. €. OHH NPENCTABJSIOT OJHH Kjacc
koroModtoruii [ fy(w)]=[f;(w)]. Takum obpasomM, fy([w])= f;([w]), uTo
u TpebyeTcsi 1OKa3aTk.

Hrak, ocramoch moctpouts orobpaxeHne D, ymoBJeTBopsiollee
troxnectBy (24). IlockonbKy oro6paxkenuss f, ¥ f, TOMOTONHH, TO
CyLIeCTByeT Takoe rJagkoe orobpaxenue F: M, x I — M,, uro
F(P,0)=fy(P), F(P,1)=f,(P). lyctb w € Q,(M,) — npousBoJibHasi
¢popma crenenu k, Q= F*(w). PopMa 2 onpeneneHa no KpaiiHeli Mepe
Ha MHoroo6pa3uu M, x(0; 1), npuueM B m060¥ JIOKAJILHOH CHCTEME KO-
OpAHMHAT Bce KO3 HLHEeHTH (PopMEI {2 TPOAOIKAIOTCS 110 HENPePHBHO-
crti Ha M, x[0; 1]. Ckaxem, uto dopmMa 2 crenenn k Ha MHoroo6pasuu
M, x I ne 3asucum om dt, ecnu hopMa paBHa HyJIIO Ha J1I060H cHCTeMe

BEKTOPOB BHIA (E Iy« 5,:_,, gt) B JnokanbHON cucTeMe KOOpAWHAT
(z',...,z", t) ycaoBue HE3aBUCHMOCTH rpopmm Q ot dt o3Hauaer, uTO
oHa pasnaraetcs B cyMmmy =38, , (z',..., 2", t)dz" A.. . Adz*,

T. €. B Pa3JOXEeHHH orcchmylo'r caiaraeMue c COMHOXMHTEJEM dt.
Torma ¢opMmy 2 MOXXHO HHTEPIPETHPOBATb KaK CEMEHCTBO BHEINHHX
muddepeHIMaNbHEIX (OPM QM(t) creneHu k Ha MHoroo6pasuu M|,
HeIIpepLIBHO 3aBHcsulee oT napamerpa t. Ecom ¢, M, — M, x I —
BroxeHue ¢,(P)=(F t), To Q ()= ¢;(Q).

Jemma 1. Bcakas sHewnas dupdepenyuaronan opma 2 cme-
nesu k na murozoobpasuu M, x I 00HO3HA4HO npedcmasisemcs 6
sude

Q=Q, +Q, A dt, (25)

npuuem gopmet 2, Q, He 3asucam om dt.

JlokaszaTenbcTBO JeMMH | JOCTaTOYHO NPOBECTH B KaXAOH
kapre U, MHoroo6pasust M,. B camoM neste, noHsiTHe He3aBHCHMOCTH
¢opMHI OT dt He 3aBHCHT OT BHOOPA KapThl ¥ BHITOJHSIETCS] HE3aBHCHMO
B Kaxno# Touke. [losromy, eciu pasnoxenue (25) npousseneHo B
KaXJIOH KapTe, TO OHHM COBMAJAIOT Ha nepeceyeHUsX KapT. [locKoabky
yCJIOBHEe He3aBHCHMOCTH OT dt WHBAaDHAHTHO OTHOCHTENbHO JIHHEHHBIX
onepauui Hax POPMaMH, TO JIEMMY IOCTaTOYHO IPOBEPHUTh TONHKO ISt
dopM crneumanbHbix BHEOB: Q= f(z!, z", t)dzh A...Adzh wm
Q=f(z!, z", t)dz " A. .. Adzh- '/\dt IJIS1 KOTOPBIX yTBepx(neHue
JIEMMBI oqupmHo.

OnpenenuM Teneps oTo6paxkenue D. [Tonoxum

1

D(w)= j Q, (8) dt, (26)

0
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rie Q= F*(w), Q=9Q, + Q, A dt — pa3noxenne no tdopmyae (25).
Ecanu popma Q Ha M, x I He 3aBHCHT OT dt, TO ee rpa;meﬂ'r d 2 Toxe
pasnaraercst no popmyue (25) B cymmy dQ2=d, Q) +z; Q Adt. 3pechb
d, 0603HauaeT rpagueHT QopMH ), Ha Mﬂoroo6pasnn 1» JlokaxkeM
tenepb (opmyay (24). JleBas yactb (24) mMoxeT OHTb MoJyueHa cJe-
nytomuM o6pa3om. CHayana BuuHcasieTces popMa 2 = F*(w), a notoM
Gepetcsi ee orpaHuueHHe Ha noaMHoroobpasust M, x {0} u M, x {1}, npu
BJIOXKEHHH @,: M, — M, x I u p;: M, — M, x I. B nokanpHO#! cucreme
KOODAMHAT BJIOXKEHHS @, H (o, 3a[AI0TCS CAEAYIOMHUMH QYHKUHSIMH:

1

z!' =z, z' =z,
o 4 o d
0 In=mn, 1 I"=CB",
t=0, t=1.

Jpyrumu ciosamu, B popme €2 Hy»Ho noactaButb t =0 uau 1 u dt =0.
OT0 B TOYHOCTH 03HAYaeT, YTO

fJ(‘”)=Q|,M(O), fl‘(w):Ql,Ml(l)' (27)
Jns BHuMcJeHHs mpaBod yacTH (24), BHUYHCJIHUM IOCJIEN0BATENLHO
Dd(w) 1 Ddw. UMeewm:
F*(dw)=dF*(w)=d(Q, + Q,Adt)=
=d, Q3 (£) + 2Dy (t) Adt +d,Qy  Adt.

[Tostomy
Dd(w) = s (%Ql’Ml(t)+sz2’Ml(t)) dt =

0 1

=0, (1) - QLMI(O)+d1XQ2'Ml(t) dt. (28)

C npyroit CTOpOHH, 0

1
dD(w)=d, S Q5 (t) dt. (29)
0

CpasnuBas (27) u (28), (29), noayuaem f;'(w)—fy (w)=(Dd —dD)(w),
4yTo U TpeboBajoCh AO0Ka3aTh. [

Caencreue. Ecau M =R" —n-meproe eskaudoso npocmpancm-
8o, mo H(M)=R!, H*(R") =0, k> 1.

IlokasarteabctBo. Ecim n=0, T. e. M cocTouT U3 OmHOH
TOYKH, TO YTBEPXKAEHHEe CJEeNCTBHSI OYEBHIHO, MOCKOJBKY OJHOTOYEY-
Hoe MHoroo6pasne He HMeeT HeTPHBHAJbHHX (OPM cTerneHH GoJblue
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Hynsa. Popmu ke crenenn 0 — sto ¢yHKuuHM Ha M, T. e. nompo-
cTy BemecTBeHHHe uucaa. [lostomy Q,(M)=R!, sgpo rpaguenta
cosnagaer ¢ §2,(M), a o6pa3 rpagueHTa paseH Hymo. CrefoBaTeNbHO,
Hy(M)=Kerd/Imd =Q,(M)/0=C,(M)=R'. Iycrs Teneps n >0,
M, = R® — onHoroueyHoe MHorooGpasue. PaccMoTpuM nBa oTo6paxe-
Has: @: My— M, o(My)=0e M, ¢: M — M, v(M)=0=M,.
TakuM o6pa3oM, oTOOpaKeHHe ¢ OTIpPABJISET €JUHCTBEHHYIO TOYKY
MHoroo6pasust M, B Hy/leBOH BeKTOp, a oToOpaxkeHHe i oToOpaxaer
BCe eBKJHMAOBO mpocTpaHcTBo M = R" B eQUHCTBEHHYI TOYKYy M,.
PaccMoTpuM 1Be BO3MOXKHBIE KOMIO3UIMH Yp: My— M, pp: M — M.
KoMnosunus vy sBisieTcsi, O4eBUAHO, TOXKAECTBEHHHM 0TOGpaXkeHHEM
OIHOTOYEeYHOro MHoroo6pasusi M,. Komnosuuus ¢ orobpaxaer Bce
eBKJIHJIOBO NMpocTpaHcTBo M B Hynesoi BekTop. [lokaxeM, 4To oTOb-
paXKeHHe 1) TOMOTOIMHO TOXAECTBEHHOMY OTOGPaXKEHHIO €BKIHAOBOTO
npocTpaHcTBa. [ 3TOro MOCTPOMM TOMOTOMNHIO B SIBHOM BHAe: F':
MxI,F(%,t)=t%, e M=R", t €[0; l]=1I.Ilpu ¢t =1 MH noay4aeM
TOXJeCTBeHHOe oToGpaxenue fi(Z)=2z=F(Z, 1). Ilpu ¢ =0 Ml noxy-
4yaeM KoMnosuuuio ¢y (Z)=0= F(Z,0). CornacHo TeopeMe 4 otobpa-
JKeHHe pY U TOXKAECTBEHHOe 0ToOpaXkKeHHe HHAYLUPYIOT OfMH H TOT Xe
roMoMopdpu3M rpynn kKoromosoruid. TakuM o6pa3oM, roMoMOpPGH3IMH
(Yp): H*(M,) — H¥(M,), (¢¥): H¥(M) — H¥(M), ssasworcs
TOX/JAECTBEeHHHIMH H3oMopduaMamu rpynm. [lockoneky (p9)” = ¥**,
(Yp)" = p*9*, To roMOMOPDHH3MH ©* U 1) B3aUMHO 0OpaTHHE H30MOP-
¢u3aMu rpynn. CjienoBaTesbHO, Y €BKJIHIOBOTO MPOCTPAHCTBA IPYIIIH
koroMoJioruit H*(R™) Takue xe, KaK ¥ y ONHOTOYEYHOrO IPOCTPAHCTBA,
1. e. H'(RM)=R!, H*(R") =0, k>1.0

[IpuBeneHHoe BHILE CJHENCTBHE HMeeT CJIeAYOIYI0 GOpMYJIHPOBKY,
H3BECTHYIO NOf Ha3BaHueM JeMMH [lyaHkape:

Teopema 5 (nemma [lyankape). Jobas samxnymas ¢opma
Ha mHozoobpasuu M 8 docmamouHo MAAOL OKpecmHOCMmU KaxcOou
mouku P € M sagasemcsa mounoil, m. e. Q= dw.

HNokasareabcTtBo. PaccMorpuMm okpectHocTh U Touku P € M,
roMeoMop¢HYI0 eBkauaoBoMY npoctpaHctsy R™. Torna H*(U)=0 npu
k > 1. CnenoBarensHo, ecnu §2 — 3aMkHyTasi GopMa Ha MHOrooOpa3uu
M, 1o knacc KoroMoJioruit [§2] paBeH Hy:0, 4YTO O3Hayaer, 4To HopMma
2 ToyHa B okpectHoctd U. O

§ 2. HHTerpuposanue sHemHUX Gopm

HurerpupoBanne BHewHNX AUt depeHHaNIbHEX HOPM — 3TO aHaJIOT
onepauuy, obpaTHo¥ K muddepeHuHposaHuo GyHKUMEH. PaccMoTpum
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caenyromui npuMep. [lycts B orpanudeHHoi obiactu V' eBKIMI0BOrO
npoctpaHcrBa R" 3amaHa BHelHssi aud¢epeHUHanpHas (opMa w
creneHu n. Torna B 10KaJbHOM CHCTEME KOOPAMHAT (Z!,. .., ") dpopma
w MMeeT BHL

w=f(z',...,z")dz' Adz?A...Adz". (1)

Ecau (3!, ..., y") — Apyras cucTeMa KOOPAHHAT, TO B 3TOH HOBOH CH-
cTeMe (OpMa w MPHMET COrJIaCHO TeH30PHOMY 3aKOHY Npeo6pa3oBaHus
KOMIIOHEHT TeH30pa CJeAYIOIIHH BHL:

1
w=f(z(y', ..., ¥"), ..., z"(¥", ..., y")) det (%) dy' A...Ady".

@)
Tenepp BCIOMHHM, YTO B HHTErpaJbHOM MCUMCJIEHHH (QYHKIMH MHOTHX
nepeMeHHHIX BCTpedasach Moxoxasi gopMyja misi npeo6pa3oBaHus
HOAbIHTErpaibHON (PYHKLMH NPH 3aMeHe KoopauHaT. ViMeHHo, HHTErpad
¢byukuun f no o6beMy V' B pa3MYHBIX CHCTEMax KOOPAMHAT CBSI3aH
CJIeyIOIIHM COOTHOILEHHEM:

Sf(a:l,..., z")dz'...dz" =
= g f' Y, .., 9™, |det (%)

v

|4

dy'...dy". (3)

dopmyana (3) nokasniBaeT, 4TO MO CYTH [eJia HHTErpUpyeTcs 1o o6beMy
V' He QyHKIHMs, a2 HEKOTOPHIH reoMeTpuyeckHHd OOBEKT, KOMIIOHEHTa
KOTOPOrO MEHsIeTCsi IPH Nepexofe oT KoopauHat (z!, ..., z") K Koop-
nuHataM (y', ..., y™) OyTeM YMHOXEeHHsI Ha MOAYJb IKOOHaHa 3aMeHHl
KOOpAMHAT. JTo HabJofeHHe MOXHO IIPUMEHHTb K OMNpejeseHHIO
MHTerpasa oT BHelIHeH auddepeHHaTbHOH POPMBIL.

1. HaTerpan nu¢ddepennuanbHoit ¢popMbl Mo MHOroo6pasmio.
Bepuemcs Temepr k ¢opmyse (3), U 06001MM ee Ha cayyad MPOM3-
BOJIBHOTO IVIaIKOT'0 MHOroo6pa3usi ¢ KpaeM. PaccMoTpuM npousBosibHOE
riiagkoe MHoroo6pasue ¢ kpaeM M. CkaxeM, 4To MHOXecTBo X C M
uMeeT mepy Hyss, u(X) =0, ecan s moboit kapte U, U KonpaAUHAT-
Horo roMeoMoppuaMa ¢: U, — V, C R} mHoxecTBo (X NU,) C R}
MMeeT Mepy HyJb B eBKJHAOBOM IpocTpaHcTBe R". Omnpenenenue
MHOXKeCTBa Mepbl HYJIb KOPPEKTHO M He 3aBHCHT OT Bhi6Opa atiaca
KapT. [lng sToro nocTaToyHo mokasartb, uto ecau f: Vi — V, riamkui
romeoMoptpusM obmaacty V; C R" Ha obnacts V, C R", To o6pa3
f(X) mo6oro MHoxectBa X C V| Mephl HyJb fIBAsIeTCS MHOXECTBOM
Mephl HyJab. B camoM pene, ecim X C V| — MHOXecTBO Mephl HyJlb,
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#(X)=0, To MHOXecTBO X mpeacTaBHMO B BHAe 0oO0beIHHEHHs He
00
Bosiee yeM cHeTHOro 4ucjia KOMMNaKTHBIX MOAMHOXeCTB: X=UX,

i=1

1(X,)=0. Torma p(f(X)) < E u(f(X,)). CrenoBarensHo, A0CTaTOU-

HO NoKasarts, uto p(f(X;)) =0. OT06pa>erne f B JIOKaJbHOM CHCTEeMe
KoopauHat (z!,..., ") npeacrapisieTcsi HaGopoM INAAKHX GYHKIHH
yi = fi(z!,..., z"). lostomy

p(fF(X)) < g det (8f )

dz'...dz" < C j dz!'...dz" = Cu(X,),

rie C — Takasi KOHCTaHTa, JJIsl KOTOPOH BHITIOJHEHA OIEeHKa

8 k
det (é)

Ha KoMnakre X. MHoXecTBa Meph HyJb Ha MHOroo6pasuu ynos-
JIETBOPSIIOT CTAHAAPTHHM CBOHCTBaM, CIPaBefJIMBHIM ISl MHOXECTB
€BKJIHIOBOTO TMPOCTPAHCTBA:

2 u( U X) < S wxy=o,

6) obpas f(Y) raagxoro (n — 1)-MepHoro MHoroo6pasusi Y npu
riagkoM otobpaxkenuu f: Y — M uMeeT Mepy HyJb.

<C

OnpenenuM Tenepp HHTErpan oT BHellHel nHddepeHuHaNbHOH dop-
MB W CTENeHH 7 Ha 7M-MEPHOM OPHEHTHPOBAHHOM MHOroo6pasuu
M B caydae, Koraa ¢opMa w HMeeT KOMMAKTHHH HocHTesb. [lycTh
U C M — npousBoJibHas oTKphiTasi o6aacte. Ecan obaacrs U nenukoM

JIEXHT B HeKoTopoit Kapte U, ¢ koopauHatamu (z!, ..., z7), To popma
w B Kapre U, umeer Bun w = f (z!,...,z*)dz! A...Adz?. Torna
TIOJIOXKHM
s w= s Sf( e )zl ... dzP. ©))
U U

I1paBas yacTe popmyusl (4) He 3aBHCHT OT BHIOOPA JIOKAJBHON CHCTEMBI
KoopauHat (xl,...,z7). B camom nene, eciu U C U, N Uy, To 1o
dopmyie (2):

w=f(z (5, ..., 25), ..., z2(x}, ..., 2})) ¥
xdet( :’;)dxﬁ oo Ndxh = f(xh, .. xf)dag AL LA dg
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Toraa, B cuay (3), 1 yUHTHIBas1, 4TO [JIs1 OPHEHTHPYyeMoro MHorooGpa-

623
3us det ﬁ >0, moayuaem:

s s fo(z), ..., zM)dz! ... dz" = s s fo(zg, ... xp)dy . .. dxj.
v v

Onpepeaenne 1. Ilyctb M — n-MepHoe IJIafikoe OPHEHTHPOBAH-
Hoe MHoroo6pasue ¢ KpaeM, w — BHelUHs1 AuddepeHinanbHas popMa
CTEIEeHH N C KOMMAaKTHHIM HocuteseM. [lycThb {Ua.’ s UaN} — KOHedy-
Hbll HabOp KapT, MOKPHIBAIOLHIT HocHTesab GopMul w. [Tonoxum

M Uﬂi\iUUQj

i=1
Onpenenenne 1 He 3asucur ot Bu6opa kapt U, , . . ., U,,. fas Toro
4TOGH [0KAa3aTh HE3ABHCHUMOCTH OTipefesieHusl | oT BubGopa KapT, JaquM
Ipyroe ornpejejeHHe HHTerpana GopMu w.

Onpepeaenne 1'. Tlycts M — n-MepHOe rjaikoe OpHEHTHPOBAH-
Hoe MHoroo6pasHe ¢ KpaeM, w — BHeluHsig nH(depeHmanbHas hopMa
CTENEHH T C KOMMNAKTHHIM HocHuTejeM, {¢,} — pasbueHue equHMIH,
noa4YnHeHHoe aTaacy Kapt {U,}. Torza

Sw=ZS Pow. (6)

a
M U,

Onpenenenne 1’ 6onee ynoOHO ¢ TOYKH 3peHHsS] MaTeMaTHYeCKOH
CTPOTOCTH, MOCKOJBKY HCIOJIb3YeT HHTeTPHPOBAHHE TOJBKO IO OTKpHI-
THIM 06/1aCTSIM B €BKJIHAOBOM NIPOCTPAHCTBE, B TO BPeMsl Kak B popMy.ie
(5) npuxopuTCS HHTErPUPOBATH 1O MHOXKeCTBaM 6oJiee CI0XKHOIO BUAA.
C npyro#t cTOpoHH, B ompenejeHuH 1’ Heo6XoouMo [0Ka3aTh, 4TO
npasas yacTb PopMyJisl (6) He 3aBUCHT OT BHOOpPa pa3GHeHHs eIUHHIIBL.

Bes orpannuenusi o6IHOCTH MOXHO CYHTaTh, YTO aTjac KapT U,
KoHeueH, | < a < N. Mycrs {y.,} — npyroe pa3bueHue emMHHLH.

N

Torna, mosaras ¥, = ¢, — ., noayyaem: ». v =0. Tpebyercs xe

JI0Ka3aTh, UTO . a=l
> | vow=0. %)
a=1
N-1 )
HMeem ¢y = — Y ,; mockosasky supp ¥ C Uy, To Ha#meTcs Apy-

a=1

rasg (yHKUMs X, PaBHasi TOXIECTBEHHO eJHHMIe Ha Supp ¥y, H
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supp x C Uy. Torna x(P)yy(P) =y (P). [losTomy ¢y = — Z XVa;
supp x¥, C U N U,. Torma

éiwﬁwiwwgi%w—éi Xtato + EI! v

Mockoneky supp x¥,w C UyNU,, 1o § xp,w = § x9,w. Cnenona-
TeJIbHO, Uy U,

N-1
u=l$
U

-3 j — X, ®)

a=

B npaeo# wactu (8) crouT Takoe ke BHpakeHHe, Kak H B (7),
cocrosimee u3 (N — 1) ciaraeMoro, y KOTOpPhHIX BMeCTO (DYHKLHH 1,
croar pyHkuuu (¢, — x¥, ), IpuueM

N-1 N-1 N-1
Z_)l(¢a—x¢n)= Z Yy — X Z Yy =
N-1

—Z¢+X¢N—Z'¢’+¢N—E¢—O

[Mosromy dopmyJa (7) noka3aHa o HHAYKLMH 110 YHCIY caaraeMux N.
Iycts Tenepr nano nBa atnaca kapt {U,} u {U;} u noguuneHHsle um
pasbuenus exuuuub {p,} 1 {p};}. Torna xaxnoe pasbuenne eUHUL
{¢.} 1 {©)} MOXKHO HOMONHHTD HyIeBHIMH (QYHKUHSMH 1O pa3GHeHHs
eMHHUL HOBOTO aTJaca KapT, PaBHOro ob6wvenunennio {U,} U{U,}.
Hynesbie pyHkunu He u3MeHAT npasoi yactu (6), a no dpopmyae (7)
cenyeT, 4yTo mpasHe 4acTH (6) coBmamamT sl pa3bHeHHs] eQUHHLB

{e.} n {p5}.
Ilpenaoxenne 1. a) Onpedesenusn unmezpasra no gopmysam (5)

u (6) cosnadarom.
6) S(Alwl+)‘2w2)=Al S“’1+’\2S“2a A A €RL
M M .

M
B) Ecau M' — npomusonoroxcras k M opuenmayus, mo § w=
"

=—{w

JokaszateabctBo. CpoiicTBo 6) OYEBHAHO Kak MIsl HOPMYJIH
(5), Tak u nast dopmyasl (6). [TosToMy coBnasenue dopmya (5) u (6)
JOCTAaTOYHO JOKAa3aThb il TAKUX (DOPM, HOCHTEJb KOTOPHIX JOCTATOYHO

man. Ecom supp w C U, , To no popmyste (4) { w= | w. ITosTomy
o U

Unu,
‘o
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B dopmyJie (5) uMeeM:
N

£ g )

u, \yu,. U, n(U \UU)
it i=1
i—1
ITockonbky Bce MHOXecTBa U, n(U \ U U,,) nexar B OfHO# kapre
H [0N1apHO He MepeceKarmTcs, 'ro cyMMa HHTeI‘paJIOB paBHa HHTErpany
1o oGbeAMHEHHIO

i—1 i-1

U(U n(U, \UU))—U n(UU \UU)—
=U, NM=1,.

CuemoBaTteibHo, B opmyse (5) mpaBasi yacth paBHa { w. C mpyroi

CTOPOHHI, MOCKOJMbKY suppw C U, , To pa3bHeHHe eIHHHLB MOXHO
o

nozo6path Tak, 4To6H SUpp ¢, Nsupp w =L npn a # «, . Torna ¢, =1

Ha supp w u cdopmyna (6) npuobperaer Bux: § w= S Po W=} w.

TaxkuM o6pa3oM, yTBepxKaeHHe a) [O0Ka3aHo, M Ve U..%

Jokaxxem yTBepxaeHue B). [IpOoTHBONONOXHYIO OpHEHTALMIO Ha
MHoroo6pa3uu M MOXHO 3ajaTh He MeHss aTjaca KapT, a U3MeHHB

TOJbKO CHCTEMY KOOPAMHAaT B Kaxmom atiace U (yl,...,y") =
=(—z!, z2,...,z"). Torna no copMyne (4) A1 HOBOH OpPHEHTALMH
MMeeM

j w= SS fa(War - ¥2)dy, ... dyp =

Ul UI

oy,
oo (34)
ny— £ n Oy,
[ockoneky f, (s, ..., 2) = fo(Ya(Za, ..., T2),...) det (52—;), TO
I w= S f.(zk, ..., z*)sgndet (gg.) dz!...dzr =
A

=- s fa(z;,---,I:)da:;...da:;‘=_ S w.

U

dz!...dzp.

a

= jj ACIC R N
)

CrenoBaresibHO, M B hopMmy.ie (5) BO Bcex cjlaraeMhlX H3MEHHTCS 3HaK
NpH U3MEHEeHHH OpHeHTauuu MHoroo6pasus M. O
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2, ®opmyna Crokca. Tenepr MH [OKaXXeM OCHOBHYIO (hopmy.y,
060061a0IyI0 MHOTOYHCJIEHHbe (OPMYJIl HHTETPHPOBAHHSI H3 MaTe-
MaTHYeCKOro aHaJH3a.

Teopema 1. Ilycme M — n-mepHoe OpuUeHMUPOBAHHOE MHO20-
obpasue ¢ kpaem OM, w — sHewHA Oughgepenyuarvnan dopma
cmenenu (n — 1) ¢ komnaxmuoim Hocumenrem. Toeda

(-1 i dw = a!l w. (9)

®opmyaa (9) HocuT HasBaHue obuell gopmyrvt Cmoxca. Tlpexnae
4YeM [0Ka3HBaTh TEOpeMYy l, pacCMOTPHM HEKOTOpHE YacTHHE CJydau
3TOH (DOPMYJIHL

[TPUMEP 1. PaccmotpuM B miockocTH R? MIafKyl 3aMKHYTYIO
KpuByIo [ 6e3 camonepeceyeHHit, OrpaHHUHBAIOLLYIO OTKPHITYIO 06/1acTh
V B R2. Bynem cuurath, 4To Ha KpuBOM I
BBeJieH napaMeTp ¢, 3afaiolMi HanpasJe- e
HHe 00Xoma W, CJIeOBaTeNIbHO, OpPHEHTa-
w0 I kak onmHOMepHoro MHorooGpasusi.
Torna 3aMuikanue V sBiasieTcsi OPHEHTH-

POBaHHLIM JBYMePHHM MHoroo6pasueMm c f N

r

kpaeM OV =T. Ecin opuentauus obnactu
V 3apaercs uHe#HHOH CHCTEMOH KOOPIH-
Hat (z', 2%), To opHeHTauus Ha rpanuue I
OKaXeTcsl COIVIaCOBAHHOH C OpHEHTalHeH
B obiactu V, ecau npu obxome KpUBOH
I' npu yBenuuyenun napamerpa t obaacTb
V ocraerca cmeBa (cM. puc. 1). Ilycts Puc. 1

w — npou3BoJibHas ¢opma creneHu 1

Ha miockocth R?. dopma w B koopuuHatax (z!,z?) umeer BHA
w = P(z!, z?)dz' + Q(z', z?)dz®. Torma uHTerpa; ot GopMH w MO

kpuBo# I coBnagaer ¢ uHTErpajoM BTOPOTrO poAa:
t

sw=§Pdm‘+de2 S(P(m‘(t), z2(t)) = L Q(a\(t), 27(1)) dt)

r r %

[To dopmyse (9) umeem:

o f -

r \4

(dP Adz! +dQ A dz?) =

s ———) dz! Adz? = “ (%—%) dz'dz?.

|4 \4

<g——.,
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TakuM o6pa3oM, MH MOJNYYHJIH H3BeCTHYIO ¢opmysy I'puna Ha mio-

CKOCTH:
e+ o (8- )

r v

[TPUMEP 2. AHanoruyHo, myctb I’ — ragkasi 3aMkHyTast KpuBasi
Ge3 caMonepeceyeHHH B TpexMepHOM mpocTpaHcTBe R®, orpannuusa-
Olasi HEKOTOpPYK ABYMepHyio mnoBepxHocTb V. Torma mo Qopmyne
(9) nonyyaeM usBecTHYIO gopmysy Cmokca. Ins sToro paccMoTpuM
(opmy w cremeHu 1 B TpexmepHoM npoctpaHcTBe R3.

w=P(z!, 22, 2%)dz' + Q(z', 2%, z3)dz? + R(z', z?, z%)dz®.

Torga uHTerpan Broporo poma mo kpuBoi I HHTepnperupyercs kak
HHTerpal oT (OPMH w:

t

S{.M:"(P(:z:',:::2 ) +Q(:c 22, 2%) 9% Ti +R(1: z? :1:3) )
r L)
Ha ocnoBanuu dopmyinn (9) umeem: § w = { dw;
r v
dw=dP Adz' + dQ Adx?+ dR Adzx® =
_(9Q 9P 1 2, (OR _9Q 2 3 Q__ 3
= (8- o' nda*+ (- 29 ) da? A dat+ (- ) do® A da,

TakuM o6pa3oM, HHTerpan no kpuBoil I' BHpaxkaeTcst yepe3 uHTerpas
BTOPOro pofia 1o noBepxHoctd V':

S (Pdz' + Qdz? + Rdz®) =
T
(5t (- 5 ).
v

[TPUMEP 3. [locnemusisi dopmyaa, ¢opmysa laycca — Ocmpo-
epadckoeo, Toxe sIBASETCS 4YacTHHM caydyaeM topmyan (9). Ilyctsb
I — 3amkHyTass nosepxHoctb B R3, orpaHuuuBawmas obaacts V.
[Tycth w — BHewHsg guddepeHuuasbHas ¢opMa creneHu 2. Popma
w B KoopauHarax (z', z?, z3) umeer Bux:

w = Pdz' A dz? + Qdz® A dx3 + Rdz® A dz'.
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Torma uHTerpasn BTOpOro pona mno noBepxHocTH I MHTepHpeTHpyeTcs
Kak uHTerpal ¢opmu w. [IpumeHsia dopmyay (9), noayuaem

e

T v
dw=dP/\d:c'/\d:z:2+dQ/\d:z:2/\d:c3+dR/\d:z:3/\d:cl=
3Q 3
(6;3-1— )dm A dz? A dzB.

CrnegoBaTeJsbHO,

H (Pdz'dz? + Qdz*dz® + Rdz3dz') =

T
- 9Q 14p2
= ﬂj ( S+ 5+ 2) dz'dz?dz®.

\4

Mu npumum Kk dopmysne [aycca — Octporpanckoro ¢ o6paTHHM
3HaKOM. 3HaK MHHYC CBsI3aH C TeM, 4TO B KJlaccHueckoi dopmyJe [ayc-
ca — Ocrporpaackoro opueHTauusi noBepxHocTu I, 3anaBaeMasi napoi
BeKTOpoB (€, &,) B KacaTeJbHOM MpOCTpaHCTBe K INoBepxHocTH [,
BHIGHpaeTcst Tak, YTOGH TPETHH BEKTOD €, YKa3blBajl HanpaBjieHHe BHe
obsactu V.

[TPUMEP 4. HakoHeu, yacTHHM ciydaeM ¢opMyan (9) MoXHO
cuurath U opmyry Heromona — Jleiibnuya: § %(:c)dm =f(b)—f(a).

JleByio yactb ¢opmynsl HoioToHa — JlefiGHUIIA MHTEpIPEeTHPYEM Kak

uHTerpai ¢opMu df = %dm 10 OTPe3KY [a, b] BelecTBEHHBIX YHCel,
KOTOPHH SIBJsieTCs] OMHOMEPHBIM OPHEHTHPOBAaHHEIM MHOroo6pasmueM
c kpaeM. KpaeM orpeska [a, b] siBisieTcst COBOKYMHOCTb ABYX TOYEK
{a, b}, koTopre Mb G6ymeM cuHTaTh HyJbMEpHEIM MHOroo6pasuem.
Onxako st HYJIbMEPHBIX MHOroo6pa3uii Mbl He OIpefesIi MOHsITHE
OpHMEeHTAalLMH, MOCKOJbKY Yy HHX OTCYTCTBYIOT KacaTeJbHble BEKTODHL.
[TosToMy MOXHO MOCTYNUTH clenyomuM o6pa3oM. ByneM cuurars, uro
TOYKa Kpasi OMHOMEPHOro MHOroo6pasust M HMeeT NOJIOXKHTEJbHYIO
OpHEHTALHIO, eclH BEKTOpP, YKa3hlBAalOLIWH HalpaBieHHe BHYTpb M,
JlaeT MCXOJHYI0O OpHEHTalHI0 MHorooOpa3us M, u, HaoGopoT, uUMeeT
OTPHLATEJbHYIO, €C/IH BEKTOP, YKa3bBalOLHi HanpaBieHHe BHYTpb M,
[laeT NPOTHBOINOJIOXHYIO OpHeHTalHio MHoroo6pa3usi M. HynbmepHas
thopMa Ha MHOroo6pa3uH siBjisieTcsi pocto ¢yHKuued. [loaToMy HHTe-
rpaJ ¢GyHKIHH 110 HyJbMepHOMY MHOroo6pa3suio 6yaeM cUHTaTh CYyMMOH
3Ha4YeHHH (QYHKIHM B TOYKAX, B3SATHX CO 3HAKOM, PaBHHIM OpHEHTAL[HH
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TOYeK Ha MHorooGpasuu. B HameM caydae, mpaBasi 4acTb (popMyJIbl
Hsiotona — Jlefi6Huna 6yneT ucTOJKOBaHA Kak HHTerpat (GyHKuuu f
1o Kpaiwo, cocTosiiieMy u3 AByX Touek {a, b}. [Ipu aTom Touka a uMeer
HOJIOXKHUTENBHYI0 OPHEHTALHI0, a TOUKa b — oTpuuaTensiyio. [loatomy

§ f=f(a)—f(b). Popmyna xe (9) umeer Bun: § df=(-1)" § f.
8[a, b] [a, b] 9[a, b]

JoxaszateabcTBO TeopeMnl l. JleBasi u npaBas yactb hopmy-
Janl (9) nMHeHHa OTHOCHTENbHO (popMbl w. [TosToMy, pa3naras dopmy w
B CYMMY w = w, +. ..+ wy, AOCTAaTO4YHO NOKa3uBaTh popmyay (9) ans
cJyyasi, Korjaa Hocutesb GOPMEl w KOMIAKTEH U JIEXKHT B OJHOMU KapTe.
Bosee Toro, goctaToyHo nokasath ¢opMmyay (9) mas caydas opMmb w
BHJA:

w=f(z',..,z")dz' A...Adz*" ' Adz** T AL A da?,

rie f — QYHKUMS C KOMIAKTHHIM HOCHTeNeM, onpeneneHHasi B R}.
Torma dw = (—1)"“%:13:1 A ... A dz". PaccMotpuM naBa cayuas.

[lycts k < n. Torma orpaHuueHne ¢GopMH w Ha kpaii RZ~!'C R}
paBHo Hy.o, nockodsky dz™ =0. IMostoMmy { w=0. C npyron
Ra—l
cropos, § dw= S...S(—l)"“%dm‘. ..dz"™. Tlepexonst K MOBTOPHOMY
R, R?

MHTErpajly, cHayaja 1o nepeMeHHo# z¥, a MOTOM 10 BceM OCTaJbHBIM
NepeMeHHbIM ToJy4yaeM

j dw = sj dz'...dz*-'dz*+! ... dz" s Oz,
oz

R" Ry-! —00

BHyTpeHHHiT MHTerpajl paBeH HYJIO B CHJY CJIEAYIOIHX OYEBHAHBIX

COOTHOIIeHHi1: OSO %dz" = f(z', ..., z")|5zt. Tostomy S dw =0.
[Tycrb Teneps I;m= n. Torma w = f(z!,...,z")dz! A... A de::“,

dw=(-1)""'2(2', ..., 2")dz' A... A dz"~! A dam.
Hmeem:

S w= Sg f(z',...,z""1,0)dz!...dz""};
R Ry~

s dw = j---j(—l)”“%dx‘ ... dz"dz" =

+ +
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= SS dz'...dz""! S(—l)"_l%d3"=
R:-! 0

= SS dz' ... dz" N (=1)"" 1 f(z, . .., z") |5 i) =
R‘r;—l
=(~1)" js f(z!, ..., z"",0)dz" ... dz 1.
Rs—l

CnepoBatemsio, § = (—1)" { dw. Takum oGpasom, misi 3aBep-
R R

LIEHHs] [OKa3aTeNbCTBa, NOCTATOYHO Pa3NOXHUTb (OPMY w B CyMMYy

w=w, +...+ wy Tak, 4TOGH HOCHTEIb KAXKIOIO CJaraeMoro Jexal B

OfHOU KapTe MHoroo6pasusi M. Paccmorpum ataac kapt {U,} u pas-

GueHue enuHuun {¢p,}, noguuHenHoe atiacy {U,}. Torma 1 =3 o,

“J:Z‘pawr Supp Soaw c Ua' D

[TPUMEP 5. Teopemy | MOXHO NDHMEHSITb JJIsi ONpeleseHHs
KJacca KOTOMOJIOTHH, onpejessieMoro 3aMKHYTOH (OpPMOH w Ha MHO-
roo6pa3un. [Ipexxne Bcero 3amMeTuM, YTO ecAu w — mouHas ¢opma,
T. €. omnpejiessier HyJeBoil Kjiacc Koromosoruit [w]=0¢€ H*(M), To
unmezpanr opmol w no A1060MY 3AMKHYMOMY OPUEHMUDOBAHHOMY
noomnozoobpasuro W C M, dimW =k, pasen nyaro: § w=0. B

w
CaMoM jiesie, OCKOJIBKY w =d€), a OW =, to no dopmyse Crokca
umeeM: { w=(—1)*"! §{ @ =0. BepHo u o6paTHoe yTBepXAeHHE:
w

w
ecau unmezpas om 3amknymoil gpopmel f*w cmenenu k no arobomy
3AMKHYMOMY OpuermuposaHHomy muozoobpasuro W, dimW =k,
omobpaxcennomy 8 M, f: W — M, pasen Hysto, mo w S8AAEMCA
mouHoll ¢popmoii.
M=l npoBepHM 3TO yTBepXIAEHHE B YacTHOM ciydae, Korma k = 1.
Torna ycnosue, uto § w =0 mo moGoit 3aMKHYTOH KPHBOH <y, O3Ha-

Y .
4aeT, YTO HHTEerpalg S w 10 HESaMKHYTOﬁ KpHBOﬁ 3aBHCHUT TOJIBKO OT

)
HayaJbHOH M KOHEeYHOH TOYKH KpHBOH ~. Torga ¢pyHkuuio f, Takylo, 4To
df = w, 6yneM uckarb B Buge f(P)={ w, rie y — HekoTOpast Kpusas,

v
coeuHsIOMAss PUKCHPOBaHHYIO TOYKY Fy ¢ «nepeMeHHOH» ToukoH P.
Jns noxasatenbcTBa paBeHcTBa df = w JOCTAaTOYHO BHOPATh JIOKaJb-
HYIO CHCTEMY KOOPAMHAT B OKPECTHOCTH TOuKH P, ckaxem (z!,. .., z").
Torma B KayecTBe KpPUBOH <y BCeria MOXHO BeIOpaTb KDHBYIO, CO-
CTaBJIEHHYIO H3 CJeNyIOIHX KPHBHIX: (MKCHPOBAHHAS 7, — COENHHSIET
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Touky P) ¢ Hauanom koopauHar (0, ..., 0), mocaenoBaTeabHOCTb OTpe3-
k0B, coemuusiommx touku: (0,...,0), (z,...,0); (=, 22 ...,0);...
oa(zl, .,z 0), (2 ..., 2", ™). Toraa, nonarast w =7 g,dz’,
HMeeM:

z!

fz,..,z")= s w+ S a(z',...,0)dz'+
z? R/ 0

+ j g(z!, 22, ...,0)dz? + ... + S g.(z!,..., z")dz".
0 0

CulenoBaTeNbHoO, »
a ]
az—£=gk(z',...,z*,...,0)+ s ggﬂl(z',..., zk+! ., 0)dzk+! 4
z" 0
3 n n
+ j gg”(m',...,:z: )dz" =g, (z!, ..., 2%, ..., 0)+
0 zk+l
]
+ S a:!:T_Fl'gk((lil,...,1!"+1,...,O)dilik-"]"i"...
z"0
o n n
.+ s w2, zn)dzm =g (2!, ..., 25, 0)+
0
+[g (2!, ..., ¥ 0) =g (2. ., 2k, . 0)] +. ..
oo He (2. 2t) = gu(2 .., 2L 0)] = g (2. L, ).

§ 3. Crenens oTOOpameHHd H €€ MPHIOKEHHS

B sToM naparpade MH ONnHIIEM OAHH BaXKHHH TreOMeTPHYECKHH
HHBapHaHT 0TOGpaXKeHNH — cTeneHb 0OTOOpaXKeHHs.

1. Ipumep. PaccmoTpuM OKpYXKHOCTb S!, IOHHMAaeMyI0 Kak MHOXe-
CTBO KOMIUIEKCHBIX YHCEJ, N0 MOAYJIO PaBHHX egHHHLEe. PaccMoTpuM
oto6paxenue f: S'— S!, f(z) =2z". dT0 orobpaxeHue sBISETCA
rnagkuM otoGpaxenueM. JlioGasi Touka okpyxHoctH S'! sBasiercs
perynsipHo#t pisi oto6paxkeHuss f. JleHCTBHTENBHO, B JIOKaNbH(M Ma-
paMeTpe ¢ orobpaxkeHue f HMeeT BuUL: f(p)= ny; df(£) = nf,
n # 0. CaepoBarensHo, nuddepenunan df siBaseTcss U3oMOpPpH3MOM.
[Tpoo6pas nw6oii TOUKH 2, € S! COCTOMT M3 POBHO n TOUEK — KOPHEH
CTENEHH 7T KOMIUIEKCHOTO YHCJa Zz,. |eoMeTpuueckH orobpakeHHe
f MOXHO mpeicTaBiasiTh ce6e Kak <«HaMOTKY» OKpyXHoctH S'! Ha
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S! n pas (puc. 2). PaccMoTpum Teneph BHeWHIOKW muddepeHLH-
anbHYl0 (GOpPMY w, PaBHYI B JIOKaJbHOM NapaMeTpe w = dy. Torma
f(w)=d(f(¢)) =d(np) =ndp =n - w. [Tostomy

[ rw=n{w (1)
s! st
C npyroii cTOpoHH, pa36uB OKPYXHOCTb Ha n HHTepBajoB I,,..., I

(c momomipio, HanmpuUMep, KOpHeH CTermeHH n U3 efUHHIK), 06Hapy-
JKHBaeM, 4TO Ha KaXIOM HHTepBale I, orto6pakeHwe f siBisieTCS
nuddeomopduaMoM Ha okpyxHocTh S! (6e3 opHol Toukum). [losTomy
B CHWJIYy HMHBAaPHAaHTHOCTH HHTerpaja BHellHed aHGbGbepeHUHATbHOH
(dopMH TpH 3aMeHaX KOOPAMHAT (C MOJOXHTENbHHIM SIKOOMAaHOM)
noJiy4aeM S (w)= S w. 3HauuTt, cooTHoweHHe (1) MOXKHO MOJNYUYHUTD
I, st

ClefylOIMM 00pa3oM: MOACYMTATH YHCJIO NPO0OPa30B y peryJsipHOH
TOYKH M YMHOXHTb HHTerpal oT GopMH w Ha 310 uucio. [loayuntes
JeBast yacTb opmyan (1).

Y
(o ad]

Puc. 2 Puc. 3

HUcnonsayst npumep 5 § 2, monydaem, uto Ha okpyxHoctH S! To
Xe YHCJIO m OmpefielisieT W moseeHHe romomopdusma f*: H!(S!') —
— H'(S') B rpynnax KOroMoJIorti.

2. CreneHn oTo6paxenus.

Onpeaneaenne 1. Ilycts f: M, — M, raagkoe oto6pakeHHe
KOMIIaKTHBIX, CBSI3HbIX, ODHEHTHPOBAHHHIX 3aMKHYTHIX MHOr0o00pa3sui,
dim M, =dim M,, P € M, — peryasipHas touka. [ns Q € f~!(P) no-
JoxuM €(Q)=+1, eciin gerepMuHaHT MaTPHUH SIKOGH oTOGpaXkeHHs
f B Touke Q) mosioxureseH, u €(Q)=—1, ecin 3TOT Ke AeTEPMHHAHT
otpuuarened. Cmenenvto omobpaxcenus f (OTHOCHTENBHO peryJsp-
HOH TouykH P) Ha3biBaeTcst YHCJIO

degpy f= 2. €(Q). (2

QefN(P)
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Teopema 1. Popmyra (2) ne 3asucum:

a) om sotbopa pezyraproii mouku P € M,,

6) om suibopa omobpascenus f 8 Kaacce 2AQ0KO 20MOMONHbLLX
omobpaxceruil.

HNoxkaszateabcTBo. [IyHKT a) cBomuTcst K nyHKTY 6). B camMoM
nene, eciu P, P' — pgBe peryJsipHble TOYKH, TO CYILIECTBYET TaKoOe
HenpepeIBHOe ceMeiicTBO auddeomopdusMoB ¢,: M, — M,, uto @, —
TOXIecTBeHHoe oToOpaxeHue, a ¢, (P’') = P. Torna oro6pakenusi f u
¢, - f romoTonHbl M y o6oux Touka P perynsipHa. C [pyro#l cTOpPOHHI,
degp(p,-f)=deg, f. Utak, nycts F': M, x I — M, rnagkoe oto6paxe-
HHe, Touka P € M, perynsipHa mnsi f,= F|(M « oy ¥ 1S f| _F|(M {1
Torma nns 0T06pax(eﬂuﬂ F touka P sBAsieTcsi pPeryJsipHOd BO Bcex
toukax kpast (M, x I)=(M, x {0}) U (M, x {1}).

[To Teopeme Capna anst oro6paXkeHust F' HalieTcsl peryJsipHasi TOUKa
P’, ckonp yromHo 6sau3kast K Touke P. Torma Touka P’ peryasipHa u
nist oro6paxkeHui f, U f,. [Tockonbky Touky P’ MOXHO BHIGPaTh CKOJIb
yrogHo 6au3ko K Touke P, To misi KaXporo mpoo6pasa @ € fy!(P)
CYIECTBYeT eNMHCTBEHHbIH Oan3kuil npoobpa3 Q' € f;!(P'), npuuem
e(Q)=¢(Q’). 3naunr, deg, f,=deg, f,. AHaJIOrHYHO ycTaHaBIHBaEM,
uro deg, f, =degp f;. CHOBa 0603Hauast Touky P’ yepe3 P, nosyuaem,
yTo npoo6pa3 F~!(P) simnsiercst riagkuM ofHOMEPHEIM MHOroo6pasueM
c kpaeM, npuueM, kpau OF ~!(P) nexur B 8(M, x I). OnHoMepHoe
KOMIIaKTHOe MHorooGpa3ue Bcerga siisieTcsi OObeIHHEHHEM CBOHX
CBSI3HBIX KOMIIOHEHT — OKPY>KHOCTeH H oTpe3kos (cM. puc. 3). Cremo-
BaTeJbHO, U MHoroo6pasue F~!(P) pas.narae'rca B HECBSI3HYI0O CYMMY
orpeskoB I, u okpyxHocteit S!': F~Y(P)= U ILu U S!. Kaxnsiit

oTrpe3ok I, uMeeT 1Be rpaHHYHbIE TOYKH a, H b Mﬂox(ecmo BCeX
TOUYEK {ak, b.} o6pasyer o6benuHeHHne npooépaaoB W P) u fTY(P).
[Tokaxem, uto eciu mapa (a,, b,) JeXHT B ONHOH KOMIOHEHTe Kpas
O(M, x I), 10 e(a,)=—e(b,), a ecu B pa3nuuHbX, T0 £(a,) = e(b,).
B camoM nene, Ha MHOroo6pasuu M, x I B KauecTBe aTJiaca KapT MOXHO
BbiGHpaTh kKaptel U, x I ¢ KoopauHaramu (z!,..., z", ¢). Ha orpeske
I, BBenem mapametp ¢, 0 ¢ < 1. I[lyerh cHavana Touku a,, b, aexar
Ha cBsisHO# KoMmnoHeHTe M, x {0}, a, € U, x {0}, b, € U, x {0}. Torna
BHINIOJIHEHH HepaBeHCTBA:

a8t

)

C nmpyro# CTOpPOHHI, Ajisi NOCTaTOYHO Majloi okpectHocTH V 3 P
Bce mpoo6pa3nl u3 F~!(V) B okpecTHocTH I, fIBASIIOTCS OTPE3KaMH,
napaMeTpH30BaHHHIMH OJHHUM [1apaMeTpoM ¢, Tak uto F~}{(V)=V x
x F-'(P)=V x I,. Eciu B okpecTHOCTH V BBIGPaHH KOOPAMHATHI

ot
>0, 5|, <O 3)

G
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(¥',...,y"), To B o6nactu F~!(V') B kKauecTBe KOOPAMHAT MOXHO B3SITh
koopauHatH (y', ..., y", ¢). [losromy mus Buuucienusi uucen e(a,),

oz \ (%%

€(b,) HY>HO BHYHMCJIHTb 3HAK J€TEPMHHAHTA MaTPHLL % ) (3547
[MTockosbky MHOroo6pasue M, x I opueHTHPOBaHO, TO MaTpuuH Skobu
nepexona ot KoopauHar (z!, ..., z, t) k koopauHatam (y', ..., y", ¢)
HMEIOT OJMHAKOBHI 3HaK [eTePMHHAHTa He3aBHCHMO OT HHIEKca a.
Hanpumep,

8(2;,_,.,2:,t) — 8(:::;,...,2;' Lot (4)

8y, . y™ 9 la, B, 9" O
3HayuT, NepBbie COMHOXHTENH B NPaBoH YacTH (4) HMEIOT pa3nHyHHe
3HaKu s Touek a, ¥ b,. Ecan Touka a, € M, x {0}, a b, € M, x {1},
TO BMECTO HepaBeHCTB (3) BHIOJHEHH HepaBeHCTBa

at at
%, >0, %, >0. (5)
TToatomy u3 dopmyan (4) caenyer, uro £(a, ) =¢e(b,). Takum o6pa3om,
BCe TOUKH npoo6pasos f;!(P) u f{!(P) pa3busaioTcst Ha napH TOYEK,
TpUYeM ecJH Mapa JIeXXHT Ha OJHOM KOMIOHeHTe Kpasi O(M, x I),
TO B cyMMe (2) oHa pmaer HyJjeBod Bkiaj. Ecsin ke mapa Jiexur Ha
Pa3NMYHHX KOMIOHeHTax Kpas d(M, x I), To oHa naetr B cymme (2)
ONIMHAKOBHIH BKJaj Kak aisi degp fy, Tak u misa deg, f,. O

3AMEYAHHUE . Jlnsi HeOpueHTHPYEeMEIX MHOroo6pa3uil ToXXe MOXHO
ONpeNeJIUTh aHAJOT cTemeHH oroOpakeHusi mo opmyre (2). Torna
BMECTO TeopeMH | cJjedyeT yTBepXKAaTh HE3aBHCHMOCTb CTeleHH
OTOGpaXKeHHs OT BHOOPA TOYKH M TOMOTOIHMH [0 MOAYJIO 2.
3. OcHoBHas Teopema aareOpnl. Tak Ha3nBaeTcs TeopeMa, Iia-
csmas, 4YTo At060i mHozoureH P(z) cmenenu > 1 Had nosem
KOMNAEKCHbIX Yuces umeem xoms 6b. OOUH KOMRAEKCHbLL KOPeHb.

CymecTByeT MHOTO Pa3/IMYHHX NOKa3aTeJbCTB 3TOH TeopeMH. OnHO
M3 HHX TOJy4Yaercsl NPHMeHEHHeM MOHATHS CTeleHH O0TOOpaXKeHHs H
Teopemul 1. PaccMorpum rnankoe otoGpaxenue P: C! — C! koMmiexc-
HOM ILIOCKOCTH, 3afiaBaeMoe (opMyJIoi:

w=P(z)=2z"+a,_ 2" '+...+ a2+ a, (6)
AT0 orobpaykeHHe MOXHO NPOAODKHTb A0 OTOGpa)KeHHSI ABYMEPHOH
chepu S? B cebst, cuutass S? KOMIUIEKCHOM MPOEKTHBHOH NpPSMON
CP(1). ns aToro 6yneM cYUTaTh, 4YTO KOMIJIEKCHHIH napameTp z paseH
1

OTHOIIEHHI0 OfHOpOAHHX koopmuHat Ha CP(l): z = % PH 7z #0.

w,
AHanoruyHo w = ;ﬁ npu w, # 0. [TosTomy oro6pakeHue

e,

w=z'+a,_ 2’ 'n+...tazzg " +az, (7)

— n
U =%
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KoppeKTHo onpepensietT orobpakenne CP(1) B ce6s. Otobpaxenue (7),
OYEBHJHO, SIBJSETCS MVIafKUM oToGpakeHueM. B camoM pene, B KapTe
2, 7# 0 3T0 caenyet u3 (6). B kapre xe 2, #0 B kauecTBe KOMIVIEKCHOH
KOOPAMHATHl MOXXHO B3SITh QYHKIHIO 2’ = éll IMonoxum w' = % Torna

W= () (40, 7+ Ao @) HaZ)),  (8)

Torna, mom6upasi mocratoyHo MaiwM € > 0, BHOepeM kapTy, comep-
Xauyio Touky 2’ =0, 3agaBasi ee HepaBeHCTBOM |z'| < € Tak, 4TOGH
3HaMeHaTesb B (opMyse He obpamajcsi B HYJb. TakuM 00pa3om,
oro6paxenue f: CP(1) — CP(1), 3anaBaemoe dopmyoi (7), siBisiercs
ryiagkuM orobpaxkenneM. Buuncaum ero crenens. CornacHo Teopeme 1,
BMeCTO 0TOOpaXkeHusi f MOXKHO B35iTh TOMOTOIHOE eMy OTOGpaXKeHue.
PaccMoTpuM romotonmuio no mnapametpy t, 0 < ¢t <1, 3amaBaemywo

tdopmyoh (9)
w =2 +t(a,_ 12" ' +...+ 6, 9
Wy = %y
Kak u B ciyyae (7), oro6paxkenus (9) siBASIOTCS IVIaiKUMH OTOOpaxe-
HusiMu. [Ipu ¢t =0 nosnyyaercs npoctoe oto6paxeHue:
w, = 27, wy =23 (10)
wy ad . n
B nokanbHBHIX KOOPAMHATAX W= —1, z = 7 OHO MMeeT BHIL w = z", H,

cKaxeM, Toyka w = | siBisieTcs peryasipHoii. B camoMm nene, ciemyer
BHYHCIUTh MaTpully SIko6u oTo6paxenus u=Re w=Re z*, v=Imw=
=Im z", z=z + 1y. Torna:

ow ow
det 2049 _ ot (Re—gz —ImE) =

3(z, ) Im 52 Re% -
n—1 n-1
=n2det(§§§n_l —RI:‘I;_I )=n2|z""|2>0

npu z #0. TlockoabKy ypaBHeHHe z™ = | UMeeT POBHO T pelueHHH, TO
creneHb oTo6paxkenus (10), a BMecte ¢ HuM u (7), paBHa n: deg f =
=n. Ecin 66 MHOTOWwIeH P He uMeJ KOPHEH, TO 3TO 3Ha4HJIO GHl, YTO
Touka w =0 He npUHaLIeXHUT 00pa3y otobpaxenus f. CirexoBatesnbHoO,
oro6paxenue f: CP(1) — CP(1) umeno 6u peryasipHyio Touky (w =0)
C MYCTHM Npoo6pa3oM, T. €. cTeneHb OTOGpaXeHUsi [ paBHsIach Ol
HyJ0. [IpoTHBOpeune NOKa3HBaeT TeOpeEMY.
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4. iaterpupoBanue ¢opm.

Teopema 2. [Tycmo f: M, — M, — 2aa0koe omobpadxcerue opuen-
MUPOBAHHBLX KOMNAKMHLLX CBA3HBIX MH02000pa3ull, w — BHEUHAS
Ougpgpepenyuarvras gopma, deg w =dim M, =dim M,. Toeoa

[ rw)=degs | w (11)

M, M,

JokxasateancTBo. [Tockonbky JeBasi 1 npaBast 4acTb GOPMYJIH
(11) MMHEAHH OTHOCHTENBHO W, TO €e JOCTATOYHO A0Ka3aTh st GOPMHI
w, HOCHTENb KOTOPOH JIEXXHUT B MaJsioll okpecTHOCTH U TOukH @ € M,.
[ycts @, € M, — peryasipHasi Touka oto6paxenus f, Uy d Q, —
JOCTaTOYHO Majlasi OKPeCTHOCTb, COCTOSIIAsl M3 DeryJsipHhX TOYeK
oro6paxenuss f. Torma cyumecTsyeT HernpephiBHOEe ceMeHCTBO aude-
oMoppu3MOB ,: M, — M, takoe, ut0 @ (P)= P — TOXIeCTBeHHOe
orobpaxenue, a ¢, (U;) =U 5 Q. B camoM nene, coefMHHM TOUKH
Q u Q, HermpepHBHHM nyTeM 7. be3 orpannyeHHsi OGLIHOCTH MOXHO
CYHTaTh, UTO TOUKH Q H (), nexar B ofHO# Kapte V', nuddeomopdHO#
R", a mytb 7 siBIsleTCS NPSIMOJMHEHHHIM OTPE3KOM B JIOKaJbHOH
cucreMe KoopauHaTt. [ToctpouM BekTOpHOe moje € Ha MYTH 7y, paBHOe
KacaTeJbHOMY BEKTOPY K 7 M MMeIOllee KOMMNAKTHHIH HOCHTeNb B
kapte V. Torga cooTBeTCTBYIOIAsi BEKTOPHOMY MOJIIO ¢ AHHAMHYeCKast
cHCTeMa, T. €. OJHONapaMeTpUyecKoe ceMeHCcTBO auddeoMopbdu3MoB
¢,, mepeJBUraeT TOuKy @ B TOuky Q,, a npu t =0 puddeoMopdpuam
@, SIBASIETCS] TOXAECTBEHHHM. Torma ¢opMH ¢ (w) = w, o (w) = w,
cornacHo TeopeMe 4 § 1 xoroMoJioruuHe, a mo TeopeMe Crokca
§ w={ w,. AnanornuHo, S ff(w)= S f*(w)). Mockonsky supp w C U,
M, M,

TO supp w, C Uj,. Cnen.oaare.nbﬂo § w § w,. C apyroi cTOpOHH, mpo-
M2 Uo
o6pa3 f~'(U,) coctouT u3 06beAMHEHHS] KOHEYHOTO YHCJIa OTKPHTHX
N

MHOXecTB f~Y(U,) = V., Ha KaXXIOM H3 KOTOPHX OTOOpa)KeHHe
o P P

79

i=1
siBasieTcst iudpdeomopdusmomM. Toraa, nockoasky supp f*(w) C f~(Tp),
TO

[ rwi= | re=3 [ re= S| -

i=

M, JRCA) v, v,
=[Sema] [o=[ 5 ] w=wgs|w o

U U 123
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5. TayccoBo oToGpaxkeHHe rHnepnoBepXHOCTH. PaccMoTpuM ru-
neproBepxHocTh M B eBKJIMAOBOM npocTpaHctBe R", dimM =n —1,
3anaBaeMoe ypaBHeHueM F'(z)=0, grad F #0. Torna Ha MHOroo6pa3uu
M onperneneHL: puMaHOBa MeTpHKa {g;; }, popMa o6bema Vgl dy'A. ..
...Ady"~!, rne |g| = det(g,;); rayccosa kpusnsna K = K(y',...,y").
Onpenennm Hosylo dopmy Kdo =K (3!, ..., y*) /|g| dy'A. . .Ady™~,
HasnBaeMyl gopmoil xpususHsl runepnosepxHocty M. Kpome Toro,
LISl THNEPNOBePXHOCTH M omnpenenieHO riaakoe oro6paXkeHue f:
M — S"~! CR", koTopoe Kax0¥ Touke P conocTasisieT ero HopMalb.
910 oTOGpaXxkeHue HasnBaercsl ciepureckum omobpasceruen. ITyctb
) — dopMa o6bema Ha cepe S™~!.

Teopema 3. [ra cepuueckozo omobpanenus f: M — Sn-!
eunepnogepxrocmu M npoobpas ¢opmer obvema 2 Ha cpepe S™~!
paseH ¢opme Kpususmel Ha eunepnogepxrocmu M: f*Q =K do.

JokaszaTteanbcTBOo. Dbe3 orpaHuuyeHusi o6LUIHOCTH MOXHO CYH-
TaTh, YTO B OKPECTHOCTH TO4KH F) € M MHoroo6pasme M sBasieTcs
rpadukoM Qynkumu z" = f(z',...,z"" '), a B Touke B, =(0,...,0)
HOpDMasib K MHoroo6pasuio M mnapaniensHa ocu Oz™. Toraa B Touke
F, puMaHOBa MeTpHUKA MMeeT BMJ €IMHHYHOH MaTpuuslg; = §,;. To-

2
Tla rayccoBa KpuBH3Ha B Touke F) uMeer Bum: K =det 83' ;;,. .
Ha ctpepe S"-! C R B oxpectHoctu Touku f(F)=(0,...,0,1)
B KayecTBe XOOpAMHAT BhiGepeM KoopmuHatH (z!,...,z"~!'). Torma

MmeTpuka Ha cdepe S"~! B Touke f(F,) TOXe MMeeT AMArOHAJbHEIH
BUL: g, = 8. Torna dopma 2 Ha chepe S™~! n Touke f(R) pasHa:
Q=dz' A...Adz""'. Buuncaum teneps cepuyeckoe oToGpaxkeHue.
KacarenbHoe mpocTpaHCTBO kK MHOroo6pasuio M mnopoxnaercs kaca-
TeJbHHIMH BEKTOpaMH

1 0 0
0 1 0
Tl= P , 7-2: P , ceny rn-1= «oe
0 0 1
le fzz f:n—l
Toraa HOpMaJbHBEIH BEKTOP 7i UMeeT KOOPAMHATHI
fz‘

1 %
¢1+f:21+...+f:2n4 fﬂ_‘
-1

n=
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[Tpoo6pas ¢dopMu {2 npu cdepuyeckoM OTOGPAXKEHHH BHYHMCISETCS
nyTeM NOACTAHOBKH BMecTo dz' aubdepeHuHasa KOOPAHHATH HOP-
MaJIbBHOTO BEKTOpa 7i:

F()=d fa PN — - .
VI1+FE 4+ f I+ 5%+
Hmeem:
d fz; _ df i _ fzi(fxldle +-..+f:n—ldf:n—l).
\/1+f3.+...ff,_, \/l+f3.+...ffn_, \ﬂ1+f31+...ffn_.)3

Torna, nocxom;xy B TouKe F) .nepBhe 4aCTHhIE MPOU3BOAHKEE (YHKLHH
f paBuu Byaw, f.(R)=0, TO

n-1 2
fy = ,fJ dz’
\/l+f,l+ B A S odter

B Touyke F). CirenoBaTesbHo,

n-1 n-1
f’(Q)=(Z 3::85{11 da:’) /\(Z ﬁ;dm’):

_ 3*f 1 n-1_
_det(az‘azf) dz' A...ANdz""'=Kdo. O

B kauectBe ciencTBHs nosnydaercsi usBecTHasi meopema laycca —
Bonne:

Teopema 4. [Iycmv M — 3amMKHYmMas KOMNAKMHASL NOBEPXHOCMb

8 R3. Tozoa § K do =4m)\, 20e A\ —nexomopoe yenoe 4ucao.
M

HoxasatenbcTBo. [lpuMerum teopeMmu 2 u 3:

s K do= j F4(Q) = (deg f) s Q=4ndegf O

M M S?

3AMEYAHHUE . Teopema 'aycca — BoHne yTBepxnaer Gosblie, yeM
TeopeMa 4. OxasniBaeTcs, 1eJloe YUCIO A He 3aBHCHT OT PHMaHOBOM
METDHKH H BCerja paBHO A =g — 1, roe g — 4YHCJIO py4yeK Ha
OPHEHTHPOBAHHOM MOBepXHOCTH M.



Canasa 7

INPOCTENIONHUE BAPHUAIIMOHHBIE 3AIAYH
PHMAHOBOU TEOMETPUH

§ 1. llonarne pynknuoHana.
Ixcrpemanbable PyHKUHMU. YpaBHeHHe Jinepa

BapuauuoHHbe 3aaud SIBASIOTCS OAHUM M3 Ba)KHEHIIHX KJaccOB
MaTeMaTH4YeCKHX 3afiad, BeYIIHMX CBOe [POMCXOXIEHHEe OT OOLMX
(H3HYeCKHX M MeXaHW4YeCKHX mpobjieM ABHXKEHHS H YCTOHYHBOCTH.
Tak, HanpuMep, Mbl YBHAHMM, 4TO reofe3HyecKue TPAeKTOPHH SBJISIOTCS
PeLIeHHsIMH COOTBETCTBYIOLIEH BapHAaLMOHHOH 3a[auH.

HauHeM ¢ o6uiero noHsiTust Bapuauuu pyHkunonana. [Ipeasapuress-
HO MOrOBOPHM O CAMOM MOHATHH (PYHKUHOHaANA. MEI 3HAKOMH C MOHS-
THeM GyHKuuM y = f(z), [ie y — BelleCcTBEHHOE YUCJIO, A aPTYMEeHT T
MOXeT OHTb 3anucaH B BuAe HaGopa uucaa (z',...,z") B HEKOTOPOH
KPHUBOJIHHEHHOH CHCTeMe KOODAMHAT Ha IJIaikoM MHoroo6pasuu. On-
HaKoO, JaJIeKO He Bce (puauqecxue COOTBETCTBHSA MOTYT OLITh 3alHCaHHI
Ha TaKOM, OTHOCHTEJNbHO MPOCTOM si3nike. Hampumep, Mul 3HaKOMHI
C TaKHM COOTBETCTBHEM: KaXXJOMY KOHEYHOMY OTPe3Ky IVIaiKOH KpH-

b

BO# 7y(t) conocrasasietcs ero gauna I*(y) = { || dt. 1o coorserct-

a
Bue: Y(t)— I2(y(t)) yxe He siBasieTcst «QyHKUHEH» B [IPEXKHEM HAILEM
MOHUMAaHUH, TaK KAaK «apryMEeHTOM» SIBJsieTCS NPOH3BOJIbHAS IJIafKast
KpuBasi. DTO cooTBeTcTBHE: ¥ — l(7y) siBIsieTCSl BaXKHRIM [PHMEPOM
HeJIHHeHHOro (yHKIHOHANA, ONPefleJIEeHHOTO Ha POCTPAHCTBE IVIafKUX
KpuBbiX v(t). O606mMM STOT mNpUMep; MPH STOM B KPYr HaUIMX
paccMOTpPeHU# MOonaiyT APYTHe BaXKHhie COOTBETCTBHSI.

PaccMotpuM B R™ orpannuennyio o6aacte D ¢ riamko# rpa-
Huuein OD; mycth z',...,z" — HekapTOBH KoopauHats. Pacemor-
puM Ha D BCeBO3MOXHHIE TVIafiKHe BeKTOp-QyHKUMH f (z!,...,z") =
= f(z*) = (f'(z*),..., f*(z*)) = {f{(z*)}, rne uucna k u n Hukax
IOpyr ¢ apyroM He cBssaHH. O6nacte D HasuBailoT 06JacTbio H3Me-
HeHusi mapamerpos z!,..., z". Ilyctb nanu nse QyHkumu: {fi(z°)}
u {g'(z)}, 1 <7 < k; Torna misi MOGHIX BelECTBEHHLIX YHCEN a U b
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onpesieieHa HOBast BeKTOP-GYHKIHS af+bF={af (z*)+bg'(z*)}, . e.
BCe IJIafikue BeKTOpP-GOYHKUMH Ha D 06pa3yioT JHHeliHOe MpOCTPaHCT-
Bo F'. Ato npocTpancTBO GeckoHeyHOMepHO. PasnuyHbe QyHKIHOHAH
MH OyfeM paccMaTpHBaTh HMEHHO Ha 3TOM NMpocTpaHCTBe F', «TOUKH»
KOTOPOro (T. €. BEKTOP-PyHKUMH) M OyAyT SIBASITBCS «apPryMEHTaMH»
dynkunonanos J[f], feF. Brnpouem, B Tex MPOCTHIX MPHUMepaX,
C KOTOPHIMH MHl OYIeM HMeTb A0, Hajluyue JHHeHHOH CTPYKTYpH
B F' He Gyner cymecTBeHHO: MH He OyIeM CYLIECTBEHHO MOJb30BaThCS
onepanuer CJOXEHUsI BEKTOP-bYHKLMH.

B pa6ore ¢ ¢yHKUMOHaNaMu MOJE3HO MMETb B BHAY aHAJIOTHIO
C OOBIYHBIMH (PYHKLHSIMH.

Onpeaeaenane. Pynkyuonasom J, onpeneNeHHHIM Ha MPOCTPaH-
ctBe F' (WIM Ha KakoM — JHOO MOAMHOMKECTBe npocrpaHCTBa F),
Mb OyneM HasmBaTbh HenpephiBHOe oToOpaxeHue F (unu ero mnop-
MHOXeCTB2) B BeulecTBeHHbe uucaa: J: F — R otobpaxenne J
JUHEHHHM He npexnonaraercs. Ecau J [af +bg]l=aJ] f]+bJ [9] (1. e.
J — NuHe#Ho), To GyHKUHOHaN J Ha3biBaeTCs AUHELHbIM.

[TPUMEP: D — oTpesok Ha BelecTBeHHOH npsmoit: z' = t,
F()=(F'(2), £2(2), fs(t))—BeKTOP-WHKHHﬁHaD T.e. f(t)=7(t)
ompeenser rMaaky© kpusyo B R% npu stom F ectp amHeitHOe
NPOCTPAHCTBO BCeX TaKMX KpuBHX B R’ (pammyc-BexTopH fug
KpuBHX f(t) ¥ G(t) MOXHO CKJIaAbBAaTh M YMHOXAaTh Ha 4YHCJA).

1

B kauectse J BossMeM unrerpan J[f]={ |7(t)| dt = § |f(¢)| dt, 1. e.
0 D

AHHY KPHBOH f(t_), 0< t < 1. 10T QyHKUHOHAN HeJMHEEH, TaK KaK
Jlaf + bg]# aJ[f]+ bJ[g] (nocTpoiite npumep).

Iycrs sanana rnankas ¢yunkuus L (z°; p*; qa) 3aBuCsILUAst OT TPeX
TPYNI nepeMeHHEIX: 8, 1<B<n; P, 1<i<k; ¢, 1<agn,
1 €7 < k. HaszoBeM sty dyHKRUHIO sacpaHacuarom. TakuM o6pa3oM,
JIarpaHXXHaHOM MOXET CIYXHTb J00as [Majkas (QyHKUMS OT Tpex
rpynn nepemenHux. Ilycts f = {fi(z?)} — rmankas BEKTOP-(YHKLHS,
onpenenenHass Ha D C R". [ToctpouM dyHkumonan J|[f] rax:

JIf1=§ L £(=*); fio(?) do,
e S 0603HauaeT KpaTHHIl HHTErpaln S -§ (n pas) no n-mep-

HOH oénacm D; do"=dz' A...Adz” — n-MeprIH 3JeMeHT 00b-

eMma B D (1. e. nexap’rosa BHeLIHsisl (opMa eBKIMAOBa OOB-

ema) fL(zP)= ﬂx—l — yacTHule mnpoussonHue. CokpauieHHO 3a-

mamem J[f] Tak: J [f1=§ L(2?, f¢, fi.) do™, omyckasi aprymenTH
D
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y ¢oysguui f* u f.. OyHkuus L (narpaHxkuaH) QUKCHPOBaHAa TeM
caMuHIM misi Kaxkaoro (yHkumoHana J. OnpeneneHHHH HaMH KJacc
(OYHKLHMOHAJIOB BKJIIOYaeT MPAKTHYECKH BCE COAEPKATEJbHEIE TPUMEPHI
(YHKLUMOHANOB B MexaHHKe, QDHU3UKe M HX MPUIOXKeHHsX. PaccMorpum
(YHKUHOHAN JJIMHBI IyTH

J[f]=§ |7(t)| dt = § gi,(v(t))m,;tﬂm;ﬂ dt,

e D=I=[0,1],0<t <1, n=1, F(t)=7(t)=(y'(t),.. ., y*(t));
~v(t) — rnagkas KpuBasi B k-MEpHOM MPOCTPAHCTBE C PHMaHOBOM
MeTpuKoO# g (y',. .., y*); narpaHXuaH uMeeT BHJL

£, f n. dy' dy*
L(m",f,f:a)=L<t;y‘,m,y ;d—’i,...,%)=

=\/g,-,~(y',---, y* )iy

Ecau kpuBas y(t) Ha miockoctd R? 3agana sisHO: y = f(z), TO

L(z, f, f)=L(f)=4/1+ 1

ITOT QYHKUHOHAN ONpee]eH TaKKe Ha KPHUBHIX, JIeXKAlIUX B [VIaIKOM
MHOroo6pasuu M*. Mu GyneM 0GHYHC pacCMaTpUBaTh MAYI0 OKpecT-
HOCTb KOHKPETHOH KPHBOH; B 3TOH OKpecTHOCTH OyneM mpennoJaraTh
BBEJIeHHEIMH JIOKAJbHbIE KOOPAHHATH ¥!, . . ., y*, ¥ TeM caMbiM cOOHITHS
nepeHocsATCsl B HEKOTOPYIO 06/1acTh B k-MepHOM eBKJIH0BOM NPOCTpPaH-
cTBe, CHa6XXeHHOM PHMaHOBOM (BoOO11e roBOpsi, HEEBKJIHAOBOMH ) METPH-
koi. [Ipu aTOM cllo’keHHe BEeKTOP-(YHKIMH, 33[AI0IHX KPHBLIE, MOXKHO
BHIOJIHSITD TOJIBKO B HAKOTOPO¥ OKPECTHOCTH (PMKCHPOBaHHOH KPHBOH.

Jpyro# npuMep: GyHKUMOHAN niowanyd J [f]= § VEG — F?dz dy.
D

3pecb D(z,y) — obnacTh H3MeHeHMs napaMeTpoB (z,y), f=
= (u!(z, y); u?*(z, y); u3(z, y)) — nByMepHas nosepxHocTh B R? ¢ uH-
AyuMpoBaHHOH MeTpukon ds? = E dz? + 2F dzdy + G dy?;

L= L(};a fy) =VEG-F?’= \/(._f;’ fx)(fy’ fy) - (._f;a fy)2'

3mech npocTpaHcTBO F — 3TO JIMHEHHOE MPOCTPAHCTBO BCeX
BekTOp-pyHkumi (u'(z, y), u?(z, y), v®(z, y)), onpeneneHHbix Ha D.

MoxHo 6bu10 6B paccMOTpeTh (DYHKIHOHAJ MJOLIANH B HHOM BH-
me: J[f1= 1+ 2+ f2dzdy, tne D — obnacte B R*(z,y);

D
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f(:c, y) = (=, 9, 2(z,y)), T. e. BeKTOP-GOYHKUMSA f sapasa B sB-
HOM Buie rpapukoM z = f(z,y) Hag obmacteio D B R?Z C R3;

L =L(z, z,)=4/1 4+ 22 4+ 2zZ. CnoxeHue Takux BeKTOP-QYHKIIHI O3Ha-

yaeT cjoXeHue rpadukoB 3THX ¢QyHkuui B R® Hag D. Ho maneko
He KaXnasi noBepxHOCTb B R3 MoxeT GHTh 33afaHa rpaduKOM OIHO-
3HaYHOH (DYHKLHH.

Kaxne Bonpoch Gymyt Hac B mepBylo ouepeip MHTEPeCOBaTh IPH
nsydyeHun J[f]? O6GparuMcs K aHalIOrHM ¢ OOBLIMHBIMH (DYHKIHS-
MH; HarnpuMep, PacCMOTPUM (YHK-
IMH OT OJHOTO WJH OT [BYX Ie-
peMenHux: a(t) u a(u,v). Kak
HaM H3BeCTHO, B OOJIBIIOH cCTere-
HU noBefeHHe GYHKIMH o(t) WM
a(u, v) onpenensieTcst KONMHYECTBOM
H PacrosIoXXeHHeM TeX TOUeK t, (AIH
(4, 1)), B KOTOPHX a'(t,) =0 (man
a,(uy, %) = a,(u, %) =0), . e.
grad(a) =0. Takne TOYKH, B KOTO-
prix grad(a) =0, Ha3wBawTCS KpU-

Puc. 1 MUYeCKUMU WIH CMayUOHAPHbIMU

moukamu pynkuun a. MHorna yno-

TpebisieTcsl Ha3dBaHHe: IKcmpemarbHble Toukd. Hanpumep, ans yHk-
IuH a = a(t) CTaUHOHAPHHIMH TOYKAMH SIBJSIOTCS TOYKH MakCHMyMa,
MHHHMYMa ¥ TOYkH neperu6a (puc. 1). Eciu o = a(u, v), 10 cpenn
Touek, nsi Kotopux grad(a) =0, comepxarcs, HanpuMep, TOYKH
MaKCHMyMa, MHHHMYMa H CeJUIOBbie TOYKH (CeLla) MOpsifKa JBa; KPOMe
TOro, 371eCh BO3MOXHH cefya 0ojlee BHICOKMX MODPSIKOB (pHc. 2).

« max

=0 (UV,
a-a(uy) max

min

Puc. 2

TaK, HanpuMep, B MeXaHVWKe 3HaHHWEe TeX TOYeK, B KOTOPHIX IJlaaKasi
q)yHKIIPIH — MOTeHIHaJl OOCTUraeT MakKCHMyMa (T. €. MoTeHlHaJbHasA
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SHeprust — MHHHMYMa), UMeeT [epBOCTelIeHHOe 3HaYeHHe IS HaXOX-
NeHHs] YCTOHYHBOTO MOJIOXKEHHSI PABHOBECHS CHCTEMBL.

Ananornuno, npn nsydeHun J[f] Gosbloe BHHMaHHE yreJsieTcs
HaXOXX/IEHHIO TeX CTAllHOHAPHHIX BEKTOP-QYHKUHMH f,, B KOTOPHIX QYHK-
uuoHan J [OCTHraeT MHHHUMYMa, MaKCHMYMa WJIH HMEET <«Celjio».
OnHako MH JOMKHH CHOPMYJIHPOBATh 3Ty T€OMETPHYECKYIO aHANOTHIO
Ha auddepeHUHATbHOM si3bIKe; IPy6O rOBODsl, HYXKHO MPaBHJBHO MO-
HATB, YTO TAKOE «[IPOM3BOLHAS 10 HANPABIEHHIO» OT dyHKuHOHANA J
B HekoTopou Touke f € F. Kak 6wu10
oTMeueHo, st pyHkuu# a(t) u a(u, v) l
BCe HHTepecylollHe Hac KPUTHYEeCKHe
TOYKH SIBJISIIOTCS PEIUEHHSIMH YypaBHe-
Hua grad(e) =0. HyxHo nomyuuts
aHAJIOr 3TOr0 ypaBHEHHS B (QYHKLHO- |
HaJbHOM ciydae. BepHeMcs kK ypaBHe- !
Huo grad(a)=0. Kak MH 3HaeM, eciu -H——
B Touke (u,v) € G 3amaHO HEKOTOpOe
HanpasneHue (Bekrop) d= (a', a®), 10
npou3BofHasi PyHKUHH a(u, v) Mo Ham-
PaBJIEHHIO 4 UMeeT BHJL u G grad ()

d [2) (o) —
Fa(y,v)=d 5 + a5 = (4, grad @) Puc. 3

(puc. 3). Orciona cienyer, uto grad a(uy, v,) =0 TOrAa u TOJMBLKO TOrAA,

Koraa di.da(uo, 1) =0 s 1060r0 HanpaeJieHHs! 4 B TOUKe (uy, Up)-
Eciu a = a(t), 10 3to o3Hauaer, uyto «(t,) = 0. IlpousBonHas
oT a(u, v) MO HAaNpaBJeHUIO d MOXeT OHTb BHYHCIEHA TakK:

d P |
d—% = !13}) <[a(u +ed', v + ea®) — a(y, v)],

rae a= (a!, a®), e — napamerp, T. e.

& =lim {[a(3 +€d) - a(3)),
rae I = (u, v) — paguyc-BeKTOp TOYKH H3 o6nactu G. MiMeHno B Ta-
Ko ¢opMe MH H 0600LMM MOHSITHE MPOH3BOLHOM M0 HANPaBJEHHIO
Ha caydai pyHKumoHanoB J[f].

PaccMoTpuM «TOUKy» f € F u paccMotpuM ¢yHKRuuw 7 € F, no-
CTaTOYHO MAJyl0 H TakKylo, 4TO 7j|sp = 0. Takne dyHkuun 77 Gymem
Ha3bIBaTh 803MYUW,eHUAMU PYHKIIHH f. CMecTHMcst M3 TOUKH f B TOYKY
f+ e (puc. 4). Oynkums 7 (wanomuum, uro 7| op = 0) 3anaer
«HampapJleHHe CMeIIEeHUsI» U3 «TOYKH» f, TOUHO TaK Xe, KaK BeKTOp @
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3anaBajl HampaBJleHHe CMeIleHHsI H3 TOYKH (U, ¥y) € G; OTIHYHE OT
ciy4yass OOHYHOH (GYHKUMH B TOM, YTO Telepb 3THX «HaNpaBJeHHH»
6ecKOHEYHO MHOTO.

Jlanee, B TO4HOM COOTBETCTBHHM C Omepauuen [yt OOBYHbIX QYyHKUMH
CTPOMM CJIeflyIOlllee BhHIPAXKEHHUE: é(] [f+ en]—J [f]) H, Nepexons K
mpeneny IO €, MOJYy4aeM YHCJIO, KOTOpoe 0603HaYUM depe3

d 3 . 1 7 - 7
77 JUf]=lim 2(J[f + efi] = J[f])
¥ KOTOPOE ecTeCTBEHHO Ha3BaTb NPOU3BOOHOL GynKyuorara J 8 mou-

ke f no Hanpasaenuro 7j. PasBuBasi 3Ty aHaJOrHi0 ¢ OOBLIYHBIMH
GYHKUMAMH, JaUM ellle OIHO ecTeCTBeHHOe

Onpeaeaenne. Gynkuuo f, € F nasoseM cmayuonaproi (sxcm-
pemanvroil, Kpumuieckol) dynkuuedt mns GyHkuuoHana J[f], eciu
diﬁ'] [fo] =0 mnst mo6oro BO3MyLIEHHS 7j TAKOro, YTO 7j|,p =O.

Puc. 4 Puc. 5

Ecan B KauecTBe F' pPaccMOTpeTb MPOCTPAHCTBO BEKTOP-QYHKIHME f
C MOCTOSIHHEIMM KoopauHatamu (T. e. f*(z®) = (const)’), To 3TH
onpefeJieHus! NPeBPAILAIOTC B OOBYHEIE ONpefeleHHs] MPOH3BOLHON
0 HaNpaBJIeHHIO H CTAlMOHAPHOH TOYKH.

¥Yno6Ho mpencraBiaaTs QyHKuoHan J B Bune «rpaduka» Haj F
(puc. 5). Eciu f € F', 10 coBokynHocTs QyHKUME f + €7, Tae 7j|op =0,
o6pasyeT, O4YeBHIHO, JIMHeHHOe mpocTpaHcTBO 1 (ecau NpuUHATH f
3a «Hyab» mpoctpaHctBa T'), Ha KOTOpOe MHl H OrpaHHYMBaeM Hall
dyukuuonan J. C 3TOH HarISOHOH TOYKH 3DEHHSI Te <TOUKH» fy,
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rae f%][fo]=0 (mns moGoro ),
SIBJIIOTCS TOYKaMH MHHHUMYMa, Mak-
CMMyMa MJM <¢CEJVIOBEIMH TOHYKa-
Mu» rpatduka J[f], orpaHuueHHOro
Ha noanpoctpaHcTso T C F'. CMbich
onepauuu orpaHuuenuss J Ha T
SICEH: MBl XOTHM H3y4HTb TMOBeJe-
Hue J TpH TaKUX BO3MYyIIEHHSIX 7,
KOTOpble He MeHSIOT f Ha rpaHu-
ue 8D, T. e. H3y4AIOTCS JOKAJTbHHIE,
Ju(hepeHIHaIbHEE CBOMCTBA (DYHKIHH f,, TaKOH, 4TO FEd 4 (£l =

(mnsa qxo6oro 7). Ha puc. 6 KOHIH KPHBOH (PMKCHPOBAHH B TOYKaX A
u B: 7j(A) =17(B) =0. BuBeneM Tenepb siBHyI0 $OpMyJy mist Tpo-
H3BOIHOH :—ﬁ.] [f,]. (Buipaxenne E‘%J [f,] HasbiBaeTcs uHOrRA nepsoi

Puc. 6

sapuayueil J [f].) Hmeem
7= J1f1=lim 2 (JIF + 7] - J[F]).

Tonoxum 6J = J[f + 7j] — J[f]; Torna

8J = §[L(2"; f* + en’; fi. + enia) — L(2?; f*; fL.)] do™.
d

Paanarasi nognHTerpaNbHOE BHpaXkeHue B psn TeHsnopa, nosydyaeMm

k

6J = S [t‘l 3f' ,+E Z 3f’ 57];°+0(5)] do™ =

i=la=1

— i = i 0§5! n

= + .|+ do™.
ES{,_] I:afs E "7:] € }

a=1

afl.

BHNONTHUM HHTerpupoBaHue 1o yactaM. PaccMmotpum

o (oo \_o (o) ., o
= \or." ) T (o ) o e

Lo . 8 (oL i gon n
+613;Z (af"‘— 2 o (af;))n do +Is;o(5)da.
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)
+

L ol
.
&

S’

J

Y

“MAMAANANN

X%
Puc. 7
Tak kak Bce QYHKUMH NPeNNoaraluch [NIaAKHMH, TO B EPBOM HH-
Terpajie HHTETpPHPOBaHHe MO0 T MOXHO OTAEJIHTb OT HHTETPHPOBAHHS

no ocTadbHHM nepeMeHHBIM z' (1 <7 < n; © # @) B CHIYy TeOpeMH
O mepeMeHe MOPsIIKA HHTETPHPOBAHHUS, YTO HAET:

D (o i\ ga_ ¢t (0 (B i\ ga) gon-t
Vi () o= 5 (§ae (50) o) o

P
(puc. 7). Tak kak B § Ha nepemennwe z!,...,Z%,...,z" (mnepe-
Q

MeHHast T TNpoOmylleHa) MOXHO CMOTPeTh KaK Ha MapaMeTpH, TO
HHTErpHPOBaHHE MOJHOCTBIO BHIIOJNHSETCS, T. €

a oL i n_—
= (af:f’) do™ =

— [8f‘ Q@) — (P (P)] do™~1 =0,
taK Kak 7°(P)=7(Q)=0; P, Q € 8D. Urax,

7=c{ 3 [af,—z 2 (2

Di=1 a=1

o7 )] n* do™ +So(s) do™.

Orciona

H_cwlom & 8 (o
EIN=13 & -5 & (&) waon
TaK Kak 11m S o(€e) do™=0. ITyctp f0 — cranuoHapHasi yHKuus mis J.

Torna mns .mo6on dyuxuun 7 (7j|op = 0) ROMKHO OHITH BHIOJHEHO
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paBe€HCTBO

i|0L = 8 (8L n—
S5k ()] =0

Kak usBecTHO H3 Kypca aHaJin3a, 3TO O3HayaeT, 4yTo

8L 9 oL \ _ -
afi—aé:lw(af:n)—o, ’L—l,...,k. (A)

Cucrema qudpdepeHuuaipHuX ypaBHeHui (A) Ha3biBaeTcs cucmemoil

ypasHenuii Jirepa orn ¢pynkyuonara J[f]. TeM cameM nOKa3aHa
BaXKHasl
Teopema 1. DPynxyus f,€ F asasemcs akcmpemarvuot (cmayu-
onapHoll) ynkyueil dra pynkyuonara J[f] mozda u morvxko
moeda, kozda oxna ydosremsopsaem cucmeme ypasueruii Jisepa (A).
Ecan dyHnkuuoHan siBisietcst 0O6b4HOM dyHKUHe# Ha obnacta G, TO
ycaoBHE 3KCTPEMANIbBHOCTH TOYKH I, € G 03HayaeT, 4To 3Li =0, 1. e

grad L =0, 4to u cienoBano oxupath. 3nech J =cL, rae ¢ = const.

§ 2. IKcTpeManbHOCTh reoge3udecKux

Jlns puMaHoBa MHOroo6pasusi Ml ONpPeleJHIH reofie3aHieckHe Kak
TPaeKTOPHH, BIOJb KOTOPHX MapaielbHbIH MepeHOC COXpaHsieT moJe
ckopocTe# Tpaektopud. OKa3miBaeTcs, YTO AJsI reofe3HYecKHX Cylie-
CTBYeT elle OfHAa MCKJIIOYHTEJbHO Ba)KHasi XapaKTEPUCTHKA, KOTOPast
MOXET TaKKe CJYXHTb ONpefieIeHHEM reofie3nyeckKod. ta Xapakre-
PHCTHKA CBSI3aHa C SKCTPeMaJIbHBIMH CBOMCTBAMH CIIELMAJbHOTO (YHK-
LIMOHAJIa, BEChbMa «IIOX0XKero» Ha (QYHKIHOHAJ [IHHH; reofe3HyecKue
BHICTYMNIAIOT KaK 3KCTPeMasbHble pelleHus 3TOro QyHKIHMOHAA.

IMycts M™ — pumaHOBO MHOrOOGpasue ¢ MeTpuko# g;; =', ..., " —
JIOKaJIbHble KOOPJAMHATH; TOraa TpaeKropus y(t) mMoxer OHTb 3amaHa
tak: y(t)=(z!(¢),...,z*(t)); B KauecTBe 06nactTu D BO3bMeM OTpe-
30k I =[0, 1]. Insa yno6cTtBa 6yneM paccMaTpuBaTh TPaeKTopuu 7 (t)
¢ GHKCHpPOBaHHHIMM HauyajoM u KoHuoM: v(0)=P, v(1)=Q, roe P,
QeM".

Onpepeaenne. PyHKUHOHATN

1 1
L(v)= § |7 dt = g \V gij(z)j’ij’j dt
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HasmnBaeTcss PyHKyUuorasom Oautel mpaexmopuu. PyHKIHOHAT
1 1
E(y)={[i[?dt = § g,(z)2'2? dt
0 0

HasmlBaeTcsl ynKkyuonasom deticmsus mpaexmopuu y(t).
dynkiuoHans L w E pasiMyHRE, HO MeXAY HHMH CYIIECTByeT
cBsi3b B BuAE HepaBeHcTBa: L2 < E; cBsSI3aHH TaKXe ¥ HX 3KCTPEMAJH
(cM. HuXe).
Jemma 1. Hmeem mecmo nepasencmso L2 E.
JdokasarteanbcTBo. [IpuMeHsis uasectHoe HepaBeHcTBO LlIBap-

la 9

() <(jr4)-(4)

x gynkumnam f(t)=1 u g(t)=|7(t)|, nonysaem (L (7)) < E(7), mpu-
YeM DaBEeHCTBO MOCTHMraeTcsl TOJBKO NPH MOCTOSIHHOH (yHKuuHu g(t),
T. €. TOrJa M TOJNBLKO TOrAa, KOrfa napaMeTp t IpONOpLMOHAJEH
JiuHe ayru. O

PaccMotpuM skcTpeManu ¢yHKiHoHanoB E u L.

Teopema 1. 3xcmpemaramu dyuxyuonara E(v) asarawomca ee-
odesuueckue mpaekmopuu ~(t), napamempu3osanHble napamem-
pom t, nponopyuoHarvHvim Osune Oyeu s. Ecau, 8 wacmuocmu,
Haroxcumo HawaroHoe ycaosue |7(0)| =1 8 HauwaavHol mouke P,
mo napamemp t onpedessiemcs OOHO3HAYHO U ABAREMCA HAMYPALL-
HolM, m. e. cosnadaem ¢ OAuHOU Oyau.

HokasateanbctBo. HanoMuuM, 4To MBl Bcersa paccMaTpuBaeM
TPaeKTOPHH C NapaMeTpoM, T. €. IB€ TPAeKTOPHH, OIHCHIBAIOILHE OJHO
H TO X€ reOMETPHYECKOe MeCTO TO4YeK, HO HMeIOoIiHe pasjHyHbIe
napaMeTphl, pacCCMaTPHBAIOTCSI HAMH KaK pa3/iMuHble TpaeKTOpHH. B cu-
ay teopemsl 1 § 1 skctpemann ¢yHkiuoHana FE(7y) yaoBIeTBOPSIOT
ypaBHeHHsIM DHJiepa, KOTOPHE B JaHHOM CJyuyae HMeIOT BHJL
narpamxuad L pasen: L (zf, 27) = g, (x)%*<?. Beuucnenue naer

8L _ 99y .... 8L _
aF et T T BaF

d (8L Ogk; .o .. wi 09y Lo Og; ;.. iy
I (ﬁ) =26z—'2z°z’ +2g,;4%; ax—,iz z! =28x—3z ! —2g,,%7;

2g,,27;

) 89 .... Og. ....
G + 5 (22 gigi — 2 4igy ) =0
kj 2 ozt 3xk
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T. e. £2 + T 2°27 =0. Urak, ypasHenus DiiNepa coBnamu ¢ ypaBHeHH-
SIMH TeOfIe3HYECKHUX B PUMAHOBOH CBSI3HOCTH. Teopema mokasaHa. O

dkctpeMans ¢yHkuuoHana E(vy) onpegmensieTrcss U3 ypaBHeHHH -
Jiepa KaK TpaeKTopHsi ¢ napaMertpoM. Ecin Ha reomeanyeckoi cienath
[IPOH3BOJIBHYIO TVIAKYI0 3aMeHYy nmapameTpa, TO 3Ta TPaeKTOpHs mepe-
ctaHet, BooOlie roBopsi, ObITh reoe3uYecKoH.

Teopema 2. 3Ixcmpemasamu ¢Gyuxkyuonara L(vy) ssasromcs
eaadkue mpaexkmopuu y(t), nosydaroyuecs u3 2e00e3uvecKux mpa-
eKxmopuii nymem npou3sOAbHbIX 2AAOKUX 3AMeH napamempa Ha
Hux. B uwacmnocmu, awobas sxcmpemaro pynxyuonara E(v) (na-
pamempu3osannas zeodesuveckas) aeasemcs sxcmpemarvio L (7y),
HO He Haobopom.

['py6o roBops, y PyHkuuonana L (vy) «Bosblie» sKcTpeMased, yem
y dyHkunonana E(y).
JokaszateanbcTBo. Paccmorpum ypasdenust ditnepa nas L (7).

Jlarpamxuan L umeer Bum: L (z, £) =4/ g, 2' 27. [Tonyyaem

oL d (oL _ L
o~ (35) =0 1<ism
1 9 cieg d 1 9 i
5 (958 8) — | ———=75_%(9;2'%") | =0.
[ U A
iy 2

[Tycts y(t) — Kakoe-mubo pelreHHe 3TOH cHCTEMBl. TaK Kak y(t) —
rnagkasi Kpusas B M", TO Ha HeH MOXHO BBECTH HAaTypaJbHbIH
napametp t = s. Toraa |y(s)| =1 Bmoss 7; cllefoBaTesbHO, ypaBHEHHs]
diiepa npeBpamIAOTCS B

3 . d (D i
ar (9,38 — i (e, =0,

TaK Kak ‘/ g;%'%7 = 1. Ho 3TH ypaBHeHus COBNajalT B CHJy Teope-
Mbl | ¢ ypaBHeHHsIMH reofie3Myeckux. MTak, ecsiH Ha MPOU3BOJHLHOM
pemwennu y(t) — skctpeManu L () — BBeCTH HaTypalbHHH Mapa-
MeTp, TO 3Ta TPaeKTOpHUsl mpeBpallaeTcsi B reofgeanueckyio. O6patHo,
nycTh -y(s) — NMpoOM3BOJIbHAS reofe3udeckasi Ha M™; B cuiy npenpl-
nymero oHa — 3KcrpeManab L (). Ilyets s = s(t) — npousBosbHasi
riajgxasi 3ameHa napametpa Ha <y(s); torma L (v(s)) = L (v(s(t))),
TaK KakK [JIHHA AYyTH He MeHsieTcs NpH TMIaKUX 3aMeHax lapameTpa;
clefoBaTeNbHO, 3HaueHHe L He meHsietcsi. Mrak, -y(s(t)) — cHoBa
skctpemans L. Teopema mokasana. O

¥YnobHo npexnctaBisith cebe B3aMMOOTHOIIEHHE MEXAY 3KCTpema-
asmu E u skctpemansimu L chepyoumum o6pasoM. Pacemotpum
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npoctpaHcTBo 2M™ Bcex ryIagKMX KPHBHX Ha M™ W paccMOTpHM Ha
HeM JeficTBHe 6eCKOHEUHOMEPHOMH rpynmnsl &, 3J1eMeHTaMH KOTOPOH sB-
JISIIOTCS] BCEBO3MOXKHEIE JIaJlKHe 3aMeHbl mapaMeTpa Ha KpHBOH. Toraa
M3 KaXNOH TOYKH 3TOro MPOCTPAHCTBA, T. €. KPUBOH <y, «BhIpacTaer»
opbura &(7y) merictBuss & Ha QM". B cuiny unHBapuaHTHocTH L
OTHOCHTENBHO AeHcTBHst & OH MOCTOSIHEH Ha KaxioH opbute &(v),
v € (puc. 8). Tak kak L () noCTosiHEH BHOJb KaXKHOH OpOHTHI,

Puc. 8

TO BCe TOYKH Ha op6ute B(y) «BHIPOXKIEHB» B TOM CMBICJE, UTO CKOJIb
yrogHo 6JIM3K0 K KpHBOM 7Y HMEIOTCS KpHBbIE (T. €. apaMeTPH30BaHHbIE
TPaeKTOPHH), HAa KOTOPHX L NpPHHHMaeT TO XKe 3HayeHHe, YTO M Ha 7.
Hns E curTyauus WHasi: 5TOT (DYHKUMOHAJ MeHsleTCsi NPH 3aMeHax
napaMeTpa, a MOTOMY OH He [OCTOSTHeH Ha op6uTax gerictBus &. H1ak,
AJs1 TOro, 4yToOHl MOJNYYHTb Bce 3KcTpeMatu L, ciemyer paccMoTpeTh
opOHTH Bcex sKcTpeMasted hyHKUHOHaJa E.

Teoneanyeckue SIBAAIOTCS JOKaJbHEIMH MHHHMYMaMH o60HX (YHK-
HoHaNoB L u E, 1. e. ec/in paccMOTPeTh MaJjioe BO3MYIIEHHE 7) Teofie-
3U4YeCKOH <y, rfle HOCHTEJIb 7] TAKXKe MaJ, TO HOBasi TPAEKTOPHS 7y + 1)
6ymer mMeTh AJMHY, He MeHbwylo, ueM 7. ChopMmyaupyem TouHYyIO
3amauy. PaccMoTpuM KoMnakTHoe pHMaHoBO MHoroo6pasue M™. B cu-
Jy pe3yJbTaToB II. 5, cymecTsyer Takoe € > 0, uro Jjobas mnapa
Touek P, (), pacmoJioxXeHHbX B mape DI pamuyca e, coenuMHsIeTCs
€[IMHCTBEHHOH eofile3NYecKOoM, LIeJHKOM Jiexallledl B 3TOM Liape.

Teopema 3. ITycme D!, € — yka3aHnHbvle 8blse wWap u 4UCAO,
u nycmo «y: [0, 1] > M™ — 2eode3uueckas OruHbL MeHbUe €, COEOU-
Hawouwas 0se mouku u3 D'; nycmo w: [0, 1] > M™ — ar0boii dpyeoil
2nadkuil nyme, coedunsrowjuii smu xe mouku (nyme moxcHo 6610
6bL 6pamo u KYCOUHO 2aadKum).
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Tozda L (w) > L(7), npuuem pasencmso docmuaaemcs AuuLb npu
cosnadenuu moueunsix mnoxcecms [0, 1] u w[0, 1] (m. e. kozda amu
dsa nymu cosnadarom Kax 2radkue kpusoie 8 M™ ). B amom cmot-
cre zeodesuveckas vy — kpamuaiuiul nymo, cOeOUHAIOW UL MOYKU
Puq@.

JokaszateanbctBo. [lycts F) — neHtp wapa D.; Kak 6wl10
II0Ka3aHO B IVI. 5, rjlailkoe 0ToOpaKeHHe expp : B — M™", onpenenes-
Hoe (hopMyJIoH expp (@) = %,(1), sBasiercs nmptbeomop(pusmom 3nech
d€ T, M"; B’ — wap paauyca € B T, M"; ~;(t) — reonesnyeckas
B M™ Taxas, q'ro %(0)=F); %(0)=4d (pnc 9). 310 oTobpaxeHue
Ha3HBaeTCs] IKCNOHEHYUANLHbIM.

Puc. 9 Puc. 10

Tax xak T, M™ cHaGXeHO MHAYUMPOBAHHBIM METPHKOH CKAJSIPHHIM
NpoH3BEIEHHEM, TO expp COXPaHsieT [UIMHb BEKTOPOB, BHIXOLALIMX M3
touku 0. [lokaxkem, yto B D] reouesuqecxne BuIXoasmue u3 P,
OPTOTOHaJbHHL K runeprosepxHoctaMm S~ ! = {expp, (d), |d| = const}.
B camom nene, mycth t — G(t) — Jo6Gast KpuBas B Tp M™ Taxkas,
uyto |d(t)| = 1. Hamo mnposeputs, uTO coo-rBeTCTByxoume KpHBHIE
B M": t — expp(rpd(t)), rae 0 <7, < €, OPTOrOHAJIbHB [EOJE3HIECKHM
T — expp (rd(t)) (puc. 10).

PaccMoTpuM ABYMepHYIO, MapaMeTPU30BaHHYIO MapaMeTpaMu 7 H t
MIOBEPXHOCTD

0<r<e,

t)= a(t
f(r t)=expp(r(t)), {to—/\<t<to+/\-

MoXXHO cUHTaTh, YTO OHA SIBJISIETCS] «<KOHYCOM», 06pasyioLiei KoTOporo

sBasietcsl KpuBasi f(r,,t) (puc. 11). Hago nokasats, uto <%, %> =0
f

" . of Fi}
B KaXIOH TOUYKE 3TOH [IOBerHOCTH, rge yf H 3t KacaTeJIbHbIE
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BEKTOPH K KOOPOMHATHOH ceTKe Ha moBepxHocTH. MMeeM

R ARAES
or\r’ot [/~ Yr\or’ ot /)’

rae V_ — KoBapHaHTHasi IPOH3BOAHAs M0 nepeMeHHoH r. lanee

_ af of af o 9f
)= (v 4+ (F.v.8)

3nech <V of 3—f> 0, Tak Kak V,g{ =0, NoCKOJIbKYy KpHBHIE T —

of

— f(r t) — reonesnyeckne u - — nojie CKOPOCTeH reoae3n4ecKo.

Hanee, <af V,gtf> <§,—f,v,%f>, TaK Kak Vz(%) =Vr<g;t>'

sie
Pt
=
Q|

T. €. V% % =V% % B CHJIy KOMMYTHPOBaHHS MoJie
(cM. ra. 5, § 5). Orcrona
f o 9f\ _ 1 af af\ _ 108 [/af of\ _
< Vi >—§Vz<w’w>—§m<w,w>—0»

aF
it & *(rot)

= const, Tak Kak
TOP CKOPOCTH reofe3HYEeCKOH T —
— f(nr, t) (cM. puc. 11).
af af

Hrak, pyHKuus o a_tf oT T

He 3aBucut. Ho npu r =0 nme-

eM f(0,t) =expp(0) =K, 1. e
87(0, t) af of
fat =0, otcioaa <Wf, a_tf

=0 yxe npH Bcex 7, 4To 1 Tpebo-

Puc. 11 BaJiock. [lycTh Teneps w: [a, b] —

— D!\ R, — npou3BoJbHas Iiaf-

Kasi KpuBas. Kaxpasi Touka w(t) OfHO3HAaYHO 3aMHCHIBAe€TCS B BHIE

expp(r(t)-d(t)), rne 0<r(t)<em|d(t)|=1,7a(t)€ T, M". lokaxen,

b
uto § |w(t)| dt >|r(b)—r(a)|, npuueM paBeHCTBO JOCTHIAETCS TOMBKO

a
B TOM cJy4dae, Korna ¢yHkuusi 7(t) MOHOTOHHA, a QyHKuMs G(t) no-
cTosiHHA. Kak ToJIbKO MBI IOKaXke€M 3TOT (aKT, TaK CPa3y e MOJYyYHM,
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4YTO KpaTyaHIIMM MyTeM, COENUHSIIOUUM [Be KOHLEHTpPHYecKHe cdephl

C LEHTPOM B Touke F), ClIyXXHT paguanbHasi reofe3ndeckasi, (puc. 12).

Hanomuuwm, yto f(n t)=expp(r d(t)), a notoMy w(t)= f(r(t), t).
do _ 8f of af af

VlmeeM > r(t)+a . Tak KaK 3~ H 5; OPTOroHaJbHH (CM. BHILE)

| |—1 TO

npuyeMm pa(liBEHCTBO JOCTHraeTcsi JHIWb B TOM cJy4ae, Koraa | 5 | =
T. e. ipu 4y = 0. Orciona

b - b =
§|%2| dt > 1151 dt > 1rv) - r(a)l,

npuyeM pPaBeHCTBO MOCTHraeTcs JHIUb B TOM ciaydae, Koraa r(t)
MOHOTOHHa, a d(t) moctosiHHa. HepaBeHcTBO nokasaHo.

Puc. 12 Puc. 13

HepeﬁneM K JI0Ka3aTeJbCTBY TeopeMhl. [1ycTh w(t) — mpoussosb-
HEIA [IafKA# nyTh U3 Ky B Touky P =expp(rd) € D, rne 0< r <e,
|é| = 1. Torma mms smwGoro & >0 nyTsb w(t) HOJDKEH CONepXaThb
HEKOTOPHIH CBOi IJIaiKui OTPe30K, HAYIHi co chepsl paguyca §: S~ !
Ha chepy paguyca r: S*~!, (puc. 13). Ilo mokasaHHOMY Bhile,
IJIMHA 3TOro OTpe3Ka He MeHblue, ueM 7 — §. YcTpeMisis § K HYJIO,
rnoJiyyaeM, 4To JJIHHA w He MeHblue, yeM 7. C APYroi CTOPOHbI, OTPE30K
reofe3nyeckoit, uaymei us F) B P, nMeetr Kak pa3 miuHy r. Teopema
noKasaHa. O
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CaencrBue 1. [lycmov w: [0,e] - M"™ — eaadxkas mpaexkmopus,
napamempu3osanHas HAmMypaibHoiM NAPAMEMPOM, U RYCMb OAUHA
om By=w(0) do w(e) nHe npesocxodum OauHbl 4106020 Opyz0eo nymu,
udywezo u3 By 8 w(e). Toeda w — eeode3uueckas.

JokasateabcTBO. PaccMorpuM s060i OTpe3oK mnyTH, pac-
NOJIOXKeHHBIH BHYTPH wapa D)., BBelieHHOro BHue, rae P — Havajo
nyTH. Torma yrBepxaeHue cienyet U3 TeopeMul 3. O

Onpeneaenne. 'eonesnyeckas v: [a, b] - M™ Ha3wBaeTcst MUHU-
MQAAbHOL, ecJIi OHA He JUIHHHee HHKAKOro [JIAfIKOro MYyTH, COeNHHSIO-
mero ee KoHUuH y(a) u v(b).

JlokasaHHasi TeopeMa 3 yTBepxKaaeT, YTo Ji0OO0H, JOCTATOUHO MAaJIbIH
OTpe30K reoje3HyecKod MHHHUMaJeH. B To ke BpeMsi HOCTaTO4HO
JUJIHHHAs reoge3udeckasl MoxeT He 6bITb MUHHMaJbHOH. HanpuMep, Mu
HOKa3aju paHee, 4To Ji0Goi# 3KBaTOp Ha cepe S2 — reoge3uyeckas.
PaccMmoTpum ero otpe3ok SNP, nokaszaHHH# HaA puc. 14. flcHo, uto reo-
ne3udeckass SNP He MHHHMaJlbHA, TIOCKOJILKY OTPe30K 3KBatopa PaS
HMeeT MeHbWYIO LIuHY, yeM SNP.

MuHumanbHas (nJMHHAsI) reofe3yeckasi, COEQHHSIONMAsT 1Be TOYKH
P u @, Moxet O6bITb HeequHCTBEHHA. HanpuMep, ceBepHBIN H I0XKHKIH
MOJIOCH Ha OBYMepHOH cdepe cofuHSIOTCH 6GECKOHEYHBIM YHCJIOM
MHHHMAaJIbHHX I'eofle3HYeCKHX — MePHIHAHOB.

B KauecTBe ellle 0HOrO CJIEACTBUSI U3 TeOpPeMHl 3 MOKAXeM, KaK Ha-
XOISATCSI BCe reofie3uyeckye Ha n-MepHo# cdepe S™ (n MPOU3BOJBHO).
MoxHo O6blIO Obl, KOHEYHO, MOCTYNHTH [0 aHAJOTHH C ABYMEPHBHIM
cJyyaeM, BHIITHCAB Bce CHMBOJIB Kpuctoddens u npoBeas BeIYHCIEHAS
C YpaBHEHHEM Treofe3HYecKHX, OOHAKO Mbl MPEANOYTEM MOCTYIHTh
6oJiee U3SIMIHEIM 06pa3oM.
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Caencreue 2. 'eodesuueckumu Ha cghepe S™, cHabxcenHOl cman-
Oapmuoil mempuxoil, ABARIOMCA BCEB03MONHble IK8amopel (m. e.
naockue cedenus S"-08YMepHbIMI NAOCKOCMAMU 4epe3 ee yenmp)
U MOAbKO OHU.

JdokxaszartenbcTBOo. PaccMOTpHM NpOM3BOJBHYIO ABYMEPHYIO
miaockocTh R?, mepecekawiuyio S" no skBatopy 7. [lycts g — otpa-
xeHue B R", ocrasisiomee R? Ha mecte. Torna Bo3HHKaeT H30MeTpHs
g: S — S™, MHOXeCTBO HEMOABHXXHHIX TOUEK KOTOPOH B TOYHOCTH
coBnajaet c¢ 3kBaTopoM 7. [lyctb P u (Q — ABe HOCTAaTOYHO BJIHM3KHE
TOYKM Ha -y, KOTOphle COEJHHSIIOTCS €AWHCTBEHHOH MHHHMAaJbHOH
reoge3nyeckod (cM. TeopeMy 3) w. Tak Kak g — H30MeTpHs, TO
KpuBasg g(w), Opoxopsiiasi 4yepe3 Te Xe ToukH P u @, Takke
reofie3nueckasi, coefiunsiomas P u Q; cienoBatenbHo w = g(w), T. €.
w =y — reofe3nyeckasi. To, YTO HUKaKHUX APYTHX reofie3UYeCKHX Her,
JOKa3blBaeTCsl TaK JKe, KaK H B JBYMeDHOM cJydae: yepe3 JIOGYIO
TOYKY ctepsl S™ B 060M HanpaBaeHHH npoxoaut skBatop. Crencrsue
nokasaHo. [

[lpoBoasi TOYHO TakHe »Ke pPACCYKAEHHsI, MOXHO MOKa3aTh, YTO
Ha MOBEPXHOCTH BpaLIeHHs1 JI060H MePUAHAH SIBJISIeTCS Fe0qe3u4ecKoH.

PaccMOTpHM MPOM3BOJbHOE DHMaHOBO KOMIAKTHOE MHOroo0pasue,
u nyctb P u (Q — 1Be npon3BoJibHbIE TOUKH; 0603HauuM yepe3 (P, Q)
NPOCTPAHCTBO BCEX TIJVIAfIKUX KPHMBHX <, coeguHsioumx P u @,
T. e. v(0)=P, v(l) = Q. Ha 3toM npocTpaHcTBe omnpejejeHb ABa
¢ynkuuoHana: E u L (cM. Bime). OnpenenuM paccrosiHue p(P, Q)
MeXay TouykaMu P u ) Kak HHXHIOIO FPaHb IUIHH TJIAJKUX KPHBHIX,
COENUHSIIOUIMX 3TH TOYKH.

ITpennoxenne 1. Ilycmv P u Q — 0ge docmamouHno 6auskue
mouku mMHo2006pa3us, Haxodsuuecs Ha paccmosHuu d Opye om
opyea. Toeda pyuxyuonanr Oeiicmsusn E: Q(P, Q) — R docmueaem
abcorromunozo munumyma d? 8 mouHOCMU HA MUHUMAALHOL 2eode-
3udeckol, coedunsarowel mouku P u Q.

3AMEUAHHME. Tak Kak JIOKaJbHO MHHHMAaJIbHasi reofe3uyeckasi
e[HHCTBEHHA (CM. Bblllle), TO OHA SIBJSIETCS] M30JMPOBAHHOH TOYKOM
abCcoJIOTHOro MUHMMYyMa: Ha J1060# [VIafIkoH KPUBOH, OCTATOYHO OJiH3-
KOH K MHHHMaJbHOH reojesnyeckodl (6,u3KoH noToueyHo U OJM3KOH
B CMHICJIE [10JIs1 CKOPOCTEH), 3HaueHHe ¢yHKUHOHalta E ctporo Godblue,
yeM 3HaYyeHHe Ha MHHHUMaJbHOH reofie3u4ecKoi.

JdoxaszarteanbctBo. [lycTh v — MHHHMaJbHAs reojesnyeckas,
v(0)=P, v(1)= Q. B cuny newmsi | E(y)=L%(y) < LX(w) < E(w),
rae w — raanakasi kpusast u3 P B Q. Pasenctso L2(w)= L?(y) umeer
MECTO B TOM H TOJILKO TOM CJllyyae, KOrla w — TaKXKe MHHHMMaJbHasi
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reojiesnyeckasi (BO3MOXHO, HHaye MapaMeTPHU30BaHHAsl, C TOYHOCTHIO
o MacwtabHoro mnpeo6pa3oBaHusi). B To ke BpeMs, paBeHCTBO
L%*(w) = E(w) nocTuraercsi, TOJbKO €CJIM [1apaMeTp MPONOPLHOHANEH
muHe nyru. Otciopa E(v) < EF(w) Bo Bcex Tex cayyasix, KOrAa w
He sIBJIsieTCS MHHHMaJIbHOH reone3udeckoi. [Ipemnoxenue fokasano. O

§ 3. MunuMaJabHbIE HOBEPXHOCTH

B ra. 4 MB MO3HAKOMUJIHCh C MHHHMaJbHHIMH JBYMEDHBIMH [IOBEPX-
HOCTSIMH, T. €. C TAKUMH M?, [JIsi KOTOPbIX CpefiHsisi KpuBH3Ha H pasHa
Hyno. [locMOTpUM Tenepb Ha MHHHMaJNbHBIE MOBEPXHOCTH C TOYKH
3peHHs IKCTPeMaJbHbIX QYHKUMH QYHKIMOHANA TJIOIAMH.

Paccmorpum ¢yHkuuoHan (n — l)-MepHoro o6beMa, onpefeneH-
HbIH Ha KOMNAKTHHIX THIIEPIIOBEPXHOCTSX, SBJASIOIMUXCH rpadHka-
MH Tagkux QyHRumid z" = f(z',...,z""') ¢ obaacTsi0 ompenene-
Hus D, paoxenuou B R"~!(z!,...,z"~!). Mu cuuraem, ytro D
HUMeeT riafkyilo rpaHuny 0D u orpaHuyeHa (puc. 15). M3 ra. 5

xSt xm)

Puc. 15
MBI yXKe 3HaeM, 4To (n — 1)-MepHbli 06beM runeprnosepxHocty V"~ !=
={z"=f(z',...,z" ')} 3anucsiBaeTcs Tak:
n-1
vol (VP 1= /14 X (f,)?da' ... dz" "},
D i=1

of

rre f,. = peg Tax kak narpasxuad L uMeer BUI
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TO ypaBHeHHe Jilsiepa UMeeT BHL

(e (+3(8) )

i=1 1=1

JT10 omHOo AuddepeHUHaNbHOE yPaBHEHHE, KOTOPDOMY YIOBJETBOPSIET
sKcTpeMasibHasi GyHKuus z" = f(z',...,z"~'). Tenepr paccMOTpuUM
NpOH3BOJIbHYIO (n — 1)-MepHyl0 runepnosepxHocts V"~ ! C R", aBasi-
IOLIYIOCS KCTPEMasbHON 11t (pyHKIHOHana (n — 1)-MepHOro o6nema.
[TockosbKy oOBEM SIBJISIETCSI CKaJsIpOM, He 3aBHUCSIIIHM OT BHIOO-
pPa KOOpAMHAT Ha NOBEPXHOCTH, TO Mbl MOXeM BHOpaTh YHOOHHE
st Hac KoopauHaTh. I[lycts V"~! — skcTpeManbHasi MOBEPXHOCTb.
P € V»~! — npousBoabHasi Touka; mojoxuM R"~!(z!, ... z" ') =
=T,V""!, T. e. B KauecTBe KOODAMHATHOH ILUIOCKOCTH BhiGepeM
KacaTeJbHYI0 IUIOCKOCTb C JeKapPTOBbIMH KOODAHHATAMH; 3alHLIEM
JokajabHo V"~! B Bufle rpaduka pyHkuuu z" = f(z',..., z" ).
Teopema 1. Tunepnosepxnocme V™~ ! C R™ axcmpemarvha 041

¢ynrkyuonara (n — 1)-meprnozo obsema mozda u moavko moeda,
KozOa ee cpednas kpusudna H moxcdecmsenno pasna Hyito.

HdoxaszateanbcTtBo. [IpoBeneM BhUHCJIEHHST AJIs clydast n = 3,
TaK KaK BbIYHCJeHHUs Las Jio6oro n aHagoruuns. Lisgs M? C R? umeem

9 f,, [é] fy

= ——=\+5 | ———)=0.
8z
Ji+rzerz) P\ p
Juddeperuupys, noaydaem:

foo F fua B2 A [} — S = Fof foy + f +
+ o f2 + Fn ) — fofu S — £ =0,

foa(L+ 1) = 20, f oy + £ (1L + £2) =0.
B cuay ra. 4, sTo ypaBHeHHe coBnajfaeT ¢ ypaBHeHueM H =0.

Hrak, MUHHUMaJbHBIE TOBEPXHOCTH MOXHO ONPENeNsATh KaK IOBEpX-
HOCTH, 33[aBaeMble SKCTPEMaJbHEIMH PafiHyC-BEKTOPaM.

Paccmorpum nosepxHoctd M? B R3, oTHeceHHne K (u, v), T. e.
7(u, v) =(z(u, v); y(u, v); 2(u, v)). Torsa QyHKUHOHAT MIIOIAAN 3aMH-
werest TaK (eM. r. 5): S[F]= | VEG — F?du dv. llycts (u, v) —

D(u,v)
KOH(OPMHBIE TADAMETPH, T. €. B HUX MeTpPUKa Ha M? uMeet BHJ

E=G=(%,7)=(%,7), F=0.



426 [, 7. BAPUALIMOHHBIE 3AJJAYH PUMAHOBOW TEOMETPUH

Torna
S[#1=§((%,, %,) (%, 7,))"/? du dv.
D

YpaBHeHus1 Dilepa TaKOBHL:

0 0
2 (22,) + 2(22,)=0, 2(2y,)+2(2%,)=0,
2 (22,)+ 2(22,) =0,

9 | 3\ - .
T. €. (W + 207 7(u, v)=0. Utak ¥ — rapMoHHYECKH} (OTHOCHTEJIb-

HO KoopauHaTt (u, v)) pamguyc-Bektop. [losicHeHue:

LG, 7) =1/ (22 + 42 +22) (a2 + 92 + 22)

U IIPH BapbUPOBAHHH BCE YACTHHE IPOH3BOJHbBIE PACCMATPUBAIOTCS KAaK
He3aBucHMble. (J

[Toctynasi mo aHaJorMu ¢ ONHOMEPHBIM CJIy4aeM, pacCMOTpHM Oec-
KOHEYHOMepHoe mpocTpaHcTBo F riagkux otobpaxeHun DZ(u, v)
B R®. Ha F onpeneneH HelWHeHHH#H QyHKUHOHAN miomamu S[7]; ero
SKCTpeMaJIbHhE «TOYKH» (T. €. paguyc-BeKTOPH 7(u, v)) ONHUCHBAET

Teopema 2. Ixcmpemarvhoimu sexmopamu 7(u,v) oan S[7]
ABASLIOMCA me U MOALKO me 8eKmopbl, OAsL KOMOPbLX CPEeOHAs
Kpususna H pasHna Hyrro.

DT1o BHTeKaeT u3 TeopeMul 1. Teneps PaccmorpuM Hapsiny ¢ S[7] eme
omuH pyHKuuoHan ([upuxie): D[7]=5 { (E + G)du dv. Cpasnum
D(wv)
SKCTpPeMaJibHhe «TOYKHU» PyHKIMOHaNMoB D u S.
Teopema 3. 3xcmpemarvHoimu sexmopamu 7(u,v) OA8 PYHK-
yuonara Jupuxse A8AAIOMCA me U MOALKO me 8eKmopbl, KOMopble

9% | 9%\ .
2apmonuveckue omrocumensno (u, v), m. e. (W + o7 7(u, v)=0.

: o 9 (9L
llokasaTenbcTBo. YpaBHeHus Diliepa HMEIOT BHI 5 (a—.r.:) +
+2 (&)=0me L=FE+G=(, i)+, %), ne L=ai+

2 2
+z2+yi+ 2+ 22422, 1. e. A(F)=0, 116 A= 6%7 + %. Teopema
JioKa3aHa. 0

Koopaunath (u,v) MOTYyT ObITb FapMOJ:d4€CKHMH JJIsi HEKOTOPOro
rapMOHHMYECKOro pajuyc-BeKTOpPa, HO He OnTb KOH(QOPMHBHIMH st
MHIYLHPOBaHHOH METPHKH Ha NOBEPXHOCTH, 3aMeTaeMOH 3THM BeKTO-
poM. PaccMoTpuM Tenepsb crnelnaibHble rapMOHHYECKHE NTOBEPXHOCTH,
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Ha KOTODHIX rapMOHHYeCKHe KOOPAHHATH SIBJSIIOTCS B TO XK€ BpeMs
U KOHQOpDMHHIMH, T. e. E =G, F =0. Toria 3TH IOBEPXHOCTH
MHHUMaJbHLL. ITak, HeKoTOphle SKCTpeMalibHble «TOYKH» QYHKIHOHANA
Jlupuxyie mopoXAal0T SKCTPeMaJIbHblE «TOYKH» (YHKIHOHAJIA [JIOLIA[H:
H3 KaXIO0H «TrapMOHHYECKOH TOYKH», OTHECEHHOM K KOH(OPMHBIM
KOOPMHATaM, «BBLIPACTaeT» lieJoe CeMEHCTBO MHHHMMAaJbHBIX paguyc-
BEKTOPOB, €CJIH [OABEPrHYTb HCXOJHbIE NapaMeTPhl FaPMOHHYECKOro
BEKTOPa NPOM3BOJILHOH PeryJisipHOH 3aMeHe KOOPAHHAT. B 3ToM MOXHO
YCMOTpPEeTb aHAJOTHIO C B3aHMONEHCTBHEM OSKCTPEMAaJbHHIX <«TOYEK»
(YHKUHOHAJIOB JUIHHbl W JIEHCTBHSI B OZHOMEDHOH BapHALMCiiHOH 3a-
Jlaye — Ha IPOCTPAHCTBe IMIafKHUX TpaeKTopud. He xaxamit rapmoHH-
YeCKMH BEKTOD NOPOXAaeT MHHHMAJbHYIO NoBepxHocTb. Mexnay D
1 S uMeercs cootHoweHnne D[7] > S[7], cnpasemiuBoe mis Jio6oro
pafuyc-BeKTOpa, IPUYeM PaBEHCTBO HOCTHIAETCsI B TOM H TOJBKO TOM
caydae, korga F = G, F =0, T. e. KoopAHHAaTHAasi CETKA OPTOroHaJjbHa
H KOOpAMHATH (u, v) KOHQ)o&)MHu Jloka3aTesbCTBO cJiefyeT U3 oye-

BH[IHOTO HEPaBEHCTBA ——5— > V EG — F?, xoTopoe npeBpamaercs
B PaBEHCTBO TOT[a M TOJbKO Toraa, Koria F =0, E = G.

[Toka moka3aHO TOJILKO TO, YTO MHHHMAJbHbIE IOBEPXHOCTH — 3IKCT-
peMaiu GYHKUHMOHAJNA MJOLANH; Mbl He 060CHOBanH BHOOpa TepMHHA
«MHHHMaJbHbIE [I0BepPXHOCTH». [ljIsi OMHOMepHoOro cJjyyasi Takoe o6oc-
HOBaHMe OBUIO JaHO: MH JOKa3aJiM, YTO reofe3uvyecKue — JIOKaJbHO
MUHHMaJbHble TpaekTopun. OKa3blBaeTcsi, TaKoe XKe yTBepXKAeHHe uMe-
eT MeCTO U AJs1 SKCTpeManedl (PyHKUMOHANA IUIOLIaju: MHHUMaJbHbHE
MIOBEPXHOCTH 00J1aflaloT TeM CBOMCTBOM, YTO €CJH PacCMOTpPEeTh Mpo-
H3BOJIbHOE BO3MYILEHHE 7] MHHHMAJbHOIO PafMyC-BEKTOpPa T C MaJIbIM
HocHreJieM (T. €. BO3MYyLIEHHE OTJHYHO OT HYJsI TOJNbKO B MaJIoH
obnacTv), TO IJIOLIafp <«BO3MYIIEHHOH INOBEPXHOCTH» 7 + 7j Oymer
He MeHble, YeM IUIOLIaib HCXOAHOH roBepXHocTH. [L1s1 10Ka3aTesbCTBa
notpebyeTcsi HNOMOJHHTEJbHbIH aHalM3, TaK KaK pPaBeHCTBO HYJIIO
NIepPBOH BapHauHH OTHIONb HE rapaHTHPYyeT JIOKaJbHOH MHHHMAaJbHOCTH
SKCTPEeMaJIbHOH «TOYKH» B IPOCTPAHCTBE BCEX pafiuyc-BeKTOpoB. [laxe
IJjisi OObIYHOH (YHKUHH OJHOrO apryMeHTa PaBeHCTBO HYJIO IepBOM
TIPOM3BOHOM ellle He MO3BOJISIET Pa3jM4aTh TOYKH MHHHMYyMa, MaKCH-
MyMa, neperu6a. Tak, B ciyyae reofie3uyeckKux Mbl OblJIM BHIHYXAEHH
[IPeANpPUHSTH IOBOJLHO TOHKHH aHa/NH3 JIOKAJIbHBIX CBOHUCTB ()YHKIHO-
HaJlOB [JHHH H JeHcTBHUs NyTH. [IpuueM 3TO ObLIM paccMOTpeHHs
«BTOPOrO TMOPSiiKa», B TOYHOCTH TaK, KaK MIsi OObIYHBIX (DYyHKUHMH
OJIHOTO apPryMeHTa BhISICHEHHE JIOKAJILHOTO NoBeJeHHsT GYHKLMH OKOJIO
KPHTHYECKOH TOUKH TpebyeT M3yueHHs1 BToporo puddeperuuana. [Ipu
M3YyYeHHH JIOKaJbHOH MHHUMAJIbHOCTH reo/ile3HYeCKUX Mbl H3ydasu (ak-
THYECKH TaK Ha3BIBAEMYIO «BTOPYIO BAPHALHIO» (GYHKUHOHAJIA AeHCTBHS
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(unu ouHB) — aHajor Broporo nudepenunana. CienoBaTesbHO, U B
ciy4ae sKcTpeMasied (yHKLUHOHaJa IO Haf0 HU3YyYUTb «BTODPYIO
TIPOM3BOAHYI0» (QyHKIMOHAJNa. MHu He OyneM yrayGasiTbcsi B LOBOJIBHO
TOHKHE BOTIPOCH!, CBSI3aHHbIE C TEOPHEH BTOPOH BapHAlMH, a BOCIOJb-
3yeMcsi Gosiee mpocThiM (HO 3aro Gojiee cleLHaJbHBIM H He CTOJb
YHHUBEPCAJILHHIM) [IPHEMOM.

PaccMoTpuM MuHMMasbHYI0 noBepxHocTh M2 C R® (mi1si npou3Bosis-
HOTO 7 pacCyX[eHHsi aHajoruunul), P € M?; 3apamuM M? B Maioit
okpecTHocTH P B Buae rpaduka riaakod ¢yHkuuu z = f(x, y), rae
[EKapTOBH KOOPAMHATH (&, Y) MEHSIIOTC B KacaTeJbHOH IJIOCKOCTH
K M? B Touke P. JlokaxeM, 4To Ji060e J0CTaATOYHO MaJioe BO3MYIIEeHHE
(c ManeIM HocuTeseM) MOBEPXHOCTH M? He yMeHbluaeT MJIOLIAMH.
Hrak, B R® 3apan rpaduk z = f(z, y), ONpeneseHHb Hall HEKOTOPOH
ob6inacteio D B miockoctd R?(z, y); MOBEPXHOCTh — MUHHUMAJIbHA, T. €.
H =0; Mb paccMaTpuBaeM BO3MylleHHe rpadMka, paBHOe HYJIO Ha
rpanuue D. Tpebyetcs nokasats, uto S[f] < S[f + 7] (puc. 16).

Z

Puc. 16

PaccmorpuM mpoctpaHcTBO  F(f)
Bcex ryagkux QyHKuui f + 7, onpene-

. IeHHHIX Ha D, U Takux, 4to 7|,y =0.
DTo JIMHEeHHOoe NPOCTPAHCTBO 3aBHCHT
ot BhGopa ¢yskuuu f. [lpoctpaHcrt-
Bo F(f) monyuyaercss M3 JHHEHHOro
npoctpaHcTBa C, COCTOSIILIErO U3 TJIaf-
KHX QYHKUHH 7, PaBHBIX HYJIIO Ha Ipa-
Hule o6/1acTH, T. €. H3 «BO3MYILICHHH»
¢yHKuMM f nyteM cIOBHra Ha (YHK-
Puc. 17 uuio f (puc. 17). Paccmorpum orpa-
HUYeHHe ¢QyHKuMoHana S Ha F(f).
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&dyHkuuMoHan S Ha 3TOM MPOCTPaH-
CTBE COIIOCTABJSIET KaXmou [ + 7
momwanpy ee rpaduka. JlokaxeM, uto
3TOT ()YHKUHOHAJ SIBJSIE€TCS BBIIYK-
JIbIM BHH3, T. €. S[ar+ gl aS[r]+
+BS[g], tre a +B=1; r,g € F(f),
T. e. T=f+mn; g=f+mn, me
Nlep =0, 1 =1,2. Ormeru™, uTo
ar + Bg € F(f), Tak Kak

(ar+B9)lsp=ar|p+(1—a)glp=
afl|p+(1—a)flop="Flops

T. . ar+0g=f+n;, rae |, =0.
OnpepeieHune BHIYKJIOTO BHU3 (QYHK-
L[MOHaJIa KOIIMPYET aHaJOrHYHOe OIl- Puc. 18
peneneHue NJisi OOHYHBIX (QYHKIHH;
€CJIM YCJIOBHO H300pa3uTh PaMK BBINYKJIOTO BHU3 (DYHKLUHOHANA, TO
KapTHHa OyIeT TaKoH, KaK 3To IOKa3aHo Ha puc. 18,

Hrak, noctaTouHO NPOBEPUTH, YTO

1+ (ar, + 80, + (o, + B9, < oy [T+ 72+ 72+ B1/1 + 62 + g2,

T. €. TIocJie BO3BeIeHHsI B KBafparT:

1+2ap(r.g, +1,9,) < a’+ﬂ2+2aﬂ\/(1 +rl+17) (1+92+));

TaK Kak 1 — % — 82=2af8, 10

L4 7,0, +7,0, <1/ (1472 +72) (1+ 2 + 2);
wiu (@, b) < |d||b], rae

= (7, Ty —1)=grad(r(z, y) — 2),

a=
b= (gxa gy’ —1) = grad(g(z’ y) - Z)’

Hepasenctso (g, b) < |d|[] — oueBumso. Wraxk, BeimykaocTs BHU3 S
Ha F(f) ycranoBnena. Otcioma yxe ciaepyer, uro Jwobasi IKcTpe-
MaslbHasi «TOYKa» B IpocTpaHcTBe F'(f) mis QyHKuumoHana S siBJsi-
€TCsi MMHHMYMOM; B 4acTHOCTH, AJsi BCEX TOYEK 7, PaCIOJOXKEHHBIX
B OKPECTHOCTH 3KCTPeMaJIbHOH TOUKH g € F'(f), BHIIOJIHEHO COOTHOILIE-
Hue S[r] > S[g]- Tak kak Touka f € F'(f) siBAsieTcst 3KCTPEMaJbHOH,
to S[f]1< S[f +n)], nlsp =0. Urak, nokasauna
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Teopema 4. Ilycme M? C R3 — npoussorbHas MUHUMAALHAA
nosepxnocme. Tozda OHa AOKAALHO MuHUMAAbHA, m. e. aroboe
eaadkoe, 00CMamo4Ho Maroe ee 803myuyeHue ¢ 00CMamo4HO Maibim
Hocumenem He ymeHowiaem niouyadu noBEPXHOCMU.

CoBepILIEHHO aHANOTHYHO [0Ka3bIBA€TCsS TeOpeMa O JIOKAJbHOH MH-
HHMaJIbHOCTH 9KCTPEMaJIbHBIX pelieHul QyHKUMOHana (n — 1)-MepHoro
o6beMa B R".

§ 4. BapnanuoHHOe HMCUHCIEHHE
H CHMILIEKTHYECKasi reoMeTpHud

[Tycte T,M™ — kacaTeabHbli Ny4oK MHoroo6pasus M", T. e.
2n-MepHoe ragxoe MHoroo6pasue, TO4KaMu KOTOPOTO SIBJISIIOTCS Mapbl
{(z,d)}, tne z€ M", ad€ T,M". llyctb B,Q € M" u Q(P, Q) —
NPOCTPAaHCTBO BCEX IVIafIKHX KPHBHIX, coeguHsiiomnx P u Q. [lycts
Ha M™ BBe[ieHH JIOKaJbHHE KOOPAMHATH Z!,...,Z", B KOTOPHIX Tpa-
€KTOpHH 3amuchiBaioTcs B Buge v(t) = (z!(t),...,z*(t)), z(0)=P
z(l) = Q; %(t) — BekTop cKopoctH. PaccMoTpuM ¢yHKUHOHAN

1

I[y]= § L(z,2)dt, rne L — rnagkasi QYHKUMs OT HBYX TPymn
0
nepeMeHHHIX: (Z, £) =4d, T. e. L (z,d) — Q)ym(uuﬁ Ha T,M".
Onpeneaenne. Hunysvcom p=(p;), 1 <1 < n, Ha3bIBaeTCsl KOBEK-

TOP CO CJIEAYIOIIHMH KOMIIOHEHTaMH (B llaHHOH CHCTEME KOOpAMHAT):
=57 . Fnepeueii E nasuiBaercsa ¢pyukuus F(z, 2)=2z'p, — L (z, Z).

DHePrui0 MOXHO pacCMaTpuBaTh Kak ¢yHKuuio Ha T,M", 1. e.
E(z,d)=a'p,— L (z, d). Baxusiit npumep L: L (x, £)=g,;2*£; orciona
p, = % = 2g,.].a':f , T. €. p — KOBEKTOP, ABOMCTBEHHHI OTHOCHTEJIbHO
METPHKH g,; BEKTOPY CKOPOCTH d = Z. JDHeprusi E umeeT BUL:

E(z, &)= 329,27 — g, &' ¢’ = g, 2* %7,

T. €. SIBJIIeTCS] «<KHHETHYECKOH 3HEepruem».

[Tycts & — rpynna Jlu, rmagko neficteylomas Ha M"(z!,..., z")
(7. e. KaXnwlil sJeMeHT g € & npenctasieH auddeoMopdusmom M™);
6yneM paccMaTpuBaThb B OCHOBHOM cJelyiolmii mnpuMep: & = R! —
BelleCTBEeHHasl NpsiMasi (TPyNma Mo CJOXKEHHI0). DTo neucmue (nnst
® =R') nopoxnaer Ha M" BeKTOpHOE MOJE: X(a-n)— tg,(a;,)],_o,
rae opbuTa B(z,) = 9,(%,); 9o(%y) = 7. HetictBHe & Ha M" mopoxnaer
nefictee ® na T,M" 1o Gopmyae g,: (z, 8) — (9(z), dg,(a)).
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Onpeneaenne. T'opopsat, uto snarpanxual L (z,d) coxpansemcs
npu Oeticmsuu & (unsapuanmen omuocumesbHo &), ecin TpH
nevicteuu & Ha T, M" ¢ynkuus L (z, d) nepexogut B cebs, T. e.

L(g(z); dg,(@) = L (z,3), (,8)€ M.

HafineM aHanuTHYecKue yCJOBHSI HHBapHaHTHOCTH L. YciioBue ero

dL
COXpaHEHHUsT HMeeT BHI! at =0, rae t — BpeMsi BIOJIb TPaexTo-

puu g,(z). duddepeHuupys CI0XKHYI0 QYHKIHIO, IOJyIaeM

dL 8L dz* | 8L dd*®  dz* _ +;
T dt Toa ar =X (2)

o da! -
(cm. Bbime). Haitnem —o-. PaccMotpuM @ u KacatenbHyo TPaeKTOPHIO

¢(7) = (zi(7)) TaKyw, 4to a' = ‘?—T . Ilpu manom cMmelieHun
7=0

Ha At Bpoab g,(z) dyHkumu z' mepexomsiT B QyHkuuu zf + XAt
(MBb mpeHe6peraeM MaJbBIMH MOPsiAKa BHIue nepBoro). OTciona

8X* da’ _ 8X*

dz* k
e azha 6t, T. €. E—azka

dr?

i i i
dx — £+_(ka At

' 1
ar — dar T. & a—a+

Hanee
ga () ={z' + XAt +...},
9 i 9 (i ; ~ (si, OX° ;
5% (98:(2)) = 5 (2" + X*At +.. )= (6,, + gAt) =JJ,
J = (Jf) — Marpuua Slko6u. Otciona
@ — Jid=d + %:a"At.
Hrak, ‘
dL _ L i L X' .

E - azs' aai azk a EO’
rae (z, d) — He3aBHCHMHE apryMeHTH. Mu fokasanu

YrBepxaenne 1. Anarumuueckoe ycaogue CoOXpaHeHus Aa2pan-
acuana L (z, @) epynnoii & =R' umeem sud

8L +; 3L.8X"h_0
o X T o eE® O

—

20e (z,d) — Hesasucumele apeymenmot, a X — BeKMOpPHOe nose
ckopocmeii Oeiicmsus epynn & =R!.
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BeiBeneM Tak Ha3piBaeMblil 3aKOH COXPaHEHHMsI NMPOEKLUHH HMITYJbCa
1
BIOJIb 9KCTpeManell ¢yHkuuonana J[v]. Pacemorpum § L(z, &) dt =

0
= J[v], u nyctb 7, — 3xkcTpeManb J[y], T. e. pelleHHe CHCTEMb
ypaBHeHH# Jitepa gf: Hd; (:ﬁ ) =0, rue uepe3 7 0603Ha4eHO BpeMsi
z

BIOJb 3KcTpeMasu. Eciu Toukow 0603HauuTh auddepeHHpPOBaHHE
no napamerpy 7 (BOJb 3KCTPEMalH), TO ypaBHeHHs Jiijlepa mnepe-

NHCHIBAIOTCS TaK: = p,, TAe p — uMnyabc. PaccMOTpHM CBepTKY

f(r)y= (p,X)—Xapl, roe f(7) — rmagkas QyHKUMS BROJIb (7).
3pech f(T) MOXHO NOHMMATb KaK 3HauYeHHE KOBEKTOPA p Ha BEKTO-
pe X: f(7)=p(X).

Teopema 1. Hmeem mecmo mosodecmso (f(7)) =0, m. e
(p, X) =0

HdokasatenbcTBO. U3 yrBepxnenus 1, umeeM

i Vi i 131/ BXI oL dIk_
(X'p) =Xip+ X', =X S 4 S 24
oL ax oL 4 _
=% X T oFat® =0

yto U TpeboBanoch. TeopeMa nokasaHa. [J
paCCMOTpHM Haw MojeJbHbIH npuMep: L (z, £) = gij:c"':i:f . Torma p, =
=2g,%’, 1. e. X'p, =29, X3/ = 2(X, 4,) = const Baob (7). st
3TOro Jlarpamxuaﬂa SKCTPeMaJlM SIBISIIOTCS Te0fie3HIecKuMu (cM. § 2);
B YaCTHOCTH || = const BRosIb 1(7); oTciona |X| cos a(7T)=const, rae
a(T) — yron Mexny BektopaMu X W 7, (M3MEpEHHBIl B MeTPHKe gii)-
[lpuMeHHM 3TOT pe3yJbTaT
K 3ajaye HaXOXIEHHsS Treo-
Ie3H4YeCKHX Ha IOBEPXHOCTH
Bpamenuss M? B R3. Ilycts
r(2) — riiagkas QyHKUMSI, siB-
Jsiiomasicss  o6pasyiouies 1mo-
BEPXHOCTH BpalleHHs, T. €.
KpuBzs y = r(2) Bpamaercs
BoKpyr ocu Oz (puc. 19).
[lycTh w — mocTosiHHAsE cko-
POCTb BpallleHHsI; TOrAa Ha M 2
BO3HHKaeT JefcTBHE rwi , rpyn-
Puc. 19 net & =R!. Torna nose X cko-
poOCTel 3TOro AeHCT3Hs UMeeT
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Monyab | X| = rw. B cuay nokasansoro Builne fsi Jio60i reogesuuec-
KOH 7,(7) Ha M? BhnosusieTcst ToXAecTBo r(2)cos a(z) = c = const.
Hrak, gokasano

Yreepxaenune 2. Ha nosepxnocmu spawenus M? CR3? ¢ o6pasy-
rouweil T(z) 80046 a1060i eeodesudeckoil Y,(7) Ha M? evinosnsemcs
mosxcdecmso r(z) cos a(z) = const.

PaccmorpuM  nmpumepn.  [lycts
r(2) = const; Torma CoOTBETCTBYIO-
Iasi TOBEPXHOCTh BPALUEHHS SIBJISI-
eTCsi LUMJHHAPOM M reofe3nqecKue
Ha HeM SBJISIOTCS 06pa3aMH MPSIMbIX
TnocJjie CBepTKH €BKJIMAOBOH TJIOCKO- Puc. 20
cTH B uuauHap (puc. 20).

[ycty 7(2z) ompemensier S? (puc. 21).
[eomesuueckue 3KBaTOpHl (yron — mepe-
MEHHBIH ).

Ycnosue r(z)cos a(z) = const — Heob-
XOIUMO€ YCJIOBHE TeOfe3HHHOCTH Tpaek-
TOpHH, Ho He pocrtatouHoe. ([IpuBemure
npumep.) B camoM pnene, ecam y(7) —
opbuta feicTBus rpynns &, 1o a(7) =0,
1. e. (p,X)=|X| |p| =const (ua mo-
BEDXHOCTH BpPAlE€HHs), OJHAKO HAJeKo He
BCerja sipjsieTcsi reofie3nuecko. Paccmor-
pUM, HanpuMmep, MpsiIMCH KPYrOBOH KOHYC
M ero BpauleHdss BOKPYyr ocu (puc. 22).
Puc. 21 Kak Mbl yxe 3HaeM, Bce reofgesnueckue
Ha KOHyce SIBJSIOTCST 00pa3aMH MPSIMbIX

He zeodeauieckue [eodesuveckue

Pasfepmra
KoHyea

Puc. 22
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IIPM CBOPAaYHMBAHHH KYCKa €BKJIHAOBOH MJOCKOCTH B KOHYC; OKPYXHO-
CTH, OYEeBH[IHO, He reonesuqecxue Ha KOHyce.

3AMEYAHHUE. [lockenbky dt L =0 spos op6ur neiicteus & = R'
(oSl HHBapHAHTHOTO JIarpaHXHaHa), TO JIOKAJIbHO MOXXHO MYCTHTb
BJIONb OPOUT &(z) KoOpAMHATY z"; Toria (p, X ) =0, YTO SKBHBAMNEHT-
Ho: p, =0, rme p, — NPOEKIHS HMIYJbCa MO KOOPAHHATE T"; HHBIMH
C/IOBAMH, B 3TOM CJyYyae MOXXHO CHUHTATh, YTO HMIYJbC P He 3aBHCHT
OT KOODAMHATH Z"; QYHKUMsI L, KCTaTH, TOXe He 3aBHCHT OT 3TOH
KOOPIHHATHI.

JlokakeM TaK Ha3biBaeMBIH 3aKOH COXPaHEHHsI 3HEprHH BJOJb
skcrpeManedt. Ilycte L (x, d) — sarpaHxuaH (yxe He o0si3aTesbHO
HHBAapHAHTHBIH OTHOCHMTEJBbHO NEHCTBHS! KaKOH-1MO0 Ipynmbl) H MycThb
Y%(7) — skcTpeMansb dyHkuuonana J[y]= { L (=, £) dr. Paccmorpum
sHepruo E =2'p, — L; p, = 557 yCTh L =g,2'3’ — U(z), rae
¢yskuust U(z) Ha3biBaeTCs MOTEHIHAJIOM.

Teopema 2. Bdoabv akcmpemaneti (1) dynxyuonara J[v] ume-

em mecmo moxcoecmaso: % =

IlokasaTteabcTBO. HMeeM

dE s . .
=2 —-L) =(pa-L)=
_OL ;i 8L OL i OL. OL i OL._
a+p,a a:c:z: &ia—az,.a+aa‘.a ax,-a aa'.a_

TaK Kak p; =
TeopeMa pokasana. O

[TepeiineM K U3y4eHHIO NPOCTEHIINX MOHSATHH raMHJIbTOHOBOH Mexa-
HHKH Ha MHOTOOGpa3usix.

[ycte T,M"™ — KacaTeJbHHH Ny4OK MHOroo6pasusi, cHaGXeHHHIH
KoopiuHaTaMu (z, @), L — narpanxuad Ha T,M™.

Onpepeaenne. Jlarpawxuan L (x, d) Ha3biBaeTcsl He8blpoXcOeH-
HblM, €CJIH ypaBHEeHHe

~ _ 8L(z,3d) 3L (z,d .
p= 33 (T.e. p; = 8a l<1‘<n)
uMeeT A1 moboro £ € M™ enuHCTBEHHOe pelieHHe d = d(z, p).

PaccmotpuM Hapspy ¢ 7, M" Takxe KoKacaTeJbHbIH my4yok 1*M™,
T. €. 2n-MepHoe IJ1afikoe MHOroo6pasne, TOUKaMH KOTOPOTO SIBJISIIOTCS
napu (z, p), rae p € T."M™, 1. e. p — KoBeKTOp. PaccMOTpHM 3Hepruio

E(z,d)=p,a* — L(x,a)= —ﬂ:—aza"—L.
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3necs p = p(z,a). BuipasauM @ = d(x,p) u mnoacraBuM B E;
nonyunM E — E(x,d(z,p)). Mb NONyuYHIH HEKOTOPYW (YHK-
w0 E(z,d(x, p)) = H(z, p), HasuBaeMylo eamusbmoruanom. OHa
umeer Bup H = p,a'(x,p) — L(z, d(x, p)), 1. e. L(z, d(z, p)) =
=p,a'(z, p)— H(z, p). [Tycts v(t) C M" — rnankasi TpaeKTOpHsi; TOTAA
(z,2) € T,M", rne £ =2(t), z==z(t), 1. e. 7(t) mopoxpaer Tpaekro-
puio Ha T,M™: (z(t), 2(t)) =TI(t). Paccmorpum narpanxual L (z, @)
Ha Tpaektopusx T,M", mpuyeM Ha BceX TPaeKTOPHSIX, a HE TOJBKO
Ha TpaekTopusix Buaa ['(t)=(z(t), £(t)) (He Kaxxnast kpuBasi Ha T, M™
HUMEeEeT TAaKOH BMI).

OtMetuM, uto T, M™ u T*M" muddeomopdub. B camom pese,
nycTb Ha M"™ 3ajaHa MeTpPHKa g,;; TOTAA CYLIECTBYeT HHRADHaHTHO
onpeneneHHoe otoxaecteieHue p: TTM" — T*M"; p({z'}, {a*}) =
=({z'}, {gp.a"}) € T*M". Hapsimy c stum oroxnectnennem T, M"
U T*M" Mb uUMeeM ellle U [Pyroe OTOXAECTBJIEHHE, BO3HHKAIOLIEe
TPH 3alaHAH HEBBIDOXKJEHHOTO JarpaHxHuaHa L(z, ). B camom nene,

oL
ypaBHeHHe p = —‘(9%2 MMeeT eJMHCTBEHHOe pelleHHe (TpH (QUKCH-

pPOBaHHOM z) & = d(z, p), a TOTOMY MOXEM CONOCTaBUTh KaXHOH
nape (z,d) mapy (z,p), roe p = QIL(%—’Q PaccMoTpum uMeHHO 3TO
otoxpaectsienne T, M™ u T*M", sBasiomeecss nuddeoMophuaMoM.
B uactHoM ciyuae, korna L (x, @) = g a‘a’, uMeeM p; = 2g, a*, T. e.
OTOXIECTBJIEHHE C TMOMOIIbIO TAKOTO JIarpaHXHaHAa COBNAJdeT C «DH-
MaHOBHIM OTOXJECTBJIEeHHeM» (cM. Bhime) (puc. 23).

Puc. 23

PaccMoTpuM BapHaLMOHHYIO 3aady Ha HaXOXIeHHEe 3KCTpeMaliel
S

dynkumonana I[a]=§ L(x(t), d(t))dt, rne L(z, @) paccMaTpuBaercs
R

Ha BceX IJIafiKux Tpaektopusix a(t) B T, M", a Touku R u S — nBe
¢HKcHpoBaHHBE ToukH Ha T,M", T. e. R(xy, dy), S(¥y by) (pHc. 24).
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PaccMorpum ypaBHeHusi Jiepa misi 3Toro ¢yHKUHOHana. bynem
paccMaTpuBaTh BapHalMH, NPH KOTOPHIX TOUYKH R W S He cMellaloOTCs.
- YpasHeHusi diiniepa Ha T, M™ uMeloT BHL,
. . gf_’i = dit (%) 3anuweM ux B Tep-

T )l MuHax T*M™, T. e. clellaeM 3aMeHy

- A | » (z,p)— (x,d) c noMOIIBIO ONMHCAHHOTO
_[ p o) || ¥ Buime nuddeomoppusMma, mocTpoeHHOro
% 3; no JarpaHxkuany L. MMeeM
N . ,
;s L(z,d(z, p)) = p,a'(z, p) — H(z, p);
a -
P, = 57 L(z,d(, p)).
Puc. 24 OrMeTuM, 4TO %L(m, a(z, p)) =0,

TaK KaK HMMIYJbC P SIBHO He BXONMT
B L(x,d), a npu pabore c ypaBHeHHsiMH Diislepa BapHauuu GepyTcsi
TOJIKO IO SIBHO BXOJSILIMM B JIarpaHXXuaH ¢yHKuusM. Mrak

0= 2-L (2, (s, p)) = a'(x, p) ~ - H (3, p)

(mpn s10m L (3,82, p))= (2 L (3,8, p))) @'(3,p) ~ H(5;p)), 1. e.
a'(z, p) = 5%{—9(’%—”2. Orciona

[ L (@ d(a p)it = §[p.a'(a )~ H(z, pldt =
~§ [ 28 - H(a p)] de = Tw()

e w(t)e T*M", w(t)=(z(t), p(t)); w(0)=A, w(l)=B (puc. 25).
7;’4” TiM”

annnani )

Puc. 25
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3anuieM Tereph ypaBHeHHs Diyepa Anast dyHKUHoHada J[w(t)]
Ha T*M". Ilyets wy(t) = (z(t), p(t)) — 3KcTpeManab (PyHKUHOHA-
Ja J{w(t)]. Boitme 6bI0 ycTaHOBJNEHO, YTO a* = a:’p , HO TaK Kak
a® = £° (BROJb 3KCTPEManH), To &* = %ﬁ”’—pl (BoOME 3KCTpEMaJH).
Jasee *

Jw]=§(pa = H)dt = § L(z, d(z, p)d.

o oL d (8L
YpaBHenusi dinepa npuobpertaroT BPILL ot = O (Q)’ HO TaK Kak
oL _ oL oL __ __3H!:!:,p!
gt = P TO p;, = g Hanee ot = (a D, — H(z,p)) ot

9
TaK Kak —(a p,)=0.B noxasare.nbcrae paBeHCTBa ——(a p;) =0 ™Mbl
HOJIbSyeMCﬂ TeM, 4To B nape (z, d) KOOp}IHHaTb[ zHd paccmarppmalor-

cs KaK HE3aBHCHMbIE KOOp}lHHaTbI a l'IOTOMy a —0 aajiee, BapHauus
no z* lIOJI)KHa BbIl'IOJIHSITbCSI TOJIBKO MO HBHOMY BXOXJIEHHIO MMepeMeH-
HOH z' B CYMMY ap a TaK KaK 3Ta nepeMeHHasi siBHO He€ BXOIHT,

H
TO ip.) =0, uto u Tpe6oBanoch. Otciona p, = ﬂ Hrak,
HAMH [OXa3aHa BaXKHasi

Teopema 3. B koopdunamax (z, p) Ha KoKacameabHOM ny4Ke
B
T*M™ ypasnenus Jiirepa 0rs pynkyuonara J[w]=§ L (z,d(z,p))dt
A
3anucCol8aOMCA 8 MAK HA3bIBAEMOL «2AMULGMOROBOL hopme»

&= aHaz’P , p= —8—1%1—’9;—”1 (ypasnenus Tamuromona).

CrhenaeM fonoJiHeHHE K BONPOCY O HESIBHOM BXOXKIEHHH MepeMeH-
HoH z*' B cymmy ao'p,. Hanpumep, eciu L = g;;a'a’, TO a' BHpa-

JKaeTCsl TOJNbKO 4yepe3 HUMNyabc p (T. €. 6e3 SIBHOTO BXOXIEHHS Z):

p,= —8% =2g,a’; otciona a® = %g”"p,:. Kouneuno, pyukuuu g** = g°*(z)

3aBHCHT OT T, OIHAKO MEpPeMEHHasl T He BXOJMT TeM He MeHee SIBHO
a®, a TIOTOMY BapbHPOBaHHE 10 HEH He MPOHU3BOLHUTCSI.

H3yuum ypaBHenus ['amunbtroHa uwa T*M". Ouu onpepesiiot
Ha T*M"™ rnagkoe BeKTOpPHOe IIOJle, OTHECEHHOE K KOOpAMHATaM
(2%, p;), 1 <4,7 < n. IT0 — NMOTOK CMELHANLHOTO BHMA; HE KaXMoe
BeKTOpHOe moJie Ha T*M™ MOXHO NpPeACTaBHTh B BUAE L' = 9%.,_;:)’

1
p;, = _f’ﬂa%_l’l. 310 moJie TecHo cBs3aHo ¢ nojeM grad H, kotopoe sB-
JisieTCsl KOBEKTOPHBIM nosieM Ha M™. B camoMm fene, paceMoTpuM Ha M™
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BHELIHI0I0 AH(hepeHuHaIbHYI0 opMy cTenedH a8a w'® =dp, Adz®, oT-
HECEHHYIO K YKa3aHHbIM JIOKaJIbHBIM KOOPAMHATaM; 3Ta (hopMa 3ajiaeTcsi
B KaXIOH Touke (&, p) KOCOCHMMETPHYECKOH MaTpHIeH

01
-1 0 0
0 01

-10

a NIOTOMY orpefieNIsieT KOCOCHMMETPHYECKOe, HEBLIPOXKIAEHHOE CKaJISIP-
Hoe npoussenenne B 1, (T"M") u B T ,(T°M"). ITo cKanspHoe
MPOH3BeJieHHe 3a/laeT, CJIENOBATENbHO, OTOXKIECTBIEHHE KacaTeJbHOIo
M KoKacarenbHoro npoctpadcrs Tp . (T*M™), (”)(T M"™) B kax-
Joil Touke. PaccMoTpUM NOTOK gradp H(z, p), nMeomui KOOpAHHATHI
(aH;::; p), aHé;’p )); TOr/Zia MOTOK, ABOHCTBEHHBIH K HEMY OTHOCHTEJIb-
HO 3TOTO CKaJSIPHOTO NMPOM3BEJCHHUs], HMEET BHI, H(z,p). _ OH(z, p))

T. €. COBIafdaeT C TIaMHJIbTOHOBHM [IOTOKOM, nonyquHbIMazHaMH
B TeopeMe 3. MTak, raMuJIbTOHOBO IOJIe MOXHO ONpPeNeNHTb Kak
NIOTOK, JBOHCTBEHHbIH OTHOCHTEJBHO BHelIHeH 2-GOPMEI K IDafHeHTY
¢oyukuuu H(z, p), 3amannoit Ha T*M" (H(z, p) — raMHJIbTOHHAH).
Bynem teneps cuutatsh, uto M" — puMaHoBo MHOroo6pasue, a MOTOMY
T*M"™ u T, M"™ MOXHO CYHTATh KAHOHHYECKH OTOXKAECTBJEHHLIMH; B
YaCTHOCTH, Mbl He OymeM pasjHyaTb BEKTOPbl H KOBEKTOpH M OyneM
BCE MHJEKCH y KOOPAMHAT ITHCATh HaBEPXY.

JlanbHedni MaTepyual He rpenroJiaraeT 3HaKOMCTBA C NIPeIbILYIIIHM
aHaJIH30M, BHIIOJHEHHBIM HAMH At GyHKUHOHANA J[w]; Ha 3TOT MaTe-
pHaJ MOXHO CMOTPETh KaK Ha 060CHOBaHHE BaXKHOCTH FAMHJIbTOHOBHIX
MIOTOKOB B PUMaHOBOH reoMeTpHH.

PaccMoTpuM yeTHOMepHOe pHMaHOBO MHoroo6pasme M?2"; B mpe-
nbmymeM npumepe B KadectBe M?™ ¢QurypupoBajo MHOrooGpasue

T*M™ = T.M"; nycth w?® = w;; dz* A dz’ — HeBHIPOX/IeHHas BHelll-
usia 2-popma Ha M?, 3a11a101ua51 KOCOCHMMETpPHYECKOe CKaJIsipHOe
npoussenenue. Eciu Ha M?" 3ajaHo Takoe npomsBefeHue, TO LISt
mo6oil raankoi GyHkumu f(x) Ha M-" MOXHO OnpeleiuTh MOHATHE
«KOCOCHMMeTPHYeCcKoro rpaguentas sgrad f(z).

Onpeneaenne. Kococummempuueckum epaduenmon sgrad f rian-
KoH (yHKUHH f (OTHOCHTENLHO CKaJSIPHOTO NPOM3BEJEHHS] W) Ha3bl-
BAeTCsi BEKTOPHOE I0JIe, OJHO3HAYHO OMpPeJeJsieMOe COOTHOUICHHEM
w(Y sgrad f) = Y(f) Tie }: npoGeraetT MHOXECTBO BCeX TJIaAKHX
BEKTODHBIX 1oJiell Ha M?", a Y (f) — 3nauenue oneparopa Y ua ¢GyHK-
uuu f.




§ 4. BAPMALIMOHHOE MCYHUCJIEHME Y CUMITJIEKTHYECKAS TEOMETPH51439

Xots omnpenmenedne sgrad f aHajJorH4HoO 10 ¢GOpPMe ONpefieieHHI0
grad f (m1s CUMMETPHYHOrO CKaJIIPHOrO NPOHM3BEJEHHsT), HO CBOHCTBA
sgrad f oTauyaloTcss OT cBoMcTB omepauuu grad f. OTMmeTuM, uTO
OHO3HAYHOCTh onpeeneHus: sgrad f cieayeT U3 HEBLIPOXKIEHHOCTH w.

Hanomuum BaxHoe ompenenenme. Ilycts w® =w, .dz"A...

... A dz* — nuddeperuuansuasi popMa crenesu k; dopma wk*+h =

= dw™®), onpenenseMas paseHcTBOM dw'®) =37 —ﬁdz’“ Adzh AL ..
in

... A dz*, HasuBaercsi BHEWHHM gudpdepeHuuanoM ot ¢opms wk),

Iasi 1-dpopmbl wV) = w;dz* onepauusi d npuHUMaeT BUL

3w,. dw 5

o’ ort

dw = %dz‘u Adzi= ( ) dz' Adz?, i<y

Onpeaeaenne. [nanxoe MHoroo6pasue M>" naspiBaeTcsi cumniex-
muueckum, ecid Ha HeM 3a[iaHa BHelHss AuddepeHUMaNbHA 2-
dopMa w® taKas, uro:

(1) w® uesbIpoXAEHE;

(2) dw® =0, 1. e. popma w?® 3amkHyTAa.

Okas3biBaeTcst, UTO AJIsl CUMILIEKTHYECKHX MHOro06pasuH CyliecTByet
aTjiac criequasbHOro BHA3, B KoTopoM ¢opMa w® (HaswiBaeMasi MHO-
ra «CHMIJIEKTHYECKOH CTPYKTYPO#») MPUHHUMAET KAaHOHHYECKHH BHI;
a UMeHHO: st JI060# Toukn P € M 2" cymecTtByoT okpectHocTh U (P)
u xoopauHatel {p',...,p"; ¢',...,q"} B Heit, B KoTOpHIX wW® nMeer

n
U w® = 5" dp* Adg'. DTH KOOpAMHATHI HA3BIBAIOTCS CUMNACKMU-
i=
4ecKumu. CyLlLIECTBOBaHHe 3THX KOOPAMHAT COCTaBJIsieT COAEp)KaHHe
u3BecTHOH TeopeMul [lapOy, NOKa3BIBaThb KOTOPYHO Mhl He GymeM, mo-
CKOJIbKY MBI OTPaHHYHMCSI TOJIBKO PACCMOTPEHHEM NpHMepa CHMILIEK-
THYyeckoro Maoroo6pasus: nyctb M2 =R?*; p! ... p", q',...,q" —

n
nexapToBul KoopauHaThl B R?® u w®@ = Y" dp*Adq’. Tak xak 31a popma

i=1

HMeeT NOCTOsiHHbIE Ko3houuuenTn wf?, 10 dw® =0, T. e. opma
3aMkHyTa. HeBmipoXxmeHHOCTb ee oyeBHMAHA, a motomy R?" ¢ Taxoit
popmMoii w?® CTaHOBUTCS CHMILIEKTHYECKHM MHOroo6pasuem. [pyrum
Ba)XXKHHIM [TPUMEPOM CHMIVIEKTHYECKHX MHOroo6pasuil siBASIOTCS IVIaf-
KHe [ByMepHbEIe OPHEHTHPyeMble MHOroo6pasusi, T. €. S? ¢ HEKOTOPHIM
KOJIHYECTBOM PyUeK: Ha KaXKIOM M3 HHX MOXHO 3a/laTh CUMILIEKTHYE-
CKYIO CTPYKTYPY, B35B B KayecTBe HCKOMOH 2-(hOpMEI BHELIHIO (hopMy
0o6beMa OTHOCHTENLHO PUMAHOBOH METPHKH, T. €. GOpMy, 3alaBaeMyio
B JIOKAJIbHBIX KOOpAMHATAX (Z, y) TaK: w® =,/gdzAdy, rie g=det(g;;).
Torma M? npespaimaeTtcsi B CHMIIEKTHYECKOe MHOroo6pa3ue. B camom
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Hese, HeBHIPOXKAEHHOCTb w'® ciemyer u3 Toro, yto /g # 0; 3aMKHY-
Tocth w® oueBuAHA.

3AMEYAHHUE. YTBepxneHne TeopeMu J[lap6y o cymecTBOBaHHH
CHMILJIEKTHYECKOTO aTjiaca He ecTb TPHBHAJbHOE CJEe[CTBHE BO3MOX-
HOCTH MpHBefleHHs1 2-QopMbl K KaHOHHYECKOMY «BJIOUHOMY» BHAY
B KaXJo#l Touke: Teopema llap6y yTBepxKmaeT, YTO 3TO MpPHBENEHHE
MOXXHO OCYIIECTBHTh CPa3y B LIeJIOH OKPECTHOCTH, a 3TOT (akT Tpebyer
CrelHaNbHBIX PACCYXIACHHH.

Onpepeaenne. ['nankoe BekTopHoe noje X Ha CHMIJIEKTHYECKOM
MHOroo6pasun M>" ¢ dopmoit w® HasbIBaeTCS 2AMULLMONOBbLM, ECIH
oHo uMeet Buf X =sgrad H, rne H — HekoTtopasi ryiagkast GyHKUHS
Ha M?", Oyukuusa H Ha3biBaeTCsl 2aMUALMORUAHOM NOMOKA.

Hafinem sBHyio ¢opMyay s omepauud sgradf (B koopau-
Hatax). Mimeem w(sgradf,Y) = w,(sgrad f)'Y’ = Y";z—f;, OTKyZa

(sgrad f)! = w¥ % T. €. BekTop sgrad f mBo¥cTBeH (OTHOCHTEJBHO

jy
CKaJISIPHOTO MpOM3BeleHHs] w) KoBeKTopy grad f = (g,.) [Tpuse-

IeM rpuMep raMmuiabToHoBa mnojs. [lycts H — mpou3sBoJibHas Iaaf-
Kasi yHKUHs HA M?", OTHECEHHOM K CHMIJIEKTHYECKMM KOOPIHHA-

tam (p', ¢*), 1. e. w® =" dp* Adg* u (p', ¢') mexkaprossl. Toraa

i=1

onepauusi sgrad f umeer Bup sgrad: H — (gﬁ;—zz), T. e. Mo-
X=(%2. 1) 1<ig H
ne X = (37 ~%7) 1 £ <n, ramumronoso. Ha stom mpumepe
CTOUT NMOMYEPKHYTb OTJIHYHE FaMHJIbTOHOBHIX MOJIeH OT MOTEHIHaJb-
HBIX: raMUJIbTOHOBO node umeet Bun ( ok; —92) 2 norenumanshoe
6" op’

OH 8H “ M

grad H = % o) B uactdocTH, 3tH nosas (misi OGHOH M TOH

xe ¢yHkunn H) opTOroHajbHB OTHOCHTEJbHO €BKJIMAOBA CKaJSIPHO-
ro npousBeneHusi. HekoToprle moJisi, sIBAsIICh TAMHJIBTOHOBBIMH sl
Kakoi-10 ¢yHKuuH H, MoryT OHITb MOTEHUHAJIbHHIMH IJIi KAKOH-TO
npyroi dyHkuua H.

'aMUJIBTOHOBH MOJIST JOMYCKAIOT BaXKHOE OMHCAHHE HA sI3bKe Ofi-
HOMNapaMeTPHIeCKol Ipynmnsl AMPPeoMOpHU3MOB, MOPOXKAEHHOH STHM
noseM. Ilycte X = sgrad H — raMuiibTOHOBO 11osie; &, — COOTBETCT-
BYIOILAs1 TPYMMa CABHIOB BJOJb HHTErPAJbHBIX TPAEKTOPHIl STOTO MOJISI.
Torna sta rpynna geiicteyer Ha popmy w®, nepeBossi ee B HEKOTOPYIO,
BooGiie rosopsi, Apyrywo 2-popmy (&,) w®. 3mecs (B,) w® MoxHO
npencTaBuTh Tak. Eciu npu neficTBHu npeo6pa3oBanus &, Touka y Ie-
pexonuT B TOUKY z,(y)=®,(y), TO MOXKHO CYHTATh KOOPAHHATH (z] (y))
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IIaIKUMH (PYHKUHMSIMH OT KoopauHat (y’), Torna

(8,)' w® = w,(z,(y))dz;(y) A dzj(y) =

bz} (y) 0=
= (2 () 2D 2D iy = w1, y)dy A dy,

) j
rae wkp(t7 y) = wij(xz(y))m‘;y—(kw%
(puc. 26). .

BektropHoe mnoje X Ha CHMIJIEKTH-
YecKOM MHOroo6pa3ud MoXeT He [0-
nyckaTh 106aJbHOrO MPELCTaBJIeHHs]
B Buie X =sgrad H, oiHaKo OHO MOXeT
06J1a1aTh CJAEAYIOUMM BaXKHbHIM CBOM-
cTBOM: misi JioGod Toukn P € M?"
CYlIeCTByeT Takasi OKpecTHocTb U (P)
ToukH P ¥ Takas ¢yukuus Hy, ompe- Puc. 26
Jie/leHHasi Ha STOM IOBEPXHOCTH, 4TO .

X (a)=sgrad Hy(a), rtne « € U. Takne nonss X Ha3oBeM JIOKaJIbHO-

raMHJIbTOHOBLIMH. ['aMuiIbTOHHaHbl Hj, CTPOSATCS ISl KaXKIOH OKpecT-

Hoctd U, omHako, BooOuie TOBOPS, HE MOTYT ObITh «CLIMThI» B €IHHBIA

raMuJIbTOHHAH, ONpelesNeHHHH Ha BceM MHorooOpa3uu. Hayuenme

JIOKQJIbHO-TAMHJIbTOHOBBIX TOJIEH CBOJMTCSI TEM CaMbiM K H3y4eHHIO
n

raMUIbTOHOBHIX mosieil B R?® co ctpyktypo#t Y. dp' A dg’, Tak Kak
i=1

MO¥HO AUu(deoMOphHO 0TO6Pa3UTb OKPECTHOCTb U Ha 06/1aCTh B CHMII-

JIEKTHYECKOM MHoroo6pasuu (R?"; w®).

Teopema 4. Bexmoproe nose X Ha CUMAAEKMUYECKOM MHOZ006-
pasuu M aeaaemcs AOKAAbHO-2AMULLMOHOBLIM 8 MOM L MOALKO
mom cayuae, Koeda odnonapamempuieckas epynna &, coxpaxsem
cumniexmuieckyro cmpykmypy w®,

Il 0OKa3aTeabCTBO. IloxameM TeOopeMY TOJILKO [jisl TOro cJydas,

n
korna M?" ectp R?™ co crpykrypoir w® = " dp’ A dg’. O6mmit
=1
cJIy4a CBOIMTCSI K 3TOMY C MOMOIIbI0 TeopeMbl Jlap6y, [oKa3aTeabcTBO
KOTOPOH MBI OIYCTHJIH.

JTlokaxeM, 4to ecnn w® coxpaHsieTcst Npu AedcTBuM &,, To noje X
JIOKaJIbHO-TaMHJIbTOHOBO. To, uTo w'® nepexonut B cebsi npu AeHct-

BUH ®&,, O3HAYaeT, YTO MPOU3BOAHAs (popMbl BROJb MoJst X paBHA

nymo (X — nose ckopocreit meiictBus ®,), T. e. 0= %w(”('y(t)),
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rae v(t) — uHTerpasbHasi TPaeKTOPHS X . Vimeem
d d + i i
aw?(r(t)=g 2 dp'(t) Adg'(t) =

- di(dp () Adg'(t) + dp(£) A da*(t)] =

2"5 [ ( ))/\dq (t)+dpi(t)Ad (d‘””)]

i=1

Z[d(Xi(t))/\dqi(t)+dp‘(t)/\dY"(t)],
re X =(X*, YY), 1 i< n. Janee
;_tw(2)(7(t))_ [( OX_ ip "+ XL 4g+ ) Adg' +
+dpf/\( dp* +"’Y dg* 2 LY ok Adgt 4
ap* ap" aq'
axt  ox ; oyt oy ;
—=——|dg* A dq’ —Z_— |dp* A dp*|=0,
+(aqk Bq’) q(k<i)q+(3pk 3p') p(m)p]

T. €.

_ox*t _ovyk axk _axt ay' _ avk
ot o o ot ot ot

10 o3uavaer, yto 1-popma w) = Y (Yidp' — X'dg*) siBnsiercs
i=1

3aMkHyTOH. B camoMm pene

dw(”—dz(Y'dp — Xidp')= 2[(3pkd’° aqkdq)Adpi—

1

X' , v, OX! i< ay* a9y k i
(8p'°d + 5ok dq)/\dq —g [(8;;" api)dp (k/<\i)dp+

ay* oxX & ;
dg*. A dp* - — = EAndgi| =0
+( ap) q* A dp' + (aq. aqk>dq q]

B CHJy MOJYYeHHBIX BHlle cooTHowedui. ITockonbky 1-popma w(!)
onpesesieHa Ha R?", To U3 3aMKHYTOCTH cJefiyeT, 4To Ha R?" cymect-
ByeT riafikast ¢ydkuusi H, rpagueHT Kotropo# (0Obiunbif grad) paBeH
aTol dopMe, T. e. w') =dH. B camom gene, H MOXHO B SIBHOM BHAE
BOCCTaHOBHUTH 10 (opMe w!!), [JIs1 3TOr0 HOCTATOYHO MONOXKHUTD

H(z)=[w®={ ¥ (Y'dp'~X'dg")= 5

-~ (yidet _ i@)
y(t)i=1 Z(Y dt X dt o

i=1
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rae v(t) — mpou3BosibHAsi TafKasi Tpaektopusi B RZ", umymas u3
(UMKCHpOBaHHOM TOYKH (HanpuMep, Toukn 0) B mepeMeHHYI0 TOUKY
¢ KoopauHatamu (p*, ¢*). Uncao H(z) He 3aBHcHUT oT Bbhi6opa HyTH,
uaymero u3 Touku O B Touky = = (p?,q'). s n =2 MH yxe
JOKa3biBaJu 3TOT Gakrt B ri. 4. s n > 2 3To cienyer U3 ¢hopMyJsl
Crokca. B camoM pnene, paccMoTpuM nBa nytH: ,(t), %(t), rme

7(0) = %(0); % (1) =(1); Torna

fwl—fwh= [ wh={ wh={dw®=0,
/] Yo /] u (_72) aD? D?

rae D? — npou3BOJIbHBIA JUCK, OTPaHHYEHHBIH JBYMSI TPAEKTOPHSIMH:
v, H 7Y, (muck MoxeT uMeTb caMonepecedenust). Mrak, nocrpoesne H
3akoHdeHo. Ocranoch nokasaTb o6paTHoe: eciH )_:(" — raMHJITOHOBO
nose B R?", To rpynna &, coxpausier w®, 1. e. X(w®)=0. Hocra-
TOYHO NOBTOPHTb B OOpPaTHOM MOpsiAKe Bce NpPEeNHAYIIHE BHIKJIANKH.
Teopema mokasana. O

DTOT pe3yJbTaT MO3BOJSIET JErKO NMPeabsiBJASATb NMPHMEPH FaMHJIb-
TOHOBHIX MNOTOKOB. Hanpumep, paccMoTpuM cdepy ¢ g pyuKamy,
CHAaGXEHHYI0 KaKoH-Mu60 PHMaHOBOH METPHKOH M CHMILIEKTHYECKOMH

crpykrypoit w® = ,/det(g,;) dz A dy (cM. Bewe). Kak onucatb Bce
raMHUJIBTOHOBH IOTOKH Ha 53TOM CHMIJIEKTHYECKOM MHOrooOpa3uu?
HamoMuuM, uro noje X Ha Mg2 HMeeT HYJIEeBYI0 AMBEPreHLHIO, eCH

IJIOIIAAb MPOU3BOJBLHOH 06JacTH A He MeHsIeTCsl PH CABUraxX BJOJb
HHTErpaJbHEX TPAEeKTOPHH MOJIS.

Caexcreue 1. lamurvmonossr nomoku Ha M? — amo necxcumae-
Mble NOMOKU U MOAbKO OKU, M. e. nomoku, 048 komopsix div X =0.

JlokaszaTenbcTBo. B cuiy TeopeMh 4 Mbl HOMKHH OMHCATh
Bce MOTOKH, coxpanstiomue popmy w®. ITockosbKy B KauecTse TakoH
chopmbl ME BEIGpann GopMy o6bema: w® =4 /det(g,;)dzAdy, To ramunn-

TOHOB IOTOK — 3TO TaKoe IIoJie, KOTOPoe COXpaHsieT ¢popmy obObeMa.
Kak Mbl 3HaeM U3 ri. 4, 3TO NOTOKH C HYJIeBOH AUBEPreHIUEH H TOJNLKO
oun. Crnenctsue nokasaso. 0

PaccMotpuM, Hanpumep, AByMepHy® ctepy S2, npeacTaBJieHHYIO
KaK MOMOoJHEeHHast KoMIulekcHas npsiMasi: R? U oo. Toraa Ha S? mMoxHO
npenbsiBUTh 6oraThil 3amac raMHJIbTOHOBBIX MOTOKOB (110 OTHOLUEHHIO
K CTaHAapTHOH MeTpHKe Ha S2?): cillefyeT paccMOTperbh MOJsi BHAA
grad Re(f(z)), grad Im(f(z)), rae f(2) — KOMIJIEKCHO aHANTHUTHYECKASI
¢byHKUMS NepeMeHHOH z = z + 1y. CiegoBaTenbHO, Bce pa3oOpaHHEE
HaMH B ri1. 4, § 4 npumeps HecxkuMaeMbX (M 6e3BHXPEBbBIX) OTOKOB
SIBJSIIOTCST TaMMJIbTOHOBBIMH. CHMILUIEKTHYECKAasi CTPYKTypa Ha S2,
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OTHEeCeHHOH K KoopAHHaTaM (z, y) (06cayKHBAIOLIUM BCe «KOHEYHbIe»
ToukH), umeer Bua w®» = dz A dy. B To xe BpeMsi, Hanpumep, Ha S?
CYLIECTBYIOT FAaMHJIbTOHOBH [IOTOKH, He sIBJsIIOIHecs] 6e3BHXPeBHIMH
(cM. HMXKe).

PaccmoTpuM BaXKHHIH NPHMEpP raMHJIbLTOHOBAa NMOTOKAa — JAHHAMHYe-
CKYIO CHCTEMY, ONTHCHBAIOILYIO IBHXXEHHE TPEXMEPHOrO TBEPAOrO Tesa
C O[HOM HemoABMXHOM Toukoit. s 3TOro caeayer paccMoTpers R3,
OTOXMECTBJIEHHOE C JIMHEHHHM IPOCTPAHCTBOM BCE€X BeIleCTBEHHHIX
KOCOCHMMETPHYECKHX Matpuu 3-ro nopsinka; mnyctb X € R® — rakas
Marpuua. 3amaguM B R® caMoconpskeHHHH JIMHEHHBIH olepaTtop:
¢: R® — R®, meiicteyommii no dopmyne X = XI + IX, roe [ —

A 0
marpuua Buma [ O A, O |, (A;) — BemecTBenHne uucaa. fc-

HO, 4TO MaTpuua X KocoCHMMeTpHuecKasi. PaccMoTpum cucTeMmy
nudepeHunanpHbIX ypPaBHEHHH (3aMCaHHYI0 B MaTPHYHOM BHJE)
X =[X, pX]. U3 MexaHuUKH H3BECTHO, YTO 3THMH YpaBHEHHSIMH
1 OIIUCHIBAETCsI JBHXKEHHE TPEXMEPHOTO TBEPAOTO TeJla C 3aKpelJIeHHOH
TOYKOH. 3anuiueM ypaBHeHHs B KoopauHaTHo#H c¢opme. [Ipu stom
YIOOHO B IEHCTBHTEJBHOCTH PacCMaTpHBAaTh cpasy n-MepHoe TBepioe
Teso, Bpamamueecss B R” BOKPYr 3akperieHHOH TOYKH, M CHCTEMY
Buta X =[X, pX], rie ¢: so(n)— so(n); so(n)=(X: XT=-X)
0
uMeer Bul pX = XI+IX, I = 01 N Cuwuras, uto X =(z;),
n

T,; = —;, MoJy4aeM

(‘PX),,—(’\ +A ) i (X) E( h(SOX)kJ (‘PX)ikzkj):

—Z( T (A + A )‘l’k, A+ ’\k)xikmkj) =(’\j - ) ; Tt T
P Yy
T, = ﬁ ; T, T
ITpu n =3 umeem

P VS P Y R VS W
Iy = XN Ti3T39, T3 = Xt TigTy3, Tog = ,\3 Ay 22, T
[TonoxuB z,, = ¢, T3 =7y, Ty; =z, NOJydaeM CHCTEMY:

LA =) DV Y Ay — A,
b v W IR Al v we TR Sl vany W i3

Aror notok (B R?®) monyckaer npa unrerpana: P(z, y, z) u Q(z, y, 2),
rae P =z + 32+ 2% Q =z2(\| + X,) + 2 (A, + A) + 22(A2 + A3).
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B camom gene, pis moKa3aTesNbCTBAa TOro, YTO 3TH JABe (YHKIHH
TNOCTOSIHHBI BJIO/Ib MHTErpajbHbIX TPAEKTOPHH TMOTOKAa, AOCTATOYHO
nHaiitn npoussogusie X (P) u X (Q). Umeem

_ —A2 A=A A - A
X(P)= 2""3’2(,\ X, ,\3+,\1+,\2+,\3)—

20y
= 0, £ oy oy LA~ A Aa + A +4) +

+(’\3 - ’\1)(’\1 + ’\2)(’\2+ ’\3) +(’\2 - ’\3)(’\1 + ’\2)(’\3+ ’\1)] =0
X(Q)=2zyz(A, = A, + A3 — A, + A, — X;) =0,

4TO U Tpe6oBaIOCh.

Ecmu A, Ay, A;>0 u A, mo- @=const
MapHO pa3JIMYHBl, TO 3TH ABa HH-
Terpana ¢pyHKLUHOHAJIbHO HE3aBHCH-
Mbl (B Toukax ofuiero TMmoJoxe-
Hus1) (mpoBepbTe!); clenoBaTeNbHO,
MHTerpaJjibHble TPaeKTOPHH SIBJISIOT-
csl IHHUSMH NlepeceyeHHs IBYX ce-
MelcTB mosepxHocTed — cep P =
= const u samunconnoB Q = const.
[Tote X yno6HO u306pa3uTh Ha
NOBEPXHOCTH YpPoBHA () = const
(puc. 27). Teneps 3apukcupyem Ka-
Kyio-1u6o cdepy P = const u orpa- Puc. 27
HU4YMM notok X Ha 3Ty cdepy. Mul
YTBEPXJaeM, 4TO 3TOT NOTOK raMUIbLTOHOB. B camoM nene, noctatouno
nokasaTtb, 4To X coxpaHsieT ¢opmy ob6beMa, T. e. Ge3fHMBEepreHTEH.
JocTtaTouHo moka3aTh, YTO NMOTOK coXpaHsieT ¢opMy o6beMa B 00b-
emJnoneM enx.nuuosom l'lpOCTpaHCTBe Ho 310 oueBumHO, Tak Kak
BbIpaXKeHHe 6:: + g;’ + -6—2 TOXXIECTBEHHO PaBHO HYJIO (CM. SIBHBIH
BUN £, Y, Z). Kak BHOHO Ha JaHHOM IpHMepe, 6oJblIoe 3HaYeHHe st
ONHCAaHHUS reoMeTPHYECKOro MoBefleHHs MOTOKA HMEIOT ero HHTerpaJsl;
B cJlyyae TPeXMepPHOro TBEpPAOro TeJia YPaBHEHHs ABHIKEHHS 0Ka3aJHCh
BIIOJIHE HHTErpHpPYyeMbl, T. €. Mbl YKa3aJH JBa HHTerpaja ABHIKEHHS.
Oka3sbiBaeTcsl, YTO IMOJIHOCTbIO MHTErpHpyeMbl (B HEKOTOPOM TOYHOM
CMbIC/Ie) W YPaBHEHMs ABH)KEHHsSI 7M-MePHOro TBEPIOro Tesa; ORHAKO
[0Ka3aTeJNbCTBO 3TOro (akTa y»Ke BeCbMa HETPUBHAJbLHO, M Mbl, KOHEY-
Ho, He 6yneM 31ech Ha 3TOM OCTAaHAaBJIHMBATbCH.

PaccmoTpuM Bompoc 06 HHTerpajiax raMHJbTOHOBLIX MOTOKOB. [lyis
9TOr0 OKa3bIBaeTCsl MOJIE3HHIM BBECTH HOBYIO OMEPALHIO Ha NMPOCTPaH-
CTBe I'VIafIKMX (YHKLMH Ha CHMIJIEKTHYECKOM MHOroo6pasuu, MOPOXK-
JIEHHYIO CHMILIEKTHYECKOH CTPYKTYpOH.
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Onpeaeaenne. Cxkobkoi [Tyaccona nByX riagkux GyHKuMi f, g
Ha CHMIUIEKTHYECKOM MHoroo6pasuu M?" HasuBaertcs dyHkuusi {f, g},
onpenensieMasi GopmyJioi

{f, 9} = w®(sgrad f, sgrad g) = w,;(sgrad f)(sgrad g)’.
SIBHast popmyna mis onepaumu f, g — {f, g} Taxosa:

of &
{f; g}:wkaax_);axga)

TaK Kak (sgrad f)' = w""%.

IIpepaoxenne 1. Onepayus f, g — {f, g} ydossemeopsem cae-
Oyrouyum COOMHOULEHUAM:

(1) onepayus {f, g} 6usuneiina;

(2) onepayus {f, g} xococummempuuna, m. e. {f, g} =—{g9, f};

(3) umeem mecmo mosxdecmso Slkobu

{h, {f, 93} + {9 {h, f}} + {f {g h}} =0.

HNokaszatenbctBo. [JlokaxkeM 3Ty TeopeMy IS YacTHOro
caydasi M?" = R®® ¢ KaHOHMYECKOH CHMILIEKTHYECKOH CTPYKTYpPOH.
CaoiictBa (1) u (2) cpa3sy cienyior U3 onpejeseHHsi CHMILIEKTHUECKOH
ctpykryphl. [lokaxem (3). Yepes L, o6osHauuM auddepeHIHpOBaHHE
Bloss mons sgrad f, 1. e. L,(h)=(sgrad f)h. Mu yTBepxnaeM,
4YTO BHIpaXKeHHe, cTosiliee B JieBOH yacTH (3), ecTb cyMMa MOHOMOB,
B KaXKIHH H3 KOTOPHX BXOQHT BTOpasl 4acTHas NMPOHM3BOAHASI KAaKOH-
Jaubo u3 tpex ¢yHkuuit: f, g, h. B camoMm neme paccMortpuM {f, g};
U3 ompefeneHus sgrad nosyyaeM

{f, 9} = w®(sgrad f, sgrad g) = —(sgrad g)f =
=—L,(f)=—(sgrad g)' 2.

Ho xommoHeHTH mossi (sgrad g)' caMu sIBASIIOTCSE YaCTHHIMH TIPOM3-
i " n

BOIHEIMH OT GyHKuMH g. B camoM mene, Tak kak w® = dp* A dg’,

i=1

o (sgrad g)' =~ 2 mpu 1<i < m; (sgrad g = 2% mpu 1 <5 < m;
matpuua popmu w® B R*(p!, ..., p"; ¢!, ..., ¢") nocTosiHHA U UMeeT

KaHOHMYeCcKuH «GaouHwii» Bup. CiepoBatenbHo, {f, g} sBasietcs Ju-
HeHHOH KOMOMHAIHEH MOHOMOB, COCTOSIIIHX M3 IPOU3BEAEHHH YaCTHBIX
NIPOH3BOJHHIX MepBoro mnopsinka. OTciona

Sh

{h {f, 9} = ~{{£, g}, h} = L () = —(sgrad{f; g})* &,
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1. €. Bupaxenue {h, {f, g}} ecTh cyMMa MOHOMOB, KaXblii H3 KOTOPBIX
COMIEPXKHT BTOpHle YAaCTHHIE NPOU3BOAHBIE JHOO OT QyHKUMH f, JH6O
ot ¢yHkuuu g. Mrtak, nokasaHo, 4to JieBass 4acTb TOXAecTBa (3)
€CTh CyMMa MOHOMOB, B KaXXIBIH H3 KOTOPHIX MHOXXHTEJEeM BXOIHUT
BTOpasi 4acTHasi TnpousBofHas. PuKcHpyeM Temepb, Hampumep, h.
CobepeM BMecTe Bce usleHBl B JIeBOH 4acTH (3), comepikalie BTODble
npou3BOAHbE QYHKUMH h. DTH YIeHH HMEIOT BHL

{f {9 h}} ~{o{f R}y =L,L,h— L,L,h=[L,, LIk

C nopyrodi CTOPOHH, HaM YyXe H3BECTHO, YTO KOMMYTAaTOp ABYX
oneparopos nepsoro nopsyika L, u L, siBisieTcst 0nepaTopoM nepsoro
nopsiika (a He BTOPOro), T. €. Buipaxenue [L ,, L |h conepxut ToJabko
NPOH3BOJIHEIE MEPBHIX HopsinkoB oT h. Mrak, JneBas yacthb (3) BooOuie
He COIEPXKHT BTOPHIX NPOH3BOAHLIX OT h. Ilo TeM e mpHYHHaM JeBas
4actb (3) He CONEPXKHUT H BTOPHX IIPOU3BOAHHIX OT f M g, T. €. JeBas
qactb (3) paBHa HyJo. [Ipeanoxxenne mokasaHo. O

JluHeHHOe npocTpaHCTBO ¢ OUIMHEHHON omeparuel, yAOBJIETBOPSIO-
mee cBorcTBaM (1)—(3), Ha3n.BaeTcs aseebpoi Jlu.

CaenctBue 2. Jluneinoe npocmpancmso F(M?™) scex eaadkux
pynkyuil Ha cumniekmudeckom mHozoobpasuu (M w) asrsemcsa
aneebpoii JIu no omnowenuro k ckobke INyaccona {f, g}.

1o clemyeT U3 HoKa3aHHore Bhie. Aare6pa Jlu F (M) 6eckoHeu-
HomepHa. PaccMotpum otobpaxkeHue « anrebpu Jlu F (M) B anre6py
Jlu V(M) Bcex riankux BeKTODHHX MoJed Ha M, ompejeseHHoe
topmymoit a(f)=sgrad f.

CaenctBue 3. Omobpasxcenue a: f —sgrad f seasemcsa comomop-
pusmom anzebp Jlu, m. e. a{f, g} =[af, ag].

HNokazateabctBo. Cuenyer mokasarts, uro sgrad{f, g} =
=[sgrad f, sgrad g]. U3 toxmectsa SIko6u uMeeM:

(sgrad{f, g})h = w(sgrad{f, g}, sgrad h) = —{h, {f, g}} =
=—{o {3 +{f{gh}}=-L,L;h+ L, L h=[L, L,]h,
sgrad{f, g} = [sgrad £, sgrad g],

4yto u TpeboBanock. I

Tak kak o — romomopduam aare6p Jlu, To o6pasoMm anre6phl
Jlu F(M) B anre6pe Jlu V(M) Bcex rnaaxux mojed Ha M sBis-
eTcsl HeKoTopasi mojaire6pa, KoTopyilo Mbl o603Hauum depe3 H(M).
M3 onpenenennss a ciepyer, uto 310 — anare6pa Jlu Bcex raMuib-
TOHOBLIX ToJied Ha M. Tem cambiM a: F(M)— H(M) — snumop-
¢usm. OnHako o He MOHOMOPGH3M, Tak KaK HMeeT HeTPHBHAJIbHOE
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SIPO: SIAPOM « SIBJSIIOTCS JIOKAJbHO TOCTOSIHHBIE (YHKUHH, 2 €CJH
IPeaToNOXKHUTh, YTO M CBSI3HO, TO SIIPO ¢ OZHOMEPHO H COCTOMT H3
noctositHHeIX QyHkum# Ha M. CnepoBartenvHo, H(M) = F(M)/R,.
[Mopanre6pa H(M) cC V(M), H(M) = H (M) 3aBHCHT, KOHEYHO,
OT BHGOpa CHMILVIEKTHYECKOH CTPYKTypH w Ha M; eclu Mbl BBe-
neM Ha M [pyrylo CHMIUIEKTHYECKYIO CTPYKTYPY w', TO H3MEHHTCS
u nopanrebpa H (M) C V(M). OTMerum OTJIHYHE NOTEHUHAJIbHBIX
noJsei grad f oT raMHILTOHOBBLIX moJieit sgrad f. B camom neste, noteH-
LMaJIbHBIe [oJIs1 He obpa3ylor mopanre6pnt B V (M), T. e. KOMMyTaTop
IOBYX MOTEHUMAJbHBIX MOJEH MOXeT He GBITb MOTEHLMAJIbHBIM IOJEM.
[Ipumep: moTeHuHa bHbIE NOJS Ha OKPYXKHOCTH. Kaxnaoe BeKTOpHOe
nose Ha S' MoXHO 3afath riagkoil GpyHkuuen P(¢), Tie ¢ — yriosas
KoopauHarta, a P(yp) — KOMIIOHEHTa KacaTeJbHOro BeKTopa. Toraa
nasi iByx noaei, P(yp) u Q(y), Ha S! HX KOMMYTaTOp €cTh MoJe
c KomnoHeHTol: R = PQ, — QF, (nposepsbre!). [lonoxum P = cos g,
Q =sin ¢; Torma R = 1. Mrak, Mbl npefcTaBUJIM NOJIE C TOCTOSTHHOM
KOMIOHEeHTOH (paBHOH 1) B BHIE KOMMYTAaTopa ABYX I[1OT€HLMAJbHBIX
noJsel. [TocTosiHHOe MoJle He MOTEHIHAJIbHO, TaK KaK HMeeT 3aMKHYTYIO
Tpaektopuio 6e3 oco6eHHOCTEH.

Onepauus B3situss ckoOku IlyaccoHa urpaer poap B H3ydyeHHH
HHTErpajoB raMHJIbTOHOBHX TIOTOKOB. '

Hpepnoxenne 2. [lycme ¥ = sgrad H — eamuibmono8 nomok
nHa M, u nycmo f(z) — enadkas pynkyus, Kommymupyrowas c 2a-
muromonuarom H, m. e. {fy H}=0. Toeda f asrsemcs unmezpasom
nomoka U, m. e. ¢ynkyus f nocmosHHa B800Ab UHME2PANLHBLX
mpaexmopuii noas ¥. Obpamna: aw0boii unmeepar g noas sgrad H

kommymupyem ¢ H: sgrad{g, H} =0.

HdokasarteasbctBo. JloctaToyHo Ha#TH MPOM3BOAHYIO f BHOJb
nonss U, 1. e. (sgrad H)f. B cuny onpepenzuus sgrad H, umeem:
(sgrad H)f = {H, f} =0, uto u tpeGosanocs. O]
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