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Foreword

In the first semester of 1989, I was invited to give a graduate course in
the Mathematics Department of Harvard University. Notes were writ-
ten by D. Abramovich, J.-F. Burnol and J. Kramer, and typed in TEX
by L. Schlesinger in that department. They were revised and expanded
during the next two years. My coauthors corrected and completed the
contents of the book, especially by providing some of the proofs in Chap-
ter VI. I also benefited from the advice of E. Getzler, who let me use a
preliminary draft of his book with N. Berline and M. Vergne [BGV]. M.
Hindry and T. Scholl read the manuscript carefully, and offered useful
comments.

Without the efficient and generous help of all these people, these notes
would not exist. I thank them very warmly, as well as the Harvard
Mathematics Department for its hospitality.

C. Soulé.
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Introduction

1. The method of infinite descent

1.1  One way of proving the irrationality of the square root of 2 is the
following one, known as the infinite descent method [I]. Assume that x
and y are non-zero positive integers such that

1) z? = 22,

Then z2 is even, hence z is even,

(2) z =2z,

say. Substituting in (1) and dividing by two we get
(3) y* =222

In other words, we have a new solution of (1). But this solution (y, 2) is
smaller than the previous one. For instance, the squared norm y2 + 22
of the vector (y, z) is smaller than z2 + y2.

We can repeat the argument starting from the solution (y, z) to get a
new solution (z,?), and so on. Since a bounded set of integers is finite,
this “descent” must end. We get a solution of (1) with either z or y
equal to zero. But then, by (2), the original solution must also be the
trivial one; a contradiction.

1.2  One may wonder whether this method of infinite descent, due to
Fermat, can solve all diophantine equations, i.e., systems of polynomial
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equations with integral coefficients and integral unknowns. It is very
appropriate for showing that a diophantine equation has no nontrivial
solution; for instance, z* + y* = 22 or 23 + ¢3 = 2% (W1].

It is also a good method for obtaining infinitely many solutions. One
starts with a few small solutions; then, by running the descent argument
backwards, these generate infinitely many others. This applies to Pell’s
equation and to the proof of the Mordell-Weil theorem.

But the argument we just made suggests that, when descent applies,
there are either zero or infinitely many nontrivial solutions. Indeed, if
there are finitely many solutions, when trying to show there are no more,
we would have to be sure that the descent process avoids the nontrivial
ones!

1.3 To overcome this difficulty, we describe the method of infinite de-
scent in other terms. Forgetting the (fortuitous?) fact that equation (3)
repeats equation (1), we may say that infinite descent is a combination
of congruence and height (= size) arguments. In that sense, one may
hope for a geometry which, instead of using these two kinds of arguments
one after the other, would involve them simultaneously. Such a static
version of infinite descent might prove finiteness theorems.

1.4 The Grothendieck theory of schemes gives an adequate geometric
generalization of the congruence arguments in diophantine equations.
Indeed, a scheme X over Z is viewed as a family of varieties over SpecZ,
the fiber at a prime p being the reduction of X modulo p.

Given such a variety X, if we want to control the height of its points
we have to consider the complex variety X () (we assume it is smooth)
from the point of view of hermitian complex geometry. This means that
we endow holomorphic vector bundles on X (C) with smooth hermitian
metrics.

Arakelov geometry [A1][A2] is a combination of schemes and hermi-
tian complex geometry. Its main achievement today is the proof of the
Mordell conjecture [F1][V2|[Bo]: a smooth projective curve of genus
greater than one has only finitely many rational points.

1.5 As we said earlier, Arakelov geometry is a static generalization
of infinite descent. For instance, when doing intersection theory on X
(see Chapter I below) one is not allowed to move the cycles; no analog
of Chow’s Moving Lemma. is known over Z. A more dynamic approach
would be an adelic variant of Arakelov geometry. The main object of
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study in this theory would be a smooth variety V' over @, and vector
bundles on V' equipped with metrics at archimedean places, and p-adic
analogs of these at finite places. Such an adelic geometry is still to be
built.

2. The analogy between function fields and number fields

2.1 Several authors, including A. Weil [W2], have emphasized the
analogy between a number field, i.e., a finite extension of @, and the
field €(S) of meromorphic functions on a smooth complete curve S.

For instance, for any function f € ©(S), f # 0, and any point z € S,
denote by v,(f) € Z the valuation of f at z, i.e., the order of vanishing
of f at x or minus the order of the pole of f at x. From the Cauchy
residue formula we get

@ o) = ¥ Ress () o

z€S z€S
where Res, denotes the residue at z of differential forms.
When f € Q" is a rational number we have the product formula

(5) 1fl=T1r,
14

where p runs over all integral primes and v,(f) € Z is the p-adic valua-
tion of f. If we define

(6) Voo(f) = —log|f| € R,
we may rewrite (5) as
(™ > 8(f)log(p) + veo(f) =0,

an analog for @ of equation (4) for €(S).

From this example we see that, in this analogy, the complete curve
S is analogous to the affine scheme SpecZ to which is added a point
at infinity (at this point the archimedean norm is used instead of dis-
crete valuations). This fits with the view expressed above that algebraic
geometry has to be completed by hermitian complex geometry.

2.2 In general, let X be an arithmetic variety. By this we mean a
regular scheme, projective and flat over Z.

In other words, we consider a system of polynomial equations
(8) fl(IO,"',IN) = fZ(IO,"',IN) == fk(I(),"',IN) = 0’
where f1,---, fx € Z[Xo, -, Xn] are homogeneous polynomials with
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integral coefficients. These define the projective scheme X = Proj(S),
where S is the quotient of Z[Xg,---,Xn] by the ideal generated by
Fi,-++ fx. The points of X are those homogeneous prime ideals P in
S which do not contain the augmentation ideal ([H], I1.2). The map
f: X — SpecZ maps P to PNZ. The fiber of f over a prime integer
(special fiber) is the variety f~!(pZ) = X/p = Proj(S/pS) over the field
with p elements. The generic fiber is f~1((0)) = X = Proj(S ®z Q).
We assume that X is regular and that f is flat, i.e. S is torsion free. It
follows that X/p is smooth, except for finitely many values of p, like g
in Figure 1, where it may not even be reduced.

F~'(p) = X/p X/q Xoo

lf
Spec(Z) .

p q o0

Figure 1: An arithmetic variety

In the same way that we completed SpecZ by adding a point oo to
it, we “complete” the family X of varieties over SpecZ by adding to
it the complex variety Xo, = X (@), i.e. the set of complex solutions
of (8), viewed as the fiber at infinity. We think of the whole family
as analogous to a complete smooth complex manifold Y fibered over a
smooth complete curve S via a flat proper map f : Y — 5, and we
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visualize the situation as in Figure 1. If the fibers of f have dimension
one, X has Krull dimension two (we call it an arithmetic surface) and
X is & complex curve (a Riemann surface). Notice that an integral
solution of (8) is a (rational) point P in X(Z) = X(Q) C X(C), ie. a
section o of f.

The need to control the size of these points P leads us to take as our
main object of study an algebraic vector bundle £ on X, endowed with
a smooth hermitian metric h on the corresponding holomorphic vector
bundle Eo, on X (we further assume that h is invariant under the
complex conjugation Fo, on X). The pair E = (E,h) will be called
an hermitian vector bundle on X.

3. The contents of this book

3.1 Let X be an arithmetic variety and E an hermitian vector bun-
dle on X. We shall attach to E characteristic classes with values in
arithmetic Chow groups.

More specifically, an arithmetic cycle is a pair (Z, g) consisting of an
algebraic cycle on X, i.e. a finite sum ) noZq, na € Z, where Z, is
a closed irreducible subscheme of X, of fixed codimension p, say, and a
Green current g for Z. By this we mean that g is a real current on X
which satisfies F3 (g) = (—1)?"!g and
9) dd°g+ 6z = w,
where w is (the current attached to) a smooth form on X, and 6z is
the current given by integration on Z.:

(10) b2 = Sna [ o

for any smooth form 7 of appropriate degree.

The arithmetic Chow group EI?IP(X } is the abelian group of arith-
metic cycles, modulo the subgroup generated by pairs (0, du + 6v) and
(div f, —log | f|?), where » and v are arbitrary currents of the appropri-
ate degree and divf is the divisor of a non-zero rational function f on
some irreducible closed subscheme of codimension p — 1 in X.

3.2 In Chapter III we study the groups CH p(X }, showing that they
have functoriality properties and a graded product structure, at least
after tensoring them by Q. To prove these facts is rather difficult, for
two reasons.
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First, the intersection theory on a general regular scheme such as X
cannot be defined in the usual way, since no Moving Lemma is available.
We remedy this in Chapter I by using algebraic K-theory and Adams
operations as in [GS1]. In particular, we give a proof of the vanishing
of Serre’s intersection multiplicities of two modules on a regular local
ring, when the sum of the codimensions of their supports exceeds the
dimension of the ring.

A second difficulty is that, given two arithmetic cycles (Z,g) and
(Z',4’), we need a Green current for their intersection. The formula

9" =wg' + g6z,
where w is defined as in (9), is formally satisfactory, but involves a
product of currents gdz. To make sense of it in general we need to show

that we can take for g a smooth form on X — Zo, of logarithmic type
along Z,,. This is done in Chapter II.

3.3  After having set up arithmetic intersection theory, we define in
Chapter IV characteristic classes for hermitian vector bundles E on X.
For instance, we get a Chern character class
(11) ch(E) e PCH' (X) 2z Q.

p20
This class satisfies the usual axiomatic properties of a Chern character.
But it does depend on the choice of a metric on E. Furthermore it is
not additive for arbitrary exact sequences; it is additive, however, on
orthogonal direct sums. Its failure to be additive on exact sequences is
given by a secondary characteristic class first introduced by Bott and
Chern [BC]. Similar results hold for the Chern classes ¢,(E) and the
Todd class Td(E).

3.4  Our next construction is some direct image map for hermitian
vector bundles. Let f : X — Y be a proper flat map between arithmetic
varieties, smooth on the generic fiber Xq. According to [KM], there is a
canonical line bundle A(E) on Y whose fiber at every point y € Y is the
determinant of the cohomology of X, = f~!(y) with coefficients in E:
(12) ME)y = Q) A™(HI(X,, B)Y",
g0

where A™** denotes the maximal exterior power, and L~! the dual of a
line bundle L.

To get a metric on A(E) let us fix a Kahler metric on X,,, hence
on each fiber X, ¥y € Y. According to Quillen [Q2] we may then
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get a smooth metric hg on A(E)s by multiplying its L?-metric (given
by integration along the fibers) by the exponential of the Ray-Singer
analytic torsion:

(13) hg = hi2 - exp(T(E)),

with

(14) T(E) =Y (-1)"q ¢(0).
920

Here (;(0) is the derivative at the origin of the zeta function (4(s), s € C,
of the Laplace operator A = 88 +8 0 acting upon forms of type (0,q)
on Xy, y € Yo, with coefficients in F.

In Chapter V we study ¢,(s) and the Quillen metric. Following [BGS1]
we show that hg is smooth and compute the curvature on Y, of the
hermitian line bundle A(F)g = (A(E), hg). It is given by a Riemann-
Roch-Grothendieck formula at the level of forms.

3.5 When combining the above results with the Riemann-Roch-Gro-
thendieck theorem for algebraic Chow groups, we get in Chapter VI
a Riemann-Roch-Grothendieck theorem for arithmetic Chow groups.
Given a proper map f : X — Y between arithmetic varieties, smooth on
Xg, and an hermitian vector bundle E on X, this theorem states that

(15) §(B) = &(ME)Q) — f(ch(B)Td(f))"V
depends only on the class of E in the Grothendieck group Ko(Xg) of
the generic fiber of X; here a(!) is the degree one component of a €

@@p(x )2z Q.

p20

3.6  An application of this is the following existence theorem of small
sections for powers of ample line bundles [GS4]. Let L be a hermitian
line bundle on some arithmetic variety X, of relative dimension d over
SpecZ. Assume that L is ample, the metric on L, is positive, and the
arithmetic self-intersection Z°+" € R of T is positive. Let E be any
holomorphic vector bundle on X, and r the rank of E. Call h%(X,E ®
L") € R the logarithm of the number of sections s € H(X,E ® L") of
E® L™ such that

(16) lIs(z)]] €1 for every z € Xo;
compare with (6).
Then, as n goes to infinity, we have

17) WRXEL") > (—d%ﬁr’“nd“ +O(ndlog n).
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The proof of this result combines the arithmetic (relative) Riemann—
Roch-Grothendieck theorem for the map X — Spec Z with the Minkow-
ski theorem for the lattice H%(X, E ® L™), endowed with the appropri-
ate metrics. This fits well with the view of Weil [W2] that Minkowski’s
theorem is an arithmetic analog of the (absolute) Riemann—-Roch theo-
rem for complex curves; see also [GS6]. Notice that the base point over
which such a curve is defined has no obvious arithmetic counterpart!

The proof of (17) was used by Vojta in one of the steps of his proof
of Mordell’s conjecture. We refer the reader to his paper [V2], and to
Faltings’ paper [F'3] for the use of arithmetic intersection theory in the
study of rational points on abelian varieties.

3.7 Finally, a word of warning. Several proofs in this book are only
sketched. Furthermore, we shall quote without proofs results from alge-
braic K-theory ([Q1], [S1], [GS1]) and the family index theorem ([B1],
[BV], [BGV]). Generally speaking, we assume more knowledge of alge-
bra, especially in Chapter I, than of differential geometry, but it might
help to consult other books for the basic material, for instance [BGV]
when reading Chapters V, VI and VII.

The book contains several remarks and open problems. These range
from precise assertions and references to vague conjectures. We have
not censored them too much, rather hoping that they will stimulate the
reader’s own research.



Intersection Theory on Regular Schemes

In this chapter, we shall follow [GS1] and define an intersection the-
ory on an arbitrary regular noetherian finite-dimensional scheme X, i.e.
a graded pairing between the Chow groups CH?(X) of cycles of codi-
mension p on X, modulo linear equivalence. However, in general, this
pairing is defined only up to torsion.

When X is of finite type over a field, the usual method to get an
intersection theory for cycles on X is to use the Moving Lemma [RJ],
which asserts that, given two cycles, one can change one of them by
linear equivalence and make their intersection proper. Unfortunately
this Lemma is not known on a general base. When X is smooth over
a Dedekind ring, Fulton’s method of the normal cone can be applied
instead of the Moving Lemma [Fu]. But in general no geometric method
is available (see however [RP] and [KT] for an extension of Fulton’s
method, up to torsion).

The tool we shall be using here is an isomorphism between CH?(X)q
and Ky(X)®), the weight p-part, for the Adams operations, of the
Grothendieck K-group of locally free coherent Ox-modules. The pair-
ing between Ko(X)® and Ko(X)@ is then just given by the tensor
product of Ox-modules.

The plan of this chapter is as follows. In §1 and §2 we state the main
results (see Theorem 2). In §3 we introduce Grothendieck groups. In
Theorem 3(i) we state that their filtration by codimension is multiplica-
tive up to torsion, and in Theorem 3(ii) we compare it with the Chow
groups. In Corollary 1 we deduce from Theorem 3 a conjecture of Serre
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on the vanishing of some intersection multiplicities; another proof was
given by Roberts [RP], using Fulton’s theory. In §4 we define A-rings and
we state the existence of such a structure on the Grothendieck groups
(with supports). This result is proved in §5. In §6 we prove Theo-
rem 3(i), thus completing the proof of Serre’s conjecture. Finally, we
describe how the A-ring structure on Quillen higher K-theory [Kr] [S1]
leads to the comparison of Chow groups and Grothendieck groups stated
in Theorem 3(ii). However, at this point, we do not give any details.

We shall use the following convention (valid for the whole book): given
an abelian group A, we denote by Ag the vector space A @, Q.

1. Length and order

1.1 Let R be a noetherian ring and M a finitely generated R-module.
There exists a chain of submodules

(1) M=MyODM,D---DM;=0

with M;_1/M; = R/p;, where p; is a prime ideal of R [Se2].

Definition 1 M is said to have finite length, if all p; occurring in (1)
are mazximal ideals.

A module M has finite length if and only if its support Supp M =
{v € SpecR: M, = M ®r R, # 0} consists of maximal ideals. If M
has finite length, it can be shown that any two chains (1) have the same
length; we denote it by £z(M) and call it the length of M. The function
£g(+) is additive on exact sequences.

1.2  Let now R be a one-dimensional integral domain and K its frac-
tion field.

Definition 2 For f € K*,f =a-b"! with a,b € R we put
ordr(f) := €r(R/aR) — £r(R/bR)
and call it the order of f.

Then ordg : K* — Z is a homomorphism from the multiplicative
group K* to the additive group Z. If R is a one-dimensional regular
local ring, then the order of any f € R coincides with the valuation of
f; note that R is then a discrete valuation ring,.
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2. Chow Groups

Let X be a noetherian and separated scheme of dimension d, an as-
sumption which will be made during the whole of Chapter 1. For any
integer p > 0, denote by X {P) the set of points of codimension p in X.
Forxz € X, m is a closed irreducible subscheme of X of codimension
p. Let ZP(X) be the free abelian group generated by X (P); hence an
element of ZP(X) can be viewed as a finite integral linear combination
of closed irreducible integral subschemes of X of codimension p. We call
elements of ZP(X) p-cycles. Two p-cycles Z1,Z2 are called rationally
equivalent if there exist finitely many functions f; € k(y;)*, 3 € X®1,
Y; = TyT} such that

Z, =27+ divf,

where

divfi= Y ordo,,.(fi) - {=}.

zeX®)NY;

Definition 3 The p-th Chow group CH?(X) of X is the quotient group
CHP(X) := ZP(X)/rational equivalence .

Definition 4 Two cycles Y € ZP(X),Z € Z9(X) intersect properly,
fYNZ is empty or

codimx (Y N Z) = codimxY + codimx Z (=p+gq).

Assume Y € ZP(X),Z € Z9(X) intersect properly. Then, following
Serre [Se2], the intersection multiplicity x*(Y, Z) for x € Y NZN X #+9)
is the integer:

X (Y, 2) = 3 (1) o, (Tor)** (Ov.s, 0z,2)):
i>0
Recall that, if R is a ring and M, N are R-modules, Tor®(M, N) is

defined as follows. Take projective resolutions P — M and Q. — N of
M and N respectively. Then Tor?(M, N) = Hi(P.® Q).

Theorem 1 Assume X is a regular scheme. Then there exists a unique
pairing
CH?(X)o® CHY(X)g — CH'1(X)q
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such that for Y, Z intersecting properly (Y € Z?(X),Z ¢ Z9(X)), we
have

¥-zi={ Y. x2) -{=)

zeYNZNX(Pta)
This theorem is a special case of Theorem 2 below.

For a closed subscheme Y C X we define Z}(X) as the group of
cycles of codimension p on X supported in the closed subset attached to
Y. We then define CHY(X) as the quotient of Z} (X)) by the subgroup
generated by the elements divf, where f € k{y)* and y € XP~1nY.

This group CHY(X) is the Chow group of codimension p of X with
supports in Y. Given an inclusion Y/ C Y of closed subschemes of X
there is an obvious map of change of supports

CHY (X)) — CHY(X).
Theorem 2 Assume X is a regular scheme and let Y,Z be closed
subschemes. Then there exists a pairing
CHY(X)q ® CHZ(X)q — CHY[;(X)e
satisfying the following properties:
(i) @®vpCHy(X)g is a commutative ring with unit element [X] €
CH°(X).
(i) It is compatible with change of supports associated to inclusions
Y'cY,Z' c Z.
(iii) For (Y1) € CHY(X),[21] € CHL(X) with Y1, Z, intersecting prop-
erly, we have

ml-zl=[ Y X*(Y1,21) - {z}].

zeYiNZNX Pt

The proof of Theorem 2 will follow from Theorem 3 below; see the
discussion after Corollary 2.

3. K-Theory

3.1 By Ko(X), resp. K{(X), we denote the Grothendieck group of
coherent locally free, resp. coherent, O x-modules. For any closed sub-
scheme Y C X, we denote by K (X) the Grothendieck group generated
by finite complexes

F 0-F,—...oF, —-F—0
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of locally free sheaves on X, acyclic outside Y, modulo the following two
relations:
(i) [F]=[F, if there exists a quasi-isomorphism from F. to F/.
(i) [F]=[FT+ [F"], if there is an exact sequence
0-—7f'-—>f —),F”—)O.
From SGA VI and [H], 1116, Exercise 6.9, we have:

Lemma 1 If X is reqular, then Ko(X) = Kj(X).

Sketch of proof. One constructs as follows a map Ky(X) — Ko(X),
which is an inverse of the obvious map Ko(X) — K{(X). Since X is
regular, any coherent Ox-module F has a finite and locally free resolu-
tion

0-Fpn—...oFL o Fo—=F -0
see [GBI] or [H], Exercise IIL6.9(a). We send [F] to Y i o(—1)*[F] €
Ko(X). O

We refer to [GBI] and [H], I1.6, Exercise 6.10 for Lemma 2 below. The
proof of Lemma 3 is easy. .

Lemma 2 IfY C X is a closed subscheme, there is an exact sequence
K(Y) — K{(X) = K{(X -Y)—0.

Lemma 3 IfY,Z C X are closed subschemes, one can define a biad-
ditive pairing

K3 (X) ® K§ (X) = K3 " (X),
by the formula [F]-[G]:=[F. ®6G].

Lemma 4 If X is regular and Y < X a closed subscheme, then
K¥(X) = K\(Y).

Proof. We first define a map
¢: KJ(X) — Ky(Y)
(7] — Y (DT T - HlF)/ Ty Ho(F),
where Jy denotes the ideal sheaf of Y'; note that the inner sum is actually
finite, because there exists N € N such that J{,V annihilates H;(F.).
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We can also define a map in the other direction
¥ Ko(Y) — K (X)
(€] — [F(E)]
where F.{£) — i.£ denotes a finite, locally free resolution of i.£, which
exists by the regularity assumption on X. One can show that the class
of F.(£) does not depend on the specific resolution and is additive on
exact sequences, hence 1 is well-defined.

One immediately checks o1 = id. So we are left with showing that
¥ is surjective. Given [F ], a generator of K} (X ), we have to show that
_ [F] is in the image of ¢. We do it by induction on the number of non-
zero homology groups of F.. If F. is acyclic, then [F.] = 0. In general,
if n = sup{i|H;:(F.) # 0}, consider a surjective morphism

0 Guy1—ker(0: Fp, = Fp_1),
with G, 11 locally free. Let
.7:,,,_,_1 = .7:n+1 &b Gn+l
be mapped to F,, by 8’ = 0 o, and let
0 Gnyo—vker(d': F , — Fp)

be a surjective morphism with G, locally free. By iterating this con-
struction (which will end when & becomes injective) we get a new com-
plex F' (equal to F. in degree less than n + 1) and an exact sequence

0—-F -~F -G —0.

Here F' has one less homology group than F, so that, by induction
hypothesis, its class is in the image of 4. On the other hand, one checks
easily that G is a resolution of H,(F ), so it is also in the image of 1.
We conclude that [F] = {#'] — [G] lies in the image of . 0

3.2  Let X, X' be noetherian and separated schemes and f: X — X'
a morphism. We get a morphism f* : Ko(X’) — Ko(X) by pulling back
locally free sheaves: f*([F']) = (f*F'].

On the other hand, if f is proper, there is a map f. : K{(X) — K{(X’)
defined by means of the higher direct images:

L(F) = (DR fF;

note that for a coherent sheaf F, R f.F is also coherent, if f is proper,
cf. EGA I11.3.2.1. Notice the projection formula:

fu(£71F1- 1D = 171 - £e(19])
for [F] € Ko(X'), [G] € K{(X) (note Kj(X) is a Ko(X)-module by
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means of the tensor product); this formula follows from the isomorphisms
Rf.(f*F®G)= F® R'f.G,
cf. [H], IL8, Exercise 8.3.

On K{ (X) we define a decreasing filtration
KY (X)=F°KY (X)> F'K{ (X) >...D> F!KY (X)
> FHIKY (X)={0} (d=dimX),
by
' FPEY(X) = |J  im(BE(X) — KY (X)).

ZCY
codimy Z>p

Let GrPKY (X) = FPK{ (X)/FPH 1KY (X).

If Z € Z5(X) is an irreducible p-cycle contained in Y, we can choose
a finite, locally free resolution F, of 1,0z, where i : Z — X is the
closed immersion. Denote by o(Z) € FPKY (X) the class of F..

3.3

Theorem 3 [G-51] Let X be a finite-dimensional reqular scheme.

i) FPKY(X)g FIKZ(X)g C FPHKY"Z(X)q, the product being
0 Q 0 Q 0 Q
defined as in Lemma 3.3.
(i) The map o induces an isomorphism

ag: CHL(X)q — GrPK{ (X)e.
(tii) For any morphism f : X — X' we have, with Y = f~1(Y’),
f*FPEY (X')q C FPKY (X)e-

The proof of this theorem will be given in Section 6.
Before going on, we give two corollaries to Theorem 3.

Corollary 1 (Serre’s vanishing conjecture) Let R be a regular local ring
with mazimal ideal m and residue field k = R/m. Let M, N be finitely
generated R-modules. Put X = SpecR, Y = SuppM, Z = SuppN and
suppose Y NZ = m . IfcodimxY + codimx Z > dimX, then

XR(M,N) :=Y " (~1)*¢g(Torf(M,N)) = 0.

Proof. By Lemma 4, we have isomorphisms

¢ : KX"Z(X) = K,'™}(SpecR) = K (k) 2 Z,
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where the last isomorphism is given by the dimension.

Now let P — M,Q. — N be projective resolutions of M, N and
denote by [P],[Q.] their classes in K (X), KZ(X) respectively. For the
product [P]- [Q.] we get by the very definition

e(P]-1Q)) = Z( 1)‘Zdlmk(m’H (P.®Q.)/m™)

—Z( 1)} €R(Tor (M, N)) = x®(M, N).

On the other hand, by Theorem 3, [P]-[Q] € FPraK}Y"Z(X), which
vanishes, because of the assumption codimxY + codimxZ > dimX.
Hence

x®(M,N) =0.
O

It is still an open problem whether x2(M, N) is always greater or
equal to zero as conjectured by Serre {Se 2].

Corollary 2 Let X be a regular scheme of dimension d, E a vector
bundle and L a line bundle on X. Then [E ® L™ € Ko(X)q is a
polynomial of degree d with respect to n, the coefficients being certain
classes of vector bundles.

Proof. Let U be an open set in X such that Ly & Oy; put Z :=
X\U. Now the class o := [L] — [Ox] lies in Ker(Ko(X) — Ko(U))
im(K}(Z) — Ko(X)), by Lemma 2. Hence
ae F'KF(X) = | J im(K¢(X) - K{(X)),
zcx
using Lemma 1 and Lemma 4. By Theorem 3 we get
d+l Fd+1KX(X)Q 0.
If we now expand, we get the desired result:
[E®L"] = [El(a+ [Ox])" = [El(a+1)"
n )
if Y i
=Y [Ela (l) =Y [Ela (2>

i=0 i=0

Il

O

Note finally that Theorem 3 implies Theorem 2, namely we take the
commutativity of the following diagram as the definition of our intersec-
tion pairing:
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CHL(X)@®CHL(X)q — GrPKY(X)q® GriKZ(X)qg

CHYL,(X)q = GrrYKINZ(X)g

4. A-rings

4.1

Definition 5 A \-ring is a unitary ring R with operations \*  Vk >

0, satisfying '

(i) N=1A(z)=z VzeR, XQ1)=0 Vk>1.

(ii) Az +y) = D5 Ni(z) - Xi(y).

(§5) AN (zy) = P\ (2), ..., ¥ (2); AL (), - .., \¥(y)) for some universal

o - polynomials Py with integer coefficients (defined below).

(i) A*(\E(z)) = P o(DYz),. .., \¥(x)) for some universal polynomi-
als Py, with integer coefficients (defined below).

What we call a A-ring is sometimes called a “special A-ring”.
Putting A¢(z) := 3", A*(z)t*, we have by (ii)

) Atz +y) = Me(z) - Aely)-

4.2 Let us define P;. We first guess a formula for Py in the case
T =1 +...+ Ty, where \(z;) =0 Vk > 1,4 = 1,...,m and
Yy=y1+...+yn where \é(y;,) =0 Vk>1,j=1,...,n By (2) we
find

A(z) = ] +t20),
i=1
hence
ko Jok(zr,...,Tm) k=1,...,m
AMz) = { 0 k>m,

o1, being the elementary symmetric function of degree k. Let us impose
the following condition on A*: if A*¥(z) = M(y) = 0 for k > 1 then
X¥(zy) = 0 for k > 1. Then we get

Mley) =[] TTQ +tzay)-

i=1 j=1

Hence M\*(zy) is a symmetric polynomial in z;,. ..,z of degree k and
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Y1, --.,Yn of degree k, and so it can be expressed as a polynomial in the
elementary symmetric polynomials up to degree k:

Ne(zy) = Pulor(@i), .- ., ox(@i); 01(y5)s - - - ok (y5))
= Pe(A (@), ..., A (@); M (), ..., A ().
This is our definition of P.

4.3 Similarly, we shall define Py ¢ by first guessing a formula for Py
in the case z = 1 + ... + T, where A¥(z;) = 0 for all £ > 1 and then
taking this formula as a definition. By 4.2 we have

@)= S ze.z

1<i1 <...<ig<m
hence A*(X¢(z)) is the coefficient of t* in
I a+tz .z

1<41 <... <1 <My

But this is a symmetric polynomial in z;,...,z,, of degree k¢, hence it

can be expressed as a polynomial in the elementary symmetric polyno-
mials up to degree kf:

A (OE(z)) = Ppo(o1 (i), .. ., oke(:))
= Peo(A' (), - .., A¥(2)).

4.4  Inorder to check universal relations among operations on A-rings
(i.e. polynomials in the A*), it is sufficient to check these on elements of
the formz =z + ...+ zn with /\k(z,-) =0forallk>1(i=1,...,N)
(this is the ‘Verification Principle’, cf. [AT}, §1.3). Furthermore, there
is the following ‘Splitting Principle’ (cf. [AT], §1.6): if R is a A-ring and
z € R with \¥(z) =0 Vk > N, then there exists a A-ring R’ O R such
that = 1 + ...+ zn with z; € R’ and \* (zi) =0 (for all £ > 1 and
i=1,...,N).

4.5 Pat
L d(@)/dt
Yi(z) = —t- YOl

and

Ye(a) =y PpF(@)tk.

k>1

Definition 6 * are called the Adams operations on the \-ring R.
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From the remark in 4.1 we see that the Adams operations are additive:
V(@ +y) = v* (@) + v ().

Now let z,y € R with \*(z) = A*(y) = 0 for all k > 1 (hence \*(zy) = 0
for all k£ > 1). Then \(zy) = 1 + tzy and therefore

Y_t(zy) = —t .

1+tzy’
tzy kyk
Pe(zy) = = > (zy)"°t
(zy) r—— kEEI: )

P (zy) = (zy)* = *y* = P*@)P ().
By the verification principle and the additivity of 1*, this is true for all
z,y € R, i.e. the Adams operations constitute ring endomorphisms.
With the verification principle one can also check, for any z € R,

| P (¥ () = v*(a).
The Adams operations can be expressed in terms of the A-operations.
-'To check this, by the verification principle, we may assume that z =

Zy+ ...+ Tm, where \¥(z;) =0 forall k> 1 and i =1,...,m. In that
case

V@) =9z + ..+ Tm) = Zwk(z,)

= zF = Np(oa(i), . .., ok (zs))
i=1

= Ne(\} (), ..., M (),

where N}, denotes the k-th Newton polynomial, which expresses Y"1~ ¥
in terms of the elementary symmetric functions of degree less or equal
to k.

4.6

Theorem 4 Let X be a reqular scheme. Then there exists a \-ring
structure on @ K¥ (X) with the following properties:
YCxX
(i) A* maps K¥ (X) to itself for every k > 0.
(it) The A-ring structure is functorial.
(ii) If X = SpecR,Y = Spec(R/aR) (a € R), then for the class of
the Koszul complex Kos(a) in K (X), we have

¥*([Kos(a)]) = k - [Kos(a)].
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Here Kos(a) is the complex defined by 0 — R-3R — 0, with R in
degrees 0 and 1.
The proof of this Theorem will be given in the next section.

5. Proof of Theorem 4

5.1 We first show that Ko(X) is a A-ring. In order to define a A-
ring structure on Ko(X), one is led to take the k-th exterior powers for
the operations A*. The problem now consists in verifying the properties
(iii), (iv) of Definition 5, (i) and (ii) being obviously true. We solve this
problem by constructing an action of the Grothendieck group of certain
representations, known to be a A-ring, on Ko(X).

Let us be more precise. Let M,, denote the set of n x n matrices and
H =7Z[M,] =Z[X1,X12,. .., Xnu] the associated Hopf algebra over Z,
the coproduct u: H — H ®z H being defined as

w(X;j) = ink ® Xkj-
k=1
Denote by Rz(M,) the Grothendieck group of (isomorphism classes of)
H-left comodules, free and finitely generated over Z. The homomor-
phism

id,: Z" — H®zZ"

3 n
( ) €; (o d Zj:l Xij ® e]-,

where e, ..., e, is the obvious basis of Z", gives Z™ the structure of an
H-left comodule. In other words, the diagram

HezZn 18idn H®z (H @z Z%)
u®1 N\ )
(H®z H)y®z Z"

commutes. We denote the corresponding element in Rz{M,,) by A!(id,).
When k > 1 we then denote by A\*(id,,) the element of Rz(M,) obtained
by taking the k-th exterior power of the representation id,, defined by

®3)-

Theorem 5 [Sel|, [Kr]. The ring Rz(M,) is isomorphic to the poly-
nomial ring

ZIN (idy), . . ., A"(idy)].
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The exterior powers define a A-ring structure on Rz(My).

Proof. We will just give a brief description and refer the reader to [Sel]
and [Kr] for details. By the theory of characters, one knows that the
Grothendieck group of representations over QQ of the linear group is

Ro(GLy,) = Z[\'(idy), . - ., A™(idn), A" (id,) "]
This implies that
Ro(M,) = Z[\'(idy), - . ., A" (id,)].
Similarly, for any finite field IF,, one has
RE, (M) =Z[A\'(id,), ..., A™(id,)].

As shown in [Sel] §2.4, one has an exact sequence

]_I RF,,(Mn) s Rz(M,) — Ro(My,) — 0,
p prime

where 7 is defined by extension of scalars and j is given as follows. For
[M] € R, (M), ie. M an Fp[My}-left comodule, finitely generated
over IFp, there is an exact sequence 0 — P, — Py — M — 0 with
Py, P, being H-left comodules, free and finitely generated over Z. The
element [Pp]—[P1] in Rz(M,,) does not depend on the choice of this exact
sequence, cf. [Sel], §2.3. We put jp([M]) := [Po] — [P] and j = (jp).
On the other hand, by reduction modulo p, one gets a homomorphism
dp : Rz(M,) — Rg,(M,), and, as in [Sel], §2.7, one finds j,d, = 0,
hence j = 0, because dj, is surjective (each \¥(id,) lifts). From this the
first assertion follows.

To prove the second assertion, we note from the previous result that
Rz(GL,) = Rg(GLy) injects into Rg(Ty), the Grothendieck group of
representations over @ of the group of diagonal matrices of size n. But
one can check easily that exterior powers induce a A-ring on the latter
group, since all representations of T, are direct sums of one-dimensional
representations, cf. [Sel], §3.6. a

5.2 Let A be a unitary ring. Any m = (m;;) € Mn(A) defines a
homomorphism m : H = Z[M,,] — A by evaluating polynomials at m.;.
Hence any representation p: V — H ®z V (V a left H-comodule, free
and finitely generated over Z) induces an action p(m) on A®zV, namely
the composition

A0zV 2 Az (HezV) ™2 Az V.
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Let now P be a projective A-module, i.e. a direct factor of A™ for
some 1 € N: there exists an A-module Q with A®™ = P& Q. Denote
by p € Mp(A) the projector of A™ onto P. For any representation p, of
M,, define

pn([P]) = [im pn(p)] in KO(A)
This element is well-defined since replacing Q by Q’ leads to replace p
by p' = g~'p g for some g € GL,(A), hence does not affect the class
{im (pn(p))] € Ko(A) of the image of the projector p,(p). Furthermore,
given an exact sequence of representations

0— pp — ph —p5—0
we get an exact sequence of A-modules
0 — im p},(p) — im pi(p) — im pj(p) — 0.
Finally, this construction is compatible with the standard inclusion

M, — M,,,. So to every P we have attached a ring morphism from
Rz(My) = lim Rz(M,) to Ko(A).

5.3 The construction above extends to an arbitrary scheme X as
follows. Let F be a coherent locally free sheaf on X. Cover X by affine
open subsets U = SpecA. The restriction Fly of F to U is the sheaf
attached to a finitely generated projective A-module P. Using 5.2, given
a representation p,, of M,, we define p,(P) and these modules can be
glued together to give a coherent locally free sheaf p,(F) on X. As in
the affine case, F defines a ring morphism from Rz(M) to Ko(X).

We are now able to show that Ko(X) is a A-ring. Indeed, the image
of (M(id,.)) € Rz(Ms) by the above map is A¥(F), the k-th exterior
power of 7. Applying Theorem 5 we conclude that these satisfy the
relations (i)—(iv) of Definition 5 (for more details, cf. [GS1]).

5.4  We now proceed to the general situation, i.e. we show that there

exists a A-ring structure on @ K (X) satisfying the properties stated
YCX

in Theorem 4. For that purpose, we construct operations A\* : K} (X) —

K{ (X) satisfying (i)(iv) of Definition 5.

If F is a finite complex of locally free sheaves on X, acyclic outside
Y, one is of course tempted to define the -ring structure by A*(F ) :=
(ARF), i.e., taking the k-th exterior power of each member of the com-
plex F. . But one easily verifies by counting dimensions that A\*(F ) will
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no longer be, in general, acyclic outside Y. Therefore, we have to con-
sider a different definition. For this, we shall use the notion of simplicial
objects in an abelian category and its relation to the category of chain
complexes, which we now describe in more detail, following the article
of Dold and Puppe [DP].

Let A denote the category of totally ordered finite sets and monotonic
maps. So the objects of A are the finitesets [n] ={0 <1< 2<... <n}
and the morphisms of A are generated by the maps

J Jj<t

6’i: ~1 ,dﬁedb 6,,:.:
[n—1] — [n], defined by 3,() {j+1 i~
— Jj i<i
0i: [n] [n—1], deﬁnedbya,-(j):{_ =
j—-1 ji>i.

The maps 8; (resp. o;) are called faces (resp. degeneracies) for i =

' 0,;..,1’1.

1 If C is any category, the category SC of simplicial objects in C is defined
as follows. The objects of SC are contravariant functors S : A — C and
the morphisms are natural transformations between these. Hence, a
simplicial object is given by a sequence {S, = S([n])} and, for each

monotonic map « : [m] — [n], a map S, := S(a@) : Sy = Sm, such that
Sid[,.] = ids"
and
Saoﬂ = Sﬂ o Sa.

Define d; := Sp, : Sp — Sn—1,8: == S5, : Sn—1 — Sn. A simplicial

morphism f between S and T is given by a sequence of maps
{fn:8n— T},

such that the following diagram commutes:

5.5 Now, if A is an abelian category, i.e. there is a notion of kernel
and cokernel, we denote by CA the category of chain complexes (of
homological type) associated to .A. We define a functor N : SA— CA
as follows. For any object S of S.A, put

(NS)p = ﬁ ker (d; : Spn — Sn—1)

i=1
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forn > 1 and (NS)y = Sp. Because d; od; = dj_y0d; for i < j,
do(NS), C (NS)n-1 and d% = 0, hence dy defines a map

0:(NS)p — (NS)n1
with 8 = 0, and we define NS to be the chain complex (NS),, with
boundary map 4. If f : § — T is a simplicial map, we obtain by
restriction a chain map Nf: NS — NT.

Conversely, one can also define a functor K : CA — SA. For any
object C in C A, we put
(4) (KC)n =D D Cu

gsn 7
where 7 runs over all surjective monotonic maps 7 : [n] — [g]. Further-
more, for each monotonic map a : [m] — [n], we define
(KC)o : (KC)p = (KC)1n
by giving the restrictions of (KC), to each summand in (4) as follows;
note that for o : [m] — [n], n: [n]—> [g], there exist unique monotonic
maps 7' : [m]—» [p], €: [p] — [g] for some p, such that noa =co7n':
(a) Ifp=gq,then (KC)4lg, : Cq — Cy is given by the identity map
on Cg;
(b) If p=gq—1and¢0) =1, then (KC)al¢, : Cg — Cp is given by
the boundary map 8 on Cy;
(c) In all other cases, (KC)alc, : C4 — Cp is given by the zero map
on C,.

If f: C — D is a chain map, one checks that it induces a simplicial
map K f between KC and KD.

The main result now states (cf. [DP], Satz 3.6) that the functor
NK : CA — CA is the identity and that KN : SA — SA is naturally
equivalent to the identity functor, i.e., there exist natural transforma-
tions F : KN — idsa and G : idg4 — KN such that FoG = GoF =id.
As a consequence, N and K are exact functors.

5.6 If G is a free abelian group with generators g; (i € I}, one defines
for any A € ob(A) the tensor product G ® A € ob(A) by
GeA=@P A
i€l
This definition can be made independent of the choice of the set of
generators (cf. [DP], §3.32).

Using this remark, we can define chain (resp. simplicial) homotopy in
CA (resp. S.A). Let N(1) € ob(C.A) denote the normalized chain
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complex of the standard 1-simplex, namely N(1), = 0 for n > 1,
N = Zle], N(L)o = Z[eo) ® Z[e,] and d(e) = e; — eg. A chain
homotopy between two chain maps fy,f1 : C — D in CA is a mor-
phism
h:N)®C—D

such that h(e;®c) = fi(c) (i =0,1). The restriction of hto N(1), ®C
is a map H : C[-1] — D, and h is a chain map iff 0H + HO = fo — fi,
i.e. H is a homotopy between the chain maps fy and f;.

On the other hand, let K(1) := K{(N(1)) € ob(SA). A simplicial
homotopy between two morphisms fo, fi : S — T in SA is a morphism
h:K1)@S— T
such that h(s}(e;) ® s) = fi(s) (i =0,1). Here eg,e; denote the two

generators of K(1)g = N(1)¢ and s} is the obvious inclusion
K(1)o < K(1)n = N(1)o® PN(1)1,
7
where 7 runs over all surjective monotonic maps [n]—> [1]. So, in degree

n, the map h, : S, ® Sn ® @Sn — T, is equal to fo,n (resp. f1,n) on

7
the first (resp. second) summand.

By [DP], Satz 3.31, we know that N and K preserve homotopy. In
the sequel, we call C € ob(CA) (resp. S € ob(S.A)) contractible when
the identity map on C (resp. S) is homotopic to the zero map.

Let now F': A — B be a functor between the abelian categories A, B
satisfying F'(0) = 0. We extend F to a functor F : CA — CB by setting
F(C):= NFK(C).

According to [DP], Satz 3.31, this functor will preserve homotopy. In-
deed, we just need to check it for simplicial objects and, given a homo-
topy h: K(1)® S — T, we get the homotopy
Fh)y: KQ)® F§ — FT,
by composing h with the natural map
K1)® FS — F(K(1)®S9).

5.7  We are now able to define operations \* : K} (X) — K¥ (X).
Let P(X) be the category of locally free coherent sheaves on X and
F = ) : P(X) = P(X) be the k-th exterior power. By the above
procedure, we define

M(F):= NAK(F);
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here P(X) is embedded in the abelian category of all coherent Ox-
modules. One checks that X*(F) is also in CP(X). Therefore A* induces
a homotopy preserving functor from CP(X) into itself (see §5.5). If F.
is acyclic outside Y, the restriction to any open affine set in X\Y is also
acyclic and therefore contractible; hence A\*(F) is also acyclic outside
Y. Similarly, given any quasi-isomorphism from F, to G, the induced
morphism from X¢(F.) to A*(G) is an homotopy equivalence on each
open affine set, hence a quasi-isomorphism. Finally, we know, by [DP]
§4.23, that the complex \*(F) is finite when the complex F, is finite
(the length of A\*(F) is at most k times the length of ). Therefore
we get maps \* : KY (X) — K (X), and we need to verify (i)—(iv) of
Definition 5. Obviously (i) is true, because, by convention, \°(F) = Ox
for any locally free sheaf F. To prove (i), we first note that, if

0-F -F-F'—0

is an exact sequence in P(X), then A\*(F) admits a canonical filtra-
tion whose successive quotients are canonically isomorphic to X\¥ (F') ®
AR (F") with k' + k" = k. Let now [F] = [F'] + [F"] in K¥ (X)), ie.
there is an exact sequence in CP(X)
O——rf'-——rf——-»]-'_”——-yo,

Since K is exact, \* K (F.) admits a filtration whose successive quotients
are isomorphic to ¥ K (F)@AF" K (F”) with k'+k” = k. Since N is also
exact, NA*K(F) = M(F) has a filtration whose successive quotients
are isomorphic to N(AX K(F') ® A" K(F")), which is isomorphic to
NXFK(F')@ NAX K (F"). Therefore, in the group K (X), we get the
equality

k
(N (F)] = DINEN © I HF),
=0
which proves (ii).
To prove (iii) and (iv) we proceed as in the case Y = X considered
above. Let [poc] € Rz(Mu) an element of degree d as a polynomial in
Lm(X (idys), ..., A"(idn)] and [F] € K¥ (X), with F. of length N. We

n
define [poo](F) € K¢ (X) as follows. Let ng be such that all the bundles
K(F)n, n < Nd + 1, are locally direct factors of O3°. We may then
define, as in 5.3, p(K(F.),) for any representation p of My,. Take
p(F)n = () ker(di on p(K(F.)n))
i>1
when n < Nd+1. One can show that p(F )ngs+1 = 0, so it makes sense to
take p(F ), = 0 when n > Nd+ 1. This construction is compatible with
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exact sequences and stabilization, so we get an element [poo](F,) for any
[Poo] € Rz(Moo). When po = A¥(id), we have [A*(id)|(F)) = [A\F(F)).
Using the fact that Rz{Mo) is a A-ring, we conclude that the properties
(i)-(iv) in Definition 5 are satisfied by A* on K (X) (see [GS1] for more
details).

5.8  This proves that @ K¥(X) has a A-ring structure. By con-
YCX
struction this A-ring structure is functorial. To complete the proof
of Theorem 4, we have to verify that, when X = SpecR and ¥ =
Spec(R/aR) (a € R), ¥*([(Kos(a)]) = k - [Kos(a)]. Here Kos(a) is the
Koszul complex
C:0—-E% F—0,
where E = F = R and u is the multiplication by a. By the definitions
of the functor K, we have
(KC).=Fao P E,
i
where 7; are the n surjective monotonic maps from [n] onto [1], given by
L [0 g<i
ni{d) = {1 j<i (i=1,...,m).
We write (KC)n = FOE®...®E,, where E, is the copy of E belonging
to 77;. Because 77, 03 = 1; for i < j and 7; 0 & = 1;_; for i > j, unless
i=1,7=0ori=j=n (where ; 03° and 7, 0 8" are the zero maps),
dj : (KC)n — (KC)p—, is given by the formulae
dg(f,el, ey Cn) = (f + u(el), €2y..., 6n),
di(f.e1,-..,en) =(f,€1,...,€5-1,65 +€j41,...,€,) f0<j<m,
dn(f.e1,-..,en) ={(f,€1,...,€0_1).
Now A*KC is given by the sequence
(VKC), =@\ FQNE ®...0 \"E,,
the sum being taken over all tuples (@, B, ..., B3,) € N"*! such that
a+ B + ...+ Bn = k. The faces d; on A*KC are induced by the faces
on KC described above. One computes

(NXKC), =[] ker(d; : A KC)n — (A*KC)n_y)
7j=1
=PrFRNE ®...0 NE,,

the sum being taken over all tuples (a, Bi,...,08,) € N**! such that
a+pB1+...+ 0, =k and G; > 0. Therefore o = 0,1 and 3; = 1, since
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F=E;=R (i=1,...,n). From this we deduce N\*KC = C[1 ~ k],
which implies
M (Kos(a)] = A*[C] = [NA*K (]
=[C[L~ k] = (=D*7*[C]  (note that [C] = —[C[-1]]),
and this gives
¥*([Kos(a)]) = k- [Kos(a)],
by noting that {Kos(a)]? = 0.

5.9

Remark If X is defined over Iy, it has a Frobenius endomorphism F,
which is the identity map on the underlying topological space and raises
the sections of the structure sheaf Ox to the p-th power. For any closed
subset Y C X this induces a map F* : K(}/(X) — KX(X). One can
show that F* = ¢P. So, in characteristic p > 0, Frobenius provides a
quick definition of the Adams operation P.

6. Proof of Theorem 3

6.1  We first prove part (i} of Theorem 3.

Lemma 5 Let X be a regular scheme and Y C X a closed subscheme
with codimxY = m. Then there ezists an exact sequence
0 FMEY(X) > KY(X) = @ K (Ox.a).
zeYNX(m)

Proof. By Lemma 2 we have, for Z C Y a closed subscheme, the
following exact sequence

K{(Z) - K{(Y) = K)(Y — Z) — 0.
By Lemma 4, it may be written
0 — im(K§ (X) — K (X)) — K5 (X) = Ky ~%(X - Z) = 0.
By taking the inductive limit over all closed subschemes Z C Y with
codimxZ > m+ 1, we get
0— F™KY(X)— KY (X) — lim K 72X -2Z)—0.

ZCY
codimx Z2m+1

The isomorphism
lim  KYA(x-2Z)x P K Oxa)

ZCY (m)
codimx Z>m+1 zEYNX
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completes the proof. 0

Definition 7 Fiz k > 1. For i > 0, we define the weight i-part
of K¥ (X)q to be the subspace K (X)® made of the elements a €
K (X)q such that

Y¥F () = ka.

From Theorem 4.1 it follows that K (X)® does not depend on the
choice of k (see [S1]).

Lemma 6 With the above notation we have
FPKY (X)e = P K (X)9.

i>p

Proof. We use descending induction on m = codimxY". So suppose first
that ¥ = {z}. Then K{®N(X) = K}({z}) & Ko(k(z)) = Z (the last
isomorphism is given by the dimension), so the only thing to check is that
the action of ¢* on a single non-zero element of K™} (X) = FAK¥ (X)
(d = dim X) is multiplication by k%. For that purpose, let R be the
regular local ring Ox ; with maximal ideal m = (a4, ...,a4), a1,...,04
denoting a system of parameters. By [Ma], p. 135, we then know that

d
Kos(ay,...,aq) = ®Kos(ai)
i=1
is a resolution of R/m = k(z) (because a4, --,aq is an R-regular se-
quence), so it defines an element in Kéz}(X ). We now compute 1*
of this element using Theorem 4.1 (without loss of generality, we may
replace X by SpecOx .):

d d
P*([Kos(as, - - ., aa)]) = $*(Q)[Kos(a:)]) = [ ] # - [Kos(a:)]
i=1 =1

= k%Kos(ay, .. ., aq)],
as claimed.

We now proceed to the general case, i.e. we assume codimxY =m <
d, assuming the claim for all closed subschemes of codimension bigger
than m.

For a € FPK{ (X)q, we first show the existence of a decomposition
o =3, ai, where P () = Koy

Ifp>m,aec FPMKY(X), ie a€im(KZ(X)— K{ (X)) for some
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Z with codimx Z > m+ 1. Hence in this case the decomposition follows
by the induction hypothesis.
If p = m, look at the exact sequence from Lemma 6.1:
0 F"IKY(X) - KY(X) 5 @ K& 0xz) 0.
zeYNnX(m)
By the above argument ¥*(e(a)) = k™e(a), hence e(¢*(a) — k™a) = 0.
So ¢*(a) — k™o € F™HIKY (X) and, by the induction hypothesis,
W) -k a=3 g,
i>m
where ¥*(8;) = k'8; (i > m). Now put
[oTRES (kl - km)_lﬁ,’ , > m,
Oy 1= O — Z a; .
i>m
Then, if i > m, we get
(9% = ¥)(0s) = (K — k™) 71 (k° — K9)B; = 0.

Furthermore,
W* — k™) (om) = Y B~ I (% — k™) ()
>m i>m
ki — k™
zzﬁ’l_z kl_km 'ﬂi=0’
i>m i>m
Hence o = Y, 0, With ¢*(c;) = k* - s, as desired.

The uniqueness of such a decomposition follows also inductively. As-
sume we had two decompositions
So=o=Yai.
i>m i>m
Applying ¢*, we derive the two decompositions
Dk - k™o =Y (K — k™)
i>m i>m
By the induction hypothesis o; = o} for i > m, hence also o, = of,,, as
desired.

So far, we have shown the inclusion
FPKY (X)g ¢ @D KY (X)) .
iz2p
The proof of Lemma 6 will be complete if we show the opposite inclusion.
So assume o € @5, Ky (X)) and o € FIK{ (X)\FTT K (X). We
have B

a:Zai=Z[3j with g, # 0.

i2p j2q
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Hence o4 # 0, from which p < g, i.e. @ € FPK{ (X), follows. 0

We can now easily prove Theorem 3(i). Let o € FPK{(X)q and
B € FqKOZ(X)Q. By Lemma 6 we then have o = }_,, ja; with a; €
KY(X)® and 8 = ¥°,5,8; with 3; € K£(X)). Therefore, o =
Zi,jai/gj With

WHaify) = ki, iti2pta
So af lies in FPHYKY"Z(X)q, as claimed.

6.2  We are left with proving Theorem 3(ii), namely the isomorphism
CHY(X)q = GrPKY (X)e.
. To achieve this, we have first to review some knowledge of algebraic

. K-theory (cf. [Ql]). Unfortunately, giving more details on these con-
structions would take us beyond the scope of this book.

Definition 8 A category £ is called exact if there exists an abelian
category A such that £ is a full subcategory of A closed under extension:
for any ezxact sequence 0 = E' — E — E” — 0 in A, if E' and E” are
in ob(€) then E lies in ob(£).

For an exact category £, Quillen {Q1] defined K-groups Ky (€) (m €
N) by introducing a simplicial set BQE, constructed out of the objects
and exact sequences of £, and putting

Kn(€) = mm41(BQE),
the (m + 1)-th homotopy group of BQE; this definition does not depend
on choice of the abelian category A. Furthermore Ky(£) is isomorphic
to the Grothendieck group of £.

In our situation, X a noetherian, separated scheme and Y C X a
closed subset, we use the following exact categories: M(X), the category
of coherent sheaves on X; My (X), the category of coherent sheaves on
X supported on Y; P(X), the category of coherent locally free sheaves
on X.

For m € N we then put

K (X) i= Kn(M(X));

K (X) = Kn(My (X));

K, (X) = Kn(P(X)).
We note that these definitions are compatible with the previous ones in
the case m = 0, due to the above mentioned isomorphism between Ky(€)
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and the Grothendieck group of £. Furthermore K!Y (X) is isomorphic
to K], (Y).

If A is a unitary commutative ring, we write K,,(A) instead of
K,.(Spec A). For example, when A = F is a field, we have (cf. [Mi],
§61, 3, 11):

Ko(F)=>1Z,
K, (F) = F*~,
Ky(FY>2F* @z F*/(z®(1 —z): xz € F*\{1}).

In other words, K5(F) is defined by the generators {z,y}, z,y €
F*\{1}, and the relations

{z122,4} = {z1,4} + {22, 9},
{z,s12} = {z, 11} + {2,32}, and
{z,1-z}=0.
The tensor product of modules induces a product
. Km(X)®Kn(X)"’ m+n(X)v
making émzoKm (X) into a ring. It gives also a product
Kn(X)® K:;(X) - Krln+n(X)a
making 0,0 K,(X) into a @,,5¢Km (X)-left module.

The product by the class of Ox defines a natural map
Kpn(X) — K,(X). This is an isomorphism if X is regular, ¢f. Lemma
4 in the case m = 0.

6.3

Definition 9 A subcategory S of an exact category € is called a Serre
subcategory if S is a full subcategory and for any exact sequence 0 —
E'-E—E"—0in&, E',E" € ob(8) is equivalent to E € ob(S5).

In the situation of Definition 9, there exists a quotient category £/8,
which is again an exact category. In this context Quillen established the
following long exact sequence, called the localization exact sequence (cf.

Q1))
= Kmi1(E)8) = Km(S) = Km(E) = Km(E)S) — Km-1(S) — ...

For example, let A be a Dedekind domain, F its quotient field, £
the exact category of finitely generated A-modules, and & the Serre
subcategory of torsion A-modules. Observing £/S = P(SpecF) and
S= 11 o0 P (Speck(gp)), where p runs over all non-zero prime ideals of
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A and k(p) denotes the residue field A/p, we obtain the exact sequence

oo = K1 (F) = @ Km(k(p)) = Km(A) = Km(F)
©#0
— PEm-1(k(p) = ... .
p#0
In particular, the map
F* = Ky(F) — @ Ko(k(p) = PZ
p#0 ©#0
is nothing but the valuation map f — (vo(f)), f € F*.

The localization exact sequence leads also to the following. Let X,Y
be as above and dimX < co. Denote by M¥%,(X) the category of coher-
ent sheaves F on X supported on Y and such that codimx (suppF) > p.
These give a filtration of the exact category My (X) by Serre subcate-
gories.

Theorem 6 There exists a spectral sequence EP;} (X) with differentials
@9 BRO(X) — ERFT(X) with

EPS(X) = {K_,, —MY(X)/MEP(X))  p20,p+q<0

0 otherwise
and converging to K%, (X).

Proof. The long exact sequence for £ = M} (X) and § = MY X )
leads to the exact couple

P K (M (X)) — P Km(ME (X))
p>0 \ >0 /
D Ko (M (X)) MEH (X))

which gives us the desired spectral sequence {EF}(X)} converging to
K_p oMy (X)) =K™Y,_(X). 0O

From [Q1] we also know

EnMy(X)/MPIX) 2 @ Kn(k(),
zeX®nY
where k(z) denotes the residue field of z; hence we have

D Kpalk(z) PZOP+a<0
p’q(X) reX®NY

0 otherwise.
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We can also compute E5;"P(X). By Theorem 6 we get
dy =P BV (X) — ERSP(X) — 0.
We have
B2 P Kkw)x D k)"
yeX-Lny yeX(P-HnYy
and
EPX)x P Kok@@)= P zZ=zX(X).
zeXP)nY ze XY
Hence we obtain
d: @ k@) — ZHX) — 0.
yexP-Hny
One can show that for (fy) € @ k(y)* the image di(f,) is given by
S, divf, € ZP(X). We conclude that coker di = Z}(X)/im d1 =
CHY(X), ie.
5 P(X) & CHY (X).

Similarly we compute EZ.""P(X). Again by Theorem 6 we have
dy =& PP ERATP(X) — ERVTP(X).
We know that EPy > P(X) = D.cx -y Ka(k(z)). Hence we obtain

di: @ Kk(z)) — P k)"
zeX(P-DNY yeXP-1)ny

The map di : Ka(k(z)) — k(y)* is zero, unless y € {z} =1 Z. To
describe it in the latter case we first assume that the local ring Oz, is
regular, hence a discrete valuation ring with valuation v, quotient field
k(z) and residue field k(y). The map d; is then given by the tame symbol
Oy (see [G2]):
dl({fvg}) = 8v({f!g})
:= class of ((—1)"@) . p2@ . g=v(N) i £, g € k(z)*\{1}.

In the non-regular case, let W := Spec(@z.,,) with Oy, the normaliza-
tion of Oz, (inside of k(2)) and denote by y,...,ye the preimages of
y in W. Because Ow,y, are now regular local rings, we can define d;
by using the tame symbols &,, (here v; denotes the discrete valuation of
Ow y,) and then the following formula holds :

¢
di({f g}) == HNk(yi)/k(y)avi({fa 9},
i=1
where k(y;) denotes the residue field of Ow ,, and Ny(y,)/k(y) is the norm
from k(y;) to k(y), a finite extension.
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Let us define
CHY 'P(X) = Efy " 7P(X)

{fe @ k@)r:x, divf, =0}

yeX(P-1)NY

T {d{w) (uhe @ Kk@E)}

zeX(P-2)NY

6.4  In the previous section we observed that E, ¥(X) =~ CHY(X).
We shall now sketch the proof of an isomorphism
By P(X)o = GrPKy (X)e,
when X is regular. This will finish the proof of Theorem 3(ii).
For this purpose, we first note that Quillen’s K-groups K'Y (X) can
be computed as follows [BG]. Denote by K the Zariski simplicial sheaf
associated to the presheaf

U — Z x lim BGL,(T'(U, Ox))* =: Z x BGL(T(U,Ox))*.

By means of flasque resolutions for Zariski simplicial sheaves, one can
define a cohomology theory with coeflicients in any such sheaf (loc. cit.).
Applying this to K we define .
KY(X) = Hy™(X,K).
When X is regular, a generalization of Lemma 4 gives an isomorphism
KY(X) > KY(X).
This definition of K} (X) can be used to define operations
M KY(X) - KY(X),
making @K,‘,’L(X ) into a A-ring, where the product on this group is
vt

defined to be zero if both factors have positive degree.

More precisely, for all integers k, 0 < k < n, exterior powers give
maps of sheaves

M GL.(0x) — GL(z) (Ox)-
They can be used to construct maps of simplicial sheaves
X Z x BGL,(Ox)" — K,
which are stable for the inclusion GL,, — GL,41, hence induce oper-
ations
M Ho™(X,K) — Hy™(X,K),

cf. [S1}, Proposition 4. Furthermore, one can prove the following ([S1],
Théoréme 4):
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Theorem 7 When X is reqular the above constructions induce opera-
tions
Mo BRA(X) — ERJ(X)
on the spectral sequence of Theorem 6. These converge to the operations
ML KY (X)) — KY,_ (X).

-p—q ~-p—q
For the isomorphism
L @ K_p—q(k(z)) — ET¥(X)
zeX®PNY
the Adams operations ¥, associated to these \*, satisfy
P (i(@) = K - in(¥*(a))
for any a € @zeX(r)nyK—P—Q(k(z))~
Because the operations /% act on Kg (resp. K;) of a field by the
identity (resp. multiplication by k), the above Theorem implies that the
operations %* act on EPJ(X) by multiplication by k~¢ when ¢ = —p
and —p — 1. Since the differentials
&N B TNX) — BT
commute with the Adams operations 1*, we have the relation (k"% —1)-
d?~1:=P = (. Hence, if r > 2, after tensoring with Q, d?~1~? vanishes.
This gives
ER P (X)e = ERy(X)e = GrP Ky (X)q.
So we finally get the desired isomorphism
CHY (X)q = Efy P (X)q = Gr? Ky (X)a-

6.5
Remarks For a bound on the denominators in the isomorphism above
see [S1].

Gersten conjectured that, for any regular noetherian finite- dimen-
sional scheme X and for all p > 0, the group CH?(X) is isomorphic
to the Zariski cohomology group HP(X,K,), where K, is the sheaf of
abelian groups attached to the presheaf U — K,(U); see [Q1]. In that
case an intersection pairing

CHP(X)®@ CHY(X) — CHPY(X)
could be defined as the cup product (up to sign)
HP(X,Kp) ® H(X, Kq) — HP*(X, Kpy)
induced by the products on higher K-groups; this definition is valid when
X is of finite type over some field, see for instance [G3].
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Green Currents

In this chapter, following [GS2], we shall deal with some constructions
in complex analytic geometry. If X is a smooth projective complex
variety, and Z C X a closed irreducible subvariety, or more generally a
cycle on X, we define a Green current for Z to be a current g on X such
that dd°g 4 67 is a smooth form wz, where 6z denotes the current given
by integration on Z. This notion generalizes the Green functions on
a Riemann surface which were used by Arakelov to get an intersection
theory on arithmetic surfaces [A1].

In the first section we prove the existence of these Green currents
by applying the 83-Lemma of Hodge theory (Theorem 1). When Z has
codimension one, a formula due to Poincaré and Lelong proves that these
currents can be obtained using hermitian line bundles (Theorem 2). In
general, we prove in the second paragraph that there exists a Green
current for Z given by a smooth form on X — Z which is integrable on
X and grows slowly along Z. More precisely, it is of logarithmic type
along Z; see 2.1 for the precise definition. The construction relies upon
Hironaka’s resolution of singularities to get to the case of divisors.

Given two cycles Y and Z on X meeting properly, and gy (resp. gz)
a Green current for Y (resp. Z), we then look for a Green current for
the intersection cycle of Y and Z in X. The heuristic formula

(1) gy *gz =gy Nbz +wy Agz
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provides one since, formally, we have
ddc(gy *xgz) = ddc(gy) ANbz +wy Add®(gz)
(2) =((4Jy—§y)/\§z+wy/\(wz—-5z)
=<y ANbz +wy Awg
= —bynz +wy Awz.
But (1) requires a rigorous definition of the product of currents gy A bz
and the use of the rules of differentiation in (2) has to be justified. We
show in the third section that this can be done when gy is of logarithmic
type (Theorem 4). We also quote from [GS2] several properties of this
*-product.

1. Currents

1.1 Let X be a smooth projective complex equidimensional variety of
complex dimension d. Denote by AP9(X) the vector space of C-valued
differential forms of type (p,q). If z = (21,..., 24) are local coordinates,
we have, for w € AP9(X),

(3)

1<) <...<ip<d :

W= Z fil"'ipyjl"'jq(Z7E)d'zil /\.../\dzir A dzj, /\.../\dEJ-q
1<51<...<jqe<d
HI=p
= 3" f1,5(z,2)dz1 NdZ,

I7l=¢q
where f; j(z,Z) are C*°-functions. The space A™(X) of differential forms
of degree n is then given by
(4) AMX)= P ar(x).

p+g=n

We denote by 8 : AP9(X) — APTHI(X), §: API(X) — AP9+1(X) and
d=0+0: A"(X) — A™*!(X) the usual differentials.

Following De Rham [DR1], we let D, (X) := A"(X)*, i.e. Dp(X) de-
note the space of linear functionals on A™(X), which are continuous in
the sense of Schwartz: for a sequence {w,} C A™"(X) with Suppw, con-
tained in some fixed compact set K and T € D,,(X), we have T'(w,) — 0,
if w, — 0, meaning that all coefficients in (3) together with finitely many
of their derivatives tend uniformly to zero on K when r — oo. By (4)
we obtain the decomposition

Dn(X) = @ Dy q(X),

p+q=n



II.1 Currents 39

Dy q(X) being the duals of AP9(X).
Definition 1 DP9(X) := Dg_p 4-q(X).

1.2  The differentials 8, 8, d induce maps from DP(X) to DPHLA(X),
DPe+l(X), and DP*9+1(X) respectively. We denote these maps by
a, _6—17 d’ respectively. For instance, if T € DP9(X), a € A%~ (P+1)d-9(X)
we have (8'T)(a) = T(8a). Now we have the inclusion map
APA(X) — DPH(X)
w o [w],

defined by

Wi(a) = / wAa for any a € Ad—Pd-q(X).

b'e

Here we chose an orientation on X by deciding that dz;dz; - - - dz,dZn
has positive orientation on €". If p + q¢ = n, Stokes’ Theorem leads to

[dw](a) = /de/\a

:/Xd(w/\a)——/x(—l)"w/\fia
— (_1\n+1

= (-1)* /Xw/\da

= (-1)"*{w)(de)

= (=)™ (d'[w])(a).

Let us denote (—1)"+1&’, (—=1)"*+17, and (—1)"*'d’ by 8,3 and d re-
spectively. We have commutative diagrams

API(X) <  DPA(X)
7] 7]
APHLA(X) —  DPTLI(X)

(and idem with 8 and d). These diagrams induce isomorphisms on the
level of cohomology with respect to 8,0, and d, cf. [GH], p. 382.

Now, for every irreducible analytic subvariety ¥ <, X of codimension
p, we define a current 6y € DPP(X) by setting, for all @ € A~P4-9(X),

Oy (a) = /ns t"a

where Y™ is the non-singular locus of Y. By linearity we extend this
definition to arbitrary analytic subvarieties Y. The fact that éy is well-
defined and gives a current is due to Lelong [Le].
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This also follows from Hironaka’s theorem [Hi] on the resolution of
singularities. This states that given any Z C Y, where Z contains the
singular locus of Y, there exists a proper map 7 : Y — Y such that

(i) Y is smooth;

(i) E:=n"1(Z) is a divisor with normal crossings;
(iii) 7:Y —FE—Y — Z is an isomorphism.

by (a) =/ i*a=/v1r*i*a.
ns Y

We then have

1.3 Let d®:= (4mi)~1(8 - d) (hence dd® = —(2mi)~189).

Definition 1.2 A Green current for a codimension p analytic subva-
riety Y, is a current g € DP~1P~1(X) such that
dd°g + 6y = [w]

for some form w € APP(X).

Theorem 1 If X is Kihler, then every Y C X has a Green current.
If g1, 92 are two Green currents for Y, then

91— g2 = [n] + 851 + 852
with n € AP~1P-1(X), 8§ € DP~2P=1(X), S, € DP~HP-2(X).

Before proving Theorem 1, we recall the Hodge decomposition theo-
rem for AP4(X) and DP9(X). From a Kéhler structure on X we get
adjoints 8%,9",d* of 8,8, d for the L2-scalar product { .,. ) on forms.
The Laplacian is then defined as Aq := 2(8*8+88*) =2(0°9+ 88 ) =
d*d + dd*. If HP? := kerA4 denotes the harmonic forms, the Hodge
decomposition for A?9(X) are orthogonal decompositions

APY(X) = HP? @ imd @ imd*
= HP? @ im0 ® imd
= HP? @ imd ® imd*.

By duality, completely analogous results hold for DP?(X). As a conse-
quence of this, we can prove the 83-Lemma:
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Lemma 1 If T € DP?(X) with T = dS for some current S, then
= dd°U with U € DP~1P~1(X).

Proof. We have T = 88 + 8S; by Hodge decomposition we have
S = hy + 011 +8"y1 = ha + O3 + 8 o,
88 = 80z + 89 y2,
38 = 30z, + 88"y,
hence
T = 90z, + 80z2 + 8Dy, + 00*y;.
Now 8T = 8T = 0, implies 880*y1 =0, 83y, = 0. Therefore, since
8* anticommutes with 8 (see [GH]),
= (800", 0y1) = —(00*y1, 50*y,).
So 88*y; = 0, and similarly 88*y2 = 0. So we have
T = 88(x2 — Ti).
|

Proof of Theorem 1. By Stokes’ Theorem we have déy = 0, hence by
1.2. we deduce 6y = [w] + dS for some w € APP(X) and some current
S. Now we deduce from Lemma 1 that

W] - 8y = —dS = dd°g
for some g € DP~LP-1(X).

To prove the second part of the theorem, we first note dd®(g; — go) =
[w1] — [w2] = dd°[iy] for some 0’ € AP~! ”"'1(X) by the 89-Lemma for
smooth currents, which is proved in the same way as Lemma 1. If
we show that dd°zo = 0, with zg of type (p — 1,p — 1) implies zo =
[7"] 4+ 8S; + 8S2, the proof will be complete. But 89z = 0 implies
dzo = [m] + z1, hence dz; = [na] + dz2,because 90z, = J[yy]. If we
iterate thii argument, we get a sequence of currents z,, and forms Tn
such that 0z, = [fn+1] + 0Zn+1, With z, of type (p—n —1,¢+n - 1).
When n is big enough, we conclude that Oz, = [Mni1], from which z,, =
[€n] + Bup, follows. Now Ozn—1 = [ln] + 0%n = [11n] + O[€,] + B, leads
t0 O(Zn_1 + Ovn) = ] + O[€n]. hence zn_1 = [€n_1] + up_1 + Bu,_1,
s0, by repeating the argument, 2o = [§o] + ug + dvy, as claimed. [

1.4

Theorem 2 (The Poincaré-Lelong formula). Let L be a holomorphic
line bundle on X with hermitian metric ||-||, s a meromorphic section of
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L and ci(L,]| - ||) the first Chern form of L. Then —log|s||* € L'(X),
hence induces a distribution [—log||s||?] € D%°(X). This is a Green
current for divs:

ddc[_ lOg ”8”2] + 6divs = [Cl(L, ” . “)]

Proof. By definition, an hermitian metric on L is an hermitian scalar
product on each fiber L, which varies smoothly with z; see also §IV.2.3.
Since L has rank one, this is the same as a smooth norm || - {| on L. On
X minus the support of divs, one has an equality of differential forms

~dd®log||s|* = (2i)*@dlog ||s|I* = c(L, || - |)
which can be taken as definition of the first Chern form c;(L, || - ||) on
X, since replacing s by 8’ = f - s with some non-vanishing holomorphic
function f, gives

8dlog ||s'||* = 83 log 5],

because 88log|f|> = O (for another definition, see below Definition
Iv.2).

Using the theorem of resolution of singularities (see 1.2) we may as-
sume that, in a local chart U ~ €%, the divisor divs has equation
21+ 2, = 0. By linearity we are reduced to the case s = z; and what
we have to show is then the following equality (for every form w of type
(n — 1,n — 1) with compact support in U):

/log|21|2dd°w=/ w.
U z21=0

/ log |21|?dd°w = lim log |2, |2 dd°w.
U

e—0 121|2€

Now, applying Stokes’ Theorem twice, we get

First we note

lim log |2;|? - dd°w

e—0 |z1[>e€

= — lim log |z |? - d°w — lim dlog|z|? - d°w
=0 )4 [=e =0/ )n1>e

= lim d®log|z1|? - dw

e—0 |21]>€

= lim d®log|z|? - w + lim dd°log |z |? - w

€70z |=e =0 /12>

= / w’
z1=0
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because d°log|z1|? = (47i)~1(8 — 0)log(z171) = (2m) tim(dz1/21) =
(2r)~t-d(8;) with 8; = argz;, and dd°log |z1|> = 0. This completes the
proof of the Poincaré-Lelong formula. |

2. Green forms of logarithmic type

2.1 As in the first section, let X be a smooth projective complex
variety and Y an analytic subvariety of X which does not contain any
of its irreducible components.

Definition 3 A smooth form a on X —Y is said to be of logarithmic
type along Y, if there exists a projective map « : X — X such that
E :=n"Y(Y) is a divisor with normal crossings, 7: X —E — X =Y is
smooth and « is the direct image by m of a form B on X — E with the
following property.

Near each z € )?, let z129...2, = 0 be a local equation of E. Then
there exists 8 and 8 closed smooth forms a; and a smooth form -y such
that

k
(5) B=) ailoglal® +7.

i=1

If a is of logarithmic type along Y, it is locally integrable on X, hence
it defines a current [a], which is the direct image by =« of the current [8].

Lemma 2

(i) Letf:X — X be a morphism of smooth projective varieties, and
on X —Y, let o be a form of logarithmic type along the subvariety
Y. If f7X(Y) does not contain any component of X', the form
f*(a) is of logarithmic type along f~(Y).

(i) Let f : X — X' be a projective morphism of smooth projective
varieties, and let a be a form on X — Y of logarithmic type along
the subvariety Y. Assume that f is smooth outside Y and that
f(Y) does not contain any component of X'. Then f.(a) is of
logarithmic type along f(Y) and f.([a]) = [f.(a)].

Proof. To prove (i) consider a diagram
% 1.
ln' er

x L
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where 7 : X — X is as in Definition 3, 7’ is projective, (fr')~1(Y) is a
divisor with normal crossings in X , and the same diagram over X —Y
is cartesian. One gets X’ by resolving the singularities of the Zariski
closure of the fiber product of X’ — f~1(Y) with X — #~(Y) in the
product of X’ and X over X. fa = m«(B), with 3 as in (5), we get

F @) = f*(m.(8)) = 7. (™ (B))-
Since f'*(B) satisfies the condition (5) on X, the assertion follows.
The proof of (ii) is similar; see [GS2] for more details. O

2.2

Theorem 3 For every irreducible subvariety Y C X there exists a
smooth form gy on X — Y of logarithmic type along Y such that [gy] is
a Green current for Y :

dd°(gy] + by = [v]
where w is smooth on X.

Proof.

Step 1. Let us show the Theorem for a divisor Y € divX. In that
case there exists a line bundle L on X with hermitian metric || - || and
a section s with ¥ = divs. Putting gy := —log||s}{?, we get by the

Poincaré-Lelong formula
dd®[gy] + by = [e1(L, || - ).

But log ||s||2 is of logarithmic type along Y as one can see by making Y
a divisor with normal crossings.

Step 2. Let f : Y — X be a holomorphic map between complex
manifolds of dimensions d’ and d respectively. Then for the graph I :=
{(g,z) : 2= f(y)} C Y x X there exists a Green form gr of logarithmic
type along I

To prove this, denote by W the blow-up of Y x X along I'. We have
the following diagram:

E 2 w
lee =
I - vYxX

S P
Y X

with E the exceptional divisor. The cohomology class cl(T") of T is an ele-
ment of HE* (Y x X, R), hence n*cl(T) € HL4(W,R) = He~14-1(E,R).
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Lemma 3 There exists a closed form o € A4"V4Y(W) such that
7!‘,(65 A [CY]) = Or.

Proof of Lemma 3. Here the currents 6g A [a] and 7.(6g A [a]) are
defined by

6E/\[a)(w)=/Ej*a/\w

(85 A o)) () = /E JfanTw

for all w of appropriate degree. By its very definition the exceptional
divisor is the projective bundle
E=P(Nyxx/r) 2P(i*Tyxx/Tr)
=P (p*Ty © q¢*Tx)/Tr)
= P(i"¢"Tx),
since i*p*Ty = pt.Ty = Tr; here Ny, xr denotes the normal bundle and
Tx,Ty ... the tangent bundles of X,Y ... . Therefore @H PP(E,R) is

p=>0
a free module over @H”"’(F,R) with basis £0,¢!,...,6971 and with
p20
& = j*cl(E) equal to the first Chern class of the tautological line bundle

on E (cl(E) being considered as an element of H1:!(W,R)). Hence we
have

m*cl(T) Nel(W) = Zﬂp(az)é

=0
with

a; € H 1WA I-HD RY (6 =0,...,d - 1).
Now 7t = j*n*p*(p}) !, because pror = prj and
ot H*(Y,R) —» H*(I',R)
is an isomorphism. Hence, putting
b= b (1) (@) € HE1THTISWR),

we find
d—1
7*cl(T) N (W) = Z 3*(b)3* (B = j* (Y bi - cl(E)Y),
=0 =0

and if & € A414~1(W) represents 31 b; - cl(E)* we have
(D) N (W) = §° cl(a).
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Because E is smooth over I', we can apply mr, to the last identity
(integration along the fibres) and we obtain by the projection formula

wr. j* cl{a) = #r, (7* (T) Nel(W)) =
d(T) N7, (W) = c(T) Nel(Y x X) = c(T) € H*(T, R).

Now cl(T') induces the current ér and nr, j* cl(a) induces the current

[rr, 5% aj(w) = 7. [ a](w) = /Ej*a AT*w = T (68 A [a])(w).
Because we are in degree 0, we conclude that
7[',.(61; A [CY]) =ép

and the lemma is proved. |

We will now construct the Green form gr. Let L be the line bundle
on W with hermitian metric || - || and a section s with E = divs. By
Step 1, we know that dd°([log||s]|?]) = —[0] + 6k (here 8 = c1(L, |- ||)).
Multiplying the last equation by the a constructed in Lemma 2, we get

dd®[(log [|sl|*)a] = ~[B A o] + 6g Ala].
By Lemma 2, the current g A [a] represents the cohomology class
m*c(T') € H44(W,R), hence, by the above equation, the same is true
for [3 A a]. Taking now w € A%4(Y x X) such that 7*w represents
n*cl(T"), we know by the 80-Lemma that there exists ¢ € A~H4=1(W)
satisfying
dd°p = ANa—m*w.
With these ingredients we put

gr := —((log |||} + ¢)
and denote by gr the form corresponding to gr via the isomorphism
W - E=(Y x X)—T. Because
dd°((log |Is|1*)a + ¢] = ~[B A o] + 65 Ala] + [B Aa] - [r*w],
we get by Lemma 2
dd®lgr] = —m.(6 A a] — [7*w]) = [w] — 6r.
Using Lemma 2(ii) we see that gr is of logarithmic type along I', which
concludes the proof of Step 2.

Step 3. Let X be a projective complex manifold and ¢ : Y — X a closed
submanifold of codimension n. Then for any closed form a € APP(Y)
there exists a smooth form gon X —Y of type (n+p—1,n+p—1)
which is of logarithmic type along Y and such that

dd°[g] = [8] — i.[e]
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for some 8 € AMTPP(X),

Proof. Denote by I' C Y x X the graph of ¢ : ¥ < X and let
p:YxX —-Y,q: Y xX — X be the projections. Now consider a
Green form gr constructed in Step 2. The form g := g.(gr A p*a). is
smooth on X — Y of type (n+p— 1,n+p— 1), and of logarithmic type
along Y, by Lemma 2(ii). We compute
dd°[g] = dd®[g.(gr A p* )]

= [g.dd®(gr A p*a)]

= [g.(ddgr Ap*a)]

= qu(dd’[gr] A [p*a])

= ¢.(([w] - 6r) A [p"a])

=[] — is[a].
Here we took § := q.(w A p*a) € A"P"*P(X) and observed that, for
all 5 of appropriate degree,

0.(6c A [p*al)(n) = (6c A fp*al])(g™n) = jp Pangn

=/p’fa/\q‘n=/a/\pf~ ¢*'n
r Y
= [[anitn=lalan)

Y

= Z*[a](n)7
with pr =p|I': T = Y, as in Step 2.

Step 4. We can now prove Theorem 3. Let ¢ : Y —» X be an irreducible
subvariety of X. Then, see §1.2, there exists a smooth projective com-
plex variety X and a proper map T : X - Xsuchthat X—E= X-Y,
where E = n~!(Y) is a divisor with normal crossings, i.e. E = U1=

with E; smooth divisors such that for every z € E;; N...NE;, there
exist local coordinates 2y, ..., 2n, at x such that E;; is given by the equa-
tion z;, = 0, 1 < j < £. Now consider the cycle class [Y] € CH(X).
We have 7*[Y] € CHE(X) = CH™Y(E) = @,CH" 1(E;) (cf. [Fu),
hence n*[Y] = Y_,[n:] with [;] € CH™ (E;). Therefore the cohomol-
ogy class m*cl(Y) € Hp™(X,R) decomposes to Y, jix(cl(a;)), where
a; is a closed form of A"'l’"“l(Ei) and j; : B; — FE is the inclusion
(i =1,...,k). Now, by Step 3, there exist smooth forms g; on X — E;
of type (n — 1,n — 1) with prescribed order of growth near E; satisfying

dd°(g;] = [B:] — jiulc]
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for some §; € A™"(X). Because m*cl(Y) = Soudin(el(ag)) = ¥0,cl(Bs),
there is a closed form w € A™"(X) such that 7*w — ). f3; is an exact
form, hence, by the 85-Lemma, there exists § € A" "~1(X) with

dd°q = m*w — Z B;.
We finally put

§Y¢=Zgi+§
B

and denote by gy the form corresponding to gy via the isomorphism
m: X—-—FE=X-—Y. The form gy is a smooth form on X — Y of
logarithmic type along Y, by Step 3. Furthermore, it satisfies

dd[gy] = ddC(Z m[gs) + 7. [7])
_ Zm [B:) — Jixlew]) + my[m*w] — Z 7. [Bi]
[w] Z TaJin [az]

To complete the proof of Theorem 3, we have to show

by = Z TuJinlti]-

For this we look at the resolution of singularities Z of Z, =m(E;) C X.
Consider the following diagram:

% | [
E o oz dx
where g; is birational and Ei is smooth. We have the equation
Tolin (@) = JaDiaTinlg) ).
If codimxZ; > codimxY = n, then p;, Wi [gfa;] = 0. If codimxZ; =

codimxY, then Z; =Y because Y is irreducible. Therefore

Zﬂ'*ji* [ai] = p,(S)

for p :~)~’ — Y a resolution of singularities of Y and S a closed current in
DOO(Y). So S = A-65, hence 37, mujix[ai] = A-6y for some real number
A. But A =1, because 8y has cohomology class cl(Y) € HP?(X,R), so
the class of My is m.n*cl(Y) € H?P(X,R), but m.a*cl(Y) = cl(Y).

0
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2.3 Here are two examples of Green currents:
(1) Let X = €2 (with coordinates 21, 22), and Y = {0}. Then
(zldzl — ngZQ)(Eldzl - Ezdzg)
T P+ PP
satisfies dd°[go] = 6o, hence [go] defines a Green current on X for
Y. Its image by @ was introduced by Bochner and Martinelli (GH].

(2) X = IP¢ (with homogeneous coordinates Xo,...,X4q), Y defined
by Xo=...= Xp_; = 0. Define
7:=log(|Xo> + ... +|X4|?), a:=dd°r on X;
o :=log(|Xol* +... +|Xp-1|?), B:=dd¢ onX-Y;

1
g0 = 5= log(lal? +]zal?

p—1
Ai=(r-0)D_ o' A7) onX-V.
i=0
By a theorem of H. Levine [Lv], the smooth form A on X — Y is
integrable and the associated current on X satisfies

dd®[A] = [a?] - by.
By blowing up Y one can check that A is of logarithmic type along
Y [GS3).

2.4  There are relatively few examples of explicit Green currents . For
example, one would like to extend the formula of Levine given above to
the case of arbitrary Schubert cells in the Grassmannian varieties. This
problem was adressed by Stoll [St], but he did not get a canonical and
explicit solution. We shall see below, in §IV.4, that a canonical Green
current exists but we do not know any explicit formula for it.

2.5  The concept of Green currents plays a central role in Nevanlinna
theory (see [Sh]). We finish this section with a very brief description of
their use. Let X be a smooth projective complex variety and Y a closed
analytic subset of codimension p. Let f : € — X be a holomorphic
map with f(0) ¢ Y. The central question of Nevanlinna theory is the
following: does f(C*) meet Y?

Let gy be a Green current for Y, i.e., dd°g = [w] — 6y. For r € R¥,
define

Ny(r) = /0 %#{z e : |2 <t f(z) € V).

At least formally, we get

T dt e [Tt ) .
v =[G =[S re-drg,

lzI<t
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hence by Stokes’ Theorem
1 *
N) =Ty + Re0) 5 [ (o)rteg o + O,
zl=r
where
’ dt * 1 * c 2
Ts(r)= | + fiw), Re(r)=3 f*(gv)dd®log|z|".
0 |z|<t lz|<r
If gy is positive, we obtain the estimate
Ng(r) < Ty(r) + Rys(r) + O(1),
hence the behavior of T¢(r) and R¢(r) for r — oo gives an asymptotic
description of Ny(r), hence of the number of times the image by f of
the ball of radius r meets Y.
On the other hand, as we shall see in the next chapter, Green currents
can be used to develop some intersection theory on arithmetic varieties.
This fact might well give a key to explaining Vojta's analogy between

Nevanlinna theory and arithmetic geometry, which led him to formulate
far-reaching conjectures on diophantine equations [V1].

3. The x-product of Green currents

3.1 Let X be as in Section 2 and let Y, Z C X be closed irreducible
subsets such that Z ¢ Y. Denote by gy a Green form of logarithmic type
for Y, as constructed in Theorem 3. Let p: Z — Z be a resolution of
the singularities of Z and ¢ : Z — X its composite with the inclusion
of Z into X. By Lemma 2(i) we know that ¢*gy is of logarithmic type
along the inverse image of Y in Z. In particular it is integrable and the
formula

loy] A bz = q.[g"gv]
defines a current on X. For any Green current gz for Z, we define the
x-product with [gy] to be

Definition 4 [gy]*xgz :=[gy] A6z + [wy| Agz. If codimxY = n and
codimx Z = m, then [gy] * gz lies in Dntm—Lntm—1(x)

Theorem 4 If Y,Z intersect properly, i.e., if Y N Z = |J,S; with
codimx S; = codimxY + codimxZ = n + m, then

dd*([gv] * 92) = [wy Awz] ~ Zm&sﬂ
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where the integers p;, = pi(Y, Z) are Serre’s intersection multiplicities,
defined in §1.2.

Proof. Since ¢*gy is of logarithmic type along ¢~(Y'), there exists a
projective map 7 : Z' — Z such that E := (gr)~1(Y) is a divisor with
normal crossings, 7 : Z' ~ E — Z- ¢~ 1(Y) is smooth and ¢*gy is the
direct image by 7 of a form 3 on Z’ — F which can be written locally

k
B=1 ailoglzl® +7v
i=0
as in (5). Using the fact that o; is 0 and 8 closed and the Poincaré-
Lelong formula, we get
k

dd°(B) =) _ jislad) +[c],
=0
where a; is smooth and closed on the i-th component E; of E, j; : E; —
Z! denotes the inclusion, and c is smooth on the whole of Z’. If r is the
composite of 7 with ¢, we deduce

dd®([gy] A 8z) = dd°(q.[q* gv]) = q.dd°[q" gv]

k
=D redislai] + af):

=0
Let wy be the smooth form on X such that dd°[gy] + 6y = [wy]. By
restricting this equation outside Y we get

rlc] = ¢4[q" (wy)] = [wy] A bz
On the other hand, since the map r : E; — r(E;) is generically smooth
([H], Corollary 10.7) the Fubini Study theorem implies that there is an
integrable form b; on r(E;) whose associated current on X is closed and
equal to r.jis[a;]. If the codimension of r(E;) is bigger than m + n,
this current must vanish since the degree of a; is too small. When the
codimension of r(E;) is equal to m + n, the form b; is closed of degree
zero, hence it is a constant A;. So we conclude that

(6) dd°([gy] * 92) = lwy Awz] - R,

with R = Zi )\1'53',.
To show the equality A\; = ui(Y,Z), we use the cohomology with
supports. First we have

c(Y) € H(X) = HO(Y),
c(2) e H"(X) = H°(2),
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hence
c(Y) - cl(2) € HPRZ™(X) = HO(Y n 2) = (DH"(S))

= P HI*™(X)
and l
d(Y)-cl(Z) = Z“"(Y’ Z) - cl(S;).

If we show that cl(R) is equal to cl(Y) - cl(Z), we obtain, since cl(ds,)
equals cl(S;), that \; = u;(Y,Z). To prove the last claim, we view the
cohomology of X with support in Y as the cohomology of the cone of
the restriction morphism D*(X) — D*(X —Y). In this complex cl(Y)
can be represented by the cycle

(6y,0) € D**(X)® D X - V),
which is cohomologous to ((wy],d°(gy]). Similarly cl(Z) is represented
by

(62,0) € D*™(X)® D> (X - 2).
Therefore, cl(Y) - cl(Z) is represented by

(lwyl A bz, d%gy| A 6z) = (62 A lwy], @%[gv] A 62),
which is cohomologous to
(R,0) € D*n+2m(X) @ D +2m-1(X _ (Y N Z))

by equation (6); see [GS2] §2.1 for more details. The theorem follows.
0O

3.2 LetY C X beas above, let Z be an irreducible smooth projective
complex variety and f : Z — X a map with f~1(Y) # Z. If gy
is a Green form of logarithmic type for Y its pull-back f*(gy) is of
logarithmic type along f~!(Y) (Lemma 2 (1)), so we define a current

f*lgy) = f*gy]) € D*1"1(2).

If f71(Y) = UU,S; with codimzS; = codimxY’, then one can show, by
the same proof as Theorem 4, that

dd® f*(gy| = [f*wy] — Zui5s,-,

where p; are the multiplicities of the cycle f*(Y).

3.3 LetY C X beaclosed irreducible subset and gy a Green current
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for Y. By Theorem 3, there exists a Green form gy of logarithmic type
for Y. By Theorem 1, we have

gv = (gv] + [n] + 951 + 85,
whence every Green current for Y may be represented by a Green form
of logarithmic type along Y modulo (im8 + imd).

Let Y,Z C X be closed irreducible subsets such that Z ¢ Y, and gy
(resp. gz) a Green current for Y (resp. Z). We define the -product of
gy with gz by

gy *9z = [Gy] * gz modulo (imd + imd)
where gy is any Green form of logarithmic type for Y congruent to gy
modulo im8+im&, and [Fy] * gz is defined as in 3.1. One can show that
this definition does not depend on the choice of gy .
Furthermore, the *-product is commutative, i.e.
gy *9z =gz *gy modulo (imd + imd).
It is also associative. If Y,Z,W < X are closed irreducible subsets
meeting properly and gy (resp. gz,gw) Green currents for Y (resp.
Z,W), then we have
gy x(9z *gw) = (gv * 9z) *gw modulo (imd + imd).
The proof of these facts in full generality is technical. It uses the precise
form of Hironaka’s theorem about resolution of singularities ([Hi}, The-
orem II), see {GS2]. Let us just notice here that, if we compute formally
with currents as if they were forms, we get
gy *9z =gy ANbz +wy Agz
=gy Nbz + b6y Ngz +dd°gy A gz
=gy Abz + 6y Ngz+gy ANdd°gz
=gz * gy,
and
gy *(9z % gw) = gr N6z A éw +wy Agz ASw +wy Awz A gw
= (gv *92) * gw -
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Arithmetic Chow Groups

In this chapter, following [GS2] (see also [G1] for an introduction),
we begin to develop Arakelov geometry in higher dimensions. Given a
regular projective flat scheme X over Z, we introduce in §1 its arithmetic
Chow groups CH p(X ), which are generated by pairs (Z, gz), where Z
is a cycle of codimension p on X , and gz is a Green current for the
corresponding cycle on the set X(€) of complex points of X. We prove
in Theorem 1 that these groups sit in several exact sequences. In §2, we
use our previous study of intersection theory on regular schemes Chapter
I, and *-products of Green currents, in Chapter II, to get an intersection
pairing

CH'(X)® OB’ (X) — CH'(X)e.

In §3 we show that CH (X) is contravariant in X, and covariant for
maps which are smooth on the generic fiber. After giving a few examples
in §4, we assume in §5 that X (€) is endowed with a Kéhler metric. It is
then possible to define a subgroup of CH p(X ) by imposing harmonicity
conditions; when p = 1 and X is an arithmetic surface, we recover
Arakelov’s definitions [A1], [A2]. Finally, in §6, we describe, without
proofs, recent results on the height of projective varieties where the
formalism of arithmetic intersection has been used.

1. Definitions

1.1 In this chapter, X will always be a regular scheme, projective
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and flat over Spec Z. Such a scheme will be called an arithmetic variety.
Denote complex conjugation by F, : X(€) — X(C); it is a continuous
involution of X(C). We put
APP(X) = {w € APP(X(C)) : wreal, Fiw = (—1)Pw}
ZPP(X) := ker(d : APP(X) — APH(X(@))) C APP(X)
HPP(X) := {c € HPP(X(C)) : creal, Fyc= (—1)’c}
APP(X) := APP(X)/(imd + imd)
DPP(X) :={T € DP?(X(@)) : T real, FLT = (-1)’T}.

We note that HPP(X) = ker dd®/(imd + im3) C AP?(X) because X(C)
is projective and hence Kahler. As in §I1.1.2, we have an imbedding
APP(X) — DPP(X) mapping w to [w]. Furthermore, any cycle Z =
Y oZa € ZP(X) defines a current §z =Y 6z, € DPP(X).

A Green current for such a cycle is an element gz € DP~VP~1(X) such
that there exists a form wz € APP(X) for which

ddgz + 6z = [wz]
in DPP(X).

For example, let y be a point in XV je. Y = {y} is a closed
integral subscheme of X of codimension p—1. Then any rational function
f € k(y)* on Y induces a rational function fo, on Y(C). If Y is a
resolution of singularities of ¥'(€), fo, restricts to a rational function fu
on Y. Hence log Ifmlz is a real-valued L!-function on Y and therefore
defines a current in D%0(Y), whence 7, [log | foo 2] € DP~1P=1(X), where
7 is the natural map Y - X (€). We denote this current by [log|f|?],
ie.

ok 12)w) = .log o)) = [ g1l T (0)
By the Poincaré-Lelong formula (see Theorem 1L.2), we have
dd°[log | f|*] = 8aivs-
so —[log|f|?] is a Green current for divf.

Consider the group Vi (X) of arithmetic cycles, i.e. pairs (Z,gz) where
Z € ZP(X) and gz is a Green current for Z, with addition defined
componentwise. Let RP(X) C ZP(X ) be the subgroup generated by
pairs (divf, —[log 1£1]), where f € k(y)* and y € X®~1) and by pairs
(0,8(u) + 8(v)), where u and v are currents of type (p — 2,p — 1) and
(p — 1,p — 2) respectively.

Definition 1  The arithmetic Chow group of codimension p of X is the
quotient CH' (X) = ZP(X)/RP(X).



56 IIT  Arithmetic Chow Groups

1.2 Theorem 1 There are two exzact sequences

(1) CHPLP(X)-LHP (X)) ORT (X)) cHP(X)@2PP(X)
LHPP(X) — 0,
(2) CHP-1P(X)-L Ap-1p-1(X)-% CH' (X)-HCHP(X) —o0.

In this theorem the maps are defined as follows:

-~ As we saw in §1.6.3, an element of C HP~1'P(X) is represented by
(fy), (fy € k(y)*, y € X V) such that >, divfy = 0. The
current 3 — [log|fy|?] € DP~1P~1(X) satisfies

ddc(z _[10glfy|2]) = _5Zv divf, = 0,
Yy

hence defines an element in H?~1?~1(X) and also in A47~12~1(X),
which we denote by p((fy)). We will show in the proof of the
Theorem that p is well-defined on CHP~1P(X).

- Letcl{n) € Z”'l”"l(X) denote the class of n € AP~HP71(X); we
put a(cl(n)) == [(0,[n])] € CH p(X ), where 0 denotes the zero cycle
of ZP(X) and [(0,[n])] the class of (0,[n]). Similarly we define
the map a : HP~1P~1(X) — CH' (X). The map ¢ : CH (X)
sends [(Z,gz)] to [Z] and w : EI\JP(X) — ZPP(X) is given by
w([(Z,92)]) = wz, where dd°gz + 6z = [wz]. One checks easily
that a, ¢ and w are well-defined.

~  The map cl: CHP(X) @ ZPP(X) — HPP(X) is given by

cl([Z],w) = cl(Z) - cl(w),
where cl(Z) denotes the class of the cycle Z in H?P(X) and cl(w)
denotes the image of w via the projection ZPP(X) — HPP(X).

Proof of Theorem 1.

(i) Obviously, cl and ¢ are surjective maps.

(if) To prove exactness at CHP(X) & ZPP(X) note that cl([Z],w) = 0
if and only if there exists g € DP~1P~1(X) with dd°g = [w] — 6z, i.e.
)2, 9) = (2], ).

(iii) Let us prove the exactness at CH p(X ) for (2) (resp. (1)). We have
(I(Z,92)]) = 0 if and only if Z = 3" divf, (f, € k(y)*, y € X®),

i.e.

((2,92)] = (3 divfy,92)] = (0,92 + Y _llog] fy[*])]

=P
=:1(0,9)] € CH (X).
But now dd°§ = [wz], and therefore § = [n] +88; +8S, by Theorem 11.1,
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with n € AP~1P-Y(X), S, € DP-2PY(X), S, € DP~1P=%(X). Hence
we have (({(Z,g2)]) = 0 if and only if

(2, 92)] = [(0,9)] = [(0, [n])] = a(cl(m)),

where
cl(n) € AP~1P71(X).

To prove exactness at C H p(X ) for (1), we note in addition that dd°g =
0, whence n € AP~1P~1(X) is a closed form and it defines an element
c(n) € HP~1P~1(X) . Again we have (¢,w)([(Z, gz)]) = 0 if and only if

[(2,92)] = [(0,9)] = [(0, [n])] = a(cl(n))-

(iv) To prove exactness at AP~1P~1(X) (resp. HP~1*=1(X)) note that
a(cl(n)) =0 if and only if

0, In)) = Y _(div £y, —[log|£, 1)) + (0,88 + 8S>)

v

in 2”(X) , where f, € k(y)*, y € X1, S, is a current of type
(p—2,p—1), and S; a current of type (p — 1,p — 2). This is equivalent
to Y, divfy =0 and

=Y — [log|fy|*] + 85, + 38z,
v
in other words p((fy)) = cl(n).
(v) We are left with proving that p is well-defined. Recall that

CHP™HP(X) = BBV P(X)
={(f)e @ k" :Y_divf, =0}/imd,
v

yex -1

where di : @, ¢ x -2 K2(k(2)) — Dy xe-1k(y)* is given by the tame
symbol (see §1.6.3), and hence we have to show that pod; = 0. Now
this is equivalent to the corresponding problem over €, ie., if X is a
smooth projective complex variety, Z C X an irreducible subvariety of
codimension (p — 2), and f,g € ©(Z)*, then podi({f,9}) = 0. To
prove this, we may assume without loss of generality, that divf U divg
is a divisor with normal crossings, as the following remark shows. Let
7 : Z — Z be a resolution of singularities of div fUdivg with # proper and
D = x~'(divf Udivg) the divisor with normal crossings corresponding
to divf Udivg. By functoriality of K-theory, we have the commutative



58 IIT  Arithmetic Chow Groups

diagram

Kr€2) 2 @z €GO 2 DV(Z)/(md +imD)

|0 |-

K2C(2) B @z Cl)® > DVY(Z)/(imd+imd)

and therefore p o dy = 0 will follow from po dy = 0, which is shown in
the next lemma.

Lemma 1 With the above notation, we have the formula

~ 1 —
POdl({fag}) - ﬁ(a[a] + 6[,8]),
where o = log |f|2 A log|g{? and B = log|g|2 A Dlog |f|?.

Proof. Since the problem is local, we may assume that Z=A"=
{z € ©™ : |2z;| < 1} and, by the linearity of the symbois {f, g}, we are
reduced to the following two cases:
(a) f = z1, g = z1. Then the description of the map d, given in §1.6.3,
implies

di({z1,21}) = (—1)PE)vGn) ) m(e) g

hence po Jl_({zl,zl}) = —[log| — 1|?] = 0. On the other hand, since the
form da + 83 vanishes outside the origin, if w € A~ 1™ 1(A™) we get

(@) +3i)e) =t [ (@ + B nw
z1i{=e
Using polar coordinates z, = re®?, o + 3 becomes (2/r) - log(r?)dr, and
this integral vanishes as € goes to zero.
(b) divf and divg intersect properly. Again the description of the map
d; gives
podi({f,g}) = Nog|f|*] A baivg — [log |9|*] A Baivs-

By definition of the x-product (see Definition I1.4), we have

podi({f,g}) = —llog|f|*] « log|g|*] + [log |g|*] * [log | f|?]-
The result now follows from the following fact. If Y and Z intersect

properly, and gy (resp. gz) is a Green form of logarithmic type for Y
(resp. Z), we have

lov] * [92] — [92] * [gv) = 1/2im - (Blgy A Bgz] + Dlgz A Bgy]).
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To prove this identity we use the definition of the *-product to obtain
lov] * [92] — [92] * [9v]
=[gv] A bz + wy] A lgz] — lg2] A by — [wz] A lgv]
= —[gy] A (lwz] - 62) + [92] A (lwy] - by)
= —[gy] A dd°[gz] + [92] A dd°[gy]
= 1/(2ir) - (3(lgv] A Blgz]) + 8(lg2] A Blgv]))
= 1/(2im) - (Blgy A Bgz] + Blgz A Bgy)),

where the last equality can be justified for forms of logarithmic type (see
1GS2)) . a

1.3 Let us mention two conjectures.

Conjecture 1 (Bass; see also [Ger], Problem 21, for higher K-groups):
CHP(X) is a finitely generated Z-module.

Conjecture 2 (Beilinson {Be]): If X is a smooth, projective complex
variety, the real vector space

HP~LPH(X,R) = HP VP H(X) N H? (X, R)
is generated by the elements p((fy)) , wheref, € k(y)*, y€ X (P=1) and
Zydiv fy=0.

Conjecture 1 is known when p = 0,1 and dim(X). Conjecture 2, a
variant of the Hodge conjecture is not even known for surfaces and p=2.

2. The intersection pairing

2.1 Recall that X is a regular scheme, projective and flat over Z. We
denote by Xgq its generic fibre X Xgpecz Spec®. Let us introduce the
following groups

Z8,(X) = {Z € Z°(X) : 1201 Xq = 0},
where |Z| is the support of the cycle Z,
CHE,(X) = Z5,(X)/(divS),
where y € X(P~1) — X, and f € k(y)*, and
EP(XQ) ={(Z,9z) : Z € ZP(Xg), 9z a Green current for Z}.

Note that any cycle Z € ZP(X) can be written uniquely Z = Z; + Z,
with Z; € Z§ (X) and Z; € ZP(Xq).
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Lemma 2 We have an isomorphism
CH' (X) = (CHE,(X) ® 27(Xg))/(div(f); (0,0,imd + imd)),
where y € X3V, f € k(y)* and div(f) = (divf, ~[log | |?]).

Proof. There is a natural map

CH'(X) — (CHE,(X) ® Z°(Xq))/(div(f); (0,0,imd + imd)),
which is obviously surjective. To prove injectivity, one simply notes that
for f € k(y)*, y € XP~ — Xg, the current [log|f|?] is zero.

Remark LetY C X be a closed subscheme such that codimx, (Yg) =
p. Then the natural map

ZL(X) — ZE,(X) @ Z5, (Xo)
induces a map '
CHE(X) — CHE,(X)® 2%, (Xo)
and Z§, (Xq) = CHE, (X).

2.2

Theorem 2 There is a pairing
CH (X)® CH'(X) — CH ™ (X)q
with the following properties:
(i) @pZOC/’ITIp (X)q is a commutative graded unitary Q-algebra.
(ii) The map
(Gw) : DOE" (X) — DCH(X) ® 2P7(X))e
p>0 p>0
(c¢f. Theorem 1) is a @-algebra homomorphism.

Proof. Let [(Y,gy)] € CH (X) and [(Z,9z)] € CH"(X). To define
the pairing, we may assume that Y, Z are irreducible and then extend
the definition by linearity. Furthermore, we assume first that Yg and
Zq intersect properly, i.e., codimx, (Yo N Zg) = p+¢q . We have [Y] €
CHY(X), [Z] € CHL(X), hence by Theorem L.2, [Y]-[Z] € CHEFS,(X)q
and we again denote by [Y] - [Z] the image of this element by the map
CHYLY(X)e — CHEN(X)e ® 2887, (Xo)e
considered in the remark in §2.1. We then define

[(Y,9v)) - [(Z,92)] == [([Y] - (2], 9¥ * 92)]
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in

CHEF(X)q  Z°*(Xo)o/(div(/); (0,0,imd + imd))@ = CH" " (X)q
(see Lemma 2). Note that the x-product is well defined, since Y(C) and
Z(€) intersect properly ; see §I1.3.3.

We now turn to the case where Yg and Zg do not intersect properly.
By the Moving Lemma over @ [RP], we know that there are rational
functions f, € k(y)*, y € Xq()p =1 such that Y+Eydiv fy and Z intersect
properly on Xgq, and we are reduced to the proper intersection case
treated above. It remains to show that, if g, € k(y)*, y € X‘g’ 1 i

another choice of rational functions such that (Y +3, div(gy))q and Zg
intersect properly, then the cycle

S divis,) - 3 divig,) - (2, 92)
v v

lies in the subgroup RP+9(X Jo of Zrra(X o (see §1.1). To prove this,
we need a Moving Lemma for K;-chains, which we state without proof
(see [GS2]), using the notation of §1.6.3.

Lemma 3 Let
m)e D kw'= D Kik@)=E""(Xe)
,yexép—l) yexép-l)
be a K;-chain on Xq such that (3_ div(hy))q and Zg intersect properly.
Then there exists u € ®zexg’")K2(k(z)) such that, if (hy) := (hy) +

dy1(u), then (div(ﬁy))Q intersects Zq properly for all y € Xg’ -,

In particular, Lemma 3 gives
> div(hy) = div(h,),
v v

because div o d; = df = 0, and ¥, [log [h,[*] — X, [log |hy|?] lies in
(imd + imd), since pod, = 0, as shown in the proof of Theorem 1. So,
given f, and g, as above, we can find (hy) € @yex(p_l)k(y)* such that
- Q
div(h,)q intersects Zg properly for all y € Xa()p ~1 and
> (div(£,) — div(gy) — div(h,)) - (Z,92)
v

lies in (0,imd + imd). We are finished if we show that each summand
div(hy) - (Z, gz) lies in RP*9(X)q. To simplify the notation, we write
for hy, and furthermore we assume that Zg, = 0.

Let W be the support of h. Then [Wg| N |Z¢| = SUT, where
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codimxgS = p+ g — 1 and codimxeT < p+g— 1. In CHE 37! (Xq)q
we have

[WQ] ’ [ZQ] = Z wilSi) + T,

where S; are the irreducible components of S, [$;] € CHE "' (Xg)o,
r € CHY " Y(Xq)g , and p; = pi(Waq, Zg) are Serre’s intersection
muitiplicities. Since (div(h))q intersects Zg properly, the restriction
hls, of h to S; is not identically zero (otherwise (div(h))g would have a
component of codimension p + ¢ — 1, which is impossible), and h|r is a
unit, since (div(h))oNT = 0.

We now define the product of the K;-chain

he @ kW= D Kko)
vexg yexd™Y
with the codimension g-cycle
Ze @ Z= P Ko(k(z)
sex{P zeXy
to be the Kj-chain
he-Z:=[J(ls)™-(ir-he @D Kik@),
i yexéi"l‘ﬂ—l)

where t € Z;+q_1(XQ)Q is a representative of T; the product (h|r - t)
has to be understood in K-theoretic terms. Note that & - Z is only
defined up to imdy, so div(h - Z) is well-defined, because divod; = 0
and pody =0. The proof of Theorem 2 will be complete if we show
that divh - (Z,92) — dlv(h Z) lies in (0,imd + im3).

To prove this, let H € k(X)* be such that H|w = h. Since divH-W =
div(H|w) = divh by [Fu], Chapter 2, we get

divh-Z = (divH - W) - Zg = divH - Wy - Zg)

= div(H) - (Q_miSi +1)
=D _widiv(H|s,) + div(H],)
= “udiv(hls,) + div(hlr - t) = div(h - 2).

The Green current component of divh - (Z,gz), because of commuta-
tivity and the definition of the *-product, is equal to
(—log |hI*]) x g2 = gz * (~[log |hI*]) = g2 A baivh + [wz] A (~[log |1|)
modulo (imd + imd). For the Green current of div(h - Z), using The-
orem I1.4 (or rather a refinement of it for improper intersections), the
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associativity, the commutativity and the definition of the *-product, we
get
—~[log|h - Z|%) = ~[log |H*) A bw.z
= —[log |H|*) * (9w * 92) = gz * (~[log |H|*] * gw)
= 92 A Saivaw + [wz] A (—[log |H|?] * gw)
= 9z A baivh — [wz] A [log |H?] A 6w
= gz A baivk + [wz] A (—[log|h[?])
modulo (imd + imd). We refer to [GS2] for the justification of these
equalities.
The above construction turns ®p>oCHp(X )@ into a commutative
T~ dimX
graded @Q-algebra with unit [(X,0)] € CH " (X); commutativity and
associativity follow from the corresponding properties of the intersec-
tion product on regular schemes (see Chapter I) and the *-product (see

Chapter II). The multiplicativity of the map ({,w) is also clear, since,
by Theorem II.4, we have

((,w)([(Y,gy)] ' [(Z’gz)]) = (C’w)([([Y] : [Z])gY * gZ)])
= ([¥] - [2], lwy Awz]).

2.3
Remarks

2.3.1 From the definitions we get the following useful formula:
©) a(n)z = a(nw(z))

for any z € CH ' (X) and n € AP~12-1(X). In particular im(a) = ker(¢)
is an ideal of square zero.

2.3.2 If ¢ = 1 in Theorem 2, we do not have to tensor with @, i.e. we
get a pairing
(4) CH (X)® CH (X) — CH" (%),
because in this situation there is a Moving Lemma. Namely, if Y €
ZP(X) and Z € Z1(X), there exists Z’ rationally equivalent to Z such
that Z’ intersects Y properly.

Indeed, let Y;, i € I, be the irreducible components of Y and y; the
generic point of Y;. The semi-local ring of functions on X regular near
all y;, ¢ € I, is a unique factorization domain since it is regular. So, in
the spectrum of this ring, Z is the divisor of some rational function. In
other words, there exists Z’ rationally equivalent to Z on X which does
not contain any of the Y;’s.

Notice also that Green currents in codimension one are easy to con-
struct — they all come from the Poincaré-Lelong formula, see Propo-



sition 1 below. Therefore the pairing (4) is easier to define than the
general pairing in Theorem 2. It turns out that, for many applications,
this pairing is sufficient; see [F4q].

2.3.3 Assume that X is smooth on the ring of integers in a number
field. Then we can use Fulton’s approach to intersection theory [Fu], so
we do not need to tensor with @ in Theorem 2 (see [GS2]).

2.3.4 One may wonder whether there exist higher arithmetic K-groups
K. (see Definition IV.5 below for the case m = 0) and if a formula  la
Gersten CH' (X) = H?(X,K,) would hold, similar to §L.6.5.

One possible definition when m > 0 is

I?m (X) = mmy1 (homotopy fiber of the regulator map),

where the regulator map is viewed as a map from BQP(X) to a product
of Eilenberg-Maclane spaces; see [Be] and [G2]. This definition provides
an exact sequence
B P HHXR() o En(X) — Kn(X)

m+1+k=21i

+ D HEXR@) — -,

m+k=2i
where p is the Beilinson regulator with values in Deligne cohomology
[Be]. If K, is the Zariski sheaf attached to the presheaf U — I?,,(U )
defined by (5), a guess is that HP(X, Ep) is isomorphic to the subgroup
ker(w) of CH' (X) (see [S2]).
By means of a generalization of the Bott-Chern character classes, X.

Wang has defined recently an explicit simplicial set whose homotopy
groups are those in (5) [Wa).

(5)

3. Functoriality

3.1

Theorem 3 Let X,Y be reqular schemes, projective and flat over Z

andlet f: Y — X be a morphism.

(i)  There is a pull-back homomorphism f* : C'TIP(X) — ﬁlp(Y)Q.
It is multiplicative, i.e., given o € CHP(X) and 3 € C’Hq(X), one
has

- B) = f*(a)- £(B)

(ii) If f is proper, fg : Yo — Xgq is smooth and X,Y are equidimen-

stonal, then there is a push-forward homomorphism

fo :CH° (V)= CH”(X) (6:=dimY — dimX).
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(iii) The following projection formula holds:

(@) B) = a- £.(8) € TH™ " (X)q
faecCH (X) and B CH (V). :
(iv) Given two maps f:Y — X andg:Z —Y one has (fg)* =g*f*
and (fg)* = f*g*-

Proof.

(i) Let [(Z,92)] € cH (X). To define the pull-back, we may assume that
Z is irreducible and then extend this definition by linearity. Further-
more, we may assume first that codimyg(f ~1(Z)q) = p, and reduce af-
terwards the general case to this situation. Since K-theory is contravari-
ant, we may apply Theorem 1.3, to get a class f*[Z] € CH;’_I(Z) Y-
We denote also by f*[Z] its image by the map

CH;’-l(z)(Y)Q - CH?.'n(Y)Q ® Z?——l(z)Q(YQ)Q
(see the remark in §2.1). Furthermore, by §I11.3.2, the pull-back f*gz of
the Green current gz can be defined. We put
F'(Z,92)) = (£*[2), f*92)) € CH' (Y )q,
As in the proof of Theorem 2, we can remove the assumption
oodimyq(f‘l(Z)Q) =p

by noting that there exist rational functions f, € k(y)*, y € Y‘é” -1
such that codimyg((f~'(2)+3_,div fy)@) = p, and one is reduced to the
above definition. Of course, we are left with proving that this definition
of f*[(Z, gz)] does not depend on the choice of the rational functions f,.
But this can be done in a way similar to the proof of Theorem 2.

We shall not prove that f* is a ring homorphism; see [GS2).

(i) We define first a map from ZP(Y) to 2_”" %(X) as follows. Let
(Z,9z) € ZP(Y) with Z irreducible, i.e., Z = {z}, where z is the generic
point of Z. Following [Ful, 1.4, we put

f(2) = { k) k(f) - U@} i dimf(2) = dimz;
0 if dimf(2) < dimz.

Next we observe that, given a differential 7 on X(C) (of the appropriate
degree), we have

(febz)(n) = b2(f*n) = /Z(C) f*'n= /Z(C) f*(lszy)
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0 if dimf(Z(€)) < dimZ(C).

Hence we have f.6z = 6y, (z), from which we deduce
dd®(f.9z) = [fawz] — b4, (2)-
Here f.wz € AP~%P—%(X) is obtained by integration along the fibers,
because fg : Yo — Xg is smooth. Therefore f,gz defines a Green
current for f,(Z), and we put
f+(2,92) = (£.2, f.02) € ZP~*(X).
‘We are left with checking that this definition induces a map
o e p—§
f:CH (V) > CH ™ (X). .
For that purpose, let h € k(W)*, W = m, yeY® Y and fw := flw:
W — W' := f(W). By [Fu], Proposition 1.4, we then have
) div(Normgaw/eewn (R))  if dimW’ = dimW;
fuldiv(h)) = e o
0 if dimW’ < dimW.
In the former case, the map W(€) — W'(C) is finite, hence there is
an open set U C W/(€) such that fw : fi7(U) — U is finite and étale.
Hence for any L!-function ¢ on W(C) and u € U, we have
fwe@@) =3 pw).
wefy' (v)
From this we deduce
f+[log [h|*] = [log |Normy(w cy)/xw ey (W],
which completes the proof of (ii).
(ii) Let a = [(Z,92)] € CH (X) and B = [(W,gw)] € CH'(Y). By
§1.3.2 and Theorem 3, we know the validity of the projection formula
for cycle-classes. Therefore, we are left to prove it for Green currents.
By definition of the *-product, we have
L(frgzxgw) = fu(f 9z Now +[f wz] Agw) = hu(h™gz) + [wz]| A fagw,
where h : W — X denotes the map induced by f. But as in part (ii)
of the proof, we have h.(h*gz) = gz A 65, (w), whence
fx(fr9z xgw) = gz N 65wy + W2l A fegw = gz * fagw,
as claimed.
We refer to [GS2] for the proof of (iv). O

Remark Because Y can be embedded into a smooth variety over Z
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(for instance a projective space), one can use Fulton’s approach to in-
tersection theory [Fu] to avoid tensoring with @ when defining f* in
Theorem 3; see [GS2)].

4. Examples

4.1 Let X be a regular scheme, projective and flat over Z. Then
OH'(X) = CHO(X) = ZroX),

4.2 A line bundle on X with a smooth hermitian metric invariant
under F, on the complex line bundle induced by L on X(CT) is called
an hermitian line bundle. Denote by lsx\c(X ) the group of isomorphism
classes of hermitian line bundles on X, where the group structure is given
by tensor product and isomorphisms are those algebraic isomorphisms
on X which preserve the metrics.

Proposition 1 [D] There is an isomorphism
& : Bie(X) — CH (X)

mapping the class of (L, ||-||) to the class of [(divs, —[log |s]|?])], for any
rational section s of L.

Proof. The class €1(L, || - ||} does not depend on the choice of s since
any other rational section can be written s’ = fs, where f is a rational
function on X. The inverse of the map ¢; is obtained by sending (Z, gz)
to the isomorphism class of (Ox(Z), ||-||), where the metric ||-|| is locally
given by the formula ||f]|2 = |f{?¢792; note that this defines a smooth
metric, because the function gz — log|f]? is smooth. O

4.3 Let X = Spec Op, where Op denotes the ring of integers of a
number field F. In this special situation we have

CHY(X) =0} (see §L6.3),
A%(X) = A(X) = (D R;
oex
¥ denoting a set of r; real and r; non-conjugate complex imbeddings of
F, :
CHY(X) = Cl(Op) (the ideal class group of OF).
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Theorem 1 (2) then gives the exact sequence
(6) O LR 2, Pie(X) -5 l(OF) —> 0.
Notice that p is, up to a factor —2, the classical Dirichlet regulator map,

hence ker p = up, the roots of unity of F.
There is also a degree map

deg : Pic(X) — R
mapping (L, |[-{|) to log (L : (Ors)]) —log (I], {Isllo) for any s € L\{0},

o running over all complex imbeddings of F. In particular one gets an
isomorphism

7 deg : Pic(Z) 2 R,
by sending (L, || - ||) to —log||s||, where s is a generator of the rank one
Z-module L.

Endow lsi\c(X )} with the quotient topology in each fiber of {. Then
—~ 0 ——

the compactness of Pic (X) := ker(deg) is equivalent to the finiteness of

the ideal class group cl(OF) and the Dirichlet Unit Theorem (i.e. p(O})

is a lattice of rank r, + r2 — 1 in R7+"3). Furthermore, we note that

vol(lsi\co(X )) = hr - Ry, where hp (resp. Rr) denotes the class number
(resp. regulator) of F. See [W2] and [Sz] for more details on this.

5. Arakelov varieties

5.1  Let X be a regular scheme, projective and flat over Z and wy be
a Kéahler metric on X (), invariant under F,.

Definition 2 The pair X := (X, wo) is called an Arakelov variety.

By the Hodge decomposition (seeTheorem II.1.1), we have
APP(X) = HPP(X) & imd & imd",
where HPP(X) = ker A C APP(X) denotes the space of real harmonic

forms on X(C) of type (p, p), invariant under Fo, up to the factor (—1)P;
we keep the notation of §1.

Definition 3 The group CH?(X) = w= (HPP(X)) c CH (X) is
called the p-th Arakelov Chow group of X.

There is also a Hodge decomposition for currents
DPP(X) = HPP(X) & imd & imd",
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and we denote by H : DPP(X) — HPP(X) the orthogonal projection
(harmonic projection).

Proposition 2 We have

i) CHMX) = (Z°(X) & HP~'P=Y(X))/(divf,—Hllog|f|?])
(with f € k(y)*, y € X®~D),

(i) CHP(X) is a direct summand of CH' (X).

(iliy There is an ezact sequence

CHP™'?(X) - HP= 1974 (X) 2 CHP(X) <5 CHP(X) — 0.

Proof.
(i) Let Z2P(X) = {(Z,9z) : Z € ZP(X), wz € HPP(X)}. There is
an isomorphism ZP(X) = ZP(X) & HP~'*~}(X) sending (Z,gz) to
(Z,H(gz)). Observing that for any f € k(y*), with y € X®-1,
the pair (divf, —[log|f|?]) lies in ZP(X) by the Poincaré-Lelong for-
mula, Theorem IL.2, we obtain (i) since (divf, —[log|f|?]) is mapped to
(div £, ~Hllog | /7).

Statement (ii) immediately follows from (i) and the definitions, while
the proof of (iii} runs along the same lines as the proof of Theorem 1
(2). ' a

5.2 In [A1], Arakelov introduced the group CH!(X), where X =
(X, go) is an arithmetic surface and the Kéhler metric gy on the Riemann
surface X (C) is given by

. g

? —~
-2—2(4)3' AWy,
gj=1

where g is the genus of X(C) (¢ > 1) and wy,...,w, denotes an or-
thonormal basis of the space of holomorphic 1-forms I'(X (€), Qg((c)).

5.3 Let X,Y be regular schemes, projective and flat over Z, let
f:Y — X be a morphism such that fq : Yo — Xgq is smooth and
assume that § = dimY —dimX = d — 1. Furthermore, let L,,...,Lg be
hermitian line bundles on Y (cf. §4.2). By Theorem 2, Theorem 3 and
Proposition 1, we get a class

f(&(T), - é(La) € CH' (X).

On the other hand, Deligne [D] and Elkik [El] constructed an hermitian
line bundle (L;,...,Ls) on X. It seems likely that

a((T, - L)) = fultr(Tn). - &1 (La));
see [GS3] for the case d = 2.
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For example, when X = SpecZ and d1= 2, if L; has a nonzero global
section 8; (for i = 1,2) one gets (in CH (X)=R)
fo(&r(Tn) - &1(L2)) = &1((Ly, L2)) =

3 10gH(Ox/fo1,02)) ~ Yl hoa(Pu)ll - | B lsslen(Za, 11 1)

yey(z) [+ Y(

Here (s1,32) C Oy, is the ideal generated by s; and s, after any choice
of a trivialisation L;, = Oy, div(sily()) = 3. 7aPa (We assume that
div(s;) and div(sz) intersect properly), and § denotes the cardinality of
a finite set. The above formula coincides with Arakelov’s intersection
pairing given in [Al] (see also [L]), except for the last summand, which
does not occur there, because Arakelov considered only line bundles with
“admissible metrics”, so the integral vanishes; see also [S3].

6. Heights

One use of the arithmetic intersection theory that we have described
in this chapter is to provide a notion of height for projective varieties.
Let PV be the N-dimensional projective space over Z, equipped with
its standard Kahler structure; see §IV.1.1 below. Given X C PN a
closed irreducible subset of dimension d+1 (d > —1) we denote by gx a
Green current for X such that ddgx +6x is harmonic and the harmonic
projection H(gx) vanishes. From Theorem IIL1, it follows that gx is

unique modulo (imd-+imd). Welet X € CH N_d(l’” ) be the class of the

arithmetic cycle (X,gx). On the other hand, let & (O(1)) € CH ' (®PN)
be the first arithmetic Chern class of the standard hermitian line bundle
on PV (see §IV.1.1 withn =1 and m = N), and f : P’ — SpecZ the
projection map. Faltings [FF3] defined the height of X by the formula

®) KX) = f.(X-&(O@)*) € R = CH (SpecZ).

This formula is analogous to the classical formula formula for the degree
of the generic fiber Xg C Pg, using Chow groups, namely

(9)  deg(Xq) = fu([Xq]-c1(O(1))%) € Z=CH"(Spec Q).

When Xg, is a rational point P, h(X) coincides with the usual logarith-

mic height of P, i.e. log(\/z% + -+ %), where (zg,---,zn) € ZN*!
are integral homogenous coordinates of P with no common divisor. Pre-
vious definitions of £{X), using Chow coordinates, are due to Nesterenko
and Philippon; see [P] and [S4] for a precise comparison of them.
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Faltings [F3] proved that h(X) > 0. The stronger inequality

d &
1
h(X) 2 (3D 5-)deg(Xo)
k=1 j=1 2'7
holds, [BoGS], with equality only when X is one of the projective sub-
space obtained by requiring that N — d among the standard coordinates
are equal to zero.
Also, if Xq¢ and Yg meet properly, the height of the cycle X NY
(defined by Fulton’s method [Fu]) is bounded above
(10) A(XNY) < h(X)deg(Ye) + deg(Xo)h(Y) + cdeg(Xq)deg(Ya),
where c is an explicit constant depending only on the dimensions in-
volved [BoGS). This inequality (10) constitutes some arithmetic analog
of the Bézout theorem deg(Xq N Yg) = deg(Xg) - deg(Yyp).

Faltings used A(X) in his study of rational points on abelian varieties
[F3].
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Characteristic Classes

We shall now define, following {GS3], characteristic classes with values
in the arithmetic Chow groups that we introduced in the last Chapter.

If E is a vector bundle on some arithmetic variety X, and h an her-
mitian metric (invariant by complex conjugation) on the holomorphic
bundle induced by E on the set of complex points of X, there is a Chern
character ¢h(E, h) in @pzoéﬁp (X)g. It satisfies the usual axioms of a
Chern character. For instance, it is multiplicative under tensor prod-
uct and additive under orthogonal direct sums. But it does depend on
the choice of the metric h. When h is replaced by h’, the difference
Efl(E L) — Efl(E, h) is the image in the arithmetic Chow groups of a sec-
ondary characteristic class introduced by Bott and Chern [BC], which
played a role in Donaldson’s work on Hermitian-Einstein metrics [Do].
More generally, we give in Proposition 1 a formula for the behavior of
¢h with respect to exact sequences.

In §1 we prove a splitting principle for the arithmetic Chow groups
of Grassmannians, or rather their subgroups 4 la Arakelov, as in §IIL5.
This provides a definition of ¢h for the tautological bundles on these
Grassmannians. In §2 we recall how any metric on a holomorphic vector
bundle gives rise to form representatives of its characteristic classes.
In §3 we define the Bott—Chern secondary characteristic classes by a
method introduced in [BGS1] and [GS3]. In §4 we define ch. For this
we use the fact that any bundle on X, once tensored by an ample line
bundle, is classified by a map to a Grassmannian. We then have to check
that the class we get is independent of the choices. Another construction,
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due to Elkik [El], is sketched in §4.7. Finally, we give, following [GS3],
a definition of the group of virtual hermitian vector bundles on X.

1. Arakelov Chow groups of the Grassmannians

1.1  Put S := SpecZ. For positive integers m, n, let
Gm,n = Grass,(031")

be the Grassmannian over S representing the contravariant functor from
the category of S-schemes to the category of sets which assigns to each
S-scheme T the set of locally free quotients of OF*" of rank n (cf.
{DG], Théoréme 1.9.7.4). Assume m = gn for ¢ a positive integer, and
put P := (G,,1)"; note that Gq1 = Ps(O%t") is the projective space
bundle of O%*! over S. There is a natural map g : P — G = Ggnn
coming from the direct sum of line bundles

(O —s Liii=1,...,n) — (oFt" —» @ﬁi)'

We also note that the symmetric group X,, acts on P by permuting the
factors.

On G(€) = U(m+ n)/(U(m) x U(n)), where U(m) denotes the
unitary group of rank m, consider the Kihler form w¢g given locally by
we = —dd®log ||s{|?,
where s is a (local) non-vanishing section of the highest exterior power
of the tautological quotient bundle of rank n on G(C). We note that wg
is a Kédhler form, that F we = —wg, and that wg is invariant under the
action of U(m + n). The pair G = (G,wg) defines an Arakelov variety,
in the sense of Definition IIL.2. Analogously, we obtain the Arakelov
variety P = (P,wp), on which X, acts. We then have the following

“splitting principle”:

Theorem 1  Assume p < q. Then the natural map p: P — G induces
an isomorphism
(1) p*:CH?(G)q = CHP(P)g
of Arakelov Chow groups tensored with Q, where CH P(P)®» denotes the
invariants of CHP(P) under the action of .
1.2  To prove Theorem 1 we first note that the pull-back map
u*:CH(G) — CH'(P)
(see Theorem I11.3) induces a map
p*: CHP(G) — CHP(P).
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Indeed harmonic forms on G(C) are characterized by their invariance
under the action of U(m + n); this a standard fact, which goes back
to E.Cartan, see for instance [DR2] p.648. Whence their pull-backs to
P(C) are invariant under the action of U(g + 1)® C U(m + n), and
therefore they are also harmonic.

The exact sequence from Proposition III.2, applied to G and P, gives
us the following commutative diagram

CHP-17(G)q -2 HP 771 (G)q -2 CHP(G)q > CH?(G)q —0

H H [ H

CHP-1?(P)q L, HP-Lr-1(p)g 2, C’H”(ﬁ)Q N CHP(P)q —0.

We will now show that CHP~1P(G)qg = CHP~1P(P)q = 0 and that
w* induces isomorphisms CH?(G)q = CH P(P)g" and

HP P71 (G)g = HP VP Y(P)gn.

The theorem follows by the 5-lemma.

1.3 By Theorem1.3, CH?(G)g (resp. CHP~1?(G)q) is isomorphic to
Ko(G)® (resp. K1(G)®), the weight p part of Ko(G)q (resp. K1(G)g),
where, for any k > 0, the Adams operation ¥* acts by multiplication
by k?. Similarly, CHP(P)q is isomorphic to Ko(P)®). Therefore we are
reduced to a problem in K-theory. We now determine the structure of
the K-groups K.(G) and K.(P).

On E; := G, we consider the tautological exact sequence

0—E&— OF™ — & — 0,

where & is the tautological quotient sheaf, locally free of rank n. Let
E; := Pg,(&)be the projective space bundle of the bundle & over Ey.
On E; there is a tautological exact sequence

0-—*81—’7('680-—>£1——>0,

where &, (resp. L) is locally free of rank n — 1 (resp. 1) and mg
denotes the projection £y — Ey. Iterating this procedure, we get
E; 1 = Pg, (&) with a tautological exact sequence

0 — &1 — m& — Lign — 0,

where £;41 (resp. L£i41) is locally free of rank n — ¢ — 1 (resp. 1) and
m; denotes the projection E;,; — E;. This construction ends with the
scheme E := E, and the invertible sheaf £, = 7} _;£,_;. According
to {Q1], Proposition 4.3, K, (F) can be computed as follows. One has
K.(E1) = @) K-(Eo) - ¢, where ( denotes the class of £; in Ko(E1).
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Inductively this leads to
@ K(B)= @ K(G) ¢ ...,
0<a;<n—j
where (; denotes the class of the pull-back of £; in Ko(E) (j =1,...,n).
But the scheme E can be viewed in a different way as follows. We
start with Fp := S and the sheaf Fy := OFt". Put Fy := P, (Fo) with
tautological exact sequence

0—’?1———>p8f0—-—>M1——>0,

where F; (resp. M) is locally free of rank m + n — 1 (resp. 1) and g
denotes the projection F; — Fy. Iterating this procedure n times, we
get the scheme F := F, = Pg,_,(Fn-1) and the invertible sheaf M,,.
Clearly E = F and the pull-backs of £; and M to E are isomorphic
( =1,...,n). By applying [Q1], Proposition 4.3, again, we obtain

K(E)y=K.(F)= @ K(8)-¢-...-¢&
0<B;<m+n—j

= @ K@P-...-E

0<B;Smtn—j

3)

Comparing (2) with (3), we immediately deduce K;(G)g = 0, because
K1(Z) = Z/2Z. This in turn implies CH?~1?(G)q = 0.
Because Gg1 = Ps(O%"), we obtain

(4) K.(P)= € K.@)-n-...-00,
0<v;<q

where 7; denotes the class of the pull-back via the j-th projection P —

G, of the tautological invertible sheaf in K¢(P). From (4) we derive,
as before, CHP~1?(P)q = 0.

1.4  We are now able to prove that u* induces an isomorphism
CH?(G)q = CHP (P,

by showing that Ko(G)® 2 (Ko(P)®)* for p < q. Because p < ng <
m+n — j and p < g, we have, by (3) and (4),

Ko(E)P = Q[(y, . .., 6],

and

Ko(P)? = Qln,...,n.]®.

Furthermore, the above construction of F shows that the natural map



76 IV Characteristic Classes

p: P — G factors through F i.e.

E
v g l"
P £ @

and the induced map v* : Ko(E) — Ko(P) takes {; ton; (=1,...,n)
whence we obtain an isomorphism

(%) Ko(P)P = Ko(E)®) = Q[¢y, ..., ).

Note that Ko(G)g contains Q[(1, ... ,(n)"", because we have [1*&] =
@D)_,¢ in Ko(E), and Ko(G) is a A-ring. So we have the following
inclusions, with || := 3. a;,

P @,..., el L on

0<a;<n—j

(6) C @ Ko(G)P~leb¢a . L can C Ko(E)®)

0<a;<n—j

. ZQ[(I"")(TI](?)‘

But now {{{" -...- (2" : 0 £ o;; < n—j} is a basis for Q[(1, ..., {n] over
Q[(y,..-,(a)®", therefore all the inclusions in (6) are equalities. This
shows that

Ko(G)P = (@1, - -, 6™ P = (@Q[C1, -, Ga] PP = (Ko(P) P,

by the isomorphism (4), as claimed.

b

The above argument can be repeated if we replace Chow theory by
cohomology, so we also have an isomorphism

(7) HP1P1(G)g = HP VP (P)g™.
This finishes the proof of Theorem 1. O

2. Chern forms

2.1  Let X be a complex manifold, E a holomorphic vector bundle of
rank r on X. Denote by A™(X, F) the smooth sections of A"T*X ® E,
where T*(X) denotes the cotangent bundle of X; note that A™(X, E) is
an A%(X)-module where A%(X) are the C*-functions on X. A connec-
tion on E is a C-linear map

v:A%X,E) — AYX,E)
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satisfying
V(f-9)=df ®s+ f-Vs
for all f € A%X), s € A%X,E). The decomposition A}(X,E) =
AYY(X,E) & A* (X, E) induces a decomposition V = V0 4 V01 A
connection V gives also a map
V:AY(X,E) — A%*(X,E)
by setting
Vw®s)=dw®s-w®Vs (we AY(X), s € A%X,E)).
From this we deduce that
Vi(f-8)=V(df @ s+ f-Vs)
=d’f®s~df @ Vs + V(f-Vs)
=—df @ Vs +df ® Vs + f-V(Vs) = f - V(s).
In other words,
V?: A%X,E) — A%(X,E)
is an A%(X)-linear map, hence V2 € A%(X,End(E)); it is called the
curvature of V.

2.2 Let U C X be an open set and E|y = C" a trivialization of E
on U. Given a section s € A%(X, E), its restriction to U can be written
sl = (f1,.--, fr) with f; € AO(U) G=1,...,r). Put

(EES)IU = (gfl, N ,gf,.).
If on V C X there is another trivialization for E and U NV # @, we
have sly = (g1,...,9r) with g; € A%(V) (j=1,...,r). OnUNV we
get

9i = Z‘ijfk;
k

with holomorphic transition functions . Therefore 8g; = 3_; ©;x0fk-
So O extends to a global map from A%(X, E) to A%!(X, E). It is called
the Cauchy—Riemann operator of E.

2.3 Assume now that E is equipped with an hermitian metric h, i.e.
an hermitian inner product (-,-) on each fiber E,, depending smoothly
on the point z € X. Given two sections s,t € A°(X, E), the hermitian
metric on E defines a C*°-function (s,t) on X by

(8,8)(z) = (s(2), 1))



78 IV Characteristic Classes

We may extend (-,-) by linearity to get a pairing
() : AY(X,E)® A°(X, E) — A}(X).
In other words, if s,t € A%(X, E) and w € A}(X), we define
(8@ w,t) := (s,t) -w.
Similarly we get
(" : A%X,E) ® A}{(X,E) - A}(X).

Definition 1 A connection V : A%(X,E) — AY(X,E) is called uni-
tary if it satisfies the equation

d(s,t) = (Vs,t) + (s, Vi).

24

Lemma 1 There exists a unique connection
V:A%X,E) — AYX,E)

with the properties

(i) VO =0g,

(ii) V is unitary.

Proof. We first show uniqueness. By (ii), we have
d(s,t) = (Vs,t) + (s, Vi),

hence, by (i),

(s, t) = (Ops,t) + (s, V1 01).
But the last equation determines V1 uniquely. Namely

(8, V10t) = B(s,t) — (OEs,t).
We can take this equation as a definition for V1:. We are left to check
that V := V19 + 8 defines indeed a connection. But for all s, €
A% X, E) and f, g € A%(X), we have

VOl(f.-5)=0r(f-8) =0f ®s+ f- Vs,

and
(8, V(g - t)) = B(s,g - ) — (Brs,g-t)
= (Bg)(s,t) + 7 B(s,t) — §(OEs, t)
= (3,09 ®t) + (3,9 - V'),
1.€.

ViOg-t)=08g@t+g- V',
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which completes the proof. O

The connection V from Lemma 1 is called the hermitian holomorphic
connection of (E, h). Notice that
Vv? = V! € AVY(X, End(E)),

because V2 = 8% = 0, and hence V2° vanishes by unitarity.

25

Definition 2 Let X be a complex manifold, E = (E,h) a holomorphic
vector bundle on X with an hermitian metric, and V its hermitian holo-
morphic connection. The Chern character form ch(E) = ch(E,h) for
the pair (E,h) is defined by

-1
ch(E,h) := trg exp (%Vz) € P APP(X).
p20

Here trg is the trace in End(E). These Chern character forms are d
and d° closed and satisfy the following properties (cf. [GH]):
(i) f*ch(E) = ch(f*E), for every holomorphic map f : ¥ — X of

complex manifolds;

(ii) ch(E®F) = ch(E)+ch(F), for all hermitian vector bundles
(iii) ch(E® F) = ch(E) - ch(F), for all hermitian vector bundles
(iv) ch(L) = exp(ci(L)), for every hermitian line bundle L.

The form ch(E) depends on the choice of the metric on E, but not its
cohomology class, as will follow from Theorem 2 below.

E.F;
E,F;

3. Bott—Chern secondary characteristic classes

3.1 The Chern character forms described in the previous section are
not additive on exact sequences, as is the case for their cohomology
classes. Let

£E:0—wF —wE-—E"—0
be an exact sequence of vector bundles with hermitian metrics ', h, h”

respectively. Instead of (£, A, h, ") we shall just write £. We have the
following

Theorem 2  There is a unique way to attach to every sequence £a
form ch(€) in

A(X) == DAP?(X)/(imd + im B)
p20
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satisfying the following properties:

(i) ddcch(E) = ch(E’ ) — ch(E) + ch(E )

(ii) f*ch(E) = ch(f*S) for every holomorphic map f :' Y — X of
complex manifolds;

(iii) ch(€) = 0, if € is split, i.e. (E,h) = (E' @ E", K ® h")and the
maps in € are the obvious ones .

Definition 3 The form CTI(-E) is called the Bott—Chern character form
of € (cf. [BC ], [Do], [BGS1], [GS3]).

Proof. We first prove the uniqueness of ch. Let O(1) be the standard
line bundle of degree one with its Fubini-Study metric on P} and let
o be a section of O(1) vanishing only at co. On X x P}, consider
the bundle E’(1) := E' ® O(1) with hermitian metric induced by the
metric on £’ and O(1). If E' — E’(1) is the map given by ids' ® o, let
E := (E @ E'(1))/E'. We get an exact sequence
g:O—»E’(l)—»E—»E”——»O.
For z € P, denote by i, : X — X x P} the map given by i,(z) = (z, 2).
When z # oo, since o(z) # 0, we get i2E = E . On the other hand
isE = E' ® E", because 7(00) =0 and O(1)e = €, whence il E'(1) &
E’ Using a partition of unity, we _can choose a hermitian metric h on
E such that the isomorphisms zOE E and it E = E' @ E" become
isometries, i.e. zoh h and i, h = h' @ h”. Denoting by d = d, + d,
the total differential on X x ]PC, where d, is the differential on X and
d. the differential on P}, we consider the integral

I:= / dd°ch(€) - log |z|2.
Pe

‘We now compute I in two ways. First we obtain, by property (i) applied
to £,

- / (ch(E'(1)) — ch(B, k) + ch(E")) log|2|?
Pe
=ch(E) /P , ch(O(1)) log|z|? — /P , ch(E, k) log |2|*
— 22
+ ch(FE )/Pélogl |
=—/ ch(E, k) log |z|2.
Pe

(The first integral vanishes since it changes sign when z is replaced by
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1/z). Secondly, we get, by Stokes’ Theorem and by properties (ii) and
(iif),
I= / h(B)d, d log|z|? = / B(E) (60 — 6u0)
PL PL
= igch(€) — i% ch(E) = ch(i}€) — ch(i* ) = ch(F)

(modulo (imd + imd)). Hence ch(€) is uniquely determined modulo
(im0 + imd) by the formula

(8) h(E) = - / ch(E, B) log |2[2.
Pl

<

To prove the existence of ch, we take the formula (8) above as a
definition. We have to check that this definition does not depend on the
choice of the hermitian metric h and satisfies properties (i), (ii) and (ii).
We first verify that property (i) is fulfilled. Since taking direct image of
forms commutes with differentiation, we have, as ch(E,Z) is d and d°
closed,

dodeh(E) = — / dd®(ch(E, ) log |2[?)
Pl

<

=— / ch(E, h)d,dS log |z|?
L

- / ch(B, F) (8o — 6c)
P

= —i3ch(E, k) + i’ ch(E, R)
= —ch(E) + ch(E') + ch(E"),
by the properties of Chern character forms (cf. 2.5).
Now we check the independence of ch(é’ ) on the choice of the hermitian

metric k. Let &’ be another hermitian metric on E satisfying zoh’ =h
and zwh’ = h'@®h"”. The above calculation applied to the exact sequence

0 - E — E — 0
on X x PP}, where the first (resp. second) E has hermitian metric h
(resp. h'), gives the formula

—ch(E, k) + ch(E, k') = — / dd*(ch(E, ) log |w|?),
P}

where d = d, + d,, + dy,, the bundle E on X x PL x PP}, is the pull-back

of the bundle E, and the hermitian metric h satisfies

ﬁ|z=0 = h, Elz:oo =k @ hl’v 7’:|w=0 = E, Elw:w = h’ .
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One way to get such an his to take, if wy, w2 are homogeneous coordi-
nates for w,

w1 |2k + |wa|2R
[wi]? + |wal?
Hence we obtain (modulo (imd + im 8))

/ (ch(E, h) — ch(E,h')) log |z|?
L

z:

= / / dd*(ch(E, k) log [w|?) log |2
Pe /P

E/ /ch(E,Z)log|w|2dzd‘;log|z|2
- R IR

( / ch(f?v,i)logw) —( / ch(E,i)logw)
P}: z2=0 P Z2=00

<
=0,

Il

because Z|z=o = h and Z|z=°° = h' @ h” are independent of w.
Properties (ii) and (iii) now follow easily. O

3.2 Here are some properties of Bott—Chern character forms:

3.2.1 &1(?1 & -gz) = &1(31) + (;il(-gz)

Proof. By the construction in the proof of Theorem 2, we have

ch(1 0 &) = — / ch(Ey @ Ea, hy @ ha) log |2|?
Pl

= —/ ch(El & Eg,)h @Zz)log|z|2
Pg
= Cﬂil(-gl) + &1(32)
3.2.2 ch(E®F)=ch(f) ch(F).

Proof. Again by the construction in the proof of Theorem 2, we have,
given any hermitian vector bundle F = (F, g),

h(EQF)= —/ h(E ® F,h ® g)log z|?
P

= —/ ch(E, h)ch(F, g) log |z|?
P

= ch(€) - ch(F).
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3.2.3 Let
0 0 0
l ) l
0O — Ef — Ey, — Ef — 0

l l l

0 — E, — E;, — Ejf — 0

l l l

0—)E:’3———+E3———+Eé/———>0

| l l

0 0 0

be a diagram where all rows &; and all columns F; are exact (i,j =
1,2,3). Then we have

3 3
©) > (-1)'ch(E) = ) (-1)ch(F)).

i=1 j=1
For the proof of this fact see [GS3]. Note the following special case.
Take Ej} = Ej = E with hermitian metric hy, F; = E with hermitian
metric hy and E; = E with hermitian metric A3, and take all the other
terms to be zero. Then the above formula reads

(10) ch(hy, ha) + ch(ha, ha) = ch(hi, hs).
Here ch(hy, hy) := ch(E), for
£:0—FE —FE-—0,

where the map is the identity, E” = 0, E' = E has metric &,, and F
has metric hs. In particular

(11) dd°ch(hy, hy) = ch(E, hy) — ch(E, hs).

3.3  The construction of Bott—-Chern secondary characteristic classes
is also valid for other characteristic classes like Chern classes, Todd
classes etc... To define them, one replaces the Chern character form
ch(E, Z) in formula (8) above by the forms representing these classes;
see [GS3| for more details. For instance, the component of degree zero
of Jl(hl, ko) is equal to é;(hy, he). It coincides with the smooth func-
tion log(hs/h1), as can be seen by checking the axioms of Theorem 2 in
degree zero; (i) follows from the Poincaré-Lelong formula.
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4. Arithmetic Chern characters

4.1 Let X be a regular scheme, projective and flat over Z.
Definition 4 An hermitian vector bundle E = (E,h) on X is an
algebraic vector bundle E on X such that the induced holomorphic vector
bundle on X(C) has an hermitian metric h, which is invariant under
complez conjugation, i.e. Fi(h) =

Theorem 3 Let X be a regular scheme, projective and flat over Z
and E = (E, h) an hermitian vector bundle. Then there is a unique way
to define a characteristic class
h(E) € CH(X)q = PTH' (X)o
p20

satisfying the following properties:
(i) f*ch(E) = ch(f*E), for every morphism f : Y — X of regular
’ schemes, projective and flat over Z;
(i) ch(E@F) = ch(E) +ch(F) for all hermitian vector bundles E, F;
(iii) ch(E ® F) = ch(E) - ch(F), for all hermitian vector bundles E, F;
(iv) ch(L) = exp(¢i(L)), for every hermitian line bundle L (with é,(I)

defined as in §111.4.2);
(v) w(ch(E)) = ch(E) is the classical Chern character form (see §2 ;

the map w was defined in Theorem III.1).

We call ch(E) the arithmetic Chern character of the hermitian vector
bundle E.

4,2 We divide the proof of Theorem 3 into two parts. In the first part
(4.2, 4.3) we show the uniqueness, while in the second part (4.4, 4.5) we
prove the existence of the arithmetic Chern characters.

We first have to recall the following notation and results from §1. We
defined G = Gpn = Grass,(O3+") (S = SpecZ, m = gn), P =
(Gq,1)™ and a map p : P — G. Furthermore, ‘Qm,n is the tautological
quotient bundle of rank n on G with quotient metric induced by the
standard Euclidean metric 2:"“'"|zj|2 on €™t", For p < q, p induces
an isomorphism (cf. Theorem 1)

(12) p* : CH?(G)q = CH?(P)g"
and, by the proof of Theorem 1, we also know that
l"*(am,n) = Zl ®... @-L—TU
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an orthogonal sum of hermitian line bundles L on P (j =1,...,n).
We now turn to the proof of uniqueness. We will give a formula for
ch(E). First, from the properties (i), (ii) and (iv) we get

weh(Qp ) = ch(u* Q) = (P I;)
J=1

= (@) =Y exp(&a(Ly)),
Jj=1 j=1
hence the p-th component is given by

e é(L;
phy@n) =3 2 comPl
i=1
The latter sum is invariant under the action of X, on CHP (P)Q By
the isomorphism (12), this leads to the following formula for chp(Qm n)
when g > p:

n . o~
(13)  chp(@pmp) =" (Z%{)ﬁ) € CHP(G)g C CH (G)q.
i=1 )
When ¢+ 1 < p, the functoriality (i) allows one to get c’flp(Qm,n) by
restriction from a bigger Grassmannian (for which ¢ > p). We then have
(14) hB(@mn) =Y Bp(@mn) € CH(G)a-
p20

Because X is projective, there exists a line bundle L on X such that
E®L™! is generated by global sections, i.e. there is a surjection O —
— E®L™! for some integer N. We may assume that N = m +n with

=rk E and m = gn (g > 1). Because G represents the functor which
assigns to each S-scheme T the set of locally free quotients of O™ of
rank n, there is a morphism f: X — G corresponding to the surjection
O™ —» E®L7 1 ie. f*(Qmn)= E®L™!. Putting any metric on
L, the isomorphism

E= f*"(Qmn)®L

needs not be an isometry. Therefore we have to investigate how the
difference

ch(E) ~ f*ch(@pm,n) - (L)
depends on the metric chosen on L.

4.3
Lemma 2 Let z € CH' (X x P}) and denote by i,: X — X x P} the
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morphism given by i,(z) = (z,z). Then

i3(2) - in(z) = a ( [, @t logtzP)

<
(for the definitions of the maps w : EI\IP(X x PL) — APP(X x P}) and
a: AP~1P=1(X) - CH'(X), see Theorem IIL.1).

Proof. Let z be the class of (Z, gz). We may assume that Z is irreducible
and flat over Z, since the statement is well known for the Chow groups
with supports in finite fibers. By the Moving Lemma over @, we can
then assume that Z is not contained in a component of div z = (0) —{(o0),
and therefore that it meets this divisor properly on X x P} .
Denoting by m : X x P} — X the projection, we have
0 = 7.({(Z,92)] - [(div z, —[log |=*])))

= 7x([(Z0 — Zoo, 92 A (60 — b0) — [w(z) log |2]])])

4 (((Zo = Zoo, 92, — 92., — [w(z) log|2}*])])

= i}(2) - in(@) — a ( /.» w(z)log |z|2) .

C

Proposition 1 Let
E:0-E -E—-E'—-0
be an exact sequence of vector bundles with hermitian metrics K, h, b
and £ = (E,W' ,h,h"). Then
(15) ch(E') - ch(E) + ch(E") = a(ch(E)),
where c‘fl(z’) is the Bott-Chern character form of €.

Proof. As in the proof of Theorem 2 (working now over Z instead of
@), one constructs a bundle E with hermitian metric h on X x P; such
that igE = E, i* E > F' ® E” and ith = h, i%,h = h' @ h". Taking
z = ch(E, k) in Lemma 2, we get

isch(E, k) — i* ch(E, k) = a ( / w(ch(E, k))log |z|2) ,
Pg

hence, by properties (i), (iii) and (v) and the definition (8) of the Bott-
Chern character form,

ch(E) — h(E') - h(E") = —a(ch(€)).
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Applying Proposition 1 to the exact sequence
E:05E > f*(Qma)®L — 0
with the hermitian metrics chosen as above, we get
(16) ¢h(E) = f*ch(@p») - h(Z) + a(ch(E))-

This proves the uniqueness of ch.

4.4 We now take formula (16) as a definition of ch(E). We have to
verify that this definition does not depend on the morphism f and the
line bundle L, and that it satisfies properties (i)—(v).

We first check that it is independent of f. For this we assume that
L = L' = Ox and that we have two morphisms f : X — G, » with
[*(Qm.n) = E, corresponding to the surjection f : P := Ot —
— E,and f': X — G with f*(Qmn) = E, corresponding to
the surjection f': P’ := (’)?'*‘" —» E.

Because P and P’ are free, we can choose morphisms o : P — P’
and o/ : P’ — P such that f = f'oa and f' = fod’ . Putting

l-odoa o .
g:= € Aut(0% 1),

~a 1

where m” = m+m/’ +n, one easily checks that the composite projection
maps

!
¢:POP — P E

and

PP — P N
satisfy the relation @ o g = ¢’. Because Aut(O?HJ'") = GLyin{R)
with R = I'(X,Ox), which is of finite type over Z, the maps ¢ and ¢’
induce the following commutative diagram
Xr % Gr

o\ lg
Gr,

with Xp = X ®z R, Gr = Gm»n ®2z R. The isomorphism f*(Qmn) =
F*(Qm’,n) now implies

‘P*g* (Qm",n) = QOI* (Qm",n)~
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Lemma3 InCH (Gr)g we have the identity

Ch(_Qm”,n) - g*Ch(_Qm”,n) = a(Ch(_Qm”,n)g*_Qm",n))!
where the right-hand side is the Bott-Chern character form for the exact
sequence 0 — Qurn — 9*Qmvn — 0, with the standard metric on
Qm n and the pull-back via g of the standard metric on g*Qup» 5.

Proof. For any g € GLyp» 4n(R), we define
5(g) = Ch(@m”,n)_g*&l(am”,n)_a(Ch(_Qm",nv g*_Qm”,n)) € CH(GR)Q
We have
¢(6(9)) = ch(Qmr.n) — g*Ch(Qm”,n) =0,
since the induced action of GLy, »(R) on CH(GR)q is trivial. Further-
more, we have
w(é(g)) = Ch(@_mu,n) - g*Ch(_lelyn) - ddcch(amu‘n, g*am”,n) = 0,
by Theorem 2. Therefore
6(9) € ker¢ Nkerw = HP~1P~1(GR)/imp,
by Theorem IIL1.

For any g,h € GLy1n(R) we get by direct computation, using The-
orem 2 and 3.2.3,

6(9) + 9" 6(h)
= Ch(am",n) - g*h*&l(am”,n)
- a(Ch(am”,n’ g*am",n)) - a(Ch(g*_Qm”,n’ g*h*am",n))
= Ch(@m",n) - (hg)*Ch(_Qm”,n) - a(Ch(_Qm”,nv (hg)*_Qm",n))
= 6(hg).
Because GLy,7 4 (C) is connected, GL,,v4n(R) acts trivially on
HP~1P~1}(GR), whence we get
6(k) + 6(g) = 6(hg),
which implies in particular that the image via § of a commutator vanishes
in CH(GR)q.
Now we consider the natural map
J:G= Gm",n — Gomr on = G,
arising from the imbedding
J:GLpryn(R) — GLopryan(R),

g 0
g — (0 1)
and the induced homomorphism
j* : HP~VP"HGR) — HP"VP7H(GR).
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0

Taking h = (g g‘l) € GLaymr42,(R), one easily checks that 6(g) =

0
§*6(h). But h is a commutator, because

h(9 0)(0 1 gt 0\/o0 1
“\0 1)\1 0 o 1/\1 0)
hence §(h) = 0, as mentioned above. Therefore we find 6(g) = 0, which
completes the proof of Lemma 3. 0

Applying now ¢©* to the identity of Lemma 3, we derive
f*al(am,n) - f’*al(am’,n) = a(al(f*am,n) fl*am',n))'

This implies, using 3.2. and 3.2.3, that ch(E), when defined by formula
(16), is independent on the choice of f.

4.5 Let us prove now that the definition of ch(E) by (16) does not
depend on the choice of L. Assume we had f : X — G, with
FQmn) 2 E®L™ and f' : X — G 1 with f"(Qm 1) X LRLL.

The composition of the product map f X f' : X — G n X Gpr,3 and
the natural map v : Gmpn X Gmr,) — G n, given by taking tensor
products (with m” = mm’ 4+ nm’ + m), then satisfies

(f < YV @Qmrin) = (Qmin) ® f*(Qma) ¥ EQ@ L'

Lemmad4  Let m"” = mm/ + mn' +m'n and n” =nn'. Let
v Gm,n X Gm’,n' e Gm",n//,
be given by the tensor product. We have
V*ch(amll’nll) = Ch(am,n) . ch(‘le’nl)-

Proof. By assumption, we have m = gn,m’ = gn/, hence m” = qn”.
With the notations of §1, we obtain the following commutative diagram

(Ga)* X (Gg )™ -5 (Gg )™

nxp u

Gm,n X Gm/,n/ L) Gmll,nll,
By the splitting principle, one checks that
(F’ X F’I)*(V*al(am”,n”) - al(am,n) ) al(am’,n’)) = 0?
hence the lemma follows, because (u x p')* is injective by Theorem 1.
0
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Now we obtain, using Lemma 4,
£*(@m,n)eB(L) + a(ch(E, f*Qpm,n ® I))
= F*B(Qp)B(f* Qs ® ') + a(h(E, f* Qi ® Qs ® L)
= (f x £)'v* D@, )B(I) + a(A(E, (f X f)'V*Qpr o ® L)),
and this shows the independence of ch(E) on the choice of L.

Properties (i)—(v) follow from our definition of ch(E) in formula (16)
and Lemma 4 .

4.6 More generally, given an hermitian vector bundle E of rank r and
o(t,...,Ty) € QT,...,T;])] a symmetric power series in r variables,
one may define a characteristic class

#(E) € CH(X)q
satisfying axioms similar to those of Theorem 3. In particular, when

E= @;=1 L; is an orthogonal direct sum of hermitian line bundles, it
is given by the formula

@(E) = p(&1(Lr), .. -, é1(Ly))-
For instance there are Chern classes é,(E) € CH p(X )Jo — in fact
&(E) € CH'(X) — and a Todd class Td(E) € CH(X)q. _
To define @ one may either mimick the construction of ch or consider
the power series ¥ such that

(p(Tl,...,T.,-) = ’l,b(Ul,...,Up,...),
where

Uy = D17 /p
=1

Then, if ch,(E) is the component of degree p of ch(E), one can take
P(E) = ¢(chi(E),...,chy(E),...).
4.7  Another approach to characteristic classes is an arithmetic analog

of Segre classes due to Elkik [El]. Let p : Px(E) — X be the projective
bundle attached to E. On IPx(E) we have a canonical exact sequence

£E:0— H—p(E)— L—0,

where H (resp. L) has rank r — 1 (resp. 1). We endow H and L with
the metrics induced from p*(E). Let

- - -k
§:(E) = pu(c(L)" 1) e CH (X)
and define Ry, € A*~1*-1(X) by the following identity of power series
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in one variable ¢:
>Rt = (3 t*pu (D1 A) X e(B) (%)
k>0 k>0 k>0
Here cx(E) € A**(X) are the Chern forms of E,ci(L) € AV (Px(E)) is
the first Chern form of L, and A € A" 17~ 1(Px(E)) is the Bott-Chern
class A = &(€* ® L) of the dual of £ tensored with L. In particular
dd®(A) = —c,(p*(E)* ® L).
(Notice that Z(X ) is 2 module over closed forms in A(X)).
The arithmetic Segre classes of E are §o(E) = 1 and, when &k > 0,

— — Ak

5k(F) = 8,(F) + a(Rx) € CH (X).
The Chern classes é,(E) € cH' (X) can be defined by the identity of
power series over the Chow ring

Y a&(E)(-t) = a(E))"

k>0 k>0
The fact that this definition coincides with the one in 4.6 is a consequence
of the properties of ¢ (see [GS8)).

4.8

Definition 5 We denote by I?O(X ) the group generated by triples
(E, h,n), where (E,h) is a hermitian vector bundle on X and ) €
@DZOA”"’(X ), subject to the following relation

(B K ,0) + (E", 0" 0"y = (E,h,5f' +n" + ch(E)),

for every ezact sequence £:0 — E' — E — E" — 0, and € =
(E,K,h,h") as in 3.1.

Theorem 4 There is an isomorphism ch : Ko(X o — CH (X)),
given by

ch(E, h,n) := ch(E, k) + a(n).

We shall not prove Theorem 4. We just mention that ch is well-defined
by Proposition 1 and that Theorem 4 follows by the 5-lemma from the
following diagram

K(X)e  — @PAP(X) — Ko(X)q — Ko(X)q —0
r20 .
I Jua = =
PceHr1*(X)q — APP(X) — CH(X)q — CH(X)q —0,

>0 p20
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where the hard part is the proof of the commutativity of the left-hand
square (see [GS3] and [Wa]).



vV

The Determinant of Laplace Operators

‘

Our aim is now to define a notion of direct image for hermitian vector
bundles on arithmetic varieties. This will be done in the next chapter,
and requires a notion of determinant for Laplace operators, which is
described in this chapter.

Namely, given an hermitian vector bundle FE on a compact Kahler
manifold, we consider the Laplace operator A acting on E-valued differ-
ential forms of a fixed degree (0, ¢), ¢ > 0. This operator has a discrete
and non-negative spectrum. But, since its eigenvalues are unbounded,
the definition of its determinant requires some regularization procedure.
The method we shall be using is known as zeta function regularization:
the determinant is defined as

det’(A) = exp(-CA(0)),
where {aA(s), s € €, is the zeta function of A, defined by analytic con-
tinution from a half plane Res > d. This definition is due to Ray and
Singer [RS].

In §1, we describe this regularization procedure in an axiomatic way,
for infinite sequences of positive real numbers. Then we define general-
ized Laplacians in §2, and we sketch the construction of a heat kernel for
these operators in §3; here we follow [BGV], and the reader is referred to
this book for more details. We show in §4 that (a(s), the Mellin trans-
form of the heat kernel of A, has the required properties to make sense
of det’(A), the determinant of the restriction of A to the orthogonal
complement to its kernel.
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1. Regularization of infinite products

1.1 We first make sense of the following formula:

(1) 1:2:3:-4-...=V2r

First Approach We look at Stirling’s formula
nl = n"/ne "V2r (1 + 0(;11-)) ,
ie.
2) log(n!) =n-log n+2 log n —n + log \/_+O( =)
for n — oo (cf. [WW], pp. 251-253).

Definition 1 We define log(oo!) to be the finite part of the expansion
(2), hence

ool := V2.

Second Approach Here we start with Riemann’s zeta-function:

{(s) := Z n? (Res > 1).

n>1
Recall that {(s) has a meromorphic continuation to the whole complex
plane, with a single pole at 1. More precisely:

@) ((s) = —~+’7+0(8—1)

where v denotes Euler’s constant (cf. [C], Chapter 2). Furthermore {(s)
satisfies the following functional equation:

(4) 7?0 (s/2)¢(s) = 52

Since

¢'(s)=—_ log(n)n~*

n>1
when Res > 1, we are led to the following:

Definition 2 ool := =<,

Proposition 1 ¢ ¢ = \/2r, i.e. Definitions 1 and 2 are compat-
ible.
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Proof. By the functional equation (4), we obtain

_ po-12L((1 ~ 9)/2)
C(S) - s 1-\( /2) (1 - S),
hence

Clo) 1 T(A-s)/2) 1 (/) _((l-s)
B ) TR (=92 "2 Te/D) (-9

We now compute the right-hand side of (5) for s — 0. First we note
from (3)
¢l-s) 1

(6) ) —;+7+O(s) (s = 0).

By the duplication formula for the I'-function, we obtain (cf. [WW], p
240)

[(s +1) = 77122 T((s + 1)/2)T'(s/2 + 1),
() 1 I'(1/2) 1 I'(1)

T - 82t 3 T 2T
and
) ; 1;,((11//22)) log2 + % (because v = —T'(1)).
Finally, we derive from I'(s) = s‘ll"(s +1) that
Adding (5), (6), (7), (8) and lettmg s — 0, we obtain
% = log 7 + log 2.

By the functional equation (4), we get {(0) = —1/2, which leads to
¢(0) = 3 log(2m)

hence

e ¢'©® = /or.

Third Approach  We start with the ©-function:
o) ==Y e,
n>1
Taking the Mellin transform of e(t) we have, for Res > 1,

s—1
©) €@s) = 555 / o)t 1dt.
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If we could exchange the order of differentiation and integration on the
right-hand side, we would get

w0 = [To0 (gg5) 7= o0t

Unfortunately, the latter integral does not exist, because the integrand
diverges at t = 0. Indeed, it follows from the Poisson summation formula
(cf. [C], p. 30), that

o) = Yzeo(%) -3,

hence

o) = L2~ 1+0h -0

This implies, as shown in Theorem 1 below, that there exist some con-
stants ap and a_q, such that, as € tends to zero, the function

bt dt
/G(t)?+aolog e—a_1/ve

has a limit, called the finite part of the integral. Notice that it is well
defined since ag and a_; are unique. This suggests the following

Definition 3 We define log(oo!) to be the finite part of the integral
1 [ dt
—= ) —
JARCE
Proposition 2 We have
’ . * dt v
2¢’(0) = finite part of G(t)? - =

)
e—0 2

as € tends to zero.

i.e. Definitions 2 and 8 are NOT compatible.

Proof. This is a special case of Theorem 1 below (with €2 instead of
€). |

1.2 We shall now extend the second and third approaches in §1.1 to
other sequences of positive real numbers.

Definition 4 Let A : 0 < A\ < X2 < ... be an increasing sequence
of positive real numbers. The zeta-function attached to this sequence is

defined by
Cals) =3 A5
n>1
‘We make the following three assumptions about {A(s):
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Z1: {a(s) converges for Re s > 0;
Z2: (a(s) has a meromorphic continuation to the whole complex plane;
Z3: (a(s) has no pole at s = 0.
" With these assumptions, we define

Definition 5 A - Ag-A3-...:= e $A(0),

Notice the following two lemmas:
Lemma 1 For any integer N > 1, we have

AcA2 A3 o= (A1 A2 s AN) (AN s ANg2 -0 0)

Proof. We have

N
NOED I ENIO8
n=1

. where (n(s) = 3,5 N1 A5°- Differentiating and putting s = 0, we get

N
¢A(0) = =) log A + i (0).

n=1

Now the lemma follows by taking the exponential on both sides. a

Lemma 2 For any positive real number a, we have
(ah1) - (ah2) - (@Az) ... = (A1 - Ag - Az -...)a$a®),

Proof. Clearly

Can(s) = a"*Ca(s).
Differentiating, putting s = 0 and taking the exponential now implies
the lemma. |

Definition 6 Let A: 0 < A1 < A2 < ... be an increasing sequence
of positive real numbers. The theta-function attached to this sequence is

defined by
OA(t) :=) e ™.
n>1
We make the following two assumptions about ©,(t):

©1: ©,(t) converges for t > 0.
©2: For every k € N, there are real numbers a; (i € Z) , with ¢; =0
for i < —d , such that

k
OA(t) = ) ant™ +O(t**") fort—0.

n=—d
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We note that ©1 implies that
03: 6,4(t) is O(e™*) for t — oo, for some positive real number c.

Indeed, when t > 1
eA(t) — Ze—hn(t—l)—)\" < e—Al(t—l)eA(l).

n>1
We now have the following:

Theorem 1  If ©,(t) satisfies O1 and ©2, then

_ 1 * s—1
Ca(s) = () /0 OA(t)t* ldt
and this function satisfies Z1, Z2, Z3. Furthermore, we have
CA(O) = Qg,
and

¢A(0) = finite part of(/oo GA(t)%) + vag.

e—0

Proof. Because of ©2 and ©3 the integral defining ¢4 (s) converges for
Re s > d, hence Z1 is satisfied. By ©2 we can write, for every k € N,
Oa(t) = Z ant™ + pi(t)
n<k
with pi(t) = O(t*+1). Therefore
(10)

. 1 * s—1 _aL ! n+8—
(A(s)_mfl Oa(t)t dt+1§cr(s) |t +s=1gy

1
+%/ ok (t)t* " dt
1 88— 8-
=G )/ On(t)t ldt+zr(s CESRED] / pi(t)t*1dt.

In the last expression, the first integral is holomorphic for all s € €,
while the second integral is holomorphic for Res > —k — 1; the sum
over n is a meromorphic function in the whole complex plane. As k is
arbitrary, we obtain a meromorphic continuation of {4 (s) to the whole
complex plane, which establishes Z2.

Putting £ = 0 and s = 0, we obtain from (10)

i) = (@—s),_ﬁz(r(sst)) o

n<0
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which proves Z3. Furthermore, by differentiating (10), we get

! dt an !
o= [ GA(t)(ru) *%(r(sst)),:o
! \  dt
+ ”"“)(r()),_ot
(£ /T(8))om0 = 1,
(1/T(s) - 8)0 = (1/T(s + 1)Ym0 = ~T"(1)/T(1)% = ,

But since

and
(1/T(s)(n + )40 = 1/n,
we obtain
ORACEY EENCC SRS SL- W0k

n<0
On the other hand, we have for 0 < e < 1

/ eA(t) f i (t)—+Za,./ t""dt+/ po(t)%

n<0 €

(12) / e,,(t)~ —aglog e+ an (— - ;")

n<0

+/0 po(t)%+0(e).

The finite part of (12) as ¢ — 0 is defined to be its limit once the
divergent summands —aglog ¢ and —an%:—, n < 0, has been removed.
Comparing with (11) we get

¢4 (0) = finite part of (/ GA(t)%) + 7ao,

e—0

as claimed. m|

1.3 Questions and complements

1.3.1 Physicists have used other ways of regularizing infinite prod-
ucts known as Pauli—Villars regularization and dimensional regulariza-
tion (see for instance [R}]). For which class of positive numbers do they
make sense? Do they lead to other justifications of formula (1)?

1.3.2 Given two sequences
A:0< X <A <...
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and
pi0<p Sp2<...,
can one compare

(/\1/\2/\3 . .)(uluzug .. )
with

(Arpa)(M2p2)(Azps) .. .2
See [K], 6.5.

1.3.3  If A satisfies ©1 and ©2, and if A is a positive real number, the
sequence

O<M+A<a+A<L..

also satisfies these properties. So we may consider the regularized prod-
uct
DAY=+ A2+ ). ...

This function D()\) can in fact, using Lemma 1, be defined for any
-complex number X and, according to Voros [Vo] and Cartier—Voros [CV],
it can be characterized as follows. It is the unique holomorphic function
of the complex variable A whose zeroes (counted with multiplicity) are
the numbers — Ay, —)z, . . ., which is bounded by exp(a +b|A|™) for some
constants a,b and N, and which admits an asymptotic development of

the form
k=m-1
logD(\) = > arde(A) + O(A™™)
k=—d
for all m > 0 when A is a positive number real number going to infinity.
Here ¢r(A), k € Z, is the sequence of functions defined by

(A =27k k>1,

#o(X) = log(}),
and
d—(A) = (log(A) — (1 + ! +-- l))éﬁ k>1
2 KRV T

1.3.4 Regularization of infinite products can be used in the study of
zeta functions of algebraic varieties over number fields. In [Del] and
[De2], Deninger shows that every local factor of these zeta functions is
the regularized characteristic power series of some operator in an infinite-
dimensional cohomology theory.

One may also ask whether products on all prime integers (Euler prod-
ucts) can be regularized. A paive question along these lines is: for which
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values of s can one make sense of a formula such as
<) = I,/ -1,
p p

where both the numerator and the denominator are regularized prod-
ucts? But, according to a general result of Dahlquist ([Da), see also
[Ku]), Euler products of the form Hp h(p~*) have a natural boundary
on the line Re(s) = 0, except for very few holomorphic functions h(z).
By taking the logarithm of this statement, we see that Poincaré series
over primes are in general not defined at zero, and this forbids us to zeta
regularize Euler products. For instance Zp p~* has a natural boundary
on Re(s) = 0 [LW], hence the product of all primes does not make sense
by this method. Is there another way of defining it?

2. Generalized Laplacians

2.1 Let M be a smooth real manifold and E a smooth vector bundle
on M. Choose any connection V on E (see §IV.2.2.1). Given any vector
field X on M, we get from V a covariant derivative Vx on I'(M, End(E))
by evaluating differentials on X.

Definition 7 The algebra of differential operators on E, denoted
D(M, E), is the subalgebra of End¢(I'(M, E)) generated by I'(M,End(E))
and the Vx, for all vector fields X.

If V' is any other connection on E, and X any vector field on M, then
V% — Vx lies in I'(M, End(E)), so D(M, E) is in fact independent of
our choice of V. If H € D(M, E), we will say that it is of order less
or equal to n if it lies in the subspace generated by I'(M, End(E)) and
products of at most n covariant derivatives.

Let U be an open set of M contained in a coordinate patch (z!,...,z™)
(m = dim X), so that E may be trivialized over it. Then, on I'(U, E),
such an H may be (uniquely) written as

Z Z (paaf'l e af'nm

j=0 ay+--+am=j
where the ¢,’s are sections of End(E) over U, and' §; stands for 5‘2_—;.
We now fix a Riemannian metric g on M.

Definition 8 A generalized Laplacian on E (with respect to g) is a
differential operator on E whose expression in any local coordinates is
the sum of 3=, 9%/ 8,0; with an operator of order < 1.
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In this definition g*/ stands for g(dz®,dz’)Idp.

Lemma 3 A differential operator H of order < 2 is a generalized
Laplacian if and only if, for any f € C°(M) we have the commutation
relation in End¢(T'(M, E)) : [[H, f), f] = —2|df|2.

This lemma provides us with a coordinate-free characterization of gen-
eralized Laplacians.

Proof. Choose coordinates (z',1 < i < m) on an open set U, and a
trivialization of E on U. We denote by [.,.] the commutator of two
linear endomorphisms of I'(M, E), and we identify any function f with
the operator of multiplication by f.

Using the basic fact [8;, f] = 8:;f (= 61.) we compute:

[16:, 5], f1 =0
[0:0;, f] = [0, 10; + 8:(05, f] = (8:f); + (8:9; f) + (8; )&

(18:05. £, ] = 2(8:£)(9; £)-
From this the claim follows. )

2.2 Now we shall give an important example of generalized Lapla-
cians. Let X be a Kahler manifold and E an hermitian holomorphic
vector bundle on X. The Kahler metric on X is an hermitian met-
ric k on the holomorphic tangent space of X, i.e. the subundle 71X
of the complex tangent bundle of X. This metric induces a metric on
the dual of 719X, i.e. differential forms of type (1,0), and, by com-
plex conjugation, on forms of type (0, 1). By taking the exterior powers
of this metric, and by tensoring with the hermitian metric on E we
get a pointwise scalar hermitian product (s(z), #(z)) for two sections of
A%(X,E) = A%(X) B (M) A%(X,E). On the other hand, let wy be
the normalized Kahler form, given in any local chart (z,) on X by

i o 8
wo—ﬂgh(az '3 )dz,,dz;;

The L2-scalar product of two sections s,t € A%(X, E) is defined by the
formula

(5,802 = [ (s(e),ta) S,

where n = dimg X.

By the Leibniz rule we extend the Cauchy-Riemann operator 9 = O
on E (see §IV.2.2.) to forms of type (0, ¢) with values in E. We obtain
this way the Dolbeault complex

A%0(X, E)EAO‘I(X, E)Ev X --EAO"’(X, E)E, .
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whose cohomology is known to be the sheaf cohomology of X with co-
efficients in E [GH].

The operator 0 has an adjoint for the L2-scalar product, i.e. there is
a map

3" : A%9tY(X E) - A%(X, E)
such that
(8, 5*t>L2 = (58, t)Lz

for any s € A%(X E) and t € A%9*!(X, E). For any integer ¢ > 0,
the operator A9 =89 +8 0 on A%4(X, E) will be called the Laplace
operator.

Lemma 4 The operator 247 is a generalized Laplacian in the sense
of Definition 8.

Proof. Let D := v2(8 + 8") acting upon @QOAO'“(X, E). Clearly
D? = 2A9 on A%9. We shall give another description of D, known as
the Dirac operator.

We define the Clifford action of A'(X) on @5, A>¥(X, E) as follows.
Given s € A%(E) and y € AY(X), with y = ¢ + " , ¢ € AY°(X) and
y"’ € A% (X), then:

c(y)s = V2(y" A s —iy(s)).
Here i,s denotes the contraction with the tangent vector of type (0,1)
corresponding to y’ under the isomorphism induced by the metric on X,
as above. In other words, %,/ is characterized by the equality
@iy (s),t) = (s, 7 A E)
where (a®u, B®v) is the function (e, 8) x (u, v) g, for any a, 8 € A®9(X),
and u,v € I'(E). We compute
o()*s =20y" Ay As—y" Niy(s) — iy (y" As) +iyiy(s))

=2(-y" Ny (s) = (', 7")s —y" Niy(s)))

= -2y, 7")s.
In particular, if y is real (y' = 7”), then c(y)% = —2|y|%.

Let
V: @ A*(E) - A{(X) ® (PA*(E))
q20 q20
be the tensor product of the Levi—Civita connection of X with the hermi-
tian holomorphic connection of E (see Lemma III.1). Then the following
holds on @5, A%Y(E)
D = coV.
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We shall not prove this fact (see for example [BGV], Proposition 3.72).
Notice however that V2 8 = co V%! is clear from the definitions. The
identity v2 8 = co V10 can be proved up to lower order terms, which
is enough for our purpose, by using the fact that V is unitary, since
the metric on X is Kéhler, and that taking the symbol of an operator
commutes with adjunction:
As V is a connection [V, f] = df for f € C*°(M) so we obtain
[D, f] = c(df).
So
[D?, f] = c(df)D + Dc(df),
and
(D2, f1, f] = c(df)e(df) + c(df)e(df) = 2¢(df)?. _
Finally, using the facts that for f real c(df)? = ~2|df|* and that D? =
2A9 on A™(E) we obtain
[[2Aq’ flfl= _2|df|2-
By Lemma 3, and the fact that the order of A7 is less or equal to 2 (since

D has order one), we conclude that 2A7 is a generalized Laplacian.
O

3. Heat kernels

3.1 Let M be a Riemannian manifold with metric g, E a C*®-vector
bundle on M and H a generalized Laplacian acting on sections of E. We
denote by |A|!/2 the bundle of half-densities on M, defined as in [BGV]
before Proposition 1.20.

Definition 9 A heat kernel for H i3 a family of sections
pi(z,9) € (E®|A|Y?), ® (E* ®|A]'/?),
depending on t € R} such that the following conditions hold:
() pela,y) is C= in (t,z,y) € RS x M x M ;
(%) for every y we have (8; + H;)pi(z,y) =0 ;
(i%) for any continuous section s with compact support of E ® |A|}/?
tim [ p(@,0)s(0) = s(o)
— yeEM

the limit being for the sup-norm, after any choice of a metric on
E.
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A heat kernel p;(z,y) defines operators
P, :T(E®|A['V?) — T(E®[A]'?)
by

Pus(@) = [ nia ).
Condition (ii) may be rewritten as
) @+ H)P. = 0.
This is the heat equation associated to H. The condition (iii) is an initial
" condition for the first order differential equation (ii’): lim;_o P, = Id.

So we should think of P, as being et
We are now able to state the main result of this section:

Theorem 2  Assume M 1is compact. Then any generalized Laplacian
on M has a unique heat kernel.

3.2 The proof of Theorem 2 is divided into five steps:

I:  uniqueness assuming the existence of (C?) heat kernels;

II: existence of a heat kernel for M = R™ and H = - ,67;

III: construction of a formal solution;

IV: construction of an approximate solution;

V: construction of an exact solution from an approximate one by a
perturbation process.

Step I  We have a pairing (, ) between sections of E and sections of
E* ® |A| defined by

(5,0 = [ (s(a), u(o)s
M
where (, ), is the natural pairing
E; x (BE; ® |Alz) — [|Als.

This enables us to associate to H an adjoint operator H*, acting
on sections of E* ® |A|. It is characterized by the equality (Hs,u) =
(s, H*u), for all s and u. As it turns out by an easy computation, H* is
a generalized Laplacian on E* @ |[A|. So let us assume that there exists
a heat kernel P, for H and P} for H*. Let s be a section of E, and u a
section of E* ® |A|. Fix ¢t > 0 and let f(8) = (Pss, P} qu) for 0 <9 < t.
By (ii") we have

F(8) = (—HPys, P} gu)+ (Pps, H*P}_yu) = 0.
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By (iii)
lim £(6) = (s, Pu),
lim £(9) = (Pis, u).

Therefore (Ps,u) = (s, Pfu). This shows that P, hence p(z,y), is
determined by P;*. So the uniqueness of the heat kernel is proved. 0O

Step II Assume M = R", E is the trivial line bundle R" x €, and
H = A is the standard Laplacian —3_,82. The heat kernel can then be
given by an explicit formula:

(13) pe(@,y) = (4nt) "™ 2oV /4 4z V2 @ |dy| /2,

Condition (i) of Definition 9 is clearly satisfied. As for (ii), it is suf-
ficient to check it when y = 0, since both sides are invariant under
translation. Now

n
Pu(a,0) = [[l(4mt) /e~y 1/2 | /2.
i=1
So it is sufficient to check that
(8, — B2)[(4nt) /22" /4] =
This is an easy computation:
o) [(47rt)_1/2e‘””2/4‘]

_ -%(47rt)‘1/2t‘3/2e'“2/4‘
i i(47rt)‘1/2t‘5/2x2e"2/4‘3§[(47rt)‘1/2e‘”2/4"]
2
— (47rt)—1/2(_%)[e—z2/4t _ _x_e—a:z/xtt].

2t
Finally, (iii) can be reduced to a well-known one-dimensional identity:

1 (z-p)?
lim / e & s(y)dy =s(z
t~0 Jg Vant (y)dy ()
where s is a continuous function on R with compact support. O

3.3

Step III  We begin by defining normal coordinates. Recall that a
smooth path z : [0,1] — M is said to be a geodesic if it minimizes the
functional L(z) = fol |#()|dt. This leads to an Euler-Lagrange equation,
which is of order 2. From this follows that for any y € M, and any v €
T,M small enough, there exists a unique geodesic z : [0,1] — M with
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initial conditions z(0) = y, £(0) = v. This enables us to define exp v :=
z(1). For a small enough € > 0, this exponential gives a diffeomorphism

exp : (PRl in TyM )~ ( open neighborhood
P: [v] <€ ofyin M )

Identifying T,M with R™ we get coordinates near y. They are called
normal coordinates, and in the following they will be used to identify
any x € M close to y with a point in R", also denoted z.

We now look for a solution of the heat equation by a formal power
series of the type :

i>0

kt(xs y) = Qt(x» y) (Z¢z(-’5, Y, H)ti) |dy'l/2s

where the coeflicients ¢;(z,y, H) € E, ® E; are smooth sections defined
in a neighborhood of the diagonal in M x M and

Qt(-T, y) — (47rt)—n/2e—|z-.y|2/4t|dw|1/2
as in (13). One can check the following; see [BGV], Lemma 2.30.
Lemma 5  For any family of sections s; of T'(E), defined in a neigh-
borhood of y and smooth in t,
(B + H)(gs5t) = 9:(8: +t 7'V + j/2H 71/%)(st),
where R = Y . &'8; is the radial vector field and
j(z) = | det gi;(z)|/2.
Now let B = j1/2H j~1/2,
Proposition 3 There exist unique sections ¢;(x,y, H) of E; ® Ey,
Jor all i >0, such that:

(a) ¢0(y’ Y, H) = idE,, ; _
(b) (8¢ +t7'Vr + B;)(X,500it") = 0.

Proof. The equality (b) of the formal power series in t is equivalent to
the equalities
Vroo =0 if i=0;
(Vr +1)¢i = iBdi1 if i>0.
Introducing f;(s) = s‘¢i(exp(sz),y, H), the conditions become, when
x,y are fixed,

and

L 1) = (i + V) gulexpls), v, H),
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ie.
d
o fo(s)=0
and '
dil; fi(s) = ~s" 1B, ¢;_1 when i>0.

We have reduced the problem to differential equations of order one.
By induction on % this shows the existence of ¢;(z,y, H) = fi(1).

Remark The proof shows that there exist universal and local for-
mulas for ¢;(z,z,H) in terms of the derivatives of the g% and of the
coefficients of H; but these are difficult to make explicit, see [Gi]. In
particular, if M, E', H vary smoothly with respect to a parameter b, then
the same is true for the d;’s. O

3.4

Step IV Since M is compact, there exists an € > 0 such that exp is
well defined on {v € T,M : |v| < €} for any y. Choose a smooth function
x : Ry — [0,1] satisfying

x(8) =1 if s <€2/4,

x(8) =0 ifs>e2,
and let N € N be an integer. Define

N

(149 kY (z,9) == x(d=, 1)) a(z,y) (Ztidn(:c, y, H )) |dy|*/%;
=0

in this expression d(z, y) is the infimum of the lengths of all paths from z
to y. Clearly k¥ (z,y) depends smoothly on ¢,z and y. So we may view
it as the kernel of an operator K acting on I'(M, E ® |A|'/2). In the
following proposition n = dim M, a € N, and || - ||» is a norm involving
at most o derivatives with respect to z,y.

Proposition 4
(i) For all T > 0, K{ is uniformly bounded for || - ||o in the range
0<t<T.
(i) For any section s of E ® |A|'/?
tlirr(l) KN .s=s  for the norm I lle-
(itt) Ast — 0 we have estimates:
(@ + Ho)k (z,)lla < O (V57 7).

This means that the k¥ give an approximate solution to the heat
equation. For a proof, see [BGV], Thm. 2.29.



V.3 Heat kernels 109

3.5

Step V  In the sequel, we fix an N > n/2, and drop the N in our
notation. To motivate what follows, we first assume that M is a point.
We then have a vector space V, a linear operator H on V, and a family
K of endomorphisms of V such that Ky = id, ||8,K; + H Ki|| = O(t°)
as t — 0, and K, is uniformly bounded when 0 < ¢ < T.

Let Ry = 8,K; + H K;. Let us consider the simplex

AF ={(t1,...,th)) ER*0<t; <t < ..., St S 8},

and define

Qf = Ak Kt—thtk_tk—l A Rt2~t1Rt1dtl . dtk
t

Proposition 5  The series 3,5o(—1)*Qf converges absolutely. Iis
sum P, is such that Py = id, 8,P, + HP, =0, and ||P: — K:|| = O(t**#).

Proof. Using vol(AF) = t*/k! we see that ||QF|| = O(t*/k!), and this
implies the convergence of the series. Now recall the following differen-
tiation rule:

o ([ 16t-9)a(s)as) = [ 21t~ a(e)ds +10)o()
Take f(3) = K, and
g(s) =R*"'(s) = /A o Re—te s Rudty...dtey.

This gives (8; + H)Q¥ = RF(t) + RF~1(t). Using the definition of P,
as an alternating sum we get (8; + H)P; = 0. Since QY = K, the last
assertion is also clear. O

When M is arbitrary we follow essentially the same pattern, the con-
volution of kernels taking the place of the multiplication of operators.
Define

r(2,y) = (8¢ + Ha)ke(z,y),

qf(z’ y) = / / kt—tk ((D, zk)rtk—tk_l (zkv zk—l) cee Ty (zlay)dtl °c e dtky
Ak JME

and
Tf(l‘,y)=/k 1/ Tt——tk_l(z’zk—l) """"" rt1(zl’y)dtl"'dtk—l-
Akt Syt

Suppose that N > 2 + . Then ¢f and r¥ are C* with respect to z and
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y and the following estimates can be derived from Proposition 4:
tk
(k—-1)!
tk—l
(k-1
for certain constants A, B > 0; see [BGV], Lemmas 2.27 and 2.28.
Now essentially the same proof as the one of Proposition 5 gives:

”q:c”a < AF tk(N—n/2)—a/2

l[r¥|lo < B* tk(N-n/2)-a/2

Theorem 3  Let pe(,y) = Y_5o(—1)*af (z,y). This sum converges
absolutely. The form p; is C* with respect to x and y. It satisfies

(0 + Ho)pe(z,y) = 0
and lim¢_oP;s = s in sup norm. Moreover
pe(z, y) — ke(z, y)lla < O@FN—/22/2),

We remark that, since it is unique, p; does not depend on N; so it is
C® in (z,y). The proof of Theorem 2 is now complete. 0

3.6 Complements

3.6.1 In the Remark in §3.3 we stated that the formal solution de-
pends smoothly on parameters when this is the case for M, E, H. This
smoothness is also preserved in Steps IV and V. If H depends smoothly
on a parameter b, then so does the heat kernel p¢(z, y); see [BGV] The-
orems 2.54 and 9.52, and [Gr].

3.6.2 A special case of Proposition 5 is the following formula, known
as Duhamel’s formula. Let V be a finite-dimensional vector space over
C, and H = Hy + H; the sum of two endomorphisms of V. Applying
Proposition 5 with K; = etHo_ hence R; = (8, + H)K; = Hie*H° we
obtain

(15)
e—t(Ho+H1) —

e tlo 4 Z(—l)"/ e~ (t—te)Hopy o=(tk~te-1)Ho  pr o=t1Hogy 4t
k>1 A}

3.6.3 Let H(e) € Endg(V) be a family of operators depending smooth-
ly on a parameter € € R. If we write formula (15) whent = 1, Hy = H(0)
and H; = H(¢) — Hy, we get

1
o= H(O _ o—Ho _ / e=(=9Ho (B (¢) — Hp)e~*Hods + ofe).
1]
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Letting ¢ — 0 we obtain
d _He e d -
16) e =~ [ et-omo (;H(e)L:o)e "HOds.

3.6.4 One may also proceed as follows. Let A and B be two endo-
morphisms of V. Then

dilu_’ (euAe—uB) — eu,A(A — B)e—uB,
s0
1
ete B =1 +/ e“4(A — B)e *Bdu,
0
and

1
el =eP +/ e(1=9)4(4 — B)e™*Bds.
0

This identity enables us to derive both Duhamel’s formula (by iteration)

and the formula for $e~H(®),

* 3.6.5 Formulas (15) and (16) remain valid when H,H, and H(e)
are generalized Laplacians. As in §3.5, they have to be understood as
computing the kernels of some operators, and composition of operators
means convolutions of kernels; see [BGV] 2.6.

4. Infinite determinants

4.1  Let H be a (separable) Hilbert space. If A is a compact operator
on M, we say that A is trace-class if 3. ,(Ae;, €;) is absolutely conver-
gent for one, hence any, orthonormal basis (e;);>0. The value of this
sum, which is independent of the choice of the basis, is called the trace
of A, and denoted tr(4).

Lemma 6 Let M be a compact manifold, E a C™ vector bundle on
M equipped with a smooth metric, and A an operator on T'r2(M,E ®
|A|Y/2) such that A acts on smooth sections by convolution with a smooth
kernel a(z,y). Then A is trace-class and

tr(A) = /Mtra(a:, z).

In this statement, "2 is the Hilbert space completion of the space of
smooth sections of E for the L2-metric:

(s,) = /M<s(z>,t<z)>z,
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and a(z, z) is a section of End(F) ® [A.

Proof. We give a quick description; details may be found in [BGV],
Proposition 2.39. Using a (finite) partition of unity subordinate to an
open cover of M by small open subsets, we are reduced to the case of
a compactly supported kernel over R™, and the trivial line bundle with
standard metric. This may be re-embedded into a torus 7' = R™/Z".
One then use the explicit basis of I' 2 given by the Fourier exponentials
and one decomposes the kernel as a double Fourier series. The result
follows. O

4.2 Suppose now that H is a generalized Laplacian on M acting
on sections of E. We have by Theorem 2 a corresponding heat kernel
pi(z,y), defining operators F;.

Definition 10 The theta function of H is defined by

0(t) = tr(P;) = / trp(z, z)
M
for allt > 0.
We know that 6(t) is smooth in ¢ (we integrate over M which is com-
pact). If there are some extra parameters, 6(t) will also depend smoothly

on them by the Remark in 3.3. Using the notation of Theorem 3, we
also have, ast — 0

10(t) /M kM (z,7)| = O(EN="/2+1),

Now (14) gives the formula

N

K (2,2) = (4rt) ™2 (Z bila,, H)t") jdz'/% @ |dy|1 /2,
i=0

where the ¢;(z,z, H) are given by universal local formulas in terms of

the metric of M and the coefficients of H. This shows the existence of

an asymptotic development

N
8(t) = (4nt)™"/2 " tia; + O(tN"/2H)
i=0

as t — 0, for any N > 0, where
a; = / troi(z, z, H)|dz|
M

are given by universal local formulas. Moreover, if H depends smoothly
on some parameter, so do the a;’s.
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4.3 Assume now that H = H* on smooth sections. We state without
proof Proposition 2.42 of [BGV]

Lemma 7 The closure of H* on 12 is the adjoint of H on T'f2.

Thus, if H = H* and H is positive, we get P = P; and Hyp = A\p if

and only if Pyp = ety for all t > 0. So

o(t) = e

i>0

for some real numbers 0 < A\; € A2 <.... From what we have shown,
we conclude that 0(t) converges and that conditions 61 and 62 of §1
are satisfied. So we may introduce the zeta function

CIOED I

i>0

Applying Theorem 1 in §1, we know that this series converges when
Res > n/2, that it extends meromorphically to the complex plane, and
that it is holomorphic at s = 0. The determinant of the (generalized)
Laplacian H is defined as follows:

det H = e~$1©®),
When H = H* and H is only semi-positive, we consider its restriction
to the orthogonal complement of its kernel. We write
Cu(s) =tr'(H™®), Res > n/2,
for the zeta function of this restriction, and
(17) det’' H = e~1©®

for its determinant.

4.4
Remarks

4.4.1 Few explicit direct computations of determinants of Laplace
operators are known; see [RS]. Kronecker’s limit formula can be used
in the case of a torus [RS]. The case of the trivial line bundle over a
projective space is treated in [GS5). Can one study Grassmannians in a
similar fashion?

The arithmetic Riemann-Roch-Grothendieck formula in Chapter VIII
computes a product of determinants (when the other terms in the for-
mula can be estimated).

4.4.2 Sarnak [Sa] and Voros [Vo] have shown that the Selberg zeta
function of a compact Riemann surface with its Poincaré metric is equal
(up to a the product by a function depending only on the genus) to
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the regularized characteristic power series of its Laplace operator on
functions, defined as in §1.3.3.

For non-compact quotients of the upper-half plane by congruence sub-
groups, using the Selberg trace formula, Efrat [E1] defined some kind of
regularized characteristic power series of the Laplacian, and proved that
it is equal to p(s)L(s)p(2 — s), where (3) is a Dirichlet L-function [E2]
and L(s) has its zeroes on the line Res = 1.



VI

The Determinant of the Cohomology

Let f : X — Y be a morphism of arithmetic varieties, smooth on the
generic fiber Xg, and E an hermitian vector bundle on Y. We shall
define an hermitian line bundle A(E)g = (A\(E),hg) on Y.

The algebraic line bundle A(E) is the determinant of the cohomology.
Its definition is due to Grothendieck and Knudsen-Mumford [KM]. The
fiber of A(F) at every point y in Y is the alternated tensor product

NE)y = QA™(HI(X,, E)))".
920
In this formula H9(X,,FE) is the coherent cohomology of the fiber of
X, = fCV(y) with coefficients in E, A™® is the maximal exterior
power, and L~! denotes the dual of a line bundle L. The construction
of A(F) is purely algebraic, and given in §1.

On the set of complex points Y (C), the line bundle A(F) induces an
holomorphic line bundle. Following Quillen [Q2], once a Kihler metric
has been chosen on each fiber of f, there is another description of the
underlying smooth line bundle A(E)o. It uses the family of Laplace
operators along the fibers of f. This is described in §2 — the properties
we need on smooth families of elliptic operators can be found in the
book [BGV], Chapter 9; we present here a different approach, based on
an earlier draft of it. Following [BGS1], we show in Proposition 2 that
this definition is compatible with the algebraic one.

This analytic definition of A(F) allows one to define the Quillen
metric hg on this line bundle. It is equal to the L?-metric, given by
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integration on the fibers, multiplied by an alternated product of deter-
minants of Laplace operators (Definition 3), which is also the exponential
of the Ray-Singer analytic torsion [RS]. This definition is due to Quillen
in relative dimension one [Q2]. Following [BGS1] we show in §3 that hqg
is smooth (Theorem 3). We also state from [BGS1] a formula for the first
Chern form of A(E)q (Theorem 4). This Riemann-Roch-Grothendieck
theorem at the level of forms will be proved in the next chapter. We
explain in Corollary 1 how it leads to an “anomaly” formula saying how
hq varies with the metric on F, and, more generally, what happens for
exact sequences of bundles on X. From [BGS1] we also state, without
proof, how hg varies with the metric on the fibers of f (Theorem 5).

1. The determinant line bundle: algebraic approach

1.1  Let X be a noetherian separated scheme and F a locally free
coherent Ox-module. Let det* E = A™®*E be the maximal exterior
power of E. TIts fiber at z € X is (det* E), = A™k(E=)E . Given an
exact sequence of such Ox-modules:
£:0-S-SE-L Q-0
there is an associated isomorphism
e :det* S@det* Q — det* F
so that, for local sections ey, ...,e, of S (n =rankS) and fi,..., fm of
Q (m = rank Q),
e(e1 A Aen® fih---Afm) =i(er) A---Ai(en) AfiA- A fFm
where the fi’s are liftings of sections of E.

Consider now E; = S® Q, E; = Q @ S, and the two obvious exact
sequences

£E1:08S—>E; —-Q—0
and

E:00 Q> E;,—S—0.
Define T': E; — E2 by T{e, f) = (f,e) and

T:det* S®@det* Q — det* Q @ det* S
by 7(s ® ¢) = ¢ ® s. Then the composition of the isomorphisms:
v det” T "’Ezl
det* S @det* Q——det* E; — det* E; — det*Q ®@det*S

is not T but (-1)™™7. This is an indication that the line bundles det* S,
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det* @ “should not forget” the rank of the original vector bundles, or
at least its parity. This is quite natural from the point of view of the
filtration of K-theory by codimension: the rank r of F is its class in
gr°Ko(X), while the class of det™ E is the next invariant, namely the
class of [E] — [0%] in gr'Ko(X). This leads to the following definition.

Definition 1 A graded line bundle (L,a) is a pair consisting of a
line bundle L, and a continuous map o : X — Z/2. If E is a vector
bundle on X, the determinant line bundle defined by E is the graded line
bundle det E = (det* E, rank E).

We can take tensor products:
(Lya)® (M,B) =(L®M,a+p),

and we have isomorphisms:
r

(Lya)®(M,5) — (M,B)®(L,a)
{@m —  (-1)**m ¢
Given a short exact sequence
E:0-S—>E—-Q—0
we have rank E = rank S + rank ), and there is an isomorphism ¢ :
det S® detQ — det E. Now

~

det S@det@Q — det(S @ Q)

T l l ! transposition

~

detQ@detS — det(Q@ & S)

is a commutative diagram.
We will also need the definition
(L,a)™ =(L%a)  [L7'= Hom(L,Ox)];
recall that a is taken modulo 2. Finally, there is a unit element 1x =
(0x,0).
1.2 We now assume, moreover, that X is reqular. Then any coherent
Ox-module M has a resolution by locally free coherent O x-modules:
05 FE,—--—FE—->M->0.

Let us define det E. = ®;>q(det Ei)(_l)i. We would like to define det M
to be det E.. For this we need the following fact: ’

Lemma 1 Gwven two compleres P and Q. of vector bundles and a
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quasi-isomorphism P, N Q. There is an isomorphism
det f
det P — det Q.

which depends only on the homotopy class of f.

Assuming this lemma, suppose we have two resolutions F, and F of M
by vector bundles. Locally they are quasi-isomorphic, say by f: E. —
F. So we obtain local isomorphisms det E. —» detF. If g: E — F
is another local quasi-isomorphism, then on any affine open subset on
which both f and g are defined, f and g are homotopic, so they induce
the same isomorphism det E. — det F'. Therefore there is a well-
defined global isomorphism det E — det F, uniquely characterized
by the fact that it is locally induced by det f for f : E. — F. any
quasi-isomorphism.

Proof of Lemma 1. First we define det f : det P — det Q..

First Case Assume that @ =0, hence P is acyclic. Locally we may
split 0 —» P, — --- — Py — 0 in two exact sequences of vector bundles:

R:0—-P,—----—P,— B —0,
S,: 0—'31 —>P1 —?Po — 0.

So, by induction (since det P is clearly isomorphic to det R, ® det S),
det f

it is only necessary to define det P, =1 x when P is of length < 2.
We define it as the composition

det P = det Pp ® (det P;)™! ® det P, det P, ® det Py ® (det P;)™?
< det P, ® (det P,) " 1e=-1x.

Here, the second isomorphism is induced by ¢, where £ is the exact
sequence
E:0—P,— P —PFP—0

and the first isomorphism is obtained by initially permuting (det P;)™!
and det P,, and then det Py and det P, or directly det P, with det P ®
(det P1)~! (this gives the same sign).

Second Case We suppose that f is split injective:

0—P g w0
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with H acyclic. Each short exact sequence 0 — P, — @Qn — H, — 0
gives an isomorphism
Pn

det P, ® det H,, — det Qn.
For n odd, we use
(det P,)™! ® (det H,)™-"5(det H,) ! ® (det P,,)~!

Pn
—s(det H, ® det P,) "1« (det Q,) 1.
So we have an isomorphism
det P @ det H —+det Q. .

By the first case det H — 1x. We tensor with det P the inverse of
this isomorphism, and we obtain an isomorphism det f : det P.— det Q.

Third Case Consider now the general case. We use the mapping
cylinder Z/:
Z! =P©Qi® P
with differentials
¢ 0 -1

Z' =10 & fin

0 0 -df,
We have maps
B
P52zl = Q
¥
defined by

a(p) = (p, 0, O) Y8 = id,
B(q) = (0,4,0) ya = f,

and
¥(p,q,9') = f(p) + ¢

Then a and S are split injective quasi-isomorphisms. Using the second
case, we can now define

det f = (det 8) "*(det @).

Finally, if f and g are two quasi-isomorphisms P — @, which are
homotopic, say by

f—g=dh+ hd, L:P — Q[1],
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there is an isomorphism
zf = z9

(,¢,0") — (pa+hp',p')
such that the following diagram commutes:

zf
a . B
/ N
P 2 Q.
o l B8’
N v
A4

This implies
(det 3)~!det o = (det 3') ! det .
So det f = det g. The proof of Lemma 1 is now complete (except that

we should check that the definitions in the first and second cases are

compatible with the general procedure of the third case; this is left to
the reader). O

1.3 The construction we have just made is a special case of the fol-
lowing theorem of Grothendieck and Knudsen-Mumford [KM]:

Theorem 1 There is one and, up to canonical isomorphism, only
one functor:

finite complezes of locally graded line bundles
free coherent Ox — modules et and
and quasi-isomorphisms
together with isomorphisms
det S @ det Q. 25 detE.

for any short exact sequence £ :0 — S — E — Q. — 0 such that:

(i) they are functorial in X, i.e. they commute with base change;
(i) det and ¢ are as expected in the following cases:

-~ #f P =0, thendet P = 1x;

- fEis0—E 4 E 205000000 E 4L E 0,

then pe =id;

- #f P =(0— Py — 0), then det P = det Py as defined before;

similarly for p¢ of any exact sequence

E: 058 —-F —-Q —0

isomorphisms
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with S, E , Q. concentrated in degree 0;
(#i) a commutative diagram

E1: 00— R’ — P R” — 0
1 p l ; 1 f,,
&L: 0— Q@ — Q — Q' — 0,
where f', f”, and f are quasi-isomorphisms, gives rise to a commutative
diagram

det P’ @det P %5, detP

| [
detQ' @det Q" 25 detQ. ;

(i) given a commutative exact square

0 0 0
! ! !

E&: 0— 8§ — F — @ —0
{ 1 {

£ 0— S§ — E — — 0
! ! !

&: 00— S§ — B — @' — 0
! l l
0 0 0
gS £E 80

the composite of the isomorphisms
(det ") ® (det S”) ® (det Q') ® (det Q")
52952 (4ot S.) @ (det Q)
2%, det E
is equal to the composite of the isomorphisms
(det S") @ (det S”) ® (det Q") ® (det Q")
"9 (det S') @ (det Q) ® (det §”) ® (det Q")
P DG det B @ det E” 25 det E..
1.4 Given any scheme X, a complex of O x-modules is called perfect

if, locally on X, it is quasi-isomorphic to a finite complex of locally free
coherent O x-modules.

Theorem 2 ([KM]) There is a unique way (up to canonical isomor-
phism) of extending the functor det and the isomorphisms ¢ defined in
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Theorem 1 to the full subcategory of the derived category of Ox-modules
generated by perfect complexes, in such a way that azioms analogous to
()-(iv) hold.

If X is regular, noetherian, separated, a coherent Ox-module is a
special case of a perfect complex; see the proof of Lemma L1. If f :
X — Y is a morphism of schemes, proper and of finite Tor dimension,
then, for any perfect complex F. of Ox-modules, Rf,F is a perfect
complex of Oy-modules (see [GBI], exposé 3, Prop. 4.8). So we can
make the following definition:

Definition 2 The determinant of the cohomology is the (graded) line
bundle A\(F) = det(Rf.F) onY.

Specializing to the case where X and Y are noetherian and separated,
Y is regular, f : X — Y is a proper map, and F is a coherent Ox-
module, we get

MNE) = Q)(det R*f.E)V",
g0
where det R f.E is the determinant of the coherent Oy-module Rf.F,
as defined in §1.2. If f is flat and X, denotes the fiber at y € Y we have
(1) ME)y = Q)(det HI(X,, E))V*.
q20

Finally, we note that all of this discussion carries over without diffi-
culty to the analytic category. In particular, if f : X — Y is a proper
flat map of complex manifolds and E a holomorphic vector bundle on X,
there exists a holomorphic line bundle A(E') on Y, called the determinant
of the cohomology, with natural isomorphisms as (1) above.

2. The determinant line bundle: analytic approach

2.1 Let f : X — Y be a smooth proper map between complex
varieties, E a holomorphic vector bundle on X. We assume furthermore
that each fiber X, = f~!(y), y € Y is endowed with a Kihler metric,
varying smoothly with 3.

Choose an hermitian  metric on E. Then we may consider the Laplace
operator A = 80" + 8 9 acting on A%(X,, E) (see §V.2.2). Hodge
theory for the Dolbeault resolution of E on X, gives us an isomorphism

HY(X,,E) = ker AY
for all ¢ > 0. In general, the vector spaces ker Af jy €Y, are not the
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fibers of a vector bundle “ker A?” on Y. Indeed, their dimension is not
always locally constant.

Consider, for example, the relative dimension one case. We then have
the Dolbeault complex

490X, E) -2 A%} (X, E)
so that AY = 3°8,Al = 88", H® ~ ker AY and H' ~ ker Al. Assume

v € A%%(X,, E) is a non-zero eigenvector of A) with non-zero eigenvalue
A. Then

AlBu) =35"Bv =8 \v=Adv.
Moreover 3v # 0 because

Ay =8 dv = I #0.
This shows that the non-zero eigenspaces of A) and A} are set in bi-
jection by 8. If, in a family, vy becomes a null-vector for Ago, then so
does Buy, for Al . So even if HY and H,, may “jump” at yo, (A™**HY) ®
" (A™**H])"! does not.

In the following we will develop these ideas to define analytically a
smooth line bundle A(E)s on Y, with natural isomorphisms, for all
yey,

ME)ooy = X) det HI(A™ (X, E),8x,) .
q>0
Let b € R, b > 0, and let K3** be the subspace of A>?(X,, E)) generated
by the eigenvectors of A with eigenvalues strictly less than b. Denote
by Sp(A]) the spectrum of Af.

Proposition 1  Assume there exists € > 0 such that, for ally € Y
and ¢ > 0,

Sp(AJN]b —€,b+ €[= 0.
Then there is a smooth vector bundle K% on Y with fibers Kg”’.

Proof. Choose a smooth function ¢ in IR such that

2
p(s) =1 for%gb—e,

2
w(s) =0 for%?_b+e.
Let
¥(s) = e (s)
and

$(o) = o /R (s)e™ids.
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Consider the Dirac operators D, = V2(8 + 5*). For any 0 € R,
D? — io Dy, is a generalized Laplacian on X, acting on

y
v, = DA(X,, B).
q20

So the operator e!?Pv =P 2 is well defined. It has a smooth kernel which,
according to §V.3.6.1, depends smoothly on ¥ and 0. However, we need
more work to prove the following:

Lemma 2 The integral fRdA)(a)e""D v=D} dg convefges and defines an
operator ¢(D,) with a smooth kernel depending smoothly on y.

We postpone the proof till §2.2 below.

Lemma 3 ¢(Dy) is the orthogonal projection operator onto

Pk,

q20

Proof. Indeed, using D] = 2 @,5,A2, we see that
V; = PA*(X,, E)
>0
has an orthogonal decomposition in eigenspaces of Dy: V, = @,V, .
For v € Vy», e(©@Py=D})y = ¢i0A-N"y (say by uniqueness of a solution
to a first-order differential equation), so

e(Dy)v = (/R 1[)(0)6”"d0> ey = p(\)v.

Hence
/\2
o(Dyyv=v if—2—§b—e
and

/\2
(Dy)v=0 if? >b+e
But the ’\72 are the eigenvalues of @, 5,AJ. Lemma 3 now follows from
the assumption that there is no eigenvalue of Af in 1b—€,b+el

Lemma 4  dim K2?® is locally constant in y.

Proof. Let PI® : A%9(X,,E) — K@® be the orthogonal projection
operator. According to Lemmas 2 and 3, it depends smoothly on y.
Now dim Kg'b = trP;’b is an integer and depends smoothly on y. The
conclusion follows. O
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We can now complete the proof of Proposition 1. Let (¢’) be a basis
of K2?. We extend the ¢/ to sections ¢7 (y) of Ao’q(Xy,E), smooth
with respect to y. Define ¢/ (y) = Pg”’¢7 (y)- The 9?(y) are sections
of [I,ey K2°, depending smoothly on y. As (47 (yo)); are linearly in-
dependent, so are (¢’(y)); for y in a neighborhood U of y5. Thanks to
Lemma 4, they actually give a basis of K2* in this neighborhood. It is
clear that changes in our choices would lead to sections (67 (y)); related
to the previous ones by linear relations depending smoothly on y. But
this says exactly that the collection of isomorphisms

]’_[ Kg’b -, U x Cranng(')b

yeU
glue together to define a smooth vector bundle K%® on Y, with fibers
the K2’s. 0O

2.2 We shall now prove Lemma 2.

If a is any natural integer, we denote by ||.||a any a-norm, i.e. a sup-
norm on X, (resp. X Xy X) involving a derivatives (resp. along the
fibers of the projection to Y). If K is an operator with smooth kernel
k(z,z') and a a natural integer, we shall write ||K||o for |k(z,2)|a
where ||.||o is any o-norm, i.e. a sup-norm on X xy X involving a
derivatives along the fibers. Furthermore, ||K||» stands for the L?
norm of k(z, z') (it is not the LP-norm of the operator K).

2.2.1  We first prove three lemmas which will be used later. Through-
out this section, y is assigned to vary in an open set U with compact
closure in Y. Let n = dimg X,, and H, , = A, — i0 D, where we write
A, instead of A until §2.3.

Lemma 5 For any a-norm and any (a + n + 2)-norm on X, de-
pending continuously on y, there exists a constant C such that, for every
e eT(f"YU),E),u>0,0€R, and y € U, the following holds:

le™*#vplla < Cllellatnta-

Proof. By Sobolev’s lemma and Garding’s inequality, applied to the
elliptic operator A, acting on X, it is sufficient fo prove under the same
conditions that there exists C such that, if 2k < o +n + 2 and if A’; is
the composite of k copies of A,

|1Age™ e o1z < Cllpllasnie-

In fact, |e7“Hve ||, < Clle~%Hv.o || gaint1 by Sobolev’s lemma (see
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Lemma 1.3.4 of [Gi]; an inspection of the proof shows that C may be
taken independent of y). And
at+n42

“e—tu,a Pllgatntr <C Z ”AZe—qu.v ‘P”Lz
2k=0
by Garding’s inequality (see Lemma 1.3.5 of |Gi]; same remark as above
for C).
But, for all u > 0, ¢ € R, and y € U, the L?-norm of the operator
e “Hu.o is less or equal to one, so we get

|Abe= Hue s = o= e Akps < [ Akplls < Cllpllasnse:

The conclusion follows. O

Lemma6  For any family of operators with smooth kernel K, differ-
ential operators D, of order < d, any a-norm and any a+d+n-+2-norm
on Xy x Xy (all these depending continuously on y), there exists a con-
stant C such that, for anyy € U, any u > 0, and any o € R,

fle™uHue DyKylla < CllKyllatdin+2

and

1Ky Dye™ 5 |l < ClIKyllatdtnta-

Proof. The second inequality is reduced to the first one by taking ad-
joints. By Lemma 5

fle~uHue DyKy|la < C||DyKyllatnt2

and obviously ||DyKy|la4n+2 < C||Kyllatd+n+2- Note that C does not
depend on the K ’s. O

Lemma7  For any a-norm on X, x X, depending continuously on y,
and for any constants A > B > 0, there erists a constant C independent
of y such that, if u € [B, A], for any o € R,

le™*Hvela < C.

Proof. Applying Sobolev’s lemma and Garding’s inequality (cf. 1.3.4.
and 1.3.5. in [Gi]) to the elliptic operator Ay ® 1 +1® A, on X, x X,
and using the fact that A, is self-adjoint, and commutes with e~ v,
one is reduced to proving, for all k > 0,

1age= s < C

where C depends on & but not on y, u or a.
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But in some Hilbert space completion of V, = @50 A%(X,, E),
there exists a unitary operator v, commuting with A, and such that
e_H""’ — ei"D"e_AV.

Therefore the quantity of interest is bounded by ||AF e™*24|| L2, which

is less than C|le~%Av||5;, where || - ||24 is any 2k-norm on X xy X. But

the kernel of e"“2v depends smoothly on (u,y) in ]0,4+o0o[xU. So the
conclusion follows. O
2.2.2  Let

— b -Hy 5
I = /Rw(cr)e do.

For a fixed y, the integral I converges and defines a smooth kernel, hence
an operator ¢(D,). To see that, it is sufficient to prove that for any a-
norm on X, x X, there is a constant C, depending on « but not on o
such that

lle=Hw]la < C.
But this follows from Lemma 7.

We will now prove that this kernel of ¢(D,) depends smoothly on y.
If ;’—y is any local derivative on Y, we get, from formula (16) of §V.3.6.3,
that the derivative of (the kernel of) e*v.c is given by the integral

a iHy o ! —(1-8)H, » a —-sH, »
3_ye v o= _/0 e (1-9) 3_y(H o)e ds.
By iterating this formula (or by using Duhamel’s formula (15) from
Chapter V) we obtain that, given r derivatives, the kernel of
9 i
o 5§;e
is a finite alternated sum of integrals

(2) a'k / e_(l_tk)HV.GAke'-(tk-tk—l)Hll.” ‘e Ale—tlHllnﬂdtl e dtk-
af

H‘Il-"

The sum is taken over all sequences n,-- -, ny of positive intergers such
that 3~ on; = r, and A; is the composite of n; derivatives of —iDy. In
particular A; is a differential operator independent of . We shall prove
that the integrand in (2) is bounded in sup-norm independently of o.
Therefore

8 A\ .
@) H(a«;;”'a—yr)e

hence, since 1/3(0) is in the Schwartz class, the kernel of

oDy) = [d(o) e do

<C(lo|" + 1)
0
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depends smoothly on y.
To prove that the integrand in (2) is bounded independently of o we
choose an index j such that

1 1
t;—t;—1 2 % > -
If we apply Lemma 6 several times, with Dy equal to Ay, --, Ay, we get
that
@ ”e—(l—tk)Hy,aAke—(tk—tk—l)Hy,o o AjemtiHue |

< Clle™=t=Hue |y a.
We then apply Lemma 7 to see that that the right-hand side of (4) is
independent of o. The proof of Lemma 2 is now complete. O

Remark  Our proofs of Proposition 1 and Lemma 2 are inspired by
a preliminary version of [BGV], Chapter 9. The reader should consult
loc. cit. for a different and more detailed treatment.

2.3

Lemma 8 For any b > 0 and € > 0 the subset
={yeY/Vg>0 Sp(A])N[b—eb+e =0}
is open in Y.

Proof. Choose ¢ a smooth function on R with values in [0,1], with
compact support, and taking the value 1 exactly on [b— €,b+ €]. Asin
Lemma 2, we define

o(Dy) = / P PvDids  with y(s) = e* @(s).

This operator depends smoothly on y and Sp(A2) N [b—¢,b+ €] = @ for
at least one ¢ if and only if there exists v such that ¢(D,)(v) = v, i.e.
if and only if |jo(Dy) — I|| = 0 (operator norm). But this is a closed
condition (note that ¢(D,) is bounded) so the conclusion follows. O

Using Proposition 1 and Lemma 4 we now cover Y by open sets U>¢
over which all K%% ¢ > 0, are smooth vector bundles. On U%¢ we define
a smooth determinant line bundle by the formula

ME)L™ = R(det K@),

q20

Proposition 2 The ,\(E)g{,'" glue together to form a C* line bundle
ME)oo on Y with fibers A(E)y = @,>o(det HI(Xy, E))=V". This line
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bundle A(E)o is the C*° line bundle underlying the holomorphic line
bundle M(E) defined in §1.4.

Proof. As OA = AJ, the map & maps K% into K9+1:% and we get a
complex (K, 8). If b < b there is an exact sequence of complexes
0 — (K*,8) — (K*,8) — (Q,9) — 0
where (Q-,9) is acyclic since
HYQ,0) = kerA"IQ' = 0.
Therefore, on Ub€ N UY€' | we have a canonical isomorphism
®(det K‘I’b)(—l)q -, ®(det Kq,b')(-l)"
q20 q>0
with natural compatibilities on triple intersections. This proves the first
assertion.
To compare A(E) and A(E), let Dy be the total Dolbeault complex,
i.e. the complex of Oy-sheaves associated to the presheaf
U (4% (f7'(U), E), ).
By the Dolbeault isomorphism we have
AME) = det{Rf.E) ~ det(Dy).

On the other hand, let Dy be the relative Dolbeault complex, i.e. the
complex of O§°-sheaves obtained from the presheaf of smooth sections
U T(f1U),AYT V) ® E, ),
where T f*(0-1) denotes the relative differentials of type (0,1), and & the
Cauchy-Riemann operator along the fibers of f. This complex (Dy,0)
is a perfect complex since on U< the inclusion (K*,8) — (Dy,0) is a

quasi-isomorphism. We have A(E)o = det(Dy).

There is a natural map of Dolbeault complexes:
Dx®p, 03 — D'f.
The complex Dy is perfect (since Rf,FE is perfect). This implies [BGS1]
that, locally on Y, we can find a bounded complex P of finite-dimension-
al vector bundles and a quasi-isomorphism P° — Dy. Since P is a
complex of vector bundles, there is a morphism of complexes p : P- —
K- making the diagram
P — Dy

pl l

Kb — Df
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commutative. Now, the induced map
P : PR, 0¥ — K
is a quasi-isomorphism because at any point y it induces the identity
map
HY(X,,E) % HY(X,, E)
on cohomology. So we have an isomorphism
det p®

det(P'®0, OF) “Z5  det(K ).
Now det(P - ®0, O5°) = (det P')®p, O3 since, by a theorem of Mal-
grange ((Mg], Thm. 4), O¢° is flat over Oy. Furthermore
det P —> det(Dyx) and det K5 det(Dj).
This gives a local isomorphism det(Dy )®o0, O — det(Dj), and these
local isomorphisms glue together. Finally the map
ME) ®0,0F — ME)e

is an isomorphism, as was to be proved; for more details, see [BGS1].

O

3. Quillen’s metric

3.1 Let f : X — Y be a smooth proper map of complex manifolds.
Let E be a holomorphic vector bundle on X. Suppose moreover that
there is an hermitian metric h on E and an hermitian metric h;y on
Tf = ker(TX — f*TY), i.e. a metric on each fiber X, = f~1(y),
varying smoothly with y. Furthermore we assume that the restriction
of hy to X, is Kéhler for every y € Y.

With these data we define as follows a natural metric, called the L2-
metric on each fiber of the determinant line bundle A(E). Recall that,
foreveryy €Y,

ME)y = X)(det HI(X,, E))D°.
q20
Now, the Hodge theorem gives an isomorphism
HY(X,,E) = ker(A?)
where
AY=39 +308
is the Laplace operator acting on A%9(X,, E). Furthermore A%9(X,, E)
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has an L2-scalar product given, as in §V.2.2, by the formula
wn
(5) (5,050 = [ (s(a), o)L,
X, n!
where n = dimg X, and wyp is the normalized Kéhler form, given in any

local chart (z,) on X, by
i o 0 —
= — —, =— | dzadzs.
Y=o QZ;hf (Bza’ 825) “atZp
So we get an L? metric on H9(Xy, E), hence on A(E),. But in general,
this metric is not smooth in y (not even continuous).
To see what happens, let us consider the case of relative dimension
one. Recall that
d: A%(X,, E) — A% (X,, E)
induces isomorphisms
(6) ker(A® — X id) =5 ker(A! — X id)
for any A > 0. Now, when v € ker(A% — X id), one computes
(Bv, Bv) 2 = (B Bv,v) 12 = (A%, v) 2 = A(v, V) 2.
So the L?-norm of the isomorphism (6) is V. For any b > 0, consider
the isomorphism '
@ ip: A(E)y = (det ker AD)® (det ker A})~!
- (det KO) ® (det K)(=1).
For the L?-metric induced from A%9(X,,E), the computation made
above gives:

®) lie =TT ()

0<A<b
So 4y is not an isometry in general.

If b is not in Sp(A{ ), we know that in a neighborhood of yo the vector
spaces Kg’b are fibers of a smooth vector bundle; see the discusssion
before Proposition 2. So the natural L?-metric on det Kl';b is smooth
with respect to y. Therefore the failure for the L:-metric on A(E)y to
be smooth (or continuous) with respect to y, is given exactly by the
behavior of

H A= det]oyb] A.

0<A<h

3.2 The previous discussion leads us to introduce new metrics on
both sides of (7). On A(E), we define

1% =1+ 172 x (det>o A)7



132 VI The Determinant of the Cohomology

and on the right-hand side of (7) we consider [|-|3 = ||-[|Z. x (det>s A) ™,
where det~p is the determinant of the restriction to the orthogonal com-
plement of K . For these new metrics, we get from (8) that

lis]ld = (detjo,p A) ' (detsp A) ! (detso A).

By Lemma V.1, this gives [|3p]|% = 1.

In general, following Quillen [Q2], we make the:
Definition 3 The Quillen metric on the determinant of the coho-
mology is

hg = hra x [] (det’ A7)(D*,
q20
In other words,
hg = hr2 x exp(T(E))

where T(E) is the Ray-Singer analytic torsion [RS]:

T(E) =Y _(-1)7¢¢(0),

q20
with (;(s) =Tr'((A7)~*; see §V.4.3.

This section and the next chapter will be devoted to a proof of the
following results:

Theorem 3 The metric hg is smooth on A(E).

Theorem 4  Assume that f is locally Kdihler, i.e. for everyy € Y
there is a neighborhood U of y such that f~(U) has a Kdhler metric.
Then

cat(ME)Q) = fu(ch(E,R)Td(T f, hs))®

where Td(Tf,hy) is the Todd form of (Tf,hs) and (.)( denotes the
component of degree 2.

3.3  We first prove a corollary of Theorem 4.

Corollary 1 Let £ : 0 — (S,h') — (E,h) — (Q,h") — 0 be an
exact sequence of hermitian vector bundles on X. Then the isomorphism
we : MS) @ MQ) — AME) is such that

log @ |3 = fo(ch(E)Td(f, hs))©,

where c~h(f) is the Bott-Chern secondary characteristic class defined in
Theorem IV.2.
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Proof. Consider the diagram:
XxP' — X

17 lf

Y x IPl — Y.
On X x IP! the bundle

E=(S(1)®E)/S
sits inside an exact sequence
0-S1)—-E—Q—0;
see the proof of Theorem IV.2. Let us choose a metric & on E such that
(B, B)xx(oy = (),
(B, W) xxioo) = (S,1') B (Q, h").
Then, by definition of ch(£) and Theorem 4 for f, we get

©
hF — 7 2
( /X . ch(é‘)Td(f)) = ( /X Y /P ch(B, R)Td(f)log )
()

__ / ( / ch(E,ﬁ)Td(f)> log |2|?
P \JxxP1 [y xpt
— - [ c1AEle) oglel”.

©)

The exact sequence 0 — S(1) — E— @ — 0 induces an isomorphism
@ AS(L) @ MQ) =5 A(E).
At 0 it coincides with the isomorphism ¢g and at oo this is an isometry.
It follows that

c1(ME)Q) = c1(A(S(1))e ® MQ)q) — dd°(log ||¢[%-
Since A(S(1))g = A(S)g(1) we get, as in the proof of Theorem IV.2,

[ e(EM)e® @a ol =0,

and therefore

(/ ch(E)Td(f)) =~/ et (AM(E)q) log |22
X/Y P

= [ r(adog 51 og f
= i3 log 81, ~ i% log g1
= loglleell3-
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3.4 A similar formula holds for variation of the metric on the fibers.
Let hy and A’ be two metrics on T'f. Denote by Td(f) the secondary
characteristic class on X such that

dd°Td(f) = Td(T f,hs) — Td(T f, ),

defined in §IV.3.3; see also [BGS1] and [GS3]. Let hq (resp. hg) be the
Quillen metric on A(E) defined using hy (resp. k%) on T'f and a fixed
metric on E.

Theorem 5 Under the above hypotheses
log(hg/hq) = fu(ch(E, k)Td(f))®

We shall not prove this result; see [BGS1].

3.4 We now prove Theorem 3. Since the statement is local on Y we
may assume, without loss of generality, that, for some b > 0 and for any
y €Y and ¢ > 0, b is not an eigenvalue of Ag.
Let
ME)?, = (X)(det K2b)~D*,
q20
We define a Quillen metric on this line bundle by multiplying the L2-
metric by
[1(dets, AZ)7C1",
920
Let iy : A(E)g — ME)?, o be the natural isomorphism. We will be
done if we prove that iy is an isometry and, for all ¢ > 0, detsp A
depends smoothly on y. Indeed, the L2-metric on each Kg'b is already
smooth in y.
To prove that i is an isometry, we use the Hodge decomposition:

A% = ker(A?) @ BT @ C?
where B = im(8) and C? = im(J"). Notice that 8 : C? —> B9*! is an
isomorphism respecting A-eigenspaces. Hence we may define
(oo (s) = CBq+1(S) = Z AT8,

A eigenvalue
of Ain C7

Then (4(s) = {ce(s) + {ce-1(8). This shows inductively on g, starting
from (p(s) = {co(s), that the series defining {cq(s) is convergent for
Re s > n, has a meromorphic continuation to the whole complex plane,
and no pole at 0.
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This implies also

©) D (1) gGy(s) = Y _(~1)%Ccals)-

q20 q>0
Defining {ca,5(8) in the obvious way, we obtain similarly:
(10) D (1T gla,55(8) = D _(=1)%ce 54(s)-

720 q20

Write C?% for C1N K%Y and B for BYN K9, The exact sequence of
complexes (with boundary 9)

0—kerA - K?*—-Ct®B*—-0

shows that 7, is the composition

id®js
det(ker A') 5  det(ker A') ® det(C* & B-b)
11
(11) . lz

det(K?)
where jp is the natural isomorphism:
1 = det(C* @ BY)
coming from the acyclicity of C+* @ B-®.
The vertical isomorphism in (11) is an isometry for the L*-metric.
The isomorphism j, decomposes as

i -1
1 25 det(Cb) @ det(C-*)~! B D7 det(Cb) @ det(B+10) 1

=5 det(C?) ® det(B*)— det(C @ BY).
Here (det 8)~! is the inverse of detd : det C%® > det B¥*1*, whose

L?-norm, computed at the beginning of the section, equals v/detcae.s A9.
So we get

A _1)et+t
lislls = lGsli3a = [ (detcas ADTD™

q20
This gives
sl =
H (detgas A7)V H (det sy AT)TD H (detsg AT)HDT
q20 q>0 a>0

Now from (9) we get
[T (detso A9 = TT (detca A7)

920 q20

(-1
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and from (10)
I (detss A9 = [T (detca,»5 AP
920 q20

Finally

—1)9t1 _1y9+1
0 (detoes AT x [T 50 (detoa,»p A7)V
quo (detea Aq)(—l)q+1
i.e. |ltp]|@ = 1 by Lemma V.1.

llisllg =

b

3.6 Now we prove that det, AJ is a smooth function of y.

3.6.1 'Let P, be the orthogonal projection of A%9(X,, E) onto Kg'b
and @, = 1— P,. By Lemmas 2 and 3, P, is an operator with smooth
kernel depending smoothly on y. So @, is smooth in y, and de-m,, is
an operator with smooth kernel for any ¢ > 0, depending smoothly on t.

Let 6y(t) = tr(Q,e~*v). For technical reasons (see Proposition 1)
we assume that y is in an open subset set with compact closure in Y
over which Sp(A,) N [b—¢€,b+ ¢ =0 for a certain € > 0.

For a fixed y, 6, , satisfies the assumptions ©1 and 62 of §V.1. Prop-
erty ©1 holds because Q e~**v has a smooth kernel, and ©2 is obtained
by writing

Oy () = tr(e™*Av) — tr(Pye™tAv).
The term tr(e*2v) satisfies ©2 by §V. 4.2. On the other hand

k
tr(Pye_m”) = Z —(%tr(PyAz)tk,
k>0
so the asymptotic development in that case is in fact a convergent power
series. In particular, there is no term involving a negative power of ¢.
By formula (11) from §V.1, we get

o dt ! dt a;
oy @ = [0 0F + [ ms0F + T HY 410000,
i<0
According to §V.4.2, the coefficients a;(y) are smooth with respect to y.

3.6.2 Let us show that fol po,y(t)i’lti depends smoothly on y. For this
it is sufficient to see that, for all £ > 0,

(12) (%)e pou(t) = O1)

¢
where O(t) depends on £ but not on y (and (a%) denotes the composite
of £ arbitrary partial derivatives on Y). Since Q, = 1— P,, the left-hand
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side of (12) can be written as the difference of two functions of . The

first one comes from
o\?
—_— —tAy
(By) tr(e )s
and a bound for it follows from
a\* a\*
1@ |(2) kedw- () K@

uniformly in y, where k} is the approximate kernel and k; the kernel of

e~*Av, This estimate is obtained by a direct extension of the methods

of §V.3.5, Step V; see [BGV], proof of Theorem 2.54, p. 93, and [Gr].
The second term in (12) comes from

(%) e tr(Pye~t4v).

Let N =dim Kg’b = tr(Py) and si{y) = tr(P,,Aﬁ). The function sx(y) is
smooth in y because PyAz is an operator with smooth kernel depending
smoothly on y. We define 61(y), 52(y), - . .,0n(y) to be the elementary
symmetric functions of the eigenvalues of P,A,. They are given by
universal formulas in terms of s1(y), ..., sn(y), so they are smooth in y.
Let

<cv T,

sup

d 3
C =supi<icN Su (——) ; +1
osszjsse py‘ By z(y)l

and choose A such that the following property Py is true for k < N:
ay ;
Pr :supy| (55) sk(y)| <AC* N¥ K, for any j =0,1,... L.

Let us prove that Py_; implies Py, for k > N. We have
sk(y) = o1(y)sk-1(y) — 02(y)sk—2(y) + -+ - + (-1)" M on(y) sk~ (v)-
Applying the Leibniz rule, we get

ay’ . J k-1 ark—1 j—m
|Gﬂ)%@ﬂsN2;(m)CAC NF=1 (k1)
<ACF Nk K.
So Py is true for all k by induction on k. This implies
O\, po-ia (=% (B8
(@) tr(Pye™"%v) = go——k!—t (55) sk(Yy),

taking into account that the convergence is uniform with respect to y.
So, if we remember from Lemma 4 that so(y) = tr(P,) is locally constant
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in y, we get that
a\* —tA AP
ay) bR <Y GACEN*E
k>1

for £ > 1, and this is O(t) (uniformly in y).

3.6.3 Let us prove that [~ 6, ,(t)% depends smothly on y.

To obtain this it will be sufficient to prove that, for every ¢ > 2 and

every £ > 0,
a\?!
(5&) 6y,(t)

where C does not depend on y. Let 1 be a smooth function on R such

that 0 < n(s) <1,n(s) =0if 52 < b and 5(s) = 1 if s > b+ ¢. Define
Ye(s) = n(s)e™ D

This is a function of Schwartz class for t > 1. As Sp(A,)N[b—¢, b+e€] =0,

we compute

(14) <Ce™

de—tAy — / d;t(O')eiaD”_A”dU,
R

where the convergence and smoothness is given by the proof of Lemma
2, which applies to any #(s) in the Schwartz class. This gives

Gy,b(t)=/ﬁt(a)tr(ei"D”‘AV)da.
R
As in 3.2.3 we get
£
(15) '(a%) 0,u(0) <C [ 160}l +loldo,

where C does not depend on y, and does not depend on ¢; notice that
all constants arising in the proof of Lemma 2 are independent of the
function ¥(s). Now

(00u) = o= [ (2) o

with
d\* .
(d_s) (e(s))| < C tt |sfe= D if 2 > b
and
d\?!
(E) (¥(s)) =0if 82 <b.
So

lol¥4be ()] < %C t* /wse e t-Dlgs <o ¢t /°° ul/D+1 gt=Dugy,
Vb b
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This gives, with another constant C,

(16) lo || (o)) < C ¢f e~ (1P,

Combining (15) and (16) (with £ + 2 instead of £), we get (14). This
concludes the proof of the smoothness of ¢, ,(0) with respect to y. As

det-p A is equal by definition to exp(—(;b’y(O)) the proof of Theorem 3
is now complete. O

3.6.4  As we wrote in the Introduction, the problem of finding a p-adic
analog for hermitian metrics is still open. In particular Quillen’s metric
might have a p-adic counterpart. Dwork’s study of the characteristic
power series of the Frobenius endomorphism, viewed as a p-adic com-
pact operator [Dw], suggests that this problem might be of arithmetic
interest.



VII

The Curvature of the Determinant
Line Bundle

We shall now prove Theorem V1.4 about the curvature of the Quillen
metric on the determinant of the cohomology. This result was obtained
in [BGS1] after special cases had been proved in the relative dimension
one case by Quillen [Q2] and Bismut-Freed [BF]. In fact, for families
of curves, this kind of formula was already familiar to physicists, in
particular in the Polyakov approach to string theory; see for instance
|BK].

A general principle underlying this proof, and also the arithmetic
Riemann-Roch—Grothendieck theorem (Theorem VIIIL.2), is the follow-
ing. There are three kinds of secondary objects which enter Arakelov
geometry: Green currents, Bott—Chern classes, and analytic torsion.
But further developments show that these are very similar, and lead to
common generalizations. For instance, when proving Theorem V1.4, we
shall see that the Ray-Singer analytic torsion is really the Bott—Chern
character class of the relative Dolbeault complex. In [BGS2] Green cur-
rents and Bott-Chern classes get related, and in [BL] the three objects
are simultaneously generalized.

A basic tool for understanding analytic torsion is the concept of su-
perconnection. Following Quillen [Q3] we explain in §1 how it can be
used to give new representatives of the Chern character. Similarly, in
§2, we give another definition of the Bott—Chern character class of an
acyclic complex of hermitian vector bundles. In §3, under the hypothe-
ses of Theorem VI.4, we use superconnections to define a Bott—Chern
character class of the relative Dolbeault complex, viewed as a complex of
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infinite-dimensional bundles on the base. Using the local index theorem
for families [B1] (see also [BV] and [BGV]) and a result of Berline-Vergne
IBV], we then prove Theorem VI1.4.

1. Superconnections

1.1 Let M be a smooth manifold and E = E* & E~ a Z,-graded
vector bundle on M; E* is called the even part of E, and E— the
odd part. Equivalently, E is equipped with an involution € € End(E),
€2 = id, and

Et = ker(e — id),

E~ = ker(e +id).
There is then a canonical involution on End(F), sending o to eae. So
End(F) is also Z,-graded, namely

End(E)* = Hom(E*, E*) @ Hom(E~,E™),
End(E)” = Hom(Et,E~) @ Hom(E~, E*).
The supercommutator of o, 8 € End(E) is
[, 8] = o — (—1)!°!lPI 3,
where |a| = 0if a € End(E)*, and |a| = 1 if & € End(E)~; the formula
is extended by linearity to non-homogeneous o and 3 . It satisfies the
(super) Leibniz rule:
[, 7] = [e, By + (~1)*1 8o, );

in general, each time one permutes an element of degree n with an
element of degree m, the classical formula has to be modified by a sign
(—=1)*». From now on | , ] will always stand for a supercommutator.
Finally, a linear functional called the supertrace is defined on End(E)
by

try(a) := tr(ea).
It vanishes on odd elements and on supercommutators.

1.2 Consider the left A (M)-module
V = A(M) ®ceayT(M, E).
We can view V as a right A-(M)-module by
aw:= (1), q;
notice that A-(M) is a commutative superalgebra : ww' = —1)<ll«’l .

The module V' has a natural Z/2 grading which combines the Z-grading
of A'(M) and the Z/2-grading of T'(M, E).
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Let V be a connection on E with V(e) = 0; equivalently V = VT +V~
with V1t a connection on E* and V™~ a connection on E~. Let u €
End(E)~. The operator A = V* + V™~ + u is called a superconnection.
It maps I'(M, E) to T(M, E) & A'(M)®ce ) ['(M, E). We extend this
action of A to V by the formula

A(ws) := dw.s + (-1)“(w A Vs + wu(s)).
As is easily checked, this implies
(1) AwAv) =dwAv+ (-1)*wA Av
for any w € A(M), veV.

Definition 1 (see [Q3]) A superconnection on E is an odd degree
element of Endg(V) satisfying (1).
We also have A(v A w) = (Av) Aw + (~1)!"v A dw. Furthermore (1)
implies, as in §IV.2.1,
A*(w Av) =wA A% ().
As A? is even, this may as well be written [A%,w] = 0. So A2 lies in the

algebra
A= {a € End¢(V)/ for all w € A (M), |a,w] = 0}.
This algebra may also be described as follows (see [Q3]):
@) A= A (M)&cwunT(M, End(E)),
where the tensor product is taken in the sense of superalgebras:
w@a=(-1)lggu.

1.3

Proposition 1 For any superconnection A on E, the form tr, exp(—A?)
is closed on M.

Proof. First, this form is well-defined because A% € A, and by (2) there
is a natural extension of tr, to A with values in A'(M).
Now, given any two superconnections A, A’ then
(A= A wv) = (-1)lw A (A - A)(w)
so A— A’ is an odd element of A. Since the statement we want to prove
is local, after trivializing E, we may writé A = d + @ with 6 an odd
element of A. Then
d trgexp(—A?) = tr,d(exp(—A?))
= tr,[d, exp(—A?)]
= tro[A, exp(—A?)] — trs[h, exp(—A?))].
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The first term is zero because A (super)commutes with A%. The second
term is zero because of the next lemma.

Lemma 1l  Foranya,bin A, trsa,b=0.

Proof. Writing a = ow,b = v’ , 0,8 € T'(M,End(E)), and using the
super Leibniz rule, we have

(a,8] = [a, Bu'] = [a, Bl
because [a,w’] = 0, therefore
[a,8] = [ow, B’ = (=1)"I1¥![a, Bluww’
since [w, 8] = 0. So
tr[a,b] = (=1)“IBl(tr,[a, B])ww’ = 0.
0O

It is shown in [Q3] that the cohomology class of tr, exp(—A?) is, up
to powers of 2mi, the Chern character of Et minus the Chern character
of E~.

2. Bott—Chern classes via superconnections

Superconnections provides new definitions of the Bott~Chern sec-
ondary characteristic classes which we introduced in §IV.3. More gen-
erally, let

E:0-E-5E —---5E,—0
be an acyclic complex of holomorphic vector bundles on a complex man-
ifold X. Assume that each E; is equipped with an hermitian metric A;.
Let Et = @,,EZp» E- = $pEgp+1, and E = E* & E~, and endow
these bundles with the orthogonal direct sum of the h;’s.

These metrics give hermitian holomorphic connections V* (resp. V™)
on Et (resp. E7); see Lemma IV.1. Also v acts as an odd endomor-
phism of E . Write v* for the adjoint of v. Therefore

A=Vt 4V~ +uv+v*
is a superconnection on E .

As E_ is an acyclic complex and since the Chern character is additive
in cohomology, we know that }_..,(—1)*ch(E, h;) is exact on X. In the
following we shall achieve a double transgresssion and express this form
as the image by dd° an explicit element.

We first pullback (E , ) to a complex with metrics on X x €. Then,
writing 6 = dzg—z + di% and V = V* + V~, we consider

A, =V + 6+ 2v+ 720,
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which is a superconnection on E (over X x €). Let
7= /trsexp(—Ai)logIZF,
c

i.e. the integral of the dzdZ part of tr, exp(—A2) against log |2|2.
Let * be the operator acting by multiplication by (1) on APP(M).

Proposition 2 (ddn)* = 3_,5(~1)*ch(E;, h;).

Proof. First we investigate the convergence of 7. Notice that
= |z|*(vv* + v*v) + R,

where R, has form-degree > 1 (on X x €), and so R, is nilpotent.
Thanks to Duhamel’s formula (Chapter V, (15)) we have

exp(—A43) = Z(_l)k / . e R i TR
)

where A = vv* 4+ v*v and the sum is finite (k < n = dimg(X)). As E_ is
acyclic, A has a smallest eigenvalue A > 0. Writing || - || for the operator
norm, we get

||e-(tj—tj—1)lZ!2A" <1 for all 5,
fle~(ts—ti-D)i=l?A || < g=Aklal® for at least one j.
As R, = V? + vdz + v*dz + 2V (v) + ZV(v*) is linear in z,%, we get:
-2
lexp(=42)]| < C(1+ [2]")e™ =1
where C is uniform on X.

Similar estimates hold for any number of derivatives of exp(—A2) with
respect to z,Z, uniformly with respect to X. So we may extend a(z) =
tr, exp(—A?2) in a smooth way to X xIP! by declaring it to be zero on the
fiber X x {oc0}. As it is closed on the dense open set X x € (Proposition
1), it is also closed on X x P!,

We will now make use of the fact, which we do not prove here (but
see Proposition 3 below for a proof in a slightly more complicated case),

that a(z) € @,5,4PP(X x IP!). This implies that a(z) is not only
dx xpr-closed but also d$, p:-closed. Therefore

dxds [ ata)iog sl = [ duxwrdcps(a(a) oglel?)

=/ a(z)66° log |2|?
) 2

= ipa(2) — ig,0(2) = iga(2)
(we used 86°log 2|2 = 8p — 60o)-
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Finally, A} = V?+ vdz+v*dz, so i§a(z) = tr, exp(—V?). Therefore
(dd°n)* = tr, exp(—V?)* = > (~1)'ch(E;, hs).

i>0

3. The Bott—Chern character class of the
relative Dolbeault complex

3.1 Remember that our intention is to prove Theorem VI.4. Using
Theorem VI.5, we see that is sufficient to prove Theorem V1.4 for one
choice of the metric hy. Using the “locally Kéhler” hypothesis we are
then reduced to the situation where X itself has a Kéhler metric, and
where h; is the restriction of this Kéhler metric to Tf. (We shall not
prove Theorem VL5 in these notes, but Theorem V1.4 is already of
interest under the assumption we just made.)

On Y, we have a complex of infinite-dimensional vector bundles
0-D° 2, pt 2 .3, pr o,
where DY(U) = C(f~1(U), AYTf**!)® E) and 8 = 8;.
In order to define a connection on D = & o>0D?, we use the orthog-
onal splitting N

TX, =Tf: & (TX:)¥

given by the metric on X; vectors in (T X, )" are called horizontal. The
map f induces an isomorphism dz f : (T X;) —5 T(,)Y for every point

z € X. Therefore any vector field v on Y has an horizontal lift v on
X.

Let V be the hermitian holomorphic connection on (E,h) over X.
Define, for v € TY and o € D(Y),

®) Vu(0) = V,u (o).
One checks that, for any ¢ € C*(Y),

Viu(0) = ¢ ¥y (0)
and

Vu(po) = v(p)o + ¢ V(o).
So we get a connection on D
V:D — AYY,D).

As usual, V is extended by the Leibniz rule to act upon &b J-Aj (Y, D).

Lemma 2V is unitary for the L2-metric on D.
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Proof. Let p be the volume form on X,,. For v € T,)Y and s, sections
of D in a neighborhood of y, we compute the Lie derivative:

du(s,t) = dof /X (s(2), t(z)))
= [ dntste) @+ [ (o(0),ta))domn
X, X,

Now

dy (s(2), Uz))p = (Vor (s(z), 1(2)) + (s(2), Vor t(2))
so that

/ dyit (5(2), t (@) = (Tos, ) + (5, Vot).
XV

So it will be enough to prove d, = (1) = 0.
Trivializing T f near € X, we have, up to some constant factor,

w=[det(g)] /[ dzdz

where g is the matrix giving the Riemannian metric on T f. So we want
to prove d,x(det g) = 0, and for this it is sufficient to prove trd,zg =0
because
trd,xg = d,u(log detg) = %tgdvy (det g).

Let (e;) be an orthonormal frame in (Tf)1°, and (€;) the conjugate
frame of (T f)*!. As (e;,e;) = 1 identically, we have

@) 0=dyn(eie) = dym(g)(es ) + (V7 e, e5) + (es, [V, €]).
Let w be the (normalized) Kahler form on X:

? -
g (u, ’U).
The Kéhler condition dw = 0 gives, for u,v,t any vector fields

(5)
0 = tw(u,v) + ww(v,t) + vw(t, v) + w(t, u],v) + w((u,v],t) + w([v, 1], u).
H

w(u,v) =

We write this for t = v u = e;, v = €; and observe that
-~ %
vHw(e;, &) = ﬂvH(ei,ei) =0.
Furthermore
_ )
ew(vl &) = E;ei(vH,ei) =0
and
giwwf e)=0
because the horizontal space is the orthogonal complement of Tf. Fi-
nally

w([ei,éi], UH) =0
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because [e;, €;] is vertical. So we find from (5)
w([v¥, €], &) + w([e;, v¥], e) = 0.
As w([&;, v, e;) = w(es, [, &;]), this gives
([UH,e,-],e,-) + (ei’m> =0.
Now [v—HE = [v—H, e;]. Restricting to real vectors and comparing to (4)
above, we get
dyx(g)(es €:) =0,
so tr d,x(g) = 0 and we are done. O

3.2 Mimicking the finite-dimensional situation of §2, we introduce
the following superconnection on the pull-back of D to Y x €C* :

B,=V+6+20+20 .
Lemma 3 The operator exp(—B?) is trace-class.

Proof. We may write B2 = |2|?A + & where ® has degree > 1 and is
therefore nilpotent. So exp(—B2) may be defined as the operator with
smooth kernel given by Duhamel’s formula (which is a finite sum for
degree reasons):

exp(~B?) =
exp(—[224) + 3 (-1)* / e~ (-tl’a g .. §etlePagy, .. gt
k>1 Ak
In particular it is trace-class. O
Let

b(z) = tr, exp(—B?).

Proposition 3  The form b(2) lies in @5, APP(Y x C*). It is closed
and invariant under rotation. -

Proof. 1§68 € R and (y,z) € Y x €C* define rg(y,2) = (y,6%9z). When
saying that b(2) is invariant under rotation we mean that r5(b(z)) = b(z)
for every 8 € R.

The fact that b(z) is closed is shown as in the finite-dimensional case
(Proposition 1). On the other hand, let B be the subalgebra of

A=T(Y x C*,End(D))&® (@AM(Y x c*)>

»aq



148 VII  The Curvature of the Determinant Line Bundle

generated as a vector space by forms « of degree (n,p,q) € Z x N x N
such that p = ¢+ n and rja = e q, where n is the degree coming from
End(D).

Lemma 4 B2 lies in B.

Proof of the Lemma. We compute

) B>=(V+6+20+370 )2

=V 4+ |2PA+2V@)+2 V(@) +d20+dz J

and prove that each term in this sum lies in B:

o Let V=V 4 VO Ifye TOY then v¥ € TO!X, and since
VOl = B, we get (VO1)2 = 0. As V is unitary this implies
(V19)2 = 0. So V2 is of type (0,1,1). Being independent of z it is
also rotation invariant. So it lies in B.
|z|2A is of type (0,0,0) and invariant by rotation.

z V(8) = z V°(3) has type (1,1,0) and clearly r3z = ez, so it
lies in B.

e 2zV(@) =2z V(3" by unitarity and the above, so it lies in B;
it is of type (—1,0,1).

. dz 8 is of type (1,1,0) and clearly rjdz = e®dz so it lies in B. The
same argument applies to dz 9.

O

Now, to prove Proposition 3, notice that tr,(a) = 0 if « is of type
(n,p,q) with n # 0. Therefore, if « € B, then tr,a € @,APP(Y x C*)
and it is rotation invariant. According to Lemma 4, this is the case for
tr, exp(—B2). This proves Proposition 3. a

3.3 Let us introduce, when 0 < ¢t < T are two real numbers,
Bt T) = / b(z) log|/>.
t<|z|<T

The form b(z) is (dy + 6)-closed and it lies in @, APP(Y x €*), so it is
also (d§ + 6°)-closed. Hence

dy d$b(z) = —dy 8°b(2) = 8°dy b(z) = —6°6b(z) = 66°b(z).
We deduce that

dydyp(t,T) = [

t<|zt

(dyd5b(z)) loglz|?
<T

_ / (66° b(z)) log |2|2.
t<|=|<T
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Let us apply the Stokes formula to this integral:
dyd5 B(t,T) = / (6°6(2)) Slog |22

t<|z|<T
+/‘ T6°b(z) log|z|2—/ t(6°b(z)) log |2|2.
Using 6°6 log|z|2 = 0 we 2btain )
dydS,B(t,T) = /| )8 log 2 - /| _ pelog

z

- [ _ewist+ [ @wosla
z|=t z|=T
If we use polar coordinates z = re®, we have 476° = r%da — %%dr,
hence 6°log|z|2 = 2. Since b(z) is invariant under rotation, we get

finally, with i,(y) = (y, 2),
(7)

dyd$ B(t, T) = i}b(z) — ipb(z) —t log(t) i} (%) +T log(T) i% (%) .

To proceed further we need to know the behavior of b(z) when |z| — 0
and +o00.

4. The family index theorem

4.1  To study the behavior of b(z) when |2| — 0 we use the following
theorem:

Theorem 1  (Bismut, [B1], [BV], [BGV))
(£2)
~ (£2)
lim [, exp(~¥ +¢ D)7 = / ch(E,mTd(f)| .
t—0 X/Y

Here D, = v2(0 + -6_*) is the Dirac operator along the fiber, and
(o] (<2) i5 the sum of the components of degree at most two with respect
to Y of the form «. This equality may be rewritten

(<2)
(8) lim [i2b(2)*]5? = [ / ch(E, h)Td( f)] .
t—0 X/Y

Remarks

The proof in [B1] is actually given for arbitrary Dirac operators (on the
right-hand side of the formula one uses the A genus instead of the Todd
genus). Furthermore it is valid in all degrees if one adds to V +¢ Dy a
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counterterm 3c(T), where ¢(T') is Clifford multiplication by some tensor
coming from the fact that the horizontal tangent bundle is not integrable.
Since this counterterm has degree bigger than two with respect to Y, it
does not affect the formula (8). Note also that there is a local equality
of forms on X from which Theorem 1 follows by integration along the
fibers of f.

When Y is a point, we get the theorem of Riemann-Roch-Hirzebruch
[Hz]. Indeed, for all ¢ > 0,

trsexp(—tA) = x(E)
is the Euler characteristic of E.

4.2  The behavior of b(z) when |z] — oo is given by the following
theorem of Berline-Vergne. Let f : M — B be a smooth proper map
of C*°-manifolds, E = E* @ E~ a super-vector bundle on M with her-
mitian metric h, hy a Riemannian metric on Tf, and u, € End(V,) a
smooth family of odd, elliptic, formally self-adjoint, first-order differen-
tial operators on V,, = I'(f "!(y), E). Choose a connection V on E and
define V on @D, A/(B,V) as we did above in §3.1. Finally, let 5, be the
scaling operator defined by §, = t~™/2 on A™(B,End(V)) (¢t > 0).

Theorem 2  (Berline-Vergne,[BV], [BGV])Assume that dim(ker(uy))
is constant in y. Then, as t — 0o,

tr,6, exp(—tA2%) = tr, exp(—(PV)?) + 0(%),

where A is the superconnection 6+uy and P is the orthogonal projection
onto ker u,.

The limit in Theorem 2 is for any C*-norm on B and the rest O(J)
is uniform with respect to y (restricted to a compact set).

4.3 We now return to our original situation. We want to apply the
Theorem 2 to f : X x €C* - Y x C*, with A = §+6+uy,, and
Uy, =2 8+z0.

First, ufhz = |z|2A and ker(u, ) is independent of z (and so will be
the projection P on this kernel). Notice that it is sufficient to prove the
equality of Theorem V1.4 on a dense open subset U of Y since both sides
are smooth forms on Y. The following lemma shows that this enables
us to assume that the kernel of u, , has a constant dimension.

Lemma 5 There is a dense open subset U C'Y such that, for every
integer ¢ > 0, the sheaf R1f,E is locally free on U.



VIL.4 The family index theorem 151

Proof. This is true for any coherent QOy-module M instead of RIf.E.
In the case where M admits a resolution of length one

0— PPy — M —0
by vector bundles, rank, (M) = corank, (v) is constant outside of a sub-

variety defined by the vanishing of certain minors of v, and on this open
set M is locally free. In general, starting from a resolution

0 — PPy g — -+ — Py=%M — 0

with vector bundles, we apply the preceeding argument to coker v, and,
by induction on n, we deduce the result for M. O

From now on, until the end of this chapter, we shall assume that
R1f,FE is locally free on Y. This is made possible by the previous lernma
and the discussion before it.

Lemma 6  Decompose b(z) = b(2)1% + b(2)!] + b(2)? according to
the degree on €*. Then, uniformly onY,

b(z) = tr, exp(—(PV)?) + 0(%),
b(z)H] = O(#x

1
[2] = —
b = O(5),
and
] 1
By WORN (1) ol
Brb(r) 0(r2).

Proof. Recall from (6) that
(9) B2=V?+|2’PA+2V@) +zV(@)+dz0+dz 9.
From this we get
(10)
8i(t B) = V2 +t2?°A+Vt 2 V(@) +Viz V(@ )+t dz 8+t dz 5.
Let 7; be the scaling operator on A sending dz to Vi dz, and dZ to Vvt dZ
. We deduce from the two equalities (9) and (10) above that
(11) &(t B2) = v BY; ;
in other words 6;(tB2) is the pull-back of B2 under the map z — /¢ 2.
Writing the equality (11) at the point z = 1 and ¢ = r? we get:
6,2 exp(—r2B2)|,=1 = Yr2 exp(——Bf)|,=r.
Then Theorem 2, when applied to Y x €* and A = B,, gives
(12) try6,2 exp(—r2B2) = tr, exp(—(PV)?) + O(1/r),
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where O(1/r) is uniform on U x S for any relatively compact open subset
U C Y. Notice that P§ = 6P and V8§ = —6V so that (P(V +6))? =
(PV)2. Restricting z to 1, (11) and (12) become

(13)  troye exp(—B2),= = tr,exp(—(PV)?) + O(1/r).

Now tr, exp(—(PV)?) is of degree 0 with respect to €*. So using the
fact that +y,2 is r on 1-forms and 72 on dz dz, we obtain the first three
equalities of the lemma, since b(z) is invariant under rotation. Here the
equality

1 1
b(z)" = O(I—ZI—z)
means that the form b(2)!!! can be written adz + fdz with o = O(I—zllf)
and f = O(fjz), and similarly for b(z)¥ = O(pks)-

We know by Proposition 3 that b(z) is d, , c*-closed. Moreover

a%b(z) = 0 since b(z) is invariant under rotation. Therefore

(14) 2 eedr = —dv ).
By the Remark after Theorem 2, the above proof also gives dy b(z)!!l =
O(Tzl[g). So
8 1
= © — o(=).
S (6(r)) = O(5)
0

4.4  Denote by (RIf,E, L?) the bundle RIf,E on Y, endowed with
its L? metric.

Lemma 7  tr,exp(—(PV)?)* = Y >o(—1)Ich(Rf.E, L?).

Proof. Tt is sufficient to prove that PV is the hermitian holomorphic con-
nection on @qZORq f+E for the L%-metric. Since V%! = §,» commutes

with O, , it preserves ker A? = (R?f,E),, and (PV)%! = Bpes.p. On
the other hand, given s,¢ in ker A? and v in TY, we have

U(S, t> = (ﬁvs, t>L2 + (5, 6vt>L2 = (P@ys, t)LZ + (S, Pﬁvt>L2.
This proves that PV is unitary. O

5. Conclusion

5.1 We may now take the limit as T — oo and ¢ — 0 in the formula
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(7) for dyd$ B(¢,T). First, using Lemmas 6 and 7, we get
Jim dvdy B, T)" =

i0e)" = (VPR B, 17) - tlog(0i (5F)

g0
Moreover, the estimate b(z)[? = O(T;lF;) shows the existence of
B = Jlim pe,T)= [ b(:) loglaf,
T—o0 lz[>t

and we may differentiate with respect to the Y-coordinates to get:

(15) dyds B(t)* = i’{b(z)*——Z(—l)qch(qu*E, L?)—tlog(t)i; (%) .

920
We now study the behavior as t — 0 of both sides of (15). First recall
that

(16) B(t) = /|  bYogial,

and, from (9), the component of b(z) of degree 0 on Y is
b(z)©® = tr, exp(—|2|*?A—-dz D —-dz ).

Using Duhamel’s formula (Chapter V, (15)) and the fact that tr, van-
ishes on supercommutators, this is equal to

b(z)©@ = tr,((1 — dz 8) exp(—|z|°A —dz ).
Now A commutes with 8 and 8 . So we can use again Duhamel’s formula
and the fact that tr, vanishes on supercommutators to get
(17) b(z)© = tr (1 — d2d)(1 — dz8" ) exp(—|2|*A)).

Because A is a smooth family of generalized Laplacians on X Y we
deduce from this formula the existence of an asymptotic development,
as t — 0,
(18) ()@ = > b0
i>—n

From (16) and (18) we get an asymptotic development

BEHO = D" it + D it log(t),

iZ-n j>-n

where 3; and +; are smooth functions on Y. In particular, we may
consider

(19) fo =: finite part of / b(2)© log |2[2,
|z|>t

which plays the role of a first Bott—Chern class for the Dolbeault com-
plex.
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Now let us look at i} (22)" as ¢ goes to zero. Recall from (14) that

8
E(b(z))dr = —dy b(2).

Using polar coordinates z = re® and (9), we get

(20)

b(z) = tr, exp(—(V24+r2A+rV (@) +rV(8")+dr(0+3 ) +irdd(8-3"))).

The component of b(z)(!) involving only dr may be computed from (20)

as in (17). It is equal to

try exp(—(r?A +rV(@) +rV(d)* +dr(@+38"))V

=1 tr,((0+0 )V(@+9)) exp(—r2A))dr.
Using (21) and applying dy to (20), we see that i} (gf)* has an asymp-

totic development Eiz_na,-t" ast — 0.
Finally, recall from (8) that

(21)

( )
st «1(2) _
lim [i7b(2)"]® = [ /X N ch(E,h)Td(f)] :

So, if we take the finite part of the component of degree two on Y in
(15), we get, by the uniqueness of asymptotic developments,

(22) dy d5, (Bo)* = fo(ch(E, M)Td())® — cx(A(E)L2).
5.2  What remains to be proved is the following

Lemma 8  (dydSB$")* = —dydS T(E), where T(E) is the analytic
torsion.

Proof. From (17) we deduce that the coefficient of rdrdf in b(2)©® is
equal to

—itry, (B + 8°)(@ — 8") exp(—|2|2A)).
Therefore
B(t) O = —ami /oo tr(@+8°)(@ — 8" ) exp(—r2A))rlogr dr.
Let N be the “_r_lumtber o;ltirator”_zi.cting by multiplication by g on D9.
Clearly [N,8) = 8 and [N,0 | = -0 . So
(B+3)0-9)=(@+d)N,0+0|=@+0)N@+9)—NA.
Furthermore, since 0 + 0 commutes with A = 0+ 5‘)2,
tro (0 + 8 )N(B + 8°) exp(—rA))
= —tro(N(@+ 8 )exp(—r?A)@+8"))
= —try(NAexp(—r2A)).
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So
B = 87ri/ try(NAexp(—r2A))rlogr dr.
t
The change of variable u = r? gives
At = 2”/ trs(NAexp(—ud))logu du.
t2

Let 6(u) = tr,(Nexp(—uA)) be the supertrace of the restriction of
N exp(—uA) to the orthogonal complement to Ker(A). We have

%G(u) = —tr (N Aexp(—ul)).
Integrating by parts, we find:
(23) B()© = 2mif(t?) log(t) + 2mi / 6(w) %’i
t2

We know that 6(u) as an asymptotic development Ziz_naiui asu — 0,
)

* d
ﬁéo) = finite part of 2mi / G(u)—uE
$2
By definition of N, we also have

S 1)aGe (o) = g | oy

q20
Call this function ((s). By Theorem V.1, with € = t2, we get

(24) S8 = ¢'(0) = 1¢(0)
As ¢'(0) = -T(E) the conclusmn of Lemma 8 will follow from
Lemma9  OnY we have dyd$¢(0) = 0.

Proof. (This proof was explained to us by J.-M. Bismut.) Let a > 0
be a positive real number and let us multiply the metric Ay on Tf by
a. By definition (see §V.2.2), the L?-metric on A%(X,,E),y € Y(C),
is multiplied by %~ for all ¢ > 0. It follows that d , hence A, is
multiplied by e¢. From Lemma V.2, {(0) is unchanged and ¢'(0) gets
replaced by ¢’(0) + log(a)((0). Therefore, by (24)
2305 +log(a)((0).

On the other hand, let us look at the right-hand side of equation
(22). We claim that it does not change when multiplying hs by a.
Indeed, the hermitian holomorphic connection of (T'f,hs), hence the
form Td(Tf,hy), remains unchanged. Furthermore, the L?-metric on
A(E) is multiplied by a constant, hence ¢y (A(E)2) is also unchanged.

From these facts and (22) applied to hy and ah; we conclude that
dyd$.¢(0) = 0. O

(O) becomes

’ 27r1
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5.4  We can now conclude the proof of:

Theorem VI.4 Assume that f is locally Kdhler, i.e., for every y €
Y, there is a neighborhood U of y such that f~'(U) has a Kdhler metric.
Then

a1(ME)q) = f.(ch(E, )Td(T f,hs))®,
where Td(Tf,hy) is the Todd form of (Tf, hs) and (.)® denotes the
component of degree 2.

Proof. Recall that we can assume that R?f,E is locally free on Y. By
combining Lemma 8 and the equality (22), we then get
~dd°T(E) = f.(ch(E, WTd()® - e1(A(E)s2)-
But hg = hy2 exp(T(E)) so
L (M(B)q) = cr(M(B)2) — dd°T(E).

The conclusion follows. O
5.5 Remark

It would be interesting to give an axiomatic definition of Quillen’s
metric, analogous to the axioms of Theorem IV.2 for the Bott—-Chern
character forms. We know the curvature of Quillen’s metric, but how
can it be normalized? Finding such an axiomatic description might
lead to a simpler proof of the arithmetic Riemann—Roch-Grothendieck
theorem (Theorem VIII.1’), by checking the axioms for both sides of the
equality; §V.1.3.3 might be of some use for this project.



VIII

The Arithmetic
Riemann—Roch-Grothendieck
Theorem

In this final chapter we shall give an arithmetic Riemann—Roch-Groth-
endieck theorem (Theorem 1) for the determinant of the cohomology,
and deduce from it an estimate for the smallest size of non-zero sec-
tions of powers of ample line bundles on arithmetic varieties, a result we
announced in the Introduction.

The arithmetic Riemann-Roch~Grothendieck theorem (Theorem 1)
combines the, somewhat classical, algebraic Riemann—Roch—Grothen-
dieck theorem for higher Chow groups with the computation we made
in the previous chapter of the curvature of the Quillen metric on the
determinant of the cohomology. There exists a more precise theorem,
Theorem 1’, but its proof is very long and will not be given here. It is
not needed for the application.

To get bounded sections of powers of ample line bundles (Theorem 2)
we combine Theorem 1 with Minkowski’s theorem, a lemma of Gromov,
and a result of Bismut—Vasserot about the asymptotic behavior of the
analytic torsion of powers of a given line bundle, the proof of which is
only sketched.

1. The arithmetic Riemann—Roch—~Grothendieck theorem

1.1 Let f: X — Y be a projective and flat map between arithmetic
varieties, i.e. regular, projective flat schemes over SpecZ. We assume
that the restriction of f to the generic fiber Xq is smooth. Let E =
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(E, h) be an hermitian vector bundle over X. Finally, choose a metric on
the relative tangent space T f|x(c) invariant under complex conjugation
and such that the restriction to f~!(y) is Kéhler for every y € Y(C).
We may consider, as in Chapter VI, the determinant of cohomology, i.e.
the line bundle A\(E)q on Y, equipped with its Quillen metric. Our goal
is to give a formula for its first Chern class é(A(E)g) € CH ' (Y).

To the hermitian bundle E is associated its arithmetic Chern character

ch(E,h) € CH(X)q = DCH" (X)o,
p20

defined in §IV.4. We need also a Todd genus for the map f. To define
it, let us consider a factorisation of f:

X -5 PE)y
N l?
Y,
where i is a closed embedding, and p a projective bundle over Y. Let N
be the normal bundle of X in IP(F)y, and i*Tp the restriction to X of
the relative tangent bundle to the projection p. On X(C) we have an
exact sequence of holomorphic bundles
£:0—Tfec — i*Tpg — Ng — 0.
Let us choose hermitian metrics on N and i*Tp. As was noticed in
§IV.3.3 (see also [GS3)]), by the same construction as in Theorem IV.2,
one gets a secondary characteristic class Td(€) € A(X) such that
(1) dd*(Td(€)) = TATHTA(N) - Td(z*Tp).
Moreover we have the arithmetic Todd classes ’T\d(z*T_p) eCH (X)q and
Td(N) € CH(X)q defined in §IV.4.6.
Now we define
(2)  Td(f) = Td(@*Tp)Td(N) ™ + o(Td(£)Td(N)~") € CH(X)g;
recall that the map a : A(X) — CH (X) was defined in Chapter III as
sending 7 to the class of (0,7). If f is smooth, T'd(f) is the Todd class

of the relative tangent bundle to f. It can be shown in general that it
is independent of the choice of 4, p and the metrics on N and ¢*Tp; see

[Gs8).
We may now consider the element
(3) §(E) = &1(ME)q) — f+(ch(E, B)Td(f))™V

1
in CH (X)q, where o(!) denotes the component of degree one of a €
CH(X)q-
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Theorem 1 There is a morphism
§: Ko(Xq) — H*°(Y)/p(CH"(Y))q
such that a(6([E])) = 6(E).

Proof. We first show that §(E) lies in HO%(Y)/p(CH9(Y))q. Recall
from Theorem IIL1 that there is an exact sequence
CHYW(Y) £ HOO(Y)-50H (v) 29 cH (V) @ AV(Y).
We have to show that (z,w)(8(E)) = 0. The cycle component is
2(6(E)) = c1(M(E)) = fo(ch(E)Td(f))V € CH'(Y )q-

It vanishes because of the Riemann-Roch-Grothendieck theorem for
(classical) Chow groups; see [GBI], [S1].

Let us now compute the form w(§(F)). From (1) and (2) we deduce
that

W(TA(f)) = Ta(@*Tp)Td(N) ™ + dd*(Td(E)Td(N)™) = Td(TTe)
in A(X). Therefore
W(fu(RE)TA(f))® = fu(ch(E, h)w(Td(f))®
= fu(ch(E, R)Td(T f, hs))®
= ¢, (AME)qQ) by Theorem V.4.
In other words w(§(E)) = 0 and 6(E) is the image by a of a class in
HOYY)/(im pe.
Our second step is to show that §(E) depends only on the class of F
in Ko(X). Let
£E:0—8S—E—Q—0

be an exact sequence of bundles on X, endowed with metrics h’, h, h”.
We want to show that §(E) = §(S) + 6(Q). By the Corollary VL1, we
have

(0)

a(AE)Q) = &a(M(B)q) + &1(MQ)q) — @ ( / ch(é‘)Td(T_fE)) :

X/Y
Furthermore, by Proposition IV.1,
h(E, h) = ch(S, b') + eb(Q, h”) — a(ch(£)),

therefi)re .

fo(ch(E)Td(f))

= f(h(B)Td(f)) + f.(ch@)Td(f)) + fu(a(ch(€))Td(f)).

Finally, using Chapter III, (3), we get

f(a(BE)TAS)) = a ( /X /Ych(S)Td(TE)> -
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We conclude that §(E) = 6(S) + 6(Q). In other words, §(E) is indepen-
dent of the metric on E| and there is a morphism

§ : Ko(X) — HO(Y)/(im p)g
such that a(6([E))) = 6(E).

Finally, let us prove that § factors via Ko(Xg). We have
kel‘(Ko(X) - KQ(XQ)) = iIIl(Ko(X)ﬁn - KO(X))

where Ko(X)an = D, Kg( ?(X) is the Grothendieck group of X with
support in finite fibers. There is a commutative diagram:

Ko(X)tn — Ko(X)
chl l ch
CH(X)am -2 CH(X)

where ¢ maps the cycle Z to the class of (Z,0). If 2 € Ko(X)gn the
equality
8(2) = p(cr(fo(®)) = fu(ch(@)Td(f))V) =0

follows from the Riemann-Roch—Grothendieck theorem with supports
[S1]. So é factors via Ko(Xg). O

1.2 It follows from Theorem VI.5 that §([E)) is independent of the
choice of the metric on T f¢. In fact there is a precise formula for §. To
state it, we let {(s) be the Riemann zeta function and {’(s) its derivative.
Given an holomorphic vector bundle E on a complex ‘manifold X , wWe
may define as follows a characteristic class R(E) € H*(X,R) in the real
cohomology of X. The class R commutes with pull-back (R(f*(E)) =
f*(R(E))), it is additive on exact sequences, and its value on a line
bundle L with first Chern class ¢, (L) € H*(X,R) is

RI= Y @Cm)+c-m)(Lt 5+t )
modd >1
In the situation of §1.1, let ch(E¢) € H*(X,R) be the usual Chern
character of the holomorphic bundle E¢ induced by E, and Td(T f¢) €
H*(X,R) the Todd class of the relative tangent space. Recall that
HPP(Y) C APP(Y) is mapped by a into CH(Y)q.

c‘(L) € H*(X).

Theorem 1°  [GS7]The following equality holds:
§(E) = a(f.(ch(Ec)TA(T f) R(T fc))®).
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1.3 The proof of Theorem 1’ is much harder than the proof of The-
orem 1. It was obtained in [GS7) and [GS8] by combining the work
of several people ([B2], [B3], [BL], [BGS2], [BGS3], [GS5]). It can be
extended to the case where X and Y are only quasi-projective, Y is
regular, and the restriction of f to the generic fiber Xq is smooth (but
X need not be regular); (GS7], [GS8] Theorem 7.

In [F4], Faltings extended this result to higher degrees, when X and Y
are regular. Namely, under the assumptions of Theorem 1’, using higher
degree analogs of the analytic torsion, one can define a direct image
group morphism for virtual hermitian vector bundles (in the sense of
§IV.4.8)

fo: Bo(X) — Ro(Y)
(see [GS9], [GS5], [F4], [BKo]; the precise comparison of the different
definitions has still to be made). The determinant of f, (E) is the class

of A(E)q in PIC(Y) Theorem 6.1 in [F4] gives a formula for cho f,
extending Theorem 1’.

1.4  When Y = SpecZ, we have, by Chapter III, (7),
CH (Y) = Pie(@) =

and 6(FE) is a real number. Theorems 1 and 1’ appear then as an arith-
metic analog of the Riemann-Roch-Hirzebruch theorem [Hz]. Indeed,
the following lemma shows that é,(A(E)q) is an Euler characteristic.
For each ¢ > 0, HY(X,E) is a finitely generated abelian group. Let
H%(X, E)tors be its torsion subgroup and Volyz:(H(X, E)) the volume
for the L2-norm of the quotient H1(X(C), E¢)*/ HY(X, E), where (.)*
denotes the real subspace invariant under the complex conjugation. Let
{q(s) be the zeta function of A? = 8" + 39 in degree 0,9).

Lemmal In CH' (Z) =R we have
&1(ME)q)

=3 (-1 (log BHI(X, E)tors — log Voly2 (H‘I(X, E))+%qC{I(0)) .

q20

Proof. Since SpecZ is affine, we have
ME) = Q) det R (E) V" = @) det HY(E)V".
920 q20
By the definition of Quillen metric (Chapter VI), the lemma will follow
from the following general fact. Let M be a finitely generated Z-module
M, equipped with an hermitian scalar product on M ®z €, invariant
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under conjugation. Its determinant det M has a degree ae\g det M € R.
We claim that
deg det M = log i Mrrors — log Vol(3).

Since this equality is compatible with direct sums, it is enough to
check it in two cases. First, assume that M is torsion free. Then the
line det M = A™®*M is generated by s; A ... A s, where sy,...,8, is
any basis of M. Then

degdet M = —log||s1,A... A s,|| = — log VoIM.
On the other hand, if M = Z/n we have a free resolution
0— Z % Z —Z/n—0
$1 —— nsg ’
where s3 and s; are the generators. The line det M is generated by
so® sy and
deg det B = — log(||soll/[l¢(s1)]}) = logn.
This proves Lemma 1.

1.5

Questions  Does there exist an “arithmetic Lefschetz theorem” gen-
eralizing the previous result to the case of group actions?

Can one extend to varieties over number fields Grothendieck’s coho-
mological description of zeta functions of varieties over finite fields [Gro]
by means of a Lefschetz theorem?

2. Arithmetic ampleness

2.1  Recall from {H] (GH] that for an algebraic variety X over €, we

have the following equivalent definitions for a line bundle L to be ample:

(1) For every coherent sheaf £ over X there is ng such that, for every
n > ng, £ ® L®" is generated by global sections;

(2) For every coherent sheaf £ over X there is ng such that, for every
n >ng and k > 0,

H*(X,£® L®") =0,

(3) There is ng and some embedding ¢ : X — PV such that L&" =
¢*(O(1);

(4) There is a metric h on L such that ¢;(L,h) > 0, i.e., for every
tangent vector v € T(X),

er(L, h)(v,7) > 0.
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2.2 Let X be a regular, projective, flat scheme over SpecZ. Let L
be a hermitian line bundle over X. We assume that L is ample over
X, i.e. Property (1) in §2.1 holds on X, and that ¢;(L,h) > 0 over
X(C). Let E be an arbitrary hermitian vector bundle over X, and let
r = rankE. We shall look for a nontrivial global section s € I'(E ® L®™)
with a uniform bound on ||s(z)]} , z € X(C).

Let f: X — SpecZ be the map of definition. We have two relevant
self-intersection numbers: the geometric one

= fu(e(L)*) € H*(SpecC,Z) =Z
and the arithmetic one
d+1
= f(&(D)*) e CH (@) =
Theorem 2 Let n > 1 be an integer and € > 0 a real number. Then,
the logarithm of the number of sections s € H°(X,E ® L®") such that,
for every z € X(C),
—d+1
ls(@)||® < exp(n(e = L™ /(d + 1)L%))
is at least equal to
erL?® n?t1/2d! + O(n%logn).

In particular, when n is big enough there is a nontrivial section satisfying

these inequalities.

The proof will actually show that we need not assume that L is ample
over X, but only that, for all p > 0, H**(X, E ® L®") = 0 for large n,
and ¢;(L) > 0.

We will reduce the theorem to the following result, which is reminis-
cent of the Nakai~Moishezon criterion for ampleness; see {H], V, Theorem
1.10.

Theorem 2’ Assume that L > 0. Then the logarithm of the
number of sections s € HO(X, E ® L®") such that, for every z € X (C),
Is(z)|| <1 is greater or equal to

rI* 1 /(d + 1)1 + O(nt log n).

To see that Theorem 2 implies Theorem 2/, take € = e /(d+ 1)L

To show that Theorem 2’ implies Theorem 2, let L = (L,h). When
A € R, consider the metric he*, and write Ly = (L, he*). We first notice
that

(4) = [L & (Ox,eM))*! =
To see this, observe that
a(L® (0x,e) =a(L) - a(h),

+d+1

d+1 —d+l

- %(d + ALY



164 VIII  The Arithmetic Riemann—Roch—Grothendieck Theorem

where A € HY(X(C),R) is sent to a(A) in C”I\JI(X) as in Theorem
III.1. From the rule a(n)y = a(nw(y)) of §111.2.3.1 we get a(A)a(N) =
a{N)w(a(A)) = 0. Therefore
5) 3} (f)\)d_H =0 (E)d_H + (d + 1)(1(—/\) -6 (E)d
=& (D) + (d+ Da(=X a1 (L)?).
Now, from §§I11.4.2 and 4.3, we get:
— 1
deg(f.a(a)) = 5/ a.
X(T)
So we get (4) by applying f. to (5).
Now choose A so that
Zz+1 _ Zd+1 _ d-;— 1
From Theorem 2’ applied to Ly we get
log#{s € H'(X,E ® L®");Vz € X(CT) ||s(z)] < e ™?}

AL = (d +1)L% > 0.

r L% an d
> (e 7 7)11 + O(n*logn).

2.3 We shall now decribe the proof of Theorem 2'. Let

A, = HY(X,E ® L®").
This is a lattice in the real subspace H?(X(C),E ® L®")* of
HO(X(C),E ® L®"). On this vector space we may consider the L%
norm, or the sup-norm. Then take the Haar measure for which the unit
ball for the L?-norm (resp. the sup-norm) has volume one, and denote
by Volz2(Ay) (resp. Volgyp(Ay)) the covolume of A, for this measure.
Let V,, be the volume of the unit ball in the standard euclidean space of
dimension equal to rank(A,). By Minkowski’s theorem, see [GL] I.7.2,
Theorem 1, we know that:
6 logf {s € H(X,E ® L®"); ||s]lsup < 1}
©) > —log Volgup(An) +log Vi, — log 2 - rank(Ay).
Now rank(A,) = O(n?) by the classical theory of Hilbert polynomials,
see [H] 1.7, and the vanishing of H*(X(C), E ® L®"), k > 0. The usual
formula for the volume of the euclidean unit ball and Stirling’s formula
(Chapter V, (2)) imply that
(7 log V,, = O(n¢logn).
Furthermore we shall prove the following inequalities, where T(E® L®")
is the analytic torsion (Definition VI.3) of E®L®" for the chosen metrics.
(8) — log Volgup (An) > —log Volzz(A,) + O(n¢logn)
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(9) > —log Volr2(A,) —~ T(E ® L®™)/2
+ O(n?logn)
(10) =a(ME®L®)g)
=3 (-1)?log iHI(X, E ® L®") + O(n? logn)
g1
!
(11) > ((3 T 1)!) n*1 4 O(ntlogn) + §(E® L"),

Recall now Corollary 1.2 stating that [E® L®"] = O(n?) in K¢(Xq)o-
Since we know from Theorem 1 that ¢ is induced by a morphism on
Ko(Xg) we get that 6(E ® L") = O(n%). Combining this with (6), (7),
(8), (9), (10) and (11), we get Theorem 2.

To prove the inequality (11), we use the properties of the Chern char-
acter (Theorem IV.3) and compute

f(RE ®L")T(f)) = f.(h(E) exp(né: (L)) Td(f) ).
The leading term in n is (rfd+1/(d+ 1)N)nd+!, since ﬂo(f) = 1 and
&10(3) = r. From the definition of § and the vanishing of H? for each
(even) ¢ > 0 and large n we get (11).

To prove the equality (10), we apply Lemma 1 to the hermitian bundle
ME ® L®™)q over SpecZ.

2.4 To prove the inequality (9) we need to estimate the analytic
torsion of E ® L®" as n goes to infinity. This was done by Bismut and
Vasserot.

Theorem 3 [BVa] Let X be a compact Kdhler manifold, E a holo-
morphic hermitian vector bundle and L a holomorphic hermitian line
bundle on X. Assume that c1(L) is positive. Then

T(E ® L®") = O(n%logn).

We shall not give a detailed proof of this result but we indicate its
main steps. Near every point z € X consider geodesic coordinates y,
and trivializations of TX, F and L by parallel transport. For every
q > 0 the Laplace operator A? can be written explicitly in terms of
these coordinates ([BVa), (21)). One makes the (local) change of variable
8n Yo — V/n Yo in this expression. It turns out that 16,(A%, en)
has a limit as n goes to infinity: call it £,;. This operator £, is elliptic,
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and the convergence holds in all C* norms. Therefore the heat kernel
of %6n(A‘}5® Leon) converges to the heat kernel of L, its asymptotic de-
velopment as ¢ — 0 is uniform in n, and its coefficients a;, converge
to those of L,; this follows from the construction of the heat kernel as
in §V.3. But the heat kernel of 6 (A% EeLen) has the same trace as
exp(—(t/n)A%gren)/ (rnd), Wthh is globally defined. Let

O%(t) = tr(exp(—(t/n)A%g Len )/ (rn?))
be this trace.

Using the fact that ¢, (L) is positive, Bismut and Vasserot prove that
the smallest eigenvalue of A‘é® on is bounded below by cn — ¢/, where
¢ is a positive constant; this step is similar to the classical proof of the
Kodaira Vanishing Theorem. It follows that there is a positive constant
¢ such that, when ¢ goes to infinity, ©%(t) < exp(—¢’t). Therefore the
sum

) [Ternf+ /(eqm—z"“‘ +Z““’+mn

i>-—d
has a finite limit as n — oo. From (12) and the formula (11) in Chapter
V for ¢}« (0), we conclude that T(E ® L®")/(n? logn) has a finite
EQL®n

limit as n — oo, and Theorem 3 follows. O

In fact a formula can be given for the first two main terms of T(E ®
L®") as n — oo, see [BVa]. This leads to a more precise version of
Theorem 2/, see [GS8] Theorem 8.

2.5  Finally, to prove (8), we use a result of Gromov to compare the
sup-norm with the L2-norm on the sections of E ® L®",

Lemma 2 (Gromov) Let X be a compact complex manifold, E a
holomorphic hermitian vector bundle and L o holomorphic hermitian
line bundle on X. Then, for every n > 1, there is a constant ¢ such that
any section s € H*(X, E ® L®™) satisfies

sllsup < C"d||3||L2-
This lemma implies that any section s € AMXHO(X F @ L®") sat-

isfies

lislisup < (C"d)”mkA

and, since rankA, = O(n%),

log ||sllsup < log|lslzz + O(n?logn),

"l1sllz2

and (8) follows.
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To prove Lemma 2 we choose a system of neighborhoods U, C X of
every point z € X (varying continuously with z), with radius bounded
below and biholomorphic to the unit ball B; in €", and a trivialization
of F and L on each U,. If zq is the point where ||s(z)|| is maximum,
and if p is the measure on X then, writing s = (f1,..., fr) in Uz, we
get

[ bs@iPu> [ 5@ heperds,
X B;

where h(z) is a factor coming from the measure and the metric on E,
p(z) comes from the metric on L, and
f@I° = 1@

i>0
is subharmonic. But h(z) is uniformly bounded from below, and p(z)
may be bounded from below by p(zg) — ¢17, where r = |z — zo| and ¢;
is a uniform constant; we may need to take smaller neighborhoods for
this. Therefore we get

/X ls(@) 12
> &3]l f(0)2 /B (p(z0) — crr)dz > 3 i £(0) e (p(z0))"”

2cy nﬂzd”‘s”:up'

O

3. Remarks

3.1 Theorem 2 was used by Vojta [V2] in his proof of the Mordell
conjecture; notice however that, in the case considered in [V2], ¢;(L) is
not necessarily positive on the whole of X. In the work of Faltings on
abelian varieties [F3] and in Bombieri’s version of Vojta’s proof [Bo, it
has been replaced by much more direct arguments.

3.2  The statement in Theorem 2’ asserts that F®f®n is effective, in
an arithmetic sense, when n is big enough. For L to be arithmetically
ample would require that the sections of sup-norm less than one generate
E®L®". Results of this kind have been obtained by Kim [Ki] and Zhang
(Z} for arithmetic surfaces.

3.3 Theorem 2’ can be generalized to the case where Xgq is smooth but
X is not necessarily regular, [GS8] Theorem 8. It would be interesting
to remove the smoothness assumption on Xg.
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In this result, one would also like to be able to replace E by a coherent
sheaf. For instance, one can look for small sections of L®" with high
order of vanishing at a given finite set S of points. This problem is well-
known in the context of diophantine approximation, where it leads to
the construction of auziliary polynomials. Assume there are more small
sections of L®" than the number of values that their derivatives can take
at S. By taking the difference of two such sections one gets a nontrivial
small section of L®" whose derivatives vanish at S; this argument is
known as Dirichlet’s box principle. The reader is referred to [Lf] for a
precise result combining this principle with Theorem 2, thus generalizing
the classical Siegel’s Lemma. When F is an arbitrary coherent sheaf, no
general result exists yet.
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