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NPEINUCIIOBHUE

COOpPHUK COIEepHUT 3aJauu 1Mo Kypcy oObIKHOBEHHBIX Aud de-
peHIUaNbHbIX ypaBHEHHII B COOTBETCTBUU C MPOrpaMMOii, NPUHA-
TOIl Ha MeXaHUKO-MaTeMaTudeckoM (parkyiabrere MI'Y. YacTh 3a-
a4y B3ATa U3 n3BecTHbIX 3agaunnkoB H. M. ['ontepa u P. 0. Ry3b-
MuHa, I. H. Bepmana, M. JI. KpacuoBa u I'. 1. Makapenko, yueGHu-
koB B. B. CtenanoBa, I'. @unurnca; 60a1bIIHHCTBO 3a7lay COCTABIEHO
3aHOBO. Bonee TpyaHble 3ajayi OTMeUYeHbl 3BE3/I0YKOil.

B nauane ramjoro naparpada u3io#eHbl OCHOBHbIE METO/IbI,
HeoOXOolMMbIe JUIA pellleHUuA 3ajad Toro naparpada, win JaHbl
cchlUIKM Ha ydeOHMEKM. B pAge ciydaeB HpuBeleHBbI NOJpOOHBIE
pellleHNA TUIOBBLIX 3a/lay.

B s10 uspanue Braoueno «Jlo6aBinenuer (§§21-27), comep-
Malllee 3ajJavyu, Mpe/araBlideci HAa MUCbMEHHBIX 3YK3aMeHaX
U KOJNIOKBUYMaX Ha MeXaHUKO-MaTeMaTH4ecKoM (aryibTere
MI'Y B 1992-1996 rogax. 3agauu cocTaBlieHbI NpenojaBaTelIAMU
MI'Y 10. C. Unbsamenro, B. A. KouapatbeBbiM, B. M. Munnvonuu-
roBbIM, H. X. Po3oBbim, 1. H. CepreeBoiM, A. @. PuaunnoBbIM.

B kHure npuHATH ycnoBHbIE 0003HaUYeHUA YUeGHUKOB:

[1] B.B.CrenaunoB. Kypc dudpepernyuarvroixr ypasHerul.

[2] N.T.TlerpoBekuit. Jekyuu no meopuu o0vikHO8eHHBLE Oud-
depenyuarvrvlr ypasHerull.

[3] JI.C.Houtparun. O6uikHoseHHble dudPeperyuarvrbie ypas-
HEeHUS.

[4] J.3.3abcroabu. Jufdepenyuanvrbie ypasHerua u sapuayu-
OHHOEe UCHUCAEeHUE.

[5] B.II. HemupoBuy. Jexkyuu no mamemamuveckol meopuu
ycmotivusocmu.



§1. H3ORJINHBI.
COCTABJ/IEHHE JUOOEPEHIIUAJILHOI'O
YPABHEHHA CEMEVICTBA KPUBBIX

1. Pemenne ypasuenus y' = f(x, y), Ipoxoisiee yepe3 TOUKY
(z, ¥), DON#HO MUMeTh B 3TOIi TOUKe NPoU3BOAHYIO y', paBHyIO f(z, ¥),
T.€. OHO JIONHO KacaThbCA MPAMOM, HAKJIOHEHHOH MON yrioM o =
= arctg f(z, y) & ocu Oz. TeomeTpuyecKoe MECTO TOYEK IUIOCKOCTH
(z. y), B KOTOPBIX HAKIOH KacaTelbHBIX K PelleHUAM ypaBHeHUA y' =
= f(x,y) omuH U TOT e, HasbiBaeTCA U3OKIUHON. ClienoBaTenbHO,
ypaBHeHHUe U30KIMHBI uMeeT BUA f(z, y) = k, rne k — nocroanHasn.

Uro6b NPUGIMKEHHO NOCTPOMTL pelleHUA ypaBHeHUA y' =
= f(x, y), MOMHO HAUEPTUTDH [OCTATOYHOE UKCIO M3OKIUH, 8 3aTE€M
NpOBeCTH pelleHHA, T.e. KPUBble, KOTOpble B TOUKAaX NepeceyeHud C
uzoriuHamu f(z, y) = ki, f(z,y) = k2, ... UMeIOT KacaTelbHble
C YTI0BBIMHM KO3 PHUIUEHTaMU COOTBETCTBeHHO ki, k2, ... Ilpumep
npyMeHeHHA sToro Meropa cM. [1], ra. I, § 1, n. 3, mawm [4], ra. I, § 1.

2. YTo6el mocTpouTh AuddepeHnualbHOe yYpaBHeHHe, KOTOPOMY
yIOBJIETBOPAIOT KPHUBbIe ceMelicTBa

(p(w, Y, C1y ey C‘n) =0, (1)

Hao npoaud ¢pepeHnpoBaTh paBeHcTBO (1) n pas, cunTan y GyHKIUed
OT Z, @ 3aTeM U3 [OIyYEeHHbIX ypaBHeHUH U ypaBHeHus (1) HCRIIOUUTD
npousBonbHble noctoAanueie Cq, ..., Cy.

I[Ipumep. CocraBuTh nudPepeHnnaILHOe ypaBHeHUEe ceMeiicTBa
KPUBBIX

Ciz + (y — C2)> = 0. (2)

Tak kak ypaBHeHHe ceMelicTBa CO/IepKUT JBa NapameTpa, AUQ-

(depeHnypyeM ero Ba pasa, cyutas y = y(x):

Ci+2(y—Ca)y’ =0, (3)
2y"? +2(y — Ca)y" = 0. (4)
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Uckmouaem C;. U3 ypasuenus (3) umeem C1 = —2(y — C>)y’; noa-
cTaBifA 310 B (2), noryuum

—2ay'(y — C2) + (y — C2)* = 0. (5)
Hcrmouaem C». U3 ypasuenus (4) umeem y — C> = —y'?/y"'; mopcTap-

aa4 s7o B (5). HOITy4YHMM mocie yrnpouleHuil JuddepeHnnaibHoe ypas-
HeHHe
! n
y +2zy =0.

3. Jlunuu, nepecekalolye Bce KpUBbIe JaHHOI'0 ceMeiicTBa IO Of1-
HHUM U T€M #i€ yTIOM ¢, Ha3bIBalOTCA U30rOHAIbHBIMU TPa€KTOPHAMH.
Yriael 3 ¥ o HaKIOHAa TPAaeKTOPMU U KPHUBOI Kk ocu Ox cBA3aHBI COOT-
HomeHueM 3 = « = . IIycth

y = fz, y) (6)
— muddepeHnuanbHOE ypaBHeHWe NaHHOTO ceMelicTBa KPUBhIX, a
y' = fi(=, y) (M)

— ypaBHeHHWe ceMeiicTBa U30rOHalIbHBIX TpaerTopuil. Torga tga =
= f(z, y), tgB = fi(z, y). CrenoBarenbHo, ecin ypasHenue (6) Ha-
NHMCAHO U YTOJ ( M3BECTEH, TO JIETKO HalTH tg 3 U 3aTeM HamucaTb
nuddepennuaibHOe ypaBHeHHe TpaeKTopuii (7).

Eciu ypaBHeHMe IaHHOTO ceMeiicTBa KPUBBIX HAMMCAHO B BUIE

F(z,y,y) =0, (®)

TO IPU COCTaBJIeHUU ypaBHEHUfl H30TOHAJbHBIX TPaeKTOPHUIl MOHHO
oboiiTich 6e3 paspemeHus ypapHeHus (8) oTHocutennHo y'. B aTom
ciyyae B (8) Hano samenuth y' Ha tga = tg(B F @), rne tgB =y’ —
yrioBoil K03 dUIHEHT KacaTelbHOIl K TpPaeKTOPUH.

Ecnu e ypaBHeHue ceMelicTBa KpUBBIX JaHo B Buze p(z, y, C) =
= (0, To cHayvaJla Hy#HO0 cOCTaBUTb OudepeHlNalbHOE ypaBHEHMe 3T0-
ro cemeiicTBa U TOJbKO Iocie 3Toro — JuddepeHnnanlbHoe ypaBHeHUe
TpaeKTOpUii.

B 3amavax 1—14 ¢ nomolibi0 U30KJIUH HAYEPTUTD (l'[pI/I6JII/I-
#EHHO) pelleHN A [IaHHBIX ypaBHEHUIl.
1.y =y— a2 2. 2(y+y')=x+3.
2

3.y = —’”2'2"?” - 1. 4. (P + 1)y =y —z.

5. yy' +a =0. 6. xy = 2y.
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7.xy +y=0. 8.4 +y=(z—y)°
9.y =z —ev. 10. y(y +z) = 1.
11,y = 258 12. y' = ;2.
13. 2% + %y = 1. 14. (22 + y?)y = 4.

15. Hanucatb ypaBHeHHEe TeOMETPUYECKOTO MecTa TOYeK
(z, y), ABAAIOLIMXCA TOYKAMH MaKCHMyMa WM MUHMMYMa pelie-
Huit ypaBHenus y' = f(z, y). Rak otanunts Touku Makcumyma
OT TOYEeK MUHUMyMa?

16. Hanucatb ypaBHEHHEe reOMETPHUYECKOTO MecTa TOYER Ie-
peruba rpapuKoB pelleHuil ypaBHeHUN

a)y =y— % 6) y =x —eY:
B) 2® + 47y =1 )y = f(z, y).

B 3apgauax 17—29 coctaBuTh AuddepeHiinaibHble ypaBHe-
HHUA JaHHBIX ceMeilCcTB JUHU.

17. y = e%=. 18. y = (z — C)3.

19. y = Cz3. 20. y = sin(z + C).

21. 2% + Cy? = 2y. 22. y2 + Cx = 2°.

28. y=C(z — C)2. 24. Cy =sinCxz.

25. y = az? + be®. 26. (z —a)? +by? = 1.
27. lny = ax + by. 28. y = ax® + bx? + cx.

29. z=ay? +by+ec.

30. CocTtaBuTh IudepeHnaIbLHOE Y paBHEHNE OKPYHHOCTET
paguyca 1, HeHTpbl KOTOPBIX JeaT Ha NpAMoil y = 2x.

31. CocraBuTh AuddepeHnnalibHOe ypaBHeHHe Napabol ¢
ochbl0, napamnieibHoil Oy, U KacawluXCcA OJHOBPEMEHHO HPAMBIX
y=0uy=n=xa.

32. CoctaButh auddepeHnnaIbHOE YpaBHEHHE OKPYHHOC-
Tell, KacalollluXcA oJHOBpeMeHHO NpAMBIX y = 0 u £ = 0 u pac-
MOJIOKEHHBIX B NIePBOM W TpeThbeil YeTBepTAX.

33. CoctaBuTh U depeHnaIbHOE ypaBHeHNEe BeeX napabon
¢ ochblo, napamuienbHoilt Oy, U NPOXOAANIUX Yepe3 Havanio Koop/u-
Har.
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34. CocTaBuTh AuddepeHiualbHOE ypaBHEHE BCEX OKPYHi-
HOCTeil, KacaroImuXxcH ocu abcenuce.

B 3apavax 35—36 wHaiiTu cucteMnl AuddepeHIHaIbHbIX
YpaBHeHMIl, KOTOPbIM YAOBIETBOPAIOT JIUHUN AaHHBIX ceMeMCTB.

35.ax +2=0, y? + 22 =01
36. 22 +y? =22 — 2bz, y=ax +b.

B zagauax 37—50 coctaButh nuddepeHnnanbLHble ypaBHe-
Hua! TpaekTopuil, NepecekaloUuX JUHUU JaHHOTO ceMeiicTBa Moj
JAHHBIM YTJIOM (:

37. y = Cx*. p =90°.
38. 2 =z +C, © = 90°.
39. 22 =y + Chx, ® = 90°.
40. 22 +y? = a2, o = 45°.
41. y = kz, © = 60°.
42. 322 +y2 =C, ¢ =30°
43. y? = 2pz. © = 60°.
44. r = a + cos0, © = 90°.
45. 7 = acos® b, ® = 90°.
46. r = asind, p = 45°.
47. y=axInz + Cx, ¢ = arctg?2.
48. 22 +9y? = 2ax, @ = 45°.
49. 22 + C? = 2Cy, ¢ = 90°.

50. y =Cz+C3, ¢ =90°.

1YpaBHenus, nonyyaemble B 3agayax 37—=50, MOTYT GbITb pemleHbI Me-
TojaMM, U3jlaraeMbIMH B JajbHelimuXx naparpadax.
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§2. YPABHEHUA C PASJIEJAIOIIINMUCAH
INEPEMEHHBIMHA

1. ypaBHBHI/IH C pa3felAIonUuMNUCAH IIepeMeHHbIMU MOr'y T ObITh 3a-
IrcaHbl B BHUJe
!
y = f(2)s(y). (1)

a Takke B BHJe
M(2)N(y) dz + P(2)Q(y) dy = 0. (2)

llna pelieHuA Takoro ypaBHEHHUA Halo 00€ ero 4acTH YMHOMUTh WUIU
pasnennTh Ha TaKkoe BhIpaxieHUe, YTOGbI B OJHY YacTh YpaBHEHUA BXO-
U0 TONBKO %, B JPYT'YI0 — TOJIBKO ¥, U 3aTe€M NPOUHTErPUPOBATH
obe yacTu.

IIpu neneHun oGeux yacTeil ypaBHEHHA Ha BblpamieHUe, COJep#ia-
1ee HEM3BECTHBIE & U Y, MOTYT OBbITh NMOTEPAHBI pellleHUdA, o6palnaio-
[ye 3TO BbIpamieHHe B HYIlb.

[Ipumep. Pemutk ypaBHeHUE

2’y’y' +1=1y. (3)

[pusonum ypaBHeHue K BULY (2):

d

xzyzd—y =y—1 22y’ dy = (y — 1) de.
x

Jlenum o6e yacTu ypaBHeHus Ha z2(y — 1):

2
y dz

dy = —.
y—1 Y= 2

IlepemenHble pa3penensl. IHTerpupyem oGe 4acTu ypaBHEHHA:

2 2
y _ [dz oy RTINS
/y_ldy—/xz, L +y+Inly—1] = ——+C.

[Ipu fenenuu Ha x> (y — 1) MOriM GBHITH NOTEPAHBI pemeHus & = 0
uy—1=0,1 e y=1. OueBugso, y = 1 — pemenue ypasaenus (3),
ax =0 — HeT.

2. Ypasuenusn Buga y' = f(az + by) IpPUBOAATCA K ypaBHEHHAM
C pa3[elfIUMICH IepeMeHHBIMU 3aMeHol 2z = ax +by (umu z = az+
+ by + c. roe ¢ mo6oe).

B 3agavyax 51—65 pemuTh JaHHble YpaBHEHUA U 1A Ka# a0~
o U3 HUX MOCTPOUTh HECKOIbKO WHTErpalbHbIX KpuBbIX. HaiiTu
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TaKk#e pelleHus, yJOBIeTBOPAIONIUE HAYATbHbIM YCIOBUAM (B TE€X
3ajlayax, rjie yKazaHbl HayalbHble YCIOBHA).

51. zydx + (z +1)dy = 0.

52. \/gmda: = zy dy.

53. (22 — 1)y’ + 2zy? = 0; y(0) = 1.

54. y' ctgx +y =2: y(z) - —1 npu z — 0.

55. ¢y = 3{/17; y(2) = 0.

56. zy' +y = y%: y(1) = 0.5.

57. 22%yy’ +y? = 2. 58. ¢ — xy? = 2zy.
59.¢7° (1+ %) =1. 60. 2/ = 10"+,
61. 292 +¢=1. 62. y' = cos(y — x).

63. v —y = 2z — 3.
64. (z +2y)y' =1: y(0) = —1.
65. v = Az +2y—1.

B 3amayax 66—67 HaiiTu pemieHusa ypaBHeHUil, yJOBIe€TBO-
pAlolMe yKa3aHHbIM YCIOBUAM MpPU & — +00.

66. 22y’ — cos2y = 1; y(+o0) = 97 /4.

67. 3y?y’ + 16z = 2xy>; y(x) orpanuyeHo npu & — +00.

68. HaiiTu opToroHaibHble TPAEKTOPHU K JMHUAM CleyIO-
mux cemeiicts: a) y = Cx?: 6) y = Ce®: B) Cx? + 3% = 1.

B 3apauax 69* u 70* nepemeHHbIe pa3iedAIOTCA, HO Oy Yae-
Mble HMHTErpaibl He MOTYT ObITh BbIPaKeHbI Uepes3 dleMeHTapHbIe
¢yurnuu. OgHakro, KcclieJoBaB UX CXOJAUMOCTb, MOKHO JaTh OT-
BeT Ha MOCTaBleHHble BONPOCHI.

69*. IlorkazaTph, YTO Kamaad UHTerpalbHasA KpUBasA ypaBHe-

oA y' = ¢ 351—} UMeeT Be FOPU30HTANbHbIE ACHMIITOTHI.

70*. UccnenoBaTh MoBeleHNe MHTErPATbHBIX KPUBBIX ypaB-
HeHuA y' = 4/ % B OKPECTHOCTHU Havana KoopauHat. Iloka-
3aTh, YTO U3 Ka#J0il TOUKU IpaHUIlbl NEPBOT0 KOOPAMHATHOIO

yriia BeIXOOUT OfHa MHTerpajbHad KpuBasf, MMpoxoJfdlada BHYTpU
9TOro yrJaa.



12 $3. leomempuueckue u dusuveckue 3adaiu

§3. TEOMETPUYECKHE U ®U3UYECKHUE
3ATAUYN!

1. YTo6bl pemuTh NpPUBEJEHHbIE HUM€ TeoMeTpUYecKHe 3aJadH,
Ha/lo TIOCTPOUTh YepTe#i, 0603HAUUTh MCKOMYIO KPHUBYIO 4Yepe3 iy =
= y(x) (ecau 3anaya pemaeTcs B IPAMOYTOIbHBIX KOOPAUHATAX) U BbI-
pa3uTh Bce yNoMUHaeMble B 3afaye BeIMUYUHBI yepe3 =, y U y'. Torna
JaHHOe B YCJIOBMM 3ajlauyd COOTHONIEHHEe NpeBpamaeTcA B nuddepeH-
[uaibHOe ypaBHEeHUe, U3 KOTOPOro MOMHO HAHTU UCKOMYIO QYHKIIMIO
y(x)-

2. B ¢usuyeckux 3agayax Halo NPek/ie BCErO PEIIMTh, KaKYyIO
13 BEIMYUH B3ATh 3a HE3aBHCHMOE NepeMeHHoe, a KaKylo — 3a MCKO-
MyIo GyHKIMIO. 3aTeM Halo BbIPasuTh, HA CKOJIbKO W3MEHHTCA MCKO-
Mas GYHRIUA y, KOr/a He3aBUCUMOe epeMeHHoe T MONYYUT Npupaiie-
Hue Az, T. e. BbIpasuTh pasHocTh y(x + Ax) — y(x) yepes BeanuuHsbl,
0 KOTOpBIX TOBOPUTCA B 3anave. Paznenus sTy pasHocTh Ha Az 1 nepe-
Wna & npeneny npu Az — 0, nonyyum nuddepeHnuanbHoe ypaBHeHHe,
13 KOTOPOT'0 MOKHO HAlTH UCKOMYIO GpyHKIMIO. B GonbmuHcTBe 3a1a4
Co/lep#aTCA YCJIOBHA, C MOMONBIO KOTOPHIX MO#{HO ONpeNeIUTh 3Ha-
YEeHUA NMOCTOAHHBIX, BXOIALUX B o6liee pereHue nuddpepeHnaibLHOro
ypaBHenus. MHorna nud depeHnuaibHoe ypaBHEHHE MOHHO COCTABUTD
6oJiee MPOCTHIM ITy T€M, BOCNIOIb30BaBIINCH (PU3MYECKHUM CMBICIOM MPO-
U3BOJHOI (eCIM He3aBHCHMOE NepeMeHHOe — BpeMH ¢, TO %% €CThb CKO-
POCTh U3MEHEHUA BEIUYMHBI ¥).

B HeKoTOpBIX 3amayax NMpU COCTABICHUM yPaBHEHHA ClelyeT HC-
MoNb30BaTh (U3MYECKHE 3aKOHbI, CHOPMYITUPOBAHHbIE B TEKCTE Nepe[
3ajaveil (UM mepep rpynmnoii 3agadg).

Opumep. B cocyn, conepmamuii 10 .2 Bo/ibl, HEMPEPBIBHO MOCTY-
naeT co CKOPOCTHIO 2 .4 B MUHYTY PacTBOP, B KazI0M JIUTPe KOTOPOro
comepmutca 0,3 ke comu. llocTynaromuii B cocyn pacTBoOp IepeMeNIn-
BaeTCA C BOJION, M CMeCh BhITEKAeT U3 COCyJla C TOH 7K€ CKOPOCTBIO.
CKroJbKO coiu GyneT B cocye yepes 5 MUHYT?

Pemenue. llpumem 3a He3aBUCHMOE NlepeMeHHOe BpeMA t. a 3a
HCKOMYIO (yHKUUIO y(t) — KOIMYECTBO COIM B cocy/e yepes ¢ MUHYT
nocie Havyana onbiTa. HaiiieM, Ha CKOIbKO M3MEHUTCH KOIMYECTBO CONM
3a IPOMe#YyTOK BpeMeHH OoT MoMmeHTa [ o momeHnTa ¢ + At. B onny
MUHYTY MOCTYyTaeT 2 .4 pacTBopa, a B At MUHYT — 2A¢t IUTPOB; B 3TUX

1Bce zanauu 5Toro maparpada CBOIATCA K ypPaBHEHUAM C paseAONH-
MHCAl IEPEMEHHBIMU. 3afaul, IPUBOANMINECA K YPaBHEHUAM APYTUX THUIIOB,
MOKHO HaiiTH B COOTBeTCTBYIOmMuX naparpadax. Heobxogumbie nma peme-
HUA 3aJjay 3HAUEHUA MOKa3aTelIbHOW (QYHKUUU ¥ JorapudMoB MOMKHO 6paTh
13 TabaULbl B KOHIlEe 3aflauHuKa.
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2At nmutpax copepmurcd 0,3-2At = 0,6At ke conu. C Ipyroit CTOPOHSI,
3a BpeMA At u3 cocyna BeiTekaeT 2At¢ auTpoB pactBopa. B MomeHT ¢
Bo BceM cocyne (10 ) comeputed y(t) k2 conu, clenoBaTenbHo, B 2A¢
JAUTpax BHITEKAIOIIEro pacTBopa cojep#anoch 6b1 0,2At - y(t) ke conu,
ecau 6b1 3a Bpema At cofiepaHue colu B cocyjie He MeHAIoch. Ho Tak
KaK OHO 3@ 3T0 BPeMA MEHAETCA Ha BEIMYUHY, 6ECKOHEYHO MalyIo IIpU
At — 0, To B BolTekaomux 2At nutpax cogepmurca 0,2At(y(t)+ ) re
conu, rae  — 0 mpu At — 0.

Htak, B pacTBOpe. BTeKawIleM 3a NPOMeKyTOK Bpemenu (¢, £ +
+ At), conepmurca 0,6At xz conu, a B BeiTekatomeMm — 0,2A¢ - (y(t) +
+ «) ke. llpupamenue KonuyecTBa coau 3a 5To BpeMA y(t + At) — y(t)
pPaBHO PAa3HOCTH Hal/ICHHBIX BEIWYWH, T. €.

y(t + At) — y(t) = 0,6At — 0,2A¢t - (y(t) + ).

Pazpenum Ha At u mepeiinem k npeneny npu At — 0. B nesoit yactu
Holy4yuTcA npousBogHad ' (t), a B mpasoit nonyuum 0,6 — 0,2y(t), Tak
kak a — 0 npu At — 0.

Hrakr, umeem mud depernuansuoe ypapuenue y' (t) = 0,6 —0,2y(t).
Pemasn ero, nomydum

y(t) =3 — Ce™ ™7, (1)
Taxk kak npu ¢ = 0 conu B cocype He 0b110. TO y(0) = 0. Hlonaras B (1)
t = 0, naitnem y(0) = 3—C; 0 = 3 — C:; C = 3. lloacrasBusa 310
suavenne C B (1), nonyuum y(t) = 3 — 3¢~ %%, Ilpu ¢ = 5 B cocyne
OyneT
y(5) =3 —3e""?% =3 -3¢ = 1,9 ke comm.

71. HaiiTu KpuBble, ANIA KOTOPBIX IUIOIAJb TPEYTONbHUKA,
06pa3oBaHHOr0 KacaTelbHOIl, OPJUHATON TOYKU KacaHUA U OChIO
abciuce, ecTh BelMUMHa NOCTOAHHAA, paBHaA a’.

72. HaiiTu KpuBble, 1A KOTOPHIX CyMMa KaTeTOB TPEYTOJb-
HUKa, MOCTPOEHHOr0 KaK B Mpeblaylieil 3ajjaye, eCTh BeIUYNHA
nocTofiHHafd, paBHas b.

73. Haiitu KpuBble, obiagaionye CleAYOMNM CBOHCTBOM:
OTpe30K ocu abcuuce, OTCeKaeMbIil KacaTelbHOIl M HOpMAalbIo.
MpOBeeHHBIMHU U3 MPOU3BOJIbLHON TOUKM KPUBOM, paBeH 2a.

74. HaiiTu KpuBBIe, y KOTOPLIX TOYKa NepeceyeHud 060
KacaTelbHOIl ¢ ocblo abenuce UMeeT abeluccy, BIBOe MEHBIIYIO
abcnucchl TOYKM KacaHMA.

75. HaiiTu kpuBble, obiafaiomniyie clefyOMKUM CBOHCTBOM:
eciy yepes JN100yI0 TOURY KPUBOIl IPOBECTH NPAMbIe, apajielb-
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HbI€ OCAIM KOOPJIMHAT, 10 BCTPEYH C ATUMH OCAMU, TO IJIOMIA/lb MO-
Ny YEeHHOT'0 TPAMOYTOJNbHUKA IEIUTCA KPUBOi B OTHOIEeHUU 1 : 2.

76. HaiiTu KpuBble, KacaTelbHble K KOTOPBIM B JI060 TOUKe
06pa3yIoT paBHbIE YTJIbI C OJAPHBIM PaANYyCOM U MOJAPHOI OChIO.

B zajauax 77—79 cuuTtaTh, YTO BTEKAOIINIi ra3 (WU HUA-
KOCTb) BCJIEICTBHE NEPEMELIMBAHUA paclpeelfdeTca Mo BCeMY
06beMy BMeCTUIIUINA PABHOMEPHO.

77. Cocyn o6bemom B 20 . comepxut Bosnyx (80% asora u
20% wucnopona). B cocyn Brekaer 0,1 4 azota B CeRyHIY, Ko-
TOpBIl HETPEPHIBHO MEpeMeINBaeTCA, U BbITEKAaeT TaKoe e KO-
audecTBo cMecd. Yepes cKoIbKO BpeMeHu B cocyne 6ymer 99%
aszoTta?

78. B Gake Haxomutca 100 a4 pacTBopa, comep:aiero 10 xe
comy. B Gak HenpepbIBHO nojaeTcs Boxa (5 . B MUHYTY), KOTO-
pas nepeMelMBaeTcA ¢ UMermuMcA pacTBopoMm. CMech BbITEKaeT
¢ Toil #e ckopocThbio. CKOJBKO coiu B Gake ocTaHeTCA yepes yac?

79. B Bo3zyxe koMHaThI o6beMoM 200 4% comepmutes 0,15%
yraekucioro raza (CO,). Bentunatop nogaer B Munyty 20 m3
Bosayxa, cogep:kamero 0,04% CO,. UYepes rakoe BpeMaA Ko-
JIMYEeCTBO YTIEKHCIOro rasa B BO3[lyXe KOMHAThI yMEHbIIUTCA
BTpoe?

B 3anauax 80—82 npuHATH, YTO CKOPOCTh OCTHIBAHUA (UIU
HarpeBaHWs) Teja NPONOPIHOHAILHA PA3HOCTH TeMIlepaTyp Teja
U ORpYyskalolileii cpelbl.

80. Teno oxaagunock 3a 10 mun ot 100° mo 60°. Temnepaty-
pa okpyalolilero Bosayxa nojjaepxuBaerca paBHoit 20°. KRorga
TeJI0 OCTBLIHET 10 25°7

81. B cocyn, comepsamuit 1 ke Boabl npu TeMnepaType 20°,
OIyIlleH aJlOMUHUEBBIN NMpenmet ¢ Maccoit 0,5 ke, yleiabHOi Temn-
noemrocThbio 0,2 u TemnepaTypoit 75°. YUepes MUHYTYy Boja Ha-
rpeiack Ha 2°. Rorga TemnepaTypa Bofbl U npeameTra OyneT OT-
IM4yaThbeA ofHa oT apyroii Ha 1°7 IlorepAmu Temia Ha HarpeBaHue
cocylia ¥ MPOYMMU IpeHeGpeyb.

82. Kycok meramia ¢ TeMIepaTypoil a rpaaycoB NoMelieH
B IleYb, TeMIIepaTypa KOTOPOii B TeYeHHe Yaca paBHOMEPHO MOBhI-
maeTcA oT a rpanycoB g0 b rpanycoB. [Ipu pasHocTu Temnepatyp
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neyu ¥ Metajia B 1 rpajlycoB MeTall HarpeBaeTcs ¢0 CKOPOCThIO
kT rpanycoB B MunyTy. HaiiTu Temnepatypy MeTania yepes yac.

83. Jlonka 3amenndaeT cBoe OBUMEHUeE TOJ JEACTBUEM COMPO-
THUBIEHUA BOJIbl, KOTOPOE MPONOPIHOHATLHO CROPOCTH JoAkU. Ha-
yaibHafA CKOpPOCTh JOAKU 1,5 m/cek, yepes 4 cer CKOPOCTb ee
1 m/cex. Koraa ckopocTh ymeHbmuTeaA 10 1 ca/cex? Raroit nyTs
MOKET MPONTHU JOJKA 10 OCTAaHOBKH !

B 3apgauax 84—86 wucnonb3oBaTh 3aKOH PaJHOaKTUBHOTO
pacnaja: KoJIM4YecTBO paJMOaKTUBHOrO BelllecTBa, pacrajaloiie-
rocd 3a efIUHUIY BpeMeHU, MPONOPIUOHATBLHO KOJIUYECTBY 3TOTO
BelllecTBa, UMeEIOIEeMYCA B paccMaTpUBaeMbIii MOMEHT.

84. 3a 30 nHeii pacnanock 50% nepBoHAYAILHOTO KOJIMYECTBA
panuoakTHUBHOro BelllecTBa. UYepes CKOIBKO BpeMeHU OCTaHETCH
1% ot nepBoHauanbHOro KonryecTBa?

85. CormnacHo ombiTaM, B TeUYeHHe roja U3 Ka#Aoro rpam-
Ma panuda pacmnanaetrca 0,44 me. Uepes cKonbKO JeT pacnageTcA
MOJIOBUHA UMEIOIIerocH KolnyecTBa pagus’

86. B ucciemoBaHHOM KyCKe TOpPHOii NOPOIbI CONEPHUTCA
100 me ypana u 14 me ypaHoBoro cBuHlia. I3BecTHO, 4YTO ypaH
pacnajaeTca HanoJoBuHY 3a 4.5-10° neT u 4To Npu NoIHOM pacna-
ne 238 2 ypana o6pasyetca 206 2 ypaHoBoro cBuHIia. OnpenenuTsb
Bo3pacT ropHoit nmopoanl. CunuTaTh, YTO B MOMEHT oOpasoBaHUA
ropHaf nopojla He cojlep#aja CBUHIA, U NpeHeOpeuyb HalUYUEM
MPOMEMYTOYHBIX PAJANOAKTUBHBIX NPOAYKTOB MEMIY YPaHOM U
CBUHIIOM (TaK KaK OHU PacmajialoTcA HAMHOTO GbicTpee ypaHa).

87. RonnyecTBo cBeTa, NOTIOIaEMOE CII0eM BOJbI Maoii TOJ-
IIMHbBI, TPONOPLHOHAIbHO KOJMYECTBY Mafalollero Ha Hero cBeTa
u ToamuHe cnof. Cioit Bogbl TONLIMHOM 35 ca TMoOrJouaeT MoJo-
BUHY Majalolero Ha Hero cBeta. Kakylo yacTh cBeTa MOrJIOTUT
CJION TONIIMHON B 2 m7

Insa cocraBienusa nuddepeHUaILHONO YpaBHEHUA B 3ajia-
yax 88—90 3a HeusBecTHYIO QyHKIMIO y0OHEE B3ATh CKOPOCTh.
YcKopeHue cuibl TAHECTH CUMTaTh paBHbIM 10 m/cer?.

88. [lapamtoTHCT MPBITHY ¢ BHICOTHI 1,5 KM, a8 paCKpBLI Na-
pamitoT Ha BbicoTe 0,5 xm. CKOIbKO BpeMeHM OH Majan Ao pac-
KpbITUA napamtora? H3BecTHo, YTO NpejielbHaA CKOPOCTb Ma-
JeHUA YelloBeKa B BO3JyXe HOPMalbHOU IJIOTHOCTU COCTABIAET
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50 .m/cex. 3sMeHeHHEM MIOTHOCTU € BbICOTON npeHebpeub. Co-
NPOTHUBIEHHE BO3/lyXa MPOMOPIHOHAIBHO KBapaTy CKOPOCTH.

89. ®yT6onbHbIi MAY BecoM 0,4 xI" GpolieH BBEPX €O CKOPOC-
Tb10 20 Mm/cer. ConpoTHBIEHUE BO3yXa NPONOPLHHOHAIbHO KBaj-
paty crkopoctd u paBHo 0,48 I' npu ckopoctu 1 s/cex. Boruuc-
IUTh BpeMH Mof’beMa MAYa U HauboMbIyI0 BRICOTY noabema. Rak
U3MEHATCA 3TU pe3ylbTaThl, eciy NpeHe6Gpeyb CONPOTUBIEHUEM
Bosayxa?

90. BrruucnuTh BpeMs najieHUA MfAva ¢ BbICOTH 16,3 m 6e3
HayalbHOWM CKOPOCTH C YYeTOM CONPOTHUBIEHUA BO3ayXa (CM. 3a-
nauyy 89). HaiiTu ckopocThb B KOHIle NafieHu .

B zapauax 91—95 npuHATHL, YTO }KUAKOCTh M3 COCyJa BhI-
TEeKaeT €O CKOpOCThIO, paBHOil 0,61/2gh, rne g = 10 /n/cen2 —
YCKOpEHUEe CUIIbI TA#ECTU, h — BbICOTA YPOBHA BOIBI Hall OTBEp-
CcTHEM.

91. 3a raKoe BpeMsdA BbITeUYET BcA BOAa U3 [UIUHPUUECKO-
ro 6ara guametrpoM 2R = 1,8 m u Bbicotoit H = 2,45 m 4yepes
oTBepcTHe B JHe guaMmeTpom 27 = 6 cm? Och LUIMHApPA BepTu-
KallbHa.

92. PemuTh NpeAplAyllyl0 3aadyy B MpeINoJoMeHUU, YTO
oCb IWJIMHApPA pacrojioxieHa rOpU30HTalIbHO, 8 OTBEPCTHE HAXo-
JUTCA B caMoil HU#Hell YacTu [UIUH]pa.

93. llunuugpuyeckuii 6aK MocTaBlieH BEPTUKAIbHO U UMEET
oTBepcTHe B fHe. IlonoBUHa BOJbI U3 MOAHOTO 6aKa BbITEKAeT 3a
5 MUHYT. 3a Kakoe BpeMfA BbITeUeT BCA Boaa?

94. Boponra umeer ¢opMy KoHyca paauyca R = 6 cm u
BoicoTbl H = 10 cm, oOpallleHHOro BepUIMHON BHU3. 3a Kakoe
BpeMsA BLITEUET BCA BOJIa U3 BOPOHKU 4Yepe3 KPYTiioe OTBEpPCTHE
nuameTtpa 0,5 cu, clenaHHoe B BeplinHe KoHyca?

95. B npamMoyronbHbiil 6ak pazmepoM 60 cmu X 75 cmu U BBI-
cotoit 80 cmu moctynaet 1,8 . Bonbl B cekyHIy. B nHe umeetcs
oTBepcTHe MIomaabo 2,5 cu?. 3a Kakoe BpeMs HaNOJHUTCA Gak?
CpaBHUTb pe3ylbTaT ¢ BpeMeHeM HaloJHeHUf Takoro OGaka Oe3
OTBEpPCTHA B JIHE.

96. Pe3uHoBBINM IHYp JIWHOU B 1 M moj AeficTBHEM CHUJIIbI
f wl' ynnuusetcsa Ha kf merpoB. Ha ckolbKO yIIMHUTCA TaKoit
ke MHyp AauHbl [ ¥ Beca P nof feiicTBHEM CBOEro Beca, eClii ero
MOJBECUTH 32 OJJUH KOHeN?
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97. HaiiTu aTmMocdepHoe JaBlieHue Ha BeicoTe h, ecliu Ha T0-
BEPXHOCTH 3eMJIHU JiaBienue paBHo 1 kI'/cm? ¥ IIOTHOCTHL BO3MLY-
xa 0,0012 2/cm®. UcnonbzosaThb 3akon Boiina—MapuoTTa, B cuily
KOTOPOro INIOTHOCTh MPONOPLUOHANBHA JaBlIeHUIO (T. e. npeHes-
peub MU3MEeHEeHHeM TeMIIepaTyphl BO3[yXa ¢ BbICOTOM).

98. JliAa ocTAaHOBKU pEYHBIX CY[OB Y MPUCTAHU C HUX OpO-
caloT KaHaT, KOTOPbI HAMAaTbIBAIOT Ha CTONO, CTOAIIUI Ha MpU-
cranu. Kakas cuna GyneT TOPMO3UTH CY[HO, €CIM KaHAT jejlaeT
TPU BUTKA BOKPYT cTo0j6a, Ko3hHUIIHEHT TPEHUA KaHaTa O CTOJI0
paBeH 1/3, u paGouuii Ha NpUCTaHU TAHET 38 CBOOOJHBIN KOHEN
KaHaTa ¢ cuioii 10 xI'?

99. B 3arpbITOM NOMeIleHHH 06bEMOM ¥ M® HAXOIOUTCA OT-

KpPBITHIN cocy[ ¢ Bopoil. CKOPOCTh KMcMapeHUuA BOABI MPOMOPIHO-
HallbHA Pa3HOCTHU MeM/Jy KOJUYECTBOM @ BOJIAHOIO Mapa, Hachl-
matomero 1 w3 Bo3fyxa Npu faHHOI TemmepaType, U KOJIMYeCT-
BOM ¢ BOJAHOrO Napa, uMelonieMca B 1 m® Bosflyxa B paccMaTpy-
BaeMblii MOMEHT (CYHUTAeM, YTO TemIiepaTypa BO3IyXa U BOIbI,
a Takke BeJNUYUHA IUIOMAaaH, ¢ KOTOPOil MPOUCXOIUT HclapeHue,
0CTalOTCA HEU3MEHHbIMHK). B HauanbLHBINl MOMEHT B cocyze GbLIO
mgo TpaMM Boabl, a B 1 m3 Bozayxa gy rpaMm napa. CKolIbKO BOJIbI
OCTaHeTCHA B COCyJle Yepe3 MPOMe#yTOK BpemMeHU &7

100. Macca pakreThl ¢ MOJHBIM 3amacoM TOMJIuBa paBHa M,
6e3 TONNUBA 771, CKOPOCTh UCTEUYEHUA MPOAYKTOB rOPeHUA U3 pa-
KeThl paBHa ¢, HaualbHasAg CKOPOCTh pakeThl paBHa Hylio. HaiiTu
CKOpPOCTh paKeThl Iocie cropaHusA TOIUKBa, peHebperasa cuUioit
THMECTH W COMPOTHBIeHUEM Bozayxa (¢popmyia IluonkoBckoro).

§4. OTHOPOIHBIE YPABHEHUSA

1. OHOpO/HbIE ypaBHEHUA MOTYT GbITh 3alUcaHbl B BUjie y =
= f (), a Tarme B Buge M(z, y)dz + N(z, y)dy = 0, rue M(z, y)
u N(z, y) — onHopoaHble GYHKIMY OTHOM U TOW e crenenu’. UTo6bI
peluTh OIHOPOJHOE YpaBHEeHNe, MOA#HO clelaTh 3aMeHy y = tx, nocie
4yero 1nojlyyaeTcAl ypaBHeHUe C pa3JelAIIUMUCH IepeMeHHbIMU.

M pumep. Pemutsh ypaBuenue zdy = (z + y) dz.

ldyuruua M(z, y) HasbIBaeTCA OHOPOAHON (QYHKLMEN CTETeHHU 1, eciu
naa Beex k > 0 umeem M (kz, ky) = k™ M(x, y).
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910 ypaBHeHHe — ojgHopogHoe. Ilonaraem y = tx. Torga dy =
=z dt + t dz. [loncTaBnsAsa B ypaBHEHHE. MOIYYUM

z(xdt +tdz) = (z + tz)de: «dt = du.
Pemaem monydyeHHoOe ypaBHEHHUE C pasfelAIOMMHICH lepeMeHHbIMU

dt = ‘1—"”; t = Inja| + C.

Bosspamascs k crapoMmy nepemMeHHomy y, noayuum y = z(In |z| + C).
Kpome Toro, umeercs pemenune z = 0, KoTopoe GbLIO MOTEPAHO IpPU
JlelleHNY Ha .

2. YpaBHeHue Buja y' = f (%1) MPUBOAUTCA K OJHOPOJI-
HOMY € IIOMOIIbIO IlepeHoca Havyala KOOPAMHAT B TOYKY NepeceyeHHs
npAMbIX ax +by+c=0wu a1z + b1y + c1 = 0. Ecau e 3Tu npAMble He
nepeceraloTesl, T0 a1 + b1y = k(az + by); ciemoBaTenbHo, ypaBHEHME
umeet Buj y' = F(az + by) U NIPUBOJUTCA K yPaBHEHHUIO C Pa3/IelAlo-
IMMUCH TepeMEHHbIMU 3aMeHoil z = ax + by (umm z = ax + by + ¢),
cM. § 2, m. 2.

3. HeroTopble ypaBHEHUA MOKHO IPUBECTH K OJIHOPOAHBIM 3aMe-
Hoit y = 2z™. Yucao m o6bIYHO 3apaHee He U3BecTHO. YTOObI ero HaiTH,
HaZlo B ypaBHEHUU cfenaTh 3aMeHY y = z"'. Tpebys, 4To0bl ypaBHe-
Hue GblII0 OJHOPOJHBIM, HailleM YHCIIO 11, €CJIU 3TO Bo3MOo#HO. Eciu ke
3TOro celaTh Helb3fl, TO ypaBHEHHe He NPUBOAUTCA K OJHOPOJHOMY
3THUM CIIOCO60M.

Il pumep. llano ypaBuenue 2z*yy' +y* = 4°. ocne 3amens y =
= 2™ ypaBHenue npumet Bup 2matz?™ 12 + 2™ = 42°. 310 ypaue-
Hue GyJleT OJHOPOJHBIM B TOM Cly4Yae, KOT'/la CTENIeHH BCEX ero YlIeHOB
paBHBI Meay co6oii, T. e. 4 + (2m — 1) = 4m = 6. 3Tn paBeHCT-
Ba y/OBIETBOPAIOTCH OJHOBpeMeHHo, ecau m = 3/2. CiefoBaTeinbHo,
yPaBHEHHe MOMHO NPHBECTH K OJHOPOJHOMY 3aMeHoit y = z°/2,

Pemuth ypaBHenua 101—129.
101. (z + 2y)dz —xzdy = 0.
102. (z —y)dz + (z + y)dy = 0.
103. (y* — 2zy)dx + 2% dy = 0.
104. 223y" = y(222 — y?).

105. 32 + 22y = zyy'.

106. (22 + y?)y' = 2xy.



107.
108.
109.
110.
111.
112.
113.
114.
115.
116.
117.

118.

119.

120. y

121.
122.
123.
124.
125.
126.
127.
128.
129.
130.
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wy —y=uxtgl
xy' =y — we¥/*.
zy —y = (v +y)In L
xy' =ycosln £
(y-l-\/ﬁ) dx = z dy.
vy =22 —y? +y.
2z —4y +6)de + (x +y —3)dy =0.
2x+y+1)dz — (4o +2y — 3)dy = 0.
r—y—1+@wy—z+2)y =0.
(x+4y)y =2z + 3y — 5.
(y+2)dz = 2z +y —4)dy.

2
y+2
=2 == .
Y (:If+y—1)

Y+ _ y+x
r+3 z+3
= Zi? tgg{z:+21$’
2y — o) =y’

222y = 3 + zy.

2z dy + (22y* + 1)y dz = 0.
ydz + z(2zy + 1) dy = 0.
2 +u = 4.5,

y/=y2_m12.

2ajy' + y= yz\/m.
Jryy = 28—yt +

2y + (2%y + V)xy’ = 0.

(¥ +1)In

HaiiTu TpaekToOpUuHU, MNepecerarolie KpuUBbIie JaHHOTO

ceMeiicTBa oA yrioM B 45°, MpyUYeM 3TOT yrol OT KacaTellbHOi
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K HpI/IBOﬁ J10 KacaTellbHOM K TpaeKkTOpPUHU OTCUUTHIBAETCA B OTPU-
naTellbHOM HallpaBJIEHUU.

a)y =xInCx; 6) (z — 3y)* = Cxy®.

131. HaiiTu KpuByto, y KOTOpPOil TOUKa NepeceyeHUA M0G0t
KacaTelbHOIT ¢ 0cbi0 abciice OJUHAKOBO yaaleHa OT TOUKM Kaca-
HUA M OT Havyaia KOOPAUHAT.

132. HaiiTu KpuBYIO, Y KOTOpOIl paccTofgHue ni060oil Kaca-
TeJbHOM OT Hayala KOOPAMHAT paBHO abciucce TOYKH KacaHMA.

133. Ilpu kakux o u [ ypaBHenue y' = ax®+ +by® npuso-
IOUTCA K OJHOPOJHOMY ¢ MOMOIIbIO 3aMeHbl y = 2™ 7

134*. llycty k9 — wopenn ypasueuus f(k) = k. llorasars,
4TO:

1) ecnu f'(kg) < 1, To HU OHO pellleHVe ypaBHeHUA y =
= f(y/z) ue racaetca npaMoii y = kox B Hayale KOOPAUHAT;

2) ecin f'(ko) > 1, To aTOi TmpAMOIl KacaeTcA GECKOHEYHO
MHOT'0 peluleHuil.

185. HauepTuTh NpUGIUEHHO UHTErpaibHble KPUBLIE Clie-
OYIOUUX ypaBHeHUl (He pellad ypaBHEHHIA):

y(2y—a) _ 2y —a?
a) y,_T’ 6) yl_:c—y’

2y° —a?y ) Y
B)ylzm; r') zy =y + y2+;.

Yrazanue. Tanrenc yrma memay nydom y = kx u nepece-
Kalomeil ero WHTerpanbHoii Kpupoii ypasHenua y' = f(y/x) pasen
(f(k) —k)/ (1 +kf(k)) (nmouemy?). Jna nmpubnu#eHHOro MOCTPOEHHUA
MHTerpaibHbIX KPUBBIX HAJ0 MCCIEN0BaTh 3HAK 3TOM JPOoOU B 3aBHCH-
MocTH oT k.

§ 5. IHHEMHBIE YPABHEHUA IIEPBOI'0
IIOPHIKA

1. YpaBHeHue
y' +a(z)y = b(x) (1)
HasblBaeTCA JWHeHHbIM. UTOGBI ero pemuTb, Hal0 CHaydala PEMUTh
ypaBHeHUE

y +a(z)y=0 )
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(sTo pmenaercs myTeM pasjieleHHUA HEPEMEHHBIX, M. §2) u B obweMm
PellleHUH NOoCIeHero 3aMeHNTh IPOM3BOIbHYIO nocToAHHy10 C Ha He-
usBectHyo ¢yHruuio C(z). 3aTeM BbIpazeHue, NOILYUYeHHOe MIfA ¥,
MoAICTaBUTh B ypaBHeHue (1) u HaiiTu ¢pyurumio C(z).

2. HeroTopble ypaBHeHUA CTaHOBATCA JHHEMHBIMM, €ClU IOMe-
HATH MeCTaMHU HCKOMYIO GYHKIMIO U He3aBHCHMoOe NepeMmeHHoe. Ha-
npumep, ypabHenue y = (2 + y*)y’, B KoTopoM y sABAseTcA byHKIMeNt
OT x, — HelnMHelHoe. 3anuieM ero B auddepenunanax: y dz — (22 +
+¢%)dy = 0. Tak kak B 5T0 ypaBHeHHe x U d BXONAT IHHENHHO.
TO ypaBHeHHe OyJeT JIWHEHHBIM, €ClId & CYMTaTh HMCKOMOH (QyHKIU-
eil, a y — He3aBUCUMBIM IlepeMeHHbIM. JTO ypaBHeHHe Mo#ieT ObITh

3alucaHo B BHUe
dz 2 2
@ ey
dy gy

U pellaeTcA aHaloruyHo ypasHenuio (1).

3. Uto6nl pemnTh ypaBHeHUe BepHymnu, T. e. ypaBHeHue

Y +a(x)y = b(x)y", (n#1),

HaJl0 06e ero yacTH pasjeluTh Ha y" M clenaTh 3ameHy 1/y™ ' = z.
Iocne 3amensbl monyyaeTca JAMHEHHOe YpaBHEHNE, KOTOPOe MOMHO pe-
IINTh U3I0AEHHBIM Bblie criocoGom. (Ilpumep cm. B [1], ra. 1, §4, n. 2,
npumep 10.)

4. YpaBHeHue PukkaTu, T. e. ypaBHeHUE

y' +a(z)y + b(z)y® = c(z),

B 0o6IeM ciiy4ae He pemiaeTcd B KBazpatypax. Eciy se u3BeCTHO 0/JHO
yacTHOe pewenue y;(x), To 3aMeHoit y = y1(x) + 2 ypaBHeHue Purka-
TH CBOAMTCA K YpaBHeHHIO BepHY/IIN U TakuM o6pa3oM MOeT ObITh
pellleHo B KBajpaTypax.

NHorpa wacTHOe peleHue yaaeTcA moaoGpaTh, UCXOAA W3 BUAA
CBOGO/JHOTO YleHa ypaBHeHMA (4ieHa, He colepskamero y). Hanpumep,
naa ypasHenus y' +y? = x> —2x B NeBoil yacTH GyIyT UleHbl, IOT0GHbIE
YleHaM [paBoii 4acTH, ecly B3ATh y = ax—+b. [logcTaBnAs B ypaBHeHMe
U NpupaBHUBaf K03} (PUIMEHTH] NIPU NOJOGHBIX YiIeHaX, Haiijem a u b
(ecnu yacTHOe pelleHME YKa3aHHOTO BHJA CYILECTBYeT, YTO BOBCE He
Becerna 6biBaer). JIpyroii npumep: 1A ypaBHeHusa y' + 2% = 6/:52 Te
e paccysieHHA NoOy#JaloT Hac MCKaTh YacTHOe pelleHHe B BHJE
y = a/=. llogcraBnsasa y = a/x B ypaBHeHHe, HaiileM IOCTOAHHYIO a.

Pemuth ypaBHenua 136—160.

136. zy' — 2y = 2%,
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137. 2z + 1)y’ = 4w + 2y.
138. ' + ytgx = secx.

139. (zy +e%)dz —zdy = 0.
140. 2%y + zy +1 =0.

141. y = 2(y’ — z cosx).
142. 2z(z? + y) dz = dy.
143. (zy' — 1) Inz = 2y.
144. zy' + (z + 1)y = 3z%e 7.
145. (z + y?) dy = y dz.

146. (2¢¥ —x)y’ = 1.

147. (sin’y + zctgy)y’ = 1.
148. 2z +y)dy = ydz + 41nydy.
149. = oV

150. (1 —2zy)y’ = y(y — 1).
151. ¢/ + 2y = ye”.

152. (z+ 1)y + %) = —v.
153. ' = y*cosz + ytg .
154. 9%y’ = 22 + 43,

155. zydy = (y? + z) da.
156. zy' — 202, /y = 4y.

157. 2y’ + 2y + 2%y%e® = 0.
158. 2y — & = gL

159. y'z3 siny = =y’ — 2y.
160. (22%ylny — z)y’ = y.

C momolbio 3aMeHbI IEpEMEHHBIX WU JUupepeHIINPOBaHNA
npuBecTH ypaBHeHUA 161—166 k n1uHEHbIM U pelIUTh UX.
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161. xdx = (2% — 2y + 1) dy.
162. (z+1)(yy — 1) = 2.
163. z(e¥ —y') = 2.
164. (22 — 1)y’ siny + 2z cosy = 2z — 223.

165. y(x fy t)dt +x + 1.

166. f(x by dt = 22 4+ [y(t)dt

B sagavax 167—171, Haiina nmyTeM nogdopa 4acTHoe pellie-
HUe, IPUBECTH JlaHHble ypaBHeHUA PUKKaTH K ypaBHeHUAM bep-
HYJIIW U PENIUTh UX.

167. 2%y + xy + 22y = 4.

168. 3y’ +y*> + % =0.

169. zy' — (2z + 1)y + y? = —=2.
170. y — 2zy +y? =5 — 2%
171. o + 2ye® — y? = e2® +e”.

172. HaiiTu TpaekTopuH. OPTOTOHANbHbIE K JIMHUAM CeMeii-
cra y? = Ce® +z + 1.

173. HaiiTu KpuBble, y KOTOPBLIX ILIOIaAbL Tpameluu, orpa-
HUYEHHOU OCAMHU KOOpJAMHAT, KacaTelbHON W OpAVHATON TOYKU
KacaHus, ecTh BeJMUYNHA NOCTOAHHASA, paBHaA 3a2.

174. Haiitu KpuBble, Y KOTOpBIX MJoONIafib TPEyroibHUKA,
OrpaHHUYEHHOI'0 KacaTelbHOM, OChl0 abeluce U OTPE3KOM OT Ha-
yana KOOpJMHAT [0 TOYKM KacaHWA, eCTb BelM4YHHA [OCTOAHHAA,
paBHa#A a?.

175. B 6are Haxogutca 100 .« pacTBopa, cofiepzamero 10 k2
cond. B 6ak BTekaeT 5 . BOABI B MHUHYTY, @ cCMeCh C TOH ke
CKOPOCThIO TlepenuBaeTcA B Apyroi 100-n1uTpoBbiil Gak, nepBo-
HayalbHO HAMONHEHHbI 4YUCTON Bofoi. M3GBITOK MUIKOCTH U3
Hero BeLTMBaeTcA. Koraa koandecTBo conu Bo BTOpoM Gake 6yneT
Haubonpium? YemMy oHO paBHO?

176. 3a Bpema At (rpe At o4eHb Maio U BBIPAHEHO B IOIAX
roja) U3 Ka#/ioro rpaMma paaus pacnagaerca 0,00044 At rpamma
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u o6pasyerca 0,00043 At rpamma pamona. M3 kasgoro rpamma
pamoHa 3a Bpemsa At pacnagaetca 70 At rpamma. B Hauaie onbiTa
HMMeJIOCh HEKOTOPOe KOJIMYECTBO &y 4ucToro pagusa. Korpa konu-
4yecTBO 00pa3oBaBlIerocA U elje He paclaBlIerocA pajgoHa OyneT
HanGOALUIUM?

177. ldaHbl OBa pa3iUUHBIX pENIEHUA Y3 U Yo JUHEHHOTO
YpaBHeHUA NepBOro nopAnka. BeipasuTh yepe3 Hux obllee pelle-
HUe DTOro ypaBHEHUHA.

178. HaiiTu To pelieHue ypaBHeHUA

y' sin 2z = 2(y + cosx),

KOTOPO€ OCTAaeTCA OrPAHNYEHHBIM PU & —> T/ 2.

179*. ycty B ypaBHenuu xy' + ay = f(x) umeem a =
= const > 0, f(z) — b npu = — 0. IlokazaTb, YTO TOILKO OIHO
pellleHNe YpaBHEHUA OCTaeTCA OrpaHHYeHHbIM pu & — (0, U Haii-
TU TIpejiell 3Toro peuieHus npu x — 0.

180*. Ilycth B ypaBHeHUHM Tmpedpiaylieil 3agaun a =
= const < 0, f(z) — b npu z — 0. llokasaTh, 4TO BCe pelIeHUA
3TOr0 YpaBHEHUA UMEIOT OIWH U TOT e KOHEUYHBIH Npejen mnpu
x — 0. Haittu stot npenen.

B 3amauax 181—183 nckoMoe pelileHue BhipasaeTcad yepes
HHTerpal ¢ 6eCKOHEYHBIM TIpeIeoM.

181*. IlorkasaTb, 4YTO ypaBHEHUE ‘(ii—f +x = f(t), roe
|f(t)] < M npu —o0 < t < +00, UMEET OJHO pelleHUe, Orpa-
HUYeHHOe Tpu —00 < t < +00. Haiitu ato pemienue. Ilokasats,
4YTO HalileHHOEe pelleHNe MepuoanyecKoe, eciau ¢pyuruua f(t) me-
pUofMYeCcKas.

182*. TlokaszaTb, YTO TOJBLKO OIHO pPellieHue ypaBHEHUA Ty’ —
—(22%241)y = ? cTpeMuTCA K KOHEUHOMY TIpefielly IpU & — 400,
U HaiiTu 9TOT npejen. Boipa3suTh 3TO pellieHre yepe3 WHTerpal.

183*. HaiiTu nmepuoanyeckoe peleHue ypaBHEHUA

2 x — sinz.

y = 2ycos

184*. IlycTh B ypaBHeHUH g—”t” +a(t)r=f(t) a(t)>c>0,

f(t) — 0 mpu t — +0c. JlokazaTh, 4TO Kam/J0€ PENIEHUE ITOTO
ypaBHEHMA CTPEMHTCA K HyJIO IpH ¢ — 4-00.
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185*. IlycTh B ypaBHeHMHM Mpeblaylieil 3agauvl HMeeM
a(t) > ¢ > 0 u nyctb xo(t) — pellleHHe ¢ HAYAIBHBIM yCIOBUEM
29(0) = b. Tlorasatp, uTo mia moboro € > 0 cyuecTByeT Takoe
& > 0, uTo ecnu U3MeHUTh QyHRIUIO f(t) U yncno b MeHblIe, YeM
Ha § (T. e. 3aMEHUTb MX HA Tarylo OyHKUuO fi(t) ¥ umcio by,
uto |f1(t) — f(t)] < 6, |by —b| < J), To pemenue x(t) usmMeHUTCA
npu t > 0 MeHblIlle, 4eM Ha €. ITO CBOWCTBO pellleHUA Ha3bIBaeTCA
YCTORYMBOCTBIO MO MOCTOAHHO JEHCTBYIOINM BO3MYIEHHAM.

§6. YPABHEHUA
B ITIOJIHBIX THOOPEPEHIINAJIAX.
HUHTETIPUPYIOIIHIT MHOMUTEIDb

1. YpaBHeHUe
M(z, y)dz + N(z. y)dy =0 (1)

Has3blBaeTCA YpaBHEHHEM B IOJHBIX I[I/Iq)(poBHI.II/IaJ'IaX, eciii ero iJe-

BafAg 4acTh ABIAETCA NOIHBIM AUGepPEeHNranoM HEKOTOPOil (YHKIUH
F(z, y). 3To umeer MecTo, eciu %—J‘; = %—]X
Henue (1), Hago Haiitu ¢pyurumio F(z, y), oT KoTOpOil monHbIN AUG-
¢epenunan dF (z, y) = F, dz + F, dy paBeH IeBoii yacTH ypaBHe-
uuA (1). Torpa obwmee pemenue ypasHenus (1) MoxHO Hanucath B BUle
F(z, y) = C, rone C — npou3BoibHadA NOCTOAHHAS.

IIpumep. Pemutk ypaBHeHHE

Y106b1 pemuTh ypaB-

(2z + 32%y) dz + (2 — 3y*) dy = 0. (2)

Tak Kak %(2$+3m2y) = 322, %(173 —3y?) = 3%, To ypaBHenwue (2)

ABJIAETCA ypaBHeHHEM B MONHBIX qud pepeniuanax. Haiimem pyHKIMIO
F(z, y), nonusiit quddepenunan koropoit dF = F, dz + F,, dy 6b11 661
paBeH JeBoii yacTu ypaBHeHus (2), T. e. Taryio ¢pyHkuuio F, uro

F} =2z +3z%y, F,=az"-3y’. 3)

Nurerpupyem mo x mnepBoe u3 ypaBHeHuii (3), cuuTas y NOCTOHH-
HBIM; TIPH 3TOM BMECTO TIOCTOAHHOI MHTErpUPOBAHUA HAJ0 NOCTABUTh
©(y) — HeMsBeCTHYIO (YHKIMIO OT ¥ :

F= /(217 +32°y) de = 2” + &’y + o(y).
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TopcraBans 3To Bbipamenue nasa F' Bo Bropoe us ypasHenuii (3), Haii-
nem ¢(y):

!
(2® + 2%y + o(y)), = =° — 3y%; ¢'(y)=—3y" p(y)=—y’+const.

CnenoBaTenbHo, Mo#HO B3sTh F(z, y) = = 4+ 23y — y>. u o6mee pe-
meHne ypaBHenus (2) Gyner MMeTh BUI

2 +aty—y®=C.
2. UHTerpupyIomuM MHOKUTENEM [JIA ypaBHEHUA
M(z, y)dz + N(z, y)dy =0 4)

HasplBaeTcA Taraa ¢pyHruua m(z, y) F 0, nocie yMHOMEHUA HA KOTO-
pyIo ypaBHeHue (4) npeBpauiaeTca B ypaBHEHHe B MONHBIX Au(epeH-
nuanax. Eciu ¢yusuuu M u N B ypaBHeHuu (4) MMeIOT HellpepbIBHbIE
yacTHble IPOM3BOJHBIE U He 00OpAaIalOTCA B HYIb OJHOBPEMEHHO, TO
WHTEerpUpPYIOMMii MHOKUTENb cymecTByeT. OHaKo HeT o6Iero MeToa
LA ero oThicKaHuA (Korja obmee pemeHue ypaBHeHus (4) Hem3BecT-
HO).

B HeKOTOpBIX Cly4afaX MUHTErpUpPYIOMNi MHOMKUTEIb MOMHO Hall-
TH C OMOIIBIO NPHEMOB, uanoxeHHbIX B [1]. ri. II, § 3, 0. 3 uau B [4],
ri. 1, § 5. [lnA pelieHUA HEKOTOPBIX yPaBHEHUI MOMKHO IIPUMEHATD Me-
TOJ] BbIJEIEHNA MOIHBIX AN (epeHnraIoB, UCIOIb3yA U3BECTHbIE (HOp-
MYJIBI:

d(zy) =ydz +zdy, d(y®) =2ydy,

T ydz —xdy dy
d|- )| =——=—, dny)=—mwurt1mn
(y) y? e y

[Ipumep. Pemuth ypaBHeHUE
ydz — (4z’y + ) dy = 0. (5)
CHauaiza BblJleIieM I'PYTIILY YIEHOB, IpeACTaBIAIONYI0 co60i 1o-

He1i mud depennuan. Tar kak y de—=z dy = —x? d(y/z), To, Hena ypas-
uenue (5) Ha —x2, UMeeM

d (%) tdydy=0, 4 (%) +d(2y?) = 0.

JTo — ypaBHeHUe B NOAHBIX AU depennuanax. UHTerpupys Hemocpe-
cTBeHHO (IpUBOAUTH K BuAy (1) He HY?KHO), OIyYaeM pelleHue

Yy 2
=4+ 2y" =0C.
m+y
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Kpome Toro, mpy feleHuy Ha —z2 GbLIO MOTepAHO pemenne & = 0.

3ameuanne. Tak Kak mocie JeneHus ypasHenus (5) Ha —z2,
T. e. YMHO#eHUA Ha —1 /%, monyunioch ypaBHeHue B MOMHBIX nudde-
peHuManax, To UHTerpupyomuii MHOMUTE!b JUIA ypaBHeHud (5) paBeH
—1/2°.

3. Eciu B ypaBHeHuu (4) MOMHO BBIIEIUTH MONHBIN qu( depeHnu-
an HeKoTOpoi (yHKuMU @(x, Y), TO UHOI[IA yPABHEHUE YNPOIIaeTcH,
€cily OT IepeMeHHBIX (z, y) nepeiiTu K nepeMeHHbIM (z, z) um (y, z),
rie z = p(x, y).

Mpumepsl 1) Pemuts ypasrenue ydz — (23y + x) dy = 0.

Boinenus monubiit nuddepeHnuan Kak B NpebloylieM IpuMepe,
MOy UMM

d(%) +zydy = 0.

Ilepeiifa K NepeMeHHBIM z = y/& U Y, MOIYYNUM ypaBHEHHE

2
dz + y?dy:(J,

KOTOpOe JIerko peliaeTco.
2) Pemuts ypapuenue (zy + y*) dz + (22 — zy®) dy = 0.
Crpynnupyem wWieHbl TaK, YTOGBI BHLAENIUTDL NONHbIE HUddepeH-

Uabl

a(yde +ady) +y°(yde —2dy) =0, zd(zy)+y°d (g) =0.

Paspenus Ha z ¥ c[ienaB 3aMeHy xy = u, /Yy = ». HOIy4YUM ypaBHEHUE

2
du + u_3 dv = 0, KoTopoe JerKo pemaeTcH.
v

B 3agayax 186—194 npoBepuThb, YTO AaHHble YpaBHEHHA
AIBIAIOTCA YpaBHEHUAMH B MOJIHBIX AuddepeHlipanax, U peuuTb
UX.

186. 2zydz + (2?2 — y?)dy = 0.
187. (2 — 9zy?)z dz + (4y? — 623)y dy = 0.
188. e ¥dzx — 2y + ze7¥)dy = 0.

Y _
189. S dz + (y® +Inz)dy = 0.

2 2 3
190, 2V gy 2T E0 g, g,
Y
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191. 2z (] +x? - y) dz — /2?2 — ydy = 0.
192. (1+ y?sin2z)dz — 2y cos? x dy = 0.

193. 32%(1 + Iny)dz = (2y - %) dy.
194. (L +2) da + wd
siny cos2y — 1

Pemuth ypaBHenusa 195—220, Haiind kakuM-Iubo croco-
60M MHTerpupyomuii MHOMUTENb WK c/leJlaB 3aMeHYy TepeMeH-
HBIX.

195. (22 +y? + z)dz + ydy = 0.

196. (22 +y? +y)dz —xdy = 0.

197. ydy = (xdy + yda:)m

198. zy%(zy’ +y) = 1.

199. 2 dx — (zy + 23)dy = 0.

200. (y— %) de + dyy

201. (2% + 3Iny)ydz = z dy.

202. y?dz + (zy +tgxy)dy =0

203. y(z +y)dz + (zy +1)dy = 0.

204. y(y* + 1) dz + z(y®> —x +1)dy = 0.
205. (22 + 2z + y) dz = (z — 322y) dy.
206. ydz — xdy = 223 tg £ de.

207. y?dz + (e® — y)dy = 0.

208. zydz = (v* + 2%y + 2?) dy.

209. z2y(ydz + = dy) = 2y dx + = dy.
210. (22 —y®> +y)dz + z(2y — 1) dy = 0.
211. (22%y% + y) dz + (23y — z) dy = 0.
212. (22%y® — 1)y dz + (422y® — D)ady = 0.
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213. y(z +y?)dz + 2*(y — 1) dy = 0.

214. (22 —sin? y) dz + zsin2y dy = 0.

215. z(lny +2Inz — 1) dy = 2y da.

216. (2 +1)(2z dx + cosy dy) = 2z siny dx.

217. (223y? — y)dz + (22%y® — z)dy = 0.

218. 2%y +y + (23y? — z)y’ = 0.

219. (22 —y)dz +z(y+1)dy = 0.

220. y?(ydz — 2z dy) = 23 (x dy — 2y dx).

§7. CYIHECTBOBAHHUE U
EJNMHCTBEHHOCTD PEIIIEHUSA

1. Teopema cymecTBOBaHUA M €IUHCTBEHHOCTH pe-

MeHUA ypaBHeHHUA
y' = f(z, y) 1)
¢ HavyalabHBIM ycaoBueM y(zo) = yo.

Iyems 6 samunymoii o6aacmu R (|x — xo| < a, |y — yo| < b)
Pynryuu f u f, nenpepvienst’. Tozda na Hekomopom ompeske Top —
—d <z < zo+d cywecmeyem eduncmeennoe pewenue ypasnenus (1),
ydosaemeopsiouiee HALAALHOMY Yycaoeuio Y(To) = Yo.

[Ipu sTOM MOmHO B3ATb d = min {a: %} rae a ¥ b yrasaHbl
BBINNE, a 7 — Toboe Takoe, uTo |f| < m B R.

[locnenoBaTenbHble NPUOIUHKEHNA, onpeenseMble GoOpMylaMu

yo(#) = yo, yu(e) = yo + / Fs gea(9)ds, E=1,2, ...,

z0
PaBHOMEPHO CXOOATCA K pelIeHHIO Ha YKa3daHHOM OTpPeE3RKe.

3ameuanue. [liA cymecTBOBaHNA PelleHUA I0CTATOYHO TOILKO
HenpepbIBHOCTH f(x, y) B o6nacTu R, HO IPU HTOM pelIeHe MOMET He
6bITh €IMHCTBEHHBIM.

1Tpebosanue HenpeppiBHOCTH f'(y) MO#HO 3aMeHUTbL TpeGoBaHUEM ee
orpaHuuyeHHOCTH Wi ycaosueM Jlunmuua: |f(x,y1) — f(@,y2)| < kly1 — v2|,
k = const.



30 §7. Cywecmsosanue u eJUHCIMEEHHOCMb PEULEHUS
2. CucteMa ypaBHEHHiA

y1=fi(@ y1, ..o ya),

y:z:fn(wa Y1y, o ey Zln)

B BEKTOPHBIX 0603HaYEeHHUAX 3aluChbIBaeTCA TaK:
’
y = f(z. y), 3)

rie y = (Y1, ---5 Yn) 1 f = (f1, ..., fn) — BerTOpnl. Hempe-

PHIBHOCTh BeKTOp-GyHKUMM f O3HAYaeT HENpephbIBHOCTL Beex (yHK-
2

muit fi, ..., fn.a BMecTO 55 paccMaTpUBaeTCA MaTpHlia U3 YaCTHBIX

MPOU3BOAHBIX %ﬁj, iLwk=1, ...,n.
Teopema CyYIeCTBOBAaHHA U €IVHCTBEHHOCTH peELIEHUA U Bce
YTBepsKOEHUA 1. 1 0CTAIOTCA CIpaBeIUBBIMM U I CUCTEMBl, 3allui-
canHoii B Busie (3). Ilpu stom |y| osHauaer AauHy BekTopa y: |y| =
=+ ... +y2
3. Teopema cymecTBOBaHUA M €IUHCTBEHHOCTH pe-
WMeHUA OIA ypaBHEeHUA N-TO MOPANKA

y(n) = f((l‘,‘, Y yla RS y(n—l))' (4)

Mycmv e obaacmu D @ynryua f u ee uwacmuble npPou3eod-
Hole nepeoeo nopadka no y, y', ..., y"" V) uenpepuensi, u moura
(zo, Yo, Yoy - -, y(()"_l)) aexcum enympu D. Tozd0a npu Ha4aAbHBLT
JCAOBUAT

y(x0) = yo, ¥ (x0) = 4o, ..,y (wo) = yi" ™V

ypasnenue (4) umeem eduncmeenHoe peulerue.
VYpaBuenue (4) MomHO cBecTH K cHcTeMe Buja (2), eciy BBeCTH

HOBbIE HeM3BeCTHble GYHRIUU Mo dopMmylaM y = y1, y' = y2, 3" =

= Y3y ey y = Yn. Torpa ypaBaenue (4) CBOAUTCA K CUCTEMe

' ' ' '
Y1 =Y2, Y2 =Y35 -+ Yn—1 = Yn, Un=f(a77 Y1, "'7.1/")7

KOTOpaf ABIAETCA YACTHBIM CIydYaeM CHCTeMbl (2) U K KOTOpOi mpu-
MEeHHMMbI Bce yTBep#AiIeHuA M. 2.

4. lpononsxeHnue pemeHuil. Bo MHOrux ciydyaax penieHue
ypaBHenus (1) wau cuctemsl (2) cymecTByeT He TOILKO Ha OTpe3Ke,
yKaszaHHOM B M. 1, HO U Ha 66JbIIeM OTpe3Ke.

Ecnu ypasHenue (1) unu cuctema (2) yIOBIETBOPHET YCIOBHU-
fIM TeOpeMbl CYeCTBOBAHUA B 3aMKHYTOM OrpaHUYEHHON 061acTH, TO



§7. Cywecmesosanue u eQUHCMEEHHOCMb PeULEHUS 31

BCAKOE PelleHre MOMHO NPOJIOI#UTh JI0 BLIX0OJd HA IPAHMILy 3TOMH 06-
nacTH.

Ecnu npaBas wacts ypasHenus (1) wim cucrems! (3) B o6ractu
a<x<p,|yl <oo(auB Moryr 6bITh KOHEYHBIMH UK GECKOHEUHBI-
MU) HelpepblBHA U yJOBIE€TBOPAET HepPaBeHCTBY

[f(z, y)| < alz)|y| + b(x),

u ¢yHEIMN a(x) ¥ b(x) HenpepbIBHEI, TO BCAKOE pelleHHe MOKHO Npo-
IONKHUTh Ha Bech MHTepBal a < x < 3.

221. llocTpouTh mocieoBaTelbHbIe TPUOIMKEHUA Yo, Y1, Y2
R pelIeHHIO JaHHOI'0 ypaBHEHHUA C JaHHBIMHM HayalbHBIMH yCJO-
BUAMU:

a)y =z —y> y(0)=0.

6)y =92 +322 -1, y(1)=1.
By =y+e’~!, y(0) =1
r)y =1+xsiny, y(r) = 2.

222. TlocTpouTh MO [IBa MOCIENOBATENbHBIX NPUOIUMEHUA
(He cuMTas MCXOMHOTO) K PELIEHUAM CIeNYIOINX ypaBHeHUil u
CUCTEM:

a)y =2x+z 2=y y1)=1, z(1)=0.
dz _, dy _ o, - —

6) il i z(0) = 1. y(0) = 2.

B) Y +y” —2y=0; y(0)=1, y'(0)=0.

&Po sy oy =9 2|
) GE = w()=2, G| =-1

223. YrazaTb Kakoil-HUOY[lb OTPE30K, HA KOTOPOM CYIIECT-
BYeT pellleHVe C JaHHbBIMY HadalbHbIMU YCIOBUAMU:

a)y =z +y, y(0)=0.
6)y' =2y" —=, y(l)=1.

dz _ @ —
B) a = tret z(1) = 0.
r) dz dy _

ar = y27 a 5132, 21,'(0) =1, y(O) =2.



32 §7. Cywecmesosanue u eQUHCMEEHHOCMb PeULEHUS

224*. Jlna ypaBHeHus y' = x — y? ¢ HavaIbHBIM YCIOBHEM
y(0) = 0 nocTpouTh TpeThe NPUBIMAEHNE K PEICHUIO U OLEHUTh
ero omnbry npu 0 < =z < 0,5.

Yrazaunue. OUeHUTHh OCTATOK PANIA, CXOOUMOCTh KOTOPOro JI0-
KasbplBaeTCA B TeOpeMe CyLeCTBOBaHUA pemeHus, cM. [1], rao. II, §1;
[2], §15.

225. llonab3ysach KAKUM-JIUO0 AOCTATOUYHBIM YCJIOBUEM €IMH-
CTBEHHOCTH, BBIJENHUThL 00JAaCTU HA MIOCKOCTHU &, Y, B KOTOPBIX
yepe3 Kam/IyI TOYRY MPOXOJUT eIMHCTBEHHOE pellleHle ypaBHe-
HUA

a) y = 2xy + 9?2, 6) v =2+ Jy — 2x,
B) (t—2)y' =\y—=z, 1)y =1+tgy,

n) (y—=x)y =ylnz, e) xy' =y + /y? — a2,

226. Ilpy Karkux HeOTpULATENbHBIX G HapyllaeTCA €AUHCT-
BEHHOCThb pellleHuil ypaBHenus y' = |y|* v B Kakux Toukax?

227. C nomomibio Heo6XOAMMOr0 U [NOCTATOYHOTO YCJIOBUA
eMHCTBEHHOCTH A ypaBHenuit Buga y' = f(y) (em. [1], ra. III,
§ 4, n. 1, Mearwii mpudT unm [2], § 4) uccnenoBaTh HanucaHHbIE
HuM#e ypaBHeHud. Beinenus obnactu, rae f(y) coxpaHser 3Hak,
npubIM#EHHO U306pasuTh Ha yepTexe pelleHuA. A ypaBHeHU
I) ¥ e) mpaBble yacTH npu y = 0 [00NPeeNnAaOTCA M0 HEMpPepbIB-
HOCTH.

a)y = V/v? 6) ¥y =yvy+1,
B) y' = (y—1)/y5. r) y' = arccosy,
n)y =ylny, e) y =yln’y.

228. [Ipy KaKUX HaYaJIbHBIX YCJIOBUAX CYIIECTBYET €IUHCT-
BEHHOE pellleHUe CIeYIONUX YpaBHeHUl u cucteM?

a) y' =tgy + ¥/, 6) (z+1)y" =y + /9,
B) (z—y)y'y" =lnxy, 1)y —yy" =y -z,
de _ 2 3 d_y — 38

d
e)d””_y +In(t+1), 25 = Yy — 1.
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229. MoryT nu rpaduKku IBYX pelleHUii JaHHOTO ypaBHEHUA
Ha ILUIOCKOCTH &, i NepPeceKaThCH B HEKOTOPOil Touke (X, Yo)

a) niA ypasHenus y' = x + y27

6) nua ypasnenus y” = x + y2?
230. MoryT au rpadukyd ABYX pelleHUil JaHHOTO YypaBHe-
HUA Ha MIOCKOCTH &, y KacaThbCA APYT Jpyra B HEKOTOPOi TOUKe

(o, Yo)
a) 1iA ypasHenus y' = x + y2?
6) aua ypasnenus y"” = x + y2?
B) 1A ypasHenus y'"' = x + y??

231. CKONBKO CYI[ECTBYET pelleHuil ypaBHEHUA y(") =x+
+ y2, YI0BIETBOPAIONHUX OJHOBPEeMeHHO NBYyM yciaosuaM: y(0) =
=1, 3’(0) = 2?7 PacecmorpeTh oTaenpHo caydau n =1, 2, 3.

232. Cronbko pemenuii ypasuenus y™ = f(z,y) (f u
f, HenpepbIBHbI Ha BCeil MIOCKOCTH T, y) NPOXOJUT Yepes TOY-
Ry (%9, yYo) 10 3alaHHOMY HAIPABIEHUIO, 0Opa3yoUEeMy yroa o
¢ oceto Oz? PacemoTpers ciydau n =1, n =2 un > 3.

233. Ilpu kakux n ypaerenue 3y = f(z,y) (f u [y ne-
[PEPLIBHBI) MOMKET UMEThb CPEU CBOMX pelleHUil aBe GYHKIUM:
Y=,y = x + a7

234. Tlpu karux n ypaeueunue y» = f(z, y, ¢', ..., y» V)
¢ HenpepbIBHO nuddepeHnupyeMoil GpyHKIUel f MomeT UMeThb
Cpeay CBOWX pelleHuil nBe QYHKIMM: ¥y = T, Y2 = Sinx?

235*. llycts f(2, y) HENPEPBIBHA 10 T, Y U IIPU Ka#KAOM T HE
Bo3pacTaeT NpU Bo3dpacTanuu y. JlokaszaTh, YTO eciid [Ba pelle-
HuA ypaBHenusi y' = f(x, y) yIOBIETBOPHIOT OJHOMY U TOMY #e€
HavyalbHOMY yCI0BHIO Y(Zo) = Yo, TO OHM COBNANAIOT P & > Tp.

236. CKOJIBKO NPOU3BOMHBIX MMEIOT pPelIeHUA CJeLyIOmuX
YPaBHEHUI M CHCTEM B OKPeCTHOCTH Havana KoopauHat? (Teope-
My O [IaJJKOCTH penienuii em. [2], § 19 uau [4], § 6, Teopema 1.4.)

a)y =x+y"/3, 6) ¥ = x|z — o7,

B) " = || +4°/%, )y =y -z,
da _ dy _ 2

11) dt =t+y, ai =x+t |t|’

d
e)‘(ii—”t”:y2+€'/t_4, d—i{zé/i.



34 §8. Ypasuenus, ne paspeulennvie OMHOCUMEALHO NPOUIEOOHOT

237*. Ilpu KaKUX @ KamJioe pelleHre NPojIoixaeTcA Ha bec-
KOHEYHbIH MHTepBal —00 < & < 400

a) IUIA ypaBHeHuA y' = |y|u?
6) I YpaBHEHUA y’ = (yZ + ew)a?

B) nan ypasenun y' = [y|° + [z yy[*"?
r) aan cucremst y' = (y + 2% +2)7% 2" = y(1 + 2%)"7

238*. Jlna cienymomux ypaBHEHUi JI0Ka3aTb, UTO pelIeHHe
¢ NPOM3BOJbHBIM HAaYalbHbIM YCJIOBUEM Y(Zg) = Yo CYIECTBYET
npu o < T < +00:

a)y =a* -y, 6) y =xy+e ¥

239*. Tlycth Ha Beeil miockoctd x, y ¢yHkuuu f(z, y) 4
fy(w, y) venpepviBubl u fy (7, y) < k(z), ynruun k(x) nenpe-
peiBHa. JlokasaTh, uTo pelienue ypasaenun y' = f(x, y) ¢ 106biM
HayalbHBIM yeloBreM (o) = yo CYyIECTBYeT IpU Lo < T < +00.

240*. Jlana cuctema B BekTopHoi 3anucu y' = f(z, y), yi0B-
JeTBOPAIOLIas YCIOBUAM T€OpPEeMbl CYLIeCTBOBAHUA B OKPECTHOC-
TU Kamnoil Tourd (z, y). [lycts B o6nactu |y| > b npu Beex z

rae y - f — cranfpHoe npou3sBeneHue, a gpyuruus k(z) Hempe-
pbiBHa. [loka3zaTh, YTO pelleHKe ¢ JIOObIM HayalbHBIM YCJIOBUEM
y(xo) = yo cymecTByeT npu o < ¢ < +00.

8§ 8. YPABHEHUSA, HE PASPEIIIEHHBIE
OTHOCHUTEJBbHO ITPOU3BOJTHOM

1. Ypasuenus puza F(z, y, y') = 0 Mo#HO pemarh clieylonUMu
MeToaMu.

a) PaspemuTnh ypaBHeHHe OTHOCHTENLHO y', T. €. U3 ypaBHEHUA
F(z,y,y') = 0 Boipasuts y' uepes = u y. lonmyuyutcsa omHO UM He-
CKONbKO ypaBHeHuii Buna y' = f(z, y). Ramooe U3 HUX HAJ0 PEIIUTh.

6) MeTon BBeJleHUA MapaMeTpa’.

13,uec1; u3jaraeTcA NpocTeiimuii BapuaHT 3Toro Meroja. bonee obuiuii Ba-
puaHT cm. [1], ra. III, § 3, o. 1.
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Mlyctsb ypaBuenue F(z, y, y') = 0 MO#HO pa3pemuTh OTHOCUTEb-
HO y, T. e. 3anucaTh B Buje y = f(x, y'). Beena napamerp

p= gm_y =y 1
MOy YUM
y = f(=z, p). (2)

B3aB monubit quddepennuan ot o6enx yacteil paBeHcTBa (2) U 3aMe-
uuB dy uepes pdz (B cuny (1)), nomyunum ypaBHeHMe Buja

M(z, p)dx + N(z, p)dp = 0.

Ecau pemmenue 3Toro ypaBHeHNA HaileHO B BUle & = ¢(p), TO, BOCIOIb-
30BaBLIMCH PABEHCTBOM (2), HOIYYUM pelIeHHe UCXOJHOr0 yPaBHEHUA

B mapameTpuyeckoii sanucu: x = ¢(p), y = f(p(p), p)-
YpaBuenus suna x = f(y, y') pemaioTca TeM #e MeTOIOM.

lpumep. Pemutsh ypaBHenue y = x + 3 — Iny’. Beonum napa-
MeTp p = y':

y=x+p—Inp. (3)

Bepem nonnslii qud dpepeHnyan or o6enx yacTeil paBeHCTBa U 3aMeHAeM

dy Ha pdz B cuny (1): dy = da:+dp—91f3, pdx = dm+dp—9p2. Pemraem

nonydyeHHoe ypaBHeHue. [lepenocum unenst ¢ dx BreBo, ¢ dp — BrpaBo:

p—1)dx= p%ldp- (4)

a) Ecau p # 1, To corpamaem Ha p — 1:
dz = %, z=Inp+C.

Topcrasass 310 B (3), nolyyaeM penieHue B IapaMeTPUUECKOl 3alucH:
z=lnp+C, y=p+C. (5)

B nanHOM ciry4yae MO#HO UCKIIOUHUTD NapaMeTp P U MOIYUYUTh pe-
weHNe B ABHOM Bupe. [lif 3TOro u3 mepBoro u3 ypasHenwii (5) Bbipa-
#aeM p 4yepes &, T. . p = e~ C. IloficTaBaAA 5T0 Bo BTOpOE ypaBHeHIe,
Moy4aeM MCKOMOE pelleHue:

y=e1_C+C. (6)

6) PaccmoTrpum ciyuaii, korjga B (4) umeem p = 1. lloncrasasas
p =18 (3), nonyuaem eme penieHne

y=x+ L )
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(Bb110 661 omuU6KOI B paBeHcTBe p = 1 3aMeHUTDb p Ha y' U, IPOMHTET-
pupoBas. noxyuuts y = x + C.)

2. Pemenue y = ¢(z) ypasuenus F(z, y, y') = 0 HasbiBaeTca oco-
Ovia, €CIIU 9epe3 KamayIo ero TOYKy, KpOMe 3TOr0 PelIeHUs, IIPOXOJUT
U Ipyroe pelleHre, UMeIOlIee B 3TOii TOUKE Ty e KacaTelbHYI0, YTO U
pemenue y = (), HO He COBNANAIONIEE C HUM B CKOIb YTOJHO Maloii
OKPECTHOCTH 3TOi TOUKHU'.

Ecmu ¢ynrnua F(z, y, y') 1 npousBonnsie %—5 u 3—5 HeNpepbIBHBI,
TO M060e 0co60oe pelleHre ypaBHEHNA

F(z,y,y)=0 (8)
y):[OBJleTBOpHeT TarMme ypaBHeHI/HO

OF(,y,9') _

9y . 9)

IloaTomy, uToGbI OTHICKATL 0COOBIe peleHun ypaBHeHud (3), Hamo uc-
KIOunTh ' U3 ypasHenuii (8) u (9). llonyyennoe ypasuenue 1 (x, y) =
= ( Ha3bIBAeTCA ypaBHEHUEM OUCKPUMUHAHMHOL KpUBO. 1A Kam ot
BETBU [MCKPHMUHAHTHOW KPUBON Halo NPOBEPUThH, ABIAETCA IM 3Ta
BETBbL pellleHueM ypaBHeHus (8), ¥ eciM ABIAETCA, TO GyHeT IH 3TO
pelieHre 0coGbIM, T. €. KacalOTCA I €ro B Kam/oii TOYKe Ipyrue pe-
[IeHU .
O pume p. Haiitu ocoboe pemenve ypaBHeHUA

y=x4+y —ny'. (10)
Iuddepennupyem obe yacTu paBeHCTBa 110 y':

0:1—%. (11)

Ucrmouaem y' us ypasuenuii (10) u (11). Us (11) umeem y' = 1; noa-
crapiaaAd 910 B (10), monydyaeMm ypaBHeHHe JUCKPUMHHAHTHON KPUBOIi

y=x+1. (12)

[IpoBepuM. GymeT qu KpuBas 0coGbIM pemieHueM. [laf 3Toro cHa-
yalla MpoBepseM, ABIAETCA 1M OHA pemeHueMm ypasHenus (10). Ion-
craBisaa (12) B (10), momyuaem tompmectBo x + 1 = x + 1. 3Hauwur,
kpusas (12) — peuenue.

1910 onpenenenue B3aTo us [1]. EcTh u npyrue onpepenenus, He paBHO-
CUJIbHbIE 3TOMY.
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Teneps npoBepHuM, ABIAETCA TN 3TO pelleHHe 0coObIM, T. €. Kaca-
IOTCA 1M ero B KamJoii Touke JpyTrue pelleHud. B n. 1 6pu10 HaiigeHo,
YTO [pyTrHe pelleHus BeipamaoTca Gopmymnoii (6). llumem ycnosus ka-
caHuA KpUBBIX ¥ = y1(x) U y = y2(x) B Touke ¢ abeuuccoit To:

y1(z0) = y2(@0), y1(wo) = ys(zo). (13)

Ina pemenuit (6) u (12) 3TH yclnoBUA NPUHUMAIOT BUI e C 4 0=
= x0+1,e%0~¢ = 1. U3 Broporo paBencTBa nMeeM C = xp; HOACTABIAA
3TO B IlepBO€ paBeHCTBO, noiaydaeM 1 + x9 = xo + 1. ITO paBeHCTBO
CIIpaBelIMBO IIPU BCEX Tg. SHAUMT, IPU KamaoM zo pemenue (12) B
TOYyKe ¢ abcuuccoil Tp KacaeTcA OQHON M3 KpHBBIX cemeiictBa (6), a
WMEHHO TON KPUBOM, 1A KoTopoit C = xo.

Hrak, B kamgoil Touke pemenue (12) racaeTca gpyroro pemie-
Hus (6), He coBmajamONero ¢ HUM. 3HauuT, peuenue (12) — ocoGoe.

Ecau cemeiicTBo pemenuil 3amuicaHo B IapaMeTpUYeCKOM BHUE,
Kak B (5), TO BBINOIHEHNE YCIOBUIl KacaHWA NPOBEPAETCH aHAIOIMUHO.
Ilpu »ToM Hajo yyecThb, 4To y' = p.

3. Ecin cemeiictBo kpuBbix ®(z. y, C) = 0. ABIAKOIMXCA pele-
nuAMU ypasHenua F(z, y, y') = 0, umeer orubaromyio y = o(z), To
3Ta orubaromias ABIAETCA 0COObIM pelleHUeM TOro e ypaBHeHud. Eciau
¢ynrnua ¢ uMmeeT HenpepbIBHBIE [IePBble NPOMU3BOJHbIE, TO IJIA OThIC-
KaHuA orubaromieil Hafo UCKIOUYUTL C' U3 ypaBHEHUIA

09(z, y, C)
ocC

Y IPOBEPUTD, OyneT 1M Moy YeHHasA KpUBas orubaroliel, T. e. KacaloT-
CA U ee B KaI0il TOUKe KPHMBbIE ceMelcTBa. JTy NMPOBEPKY MOKHO
NPOBECTH M3JIOMEHHBIM B KOHIIE II. 2 METO/IOM, UCIIOIb3yA yCIOBUA Ka-
canud (13).

@(w, Y, C) =0, =0

B 3apauax 241—250 HaiiTu Bce pellleHUA [aHHBIX ypaBHe-
HUIA; BBIIEIUTH 0cOOble pelieHus (eciu OHU €CThb); JaTh YEPTEeH.

241. y? —y2 = 0. 242. 8y"* = 27y.

243. (y' +1)° = 27(x + )%

245. y?(y"> +1) = 1.

245. % — 443 = 0. 246. y'* = 43(1 — y).
247. 2y’ = . 245. yy'* + o = 1.
249. y* + 4?2 = yy' (v +1).
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250. 4(1— y) = (3y — 2)2y’.

YpaBHenus 251—266 paspeniiTb OTHOCUTENbHO ¥, mOCIe
3TOro 06lIee pelleHre UCKaTb 00bIYHBIME MeTonamu (8§ 2,4, 5,6).
HaiiTu Takme ocobGble pellleHUA. €CIU OHU €CTh.

251. v + zy = 12 + xy/. 252. zy'(zy' +y) = 292
253. zy'” — 2yy’ + z = 0. 254. zy'® = y(2y' —1).
255. y'° + o = 2. 256. y'° + (z + 2)e¥ = 0.
257. y'2 — 2zy’ = 822 258. (zy' + 3y)? = Ta.
259. y'2 —2yy’ = y%(e® —1).

260. ' (2y — y') = y?sin” .

261. y'4 + 9% =g

262. z(y — zy')? = ay’® — 2yy.

263. y(zy' — y)? =y — 2zy'.

264. yy' (yy' — 2z) = 22 — 292,

265. y'° + dzy’ — y? — 222y = z* — 422,

266. y(y — 2zy')? = 2y'.

YpaBHenus 267—286 pemuTb MeTONOM BBEJEHUA Mapa-
MeTpa.

267. 2 =y + 4. 268. z(y'? — 1) =2y
269. = = y'Vy'* + 1. 270. y'(z —Iny’) = 1.
271. y = y'* + 242, 272. y = In(1 + ¢'°).

273. (W +1) = (v —y)?.  274.y=(y —1)ev.

275. y'4—y'2 =42 276. y’2 —y'3 =2

277. vt = 2yy’ + 42 278. y'* — 2zy’ = a2 — 4y.

279. 5y +y'? = x(x +¢/). 280. z2y'> = zyy' + 1.
281. y° + 42 = ayy'. 282. 2zy' —y =y Inyy'.
283. y' = e®¥'/y, 284. y = zy’ — wzy'?'.
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285. y = 2y’ + y2y"°. 286. y(y — 2zy')% = y"°.
Pemuth ypaBHenud Jlarpansa u Kaepo (3agaun 287—296).
287. y=ay' — y'>. 288. y + zy' = 4.

289. y = 2zy’ — 4y"°. 290. y=ay' — (2+¢').
291. y'3 =3(zy’ —v). 292, y = a:y’2 — 2y'3.

293. zy' —y = Iny'. 294. xy'(y' +2) = y.

295. 2y'2(y —xzy') =1. 296. 22y’ —y = Iny'.

297. Haiitu oco6oe permenne auddepeHnnalbHOro ypaBHe-
HUA, eClid U3BECTHO CEeMEICTBO pelleHUli 9TOr0 ypaBHEHUA:

a) y = Cz® - C?, 6) Cy = (z - C)?,

B) y=C(z — C)?%, r) zy = Cy — C2.

298. HaiiTu KpuBylo, Kamjafd KacaTelbHad K KOTOPOii oOpa-
3yeT ¢ OCAMM KOOPJMHAT TPEYToJbHUK miomany 2a’.

299. HaiiTu KpUBYIO, Ka/1aAa KacaTelbHad K KOTOPOi oTce-
KaeT Ha OCAX KOOPJUHAT Takue OTPe3KU, UYTO CyMMa BeIUYMH,
o6paTHBIX KBaJ[paTaM [UIMH 3TUX OTPE3KOB, paBHa 1.

300. HaiiTu KpuByl0, NIPOXOJAIIYIO Yepe3 Hayalo KOOpJUHAT
U TaKkyl0, YTO OTPE30K HOpPMalu K Heil, OTCeKaeMblif CTOPOHAMU

NEPBOTr0 KOOPJAMHATHOTO YTia, UMeeT NMOCTOAHHYIO JIUHY, paB-
HYIO 2.

§9. PASHBIE YPABHEHHUA ITEPBOI'O
MMOPAIKA®

Pemute ypaBHenusa 301—330 u nocTpouth rpaduKu UX pe-
LIeHU.

301. xy/ + 22 +ay—y=0.  302.2zy +y? = 1.
303. (224 — y)dx + xdy = 0.

304. (zy' +y)* =2 305. y— v =% +zy.
306. (z+2¢°)y' = y. 307. ¢ — y'e?® = 0.

1Bce 3apauu §9 pemarTcA U3JIOKEeHHBIMH paHee MeToJaMH.
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308. 22y = y(x + y).
309. (1 —2%)dy + zydz = 0.
310. y° +2(z — 1)y’ — 2y = 0.
311. y+ ¢/ In’y = (z + 21ny)y’.
312. 2%y’ — 2zy = 3y.
313. = +yy' = o2 (1 + 7).

314. y = (zy' + 2y)2. 315. ¢/ = 1

a:—yz'

316. y° + 3z —6)y =3y.  B17.2- L =2

7
318. 2y — 3y +z =y. 319. (z +y)2y = 1.
320. 223yy’ + 32%y? +7=0.
321. 2 = (1 - 22) dy.
322. zy' =e¥ + 2y'.
323. 2(z — y?) dy = yd=.
324. 22y% + 42 = 22(2 — yy).
325. dy + (vy — zy®) dz = 0.
326. 222y = y?(2zy' — v).

_ !
327. L= — 9,
T +yy

328. z(x — 1)y +2zy = 1.

329. zy(zy' —y)2 + 2y = 0.

330. (1 — 2%y’ — 2xy? = xy.

Pemute ypaBHenua 331—420.

331. ¢y +y = zy’.

332. (ay* —z)dw + (y + wy)dy = 0.

333. (sinz +y)dy + (ycosz — x?) dz = 0.



334.
335.
336.
337.
338.
339.
340.
341.
342.
343.
344.
345.

346.
347.
348.
349.
350.
351.
352.
353.
354.
355.
356.

357.
358.

§9. Pasnble ypasreHus nepeozo nopaodra
3y —xy’ +1=0.
yy' + 9% ctgx = cosx.
(e¥ + 2zy) dz + (e¥ + )z dy = 0.

wle ) —1) =y,
yly —wy') = e +yt.
zy' +y=Iny.

2?(dy — dz) = (z + y)y d=.
Y + Y = 3y.

(z cosy + sin 2y)y’ = 1.

y? —yy' +e* =0.

y = 592”” + .

(wy —y)* =y - L

(4zy — 3)y +y* = 1.
yYVe=\y—az+u

xy' =2,/ycosx — 2y.

3y =y +y.

Y (y —ay') = %y

Yy =4z +y—3)%

(cosz — zsinz)y dx + (x cosz — 2y) dy = 0.

22y'? — 2wyy’ = 2% + 3y

””73” +2zylna +1 = 0.

zy = w\/m + 2y.
(1-2%y)dz+2*(y —x)dy = 0.
(2ze¥ + y*)y' = yev.

41
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359.
360.
361.
362.
363.
364.
365.
366.
367.
368.
369.

370.
371.

372.

373.
374.
375.
376.
377.
378.
379.
380.
381.
382.
383.
384.

§9. Pasnvle ypasHeHus nepeozo nopadra
zy'(Iny — Inz) = y.
2y’ =z +Iny'.
(22%y — 3y?)y’ = 62% — 2xy® + 1.
yy' =4z + 3y — 2.
vy + a2 sind z = 33 ctg .
2zy’ — y = siny’.
(#®y® + 1)y + (zy — 1)*zy’ = 0.
ysinz +y' cosz = 1.
xdy — ydx = wmdx.
Y +aty” = wyly” +y”).
y' = V2 —y+2.
(x —ycos ) da + x cos Ldy = 0.
2 ($2y+m) dz +23dy = 0.
(v — 2yy) (22 — 1) = zy.
yP (" -2 =3y — .
2z + 3y — 1) dz + (4o + 6y — 5) dy = 0.
(2zy® —y)dz + (¥ + = +y)dy = 0.
y=yV1+y>
y? = (zyy' + 1) Inx.
dy = a2 + y'°.
2xdy + ydx + zy?(z dy + ydz) = 0.
zdz + (22 ctgy — 3cosy) dy = 0.
a2y’” — 2(xy — 2)y' + 42 = 0.
zy' +1=e*"Y.
y' = tg(y — 2z).
322 —y=y'Va? +1.



385.
386.

387.
388.
389.
390.

391.

392.
393.
394.
395.
396.

397.

398.

399.
400.

401.

402. y

403.
404.

405.

406.

§9. PasHble ypasHeHus nepeozo nopadra
yy +xy = x>,
z(z — 1)y +y° = zy.
zy =2y + V1 +y'%
2z +y+5)y =3z +6.
Yy +tgy = wsecy.
yt = dy(zy' — 2)2.
y/ — y2 —Z

2y(z +1)

zy = 2%V 4 2.
y =3z + /y — x2.
xdy — 2ydx + zy?(2z dy + ydz) = 0.
(x® — 2zy?) dz + 3z%y dy = x dy — ydz.
(yy')? = 27a(y® — 222).

y' —8x\/y= 4oy

2 -1

z+y _
22 —In(y + 1)] dz — y+1dy—0.

zy = (2® + tgy) cos? y.
2
?(y —zy') = yy'".

’_ 3x?
Y w3+y+1.

I (1+y)2
o(y+1) —a?

(y — 2ay")? = dyy"°.
625y dx + (y* Iny — 32%) dy = 0.

y' = 5va+ Yy

2
] _ X
2zy +1—y+—y_1.

43
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2
w2+2
407.yy'—|—:1::%( wy) .

408. ¢ = (w)z .

)

409. (:c\/m + 1) (v2 + 1) dz = zy dy.
410. (2> + ¥ + Dyy' + (22 +y?> — 1)z = 0.
411. y?(z — 1) dz = z(zy + = — 2y) dy.
412. (zy —y)? = 2%y? — 2.

413. zyy — 2?2 + 1= (z + 1)(y* + 1).
414. (22 - 1)y’ +y? — 22y +1=0.

415. y' tgy + 423 cosy = 2.

!
416. (zy —y)2 =y'"* — 2yTy +1.

418.

(

417. (x + y)(1 — zy)dz + (z + 2y) dy = 0.
Bzy+z+y)yde + (dey + =+ 2y)zdy = 0.
(

419. (22 — 1) dz + (22y? + 23 + 2) dy = 0.

420. z(y? + %) = —2y.

§10. YPABHEHUSA, TOIIYCRAIOIIIHUE
IIOHUKEHUE IIOPHAIKA

1. Eciu B ypaBHeHMe He BXOIUT UCKOMas QyHKUUA y, T. €. OHO
umeer Bun F(z, y®, gD y™) = 0, To nopagor ypasuenns
MOHO NOHU3HUTD, B3AB 3a HOBYIO HEU3BECTHYIO DYHKIMIO HUINIYIO U3
IPOM3BOIHBIX, BXOAAIKX B ypaBHEHHUe, T.e. caenas 3ameny y*) = .

2. Ecnu B ypaBHeHMe He BXOJIUT He3aBUCHUMOE TlepeMeHHOe T, T. €.
ypasuenue umeer sug F(y, y', 4", ..., y™) = 0, To nopsagox ypasue-
HHfA MOHO MOHU3UTh. B3fB 38 HOBOE HE3aBHCHMOE NlepeMeHHoe ¥/, a 3a
HeusBecTHYI0 byHEUUIO 3 = p(y).

M pumep. Pemuts ypasrenne 2yy” = y'> + 1.
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B ypaBHenue ne BxonuT x. llonaraem y' = p(y). Torna

w_d@) _dply) _dp dy _
Y dz dz dy dz PP

Moncrapass y' = p u y"” = pp' B ypasuenue, noxyuum 2ypp’ = p? + 1.
TlopA/IOK ypaBHeHUA NOHMKeH. PelyB nolyyeHHoe ypaBHeHue, HaliieM
p = £4/Cy — 1. CiegoparensHo, y' = ++/Cy — 1. U3 3T0ro ypaBHeHus
nonyunm 4(Cy — 1) = C*(x + C2).

3. Eciiu ypaBHeHHe 0[JHOPOIHO OTHOCHUTENbHO § U €ro NPOU3BOJI-
HBIX, T. €. He MeHAeTCA TpU OJIHOBpeMeHHo 3amene ¥, y', ¥, ... Ha
ky, ky', ky", ..., To IOpAJOK ypaBHEHUA MOHHMKAETCH TMOCTAHOBKOM
y' = yz, rne z — HoBaA HeW3BecTHad QYHKLUA.

4. Tlopa/IoK ypaBHEHUSA OHUKAETCH, €CIIU OHO ABIAETCA OJHOPOI-
HBIM OTHOCUTENBLHO T U § B 060OIEHHOM CMbICIE, T. €. He MEHAETCA OT
3aMeHs! & Ha kx, y Ha k™y (1pu 5ToM y' 3aMenserca Ha k™ 'y, y —
Ha k™ 2y" u 1. 1.). UTo6BI y3HATH, Oy/eT M ypaBHEHHe OTHOPOIHBIM,
Y HaliTU YKCII0 M, Hallo IPUPABHATL IPYT APYTY MOKAa3aTelu cTerneHei,
B KOTOpPBIX 4Mcio k 6yleT BXOIUThL B Ka #i 1 bl i 4leH ypaBHEHUA MoC-
Ne yKasaHHOU Bbille 3aMeHbl. Hamnpumep, B NepBbIil WieH ypaBHEHUA
2z*y" — 3y* = x* nocne sToit 3aMensbI uncio k GymeT BXOTUTH B CTeIe-
Hu 4+ (m — 2), Bo BTOpOii — B CTeNeHu 2m, B TPeTHii — B CTETeHH 4.
CrnenoBaTenbHO, ™M [JOI#HO y/OBIETBOPATL yPaBHEHUAM

4+ (m—2)=2m=4.

Otciona m = 2. Eciu #ie nolyYeHHble ypaBHEeHHA IIA m GyayT HEcoB-
MeCTHBIMH, TO AU depeHnnalbLHoe ypaBHeHe He ABJAETCA OJHOPO-
HBIM B yKA3aHHOM CMBICITIE.

[loce Toro Kak YHCIIO 1M HaiileHo, HAJl0 c/lelaTh 3aMeHYy TepeMeH-
HeIX © = e, y = ze™!, rge z = z(t) — HoBaA Heu3BecTHasA GyHKIUA,
a t — HOBoe HesaBHUCHMOe mepeMeHHoe. [lomyunM ypaBHeHUe, B KOTO-
poOe He BXOIUT He3aBHCHMoe IepeMeHHoe t. IlopAnok Takoro ypaBHeHHA
MOHUAaeTCA OHUM M3 paHee pacCMOTPEHHBIX CII0COGOB.

5. llopAOK ypaBHEHUA Jlerko MOHUAAETCH, eciii y/laeTcA Npeob-
pasoBaTh ypaBHEHHe K TaKOMY BUY, YTOObI 00€ ero YacTH ABIAINCH
MONHBIMHU TIPOU3BOAHBIMU 10 & OT KAKUX-HUOY AL dhyHENMil. Hanpumep,
mycThb naHo ypasHenue yy” = y'°. Jlenn obe yacTu Ha yy', HOLyuUM
o= 9y—’; (Iny") = (Iny)’s ny’ = lny + InC; 3y’ = yC. Mopanok

Yy
YPpaBHEHUA [IOHUMEH.

Pemuth ypaBHenusa 421-450.
421. 22y" = ¢°. 422. 2zy'y" =y — 1.
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423. 3y = 1. 424. y” + 2yy" = 0.

425. " = 2yy'. 426. yy" +1=y".

427. y"(e® + 1) +y' = 0. 428. y" =y,

429. yy' = y'* — 3. 430. y'"" =2(y" — 1) ctgx.
431. 2yy" = 42 +y'>. 432. y'° +ay” =2y
433. ¢ +y = ay. 434. y" +y'? =2V,
435. zy" =" — xy". 436. y"> =7 + 1.

437. y" =eY. 438. y" — zy" +y"* = 0.
439. 24/ (y" +2) = xy'">. 440. y* — 3y = 1.

441. y'? = 3y — 2¢)y". 442. " (2y' + ) = 1.

443. y"° — 2y +1=0.

444. (1 —2?)y" + zy’ = 2.

445. yy" — 2yy' Iny = y'°.

446. (v + 29)y" = y'>. 447. xy" =y’ + xsin %
448. "y =y, 449. yy" +y =y
450. zy" = y' + x(y'? + 2?).

Pemnth ypaBHenusa 451—454, Bocnoib3oBaBIINChL (HOPMY-
J0it, cBoaANIEll MHOTOKpaTHOE UHTErpUpOBaHie K OTHOKpPaTHOMY
(em. [1], ra. IV, § 2, m. 1).

451. zy'V =1. 452. zy" = sinzx.
453. y"" = 2xy". 454. zyV + ¢y = e®.

Pemuth ypaBHeHus 455—462, npeob6pa3oBaB UX K TaKOMY
BUAY, 4yToObl 00e YyacTH ypaBHEHHA ABIANNUCH NMOJHBIMU MPOU3-
BOJHBIMU.

455. yy'"' + 3y'y" = 0. 456. y'y" = 2y"°.
457. yy" = y'(y' +1). 458. 5y1112 _ 3y"yIV —0.
459. yy'' + y'2 =1. 460. y"' = zy +y + 1.
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461. zy" =2yy’ — /. 462. zy" — o' = 22yy'.

B 3apmauax 463—480 noHu3uUThb NOPANOK JaHHBIX ypaBHe-
HUI1, NOIb3YACh UX OJJHOPOAHOCTHIO. U PELIUTh 3THU ypPaBHEHUHA.

463. zyy" —ay’”® = yy'. 464. yy" = y'° + 1592 /z.
465. (22 +1)(y”* — yy") = wyy'-
466. zyy" + xy'® = 2yy'. 467. 2?yy" = (v — zy')>.

468. y”+%’+%= yyj

469. y(zy" +y') = 2y’ (1 — ).
470. 2yy" + ¢y = 0.

471. :1:2(y'2 —2yy") = 4>

472, zyy" =y (y +y')-

473. 4a?yPy" = x? — ot

474. 2y = (y — xy')(y — zy’ — ).

2 201"
475, L4y = 3uy 4 Y
&£r

476. y" (2:1:y — §) Y +4y? 4—3
x
477, 222y —y'?) =1 - 2zyy.
478. 22 (yy" — y'*) + wyy’ = (2ay’ — Sy)Vad.
479. 2t (y” - 2yy") = daPyy’ + 1.
480. yy' + zyy" — xy'? = 3.

B 3apauax 481—500, noHU3UB NOPAIOK AAaHHBIX ypPaBHEHUI,
CBECTH UX K YpaBHEHHAM IepBOro MopsajKa.

’

481 (3 +yy?) =yt 482,y gy = (y;)

483. yy' + 222y = ay'®. 484. ' + 2zyy” = 0.
485. 2zy*(zy" +9') + 1 =0.
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486. z(y" + ) =y +y.
487. P (y'y" —2y"") = *
488. y(2zy" +y') = zy'> + 1.
489. y" + 2yy'* = 2z + 1)y
490. y'y" = y 24 y'zy" 491. yy" = y'* + 229>
492. y"* = y® — gy 493. 2yy""' =y'.
494. y"'y'? = 1. 495. y2y" = y'>.
496. 22yy" +1 = (1 —y)xy'.
497. yy'y" + 207y = 3yy'"’
498. (y'y" —3y"")y = y".
499. 2 (y'y" —2¢") = yyy" + 29",
500. z2(y2y" — y'°) = 2%y’ — Bayy’®.

B 3apauax 501—505 HaiiTu peleHUA, yAOBIETBOPAIONINE
3alaHHbIM HavalbHbIM YCIOBUAM.

501. yy" = 2zy'%; y(2) =2, ¥ (2) = 0,5.

502. 2" 3y'2 =0; y(O) =-3, y(0)=1, y'(0) = —1.
503. 22y" — 3xy’ = —4y; y(1) =1, ¥'(1) = 4.

504. y"" = 3yy'; y(O) = -2, y'(0) =0, y"(0) = 4,5.

505. 3" cosy + ¢y siny = y'; y(—1) = Y1y =2

506. HaiiTu KpuBBIe, Y KOTOPBIX B TI000i TOUKE paJuyc Kpu-
BU3HBI BABOE (OJbllle OTPe3Kka HOpMalld, 3aKIIOUYEHHOT'0 MEMRIY
9TOI TOUKOIl KPUBOI U ockio abcuuce. PaccMoTperh aBa ciyuas:
a) KpuBas oGpalleHa BBIIYKIOCTbIO K ocH abeuuce; 6) BOrHyTOC-
ThIO K OCH abciuucce.

507. HaiiTu KpuBble, y KOTOPBIX pajJlyC KPUBU3HBI 00paT-
HO IpPONOpPIMOHANEH KOCHHYCY yTia Me#ay KacaTelbHOi U 0CbIO
abcrucc.

508. Onpenenuth (HopMy paBHOBeCcHA HepacTAMUMOI HUTHU
C 3aKpelJieHHbIMU KOHLlaMU, Ha KOTOPYIO IeiiCTByeT Harpyska
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TaK, YTO HA KamAyH €IUHUIY IJIHHbI TOPU3OHTAIbHOU MpOEK-
MU Harpyska ojiiHakKoBa (lenu nemHoro mocrta). Becom camoii
HUTU NpeHeOpeub.

509. HaiiTu ¢dopmy paBHOBecHA OJJHOPOIHOI HepacTAHUMON
HUTH (C 3aKpeIIEHHbBIMEI KOHIIAMHU) MO/ JIeiCTBUEM ee Beca.

510*. JlokazaTb, YTO ypaBHEHHE [BU#EHUA MagTHUKA ¥y’ +
+ siny = 0 umeeT yacTHOe peuienue y(x), CTpeMAlleecH K T IPH
x — +00.

§11. JUHEVMHBIE YPABHEHUA
C IIOCTOAHHBIMU KO3PPUIINEHTAMU

1. Yto6bl pemuTh JHMHEHOe OJHOPOJHOE ypaBHEHUe C INOCTOAH-
HBIMHU K03} PpunieHTaMu

aoy™ + a1y Y+ ... Fan 1y +any =0, (1)
HaJl0 COCTABUTh XapaKTepUCTHYeCKOe ypaBHeHUe
aoN" + A"+ .t an_iAtan=0 (2)

U HaliTH BCe €ro KOPHU A1, ..., An.

O6mee pemenue ypaBHeHus (1) ecTb cyMMa, COCTOAINAA U3 Cla-
raembix Buna C;e)i® Il KazKIOro IPOCTOrO KOPHSA )\; ypaBHEHHA (2)
U cllaraeMbIX BUZa

(Crmt1 + Cmy2@ + Cry3x” + .. + Crp ™™ 1) (3)

IUIA KazkI0ro KPaTHOTO KOpHA A ypaBHeHud (2), rae k — KpaTHOCTH
kopHA. Bece C; — npousBonbHble nocrosHHble. KoaddunmeHTs ypas-
Henud (1) ¥ KopHHM A 3/€Chb MOTYT ObITH BEI[ECTBEHHBIMHM WM KOMII-
JIeKCHBIMU.

Ecan e Bce ko3 dunmeHTh ypaBHeHud (1) BelecTBeHHbIE, TO
pellleHHe MOHO HalucaThb B BellleCTBeHHOII ¢jopMe U B cilyyae KOMII-
JEeKCHbIX KOpHelt A. JlnA Ka#/ioff mapbl KOMIUIEKCHBIX CONPHKEHHBIX
KOpHell A = o £ 3i B popmyiy 06Iero peuieHua BRIIOYAIOTCA clarae-
Mble

Cmt1e”” cos B + Cry42e“” sin Sz,

€CJIM 3TU KOPHU IIPOCThIE, U CllaraeMble

Pr._1(x)e™” cos Bz + Qr—1(x)e™” sin Bz,
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eciid Kamblil U3 KOpHelt a + B¢ u a — Bi uMeeT KpaTHOCTh k. 3aech
Pr—1 v Qr_1 — MHOrouieHsl cTenesu k— 1, aHanoruyHble MHOTOUIEHY
B (3), ux K03} PUIMEHTH — NPOU3BOILHBIE NIOCTOAHHBIE.
Mpumep. Pemuts ypasrenue y¥ — 2y — 16y’ + 32y = 0.
Iumem xapakTepucTUYECKOE ypaBHEHHE

A —22* — 160 +32=0.
Pasnaraﬂ J'IeBle YacThb Ha MHOH{I/ITBJII/I, HaxoaguM ROpHI/I:

A=2)(A* =16) =0. (A—2)’(A+2)(\> +4) =0,
M=X=2 A=-2 A =2, A\ =—2.

Tlo u3nOMeHHBIM BbIle TpaBUaM MUIIeM oflee peleHe
2 —2 .
y = (C1 + Caz)e™ + Cse™ " + Cy cos 2 + Cj sin 2x

(crenens Mmuorounena C1+ Cax Ha 1 MeHblile KPATHOCTH KOPHA A = 2).
2. JlnA TUHEeMHbIX HEOJHOPO/HBIX YPABHEHMIH C MOCTOAHHBIMHU KO-
3} pUnHeHTaMU U ¢ OPaBOi YacThiO, COCTOAMIEH M3 CYyMM W MPOU3BeE-
neHuii GyHruuit bg + b1z + ... + bpx™, 7, cos Bz, sin Bz, yacTHOe
pellleHre MOM#HO UCKATh METO/IOM HeolpeJeleHHbIX K03} UIIUeHTOB.
[lnsa ypaBHenwii ¢ npaBoil yacteio P, (z)e"”, rue Pp(z) = bo+
+bixz+ ... +bypx™. yacTHOE pelleHNe UMEET BUJ

y1 =" Qm(x)e’”, (4)

rze Q. (x) — MHorouneH Toii e crenedu m. Yncno s = 0, eciu ¥ — He
KOpDEeHb XapaKTEepPUCTHYECKOro ypaBHeHUA (2), a ecili -y — KOpeHb, TO
S pPaBHO KpaTHOCTH 3TOro KopHA. YTo6bl HailTH Ko3(PHUIHEHTE MHO-
rounena @, (x), Hano pemenne (4) nogcraBuTh B U depeHIUaIbHOE
YPaBHeHMe U NPUPAaBHAThL K03 (PUIMEHTE] IPU N0N06GHBIX YileHaxX B Jie-
BOI M NIpaBoOii YacTAX ypaBHEHMA.

Ecnu B mpaByio yacTh ypaBHEHHA BXOJAAT CHHYC U KOCHUHYC, TO
HUX MOHO BBIPa3UTh 4epe3 IOKa3aTelbHYI0 QyHKIUIO N0 ¢opMyiam
Aitnepa
eiﬂ:t + e—iﬂm . eiﬂm _ e—iﬂm
— sin Sz = %
U CBECTH 3a/ladyy K ye pacCMOTPEHHOMY clydalo.

Ecan e ko3 duLUeHTHI 1eBoii YacTu ypaBHEHUA BelleCTBEHHBI,

TO MO#HO 060JiTHCh 6e3 nepexoja K KoMILleKcHbIM GyHruuaAM (5). Jan
YPaBHEHHA C TpaBoii 4acThio

e““(P(x) cos Bz + Q(z) sin Bz) (6)

(5)

cos Bx =
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MO#HO HUCKaTbh 4acTHOE pelleHHe B BUJE
y1 = 2°e" (R (x) cos B + T (z) sin Bz), )

rae s = 0, ecin a + (3¢ He KOpeHb XapaKTepUCTUYECKOT0 ypaBHEHUA, U
§ PaBHO KpaTHOCTH KOpHA « + (i B npoTUBHOM ciyuae, a Ry, u T,,, —
MHOTO4WIeHbl CTENeHH 1, paBHOI HauboabIleil U3 cTeneHeil MHOTro4le-
HOB P u (). YToO6b!I HailTH K03 GpueHTH MHOTOYIeHOB R,, u Ty, HazlO
HoJCcTaBUThL pemenue (7) B ypaBHEHHE W NPUPABHATHL K03 PULHEHTHI
MpPH NMOJOOHBIX YJIEHaX.

Eme oauH MeTon OTHICKAaHMA 4YacTHOTO peLIEHUA ypaBHEHHA C
BELIECTBEHHbIMU K03((pHIMeHTaMy U NpaBoii yacTbio Buaa (6) co-
cTouT B cienyomem. CHavyana pemaloT ypaBHEHUE ¢ NPaBOil 4acTbiO
P(x)e(*t#)? BemecrBennan gacTh 5TOro pemeHus GyleT pelleHHeM
ypaBHEHHA ¢ mpaBoii YacTbio P(x)e*” cos Bz, a MHMMana — pelieHueM
ypaBHeHHA ¢ npaBoii yactbio P(z)e*” sin Sz.

Ecnu npaBas yacTh ypaBHEHUAl paBHa CyMMe HECKOIbKUX GYHK-
nmit Buga P(z)e”” u Buja (6), To yacTHOe pelleHHe OTHICKMBAETCH IO
cleqyoneMy MpaBuiLy.

YacTHoe pelieHUe NUHENHOro ypaBHEHMA C MpaBoil yacTbio fi+
+ ...+ fp paBHO cyMMe YacCTHBIX pelleHUll ypaBHEHU ¢ TOil #ie J1eBoil
YacThlO U NPaBbIMH YacTAMU f1, ..., fp.

Oblee pemieHUe JTUHEHHOr0 HEOJHOPOIHOr0 ypaBHEHHA BO BCEX
clIy4aAX paBHO CyMMe YaCTHOIO PelIeHUA STOr0 ypaBHEHHA U 00LIero
pelleHuA OJJHOPOJHOI0 YPABHEHUA C TOM #i€ IE€BOI YacThIO.

IIpumep. Pemuth ypaBHeHUE

y" —6y" + 9y’ = 2e*® + > cos 2z. (8)
XapakTepucTudeckoe ypasaerne A> — 617 +9\ = 0 uMeeT KOpeHb
A = 3 wpatHocTH 2 u KopeHb A = 0 kKpaTtHocTu 1. [losTomy o6iee
pellleHMe OHOPOIHOrO ypaBHeHHA uMeeT BUA Yo = (C1 + Cax)e®® +
+ Cs.
IlpaBas yacTk (8) cocTonT U3 ABYX ciaraeMbix Buzaa (6); nus nep-
Boro v = a+ i = 3. a nua Broporo o+ (i = 3+ 2i. Tar Kak 3TH yucia
pasiMyYHbl, TO HAI0 UCKAaTh OTAEIbHO YacTHbIE PEIleHNA ypaBHEHMIA

ylll _ Gy” 4 gyl — weBm. (9)

y" —6y" 4+ 9y’ = > cos 2z. (10)

Yucino y = 3 ABAAeTCH KOPHEM KPAaTHOCTH § = 2, O3TOMY YacT-
Hoe pemeHHe ypaBHeHHA (9) cormacHo (4) umeer Bun y1 = z°(ax+
+b)e®. Toncrasus y = y1 B (9), Hatigem a = 1/18, b= —1/18.



52 §11. Jlunetinvie ypasHeHUA ¢ NOCMOAHHbLMU KOIPPuyuenmamnu

Jlanee, uncio a + i = 3 + 2¢ He ABIAETCA KOPHEM XapaKTepuc-
THYECKOIr0 ypaBHEHUA, I03TOMY JacTHoe penieHue ypasrenud (10) co-
raacuo (7) umeer BUI y2 = €7 (ccos 2z + dsin 2z). MoxcTaBus y = y2
B (10), naitnem ¢ = —3/52, d = —1/26.

O6uiee pemenvie ypasHeHnus (8) pasHo y = yo + Y1 + Y2, T2€ Yo,
Y1, Y2 y#ie HalileHhl.

3. JluHeiiHOe HeoqHOPOIHOE YpaBHeHUe

aoy(") + aly("_l) + oo +any = f(x) (11)

¢ mo6oi npaBoii yacTeio f(z) pelmaeTcs MeTONOM BapHalHy NOCTOHH-
HeIX. IlycTh HaiineHo o6mee pemenue y = Ciy1 + ... + Cry, TuHeliHo-
ro OJHOPOIHOrO ypaBHEHMA C TOii ke JIeBoii yacTbio. Toraa peeHue
ypaBHenus (11) umerca B Buze

y=Ci(z)y1 + ... + Cr(x)yn.
@Oyuruuu C; () onpenensoTcs U3 CUCTEMBI

Ciyr+ ... +Chy, =0
Ciyi+ ... +Chyl =0
Ciy" P4 40y P =0
ao(C1yd" ™D + .+ Oyt D) = f(a).

4. YpaBHeHMe Jiiiepa
aow"y(") + alw"_ly("_l) + oo Fan—12y’ + any = fz) (12)

CBOOUTCA K IMHENHOMY YPABHEHUIO C MOCTOAHHBIMY K03} QUUEeHTaMU
3aMeHoOli He3aBHCHMOro NepeMeHHoro & = e’ npu ¢ > 0 (um z = —e'
npu z < 0). 1A NoIy4YeHHOro ypaBHEHUA ¢ NOCTOAHHBIMY KO3 dduuu-
eHTaMU XapaKTePUCTUUYECKOe ypaBHEHUE UMeeT BUI

oA A=1)(A=2)...(A—=n+1)+ ... +an—22X(A—1)+an—1A+an =0.

Ilpy COCTaBIeHHH STOT0 ypaBHeHHA Kampmoe npoussenenue zy*)
B (12) sameHnsercAa Ha npousBeneHue k yOGbiBarommx Ha 1 wyucen:
AA=1)A=2)...(A—k+1).

IIpumep. Pemmuth ypaBHEeHUE

3 m 2. n

22y" — 2’y + 20y’ — 2y = 2> (13)
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Cpazy nuieM XapakTepUCTHUYeCKOe YpaBHEHME U pellaeM ero:
AA=1D)A=2)—AA—1)+2A—2 =0, (14)
A=D1 =3A4+2)=0, i=Xa=1, \3=2.

[Ipu Takux A ofiee pemeHne 0JHOPOJHOT'0 yPaBHEHHA € NOCTOAHHBIMU
Ko3(dpureHTaMy uMeeT BUL (coriaacHo m. 1)

yo = (C1 + Cat)e’ + Cze®.

9106l pemuTh HeoHHOpOIHOe ypaBHeHue (13), cHauana packpo-
em ckoGku B (14): A*> — 42 + 5\ — 2 = 0. Ilo 5ToMy XapaKTepUCTHU-
YeCKOMY YPaBHEHHIO COCTABIAEM JEBYIO 4acThb aud¢epeHInaibHOro
YPaBHEHNSA, a IPABYIO YacTh HOIydYaeM u3 npasoii yactu (13) 3ameHoit
Tz =e":

yi' — 4yl +by; — 2y = ™.
Tak Kak 4uciIo 3 He ABIAETCA KOPHEM XapaKTEePUCTHUYECKOro ypab-
HEeHUS, TO YacTHOe pelieHue umeM B Bune y1 = ae®. IlogcraBias B
ypaBHeHHe, HaxonuM a = 1/4.
CienoBaTenbHO, o0liee pelleHNe UMeeT BUI
1 3

y=yo+y=(Cr1+ Czt)et + Cse® + Ze =

= (C1 + CoInz)z + Csa”® + %ws (z > 0).

Ilpu = < 0 nonyyaercsa aHanoruuHas ¢popmyia, Ho ¢ In|z| BmMecTo In 2.

5. llna pemwenusa 3agay 635—640 u 879 MoxKHO MOIb30BAaThLCA
CleIyOMMY 3aKOHAMH T€OPHH IeKTPHYECKUX Hemneii (cM. Tarxe [3],
§ 13).

Ilnsa wazgoro ysia enu cyMma BCeX NpUTEeKalonUX TOKOB paBHA
CyMMe BbITEKAIOI[UX TOKOB.

Anrebpanyeckas cyMMa HaIlpfKeHHI HCTOYHMKOB TOKa, COMEp-
RAIUXCA B MIOO0M 3aMKHYTOM KOHTYpE IIeld, paBHa aire6pandeckoit
cyMMe NajeHuii HaMpAMKeHNi Ha BCeX OCTalbHbIX y4acTKaxX 3TOr0 KOH-
Typa.

[lanenue HanpsseHus Ha conpoTuBieHun R paBHo RI; nameHue
HalpAKeHNA Ha caMOMHAYKIMY L paBHO Lf’i{; najeHue HalpAMeHUA Ha
KoHpeHcaTope emroctu C pasHo q/C, rae ¢ = g(t) — 3apsAn KoHpeHca-
TOpa B MOMEHT 1; IIpU 3TOM % = I; Bo Bcex Tpex cayvasax I = I(t) —
cujlla TOKa, MPOTEeKaloI[ero Yepe3 paccMaTpHUBaeMblil y4acTOK LeNH B
IaHHBIM MoMeHT t. B sTux ¢opmynax I BreipamaeTrcAa B ammnepax, R —
B oMax, L — B renpu, ¢ — B Kyinonax, C — B dapanax, t{ — B ceKyHax,
HalpfAeHre — B BOIbTaX.
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M pumep. llocnegoBaTenbHO BRIIOYEHBI: UCTOYHUE TOKA, HANPH-
#KeHUe KOTOpPOro MeHsAeTcA no 3akoHy F = V sinwt. conporuBienue R
u emrocth C. HaiiTu cuny Toka B nenu npu yCTAHOBUBIIEMCH pPeiu-
mel.

Pemenue. Cuna toka I = I(t) Ha mo6GoM yyacTKe LeNU O-
Ha U Ta e (0 3aKOHY O NOCIeJ0BaTeILHOM coenuHeHuw). [lapenve
HaIpPAMEHNUA Ha cOoNpoTuBIeHNM paBHo RI, a Ha emroctu ¢/C. Caeno-
patenbHo. RI + % = Vsinwt. JludpepeHnnpys u Moib3yfachb T€M, UTO
d
d_;,l = I, noiyuyuM ypaBHeHUE

dar 1
R— + = = Vwcos wt. (15)

dt  C
JTo — nUHEeNHOe ypaBHEHNE ¢ MOCTOAHHBIMU Ko3(ddunuentavu. liusa
OTBICKAHMA YCTAHOBUBLIErOCH pexsMMa HailjjleM NepuoJuYecKoe pele-
HHUe »Toro ypaBHeHuA. Hcxomda u3 Bupa mpaBoif YacTH ypaBHeHUH,

WIeM pelieHue B BHjE
I = A, coswt + B sinwt. (16)

Mopcrapass (16) B (15) u npupaBHuBasg K03 GULIHUEHTHI IPX NOJ0OHBIX
yjleHax, HOJdyYuM CUCTeMY IBYX ypaBHEHMUi, U3 KOTOPOI MO#HO HAaliTH
A1 u B;. Ho B 3leKTpoTeXHHKe BaiiHee 3HATh He K03 duIMeHTh Ag
u Bi, a avnauTyny usMeHeHUs cuibl Toka. llosTomy Bhipamenue (16)
NepenuceLIBaloT B BUE

I = Asin(wt — ¢). 17)

Moncrasnasa (17) B (15), mepexoaA K TPUTOHOMETPUYECKUM (GYHKIIM-
fIM yTJI0B wt U ¢, NpUpaBHUBaA Ko3G(QUIMEHTHl cHavala npu sinwt,
a 3aTeM IpH cos wt, NOILy4YUM

A A
RAwsinp + oSy = 0, RAwcosyp — C sing = Vw.
Otcrona HaiineM
. \%4

1
g — i A=
&Y~ "RCw VEE 1 (@0)-2

MosacHuM, nouemMy HaiileHHOE NEPHOINYECKOE PelleHVe Ha3bIBaeT-
cAl ycTaHoBHBIIMMCA pexumoM. Obuee pemenne ypasHenus (15) pasao

1y’cTaHOBMB]J.Il/IMcﬂ pesUMOM Ha3blBaeTCA TaKOM, IPYM KOTOPOM cuJia TOKa
MMOCTOAHHA UJA MEHAETCH NEePUOAUYEeCKHU.
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CyMMe HaiiIeHHOro yacTHOro peuenus (17) u ofwero peueHus IuHei-
HOT'0 OHOPOIHOI'0 ypaBHEHUA

dr I

R—+ - =0. 18

dt  C (18)
Tak kak pemenne ypapuenus (18) I = Ke ¥/FC (znecs K — mpous-
BOIbHAA MOCTOIHHAA) CTPEMUTCA K HyIIo npu £ — +00, To n1060e
pemenvie ypaBHenud (15) npu £ — +00 HEOrpPaHUYEHHO MPUOIUKAET-
cA (4 IPUTOM BechbMa GBICTPO) K HaliIeHHOMY NE€PUONMYECKOMY pelle-
Huto (17).

Pemuite ypaBHeHua 511—548.

511. " +4' — 2y = 0. 512. ¢ + 4y’ + 3y = 0.
513. 3y’ — 2y’ = 0. 514. 2y" — 5y’ + 2y =0.
515. ¢ — 4y’ + 5y = 0. 516. y" + 2y’ + 10y = 0.
517. y" + 4y = 0. 518. ¢y"' — 8y = 0.

519. yV —y = 0. 520. y'V + 4y = 0.

521. yVI + 64y = 0. 522. ¢y — 2y’ +y = 0.
523. 4y" +4y +y = 0. 524. yV — 6y + 9y = 0.

525. yV — 10y + 9y’ = 0.

526. y'V +2y" +y=0.

527. y"" - 3y" + 3y —y = 0.

528. y" —y" —y' +y=0.

529. yIV — 59" + 4y = 0. 530. yV + 8y™ + 16y’ = 0.
531. ¢ — 3y’ + 2y = 0. 532. ¢V + 49" + 3y = 0.
533. y" — 2y’ — 3y = e, 534. v’ + y = 4xe®.
535. y" —y = 2e® — 22,

536. y' +y' — 2y = 3ze®.

537. y" — 3y’ + 2y = sinzx.

538. y" +y =4sinz.

539. y" — 5y’ + 4y = 4x2e?®.
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540. y" — 3y’ + 2y = x cos .
541. y" + 3y’ — 4y = e 4 4 ze ",
542. y" + 2y’ — 3y = x2e”.
543. y" — 4y’ + 8y = e?® + sin 2.
544. y" — Yy = e>* cos .
545. y' — 2y’ + y = 6ze®.
546. y" +y = xsinz.
547. y" + 4y’ + 4y = ze?®.
548. y" — 5y’ = 3x2 + sin bzx.

B 3apgavax 549—574 niA Kkamaoro M3 AaHHBIX ypaBHEHUI
HamucaTh €ro YacTHOe pellleHHe ¢ HeolnpeeleHHbIMU K03 Puiu-
eHTaMH (YHCIOBBIX 3HAUEHUI KOA()(UIUEHTOB HE HAXOAUTD).

549. y" — 2y’ + 2y = e® + T cos .

550. y" + 6y’ + 10y = 3ze 3% — 23 cos x.
551. y” — 8y’ + 20y = 5ze*® sin 2.

552. y" + Ty’ + 10y = ze ™2 cos ba.

553. y" — 2y’ + by = 2xe® + e® sin 2z.
554. y' — 2y’ + y = 2ze® + e” sin 2z.

555. y" — 8y’ + 17y = e*®(2? — 3w sinx).
556. y"” + ¢y =sinz + z cosz.

557. y'" — 2y" + 4y’ — 8y = e?® sin 2x + 222.
558. y" — 6y’ + 8y = bre?* + 2e** sinz.
559. ¢’ + 2y’ +y=z(e™® — cosx).

560. y"' —y" —y' + y = 3e® + bxsinx.
561. y" — 6y’ + 13y = x2e3* — 3 cos 2.
562. y" — 9y = e 3% (22 + sin 3«).

563. y'V +y" =Tz — 3cosx.
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564. y" + 4y = cos x - cos 3.
565. y'"' — 4y" + 3y’ = x? + ze?~.
566. y"' — 4y’ + 5y = e**sin” .
567. y" + 3y + 2y = e *cos® z.
568. y" — 2y’ + 2y = (z + e*) sinx.
569. y'V + 54" + 4y = sinx - cos 2.
570. ¢y — 3y’ + 2y = 2°.
571. y" —y = 4shz.
572. y" + 4y’ + 3y = chz.
573. y" + 4y = shx - sin 2.
574. y" + 2y’ + 2y = chz - sinz.

Pemuth ypaBHenua 575—581 cmocobom Bapualuu MocTo-
AHHBIX.

575. ¢y" — 2y’ +y = %
576. y" + 3y’ + 2y = =
577. ¢ +y = =+

sinx °

578. ¢ + 4y = 2tgw.

579. y" + 2y +y=3e “Vz + 1.
580. y" + y = 2sec® z.

581*. z3(y" —y) = 2% — 2.

HaiiTu pemenus ypaBHeHuii 582—588, ynoBneTBopAiomne
YKa3aHHbIM HavalbHbIM yCIOBHUAM.

582. 9" -2y +y=0; y(2)=1. ¥'(2) = -2.

583. v’ +y =4e®; y(0) =4, y'(0) =-3.

584. y" — 2y’ = 2e*; y(1) = -1, y'(1) =0.

585. ¢ + 2y + 2y = ve™®;  y(0) = ¢'(0) = 0.
586. 3" —y' = 0; y(0) =3, ¥'(0) = —1, y"(0) = 1.
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587. y" — 3y’ — 2y = 9**; y(0) =0, y'(0) = -3,
y"(0) = 3.

588. 4V +¢" =2cosz: y(0) = —2. 3 (0) = 1.
(0) = 1"(0) = 0.

B 3amauax 589—600 peunth ypaBHeHUA Jitnepa
589. x2y" — 4xy’ + 6y = 0.

590. 2%y" —xy' — 3y = 0.

591. 23y +xy’ —y = 0.

592. z2y" = 2y'.

593. 22y — zy' +y = 8a3.

594. 22y" + zy' + 4y = 10x.

595. x3y" — 22y = 6Inx.

596. x2y" — 3zy’ + by = 3z

597. 2%y" — 6y = 52 + 8z2.

598. x%y" — 2y = sinlnz.

599. (z — 2)%2y" — 3(x — 2)y' + 4y = z.
600. (2 + 3)3y"" + 3(2z + 3)y' — 6y = 0.

[IpumMeHAs pa3nauyHble METOAbI, PelIUTh ypaBHeHuA 601—
611.

601. y" +2y' + y = cosix.
602. 3" — 2y +y = xe® sin® ix.
603. y" + 2iy = 8e* sinx.

604. y"” + 2iy’ — y = 8cosx.
605. y"" — 8iy = cos 2zx.

606. y” — 2¥ = 3In(—z).
T

607. y"' + 2y +y = xe* + é.
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608. " + 2y’ + 5y = e~ *(cos? & + tg ).

2,10 _ 322
609. z°y 2y_w+1.

_z
Inz

610. 2%y —zy +y = h;ﬂ—“” +

611*. " +y = f(x).

612*. KRakue ycioBUA HOCTATOYHO HANOMUThL Ha (QYHKIUIO
f(z), uToGel Bce pelieHua ypaBHeHusa 3anaud 611 ocraBanuch
OrpaHUYeHHbIMU TpU & — +007

B 3apmavax 613—618 mnocTpouTh JHUHEHbIE OJHOPOAHBIE
nuddepeHIyaibHbie ypaBHEHUA C MOCTOAHHBIMYU KO3 QUIIUeHTa-
MU (BO3MOKHO 6oilee HU3KOTO MOPAJIKA), UMeoLIHe JaHHbIe YyacT-
Hble pelleHu .

613. y; = x2e”. 614. y; = e?* cosz.
615. y; = xsinx. 616. y; = ze® cos 2.
617. y; = xe®, yp = e *. 618. y; =z, Yy = sinz.

619. IIpn karkux a u b Bce pemenus ypauenus y' + ay’ +
+ by = 0 orpaHuyeHbl Ha Beell yucnoBoil ocu —o0 < & < +00?

620. [Ipn karkux a u b Bce pemenus ypauenus gy’ + ay’ +
+ by = 0 cTpeMATCA K HYIIO pU & — 4007

621. Mlpu kakux a u b ypasuenue y" + ay’ + by = 0 ume-
eT xoTA Obl ofHO pelnenne y(x)E (). cTpemMAlleecd K HYJIIO NMpU
x — +o00?

622. IIpn kakux a v b kamjgoe perenve ypaBHenus y" +
+ ay’ + by = 0, kpome pemenus y(x) = 0, MOHOTOHHO BO3PACTAET
1o abCoMOTHO Belu4lnHe, HAYUHAA ¢ HEKOTOPOro x7

623. Ilpu rakux a u b kamjgoe pelieHne ypapHeHua y' +
+ ay’ + by = 0 obpamaeTca B HyJb Ha GECKOHEYHOM MHOKECTBE
TOYeR x?

624*. Ilpu wakux a u b Bce pemenusa ypaBHenua y' +
+ ay’ + by = 0 ynoBneTBOPHIOT cooTHOIEHHIO ¥y = o(e” ™) mpu
x — +o00?

625*. JIna saganHoro b > U nogo6pathb Takoe a, IpU KOTOPOM
pemienue ypaBrenus 3" + ay’ + by = 0 ¢ HaYaIbLHBIMEU YCIOBUAMU
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y(0) = 1, '(0) = 0 Bo3MO#HO ObICTPEE CTPEMUTCA K HYIIO MpPHU
xr — +00.

626. Ilpu karux k u w ypasuenue y" + k?y = sinwt umeer
XOTA ObI OJIHO TIepHOINYECKOe peleHue?

627. HaiiTu nmepuofnyeckoe pelieHvie ypaBHeHUA & + ai +
+bx = sinwt ¥ HapUCOBaTh rpapUK 3aBUCKMOCTHU €r0 aMIUIUTY b1
OT BEIUYMHBI wW.

628. HaiiTu nepuoguyeckoe pelieHue ypaBHeHUA % + & +
+ 42 = ¢! ¥ Ha KOMIJIEKCHOil MIOCKOCTH HAYepTUTh KPUBYIO,
KOTOPYIO mpoGeraer aMIUIMTYJHBIH MHOMUTENb 3TOrO pelleHud
npu u3aMeHeHnd w ot 0 1o +00.

629*. Jlano ypaBuenue y"” + ay’ + by = f(x), npuuem
|f(x)] <m (—00 < & < 00), @ KOPHU XapaKTEPUCTHUUECKOTO
ypaBHeHuA Ay < A1 < 0. HaiiTu pemnienue, orpaHudyeHHoe TpH
—00 < x < 00. [lokasaTs, 4TO a) Bee ncTanbHbIe pelleHA Heorpa-
HMYEHHO NPHUOIUKAIOTCA K 9TOMY PelIeHHIo npu £ — +00, 6) ec-
v f(x) nepuoanYecKas, TO TO PelIeHUE TOHE MEPUOINYECKOE.

YrazaHue. le/IMeHI/ITL MeToa Bapualuu IMOCTOAHHBIX. Hunue
Inpeneisl I0JyYeHHbIX HHTerpalloB B3ATh 6eCKOHEeYHBIMM TaKoro 3HaKa.
YTOO6bI HUHTerpajabl CXOOUIUCH.

B 3afgayax 630—632 npuHATH, YTO MPU OTKIOHEHUU Tpy3a
OT TIOJIO}KEeHUA paBHOBeCHsA Ha paccCTOAHUE T MpYy#UHa JelCTByeT
Ha Hero ¢ cuioii kx. HampaBleHHO!N K MOJOMEHUIO PABHOBECUA.

630. HaiiTu nepuoa cBoOOIHBIX KojebaHuUii Macchl 1, MOBe-
[IEeHHOH K NpYy#HHe, ecli ABUKEHUE NMPOUCXOOUT Oe3 CONpOTUB-
JIEHUA.

631. OnuH KoHeIl MPYKUHBI 3aKpeIUIeH HeMOABUMAHO, a K IpY-
roMy NpUKpeIJieH rpy3 Maccel m. Ilpu IBuMeHUU rpy3a co CKO-
pOCThIO v cuila conpoTuBieHuA paBHa hv. llpu t = 0 rpy3y, Ha-
XOJUBIIIEMYCA B MOJIOEHUU paBHOBECHA, COOOIIEHAa CKOPOCTD .
HccnenoBaTh gBUkeHMe rpy3a B cryuyaax h? < 4km u h? > 4km.

632. PemuTh mpeapiAyIiyio 3agady NpU JONOJHUTEIbHOM
YCIIOBUU, UYTO K I'Py3y NpUJIOHEHAa ellle Nepuojndeckasa BHEIIHAA
cuna f = bsinwt. [lokasaTh, 4To Npu MOGLIX HAYANBHBIX YCJIO-
BUAX JBUeHUe rpy3a OyaeT NpubIuKaThbCA K MEepUOANYECKOMY
U HaliTH 3TO [epuoAMYecKoe JBUeHUe (BbIHY#JEeHHbIE Kojeba-
HYA).
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633. Ha KoHIle ynpyroro cTep#HAa yKpernjieHa Macca . JIpy-
r'oii KOHEIl CTepP:KHA BUGPUPYET TaK, YTO €TI0 CMEI[EHUE B MOMEHT [
paBHO B sinwt. Yupyras cuia, Bo3HUKalonasa B cTep#kHe, MPOMNop-
[UOHAJTbHA Pa3HOCTH cMelleHuii ero koHuoB. Haiitu ammiutyny
A BBIHY#IEHHBIX KosebGaHnuii macchkl m. MomeT nu 6b6iThb A > B?
(Maccoii cTep#HA 1 TpeHUEM HpeHeGpeyb.)

634. Yactuna maccel . aBumetcAa mo ocu Oz, oTTalKuBa-
fick oT Touku & = ( ¢ cunoit 3mry u NpUTArUBaAch k Touke x = 1
¢ cunoit 4mry, TOe 7o U 71 — PaccTOAHUA [0 3TUX Touek. Ompe-
JENUTh BUKEHNE YacTUIbl ¢ HaYalbHbIMU YCIOBUAMHU

635. JnexkTpuuyeckad IeNb COCTOUT U3 MOCIEIOBATEIbHO
BKJIIOYEHHBIX HCTOUHHMKA [IOCTOAHHOIO TOKAa, [JAlOIIero Halpse-
Hue V, conporusienusa R, camouHayknuu L 1 BeIKIOUATENA, KO-
TopeIil BRiAO4aeTcd npu ¢t = 0. HaiiTu 3aBucuMOCThH cullbl TOKa
ot BpeMeHu (mpu ¢ > 0).

636. Pemuth nopefbiayuiyio 3ajgady, 3aMeHUB CaMOUHAYK-
nuto L rougencatopom emroctu C. RonpmeHcaTop 0 3aMbIKaHuA
1eny He 3apAeH.

637. llocnepoBaTenbHO BKIIOYEHKI conpoTuBieHre R u KoH-
neHcatop emkoctu C, 3apan rkotoporo npu + = () paBeH ¢. llenb
3ambikaeTcA npu t = (. HaiiTu cuny Tora B nenu npu £ > 0.

638. IlocnemoBaTenbHO BRIIOUEHBI caMouHayknua L, compo-
TusieHue R u koupeHncatop emkocTu C, 3apan Kortoporo npu t = 0
paBeH q. llenb 3ambikaeTca npu ¢t = (0. HaiiTu cuny Toka B Lenu
U yacToTy KoslebaHUil B TOM cilyuae, KOrja paspfll HOCUT KoJle-
O6aTenbHBIIl XapakTep.

639. IlocnenoBaTenbHO BKIIOUEHBI HCTOYHUK TOKA, HaTIPAHe-
HUe KOTOporo MeHsaeTcA 1o 3aroHy E=Vsinwt, conporuBinenue R
u camounaykiua L. Haiitu cuny Toka B llenu (ycTaHoBUBIIHiicA
PEMUM).

640. IlocnepoBaTenbHO BRIIOYEHbI UCTOYHUK TOKa, Hamps-
#eHue KOToporo MeHsaeTcA Mo 3akoHy F = Vsinwt, conpotuBne-
Hue R, camounnykuusa L u emrocts C. HaiiTu cuny Toka B nenu
(ycranoBusiumiics pexum). IIpu kakoil yacToTe w cuiia ToKa Hau-
6onbmasn?
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§12. JUHENHBIE YPABHEHHUSA
C IEPEMEHHBIMH KOPOPUITHEHTAMU

1. BorpmuHCTBO 3amay 3Toro maparpada pemaeTcs ¢ IOMOIIBIO
MeToAOB oOmieil TeopuM IUHENHbIX ONdepeHINaNIbHBIX ypaBHEHUI
(em. (1], ra. V, § 2, § 3 mum [4], ran. 2, § 3, § 5) ¥ MeTO/10B Ka4eCTBEHHOTO
HcCleZIoBaHNA IMHEHHbIX ypaBHeHHil BToporo nopanka (cm. [1], ro. VI,
§ 2, n. 1, n. 3). K ocransHbIM 3anayaM [laHbl YKasaHUA WU CCHUIKK Ha
IuTepaTypy.

2. Ecnn u3BecTHO 4yacTHOe pelleHue y; JTUHEHHOro OJHOPOJHOTO
YPaBHEHHUA 1-TO NOpAJKA, TO NOPAJOK ypaBHEHUA MOMHO [OHU3UTH,
coxpaHfifl JUHeMHOCTb ypaBHeHUd. [lnf 3Toro B ypaBHeHHe Haflo MOJ-
CTaBUTb Y = Y17 W 3aTeM NOHU3UTH TOPAJIOK 3aMeHol 2’ = u.

UToGp1 HaliTH oO6lee pellleHHe TUHEIHOr0 OTHOPOIHOTO YpaBHe-
HuA Broporo nopagka ao(z)y” + ai1(z)y’ + a2(z)y = 0, y wortoporo
HM3BECTHO OJJHO YacTHOE pelleHHe Y1, MOKHO IIOHU3UTH MOPANOK ypaB-
HeHHUA yKa3aHHBIM BbIlle crioco6om. OnHako yfoGHee BOCIIONb30BaThCA
¢opmynoii Octporpaackoro— JIuyBumina:

~[p(x)dz _ai(x)

Yy Y2
' =C ) = 9
e p(x) ao(z)

)

rie y1 ¥ Y2 — I00ble JIBa pelleHNA JaHHOrO ypaBHEHUA.
IIpumep. IlycTh M3BEeCTHO YacTHOE pelIeHUE Y1 = # YPaBHEHUA

(2% +1)y" — 22y’ + 2y = 0. (1)
Tlo ¢popmyne Octporpajckoro — JIMyBHILIA TOLY UM

vy :Ce_f(ﬁ%) da

U ! 2
: — =C(z" +1).
yll " Y1Yy2 — Y192 ( )

Tar rar ¢yHKIUA y; U3BeCTHa, TO MBI MOLYy4YUIU JIHUHeHOe ypaBHe-
HUe MEepPBOro MOpAAKa OTHOCUTENbHO y2. Ilpolne Bcero oHo pemaeTcA
creayomuM croco6oM. Pasfenns o6e yacTu ypaBHeHus Ha y2, mory-
YKM clleBa IPOM3BONHYIO OT APOGH Y2 /Y3

<y2>' _ yiyr — iy _ C(z®+1)
Y2\ _ = vy
Y1

2
Y1 Yi
Tar kak y1 =z, TO

2
2=/C~w J;]dw+02=0(w—1)+02;
Y1 T T

y2 = C(a® — 1) + Cou.
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910 — ofuee pemenne ypapHenus (1).

3. O6uero MeToja A OTHICKAHUA YACTHOTO pPelleHUA JTUHEHHOro
YPaBHEHUA BTOPOro MOPANKA He CylleCTByeT. B HEKOTOpBIX ClIydasx
pellieHue ynaeTcA HaliTU MyTeM Hoabopa.

Npumep. HaiiTu yacTHOe pelleHue ypaBHEHUA

(1—22%)y" +2y' + 4y =0, (2)

ABJAONIeeCH alrebpanyecKUM MHOTOYIEHOM (eCIM Takoe pelleHue cy-
MECTBYET).

CHauana HaiifieM creneHb MHorouneHa. lopcraBisaa y = a” + ...
B ypaBHeHMe (2) ¥ BBINKCHIBAA TOIbLKO WIEHBI ¢ caMoOil cTaplueii cTemne-

HBIO GYRBEI Z, omyuum: —2x2 -n(n —1)z" 24 ...+ +4z" + ... = 0.
lIpupaBHuBad Hy IO K03 GULNEHT NIPYU CTaplleii CTENeHH T, NOLYYuM:
—2n(n—1)4+4=0;n®* —n—2 = 0. OTciofa n; = 2; KOPeHb Ny = —1 He

rojieH (cTeneHb MHOroOuYleHa — Ieloe NOoNoMUTelbHOe yncno). Urak,
MHOrO4/IeH MOeT GbIThb TOIbKO BTOPOil cTeneHu. Uuem ero B Buie
y = 2® + ax + b. llogcrasaana B ypasHenue (2), noryuum (4a + 4)x +
+2+42a+4b = 0. CrenoBatensHo, 4a+4 = 0, 2+ 2a +4b = 0. Otcrona
a = —1, b = 0. Utak, MHOrOWIeH y = x° — & ABIAETCA YACTHBIM
pelieHreM.

4. IIpu pemenuu 3agay 738—750 Bocmonb30BaThCA ClIENYONUMU
YTBep#/IeHUAMH, BbITEKAIOWMMuU, HanpuMep, u3 § 7 ra. V kauru [5].

Myers |f(t)| < %a mpu to <t < 005 ¢, a = const > 0. Torna

1) ypasuenue u” + (1 + f(¢))u = 0 umeeT gBa Takux NMHEIHO
He3aBUCHMBIX PEIIeHNA, YTO IpH ¢ — +00

() = cost + O (tla) . us(t) = sint + O (i) :

ta

2) ypasuenue u” — (1 — f(t))u = 0 uMeeT HBa TakWX IUHENHHO
He3aBHCHMBIX PelLleHN A, YTO NpH t — 400

ui(t) = e (1 +0 (tla)) , us(t) =e”? (1+0 (%)) .

B 3apauax 641—662 uccnenoBaTh, ABIAIOTCA JU JaHHbIE
(GyHKIUY JuHelHO 3aBUCUMbIMU. B Kam ol 3agaue GpyHKIMMU pac-
cMaTpUBalOTCA B TOI 00JlacTU. B KOTOPOIi OHU BCe ONpEENEHbI.

641. £ + 2, z — 2. 642. 62 +9, 8z + 12.
643. sinz, cosx. 644. 1, x, 2.

645. 4 —z, 2z + 3, 6 + 8.
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646. 22 +2, 322 -1, v + 4.
647. 22 —x + 3. 22% + x, 2z — 4.

648. e®, 2%, 37, 649. z, e, xe®.

650. 1, sin®z, cos2z. 651. shx, chz, 2+ e”.
652. In(z?), In3x, 7. 653. =, 0, e®.

654. shx, chx. 2e® — 1. 3e* + 5.

655. 2%, 3%, 6. 656. sinx, cosx, sin2x.

657. sinx, sin(z + 2), cos(z — 5).

658. \/z, vV + 1, VT +2.

659. arctgx. arcctgzx. 1.

660. 22, z|z|. 661. z, |z|, 22 + Viz2.
662. x, x3, |23

663. a) flensioTcA nM JNMHEHO 3aBUCHUMBIMM Ha OTpeE3Ke
[a, b] byuruuM, rpadukn KOTOpPBIX U306paxeHsl Ha puc. 17 6) Tot
#e BOIpocC JJid puc. 2.

Y Y
N ™
a b rd
/ 0 X —o o—n
a O b x
Puc. 1 Puc. 2
664. N3BecTHO, uTO yA GYHROUH Y1, - ... Y, JETEPMUHAHT

BpoHckoro B Touke ¢ paBeH HYJIIO, 8 B TOYKE &1 HE paBeH HYIIO.
MoskHO iu YTO-HUOYAb CKA3aTh O JIMHEHHOW 3aBUCUMOCTU (MiIu
He3aBUCUMOCTH) TUX QYHKIMN Ha OTpe3ke [T, ©1]7

665. [lerepmunauT BpoHckoro ana ¢yHRUui ¥, ..., Yy, pa-
BEH HYIIO Npu BceX x. MoryT nu GbITh ®TH QYHKIUM TUHEHRHO
3aBucuMbiMu? JluHeitHo HezaBuCUMBIMU?
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666. YTo MoHO cKa3aTh 0 JeTepMuHaHTe BpoHcKoro gpyHk-
UMt Y1, .., Yn, €CIU TOILKO U3BECTHO, 4) UTO OHU JIUHEHHO 3a-
BUCUMBI? 6) UTO OHU JTUHEHHO HE3aBUCUMBI?!

667. Oynruuu y, = 7, y2 = z°, y3 = |2°| ynosrersopaor
ypasuenuto z2y"” — 5xy’ + 5y = 0. fIBIAIOTCA 1M OHU JUHENHO
3aBucuMbIMU Ha uHtepBaie (—1, 1)? O6bACHUTH OTBET.

668. JlokasaTh, 4TO JBa peuleHus ypasHenus y''+ +p(z)y' +
+ g(z)y = 0 (c HenmpepbIBHBIMU K03 (UIHEHTAMHU), UMEIOINEe
MaKCUMYM NIPU OJHOM U TOM #i€ 3HAUEHMH T, IUHEHHO 3aBUCHMEI.

669. Jlaub1 4 pemenus ypasnenus y"’' + xy = 0, rpapuru
KOTOPBIX KacaloTcA Jpyr Apyra B ofiHOl Touke. CKOJIbKO JIUHEHHO
HE3aBUCUMBIX UMEETCH CPeld DTUX pelleHuii?

670. Ilonb3yAch U3BECTHLIM yTBep:#jeHUeM 06 MHTepBaje
CYIIeCTBOBAHUA pelleHus nuHeliHoro ypaeHenus ([1], ra. V, ko-
Her § 1), onpenenuTs, Ha KAKOM MHTEpBale CYIeCTBYeT pelleHure
NIaHHOTO YpaBHEHUA C YKA3aHHBIMHU HauyalbHbIMU YCIOBUAMU (He
pemas ypaBHeHud): a) (z + 1)y” — 2y = 0, y(0) = 0, 3’'(0) = 2;
6) y" +ytgz =0, y(5) =1, y'(5) = 0.

671. MoryT nu rpaduku ABYX pelleHUil ypaBHEHUA y(”) +
+p1(x)y™ D + ... + pu(x)y = 0 (c HenpepbIBHBIMY K0dbOUIU-
€HTaMH) Ha IUIOCKOCTH . y a) mepecekaTbeA. 6) KacaTbeA APYT
apyra?

672. Ilpu rarkux n ypaBHeHue 3agauu 671 MomeT UMeThb
yacTHoe peleHue y = 7

673. JluneiiHoe ofHOPOIHOE ypaBHEHHE KAKOro MOpAAKa Ha
untepsade (0, 1) MOMeT UMeTb TaKue YeThIpe YaCTHIX PelleHu :
m=a-22+2,p=(—-2)2% y=a+x—-1,ys=1—a?

B rampoit u3 3amauy 674—680 cocTaBUTh JUHEHOE OIHO-
poaHoe au¢pepeHlnanbHOe ypaBHeHre (BO3MO#HO MEHBIIEro Mo-
pAlKa), uMerollee JaHHble YacTHbIE PelleHuA.

674. 1, cosx. 675. x. e”.
676. 3x, x — 2, e® + 1.

677. 2 — 3z, 222 +9, 2z + 3.

678. ¢, shz, cha. 679. z, 22, e”.

680. =, 23, |2®|.
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B 3agauax 681—701 HaiiTu obuiue pelleHUA JaHHLIX ypaB-
HeHMil, 3HaA X yacTHbIe pemeHuf. B Tex 3amauax, rae yacTHoe
pellieHre He JaHo, MO{HO UCKaTh €ro myTeM mojadopa, HanpuMmep,
B BHJIe TNOKa3aTelbHON QYHKIUU y; = e%" unu anrebpanyeckoro
MHOrouneHa y; = 2" + ax™ ' + bz 2 + ...

681. (22 + 1)y" + 4xy’ — 4y = 0.

682. 2?(z + 1)y —2y =0: yy =1+ L.

683. zy' — 2z + 1)y’ + (z + 1)y = 0.

684. vy + 2y —xy=0; y1 = %

685. v —2(1 +tg?x)y =0: y; = tgx.

686. z(xz — 1)y" —zy +y=0.

687. (e*+ 1)y" — 2y —e*y=10; yy =e®* — 1.

688. 2%y Inz — wy' +y =0.

689. y" —y'tgxz + 2y = 0; y; = sina.

690. (22 —1)y" + (z — 3)y' —y = 0.

691. zy" — (r+ 1)y’ — 2(z — 1)y = 0.

692. ¢ + dzy + (422 + 2)y = 0; y, = e%@".

693. zy" — 2z + 1)y +2y = 0.

694. (22 + 1)y" +2(x+ 1)y’ — 2y = 0.

695. z(z +4)y" — 2z +4)y’ +2y = 0.

696. z(x2 + 6)y" — 4(x® + 3)y’ + 6zy = 0.

697. (22 +1)y" — 2y = 0.

698. 2z(x +2)y" + (2—x)y' +y=0.

699. vy — vy —wy +y=0; y1 =z, ys = e®.

700. 22(2z — 1)y"" + (4z — 3)zy" — 2xy’ + 2y = 0;
y1=z. y2 =1/z.

701. (22 — 2z + 3)y" — (22 + 1)y" + 22y’ — 2y = 0;
Y1 =, Yy =e”.
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B 3agauax 702, 703 HaiiTu oOliee pelieHue JUHEHHOTO He-
OJTHOPOJIHOTO ypaBHEHUA, €Clii U3BECTHO, YTO YACTHOE PelleHue
COOTBETCTBYIOLIET0 OJHOPOIHOI'0 ypaBHEHUA ABIAETCA MHOTOUJIe-
HOM.

_ 1
702. (z+Day" +(x+2)y —y=x+ ;.
703. 2z + 1)y" + 2z — 1)y’ — 2y = 22 + =.

B 3agauax 704, 705, 3HasA JBa 4aCTHBIX pelleHUA JUHEHHOTO
HEOJTHOPOJTHOT'0 YpPaBHEHUA BTOPOI'0 MOPANKA. HAWTU ero obiiee
pelieHue.

2
704. (22 — 1)y’ +4day’ + 2y = 622 yy = w. yp = L

705. (32° + x)y" + 2y — 6y = 4 — 12225 y; = 2z,
Yo = (z +1)2.

B ypaBHeHusax 706—710 nuHeitHOi#i 3aMeHONl HMCKOMOIA
¢yHruuYU y = a(r)z yHUYTOMUTD WIEH C MEePBOii MPOU3BOIHOI.

706. z2y" — 2zy’ + (2% + 2)y = 0.
707. 22y — dxy' + (6 — 22)y = 0.
708. (1 +z2%)y" + dxy’ + 2y = 0.
709. z%y" + 222y’ + (22 — 2)y = 0.
710. zy" +y' + 2y = 0.

B ypaBHeHuax 711—715 3ameHoii He3aBUCUMOI'0 NepeMeH-
HOTrO ¢ = (&) YHHUYTOMKUTD YIEH C NMEePBO NPOU3BOLHONM.

711. zy" — o — 423y = 0.

712. (1 +23)y" + xy' +y = 0.

713. 22(1 — 22)y" + 2(x — %)y’ — 2y = 0.
714. y" — ¢ + ety = 0.

715. 2zy" +y' + 2y = 0.

716. 3Has TpU YaCTHLIX PelleHuA y; = 1, Yo = X, Y3 = x> Au-
HEHOT'0 HEOJIHOPOJIHOT0 YpaBHEHUA BTOPOTroO MOPAJKA, HaNucaTh
ero ofliee pelnieHue.
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717. Yto MoHO cKasaTb 0 QyHKUUM p(x), €CIM U3BECTHO,
uTO BCe pemenus ypashenus ¥’ +p(x)y' +q(z)y = 0 mpu x — oo
CTPEMATCA K HYJIO BMECTE CO CBOMMU MEPBLIMU MPOU3BOAHBIMU T

Yrazanue. BocionbzoBatbesa ¢popmynoit JIuysunns.

718. JlokasaTh, uto B ciyuae g(z) < 0 peuleHus ypaBHe-
A ¥ + p(x)y’ + g(xz)y = 0 He MOryT UMeTb MOIOHMTENbHBIX
MaKCUMYMOB.

719. T'ne MoryT neath TOUKU neperuda rpaguKoB peleHui
ypasuenus y" + g(x)y = 07

720. MoryT nu rpaguku OBYX pelleHuil ypaBHeHus y'' +
+ g(x)y = 0 (byuruusa g(x) HempepbiBHA) pacnoiaraTbe Tak,
Kak Ha puc. 3,a? puc. 3,67 puc. 3,67 puc. 3,27

y y

X

6)
/7%
X
e)
Puc. 3
721. JokasaThb, YTO OTHOLIEHHE [BYX JIOOLIX JUHEHO He3a-
BUCUMBIX pentenuii ypasuenud y” + p(x)y' + q(x)y = 0 (¢ Hempe-
PBIBHBIMM KO QUIMEHTaMH) He MOKET UMETh TOYEK JOKATLHOTO
MaKkcuMyMa.
722. JlorazaTb, 4To B cayyae g(z) > 0 g 106010 pelmeHus

ypasHenud y"’ + g(x)y = 0 otHowenue y'(z)/y(x) yb6piBaeT npu
BO3pACTaHWu T Ha UHTepBaie, rae y(z) # 0.
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7238. JlokasaTh, uto B ciyuae ¢(z) < 0 Bce pelieHus ypas-
Henus y" + q(x)y = 0 ¢ MONOHKUTENHHBIMYI HAYANBHBIMU YCIOBU-
amu y(xo) > 0, y'(x¢) > 0 ocTaoTCA MONOHUTENLHBIMY IPU BCEX
xr > xg.

724. JlokaszaTh, 4To peleHue ypasHenud y'' — 2y = 0 ¢ Ha-
vanbHbIMY yeaosuamu y(0) = 1, y'(0) = 0 ecTs yeTHas QyHKUUA,
BCIOJLY MOJIOMUTENbHASA.

725*. JlokazaTb, uTo B ciyuae ¢(z) < 0 KpaeBas 3amaua

' +q@)y=0, y(z1)=a, ylx)=0b

npu MobbIX a, b u 21 # T2 UMeeT elUHCTBeHHoe peleHue. Jloka-
3aTh, YTO 3TO pellleH’He — MOHOTOHHAA QyHKIUA, ecau b = 0.

726. HaiiTu paccTofAHHe Me#Jy ABYMfA COCeJHUMH HYJIAMU
M1060r0 (He TO#JEeCTBEHHO PABHOIO HYJIO) pelleHHf ypaBHEHHA
y" +my = 0, rme m = const > (. CKoIbKO HyJeil Mo#eT comep-
MaThCA Ha oTpeske a < = < b?

B zapavax 727—730, ucnonb3ya pe3yibTaT Opebiayuieit
3afauu u TeopeMy cpasHenuf (cm. [1], ra. VI, § 2, n. 3), ouenutn
CBEPXY W CHHU3Y pacCTOAHWE MeJy NBYMA COCEJHUMU HYIAMU
nmo6oro (He TOHIeCTBEHHO PABHOI'O HYIIO) PelileHHA cleAYIOMuX
ypaBHeHHiI Ha 3aJaHHOM OTpe3Ke.

727. ' + 2zy = 0, 20 < = < 45.

728. zy" +y =0, 25 < x < 100.

729. ¢ —2zy' + (z +1)2y=0. 4<x<19.
730. y" — 2e%y' + ey =0, 2<z<6.

731*. Jlorasath, uTo N060e penienue ypasHenua y" +xy = 0
Ha oTpe3ke —25 < « < 25 UMeeT He MeHee 1) Hyeii.

732. llyctb 1, 2, ... — pacnoioxeHHble B MOPAJKE BO3-
pacTaHuA TocieloBaTelbHbIe HyNu pelleHus ypaBHeHus y" +
+ q(z)y = 0, roe ¢(z) > 0; mpu z; < = < 0o ¢yuruua q(x)
HelpephIBHA U Bo3pacTaeT. [JlokazaTh, UTO Xy 1 — Ty < Tp — Tp—1
(T. e. paccTofIHME MEMIY COCEJHUMHU HYIAMU yOBIBAET).

733. B npenbinyimeii 3agaye 0603HaYUM 4yepe3 ¢ KOHEUHBIH
unu GecKkoHeuHbIi npepen ¢yHruuu ¢(x) npu x — oo. Jlokasars,

uTOo nli)ngo(mn+1 —xy) =m/+/eC.
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734*. llycts y u z — pemenun ypasuenuit y" + q(x)y =
=0u 2"+ Q(x)z = 0 ¢ coBnaawUIMMU HaYAILHBIME YCIOBUAMU
y(xo) = z(x0), y'(x0) = 2'(x¢) u Ha unrepsane (9, x1) UMeeM
Q(x) > gq(x), y(z) > 0, z(x) > 0. JokasaTb, 4TO HA HTOM UHTEP-
Balle oTHoueHue z(x)/y(x) yobiBaet.

735*. IlycTb BbIMOAHEHbI YCJIOBUA 3afauv 732 U OYCTh

b,= max |y(x)|. JokasaTb, 4T0 by > be> b3 > ...
T STLTn41

736*. Ilyctb B 3amaue 733 npenen ¢ koHeuHbIi. Jloka3aThb.
410 by, = B > 0 npu n — 00 (B 0603HaueHUAX 3afaun 735).
737, Bameﬂon He3aBHCHMOI0o HepeMeHHOFO t = go( ) npu-

BECTU ypaBHEHUe d Y4 #m)y; =0 & BUIYy dt2 N b(t) +y =0,
3aTeM M36aBUTbCA OT NEPBOI NPOM3BOAHON 3aMeHoil y = a(t)u.
(9o mpeobpasoBaHue HasbiBaeTcA npeoGpasoBaHueM JluyBumid.
Bo MHOrmx ciy4afX OHO I0O3BOJAET NPUBECTH ypaBHeHue y'' +
+ ¢(2)y = 0 K ypaBHeHMIO aHAIOTMYHOrO BUJa, HO C (IOYTH IO-
CTOAHHBIMY (cnabo MeHAIMMMUCA Ha uHTepBaine (to. 00)) Koap-
¢unreHTOM IpH y. JTO objervyaeT uccieloBaHHe aCUMITOTHYEC-
KOT'0 MOBeJIeHUA PEelleHus pu T — 00.)

B 3apauax 738—748 uccienoBaTb acUMITOTUYECKOE TOBE-
JeHue TMpu & — +00 pelleHuil JaHHLIX ypaBHEHHi, MOIb3YyACh
npeo6pasoBanueM JluyBunna (cMm. 3agauy 737) u yTBepmIAeHUA-
mu 1. 4 (cTp. 77).

738. y" + iy = 0. 739. y'' — x22y = 0.
740. y" + 2%y = 0. 741. y" + ¥y = 0.
742. zy" —y = 0. 743. y" — xzy = 0.

744. xy" + 2y +y = 0.

745. y"' — 2(x — 1)y’ + 2%y = 0.
746*. y" + (z* + 1)y = 0.
747, (22 + 1)y —y = 0.
748*. 22y" + yln®z = 0.

B 3agauax 749—750 noayuyuTh Goliee TOYHOE aCUMITOTH-
yecKoe NpecTaBlIeHlne PelIeHUl JaHHBIX YpaBHEHUI, NPUMEHAH
IBa pasa npeobpasoanue JlnyBuiid.
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749*. y' — 4x%y = 0.
750*. xy" +y =0.

§13. KPAEBBIE 3AJTAUYN

1. IlnA oThICKaHUA pelIeHUA KpaeBoil 3aauu
ao(x)y" + a1(z)y’ + az(z)y = f(z), w0 <z < 21, (1)

ay'(zo) + Py(wo) =0, vy (z1) +dy(z1) =0 )

Ha/0 MOACTaBUTH ofmee pemenve ypaBHenusa (1) B KpaeBble ycio-
BUA (2) ¥ U3 STUX YCIOBUH ONpefeauTs (eciy 3TO BO3MOKHO) 3HaUEHUA
[IPOU3BONBHBIX MOCTOAHHBIX, BXOJAMUX B (HOPMYIy OOLIEr0 pelieHu .
B oTanume ot 3anauu ¢ HavyaabHbBIMK ycaoBuaMY (3apgauu Komn), Kpa-
eBaf 3ajlaya He Bcerja MMeeT pelleHUe.

2. ®yuruueit I'puna kpaesoit 3agauu (1), (2) HasbiBaeTcA QyHK-
A G(z. s), onpepeneHHasa npu o < ¢ < Z1, To < § < X1, ¥ IpH
KamIoM (UKCHPOBAaHHOM § U3 OTpesKa [To, 1| oGnajgamolias CBOMCT-
BaMu (Kak QYHKUMA OT T):

1) npu & # s OHa YIOBIETBOPAET ypPABHEHHIO

ao(2)y" + a1 (@)y’ + az(z)y = 0: ®3)

2) IpU T = To U T = T1 OHA YIOBIETBOPAET 3aJAHHBIM KPa€BbIM
yeaosusam (2);

3) npu £ = s OHa HeNpepbIBHA 110 T, @ €€ IPOU3BO/IHAA [10 T MMEeT
CKau4oK, paBHBI 1/ag(s), T. e.

1

!
om0 T ao(s)

x

G(s+0, s)=G(s—0, s), G

(4)

91o6el HaiiTh ¢yHkumio ['puna rpaesoii samauu (1), (2), Hano
HaiiTu 1Ba peuwenus yi(z) u y2(x) (oramusbix ot y(x) = 0) ypaBHe-
HuA (3), yIOBIETBOPAIONUE COOTBETCTBEHHO NEPBOMY W BTOPOMY W3
KpaeBbIX yciaobuit (2). Eciu y; (z) He ynosieTBopaeT cpasdy 060uM Kpa-
eBBLIM YCIOBUAM, To GyHKLUA ['puHa CylmecTByeT U ee MO#HO HCKaTh
B BUIIE

x=s40

ayi(z) (zo <z < s)
G(z. s) = ST (5)
bys2(z) (s <z < 1)
OyHENUYU @ U b 3aBUCAT OT $ U ONpeelIAI0TCA U3 TpeboBaHKA, YTOGLI
¢yuruus (5) ynosinersopsna ycnosuam (4), T. e.

bys(s) = aya(s), byi(s) = ag(s) + %()
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3. Ecau ¢yuruusa ['puna G(z, s) cyumecTByeT, TO pelleHUe Kpae-
Boii 3agaun (1), (2) Belpamaerca gopmyoii

z1

y(z) = / G(z, 5)f(s) ds

z0
4. Co6CTBEHHBIM 3Ha4yeHHeM 3aJadu
ao(2)y" + a1(x)y’ + az(x)y = Ay, (6)

ay'(zo) + By(zo) =0, vy'(z1) + dy(z1) =0 ()
Ha3bIBAETCA TAKOE YMCIO \, IPY KOTOPOM ypaBHeHue (6) umeer pemie-
uue y(z) £0, yaoreTBopsmomee KpaeBbiM ycaoBuaM (7). DTo penieHvie
y(z) HaspiBaeTCH cOGCTBEHHON (QyHKIMEN.

HaiiTu pemenus ypaBHeHuii 751—762, ynoBieTBopsAiolne
YKa3aHHBIM KPaeBbIM YCIOBUAM.

751. y" —y =2x; y(0) =0, y(1) =—1.

752. "+ 4 =1; ¢'(0)=0, y(1) =1.

753. y" —y' =0; y(0) =-1, y'(1) —y(1) =2.
754. y" +y=1: y(0)=0, y(3) =0.

755. y" +y=1; y(0) =0, y(x)=0.

756. y' +y=2x—m; y(0) =0, y(r)=0.
757. y" —y' —2y=0; y'(0) =2, y(+o0) =0.

758. y' —y=1; y(0) =0, y(x) orpanuyeHo mpu
T — +00.

759. ¢y — 2iy = 0; y(0) = —1, y(+o0) =0.
760. 22y — 6y = 0; y(0) orpanuueno, y(1) = 2.

761. 22y" — 22y’ + 2y = 0; y(x) = o(x) npu x — 0,
y(1) = 3.

762. 22y +5xy' + 3y =0: ¢'(1) = 3. y(x) = 0(z72)
npu & — +00.

763*. Ilpu rakux a Kpaesas 3afgaua y" + ay = 1, y(0) = 0,
y(1) = 0 He umeet pemeHuit?
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Ina wampoil u3 KpaeBbIX 3a1a4 764—779 mocTpouTh QyHK-
nuo 'puna.

764. y' = f(x): y(0) =0, y(1) =0.

765. y" +y = f(z); y'(0) =0, y(m) =0.

766. y" +y' = f(x); y(0) =0, y'(1) =0.

767. y" —y = f(z); y'(0)=0, y'(2) +y(2) =0.

768". v +y = f(z); y(0) =y(7), ¥'(0) =y (m)

769. x2y" + 2zy' = f(x); y(1) =0, ' (3) =0.

770. ay" —y' = f(x); y'(1) =0, y(2) =0.

771 2%y — 2y = f(x); y(1) =0, y(2) +2y'(2) = 0.

772. y'" = f(x); y(0) =0, y(x) orpanuyeHo npu
x* — +00.

773. ' + 4 = f(x); ¥'(0) =0. y(+o0) =0.

774. xy" +y' = f(x); y(1) =0, y(x) orpannyeHo
npu x — +00.

775. y" +4y' + 3y = f(x); y(0) =0, y(x)=0(e™?*)
npu £ — +00.

776. 2%y" +xy —y = f(z); y(1) =0. y(x) orpanu-
YeHo TNpH 7 — +00.

777, 22y" + 22y’ — 2y = f(x); y(0) orpanuyeno,
y(1) =0.
778. y' —y = f(x), y(x) orpannyeHo npu x — +00.

779. 2%y" — 2y = f(x), y(x) orpanuyeno npu = — 0
U 0pu & — +00.

780. [Ipu rarux a cymecTByeT pyHKIUA ['puHa KpaeBoii 3a-
naun y' + ay = f(x), y(0) =0, y(1) = 07

781*. OueHuThb cBepXy M CHHU3Y pelleHue 3agauu x2y’ +
+ 22y’ — 2y = f(x), y(x) orpanuyero npu £ — 0 u  — +00,
U €ro mepByIO MPOU3BOJHYIO, eciu udBecTHo, uto 0 < f(x) < m.

YrazaHue. 3anucaTh pelleHue ¢ nomomeio ¢yHkuuu ['puna.
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B 3apayax 782—785 HaiiTu coOCTBEHHbIE 3HAaYEHUA U COO-
CTBEHHbIE YHKIINH.

782. y'=Xy; y(0)=0, y(
783. y' =Xy; y'(0)=0,
784. ¢ =Xy; y(0)=0,

785. 2%y" = Ay; y(1) =0, y(a)=0 (a>1).

§14. JIUHEWHBIE CUCTEMBEI
C ITIOCTOAHHBIMU KRO3PPUIITNMEHTAMU

1. IlyTeM HMCKIIOUYEHHA HEM3BECTHBIX CHCTEMY, BooOLie roBOp,
MOKHO CBECTH K YpaBHEHHIO (oilee BBICOKOIO IOPAIKA C OXHON HeM3-
BecTHON QyHKumeit (cm. [1], ra. VIL, § 1, n. 2 uan [4], ra. 3, § 2). d1or
croco6 ynoGeH Uif pelleHr A MUIlb HECIOHHBIX CUCTEM.

Mpumep. Pemuts cuctemy ¢ = y + 1, § = 2e' — . Hewmoua-
eM y. U3 nepBoro ypaBuenus umeeM y = @ — 1. IlogcTaBnsas Bo BTopoe
ypaBHeHMUe, Tony4YaeM i = 2e’ — x. Pemus 5T0 ypaBHeHHe BTOPOTO MO~
panka (Metomamu § 11), Haitnem x = C; cost + Ca sint + e'. 3naunr.
y=&—1=—Cisint + Cacost +e' — 1.

2. [lna pemenun cuctemsl (rie & osHayaeT ‘é—f)

&1 = a11T1 + ... + A1nTn,

.................... 1)

Tp = Ap1T1+ ... + Gunn,
WK, B BeKTOpHOM 3anucu, £ = Az, roe © — BeKTop, A — maTpuna:

Z1

Tn
Hajo HallTu KOPpHU XapaKTepHuCTU4YeCKOI'o ypaBHEHUA

ail — )\ a2 cee A1n
a21 asz2 — )\ IS az2n,

=0. @)
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Rammomy nmpocToMy KOPHIO \; XapaKTepUCTUYECKOro YpaBHEHUA
coorBeTcTByeT pemenne Civ'e*it, rme C; — NpOM3BOIBHAA TMOCTOAH-
Hafl, v° — COGCTBEHHBIN BEKTOp MaTpUIbl A, COOTBETCTBYIOMMIi 5TO-
My Ai.

Eciu nisAa KpaTHOrO KOPHA A UMEETCA CTOIbKO JUHEHHO He3aBH-
CHMBIX COGCTBEHHBIX BEKTOPOB v°, ..., v*, KaKoBa €ro KpaTHOCTb, TO
eMy cooTBeTcTByeT pemenne Civle* + ... + CroFet.

Eciau A KOpHA A\ KpaTHOCTH k MMEETCA TONBKO M JIUHENHHO He-
3aBUCHUMBIX COGCTBEHHBIX BEKTOPOB, U m < k, TO pelleHUe. COOTBET-
CTBYIOIlEEe 3TOMY A\, MO#HO MCKaTh B BHJE NPOU3BEIEHUA MHOTOY/IEeHa
cremenu k —m Ha e, T. e. B Buge!

1= (a+bt+ ... +dtF"")eM,
Tn=p+qgt+ ... +st"™)eM.

Y1o6b1 HaiiTu KO3 PULMEHTHI a, b, ..., s, HaJ0 NOACTAaBUTL pelle-
uue (3) B cucremy (1). IlpupaBHAB K03 GPULUHEHTHI MOJOGHBIX WIEHOB
B JIeBOIl U IIpaBOli YacTAX YpaBHEHUM, MOLYYUM CHUCTeMY JIUHEHHBIX

anreGpanyecKUX ypaBHeHHil OTHOCHTeNbHO a, b, ..., s. Hago maiitu
obmee pemeHue 3Toil cuctemsl. Kosdbdunuents! a, b, ..., s momms-
HbI 3aBHUCETh OT k NPOU3BOJIBHBIX NOCTOAHHBIX, Irje K — KpaTHOCTb
KOPHA .

Haiina nasa kamaoro A peuleHUA yKa3aHHOT'O BH/JA U CIOHB HX.
noxyuuM obuee peureHue cucteMsr (1).
[Ipumep. Peuth cucremy
T=2r4+y+z y=-2x—2 z=2x+y+ 2z (4)
CocTaBifieM U peniaeM XapaKTePUCTHYECKOe ypPaBHEHUE
2—-X 1 1
-2 —-Xx -1|=0, (5)
2 1 2-2A
NN 4+50-2=0, A =2 Jdo=As=1.
Jlns npoctoro KopHa A\q=2 HaxomuM cobcTBeHHbI BekTop (v, 3, 7).
peliasg cucTemy

ﬂ+7:0’
—2a 28—y =0, 0)
20+ 8=0

1B cayuae k < 3 uucio k — m Helb3A yMeHLIIHTh, a B ciyuae k > 4
MHOT/Ia MOKHO, €CJIM U3BECTHA #opAaHoBa ¢opMa MaTpuibl A.
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(k03 PUUMEHTBI 3TON CHCTEMBI PABHBI 3lIE€MeHTaM jeTepMuHaHTa (5)
npu A = 2). Uz (6) maxonum 2cc = —3 = . 3nauur. Bektop (1, —2, 2)
— coOCTBEeHHBIH, U
2 2 2
z=e”. y=-2"" z=2" (7

— yacTHOe peleHne cucTeMmsl (4).

Jlns kpaTHOro KOpHA A = 1 cHavala oHpefeNrM YHCIO JIMHEHHO
HE3aBUCHMBIX COGCTBEHHBIX BeKTOpoB. Ilpu A = 1 us (5) monyuyaem
MaTpuIy

1 1 1
-2 -1 -1
2 1 1

Ee nopsnok n = 3, paur 7 = 2. Yucno n1uHENHHO HE3aBUCHMBIX €O06-
CTBEHHBIX BEKTOpOB paBHO m = m — 7 = 1. Kopeub A = 1 umeer
KpatHocTh k = 2. Tak Kak k > m, To pelleHue HaJ0 UCKAaTh B BUIE
IpOM3BeleHNA MHOTOUlIeHa cTeneHn k — m = 1 Ha e, T. e. B Buze

xz=(a+bt)e, y=(ct+dt)e', z=(f+gte". (8)

Uto6bl HaiiTu KO3 UUMEHTHI a, b, ..., noicraBiafeM (8) B cucTe-
My (4) v npupaBHHBaeM K03 GULIMEHTHI Y NOA0GHBIX YieHax. [lomy-
yaeM cUCTeMy

b+d+g=0, b=a+c+f,
—2b—d—g=0, d=—-2a—c—f, (9)
2b+d+g=0, g=2a+c+f.
Haiinem obee pemeHde 3Toii cucteMsl. 13 [BYX JeBBIX ypaBHe-
Huit umeem b = 0, g = —d. lloacTaBana 3To B ocTalbHble ypaBHEHMNH,
[0JTy YaeM
O=a+c+f. d=-20a—c—f (10)
(ocTanbHble ypaBHeHHA OyIyT CIeACTBUAMH HalMCaHHBIX). Pemaem
cucremy (10), HanpuMep, OTHOCHTEILHO @ U f:
a=—-d, f=d-—c

TakuM 06pa3oM, Bce HEM3BECTHbIe BbIpameHbl yepesd ¢ U d. Ilomoxus
c=C1,d=Cs,umeem a = —Co, b= 0, f = Cy—C1, g = —C>. Obmee
pemenue cuctems! (9) HaiieHo.

IopcraBuB HaiiieHHble 3HaYeHNA a, b, ... B (8) n npn6aBuB yacT-
Hoe peuenue (7), yMHoseHHoe Ha Cs, NoIy4nuM ofllee pelleHHe CHC-
TeMbl (4):

x = —Coe' + Cse®', y = (C1+ Cat)e’ —2Cse™,
z = (Cz —Ci — Czt) et + 20362t.
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3. JIpyroii cioco6 pemenus cuctemsl (1). [linsa 110606 MaTpHLbI Cy-
ImecTBYeT 6azuc, B KOTOPOM MaTpuIla UMeeT #opjaHoBy dopmy. Ram-
[0l KileTKe MoOpAKa p > 1 :xopaaHoBoii GOpMbI COOTBETCTBYET CepUA
hi, h2, ..., hp, BekTOpOB Ga3uca, y/I0BIETBOPAIONIUX YPaBHEHUAM

Ahy = Ahy,hy # 0,
Ahs = \ha + h1,
Ahs = Ah3 + ha, (11)

Ahp = /\hp —+ hp_l.

BexTop hi HasbiBaeTcA cOGCTBEHHBIM, a h2, hs, ..., hp, — npucoenu-
HeHHbIMU. Razkpoii cepuu hi, hz, ..., hp COOTBETCTBYeT p NUHEIHO
HezaBUCHMBIX pemenuii ', x%, ..., 2P cuctemsl & = Az (BepXHmuii

UHJEKC yKa3blBaeT HOMeEp pBH.IBHI/IH)Z
2 = oM ha,
2 t
22 =M (Fhl + hz) s

s (Lt thyn 12
T =e 51+ﬁ2+3’ ()

-1 —2
a’ =eM ( A Sy N ih,,_1+h,,).
(p—1)! (p—2)! 1!
O61iee YKMCIO BCeX TAKMX PELIeHUI PaBHO CyMMe MOPANKOB BCEX Kile-
TOK OPIaHOBON (GOPMBI, T. €. MOpAAKY MaTpuubl. OHH COCTABIAIOT
(yHIaMeHTalIbHYIO CHUCTeMY pelleHui cucTeMsl & = Az.

MNpaBuno paaa sanomuHaHua ¢popmyn (12). Co6eTBeH-
HOMY BekTOpy hi, cooTBeTcTByeT pemenue @' = e 'h;. Ecin Besge
oT6pocuTh e, To kamman cTpoka mpasoit yacTu (12) MOTYUHTCA HH-
TErpUpOBaHKeM (10 { NpeblAyIeil CTPOKM, NPHUYEM [OCTOAHHYIO WH-
TErpupoOBaHMA Halo B3ATH PABHON CleyIoleMy [0 NOPANKY BEKTOPY
cepuu.

4. B ciyuae, KOr/[ja UMEIOTCA KOMILIEKCHbIE KOPHU \, U3J0#EHHBIE
Croco6bl Al0T BhIpazeHHe pelleHNA Yepe3 KOMIUIEKCHbIE (yHKUMU.
Ecnu npu 3ToM K03 duunenTs! cuctemsl (1) BelecTBEHHbI, TO MOAHO
BBIPA3UTh pelleHre TONbKO Yepe3 BellecTBeHHble GyHKuuu. [[na aToro
HaJI0 BOCIIONb30BAaThCA TEM, UTO BelleCTBEHHAA U MHIUMasd 4acTH KOMII-
JEKCHOTO pelIeHKf, COOTBETCTBYIOMEro Kopuo A = a + Bi (8 #0),
ABIAIOTCA JTUHEHHO HE3aBUCUMBIMY pelleHUuIMU.
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M pumep. Pemuts cucremy ¢ = 4x — y, y = bx + 2y.
CocTaBiifieM U pellaeM XapaKTepHCTHYeCKOe ypaBHeHUe

4—-x -1

— 2_ — — ;
5 2_/\’—0. AT—=6A+13=0. A=3%£2i.

Ilna wopua A = 3 + 2¢ HaxoguM coGCTBEHHbIN BekTOp (a, b):

(1—2i)a—b=0,
5a — (1 + 2i)b=0.

MoszkHo B3ATb @ = 1, b = 1 — 2¢. ImeeM 4acTHOe pelieHue & = e(3+2i)t,
y = (1 — 2i)e®+20t,

Tak Kak [aHHaA CHCTEMa C BeIeCTBEHHBIMHM K03 HUIMeHTaMH,
TO pellleHHe, COOTBETCTBYIOIee KOPHIO A = 3 — 2¢, MO#HO He UCKaTh,
OHO GyneT KOMIUIEKCHO CONPAMEHHBIM ¢ HaiiieHHbIM pemeHueM. Yrto-
6bl MOIYYWUTH [Ba BELIECTBEHHBIX peLIEHNA, HAJ0 B3ATH BeUIECTBEH-
HYIO U MHUMYIO 4acTH HaliJleHHOro KOMILUIEKCHOT0 pemleHus. Tak kak
e(BH20t — 03 (cos 2t + i sin 2t), To

21 = Ree®T2)t — 3 ¢og 2t,
y1 = Re(1 — 2i)eC+?t — % (cos 2t + 2sin 2t),
To = Im e(3129)t — o3 sin 2t,
y2 = Im(1 — 2§)e®2Dt = 3 (sin 2t — 2 cos 2¢).

Oﬁmee pelleHne BbIpa:raeTCHa 4yepel OBa HaliJleHHbIX JUHEIHO He3aBU-
CUMBIX pelIeHHA:

2 = Chiz1 + Coma = C1 € cos 2t + Cs €3 sin 2¢,
y = Ciy1 + Cays = C1 €% (cos 2t + 25sin 2t) 4+ Cs €*' (sin 2¢ — 2 cos 2t).
5. UTo6bI pemuTh cucTeMmy
a102™ +anz™ " 4+ ... 4 aimz +

+ b10y™ + b1ay™ V4 ... + by =0,

azoit(p) + a21.'17(p_1) + ... taxr+
+ bzoy(q) + b21’y(q_1) + ...+ by =0,

He MpUBE€OeHHYIO K HOpMajJbHOMY BHY, HAl0 COCTaBUTL XapaKTepuc-
TU4YeCKOe ypaBHeEHUEe

10" Fan A"+ o aim DN+ b T 4 L 4 by -0
20\ + a1 N 4 Lo dazp baoAT + b AT 4 L. 4 by
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U HaiiTy ero KopHU. [locie sToro pelnieHne OTHICKUBAETCA TEM K€ CIO-
cob6oM, Kak B M. 2.

AHanoruyHo pemaroTCA CUCTEMBI TpeX U 06ojlee ypaBHEHUIA.

6. YacTHoe pemeHue JTMHEHIHON HEOJHOPOAHOI cHCTEMBI € MOCTO-
AHHBIMM KO3(}pureHTaMu

T = a1+ ... +ainxn + fi(t), i=1,....1n (13)

MOKHO MICKaTh M€TO/IOM HeollpeJeleHHbIX K03 dUINEHTOB B TOM CIy-
yae, Korja ¢GpyHruuu f;(£) COCTOAT U3 CYMM U NpPOM3BENEHHH (QyHK-
umit bo + bit + ... + bt™, €®t, cos Bt, sinBt. ATo menaeTcsA mo TeM
e MpaBUiIaM, 4YTO A OOHOTO JMHEIHOr0 YpaBHEHUSA C HOCTOAHHBIMHU
ro3dpdunuentamu, cM. n. 2 § 11, co cnegyromum usmeHenvem. Ecnu
fi(t) = Pm,;(t)e", rne Pm,(t) — MHOTOUNEH cTemeHu m;, TO YacTHOE
pemeHre cucteMsl (13) umerca He B Buge t° Q) (t) e, a B Buge

Ti = Qﬁn+s(t) e’Yt, i=1...,m (14)

rie Qi,ys(t) — MHOTOUWIEHBI cTemeHU m + § ¢ HeM3BECTHBIMH KO3~
¢unueHTaMu, m = maxm;, s = 0, ecii 7y — He KOpPeHb XapaKTe-
PHUCTUYECKOro ypaBHeHUA (2), a eclii Y — KOpPeHb, TO § MOMHO B3ATh
PaBHBIM KPAaTHOCTH 3TOr0 KOpHA (MM, TOYHee, s Ha 1 6oblIe HAUGONb-
Ileii M3 CTeNeHeii MHOTOYIEHOB, HA KOTOphble yMHo#aeTcs et B o6mem
pelieHuy 0JHOpPOIHOM cucTeMbl). HensBecTHbIe K03 () GHIMEHTHI MHOIO-
YIIEHOB ONpPENENAIOTCA Iy TeM NOICTaHOBKY BbipaneHuii (14) B naHHyo
cuctemy (13) u cpaBHeHMA K03()PUIMEHTOB MOJOGHBIX YIEHOB.

AnanorudHo onpemenfilOTCA CTENEHH MHOTOYIEHOB U B Clydae,
worpa fi(t) comepmar e cos Bt u e*'sin Bt, a uncino v = a + [i AvaA-
€TCA KOPHEM XapaKTepPUCTUYECKOro ypaBHEHUH.

[Ipumep. Pemutk cucremy

& =4x —y + > (¢ + sint),

Y

(15)

x+ 2y +te* cost.

CHayana [yIfi ODHOPOOHOI cucTeMbl & = 4z — Yy, § = x + 2y HaxoOAUM
KOPHU A1 = A2 = 3 ¥ KaK B 0. 2 OThICKMBaeM o0lliee penieHue

zo = (C1t + C2) e*, yo = (Cit + C2 — C1)e™.
B cucteme (15) maa dymruwii te*, ¥ sint, te* cost uncna o + i
COOTBETCTBEHHO paBHbI 3, 3 + 4, 3 + ¢. [loaToMy Hano oTIOenbHO HalTH
YacTHbIE PENIeHU CUCTEM

& =4z —y+te*, y=x+2y, (16)

=4z —y+etsint, §=x+2y+te* cost. (17)
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Ilnsa cuctemsr (16) a+fGi = 3 = A1 = A2, s = 2, m = 1. Coruacso (14),
YaCTHOE PeLIeHVe MOKHO HCKAaTh B BHIE

@1 = (at® +bt® +ct +d)e*, y1 = (ft2 +gt° + ht + 7).

Insa cucremsr (17) a + fBi = 3+ i # Ai,2, s = 0, m = 1. YacTHoe
pellieHHe UMeeT BUJ

@2 = (kt +1) * sint + (mt + n) e cost.

yo = (pt + q) € sint + (rt + s) €* cosi.

OTbicKaB 3HaueHUA K03 PULUUEHTOB a. b, . ... oflee pewmenue cucre-
™mbl (15) HanumeM B BuIe

xT=x0+x1+x2, Y=yo+y+y2.
7. PenieHue HeOTHOPOJHOI CHUCTEMBI
.’i?i:uil(t).’lil-i- +u,~n(t)wn+fi(t), i=1. ....n

MO#HO HaliTU MeTOJ0OM BapHalUM IIOCTOAHHBIX, €CIU U3BECTHO obliee
pellleHHe OTHOPOJIHOI CHCTEeMBI C TeMHU e Koadounuentamu a;r(t).
[lnsg sToro B ¢opmyie oflnero pereHuf OOHOPOJHOI cHUCTeMbl Ha-
10 3aMEHUTHL IPOU3BOIbHbIE NocTofAHHbIe (; Ha HeU3BECTHbIE (PYHK-
nuu C; (t). TlonydeHnbie BbIpazkeHUA NI T; HAJIO MOACTABUTH B JAHHYO
HEOJHOPOIHYIO CHCTEMY, U U3 3Toii cuctemsl Haitu C;(t).

8. IlokazaTenbHoil ¢QyHKUMEN e maTpuibl A HaspIBaeTCA CyMMma
pAna
2 3
A A A A
e =F+=+—+—+..., (18)
rae F — enunuuyHasa matpuna. Pan cxonutea nasA no6oit MmaTpunsl A.
CgoiicTea e“:

a) ectt A=CMC™ ', 10e* =CeMC™

6) eciu AB = BA. 1o eA78 = . P =P . et

B) marpuna X (f) = ' ynosrersopsier ypasmenmo X = AX;

dt
X(0)=E.
MeTofibl OThICKaHNA e
1) Mlytem pemenusa cuctemsl auddepeHIUaIbHbIX ypaBHEHUH.
B cuny cBoiicTBa B) i-if cToI6€n MaTPHILbI et ecThb pemenue cucTeMsl

ypaBHeHuit (B BeKTOpHOH 3anucu) £ = Ax ¢ HaYaIbHBIMU YCIOBHAMU
2;(0) =1, £ (0) = 0 mpu k # i (x; — i-A1 KOOpAUHATA BEKTOpaA T).
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2) IlyTem npuBeleHUA MaTPULBI K #0pJaHOBOi ¢popme. IlycTs us-
BecTHa Takas matpuna C, uto marpuna C~'AC = M umeeT #opna-
HOBY ¢opMy, T. e. cocTouT U3 KieTok K;. Rampgasa mopoaHoBa KieTka
umeet Buag K = AE+F, y maTpunsl F' Bce 31eMeHTHl HyIH, KpoMe 1-To
Kocoro psafa Hap guaroHansio. [lostomy F™ = 0, rge m — mnopanok
marpunpbl F, n e’ nerko maiitu ¢ nomomsio panga (18). Tak kar eme
f = E, 10

eK:e)‘E"'F:e)‘E-eF:e)‘E’~eF:e)‘eF.

K A

CocraBuB u3 KieTok e* matpuny e, naitnem e? ¢ momomsio cpoii-
cTBa a). JlokasaTenbcTBa M npuMep cM. B [5], rir. 1, §§ 12-14.

B 3amavyax 786—812 pemuTh JaHHbIE CUCTEMbI ypaBHEHUI

(& o3navaer ‘;—f, U T. [I.; JUIA 06JerdeHus paGoThl B HEKOTOPHIX
3a/lauax yKasaHbl KOPHU XapaKTePUCTHYECKOr0 ypPAaBHEHNA).

T =2+ T=x—

786. { v 787. 4 " &
Y =3z + 4y. y=y—4x.
T4+ —-8y=0 Tt=x+

788. 0 * Y= rge. " Y

y—x—y=0. Y =3y — 2z.

t=x—3 T+z+5y=0

790. { " v 791.{ " ="
y=3z+y. y—z—y=0.
=2z + =3z —

792. 0 " v 793. { " v
y =4y — x. y=4x —y.
=2y —3x —5xr—3y=0

794, CT T 795. { * ="
y=y—2x y+3x+y=0.
T=x+z—y T=x—2y— z,

796. L y=x+y— =z, 797. S y=y—x+ 2z,
Z=2x—y zZ=x—z

- A1:O, A2:2, )\3:—1).

=2z —-y+z, t=3z—-y+=z
y=x+2y—2z, 799. y=x+y+ z,
z=x—y+2z z=4x —y+4z
M =1, =2, =3). (M =1, =2, X3 =5).



T =4y — 2z — 3z,
800. < vy =z + x,
z=6x — 6y + 5z

A =1, =2 X =—1).

=2z +vy,
802. ¢ y=x + 3y — z,
z=2y+3z—x

(A1 =2, A3 =3+10).

=4 —y— =z,
804. y=z+2y—z.
=z —y+2z

(A =2. A = As = 3).

T=y—2x — 2z,
806. { y=x — 2y + 2z,
z2=3xz—3y+ 5z

(AL =3, Ao = A = —1).

t=z—y+z,
808. y=x=+y— z,
2=2z—y
M=X=1,)=2).
=2z +vy,
810. ¢ =2y + 4z,
t=x—2z

(A1 = A2 =0, As = 3).

& =4x — vy,
812. { y=3x+y— =z,
i=xz+z

B 3apauax 813—825 pemuTh cucTeMbl, HE IPUBEJEHHBIE K
HOpMallbHOMY BHIY.

813. {?:2”3_3:‘”
=z —2y.
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T=x—y— 2,
801. y=z+uy,
z=3x+z
(M =1, Aa.3 =1+ 2¢).
T =2x+2z —y,
803. ¢ y=1x+ 2z,
t=y—2r—=z2
(/\1 =1, A2’3=:|:7:).
T=2r—y—=z,
805. { ¥y =3x — 2y — 3z,
(2=2z—x+y
M =0.2=X=1).
=3 —2y—z,
807. { y=3x —4y — 3z,
z2=2x—4y

(A1 =22 =2, A3 = —5).

T=y—2z—x,
809. ¢ y=4x+uy,
t=2x+y—z

(Al = ]., )\2 - A3 == —1).

T=2r—y— =z
811. { y =2x —y — 2z,

t=2z—xc+y
(A1:A2:)\3:1).

(A1 =X = As = 2).

g14, { =30y,
j=—x—y.
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T =3r—y— =z,
& =2y, ,

815. { o 816. < y=—x+ 3y — z,
j=—2. Z=—x—y+ 3z
2¢ — 5y =4 T, Tt+z+y—2y=0

817. y=e 818. TYmA=
3t —4y =2z —y T—gy+z=0.

—2j+y+x—3y=0,

819. z Yyryrx Y
449 — 2% — & — 2x + 5y = 0.

—x+2j—2y =0,

820. v y' Y
m—m+y+y:&

T—29+2x=0. T+ 35—z =0.

821. 822. ¢ | .
3¢+ 9y —8y=0. z+3y—2y=0.

+ 5 + 2y + 0,

823. EAoEt2ty =
3T+5x+y+3y=0.

824. +4x —2x - 29—y =0.
F—4r—9§+29+2y=0.

825 28 +2t+x+3j+9y+y=0,
“lE+4d—x+35+29—y=0.

B 3apauax 826—845 pemuTh NUHeiiHbIE HEOQHOPOHbIE CHUC-
TeMBI.

F=y+2e & =1y —5cost
826. A 827. Y ’

@ =3z 42y + 4, :1:—2.1:—4y+4e_2t,
828. 829.

y=x+2y. Uy =2z — 2y.

=4 — e =2 rz+1,
830,  CTATYTEN e, v

=y—2z. 7 =3y — 2.

:1:—5.1:—3y+2e3t, =2z +y+e,
832. . 833.

y=xz+y+5e . y=—2x+ 2t.
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& =x+ 2y, T =2x — 4y,

834. 835.
y=x — 5sint. y=mx—3y+3e.
T = 2x — T = z+2y+16te’,

836. 837. Y
y=y- 2$+18t Y =2z — 2y.
=2z +4y — 8, t=2x—3

838. &= 2ot dy = 839. m v
y = 3z + 6y. Y = z—2y+2sint
&=x —y+ 2sint. T =2x —

840. yorasmi- ga. »
y=2zx—vy y=x+2¢
=4z—3 t Tt=2r+y+2e

gag. | © T AeTSutsinh, gy yrees
Y = 2x—y—2cost. y=x+2y—3e

gag. {TTTTYTED 845. 0 b
y=90r—y Yy =2y—x—5e sint.

B 3apavyax 846—850 gaHHbIE CCTEMbBI PENIUTh METOIOM Ba-
pUanuyu NOCTOAHHBIX.

. 2, :i:=2y—x,
846. {a'::y+tg ttl’ 3t
y=-—z+tgt. = 4y—3z+—5— TR
2
=—dr - 2y+
e —
848.
i + ! T =3c—2y
i =z—yt— = 3w —
849. Y cost” 8509 -y
g =2z —y. § = 2zx—y+15¢€t V.

Pemuth cuctembr 851—866, 3anvcanHbie B BEKTOPHOI (op-

851. &= Aw, A= (3 0

852. i = Au, A:(l 1

0 3)°

2 0/

Mme: & = Az, roe x — BeKkTop, A — JaHHasA MaTpuIa.
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853. i — Az, A= (1 “2>.

2 -3
. 3 -2
854.:1:_A:1:.A_(4 _1).
2 -1 -1
855.0=Az, A=| 1 0 —1
3 -1 -2
1 -2 2
856. & =Az, A=| 1 4 -2
1 5 -3
1 -2 2
857. 0 =Az, A=| -2 -1 2
\ -3 -2 3
—3 2 2
858. i=Aw, A=| -3 —1 1
120
3 -3 1
859. i = Az, A=| 3 -2 2
1 20
2 1 -1
860. 7 =Az, A=| -1 0 1
11 0
01 1
861.i=Az, A=| 1 0 1
2 2 1
0
862. 5= Az, A=| 1

863. i = Az, A=

—
I
[ N
=
w

01 -1
864. i = Az, A= 1 0 -1
2 2 -3

4 2 -2

865. 3= Az, A= 1 3 -1
3 3 -1
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2 0 -1
866. i=Az, A= 1 -1 0
3 -1 -1

B 3apmauax 867—873 HaiiTu nokasaTelbHYIO (QYHKIHIO el

JaHHOM MaTpuibl A.

3 0 01
867.A_(O _2). 868.A—(_1 0).
2 1 3 -1
869.A—<0 2). 870.A_<2 0).
o _4 010
871.A=( 1 2) 872. A= 0 0 0
0 0 2
2 10
873. A= 0 2 1
0 0 2
B 3apauax 874 u 875 uaiiti dete?, He BbIYMCIAA MaTpu-
ny e4.
1 0 3 1 4 2
874.A=| -1 2 0 ]. 875.4=]3 1 -1
01 -1 2 1 -3

876. Teno macchl 1 OBUMETCA Ha MIOCKOCTU &, Y, TPUTH-
ruBadch K Touke (0, 0) ¢ cunoit a?mr, rme r — paccToAHUE 10
sToif Touku. HaiiTu nBUKeHUe Tena NMpU HAYalbHBIX YCIOBHAX
z(0) = d, y(0) = 0, £(0) = 0, §(0) = v U TPaeKTOPHIO TOrO
JBUEHMA.

877. OnquH KoOHel| MPYKUHbI 3aKPEIUIEH HEMOABUMHO B TOY-
ke 0, a K IpyroMy NpUKpeIJIeH I'py3 Macchl 3m, coeJUHEHHBI
IpYyTroil mpy:suHOil ¢ rpy3oM maccekl 2m. O6a rpysa aBHUraroTcA
6e3 TpeHUA 10 OQHOI MpAMOIi, mpoxoasiieii yepe3 Toury 0. Kak-
naf U3 NMpYy#UH pacTATMBaeTCA Ha BeINYMHY « NOA aeificTBHEM
cunbl a?ma. HaliTi BO3MO#HbIE IepUOINYECKHe JBUMEHUA CHC-
TEMBI.

878. Ha wroHmax Baja 3akpemieHbl [JBa IIKKWBa, MOMEHTHI
nHepuun KoTophiX I; u I,. Ilpu noBopoTe ogHOro HIKMBA OTHOCH-
TeJbHO pyroro Ha n06oil yron ¢ BelencTBUe nedopmanuu Bana



§15. Yemotivueocms 87

BO3HHMKAIOT YNpyrue cuiibl ¢ KpyTAmum momedtom K. Haittu
YacTOTY KPYTUJIbHBIX KonebaHuil Bajla MpU OTCYTCTBUU BHELTHUX
CHII.

879. K uCTOYHMKY TOKa C HampAmeHHeM
FE = Vsinwt nocnenoBaTesbHO MPUCOEIUHEHO
conporuBienue R. [lanee nenb pas3BeTBIAETCA
Ha [Be BETBU, B OJHON M3 KOTOPBIX BRJIIOUYEHA

camounaykuua L, a B gpyroit — emkoctb C

(puc. 4). Haiitu cuiny Toka B uenu (ycTaHOBUB-

UHiCA peMuM), IPOXOAANIEro Yepe3 COMpOTUB- E—Vsinot
nenue R. Ilpu Kakroit yacToTe w cuila TOKa Hau-

6onbuiaa? Haumenbinan? Puc. 4

Yrazanue. O cocraBieHuun auddepeHIUalbHbIX YpaBHEHUIA
B 3ajjayax 00 »IeKTPUUYECKUX Lenfax cm. m. 5 § 11.

880*. Kakoe ycioBre JOCTaTOYHO HAIOMUTh Ha COOCTBEHHBIE
3HAa4YeHUA MaTpuibl A, 4To6bI cUcTeMa ypaBHeHHil (B BEKTOPHOI
sanucu) @ = Az + f(t) uMmena neproguyecKoe pelieHye NPU BCA-
Koil HempepbIBHOW BekTOp-QyHEIUM f(t) mepuona w?

Yrazaunue. [I[pumeHuB MeTo] Bapyalliil IOCTOAHHBIX B BEKTOP-
HOI popMe, BbIpa3uTh oblllee pelleHue dyepe3 pyHIaMeHTalbHYIO MaT-
puny etA, ¢yurumio f(t) v HavambHble ycnoBuA. BocmoabsoBaTbeA
yciioBUeM NepHONUYHOCTH.

§15. YCTOMUYHUBOCTH

1. PaccMoTpuMm cucTeMy ypaBHEHUit

d:l?z' .
E=fi(t,a:1,...,xn), i=1, ..., n, (1)

WM, B BeKTOPHOI 3amucu

dx
— =ft,z), x=(x1, ..., Tn). (2)
dt
af;
Ilyers BCe f; u Ba, FCIPEPEIBHEI IPH to <t < oo.
k

Pemenne x = ¢(t) cucrems! (2) HasbiBaeTcH ycToiuuBbIM 110 JIA-
MyHOBY, eciu A mo6oro € > 0 cymecTByer Takoe > 0, 4To aaA
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BCARKOI'O pelieHus lE(t) TOH e CHUCTEeMb], Ha4YajbHO€ 3Ha4YeHHe KOTOpo-
T'0 YIOBJ/IETBOPAET HEpaBE€HCTBY

lz(to) — ¢(to)| < 9, )

npu Bcex ¢ > to BHINOIHAETCA HEPaBEeHCTBO

lo(t) — p(b)] < e.

Eciu e niasa HekoToporo € > (0 Takoro § He CyLleCTBYeT, TO pe-
meHue @(t) Ha3bIBAETCA HEYCTOMNYKBBIM.

Pemenue ¢(t) HazblBaeTCA aCUMITOTUYECKU YCTONYMBBIM, €CIH
OHO yCTOIYMBO 1O JIANYHOBY M, KpOMe TOro, BCe peLIeHHA C [[0CTa-
TOYHO OIM3KKMMU HavyajlbHbIMM YCIOBHAMH HeOrpaHWYEHHO NpUGIMNKa-
orca K ¢(t) npu ¢ — +00, T.e. eciu U3 HepaBeHcTBa (3) ciefgyer
z(t) — p(t) = 0 (t = +00).

Hanuuue uau oTCyTCTBHE YCTONYHMBOCTU HE 3aBHCUT OT BBIGO-
pa to.

Bompoc 06 ycToitunBocTH JaHHOTO pemeHUuA £ = ¢(t) cucTeMsr (2)
CBOAMTCA K BOIpocy 00 ycToifunBocTH HyneBoro pemenus y(t) =0
IPYToii cUCTEMBI, OLyYyaeMoii u3 (2) 3aMeHOil HCKOMON QYHKIUM T —
—p(t) =y.

2. HccnegoBaHue Ha YyCTOUYHUBOCTHL MO HNEPBOMY

npubaumenuw. lMycrs z;(¢) =0 (( = 1, ..., n) — peuenHue cuc-
Temsl (1). YToGHI ero uccnenoBaTh Ha YCTOWYMBOCTD, HALO BBIAEINTH
u3 QYHEOU f; TUHENHYIO0 YacTh BOIM3M TOUYKHM X1 = ... = Tp = 0,

HanpumMmep, 1o popmyine Teitnopa. [lodyyeHHYIO CUCTEMY YacTO MOKHO
HCCIe0BATh C MOMOMUIBIO CleAYIOoeil TeopeMbl.
Teopema JlanyunoBa. Paccmompum cucmemy

dx; .
#:ai1$1+ coe FQinxn F it 1, o, 2R), =1, ..., 0, (4)

20e a;;, — mocmosHHble, @ h; — GECKOHEeYHO Ma.nble bllLe TLepeo2o To-
padka. mounee, npu |z| < eo

il < v(@)|2l, i =1, ..., n, y(z) = 0 npu |z = 0, (5)

2de |z| = \/]|z1|2 + ... + |zal?

Toz2da ecau ece cobcmeennvle snaierus mampuust (aix), i, k =
=1, ..., n, uMeEM OMPUUAMeNbHblE 6EULECTNBEHHble YACMU, MO HY-
aeeoe peulenue cucmemvt (4) acumnmomuvecku ycmouueo; ecau e
ZOMb 00HO COOCMBEHHOE 3HALEHUE UMEETT NOAOHCUMEAbHYI0 6eULECTEeH
HYI0 wacmb, Mo Hyaeeoe pelleHle Heycmoliiueo.
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I pumep. UceaenoBaTh Ha YCTORYHUBOCTE HYJIEBO€E pelleHHE CUC-

TeMBbI
& =+/4+ 4y — 2TV,
gy =sinaz + In(1 — 4y), a = const.

Brigensas nuHeiiHy10 yacTh ¢yHEUMil no popmyne Teitnopa, nomy-
4aeMm

T = —2z _y+¢l(w1 ZI)’
Y= aa:—4y+1/;2(:1:, y)’

rie QyHKnuM 1 u 9o pasubl O(z? + yz) U, 3HAYUT, yJOBIETBOPAIOT
yeaosuio (5). HaxoguM co6cTBeHHBbIe 3HAYEHUA MaTPUIbl K03 GuUnu-
€HTOB

_2a_)\ _4__)1\ ’:0, N4+6A+8+a=0, A\j,2=-3+V1—a.
llpu a > 1 kopHU KommuekcHble, Re)1,» = —3 < 0, a npwm

—8 < a <1 KOpHHM BellleCTBEHHbIe OTpHULATelbHblE, 3HAYUT, B 3TUX
clydyafx HyleBoe pellleHre aCHMITOTHYECKH YCTOWYNBO.

IIpu a < —8 0oJUH KOpeHb NOJOKUTENeH, 3HaYUT, HyJleBOe pelle-
HUE HeYCTOWYHBO.

IIpu @ = —8 umeem A\; = 0, A2 = —6 u Bompoc 06 ycTOHYNBOCTHU
He pellaeTc ¢ MOMOIbIO U3JNO0MEHHONH TeOpeMBI.

3. HccnenoBaHue Ha YCTOMYHUBOCTH C INOMOMBIO
¢yurknuu JlanysoBa. IlpousBopnoit ot ¢yHruuu v(t, 1, ...
..., Tp) B cuiy cucteMbl (1) HaspiBaeTCA QyHKIMA

dv
dt

_U_U+U_Uf+ +ﬂf
@ ot Bt T B, ™

rae fi, ..., fn — TpaBble yacTu cucteMbl (1).

Teopema JlanyHoBa. Fcau cywecmeyem duddepenyupyemasn
Pynryus v(z1, ..., Tn), ydosiemsopawwas 6 obaacmu |x| < €0 ycao-
euam

1) v > 0 npu x # 0. v(0) = 0.

dv

2 & |o
mo nyaeeoe pewenue cucmemst (1) yemotivueo no Janynosy.

Ecau emecmo ycaosusn 2) evinoaneno 6oaee cuavHoe ycaosue

dv

& |
a gynryus w(z) Henpepvisna npu |z| < €9, Mo Hyaesoe peweHue cuc-
memst (1) acumnmomuyecku ycmotivuso.

< 0 npu |z| < eo, t > to,

< —w(z) <0 npu 0 < |z| < €o, t > to,
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Teopema Yeraena. Ilycms cucmema (1) o6aadaem nyaeevim
peweruen. Ilycmov 6 Hexomopoti o6aacmu V npocmparcmea 1, . ... Tn
cywecmeyem dudPepenyupyeman Pynryus v(z1, ... ..., Tn), NpULEM

1) moura x = 0 npunadaexcum epanuye obaacmu V,

2) v =0 Ha epanuye obracmu V npu |z| < o,

3) 6 obnacmu V npu t > to umeem v > 0. & o > w(z) > 0,
dynryus w(z) HenpepovleHa.

Tozda nyaeeoe pewenue cucmemsvt (1) Heycmotiuueo.

He cymecTByeT o6mero Mmerona moctpoeHua ¢yHkiuu JamyHo-
Ba v (korma pemenue cucrembl (1) HemsBecTHo). B prane ciayuaes
¢yHEUIO JIANyHOBa ylaeTCA MOCTPOUTD B BU/Ie KBaAPaTHUYHOU HOpPMBbI
v =Y b;jx;x; AU B BUle CyMMbI KBafipaTHYHON (OPMBI M HHTErpaioB

k2
oT H(-;J'JII/IHeﬁHle (GyHKUMHA, BXOOANIMX B IIpaBylO YacTh NAaHHON cCHUCTe-
MBI.

4.YcIoBUA OTPUIAaTENbHOCTH BCEX BeIE€CTBEHHBIX

yacTell KOpHeil ypaBHeHUA
aod"+ a1 A" '+ ..t an—1A+an =0, ao>0, (6)

c Bel[eCTBEHHBIMU KodbpULUEeHTaMMU.

a) Heo6xonumoe ycnosue: ece a; > 0. B cnyvae n < 2 310
YCIOBHE AIBAAETCHA U OCTAaTOYHBIM.

6) YcnoBue Payca—I'ypBuna: Heo6rodumo u docmamoy-
HO, YMOo0bL ObLAU TLOLOHCUMEALHBLMU 6CE 24A6HblE OUA2OHANbHbLE MUHODPbL
mampuyst I'ypsuya

a1 ag O 0 0 0 ... 0

az a2 a1 ao O 0 ... 0

as a4 a3 a2 a1 ap ... O .
0 0 0 0 0 0 P

Ha rnaBHoii nuaroHamu »Toil MaTpPUIIbI CTOAT YHUCIA Q1. G2, ...
..., Gyp. B RamO0l cTPpOKe MHIEKC Kaz{J0ro 4yucia Ha 1 MeHbIle WH-
JleKkca mpeapiaymero yucaa. Yuena a; ¢ uagekcamu ¢ > n wim ¢ < 0
3aMeHAIOTCA HYIAMH.

I'naBHbIe nuaroHanbHble MUHOPHI MaTpuULbl ['ypBuna:

ai a9 U
N A3 = (a3 a2 aif, cee (7)
as (17} as

al ao

Al = ai, Az =
as a2z
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B) YcnoBuna Jlbenapa—Ilunapa. Heobxodumo u docma-
mouno, umoGs. ece a; > 0 u wmoower A,_1 > 0. A,_3 > 0.
A5 >0, ..., 20e A; me e, wmo 6 (7).

9TH yCI0BUA paBHOCUIBLHBI ycioBuAM Payca—Iypeuna, Ho yno6-
Hee, TAK Kak coJieps«aT MeHbIIe NeTePMUHAHTOB.

Mpuwmep. Ilpu Karux a u b kopuu ypaeuenus A* + 2X% + aA?+
43X + b = 0 umeroT oTpUlaTEIbHbIE BElleCTBEHHbIE YacTu?

Ilumem ycnoBusa Jrenapa—Illunapa:

0
2/l =6a—4b—-9>0. A;=2>0.
3

(SRR

2
a>0. b>0. Az3=|3
0

OTcrona nonyyaem yciaosusa b > 0, 6a > 4b+ 9.

r) Kputepuit Muxaiinosa. Heobxodumo u docmamoino,
umobb. Ha KomnaekcHoll naockocmu mouka f(iw), 20e f(A) — sesan
wacms (6), npu usmenenuu w om 0 do +00 He npoxodura wepes HA¥A.L0
koopdunam u cdenara no6Opom 60KpY2 Hez0 HA Y2oa nw/2 6 noaoxu-
MeAbHOM HANPABAEHUL.

NIpyras (skBuBalieHTHad) GopMynIupoBKa Kpurepusa Muxaiinosa:
Heob6xodumo u docmamouno, ¥mobvl GnaGn—1 > 0 U ¥mMoObl KOPHU MHO-
201.1eH08

2
pé) =an —an2§+an-sf" — ...,
2
q(")) = 0n-1—An-31 t+an_510" — ...
OblAl BCE TLONOHCUTNEABHBLMU, PASAUYHBLMU U 1epedyioulUMUC, HALUHAA
¢ kopua €1, m. e.

0<&L<m<&E<ng<...

(3ameTum. uTo MHOrouneH (6) mpu A = iw paBen p(w?) + iwg(w?).)

Opumep. f(A) = A>+2X* +7A°+8A%+10\+6. 3neck a, = 6 > 0,
an_1 =10 > 0, a muorowrensl p(£) = 6 — 8¢ +2€2, q(n) = 10 — T+ 9*
uMeroT KopHU &1 = 1, €2 = 3, 71 = 2, 52 = 5. 3HauuT, 0 < &1 < 11 <
< & < m2. llo kpureputo MuxaiinoBa Bce KOpHH MHorowieHa f(\)
HMEIOT OTPHULATENbHbIE BELIECTBEHHBIE YacTH.

5. Yca0BuA yCTOMYMBOCTY HYIIEBOIO PEIleHNUA IMHEHHON CUCTEMBI
¢ NepuoANYecKUMH Koaddunuentamu cM. B [5], ra. III, § 16.

3amaun 881—898 pemamTcA C MOMOIIBIO ONpeleleHuA
YCTONUYUBOCTH.

881. Tlonb3yAck onpeeleHeM YCTOMYUBOCTH 110 JIANYyHOBY,
BBIACHUTb, yCTONYUBHI 111 PEIIEHUA TaHHBIX YPaBHEHMIl ¢ YKa3aH-
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HbBIMU HayalbHLIMU YCIOBUAMU
a)3(t—1i==z. x(2)=0. 6)i=4z—t’z. =x(0)=0.
B)t=t—=z, z(0)=1. r) 2ti =z — a3, x(1)=0.

B 3agauax 882—888 HauepTUTh Ha MIOCKOCTH I, Y TPaek-
TOpUM JAHHBIX cucTeM BOamu3u Touykd (0, 0) ¥ M0 YepTemy BhIfAC-
HUTb, YCTOHUYNBO 11 HYJeBOe pelleHue.

882. & = —x, = —2y. 883. &t ==z, y=2y.
884. &= —=x, y=1y. 885. & = —y, 7 = 2a°.
886. & =y, § = —sinzx. 887. &=y, y=a°(1+y?).
888. & = —ycosx., y =sinz.
Y

889. TpaekTopuu cUCTEMBI ypaB-

HeHU# ((11_:: = P(:La y)7 % = Q(xa y)7

rae ¢pyHkuuu P, Pa,n P:.;7 Q, ;;7 Q;,

HeNpepbIBHBI, M300paxeHbl Ha (aso-

Boit miockoctu (puc. 5). Yrto mom-
X HO CKasaThb O [OBEJEHHH DeLIeHUi

npu ¢ — +oo? flBnAeTcA 1M HyleBoe

pellleHHe acUMITOTHYECKH YCTONYH-
Puc. 5 BeIM? fIBifieTCA M OHO YCTOYMBBLIM
no JlanyHoBy?

B 3agauax 890—892 BLIACHUTD, ABAAETCA JU YCTONUYUBLIM
HYyJIeBOe pellleHHe CHCTeMbl, eclii U3BECTHO, UTO oblilee pelleHUe
3TOil CUCTEeMBI UMeeT yRa3aHHbIN BU[I.

890. x = Cycos2t — Cyre™t y=Citle t4+20,.

C1— Cat

891. z = .
1+¢

, Y= (Clt3 + Cz)e_t .

_ C ¥t
892. z = (C; — Cot)et, y= —AVE o 0,
v=(Ci-Gt)e ™ y ln(t2+2)+ 2

893. JlokazaTh, YTO AJIA yCTOWUYMBOCTHU 1O JIATYHOBY Hyle-

BOIO pelleHUA ypaBHEHHUA ‘;—”t” = a(t)z (rne dyHruua a(t) Hempe-
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pbIBHA) HEOGXOMUMO U JOCTATOYHO, YTOOBI

i

lim [ a(s)ds < +oc.

t—+4o0
0

894. JlorazaTh, YTO eciiu Kakoe-HUOYOb OJHO pellleHue Ju-
HeliHo# cucTeMbl audPepeHUalbHbIX ypaBHEHU YyCTONYHUBO 1O
JlAnyHOBY, TO yCTOWYNBLI BCe PeIIeHUA 3TOM CUCTEMBbI.

895. Jloka3aTh, YTO eCliM Kak[l0e pelleHue JUHeHo! OaHO-
POMHOI CHUCTEMBI OCTAaeTCA OrPaHUYEHHBIM MpH { — +00. TO HY-
JieBoe pellieHne YCTONYnBo mo JIAmyHoBy.

896. Jlora3aTh, YTO ecliM Kaxgoe pelleHue JUHeHo! OmHOo-
POMHOI CHCTEeMbI CTPEMUTCA K HyJHIO npu t — +00, TO HyleBoe
pellieHHe aCUMITOTUYECKH YCTONYUBO.

897. Jloka3zaTh, 4TO eciM JUHeiiHAA OJHOPOANHAA CHCTeMa
vMeeT XOTA GbI OJHO HeorpaHWYeHHOe TMpU t — +00 pelleHue,
TO HyJieBOe pellleHle HEeYyCTOiYNBO.

898. VYcToitunBOo M HyNeBOe pellleHHe CUCTEMbI & =
= a11(t)x1 + a12(t)x2, 2 = az1(t)x1 + aza(t)z2, ecau usBecTHo.
910 @11 (t) + az2(t) = b > 0 npu t — +00?

B 3apgauax 899—906 c nomoinbio Teopembl JlamyHoBa o6
YCTONYHUBOCTH 10 MepBOMY NPUOGIMKEHUIO HCClIeNoBaTh Ha yCTOM-
YUBOCTH HYJIeBO€ pellleHre

{:'c:2wy—w+y,

899.
g =5z* +¢° + 2z — 3y.

. 2 2

T=z"+y" -2z
900.{ T TV T

y=3z° —z+ 3y.

= e 2Y _ cos 3z,
901.

§=vaTt8z—2ev.

& = In(4y + e73%),

§=2y—1+ V1— 6z

Z=In(3e¥ —2cosx),

§=2e"—{/8+ 12y.

902.

903.
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T = tg(y — ),

904. 7 =2Y — 2cos (g—m)

& =tg(z —y) — 2z,
905. ¢ =9+ 122 — 3¢Y,
z = —3y.
i=e® —e 3%
906. { y =4z — 3sin(z + y),
z=In(l+z— 3z).
B 3apmauax 907—912 uccrnenoBaTh, NpU KaKUX 3HAYEHUAX
napamMeTpoB a U b acCUMITOTHYECKH YCTONUYKUBO HYJIeBOe pelieHue.

907.{3"3=a:1:—2y+x2, 908.{¢=ax+y+w2’

g=z+y+zy. g =+ ay+y>.
=2+ ay+1?, & =y+sinz

909. { vty 910.{, Y ’
y=bx —3y—x°. ¥ = ax + by.
r=2e""—4/4 & = In(e+ax)— e,

911.¢ "~ °° T 919, { _ ( )
y=In(l+z+ ay). ¥ =bx +tgy.

913. HccnenobaTh, ycTOHYNBO M pelienue £ = —I2, y = ¢

CUCTEMBI

d=9y? -2y —2y—x, G=2x+2t> e,

914. UccnenoBaThb, yCTOWYMBO JIU pellleHUe £ = cost, y =
= 2sint cucTeMbI

t Y
=1 +2sin® 2 ) — 2,
b7 n(az sin 2) 5
§ = (4—2%) cost — 2z sin® t — cos® ¢.

B 3apmauyax 915—922 niAa gaHHBIX cHUCTEM HailTH Bce I0JO0-
#eHUA paBHOBECUA U UCCIIeNOBaTh UX HA YCTONUYUBOCTD.

. 2 .

T=y—x° —ux, T=(r—-1)(y—1
915.{ " V7" 916.{, (@=Dly -1,

y=3z -2 —y. y=uzy— 2.
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= i = In(— 2
017, { Y 018. 1 % n(—z + y°),
= sin(x + y). y=x—y—1.
2
919. T=3—+\4+zx?+y,
§ = In(z? — 3).
x—ey—e,
920.
3z +y?—2.
z=In(l+y+sinz),
921.
=24 v/3sinz — 8

& = —siny,
922. _
y=2x++/1—3z—siny.

B 3agauax 923—931 uccienoBaTh yCTOHUYMBOCTD HYJIEBOTO
pelleHuf, TOCTPOUB GyHKNUIO JIAMyHOBa U MPUMEHUB TEOPEMBI
JIanyHoBa unu Yeraena.

. 3 .

T=x" -y, rt=y—x+z
923. { " y 924{ S

y=x+vy . =r—y—x°—y".

i =2y —a® E=xy—2° +
925. { W TT0 926 Y v

y=-z—y +y. g=a -y’

=y — 3z — 2% =2y —x— ¢
ga7, | ETYTISEL g I v’

7 = 6x — 2y. y=x—2y.

: 2

r=—-Tr—T t=z—y—x
929. { M 930. v

y=y —x. gy=2x—-y—y’

931*.{ "ij = _fl(w) - fZ(y),
9= f3(z) — faly)-
rae sgn fi(z) =sgnz, i =1, 2, 3, 4.
B 3apmauax 932—948 uccienoBaTh yCTOWYMBOCTb HYJEBO-
r'0 pellieHuA, NoAb3YACh U3BECTHLIMH YCIOBUAMU OTPUIIATEIbLHOC-

T BellleCTBEHHBIX YacTell BCceX KOpPHeWl MHOTOY/eHa, HalpuMep,
ycnoBuamu Payca—I'ypBuna unu kputepuem Muxaiinosa.
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932. y" +y" +y' + 2y =0.
933. " +2y" +2¢ + 3y = 0.
934. yV + 29" + 4y" + 3y’ + 2y = 0.
935. vV + 29" + 3y" + Ty’ + 2y = 0.
936. vV + 2y + 6y" + 5y’ + 6y = 0.
937. vV + 8y + 149" + 36y’ + 45y = 0.
938. yIV + 13y" + 16y" + 55y’ + 76y = 0.
939. ¢V + 3y + 26y" + T4y’ + 85y = 0.
940. y'V + 3,1y"" + 5.2¢" + 9.8y’ + 5.8y = 0.
941. yV + 24V + 49" + 6y" + 5y’ + 4y = 0.
942. yV + 24V + 5y + 6y" + 5y’ + 2y = 0.
943. yV + 3y + 6y + Ty" + 4y’ + 4y = 0.
944. yV + 49"V + 9y + 169" + 19y’ + 13y = 0.
945. yV + 49V + 169" + 25y" + 13y’ + 9y = 0.
946. yV + 3y"V + 10y + 22" + 23y’ + 12y = 0.
947. yV + 5y + 159" + 48y" + 44y’ + T4y = 0.
948. yV + 24"V + 149" + 36y" + 23y’ + 68y = 0.

B zapavax 949—958 wuccrnenoBaTh, Npy KaKWX 3HAUYEHUAX
napamMeTpoB « U b HyJieBoe pellleHre aCUMIITOTUYECKH YCTOWYKNBO.

949. vy + ay" + by +2y = 0.

950. y"' + 3y" + ay’' + by = 0.

951. 3™V +2¢" + 3y" + 2y +ay = 0.
952. ¢V +ay" + 4" + 2y +y=0.
953. ay™ +y" + 4" +y' + by = 0.
954. vV + " +ay" +y' + by = 0.
955. vV + ay" + 4y" + 2y’ + by = 0.
956. 'V +2¢y" +ay" + by +y=0.
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957. vV + ay" +4y" + by +y = 0.
958. 3V + 2y + 4gy" + ay’ + by = 0.
Ina uccnepoBaHuA yCTONUYNBOCTY YpaBHEHUI ¢ MEpPHOAMYeEC-
KUMU KO3 PunmeHTaMu B 3agavyax 959 u 960 Hajgo HaiiTu MaTpu-

Iy MOHOIPOMHH U BBIYHCIUTD MYJIbTUILIMKATOPHI, cM. [5], ra. 111,
§ 15, § 16.

959. HccnenoBaTh Ha yCTOWYNBOCThL HYJIEBO€E pellleHUe ypaB-
wenua & + p(t)r = 0, p(t) = a®> (0 < t < =), p(t) = b2
(r <t <2m),p(t+2rw)=p(t), npu cirenyomux 3HaYEHUAX Mapa-
MEeTpPOB:

a)u=05 b=0; 6)a=05 b=1;
B)a=05. b=15: r)a=0.75 b=0:
ma=1. b=0: e a=1, b=1.5.

960. UccnenoBaTh, pyu KakuX a U b yCTONYUBO HYIlIEeBOE pe-
[IeHNe CHCTEMbI C MePUOAUYECKUMH K03 PUIUeHTaMU

("”) — A(t) (";’) At +2) = A(D),

)
A(t):(g g)an/I0<t<1, A(t):(g g)npul<t<2.

§16. OCOBBIE TOYRKHN

1. Oco60ii TOYKOIT CHCTEMBI

dx d_y_

E = P(.’l}, ZI), at - Q(.’l}, ZI) (1)
WY ypaBHEHUA
dz  P(z.y)’

rae ¢yusuuu P u (Q HenpepbiBHO AuddepeHnyupyeMbl, Ha3bIBaeTCA Ta-
Kaf TOYKa, B KoTopoii P(z, y) =0, Q(z, y) = 0.
2. Ilna uccnejoBaHUA 0CO60il TOYKU CHCTEMBI

de dy .
T = ax + by, 3t =cx+dy (3)
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WIN ypaBHEHUA

dy cx+dy
= _=Tad 4
dz  az+by )
HaJ0 HaliTU KOPHU XapaKTepUCTUUYECKOTO ypaBHEHUA
a—A b
. d_)~= 0. (5)

Eciu KopHM BellecTBeHHble, pasivyHble U OJHOIO 3HaKa, TO ocobas
Toyka — y3sen (puc. 6,a), eciu pasHbIX 3HaKOB — cemno (puc. 6,0),
ecli KOPHU KOMIUIEKCHBIE C BEIIeCTBEHHON YacThbIO, OTIAUYHON 0T HY-
a8, To ocobad Toyka — Qoryc (puc. 6,6), €CI¥ YMCTO MHUMbIE, —
ueHTp (puc. 6,2); eciu KOpHM paBHble W HeHyleBble (T. e. Ay =
= A2 # 0), To ocobafd TOYKa MOKeT ObITb BBIPOHIEHHBIM Y3I0M
(puc. 6,0) unmu ourpuTHYeCKNM y3iaoM (puc. 6,e), IpUYeM TUKPUTU-
yeckuil y3el MeeT MecTO TOJIbKO B Cllydae CHCTeMbl S2 = ax; %ff =
= ay (wmm ypaBHenusn %% = %), a Bo BCeX OCTalbHBIX CIyYafX NpH
A1 = A2 # 0 ocobas TouKa ABIAETCA BHIPOHICHHBIM y3JIOM.

Ecnu e onun wiau o6a KopHA ypaBHeHus (5) paBHBI HYIIO. TO
a b

c d

COKpalaeTcH. YpaBHe}me NpUuHUMaeT BU]J % = k, U pelieHuA Ha II0C-
KOCTHU Z, Y u306pama10Tcn napajljieJicHbIMU IIPAMBIMH.

¥
b 2= K

Puc. 6

‘ = 0 u, cienoBaTelbHO, Ipobb B NpaBoii yacTu ypaBHeHus (4)

YT06bI HAauepTUTH TpaekTopuM (KpHBble, U306pazaoIINe peme-
HHUA Ha IIOCKOCTU T, Y) B cilydyae y3ia, celjia U BbIPOMJEHHOrO y3-



§16. Ocobve mouru 99

lla, Ha/l0 Ipesifie BCEro HallTU Te pelleHUf, KOTOpble M306pakaloTca
NPAMBIMU. MPOXOIANIMMHU Yepe3 0coGyI0 TOYKY. DTHU HpAMbIe Bcerja

b
4> cocras-
JI€HHOI U3 K03 PuuMeHTOB naHHOH cucTeMbl (3). B ciyuae ysna kpu-
BbI€ KacalOTCH TOM MPAMOIi, KOTOpafA HalpaBlieHa BAOIb COGCTBEHHOrO
BEKTOpa, COOTBETCTBYIOIEr0 MeHbIIe MYy N0 aGCOMIOTHON BelUYHNHe
3HAYEHUIO A.

B cayuae oco6oit Touku Tuna ¢oKyc Halo ONpeNelNuTh Halpab-
leHVe 3aKpydWBaHUA TpaeKkTopuii. [lifA sToro Hajgo, BO-NEpPBBIX, HC-
ClIefIoBATh YCTONYUBOCTHL 3TOM TOYKM MO 3Hary Re\ u, Bo-BTOpbIX,
onpejeNuTh, B KaKOM HalpaBlIeHHH BOKPYT 0€060i1 TOYKM IPOMCXO-
IUT [BUMEHUE MO TPaeKTOpUAM. [[IA 3TOro AOCTATOYHO MOCTPOUTH
B KaKOH-HMOY[b Touke (z, y) BEKTOP CKOPOCTH (‘;—:, %%), onpejense-
Mblii 10 popmynam (3).

AHanoruy4Ho uccienyeTcfl HampaBleHUe [BHKEHHA B Cly4yae BbI-
POMIEHHOr 0 y3ia.

IIpumep 1. HceaenoBaTh ocobyio Toury = 0, y = 0 cuctemMsbl

HalnpasjieHbl BI0Jb co6CTBEHHbBIX BEKTOPOB MaTpHUIlb]

=2z, y=x+y. (6)

CocrtaBisieM n peliaeM XapakTepucTH4YeCKoe ypaBHeHHe

2—-A 0
‘ 1 1_)“=0, 2-=XA=-XN)=0, AM=1 X=2
KopHu BelllecTBeHHbIe, pa3dyHble U OfI-
Horo 3Haka. CiefioBaTenbHO, 0cobas TOY- y
Ka — y3en (TOro e TuUNa, YTO Ha
puc. 6,a). Ona Ay = 1 Haxomum co6cT-

BeHHblil BekTop (0, 1), a qusa Ay = 2 —

Bertop (1, 1). Ha mnockoctu , y cTpo-

UM OpfAMble, HAalPaBIEHHbIE BIOIb 3THX 7

BEKTOPOB, @ 3aTeM KPHBbIe, Kacaloulye-

CAl B Hayajle KOOPAMHAT NEPBOl U3 3THX

HOPAMBIX, Tak Kak |A1| < |Az], cm. puc. 7.
Jlpyroit cnoco6 NOCTPOEHUA WHTEr-

paibHBIX KpUBBIX. PasnemusB opHo wu3

ypaBHeHmit (6) Ha [gpyroe, HOIy4YuM Puc. 7

ypaBHeHue Buza (4)

dy_z+y - dz_ 2z
dz~ 2z dy =z+y/)’




100 §16. Ocobvle mouru

[Ipamsble, mpoxoasmue 4yepe3 oco0yi0 TOUKY, UIeM B Buae y = kx

(a Takme x = 0). IlogcTaBiafAA B HamKMcaHHble yPaBHEHHA. HAXOOUM

k = 1. 3naunt, y = z u ¢ = 0 — uckomble npamMele. OcTalbHbIe

HWHTerpajlbHble KPUBble CTPOATCA € MOMOINBIO U3OKINH (pHC. 7).
Mpumep 2. UccnepoBaTh 0co6yI0 TOYKY ypaBHEHUA

dy 4z —3y
=~ _ =9 7
dz x — 2y @)
Haxonum KOpHM XapaKTepUCTHYeCKOr'o ypaBHEHUA
1-A =2 | . 2 . _ .
4 _3_)\—0, AXH22+5=0; A=-1%2.
Oco6as Touka — ¢oryc. [lepexonum ot ypasaenus (7) K cucteme
dz dy
— =x—2y, — =A4x—3y.
T P b (8)

Crpoum B Touke (1. 0) BEKTOp CKOpOCTH (%, %%) . B cuny (8) on pa-
Bed (z — 2y, 4z — 3y). B Touke z = 1. y = 0 monyyaem Bektop (1. 4)
(puc. 8,a). CiefoBaTenbHO, BO3PacTaHUIO ¢ COOTBETCTBYET ABHEHHE
[0 TPaeKTOPUAM INPOTHB YacoBOil cTpelkd. Tak Kak BelleCTBEHHas
4acTh KOpHell A paBHa —1 < (0, To ocobas ToYKa ACUMITOTHYECKH
YCTOIUMBa, CleI0BATENbHO, NPU BO3PACTAHWU { PENIeHUA HeOrPaHu-
YEHHO MpUOIMAAIOTCA K 0c060i Touke. HTak, npy JBUMKEHUU NPOTUB
YaCOBOI CTPENKK UHTErpalbHble KPUBbIe NPUOINAAIOTCA K HaYary Ko-
opauHar (puc. 8,0).

Y y

(1,0) x X
a) 6)

Puc. 8

3. lna ucciaemoBaHusa oco6Goii ToYkM Gojiee 06IIeil cHUCTeMbI (1)
uny ypaBHeHus (2) Halo NMEpeHeCTH Hayalo KOOPJWHAT B HCCIeNye-
MYIO 0cOGYI0 TOYKY M pasiomuTh ¢GyHKIUU P u () B OKpPECTHOCTH
3Toil Touku no dopmyne Teiinopa, orpaHuyuBasch YWieHaMH IEPBOro
nopsaznka. Torpa cuctema (1) nmpumer Buj

d:l'l

d,
qp = e by + o(x1, y1), % =cx1 +dys +p(x1, y1), (9)
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rie T, Y1 — HOBble KOOpAMHATHI (Iocie mepeHoca), a, b, ¢, d — no-
croanHble. [IpeanonouM. 4yTo OuA HekoToporo € > 0

w(z1, 1) (1, Y1)

rlte - O’ rlte

—0 mpu z1—0, y1 =0,

rae 7 = y/x2 + y3. OueBU/IHO, HTO yclOBHUe BbINONHAETCA (NIpU TO6OM
€ < 1), eciu pyuruuu P u Q B uccneyemoii Touke gBamabl 1ud depeH-
nupyemsl. [Ipennono;«umM emme, 4yTo BelllecTBEHHbIE YacTU BCeX KOpHeil
XapaKkTepucTU4YecKoro ypasHeHud (5) otanunsl oT Hynsa. Torja ocobas
Touka z1 = 0, y1 = 0 cuctemsl (9) Gyner Toro e TUna, 4To ocobad
TOUYKa cucTeMHl (3), moaydyaeMoii oTGpacsiBaHueM GyHKRUUH @ u 1. [la-
lee, yrioBble k03¢ dULNEeHThl HalpaBleHUil, 10 KOTOPbIM TPaeKTOPUU
BXOIAT B 0co6yI0 TOURY, fad cucteM (3) u (9) oguu u Te e (onHAKO
npAMbIM y = kz puA cuctemsl (3) MOTYT COOTBETCTBOBaTh KPHBbIE
1A cucremnl (9)), a B ciyuae GpoKyca — HalnpapileHHe 3aKpy4UBaHUA
TpaeKTOPUIl OJTHO U TO 3e.

B Tom ciyuae, korga nasa cuctemsl (3) ocobas Touka — LEHTP,
aa cucremsl (9) oHa MomeT ObITh (GOKycoM MM ueHTpom. Jlus Ha-
IUYUA UEeHTpa [NOCTAaTO4YHO (HO He HeoGXOAMMO), YTOOBI TPaeKTOPUU
cuctembl (9) UMenIu oCch CHUMMETPUM, HNPOXONALIYIO yYepe3 HCCIeLye-
MyIo Touky. Och cUMMeTpHUHU, 0YEBU/IHO, CylleCTBYeT, eclli ypaBHeHHe
Buia (2), K KOTOPOMY MOKHO IpUBeCTU cucTeMy (9), He MEHAETCA OT
3aMeHbl * Ha —x (wiu y Ha —y). [laa Hanuuua Goryca HEOGXOAUMO
U JIOCTAaTOYHO, YTOOHI HylleBoe penieHue cucTemsl (9) GbLIO acCMMITO-
TUYeCKHU ycToituuBo npu ¢ — 400 uiau npu t — —oo. Hcenenopanue
Ha yCTOMYMBOCTH MOKHO IPOBeCTH ¢ moMomsio ¢yHknuu JlamyHosa.
JTo cllenaTh Helerko, TaK KaKk B paccMaTpHBaeMOM ciydae GpyHKIHIO
JlanmyHoBa uacTo mpuxoguTcA 6paTh B BHJe CyMMbl WIE€HOB BTOpOIi,
TpeTbell 1 YeTBepToil cTelleHell OTHOCUTEIbHO T, Y.

B 3agayax 961—978 uccienoBaTb ocoOble TOYKHN HaluCaH-
HBIX HUe ypaBHeHHUi U cucTeM. [laTh yepTes pacmnoyioxseHud UH-
TerpaibHbIX KPUBBIX Ha ILIOCKOCTH (, ¥).

961. ¢ — f%fy 962. o — %.
963. y = L2, 964. ¢ — %.
965. 3 — ﬁ 966. ' — 2;%;’
967. y — % 968. ¢ — %.
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r_ Y y_ Az —y
969. y' = . 970. ' = 3w—2y'
& = 3x. T =
971. < .
y=2zx+y. Y=
T =x+ 3y, T =
973.
y = —bx — by. —2:1'—
&=-2x—5 =3z +
975.{, Y gre. { v
Y =2z + 2y. Y=y —
t=3xr—2 =y — 2x,
977.{‘/'," e 978.{51_‘ g
y =4y — 6x. y =2y — 4z.

B zagauax 979—992 nHaiiTu U ucciaegoBaTh ocoOble TOUKH
JAHHBIX YpaBHEHHI U CUCTEM.

2y — g 2z+y
979. 3a:+6' 980. y' = T—2y 5
’r_ 4y2—w2 o 2y
981°y_—2wy—4y—8' 982.y——x2_y2_1.
2, 2
, ozt tyt—2 y+\/1+2:132
983. =y 984. S

985.
g =In(1-z+2% —In3.

P2 -y, oo {:r = (22-y)(2—2),
] N\yg=ay-—2.

986.

{
{
o {1
¥
{

= :(:Z—y+2—2,

r=I —Y,
989.
j=a—(y—2)°
. yP—y+1
z=1 R
990. 3
§= a2 — P
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& =In(l —y+3?),
991.{ 1-y+y?)

§=3—+x?+8y.
t=(x—y)?2+3-2
992.{ Vi(z—y) :

2_
g=e¥ " —e.

lnsa ypaBuenuii 993—997 naTh yepTe: pacmnojomeHUA WH-
TerpajlbHbIX KPUBBIX B OKPECTHOCTH Havdala KOOpAWHAT.

Yrazaunue. B zagauax 993—997 ocolble TOUKU He TpUHAJIe-
AT K pacCMOTPEHHbIM B Havane § 16 Tumam. [Insa ux ucciaenoBaHus
MOKHO MOCTPOUTH HECKOIbKO M3OKIWH. 3aT€M HAJ0 BBIACHUTH, C Ka-
KUX CTOPOH WHTEerpalbHble KPUBbIE BXOAAT B 0COOYIO TOUKY.

2 2
993*. ¢ = 2. 994*. y/ = T 1Y
2zy Ty
995*. ¢/ = . 996*. ' = .
YT ¥
2
997+, ¢/ = Y.
y+x

998. J/lorasaTh. YTO eciiv ocobafd TOYKA ypaBHEHUA
(ax + by) dz + (mx + ny)dy =0

AIBIAleTCA IIEeHTPOM,TO 3TO ypaBHeHUe fIBIAeTCA ypaBHEHHEM B
noiHeIx Audepennuanax. ObpaTHoe HEBepHO.
999*. JlokazaTb, YTO €Cly ypaBHEHUe NpeIblIyleil 3a1aun
He fABJIAieTCA ypaBHeHUEM B TNOJHBIX JuddepeHnanax, Ho UMe-
eT VUHTerpupymoumunii MHOKHUTENb, HENPEPLIBHbIM B OKPECTHOCTHU
Hayala KOOPAUHAT, TO ocobasd Touka — celiio (ecnu an 7# bm).
1000*. IIycTs B ypaBHEHUU

) ax+ by +p(, y)

1
cx +dy + q(x, y) (1)

(GYyHKIMM p U ¢ ONpe/ielieHbl M HeNnpepbiBHO AuddepeHIupye-
MBI B HeKOTOpoii okpectHocTd Touku (0,0), a B camoii Touke
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(0,0) p=p, =Py, = q¢= q; = q, = 0. lorasaTb, 4TO ecnu ypas-
uenue (1) He MeHfAETCA OT 3aMeHBI § HA —¥, 8 KOPHHU XapaKkTepuc-
THYECKOT0 ypaBHEHNA

YHCTO MHUMBI, TO ocobag Touyka (0.0) — meHTp.

§17. ®PA30BAA IINIOCKOCTD

1. O noHATUAX (HA30BOrO NPOCTPAHCTBA, (a30BOM MIIOCKOCTH, aB-
TOHOMHOI1 cucTeMsl, Tpaektopuu cM. [1], ra. VII, § 1, n. 4, wu [3],
§ 15, miwm [4], ra. 3, § 1.

2. YT06bI IOCTPOUTH TPAEKTOPUU CHCTEMBI

i=f1($7 y)? ?;l=f2(2l', y) (1)

Ha (a30BOii IIOCKOCTH L, Y, MOFKHO WK UCCIEI0BAThH HENOCPEICTBEHHO
3Ty CHCTEMY, WIH, pa3fielB ONHO YpaBHEHHe Ha APYroe, CBECTH €€ K
YPaBHEHUIO EPBOr0 HNOPAIKa

% _ f2(w7 y)
dz  fi(z, y) @

Tpaektopuu cuctembl (1) 6yayT UHTErpalbHBIMH KPUBBIMH ypaBHe-
HuA (2). IX MOKHO TOCTPOMTH WM peluB ypaBHeHue (2) (uacTto oHO
pelaeTca npome, yeM cuctema (1)), UIy ¢ IOMOIBLIO METOa U30OKINH
(§ 1), npu 3TOM HEOGXOUMO UCCIEA0BAaTh 0COObIe TOUKHU CHCTEMBI (Me-
Topamu § 16).

[lnsa nocTpoeHun TpaekTopuii ypasHenun i = f(x, &) Ha pazoBoit
IUJIOCKOCTH HAJI0 OT 3TOT0 ypaBHEHUA NepeiiTu K cucrteMe & = ¥y, § =
= f(=, y), KoTopas ucclenyeTcdA Tar e, Kak cuctema (1).

3. IlpemenbHbIM IMKJIOM Ha3bIBAETCA 3aMKHYTaf TPaeKTOPHA,
Y KOTOpOii CyIecTByeT OKPeCTHOCTh, eIMKOM 3aloNHeHHaA TPaeKTo-
PUAMH, HEOT PAHMYEHHO NPUGIUAAIOMKUMUCA K 3TOH 3aMKHYTOH Tpaek-
TOpUM TpH ¢ — +00 Ui Tpu ¢ — —00. IIpeienbHbIN MK HA3bIBAETCA
YCTOIUMBBIM, €Clli TPaeKTOPUM NpPUBIUAAIOTCA K HEMY TOIbKO NpH
t — +00, HEYCTOINYMBBIM — €CJIH TONbKO TIpU £ — —00, TMONYyCTORYN-
BbIM — €CIIM C OJIHON CTOPOHBI IUKJA TPACKTOPUM NPUOIUAIOTCH K
HeMy IpH ¢ — +00. a ¢ ApyToii CTOPOoHbI Npu £ — —00. O IpenenbHBIX
nuknax cm. [3], § 28, [2], § 25.
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B 3agauax 1001—1020 1A [aHHBIX YpaBHEHUII HAUEPTUTH
TpaeKkTopuu Ha ¢a3oBoii iockocTU. Ilo yepTemy clnenaTh BbIBO-
[Ibl O NIOBEJIEHUHU pelleHuil npu t — +00.

1001. # + 4z = 0. 1002. & —z = 0.

1003. i —x+22=0. 1004. & — 322 = 0.

1005. # + 22° = 0. 1006. # + 22° — 22 = 0.
1007. & +e® —1=0. 1008. % — 2% +z +1=0.
1009. & —sinx = 0. 1010. &+ 2cosx — 1 = 0.
1011. # — 44 + 3z = 0. 1012. # + 23 + 5z = 0.
1013. % — 4 —2x =0. 1014.%+2i+ %>+ = 0.
1015. &+ 4 + 2z — 22 = 0.

1016. & + 3% — 22 +1=0.

1017. &4 2% — 22 =0. 1018. i+ Va2 + 22 —1=0.
1019. &+ 5é — 41n 5L = .

1020. i + @ + arctg(a® — 2x) = 0.

B 3apauax 1021—1034 HauepTUTh Ha (pa3oBoii MIOCKOCTH
TPaeKTOPUH JAHHBIX CUCTEM U HCCIeI0OBaTh 0cOGble TOYKU.

1021

i =2x+y* -1,

1

1022. {

i =9y? — da?,

9 =6x—y?+1. y=4y — 8.
&=4—4x — 2y i=1—2%—y%
1023. { 1024. { °
Y = zy. Y= 2zx.
P =2 -2, =zy—4
1025, { Pty 1026.{ "~ Y5
§=2x(z—y). y=(z—4)(y—=)
',:1_ /2_ 2
1027.{‘7: vy
y =2y
T=2(x—1)(y—2
1028. { g 2)(y )
y=y —z°.
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&= (z+y)*—1. =02z —-y)?-9

1029. < ( Zy) 1030. < (20 =) )
y=—-y —x+l. y=9—(z —2y)°.
= (2x —y)? - 9.

€
1031. )
§=(z—2y)° 0.

&= +y* — 6z — 8y,
y=z(2y —x+5).

1032.

i:::l:z—y,

1033. { .
J=(@—-yllz-y+2).

—N— —N— —AN— —N—

& =a?419y* -5,

1034.
y=(x—1)(x+ 3y —5).

1035. BriBecTu ypaBHeHUe [BUKEHUA MaATHUKA Ge3 compo-
TuBneHud. [lnd cayyas, Korja Bce NIOCTOAHHbBIE, BXOAAIINE B ypaB-
HEHUe, paBHbI 1, HAYEPTUThL TPaeKTOPUHU Ha (pa30BOIl MIOCKOCTH.
Jath ¢u3snyeckoe NCTONKOBaHHE TPAEKTOPUAM pPa3NUYHBIX TH-
TOB.

1036. BriBecTu ypaBHeHUe [IBUMHEHHA MafATHUKA C CONpPO-
TUBIEHUEM, IPONOPIUOHATLHBIM KBagpaTy ckopocTu. [JaThb uep-
TeM TPaeKTOpHUil Ha (a30BoOil MIOCKOCTH.

Y rkazaHue. Bocroiab3oBaTbcA YepTexoM, IIOCTPOEHHBIM [IJIA 3a-
nayu 1035.

1037. BriBecTu ypaBHeHHe [BHeHHA MaATHUKA, Ha KOTO-
pBIil JeficTByeT MocTOAHHAA cuia, paBHaA IOJOBHHE Beca MafT-
HUKAa U HampaBleHHasA BCerjla B OJJHYy CTOPOHY II0 KacaTelbHOU K
JIyre OKPYKHOCTH, N0 KOTOPOU NABUKETCA MaATHUK.

IIpunaB moctosHHble | U g paBHRIMU 1, HApUCOBAaTh Tpaek-
TOPUM TIONYYEHHOTo ypaBHeHHA Ha (azoBoil nmnockoctu. Karue
JIBUeHUA MaATHUKA M3006pamalTcA TPaeKTOPUAMU pa3iuyHbIX
TUNOB?

1038. I'py3 Macchl m npuKpeIieH k npymxune. lIpu oTkione-
HUU Ipy3a Ha paccTofiHUE & MpY#KUHA JelicTByeT Ha Hero ¢ CUJIoit
ka, HanpaBlieHHO# K NoNokeHNI0 paBHOBecus. Culla TpeHuA paBHa
f = const u HanpaBeHa B CTOPOHY, NPOTUBOMONO}KHY 0 CKOPOCTU
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rpy3a. llpu t = 0 rpy3 HaXoqUTCA HA PacCTOAHUU h OT TONOKEHUA
paBHOBeCcHA U UMeeT HYJIEBYIO CKOPOCTh.

BriBecTu ypaBHeHue nBuseHuA rpy3a. llpuuasm = 2, k = 2,
f =1, h =5, uzoGpa3uThb [ABUHEHHE I'Py3a Ha (Ha30BOIl MIOCKOC-
TH.

1039. NU306pa3uTh Ha (a3oBoii MIOCKOCTHU Malble KojebaHuA
MafATHUKA NepeMeHHOl JJIUHbI, CUYNTafA, YTO NPU IABUKEHUU Ma-
ATHUKA BBEPX €ro JJMHA paBHa [, a Npu JBU#EHUU BHU3 paBHa
L > [. Bo ckonbKO pa3 yBeINYUTCA aMIUIMTY/a 3a OJIHO TOJHOE
ronebanue? ([lpumep: packauyra ravesneii.)

Yrkasauue. [Ipy Mmaneix KodeGaHUAX CUNUTATh Sinx ~X x. U3me-
HeHNe [IMHbI MafgTHUKA IPOUCXOJUT MTHOBEHHO (CKAaYKOM), IPH 3TOM
Yroll OTKJIOHEHUA MafATHHUKA U ero MOMEHT KOJIM4YeCcTBa IBUKEHUA OT-
HOCHTEIbHO OCH He HUCIBITHIBAIOT CKAYKOB.

HauepTuTh Ha a3oBoil MIOCKOCTH TPAeKTOPUU CHUCTEM
1040—1046, 3anucaHHbIX B MOJAPHbIX KOOpJAMHATaX, U HcCCle-
JIoBaTh, UMEIOTCA U NpejiebHbIe URIbI.

dr _ 1 _,2 dp _
1040. 4 — (1 —12), P-1
1041. 97 — »(r — 1)(r — 2) de _ 1.
dt ’ dt
1042. 97 = (1 - 7). de _ .
at at
dr _ dy _
1043. a sinr. pri 1.
dr _ e 1) — | — 2| — de _
1044. & = r(jr— 1| = |r —2| —2r +3), £ = 1.
dr _ inl de _
1045. G rsin . Fri 1.
1046. 97 — (1 — ) sin L de _ .
at - @

1047*. [Ipu KakuX yCIOBUAX cHCTEMaA

dr _ do _
dt _f(r)7 dt _17
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rae ¢oyHEOuA f(r) HempephiBHA, UMeeT NpeleibHbiil uka? Ipu

KaKkuX YCIOBUAX 3TOT nukd ycroituus? Heyctoituus? IonyycToii-
yuB?

1048*. Ilpu kakuXx 3HAYEHUAX MOCTOAHHON @ cUcTeMa

dop dr

. 2

— = — =(r—1)(a+sin“¢

L=1, =01 )

MMeeT YCTONYMBBIN npenenbublil nukia? HeycroiiuuBblii?

lnsa ypaBHenuit 1049—1052 ¢ noMoIbi0 U30KJIWH MOCTPO-
UTb TPaeKTOpUM Ha ($Ha30BOil IIIOCKOCTH U UCCIENOBaTh 0cOObIe
ToukU. Ilo yepTemy clenaTh 3aKiIOUeHUe O TIOBeJIEHUYU pelleHuit
npu t — +00 U 0 BO3MOKHOCTHU CYI[eCTBOBaHUA 3aMKHY ThIX Tpa-
€KTOpUil.

1049. &+ @3 — & +x = 0.

1050. & + (2% — )i + z = 0.

1051. & + & — 2arctgz + x = 0.

1052. & + 2% — i@+ = 0.

1053*. [lna ypaBHenus & + 2ai — bsgni + x = 0
(0 < a<1,b>0) noctpouth TpaeKTOpuM Ha (Haz3oBoOil MIOCKOC-

TH U HaliTH TOYKH, B KOTOPhIX MpelelbHbIi UK IepecekaeT och
Ox.

Y rkaszaunue. HaiiTu 3aBucMMOCTb Memay abciuccaMul ABYX IO-
clieIoBaTeNbHBIX TepeceyeHnii TpaeKkTopuu ¢ ocbio Ox.

1054. IlokazaTb, uTo ypaBHenue &+ F'(&)+x = 0, rae yHkr-
uusa F HenpepoiBHa u F(y) > 0 npu y > 0. F(y) < 0 mpu y < 0.
He MOKeT MMeTh MpeJelbHbIX UKIOB Ha (pa30BOi MIOCKOCTH.

Yrazanue. HcciieoBaTh 3HaK I0JHOM TPOU3BOIHOM % (=2 +9?).

1055*. llycrs f(w, y) u fy, f, nenpepwisubl, f(0,0) < 0,
anpu 2 +y? > b? umeem f(z, y) > 0. lokasaTb, YTO ypaBHeHNE
Z+ f(x. )& + = 0 umeeT nepuopnveckoe peurerue z(t) Z 0.

Yrasanue. llepeliTn Ha (asoByIO INIOCKOCTb M MCCIE[0BaTh
3HaK noaHol npoussoaHoil - (z” + y”). ocTpouTs KoabIO, U3 KOTO-
POro He MOET BBIATY HM OfiHa TpaekTopuA. l[puMeHUTHL Teopemy 21
us [3].
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§18. SABUCHUMOCTD PEIIEHHA OT
HAYAJIBHBIX YCJIOBUM U IAPAMETPOB.
NNPUBJINAEHHOE PEILIIEHUE
JTUOOEPEHIIUAJTBbHBIX YPABHEHUI

1. PaccMoTpuM cHcTeMy B BEKTOPHOI 3amucu

dz
E = f(t7 :l'), (1)

roe £ = (1, ---5 Tn), f = (f1, ---, fn)- llycTb B paccmaTpuBaeMoii

o6i1acTy BeKTOp-GYHKIUA f HenpephIBHAa 10 {. = U YIOBIETBOPAET yCII0-

puto Jummunal no

7t ) — f(t @) < Klly — =] (2)
Yepes || || o6o3nauaerca a06ad U3 0GBIYHO NPUMEHAEMBIX HOPM BEK-
Topa:
lell = vzl + ... +lzal?,
lzll = lz1] + - - - + [an]
nim

lal] = _max

.y

| -
Tn
Mycts x(t) — pewenue cucrems! (1), a y(t) — BekTOp-DYHKIUA,

yAoBieTBOpAmOIlag HepaBeHCTBaM

d
[% - st <o 1@ -zt <
TOFL[a nMeeT MeCTO OILleHKa
lo(®) = y(@)ll < 31+ 1 (M -1). (3)

9TO HEPAaBEHCTBO MOKHO NPUMEHATH Il TPYGO OLEHKH OmKG-
KM npubiauzkeHHOro pemenud y(t) cucremst (1), a Takme NIA OLUEHKU
cBepxy pasHocTH pemeHud x(t) cucrems! (1) u pemenus y(t) cucTeMsr

%% = g(ta y)’ €ciin ”g(ta y) - f(ta y)“ <.
2. Ecu B cucteMe ypaBHeHuil

dz; .

g” =filt,z1, ..., Tn, p), =1, ...,m (4)

1Ecnn B BRINyKJIOl 10  061acTH MMeeM |g£L| <a(i,j=1,...,n), 10
J

B 3T0il 06JacTy BbINIOJIHEHO ycaoBue Jlunmunia c k = na.
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C HaYajJbHBIMH YCIOBHUAMH

z;(0) =ai(p), i=1l. ....n (5)

4 ABIAIETCA mapaMeTpoM, GyHKIMY f; ma; (i = 1. .... n) HempepbIBHBI
U UMeIOT HellpepbIBHbIE€ NPOU3BOIHEIE 110 X1, ..., Tn, [, TO PELICHUE
MMeeT HellpephIBHYIO NPOU3BOJHYIO 1o napameTpy p. lIpomsBongHbie
%—f} =u;,i =1, ..., n yIOBIETBOPAIOT IMHEITHOI1 ccTeMe ypaBHeHUI

du, (‘3'1‘Z (‘.?fi .
E .3 9 3 .oi=1, ..., m, (6)
933 iz
U HavanbHbIM ycnoBuaMm u;(0) = aj(p), i = 1, ..., n. 3Ha4eHUA Npo-

H3BOJHBIX g;% u %ﬁi B popmyie (6) 6epyTca mpu z1 = x1(t), ..., Tn =
=z (t), rme z1(t), ..., Tn(t) — pemenne cuctems! (4) ¢ HaYATEHBIMH
yeaoBuamu (5).

B uacTHOCTH, eciM NONOMUTL ak(p) = p, a;(p) = const npu i # k
U CYMTAaTh, YTO Bee QYHKUUH fi, ..., fn HE 3aBUCAT OT ji, TO U3 Npe-
IBIIYIIEro yTBep#aeHUA Oy NeT cilefoBaTh, YTO MIA cucTeMsl (4) ¢ Ha-
vyanbHbIMU ycnoBuaMd z;(0) = ai, ¢ = 1, ..., n IpoU3BOJHBIE 3—2; =
=u; (=1, ..., n) OT KOMIOHEHT PEeWeHNH L1, ..., Lp [0 HAYAILHO-
MYy YCIOBHIO @) CyWECTBYIOT ¥ YIOBIETBOPHIOT CHCTEMe ypaBHEHUM

du; 0 f@
dt 3:1:

=1, ..., n,

¥ HavalbHBIM yclaoBuAM u;(0) = 0 npu i # k, ur(0) = 1.

3. Eciu B (4) u (5) ¢yHKUuH f; ¥ a; UMEIOT HempephIBHBIE MPO-
U3BOJHBIE 10 T1, ..., Tn, p (BONM3M 3HaueHus p = () N0 HOpAAKa
M BRIIOYMTEIbHO, TO PElIeHNe TOe UMeeT HeNpepbIBHbIe HPOU3BOI-
Hble 10 {1 10 TIOPAJKA M W, CleI0BaTelbHO. pa3iaraeTcA N0 CTeNeHAM
napametrpa p o ¢popmyne Teiinopa:

z(t) = vo(t) + pv1(t) + pv2(t) + ... + p™vm(t) +o(p™). (7)

3nech T U v; — n-MepHble BeKTOp-QYHKIMU. UT0Gb HAUTH GYHKIUH
v;(t), MO#KHO Pa3NoMUThL TpaBbie 4acT B (4) U (5) 10 CTENeHAM f1, TO]-
CTaBUTh Ty/a pasnoxenue (7) ¥ IPUPABHATH KO3} GUIHEHTHI IIPU OH-
HaKoOBbIX cTeneHAX p. [lonyunm cuctemy auddepeHuaIbHBIX ypaBHe-
HMIi, U3 KOTOPOH MOCIEe0BATENbHO onpeneisoTcs vo(t), vi(t), ...

B cnyuae, korga f; u a; — aHanuTudeckue GYyHKIUU OT Z1, - ..
...y Tn, p. pemenne z(t) pasnaraeTcA B CXOOALMNCH NPU MaibIX [
cTeneHHoi pA 1o p (B CHily TeopeMbl 06 aHATUTHYECKO 3aBUCHMOCTH
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pelleHus oT napameTpa, cm. [4], ra. 1, § 6). Koad punments sToro paja
coBnanaioT ¢ Ko3ddunuentamu paznoxenus (7).

W3nomeHHbIi METO/l MOAHO MCIONL30BATh [UIA OTHICKAHUA pellle-
HUA AU depeHnatbHOr0 ypaBHeHUA NMpPU MaibIX f B TeX clIydasx,
Korga mpu y = () ypaBHeHHe pellaeTci U3BECTHBIMU MeTOJaMHu.

I pumep. Paznomurs No cTeneHAM NapamMeTpa fi pelleHue 3aja-
4y

=+ 2ut™", x(1)=-1. (8)

Wmewm pemenue B Bune =(t) = vo(t) + po1(t) + pva(t) + . ..

Toncrasaaa 370 B (8) U NMpupaBHUBafA K03¢()(UIMEHTHI IPU OJU-
HAKOBBIX CTENEHAX i, ONyYaeM CHCTEMY

Bo = v5, vo(1) = —1,
U1 = 2vov1 + 2t_1, v1(1) = 0,
U2 = 20002 + Uf, v2(1) = 0,
M3 nepBoro ypaBHeHHA U HAYAJIBHOTO YCIOBUA HaXomguM vo(t) = —t 1.

HOI[CTEIBJIHH 3TO BO BTOpO€ ypaBHeHUe, IoJy4daeM
1= —2""vr + 27, v1(1) =0.

Otciona
ni(t)=1—t">.

[loncTaBnnana HaiineHHBbIe Vo U V1 B TPeThe ypaBHeHHe, NOXy4YaeM
b2 =—2"tva+ (1—t72)2, (1) =0.

PemuB 3TO nuHeliHOe ypaBHEHUE W BOCIONb30BABHIMCH HAYAILHBIM
ycaoBueM, Haiinem vz (t) = % — % + % — tig. CrnenoBaTelbHO, pelle-
Hue 3agauu (8) umeer BUI

1 1 t 2 8 1
ar:(t):—z+lt(1—t—2)+lt2 (g—z-i'@—t—?,)"'o(ﬂz)'

ITO pasnoxeHre MOMHO HPONOIKUTh Nalblile TEM ke CIOCOO60M.

AHanoruyHbIM METOJOM MOKHO IONY4YaTh PA3NOMEHUS [0 CTe-
MeHAM NapaMeTpa NepuoguyYeCKUX pelleHUil HeluHeHHbIX ypaBHEHUIA,
B YaCTHOCTH, ypaBHEHUl BUIa

& +a’x = pf(t. ©. & p), 9)

roe ¢yurnua f nepuoaundeckas no t. llepexomquTs 0T ypaBHeHUA 2-TO
MOpAIKa K CUCTEeMe IPH 5TOM He HyHO. IIpon3BonbHbIE TOCTOAHHEIE,
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BO3HUKAIOIIME NP OThICKaHUM vo(t), v1(t), ..., ONpenendioTCA yie He
13 HavyalbHBIX YCIOBUil. a U3 ycuoBuii nepuonuunoctu (cm. [4], ra. 2.
§ 8).

B cnyuae, korga npasas yacTb (9) He 3aBUCHT OT L, leproj pelie-
uuA z(t) 3apanee He usBecteH. Torjga B ypaBHenud (9) Hamo nepeiTu 0T
t K HOBOMY He3aBUCHMOMY nepeMeHHOMY 7 = £(1 + bip + bguz + .. )
U uckath pemenus z(7) neprona 2w /a. Kosdduuuent by 06p14Ho onpe-
NelfeTCH U3 YCIOBUA CYIIeCTBOBAHUA MEPUOIUYECKOr0 PElIeHUA A
v1(7), 1 T. 0. (cMm. [4], ra. 2, §8).

4. Ecim ¢pyuruuda f(z, y) B OKPECTHOCTH TOYKHU (Zo, Yo) aHAIU-
TUYecKas, T. e. pa3iaraeTcf B pAj 1o creneHam (z — zo) U (y — yo),
To pemenue ypasHenusn y' = f(z, y) ¢ HauanbHBIM ycnosueM y(To) =
= yo TOMe ABIAETCA aHAIUTUYECKON (QYHKLMei, T. e. pasiaraerci B
CTENEHHON DA B OKPECTHOCTH TOYKM Zo (cM. [2], § 18 u [1], ra. II,
§ 1, n. 6). AnanoruuHoe yTBep#i/IeHUe CHPABEIUBO [JA yPaBHEHUA
y™ = f(z, y. y's ..., y™ V) ¢ navanerBIME yenoBuaME y(o) = Yo,
Y (w0) = o, -+ y" (o) = yi" V.

Il pumep. HaiiT B Buge pAna pemenue ypasHenus y”' = zy> —y’
¢ HavaneHbIMU ycnouamu y(0) = 2, y'(0) = 1.

Nuwem pewenue B BUie pAna

y:a0+a1w+a2w2+...:2+w+a2w2+a3w3+..., (10)

TaK KaKk U3 HayalbHBIX YCJIOBUIl clenyeT, 4To ao = 2, a1 = 1. Ilog-
cTaBiff pAn B AudepeHuaibHOe ypaBHEHUE, 0Ly YaeM

2a2 +6a3w+12a4w2+ e :w(2+w+a2w2+ - )2—1—2a2w—3a3w2— .

IIpencraBnaA npaByio YacTh B BUJe CTEIIEHHOro pAfa U NpHpaBHUBasA
K03 GUITMEeHThI IPU OANHAKOBBIX CTENeHAX & B 00eHX YacTAX ypaBHe-

HUA, Nolnyy4aeM 2a2 = —1, 6a3 = 4 — 2a2, 12a4 = 4 — 3as, ... OTclona
HaXxoauM
1 5 1
a2 = ——. as = — a4 = —
2 6’ 8’
CrnemoBaTenbHo,

1 1
y=2+$—§x2+%x3+§x4+...

5. [lna ypaBHeHUA
po(@)y™ +pi(@)y" Y + ...+ pul(@)y =0, (11)

¥V KOTOpOro Bce p; () aHamuTUYeCKUe B OKPECTHOCTH TOYRH & = 0 U
po(zo) = 0, T. e. KO3(pULKEHT NpYU cTaplIeil NPOU3BOIHOI obpamaer-
cA B HYIb B TOYKE o, PelleHUii B BUle CTENIEHHOI'0 PAJa MOKeT He
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cyllecTBOBaTh. B 3TOM ciyyae MOTyT cyleCcTBOBaTh pPelIeHUA B BUJIE
0060061€eHHbIX CTENEeHHbIX PANOB

ao(z — x0)" + a1(x — x0) T + az(x — o) TP+ ... (12)

rae 4ucio r He obfasartenbHo unenoe (em. [1], ra. VI, § 2, . 2, wnm [4],
ri. 2, § 7). Yro6n ux HaiiTu, Hamo moxctaBuTh paAn (12) B ypas-
Henue (11) u, npupaBHAB K03()GUUMEHTH! NIPH HaUMeHbIIEH CTeneHu
(& — x0), HAITY BO3MOHbIE 3HAYEHHUA MOKA3ATEISA T, @ 3aTeM I Kazk-
JOTO U3 3TUX 3HAYEHUIl r onpeenuTh K03 PUIIMEHTHI a;.

1056. OneHUTb, HAa CKOJIbKO MOMET W3MEHUTbCA TMpPHU
0 < z < 1 peuienvie ypaBHeHus y' = x + siny ¢ HayalbHBIM yCIIO-
BueMm y(0) = yo = 0. ecau YKMCIO Yy UBMEHUTH MeEHbIIE, YeM
Ha 0,01.

1057. OueHuTb, Ha CHKOILKO MOMKET U3MEHUTbCA TMpPHU
0 <t < T penieHue ypaBHeHUA MaATHUKA & + sinz = 0 ¢ Hayalb-
ubivu yenosuamu 2(0) = 0, £(0) = 0, eciu B 1paBy10 4acThb ypas-
HeHUdA 106aBUTH Takylo ¢GyHELUIO @(t), uyto |p(t)] < 0,1 (T. e.
€ClTd MPUJIOMUTL HEKOTOPYIO BHENIHIOK CUITY).

1058. UtoObl npubIUMEHHO HAWTH pellieHUe ypaBHEHUA
&+ sinax = 0, ero 3aMeHunu ypaBHeHueM & + x = 0. OueHuTH
npu 0 < ¢ < 2 BO3HMKAIOIIYIO OT 3TOr0 OMUOKY B pPeElIeHUM C
HavanpHbIMU yeaoBuaMu z(0) = 0.25. #(0) = 0. eciu u3BecTHO.
410 |z — sinz| < 0,003 npu |z| < 0,25.

B zapgauax 1059—1063 oneHUTH OMMOKY NPUOIUMEHHOTO
pellleHUA Ha yKa3aHHOM OTpe3Ke.

1059. y' = % — o y(0) = LG =1- %, [ < 5.
1060. i =z —y, §=tz, z(0)=1, y(0) =0;
F=1+t+5, §="1 |t <01

1061. y" — 22y =0.y(0) = 1. y'(0) = 0: § = er'/12
|z| < 0.5.

1062.y'=§+:c,y(0):1;17:1+a:,0<m<

=

1063. y' = 22y” + 1, y(0) = 1; § = 12, || < §-

Yrazaunue. CHayana BbIIEIUTHL OrPaHUYEHHYIO O6GIAcTh, B KO-
TOPOii COIEPKUTCA NMPUOINKEHHOE pellleHHe § U. NMPEeINoI0KUTENbHO,
TOYHOe pemieHue y. JlaA 3Toif 061aCcTH OLIEHUTD MOCTOAHHYIO B yCIOBUH
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Junmuna, 3atem oreHUTs |y —§|. C mOMoOLIBIO 5TOi OLEHKN IPOBEPUTH,
cofieps«HUTcA 11 y B BblJeleHHol o6iacT.

B 3agavyax 1064—1073 HaiiTu NpOU3BOAHBIE MO TApAMETPY
WJIM [0 HaYalbHBIM YCIOBHUAM OT PelleHUil JaHHBIX YpaBHEHUI U
CHUCTEM.

1064. ¢ = y+u(:c+y2)7 y(0) =1; waiiTn gﬁ’u:ﬂ'

1065. y' =2z + py?, y(0) = p— 1;  naiitu %ﬁ’ '
p=0
1066. y' =y +y? +xy®, y(2) = yo; maiitu FL o
Yo=
1067. € =2+ pte=®, z(1) = 1; naiitn 5% L
1068. % = g2 pta®, 2(0) = 1+p;  waiitn g_z u=0
r — 4t 2 O = 09
w69, { P4 @) wafitn G|
§=1+5uz, y(0)=0; #lu=0
i=ay+t3, z(l) =«
1070. . y2 @) 0’ HalTH 5 = | 2o=3
2y = -y, y(1) = yo; Yo=2
T=x+ . z(0) = 1+ 9
1071. < Y ) © " et %’
g =2z+py’, y(0) = -2 #lu=o

1072. i — & = (z+1)2—pz?: z(0) = 3. #(0) = —1:

ey 02
HauTHu au y=1 .
1073. & =2 — 2, 5(1) = 1, @(1) = b; naiitn 32|, _,.

Yrazanue. [Ipu b = 1 pemennem cny:ut ¢pyHrnua x = t.

B zapauax 1074—1078 wHaiiTu 2-3 uleHa pas3iomeHUA pe-
IIEHUA 10 CTENEeHAM Majoro napameTpa f.

1074. y' = 4px — y2. y(1) = 1.
1075. y' = % —5ux, y(1) = 2.
1076. zy' = px? +Iny, y(1) = 1.
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1077,y = %2 — 42 y(1) =1+ 3p.

1078. y' = e¥=* +py, y(0) = —p.

Ina ypaBuenuii 1079—1085 ¢ nomoiibi0 MeTo1a Majloro na-
pametpa (cM. [4], ra. 2, § 8) HaiiTh NPUOIUAEHHO TEPHOANYECKUE
pellleHuA C MepuoioM, paBHBIM TIEpUOAY MpaBoil YacTH ypaBHe-
HUA; 4 — Majblii TapameTp.

1079. i + 3z = 2sint + pd?.
1080. i + 5z = cos 2t + px?.
1081. i + 3z + 2° = 2 cost.
1082. i+ 22 = 1 + psint.
1083. & + sinx = psin 2t.

1084*. i + x = sin3t — sin 2t + pa?: HaiiTU IUUbL HyJeBoe
npubiueHue.

1085*. i+ x = 6usint — x>,

B 3amavyax 1086—1090 c nomoiibio MeToga Majoro napa-
metpa (cM. [4], ra. 2, § 8, 1. 4) npuGnuHeHHO HAWTU NepuoarYec-
KM€ PelIeHNA JaHHbIX ypaBHEHWIA.

1086. & +z — 22 = 0. 1087. &+ z + z° = 0.
1088. &+ sinz = 0. 1089. &+ = = u(1 — xz)j:.
1090. i + = = p(i — @3).

B rampoit u3 3agay 1091—1097 HaiiTu B BUle CTENEHHO-
ro pfija pelieHue, yI0BIeTBOpPAIOIlee JaHHBIM HadyalbHBIM YCJIO-
BUAM. BBIYMCINTL HECKOJIBKO NepBHIX KO3 HUIMEHTOB pAaa (0

ko3 uurenTa npu r* BRIIOYUTENLHO).
1091. o' = % —x; y(0) = 1.

r_ 1. —
1092. y' = x + 3 y(0) =1.
1093. y' = y + x e¥; y(0) = 0.
1094. y' = 2z + cosy; y(0) = 0.

1095. ' = 22 + ¢%; y(1) = 1.
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1096. y" = xy' — y*; y(0) =1, y'(0)=2.
1097. y" = y'? + zy; y(0) =4, y'(0) =—-2.

1098*. IlocTpous Mamopupyiouiee ypaBHeHue (cMm. [2], § 18),
OLIEHUTb CHU3Y PAJUYC CXOJUMOCTU CTEINIEHHOIr0 pAJia, MpecTaB-
JIAIOIIEro pellleHne ypaBHeHuA i = y? — 2 ¢ HayalbHbIM YCI0BHEM
y(0) = 1.

1099*. OueHUTb, ¢ KaKoil TOYHOCTBLIO MOMHO TMONYYUTDH NMPHU
|#| < 0,2 pemenue ypaBrenus y' = e¥ —z2y ¢ HaYANLHBIM YCIOBU-
em y(0) = 0, eciu B CTENIEHHOM pAJie, IPECTaBIAIONIEM pPeLIeHNE,
B3ATH TONBLKO YeThipe uieHa (0 asz* BRIIOYNTENbHO).

B 3amauax 1100—1109 HaiiTu TUHEIHO He3aBHUCUMbIE pe-
IIEHUA KamJI0ro U3 JaHHbIX YpaBHEHUil B BHJie CTE€NEHHbIX PAJOB.
B Tex cnyuyaax, Korga 3TO JeTKO chelaTh, CyMMY MOIY4YEeHHOTO
pAna BLIPA3UTh C MOMOIIbIO BIeMEHTapHbIX (YyHKIUIA.

1100. y" — 2%y = 0.

1101. o' — oy’ — 2y = 0.

1102. (1 — x?)y" — day’ — 2y = 0.

1103. (22 + 1)y" + 5zy’ + 3y = 0.

1104. (1 - 2)y" — 2y +y =0.

1105. (22 —z + 1)y" + (42 — 2)y' + 2y = 0.
1106. y" — zy' + zy = 0.

1107. y" + ysinz = 0.

1108. zy" + yIn(1 —z) = 0.

1109. vy —zy" + (z — 2)y' +y = 0.

B 3amauax 1110—1116 HaiiTu Te pelleHUA JAHHBIX YypaB-
HEHU#l, KOTOpbIe BBIPAMKAIOTCA CTENEHHBIMU (MU 06001EeHHBIMU
CTENEHHbIMH) PAJAMH.

1110. zy" + 2y’ + 2y = 0.
1111. 222y" + (32 — 222)y’ — (z + 1)y = 0.
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1112. 922%y" — (22 — 2)y = 0.
1113. 22y" — 2%y’ + (x — 2)y = 0.
1114. 2%y" 4+ 22y’ — (22 + 22 + 2)y = 0.
1115. zy" — xy' —y = 0.
1116. zy" +y' —xy = 0.

1117*. Haiitu ¢ Tounocteio g0 O(x°) npu & — 0 pemenue
ypaBHenud zy' +y' —xy = 0, 1MHeHHO He3aBUCHMOE C PELIEHHUEM,
YKa3aHHbBIM B oTBeTe 3ajauu 1116.

B 3apauax 1118—1120 ykasaTb, UMEIOT U JJaHHbIE ypaB-
HEHUA pellleHle B BUJie CTeNeHHOro pAja (uiax 06061meHHOro cTe-
NeHHOT'0 PAa).

1118. 2%y" + 2y’ — (z +2)y = 0.
1119. 22y" + 2y’ + (1 — z)y = 0.
1120. 22y" + (3z — 1)y’ +y = 0.
B 3apavyax 1121—1125 HaiiTH B BUJe TPUTOHOMETPUUYECKUX

pagos (cm. [1], ra. VI, § 1, 0. 3 uau [4], ra. 2, § 7) neproandeckue
pellleHns NaHHbIX ypaBHEHUN.

1121. y" — 3y = f(z), f(z)=|z|opu |z| <7
flx +27m) = f(=).
1122, y" +y' + y = | sinz|.
1128, y" —yf —y = S280L 22‘%%
Y razanue. Pasnomenne B pag Qypbe npaBoii yacTu ypaBHEHUA

(e o]
1128 umeet BuUa Yy, 27" sinnz.

n=1
1124. y" — 72y = f(x), f(x) =z(1—2) npu 0 < = < 1,
fla+1) = f(x).
1125 yll+9y_ Z Slr;gk.’l}
k=1

B zamauax 1126—1129 ¢ nomombio MeToaa JOMaHBIX Jii-
nepa (¢ uTepanuaMH uiaM 6e3 HUX, cM. [4], ra. 1, § 6, § 7) HaiiTu
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NpUGTHAEHHO Ha YKa3aHHOM OTPE3Ke PelleHUA JaHHbIX ypaBHe-
HUl C YKa3aHHBIMU HAYAILHBIMU yCIOBUAMU. BhiuncieHus BecTu
¢ IBYMA WU TPeMA JeCATUYHBIMY 3HAKaMU T0cje 3anAToi ¢ ma-
roMm h = 0,2 unu h = 0,1.

1126. y' = y% + =, 0<z<1; y(0)=0,3.
1127.y'=§+x. 0<z<1; y(0)=1.
1128.y'=§—y, 0<z<]; y0)=1.
1129. y' = 2, 1<z<2 y(1)=0.

B 3apavax 1130—1135 c noMouisio MeToja Apamca wiu
IItepmepa (cM. [4], ri. 1, § 7) BBIYHCANTD NPUGIHIKEHHO PELIEHUA
HaNMCAHHBIX HUe ypaBHEHUI Ha yKa3aHHOM oTpe3ke. Boruucie-
HUA BECTU C TPEMA 3HAKAMU MOCJIe 3aNATONH. SHAYEHUA pelleHUA
B HaYallbHbIX TOYKAaX BBIYMCIUTH C MOMOIILIO CTENEHHOI'0 PAZA.

1130. ¢’ = y. 0<z <1 y(0) =1.
1131. ¢’ = ¢ — z, 0<z<1; y(0)=0,5.
1132.y':%—a¢, 0<z<1; y0)=1.
1133. ¢/ =22 — 2, 1<z <2 y(1)=1.

1184. y" =2y, 0<z<1l; y0)=1, 4'(0)=0.
1135. zy" + ¢y + 2y =0, 0 <z < 15 y(0) =1, ¢/'(0) = 0.

N

3amaun 1136—1140 MoKHO pelInTh, CpPaBHUBAA HARJIOH T10-
1A HampaBieHuii (ompenensemoro ypaBHeHuwem y' = f(z, y)) B
TOYKAX HEKOTOPBIX KPUBBIX ¥ = ; (%) ¢ HAKIOHOM HTUX KPUBBIX.

1136*. OueHUTHL CBEpXYy M CHU3Y pellleHHe ypaBHEHUA iy =
=2 +sinz —y?, 0 < z < +o0, y(0) = 1. (Ha nnockocru z, y
HOCTPOUTH nonocy « < y < 3, U3 KOTOPOil He MOKET BBIUTH 3TO
pelienue.)

1137*. OueHUTb CBEPXY U CHU3Y pellleHue ypaBHeHus y' =
=1 +22.0 <z < 400, y(0) = L.

1138*. JlorazaTh, 4TO pelleHHe ypaBHeHUA y'=x — y? c Ha-
yaibHeIM ycioBueM y(4) = 2 ynoBIeTBOpAET HEpaBEHCTBaM
VI —0,07 < y(z) <z upn 4 <z < 00.
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1139*. JlorasaTb, uTO A peuieHus y(x) ypaBHeHus y' =
= x — y? ¢ HavanbHBIM ycnoBueM y(xg) = Yo, e o = 0, yo > 0,
nMeeM

y(x) — vx — 0 npu & — +o0.

1140*. OuleHUTD CBEPXY U CHU3Y TO MEPUOANYECKOE peleHne
ypaBHenus 4y’ = 2y% — cos? 5z, koTopoe nemuT B obnactu y < 0.

§19. HEJJUHENHBIE CHCTEMBI

1. Cuctemy nuddepeHnNalbHbIX ypaBHEHUI MOKHO CBECTHU IIy-
TeM MCKIIOYEHNA HEU3BECTHBIX K OJHOMY ypaBHeHHUIO (MHOrJa K He-
CKOIBKMM YDaBHEHUAM C OJHON HEM3BECTHOH (yHKIMeEN B KamaoM).
Mogpo6uree cm. [1], ra. VIL, § 1, o. 2, wm [4], ra. 3. § 2.

[Ipumep 1. Pemuuthb cucteMy ypaBHeHUiA

, oz , (-2 4 a2
y== 2=""" 5 -
x T

1)

Pemenue. UckiouaeM z u3 gaHHbIX ypaBHeHuii. 113 mepBoro
ypaBHeHus uMeeM z = xy'. IloncTaBlAA Bo BTOpoe ypaBHeHHUe, MOTY-
YaeM IIOCJie YTpOUeHUd

e’y = (y —ay')”.

llanHas cucTeMa ypaBHeHMil (1) npuBeneHa K OMHOMY YpaBHEHHIO BTO-
poro nopfinka. 9TO ypaBHEHHE MOKeT ObITh PeELIeHO0 MeToqaMH, U3-
nomeHHpIMU B § 10 (myTem moHumenus nopsanka). [locae Toro kak us
STOr0 ypaBHeHHA GyneT HaiilieHo y, clenyeT HailTH z, NOIb3YAChH pa-
BEHCTBOM 2z = 3.

2. IIpu pemenuy cucTeMbl ypaBHEHMIl ITyTeM HCKIIOYEHHUA HEU3-
BECTHBIX 00bIYHO N0y YaeTCA ypaBHeHUe Gollee BHICOKOI0 NMOPAKa, H0-
3TOMY BO MHOTHX clIy4YafX ynoGHee peliaTh CUCTEMY ITyTeM OTbICKa-
HHUA WHTErpupyeMsix KombuHanuii (cMm. [1], ra. VIL, § 5, m. 2).

Mpumep 2. Pemuts cucremy’

do _dy _ dx &)

Tz Yz Y

1Cuctema (2) sanucaHa B cuMMeTpuyeckoil gopme. O CUMMeETPUUECKOIT
¢dopMe cucTeMsl AU depeHUUaNbHEIX ypaBHeHuii cm. [1], ra. VIL, § 5, n. 1,
v [4], ra. 3, § 3.
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IlepBbie nBe npo6u 06pasylOT UHTErpupyemyto kombuHanuio. Co-

d
Kpamas paBeHCTBO g—‘; = y_?zl Ha % U UHTEerpupy#, Moly4yaeM NepBbIil

unTerpan’
z
- =C1. (3)
Y

Y106bl HAITH BTOPYIO UHTErPUPYEMYIO KOMOUHAIMIO, BOCIOIb3Y€EMCH

- . a1 __ as __ __ an __
ClleflyIomuUM CBOCTBOM PaBHBIX fpobeii: ecnn 31 = 32 = ... = 3% =
=t, To Opu n06eIX k1, k2, ..., k, uMeeM

kia1 + kaaz + ... + knan

=1.
kib1 + kaba + ... + knby,
[Monb3ysach 3TUM CBONCTBOM, moiydaem us (2)
ydota-dy dz - dwy)  dz 00 ooqs
y-xz+xT-yz —xY 2xyz —zy
CnenoBaTenbHO,
xy+ 27 = Cs. 4)

OueBuHO, nepBbIii uHTEerpai (3) u nepeblii nHTerpai (4) He3aBUCUMBI.
Cucrema pernieHa.

BmecTo Toro uTo6Ghl MCKaTh BTOPYIO MHTerpHpyemyio KoMGuHa-
LHMIO, MO{HO, BOCIIONIL30BABLINCH 3HAHKMEM NEepPBOro uuTerpana (3), uc-
KJIIOUUTH U3 CUCTEMBI (2) OIHO U3 HEM3BECTHBIX, HanpuMmep, x. U3 (3)

umveeM 2 = Ciy. lloncraBiasad Bo BTopoe U3 ypaBHeHuil (2), momryyaem
dy = dz Otciona —Cry dy = zdz; 2° = —C1y® + C». TlopcTas-
Yz — C1y?
afAa ciona Beipamenue miA Cp u3 dopmyns! (3), HAXOOUM ellle OUH
NepBbIi UHTerpai: 2+ zy = Ca.

B 3agauax 1141—1160 pemuTh JaHHbIE CUCTEMbI ypaBHe-
HUIA.

1141. y = 2, 2/ = —2.
1142,y = L 2/ =y 4 1.
1148. y = 2, ' = 22l

1144. y = 9?2z, 2/ = 2 —y2°.
1145. 2z’ =y — 22 +1, 2/ =z 4.

10 nepebix unTerpanax cm. [1], ra. VIL, § 4 unu [3], § 23.
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1146. ;= = du — dz,
2y—=z y z
1147, & = dy — dz,
1148. dz. — dy _ dz
1149, dz — _dy_ _ dz
1150. 9z — dy — dz _ du

1151, dz — dy _ dz _ du

1152. 4z — dy _ dz

"z T mz y
1153, Lo, =& = _de,
1154, 4o = Qv = _dz
1185. 52 = 3 = e
1156, 4, =W = &z,
1157. m(;frz) = z(jgy) - y(;/liZ)'
1158, — 42 = v — dz
1159, jdes — s = de
1160. 80 = —oiton = sabhy-

B 3apauax 1161—1163 anA gaHHBIX cuUcTeM AUddepeHIn-
anbHBIX YPaBHEHUI U JaHHBIX QYHRIUI ¢ NPOBEPUTH, ABIAIOTCA
U cooTHommeHuA ¢ = C NepBBIMU WHTErpalaMu 3TUX CHCTEM.

(=%

1161. 'é—"f = —wzy_t, E=—x; o1 =1+ 2ay;
w2 = 2?2 — ty.

1162. & = zy, y=x2+y?% @1 =zlny— 22y;
2
w2 =4 —2Inz.

1163.%"’”:——:—:—'1—“' Y =yz — ux.

T u z
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1164. IIpoBepuTh, ABIAIOTCA 11 HE3aBUCUMBIMHU TIEepBbI€ UH-

Terpaibl ":T"'i’ =Cy, 2 J_r?/ = C5 cucTembl
dr dy dz
xr oy 2

1165*. JlokasaTh, 4yTo B o6nacTu, cojiep#alieil ocobyio To4-
KRy Tuna y3ia unu ¢pokryca, AJIA CHCTEMBI

dz d

3 = Pley), d—z =Q(z.y)

He MOMeT CyIlIecTBOBaTh MepBOro wHTerpaia sujaa ¢(z, y) = C
¢ HemnpepbIBHOH (QyHKIMEH ¢, ¢ /A const B CKOJb YTOOHO Maoii
OKPECTHOCTHU 0c0o60i TOYKH.

1166. [Iyctb 1(t, x, y) = Ci, pa2(t, ¢, y) = C; — nep-
Bble MHTErpaibl CUCTEMBI ?i—”t” = f1(t, z, y), % = = fa(t, x, y);
GyHRUMU f1, fo U UX NepBble NPOM3BOJHbIE MO X, i HENPEPhIB-
ubl. [lycTs B mpocTpaHcTBe ¢, x, y noBepxHocTH 1 (t, =, y) = 1.
wa2(t, , y) = 2 UMEIOT TOIBKO OAHY OOIIYIO JTUHUIO (T. €. mepe-
CEeKalOTCA UK KacaloTCA IPYT Apyra 1o 3Toii nunuu). JlokasaTs,
YTO 3Ta JIMHUA ABJIAETCA UHTEr palbHON KPUBOI IaHHOH CHCTEMBI.

§20. YPABHEHUSA B YACTHBIX
IMPOU3BOJHbLIX IIEPBOTO IIOPAIKA

1. Uto6b1 pemuTh ypaBHEHHE B YaCTHBIX POU3BOMHBIX

0z 0z
ai—+ ... +apn—— =0>b, (1)
6{E1 8$n
rie ai, ..., Gy, b 3aBUCAT OT Z1, ..., Tn, Z, HAIO HAIUCATh CUCTEMY
0O6BIKHOBEHHbIX AU pepeHnnalbHbIX ypaBHEHU
dz; _dx, dz @)
. . - b

Y HaliTU 1. He3aBUCHUMbIX nepBbIX HHTErpajloB BTOW CHUCTEMbI

p1(z1y .-« Tn. 2) = Ch,

..................... 3)
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O6mee peuenve ypaBHeHus (1) B HEABHOM BHJie 3allMCHIBAETCH TaK:

F(p1, ..y pn) =0, 4)

rae F' — npousBonbHaa nuddepeHnupyeMasa QyHKIUA.

B uyacTHOCTH, eciy z BXOAUT TOJBKO B OJJUH U3 NEPBBIX UHTErpa-
108 (3), HanpuMep B MOCHEIHUMN, TO oflIee pelleHre MOMHO HalucaTh
U Tak:

Son(wl, ceey Ty z) :f(()ola ey 5071—1)’ (5)
rae f — mpousBonbHaa quddepenunpyeman ¢pyHrnuA. Paspemus pa-
BeHCTBO (5) OTHOCUTENBHO 2, HOXy4YuM obllee pemenne ypasaenus (1)
B ABHOM BU]I€.

2. YtoG6bl HaliTu MOBEPXHOCTL z = 2(Z, y), YIAOBIETBOPAIONLYIO
M@ pepeHIaIbHOMY ypaBHEHUIO

0z 0z
al(m7 Y, Z)£ + a2($7 Y, z)a_y = b(:l', Y, z) (6)
Y TIPOXOJAILYIO Yepe3 NaHHYIO JUHUIO
T = u(t)a Y= v(t)’ Z = w(t)a (7)
Haao HalTu JiBa He3aBHCHMBIX I[E€PBBIX WHTErpajga CUCTeMbl
de dy dz
o _dy_ds ®)
a1 az b

B 9TH IIepBble UHTerpajbl
e1(2, ¥, 2) = C1,  pa(w, y, 2) = C2 9

HaJo MOJCTaBUTh BMECTO I, Y, z UX BblpameHus (7) depes mapametp t.
MonyyaTtcs ABa ypaBHeHUA BuOa

®4(t) = C1, P2(t) =Cs. (10)

UckmounB u3 Hux t, noayuum cootnomenue F(Ci, C2) = 0. Hoacra-
BuB ciofia BMecTo C1 u C3 1€eBble YacTU NepBbIX MHTErpaioB (9), mo-
JIy4YuM HCKOMoOe pellleHHe.

B Tom ciyuae, korga B o6a ypaBHenus (10) se Bxomut ¢, Toraa
nunua (7) ABIAETCA UHTErpalbHOM KPUBOIi cucTeMbl (8), T. e. Xxapak-
TepUCTHKOI1 ypaBHenus (6), u 3agaya Ko vmeeT GeCKOHEUHO MHOIO
pemenuii (cm. [1], ra. VIIL, § 3, m. 4).

Il pumep. HaiiTn obmee pemenue ypaBHeHUA

0z 0z

sz g+ yza—y = —wy, (11)
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a TaK#e HHTerpalLHYyIO OBEPXHOCTL, IPOXOJANIYIO Yepe3 KPUBYIO

y=1°, z=a" (12)
Pemenue. CocTtaBafeM cucTeMy ypaBHEHMI
do _dy _ dz
Tz Yz —xy
U Haxo[uM ee nepsble uHTerpaisl (cM. § 19, npumep 2)
(13)

T
- =0, z2+wy:Cz.

CnenoBaTenuHo, obuiee pemenvie ypasaenus (11) mMozkHO HamucaTh B

HEAIBHOM BH]IE
T 2
F (—, z +a:y) =0,
Y
rae F' — mpousBonbHaA ¢QyHKNMA. Tak Kak z BXOAUT TOILKO B OJUH
13 nepBbIxX uHTerpanos (13), To obuee pemeHue MOKHO HAUCATL U B

ABHOM Buje. Mbl MOy YUM

z2+wy=f<£); z=1% f(£>—fcy,
y y

rge f — npousBonbHaA QYHKIMA.
Y10o6b1 HAITU WHTErpalLHYIO MOBEPXHOCTL, NPOXOIALIYIO Yepe3

auauo (12), 3anumieM 5Ty JUHHUIO B apaMeTPUYeCKOM BH[E, HANPH-

Mep, B3fiB £ B KauyecTBe IlapameTpa:

_ _ 2 _ .3
r=z, y=z, z=a.

[loncTaBuB 5TH BhIpamenus B (13), nomyynm

1
E=C1, :1:6+a:3202.

Hcrmouus z, noay4yum
1 1
— + 55 = Ca
6 3
% N
HoncraBue Bmecto Ci u C neBble yacTH mepBbIX HHTerpainos (13),
Haii/leM HCKOMoOe pelleHne
6 3
y y 2
(— + =) =2" +xy.
T
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3. O peleHNH CUCTEMBI By X YPaBHEHHI1 B YaCTHBIX NPOU3BOJHBIX
HepBOro NOpAnka U o pemenuy ypasHenus llpadda cm. [1], ra. IX. § 1
u§ 2, o 1, 2, 3.

Ina ramporo u3 ypaBHenuit 1167—1188 naiiTu obuiee pe-
1eHue.

1167. y5z — 232 = 0.

1168. (z +2y) 32 —y52 = 0.

1169. x5 +y5L + 254 = 0.

1170. (v — 2) 3% + (y — 2) 52 + 2252 = 0.
1171. y% +wg—z =z —y.

1172. " 2 + 42 52 = ye©.

1173. 233% + (y — w)g—z —z2=0.

1174. a:y% — ng—z = yz.

1175. 232 + 2yg—z =22y + 2.

1176. («® + y*) 52 + 22y 32 + 2% = 0.
1177. 2y* 2z — :I:yg—; = V2?2 + 1.

1178. 22222 +y2zg—; =x+y.

1179. yz% —:I:zg—; =e*.

1180. (z — y)* 32 + 2252 = zy.

1181. zydZ + (z — 2z)g—z = yz.

1182. y32 + 252 = L.
1183. sin® 222 + tgzg—; = cos? z.

1184. (¢ +2)FZ + (y+2) 52 =« +y.
1185. (zz +y) 2 + (= +yz)g—z =1-2%

T

1186. (y+2)3% + (2 + 2) 32 + (v + ) 3% = u.
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1187. x% + yg—z +(z+ u)% = xy.
a2 a2 ou __
1188. (u— )5 + (u—y)g, —25; =T +y.

Haiitn pemenusa ypaBHeHuii 1189—1193. ynoBieTBopsAIO-
HiMe yRa3aHHbIM yCJIOBUAM.

1189. m% — yg—z =0 z=2r mnupuy=1.
1190. g—;+(2e‘” —y)g—; =0: z=y npu x = 0.
1191. 2 m%—yg—;l:(]; z=y* nupuz=1.
1192.%+g—§+22—;‘=0; u=yz 1npuzx=1.
1193. 224 +y2t +oy8t = 0: w=2?+y*> 1puz=0.

B 3amavax 1194—1210 HaiiTu NOBEPXHOCTh, YIOBIETBOPA-
IOIYI0 IaHHOMY YDPaBHEHUIO U MPOXOJAIIYIO Uepe3 JaHHYIO IU-
HUIO.

1194. 222 +a:yg—;::1:; =0, z=1>
1195. m%—2yg—2=m2+y2; y=1, z=az2
1196. x%—i—yg—Z:z—xy; =2, z=9>+1.
1197. tga:%—i—yg—;:z; y==x, z=a°.

1198. m%—yg—Z:zz(m—?)y); =1, yz+1=0.
1199. x%—i—yg—z =z—2?—y? y=-2, z=2— 22
1200. yz%+ng—;:wy: r=a. y?+ 22 =a’.
1201. z%—my?—iszz; r+y=2, yz=1.
1202. z%+(z2—w2)g—z+m:0; y=2a2, z=2z.
1203. (y—z)%—i—(z—w)g—;l:w—y; 2=y =—u.
1204.m%+(mz+y)g—;:z; T+y=2z xzz=1.
1205. y2%+yzg—z+z220; r—y=0, —yz=1.

1206. x%—i—zg—;:y; y=2z, x+2y==z.
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1207. (y + 222)2z — Zmzzg—; =a2%; =2, y=2a>

1208. (w—z)%+(y—z)g—z =2z x—y=2, 242z = 1.

1209. zy° 22 + mzzzg—z =1ylz; v =25 y=2>%

1210*. x% + yg—; =2y; y=2x, z =z’

1211. HaiiTu oflllee ypaBHeHHEe TOBEPXHOCTEN, MepeceKaro-
MKUX N0 MPAMBIM yTJOM MOBEPXHOCTH ceMelicTBa

22 = Cuy.
1212. HaiiTu noBepXHOCTb. MPOXOJAAIYIO Uyepe3 MPAMYIO
y=z. z=1
U OPTOTOHANBHYIO K MOBEPXHOCTAM
2?2+ 4%+ 22 = Cx.

1213. HanucaTh ypaBHEHUE B YaCTHBIX MPOU3BOAHBIX, KOTO-
pOMY YIOBIETBOPAIOT [UINHAPUYECKIE TIOBEPXHOCTH ¢ 06pasyio-
MU, TapauielbHbIMU BeKTOpY (a, b, ¢). HaiiTu o6iee pemenue
3TOr0 ypaBHEHUS.

1214. Tlonb3yAck pe3ynbTaToOM Npeablaylieil 3agauu, Haii-
TU ypaBHeHMe LUJINHAPUYECKOIl MOBEPXHOCTH ¢ 06pa3yloluMu,
napannenbHbIMU BekTopy (1.—1.1), u HanpabasmwoLIel

t4+y+2=0. 24+zy+y’=1

1215. HanucaTh ypaBHeHHe B YaCTHBIX MPOU3BOAHBIX, KOTO-
pOMY yIOBIETBOPAIOT Bce KOHHYECKUE MOBEPXHOCTH C BEPUINHOI
B [JaHHOi1 Touke (a, b, ¢), U pemuTsL ero.

1216. HaiiTu moBepXHOCTH, Y KOTOPBIX N06GaA KacaTelbHaA
MJIOCKOCTH mepecekaeT ocb Ox B TOUYKe ¢ aGCIUCCOi, BABOE MEHb-
meii aGeucchl TOUKU KacaHUA.

B zagauax 1217—1219 pemuTh JaHHbIEe CUCTEMbI ypaBHe-
HUH

0z 2z 0z Y-z
or =z oxr ° 7
1217. 02 922 1218. 02

-~ =, — = xz.
oy y dy
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0
8—2 = 2yz — 27,
z
1219. 0z mz
oy 7

B 3ajavyax 1220—1223 HaiiTu NOBEPXHOCTH, YIOBIETBOPA-
1olre naHHbIM ypaBHeHUAM Ildadda.

1220. (z —y)dz + zdy —xdz = 0.

1221. 3yz du + 222 dy + zydz = 0.

1222. (z +axy)dz — (z + ¥*)dy + ydz = 0.
1223. (2yz + 3x)dz + zzdy + zydz = 0.

JOBABJIIEHUE

38,[[8‘{1/1, rnpeajgarasllireca Ha IMINCbMEHHBIX
9K3aMeHax

B §§ 21—27 conepsartca 3ajauu, npeiaraBiuiiec Ha MUCh-
MEHHBIX 5K3aMeHaX M KOJUIOKBUyMaxX Ha 2-M Kypce MeXaHWKo-
MmaTemaTuueckoro garyiabreta MI'Y B 1992—1996 rogax, a Tak-
#e HeGobIoe YHCIIo 3a1a4, JaBaBIIMXCA [JIA MOATOTOBKM K DK3a-
MeHaM. HckatoyeHsl caMble TpyaHble 3aaud. CokpaiieHo YHcio
3ajjay Ha pellieHUe ypaBHEHUI cTaHAapTHBIMHU MeTogamu (moxo6-
Hble 33/lauu cojiep:KaTcA B NpPeJbIAyuX naparpadax 3Toro c6op-
HHKA).

Huxe npuBogATcA [iiA NpuUMepa TPU SK3aMeHal[UOHHbIE
nuchbMeHHbIe paBoThl (yKasaHbl HOMepa 3agad u3 §§ 21—27).

Pa6ora 15.05.94 r. cocToana u3 3amau
17,63, 81, 98, 170, 198.

Pa6ora 4.06.94 r. coctoana u3 3agay
28, 51, 69, 122, 127, 148, 190.

Pa6ora 18.05.95 r. cocToana u3 3anau
22, 56. 70. 129. 135. 194. 216.

Ha BrimonHeHue paboThl cTyldeHTaM AaBajochb 3 yaca. Jlaf momy-
YeHUA OLIEHKHU «OTJIUYHO» TpeboBaloch pemuTh 5—6 3agad.
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§21. CYILIHECTBOBAHUE
N EJMHCTBEHHOCTD PEIIIEHUA

1. TeopeTuuyeckue BONPOCHI

Bomnpocer 1—5 paccunTaHbI Ha JUIl, U3y YaBIINX TOKa3aTelb-
CTBO CyLlleCTBOBaHUA pelleHuA AU @epeHlnanlbHOro ypaBHeH ,
OCHOBAHHOE Ha IlepexoJie K UHTerpalbHOMY YPaBHEHMIO U NIOCTPO-
€HUM ToclieIoBaTelbHbIX npubnusenuii (1], [2].

1. O6ocHOBaThb cBA3bL ycnoBuA Jlunmuna u nuddepeHupye-
MOCTH.

2. U3n0#uTh 061Ul N1aH I0Ka3aTelbCTBa TEOPEMBI CYLIECT-
BOBaHUA U €JUHCTBEHHOCTHU.

3. ChopmyaupoBaTh M [I0Ka3aTb yTBep#JeHUE O Iepexofie
oT juddepeHnnalbLHOIO ypaBHEHUA K HHTErpalbHOMY.

4. JlokazaThb, 4TO0 NOCJe/JOBaTeNbHbIE TPUOIUKEHUA CXOOATCH
K HellpepbIBHOW (yHKLIUHU.

5. lorasatb, 4TO mpefen MOCIeOBAaTENbHBIX MPUGIHHEHU
€CTh pellleHle UHTerpajlbHOr0 ypaBHEHUSA.

6. ChopMmynupoBaTh U JoKa3aTh yTBep#eHNE O eIUHCTBEH-
HOCTH peIleHUA.

7. ChopMynupoBaThb TeOpeMy O CYILIeCTBOBAHUU U €JUHCT-
BEHHOCTH pellleHUA nuddepeHNalIbHOI0 YPaBHEHUA NOPANKA 7.

8. CpopmynupoBaTh U [oKa3aThb JeMMYy 06 HMHTerpalbHOM
HepaBeHCTBe.

2. CymecTBOBaHUE pelIEeHUA U
rnocJjieioBaTeJbHbIe NPUGINIKEHUA

9. MepeiiTu ot ypasuenus e* y'"' + xy = 2yy’ K cucteme Hop-
MaJlbHOTO BHjia U TpK HavanbHbIx ycaoBusax y(0) =1, ¢'(0) =1,
y"(0) = 0 mocTpouTh ABa NocienoBaTelbHbIe IPUOIMKEHUA K pe-
HIEHHUIO.

10. IlocTpouThb Tpu mocienoBaTelbHbIe IPUOIMKEHUA Yo, Y1,
Y2 K PElIeHUIO 3a1a4u

y =2t+1% y(0)=1.
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11. a) 3apauy v’ = y*> +x, y(1) = 0 cBecTU K UHTerpanb-
HOMY YPaBHEHMIO U MOCTPOUTH MOCIEe0BATENbHbIE MPUGTUKEHUA
Yo, Y1, Y2-

6) YrasaTh Karoii-mu60 OTPe30K, Ha KOTOPOM CXOOATCH MO-
cleloBaTellbHbIe TPUOGIUMKEHUA. U JOKa3aTh MX PABHOMEPHYIO
CXOIUMOCTb.

12. CymecTByeT U pellleHUe 3afayu

lopuy <0

y'=1), y(0)=0, e fly)=y pi g > 07

O60CcHOBaTh OTBET.
18. a) CeecTu 3agauy
T o3 "
m_ ye'sine —xy

(y —z)°

K 3agayde OJIA CUCTeMbl HOpMAaJIbHOIo BHa.

» y(1) =0, y'(1) =1, y"(1) =2

6) Ilpn KakuX a cynecTBOBaHUe ¥ €IUHCTBEHHOCTh PEIIEHUA
rapaHTUpYyeTCHA TeopeMoii?

14. a) YkaszaTb Bce 3Ha4yeHHA mapaMeTpoB a, a, A, Npu Ko-
TOPBIX TeopeMa CyllecTBOBAHUA U €JUHCTBEHHOCTU TrapaHTUPYeT
OJJTHO3HAYHYIO Pa3peliuMOCTh 3a1a4u

t
(at + )y +2ay" — (a — 1)t*ytgt =In %,

y(a) =1, y'(a) = A, y"(a) = .

6) Ha rakoil MakcuMalbHbINH MHTEPBAI MOMHO MPOJOIHHUTh
pellieHre 3Toi 3agayu B ciyyae @ = —1, a = —2, A = —37?

15. 3apauy zy' = ;L — %y, y(—2) = 4 cBecTH K UHTErpalb-
HOMY YypaBHEHMIO, NOCTPOMTH MOCHeNoBaTellbHble NPUGIUHEHUA
U HaliTH WX mpemedn.

16. Tlpy KakuX HaYalbHbIX YCIOBHAX CyI€CTBOBAHUE €[MH-
CTBEHHOro peuienua ypaBHenud 4"’ sinz +x Iny+tgx = 1 rapan-
TUPYETCA TeopeMoii?
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3. HpI/IMeHeHI/Ie TeopeMbl eJVMHCTBEHHOCTU

2

17. lns ypaBHenus y'' = )

v 1 u3BecTHBI ABa penieHuA:

2
y1 = 1+sinz, y, = (\% + 1) , mpoxopsamve yepes Toury (0, 1).
Kak 310 cornacyerca ¢ TeopeMoil e IMHCTBEHHOCTU?

B 3amauax 18—22 TpeGyeTcA BBIACHUTH, NPU KaKUX 71 Ha-
NUYyye yKa3aHHbIX pellleHuil y HanucaHHbIX YpaBHEHUIl He IPOTH-
BOpPEYUT Teopeme eMHCTBEHHOCTH.

18. y"" = f(t,y, v, ¥"). f€C. pemennn y; = 1+t + nt?,
v =1/(1—t) (-1 < t < 1/2).

19. y(n) =f (*'177 Yy e y(n_l)) , f€ Cla pelieHus y; =
=2cosz, y2 = 2 — z2.

20. y™ + a;(z)y™ Y + ... 4 an(z)y = 0, Bce a;(x) Henpe-
pBIBHBI, perienue y; = z(e® —1).

Y Y
y,(x)

\. %/l(x)
0| x O| //\\x

Puc. 9 Puc. 10

21. YpaBHeHUe TO e, UTO B 3agade 20, rpaduk pemeHud y;
YKasaH Ha puc. 9

22. YpaBHeHUe TO e, UTo B 3agade 20, rpaduk pemeHud y;
yKa3aH Ha puc. 10.

23. CronbKo pelleHuil MeeT 3aaya

(a® —4a)y" + (0 +2a)y" +y —2y =z +a, y(1) =0, y'(1) =1

B 3aBHCHMOCTH OT 3HAYEHUi napamerpa a?
24. Tot e Bompoc AJA 3a/a4u

(1—a®)(ay" —y") = ay + 47, y(0) =2, y'(0) = 4.
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25. CronbKo pellleHUil ©MeeT 3aaya
Y™ =z 49, y(-1) =a, y'(-1) =0

B 3aBUCUMOCTH OT a u n?
26. Tot e Bonpoc aJA 3amayu

y™ =2¢" —d’z, y() = 1, y'(1)) = @
27. ToT ke Bompoc AJA 3a/lauyn

y™ =z 42y +¢°, y(-1) =In(d +a), y(-1) = L.

4. IIpopoas:KkeHue perieHUn

28. CymecTByeT Iu mpu —o0 < x < OO pellleHHe 3aJaudu
y' = e ¥sin(e¥), y(0) = 07

29. Jlna sanaun (2 — z2)y’ — xy? = 0, y(x¢) = vo, T€ To =
= \/2+3e_1, Yo = _2q

a) onpeIennTh MAKCUMaNbHbI MHTEPBAI CYIeCTBOBAHUA pe-
HeHUA;

6) HapucoBaTh rpadUK peleHu .

30. a) HaiiTu Bce peleHus ypaBHeHUsA

y/ — wyZ/(ﬂJ _ $2).

6) HaiiTu Henpojoi#aeMoe pellieHre 3TOro0 ypaBHEHUA ¢ Ha-
yanbHpiM ycnoBueMm y(—+/3) = 1/(Inv/72—3—1) u HapucoBaTh
ero rpadus.

31. JlokasaTh, uTo pemenue 3anauu y' = = — g%, y(1) = 0
MO#KeT ObITh MPOJIONKEHO HA ModyuHTepBan 1 < z < 00.

32. Uwmeer au cucrema dz/dt = siny, dy/dt = 2* pemenue,
KOTOpOE Hellb3fl MPONOMUTL Ha MHTepBal —00 < ¢ < 00?

33*. Jloraszarh, uTo pemenue 3agaun y' = x + 42, y(0)=0 He
npojonaeTcA Ha noiayunTepsan 0 <z < 00.

34*. Ha KakoM WMHTepBajle MOHO IapaHTHPOBaTh CYIIECT-

BOBaHUeE pEIIeHUA 3aaunl .
% = f(t,z) t€R, z€R", feCY), z(0) = (0) , eciu
|f(t, z)| < |=|?? llaTb HeynyYIIaeMyIo oneHKy I/IHTepBaJ](.)?l, obuyio
nuA Beex Tarux f(t, ), ¥ NOATBEPAUTH HEYIyUYIIaeMOCTh IpUMe-
pom.
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§22. OBIIIAA TEOPUSA
JUHENHBIX YPABHEHUN U CUCTEM

1. TeopeTuuyecKkre BONPOCHI

35. CpopMyaupoBaTh TeopeMy CYLIECTBOBAHUA U €JUHCT-
BEHHOCTH pelleHuf JUHeHHOro ypaBHeHUf NOpAJKa 71 Ha 3a/laH-
HOM HUHTepBale.

36. ChopmynupoBaTh U JJoKa3aTh TeopeMy 00 o0IIeM pelle-
HUM JVHEHOI OOHOPOIHOI CHUCTEMBI.

37. lats onpepnenenye GyHIaMEHTATbLHOM CUCTEMBI PEIIEHU
[I7A NUHERHOI cucTeMbl ypaBHEHUIl U JIoKa3aThb ee CyllecTBOBa-
HUe.

38. a) Yto HasbiBaeTCA OOIIUM pelIeHHeM JIMHEHHOro Heofl-
HOPOJIHOTO ypaBHEHUA?

6) CdopmynupoBaTh TeopeMy 06 3TOM pelIeHUN.

39. a) CpopmynupoBaTh OCHOBHBIE CBOWCTBA JleTEPMUHAHTA
Bpomnckoro.

6) Iycrr W(t) — nerepmunanT BpoHckoro nis ckanap-
HBIX GYHRUMA Y1 (), ..., yn(t) Kaacca C". Eciu W(t) = 0 npu
a < t < b, ToO MOHO M clieflaTh BBIBOI O JIMHEWHOM 3aBUCUMOCTH
naHHBIX QYHKIMI Ha oTpeske [a. b]? OGocHOBaTH OTBET.

40. a) JlaTb onpenenenye GpyHAaMEHTAIbHOW MATPUIIbI.

6) Hanucath ¢yHmaMeHTanbHYI0O MaTpULy Ui CHCTEMBI
=y, y=0.

41. Rak u3 ogHoit pyHAaMeHTalIbHON MaTPHUI[LI MOA#HO MO~
JIYyYUThb Opyrue?

42. ChopMynupoBaTh U I0Ka3aTh Teopemy 06 OlleHKe pelle-
HUH CUCTEMBbI

&= A()z (z€R".

43. ChopmynupoBaTh U JOKa3aTb TEOPeMY CYIIeCTBOBaHUA
MepUONYEeCKOr0 pellieH!A JUHEHHOT0 YPaBHEeHNUA ePBOro NOPA/-
Ka ¢ MepUoAMYeCKUMHU K03dhUIneHTaMHU.

(3aﬂaq1/1 42 1 43 TOJAbKO /Al CTY/IEHTOB, KOTOPHIM YHUTAJIUCh
3TU TEOPEMBL.)
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2. JluHeliHble ONHOPOIHBbIE ypaBHEHUA

44. a) HanucaTb 061Kl BUJ JMHENHHOrO OJHOPOIHOTO YpaB-
HEHVA MOPAKA 7 ¢ NepeMeHHbIMU Kodduuuentamu. IIpu Kakux
TpeboBaHUAX Ha K03(Q(OUIUEHTH 3TO ypaBHEHUE MMEeT eIUHCT-
BEHHOE pellleHre, YI0BIeTBOPAIlee 3aJaHHbIM HaualbHbIM YCII0-
BUAM?

6) IlycTs 3TH TpeGoBaHUA BBINOIHEHbI U U3BECTHO, YTO ypaB-
HeHMe MMeeT yacTHoe pemieHue y; = x¥. Kakum MomeT GbITH
MOPAJIOK ypaBHeHUA?

45. a) ChopmynupoBaTh TeOpeMy CyIIeCTBOBAHUA U €UHCT-
BEHHOCTH pemenud ypasaenus ¢’ +ay (x)y” +az(z)y +as(x)y =
= 0 ¢ HAYaNbHBIMU YCIOBUAMMU.

6) JlnA Karoro HauGOJIBLIEr0 HATYPATIBLHOTO YKCHIA 1M HAMYHE
y ®Toro ypasHeHus pemenus y = (e®—1)" He mpoTuBOpeuuT
copMynrpoBaHHoOil Teopeme?

46. HaiiTu 1Ba JUHEHHO HE3aBUCHUMBIX DEIlIEHUA yPaBHEHUA
z%y"” — 22y’ + 2y = 0 u ux gerepmunanT Bpouckoro. [IpuHUMaeT
1y oH HyleBoe 3Hauenue? Kak 3To coriacyerca ¢ M3BECTHBIMU
cBolicTBaMM JleTepMuHanTa BpoHckoro?

47. Tlycts y1(x), y2(¢) — peuwenun ypaBuenus (x + 2)y” —
-3y + y/1—2 = 0 ¢ uavanbHbiMu ycinoBuamu y; (0) =1,
yi (0) = 0’ Y2 (0) = 3’ yé (0) =2

a) YkasaTb MHTepBal, Ha KOTOPbIl MX MOMHO NPOOIKUTD.

6) CocTaBIAIOT 14 OHU (PYHIAMEHTANbHYIO CUCTeMY?

B) Uemy paBen JieTepMuHanT BpoHCKOro sTuX pelienuii npu
r=-17

48. Tycte ¢1(t), @a2(t), @3(t) — pelieHua ypaBHeHHA
—(t+ 1)y — 2y" + 2t2ytgt = 0 ¢ HAYaNLHLIMK YCJIOBUAMM NPH
t=1:

’ " .
1 =2, p1 =0, 1 =05
_ o "n_ 9.
P2 = _]-7 P2 = ]-7 P2 = _17
— o "_
p3 =0, 3=0, @3=-2.
a) YkasaTb MHTepBal, Ha KOTOPbIA MOMHO MPOJONMUTL ITHU
pelieHuA 1o U3BECTHOM TeopemMe.
6) CocTaBIAT M1 OHU (QYHJAMEHTAILHYIO cucTeMy?

B) HaiiTu siBHOe BbIpaieHue Ui WX AeTepMuHaHTa Bpomc-
KOro Ha ®TOM HHTepBalle.
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r) Pemenue y(t) ¢ HavanpHeiMu ycaoBuamu y(1) = a,
y/(1) = b, y/'(1) = ¢ Bopasurs sepes g1 (1), @ (1), @s ().

49. CymecTByeT J1 Takoe 3HaYeHUe napaMeTpa a, pH KOTo-
POM JleTepMUHAHT 11060ii (yHIaMeHTalbHON MaTpULbI CHCTEMbI

i—f:Am, r€ER? A=

—w

1 2
20
0 3

0CTAeTCH MOCTOAHHBIM MPHU U3MeHeHUU 7

50. CKONbKO JHMHEHHO He3aBUCHUMBIX DelleHUii, onpeeneH-
HBIX TIpU —00 < t < 00, UMeeT ypaBHeHue t2i = 9027 O60cHO-
BaTb OTBET.

51*. Tor e Bonpoc anA cucteMsl ti = 2x, ty = 3y.

52. IlocTpouTh NMHeliHOE OJHOPOJHOE ypaBHEHHE BO3MOHHO
HU3IIEro NOpAKa, uMeroniee Ha unteppaie (0,1) Takue yeThbipe
peleHusn:

pm=1l-xz, p=@-2>% =2 +z -1, yg =22 — 22+ 2.

53. H3BecTHBI IBa pelleHMA JMHEHHOro OJHOPOIHOIO ypaB-
HeHHMA 2-To mopAfKa: ¥y = %, Y2 = =2 — 1. HaiiTu pemenue c
HavalnbHbIMU yciaoBuamu y(2) = 4, y'(2) = —3.

54. W3BecTHBI [iBa YaCTHLIX pelleHMA y; = z° — 2z + 3,
Y2 = €% +2 IMHeHOro OIHOPOJHOr0 ypaBHEHUA 3-T0 MOpAMKA.
locTaTOYHO M BTOrO VI OTHICKAHMA PELIeHHA ¢ HAaYalbHbIMU
yeaoBuamu y(0) =5, y'(0) = —8, y"(0) = 27 OGocHOBaThL OTBET.

55. lna ypaenenus z°(z — 1)y" + 22(5 — 3z)y" + z(6x —
—12)y'+(12—62)y = 0 u3BeCTHBI Ba YaCTHBIX PELICHUA: §; = T,
yo = x°. HaiiTu oblee peleHue.

56. [liA NMHEHHOro OJHOPONHOIO0 ypaBHEHUA 3-TO IOPANKa
U3BECTHBI JIBA YACTHBIX PelIeHUA y; U y2. OnucaThb cnocol oThic-
KaHUA O6LIEero pelleHus.

3. JIuHeiiHble HEOTHOPOAHbIE ypaBHEHUSA

57. U3BecTHBI /IBa YaCTHBIX DEIIEHUA JUHEHHOTO HEOIHO-
POIHOrO ypaBHEHUS NEPBOro MOpANKa: ¥; = T, Yo = €*. Haiitu
pellieHre ¢ HaYanbHbIM ycioBueM y(1) = —1.



136 $22. Obwasn meopus AuHelHbLT YPABHEHUT U cucmem

58. HI3BecTHBI TPU YaCTHBIX pellleHUA JUHEeITHOI0 HEOAHOPO -
HOTo ypaBHeHHUA 2-To NopAfKa: y; = ¢+1, 9o = x—1, y3 = 1 —z2.
HaiiTu obiee perieHue 3TOro ypaBHeHHA.

59. N3BecTHBI TPU YaCTHBIX pellleHUA JUHEITHOI0 HEOAHOPO-
HOTO ypaBHeHUA 2-TO NopAfKa: y; = 2, Yyp=1—x,y3 =1—3z.
Haiitu peuenne ¢ HauanbHbIME ycnoBuamu y(0) = 2, y'(0) = 0.

60. [laner Tpu pyHRIUM: y3 = « + 1, yo = 1 — 2z, y3 =
= 22 — 3. CocTaBUTh JUHeliHOE HEOJHOPOJHOE ypaBHEHHE 2-TO
NopAJIKa, KOTOPOMY OHU YIOBIETBOPAIOT.

61. l3BecTHBI [Ba YaCTHBIX pelleHUA Yy = ¢ — 1 U yp =
= (22 — x + 1)/z ypaBuenusa (2% — 2z)y" + 4(z — 1)y'+ +2y =
= 62 — 6. HaiiTu ofiee pelienue.

62. H3BecTHBI [Ba YacTHBIX pellleHUA y; = xe®, ys =
= (# — 2) €* ypaBuenns zy"” — (z + 1)y’ + y = (z — 1) e®. Haiitn
ob1lee perieHue.

4. KpaeBsble 3amauyu

63. Ilycth usBecTHO, uTo ypasHenue y" + p(z)y’ + q(z)y =
= 0 ¢ HenpepbIBHBIMY Ha [a, b] PyHKIUAME p(z) U ¢(2) He UMeeT
pemenuit y(x) £0, naa koropeix y(a) = y(b) = 0. JorasaTb, 4TO
IUIA JTIO6BIX uKcedl ¢, d cyllecTBYeT eJUHCTBEHHOe pelleHune, 1A
rotoporo y(a) = ¢, y(b) =d.

64*. HaiiTu HauMeHbllee NOJOMHUTeNbHOe 4Yucio 1 Takoe,
4TO INIA ypaBHeHUsA i — 24 = 8sin’ ¢ paspemnMa KpaeBas 3ajgaua
¢ yeaosuamu £(0) = —1, &(T) = —1.

65. 3BecTHO, YTO pU HEKOTOPOH HeNpephIBHON (yHKIUH
f(x) rpaeBas 3agaua

y' =2y +2y = f(x), y(0) =2, y(x) = -2

uMeet peiieHne. EAMHCTBEHHO 1 3TO pelieHue?
66. HaiiTu HanMeHbIllee TONOMUTENbLHOE P, MPU KOTOPOM
KpaeBas 3azaya

y' +py=0, y0) =1, y(1) =2

He nMeeT peHJeHHﬁ.
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67. HaiiTu nauGonbliee U3 TAKUX YUCEN @, 9TO NPH Ka#I0M
p € (1, a) KpaeBan 3anaua

Y+ 2y +py =0, y(0) =2. y(x) =3

nMeeT pelieHune.

§23. JUHEMHBIE YPABHEHUA
1 CUCTEMBI C IOCTOAHHBIMHA
KO3®OPUIIMEHTAMU

1. OThickaHUe pellleHU

HaiiTn Bce BelllecTBeHHbIE pelleHUA ypaBHeHuit 68—T71.
68. i —2i+ x=e'+sint.

69. 7+ 4z=(e?* +2)sin2t.

70. y" +y =4z cosux.

71. y" +y =5xe 2% +4sinx.

YrazaThb Buj o6uiero peniennn (B 3agayax 72 u 73 obuiero Be-
I[ECTBEHHOTO pPeIleHNA) ¢ HeolmpeaeleHHbIMU K03(pUIIHeHTaMHu.
He HaxoquTh YMCIOBBIX 3HAUEHUI KO3()DUIIEHTOB.

72 y" = 2" +y' =te'(1+cost) + 1.
73. y" — 4y’ + 4y = e**(z + sinz).
74. y" — 2iy = 8% cos x.

75. ' — 2iy’ —y = 4sinw.

76. y" + 4iy’ — 5y = e® cos 2.

77. y" + 8iy = sinx cos .
2. IlepuoguyecKkre U orpaHUYEeHHbIE pelleHUA

HNwmeror mu ypaBHenusa 78—80 nepuonnyecKkrie pelieHua?

78. y"" + y = cost.
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79. i+ = (sin %)4
80. i — 24 = 8sin’¢.

81. Ilpu kakux w € R cyuiecTByeT nepuoguyeckoe pelieHue
ypaBHeHusa 7 + 4@ = 2 coswt?

82. Ilpu karux neneix b u ¢ ypasnenue y'"’ + b%y’ = sinx +
+ ¢sin® & He NMeeT MepUOAMYECKUX pelneHuii?

83. a) Ipu kakux w € R ypabuenne y®) + 4y
He MMeeT MepPHOIUYECKUX pelieHuii?

6) HaiiTu Bce mepuoguyeckue penieHud B ciydae w = 3.

84. HaiiTu nepuoguyeckoe peilieHye ypaBHeHuA &+ i +25x =
= sinwt. HapucoBaTh rpaduk ero ammiuTyabl Kak (GYHRIUIO
oT w.

85. Ilpu karux Hembix a ypaBHeHue y"' + a?y = sin4x cos 2z

a) He MMeeT DelleHHil ¢ epUoIoM 77

6)* MMeeT TOJBKO OJHO pelIeHNe C MEePUOIOM 7!

86*. Te ke BompoCk! IJIA ypaBHEHUA

"

+4y' = coswt

y" + (a—1)(a —2)y' + a*y = sin2z.

Hna wampgoro us ypaBHeHuii 87 u 88 BBIACHUTHL, NMpU Ka-
KUX a € R Bce pellleHUA TOr0 ypaBHEHHA He OrpaHUYeHbl NpU
—00 < t < o0.

87. % + ax = sin’ t. 88. T + & = cosat.

89. Ilpu rarkux a € R xoTA 6bl OJHO pellleHNe ypaBHEHUA
y" +9y" — 2y = e +sin2at

orpanuyeno mpu t > 07

90. Tot e Bompoc Alfl ypaBHEHUA

y" + a®y' = cosat cos 2t.
91. HaiiTu Bce 3Ha4YeHUA a, « ¥ (3, TP KOTOPHIX 3anaya
# — 2@ + 5z = ael cos2t — 17sin2t. z(0) = o, #(0) = 8

HUMeeT pelleHue, orpaHnveHHoe npu t > 0.
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92. Myets 2 = ¢(t) u * = (t) — peuieHud ypaBHe-
Hua T — & + 44 — 4o = 0 ¢ HavanpubiMu ycnoBuamu ¢(0) = a,
¢'(0) = b, ¢"(0) = ¢; Yp(7) = a, P'(m) = B, Y" () = . Yrasars
Kakune-HUOYb YKMCIOBbIe 3HaYeHud a, b, ¢, o, [, v Tak, 4YTOOHI
©(t) n (t) ObLIM MEepHOJMYECKUMU U JMHEHHO He3aBUCHMbIMHU.

3. CucTemMbl ypaBHEeHUIT

Pemuts cuctemnr 93—95.

r — + —_ 4q r — —5
93, {“TYTY 94. { T T
y=3y—=. =2z + 2.

t=z—x—vy,
95.{ y=x—y— 2z,

z=—y;

96. Ilpu rakux matpunax A Bce BellleCTBEHHbIE peIIeHUSA
cucTeMbl & = Ax BbIpamalOTCA TONBKO Yepe3 CHHYChI. KOCHHYChI
U KOHCTAHTBI?

97. JlnA 0JHOTrO YaCTHOTO pellieHuA CUCTeMbl & = Ax U3BecT-
Ha TONBLKO TlepBad KoopAuHATa: T; = t2 + tsint. Kakum momer
GbITH TOPANOK MaTpuiibl A7

98. HaiitTu dyHmameHTalbHYIO MaTpHIly cucTeMbl & = Awm,
roe A = (§ é §) , HopMmupoBaHHy1o nipu ¢ = 0.

99. JlokasaTb. 4TO AiA cucTeMbl & = A ¢ BeleCTBEHHOI
KococuMMeTpHrueckoii MaTpuieit A HopmupoBanHaa npu ¢ = 0
(yHlaMeHTalbHasA MaTpulla Ipy KamaoM ¢ ABJIAE€TCA OPTOrOHANb-
HOH.

100. HaiiTu Bce BellleCTBEHHbIE MEPHOANYECKHE PelIeHUA
CUCTEMBI

& =2y—x+2cost, y =4y — 2z + cost.
101. HaiiTu pemeHue ¢ nepuogoM 7 CUCTEMBI

t=z—y, y=2x—y+6sin’t.
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102. a) HaiiTu Bce BeleCTBEHHbIE IEPUOAUYECKIE PELICHUA
CUCTEMBI
T=x—y+3sin2t, y=2x —y.

6) HaiiTi Bce pelieHUs ¢ MEPUOIOM 7.
103. Ilpu rakux a cucTema

& =y+sin2t, y = —4x + acos2t

uMeeT IepruofinyecKoe pernenne?
104. [Ina xakuUX BelIeCTBEHHLIX 4Yhcel a U b Bce pelleHus
CHCTEMBI
t=2y—4z+a. y=2x—y+>b

orpanuydensl npu t > 07
105. [Ina wakux MaTpul A Kam{oe pelleHHe CHCTEeMbI
@ = Ax orpanuueno npu —oo < t < 00.

4. IloraszaTteabHaAa GYHKIUA MaTpPUIlbI

106. ChopmynupoBaTh CBOUCTBa MOKa3aTelbHON (QYHKUUU
MaTpHUIbI.

B 3amauax 107—110 uaiitu et4 .

107.A:(_2 _4). 108.A:(_

|

—_ =
Lo ot
N———

1 2
0 01 2 0 -1
109. A=|0 0 0 110. A= 0 2 0
1 00 o0 2

I

111. Haittu BekTop e34 b, ecin
1 -2 2
(130

B 3apgavax 112—114
a) He BBIYMCIAA MaTpuLy e
CTBEHHbIE 3HAYEHMUS;

A HailTU ee JleTepPMUHAHT U OG-
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6) HaiiTn et/ .

112. A = (

=N
|
DO
N——
[y
—
bt
b
I
VS
|

— Y
|

—
N——

10 0 ,
115. A= |0 0 1]|. Haiiru det [e!4 dt.
0 1 0 0

116. Ilpu kakux marpunax A umeem et4 — 0 mpu t — +00?

117. HaiiTu ¢yHmaMeHTalbHYI0 MaTpHUIy CUCTEMBI & =
=t"1Az.

118. Ecin A — takas MaTpuna, uto e’ = E, To 06A3aTelbHO
m A =07

119*. YTo MO#HO CKa3aTh 0 #OPAaHOBOH opme MaTpuiibt A,
eciu

5
et =" "kltkAk?
k=0

120*. Ecau npu Beex ¢ mMaTpuua €4 cummerpnueckas, To

o6f3aTenbHO U MaTpuna A cuMMeTpUUecKan?
121*. Ecau et4 otB = ot(A+B) 1q o6szaTensro mu AB = BA?
122*. Eciu maTpuna e*4 opToronanbHas npu kamaom t € R,
To obfA3aTenbHo mu A* = —A?

5. JIuHeliHble crcTeMbl ¢ IEPUOINYECKUMU
KO3 puLieHTaMU

123. Yto HasbiBaeTCA MYJbTUINIMKATOPOM CHUCTEMBI & =
= A(t)x c nepuognyeckoit matpuneit A(¢)?

124. KakoMy yCIIOBHIO [JON#HbI yAOBIETBOPATb MYJIbTUILIU-
RaTophl JMHEHHOI cuUcTeMBbl JJIA TOro, YToObI Bce ee pelleHUf
CTPEMUIUCH K HYIIO npd ¢ — +007

125. Haiitu myanbTunnukatop nisa ypasuenua & = (a +
+ sin’ t)z.
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126*. Ilpu wakux 3HauYeHUAX TapaMmeTpa a € R ypaBHeHHe
z=(a+ sin? t)z + 1 uMeeT POBHO OJJHO NepHOJHMYECKOe pelieHne?
12'7*, Ilycts marpuua A(t) umeer nepuon T, u ||A(t)|| < a
npu Beex t. JlokasaTs, uTo mas cucteMbl & = A(f)r Mogynu Mmyib-

TUINIMKRATOPOB He MPEeBOCXOOAT e“T .

§24. YCTOMYUBOCTH

1. TeopeTuueckre BOoNnpochl

128. [laTh onpelleleHne yCTORUUBOCTHU Mo JIAMYyHOBY.

129. ChopmynupoBaTh U I0Ka3aTh TeopeMy 06 ycToiUUBOC-
TY npu Haanuuu gyHkuun Janysosa v(x).

130. CdopmynupoBaTh TeopeMy 06 yCTOHUHMBOCTH TO Tep-
BOMY NpUOIHKEHHIO.

131. CdopmynupoBaTh HeOGXOAMMbIE U AOCTATOUHbIE YCIO-
BHA YCTOHYMBOCTH TO JIAMYHOBY HYJNEBOro pEIIEHUA CHCTEMBI
& = Az (z € R™, marpuua A nocTofHHasA).

132. JlorkazaTh, YTO €CJId OHO pelleHHe TNHEHHON CHCTEMbI
YCTOHUYKBO, TO YCTOIUNBO KaJoe pelleHHe 3Toil CHCTEMBI.

133. Karomy HeoO6X0IUMOMY U JOCTATOYHOMY YCJIOBHIO
JONMKHA YIOBNeTBOpAThH MaTpuiia A, uTobbl ana moboii Hempe-
pbiBHO# pyHEUUM h(t) Kamgoe peneHue cuctembl & = Ax + h(t)
6bLIO0 YCTOWYMBBIM To JIAMyHOBY?

134. a) Ilpu karux matpunax A cuctema & = Ax uMeer
6oliee OJTHOTO TOJNOKEHUA PaBHOBECUA?

6) Ilpy KaruX [JOMOJIHUTENHHBIX MPENNONOMKEHUAX BCE ITH
MOJIOKEHNA PABHOBECHA yCTONYUBHI?

135. Cuctema & = Ax, rae x € R®, A — noctoanHas MaTpu-
11a, UMeeT YacTHOe pPellleHre, y KOTOPOT'o U3BECTHA TONLKO MepBasn
KOOpAuHaTa: £; = e~ ¢ 4 cost. YeToiiunBo iU HyjleBoe pelieHue?

136. Cuctema & = Az (x € R*) umeer yacTHoe pellenue. y
KOTOPOT0 U3BECTHHI TOJABKO IBe KOOPAMHATHL: x1 = sint + 2 cost,
T9 = €OS 2t. YCTOWYMBO U HYIIEBOE pelleHne?

137. Ecnu nas cucremsl & = Az (x € R™) HylleBoe pelLieHre
HEYCTONYNBO, TO 06A3aTEILHO TN OHO HEYCTOWUMBO A Ka#Io0i
cuctembl Buna @ = Ax + ¢(z), rne p(x) € C1, p(x) = o(|z|) npn
z — 07
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138*. Mycts f(t, *) €C', € R™ u nycTh pasHOCTb KaMIBIX
IByX peuieHuii ypaBHenus & = f(t, £) cTpeMHUTCA K HYyIIO MpH
t — +oo. Ciegyer nu oTclola NpU KaKOM-IMGO 7, YTO BCAKOE
pelleHne 3TOro ypaBHEeHUA acCHMITOTHYECKH yCTOHIUBO?

2. UccnenoBaHye ycTOMYUBOCTH KOHKPETHBIX
cHUCTEM

lnsa ypaBuenuit 139—144 u cuctem 145—147 HaiiTu mo0-
JIOKEHUA PaBHOBECHA U UCCIENOBAaTh UX Ha YCTOWYHUBOCTb.

139. & = —22. 140. £ = sinx — .
141. & = —zsin’ z. 142. & = —xsin®t.
143. & = zsin’ . 144. & = £

145. & =y, § = —a°. 146. & =y, § = 322 — 2z.
147. i =y—x+ (y— )%, §=0.

B 3ajayax 148—155 BLIACHUTH, IPU KaKUX 3HAYEHUAX Ta-
paMeTpa a HyJeBoe pellleHUe ABIAETCA

a) aCHMITOTHYECKH yCTONYHBBIM;

6) yCTONYUBBIM, HO HE aCHMIITOTHYECKH;

B) HEYCTOIYHBBIM.

T =y,
148. . 3 5
y=—ay—z° —a‘x.

140. f=az+y+ (a+1)z?
y=z+ay.
& = ax + asin T =
150. T3 v .
§ = ax® — a’y. = —z(1+z%)—ay
= P =3y —
152. 153. x voow
= —tga: y=2r+(2—-a)y
154, =y —ax? — 92,
:—(a+1):1:—ay
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t=—-azr+ (a—1
155, 1 2( )y
y=x+ay" .

156. a) Ilpu kakux a € R cyumecTBYIOT OrpaHHYeHHbIe PU
—00 < t < 00 pellleHHA CHUCTeMbl

t=2y—4dx+1, y=2xr—y+a.

HaiiTu Bce Takue perieHus.
6) YcroiuuBbI a4 OHUT
157. YcToliunBoO 1 pelieHre CUCTEMBI

t=x—y, §=2x—y+6sin’t,

HMelollee nepuos m?

B 3agauax 158—160

a) HaliTU Bce 3HAauYeHUA mapameTrpa a € R, npu KOTOpbIX Bce
pellleHHA ypaBHeHHA HeorpaHuueHbl npu t > 0 (He Tpebyetcs
OTBICKHMBATb pelleHHA);

6) BBIACHUTD, ABNAIOTCA JIH 9TH PELIEHUA YCTONUYNBHIME I
aCHUMITOTUYECKH YCTONYUBBIMU.

158. i + ax = sin’ ¢. 159. T + & = cosat.

160. % + ax = cosat.

§25. ®A30BAA IINIOCKROCTD

1. TpaekTopuHM JUHEHHBIX CHCTEM

161. [Ipu KaKKX COOTHOIIEHUAX Mek Ty K03 PUIIUEHTAMU @,
b, ¢, d ocobasa Toura cuctembl & = ax + by, ¥ = cx + dy ABAAeTCA

a) cemioMm,

6) y3nom?

162. Ilpu Kakux a, b, ¢, d AnA KamOAOro pelieHUA CHCTEMBbI
& = ar + by, § = cx + dy noaspueiit yroa touku (x(t), y(t))
BO3pacTaeT Mpu yBeludyeHuu t7

B zagavax 163—165 onpenenuTh THI 0coOOH TOYKH U Ha-
puCOBaTh TPaeKTOPUHU CUCTEMbI Ha MIOCKOCTH X, Y.
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t=x+3 t=x—5
163. "B ey 164. "B Lo
y =5y —uw. § = 5z — 5y.
r = + _49
165. x yra
y=3y—x.

166. Ilpu rarkux a ocobad To4yka cucTeMmbl & = a(z + y),
9 = a’y ABnAeTCA cenoM?
167. a) MoseT 11 TPaeKTOPHA CHCTEMBI

t=2y—z. y=3x—2y

u3 Touku (—a? — 1, —1) nonacts B Toury (1, a% +1)?

6) YcToituMBO 1M TOJI0#EHEe paBHOBECHA?

168. a) onpenenuTsh TUI 0cOGON TOYKU M HAPHCOBAThH TPAEK-
TOPUHU CUCTEMBI

t=ar—y, y=by+z

mpu a = —2, b= —3.

6) Ha miockocTu mapamerpoB a., b ykazaTh Taryio o6iacThb,
YTO mpu M106bIX (a, b) u3 3Toit 06nacTu BTOpasa KommoHeHTa Yy (t)
1060r0 pelieHlA yKa3aHHOW BbINEe CUCTEMbI HMeeT GeCKOHEUYHO
MHoro Hyneit npu £ > 0.

169. PaccmaTpuBaeTcAa cucTema

&t=a’r—y, 9=>5c— (3+2a)y.

a) Byner nu HyneBoe penieHue cucTeMbl mpH ¢ = 1 acumi-
TOTUYECKHU ycToiiunBbIiM? O60CHOBATHL OTBET.

6) HapucoBaTb TpaeKTOpPUHU CHCTEMBI TIpH a4 = —3.

B) CyuiecTByeT 14 Tarkoe 3HaueHue a € R, npu Kotopom Tpa-
€KTOPUU — 3aMKHYTbIe KpuBbie?

B zapmauyax 170—173 uccienoBathb

a) mpu KaKKMX 3HaYEeHHAX mapameTpa a € R HyleBoe peieHue
acCHUMITOTUYECKHM YCTONUYHBO U NMPU KaKUX — YCTONHUYHBO;

6) mpHM KaKkUX 3HAUEHHAX mapamerpa a € R ocobasa Touka —
cenno? ysen? ¢oryc?

B) NIpU YKa3aHHOM 3HAYEHUU @ NaTh YepPTeH TPACKTOPHUil.
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T=xz+a
170. { ° Yoa=1
§ = ax+y;
b — am 4+
17 Ty a=
y=ay— (2a+1)z;
b — 91 +
172.{:',’ “wrh
Y = ay — 2ax;
t=z+ (2 —a)y.
173.{. @-ajy. _,
y = ax — 3y;

2. TpaekTOoprU HEJUHEHHBIX CUCTEM
174. HaiiTu u HapucoBaTh TPAeKTOPHH CHCTEMBI
i =a% - 3xy?.  §=3z%y— 45

175. Hmeer nu ypaBHeHue # + x° = () HeHyJeBble pellleHls,
omnpeeneHHble pu —o00 < t < 007

176. UmeloTea nu y ypaBHeHus i = 4x — 4x3 neorpanuyen-
Hble pelieHusA?

177. TlepeiiTu oT ypaBHeHuA % + ai + = — x5 = 0 K aBTO-
HOMHO# cUCTeMe ABYX ypaBHeHUii. [lnd 3Toii cucTeMbl

a) HaliTu 0cobble TOYKH;

6) ykaszaThb 3HaUeHWA @, MPH KOTOPLIX BCE HTH TOYKU He-
YCTOWYMBBI;

B) CylLIeCTBYeT /i 3HAYEHHE @, IPH KOTOPOM POBHO JIBE 0CO-
Oble TOYKHM YCTOWYUBBIT

178. llnsa ypasHenus i + 4z — 622 = 0

a) HaiiTu ypaBHeHHe y = (&) TPAeKTOPUHU. IPOXOAALIEH Y-
pe3 Toury (1,0);

6) HapHUCOBATb 3Ty TPAEKTOPHIO, YYUTHIBAA 3HAUEHHE MIPEie-
ma lim Z;

r—00

B) HallTH pellleHne JAHHOTO YPABHEHUA C HAYAIbHBIMH YCIO-
uamu z(0) = 1, ©(0) = 0.

179. llna ypaBuenus i = —u'(z), roe u(z) = —x* + 22 — 1,

a) naTh YepTes TPaeKTOpH HA (a30BOIi MIOCKOCTH;
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6) HaiiTH ocobble TOUKH U MCCIENOBaTh UX Ha YCTOWUYUBOCTD;

B) HalTH HAKJIOHBI CerapaTpuc U MEepHOAbI MallbiX Koneba-
HU;

r) 106aBUTh +af B JIEBYI0 YacTh ypaBHeHHdA u 1iA a > 0
HcciIe0BaTh TUMBI OCOOBIX TOUEK MONYYEHHOTO ypaBHEHHUA.

180. [lna ypaBHeHus i = 2 — 22° npoBecTu Takoe e Hc-
clleloBaHNe, KaKk B MpeIblaylleil 3amnade.

181. Jlns ypaBHeHusA i + = = 2

a) HAalTH U HCcelenoBaTh 0coOble TOYKYU Ha (a3oBoil MIOCKOC-
TH;

6) uaiiTu pemenue x(t), yObiBaoliee U cTpeMdALieect K 1 npu
t — 400, a TaKk#e ero TpaeKTOpHIO Ha (Ha3oBoil MIOCKOCTH;

B) BBIACHUTD, IPU KAKKUX @ PElIeHHe ¢ HayalbHbIMU yCIOBH-
amu z(0) = 0, £(0) = a nepuognYecKoe;

r) ykaszaTh Ha (a30BOil ILIOCKOCTH 061acTb, 3aAMONHEHHYIO
3aMKHYTBIMH TPAeKTOPUAMU;

O) YCTONYHMBO I pelleHHe C HavalbHBIMH YCIOBUAMHU
z(0) =0, z(0) = \/ig?

B 3apmauyax 182 u 183

a) naTh YepTes TPAeKTOpUil Ha (Ha30BOIl MIOCKOCTH;

6) HaliTH 0COObIe TOUKM U MCCIEOBATh UX HA YCTONYHBOCTD;
B) BBIAICHUTB, ONPEIeJIEHbI JIH BCe PellleHuA Mpu —o0 < ¢ < 00.

&E=1- 22, &=z — a5,

182. 183.
g=y> §=—y.

184*. Jlna cucteMbl
i=y—aly—od, §=a°+ady? -2

a) HallTH Bce 0cOGbIE TOUKM;
6) JMHeapu30BaTh cucTeMy B Ka#xjoii us Touek (0, 0), (1, 0),
1 1.

(% %)

B) HCCe0BaTh YCTOMYUBOCTL ITUX JHHEAPH3OBAHHBIX CHUC-
TeM;

) HccnenoBaTh Ha YCTOWYUBOCTDL T€ #e TPH 0COOble TOUKH
IUIA UCXOMIHOM CHCTEMBI;

I) IaTh YepTex TPAEKTOPHI Ha (Ha30BOM MIOCKOCTH:
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€) BBIACHUTH, HMEET JIi [JaHHaf CHCTeMa HeorpaHd4eHHbIe
pelleHus;

#) ONKUCcaTh MHOMECTBO TOYEK, Yepe3 KOTOPbIe NPOXOAAT Ie-
pHOIUYECKIE PellleHH .

§26. ITNOGOGEPEHIIMPOBAHWE PEIIEHUA
I10 ITAPAMETPY H 110 HAYAJIbHBIM
YCJIOBUAM

1. IuddepeHpoBaHUe Mo MMapaMeTpy

185. CdopmynupoBaTh TeopeMy o0 AuddepeHIUpPYeMoCTH
pelieHUA cucTeMbl quddepeHInanIbHbIX yPaBHEHUI 10 MapaMeT-
py. HanucaTsb cuctemy nuddepeHnalbHbIX ypaBHeHU! B Bapua-
HUAX.

B 3apayax 186—194 HaiiTy NpOU3BOAHYIO OT PEllleHUA aH-
HOro nudQepeHHAIbHOrO YpaBHeHHA (WU CHCTEMbI) IO Mapa-

MeTpy p npu p = 0.
186. ' = px + ﬁ (z>0), y1)=1-2p.
187. ¢/ =L +pxe™¥ (. >0), y(1) =1+ 2p.
188. y' =y —x + pre?, y(1)=2—p.
189. y' = px +siny, y(0) = 2pu.
190. i = xsin + sin(z?), z(0) = p, £(0) = p.
191. i = z +sin(#?), =(0) = p, @(0) = p2.
192. i +x = 2usint + px?, z(0) =0, £(0) = 0.
1938. i — 2@ = ptz, x(0) =4, @(0) = p2 + 3u.
194. i =y, ==+ 3py®. z(0) =2 —4p. y(0) =0.

2. fudpdepeHurpoBaHre 1Mo HavyajlbHbIM
YCI0BUAM

195. CgopmynupoBath Teopemy o0 AuddepeHIupyeMOCTU
pelleHnA cucTeMbl nudQepeHInalbHBIX ypaBHEHUI 10 Havalb-
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HBIM yclioBuAM. HamucaTh cucTeMy ypaBHeHWI B BapualUWfAX W
HavalbHbIe YCIOBUA /A Hee.

196. JlokasaThb, uTo B ciyyae y € R' nmpousBoaHas 1o yg oT
pemenns 3anaun y' = f(x, y), y(xo) = yo Bcerga NONOKUTENLHA
(npenmnonaraercs f € ch).

B 3zapgavax 197—199 HaiiTu Npou3BOJHYIO OT pelIeHUA IO
Yo npu yo = 0.

Yrazanue. lIpu yo = 0 ramnaa u3 3TUX 3a1a4 UMeeT HyleBoe
pelieHue.

197. y' = 2zy +siny, y(1) = yo.
198. y' = y3sinw + ycosz, y(0) = yo.

t=y—x+2?
199. Y " 2(0) = 0, y(0) = yo.
Yy =1y —2x+ xy,

200*. #+sinz =0, z(0) =«a, #(0) =p0.
Haiitu % npu a = 3 =0.

3. Pa3snoseHue pelleHHdA M0 cTeleHAM
napamMmeTpa

B 3amauax 201 u 202 HaiiTH pa3nozKeHUE PELIEHUS MO CTe-
neHAM HapaMeTpa [t 0 p? BRIIOUHTENbLHO.
201. ' =bpz + 5, (z>1), y(1)=1-p.

202. i =2z — 223, z(0) =1, @(0) = p.

§27. YPABHEHUA
C YACTHBIMH ITPOU3BOAHBIMU
IIEPBOI'O IIOPHIKA

1. TeopeTuueckre BOIIPOCHI

203. HanucaTh oOumuii BUJ KBa3WJIMHEWHOTO ypaBHEHHUA C
YacTHBIMU [IPOU3BOJAHBIMHY NepBOro nopAaaka. Uto Ha3bIBaeTCA Xa-
PaKTEepPUCTUKOIN BTOro ypaBHeHUA?
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204. CoopmynupoBaTh U [0KasaTh YTBep#IeHUE O CBA3N
pellleHusA ypaBHEHUA C €ro XapakTepUCcTHKRaMu.

205. Kak MoKHO HCMONTL30BaTh MEPBble HHTETPAlbl HEKOTO-
poii BcioMoraTelbHOH cucTeMbl AN epeHlnalbHbIX ypaBHEHU
JJA [O0Jy4YeHUA pellleHHs JaHHOIO yPaBHEHHUf C YacTHbIMH MPO-
U3BOOHBIMU?

206. ChopmynnpoBaTh NOCTaHOBRY 3amauu Komwm nnd KBa-
3UJMHEHOT'0 ypaBHEHUA C YACTHBIMH NMPOU3BOJHbBIMU U TEOPEMY
CyLIeCTBOBaHUA ee PelleHt .

207. ChopmynupoBaTh U J0Ka3aTh TEOpEMY O CyIlecTBOBa-
HUU pellleHUA 3anayi Koliu [i1A KBa3WIMHEHHOro ypaBHEHHUA C
YacTHBIMHU IIPOM3BOJHBIMHU [1€PBOro MOPAJKA.

2. 3agauu

208. HaiiTu of1ee pellieHue ypaBHEHUA

z 0z + xz 0z _
Oz oy Y-
Pemuts crnepyromue 3agaun Komu (209—215).

209. myﬂ+ng—;:yz, z=1+y*nmpuz =1.

T

210. 2 +(z—:c2)g—; =2z, z=2a®+z upu y = 22>

211. y22 +a:zg—; =yz, z=—y*> npu x = 0.

212. xz2% + yzg—; =ux®+y., z=4y® npu x = 3y2.

213. y? 22 4 a:yg—z =232, z=e¥"/2 npu z = 2.

214. x%—l—zg—z =2+422% z=uz upu y:%—xz.

215. m%+yg—; =rx+y+z2 z=z+ynpuy=z+1.

Pemnts cnepyromue 3anaun Komu (216—218) B Tex cay-
yafxX, Korja pelieHye cynecTByeT.

216.%+23—Z:5, z=0npu y = kx.

217.%4—32—;:2, a)z=9y?> opuzx=1;
6) z=2x upuy=3z.

218. 2%—3—;:2, z = 2ay npu z = (a® + a — 2)y.
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219. UmetoT 14 pemeHud B okpecTHocTH Touku (1,0) cie-
nytomue 3agaun Komu:

a)y%—wg—;l:(), z =2y mpu x = 1;
6) y%—mg—Z:O, z=2ymnpuxz=1+y?

220*. meroT nn pemenun B okpecTHocTH Touku (1,1) cre-
nytouue 3agaun Komm 1A ypaBHeHUA

0z 0z
3 _ . 20% 2, .3\ 9% _
(a% = 3ay”) 5 + (32°y y)ay 0
a) z =siny npu a? +y? =2:
6) z =siny npu z =17

221. RakoMy ycClOBHIO [0J#Ha yJOBJIETBOPATH (GYyHKIHA
o(x) € C' nna Toro, uTobbl 3agaya Komu

%—m%—ﬂ z=p(x) npu y=0, —oco<x < 0
yam ay_ 9 _90 p y_ 9 9

uMelia peluieHvue Ha BCell MIOCKOCTH €, y?



OTBETbDI

15. f(z,y) = 0; f.<0 (max), fo,>0 (min). 16. a) y = 2>
+21; 6) @ = 2chy; B) 2y’ = —(1—2) 4y =0 1) fo+f- f =
17. y = e*¥'/% 18, ¢ = 3y%/3. 19. zy’ = 3y. 20. y* + y'2 =
21. 2%y’ — zy = yy'. 22. 2zyy’ — y® = 22°. 23. y'® = dy(xy’ — 29).
24. y' = cos w—°1y_y,2 25. z(z — 2)y" — (2® — 2)y' + 2(z — 1)y =
= 0. 26. (yy" +y"*)* = —y*y". 27. y"y*(Iny — 1) = y"*(xy’ —y).
28. 23y —3a%y" +6xy’ —6y = 0. 29. vy’ = 3¢y"°. 30. (y—22)*(v"*+
1) = 2y +1)% 31. 2y'? = y(2¢y' — 1). 32. (zy' — y)® = 22y(y'® +
+1). 33. 2%y — 2xy’ + 2y = 0. 34. (y"y + y'2 + 1)2 = (y'? +1)3
35. yy' + 22 =0, y® + 222 = 222’2 36. 2 +y? = 2% — 22(y —
—xy'); x+yy = 22 — 2 (y — zy'). 87. dyy' = —=z. 38. ¢y = —2y.
39. (@’ +y)y = —2.40. (x+y)y =y—a; (z—y)y =z +y.
41. (x FyV3)y =y £ V3. 42. 3z Fyv3)y' = y & 32/3. 43. (22F
FyV3)y' = y £ 22v/3. 44. 7'sinf = 7%, 45. 7' = Lrctgh. 46. 7' =
= rctg(0 £45°). 47. (z+2y)y = -3z —y; Bz +2y)y =y — =.
48. y'[2zy £ (2 — y?)] = y® — 2% + 22y. 49. (1 + ¢'?) = —2yy'.
50. yy'® + 2y’ = -1.51. y = C(z + 1)e™™; & = —1. 52. In|z| =
+4/42 + Liz = 0. 53. y(In|z° —1|+C) = 1, y = 0; y[In(1—=2*)+1] = 1.
54.y =2+ Ccosz;y = 2 —3cosz. B5. y = (¢ —C)> y = 0; y =
=(x—2)% y=0.56.y(1—-Cx)=1; y=0; y(1 +2)=1. 57. y*> —
—2 = Ce*. 8. (Ce™ — 1)y = 2. y = 0. 59. e=* = 1 + Ce'.
60. 2 = —1g(C—10"). 61. 2>+t —2t = C. 62. ctg 52 =2+ C; y —
—x=2rk, k=0,%1, ... 63. 2z +y—1=0Ce”. 64. x + 2y +2 =
=Ce¥ x+2y+2=0.65. iz +2y — 1 —2In(/Ax +2y — 1+ 2) =
=z +C. 66. y = arctg(l — 2) + 27. 67. y = 2. 68. a) 2y + 2% = C;
6) y> + 2z = C; B) y> = Ce™"*v* 71, (C +x)y = 20> 72. blny —
—y = 2+ C, 0<y<b. 73. aln(a = /a2 —y2) F /a2 —y2 = = +
+C. 74.y = Caz®. 5. y = Cx?; y* = Cxz. 76. r(1 £ cosyp) = C.
77. KomnuectBo asora (B autpax) x(t) = 20 — 4e™1/2%%; x(t) = 19,8
npu t = 2001n20 = = 600 cex = 10 mun. 78. KonnuectBo comu z(t) =
= 10e~%/2% 2(60) = 10e™® ~ 0,5 k2. 79. O6vem CO: (B #%) z(t) =
= 0,08 + 0,22¢ %1% (t) = 0,1 mpu ¢ = 101n11 =~ 24 mun. 80. Temme-

4
0.
1.
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parypa Tena x(t) = 20+80-271/1% x(t) = 25 npu t = 40 mun. 81. Pas-
HOCTb TeMmTlepaTyp Bofbl U mpenmeta z(t) = 55 - (3/5)%; z(t) = 1 npu
t = Inb5/(Inb — In3) = ~ 8mun. 82 TemmnepaTtypa meramia z(t) =
=a+22 (t — 1_‘2_’”) ; 2(60) = b— 252(1—e~%%). 83. Cropocts (B

mfcex) v(t) = (2/3)HN 1 p(t) = 0,01 npu t = 4 (1g+5 + 1) ~50 cer;

nyTh § = ﬁzlf) M. 84. OcTaBmieecsi KOIMYECTBO BemecTBa x(t) =
= 2(0)273% x(t) = 0,012(0) npu t = 60/ lg 2 ~ 200 aweit. 85. OcTap-
meecn kornyectBo pamua z(t) = x(0)-(1—0.00044)"; x(t) = 1x(0) npu
t = In0,5/1In(1 — 0,00044) =~ 1600 ner. 86. KomnuectBo ypana z(t) =
= 2(0)e™® @ = In2/(4,5-10%) w(t) = 100, £(0) = 100 + 14.238 —
=116,2; t = 4,5-10° - —g% ~ 970 - 10° ner. 87. RomuuecTBo cBe-
Ta, Tpomle/mero yepes cioit B & cat, y(x) = y(0) - 27/3%; y(200) =
= 9(0)27*7 = 0,02 - y(0); norromaercsa 100% — 2% = 98%. 88. Cko-
poctb v(t) = 50tht, nyTte (B merpax) s(t) = 250Ilnchi; s(t) =

= 1000 npu chf =e* ¢ ~ 5(4 +In2) ~ 23 cex. 89. Cropoctsb v(t) =
=./EtgV g(C —t), g =10,k = 0,012, C = _— arctg EU(O) =~ 1,75;
v(t) = 0 npu ¢ = C~1,75 cex; nanbonsman Bricota h = 5 ln(gvz(0)+
+1)~16.3 . (6es comporuBnenun Bosgyxa ¢t = 2cex. h = 20.).
90. Cropocts v(t) = /£ thkgt, nyts s(t) = %ln(:h\/kgt; s(t) =
=h =16,3m npu t = \/kagln(ekh + Ve2kh — 1) =~ 1,87 cer, v(t) =
= /£ (1 —e~2kh) =~ 16.4 m/cex. 91. Bricota yposHusa Bons! h(t); vV H —
- vh = 0,3\/2g£—22t; h(t) = 0 mpu t = Ogjz f—g =~ 1050 cex =

= 17,5 mun. 92. (2R — h(t))*/? = 04571'7‘2\/_g£,, h(t) = 0 npu t =

= G2 5 ~ 1040 cen. 93. VI — /h(D) = ki, k = YE (1- Z5);
h(t) = 0 mpu t = 5(2++/2)~17 mun. 94. H5/2— [R()]?/? = %\/ 2g;
h(t) = 0 mpu t = (4R?/3d*)\/2H/g ~ 27 cex. 95. O6Lem Bombl B
6are B nutpax z(t); t = z—gln q—gﬁ — %\/E, qg=18,a=10"%2%
z(t) = 360 npu t = 260 cex (nna Gaxa Ge3 oTBepcTHA B fAHe | =

= 200 cex). 96. YinnHeHHe HUMKHEro KyCKa IJIMHBI & paBHO y(x) =

_ kP2? _ kPl
5i—» a Bcero maypa — y(I) = “5=. 97. Ha BricoTe h xm naBnenue

p(h) = e """ (xI'/cm®). 98. Cuna HaTAMEHUA KaHATa HA PACCTOAHMU
¢ (B panuaHHOI Mepe) IO [yre OT Ha4dalbHOW TOYKM paBHa f(p) =

= f(0)e¥/3; f(6m) = 10e>™ ~ 5000 xI'. 99. KonuuecTBo ocTaBielics
Bogel m(t) = mo — v(g1 — qo) (1 fe_%t) , k — road¢duuuent npo-
nopuuonansHoctu. 100. Ilocae cropanus Maccsl T TOILIMBA CKOPOCTh
paketsl v(z) = cln 25 v(M —m) = cln . 101. z + y = Ca?;
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x = 0. 102. In(z® +y?) = C — 2arctg(y/z). 103. z(y — ) = Cy; y = 0.
104. ¢ = +yvVInCx; y = 0. 105. y = Ce¥/*. 106. y> — 2® = Cy;
y = 0. 107. sinZ = Cz. 108. y = —zInlnCz. 109. ln%ﬂ = Cuz.
110. nCzx = ctg(} n ¥): y = we®* k= 0. £1, +2, ... 111. 2,/3y =
=zInCx; y = 0; = 0. 112. arcsin? = InCx - sgnz; y = +=.
113. (y— 22 =Cly—z— 1) y =+ 1. 114. 2z +y — 1 =
=Ce? 115, (y—x+2)2 +22x = C. 116. (y —z +5)°(z + 2y —
-2)=0C. 117 (y+2) =Clz+y—1y=1—2.118. y+2 =
= Ce >™8i=3. 119, In Ltz _1+T+y 120. sin 22 = C(z +1).
121. 2?2 = (:1: —9)InCx; y = 2. 122. 2 = —y*InCx; y = 0.
123. 2%y*InC2®> = 1; y = 0; z = 0. 124. yle VW = C; y = 0
z=0.125. (2,/y —z)InC (2/y — z) = a2 2\/__;1; 126. 1 —zy =

Ca:3(2 + zy); zy = —2. 127. 2\/(1/a:y2)— —InCz; y = 0
zy® = 1. 128. arcsml—%l InCz®; |2°| = 9. 129. 2’y InCy = 1; y =
—0.130. 8) y? = Cla+y)i y = —; 6) (y +2)2(y — 20)* = Cly —2)%
y=um181. y = C(z* +y?). 132. 2 + y*> = Cx. 133. Iipu % —1=1
136. y = Cz? +2*. 187. y = 22 + 1)(C + In|2z + 1|) + 1. 138. y =
=sinz + Ccosz. 139. y =e”(In|z|+ C); © = 0. 140. zy = C — In|z|.
141. y = 2(C +sinz). 142. y = Ce™"— 22 — 1. 143. y=Cln’z—Inz.
144. xy = (2®* + C)e " 145. = y*> + Cy;y = 0. 146. © = e¥ +
+Ce ¥ 147. x = (C — cosy)siny. 148. ¢ = 2lny —y + 1 + Cy>.
149. z = Cy® + 4%y =0.150. (y — 1)’z =y —InCy;y = 0;y = 1.
151. y(e® + Ce'“) =1; y= 0. 152. y(:l: +1)(In|z + 1| + C) =1; y =
=0.153. y=2 = Ccos®x — 3sinzcos®x; y = 0. 154. ¢y = Cx® —
— 322 155. 2 = Cx® — 22; = = 0. 156. y—xlnCw,y—O.
157. y=2 = :1:4(2@ +C);y =0. 1568, ¢ = 2> — 1+ Cy/[22 —1].
159. 2?(C — cosy) = y; y = 0. 160. zy(C — In’y) = 1. 161. z* =
= Ce®™ + 2y. 162. y*> = C(z +1)? — 2(z + 1). 163. e™¥ = Cz? + .
164. cosy = (2 — 1) InC(z? — 1). 165. y = 2e” — 1. 166. y = —2e".
167.y =2+ ;5—; 9y = 2. 168.y:§+0z+,3+m;y:§. 169. y =
=z+ 5 y==a 170.y:w+2+%; y=x+2.171. y =" —
- ,H%C; y =e”. 172. 3z = C\/m— y% y = 0. 173. zy = Cx® + 24°.
174. zy = a® + Cy®. 175. Uepes 20 mun; 3,68 xI'. 176. Yepes 62 aus.
177. y =11 + C(y2 — y1)- 178 y =tgx —secz. 179. b/a 180. b/a.

181. x(t) _fes f(s)ds _fe f(z+1)dz. 182. y(z) = wfe” s

—00 — 00 “+oo

o .
— — 1 mpu & — +oc. 183. y(z) = fe_s_s‘ns'cos(s”m)sin(a: + s)ds.
0

186. 32%y —y® = C. 187. 2% — 323> + y* = C. 188. ze ¥ —y? = C.
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189. dynz+y' = C. 190. s+ %5 + 2 = C. 191. 2%+ 2 (2* —y)*/ = C.
192. z—y?cos’z = C. 193. 23+ 2 Iny —y? = C. 194. 2 +1 = 2(C —
—2x)siny. 195. 22+ In(z? +y?) = C. 196. a:+arctg% =C.197. zy+
+C = /1+y2 198. 22°y® — 32> = C. 199. y* = 2°(C — 2y); = = 0.
200. (z* — C)y = 2z. 201. 2°> + Iny = Cz®; & = 0. 202. ysinzy = C.
203. 2 +ay+Injy| = C; y = 0. 204. —z + 1 = ay (arctgy + C);
=0;y=0.205. x+2Infz|+ 2y’ — £ = C; 2 = 0. 206. sin ¥ =
= Ce™’. 207. Injy| — ye™* = C; y = 0. 208. (25 + 1) =2+ C;
y=0.209. 2% InCxy = —1; z = 0; y = 0. 210. 2> + y? = y + Cux;
z=0.211. 2’y + In|z/y| = C; = = 0; y = 0. 212. 2zy* + (1/zy) =
=Cyz=0y=0 213 ln’%ﬁ‘ + ) = Oy =0y = —a.
214. sin’ y = Cz — z%; & = 0. 215. y = C Inz?y. 216. siny = —(a® +
+1)InC(2*+1). 217. 2y(C —2®> —y?) = —1; 2 = 0; y = 0. 218. y*> =
= Cz2%"v’. 219. /14 (y?2/22) + In (y/a: +41+ (yz/mz)) = C:
z = 0.220. 2® — 4y = Cyyzy; = = 0; y = 0. 221. a) yo = 0,
y1 =a/2, y2 = (2°/2) — (£°/20). 6) yo = 1, y1 = a®, y2 = 1 + 2° —
—z+ (" —1)/T.8) yo =1, y1 = 1+ 2z, yo = 2(e* + 1) + = + 2°.
r)yo=2m, y1 =7+, y2 = 27 +x + xcosz — sinx. 222. a) yo = 1,
20=0y =2 i =x—1;y2 = 2% + (x — 1)?/2, 2o = (z* — 1)/3.
6)zo=1,y0=2; 21 =142, y1 =2+1t; z2 = 1+2t+(t2/2), y2 =2+
Ft+22 4+ (4/3)3.B) yo =1, y1 = 1,92 = 1+ 2% 1) 2o = 2, 21 = 3— 1,
x2 =5 — 4t + 15 223. a) —0,5<x<0,5. 6) 0,87<x<1,13. B) 0,8<t<1,2.
m2 :):5 :):8 mll 5
r) —01<t<0.1 224, y3 = & — L0 4 ZL 2|y — 45]<0.00003.
225. a) Bes minockocts. 6) y#2x. B) x#2, y>0. 1) y#% + 7wk, k =

=0, 1, £2, ... n) >0, y#z. e) 270, |y|>|z|. 226. IIpn 0<a<1
B Toukax ocu Oz. 228. a) xo U Y, MO6LIe, yo#£5 + 7wk, k = 0, £1,
+2, ... 6) lﬂ(ﬁé -1, ZIO>0, y(,) ao6oe. B) w07éy03 $0y0>0, Zlﬁ?éO, Z/ﬁ'

moboe. T) To#Yo, Y070, yo Moboe. 1) to U yo A06bIe, ToF0. €) to> —
— 1, £o#0, yoFto. 229. a) Her. 6) la. 230. a) Her. 6) Her. B) [a.
231. B ciyyae n = 1 HeT pelleHMil, IpU n = 2 OIHO pelleHue, IPU N =
= 3 GeckoHeYHO MHOro pemieHuii. 232. B ciyyae n = 1 HeT peleHuii,
ecan tga#f(xo, Yo), 1 onHo pemenue, eciu tga = f(zo, yo); B ciy-
yae n = 2 OJHO pellleHUe, a IpU n > J 6eckoHeYHO MHoro. 233. n>5.
234. n>4. 286. a) 3. 6) 2. B) 4. 1) 4. n) 3. e) 1. 287. a) 0<a<l.
6) a<i.B) 1<a<3. 1) —1<a<0. 241. y = Ce*™. 242. y* = (z + )%
y=0.243. y+2z = (+C)% y = —x. 244. (x +C)? +4% = 1;
y=+1.245. y(z + C)>* =15 y = 0. 246. y[1 + (z — C)?] = 1; y = 0;
y=1247. (y —x)? = 2C(z +y) — C% y = 0. 248. (z — 1)*/3 +
+y*3 =C. 249. 4y = (z + O)%; y = Ce® 250. y*(1 —y) = (z + )%
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y=1.251.y = Ce®; y = Ce™™ + 2 — 1. 252. 2’y = C; y = Cx.
253. 22 + C? = 20y; y = +x. 254. (x +C)?> = 4Cy; y = 0: y = =.
255.1n[1+2y2y —z| =2 (z+C £ 2y —=); 8y = 4w+1. 256. (z+
+2)Y3 10 =4e7Y/3.257. y = 222+ C; y = —x? +C. 258. y = Cz 3+
+2,/2/7. 259. InCy = x+2e*/% y = 0. 260. InCy = z+sinz; y = 0.
261. arctgu + 1 In|(u — 1)/(u + 1)| = £z + C, rme u = /1 — (1/y?);
y=0;y==£1.262. 2>+ (Cy+1)  =1; y = 0. 263. (Cx+1)> = 1—y?;
y = +1. 264. 2(x — C)? +2y? = C?%; y = +a. 265. y = Cet®— 22,
266. y> = C%x — C; dxy® = —1. 267. . = p°> + p, 4y = 3p* + 2p* + C.
268. = = pf—fl, y = =7 —Infp” — 1| + C. 269. z=p/p2+1,3y=
= (2p°—1)y/p? + 14+C. 270. z = Inp+(1/p),y = p—Inp+C. 271. x =
= 3p?+2p+C, y = 2p°+p*; y = 0. 272. x = 2arctg p+C, y = In(14+p?);

y=0.273. 2 =Inlp|+ 3In \/_“ij'_:_i +3Vp+1+C,y=p*+(p+

+1)¥% y=41.27T4. 2 =e? + C,y = (p—1)e?; y = —1. 275. = =
= :|:(2 p2—1+arcsinF}|) + C,y = £py/p?2—1: y=0. 276. z =

::I:(ln|:_\/—"i:’; +3/T-p)+C, y=+ tpyT—p;y =0.277. z =

=42/1+p2—In(/p>2+1+1)+C, y = —pt +p/p2+1; y=0.
278.4y=C"-2(z—0)% 2y =2".279. s = -2+ C, by = C? — #;
@? = 4y. 280. +ap/2InCp = 1, y = :F(\/2ln—0p— _ﬁ).
281. pxy = y? +p°, ¥2(2p + C) = p*; y = 0. 282. y? = 2Cz — CInC;
2z = 1+ 2In|y|. 288. Cz = InCy; y = ex. 284. zp® = C/|p| - 1,
y =xp— x’p> y = 0. 285. 2p’x = C — C*p?. py = C; 322> = —27y*;
y = 0. 286. y> = 2C%x 4 C?; 272%y* = 1. 287. y = Cx — C?; 4y = 2.
288. x/p=lnp+C,y = /p(4—Inp—C);y =0.289. x = 3p°+Cp~2,
y=2p° +2Cp™; y=10.290. y = Cx — C — 2. 291. C* = 3(Cx — v);
9y® =423.292. 2 = C(p—1)"242p+1,y = Cp’(p—1)"2+p* y = 0;
y=2—2.293. y=Czx —InC; y = lnz + 1. 294. y = +2/Cx + C;
y = —x. 295. 2C%(y — Cx) = 1; 8y = 272>, 296. xp> = p+C, y =
=2+4+2Cp~ ' —Inp. 297. a) 4y = 2*:6) y = 0, y = —4a; B) y = 0,
27y = 4x>; 1) y = 4x. 298. zy = +a? 299. 2> +y* = 1. 300. z = p (p°+
+2)/(/PP+ 1)y =/ (VPP +1)° ua=p/(\/P2+1)% y = (20" +
+1)/(+/p2+1)2 301. y = x(Ce™™ —1). 302. (Cz + 1)y = Cx — 1;
y = 1. 303. y(2> — C) = z; y = 0. 304. 2(C —y) = C% = = 4y.
305. y(x +C) =z +1; y = 0. 306. z = Cy +y> y = 0. 307. y = C;
y=C=xe® 308. ylnCx = —x; y = 0. 309. y°> = C(z® — 1); =z =
=41.310. 2y = 2C(z— 1) +C?% 2y = —(z—1)%. 311. z = Cy +In’ y.
312,y = Oz’ 3/".313. (x—C)*+y* = C; 4(y° —=) = 1. 314. 42’y =
= (z4+2C)%; y = 0. 315. ¢ = Ce? +y>+2y+2. 316. 3y = 3C(z—2)+C>;
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9y%> =4(2—2)%. 817. y> = C(zy—1); zy = 1. 318. 4(z—C)*= 27(y —
—0)3%y=2—-1819. z +y = tg(y — C). 320. 2>y + Tz = C.
321. y(zy — 1) = Cx. 322. —e ¥ = InC(z — 2). 323. z = y*(C —
—2Inly|); y = 0. 324. 3zy = C + 422, 825. y3(Ce®” +1) = 1;
y = 0. 326. y*> = 2z InCy; y = 0. 327. In(z? + y?) + arctg(y/z) = C.
328. (z — 1)%y = = — In|z| + C. 329. C%a® + 2y® = 2C; 22%y® = 1.
330. y(C/]z2 — 1]—-2) = 1; y = 0. 331. y*(Ce®™+z+0,5) = 1; y = 0.
332.y°—1 = C(a+1)% (4> +1); 2 = —1. 333. ysina— 2 + % = C.
334. 2 =3p° +p 'y = 2p® —In|p| + C. 335. 3y® = 2sinzx + C'sin~x.
336. z(e¥ +zy) =C. 337. 2(p— 1)’ =InCp —p, y = ap® + p; y = 0;
y=x+1 338. (x+ 1)y = 2> + xInCx. 339. y*> + /z* +y* = C.
340. pr =C\/p—1,y=lnp—-C\/p+1. 341. y = xtglnCx; x = 0.
342. y?/3 = Ce® +(x/3) +(1/6); y = 0. 343. x = Ce*™Y —2(1+siny).
344. Cy = C%" 4+ 1; y = +2/2. 345. y% = (2? + C)e®®. 346. y =
=Cx— YC3—1;9* = (2*? £ 1)% 347. 2(y*> - 1)> = ¢y - 3y + C;
y==+1.348. Jy—2z—Vz=C; y==. 349. ¢ /y =sinzc + C; y = 0.
350. 2 = 4p°—InCp,y = 3p*—p;y = 0.351. y*+222InCy = 0; y = 0.
352. 4o +y — 3 =2tg(2z + C). 353. xycosz — y? = C. 354. 4Cxy =
=(C?%z*—1. 355. zy(In® 24+ C) = 1. 8356. 2,/y — 22 = zInCx; y = z°.
357. (y2/2) — (1/z) —xy = C; = = 0. 8358. = = Cy® — y>(y + 1)e™Y;
y = 0. 359. y(lny —Inz —1) = C. 360. = 2p —Inp, y = p>— p +
+ C. 361. 22° — 2%y’ + y*+ & = C. 362. (y — 4z + 2)*(2y + 2z —
—1) = C. 363. y* = (C — 2®)sin® 2. 364. p’xz = psinp + cosp + C,
py = psinp + 2cosp + 2C; y = 0. 365. 2%y?> — 1 = zyInCy?; y = 0.

866. y = Ccosz + sinz. 367. |z| = ln(% +4/1+ 35) +C;z=0.
368. (y—x)2=2C(x+y)—C?% y*/*—a¥3= C; y = 0. 369. 27(y—2z)* =
= (C —22)% y = 2. 370. sin(y/z) = — InCz. 371. z° (\/1 + xty?+
+a:2y) =C.372.3 5 =’ 14+C Y[ — 1y =0.378.2 = G—p—
-3y=0C (% - 1) —%2; y=2x+2;y =0.374. (2z+3y—7)> = Ce"+?%,
375. (> +y +InCy)y = «; y = 0. 376. = = 2,/p2+1 — In(1 +
+/pP?+ 1) +InCp,y=p/p>+1;y=0.377. y* =Cln’z + 2Inz.
378. & = Cue, 4y = C?e®™ (2u® 4+ 2u+1); 2% = 2y. 379. 2y’ InCxy =
=1;2 =0;y = 0. 380. 2 sin’ y = 2sin® y+C. 381. l—zy = (Cz—1)%;
zy =1; y = 0. 382. ze¥ =e” + C. 383. sin(y — 2x) — 2cos(y — 2z) =
= Ce®t?. 384.y = (224+C)v22 + 1—2°—Cxz—2. 385. (y+2°)2(2y—
—2%) =C. 386. (z —1)? = y*(22 — 2InCx); y = 0. 387. x = p[In(1 +

+4/p*+1) —InCp), 2y = xp — /p?+ 132y = —1. 388. (y + 3z +
+7)(y—x—1)>=C. 389.siny = Ce ™" +x—1.390. y = C*(z — C)%;
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16y = 2*. 891. 4> = z — (¢ + 1)lnC(z + 1). 392. ¢! = z’InCxz.
393. (y — 2m\/y —.L2)(2\/y—m2+m) C. 394. zy> =Inz®> — InCy:
z=0; y = 0. 395. z(y> +w2)3= +4w2y3+2wy+0w z = 0.
396. (u— 1)lnCm6(u 1)° (u+2) —3 rae u® = (y? /:1: )—2; y? = 322,

397. /y= (2 —1)(2In|z® — 1| + C); y = 0. 398. 2° — (z — 1) In(y +
+1)—y=0C.399. tgy = 2> +Cx; y = 2k+1)7/2, k =0, £1, £2, ...
400. 4> = C2?>+C%. 401. 2® = Ce¥ —y—2.402. y+1 =z InC(y+1);
y = —1.408. y*> = 20%*(z—C); 82> = 27y>. 404. 2% = y*(C—y Iny+y);
y = 0. 405. lnC(u—v)s(u2 +uv + %)2= 2arctg(1+2u/v), roe u® = y,
v? =m; y? = 2. 406. (y — 1) = 2% + Cx. 407. (2> +9°)(Cz +1) = z.
408. 3z +y°— 1 = tg(3z + C). 409. (C — z2)/y% + 1 = 2z. 410. (a>+
+y*+1)? = 42>+ C. 411. zy—=z = y(y—=) In|Cy/(y—=)|; = 0; y = 0;
y=x. 412, y = txch(z + C); y = £x. 418. /y2 + 1 = z(Ce” — 1).
414. (y — ac)lnCaH_1 = 2; y = z. 415. (Cem2+ 22% + 2)cosy = 1.
416. (- C2®> +1)> =4(1-C)y*; y = 2. 417. y* +2y—1 = Ce="/2,
418. 62°y* +22%y° +32%y" = C. 419. 2+ L +y°—2y+2 =Ce ¥; 2 = 0.
420. e¥(C?22+1) = 2C; 2° = e~ 2. 421. C12—Ciy = In|C1z+1|+Co;
2y = x> + C; y = C. 422. 9C; (y — C2)? = 4(C1z + 1)%; y = 2 + C.
423. C1y’ -1 = (Cw;+02)2 424. 4 = C1(x+C2)% y =C. 425. y =
= C1tg(Ci1z + Cs); ln| e | =2C1z+Cyy=(C—2)=1;y=C.
426. C1y = sin(C12+C3): C1y = £sh(Crz+Cs); y = Ctx. 427. y =
= Ci(z—e ")+C3. 428. y = C5— (2z+C1) n C2 (z+C1); y = C1z+Cs.
429. y+Ciln|y| = 2+ Ca;y = C. 430. 2y = C; cos 2z +(142C1)z* +
+Cox+C3. 481. y = Ci[1+ch(z+C,)]; y = Cet®. 482. z = C1p+3p?,
y=12p° 4+ 3Cip* + CIE + Cs; y = C. 433. y = C1 % — Clu + Cs;
y=(2%/12) + C. 434. ¢¥ + C1 = (z + C2)*. 435. y = C1(z + 2)e™ " +
+Cox+C3. 436. y= :|:Ch(.’l7+01)+02. 437. Y sin2(01w+02) = 2012,
e¥ sh?(Cra+Cs) = 2C3; ¥ (24C)% = 2. 438.y = C1 & —C3 2+ Cou+
+Csy = :;‘:T85m3\/25+01$+02. 439. 3C1y = ($—Cl)3+02; y = C;
y = C — 2z> 440. ln|y2+ Ci1t/y*+ 2C1y%2 + 1| =2z +Cq; y = £1.
441. z = 3C1p°+In Cap, y = 2C1p°+p; y = C. 442. © = C1eP—2p — 2,
y = Ci(p — 1)e? — p® + Co. 443. 12(C1y — z) = Ci(z + C2)*+ Cs.
444, y = 224+ C1 + Cz(w\/wz -1 —ln|w+ V2 — 1|) sy = 2?2+ C1 +
+ Cafev/1— 2% + arcsinz). 445. Iny = C1tg(Ciz + C2); In|(Iny —
—C1)/(Iny+C1)| =2C12+C2 (C—2)lny=1;y=C. 446. x = u —
—In|14u|+ Cs, rie u = +/1 + 4C1y; y = C; y = Ce™". 447. Cly =
= (C?z? 4+ 1) arctg C1z — C1z 4 Co; 2y = kwa®+C, k =0, £1, £2, ...
448. = In|p|+2C1p—Ca, y = p+C1p°+Cs; y = Cr1x+C>. 449. Ciy+
+1 = +ch(Ciz + C2); Ciy — 1 = sin(Ciz + C2); 2y = (z + O)%;




OmeemuL 159

y = 0. 450. y = C> — ln|cos( + Cl) . 451. 6y = 2° In|z| + C12®+

+ Caz’+ Czz + Cy. 452. y = :I:f%dt + cosx + Ciz + C2. 458. y =
0

= Cl[w fetdt — L(e”"~ 1)] + Cozx 4+ C;. 454. y = f < dt — =fle
+Ciz%In |.7;|+Cg.7; +Csx+Cy. 455. Cay®> —C1 = C3 (.’IJ+C3) y=0C.
456. C1y = In|Ciz + C2| +Cs; y = Ci1x+ Cs. 457. C1y — 1 = Czeclm
y=C—=z;y =0.458. y = C12> +Cox+Cs; y = £/Cix + Co+Csz+
+C1. 459. y? = 22 +C12+C. 460. y = e* /2 (01 fe=="/2ds + Cz) -
461. y = C1tg(C1InCsx); y — C1 = Ca2(y + Cl)|.7;|2cl; ylnCzx = —1.

462. 21n|y;gl | = C12® + Os; y = 4C1tg(Cra? + Ca); y(C — z2) =

=4,y = C. 463. y = Czecm% 464. Ciz + 42%? = nCaoy; y =
= 0. 465. y = Cao(z + V22 + 1) 466. y* = C12° + C2. 467. y =

1/C
= Chze=C1/%, 468. y = Cy|z|C1~ /D12l 469, 4 = O, !

:1:+C] 5

y = C; y = Ce V% 470. |y|C1+1 = Cz(w— C—1)|a: + C1|CI: Yy =

= C. 471. y = C2x(InCiz)? y = Cz. 472. In|y| = In|z® — 2z +
+C1| + [ + O y = C. 478. 4C1y” = 4z + 2(C1 In Ca2)
474. y = —xIn(C2 InCiz); y = Cx. 475. £ = Cs — 3ln|i — Cl|; y=
= Cz. 476. 2%y = C1 tg(C1In Coz), Ca(z®y + C1)|z|*“t = 2’y — C1;
22ylnCx = —1. 477. 4(C1y —1) = C? In*Cyx. 478. Cy = >/ (Ca2"+
+2);y = Ca¥?: y = —22%? InCx. 479. 2C22%y = (Cax — C1)? — 1;
zy = +1. 480. 201 Cay = C2 |z + ||~ 1. 501. (3 —x)y® = 8(z +
+2). 502. y(z + 2) = —z — 6. 503. (1 — Inz)?y = 2% 504. y =

= 3th?2Y2 _ 2. 505. Intg (£ + ) = 2z + 2. 506. a) 4(Cry — 1) =
=C? (:1:+Cz ;6) y+/(C1/y) — 1+C4 arccos Vy/CL=Cotx.507.y =
=C2 —klncos (k+ +Cl) 508. y = ZT.’I} + Cix + C2; p — Harpyska
Ha eIMHUILY [IMHbI FOPU3OHTANbHON NpoeKIuK, T’ — ropusoHTalbLHAA
cocTaBlAOman CUilbl HaTAMeHuda HUTH. 509. ay = ch(az + C1) + Cy;
a = q/T, ¢ — Bec eguHMIBI NIUHBI HUTH, T — CM. OTBET K 3ajade
508. 511. y = C1e®+ Coe 2%, 512. y = C1e ™+ Cae3%. 513. y = C1+
+ C2e?% 514. y = C1e®® + C2e"/2. 515. y = e®*(Cy cosz + Casin).
516. y = e *(C1cos3x + Czsindz). 517. y = C1cos 2z + C; sin 2.
518. y = C1e*™ e %(Cs cos v/3+Cssin £/3). 519. y = Cre®+Cae %+
+ C3cosx+ Cysinz. 520. y = e®(Crcosz + Casinz) +e~*(Cs cosz +
+Cysing). 521. y = ez‘/g(ClcOS 2+ Czsinz) + Cs cos 22 + Cy sin 2 +
+ e_z‘/g(C% cosz + Cegsinz). 522. y = e*(C1 + Cax). 523. y =
= e_mlz(Cl + 02117) 524. Yy = C1 + Cox + 031172 + e3z(C4 + 05117)
525. y = C1 + C2e® + C3e™® + 0> + Cse 3%, 526. y = (C1 +
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+ Caz)cosz + (Cs + Cuz)sinz. 527. y = e*(Cy1 + Cox + ngz).
528. y = e®(C1 + Caz) + Cse™®. 529. y = C1e®+ Cre™® + Cze*® +
+ Cse~ %" 530. y = Ci1 + (C2 + Csz)cos2z + (Cy + Csz)sin2zx.
531. y = e“(C1 + Caz) + Cse ?*. 532. y = Cicosz + Casinz +
+C5cos £v/3+Casinzy/3. 538. y = Cre “+C2e>* +(1/5)e*. 534. y =
= Cicosz + Cosinz + (22 — 2)e”. 535. y = C1e” + Cre™" + ze” +
+2® + 2. 536. y = (§ — %)e‘” + C1e7%" + Cse® B37. y = Cre” +
+ C2e*®40,1sinz + 0,3cosz. 538. y = Cicosx + Casinz — 2z cos .
539. y = Cre®+ C2e*® — (227 — 2z + 3)e?® 540. y = C1e® + C2e™ +
+ (0,1 — 0,12) cos x — (0,3x + 0,34) sin z. 541. y = C1e” + Cae™** —
—fZe* (24 L)e " 542.y = (—3 - % + 3““—2)e””+ +C1e® +Cae™ 3,
543. y = e?® (C1cos 2z + Casin2x) 40, 2562”’ + 0,1 cos 2z + 0,05 sin 2.
544. y = 0>+ Coe >+ e**(Lsinw — g-cosa) 545. y = (C1+ Cax +
+ ws)e . 546. y = (Cl — T)COSIIZ + (Cz + %) sinz. 547. y = (C1 +
+Cam)e *+(& — 55)e’ 548. y = C1+C2e**—0,22°—0.122°—0,048z +
+0,02(cos bz —sin bz). 575. y = e”(z In|z|+ Crz+Cs). 576. y = (e~ "+

€ %) In(e+1)+Cre “+Cae 2% 577. y = (C1+In|sinz|) sinz+(Cz —
—x)cosz. 578. y =sin2zIn| cos z| — z cos 2z + C1 sin 2z + C cos 2z.
579. y=¢ " (i(w +1)52 4+ C + Cza:) 580. y = Cicosz + Cosing —

—cos?e 5RY.y=—L+Cre”+Cre . 582.y = (T—3z)e” 2. 588.y =

CZOf:gsa:f{)smx—l—Ze 584. y = e® ! — 2% 4e— 1. 585. y =
= e ®(z —sinz). 586. y = 2+ e °. B8T. y = (z — 1)(* — e ®).
588. y =x —xsinx —2cosz. 589. y = Cr2%+ Co2® 590. y= Cua®+
+C2x7 L 591, y = £(C1+C> In|z| +C3 In?|z|). 592. y = C1+Caln|z|+
+ Cs2® 593. y = x(C1 + Coln|z|) + 223 594. y = Cicos(2In|z|) +
+ Casin(2In|z|) +22. 595. y = Cra*+ %(Cz — %lnx —1n? :1:) 596. y =
= 2?(C1 cosln|z|+ Ca sinln |z|+3). 597. y = C123+ Cox™ 2+ 2° In|z| —
—22%.598. y = C1z? +Cax™ ' 40,1 coslnz—0,3sinlnz. 599. y = (x—
~2)%(C1+Celn |z —2|) +x — 1.5. 600. y = Ca(w + 2) +Ca|a + 27/ *+
+Cs |:1: + 3 |1/2 601. y = (01 + Cox + £ )e_“+ Le7 602.y = —e3m
— Ltegw +(ﬁ + Ciz + Cz)e . 603. y = C1e71F7 4 [Ch + (1 — 1)a]x
xell=Dz _ o(1+d)z g4, y = (2:1:2 + Ciz + Cz)e_i”’ — e® 605. y =
= Cle(‘/_+i)‘”+ Ce e(i_‘/_)“+ (Cs — ) e + Lo 606. y = & +

+[C2 — In(—2) + ; In*(—=)] 2°. 607 y=(C1+Coz+zxn|z|)e” —o
+ 2= 1 ““ 608. y = [ +(Cl )cosZ:l:—i—(Cz-i- +—ln|cos:1:|)
Xsm2:1:]e *.609.y == ln@ -5+1- —ln02(:1:+1) 610. y =
=z[C1+ (Cz + In|Inz|) Inx] + ”’l;”. 611. y = Cicosz + Casinz +
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+ [sin(z — s) f(s) ds. 612. [ f(s)cossds u [ f(s)sinsds orpaHnyeHs
0 0

0
npu z— + oc. 613. y"" — 3y" + 3y’ —y = 0. 614. " — 4y’ + 5y =
=0.615. g™V + 2y +y = 0. 616. y"V — 4y"" + 14y" — 20y’ + 25y =
=0.617. ¢y —y" —y' +y = 0. 618. "V + 4" = 0. 619. ¢ = 0,
b>0. 620. a>0, b>0. 621. b<0 wmm >0, a>0. 622. b>0, a< — 2v/b.
623. a’<4b. 624. a>2, b>a—1. 625. a = 2vb. 626. vt tkiw=k =
— 0. 627. © = (b—w?) sinwt— awcoswt. aMILIATy A A= 1

(b—w2)2faZa? m;
2
max A gocruraerca mpu w? =b — %-. 628, x = m 629. z(t) =
t
AL (t—58) _gA2a(t—s) A1z _
:_{o i, G )ds—{ v e )\2 Zf(t — 2)dz; |x(t)] <

630. 27,/7. 631. B ciyuae h2>4km x = %?y—(e(_‘”'”t —elmammt)
a= 2’:’1, v = 7W. B ciyuae h2<4km = = %Qe_at sin Bt, a = %,
\/4km h2 . 632. .’L‘(t) _ b(k—mw?)sin wt—bhw cos wt . 633. A — kB

2 (k "Lw2)2+h2 2 k—mw?2"

634. v = 4 — 2cost. 635. 1 = % (1— o £'). 636, [ = Lo '/7C.

637. 1 = ;L e /P9 638. 1 = _Le "/ sinwt, CR’<4L, w =
_ VacL-r2c? C .

Y= 639. I—Asm(wt—go),A:\/ﬁ, gozarctg%

_1

640. I = Asin(wt — ), A = —Y o = a.rctngT"’C;

R2+(wL- %)%’
max A = % npu w? = % 641. Het. 642. [la. 643. Het. 644. Her.
645. Jla. 646. HeTt. 647. [la. 648. Het. 649. Het. 650. /la. 651. HerT.
652. Jla. 653. lla. 654. Jla. 655. HeT. 656. HeT. 657. /la. 658. HerT.
659. Jla. 660. Het. 661. [la. 662. Het. 663. a) Het. 6) Her. 664. Jlu-
HeliHO He3aBUCUMBIL. 665. MoryT 6bITh IMHeiTHO 3aBUCUMBI UM He3aBU-
cumbl. 666. a) W=0; 6) Huuero Henb3s ckasaTb. 667. JluHeiiHo Heza-
BHCHMBI. YpaBHEeHUE He yIOBIeTBOPHET yClI0BUAM Teopembl. 669. IIBa.
670. a) —1<z<00. 6) 3m<w<3w. 671. a) Moryr npu n>2. 6) MoryT
npu n>3. 672. n>4. 673. n>2. 674. y"' — y'ctgx = 0. 675. (z —
—1y" —xy +y = 0. 676. " —y" = 0. 677. (22° + 6z — 9)y” -
— (4 +6)y’ +4y = 0. 678. ¢y —y = 0. 679. (x> — 2+ 2)y"" —2%y" +
+ 22y’ — 2y = 0. 680. zy" 3:1:y +3y =0. 681. y = Crz + Coe™ 2,
682.y =C1 (1+%)+C’2(2 — 2|z +1]). 683. y = e”(Cra’+
+ C3). 684. zy = C1e™" + Cze 685. y = Citgz + Cz(l + ztgx).
686.y = Ci1(1+zIn|z|) + Coz. 687.y = C1(e” — 1)+ ew+1 688. y =
= C12+C2(lnz+1). 689. y = C1sinz+C> (2 —sinzXx Xln i"'::ﬂz) .
690. y = Ci(z — 3) + 2. 691. y = C1e** + C2(3x + 1)e ™. 692. y =

= (C1 + Czw)e_”’z. 693. y = C1(2z + 1) + Cqe?*. 694. y = Ci(xz +
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1) + Coz™ " 695. y = Ci(z + 2) + Ca22> 696. y = Ci(z*>+ 2) +
+ Cox®, 697. y = Ci(2®+ 1) + Gz + (2 + 1) arctgz]. 698. y =
= Cl\/m + Cz(lt — 2) 699. y = Ciz + Cae” + Cze™ ™ 700. Yy =
= Ciz + Cox~ ' + Ca(xz In|z| +1). 701. y = Ciz + C2e™ + Cs(x? — 1).
702. y = Co(z+2)+ 2+ + YIn|z|+5. 708. y = C1(2z—1)+Cre ™"+
+"’—2;i. 704. y = —1—+—2—+:1: 705. y—Cl(a: +1) 4 Coz™! + 22.
706. 2" + 2 = 0. 707 z"—z—(] 708. 2’ = 0. 709. 2?2" — 22 = 0.
710. 42%2" + (42® + 1)z = 0. 711. ytt—y = 0. 712. ytt+y = 0.
713. (1 — Dyyy, — 2y = 0. 714. yi, + ty = 0. 715. 8yi; + t’y =
=0.716. y =1+ Cy(z — 1) + C2(2®— 1). 717. [ p(z) dz— + oo npu
x— + 00. 719. Ha npamsbix y = 0 u & = x;, rae g(x;) = 0. 720. a) Her.
6) Ha. B) Her. r) Her. 726. w//m; [(b — a)v/m/n] Hyneli unu ua
onuH Goabiue (KBajfpaTHble CKOOKU 03HAYAIOT LEIYI0 4acTh 4HCIA).
727.0,33<d<0,5. 728. 15,7<d<32. 729. 0,49<d<1. 730. 0,15<d<1,2.
737. ufy + (£1 + P3Pl )u =0, f_fm, y = Pu.

B Tex u3 orBetoB 738—750, rje pelleHue y» He YKa3aHO, OHO
nojryyaeTcA U3 yi 3aMeHoH cos Ha sin.

738. y1 = lcosi + O(l/a:4) 739. yi. — a Y2et/2(1 4
+0(z7?%)). 740. y; = ﬁcos 5 +O(a:_5/2). 741. y1 = e %2 cose® +
+ 0(e™%*/?). 142, y1,2 = a*e®>V7(1 + O(z~?)). 743. y1.o =
= w_1/4ei§w3/2‘(1 + 0(:5‘3/2)). 744. y1 = 273/ cos 2./x + 0(:5‘5/4).
745. y1 = 6(1_1)2/2[(2:13)_1/4(108‘2—@38m+O(:l'_7/4)]. 746. y1 =

= leosZ +0( 12). TAT. y1,2 = m(li‘@/?a + O(z72)). 748. y; =
=iz [cos( In?z— —lnlnw) + Ol )] 749. y1,2 = [1:|:ﬁ+

0] S 750, 1 = '/ (1+ ) cos (2va+ )+
+ O(x7%*). 751. y = (shz/shl) — 2z. 752. y = z + € “— &L
753. y = ¥ — 2. 754. y = 1 — sinz — cosz. 755. Pemenuii Het.
756. y = 2& — w + wcosz + Csinz, C — npousBoanoe. 757. y =
= 2% 758.y = e — 1. 759. y = —"179% 760. y = 2a°.
761. y = 3% 762. y = —z73. 763. a = (2n — 1)?x%, n = 1,
2,3, ... 764. G = (s - l)x (O<:v<s), G = s(z — 1) (s<z<1).
765. G = sinscosz (0<z<s), G = cosssinz (s<z<w). 766. G =
=e’(e™ — 1) (0<z<s), G = 1 —e* (s<a<1). 767. G = —e *chz
(0<x<s), G = —e " chs (s<x<2). 768. G = Isin|z —s|. 769. G =
= 1l_1(<x <s),G=1-1 (s<a:<3) 770. G = 53

(1<a<s), G = 5% (s<2<2). T71. G = =& (1<a<s), G = =
(s<2L2). 772. G = —x (0<x<s). G = —s (s<w<oo) 773. G = -1

(0<x<s), G = —e* 77 (s<2<00). T74. G = —Inz (1<2<s), G = —Ins
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(s<a<00). T75. G = Le®(e™® —e™”) (0<2<s), G = 273 (e® — &%)
(s€x<00). T76. G (1 — 2?)/25%z (1<2<s), G = (1 — s%)/25%x
(s€x<0). TTT. G = =(s®> — 1)/35% (0<2<s), G = s(z® — 1)/32°
(s<2<1). 7T78. G = —(1/2)e”1*~*L. 779. G = —2?/35% (0<2<s), G =
= —1/3a: (s<w<00). 780. a # kK’n*, k=1,2,3, ... 781. —2<y<0,
— Iy T82. A, = —kPn? /1%, yi = sin(kwz/l), k=1, 2, 3,

783. A = —kzwz/lz, yr = cos(kmz/l), k =0, 1,2, ... 784. )\ =
= (k- 1) ,z,ykzsin(k—%)",—“,kzl,z,s, .. 785 A =
—_( ) 4 yk—\/isink’fl” k—123 ... 786. x = Ciet +

+ Cze , Y= —Ch e +3C e5t 787. x = C1€ —+ Cz€3t, Yy = 2Cle_t —
— 2023, 788. & = 2C1e3 —4C2e™3, y = C1 3 +Coe™ . 789. ¢ =
= e*(C1cos t+Casint), y = ezt[(Cl +C3)cost+(Co—Ch)sint]. 790. x =
= e (C1 cos 3t+C> sin 3t), y = e'(C1 sin 3t —C> cos 3t). 791. z = (2C>—
—C1)cos 2t — (2C1+ C2) sin 2t, y = C1cos 2t + Casin 2t. 792, x = (C1 +
=+ Czt)€3t, Yy = (Cl +Co 4+ Czt)est. 793. x = (Cl =+ Czt)et, Yy = (201 —
- Cs + ZCzt)e 794. x = (Cl + ZCzt)e_t, Yy = (Cl +Cs + 26’2t)e_1.'L
795. z = (C1 + 3Czt)e .y = (C2 — C1 — 3Cat)e*. 796. x = Cre’ +
+ Cae® + Cse™, y = Cret — 3C3e7 !, 2 = Cre’ + C2e?* — 5C3e.
797. x = C1 + 3Cze2t, y = —202e* + Cze™?, 2z = C1 + Coe® —
—2Cs5et. 798. z = Cre? +Cgest, y= Clet+Czezt, 2z = Cret +Cae® +
+ C3e®. 799, & = Ciel + Coe?* + Cse®, y = Cre! — 20202 + Cse®,
z = —Chet — 3C2e?* + 3Cse®. 800. xz = Cre’ + Cze™?, y = Cre? +
+ C2?, 2z = 202% — Cze™*. 801. = = e!(2C, sin 2t 4+ 2C3 cos 2t),
y = et(Cl —C2co82t+Cssin2t), z = et(—Cl —3C> cos 2t + 3C3 sin 2t).
802. z = C1e® + e*(Czcost + Cssint), y = e¥[(C2 + Cs) cost +
+ (C3 — Cz) sint], z = C1ezt + e3t[(202 — C3) cost + (203 + Cz) sint].
803. z = C2 cost+(C2+2Cs)sint, y = 2C1et+Cscos t+(C2+2C3) sint,
z = Clet + Cscost — (C2 + C3) sint. 804. ¢ = Clezt + (Cz + Cs)est,
Yy = CleZt —+ Czest, z = 01€2t —+ C3est. 805. z = C;1 + Czet, Yy = 3C, +
+Cset, 2z = —C1+(C2 — Cs)e’. 806. & = C1e>* + Cre™t, y = —Cre® +
+ (Cz + 203)e_t, z = —301€3t + C3eit. 807. x = C1ezt+ C3e_5t,
y = Cae? + 3C3e7™%, 2 = (C1 — 202)€2t + 2057 %. 808. © = (C1 +
+ Czt)ef + C3e®, y = (C1—2C2 + Czt)et, z=(CL—Cz+ Czt)et +
+Cs e* . 809. z = (Cz + Cgt)e_t, y= 26’16’l — (202 +Cs + 203t)e_t,
z = Clet — (Cz +Cs+ Cgt)e_t. 810. z =C1+ Cot + 4C3€3t, Yy = Cy —
—2C, — 2C>t + 4C3est, z2=01—Cqs+Cst + Csest. 811. z = (Cl =+
—+ Cst)et, Yy = (Cz —+ 203t)et, z = (Cl —Cy; —Cs5 — Cgt)et. 812. x =
= (C1 + Cat + Cst?)e*, y = [2C1 — C2 + (2C2 — 2C3)t + 2C3t%]e®,
z = [Cl — Cs + 2C5 + (Cz — 203)t + C3t2]€2t. 813. =z = 3Cle‘ =+
+ 3C2et + Cscost + C4 sint, y = C1 et +Cre "t +Cscost + Cysint.
814. x = —2et(C1 +02+Czt)—2e_t(03—04 +C4t), Yy = et(Cl +Czt)+
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+e Y (Cs+Cat). 815. x = ' (C1 cos t+Ca sint)+e '(C3 cos t+Cysint),
y = e/(Cisint — Czcost) + e (Cycost — Czsint). 816. x = Cre’ +
+ Cre P 4+ Cze® + Cse™ ., y = Cret + Cre ™ + Cue® + Cee™ %, 2 =
= C1e’+Cre™" — (C3+C1)e® — (C5+Ce)e . 817. x = 3C1e* +Cre™t,
Yy = Ciet + Cre™t. 818. z = Ciet + Coe™t + ZCge_Zt, y = 2C1et +
+ C3e 2. 819. x = 3Ce ", y = Ce™t. 820. z = —2C2e* + Cse’,
y = Cre~t 4 Cae®. 821. & = 2C1e?* + 202~ 4 2C5 cos 2t +2C4 sin 2t,
y= 3C1e%* — 3C2e™ % — C3sin 2t + C4 cos 2t. 822, x = Cle% —4Cze_2t,
y = Cle% + Cre™%. 828. 2 = (C1 + Czt)e]t + Cse™t, y = (—2C1 —
— Cy — 2Czt)et — 4C3e_t. 824. x = Clet —+ Cze_t -+ C3€2t -+ 048_21,
y = Cret +5Cae7 ! +2C3e? +2C1e7 %% 825. & = C1 + Cae’ + Cscost +
+ Cysint, y = —Cy — Cae® + (%C — %Cg)cost — (%Cs + %C4)Sint.
826. z = Cre! + Cre P +tet —t2 — 2, y = Cre’ —Cre "+ (t— 1)et —2t.
827. x = C1e® + Cre™t — 2sint — cos t,y = 2C1e? — Cre™t + sint +
+ 3cost. 828. x = Cret + 2C2e* + 3, y = —Cie? + Coe® + e,
829. © = Ci(cos2t — sin2t) + Cz(cos2t + sin2t), y = Cicos2t +
+ Casin2t +e~ . 830. z = Cre + Cre® + (t+ l)eZt, y= —2C1e* —
— 02831 — 2tezt. 831. x = (Cl =+ 202t)et— 3, Yy = (C1 +Cs+ 202t)et— 2.
832. 2 = Cre?® + 3Ce**— et — 4e3t, y = Cre?t + Coett — 2e™t — 2%,
833. x = Cie’cost + Coelsint +ef +t+1,y = Clet(— cost —sint) +
+Cael(cost—sint)—2e!—2t—1. 834. x = Cre” ' 4+2C2e* —cost+3sint,
y= —Cre '+ Cre* +2cost—sint. 835. . = 4Clet+Cze_2t—4tet, y =
= Clet+02e_2t—(t—1)et. 836. x = Clest+3t2+2t+02, Yy = —0193t+
+6t2—2t+2C>—2. 837. © = 2C1e® +Cre ™ — (12t +13)e?, y = Cre* —
—20C2e 3 — (8t+6)e’. 838. x = 201 —20, —6t+1, y = 3C1¥ +Ca+
+3t. 839. = 3C1e? +Cre t +3sin t,y = Ciet+Cret —cost+2sint.
840. z = Cicost + Casint + tsint — tcost, y = Ci(sint + cost) +
+ Ca(sint — cost) — 2t cost +sint + cost. 841. x = (C1 + Cat — t?)e,
y = [C1—C2+t(Ca+2)—t?|e’. 842. x = Cre! +3C2e* 4-cost — 2sint,
Yy = Cre! + 202e% + 2cost — 2sint. 848. x = Crel + Cae® + tef —
—e* y = —Cret + Cae® — (t + 1)e? — 2e*. 844. & = C1cos2t —
— Cssin2t + 2t + 2, y = (C1 + 2C2) cos 2t + (2C1 — C3) sin 2t + 10¢.
845. x = Clet+CzeSt+et(2 cost—sint). y = Clet—CzeSt+et(3 cost+
+sint). 846. x = C1cost + Cysint + tgt, y = —Cisint + Cz cost + 2.
847. 1 = C1et+2C2e?% —et ln(92t+1)+292t arctg et, y = Cret+3Ce?t —
—e'In(e? + 1) + 3e* arctge’. 848. x = C1 + 2C2e™ " + 27" Inje’ — 1],
y = =201 — 3Cse™ " — 3e™? ln|et — 1|. 849. x = Cicost + Casint +
+ t(cost + sint) + (cost — sint) In| cost|, y = (C1 — C2) cost + (C1 +
+ C3)sint 4 2 cost In| cost| 4+ 2t sint. 850. = = (C1 + 2Cst — 8t%/?)e,
y = (C1+2Cat — Cr — 8t°/2 + 10t3/?)e*. 851. = = C1e®*(})+ C2e™(9).
852. x = C1e®(1)+ Ce7!(y). 853. o = Cie (})+ Cae™¥(,21,).
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. 1
854. x = Clet(cos ggj—z;"n%) + Czet (sin 25211?225 2t)' 855. © = Cle (1)) +
+ Cz(i) + Cge_t@). 856. ©» = Clezt((ij) + Czet( ) + Cse” ( )
857. o = Clet((i’) + Cz( Seost )+ 03( sdnt ) 858. z =

3cost—sint 3sint+cost
_ 0 _ cos 2t sin 2¢ _ 1
= Cle 2t ( 1)—|— Cge (— sin 2t) + C3e (cos 2t) .859. x = Cle t ( 1) =+
-1 cos 2t sin 2t -1

+ Caet (‘”o;;“t) + Cse (“J{)t:‘t) 860. = = Oy (—i) + Caet (—3) +
+ Cse? ( ) 861. = — Cle3t( )+ Coe™ ( i) + C3e_t(_(iJ). 862. = =
= C1(-1) + Caet (1) + Cue! (142). 863. & = Cre™" (§) + Cae! (1) +
4 Cset (2§J§1) 864.z = Cret (—i)+cze-t ((1))+Cge_t (t;t“tl). 865. © =
e (o (). s o) ex(i)

+
¢ N cosl sinl 2 o2

+ Os(eonr ). som. (5 .2). s6s. (_isnt). seo. (%)
2 2 &2
2e“—e e—e -1 —4 e e T

870. (255 =), 871 (7' 3). 872. (03 o) 873. (3 % si)'

0
874. ¢®. 875. ¢ '. 876. © = dcosat, y = Ysinat; smmnc ()" +

+(2)” = 1. 877. & = Cisin (;—g+cz), y = 2Cysin (3—%+02);
¢ = Cssin(at + C4), y = —Cssin(at + C4). 878. %MK (% + %)
879. I = Asin(wt — ¢), A = L ; A =
sin(wt — ) St max
:%Hpnw:[)mw:oo,minA:(]npnwz:%.
880. A\ # 2:—'“1, k = 0, £1, +£2, ... 881. a) HeycToiiuuBO;

6) YyCTONYMBO; B) YCTOWUYNBO; I') HEYCTONYMBO. 882. ACUMITOTHYECKU
ycroituupo. 883. HeycroituuBo. 884. Heycroitunpo. 885. Ycroiiuupo.
886. YcroitunBo. 887. HeycroitunBo. 888. Ycroiiunpo. 889. Bcee pe-
neHuA ctpemMATceA K Hymo. Het, Het. 890. Ycroituuso. 891. AcumnTo-
TUYeCKH ycToiiunupo. 892. Heycroitunpo. 898. Het. 899. YcToitunso.
900. Heycroityupo. 901. Heycroituyupo. 902. Ycroituupo. 903. He-
ycroiituupo. 904. Ycroituupo. 905. YcroituuBo. 906. Heycroituugo.
907. —2<a < —1. 908. a < —1. 909. ab< —3. 910. a <b< —1.
911. 0 < a < 2. 912. —be < a < —e. 913. YcroituuBo. 914. Heycroii-
qnBo. 915. (0. 0) Heycroituuso. (1. 2) ycroituuso. 916. (1. 2) u (2, 1)
HeycToiuuBel. 917. (2km, 0) Heycroitumeel, ((2k + 1)w, 0) ycroit-
quebl. 918. (3, 2) HeycroitumBo, (0, —1) ycroitumBo. 919. (2, 1)
yctoituuBo, (—2, 1) HeyctoituuBo. 920. (1, 1) HeycToituuso, (-4,-4)
yeroitunBo. 921. (2kw, 0) neycroitumew, ((2k + 1)w, 0) ycToii-
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qusel. 922. (—1, 2kw) ycroituusel, (—1, (2k + 1)) HeycToOi4MBSHI.
923. HeycroitunBo. 924. VYcroituupo. 925. Ycroitunpo. 926. He-
ycroiiuupo. 927. Ycroityupo. 928. YcroituuBo. 929. Heycroituugo.
930. Ycroituubo. 931. Ycroiiuuso. 932. Heycroituuso. 933. YcToituu-
Bo. 934. YcroituuBo. 935. Heycroituuo. 936. YcToituuBo. 937. He-
ycroituupo. 938. Heycroituuso. 939. Heycroituupo. 940. Ycroiiuupo.
941. HeycroituuBo. 942. YcroituuBo. 943. HeycroituuBo. 944. He-
yecroitunBo. 945. YcroitunBo. 946. HeycroitunBo. 947. Ycroitunso.
948. Heycroituuso. 949. a>0, b>0. ab>2. 950. 3a>b>0. 951. 0<a<2.
952. HeycToituuBo npu Bcex a. 953. a>0, >0, a + b<1. 954. b>0,
a>b + 1. 955. a>0, b>0, 8a — a®b> >4. 956. a>2, b>0, 2ab — b>>4.
957. a>0, b>0, 2 — V/3<%<2 + /3. 958. 0<a<8, 0<b<8a — a’.
959. a) ycToitunBo; 6) yCTOMYHBO; B) HEYCTOHYNMBO; I') HEYCTONYM-
BO; 1) HeycTOiuuBO; €) ycroiiuuBo. 960. —4 <ab<O0u a = b =
= 0. 961. Cenno. 962. Yzen. 963. Poryc. 964. Yzen. 965. Cen-
0. 966. IlenTp. 967. Bripomnennsiii yzen. 968. Yzen. 969. OcoGrrii
y3ein. 970. @okyc. 971. Yzen. 972. BoipomneHHbiii y3en. 973. Do-
ryc. 974. Cenno. 975. lleutp. 976. Broipompnenssiit y3senr. 977 u
978. Ocobble TOYKM 3aNOIHAIOT NPAMYIO auHMO. 979. (-2, —1) —
yser. 980. (1, —2) — d¢oryc. 981. (4, 2) yzen, (-2, —1) do-
Kyc. 982. (1, 0) oco6wiit ysen, (—1, 0) cenmo. 983. (1,1) ¢orye,
(=1, —1) cemno. 984. (0, —1) BeiposkOeHHBIN y3en, (2, —3) cemio.
985. (2, 4) ysexn, (—1, 1) ceano. 986. (1, 1) doryc, (—1, —1) ceno.
987. (2, 1) ysemn, (1, 2) cemno, (—1, —2) dporyc. 988. (1, —1) doryc,
(0, —2) cemmo, (—2, 2) yzen. 989. (—2, 4) yzexn, (1, 1) poryc, (2, 4)
u (-1, 1) cenna. 990. (—2, 2) BeipomaeHHsiii y3en, (1, —1) ¢oryc,
(2, 2) u (-1, —1) cemna. 991. (3, 0) doryc, (1, 1) ysen, (-1, 1) u
(—3, 0) cenna. 992. (0, 1) u (0, —1) ceana, (—1, 0) dpoxyc, (3, 2) yzer.
993. B o6nactu y>0 vHTerpaibHble KPUBbIE PACIIOIOMEHB] KaK y celliia.
B obnactu y<0 — Kak y y3zna. 994. Uepes (0, 0) mpoxomuT omHa Kpu-
Baf, UMeIOIlasA TaM TOYKY Bo3BpaTa nepBoro poaa. OctaibHble KpUBbIE
He 3aX0JAT B 0coGyio Toury. 995. 13 o6nactu y<0 Bce HHTerpalbHble
KpUBbIe 060MMH KOHIIaMH BXOAAT B 0c00YI0 TOYKY, a U3 obGnactu y>0
He BXOJUT HU ofHa. 996. [[Be uHTerpaibHble KPUBBIE IPOXOIAT Yepes
0co0yI0 TOUKY, Kacafchb ApYyT npyra. OcTaibHble KPUBBIE PacIooHie-
HBbI, Kak y cefja. 997. U3 o6iractu y>(0 KpuBble He BXOAAT B 0co0yIO
Toury. B obnactn y<0, £<0 pacnonos;xeHre KpPUBbIX HAllOMUHAeT BbI-
pOIEHHBII y3el, a B o6nactu y<0, x>0 — cenno. 1021. (0, 1) cemmo,
(0, —1) ¢oryc. 1022. (1, 2) ceano, (—1, 2) yzen. 1023. (1, 0) cen-
10, (0, 2) BeipossgenHsiit ysen. 1024. (0, 1) wentp, (0, —1) cemmo.
1025. (2, 2) ysen, (0, —2) cemmo, (—1, —1) dporyc. 1026. (2, 2) cen-
10, (4, 1) u (-2, —2) dorycer. 1027. (1, 0) u (-1, 0) ceana, (0, 1)
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u (0, —1) mentper. 1028. (1, 1) cemno, (1, —1) ysemn, (2, 2) u (-2, 2)
¢dorycesr. 1029. (0, 1) u (0, —1) cenna, (1, 0) doryc, (—3. 2) ysen.
1030. (1, —1) u (—1, 1) y3as1, (3, 3) u (—3, —3) cemna. 1031. (1, —1)
u (—1, 1) cepna, (3, 3) u (—3, —3) y3aer. 1032. (0, 0) dporyc, (7, 1)
yzen, (0, 8) u (3, —1) cemna. 1083. (0, 0) doryc, (2, 4) yzen, (1, 1)
u (—1, 1) cepna. 1034. (2, 1) ysen, (—1, 2) doryc, (1,2) u (1, —2)
cemna. 1035. 1) + gsing = 0. 1036. mlp + kI>p|p| + mgsing = 0.
1037. ¢ + sinp = 1. 1038. mi + fsgn + kx = 0. 1039. B (L/1)®
pa3. 1047. f(ro) = 0: npu Bospactanuu 7 ¢yHruuA f(r) MeHA-
eT 3HaK C + Ha —; MEHAeT 3HaK ¢ — Ha +; He MeHAeT 3HaKa
Ipu nepexofie yepes Hyiab. 1048. a< — 1/2; a> — 1/2. 1053. = =
= #bcth —Z—. 1054. & = y; 4(z® +y°) = —2yF(y)<0 upm

1-a?2

y # 0. 1056. Menbme, yem Ha 0,03. 1057. Menbie, dem Ha 0,05(e?? —
—1). 1058. Omubra mensme 0,081. 1059. |§ — y|<0,016. 1060. |z —
— x| + |§ — y|<0,0012. 1061. |§ — y|< <0,002. 1062. |§ — y|<0,015.
1063. |j — y|<0,034. 1064. ** — x — 1. 1065. & — 22° 4 o 4
+ 1. 1066. e"7%. 1067. t(e™' —e™*). 1068. *=70-0. 1069. ¢°.

1070. t2Int + 2t — 2t. 1071. —e? — 27t — 3¢~ 2. 1072. ﬁ
— e (- et +1.1078. £ — L 1074 y = L 4 pu (22 —z%)+

+p? (—7+2—“”— S +—;) +0(u3) 1075. y = 2/x + 2p(x~ 2~

—z?)+p? (1 "z v+ Bg “Y2_ =324 0(p®). 1076. y = 14-p(2?—
— o) + £20=2° 4 5(,3). 1077. y——+3u+u (% - 32) + O(d).
1078. y = x — u(m+1)+(u2/2)(e -z —2:1:—1)+O(u3) 1079. & =
= sint + p(3 — 3 cos2t) + p ( sint — 1 sin 3t) +O( 3). 1080. z =

= cos2t + u(% — 5 cosdt) + p (110c0s2t+ 58 cos6t) + O(p® )
1081. © = pcost + p (—%cost+ 29 c0s3t) +O0(p’ ) 1082. z; =1+
+usint—”4—2(1+cos2t)+0( 3, z2 = —1— Esmt+”— (1—%cos2t)+
+O0(k®). 1083, z1 = —L£sin2t + -M”—S (sin2t — 3= sin6t) + O(p®), w2 =
=n—Lsin2t— £ (1 s1n2t— NI s1n6t) +O( %).1084. z = Lsint+
+ 3 sin2t— £ sin 3t+0(p). 1085. x = 2uF sint—p (55 sint + % sin3t)+
+0 (u%) . 1086. = = CcosT + C? (l — %cosr— l(:0527-) +0(C?),
T =1t(1-3C*+0(C*) + Cs. 1087. x = CcosT + < ® (cos 37 —
—cosr)+0(05) r=t(1+3C*+ O(C4)) +C;. 1088. . = C cos T+

m(cosr—cos 37)+0(CP), T = t(l — ﬁ + O(C4))+Cz. 1089. x =

=2cosT+ 3psinT — Lsin3r + O(p?), 7 =t (1 — f% +0(u4)) +C.
2

1090. = = \/—COST+ TENE] sin374+0(p?), 7 = (1 — &+ O(u3)) t+C.
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1091. y = 1+a+ 2+2w3+7f;+... 1092. y = 1+o+ % — % 4

L1093,y =% 42 el 1094, y = s ad- L -2
1095 y—1+2(:1:—1)+4(:1: 1)2 Bla—-1°+5 (-1
1096. y = 1+ 20 — & — & — 21 _ | 1097. y = 4 — 20 + 22° —
- 2z° + ¥a* 4+ ... 1098. R>0,73. 1099. Omnbka menbme 0,00024.
1100. g1 = 1+ 5+ 55ty ys = o+ 5 o+ ... 1101, yy =

2

R L T L r
1102. y1 = 142 + 2 + .. zﬁ,yz=w+w3+w5+ C= e
1103,y = 1- 322+ 330 — ... = (14a%) 3,y —a— Lo k=t

1104.y1_1——2—§—%—...,yz_w+w +5“ 3ty
4. 1105.y1—1+w a® —attalra’ — = s, e = wy

25

1106. y1 = -5 55+ ..,y2=x+?—ﬁ+...1107.y1=1—§+
6 2 3 4
+m+...,y2—m—ﬁ+m+... 1108. y = 1+ %- +12+"’7L2+

_ 2 ot —1-z a’ e’
yz—x+6+24+ - 1109, y1 =1 -5+ .,yz—a:+ 12+
_ m__ _ _m_ _4_ sin x
+...,y3—:v+4 cee 1110 41 =1- 5+ % .. )
2

e R e R R
o=y =|$|1/2(1+2m+£2—$L+%2—§%+ )1z g =

_ 13 4 = 3 2 «
= m/(l+m+m+"')’yz f”/(l"’m Forzs T )
1113. y1 = %_i_ 1+ %, Y2 = wz + 23 4

5
T T i3 +24~ms~6 +o. =
°_1 1 1,1
=6("'T—1—§).1114. yro= H -l lgpe ey ety

wz 23 2zt 2 23 z4
+ .o, p=r+ 5 + £ +20+...1115.y1:w+w +5+5+
4
+ ... = ze". 1116. y1—1+§2+2242+224262+ L1117, yo =
2 2 4
:(1+§—2+m+...)ln|w|—%—%—...1118.y11/1y2—

o0600LIeHHble cTelleHHble PANbl ¢ HppalUOHaJIbHBIMHM IOKa3aTelfiIMH.
1119. y1 ¥ y2» — pAObI ¢ KOMILUIEKCHBIMHY MoKa3aTelAMU. 1120. Perme-
HUIl B BHjJle 0600II€HHBbIX CTeleHHbIX PANOB HeT, TaK KaK MOJy4YaeMblil
pany = 14+ 1+ 22 + 323+ . .. uMeeT HylIeBoll paguyc CXOIUMOCTH.

oo
=z ly _co@kole
121y = -5+ 1 ¥ S0t

2
2, 4 1 2k
1122. y =2+ = 3 oot (cos 2kx — Gz sm2kw)

!k +k!coskz sin ka
128.y = Z R[EF+)+1]

cos 2kma

1124. Yy = _67r_2 + 7 Z k2(4k2+1)



OmeemuL 169

o0 .
1125. y = 3 pehiey + Cicos3z + Casindz. 1136. 1<y<v/3.
k=1

1187. 1+ a%<y<1+ 22 + arctg z. 1141. y = CpeC". 2 = ;1 ¢ C1”

2C1Co
1142. y = 2%, z = z + %eclz; y=20,z=x+C. 1143. y =
_ 2 o2
= 248 2 = 20U 1144, y = Coe” 12 = Eiwe™ 15y = 0.
z = Cx. 1145. y = ——+—1'(:l'+02) (:l'+02)2, z = —l(a:+

—|—C’2)2+—1 1146. y = C12, x = 2y—z+Cz. 1147. 22 — % = C4,
x4y =Cr2 1148. x —y = Ci(y — 2), (x +y + 2)(x — y)? = C»
1149. 2+ 2= C1, (x + y + 2)(y — 3z — 2) = C2. 1150. 2° — 2> = C1,
¥ —u? =02 (x+2) =Cs(u+y)115l. 24+ 2 = C1, y +u =
= Cs, (x —2)? + (y — w)? = Cs. 1152. 2% — 2y = Cy, bxy — 22> —
— 322 = (C2. 1153. y?> + 22 = C1, © — yz = Co. 1154. = = C1y,
zy — z = Cox. 1155. ¢ = Ciy, zy — 2vV22+1 = (2. 1156. y =
= Ciz, ¢ — y> — 2% = Caz. 1157. y> + 2® = C4, z(y — z) =

1158. 22 = C1, zy + 2> = C2. 1159. £ + z — y = C1, In|z| + 2 =0Cs.
1160. z* + 4> + 2% = C1, yz = Cax. 1161. 1) na; 2) Het. 1162. 1) Her;
2) ma. 1163. Ta. 1164. 3asucumsr. 1167. z = f(z® + y?). 1168. z =

= f(zy +9%). 1169. v = f(y/z,z/z). 1170. u = f(“”%y).w)
1171. F(a? —y%, s —y+2) = 0. 1172. F(e—w— gl 2+ f‘—n'yll) =
= 0. 1173. F(2? — 4z, (z + y)?/z) = 0. 1174 F(a: +9?, z/x) =
=0.1175. F (2, oy — &) =0. 1176. F (4 +1, L+ 1) =0,

m+y z’ z—y z

1177. F(a? +y,y(z+\/z2+ 1) = 0. 1178. F(— — 1, jay| - ) =
=0. 1179. F(2? + y°, arctg(z/y) + (z + e %)= 0.

1180. F(2* —y*. 2>+ (y—2)?) = 0. 1181. F (£, 20— 4z —y°) =
= 0. 1182. F(z —In|z|,2z(z — 1) — y*)= 0. 1183. F(tgz +ctgz, 2y —
—tg?2) = 0. 1184. F (522 (5 — y)(z+y — 22)) = 0.

1185. F ((z —y)(2+ 1), (¢ + y)(2—1)) =0

1186. F(u(z —y), u(y — 2), (z+y + z)/u®) =

1187. F (z/y, zy — 2u, (2 +u — zy)/xz)=0.

1188. F((z —y)/2, Qu+tz+y)z, (u—=z—y)/z*) = 0. 1189. z =
= 2zy. 1190. z = ye® —e?* + 1. 1191. z = y%?V* 2. 1192. u = (1 —
—z+y)(2—2x+2). 1198. u = (zy — 22) (% + %) .1194. y* — 2% —

—Iny/y2 — 22 =z—In|y|- 1195. 22%(y + 1) = y* + 42— 1. 1196. (z +
+29)? = 22(z + zy). 1197. /2/y3 sinw—sin z[y. 1198. 2wy+1—
—:1:+3y+z L 1199. :1:—2y—:17 +y? + 2. 1200 2:17 —y? -2 =
= a?. 1201. [(y* z—2)2—w +z]y 2z =1.1202. 2> + 2% = 5(zz — y).
1203. 3(z +y + 2)® = 2 +y® + 2% 1204. 2z = (zz —y — x +
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+22)% 1205. (14 y2)® = 3yz(1 +yz — ) + ¢°. 1206. z +y + 2z =
= 0. 1207. 2(z® — 42° — 3y2)? = 9(y + 2%)> 1208. (z — y)(3z + y +
+42) = 42. 1209. zz + y? = 0. 1210. z = xy + f(y/x). roe f —
npousBoibHasA auddepenurpyemasn GpyHruUUA, A KoTopoit f(1) = 0.
1211. F(2® — y?, 22% 4+ 2%) = 0. 1212. 2y + 2% = 2(z® + y* + 27).
1213. F(bz—ay, cx—az) = 0. 1214. 2® +3y> + 22+ 3zy+x2+3yz = 1.
1215. F((y—b)/(z—a), (z—c)/(z—a)) = 0. 1216. F(z*/y, z/y) = 0.
1217. z = Cxy>. 1218. Pemenuii ner. 1219. z = 0. 1220. Pemenwuii
mer. 1221. 23y%z = C. 1222. z = y% — zy. 1223. z%yz = C — z5;
z=0.



OTBETbBI K TOBABJEHHIO

9.y =u, v =v, v =ye *Ru—2x);y0 =1, uo = 1, vo = 0;

n=1l+z,uu=Lvi=14+(x—-1)e".10.yo=1,y1 =1+t +
2

+t% gy =1+t + 280 + 2 +t*/2+¢°/5. 11. a) yo = 0, y1 = =2,

2 3 5
Y2 = 2+ % — L+ 2 — 13: 6) nanpumep, |z — 1|<3. 12. Ilpu <0
y = —z. npu x>0 pemenue He cymectByeT. 18. 6) IIpy a< — 1 u

a = 0. 14. a) Ilpn a#0, a#1 Tpebyerca a# — 1, £3, (k+ 1/2)w (k =
= 0,+1,+2, ...); mpu @ = 1 Tpebyerca a# — 1, £3; mpu a = 0
ypaBHeHMe He quddepeHnuanbHoe; 6) —3<t< — 7w/2. 15. yo = y1 =
=92 = ... =4, lim yp = 4. 16. y(z0) = yo, ¥'(x0) = y1, " (w0) =
= ys, re woFkm/2 (k = 0, £1,+2, ...), yo>0, y1 u y» mooGbie. 17.
Havanbneie yenopus y1(0) = 1, y1(0) = 1 u y2(0) = 1, y5(0) = v/2 pas-
nuyHel. 18. n#l. 19. n>5. 20. n>3. 21. n>4. 22. n>4. 23. a#0, £2

0eCKOHeYHO MHOro pelleHuii, a = 2 u a = 0 ofHO pelleHue, @ = —2 HET
pemenuii. 24. a#0, +1 6eckoHeYyHO MHOro pemeHuii, a =0 u a = —1
O/IHO pelleHHe, @ = 1 HeT pemeHuil. 25. n > 3 6eCKOHEUYHO MHOro

peumleHuii, n = 2 oAHO penieHue, Npu n = 1 1A @ = 1 ogHO pelie-
HUe, 10A a# + 1 Her pemeHuit. 26. n>3 6ECKOHEYHO MHOI'O PEIIEHMIA,
n = 2 oJHO pelleHHe, Ipu n = 1 @11A a = 1 U @ = —2 oxHO pee-
Hue, naA a#l, a# — 2 et pemenuit. 27. llpu a< — 4 HeT peleHwit;
npu a> — 4 quAa n>3 6eCKOHEYHO MHOTO pelleHuid, A 1 = 2 OJHO
pemenue; aiA n = 1 opu @ = —3 OHO pelleHUe, MpU aF — 3 HET
pemenuii. 28. Jla. 29. |z|<Vv/2. 30. a) y = 1/(ln V0|x? — w2 + C) ,
y=0;6) y=1/In(vVa2—22—1), |z|<m. 32. Her. 34. [t|<1; ana
z' = 2® (z€R'), £(0) = 1 umeem « = 1/(1 —t) (¢t<1); maa &’ = —z?,
z(0) =1 umeem £ = 1/(1+¢t) (¢>—1). 40.6) (}%). 44. 6) n>k + 1.
45.m = 2. 46. y1 = =z, y2 = x°; W = 2. 47. a) —2<z<1; 6) 1a;
B) 1/4. 48. a) —1<t<m/2; 6) na; B) —16(t + 1)"%; 1) y = 2o (t) +
+ b2 (t) — 2E<ps(t). 49. a = —5. 50. 2. 51. 4. 52. (z° — 22)y" —
—2(x— 1)y +2y = 0. 53. y = 2+ 5z — 222, 54. la, y = 3y1 — 2.
55.y = Ciz+Cox® +Cs(x* +xln|z—1|). 57. y = 2 —2(e" —z) /(e —1).
58. y =z + C1 + Ca(z + 2?). 59. y = 2 — 2. 60. (x> +4)y" — 2zy’ +
+2y=2.6l.y =9 4+ & 451 62y =Cre"+Ca(z + 1) +
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+xe® 64. T = 3w/4. 65. Her. 66. p = 7 67. a = 2 68 z =
=(Cl+Cgt+t)e+ cost. 69. x = C1cos 2t + Casin2t + Sy (sm2t—

— cos2t) — Lcos2t. 70. y = (C1 + z) cosz + (C: +w2)smw. 71y =
= C1 cos :l'+02 sinz+(z + %) e®® 2z cosx. 72.y = (C1+Cat) e +Cs+
+t%(at+b) ef +(ct+d) e’ cost+(ft+g) e’ sint+ht*+kt. 73. y = (C1+
+ Cox) ¥ +(ax + b)x? *® 4 *® (ccos  + dsinz). T4. y = Cy D% 4
+C2 e~ D% g (D L he(=D2 75 4 — (C) 4 Cox) € +ax? e'® +
+be—im . 76. y = Cl e(1—21‘):1: +02 e(—1—2i)m +ae(1+2i)m _'_bwe(l—Zi)m .
7. y = C1e¥%4C, eV3=D2y 0y (- V3-i)e 4 g e?7 1 he~ %" 78, ]la.
79. Her. 80. Het. 81. w#0, +2. 82. ¢#£0, b mo6oe nnu ¢ =0, b = +1.

83. a) w0, £v2;6) y = C + x4t = C + g7 sin3t. 84. x =
— (25—w2)sinwt—wcoswt; A= 1 85. a) a = :|:2, a = :|:6;

(25-w?)2tw? V(@5—w2)2 w2’

6) a HeyeTHoe. 86. a) a = 2; 6) a#2, a#0. 87.a =0,a = 4. 88. a =0,
a = £1. 89. a<0. 90. a£+t1,a#+2.91.a =0, =4, 8 = 2.
92.a=1,b=0,c=—-4a=0,8=2,7=0.93. z = (C1+ Cat) ** +
+3, Yy = (Cl + Cy + Czt) 62t +1. 94. z = C; et(COS?)t — 2Sill3t) +
+Cs e*(2cos 3t+sin3t), y = Cy e (cos 3t+sin 3t) + C> e’ (sin 3t — cos 3t).
95. x = C1 +[C: + Cs(t + 1)] ety = [C2 + Cs(t — 1)] et 2=C1+
+ (C2 + Cst)e™. 96. Bce Red; = O u B H’iOp}laHOBOﬁ ¢dopme Bce

L ¢
KIeTKu pasmepa 1. 97. n>7. 98. ( 1 ) 100. z = 2C +

el —lel —1-te
+2sint, y = C +sint. 101. £ = —3 —cos 2t, y = —3 — cos 2t — 2 sin 2¢.
102. a) ¢ = Cicost + Czsint — sin2t — 2cos2t, y = Ci(cost +
+ sint) + Ca(sint — cost) — 2sin2¢. 6) & = —sin2t — 2cos2t, y =
= —2sin2¢. 103. a = —2. 104. [Ipu a = —2b. 105. ToT e OTBeT,

uto B sanave 96. 107. (172 1—+42tt) . 108. (et(costt—gsint) 5et sint ) .

—e'sint et (cost+4+2sint)

o2t o _pe2t
109. (da“fﬂa*). 110. (% & 5 ). 111. (I—WE). 112. a) L:
sht 0 cht 0 0 ezt 2-v3

t t
A2 =1:6) (Y571 75) . 118.8) €. My, > =€ 6) (e g etfifzt)) :

114. a) 1: Ay, 2 = costhisint; 6) (OSiFsmt ~2sint ) 115, (e —1)(e—
—e1)2. 116. Bce Re)i<0. 117. e*'™*. 118. Her, nanpumep A =

(26” 2?”) 119. A% = 0, mopraHOBa GopMa MOMET colepaTh TONbKO
waerku Buja (0) u (J1). 120. Ja. 121. Jla. 122. Jla. 124. Bee |p;|<1.
125. @t/ 126, a# — 1/2. 181. Bece Re A\;<0 u ansa Tex A;, y Ko-
Topeix Re); = 0, KIeTKH B KopaaHOBOil ¢opme uMeloT pasmep L.
133. CMm. oTBer 3amaun 131. 134. a) det A = 0; 6) cM. oTBeT 3aJauu
131. 135. [Ta. 136. Jla. 137. Het. 138. Illpu n = 1 na, npu n>2 HeT, CM.
pUCYHOK K 3ajmade 889. 139. & = 0 ueycroiiuuso. 140. « = 0 acumnTo-
THU4Yecku ycToituubo. 141. ¥ = (0 acUMNTOTHYEeCKU YCTOIUUBO, T =
= wk (k = %1, £2, ...) Heycroiiuusbl. 142. z = (0 acuMnTOTHU-
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Jecku ycroituuBo. 143. x = 0 ycroituuo. 144. x = 0 ycroituuso.
145. £ = y = 0 ycroituuBo. 146. (0. 0) ycroituuso. (2/3, 0) HeycTOii-
agnBo. 147. (a, a) ycroituuso, (a + 1, a) HeycToitunBo (a€ER mo6oe).
148. a) a>0; 6) a = 0; B) <0. 149. a) a < —1;6) a = —1;B) a > —1.
150. a) a<0; 6) a = 0; B) a>0. 151. a) a>0; 6) a = 0; B) a<O0.
152. a) a<0; 6) @ = 0; B) ¢>0. 153. a) a>2; 6) a = 2; B) a<2.
154. a) a>0; 6) ¢ = 0; B) a<0. 155. a) 0<a<1;6) a = 0; B) a<0 u a>1.
156. a) a = —1/2; x = ¢, y = 2¢ — 1/2; 6) ma. 157. Jla. 158. a) a = 0,
a =43 6) nna a = 4 ycroituussl, Aid ¢ = 0 HeT. 159. a) a = 0. a = +1;
6) yctoituubl. 160. a) a = 0, @ = 1; 6) @A @ = 1 ycToifuuBEI, MIA
a = 0 Her. 161. a) ad<bc; 6) ad>be, (a — d)2 + 4bc>0. 162. ¢>0, (a —
—d)?+4bc<0. 163. (0, 0) ysen. 164. (0, 0) poryc. 165. (3, 1) BEIpoH-
neHHBIi y3en. 166. a<0. 167. a) Het; 6) HeT. 168. a) doryc; 6) |a—b|<2
169. a) ueT; 6) ysen; B) a = —1. 170. a) Bcerja HeycToiiunBo; 6) |a|>1
celio, |a|<1 yser. 171. a) a< —1 u —1<a<0 acUMOTOTHYECKH yCTOM-
uanBo, a<0 yctoitungo: 6) a< —1 u —1<a< —1/2 yzen (npu a = —1/2
BBIpOzkJeHHbIH); —1/2<a<0 1 a>0 dporyc; a = 0 mentp. 172. a) a<—1
acCUMIITOTUYECKH YCTOHYMBO, a< — 1 ycroitunBo; 6) —1<a<0 cenio,
a< — 1 u a>8 ysen, 0<a<8 ¢oryc. 173. a) a < —1 u a > 3 acumn-
TOTUYECKH YCTOHuuBO, ¢ < —1 u a > 3 ycroiiuuso; 6) —1<a <3
ceqio, 1 — \/5<a< — 1 u 3<a<l + \/5 y3en, a<l — \/5 ua>1+
+ 5 doryc. 174. zy = C(z® + y?)?. 175. Bce pemenus omnpeene-
HBI Ipu —00<t<00. 176. Her. 177. a) (0, 0), (&1, 0): 6) a<0: B) HeT.
178. a) y = +2zv/z — 1; B) £ = cos” 2¢. 179. 6) (0, 0) ycroitunpo,
(£1/+/2, 0) meycroiiuussl; B) k1,2 = +2, T~mv/2; 1) (0, 0) ycroiiuu-
BHIi doryc (0<a<+/8), ycroitumseiii yzen (a>+/8), (£1/v/2, 0) cenna.
180. 6) (0, 0) HeycToituuBo, (+1, 0) ycroituusel; B) k1,2 = £v/2, T~m;
r) (0,0) cemmno, (+1, 0) ycroituussie porycer (0<a<4), ycToitunBble y3-
as1 (a>4). 181. a) (0, 0) uentp, (1, 0) cemno; 6) TpaerTopua y = —(x —
—1)4/(2z + 1)/3, pemenue x = 3 (ctht)® — 1 (0<t<c0); B) |a|<1/+/3:
r) —1/2<x<1, 3y*<22® — 32 + 1; n) mer. 182. 6) (%1, 0) HeycToii-
qyussl; B) HeT. 183. 6) (0, 0) HeycToituuso, (+1, 0) aCI/IMHTOTI/I‘leCP\‘I/I
ycToituussr; B) HeT. 184. a) (0, 0) 1 Bce TOUKHM OKpy#HOCTH z° + y? =
=1;6)8(0,0)0=y,9=0;8(1,0) & =0, =2u; 8 (1/V2, 1/{)
4 = —u—v, 0= (u+v)/2; B) HeycTOIYNBO, HEYCTONYNBO, yCTONYNBO:
I') yCTONHYKBO, HEYCTONYKMBO, YCTOWUYMBO; €) HeT: #) x(to) = xo, y(to) =
= yo, r1ie to, To, Yo MOOBIE TaKHe, UTO g + 2ys <1 mau x§ + 2y2>2.
186. (22°—12/y/x)/5. 187. (2+e )z —z e = 188. (x — 1) e®* T2 ¢
189. 3¢® —x — 1. 190. 1+ t. 191. cht. 192. sint — t cost. 193. 2¢* —
—2—t—t%.194. 0x/0p = 6+2ch2t —12cht, Oy/Opu = 4sh 2t —12sht.
197. ¢* 772, 198. "7, 199. Oz /0yo = sint, 0y/Oyo = cost + sint.
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200. 0. 201. y = z'/2 + p(22? — 327 Y?) 4 p? (%w”z — 4o+ 8z~ M2~
_%w—s/z) + O(p®). 202. z = 1+ £ sin2t + uz(% cos 2t — % cos 4t—
—%) + O(p®). 208. 22 = 2zy — %ws + f(z? — 2y). 209. xz — y® =
= 1. 210. (z — 2®)® + z(z — 2%) = y. 211. z(e ™ “ +22 — 2) = y°.
6

212. () 4+ & -2 —y+ 5 =0.218 (2® —y) 50 =y 4
+2(z2 — y*)Inly| — 2In|z|. 214. (22 + 1)z = z(2z + 1)?/2 + 2=zy.
215. z = (Injz — y| + 1)(z + y). 216. (k — 2)z = 5(kz — y) (k#2).
217. a) z = 2:1:—2+(y—3:1:+3)2; 6) z = 2z + f(y — 3z), fect
npousBoabHaa ¢yHruua ¢ f(0) = 0. 218. llpu a # 0, a # -1, z =
= (2z+ (4—2a)y)/a;upn @ = —1 z = x+ f(x +2y), fEC"* npoussonb-
Han ¢yuruud ¢ f(0) = 0; npu @ = 0 pemenuit Het. 219. a) pelenuii
HeT; 6) eIUHCTBEHHOE pemienne z = —1+4/2x2 + 2y? — 1. 220. a) HeT;
6) na. 221. p(z)=p(—=z).



TABJIHUIIBI
IIOKA3ATEJIBHON ®YHKITUU
n JIOTAPU®MOB

Ta6auna 1 Tabauma 2

z | e ||z | Inx | lgz x e’ z |Inz | lgx
0.,01{1,000{(1,0/0,000{0,000| |-3 | 0.,050| 3 [1.099(0.477
0,05(1,051)/1,1/0,095|0,041| |-2| 0,135| 4 (1,386|0,602
0,10/1,105|/1,2|0,182|0,079, |-1| 0,368| 5 [1,609|0,699
0,15(1,162/1,3/0,262 (0,114 0| 1,000 6 |1,792|0,778
0,20(1,2211|1,4|0,336 (0,146 1| 2,718| 7 |1,946(0,845
0,25(1,284|/1,5|0,405 (0,176 2| 7,389 8 |2,079]0,903
0.30(1.350(/1.6|0,470(0.204 3| 20.09 || 9 |2.197|0.954
0,35|1,419|1,7|0,531|0,230 4| 54,60 || 10 (2,303 (1,000
0,40|1,492|(1,8|0,588 0,255 5| 148,4 || 11 (2,398|1,041
0,45|1,568((1,9|0,642 0,279 w | 23,14 || 20 |2,996 1,301
0,50|1,649/2,0/0,693|0,301 27| 535,65 ||100 4,605 (2,000

Ilna oTeickaHUA 3HaYeHUi GYHKIMI IpU IpOMeKYyTOUHBIX 3Haye-
HUAIX apryMeHTa B Tabiauile 1 MOKHO NPOWU3BOAUTH JIHHEHHYIO HHTEp-

IMOJALNIO.
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