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THYeCKOR TeOpPHM OONMKHOBeHHBIX JHbdepeHUHANbHLHX YypaBHEHHA

Ba_(oHe ee HCTOPHYECKOTO DPa3BHTHA. PacCMGTpeHO SapOXKAenHe R

CTaHOBJIeNHEe 3TOA TEeOpHH, ee OCHOBHLE pe3ynbTaThl Kax B 06jaacTH

AHBefRKLX, TAXK H HesHHeAdHX ARbDepeRUHANbHBIX YPABHEHHA.

Bpomopa paccuHTaHa Ha MAaTEMaTHKOB, INpelojaBaTeseR, yua-

IHXCA BY30B H BCEX, KTO HHTepecyerca MaTeMaTHKOR H ee HCTO-
pHefl.
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BBEZJEHME

IIpeametoM -aHaMHTHUECKOH TEOPHH AHdxpepeHHMARBHLIX ypaB-
HEHHHl SIBJIAICTCA HCCACNOBAHHE DeIleHHT Pas/HuIMBIX KA3CCOB
STHX YpaBHEHHHi ¢ TOUKH 3PEHHSI TEOPHH AHENHTHYECKHX
¢yuxuufi. [Ipn sTOM B 3aBHCHMOCTH OT BHAA YPaBHEHHS M ero
KOo3(puNHEeHTOB YCTaHABJIHBAOTCA XapAKTEPHCTHUECKHE CBOf-
CTBa pellleHni H HX B3aHMOCBA3b C JAPYFHMH KOMIIOHEHTaMH
ypaBHefina.

IMocsie CO3XAHUA OCHOB MaTEMaTHYECKOTO aHAaJIH3a TPYAAMH'
Hetotong, JledGuuna, 6patben. Beprynan u apyrax KpyaneHi-
UMX MaTEMATHKOB 3aJaua HATErpHpOBaHHA AudipepeHuuaNL-
HHX ypaBHeHMHi B NepBOHAYANLHON €€ NOCTAHOBKE CBOIHJACH
K NOCTPOEHHIO aJITOPHTMa AJS NOJYueRHst pellleHHs ypaBHEHHs
HS 3ajaMHRX (YHKOHA — er0 XoSPHIHEHTOB — nyTeM Bbi-
uHC/IeHHA KBagparyp. Peinenue 970k samauH OKa3ajiock BO3-
_MOXHHKM XHIIb. BASl HEKOTOPLIX NPOCTERAIUMX BHAOB EM(bepeH-
HHaALHEIX ypaBHeHuil. B noaassioiieM e GOIbHIHHCTBE Cy-
yaeB TaKajd 3aj8ua OKA3aJach -HEPA3PEIHHUMOM, M HHTErpash
pacCMATPHBAEMLIX YPaBHEHHI, WHOrAA BeCbMa NPOCTHIX MO
CBOEMy BHAY, He BHPAXAJHCh KOHEUHbIMH KOMGHHAUHAMH
U3BeCTHRIX Toraa QymrKuui.

[1pa nayvenmi qudpepeHIHANbHEX YPaBHEHUT C anreGpa-
yeckHMH koesdduuuerramu yxe B XVIII B. Berpetunocs eing
Conpiue TPYAHOCTEN, UEM NpPH BHYUCAEHHH HHTErpaioB oOT
anre6panveckuX Qymkunii. B Tex cayuasx,; Kofjia HHTErpassl
oT aarebpauueCKnX QYHKIHHA He MOrJIH GuiTh BHIPAXKeHH! 4epes
H3BectHMe JYHKUHH, HX CBOHCTBA KaK HOBHIX TPaHCUEHAEHT-
HBIX CTaAH H3Y4aTh 1O BHAY MOALIHTErPAJIbHHX BHIPAXKEHHI.

AHaAOrHYHO 3TOMY H B TeOpHH AH(depeHUHANbHLIX YpaB-
HEHMI BBIIGIHJIACH 3ajjada M3ydYeHHs CBOHCTB PELICHHA HeMo-
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CPeACTBEHHO NO onpeneJsfiolieMy ero ypasHenHio. Bnepsre
OHa Ghuia copMyIHpOBaHa B patore [ 14 dpaHIy3CKHX MaTe-
matukoB LIl Bpvo n )K. Byke B 50-x rr. mpowsoro Beka. Pe-
IUeHHe 3TOH 3ajayd M NPHBEJNO K MOCTPOEHHIO IBYX BaXKHBIX
HanpaBJIeHHAi yuyeHHs O AudepeHuyuaNbHLIX ypaBHEHHSIX —
aHaJHTHYECKOA M KayeCTBeHHOH TeopHHM AHddepeHLHaNbHEIX
ypaBHEHHH.

B anaauTHyeckOl TeopHH AH(depeHUHAJBHBIX YpaBHEHHH
ofiue MeTOAbl TeOPHH (QYHKUHA KOMIJIEKCHOTO NepeMeHHQro
NPHJIAraloTCs K M3YYeHHIO pellleHHA Kak AuHeHHBbIX, TaK H HE-,
auHeHHBX AHGdepeHuHaNbHBLIX ypaBHenuit, [lpn astoM pac-
CMaTpHBaeTCsl MOBEIEHHE 3THX pellleHHi Ha Bceli KOMNJeKc-
HOIl MJIOCKOCTH, HauMHasl c BOMPOCOB 06 HX CYIECTBOBaHMH,
OJIHO3HAYHOCTH (MJH MHOTO3HAYHOCTH), O BHJAaX H pacnoJo-
KeHHH OCOOBIX TOUEK, 3aBHCHMOCTH OT HauajbHBIX YCJIOBHH,
YCTOHUHBOCTH M T. I,

B npouécce pasBHTHA STOH TeopHH ObLIM yCTaHOBJEHBI
TakHe KJacChl Au(pepeHnHaNbHLHIX ypaBHEHUH, pelleHHs Ko-
TOpEIX 00/IaZIal0T CBOACTBAMH, NPEACTaBJASIOMHMH OCOOLIfi HH-
.Tepec KaKk IS TE€OPHH aHaAMTHYECKHX (yHKUMH, TaK H LAS
MHOTOYHCJICHHRIX MpHJOMeHH#l, Pa3paG0Tka aHaJHTHYeCKOM
TEOpHH Obljla JIEIOM MHOTHX MaTeMaTHKOB H3 pa3sHbIX CTpaH,
AKTYaNbHOCTb MNOCTaBJEHHBIX 3aja4y, IWHPOKHE paMKH HX
TIpHMEHEHHS! Ha NpPaKTHKe, a TaKMe TBOPYECKas SHEPrHs HC-
caenoBatenefi OnpeNesHIH BechbMa HHTEDECHHIH H CJ/IOMHBIA
nyTh. PasBUTHS 3TOR TeOpHH.

B npepnaraemoi Gpouitope Ha HCTOPHYECKOM (oHE paccmar-
PHBAIOTCSI OCHOBHLIE KJiacCHYeCKHe pe3yJibTaThl, MOJYUYEHHEIe
B TJIaBHBIX HANPaBJICHUSIX, aHANHTHYECKON TeopuH AH(depeH-
NHaIbHBIX ypaBHeHHH. HekoToprie ee MHTepecHble H BaXKHbIE
pa3zeisl, HaNpHMEpP TeopHs aBromopqmux dynkumii, acumnro-
THYECKOe MNpeICTaBJieHHe pelleHHH, HX YCTOHYMBOCTL H_JAp.,
MOTYT ObITb NPEAMETOM APYTHX aHaJOTHYHbIX GPOILIOP. Ecre-
CTBEHHO, 3[€Ch HE NPENCTABHJIOCH TAaKXE BO3MOXKHBIM BXOJHTh
B NOAPOGHYIO apryMeHTali0 H3JaraeMbiX BOIPOCOB, JAaBaTh
HOKa3aresibcTBa YNOMHHAaeMbIX TeopeM H T. n. OnHako B co-
OTBETCTBYIOIMX MeCTax JaHhl CCLUIKH Ha HCTOUHHMKH (npHBe-
JEHHBlE B KOHLE OpQuiiophl), rie pa3paGoTaHo GoJiee OCHOBa-
TeJbHO TO HJM HHOe nosiokeHHe. PopMyJbl NMPOHYMEPOBAHBI
CKBO3HO# Hymepauueﬁ B KPYIJBIX CKoOKax. B koHue Tekcra
B ¢opMe npuMeyaHHii NpHBelEHbl KpaTKHe GHOrpagHyeckHe
CHpaBKH O HaHGoJiee BLIAAIOUUXCA YUEHBIX, YNOMHHaeMbIX
B TeKCTe,
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Fnasal. MCTOKM TEOPUU

AHanHTHYeCKast TeOpHA AH(PEPEeHUHANBHBIX YPaBHEHHH BO3-
HUKJa B Havyase XIX B. Ha OCHOBe yxe ZOCTaTOYHO Pa3BUTHIX
MEeTOZOB TeOPHH (YHKIHIt KOMIJIEKCHOTO IepeMeHHOro nocJje
CO3lAHHST OCHOBHBIX METONOB MHTErpHPOBaHHs YpaBHEHHH.
Pa3pHTHE ee MPOHCXOAHNO KaK NOA BJAMSIHHEM HENOCPEACTBEH-
HBIX 3aMPOCOB NPaKTHKH H HayKH, TaK H B pe3yJbTaTe TeCHEl-
1Uero B3aMMOZEACTBHS CO MHOTHMH APYTHMH OTpPAacJsIMH Mare-
MaTHKH — B CHJy BHYTPeHHell JIOTWKH PasBHTHSl mNpeaMera.
PaspaGoTanHble npH 3TOM MeTOAB! M MOJYYEHHbIE Pe3YJ/LTaThl
CTaJd MOIHLIM HAeHHbIM NOCTHXKEHHEM B MaTeMaTHYeCKOM
aHanu3e. OHH OKas3anM O6OJIbLIOe BJAMsSIHHE Ha JPyrHe pas-
Jlesibl TeOpUH  AHpdepeHlHaNbHEIX YPaBHeHHA, a Takke GbLIH
NOJIE3HLIMH JJIAl PelleHHS Psifa MpakTHYeCKHX 3ajad, B yacr-
HOCTH, B He6eCHOH MeXaHHKe.

§ 1. Pone mpaktuku u Apyrue CTUMYNbl BO3HMK=
HOBEHWA HOBOW TeopMK

Pewaiomum $akTopoM B pasBHTHH HayKH, B TOM YHCJE H MaTe-
MaTHKH, SBAAIOTCS noTpeGHOCTH npakTHKH. HMmenno mopx ux
BJHAHHEM BO3HHKAM W pa3BHBaJIChb OTHeJIbHHE NPoGJaeMb
paccMatpHBaemoil 3nech TeopHH. Tak, HanpHMep, MeTOX <«Hc-
YHCIEHHA NpefiesoB» Ohl co3far (paHUy3CKHM MaTeMaTHKOM
O. Kowmw ! B cBsi3u ¢ HaspeBuieli HEOGXOAUMOCTBIO YIPOIIERHA
H yJY4YUIEHHS BLIYHCJIHTENIbHOR paGoTel B HeOeCHOH MeXaHH-
Ke. 3pech ocoboe 3HaueHHe chirpanu pa6otn Kowwx no Bo-
NpocaM CXOAMMOCTH CTENEHHhIX PSHJOB, OLUEHOK HX OCTaTKOB
H T. . YCTaHOBJIEHHE HOBRIX HHTEDECHBIX Pe3yJILTaToB B STHX
pasnenax KomM cTaBHI B NPsMYIO' 3aBHCHMOCTb OT DeIUEHHS
MHOMHX NpHKJanHuX 3ajay [5, c. 9. Janbuelitnas paspa6or-
Ka MeToJIa MaXXopaHT co cTopoHul A, [Tyankape 2 Gulsa 06ycJI0B-
JeHa MOATOTOBKOH (yHHaMeHTa AAS ero 3HaMeHHThIX «HOBBIX
meronos HeGecHoli Mexawuku» [11, u. I], UMelowux [easio
YCOBEpILIEHCTBOBATh PacyeTh ABHXKeHHS HeGecHmX Tedl.
OnHako B GOJBLUIMHCTBE CJy4yaeB pasBHTHE MaTeMaTHKH 3a-
BHCHT OT NPaKTHYeCKHX norpeGHOCTef, Kak NPaBHJIO, HE He-
NOCPeACTBEHHO, a uepe3 LEHOYKY NPOMEXKYTOYHBIX 3BEHBLEB,
Tak, 3anpochl eCTeCTBO3HaHHSI H TEXHHKH CTaBST HOBbE NpO-
61eMBl, Uil PElUeHHs] KOTOPHIX CTapble METOAB OKa3hIBAIOTCS
HeJOCTaTOUHhIMH. B cBfisn ¢ sTuM pa3pabaThiBAalOTCS HOBLIE
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METOZBl, KOTOphIE BMECTE C TeM MPOABHraloT u TeopHio. Hanpu-
mep, pabotul C..B. Kosanepckoit ® no TeOpHM JBHXKEHHS TBep-
ROTO TeNla BOKPYT HENOABHHOM TOukH [7] npHBesH K HOBOMY
HANPaBJIEHHIO B aHAJHTHYECKOR TeOpHH RH(pepeHIHANbHLIX
ypaBHeHH{l, K IIOCTAHOBKE 3aiaul 00 OTHICKaHMH TaKOro KJjac-
ca ypaBHEHHil, HHTErpaJsl KOTOPHIX €CThb OfHO3HaYHble (YHK-
uuH. AHanoruyHas 3afiaya Ha TEOPETHYECKOH OCHOBE CTaBH-
Jlach TaKHUMH'Yy4yeHBIMH, Kak JI. ®ykc 4, A. Ilyankape ¥ apy-
THMH.

Kak Ha BTOpOii 3aMeuaTeNbHLI NPHMEDP yKaXeM Ha PaGoTHl
A. M. JlsnyHoBa ® no Mexauuke, B npouecce KOTOPHX OH €O03-
JAall paj HOBEIX MATEMAaTHUECKHX METOJOB H LEJLIX HanpasJe-
HUH: KayecTBeHHYiO Teopdio JuddeperuHaNbHBX yPaBHEHHH,
ACHMIITOTHYECKHE METQUEL, TEOpHIO YcToRumBOCTH H &p. Teo-
PHSl YCTONYHBOCTH BOSHHK/A H3 PElIEHHs 3ajja4d 06 YCTOHYUM-
BocTH Haued ConHeuynolt cucteMnl. Bnaromaps paGoram Ily-
aHKape, a oco0eHHO Tpylam JIsinyHoBa 3Ta TEOPHs BLIpOCAa
cefiyac B BecbkMa IJIONOTBOPHYIO CAMOCTOATENbHYIO BETBb
MaTeMaTHYeCKOH HayKH C OrpoMHOA GuOaWorpaguer.

BaxHefllnuM HCTOURHKOM NpOrpecca HayKH SIBJSIETCA BHYT-
PEHHSI JIOTHKa ee pa3BuTHs, 06ycJOBJeHHas XapaKTepoM H
0COGEHHOCTAMH CaMOH HayKH. B 3TOM €MhiC/ie OHa pa3BuBaeT-
.Cfl OTHOCHTEAHHO CaMOCTOATENbHO H HE3aBHCHMO OT Henocpen-
.cTBeRHOA npakTHkH. Tak, B 60—80-e roznl npouUwIoro Beka,
nocye BechMa -OypHOTo NePHOAA pa3BUTHS aHANHTHYECKOH Feo-
puH andxpepeHuHaIbHBX ypaBHenuil, B, Puman ®, A, Ilyanka-
.pe, II. TlenneBe 7 1 HeKoTOpLIE ApYyrHe MaTeMaTHKH -MONOIIIH
B CBOMX FIYOOKHX HMCCJEROBaHHMAX K TaKHM 3ajauaM, KOTOpHe
He TNOJABAJINCh H3YYEHHIO YK€ H3BECTHLIMH JIipHeMaMH H Tpe-
60BaJIH KayeCTBEHHO HOBBIX METONOB HCCJIEAOBAHAS. DTH MeTO-
JIbl BNOCJAEACTBMH OBUIH CO3RaHEl. Bhllleyka3aHHBe CTQPOHHI
npouecca pa3BHTHAE HayKH — -OGUIeCTBEHHO-NPOH3BOACTBEH-
Has NpPaKTHKa M BHYTPEHHss JIOTHKa — He CBOAATCH OKHA K
APYrofi H He NMOKPBIBAIOT APYT APYTa, a HAXOAATCS B ONpeze-
JieHHON, BeckMa TeCHOH CBSI3H MmexNy co0Oil, B RHaNEKTHYE-
CKOM- €IHHCTBe.

OnHO# H3 BelyIUX CHJl Pa3BHTHA PAacCMaTpHBAeMOR HamMK
TeOopHH ‘6blia -60pr6a HPOTHBOHOJIOKHOCTEH BHYTPH caMoil Teo-
PHH, KOFOpas Ha PASHHX 3TanaxX NPOABJSJACH B PaSAHYHLIX
¢dopmax. Tax, maremarnky XVIII B. Bpepnpunumany sHepruy-
b€ FAONLITKH HAaHTH aJFOPHTM HJH. METOA pelnenHua moboro
JudpepenunanpHoro ypasHenusi. Iforom crane sicko, uto sror
‘BORPOC B OOIEM CIyYae fajke A/ ypaBHeHHA ePBOFO NOPAAKa
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_He pemaercsi. AHaJM3 BO3HHKIUEro NMDPOTHBOPEYMA H HpUBEN
K [0Ka3aTeJIbCTBY TeOpPeMbl O CYLIECTBOBAaHHH peleHUA Ru-
(epeHUMANBHOrO' ypaBHEHUS. 3HAYHTELHO MO3XKe MPOTHBOpE-
UUst IPYrOra Nopsiika CTalH HCTOUHHKOM BeChMa HHTePeCHBLIX
METOROB pellleHHd npoGseMbl PHmaHa B TeopHHM JIHHEHHBIX
YpaBEeHU#.

BakHbIM HCTOUHUKOM HIEH. aHAJIMTHYECKON Teopuy  Rudxpe-
PEHIHANEHEIX ¥DaBHEHHA Obliia TeOPHA SJIMNTHYECKHX H albe-
JeBHX QyHKUMA, BHPOCIIas H3_TEOPHH OGPAICHHS SJLIHITH-
YECKHX HHTErpa’oB..

Bumecre ¢ mem nocTpoese paccMaTpHBaeMOR TeOpHH ABJSf-
ercs. BROAYKTOM: MEUIIEHHA CaMUX. MaTeMaTHKoB. MHorue HH-
TepeCHHE NPoGJeMb 3hech. MOCTaBJeHH H paapelleHn 6aaro-
Japd: MOIIHOMY TBOpYecKoMy HaTHcKYy B. Pumana, JI.. ®ykca,
S. [Iuxapa 8, A. Ilyankape, II. Ilennese, A. M. JlanyHosa,
H. A. Jlanno-JaunneBckoro * H-_MHOTHX JpYTIHX,

§ 2. Ocobuie TouKM DYHRUMA

Kaxk ans narnof reopHy, Tak H LIS APYTHX OTHEAOB aRANH3a
BeChbMA B#KHEIM SIBJISETCS NOHNTHE OCOGHIX TONEK (iyHKOAH,
a Taiwe ocoObix Touex AH(pdEpEHUHANLHEIX YPaBHEHHIL.

VYiKe BCKOpE MOCAE YCTAHOBJECHHS OCHOBHBIX ONMEpankit Ma-
TEMATHUECKOTO aHanu3a Noj ocoGhiMHM TOYKamMH (yHKIMH no-
HHMaJIH TakHe ‘3HaueHHs apTyMEHT&#, A/ KOTOPHIX GYHKIHA
He CYIIEeCTBOBaJa WJH NPH KOTOPHIX Hapymaiach HelpephiB-
HOCTb QYHKUMM WM ee MPOH3BORHON. 3TOT BONPOE” ACTaNLHO
6uin paccmorper Koum B yyeGHHke no audpepeHuuanbHOMY
H HHTerpasbHOMy Hcuncsenuio (1823 r.). 3nech’ oH. yxe pas-
JaHYaJ 1oJocH (1o GoJee Tno3jiHe#i TEPMUHONOTHH), T. €, TaKHe
3HaUEHHs apryMeHTa, ANA KOTOPHIX (YHKIHUS CTAHOBHJIACh
GecKOHEUHO GOJILILOA, H KPHTHYeCKHe TOYKM, MPH obxofle Ko~
TOpEIX GOYHKUMS NMOJYYaia Pa3/iHuHbie 3HaueHHs. 3ateM Obiiu
YCTaHOBJIEHH HEKOTOphie: HHTEPECHHIE TEOPeMHl, KacaiollHecs
¢yHRUMA, o6AajalomHX mosocamH. Tak, MHTErpaJ, B3ATHIA
BJOJib 3aMKHYTOTG KOHTYpPa OT (PyHKNHH, He HMelomed BHYTPH
KOHTYpa 0c060f TOYKH, PEBRAJCS HYJ/IO, 2 HHTErpas: No TaKo~
My e KOHTYpYy, COmepXaimeMy NoOMoC NOXBIHTErpaibHOR
($YHKUMH, OTJHYajcd OF Npelwytyniero Ha 2nig, rie g — Be-
JMMYHHA TaK HASHIBAEMOTO BHIYETa NOALIHTErPaJbHON QyHKIHH
OTHOCHTENEHO nomoca. Bckepe 6HLII0 yTOMHEHO NOHATHE CY-
LeCTBEHHO: OCO60 TOuKH. XapaKkTepHLIM NMPHMEPOM ee fB/feT-
cq Touka 2=0 paa QyHKumH e'’*,
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§ 3. Teopema cyuiecTBOBaHMA U €AWHCTBEHHOCTH

BoabluM gocTHXeHHeM B TeOpHH AHddepeHIHaNbHHX YpaB-
HeHH GbLIO ycTaHOB/IEHHE TEOPEMbI CYUIECTBOBaHHA H €IMHCT-
BEHHOCTH pellieHHii, BrepBble STOT BONPOC GBI NMOCTABJEH M-
penieH pasauynbivH cnocobamu Koww B 20—30-x rr. XIX B,
IInsi mOKasatejbcTBa TEOPEMBl HM MCNONB30BaJCsl TaK Hasbl-.
BaeMbifi mepBhlil MeTO, AONOJHEHHBIH 103XKe HEMEUKHM MaTe-
MaTHKOM JIMmmumeM ¥ H3BeCTHbIH HbiHe Kak Meroa Komn —
Jlumuuua, 3aTeM MeTOI NOC/ENOBATENbHBIX NPHONHXEHHA U
MaxKOpaHTHHIH METOR, yCOBepIIeHCTBOBAHHLIH H METOAHYECKH
o6pa6orannniii 4yepes 20 ner ¢paHUY3CKHMH MaTeMaTHKaMH
III. Bpuo 1 u )K. Byke ', Hesasucumo or Komu nocnennHii
MeTof OblT Takke pa3paboTaH HeMELKHM MaTeMaTHKOM
K. BefiepwrpaccoM B 1842 r. Oxnako ero pa6ora go/rHe rofst
ocTaBaJlach HEH3BECTHOM, TaK Kak myGJHKalHs ee cOCTOs1ach
3HayMTENbHO Mo3xe, B 1899 r. PaccMoTpuM npHMeHeHHe 3TO-
ro MeToja AJs CJaydasi ypaBHeHHsl mepBOro MOPSKa C OAHOH
Heu3BecTHOH ¢yHKOHeH.

Paa6epeM cnepBa BONPOC O NOCTPOEHHH MaXKOPaHTHOH
¢ynkuuu F (2, w) 0o oTHOlWeHHIO K AaHHOR dyHKuMH f (2, w).

Urak, nycTe ¢yukuus f (2, w) ronovopgua *?> B obracru
lz2|<r, |lw|<<p u npexcraBMMa CXOASIIHMCS B 3TOH O6GMacTH

pAIOM
f (2, w)=kZah_,zkw’. (1)
, i
Ecau Baste 0<r,<r, 0<<p;<<p, TO npH

2l<<r, lwl<p @)

¢yrkuus f (2, w) 6yner ronomopdHa H orpanHyeHa:
If (z, w) <M. &)
Toacrasup B paBenctBo (1) z=re®, w=p,e%, nOMyuUM
f (2,. w)=hzlah-lr]kek¢ipl]ehbi'/ (4)

3amensis B 06eNX 4acTax paBeHctsBa (4) i na —i ¥ 0603Ha-

—_ —_— \

yasi f BhIpaXeHHEe, KOMILIEKCHO CONpSIKEHHOe ¢ [ M a uuc/o,
KOMIJIGKCHO COTPSIXKEHHOE C @, MNOJYYHUM

f (z, w)=2a, rhe—koiple—tt, )

[epemuoxum paseHctBa (4) M (5), HaliieHHOe npoHusBefe-
HHUe MpOMHTErpHpyeM no ¢ u P B npexenax ot 0 jo 2xn u, 3a-
MeTHB, YTO
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2n

2nnpu k=4,
§ eo=tomtdg = (g S
)
2% 2%
ToMTy KM j dtpj. f+fdp=-(2n)? Eaml (%% ’fk p?l'
0 0 kol
Orciona, yursi, uro f.f= |f| e a‘h /= la,., [P, nveem

2n

2k
k'zllah,zlzfl pi' = (2,[), 5‘ d(ps | FI? d.
Hgﬂnmaa BO BHHMaHHe OLeHKY (3) H BbIYHCJIHB HHTErpaJbi
N
BHIa j' dx, monyunm I |a,, ; ['r2kp?l<<M?, orkyza
(] R

la,.1 I<Mirkoh, ®)

Pasymeercqa, ¢opMysna (6) moxer OnTh oboClieHa Ha
GyHKUHH  JOGOr0 4YuCia MepeMEeHHBIX.
- Jlana ¢pynkuus f (2, w), npeacrasumas psizoM (1). Paccmor-
pum gpyryio ¢ynkumio F (z, w), pasiaraiouyiocs B psax

F (2, w)=kzlA,,,,zkw', @)

cxonsmufica BHYTpH O6Gnacti (2) (3pmece A, ;, — AeficTBH-
TeJbHLIE IOJIOXKHTEJNbHBIE YHCAA).
Ecau ans Becex koabduuuenToB psiaa (7) HMeeT MecTo Hepa-

BEH:TBO
lap il <Ay, ®)

to ¢ynkuua F (2, w) no oTHomeHuio K ¢yHkuuu f (2, w)
HasblBaeTcss MaopaHTHOH, WaH ycuauBawoued. Jlas o6osua-
yeHHs1 3TOr0 cooTHoweHus A. I[lyankape BBea CHMBOA >.
Takum ofpasom, F (z, w)>f (2, w).

B cuny nepaBenctba (8) psx (1) cxomurcs B To# o6sactH,
rie cxomutcs psx (7) u, caenoBaTeNbHO, 061acTh CXOAMMOCTH
pana (1) He meHblie 06MacTH CXOAUMOCTH psixa (7).

MOXHO NOCTPOHTH BecbMa NPOCTHIE Ma)KOPaHTHble GYHKIUH,
Hcnoab3yst HepapeHcTBo (6). das 3’!‘01‘0 TNIOJI03KHM, coraacho (8),

Ay =Mk ph,
Torja MaXOpaHTHYIO MO OTHOWIEHHIO K f (2, w) ¢yHKitHiO
2kw!l
MOXKHO 3amucath B opme [ (2, @) = kz, rhol T
M
= z - CrepoBaTeNbHO,
1——=(1—=
Iy P1
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M-
— (r_’l)(l_p_“:) >f @ v ©)

Orciona J€rKo NOMYYHTH? —TM—';,—‘ >f 6 w.
3

"1 P1
Jloxaxem nanee caepyiomwyl® Teopemy Kowsd.
Ecnu B ypaBHenun '

W =f(z, w) (10)

Gyuxuus f (2, w) ronomopdHa B OKPeCTHOCTH HEKOTOPHIX 3Ha-
YeHuR z,=w,=0, T0 3170 ypaBHeHHe HMeeT HHTerpaan w=F (2),
NPHHHMAIOWMA PN 2=2; 3HAYSHUE W,, NOAOMOPGHBIF BHYTPH
OKDYXKHOCTH, OnpeJensieMOR paBEeHCTBOM

_ L., e
Iz'='l (f_e, 2M 't‘,).- (ll)
[lycte Huterpan ypaeuenus (10) Boipaxaercs pajaoM
Maxnopena

w=3Zea, 2" (12)

m

Ecan B (10) nonoxuts
‘ ¥ (e, w)=k21a,,,,z"w’ (13)

u ydectb (12}, TO Aas onpeneneHud KOSPOUIHEHTOB &, Psaa
(12) moanyunm ¢opmysel BHAa:

%, =P (a6, Go,1, .08 +--5 i) (14)
rre P — muorowieRr ¢ JeSCTBHEENbHBIMH HOJIOMUTENbHLIME
xosdrunenTamy. PaccmMorpum gaee BOBPOC O paguyce €XO-
auMocTR paaa (12). CHagasa HOCTPOHM QYHKEHIO f;, MaXKOPaHT-
Hyi0 aas f. BoapMeM r; ¥ gy, YAOBIETBOPSIOUIHE YeNOBHAM (2).
Toraa dryrenus [ (2, @y 6yaer rojoMopdHo# BHYTPH H Ha OK-
pyxmocrsx Cy, Cy pamuycas ry 0 p;. ClIeI0BATENLHO, MOXKHO
HaliTH TaRyiC BeTHURHY M, YTo BRYTPH H HAa OKpyMHOcTax C,
n € |f (z, WM. Taxum ofpasom, MOXHO B3AiTh

M

h @ w)=(]_%)(l_£_).

Ianee . paccMoTpuM BcrioMoraresibHoe jAH(depenuuanbHGe
ypaBHeHHe

o = M
CRICS I
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Ins wATerpasna, Kak # B cayyae ypaBuenwus (10), MOxHO
TIOCTPOHTL PSR
w=2p,,2", (16)

Aaomuf GopMasbHOe pasnokeHHe HHTeTpana ypapuenus (15),
YAOBJIETBOPAIOINErO HAaYaJbHBIM YCJIOBHAM 2,=0, we=0. Ko-
3(hdHIHEHTH 3TOr0 psja Onpenesflorcs 9epes KoshdHmHeHTH

a3/0eHns PYHKIHH — =
P il 2) w Xb o 12%0' TaKxKe
¥

n 1
dopmynamn Buna (14): B,,=P (bo,0, bos1s «ovs bpp—1i,o)» TTPHYUEM
no CBOHCTBY MaXXOPaHTHBIX cpymmnﬁ MOXHO JI0Ka3aTb, 970

Joty <P 17)

Pannyc cxopumoctH psina (16) MIerKo OnpegensieTcs, Tak
Kak ypaBHeHHe (15) MOXHO HeNmOCPEACTBEHHO MPOMHTETPHPO-
w Mde

Bath. Paajnensnsn nepemenmwue, ﬂaﬁm( l—;{)dw = z ) ’

1——

rn

naxee S(l——')dw MSJ__,_ Hau Pl {1— "’)2=
=Mr,In (l— .—,:—)+C. "

Moxcrasags ciona z=0, w=0, noayunm C=p,/2. Toraa
nocJjie s/ieMeHTapHLIX npeo6paaonanuii HaxofuMm

w= plﬂ—l/ 14 1n(1——)} (18)

(3HAK MHHYC Tiepeli PaIHKaJ/IOM CIpaBa COOTBETCTBYET YCJOBHIO
2=0, w=0). OcobumMH TOuKamMH Qyukuuy w u3 (18) Oyamer
npexze Beero ocobas “Touka ¢ywkwk In (1—7), 10 ectp
2,=r;, @ 3aTeM Ta TOYKA, B KOTOPOH BLIPa)KeHHe NOJ 3HAKOM
panukana (18) o6paiaercst B HYyJb:

_l e
Z3=rj -(i —e N ) (19)

_Jlei
Tax xak £ 2Mn <1, r02, ABIAETCA ACHCTBUTENBLHLIM, [10-
NOXHTENEREM H 0<lz,<lry. Taxum o6pasom, ¢yHKIHA w TOJNO-
Mop¢Ha BRYTpR OKpYXHOocTH L c paauycom |z|=z, u npen-
CTaBJINETCH CTEMeHHEM psizom (16), CXOASUIHMCA BHYTPH OK-
pyxnocti L. CrenosatensHo, npu-seaxom {21<<z, pap 28, |z~
m
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cxoxutcst abcosoTHO, a U3 ycnoBus (17) caenyer aGeoJtoThas
cxopumocts U paxa (12). Takum o6pasom, psix (12) BHyTpH
OKPYXKHOCTH L CXORHTCS paBHOMEpHO H ompejeJssier B Helt ro-
aomopduylo pyHknmio w=F (2). VI3 meroma ee noctpoeHus
creyeT €RUHCTBEHHOCTh TaKOro roJIOMOpdHOro HHTerpasa.

BrlneHsJ/IoKeHHRIH MeTO[ A0Ka3aTejqhCTBa CyLIeCTBOBAaHHS
HHTerpasa MOXeT OuiTh pacnpoCTPAHEH Ha CHCTEMY N ypas-
HEHHil NepBOro mopsiika ¢ n HeH3BeCTHbIMH (YHKIHSIMH, HA
ypaBHeHHs] BHICIUHX MNOPSIAKOB, Ha JIHHEHHBle ypaBHEHHH.
[Tpumenenne Metoma MaKOpaHTHEIX (QYHKUMH K KOKa3aTesbCT-
By CYIIECTBOBAHHS  WHTErpPajoB YPaBHEHHH ¢ YaCTHBIMH
NPOM3BOAHLIMH OBbLIO Jall0 B JOKTOPCKOM AMcCepTalMH
C. B. Kosanesckoit B 1874 r., rae Bonpoc ocBelna/cs BecbMa
nosHo, Ta e TeMa, XOTSl H HE CTO/IL OCHOBaTeNnbHO, paspaba-
TelBaJach ¢paHuysckuM MarematukoM [, apGy 3.

B nanbHeiiieM Meron GhIJI CYLIECTBEHHO pa3BHT Gnarojaps
pa6oram Jlunneneda, ITyankape, Meps, TopHa H ZApYyrux
(cM. [5, ra. ITI, § 5, 6]). On Hawesn WHPOKOE NMpUMEHEHHE B
NPHJIOXKEHHAX H, B YacTHOCTH, B HeGecHOH MeXaHHKE NpH pac-
yeTaX ABHXKeHHs nyaHer COJTHEYHOH CHCTEME.

§ 4. U3 paHHel uctopmmn runepreometTpuyecKoro
ypaBsHeHHs

CyuecTBeHHOe 3HaYeHHE, OCOGEHHO IJI TEOPHH JAHHeRHbIX
JuddepeHIHATBHBIX YpaBHEHHH, HMeJIO H3yYeHHe OTHENBHBIX
HX BHJOB. B 3toM cMblcste ocoOblii HHTepeC NpeACTaBJseT TH-
nepreoMeTpHuYeckoe YypaBuenue, F3BecTHas nonyJaspHOCTB
€ro Janeko He ciy4afiHa H O6GYcJOBJ€HAa TOH BaXKHOH POJEIO,
KOTOPYIO OHO HTpaJjlo Ha Y3JIOBHIX IIYHKTAaX Da3BHTHS aHaJu3a.
Slpasiick mpocTeflIHM NpPHMEPOM OZHOPORHOIO JIHHEHHOro
ypaBHEHHs BTOpPOro nopsiika, He HHTerpHpyeMoro B o0LIeM BH-
e, OHO NPHHAJEKHT K BeCbMa BaXKHOMY KJaccy TaK Ha3bi-
BaeMblX QYKCOBRIX MUHEHHEIX aHbPepeHUHaNbHEIX YPaBHEHHH.
OnpenensieMble 3STHM ypaBHEHHeM (YHKLHH HrpaloT 3aMeTHYIO
POJIb KaK B TEOPHH, TaK H B NPHJOXKEHHUSAX, [IPH PellleHHH MHO-
X 3ajau MaTeMaTHuecKOH (PH3HKH.

B Havanbuwii nepuon HccenepoBanuit, 10 ectb B XVIII 8.,
runepreoMeTtp Hueckas - GyHKUHA .H3yyalach MaTEMaTUKaMH ¢
TpeX TOueK 3peHMda: 1) Kak mnpejcraBiseMass CTENEHHbIM —
TUNepreOMeTpHYeCKHM PSAOM, 2) Kak pellenHe COOTBETCTBEH-
HOro (runmepreoMerpHueckoro) AuddepeHHalbHOIO YpaBHe-
HHSl BTOPOrO nopsiaka, 3) Kak OnpeneseHHblid — THIepreoMer-

12



pHYeCKuH HMHTerpaj. Bce 9TH TPH acmekTa yxke MMeJH MeCTO
B pa6orax JI. diinepa 14,

['nrepreomeTpHueckuM, HWJIH 1o Gojee MO3AHEH TEPMHHO-
Joruu psaom I'aycca, HasbiBasM cTeneHHOH pAn

. 1 1
Fa,Bnn=1+m s + S8R0 o e0)

rae «, B, ¥ o603Hayany (cHayasa AEHCTBHTEJbHEIE) YHC/IA NMPH
ycaosud y>0. Ecau a uwau § obpamasics B HyJib HJIH CTaHO-
BWJIHCb OTPHLATEJbHBIMH IENBIMH YHC/IaMH, TO psift 0OpbIBaJI-
Csl M NEPexXOANT B NOJTHHOM HEKOTOPOH CTENeHH,

SroT psAA NpHBJAEKaJ BHUMaHHe MaTEMaTHKOB CrepBa no1o-
MY, YTO OH COeIMHAA B cefe GOMbLIOE YHCJIO Pa3JIOKEHHH B psi-
Ikl H3BECTHBIX PYHKIHUH, a 3aTeM KaK TaKOBOH, uepe3 KOTOpLI
MOIJIM MHTErPHPOBATLCS  BHILIEYNOMAHYTHlE BHAK JIHHEHHBIX
ypaBHeHHlI BTOpOro nopsaka. Tak, Hanpumep, H3BecTHbE GH-
HOMHAJIbHRIA, JIOrapHQMUYECKHH M APYrHe PAAE MOXKHO GhiJIO
DPeACTaBHTb TaK

(l—i—x)"':E m(m—l)...k[lm—(k—l)] k=
k=0

=F(—m,1,1,—x);

In(+x)=x 30 =2F (1, 1,2,—9; (@)
k=0

1 3 .
arctgx=xF('2—,1, -, —X%; arcsin x =
1 1 3
=XF(’2_' 2 2 x’)-

DAMUOTHYECKHE MHTerpajbl COOTBETCTBEHHO NEPBOro H BTo-
poro poxa:

K (%) = —’;—F(—;—% 1, xz);E(x)= %F(—;—,—%,l, xi).

Takoe npeiacTaB/IeHHe faeT BO3MOXHOCTL H3y4aTh CBOHACTBa
paccMatpuBaeMbiX (yHKUHA, HCNOMb3YA TNOJNYYeHHEle DaHee
pesyJbrathl A1 GYHKUMH THnepreOMeTPHYECKOro THIOA.

Hccnenobanue cxoaumocTth psina (20) ¢ nOMOmbIO Npl3HaKa
Janam6epa 1° nokaseiBaer, uTO 3TOT PN -CXOLHMTCS PaBHOMEp-
HO O &, B, ¥, X OpH [x |< ¢<l B /0GOH OrpaHHYEHHOH 3aMKHY-
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Tolt 061aCTH nepemMeHHbX @, B, ¥, He comepxaieii B cebe ne-
JILIX OTPHUATENbHBIX H HyJIeBOro 3Havuenus y. [losromy runep-
reOMETPHUECKHH PSN NPERCTABJSAET AHAJHTHYECKYI0 (PYHKIHIO
nepemeHHHX @, P, y, x npu |x|<l, y¥%—Fk (k=0, 1,2,...).
HauMeHoBarHe «rHNEPreoOMETPHYECKHH pany BCTpevaercs
Brepsue y Banauca B ero «Arithmetica infinitorum» (1655).
OH npemsoXKHu/a €ro NOoToMy, YTO 3aKOH COCTaBJEHHA YJIEHOB
paccMaTpHBaeMOro MM psifa Gbld CAEAVIOWHM MO CJTOXKHOCTH
nocne reoMerpuyeckoro psiga. OGwuE 4nen wsywaemoro Bas-
JIICOM pPSila MOXXHO NPEeACTaBHTb (GOpmyJIoh
a(@4-b)(@a+2b). . .[lat (n—1)b]
Up = 5%...(n—10b . (22)

10T PSA MOXKET GLiTh PACCMOTPEH B KAYECTBE YACTHOTO CIIy-
uasi paga Taycca (20) u o603naueH Kak aF (g—l—l, 1,1, l)_‘

Psap (20) kak QyHKLHS nepeMeHHOii .x BhepBrie H3yuaics i-
aepom. Tak, B MeMmyape 1778 r. Ditnep Hawen nudpepeHuH-
a/lbHOE ypaBHEHHe, KOTOpPOMY yaoBJeTBopan pax (20):

d? d
(1 —x) o+ [y— @+ B+ 1) ] - —ay=0. (23)

K Takomy BHAY nmopxonsuiHM npeo6pa3soBaHHEM He3aBHCH-
Mol nepeMeHHOH MOrJo OhiTb NPHBEAEHO JMoboe YpaBHeHHe
BTODOTrO MOPSiiKa TaK Ha3kBaeMoro (yKcoBOro THRA € TpeMs
0cOGLIMH TOYKAMH, TaK YTO OHH NpHHHMAaJH 3Hauenne 0, | Hoo ,
B nanbHefimem nopx runepreoMeTpuyeckoi GyHKIHEH CTaH 110-
HHMaTh, B obLieM, JoGoe pelueHHe ypaBHeHHdA (23).

Bo Bropom Tome «HurerpanbHoro HcuHcaenHd» diinepa
pellieHHe. AHHEHOrO ypaBHEHHsI BTOPOrO NOpsiika BlepBuie
ZaBajoch B (opMe OnpenesieHHOro HHTerpaja. 3HAYUTEJNbHOE
BHUManue JiJiep YAeNHJ H3YYEHHIO HWHTETpajioB YKa3aHHBIX
Boile auddepeHIHaNbLHEIX ypaBHeHHH B ¢opMe CTeNneHHBIX
psinoB. OH e pa306paJl HEKOTODPLIE BaXKHble CAy4aH npeoGpa-
30BaHMA .- THIEPreOMeTPHUSCKHX  yHKIHE,

IanbcHeiillee H3yyeHHe TIHNEpreoMeTpuHyeckoi GyHKIHH H
onpefensiomero ee psaa cpszaHo ¢ uMeHeM M. Ildagda 18,
KOTOpHIi MepBHIM NPHMEHHJ TePMHH <«THNEpreoMeTPHYecKHit»
MMeHHO K psany Buaa (20). Tkpadd nosonuro noxpobHO Hecse-
noBan pax (20) u coorBercTBYIOmEe RHPEpEHIHANBHOE ypaB-
HeHHKe.

Takum 06pasom, H3yueHHE THNePreoMeTPHYECKOro psja,
0606LiaBILero, KaK GLUIO MOKA3aHO BhIHIE, PSAbI AJIST MHOrMX
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H3BECTHHIX TOTAa (YHKIHH, paccMaTpHBaJOCh KakK OfHA M3
BaXXHeHMIHX 3ajay,

Yaxe K kouuy XVIII B, sHaunTesbHOE PasBHTHE NATYUHJH
HCC/IeOBAHHS, H3yuaBlUMe Npexne Bcero NOHSTHe THIIEpreo-
merpuueckofi ¢yHkund, CHayana OHa paccMaTpHBaJaCh Kak
NpeJCTaBHMasl THNEPreOMETPHUYECKHM PSJIOM, 3aTeM KaK YOB-
JeTBopsiioman npocrefimiemy (cM. .(23)) ¥ OGOGIEHHOMY TH-
nepreoMeTPHYECKOMY YPABHEHHIO NpPH JeMCTBHTEJNbHBIX 3Ha-
YeHUsX napamerpos. BosnbHIOh BKIafl B H3ydeHWE YKa3aHHOIO
sonpoca BHec K. T'ayce 17, sanumapwniicst uM B Hagane XIX B.
dynnamenTadbHbEle HCCJENOBaHHA O psigax Buaa (20) Gblau
ony6ankoBann kM B 1813 r.

Cymmy psga (20), F (a, B, ¥, X), CHMMETPHYECKYIO OTHOCH-
TesbHO @ H P, Taycc paccmaTphBaerT KakK QYHKIMIO YeTHIpex
nepeMeHHLIX, Ha3LBAEMLIX MM SMIEMEHTAaMH, H HaXOAWT s Hee
PSA HHTEPECHWX COOTHOLIEHMil. 3HaueHHA NapameTpoB a, P
MOT'YT OhiTh Jo6hiMH, y=>0. Ecan a—1 nan f—1 — nenoe or-
puLaTeshHOE YHCa0, TO yepe3 1—a H 1—f uneHoB paa o6ph-
BAeTCSl H NEPEeXOAHT B PAlHOHAJIbHYIO ajare6GpauyecKyio ¢yHx-
uuio. PaccmMarphBas OTHOLleHHE MOCJERYIOLIEr0 UJeHa K upe-
IbAymeMy, laycc ycraHas/nBaeT CXOIHMOCTb pSija npH
Ix|<<1. 3ateM om paccmarpuBaeT yacTHbe caydan (scero 23),
KOrjia CyMMa THIepreoMeTPHYeCKOro psaja ABJAETCS SJeMeH-
TapHON QyRKuued x,

Hepsrifi # BTOpoil OTAC/H NEPBOf YacTH yKasaRROR paboTh
Taycca nocBsilleHH HCCAEROBaHHIO Pa3NHYHBIX COOTHOLLEHHI
Mexny dyrknusmu Buga F (a, B, vy, x) npH HEKOTOpHX COOT-
HOIUEHHSAX *MEXJYy napaMeTpaMH H pPa3/OkKeHHAM OTHOLIEHHHA
ABYX THNepreoMerpHyecKux ¢yHKUHH B HenpepuHBHHE ADOGH.

Hccnenopanuio runepreoMeTpHYecKoro pana npH JeHCTBH-
TeJIbHBIX S3HAYEHHSIX NapaMeTpos H ripH x=1 nocBsllleH TPEeTHA
(B nepBoft wactu), camuilt Gosbiiof orzesn paGote. B Hem Gbun
copmyaupoBau 1 cTporo foKasaH u3BecTHuil npusHak I'aycca
CXOZHMOCTH PANOB, @ TaKXKe NMOJyueH pSX BaXKHbIX M MHTEpec-
HBIX COOTHOIUEHHW#i. 3;ech e YTOUHAJIOCH NMOHATHE CXONHMO-
CTH psifia BooGile M pa3GupanCcs cayda#t paCXORHMOCTH psna,
O6Iu YieH KOTOPOTO CTpeMUACSH K Hyumo. TeM cambim Obna
3a/I0}KeHa OCHOBA CTPOrOil TEOPHH PSAJOB € YeTKHM HCNOMb30-
BaHHeM NOHATHSI NPENENLHOro Nepexona. [lanbHedlee paspH-
THE 3Ta TEOPHA noayuuna B paGorax B. Boasuano 1 O. Kowwu
(COOTBETCTBEHHO 4YeHMICKOro H (PPaHIY3CKOrO MaTeMATHKOB).
Hexoropas neno/sHoTa H3noxeuusa [aycca cocrosiia B TOM, YTO
YCNOBHSI CXOAUMOCTH BHIBORHJ/INCH HM JJIf JeHACTBHTEbHBLIX
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3HAYEHHH NapaMeTpoB M He HCC/IENOBAJIHCh YCJIOBAS CXORMMO-
CTH Ha OKPYXHOCTH |x|=1. Peiuenue sToro sonpoca B BecbMa
obueft dopme Bnepsbie OLLIO OnyGaHKOBaHO Befeprrpaccom
B 1856 r.

Bropyio wactb paccmorpeHHO# Brllie paborsl [ayce npex-
nosiaraj TOCBATHTb TEOPUH nH(DEPeHUHANbHEIX ypaBHEHHIt,
OnpefessiiolMX  runepreoMerpuyeckHe (yHKUHH, a TPEThIO
4acTb — TEOPHH OOLIHX 3JIHNTHYECKHX GYHKUHH,

Onnako npu xkusHH laycca myGaukaunii 06 3THX npeaMe-
Tax He GblIO, 2 MpojoKeHHe PaGOTHl MOSBHJIOCHL B opMe yeT-
BepToro ornena, copepxkauero § 38—57, aumn B 1866 r.
npH H3JaHHH HayyHoro Hacieaus Iaycca. 3pech runepreomer-
puueckoe AHG(depeHUHAJbHOE YpaBHeHHe nojsyyaercsl B pe-
3yJabTaTe NOBTOpHOro.  nHddepeHuupoBaHus™  GYHKUUH
F (a, B, v, X) ¥ KaK 4acTHBIA cayyail JHHEHHBIX COOTHOLIEHHH
H3 BTOPOTO OTZeJa OCHOBHOA paboThl. OHO naBasock I'ayccom
B ¢opme (23). 3arem paccmaTpuBaNuCh NpPeoGpa3OBaHHSA He-
3aBHCHMOTO NepeMeHHOro x M GYHKUHH F, npu KOTOpHIX TH-
nepreoMeTpHyecKoe audepeHUHaIbHOE YDABHEHHE MNepexo-
JAWI0 B ce6si, HO NpH APYrHX 3HaueHHAX mapaMerpoB. Apry-
MeHT x npeoGpasoBbiBajcsi B 1—x, x/(x—1), 1/x. Tlpn 3rom
Faycc mokasasn BO3MOXHOCTb MpeACTaBJjeHHs OOLEero HHTe-
rpana ypasHenHs (23) B ¢opme:

CIF (a'.ﬂ» Vs x)+czF (a’ B9 a+ﬂ+l_"?’ l-x), (24)

a TaKXe YCTaHOBMJI Dfif HOBBIX HHTEPECHHIX COOTHOIIeHHH.

B uyersepToM oTaene PaGoThl PacCMAaTPUBAIOTCH YKe KOM-
IJIEKCHEIE 3HaueHHs aprymenta x. OIHAKO NpHMeHeHHe HX HO-
CHJIO 3NH30AHYecKHil XapakTep. [las cHcreMaTHYecKoro mno-
CTPOEHHSl TEOPHH THnepreoMeTpHyeCKHX (yHKuHii Kak (pyHk-
U KOMIVIEKCHOrO mnepeMeHHoro TpefoBajack GoJee riay6o-
Kasi H JeTajlbHas pa3paboTKa OCHOB CaMOH TEOPHHM aHaJUTH-
yeckHX dyukuuii. Peluenue 3Toft 3afiaun OblI0 npeameToM pa6ot
MHOTHX YYeHmIX B mocaepywouiuii nepuog. OHO HauIo OTpaxe-
Hue B jekuusax O, Kieiina !® 0 runepreomeTpHuecKHX ¢yHK-
ousix (1893—1894 rr.), KOTOPLIMH OXBaTHIBAJHCh BCE€ OCHOB-
Hble Pe3yJIbTaThl H METOAB!, NOJNYyYHBLIHE H3BECTHOCTb K KOH-
uy XIX B.

K pa6ore I'aycca npumeikanu uccienoBanus . Kymme-
pa !°. B nepBom u3 nux (1834 r.) uayyasoch o6o6ueHHoe nHd-
(epeHIHaIbHOE YPaBHEHHe TPeThero nopsanaxa Ajast npeo6paso-
BaHUA runepreomerpuuyeckux ¢ynxuuii. Bosee nmogpo6Ho sra
npoG/iema H3narajaach B GoJsbwoil ctatbe Kymmepa B 1836 r.
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31ech OH BNOJHE ONpeNeJCHHO MPHMEHHJ TePMHH «THMepreo-
MeTPHYECKHH» uMeHHO K psRy laycca. B pesyanTtate Kpouor-
JIHBOTrO HccnefoBanuss Kymmep mosyuus wiecth BHIOB APOGHO
JUHEAHBIX M[ONCTAHOBOK apryMeHTa
x, l—x, Ux, 1/(1—x), x/(x—1), (x—1)/x, (25)

00pasyiomuX 3aMKHyTYI0 rpynuy, H 24 BUja DasjHYHbIX pe°
IIEHHHA runepreoMeTpuyeckoro AH(pdepeHUHANLHOTO ypaBHe"
HUsA (IPH He3aBHCHMBIX APYT OT Apyra napametpax «, B, y)
KaXJible YeTbIPE U3 KOTOphIX OBbLIH, IO CVIIECTBY, TOXJECTBEH"
HeiMH, B Memyape Kymmepa riiaBa 7 mocssimanach crenuadb-
HO  PacCMOTPEHHIO rHIepreoMeTpHYecKHX GyHKUHA
F (e, B, ¥, x) 0pH U3MEHEHHHM X B KOMMJEKCHOH 06/1acTH, XOTA
H 3lech emle He GblIO NOCTPOeHO obwieit Teopuu. OCHOBBI ee
OuliH 3ajoxeHsl B Tpyaax B. Pumana, K. Beitepurpacca °,
O. Kown u npyrux. VayueHHsle paHee KymmepoM lnuecTs HHTe-
rpanoB o6pasoBajii (GyHIaMEHTaJbHYIO CHCTEMY HHTerpaJos,
NONapHoO NpHHaAJeXamuX K 0co6uM Toukam 0, 1 Hoo OH xe
yAeTH] BHHMaHHE CYMMHDOBAHHIO THIIEPreOMEeTPHUYECKHX Ps-
JI0B, @ TaKXe PacCMOTPesS MHOMECTBO pasjHYHLIX COOTHO-
HIeHHH MeXJy HafileHHRIMH HHTerpajsaMH KakK B OObIYHOM CJy-
-4ae, TaK H B NpEANOJIOXKEHHH CYHIECTBOBaHHs HEKOTOPLIX 3a-
‘BHCHMOCTel Mexnay napamerpamu a, P, ¥ (TO eCThb Tak Has3bl-
BaeMble npeoGpasoBaHusl Beicllero nopsaka). Haitnennsie
GopMyJIBl IPHMEHANMCH 3aTeM K H3YYeHHIO l})aanuqnmx PyHK-
UHH, cofepkauiuxcsi B obumeM Buipaxenuu F (a, B, v, x).

CylecTBeHHbIe pe3yJLTaThl B paccMaTpPHBaeMOM Hanpab-
JIeHHH, B YaCTHOCTH MHTErPHPOBaHHE T'HIEPreoMeTPHYECKOro
YPaBHEHHSI MOCPEJACTBOM ONpPEJAENEHHBIX HHTErpanoB, OblIH
nosyyeHs B Tpynax SIko6u 2 (1843 r.), satem Tucco, Beitnepa,
JlethnkoBa %, Tlocnenuuit A5 pellleHHs 3afauu paspaboran
H YIa4yHo NpHMeHHN MeTol AH(pdepeHuHPOBaHUA C NPOH3BOJIb-
HBbIM yKasaTeseM mopsiika Ruddeperunposanusa. Emy yranoch
06O6IHTE cooTBercTByloUHe GopMysanl $IKOGH H NOJAYYHTb
TaK)Ke HOBble BHJhI YaCTHBLIX pelleHHil T'HhepreoMeTpHyecKoro
ypaBHeHHA.

M3 ckasaunoro bile Mel BUIHM, KaK H3 YaCTHBIX paspos-
HEHHBIX HCCJIJOBaHHA HHTEpPeCHBIX OcOOeHHOCTEH rumepreo-
METPHYECKOro psifia, a 3aTeM U THInepreoMeTpHYeCKoH (pyHKUHH
yueHHE OPHUUIH K BecbMa OfLIUM pesyJbTaraM, SIBUBIIHMCHA
OCHOBO/ HOBOH TeOpHH, a caMH GYHKLHMH CTaJH H3yyaTh Kak
peleHHe cOOTBeTCTBYIomero aHdbepeHuHa pbHOTO yPaBHEHHS,
B nanvuefiieM 3T0 HanpapJieHHe MOJIYYHJIO HHTEHCHBHOE pa3-
BuTHe. Peyb 0 Hem Gyner MATH B KOHue ri. IV.
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fnasa ll. OCOBLIE TOYKU AUDDEPEHLIUATIL-
HbIX YPABHEHUA. UCCNELOBAHME YPABHE-
HWA MNEPBOrO MOPAAKA

§ 1. Knaccupukaums ocobuix Touek

Kak 6bi10 nokasaHo B § 3 ra. 1, Teopema cyumecTBOBaHHS H
eAHHCTBEHHOCTH oORpefensia HHTerpaJa aH¢pdepeHUHaNbHOIO
YPaBHEHHS B Kpyre HEKOTOpOro pajgHyca. -OTOT HHTerpas
Mor GLIThb NMPONOJIKEH HaJjee ompeneseHHbiM crnoco6om. Tlomy-
ueHHash TaKHM o6pa3oM aHaJIHTHYecKasi GyHKIHS YJOBJIETBO-
PSeT TOMY e YPaBHEeHHIO, UTO H HCXOAHuIA anemenr [3, c. 38).
3areM MOXHO H3y4YHTb HHTErpaj BO Beel -06/IaCTH ero CyIecr-
pobanus. [loBegeHue wuHTerpasa M 0061acTb CYWIECTBOBAHHS
onpenensiiotca ero ocoOuMu TouykaMH. OTClofa MOXKHO NMOHATH
TO GOJBIIOE BHUMaHHE, KOTOpOe YHAeNsIH MHOTHE MaTeMaTH-
KH M3y4YeHHIO NOBeNEHHsI HHTErpasoB YypaBHeHHsi B o6JjacTH
oco6uIX Touek. Msyuenue xapakrtepa H pacnosoxeHHs: 0COOLIX
TOYEK B 3aBUCHMOCTH OT BHja au¢depeHUHASLHOrO ypaBHEHHSt
SIBJISIETCS ONHOM W3 OCHOBHBIX H BaXXKHeAWIMX 3afay aHaJHTH-
uecKOfi Teopu auddepeHuMa bHEIX ypaBHeHHil. B nocraHoB-.
Ke ¥ Pa3BUTHH 3TO/ 32a4H CYLIECTBEHHYIO POJIb CHIPAaAH CaMO
yueHHe 06 0co6biX TouKax GyHkuuii U ero 3pomonus. O6 ucro-
Kax ero y Hac yke uia peus B § 2 ra. 1. Baxnble peayabTaThi
B 3TOM HamnpasJjeHHH noayudsa KowH.- OHH GblJIH CcyIlecTBeH-
HO jpomojiHeHH paGotamu B. [Tiouse, B. Pumana, K. Befiep-
wrTpacca.

Ilox kpHTHUeCKO! MOHMMaeTcsi TakKasi oco0asi TOYKa, KOrja
GyHKUNS MeHsS€T cBOe 3HaueHHe npHu o6Xoze aprymesra BO-

Kpyr stoit ToukH. Hanpumep, ans ¢yHKuun w=7/z ocobas
Touka 2=0 siBasieTcs KpHTHYeCKOH. Ecan QYHKUHMH fBASIOTCA
anre6pauyecKHMH, TO OHH HMEIOT JIHIUb KOHEYHOe 4HCJO pas-
JHYHBLIX 3HaueHHH B 06.1aCTH TaKHX TOYeK, TaK Kak NpH npo-
IOJDKEHHH OGXONOB OHHM LHKJHYeCKH noBTOpsioTcsi. B okpecr-
HOCTH KPHTHYECKOH anreGpaHuyecKol TOYKH zo QYHKLUHA Npen-

cTaBjsercsi psAOM BHAa:
W (2)=ayt0 (7—2z)V" Fay(2—z,)2 " +... (26)
rae n — uejaoe, He MeHblue ABYX (n==2).

B po/H KpHTHUECKOH TOYKH MOXKET BHICTYNAaThb M NOJIOC

(xputuyecku#t nomoc) ¢ynkuuH. Torga sta ¢yHKIHA npen-
CTaBJSIETCA TaKHM DPAIOM:
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w ()=a_,(—2z)""Imt-a_, 4 (2—2) "D/, 4
+a_y(z—2) 1" tagtay(z—z) " ... 27)

Hanowmuum, 4To B 06nactH nomoca nopsigka m (m — mesioe)
(QYHKIHS HMeeT pasJokeHHe:

W (Q)=a_,(—2)""+a_,, 4 (2—20) "™+ ... +
+a—1 2—20) WM+ ay-+ay(2—20)+ (28)

KputHyeckne anre6panyecKHe TOUKHM, MOAIOCH M KpPHTH-
YyecKHe TOJIIOCH Ha3biBaloTcs ajare6paHyecKUMH OCOGLIMH TOY-
Kami., DyHKuui, 061ajaiomHe TOJAbKO TAKHMH OCOGLIMH TOY-
KaMH BO BCeA IJIOCKOCTH, COCTABJSAIOT KJacc anreGpauye-
CKHX GYHKOHI,

Knaccudukauus Heasre6panueCKHX OcOBHIX TOYEK TECHO
CBfi3aHa C MOHsTHEM 00 06/acTH HeompejeneHHocTH. [IpoHc-
XOXJEHHe CaMOro MOHSATHS CBSI3aHO, BHIAMMO, C BBEACHHBIM
QyKCOM NOHATHEM TOueK HeonpeneneHHOcTH. MIcTOKH ero mMox-
HO YyCMOTpeTb Yyxke B JOKTOPCKOH naucceprauuu [lenseBe
(1888 r.), Korma ana XapaKTepMCTHKH OcO6Oi TOUKH OblnH
npHBJIeYeHH NOHATHS H3 TEOPHH MHOMKeCTB. OlnaKO IBHO OHO
6bu10 BBENieHo [lensniese sumb B pabore 1900 r., 3aTem nonaso
B sekouu 3opertH (1911 r.) ¥ mosyuyHso WHPOKYIO H3BECT-
Hoctb. B. B. Tomy6es * [3, c. 41] xapakrepusyer ero Tax.
Okos0 paccMaTpHBaeMol 0cO60H TOUKH 2, ONHO3HAUYHOM (QYHK-
UMH ONHCHIBaeTCs OKpYy»Hocth C paxuyca p. Uepes D (p)
0003HayaeTcss MHOXKECTBO 3HAYeHHH, KOTOphIE NPHHHMAeT HJIH
K KOTOPbLIM HEOTPaHHYEeHHO npHONMHXKaeTcss QYHKUHA HIH
Kakasi-HHOyAb ee BeTBb NPH pPa3JHYHLIX NPONO/IKEHHAX ee
BHYTPH OKpyxHocTH C. Ec/H p HeOrpaHHYeHHO YyMeHbIuaTh,
TO MHOXecTBO D (p) cTpemMHTCs K HEKOTOpOMY INpemeqbHOMY
mHOKecTBY F. D10 MHOMecTBO F U ecTb 06/1aCTh HEONpPENE/ICH-
HOCTH (pYHKLHH B 0cO60fi TOuKe 2,. MOXXHO 1OKa3aThb, YTO OHO
ABJ/ISIETCA MJIM HeNpephIBHHIM MHOXXECTBOM MJIM COCTOHT H3 Of-
HOH TOYKH. 3TO U MOJIOXKEHO B OCHOBY KJ/acCH(HKaLUHH HeaJsre-
GpanyeckHXx occOhix Touek. EcaH o6nacTb HeOmpeAeseHHOCTH
COCTOMT H3 OZHOH TOUKH, TO 0Co6asi TOUKa 2, Ha3bIBAETCS TPaHC-
LIeHNeHTHOH, ecqH Ke o6sacTb HeonpegeneHHOCTH COCTOHT He
M3 OXHOH TOYKH, TO 2, HasbIBaeTcsi CYyUIECTBEHHO 0COGOH TOY-
KO#.

ITpumepom rpchueHAeHmoﬁ 0co60ll TOYKH MOMNKeT ObiThb
toyka 2=0 aas ¢yskuun w=In z. TIpuMepoM CyIECTBEHHO
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0coGofi TOUKH sBJIserci OObLIKHOBEHHasd CylEecTBEHHO ocobas
TOYKa OAHO3HAYHON GyHKuuMH, Hanpumep z2=0 aas QyHKIHA
w=e!/?, TpaHcuenJeHTHbIE 0COGble TOYKH MOTYT BLICTYNaTb
RS MHOTO3HayHbBIX (YHKUHA M B DosM KpuTHueckux. Tak,
g byskuuMH w=sin 1/)/z Touka 2=0 ecTb KpHTHUecCKas Cy-
IMECTBEHHO Ocobasi Touka. Ecau o6nacte HeonpeneNeHHOCTH
0c0o60ii TOYKH NMOKPHIBAET BCIO MJIOCKOCTb, TO OHA Ha3blBAaeTCs
TOYKOH ¢ NOJIHOM 00/acThi0 HeonpeaeeHHOCTH, B nporuBHOM
cay4ae GynyT TOYKH C HEMoJHON 06JIaCThIO HEoNnpeAeNeHHOCTH.
B cayuae oxnosHawHmX ¢yHKuuii no Teopeme COXOLKOro —
TIukapa obsacte HeonpeleJeHHOCTH H30JMPOBAHHOM CYHIECT-
BEHHO -0C000# TOYKH MOKPLIBAeT BCIO mJockocTb. Eco cymect-
BeHHO 0coOble TOYKH He H30JIHPOBaHbI, TO CPeAH HHX MOryT
OLITb TaKHe, ANA KOTOPHIX 06/1acTh HeonpeneseHHOCTH He no-
KpPBLIBaeT BCeH MJIOCKOCTH, a 06pa3yeT ee YacTb, HapuMep Kpy-
ropoe Koabuo uau Juuuio [3, c. 43l
Ecnn ¢yHkuua w obnagaer M30JHPOBAHHONA CYLIECTBEHHO
0co60ii TOUKOH 2,, TO B €e OKPECTHOCTH OHA NPEJCTaBJsETCS
psanom Jlopana (psix Takoro Buja Mcnosb3oBadcs Befiepurpac-
COM HeCKOJIbKO paHblle, ueM cocTtosiace ny6aumkauus Jlo-
pana):
w (@)=...+a_, (2—2)" "ta_,41(2—2)" 1 +...+
+a_; (z—2z)*Haytay(z—2)+... (29)

O6nacTelo CXONHMOCTH 3TOrO psifa MBJASETCS KPYroBoe
Kosblio R<|z|<<R c meHTpOM B TOUKe z,, 31€Ch R — paauyc
CXOZHMOCTY CTENEHHOro psifa ay+a;(2—2Zy)+...

§ 2. MoasmkHble U HenopBvKHble Ocobbie TOUKM
peweHnid guddepeHuMansHbIX ypaBHEeHWH

Ilepexoma K H3yueHHIO OcOGHIX TOUeK pellleHHA RH(depeHH-
a/lbHHIX YPaBHEHHH, C/IeRyeT HMeTk B BHAY Caepyloliee BaxHoe
o6croaTenbeTBO. B mpouecce MHTErpHPOBaHMS - QYHKUUS-HH-
Terpan nojiydaer NMPOMU3BOJBbHYIO NMOCTOSHHYI0 C, BXORAMLYIO
B Hee TakHM 00pa3oM, 9TO MOJIOXKEHHe OCOOLIX TQUEK HJH 3a-
BHCHT, WJIH He 3aBHCHT OT Hee. EcaH moJsioxkeHHe ocobmiX TO-
4eK U3MEHACeTCH C H3MEeHeHHeM HauyaJbHhIX YCJOBHA, TO TaKHe
0co6ble TOYKH pelueHHH Ha3bBalOTCH NOABHXKHWMH. Ecau no-
JIOXKeHHe OCOGhIX TOYEK pellleHHA He 3aBHCHT OT HadadbHhIX
YCJIOBHII, TO OHH Ha3LIBAIOTCHA HENOABHXKHBIMH.
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Ha nepBrIX sTanax pa3BHTHSl TEOPHH, B CHJY OrpaHHueH-
HOCTH OfbIT, KOTJa B OCHOBHOM H3Y4YaJHCh NpocTeHluHe ypas-
HEHHs, B YAaCTHOCTH JIHHEHHbe, KOTOphle He o6/aajaiH Mox-
BH)KHHMH OCOGLIMH TOYKaMH, 3TO OGCTOSATENHLCTBO NMPOXOIHJIO
MHMO BHHMaHHs uccnenosareneﬁ Opnako B mpouecce Aafb-
HeHLIero pa3BHTHS TEOPHH OHO CKOPO GO OGHapYy:KeHo.
EfBa nu He BriepBhle I‘aMGyprep (1877 r.) 4erko 3amerHn, 4TO
A/l HHTErpanoB HEJMHEHHBIX aH(depeHUHaNbHBIX ypaBHEHHA
(BbiIe BTOPO# CTENneHH) CYIIECTBYIOT NOABHXKHHE KPHTHYECKHE
TOYKH H YTO NOJIOKEHHE OCOGBIX TOYEK 3aBHCHT ONpeieNeHHbIM,
HO 3apaHee HEH3BECTHHIM 06pa3oM OT KOHCTaHT, COAepallHX-
cd B obmeM HHTerpaje ypaBHeHH® n-ro nopsiaka. A yxe B
paGore 1884 r. ®dykc Bhgenaun knacc audpdepeHLUHANBHBIX
ypaBHeHHMH NepBOro nOpfifKa, pelleHHst KOTOPbIX 06aajaioT
HeMOABHXXHBIMH KpHTHYECKHMH TOoukaMu. Paspaborka 3TOR
Haen Gblna mpopo.nxena 3aTeM ITyaHkape W oco6oe pasBuTHE
nonyuyuna B tpynax IlehneBe, ykasapmero K Kowuy 80-x IT.
KJIacC TaKHX ypaBHeHHH NepBOro nNopsaka, B MHTerpanax Ko-
TOPHIX OTCYTCTBYIOT NOJABHXKHBIE TPAHCHEHIAEHTHbIE M CYHIECT-
BEHHO OCcOOBIe TOUKH.

VIMeHHO Ha/iHYMe MJH OTCYTCTBHE TOrO HMJH HHOTO BHJA NOA-
BHXKHBLIX OCOGhIX TOYeK B HHTerpanax aHdbdepeHUHaNbHBIX
ypaBHeHH# H OBLIO 3aT€M OJHHM H3 CYLleCTBEHHbIX NPH3HAKOB,
NONOXEHHBIX B OCHOBY KJMaCCH(pHKaUMH 3THX YPaBHEHHH.

PaccmoTpuM s npumepa ypaBHeHHe

dw 1
dz = 2wz (30)

IMpaBas ero uacte ronomoppHa npu z2+0, w+0. Wurerpu-
pyd ero MeTroaOM pa3jeneHHsl NepeMeHHbIX, NOJy4HM w’=
=Inz—In C, otkyaa w = l/ ln—c— Ias atoro uHTErpana
z=0u 2z=o00 €CTh TPaHCUEHACHTHbIE OCOGHIE TOUKH, M TOYKa C
SIBJISIETCS Kpumqecxoﬁ anreGpanuecKoit Toukoil [3, c. 45], Tak

z—C 1 (z—C
Kaxlnc In(c +l) C‘_T(C )+...n

w=1ﬂ._ Vl_ _1_(2_z£)+=

= VZ— {-l/——+€P(2) ]

(rze @ (2) romomopgHa B obaactu z=C).
3aecb MOXKHO NIerkO 3aMeTHTb, YTO TPaHCUEHAEHTHLIE. 0CO-
Gble TOUKH OJIHH H Te e JJs BCeX MHTerpanos, T. . MpH pas-
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JHYHBIX C, B OHH ABJRIOTCS HenoABMXKHEIMH. ITosOKeHHe e
KPHTHYecKOH ToukH 3aBucHT OoT C. OHO MeHsileTCA NPH H3MeHe-
HMH HavyanbHBIX YCJOBHH, onpeiensiomux uurerpan, n6o C
CBSI3aHO C HaYaJIbHHMH YCJIOBHAMH 2,, W, COOTHOLIEHHEM

. —w2, .
wo= } In -%"— ,OTKyRa C=z,¢ 0" Takum06pasoM, KpHTH-

yeckas anreGpanyeckast TOuka 2=C sBJSETCH 37eCh NOABHX-
HOH.
Take NOABHKHOA KPHTHYECKOHA 8JreGpaHYeCKOA TOYKOH

2=—C o6najaer pemenne w =V z+ C ypaBHeHus

dw 1
dz — 2w @1
YpaBHeHnue 0 =w? (32)

AMeeT MHTterpas w=-—1/(24+C) ¢ NOABMXHBIM (HEKPHTH-
qyecKuMm) nomtocom 2=—C.

YpaBHeHue
w=—w*2 (33)

HMeeT HMHTerpaJ w=l/Vz+ C ¢ NOABHXKHKIM KPHTHYECKHM NO-
mocom z=—C.

MoXHO Takxke yKasarb MpHMepH AH(PdepeHUHANBHBIX
ypaBHEHHIl MOpsiAKa BHILNE NEPBOro, MHTErpaj KOTOPHX 00-
JIafaloT NOABHXHBIMH  TPAHCLUEHAGHTHHIMH M CYIIECTBEHHO
OCOGBEIMH TOYKaMH.

HenonpuxxHeie 0cOOHE TOYKH MOAYYAlOTCH B MHTErpajax
IHGdepeHUHANBHEIX YDaBHEHHH B CBA3H C Te€M, YTO apryMeHT 2
BXOJAHT B MPaBYIO YaCTb YpaBHeHHs yepe3 ero KO3(pHLHEHTH,
KOTOphie CaMH. MOTYT HMeTb ocoOnle ToukH. Ilosromy nonoxe-
HHe HeMmOJABHXKHEIX OCOGHIX TOYEK MHTErpajioB MOXHO ompeje-
JIMTh CPABHHUTENBHO JETrKO N0 YpaBHeHHI0. OTHICKaHHE e NOox-
BHXKHBIX OCOOBIX TOYeK roOpasfo CJOXHee,

Hcxonst 3 H3noXeHHOro Bhillle, GblIO YCTAHOBJEHO, UYTO
HHTErpaiH JHHEHHLIX YpaBHeHHH He UMEIOT MNOABHXXHHX OCO-
6uix Touek [3, c. 47]. CymecrByer BecbMa ILHMPDOKHH Kjacc H
HeJIMHEMHBIX ypaBHEeHHH, HHTerpa/jh KOTOPHIX TaKXe He HMe-
10T NOABHIKHBIX OCOOBIX ToueK. Takoro Buaa ypaBHeHHs AaBHO
NpHBJeKaaH BHHMaHHe HccaefoBaTenefi.

BBUT TaKXKe ycTaHOBJIeH MNpH3HaK A1 AuddepeHIHANbHBIX
ypaBHeHHii NepBOro MopsiKa, HHTErpajs KOTOPHIX 06sajfalor
MOABHKHON aareGpaHyecKoil KPUTHYECKOI TOUKOH, caeRyiomed
TeopeMoHt.
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Ecan nns ypeeHenus
w=f (2, w) (34)

[ (2, wo) paBHO Geckoweuwoctd H 1/f (2, w) ronomopgpua B
06MacTH 2y, Wy, TO HHTETPaJ,. ONpene/isieMH HauyanbHLIMH YC-
JIOBUSAMH (29, Wo), HMEET B TOUKE Z, KPHTHYECKYIO a/areGpauye-
CKYI0O TOYKY; 3Ta anreGpanuecKas KpHTHYeCKass Toyka B 00-
1eM CJyyae €CThb MOABHIKHAS TOYKA, TaK KaK 2, 3aBHCHT OT
HAaYaAbHOTO 3HAYeHHS W,, KaK 3T0 BHAHO M3 YPaBHEHHS
l/f (wO, Zo)=0 [3, C. 51].

Kak nHa npumep yKaxem Ha paccCMOTpPeHHOe paHee ypaBHe-
uug (31). Jlnsi Hero B TOuKe ¢ KOOpAMHATAMU w=0, 2=2, HMEEM
w'=o00, a l/w’ ronoMopdHa B OKpeCTHOCTH 3TOit TOUKH, H,
Kak GbUIO NOKAa3aHO, HHTErpas 3TOr0 ypaBHEHHs o6aafaj Noj-
BHXKHOH KPHTHYeCKOH aareGpaudecKod TOUKOH. YpaBHeHHe
xe (33) Hmeer -KOHEYHYI0 NPABYIO YacTb NpH MmMoGOM KOHE-
HOM W, H, KaK BHJHO H3 NPHBEACHHOrO Bhlllle BHIPAXKEHHS €ro
HHTErpaJa, NocaeH!H He HMEET KPUTHUECKHX a/reGpaHyecKHX
TOYEK, a HMeeT TOMbKO KPHTHYECKHH (NOABHKHLIA) MOJIOC.

K stoMy Bonmpocy MOXHO MOAOHTH caedyoluM nyTeM. Tak
KaK QyHKuHs B nomocax o6paiaercsi B 6eCKOHeYHOCTh, TO B
ypaBHeHHH (33) caesaeM MOACTAaHOBKY w=1/w; u 6yneM H3y-
YaTh HMHTErpaji, oOnpeje/iseMblii HayaJbHbIMH 3HayeHHSIMH
(@,)o=0 u 2=2,. Ilocne nopcraHoBKH nosyumm @, =1/2w,,
a 310 ypaBHeHHe BHaa (31), HHTerpan KoTOporo o6aajfan KpH-
THYeCKOH TOYKOR (mpH (w;),==0).

Ho (w)o=1/w, Hu, cnefoBaTenbHO, NMpH We=00 , 2=2,
NOJIYYHM MNOABMKHHIA KpHTHYecKuit noJsoc. IlpuBeseHHass H
ADYTHe TeOPEeMBI NO3BOJISIIOT HAXOANTD PA3NOKeHHsT HHTerpaJoB
B 06/1aCTH NMOABHXKHBIX anre6paHyecKuX OcOGbIX TOYEK.

3HAuHTeNbHO CJOXKHEe HCCaefoBaHHe auddepeHUHaNbHbIX
YPaBHEHHI ' Ha NOABHIKHBIE TPaHCUEHAEHTHHE M CYUIeCTBEHHO
ocobbie Toukn. Kak npaBu/o, 310 ypaBHEHHS He HHXKEe BTOPO-
ro nopsiixa MM TaKue NMEPBOTO NOPSAJAKA, B KOTOPLIE HEH3BeCT-
Hag GYHKUMS @ BXOAMT TpaHcueHpenTHo. Hanpuwmep, ypas-
‘Henne w'=e~" umeer HHTerpan w=In (2—C) Cc NOABHXHOMH
TPAHCUEHJAEHTHON TOUKOM, a ypaBHeHHe w'+w In® w=0 HMe-
€T HHTerpaJ ¢ MOABHIKHOMH CYLIeCTBEHHO OcO6OH TOUKOiL.

B stoM nanpasaennn IlennieBe NoKa3asn BayKHYIO TEOPeMY
O TOM, YTO ypaBHeHHS NepBOro nopsjaka, aareGpaHyeckHe OT-
HOCHTeAbHO HEHM3BeCTHOH (YHKUHMH H ee NPOHM3BOAHOH, He
MOryT HMEThb B CBOHX PelIeHHAX MOABHXKHEIX TPaHCLEHJEHT-
HbIX H CYulecTBeHHO ocolubix ToueK [3, c. 55].dra Teopema cy-
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INECTBEHHO YMpOLUlaeT HCCAefOBaHHE peIleHHit MHTerpajoB
yKa3aHHOro THna AuddepeHUHMILHBIX ypaBHeHHH.

§ 3. Ocobbie Toukn auddepeHumansHbix ypasHe-
HUM

B TecHoii cBsi3H ¢ 0cOGLIMH TOYKAaMH QYHKUHH HAXORUTCS BaXK-
HO€ NOHsTHE OCOOLIX TOYeK AH(xpepeHUHANBHBIX YDPaBHEHHI.

Ill. Bpuo u )K. Byke BeInycTHAM NO TeOPHH GYHKUHI KOM-
NAEKCHOrO0 MepeMeHHOr0 MOHOrpa¢Hio, riae CHCTEMaTHUeCKH H
MeroauuecKH OblH 06paGoTaHbl pe3yJbTarhl, NOJYYEHHbIE A0
1855 r. B Tpyaax Kowmw, Jlopana, [Tionse, dpmura, JInysuas
H Apyrux yyeHnix. OHH e ony6/MHKOBaJMH H NMepBYIO MOHOTpa-
GHI0O N0 aHANMTHYECKOH TeopuH AH(pepeHLHaNbHLIX YypaBHe-
uuit [14), a noaxe u no Teopuu suIHNTHYECKHX QYHKUME Ha
HOBOH OCHOBe. JTH yyeHHle BBeJIH B YKa3aHHHIX paboTax psi
HOBHIX cef4yac XOpOIO H3BECTHHX MOHATHH.

BBeseHHble HMU NOHATHA KPHTHYECKHX TOYeK, KOpHeil (Hau
HyJseH) GYHKUMH H nomocoB (MaM GecKOHeyHoCTeH) cTanaH 06-
HleynoTpeSHTENIbHBIMH H NEPellIH 3aTeM B HAYUHYIO H yuebHYI0
nauteparypy. Iloa nosocoM oHM NOHHMMaJAH TaKylo 0co6YiO TOY-
Ky, BO BCeH OKPECTHOCTH KOTOPOH, ‘32 HCKJ/IOYEHHEM CaMoii
TOYKH, QYHKLHSA w roroMoppHa, a B CaMO# TOUKe 2y CTAHOBHT-
ca Geckoneynoil. Torxa ¢yukuus 1/w 6yzer ronomMopdHoii B
2. DyHKUHIO, rONOMOPGHYIO B HEKOTOPOH YacTH IJIOCKOCTH,
3a HCKJIIOYeHHeM KOHeYHOro yucaa nomocos, bpuo u Byke Ha-
3blBa/ ¥ MepOMOP(HOH B 3TOM 4YacCTH NJIOCKOCTH, T. €. Nouo6-
HOHf palMOHANBbHLIM APOGsSM.

B ocHoBy KnaccupukauuH yHkumii, Kak nosxe H Beiep-
WITPacC, OHH MOJOXKHAH OTHOLIEHHE MOCAEAHHUX K OCOOHM TOY-
KaM. Bpuo # Byke nucanu, uro /mo6asi MOHOAPOMHAs YHKIHA*
nocne mepBLIX TpeX KaTeropii (pauHOHaJabHHE, NepHOaHYe-
CKHe, JBOSIKONEpPHOAHYECKHE) INPeACTaBAfET HOBYIO TPaHC-
UEHAEHTHYIO, a TpaHCUEHAEHTHble (QYHKUHHM  Pas3aHyaioTCs
Mexay coGoli no pacnpeaeneHuio ux GeckoHeynocreii. Henc-
YepriaeMuiM HCTOYHHKOM HOBBIX TPaHCLEHASHTHHIX ABJAAIOTCS
AnddepeHUHaNbHEE YPaBHEHHS.

Kak npHHuunuanaphHo HOBbii M Baxunift BKJaj bBpHo u
Byke B T€0pHIO OTMETHM YETKYIO NOCTAaHOBKY M JOBOJNBHO MOA-

* TMox moHoApoMHOR dyHKuHeRr Komn nonHEMAN Takyo ¢yHKIHIO,
KOTOpasi HenpepbiBHa B HEKOTOPOH TOUKe H €e OKPeCTHOCTH H OAHO3HaU-
Ha.
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pobHoe pellleHHe BOIpoca O NOBeJEHHH HHTerpasoB AuddepeH-
UHaNBHBIX YPABHEHHH B OKPECTHOCTH OCOGBIX TOYeK, B 4acT-
HOCTH, KOTZa npaBasi 4aCTb YpaBHEHHS

w'=f (2, v) (34)

CTaHOBHTCS GecKOHeyHO! maM HeonpenenenHo# [14]. Tak Gbla
110CTaBJ/IEH BONPOC 06 HCCMeAO0BaHHH OCOGHIX TOYeK AHGPdepeH-
uxanbHblX ypaBeenuil. Bpuo u Byke npuHajsexur u nepsas,
XOTsl eille H HecOBeplleHHasl KJAacCHpUKAUHA YpaBHeHHH H
MX HHTErpasioB mno Xxapakrepy ocoOblX TOYeK.MNpaBoi YacTH
vpaBHeHHs (34). ITog mocneAHHMH OHHM MOHHMAJH TaKHe TOY-
KH 2, AN KOTOPHIX He BHINOJMHSINCH YCJOBHA TeopeMbl Kown 0
CYILECTBOBAaHHH (H €QHMHCTBEHHOCTH) pelueHuii AHddepeHuH-
a/IbHBIX VPaBHEHHH, HO AJSl OKPECTHOCTH KOTOPHIX MOXHO Obl-
JIO CTABHTb BOIPOC O CYIUIECTBOBaHHH peLieHH wW=w(2).
Okasanoch, YTO B OKPECTHOCTH TaKHX TOYEK NMPH HEKOTOPHX
YCNOBHSAX pelleHUss GyAyT ronoMopgHul. IIpuHUHMNHANBHLIE
ycraHOBKH Bpuo n Byke B 3TOM cMbic/le He H3MEHHJIHCb H B
Hauaje Hallero Beka nepeuuiu B yueGHyio aureparypy. Tak,
B CBOEM H3BECTHOM TPaKraTe NO TeOPHH AudepeHIHaNbHBIX
ypaBHeHu# QPopcaiiT (B T. 2) ocobuiMu TOyKamu AH(PPepeHLH-
aJlbHOrO ypaBHeHHs (34) cuuTan TakHe, B KOTOPbIX (YHKUHS
f (z, ©): 1) He xoHeuHa; 2) He onpeleneHa; 3) He OXHO3HAYHA.

HasBanus Ana oco6bix TOueK AnddepeHUHANbHBIX Ypas-
HEHHii NepBoOro NOpAAKa OAHUM H3 NepBHIX npemtoxua Ilyanka-
pe B UMKJe paGor Hawana 80-x rr. npouioro-Beka. OaHako
NPHODHTET B BONMPOCE O KJAacCHPHKAUHWH OCOGHIX TOYEK TaKHX
ypaBHEHHA NMPHUHAAJNENKHT BBLIAAIOUWEMYCS PYCCKOMY MeXaHHKY
H. E. )Kykosckomy 24, dror Bonpoc Guln nogpoGHO UM pa3ob-
paH B ra. Il marucrepckoii aucceprauun «KnHemaTHKa XHA-
KOro Teja», onyGIHKOBaHHOH B «MareMaTuyeckoM COOpPHHKE»
(MockBa) B 1876 r. Hsyuasn KHHEMaTHKY XHIKOCTH € €IHHOH
obieit Touku 3peHusi, )KykoBckuil Bmecte ¢ TeM pa3pa6oran
H COBEpLIEHHO HOBLHIE METOAbl HCCeJOBaHUA OCOOBIX TOYEK
nnddepeHUHaNbHBIX YDaBHEHHH JBHXEHHS XKHAKOCTH. Pac-
cMaTpuBas JBHXeHHe GecKOHEYHO MaJIOH YacTHiB!l JKHAKOCTH
(8 rnaBe I), on nonyunn auddepeHuHanbHble YpaBHEHHS RIS
BO3MOXHBIX TpPaeKTOpPHH 4YacTHLH B BUAE:

dx/(lyx—ry)=dy/(Ly-+rx)=dz/ls2. (35)

IMocne psana npeo6pa3oBaHuil )KYKOBCKHA HAXOAHT HHTe-
rpajibi TaKOA CHCTEMBI H HCCJIEAYET HX FeOMeTPHUECKHH CMHBIC,
BLISICHSI TEM CaMbIM pacrnosioxkeHHe JHHHA TOKa. Yxe B
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nporecce 3TOr0 OH NOJAYyuaer ceMefcTBa KPHBLIX, CBSI3aHHBIX €
OCHOBHBIMM BHJaMH OCOOGLIX TOueK (yka3aHHbIXx nosxe IlyaH-
Kape), U JApyrHe npH ONpefeneHHbIX COYETaHHSX BeJHYHH
l;, by, I3, r, 2. Viccnenyst 3arem Teyenwe XKHakocTH B rio. 1T,
JXyxoBckuit paccmorpen cayuyait (§ 20), Korza CKOPOCTH Te-
YEeHHsl U, U, W BHYTPH HEKOTOPOro MpOCTPaHCTBA, OrpaHH4eH:
HOro 3aMKHYTOM IOBEPXHOCTBbIO, GYAYT HENpepbiBHHE, ORHO-
3HaYyHBl H KOHeyHH. Ilpm 35TOM OKa3ajoCh, YTO JHHHUH TOKa,
3ANONHAIOIHE TAKOE NPOCTPAKCTBO, HE MOrYT MepeceKaThCs
HJIH cOnpHKacareesl, TaK KaK JJIA KAaXAOH TOUKH KOCHHYCHl
YIVIOB KacaTeabHOH K JHHHH TOKa HMEIOT OAHO ONpejeneHHoe
3HayeHHe. JTOr0 HeNMb3st CKasaTb, KOTAa CKOPOCTH U, U, W
o6paidioTcs B O,w,g HJIH CTaHOBATCA MHOrosHauhni. )Ky-
KOBCKHH HA3biBa€T KPUTHUECKHMH TaKHE TOYKH, B KOTODBIX
JHHHH TOKa MepeceKaroTcsi, CONMpHKAcaioTcss HaH HMetor Gec-
KOHeyHO 6OJbILIYI0 KpHBH3HY, H pa3GHpaer CBOACTBA TaKHX
TOYeK cHayana AAsi NJIOCKOrO TeYeHHs:

ITomemas HayaJo KOCOYTOJbHBIX KOOPAHHAT B TOYKY, TIe
cKopoctH ofpainaircs B 0, oo, g. OH OTHICKHB&ET Mpexen u/v

npu p=7V x*+ y*—0. Koraa 10T npeseJ1 uMeer KOHEYHYIO Be-
anyuny @ (y/x), ypaBHeHHs THHHIA TOKOB, GECKOHEYHO GH3KHX
K HayaJy KOOpPAHHAT, NONYYAIOTCS NPH HHTErpPHPOBAHHMH YpaB-
nHenus Yy =@ (y/x).

3atem H. E. )KykoBckuit nepexoaMT K paccMOTpPeHHIO pa3-
JIMYHBLIX KPHTHYECKHX TOYEK M Xa8pPaKTepPHCTHKE HHTErpafbHBIX
KPHBRIX B6AU3H HX. He BHnuchiBas ¢opmyJ, npHBeAeM JAHLIb
KOMHIO JaHHLIX aBTOPOM PHCYHKOB (pHc. I).

W3 HHX JIerKo ycMOTp€1b, YTO 1O COBPEMEHHOH TepMHHOJO-
ruu: | — ceanoBHHA; 2 — y3ea; 3 — QHKPUTHYECKHI y3ed;
4 — ysen (otnuynnifi or 2); 5 — dokyc; 6 — uenrp. Tak,
B OPOLECCE HCCAEJOBAHUA KHHEMATHKH MXHAKOCTH OblJIH OT-
KpBITH 0co0ble TOYKH AHdpepeHurasbHOrO ypaBHEHHS.

3T0 OTKpHTHE, €CTECTBEHHO, He yMaJsisieT 3HaYeHHs JAajb-
He#iunx pa6or IlyaHkape B NaHHOM HanpaBsieHHH. Pa3puBas
nanee unen Bpuo u Byke, Ilyankape, Hauunas ¢ 1878 r., nox-
pobHO HcclenoBan ypaBHeHHE BHAA:

dw P (2, w)
dz — @ gz, w) (36)
(rze P (z, w), Q (2, w) — MHOrOuNeHs) B UMKJe paboOT O KPH-
BEIX,  oOnpeAensieMblX AH(pdepeHUHANbHBIMH YpaBHEHHAMH,
3necs Ilyankape BBes1 NOHATHE XapaKTePHUCTHK, HA3BIBAasi TaK
KpUBbLIE, YpaBHEHHsi KOTOPBIX ecTb pelleHHs AH(depeHuHannb-
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S @

Puc. 1

HOro ypaBrenusi (36). Ins o6xoma TpymHocTed, BO3HHKAIO-
IMMX MpPH H3yYeHWH OeCKOHEUBbIX BerBefl, OH NpPHMEHSET
crepeorpadrueckyio®™ npoekuHio NJIOCKOCTH Ha cdepy, a KpH-
Bble, PacnoJIOXKeHHBle Ha Hell onpefieJieHHbIM O6pa3oM, Ha3kl-
BaeT UHMKJaMM H noauuukJaMH. B 3asucumocTH oT ocoeHHo-
CTell UX pacnoaoxeHns Ha cpepe- Ilyankape BBOAHT H CneuH-
aJlbHYI0 TEPMHHOJIOTHIO, HCNoab3ysi Tonorpaduueckyio cu-
CTeMy KPHBHIX YDOBHS Ha 3€MHOH MOBEPXHOCTH.

JIBofiHble TOYKH NOJHLHKJOB COOTBETCTBYIOT CeIJIOBHHAM,
a oco6ble TOYKH, uepe3 KOTOpbie He NPOXOAHT HH OIMH UMK, —
BepLIMHAM M KOTJIOBHHaM 3eMHOM nosepxHoctd. Orciopa nony-
yeHbl Ha3BaHHA OCOOHIX TOYEK — Ceia, BEPUIHHB (Y3Jbl) H
KornioBuHb (Pokych). OcoGofi Touko# Gosee CIOKHOrO BHAA
AIBJISIETCA UEHTP, KOTOPHI# BOOGUIE NPEACTaBAseT aHAMOTHIO C
($OKYCOM, HO BOKPYT KOTOPOTrO B HEKOTODHIX CJYYasiX HHTErpaJ
onpenessieT 3aMKHYTYIO KPHBYIO. DTH 4eThipe THna Touek Ily-
aHKape Ha3BaJ OcOORIMH TOYKaMH nepeoro posa. Ocobhle TOY-
KH BTOPOTO POJia MOXHO pacCMaTpPHBaTh KaK pe3yJbTar CJvs-
HHA HECKOJbKHX 0cOObIX TOYeK NepBoro poja. PesysabTathl
Ilyankape OHJIH 3aTeM JONOJHeHH M 0606uIeHE! B paborax
Benpukcona, Bepaunra, ionsika u gpyrux.
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§ 4. Auddepenumnanchbie ypaBHeHus nepsoro no-
PAAKA C HEMOABMIKHLIMU KPUTMUECKUMM TOHKAMM_

OcobbiMu TOUKaMH AHGMPEPEHIHANbHEIX YPABHEHH A MOTYT 6bITh
0co0ble TOYKH HX KO3(pHUHEHTOB, HYJH KOI(MGHUHEHTOB MpH
_Crapiueit MPOH3BOAHOMN, TOYKA 00 , KPUTHUECKHE, H3OJHPOBaH+
Hble KPaeBble M 0COGbIe TOYKH Pa3HBIX BHAOB 06GJIaCTH CYLIECT-
BOBAHHS HHTerpasna, K KOTOPO#i NpHHAAJEXaT M HayajlbHble
ycnoBus., Ho oco6ble TOYKH peiieHHsi MOTYT GHITb Pas/iHUHOMN
NPHPOJH B TOM CMEIC/IE, YTO HEKOTOPhIe H3 HHX MOXHO onpe-
lenuTh NO (opme npasoit YacTH ypaBHeHHst (34), a apyrue no
3TOMY BHAY OMNpeNe/JHTb HeMlb3s.

Ilpn wucciiepoBaHHH psAja TEOPeTHYECKHX W NPHKJAAHBIX
BOTIPOCOB 3HAYHTE/NbHBIA HHTEPeC NPeACTaBJSIOT TaKHE THIIbL
AuddepeHUHaNbHBIX YPaBHEHHH, PelIeHHs] KOTOPBIX SIBJISIIOTCH
ONHO3HAYHLIMH (QYHKUHAMH, TO €CThb HE HMEIOT KPHUTHYECKHX
ocobuix Toyek. IlepBniM mpuGAHXKeHHeM 3fech ObIIO OTBICKA-
HHe ypaBHeHHH, HHTEerpaJsl'KOTOPbIX He HMEJH MOABHXHBIX
KPHTHUECKHX TOueK. TakWe ypaBHeHHS OLIIM Ha3BaHbl ypas-
HEHHAMH C HeMOABHXXHBIMH KPHTHYECKHMH TOYKaMH.

PaccmorpuM, kakune M3 ypaBHeHu#t obiwiero Buaa (36) (rme
P, Q — MHOTOU/MEHBl OTHOCHTENBHO W) MOryT O6G/MajaTb He-
NOJABHXKHBIMH KPHTHUECKHMH TOYKaMH.

[TensieBe nokasas, YTo HHTErpajbl 3TOrO ypaBHEHHS MOTYT
HMETb TONBKO ajire0panyeckue ocobble TOUKH. CnefoBaTelbHO,
B HCKOMOM BHIE ypaBHeHHi#l RO/DKHHEI OTCYTCTBOBAaTb NOABHIK-
Hble anreGpaHyecKHe KPHTHUECKHE TOYKH W NOIBHIXKHBIE KDH-
THyeckde nomockl. Ho aast 3toro mpexkae Bcero HeoGXoauMo,
yToGbl Q He cojpep:kajo w, W60 B MPOTHBHOM CJayyae MOXHO
B3AITb HEKOTOPOE 2,, OTJIMYHOE OT OOUUX pelieHHH ypaBHEHuWs
P (z, w)=0 u Q (2, w)=0 u, onpeiesHB 3HayeHHe W, H3 ypaB-
Henust Q (2o, w)=0, Ha#iTH, YTO HHTErpan, OnpexessieMblil Ha-
YaJbHBIMH YCMOBHSAMH (2, W,), Kak yctaHoBuaH eme Bpuo u
Byke, HMeeT noaBHXKHYIO KPHTHYECKYIO anreGpaHyecKyro Toy-
KY W, TaK KaK AAs Hee npaBas 4yacTb ypaBHeHHA (36) obpaina-
ercsi B 6eCKOHEYHOCTb.:

Ho ecan Q He 3aBHCHT OT w, TO ypaBHeHHe (36) MOXHO
3anucarb B BHAE:

w' =ay(2) w*+a,(2) w1+...+a,(2). (37)

Hnrerpanst ypaBHeHHs (37) yiKe He HMeEIOT NOABHKHBIX KPH-
THYeCKHX aire6paHueckuX ToueK. IloABHXHHE KpPHTHUECKHe
nomocel B HUX GYAYT OTCYTCTBOBATb B TOM CJiyyae, KOrAa
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nocyie NOACTaHOBKH w==1/w; noayuum u3 (37) HOBOE ypaBHe-
HHe AN w; 6e3 KPHUTHYECKHX TOYEK

Wy =—[0(2) W~ 0y(2) wi .. a, (wh], (38)

B« KOTODOM JHO/MXHO OHWTh n—2 <<0, Tak kKak npH n—2>0
uHTerpasnl ypasneHus (38) 6ynyT nmerb NOABHXKHLIE anrebpau-
YeCKHe KPHTHYECKHe TOYKH, B KOTOpHX w;=0 (a HHTerpaJsl
ypaBHeHHs (37) 6YRYT UMeTb MOABHXKHbIE KPHTHYECKHE MOJIIO-
col). Takum o6Gpasom, ypasueHHs obinero sHaa (36) c Henox-
BUXHBIMH KPUTHYECKHMH TOYKAaMH 3anuuytca B ¢opme:

W' =ay(2) wP-0,(2) wa,(2), (39)

TAE O, O, Oy — HEKOTOPhle QYHKUHM OT 2. YpaBHeHHs BUAa
(39) nasbiBalOTCA ypaBHEHHSIMH PHKKaTH,

OTH YpaBHEHHS NPHHALIEKAT K CJAEAYIOWEMY MO CJIOKHO-
CTH KJacCy nocne JHHeHHHBIX H HMrpaior ocofyl0 poib B aHa-
JIUTHYECKOR TeopHH nuddpepeHUHANbHHIX ypaBHeHMiA. Muorue
HHTEpecHble CBOACTBAa 3THX YypaBHeHHH OblaH YCTaHOBJIEHbI
eule OCHOBOMOJIOXKHHKaMH aHanu3a. MiHTepec K MX HcC/eloBa-
HHIO He ocabeBaj M B nocaeAyouiuit nepHoa (cM. 06 stom [5,
c. 180 u cnen.l). CBoe HaumeHOBaHHE, MO MPEAJIOKEHUIO 3Ha-
MEHHTOr0 (paHIly3CcKOro yyeHoro-sHuukyoneaucra )K. Hanam-
Gepa, 3TO ypaBHEHHe NMOJYYHJO OT HMEHH HTaJbSHCKOro Mare-
mariika rpada f1. Pukkaru (1676—1756 rr.). MoxHo noka3ars,
YTO €IMHCTBEHHBIMH TOABHKHBIMH OCOObIMH TOYKaMH HHTerpa-
JIOB TaKHX yPaBHEHHH MOTYT GbITb IOABHXKHbIE (HEKPHTHYECKHE)
noJitockl. IHTerpupoBanne UX npH noMoiM CrelHasbHLEIX MOX-
CTaHOBOK MOXeT GHThb NPHBEAEHO K HHTErpHPOBAHHIO JHHEH-
HOTO ypaBHeHHsl Broporo nopsiaka [3, c. 62]. Takxke 6bu10 ycTa-
HOBJIEHO, YTO JitoGo# HHTerpaJ ypaBHeHHs1 PHKKaTH BhIpaxaeT-
csl palHOHAJbHO 4Yepe3 TPHU €ro 4acTHRIX HHrerpaaa. Orciona
clenyeTr BaxKHOe 3aKJiOueHHe O TOM, YTO €CaH ypaBHeHHe Puk-
KaTH MMeeT TPHM OAHO3HAYHLIX HHTerpaja, TO H BCAKHH ero
HHTErpaj — ofHO3HauHasd ¢yHKuHs. DTO CBOHCTBO XapakTep-
HO TOJLKO I ypaBHeHHst PHKkaTu.

ITpo6neMa nOMCKa YC/MOBHH QTCYTCTBHSI MOJABHMKHBIX KpH-
THYECKHX TOYEK AN YpaBHeHHHl BHAa

PWw,w, =0 ° (40)

(rne P—mHorousieH no w, w'), KO3¢pHLUHEHTH KOTOPOTO ABJSICT-
Csl aHaJIMTHYECKUMH QYHKUHSAMH OT 2, 6blJIa OCTaBAeHa H Brep-
Bhie peweHa JI. ®ykcom B 1884 r.
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Okasasoch, 4to ypaBHehne (40) MOXHO 3anMcaTh B BHAe
MHOrouJIeHa:

@)+ @,2)@') 1+ +,,@,2) =0, (#1)

moBoft KoadduuKenT P, KOTOPOro A0MkeH GbITh, B CBOIO Ove-
pelb, MHOrOY/MIEHOM OTHOCHTEJNbHO W CTeNeHH He Bhile 2k,
. JomxHH 6HAM cobmoaaThest H Apyrue ycsosus (cM. [3, c. 781
YenoBusi Pykca ABASIOTCH HEOOXOAMMBIMH ANl OTCYTCTBHS B
pellleHHsX KPHTHYecKHX asrebpanueckux OcoOwlX Toyek. OHH
Morau Gbl GhITE HEAOCTAaTOYHBIMH B CJAYYae NPHUCYTCTBHA B pe-
LIEHASIX MOABHXKHBIX CYLIECTBEHHO OCOOBIX TOYeK, KOTOpble
MOIJIM 6bl BHICTYNaTh B poaH Kpuruuecknx. OmHako Ilennese
ylanoch A0OKa3aTb TeOpeMy O TOM, UTO pellleHHs 'ypaBHEHHUS
(40) He HMeIOT NOABHMXHBIX CYILIECTBEHHO OcOGbIX Touek. Ta-
KHM 006pa3oM Gbla JOKa3aHa KOCTAaTOYHOCTb ycnoBHii Dykca
AN Bcedl 06JaCTH CYIECTBOBAaHHUS pelleHHH ypaBHeHUH 3TOro
BHJA.

Ins teopun uHTerpHpoBaHus auddepeHUHANbHBIX YpaB-
HEHHA PacCMOTPEHHOro M APYTHX THMOB YPe3BHIYAHHO BaXKHOe
BHayeHHe HMMENH paborei PuMmaHa no reoMerpHYeckOd TEOpPHH
ajre6panyeckuX ¢yHKUHA, B YaCTHOCTH BBeJeHHBIE MM B pac-
CMOTPEHHe MHOTOJIHCTHBIE NIOBEPXHOCTH. DTH NOBEPXHOCTH, Ha-
3bIBaéMble MOBEPXHOCTAMH PHMaHa, MO3BOJSIOT reoMerpHye-
CKH YHHGOPMH3HpPOBaTb QYHKUHIO TaKMM 06pa3oM, YTO Kax-
ZOf TOYKe NMOBEPXHOCTH COOTBETCTBYET ORHO SHayeHHEe KOHey-
HO3HayHOK (YHKIUHH, NPHYEM MpPH HeNnpepbIBHOM nepeMeile-
HMH TI0 NOBEPXHOCTH HENPEpBLIBHO H3MEHsercss H (QyHKUHA.
I'px nomouy psima npeoGpasoBanu# nosepxHocty Pumana Mox-
HO TPHBECTH K TaK Ha3biBaeMO# KaHOHHYeckoii ¢opMe H H30-
6pa3uTh B BHAE 3aMKHYTHIX AHCKOOOpa3HHIX MOBEPXHOCTEH ¢
11eKOTOPLIM YHCJIOM JBIP. DTO YHCJO HA3hIBAETCS! POJOM MOBepX-
HOCTH HJIH COOTBeTCTBYyIowell anre6pandeckoll ¢yHkumu. Ha
puc. 2 nao6pakeHa nosepxHoctb poxa 1. ITosepxxocts pona 0
roveomoptHa cdepe, pona 1 — topy u T. A. Okasanoch BO3-
MOXHBIM ONpefeNHTh PoX OYHKUHH NO CTENEHH YpaBHEHHS H
MO KPaTHOCTH ee KPHTHYECKHX TOYEK NpPU MOMOMH (opMyabl,
yCTaHOBMEHHOH Pumanom.

B tpynax Pumana, [lIBapua ?®, Heiimana u apyrux 6mino
TaKKe M0Ka3aHo, YTO JJIS KaXKAO0il MOBEpXHOCTH paccMarpH-
paeMoro Tuma (poja) MOXHO HANTH KJacc  YpaBHEHHH
P (w, 2)=0, rae P — MHOrouJieH OT. @ H 2, JAJs1 KOTOPOro no-
CTPOeHHass MOBEPXHOCTb ecTb nosepxHocTs Pumana. Takoe
yPaBHeHYe Ha3bIBAJOCh yPaBHEHHEM COOTBETCTBYIOLIETO poja.
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Sty GaKkTH GbIH XOPOILO H3BCCT-
Hbl Pykcy. INostomy on paccmor-
pen ypaBHeHHe (41), korma oHo
uMeso poa 0 uam 1. Okasadocs,
YyTO B NEPBOM cJyyae paccmar-
pHDaeMOe YypaBHEHHe C HENoA-
BHKHBIMH KPHTHYECKHMH TOYKaMH
NPHMBOAUTCA K ypaBHeHHio Pukka- Prc. 2
TH, @ BO BTODOM—HHTErpHUpYyeTcs B ’
SMNMOTHYECKHX QYHKIHAX. DTH pe3y/IbTaThl GbLIH ONyGIHKOBa-
HBI B TPOTOKOMaX 3acenanuit Bepanncko#t akaneMun ot 26 HioHst
1884 r. A B mportokonax Ilapuxckoit akagemuu ot 15 Hions
TOrO Xe rofia yxe nosiBuiacb 3aMerka IlyaHkape, rie pasB-
BAJIHCh H JIORONHSANHCH pe3ynabTaThl PyKca, B YaCTHOCTH TPaK-
TOBaNACA H cayuail poja 1 xak mpencraBasiomuit anreGpanyes
ckuit HHTerpaa. Bonee nonHo u o6crosATenbHO peayabrarh [1y-
anKape ObTM H3J0XKeHH! B GoJsbiliai cratee B 1885 r. CHavana
OH Hafies/ICs OTKPHTL HOBbIA Kaacc QYHKUMH, onpeaessieMbX
JaHGdepeHUHabHBIMH YPaBHEHHAMH, HHTErPHPYEMbIMH B (yK-
COBLIX TPaHCUEHACHTHBIX QYHKUHMAX, HO notoM y6enuncs, yTo
ypaBHEHHS] NepBOrO MNOPsiAKa, YAOBJETBOPSIOUIHE YCJAOBHAM
dykca, He cogepKaT peasbHO HOBHIX BHIOB AH(p}epeHuHa b
HbIX VPaBHEHHil, OMpefesFIOHX HEH3BECTHLIE A0 TOro (yHK-
uuu, B koHue paGorbi IlyaHkape BhicKasan NpejnoJioxeHHe,
YTO MOTYT ObITb OTKPBITHI CYIIECTBEHHO HOBHIE -KJIaCChI (PyHK-
uHi, onpenensieMble YpABHEHHSMH, HHTEIPHPYEMbIMH B (PyK-
COBbIX TPAHCLEHAECHTHBIX, HO CPeAH YpaBHEHHHi BLICIIHX IO-
PSAAKOB. :

HccnepoBanns dykca u IlyaHkape BHI3BaJH MHOXECTBO
pa6oT, NOMONHABIUHX H Da3BHBABIUHX HX HAeH. YpaBHEHHs
(41), Bnepshie paccMOTpeHHHle PYKCOM, NONYUYHJIM Ha3BaHHe
¢YKCOBBIX, KaK M COOTBETCTBYIOIHME YCJIOBHS HENOLBHXXHOCTH
KPHTHYECKHX TOYEK. DTH ycNoBUs ObUIH HCCAeROBaHb B OJb-
mwom Memyape Ilukapa B 1889 r, .

CyluiecTBeHHOE JONOJHEHHe K ycaoBHaM Dykca npejnara-
Jioch B 3ametke XHuiia u Beppu B 1911 r. Ouu nocrpousu npu-
Mep AH((epeHIHaNbHOrO YPaBHEHHSI NEePBOro Nnopsaka, Koro-
poe yAOBAETBOPAJO YcaoBHsIM PyKca, HO ero HHTerpan HMel
NOABHKHBE KPHUTHYECKHE TOYKH NpH w==00 . OHH OTMETHJIH,
yro ®Pykc, BHAHMO, OGpATHA ManO BHHMaHHS Ha STOT CJay4ai.
Xuan u BeppH nepBole yka3a/qH Ha HEAOCTaTOYHYIO KOPPEKT-
HOCTb peieHHsi Bompoca y ®Pykca, X0oTsi HeoO6XOAHMOCTb MpO-
Bepkd ycnosuii ®ykca jans NpeoGpa3oBAHHOrO ypaBHEHH
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(41) noncranopkoii 1/w ormeuanach yxe B Jekuusx IleHnene
(16, c. 60]. Ho 3to 3ameyanne npowso Mumo BHHMaHHs Pop-
caitira, Ilinesnnrepa u apyrux asropoB MoHorpadufi mo Teo-
pHH anbdepeHUHanbHLIX YPaBHeHHWH, TaK JKe KaK 3aMeTka
Xunna v Beppu yckonbaHy/a oT BHUMAHUSL MHOTHX aBTODOB
Gosee MO3AHHX YyeGHBIX MOCOGHH NO NAHHOMY NpeaMery.. ..

B TecHO#l cBS3H ¢ npOG/IEMOH HEMOXBHXKHHIX KPHTHUECKHX
TOYEK HHTErpajOB HaXOIMTCS 3aJaua OTHICKAHHsS! YCJOBHH He-
NOABHXHOCTH APYTHMX XapaKTepPHLIX TOUeK (yHKUHH-HHTErpa-
J1a: Hynefl, DOMOCOB, MAKCHMYMOB, MHHHMYMOB H T. . Ilocjen-
Hsisl Obl1a MOCTaBAEHA M YCMEWHO pellieHa BbIAAIOMIUMCS HOro-
CJaBCKHM YdennM M. IleTpoBHYeM B ero ZOKTOPCKO#M Auccep-
Tauun 1894 r. OH ycTaHOBHJI HEOGXOAMMbIE H JOCTATOYHLIE yC-
JIOBHS HENOABUXKHOCTH HyJeH H moJnocoB ofuiero HHTErpana
A1 aare6panyeckoro AHddepeHUHaNbHOrO ypaBHEHHST NMepBoO-
rO MOpsifIKa H AaJ AOCTaTOYHBIC YCJAOBHSL AASl YPAaBHEHHS BhIC-
IIAX NOPAAKOB, Mpeanojarasi HX TPaHCUEHAEHTHble OCOOeH-
HOCTH HenojBHXHBIMH. JlajbHefillee pasBUTHE M 06OOLLEeHHE
HEKOTOpHIX pe3yJbTaToB IlerpoBuua cojepxarcs B paGorax
Tpeyeckoro MateMarHka PeMyHAoca H PYCCKOr0 MaTeMaTHKa
B. B. Tony6esa (cm. [5, c. 157]).

Fnasa lll. YPABHEHUS BTOPOIO MOPSAOKA

§ 1. Nocranoska 3agaum

HccnenoBanne xapakrepa 0cobbix TOueK AudxpepeHuHaNbHBIX
YpaBHEHHH BTOPOrO MNOpPSAKA, COAEpPXAIHMX (QYHKUHIO H ee
NPOUSBOAHBE anre6panyeckH, MNpPeACTaBaAsAO elye GoabLIxe
TPYAHOCTH, YeM H3Yy4yeHHe TOrO Ke BONpOCa AAS ypaBHEHHH
NepBoOro mopsika. 310 06YCHOBJIEHO BO3MOMKKHOCTBIO NPHCYTCT-
BHSl B HHTErpa/ax .TaKHX ypPaBHEHHH NOABHXKHBIX CYLIECTBEH-
HO OCOOBbIX KPUTHYECKHX ToueK. IIpu 3TOM 3ajauya OThiCKaHHs
ypaBHeHH# BTOpOro H 6oJjiee BBICOKHX NMOPSIAKOB C HEMOABHK-
HbIMH KPHTHYECKHMH TOYKaMH 3HAYMTEJBHO YCJ/IOXHSAACH.
Pacnpocrpanenne Metona uccenoBanus dykca Ha ypaBHeHHS
BBICIIMX NOPSAIKOB HJIM Ha CHCTEMH K YCheXy He MNpHBeJO.
OnHako AJIsl HX PellieHHs] 0Ka3aaHCh BEChMa NOJNE3HbIMH HOBLIE
pe3y/bTaThl B TeOpHH asreOpauuecKHX ¢yHKUMA, K KOTOpOf
NpHHAIexKaAH MHOrHe pa6otst Montozoro d. IMukapa. OH xe
uckan (1880 r.) mpu3HakKM CyIECTBOBaHHs pelleHHs 6e3 mox-
BHXHBIX KPHTHYECKHX TOU€K ANSl ypaBHEHHS BHAA
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2w
Flw,~7) =0, (42)
rae F — nosunoM. Bulno ycranos/neHo, YTo ypaBHEHHe Takoro
Buza (poaa 0 uau 1) Moxer gonyckarth OJHO3HAYHBIE HHIErPaJhl
(v61anaBinMe OCOGHIMH TOYKAMH He CJIOMHEe, ueM MOJIOCaMH)
JHIb B POPME PALUHOHANBLHEIX GYHKUHA OT 2 M €% (0t — KOH-
cranta) WM QYHKUME aBosiKomepHogHueckux. OnHpasichb Ha

TeOpHIO MpeoGpa3oBakus nosepxHocrell, B 1886 r. [Inkap Hc-
¢/le10BaN ypaBHEHHS BHJ&a

fw, v, w')=0 (43)

(rne f — monMHOM) Ha OAHO3HAYHOCTb €ro obIero WHTerpana,
06:1a/1210Ier0 CyIlecTBEHHO 0c060i TOYKOH TOMLKO Ha 6ecKo-
Heudoctd. [IpH 3tom noaywanoce, 4TO Pox ypaBHemHs (pac-
CMaTPUB3EMOrc KaK ypaBHEHHe MOBEPXHOCTH) AOMXKeH ObiTh
paBeR HY/MO HAM eaunuue. B panbHeiieM uccrenoBanus Ilu-
Kapa no OTAeJbHbIM BHaM ypaBHEHHH GLLIN NONOJHEHH B TPY-
nax BansnenGepra, ®dpancesa, Murrar-Jledpgaepa.

Becbma BaxkHo# okasanace upes C. B. Koanesckoi,
NOJIOXKEHHAs €10 B OCHOBY HCCJENOBaHMH HHTErpaioB YypaBHe-
HHil IBHXKEHHS TBEPJAOrO Tena OKOJIO HENOABHKHOMA TOUKH [7].
Kak n2BecTHO, MHTerpupoBaHHe AH({depeHUHANbHLIX YpaBHe-
HHH, HHTErpaibl KOTOPHIX HMEIOT B KOHEYHOH YacTH MJIOCKO-
CTH H3 OCOOBIX TOYEK TOJBLKO MOABMXKHBIE MOJIOCH!, BIMOJIHE
BO3MOJXXHO NPH HEKOTOPBIX yCaoBHsiX. ITosTOMy ocoG6blit HHTe-
pec NpeACTaBJSIAH Te CIyyad, KOrAa HHTErpansl ypaBHEHHH
JABHKEHHSI TAXKEJIOrO TBEpPAOro Tesla OKOJIO HEMOABHIKHOA TOY-
KH HMeJIM BHILEeyKasaHHBIH XapakTep. 3ajaya, pacnajga’iach
Ha JBe: a) YCTaHOBHTH Te CJyHYaH, KOTAa HHTErpajnl ypaBHe-
HUH ABHXKEHHSI HMEIOT NOABHIKHBIE MOJIOCH; 6) A0OKa3aTh, 4TO
B TaKHX CAayyasX HHTerpajh He HMeIOT APYrHX OcOOBbIX TOYeK,
KpoMe MOABHXHHIX (HEKPHTHYECKHX) MOJIOCOB NpH JHoGOM
KOHEeuHOM f, BO Bce Bpems asikenns. O6e 3anaun -C. B. Ko-
ABaneBckas pemnaa. JlocTaToOyHOCTb HafAGHHBIX €10 YCJOBHA
6bl1a OYeBHAHA H3 TOrO, YTO MOJYYEHHble YpaBHEHHs YJaJoCh
NPOHHTErpHPOBaTh M X HHTErpajbl B AeHCTBHTEJNbHOCTH OKa-
3anHch 6e3 MOABHMKHLIX KPHTHYECKHX TOYeK. YKasaHHbE HC-
cnegoBanus C. B. KoBaneBckofl B/ISIOTCA KJAaCCHYECKHM NPH-
MepoM NpUMEHEHHs METOLOB AaHAJHTHYECKOH TeopHH Au(pe-
PEHUHANBHLIX YPaBHEHHH K pellleHHI0O 3a1ay MeXaHMKH. Ilpu
3TOM OHa GLICTPO M TBOPYECKH MCIMOJIb30BaJjia caMble FJIyGOKHe
HAeH OTHOCHTENBHO OJIHO3HAYHOCTH HHTErpasioB YpaBHeHHH
ofuiero BHAA, KOTOPHIE B Te FOAbl TOAbKO CTajH pas3pabarsl-
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ratecq. B nonosiHenke K yxke usBectHnM KoBaneBckas Hamina
eille OAHH cayyYa#h OAHO3HAUHLIX HHTErpasoB H3yyaeMoll 3aja-
uH.

B cBs3u ¢ Henosmoroft Merosa KoBaseBckofi, npeanosaras-
LIero B HHTErpanax CymecTBOBaHHe MOMIOCOB (8 BO3MOXHBI Ohl-
JIH CydaH, KOTAA HHTErpajbi, He HMest NOJNIOCOB, MOTIH 06Ja-
Aarb, HaMpHMep, CYHMIeCTBEHHO OCOGHIMHM TOYKAMHM HJIH Ha KO-
HEYHOH YACTH KOMIJIEKCHOM INJIOCKOCTH BOOGIE He HMeTb 0CO-
6LIX TOYEK), Aisl pelneHus ee 3afayn B 1895 r. Gbla NpenjioxeH
TaK Has3piBaeMmblii MeToj ypaBHeHuii B BapHauusax A. M. Jla-
NYHOBA, CBOGOAHBII OT MORXOGHLEIX HEAOCTAaTKOB.

B To xke Bpemsa (koHeu 80-x, Hayano 90-x Ir. NPOULIOro
BeKa), HecMOTPS Ha psif Heygau B CBOHX MHOTOYHCJEHHBIX
uccaefoBanuax, [lnkap npexnpHHHMaa BecbMa 3HeprHYHHIE
NIONBITKH BHIJEJAHTL KA8CC ypaBHeHHH BTOpOrO NOpsiAKa C He-
NOABHXKHLIMH KPHTHYECKHMH TOYKaMH, HO pelueHHe o6LLero
BOMPOCa OCTaBajlOCh OTKPHIThIM.

Onxako B ¢eBpane 1893 r. nosiBHIach BechMa BaXKHas 3a-
MeTKa yxe H3BecTHOro TorXa maremarvka I1. Ilennese, xoto-
pofi 6Bl JaH HOBRII HMNYJABLC B HCCJIEAOBaHHH OXHO3HAYHOCTH
HHTerpaJioB AH¢xpepeHLUHANbHEIX YPaBHEHHA BTOPOro nopsiaka.
Ou u3yyan ypasHeHue BHA2

F (z, w, w', w'')=0, (44)

rae F — anreGpanueckas QyHKUHS NO BCEM NePeMEHHBIM.
Buino ycraHoBseHO, yto GoJbluas 9acThb TaKHX YpaBHeHMIT
He MMEeT CYIIeCTBEHHO oCOGhIX ToyeK. B nanbHefilneM OHH Gbi-
JIH OTHEeCEeHH K TaK Ha3biBaemoMy OGmeMy Kaaccy. K ocoGomy
Kaaccy ObiaM OTHEeCEHH! Teé ypaBHEHHsi, B HHTerpanax KOTOPhIX
MOTJIH NPHCYTCTBOBATb MOABHXKHBIE CYIIECTBEHHO OCOGHIE TOY-
KH. BBM yKa3aHBl yc/IOBHS NPHHAANEXHOCTH YpaBHEHHH
sroMy kaaccy. [leHsieBe ycTaHOBHJI, YTO ec/H ypaBHeHHe (44)
NPHHALJIEKHT OCOGOMY KJaccy, TO €ro HHTerpaj w (2) MOXeT
HE MMeTE MOABHXKHBIX CYIIECTBEHHO OCOGHIX TOYEK, HO ABJSA-
ercsi B KaXJOM €Jyuae TPaHCUEHAEHTHOR q)ymmnen KOHCTaHT
W, wo.

Benen sa coo6uiennem IlensieBe nosiBuaach 3amerka Iluka-
pa, rAe OH yKasas Ha 6oJblUoe 3HayeHHe PaboThl M OTMETHII,
yTO, KaK nokasan IlenneBe, ero ([THkapa) paHHee mpeanoJo-
XeHHe O TOM, YTO- nnq@epeunuanbﬂue ypaBHenus Buia (44)
HMeloT, B OOlleM, CYIIECTBEHHO OcOOble NOABHXHLIE TOYKH,
He BepHO. ITukap Aaiee BHIpa3Hs HAJEXAY, YTO MOJE3HBIE HC-
ciefoBanust TlennieBe CKOPO BHECYT ICHOCTb B Bonpoc 06 oco-
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60M KJacce ypaBHEHHil, NIPeICTABAAIOUIHX HHTEpec AJsi Onpe-
ReNeHHs1 HOBBIX TPaHCUEHACHTHHX ¢yHkyuii. CKopo 3Ta Ha-
Aexna cObLiack.

§ 2. Metop manoro napamerpa

[NensieBe yRanock HalTH HeOGXOAMMbIE YCJIOBHS OTCYTCTBHS
NOABHKHLIX KPHTHYECKHX OCOOBIX TOYEK H NpHEM, NO3BOJSIO-
WM JOKa3aTh ROCTATOYHOCTb MOJYYEHHHX yC/iOBHE. Ero®pe-
3YJbTaTH GBI OCHOBAHH Ha NPHMEHEHHH MeTOAa MaJoro
napamerpa, OCHOBY KOTOPOrO cOCTaBasiiH TeopeMsl [Tyankape
O Pa3/IOXEHHH HHTErpanoB B PSA MO CTEMEHAM ManoOro napa-
MeTpa. DTOT METOJ, CYUIHOCTb KOTOPOro GyjeT MOHATHA H3
RanbHefIIero, Berpeyascs etue Ao pa6or IMyaukape, HO B Tpy-
Jax MOoCJ/IeJHEro OH MOJIYYHJI 0COG0e pasBHTHe H OGOCHOBaHHe.
ITpumeyarenbHo TO, uto OH OH paspa6oTaH Npexze BCEro
Ansl pelleHHs1 HEeKOTOPHIX BaXKHHIX 3anay HeGecHOX MeXaHHKH,
B YaCTHOCTH 3ajiaud O JBH)KEHHH TPeX Tel.

Kax usBecTHO, 3ajauya o ABHXKEHHH ABYX TeJ, NPHTATH-
BaemblX APYr K Apyry no 3akoHy Heiotona, pemanach nos-
Hoctulo. Ho 3apaua o aBukeHuu Tpex Tes, pelieHHe KOTOPO#
HO/DKHO ObLIO AaTh 3aKOH JABHXEHHA JABYX MJIAHET OKOJIO
Connua, npeacras/saa Gosblixe TPYAHOCTH, TaK KaK B o6leM
CJyyae COOTBETCTBYIOULAsi CHCTEMa yPaBHEHHH He HHTErpHpYe
€TCs1 B HM3BECTHHIX (YHKIHAX.

Onxako npu peleHHH 3TON 3ajayH CJeZOBANO UMETb B BH-
Ay, 4TO MACCH IIaHeT MO cpaBHeHHIO ¢ .Maccofi ColHua BecbMa
.MaJjbl, a B3aHMHbIE PaCCTOSIHHA MJaHeT AOCTaTOYHO BeJIHKH,
ITostoMy npH pelueHUH 3ajayH TpeX TeJ MOXHO ObiIO HCNOJMb-
30BaTh pellleHHe 3aJauyd ABYX Tel — O ABHXKEHHH OAHOI nfa-
HeThl 0K0J10 COMTHUA H BHECTH B Hee HEKOTOpLIE, BOOGLIE MaJible
NONpaBKH, BhI3BaHHHE HaJHYHeM BTOPOA mMJiaHerTol (TPeThero
tena). Takum o6pasoM, MOKHO GbiIO MCKATh pelleHHe (MHTer-
pan) nvddepeHUHaNbHOrO YypaBHeHHs B (opMe passioKeHHs
STOr0 pelleHHs NO CTENeHSAM Majoro napaMerpa OTHOIUEeHHs
Macchl BO3MYIaomeH miaHersl kK macce ConHua.

Petuas aty 3apauy, IlyaHkape naj BaXXHoe HONOJHEHHE K
TeopemMe Komn cyuiecrBoBaHHst HHTErpajos AuddepeHUHa b
MbIX ypaBHeHHMA. 3hecb MbI MPHBEAEM MCXOAHLI NYHKT H pe-
3yJbTaThi pellieHHs yKa3aHHOM 3afiauH. JlokasareabcTBO 3TO#
teopembl Ilyankape moxHo Hafity B [3, c. 156—159].

PaccmaTpuBaercs cHcreMa ABYX YpaBHeHHH:



w,=F\(z, 0, wy, ); w,=Fy(z, 0y, 0y, ), (45)

rae P,, F,— ronomopdube ¢pyHKuun B oKpecTHocTH A=0, a
A — HEeKOTOpHII MaJsibili mapameTp.

Jlanee mpaBwe uactH ypaBHeHH#t (45) npeacrasasioTCs B
¢$opMe CTENEHHBIX PAAOB NO Wy, Wy,A B TOYKAX W)y, Wy, 0, H ypa-
BHenHs (45) npuHMMalOT BHA:

w'l = Fi(2, Wy, Wao, 0)+2a, » p(@r—W10)™(Wa—wa)" M3
] (46)
wy=Fy(z, wy, Wi, 0)+Zbp np @1—Wio)™(W@W,—ws)" M

Unrerpansl cucremu (45) mityrcs B ¢opme psigoB, pacno-
JIOXEHHBIX NO CTeNeHAM A ¢ COOTBETCTBYIOWIHMH KO3(dHIH-
entaMH (QYHKUHAMH OT 2), KaK H KosdduumeHTs psga (46):

W =W+ P A+ @A ...+ A% ..

Wy =W+ PAtPA ..+ PpAt +...

3atem joKaseiBaercsi: 1) 4to Bce KO3pOdHUMEHTH psaa (47)
OJIHO3HAYHO ONpeNensioTCsi yepes Ko3hpHuHeHThl PAAoB (46)
H, CJefOBaTeNbHO, Yepe3 3HAYeHHs YaCTHHIX MPOH3BOAHBIX
or F;, F, no aprymMeHTaM w,, w,, A B TOUKaX 2, W, W, 0;
2) uto psiAbl (47) cxomsTcs NpH AOCTaTOYHO: Majaom A. [lo-
Ka3aTeJbCTBO OCHOBAHO -Ha METONe MaKOPaHTHHIX (yHKUH.
OTH paaBl H NPEACTABAAIOT PellieHHs1 CHCTeMbl AHGpepeHuHaNb-
HbIX ypaBHeHHil (45), pacnosoxeHHbie 10 CTENEHAM NapaMeTpa
A n sBasomMecs roIOMOPGHLIMH GYHKUHMAMH BROJbL HEKOTO-
poit KpuBoii L.

3ty pesynbTaThl H cocTaBJsIOT TeopeMy Ilyahkape, KoTo-
paf Ouna OoueHb yJaauHO npumeHeHa IleHneBe K BblAE/IEHHIO
KJacca YpaBHEeHHH BTOpPOro MOPSiAKa C HEMOABHXKHBIMH KU
THYECKHMH TOYKaMH.

47)

§ 3. Pesynsratei MNennese

Meron TlenneBe 6 paspa6orar B 90-e rr. XIX B. a1 no-
JyueHHsI KOHKPETHHIX BHAOB YKa3aHHOTO BHILlE Kjaacca RHG-
¢depeHuHANBHEX ypaBHeHHA. OCHOBHbE MOJOXKEHHS ero Gblin
NOAPOGHO H3NOXeHHl B OAHOM M3 crartell [leHjeBe B MapTe
1900 r.

OTOT METOA, KaK YiKe OTMeYanoCh, pacnajancsi Ha JBe CO-
CTaBHBIE 4acTH: 1) OTHICKaHHe HEOGXOZHMBIX YC/IOBHI Hemon-
BHXKHOCTH KPHTHYECKHX TOYEK HHTErpajoB pacCMaTpHBaeMBbIX
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ypaBHeHHA H 2) ycTaHOBJeHHE AOCTATOYHOCTH HJIH HepoCTa-
TOYHOCTH I9THX YCJIOBHIL.
JIlns npocTOTH paccyxaeHHR ypaBHeHHe BTOPOrO IopsiaKa

w'=R (@', w,2) (48)

3aMeHANIOCh CHCTEMOR ypaBHEHH NepBOro NopsaKa
w'=A (2,0, §)/C (2, w, t); =B (2, w, H/C (2, w, {), (49)

rae A, B, C — noauHomml.

Hpesn nepmoit yactH merona Becbma npocra. B cucremy (49)
BBOAHTCA mapamerp A==(0 Takum o6pasom, uToGul npH A=0
OHa CTAHOBHNACh MHTErpHPYeMOH B SJEMEHTAPHLIX (PYHKIHSIX:

w'=A,(z, w, { N/Ciz, w, t A);
¢ =B,(zw, t,0)/C,(z, ©, 1, 4). (50)

Hurerpanel nosnyyersoft cucremel npu A=0 6yayr; w=
=@y(2), I=vo(2). Torma mo Tteopeme Ilyankape npu A0
HHTErpajn cHcreMul (50) MOXKHO Pa3NOXHTE B PAAH MO BO3-
pacTalouUM CTeneHsaM A:

w=@y(2) + @)\ +... + @, (A" +...
t=1o(2) 1A +... F b (A ...

rae Bce ¢,, MOXKHO BLIDA3HTb MO H3BECTHLIM @y H o NPH NO-
MOIIM KBAaJIpaTyp.

OueBHAHO, YTO €CJH BAOJb HEKOTOPOH KPHBOH KaKasi-HH-
6yap M3 yHKUMA ¢, H P, CTaHeT MHOrO3HayHOH, TO w (2)
u t(2) 6ynyT TaKe MHOro3HayHe. Takxe YHCJAO 3HAUeHHIl,
KOTOpble NpHHHMaeT NPH OGXOAe OKOJNO HEKOTOpOH TOYKH,
Hanpumep, dyHkuus w (2), 6yAer He MeHblle YHC/A 3HAYEHHH,
NPUHHUMAEMBIX NIPH TOM JKe YCJMOBHH JIIOGOH H3 QYHKUHA @n(2).
Takum o6pasoM, AJS TOrO YTOOH w (2) Obia OAHO3HAYHA MPH
06X0fie aprymMeHTa no HEKOTOPOMY 3aMKHYTOMY NYTH, HE00XO-
JMMO, YTOGLI Bce @,(2) B 5TOM cayyae GLUIH OJHO3HAUHBI,

Hrak, ectH HAgO NOJYYHTHb YpaBHeHHSA C HenoOABHIKHBIMH
KPUTHUECKHMH TOYKaMH, TO NpPH BBeJeHHH napameTpa HeoO-
XOJHMO, YTOGH BCE @, (2) U P, (2) 6b11W 0AHO3HAYHEI NPH 06X0/1e
apryMeHTa BOKPYT BceX TOYeK, KOTOpbie He SBJISIOTCS Henox-
BHXHHMH OCOOBIMH TOYkaMH. Tak MOXHO HafiTH HeOGXOIH-
MBle YC/IOBHAl Adsl YPaBHEHHH C HEMOABHXKHLIMH KPHTHYECKHMH
ToykaMH. YpaBHeHHst (50), MOJyueHHbIE B pe3yJ/ibTaTe yKa3aH-
Horo moctpoenus npu A==0, [TenneBe Ha3Bak YNpOIIEHHLIMH.

1)
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Tpu npAMeHeHNH 9TOTO npoiecca K ypaBHeHHio (48) npex-
Je BCero ycraHaB/HBaeTcst, YT0 R J0/KeH ObiTb NOSHHOMOM
BTOpO#i CTENeHH 1O w’, 10 €CTh YPaBHEHHE MMEET BHA:

w'=A (w,2) (@')+B (v, 2w'+C (v, 2), (52)

rae A, B, C — pausoHaJbHble APOGH NO © M aHAJHTHYECKHe
no z. Ionoxus sarem z=z,+-AZ u nepefias B (52) K npeneny
npi A—0, noAyYyHM YmpoIleHHOE YypaBHEHHe

w'=A4A (2, w). @) (53)

Yro6h ypaBHeHHe (52) MMeJO HEMOABHKHbIE KPHTHYECKHE
TOYKH, HeoOXOAMMO, uToGbl (ynmpouleHHoe) ypaBHeHue (53)
HMeJI0 TakHe e TOYKM, OTKYAa NOAYYaloTCH BCEBO3MOXKHbIE
BupaxeHust A (2o, w). Tak Kak nepemeHuas Z $.BHO He BXOAHT
B ypaBHeHHe (53), TO noc/eanee MOXKHO 3aNHCaTh TakK:

w'=A4 () @'). (54)

Ipu panbHefieM HCcleJOBaHHH Ha OTCYTCTBHE MOABHIKHKLIX
KPHTHUeCKHX ToYeK B (54) 6bl10 yCTaHOBAEHO, 4T0 A (W) Kosx-
HO HMETb OTHOCHTEJLHO W TOJBLKO NMPOCTHIE MOJIOCH C BLIYETA-
mu Bijga 1—1/N (rme N —-menoe YMcsIO) U HE MMETh LeJof
yacTH. B 3atom ciyuae ypaBHeHue (54) mMmeer BHI:

1—1/N,
W= L @) (55)

IlpumeHss apyrue npeoGpasoBaHHs Vi W, 2 H HCNOJb-
3ys npeabuyiiHe pe3yJasTaTH, MOXHO IMpPOBECTH YNpoOleHHe
W yToyHeHHe Buaa pyukuui A (w, 2), B (w, 2), C (w, 2) K Hait-
TH HX KOHKpeTHble BLIpaXXEHHS B CJayyae, KOTAa YpPaBHEHHS
(52) 6yayT ¢ HeNMOABHXHBIMH KDHTHYECKHMH TOYKaMH [3,
. 4, § 4—6].

Ecau npenpinymse (HeOGXOAHMBIE) YCIOBHST GbI/IH BhINOJIHE-
HBl H cHCTEMa He Morja o6Jjafath ajre6panyecKHMH MOABHXK-
HbIMH KPWUTHYECKHMH TOYKAaMH, TO NPOBOAMIOCH ellle AOKa3a-
TeNLCTBO OTCYTCTBHSI MOABHMKHBIX CYIIECTBEHHO OCOGLIX TO-
yeK. AHa/OrHYHHA MeTOX BBEAeHHs MaJoro napamerpa & B
cucreMy (49) mcnoabsoBancs, YToGH MOKas3aTh CYIECTBOBaHHE
B ee HHTerpanax NOABHXKHKIX TPaHCUEHAEHTHBIX OCOOGHIX TO-
uek. IlepBas yactb MeToa 6e3 0COGbIX TPYAHOCTeH npHMEHHMa
¥ AudpepeHunaspHOf cucreMe JoGoro nopsxka. Ho, kak
orMeyan IleHneBe, ycsoxHeHHE BTOPON YaCTH MeTOAa BO3pa-
CTaeT BMeCTE C MOPALKOM CHCTEMH.

Onupasicb Ha 31 Meropnl, [TeHsieBe H ero yYeHHKH HaULIH
DecSTKH KOHKDeTHhIX BHJOB ypaBHeHHH# THna (52) ¢ HEMOABHK-
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HBIMM KDHTHYECKHMH TOYKaMH, M CPelH HHMX TOJBKO LIeCTb
YPaBHEHHH, KOTOpHIE He HHTErPHUPOBAJIHCh B H3BECTHBIX (yHK-
uisax. M3 HUX ykaxem nepsoe ypaBHeHue:

w'’' =6w+2. (56)

HMuterpan sroro ypasHeHMs npeacrassiser coBOfi Mepo-
MOpQHyIo GyHKuMIo (BO BCell MJIOCKOCTH), COAepiKauyio IBe
KOHCTaHTH B TPAHCLEHAEHTHON hopMe H 06/1aaI0WLYIO NOABHX-
HBIMH MOJIIOCaMH BTOpOro nopsiaRa. OH C MOMOWBIO MOACTa-
HOBKH w=—(In u)’’ Bhipakaercsi yepes HEKOTOPYIO UEAYIO
GYHKUHMIO & (2), yNOBJIETBOPSIOULYI0 BechMa NPOCTOMY YpaB-
HEeHHIO TpeTbero nopsaka [3, c. 190). Tak 6buT OTKpHIT Hewus-
BECTHBIl paHee CYIECTBEHHO HOBLIA THI TpPaHCUEHAEHTHBIX
(yHKUHA, KOTOphle He MPHBOAMJIHCHD K KJacCHYECKHM TpaHc-
UeHIEHTHbIM, H3BECTHBIM paHee, HJAH HX KOMGHHALHSM.

C noMowpBIO COCTaBJIEHHBX TaG/HL KaHOHHYECKHX ypaBHe-
HHHl C HEMOXBHKHHMH KDHTHYECKMMH TOYKaMH peluanacb 06-
parHas 3aAd4a O NPHUHANJIEKHOCTH OTAENBHLIX BHIOB YpaBHe-
HuiH (48) K HaHHOMY. Knaccy.

HccaenoBanus ITenseBe oueHb CKOpO CTaqH ROCTOSHHEM
MaTeMaTHKOB PasHBIX CTpaH M BBI3BAJH MHOro pa6or, AonoJ-
HAIOIHUX €ro pe3yJbTaThl B Pa3nHuHbIX acnmekrax.” OfHuM N3
NepBuIX  OTKJAMKHYJCS  HM3BeCTHHII PYCCKHMH  MaTeMAaTHK
B.Tl. EpmakoB B 1902 r., npeantoxuBLIni cBOf MeTOA ycTa-
HOBJIEHHR KPHUTHYECKHX TOYEK H HX HCC/IeJIOBaHHsA B MHTerpa-
Jax auddepeHUHaNbHEIX ypaBHEHHH, a TakkKe HHOA MOAXOA K
NIOCTPOEHHIO YNPOLIEHHOro ypaBHeHHs H Ap. HaunGosee cymecr-
BEHHBIe JOMOJIHEHHs1 pe3ysbTatoB [leHseBe aasn B cBOe Bpems
ero yyeHHk I'am6pe. OH Hallen HOBHE BHAW YypasHeHH#t (48)
C HeNnoABMXHLIMH KPHTHYECKHMH TOYKAMH, 3 TaKxe yKasal
TPY HOBHIX BHJa HENpUBOAMMBIX ypaBHeHuiH. OH Xe JOMOJHHN
mertop [lennieBe B uaCTH MCC/I€I0BaHUS HOCTATOYHOCTH YCJIOBHIi,
paccMaTpHBAasi BONPOC He TOJILKO O MOABHKHBIX MOJIOCAX, HO
M O nogBHXHBIX HyJasxX. MccienoBaHHeM HHTerpasnoB Henp-
BOJHMbIX KaHOHHYECKHX YPaBHEHHfi C ycnexoM. 3aHHMA&JCS B
1912 r. monopofi pycckuit marematuk B. B. T'quny6es, obpa-
THBIUME OCO60e BHUMaHHe Ha H3yyeHHe Xapakrépa OCOOBIX
TOYeK MX HHTerpanoB. OH YNPOCTHJ M CYIIECTBEHHO NOTOJHHJI
paccyxzuennst IlenneBe, nOKa3aB, YTO HHTerpanbl ypaBHEHHS
(56) u apyrux (Ha3BaHHBIX ypaBHeHHsMH IlensneBe) — Mepo-
MOpP(QHBIE (QYHKUHH H MOTYT GbITb NpPEACTaBJEHbl HE TOJBKO
B BHAE OTHOMIEHHS ABYX LEJBIX TPaHCUEHIEHTHHLIX (YHKLHA
no H3BecTHOH Teopeme BefiepmiTpacca, HO M BecbMa NpPOCTO
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gepe3 JiorapudMHyecKHe MPOH3BOAHLIE lesof PpynKuuH. ITpen-
¢TaBJaRAH MHTEpec yKaszaHHHeE ['onyGeBbIM HeCKOJBKO CJYyuaeB
MHTErpHPYEMOCTH PacCMOTPEHHLIX YpPaBHEHHII uyepe3 H3BeCT-
Hble QYHKUHH NpH MORAXOAsUEM BHIGOpe napamelrpos.

INocne pa6or IlenneBe, ero yueHukoB — Byrpy, lapHbe,
lam6pe, Illasu u gpyrux — K Hadaay 20-X IT. Halllero BeKa
CNOXHJIOCH BlieuaT/eHHe, YTO B AHAJIHTHYECKOH TEODHH HeJH-
HeAHRIX ypaBHeHHH HaCTYMHJIO HEKOTOPOe 3aTHIUbE, a TEOPHS
ypasHeHuii [lenneBe cuuTanach 3akoHueHHo#i. PaGoTei B sTOi
o6aactd B 20—30-e rr. npogomkanu Ilerposuy, MaabMKBHCT,
Tapube, a nosxe Xykyrapa, Hocupa, 3apemba, Ileddep,
Bropo u jppyrue.

3amerHOe OXKHBJEHHE B 3TOH 06MacTH HameTHJoch ¢ 1950 r.
Gnarogapa paGoram H. I1. Epyruna® u ero yyeHukos u co-
TpyauukoB. ¥Yxe B 1952 r. Epyrun BhiCcKasan MHeHHe, YTO
TeopHio ypaBHeHu# IleHsieBe Henb3si CYHTATh 3aKOHYEHHOH,
TaK KaK 3[eCb OCTAaBaJIUCh ellle HepelleHHHIMH MHOTHe BONpO-
Chl, B YacTHOCTH, 00 oOOlIeM npencTaBJeHHH pelleHHH 3THX
ypaBHeHHi1 BO BceX 061acTAX HX CYUIECTBQBAHHSA M PAA APY-
rux. K Hacrosuemy BpeMeHH OHH pellens. B pa6orax
H. I1. Epyriuna G6bu1 nocTpoeH HOBBIE METOX HCC/IEHOBaHHA,
AaBUIH# BO3MOXKHOCTE H3YYHTh XapaKTep OCOORIX TOYeK He-
KOTOPHIX KJacCOB cHcTeM Goaee OOlIero BHAa, YeM CHCTEME,
SKBHBaJIeHTHble ypaBHeHHsAM (48). DBrinH ykasaHel KJjaccel
Takux cHcreM Buja (49), koropble He MMEIOT NOJABHXHBIX CY-
LIECTBEHHO OCOOLIX TOYEeK, H JaH METOR HCCJeNOBaHHA H INOCT-
POeHHs pellieHH#i B OKPECTHOCTH OCOOHX MOJABHXXHHX TOYEK
9THX ypaBHeHH#i. BecbMa HHTEpeCHHIM H BaXXHHIM ObLIO yera-
HOBJIEHHE (paKTa O TOM, YTO peLIEHHs BTOPOr0 YpaBHEHHSH
INenneBe ABAAIOTCS PEIIEHHSIMH HEKOTOPHX YpaBHEHHit nepBo-
ro nopsaka. CymecTBeHHOe AONOJMHEHHEe TEOPHH YypaBHEHHH
Ilennee npemnoxkuan B 60-e rr. H. A. Jlykamebuu. BoJsee
ray6okoe u3yyeHHe TeopHH CHcTeM BHAa (49), B uacCTHOCTH
HX KJAacCH(HKa{HIO, H3y4eHHe NOABHKHBIX OCOOBIX TOYEK HX
peieHuft H Ap. nposes B To ke Bpemsa A. HU. S6aoHckuil.



Fmasa IV. ANIEMEHTbI TEOPMM SNIUHERHBLIX
YPABHEHMHA

§ 1. OcHoBrl Teopum

M3 npenpinymero usnoxenuss BHAHO, YTO 3HAYHTENBHOE BHH-
Ma¥tHe MaTEeMaTHKOB GblI0 OGpAILeHO Ha H3yUeHHe TAKHX KJjac-
COB HEJIHHeMHHIX ypaBHEHHH, B MHTErpa/nax KOTOPHIX OTCYTCT-
BOBaJ/IH MOABHXHBIE KpHTHYecKHe TOYKH. [IpoBoaunock Hccne-
JOBaHHE HHTErpajiOB STHX ypaBHEHHH, H3yUalHCh OHH H B Jpy-
THX aclekTax (TeopeMa CYLIECTBOBAaHH H €LHHCTBEHHOCTH
pelueHuH, acHMNTOTHYECKOe NpelcTaBjeHHe, YCTOHUHBOCTb M
ApyrHe XapakTepucTHKH). OfHako H3yyeHHe HX Bce XXe GbLIO
(parMEHTapHHIM H He XapaKTepH30BaJOCh MOJyYyeHHeM AOCTa-
TOYHO OOUIHX Pe3y/bTaToB. 3HAauHTENBbHO GosbLIMfl mporpecc
B 3TOM OTHOUIEHHH HMEJ MeCTO B aHAJIHTHYECKOH TEOpHH JH-
HeHAHBIX ypaBHeHHi, HHTerpajbl KOTOPHIX, KaK H3BeCTHO, 06-
Ja7al0T JIMIIb HEMmOABIXKHLIMH OCOGbLIMK TOukamMH. B Ttakom
Clyyae aHaJIMTHUECKHH XapaKTep HHTErpajoB JHHEHHBIX AHd-
(epeHIMANBHBIX YpaBHEHHA BIOJHE OnpelensieTcss NoBeleHHeM
MX B O6/acTH HENOABHXXHHLIX OCOOBIX TOWEK. A HeMOABHXKHbIE
0co6ble TOYKH HHTErpajioB JHHEHHbIX ypaBHEHHH OGYCJOBJ/IH-
BAIOTCA HX NPHCYTCTBHeM B KO3¢pHUHeHTaX AAaHHOIO ypaBHe-
HHS; TaKOro poja HenocpelcTBeHHasn CBsi3b CYIUECTBEHHO 00-
Jleryaet peuieHye o6uefi npo6JyeMbl HCClelOBaHHS HHTErpaJio
no 3afaHHOMy JM(depeHuHaNbHOMY YPaBHEHHIO.

Kak uspecTHO H3 OGluefi TeOpHH, pellleHHe HEOXHOPOAHOTO
JIMHEAHOTO ypaBHEHHs

w+-a, (w1 +...+a,(Qw=f (2) (57)

MOXer ObiThb HalMJeHO, HanpHUMep, METOIOM BapHAuUMH npo-
M3BOJIbHLIX NMOCTOSIHHbIX, €CJM H3BecTeH OOIWHA HHTErpasn co-
OTBETCTBYIOLIErO OJHOPOAHOrO ypaBHeHHs. A o6wuit (caeno-
BaTeabHO, H Mo6oli) HHTerpajl OJHOPOAHOTO YPaBHEHHS MOXeT
ObITh BHIpaXKeH Kak CyMMa MpOH3BelleHHHA NMPOH3BOJIBHBIX MO-
CTOAHHBIX C; Ha COOTBETCTBYIOIHE JIMHEHHO HE3aBHCHMbIE
YacTHHIE pellleHHA Ww;, TO eCThb

W = 2 Ciw‘ (58)

Ho MOXHO nOCTaBHTb BONPOC HHaye — o8 H3YYEHHH CO-
BOKYMHOCTH (QYHKUHH W;, JHHEAHO 3aBHCHMEIX OT 72 NpPOH3-
BOJIbHRIX NMOCTOSIHHBIX, NPH YCJIOBHMH, YTO QYHKUHMH w, pery-
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JSIpHH BO Bceff IVIOCKOCTH KOMIJIEKCHOrO NEPEMEHHOro 2,
3a HCK/IOUeHHEeM KOHeWHOr'o YHc/ja TOuek a,. Brepshle 3ajaty
Takoro poga uHsyvyan B. Puman B 1857 r. ansa wacrHoro cay-
‘yasi QYHKUHUA ¢ TpeMs OCOOLIMH  TOYKAaMH,  JIONOJIHHTE/bHO
npexnoJaras, YTO OHH YJOBJAETBOPSIOT YPaBHEHHIO BTOPOro
nopsiaka. B 1O Xe Bpems HM Gbl/1 MOCTaBJieH BOMpPOC H B 00-
wef ¢opMe, HO COOTBETCTBYIOWIAS .CTaThsl yYBHJE/Ma CBeT BIep-
Bbl@ TOJMLKO NOUTH 4epe3 20 JieT, KorAa Gblia yKe B OCHOBHOM
nocrpoeta Teopus ®ykca, HCXORHOH TOUKOH KOTOPOH CJIYXKH-
JH auddepeHluanbHbie ypaBHeHMs. PHMaH e, oOcTaBasch
BEPHLIM CBOMM NpPHHUMNAM, MNOJOXEHHHIM B OCHOBY JOKTOp-
ckoit gucceprauuu (1851 1. oM. [12, c. 49—87]), xapakrepu3y-
er Hccaepyembie UM QYHKUMH He ¢ TOMOLIbIO (GOPMYJb, POJb
KOTOpOH Morjo 6bl HrpaTh AH(depeHUHaNbHOE YpaBHeHHE
HJIH ero peLleHHe, a NOCPeACTBOM IiepeyHCIeHHsT HeOOXOLHMBIX
BHYTPeHHHK CBOMCTB, NpPHCYIUMX H3yyaeMbiM GyHKuUHAM, H,
B YaCTHOCTH, HX MOBeEHHEM OKOJO OCOGbIX TOYeK, H yxe B
HTOre HCC/efOBaHHS MPHXOANT K IH(depeHUHaIbHOMY ypas-
HeHHIO0.

Ari GYHKUMM W; XapaKTepH3YIOTCH Tak, YTO npH’ ob6xone

OKOJIO KaXpoit M3 touek a,(k=1,2, ..., n) moGas w, mOXer
OLiTh BhIpaXceHa B (opMe JIHHeHHOH KOMOHHALMU:
Wy, Wy, ..., Wy (59)

Hnave rosops, Bca cucreMa ¢yHkuuii (59) nopsepraercs
HEKOTOPOMY JIMHeHHOMY npeobpa30BaHHIO, KOTOPOe CUHTAeTCH
3aJlaHHBIM LIS KaXKJ0i K3 ToueK a,. COBOKYNHOCTb TaKHX npe-
ob6pasoBanH#i o6pasyer rpynny Ajas JLaHHOrO ceMeiicTBa W;.
Hcxona H3 3agaHHBIX npeoGpa3oBaHuil stofi rpynnal Pumax
XoTes NOCTPOHTh IH(depeHUHaNbHOE YpaBHEHHe, HMelolee
CEOMMH HMHTErpaiaMH Bce (YHKUWHM ceMeHicTBa. Y CTaHOBHB
Pl HX CBOHCTB H xapakrep KO3(HUHEHTOB HHTEPECYIOWero
ero auddepenuHanbHoro ypasHenus, Puman, ogHako, He cMor
oLipeneJauTh BUA 3TOro AH(depeHUHaNILHOrO ypaBHEHHs H JO-
Ka3aTb CYLIeCTBOBaHHe CHCTeMBl QYHKUMA w;, W, ..., W, TOH
npHpoasl, KoTopas Tpe6oBajack B ero paGore. Orcioja BO3-
HMKJa H3BecTHas enpoGiema PumaHa», 0 KoTopo# peub Gyner
JaJnee,

Sra obwas NocTaHOBKA Bompoca He Oblia usBeciHa Dykcy,
HO OH MOI XOpOLIO H3y4YHTb YMOMSIHYTYIO BhILI€ CTaTbio, I
BOTpOC peuwlasicsi Aas yacTHoro cayvas. Tam Puman mucaa,
YTO OH M3YYaerT ¢... rayccOBY TPaHCUEHIEHTHYIO (YHKUHIO NO-
CpeacTBOM HOBOTO METOAAa, KOTOPhHIA B CYLIHOCTH NMPHMEHHM KO
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BCSIKOA (YHKUMH, YAOBJAeTBOpsiowel JHHeHHOMY AH(depeH-
HUaNbLHOMY Yp4BHEHHI0 ¢ anre6pavuyecKkHMH KO3hdHUHEHTaMH.
C noMowp0 STOrO METOAa MOXKHO MOYTH HENOCPeJCTBEHHO H3
Onpejae/IEHHs] BHIBECTH pe3y/bTaThl, KOTOPble paHblle NOJy4a-
JIICb MHOA pa3 B HTOTe AOCTATOYHO KPONOT/IHBLIX BBIYHCJIEHHH»
(12, c. 159]. Puman BBOAMT 3mech MOHATHe TOYKH BETBJEHHS
(oco6oit kpuTHyeckoi ToukH). Hccrenyemyo ¢yHKDHIO -OH
0003HayaeT cHMBOJIOM P, Naer ee onpele/eHHe, H3yyaeT ee
CBOHCTBA. 3/lech Xe CTaBHTCH NPHHUHIHANLHO BaXKHbI BONpOC,
TPYAHOCTb -PellieHHsl KOTOPOro AJs ciayuas 6GoJjee Tpex KpHTH-
YeCKHX TOYeK, BEpOATHO, Ohi1a MOHsATHa PumaHy, a HMEHHO
BONPOC O CYIIECTBOBAHHH (JYHKIHH, YAOBJETEOpAIOLIEH MO-
CTaBJIEHHLIM TpPeGOBaHHSAM.

HurepecHo oTMeTHTh, 4TO STOT MeMyap PumaHa Gbl HamH-
cad B 1856 r., TO ecTh UMEHHO B TOM roAy, KOrja BbILJH H3-
pectHble «HccnegoBanus» Bpuo u Byke [14]. TTosiBaenue sTHX
paboT, BeCbMa pasIMYHBIX [0 TeMaTHKe, N0 XapaKTepy M IJaB-
HOE N0 METOAY, OGYCJIOBJAHBAJIOCH H Pa3MUHBIMH HCXOLHBIMH
roukamd. HccnenoBanus no runepreomeTpuueckomy psiiy H
NoJyyeHHble BechbMa Ba)KHhle pe3yJsbTaThl OblJIM XapaKTepHbI
ans Hemelkofi MatematHku (Taycc, Kymmep, $1ko6u). Puman
MPOJOJXKHI 3TH UCCAEeAOBaHHS NPHHUHMNHAIBHO HOBBIM H TJy-
BOKHM MeTOAOM, NMOCTABHJ HOBYIO OOILYI0 Mpo6/eMy, 3aBJafeB-
IyI0 MOTOM yYMaMH MHOTMX MaTeMaTHKOB, H peuiua psi Apy-
FHX BaXXHEIX JJf Pa3BHUTHS paccMaTpHBAaeMOH JHCIHIJIHHBI
BOMPOCOB, CTAB OAHHM M3 OCHOBareJell aHAJHTHYECKOH TeOpHH
nudpepeHNHATLHBIX YPaBHEHHI.

B 10 ke BpeMsi y Bpno u Byke Mn Betpeuaemcest ¢ LIMPOKOH
H npsMOfi mocTaHOBKOM ofuiero -Bompoca 06 Hcc/eJ0BaHHH
$yHKUHY MO onpejensiiolUMM HX AH(epeHUHATbHHIM ypaBHe-
HHAM Ha OCHOBe IMTyGOKHX HaeHl dpaHIY3CKOH ILIKOJbI TEOPHH
(yHROH#A, BhI3BaBLIEH MOIIHBIA NMOTOK HCCJAeNOBaHHHA, KOTOPhE
coneficTBOBa/ M 06Pa30BaHHIO HOBOH AHCUHIJIHHHIL.

Pa6ora ®dykca nosBHJAach Ha OCHOBE COYETaHHA OOOHX
BbILIEYTOMSIHYTHIX NPHHUHIOB, XOTS HENOCPENCTBEHHO €ro Mc-
CleJOBaHHA HayaJHCh IOc/e H3yueHHs Tpyaos PHmaHa.

B nanpHeifmeM pJisi, IPOCTOTHl BHIKAAAOK MBI OrPaHHUHMCH
cryyaeM JuHeHHHX XuddepeHUHANbHBIX YPaBHEHHH BTOPOro
nopsinka. IloJyueHHnle peaysbTaThl PacnpOCTPaHSIOTCS H Ha
JuHeHHEle ypaBHeHHs1 Gojiee BLICOKHX NOPAAKOB.
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§ 2. PasnoxeHue wuHTErpanos B8 OKPECTHOCTAX
0cobbix Touek

Paccmorpum ypaBHenHe BHAa
w"' £p (2w’ +pa(2Jw=0, (60)
KO3(XpHLIMEHTBI KOTOPOro p,(2) U py(2) — pauuonanbubie PyHK-
and. OOuHit HHTErpaa ero samuiercs B ¢opme
w=Cw,+Cw,, (61)

rae w;, W,— ABa YaCTHHIX JHHEHHO HE3aBHCHMBbIX peLIeHHA
(uHrerpana), a C;, C,— NpOH3BOJALHBIE MOCTOSIHHHIE,

Byaem paccmarpuBath janee noBelieHHe HHTErpajioB B 06+
NacTH OCOOBIX TOYEK, KOTOpbie AJsi QYHKUHA py(2) B pe(2)
apagored nosocamu, ITocae o6xona OKoso OJHOH TaKO#H OcO-
6oit TOUKH z={ MHTEIPa/Bl W,, W, NepeiinyT B w;, w,. Toraa

w| (2)=aw,(2)+bw,(2);
(62)

w, (2)=cw,(2)+dw,(2),
rae a, b, ¢, d — koucrantsl. Ha ochose (61) numeem w*=Cyw; +
+C, w,. Kpome Toro, w*=Aw, rae A — HeKOTOpast MOCTOSH-

Has. Tornma

Cyw+Cw; =hw. (63)
Ioacrasum B (63) 3HaueHus wy, w, H3 (62) u 3HavenHe w

n3 (61) v, yunTHBas JHHEAHYIO HE3aBUCHMOCTb W) H W,, NONY-
YHM CHCTeMY:

Ci(a—M)+Cye=0;

C1b+Co(d—1)=0. (64)
Tak kak C;, C,50, TO A JOMKHO YAOB/NETBOPSTH ypaBHe-

HHIO
A —M\ (a+d)+ad—bc=0. (65)

3nech As=0, n60 npH A=0 nosyuynm JuHeiiHy0 3aBHCHMOCTb
W] ¥ W,, @ 3HAYHT W; H w,. YpaBHeHue (65), cBA3aHHOE C 0CO-
Go#i Toukoit §, Pykc HasBaa ¢yHAAMeHTANbHBIM. MOXHO NO-
Ka3aTb, YTO KOPHH STOrO ypaBHEHHsI He 3aBHCAT OT BHOOpa
HHTErpaJjioB W, H W, H, CJIe0OBaTE/bHO, XapaKTepH3YIOT 0coBYI0
TOYKY ypaBHeHHMa [, a He cJayyaiiHO BbIGPaHHbBIE HHTErpaJibl.

dykc nonaraer A,=e2%",, Otciopa rp=In A,/2ni. Hanee
Ana KopHe# ypaBHenus (65) paccmarpHBaloTcs JABa cayvas:
1) Ay, Ay — pasanuHe;; 2) A=A,
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ITycte B nepBoM ciyyae MMeloTCs ABa JIHHEHHO He3aBHCH-
MBIX HHTErpaja T,(2) U T,(2), mpHHAMaLIUX nocje o6xona
BOKPYT O0CO60OH TOYKH 3HAYEHHS COOTBETCTBEHHO T;(2) H T,(2).
ITocnennue cBA3aHbl ¢ HX 3HAYEHHSAMH O 06X0la paBEHCTBaMH

T =MT1(2) ¥ T(2)=AyTy(2). (66)
Hanee paccmarpupaercs GyHkuus ¢@(2)=(z—{g)’». Ilocae
06x011a BOKPYr TOUKH { YHKUUA @ (2) mepeXomur B ¢ (z)=
=0 (A, =@ (2)e2™n. Orciona Apo6h T,(2)/@ (2)="1,(2)/¢ (2)—
OJHO3HAYHAsI (PYHKUHA OT 2 B OKPECTHOCTH §. OGo3HauuM 3Ty
Apobb uepes fy(2), Toraa Ty(2)=¢ @)f(2)=(—{) [ (2)=(e—
—)'nra /2 fL(2). AHANOTHUHO T o(2)=(2—{)'*+/25f,(2). Cneno-
BaTelbHO, MoGOH HHTerpai ypaBHeHHs (60) Moxer OwITb
NpeACTaBJeH B BHJe:

W=Cye—L)rnif, Q)+ Cale— ) fil2),  (6)

rle fi(2), fy(2) — onHo3HauHble (QYHKUMH B OKPECTHOCTH (.
HIas cnyuasi KpaTHHX KopHeil ypaBHeHust (65) nmosnyyaercs 6o-
Jiee CJIOXKHas (opMa, Ha KOTOpOii MBl OCTaHaBJHBAaThbCs He Oy-
IeM.
Pacnpocrpanenne storo meroga Ha CHCTEMBl JIHHEHHBIX
ypaBHeHHii mepBoro nopsaka aaHo JI. CoBaxem B 1894 r,
JanpHeftini nporpecc B H3yyaeMOM BONpOce CBsI3aH C MOCT-
pOeHHEM annapara MaTPHYHOTO HCUHCJEHHs M, B YAaCTHOCTH,
¢ paGoramu B. Boasteppa H ¥Mx orpaxeHHeM B Kypcax Ille-
sunrepa (1908 r.).

§ 3. Cnyuai perynspHoi ocobol Touku

Gopmyanl Buaa (67) JaBajiu JIHLIB KAaUeCTBEHHYIO XapaKTepH-
CTHKY MOBeJEeHHS HHTErpasioB B OKPeCTHOCTH 0c0o60H ToukH .
Inst BbluMC/NeHHA HX Heo6XOZMMO ObIO ellle HalTH CNOCOG
onpenesieHHa nokasareneil A, H KO3pHUHEHTOB pa3NOXKeHHS
B paa Jlopana ¢yHknui f,(2) no KoapduuuenTaM pasnoxeHus
¢dyukuHuii p,, BXogsamux B ypaBHeHHe (60). Tak Kak BesHuH-
HHI 1), BXOAsmHe B ¢opmyay (67), 3aBucesau ot In A,, T0 npH
HajJexallleM HX BbHIGOpe H NPH YCAOBHH, uTO (YHKUHH f,
HMeJH B TOYKe { JIHLIb MOJIOCH, MOXHO GbIO JOOHTBCA TOTO,
YTO 3TH QYHKUHH B OKPECTHOCTH TOUKH { GblsiH Obl rosioMOpd-
Hbl M OTAHYHBI OT Hy s npH z={. Takum obGpasoM, cayuvai,
Korza Touka { ans ¢yHKuui f, He ABASAAACH CYIECTBEHHO OCO-
60#, Mor mpexcTaBHTh AJs Beell TeopHH 0cobbiii HHTepec BeJeld-
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€TBHEe CDABHHTEJIbHOA MNPOCTOTH €ro H3yuyeHHsA. 1O UMeJOo
MeCTO TOTAA, Koraa painl Jlopana ajaa ¢dyskuuit f, coxepxanu
TOJILKO KOHEYHOe YHCJIO OTpHUATENbHBIX cremeHeit z—{. Pe-
IIEHHSA, COOTBETCTBYIOUHE 3TOMY cJjyuato, JI. ToMe B crarbe
1873 r. Ha3Baa peryJsipHBIMH, a 0co6as TOYKa COOTBETCTBEH-
HOro augxpepeHiUHaNLHOrO ypaBHEHHsi B 3TOM CJyuyae cgana
Ha3blBaTbhCA perynspHodi. Ecai ke oHa Obila CyLIeCTBEHHO
ocoGoil xorsi Obl As ORHON M3 QYyHKUMA f;, TO Ha3blBajsach
HPPEryJsipHO# OCcO60H TOYKOIl ypaBHEHHS.

HccnenoBanem cayyast mpexzae BCero peryJsipHhIX pelie-
HUAl M 3aHHMaics DyKc B cepHH CBOHX NepBRIX pa6or 1865—
1868 rr. Ilpu sTom Hago ObLI0 HCKaTh YROGHBIA cnocob ans
BBIYHCJIEHHS BeJHYHH 7; C MOMOLIBIO MPOCTHIX anreGpaHyecKHX
onepauui H3 K03(ppHUHEHTOB AH(GDEpEeHUHANBHOIO YpaBHEHHS
Tax Xe, Kak H onpefeneHne KospduuueHTOB psaga Jlopaua
PEKYPPEHTHEIMH (OPMYJIaMH,

Kak cienyer H3 BbILIEH3I0KEHHOTO, PEry/sipHeie pellieHHs
JIHHEHHBIX ypaBHeHHH 06/1afia/il TeM NPOCTHIM CBOHCTBOM, YTO,
6ynyyH YMHOXXEHHBIMH Ha HEKOTOPYIO LEJYIO TIOJNOXKHTENbHYIO
cTeneHb *—{, CTAHOBHJIHCh (€NBIMH (KOHEYHBIMH) H rOJIOMOpPQ-
HBIMH B.OKPECTHOCTH . OueBHAHO, YTO TAKHM CBOHCTBOM MOIJIO
06/1a1aTh He KaXKJ0e ypaBHEHHe C palHOHAJbHEIMH KO3(GHLH-
entamH BuAa (60). Ilostomy ®ykc nocraBua cebe 3amauy 06
onpeneaeHHH CBOUCTB KOS(WpHLHEHTOB p;— TAKUX YpaBHeHHH
(60), koToprle 06aananH Gbl pery/ispHEIMH pelieHHssMH. B npo-
necce e€e paccMOTPeHHs ObIM pelueHH- H JApyrHe BONPOCHL.

IOns ynpouieHHsl RajabHeNLIMX BHIKAAJOK npumeM (=0,
YTO H¢ ROBAMAeT Ha obwHil BuA ypasHenus (60). Toraa B cay-
yae A%, B Ha ocHoBaHHH (B7) MOXHO 3amHcarhb:

w,=2"1f,(2), wy=2" fy(2), (68)

rae f; U fs— rojaomopduble ¢yHKuuH, korga 2=0, f,(0)5%0,
f2(0)=0.

Hcnonbayst cootBercTByiomHe npeoGpa3oBaHHs, HAa KOTOPHIX
Mbl OCTaHaB/AuBaTbcsl He GyieM, ypaBHeHue (60) aast naHHOro
cayuasi MOXHO 3amnHcath B (opme

w'’ 4@ (2w’ 2+ @ (2)w/22=0, (69)

rae @,(2) U @a(2) — byHKuMM, ronoMopdHLHe B TOuKe 2==0),

Kak 6bu1o Bnepeuie mokasaHo Pykcom, sra ¢opma ypasHe-
HUS ecTb Heo6XoaMMasi M JOCTAaTOYHast, YTOOH! JIHHeHHOe AHG-
¢epeHuHanbHOR ypaBHeHHe (60) 06nafano pery/sipHHIM pelle-
HueM (T. e. 2=0 sBJaANACH PeryJspHOA 0cOGOH TOUKOH HHTEr-
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panoB). Mnaue rosopsi, KoadduuuenTsl ypasHeHus (60) pi, p,
B Toyke 2=0 MOryT MMeTb MOJIIOCH COOTBeTcTBeHHO 1 B 2 no-
panka. B ciyuae ypaBHenns m-ro nopsagxa KoshdHUHEHT p,,
B TOYKe z2—{ MOXeT HMEeTb MOJIOC {He BHILE) M-ro MOPFAAKa.

Ilns  npokasaTenbcTBa AOCTATOYHOCTH YKAa3aHHOM (JOPMHBI
@ykc Huler peleHne ypasHenusi (69) B dopme psina

w=2 (gy+a;2+a,22+...), (70)

CXOASILIEFOCS MO NPEANOJIOKEHHIO B OKPECTHOCTH ToukH 2=0,
3ateM HIyTcs GOPMYJAR AAs ONpeneneHHs KO3(HIHEHTOB
H J0KasbiBaeTcs npexnonaraeMas cxoguMocTs. JuddepeHnn-
pPys mBaxuet pan (70), HaxoauM w’ H w'’, a TaKXke, NpeacTaB-
A5 PALAMH KOa(ppHUHEHTH

Q1()=po+p1(2)+...; P(2)=qo+q:1(2)F...

TNOACTaBHM MOJYYeHHBIE Pa3/ioXeHHUs B ypaBHeHHe (69).
B pesyabrate moanyuaercs ypasneHue

r (r—1)+per+¢,=0, 71)

KOTOpOe onpenessier BeJUYHHY r B pasnoxeHuH (70). Ypas-
HeHue (71) Ha3Baau onpenensiowuM ¢GyHAaMeHTaJbHEIM YpaB-
HenHeM. B paavHefiieM, no npemaoxernio @dpoGenuyca
(1875 r.), 3a HHM coxpanuoch Gosiee KpaTKO@ HaHMeHOBaHHE
ONpeneiIOero ypaBHeHHs.

Petiasi 970 ypaBHeHHe, HaliieM 1Ba KODHS ry, r,. Toraa
u3 (71) ry4re>=—py+1. 3arem nas onpemejeHHsT BeNHUHH
a;, MOXKHO NOJOXKHTD dy= 1, Borpoc 06 0612CTH CXOAHMOCTH psiaa
(70) pemaercs Ha OCHOBE Ma)XOPaHTHOrO MeTOZa.

W3 BLILEH3NIOXKEHHOr0 J1erko cle/naTh BaXKHEIA BHIBOA O
TOM, YTO eCJH Au(depeHUHANbHOE YpaBHeHHe 06safaer TOJib-
KO aire6paHYeCKHMH HHTErpajamH, TO OHO JOJIXKHO HMeThb
dopmy, nonobuywo (69). B stoM cayuae KOpHH ompepedsioiie-
ro ypaBHeHHS JOJIKHBI OBITb DPa3/HYHBLIMH PalMOHAJBHBIMH
YyHCJAaMH. '

Brie ynoMsinyThie pa6otnl @ykca BhI3BaJH GOJbLIOH MOTOK
JaNpHeHLIUX HCCTeNOBaHHY, AOMOJHSAIOWINX, YTOUHAIIHX H
paclIMpSIOWHX NOJyYeHHble HM pesysbTath (Mocr, ®pobenn-
yc, I'edrep, Ilnesunrep, INoxrammep, Ileppon, Iorrku, Co-
Bax u xpyrue) (cm. [5, c. 2731). )
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§ 4. YpasHeHnus knacca Mykca

Jlunefinpie RuQdepeHIHaNbHble YpaBHEHHS, HHTerpajbi KOTo-
pbix 06/1a1a10T TONBKO PeryaspHbHIMH OCOOBIMH TOYKaMH, Npel-
CTaBJAIOT OCOOHIfi HHTepeC W B YeCTb BIIEPBbie HX WU3YyaBlLIero
JI. ®ykca monyuynnu HasBaHHe ypaBHeHHH ‘Kaacca Pykca.
Tax xak peryaspusie oco6ble TOYKH IJs1 KOS((HLUHEHTOB
ypaBrenHs (60) p;(2) u p,(2) fBAsIIOTCA NOMOCAMH, TO B C/yuae
ypaBHenu# kaacca Pykca 3TH KO3(pQHUUHEHTH Ha BCeH KoMIm-
JIEKCHO! MJIOCKOCTH, BKJOYasi H GeCKOHEYHO YAaJleHHYI0 TOY-
Ky, B KayecTBe OCOGLIX TOYEK AOJIXKHBI HMETh TOJIBKO MOJIOCH!
H NIPH TOM B KOHeyHOM uucje. CiiefloBaTesbHO, QYHKUHH D,
H Py JO/KHE! ObITh PalMOHANbHEIMH, IpHYEM p; HMEET MOJIOCH!
He BblLe MEPBOro, a p,— He Bhlllie Broporo nopsaka. Kx mox-
HO NpeicTaBHTH B BHJE:

P . P,
p1(2d) = n 1 P Q) = ———
rl (z— ap) n (z—ap)?

1 1

rae Py(2), Py(2) — MHOrO4JIEHH; @,— KOOPAHHATHI OCOGBIX TO-
uyeK. TpeGoBanHe TOro, uto6bl GeCKOHEUHO YyARaJieHHas TOYKa
6bi1a OOLIKHOBEHHOH HJAH peryJasipHoft ocoGOH TOYKO# HHTer-
pana, Hajaraer orpaHMYeHHe Ha CTeneHb MHOrouJaeHoB Py, P,.
Buiio ycraHosneno (cm. [3, c. 221—223]), uro mokasarenb
cTeneHH P; nosxkeH GuITh He Bbilue n—1, a Nokasarenab crene-
HH Py — He Bbiie 2n—2, Toraa o6wiufl BUA ypaBHenu# KJac-
ca dyKca BTOPOro mopsifika sanuuercsi B dopme:

w”_l_Poz""'-l-l':lz"“z-l' coot Pa
I'I (z—ap)
1
+ gez2n—2 +:122""3 + o+ qim-a w=0. (73)
Me—ar
1

(72)

-,w, +

W anst Takoro ypaBHeHHsI, Kak H B C/yuae OLHOE 0co60# TOUKH
2=0, MOXHO HafiTH BHpaxeHHs p;(2) yepes KOpHH r{k), rif)
OCHOBHOTO OMNpeJleNsIoliero ypaBHEHHs, COOTBETCTBYIOIIEro
oco6oii Touke a,. Uro ke Kacaerca py(2), TO 3aech HMeercs
MHOrouJieH, Ko3(pHnHeHTE KOTOPOro He ONpeAensioTcs 4epes
ri®), ri®, Crenenp 'STOrO MHOrou/leHa n—2, eciiM 2=00 SB-
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asercsl 0co6oi TOUKOH KOI(PHIHEHTOB, HIH N—4, eC/IH 2= oo
He siBnsgeTcd HX oco6oft TOYKOM.

B pesynbraTe MOXHO cfienaTh OYeHb HHTEPECHOE H BaXKHOE
3akmouente. B Tom cayuae, koraa Bee ocobbie TOYKH GyKcoBa
YPaBHeHHSI BTOPOro MOpsifiKa HaxXOAATCA Ha KOHEYHOM pac-
CTOSIHHH OT Hayaja KOOpAHHAT, Ko3h(HIHEHTH 3TOr0 ypaBHe-
HUSl NOJTHOCTBIO ONpefeNIioTCes Yepes r(;‘) , T, ecan n—4<0,

T. €. YHCJIO OCOGLIX TOueK n<<4 — ofHa, Ase HaH TpH. B nep-

BOM H3 3THX CJyYaeB ypaBHeHHe MOXeT GbITb NPHBENEHO K BHAY
d*w ‘

—az_ =0, BO BrOPpOM nmnOJydaercs YypaBHeHHe Diinepa
d*w A dw C (7] .
af T ¢ Tar t@ =gy 7 =0, oTbicKanue oblero uH-

TerpaJdia KOToporo He npexcrasaser oco6oro Tpyaa [3,c. 227—
228]. Bo/iee HHTEPECHEIM SIB/AETCS Clyyail TPeX OCOOHIX TOYEK
AJisl ypaBHEHHS BTOPOro mopsajka tHna @DyKca, MOJyYHBLIETO:
HasBaHHe YpaBHeHHs PHMapa M MOCJHYXKHBLIErO MNpeIMeToM
HCCNIeOBaHUA MHOTHX BBIJAIOLINXCS MAaTEMAaTHKOB, OCOGEHHO
KOTJia OHO MMeJI0 (pOpMy TIHIEepreOMeTpHYECcKOro ypaBHEHHs.
O panHe#l HCTOPHH ero y Hac 1usa peub B riase I.

B panbhefimieMm PumaH nposes JeranbHoe HCcJelOBaHHe
Ha3BaHHOI'O ero HMeHeM YpaBHEHHS H MOKa3aj CBfi3b €ro
pelleHHsI ¢ rHnepreoMeTpHueckoll dyHkuked I'aycca.

JlanbHefiliee pasBHTHe Y4YeHHs O TrHIepPreoMeTpHYecKHX
(YHKUHAX CBf3aHO ¢ paGoramH Befepurpacca no obueit Teo-
pHM aHaJqHTHYecKHX (yHKuHH, Bmecte ¢ TeM Obi yTOUHEH
BONPOC O CXORHMOCTH OOLIEr0 rHUMepreoMeTpHYeCKOro psna.
B 1871 r. IlIBapu nan OpHrHHaJbHOE pelleHHe 3ajayH O Bhie-
JIeHUH H3 runepreoMerpHyeckuX OQYyHKUHH Kjaacca aarebGpad-
yeckHx. VIHaue roBops, onHpasich Ha pe3yJabTaThl Beftepuitpac-
ca, UIsapu mpensoxKa BecbMa OCTPOYMHBIi METOA oOmpejeJe-
HHA anre6paHyecKHX WHTErpajoB PaccMaTPHBaeMHIX YpaBHe-
Huii. OH uccnenoBan BeNHYHHY S=w,/w, OTHOLIEHWA ABYX
JHHEeAIHO HEe3aBHCHMBIX HHTErpajioB THilepreoMeTpHYecKoro
ypaBHEeHHS, pacCMaTPHBaeMyl0 KakK QYHKUHIO OT 2.
Pewenne Bonpoca 06 anreGpaHYHOCTH HJIM TPAHCUEHAEHTHO-
ctd Pyuxkuun S M oTHocAmelcs K Helt P-GYHKUHH 3aBHCEN0
OT TOro, GblNa JIM CyMMa yIJI0B Af-+pUa-+Vvit COOTBETCTBYIOLIETO
KPYrOBOTO TPEYroJibHHKAa (cM. Aajee) 6onplue 7 HAH HeT. Tak
0Ka3a/10Cb BO3MOXKHBIM YCTAHOBUTB NOJNHYIO CHCTeMY aJreGpaH-
veckux S-¢ynkumit. Teopema IllBapua nosponsina takxke pe-
WIUTh BONPOC, SIBJSAETCS JIH ORHO3HAYHOH O6parHas QYHKUHS
2 (S). Buny ocoGoii BaxXHOCTH M GOJILLIOTO HHTepeca A Ha-
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YKH pacCMOTPEHHOe HM AH¢epeHUHANbHOE YDaBHEHHE TpeThe-
ro nopsika 1js S H ero0 oGoGieHHsA B AaNbHEHINeM CTalH Ha-
spiBaTh ypaBHeHHeM IlIBapua, a ero pemieHHs NOJYYHJIH Has-
panHe ¢yHkuu# IBapua; ¢yukuuu, oGparHble QGyHKUHSIM
Hlsapua, NpUHAJNIEKAT K TaK Ha3biBaeMOMY KAaccy aBTOMOp¢-
HEX Qynkuui. O nanpHefimiux paGotax B STOM HanpabJ/leHHH
cm. [5, ¢. 344 w chenl.

B 1872 r. llBapu HnesaBucumo or PHmaHa pnokasan, 4to
KaXKJl0e 4acTHOe pellueHHe S ypaBHeHHsS! TPETbero Nopsiika B
cayyae BEIIECTBEHHBIX A, P, V J@eT npoctoe KoH$opmHoe oTo6-
paxkeHHe BepXHeil moJaYNJIOCKOCTH 2 Ha TPeYTroJbHHUK, o6pasye-
MBIii JyramMH OKDYXXHOCTEH, NepeceKaiouXCcss MOA YIVIaMH
Am, pr, v, Janee 9HCTO TeOMeTPHYECKH OHLIO HafleHO H3Me:
HeHHe OGYHKUHR S ¢ MOMOLIBIO - MpHHIMNA cHMMeTpHH. Ilpu
STOM TPEYTOJbHHK H3 KYT OKPYyXHOCcTel orobpaxkascs Ha cdepy.
Orciona KiiefiH ycTaHOBHJA CBsi3b TAKHX OTOOpaX(eHMHl C Bpa-
IWEHHSAMH NPaBHIBHHX MHOTOrPaHHMKOB. 3a ¢yHkumued S
VTBEPAWJOCH TaKKe Ha3BaHHe TpeyrojnHofi. Hayuenme Tpe-
yroasHelX GyHKUMA npHBeJo K o6wHM aBTOMOPGHEIM GyHKUH-
AM, o6/najalowHM ecTecTBEHHON rpanuueih. B stom cayuae
COBOKYIHOCTbL BCeX H306paxeHHit (yHAaMeHTaJbHON 06aacTH
NOKPHIBAaeT, H NMPH TOM OAHO3HAYHO, BCIO BHYTPEHHOCTb HEKO-
TOPOf - OKPYXXHOCTH. EcAH NpPOAO/IXHTE HeOrpaHHYEHHO .IOCT-
poenHe H306paxkeHHfi TPEYrOJbHHKOB OTHOCHTEJNIBHO HX CTO-
POH, TO pasMepH HX MOCAEAYIOIHX H300paXkennit 6yayT Heorpa-
HAYeHHO yMeHbwatbcs (cM. 3, c¢. 382). Ha nepBoit cTpanuue

R I
OGNOXKKH I10Ka3aHA CeTb TPEYrOJAbHHKOB C YIMIaMH 5, ~3
n 1 1 1
{73 +35+7<1), KotOpasg nOKpHIBaeT BHYTPEHHOCTb

naHHOM OKpYXHOCTH L. MOXHO N10Ka3aTh, YTO BCE TOUKH OK-
pyxHocTs L 6yRyT cyuiecTBeHHO 0cOOLIMH A8 PyHKIHH S (2).

Fnasa V. ONPEAENEHUE ANDDEPEHUNAISD-
HOFO YPABHEHUA NO 3AAAHHbLIM CBOWMCT-
BAM ElO PELLIEHWUWA (npobnema Pumana).

§ 1. MNocranoska 3apaum y Pumana

TMpo6nema Pumana, cocrosinas B HaXOXIeHMH JHHEHAHOTO
OJIHOPOAHOIO AH(dEepPEeHUHATbHOrO YpaBHeHHs {yKcoBa THNA
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M0 33JaHHbLIM 0COGHLIM TOYKAaM M Fpynne MOHOADOMHH, SBJISi-
Jlach OLHOH M3 UEHTPalbHHIX B aHA/H3e Ha MPOTAXKEHHH mO-
cleaHero CTo/ieTHsi. PelleHHi0 ee B pa3nHYHBIX BapHaHTaXx,
a TaKXe PaCCMOTPEHHIO APYrHX NpPHMBIKAIOMHX Cl0Aa BOMPo-
COB y[MRZAIH BHUMaHME MHOTHE MAaTEMaTHKH.

Vicrokom npoGneMmul cTan MaTepHasi H3BECTHOTO (parmeHra
Pumana (12, c. 176], naruposannoro 20 ¢espans 1857 r. u
onyGivKoBanHOro Buepsnie B 1876 r. B nekuusx Kaeiina [6]
oTMedaercs .Bceolmee H3yMJeHHe, KOTOpOe OLIIO BBI3BaHO
nybaukauuei stoli paborhl (yepes AeCHTb JieT NOCJE CMEPTH
aBTopa).

TMoapoGHo 0 nocranoske 3afaun y Pumana [cM. 5, c. 371
u nanee; 12, ¢. 176 u ganeel,

Bamxafwan 3agaua crposimefic Ha HOBHX NPHHUHIAX
TEOPHH JIHHeRHHX AM(pepeHIIHANLHBX YPaBHEHHH, 0 KOTOpo#
1Jia peub B Hawane Bropoli uacTH ¢parmenra, cocrossa B
pasbiCKaHHH NPOCTEHAUIHX CHCTEM YCTAaHOBJEHHOr0 PuMmaHOM
kaacca n ¢ysxnui, yAOBNETBOPAIOMHX YpaBHEHHSM BHAA

‘n
2 ay®=0(0=1,2,.., n). (73)
ke=0

3nece NPABOARACSH PAX WHTEPECHHIX cooOparkeHHH, B 4acT-
HOCTH, OTHOCHTeALHO ypaBHeHHH kiacca DyKkca, HO B LEAOM
paGora ocraBajack HesakonueHHo#t. Ho camoe riasHoe, uro
He OblI0 caenano PHMmaHOM,— HE HPOBEAECHO N0 KOHUA B 06-
[leM BHEE JOKa3areNbCTBA CYIIECTBOBAHHH cHcTeM QYHKUMi
Y1, -y Ya, KOTOpHIE BeaH Obl ce6f TaK, Kak Tpebyercsa B ero
pa6ore. Ha sroit nouse ¥ Buipoc/a 3HameHHTasi npo6iema Pu-
maHa., CamuM PHmaHOM OHa Oniia paspeineda Ajas caydas
(n=2, m=3) runepreoMeTPpHYECKOr0 YpaBHEHHs, KOrja siB-
HbBIM 00pasoM 3anHchiBajach (QyHAaMEHTaNbHAs CHCTeMa, 06-
Nafalomas HyXHuIMH cBoiicTBaMH. O TOM, KaK OH npeanoJa-
rajx pelarb STy Safauy B ofiieMm ciaydae, yKasaHHH He oCra-
Jocb. BO3MOMXHO, YTO B CUJIY -elle HeROCTATOYHO pa3BHTOH B
TO BpeMs TeopHH AuddepeHUHANBHHX ypaBHeHHA H JPYrHX
CMEMHBIX AMCUANAHMR PuMan He BHfien BceX TPYAHOCTeH AOKa-
saTe/bCTBa cymecrroBanns. Ho He anuleno OCHOBAHHA H npex-
NOJIOXKeHHe, 9TO OH STH TPYAHOCTH OCO3HaBaJt H, 6YAYyYH BeCb-
Ma OCTOPOXKHBIM H CaMOKDWTHYHBIM, He creliu o6HaponoBaTh
CBOH HOBble HJAEH.

Takum 06pa3om, BONPOC O CYIECTBOBAHHH CHCTEM Yy, ..., Y,
YKa3aHHOro Kiacca npH n>=>2 H m>3 octajcsi y Pumana or-
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KPLITEIM, KakK H PSR APYruX, OTHOCALIHXCS K STON mpoGaeme,
BOIIpOCOB.

§ 2. Mepsebie pewerHna npobnemsr Pumana

B usBecTHOM foKJsaje #1a BTOPOM .MeXAYyHAapOZAHOM KOHrpecce-
matematnkoB (1900 r.) 1. I'nias6epT BRABHHYJA KaK HauGoJsee
BaXXHYIO B TEOPHH JuHeHHbIX IH(depeHNHaNbHHX YpaBHEHHH
¢ OnHuM apryMeHTom npoGnemy Ne 21: nokasaTeb, uTO Bcerna
cyuwecTByer JAHHefiHoe audepeHuHaNbHOE ypaBHeHHe (QyKCOBa
THNA C 3aJaHHBIMH OcOOLIMH TOYKaMH H 3aJaHHOH rpynnoi
MOHOAPOMHH. B ckopoM BpeMeHH OH ke gmaa (A1s cJaydas
n=2) nepBoe KOPpPEKTHOE pellleHHe 3TOH M TaK Ha3hBaeMOH
KpaeBoil 3agay# Pumana.

Bonee npocroe, uem y I'nanbepra, A0Ka3aTeJdbCTBO CYLIECT-
BOBaHHA QYHKUHH y B npo6neme PuMmana pas obuiero cayvas
n (aocTuraoouee ueaH 6e3 Beeienns ¢ynkuuit [puHa), ocHoBaH-
HOE Ha TeOPHH HHTerpajbHbIX YPaBHEHHH H HCHOJB3Ylollee
BECbMa 3JIeMEHTapHble BCNOMOraTeJbHble CPEACTBA H3 TEOPHH
(QYHKIHA KOMIJIEKCHOrO MEepeMEeHHOro, OBIO NPefJIOKEHO B
1906 r. Y. IlnemeneM u OnyGJHKOBAHO C HEKOTOPHIMH AOMOJ-
HEHWSMH uepe3 J1pa Troja.

Crenyer otmetuTh, uto PHMaH cBOio mpo6neMy cBst3biBaJl
C MOCTPOEHHEM JIHHEHHOr0 OAHOPOAHOTO AH(pdepeHnHATLHOrO
ypaBHeHHs n-ro nopsaka. [llnesunrep paccMatpuBas sty npo-
6nemy ¢ 1901 r. niaa noctpoeHHs OAHOPORROH CHCTEMBI JIHHEH-
HBIX JAuddepeHUHanbHbIX yPaBHEHHH,

B 1909 r. dx. Bupkrog H3yuas BONPOC O MPEACTaBJCHHH
pelleHH!l CHCTeMbl YVPaBHeHHi

vi=2a, (=1, .., m) 74
=]

B OKpecTHOCTH OCoObIX Touek. VIM Oblna ycranoBieHa ¢opMa
(dyHAaMeHTabLHON cHcTeMbl pelueHud Aas (74). B npouecce
JajbHefillero M3yuyeHHsi BOMPOCA OH INPEANONOXKHA BO3MOX-
HOCTb 0606wWeHnss npobneMer PiMana M Ha ToT cayualf, Koraa
ocoObie i TOUKH cucTeMbl JH(depeHUHANbHEIX ypaBHeHUH BAS-
1oTca HeperynspubiMu. HanomunM, yto B KaccHyecKolt nocra-
HOBKe mpoGneMa PHMmMana orpaHuuMBalach paccMOTpeHHeM
AudpepeHLHaNbHBIX YPaBHEHHH C peryJsipHEIMH OCOOBIMH TOY-
kamMu, B 1910—1913 rr. Bupkrod 3anmumancs npobJjaeMok
Pumana aias nuHERHBIX an¢¢depeHUHANbHBIX yYPaBHEHHH ¢ He-
perysisipHbIMH OCOOBIMHM TOYK3MH, a TaKXe AJf JHHeHHbIX pas-
HOCTHBIX ypaBHeHHH. BHpKrod mpezsnoxua o6ofiTH HHTErpajb-
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HBIE YPaBHEHHA NPSMbIM PHMEHEHHEM MeTOMa NOC/AeA0BaATe b
HBIX NMPHOMHKEHHUH.

Huka paGor, TpakTyOWHX pelueHHe 3ajauu .Pumana u
CMeXHbie C He#f Bonpockl, NpHHARAEXHT [apHbe. dra npobae-
Ma HEeOJHOKPAaTHO MpHBJeKaja ero BuuManue ¢ 1910 mo 1957 r.
B onHo#t M3 nepBhix paGoT 3TOr0 LHKJAA3 OH MNOKa3blBaeT CBA3b
npo6JyeMsl PuMana ¢ neenesosanuamu ®yxca 90-x rogos X1Xs.
N0 JHHeAHBIM ypaBHEHHSIM H C TeOpHell HeNHHEHHBIX ypaBHe-
HH# BTOPOrO NOpAAKAa ¢ HEMOABHXXHBHIMH KPHTHYECKHMH TOYKa-
mu. Ilocnenyiouue craten apHbe B 5TOM HanpaBJieHHH Tec-
HeAmHM 06pa3oM cBsi3agel C ero paboTaMH NO HeJNMHEHHbIM_
‘YPaBHEHHSIM BTOPOro H TPEThEro NOPSJAKOB C HENOXBHKHLIMH
KPUTHUECKHMH Toukamu (cM. [5, c.. 380)).

BeceMa cymecrBenHBlit M GobuIOfi KauyeCTBEHHBIH CKayoK
B XOfl€ Pa3BHTHS AHANHTHUECKOH TEOPHH JIHHEHAHBIX ypaBHe-
HHA OBl CHeNan MpH BBeAEHHH aJNTOPHTMHYECKOTO MeTOAa
RS pelleHHs ee OCHOBHHIX mpoG/ieM B pa6oTax TaNaHT/AHBOIO
JeHUHrpaackoro Marematdka M. A. Jlanno-IaHunaeBckoro,
yuennka B, H. Cuupnosa. Ero MccienoBanusi, sBHBLIMECS
KPYNHBIM SIBJIEHHEM B MHPOBOI! JiHTepaType N0 3TOMYy BONpocy,
MOTryT OHITh PACCMOTPEHH KaK 3apepuliaioliie onpeneneHHbIi,
PaccMOTPEHHBLI# HAMH 3Tan BecbMa HHTEHCHBHOTO pa3BHTHSA
aHaNHTHYeCKON TeOpMH JNHHEHHHX AH(GDEepeHUIHANbHBIX YpasB-
HeHMit. [as pewehHus paccMaTpPHBaeMbIX jajee 3ajau Jlanmo-
JaHuneBCKHM Oblia cO3JaHa, N0 CYIIECTBY, HOBasi BeTBb aHa-
JiM3a, B OCHOBY KOTOPO# IOJIOXKEHO MOHATHE PYHKIHOHAJLHOY
3aBUCHMOCTH B 00,1acTH MaTpH.

MarpuyHoe HCuHCJeHHe IIHPOKO NMPHMEHSANAOCh B paboTax
[llnesunrepa. OnHako OH He MoLIes AaJblie HCMNONB3OBAHHS
HOBOrO annapara Ajsi ynpoueHHs: BHKJIaJA0OK B H3BECTHHIX yxe
NPHJAOKEHHAX aHAJMTHYECKOH TeOpHH JHHeAHHX auddepen-
nMadbHBIX ypaBHeHHH. [ToHATHe O QYHKUHH ONHOH nepeMeH-
HOM MaTpHUBI paccMarphBaau Takxke Kapran, Jxopaxu, Map-
TH H Jpyrue. -

§ 3. Metopg Jlanno-fanunesckoro

OnHako paGoThl YNOMSHYTHIX H JAPYTHX MareéMaTHKOB TPYAHO
Ha3BaTh Ja)ke Haya/joM TEOPHH aHaJHTHYeCKHX (YHKIUMA OT
MaTpHLU, H60 B OCHOBE HOBOH TEOPHH JeXaJs He PSA CTenmeHeH
OAHOH IepeMEeHHON MaTpHUH, a PAl KOMMO3HLHA HECKOMbKHX
nepeMeHHbIX MaTpHil. TOJNBKO B NOCTEAHEM CJyyae MOr/ia GuiTh
obHapyxeHa XapakTepHefillas OCOGEHHOCTb HOBOTO HCYHCJle-
HHS, 8 MMEHHO HEeKOMMYTAaTHBHOCTb KOMMO3HUHH, COOTBETCT-
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Bywwel yMHOKenHi0. [ToSTOMY HOBYIO TEODHIO HeNb3g OhLIO
TPaKTOBaTh Kak npocroe ¢opManbHOe -06OOMIEHHEe TEOopHH
©yHKuMH OAHOA nepemenHOA MaTpHub. B cnywae kommyra-
THBEHOCTH KOMNO3RUHA MaTpHUl YKasaHHbie jJaJjee MnpaMble H
-06paTHLIE SafAYH TEOPUH AONYCKANH Gbl COBEDIIEHHO SJEMEH-
TapHoe pelrenme B KoneyHoM BHue. ITocaennuit cayuadt Obi
paccmoTpeR flanno-JlaHuIeBCKHM, AABHIHM COOTBETCTBYIOHIHE
(GOpMYTIHI 5TMX KOHEYHHX pemnensfi. TToCTpOEHHEI MM HOBbIA
annapar TeOPHH -aHaJHTHYeCKHX dYHKLUA MaTPHO MOMeT ObiTh
npeAcTaBnen Kax o600ieHne HABeCTHON TeOPHH QYHKUAN KOMII-
nekcHOro mepemennoro Befepirpacca. Ilono6ro Tomy Rax
B oGuiuHON TeopHH QYHKIMA 3HAYEHHSIMH apryMeHTOB H (yHK-
HH# ABJAAIOTCA YHC/Ia, B HOBOH TEODHH TakHMH SHaYEHHAMH
SBASIIOTCS] MaTPHILL; CTElEHHOMY Psily YHCAECHHBIX apryMeHTOB
8JeCh COOTBETCTBYET pSJA KOMNO3SHUHA apryMEHTOB-MaTpHI,
onpeaensoniyf aHaJIHTHIECKYIO roJOMOPdHYI0 YHKIMIO ITHX
MaTpHH B ODABCTH €ro CXORHMMOCTH. DEIAM jpamu OCHOBHLIE
TIOJIOKEHHA HCUHCJAEHHSI TAKHX PALOB KOMIIOSHIWHA, DACCMOT-
peH BOTIPOC O NOACTAROBKE PAAA B PAA H 00 06palleHHH PAROB.

ITpu nomomny FOCTPOEHAOro annapara Jiarmo-Jlaunnepckuit
HCCABROBAaN — H 3TO 6hj0 OOMHMM BO Bcex. ero paborax —
(yHKUMH, YAOBJETBOPAIOHIHE CHCTeMe AHAEMHKX RU(depen-
HHaIObHBEIX YpaBHEHHH € PpauHOHaAbHLIMH KO3{dHuHEHTaMHU.
Sror o6WHPHEA Knace GyHKUHE, BKAOYaIOWHMI B cebs TaKxe
Bce aJreGpanueckHe YHKIWH, B obulefi rpajalHH aHaluTHYe-
ckHX -QyHKRHE CJe0BaN HENMOCPEACTBEHHO 3a KJaccoM pa-
HOHANLHEX (YHKUMA. DF0 06YCa0BAHBANO (yHNAMEHTAb-
Hoe FHaveHue -PyHKUHH yKa3aHHOFO KJjacca Kak JJ/f TeopeTH-
yeckOfl, Tak H AAS NPUKIaAHON MaTeMaTdHKH,

OBme# TeopHefl dyBKuMi, onpeensiemulx Kugxpeperiiialib-
AHMH YpaBHeRHAMH € pAHHOHAJbHHIMH KOSpHIHEHTAMH,
W. A. Jlahno-Hanunesckuil ‘Hauan 3anumarscs ¢ 1927 r. =
BCe CBOH (yHAaMEHTaALHHe TPYAL co3fan B Ginkaifiive 3—
4 roga. 'naBHble erg pesyJqbTaThl GhlIH COOOUIEHH B 1927—
1931 rr. B poknapax Ilapuxcko# akajemuH, satem B Gojee
noJHOM BHfe my6nHKoBaJaHch B MareMarHdecKoM TOODHHKE,
a nocJie -cMepTa aBTopa (15 mapra 1931r1.) — B TpyAax Mare-
maTHgeckoro HHECTHTYTa MM. Creknopa (AH CCCP) B 1934—
1935 rr. . )

[eppuie myfunuxauuy Jlanno-Hawuaesokaro B8 1927 r, co-
JEeOKany TIPAMEHEHHsl HOBOT@, pPa3BHBaeMOro HM MeTofa K
8NTOPHTMHYECKOMY PellicHKI0 PyHIaMEHTAAbHHX HPOOAEM H3-
yuaemoit Teopun — Jlyankape ¥ Pumana, ’
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Crayana BYXKHO GLUIO peminTh nNpobsiemy JXns CHCTeMb
NHHeHAHHIX ONHOPONHHX YpaBHEHH# NepBOFO nopsaka (74):
fIpH JaHHOK KomHrypanuu ocoShIX TOUEK H MaTpHIe Koa(dH-
[IHEHTOB CHGTEMEl IOCTROHTH TaK0e aHaJTHTHYECKOe BEIPaXeHHe,
KOTOpPOE NPEeACTaBAs/NO Oul peHleHAT YKa3aHHOA CHCTeMbl BO
Bcelt 00/1aCTH HX CYLUECTBOBAaHRS HA MAOCKOCTH apryMeHTa H
BLIIB/ISINO Okl XAPAKTED HX 3ABHCHMOCTH OT KOIPPHI{HEHTOB
CHCTEME! B KOHQHATYpauum ee GcOGEIX TOYeK. ITO TaK HasniBae-
Masi OCHOBHa% mpamas npoGrema. bo nosBuaacs ® Bropas
3ajla4a- — YKasarTh: {IOAHYI0 aHAJHTHYECKYI0 XapaKTePHCTHKY
OcOGeHHOCTEH: pemmeHMi B KBKA0k ©COGOH TOYKE ypaBHEHAN
HJIH CHCTEeMbE #. Brepsnie ona 6binia yeTko cdopmy-
nuposana H. A Jlanho-Nansnesckum. YacTHEM ee Cirywaem
SIBJISIETCH NOCTPOCHHE ABHEIX aHAVINTHYECKHX BLIpAXEHHH AJIA
MaTpHil, NMPOHIWORAIIUX TPYNIY MOHOAPOMHH. Kpome Toro,
HanoMHuM, 9P0 Fiyangape nocraBua 3afauy o6 HccaelOBaHHK
rpynmsl ypaBHeRFE QT NapaMeTpoB, BXOAALIHX B ero KospdH-
LIHEHTHI, ) _

K yKasamunine npsMmem npofiiemaM, Koropele 1o Jlammo-
J1aHHJICBCHOTO DONEDEYEIG He Obl/I PelleHb!, cjleayer R06aBUThb
ellle H OCHOBH¥IO- O6parRy® mMpobieMy, NOCTaBJieHHYI0 Puma-
HOM, Tl pevus A3 ¢ WOCTPOSHWH IH(depeHUHaILHOFO- YpaB-
HEHHA NO 3aABENOR: €rY FPYyIHNIe MOHOAPOMHH H HNPH 3afaHHBIX
ocobuix Towkax. ©ma paccmarpweanach Jlanmno-lanusesckum
B Gosee oOWeR ¢opMe, Kak 3ajauya O NOCTPOEHHH MAaTpPHUB
QyHKIUHA, paccMaTpHBaeMOro KJjacca, HMeloilel 0cOGeHHOCTH
JaHHOTO THNA B KAHHBIX TOYKAX, H O BOCCTAHOBJIEHHH CHCTEMBI
JAUHEAHNX AuddepeHiHaibHpX ypaBHeHul ¢ PAUHOHANbHBIMH
Ko3ppHUHeHTaMR, ROTQPOH 3Ta MarpHua yrosnersopser. Pe-
[IeHUE KAGCCHYEeCKON 3RKaRH CBORHNIOEh K HCCJACAOBARHIO 3a-
BHCHMOCTR: MATDHULS peteHUk PEFy/IsapHON cHeremsl andde-
peHUMaNbRHX YPaBHEHMA M. MaTpHUB Ko3jipunuerros stoh
CHCTEMB OT 33JlaHHBIX MATRHIL — NMPOH3BOJASIIHX TRYNNY MO-
HospoMuH. AHanu3 Jlammo-[lannnescuum o6ilel sapaun CBO-
IANCH K HCOMENOBAHYUI0 JABWCHMOCTH MaTPHOL! DelieHHHA H
MatpHL KosdupHouenToB cHcreM AMQdepeRuHambLHEIX ypaBHe-
HHft OT JAHHBIX XapaKTEePHCTHUECKHX MATPHIL

Vkacanusie npotiembr A0 paber Jlanmno-Ilarwaesckoro,
KaK H3BECTHO, Y€ PACCMATPHBAVIHCH H Pelifanch, HO 1aleK0o
He MOJIHOCTBIO, & WHOTAA ¥ MeTUNaMH, He XapakTepHBIMH. ANd
JanHO# TeopuH. [Tosnoe pelleHHe YKa3aHHMX npo6iieM B an-
ropuTmuveckoli gopme Geuio nano H. A. Jlanno-[laniiaeBckum,

Tlo Jlarmno-/laHuneBCKOMY, CUHT&I0CH, YTO PeHIeHMe 3aja-
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YH JOBEJEHO NO KOHLA, H OHO Ha3BIBAaJNOCH aJrOPHTMHYECKHM,:
€C/iH, NPHMEHss annapaT QYyHKNUH OT MaTpHU /A PEIleHHS
KaKoOH-IH60 3allayd TeOPHH CHCTEM NHHEHHBIX AHdpepeHuH-
aJbHbIX YPaBHEHHH, MOXHO GblIO BHPA3HTh MCKOMYIO BeJHUH-
Hy B ¢opme cxoasimerocsi psaa, K03(GdHIHEHTH KOTOPOro 3a-
TeM IOCJIe0BATENbHO BHIYHCJISANCD.

TocTpoennnili MeToa MpHaarascs Npexae BCero K pelleHHIo
npsueix 3apay. Bnpouewm, yxe B 1927 r. U. A. Jlanno-auu-
JeBCKHH COOLIMA 06 aJrOpHTMHYECKOM pelleHHH Kak npobije-
Mu IlyankaPe, Tak u npobaembl Pumana. (Bosee noxpo6HoO 0
Me'rquxax Jlanno-Iannnesckoro cM. [5, c. 389, u caen.l.)

ocJie pabor Jlanno-J aHUAEBCKOr0 HaMeTHJICS HOBHIH 3Tam
Pa3BHTHS aHAJHTHYECKOH 1€0PHH JHHEeHHBIX AH(bepeHIHAMb-
HBIX ypaBHeHMil. DIHLEHTP ero nepemecTu/ics B JIeHHHrpan.
3pech NOSIBHJIOCH HOBOE, JOBOJBHO MOLIHOE HAYYHOE HANpaB-
JieHHe, Yy HCTOKOB KOTOPOrO CTOSi/1 3aMevaTe/bHBIil YueHbIi
u nejaror, noaxe — akagemuk B. M. CMmupnos. Ero nyumne
YYEHHKH H COTPYIHHMKH, NMPHMeHHB MeToan Jlanno-Ianunes-
ckoro B 30—40-X Ir., NOJAYYWJIH PAL HOBBIX, OYEHb BaXKHBIX
pesysbrartoB. He Bxoas' B 0630p ux pabor (cM. [5, c. 395]),
OTMETHM TOJBKO, YTO OCOOEHHO HHTEPECHBIE H BaXKHbIE Pe3yJib-’
Tathl B AaHHOM Kpyre mpo6neM Obiiu noayuess: H. I1. Epy-
ruapiM;  H. E. KounneiM, B.Jl. KpblJOBEIM H psinoM apy-
THX, IIaBHBIM OGpasoM JIEHHHTPaACKHX MareMaTHKoB.

NPUMEYAHUA

1. Kown (Cauchy) Oriocren Jiyn (21.8.1779—23.5. 1857) — opun
H3 CaMHX BHJAIOHXCA MaTeMaTHKOB-aHAJHTHKOB NPOILJIOFO BeKa.
MHoXecTBO ero HOBEIX pe3yJbTaTOB H OTKPHTHH CHIpDaJH $yHAaMeH-
TaJIbHYI0 POJIb B Pa3sBHTHH TeOPeTHUECKON M NMPHKAaJHOA MaTeMaTHKH
XIX . Q{omn okonuyua ITapuickyio [TosHTeXHHYecKYl0 KONy B
1807 r., lllkxony moctos 1 nopor B 1810 r. u no 1813 r, paboran HuxKe-
HepoM. B 1816 r. on 6w npunaT B uienu [lapHxkckofi aKageMny HayK.
B 1816—1830 rr. untan Kypc MaTeMaTRYeCKOro analn3a B I[lapuxckoi
nonutexnuyeckoii wxone H Koanex ne Ppanc.

2, TNyankape (Poincaré) Anpn (29.4.1854—17.7.1912) — onun
H3 KpynHeflIHX MaTeMaTHKOB NPOLLIOro BeKa, yuHacsa B [lapmikckoji
IMonnTtexuuveckoi mxone (1873—1875 rr.), a norom B opHO# mKone.
JlOKTOpCKYI0 AHCcepTanHio 3aMTHI B 1879 r. H ¢ Tex nop npenogagaJ
MaTeMaTHuYeCKMe KyPChi B PasjHYHHX yYeGHuXx saBefieBHaX [lapnxa..
Yaesom [TapukcKoit akajeMHH HayK OH 6bt H3Gpan B 1887 r., 6ula
ugesoM Biopo gonror — ¢ 1893 r. MHorounc/ennnie HayyHsle paboTh
A. TlyaHkape OTHOCATCS KO MHOTHM OTPac/siM MaTeMaTHYeCKOro aHa-
Ju3a, aare6pnl, reoMeTpHH, NPHKJIAJHON MaTeMaTHKH, acTPOHOMHH H
dusnku. UM 661710 npeAsoKeHO MHOXKECTBO METOROB H NoJYuYeHnl ¢yHAa-
MeHTaJlbHEe Pe3yJbTaThl, OTKPLIBAIOWHEe NMYTH K Pa3BHTHI® HOBHIX OT-
pacyeli MateMaTHKH. MsyuenHe oGHKHOBeHHHIX AHddepeHinHanbELIX
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ypaBHennit ¢ aare6paHdyecKnMH KoospduunentamH npuseno Ilyankape
K OTKPHTHIO HOBHX KJacCOB TPaHCUEHAEHTHbX GyHKUMHA, NONYYHBIIHX
noToM HasBaHHe aBTOMOpOHHIX. [IpH 9TOM OH cyllecTBEHHO HCNOAb3O-
BaJ OCHOBHble Pe3yJIbTaTH HeepKJAHAOBOH reomerpuu., IlyaHkape mpu-
HanJIeXHT PAJL KYpcoB No HeGecBOR MeXaHHKe, a TaKiKe psAjJ COYHBeHRH
(pHIA0COPCKO-NICHXOAOrHYECKOrO XapaKTepa, B KOTOPHX NpPOSBJANHCH
HJEeH MaxH3Ma H arHOCTHUHM3Ma, 4TO GHJIO NMpPeAMETOM KPHTHKH CO CTO-
pornt B. WM. Jlennna. Cm. takxe (111

3. Kosanesckan Cogibsi Bacuavesna (3.1.1850—29.1.1891), ma-
TeMaTHK, @ TaKxke NHcatefb H NYGAHIHCT, ONHA H3 HEMHOTHX 3HAMEHH-
THIX XXEHUHH-MateMaTHKOB NPOILJION SNOXH, NepBasi B MHpe XeHLHHA-
npodeccop (CTokroapMckoro yunsepcutera ¢ 1884 re H YJIeH-Koppec-
noufienT [letep6yprckoft akagemur nayk (1889 r.). C 1870 r. sanuma-
nacb B Bepanne y K. Beliepmrpacca (cM. npumeu. 20). B 1874 r. C. Ko-
BaJlepcKasg noaydymia creneHbp JoKTopa QHiaocobnd T'érrmrreHckoro.
ynuBepcureTa. UYgeHoM MocKOBCKOro MaTemaTHY4ecKoro o6uecTBa
n36pana B 1881 r. 3a pa6ory «3ajnaua o BpalmeHHH TBepPAOTO TeNa DKOAO
HeNOABHXHo# Touku» B 1888 r. KopaneBckas mnoayuhaa «60JblYlo
npemuioy [lapuxcko#t akajeMuH HayK.

4. ®ykc (Fuchs) Hmmanyanp Jlasapw (5.5.1833—26.4.1902) —
M3BECTHBIH HeMEUKHA MarteMaTHK, AOKTop ®uaocodpun (1858 r.), ¢
1860 no 1867 r. — yunrtenb pasjMuHHX CPeAHHX YyYeGWHIX 3aBeAeHHM
Bepauna n ¢ 1866 r. — npodeccop Bepauuckoro u Apyrux repMaHCKux
yHuBepcuTeToB. Unenom Bepauncko#i akajemun nayk dyxc #abpal B
1884 r. C 1891 r. — u3naTeNp H3BECTHOrO MAaTeMaTHYECKOro XKypHada
Kpeaas. JI. dykc 6nin opHHM U3 ocHOBaTeJel HOBOro HampasJeHWd B
aHaJH3e — JIMHefHON aHaAWTHYeCKOH TeopHH anbdepeHLHaNbHEIX
ypaBrenHft. [TouTH Bce ero pa6oTu OTHOCATCA K STOMY pasjedny. Cospan
B 5TOM HanpaB/ieHHH MOWHYIO WKOAY H HMeJ MHOTHX NOCJenoBaTelei.

5. JlanyHos Auaekcanpp Muxaitnosny (25.5.1857—3.11.1918) —
BHAAOWKACA DyCccKHE MaTeMaTHK H MexaHHK. B 1880 r. oxoHunx
[NeTep6ypreKHA yHHBEPCHTET, 3aULHTHJ MarucTepCKY0 JHCCEPTAILHIO
B 1885 r., nokTopckyio — B 1892 r, PaGoran c 1885 r. nouentom, ¢
1892 r. — npodeccopoM XapnkoBcKoro yHHBepcuTera. B 1900 r.
6ul1 H36paH uJeHOM-KoppecnonaeHToM, a B 1901 r. — neficTBHTeNbHEIM
ynenoM [letep6yprckoii akajemun Hayk H ¢ 1902 r. paGotan B Ilerep-
6ypre noutu Bce ppeMs. CpapHHTeJbHO HEMHOrounmc/eHHbe paGoTH
JIsinysoBa oTaHYawTCA Goapluoi TYyOHHOH, OPpHUrHHAJLHOCTBIO M CO-
BepueHsoRl o6paborkoii. On ABIAETCH OCHOBONONOXKHHKOM PAAA HOBHIX
HanpasJeHHl B aHa/lH3¢ H MpexJAe BCEro TEOPHH YCTOHYHMBOCTH, paB-
HOBECHS H JIBHXKEHHSH MEXaHHYECKHX CHCTeM, OnpeliesifeMbiX KOHeY-
HBIM YHCJOM NapaMeTpoB. Dosbiofl nHKA ero pabor nocsAuleR Hccae-
JopaHHIO GHryp paBHOBeCHs paBHOMeDHO Bpaulalomeiics >XHIKOCTH,
HacTHUL KOTOPOA B3aHMHO NPHTATHBAIOTCA NO 3aKOHY BCEMHPHOro Ts-
rotenus. Pa6oTet JIanynopa GuaM HCTOUBHKOM MHOXeECTBA AajbHeHIINX
HCCJIEIOBaHHA H HavyalloM psija CaMOCTOATENbHLIX BETRSH HaYKH.

6. Pumany (Riemann) Teopr ®pnapux Bepnxapx (17.9.1826—
20.7.1866) — 3nameHHTHI#i HeMeuUKH} MareMaTHWK, jokrop (1851 r.)
1 npodeccop I'érTHurenckoro ynnpepcuteta (1857 r.), unen psaaa axa-
nemuit HayK. PuMan nonyyna ¢ysaameHTalbHble pe3yJbTaTel BO MHOTHX
06J1acTAX MaTeMaTHKH H HeKOTOPHX NpHKJapsuXx Bonpocax. IToapoG-
Hee 0 ero jesreasHoctu cM. [10, 12]. -

7. lNennese (Painlevé) Iloas (5.12.1863—29.10.1933) — Brinaro-
mhiica ¢panuysckuii matemaTuk. B 1877 r. okonunn Hopmaabnyio
wxony (Iapux), B 1887 r. 3alHTHA AOKTOPCKYIO AHCCEpTanHio H ¢
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1895.r. — npodeccop Hopmanbuak mxoas, [TapHmcKOro yHHsepcHTeTa
# [Mapmkekpit FlonuTexnudeckef wxkoa. Hayunse: nurepecs Ilewsese
NPHABAAEHAT TeOPHH PYHKURH, H: ana/MTHYECKON (HesnHeNBOl) Teo-
phy: ruxbepenunavbHEX ypaBHen#dt, ofilHHM. U3 OcHORaTedeft. koTopok
ol OHJT, a TAKXKe PaJAHNHLM. NPUKTAAHRM: BonpocaM. B 1900 r. [lense-
Be Habpas wienom Flapumckoft akagemyun HayK. C. 1910 r. on uaBapar
eTCsl 'B- NaaTy JAeAyTaTaB W NGNTH OTXORAT OT HayunoA paGoTH, 3anAr
Mafi B NOCJAeAYIOMHAEe FOAL PAN MHHACTEPCKHX NOCTOB H NOCT MpeMbep-
MHHECTPE PpaHIAH, npefcegaTeNst NavaTH AenyTaToR. O ero AesTesb-
poctH cM. B (&)
8i-Tukap (Picard) Dmuns (24.7.1856—11.12.1941) — nsectrHufl
Ppanuyexufl MarematHR. Oxonuns Hopmannnyo: wxonay (Ilapnx)
& 1877 r, C 1877 r. — npenoaasatens ¢axyavrera: Hayk Tynysw, 3ar
Tem ¢ 188k r. — npodeccop Hopmanbrok mwroaw: # CopGonnw (ITa-
pum). B nponecce npenosasaTelbcKofi AemTEALHOCTH HM- GHJl CQ3RaH
HA3BeCTHHI Kypc MaTeMaTHYecKoro aparusa.. Toabko: 3a 12 jerc 1877 r.
Ilngap: ony6GrukoBan okono:1203averok w Memyapos. B 1883 ri Oma
HaGpas uaesom ITapuKcKON aRajeMHH HayK, aTakiKe WIEHOM-KOppec-
nonfienToM IMetepGyprcxoft (1895 r.) n: paae Apyrax avazeMuii H MaTe:
MaTRYeCKHX ofllecTs. O moayund ¢yHIaMeHTaNbHHE pPesyTbTaTh B
Pa’TKYHKX Pasfieslax MaTeMaTHUeCKOro. aHaJH3a W npHioxeun#H. Emy
NpRA3AIeRAT HHTepecHHe 0630PH H3 06MacTH HCTODHH H (HIOCODHH
MaTeMaTHKH,
9. Jlanmo-Jauunencknt HMeaw Amexcangposny (16.10.1896—
15.3.1931) — saigalomufica COBEeTCHHA MATEM3THK, BOCUHTaHHHK Jle-
HHETPEICKOr0 YHHBepCHTeTa (OKORSHA B 1925 1.). C 19%7 r. B TevenHe
HECHOABKUX' JIET - HeMPePHBHO NOABAAACH PAK ero Pabor, B KOTOPHX
H3A@TAA0CH TIGCTROEHYe TeOPRH QyRKUNA OT MATPHIX H [aBajoCh ee
ApHMeHenYe K DEeIHeRHPD- OCHOBHHX NpPOGTeM TeOPHH ARHeAHHX AHGe
'gpmuaaww ypasHeHHil, 0:9eM 9aCTHYHO RJRT peyn.B TexcTe (r1. V),
192% r, Jlanno- Jannnesckil G/ecTsRIe SEUATHA ACKTOPCKYIO AHC-
CepTMIFIO) I+ ¢TA/l UHTATh B JIEHBHTPAJCKOM: yHRBEDCHTETE CMELKYype
ne: cosumuAoON Hw: Teopuu. B snpape 1931 r. or we6par wieHoM - KOp-
pectronzentom: AHI CCCP.. ¥mep B r. Fuccene or Tamesofi Gonesny

cepaug. .

P 10. Bpuo (Briof). Wapns Asrycr AnsGepr (19.6.1817—20.9.1880)
nocre GaecTamerc. okouwanus Juues: Cau-Jlym » [apuxe 5. 1838 1,
Gur npuAAT nepsuim 8 Hopuaabayto wxomy. Uepes rof mocse oKoHnda-
RHs- 06pa3opauns B. 1842 r, OB NOAYURNT CTeNeHs. ACRTOPA- M Havad
npenoaasaTh MaTeMaTHKY B KO/MVIEAXKAaX DasANIAHR FOPOAOB.

C 1'848 r. on cran paboTats B [lapuxe, Gyayuw npenegasaTeseM
BOCNWTABIIEro: €ro- JiHIes#, a Taxxke Hopmansno® w [oanrexundeckoh
wre. K komuy 50-x rofes OH NOAYUYRJ ‘Kadeapy MareMaTHYeCKol
dusukw g Copbonne. Kpnre Hayuyunx paGoT No aHANWTHRECKON TeOPHH
Indpepenitnanyisix ypapHeHHR H TeOPHH CMenmMaIbHHX GYRKUR{
HalHCEs, MHOTOYHC/IHHNE KYPCH MO OTAENbHLS HpeiMeraM phiclreft
H 9/MeMeHTapHOR MaTéMaTHKH,

¥l. Byxke (Bouguef) XKaw Kiox (17.12.1819—9,9.1886) — Boc-
nuTaRHAK napumckux Mosmrexnnveckalt v HopmaaswoR mkon 1839—
1841 pr., vapwny ¢ Bpyo oxmy 13 ocvopatesneit neawnefnoR aRanHTH-
ueckofi- TeoOpHW Awpdepennnansrux ypasHenufi. Byayun npogeccopom
dakyabTera HayK B JInoHe, B 1845 r. OH BCTPETHJICS CO' CROHM TOBa-
pamem (mo Hopmasnsnok wxose) Gpro, i ux Apyx6a nepemaa B TecHoe
# OueHH MMOLOTEODHOE MHOTO/eTHee COTPYJAHHYECTBO, BeCbMa PelKos
a1s Toro Bpemesu. Ha Jluona B 1862 r. Byke nepewen Ha npenonana-
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TeAbCKY!0 paboTy B NapHMCKHe JfleH, a B 1873 r. 3anAA ROMKHOCTH
npodeccopa mateMatuki B CopBonHe. IIpenosaBai Takike MeXaHHKy H
acrposionnio B Hopmaanmo#t mgone. B 1875 r. 6un n3Gpan wieHoM
TTapHXCKOR aKafeMuH,

12. ®ynrkusg §(2), aupdeperunpyeMas B Kamzaoh Touxe 0o6racTH
G, nasuBaercs gudepepernnpyemoft B sToft obaacTH, a TaKie rojo-
MopdBOE HAM aHad#HDHVecKoll (MHOTxa pery/aspHoi). Hassawua «ro-
aomopdRas (nopacluag xenof) GyHKuHA» OHJAO BBEJEHO YUEHHKaMH
Kown — Bpro ¥ Byxe. B cospemedHofl JIHTEpPaType Halle HCIOJb-
ayercg NOHATHE AHANHTHYECKON OYHKuHH, YnoTpeGassileecs paHee

arpaHxeM, & mHosxke BeliepmTpaccom. ]

13. Nap6y (Darboux) )Kam TFacrom (13.8.1842—23.2.1917) —
BOCNNTAaHHUK Napuxkckux Hoawrexsunueckodt K. Hopmaapxo# mkon,
O/l OXHHM M3 Kpynaeflmux MaTeMaTHKOB BTOPOf IOMOBHHH NPOLIOTO
BEKa, aBTOpOM gmmmuux a6oT B 00JlacTH, TNasBEM o6pa3oM
anddepenniaisiiofl, .reoMerpun, .ﬁome 3QIIATH JIOKTOPCKOR AMccep-
Taunn 8 1866 r. fma npodeccopoM pasAHUBNX YIeOHNX 3aBEACHHE,
B ToM 4Hcne B ‘Copfouus. UadeHom IlapumcKoR akajemun us6pan B
1889 r., uneHom-koppecnonnentom JletepOyprckoft akafeMud — B
1895 r. C 1870 r. on cTan M8aaBaTh ofHH H3 HaHGOJee RIBECTHRX MaTe-
MaTHYECKHX KYpHaAOS,

14. Dlinep™ (Euler) Jeowapn (4.4.1707—7.9.1783) — xpynsei-
M MaTeMaTuBK, mexaBHK, dusux u sactponom XVIII B., ypoxkenen
lllsefinapus. B Paccuio npuexan & 1726 r. no npuraawenno Tlerep-
6yprckofi aKajzeMuu K .Ha JAQ/KHOCTb.afblORKTAa N0 MaTeMaTHKe,
Axagemukom cxan b 4733.r. B 1744 —I776 rr. xua » Bepaumne, 3atem
BosppaThica B TlerepOypr. B ykesawumX Bume B Jpyrux obaacrsx
NOAYURI PRA HYWAINEHTAALHLIX PESYALTATOB H ‘33aJIOXKKI OCHOBBI HO-
BHIX Hanpasaessfi. Hayunoe macleaue ero .orpoMHo — .oKkoso 90D uc-
ciexopaull, KOTQRMe JONRO -NYGAHKOBAJHCH 10CJEe €ro <CMepTH.

15, p _ (D'dAlemberd) Ieu Jlepom (16.11.J737—
29.10.1783)—xpynumit $panuyscknl MaTeMaTHK, MeXaHHK H pHIO-
codp, uaeH I o {c 1741 r.), Bepauuokoh {c 1747 r.), [etepOypr-
ckoft (c 1764 r9u ppyTHX .aKaneMuil HayK.

Tpusnax JlanamGepa .CXORMMOCTH .8HAKOMOJOMHTEABHHX HYHCJIO-
BLIX PHADS .COCTOHT B CJACAVIOLLEM.

Tlyctb jAam pan: uy+ug+...up+uns +... Toraa ecnn npe xo-

CTaTouBO GOVIBUHX 7 BHNOJHAETCH HEPABEHCTBO -Up+1/#n<q<.l, To
PSL CXONHTCH, 6CAH JKe HATHHAH € HEKOTOPOrO MOMEHTa Uyp4+1/up>1,
TO Psji PACXQARTCH.
16. Tipadeh (Pfaff) Ploran Opunpux (22.12.1765—21.4.1825) —
BuanLA HeMenkuli MaTeMaTHK H @CTPOHOM, WJeH LIpycckofi axkagemun
nayk ¢ 1817.r. Bua npodeccopoM MaTeMaTHKH BYHHBepcHTeTaX XedbM-
wrasra 8 Jeane. -

17, Taycc (Gauss) Kapn dpuzpux (30.4.1777—-23.2.1855) —
SHAMeHHTHt HeMeUKH! MaTeMaTHK, .aCTPOHOM H OUSHK., Yuuiacg 8
lérrnarescxom -ynnpepentere (1795—1798), AOKTOPCKYIO AHCeePTALUIO
samutia B 1799 r. Caenan pag HyHIaMeHTaAbHHX OTKPuTENA B Teqpuy
uucen, ‘anrebpe, Teqpuy panos, xupdeperiuanbuol reoserpuy. Oinum
H3 JIGPBHIX Habasl PaCcCMATPHBATH HEEBKAMJOBY TIEOMETDHIO.

18. Kae#n -(lélsin) eanke (25.4.1849—22.6.1925) — muinaio-
mufica HemeuKHi yuennfi, NONyUHBWRA pAR yHAaMEHTANBHHX pe-
SYAbTATOS 8 TEOPHH UHcel, aireGpe, TEOpHH crneliMaibEEIX QYHKuHT,
HeeBKAHAOBOH TIeoMeTpHH, 110 DSAY NPHKAAaAHHX BonpocoB. [Tocae
33IHTH FOKTOPCKOR aHcceprauun o 1868 r. eex @RTHREYI0 Mpodeccop-
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CKYIO JesiTeNbHOCTh B dpnanrene, Jlefinuvure, MioHXxeHe, HMell MHOTrHX
BHIHHX YYeHHKOB. BHJA ocHOBaTeleM M3BecTHOro XypHaaa sMathe-
matische Annalen», WHHILHAaTOP OM MHOIHMX BaXHHX H3faHuli. Uaene
KoppecnokfieHT IleTepGyprckoit axageMun Hayk ¢ 1895 r.

19. Kymmep (Kummer) Spucr dnyapa (29.1.1810—14.5.1893) —
H3BeCTHHH HeMEHKHH MaTeMaTHK, joKtop (1831 r.), mpodeccop (c
1842 r.), unen Bepnuncko#t akanemum Hayk (1855 r.). Ony6ankoBan
OKOJO CcT2 pa6oT, NOCBSMEHHHX TEOPHHM PANOB, AHOPbepeHHHANbHLM
ypaBHeHHAM H JAPYrHM pa3filelaM aHaJu3a, a TaKXe MeXxaHHKe. BaykHoe
3HaYeHHe WMeJsa co3laHHas HM B 1842 r, TeopHs alre6panuecKux YHcesd,
MeTO/il KOTOpofi 0Ka3a/ih OrpOMHOe BJAHAHHE Ha NOCJeAyolllee pa3BHTHE
TeOPHH 4YHcell H anare6Gphl.

20. Beftepwtpace' (Weiersirass) Kapa Teomop BuasreanM (31.10
1815—19.2,1897) — 3HaMeHHTHI!I HeMeUKHil MaTeMaTHK, mnpogdeccop
Bepaunnckoro yHupepcHteta ¢ 1856 r., unen BepaunckoR akaneMuu
HayK c 1864 r. Ero JekunH H HayYHble cTaTbH NOCBALEHH TeOPHH aHa-
AuTHYecKHX GyBKNHA, BapHaUHOHHOMY HcUHcNenHlo, AnddepeHUHANb-
HOfi reOMeTpHH, PA3JHUHLIM OTAeNaM aHaiau3a. Bochuran MHoOrux Ta-
JaHTIUBHIX YYeHHKOB, cpeaH KoTophx Owan C. B. Koraaesckas,
I. Murrar-Jlepdaep, Ilpapu, Pykc # sgpyrue. -

21. SIxo6yu (Jacobi) Kapa T'ycras S1ko6 (10.12.1804—18.2.1851) —
M3BeCTHHH HeMeUKHA MarTeMaTHK, WieH DBepiauHcKofi akagemMHH Hayk
(1836 r.), unen-xoppecnongent (1830 r.) 4 noveTHunft unen Ilerep6ypr-
CKOfl aKajeMHH Ha};x (1833 r.). OnHu H3 coapaTeteft TeOpHH 9IIHNTH-
yecknx Gysknufi. PaGorant Takke B 06/M1aCTH TeOpHH uHces, aare6pHl,
BApHAIlHOHHOTO HCYHCJeHHA, AMGGdepeHUHaNLHLIX YypaBHeHHH, HHTe-
rpajabHOr0 HCYHCJEHHSA.

22, JletuuxkoB Anexcefi Bacuavesnu (1.1.1837—27.2,1888) —
pocnuTaHHHK Mockosckoro Mesxesoro nucTHTYTa, [lapukckoi Iloan-
TexHHyeckoft wKoau # CopGoHHH, A0KTOD JlefinuHrcKOro yHnpepcHrera
(1867 r.), marucrp (1868 r.), noktop (1874 r.), 4jaeH-KOppecNOHJEHT
[Metep6yprckoit akaseMuu Hayk (1884 r.), npogeccop MockoBckoro
TexHHueCKOro yunJaHma H MexeBoro HHcTHTyTa. PaGoTh ero orTHocst-
csl NpPeHMYLIeCTBEHHO K TeopHH AH(depeBuHpoBaHHSA C NMPOH3IBOJILHHM
yKasatesem nopsaka pudpdepeHHPOBaRNA H APYTHM OTAe]aM aHalH3a.

23. TonyGes Bunanumup Bacuapesny (3.12.1884—4.12.1954) —
M3BECTHEIA PyccKUlt U cOBeTCKMA MaTeMaTHK H MeXaHHK, BOCNHTaHHHK
MockoBcKoro ynmnsepcutera (okonuna B 1908 r.), marmcrp (1916 r.),
noktop (1917 r.), npodeccop ¢ 1917 r. — CaparoBckoro, ¢ 1930 r. —
MocKoBcKoro yHusepcHteToB, ¢ 1932 r. — HauaabHHK Kadelpn BHC-
mel MaTemMaTHkH B BoenHno-Bo3jylunofi akasemun uM. H. E. )Kykos-
ckoro, uien-koppecnonfedT AH CCCP (1934r.), sacnyxeHEufl JeAaTennb
HayKH # TexuukHu (1943 r.), renepan-Mafiop HHIKeHepHO-Tex HHYeCKOH
cyx6u. PaGoTsl ero npHHaAJdeXaT rJaBHHM 06pasoM TeOpHH aHaJIHTH-
uyeCKHX (yHKUHA, aHaJHTHYeCKOH# TeopHH JAHubdepeHnHaNBHLIX YpaB-
HeHHH, a TaKXe K aSpOJAHMHaMHKe. ,

24. )Kykonckuit HMHukoiair Eroposuy (5.1.1847—17.3.1921) —
H3BECTHHI PYCCKHN MeXaHHK H MaTeMaTHK, BOCTIHTaHHHK MOCKOBCKOIO
yuupepentera (1868 r.), maructp (1876 r.), noktop (1882 r.). PaGoran’
¢ 1876 r. B MoCcKOBCKOM BhICIIEM TeXHHKUYeCKOM yuyHauwe, c 1885 r. —
B MockosckoM yHHBepcHTeTe. B 1894 r, na6pan uneHOM-KOppecnoHjIeH-
ToM ITetep6yprckofi akaaeMHK Hayk. HccllefoBanus ero mpHsajiexar
K asgo;luﬂamuxe. rHApaBJHKe, MeXaHHKe, MaTeMaTHKe H aCTPOHOMHH.

5. CyTh crepeorpadHuecKofi mpoeKnHH NJOCKOCTH Ha chepy co-
CTOHT B cJieiylolueM. B TpexmepHoM mpocTpaHcTBe cdepa palHyca Yy
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KacaeTcs cBoefl H#XKHefl TouKoi B Havale KoopAHHAT O KoMMJeKcHoOA
naockocTH. Ilpotnrononoxkuyio ToyKy anamerpa (nojioc) 0603HaUalOT
vepes P. Toraa Kaxnoffl Touke Z NJIOCKOCTH CTaBHTCS B COOTBETCTBHE
TouKa A (2), chepu, Haxomsmasics Ha NepeceveHHH cepnl € JaYyuUOM,
COEZMHSIIOWHM TOJIOC ¢ RakHOM Toukof 2. [IpH 9TOM I/1S KaXAO# TOUKH
(kpome P) chepu ycTanapnHBaeTCH B3aHMHO-OJHO3HAYHOE COOTBETCTBHE
¢ TOYKaMH MJocKocTH. Touky P cuHTaloT 06pa3oM GeCKOHEYHO yAaleH-
HOM TOYKH MJoCKOcTA. Jlerko HallTH QopMyJsH, BblpaxalouiHe Koop-
RHHATH ' ToYeK A (2) cbephi Yepe3 KOODRMHATH TOYEK NJOCKOCTH.

26, llpapn (Schwarz) Tepman Amannyc (25.1.1843—30.11.1921)
M3BECTHBI HEMEL KM/ MaTeMaTHK, fokTop (1864 r.) uaen Bepauuckof
aKaJleMHB HayKc 1893 r., npenogapatesb BepaHHcKoro yHHBepCHTeTa
¢ 1866 r., onuH M3 ocHoBaTejeli HeMEKOTO MaTeMaTHYECKOTO cOl03a.
B anue lBapua coueranuce uepTht TBOpUA HAYKH H 3aMEYATENbHOrO
;eaarorg. PaboT npuHapdekaT B OCHOBHOM TEOpHH aHaJHTHYECKMX

Y HKILHH.

27. Epyrun Hukonan TIMasaosny (poa. 14.5.1907) — uspecTHolf
coBeTcKHfi MaTeMaTHK, akagemik AH DBCCP, sacayxenumii AesTens
raykn BCCP, Tepoit Counanucrtuveckoro Tpyna, BocnHTanHHK Jle-
HHHTpaicKOro YHHBepCcHTeTa, yYeHHK aKazemHka B. H. CwmupHosa.
IMenaroruyeckyio nesTeqbHOCTh Hayad B Jlemaurpage s 1931 r, Kaw-
AMJaTCKYI0 AHccepTanHio 3amHTHA B 1937 r., noxTopckyo — B 1943 r.
N0 BO3BPALIEHHH MocJe TAKENOrO paHeHHs ¢ JIeHHHIrpaacKoro ¢bpoHTa.
B 1956 r. 3a paGoTh no TeopH# YCTOAYMBOCTH M KaueCTBEHHOH TeOpHH
auddepennnanpnpix ypasHennin H. I1. Epyruny npHcyxkpeHa Iocy-
JapCTBEHHAS NPeMHA. (E, 1956 r. nesaTenbuocTh ero nporekaer B MuHcke.
3nech 6niat OcHOBaH XKypHaa «lnddepennHanpHbe YPaBHEHHA», TJIaB-
HLIM peflakTopoM KoToporo GeccMeHHo sipasercs “H. I1. Epyran. O xe
cO3fla/l WKONY TeopHH RHbbepeHUHANbHHX YPaBHeHHN, K Pa3fHUHLIM
BeTBAIM KOTOPOH OTHOCATCS €ro MHOTOYHC/EHHbEe paloTH.
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