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HPEB.VIC.HOB.HE KO BTOPOMY U3JAHHIO

B kuure B nomyJsipHoii opMe H3/araloTC HauaJblble
CBeJleHHsA U3 TeOpUH rpynn. Annmapart TeopuH Ipynn sBJjser-
Cl OCHOBHBLIM IIDH H3YY€lHH SBJIEHHH CHMMETPHH, JIeXallux
B OCHOBe (PYHAaMEHTAaJIbHbIX 3aKOHOMEpPHOCTEell COBPEeMeHHO-
ro ectecTBo3HaHus. MIMeHHO mo3ToMy Teopus rpynn Haiuja
IIHPOKOE NPHMEHEHHe He TOJbKO B COBPEMEHHOH MaTeMarTH-
Ke, HO U B a1epHoil ¢pu3uke, Kkpucrasnnorpaduu, Teopuu or-
HOCHTEJIbHOCTH, Pa3JHuHbIX pasmenax xumuu. Mmelorca onwl-
Thl NPHUMEHEHHS TeOPeTHKO-TPYMNIOBLIX METOJOB aHa/u3a B
TEeOPHH MY3bIKH, JIHTEPATYPOBEZEHHH, TEOPHH XKHUBOIHCH, ap-
xuTeKkrype. MaremaTuueckas ray6usa u HeoGbluaiHO IHPO-
Kas cepa npuUMeHeHUH TEOpUH TPYyNN coYeTalTcd C Ipo-
CTOTOH ee OCHOBHBIX INOJIOXKEHMH, BIOJIHE NOCTYHHBIX IIPH
HaJIMYHK XOPOLLO UJJIOCTPUPYIOLIHX NPUMEPOB WIKOJbHHKAM
cTapmux Kaaccos. ITo3ToMy TeopHs Tpymnn Kak HeJb3d Jyd-
Lle MOAXOMUT AJs TOro, 4To6bl MOKa3aTh WIKOJIbHUKAM obpa-
3€l| COBPCMEHHON MaTeMaTHUeCKO# TeopUH W NPOUJJIIOCTPH-
poBaTb Ha NpHMepax, Kak aGCTPaKTHbIE TeOPeTHKO-TPyNNo-
Bble MOHATHS NPHMENAIOTC NPU pellleHHH KOHKPeTHBIX 3a/1ay
U3 pa3/iejoB MaTCMAaTHKH, y2Ke 3HaKOMbIX ynTaresto. Mayue-
HMe MOHATHS Ipynnbl O6yAeT B NOCTATOYHOI CTENeHW Onpas-
JlaHo, TOJIbKO €cJIM ero npuMeHeHHs 6yAyT pasHooOpasHbl U
HHTepecHbl. DTO OHA U3 NPHYHH TOrO, YTO OCHOBHBIE Teope-
TUKO-TPYNIOBbIe MONATHS U Pe3yJabTaThl B KHUTe U3Jaralorcs
B PaMKax TEOpMHU IPYNI NepecTaHOBOK KOHEUHBIX MHOXKECTB.
Ilpu TakoM H3/I0KEHHHM YHTATeNb NOCTOSIHHO paboTaer c
oToOpax<eHHUsIMH KOlIeUHBIX MHOXKE€CTB, YTO NO3BOJIIET JIyuy-
Ile YCBOHTb NMOHATHA MHOXecTBa W (PYHKUHU — LEHTPab-
Hble NMOHATHS B LIKOJBbHOM Kypce MaTeMaTHKH.

Ilpn HamucaHun KHHTH HCHOJIb30BAJICS ONBIT H3JI0XKEHUs
OCHOB TEOpHH TpYNN Ha KPYXKKax u (Qaxky/JAbTaTHBHbIX 3aHd-
THAX B pecny6ialKaHCKol (HU3HKO-MaTeMaTHYeCKON LIKoJe-
HHTepHaTe npu KneBCKOM rocylapCTBEHHOM YHHBEDCHTETE.
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TMeproe uananue kunri, suimenee 8 1979 r.,—sT10 BH-
noanennutét I'. M. daanuptm nepesof ¢ yKpaHulickoro, KoTo-
rolil OblI AONOJNHEH aBTOPAaMH BKJOYEHHEM HOBHIX Iaparpa-
(0B, KacaouXxcs NPHI0OKEHH FPYNI IEPEeCTaHOBOK., '

B nacrosulem nsfanHu o cpaBHEHHIO ¢ NEPBLIM pacilii-
penu ciaeayiouine naparpadei: «Obpasyouine cHMMeTpHYe-
ckoil rpynnbi», «IToarpynnst cuMmerpuueckux rpynn. I'pyn-
ikl mepecTaHoBoky, «[ pynnsl cumMerpufis, «O penenuu asn-
re6panyeckux ypasHeduii». [Jo6Gasaensl HoBble naparpadbi:
«Teopema Kanu», «IlepecTanosounble KOHCTPYKUHN», «Bei-
TCPCKUA IIapHUPHBIA KyGuky», «lpyrie urpbi». Pacuinpenst
B 4aCTHYHO H3MEHEeHH! MoA0OPKH 3ajaY.

Kues : ’
JI. A. Karyxerun
B. H, Cywanckud



§ 1. CYNEPMO3ULIUA ®YHKLUA

HefictBre (usH, HHaue, onepaum{) cynepnosuuun Qynx-
UUH MMeeT pAN HMHTEPECHBIX CEOHCTB M MHOTO BaKHBIX NPH-
MmeHeHu#. HanoMHuM onpenesieHHe H mnpocrefimne cBOHCTBA
Cynepnosuuud Aada (QYHKUUH JedCTBUTENbHOH NepeMeHHOIl
(byukunil, obGnactd onpegeseHHsT M MHOMKECTBA 3HAUEHHH
KOTOPBIX SBJSIOTCS TOAMHOXKECTBAMH MHOXKeCTBa JeHCTBH-
TeJbHbIX 4HCeN).

ITycts f(x) u g(x) —npousBosbHble (GYyHKUHH AeHCTBH-
TeJIbHON nepemenHo#. Cynepnosuyueli 3STHX GyHKUMN (HIMEHHO
B TOM NOPsAjAKe, B KOTOPOM OHHU 3anHCaHbl) Ha3bIBaeTcsl Ta-
Kasi GyHxkuus A (x), uto:

a) obaactb onpeznesnenus h (x) oﬁpasoaaua TeMH YHCJIaMH
xo U3 06/1aCTH onpeesenus GYHKIHH [ (x), ANA KOTOPLIX [ (Xo)
NpUHAANEKHT 06macTd onpeneseHns QyHKuuH g(x); _

6) 3naueHue (QYHKUHH A (x) B KaKOM YrogHO TOUKE X, U3
o6GJsacTu ee ompejesieHUs CBA3AHO CO 3HaYeHHAMH f (x) U g (x)

paBeHCTBOM
h (xo) = g (f (x0)).

Takum o6Gpasom, 4roObl HaliTH 3HaveHHe GYHKUHH K (x)
B TOUKE Xy, HY2KHO HaUTH f(Xo)=1Yo, a 3aTeM g (o). Hucno g(Yo)
U ecTb 3HaueHue GyHKUMH A (X) B TOUKe Xo.

Ecau dyHKUHA u(x) B TOYKE Xo MPUHHUMAET 3HAUCHHUE U,
TO 3T0 GyJeM H306paxkaTh TaK:

X()-i u (XO) == Ug.

Yuraercs Takas CXeMa OJHMM H3 CJeIVIOIIHX CrnocoGoB:
«pyHKLHS 4 (X) B TOUYKE Xo NPHHHUMAET 3HAUEHHE Ug», «DYHK-
U¥s 4 (X)  TOYKe Xp CTAaBUT B COOTBETCTBHE TOUKY Ug»,
«TOUKA iy ABAfeTCH 00pPa3oM TOYKH X, MOJ AeHCTBHeM (hyHK-
uud u(x)». Haa cynepnosuuun h(x) ¢ynkuuii y=f(x) u

=g (¥) Takas cxema OyleT HMETb BH]
Xol*!{lo-g"zo

| !




(ecain dyukuusa [ (x) TOUKE Xo CTABUT B COOTBETCTBHE TOUKY Yo,
a ¢yHKuMA g (%) TOUKe Yo— TOUKY 29, TO yHKUMA h (X)
TOYKE Xy CTABUT B COOTBETCTBHE TOYKY Z).

4 Ilpumep. Iyers f(x)=x% g(x)=sinx. Yrobn
HaWTH 3HaYeHHe Cyneprno3umuu h (x) 3TMX GyHKUUHA B HEKO-
TOPOA TOUKe X, HY?KHO BO3BECTH Xo B KBajapar,

%ol yo= 13,
¥ HalTu 3HavyeHHe g(x) B TOUKE Yo!
Yo £ sin yo=sin ().
OCbennHsis 3TH JBe CXeMbl, MOJyYaeM

%ol go= 3is§n (x3).
i

Taxum ofpasom, ¢yHruus h(x) Kaxpod Touke Xo CTaBHT
B COOTBETCTBHE Sin (x§), T. e. A (X) MOKHO 3afaTh QopMyJNOK

h (x) = sin (x?).

PaccMoTpuMm Tenepb cynepnosunuo iy (x) pyuknuit g (x) =
=sinx u f(x)=x% T. e. CyNepHO3HIUIO Te€X Ke CaMbIX
¢yuruuil, no B ob6patHoM nopsake. [Tonyuum

. )2 .
%o 2% sin xo &2 (sin xo)2.
\ by

Sto o3nHavaer, uto cynepnosuuus QYHKUMi g(x)=sinx #
f(x)=x? ectb dynkuus
hy (x) = (sin x)? =sin?x. P
Takum o6pasoM, cynepnosuyus Gynkyuid 30sucum om
nopaoka, 8 KOMopoM 3aRUCAHbI (YHKYLLL.
Bynem o6osnauyaTb cynepnosunuio QYHKIHIE y=f(x) B
z2=g(x) Tak: (f-g) (x), T. e

sLy=fwEz=g(@.
| fog i

CrenoBaTtenbuo, i
(F-g) (x) =g ( ().
Ocofyio pOJNb OTHOCHTENLHO ONePanuyl CYNeplo3nIHU
urpaer GyHKIMA y=2x, KoTopylo 6yaeM o6o3HauaThb e (x).
Cxema 3rolfi QyHKIHH Takas:

xo.e_.xo



Ins Kaxpaoro uucna Xg. OueBuuHo, Aas moGoi (yHKUHH
y=7[(x) BBINOJHSAIOTCA PaBEHCTBA

F-e) (x)=(e-)) (x)=f (%),
HJau, B BUJEe CXeMbl,
-’ICO'L.’/O;‘:f(xO)LTyOo Jicﬂi’xO‘%’yOZ{(xo).

Jagum oTzrenbHOe o6o3HaueHHe H AJMA PYHKUHH Y =— X,
a HMeHHO e’ (x).

Mu 6yneM paccMaTpuBaTh MHOXKeCTBA QYHKIIHH, HMEIOINX
cJIefyioliee CBOHCTBO!

Ecau pynxyuu f(x) u g(x) npunadirexcam 3adanmomy
MmHOxMcecmsy Ppynkyuld, mo u cynepnosuyus (f-g)(x) amux
Pynkyul makice NPUHAOACIHCUM IMOMY MHONCECMBY.

O TakoM MHOXKecTBE TOBOPAT, YTO OHO 3AMKHYMO OMHO-
CUMEAbHO Onepayuu cynepnosuyuu Gyrkyull, WM, HHade, YTO
CYNepnosuyuss ABASEMCA eHYmMpeHHell onepayuell NJs TAKOTO
MHOXeCTBa. ,

Haiirem, HanpuMep, Cyneprnosuluio IBYyX JHHEHHBIX
Gysxuoud. Ilyers f(x)=2x+45, g(x)=3x+ 1. Idna npous-
BOJIBHOT'O YIICJIA Xo MMeeM

xo -1+ 29+ 5 =yo £ 3yp+ 1 =3 2x0+ 5)+1
x0 12,3 (2x0+5) + 1 = 6x0+ 16,

T. €.

a caefoBaTeabHo, (f-g) (x)=6x-416. Orciona cynepnosuyus
08Yyx 3a0anHbIX AUHeUHbIX QYHKYWIL CHO8A ecmb AUHEeLHAA
ynKyua.

Jlerxo noxasarb 9TO 3TC BEPHO M B 00uleM Ciydae: ecau
f(x)=ax+-b, a g(x)=cx+d, 10 (f-g) (x)=c(ax+b)+d =
—acx+bc—|—d-—a1x+b1, T. €. CHOBa (YHKUHSA JuHeiHad.
Ilpu sroM xo3dduuneHTH 3TOH (YHKLUH BhHIpa)karoTcs 4epes
Ko3bbuuuenTs f(x) ¥ g(x) ¢ NOMOUBIO PaBeHCTB

m=ac, by=bctd.

CremoBaTeslbHO, MHOXECTBO BCeX JIHHEHHBIX GYHKIHH
BMECTe C KaXAbIMH JByM$ QYHKIHMAMH COAEPIKHUT U X CyHep-
MO3ULHIO, T. €. CYNepno3uyus sABASICMCA SHYMpeHHeld onepa-
yueti 04 MHOJCECMBA 6CEX AUHCUHbIX dJnyuuu

Pesyabrar cyneprnosuuuy Aaa JUHeHHBIX (YyHKUHHA TaKxke .
3aBHCHT, BooOLie TOBOPs, OT NOpsAKa_ ux 3anmcu. Hampu-
mep, ecau f(x)=2x+3, a g(x)=3x+2, 10 (f-g) (¥) ecTb
OGyuxuds ax+ by, npuuem a,=2-3=6, by=3-3+2=11,
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& (g- f)(x)-—aTo GVHRIA @X -t by, T2 A3 =3.2=6, b, =
=2.24-3=7. CneoBatenbuo, (f-g)(x)=6x+411, a (g f)(x =
——6x+7 T. €. Aas ganHbix GyHKoui (Fog) (¥) F= (g-f) ().

JpyruM npuMepoM MHOXKeCTBAa -(PYHKUHIl, 3aMKHYTCTO
_OTHOCHTEJIbHO CYHEPIO3HIKH, ABIAETCA MHOXECTBO BCEX
MHOTOYJICHOB BHAa

agx" 4+ axnt + ot ap-1x +an
¢ ueabiMid Kosdduunentamu. JeficTBHTENbHO, NYCTh

[ (X) = cox® + coxt-1 4. . .+ cpaX + i,
g (¥) =box™+ byx™ 14, 4 byrx+ b -

~— Ba TaKHX MHorousena. Torpa cymepnosunneil (f-g) (x),
KaK JIeTKO yOeNuTbCsl, ABJSETCA TaKoe BbipaKeHue:

b (cox® 4 e1xP-1 - L - ) -
+ bideox® 4 exxF - )™ oo b

STO €CTb MHOTOUJIEH CTeNeHH mk, KOTOPBIil HMeeT BHA
doxmk + d,x”'"‘l + .e .+ d,,,,,_lx-}— dmk,

rae kosddunuentsl dy, di, ..., dpe BBIPAXKAIOTCA ONpeEJeseH-
LbIM 06pasom uepe3 ko3bduuueHTH f(X) U g ().

O6mee npaBuso A8 HaxoxjaeHus ducen do; dy, ..., dpg
NO M3BECTHbIM KO3(OdHIHUEHTAM Cy, ...y Cy Do, oovy b AO-
BOJIbHO' IDOMO3/IKO€, HO B KaXXJOM KOHKPETHOM caydYae KO-
GuuMeHTH d; ynaeTcs BBIYHUCAMTL Ge3 0COGbIX TPYAHOCTeH.
Hanpuwmep, nyctb

fx)=x24+2x+2, gx)=2x2+x-+2.
Torna

- W=2x*+2x+2)24 (22 +2x+2)4-2=
=2x4 - 8x°+ 17x24- 18x - 12,

(@) () =@+ x+27+2 @ +x+2)+2 =
=4x*+ 4x3 4+ 13524 65+ 10 5= (f- ) (x).

B paccMoTpeHHBIX npuMepax MHOXXecTBa QYHKIHH, 3aM-
KHYTble OTHOCHTENLHO CYNepro3uinH, Oblid GeCKOHEUHBI,
OnHako 3TO ycsioBHE He sBJAfeTCH HEOGXOAMMBIM JJisi 3aM-
EHyTOCTH. [l MHOXKECTBA, KOTOPOE COCTOMT JHIIb M3 JBYX
GYHKIMA y=Xx H y=—Xx, KOTOpble Mbl 0603HauuIH € (X) H
e’ (x), cynmepno3HLuA Takxe OyAeT BHYTPeHHeli omepaliueil,

8



HeficTeuTensHoO, :
(c-e) () =e(x),
(e-e) (x) = (€' -¢) (x) =e' (x),

(=€) (x) =e(x),

T. €. YCJIOBHE 3aMKHYTOCTH BbINOJHAETCS.

Jaxe u3 npusefleHHbIX NPHUMEPOB BHJAHO, YTO MHOIKECTBA,
© A1 KOTOPBIX CYNepnosuuua fABJAETCA BHyTPEHHed onepa-
uued, MOTYT OBITB OYeHb pa3HbIMH. [lasee Mbl paccMOTpHM
CTPOGHHE TaKHX MHOXeCTB AJA (yHKLuM, onpefeneHHBIX 1id
KOHeYHbIX MHOKeCTBaX.

YnpaxHenus

1. Hafitn cynepnosruun (fog){(x) u (g-f) (x), tAe y=f(x) u y =
== g (X) — COOTBETCTBEHHO (YHKIHH]

a) y=2x-+3, y=3x+4;

6y y=x*+5x2, y=x243;

B) y=x>+2, y=x’+tx+1;

r) _ 2x43 T x-H4

y T 3x4-27 Tx—1°

2. ByAyT Jid SaMKHYTHl OTHOCHTEJIBHO -CYNEPNO3HUHH TAKHE MHO<
XecTBa (PYHKLHIL:

a) MHO}ecTsO BceX (YHKuUHH BHJA y==ax, TAe a@— NPOH3BOJLHOR
JeiiCTBHTENILHO® HUHCJIO;

6) MHO:KECTBO BceX (YHKIHMH BHJA y=x-}-a, Ile @— NPOH3BO.;bHOE
pauHOHAILHOE YHCJIO; .

B) MHOXecTBO QyHKUHE y=1x, y=1/x, y=—1/x, y=— x, Kaxnan
H3 KOTOpbIX paccMaTpHB2eTCS Ha MHOXKECTBE BCEX JEHCTBHTENLHEIX 4HCEJ
Ge3 nyJs,

I) MHOXXECTBO MHOTOYJIEHOB CT€n€HH He Bpime 3-i;

_x—=1 . —1— __I_
’y—x’y— YoY=70s

J) MHOXECTBO GyHKuI y=1—

x
y=7—"71 y=x?

§ 2. NPEOBPA3OBAHUA

Kak wu3BecTHO, omobpaxceruem MHodxcecmea A e mMHONCo-
cmeo B Ha3biBaeTCA COOTBETCTBUE, 110 KOTOPOMY KaXKJAOMY
3JIEMEHTY MHOXecTBa A CONCCTaBASIETCA OJHO3HAYHO Onpe-
JleJIeHHBIA 3JIeMeHT MHOxKecTBa B; 3TOT 3jieMeHdT b HasbiBaeTcA
obpasom 3JieMeHTa «a; 3JMEMEHT @, B CBOI OYepejib, Hasbi-
Baercsl npoobpasom ementa b.

Oro6paxkeHusi OJHOrO MHOXKeCTBa B Jpyroe Gyrem o6o-
3HauaTh CTPOYHEIMH OyKBaMH rpedeckoro ajidasura. Ecan
3ajjaHo OTOOpaxeHHe ¢ MHOXectBa A B MHOxecTBO B, TO

9



5T0 0603HaYaeTCH OJAHHM M3 IBYX CrOCOGOB! -
¢: A—B, AZY.B,

O6pas anementa a = A npu orobpaxeHuu ¢ Oynem 0603Ha-
yaTb Tak: (a)¢ (3Hak oTob6paxeHus OyJeM 3anuCHIBATh
crnmpasa OT CUMBOJA 3JIEMEHTa).

OrobpaxkeHHe OJHOTO MHOXKECTBA B Apyroe MOXKHO 3aja-
BaTh OMHCATE/JbHO, YKa3biBas HPaBHJIO, MO0 KOTOPOMY Kax-
JIOMY 3/IEMEHTY KaKoro-TO MHOKectBa A cTaBUTCA B COOT-
BETCTBHE ero o0pa3 M3 MHOXecTBa B, a Takxe C TMOMOLIbIO
Tabnull, rpaduKOB, CTPENOYHBIX CXEM.

OctaHoBHMCSl Ha yKa3aHHBIX crocofax 3ajaHus orobpa-
KEeHUH NPON3BOMBLHBIX MHOXKECTB (KaK YMC/IOBHIX, TaK M He-
uncsosbix). Crpos Tabmuuny oroGpakeHus @: A—»B B Hee
3amyUChiBAalOT Bce BO3MOXKHBIE mapbl Buia (a, (@)9), ae A

x l o ‘ ap ‘ l Qn

(¥)e \ (a1)o l (@) | l (az)9

Takasg Tabauna MOMHOCTLIO 3alaeT OTOOGpaXKeHHe JIHIb
TOTJa, KOI'la MHOXecTBO A KOHEYHO M HCUepnbIBaeTcs 3Je-
MEHTAMH Q1, G, «v., Ay

[octpoenuie rpadukos OTOOpaKeHHii HEYHCJOBBIX MHO-
KecTB A, B HECKOJbKO OT/IHYAETCS OT MOCTPOeHH s rpaduKkoB
YHCAOBHX (QYHKUHH, ¢ KOTOPbIM YHTaTeJlb XOPOLIO 3HAKOM.
Ouo ocyumiecTsisiercss Taxk. [IpoBoaAT JBa B3aWMHO HepIleH-
JUKYJAPUBX Jyda, KOTOpble BHIXOAAT H3 OJHOH TOYKH, —
«ocu koopaunars. Ha ropusoHTaqbHOM Jiyde NPOH3BOIbHBIM
CrnoccBoM (Hampumep, Yepe3 OJMHAKOBLIE MPOMEXKYTKH) OTMe-
YaloT TOYKH, KOTOpble OTBeYalOT 37MeMeHTaM MHomxecTBa A,
a Ha BepPTHKA/JAbHOM — TOYKH, KOTOPBIE OTBEUAIOT 3JIeMEHTaM

MHOxectBa B. Uepe3 3Ti TOYKHM NPOBOAST COOTBETCTBEHHO
BePTHKaJibHble .M TOPH30HTA/MbHLIE INPfAMbe, KOTOpHe oOpa-
BYIOT INIPAMOYTOJbHYIO CeTKy. YTOoOb fOCTROHTL Tpaduk
orobpaxenus ¢: A-— B, HYXHO NOCTaBUTb TOYKH B TeX
BCPIIMHAX CETKH, ¢KOOPAMHATaMH» KOTODBLIX fABJAIOTCH Bee-
BO3MOXKHBIE Tapbl Buaa (a, (a)), rie @ — NPOHU3IBOJbLHHIHA
3/1eMEHT MHOXecTBa A.

4 [Tpumep 1. Ilyete A={e, a, u, 4}, B={l, 2, 3,
4,5,6, 7}, a ¢: A>B ectb omﬁpamemre 10 KOTOPOMY
Kaxnol OyKBe H3 MHOKECTBA A craBuTCS B COOTBETCTBHE
€e MOPALKOBBLIH HOMEp B CJOBE «JIOTapum». Fpacbm( 3T0TO
OTOGpa}KeHHH Jad Ha pue. 1. »
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C moMOWbIO CTPENIOYHKIX CXEM, WM, KaK HX eHie Hashk
BaiOT, 2pagos, OTOOpPaKEHUS MHOKECTB 3aJaloT Tax: 3Jje-
MEHTbI MHOXeCTB A ¥ B 0603HAYAOT. PasjiHYHBIMH TOYKaMH
MJGCKOCTH (A1 MHOXecTBA A —cCjeBa, a IS MHOKECTBA
B —cnpaBa) ¥ KaXAyl0 H3 TOUYSK, KOTOPbIMH 0GO3HaYeHDI
3J1eMeHThl MHOXKeCTBa A, COEMHSIOT CTPENKOIl C/lena Hanpaso
¢ TOYKOH, KOTOPOH 0GO3HaueH COOTBETCTBYIOWME 3/1eMEHT
MHOXKecTBa B.

4 Tipumep 2. Ilyere A={3, 2, 6, 7}, B=1{28, 12,
4, 5, 11}, ¢: A— B — oro6paxenue, KOTOPOE KaXIOMY UHCIY
u3 A cTaBUT B COOTBETCTBHE HaWMEHb- z
mee o6lHee KpaTHOE 3TOro 4Yucaa H 7
yucya 4. 3T orcGpaxKeHHe HOJHOCTHIO
OTHCHIBAeTCA - CTPENOYHOH  CXeMOH, 7
usobpaxkenHofl Ha puc. 2. Crenosa- 5
TesbHO, umeeM (3)¢ = 12, (2)¢ =4,
6)p = 12, ()p=28. » 4

3
2
7

YcoBuMest 0603HAYATh YHCJO 3Jle-
MEHTOB KOHEUHOr0 MHOXecTBa A CHM-
Bosom | A |. Hanpumep, |{a, b, ¢, f}i=
=4, [{1, 7, 10}|=3 u 1. n. Ilycrs

EEEN

MHox)ecTBa A ¥ B KoHeunwle u |A|= ' ]H
=m, |B|=n. fcHo, 4TO CyllecTByer 2 2 4 ad
JUIIb KOHEYHOEe WYHCJO PasiHuHbIX Puc. 1

orobpaxenn#t A B B, ecau CYUTarh
pasHbIMA oToGpaxeHHsi, KOTOphle AeHCTBYIOT IO-PasHOMY 10
MeHbIIell Mepe Ha OQHH 3JMeMeHT MHOXKecTBa A.

[Monb3ysicb Tem, uTo Kaxjoe oroGpaxenne A B B mon-
HOCTBIO ONHCHIBaeTCS CBOeil TabJinleH 3HaueHHH, NOACYHTAEM,
CKOJIbKO UMEHHO CYIIECTBYeT Pa3HbIX OTOOPaXKeHHH MHOXKe-
ctBa A B MHOxecTBO B.

Puc. 2

OGo3HaYHM 3/IEMEHTH MHOKecTBa A CUMBOJAAMHU Qy, Uz, «vs
vev, m. ToTHa TabiuLy Kaxporo orobpaxenua A B B MOXHO
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Oyner 3amucaTth Tak:

PO I P
x () | by \ by I I bm

rae by, bs, ..., b,—o603HaueHus HEKOTOPHIX, He 00s3a-
TeJIbHO Pa3HbIX 3JieMeHTOB MHoxecTBa B. Bepxuuit pap taC-
JHUB OJAHHAKOB /i BCeX oToOpaxkeHuii A B B, a HHXHuil
MeHsleTcsl, TOTOMY 4YTO Pa3HLIM OTOOPaKeHHsM OTBEYaloT paa-
Hble Taénnubl [lpu sTom pasueix otobpaxenuit A B B 6yaer
CTONBKO, CKOJIBKHMH PasHbIMH €rocofaMH MOMKHO 3aMOJIHHTH
BTOPON psj paccMoTpeHHOH TaGmuubsl. B Kaxayio KieTtky
BPOPOTO psifia TaG/IHIbI MOXKHO 3anucarh 0603HaYeHH s JII06Oro
jeMeHTa MHoxecTBa B. Takum o0pasoM, KaxAayio H3 m
KJIeTOK HUKHero psima TabJuubl oToGpaKeHHsl MOXKHO 3aroJ-
HHTb N Pa3HBIMH CrocO6aMH He3aBHCHMO OT crocoba 3amod-
HeHHsl IPYTUX KJEeToK. A 3To o3Hauaer, 4to B TabJnuie oTo0-
OpakeHust MOXKHO 06pa30BaTbh BCEro

am
|

n-fn-....n=nm
e
m

pasHbiX HHUXKHUX psAgoB. CnexoBaTesbHO, CyLleCTBYeT n™ pas-
HbIX OToOpaxenuii A B B.

Bbijensierca M OTHeMbHO M3y4YaeTcs HECKOJbKO BaKHbIX
KJIacCoB OToGpaxkeHuil OJHOTO MHOXKECTBA B Jpyroe.

1. OrtoGpaxenne Ha Bce MHOXxecTBO. OTOGpaxkeune @: A —
—> B HaswlBaeTcsl omoOpadceruem Ha ece MHOxcecmso B wan
cloppekyuer, ecad AJs Kaxioro djemeHta b & B maitgercs
TakoH aneMeHT a & A, uro (a) 9 =b.

<4 Ilpumeps. 3. Ilyctb A=R, B=R* ecTb coorse1-
CTBEHHO MHOMKECTBO BceX JAeHCTBHTE/JbHBIX M MHOXECTBO BCeX
NOJIOKUTEIbHbIX AeHCTBHTENbHBIX uHces. 3afajiuM orobpake-
Hue ¢@: R — R*, nonoxuB (x)p=x? ana xaxporo x & R.
Oro6paxkenne ¢ GyneT ClopbeKinel, TOTOMY YTO 1S KaxJoro
yicna ye R+ cyllecTByeT 10 MeHblUed Mepe OJHO YHC/IO

x = R, Takoe, uto (x) @ =y. JlocTaTrouHo nonoxuth x="1"y.
Jaxe Goablue, A8 KaXA0ro y & R* cyumecTByeT TOYHO ABa
npoo6paza: Vy, —Vy.

4. Ilyctb A =T — MHOXeCTBO BCeX NPAMOYFONbHLIX Tpe-
YroJbHHKOB Ha IJIOCcKOcTH, B = R*. Omnpegenum otobpaxe-
'Hue @: T — R+ Tak: mocTaBHM B COOTBETCTBHE KaJOMY
NpAMOYro/bHOMY TPeyroJbHHKY u3 T uuclo, KOTOpoe
ABNAETCA ero MJoIaabio npu GUKCUPOBAHHON €AUHHLE U3Me-
peHHdA; ¢ eCTb CIOPBEKIHA, TaK Kak AJA MNPOU3BOJbHOIO
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x & RY cymectByeT npsMOYTOJBHBIT TPEYTOJBHUK (C KaTe-
tamu )V x u 2}/ x), Koropwit mMeer miaomazb x. Cymiectsyer
Laxe O2CKOHEYHO MIOro TPSMOYTLOJBHBIX TPEYTOJbHUKOB,
KOTOphIe HMEIOT MJIOmaAb X (HampHMep, TPEYTOJbHHKH C Ka-
tetamn YV x/k, 2V x, k=1, 2, 3, ...). CremoBaTenbHO, TYT
KaXIbld 3eMeHT x & R* uMeeT G6GeCKOHEYHO MHOTO TPO-
0o06pa3oB.

5. Tlyctp S — MHOXKECTBO TPeX3HAUHBIX NMPOCTHX YHCe,
a L —wmHoxkectBO ungp. Orobpaxenue ¢:S— L onpenennm
TaK: NMOCTaBUM B COOTBETCTBHE KaxKIOMY TPEX3HAaUYHOMY NpO-
CTOMY UYHCJy ero BTOpyto uuéppy. Hanmpumep:

(179p =7, (82)e=2,  (907)¢=0.

HenocpencrBennot  mpoBepko#t  y6expaemcs, uTo
¢ — CIOpBeKIHs, T. €. I KaxJoH unudpul Haiinercs Tpex-
3HAaYHOE MPOCTOe YHCJI0, B KOTOPOM 3Ta Huppa CTOUT noce-
pexuHe. Tyt MHOXecTBa S M L KOHeYHbl, M JAJf. KaXI0Tro
sjileMeHTa M3 L CymecTByeT JiHIIb KOHEYHOE YHCJIG 3JeMeH-
TOB H3 S, KOTOpble Ha Hero oroGpaxaitcs. P

Ecan mHoxkectBa A n B KoHeunnl u ¢: A — B — ciopbex-
Ius, TO B HIXKHeM psAny ee TabG/uibl BCTPEUAIOTCS BCe SJe-
MeHTH #3 B. Ha kaxpuo#t ropusonTanbHoil npamoil rpapuka
clopbeKIUH cOA3aTelbHO eCThb 0603HaueHHbIE BePUIMHBI CETKHU.
Ha cTpenounofi cxeme CIOPBEKLHH B KaXKAYl0 TOYKY, KOTO-
pas 0o603HauaeT 3JeMeHT MHOXKecTBa B, BXOIHT noO MeHblueid
Mepe OjHa CTpeJKa.

Copbekuust KoHeuHoro MHoxecTBa A Ha MHOXecTBQ B
cyuiectByer He Bcerga. QueBHaHO, AJ 3TOrO HEOOGXOAHMO, .
yTOGHI MHOMXKECTBO B Takie ObJIO KOHEYHO M BBINOJHSIOCH
HepaBeHctBo |A|=]|B|.

2. B3aumHo opHo3HauHOe oToOpaxenue. Omobpadcenue
¢: A — B Hasvieaemcs 63aUuMHO 00HOBHQUHbIM W UHDBeKYuel,
€cJH pasHbie 3JEeMeHThl MHOKecTBa A mnepeBOAATCA ITHM
orobpakeHueM B pa3Hble 3JeMeHThl MHOXeCTBa B: mns Kax-
IbIX X1, X3 & A U3 X1 5% X3 BHITEKaET (X1)Q 7 (X2)¢.

4 IIpumepsrl. 6. Oto6paxkeHne ¢ MHOXKECTBA LEJBIX

‘uypcen Z B MHOXKECTBO BCeX YeTHBIX Yuces 2Z onpelenuM
TaK: NOJOXKHUM 2z (9) =62 ansa kaxnoro z<Z. dro orobpa-
KeHHe — UHBeKIMSA, TaK KaK W3 2y 7= 2 BbiTeKaeT 62y =& 62,.

7. Ilyctp A — MHOXKECTBO BCEBO3MOKHBIX JBYX3IeMEHTHBIX
TIOZMHOXECTB MHOX€CTBa JeHCTBHTENbHBIX YHcen R, B — mHoO-
JKECTBO IpPUBEREHHBIX KBaJPaTHbIX ypasHeHuid. Kaxaomy
snementy {a, b} mHoxkecTBa A mNOCTaBUM B COOTBETCTBHE
ypaBHeHue u3 B, ana Koroporo yucja a, b ABJAOTCA KOp-
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Hami. Kark PHITeR3eT W3 Teopemu EBwuera, tarkoe orofparxe-
Hyue OyleT MHBEKTUBHbIM. B

B uwkueM psiny TaGauIbl HWHBEKTHBHOTO OTOGPakeHHs
¢: A— B B oTauuyne OT TaGJHIl TPOU3BOJBHBIX OTOOpaKe-
HUH, Kaxaplil 3JeMeHT MHOXKeCTBa B BerTpeuaercst JHLIb OXHH
pas. CnepoBaTesbHO, Ha KaXAOH TOPHU30OHTANBHOH NPAMOI
rpadyka HHBEKIHH 0G03HAYeHO He GoJiee OJHOH BepIIUHLL
CEeTKH, @ NPH CTPEJOUHOM H300paKeHHH HHBEKIHH B KAXKIYi0
TOUKY, KOTOPOH o0603HayaeTcsi 3JieMeHT MHoxecTBa B, BXo-
JHT He GoJjiee 4eM ofHa CTpeJKa.

Ecsm MHOXKectBa A M B KOHeuHBI H CYIIECTBYeT HH'bEKIIHA
MHoxecTBa A B MHOXecTBO B, TO, OYEBHAHO, JAOJKHO Bbi-
TOJIHSITBCSL HepaBEHCTBO '

|A|<|B

.

3. Baaumue ojno3HauyHoe oTo0pameHHe HA BCe MHOXECT-
Bo. Eciu orofpaxenne ¢ MHOXKectBa A B MHOXecTBO B 18-
JIfeTC OLHOBPEMEHHO WHBEKTHBHBIM M CIOPBEKTHBHBIM, TO
OHO 'Ha3bIBACTCH 630UMHO OOHOSHAUHLIM ORIOBPAINEHUEM MHO-
acecmsa A Ha MHookecmeo B wiu Guexyueti A ma B.

<4 Ilpumepr. 8. Hycte A= B=JI —MHOXeCTBO TOUEK
minockeetn. Torza Onexnmeil siBasieTcss KaxAoe M3 CaAeyIO-
I{MX H3BECTHBIX M3 IUKGJBHOTO Kypca reoMerpun orobpaxe-
Huil mMdoxecTBa I Ha ceGa: cHMMETPUS OTHOCHTeJbHO PHKCH-
POBAHHOH TOYKH, CUMMETPHA OTHOCHTENbHO (HKCHPOBAHHOM
npAMOH, napaJienbHblil nepeHoc, MOBOPOT BOKPYT (PHKCHPO-
BAHHOH TOYKM, T'OMOTETHS.

9. Orebpaxenne @:x-—>2x, rae x <=Z, ecTb, OUEBHUIHO,
OueKnua MHOKeCTBA Z Ha MHOXKecTBO 27 uerHbIX umcen. P

Eean cyuiecTByeT Ouekilnsi KOHEYHOTO MHOMecTBa A Ha
KOHEUHOE MHOXKECTBO B, TO TOJKHEI BBINOJNHATLCA HePaBeH-
crBa |A|=|B| u | A|<<|B|. CaexoBaTensHo, Al KOHeu-
HbIX MHOXKecTB A u B Guekuusa A Ha B cymectByer Toraa

H TONBbKO TOTAa, KOTJA BhimOJHsieTcst paBeHcTBo |A|=|B]|.
IToacunraeM, €KOJMbKO CYLIECTBYET PasHbIX .GHEKHHH MHO-
x)ecrBa A ={a, as, ..., a,} Ha MHOKECTBO B = {by, b,, ..., ba}.

Kaxnas 6uekuns @: A — B moJHOCTHIO OHHCHIBaETCS. CBOEl
Tabaunes:

X ‘ ay l ay ‘ e | an
|

T x(p) ~| by ‘ by ‘ | by

Bepxuuit psjn TaGnuiubl He MeHsieTCst, a B HHXKHEM DALY
MOTYT CTOSITh MNPOH3BOJMLHO pPa3MelieHHHe 0003HauYeHHUs 3Je-
14



MeHTOB MHOXecTBa B, npuueMm o6asateabHo pasubnx. Cre-
JIOBaTe/NbHO, TMepBoe (Hanpumep, CJeBa) MECTO HHKHEro psaa
TabauIbl MOXKHO 3amoJHUTh N PasHbMH crocobamu. Ecau
NepBCe MECTO y2Ke 3aMOJIHEeHO, TO He3aBHCHMO OT TOrO, KaKHM
3JIEM@HTOM OHO 3amoJIHeHO, Ha BTOpPOe MecTO MOXKHO INoCTa-
BUTb O0O3HaueHHe KaKOro YrogHO H3 TeX 3JeMeHTOB MHOXKe-
cTBa B, XoOTOophle ocTanucbh. AHAJOTHYHO TPEThIO KJETKY,
HE3aBHCHMO OT TOro, KakKHe 3JIeMeHTbl IOCTaBJjieHbl B mep-
Bble AB€ KJETKH, MOXKHO 3amoAHHTL n — 2 cnocobamu U T. .
Jnsi npexnociaenHero MecTa OCTAlOTCA JIHIIbL ABE BO3MOXKHO-
CTH €ero 3aroJiHeHus, a AJd mnocjegsero — roasko ogua. llo-
CKOJIbKY KaxKNas KJeTKa 3aTlOJIHSIeTCS HEe3aBHCHMO OT OCTaJb-
HbIX, CYIECTBYeT

nn—1H{n—2)...2-1=nl!

pasHbIX CMOCOGOB OXHOBPEMEHHOTO 3anonueHns kjerok. Cre-
JIOBaTe€IbHO, MOXKHO COCTaBUTb n! pasHblX TakuHX TabOJHIL,
T. e. cymectByeT n! pasHbix Oueknuit A Ha B.

OueHb YaCTO NPHUXOAHTCHA PacCMaTPHBATh OTOGpPaXKeHus
HekoToporo MHoxecTBa M B cebg. Takue orobpakeHus Ha-
3bIBAlOTCA ellie npeobpasosanuamu Muoxecta M. Uuratemo
XOpOLIO H3BeCTHbl, HanpUMep, pas3Hble TUMbI FeOMeTPHUYECKHUX
npeo6pa3oBaHuil, KOTOpbie yXke yINOMHHAMHCh B OpuMepe 8.

Jna npec6pa3oBaHuil 1POM3BOJLHOIO MHOXECTBA TaKie
MOXHO PacCMOTpPeTb BBEJEHHBIC BblIle KJacChl OTOOpazKeHHi:
WHBEKIUHM, OUeKIUH U clopbekiud. Ho 18 KOHeYHbIX MHO-
XKeCTB, KaK JIErKO MOHATh, 3TH TPH KJjacca mpeoOpascBaHui
COBMAJAOT, T. €. KawOas UHDBEKYUS KOHEUHO20 MHONMECMed
8 cebs 6ydem makdce U CrOpBeKyuell, a Kauoas CropBeKyus
ecmob OCOHOBPEMEHHO U UHDBEKYUA. A TO3TOMY A/l KOHEYHBLIX
MHOXKECTB  BblAessieTcsl JIHWIb KJacc OWEKTUBHBIX IIpe-
c6pa3oBaHHi.

Hsyyass npeoGpa3oBaHus nponnﬁo.nbﬂoro KOHEYHOTO MHO-
XKeCcTBa, YHOOHO INPHAEPKHUBATHCS ONpENeNeHHbIX CTaHgapT-
HbIX obosHaueHn#t. [Ipupopa 3nemeHTOB MHOMXKecTBa M mpH
H3yUeHHH ero npeoGpasoBaHuii HecyumiecTBeHHa. Crenosa-
TeJIbHO, Mbl MOXKeM 3aHYMePOBaTh BCe 3/1eMEeHTHl MHOXKecTBa M
H OMepypoOBaTb He C CAMHMH 3JE€MeHTaMH, a C HX HOMepaMH.
IToaromy, paccmarpuBasi npeoOpa3oBaHUsl KOHEUHbIX MHO-
XKecTB, Mbl OyJieM BIpeab HMeTb B BHJY MHOXECTBO

M={l, 2, 3, ..., n}

NEPBLIX 7 HATYPAILHBIX UHCEJ,
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3anaBas npeo6pazoBanus TaGnuuamy, 6ysem 3anmuchBaTh
HX B TaKOM YIPOLIEHHOM BHJE:

(l 2 3 .. n)
a, a3 Qg ... a/°
¢IcHo, yTO Takoe 0603HaYCHHE OJHO3HAYHO XapaKTepu3yer

‘npeo6pasoBaHne ¥ He Bbl3biBaeT Heaopasymenui. Hanpumep,
ectu M={l1, 2, 3, 4, 5}, To

12345 12345 1 23145
a)(22425>’ 6)(32154)' B)(54321)
ecTb TaGJHIbl pasHHIX npeoGpasoBaHHii Ha MHoOXecTBe M,

Yuzath Takylo Tabiuuy, Hanpumep a), CJAeAyeT Tak:
«[Ipeo6pazoBanue ¢, sajaHHOoe TabauueH a), ’

1 nepesogutr B 2,
2 nepesogur B 2,
3 nepeBoaur B 4,
4 nqnepeBogMT B 2,
5 nepeBomur B 5».

ITopsgok 3amucu 3/€MEHTOB BePXHEro psija Tako#d Tal-
JuUbl He cyulectBeH. Hanpumep, npeoOpa3oBanue, 3afaHHOe
Tabnuueil 6), MOXKHO OOO3HAUMTDL TaKke TabGJauiaMmu:

213 45 5 41 2 3 1 3 25 4
(23154)’ (45321)' (31245)'
TlockonbKy Kaxpaoe npeoGpasoBaHHE KOHEYHOrO -MHOMKE-
CTBa [OJIHOCTBIG OMHCbIBaeTcsl cBoel Tabuuue#d, Mbl 4acTo
6yzeM oGosHauyaTh OAMHAKOBLIMH CHMBOJIAMH CaMO mpeoGpa-
30BaHWE W ero Tabnauuy.
‘Hekotopeie npeoGpasoBannf MHOKecTBa M uMeior cre-
LHasbHble Ha3BaHHS.
a) ToxpgectBennoenpeo6GpasoBanue. Toxdecm-
8eHHOe npeobpasosanue — 3TO NpeoOpa3oBaHUe €, KOTOPQE Bce
aneMeHTHl W3 M ocraBisgeT Ha Mecre, T. €. (Q)e =a Aad

Kaxaoro a = M. Ecau M — KoHeYHOe MHOXKECTBO, 3TO Ipe-
oGpa3oBaHue GyfeT WMeTb TabaHLY

(l 2 3 o n—1 n)
1 23 ... n—1 n/°

6) [ToctoauHoe npeoGpasosanue. Ilpeo6paso-
BaHHE Ha3bIBAETCS NOCIMOSAHHbIM, €CJIU OHO KaXKIOMY 3JIeMEHTY
U3 M cTaBUT B COOTBETCTBHE HEKOTOPHIH (PHKCHPOBaHHbIH
3JIeMEHT ITOro MHOXecTBa. Ecau M — KOHeuHOe MHOXKECTBO,
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NOCTOANHOE Npec6pasoBaHUe XapakTepusyercs Tabmuned puaa

1 2 3 ... n—1 n
(a a a .. a a)'

rie ae M.

~ B) llepecranoBku. [llepecmanoskod OyjaeM HasbBaTh
OMeKIHIO KOHeuHoro MHOXKecTBa Ha ceOs. CnegoBaTenbHO,
¢ eCThb mNepecTaHOBKA Ha M Torja u TOJbKO TOrja, KOrja
Il NpOU3BOJBbHEIX 3jieMeHTOB @, be M, as-b, umeeMm
(@) # (b)p. A 310 03HaYaeT, UTO TIEPECTAHOBKA OflpejesneTcs

Tabauued puga
‘(l 2 3 ... n—1 n)
?

a Gy a3 ... Quy, O

TAe ay, O3y «+s, On— PasHbe jaeMeHTH H3 M,

Ynpaxuenus

1. [locTpouts rpadukH H CTpEJOUHbIE CXeMbl JJs OTOGpameHH{t MHO-
wectea {1, 2, 3, 4, 5} B MHOxectBO {4, b, ¢, d}, 3alaHHBIX TaKuUMH
TalJHIULAMH:

a12'345) 6 12345) 5 12345)
)(abcba')(caaca')(ababc'

2, Ilycts A u B = KoHeuHble MHOXKECTBA, npHyeM | A|=m, |B|=n.
CKOJIbKO CYUIeCTBYET Pa3HWX HHBEKHHH MHOXecTBa A B MHOXeCTBO B?

3. [Tonbaysice pemlenneM NPeAbIAYILErO YIPAaXKHEHHs, HANTH, CKOJIBKO
CYHIECTBYeT ~ 71-3/1EMEHTHEIX NOAMHOMECTB MHOXECTBA H3 1t 3JEMEHTOB.

4. byrer an copwvekunelt oro6paxkenue ¢: S — L H3 MHOxecTBa §
CJOB PYCCKOro si3BlKa B MHOXKecTBO L GyKB pycckoro anacdaeurta, KO10-
poe KaxjAOMYy CJOBY CTaBHT B COOTBETCTBHe €ro nepsyio GyKBY?

6. Kaxue cpoficTBA OTJIHYAIOT IPapHKH H CTpEJIOYHBIE CXeMbl GHek-
IHii OT TpaduKoB 1l CTPEJOUHBIX CXEM NPOH3BOJILHEIX OTOOpaAXKeHH?

6. CkoJabKHMH c1OCO6aMi MOKHO PacROJIOXUTDL # OJHOLBETHHIX Jajei
Ha INaXMaTHOX JAOCKe c n2 KJeTKaMH TaK, 4YToOb HHXaKHe [BE H3 HHX
He OWJIH JApyr Apyra?

7. CKOJBLKO CYWICCTBYET pPa3HHIX INEPECTAHOBOK Ha MHOxecTBe M =
= {1, 2, 3, 4, b}, KXOTOphie HH OJAMH 3JeMEHT H3 M He OCTaBJMOT Ha
MecTe (T, €, A9 TaKHA HNEPECTAHOBOK ¢.LMeeM a (§) = a AJIs KaxIoro
aes M)? )

8. CKOJILKMMHM CIOCOGaMH MOXKHO  paclONOXKHTL Ha IIAXMATHOMR
Jlocke 8 OLHOLBETHHIX JajeH Tak, yToOn HHKaKas M3 HHX He CcTosja Ha
GeJIOR nnaroHaJ M M HHKaKHe JBe He OWJIH ApYyr Apyra?

9. CkOMbKO MOKHO COCTaBHTH Pa3HBIX ILECTH3HAYHEIX UHCEJT H3 LUGD
01,2 34,7 9

10, CkoneKO cyniecTByeT PpasHBIX NEPECTAHOBOK ¢ Ha MHOXeECTe
{1, 2, 3, ..., n}, &aa xoropux (l)o—(2)p > 1?

11. JloxasaTs, uTO nNpH n =4 CcYLUIECTBYeT NEPECTAHOBKA () MilOHKe-
crsa M={l, 2, ..., n}, ana Koropoi#i npd J/moGuX i, j & M BLINOA-
nstercs yeaosue | (o —j (@) |=|i—j|.

. 12, Hokasath, uTO NpH n =4 CyumecTsyeT pa3MelmeHHE n OJHOLBET-
HelX ¢epaeil Ha maxMaTHOH JAOCKe ¢ n? K/IETKaMH, NpH KOTOPOM HHKaKHe
2 ¢depasa He GbioT ApYr [pyra,
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13. CKOALKUMH CAOCO6AMM MOXKHO PasMecTHTh 8 OHOLBETHHIX ep-
3efi Ha 1axMarTHO@ AOCKe TaK, YTOGbl HUKdKue 2 U3 HHX He GUJIM ApYT
Apyra?

§ 3. YMHO)XEHHE NPEOBPA3OBAHUNA

B § 1 mMbl paccmoTpesu omepawsio 06pasoBaHusl cymep-
NO3uUMH GYHKUUHA, 33aJaHHBIX Ha MHOKeCTBe JeHCTBHTEIbHbIX
yxces. AHanoOrM4HO MOXHO CTPOMTb HOBOe INpeoOpasoBaHue
MO0 JBYM JaHHBIM H Jisi ITPOH3BOMbHBIX MHOMNKECTB.

Ilycts M — npoHU3BOIbLHOE MHOMXKECTBO, ¢ U Y — HEKOTO-
pbie npeoGpasoBaHus TOr0 MHOKecTBa. IIpoussedenuem npe-
obpasosanuti ¢, \ HasbiBaeTcA TaKoe npeoGpa3oBaHHE @ MHO-
x)ectBa M, Koropoe Ha Kaxiplli anemeHT ¢ = M pefictByer

TaK:
@ o = (@), (1)

T. €., uTo6bl Hailtn 06pa3 MpPOM3BOIBHOTO 3jemeHTa a & M
AB) (P 0], jAeHCcTBHEM npeoé;zasosaﬂnﬂ
(A)(f""?f'j ®, HYXHO CHayaja HaHTH obpa3
* b ajemeHTa @ mnox JedcTBHEM
npeo6pa3oBaHus ¢, a IOTOM —
o6pas ¢ anemenTa b oy gefictBueM
npeo6pa3oBaHusl P. OIEMEHT ¢
H ecThb 06pa3 3JieMeHTa a MOJ
JeficTBueM npeo6pa3oBaHud .
Puc. 3 Ha s3plke CTpesIOYHbIX cXeM
neficTBue NpeoOpa3oBaHus © Ha

3JCMEHT a & M MOXHO BLIpasHTh TakK:

B¢

a2.p ¥,
B

Mpoussenenue npeobpasobanuil @, { GyneM o6o3HadaTh
Jlanee gepes @ o.

4 [Ipumepsn. 1. Ilyers M —MHOXKecTBO Jojell, KoTo-
pele Koraa-aiu6o Xuiu Ha 3emiie, @ — mpeoGpa3oBaHie MHO-
xecTBa M, xoTopoe KaKAOMY YeJIOBEKY CTaBUT B COOTBETCT-
BHe €ro orua, a | — npeobpasoBanue MHOXKecTBa M, Kotopoe
KaXJIOMy 4eJI0BeKY CTaBHMT B COOTBETCTBHEe ero MarThb. loria:

a) @ -1 — npeobpa3oBaHue MHOKeCTBa M, KOTOpOE Kax 10My
4eJOBeKY CTaBHT B COOTBeTcTBHe 0abylUKy MO OTHOBCKOH
JHHAY;

6) ¢ - — npeo6pazoBanue MHOxecTBa M, KoTopoe KaK0My
HeJIOBEKY CTaBHT B COOTBETCTBHE JeAYLIKY IO OTIOBCKOH
AUHNH; .
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B) - — npeoGpazoBanne MHO)ecTBa M, KOTOpoe KAMAOMY
Y2JIOBEKY CTAaBHT B COOTBETCTBUE €ro JeAYIIKY IO MaTepHH-
CKOH JTUHHU; )

T) p-1p — npeo6pa3oBaHUE MHOKecTBa M, KOTOpOe KaxXa0My
YeJIOBEKY CTABHT B COOTRETCTBHE ero 6abyliKy IO MaTepHH-
CKOH JINHWH.

2. Tlycte M =1II —MHOXeCTBO TOYEK IJIOCKOCTH, ¢ — MO-
BOPOT INJIOCKOCTH BOKPYr (uKCHpOBaHHOH Toukn O Ha yroa
n/2 10 4acoBoil CTpesKe, a P — HOBOPOT IJIOCKOCTH BOKPYT
TOYKH Ha yroa 2m/3 mnpoTuB vacoBodl cTpenku. Toraa u
Qo U Po@—OBOPOT HA YroJi 1/6 MPOTHB UACOBOH CTPENKH
(puc. 3).

il &
&z Z+3 2ty

pop

Puc. 4

3. Ilycrs @ x— x -3 —npeobpasoBaHne MHOXecTBa Jeli-
CTBHTeNbHBIX yucenl R, KOTOpoe 4HCAY X CTaBHT B COOTBET-
cTBHE uucao x-43, a P: x — x4+ 2 — npeoGpasoBaHue 3TOr0
MHOXeCTBa, KOTOpOe Ka)J0e YHC/JIO X IepeBOAUT B YHCIO
x-+2. Torpa @ -y =1p-@ — npeobpazoBaHue, KOTOPOe KaxN0€
YHCJO X MepeBOAMT B uucao x-+5 (puc. 4). b

Puc. 5

OueHnb JIETKO HAWTH NpoH3BeleHHe ABYX Npeobpa3oBaHuil,
3alaHHbIX CTPeNOYHbBIMH cXemamu. [TosicHUM 3TO Ha mpumepe.
[Tycts @ 11 —npeobpasoBanus MHOXKecTBa M ={a, b, ¢, d, 1},
CTpeJsIoyHble CXeMbl KOTOpbIX H300paxceHb! Ha puc. 5. UTo6bl
MOCTPOUTDb CTPEJIOYHYIO cXeMy npeoOpa3oBaHHS @1\, HYKHO
COeIHHUTbL CTpPeNKaMH Te TOYKH IpPaBoH YacTH CTPeJNOYHOMH
CXeMbl @ U JIeBOH YaCTH CTPEJIOYHOH CXeMbl 1, KOTOphie
0603HAY3OT ONMHAKOBbIE 3yeMeHTHl W3 M (Ha puc. 5 artu
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CTPeJaKN H300pakeHHl IITPUXOBBIMH Junuamu). [Toayzaem
€IUHYI0 CXeMy, 1O KOTOpPOH 06pa3 NpoH3BOJbLHOLO 3/EMEHTA
3 M npu npeoGpasoBaHWH (-1 HAXOAMM TaK: M3 Kamaof
TCYKM JIEBOH YacTH CTPENOYHOK CXeMmbl npec6pasoBaHus ¢
NIPOXOAMM BJOJb CTPENOK X0 COOTBETCTBYICILEHl TOUKH Ipa-
BOH YacTH CTPENIOYHOH cXeMbl mpeoGpasoBanus . [losyunm

@(@P)=a, O)(@-p=1, ©@@-P=1,
() (@-p)=d, (1) (p-})=a.
CaenoBatenbHO, NpeoGpa3oBaHue @« HMEET CTPeJOUHYIO
cxeMmy, H3o0paxkeHHyro Ha puc. 6.

Tabanny npousBefeHU S
nNepecTaHoOBOK

1 2 3 ... n
o=l 23 D)

il iag I3 .us iy
. 1 2 3 .. n)
=0 4 o,
HaXoJdAT HO TakoMy yao6HoMy mnpa-
BHJTY:
Puc. 6 a) MepecTaBiAIOT CTOJOLL B Tal-

auile P Tak, 4YTOOBl ee BEePXHHH pal
COBN&NaJ C HHXXKHHM pALOM Tabnuubl @, H IOJYYalor

P U " T A
¥ =<kl by kg e kn)'

6) cTpOST HOBYIO T20JHLy, NepPBLIM PSAOM KOTOPOH £1B-
JAeTcs nepBbliHl pAjx Tabauubl ¢, a BTOPBIM — BTOPOH psif
TabmunBl P’. _ '

IToctpoennass Ttabanua u Oyner Tabauued mnpeobpasosa-
HUA Q<.

4 [Ipumep 4. Ilycts

_123456) ___123456)
‘P‘<341625' "’“(654321‘

456 /1 23456
625)“(6‘54321)3 _

/1 23456 (341625 (123456
“\341625)“(436152)“(436152)"4

B npenbinymem naparpade Gbin paccMOTPEHB! TPH KJacca
npeo6pa3oBaHuil MPOH3BONBLHOIO MHOKECTBA: HHBEKIIHH, CIOPD-
exuun U Oneknuu. OxkasbiBaeTcsi, YTO KaxcObili u3 smux Kaac-
€08 BAMKHYM OMHOCUMEAbHO YMHONCCHUR npeobpasosanud,
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m. e. npoussedenue UHBEKUUE CHOBA UNBEKYUS, Npoussedenue
CIOpBEKYUL — CIOPBERYUA U, HAKOHeY, npoussederue buekyutl —
buexkyus.

JeficTBUTeNbHO, NYCTh NMpeobpasoBanHug @ U | ABJAAIOTCA
HHBEKUUAMA MHOXKecTBa M B cebda U o =¢-¢. Torma anad
KaxJoll mapol anemeHToB a, b= M, as=b, GyaeM umerb

@+~ 0, (@~ (O

[TozeficTByeM mnpeoGpa3oBaHHeM  Ha 3JEMEHTH @ H b.
Ilo onpenenenuio npousseneHus npeobpasoBaHuil

@v =(@e)p=(a)p. (B)o = ((O)e)p = (b1)V,

rae oy = ()@, by = (b)¢. [IocCKONBKY @ — HHBEKLHSA, TO @y 7 b;.
B cBow ouepensb, TNOCKOJNbKY 1) — WHBEKLUSA, HMeeM CAES
== (bo)y. 3naumt, Ans Kaxjaoh nape a, b= M, ab, umeem
(@05 (b)o, ¥ © ABIFAETCH HHDBEKIHEH.

[Iycte Tenepb npeo6pa3oBaHHA @ H P CIOPBSKTHBHBI.
Ybenumcs, 4TO I8 KaxIOro 3jeMeHta ae M Haizercs
Tako# ajcmeHT b e M, nna xoroporo (b)e =a. Ilockoabky
P — CIOpBeKIL s, HallleTCs Takoil 31eMeHT ¢ & M, u9to (¢)p=a,
a W3 CIOPBEKTHBHOCTH ¢ BbITEKaeT, 4TO CYIIECTBYCT TaKCIi
anemedT b & M, paa xoroporo (b)g =c¢. DemeHT b KCKOMBIA:

(b)o = (D)) = () =a.

CnenoBarenbHo, npeobpa3oBaHHe ® — CIOPBEKLHUS.

Orclofa cpa3y ke mosydaeM, 4To NpousBejeHue GHEKTUB-
HBIX npeobpasoBaHHit — npeobpa3oBaHue GHekTHBHOE. B uact-
HOCTH, 04 KOHEHHBIX MHOXMCECMA 6ce Mpu KAaacca npecbpasi-
eanuti coenadaiom, T.e. NPcuU3BCOEHUE NPIUBBOAbHLIX 08X
nepecmaroBoK Ha mroxcecmse M cHoéa ssasemcs nepecmanos-
Ko Ha mHoxcecmse M. 3rto  ciienyeT Takxke M3 ONMHCAHHOIO
HaMH OpPaBHJa HAaXOXKJeHUsl IPOH3BEleHHA IePecTaHOBOK.

Kax u3BecTHO, omepauuu CIOKEHUA M YMHOXKEHHUSA ducen
XapakTepusyiorcsl psaaom cBoilcts. Hanpumep, onepauus cio-
AKEeHUs 4HCeT WMeeT Takde CBoficTBa (MMEHHO oflep alu s
CJIOKEHHS, a HE CaMH YHCJa):

a) ACCOLHATHBHOCT b. Jns Kaxaplx 1Tpex uucea
a, b, ¢ cnpasej1UBO PaBEHCTBO

a+(+c)=(a+b)+ec.

6) KommyTaTtuBHOCTb. JI1s KakAbX ABYX yncea a, b
BBIOJIHACTCA PABEHCTBO

at+b=b+4a.
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B) CymecTsyer WeHTPaJAbHBH 3JeMeHT (HYJb),
TakoH, uto Aaa arboro uyuciaa a

at+0=0+4a=a.

I‘) ,HJIH Ka)JI0ro YUCJa a CYIeCTBYET NPOTHUBO M OJI O XK-
HO€ K HeMy 4YHCJI0 —a, TakKoe, 4TO

a-+(—a)=0.

BoificHuM, crnpaBsejiuBbl JIH OTMEYEHHbIE CBOHCTBA A5
onepauuy yMHOXEHHsT npeoOpasoBaHUl NPOM3BOJILHOIO MHO-
xectBa M.

a) YMHOKenne npeocOpasoBaHUil TNPOU3BONHLHOIO MHOXKe-
ctBa M uMmeeT CBOHCTBO acCOLMATHBHOCTH. ITO O3HAayYaer,
4TO JJIA KakABIX Tpex npeoGpasopaHuil a, fi, y MHOKecTBa M
CIpaBeJJIMBO PaBEHCTBO

@<P)ey=a-(B-v). - (2

OHO CBUZETENLCTBYET O TOM, 4YTO Ha JioGoH aneMeHT a & M
npeo6pasoBaHisl @ = (a<P)-y u Pp=a-(f-y) AelcTByIOT O1H-

HAKOBO:
(@) (- B) - v) = (@) (@~ (B -V)). N )

JleHCTBHTENbHO, BO3bMEM MPOH3BOMbHBIA dMeMeHT a & M,
U nycrts (@)a=b, (b)f =c, (¢)y =d. Torza no onpepenenuto (1)

(@9 = ((a) (o B))y = (@))y = ((b)B)y = (c)y =4,
@y =((a)x) B-v)= () B-v)=(O)P)y=(c)y=d.

Takum o06pazoM, paBeHCTBO (3) BBINOJHSETCH [Jisl TIPOH3-
BOJbHOrO @& M, u, caenoBatenbHO, CHPaBeJJIMBO paBeH-
CTBO (2). :

Ha puc. 7 usoGpaxeHo cxemaTHyHO JeHCTBHE MpPOU3Be-
IeHusi npeo6pasoBanuil Ha 3jeMeHT a < M. IlpousBenenuio
o (B-y) oTBedaeT nmyTh, 06O3HAYEHHLIH JHMHUEH M3 KHPHBIX
TOYeK, a npousBegeHuro (oef)-y — nyrb, 0003HaYeHHbIH
HWTPUXOBOH aunHHMel.  O0e JMHUM 3aKaHYMUBAIOTCA B TOUKe,
KOoTopasi oTBedaer djeMeHTy d & M, T.e. npeoGpa3oBaHHs ¢
U ' NeHCTBYIOT Ha 3JeMeHT a ojuHakoBo. CrefoBaTenbHO,
onepanusa yMHOXeHUsl npeoOpas3oBaHuii MHoxkectBa M acco-
HUATUBHA. . )

6) YMHOXKeHHe NpeoGpa3oBaHUii MPOM3BONBHOIO MHOXKeE-
CTBAa He KOMMYTATHBHO. IJTO 03HAYaeT, YTO CYILIECTBYIOT
Takue Ipeo6pa3oBaHus ¢ U P 3aA4HHOrO MHOXKecTBa M, ans
KOTOPBIX

PYpFEP-pe
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Taxkumu npeoGpa3’oBaHHSIMKM HA COOTBETCTBYIOUIMX MHOXKe-
CTBaxX fIBJAAIOTCA NpeoOpa3oBaHUs @, 1|;, npuBeleHHbIE B 1PH-
mepax 1 u 4.

He cneayer aymarb, 4To nmpousBejlieHHe MpeoGpa3oBaHui
BCErJla 3aBHCHT OT IOpPSAKA, B KOTOPOM 3alMCaHbl COMHOXKH-
Tenu. Hanpumep, npouspeneHue npeoGpazoBaHHii, onpene-
JeHHBIX B NpuMepax 2 ¥ 3, He 3aBUCHT OT NOPSAKA COMHO-
:)kuteneil. IlpousBeneHne nepecTaHOBOK

_(123456>H _123’456)
?=l2 316 5 4 ‘l’_(312456
TaKXKXe€ HE 3aBUCUT OT nopﬂﬂxa UX 3aNHUCHu:
1 2345 6
‘p"‘l’—“”q"(l 2365 4)'

B) ‘Oco6yi0 poJib NPH YMHOXKEHUH NpeoGpa3oBaHuil UrpaoT
TOXJEeCTBeHHOoe fpeo6pasoBaHHe € M MOCTOSIHHBEIE Ipeobpa-
soBauusl Oy, x = M (HamomuuM, uTo (@)e=a u (a)d;=x m1a

moﬁ
| Fommm 7
! I
f b B Yy dwy
beoseserse o-.n'»e o o B o
: ¢=()f ¢
1 :
;""-uuc-o.o'o)--ouunu_-nu- unn;_
Lr
Puc. 7 :

kaxjaoro a & M). IlpeoGpasoBaHue & urpaer Jjisl onepauuy
YMHOXKeHHs Tpeo6pa3oBaHuil Ty Xe pOJb, UYTO M €IMHHUIA
ApY YMHOXKEHHM uHcea (MJIM HYJb NPH CJAOKEHHH YHces),
T. €. JJI KaXAoro IpeoOpasoBaHusi ¢ MHOxecTBa M uMeeMm

Pee=¢€-Q=0q. 4)

JlelicTBUTEIbBHO, TOJMOXKUB (a)p =), 1O OmnpeneneHHI0 Mpo-
usBeneHns (1) naa kamporo azneMmeHTa a <= M OyreM HUMETh

(@) (¢-&) = ((a)p)e = (b)e =D,
(@) (- ¢) = ((@)2)p = (@)p =D.
D10 M O03HAYAeT, YTO CIIPABEAJMBO PaBeHCTBO (4).
Jlerko mNOHATBH, 4TO & — eduHcmeenHoe npeobpasosanue,

045 Komopoeo evinoansawomes pasencmsa (4). ILeACTBUTENbHO,
JIOyCTHM, YTO CYIIECTBYyeT Apyree npeoGpasoBaHue &' 7€,
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TaKoe, UTO JIA KAKJOTO @ HMeEM
N — ’r__
gop=q.8" =q.
Torpa mpousseielie £-8 =g’ -€, ¢ OAHOH CTOPOHBI, ROMKHO

paBHATbCA €' (KOrLa PoJib efHHHILI BHIMOJHSAET €), a C APy~
rofi —e (Korja poJsib efHHMIB BeiNoaHseT &'). CiiefoBaTensHo,

g=¢go.e' =¢,

a4 NOTOMY &=¢’, 1 Mbl NMPHIJIM K NPOTHBOPEUYHIO, KOTOPOC
CBHJETEJIbCTBYET O TOM, YTO Haile RZOTylieHHe HEEepHO.
Ilpco6pasoBanua Oy (X CTONBKO, CKOJBKO 3JIEMEHTOB
HMeeT MHOXecTBO M) OTHOCHTENbHO YMHOMKEHHSI ~HIpaioT
ponb «HyJels, T. e. pia JoGoro npeo6pas’oBaHHA @ HMEEM

(P"ax: X
Ho
Oxop=08(x)p
(nposepbrel).
4 ITpumep 5. ITyers

1 2345
M={l1, 2, 3, 4, 5}, (P=(5 4 3 1)'
Torna

-

05_12'34 512345)_(12345)
“)2“(54321,22222—22222'
60_/12345)0(12345>_<12345)
2*P=12 2 2 2 2/°\5 432 1)U 4444

(1yr 4=(2)9p).

CienoBatenpHo, ecld NPOHU3BOJbHOE NPeoOpPa3oBaHUE YM-
HOXKHTb Ha HYJb» CIIPaBa, TO MONYYHM TOT Ke CAMbIH «HYJIb»,
a ecau ciaeBa, «HyJb», BooOule roBops, Gyuer Apyroi. b

r) O6pamuoim 01 npeobpa3osanus o NPOU3GONbHOEO MHO-
awecmsa M Hasvisaemca makoe npeobpasoearue B smoeo MHO-
Jcecmea, 4mo cnpaseoausbl paseHcman

a-f=p-a=e.

3710 mpeobpa3oBaHue BHIIOJHAET TY e Posb, YTO U INPOTH-
BONOJIOKHOE UHCJIO JJISt ONEpPanMu CAOXKEHUS YHCed HJIH oG-
paTHOe uHcaIO0 ANA ONepallH YMHOXKEHHS 4duces. Tak xe
Kak H obparHoe YHCA0 a-! (KOTOpoe CYIIEeCTBYeT TO/NbKO
2as a==0), npeobpasosanue, obpamroe K OQHHOMY, MOcem
cyiyecmeosams, a moscem u He cywecmeosams. Hanpumep,
GOpaTHBIM K NPecOpasoBaHHIO

1 23 45
6153
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SBJAeTCs npeoGpascranue

1 2 3 4 5,
(35124)’

a N4 NMOCTOSHHBIX NpeoOpa3oBaHui o6paTHLIX mpec6pa3osa-
nui He cywecrsyer. Ho B Tex cayuasx, xoeda obpammoe
nipeobpasosanue cyuiecmeyent, OHO eOUHCMBEHHO.

JleficTBUTENILHO, JOAYCTUM, YTO JIsl HEKOTOPOro mpeol-
pasoBaHua ¢ MHOxecTBa M cyllecTBYeT ABa OGPaTHbIX mpe-
c6pa3oBaHHA @1 U P2, Py~ @z, T. €. OLHOBPEMEHHO BbLIIOJ-
HAIOTCA PaBeHCTBA

QeoP1=@1-P=¢, QP-Po={2°Pp=E&,

M3 3THX paBeHCTB M CBOHCTBA AaCCOUMATHBHOCTU JelCTBUSA
YMHOXeHHs1 npeobpa3oBaHuil mMocjefoBaTeIbHO UMEEM

Pr=0Q1°8=Q1(P-P2) = (P1°P) - P =€ P = Pg,

H MBI NPHUNIM X TIPOTHBOPEUHIO, KOTOpPOe CBUIETENbCTBYET
O TOM, YTO Hallle JIONYIIEHHE HEBEPHO.

EnuncrBeHHOe mnpeoGpa3oBaHue, OOpaTHOe K Ipeobpaso-
BaHHIO ¢, nanee 6yneM ofo3HayaTb @t

Korpa ke cymectByer o6patHoe npeoGpasoBanue? Mcuep-
NLIBAIOMIKIT OTBET Ha 3TOT BOMPOC JaeT Takas Teopema.

Teopewma. Ilpeobpaszosanue, obpamuoe K hpeobpasosa-
KUt o muosicecrnsa M, cywecmsyem moeda u moavko mozoa,
Koeda o ssasemca Guekyueli mHosxcecmea M.

~ JHoxkasatenbctBo. Heo6xoaumocth. Ilycts paa
npeo6pasoBaHus @ CYIeCTByeT oOpaTHOe K HeMy npeo6pa-
3oBauue B, 7. e. a-f=p-a=¢e. Toraa naa xaxporo ycM
nmeem y = (y) &= (4) (B - &) = (y)B)e =2 (@), re 2= (4)B. Cre-
JIOBATeNbHO, AN KAXK0T0 Y & M cyliecTByer sneMeHtT ze M,
TakoH, 4To (2ot =y, U oL — CIOPBEKLUSA.

[Tokaxem, uto npeo6pasoBanue o OyHeT Takke HHBEK-
nueft. Jonyctum, 4to 310 He Tak. Toraa HafgyTCs pasmm-
Hble 3JeMeHTH a, be M, 11.11;1 KOTOPBIX (a)a—(b)
[losromy 6ynem umeTb

(@a)p = ((D)x)b = (B,
(@) (@-B) = (b) (@-B) = ()B,
| (@e=(b)e u a=>.

MH npHmIM K NPOTHBOPEYHIO, KOTOpoe M JIOKasbIBaer,
UTO oL — HHBEKI .

HJIH

OTKYja
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HoctatounocThb. IlycTh o — GHeKTHBHOE mpeoBpa3o-
BaHue. Torga mjas Kaxjaoro xe-M cymecTByeT eidHCTBEH-
Hblfi npoobpas — Takoi anemeHT y = M, uto (y)o = x. [TosTomy
MOXKHO ONpejeJiuTh Takoe npeoBpasoBanue ff MHOKecTBa M,
KOTOpPOe CTaBHT B COOTBETCTBUHE KaxKIOMy 3seMeHTY ¥ & M
ero npoobpas y npu npeobpasoBaHUU A

ectn y-%x, To xPy.

B neficTBuTeNbHO siBsIsieTCst mpeoGpasoBaHHeM, TaK Kak, Mo-
CKOJMBKY O — CIOPBEKLUSI, OHO OMPENeNeHO AJIS KaxJ0ro 3./1¢-

MeHTa U3 M. M3 camoro onpenesnenust f BbiTeKaer, yTO BEHI-
NOJIHAIOTCS PaBeHCTBA

(9oB=x u ((DBla=x

A8 Kaxiacro x e M. 3to o3nagaeT, 4To a-f=P.a=e¢,
T. e. B — npec6pasoBanue, cOpaTHOE K O.

Teopema nokasana.

TMoab3ysAce 3TOH TeopeMcH, JIErKo PeUTh BOIPOC O Cylile-
CTBOBaHMH o6paTHOH GyHKuUUH. Ob6pamuoii 0418 Ppynxyuu f(x)
Ha3blBaeTCsl Takash QyHKUUA g{x), uto (f-g) (¥*)=(g-f) (x)=x.

Jasa toro uytobbl GyHKUUA [(x) uMena obpaTHywo, HeoG-
XOAMMO H JOCTaTOYHO, YTOObI OHA OCYIIeCTBJsiia GHEKTHBHOE
otobpaxkeHne cO6JacTH CBOero ONpejeseHusl Ha MHOMKECTEO
CBOHX 3HAaueHHH.

OueBunHo, npeobpaszosanun o u o™ e3aumuwo obpamrel,
m. e. Kaxwdoe u3 Hux ob6pamuo K apyeomy Caedosamenvro,
@ t=a.

4 [Ipumepn. 6. IlycThb @ —mMOBOPOT MJOCKOCTH Ha
yros 2m/3 nporuB’ uacoBoil crpenku Bokpyr Toukd O. Ilo-
CKOJNbKY @ — Guekius, ¢-! cymecTByer. JIerko noHsTh, YTO
¢! —OBOPOT MJIOCKOCTH Ha yros 21/3 mo 4acoBOH cTpeske
BOKPYTr Touku O.

7. ®yHKkuMH y=2x-3, y=x® — OGUeKTUBHbIe NMPeoGpasc-
BaHHA

x—2x--3, x—x3

MHOXKECTBA JeHCTBUTEbHbIX uncen R Ha ce6s. [lostomy mas
HHX CYLIeCTBYIOT oOpaTHble mpeoGpasoBaHys, a UMEHHO
' x—3 3
X —-*—'—é“ , X—=>VY X.
x—3 3,
CrezioBatenbio, GyHKuun y == u y=7)x oSparHA coOT-

BETCTBEHHO K QyHKUMAM y=2x-+43, y=x%
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DyHRuUMK y=x?, y=sinx — npeobpasoBanusi
X —x2, x—sinx

MHOXecTBa R, KoTopble He GHEKTHUBHBI. A Mo3ToMy mJsl HUX
He cyuiecTByer oOpatHblX. OnHAaKO MOMXKHO PacCMOTPETb Or=
paHnueHne GyHKOUH y=x? Ha MHOXecTBO R*|J {0} neorpu-
LlaTeJbHBIX JEHCTBUTENbHBIX uHcesa. 1o QyHKuHsA, 06aacTb
onpejeneHnsl KoTopoil ecTb MHoxecTBo R*|J {0}, npnuem Bo
BCeX TOYKax 06/]1acTH ONpeJeNeHHs OHA COBNAjLaeT C (yHK-
uueit y=x% 3To orpaHudenue OyaeT OHEKTUBHHIM Ipeobpa-
3oBanneM MHOxectBa R+ {0}, T. e. aas Hero cyumiectByer

obpaTHoe TpeoGpasoatue x — ) x. Takum o6pasoMm, dyHK-

uust y=1)"x obpaTHa K OTPaHHUUCHHIO PYHKUUH y=x?
Ha MHOXECTBO R'"'U{ } (a He x QyHKRUMH y=x% Kak 4acTo
roBOPAT). :

BriosiHe aHanoryyHO MOXKHO pPacCMOTPeTb OrpaHHYEHHe .
(GyHKIHMH y=sinx Ha npomexyTtok [-—au/2, m/2]. dro orpa-
HUYEHHE SBJsieTCs OGHEKTHBHbIM OTOGPaXKEeHHeM MHOXKeCTBa
[—an/2, n/2] wa wmuoxectBO [—I, 1]. CnenoBarenbHo, Ans
Hero cymecTsyer o6paTHoe — (QYHKLUMSA y= arcsin x.

8. Ilycth npeo6pa3oBaHUe (¢ MHOXKECTBA TOYEK IJIOCKOCTH
SIBJIAETCA Napa//efbHbIM INEPEeHOCOM B 3aJaHHOM HampabJie-
HUU Ha paccrosiune d. $IcHO, 4TO ¢ — GHEKTHBHOEe mpeoGpa-
30BaHue,” CJEeJOBATE@NbHO, AJSl HEro CylecTByeT ofpaTHoe.
DTo TakkKe MNapajesbHbIl MEpeHoC Ha TO Ke caMoe pac-
CTOSIHME, HO B IPOTHUBOMOJIOXKHOM HANpaBJieHUH. B

Jasn npeobpasosanus koreurozo mroscecmsa M cyuecmeyem
ob6pamnoe npeobpasosanue moeda U Moabko moeda, Koeda OHO
a8asemea nepecmanoskoti. I1ycTh 1aHa nepecTaHoBKa

(1 2 3 .. n\,
‘P“(A iy iy e ,>
Torjaa ofpaTHas K Hell nepecTaHoOBKa, KaK BLITEKAaeT W3 mpa-
* BAJIa YMHOXEHHS MepecTaHOBOK, OyJieT Takas:

(i B iy i,,)
P (1 2 3 .. n)
Ee cronbubl MOXHO NEPECTaBUTb TaK, YTOOBI YHCJIA BEpXHEro

pajaa ObuM paclo/iokeHsl B MOpsiike BospacTauus. Hanpu-
Mep, 00paTHOH K IepecTaHOBKe

_<l234567)
=4 21576 3

Oyzer mepecTaHoBKa

_1_<4215.763>,_(1 2
=1 23456 7/73 2

—

~N w
&~ ot
[oz3N=>)
Al |

<
-
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Ias npeobpa3cBauiii TPOH3BOJNLHOIO MHOMKECTBA MOMHD
COCTaBJAATL M pewaTh ypaBHeHusi. Kak npumep paccMorpux
ypaBHeHus1 neppod cremeHu. Ilycts @, 1 — NpOU3BOJbLHLIS
npeo6paszopanua MHOxecTBa M. CylecTByIOT MU TaKue mnpe-
00pasoBaHHA X Y 3TOr0 MHOXECTBA, /51 KOTOPBIX BBINOJHS-
JUCb Obl PABEHCTBA

-
- @ o X = 'q)y (‘))
yoo=14? ®

Ecan Takue npeoGpa3oBaHHsl CYIIECTBYIOT, TO €AWHCTBEHHO!
s onu? [lojuepkueM, yto ciepyer paccMaTpuBaTh 0Ga ypab-
HeHud, Tak Kaxk_onepauusi yMHOMeHHs npeo6pasoBaHui He-
KOMMYTaTHBHA W 3TH ypaBHeHHS MOT'YT WMeThb pa3Hbe pellle-
HUS. :

JIOBOIbHO JIETKO OTBETUTh HA BONPOC O CYWECTBOBAHHiI
W EeIMHCTBEHHOCTH pelleHus AJ1s1 ypaBreHHH (D) u (6), B KOTO-
PHIX «KOPPUIIHEHTY @ — NepecTAHOBKA,

Ecau @ —nepecmaroeska, mo pewenus ypasredud (5) u (6)
Cyecmayiom U eQUHCITIBEHHbL.

HoxasnsBaercd sror ¢arkt caepyomum obpasom. Io-
CKOJIbKY @ — OMeKlHdA, g Hero cymecTByer o6paTHoe mpe-
obpasoBanue ¢!. MOXKHO MO3TOMY paccMOTpeTb npeoGpaso-
Bauua @ loyp u P-¢~! (ormerum, uro, BoOOLE TroBOpH,
@ o=@l Tak KaK omepamus yMHOMXKEHMS NpeoGpaso-
Bannii HekoMmyTaTlBHa). [TokaxkeM, uto @11 Gynmer perue-
HHeM ypaBxeHus (D). g 3TOro BRIUMCAMM TIPOMSBENCHHE
@ (p1vyp). Mcronp3ys accouraTUBHOCTh ONEpaAlHH YMHOMe-
HHf npeobpasoBaHuil U ompenesexne obpaTHOro mnpeoGpaso-
BaHH S, NOJYYUM

- P (@)= (P9 p=ep=1.

A 310 u o3Hayaer, 4ro @~l.1p— pelieHHe yPaBHEHH$ (5)
AnanoruuHo J0KasbiBaeTcsi, 4to npeoGpa3oBaHHe 1]; a@l—
peiierue ypasHeHus (6).

Teneps nokaxeM, 4TO YKa3aHHbIE PElICHHS ypaBHemm 5)
H (6) exuncrBendnl. JlelicTBUTENbHO, €CaH npeoépasoaaﬂnﬂoc
u P — pewenns ypaBuenuit (5) u (6) COOTBETCTBEHHO,

(paa='q)’ (7)
ﬁ°(P=‘I?» 8
TO, YMHOXKAsA paBeHCTBO (7) csieBa Ha @71, a paseHCTBO (8)
cnpaBa Ha @7, mosyuyuMm
P (pea)=0yp, Beo@)e@l=1p-q7F
% T



(@) ca=qgTp, Be(pg) =107

goa=0@ o, =@ ley,
Bee=1pegp, PB=1v-o
2TH paBeHCTBA 03HAYAIOT, 49TO HUKAKHX JPYruX pelleHH’,
KDOMe OTMEUEHHBIX paHee, ypaBHeHus: (B) u (6) He HMelOT.
4 Ipumep 9. Ilyerp M={l, 2, 3, 4},
‘_(1 2 3 4) _ (1 23 4)
=234 1) ¥=2 1 4 3)

HerpyaHo npoBepuTh, YTO pellieHHeM ypaBHeHus (5) Gyner
nepecTaHoBKa

_ 1 2 3 4

q’l"q’z(s 2 1 4>'

2 peuleHneM ypaBHeHud (6) — mepecTaHOBKa

\p-qu.—_(: >3 ‘;);equ.{p. >

Ecnu npeobpasoBanne ¢ B ypaBuenusax (5) u (6) —wue
NepecTaHOBKa, TO 3TH YPaBHEHHA MOTYT HMETb pelleHusd,
a MOTYT ¥ He uMeTb ux (cM. ynpaxkHeHus 8 —11).

YnpaxHesua

1. Jlokazatb, 4YTO NpPOM3BEICHHE TMapasJiebHHEX TNEepeHOCOB CHOBA
GyLeT napaJjJesbHLIM TEPEeHOCOM,

2. Uaobpasuts npeoGpasoBanHs, 3ajaHHpie TaGJIMIAMH, C NOMOUIBIO
CTpENIOYHBIX CXeM M HAaiTH NMpOM3BejeHHsS STHUX npeoGpasoBaHHii;

a(12345)12345.
)42325'(31212)'
ﬁ)(abcde)(abcde>_
ab a b’ \¢c d ¢c ab)’
1 23456, (123456
B)(231212')’(23l216)'

3. JlokasaTb, 4YTO NpOH3BEEHHE CHMMETPHH OTHOCHTEJLHO NPSIMBIX,
KOTOpHle NePECEeKatoTCsl, FBJAAETCSH NOBOPOTOM.

4. TlpeoGpasosaHust @, { 3ajaHbl rpapuKamH, YKasaTb NpPABHJIO
HaxoxjeHus rpapuka ¢ o1,

5. Ecau npousBeienue ¢ npeoGpasopaHuii ¢, { KOHEYHOrO MHO-
ecTBa — NepecTaHOBKa, TO @ H 1\ —nepectaHoBKH. JlOKasath 3TO.

6. Ecan 2751 3alaHHOT0 TPE06pa30BaHKs (p CYUIECTBYET TaKOe UHCJIO 7,
Y10 (P — TOMKJAECTBEHHOE TnNpeoGpasoBanue, To @ — Guekuus, [Hokazate
5T0 (ompegesenue ¢ cM. B § 6),

7. Pemnts ypaBHEHHUS:

123456)°x_(123456)
Al 43215/°* (3214586
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6“(1234)*(1234>
)%y 3 2 1)1 2 4 3)

8. KakHe peuleHHs MMEOT CJAefylolliie YDABHEHHS H CKOJbKO:

a)<12345>ux=<12345)_
2 13 4 3 3 241 5)
6)x°(12345>=(12‘345)_
1 223 4/ °\1 2432
B)(123456>0x_(123456>_
23215 4) °*\1 32165
1 23 4 (1 234
r)"°<2423>=<444, 4)7

9. ITycts M —npousposibHOe MHOKeCTBO, @ M - M'— HekoTopoe
npeoGpasosanue M. Ilpagois (acgoim) o6pamHbim K ¢ HasbiBaerest Takoe
npeoSpasopanue oo MHOXKECTBA M, UTO o ¢=¢ (COOTBETCTBEHHO 0o p==8).
Jloxaxure, uto mpeo6pasoBaHue ¢ TOTZ? W TOJBKO TOrza obJajpaer npa-

BbIM (JIeBbIM) OGpaTHLIM, KOTLA (¢ HHBEKTHBHO (COOTBETCTBEHHO COPBEK-
THBHO),

D000 @OODOOQ
QOO @

Pnc, 8

10. EciH ¢ UHBEKTHBHO (CIOPBEKTHBHO), TO ypapHeuue (5) (coot-
BeTcTBeHHO (6)) mpu Jofom npeo6pa3oBaHUH P HMeeT pemenue (HO,
BOOGIIEe TOBOps, He OHO), JlOKaxkHTe 3TO, HCNOJB3yd YympaKHeHHE 9,

11. [lycts @ ClOpBEKTHBHO (MHBEKTHBHO). JIOKaxkHTe, 4YTO ecJH
ypaBHenHe (5) (coorBeTcTBEHHO (6)) MMEeT peleHHe, TO OHO eIHHCTBEHHO,

12. 2n GH3KYJILTYPHHKOB BHICTPOEHH B IlepeHry no OjaHomy, Pac-
CUNTABLUHCh Ha [E€PBOrO-BTOPOro, OHHM cABaHBaloT paAAnl. Crosmue BO
BTOPOM psIy, HauyuHas C GBIBLIEro JIeBOJIaHTOBOrO, HEJIAIOT «06XONHON
MaHeBp» M NepexonsT Ha NpaBeill Kpaii Tak, 4TO JIeBOGJAHIOBLIA 06pa-
mwaercsl B npasodJianrosoro (puc, 8), Cunuras, 4YTO HOMEpa Ha MaiKax
(H3KYJIbTYDHHKOB COOTBETCTBYIOT Nepej NeperpynnHpoBKOR HX nopsi-
KOBbIM HOMepaM B lIEDPEHTe, HafTH HepecTaHOBKY, XapaKTepHaYIoulyro
pacnosiokeHue (pH3KYJbTYPHHKOB B IUEPEHTe MOCTe TPEXKPATHOH mepes
TpyNNHPOBKH,

§ 4. TPYNIA NEPECTAHOBOK H NOJIYTPYNMA
NPEOBPA30BAHKA

Kak 6bi10 yCTaHOBJEHO, onepaius yMHOXeHHf npeobpa-
80BaHHH HpoU3BOALHOrO MHOXKecTBA M umeer psf CBOHCTB,
KOTOpBbie He 3aBHCAT OT MPHPOJBl 3/1eMEHTOB MHOXectBa M.
O1H cBoficTBA MOryT OHITb PasHBIMH JJisl PasHBIX COBOKYI-
Hocrefl npeobpasoBanuii mHOXectBa M. Hanmpumep, B MHo-
JKeCTBE BCeXx mnpeobpasoBaHHil He LA KAKAOrO Npeodpaso-
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BAHHUS CyllecTByeT oOpaTHOE, a B MHOMXKECTBE OMEKTHBHBIX .
npeo0pa3oBaHuil 510 umeeT Mecro. Onepaunus yMHOXKEHHA
NIPON3BOJILHBIX NpeofpasoBaHUll HEKOMMYTATHBHA, a omepa-
U YMHOXKEHHS (IOCJAeJOBATENbHOI0 BHINOJHEHHA) Iapaj-
JIeJIbHBIX TIEPEHOCOB HA MJIOCKOCTH KOMMyTaTHBHA. M3yyaTb
CBOHCTBA OTHENbHBIX KJIACCOB TpeoOpa3oBaHUH OTHOCHTENBHO
onmepanud yYMHOXKeHHS ObIBAET HYXKHO OUEHDb 4acTO. A mOTOMY
ya00HO pa3paboTarb ONpEJeJeHHYI0 OOIIYI0 CXeMYy H3YUeHHS
TaKuX CBOHCTB. '

KpoMe omepanyn vMHOXKeHHA TnpeoOpasoBaHull, npuxo-
JUTCA UMETh JeJ0 H C APYyTHMM OmNepaiusAMH, KOTOphbie 3a-
JATCA Ha pas3HbIX MHOXecTBaX. Hanpumep, paccmarpuBaeTcs
onepauus CJAOKeHHA AefiCTBUTENbLHBIX YUCeA, Ofepamisa YMHO-
JKEHHS] B MHO)KeCTBE paudHOHANbHLIX uYHCeJ, Onepanus BO3-
BeJleHHsl B CTENEHb B MHOMECTBE LEJbIX UHCed M T. I.

DT0 HAaBOJAHT Ha MbICIb paccMOTpeTh oflmee IOHATHE
onepaunu. M3 npuBeseHHBIX NPUMEPCB BHIHO, UTO ONEpanus,
3aJlaHHas Ha HEKOTOPOM MHOXecTBe D), mMpOM3BOJbHOH mape
3JeMeBTOB U3 D cTaBUT B COOTBETCTBHE ONpPeEJeseHHbIH 3Je-
MeHT M3 D (pesynpTar npumeHeHus omnepauuu). Hanpumep,
onepauusa CAOKEHUSA [eJblX uycen nape (2, 3) CTaBHT B COOT-
BeTCTBHE YHeao 5, a mape (—2, 1) —uucnao —1; onepanus
YMHOMEHHS1 MepecTaHCBOK Ha Mmuoxkectee {1, 2, 3} nape mne-

PeCTaHoBOK
1 2 3} 1 2 3
1) (a7 o)

CT2BHT B COOTBETCTBHE IIEPLCTallOBKY

1 2 3
(l 3 2>
U T. I

CreoBaTe/ibHO, €CTECTBEHHO aTh TAKOE o pefeselile:

Onepayueli nwa MHOxecTBe D HasbIBaeTcs COOTBETCTBHE,
IPH KOTOPOM ¢ Kaxkjo#l mapofl sneMeHToB u3 D conccrabiieH
ONpeJeeHHbIl 9JIeMeHT 3TOTO Ke MHOXKEeCTBa.

Onepauuu 0603HAYalOT pa3HbLIMH CHMBOJAMH, HATNPHMEp
4+, X, -, xu 1. 1. Eciu onepaunsa Ha MHomxecTBe D
obostaueHa CHMBOJIOM #* W mnape (a, b) snemedToB u3 D oHa
CTABHT B COOTBETCTBHE 3JIEMEHT €, TO KOPOTKO 3TO 32MHUCHl-
BalOT TaK:

axb=c.

DNeMEHT ¢ HA3bIBAIOT KOMNOSUYUCH WITH, Uallle, npou3sederuest
saeMenmoé @, b, a omepauuio % B 3TOM cJyYae HashBaiol
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ymAodceiiest (3TO ONPaB/aHO TeM, YTO OUSHb YacTO ornepa-
LU0 % MOHMMAOT KaK yMHOMXCHHE NePecTaHOBOK).
IlpaMepaMH MHOMKECTB ¢ ONEPaLHUAMH SBJSOTCA MHOME-
CTBO LeJbIX YHCeN ¢ onepauuell CJICKEHHS, MHOXKECTBO Ml-
pasJieIbHBIX MEPEHOCOB Ha TJIOCKOCTH C OmepanHed HX 1o-
CJeOBATEJILHONO BbIIIOJHEHH S, MHOMXKECTBO TOJOXKHTENIbHbIX
JeliCTBHTENIbHBIX YHcesl C onepalyell BO3BeJeHHs B CTeneilb
(nape MOJOXKITEJNLHBIX 4ucea (@, b) cTaBHTCA B COOTBETCTBIiE
uncso ab), MHO#eCTBO mepecTanoBok mepBoix 100 Harypastn-
HBIX YHCesJ ¢ onepauuefi YMHIOXeHHS NepecTaHOBOK.
PacematpuBaoTcss MHOXECTBa € OHepauMsaMid, KOTOpL®
MMEIOT onpejeneHHble cBOHCTBA. V3 ckasauHOro B MpeAbllYy-
meM mnaparpade BbiTekaeT, YTO €CTECTBEHHO BBLAEASATb RG2S
COBOKYIHOCTH NPecOpasoBaHiil — MHOXKECTBO EceX npeclpa-
30BaHHH M MHOMXKECTBO MEePEeCTaHOBOK. 3amHieM OTAeNbHO
CBOHCTBA onepanyd YMHOXEHHS NPOU3BOJbHBEIX Npeobpasc-
BaHUA M CBoOIiCTBA oOMnepaunHd YMHOMEHHs IePEeCTAHOBOK 14
mioxecrse M. Byliem o0603Hauath COBOKYIHOCTb BCEX Tpe-
obpa3oBanuil MHoxkectBa M cumBonom P (M), a COBOKYNHOCTh
BCEX IEPECTAHOBOK Ha 3TCM MHOXKECTBE — cuMBojoM S (M).
A. CBoijicTBa omepauuu yMHOXeHHA npeol- .
pasoBanuit us P (M).
Ay lpouzsedenue  O6yx  npeodpasosanuti — MHOXNCECH 6
M —moacz npeoGpasosanue 9moeo mHoxcecmea:

ecin @, yeP (M), Ton ¢ psPM).
HapiMu ciicBamu, muoxecTBO P (M) 3amkuymo OTHOCHTENLHO
ofiepauiy YMHOMKEHHS] Npeobpa3oBaHui.
A,. Onepayua ymuoxceHus npeobpasosanuti umeem CeoLi-

CMeo accoyuamueHocmu, T. . A KaxAuX @, P, o =P (M)
CrpaBeJJIHBO PaBEHCTBO

(@) 0= (s ).

As. Cywecmesyemn eduncmsennoe npeobpasosanue & & P (M),

makoe, 4mo 08 Kascdoeo ¢ = P (M)
E-Q=@Q-e=0q,

B. CeoficTBa omepalnum YyMHOXEHHS Iepe-
CTAaHOBOK H3 S{M),

Bi. Ecau @, y=S (M), mo u ¢-p= SM).

B:. Onepayus ymAosxcenus nepecmarnosox accoyuamuesa.

Bs. Cywecmeyem eduncmeennas nepecmanoska e & S (M),
makaa, 4mo 0asn Kancdold nepecmarnosku @ & S (M) umeesn

. ea(p=(Pog=(p’,



By Mdaa kandod- nepecmanosxu @ & S (M) - cywjecmsyem

maxas nepecmanoska Y < S (M), umo
QY=1p-p=C¢.

O6mas cxema, 1m0 KOTOPOH H3YYalOTCH COBOKYMHOCTH
npeo6pa3oBaHiil ¢ onepauusMH YMHOMEHHH, NOMKHA KaK-TO
VYUTHIBATD CEpHI0 CBOHCTB A wmaim cepuio cBoiictB B. 10
JOCTUraeTcsl BBefleHHeM OOUX MOHATHA TPYNIBI U TIOMY-
TPy L.

Onpenenenue. IlponssonbHoe MHOxkecTBo D ¢ 3a-
JIAHHOH Ha HeM omnepanued # Ha3wIBaeTCH noayepynnod, eciu:

a) 1 KaxAaelx a, b D npoussesenue axb npuHai-
aexur D; ‘

6) miaA Kax[AbIX TPeX 31eMeHTOB 4, b, ¢ & D BhInosHAETCA

PaBeHCTBO
(axbyxc=a=x(bxc), N

T. €. Omepamusi YMHOXKEHHsd, 3ajaHHas Ha D, accoumaTuBHa;
B) CYIIECTBYeT TaKoH 3/eMeHT ¢ & D, uTo 1/ KaXAoro
aes D uMeeM
: axe=exa=aqa.

D/IeMEHT e Ha3bIBACTCS HElMpPANbHbIM VI OTIEPALUH *.

<4 Ilpumepsn. 1. MHOXecTBO Z Bcex UeNBIX uyucea AJs
CJIOKEHUA — MONYTPyMmna.
* JleHcTBUTENbHO, CyMMa LIeJIbIX Y¥Ce] — CHOBA LIeJI0e YKHCJIO.
Onepanusi CAOKEHHS EJIbIX YHCET HMeeT accolHaTHBHOEe
cBoitcTBo. HeliTpasbHBIM 3/71€MEHTOM A5 ONEDaIiy CA0KEHHS
HeNbIX uHucen CayxuT gucao 0, moromy 9TO ANSl Kaxaoro
a=Z nmeem

a4+0=04a=a

2. MuoxectBo Q* BcexX MOJOXHTEJNbHLIX DPAallHOHAJbHBIX
upcesa s onepaud YMHOXKEHHSA — MOAyTpynmna.

3. MuoxecTBo npeoGpasoBanufi P (M) npas onepauud no-
CJIe/IOBATEJNBLHOTO  BLIMOJIHEHHS  Npeo6pasoBaHUN — MOJY-
rpynmna. '

MuoxecTBO R* NMONOXKUTENLHBIX JEHCTBHTEJNBHBIX YHCE
¢ 3ajlaHHO# Ha HeMm omnepauuefl axb=a’ He Gyuer noJy-
rpynmno#, Tak KaK 3Ta onepaunus He acCOUMATHBHA, T. €. JJsd
uyces u3 R* He Bcerja Beinonuaercd pasenctso (1). Hanpumep,

. ‘ Q#3) 22 (3%2)
(motomy uto (25)2=64, a 2% =512). b



Snpenenenue. MuoxectBo D ¢ 3ajmaHHOR Ha Hem
onepauveli # Has3blBaeicsi epynnoté, €CJAH YIOBJETBOPSAIOTLH
Tpe6OBaHHA 4a) —B) ONpelejqeHHs NOJYTPYNNbl H, KpoMe
TOro, Takoe TpeboBaHMeE:

r) Wi Kaxjaoro sjaeMenta a < D cymecTByeT Takoi ane-
MeHT b & D, uro

axb=b=zxa=e.

4 Jlpumepnl. 4. MuoxecrBo-Z BceX LeJbIX yuces A
onepaniu CJIOMKEHHA — FPynma.

HeticTsutensHo, B nmpuMepe 1 ObI0 NPOBEPEHO BhIMOJHE-
HHe TpeGoBanuii a) —B). Kpome TOro, aJsi Kaxjoro uyucna
a1 cymecTByeT Takoe uHcI0 be&Z (NPOTHBOMOIOK-
Hoe K a);uto a+b=1>b-+a=0. CrenopaTelbHo, BLINOJIHAETCS
U nocnenHee TpeGoBaHHE ONpEAENE€HUA TPYNIHL

5. MHOXecTBO R* Mo/I0KHTENBHBIX JEHCTBUTENBHEIX YHCE
IJId onepanny YMHOXEHHS — FpyIna.

HeiicTBUTENIEHO, MPOH3BEAeHHE MONTOXHTENIbHBIX 4uCeNa —
CHOBa TMOJIOXKHUTEJIbHOE 9HC/I0; ONepalus YMHOXKEHHs 4HCeaT’
ACCOLMATHBHA; HEHTpPaJbHBIM 3JIEMEHTOM SABJAETCA 4HCIO |
A Kaxaoro gueaa a & RY cymecrByer ofpaTHoe K HeMy
queso a .

6. MHOXecTBO BceX MOBOPOTOB IJIOCKOCTH BOKDYT GuKCH-
pOBaHHOH TOYKHM Ha NPOU3BOJBHBIE YIJbl AJf ONEPalHud Mo-
CJIe0BATEABHOTO BBIMOJIHEHHS MOBOPOTOB —Irpymnina.

JeficTBuTeIbHO, MpOU3BeLeHHE MOBOPOTOB IJIOCKOCTH
BOKDYT 104KH O HA YIVIbl & U f aBaserca noBopoTOM BOKPYT
5TOH TOYKM uJM Ha yroa o-+f, uaum Ha yron |a—P|; one-
paunHs yMHOMKEHHS MOBOPOTOB acCOLMATMBHA, TaK KaK Tako-
BOil ABJSIETCH Omepanysl YMHOXKEHUS MPOHU3BOJNBHBLIX Ipeobpa-
30BaHMiH; HEHTpaNbHBLIH 3/JeMEHT — TOXJeCTBeHHOe Npeobpa-
30BaHHE IIJIOCKOCTH, KOTOpOE MOXHO paccMaTpHBarb Kak
noBopotr Bokpyr Touku O Ha O pajmaHoB; o6paTHBIM K IO-
BOPOTY Ha yroa o GyneT moBOPOT Ha yron —o. P

CoBokynHoeth S (M) Bcex nepecTaHOBOK Ha MHOMKeCTBe
M=1{1, 2, 3, ..., n} nig onepauun YMHOXKEHWS NEPECTaHO-
BOK o0pasyer rpynny 2T1a TPyNta HasblBaeTcsl CuMMEmpu-
ueckoll epynnoll nepecmanosok Ha mHoscecmse M. Bomonwe-
HHe BceX TpeGOBaHWil oONpeje/seHHs T[PYIbI BblTeKaeT U3
csojicte By —B,.

Kasxcdana epynna 6ydem maxme u noayepynnotl, HO He
Haobopom. Hanpumep, MHOKECTBO IEJBIX HEOTPHIATENbHbIX
aucesn sa  JeACTBHA  CJIOXKEHUS — MOJYrpynmna, Ho He
rpynna.
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Onepanuu CNOXKEHUS U YMHOMKEHUS Uucea HMeIoT CBOHCTBO
KoMMyTaTHBHOCTH. OnHako TpeGoBaHHE KOMMYTAaTHBHOCTH He
BKJ/IOYEHO B ONpeAe/eHHe MOJYyTPyNnbl W TPYyMOel. 70
OOBACHAETCA TeM, UYTO Omepanus YMHOXKeHWs mpeoGpa3oBa-
Huil He KOMMYTaTHBHa, a8 MCTOPHYECKH NMOHATHE IPYIIbI BO3-
HHKJIO HMEHHO Ha OCHOBE H3YY€HHS CBOHCTB Omepaluy yMHO-
JKeHHsl TepecTaHOBOK HAa KOHEUHbIX MHOXKecTBax (NMOHSITHE
NOJNYTPYNINbl NOSABUIOCH 3HAYUTEJNBHO TMo3nHee). OTelbHO
paccMaTpUBAlOTCA TPYNNBL, AJMS KOTOPHIX BBIMOJIHSETCS Tpe-
foBanHe KoMMyTaTHBHOCTH. OHH HasblBAIOTCH alenesbimu
(B uecTs HopBexckoro MateMatuka H. I'. Abens (1802—1829),
YCTAHOBHBILETO POJbL TaKWX TPYIN B TEOPHH Pa3pelidnMOCTH
ajarefpavuecKux ypaBHEHHHA B paguKaniax).

Jlna MHOXKeCTB ¢ 3aJaHHBIMH Ha HUX ONepanusMu Npo-
BepAThL BHIMOJHEHHe CBOHCTB Tpynmel OblBaeT JOBOJNBHO
TpyaHo. Ecam MHOXKECTBO KOHEYHO, 1Jifl TakoH mNPOBEPKH
MOMHO BOCMOJIb30BATLCA TaK Ha3blBaeMoll mabauyeld ymHo-
aeHnua espynnot. DTy TaGAULY COCTABAAIOT NMOAOOHO TabIHIE
yMHOXKeHHd 1ennlx uyuces. Crpost ee tak. Ilycrp

g1, g2y o0y &n

—Bce sjeMeHTHl rpynnsl G. 3anuiieM UX B HePBOM pARY
U B nepBoM cTo/61e NMOATOTOBJEHHOK TaGJHIIBL.

3areM 3anoJHMM KJAeTKH Tab/ulbl, 3anuchiBasg B HHX
MPOH3BEJIEHUST COOTBETCTBYIOMUX 3JIEMEHTOB MEPBOrO PsAla H
nmepBoro croabua B YyKa3aHHOM Topsaaxke. B pesysabrare
[OTy4HM .

&1 43 &n
&1 1% &1 %8 g1#%8n
&2 g2 % &1 g2 %8 Q2 %8n
&n gn*1 gn % g2 &n*&n

4 [Ipumepsnl. 7. Ilyets G — MHOXKeCTBO TIepeCTaHOBOK

/123 (1 23 _(123)
“1“(1 2 3)' “2‘(2 3 1)’ A3={3 1 9)*
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HenocpencTBeHHO TepeMHOXAsA WX, JIETKO yOempaemcs, UTO
Ta6/MLa YMHOXeHUs 3neMeHTOB U3 G Oyner Takas:

Qay Qa Qg
o o Qg a3
o O og %
a3 25 ] a 2]

8. Tlycts H — MHOXeCTBO nmpeoOpasoBaHui
_ (1 23 _ /1 23 ﬁ—<123\ __123)
6“(1 2 3)’ “‘(1 1 1)’ 2 2 2 {V”A(s 3 3)

INepeMHoxkast 3TM npeoGpa3oBaHHsl INOJIYYHM TaKYio
Tabuiy: :

e a | B Y
€ e @ B Y
@ o @ B v
p B o p ¥
¥ ¥ a_ﬁ Y

INlonb3ysice nByMs nociefHuMH TabaulaMH, Jerko yGe-
AUThCA, 4TO MHOKecTBa G u H Jjd onepanuu YMHOXEHHS
npeo6pa3oBaHuil 06pa3yioT COOTBETCTBEHHO IPYMNNY H moJy-
rpynny. Y6enumcs, Hanpumep, 94to G —rpynna. Ilockonbkry
BCe KJIeTKH MepBOH 13 OTMeYeHHBIX TaG/IHL 3a10HEHH TONbKO
CUMBOJIAMH Q3, Clg, O3, MHOXKECTBO ( 3aMKHYTO OTHOCHTEJBHO
YMHOXEHHS 3aJaHHBIX IePeCcTAHOBOK. YCJIOBHE accOolMaTHB-
HOCTH Il YMHOXKEHHUS 3/eMeHTOB M3 ( BLINOJIHSETCS aBTO-
MaTHY€CKH, NOTOMY 4YTO OHO BHIHQJHSAETCH 1/ YMHOXKEHHS
NPOH3BONLHEIX npeoGpasoBanuii. [lepecTaHoBKa o sBAsETCA
- HEMTDAJIbHBIM 3JIeMEHTOM Ipynmnbl. M3 TaGiuib! TakxKe BUAHO,
4TO0 Ka)KJlbeI M3 3JIEMEHTOB 04, O, O3 HMEET OOpaTHHIA,
3 UMEHHO o;' =0y, o' =03, o' =ay. P
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VYnpaxienus

1. OGpasyioT JH NOJAYrpyNmBl TAKHE MHOXKECTBA C 33JAHHBIMH HAa HHX
OnepauHsaMH: -

a) MHOXKECTBO HATypaJbHBIX YHCEJ C onepauueil, KOTopas Kampaoi
nape YHceJ CTABHT B COOTBETCTBHE HX HaHOOJBIIHA OOGMIMA JEJIHTSIDb;

6) MHOKECTBO BCEX MHOTOYJIEHOB IIPOM3BOJILHOM HEHYJIEBOA CTemeHH
ISl CYTepNO3HIHH . MHOTO4JIeHOB}

B) MHOXKECTBO HEUETHbIX ILeJIBIX YHCes JJs OnepalHH YMHOMEHHSP

2. flpastioTcA JIM TPynNnmAMH TaKHE MHOMKECTBA C 3aJaHHBIMM Ha HHE
onepalusmMH:

d) MHOXECTBO JE/CTBHUTEJbHHIX 4YHCeJ M ONepalHH YMHOKEHHS;

6) COBOKYMHOCTb pyHKUMH y=x, Yy=— X, Y= 1/x, y=—1/x, onpe-
AeNeHHBIX HAa MHOXKECTBe ACHCTBHTEJBHLIX uHcea 6e3 HyJd, JJId cymep-
NO3ULHH (PYHKILHH;

B) MHOXECTBO (DYHKUHi y=x, y=— x AJ5 CYNepno3uLHH QYHKIHH;

I') MHOXKECTBAa C OnepallUsMH H3 ynpaxHeHus 1?

3. JloxasaTb, 4YTO B KaXIOM psLy H B KaXAOM CTOJ6LE TaGIHUB
YMHOXKEHHSI JJIsl TPYNNBl NEPecTaHOBOK OGO3HAYyeHHE KaXK1oi M3 mepe-
CTaHOBOK BCTpeyaeTcsl TOYHO JBa pasa.

4. Kaxoe cBOHCTBO TaGJHL yMHOXEHHs1 aGesleBOH TPYnMh HE HMeeT
Mecta aJA TabJHL YMHOXeHHsl HeabeJeBbIX [pymnm?

5. CocraBuTb TaGJHLY YMHOXEHHS:

a) aas rpynnset S (M), rae M={1, 2, 3};

6) A1A rpynnbl H3 ynpaxHenus 2, 6);

B) aasa noayrpynnel P (M), rae M={l, 2}.

6. CkoMbKO MOXHO COCTAaBHTb PAa3HBIX TaGJIHIL YMHOXKEHHA IJs ue-
THIPEX3JIEMEHTHOTO MHOXXECTBAa MepPecTaHOBOK, KOTOphle ObLIH Gbi TabJH-
LaMH rpynnel?

§ 5. TPA®bl MPEOBPA30BAHHUN. OPBUTDL.
LUHKJHYECKAS ®OPMA 3ANMHUCH NMEPECTAHOBOK

CrpesiouHbie cxeMbl —rpadbl 1peo6pa3oBaHHil 3aJaHHOTO
MHOXECTBa — MOXXHO CTPOMTb MHaye, 4eM CXeMbl IPOH3BOJb-
HBIX oToOpaeHufi. O603HaUYNM Kax bl 3JeMeHT MHQKecTBa M
TOYKOH HAa IMJIOCKOCTH TakK, YTOOBI Pa3HbLIM 3JIEMEHTAM OTBe-
YyaJNu pasHble TOYKH. TOukH 0003HAYHM TeMH Ke CaMBbIMH
CHMBOJIAMH, YTO U COOTBETCTBYIOIHE 3/1EMEHTH MHOXKecTBa M.
JIBe TOYKHW - COEAHHAM CTPENKOA B HanpaBieHHH OT a K b
TOTJa ¥ TOJBKO -TOTAa, KOTJA /Il 3JEeMEeHTOB ‘@, b BHIMOJ-
usiercss ycaosue (a)e =b. Taxk monyuum epag npeobpasosa-
Hus . SlcHO, YTO OH omnpejeasieT npeoOpa3oBaHHE OJHO-
sHayHo. HaoGopor, ecan He ofpamiath BHUMaHHe Ha (opMmy
CTPeJOK W pasMellleHHe TodeK Ha IJIOCKOCTH, TO KaXKIOMY
npeo6pa3oBaHUIo GyeT OTBeuaTh BIOJNHE OnpeneaeHHblfl rpad.

4 IIpumepsn. 1. Ilycrs npeobpasoBanue ¢ MHOXKeCTBa
M={l, 2, 3, 4, 5, 6} 3anano TabauueH :

_123456>
q"‘(342562'
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OGo3nauuM Kaxjgoe 4ucao H3 M TOUKOH Ha MJIOCKOCTH,
HanpuMmep, Tak, Kak Ha puc. 9. [lockoabky (1)@ =3, Touku [
H 3 COeJIHHHUM CTPEJIKOH B HampaBJeHHH OT TOYKH I K Touke 3.
AHaJIOrH4HO TOCTPOMM CTPEJNKH, KOTOPhie BBIXOAAT H3 TOUEK
2, 3, 4, 5, 6 (puc. 10). Dro u ectb rpad npeoGpasoBaHus P.

2. Tlyctb @ =& — ToXAeCTBeHHOE MNpeo6pa3oBaHHe MHO-
xectBa M={l, 2, 3,..., n}. [lo onpenenennio, 115 Kaxa0ro
asM (a)e=a. Tak uyrto rpad npeoGpasoBanna & Oyier
TaKoH, Kak Ha puc. 1l.

4

« 26 Qfl
7o . 4t Z(Q
de » ,
e P L A 1 e
Aalg s
Puc. 9 Puc. 10 Puc. 11

3. Ilyetp @ =1, —nocTosiHHoe npeoGpasoBaHHE MHOXe-
crBa M={l, 2, ..., n}, KoTopoe KaxKaoMy sieMeHTy be M
CTaBUT B COOTBETCTBME (HUKCHPOBAHHHI 3/eMeHT a & M,
T. e. Jaa Kaxjaoro b = M nmeeM

) =a.

B stom cayuae Ha rpade npeoGpasoBaHus @ Kammaas
TOYKa b coepHeHa ¢ (UKCHPOBAHHOH TOYKOH @ CTPENKOH,
KoTopas 3akKaHuupaetrcs B a (puc. 12).

4. Tlyctb M =1Z, ¢ —npeo6pasoBanne MHOMecTBa Z,
KOTOpO€ KaxAOMy IHEJOMY YHCAY X CTaBUT B COOTBETCTBHE
yneno x-+3: (x)p=x-+3. B atom
cnyyae rpap npeoGpasopaHus
IOJTHOCTBIO TOCTPOUTDH HE yraercH,
HO MOXHO M306pa3uTh ONpejeneH-
HY10 YacThb €ro Tak, YTo0hl CTajlo
NOHATHHIM  CcTpoeHue rpada B

aey \ nenoM (puc. 13).
a+f
2

5. Ecin M — KoHegHOE MHO-
XecTBO U mpeoGpasoBanue @ sB-
JIeTCS NEePeCTAaHOBKOH Ha MHO-
xectBe M, To W3 Kaxnoil BepmMHB Tpada ¢ BHIXOAMT OJHA
¥ TOJbKO OJHA CTPeJKa H B KasJylo BEPIIMHY 00A3aTeabHO
BXOJAHT CTpeJIKa, NMPHYEM TONLKO OAHa.

38

Puc. 1



B uactHocty, ecin M ={1, 2, 3, 4, 5, 6, 7} u ¢ — nepe-
CTAaHOBKa Ha MHOMXKecTBe M:

_‘(1234567
q’"2413657>'

To ee rpad Gymer Takoi, Kak Ha puc. 14. »

I'pad npounsBosnbHOro npeobpa3oBanus ¢ COCTOMT U3 ONHOR
(puc. 10, 12) wmm HeckoabkKux (puc. 14) He CBA3aHHHEIX
Mexay co00H dacTel, Kaxaasi U3 KOTOPHIX COCTABJSieT OJHO
nenoe” Ilpn atom orpenbHas cBA3HAaA 4acTb rpaga npeobpa-
30BAHHA @ MOXKET COCTOATH JIHIIb M3 OJNHOH TOUYKH C «IeT-
JIeH», T. €. CO CTPeJKOH, KOTOpasi BHLIXOAHT W3 3TOH TOUKH

oo -

7 7 5 4 & £ 7] & 4
Puc. 13

U 3akaHuuBaetcd B He#l. Ecau a — Takasa Toyka, TO JJIS COOT-
BETCTBYIOLLETO 31eMeHTa a & M cnpaBelJiMBO PaBeHCTBO

(@9e=a.

Takue 3JeMeHTHl Ha3bIBAIOTCSl HENOOBUNCHbIMI MOYKAMU npe-
obpasosanun ¢. Ecan pns snementa a = M BhnosHsieTcs

ycJoBpe
(@9 +#a,

TO a HasplBaeTcs nodsudxcHoll moukoll npeobpaszosanus ¢. Ha
rpade NMOABHKHLIE TOUKH—
3TO TOYKH 6e3 meTenb.

Hanpumep, Ha puc. 14 7 4
touku 1,2, 3,4, 5, 6 —nox- 5@@ 70
BHXKHBIE, 2 TOuKa 7 —He- ‘
NOJABHXKHAA TOYKa rnpeobpa- 2 4
30BaHUA Q.

KosnuecTBo nogBUKHBIX
TOUeK MNpeoOpa3oBaHUsA sB- .
J5eTCs O HOH U3 BaXKHBIX er0 XapaKTePHCTHK, KOTOpas HashBa-
eTCS1 crmenersio 3Toro npeobpasobanud. EquneTBeHHEIM peoGpa-
30BaHHEM CTeNneHH HyJIb sIBAfeTCA TOXKAECTBEHHOe npeobpa-
30BaHHe; TOCTOSTHHOE mpeoGpa30BaHHe MHOXeCTBa H3 1 3Jje-
MEHTOB HMeeT cTeneHb n — 1.

[lycTh @ —HekoTOpoe npeobpasoBanne MHOXKectBa M W -
a —npousBo/ibHbIH  3neMeHT u3 M. [locaenoBaTesbHOCTD

Puc. 14

w=a, @9=0a;, @)P=0a, ..., (@)P=0an1, ... (1)
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smeMeHTOB W3 M HasbiBaeTcst opbumoil dnemenma a 0aa npe-
obpasosanus @. B obmem cayyae wmHoxectBo QO (2, ¢) =
= {ao, @1, ..., Qn, ...} 37eMeHTOB OpOUTH (1) ABASETCA MOJ-
MHOXecTBOM MHOxecTBa M. B wacTHOCTH, MOXKET CIYyYHTbCH,
uyro O(a, ¢)=M. .

PaccmoTpuM aeranbHo crpoeHne opGur, korxa M —Ko-
HeuHoe MHoxecTBO, O (@, ¢9)=M u |M|=m. OueBusHO,
B 3TOM cCJyyae 3jeMeHTH B TNocJaejoBartenbHocTd (1), Hauw-
Has C HEKOTOPOro Mecta, 6yayT moBropsATbes. ITycTh k — Hau-
MeHblllee YUuC/IOo TaKoe, YTO ‘

(ar)p = ay, l<k.

SIcCHO, YTO 3JMEMEHTHl Qpi1, Api2, +.. TAKXKe BCTPEYAOTCA
Cpeln 3JeMEeHTOB ay, Qi, 2, ..., Qp. 1103TOMYy k=m—1 u
JIETKO MOHATb, YTO rpad mnpeobpasoBanus ¢ GyAeT Takof,
‘KaK Ha puc. 15.

Ecau 150, npeo6pasoBanne ¢ He sBJSETCA Iepecra-
HOBKOH, MOTOMY YTO B TOYKE @; 3aKAHYHBAIOTCSA IBE CTPEJKH.
Hasa | =0 npeoGpasoBanue uMmeet rpad, KOTopuiil HaskBaeTCs
uukaom (puc. 16), n B 3TOM caywde OHO, OYEeBHAHO, OyIeT
NIEPECTAaHOBKOW. IJTa mnepecTaHOBKa JeHCTBYET HAa 3JEMEHTHI
H3 M Tak:

(@)o=a1, (@)e=as ..., (@u-2)P=0m-1, @n-1)Q= 0.

Takasi nepecTaHOBKa Ha3bIBA€TCH YUKAUHECKOU WJIH MPOCTO
yukiom u o0o3Hayaercs

Q= (aﬂy a1, Qg . ' vy am-l)-

Yucno m ectdb dauna yukaa. LMK LAUHB 2 Ha3bBalOTCA
MPAHCNO3UUUIMU. .

Ecan sgemerTsl op6uthl O (@, @) He HMCYepPNBLIBAIOT BCe
MHoXecTBo M, To rpadnl (puc. 15, 16) He momHOCTBIO Xapak-
Tepu3yloT npeobpasobanue. Toraa Hy:KHO PACCMOTPETh OPOUTHI
IPyrux sjaeMeHTOB, Koropble He Bowau B O (a, ¢). PasHble
OpPOMTHI ]ISl 3aaHHOrO0 NMpeoGpa3oBaHus MOTYT HMeTb oOuiue
BepluyHbl (puc. 12), HO 041 wnepecmanosku pasuve opbumot
odepuusaom He CeA3aHHble wacmu ee zpada.

IefictButenbro, nycts Oy={a1, Qg ..., Op} 1 Qo=
== {by, b, ..., by} —pasupie opOHTHI mepecTaHOBKH ¢. [lo-
nycTuM, 4to O; u O; uMeloT obume sjeMeHTH. Mg B mo-
PfilKe BO3pacTaHHsi HOMEPOB, BbIOEpeM NepBbI 37eMEeHT
ap e 0,, KOTOPHIl paBHAETCA ONDEJENEHHOMY SJEMEHTY
bi= 0,. Torna ap-15= by—y. 3HAUNT, (Ap-1)@ = ap = b; = (b1=1)@
W npeo6pasoBaHue - ¢ He sB/ISETCH NePecTaHOBKOW. Mul
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NpUII K TNPOTHBOPEUHIO, KOTOPOE M JOKasbiBaer copMy-
JIHDOBaHHOE YTBepXKIEHHE. '

Tenepp MoxHo nofpoGHee oXapakTepH30BaTh rpadsl nepe-
CTaHOBOK Ha KoHeyHOM MHoxkecTBe M. B sTom ciyuae MHO-
xKecTBO M pacnapjaercs Ha OTHeJbHble YacTH: Ge3 OOLIMX
anemerToB. Ha kaxno#i M3 3TUX 4vacTell mepecTaHOBKa @
copasyer nukJ. ITostomy rpad Kaxnoit nepecTaHOBKH COCTOHUT
13 ONpefesIeHHOT0 YHCJIa He CBA3aHHBIX MEXAY COO0MH LHKJIOB.

[Tockonbky rpad nepectaHoBKH paciajgaercsi Ha OTAeNb-
Hble, HE CBfI3aHHble MEXAY COOOH LHUKJbI, NEpPecTaHOBKH Ha’
KOHEYHOM MHOXecTBe YJ00HO 3amuChiBaTh TaK, 4YTOObl 1O
TOH 3amucu cpasy Ke MOXKHO OBbLIO CTPOUTb OT[EJbHbIE
yactu rpada — unkasl. CooTBETCTBYIOMIast 3aNUCh NepecTaHo-
BOK HasbiBaeTca yuxaudeckoti. Ilpexje ueM pacckasaTb PO
Takyi0 (GOpMy 3anHCH IepecTaHo-
BOK, CcJielaeM HeCKOJbKO COLIHX
3aMeuaHuil.

& IZ

O OO
b@ 7 % 1 G

4 Gy A1 4y

Puc. 15 Puc. 16

IMycTh @ — NPONSBOJbHAS TEPeCTaHOBKA Ha MHOXecTBe M
H P —Takoe NOAMHOXECTBO MHOXecTBa M, 4To AJf KaxkJ0ro
ajeMeHTa a & P umeem
(a)p = P.
[lo nepecraHoBKe ¢ Ha MHOXecTBe M MOXHO ONpeleNHTb
npeo6pasoBaHue ) Ha MHOXecCTBe P, MOJOXHB 1JIsi KaXI0ro

besP
)= (b)9.

SIcHo, uTO W sBJsAeTcA nepecraHoBKOH Ha P. Bynem na-
3bIBaTh €€ 02PAHUHMEHUEeM NePecran06Ku § Ha NodmHoxcecmeo P
mroxcecmea M.

4 [Ipumep 6. Ilyctp

M={1, 2, 3, 4,5, 6}, P={1; 2, 3, 4},
/1 23456
- ‘P—<,4 3216 ‘5)'

HenocpeacTBenno BuAHO, 4To (@) € P s KaxJoro
ae P, 05TOMYy MOXHO PaCCMOTpeTh OrpaHuueHHe @ Ha P.
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310 Gyner nepecTaHoBKa
(1 2 3 ¢4
lP“‘(4 3 2 1)' >
OGparHo, €ciH HMeeM MepecTaHOBKY Y Ha MHOMKECTBe

P M, 10 MOXHO ONpeje/quTh IepPecTaHOBKY ¢ Ha MHOXe-
ctBe M, NMOJOXKHB AJAA KaXKA0ro sJjementa a e M:

@ :{

(@, ecmn ae P,
a, ecniu aetP.

To ectb Ha 3JeMenTHl 13 P nepecraHoBKa ¢ HAEHCTBYeET
TaK e, Kak MepecTaHoBKa 1, a BCEé GCTaJbHBIE 3JIEMEHTHI
u3 M ocraBiser Ha MecTe. Dynem Ha3wBaTh NePecTaHOBKY @
pacuiupenuem nepecmanosku p Ha muoxcecmeo M.

<4 [lpumep 7. Ilycts

P={l1, 2,3, 4,5, M={l,2 3, 4,5,6,7, 8
n

‘1’=(23154

Torpa pacmupennem  Ha M dABiaseTcs NepecTaHOBKa

_<12345678)» \
: P=\2 3 15 46 7 8

HasoBem j1Be mnepectaHoBKM Ha MHOXecTBe M e3aummo
npocmoimy, €CaM HX MHOXKeCTBAa IOJBHKHBIX TOYEK He HMeKT
OOW#MX 3JTEMEHTOB.

BsaumHO npocTeiMH GYAyT, Hampumep, NePecTAHOBKH

_(12345678 __12345678)
(P—34215678)’ ‘I"“(12~345768’

u00 MHOXKECTBOM MOABHXHBIX TO4eK Ml @ sABJAETCA
{1, 2, 8, 4}, nna ¢—1{6, 7}.

B orsnune or nepecTaHoBOK oGuIero BuAa, npousgedexue
B3AUMHO NPOCMbIX NEPeCaNOsOK He 3asucum om nopsoKa
MHONCUMenel .

HeficTBUTeNBbHO, NYCTh @ H 1 — B3aHMHO IIPOCTHIE Hepe-
CTaHOBKH H Q@ — NIPOM3BOJIbHEIA 3JeMeHT MHOXKecTBa M. Ecin
0 —OJBHXHAsA TOYKa JJIl IepPeCcTaHOBKH @, TO MOJOXKUM
(@)@ =>b; sneMeHTHl @, b —HEeNOABHIKHBIE TOYKH JJs P, 160
@¢s~au (b)p=~b. Tlostomy umeem

(@) (@) = ((@)@)p = (b} =b,
@) (Y- 9) = ((a))9 = ()¢ =0,

T. €. B 3ToM ciyuae (@) (@-y)=(a) (Y- @).
42
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Ecnn a — HenojBuKHAas TOYKA INEpPeCTaHOBKH ¢, TO MOJIO-
XKUM (@)p=c (ecnu a ABAAETCA HENONBHKHOA TOUKOH u AJs
NePeCcTaHOBKHU P, TO @ =C) U aHAJOTHYHO MOJYyYUM, UTO 3Je-
MeHTH @, ¢ He MeHSIOTCS NOA JeHACTBHEM NePecTaHOBKH ¢,
a [o3ToMy

(@) (@ ¥) = ((@)p)p = (@)Y =,
@ (b)) = (V)= ()p=c.

Tak 4uTO M B 3TOM cJIyYyae MNEPECTAHOBKH Qo U Y- ¢
HeHCTBYIOT Ha 3JeMeHT a e M ojuHakoBO, a 3TO U O3Ha-
yaer, 4To .

Qp=1p-0.

Tabanuy npousBefieRHs JBYX B3auMHO IIPOCThIX IepecTa-
HOBOK @, ) COCTaBHTb OueHb IpocTo. i 9TOro BO BTOPOM
pAAY TabmHIbl @y HYXKHO 3anHcaTb Ha CBOMX MecTax
(T. e. HA Tex MecTax, Ha KOTOPbIX OHH CTOSIT B TaGJuIaX
Ans @, 1) BCe IMOABHIKHbIE TOUKH IIepPecTaHOBOK @, 1,
a OoCTaJbHble MeCTa 3aMOJIHHTb HEMOJBMXHBIMH TOUKaMH.

HanpuwMep,
/1 23 45686
).“<3 1 2 46 5)'

1 234586\ / 23475
31245 6/°\1 2346

[Tycth Tenepb @ — npoM3BOJIbHAA MEpPeCcTaHOBKA Ha MHO-
xectBe M. Paso6beM M ma wactu My, M., ..., M, kaxnaa
U3 KOTOpPHIX $BJAeTCH OpOMTOH HEKOTOPOro 3JieMeHTa U3
M. D10 pasbueHue uMeeT TaKue CBOHCTBa:

a) Kaxnplil daeMeHT U3 M TNPHHAIJIEXHUT OJHOMY H3 IOJ-
mHOoXectB M; (i=1, 2, ..., s

6) ecau i=j, To M; u M; He umeiorT OOCLIHX 3/1€MEHTOB;

B) I Kaxjaoro aeM; (i ectb OIMH H3 HOMEpPOB
1, 2, ..., S) aneMeHT (@) ¢ Takxke N puHamgexRkur M;.

[To mocneaHeMy CBOHCTBY MOXKHO PaccMOTPeTh OrpaHHde-
HHe ¢; TepecTaHOBKH ¢ Ha Kaxjaoe U3 NoaMHoxecTB M;; @;
€cThb, OYEBHJHO, LHUKJIHYecKad mepecTaHoBka Ha M;. Ona
onpejesercss MepecTaHOBKOH ¢ ONHO3HAYHO.

B cBolo ouepenb, KaxAYI0 H3 NepeCcTaHOBOK ¢; MOXKHO
pacuiHpuib Ha Bce MHOxectBo M. OG6o03HauuM STO pacll-
penue uepes §; ({=1, 2, ..., s). [layiee TaKkne nepecTaHOBKH
Takxe OYJeM Ha3plBaTh IHKJAHYECKHMH ¥ 0603HauaTh UX TaK,
Kak ¥ OObluHbie MuKJb. ClefoBaTenbHO, NepecTaHoBKa OYAET
IUKJMYECKOH B 3TOM MOHMMAHHH TOIa H TOJMBKO TOrAa,
Korja oHa mMeeT rpad Takoro Buja, Kak Ha puc. 17.

[ =)

|
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OueBnHO, MHOXKECTBO MONBHXKHLIX TOUEK KamIOA M3 me-
PecTaHOBOK ; COBIajaeT ¢ MHOxecTRoM M;; 1o CBOHCIBY B)
nepecTaHoBKH @; M §;, i~ j, B3auMHO npocthl. [losb3ysich
NPUBEAEHHEIM BHIIE MPaBHJAOM JUIA YMHOMEHHSA B3aHMHO
OPOCTHIX IEPECTAHOBOK, MOJydaeM

(pz(T)lo(T)zo,_,o(T)s,

[TockosbKy TmepecTaHOBKH @1, P2, ..., s — INONAPHO
B3aHMHO IIPOCTHIE, 3TO NpOH3BeAeHHe He 3aBHCHT OT NOPAAKA
MHoXuTesell. TakuM oGpasoM, noKa3aHa Takas

Teopema. Kamdywo nepecmanosky Ha KOHEUHOM MHO-
acecmse M MONCHO pasroxcums 8 npoussedeHue 63auMHO NPOCMbL
YUKA08, ApULEM IMO PA3-
A0KCeHUEe  OOHOBHQUHO ¢

N
0 0: / Q " mouHocmelo 00 NopadKa
ol | MHOMCUmMe aetl.

Ha6Gop uuncen ky, ks, ...
ven R, SIBJISIIOLLM XCA JTH-
HaMy HUKJIOB,Ha KOTOPbIE

Puc, 17 pasJioxeHa NaHHas mepe-
CTaHOBKa,  HasblBaercs
ee munom U obosHavaercs (k;, ks, ..., Rs). )

dJlpumep 8. Pasnoxurs B mnpousBejeHHe UUKJIOB
nepecTaHoBKY
(1 23
‘P_<2 31
HaxonuM pasubie opGutel aaa ¢. Mmeem
Me=2, Q9=3, BQo=1; He=6, (B)p=4;
Tak 4To opGHTH ompejeasAl0T NMOIAMHOMKECTBA {1, 2, 3},

{4, 6}, {5, 7}, {8}. OrpaHuueHH AMH NePECTAHOBKH @
Ha 3TH MHOXECTBA OYJyT TakHe MepecTaHOBKH:

o=y 5 1) ®=(3 3 ®=0 5 @=()

Pacmupenuamu 3TuX NepecTaHoBOK Ha MHOXKeCTBO M
6y1yT nepecTaHOBKH

45678
6 7 )

4 5 8

et 29=( 3713070,
net0=(l33 85579,
==l 3245819,
(34087 e
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Tosromy MOXHO 3anmucarhb
P=P1°P2-Pa-Pa=(l, 2, 3):(4, 6)-(5, 7)-(8) =
=(l’ 2! 3)"(41 6)°(5, 7)'

[Nocniennsas 3anuch OXHO3HAYHO OmpefieNsieT NepecTaHOBKY
JUMb TOTAA, KOrZa M3BECTHO, HA KAaKOM MHOXECTBE OHa
nefictreyer. b

YnpaxueHns

1. Moxer Ju mnpOHM3BOJMBLHHA 'pad OHTE TrpadoM KaKOro-HHGYAL
npeo6pasoBaHus?

2. TlepecraHoBka 3apana rpadpom, Kak noctpouth rpad oGpaTHOH
NepecTaHOBKH?

3. YKasaTe npaBHJIO LIl HaXOXJAEHUS rpacda npousperenus npeoGpa-
30BaHHN, KaxJoe M3 KOTOPHIX 3aJaHO CBOMM rpagoM, He cTpOs TaGJHL
STUX npeo6pa3oBaHuil,

4. TTocTpouTs rpagu nNpeoGpaszoBaHHH, 3aJaHHBIX TaOAULAMA:

)12345678)~6 12345678)
(56183724' )(68543713
(1 2 3 45 6 7\, 1 234561789

)(6437512)' r)(641843499)'

5. Kaxnas nepecranoska, rpad KOTOpoH cBsi3aH, UHKJH4Ha, JoKa-
3aTh 3TO.

6. daunod opbumpt Ha3bIBaeTcs yucJO ee sjaeMeHTOB. Haltu nau-
6oJbllee M HaUMeHbluee 3HaYeHHs] CYMM IJHH DasHBIX OpGHT Al mpe-
06pa3oBaHUii MHOXKEcCTBa H3 n 3JeMEHTOB,

) 7. Tlpeo6pasoBanne ¢ MHOKecTBa M OyleT mnepecTaHOBKOH 7Orja
H TOJIBKO TOrJa, KOTAa CyMMa LJHH DasHbIX ee Op6HT paBHserca |M |,
Jlokasats 310,

8. Ilycte ¢— npousBoJbHOE MpeoGpasoBanue MuoxecTsa M. Cymect-
BYeT TaKOe MHOXKecTBO P — M M Takoe HaTypalbHOE 4HCJIO R, 4TO
(a)p* = P nas kaxnoro a & P u orpannueHne @ Ha P ectb mepecra-
HoBKa, JlokasaTb 370, .

9. PasnoxuTh B NMpOu3BefeHHE B3aHMHO TNPOCTHIX LUHKJOB M HaiiTH
THIIBl TAKHX MeEpecTaHOBOK:

1 2°3 435 1 23 456
‘91=(4325 1)' "’2=<561432)'
/1 234567839
%_(793158426>'

10. Onucate o6mui BuA Tpada NpO 3BOJLHOTO NpeoGpa3oBaHUs
(Tak, KaK 3TO cAeJaHO AJs NE€PECTaHOBOK).

11. CKOJBKO CYyLIeCTBYeT TNepecTaHOBOK Ha MHOMeCTBe H3 m 3Je-
MeHTOB, KOTODHIE HMEIOT 3aJaHHBIH THN (N, Mg, «.., Ay, TAE 1y <Ny <<
<...<np (AcHO, uTO fy+ng+...np=m).

12. B rpymne S;=3S ({1, 2, 3, 4}) HalTH yHCJO MEpecTaHOBOK Kax-
JIOTO BO3MOXKHOrO THNA,

13. OnpenesuTb THN NEpecTaHOBKH, -XapaKTepH3ylomed pacroJsoxe-
HHe TpHINATH OGH3KYJLTYDHHKOB MOCJE [ABYKPaTHOH NeperpynndpoBKH
(cM, ynmpaxueHne 12 § 3),

’
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§ 6. MOPAAOK MEPECTAHOBKH

Jlis xaxporo npeoGpasoBaHHUS ¢ MOXKHO PACCMOTPEThb €ro
CTeneHH; n-i cmenenvlo npeobpa3osanus ¢ HasbIBaeTCa Npo-
M3BejieHne : ‘

PoPoPeo...oQ,
N—— . o r—

n

rje n —HatypaiabHoe uncao. Janee 6ynem o603HayaTh ero @
M3 onpepenenuss creneHu mnpeoOpa3oBaHUA BbITEKAOT
TaKHe PaBeHCTBa:

a) @ -@"=q™™" 06) ()" ="
IMonoxum TaKKe IJd KaXXIaoro npeoépasosaHHﬂ @
o =e,

Jnsa nepectaHOBOK ([POM3BOJIBHBLIX GHEKUHH) MOHATHE
CTENeHH MOXHO OGOOIIUTb M Ha CJy4all HeJblX OTPHHATe/b-
HBIX YHCeJ, IOJIOKHUB

Pr=q o le..opt = ()= (¢")
I S

PaBenctBa a) u 6) B 3TOM ciyyae GYAYT BepHb! 114 IPO-
UMOJBHBIX [ENbIX ToKa3sareseil.

Eciu @ —HekoTOpas mepecTaHOBKa Ha MHOxecTBe M,
|IM|<<oo, TO " AJad KaxkAOro HEJNOro n TakxKe eCcTh lepe-
craHoBKa Ha M. Takux mepecTaHOBOK JIHIIbL KOHEUHOE YHCIO,
T. €. B NocAefoBaTeNbHOCTH @, @2, @3, ¢, ... He Bce mepe-
CTaHOBKH Pa3HELIe, ‘

[Tycte anis - HeKOTOPHIX HATypajdbHbIX uncent k, [ (k<)
BLITOJIHSIETCSl PaBeHCTBO ¢f =@, Torzaa

@) 1=09"* (@) t-0f=(¢")1-¢,
oTKyaa @*=¢, 1. e. 0aa Kawdoti nepecmaroeku ¢ = S (M),
20e M — Koneunoe MHONCeCmBo, Haiidemcss no meHoulell mepe
00HO HamypaabHoe 4ucio s, maxoe, 4to @° =¢. Hanmenbiiee
H3 TAKHX HaTyDPaJbHBIX YHCeN HasblBaeTCS MopAdKoM nepe-
CMAHOBKIL @. -

Creneny uuKaIM4ecKoll mepecTaHOBKH (@1, a, ..., dx) HAXO-
IAT 1o Qopmyne

(@1, az, .., @) =(ar, Qps1, «ovy Qny Q1y ey Q1)

D70 PaBEHCTBO MOXKHO TOJNKOBaTh TaK. Eciau Kakad-HH-
Oyab IecTEepHsi, KOTopasi uMeerT n 3yOLOB, NOBOpayuBaeTCs
BOKDYI CBOEro LEHTPa, TO, 3aHyMepoBaB 3YGIbI UHCIAMH

46



1, 2, 3, ..., n u 3apuKCHPOBAB HEKOTOPOE HauyaJbHOE MOJIO-
JKeHHe 3y6LLOB €€ NOBOPOThl MOXKHO OJHO3HAYHO OINHCHIBATDH

nepecTaHOBKaMH Ha MHoxecTBe {1, 2, ..., n}. LluKaudeckas
nepecTaHoBKa

a—(l 2 3 ... n—1 n>

—\2 3 4 ... n 1)’

OYEBHHO, OMHCBHIBAET MOBOPOT Ha Yroa 2s/n (3y6ei ¢ HOMe
poM 1 BcTaer Ha MecTo 3y6ua ¢ HomepoM 2 H T. I.).

He napywas o6GumHoct#, GYyAeM CYMTaTh, YTO LIECTEPHS
NoBopayyBaeTcsd IO YacOBOH CTpeJIKe. qT06bI NOBEPHYTD
miecTepHio Ha yroa 2km/n, Hajpo kK pas oCyIeCTBHTb INOBO-
pPOT Ha yroJ 2m/n B OJHOM HalpaBJieHHH, TaK YTO Iepecra-
HOBKa o, k>0, orBeyaeT TaKOMY IOJIOXKEHHIO LIECTEPHH,
Korja Ha MecTe mepBoro 3y6ma CTOMT K-, Ha MecTe BTOPOro
(+1)-it u 1. 1. Ecau 1IECTePHIO MOBEPHYTh N Pa3 BOKPYT
IleHTPa Ha yroJ 2w/n, TO OHa 3aiiMeT HauyaJbHOE TOJIOXKEHHe.
TakuM o6pa3oM, mjad Kaxuoro mukaa (ai, s, ..., Gn) BHIIOJ-
HSIETCA PaBEHCTBO

(@1, ag, ..., an)*=

Ilpu 3TOM M1l HATypaJIbHBIX YHCEN, MEHbUIHX f, 3TO PaBeH-
CTBO HeBO3MOXHO. [l k<0 mepecTaHOBKHM o OMHCHIBAKOT
IIOBOPOTHI LIECTEPHH HA YIJbL 27tk /N MPOTHB 9acOBOH CTPEJIKH.

ITo pokasaHHOMY B mpeibiAylieM maparpade npoH3BOJb-
HYIO [ePeCTaHOBKY MOXHO pa3/IOXKHTb B NPOH3BeJeHHE IO
FapHO B3aHMHO NPOCTHIX IHKJIOB:

P=@1°P2c...Ps.

Jasi -moGblx HOMEpOoB i, | NpOH3BEJICHHE TepecTaHOBOK
@i, §; He 3aBHCHT OT NMOPsAKA MHOXKHTeseH. TTonb3ysch aTuM,
{-I0 CTeneHb NEPeCTAHOBKH ¢ JJISi KAXJOro HEeIOro n MOXHO
3amucaTh TaK:

:(q)le(pzo...'o(ps)o...u((plu(Pza...o(ps)=

n
=(P1oQ1e..P1) o (PaoPaeeoPg)on.ne(PsePgeon..oPg) =

n n n

=Qf-@fe...c9f, (1)

D10 paBeHCTBO TaKXe JONYyCKaeT MeXaHWYecKoe TOJKOBaHME.
[TocKOJIbKY HHUKJBL @1, @2, ..., Qg B3aHMHO INIPOCTBI, HX CTe-
MEeHH OMHCHIBAIOT [10BOPOTHI BOKPYI WEHTPOB S ILIECTEPEHOK
C COOTBETCTBYIOILMMH KOJHUecTBaMH 3yOuoB, MNpHYEM 3TH
[IeCTEPHH He CBfI3aHbl OnHa ¢ Apyro#. IlosToMy cTenmeHsMH
NepecTaHOBKH (¢ OIIHCBIBAIOTCA I[OBOPOTHI LEJOH CHCTEMbI
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mectepeHoR. 3yOupl Kaaofi M3 IIECTEPEHOK MOXKHO 3aHyMe-
poBaTh TakK, YTOOH BCE IMOBOPOTH OCYIHECTBJISJIHCh B OJHOM
HalpaBJeHHUH.

TTopsinok ABsieTCs OueHb BaXKHOM-XaPaKTEPUCTHKOM mepe-
craHoBKH. Yucen n, TaKHX, 4TO Q" =g, JJis I1POH3BOJLHONA
NepPecTaHOBKH @ CYILECTBYeT MHOro, HO 6ce ONU OeAAmcs Ha
nopAdoK nepecmaHosKy.

JokaxeM 3T0 MerojgoM .oT MPoOTHBHOro. JlomycTHM, YTO
CYHIEeCTBYeT TaKOe HaTypaJbHOE YHCJIO R, IJIsl KOTOPOro Ccrpa-
BeJIINBO PaBEHCTBO

<P-——a‘,

npuueM k He JeJUTCA Ha TOpAAOK r mnepectaHoBku ¢. Ilo
ONpefie/IeHNI0 NOPAAKA HepecTaHOBKYM k>r, 1MOITOMY

kR=Ir-|s, O<<s<r.
Torpa HMeeM P =qgr+s =g .@%. Ho

B ¢r = (¢") =¢' =e.
Takum oGpasom,

- . 8=Fpk=(ps.

Onsako 0 <<s<<r, W Mbl NIPHLUIH K NPOTHBOPEUHIO, KOTOPOE
U JOKaspiBaeT cHopMyJIHPOBaHHOE YTBEPMKICHHUE.

BeiBesem Tenmepn mnpaBmiO I HaXOXKAEHHS MOpSAKa
Npou3BONbHONH TepecTaHOBKH. I[Ipexpe Bcero, 3aMeTuM, YTO
npousgedenue HECKONbKUX B3AUMHO NPOCMbIX NePecnanosox
MOXCem  pasHAMbCA  MOXNCOECMEeHHOU  NepecrmanosKe  Auulb
mozda, Koeda Kaxc0as u3 Nepecmanosox eOUHUYHA. DTO BHITE-
KaeT U3 TOro, 4ro MPOH3BejeHHe ¢ B3aUMHO IPOCTBIX Nepe-
CTaHOBOK @1, Pg, ..., s HeHCTByeT Ha KamkKAYI0 CBOKO MOA-
BHXKHYIO TOYKY TaK, KaK JeficTByeT Ha Hee Ta epecTaHOBKaA ¢y,
IJisl KOTOPO#l 3Ta TOUKa sBjAsiercsl MoABHxHOH. Iloaromy u3
paBencrsa (1) nosayuaem, 4ro @"=e Torja ¥ TOJbLKO TOrAa,
KOrza OfHOBpPEMeHHO

Pf =¢e, @I=c¢, ...,(pgzs. ' 2)
Ecnu' nepecranoBrd ¢y, Qg ..., @5 ecTb  UMKJIBI JUTHHBI
Ri, Re, ..., ks COOTBETCTBEHHO, T. €. UMEIOT MOPAAKH Ky, Rs, ..

., ks, TO HawMeHblliee YHCJAO n, AJAA KOTOPOrO o;mone-
MEHHO BBINIOJIHAIOTCA BCe PaBeHCTBa (2), pABHAETCSA, O4EBHIHO,
HanMeHbluemMy oOLIeMy KpaTHOMY uuces Ry, kg, ..., Rs Cie-
JOBaTeNbHO, MBI JOKasajH, 4TO IOPSIOK IepPecTaHOBKH @,
KOoTopas pacK/ajplBaeTcsi B .JNIPOH3BelieHHE HUKAOB JJIHHOIO
ki, ks, ..., ks ecT, HaumeHbiee obuiee KparHoe yHcen
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1, Ryy oivy Rse
nop. ¢ =K (nop. @i, mop. @s, ..., Nop. @y).

4 Ilpumep. Ilyers

/1 2 345678

—<36418725)'
PasnioxnM @ B mponssefieHue MHKJIOB:

e=(1, 3, 4)-(2, 6, 7)-(5,8).

Otcioza mop. =K (3, 3, 2)=6. &

YnpaxHeHus

1.- HafiTh nopsafok Kaxkaofi u3 mnepecTaHOBOK:
) (1 2 3 4567 8 9)

357 96 81 2 4
6) ( 1 23 4567 89 10)

35461789 2110

2. HaiiTH nopsaku BceX rmepecTaHOBOK HA MHOXKECTBE H3 6 3JIeMEeHTOB.

3. Kakoit HauBBICIIHH NMOPSAROK MOrYT MMETb NEpPECTAHOBKH Ha MHO-
xkectBe H3 10 ajeMeHTOB?

4. HafiTH nepecTaHOBKY, OOGPATHYIO K HHKJAY (a3, Qa, ..., Q).

5. Ecan npoussejeHHe NMepecTaHOBOK (¢ M 4§ He 3aBHCHT OT NOpAAKa
3anuCH MHOXHTENeH, TO TNOPANOK (o ecTh JeanTeJbh HaHMEHbHIEro
o6iero KpaTHOro mopAAKoB ¢ # . B obliem ciyyae Hesb3st yTBEpKAATH,
ut0 nop. (¢ P)=K (nop. ¢, nop. ). IIpuBecTH npumepsl.

6. CKOJLKO CYLIECTBYET MepecTaHOBOK 15-ro Mopsiika Ha MHOXKECTBE
H3 8 sJeMeHTOB? .

7. BuBectH ¢opMyJy AJAS HaXOXKJAEGHHA [ODPAAKA MNEePecTaHOBKH,
NoJIb3ysACh MEeXaHHYEeCKHM TOJKOBaHHEM JAeHCTBHS BO3BEJEHHS B CTeleHb,

8. EcaH n—npocroe uucsa0, TO AIA Kaxaoro k, 0 <<k <<n, nepe-

CTaHOBKa (ay, Gs, ..., )% €CTb WHKJ JIHHH . ECAH YHCIO n— cOCTaB-
HOe, TO 3Ta mnepecTaHOBKAa O6yAeT WHKJAOM RIS 4Hcea Rk, B3aHMHO Mpo-
CTHIX € f, H NMPOH3BEAEHHEM IIMKJIOB OJHHAKOBOH AJIHHBI B HHOM CJyyae.
JlokasaTtb 3TO.
: 9. JlokasaTb, YTO AJA KaKAOH NepecTaHOBKH (p, KOTOpas packKJajbl-
BaeTcs B NMpOH3BeleHHe ! HKJIOB OAMHAKOBOH IJHMHBL S, HalgeTcA MUKJ |
IJHHE [S © HaTypaJbHOe YHCIO R, Takoe, uyTo @ =1*, EIHHCTBEHHbIH JH
TaKOH LHKJ? . ’

10712 manbyukOB nepeGpacHBAIOTCA PA3HOLBETHHIMH MSYaMH, Kax-
Iblii M3 HAX 6Gpocaer CBOji MAY Bcerja ONHOMY H TOMY Xe napTHepy, Bce
Msun GpocaloTcss ONHOBPEMEHHO, M HHKaKHe JBa MaJbyHKa He 6Gpocaior
MAY OAHOMY HrpoKy., Uepe3 Kakoe HaHMMeHbIUEE YHCJIO XOAO0B MIpHl Bee
MSUH OKaXYTCA B pPyKaX TeX Ke MaJbyHKOB, 4TO H B Hayaje?

11. Komoga u3 36 kapT Tacyercst cJefyiomuM o6pasom. KoJona
Gepercsl JIHLEBOH CTOPOHOH BHH3 B JIEBYIO PYKY H KapThl CBepXy no
OIHOH nepeKJakblBAalOTCA B NMPABYI PYKYy, NpHYeM B NpaBofi PyKe OHH
nooyepesHO KJIAAyTcA TO CBEpXY, TO CHH3y TeX KapT, KOTopble K 3TOMY
MOMEHTY Y:Ke CKOmuJHch B npaBoii pyke., CKOJbKO pa3 HYXHO MOBTO-
PHTb TaKyi0 NMEpeTacoBKy, YTOGbl B KOJoje GblJ BOCCTAHOBJICH NMEpBOHA-
YaJbHEIA NOPAROK?
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12. Kakoe HauMeHbIIee UHCIO MEPeLpynnuPoOBOK TPUAUATH (HU3KYJIb-
TYPHHKOB (cM. ynp. 12 § 3) HYXKHO OcylleCTBHTb, YTOGH B luepenre GbLl
BOCCTAHOBJIEH HauaJbHuH nopafok? Kakolf orser nosyuurtcs B cayuae,
KOrjla (Gu3KyJbTYpHUKOB 367

§ 7. OBPA3YIOILHE CUMMETPHUYECKON I'PYIIIbI

3apaya. Ha cremax kpyrjoro 3sajga KapTHHHOH rale-
pen Bucenyu KapTuHbl. Kak-To pemnau pasMecTHTb MX B Apy-
TOM TOpAJKe, MeHsAsl MeCTaMH KapTHHBL, KOTOPble BUCAT PAIOM.
Bcerna nu MOXHO C MOMOIUBIO TaKHX INepeMelleHHd pasMe-
CTUTb KapTHHEI, KaK 3aAyMaHO?
Pewenue. 3anymepyeM KapTHHbl B IepBOHayaJbHOM
nopaake uucaamu 1, 2, ..., n. Ilyctb Ha mecro nepBo# Kap-
; 7 THHB HYXHO HOBECHTb KapTHHY C
HOMEpOM i3, Ha MecTO BTOPOH — Kap-
THHY C HOMEDOM ip H T. Jl., HAKOHeLL,
Ha MecTO n-# KapTHHBI — KapTHHY
¢ HOMEPOM in (i1, iz, ..., in—pas-
Hble 4Hcjaa u3 MHOxectBa {l,2,...
., 1}). Tlepemenasice BIOJIb CTEHBI
00603HaueHHLIM CNOCOGOM B OIHOM
HalpaBJeHHH KapTHHBl MOCJE10Ba-
TeJNbHO 3aHHMaeT BCe MecTa, Ha Ko-
TOPHX BHCAT KaptuHa. [lostromy
I . KapTHHY € HOMEDOM iy MOXHO [O-
Puc. 18 " BECHTb Ha MeCTO MepBOH KapTHHbBI
(puc. 18). Bulupas Hanpapjenue
nepeMelieHnss KapTHHBL C HOMEPOM {; TaK, YTOOHl He IBHU-
ratbk KapTHHY C HOMEpOM iy, KapTHHy C HOMEpPOM i MOXKHO
MOBECHTh HA MecTO BTOpoH. AHajoruyHo, BHIOHpas Takoe
HalpaBJ/JeHHe IepeMelieHus, 4YToOkl He JIBUraTh KapTHHHI C
HOMEPaMH iy H {5, KAPTHHY C HOMEPOM [3 MOXHO IOBECHTb
Ha MecTo TpeTbeil. [Iponosxas 3ToT npouece fanablie, KaxAYO
KapTHHY MOXKHO IOBeCHTh Ha HYxKHoe Mecto. ClefoBaTelabHo,
OTBeT Ha BOIIPOC, NMOCTABJEHHLIH B 3ajaue, yTBepIHTENbHBIN.
CdopMyupyeM Temepb 3Ty 3afiayy Ha fA3bIKe IepecTaHo-
BOK. 3aHyMepyeM MecTa, Ha KOTOPbIX BHCAT KapTHHbI, TakK,
uro0bl HyMepamus MeCT COBNajaja ¢ HyMmepanuel KapTwH
B I€PBOHAYa/bHOM MOJOXKeHHH. PasMemenne KapTuH, IpH
KOTOPOM KapTHHA C HOMEPOM {; BHCHT Ha IepBOM MecCTe,
KapTHHa ¢ HOMEPOM [; —Ha BTOPOM M T, ., KaDTHHA C HOMe-
pOM [, —Ha n-M MecCTre, OLHO3HAYHO ONHCHIBAaeTCA Mepecra-
HOBKO#

123 n>, M)
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B YaCTHOCTH, NepBOHAYadbHOE Da3MellleHHE KApTUH Xapakre-
pusyercsi ToxAecTBeHHOH mnepecraHopko#i. Eciu B noJjoxke-
HHH, KOTOPOe omnucbiBaeTcA nepectaHoBKoH (1), HOMEHATH
MecTaMu KapTHHEBI, KOTOpbIe CTOAT Ha k-M u (k- 1)-M MecTax
(l<<k=<<n), To nepecTaHoBKa &, KoTopas Oymer XapakTe-
pPH30BaTh 3TO HOBOE IOJIOXKEHHE, OYAET Pe3y/bTaTOM YMHO-
JKeHHS TICPecTAHOBKHM o cjeBa Ha TpaHcmosnuuio (B, k-4 1):

12 .. k=1 k+1 k k42 ... n\ __
iy iy eeo g ip ik+1 Ipga  ooe in)_
_(l 2 ... k—1 & E+1 B+2 ... n)
T\l 2 ... kB—1 k41 E E4+2 ... n)°
u(l 2 ... k=1 k k+1 k42 .. n)
iy g ewe dpy B ipp dpga e g

Eciu nepexon OT NEePBOHAYAJBLHOIO MOJIOXKEHHH K xKeJjiae-
MOMY, KOTOPOMY OTBE€UaeT NepPeCTaHOBKA (¢, OCYILECTBJAAETCH
32 § 1maros, T0 MOXKHO 3amucaTh

By+850...08,08 =0,

Tae 81, 82, ..., 8; — HeKorophIe Tpchnosnan CaenoBaTeNbHO,
CONMPOC 3a7aud MOXKHO CQOPMYJHPOBATH TaK: MOXKHO JIH
Pa3/OXKHMTh NPOU3BOJIBHYIO INE€PECTAHOBKY B nponsBezLeHne
TPaHCTIO3HIHI?

AuajiorHuHbe BONPOCH HHTEPECHO pellaTh He TOMbKO I
TPAHCMIO3HLHKH, HO H HJST NMPOU3BOJLHBLIX MHOXECTB INepecTa-
HOBOK.

Onpeneanenne. [logMuoxkecrBo T MHOXKECTBAa BCEX
IIEPECTAHOBOK HA3BIBACTCS CUCIMEMOL 00pasyiouux cummempu-
deckoll epynnel S, eCTH KaXAYI0 NEepPecTaHoBKY H3 S MOXHO
pas/IoXKHUTb B NPOU3BeNeHue nepecTaHoBoK u3 7.

B § 5 Gbli0 yCTAaHOBJEHO, YTO CHCTEMOH OOPa3yIOmMKX
ABJsieTCS COBOKYMHOCTh BCEBO3MOXKHLIX IHKJ0B. Kawpwtit

UUKI (a1, Azy voes Qs) MQXKHO PA3NOXKUTL B NPOM3BE/ACHHE
TpaHCHOBHLIHPI'
(a1, as, ..., a5)=(a1, a2)° (a1, ag)e...o(ay, a,;)

(npoBepsre!). Tlonbayscy aTuM, KaxAylo nepecTaHoBKY, pas-
JOXHB €e CHAuala B INPOH3BeNeHHe I[UKJIOB, MOXHO INpel-
CTaBUTh B BH/E NPOM3BENCHHsS TPaHCIO3MILHIL.

<4 [Ipumep 1. Pasnoxure B npousBegeHHe TPaHCIO-
3UIIMHA MepPecTaHOBKY

_(12345678)
P=8 7 216 5 3 4)°
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paéKﬂaﬂbIBaeM ¢ B NPOH3BENECHHE IIHKJIOB.
(P=(19 8) 4)°(2: 7’ 3)"(5) 6)'

(1, 8, 4) = (1, 8)-(1, 4),
2,7,3)=(2 7 3).

Janee, umeeM

CnenoBaTesibHo,
(P—_‘(l’ 8)°(1’ 4)°(2v 7)"(2v 3)°(59 6) >

W3 3tOoro npumepa BHAHO, UTO B PasjOXKEeHUM Iepecra-
HOBKH B TNpOM3BejieHHe TPAHCHO3WIHHA MOPALOK MHOXUTENeH
ABJAETCSA CYIEeCTBEHHBIM.

Hanee, 6ynem 0603HauaTh CHMBOJIOM S, CHMMETPHUECKYIO
FPYNNy MepecTaHOBOK Ha MHOXectBe M={l, 2, ..., n}.
B sroit rpynme Gynem BhAeAATH CHCTEMbl 06GpasyiomuX,
KOTOpble OyAyT cOCTOSTb TOMBKO H3 TPAHCHC3HLMH on-
penesieHHoro Bufa. Hanpumep, noclaenoBaTesbHOCTH TpaHc-
nosunui

1 (1,2, 23, 349, .., (n—1,n),
I @2, d,3,ada,4,...,d,n),

KaK JIeTKO y6enuThbes, GYAYT CHCTeMaMu 06pasyiomux jis S,.
JeficTBUTENbHO, TIEPECTAHOBKY (i, j) MOXKHO PpasIOkKUTb
B TIpou3BejeHHe TpPaHcmo3nmuil cucreMbl 11 Tak:

-G D=0,0) (1, (1, ). , (2
(YGennrech, YTO NEepeCTAHOBKH, KOTOPBIE CTOSIT ClpaBa H
cjeBa B 3TOM paBEHCTBe, ONHHAKOBO IEHACTBYIOT Ha KaXAblA
anement u3 M.) Tlockonbky JMoGYyI0 MEPecTaHOBKY ¢ MOXKHO
pPa3noXkuTh B Npou3BeleHWe TpPaHcnosuuuil Buza (i, j), 1O,
3aMEHUB B 3TOM pAa3JIOKEHHH BCE TPAHCNO3HUHUH B COOTBET-
€TBUH C PaBEHCTBOM (2) NOJIyYuM passioxeRue ¢ B IPCH3-
Beflende TpaHcrmoaunui cucrems Il

B cBo ouepenb, TPOM3BOJBLHYIO TPAHCMOSHUMIO U3 MO-
caenoBatenbHocTd Il MOXHO pasnoxuTh B NPOU3BEIEHHE
nepecTaHoBoK cuctemsl I no paseHcTBY

(1, B)=(1,2)-(2, 3)o...o (k—1, B)- (k—1, k—2)-...-(2, 1). (3)
TIpoBepum, nmpaBuIBLHO JiK paBeHCTBO (3). Uych(‘S = (i, i+1).
INepecranoBka @ =081285°...28,.1:84-2¢...-8; neficTByer Ha
ajeMeHTHl | U & Tak:

[s) ) [} 4] [ 8 8
129% g% Ceapleapls  Oup
1

| 9

phplapl  %eaple, (1 %a O

T e T

r o i
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OcranbHble 3/MeMEHTHI MHOXKECTBA GYAYT HEMOIBHKHBIMH
Toukamu s ¢. CrepoBartenbHo, psif 1 Takxke ecTb cucrema
o6Gpasywomux s Sp.

Hau6onee nHTEpeCHBIMY CHCTEMAMH 06p a3yiomuX ABIAIOTCA
TaKWe, H3 KOTOPBIX Hesb3sfl BBIOPOCHTL HHM OJIHOH IepecTa-
HOBKH, 4YTOGbI HOBas CHCTEMa CHOBa Obula cHCTeMOil obpa-
3ylomux. OTH CHCTEMbl Ha3HBAOTCA HenpusoQumoimu. OHH
MOT'YT COCTOSATb W3 PasHOrO KOJHYECTBA MepecTaHOBOK.
B wactuocTtH, cyuectByloT cucTeMbl 06pasyoiMX, KOTOpbIe
COCTOAT M3 ABYX INePecTaHOBOK (OHM BCErjAa HENPUBOAUMEI).
Hanpumep, Tako# 6yaer chucrema

Il a=(1,2), p=(,2 3, ..., n).

Heiicrautensno, ecm 1<<j<<n—2, 1o (N)f/=j+1,
(2)p/=j-+2, a nostomy :

B/ea-(B)t=(+1, j+2).

Taknum ofpasom, Kaxaas nepectaHoBka cucreMsl I pac-
KJaJblBAaeTCA B TNPOH3BEJIEHHE TNEPeCTaHOBOK o, P, noroMy
4yTO 37eMeHT [/ uMeeT KOHEuHBI!l MOPANOK, Hanpumep [, Tak
ato (B/)~!=(B)"".

B ofieM ciayuae onycarb Bce HENPHUBOAWMBIE CHCTEMEI
o6pasyomuX CHMMETPHYECKo# rpynnbl S, He yjaercs. Ho
HEenmpPHBOJUMbIE, CHCTEMbl 00pasyrouux S,, HEIHKOM COCTOS-
[pe M3 TPAHCHO3HUMN, ONHCHIBAIOTCA JOCTATOYHO MPOCTO.

B § 5 Gbuio BBeieHO NOHATHe rpada Kak COBOKYNHOCTH
TOUeK Ha MJIOCKOCTH, HEKOTOpble H3 KOTOPBIX COEIUHEHH
crpenkami. Takue rpadbl Ha3bLIBAIOT OPUEHMUPOBAHHbIMU,
IIOCKOMBKY Ha CTPEJKY, COeJHHSAINIYIO JBe TOUYKH, MOMHO
CMOTPeTh KaK Ha NyThb ¢ PHKCHPOBAHHON OpHeHTalHeH, KoTo-
past ykasblBaeTcs HanpapJeHHeM CTpeJkH. Bpomb Ttakoro
OTpe3ka paspeliaercsl NPOXOAUTH TOALKO B OJHOM Hanpas-
JIEHHH —B TOM, KOTOPO€ YKas3aHO CTPeJaKoi. 37ech HaM mo-
Hajgo6uTCsl TNOHATHE HEOPHEeHTHPOBAHHOTO rpada, KoTopoe
BBeJEM CJenyIomuM o6pasoM.

Heopuenmuposannbin 2pagom Ha3bIBAETC MHOXECTBO KaK
yroAHO Da3MeLIeHHBIX Ha IJIOCKOCTH TOUYEK, HEKOTOPLIe H3
KOTOPBIX COeJMHEHb JUHHAMH JI060H ¢opmbl. [[Ba HEOpHEH-
THPOBAaHHBIX rpada cyuTaloTcAd HEPAa3NNYNMBIMH, €CJH OHH
OTJIMYAIOTCSA APYT OT APYra TOJbKO (GOPMOH COeaHHHTENbHbIX
JHHHH HJIH CriocofOM pasMellleHHs TOYeK HAa MJIOCKOCTH.

BriGpaHHble Ha TIOCKOCTH TOUKH Ha3bIBAIOTCH SepluUHamu
epaga, a coefuHsOIMe HX JUHHH — ero peGpamu. IIprMepst
HEOPHEHTH POBAaHHLIX rpadoB mpuBeneHsl Ha puc. 19. Tlocre-
I0BaTebHOCTh pebep rpada, B KOTOPOH JoObie ABa COCEAHHE
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peGpa uMeloT OOLLYI0 BEpILIMHY, HA3bIBAIOTCH nymem B rpade.
T'pad cssasan, ecnu Jyobble ABe BepLIMHEI 3TOr0 rpada coenu-
HeHH 1o KpaifiHed Mepe oxHuM nyrteM. Mel paccMarpuBaeMm
epagpor 6e3 nemeaw, T. €. 6e3 pebep, KOTOpbIE HAYHHAOTCSH
H 3aKaHYMBAIOTCA B OHOH BepuiyHe. Tako# rpad HaseiBaercs
depesom, eciiy B HEM HET 3aMKHYTBIX nyrteli. [lepeBoM B-
asieTcsl, Hanpumep, rpad, unso6paxennbiii Ha puc. 196,
a rpadsl 19a, 6 —~ nepeBbSIMH HE SIBJSIOTCS.

[lycts T, — MHOXKeCTBO BCeX TPaHCIO3HI i U3 S,. Kaxknas
TpaHcnosuuus (i, j) & T, —3T0 nepecTaHOBKa, OCTaBJsIOLLANA
Ha MecTe Bce ajeMeHTH MHOXecTBa {1, 2, ..., n}, xpome
yhcen i, f, KOTopele OHa mnepecrapiaser. [losToMy mnepBLId
3/MeMEHT TAKOH Maphl MOXET OBIThb JIOObIM M3 yucen 1, 2,...
+.., N, @ BTOPOH — MOGHIM OTJMHYHBIM OT nepBoro. MHrak,
HMeeTcsi DOBHO 1 BO3MOXKHOCTEH 8 BbiGOopa IEPBOro 3Je-
MEHTa Naphbl, ONpeneasiomell TPpaHCMO3UIHIO, U, MPH KaKAOM
(GUKCHPOBAHHOM BbIGOPE MEPBOrO 3JeMeHTa, 71— | BO3MOXK-
HOCTh AJasl Bhifopa BTOporo. Takum o0pasoM, MOXHO [O-
crpouts n(n—1) pasauudblx nap (i, j), onperensiiOMINX
TpaHcnosuinu. Opnako napwl (i, j) u (j, i), i == j, onpene-
JAIOT OHY M Ty Ke TPAHCHO3HUMIO, T. €. | Th|=n(n—1)/2.

7
Y§
ety
4

Puc, 19

[Tycts A — HekoTOpoe MHOXKeCTBO TpaHcno3uuuii us Si,
T.¢. Ac T, Ilo MuoxectBy A CTPOHTCH HEOPUEHTHPOBAH-
HBI rpad, BEpIIHHBI KOTOPOro o60sHaueHHl ynciaamu 1, 2, ...
.., N, IpHYEM BepiLHHbI {, j coeUHEHH peGpoM Torjga H
TOJbKO ToOI'Na, KOrja TpaHcrmo3uuus (7, j) NPHHANJAEKUT MHO-
xectBy A. Hanpumep, MuoxectBy TpaHcnosunu#t (1, 2),
2, 3), (2, 5), (3,5); (4, 5) coorBercTByeT rpad, H300pa-
XeHHulit Ha puc. 192, a mHOoxectBY (1, 2), (1, 3), (2, 3),
(4, 5) —rpad, usobpamennuiit Ha puc. 196. I'pad, nmoctpoen-
HBId 10 HEKOTOpOMy MHOXecTBY A TPaHCIO3HUMH, 4acTo
HaswIBalOT epagom [lolia 3TOro MHOXKECTBA. MHOXKECTBA TPaHC-
NO3UUMH, ABJAAOMMECH CHCTeMaMH OOPasyIomlMX CHMMETpH-
YeCKOM rpynnbl ([IPHBOAWMBIMM MJIH HET), BhIAEASAIOTCH IO
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cofictBaM cBoux rpados ITofia. ITpexne yem chopmyupo-
BaTh TEOPEMY, XapaKTEPH3YIOULYI0 CHCTEMbl 00pa3yroUNX
TPAHCIO3ULUH /IS CHMMETPHUECKHX TpYmM, [OKaXKeM OLHO
BCIIOMOraTe/IbHOE YTBEPXK/IEHHE, YCHIUBAIOLIEe PAaBEHCTBO (3).
Jlemma. [as npoussoavroti nocaedosamenvuocmut by, Uy, ...
vovy lp pasauunbix HamypaabHolx wucer, maxux, 4mo ly=1,
ly=j, umeem mecmo caedyrouee pasroNcerue MpPAHCnO3UYUU
(@, )
(l:, ]) = (i, ll) ° (l]_, lg) %uea® (lk-l, j) ° (lk—lr lk_g) ©4ue® (ll, l:). (4)

HokasareabcTBo. Kak u npu npoBepke paBeHcTsa (3),
TIOKAaXKeM, YTO NEepecTaHOBKM W3 MPaBOd U JIEBOH YacTel pa-
BeHCTBa (4) neHcTBYIOT Ha /o060l 3J€MEHT MHOXKecTBa M
oxnHakoBo. Ilyers &;=(l;-1, I;). Torma (i)61=1h, ()d:=1,
u 1. 1. Ha k-v ware nomyunM (lp-1)0,=j. [eilictByst Ha
3/eMEeHT j JoGOH u3 TpaHcnosuuuit 8p-1, 842, ..., 61, MoONy-
yuM TOT XKe 3jeMeHT. TakuM o6pasoM, nepecTaHOBKa, CTOA-
Ias B NpaBoA 4YacTH paBeHCTBA (4), 3/MeMEHT i NePeBOAHT
B sneMeHT j. Jlnsi ameMeHTta j moiyuaeM paBeHcTBa (j)0;=
=7, eeey (NOr-1=J, (NOr=1l1-1, (Lp-1)0p-1=lp2, ..., (L)01=i,
T. €. 3JIEMeHT j 3TOff NOACTaHOBKOH nepesoautca B i. [Tyctb
tenepb r==i, j. Tpancno3uuusa (i, j) ocraBjsieT 3JeMeHT r
ua mecre. Ecan r & {ly, L, ..., lp}, To Bce Tpanenosuuun §;
(1 <<i<<k) Takke OCTaBJAAIOT r HA MECTE H, CJEI0OBATEJbLHO,
STOT 3JIEMEHT sBJSETCS HENOABHUXKHOM TOUKOH JJis1 mepecra-
HOBKH U3 mnpaBoil uactu (4). Ecau r coBmajgder ¢ Kakum-To
aneMenToM l;, =0, k, TO HMeeM ciefyloOlIHe -DPAaBEHCTBA:
(ls)ﬁlzl.n veey (ls)ar—i:lsy (1.9)6.9:15—1; (lr1)6s+1= s=1y oo
very (I=)0s =1, (ls)ﬁs_ul:ls, T ()61 =1s, T. €. SJ1EMEHT I
ABJISIETCA HENMOJBIXKHOH TOYKOH NOACTAHOBKH NPaBOfl 4acTu
n3 (4). Jlemvma nokasaHna.

Teopema. Muoscecmso mpancnosuyuil 6ydem cucmenodi
obpasyrowux cummempuueckoti epynno. S, moada U MOAbKO
moeda, kozda epad Ilota amoeo mroxcecmsa ceasan. Cucmema
obpasyrowux cummempuueckoli epynnvt 6yoem Henpugodumod
mozda u moavko moeda, koeda epagy Iloda amoii cucmemot
Aa6a5emcs Oepeom. :

HokaszartenbcTBO. [lyctb A — MHOXeCTBO TpaHCIO-
suupii, rpa¢ Ilofia koToporo sBJisieTCsi CBSI3HbIM, T. €. AJA
NPOM3BOJbHBIX BepuInH i, j atoro rpada (1 <<i, j<<n, i)
CYIEeCTBYET NYTb, COGAUHAOMMUN 3TH BepiiuHbl. [1ycTh lo=i,
Iy, v.oy lp—1, lp=j—nocnenoBaTENILHOCTL BEPLIHH, BCTPeYaro-
IUXCA BJOJb TOCO NMYTH NPH TNPOXONKAEHAH OT BEPLIHHBI
K BepwuHe j. CoryacHo ompenesnennio rpada Iloita, moamHo-
xKecTBo A cofepxur Tpancnosuuun (i, ly), (I, la), -+« y (Ue-1,5)-
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Ho rtoraa, no poxkasapuofi Bbiue jeMme, TPaHcno3uuus (i, j)
packiafbiBaeTCl B NPOM3BEACHHE 3THX TPAHCMO3HIMH H3 A.
Ilockonbky BepmuHBl [, j BLIOpaHbl NPOU3BOJIBHO, OTCIONA
nosyyaeM, yto J06as TpaHcnosumus U3 T, PacKIaibIBaeTCs
B npousBejenne TpaHcrnosuuuii us A. Tak kak T, nopox-
naet S,, 10 A ABJAAETCH CHCTEMO! 06pa3yIoluX 310H IPyMIbL.

[Mpexnonoxum teneps, uto rpad Iloita muoxkectBa A He-
csizaH. Torpa ero MoXHO pa3GUTh Ha CBA3HbIE YacTH, T. e.
BBIAEIUTh IOJIMHOXKECTBA TAaKHX BepIUHH, KOTODbie B 3TOM
rpade cBsi3aHbI MexXny co60H, a BEPUIMHBI H3 Pas3jMyYHbIX
NOAMHOXKECTB MeXJy co6oH HHKAaK He cBA3aHbl. MHOXecTEO M
MOXHO NpeJCTaBHTb KaK CObelHHeHHe NonapHo He mepece-

KaloIUXCH YacTeH:

M=M,UM:U...UM,,

npudeM B MHOXKeCTBO A BXOAAT JHIb TAaKHe TPAHCIIO3MIUH
(#, j), AT KOTOpPHIX NPU HEKOTOPOM K 3JEMeHTHl i, j OHO-
BpeMeHHO. copepxatcid B M,. Ilostomy MHOXKECTBO A MO2KHO
paséuth Ha r noamHoxecTB -A,, A,, ..., A, (HeKoTOpLIE H3
KOTOPBIX MOryT ObITh NYCTHIMH), BKJIOYas B MOJAMHOXKECTBO A
T€ ¥ TOJbKO Te TPaHCNIO3ULUH (i, j), sl KOTOPBIX i, j & M,.
TlpousBenenue Tpancrnosuuuii 3 Muoxkecrsa A, (1 <<k <<r) —
3TO HEKOTOpas NEepecTaHOBKA HAa MHOMXecTBe M, MOJBHKHBIE
TOYKH KOTOpo# mnpuHapiexatr M,. Tak kak My, M,, ..., M,
NONAapHO He INepeceKarTcs, TO npu JOObIX i, j, i %= j, nepe-
CTaHOBKH, MOpPOXKIaeMble - TpaHCmosulusiMu u3 A; u A;, a8-
.JIAIIOTC B3aUMHO mpocThiMH. HTak, J106yi0 nmepecTaHOBKY @,
KOTOpas pacKJajbIBaeTCsl B NPOU3Be/leHHe TPAHCIO3HLIHA U3
MHOXecTBa A, MOXXHO Pas3loXKHTb B IPOU3BELEHHE

=01 P2c...Qr

nepecTaHOBOK @1, @2, ..., ¢y, TOJBHUNKHbIE TOUKH KOTOPBIX
COZlepKaTCs COOTBETCTBEHHO B MHOxecTBax M;, M,, ..., M,.
‘TlocKo/MIbKY TMpPOW3BOJILHYIO NEPeCcTaHoOBKY u3 S, (Hampumep,
LKKJ JJIMHBL 71) B TAKOM BHJ€ 3aITHCATh HeJb3sl, MHOXKeCTBO A
TpPaHCMO3uIUA CHCTeMO 06pasyiomux S, He ABJIAETCS.

Kaxnplit rpad, sapnasiomuiics nepeBoM, OYaeT CBS3HBIM.
Tlosromy muOXecTBO TpaHcmosumuit A, rpad Ilofa koToporo
sIBJISeTCA fepeBoM, OyjaeT cucTeMoil oOpas3ylolux rPynmsl Sp.
[TockonbKy npu BhiGpachiBaHHM H3 JepeBa JoGoro peGpa ero
CBA3HOCTh HapylLIaeTcsi, TAKOe MHOXECTBO TpaHcnosuumii A
AIBJIfieTCS HENPHUBOAMMON CHCTeMON OGpasyloUNX CHMMETpPH-
49eCKOH rpymnhL.

C npyro#i cropousl, ecau rpa¢p Ilofta MHOKecTBa TpaHc-
nosuuuii A JepeBoM He fBJAAETCH, TO B HEM MOXHO BHOpaTh
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MTOC/IENOBATeNbHOCTD loy-l1y «ovy lp, Ipi1==1lo BEPUIHH TaK, YTO
coelHEsIOUe UX peGpa o6pasyloT 3aMKHYThIH myTh. TpaHc-
nosuunu  (lo, L), (la, L2), +++y (=1, lr), (I, lo) copepxkarcs
B MHOXecTBe A no onpenesennto rpada Ilojia.: Tlockoabky
uyucna lo, Iy, ..., Iy YIOBJETBOPSIOT YCJIOBHUAM JIEMMbI, TPaHC-
nosuuus (ly, 1) packiaafbiBaeTcsi B NPOH3BEJeHHE OCTaNbHBIX
TPaHCNO3MIHHA 3ToH mocsenoBatenbHocTH. ClieioBaTeNbHO, €€
MOXHO yOpaTb H3 MHOXecTBa A, H OCTaBlleecss MHOXECTBO
TpaHcnosuuui G6yzeT crcTeMoii ob6pasywomux S,. Takum o6pa-
30M, MHOXeCTBO A HENnpHBOAMMOH cHCTeMOH o6pa3syiomux
rpynnel S, He sBjsercd. Teopema IOMHOCTHIO AOKA3aHa.

Puc. 20

HenpuBoaumele cucteMbl 06pasyoLuX, HeJHKOM COCTOSILHE
M3 TpaHCNO3MIMi, HA3bBAOT 6Oa3ucamuy CHMMETpPUUECKON
rpynnsl S,. Tlockonbky rpader Ilo#ia cucrem I u II, npu-
BeJleHHbIX Ha c. D2, sABAsOTCA AepeBbsivu, (puc. 20), TO 3TH
cuctemsl HenpuBoauMbl. Ilo Buny rpados Iloiia 6asuc I Hasbl-
BaeTcs aunednom b6asucom, a 6asuc 11 — 38e30006pasnbin. O6a
.3TH Gasuca cocTOAT U3 1 — | TPAaHCMO3UIIMK. ITO HE CaAyIaNHo.
IToxaxkem, uto Jo6oe JiepeBO C 7 BePIIHHAMH COIEpPKHUT n — |
pe6po.

Bocnosb3ayemcs ‘MeToOM MareMaTHUeCKOH MHIAYKLHH IO
yucay #n. Cnyuadi n=2—6asa unaykuunu. B stom cayuae
MMeeTcsl JIMLIb OJHO JAepeBO, W OHO uMeeT oxHO peGpo. Ilpen-
TIOJIOXKHM, 4TO JIc6oe fnepeBo C k<N BEPUIHHAMH COJEPKHT
k—1 pe6po, U pacCMOTPHM I1POM3BOJILHOE JEPEBO C N Bep-
wuHaMd. B moGoMm®nepeBe mMmeercs mo KpafiHedi Mepe onHa
«BHCAUAsly BeplIMHA, T. €. Takasi, KOTopas coeflHeHa pe6poMm
TOJILKO ¢ Of(HO# BepiunHO# aepeBa. (Eciu B koHeuHOM rpade Her
«BUCSYMX» BEPIIHMH, TO B HeM 00513aTeJbHO €CTh 3aMKHYyTbLIe
nyTu.) YpanuM U3 JepeBa 3Ty BepIUMHY U pe6po, H3 Hee
Boixoasimee. [lojyuuM cHOBa cBsA3HBIN rpad, gBisOUHicA
nepeBoM. IlocKosibKY 4HCJIO BepIIHH 3TOro rpaga pasHo n — I,
K HEMYy IIDUMEHHMO TIPeinoJOKeHHe WHAYKIHH, T. €. OH
cozepxkuT n—2 pe6pa. CienoBaTesbHO, HCXONHOe H€PEBO
comepxkutT n—1 pe6po. M3 sToro npocToro yTBepKACHHA
nojyyaeM CJIEAYIOIHMHA BaXKHbIl BEIBOZ O 6asucax CHMMETPH-
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uyeckol rpynnsl S,! Bce 6a3uCH CHMMETPUUECKOH rpynns S,
PABHOMOILIHBL U COCTOSIT W3 n— 1 TpaHCHO3ULHUY.

Hssectna ¢opmyna, npunamgigexamas A. Kanul), nng
UMCIA PA3JIMYHBLIX JEPEBBLEB C /1 BePIIMHAMH H, CJeJ0BATENbLHO,
IJIS YHCJIa PasjvyHbIX 6a3uCOB CHMMETPHYECKOH CPymmbl S,
DTO 4YHCIO OYeHb OBICTPO PAacTeT ¢ POCTOM 1, T. €. NpH
OesiblINX n B S, UMeeTCs OueHb MHOIO HENPUBOAUMBIX CHCTEM
o6pasynomux (CM. yIpaxHeHHS).

Ynpaxrenus -

1. JlokasaTe, 4TO BCe MEPECTAHOBKH U3 CHMMETPHUYECKOH rpylmbl S,
MOXKHO PacloJOXHTh B TaKYIO MOCJIEJ0BATENbHOCTE, UTO:

a) Bce YJeHbl 3TOH IOCIeNOBATENLHOCTH Pa3JHYUHBI,

6) npH moboM (=2, 3, ..., n! i-i uieH NOCJeAOBATENLHOCTH MOJIY-
yaeTcss H3 ({— gmo €e ujeHa YMHOXKeHHeM HA HEKOTOPYIO TPAHCIOZHIHIO,

2. CucremoiR o6pasytomux noayrpynnsl P (M) Becex npeo6pasoBaHuit
MHOMXecTBa M HasoBeM Takoe MHOXeCTBO A mpeoGpasoBaHHil, 4TO J0GONH
sneMeHT H3 P (M) MOXHO pasJjOXKHTb B IPOH3BEJEHHE Tipeo6pasoBaHuit
u3 A. Ilycte A’ —mexoropas cucreMa o6pasyioliiX CHMMETPHUECKOIl
rpynnsl S (M). Torana muoxectso A’ J{e}, rae

a_(l 2 34 .. n)
“\1 134 .. oa)

ABJsIeTCs1 cHcTeMoft OGpasylomux noayrpynmst P (M). Ilokasats 3To.
3. PasJioXHTb nepecTaHOBKH
3 456 7)
214 3 5)

1 234567 8 1 2
a)<3 2‘475618)' 6)<76
)12345‘6>
(513264

B IPOHIBEJIEHHE 3JIEMEHTOB KaKIOH M3 cHcreM o6pasyromux supa I, 11,
I1I (c. 52) rpynn Sg, S; u Sg cooTBercTBEHHO.

4. HyxHO COEJMHHTE n TOPOJOB aBTOMOGHJBLHBIMH JOpDOTaMH TaK,
9TOGB H3 ORHOrO rOpojia Bcerna MoxHO GHUIO mpoexars B Apyrod. Kakoe
HaHMEeHbIlee 4HCJIO JOPOT HAjO NOCTPOHTH? :

5. JlokasaTb, 4TO CBSI3HBIH rpad sIBJsETCS AEPEBOM TOrAa U TOJBKO
TOTAQ, KOrja B HEM L4Js JoOHX ABYX BEPLIHH CYLIECTBYeT €XHHCTBEHHBIH
nyTh, COJHHSIOMMUN STH BEPUIHHBL °

6. Ilycte D— nepeBo ¢ MHOxeCTBOM BepwuH 1, 2, ..., n. O6o3naunM
ucpes by BUCSUylo BeplmMHY JAepesa D, KoTopas mnepeo BCTpeTHTCA
B CnHcke 1, 2, ..., n, a uepe3 ag; —BepuIHHy, KOTOpas CoelHHeHa peb-

pom ¢ b;. Bui6pachiBas H3 gsepesa D Bepmnny by u peGpo, coeaunsiolee
BEPIIHHB by U @y, NOAy4YuM jepeBo D;, n0O KOTOpPOMY aHAJOTHYHO Ofpe-
lensioTes BEPWHHBI by H @y, Ilpomonxas 3stor mpouecc n—2 wara, no-
JIYYHM TIOCJI€ROBATeNbHOCTb BEPIUMH @y, Qg ..., On_o IepeBa D. Jloka-
3aTh, BTO Habop o (D)=[a;, aa, ..., @, 5] ONHO3HAUHO ompejessieT Ae-
peso D.

1) A. Kaau (1821—1895) —anrsmilckuii MATEMATHK, HOJYYHBIIHH

dyniaMenTanbHele pesybTATH 1O PA3JHYHHIM PA3KENaM aireGphl H KOM-
GHHATOpUKH, ’
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7. Ucnonwsys ynpaxnenue 6, fokasatb, uTO CYIIECTBYET B TOYHO-
CTH n"2 pasuuHbIX JNEPEBbEB C N BEPUIHHAMH (A cJejoBaTeJbHO, H 6a-

3HCOB TpPAHCMO3HIHH).

8. HyXHO COeIHHHTb n TOPOJOB JHHHSAMH 3JleKTponepesay TaK, utoG!
He CTPOHTb JHIHUX JuHHH. CKOJLKUMH CNOCOGaMH MOXHO MOCTPOHThH
TaKyl0 CHCTEMY SHEProCHaGXKeHHA?

9. Byner i cucreMoil o6pa3yiomuX CHMMETPHYECKOH TPYNNBl Sgpy_y
COBOKYNHOCTb TpaHcmosuuuii supa (k, k1), (k, k-+42), rae k npoGeraer
Bce HeyeTHwle yncaa otr 1 go 2n—3? Eciuu ja, To Gyjer JiM 3Ta CHCTEMA
HenpHBOIUMOI?

10. TMopoxnaer Ju cucTeMa 3n Tpancmo3uuuii Buaa (1437, 14-3/4-1),
(1431, 143142), (1431, 143(+1)) (=0, 1, ..., n—1) cumMmMe-
TPHYECKYI0 rpynny Sgp1? .

11. Kaxnoe nojaMHOXeCTBO U3 S,, cocrosiwee GoJbiue 4YeM u3 nl/2
NepecTaHOBOK Nopoxiuaer S,. [lokasate 370.

12. Jlokasatb, 4YTO BCE€ LHKJB AJHHBl 3 BMeCTe C KakoH-HHOYIb
TPaHCNO3UUMUEH  ABJAIOTCA CHCTeMOH 06pasylomuX CHMMETpHYecKo#
rpynns S,. :

§ 8. MOArPyMIbl CUMMETPUYECKUX CPYIIIL.

rPyInbl NEPECTAHOBOK

Hekoropbie MHOXKECTBA IepeCTAHOBOK H3 CHMMETPHUYECKOH
rpynnsl S, camMu MoryT o06pas3oBbIBaTh IPYNNY OTHOCHTENBHO
YMHOXKEHHUSI NepPecTaHOBOK.

Onpenenenue. IlogMHoxkectBo T MHOXecTBa S, Ha-
3biBaeTCs nodepynnoii epynnvt S,, €cau OHO obpasyer rpynmy
OTHOCHUTEJILHO Ollepallud yMHOXKEHHUS NepecTaHOBOK.

B uacrHocTH, caMO MHOXKeCTBO S, TaKxKe sBiseTcs cBoell
NOArPyNmoi, KoTopylo HasblBalOT HecoGcTBenHoi. C apyroi
CTOpOHBI, MHOecTBO E,, cocrosimiee U3 OQHOH TOX/JECTBEH-
HOH NepecTaHOBKH €, TAKKe SIBJIseTCA MOArPY IOl Ipynnsl Sy,
KaK 3TO CJIefyeT H3 PaBeHCTBa

g.e—=¢g, el=e,

[Mogrpynna E, HasbiBaeTcs mpusuaibnol MOATPYNIOH CHM-
MeTpuueckoii rpynnsl S,. Bce noarpynnut w3 S,, oTanuHbe
oT S,, ‘HasbBalOTCA cobcmeenHbimu nodepynnamu. CrepoBa-
TeJIbHO, JJ1 COGCTBEHHOH HeTPUBHANbHOH moarpynnsl G us S,
BBIITOJTHEHO HepaBeHCTBO

1<[G]<n!

Jna mo6oi moAarpynnbl u3 S, BHINOJHAIOTCA TpeGOBaHUSA
a) —r) u3 onpepenenus rpynnel. OgHako, nposepsis OYAeT JH
JIaHHOE TOAMHOXKECTBO U3 S, MOArpymnmo#, HET HEeOOXOAHUMO-
CTH YCTAHABJMBATD JJIA HETO UCTHHHOCTh BCeX CBOHCTB a) —T).
Hmeer MecTo ciepyiomas
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Teopewma. -Henycmoe nodmuoscecrneo T cummempuueckoi
epynnot S, obpasyem nodepynny moeda U mMoabKo moaoa,
K020a 6bIN0AHEHbL Caedyroujue YCA08Us:

1) npoussederue o< awboix dsyx nepecmanoeorc a,BusT
mooe coOepawcumes 8 T (T 3amxuymo OMAHOCUMEIbHO Onepa-
YUU - YMHONCERUS NepecmaHo8oK);

2) ecau asT, mo ateT (T 3aMKHYMO OMHOCUMEAbHO
nepexoda Kk 0bpamuoil nepecmarosKe).

HdoxasateabcTBo. CorJacHO ONpeNeNeHHI0, NPOU3-
BobHAsg mnoarpynna T rpynnbl S, 3aMKHYTa OTHOCHTEJBHO
onepaniy yMHOMKEHHSI NEePEeCcTAHCBOK M OTHOCHTENbHO mepe-
Xxo4a K obpaTtHoi mnepecraHoBke. TeMm caMbiM, yCJIOBHE Teo-
pembl siBJdeTcs HeoGXxoLuMBbIM. IlokaxkeM, 4TO OHO U
pocTaTtouno. IlycTh AJAS HEKOTOPOrO HEMYCTOrO0 MHOXKe-
ctBa T mnepecTaHOBOK M3 S, BLINOJHEHBl YCJIOBHSI TEOPEMbI
1) u 2). Ycaosue 1) o3nauaer, uto miaa MHOxkecrBa T Bhl-
NOJIHEHO TiepBoe TpeGoBaHue omnpexenaeHus rpynnel. Omnepa-
LUl YMHOXKEHHUsI MepPecTaHoBOK U3 T accOLHATHBHA, MOCKOJIbBKY
YMHOXK€eHHe NPOH3BOJbHBLIX MNePecTaHOBOK, a CJIea0BaTeJlbHO,
U TeX, KOTopble npuHamiexat T, MOAUHMHSIETCS aCCOLHATHB-
HoMy 3akoHy. Hrak, miaa MHoxkecTBa T M onepauyy yMHO-
JKEHHs TePecTaHOBOK BLINOJHEHO BTOpOe TpeGoBaHHE oOnpe-
jenenns rpynnel. [anee, nockonbky T 5= (D, TO CyllecTByeT
no KpaiiHell Mepe ofHA MepecTaHOBKa «, MpuHaajexamas 1.
[To ycnoBuio 2) Teopembl OTCiOa WMEEM, UTO OGpaTHAs mepe-
craHoBka o~! Toxke mnpuHayiexutr T. CnefoBaTenbHO, IO
ycnoBuio 1) nepectraHoBka o-o~l=¢ counepxurca B T, T. €.
BLIMOJIHEHO TpeThe H3 TpeGoBaHmi OTpEeAe/IeHHs! I PYIEL.
Hakonern, ycsoBue 2) mokaselBaeT, yTo KaxKiblil aniement u3 T
HMeeT oOpaTHbIN, KOTOPBIN Takxke npuHamaexur T. Takum
o6pasom, T ABJIsieTCA MOAT PYITOH CHMMET PHUECKOM I'PYNIIBL S ,.

4 JIpumepn. 1. Ilyere H —MHOXKECTBO mepecTaHOBOK
H3 CHMMeTpPHYeCKOH rpynnnl Sy

-1 23 4 /1 2 3 4

3“(1 2 3 4)' “‘(2 1 4 3)’

/1 2 3 4 (1 234

ﬂ_(s 41 2)' —(4 3 2 1)‘
[Tposepum, asnserca au H mnoarpymnno#t rpynnel Sy MmeeM
al=a, f~1=p, y'=y, ciaenosarenbHo, 1jas MHOxecTBa

BLINOJTHARTCS YCA0BUHE 2) TOMLKO YTO JOKA3aHHOH TeopeMbl.
Kpome Toro,

anﬂ:_ﬂea:y, q;y:y.q:ﬁ, ﬁ°a=y:ﬁ=a,
aoa=a2=8-, ﬁoﬁ: 2:8’ (Ya?:‘?2=



(nposepbre!). CnenosarTentHo, NPON3BeNeHMEe KaXIBIX ABYX
3JIEMEHTOB MHO:KeCTBa H ABASECTCSA 3JE€MEHTOM TOTO € MHO-
XKecTBa, T.e. A1 H sunondsercs u yciaosue 1) yiomsiHy-
TOH Teopembl. M3 3amHCaHHBEIX HAMH paBeHCTB BhITEKaeT, YTO
rpynna H aGenesa.

2. Tlyctb G — MHOXKECTBO TEPeCcTaHOBOK

8—(12345 12345) B__12345)
- > (45123' _(23451’

1 234 5)
5>, 6=(12345>. )

(12 34
7_(51 3 4 3451 2

Torna al=49, fl=y, 6l=a, yi1=§; ClIeNOBATENBHO,
BHITOJIHAETCA YCJIOBHE 2) TeopeMbl O MOATPYMNAX Trpynnsl S,.
Kpome Toro, BbIMONHAIOTCA PaBEHCTBa

a°ﬁ=ﬁ°a=% l5°7=7°5=8, a’2=ﬁ’ 62 =
(xn",:?ea:a’ ﬁ"é:aﬂﬁ:a, 6226, 'V2md,’
o-8=0-a=¢, ycﬁzﬁavzﬁ

(nposepsrel). Kak BuauM, NMpOH3BENeHHE KaXKABIX JABYX 3Je-
MEHTOB MHOXecTBa G siBiserca ajeMeHToM u3 @, clenoBa-
TeJbHO, BhIONHAeTCS ¥ ycioBue 1). [Tostomy mHOXecTBO G
ABJAAETCA NOATPyHno# rpynnsl Sz, [NPHYEM U3 NPHBEACHHBIX
paBeHCTB BhITE€Kaer, 4To rpynna G abesesa.

3. Ilycrb T — MHOXKECTBO MeEpPecTaHOBOK

/1 23 4 (1 2 3 4
““( ) —<1234>'

231 4
1 23 4 1 2 3 4

ﬁ=(3 12 4)' V=<2 41 3)'

OT0 MHOXKECTBO He ABJAAETCA MOArPYMNOH rpynmnsl S4,
TaK KaK JJIl HEro He BRINOJHAETCH HH o;mo U3 ycnoBHH 1),
2). eficTBHTENBHO,

y-l—_—(; 2 3 4)¢T ““V;<; 2 3 4>¢T >

CHMMeTquecKaﬁ rpynna S, UMeeT MHOrO pPasHbIX MOX-
rpymni, NpHYeM HX YHCAO OYeHb GBLICTPO BO3PACTaeT C yBeJH-
yeHueM 4YHCJA n.

Psa nprHMepoB MBI IPHBEEM B clefyiouleM naparpade.
IMonHocTbi0 OmHcaTh BCe NOATPYHNBI Tpynnel S, ynaercs
JHIIL JJIi HeGOJMBbIUUX £, 38 JJd 7 GOJbIUMX M3YYaloTCs JHIUb
obmue CBOHCTBA TAKHX NOATPYII.

3agava. Onucatb Bce mOATPYNIBI CHMMETPHUECKON
rpynnet Sa.

o=
3
2
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Pemenwue. 1) Onumem cHayana NOATPYMNNEl, KOTOPble
cocTosT M3 ABYX 3jeMeHTtoB. Eciu M —Takasa noarpynna,
TO B Hee BXOJMT 3JIeMEHT € M ellle KakoH-TO APYrofl 3ie-
MeHT o. DnieMeHT, OOpaTHBIH K o, HE MOXET COBMAaJaThb C &,
nostomy a!=a. [TocjeqHee paBeHCTBO MOXKHO 3aMHcaTh Tak:
a?=¢. CiegoBaTenbHO, 00— NEpecTaHOBKA BTOPOro NopsAlxa,
T. e. HUKJ AauHbl 2. Takum o6pa3om, cyiiecTByer He GoJblie
TpPeX MOATPYNn BTOPOro mopsifka rpynnbl Ss. D10 TakHe
NOJMHOXECTBA MHOMXECTBA Sg:

A={e, (1,2}, B={e, @3}, C={e (1,3}

Tenepb, mnosb3ysach chopMyJHPOBAHHOH BhIIE TEOPEMOii,
Jerko yGenutbesi, uto noamHoxecrsa A, B, C neficTBHTE/bHO
ABJAIOTCA NOArPYyNNnaMi, Tak Kak AJMA KaXKAOoro U3 HUX Bbl-
MOJIHAIOTCS ycsaoBug 1), 2) 3To#l Teopemsl.

2) OnuieM NOArPYHINbL, KOTOPHIE COCTOAT M3 Tpex 3ie-
mentoB. Eciu G= {e, a, B} —TaKas noarpynna, To 3JeMeHTHI
a, f ROMKHE UMeTb MOPANOK 3. JleHfCTBUTENBHO, €CAH OJUH
U3 HUX, HanpuMmep o, ¥MMeeT NOPAAOK 2, To al=a, H, Io-
CKOJBbKY KaXAbll 3JeMEeHT HWMeeT JIMIIb OJWH 06paTHbIPI,
orciofia noJayyaem, uto u fl=f, 1. e. f2=e. Ho unerko
IPOBEPUTL HEMOCPENCTBEHHO, YTO PON3BeJileHHeM JOGHX JBYX
3JIEMEHTOB @, 1\, ¢ =1, BTOPOTO NOpsSjKa ABJAETCA JJIEMEHT,
KoTophiii UMeet mopsanok 3. CnenoBartesbHO, NPH TAKUX NPeX-
NOJIOXKEHUAX npousBesieHue o -f He npuHagnexutr G u G He
€CTh MOATrpymmna.

Paccmorpum teneps cnyqaifx KOT/la I1€PECTaHOBKH a U f
‘¥IMeIoT nop;mox 3, T.e. G=1{e, (1,2, 3), (1, 3, 2)}. Mmeem
al=p, =a, a-f= (3 a=E¢, a—B, ﬂ—a T. €. TOJ:
MHOXecTBO (G MHOXecTBa S HeHCTBHTENbHO SBJISAETCHA IOJ-
rpynnoii rpynnbl Ss. Jlerko y6enuTbcs HENOCPEJCTBEHHO,
4TO TOJMHOXKECTBA MHOMKECTBA S, cocrosunue Hu3 4 uau b
3JIEMEHTOB, MOATPYNN He 0GpasylOT. ITO HENOCPEACTBEHHO
clefyeT Takxke M3 TeopeMbl Jlarpanxa, Kotopas OyneTr pac-
cmorpena B § 11.

Hrak, cummerpuueckas rpynna Ss COEEpPXKMT LlecTh MOJ-
TPYIIN, yYUTbIBAS caMmy rpynny Ss KaK CBOIO HECOGCTBEHHYIO
NOATPYNINy H TPUBHANBHYIO moarpymnny Es.

[Tpu pemennn MHOrMX 3ajau MOATPYNIBEI CHMMETPHYECKOH
rpynnsl S, NOABJAIOTCS M MCCAEAYIOTCS HE3aBHCHMO, T. €.
TOT (aKT, YTO OHH ABJASIOTCA NOATPYNNAMH S,, CYIIECTBEH-
HOl pPOJIM He urpaer —caMa ofGbemsIolasi rpynmna B paccMo-
TPEHUAX He y4acTByeT. B Takux cHTyanmusix NOArPYIIbI CHM-
METPHYECKOH TPYNnul S, HA3HWBAIOTCH POCTO 2pYnnamu nepe-
Ccmanosox Ha MHOXecTse {l, 2, eee, ) I‘pynnm riepecTaHoBOK
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NPUHATO 0603HAYaTh MapaMH CHMBOJIOB, ONHHM H3 KOTOPBIK
o6o3Havaerca caMa rpynna, a JpyruMm — MHOXECTBO, Ha KOTO-
poM AeHCTBYIOT nepecTaHoOBKM H3 3Toi rpynnsl. [na Haubo-
Jiee ynorpebuTeNbHBIX TPYNO MEPecTaHOBOK YIOTPebJsoTCs
CTaHAapTHbIE O0003HaUE€HHs, HEKOTOphble H3 KOTOphIX OyLyT
[pUBEJEHB HHXKE.

4 Ilpumepn. 4. Ilyerb M={l, 2, 3, 4}, K — mHOXe-
CTBO NepPecTaHOBOK

8_(1234) _1234)
=\1 2 3 4)’ 0‘“(2134'
3
4

(239 (129,

MHoxectBo K ofpasyeT rpynmy OTHOCHTENLHO ONepanuy
yMHOXeHHs mnepecraHoBok. (IIpoBepbte!) I[lostomy MoOXHO
roBoputh o rpynne nepectaHoBokK (K, M). OHa HaswiBaercs
uemseprot epynnoti Kaetina.

5. Ilyete M={l, 2, ..., n}. PaccmMoTpuM MHOXKeECTBO
IIepeCcTaHOBOK, COCTOsilIlee U3 BCEBO3MOMKHBIX CTeNeHel UK/
a=(l, 2, ..., n). Comacrxo yTBepxKIeHusaM § 6 B mocmeno-
BaTeJIbHOCTH

a, a? ..., o™, ar=¢

BCce MepecTaHoBKH OYAyT pasiH4HBIMH. YO6enuMcs, 4TO MHO-
XKeCTBO IepecTaHOBOK

Ca=le, a, a?, ..., a™1}

oGpasyer Tpynny OTHOCHTENbHO YMHOXKEHHs NepecTaHOBOK.
B camom Jene, npousBefieHHe mepecTaHOBOK af, o/ (1<,
j=<<n) ompejensercs paBeHCTBOM

) ait, e i-+j<<n,
a’ ° af_—_— R . .
a*/r ecau i+ j=n.

CrnenoBatenbHo, npu mobbX i, j (1<<i, j<<n) ‘npoussene-
e of-o npuHapgexknr C,. Oﬁpamon K TepecTaHoBKe af
6GyZeT mepecTaHoBKa o"f, MNOCKOJbKY o «q = qit+(#7) =

=o”=¢. Takum o6pasom, mwis MHokectBa C, BBINOMHSAIOTCA
YCHIOBHSL TEOPeMbl O MOATpynmax S,, T. €. OHO ofpasyer
TPYIHIY OTHOCHTENLHO YMHOXKEHHS NOACTaHOBOK. [pymma
nepectaHoBoK (C,, M) HasweiBaetcs yuxauueckots epynnod Ha n
cumeosax 4 obosHauaerca C,.

6. OGo6urum npumep 5. [TycTb as~€ — npoUsBoJIbHAS NEpe-
cTaHoBKa 43 S,, umeomas nopsanok k. Toraa nepectaHoBKH
a, o2, ..., o¥ =g Bce pa3JIMYHble, H MHOXeCTBO {e, o, a?, ...
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..., af-1} ofpasyer rpynny OTHOCHTENLHO OMEPaUWH YMHO-
JKEHHA MePecTAHOBOK. JDTa TPYMNa Ha3bBaCTCA NHKJNYECKOH
rPynnoi, NOPOXKIEHHOH  NepecTaHOBKOH o, ¥ 0603HaYaeTCs
(o). MOXKHO TUBOPDUTH H O LHKJIHYECKHX MOATpyNmax CHM-
MeTpuueckoll rpynnel S,. [lukaugecko#t Oymer, Hanmpumep,
NOATPYNNA H3 Mpumepa 2; Kaxjas MHOATPynnIa CPynnsl Sz
TaKxKe nukandeckas. QNHAKO MOArpynma w3 npumepa | muk-
JINueckoil He siBJIAeTCHA. P :

Ynpaxuenus

1. IToxkasarb cJjefyioliee YCHJEGHHE TeOpeMH O MOArpymnax S,, no-
3BOJIAIONE® COKPALLATh MPOBEPKH:

ITodnrooceeneo T cummempuveckoi epynnse S, o6pasyem nodazpynny
moz20a u moavko moz0a, K020a OHO 3AMKHYMO OMHOCUMENLHO YMHONCEHUS,
m. e. npouseederue atoboix Osyx aremenmos us T crosa npunadaexcum T.

2. OnHcate BCE 'MOATPYNIBl Sy, COCTORUIHE H3 TPEX NEPECTaHOBOK.
CKOMIbKO HX? -

3. CKOJIbKO MOATPYNN BTOPOrO MOPSAAKA COAEPIKHT rpymna Ss.

4. loarpynna /moGoil rpynnsl NepecTaHOBOK ONpenefsercd Tak ke,
Kak H noarpynna S,. OnucaTb Bce mMOATPYIIIBL:

a) verBepHOi rpynnel Kaefina; 6) uukanueckofi rpynnst Cy; B) uH-
KJHYeckol rpynnu Cs.

5. Iycte M={1, 2, ..., n}. Cmaburusamopom saremenma me'M

" Ha3LIBaeTCA MHOXKECTBO BCeX NEPecTaHOBOK & H3 S, TaKHX, UTO (m)a=m.
Jlokasats, uTo CTaGHIH3aTOP JMIOGOrO ajleMeHTa H3 M sABJIseTCA NOArPYNIOH,

6. ITyctp M={l, 2, ..., n}, A = M. CrabuansaropoM NOXMHOMKeE-
ctBa A Ha3bIBAETCH MHOKECTBO Sf 4 BCEBO3MOKHBIX NEPeCTAaHOBOK & H3 S, |
TaKHX, UTO IVIA MPOH3BOJILHOTO 3JeMEHTa a & A W nepecTaHOBKH o & St 4
nmeeM (@) A. Jlokazath, uTO CTaGHIM3aTOP JIOGOr0 MOAMHOKecTBAa H3 M
o6pasyeT noarpynmy. . .

7. ToBOpAT, 4TO mepecTaHOBKH @, B = S, KOMMYTHDYIOT, €CJH
a-f=fc0. MHOXECTBO BCeBO3MOKHBIX 3JIEMEHTOB NNPOH3BOALHON TPYINHI,
KOTOpble KOMMYTHPYIOT € Ka)KIBIM €€ 5JIeMeHTOM, Ha3biBaercss HEHTPOM
rpynnel. JI0ka3sarts, 4T0 LeHTP JOOOH IPYNNbl NMePECTAHOBOK ABJASETCH ee
TOAT PYNTOH. ' —

8. Hafitu mentp rpynnnl S;. Kakos neHtp mukaumuéckux rpymn C,
(n=2)? .

9. KakuX nopsfkOB MOTYT OulTh IIMKJHYECKHE MOATPYMNNH B CHMMe-
TPUYECKOH rpymne Sg? -

10. Kakop HaWBHICIIHA MOPANOK UHKJIMUYECKHX MOATPYNN CHMMETpH-
4yeckoi rpynnel Syq?

§ 9. TPYIIIIbl CUMMETPUNA

OnHuM u3 HanGosee ynoTpe6/seMbIX TPHMEPOB TPy H,
B YACTHOCTH, TPYHN MEPECTAHOBOK, ABJIAIOTCA I'PYINNbI, KOTO-
PbIMH «H3MepAeTCA» CUMMeTPHUUYHOCTDH TreoMeTpuye-
CKHX QUIyp KaK IVIOCKHX, TaK M MPOCTPaHCTBEHHBIX. B 3TOM
naparpage Mbl NMPHUBEIEM COOTBETCTBYIOLIHE MPHMEpHI.
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PaccmMotpuM CcHavana CHMMETpPHIO NMAOCKUX (u-
ryp. Ilnockas ¢urypa Moxer uMerb oce cummempuu (OAHY
HJIM HeCKOJIbKO) — NPSIMYIO, KOTOpasi pasGuBaeT ee Ha JBe
yactu (puc. 21), Kaxnas u3 KOTOPHIX ABJISETCS 3€PKaJbHBIM
oTpaxenuem apyrofi. B sToM ciayuae ¢urypa masbiBaercs
CUMMEMPUUHOLE OMHOCUMEAbHO NPAMOL.

- JIpyruM THIIOM CHMMETPHH SABJSETCH CUMMEMPUs OMHO-
cumenbHo mouku (puc. 22), KOTopas HasblBAETCSl YeHmpom
cummempuu, a GUrypa — YeHMparbHOCUMMEeMPUUHol. 1o 1o-
HATHE eCTeCTBeHHbIM o6pa3oM ofobiiaercs. A HMeHHO: Gyxem
TOBOPUTb, 4TO TO4YKAa O €CTb YEHMp CUMMEMPUU N-20 NOPAJKA
ana urypst M, ecnu ¢urypa M cosmemaercs ¢ coGoi mpu
noBopoTax ha yriel, KpatHele 2m/n. Hanpumep, ua puc. 23
u3obpakeHa Qurypa, HUMeolasi HEHTP CUMMETPHH mopsijika 3.

[

—— L

Puc. 21 Puc. 22 Puc. 23

~-Kaxa0My THNY CHMMETPHH -COOTBETCTBYeT NpeoGpa3oBa-
HUe CHMMeTPHH — npeofpa3soBaHHE MHOXKECTBA TOYEK MJIOCKO-
CTH, omnpejesnsieMoe 3TUM TUNOM. Tak, ecau O — LEHTD CUM-
METPHH £-ro MopsiKa, TO COOTBETCTBYIOIMM I1peopa3oBa-
HHUeM CHUMMETPHM siBseTcs npeoGpa3oBaHde BpAIleHHs Bcex
TOYCK MNJIOCKOCTH BOKpYr TodkH O Ha yroa 2m/n (cM. mpw-
mep 8 § 2). Ina onpesenenHocTy 6yJeM CYHTaTh, YTO NOBO-
pOT OCYLIECTBJISIETCA MPOTHB IBHXEHUS YacOBOH CTPEJKH.
A TO, UTO HekoTopas ¢urypa CHMMeTpHYHA, O3HAyaeT, 4To
OHAa CAMOCOBMEIIAeTCss IPH COOTBETCTBYOLEM N1peo6pa3oBaHUU
cummeTpun. Takum obpa3oMm, o6o3penue ecex cummempulii
ueypsl  pasnocurbHo 0603peruto écex npeobpaszosanuti nao-
crocmit, npu Komopoix oxna camocosmewyaemca. TloHATHO, YTO
3TH npeoOpa3oBaHusl ABIAOTCA OHekunusamu. Ilostomy MHO-
JKeCTBO BceX TAKHMX MNpPeo6pa3oBaHHH OTHOCHTEIbHO YMHOXKe-
HuS npeoOpasoBaHUB o6pasyeT Trpynmy, KOTopas SBJsETCA
Kak Obl Mepod cTenmeHH CHUMMETPHYHOCTH HAaHHOH (UIypHI.
[1peoGpa3oBaHysi CHMMETPHH MHOTHX [JIOCKHUX (Uryp ecTect-
BeHHO OMHCHIBAIOTCHA NEPecTaHOBKAMH, T. €. MX CHMMETPHY-
y HOCTb <H3MEpPAETCA» HEKOTOPHIMH TPyNIaMd [epecTaHOBOK.
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Omumem 314 rpynmbl B caydae, KOrja paccMaTpuBaemas
¢urypa sABJSIETCS NPABUIbHLIM MHOIOYTOJBHUKOM.

1. Fpynna cumMMeTpHil MpasHALHOTO TpPEYroabHMKa. 3aHy-
MepyeM BEpLUHHB! [1paBUJIbHOTO TPeYrofbHUKa yncaamu 1, 2, 3
(puc. 24) u OGyzeM XapakTepH30BaTb Ka)KJoe €ro caMoCOBMe-
IleHHe @ IepPeCTaHOBKOH HA MHOXECTBE BepIUHH TPEyroJbHHKA

1 2 3

(il fy i3>'
rie i,=(k) —HOMEp MecTa, KOTOPOE MOCJE BhIMOJHEHHSI
npeo6pa3oBaHusl ¢ 3aHsAna BepwuHa R, k=1, 2, 3. Llen1p
npaBUILHOTO TpPeyrosbHuKa O sIBJISETCS LEHTPOM CHMMETPHI
nopsaaxka 3, T. €. MOBOPOTH Qo=¢&, @;, ¢, Ha yruasl 0, 271/3,

1 /
A Z
\\| /
—t——AK——1-
/7 1\
AN
// [N
7 ; 2\
b/ 1 3
Puc. 24 Puc 25

41/3 COOTBETCTBEHHO BOKPYF ToUKH O MPOTHB 4aCOBOH CTPEJIK !
NepeBOAAT TPeyrosibHUK B ce6si. KpoMe Toro, umeercs 1pi
OCeBbIX CHMMETPHH @3, Qg, @5, ONPEAETSAEMbIX OCAMH CHUM-
MeTpu# [, m, n COOTBEICTBEHHO, MPOXOAALHMH 4Yepe3 Bep-
LIYHbl [PAaBUJIBHOTO TPEyroJbHHUKA M CepPeIUHbI €ro MpPOoTHBO-
MOJIOXKHBIX CTOPOH (puc. 24). [lpunATce HaMH COOTBETCTBUE
MexJy CaMOCOBMELLEHHAMH TPEeyroJbHHKA W NepecTaHOBKaMH
MHOXXeCTBAa BepLUMH TpeyrojJbHHUKA Ader

a~(l 3D e~y D=u29,
P=32,  e~( 3 3=@ 93

(P4~(;13 g ?)=(1, 3), -(P5~(; f 2)=(1, 2).

Takum oOpa3oMm, rpynna CHUMMeTpyid NPaBHJIbHOTO Tpe-
yFOJIbHUKA — 3TO CUMMETpUYecKass rpynmna Ss.

2. 'pynna cummeTpuii Ksagpata. Bce camocoBMelienun
KBajJpaTa ABJIAIOTCA JUGO BpALLEHHSIMH Gy = &, O, Og, Og HA
yrael 0, 71/2, n, 3n/2 COOTBETCTBEHHO BOKPYF LEHTPA KBal-
para, nu00 CHMMETPHAMU Oy, X, XLg, ®%; OTHOCHUTENLHO OCeH
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k, 1, m, n COOTBeTCTBEHHO, NPOXONANUX 4Yepe3 CepeauHbl
IPOTUBONOJMOXKHLIX CTOPOH M Yepe3 NpPOTHBOHOJIOXKHBIE Bep-
muHbl  (puc. 25). CooTBeTCTBHE MeXIy CaMOCOBMEIEHU MU
KBajpaTa H IMePeCTAHOBKAMH Ha MHOMXeCTBe BEpIUMH KBaj-
para npv NPHUHATOH Ha puc. 25 Hymepauwu BepluMH KBaj-
paTa uMeeT BHJ

ar~ (1, 2, 3, 4), as~(1, 3)-(2, 4), as~(l, 4, 3, 2),
Qg (1, 2)° (3, 4), Qg ~ (1, 4)°(2, 3), asN(Q, 4), a-,-N(l, 3)

Taxum obpasoM, rpynmna CHMMETPUH KBajparta sBisiercs
COOGCTBEHHOH MOArPYNmoOH CHMMeTpHYecKoil rpynnsl Sy. OHa
o603HauaeTcsa cUMBOJIOM Dy.

3. I'pynna cMMMeTpPHil MPaBUJABLHOTO 72-YrOJbHHUKA COCTOUT
u3 n Bpawmenuit Ha yrawm 0, 2n/n, 4n/n, ..., 2(n— Du/n
BOKPYT [EHTPAa AN-yTOJbHUKA M N CHMMETPHH OTHOCHUTENBbHO
npsaMbiX. [TosokeHnne oceit CUMMETPUM 3aBHUCHT OT YETHOCTH
yucna n. IIpu n yeTHoMm HMmeercs n/2 ocei CHMMeTpPHH, Mpo-
XOASAINX yepes cepeiHHbl NPOTHBOMEKAIINX CTOPOH U 11/2 oceH,
NpoXoJAMX Yepe3 IpOoTUBOJEXKalLlHMe BEPIIMHH (M LEHTP)
MHoOroyroJbHuKa. [Ipn n HedeTHOM OCAMH CUMMETpHH AABJAIOTCS
npsaMble, NPOXOASAIINE Yyepe3 BePUIMHB! (M LEHTP) A-Yrojb-
HHKa M CepelHHbl NMPOTHBOJEXKAUX CTOPOH. Takum oGpasom,
rpynna CHMMETPHH NPaBHJILHOTO A-yTOJbHHKA COCTOHUT u3 21
npeo6pasosaHuii. Ecian 31H npeobpasoBaHHsA ONHCHIBATL Ie-
pecTaHOBKaMH MHOXECTBA BepIUHH NPaBUJIBHOrO 7-yrOJbHHKA,
TO COOTBETCTBYIOIAA TPYNna NepecTaHOBOK fBJAAETCS MOJ-
TpyNnol CHUMMeTPUYECKOH rpynnel S,. Dra rpynmna nepecra-
HOBOK HasbiBaeTcsl 2pynnoti dusdpa u obosHauyaercss D,.

4. I'pynna CHMMETPHii MHOroyroJbHUKa, H300paxeHHOro
Ha pHc. 26, COCTOHT H3 TOXKJIECTBEHHOr0 mpeoOpa3oBaHus
Op=E€, CUMMETPHH a3 H O OTHOCHTEJNBHO oceit [ U m cooT-
BETCTBEHHO M [EHTPAJbHOH cUMMETpPHH oz C 1eHTpoM 0. Oun
OMKUCHIBAIOTCH TAKUMH nepecTaHoBKaMu MHoxectsa {1, 2, 3,
4, 5, 6}:

o~ (1, 2)-(3, 6)"(4" 5), aa~ (1, 5)-(2, 4),
%N(l’ 4)“(2- 5)"(3v 6)

JI1s1 IPOCTPAHCTBEHHBIX TE€JN MOXHO TOBOPHUTH O CJENYIO-
MIUX TUNAX CHMMETPUH:

a) 3epkarvHas  cummempus  (CUMMETPUST OTHOCHTEJbHO
MJIOCKOCTH);

6) ocesan cummempus (CAMMETPHS OTHOCHTENbHO NP SAMOH);

B) yenmpasvHas cummempus (CUMMETPHA OTHOCHTEJIBHO
TOYKH). :
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Ilo anamoruu ¢ NJIOCKMM CIy4YaeM MOHSTHE OCEBOH CHUM-
METPUH €CTeCTBeHHO obobmaetcs. Ilpamas HasbiBaeTcs 0cbro
cummempuu n-20 nopsadka, €cnu TeJo COBMemiaeTcs ¢ co6oi
npH BPAllEHUSX BOKPYr MNpPsSMOH Ha YIibl, KparHble 2m/n.
KaxoMy THNy CHMMETDUH COOTBETCTBYET CBOe IpPeoGpaso-
BaHHE TIPOCTPAHCTBA, U CUMMEMPUMHOCMb mead O3HAYAeT,
YTO OHO C2MOCOBMEILAeTCSl NPH COOTBETCTBYIOMEM Npeobpa-
30BaHHH MNpocTpaHcTBa. MHOXecTBO Bcex Tex mpeoGpasoBa-
HRH, pH KOTOPBHIX TeJO COBMelaercs ¢ cobodf, obGpasyer
epynny cummempuu OanHo2o meaqa. CUMMETPHUIO MHOIOTpaH-
HUKOB H HEKOTOPbIX JAPYTHX TeJ MOKHO XapaKTepU30BaTb
nepecTaHOBKAMH MHOXECTBa MX BepiunH. B atom caydae
rpynna CHMMeTPHH TaKXKe SsIBJfAeTCs
HEKOTOPO# TPyNNOji nepecTaHOBOK.
[TpuBeseM HecKOJIbKO NMpPHMEPOB Ta-
KOrO OMHCAHHS.

Piuc. .26 Puc. 27

5. Tpynna cummerpuit Tetpasmpa. Terpasap (puc. 27)
umeer 4 ocH cummerpuu Iy, Iy, I3, Iy 3-TO nopsgka, -mpoxo-
Jsmye yepes ero BepuHsl 1, 2, 3, 4 W LEHTPH NPOTHBOJE-
XKamux rpaHeid. Bokpyr kaxno# ocu, Kpome TOXK/IECTBEHHOTrO,
BO3MOXHBLI elle JBa BpalleHus. VM COOTBETCTBYIOT Takue
IIepecTaHOBKH:

_ 1234 71234
BOKPYT OcH [ (1 3 4 2)» <1 4 2 3)’
1 2 3 4 1 2 3 4

BOKPYF ocH Iy <4 2 1 3)' (3. 2 4 1)'
(1 23 4 1234

BOKpYTr ocH g (2 4 3 1>’ (4 1 3 2)'
, 1 23 4 (1 23 4,
BOKPYT' OCH /3 (3 1 2 4.>’ (2 3 1 4)'

Kpome Toro, umeercss 3 ocH CHMMETpPHH 2-ro mopsaka, mpo-
xopsiiie uepe3 cepepunnt A, B,. C, D, E, F ckpemupaio-
muxcsi pebep. [TosTromy umeercs ewe 3 (ne YHCay BAp CKpe-
IMUBAIOMIKXCA pefep) HeTOXAeCTBEeHHbIX - PecOpPasoBanu4,
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KOTODHIM COOTBETCTBYIOT NEPecTaHOBKH:

BOKpyr ocu AB (; g g T),
BOKpyr ocu CD (; i ? ;),.
Bokpyr ocu EF (; f ‘3 g)

Hrak, BMecTe C TOXKIAECTBEHHBIM NPe0GPa3oBaHHEM MOJY-,
yaem 12 nepectaHoBOK. [Ipu ykasaHHbiX MNpeoGpasoBaHHAX
TETPasp caMOCOBMelllaeTCsl, NMOBOPAYHBAsCh B IPOCTPAHCTBe;
€ro TOYKM NIPH 3TOM He H3MEHSIOT CBOErO IOJIOXKEHHUS OTHO-
cutesbHo Apyr apyra. CoBOKYNHOCTh BbIMHCAHHBIX 12 mepe-
CTaHOBOK 3aMKHYTa OTHOCHTEJNbHO YMHOXEHHS, IIOCKOJBKY
MoCJIeIoBaTeNIbHOE BRINOJIHEHHE BpallEHHH TeTpasgpa CHOBa
6yner BpauienueM. Takum obpasoM, mosyuyaeM rpynny, KoTo-
pasi HasniBaetcd epynnoli epawjenull mempasdpa.

[Ipu apyrux mnpeo6pa3oBaHMAX MNPOCTPAHCTBA, SABJAIO-
HMUXCHA CaMOCOBMEIEHHAMH TeTpasfpa, BHYTPEHHHE TOYKH
TeTpasapa  MNepeiBHTraloTCs  OTHOCHTeNbHO JAPYr Jpyra.
A umeHHO: TeTpa’ap uUMeerT 6 nNJOCKOCTEH CHUMMETPHH, KaxK-
Jasg M3 KOTOPbIX NMPOXOAUT 4yepe3 ONHO U3 ero peGep M cepe-
JUHY TpoTHBoJexalero pe6pa. CUMMETPHSIM OTHOCHTENLHO
3THX TIIJIOCKOCTEefl OTBEYAIOT Clefyiolife TPAHCMO3UIUU Ha
MHOXECTBE BepIUMH TeTpasjpa:

I1n0ocKOCTh Tpaﬂcnoauu}m
pe6po (2, 3), Touka A (1, 4
peGpo (2, 4), Touka C (1, 3)
pebpo (1, 2), Touka E (3, 4)
pe6po (1, 4), Touka B @, 3)
peGpo (1, 3), Touka D 2, 4y
pe6po (3, 4), Touka F 1, 2)

YKe Ha OCHOBAHMM 3ITHX JaHHBIX MOXHO YTBepXKJIaTh,
YTO IPYNIa BCEBO3MOXHBIX CHMMETPHH TeTpasjgpa COCTOUT
u3 24 npeoGpasoBanuil. B camoM gene, Kawnasa cUMMeTpusd,
CaMOCOBMeLIast TeTPasAp B IEJIOM, JOJIKHA KaK-TO mepecTas-
JAATh ero BepllMHBI, pebpa u rpaHu. B yacTHoCTH, Kak yxe
6610 CKa3aHO, B JAHHOM Clyyae CHMMETPHUH MOXKHO Xapak-
TEPU30BaTh NEePecTaHOBKaMH BepIUMH TeTpasfpa. [lockoabky
TeTpasAp umeeT 4 BEpIUHHEL, ero rpyImHIa CHMMETPHH He MO-
XKeT COCToATh Ooubille yeM M3 24 npeo6pasoBanuit. MubiMH
cJ10BaMM, OHa JM6O COBNANaeT ¢ CUMMETPUYecKOH Ipynnoi Sy,
au6o fBAfeTcA ee NMOArpynnofi. Beimucanuble BhIUE CUMMeET-
pPHM TETPadApPa OTHOCHTE/IbHO MJIOCKOCTEH ONpeAessioT BCe-
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BO3MOXKHBIE TPAHCIO3UIWYM HA MHOXKecTBe ero BepuuH. [lo-
CKOJMIbKY 3TH TPAHCHO3HIHH TOPOXKAAIT CHMMETPHYECKYIO
rpynny S,, noayuaem TtpeGyemoe. Takum oGpasom, Jobast
NepecTaHOBKa BepIIMH TETPasapa onpenensercs HEKOTOPOI
ero cummerpuefi. OfHAKO 3TOro Hesb3sl CKa3aTh O MpPOH3-
BOJIbHOH mnepectaHoBke pebep TeTpasapa. Eciu ycnoBHTbCA
0603HauaTh Kaxjpoe peGpo TeTpasapa TeH Ke OYKBOH, 4TO H
ero cepeirHy, TO, CKaXeM, MEPECTAHOBKH Ha MHOXECTBE
pebep
(A‘B'CDEF\ (ABCDEF)
\F E A B D C)° !

A B C D E F

(A B D C F E)
OTBEYaIOT COOTBETCTBEHHO JBYM BpPalleHUSM BOKDYT OCH [/; #
BpalleHnio BOKpyr ocu AB. BuinucaB nepecTaHOBKH Ha MHO-
xecree {A, B, C, D, E, F} ana Bcex npeoGpa3soBaHH# cHM-
METPUH, MOJYyYHUM HEKOTOPYIO MNOATPYNNYy CHMMeTpPHYecKoi
rpynnsl Sg, cocrosimyio u3 24 nepecraHoBok. I'pymna mepe-
CTAHOBOK BepIIMH TeTpasipa ¥ rpynma IepecTAHOBOK €ro
pebep — pasuble TPyNmbsl HePecTaHOBOK, MOCKOJABKY OHH JeH-
CTBYIOT Ha pasHbIX MHOXecTBax. Ho 32 Humu «BuaHas onna u
Ta e Tpynma — rpynna npec6pa3soBaHH¥ [OpPOCTPaHCTEA,
OCTABJAIONINX TeTpasip Ha Mecre! B cuenywomem naparpadge
JJil ONHCAHUA TAKOH CHUTYyalHM Mbl BBefleM CIenuanbHoe
MOHATUE — U30MOPPUIM 2pynn, A O TPYNINAX, «IOXOMHXH [PyT
Ha JApyra B YKa3aHHOM CMbicje, OyAeM TOBODUTBH, YTO CHHU
U30MOPPHOL.

6. I'pynna cummerpuit kyGa. CuMMeTpuH Ky6a, KaK H CHM-
METPHH TeTpasipa AeJATCA Ha JBa THNA — CAMOCOBMEIEHHS;
NpH KOTOPbIX TOUKH KyGa He M3MCHAIOT CBOEro MOJOXKEHMS
OTHOCHTEBHO APYT Apyra, H npeo6pasoBaHus, OCTABJISIONIHE
Ky0 B IeJOM Ha MeCTe, HO NepelBHraloli{e €0 TOYKH OTHC-
CHTeNIbHO ApYr Apyra. IIpeo6pasoBaHHs mnepBOro THIA Mbl,
KaK W B ciydyae Terpaszpa, OyNeM HasblBaTb 6PaieHUAMU.
Bce BpauieHusi, oueBHiHO, 06pasyioT I'Pynny, KOTopasi Hasbi-
Baetca epynnod epawjenull kyba. OnulleM cHadaja CTPOEHHE
3TOH TpyNIbL

Hmeerca poBHO 24 Bpamenus kKy6a BOKPYI pas/uyHbIX
oce#l CHMMETPHH.

B camoMm pene, npu noBopoTax Ky6a MecTO HHKHEH IpaHi
MOXKeT 3aHATb JMobass u3 6 rpameit ky6a (puc. 28). asa
Ka)XJ10# 43 6 BO3MOXKHOCTEH — KOTJa YKa3aHO, KaKas UMEHHO:
rpasb pacnojioaeHa BHHU3Y, — HMeeTcH 4 PasJHyHBIX paclo-
JoxeHusi Kyba, COOTBETCTBYIOUWHX €rQ - HOBOPOTAM BOKpYr
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0CH, MPOXOJAfIe#i yepes HMEHTPhI BEpPXHEH W HIIKHeH rpaneit,
Ha yrasl 0, m/2, n, 3n/2. Takum oGpasom, nosyyaem 6 -4 =
= 24 BpauleHu#l Kyba. YKaxeM HUX B SIBHOM Buje.

Ky6 umeer wueHTp cHMMeTPHUH (TOYKA MEpPECEUEHHsT €ro
JAuaroHajeH), 3 ocM CHMMETDHU YeTBEPTOro IOpsaxa, 4 OCH
CHMMETPHH TpPeTbero nmopsfka H 6 ocefi CHMMETPHH BTOPOrO
nopsaka. JocraToyHo paccMoTperb BpaileHusi BOKPYr oceft
CHMMETPHH.

a) Ocu cuMMeTpHH dYeTBepTOoro mnopsjxa —ato ocu 0;0,,
0304, 0504, npoxojsiiyie uyepe3 LEHTPH NPOTHEONOJIOXKHBIX
rpaHeif - Bokpyr kaxJo# U3 3THX OCeli MMeeTcs flo TPH He-
TOXJECTBEHHBIX BpALEHHS, A HMEHHO BDAIICHHS Ha YIJb
n/2, ;, 3m/2. DTHM BpaLIEHHAM COOTBETCTBYIOT 9 mepecra-
HOBOK BepIIHH Ky6a, MpPH KOTOPLIX BEPIIHHBI IPOTHBOIOMONK-
HbIX TpaHell mnepecTaBjAlOTCA LH- )
KJHYecKH M corsacosaHo. Hampu- %

| .

Mep, IepecTaHOBKH ! Iz
(12345678) v ! .03
23416785/ 0,1 b1 o,
<l2345678\ | o,
3412785 6) /E""—-‘T—
(12345678) L 0,
41238567 z %

Puc. 28

OTBeUaloT MoBopoTaM BOKpyrocu 010,.

6) OcsiMH CUMMETPHHM TPEThero nopsjaka SIBIAIOTCA JAua-
roHanun Ky6a. Bokpyr Kaxaoi u3 yethipex auaronaseii [1, 7],
[2, 8], [3, 5], [4, 6] umeercss mo nBa HETOXKJAECTBEHHBIX Bpa-
wenusa Ha yrasl 2m/3, 4n/3. Hanpumep, Bpaiiedus BoKpPyr
auvaronanu [1, 7] ompenensioT Takue IepeCTaHOBKH BepIIHH
Kyba:

1 2 3 456 7 8 1 2 3 45 6 7 8
(l 56 2 8 317 3)’ (l 4 85 2317 6)'
Bcero monydaem 8 Takux BpalleHH.

B) OcAMHM CHMMETPUH BTOPOro mnopsiaxa OyAyT NpsiMble,
COEIHHSAIOILHE CePe/iuHbI TPOTHBOJIEKAILHX pebep Ky6a. imeeTcs
1ecTh Nap NMPOTHBONONOXKHBIX pebep (Hanpuwmep, [1, 2], [7, 8)),
Kaxjasl mapa onpepensieT OfHY OCb CHMMETPHUH, T. €. [OJY-
yaeM 6 ocefi cUMMeTpPHM Broporo mopsiaka. Bokpyr kaxpoi
M3 3THX OCel HMeeTCs OJHO HEeTOXKJEeCTBEHHOE BpallCHHE.
Bcero — 6 Bpamenuiéi. BMecre ¢ ToxaecTBeHHBIM Ipeobpaso-
BaHueM nosnyyaeM 9-8-6-+1=24 pasauyHbIX BpaileHHs.

Hrak, Bce BpaieHusi Ky6a ykasaubl. Bpamenuss ky6a ompe-
JeJISIOT NCPeCTaHOBKM HAa MHOXECTBAX ero BepuidH, pebep,
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rpaHeil ¥ auaroHaneff. PaccmorpuM, Kak AeHCTBYyeT rpynna
Bpanienuii Ky6a Ha MHOXECTBe ero juaronajyeli. Pasjmmunbie
BpaineHnss KyOa NepecTaBNsiOT AMaroHanyu kyba mo-pasHomy,
T. €. UM COOTBETCTBYIOT pa3J/IHYHble NEPeCTaHOBKH Ha MHO-
xecTBe pauaronaneit (nposepwre!). [TosTomy rpynna BpaieHHH
Kyba onpejesnsier Tpynny HepecTaHOBOK Ha MHOXeCTBe jHa-
ronasnedi, cocrosinyio U3 24 nepecraHoBok. ITockompky KyO
MMeeT JHiub 4 AHATOHANH, TPYMNA BCEX TAKHX NEPecTaHo-
BOK COBMNajaer ¢ CHMMETpPHYECKOH TIpynnod Ha MHOXeCTBe
auaronaseii. Mrak, smo6asi mepecTaHoOBKa AMaroHajeil xyba
COOTBETCTBYET HEKOTOPOMY €ro BpAleHHIO, ITPHYeM- Pa3HbBIM
MepecTaHOBKaM COOTBETCTBYIOT pasHble BpalleHHs.

OnuuieM Teneph BCIO rpynny cummerpuit ky6a. Ky6 umeer
TPH MJAOCKOCTH CHMMETPHH, NPOXOAAIIHe dYepe3 ero LEeHTP.
CHMMETPHH OTHOCHTEJNbHO 3THX IJIOCKOCTEH B COYETAHHU CO

BCEMH BpallenusiMu ky6a HAlOT HaM
[ o eme 24 npeoGpas3oBaHus, sABJISALO-
! AN IHXCA CaMOCOBMENICHHAMH  KyOa.
B\ TlosroMy nosnas rpynna cuMMeTpuii
IR Ky6a coctout u3 48 npeobpa3oBanuil.
: 7. Tpynna cummerpuii oKTasapa.
Oxrasfp — ofMH M3 NATH MPaBUIb-
HEIX MHOTOTPAaHHHKOB (KpOMe TeTpa-
1/ / agpa u Ky6a, K HIM OTHOCATCA elle
» HKOCas3Jp ¥ Jozekasnp). Ero mMoxHo
Puc. 29 MONY4UTh, COGNHHSASI LEHTPBE Tpa-
Hel Ky6a H paccmaTpuBas Telo,
OTPAHHYEHHOE MUIOCKOCTSMH, KOTOpDHIE ONpPelesioTcs  coe-
JVHHUTENbHEIMH TIPAMBIMM JJIS COCeJHMX rpaseit (puc. 29).
[TosTomy mio6asi cumMeTpust KyGa OJHOBPEMEHHO fABJSETCS
cUMMeTpiedl oKkTasapa H HaoGopor. Takum obpasom, rpynna
CUMMeTPHH OKTasjpa Takas Ke, KaK ¥ Tpynma CUMMeTpuil
Kyba, u coctouT u3 48 npeobpasoBaHHil.

B KaxJ0M H3 pacCMOTDEHHBIX B OIl. 5—7 NPHMEPOB HMeeT
MeCTO CJeNyIoiias 3aKOHOMEPHOCTh. ['pynna cummerpuii npa-
BHJIbHOTO MHOI'OTPAaHHHKA COCTOMT U3 2/ mnpeoGpa3oBaHHi,
rie { —uucao ero IJIOCKHX YIVIOB. DTO yTBEPKICHHE HMeer
MECTO JJfi BCeX NPABHU/JbLHBIX MHOTOTPAHHHKOB, €T0 MOXKHO
JOKasaTh B o0meM BHIe, He HaXOAs BCeX CPlMMETpHH MHOTO-
TPAHHHMKOB, KaK 3TO OBLIO HaMM CJleJaHo.

YnpaxueHns

1. JlokasaTs, 4ro AI8 BceX n==2 rpynna ausipa D, reaGenesa.
2. OnpesesnTe THOBI H [OPSAKH ECEX NEPECTaHOBOK U3 TIpyni
azapa Dy n Dy,
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. 3. Cucmenmoii obpasyouux epynnsl nepecmanosox G uasbBaeTcs Takoe
MHOxecTBO T ee 3J1eMeHTOB, 4TO JIOGYIO NepecTaHOBKY H3 G MOXHO pas-
JOXKUTb B TNPOH3BEJeHHe mnepecTaHoBok M3 T, CHcrema o6pasyiomux T
Hen pu6oOuma, €CNH H3 Hee HeJb3sl BBHIGPOCHTL HM OJHOH MNepecTaHOBKH
TaK, 4YTOOB OCTaBHIeECS MHOXKECTBO G6bLIO CHCTeMOH O6pasyroIiHX
rpynnel G. TlposepnTe, 4TO BpallleHHe NPaBHALHOTO n-yroJbHHKA Ha
yroa 2m/n u g06a8 W3 CHMMETPHH OTHOCHTEJLHO NPSAMBIX, COXPAHSIOLIEX
n-yroJbHHK, fABJSIOTCA HENPHBOJAHMON CHCTEMOH O6DasylomuX Tpymnbl
ero cumMeTpHii. CyllecTBYeT JIH HeNpHBOAHMAas CHCTeMa O6pa3yIOWHX
rpynnsl D,, coctofmas 43 saeMeHTOB nopsiaka 2? CyumiecTByioT JH He-
NPHBOZHMblE CHCTEMBl O6pasyiomux D,, cocTosiue H3 pasHOro KOJH-
4eCcTBA NepecTaHOBOK?

4. Onucath Tpynny CHMMETPHIl 3Be3fibl, H306pamenHod Ha puc. 30.
Kakos nopsgor 370l rpynner?

5. Oraxyaiorcss JH TPYNNBl  cHMMeTpHH GHryp, H206paKEHHBIX
Ha pHc, 31?

a 2
Puc. 30 Puc. 31-

6. Onpene/MTh THOB BCEX TEPECTAHOBOK H3 "TPYNNb CHMMETPHH
TeTpasnpa, JedCTBYIOUleH Ha MHOXecTBe ero pebep.

7. TeTpasip MOXHO BnHcaTb B Ky6 Taxk, uTO pe6pa Te€Tpasfipa 6yayT
InaroHa/siMu rpaHelf ky6a. IIpx s1om MoGoe BpameHHe Ky6a onpefelisier
HEKOIOpOE BpaleHHe Terpasipa. Kakue BpameHHs kyba Onpenesior
OIHHAKOBHIE BpameHHs TeTpasfpa? CxOJbKO HX JUIsl KaXAOrO BpalleHHd
TeTpasnpa’?

8. Haiitn nenTp rpynnsl BpaileHHH Terpasjpa.

9. KakoB HaHBLICIIHA MOPSNOK UHKJIWYECKHX MNOATPYMI, CONEpKa-
IHXCA B Tpynne BpameHnHit ky6a? B rpynne BceX ero cHMMETPHIt?

10. Onucats rpynny BceX CHMMETPHH NpsIMOH MNPH3MbI, B.OCHOBE
KOTOPO#l JIEKHT NPaBHJBbHBIA A-YroJbHHK., BLACNHTL B Hell moArpynny
ppawenuii. CoBNajaoT Ju 3TH TPynnsl?

§ 10. TEOPEMA K3JU

M3 paccMoTpeHHBIX B NpPelbAYINHX mnaparpapax npume-
poB BiJJHO, YTO CHMMESTPHYECKHe Tpynmnsl BecbMa OGoraThl
nogrpynnamy. Bosee TOro, 2105y KOHedHYyo 2pynny MONCHO
paccmampusams Kax nodepynny nodxodauum o6pasom 6uopar-
HOU cummzempuuzckoli epynnel. DTO yTBepxAeHHe OblIo yCTa-
HOBJIEHO B CEpeJiHEe HPOWIJOro CTOJNeTHA AHIJIHACKMM Marte-
MatukoM A. Ksa1 ¥ Teriepb HaseiBaercs ero umeHem. Ilpexie
ueM TOYHO cQopMyaupoBath TeopeMy Kosiau, BBeZeM NMOHATHE
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H3omopduaMa FpPymnm — OAHOFO U3 OCHOBHHIX IOHATHH Teo-
puu Tpymm.

H3yuaTb rpynnbl MOXHO no-pa3HoMy. OjHH M3 BO3MOX-
HBIX M, N0 CyIIECTBY, IJIdBHBIH NMOAXOJ COCTOMT B TOM, YTO
APH HW3YYEHHH TPYNNH HCCAENYIOTCS CBOMCTBA TPYNIOBOH
onepauun HE3aBHCHMO OT NMPHPOIbI 3JeMeHTOB rpymunel. [Tpu
JPYTrUX NOAXOJAaX K MCC/AENOBAaHHIO CBOHCTB IPynn ONHPaoTCA
Ha onpejeseHHble (aKTH, Kacaiolluecs NPHPOIBLI 3JEMEHTOB
rpynnsi. C TOYKH 3peHHs MEPBOro MOAX0/1a MOXKET 0Ka3aThCd,
9TO B Ipynnax ¢ 3j7eMeHTaMH pasJHYHOH NPUPOALI IPYNIO-
Basl- onepanusl ¢ TOYHOCTbIO 10 0003HaYeHHH OAHa M Ta XKe.
TlosicHuM ckasanHOe Ha npuMepe.

[lycrs K — rpynmna nepecTaHoBOK ¢ TPYIIOBO#H onepanyed
YMHOXEHHUEM I1ePecTaHOBOK

l234)1234> 1234)(1234)
<1234’(2134’(1243’2143’
BBefieHHasd B § 8 B mpumepe 4 (derBepHas rpynna Kieitna),
L—rpynna wu3 ynpaxuenus 2°6) k § 4, 1. e. rpymna

¢yHKUUH
y=x, y=—x, y=1x, y=—1/x,

onpejieJieHHBIX Ha MHOMeECTBe JeHCTBHTEJbHBIX 4Yncesn 6€3 0
¢ rpynnosol onepaunueir cynepmnosuuuelt ¢yHxuuid. 3ro co-
BEpLICHHO pasHble PYNNbl, MOCKOJIbKY OHM COCTOAT H3 pas-
HBIX OOBEKTOB: B NEPBOM CJlydae — [epecTaHOBKH, a -BO BTO-
poMm — PyHKUHH AeHCTBHTENBHOrO aprymenta. Bsenem tenepn
COrJIacOBAHHBIE OO0O3HAYEHHS JJIS  3JEMEHTOB 3THX TIpynn
cnenyomyM o00pasoM:

q‘%%a:eal Snewent u3 K dnement us L
. 1 23 4) B
(1 2 3 4 y==x
1 23 4 _
@ (2 13 4 y=—2x
1 23 4
b (1 2 4 3) y=1/x
1 2 3 4
¢ (2 1 4 3) y=—l/x

e

’ . '
CorsacHo 3TOH Tabn uie, CKaxeM, nepecraHoBKa
1 2 3 4
2 1 3 4) ¥ QYHKUHMA y=—x 0603HAYEHBl OJHHM H TEM XKe
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cumBosioM @. Eciu femepp cocTaBuTh TaGAMIIBI yMi’{omeHHﬂ
pas rpynn K u L B HOBHIX 0603HaYeHHSAX UX 3JEMEHTOB, TO
NOJYyYHM KaK B TNEPBOM, TaK M BO BTOPOM Cjydae CJeAyio-
mwyio tabnuuny (nposepbre!):

e a b c
e e a b c
a a e c b
b b c e a
c c b a e

Urak, anementsl rpynn K H L MOXHO «HepeHasBaTb» Tax,
YTO B «HOBHIX HAHMEHOBAHUAX» TaGJHIbl, YMHOXKEHHS 3THX
rpynn GyAyT coBmajalb. Ho TaGnuna yMHOKEHHA MOMHOCTHIO
onpejeisieT IpynnoByio onepanuio. TakuM o06pa3oM, u3 cKa-
3aHHOrO BW/HO, YTO €C/IHM He oOpalaTh BHHMAaHHSA Ha MOpH-
pony sJiemeHTOB rpynn K W L, ro rpynfoBsie Omepanuy
B 3THX Trpynnax MOXHO He pa3iuyatb. Hepasnuuumble B Ta-
KOM CMBIC/Ie IPYIIBL TPUHATO HasbiBaTh udoMopdubiMu. Chop-
MyJHpyeM Temepb oflllee oOnpejeseHue H3oMopdH3Ma TPymi.

Onpepenenune. I'pynnet Gy u G, HasHIBAOTCH U30-
MOpHOIMU, €CH MEXAY HX 3JIeMEHTaMU MOXKHO YCTaHOBHTH
B3aMMHO OJ{HO3HAYHOE COOTBETCTBHE, HA3BIBAEMOE U30MOPGHii3-
Mom ¥ 0003HayaeMoe CTPENKOH <>, KOTOpOe COXpaHseT rpyn-
MOBYIO ONepalyio, T. €. TaK0e, 4TO AJISl [POHU3BOJIBHBIX 3Jie-
MEHTOB g1, g1 (G, U3 YCIOBHH gy <> ga, g1<>ga CIELYET,
UTO g1 % g1 <> Z2 % Jo.

Ecau rpynnel Gy u Gy u3oMopdHbl, a ajaeMeHTbl U3 Gy 4
COOTBETCTBYIOUIME HM 3JeMeHTh U3 G, OJJMHAKOBO 0003HAUYHTD,
TO MOHATHO, YTO TAGNHUBl YMHOMEHHS 3TUX TPynmn B TaKHX
o6o3Hauednsnx OyayT coBnagatb. OueBHIHO, YTO HMEET MECTO
u obGpaTHoe: ecd 3JeMeHTH rpynn Gi, G, MoxHO Tak 0060-
3HAYMTb, YTO B 3THX OOO3HAYEHHAX UX TAGIUIB YMHOKEHHS
coBnajator, To rpynnsl Gy U Gy U30MOPDHLL.

OtHouienue u3oMopdH3Ma TPYHI HMEET CjeAylolmMe CBOM-
cTBa:

1) Heidmpanavromy daremenmy ey 2pynnos Gy coomeemcmsyert
Hedmpanavell dremenm eq epynnot Gs.

JleHcTBUTENBHO, YCTh 3JMeMeHTy e & Gy npH u3omoppuame
G; <> G, COOTBETCTBYET HEKOTOPHI 3/ieMeHT a u3 Gp. Toraa ae-
MEHTY €} = ey % €; COOTBETCTBYET, COIJIACHO OCHOBHOMY CBOHCTBY
u3oMopduaMa, 3/eMeHT a*a = a?. OnHako ej = e1. [1oCKoabKY
H30MOPQH3M — B3aUMHO OJHO3HAYHOE COOTBETCTBHE, OTCIONA
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nosyuaeM, 4ro a®=ga. YMHOXKAf [OpaBYyl0 H JIEBYIO 4acTH
3TOr0 PAaBEHCTBA Ha 3JMEMEHT @~ (Hanpumep, cjeBa), MOJTYUHM
alsa?=alxa, T. e a=e,.

2) Hdas npousgoavrozo asemenma gy Gy coomsemcmeue
g1<> g2 6aedem 3a cobold gi' <> g3'.”

B camoM pese, mycTb 3jieMeHTy gi' COOTBETCTByeT IpH
usomopdusme HeKoTOpulH 3jeMeHT h & G,. Torpa npoussene-
HHIO g% g7' OyJeT COoOTBETCTBOBaTb Npou3BeieHue gx+h. Ho
gi1#g1' =e;, U no nmepBoMy CBOHCTBY H3oMopdusMa oTcroia
nosyyaeM, 4to g *h=e,. CnegoBarenbHo, h=gy'.

3) [lousTHo, uTO ar06aa 2pynna usomopgra cama cebe
u omuouienue usomopusma cummempuuno (ecau rpynna G
usomopdua rpynmne G, TO ¥ HaoGopot — rpynna Gy HzomMoppua
rpynne Gy).

4) Hzomopgnete epynnot coCmoam u3 00UHAK0B020 HUCAQ
9ME MEHMOB.

H3omophnaM MeXAy NAHHBIMM JIBYMs TpyNmnamM# He o6s-
3aTeJIbHO ONpeaessieTcss eAMHCTBeHHBIM o6GpasoM. Hamnpumep,
JIETKO TNpoBepsieTcsl, YTo J/060e B3aHMHO OAHO3HAYHOE COOT-
BETCTBHE MEXJY 3/IEMEHTaMH PacCMaTpHBaeMbIX Bbille rpynn K
H L, n1pH KOTOpPOM HeHTpaJibHble 3JIeMeHTHl STUX TPYIIN COOT-
BETCTBYIOT APYT Apyry, Gyaer uzomopdusmom. CymecrByer 6
B3aUMHO OJIHO3HAYHBIX COOTBETCTBHH MEXJY ITOJMHOXKECTBaMu
anementoB rpynnn K u L, OTIMYHBIX OT HeATpa/bHBIX, T. €.
usomMoppusM Mexay rpynmnamu K u L MOXHO YCTaHOBHTbH
IIECTBIO Pa3/HYHEIMU CIIOCOGaMH.

Tenepp Mbl MoxeM crporo copMyJHpOBaTh H AOKa3aTb
OCHOBHOE yTBepXKJEHHe 3TOro naparpada.

Teopema Kanau. Jwbas xoneunas epynna usomoppra
HEKOmopoU epynne NepecmanoBoK HA MHONCECMBE CBOUX 3e-
MEHMO8.

HokasarteanbctBo. Iycre G={go=e, g1, ..., gn-1},
g —HEKOTOPHIH 5/eMEeHT W3 3TOH TIpynmel, T.e. g=g; A1
KaKkoro-To i (0<l <<n—1). Tlo anementy g onpenennm
npeoOpasoBaHue & muoxecta G, 3ajaBasi ero TaGunuei 3Ha-
yeHuH
g~=< & & & . Ena )

So*8 &1%8 G1*Z - Ln1%8/°

[TockonbKy MHOXKeCTBO G 3aMKHYTO OTHOCHTEJIBHO YMHOME-
HHUs, BCe 3JIeMeHTI BHJa g;* g (0<<i<<n — 1) npuHagnexar G,
T. €. 3Ta Tabnuia KeACTBUTENIbHO ONpesessieT npeobpasoBaHue
Haj, MHOMXECTBOM G. Bosee Toro,- BCe S/IEMEHTHl pAja

go*g, gl*g. g2*g, ..oy gGn1¥g
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-PasiiuyHBl, NMCCKOJBKY M3 PaBeHCTBA g;*g=g;*g NoJyuaem,
YMHOXKasi €ro NpaByIO H JIEBYIO YacCTH CIIPaBa Ha 3JeMeHT g-t,
@+g g =(g*g*g" wm gix(gxgh)=g;+(g=gh.
HOCKOJIbe g=g'=e, 10 g;=gj, T.e. i=j Takum oGpasom,
npeoGpasoBanue g SBJAETCS MEPeCTAHOBKOH MHOMECTBA G.

[Tycts R (G) — MHOXKeCTBO BCeX IEPECTAHOBOK BHAa G,
NOCTPOEHHHIX MO 3JeMeHTaM Trpynnsl G. YCTaHOBHM COOTBET-
CTBHE MEXIY 3JeMeHTaMH rpynnel G U NepecTaHOBKaMH M3
R (G) no npasuny ,

A &o & & - Ena
gg=( ).
gox8 g1%¥8 Laxg ... Zp-1%*g

IloHATHO, 4YTO pa3JWYHBLIM 3jeMeHTaM H3 G COOTBETCTBYIOT
pasanyHbple nepecTaHoBKH U3 R (G), MOCKOJbKY OHH MO-pas-
HOMY AEeHACTBYIOT Ha HEHTpanbHbBIA 3jemeHT rpynnsl G. Hrak,
5TO COOTBETCTBHE B3aMMHO OJHO3HauHoe. IIpoBepum, yTO OHO
COXpaHsdeT IPYyNNOBYIO ONEpalHio, T. €. AJA JIOObIX 371eMeH-

N
TOB g, g’ u3 G BbIMOJHAETCH yCao0BHe g# g’ «> g-g'. WMHbMU
CJIOBaMH, 3TO O3HAayaeT, 4TO j/1sl JIOOBIX 3/1eMeHTOB g, g’

bt - A 7y

3 G uMeer MecTO paBeHCTBO g#g' =g -g’. IlepecranoBka
T
g#g' COrnacHO ompejeseHHio 3ajaercss Tabmuuei

( &o & &n-1 )

Gox(@xg') g1x(g=g) ... En1%(g=g))’
T. e. N0A ee JeHCTBUEM nponsnonbﬂuﬁ aneMeHT g; & G nepe-
XOIUT B SJEMEHT g,*(g* g'). TlpousBenenne mnepecTaHoOBOK

g, g Ha J060#H :—memem g,EG NeHCTBYeT TakK:

% £ g.'A*g:* (g *I 8)g'

geog’

B cuiy acconuaTHBHOCTH YMHOXKeHWst B rpynmne G moJy-
yaeM, uyto AJas Jioboro i=0, 1, ..., n—1 BeImONHsETCA
PaBEeHCTBO

2N ’ /\r A /\r
gix(gxg)=(gi*g)*g', T.e. (g)g+g' =(g)(g-8")-
A 3T10.4 O3HAYaeT, YTO JJIA NEepPecTaHOBOK g, gr? Ha MHOXKe-

N
crtee G BHINOJIHEHO paBeHCTBO g#g =g -g'. Teopema HOKa-
saHa. .

OTMmeTHM, YTO NpPH JOKa3aTeJbCTBE Mbl HE MNPOBEPSIH
OT/JeNBHO 3aMKHYTOCTh MHOXeCTBa R (G) OTHOCHTEJbHO YMHO-
JKeHHs NePecTaHOBOK — 3TO aBTOMATHUECKM CJEAyeT H3 TOro,
470 R((J)——Haomopcpﬂbm obpas rpymmet G. I'pynny noacra-
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HOBOK R (G) NpHHATO HA3bIBATL NPABbIM pecyrpHbIM nped-
cmagrenuem epynnot G. AHaNOTMYHO MOXKHO CTPOUTh /€602
pezyaspHoe npedcmasaedue, TPU KOTOPOM I1POH3BOJIBHOMY
aneMeHTy g U3 G B3aHMHO OJHO3HAYHO COOTBETCTBYET mepe=
CTaHOBKa
' é___( & &1 & o Ena )
g8y g%G g*Gr - &%Ln

(g yMHOXaeTc IOC/AEAOBATEIbHO CJAE€Ba HA BCE 3JIEMEHTHI
rpynnsl G). JleBoe peryjsipHoe npejcraBjeHHe rpynmnel G el
He M30MOpPdHO, MOCKONBKY HPOH3BEAEHUWI0 g-g’ 3J1eMECHTOB
13 G COOTBETCTBYeT MEpecTaHOBKA g'-F, T.e. MHOXHTENH
nepecTaB/sioTCst. TakHe TPYMNIBI HA3LIBAIOTES] QNMUUSOMOPP-
HOLMU.

Ynpaxuenus

R N
W wa

1. Jlokasarb, uro H3 ycqopuii |Gy |= |Gy |=2 wm |G, |=| G,y |=3
cnenyeT, yTOo rpynnel G; ¥ Gy — H30MOP(HHI.

. Jlio6ast rpynna, cOCTOfmasi H3 YeTHIpEX SJIEMEHTOB, H30MOpdHa
.rmﬁo quBepHon rpynne KuefiHa JHGO UMKJHYECKOH pynme YeTBEpTOro
pnopaaka. Jokasatb 370,

3. JlokasaTb, 4TO I'pymnna noACTaHOBOK Ha Muomecme {1, 2 3,4,5, 6},

COCTOSILLAs H3 TOACTAHOBOK

1 2 3 45 6 <123456) (123 6)
(123456)’231645’312 4)?
1 23 45 6 123456) <l23 6)
(456123)’(564312’645 1)
H30MopdHa cHMMETpuuecKoi rpymne Sg.

4, I'pynna nepecraHoBok (G, M) HasbplaeTcsl peryJapHOi, €cJH Aas
IPOH3BOJILHBIX JBYX 3JIEMEHTOB my, My H3 MHOXecTBa M cyiecTByer
B TOYHOCTH OJIHA NlepecTaHoBkKa o 43 rpymnnel G, Takas, 4TO (m;)ot==Imy.
Uemy paBed cTaGHJH3aTOp HPOH3BOJBHOrO sjeMeHTa u3 M (cM. 3apauy 5
u3.§ 8) B rpynne G?

5. [IpoBepuTb, 4TO NpaBoe peryaspHoe MNpeACTaBIEHHE npOH3BOMb-
HOH Trpynnbl fBJISETCS PeryasipHOii IPyNnoit nepecTaHOBOK.

6. IlocTpoHTb mpaBOe peryJsipHOE npeicTaBJeHHe CJAeAYIOMHX Fpynm

a) rpynnbl CHMMETPHHi NpPaBHIbHOTO TPeyroJibHHKa;

6) rpynnbl QyHKUH#A y=1x, y=—x, y=1/x, y=—1/x, onpenenex-
HbIX Ha MHOXeCTBe JeHCTBHTEeJbHBIX YHCEJ KpOMe HYJIA.

7. Ecau rpyrnnu Gy 1 Gy H30oMOpP(HEI U rpynnsl G, H (3 TOXe H30-
MOp(HBI, TO H30MOphHBLIMH GyAyT Takxke rpymnbl G; u Gi. Jlokasatb 3to,

§ 11. TEOPEMA JIATPAH)KA

Ilycte G ¥ H —rpynnsl nepectaHoBoK, mpuueMm H <G,
T. € Kak IPUHATO TOBOPUTh, HH ABAAETCA MOATPYINOH
rpynnet G. OAHOH H3 NepBLIX TEOPeM TEOPHH TPyIN SABMISETCS
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TeopeMa, yCTAaHABJAWBAOMAsA CBA3b MeXAY IOpPALKaMU Tpynn
G v H, poka3aHHas B HECKOJBLKO MHBIX TePMHHAX JlarpamxeMm
eme B kouue XVIII croserus. Ira mpocras mo uuee AoKa-
3aTeJbCTBA TEOpPEMa OYEHb YaCTO MPHUMEHSieTcss Kak B CaMoH
TEOPHH TPynn, TaK W BO BCeX NPWIOKEHHAX, OJHO H3 KOTO-
PHIX MBI PacCMOTPUM HHKe.

Teopema Jlarpauxa. Ecau H — nodepynna epynnet G,
mo ee nopsadox asafemcs Oeaumesesm nopadka G.

HoxasareancrBo. Ilycts e, oy, @, ..., Gp-1—BCE
nepecTaHOBKY, cojiepxkamuecs B rpynne G, Bo=¢, Py, ...
..+, Pm-1— Bce mepecTanoBKU u3 H (1. e. m<<n). Ecin H=G,
TO YTBEPKJEHHE TEOPeMbl CIiPaBEeAJIUBO, IOITOMY I Penoso-
xuM, uto H =G (H — coberBerdas noxarpynna G). B cuny
3TOr0 MPeANONIOXKEeHUs CYMIeCTBYeT IepecTaHoBKa vy &G,
Takas, 4to v, & H. PaccMoTpum psii mepecTaHOBOK

(30°Y1=Y1, 61°Y1. vy ﬁm—l“\’l- ()

Bce mepecrtaHoBKH 3TOro psifa pasTHYHBL e€CAW Obl 14
KaKHX-TO i, j UMeJO0 MeCTO paBeHCTBO P;ey1=P;-y1, ToO,
YMHOXKUB €ro NpaByio U JIeBYIO YaCTH HA y1', Mbl IOJTYUYHJIY Obl
paeenctBo P; =f,;. Kpome Toro, Hu ojHa M3 HHX He cojep-
Kutcsl B moarpynne H: ecnu Ol AJIS KaKOro-TO HOMepa |
¥MeJI0 MecTo BKJodeHne P;-y; & H, T0 370 03Hayaso Obl,
yto P;-y1=0; Aaa Kakoro-to j. M3 sToro pasenciBa umeeM
vi=pi'-p;, a Tak kak H — IpyInna nepecTaHoBOK, TO Y1 & H,
YTO NPOTHBOPEUHT BbIGOPY 3TOH MEPECTAHOBKH.

Ecnu nepecranoekamu rpynnst [ u paga (1) chepﬂaﬂu
Bce nepectaHoBkH u3 G, To |G|=2|H |, n Bce AOKa3aHO.
B mporuBHOM cnyuae HaliieTcs Takas nepecTaHoBka Y. < G,
uto Yo &£ H u y2 He comepxutca B page (1). Onpenenum
1751 Hee psAJ NepPecTaHOBOK

Boeva="2 Biova, «ovs Bm-1°Vv2 2)

AwanornyHo mnposepsieTcsl, Y4TO a) BCe IEePeCTaHOBKH pana (2)
pa3nuuHb; 0) OHH He cofepxarcs B H; B) HM OIHA M3 HUX
He BCTPEYaeTcs cpelu mnepecTaHoBOK paxga (1).

Ecnu mepecraHOBKaMu u3 noArpynnel H u psnos (1) n (2)
HCUEpIbIBAIOTCA Bce 3/eMeHThl rpymnsl G, 1o |G|=3|H | u
ECe J0KasaHO. B npoTuBHOM ciyuae npojoJiKaeM Iporecc
BLIGOPa NEPECTAHOBOK Yy; M MOCTPQEHHA PAJOB BUJA (MHn2)
panbmie. Tak kak rpynna ( KoHeyHasl, TO Ha KaxoM-To,
HalpuMep Ha k-M, Iuare Bce nepecTaHOBKH u3 G 6yayT ucuep-
nadpl. VIHBIMH €J10BaMu, BCe HX MOXKHO DPAacloJIOXUTh TaKHM
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o6pasom:
BO ﬁl 62 s 517:—1,
Bo°v1 P11 Bao Yioeer PBm-1ov,
Bocva  Brove Baevs oo Bm-1e7a

[50°Y/e—1 [31°'\’k—1 52*‘?7;-1 Bm-1°Ve-1s

)

OpH 3TOM BCe NepecTaHOBKH B KaXAOH H3 CTPOK PasMuuHb
M Jobble 2 CTPOKH He HUMEIOT OGLIHX 3j1eMeHTOB. [10CKONbKY
obiiiee yHuCIO 3jeMeHTOB B (3) paBHO n (mopsifok rpynns G),

a 4YMCJO 3JEMEHTOB B KaXHOH CTPOKE PAaBHO m (MOPAAOK

rpynnel ), To HMeeM paBeHCTBO n=mk, T. €. m fBAsAeTCA
JeMMTeneM n, U TeopeMa ROKa3aHa.

Yucno k uasmiBaioT usdexcom nodepynnet H 6 epynne G
n o6osnavaror [G: H]. U3 nokasarenncrBa Teopemnl Jlarpanxa
MBI TTOJy4aeM, 4TO HMEET MEeCTO PaBeHCTBO

IGI=|H|[G: H].

.Tak KaK MOpPSIIOK LMKJHYECKOH MOATPYINbl, MOPOXKAECHHOM
nepecraHoBKO# o & G, COBIaJlaeT ¢ NOPSAKOM MePECTaHOBKH o,
To M3 TeopeMbl JlarpaHxka mosnydaeM, 4TO nopadox 060
nepecmariosky u3 G — deaumeav |G|.

Teopema JlarpaHxa mo3BOJISET TaK¥Ke CYLIECTBEHHO YIIPO-

CTHTb pelieHHe 3adadyy OIUCAHHA BCeX IOAPYNIN JaHHOH

rpynnsl. Hanpumep, ecau nopadox epynnwet G ecmo npocmoe
qucno, mo 8 G Hem HempusuaibHbix CODCMEEHHBIX nodepynn
{corJyiacHO TeopeMe Jlarpaunxa).

CoGcrBenHble TMOArpYNAb H3 Sy MOTYT COCTOAATH M3 JBYX
H TpPeX MepecTAHOBOK (feauTesu uucAa 3!=6), moatomy He-
MTOCPEACTBEHHYIO TPOBEPKY, O KOTOPOHd HAET peds B 3ajaue
u3 § 8, MoxxHo omyctuTh. A Benb 3Ta NpoBepKa NJIMHHAfA,
Tak Kak ecTb Cj--Ci=2] noaMHOMecTBO H3 S3, cocrosliee

u3 4 uan b snementoB. Jlaxe Ha 3THX JBYX NpHMepax BHAHO,

HAcCKO/MBKO CYIUECTBEHHBIM MOMXET GbITb MPHMEHCHHE TEOPEeMb
Jlarpamxa.

Ynpaxueuus

1. MuOXecTBA MepPECTAHOBOK, CTOAiIHE B pAgax Tabauuu (3), HA3b-
BAOTCA npasvimu (TAK KAK y; YMHOMACTCHA CNPABA) KAACCAMU CHMENCHOCMU,
a Tabauuy (3) ecTecTBeHHO Ha3BaTb mabauyesi pasaroxenun spynnsi G
Ha npasee KAACCHL Cmexcrocrmu no nolzpynne H. BnonHe anaforuyho
MONKHO NOCTPOMTb TaG/uUy pasiokeHus rpynnul. G Ha segbie Kiaccsl
cmekHocTH 1O noarpynne H, TlocTpoTs TaGusiit pasoKeHus rpynns Sy

HA KJacebl CMEKHOCTH KaK TMpaBsble, Tak M JEBhE N0 nOATpynme

A={e, (1, 2)}; no nogrpyune B={e, (1, 2, 3), (I; 3, P}~
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2. JloxkasaTp, 4TO BpAUIEHHA MPABUJILHOTO INECTUYrOJNBHHKA BOKPYT
HeHTpPa Ha yrasl, KpatHeie 71/3, 06pasyioT NOArpynny B rpynne BCeX ero
cammeTpuit. CoctaBuTh TaGJHIBI PA3JIOKEHHS HA NpaBbie U JIEBble KJacChl
CMEKHOCTH TDYNMNbl CHMMETPHl LIECTHYTO/IbHHKA MO MOATPYMNE BCEX Bpa-
wenui, OGO6WUTL 3TO Ha CJydaii NPOU3BOJBLHOTO n-YroJbLHUKA.

3. Econ H—nonrpynna HHleKkca 2 B rpynne G, TO npaBble U Jepbie
KJIacChl CMEXKHOCTH MO 3TOH MOACPYyNNe cOBMAajaioT. Tlokaxure.

4. Ilycte ky, ks, ..., k,—pewenue (k; —HATypasbHbE) ypaBHEHHA

X1+ x4 xp=m
(m—npousBo/IbHOe HaTypaJsbHOe), Torna Ryl - ksl -....k,! Asaserca nenu-
TeqeM m! JlokaxuTte,

5. BoinuwnTte Bce Yucsaa, KOTOpHE, COrJIACHO Teopeme Jlarpauxa,
MOTYT ObiTb mnOpAfKaMH 371eMeHTOB B rpynmne D, Cymecrsyior ju
B rpynne D;3 nepecTaHOBKH TakKHX NOPSAKOB?

6. Tor xe Bonpoc Ajs rpynnsl Sy,

§ 12. OPBUTHI TPYNNbI MEPECTAHOBOK.
JIEMMA BEPHCAWJA

PaccmatpuBasi rpynnel nepecTaHoBOK, Mbl GF PAHMYUBANIUCh
M3yueHHeM MX JeHCTBUSI Ha 3JeMEeHThl HEKOTOPOTO MHO-
kectBa. Ho Befb ecsnu Takoe JeHcTBHE onpejesieHo, TO nepe-
CTAHOBKH MO3JIEMEHTHO «MEPEABUraloT U NOAMHOXKECTBA
JaHHOrO MHOXecTBa. [Ipu u3yueHUH CBOHCTB AeHCTBHHl Ha
MIOJIMHOXECTBAX MEPBbLIM IAaroM ABJSETCS, €CTECTBEHHO, OMH-
_CaHHe TeX MOJAMHOXECTB, KOTOpble JaHHas Ipynma nepecra-
HOBOK B IIeJIOM He NepeABUraeT. B CBASH C 3THM BO3HHKaeT
[OHATHE OPGUTHI FPY LI NEPECTAHOBOK HA JAHHOM MHOKECTBe.

[Iyctb G—rpynna nepecTaHOBOK Ha MHOxecTBe M =

={1, 2; ..., n}. [ToamMHOKecTBO O < M nasbiBaercst opoumotl
epynnot G, ecnu

a) (a)aEO s gmoboro e e G u mwboro a e 0; T. e.
jefictBUe TepecTaHOBOK u3 G Ha 3jeMeHThl O He BbIBOAUT
3a npegennt O; '

6) nmobble fBa 31eMeHTa W3 O MOXHO mnepeBecTH APYT
B Jpyra HeKOTOpOiH nepecTaHoBKo#H H3 G.

Bcakaa epynna nepecmarno6ok G—{e—ao, Oty vony oc,,_l}
umeem opbumot.

Jns jpokasaTesnbcTBa BbiOepeM MPOU3BOJBHBIH 3JIeMEHT
a e M u paccMorpum MHOXecTBO O (a) = {a = (@)@, (a)y, ...
..., (a)ote-1}. OHO Oyper op6utoii rpynnel G, Tak Kak ,

a) eua; G ub=(a)oy 0 (a), To (b)o;=(a) (oy %) =
e 0(a), TaK KaK oy-0; (G (Beap G —rpynna);

6) ecnu b=(a)x; u c—(a)a,—nponsaonbﬂble 3/1eMEeHTH
u3 0 (a), To b—(a)a.—(a) (e -0y) = (a) (ot - A" - 0t) = (C)atj "= 03
u npu stom a;'-a; & G, Tak Kak (. —rpyana,
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OkasbiBaercsi, uTo opbumamu nodobHo20 6uda ucHepnbL-
saromca ece munst opbum. Bonee TouHo, ecau O —op6uta
rpynnbt G u a=0, To 0=0 (a). CnpaBeanuBoCTh 3TCIO
YTBEpPKJEHUS BLITEKaeT HENOCPEJNCTBEHHO H3 ONpeleNeHus
OpOUTBHI TPYMNMBL

Slcho, yto mobbie aBe opGutsel O {(a) u O (b) anbo cosna-
nawor (ecnu b 0 (a)), 1160 He nepecexatores (ecnu b & O (a)).
Orciofa (MOYTH TaK K€ KaK M NMPH JOKA3aTelbCTBE TEOPEMb
Jlarpanxa) ciaenyer, uto muoxcecmso M pacnadaemca 6 00%-
eduHerue Henepecekarouuxcs noOmHoxcecms — opbum epynnet G.
B uacrHocTH, MOXKET ClIy4HTBCS, YTO €IMHCTBEHHOH OPOUTCH
rpynnsl G 6ymer camo MHOXKeCTBO M, Kak 3TO HMeeT Mecio
ans rpynn D, (mpoBepbre!). I'pynmul ¢ TakuM CBOHCTBOM
Ha3bIBAIOTCS mMpan3umueHoimy. TakuM o6pasoM, Fpynna nepe-
craHoBoK G Ha MHoXecTBe M TpaH3HTHBHA, ecnM JoOcH
3neMeHT a & M wMoxer ObIThb MoayueH M3 Jio6oro ApPyroro
anemeH1a b &M nox neficTBUEM MOAXOASALIYM CNOCOOOM BbI-
6panHOl mepectaHOBKH a & (: a= (b)a.. Bce apyrue rpynnol
NepecTaHOBOK HA3bIBAIOTCH UHMPAHBUMUBHbIMU.

B cBasu ¢ pasbuenneM MHOxecTBa M Ha opOUTHL TPYNIILL.
nepectaHoBoK (G BO3HUKAIOT CJELYyICLIHe JiBa BOMPOca:

1) Ckonbko op6ut umeer rpynna G Ha MHoxectBe M?

2) KakoBa jyiHHa Kaxa0H M3 3THX OPOUT, T. €. U3 CKOJb-
KHX 3JIEMEHTOB OHU COCTOAT?

ChopmMynupyeM BHauane YTBepKIeHHe, MO3BoJdomee
BBLIICHHTb OTBeT Ha Bropoii Bompoc. OHO ¢opMmyaHpyercs
C MCNOJIb30BaHHEM MOHATHS CTaGuiH3aTopa sjeMmeHta u3 M.
A umenHo: s moGoro 3nemMeHTa a & M MOXHO paccMmo-
TPeTb MHOXecTBO (J, BceX mepeCTaHOBOK H3 G, I/l KOTOPbIX
TOYKA @ SBJIAETCS HEMOABHKHOH. DTO MHOXECTBO, OYEBHJHO,
ApJfeTcs rpynno#t (eme oAuH crnoco® oO6pa3oBaHWA Cpynn
epecTaHoBok!), kKoropas M Ha3biBaeTc CTaOHIM3aTOPOM
TOUKH Q.

Teopema. Juuna opbumor O (a) pasra undexcy cmabu-
ausamopa G, 8 epynne G, m. e.

|0(@)|=|G|:|G,|.
HokasateanbctBo. [lyets G={ap=¢, a1, ..., X1},
Ga={Po=e, PB1, ..., Ps-1}. J1a noxcuera PpasIMYHBIX 3Je-

MEHTOB B MOCJEAOBATENbHOCTH 4, (a)dty, ..., (A)Xx-1 YHOOHO
0cOObIM  006pa3oM PacoOKHUTh B PsAj 3NEMEHTHI rpyninsl G.
Ilns 310ro BCIOMHHM NpPHMEHEHHOE NMpH JOKA3aTe/bCTBE TEO-
pembl JlarpaHxa pasiomeHue rpynobl G B NPaBh€ KJacchl
CM€XHOCTH 10 noarpynne G, CyuiecTByIOT [ePeCTaHOBKU
Yo=2¢€, Y1 +.., Y1 W3 rpynnu @, Takue, YTO BCEe mepecra-
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HOBKH psjia.

do=Po-yo=¢, =P1°%, ..., %1=PRs1°V0

s=Poov1, err=Prov, ..., Qg1 =PBs1°71, (1)

e et e e e e e e e e e e e
o-1ys=Poo V-1, Cu-nsa=Previ1, ..., e1=PBc1T1
MONapHO PasJMYHBl M MCYEPNBIBAIOT Bcio rpynny G. Has
qioGoro =0, ..., /—1 mnpuMeHeHHEe S MepPecTaHOBOK O,
Qistly «++y Oit1)s-1, OOPA3YIOMMX (-10 CTPOKY Tabauusl, (1),

K 3/eMEHTY a JaeT OJuMH M TOT ke 3jeMment (a)y;. Bce [
37IeMEHTOB (@) y; NONAaPHO pas/iugHbl. JleficTBHTEABHO, ecaH-Obl
(a)y: = (a@)y; AnA HEKOTODPHIX i, j, TO a=(a)y;-yi', T. . nepe-
cTaHoBka 7v;-yi' &0l,. Ho 3T0 BC3MOXKHO TOABKO TOTAA,
KOTJa y; B y; COJepXaTcs B OZHOM [PAaBOM KJacce CMEXHO-
ctd rpynnst G no nogrpynne G,, 4ero GbITb HE MOMKET.

Taxkum obpasom, anuaa op6urn O (a) paBHa /, T. e. YHCHY
cTpok B Tabmune (1). A 3to wucno B § 10 u Geuto HasBaHo
HHJIEKCOM NOATPYHIBL B rpynine.

[TpounmocrpupyeM noHsATHE OPGUTHI I'PyNnsl U JOKA3aH-
HYyI0 TeopeMy Ha npumepe 4 u3 § 9, rre paccmaTpuBanach
rpynna nepectaHoBok G=/{e, @, P. y}, ZAelicTByloas Ha
muoxectBe M ={l, 2, 3, 4, 5, 6}. Hmeem ()e=1, (l)a=5,
(HP=2, (I)y=4, r.e. 0(1)={1, 2, 4, 5}. Bribupas Kakoi-
HubyaL 3snemeHT M3 M, He npuHagnexamuil O(1), ckaxem 6,
nonyuuM (6)e=06, (6)e=6, (6)p=3, (6)y=3, T. e. 0(6)=1{3, 6}.
Takum o6pasoM, rpynmna nepectaHoBok G Ha MHOxKecTBe M
RMeeT JBe OfOUTHI:

oM ={L, 2, 4,5}, 0(6)={3, 6},

H TO3TOMY SIBJSIETCS WHTPAH3UTHBHOM.

Cra6unusarop G; Touku | u3 O(l) cocTouT M3 OfHO#M mepe-
craHoBku €. [TostoMy [G:Gi]=4=|0(1)|. Crabunusarop G,
Toukd 6 U3 O(6) COCTOMT H3 NEPecTaHoBOK & W o. Pasio-
xKeHue rpynnbl G Ha npaBele KJacChl CMEXKHOCTH MO MOj-
rpynne Gg={e, a} uMeeT BHJ

g o, 8°ﬁ=ﬁ’ a'ﬁ=Y'

[Mostomy [G:Gg]l=2=]|0(6)|.

JlokaxeM Temepb yTBePKIEHUE, YHCTO HCTOPHUECKH HA3BI-
Baemoe semMmoii DepHcalina mo uMedn aHriumiickoro marema-
THka-anreGpancra B. DBepucaiina (1852—1927), xotopsli,
MO-BHAMMOMY, II€PBBIM ONYO/JMKOBAaJd €ro J0Ka3aTenbCTBO
B CcBoell XHHre no Teopud KoueuHolx rpymm (1911r.). D10
NIPOCTOE YTBEPXKIEHNE SIBASETCS OCHOBOH TeODUH Nepeyuciie-
HusA, paspaboranHoii [JI. Ilofia u psjgoM Jpyrux MareMmaT-

83



KOB, — TEOPHH, HAXONALEH W'MPOKME TNPHMEHEHHs B Kubep-
HeTHKe, TeXHHKE, OpPraHuyeckofl XuUMHM, OHOJIOTMH H T. X.
- Ilycts % (@) —4HCTIO HEMOJABHKHBIX TOYEK NEPECTAHOBKH O,
t(G) —uucno op6utr rpynnbl  nepectaHoBoK G ={oy=¢,
a1, ..., Op-1}, A€HCTBYIOWEH HAa MHOXXecTBe M ={1,2,..., n}.

Jlemvma Bepucaitna. Jas mobol epynnet nepecmano-
60K UMeem MECMO DPOBeHCMB0

1O =57 X 1@-

OLEG

JloxasarteabcTBo. PaccMOTpHM OTHOLLIEHHE «TepecTa-
HOBKA ¢¢ COXPaHseT HEMOJBMN¥HBIM 3JIeMEHT m» MEXLy nepe-
cTaHoBKaMu rpynnel G M 3nemeHTamu MHoxectBa M. Como-
, cTaBUM mnapam (o, m), a &G,

e me M, BepuwiHHbl TPSMOYTOJh- .
HOH CETH W OTMETHM T€ W3 HHX,
. JJISi KOTOPBIX COOTBETCTBYIOLLasi
2 ' mnapa (o, m) HAXOAUTCH B YKa-
| ' 3aHUOM OTHOLUEHHH, T. €. (Mmjo=
=m (puc. 32). UnnMu ciioBamil,
nocTpouM Trpaduxr Yyka-
3aHHOro- oTHoweHus. Yueno or-
MEeUYEHHBIX TOYeK (TOYeK, MpuHai-
JexaluX rpaguky) MOXKHO MOA-
@ a @ .. ©;F cyhraTh ABYMs Ci0oco6aMH: OI-
Puc. 32 peaesuTb  YHCIO  OTMEYEHHBIX
TOYEK Ha KaXJOH BepTHKaJH
d [POCYMMHDPOBaTh INOJIYUEHHbIE BEJNMYHHBI HJIH JKE ONpeje-
JIUTh YUCJO TAaKUX TOYEK .0 KaxKAO#H TOPU3OHTANH M 3aTeM
BBIYHC/JUTL UX CYMMY.

CorJyiacHO onpejie/ieHHIO OTHOLUEHHSI HA KaXKJI0# BEPTHKAJH
OTMEYaIoTCsl BCE TOYKH, COXPaHfieMble epPeCTaHOBKOH ., CCOT-
‘BeTCTBylomtel sTofl BepThHkanu. Mx ducno paBHO Y ().
TlosToMy yuC/O BceX TOUEK rpaduka PaBHO

¥ (o) + X (@1) +. . -+ X (@r-1) = (a)

GEG

C npyroit CcTOpPOHEI, Ha KaXK[OH TOPH3OHTAIM OTMEYAIOTCs
BCE NEpPecTaHOBKH, COXpaHsIoWlde 3jieMeHT m & M, oTrBeuaro-
Wy 3To# ropusoHTtann. Mul 3HaeM, 4To OHU 06GPa3yIOT TPyIITY
Gn — CTaGWIIN3ATOD  SMIEMEHTA "M —H MX YHCIO,  COTVIACHO
npejpinylieli 1eopeme, PaBHO . '

|G | =1G1:10 (m)].
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IMostomMy npu BTOpoM cnocoGe MOACYETA TUC/IA OTMEHEHHBIX
TOYeK TrpauKa pacCMaTPUBAEMOTrO OTHOMIEHHS MOJNyYaeM
BbIpaXKeHUe

|01|+162|+~--+[Gn|= Z IGml- (2)

meM

Onnako ecnu aneMeHTHl £, j & M conepxarcs B ofiHO#H op6ure,
10 0 ())=0(j) u nostomMy [G;|=|G|:|0 (@) =(G|:|0(j)|=
=|Gy|. Nlycts Oy, Oy, ..., O; — Bce opOUTHI rpynnsl G, Takue,
uto M=0,0:|.. UO,, ¥ cjaraeMbie B 3TOM O0beIMHEHUH
He MepeceKamorcs. PasoﬁbeM CyMMy (2) Ha 4aCTH TaK, YTOGHI
BHYTPH KaXJOH M3 uacTeil CyMMHDOBaHHE LWIIO MO 3JIeMeH-
TaM HEKOTOPOil OpPOUTHI:

2 1Gal= X [Gal+ X [Gal+...4 X

meM me& 0, me0, meOt

Kaxzoe u3 ! cnaraeMbelX. B npaBoH 4YacTu 3TOrO  PaBeHCTBA
MOXXHO Npeo0pa3oBaTh ClIELYIOLIUM 06pa30M.

mgolﬁl Z lOl?nl)l {g{ 2 1= IOI—JGI

ITosTomy

S (Gl =G|+ +lGl—thl

meM

Taxkum o6pa3oM, npd BTOPOM crocobe MOACYETA MBI .NOJY-
yunu £|G| oTMeueHHBIX Touek rpaduka. [Ipupasnubas Benu-
YHHBI, [OJIyYEHHble NPH NEePBOM H BTOPOM cnocobax, Noay4yuM

tG]= 3] x(@),
=
T. €. t=t(G)=,—(l-;—| 2 % (). JleMma joka3sana.
asG

B yacthocTH, ecau rpynna G TpaH3uTHBHas, T. €. £ (G)=1,
To no jnemme BepHcaiifa

|G|= ZGx (@)
Yupaxueuns

1, Iycts G—rpynna cummerpuft Ky6a. Hafizure nopagok cTaGHJH-
3aTOpa HEKOTOpOil BepwHHH B 3TOH rpynme. Kakue nepecraHOBKH B HEM
cofiepkarcs?

2. [IpoBepbTe NpPaBMJILHOCTL yTBepHAeHHA Jemmbl Depucaiina na
npumepe rpynnsl G (npumep 4 § 9).
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3. IlepectanoBxu o H B M3 rpynnsl G compskennl B Heil, ecau B G
HajiieTcsl Takas nepecTaHoska ¥y, 410 Yy loa.y=f. Jloxasath, uTo
a) KaxJlas TMepecTaHoBKa conpsikeHa cama c coboil; 6) ecad nepecta-
HOBKa O CONpsKeHa C nepecTaHOBKO#l f§, TO H, Ha060OPOT, nepecTaHOBKa P
CONpsiKeHa C IePecTaHOBKOH o B) ecid o compsikena c B, a f—c vy,
TO O COonpsiKeHa C y.

4. U3 ceoiicts a), 6), B) ynpaxueHus 3 cJAefyeT, 4TO MHOxecTBO G
pas6uBaetcsl B-O0beUHEHHE HeNnepeceKaowHXcsl NOAMHOKECTB nepecTa-
HOBOK, NONAapHO CONPSKEHHBIX MEXLy coGoil, KOTOpPHE Ha3bBalOTCs KJaac-
CaMH CONpsKeHHBIX NepecTaHoBOK rpynmbl G. [loxaxute 3To.

5. Ecii nepectaHOBKM o H P conpsikeHel, To j (a)=y(B), I. e.
GYHKUMS y NMOCTOSIHHA Ha KJiaccaX CONMpPSKEHHBbIX 3/JeMeHToB .

6. Hcrnoabsys npeabiyuilyio 3afiayy, noKasath, 4to (opMmyay ans
onpejiesieHsl YHCJAa op6UT Trpynnsl G MOXKHO IepenHcaTh B BHAE

t (G)—___I(li_l 2 Xibis
i=1

rlie y;—obmee 3HaueHue x () AJsl NEPeCTaHOBOK i-IO KJjacca CONpsiKEH-
HBIX NIEPECTAaHOBOK, ;— YHCJIO MEPECTAHOBOK B i-M KJACCe CONMpPSKEHHMIX
NEPeCTAHOBOK, S—YHCJIO KJACCOB CONPSKEHHHIX NMEPECTAHOBOK.

7. Jloxasath, YTo CONMps:KEHHbe NePECTAHOBKU HMEIOT OAHHAKOBbIA THI.

8. Ecin nepecraHoBkn a U [ conpsikensl, T0 Ipu Jio6oM n e Z
nepecTaHoBKH o H B” toxe GyxyT conpsxeHHnMH. JlokasaTb 3TO.

Cnepyer Jin U3 CONpSMKEHHOCTH Nap MEPeCTAHOBOK ay, Oo H Pi, Pa
COIPSKEHHOCTh MX NPOHU3BEACHUN?P

9. 'pynna Bpamenuii xy6a ecrecTBeHHBIM 06pa30OM ONpeessieT rpynny
NIepEeCTAHOBOK HAa MHOecTBe ero pebep. OnpejesuThb THNIB BCEX nepe-
CTaHOBOK M3 3TOH I'PYNNbI.

10. Kaxkpoe BpameHue Ky6a ecTeCTBEHHBIM O00pasoM Ne€pecTaBJseT
ero rpaHd, T. €, rpynna BpameHH#i Xy6a onpeieisieT Tpynny nepecra--
HOBOK Ha MHOxecTBe ero rpaneii. JlOkasaTh, 4TO 3Ta rpynna TpPaH3H-
TUBHA. OnpelesiuTh CTAaGUJN3ATOP OXHON M3 ToueK (rpaseii KyGa) B 3TOiH
rpymnne.

§ 13. KOMBUHATOPHDBIE 3AJAYH

PaccMorpuM aBa HpOCTBIX npuMepa, HIIIOCTPUPYIOIUX
BO3MOXKHOCTH NPHMEHEHHs JieMMbl BepHcaiia npu pelleHuu
KOMOWHATOPHBIX 3ajay Ha nepeyucienue. Psii npumepos-
YyHTaTENb HalJeT TakKe B yNpaXKHEHUsX K STOMY maparpagdy.

1. Packpacka BepuuH Ky6a. CKOJMbKHMH cnoco06amMu MOXHO
packpacuTb BepIIMHBI Ky6a B TPH LiBeTa (Hanpumep, KpacHbiii,
CHHUM M 3eJeHblil)? .

Ha nepswiii B3rsisiy MOMXET MOKas3aThCsi, YTO 3ajaya co-
BceM npocTasi. [ToCcKONBKY KaXKAylo u3 BOCbMH BepILHH Ky6a
MOXHO pacKpacuTb TpeMsi crnocoGamu, NpHYeM He3aBHUCHMO
OT TOrO, KaK pacKpalieHbl APyrie BepIUHHBE], TO MHOXEC1BO
BCeX BepIIMH Ky0a MOXKHO packpacuthb 38 = 6561 pasnuuHbiMu
cnoco6amu. OfHAKO Npd TakOM TOAXOAE K PELUCHHUIO 33Jauu
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MOJI9a/IHBO NpeJrnonaraercs, 9T0 Mbl yMmeeM pasjin4athb Bep-
muHEl Ky0a nepen OKpackoH, T. e., cKaxeM, Ky6 IKecTKo
3aKpenJyieH WIH ero BepIUNHBl 3aHyMepoBaHbl. I1pH 3ToM no-
JIYYEHHBIl OTBET MOXXHO HHTEPIPETHPOBAThL CJIEAYIOMUM 06pa-
30M: MOXKHO TaK packpacutb 3° aGCOJIIOTHO OJHHAKOBBIX,
JKECTKO 3aKpenJieHHelX KyOoB, 4TO Bce OHHM GyayT pasiu-
yarbest. Jlas 3841 KyGoB 3TOro cresath yxKe HENb3s.
Curyauusi CcyIecTBEHHO MEHSETCSl, €C/IH Mbl OTKayKeMcs
OT MPEAIIOJIOKEHHSI O TOM, YTO KYOBI XKECTKO 3aKperJeHbl,
TaK KaK MO-Pa3sHOMY OKpalleHHble KYGBl MOXHO MOBEPHYTDb
TaK, 4YTO B HOBOM IIOJIOXKEHHH HX OKPACKH coBnaayT (puc. 33).

O-cunud ybem @ - xpaensii ybem % ~3Eneword ybem

Puc. 33

EcrecTBeHHO cuuTaTh, UTO ABa Ky0a pacKkpailieHsl OZMHAKOBO,
€cI MX PacKPacKH COBMAafaloT MOC/Te HEKOTOpPOro BpallieHHS
ONHOrO H3 KyGOB B NpOCTpPaHCTBE. DyneM TroBopuTtb, 4TO
TaKue PacKPackH Ky6OB 2eomempuvecku Heomaudumot. [TostoMy
€CTECTBEHHLIM YTOUHEHHEM 3aJa4YH O pacKpacke $iBJSIETCS
caepyomas 3ajava:

CKOMbKUMU 260 MEMPUHECKI DASAUMHBIMU CROCODAMI MONCHO
packpacume eepuiunsl Kyba 8 mpu ysema.

[Tepedopmynupyem Tenepb 3Ty 3ajauy Tak, 4Tobbl crana
NoHsITHOH ee cBA3b ¢ Jiemmoll DBepucaiipa. Ilycts M — mHo-
JKECTBO BCEBOSMOXKHBIX [10-Pa3HOMY pPacKpallleHHBIX KyGoB
OJIHOro pasMmepa, NMoJiokKeHye KOTOPbIX B [1POCTPAaHCTBE (PHKCH-
poBaHo, |M|= 38, G—rpynna Bcex BpaleHuit Ky6a, cocTos-
masn u3 24 nepecranoBok. ['pynna G ecrecTBeHHBIM 06pa3oM
onpeaessieT rPynny mepecTaHoOBOK Ha MHoxkecrBe M. MmenHo:
ecnu o & G —HekoTopoe BpalleHHe, TO KaxaoMy Ky6y us M
MOXKHO COMOCTaBHTb HEKOTOPHIi, Booble roBopsi, pyro# Kyo6,
KOTOPBI IoJlyyaercsi M3 M[E€PBOr0 MNPU BpAIIEHHH &. ITO
COOTBETCTBHE $IBJISIETCS, OUEBHAHO, IIEPECTAHOBKOH Ha MHO-
xecrBe M, koropyio Gynem o6GosHayaTe &. I'pynmy Bcex
TaKUX MepPecTaHOBOK MHOMXecTBa M, oNpejessieMbiX nepecra-

HoBKaMu 13 G, Mn GyjeM o6osnayats G. Scuo, uro |G|=|G|.
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To, uro .xBa ky6a K; u K, u3 M ‘packpauieHsl reomerpuue:
CKM OJMHAKOBO, O3HayaeT, YTO OAMH H3 HHUX MOXHO -nepe:
BECTH BD3IEHHEM B TAKOE€ TOJIOKEHHE, B KOTOPOM OHH He-
pasnnduMbl. MIHBIMM C/iOBaMH, CYLIECTBYeT Takasi nepecra-
HoBKa @ &G, uro (K@ =K., T.e. K; u K, couepxarcs
B ofiHOl opGuTe rpynmbi G, AeiicTBylomeit Ha MuoxecTse M.
Takum 06pasoM, AJsi TOro YTOOHl OMNPENENUTb YHUCIO FeoMe-
TPHUYECKH PasJiMUMMBIX CMOCOGOB PackpacKu BepuMH Kyb6a,

HYKHO HalTH KoJiudecTBO OpGUT rpynnsl G Ha MHOXecTBe M.

CuuTasi BepluMHbl KYGOB 3aHYMePOBaHHBIMH YMCIaMu 1, 2,
3, 4, 5, 6, 7, 8, packpacky kaxuoro u3 3% Ky6oB MOXIHO
OJLHO3HAUHO 0XapaKTEPHU30BaThb «c/I0BOM» M3 8 OYKB, Kaxnaas
H3 KOTOPBHIX ecTb Jinbo x, Jmnbo ¢, anbo 3. To, yro i-s1 6yksa
C/I0Ba paBHA K (MJIM ¢, WJIH 3), O3HAYaeT, 4TO i- BEpLIMHA
NpH BLIOPAaHHON HyMepauuu OKpauleHa B KPacCHbIH LBeT (WIH
B CUHMI, WJIH B 3eJieHbI cooTBeTcTBeHHO). Hanpuwmep, ans
Ky60B, u300paxeHHBIX Ha puc. 33, UMEEM COOTBETCTBEHHO
MIOC/Iel0BATENbHOCTH  €C33CCKK, cccckk33. llepectaHOBKM M3
rpynibl G nepecTaBsioOT TaKue nocjaefoBarenbHocTd. Hanpu-
mep, ecmn e =(1, 2, 3, 4)- (5, 6, 7, 8) =G, T0 NepecTaHOBKa &
CI0BO cccccecd MepeBONUT B CCCC3CCC, CIIOBO CC33CCKK TEPeBO-
JUT B C33CCKKC, CJIOBA CCCCCCLC, KKKKKKKK, 33333333 OCTaBJIAET
HeH3MeHHbIMH # T. A. Brinmucarb Bcio Tabnuuy 3HaueHuil Ans
NepPeCTaHOBKH & 3aTPYJHUTE/NbHO, INOCKOJbKY OHA COCTOMT
u3 3% crpok!

Jlns Toro uto6bl mpuMeHuTh JieMMmy Dephcaiina, Heo6xo-
JMMO ONpeNeNUTb YHCIO HEMOJBHXKHBLIX TOYEK KaXIoH nepe-

cranoBku u3 G. TlocnenoBarenbHocth OYKB K, ¢, 3 OyleT He-
NOABHXKHOH /ISl NepecTaHOBKU & & (G Torja M TONbKO TOTZa,

KOTJia 1PH PasJioXKEeHHH COOTBETCTBYIOHIel nepecTaHOBKH o = G
B NpOM3BelileHHe TIMKJIOB BEPIUMHLI Ky6a, HOMEPa KOTODLIX
BXOJSIT B OAMH H TOT K€ LHKJ, OKPAILEHbI OJHHM LIBETOM.
Hanpuwmep, econ a=(1, 2, 3, 4)-(5, 6, 7, 8), To HEMOABUK-
HbIMH OTHOCHTEJNbHO & OYAYT C€JIOBAa, COCTABIEHHBHIC LETHKOM
M3 01HOW OYKBbl, H C/IOBA, COCTABJIEHHbiE M3 JABYX DPasHHIX
6yKB, nNpuyeM OJHA H3 HHX CTOMT Ha IEPBBIX YEThIPEX Mec-
Tax B CJOBe, a BTOpasi — U3 YeThipex Nnocsieaynmux. Ilosromy
uMeercss 9 HeNmOABIXKHBIX TOUEK MEPECTAHOBKM & Ha MHOXKe-

crBe M. Yxe Ha 3TOM npuMepe BHAHO, YTO NOJACYET 4YUCAA

HEMOABUKHBLIX TOYEK INePecTaHoOBOK M3 G CHJIBHO YympouiaeTcs,
€c/Id M3BeCTHbl Pa3JiOXEHHs B NPOU3BEJEHHE LHKJIOB COOT-
BETCTBYIOIIUX NepecTaHoBoK H3 G. Ecau nepectanoeka a &G
pasyioxeHa B NpOM3BeAeHHE K-LHKJAOB, TO HHCIQ €e Heno-
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IBHXKHBIX Toyek paBHO 3% (1 <<k =C8). [losroMy cHauana Mul
ONHMIIEeM DPa3/IoKEHHUS B NPOU3BENEHHE LIMKJOB JJisi BCeX mepe-
CTaHOBOK u3 rpynmel G BpauieHH# KyGa.

a) Bokpyr xaxpoil u3 Tpex ocel, COeNMHSIOMHUX LEHTDhI
IPOTUBONOJIOKHBIX TPaHEH, UMEeTC TPH HETOMXECTBEHHBIX
BpaleHusi. FIM COOTBETCTBYIOT NepecTaHOBKU

(1, 5, 8 42, 6, 7, 3),
(1, 4, 3, 2)-(5, 8, 7, 6),
(1, 8):(2, 7)-(3, 6)-(4, 5),
(1, 3)-(2, 4)-(5, 6)-(6, 8),
(1, 4, 8, 5)-(2. 3, 7, 6);
(1, 2, 3, 4)(5, 6, 7, 8);
(1, 5, 6, 2)-(3, 4, 8, 7),
(1. 6)°(2’ 5)°(3' 8)°(41 7),
(1, 2, 6, 5)-(3, 7, 8, 4).

6) Bokpyr kaxjof U3 yeTblpex AuaroHased, T. €. ocefl,
COEMHSAIONIUX MPOTHBONOJIOXKHBIE BEPIIMHBI Ky6a, HMeeTcs
0O JBa HETPHUBHANbHBIX BpalleHHs. KM cOOTBETCTBYIOT mHepe-
CTaHOBKH

(1)°(2v 5v_4)°(3v Gv 8)0(7),

@)-(1, 3, 6)-(4, 7, 5)-(8),
B)-(1, 6, 8):(2, 7, 4)-(5),
(4)"(1’ 3, 8)"(2’ 7, 5)°(6),
(1)-(2, 4, 5)-(3, 8, 6)-(7),
@2)-(1, 6, 3)-(4, 5, 7)-(8),
(3)°(1v 81. 6)"(2v 4’ 7)°(5)’
4)-(1, 8, 3)-(2, 5, 7)-(6).

B) Bokpyr kaxaoH H3 LiectH ocell, COeAMHSIIOUIUX cepe-
JIMHbl [POTHBOMNOJIOXHBIX pebep, HMEeTCS OAHO HETPHBHAJb-
Hoe BpalleHne. MM COOTBETCTBYIOT mepecTaHOBKH

(1, 5)-(2, 8)-(3, 1)+ (4, 6),
(1, 2)+(3, 5)-(4, 6)-(7, 8),
(1, 1)+ 3)-@, 6)-(5, 8),
(1, 7)+(2, 6)-(3, 5)-4, 8),
(1, 7)+(2, 8)-(3, 9 (5, 6),
(1, 4)-(2, 8)-(3, 5)-(6, 7).



BuMecte ¢ TOXJAECTBEHHOH mo/nydaeM 24 mepecTaHOBKH.
Hrak, B rpynne G BpameHuii Ky6a umeercs
nepecranoeka tinma (1, 1, 1, 1, 1, 1, 1, 1),
nepectaHoBok Ttuna {4, 4),
nepecTraHoBok tuna (2, 2, 2, 2),
8 nepecraHoBok tana (1, 1, 3, 3).

o o -

TlepectanoBka nepBoro THma umeer 3% HENMOJBUIKHBIX TOUEK,
Jo6asi U3 MepecTaHOBOK BTOPOro Tuma — 3%, TPeTbero H
Y2TBEPTOro THMOB — 3* HenoABHKHBIX Toyek. [loaromy cormacuo
nemMe bBephcaiina nmeem

t (@) =21*4(38+6-32+9-34+8.34)=333.

TakuMm 06pasoM, 4uCAO 2eoMemputdecKu pasAUYUMbIX CNOCOO08
packpacku eepuiur Kyba 6 mpu ysema pasto 333.

2. CocraBaeHue oxepennid. CKOAbKO pPa3AUUHBIX ONcepentill
u3 cemu Oycum MOMCHO cocmasume U3 OYCuH O08Yyx Ysemos—
KPacHozo u CcuHe20?

Jns Toro ytoObl cTajtia NOHSATHOM aHANOrHs 3TOH 3afauu
¢ npembinyueii, nepedopMynupyeM ee CJEAVIOIUM paBHO-
CHJIbHEIM 06pasom:

CronvKkumu 2e0MempudecKy pasjzutmmmu cnocobamu MoXCHO
PACKPacume 8epLuiLtbL NPABUALHORD CeMUY20AbRUKA 8 08a Ysema?

3nech zaBa cnocoba pacKpacKW HEOTJIMYMMBI, €C/IH OAUH
M3 HHX MOXHO MOJYYHUTb W3 JPYyroro, MpUMEHAS K CEMH-
. YyTONBbHUKY JUGO npeobGpasoBaHusi BpauleHuH, JUOO CUMMeT-
DM OTHOCHUTENBHO OCeH, T. €. MEepecTaHOBKH U3 IPyNNbl IH-
snpa D,. Eciu BepliMHB CEMHYTOJIbHHKA I[1POHYMEPOBAHLI,
. umeercst 27 =128 pasnuyHLIX BapUaHTOB HX pacKpackH, Tak
KaK KaXJyl0 BeplIMHY He3aBUCHMO OT JPYTHX MOXKHO pac-
KPacuTb ABYMS cnoco6amH.

CHoBa OyjgeM OMHUCHIBaTb PACKPAcKH CJIOBAMH JJIHHBI 7,
COCTaB/IeHHBIMH K3 OYKB K (BEpIUHHA OKpalleHa B KPacCHBIH
uBeT) u ¢ (BeplMHA OKpameHa B cuHuii uBet). Ha mHoxe-

cTBe N Bcex TaKuX CJOB JeficTByer rpymnna D, mepecTaHoBoOK,
3aJaBaeMblX mepectaHoBKamu u3 D,. Hanpumep, ecnu o=
=(1, 2, 3, 4, 5, 6, 7), To nepectaHoBKA & MOCJEAHIOIO GYKBY
KaXJ10ro CcJioBa MEPECTaB/isieT B €ro Hayano, a OCTaJibHbIe
OykBbl He u3MeHseT. Jlis Toro uyroObl OMNpENeaUTh YUCIO
opbur rpynnel D, Ha MHoxectBe N, HEOGXOAUMO HAUTH THIbL
nepecraHoBok u3 D,. Dra 3ajaia ropasgo Npolle aHaJoruy-
Horo Bompoca masi rpynnel G us npuMepa 1. Ipynna D,
cocToMT M3 14 nepectaHoBok MHoxectBa {l, 2,3, 4,5, 6, 7},
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.

KOTOpbIe pacnpelesieHbl MO BO3MOXHBLIM THIAM TaK:

.

1 nepecranoska mumeer tun (1,1, 1,1, 1,1, 1),
6 nepecraHoBoK uMmeloT THH (7),
7 nepectaHoBoK umeloT THn (I, 2, 2, 2).

C/10BO HENOJABUKHO OTHOCHTEJNBHHO NEPECTaHOBKH & & D,,
Torfa M TOJNBKO TOrZa, Korja OYyKBbl, CTOSIIME HAa MeCTax
C HOMEPaMH H3 OJHOrO IHKJA B [EPeCTaHOBKE Q, COBNAJJIOT.
ITosTomy TOXKLeCTBeHHAsl MEPeCTaHOBKAa HMMeeT 27 HemoIBHXK-
HBIX TOYeK Ha N, nepecTaHOBKH BTOpOro THma —Ino 2, a ne-
PecTaHOBKH TpeTbero tuna — no 24, Ilpumensia nemmy Beps-
cadfia, nosyvyaem

1

t(D))=3(27+6-2+47-29=18.

Hrak, u3 Oycun Osyx ysemos moxcro cocmasums 18 cemu-
bycernoix oscepeauti.

YnpaxHenus

1. I'panu Ky6a MOXHO pacKpacuTb: a) Bce B Gesiblfi uBeT; 6) BCE
B YepHHIi nBer; B) YacTh B GeJnlll, a OCraibHbie B yepHuii. CKOJbKO
HMeeTcs pasHBIX CIOCOGOB PaCKpPackH?

2. CKOJIbKO pa3JIMUHBIX OXepesHil MOXKHO COCTAaBHTb M3 JABYX CHHHX,
ABYX 6esblX M JABYX KpacHHX GycuH?

3. CKOJbKHMH IeOMETpHUYECKH pasJHUHBLIMH CIoco6aMH TPH abGCOJIOTHO
OJlIHAKOBBIE MYXH MOTYT YCECTHCSl B BEPLIMHAX IpPaBHJBHOTO MATHYIOJb-
HHKa? .
4. CKoJbKO  CYWECTBYET Pa3JHUHBIX OpHEHTHPOBaHHBIX rpados
C TpeMms BepIUHHaMH?

5. CKOMbKO CYLIECTBYeT pas3JIMYHHIX HEODHEHTHPOBAHHHIX TIpagoB
C YeThIpbMA BEpIIMHAMU?

6. CkoabKHMH crioco6aMH MOXKHO pacKpacHTb BepIHHHI Ky6a B 1Ba
BeTa TaK, YTOGH BEPIIMH KaXJOro UBETa OHIJIO NOPO3HY?

7. CKOMILKMMH pas3JHYHbBIMH CNOCOGAaMH MOMXKHO IrpaHH ky6a packpa-
CHTb B YeThIpe fBeTa? .

§ 14. AEACTBUE. NEPECTAHOBKH HA MHOIOYJIEH

HanoMHiM, 4TO0 MHOTOWIEH — 3TO CyMMa KaKHUX-TO OJHO-
yjnenoB. Eciiv Bce OfHOY/IEHB MHOTrOUJieHa [ 06pa3oBaHbl H3
CHUMBOJIOB X3, X3, ».., X, TO OyIeM 0603HaYaTb TAKOH MHOTO-
uyned f(x1, X2, -.., Xp,) U TOBOPUTb, YTO 3TO MHOICUYJIEH C 11
nepemennuiMid. Hanpuwmep,

[ (o1, X2) = xixz -+ 2512+ 513
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~— MHOI'O4JIeH C lIBYMﬂ l'le'peMéHHb(MH, a
g (X1, X2, Xa) = 2xi%ax3 4 5xixs 1 6x3

— MHOTO4JIEH C TpeMsi NMepPeMeHHBIMH.

Ilycrd f(x1, X2, ..., Xn) —HEKOTODHIA MHOTOUJEH C 1 Tie-
pemennsiMH, M ={l, 2, ..., n} —MHOXECTBO WHJEKCOB NpH
nepeMeHHbIX. I/ npOU3BOLHON MEPECTAHOBKH 0 & S, onpe-
JenuM AedcTBUe ¢ HA MHOPOUYJeH f (X1, Xz, ..., Xs), MOJIOXKHB

(f(xlu X2, es ey xn))'J:fU(x.l’ X2y ecey xn)=
=f(x(1)m X(2)ay <o x(n)o‘)-

4 Mpumep 1. a) Ecau f(x1, Xa, X3, Xa) = X1X2XaXi+
Fxixoxaxs + X1+ %241, a

_(1234)
0=\2 3 1 4)

TO .
O (X1, X, X3, Xa) = XaXaX1Xi 4 X3X3X1X4 + X2+ x5+ 1.

6) Jns MHorousena
g (X1, X2, X3, Xg) = XiXaX3Xq | X1XaXsXa | X1 XaX3Xy
W MepecTaHoBKH ¢ H3 MPeJbIAYINEro NMpuMepa HMeeM

8° (X1, X2, X3, X5) = XaX3X1Xa -+ XaX3X1Xg + XoXaXiXs = .
s ' =g(x1) X2, Xg, x4)' >

VI3 sroro nmpumepa BHAHO, UTO MHOrouneH fo(xi, Xs, ...
<y Xn) MOXKET OT/IMYATHCH OT f (X1, X2, ..., Xn), @ MOXeT
U COBIAAATh C HUM.

Ecnu fo(x1, Xsy ..., Xa) =f(x1, X2y ..., Xn), TO roBOPAT,
YTO MHOrOUJIEH | He U3MEHsIeTCs TOJL 1eHCTBHEM N1€PECTaHOBKH G,
HNM, HHAYe, wuHeapuanmer omrocumeavro Oeticmsus o. Ilo-
HATHO, 4TO KaxJbli MHOrOYJIEH OT 71 nepeMeHHbIX HHBapHaH-
TEH OTHOCHUTEJIbHO JeHCTBHS TOMXIECTBEHHOH MepecTaHOBKH:

fe(xly Xgy ceey xn)—_"f(xl’ X2y ov0y xn)-

[TockosnbKy omepauus yMHOXEHHS JBYX MepecTaHOBOK
O3HayaeT WX MOCJELOBATE/NbHOE BHIMOJHEHHE, TO AA JIOOBIX
NepecTaHoOBOK G, T U MPOU3BOJBHOIO MHOTrOUJMeHa f (X1, Xa, ...
eee, Xp) HMeeM

((f(xlv X2, -"1.xn))a)t=f0°t (xl’ Xay seey xn)'

Orciona BbiTEKAaeT, YTO KOrga MHOrowneH f(Xi, Xa, ..., Xn)
HE HU3MeHsdAeTCsT INoa neﬁchneM NMepeCTaHoOBOK 0 H T, TO OH
-Oyler UHBapUAHTEH M OTHOCHTENbHO HX mpoussefeHus. Kpome
TOrO, Kaxzapll MHOrouseH f(xy, Xa) ..., Xa), MHBapUAHTHBbI
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OTHOCHUTEJILHO MEePecTaHOBKH ¢, OyneT WMHBapHAHTHBIM M OT-
HocuTenbHO mnepecTaHoBKH o-l. TlosTomMy MHOXKecTBO Bcex
NepecTaHOBOK, KOTOpPbie HE MEHSIOT 3aJaHHbIl MHOro4JieH
f(x1, %2, ..., x,), OOpasyer rpynny. dra rpymnmna HasbBaeTcs
epynnotl uHepyuu MHO204NEHA [ (X1, X2, .-, Xa).

4 Ilpumep 2. Hafigem rpynny uHepUMH MHOTOUJIEHA

A (X1, Xa, X3)= (X1 — X3) (X1 — X3) (X2 — X3).

Hmeem

A D (x1, X9, Xg) = (X2 — X1) (X2 — X3) (X1 — X3) = —A (x4, Xq, Xx3),
A2 (x1, x3, Xg) = (X1 — X3) (X1 — X2) (X3 — X2) = —A (x1, X2, X3),
A3 (x1, X9, X3) = (X3 — X2) (X3 — X1) (Xo — x1) = —A (X1, X2, X3),

AT29) (x1, X, X3) = (X3 — X3) (X2 — X1) (X3 — X1) = A (x1, X2, X3),
A 2.3 (xl, X, X3) = (x:-) -x1) (Xa —Xg) (x1 —xz) =4 (xl, X, X3).

CnenoBaTesbHO, TPYNNONH WHEPUUH MHorouwneHa A (x;, X, X3)
siBsieTcss MHOXxecTBo {e, (I, 2, 3), (I, 3, 2)}. b

M3 3Toro mpymepa BHIHO, 4TO MHOrousneH A (xi, Xz, Xs)
MeHsem 3Hak nod Oeidcmeuem 060l mpancnosuyuu. DTOT
pe3ynbTaT 0606LIaeTCH HAa MHOrOY/JeHh TaKOro BHAA C 60Jb-
IIMM YUCJIOM NePEMEeHHbIX.

Muorouned A (x1, X3, X3) ABAAETCS NPOU3BEEHHEM pas-
HocTel X; —X; ana i<<j, i,j=1, 2, 3; noaroMy MHOrouJjeH
TAKOro BMJA C 1 NepeMeHHBIMU OYIeT Takoii:

A(x;, Koy +ooy Xn) = (X1 — X2) (X1 — X3) (X1 — Xa) ... (X1 — Xs) X
X (le— x3) (xz —_ X4) e (Xz —_ x,,) X
X(xg — Xg) oo (X3 — X5) X

@ ® s e e 8 e e 8 s s 6 = 8 ® 8 e s s " e s s 8 e s s s s s eo»

- X (Xn-1— Xn).

Oxn comepxur (n—1)+@n—2)+...+1=n(n—1)/2 comuo-
wurenedt. Ilyers (i, j), { <<j — npousBojbHas TPaHCIO3HIUSA.
Ona pefcTByeT JIHIIb HAa T€ COMHOXHTENM Xp—X;, R<I,
B KOTODhIX MO MeHblLIEH Mepe OHH U3 HHIEKCOB k, [ coBma-
naer ¢ ¢ unu j. Ilop nelicrBueM Ttpamcmosuumu (i, j) 3sHaK
COMHOXHTeNsl X; —X; MEHAeTCS Ha NPOTHBONOJIOXKHBIN:

i — %) D = x5 — Xy =— (x; — x;).

Jis Ipyrux COMHOXKHTeNeH, KOTOpble U3MeHAIOTCS Moj nel-
CTBHEM TpaHCno3unuu (i, j), WMeeM
a) ecnu i, j<<R, TO X;—X, NEPEXOJWT B X; — X, U Ha-
o6opoT, He MeHdAsl 3HakKa,
0) ecnu i, j>>Fk, TO X, —x; TNePeXOAUT B X, —X; U Ha-
060pQT, HE MEHAs 3l1aKa;
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B) ecnmn [ <<k<<j, TO X;—X, TEpPeXOOUT B X;—Xp==

— (Xp—Xj), @ Xp—X; TEPEXOAHT B Xp—X;=— (X;— XE),
T. €. NpousBefileHue (x; — xz) (X — x;) mox neHCTBHeM @ 7
He u3MeHsieT 3HaKa.

CnenoBarebHo, NpoU3BEIeHUE BCEX COMHOXHUTENEH MHOro-
unena A (%1, Xz, ..., Xs), KPOMe X; — X;, MOA Ae#cTBHEM (I, j)
He H3MeHseT 3HaKa, a COMHOXKMTeNb X; —X; HU3MEHAeT 3HaK
‘Ha NPOTHBONOMOXKHBIA. [TosToMy npousBelieHHe BCEX COMHO-
wutenell —muorowied A (xy, Xz, ..., Xp) —TaKXe HU3MEHAET
3HAK:

At b (xlv X2y «0ey xn) =—A (xl) Xa, AR xn)'

IlockonbKYy KaXK[yi0o NEPEeCTAHOBKY MOJXKHO PassOXKHUTh
B MPOU3BENEHHE TPaAHCNO3ULUHA, TO MNOA JAeHcTBueM Ji0GOH
nepectaHoBKH MHorouneH A (xy, X2, ..., X,) MOXeT JHILIb
H3MeHUTh 3HaK. MIMEHHO MO3TOMY 3TOT MHOrO4YJieH HashlBaeTCs
BHAKONEPEMEHHOIM MHO20MACHOM C N NEPEMEHHOIMU.

Tlycrs f(xy, X2, ..., Xn) —HEKOTOpPBI MHOrounes. Jlefict-
BYsl HAa HEro BCEBO3MOXHLIMH NE€PECTaHOBKAaMH U3 S,, mouay-
49uM, BOOOIILE rOBOps, KaKO#-TO HabOp PasHBIX MHOTMOUYJICHOB:

Fr(xe, Xa, «oey %), Fa(X1, Xy veny Xn)y oony fs (X1, Xay ooey Xn).
Cam mHorouneH f(xy, X, ..., Xp) B 3TOM pALy 00A3aTEJbHO
BCTPETHTCSH, TaK Kak [¢=f. MHorounex

fl(xl, Xoy vaey x,,)—‘-l—f2(x1, xz,...,x,,)—l—...—]—fs(xl, x,g,...,x,,)

OyseM Has3biBaThb OPOMTANBHBIM Ans f(xy, Xo, --., Xp). Opbu-
TaJlbHbI MHOFOWIEH, KaK JIErKO NOHATH, WHBAPHAHTEH OTHO-
cuTesbHO JIIOGOH mepectaHOBKU U3 S,.

< Ilpumep 3. a) Ilna opnouneHa x¥ opOUTANbHBIM

MHOrOY/IEHOM € N MepeMeHHBIMH GyJeT MHOrouYJeH
Sp=xExk 4k,

Takue MHOrousieHbI Ha3bIBAKQTCS CTEMEHHBIMH CyMMaMH
OT 1 NlepeMeHHbIX. B 4acTHOCTH, CTENeHHBIMU CYMMaMH C ABYMsI
nepeMeHHbIMH OyILYT MHOTOYJIEHBI

S;=Xx1-1 X, Se=xi-4x3, Sz=xi-1x;

6) [Insa oOIHOYNEHA Xix3x3 OPOHUTANBHBIM MHOFOYIEHOM
C TpeMms MepeMeHHBIMH OyJeT MHOTOYJeH

X1X3Xs - XiXaX3 - X1X3Xs 4 X1X3%3 -+ X1X2X5 4 X1X5x3. B

Op6uTanbHEIE MHOTOUNEH C N [epeMeHHbBIMM [ Of-
HOWIeHa xX2...xJ . OyjeMm 0603HauaTh 0y (XX2...x(),
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Hanpuwmep,
0z (X1X3) = X1X5 -+ xix,,

03 (X1%3) = X1X3 + X1.X3 + XiXe + X1x3 + Xox§ + X3x3.

Jlerko y6enutbcs, 4YTO AJsl JIOGOTO 7 MHOTOUJIEH Op (xfxé)

BbIPaXKaeTcsl Hepe3 cTemneHHble CyMMbl. [IpoBepuM 310 AJfA
cnyuas n=3. Hueem

—_ k kR R 7] 2] N — k41 k k
sks,—(xl—i—x%—]—xa)(xl+x2+x3)—x1+ Fxitifxktip
Ryl Ryl I yk k4l 14k Iyk — ¢ k4l
kol A= kol - bk ko - xlak - xlxt =5, -0, (xlxg),

. Aol e o
CuniefoBarte/sibHO, O3 (xlxﬂ) =5,8,— S,

HurepecHbiM sBJIsieTCs BONPOC O HAXOMKAEHHH KOJIMYECTBA
claraeMelX B OpOMTaNbHBIX MHOrousieHax. [loHsTHO, YTO

KOJIHY4eCTBO OJHOYJIEHOB B MHOrou/JieHax o, (xilxéﬂ. . .xi3> HE

MOKeT [peBbiaTh n! MaKCUMalbHOE KONHYECTBO OJHOUNE-
HOB OyjeM HMeTb TOJIbKO TOTZa, KOTJa BCe nepeMeHHble OyAyT
BXOAWTb B OJHOYIEH C Pa3sHbIMU CTeNeHsAMH, a eclIM NoKa-
3aTelH MepPeMEHHHX B OAHOWIEHe OyAyT NOBTOPATbCSH, TO
OHO OyJeT MeHblle. -

YnpaxHeHus

1 2 3 4
21 3 4
a) xyx3x3x3 - 2x3x2x3%s -+ %1433

6) x3x5xsxs+ x5+ xg;

B) x{+x3+x3-+ X

Haiitu /9. )

2. Haiity rpynny HHepuuMn MHOIOYJIeHa

/(Xl, X2, X3y x4)=x|x2x§x4+2x§x2x§x4+5x1+3x2+I.

3. M3 Kakoro uyucjia nepecTaHOBOK COCTOMT IpyInila MHEpPUHHM MHOro-
aneHa A (x;, X2, X3 X4)P

4. JIns npoM3BOJIbHON TpyNnbl NEPECTAHOBOK CYLIECTBYET MHOTOYE!,
sl KOTOpOro 3Ta rpynna sB/AseTcss TPynnoil HHepUHH. Jokasarb 3To0.

5. CKOJIbKO OHOUJEHOB COAEPKUT MHOTOUNEH 04 (x3xaxixy). 3anucaib
9TOT MHOTOUJIEH.

6. JlokasaTb, 4TO MHOTOYJEH Op (¥x‘) BHIpAMKAETCA Uepes3 CTENeHHbe
CyMMBbI AJifl JIOGOTO n.

7. CKOJIbKO OJHOUWJEHOB COAEP)KHUT MHOTOUJNEH BHAA 0Oy (X1X2 ««e Xg)
AJsl pasHbIX n, [P

1. ITycts o=( ), a [ —OAHH H3 MHOTOYJICHOB;

§ 15, YETHLIE 1 HEYETHBIE NEPECTAHOBKH.
3HAKONEPEMEHHASA rPYINA

PasnoxeHue NepecTaHOBOK U3 S, B NPOU3BEJeHHE TPAHC-
no3uukii, BOOGIE TOBOpS, HE OJHO3HAYHO, HalpUMeEp:
(!, 2, 3)=(, 3)“(2n 3)=(13 2)-(1, 3)- =
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Bce-raku ompejesieHHYI0  XapakTepHCTHKY, KOTopas
oCTaercst ONMUHAKGBON I KaX{AOro U3 TAaKUX Pa3IoKEHHH,
yKa3atb MOXHO. Takoif XapaKTepHUCTHKOH siBjisieTcsl 4eTHOCTD
yucaa COMHOXUTenelt B pasjioxeHud. TouHee, cripaBenjiuBa
TaKas BaXkHas -

Teopema. Ecau aye0ge...o0ts U PyrePav...Pr — pasao-
JHCEHUS NEPECANOBKY 8 N POoU3sederue mpancnosuyul, mo 4ucias
u t umerom 00UHAKOBYIO HeMHOCMb.

IHokasatennctBo. Ilycth ¢ —HekoTtopas nepecra-
HOBKa Ha MHoxectBe M={l, 2, ..., n}, oq-tae...c0,
BioPae...oP;— pasnoxkeHus ¢ B npousBejieHNe TPAHCIO3HINA.
[lonefictByem mepecraHoBKo# ¢ Ha 3HaKonepeMeHHbIH MHOIrO-
yned A (x1, X2, ..., X;). Kak Obl10 YCTaHOBJIEHO B HPEAbl-
aywem naparpade, A 1 A® MOryT OT/IIHYAThCA JHIIb 3HAKOM,
mpuyeM eclH o TpaHcnosuuus, To A%*=—A. PaccmmpuM
JBe MOC/]EN0BATE/IbHOCTH MHOTOYJIEHOB:

A, Au=F,, F°"=F2, ey F‘:s_les,

1

A, Aﬁ1=Gl, G?2=G2’ ey G?t—lzat'

B Kaxnoff 3 IMX J[BA COCEJHHX BBIPAXKEHHS OTJIHYAIOTCSA
JMIIb 3HAKOM. A moatomy

Fy=(—1)yA4, Gi=(—I1)A.

C npyro#t cropounl, Fy=G;= A®. CnepoBarenbuo, (—1)SA=
=(—1)A, T.e. s u { —uuc/a OJMHAKOBOH YETHOCTH..

Temepb MOXHO 1aTh TaKoe ONpeleneHHe.

[lepectaHoBKa HasbpIBaeTCst 4emrol, €CId OHA pPacKJjafibl-
BaeTcsl B MPoHU3BeAEHHe YETHOTO YHC/IA TPaHCMO3HUHH. B npo-
THBHOM CJIy4ae MepecTaHOBKA Ha3bIBAeTCs HewermnHodl.

Takum 06pasoM, YeTHBIMH GYLYT T€ W TOJNBKO Te Mepe-
CTaHOBKH, KOTOpble OCTaBJsAlOT 6Ge3 H3MEHeHWsl 3HaKomepe-
MeHHBI MHorouneH A (Xy, Xy ..., Xp). O603HauuM uepes A,
MHOXECTBO YeTHbIX MepPecTaHoBOK u3 S,, a uepes B, — MmHo-
JKeCTBO BceX HeuerHbiX. [lo HOKasaHHOH Teopeme Kampas
repecTaHoBKa @ & S, NPUHALIEKUT OJHOMY H3 STHX MHO-
xkecTB, npuueM A, U B, He UMeEIOT OGLIMX 3JIEMEHTOB.

[Tokaxem, uro MmHOXecTBa A, H B, cocroar U3 ofvHa-
KOBOrO KOJIHYeCTBa IePecTaHOBOK, T. €.

| An| =|Bal. : ‘ (M
Jins 3TOro nocTpouM B3aHMHO OAHO3HauHoe oToGpamenue ¥

MHOXecTBA A, Ha MHOXecTBO B,. 3apHKcHpyeM HeKOTO-
PYIO TPAHCNO3UUMIO O M TIOCTABUM -B COOTBETCTBUE KaXKAOMY
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sneMeHTy o e A, TnepecTaHoBKY o - o
¥:0—>0-0.

TlepecTanoBKH ® U @ <0, — Pa3HOil YETHOCTH, T. €. @ -0 & B,
1 oroGpaxenue ¥ onpeneneHo npaBHIbHO.

Y6enumca B ToM, yTto orobpaxenne W GuexTuBHO. Ecau
B, yeAn u B4y, To n BeasEy-0, NOTOMY UTO PAaBEHCTBO
P-a=7y.0 MOXKHO OBLIO COKPaTHTh Ha o H MOJYYUTb, BO-
NpeKH YCJIOBHIO, YTO P =17.

Jlna xaxpoil nepectaHoBKU P & B, cyllecTByeT mepecra-
HOBKAa Y & A,, a uMeHHO Y = P -1 =P - a, Takas, uto (y)¥=0.
CnepoBaresibHo, otobpakenue ¥ siB/AeTCs ONHOBPEMEHHO M
HHBbeKNHeH, U clopbekuueil Orciona BeITeKaeT cnpa-
BeJJIMBOCTh paBeHcrBa (l).

Kaxnasi TpaHcnosuiusi — HedeTHasi nepecraHoska. Pasen-
cTBO (2) § 7 nmokaseiBaeT, 4TO LMK/ HEYETHOH IJIMHEI — nepe-
craHoBKa yYernas. UeTHo#t Oyner Tak:Ke TOXAECTBEHHAs nepe-
craHoBKa €. [IOHAITHO, YTO NpOU3BeJieHHe YEeTHHIX [epecTa-
HOBOK — [I€PeCTaHOBKA YeTHasi, [POM3BEJieHHe ABYX HEYeTHHIX
NepecTaHOBOK — TAaKXKe YeTHasl, a MPOU3BeJeHHe YeTHOH Ha
HeueTHY0 (WJIH HaoG0pOT) — HeueTHast.

Ecu nepectanoBka ¢ pasiioxena B POU3BeLEHHE Tpch--
NO3HIHA '

(P=61'630...’6,-1°6;,

TO obpaTHO# K @ Oylner nepeCTaHoaka '
" @L=0ye85-ge... 0500y,
TaK KaKk H3 paBeHCTBa
(612820 05-1000.085) o (651 e 65 1o.. .2 85" 87") =2

BbITeKaeT, 4To @-1=07"-0;1 j....-85'-01", a ana Tpancno-
sunuh 87! =6;.

Orciopa nonaydaeM, 4ro MHOXectBo A, ofpasyer mnoj-
rpynny rpynnsl S,. OTa moArpynna HasbiBaeTcsi 3xaxorepe-
MeHnol epynnoi nepecmarosox. OHA WIpaeT O4EHb BAXKHYIO
pPOJIb B TEODMH TPYNN MEPECTAHOBOK H B ee TNpHMEHEeHHsX.

3ameruM, YTO UETHOCTb MEPECTAaHOBKH MOXKHO OnpeJeNuTh,
He packJajbiBasi ee B mpousBelenue Tpancmosnuuid. Jocra-
TOYHO JIKUIb Pa3NiOXKUTb MEPECTaHOBKY B NMPOU3BENEHHE LHK-
JIOB M MOJCYHTATb KOJHMYECTBO LMKJOB YeTHOH ANHMHBL. Ecau
HafileHHoe Yyuca0 OyZer 4YeTHbIM, TO nepecTaHoBKa YeTHafl,
B NPOTHBHOM CJlyyae — HeueTHad (cm. ynpaxHsenue 11).
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VYnpaxnenus

1. Kakylo xapakTepnyio oco6enHOCTh uMeeT rpad gerTHHit nepes
€TaHOBKH?

2. Kaxofl HaMBHICIIMI NMOPSNOK MOTYT HMeTh SJEMEHTH rpynmh Ag?

3. CocraBuTh TaGJHLY YMHOMEHHS rpynnal Ay,

4. Kakasa u3 onucaHHoix Hamd B § 8 noarpynn Sz GyAeT SHAaKOs
pepeMeHHO#?

5. HaiiTn uentp rpynnst A, {(cM, ynpaxuenue 4 § 9),

6. Jlokasate, 4T0 A,-—MaKCHMaibHasd NOArpynna S, OTIHUHAR
or S, T, €, Kaxk}jad noArpynna, Koropas COAepXHT A,, CoBnazaer
HIH 6 A, uan ¢ S, 7

7. HokasaTe, uTO Kak[yl0 UYETHYIO MEPECTZHOBKY MOKHO PasJOXHTh
B NPOH3BeJ/IeHHe HHUKJIOB IUTHHEI TpH.

8. MOXHO JHM pasOXKHTh KaxAyld 4YETHYIO NEPeCTaHOBKY ¥3 S,
rje n HEYeTHO, B MPOM3BEACHHE IHKJOB

1,2 3, (1, 4, 5),. «., (1, n—1, n)

9. Fopopsir, 9TO napa uncen i, j o6pasyeT HHBEpPCHIO, ecad i> j,
JoxasaTe, 4TO NMEpecTaHOBKa

(l 2 3 .. n)
ll ig ig vos ’n

6yZer 4eTHOR TOTNa H TOJBKO TOrJ3, KOrJ@ KOJIHYECTBO HHBEpCHHl, o6pas
BOBaHHHIX 9JIEMEHTAaMH/ € BTOPOrO psja,— YHCJIO 9eTHoe,

10. CKoJIBKO HMeeTcsl NepecTaHOBOK H3 Syg, B KOTOPHX SJIEMEHTHI
BTOpOro psila 06pasyloT poOBHO 6 HHBepCHH?

11, Ilycts k1, kay «.., ks)—Tun uwepectanoBkn ¢ & S,, Pasuocts
n—s HasbiBaeTcsl JeKpeMEeHTOM 8TOR nepectaHoBkH. JlOKasaTh, uTO
YETHOCTb MEPECTAaHOBKH COBNAJ3eT G HETHOCTBIO €€ JEKPEeMEHTa,

§ 16. CHMMETPHYECKHE U YETHOCUMMETPHYECKHE
MHOTI'O4JIEHBI

MHorouen f (X1, X2y «oey X;) HA3LIBACTCS CUMMEMPULECKUM,
€CJIH OH S$BJAETCS HHBAPDHAHTHBIM OTHOCHTENBHO AEeHCTBHA
Mo6of nepecTaHOBKH U3 S,, T. €. 2pynnoil uHepyuu maxoz0
MHOROUNECHA ABASLIMCSL 6CSL CUMMEMPUUECKA 2pynna Sp.

Hanpumep, cummeTpudeckuMu OYAYT TaKue MHOTOUJIEHHL
- ¢ n nepeMeHHLIMH:

O1(X1y Xay ooy Xp)=X3FXa+...F X5,
G2 (X1, Xa, eeey Xp) =X1X2+ X3Xs+. o o Xn—1Xn,
O3 (X1, Xa, eevy Xn) = X1XaX3 + X1XoXa .+ o Xn-2Xn-1Xn,

On (X1, X2, o0y Xn) =X1¥3 oo. Xp.
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JeficTBuTeNbHO, OPOUTANBHBIA MHOTOYJIEH JoGOro OxHOYJIe-
Ha — CUMMETDHUYECKHH, a

01 (x1, Xy saey x,,)=on (xl), O3 (x1, X2y eeny x,,)=
=0g (X1X2), ooy On (X1, X2, eevy Xp) = 0p (X2X3 «es Xn).

Muorousnenst 0y, Oy, ..., O, Ha3HBAIOTCA JAEMEHMAPHOIMU
CUMMEMPUMECKUMI MHO204AeHAMU. 3amuileM HX [OJHOCTBIO
A n=2, n=23:

01(X1, X2) =X1-+ X2, O1(X1, X2, Xs) =X1+ Xo-F X3,
Oz (X1, Xo) =X1Xa, O2 (X1, X3, X3) = X1X2 -} X1.X5 -} XoXg,
O3 (X1, X2y Xa) = X1XoXs.

HenocpencrseHHo BHAHO, YTO a) CyMMa CHMMETPHYECKHX
MHOTOYJIEHOB — CUMMeTpHYecKUil MHOTOuIeH; 6) MpousBelieHHe
CHMMETPHYECKHX MHOI'OWJIEHOB — CUMMETPHUYECKH I MHOTOUJIEH.
[TosToMy eciu B MPOU3BOJILHBIL MHOTOUMEH g (Y1, Y2y +++» Yn)
C n nepeMeHHbIMH NMOACTABUTb BMECTO Y1, Y2, «+.y Yn IIEMEH-
TapHhle CHMMETPHYECKHe MHOrOYJeHBl Oy, Os, ..., Op, TO
MONYYUM HEKOTOPBHIH MHOTOWIEH OT X1, X2, «oey Xp, KOTOPHIA
O6yner cummerpuyeckuM. Hampumep, ecan

gy, Yo) = Yiy: 159242,
TO

g (01, 02) = (X1} X2)2x1%9 - Dx1xa -+ 2 =
= x}xs -+ 2x3x3 4 x1x3 + Sxaxs 2

— CUMMETPHYECKHH MHOTOYJIeH.

OxkasniBaeTcs, 4TO TaK MOXKHO no.nymm KaXJHH cuM-
METPHYECKHA MHOTOUYJIEH.

Teopema. Kaxcooui cummempuiecKull MHo204NeH ABAALMCA
MHO20UACHOM OITL IAEMEHMAPHOIX CUMMEMPUHECKUX MHO204NEHO8.

dra TeopeMa HasbIBaeTCsl OCHOBHOH TeopeMo#l O cHMMerT-
pHYECKUX MHOroujeHaXx. Mbl J0KaxeM 3Ty TeOpeMy JIHIIb
JJIsi MHOTOWIEHOB ¢ TpeMs HEH3BeCTHBIMH. PaccMorpenune
5TOro cjyyYas JacT HaM BO3MOXKHOCTb o6oapeTb BCE 3Tamnbl
MOJIHOrO J10Ka3aTesbCTBa.

[ToHATHO, YTO KaX/blil CHMMETPHYECKHII MHOTOU/IEH C MPO-
W3BOJIbHBIM YHCJIOM NMEPEMEHHBIX AB/SETCS CYMMOH opOUTalb-
HBIX MHOTOY/JIEHOB. A MOTOMY IJs [J0Ka3aTeNbCTBa TeOpeMbl
B ciayuyae n=3 JOCTaTOYHO YOENUTHCS, YTO MHOTOYJIEHBI BHJA °

04 (XF), 04(xfxl), 0g(XfXix") MOXKHO NpEACTaBUTH B BHUIE
MHOTOUJIEHOB OT G7, Oy, Og.

1) Y6egumcss MeToJOM MAaTeMaTHUYeCKOH HHAYKIHH MO

yHcay Kk, 4TO KamJas CTeNeHHas cymma S, =XxF -+ xf-+x%
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BbIPAXKaeTcsi yepe3 3JIeMEHTapHble CHMMETPHYECKHE MHOro-
yienbl. JleHCTBUTENbHO, §;=X;-+ Xs-+X3 coBnajaer ¢ oy,
Sp = X} + X3 + 13 = (X1 + X2+ x35)% — 2 (XaX3 -+ Xaxs - X1X5) =
= 0} — 20,, $3=0]— 30,05+ 303. Bripazum Ttemepr s, Aas
NPOU3BOJILHOTO k yepe3 MHOTOUWIEHH §;, i<<k. ViMeem

018k-1= (X1 Xa xo) (¥ ~' 4 7'+ ¥ Y) =80t 03 (¥ 7',)

Orciona

Sk == 0:Sp-1 — O3 (x;e - 'xz),

Ananoruuso, '
‘ OoSp—g = 'o,,(xf - 'x2) 403 (xf - ‘2x2x3),

03,3 =03 (Xf - 2x2x3).

Onpefienisii M3 JBYX MOCAEIHMX PABEHCTB MHOTOUJEH
0y(*f ~'x,) ¥ -MOACTaBASAS €ro B mpelibiayulee, GyaeM MMeTb

Sp = O18p-1 — OaSp—2 } O3Sp—3.

B COOTBETCTBMH C MPEANONIOXKEHHEM HHAYKIUH CTeNeHHble
CYMMBL Sp-1, Sg—g, Sp-3 MOXKHO 3amucarb B BHIE MHOTOUYJIEHOB
OT 3JIeMEHTAPHBIX CHMMETPUYECKUX MHOTOUYJIEHOB, CJIEN0Ba-
TeJbHO, Yepe3 HHUX MOXKHO BBIPA3HTb H CYMMY Sg.

2) B § 13 6uio ycranoBieHo, YTO Jo60H OPGUTAbHEIN
MHOTOU/IEH BuAA O, (X{x}) BbIpaxaercs 4epes CTeNeHHbE CyM-

mbl. [lo TONBKO 4YTO JOKa3aHHOMY, Oy xfxé) MOXHO mpen-

CTaBUTh B BHJE€ MHOI'OYJICHA OT 3JIEMEHTApHBIX CHMMETpHYE-
CKHX MHOFOYJIEHOB.

Ryl ym\ -
3) Ilycrts os(x‘xgxa) HEKOTOPHII OpOUTANBbHBIA MHOTO

4jieH, H MYCTb, HANPUMEDP, YUCJIO M — HauMeHblllee U3 YHCes
k, I, m. Torna umeem

0 (X, ") = XXt x0y ()~ ™= ™) = 00, (3} M),

0, (¥t —™x}~™)—opOuTa OJHOUJIEHA C MEHBIIHM YHCIOM nepe-
‘MEHHBIX, T. €. 3TOT CNy4Y3ll CBOZUTCA K MPENBIAYIIKM.

OcHoBHas TeopeMa O CHMMETPHUECKHX MHOTOWIEHaX AJis
n=3 nokasana. [nsi n=2 noxasaTejbCTBO OyJeT BHOJIHE
aHAJOrMYHO, HO 3HAYMTENbHO npoute. [Ipeanaraem uurartemo
NPOBECTH €ro CaMOCTOSTENBHO.

< PaccMOTPHM HECKOJIBKO NPUMEPOB NMPHMEHEHHS OCHOB-
HOW TeopeMbl O CUMMETPHYECKMX MHOTOYJIEHaX.

1. Peunth cucremy

x+xy+y=7, PHxy+y:=13 M

Bb]paBHM CHMMEeTPHYECKHE MHOTOUJIEHHI B JIEBBIX 4acTAX
o6oux ypaBHeHHH uepes 0y =Xy H O3 =Xy U BBeileM HOBble
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Heu3BecTHle 4 =Xy, v=1xy. [TonyuuM BCHOMOTATEJLHYIO
cHucTeMy
utv=7, ut—uv=13.

Ona umeer 1Ba pelueHHs:
u=-—5 v=12 u=4, v=3.

3HaAYHT, MHOXKECTBO pelleHUH HCXOAHOH cucreMul (1) paBHO
OOBEJMHEHHIO MHOXECTBA PellCHUH CJAENYIOIHUX JIBYX CHCTEM:

x+y=—5, xy=12; x+y=4, xy=3!

MuoxecTBO perlennii mepBOl U3 HHMX MYCTO, @ MHOXECTBO
peiwenuét Bropo#t — {(1; 3), (3;. 1)}. CnenoBarenbHo, MHOKe-
CTBO pellleHnd HcxonHo# cuctemsl (1) €cTh

OUIL 3, 3 Di={(1; 3), G; D)

2. Hoxasatb, uto npu a-+b-4c¢=0 cnpaBeaniBo TOXK-
JECTBO
a® - b3 - ¢? = 3abe.

Buipasum cuMMmeTpudeckuii Muorousen a--b3%--c® — 3abe
gyepe3 3JIeMEHTAPHBHIE CHMMETPHYECKME MHOrOUJIEHB 0) =
=a-4b-+c¢, oy=ab--ac--bc, og=abc. Kak 6bl10 yxe ycra-
HOBJIEHO MPH JOKAa3aTeJbCTBE TEOPEMBI O CHMMETPHYECKHX
MHOrOYJIEHAaX, MHOT'OUJIEHOM OT Oy, O3, O3, KOTOPHI coBnagaeT
¢ cymmoii s3 = a®+b*4¢®, saBasercs of — 30105+ 30s.
[TosToMy monyuum :

a3+b3+03 —3(Zbc=0'; —30102+303 —30'3—_-0': — 30,0;.

TMockonbky no ycaosuiooy =0, To a®+ b*+ ¢ — 3abe Takke
paBusiercss 0, OTKyJa M BBITeKaeT NPaBHJIBHOCTD AOKA3HIBA- -
€MOro TOXKJecTBa.

3. CocraBuTb KBaZpaTHOE YPaBHEHHe C KOPHAMH X, Xa,

€CJII
' xn+x2=2, X+ x3=282.

Taxoe ypaBHeHHEe MOXKHO COCTaBHTb, HCIO/Ib30BAB TeOPeMyY
Buera. JIja 3TOro HyXXHO Ha#TH, YeMy paBHSETCA NPOH3Be-
Iledue Kopueil. Belpaxasi x{-xj=s, uepe3 a3jeMeHTapHble
CUMMeTpHYeCKHe MHOTOUJIEHH!, [IONIYUUM §4 = 0] — 4070, + 207
_Ecau B 3TO paBeHCTBO MOJCTABUThL BMECTO Sy M 01 MX 3HAYe-
HHs, To Oy/JeM HUMeThb KBAJpPAaTHOE ypaBHeHHe AJA Oz

. 263 — 160 +66 =0,
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Orciofa 0y’ =11, 0" =—3. CiiefoBaTeNbHO, HCKOMBIMH YPaB«
HEeHHAMU OYAyT

x2—2x+11=0, x2—2x—3=0. p

Hapapy ¢ cuMMmerpuyecKMMH MHOTOYJIEHAMH YacTO MHpH-
XOIUTCA HMETD JIE/10 C YETHOCHMMETPHYECKHMH MHOTOYJIEHAMH.
YemuocumMMempuiecKuMy Ha3plBAlOTCA MHOTOYJIEHBl, HHBa-
PUAHTHBIE OTHOCHTEJBHO BCEX UeTHBIX mepectaHoBok. Creno-
BaTeNbHO, IPyNNa WHEPHHH YETHOCUMMETPHYECKOTO MHOIrO-
ujeHa OGyjper cofiep)Karb  3HAKOMNEpPEMEHHYIO  [PyMIy.
TTockosabKky B cHMMeTpUUecKoH rpymnne S, 4eTHOl OyneT JMHIIb
TOXK/IECTBEHHAs! MepecTaHOBKA, TO KakKibii MHOroYJeH C JBY-
M5 HEH3BECTHBIMH YETHOCUMMETPHYECKME, T. €. B 9TOM cJydae
TOHATHe YeTHOCHMMeTpUYHOCTH HajmliHe. OfHAKO yiKe Cpein
MHOTOYJIEHOB ¢ TPEMS HEU3BECTHLIMH €CTb HeUeTHOCHMMeTpH-
yeckue, Hanpumep x1+2x2+3xs (Cpymflia HHEPUUH STOro
MHOro4/ieHa eiHHUYHas).

ITousitHO, 4TO KaKABIH cummeTpuqecxnu MHOrOYJIeH dYet-
Hocummerpuqecxnﬁ HO He Hao6opor. Hanpumep, 3Hakone-
_pemenHblil Muorousien A (x1, Xz, ..., Xx) qunocnmmeTpnqecxuu
‘s oBOro n, HO He cuMmeTpnqecxun. ‘-IeTHocnmmeTpuqe-
CKUM OyzeT, B WaCTHOCTH, KaxJplil MHOro4JieH, KOTOPBI Moz,
NeHCTBHEM MPOH3BOJBLHOH TPAHCMO3MIHMH MeHseT 3HaK. Mpo-
TOYJIEHbl ¢ TaKMM CBOHCTBOM HAa3LIBAIOTCHA QHMUCUMMeMpuUe-
ckumu. Kak Obuo  yctaHosjaeHo B § 13, MHorounen
A (X1, X2, «.e, Xn) @HTHCHMMETPHYECKUH. Brosme nowstHo
TaKxe, YTO NPOM3BEJEHHE CUMMETPHYECKOr0 MHOrOYJIeHa Ha
npoassonbﬂblﬂ aHTHCHMMeETPHUECKH MHOTOUJIeH CHOBA aHTH-
CHUMMeTpHUYecKHH MHOrowieH. B wacTHOCTH, aHTHCUMMETPH- -
yecKUMH OyyT MHOTOYJIEHBl BHJA

P (X1, X2y oovy Xn) A (X1, X3y veny Xn),

rae p(x1, Xa, .., X;) —TI060H CHMMETPHUYECKHH MHOTrOUJIEH.
MoOKHO [0Ka3aTb, YTO KaXKAbli AHTHCHMMETPHUECKHH MHOro-
ujied 3aMuChbiBaeTcA B BHJE TAKOT'O MPOU3BENEHHS (CM. yHpPaK-
‘HeHue 7). SflcHo, 4TO mpousBeneHuHe ABYX AHTHCUMMETpHYe-
CKHX MHOTOYJIEHOB — MHOTOUJIEH CHMMETpI/I‘IECKHH.

JTemma. Hedcmsys Ha npoussorvHolil uemuocu»mempu-
ueckutl MHozouner f(Xy, Xa, -.., Xp) HedemHbLMU 1epecmaros-
Kkamu, 6ylem noayuame O0UW U MOM e MHO20MACH, M. €.

f“(xl, X2y s0ny x,,)=fﬁ_(x1, X2y veey x,,)

048 2100bLX HedemHblx Nepecrmanosok o, f.
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JeficTBUTe/IbHO, B 3TOM CJay4ae o-0 H f -0 —YyeTHble
nepecTaHOBKU H, CJIeJOBATENbHO,

fa 00— fp X3
JefictByss Ha o6e 4acTH 3TOro PaBeHCTBA MEPECTAHOBKOH oY,

II0JIYYHM
(foc o a)or-l — (fﬂ o a)a—l.

ITockosbky (f9)*=/°°% pasi MoOGLIX MEPecTaHOBOK O, T, TO
f@e) ca™t — f(Bea) o ™2,

Hcnmonp3yss acconuMaTHBHOCTb YMHOXEHHS I[€PecTaHOBOK,
NONY49UM
fore@eam) = fBe(@ea™),

B cuny onpegenenusi o6paTHOA NEPECTaHOBKH HMeeM [*°f—
= fB°e, T. €. fa=fﬁ

Teopewma. Kaooouli uemrnocummempusecKul MmHo204/eH
mogcem Ovime npedcmasgieH, U Npumom eOUHCMBeHHHIM 00pa-
30M, 6 6UJe CYMMbL CUMMEMPUHECKO2O U QRMUCUMMEM PULECKO20
MHO204.NEH08.

HdokaszarenbcrBo. EaumucrBeHHocThb. Ilycrs
‘3aJlaHHBI  YeTHOCHMMMETPHUECKHH MHOTodYJeH f npejcraBieH

B BH]JE
f=g+h, (1)

rie g — HeKOTOPbIA CHUMMeTpUYecKHH, A — aHTHCHMMETpHYe-
ckuii Maorounensl. [ToneficTByem Ha 06e 4acTH 3TOro paBeH-
CTBa KaKOH-HHMOYIb HeYeTHOH NepecTaHOBKOH o

fo= gt he. |

OzxHako, B CHJIy MpeANOJOXEeHHH o0 g u h, g*=g, h*=—Ah,

T. e F—g—h, ®

CKJ1a/IpIBasi M BRIYMTAs NOY/EeHHO paBeHcTBa (1) 1 (2), mosyuum
g=1tC w12l )

OTMeTHM, 4TO B CHJY paHee HOKa3aHHOM JIeMMBI TpaBble
4yacTH PaBeHCTB (3) He W3MEHSATCS, eCJH BMECTO o B3fiTh Ka-
KYI0-HHOYAb IPYTyIO HEYeTHYIO MepecTaHoBKy P.
[TpoBeneHHbIE PacCyKAeHHS JOKa3blBalOT, YTO €c/IM pas-
aoxenne (1) Bo3MOXKHO, TO 00si3aTeqbHO 115 & H h cnpa-
BeAIuBel  hopMysiel (3), T. €. g M h, ecau cywecmsyiom, mo
onpedenerol. 0OHO3HAUHO.
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CymecTtBoBaHHue. Jlna JNoKasarenbcTBa CYlleCTBOBa-
Hua pasjoxenus (1) Heo6X0AMMO NPOBEPUTH, UTO:

% -—
1) f=£i2f—+f—-—2—f1, rie o — HeKkoTopas (6€3pasykuyHO
KaKasi) HedeTHasi NepecTaHOBKa;

2) G=f _,_2,0; — CHMMETPHYECKHH MHOIOYJIEH;

8) H =’;2E—aﬂrncummeTpuqecxnﬁ MHOT 04JIeH.

Ho 1) oueBuano, a aaa jokasatenbcrBa 2) u 3) mocra-
TOYHO 3aMeTHThb caenyioinee. Ecay f —ueTH a f nepecTaHoBKa,
10 fP=f, (fYP=f*"B=f* B cuny JeMMbl, TaK KaK 0P —
HeueTHas mepectaHoBka. [lostomy GP =G, HB=H. Ecau xe
P —Hevernas nepectaHoBKa, TO fB=[* B cuay Jemmbl,
a (fYP =feB=f Tak Kak o P GyneT uyeTHON MEPeCTaHOBKOM.
[Tostomy "

1o+t o=
GP=—p=, HP=——=—H.

.Teopema nokasana.

B yactHocTH, JOGOA MHOrousieH ¢ ABYMS HEH3BECTHRIMH
ABNACTCA CYMMOH CHMMETPHYECKOTO M aHTHCHMMETPHYECKOoro
MHOI'CY/JIEHOB.

YnpaxueHns

1. BupasuTs, gepes sneMeHTapHEIe CHMMETPHUECKHE MHOTOWJIEHE!

2) x}+x3 6) xi+4-xi-+xj; B) 0g(xixe).
2. PewnTh €HCTEMH! ypaBHeHHM:

& VitVy+2=Vi, x+y=20 -

6) By 2u+ 2 =28, 24y rp=19,

B) x4y=4, x'44*=82. .

3. Hafitu nomans TpeyrojnHHRa, SHAs €ro NEpHMETP, €yMMY KBaj-
paToB AJIHH €r0 CTOPOH H CYMMY KyGOB IJIHH €ro CTOPOH.

4, Eciv uerorophlii MHOrousen f(y;, ys) OOpaulaercs B HyJab OpH
NOAGTAHOBKE X;-}-X3 BMECTO §; U XyXo BMECTO Y, TO OH TOXKIECTBEHHO
pasen HyJo. Ilokasate sto.

5. Teopema -Ouncmeennocmu: AJIS NPOH3BOJLHONO CHMMETPHYECKOro
MHOTOWJIEHA [ (x;, Xp) CYUleCTBYE? TOJBKO OAHH MHOTOWIEH g (Y1, Uy),
TaKoH, 970 [ (X1, %3)==g (01, Og). JlOKasaTb STO yTBEp:KIEHHE, HCMOJB3YH
yrnpaxhaeHne 4.

6. Ecan / (x), xs) —aHTHCHMMETPHUECKHA MHOr0WJeH, TO f (x;, x3)=0.
HokasaTs sto. CHopMyJHPOBaTh H JIOKA3aTh aHAJOTHYHOE YTBEPHKIEHHE
Z15 MHOTOYJEHOB C TPeMs nepeMeHHbIMH.

7. Hcnonesys npeimayinee ynpaKHeHHe, AOKa3aTh, YTO NPOH3BOJIb-
HHI  AHTHCHMMETPHYECKHH MHOrouseH f(x;, X;) @ HByMS NepeMeHHhIMH
HMeeT BHA (X;~Xxg) g (X1, X3)» TAe g (X1, Xg) —CHMMETPHYECKHHi MHOrO-
aieH,
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8. Oynxkuusa f(x;, %3 ..., X,) OT n NepeMEHHHX HA3HIBA€TCA CHM-
MeTpHYecKoll, €Cl1 OHa He W3MEHseT 3Ha4YeHHH MpPH TPOH3BOJbHON nepe-
CTaHOBKE apryMeHTOB, T. €. A/ Ji060i NEpecTaHoBKH 0 = S, HMeeM
F(Xxmgr X +oos Yme) = (x1» X3, oo, X,). Ilokaxure, uTo ¢yHKUHA

F(x %o, xa)=|] 2y —xo |+ X1 %0—2x3 [+ | X1 — X3 |+ X1+ X2} 2%5
CHMMETpHYecKas. )

§ 17. 0 PELIEHUHU AJITEBPAHUYECKMX YPABHEHHRA

1. Aneebpauveckum ypaswenuem cCmenenu n HasplBaerTcs
ypaBHeHHe BHJa

ape" +ayx*t 4. . 4 ap-x +a, =0,

rie crapmuii Koagduinent ao==0.

Tlpocrefiine BHAbl anreGpanuyecKHX ypaBHEHHH — ypaBHe-
HUsi 1-# ¥ 2-B crenmeHU M Jaxe HEKOTOpble CrelHalbHbIe
BHJBl ypaBHeHHH 3-# cTeneHu — MaTeMaTWKH MOIVIH pellaTh
eme B gpeBHeM BaBujioHe npumepHo 4000 Jjer Tomy Hasam.
[TpaBpa, B Te jajiekHe BpeMe€Ha YYeHble elle He 3HAJH COBpe-
MEHHOH MaTeMaTHYecKOH CHMBOJMKH M 3allUCHIBAJIM U €CaMO
ypaBHEHUE W MPOLECC ero pelleHus CJ0BaMH, a He PopMyJIaMHu,

2. TlpousBosibHOE ypaBHeHUE MEPBOH CTeNeHH

ax4-b=0, a0,

Bcerja HMMeeT, H IPUTOM eAUHCTBEHHOE, pellleHHe x = —b/a.
B mkonpHOM Kypce anreGpel JOKasbiBaeTcs Clefymomas
TeopeMa O pelleHHH MPOU3BOJILHOTO KBaJPaTHOrO ypaBHeHHs
ax®+bx-+c=0:
Ecau wucao D =0b%—4ac>0, mo ypasnenue umeem posHo
daa xopHa, komopsie Oaromcs Gopmyaou

—b+yYD
Y=g -
Ecat D=0, mo xopene moavkQ 00uH: x=—2

. 2a°
Ecau ace D <<0, mo Kopreii cpedu deticmeumencHoix uucens

Hem. o \
MartemaTuku Bcerja crapatorcs usbexxarb mojgo0GHOTO pas-
JleJIeHHUsT CJIy4aeB — X YHCIO TOJBKO YBEJNHYUJIOCh Obl NMPH
nepexojie K ypaBHeHHsAM GoJiee BLICOKOH cTeneHH. JKesarenbHa
6bla 6bl, KOHEUHo, hopMyaApOBKa: «Y paBHeHHe BTOPOH CTe-
[IeHH HMeeT JBa KOPHS». Ee MOXHO JCCTHUb, €CJH, C OIHOM
CTOPOHEI, TAK DPACLUIMPHTL MOHATHE UHCJIA, 4TO ObLIO OB BO3-
MOXKHBIM M3BJIEKAThb KBaJpaTHble KODHH H3 OTPHUATE/NBHBIX
ypcesa, a C APYroi — C4UTaTb HEKOTOPblE KOPHH «HECKOJIBKO
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pas» (BBeCTH IOHsITHE KpaTHoro Kopus). M To u npyroe
MOXHO aKKypaTHO CJiesarh.
3. OGuiee ypaBHeHue TpeThefl CTENEHH HMEET BHJ

Ax®*+ Bx2+Cx+D=0.

PaspenuB o6e 9acTH 3TOro ypaBHeHHs Ha cTapuuuii Koaddu-
IUeHT A — pellleHHsi OT 3TOrO, OYEBUJHO, HE MEHFIOTCHA —
MPHXOJHMM K YpaBHEHHIO BHAA

B®4axt+bx+c=0.
o o a
BeenenyeM HOBO# HEH3BECTHOH BENHIHHB Z2=X -+ MOXHO

H36aBHTbCA OT CJIaraeMoro, COJEPXKAIEero HeH3BECTHYIO BO
BTOPOA CTENEHH, T. €. NPHUBECTH YyPaBHEHHE K BUIY

B4pz+q=0, 1)

Ha3HBAEMOMY pedyyuposarHeiM YPABHEHNEM TPeThell CTENeHH.

Ceenenust 06 HCTOPHE OTKPBITHS GopMyJsibl KOPHe# Ky6u-
4YeCKOro YPaBHEHU S HETOMHL H MPOTHBOpeurBH. [To-BuauMoMYy,
nepsbiM (oKoso 1515 r.) Hames MeToj peIneHHst KyGHYECKHX
ypasgeruit npodeccop yHwsepcutera B Dosonbe C. ®eppo
(1465—1526). HesaBucumo ot mero (okojao 1535r.) 3ToT
meron oTkpel1 H. Taprames (1500—1557). Onnako mepsbiM
ony6nukoBan (opMyJy KopHeH KyGudueckoro ypaBHeHHs
Ix. Kappano (1501—1576) (ero pabora Beimna B 1545rt.),
H no3ToMy 3Ta Qopmysa HocuT ero uMsa. OTMeruM, yTo,
BO3MOXKHO, KapnaHo -6bit 3HakoM ¢ paboramu Tapranpu u
deppo.

B coBpemeHHBHIX 0603HaYeHHSAX METOJ PpeLIEHHS ypaBHe-
aust (1) cocToUT B ClepfyromieM.

Beeziem 1Be HOBble HeH3BECTHbLIE 4 U U; MOJOXKHB 2 =140,

nMeeM
(u+v)+pu+v)49=0, @)
ud+v*+ (u+-v) Buv+p)4-¢=0. -

Ecnu HeusBecTHbIE U, U yHAOBJETBOPAIOT CHCTEME
p '
w=—z, WH+r=—qg, )

TO OHM TaKXe YNOBJETBOPsOT YypaBHeHHIO (2). Pemuts
cucremy (3) oueHb mpocTo. BosBeneM mepBoe ypaBHeHHe
B Ky6 ¥ NOACTaBUM BMeCTO v® ero BhIPAXXEHHE M3 BTOPOrO
YPaBHEHHUS; TNOJYYMM, 4To u®=y yHOBJIETBOPACT KBajgpar-
HOMY YDPaBHEHHIO

Pty =0,
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CnenoBaTesIbHO,

s___ 4941/ 9,79 =_._‘L—]/ ¢,
u 2—]/4""27' v o+ ¢t

H, HaKOHeI,

a1 /P
“1/“7+V%+ﬁ+b/*7~V%+ﬁ-W
310 u ectb Gopmysa Kaplawo AN pellieHHS pPefyLHPOBaH-

Horo ky6uueckoro ypasHenus (1).
Cpasy BO3HHKAIOT BONPOCHI:
p

2 3
1) Uro nenatb, eClH BbIpAXKEHHE 54—+2~7<0?
2) CKkoJbKO KOpHeH HMeeT KyOuueckoe yPaBHeHue?
3) Haer qu ¢opmyna Kapnaso (4) Bce pelueHUsi ypaBHe-
uusa (1)? ‘
Bonpoce! a1 B3anMocBsizansl. Jlerko, Hanpumep, y6enntbcs,

YTO ypaBHeHHE
#¥—=19x+30=0

HMeeT pemienuss —5, 2, 3, a Kak pa3s B 3TOM cayuae
2
£+r<o,.

TaK YTO KBajpaTHble KopHU B ¢dopmyne Kapnano tepsior
CMBICI M TPH YKa3aHHbIX KOpDHA 3Tod ¢opmynol He Bbipa-
XKawred.

Bce roeopur o TOM, 4TO 3jiech elle Gosiblue, 4eM B CJy-
yae KBaIpaTHHIX yPaBHeHHH, Heb3sd 06OHTHCH Ge3 BBeleHus
KaKHX-TO «HOBBIX YMCEN», JUIsi KOTOPHIX H3BJeUeHHe KBajpaT-
HOTO KOpHSI BCErja BO3MOXHO. Takue uyucyia Gblau mocre-
nenHo BBefeHsl Ha mporskeHnd XVI—XIX BB, Oun Hasw-
BAIOTCSl KOMNACKCHOIMU  4qucramu. B KOMIJIEKCHBIX HHCHAX
moboe anre6panyeckoe ypaBHEHHUE n-i CTeNeHH WMeeT POBHO 1
KopHe#i *).

PaccmoTpuM B KayecTBe NpluMepa ypaBHeHHe

x*—1=0. (5)

OHO HrpaeT BaxHyI0 POJb B TEOPHH H MOHALOGUTCH HaM
B-JasbHeiinieM. B moJse KOMIJIEKCHBIX YHCe 3TO yPaBHEHHO

*) TIpouecTb O KOMIJIEKCHHIX GHCJaX MOXHO B KHHrax:
Kypom A, I, Anre6panyeckue ypasHeHHS IPOH3BOJbHEIX CTemnes
' peii. — M.: Hayxa, 1975.—([lonyasipHbie JIeKIHH 1O MaTeMaTHKe),
Kypow A, T, Kypc Bricweji anarebpu, —M,: Hayka, 1975, ([7pus
Med. nep,) :
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FMeeT 1 PasNMUHBIX pellleHHH, KOTOPble HA3HIBAIOTCA KOPHAMU
n-ii cmenenyu u3 eduHuypL:
2.
po=1, pl-cos—-[—zsm— ceny

os2rin—1) 2n (n 2n (n ) ©

1
Pr-1=C 2nin—1) 4-isin
JIlnsi 3amMcH pelleHNH KyOHYecKoro ypaBHEHHs HYMKHBI
Kopu# 3-i cremenu u3 1. B coorserctBun ¢ ¢opmysaamu (6)
370 OYIYT CJAeAyollHe KOMIJEKCHbie YHC/a:

3,
‘pozl, P1=CO0S & +zsm2?”= 2-[—'/

3.
pz—cos +tsm~= _1_v3;

MOKHO MOKa3aTb, 4TO TPH KOPHS PeAyLHPOBAHHOTO KyOH-
yecKoro ypaBHeHusi 22+ pz+4q=0 ectp

1—l/——_|_1/ +27+l/—“‘ ]/q2+27.
a=p i/—'*"”/q 7+"2]/ R VRN
= I/ “'I'V +27"‘9‘/ ‘*-]/"2 2

Shech 6YyKBOil p 0603HAaueH P, — KOpeHb 3-it cremenu us I;
p%, KaK HETPYLHO BHJETb, PABHO Pa. JTO U €CThb OKOHYATE/b-
Hble gropmysrer Kapdano.

- 4. B cayyae ypaBHennit 1-ii, 2-fi u 3-f cTeneHn Ham
H3BeCTHBI (GOPMYJIBI, BhIpaXKatoLiue KOpHH uyepe3 KoadduuneH Tl
ypaeBHeHHs] NpH MOMOIIM pPalHoHANbHBIX onepauni -+, —,
X, :, OepauuK Y HU3BJIeYeHHs] KBaJpPaTHOro KOpHs (B ciy-
yae KBaJ|PaTHOrO YPaBHEHHs1), ONepaui )~ Uy H3BIeyeHUd
KBaApPATHOro- U KyOuuecKoro KopHeH (B cjaydae KyOuueckoro
ypasuenus). [lonoGubie ke mnpaBujia ObLIM- YKas3aHel U JNs
ypaBueHuil 4-# cremedu yuenwkoM JIx. KapnaHo wuranbsiH-
ckuM ajire6paucrom JI. Peppapu (1522—1565). B Hux rakxe
YYaCTBYIOT JIHIIb palHOHa/NbHble ONEPALMU U onepauuu y ,
7. Bce mnONBITKM Ha MPOTAXKEHHH TMOYTH TPEX BEKOB
(XVI—XVIII) Haittu nopoGubie npaBusna AJNs ypaBHeHHH
-5-#1 U Gonee BLICOKHX CTEleHeHd MPH MOMOIIM PAIHOHATBHBIX

o o m,/—
onepauuit ¥ onepauuit Y  He yBeHuanuch ycrnexoM. ITocre-
[EeHHO CTa/ii .MOoJA03peBaTh, YTO, BO3MOXKHO, BOOOGLIE HE/Mb3s!
BbIDA3UTh KOPHH YPaBHEHHA n-H CTemeHH AJd n==95 uyepes
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Ko3bbuUHeHTsl JHIb NPH NOMOWH onepanuf -+, —, X, 1

W Y A NPOM3BOJBLHBIX HATYDA/NbHBIX /1, T. €. 4TO HeJb3s
CBECTH pellleHHe TaKUX YDaBHEHHH palMOHAJbHBLIMH Orepa-
LHAMH K [OC/IEN0BATeNIbHOMY PELIEHHIO YPaBHEHUH ClelHallb-
Horo Buaa y"= A. KopH# ypaBHeHuit y”= A, T. e. TO, 4TO

06bIYHO 0603HAYAIOT Yepe3 ’VA, [OPUHATO Ha3kIBaTh paduKka-
AQMy, W TIO3TOMY 32Ja4y O BO3MOXKHOCTH CBEJEHMSI HaXOmKje-
HHs KOPHe#l NMPOH3BOJIBHOIO YPaBHEHHS K HAXOXKJEHHIO yPaB-
HeHU#l BHIA y™= A NPUHATO HA3bIBaTb 300auell O bipaserU
KOpHell YypasHerus paduKaiamu. )

[ToneITkKU Jl0Ka3aTh WJAM ONPOBEPrHYTh 3STY THIOTE3Y
0co6eHHO yuactuauch Bo BTopoll mosoBuHe XVIII cronerus
v npusead B Hayajse XIX crosmerus K J0Kas3aTenbCTBY He-
B03MONCHOCIU pewenus obuye2o ypaserus 5-i u 6Goaee ebico-
Kux cmeneretl 8 paduxaiax.

Cpemn pabor XVIII cromeTHs B oTMeuenHOM Hampasie-
HUM SICHOCTHIO MBICJIH BbIJE/NSeTcs MeMyap 3HAMeHHTOro
¢pannysckoro Marematuka JK. JI. Jlarpamxka (1736—1813),
osarJiaBJeHHbIl «PaccyxaeHusi 06 anre6GpandeckoM pelleHHH
ypaBHenuit» (1771—1772). B HeM aBTOp MOAPOGHO M BHHMA-
TEeJIbHO NPOAHANU3HPOBAJ H3BeCTHbIE MeTOJbl DelleHHs ypab-
Hedu#t 2-#, 3-#  4-¥i cTeneHH B PaHKaaax, YTo6hl BLIACHHTD,
'Kak U [oyYeMy B STHX CJAydasiXx Takoe pelueHue ynaercs. [lpu
9TOM OH OTMETHJI Cleflyiollee OOCTOSATEJbCTBO: BO BCeX YKa-
3aHHBIX CJyyasX HMeEIOTC HeKoTopble (YHKUHMH OT KOpHeil,
KOTOpbie YJIOBJIETBOPSIOT ypaBHEHHAM Oosiee HU3KOH CTemeHH
H TPO KOTOPhle 'y&Ke H3BeCTHO, YTO OHU PpelIaloTcsi B PajH-
Kajsax. KopHH HCXOAHOro ypaBHEHHs, B CBOIO OYepelb, MOTYT
OLITh HaUJEHBI U3 3THX IPOMEXYTOUHBIX QPYHKUUH ONATH-~TaKH
H3 ypaBHeHH#, pellaeMbiX B pajHKajax.

JHanee, Jlarpaux uccienyer Bonpoc, KakuM o6pasoM Ha-
X0onATCA NoJoGHbIe PYHKIMH OT KOPHeH B U3BeCTHBIX CaydYasiX.
Okasanocb, 4yto 310 nojauHoMul @ (&, &, ..., &) OT KopHeil
Ei, &2 ..., &2, KOTOpBIE MpPH BCEBO3MOXKHBIX IepecTaHOBKaX
KOPHeH —a MX 4YUCJIO, KaK HM3BECTHO, PaBHO n! — NPUHHMAIOT
He nl, a MeHbllee YHC/IO 3HAYEHHH, U JlaXKe MeHblllee, yeM N
(n —creneHb HCCAELYEMOrO YpaBHeHHs). ITO NpPoU30HIET
Torpa, korna ¢ (&, &2, ..., &) He MeHsieTcss NpPH HEKOTO-
PbIX MepecTaHOBK aXx KOpHed.

Bor kakuM 06pa3oM mepecTaHOBKU MOSIBUWIHCH B BONpoce
0 pellleHuM ypaBHeHHSI B pafuxanax!

Eciu pynkuus @ (&, . .., &) OT KopHelt 1PHHEMAET TOJIbKO &
Pas/IHUHbIX 3HAYEHHH @y, ..., Qp, TO KOIDPHUIHEHTHI MHOIOWJIEHA

G—9). =)=y + 01 0t s
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1o OJHON W3BeCTHOH Y:Ke JNABHO, TeopeMe — 5TO TaK Hasbl-
BaeMafl OCHOBHAA MEOPeMQ O CUMMEMPUUECKUX (DYHKYUAX —
JIOJDKHBL PallMOHAJNbHO BBIPAXKaTbcsl uepe3 KOIPPHLUHEHTH
HCCJ/IElyEMOT0 yPaBHEHHS

Aox" - a1 1. .+ a, =0.

4 Ilpumepsn. 1. Ilyerb A&y, o.., &) =A —3HaKomne-
peMeHHass QyHKIUA

A=T] G—En

<m

OT KopHeH ypaBHenusi n-# cremeHd. Oua .OpUHHMaeT mnpH
BCEBO3MOXKHLIX IepecTaHOBKAaX KOPHEH Jiullb ABa 3HaYeHHs
A 1 —A B 3aBHCHMOCTM OT TOTO, OYJAEeT JU IepecTaHOBKa
yerHo# Wiau HeueTHoit. CrefoBaTesIbHO, JAUCKPHMHHAHT YypaB-
HeHust D = A? He MeHsieTcsl IPH BCEBO3MOXHHIX I€peCTaHOB-
KaxX M BbIpaxaeTcs pallMOHANbHO uyepe3 KOopHIHEHTHI HCce-
LyeMoro ypapHenus. Jlna KBajpaTHOrO ypaBHeHus ax®+

+bx+4-c=0
D =b?—A4aqc,

AN peAylHPOBaHHOro KyGHueckoro ypasHenusi x3+px-4-q=0
D =—4p3—27¢%

3nakonepemeHHass ¢yHKuus A OT KopHedl yJOBJeTBOpseET
YPaBHEHHUAM

YP—0%*—4dac)=0 u P+ 4p*+27¢9=0

COOTBETCTBEHHO. Mbl y3HaeM BbIpameHHsi TOJ KBafpaTHBIM
KOpHeM B GopMyJe JJjisi pelleHds KBajPaTHOTrO YpaBHEHHS
M —C TOYHOCTBIO JO IIOCTOSTHHOTO MHOXHTeNsi —B (opMyne
Kapjauo.

2. Hpyrofi npumep nosiBHicA B ynoMuHaBIleficsd BhIme
pabore Jlarpanxka. DTo Tak Ha3blBaeMbie pe3oavsermol Jlae-
pansica. Mpl ux paccMoTpuM, Kak H caM Jlarpaux, nas ciay-
qa:;li ypaIBHeHua 3-# crenenu. Ilpn noMowu KyGUIECKHX KOP-
Hell U3

1, p, p?
OHH Ol peJieNAoTCs CJIEAYIOLMM . 0Gpa3oM:

No=281 48+ &,
1= &1+ p& -+ p%s, )

Q=8+ Pzgzl-i- pEs.
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3nech &, &, B3 —KopHM HccsenyeMoro KyOGuueckoro ypasHe-
vusa. O6paTiM BHHMaHHE Ha BTOPYIO M TPETbIO Pe30JbBEHTHL.
Kak wHerpyiHo BuIeTb, NpPU LMKJIHYECKOH I[1€pPECTAHOBKE
Kopuel (E;, &, E3) > (B2, Es, E1) OHM JIMIIb YMHOXAIOTCSI HA
p? u p coorBercrBeHHo. CrefoBaTenbHO, M{ U 1)j BbIAEPKU-
BAlOT LHMKJIHYECKHE MNEePecTAaHOBKH H [I03TOMY BbIPAXKaloTCsH
pauuoHaJbHO uepe3 Ko3(ppHIHEHTH ypaBHeHHUs H uepe3 A.
CooTBeTcTBYIOUIME MPEACTABIECHHST MOXKHO MOACYMTAThL. H3Bie-
yeHHeM KYOGHYECKOro KOPHSI MOXKHO MOJYYHTh 1; H T)p. L[]0
teopeme Buera E; -} & + E3 — 310 K03adhduHeHT npu.z* ¢ obpat-
HbIM 3HAKOM, T. €. B CJlyyae pelyLHPOBaHHOIO KYOHYECKOro
ypaBuenusi 1y=0. 3Hasi 1, N1, M2, U3 CHCTEMBl JIHHEHHBIX
ypaBHeHu#l (7), MOXHO noJayduth &, &, &3 Ecum ocymecr-
BHTb YKasaHHble BbIUHCJIEHHS, TO MOXHO YOeZHThCH, YTO
E1, &2, & Boiyucasiorcs no gopmynam Kaprauno. B

AHanoruyHo, TOMIBKO TEXHHYECKH G6OJiee CJIOXKHO, MOXKHO
NOJYYUTh pelieHHe B pajuKaiax ypaBHeHUs 4-H CTeneHu.
Yro e Kacaercsi ypaBHeHHS D-l CTemeHH, TO aHAJNOTHYHOE
CBeJleHHE K YpaBHEHHSM HH3IIHX CTeneHed MNONYYHTb He
yaanoch. OnHako JlarpawK He HCKJIOYaJ ero BO3MOMXHOCTH.

Uto Takoe MOHUKEHWE MPUHUHUIHAJIBHO HEOCYLIeCTBHMO,
nokasaa B 1799r. B pabore «OGwas TeopHsi YpaBHeHHI,
B KOTOPOH JOKa3biBaeTCsi HEBO3MOMXKHOCTb aJIreGpanyeckoro
pelieHdss OOIHX YpaBHEHHH BhIllle YeTBEPTOH CTEMEHH»
utanabsinckuii Marematuk Il Pyddunn (1765—1822). Onnaxo
B €ro J0Ka3aTeJIbCTBe COJEPKANIUCh MPOGENE!, KOTOPhE eMmy
He yJAaJioch YCTPaHHTb. AKKYpaTHOE J0Ka3aTeJbCTBO ObLIO
naHo Jumb B 1826 r. B pabore HOPBEKCKOrO MaTeMaTHKa
H. T'. Acens (1802—1829) «Jloka3aTenbCcTBO HEBO3MOXKHOCTH
anre6panyeckoll pas3perrMocTH YpaBHEHHH, CTeneHb KOTOPLIX
[IPEeBLILAET YETBEPTYION.

FnyGokyio NpUYMHY HecyilecTBOBaHUA (QYHKUHE OT Kop-
Hell, yJOBJETBOPAIOWINX yPaBHEHHAM OoJiee HH3KOH CTeleHH,
ueM paccMarpuBaeMoe (UCKJIOYeHHe COCTaBJsieT BCerja 3HaKo-
nepeMeHHas (GYHKIHUSA, YIOBJIETBOPSAIONLAsA KBAJPpaTHOMY ypaB-
HEHHIO) BCKPbL FeHHaNbHbIH (PPaHIY3CKHH MaTeMaTHK DBapHCT .
lanya (1811—1832). TI'anya comoctaBui KaKaoMy YPaBHEHHIO
rpynny TeXx NepecTaHOBOK €ro KopHeil, KoTophe He
MEHSIOT 3HaUeHWUs BCeX MOJHHOMOB OT KopHe#l ¢ Koaddu-
IIHEHTaM¥, 3aBHCSIIMMH PALHOHAJILHO OT KO3(p(dHUHEHTOB
3aJlaHHOr0 ypaBHeHus. DTY I'PYNNy Ha3bIBAIOT TENepb 2pyn-
not laaya paccMaTpuUBaeMOro ypaBHEHHS.

[Mousitwe rpynnsl lanya ypaBHEHHss MOXKHO BBECTH Cle€-
nytomum o6pasom. [lycrb f(x):O—a.nre6pquecll<Oe ypaBHe-
HHe HEKOTOpO#l - CTEMeHH n, [(X)= X" ax’™ + oot On
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0y # 0 (neBast 9acTh 3TOT'O yPaBHEHHS) — MOJNHHOM CTENEHH .
Koadbduuuentsl mnojJuHOMa —4uciaa @y, Q1 ..., Qn AOJIKHHI
TIPUHAJJIEKATh OJHOBPEMEHHO KAKOMY-JIHO0 HUCA0B0MY NOAI0—
HemycToMy MHOXKeCTBY 4HCeJ, 3aMKHYTOMY OTHOCHTEJIbHO
onepatui CNOXKeHWUs,, YMHOXKEHHUsl, BbIYUTAHUA M JeJIeHUs Ha
uucsio, orHyHoe ot 0. UwncioBeIM mosieMm siBNAsieTCs, HAaNpu-
Mep, MHOXecTBO Q Bcex panMoOHaAbHBIX uuces. [IOoCKOJIBKY
HeoOX0IUMble NOHSITHA BBOAATCA JJISi BCeX UYHCJOBHIX MoJel
elHHOO6Pa3HO, HOCTATOYHO PACCMOTPETh JIMILL OJHO M3 HHUX.
ITosTomy Mbl GyAeM cUMTaTh, YTO KO3(p(hUIHEHTHl MHOrOUJeHa
f(x) — pauuoHnasnbHbIe ynca. K pome Toro, MoKHO Npeanosarathb
(370 J0Ka3bIBaeTCs BKypcax aarebpel), YTO BCe KOPHH MHOTO-
ujeHa f(x) — pasnuyHel, T.e. ypaBHeHue f(x)=0 wumeer n
pas3JuYHbIX, BOOGlLIEe TOBOPS, KOMIJIEKCHbIX KopHefl &y, &, ...
«++y En. Payuonasbroim omrouleruem Mex1y KopHamu &, &, ...
..., E, Ha3HIBaeTCcs BCSIKOE PABEHCTBO BHUJA :

) iy ... tng?glf “ee E,i," =0, 8)

(i By v by :

rie Y —3HaK CYMMHDOBaHHs, CyMMa, crosiias B JieBOH
4acTH 3TOr0 paBeHCTBA, OepeTca Mo KaKUM-TO HaGopaM IIo-
kasarenedt iy, ig, ..., in, ‘@ BCe .KOPULUEHTHI Quiy ... i) —
pannoHalbHble YdcIa. MHbIMU cioBamH, B JieBOH uyacTu pa-
[[MOHAJNILHOTO OTHOIIEHHs1 (8) CTOMT HEKOTOPBI MHOrOYJeH
or &, &, ..., & c paunoHanbHbIMH Kospduuuentamu. Muo-
JKECTBO BCeX PAUMOHANBHBIX OTHOIIEHHH MeXIYy KOPHAMHU
ypaBHenusi f(x) =0 3aBHCHT TOJABKO OT MHOrouaena f(x).
IlonsiTHO, 9TO MOYJIeHHasi CyMMa M MOYIEHHOE MPOU3BeleHHe
PaLHOHA/IbHBIX OTHOLIEHUHA MEXAY KOPHSAMH HEKOTOPOT0 MHOTO-
4jieHa ToXe GyIyT palUOHAJbHBLIMH OTHOIIEHUSAMH MeXIy €ro
KopuaMH. IlocKonbKy npuMep HEHYJIEBOTO pPalMOHAJILHOTO
OTHOIIeHHs JIETKO YKasaTb Ais JoGoro ypaBHeHus f(x)=0,
OTCIOa [OJIy4aeM, 4TO MPOM3BOJbHOMY ypaBHeHHIO f(x) =0
COOTBETCTBYET GeCKOHEYHOE MHOXKECTBO DPalMOHAJbHHIX OTHO-

LICHUH MEXIy ero KODHfMH.

ITycts Tenepn
a_~_(§1 & ... En)
~\Bky By ot B,
— HEKOTOpasi MNEPECTaHOBKA HA MHOMXECTBe KOpHe#H ypaBHe-
Hus f(x)=0. IlogeficTByeM 3Tofl MepecTAHOBKOH Ha JIEBYIO
yacTbh Beipamenns (8). Kaxawlft ogHouneH a;lzz...lnﬁilﬁi‘«’...gr‘p
nog HEff'!lCTBHeM NepecTaHoBKU npeobpasyercs B OXHOYJIEH
: .
iy 1, 8452 §,‘;; (k03(ppHUHEHTEl MPH BCEX ONHOWIEHAX
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OCTal0TCA HeM3MeHHbIMH). JleBas yactb coorHomendsi (8) mpe-
obpasyercs B ClefyIOIee BbIpPaKeHHe:

i gl :
> .. LEREE B
(st e b)

DTO YHCJIO® MOXKeT OKa3aTbCsl OTJIMYHBIM OT HyJas. Bce mepe-
CTAaHOBKH M3 CHMMETPHYECKOH IPynmbl Ha MHOMKECTBe KOpHeHR
ki, & ..., & ypaBHeHus f(x) =0 MOXKHO pasjgenuTbh Ha JBe
YacTH —Te, YTO COXPAHAIOT palHOHANbHOe orHouleHHe (8),
H Te, yTo HapymaloT ero. Ecnu mepecraHoBku o u f coxpa-
HSIOT palmHOHaNbHOE OTHOWeHue (8), TO OueBHIHO, UTO HX
npoussefeHne - ¥ oOpaTHasi MepecTaHOBKA K KaxJoH u3
HUX Takxe OyAyT npeoGpasoBLIBATH 3TO PaBEHCTBO B BepPX-
Hee COOTHOILEHHE . TAKOro e Bujaa. HMuwiMM cloBamH, MHO-
JKECTBO BCEBO3MOXKHBIX [E€PECTAaHOBOK, COXPaHSIOUIUX COOTHO-
wienue (8) (mockonbKy OHO He nyctoe!), obGpasyer rpynmy.
‘dra rpynna W HaswiBaercss epynnod laarya  ypaBHeHHs
f (x)=0.

[To ceofictBaM 3Toft rpymnel ['asya MOXKHO ompenenuTh,
OGyAeT U JaHHOE ypaBHEHUE pPaspeliuMO B paJiuKaJjax WJH
ner. IlonyyeHHHI NMPU3HAK COJEPKUT B BHIAE YACTHBIX CJay-
yaeB Bce paHee H3BECTHblE CBENEHUS O Pa3spPellUMOCTH WU
HEPa3pPELIUMOCTH B pafiikajax aareGpaudyeckux ypaBHEHHH.

Ho ne wuckiouyaercs, YTO HEKOTOpPble YpaBHEHHSI ¢ YHCIIO-
BbIMH KO>DQHIHEHTaMU DaspelinMbl B pajuKanax. Bosmoxuo
5TO WJH HeT, YCTAaHAB/JAHBAETCH ONATb-TAKU HA OCHOBaHHH
npusHaka, Hainenuoro 'anya. - . -

Hccnenosanue cBofictB rpynn [anya BEIXOLHT 3@ paMKH
Hamero wusnoxenus. OTMETHM TOJBKO, YTO €C/IM rpynmna
Tanya gaHHoro ypaBHeHusi sBiserci aGeseBo#d, TO ypaBHe-
HUe pas3pelluMo B pajuKanax. PaspemiuMeiMu B papykaniax
6ynyT ypaBHeHHusi, rpynna [anya KOTODBIX SIBAfiercsi ORHOMN
W3 Tpynn Au3apa, rpynnod cuMMeTpuil TeTpasipa M Ky6a.
DTO TpHMEphl TaK HasplBaeMBIX paspemiumblx epynn, T. €.
rpynn Tanya ypaBHeHHH, paspelinMbiX B pagukanax. Hau-
6oJ1ee «MaJleHbKHM» 11 PUMEPOM Hepasdpetut Mol 2pynnot ABJSETCS
3HaKomnepeMeHHas rpynna A, cocrosinas u3 60 nepecTaHoBOK;
HepaspelmuMoi fBJIAETCS TaKKe U colepiKalias ee rpynna Ss.
MoXHO CcKa3aTb, YTO B HEPa3peIIMMOCTH OOILIEro ypaBHEHHS
5-if crenenu B pajuKajax «BUHOBHbI» WMEHHO 3TH TPYMIIbL
cpenu ypaBHeHuH 5-if cremeHH MMelotcs Takue, rpynna I'anya
KoTtophix coBrmagaer ¢ As wiau Ss. [IpuMepoM Taxoro ypasHe-
HUS sIBJISieTCA .

X —10x —2=0,
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[Nockombky rpynna lanya ypaBHeHus fABAAETCH CTOJb
BaXKHOH €ro XapakTepUCTHKOH, BO3HHMKAaeT BONPOC, KaK xe
CTpOHMTH 3Ty rpynny no ypaBHeuuio? OxasbiBaercsi, 4TO HET
HEO6XOJHMOCTH NPOBEPATh, BBHIAEP:KUBAIOT JIM BCe PAIlMOHAJb~
Hble OTHOLIEHUs OT KopHeil ypaBHeHus f (x) =0 paHHylo nepe-
CTAQHOBKY ero KopHei. JocTaTOYHO OrpaHHYHTBCS TaKOH Mpo-
BEDKOH JJd KOHEYHOH M BrHOJIHE O0003PUMOH 4YacTH 3THX
orHoweHu#. C 10Ka3aTesbCTBOM MOC/EIHETO H APYTHX YTo-
MSIHYTBIX 37leCh YTBEP:KIEHHH MOXKHO MO3HAKOMHTbCS 110 OJHOM
M3 KHHr, MOCBSIIEHHBIX H3JOoXKeHHIO TeopudH lanya m yka-
3aHHBIX B CITMCKE JIUTEPAaTypPhi.

Ynpaxuesus

. 1. Hcnonbays auckpHMHHAHT D KyGHYECKOTO YPaBHEHHS, HEBO3MOXKHO
YCTaHOBHTb, BCe KOPHH STOrO ypaBHEHHS COBMAJAIOT, . HJIH K€ COBMAJaioT
JHWb ABa M3 HHX. [IpHBEIHTE npHMEp BHIPAXKEHHS, COCTAaBJIEHHOTO U3
KOpHEll JaHHOr'O ypaBHEHHs, KOTOpOe MO3poJsio Ghl 3TO JenaTh.

2. Jloka3aThk, YTO €CJH O — KOpeHb MHOrouseHa f (x), T.e. f(a)=0,
T0 f(x) menutcs Ha x—o Ge3 ocraTKa, T, €. HaUAETCHs TAKOH MHOTOYJEH
g (x), 10 f (1) =(x—0) g (x).

3. Mycts &, &3 ..., E,—KOPHH ypaBHenus f(x)=0, rae f(x)==
=x"t4-qx"1}...4a,. HoxasaTb, 4TO HMEIOT MECTO PaBEHCTBA

01 (&1 &2 ooes En)=—ay,
03 (81 &2 ooy §n) =0,

05 B B2 -oes En)=(—1)"a,.

D10 yTBEpKJEHHE MpH n=2 9UTaTeJsIM XOpOLIO H3BECTHO KaK meopexma
Buema. B ofeM ciydae OHO TOXe TaK Ha3bIBaeTcs.

4. ITyers g (81, &p» ...» Ep)— HEKOTODHIH CHMMETPHUECKHH MHOroOY/IEH
€ panHOHANBHHIMH KO3(hdHIHEeHTaMH OT KOpHeil §;, Eg, ..., &, YpaBHEHHs
f (x)=0. Jloka3aTb, uTO CyuwleCTByeT? TaKOe PAalHOHAJLHOE HHCJO ¢, A

KOTODOTO BHIPaKeHHe
g CE1s Ea oes Ep)Fc=0

GYAeT panMOHAJbHLIM COOTHOLIEHHEM MEXIY XOPHAMH ypaBHenus f (x)=0.
5. [IpuBecTH npUMepH YHCJOBHIX MOJIEH, OTJIHYHKX OT NOJA PauKo-
HaJbHBHIX uHcen Q. [IpoBepHTB, 4TO BCEBO3MOMKHLIE YHCJA BHIA

a+b¥V3, abeq
06pa3yloT 9HCJIOBOE MOJIe.
6. IlokasaTb, 4YTO €cAM KBaApAaTHHA KOpeHb H3 IHCKPHMWHAHTA
MHOTouYJIeHa f(x) siBAsieTcs PpanMOHAJLHBHIM YHcJIoM, To rpynna [lanya
3TOr0 MHOrOYJieHa HEJHKOM COCTOMT K3 HYETHHIX NEePeCTaHOBOK.

§ 18. UTPA «B MATHAUATD»

Teopnsi mepPeCTAHOBOK HaIlJa TPUMEHEHHE H NDH Mare-
MaTHYeCKOM aHaJii3e MHOrMX momyJaspusix urp. Hanpuwmep,
OAHO BpeMf OYeHb NOMYyJAAPHOH Obiia MOYTH 3albiTas Tenepb
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Hrpa «B NATHaauarbs. M1 «BHHOBATH B TOM, UTO OHA 3a0hITa,
MaTeMaTHKH, MOTOMY 4YTO OHM CTPOro A0Kasajiu, 4TO Oomnpene-
JIeHHble TIO3ULIMU S5TOH UrPhl  SIBJISIOTCS  BBIUTPHILIHBIMH, |
a ocTalbHHE — HeT. 37iech MBI [IPHBEJEM J0Ka3aTe/bCTBO 3TOr0
(akTa, HCMONB30BaB TEOPHIO MEPECTAHOBOK.

CHauana KOpPOTKO OMHIIEM CMBICJ HIDHL

B nuocko#t KBaapatHO#i KopoOke pasmelieHsl 15 onuHa-
KOBbIX (puileK KBagpaTHOH (GOPMEL, - OJHO MECTO OCTaeTcs
cBoGoaHbLIM. DuIIKH 3aHYMepoBaHbl yucjaaMd oTf 1 jo 15 u
pasMellieHbl B ONpeleIeHHOM nopsjke (Hanmpumep, TaK, Kak
Ha puc. 34 a).

He BoinuMas ¢umek u3 KOpPoOKH, a JHIIb I[epeiBUras
Jpyr sa Ipyrom Ha CBOOOZHOE MECTO, HY2KHO Pa3MeCTHTb HX
B IIOpsiiKe€ BO3pacTaHHUsl HOMEPOB TakK, KaK Ha pHC. 34 6.

Puc. 34

OkaskiBaeTcsi, YTO NPUATH K TAKOMY Pa3MelleHH0 QUIIER —
GyneM HasbiBaThb €ro, cmandapmubim —MOXKHO He BCerja.
CyinecTsyoT [O3HILHH, OT KOTOPBIX 3TOT MEepexoj OCYIIecT-
BUTb HeJIb3fl.

JloroBopuMcs Ha3bIBaTh HA4ALbHbIMU T€ Pa3MeleHHs (uLek
B KOpoOKe, B KOTOPHIX CBOCOAHOE MECTO OCTaeTcsi B IIPaBOM
HIXKHeM yray. B gpyrom ciydae 6yneM roBopuUTh HPOCTO
PO NO3UYUI0 WTPHIL.

C kaxaeM pasMemiendeM ¢umek B KopoOKe MOXKHO CBsi-
3aThb ONpPENEJIEHHYI0 MepecTaHOBKY Ha MHOKecTBe M=
={1, 2, 3, ..., 15, 16}, cuuras, yro cBOGOAHOE MECTO — 3TO
¢ukTHBHaA ¢uiKa ¢ HoMepoM 16. Insi atoro 3aHymepyeMm
MecTa, KOTOPHE MOryT 3aHMMaTh (HUIKH, yucsaamu ot 1 jgo 16
TaK, 4YTOOBI NMOPAJOK HyMEpalHH COBNaJas C MOPSLKOM CTaH-
naptHoro pasMemienusi ¢utek. CrnegoBatenbdo, kaxdoe pas-
Meujerue uiex 00HOBHAUKO XAPAKMepPU3Yemcs nepecmaro8Kol
Ha mroocecmee M, nepsoul pad komopoti cOCMABASIOM HOMEPQ
Mecm, a 6mopoll — Homepa huulek, KOmMopbie HQ IMUX Mecmax
cmoam. Hanpumep, pasmellenne ¢umek Ha puc. 34 a
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OMUCHIBAETCA IepecTa HOBKOH

(123 45678 91011 1213141516)
96313157214 4 8111015 1216/’

3 pasMellenue ¢umiek Ha puc. 34 6 — efUHUYHOA nepecra-
HOBKOH.

HauanbHble pasMelieHHsi MOXHO OJHO3HAYHO OMUCHIBATh
nepecTaHoBKaMu -Ha Muoxectee M;={l, 2, ..., 15}, TaK
KakK 1Js HUX (UKTHBHas (HILIKA «CTOUT» HA MecTe C HOMe-
pom 16. Ilepexox ot nosumud, KoTopasi XapakTepusyercs
NepecTaHoBKOH ¢, K MO3HIHH, KOTopas XapaKTepHsyetcs
NepecTaHoOBKOM P, €Cld OH BO3MOXEH, OCYLIECTBAsieTcsl 3a
HECKOJIBKO «XOJIOB», MPUUYeM KaXIblH XOJ — 3TO MepejBUraHue
Ha CBOGOJHOE MECTO Kaxon-uuéy;(b cocepneit ¢uwkn. Ecau
CBOGOJHBIM sABNSETCS i-€ MecTo, a ¢uiKa, KoTopas 6yner
nepenBnraThcsi, HMMeeT HOMEP 4; M CTOMT Ha j-M MecTe, TO
nocje nepemelieHuss 3ta ¢Quinka GyfeT CTOSITh HA i-M MeCTe,
a j-e Mecto 0oCBOOOAMTCA. JHAUMT, 33 OAMH XOJ OT pasMe-
LleHHU s

__(1 2 e o o !6)
¢= A Qa e 16 ... a; ... Qrg
MbI nepeXOAHM K pa3MemeH}ﬂ0

1 2 ... & . j .. 16)
a Qy .. Qp .. 16 ... e ¢

o

CinezoBaTenbHo, NMEPeCTAaHOBKY @ Mbl yMHOXAaeM Ha TpaHC-
TIO3UIIHIO

1 2 . af ... 15 16
m=@J&=@2.”é.“waJ

U HMEEM DABEHCTBO ¢y =@« §;.

Ecsin OT n0o3uIMH, KOTOPasi OMHUCHIBAETCS I€PECTAHOBKOA @y,
MOXKHO -IepediTH K HOBOM 3a OfMH Xoi, TO Hafilercss Takas
TpPaHCnosuuus &;, YTO mnepecTaHOBKAa @,, KOTOpasi OTBEYaeT
HOBOH nosumuy, OyLeT cBs3aHa ¢ ¢, PaBEeHCTBOM

(P2=q>1°62-’

HonyctuM Tenmeppb, UTO AJIA mepexoja OT  NOSHUHH @
K TNO3HIMH P HYXKHO CHENaTh R XOx0B. ITO O03HAYAET, 4TO
CYUIECTBYIOT TaKue TpaHcnmo3uuuu 8y, 8, ..., 8, Buga (i, 16),
JUIsi KOTOPHIX CHPaBEeIJHBO PaBEHCTBO

¢=¢.61'62'l'l.6k.
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Ha cBoGonnoe Mecto Kaxipifl pas nepeiBuraercsl COCenHss
¢uIIKa, a 3T0 HAKJaJbIBaeT ONpelesieHHble OrPaHHUEHHS Ha
npousBenieHne 81:0p¢...20, Ecau om wnauwarvrozo pasmetyes
Hus @ ydaemcs nepedmu K cmandapmHOMy, MmO MOKCHO nodo-
6pame makue mpancnoduyuu 61, 8, ..., 05 ommeuennoco suda,
4mobst bINOAKRANOCE PABEHCITIBO

(P°6s°65—1°...°61=8,

otkypa @ =06':85"-...:8;? =0;°083-...-8,. Ho Takoe mpous-
Ee/IeHHEe HE MOXeT ObITh MNPOU3BOJBHBIM, TaK KaK MOC/EL0-
BaTeJbHOCTH Tpaucmosuuuii 8;, 8,, ..., 6, oTBevaer mocneno-
BaTeJIbHOCTb XOJ0B, MpHYeM HA CBOOOAHOE MECTO KaKIblH
pas mepeiBuraercss coceaHss (umIKa. 7 7 3 4

TToxaxkeM cHauana, w10 Koeda om
HOAYQAbHO20 NOAONCEHUA ¢ MONCHO ne-
pedmu K cmandapmnomy, mo nepecma-
HOBKQ ¢ — YemHas.

Sanymepyem psael H  cTos6Lb,
CcOCTaBJIEHHEIE M3 (DUILIEK TaK, KaK Ha
puc. 35. [lpu KaxIOM nepeMeleHHH 4 42
¢uKH Ha CBoGOxHOE MecTo (mepe- : '
CTaBlIE€HHH ee C (UKTHBHOH) CyMma Puc. 35
HOMEpPOB pPsifia W cTonbLa, B KOTOPBIX
CTOUT (UKTUBHAS (DHINKA, YBEJIMYHBAETCSH WJIM YMEHbLIAETCS
Ha eauHuuy. efcTBUTENbHO, MecTO Kakmofi (PHIIKH OJHO-
3HaYHO XapakTepusyercs mapol umcen (i,j) (i,j=1,2,3, 4)
Ecnu ¢ukTHBHAA (HIuKa «cTOHT» HA MecTe (f, j), TO oqepe;mou
X0/ MOXKHO CAEJIaTh YETHIPbMS CIocobGamu:

@ D—>G+1L ) (=9,
G D=6 i+ (9,

WM JIMLIb [IBYMSA WJIH TPeMsl U3 HHUX, ec/y PUKTHBHAS (UIIKa
«CTOMT» BO3JIe CTEHKH KOPOOKH. B KaxkaioMm u3 3TUX ciyyaeB
cymma i+ j 3amenserca Ha i+ j+1 wnn wa i}j—1, 1. e.
yBEJNYHBAETCA MM YMEHbIIAeTCsl Ha eJuHHIY.

[Tyctb Tenepp 3ajaHa HekoTopasi HayajibHAsl MOSHUUA Q.
ITyctoe Mecto B 3TOH MO3MIMM MO Halledl HyMepauHH HMeeT
«HoMep» (4, 4). Ecau mocne HEKOTOPOro KOJMYECTBAa mepe-
ABHXKEHHH (UIIEK Ha CBOOOJHOE MECTO mepeiieM K CTaHAapT-
HOH mOo3uUMH, TO (UKTUBHasi (uKa BHOBb OYAET UMETh
tako# domep. IlockosbKky Ha KakaoM ware (mpH Ka<uof
TPAaHCNO3HLHY) YeTHOCTh CYMMbl HOMEDOB psja H cronbua,
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B KOTOPBIX «CTOUT» (pUKTHBHAA QUIIKA, H3MEHseTCs, OHA MOXKeT
BEpHYTbCH Ha MecTo (4, 4) Julub yepe3 YeTHOE YHCJIO XOJIOB.
-CliejoBaTeNIbHO, MEPECTAHOBKA  pacKJajJibiBaeTcsl B MPOM3-
BeleHHe YeTHOrO YHUC/JAa TPAHCHO3UIHH, T. €. OHA YeTHa.
OkasplBaeTcs, 4TO YCJOBHE YETHOCTH MepecTaHOBKH, KOTO-
pasi XapaKTepH3yeT HauyaJbHOe pacrosioKeHue QUILeK, sBs
NseTcd U JOCTATOYHBIM IS TOro, 4ro6sl OT 3TOH mo3u-
MY MOXKHO GbIO NepeiTH K cTaHpapTHoH. JlokasmpiBaTh 9TO
YTBEPXKACHHE ]ISl BCeX YETHHIX INePecTaHOBOK He HYIKHO,
MOTOMY YTO, KaK JIETKO MOHSATb, KOTJa OT KaXJ0H U3 MO3HUMui,
KOTOpPEIE OMHCHIBAIOTCS TIePECTAHOBKAMU @ H 1, MOXKHO TePeHTH
K CTaHJapTHOH, TO 3TO yJAaeTcsi OCYIECTBHTb M OT MO3UIIUH
@-9. Tlosromy poctatoyHo yOeauThbcsi B 5TOM JIMIIb AJ4
TAKUX [EPeCcCTaHOBOK, B MPOM3BEeHHSA KOTOPHIX pacKJiaxbl-
BaeTcA KaxKjas UeTHas NepecTaHOBKA.

ri213]4 BosbMeM, HaOpHMep, MepecTaHOBKH

=T G 29 12, 1,25, ..
JF""’[ 1 é e (1, 2, 15). (1)
3 7&7’971} 7’2 Bce ¢uimmku B KOpoOKe, KpoMe Tex,
£ —t KOTOpHE CTOAT HA NEPBOM H BTOPOM
ARACAR MecTax, MOXHO «CBfi3aTb» B OJHY L€Ib,

KOTOpasl MOXeT ABHraThCs Tak, YTOOhL
. B3aUMHOe pa3MeilleHHe 3BeHheB MEenn

Puc. 36 He HU3MEHSJIOCh (ec/JM He YUHTHIBATb
cBOGOIHOTO MeCTa, KOTOPOEe MOXKET JIBH-

ratec BAoAb genu). Jlas 3TOro JOCTaToYHO NPEfCTAaBHTb
cebe, 4To B KOPOOKe [OCTaBAEHbl BHYTPEHHHE CTEHKH, Ha-
npuMep, TaK, KaK 3TO CAENaHO HA PHUC. 36. DHUIKH MOryT
JABUTAThCA BIOJBb (CTEHOK» MO YaCOBOH CTPeJKE MM MPOTUB
Hee. Kaxnan ¢umka, Koropas BXOLHUT B IeMb, [OCIE ONpe-
JENIEHHOTO YHC/A LIaroB MOXKET CTaTh HA MECTO C HOMEpOM 3.
Ilycte pasmemienue xapakrepusyercs imkiaom (1, 2, k),

T. €. B KopoOke (QulIKa C HOMEPOM 2 CTOUT Ha MepPBOM MecCTe,
Gumka ¢ HOMepoM k—Ha BrOopoM Mecre, (QHIIKa C HOMe-
pom |-—mna k-M MecTe (3<<k<C15), a Bce ocTanbHbBE —HA
CBOHX MecTax. [Jlenasi ompeneneHHOE .YHCIO IepeMeuieHHi
3BEHbEB [€NH, MBI MoxeMm ¢HIIKY ¢ HoMepoM | mocTaBHTDL
Ha 3-e Mecro. [locne 3roro, nepememas GUKTHBHYIO (HIIKY
BJIOJIb LENH B MPOTHBONOJOKHOM HalpaB/JeHHH, OCBOOOIUM
MecTo ¢ HomepoM 7. Temeps MOXHO, NepecTaBisis JIHLIb
(HIIKH, YTO CTOAT Ha MecraX ¢ HoMepamd 1, 2, 3, 5, 6, 7,
JOCTHMb TOro, 4Tolh (UIIKU ¢ HOMepoM 1 M 2 cranu Ha CBOM
MeCTa, ¢ HOMEPOM R —Ha TpPeTbé MeCTO, a OCTaJibHbie He
HSMEHWIH H03uUUKA. DT0 BUAHO M3 CXeMbl [10C/IEA0BATEIbHOIO
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nepeMemieHuss ¢umer, npuBenennoi Ha puc. 37. Ha sroit
cxeme - 1 X 0003HaYalOT (QULIKH, HOMEpa KOTOPHIX LA HAC
HECYINeCTBEHHbI. -

B pesysnbrare TakuxX mnepeMelleHHH H3MEHHJCA IOPSAIOK
pasMerieHus JHlb Tpex ¢uuner. PUINKY ¢ HOMEPOM R MOXKHO
Tenepb BKJIOYHTb B Henb. [lepeMemasi mo umenu, mNOCTaBUM
ee Ha Mecto ¢ HoMepoM k. Ilpu aToM Bce ocTanbHble (HIIKH
W3 Uend 3aliMyT HavaiabHoe mnoJioxeHue. Ocranoch JHLIb
NocTaBUTh (UKTHBHYIO (HIIKY HA MOCJEAHEe MeCTo, U Mbi
MOJYYUM CTAaHAApPTHOE pasMellieHHe.

ARG ARGRAIREL
x|0 x[o]7} o|7 (o] k x|o

~
~
N
PN

Puc. 37

JokaxeM Tenepb, UTO Kaioas 4emHAA NePeCMaHOBKA
packradvisaemcs 8 npoussederue yukao8 u3 pada (1). Hdeicr-
BHTE/IbHO, Ka)KJasl 4YeTHasl NepPecTaHOBKA ¢ PACKJalbIBaeTrcs
B NPOH3BEAEHHE YETHOrO YHC/IA TPaHCTO3HHHI:

a=61°62=...°62k¢1°62k. , (2)
Ecnun o=(1, 2), To B cuny paBeHCTBA G2= g MOXKHO HAMUCATD -

(Z=61°O'°U°V62°63°0'°0'°64°...'62k—1°0°0°62k=
=(61:0)¢(0:02)c (83°0) < (0+ Ba) o ..« (Bzt-1°0) - (0= Bop).

s 3aBepLIeHHs] J0KAa3aTeNbCTBA AOCTATOYHO IOKA3aTh, UTO
s moGofi Tpancnosuuuy (i, j) o6a nponseenenus (i, j)-(1, 2)
# (1, 2)-({, j) MOXKHO pPa3NOXUTL B TPOHU3BEJEHHE IHKJOB
us psaga (1). A stor dakT AeHCTBUTENBHO UMEET MECTO, Kak
M10Ka3bIBAIOT CJELYyIOUINe JIETKO IpOBepsieMble PABEHCTBA:

(1,2)-G =0 )-Q1, 2)=

:(1’ 2’ ])0(1’ 2’ i)°(11 2! i)°(19 21 j)l ec/iu i’ j>2r
(1,201, =@, -1, 2)=(, 2, j), ecitn j=>2,
1, 2)-(2, j)=’(1, De(,2y=(,2, -1, 2,f), ecm j>2.
Ecau oxpuo us 8, B pasnoxenun (2) pasuo (I, 2), To coor-

BETCTBYIOILEE TIPOH3BEAEeHUE Ha ¢ OyZeT ToKAECTBEHHOH mepe-
CTaHOBKOH U €ro MOXHO He yUYHUTLIBaTh,
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YnpaxHenus

1. Kak npakTHyeckH OCymeCTBJATh NEPEXO] K CTAHXAPTHOR NO3NIUM
OT pPasMEelleHHH, KOTOPHE XapaKTepH3YIOTCs YeTHOM NepecTaHOBKOMH?

2. JlokasaTh, 9TO KakJas ueTHAas [EPECTAHOBKA HA MHOMKECTBE
M={1,2,..., n} packaajpiBaerca B NPOH3BEAEHHE TAKAX HUKJAOB LJIHHHI 3:
(1,23, 2,3, 4, ..., (n—2, n—1, n). -

3. Paznoxutb B nponsBefeHHe UHKJIOB BHAZ (1, 2, k) mepecTaHOBKH

q):(l, 2’ 3)"(71 5)"(4, 6, 9, 8),
P=(1, 2, 3, 4-(8, 7, 5, 6).

4. MoxHO /M nepeiiTH K CTAHJAPTHOMY pasMellleHMIO OT HauaJbHHIX
NMO3HIHIL, 33afaHHBIX NepPeCcTaHOBKaMH

(12345678 910 11 12 13 14 15
8765124313151110 1412 9)’

(123456 7 8 9101112131415 )
6345211510131211 14 9 8 7)

5. Ecam nosuums XapakTepHsyeTcs HeueTHofl NMepecTaHOBKOM, TO OT
Hee MOXHO MepefiTd K pasMemeHHIo, KOTOpOe OTJHYAeTCH OT CTaHAapPTHOTO
NOpsAKOM JBYX nocnefinux ¢Huwek. okasarb 3T0.

6. Ha ¢umkax pns UrpH «B naTHagmaTs» BMECTO WYHCET HAMHCAaHH
SYKBBI H, T, P, @ B, 1, A, T, H, a, I, I, 2, T, b. IMepememas QuiKky,
Kak B Hrpe B «NATHaAUATby, OT Kax-
JIOrO “pasMellicHHsi MOXHO nepefitu K
TaKOMy, Korfa OyKBnl Ha ¢HIKax o6-

asyior ¢pasy «Hrpa B NATHAALATHY.
0Kasartb 3TO.

7. Urpa «xaMeseoH» npOBOAMTCS
Ha €JOCKe» C IIEBATHIO KJETKaMd, KOTO-
pHe cOoefilHHeHH NPAMOJIMHEeHHbIME OTpe3-
Kamu (puc. 38). Ha Bocemn ¢umkax
BHIHCAHH GYK#H X, &, M, €, J, €, 0, H.
QuKH B CaydafiHOM nopsjKe paccras-
JIeHBl Ha KJIeTKaX, pPacroJOXeHHBX B
BepLIHHAX MHOroyroJi.Huka. llens urpn
COCTOMT B TOM, .UTOGH, HepeABHras
GHWKH 1O COGNHHHTENbLHLIM OTPe3KaM,
PasMeCTHTb MX B MPaBHJABHOM MOpSJKE,
T. €, TaK, 49TOGH NpH YTEHHH MO YacOBOH
CTpeNKe, HayHHad C KJETKH 1, MOJYYHJIOCH CJOBO «xamenecH».. [loka-
JKHTE, 4YTO MPHATH K NPaBUJBHOMY pPa3MEIEHHIO (HUIIeK MOXHO INpH
JIO60M HX HayaJbHOM pacnoJIOXKEHUH.

8. JlokasaTb, 4TO TEOPHS HIpH ¢B NATHAANATBY OCTAETCH B CHJeE H
JJIfi MTPHl «B BOCEMb», [PaBHJA KOTOPOR TaKHe ke, KaK U NpH Hrpe
«B NATHajIaThy, HO 3jech 8 ¢umek ¢ Homepamu. 1, 2, 3, 4, 5, 6, 7, 8
NepeMelanTcs B KBajpare ¢ 9 KjaeTkamu.

9. ITycts Ha QumKax AJs HCPH «XaMeJeOH» BMeCTO GYKB BHNHCAHH
uucna 1, 2, 3, 4, 5, 6, 7, 8. IIpaana urpa ocraiotcs npexxHUMH. Joka-
3aTh; 4TO MOJYyYeHHasl TaKMM 06Pa30M Urpa B TOUHOCTH COBNAjaeT C Hrpoi
«B BOCEMb»,

10. Tlo anajgoruu c¢ urpofi «B 1D» npoBejuTE HCC/IEJOBAHME HIpPHI
€B 1BaJUATb YETHIPEy,

120




§ 19. NEPECTAHOBOYHBIE KOHCTPYKIIHH

Ham noHano6utca B aToM maparpade omepauysi npsiMoro
NPOU3BENEHUS MHOXECTB. [Ipamoim npoussedetuem mHoxcecms
M;, M, HasbiBaeTCsl MHOXKECTBO BCEBO3MOMXHBIX YIOPSAJIOUEH=
HbiX Map BHMAA (my, ms), NepBas KOMIOHEHTa KOTOPHIX SiB-
JAeTCA 3JIEMEHTOM MHOXKectBa M, a BTOpasi — 3/1EMEHTOM
MHOXecTBa M,. TIpsMoe mnpousBeneHre MHOXKeCTB My n M,
o6o3Hayaercs cuMBonoM M;X M,. Hanpumep, umeeMm

{1, 2, 8} x}a, b} ={(1, ), (1,0), 2,0), 2,b), 3 a), 3, b}
{1, 2}x{2, 3, 44={(1, 2), (1,3), (1,4, 2,2), (2,3), 2, H}.

IlonATHO, 4YTO AN KOHEYHBLIX MHOXecTB M; u M, uMmeer
MeCTO pPaBeHCTEBO -

IM]XM21=]’M1]XIM2|.

Harnspso npsivoe mpousBeneHHe MHOXKeCTB YA0GHO n3o06pa-
JKaTb B BUJE MPSMOYTOJNBHO} PELIETKH: 3/1EMEHTAM MHOMECTB -
M, u M, craBarca B COOTBeTCT- M |
BHE TOYKH Ha SKOODAHHATHHIX :
ocax» My, M, (puc. 39), uepes
3TH TOYKH MPOBOAST COOTBETCT-
BEHHO TOPHU3OHTAJIbHbIE H BEPTHU-
KaJibHble npsMble, 06pasyiollne
[PSMOYTOJNIbHYIO peleTky, ¥ y3-
JlaM 3TOH PelleTKH COOTBETCTBYIOT
3JIEMEHTHI [IPSAMOr0 NPOH3BEJEHHS. My
Mbl  yxe WHCMOJNb30BaNH TaKOM i
cnoco6 H3oGpakeHusi, Hampumep, Pre. 39

B§ 12 (puc- 32). Bynem paccmar-

pPUBaTh TOJIBKO OpSIMble MPOU3BEJEHHS MHOMXKECTB HATypajb-
HbIX YHCes. Y CIOBUMCS pacnosaraTh 3JeMeHTsl IPAMOro Mpo-
ussed uns {1, 2,..., k} x{1,2,..., !} Bcaenyiouem nopsaxe:

(la l)' (lt 2): ceey (1! I)r (2’ l)! (29 2)' e
veen (2,0, ion, By D), (R, 2), .0, R, (1)

T. €. YHOPSILOYHM [0 BO3PACTAHMIO BHAYaJie MepBble KOMIIO-
HEHTH, a 0OpH PaBHEIX MEPBHIX KOMIOHEHTAaX — BTOpLle, H
ToXe no BospactaHuio. (Takoit nopsaoK Ha3bplBaeTcsl JieKCH-
Korpagpu4yecKHM.)

PaccMoTpum Tenepb KOHETPYKIHMH, KOTOpPhIE MO3BOJSIOT
o mepecTaHOBKAaM Ha MHOxecTBax M; B M cTPOUTL mepe-
CTAaHOBKM Ha MHOXMecTBax MM, u M;xX M, Camas npo-
cTafi CpeAd HHX —3TO Tak HashiBaeMas CYMMA NepPecmaro6oK.,

121

()




ITycrs mHoxecTBa M; u M, He uMeloT OOLIMX 3/€MEHTOB,
T. e. MiN M=, u a— HeKoTopasi nepecTaHOBKA Ha MHO-
xectBe M;, a f —nepecranoBka Ha MHOxecTBe My, Cymmotl
(npamodl) nepecmarogox oo ¥ P Ha3blBaeTCs NepecTaHoBKa Ha
MHOXKecTBe M, M,, kotopasi Ha snemeHTH! M, JeficTByer
TakK, Kak, o, a Ha sjeMeHTnl M,—TaKk, kak f. Mol Oynem
o6o3HayaTh 3Ty mnepecraHoBKy cumBonom oPP. CornacHo
onpejeneHuio uMeeM, uro o.P P AeficTByeT Ha NPOU3BOJBHBIM
anemeHT m < M,y M, Tak:

(myx, ecmn me My,

(m)(a@(i)={(m)ﬁ, ecu me M,

< Ilpumepsn. 1. [Tyers M={l1, 2, 3, 4}, M,=1{5,6,7, 8}
W Ha MHOXecTBaX M;, M; 3ajlaHbl COOTBETCTBEHHO MepecTa-

HOBKH
: _1234) - 678)
o“(2413 (8765
1 2345678
“@5=(24138765)~'

2. Cornacuo poxkasaHHoft B § 5 Teopeme, JioGyio nepe-
CTAHOBKY MOXHO DasJ/IOXXHTb B MPOU3BEJiEHHE B3aHMHO HPO-
CTHIX IHUKJIOB. TTOHATHE LUKIMYECKOH MepecTaHOBKU MbI pac-
CMAaTPHBAJIH B JBYX pa3MYHBIX CMBICAAX — 3TO COGCTBEHHO
IIMK/JIHYECKHEe MepPecTaHOBKH M HX pacLIMpeHHsl Ha OOnbluue
MHOXKecTBa. B ¢opMmysnupoBke TeopeMbl MOHATHE HUKJIA YIO-
TpebJisieTcsi BO BTOPOM CMhICJIE, T. e. BCe HHKJIHUECKHe mepe-
CTAHOBKH B DasJIOMKEHHU

P=>q1°P2e...cPs

NnepecTaHOBKU ¢ B IPOU3BEAECHHE B3aUMHO [NPOCTHIX NHKJAOB —
3TO IepeCTaHOBKH Ha MHOXKeCTBe M , ABJdIOIINECA paclif-

Torna

PEHHSIMH UMKJIOB @1, P2, ..., Qs, KOTOpPhlE JAeACTBYIOT Ha
HenepeceKawIuxcs noaMHoxecTBax M,;, M,, ..., M, wmHo-
wecrBa M. llpumensss s—1 pa3 KOHCTPYKUMIO MPSIMOH
CYMMBl K LUKJAM @, @z, ..., Qs, NOJYYUM PaBEHCTBO

=D D...DYs.

M3 'storo npuMepa MOHSITHO, YTO CYMMY HepecTaHOBOK a, f
MOXKHO HOJIYYHTb TakxKe CJeIyiomuM o00pa3oM: paccMOTpeThb
pacuumupenys & u f 5TUX nepecTaHoBoK Ha MHOXecTBO M, | Mz
U nepeMHOXuTb HX. HUTak, aPp==a-p. »

PaccMoTpuM Tenepb HeCKOJbKO 6oJiee CJIOXKHYIO KOHCT-
PYKIHIO, KOTOpPasl HasbIBACTCHA npambim npoussederuem riepe-
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cmarogok. C TIOMOIIbI0 5TOR KOHCTPYKUUH 1O IepPecTaHoB-
KaM o ¥ P Ha MHOXecTBaXx M; 1 M; COOTBeTCTBEHHO CTPOUTCS
nepecTaHoBKa Ha MPSMOM mpousBeneHuu M, X M,. Irta nepe-
- CTAaHOBKA JIeHCTBYyeT Ha INPOW3BOJIBHBIH 3JIEMEHT (M3, My) U3
npsaMoro npoussefieHus M;X M, Tak, uTO mnepecIaHOBKA 0
H3MEHsIeT NepBYI0 KOMIOHEHTY Maphbl, a NepecTaHoBKa [ —ee
BTOPYIO KOMIOHEHTY. Mbl OynemM 0603HayaTh Tak MOCTPOEH-
HyI0 nepecTanoBky cumBosioM a X . Takum o6pasoM, ans
NPON3BOJILHON maphl (M1, ma) & M1 X My

(ma, mg) (X P) = ((my)ex, (m2)B).
4 [Ipumeps. 3. [lycts

a=a 1) P=( 3 1)

Torpa aX P — nepecraHoBka Ha wMmuoxecrse {(1, 1), (1, 2),
14, 3), &, 1), 2, 2), (2, 3)}. CornacHo ompeneseHuio, HMeeM
(1, 1) @xB)=(Ne, (HB)=1(2, 2),

(1, 2) (@xB)=(N)e, (2)B)=(2, 3),

(1, 3) @xB)=((Ne, (3)P)=(2, 1),

2, 1) @XB)=(2), (HB)=(1, 2),

@, 2) @XP)=(2x, 2)B)=(1, 3),

@, 3) @xB)=(2)e, B)B)=(1, 1).

TakuMm o6pasoM, mnepecTaHOBKa o X[ WMeeT cJeAylOlLYI0

Tabnuly 3HAYEHUH:

((1, D (L2 LY @& &2 @ 3’) (é)
22 @3 &n 1,2 (1,3 (L)

JIerko noHaATb, KaK MOCTPOUTH 3Ty TaGJMIy HENOCPEACTBEHHO
no taGauuaM mepectaHoBoK o U . PaHee Mul oroBopuiH,
4TO BCE NMEPECTAHOBKU OYAYT PaccMaTpPHBAThCs HAJ Hayallb-
HEIMH OTpe3KaMH HaTypasbHbIX uucen. IlepecraHoBke o X
MOXHO [OCTaBHTb B COOTBETCTBHE IIEPECTAHOBKY Ha MHOXe-
cree {1, 2, 3, 4, 5, 6}, 3aHyMepoBaB 3JieMEHTHl NPAMOrO
NpPOU3BE/IEHHS CeAYIOmUM 06pasom!

1 2 3 4 5 6
LD (L2 (LY @1 22 @3

TMonyyum crenymollyio MepecTaHOBKY:]

(1 2 3 45 6)

56 4 23 U°
ATy nepecTaHOBKY MOKHO CKOHCTPYHpPOBATb B JBA 3Tama.
A uveHHO: pasGuBaem MHOXectBO {1, 2, 3, 4, 5, 6} Ha aBe
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opunakossie uactu {1, 2, 3}{4, 5, 6} u Ha Kaxyoh w3 3TUX
yacrefi MPOM3BOJHM TaKylO e IePecTaHOBKY, Kak Hu f.
Tlonyuum nepecTaHoBKy

123456)
(231564'

3areM mepecraB/isieM 3TH YacTH BO BTOPOH CTPOKe Ta6J1PIl1bI,
He H3MEHAA NOPALOK 3JIEMEHTOB B HHX.

Koneuno, nepexop or sanucu aXf B Buze (2) K 3anuck (3)
3aBUCHT OT BblGopa HyMepauuu. Ho ecnu Hymepanuio cyuTath
(HKCHPOBAaHHOH, To Mo0as U3 3THX TAGMHL OJHO3HAYHO BOC-
CTaHaBaHBaerTcss mo JApyroit. I1ocKoNbKY NpPHUXOAUTCA UCIOJIb-
30BaTb KaK OJHY W3 HHX, TaK U APYryl0, YCJIOBHMCH 3Je-
MeHTHI MHOXeCTBa M1 X M, HyMepOBaTh COriacHo nopaaky (1).

4. TlepecranoBky

__123456789)
7"'(’897‘56423.1

€CTECTBEHHO COMNOCTAaBJAATh NPOHU3BEIAECHHIO IE€PECTAHOBOK

a=(3 20w o=( 2

B camom nene, mepectaHoBka X 3anaercsi TaGmuueit

((1. D (LY LY @) 22 23 B B2 G 3))
@2 &3y 6hH ey 3 @n G2 LY Ly

KOTOPO#l NpH 3alaHUH HYMEPAUUH 3JEMEHTOB MPSIMOrO MpO-~
nssenenus {1, 2, 3} x{l, 2, 3} coorBercTBeHHO ymopsnOYe-
Huio (1) oTBeuaer kak pas rtabnuia y. P .

C moMompio BTOPOH KOHCTPYKUIHMH MOMHO CTPOHTb Mmepe-
CTAaHOBKH Ha MNpPAMOM npousBefieHHu M;X Mz mHOXKecTB My,
M., npumeHss ee He K JByM mnepecTaHoBkaM, a K (k- 1),
rae k=|M;|. Ilyctb @ — HekoTOpasi MepecTaHOBKA HAa MHO-
wecre My, a By, By, ..., Br — mepecraHOBKH Ha MHOXecTBe M.
MuoxkectBo M;X M, pasbuBaercs Ha k Henepecexaloumxcﬁ
qacTefi crepyomuM o6pasom:

MyxM,={(1, 1), (1, 2), «.., (1, D}U{E, 1), 2, 2), ...
o @, DU UR D), (B, 2), ..., (R, D}

(I =| M;|). [IpeoGpazoBanne, onpefensieMoe 31eMEeHTaMH o, By,
B2y «+., Pr, ZHeHCTByeT HA mnpousBoiibHYIO mnapy (f, j) Ha
M; XM, Tax, 4TO Ha NepBYI0 KOMIOHEHTYy MNaphl JeHCTByeT
riepecTaHOBKA @, a Ha BTOPYIO — nepectaHoBKa P; (1 <i<<k).
VueiMu cnoBaMu, Ha nepBele KOOPAWHATH BceX nap u3 My X M,
‘AEHCTBYeET . IEPECTAHOBKA 0., -Ha BTOPble- KOOPAUHATHL [ap U3
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muoxectsa {(1, 1), (1, 2),:.., (1, [)} — nepecraHoBKa P;, Ha
ETOPbIE KOOPAMHATHI Map u3 MHOXecTBa {(2, 1), (2, 2), ...
«vvy (2, )} —nepecranoBka fl, u T. 1.

ByneM Has3biBaThb TaK MOCTPOEHHYIO MEPECTAHOBKY CMn.e-
menuem nepecmarnogok Pi, P2, ..., Pr ¢ MmoMombio 1epecra-
HOBKH o M 0003HayaTb CHMBOJIOM

[OL; ﬁlo 52’ ey ﬁk]'

Htak, cornacho omnpejesnenuio, - 1eACTBHE CIJIETEHUs mepe-
CTaHOBOK [51, B2, ..., Pr C MOMOIIBIO MEPECTAHOBKH o Ha
. IIPON3BOJIbHBIH a.nemem @, J) e MixXM, onpe)J;eJmeTca paBeH-
CTBOM

@, )l B Bey «ony Bel= (D), ()B).

_To, uro npsiMass cymMma H mpsAMoe MPOH3BENEHHE TMepe-
CTaHOBOK — CHOBa MEPeCTaHOBKa, BIOJIHE MOHSATHO M He Tpe-
6yeT NOMOJHHTEJbHBIX MPOBEPOK. JII1s1 CijIeTeHHS 3TO COBCEM
He oueBuiHO. [lo3TOMYy MOKaXeM, YTO I MPOU3BOJLHBIX
NepecTaHoBoK o, Pi, P2, ..., Pr coierenue [o; By, B, ..., Pil
SIBJISIETCS MePECTAHOBKON Ha MHOxKecTBe Mix M, :

ITockonbky M; m M, — KoHeuHble MHOXKeCTBa, TO JOCTa-
TOYHO NPOBEPHTb, YTO npeobpasoBanue [or; Pi, Ba,..., Bl
uHbpekTUBHO. [lycts (i, j), (i, j') — pa3nuuyHble mapH U3 npsi-
Moro npouspesenusi M;X M,. 310 03HAYaeT, YTO BHIIOJHEHO
no KpalHeli Mepe ONHO W3 HepaBeHCTB iZ=i’' uau j=j'.
Ecnu is=i', 10 (i)a:/:(i')a W, HE3aBUCHMO OT TOro PpaBHHI
Mexy coboit wyucna j, j* wnn Her, napet ((i), (])(3,) H
(i), (' )[5,) MeXJy coboit pasyuuHbl. [lycTb Tenepn i=i’.
Torna j==j' u mapet ((H)a, (j)B:), (D, (j')B;) Mexny coboit
pasnuuHbl, MocKONbKY (f)B; = (j")Bi. Mrtak, nns npousBosb-
HBIX pasnuuHbiX map (i, j), (', ]) 13 M;X M, numeem

(i’ i) [a; Bl’ ﬁ% ey ﬁk]?‘:(i'! l') [a; 619 BZ’ ceey ﬁ]»

T. €. CIJIeTEeHHe nepecraaosox [ B1, B2, - ., Br] cHOBA Gyzer
nepecTaHOBKOM.
4 Ilpumepn. 5 Ilyers M;={l, 2}, M;={l, 2, 3},

a_(’l 2)
T2 1
— MepecTaHOBKAa Ha MHOxecTBe M,,

/123 {1 23
Bl“(z 1 3>' 62—(3 2 1)
— NepecTaHoBKH Ha MHoxkecTBe M,. Cmierenue [o; By, B

AepecTaHoBOK Pi, Pz ¢ MOMOILbIO 0 AEACTBYeT HA MHOXKECTBE
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M, x M, tak:

(11 1)[(1'; ﬁl: [?)2]=((1)(Z, (I)Bl)=(2’ 2),
(1, 2)[e; B, Bo] = (D, 2)B1) =2, 1),
(1, 3)[o By, Be] = ((N)ex, B)B1) =12, 3),
@, D[ Br, Bo] = (@), (NB2)=(1, 3),
(2’ 2) [OL; ﬁb ﬁ2]=((2)a'! (2)I32)=(l- 2)’
@, 3)[e; B1, Bal= (2, B)B2) = (1, D).

Takum o6pasoMm, nepecranoBka [o; PBi, Po] umeer Tabnuiuy
SHayeHU#H '

((l, D 1,2 (1,3 &1 @2 @ 3))

22 @ @3 (1L,3 (1,2 (1

Ilpu npunsto HaMu HyMepauun MHoxecTBa M,;X M, eit
COMOCTaBNsAeTCA CleAyouas Tabauna:

1 23456
(546321)‘

8. Ilycts By =P2=...=Pr=p. Cnnerenne [o; Q, B,..., B]
nepecTaHOBOK f € NMOMOINBIO NEPECTAHOBKH o JeHCTByeT Ha
npousBosibHEIA 3nemerT (i, j) & My X M, cornacHo paBeHCTBY

(i’ ]')[(Z; ﬁr‘ ﬁr enoy B]=((i)a’ (j)ﬂ)'

dro peficTBHe COBMAfaeT ¢ AEHCTBUEM IPAMOTO MPOHM3BeAe-
HHUA HEPEeCTAHOBOK o U P, T. e. UM€eT MECTO PaBEHCTBO

[av By By very B]=aXﬂ. | g

Ilycts Tenepps G u H — npousBosibHbIE MHOMECTBa mepe-
CTAHOBOK Ha MHOMXKeCTBaX M; M M, COOTBETCTBEHHO.

Onpenenenns. 1. Cymmoil mroxecms nepecmarnosox G
n H (B npepnonoxenun, uro My () My= ()) Ha3bIBaeTCs MHO-
JKeCTBO BCEBOSMOXHBIX MepecTaHOBOK Buia a@dP, rae a&a,
fesH. ‘

2. IIpamoim npoussedernuem mHoxcecms nepecrmarogok G u H
HA3BIBaeTCs MHOMKECTBO BCEBO3MOMXKHHIX I[€PECTAHOBOK BHAA
axP, rieaesl, pesH.

3. Cnaemenuem mnoxcecms nepecrmarnosok G u H wnassl-
BaeTCsl MHOXECTBO BCEBO3SMOXKHBLIX [EPeCTaHOBOK  BHJA
[ By, Bey ooey Br), TaE B=|M,|, =G, By, B2, «.., fr=H.

[Tpsimyio cymmy MHoxKecTB mnepectanoBok G u M o6osHa-
M cumBosioM G H, ux npsMoe npousBefieHHe — CHMBOJIOM
GxXH, a cnnerenne —GeH. TloHATHO, YTO HMEIOT MECTO
Ce/yiol e PaBeHCTBA:

a) |GBH |=|G|-|H
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6) |GxH|=|G]|-|H|;

B) [GeH |=|G|-|H .

Teopewma. Ecau (G, My) u (H, My) — epynner nepecmatio-
6ok, mo GAOH, GXH u GeH maxace serstomes epynnamu
nepecmanosok Ha COOMBEMCMBYIOUIUX MHONCECMBAX.

HokasarenbctBo. [loctatouHo yGenuThcsi, 4To Mpo-
W3BeJleHHe NMePecTaHOBOK M3 OJHOrO M3 CKOHCTPYHPOBAHHBIX
MHOXKeCTB CHOBa B HEM COJEPKHUTCA (CM. ynpaskHeHue 1 Kk § 8).
PaccMOTpUM OTAENbHO KaXAYI0 M3 KOHCTPYKIHI.

[ycts a@P, vy O — nBe nepecranoeku us GPHH. Ipo-
nsBesienne (@ P)-(y@P ) aTHX mepecTaHOBOK AefiCTBYeT Ha
npousBosibHbIA aneMentT m & M; |y M, Tak:

(m) (2DB) - (y D ) = ((m) (2D B)) (yD D).

Ho (m)(@@p) cosnagaer nubo ¢ (m)e (npu m < M,;), nubo
¢ (mP (mpu me M,). Eciu me M,, 10 (m)e Toxe conep-
xKutest B My Tloatomy ((m)a) (@ 6) = ((m)ayy = (m) (@-y).
AnanoruyyHo, ecin me M, To (M) TOXe comepxHTCA
B 3TOM MHOXectBe Hu ((m)B) (Y@ 0) = ((m)P)d = (m) (B-05).
HUrak, npoussenenne (a@P)-(y@P0) nepecranoBok a@d u
v@ 06 MuoxectBa M1 M,y jeiicTByeT Ha Npou3BOJbHEIH 3Je-
MeHT m & M,y M, TakuM Ke o6pasoM, Kak ¥ mepecTaHOBKA
(o V)P (B-6). CnexosarenbHO, HMEET MECTO PaBeHCTBO (PP) «
(DO = (2-y)D(B-6). Tockonbky G w H —rpynmel, TO
aye=G, p-b=H, .e. @PO-(YPO)=GPHH uGHRH
SaMKHYTO OTHOCHTEJIbHO YMHOXKE€HHS IEPECTaHOBOK.

Tlycte Temepb o X P, X6 — nBe nmepecranoBku u3 GXH.
Ipoussenenne (X P)e(yx8) meficTByer Ha NPOU3BOJBHYIO
napy (f, j) = M;X M, cornacHo paBeHCTBaM

@, ) (@xP)+(¥x6)) = (e, ()B) (vx )= (((D))y, ((7)B)S),

T. €. Ha MEPBYIO KOMIOHEHTY Naphl AeHCTBYET IepecTaHOBKa
a-y, a Ha Bropywo B-6. Ilockonbky napa (I, j)e M XM,
NIPoU3BOJIbHAS, TO 3TO O3HAYAET, YTO UMEET MeCTO PaBEeHCTBO

@XB)e (X8 =(a-y, B-0).

ChoBa a-ye=G, f-8e=H, 1. e. GXH 3aMKHYTO OTHOCH-
TEJIbHO YMHOXEHHUSI MEePecTaHOBOK.

W nakoner, nycte A=[a; B1, B2, ..., Pr], B=[y; 61,
83, +e., 0z] —nBe nepectaHoBku u3 Ge H, npuyeMm

a=(l 2 .. k).
1 73 e T
Paccmorpum gaeiictBue npoussenenus A+B sTHX nepecra-

HOBOK Ha NpPOM3BOJIbHYI mapy (i, j) & MiXM,. Hmeem
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paBeHCTBa
G, ) (A-B)=((i, NA)B=((, /[ B1, Bay -+, Be)B =
- =((Oa, HB)B=(ri, (NB:) [y 61, 83, ..., &)=
=((’i)7: (j)ﬁiﬁrl).

Takum ob6pasoM, mpousBeneHue A.B Ha HePBYI0 KOMMOHEHTY
napnt (i, j)- gefictByer, Kak nepecraHOBKa ao[’), a Ha BTOPYIO
KOMINOHEHTY — KaK repectaHoBKa f;8, =p;-0 “)a, T.e. A-B
SIBJIAETCS CIJIeTEHHEM MepecTaHOBOK [ o 6, , B2 6 rgr + e Br-6

C MoMoILbl0 MepecTaHoBKH a-f, a cneuoaa'renbﬂo, conep-
x)utea B GeH. Urak, Ged 3aMKHyTO OTHOCHTEJbHO YMHO-
XeHusi nepecraHoBok. Teopema sokasana.

KOHCTPYKIHH NpSIMO# CyMMBbI, HPSIMOFO IpPOH3BENEHHs M
CIJIETEHHS TPYNMN [epPecTaHOBOK IMO3BOJAIT M0 HaHHBIM
rpynnaM KOHCTPYHPOBAThb HOBbl€ TPYMIMbL, T. €. CYHIECTBEHHO
o6orauiaioT TeOpPUI0 HOBBLIMH mpuMepamu. OKasbiBaeTcs, YTO
MHOTHE M3 €CTeCTBEHHO BO3HHKAIOIIHX Ipynn mnepecTaHOBOK
MOXHO MOCTPOHTL M3 GOJiee MPOCTHIX C MOMOLIBIO PACCMOT-
PeHHBIX B 3TOM naparpade KOHCTPYKUHH, a 3TO OKasblBaeT
CYHIECTBEHHYIO MOMOMIb NPU H3YUYEHHUHM TaKHX I'pynm mnepe-
CTaHOBOK.

Ynpaxuenus

1. Jloxa3arb, 4TO nNpsAiMas CYMMa NEPecTAHOBOK —- acCOLlMATHBHas
onepauus, T. €. IS NPOU3BOJBHEIX TpeX NEPECTAHOBOK a, f, Y COOTBeT-
CTBEHHO Hajl MHOXecTBamu M;, M,;, Ms KOTOphie mOmapHO He nepece-
KaloTcs, HMEET MECTO PaBeHCTBO

@D Dr=a2DBDV).

2, I'lycrb (ky, kg, ..., kg) —THN MEpPeCTaHOBKH & Ha MHOXecTBe M,
(h, lg, ..., l;) —THn nepecranoBku f Ha Muoxecrse My, U M NMy= Q.
Kaxos Tun nepecraHosxn o @ f ‘Ha mHOxectBe M; | My?

3. Ycranosute, 410 /19 NOPSAKOB MepecTaHoBOK o P, o @ f su-
NOJIHAETCA COOTHOLIEHHE

nop. (@@ B)=HOK (nop. a, nop. B).
4. [Toctpofite TaGauny nepectaHOBKH aX P, rae

a_(l 2 3) ﬂ_(l 2 3)
“\2 3 1) P72 1)

H TabJauly, COOTBETCTBYIOILYI0 X[ NpH NPHHATOH HyMepaluH MHOKe-
cTBa {l 2, 3}x{l, 2, 3}.

Kax, 3Has MOPAJOK - NepecTaHoBoK o, f}, onpezenuTe NOPAAOK
nepeCTauosxu axfp?

6. [TpoBepuTh, 4TO Tpynna nepecTaHoBoK

K={e, (L2 @4 (L2:@ 9
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ecTb NMPAMAA CyMMAa HHKJIHUECKHX IPYNN BTOPOrO MOPSAKA HA MHOXKECT-
pax {1, 2}"u {3, 4}, a rpynna nepecraHoBOX

={3' (l’ 2)"(3: 4)1 (1, 3)‘(21 4), (1, 4)"(2' 3)}

ABJIAETCA NpPAMBIM NPOU3BENEHHEM WHKJHYECKOHR FpyNnbsl BTOPOro Nopsika
Hajg MHOKecTBOM M={1, 2} Ha ce6d, npHyeM NOACTAaHOBKH H3 3TOrO
NpPSAMOro NMpPOH3BEAEHHS 3aNHCAHBE! C YYeTOM NpPHHATOH HaMH HyMepaiHu
3JeMeHTOB MHOxKecTBAa M X M.

7. Yka3ath ofpaTHHe K nepecraHoBkaMm o P B, axf, rae a, p —ne-
pecTaHOBKH Ha HEKOTOPBIX MHOXKecTBax,

8. Ilycrs

Y mmh 1Y Mol 30 mefh 2

TMoctpouts nepecranosku [a; Bi, By, Bsl, [ By B, Bals [%5-Bs, Bas Bil-
Cosnaparot 1 onu? ITocTpOHTb TaGJHLEI 3THX NEPECTaHOBOK, 3amHCaH-
m;x{elc Yu€TOM TNpPHHATOH HYMEPAauHH 5/1CMEHTOB MHO}KGCTBa {1, 2, 3}x
X

9. KaK enpene.fme 06paTHYIO K MepecTaHoBKe BuAa [a; Py, Bay oees ﬁk]’

10. Ilokasartk, uTO CnJeTeHHe ABYX LHKIWYECKHX TPYNI BTOPOro
NOpsnKA COBNAjaeT C IpYNnoil cHMMeTpuil KBajapara, npu COOTBCTCTBY[O-
LIHX O603HAYEHHAX €ro BepLIHH,

11. Tlyerb f(x1, X3, X3 X4 X5, Xg) = X1XpX3+ XgXs%g. YKaKuTe KOH-
CTPYKUHIO, C MOMOLIbIO KOTOPOH Tpylia CUMMETPHH 3TOro MHOrouJeHa
CTPOUTCA M3 CHMMETpPHUYECKHX rpymn Sp, S;, ACHCTBYIOWHX HAa NOAXOAS-
IUHX MHOXeCTBaXx,

12, IlepectaHoBKa @ Haj MHOXecTBoM M HMeeT clefyiolee paso-
JeHHe B NpOH3BeJeHHe B3aHMHO NPOCTHIX LHKJIOR;

0= (duy 125 ~ovv Oapy) ° (Q21s Qa2a oovs Gapg) oeeeo (s Qg ooy Uigy),

TlokaxuTe, 4TO MHOMKECTRO BCEX MePECTAHOBOK, KOTOPHIE KOMMYTHpYIOT C o,
coBnajaer ¢ IpAMOM CYMMOH LHKJIHYECKHX Tpynn C"1’ Ckz’ ooy C

ko
¢
lleﬁCTBlel.U.HX Ha MHOXecCTBax
{“11- Ay oo alkl}’ {"21’ Qggs =+vs a2k3}' e {“11' Qpas ves alkl}

COOTBETCTBEHHO,

§ 20. BEHTEPCKHA WAPHHPHBIA KYBHK

B 1975 r. Benrepckuii apxutekTop mnpogeccop 3. Py6uk
co3jial MaTeMaTHYeCcKyio TOJIOBOJIOMKY, KOTOpasi MOJyyHJa
B IOCJELYIOIlHe TOAbl LIMPOKOE paclpocTpaseHHe BO BCeM
‘MHpe H fIBISeTca celiyac, moxanyd, nauGosee momyJisipHOH
‘MaTeMaTH4ecKOH HrpoH. MaremaTHyeckKuil ananu3 3TOH Urpbl
ropasjo CJIOXKHEee, YeM aHAJIH3 UTPbI «B MATHAALATbY, BONPOCHI
M 3a7a4d, KOTOpble MOXHO CTaBHTb B CBf3M C HeH, Kyja
Gosee pa3HOOOPa3HBl, XOTHA C TOYKH 3PEHHA TEOPHH TPy
[EPECTaHOBOK 3TO HI'Pbl OLHOTO THIA. '
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1. OnuuweM BkpaTHe rojioBosoMKy D. Py6ura. Ona npen-
cTaBjseT co6ofl mJacTMaccoBbli Ky06, pasOuThiii Ha 27 onH-
HaKOBBIX KYOHKOB MJIOCKOCTAMH, MapajyielbHbIMH TIpaHIM
KyGa; 26 KyGMKOB SBJISIOTC HApyXHBIMH, a OJHMH — BHYT-
peHHu#. BHyTpeHHuii KyOuK yJlajeH, a HapyXXHble KyOHKH,
HA KOTOPHIX H3HYTPH MMEIOTCS CrelyajbHble BEHICTYIBI, C MO~
MOIIBIO KDECTOBHHBL CleMJeHsl Tak, 4To Jjobas M3 IJIHT,
00pa30BaHHBIX JIEBATHIO KyGHKAMH, TDaHH KOTODHIX Mapaj-
JIETIbHBl HEKOTOPOH rpaHu Ky0a, MOXeT CBOOOJHO BpallaThes
BOKDYT IeHTpa B JioGoM HanpaeieHud. [Ipu noBopoTe 0fHOMH
u3 naur Ha yrae 90°, 180° uau 270° cBoGoxa BpamleHui
CHCTEMBI IIOJIHOCTBIO COXPaHseTcsi: /o0yl U3 MJHT CHOBA
MOXHO BpallaThb BOKPYT IEHTpa B /0Oy cTopoHy. Baer-
' HH€ TPaHM KaxkJoro u3 26 ManeHbKHX KYyOHKOB OKpalleHbI
B IIECTb pa3HbIX IBETOB: KPAacCHbiH, . OPAHXKeBHH, KeNTHH,
sesieHbI, CcuHUB, OGenplit (no 9 rpaHel KaxAOro IBeTa).

[ )
[ )

z A )

Puc. 40

O6muit Bux Ky6a usobpaxken Ha puc. 40 @, Ha puc. 406, 8
yKasaHbl BO3MOXHbBIE MOBOPOTHI IJIUT — BHEIIHUX H BHYTPEH-
Hell. B HayasbHOM MOJIOKEHHH MaJieHbKHE KYOHKH pacmnoJo-
JKeHbl TaK, YTO Bce rpaHd GoJsplioro Ky6a OKpalleHb! B OIHH
1BeT. 3aTeM C NOMOIIBIO HECKOJBKHX MOC/ef0BAaTENbHBIX Bpa-
IEHWH TrpaHd Ky6a MNPHOGPETAlT MecTpylo oKpacky. Lleab
WLPBI COCTOMT B TOM, UTOObl, MOJAYYHB B PYKH TaKoil MecTpo
OKpalIeHHbIl KYQUK, € MOMOILbIO [TOBOPOTOB IJIUT NepeiTH
K HayaJbHOH packpacke, T. €. NOGHTBCS TAaKOH PacCTaHOBKH
KyOHKOB, NPH KOTOPOiH Bce rpaHH 6GoJbIIOr0 KyOa OXpallieHk!
B OJMH ILBET. )

Dra rosoBOJIOMKA MOJYYHJA Ha3BaHHE «BEHTePCKUH wiap-
HUPHHIA KyOuK» unu «ky6uxk Py6Guka». Mccaenosanuio 3anzu,
¢ HeHl CBfI3aHHBIX, NOCBALLEHO 6OJblUOE YUCIO HAYYHO-TOMY-
JISPHHIX cTaTeH, onyGJHKOBAHHBIX B PasHbIX CTPAHAX, U Jaxke
HECKOJNIbBKO KHHT (Hanpumep, kuura B. XuHnue «Benrepckuit
BoJLeOHbIH KyOUK» Ha HEMeLKOM fi3hKe, Bhillenuas B 1982 r.
B GepinHCKOM u3zartesbeTBe «VEB Deutscher Verlag der Wiss-
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enschaften»). M3 nyGmukanuii B OTeuecTBEHHBIX KYpHANax
~ormerum ctaTbd M. KoHcranTuHOBa «Benrepckuit KyGuk»
(«<Hayka u xusHvs, 1981, Ne 3; 1982, Ne 2), B. 3anrannepa,
C. 3aarannepa «BeHrepckufi mapuupHbii Ky6uk» («KBaHT»,
1980, Ne 12), M. EsrpadoBa «<Mexanuka BosineGHOro KyGrKa»
(«KBant», 1982, Ne 2), B. [1y6poBckoro «Asroput™ BoJiie6-
Horo ky6uka» («KBaut», 1982, Ne 7), «Maremaruka BoJies-
Horo KyGuka» («KBant», 1982, Ne 8), «<Ky6uk B KapTHHKax»
(«<KBanT», 1983, Ne 9),. 1O. IlemxoBa «[loBopaunBaem KyGuKu»
-(«KBant», 1981, Ne 12) u HexkoTophie apyrue.

Puc. 41

YiKe u3 Ha3BaHU{ HEKOTOPHIX M3 3THX NMyOJHKanuil BUIHO,
KaKUMH BONPOCAMU HHTEpPecyloTcs IPU PacCMOTPEHUU KyGuKa
Py6uka. B nepByio ouepeib, xoueTcsi Y3HATh, KaK ke OH
YCTPOeH, KaKOB MeXaHH3M, MO3BOJAIOUIH. OCYIECTBAATL Ta-
KHe BpameHus. Bo-BTOpHIX, eCTeCTBEHHO BO3HUKAET KeJaHue
HAyYUTbCSi TEPEXONHTh K HayaJbHOH OKpacke KyOuka u3
JI0GOro BO3MOXKHOIO €ro «mecTporo» cocTosdHusi. Koneuwo,
€CJIH «recTpasiy packpacka IojlyyeHa U3 HadaJbHOH C HOMOIIbIO
psina BpameHWH IMJIUT, TO NepeHTH OT TAKOTO COCTOSIHHS
K Hauya/bHOMY BCErja MOXKHO. [103TOMY XOuercsi MMeTb Ha-
6op npaBHN — @s20pumm, KOTOPbIA OOGECHeduT NOCTHKEHHE
HAyYaJIbHOrO COCTOSIHMA M3 J000ro Bo3MOxKHOro. [lasi Bbipa-
GOTKH TaKOro aJropuT™Ma CTPOSIT MATEMaTHYeCKYI0 MOJEJb
pemaeMoli 3afayd. B 3Toili-TO Mozenum u BO3HHKAeT rpymnna
NepecTaHOBOK, CBsidaHHAs ¢ Ky6ukom Py6uka. Bcmomora-
TeJIbHBIE 33Ja4M, KOTOPble HEeoOXONUMO pellHTb, —3TO Ha-
VUUTBHCSl CTPOMTDh CUCTEMBI 06PAa3yiOUIHX BOSHUKAIOIEH I'DYINBL
MepecTaHOBOK H PacK/aalblBaTh €e 3JIeMEHTHl B I1POU3BelleHHe
o6pasyiomux 3snementoB. O6e 3ajaun ynpouawTcs, ecau
3aMeTHTb, YTO IPYNNa [€pecTaHOBOK, CBsS3aHHAS C KYOHKOM
Py6uka, cTpouTcss M3 y)Ke H3BECTHRIX YUTATe/MI0 IPyII ¢ Mo-
MOIIbIO DacCMOTPEHHBIX ,B IIpeAbiAylieM naparpage KoOH-
CTPYKUHH.

Buavane paccMOTpHM, Kak YCTPOeH BOJIUEOHBIH KyOHK.
B uem 27 oCHOBHbIX JeTaJseit: KpecToBHHa (puc. 41 a), 12 6Go-
KOBbIX Ky6ukoB (puc. 41 6), 8 yrioBeix Ky6uKoB (puc. 41 6)
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n 6 nenTpaabHBIX ~KYyOUKOB (puc. 41 2). Ha camom nene, kak
EUIHO W3 puc. 41, «kKyOUKH» —3TO COBceM He KyOHKH,
a GoJsee CaoxHBIe Tesa. B Goabmoli Ky6 OHM CJIOXKEHH Tak,
uTO W3BHe Kakyrcsi xyOukamu. KyGuku, pacnosyoKeHHEe
B IleHTpe KaxAoH u3 rpaHefl (mo3ToMy Mul UX OyjieM Ha3bl-
BaTb YEHMPAALHbIMU), KPENsTCs HAa KPeCTOBMHY. Y HHUX
OKpalllena ojHa cropoHa (BHemHss), CpepHue KyOHKH,
Y KOTOPHIX- pacKpalieHbl 2 BHEUIHHE CTOPOHEI, PacnoJOKEHbI
B cepefnHe Kaxjporo pebpa, a yrijosble KyOHKH, y KOTOPHIX
pacKpameHsl 3 BHEIUHWE TPAaHH, PACMOJIOXKEHH B BEpPIIMHAX
Kyb6a. Pacnosnoxenne KyOUKOB B Ky6Ge XOpOIIO BHIHO Ha
puc. 42, Ha KOTOPOM Ky6 H300paxeH CO CHATHIMH MepeiHed
NJIHTOH M OJHHUM CpelHWM KyOukoMm. BHyTpeHHHE BBICTYIIbI
Ha CpPefHHX W VIVIOBBIX KYOHKax cjejlaHbl TaK, 9TO MPH CO-
CTaBJIeHHH Ky6Ga U3 3THX BHICTYNOB 06pa3yeTcsi MOYTH LUJIHHA-
PHYECKOE TeJIo, a Ha CpefHeM cyloe ofpasyercs KoJbleoOpas-
Hoe yriy6senxe. [1pu MOBOPOTE NMJMTHI UMIHHAPHUECKOE TEJIO
BpaljaeTcss B KOJbLEOGPa3sHOM yrayGiennu. Bor u Bech Mme-
XaHu3m KyOuka PyGuka, He e '
cuMTasl MEJKHMX BTOpPOCTEMNEH
HBIX JeTajsield. :

L

Puc. 42 Pac. 43

2. OcraHoBHMCSl Tefepb Ha OMHCAHHH aNTOPHUTMA INpHBE-
reHust KyOnka Py0HKa M3 «IecTpOro» COCTOSIHHS B Hayalb-
Hoe. YCJAOBHMCSL BHayaje O CJeAylomuX YAOOHBIX COKpa-
LIeHUSAX. : -

~ ITockoabKy NpH BpalNeHHsiX MJIHT Mbl HHTEPeCyeMcs JHILb
B3aHMHBIM DAClOJIOKEHUeM MaJIeHbKHX KYOHUKOB B GOJIBILOM
xyGe, MOXKHO CUHTaTh pacnosioxkeHde Kyba B mpocTpaHCTBe
(HKCHPOBAHHHM, T. €., CYHTAaThb €r0 KPECTOBHHY KECTKO 3a-
KpPenJieHHO#, a LeHTpa/bHble KyGHKH — HEMOJBHKHBIMH. 310
03HayaeT, YTO BO3MOXHBI JIMIIG BpallleHHsi INeCTH BHEWHUX
naut Ky6a. OGo3saunM rpaHd KyGa 6GykBamu (puc. 43)
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«b» (dacan), «r» (TeLa), ¢«B» (Bepx), «u» (HU3), «I» (neBas
CTOpOHA), «m» (npaBas CTOpPoHAa). MajieHbKHe KYOHKH MOXKHO
Tenepb onpelensaTh Ha6opamMH OYKB: LEHTpajbHBHIM KyOuKaMm
cooTBeTCTBYeT ojHa OykBa (HanpuMep, Ky6GuKy (acajsa —
‘OykBa «»), cpenHUM KyOHKaM — JiBe OYKBbI (HaanMep, Ky-
6uky, TNpuHajiexamemy (acagHoil M JeBOH TI'PaHH, —
6YyKBHL «(J»), YrJIOBbIM KyOukaM — Tpu OyKBbl (HampuMep,
KyOuky, npuHanneixameMy QacagHol, seBoii u Bepxuel rpa-
HAM, — GYKBEL «(paBy). .

[MponuchHeMu G6ykBamu @, T, B, H, JI, I 6ynem c6osna-
4yaTh BpAaLleHHs COOTBeTCTBYIOWIEH IPaHH (NJIHThHI) HA, yroa /2
N0 4YacoBoi cTpesike. BpameHusi NPOTHB YacoBO# CTpesku
o6o3HaualoTcs 3THUMU Ke OyKBamu B cremeHH —1. dto onpas-
JlaHO, MOCKOJIbKY KaXI0e M3 BpalleHuil OCYILeCTBJIfET HeKO-
TOPYIO MepPecTaHOBKY MHOXECTBA MaJIeHbKHX KYOGHKOB C yde-
TOM pPacKpackH H, Clef0BaTesbHO, MOXKHO rOBOPHTb 06 o6par-
HOH nepectaHoBKe. [TIoHATHO, 4TO 06PATHO! K mepecTaHOBKe O
O6yner mnepecraHoBka ®-!, ¥ aHaNOrHYHO ANA APYTHX THIOB
BpaweHuil. [locnenoBarenbHOCTAM ~BpalleHnuii rpaneil 6yayT
oTBeyaTh «CJI0Ba», cocraBiaeHHble u3 6yks ¢, T, B, H, Jl I1
B creneusx -+ 1. Hanpumep, cioBoM

®T*H-I-* = TTH-VI-VI- 41 (1)

ONMUCBHIBAeTCS CJeAyiolasi MoCaeL0BaTe/NbHOCTh Bpameﬂnﬁ

a) ¢acajHyl0 rpaHb MOBEPHYTb Ha yroJa /2 Mo qacosou
CTpesike; .

6) THIIOBYIO I'DaHb JBaXKAbI nosepHyTb Ha yronx /2, UM,
4TO TO K€ CaMoe, MOBEPHYTb HA YreoJ 7 M0 YaCOBOH CTpeliKe;

B) HHXKHIOIO rpaHb IIOBEPHYTb HAa YroJ /2 NPOTHB Yaco-
BOH CTpenKH;

r) JeByIO rpaHb NOBEPHYTb HA yrosa 3m/2 NpoTUB Yaco-
BOH CTPeJKH.

KaxnoMy H3 3THX BpallleHHH COOTBETCTBYeT HeKOTopast
nepecTaHOBKA MaJleHbKHX KYOMKOB C yyeToM HX pPacKpackH,
a Bcefl MOC/AeNOBaTeIbHOCTH — NPoU3BeJeHHe TaKUX Iepecta-
HOBOK. B pesysbraTe BbhinoJiHeHHdA cepuu Bpauienuil a) —r)
MajieHbKHe KYOHKH «NPONYTEeLIecTBYIOT» U 3aiMyT HOBBbIE
Mecta B Kybe.

ByneM HasbiBaTb pPacnosioXeHHs KYOHKOB BHYTPH 0olb-
moro Ky6a ero cocmoasuamy. Ecimu or cocrosinusi S K Co-
cTosiHuio S’ MOXHO mNepefiTH cepuedl BpamieHHit o, To Oylem
sanuceiBaTh 310 Tak: S’ =1(S)o. Pa3jquuHbie cepun Bpaie-
HH# MOryT mepeBOAHTH KyO, BOOOILE I'OBOPS, B O/IHO H TO XKe
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cocrosinne. Hampumep, umeem Aasi JIOGOro coctosiHus S:
($)22=(S)®2, (S)T=(S)T?, (SH*=(SH?,
(SMM=S, (S)J.JI1=S.

Uyratenb Ge3 TPyaa MPOJOJIKHT 3TOT CHHCOK.

~ Cocrosiune Kyba Ha3oBeM O0onycmumbim, €CiH €ro MOXKHO
NOJYYHTh H3 HAYAJbHOTO BpainenusiMi rpanes ky6a. [Toustho,
410 u3 JI0GOro AOMYCTHMMOrO COCTOSIHHSI MOXHO mepeiiTu
K HayaJIbHOMY — AJIsl 3TOr0 HYXKHO MPOCTO 06paTHTh mocie-
J0BaTeNbHOCTb BpaweHui. Hanpumep, eciiu cocrosinue Ky6a S
MOJIYYeHO M3 HAYaJLHOTO COCTOSHHA Sp B Pe3ysbTaTe CepHU
Bpawennit (1), To, npumensis K Kyby B cocrosiHHH S nocie-
JIOBaTeJIbHOCTL BPaIleHHH

JIWTHT-IT-10-1 = JISHT 21,

nepeiizeM K cocroauuio Sq, T. e. (SBPHT-20t=S,.

OmnuileM Tenepb OLHH H3 BO3MOXKHBIX aATrOPHTMOB cBOPKU
KyOnka PyOuka, T. e. yKaxeM [paBula, DPYKOBOACTBYSICh
KOTOPHIMH OT Ji0OOr0 JHONMYCTHMOTO COCTOSIHHS MOMCHO Tie- .
peHTH K HauanmbHOMY. B OOJBIIMHCTBE aJrOPHTMOB Bpalle-
HHA TpaHell, ocyuecTBasieMbie npu cOopke Kybuxa PyGuka,
TPYNNUPYyIOTCA B CTaHAApTHblE KOMOMHAIMH H3 JIBYX Bpalue-
it X, Y (X, Ye{&, I1, JI, B, H, T}):

a) xomOuHannsi XY X — conpsocenue epawienua Y ¢ no-
mowpro épawyerus X,

6) kombunauus X'Y-1XY — xommymamop epawyenuti X, Y.

MoOXHO paccMaTpHBAaTh TaKxKe CONDPSKEHHS H KOMMYTa-
TOPHl CTeleHedl OCHOBHbIX BpallleHMil, Hanmpumep:

a) ©2BiQ? = @2B3®2 — conpsixkenue Bpamenus B ¢ no-
Motibio BpaieHus @2 = d-2,

6) WB“‘H 2B-2 — [12BI’B? — KOMMYTaTop . BpaIleHHi
[1-%(=I1%), B-¥= B?).

Jlerko mpomepsiercsi, 4YTO KOMMYTaTOP OCHOBHHIX Bpalile-
HUH TPHJEralomuX rpaHeii nepecTas/IdaeT TPH CPeLHUX KyOuka
uukanyecku. Hanpumep, xommyratop I1-'®-1d neficrayer
Ha xyOMKH, crosfmue Ha wmectax &u, ¢n, 0B crepyomWuM
obpasom (puc. 44):

b1 — 0B — .

 —

[Ipu 3TOM HeKOTOpHE KyBHKH OCTAIOTCH HEMOIBHIKHBIMH,
a YrjioBble TaKxe MepeMelaoTcs.

[pouecc c6opxu Ky6rka Py6uka ocyiecTsisercs B 4 atana.
K BHINOJIHEHHIO CEAYIOUIEro 3Tana HY:KHO f1PHCTYNAaTh JHILb
TorAa, Koria NpeRLIAYIHA 3Tan NOJHOCTbIO 3akoHdeH. Ilpu
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OMUCAHHU 3TanoB cOOPKU OykBamu X, y, z GyneM 0603HAuaTh
KaKue-To H3 rpaHefi Ky6a, HMeroline oOL(yl0O BepLIHHY,
a cumBosmamu X, Y, Z — OocHOBHBIE BpaleHusi rpaHei x, y, 2
COOTBETCTBEHHO.

Dran |l. PaccrtaHoBKa Ha CBOHX MecTax
cpelHux KyO6uxoB.. Cepus BpaleHui

XAZAYXAYXZ @)

rpadeii kyb6a x, y, 2 nmepecraBjsieT 1Ba CpelHHX KyO6uka,
NpHHAJJIEKAMKWe TPaHH X, H OCTABJAET HeNOABHKHBIMU
ocTasibHble CpefiHHe KYOHKH. [IpuMeHssi 3Ty cepulo K HeKo-
TOPOMY COCTOsIHHIO S Ky0a, moiyunM HOBOE cocTosinue S',
oT/HUaonieecs OT S pacroJ/ioKeHHeM YIJOBBIX H IABYX CP2A-
HHX KyOukos. Hanpumep, ans cepun @-'B-TI-1@-[IdB

umeeM (puc. 45)
b — ¢B, ¢B — .

Cepuu BpauleHusi Buja (2) MO3BOJAIOT MepecTaBHTh JioGbie
JBa M3 CpefHHX KYyGHKOB. [l 3TOro HYXKHO C MOMOILBIO
BCIIOMOraTeJbHbIX XOAOB NMOCTABUTb MepecTaB/isieMble KyOUKH
Ha COOTBeTCTBYIOIME MecCTa B OJfiHOH M3 rpadeil ky6a, mpu-
MEHHTb CepHio BpalleHuil (2) u, BbINOJIHAS 00paTHYIO mocie-
JIOBAaTeJIbHOCTb XOJOB, MepelTH K TpeGyeMoMy COCTOSIHHIO.

Puc. 44 Puc. 45 Puc. 46

dran 1 3akoHyeH, ecjau BCe cpPeiHHe KYOUKU PaCHO/IOXKEHHI
Ha cBoux Mecrax. OfHAKO MPH 3TOM OHH MOTYT 0Ka3aThCs
HenpaBUJIbHO OPHEHTHPOBAHHBIMU (LBET CpefHero Ky6HKa
TPaHU HE COOTBETCTBYeT IIBETYy ee ILeHTPA/IbHOr0 KyOHKa).

Otran 2. [IlpaBunbHAass OPUEHTAUHUS CPEJHHUX
KYy6HKOB, CTOSSIIUX HAa CBOUX MecTaX. [Ipousse-
JIeHHe Tpex KOMMYTaTopOB

(XY-1X-1Y) (Y Z-1Y-1Z) (ZX-1Z-1X) @)
OJHOBPEMEHHO MMOBOPAYUBAET HaA CBOHUX Mecrax JBa H3 Ky-
GMKOB, NpHHAJJIEKAMX [PaHH X, He MEHSfl NPHU 3TOM pac-
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MOJIOKEHHUs JIPYrHX cpefHHX KyOukoB. Hanpumep, cepus
" (OIT-1@-11) ([1B-I1-1B) (BO1B-10)

NOBOPAYHBAeT HA CBOHX MecTaX cpelHHe KyOuku ¢B u ¢n
(puc. 46). IocnenoBarenpHocTH BpauwleHuil Buna (3), BbINOJ-
HeHHple 1/ NOAXOAAIMX rpaHeil, MO3BOJNAIOT OJHOBPEMEHHO
MEHATb OpPHEHTAUHIO JIOOBIX IBYX H3 CPelHHX KyOHKOB
(mouemy?). BhimosiHsis COBMeCTHyI0O MNepEOpHEHTAUMIO MNap
CpeflHHX KYOHKOB, MOXHO BCe MX DaCHOJOXKHTb H3 CBOMX
MecTax TaK, KaK OHH pacClo/iaralorcsi B HayalbHOM COCTOSA-
HMH Ky0a. JTo cllenyer M3 TOro, YTO COCTOSIHME, B KOTOPOM
Bce cpeiHHe KyOHWKH, KPOMe OJHOrO, MPABHJbHO PacCloJIo-
. JKEeHbl Ha CBOMX MecTax,
He MOXe€T OwiTh Jomy-
CTUMBIM.
dtan 3. Paccra-
‘HOBKa Ha CBOHUX
MecTax yriaoBHX
Ky6ukoB. Crenenb

Puc, 47 Puc. 48 (XYXY-1)s | (4

KomMyTatopa BpaumieHud X, Y cocemHux rpaseii x, y ocy-
WECTBASET OJHOBPEMEHHYIO NEPECTAHOBKY Nap YIJOBHIX Ky-
6GHKOB, KOTODBHIE NPUHAJLJIERKAT TPaHAM, MMEIOUIMM C X, y 1ABa
o6mux pebpa. Hanpumep (puc. 47), Tperbs creneHb KOM-
mytatopa @IID-[1-! nepecraBasier yrioBule KYyOMKH Tak:

[ ¢Ba — ¢B, nH$ —> 0T,
{ ¢Bn — dea, { nHT —> nad.
JTlpoussesienne cremeneii KOMMYTaTOPOB
(XZX-1Z-18 (Y-1X-1Y X)® )

OCYILLECTBIACT [EPECTAHOBKY TPEX YIJIOBHIX KYGHKOB, IpH-
HajJjexalux rpanu x. Hanpumep, cepusi Bpaienuii

((DB (I)-l B-1)3 (n—lq)-lnq))s

nmepeMelllaeT YIJIOBEHe KYOHKH (pacajHoll TDaHU CJIENYIOUIHM
o6pasom:
¢na — ¢Bi — bHD — DHI.

.

[Tocsie BeiNOJHEHWs Kaxaod H3 cepuit moBopoToB (4), (5)
cpefHHe KYGHKM He MEHSIOT CBOEro MOJIOXKEHHS; OCTaloTCs
Ha CBOMX MeCTaxX TaKXKe YIJIOBble KyOGHUKH, KOTOphle He y4H-
THIBAJAHCh NP PAaCCMOTPEHHH CepHH,
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C noMompbio nocaegosarenbuocrefl Bpautenuit suaa (4), (5)
BCE YIJIOBble KYOMKH MOXKHO PacCTaBHTb MO CBOMM MeECTaM
(npoBepbre!). IIpH 3ToM Hago yYHTBIBATBH, YTO B JOMYCTHMOM
COCTOSIHHH HE MOXeT CJY4YHUTBCH Tak, YTOOBl BCe CpelHHE
KYOHKH OBUIH paClNONIOXKEeHEl KAaK B Ha4yaJIbHOM COCTOSIHHH,
a BCce YrJoBble, KpPoMe ABYX, CTOSJIM HA CBOHX MECTax: eciu
He BCeé YIVIOBHe KYOHKH CTOST Ha CBOMX Me€CTaX, TO HX HE
MaHbllle yéM 3.

dtan 4. IlepeopuenrTauusa yrnoBuXx &KyGu-
KOB, CTOAMmMUX Ha cBOUX MecTax. [loctenosarens-
HOCTb BpalEHUH '

0 =[(X-ZXZ-Y) (Z-YZY-Y) (Y- IXY X-) ] (6)

OJIHOBPEMEHHO MOBOPauYUBAeT KaXJbl#l U3 TPeX YIJIOBHIX KYy-
6HKOB, MpHHALJIEXKAUMX IPAHU X, BOKPYI COOTBETCTBYIOLLEH
AuaroHaiu kKy6a Ha yroa 2m/3 mo yacoBo# cTpenke. A mo-
CN&0BaTEeNbHOCTh BPAameHHH o-! noBopaynBaer 3TH KyOGHKH
BOKPYI' TeX »Ke ocefl Ha yrom 4m/3 mo 4YacoBOH CTpelike.
-HanpumMep, BpaiieHus o, COCTaBJeHHble s rpanedl &; B, m,
NOBOPaYuBaOT yryioBble KyGuku ¢BJ, ¢Bn, ¢un (puc. 48).
Ilpu atoM pacnofiokeHue W OpPUEHTALUs JPYruX KYGHKOB He
usMensiorcd. | I[IOHATHO, YTO C NOMOIIBIO NOC/AENOBaTeNbHO-
cTeil BpameHuH ¢ M 0-! MOXHO IEpPeopPUEHTHPOBATE J100bie
~3 yraoBelx Ky6uka. Eciiu ygecTh, YTO B JOOYCTHMOM COCTOS-
HHU He MOXET CJIyUHTbCH TaK, yToObl Bce cpefilHue KYyOHKH
ObLIH pacnoJioKeHbl Kak B HayaJbHOM COCTOSIHMM, BCe YIJO-
Bble KYOMKM OFRLIM Ha CBOHX MeCTaX W JIMIIb OAHH W3 HHX
6ul1 Obl HENpaBUJIbHO NOREPHYT, TO 3aKOHYMTb 3Tan 4,
a CJefloBaTeNbHO, W COOPKY KyOHKa B LIeJIOM He COCTaBjseT
TpyAa. :

OnucadHBI 3/lecb aNropuT™M — AaJ€KO He CaMbIil SKOHOM-
noiii. COopka KyOHKa € ero. NOMOHIBIO MoxKeT ObITH BecbMa
"AJIHTEJbHBIM [POIeccoM, TpeGyiomuM 6OMbIIOro YHUCIa X008,
CywectByloT GoJiee 3KOHOMHbI® aJTOPUTMBI, B YacCTHOCTH,-
ONUCAaHHRIE B OTMeUeHHLIX Bblle crarbaX. OnHaKo npuse-
JNEHHBIH aJrOPUTM TOMOXKET HaM MOCTPOHTH MaTeMaTHYecKyio
T20PHIO MBI, IIOCJE Yero YHTaTeJb CaM CMOXeT paspabaThi-
BaThb TAaKHE€ AJIrOPHUTMBbL.

3. OnumeM rpynny nepectaHoBOK, KOTOpas «ympaBisieT»
cocTosiHMAMH Ky6Guka Py6uka. [losHocTblo onmcaTbh COCTOS-
HHe Ky6a MOXHO, YKa3aB MeCTO, KOTOPOE 3aHHMaeT Kam bl
MaJieHbKHH KyOMK B HEM H, OPHEHTAnul0 KyOMKa Ha 3TOM
Mmecte. Cpepnue KyOukd MoryT ObiTh OpPHEHTHPOBAHBI Ha
KaXJ0M MecTe AByMs crmoco0aMu, a yrjoBble — Tpems. [1yCTb
Ky6uK Py6uKa HaXoAuTCA B HEYa/JbHOM COCTOSIHUM. 3aHyMe-
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pyeM ero yrjioBble KYOHKH B KaKOM-JHOO nop;uu(e YUCIAMH
1, 2, ..., 8, a cpexpe umcaamu 9, 10, ..., 20. drumH xe
YHCJIaMU 3aHyMepyeM MecTa, Ha KOTOPBbIX CTOSIT MajeHbKHe
Ky6uKu. Jlio6oe cocrosiHHe Kyba Mocjie 3TOro MOXKHO Xapak-
TEepH30BaTb MepPecTaHOBKOH, YKa3blBalolleH HOMepPa YyrJIOBbIX
H CpeaHUX KYOHKOB, CTOSILIHX IIPH 3TOM COCTOSHMM Ha
mectax }+—20. Ecau B cocrosiHuu S Ha MecTe C HOMEpOM i
CTOUT KyOuK c HomepoM j; (1 <<i=<20), To 3TOMy COCTOSIHHUIO
OJJHO3HAYHO CTaBHTCSi B COOTBETCTBHE MEPECTaHOBKA

__(l 2 3 .. 20>

LR VA P A YA

[lepecranoBka ¢g onpepensieT TOJbKO MeCTa, 3aHHMaeMble
MaJIeHbKMMH KYGHKaMH, COCTOSIHHE S €10 O0JHO3HAUYHO He
onpefesiseTcs — HYXXHO ONPEJEJUTh ele OPHEeHTalHI KyOu-
KoB. lns 3ajaHusi ODHEHTAMUU YIJIOBLIX KYOHKOB (UK C H-
pyeM JBe INDPOTHBOMO/OXHbBIE TPaHH Ky0a — Hampumep,
BEPXHIOI H HUXKHIOW. [Ipeanonoxum, uto 3Tu rpaHu OKpa-
LUEHbl B KpaCHbIPl (BepXHAS) M KENTHI (HHKHAS) [BeTa.

JIio6o#t yriioBoit Ky6uK uMeeT JnHOO KpacHYIO, JHOO JKeJNTYIO
rpaHb. ¥TOJ, HA KOTOPbIii HY2KHO MOBEPHYTb YIJOBOH KYOHK
BOKPYTr BepIIHHBI Ky0a, yroObl 3Ta ero rpaHb 3aHsja MoJo-
KeHHe BBepXy (KpacHas) au60 BHHU3Y (:KenTas), U onpede-
JISleT OPHEHTALHIO YIJIOBOrO KYGHKA. DTOT YroJl MOXeT paB-
uatbes 0, 2n/3, 4m/3. YciaoBuMmcsi 0603HAUYaTh OPHEHTALHIO |
yraoBoro KyOHKa, COOTBETCTBYIOLYI mnoBopory Ha 0, cum-
BosioM «0», MOBOPOTY Ha 2m/3 — CHMBOJIOM «l», a MOBOPOTY
Ha 4m/3 —cumBosioM «2». [locne 3Toro mpu JsoGoM cocTosi-
HuM Ky0a pacrojioXeHHe YIJoBoro KyOHKa C y4eToM €ro
ODMEHTALMH OUHCBIBaeTCs mapoii uyucen (i, s), 1=<<i=<C8§,
0<<s=<C2, rme i—HoMep Mecra, Ha KOTOPOM OH CTOHT,
s—ero opuenrauus. [Ipu nepexBuxeHnusix KyOuka 3ta mapa
H3MeHserc — KaK nepBas KOOpAHHATa, TaK u Bropad. s
TOro 4rofbl yKa3aTh OPHEHTALHUIO CPefHero KyOHKa, Ha Kax-
oM pebpe xy6a (PUKCHPYyeM HampaBJjeHue (YKaxKeM CTPeJKy)
H «HapHCyeM» TaKoe JXe HanpaBJeHHe Ha cpefHeM KyOuke
TaK, yTOObl B HAYaJbHOM COCTOSIHHM 006a HallpaBJIeHHS COBMa-
npanu. I'locae aroro npu JmoGoM COCTOSSHMH Ky0a MOJIOXKEHHE
cpefHero Ky0GHKa C YYeTOM ero OpDHEHTAalUH OIHCHIBAETCS
napoit uucen (j, £), 9<<j=<<20, £=0,1, rae j — HOMep Mecra,
Ha KOTOPOM CTOWT KyGHK, a {=0, eciu opueHTanuu Ky6GukKa
U pebpa, HA KOTOPOM OH pacloJioKeH, COBMajaloT, u =1,
eCJIH OHHM MNPOTHBONOJOXHBL. TakuM oGpasoM, cocTos-
HUS Ky0a OLHO3HAYHO XaPaKTepPH3YIOTCA IepPeCTaHOBKaMH
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MHOKeCTBa
K={1, 2, ..., 8x1{0, 1, 21J1{9, 10, ..., 20}x{0, 1}.

KakoBpl e 3TH [epecTaHOBKH?

Tlockonbky nNpH BpailleHHsiX rpaHeil cpeanue KyOHKIH
MOTYT MepeJBHraThbCsl TOMbKO Ha MeCTO CPEJHUX, a YIJo-
Bble —Ha MeCTO YIJIOBBIX, TO Ji0fasi NepecTaHOBKa Og MHO-
xectBa K, 3azamomas HeKoTopoe coctosHue KyGa S, ompe-
JeJIET ,HEKOTOPYI0 TepecTaHoBKY a4’ H3  MHOKeCTBa

{1, 2, ..., 8}x{0, I, 2} —nepecTaHOBKY YI/iOBbX KyGHKOB
C yYETOM OpPHEHTAlHH — U HEKOTOPYIO MEPecTaHOBKY od u3
mHoxcecrBa {9, 10, ..., 20} {0, 1} — nepecTaHoBKY cpegHHX

KYOHKOB C y4eToM OPHEHTalUH. DTH NePeCTaHOBKH AeHACTBYIOT
Ha HernepeceKarmolluXCs MHOXKeCTBaX, OOBEJHHEHHE KOTOPbIX
coBnagaer ¢ K. [lostomy, cornacHo omnpejeneHuio npsamoi
CYMMBI NePecTaHOBOK, MOJydaeM

aS _ag) @a(z)

[TocMoTpuM Tenepb, Kaxk 2Ke YCTPOEHHI IepecTaHOBKH MHO-
JKECIB YINOBLIX H CPeHHX KYOHKOB C YYeTOM OPHEHTaLHH.
3anaTh NMepecTaHOBKY a§’ 03HAYAaeT YKas3aTh MECTO KaxKAOro
13 YTJOBBIX KYOGHKOB (4EMY COOTBETCTBYET NepecTaHOBKa ¢’
MHOX)ecTBa {1, 2, ..., 8}, sBjAOWAasCs orpaHdYEHHEM mepe-
CTAHOBKH Qs Ha 3TO MHOXKECTBO) H YKasaTh OPHEHTAIHIO
KaQXJOro M3 YIVIOBHIX KYOGHKOB (ueMy OyleT COOTBETCTBOBATb
3ajlaHe JJIs KaXAoro H3 KyOHKOB «CBoeH» NepeCTAHOBKH Ha
muoxecrse {0, 1, 2}, Koropasm dBaseTCS CIENEHbIO LHKJA
pnuHet 3). Hrak, nepecraHoBke o' cOnocTaBaseTcss HaGop
[9$"; T, Ta ..., Tg), THe T; ONpeneNsIeT OPUEHTALHIO i-TO KY-
6uka (1 <<i<<8). MuniMu cioBaMu, nepecTaHOBKA o’ ABIAETCS
CHJIeTEHUEeM MePecTaHOBOK Ty, T, ..., Tg MHOXecCTEA {0, 1, 2},
cojiepXKaluXcs B pukauueckoi rpynne Cs 3TOro MHOXeCTBa,
C TOMOIIbI0 HEKOTOPOH MePecTaHOBKM M3 CHMMETPHYECKOH
rpynnbl Ss.

AuanoruyHo, 3aaTh NEPECTAHOBKY o 0O3HauaeT yKas3aThb
MECTO KaxJOro cpeiHero KyOWka (4eMy COOTBETCTBYeT oOrpa-
HHYeHHe @F NepecTaHoBKH Qg Ha MHOXectBo {9, 10, ..., 20})
W €ro OPHEHTALMIO (4eMy COOTBETCTBYET 3ajaHie ANs Kaxk-
JIoro U3 KyOHKOB «cBoeil»y NMepecTAaHOBKH T; Ha MHOMECTBe
{0, 1}). D10 03HauaeT, Ur0 NEPecTaHOBKA ¢. ABAAETCS CILIe-
TeHHeM IePecTaHoOBOK Ty, Ty, ..., Tzo MHOmecTBa {0, 1} C mo-
MOIlIbIO HEKOTOPOH MNEePecTaHOBKM M3  CHMMETPHYECKCH
rpynnsl Sip, ZeficTByiomieft Ha muoxecrse {9, 10, ..., 20}.

TakuM 00pasod, MOXKHO CKasaTb, 4TO J000¢ COCTOSIHHE
Kyb6uxa PyOHKa OJAHO3HAYHO ONHCHIBACTCS [IE€PECTaHOBKOI
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mHokecTBa K, uMeloumiefi Buf
[(P(l); Ty T2 eeey TS]@[(P“); Tgy T10s ooy Tzo], ) (7)

rie e eS;, 9 &Sy, (Syy AeficTBYeT Ha MHOMXKeECTBe
{9, 10, ..., 20}), ,=Cs npu i=1, 2, ..., 8 ut;,= S, npu

i=9, 10, ..., 20. A MHOXecTBy BCEX COCTOAHMH COOTBET-
CTByeT rpynna nepecTaHOBOK .
= (Ssa Ca) (—B (Slgasz),

IeiicTBylouiass Ha MuHoxectBe K. Qrciona cpasy nomyudaem,
yto ofuee YHCAO CocTOssHUH Ky6uka Py6Hka paBHO
(81-3%) (121.21).

OnuuieM Tenepb NepecTaHOBKH, KOTOPHIMH 3a3l0TCH J0-
NMyCTHMBblE COCTOSIHUA "BoJleOHoro ky6mka. OHH, OYEBHIHO,
OynyT o0pa3oBbBaTh TPYyNNy, NOCKOJbKY, IPOH3BEJCHHE Ie-
pecTaHOBOK, OTBeyamoWuX JONYCTHMBIM COCTOSHHAM, TOXKe
33jlaeT HEKOTOpoe JonycTHMoe cocrosiHue (mouemy?). Iloka-
aKeM, YTO 3Ta rPyInila COCTOMT U3 TeX MepecTaHOBOK rpymnsl 11
eufa (7), AN KOTOPBIX BRINOJHSIOTCH crenyiouLe  Tpu
yCJIOBHS!

a) ¢ P ¢® —yernas nepecTaHOBKA;

) TieTao o2 Tg =€ — TOMJIECTBEHHAS [PECTAHOBKA MHO-
xecrea {0, 1,

* B) T9°T10°...°T20 =g -—-TO)K}IG?TBEHHaﬂ nepeCTamBKa MHO-
xectea {0, 1}.

[TpoBepuM cHauaJsa, 4TO YC/IOBHA a), G), B) HEOGXONMMEL.
Bpauienne moGoii u3 rpaHel Ha yroJ /2 onpenensieT HUK-
JIMYECKYIO NepPecTaHOBKY HAa MHOXKECTBAaX YIJIOBBIX U CPefHUX
KyOukoB 3toli rpanu. Ilycth mpu Takom BpalieHuH Ky6 Ie-
PeXOMUT M3 COCTOSIHHA S B COCTOSHME S Ecau cocrosinue S
OfIUCHIBAETCA MEPECTAHOBKOH \

[0 T ooy W] D[P 0, v Too]s
a cocrofiHne S' — nepecTaHOBKOM
[95%; 01, «vey O] D [0S 0, ..., On),

2) (2)

10 ¢ =@ .1, ¢¥ =¥ - n, TOE T — UUKIMYECKHE Tepecra-
HOBKH MHOXECTB VYIJIOBBIX M CPeIHHUX KYGHKOB 3TOH rpaHH.
310 UMKJbI ANuHBL 4, T. e. HeyeTHnie nepecTaHoBKU. [TostoMy
nepecTaHoBKH @F u @Y, 9§ u @ HMEIOT COOTBETCTBEHHO
NPOTHBOMOMOXKHEe 4eTHOCTH. CilefoBaTesbHO, YETHOCTH me-
pecranoBok @§' @ @S’ M @8 P @ cosnanator. Ecam cocros-
HHe S ~— JonyCTHMOE, TO OT HEro MOXKHO nmepeiiTn K Haualb-
HOMY COCTOSIHMIO C TIOMOLLbIO CepHH BpaueHuit rpanefi. Ha
KaxKJIOM 1jare. npH 3Tom OyAeT NOABAATHCA HOBOE COCTOA-
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Hue S’', YeTHOCTb IOACTAHOBKHM @ P @ mag KoToporo
coBnafaer ¢ yerHocteio @9 P ¢&. [loroMy ueTHOCTH NMOA-
cTaHOBKH @9 (P ¢§ 1/si JOMYCTHMOro COCTOSIHMA S COBIa-
JlaeT C YETHOCTBIO TaKOoH MOACTAaHOBKU JJIf HAaYaJbHOrO CO-
CTOSIHHA, @ €My COOTBETCTByeT YeTHas MNOACTaHOBKa. Mrak,
ycaoBHe a) Heo6XOJHMO.

Hanee, nerko mpoBepsieTcsi, YTO MEPECTAHOBKH, OMpeje-
JISIOIHE OPHEHTAIIMIO YIJIOBHIX KYOGUKOB, HE U3MEHSIOTCS MPH-
NPOM3BO/IbHEIX BPAaLlEHHAX BePXHeH H HHXXHEH rpanelt Ky6a
M TpH BPAIIEHHUAX OCTaJBHBIX TpaHeil Ha yroa . Ilpu Bpa-
IUEHHAX OJNHOH W3 rpanedt ¢, m, i, T HA yras /2, 3m/2
JIBE TEePecTaHOBKH, 3aJaiOll{Me OPHUEHTANUI0 KYOWUKOB MPOTH-
BOMOJIOXKHBIX BEpPIINH, yMHOXKalorcsi Ha wuka (0, 1, 2), a nse
apyrue —Ha muka (0, 1, 2)2=(0, 1, 2)-1. CnepmoBartenrho,
MPOHU3BEJIeHUE BCeX TAKUX MNEDPECTAHOBOK Ty, Tz, +.., Tg AJIA
KaXJ0TO JOMYCTUMOrO COCTOSIHUSI TaKOe Xe, KaK W JJsi Ha-
YaJbHOrO, JJIsi KOTOPOTO OHO, OYEBHIHO, PaBHO E.

IlepecTaHoBKH, OMpeReSIONIHE OPHEHTALHIO CPETHUX KY-
6uKOB, JUGO He U3MEHSIOTCSI NPU MOBOPOTAxX TpaHH, JUGO
ECE M3MEHSIIOTCA Ha MPOTHBOMOJIOKHbIE (T. €. YMHOMXAIOTCH
Ha 1pancnosunuio (0, 1)). IlosToMy ux npousBegeHue ocTaeTcs
NPEXHHUM, T. €. BBINOJIHSETCS YCJIOBUE B).

OnuceiBag airoput™M cGopKH KyGHMKa, MBI HCHOJB30BaJH
TPH COBCEM HEOUEBHJIHBIX YTBEPXKIECHHS:

1) cocrosine, B KOTOPOM Bce CpeiHHe KYGHKH, KpoMme
OIHOro, MPaBUJILHO PACMOJOXKEHE HA CBOHX MECTaX, He MOKeET
GLITb IOMYCTHMBIM;

2) cocrosinMe, B KOTOPOM BCe CpefHHe KYOHUKH TpPaBHIBHO
pacnoyioeHsl HA CBOMX MecTaX W BCe YIJIOBble, KpOME JBYX,
CTOST Ha CBOMX MECTaX, HE MOXET GbITb JOMYCTHMEIM;

3) coctosinue, B KOTOPOM Bce cpefHHe KYGHKH MPaBHIBHO
pacnoiiokeHnl Ha CBOHX MeCTaX, BCE YIJIOBHE — TOXE, HO
OMH M3 HHMX HENPaBUJBHO TMOBEPHYT, He MOXeT ObIThb
IONYCTUMEIM.

IIpaBusbHOCTL yTBepXkAeHHHE 1) —3) cnenyer u3 nHeobXxo-
JHMOCTH YCJOBHH a)—B) J1Js Toro, 4Yrto6bl MepecTaHOBKA
MHOxecTBa K omnpenensina JonycTHMOE COCTOsiHME KyGHKa.
JefictBuTenbHO, 178 cocTosinuil Ky6uka PyGuka, He yjoB-
JeTBopsiiolluX TpeGoBaHUIO 1), OUEBHAHO, HE BBHIMOJHAETCS
ycnoBue 6), a AJIsi COCTOSIHHH, HE YJIOBJIETBOPSIIOUIUX TpeGo-
Banuio 3), — ycJoBue B). Cocrosinue S, He yJoBJIETBOpSIOLIeE
YCJOBHIO 2), HE MOXeT ObiTb JONMYCTHMBIM, MOCKOJBKY COOT-
BETCTByIOLIasi eMy TojacTaHeoBKa ¢ (P ¢ — HeuetHaa. B ca-
MOM JieJie, TaK KaK Bce cpeinHue KYOGHKH CTOSIT Ha CBOHX

(1

Mecrax, TO Q' — TOXK/eCTBEHHas NOACTAaHOBKa, & @3’ — TpaHc-
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nosunusa. [Tostomy ¢§ @ @§ — HedeTHast, KaK MpsMas cymMma
HEYeTHOH MNOACTAHOBKU C YETHOH.

Y6enumcsi Tenepb, YTO YCJAOBHs a) — B) SBJSIOTCA TaKXKe
M J0CTATOUHBIMM. IlycTh S —HEKOTOpoe COCTOstHHE KyOHKa
Py6uka, KoTOpoe XapakTepusyercs IePeCTaHOBKOH U3
rpynnel H, yjpoBneTBopsitolie ycnoBusM a) — B). Ilpumennm
K 3TOMY COCTOSIHUIO OMWCAHHBIH HaMH aJrOPHTM.COOPKH Ky-
Ouka. [lepBhill 3Tan asropuT™Ma BblnoJHsETcss OecrpensT-
CTBEHHO, MOCKOJBKY €ro MOXXHO NPUMEHUTb K Jo0OMy CO-
CTOSIHUIO M TMOJIYYUTH HYKHBIA pesynbraT. Bropolt 3Tan
aJI'OPUTMa MOKHO IPOBECTH BCErja, €c/H cocTosiHue S yJoB-
JgetBopsieT yeaoBuio 1). Ho 310 Tak u ecTs, NQCKOJABKY yCJI0-
Bue 1) —caencreue ycaosus 6). Ilocse ocyiiectBieHusi BTO-
poro srtama Bce CpeJHHe KYOHMKH MPABUJILHO DAaClOJIOKEHb
Ha CBOMX MecTaX W MOJYYEHHOMY COCTOSIHHIO KyOa o1BeyaeT
nepecTaHoBKa MHOxecTBa K Bujia

[04; T T2y ouvy 5] D W,

rie  e® — ToXKJeCTBEHHAs] . I[E€PECTAHOBKA  MHOXKECTBA
{9, 10, ..., 20}x{0, 1}. Orciona caenyer, 4To mepecTaHoBKa
@Y —vyeTHasi. A YETHyIO [€PECTaHOBKY MOXHO JHOO pasJo-
KUTb B NPOU3BEJEHHE LUKJOB JJHHE 3 (cM. ympaxkHeHue 7
K § 15), nu60o pasOuTh Ha MPOM3BENEHHE Map TPAHCHO3HIIHE.
[TosTroMy MOKHO OCYLIeCTBUTb TpPeTHH 3Tam cOOpPKH BOJILEG-
Horo Kybuka. 3aMeTuMm, 4YTO OMHUCHIBasi paHee 3TOT U cJe-
JyIoMH 3Tan, Mbl HAMEPEHHO OMYCTHJIM HEKOTOphle Mojpos-
HOCTH; Tenepb YHTaTeNb JIETKO HX BOCIOJHHT.

[Tocne Tperbero srana cGopku cocTosiHHe Ky6a Oyner
XapaKTepH30BaThkCs MepecTaHOBKON -MHoxecTBa K Buaa

[8(1); T1, Tg 0'0’\ 1:8]@8(2)’
rie  e(!) — ToxnecTBeHHAsh ~ MEPECTAHOBKA  MHOXKECTBA .
{1, 2, ..., 8}, a v; —UMKJIMYECKHE WJIH TOKIECTBEHHAs Mepe- -
cranoBka wMuoxectBa {0, 1, 2}, npuuem TieTac... Tg=¢.
[Tocnennee paBeHcTBO, KakK OBLIO CKa3aHO, O3HAYaeT, 4TO 3TO
COCTOSIHME YNOBJETBOPSET YCJIOBHIO 3), T. €. K 3TOMY COCTOSi-
HHIO MOXHO NDHMEHHTh 4YeTBEPTHId 3Tan COOPKH KyOHKa.
Takum o6pasoM, rpynna nepecraHoBok G MHoxecTBa K,
XapakTepusyolllas A0MyCTHMblE COCTOSIHHS KyGHKa, SBJSETCS
coGcTeenHod noarpynmnofi rpynmel H. IIns noGoit mepecra-
HOBKH u3 H Buza (7) MOXeT ObITb BEIIOJNHEHO OIHO M3 CJie-
JYIOIIMX YCJIOBHH:
a) oW @ ¢®) —ubo uyerHas, mauGo HeyerHaa (2 Bo3-
MOXHOCTH);
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6) mepecTaHOBKA Ty°Ta-...cTg paBHa Jubo €, aubo (0, 1, 2),
au6o (0, 2, 1) (3 BO3MONKHOCTH);

B) MEPECTaHOBKA Ty-Tyg°...°To PaBHA JubO &, subo (1, 0
(2 BO3MOKHOCTH). -

Bcero moxHO cocTaBHTh 12 KOMGHHALMH 3THX BO3MOXK-
HOCTEH, T. €. NMepecTaHoBKa M3 H Buaa (7) MoxeT ymoBJeT-
BOPATb OfHOMY H3 12 HaGOpOB YCJOBHE. DTUMH YCJIOBHSIMH
KaK pa3 OMMCHIBAIOTCA KJACChl CMEXHOCTH rpynns G mo mog-
rpynne H (mouemy?), T. e. G—noarpynna uuiekca 12 B H.

[locie Bcero CKasaHHOroO CTAHOBUTCA HOHATHO, KaK (op-
MYJIHPOBaTh 3a7auM, CBA3aHHble ¢ KyOHKOM PyGuka Ha sisbike
TEOPHH T'PYNN MEePeCTaHOBOK:

B epynne G ¢uxcuposana cucmema obpasyrowux nepecma-
HOBOK, KOMOpble COOMEeMCMmSYom BpalieHUAM epareld Kybuka
Pyburxa. Tpebyemes yxazame areopumm, pyKOBOOCMBYACH
KOmopbim A100Yt0  NepecmanosKy moxcro 6uino 6ot pasaoscune
.8 npoussedenue o6pasyroujux.

[Ipn 3roM BaxHA OllEHKAa AJUHBl DPas3JjoXKeHUs, A OHa
MOX{eT CYLLeCTBEHHO 3aBHCETb OT BhIGPAHHOrO aaropuT™Ma (3
NpefbAYIIUX MPUMEPOB YK€ H3BECTHO, UTO pasJioxeHUe Nof-
CTAaHOBKH B mNpousBejieHne oOpasyioOLIMX HE OJHO3HAYHO).

[lo mepe uccnenoBaHus CBOHCTB- FPynibl G TaKHe OLEHKH
CYIIECTBEHHO MOHWKANHCh. B COOTBETCTBUU C OJHHUM U3 Nep-
BbIX aJFOPHUTMOB JIIOOYIO NMEPECTaHOBKY U3 rpymnmbl G MOXKHO
6biio OBl pasiioXHTL B MpousBejeHue He Gosee ueMm 277 obpa-
3YIOLIMX U3 YKA3aHHOH CHCTEeMB, T. €. «HecTphiily KyOuk
MOXKHO Obijio OBl MEpeBecTH B HauaJbHOE CCCTOsIHHe He fosiee
ueM 3a 277 moBopotoB rpaneil. Ilocse Gosee neTanbHOTO
ana/Ju3a Obl1~ pa3paboTaH ajropuTM, MO3BOJNAIOILMI pacKJa-
JILBaTh IepecTaHOBKM H3 (G B INpousBejeHue OFfPasyiomux
JUIMHBL He Oosiee 52, MpPHUEM BLICKA3aHO MHEHHE, YTO MOXKHO
OrpaHHYUTBCS MPOU3BEJEHUAMH JIJIHHBI He Gosee 23.

Ha caMoM Jene oUEHKY JIJIMHBl BO3MOXHBIX Pa3JsOXeHHui
MOXKHO HCC/IEOBaTh He3aBHCUMO, Ge3 paccMOTpEHHS alrOpHT-
MOB, TO3BOJISIIOLIUX TAaKOe Pa3JIoKEeHHE OCYLIeCTBIAATh

Ynpaxuenus

1. Kak JefcTBYIOT Ha yrjoBble KyGHKH cepuu Bpamenui a) (D2I12)3,
6) (PI1®-1T1-1)3, 8) ®H2G-1H-1, r) JI1B-UT1BJIB-I1B?

2. KakoB nopamoxk nepecraHoBok H3 rpynnel G, ompenessembix ce-
puamu Bpauwenuit H212, BJIB-1J1-1?

3. INposeputb, urto cepusa Bpamenuit B-1/IIT-12[1/I-1B-1 ocymect-
BJISIeT UHKJHUYECKYIO TE€PECTaHOBKY TpeX CPeAHHX KyOHKOB, PaciloJIOKCH-
HbIX Ha TpeX rpanax «6ykso# T». )

4. YxasaTh NOC/AENOBaTEJAbHOCTh BpaeHuil rpaneil Kkyba, Mensio-
Hylo MECTaMH YIJOBbie KyGUKH, PaclOJIOKEHHLIC 10 JHaroLa/ (c uame-
HeHHEeM OpHCHTauUHH),
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5. ITpoBepHTh, 4YTO fOCJAEROBATENBLHOCTS BpameHnft [T2H-1J1-1[1B2
JUT-1P2H[1? uuKJIHIECKH NepecTaBiaser CpelHHe KYGUKH, NpHHaLIEKAmHe
onHOW TpaHH, & BCe JpyrHe KyGUKH OCTaBJSET Ha MecTax,

6. ¢cKy6ukK 6e3 packpacKH», Manenokue KyGHKH B KyGe
3aHyMepOBaHL: Yriosele —uncaamu 1, 2,-..., 8, a cpepnue — yHcaaMu
9, 10, ..., 20, Ky6 He packpawes, Ecaun npoHyMmepoBath Mecra, KOTO-
pHe NepBOHAuaJLHO BAHUMAOT MajeHbKHE KYOUKH, TeMu Ke 4HC/AamH,
10 JHOO0€ COCTOSSHHE TaKoro KyGa OZHO3HAYHO OMHCLIBAETCH HEKOTOpPOH
nepecranoskoft muoxectsa {lI, 2, ..., 20}, Kakue nepecranopku storo
MHOMXECTBA COOTBETCTBYIOT HAONYCTHMHM COCTOSIHHAM Ky6a?

7. TIpopeputp, ut0 JI0Go# uukaA ({, |, k) ANAHLI 3 HaA HEKOTOPEIM
MHOXKECTBOM fBJISeTcS KOMMYTaTOPOM TpaHCMO3HUHA HaX STHM MHO-
KECTBOM,

8. [ogrpynna nekoropoil rpymnsl G, NOPOXKIEHHAS BCEBO3MOKHBIMH
KOMMYTaTOpaMH 3JleMeHTOB u3 G, HaswBaeTca Kommymunmom G, Haiitn
KOMMYTaHT Tpynnu S, ‘

9. IIpeanosoxuM, uto BOJEOHHH KYyOHK oxpaimleH B 3 mpera Tak,
YTO B HAYaJLHOM COCTOSHHMH INPOTHBOMOJIOKHBIC TpaHH OKpaweHhl OJH-
taxoso, OnHcaTh BOMYCTHMBIE COCTOSIHHS TAKOro KyGHKa,

10. Ky6ux Py6uka O6m paso6paH H 3aHOBO CJOMXKEH TaK, 4TO
B €HayaJlbHOM» COCTOSIHHH €MY OT3€4aeT mepecTasoska suja (7), aja
Kotopoit ¢V’ @ ¥ — neuernas,

TreTaeweaoTa=(0, 1_, 2),\ Ty o Tyg©ees 2 Tgg=(0,~1).

Moxno Ju oT MoGoro COCTOAHHS C TaKHMH ke CBOACTBaMH mepeiiTa
K §HaYaALHOMY»? ‘

11, JokaxHTe, 9TO yCJOBHA N

TYoTapeersTg=8 H TgeTigoeaesTop=8,

HaKJaJbBaEMEIE HA TNEPECTaHOBKH - BHAA (7), XapaKTepH3yIOWHE COCTOA-
pust KyGHKa, He 8aBHCAT OT chocofa ompeleseHHsi OPHEHTaUHH YIJIOBLIX
¥ cpeiHuX KyGHKOB, .

12. Anroput™ «nociofiHods cOopkH  KyGuka Py6uka coctour
B cJenyomeMm:

Stan 1, YcraHaBaupaeM Ha CBOAX MECTax NPaBU/IbHO OpHEHTH-
poBanHHe CPeAHHe KYGMKH HMKHEA Tpanw, .

dran 2, YcranasiuBaeM Ha CBOMX MECTax IDaBHJIbHO OpHEHTH-
pOBaHHbIE YIJOBHe KyOHKH HuXHER rpanu,

Stan 3, YcranasiHBaeM Ha CBOM MecTa cpelnue KyGHKH cepe-
IMHHON MJMTH (NapajaneJbHol HuKHeA rpauu),

dran 4, Iepeoppentupyem cpeaHue 'KyGuKH BepXHet rpaum:
cpelHue KYOMKH YCTaHOBUM TaK, Y4ToOH uBeT HX BepXHell rpaHH coBras
C UBETOM LEHTPaJbHOro KyGHKAa BepxHell rpaHH,

Dt1an b5, Ilepecrasisiem BepxHHue peGepHbie KyGHKHU.

Sran 6, ITepeopHenTupyeM BepXHHe yrjoske KYGHKH,

Sran 7. IlepecraBngeM Bepxuue YriOBHE KYGUKH,

TlonpoGyiite paspaGoraTk STOT aJaropAT™M moApoGHO U flaTh €ro
JieTaJlbHOE ONHCAHUE, .

s

§ 21. IPYTHE UIPbI

KpoMme urpel B «nsiTHaAnaTh» ¥ Ky6uka PyGHKa u3BeCTHb!
W Jpyrue 3aHUMAaTeJbHbie TOJNOBOJOMKH, MaTE€MaTHYECKHH
aHa/nM3 KOTOPBIX NPHBOJAMT K PAacCMOTPEHHIO [E€PECTAHOBOK

144



H TPy NepecTaHoBOK. HekoToprle H3 HUX YKa3aHH B yripax-
Henusx K § 18 xak oGoOuieHne urpsl «8 naTHaanarbs. [Ipu-
BEJleM KPAaTKoe ONHCaHHe HECKOJbKHX THIOB Urp Ge3 moi-
POGHOr0 pacCMOTPEHHsI MX MareMaTHyecKoil Teopuu. Ilovib-
3ysChb PacCMOTPEHHBIMU 3JieChb 06pas3naMu, YUTaTedb CaM CMO-
2KeT JaTh MNONHbIA aHANMU3 TOH WM HHOM HIPHL

1. Hrpul THDA Hrpn «xameneon». Mrpa «xameneons, omu-
caHHasi B ynmpaxHeHuu 7 k § 18, coBmagaer ¢ urpoii B «BO-
ceMb» (ynpaxknenne 9 Kk § 18). Opnako nepBoHauanbHaft
¢GopMynHpOBKA 3TOH UIPHI JONYCKaeT PasinyHbE 0GOGLIEHNS,
KOTOpEIE MOXHO YC/IOBHO Ha3BaTh IEPECTAHOBOUHKIMH HIPa-
Mu Ha rpadpax. OnuweM Takyio urpy B ofieM ciydae
(puc. 49). )

[Tyctb uMeercss HEKOTOPHII HeopueHTHPOBaHHLIA rpad,
BEPLIMHBI KOTOPOro 0003HAYEHbI KPYKOYKAMH M 3aHYMEPOBa-
Hel. Ilpexmonoxum, uYTo Ha
¢uiKax TakoH e BeNHYUHBL
BbIMUCaHBl G6YKBBI W3 CJIOB,
COCTaBJIAIINX O PeeNeHHYIO
¢pasy. B navancHoM mnosioxe-
HHY QUIIKY ¢ GYKBaMu pacmo-
JoXeHbl B BepminHax rpada
TaK, 4T0 ecay OGXOAUTb Bep-
LUHHBl B MOPSAKE BO3pacTaHUA
HOMEpPOB, TO MOJNYYHM IOCJ]e~
BoBatenbHocTh GYyKB B (dpase,
a BepwuHA ¢ HaubOJABIIUM
HOMEPOM OCTaHeTCs CBOGORHOM.
IpexnonoxuM, urto QUILKKH
B cJyuafiHOM nopsiKke paccTaBieHbl B BepmipHax rpada.
ILenb urpel 3ak/iouyaercss B TOM, yToOHI,- mepensuras ¢uui-
K1 Bosib peGep rpada Ha cBOGORHOE MECTO, PasMECTHTb HX
B NepBoHaya/lbHOM MOpPsSAKE, T. €. Tak, YToObl OHH 06paso-
BaJH BLIGpanHyio ¢pa3y npu obxoxe BepiuuH rpada B nopsjxe
BO3pacTaHWfl MX HomepoB. KoHeyHo, MIpH Takoro Tuma
NPEACTaBAAIOT MHTEPeC He mnpu BeceX rpadax.: Oauum us
€CTECTBEHHHIX YCJIOBUH, CKaXeM, ABAseTcs TO, 4TO rpad poi-
deH ObTb cBf3HbIM. Ecau rpad yxe BhGpaH, TO MOXKHO
HCC/Ie0BaTh, OT KaKHX CJAy4YalHBIX pacrnoNoxeHHi ¢uinek
MOXHO MNepeiiTv K NepBOHaYa/IbHOMY, KaK (aKTHUECKH OCY-
IecTBUTh TaKoH Nepexojll, KaK ClenaTh ero 3a HauMEHEllee
BO3MOXKHOE€ YHMCJIO XoZoB u T. n. Crenyer oTMeruTh, YTO
€CJIM XapaKTepu30BaTb BCEBO3MOXKHBIE CJyyaHHble pacnoso-
WeHuA (uIleK NePecTaHOBKAaMH MHOXKECTBA HOMEPOB BepIUHH
‘rpada (T. e. CIUTATh, YTO PUILKY 3aHyMePOBaHbI TEMH XKE YHC-
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JaMH, 4YTO ¥ BeplixHb rpada KpoMme mocJefHeil), TO BceM
«[IONYCTHMBbIMY PacMosioKeHuIM (uilieK — TaKHM, OT KOTOPBIX
MOXKHO NepedTH K nepBOHAYaJbHOMY, — OYAYyT COOTBEICTBO-
BaTb NepecTaHOBKH, obpasyioilie rpynny (moyemy?). A pas-
JIHYHBIM «XOJaMm» OyIyT OTBEYaTb YMHOXKEHHS Ha OmpejeJe-
Hble [ePeCTaHOBKH W3 3TOH TPYLiIk, KOTOpbie AB/ISIOTCS €2
cucTeMoll o6pasyloiiuX (moyemy?;. ,

2. Mrpa «iomuno». dta urpa nocrpoeHa mno obpasuy Ky-
6uxa Py6uka. IIpsiMoyrosbHeIN napaJJiesernune; cOCTaBJIeH
u3 18 ManeHbKHX KyOHKOB, cOpasyIOlMX JBE KBajpaTHble
mauTel o 9 ky6ukoB B Kaxkpo#t (puc. 50). Kybuxu ckpen-
JIeHbl Tak, 4TO IMJKTHL MOryT CBOOOJHO BpalaThCs OJAHA
OTHOCHTENbHO Apyroi (puc. 50). Kpome Toro, Moryr Bpa-
AaThCs M MPSAMOYTOJbHEIE MJIUTHL, .COCTOsINHE U3 6 KYOUKOB.
Tpu TakuXx NJNHTBHI OapajJiesibHbl OJHON Nape GOKOBBIX (He
KBaJpaTHLIX) TpaHeil u Tpu — apyrod. Ilapannenenuuen cos-
Memaercss caM C co6oH npu BpauleHdsIX KBaJPaTHBIX IJIUT

Puc. 50 Pic. 51 Puc. 52

Ha yrael @/2, @, 3m/2 ¥ HeKBAaAPaATHHIX IJIMT — HA YroJ m.
ITocne ocymecTBnenusi moGOro U3 BPAlEHHH, MPH KOTOPHIX
napaJjiiefienunes CaMOCOBMEIAETCsl, CHOBA MOXHO BLINOJNHATD
npousBoibHOe BpaieHue. ManeHbKHe KyOMKH, H3 KOTOPBIX
COCTaBJIeH napa/ienenunes, ABYX I[IBETOB— 6ejioro u uep-
goro, no 9 kaxporo usera. Ha KyOukax. HaHeceHbl Kpy-
JKOUKM Kaxk Ha KocTsamkax Aomuuo. Ha Genbix KyOukax 3Td
KPYJKOUKH yepHble, 2 Ha YepHBX — Oesnle. Mmeercst no opHoMy
GeloMy W uYepHOMY KYOHKY C OJHHM KPYKOUKOM, 1O OJHC-
My —C IBymd, C TPpeMsl H T. A. AO JA€BSTH.

B jnayanbHOM nO/IOKEHHH KBaApPaTHbIE MJUTHI COCTABJEHHI
M3 KyOGMKOB OJMHAKOBOFO LBETa, KOTOpbIE PACIIOIOMKEHb
B MOpsilke BO3PacTaHUSl YUCJA KPYKOYKOB CPaBa HANEBO H
cHH3y BBepx (puc. 51). KyOukn uepHo#i u Genaod muut
C ONMHAKOBBIM YHCJIOM KPYIKOUKOB PacHOJIONKEHBl OJHH IOJ
apyrum. Ilocse cayvaHHbIX BpalleHHi Nmapadieenunes npu-
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ofperaer MEeCTPYI0 OKPACKy M HaPyWaeTcs MOPSAOK pacro-
JIOXEH#Isi KYOUKOB BHYTPU KaXKIOH U3 MJHT (MO YHCJY Kpy-
JKOYKOB) U M3 pPas3HbIX NauT. Tpebyercs nmyTeM BLIMONHEHHs
pAia MOC/JeLOBATEAbHLIX BPAIleHHH NPUBECTH Napajeseny-
neJ, B NepBOHAYalbHOE-COCTOSHUE. :

AnropuTMmbl, NepeBoAfIlMEe TapaJsuiesienynel «IOMHHO»
B HCXOJIHOE COCTOsIHME, BHayajie pacroJsiaraioT Ha CBOUX Mec-
TaX YIJOBble KyOuKH, a 3aTeéM — KYOuKH CePeluH rpasei.
OTmeTHM, 4YTO MPH AaHalu3e 3TOH HIPbl HEJb3S CUMTATD
cepelunHble KyOHKH HEMOABIKHBIMH — TO, YTO paspernaercs
BpallaTh CTOALLME NMOCEPENHHE NPSMOYTOJbHbIE MIMTHI, B ¢y~
yae «JOMHHO» CYLIECTBEHHO. ['pymnna mepecTaHoBOK, CBfA3aH-
Hasl ¢ BpauleHUSIMH «JOMHHO», COCTOUT H3

(4! 81) 81/2=216 35 52 72a=1,95.101°
5J1eMeHTOoB!

O6o6uieHueM Hrpbl «JOMHHO W Kybuka PyGuka sBisiercsa
«Bo/WeOHbIA mapasnenenunely. ViMeercs B BUAy mapaJene-
nunel, pasbuTbliif Ha n X m X kB ManeHbKHX KyGMKOB [JIOC-
KOCTsIMH, NapajJieNbHbIMu ero rpansiM. Heksanpatisie rpanu
MOXKHO MOBOpauuBaThk TOJbKO Ha 180°. BHyTpeHHHWe NIHTHI
ToKe BpauiaroTcs. [loHsTHO, YTO aHanu3 3TOro OOLIEro Cay-
yasg OCHOBbIBaeICA Ha TeX Ke HHefX, OAHAKO YMCTO TeXHii-
YeCKH Bce CJIOKHee.

HenaBno B Beurpnu Hanaxen Beimyck 4 X 4 X 4 xy6u-
KOB, Ha3blBaeMbiX «Mectb PyGukan! ]

3. BoumueGHbiii TeTpasgp. Terpasgp pasOuT MJIOCKOCTAMH
Ha YaCTH Tak, Kak nokKasaHo Ha puc. 52. Uacru, Haxons-
muecs B LEHTPax rpaHell, MOXHO CUMTATh HEIMOABUKHBIMA.
[Tpu noBopoTax rpaeil mepemeiiaercst 4 yryoBulX u 6 peGep-
HBIX 3JIEMEHTOB, (JOPMY KOTODHIX YHTAaTesb JErkKo cebe npei-
CTaBHT HA OCHOBaHWH puc. 52. B HauajnbHOM NOJOKEHHH
KaxJasi IpaHp TeTpasjpa OKpalleHa B OJHMH M3 YeTbipex
uBeroB. Llenp Hrpbl mpexHss —Kak mepedTH K HayaabHOMY
PAcnOJIOXKEHHIO YacTel, NOJYYUB B PYKH «meCTpPHIf» TeTPasap.

pynna nepecTaHoOBOK, CBsi3aHHAs C TETPA31POM, COCTOUT
U3 A .
(41/2) (61/2) (25/2) (3*/3) = 21°365 = 3 732 480

3J1EMEHTOB.

Ananoruusele Hrpbl MOMKHO 00PasoBbIBaTh H IS APYTHX
NPaBU/IbHBIX MHOTOTPAHHMKOB, Hampumep mJs AOJEKasapa.
I'pynna mnepecTaHoBOK, MOJYYaloOIlascss MPU PacCMOTPEHUH
UIDHI, CBSI3aHHOH C J0JEKa3APOM, COCTOUT H3

(301/2) (201/2) (20%/2) (32%/3) ~= 1,01 - 10
: 147



- 57eMEeHTOB. 3T0 OYeHb Gosblllass TPynma, ¥ NOTOMY Lernodka
npeoGpa3oBaHU#, KOTOpble HEOOXOAMMO NPOBECTH, 4TOOBI U3
3aJlaHHOTO  MOJIOKEHHUS «BOJIIEGHOTo» JOJeKas3apa mnepedTH
K HauajbHOMY, GyJer, BooGiie roBops, AMHHHOA. TpyaHo oxu-
JaTh, YTO «BOJIIEOHBIA JHOAEKa3AP» MONYUUT CTOJMb IIHPOKOE
pacrnpocTpaHeHUe, KaK «BOJMIEGHBIH KyO». C.

4. Boame6xas nupamupka. OcHOBOIl 3TOH UTPYIIKU SABJA-
eTcsi ypesaHHHH KOHyC, PasGHTHIl MJIOCKOCTAMH, MapaJiienb-
HEIMH OCHOBaHHIO, Ha 6 uacrefl, KOTOpble Kpensitcsi Ha

oOIesl OCH, COBIIAJAIONIEH C OCbIO CHUM-

MeTpUY KOHyca, ¥ MOryT cBOGOAHO BO-

Kpyr Hee Bpamartbc. B 3THX yacTax

cienaHo 6 BepTHKANBHEIX Ipopeseil, B

KOTOPBIX KpensATcd WapPUKH OJAMHAKOBOI'O

nuamerpa. Ilpope3m ycCTPoeHEl Tak, 4TO

LIapHKH W3 HUX He BelKaThiBaloTcd. [la-

PUKH OKpaileHel B 6 LBETOB MO YHCIY

npopeseit. Illapuku onHOro nBera UMENOT

Pa3Hyi0’ TOHA/bHOCTb — OT 6oJiee CBETJIBIX

10 Gosee TeMHHIX TOHOB. MMeercs 6 ma-

PUKOB KaXJIOro I(BeTa, -KpOMe OJHOro

I[BETa, B KOTOPHH OKpPAaUleHO Ha OJHH
apuK MeHbIUe, TaK 4TO OJHO M3 36 MeCT
JUIS IapUKOB B MpPOpe3siX OCTaeTcsi CBO-

6onubiM. Kpome ToOro, B ofHON npope3d HMeeTcst BHYTPEH-

HfIl KHOINKA, MO3BOJSIONAS «yTamJHBaThy IIAPUK, CTOALIHH

Ha 3TOM MeECTe, M CTaBUTb Ha €ro MecTo APYrof mWapuk.

«YTOn/IeHHBIA» IIApUK BO3BpAallaeTcd Ha CBOe MECTO Kak

TOJBKO OHO ocBoGoxpaaercd. OO6muil BuA- BosueGHOM mupa-

MHAKH H300paxeH Ha puc. 53; nupamMuiKoH OHa Ha3bIBaeTCA

NoTOMYy, YTO KOHYyC, MOCHe TOrO KaK B HeM CJIeNaHHl [po-

pesd, ctasn GoJibille MOXOZUTh HA MHPAMUIKY.

B HayalbHOM -MOJIOXKEHUH LIAPUKH PAacCMoOJIOXKEHHl B Mpo-
pessx Tak, 4TO B KaXAOH M3 Mpopeselt Jiexkal ynopsioyeH-
Hble [0 TOHAJbHOCTH IIAPHKH OLHOTO LB&Ta, CKaXKeM CHHU3Y
TeMHee, a YeM Bblllle, TeM cBetsiee. CnyualiHEIMU BpallleHUsIMH
1IeCTH OCHOBHEIX YacTell NUPaMHIKH BOKPYT OCH MPHUEBOZST
€e B «mecTpoe» nosoxeHue. TpeGyercss ¢ NMOMOMIBIO TAKUX Ke
BpAILleHHH, NepeMellleHHH Hapuka B OXHOH W3 mpopeseil Ha
cro6o/iHOe MeCTO, «yTalJIMBaHUSA» OJHOrO U3 MIAPHKOB Mepe-
BeCTH MNUPaMUJKy B HayaslbHoe cocTosinMe. HIrpa sra uure-
pecHasl, OIHAaKO OHA CYIIECTBEHHO IPOIE HIPHE «KYOHK
Py6ukan. i

B sakmoyeHue OTMETHM TaKiKe, YTO IOTOCJABCKHH Mare-
Mmatuk B. Uenyanu B 1979 r. npepsioxu/a nepecTaHOBOUHYIO
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Mojenb JAnd aHanusa mwaxmaTHoR Hrpel. IloctpoeHue Takof
MoJziesu TpeByeT N0oBOJNLHO JIMHHBIX BBIK/IANO0K, H OKA HEACHO,
MOXKET JIM OHAa NPUMEHAThCS B laxMaTHOH Teopuu. Ilosromy,
XOTAl C3aMa MoJeJb JOCTAaTOYHO 3aHUMaTeslbHA, MHl €e OMHCHI-
BaTb 3flecb He OYyJeM. '

YnpaxHenud

1. HeopnenrupoBaHHbiil rpad HasmBaeTcss noausM, €clu Jiobble JBe
€ro BepPUWIHHB coelUHEHH pe6poM, PaccMmoTperh Hrpy Tina «XameseoHs
g noJHoro rpada. B 4acTHOCTH, YCTaHOBHTb, MOXKHO JH OT JIO60TO
pacrnoJioxeHnHs ¢uilek B BepPIIHHAX TakKoro rpaga nepeiTd K HayaJbHOMY
pacnoJjoxeHH0? Ec/H 3TO Tak, TO Kakoe HauGoJbliee YHCIO XONOB He-
06GXOAUMO OCYIIECTBHTb JJSI MepeXofia K HauaJbHOMY PacloJioXKeHHIo
(HIIEK B CJayuae MOJNHBIX rpadoB ¢ TpeMs, YeThIpbMS, NATHIO BEPUIHHAMH?

* 2, TlocTpouTh HEOPHEHTHPOBAHHHEIA Trpad ¢ IMECTHAAUATHIO BEpIIH-
HaMH, [epecTaHOBOYHAs HIpa Ha KOTOpPOM coBmajaja G6bl ¢ Hrpod
«B MATHAIILAThY, ) ’

3. Jloxka3aTh, WTO Tpynna NepecTaHOBOK, MOJyYaeMulX NpPH Bpale-

_ HUSIX «JIOMHHO», cocTOHT M3 (4! 8!)8!/2 mepecTtaHoBOK.
- 4, Kakue nepecTaHOBOYHHIE KOHCTPYKUHHM HCNOJb3YIOTCA NpPH MO-
CTPOEHHH . IPyNNbl NEPECTAHOBOK AJS «AOMHHO»,

5. Paspa6oTath aaroput™, MO3BOJSOIHHA OT MOGOro JONYCTHMOrO
pacnosioxeHus: KYGHKOB B ¢IOMHHO» NepeiiTH K HauyajibHOMY,

6. IMpoBepuTh, YTO I'pynna nepecTaHoBOK, MOJdyuaeMbIX NpH Bpauie-
VHHAX «BOJIEGHOrO TETpas’apa», CocToMT H3  (4!1/2) (61/2) (28/2) (3%/3)
9JIEMEHTOB, .

7. MoxHO JH OT JO6Or0 PachmoJIOKEHHS [IADHKOB B BOJWEGHOR
nupamMHAKe NepeiTd K HayanbHoMy?



. OTBETBI, YKA3AHMS, PEINEHUS
§1

1. a) (fog) (x)=6x+13, (g-f) (x)=6x+11;
6) (fog) (x)=x5-+10x5425x4-1-3, (g+f) (x)=x6- 14x2-}-57x2472;
B) (fog) (X)= x84 6x4+4 13x24 11, (g of) = x8+ 2x2} 243 x24-x-4-3.

14 11 3
%7—, e xE—g, 11

1 (-9 0= 3
He onpeleneHa, ecau x=—-§- HIH x=1;
x+1

E-nlm=y x+2°

HE OmpejeNeHa, €CAH -X=—2 HJH x=1,

eI x£—2, x#1,

2. a) 3amknyTO; 6) 3aMKHYTO; B) aauxnﬁo; I) éesaMKHyTo.

§2

2. [Ipu m=<n cymecrsyer n(n—1)...(n—m-1) pasHBHX HHBEK-
uuii MHOXKecTBa A B MHOXKeCTBO B,

3. Pemenue, [lyctb B €cTb n-aJEMEHTHOE MHOXECTBO. 3aHKCHe
pyeM npoH3sosibHOe MHOXecTBO A, | A|=m. O6pa3 MHoxecTBa A npu
JI060M HHBEKTHBHOM OTOGpaskeHudn A —- B GYyLeT HeKOTOPLIM m-3JIeMeHT-
HBIM MOJMHOKECTBOM MHOXecTBa B. MHoxkecTBO A 6GylIeT HMETh TOT XKe
camblii o6pas A’ — B mnpH pasHbIX HHBEKUMAX TOTAA H TOJBKO TOIAa,
Korja oHu GyAyT OTJIHYAThCA Ha HEKOTOPYIO GHeKIHio MHoxecTBa A B celsl.
[Mockombky | A’ |=| A|=m, To cywmectByer m! pasJHuHBIX GHekuui A
nin—1)y...(n—m-1)

ml

Ha ce6a. A mostomy ecTb C'= Pa3NHYHbIX M-

3/MIEMEHTHBIX T10JIMHOMKECTB MHOXecTBa B.

5. Ha xaxJoif BepTHKaJbHOH HJIH TopH3oHTaJbHOA npAMol rpapuka
GHeKIUM OTMEUGHA'OJHA M TOJBKO OfiHa BepwMHa ceTkH. [IpH crpesou-
HOM H306paxkeHHd Gueknud A — B M3 waxIOH TOYKH, KOTOPOH 06o3Ha-
YecH 3JIeMEHT MHOXecTBa A, BHIXOIMT TOYHO OJHA CTpesKa M B Kax1yio
TOYKY, KOTOpasl fBJIseTcs OGO3HayeHHeM 3JIeMEHTa MHOXKeCTBa B, BXOJHT
OlHa H TOJMBKO OJHA CTpeJKa,

6. 44, Ykasanue, Cnavasa nyxno HafiTH KOJNHYECTBO NEPECTaHO-
BOK, KOTOpble OCTaBJMOT 6e3 H3MEHEHHS 1O MEHbIUeH Mepe OfHH sJe-
MEHT MHOXecTBa M, 7. 6.75,

8. Ilycts G, u Gy —MHOXKECTBAa NEpPeCcTaHoBOK ¢, KOTOPLE YjoBJe-
TBOPAOT cooTBeTcTBeHHO yedosuaM (1)o—(2)p >0 u (1)o—(2)p < 0.
ITousiTHO, YTO KaXnif (€PECTAHOBKA COJEPKUTCA B OJLHOM H3 3THX MIIO-
wects, [lockoasky oroOpaxenie MHOXKeCTBa Gy Ha MHOXKECTBO G,
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B COOTBETCTBHH C KOTOpHM Ka}KAOﬁ nepeCTaHOBKe
1 2 3 ... n
‘P:<i, iy i3 .. i,,)
H3 MHOKecTBa Gl CTaBHUTCA B COOTBETCTBHE nepecraHoBka

,_(1 2 3 .. n
=N iy e iy
3 MHOXKecTBa Gy, GUeKTHBHO (mposepbTte), T0 |Gy |=|Gy|=n!/2, Hasa

(n—1)! nepecranoBkH MHOXKecTBa G, cnpasejiiBo paseHcTBo (1)o—(2)p=1.
nl
 CrnepoBares1bHO, CyIECTBYeT o — (n—1)! nepecraHOBOK, KOTOpPHIE Y10B-

JIETBOPSTIOT YCJIOBMIO YNpPaKHCHHS,

§3
1 2 3 4 5 a b ¢ d e

2'3)( 1211)' 6)<cd dc)’
l23456>
B)(12323'

4. BepwnHa (a, b) KoopAiMHATHOR CEeTKH NPM IOCTPOEHHH TIpaduka
npeo6pa3oBaHua ¢« 0603HauYaeTcA TOrAA M 'TOILKO TOrAa, KOrja cyie-
CTBYeT TaKoe YHCAO0 ¢ & M, uTo Ha rpajHke npeo6pasoBaHHsA ¢ 0603Ha-
ueHa BepIUMHA ceTkH (a, ¢), a Ha rpaduke npeo6pa3oBaHHs | — BepuIMHA
¢, b
( % HonycTuM cHayala, 4TO (—HE MNepecTaHOBKa, Torja Haimyrcst
‘sjeMeHTH @, b= M, a=~=b, Takue, uto (@)p=(b)p. das HUX HMeeM
(@) (@ - %)= (@9)bp=((B)pyp=(b) (p=$), uTo npOTHBOPEUHT  ycaOBHIO
3ajaud., EcJam 1p— He nepecTaHoBKa, TO MHOXKECTBO 06pa3oB ajaeMeHTOB M
npu AeHCTBHH 1 ABJAAETCH COOGCTBEHHBIM MOAMHOXECTBOM MHOMXKeCTBa M,
CaefoBaTe/IbHO, 3JeMeHTH BHAa (a) (¢ o) =((a)p)P, a = M, He Hucuep-
NelBalOT BCe MHOXuecTBO M, T, €. mpeoGpasoBaHHE (o1 — HE CIOPBEKIS,
a 3T0 NMpPOTHBOPEUHT YCJIOBHIO 33JauH.

6. Yka3aHue. Bocrnons3oBarbcsl yTBEpHKJIEHHEM, cqaopmynuposau-
HEIM B NpelBIAyLIeM YNpPaXHEHHM.

7 3 4 5 6) 6) x— 1 2 3 4
'a)"_(s 4126 3) )"“(4 31 2)‘
8. a) YpaBHeHHe He HMEET pPEeIneHHH;
6) ypaBHeHHE HMEET YEThIPE pPEeLICHHS:

1 23435 1 23 4 5
(12542>’(13542)'
123465 1 23 45
(12543>'(13543)'

B) YDaBHEHHE HE HMeeT pelueHHil;

N
N N
N W
CX

X‘) ypaBHeHHe HMeeT €AUHCTBEHHOE peuweHHne x=<

§4
1. a) Her; 6) za; B) na.
2. a) Her; 6) ga; B) Aa; T) HH OfHA M3 3TUX MOJIYTDPYIN IPynmnbl He
o6pasyer,
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4. Ta6banua ymHoXKenus abeseBofi rpynnbl CHMMETPHYHAa OTHOCH-
TeALHO OCH, KOTOpas NPOXORHT H3 JIeBOTo BepXHEro ee YrJa K npaBoMy
HHXXHCMY, !

§5

1. Her. Ecan rpad 3amaer mnpeo6pa3oBaHHC, TO H3 Kaxaoi ero
BEpUIHHB BBIXOAHT Oj4Ha H TOJBKO OXHA CTpeJKa.

3. Ha rpade npoussefienus @ - npeoGpasosantit @, P MHoxecTsa M
TQUKH, KOTOPbLIMH OGO3HAURHLI SJEMEHTH &, b & M, coefuHsIoTCs CTpe-
Xoit B HanpaBJeHHH OT @ XK b Toraa H TOJBKO TOTja, KOrja CylecTByer
TaKad Touka ¢, 4To Ha rpade mpeo6pasoBaHusl @ TOYKH @, ¢ COENHHSIOTCS
CTPEJIKOH B HanpaBJEeHHH OT a K ¢, a Ba rpage npeo6pa3oBaHus | TOYKH
¢, b coepunenbl CTPeNKOH B HanpasJieHHH OT € K b,

§6

1. a) 12; 6) 9. 2. 1,2, 3, 45, 6, 3. 30,
4. (ap, ap_1, ..oy 03, aj).
6. Yka3anue, PaccMOTpeTb mepecTaHOBKH
1 2 3 4 5 1 23 45
(345'1 2)’ (4'5123)
8! i

6. 35" Yk asanue, BocnonssoBateesl peluenteM ynpaxuenus 11,
§ 5.
9. Ecin nepecraHOBKa (¢ HMeET pa3JoXKeHHE
Q=(a1s «vvs As)o (b1, eevy bg)oeeio(Cry «uvy C5)
l il

TO NHUKJ P onpelensercs Tak:
Y=(ay, b1y .. €1y G2y bgy eeey €3y «ovy Ay b5y vuvy C5)s
Y6eaurtbes, 4T0 CnpaBeANHBO paBeHCTBO Y= @,

§7

1. Yxasanne, JlokasateabcTBo JIErKo NMPOBOAHTCA HHAYKuUHef no
9HCHY n. )

2. JlocTaToyHO nNpoBepHTb, YTO JioGoe npeofpasosanHe H3 P (M)
MOKHO DasJIOXHTh B NPOH3BEJEHHE NepecTaHoBoK u3 S (M) H mpeoGpa-
30BaHHSl @. DTO NPOBEPAETC B HECKOJBKO IIAroB:

a) yMHOXEHHEM O CIpaBa HJH cJeBa Ha NOAXOASIYIO NEPECTaHOBKY
MOXHO MOJYYHTh BCEBOSMOXHBIE 'Mpeo6pa3oBaHHs, NepeBOAAlHEe KaKHe-
An6o JBa 3JEeMEHTa MHOXECTBa M B OAUH M TOT K€ €0 SJIEMEHT;

6) H3 TaKHX mnpeo6pa3oBaHHIl KOHCTPYHpPYIOTCH npeo6pa3oBanus
MmHOXecTBa M, nepeBoASulHE HEKOTOpble £ 9JIEMEHTOB MHOXKectBa M
B OAHH M TOT XKE SJICMEHT, a BCe OCTaJbHHE 3JEMEHTH OCTABJSIOLLAE Ha
mecte (R<<|M));

B) OYEBHIHO, 910 Jo6Goe mnpeoGpasoBanue H3 P (M) sBasercs mpo-
H3BejleHneM npeoGpasoBaHui BHAA O).

3 a)(l, 3,47 =(1,3)-(1, 49 (1, 7)——(1 2) (4, 5)+(5,6)+(6, 7).

° (6, 5) (5 4)-(4,3)2(3, 2)2 (2, I)=(T, 2) (1, 4,5,6,73-(1,2).
o(l, , 4,5, 6, 7)7.(1, 2)-(1, 2, 3, 4,5, 6, )1 (1 2)<(l, 2, 3, 4,
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5’ 67 7)—1~"(l| 2)-°(l| 2) 3, 4| 5, 6) 7)°(Il 2)°(lv 2) 3) 4! 5; 61 7)°
o(1,2):(1,2,3,4,5,6, 7)-(1, 2)(1, 2, 3, 4, 5, 6, T)-(1, 2).

- 4. Cerp Jopor MOXHO paccMaTpPHBaThb KaK rpad ¢ n BeplIHHaMH,
Haumenbliee yuc/o CBASHBAIOWEX JOPOr OTBEYAET TOMY, HTO Fpad —
nepero. TlosToMy RoCTaTO4HO APOBECTH n— 1 CBSA3BIBAIOWHX AOpOT,

8. nn-2, 9. Ha, 10. Ha.

12. U3 pasencrBa (i, [, k)y=(i, j)-(i, k) BwmiTexaer, urto (I, j)==
={({, j, k) (i, k), Tlps (uKcupoBanHbIX {, kK Moayyaem, YTO TPAHCHO3H-
uun Buaa (i, j) (i—QHKCHpOBaHHHH, j-—NPOH3BOALHLI) MOXKHO Bbipa-
SHTL 9epe3 OTMEYeHHBIe NepecTaHOBKH, OCTaNoch YOeAHTHCS, YTO MHO-
KECTBO TAKHX TPAHCMO3HIMHA ABJAETCH CHCTeMOd ofpasyiowux S,, :

§8

1. Ykasanue, Jns nponssoibHodt népecranosku ¢ < T cymecr-
ByeT HaTypajbHOe YHCJO I, Takoe, uTo ol =g (HanpHMep, pPaBHOE MOPSIAKY
sToli nepecTanoBkH). Orciona o 1=al-1,

2. I'pynna S; coaep:KHT 4 TPEX3JEMEHTHLIX MOATPYMMLL:

{e, (1, 2, 3), (1, 3, 2} {e. (1, 2, 4), (1, 4, D)},
{e, (1, 3, 4) (1, 4, 3)}, {&, (2, 3, 4), (2, 4, 3}

3. Moarpynn BTOpPOro nopsiika B Ss CTOJNBKO, CKOJbKO HMeeTcst
nepectaHoBok H3 S; mopsaaxa 2, IlepectaHoBka HMeeT NOPANOK 2 TOTA3
H TOJNbLKO TOTAA, KOTA3a OHAa HABJSETCH TPAHCMOSHUMEH WJIH [1POH3BeEje-
BUEM JBYX B3aUMHO NPOCTHX TpaHcnosnuuil, CreloBaJeabHO, TaKHUX
nepecragoBok Ci+C?-C3=40, ‘

4, Yerpepnas- rpynna Kuefina cofepxuT 3 HETpHBHANbHBE COGCT-
BeHHBIE NOATPYNOH — M0G0H €e HeeflTHHHYHEIA SJEMEHT BMeECTe € TOXJe-
cTBenHOR noicraHoBKoit o6pasyer moarpynny. Iukanueckas rpynna C,
CONCPKUT OAHY HETPHBHAJNBbHYIO cobCTBeHHYI0 noArpynny, a C; He co-
ASPKHUT HETPUBHAJBHBIX COGCTBEHHEIX MOArpymf.

8. Llentp S, copnagaer ¢ tpusnaibhoii nogrpymnoii {e}, Lentp C,
cosnagaer ¢ Cp.

9 2 3,45, 6, 10. 30,

§9

1. FposepuTh, 9TO BpalleHHE G MPABHJLHOTO 71-YrOJbHHKA BOKPYr
JenTpa Ha yron-2sm/n M CHMMETpHs B OTHocuTe/NbHO JMOGOR H3 ocefl He
KOMMYTHDPYIOT, T, €. dof % foa.

2. B rpynne D; umeiorca (Ge3 yuera €) JMIb SJeMeHTH nopsaka 7
(HeepuHHMuUHbe BPALEHHS) H 3JEMEHTH nopsjka 2 (cammerpHH). B rpynme
D, cpean BpauteHuii MMEIOTCS: OAHH 3JeMeHT nopsAka 2 (yroa m), ABa
sxeMeHTa nopsaika 4 (yram /2, 3m/2), 4 snemeHntTa mopsgka 8

3. Cucremsl o6pasynomux rpynnsl D, u3 AByX s/lemeHTOB nopsigka 2
cymecteylor, Takumd OYyAYyT, HaNpuUMEp; CHMMETPHH OTHOCHTE/JBbHO OCeH,
obpasyiolix yroa 2m/n. OHH, OYeBHAHO, RenpHBOAMMbI, Henpusojumbie
cucteMpl obpasylomux Dy, cocTosmEe U3 pasHOrO0 KONHYECTBa mepecta-
HOBOK, CYILECTBYIOT, KOTLa f— HENpPOCTOe YHCJIO,

5. Ha.

8. llentp rpynnsl BpalicHHA TeTpasapa— TPHBHAJbHAS MOArpymnna,

10. I'pynna cumMeTpuii TNpsAMOA NpPH3MB, B OCHOBAHHH KOTOPOIi
JIEXHT TNPaBHJBLHBUI N-yroJbHUK,—3T0 rpymna D,, oAMHAaKOBO JNeHcT-
ByiOUlas HAa MHOXCCTBAX BEPUIMH BEPXHEr0 H HHIKHEr0 OCHOBaHHil, a ee
rpynna BpalleHHH —noarpynna Dy, coBnagawomas ¢ Cp, - o
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§ 10

1. Ecan | Gy |=|Ge |=2, 10 rpynnn- Gy={ey, g1} # Go={ep, g2} —
UHKJHYECKHE H COOTBETCTBHE €; «>ey, &1 <> gy HABJIACTCA H30MOPPH3IMOM
stux rpyno, Ecam |Gy|={Gy|=3, 1o rpymnn Gy={en. g, M}
Gy={ey, s hy} TOXE SABAAOTCA LHUKIHYECKHMH H JIOGOE M3 COOTBETCTBHII

ey—e, g1—gn h—h
nu6o
ey<—ey gGi—hy hi—gs

ApJaseTcss H30MOpGHU3MOM 3THX Fpyni. :

2. YKazanue, YCTaHOBHUTb CHayanaa, 4TO B rpynne, cocTosuuefl
H3 YETHIPEX 3/EMEHTOB, MOTYT BCTPedYaTbCsl JHIb HJEMEHTH NMOPAAKOB 2
1 4. 3aTeM paccMOTpETb BO3MOXKHBIE CJayYaH,

4. Crabuausatop Mo6oro s/JeMeHTa peryJjsapHod IpynIisl nepecrano-
BOK fIBJSETCH TPHBHAAbHOH MOArpynnoH. .

7. Yxkasauue, IIpoBeputh, YTO KOMHO3HIHA H3OMOP(H3MOB, T, €,
HX [0oCAeNoBaTEJbHOE OCYUIECTBJEHHE, TOXKE H30MOP(pU3M,

§ 11

1. Pasaoxkenuss S3 Ha npaBble W JIeBHE KJACCHl CMEXHOCTH 1O NOJ-
rpynne B cosnajaior, 310 CTPOKH H3

€ (1,2,3 (13,2
1L 2] (1,3 @, 3).
PasnoxketineM S; Ha npaBble KJacChl CM&:KHOCTH Mo moArpynme A 6yayr
CTPOKH H3 ’
e (1, 2)
1,31 (1,23
231,32
a Ha JeBble — CTPOKH M3 p
e a2
(1, 3y | (1, 3, 2
(2r 3) (1) 2) 3)

3. Ecam H —noarpynna uufjexca 2 p rpynne G, TO MHOMKECTBO
G| H sApnsercs OfHHM H3 ABYX KJIACCOB CMEMHOCTH (KaK MpaBHM, TaK
H JEBLIM). ’

4. YKasanne, Yb6eaurbcs, 4uto B S, eCcTh MNOArpynna Takoro
nopsajxa,

5.1, 2, 3, 4, 6, 12. B rpynne D,; cymecTsyloOT NepecTaHOBKH IO-
pankoB 2, 3, 6 (6e3 yuera TOXJECTBEHHOH MNEPECTAHOBKH).

6.1, 2,3, 4,6, 8 12, 24, B rpynme S, CymecTBYIOT 3JEMEHTH
nopagkos 2, 3, 4 (06e3 yuera TOXASCTBEHHOH NEPECTaHOBKH),

§12 -

1. Crabuausarop BepIUHHHE B rpynne G COCTOHT H3 TpeX BpalleHHiH
Ky6a BOKpyr AmaroHann (Ha yrael 0, 2n/3, 47/3 no yacosol crpenxe),

3. a) OueBunHo, uMeeM el.q.e=o; 6) ecmm yleao.p=f, To
(VY leBoyl=a; B) ectn yleqoyp=f n 61cfod=m, 1O (y-6)71-
cQo(ped)=m.

4. Ecin mepecTaHOBKH o, B cONMpSsKEHH C NepecTRHOBKOH Yy, TO OHH
compaMenbl MexAy coGoit, Tlostomy MEOMECTBO (G pasbHBaeTcd HA HaU-
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GonbiEe BO3MOXKHLIE NOJAMHOXKECTBA NONAPHO COMPAMEHHLIX MeRAY Co6oil
nepecraHoBok, [lycTs Rl, Ry—~1Ba TAKHX NOAMHOXECTBZ, IPHUEM
RiNRy== @, Torpa Hajijercs Taxkas nepecTaHoOBKa o, YTO @ & Ry A
& & R,;. OHa conpaKeHa co BCEMH 3JEMEHTaMHM H3 Ry H CO BCEMH 3Je-
MEHTaMH u3 R,. OTCiona mnoJyyaeM, 4To BCe 3JeMEHTH Ry Ry MexIy
Co6oil monapHo conpshkeHel, A 3To NMPoTHBOpeuuT BLIGOPY Ry, R,. Cne-
JoBaTeabHO, Ri1R= (.

5. YKkasaHnue, MoXXHO BOCNOJIB30BaTLCS PelieHueM 3ajaun 7.

7. Yk asanue. Bocnonb3oparsest TeM, YTO compskeHHasA nepecta-
HOBKA K IHKJNY TOXe LHKJ:

(l 2 . k)"la(l 2 .. k-1 k>u<1 2 ...k

.. X ., c )= ({1,090 0
i Gy e d 2 3 ... k 1) \ip iy eu. i > (ntar--sig),
1 02 k &

a CONpSDKEHHas C NPOU3BEJCHHEM B3aMMHO NPOCTHIX MEPECTAHOBOK COBMA-
JaeT ¢ NPOM3BEJeHUEM CONPSKEHHHX K KaxJo# U3 HHX.

10. Ilposeputb, YTO CYWECTBYIOT NMEpeCTAHOBKH, NEPEBOASNIHE JaH-
Hylo rpasp B mob6yro apyryro. CraGuausatop rpaHm cOBNajaer ¢ LPpynnoi
BpaieHnii Ky6a BOKPYr ocH, NpOXOAsiUeii Yepes LEHTP rpaHu H eH nep-
HEeHAUKYIIpHOl,

§ 14

2. Tpynnofi nHepunu MHOrouseHa f(x;, X, X3, X3) ABJACTCA WHKJH-
geckas rpynna nopaika 2: {g, (2, 4)}.-

3. 'pynna HHepuu# MHorowsdena A (x;, Xs, X3, Xg) COCTOMT u3 12
f1epeCcTaHOBOK.

4. loxasaTénbCTBO. PACCMOTPUM MHOTOUMEH f(X1, Xg, ... , Xpg)=
~x1—|~2x2+...+nx,,. Ero rpynna uHepuun TpuBHaAbHa. Kpome Toro,
IS KaxJIo# TiepecTanoBKH c=S, o+*¢& uMeeM f0=£f. A nostoMy aas

nponsmnbuon moarpynnel G={ay, G, ..., &} rpynns S, MHOrouJaeH
oL
f 1f LI %k — =Hh (%, X3, ..., Xn) HHBAPHAHTEH OTHOCHTEJbHO JeficTBUSA

TeX M TOJbKO TeX NEPECTAHOBOK, KOTOPHIE BXOAAT B MOArpymny G,
5. 0p (x3x5%2xy) COAGPKUT LIECTH OXHOYJEHOB.

7. 0y (1x2... Xp), 1<<n, copepxur C OJHO4YNEeHOB,

n!
=0

§ 15 -

2. 5. 4. IMToarpynna, KoTopas CONEGPXKHT TPH 3JIEMEHTa.

5, LleutpoM rpynnsl A, SBIAETCA TpHBHAAbHAA noarpynna (n > 3).
VkaszaHue, [okasaTb, ur0 Kamjas uyeTHas NEPeCTAHOBKA, KoTopas
KOMMYTHPYET CO BCeMH IHKJAMH JJHHBL 3, TOXJECTBEHHas.

7. Ykasaune. Bocnosb3oBatscs pasedctsamu (i, j, k)=(i, j)°
ofi, B), (i, Yok, D==C(i, I, k)= (i, j, #), rne i, j, |, k—pasuble saeMeHTH
muoxectsa {1, 2, ..., a}.

8. Ha.

9. Ykasanne, [lokasars, YTO IIPU YMHOXEHHH NEePECTAHOBKH Ha
TPaHCNOSHIHIO YETHOCTh UYHC/I2 MHBEPCHHA ee BTOPOro psma H3MeHsIeTCs,

10. Ykasauue., Bocnoab3oBaTteca TeM, UTO UHCJO T _MepecTaHo-
BOK MHOKECTBA M3 7 3/IEMEHTOB, BTOPbIE PSAAbl KOTOPHIX conepmar pPOBHO &
uHBepcHi, yﬂosnemopﬂer COOTHOILIEHUIO
R—1 k—n 41
Tn—l'l‘T it TR 1T
i . . —1
rre Ty, =9 Ana j<<O wm j >—T‘
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11. Ykxasanne. Paztoxure KaxAbil QUKT B MHKANYECKOR popme
8anucy nepecTtaHoBKH B Mpou3BeleHIIe TpaHCﬂOSHLlHI“'l u ﬂO}lC‘lH’l:aTb YHCI0
TPAUCTIO3HLINE,

§ 16

. a) s5=0} — 50102 + 50,03, 6) s4 = o} — 4030, -+ 208 + 40105;

B) 03 (x Xg) = 0105 —3
2. 2){(4 I6), 6 o1 6 1@ 3 352, & —5), (=5 2
» {(; 3,65 1)),

3. Ykasaune, Bopasurb cyMMy nomapebiX Npou3BeleHHH AJHH
CTOPOH TpPeYroJbHHKA M MpPOU3BeJEHHE JJIHMH BCEeX €ro CTOPOH uepe3 AaH-
HHE YHCJIa M BOCNOJb30BaThCH TeM, 4TO B (opmyse 'epoHa nox 3HaKoM
KOpHSI CTOMT CHMMETPHYECKHil MHOTOUJIEH, '

4. YxasaHue, [ng MHOrouneHa f(x;, ¥) pacCMOTPHTE OZHOUJCH
av"x’ Yy KOTOpOro nokasarenb. creneHu k Haushicunit. Ecau takux on-

HOWIEHOB HECKOJBKO, TO HYXHO B3%Thb TOT, y KOTOpOro mokasarenb [
HauBblcwIHi, JlokaxKuTe, 4TO OJHOUIEH C TAKMMH CBOHCTBAMH HE MOKET
YHHUTOXKATbC NPH nepexofie OT f(x;, X3) K f(x1-Fx2, X1%o).

6. JlefictBuTe/bHO. €CH B MHOTOUJEHe f (X;, X;) MOMEHATb MECTaMH
X; M X, TO OH, C ONHOM CTOPOHBI, He M3MEHHTCH, A C APYroil — H3MEHHT
8HAK Ha NPOTHBONOJOXHEI, 3HauuT, f(xy, *1)=—/F(x1, X1), T. €. f(xy, x;)
TOXJleCTBEHHO paBHO 0,

8. Ykasanue, Jlokaxkure, uro f(xy, X3, X3)=4 max (x;, xa, X3),

§ 17 .
2. PasnenuM MHorouneH f(x) Ha x—o C OCTaTKOM, T. €, 3amHLIeM
paBeHCcTBO [ (x) = (x—a) g (x)-+-r, Tae r—HexkoTopoe uucio, IToacraBnas
B 3TO PaBEHCTBO BMECTO MEPEMEHHOH X YHCAO O, MOJYUHM Bepuoe qHC-

Jxouoe pasenctso: f(a)=(ax—a)g (a)+r. Orciona r=f (o) =
.Y kazanue, CornacHo ynpaxHeHHIO 2 MHOTOYJEH f(x) packJaa-

: JlblBaeTCﬁ B npoussenenne f(x)=(x—=8&) (x—&) ... (*—E,). Packpmn-

"Bast CKOGKM B 3TOM [POM3BEJeHHH M NpHPAaBHHBAA KOS(PODHUHEHTH mnpH
OXHHAKOBBIX CTeNeHAX X B MPaBOH H' JEBOH YacTH Mmocsje pacKpHTHS
cx060K, noJayuuMm TpeGyemoe,

. YkasaHHue, Bocnoab3oBaTecst OCHOBHOM Teopemoll § 16,

5. Uucnosoe novie o6pasyroT Bce JeACTBHTENbHHE YHCIa, BCE YHC/A

puia a--b)p, rae p—nmpocroe 4mcaO, H MHOTHE JAPYFHE YHCJIOBbIE
mHOXecTBa, OjHaKo, Mo6oe YHCJIOBOE I10J1e COAEPXKHT [10J€ panHoHa/b-
HHX yHcesg Q (MOCKOMLKY OHO JOMKHO copepxath O u 1), Bcesosmox-
Hble yHcaa Buaa a--b Y 3 00pa3yloT HHCNOBOE MOJE, NMOCKOJLKY CyMMa ~
H PasdoCTb YHMCEJ TaKoro Bujaa CHoBa GYAeT YHCJOM TAaKOro BHAA:

@+oV3) £ (+dV3)=@x+Gxd V3.

- daa NPOU3BEACHHUA H 4YaCTHOro 4YuCeJ TAKOro BHAA HMeEeM

(a+5V/3) (c-+dV3) = (ac+36d) + (ad+ b)) V3,
a+b¥V3 _(a+bV3) (c—d V§)_ac—3bd be—ad V3
c+dy'3 2—3d? =v s o’

rie c+d 350, To ecTb 5TO UHCAa TAKOLQ KE BHAZ, H, CJICJOBATE/BHO,
MHOXECTBO TaKHX 4HCea o6pa3yer moJe,
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§18

4. a) la; 6) uer.

‘5. Ykazanue. Ha xaxnoft dumke nanumeM HOBH{t HoMmep MO
crepyiomemy npapuny. Ecan craphit Homep 14 (15), To HoBHIA 15 (cooT-
peicteenno 14). Ha BceX OCTANbHBIX (HIIKAX HOBHA HOMEpP COBNAJaeT
co crapuM. Camu Ke. GHIIKH nepeaBHrath He GyaeM. Pasmeuwenue ¢umek
C HOBLIMH HOMEpaMH XapaKTepu3yeTcsi YeTHOH NepecTaHOBKOH M NMO3TOMY
OT HEro MOXKHO NepefiTH K CTaHAapPTHOMY OTHOCHTENbHO HOBBHIX (1) HOMe-
poB. Ho cranzaptHoe pasMelieHEé OTHOCHTEJbHO HOBLIX HOMEDOB— 3TO
TpeGyeMoe pasMellleHHe OTHOCHTEJbHO CTaphbiX HOMEpOB.

6. Ykasanue. 3anymepoBaTh GYKBH B TOM MNOpsAAKe, B KOTOPOM
OHH CTOAT B ()pase «urpa B NATHAANATbY, YYECTb, YTO CPEAH 3THX OyKB
ecTb OAMHAKOBHIE — GyKBa «ay, H BOCMOJb30BATbCA pPEUIEHHEM NpEAbIAY«
1ero ynpaxHeHusd, ,
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5. Iop. _(axﬁ)=K (nop. a, “nop. B)

) K={e. (1, 2}Dle, 3, 9}
L={e, (1, 2} x{e, (1, 2)};

NPH  PACCMOTPEHHH °~ NMEPECTaHOBOK U3 L HYXHO YUYECTh €CTECTBEHHYIO
Hymepauuio sJemedToB Muoxectsa {1, 2} x {1, 2}.

7. (@@P)t=a1PPt, (@xph)rt=a1xpfL

9. [, B1) P2 -oes Bk]—"=[a—l'p B(—l‘)a—n 5(_21)a—n sees 5(—[;)@-1].

11. Ipynna cuMmeTpuit MHOTOYJIEHa [ aBasercs cnaereHueM Sie2 Sg,
IJs KOTODOIO €CTECTBEHHUM 06PasoM ONpEJeNeHo AEHCTBHE HA MHOMXKe-
cree {1, 2, 3, 4, 5, 6} nomepos xoprexeit u3 {1, 2}x {1, 2, 3},

§ 20

1. a) Mensporcs MecTamu epefnue Ky6mkn (¢B, ¢H) H (nB, nH);
6) MCHMIOTCS MECTaMu YruoBble KyGHkH ((uB, ¢Bn), (THT, ¢Hn).
2. O6e nepecTaHOBKH HMEIOT MOPSJOK 6.

- 6. Ipambie cymmsl @B nepecTaHoBok & & Sg, B = Sis, Takmx,
uro o @ B, —ueTHas nepecTaHoBKa (T. €. & H [ HMEIOT OIMHAKOBYIO 4eT-
HOCTB). . o -
7). ITpoBepuTb, 9TO MMeeT Mecto paseHctsBo (4, j, k)=((}, /) (I, k)2

8. Kommyrautr S, cosnapaer ¢ A,, YKasaHHe, Bocnonb3oBaThes
petueHHeM npenbymen 3afaun,
10. MoxHo, i
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