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Introduction

Consider the following expression:

f(z) — f(zo)

T—zo

As 1 approaches xg, the limit, if it exists, gives the familiar definition of the
derivative % of a function f(z) at x = x¢. However, if we take z = gz or
T = z9+h, where ¢ is a fixed number different from 1, and b a fixed number
different from 0, and do not take the limit, we enter the fascinating world
of quantum calculus: The corresponding expressions are the definitions of
the g-derivative and the h-derivative of f(z). Beginning with these two
definitions, we develop in this book two types of quantum calculus, the
g-calculus and the h-calculus.

In the course of developing quantum calculus along the traditional lines
of ordinary calculus we discover many important notions and results in
combinatorics, number theory, and other fields of mathematics.

For example, the g-derivative of z" is [n]z" !, where

" —1
is the g-analogue of n (in the sense that n is the limit of [n] as ¢ — 1).
Next, in the search of the g-analogue of the binomial, that is a function,
(x — a)7 that “behaves” with respect to the g-derivative in the same way
as (r — a)"™ “behaves” with respect to the ordinary derivative, we discover
the function

(x—a); =(z—a)(x—qa)---(z— ¢" 'a) ..



viil Introduction

The quantity (1 — a)7 plays in combinatorics the most fundamental role,
and we find it unfortunate that the commonly used notation (a; ¢), for this
quantity is so nonsuggestive.

Having the g-binomial, we go on to establish a g-analcgue of Taylor’s
formula. Remarkably, the ¢-Taylor formula encompasses many results of
eighteenth and nineteenth century mathematics: Euler’s identities for ¢-
exponential functions, Gauss’s g-binomial formula, and Heine’s formula for
a g-hypergeometric function.

Of course, Gauss’s formula

n

(@+a)p =Y gl [3'] adgn—i

=0

is the source of the all important ¢g-binomial coefficients

3] = Gt where [k = [+ ¥

We study these coefficients in some detail; in particular, we interpret them
in terms of geometry over finite fields.

Euler’s identities lead to the celebrated Jacobi triple-product identity,
and Heine’s formula leads to the remarkable Ramanujan product formula.

Having established all these formulas, we go on to harvest the whole array
of applications, rediscovering some of the famous results of eighteenth and
nineteenth century mathematics: Euler’s recurrent formula for the classical
partition function, Gauss’s formula for the number of sums of two squares,
Jacobi’s formula for the number of sums of four squares, etc. The special
cases of the last two results are, of course, Fermat’s theorem that an odd
prime p can be represented as a sum of two squares of integers if and only
if p— 1 is divisible by 4, and Lagrange’s theorem that any positive integer
is a sum of four squares of integers.

Returning to g-calculus, as in the ordinary calculus, after studying the
properties of the g-derivative we go on to study the g-antiderivative and
the definite g-integral. The latter was introduced by F.H. Jackson in the
beginning of the twentieth century: He was the first to develop ¢-calculus
in a systematic way.

We conclude our treatment of g-calculus with a study of g-analogues of
classical Euler’s gamma and beta functions.

In spite of its apparent similarity to g-calculus, the h-calculus is rather
different. It is really the calculus of finite differences, but a more systematic
analogy with classical calculus makes it more transparent. For example, the
h-Taylor formula is nothing else but Newton’s interpolation formula, and
h-integration by parts is simply the Abel transform. The definite A-integral
is a Riemann sum, so that the fundamental theorem of h-calculus allows
one to evaluate finite sums.
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We do this for sums of nth powers, using the (h = 1)-integral of z™. This
leads us naturally to Bernoulli numbers and Bernoulli polynomials. Closely
related is the Euler—-Maclaurin formula, discussed at the end of the book.

The book assumes only some knowledge of first-year calculus and linear
algebra and is addressed mainly to undergraduate students (the second
author was an undergraduate during the preparation of the book).

This book is based on lectures and seminars given by the first author at
MIT: A part of the lecture course on quantum groups in the fall of 1993, a
seminar in analysis for majors in the fall of 1996, and the freshman seminar
on quantum calculus in the spring of 2000, in which the second author was
the most active participant. We are grateful to the Undergraduate Research
Opportunities Program at MIT for their support. We are also grateful to
Dan Stroock for very useful suggestions.

In our presentation of the Euler-Maclaurin formula we used unpublished
lecture notes by Haynes Miller. We wish to thank him for giving us these
notes. Other sources that have been used are quoted at the end of the book.
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g-Derivative and h-Derivative

As has been mentioned in the introduction, we shall develop two types of
quantum calculus, the g-calculus and the h-calculus. We begin with the
notion of a quantum differential.

Definition. Consider an arbitrary function f(x). Its g-differential is
dgf(z) = flqz) — f(=), (1.1)
and 1its h-differential is

dnf(z) = f(z + k) — f(=). (1.2)

Note that in particular, dgx = (¢ — 1)z and dypz = h. An interesting
difference of the quantum differentials from the ordinary ones is the lack
of symmetry in the differential of the product of two functions. Since

do(f(z)g(z)) = Flgz)g(gz) — f(=)g(x)
= flgz)g(gx) — flgz)g(z) + f(gr)g(x) — f(z)g(z),
we have
dy(f(z)9(x)) = f(gz)deg(z) + g(x)d, f(z), (1.3)
and similarly,
di(f(x)g(x)) = f(z + h)dng(z) + 9(z)dn f (). (1.4)

With the two quantum differentials we can then define the corresponding
quantum derivatives.



Definition. The following two expressions,

_ dof(z) _ flgz) — f(=)
Def(=) = dez  (g—1Dz ° (1.5)
_ dnf(z) _ flz+h) - f(z)

Duflr) = TP = FEEESEE, (16)
are called the g-derivative and h-derivative, respectively, of the function
f(z).

Note that

: df (z)
im Dqf(w) = Jim Dnf(z) = =5
if f(z) is differentiable. The Leibniz notation %!;—’l, a ratio of two “infinites-
imals,” is rather confusing, since the notion of the differential df () requires
an elaborate explanation. In contrast, the notions of ¢- and h-differentials
are obvious, and the ¢- and h-derivatives are plain ratios.
It is clear that as with the ordinary derivative, the action of taking the
g- or h-derivative of a function is a linear operator. In other words, D, and
D), have the property that for any constants a and b,

D, (af(m) + bg(:r:)) = aDgyf(z) + bDyg(x),
Dp(af(z) +bg{z)) = aDnf(z)+bDug(z).

Example. Compute the g-derivative and h-derivative of f (:c) = z", where
n is a positive integer. By definition,

(qﬁ?)n -z ¢ -1 .
D = n 1.7
and

n__.n —

Since the fraction (¢"™ — 1)/(¢ — 1) appears quite frequently, let us
introduce the following notation,
qn -1 n—1
= — = 1 1.
[n] o ik AR T - (1.9)
for any positive 1nteger n. This is called the g-analogue of n. Then (1.7)
becomes .

Dyz™ = [n]z", - (1.10)

which resembles the ordinary derivative of 2. As ¢ — 1, we have [n] =
¢" '+.-++1 - 1+1+..-+1=n. As we shall see time and again, [n]
plays the same role in g-calculus as the integer n does in ordinary calculus.

On the other hand, the expression of Dpz™ is more complicated. It is
fair to say that 2™ is a good function in g-calculus but a bad one in h-



calculus. For the time being, we will focus on g-calculus. The h-calculus.
will be discussed in the last chapters of the book.

Let us compute the g-derivative of the product and the quotient of f(z)
and g(z). From (1.3) we have

D ((e)e(a)) = LU @9@) _ fa2)deg(@) + 9@)daf @

(- 1)z (- 1)z ’
and hence,
Dy (f(2)9(2)) = f(gx)Dyg(z) + g{z)Dq f (z). (1.11)
By symmetry, we can interchange f and g, and obtain
Dy(f(z)g(x)) = f(x)Dyg(x) + 9(qz) Dy f (56)’, (1.12)

which is equivalent to (1.11).
- If we apply (1.11) to differentiate

0. 1@ _
g(z) ) f{=),

we obtain

f=)\ |, f(=) _
g(qm)Dq (g(m)) + g(x) Dqg(ﬂ:) - qu(l’),

and thus,

f(2)\  g(2)Df(x) — f(x)Dyg(x)
P (g(x)) B g9(z)g(gz) ' (1.13)

However, if we use (1.12), we get

9@, (£2) + 18 g(a) = Dosa),
and thus, |
f@)\ _ 9(gz)Dof (@) - faz)Degla)
> (7) - 9@)gla2) - U

The formulas (1.13) and (1.14) are both valid, but one may be more useful
than the other under particular circumstances.

After deriving the product rule and quotient rule of ¢-differentiation,
one may then wonder about a quantum version of the chain rule. However,
there doesn’t exist a general chain rule for g-derivatives. An exception is
the differentiation of a function of the form f(u(z)), where u = u(z) = az®
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with a, 3 being constants. To see how chain rule applies, consider
f(agfa)  f (aa?)

D, {f(u@)] = Dg[f(az?)] =

qT — T
_ f (agPzf) — f (azf) agPzf — axP
B agfzh — azf P
f{dPu) — flu) w(gw) — u(x)
qPu —u qgr —x
and hence,
Dy f(u(x)) = (Dys f) (u(x)) - Dyu(z). (1.15)

On the other hand, if for instance u(x) = z + 2% or u(z) = sinz, the
quantity u(gz) cannot be expressed in terms of © in a simple manner, and
thus it is impossible to have a general chain rule.

We end this section with a discussion of why the letters h and ¢ are used
as the parameters. The letter ¢ has several meanings:

o the first letter of “quantum,”

e the letter commonly used to denote the number of elements in a finite
field,

e the indeterminate of power series expansions.

The letter h is used as a reminder of Planck’s constant, which is the most
important fundamental physical constant in quantum mechanics (physics
of the microscopic world). One gets the “classical” limitas¢ — 1 or h — 0,

and the two quantum parameters are usually related by ¢ = e”.



2

Generalized Taylor’s Formula for
Polynomials

In the ordinary calculus, a function, f(z) that possesses derivatives of all
orders is analytic at t = a if it can be expressed as a power series about
x = a. Taylor’s theorem tells us the power series is

- (z—a)"
flm)=Y_ f™(a) e (2.1)
n=0
The Taylor expansion of an analytic function often allows us to extend
the definition of the function to a larger and more interesting domain. For
example, we can use the Taylor expansion of € to define the exponentials
of complex numbers and square matrices. We would also like to formulate
a g-analogue of Taylor’s formula. But before doing so, let us first consider

a more general situation.

- Theorem 2.1. Let a be a number, D be a linear operator on the space
of polynomials, and {Py(x), P, (), Po(x),...} be a sequence of polynomials
satisfying three conditions:

{a) Po(a) =1 end P,(a) =0 for any n > 1,

(b) deg P,, = n;

(c) DP, (%) = Pp—1(z) for anyn > 1, and D(1) = 0.
Then, for any polynomial f(x) of degree N, one has the following generalized
Taylor formula:

N
flz} = _(D"f)(a) Pa(z). (2.2)
n=0 .
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Proof. Let V be the space of polynomials of degree not larger than N,
so that dimV = N + 1. The polynomials {Py(z), Pi(z),..., Pn(z)} are
linearly independent because, by condition (b), their degrees are strictly
increasing. Hence they constitute a basis for V; i.e., any polynomial f(x) €
V may be expressed as

N
f2) =) cxPe() (2.3)
k=0

for some unique constants ¢;. Putting £ = a and using condition (a), one
gets ¢g = f(a). Then, apply the linear operator D n times to both sides of
the above equation, where 1 < n < N. Using (b) and (c¢), we get

N N
(D" f)(z) = Z cx D" Py (x) = Z ¢k Pr—n(z).

k=n k=n
Again, putting £ = ¢ and using (a), we get
en=(D"f)(a), 0<n<N,
and (2.3) becomes (2.2). [O

Example. If

d (x —a)®
D=—, Pyfr)=——
dz’ n(2) nl
then all the three conditions are satisfied, and the theorem gives the Taylor
expansion about e of a polynomial.

It is easy to see that given D, the sequence of polynomials satisfying con-
ditions (a), (b), and (c) of Theorem 2.1, if it exists, is uniquely determined.
Moreover, if D is a linear operator that maps the space of polynomials of
degree n onto the space of polynomials of degree n — 1, such a sequence
always exists.
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g-Analogue of (x — a)™, n an Integer,
and g-Derivatives of Binomials

As remarked in Chapter 1, D, is a linear operator on the space of polyno-
mials. We shall try to apply Theorem 2.1 to D = D,. We shall need for
that the following g-analogue of n!:

1 if n=20,
Ml:{ il xfn— 1] - x 1] if me12,.... (3.1)

Now let us construct the sequence of polynomials { Po(z), P (z), Pa(z), .. .}
satisfying the three conditions of Theorem 2.1 with respect to D = D,. If
a = 0, we can choose

because (a) Po(0) = 1, P,(0) =0 for n > 1, (b) deg P, = n, and (c) using
(1.10), for n > 1,

D.z" n n—1 n-1
DyFalz) = [rqz; - ][:]! = [:— 1!

If a # 0, P,(z) is not simply (x —a)™/[n]!; for example, D (x—a)?/[2]! #
(z—a). Let us find the first few P,(z) and try to deduce a general formula.
We have

= Pn—l(x)'

Po(x) =1,
In order that D,P;(z) = 1 and P;(a) = 0, we must have

g ' v B(z) =z —a.
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In order that D P(z) =z — e and Pz(a) = 0, we must have

@@, (@-d-g)
P =5 2T o

Similarly,

Pyz) = &= 0@~ @)@ = Fa)

[2](3] ’
and so on. A logical guess would be

_ _ e _ on—1
Po(e) = E-al@e—qe) - (z—q""a) (3.3)
[n]!
which agrees with (3.2) when ¢ = 0. Before verifying the validity of
condition (c¢) for Theorem 2.1, let us introduce some notation.

Definition. The g-analogue of (x — )" is the polynomial
n 1 if n=0,
(e—a)g = { (x—a)(z—qa)---(x—q"ta) if n>1. (3.4)
Proposition 3.1. Forn > 1,

Dy(z —a)y = [n](z - a)'q‘_l. (3.5)

Proof. The formula is obviously true when n = 1. Let us assume
Dy(z — a)t =[k](z - a)e~! for some integer k. According to the definition,
(r — a,)";’Jr1 = (z — a)’;(a: — g*a). Using the product rule (1.12),

Dyz— o)t = (2= o)k + (g2 = a)Dy(z — 0’
(z — a)k + q(z — ¢* ) - [K](x — a) 57!
= (L+qk)(z—a) =[k+1](z - a)k.
Hence, the proposition is proved by induction on k. [

Thus, D, P, = P,_1 is an immediate result of the above proposition.
Now let us explore some other properties of the polynomial (z — a)

o
In general, (x — a)7**" # (z — a)7*(z — a)}- Instead,

(e—a)7*" = (z—a)(z—qa)- (z—¢q" ')z~ q"e) (=~ ¢ a)
oy (CE _ qm+n—1a)
((z - o)z —qa)- (& - g™ )

X ((g; —q"a)(z —q(q"a)) - (x — q"’l(qma))),

which gives

(z - a)p*" = (z— a)(z — g™ a)j. (3.6)
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Substituting m by —n, we can thus extend the definition in (3.4) to all
integers by defining

1

(z —a);" (3.7)

for any positive integer n. The following two propositions show that this
indeed gives a good extension.

Proposition 3.2. For any two integers m and n, (8.6) is true.

Proof. The case where m > 0 and n > 0 has already been proved,
and the case where one of m and n is zero is easy. Let us first consider
m=—m' <0 and n > 0. Then,

(z-a)f(z—q™a); = (e—a);™ (z~q " a);
T — q—m’a n
by (3.7) = ( ) )n?ll
(:'B —q a’)q

T — m’ —m’a n—m' n>m
by (5 _ { (z—g¢ (@ ’))q nzm

(z—q"(¢~™ a))g"
by (3.7) = (z-a)f ™™ =(x—a)*™.

Ifm>0andn=—-n' <0, then

(z-a)7(z~qma);™
(z —a)7
(z— g™ a)y
(e=a)7 =" (z—¢" " a)}’
(z—g¢™ " a)3

by (3.6) = (z—a)

(z—gm= )3 " (z—g™ ~m(am="a))

{ (x — a)™" m2=n

| (T —a)f'(x — q™a)}

by (3.7) =

m<T

g m<n

(z—qm-"a)g ™

(z - a);"'“' =(z—-a)p*".

il
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Lastly, if m = —m/ <0 and n = —n' <0,

?

(z-a)Pz—qma); = (z—a);™ (@—q ™ a)"
. 1
= (m — q_m;a)an; (:C _ q_n[ —m’ a).gl
_ 1
(- ™a)y (z— ¥ (@™ "a))]"
1

G- A

= (z- a)q‘m’""’ =(z-a)p™.
Therefore, (3.6) is true for any integers m and n. 3

We would like to see that Proposition 3.1 is true for any integer n as well.
But before proving this, we have to extend our definition of [n] in (1.9).

Definition. For any number a,
1—qg*
1-¢
Proposition 3.3. For any integer n,
Do(z — )} = [nl(@ — a)j "

Proof. Note that [0] = 0, so (3.8) is true for n = 0. If n = —n/ < 0,
using (1.13) and (3.7) we have

Do(e —a); = Dy ((m - qin'aw’)

_ Dy(z — q'"'a)g'
(m _ q_nra)gl (q:c _ q_nf a).rqli

[n](z — g™ a)7 !

[a] = : (3.8)

_ _ q
q.n/ (:B _ q_nla,)g" (m _ q_nl_la).gl
_ 1-— qn' q—n'
g-1 (z—qla)(z—q ™ a)y
g -1 1
T g1 (z—g-laptl
gt —1 -1
= 7= 1 (x a):; s
as desired. O
Proposition 3.3 cannot be directly applied to find the g-derivatives of
1 . 1
m, (a — )3, m,
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because, for example, (a — z)7 # (—1)"(x — a)7. Instead, for n > 1,

(a—2)8 = (a-z)(a—qz)(a—q’a)--(a—q" '2)
= (@-x)-glgla—2) - *(¢?—2) " g a—z)

= (V""" V2@ - g a) - (2~ ¢ ) (z - ¢ Ma)(z - a),

(a=2)p = (-1)""" V3 — g Hayy. (39)

Obviously, (3.9) is true for n = 0, and it is straightforward to verify that
it is true for n < 0.

Let us end this chapter by finding the g-derivatives of the three functions
above. By (3.7), we have

1 1
(z-a); (z-g (")

Using (3.9) twice, we have

D, + = Dy(z —q"a);™.

q

Dqyfa - :L")g = (_l)nqn(n—l)/2 [r](z - q—n+1a)3_1
= _[n]qn—l ) (__l)n*lq(n—l)(n—2)/2 (x _ q—n+2(q—1a)):—1
= [l e e - 0); T = ~[nl(a - g@)y "

Finally, we use the quotient rule (1.13) and get

1 —fla-g)p ]

“a-z)2 (@a-2)f@—g2)r (a—2)}{a— gz

D

To conclude, for any integer n, we have

Digrgyy = [rlle=ana™, (3.10)
Dy(a—z)y = —[n](a— q:r);‘“l, (3.11)
1 [n]

Dy =

@—o) —-——(a mpRTECY (3.12)
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g-Taylor’s Formula for Polynomials

As has been shown in the previous chapter, P,(z) = (z — a)}/[n]! satisfies
the three requirements of Theorem 2.1 with respect to the linear operator
D,. Therefore, we now obtain the g-version of Taylor’s formula.
Theorem 4.1. For any polynomial f(x) of degree N and any number c,
we have the following q- Taylor expansion:
N .
- (z —c)
fl2)=> (DS 1)(e) ﬁ,—q- (4.1)
=0 )

Example. Consider f(z) = z" and ¢ = 1, where = is a positive integer.
For 7 < n, we have

(DS f)z) = Ma" ' =h]r-1z"2=...
= [n][n—1]---[n—j+1z", (4.2)
and hence,
(D) =l —1]-[n—j+1] (4.3)

The q-Taylor formula for ™ about z = 1 then gives

n n

J=0 [J]' j=0

where

n]_[ll=1U-h-i+l] _ [l |
[j]_ (4.5)

b ~ [iltn - 51!
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are called g¢-binomial coefficients. We will give a nice combinatorial
interpretation of equation (4.4) in Chapter 7.

Note that as ¢ — 1, the g-binomial coefficients reduce to the ordinary
binomial coefficients and (4.4) becomes a result of the ordinary binomial
formula. The properties of the g-binomial coefficients will be examined in
the next two chapters.



D

Gauss’s Binomial Formula and a
Noncommutative Binomial Formula

In this chapter we will encounter two binomial formulas involving g¢-
binomial coeflicients. Let us first consider an example similar to the one
given in the previous chapter.

Example. Let n be a nonnegative integer and a be a number. Let us
expand f(x) = (z + a)7 about z = 0 using ¢g-Taylor’s formula. As in (4.2),
for j < n we have

(D f)(@) = [nlln — 1]~ [n — j + 1)(z + ). (5.1)
Recall that
(z+a)7 =(x+a)(z+qa)---(z+¢" "a),

so, with = 0, the right-hand side gives (a)(ga) - - - (¢™a) = ¢g™(m~1/2q™,
Apply this to (5.1) to get for j < n,

(quf)(O) =[n)n—1 -[n—j+ l]q(n—j)(ﬂ—j—l)/ﬂan—j. (5.2)
Thus, the ¢g-Taylor formula gives
n
(x+a); = Z [ n } gt n=i-1)/2gn—igi, (5.3)
, J
=0

We can improve the expression a little bit if we replace j by n — j. From
the definition of g-binomial coefficients (4.5), we have, similar to the usual
binomial coefficients,

[n?i]zﬁ%ﬂ?:[ﬂ' (5.4)
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Therefore, (5.3) is equivalent to

(x+a); = i [ n ] PUD/2g5gn—3, (5.5)

=t

Formula (5.5) is called Gauss’s binomial formula. It will be useful in the
subsequent chapters.

Now we turn to another (though related) topic. As we all know, the mul-
tiplication of real numbers is commutative, i.e., xy = yx. However, when
more general multiplication is concerned, such as matrix multiplication or
composition of operators, commutativity may no longer be true. Consider
the following example.

Example. Let & and Mq be the linear operators on the space of
polynomials whose actions on a polynomial f(x) are

#f(z)] =xf{z), M,f(z)] = flgz). (5.6)

Then for any f(z) we have

M,2[f(2)] = Mylzf(x)) = gz f(gz) = ¢E M,[f()],

M,z = g M,. (5.7)

Theorem 5.1 below introduces a noncommutative binomial formula
involving two elements satisfying a special commutation relation like (5.7).

Theorem 5.1. If yr = qxy, where q is ¢ number commuting with both x
and y, then

(x+y)" = i [ n ] aly™I, (5.8)

=t 7

Proof. Our proof is by induction on n. Equation (5.8) is obviously true
for n = 1. Noting that y*z = qy* lzy = ¢*y*22y° = ... = ¢*zy*, we
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compute

T+ = (z+y)"(z+y)= (i [ ’; ]mjyn—j)(x+y)
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where we have used the g-Pascal rule (6.3), to be discussed in the next
chapter. The theorem has thus been proved. [J]



6

Properties of g-Binomial Coefficients

Let us examine some properties of the g-binomial coefficients, defined by
(4.5), with n and j being nonnegative integers and n > j. Because we will
recover the ordinary binomial coefficients if we take ¢ — 1, we expect their
g-analogues to have similar properties. Firstly, as already remarked in (5.4),

[;] -1~ L n=j (6.1)
follows exactly the classical result. However, the correspondence is more
subtle for another identity of binomial coefficients, the Pascal rule:

(7?)=(T.L_1)+(n_.l), 1<j<n-—-1.
J j—1 J

For example,
2 1 1
MR IR

Proposition 6.1. There are two q-Pascal rules, namely,

=]t (62)

J
HRERt=I R

wherel < j<n-—1.

and
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Proof. Because for any 1 < j <n—1,
[l = 1+g+--+q""
= (I+g+-+¢d N+dU+q+---+g"71)
= [l+dn-4l,

we have

[ n ] _ [ _ [n—1)n]
ln =51t [5]tn —J]!
[n —1([5] + ¢ [n — 41)
GICEE
[n— 1)! . [n—1]!
G- ¢ (=g =11

- 5]l

which is (6.2). The symmetric property of the coefficients (6.1) gives us the
other identity, because
n—j n-—1
|+ o[22 ]

]
A Xl bty B

Corollary 6.1. Each g-binomial coefficient is a polynomial in q of degree
j(n—j), with 1 as the leading coefficient.

[l
| p—
]

| 2|
o,
| I |

Il

| p—
S
| S
<. |
o=
.—l

Proof. For any nonnegative integer n,

MR

which is of course a polynomial. Using Proposition 6.1 and induction on n,
forany1<j<n-—1, [';] is the sum of two polynomials, thus is itself a
polynomial.

By definitions (4.5) and (1.9), the explicit expression of a g-binomial

coefficient 1s

[ n ] _ (q"(— D@t -1 (" - 1) (6.4)

J ¢ —1(g"'=1)---(g-1)
Since both the numerator and denominator of (6.4) are polynomials in g
with leading coefficient 1, so is their quotient. Finally, the degree of [ﬂ

in g is the difference of the degrees of the numerator and denominator,
whichisfn+(n -1 +---+(n—-Jj+D]-F+0G-D+--+1] =
n=—N+Mm-HN+--+@m-j)=jn-j. O
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Another fact can be deduced from the explicit expression (6.4) of the g-
binomial coefficient. Knowing that it is a polynomial in g of degree j(n - j),
we let

ay+agq+---+ a’i(n-—j)—lqj(n_j)‘1 + a‘j(n—j)qj(n_j)
_ (@ =1 -1)--- (" - 1)
(@ -(@'-1--(g—1)

If we replace g by 1/q and multiply both sides by ¢7("~7), it is easy to check
that the right-hand side will be unchanged, while the left-hand side,

agg? " + a1 "I 4 4 )10 + @jn—y),

has the sequence of coeflicients a; reversed in order. By comparing coeffi-
cients, we observe that the coefficients in the polynomial expression of [’;]
are symmetric, i.e., @; = @j(n—j)—i.

Like the ordinary binomial coefficients, the g-binomial coefficients also
have combinatorial interpretations. Here is one of them, and another one
will be given in the next chapter.

Theorem 6.1. Let A, = {1,2,...,n} and let A, ; be the collection of all
subsets of A, with j elements, 0 < j < n. Then

[@]z T OGN phere w(S) =S s (6.5)

‘7 SeAn,J SGS

Proof. We will prove the theorem by induction on n. First, consider
n=1,7=0,1 For j =0, A p = {¢} and w(¢) = 0. Thus, the right-hand
side of (6.5) equals unity, agreeing with the left-hand side. For j = 1, the
only element of A;; is A; = {1}, and w({1}) = 1. Again, the right-hand
~side equals unity and agrees with the left-hand side.

Assume that (6.5) holds for 1 < n < m — 1, where m > 2, and consider
n = m. The case j = 0 is similar to that for n = 1 described above.
For j > 1, write A, ; = BUB', where B = {S € A, ;ilm ¢ S} and
B = {S € A, jlm € S}. The sets in B are all the j-clement subsets of
Am_1,ie., B= Am_1,;. The sets in B’ each with the element “m” removed
are all the (§ — 1)-element subsets of A,,_1. Hence, the right-hand side of
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(6.5) becomes

E qw(S)—j(j+1)/2 + Z qw(S)—j(j+1)/2
SeB sen’

Z qw(S)—j(j+1)/2
SEAm—1_j
+ ¥ g (w(S)+m) =i +1)/2
S€Am—1,5-1
— E qw(S)—j(j+1)/2
SeA 1,5
+ E qw(S)—j(j—l)/2 . qm—j
S€Am-1,j-1

- [ e [50]-1T)

The last line follows from one of the g-Pascal rules (6.3). By induction on
J, (6.5) is true for 0 < j < m. Finally, induction on n completes the proof.
O

For future use, note that the definition of the g-binomial coeflicient can
be generalized in a way similar to its ordinary counterpart, using (3.8):

a1 Jalla—1-fa—j+1]
[z‘]‘ il ! (6.6)

where o is any number and 7 is a nonnegative integer.
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g-Binomial Coefficients and Linear
Algebra over Finite Fields

In this chapter we explain an important combinatorial meaning of the g-
binomial coefficients.

Theorem 7.1. If q is the order of a finite field F, (hence, q is a prime
power), then

[ " ] = number of j-dimensional subspaces in the
J n-dimensional vector space IFy. (7.1)

Before proving the theorem, let us very briefly review some basic con-
cepts of linear algebra. A collection of vectors in a vector space V' over
a field F is a subspace if it contains the zero vector and it is closed
under vector addition and scalar multiplication. The dimension of a sub-
space, if finite, is given by the number of vectors in a basis for the
sttbspace, which is a collection of linearly independent vectors that span
the whole subspace. The only zero-dimensional subspace is {0}. A one-
dimensional subspace is spanned by one nonzero vector, {av|v # 0,a € F},
a two-dimensional subspace is spanned by two linearly independent vec-
tors, {av, +bvz|v;, v2 linearly independent, a, b € F}, and so on. The vector
space Fy consists of all n-tuples, or n-component vectors,

(ay,az,...,an),
where each a; is an element of the finite field F,. Since [F,| = g, there are
g" such n-tuples, or |[Fz| = ¢".
Proof of Theorem 7.1. Let V =F,". For j =0, [7] =1 and there is
only one zero-dimensional subspace of V', so this case is proved.
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For j > 1, to obtain a j-dimensional subspace, we choose j linearly
independent vectors in V to form a basis. The first one, v1, can be any one
of the ¢® — 1 nonzero vectors. The second one, v, can be any vector not
in the subspace spanned by v;. Since a one-dimensional subspace of V' has
g elements, there are g™ — ¢ different choices for the second basis vector.
Then, the number of choices for the third one, v, is g™ — g2, because it can
be any vector not in the two-dimensional subspace spanned by v; and s,
which has g elements. In general, after the ith basis vector is picked, the
number of vectors in the subspace spanned by the first ¢ basis vectors is ¢°,
and we are left with q® — ¢* choices for the (i + 1)th one. Thus, we have

(-1 - " — ) (g"— ¢ (7.2)

different ways to choose j linearly independent vectors in [F7.

However, many of these j-tuples span the same subspace. We have to
divide the expression in (7.2) by the number of different possible choices of
basis of a particular j-dimensional subspace. But it is essentially the same
number in (7.2), with n replaced by j. Therefore, the number of different
j~-dimensional subspaces is

(@ — g —@)g"—¢?) - (g" —¢')
(¢ —1)(¢ —q)(gF —g?)-- (¢ — g7~ 1)
q- q2 .. .qj—l ) (qn _ 1)(qn—l _ 1) L. (qn—j+1 _ 1)
g g g7t (@ = 1(¢FT = 1) (g = 1)

- (3]

according to (6.4). O

Like the Pascal rule, many identities involving binomial coefficients have
their g-analogues. Imagine that we have m + n balls, and they are placed
into two groups, one with m and one with n of them. Each way of choosing
k balls from all m + n of them corresponds in a one-to-one manner to a
way of choosing j balls from the group with m balls and choosing k — j
balls from the group of n balls, with j running from 0 to k. Hence, we have
the following identity of binomial coefficients:

() -5 2

§=0

Example. Obtain a g-analogue of the identity (7.3) using the combinato-
rial interpretation of ¢g-binomial coefficients as stated in Theorem 7.1.

Let V = F**™ and let V;, C V be a fixed subspace with dim V;,, = m. We
would like to obtain an identity by counting the number of k-dimensional
subspaces in V in two ways. First, by Theorem 7.1, we know that this

number is [™F"].
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On the other hand, let W be a k-dimensional subspace of V. As the
intersection of two subspaces, W NV, is also a subspace, of dimension j,
which is between 0 and k. We may then regard each W as being extended
from a j-dimensional subspace of V;,,. Suppose such a subspace W’ C V,,
dim W’ = j, has been chosen. We now append k — j linearly independent
vectors (v1,v2,...,Vk—j;) to W’ to form W: vy can be chosen from the
g™ t™—¢™ vectors not in V;,, va can be chosen from the g™ —g™+! vectors
not in the subspace spanned by V,, and v, etc. By the same argument as
in the proof of Theorem 7.1, there are

(qm+n _ qm) (qm+n _ qm-H) . (qm+n — qm+k—j—1) (7.4)

different ways to append k& — j linearly independent vectors to W',
Again, we have to count the number of different ways of extending W’
to a single W. Since dim W = k and dim W’ = j, the number is

(" =)@ =) (" =), (7.5)
according to similar arguments. Therefore, the number of different W
obtained by extending from a given W’ is
(qm+n _ qm)(qm+n _ qm+1) o (qm-i-'n. - qm+k—j—l)
(qk — qj)(qk —_ qj+1) . (qk — qk*l)
qm ) qm+1 s qm+k-j—1 . (qn _ 1)(qn—1 _ 1) .. (qn—k+j+1 _ 1)
¢ @t gt (g - (T - 1) (g - 1)

—  glk—3)(m—3) n
_ Bt

Because there are [T] different choices for W’ and any two of them
 generate distinct W, we obtain the identity

k
MmN N ki) m—g) | T n
M i Jle-s ] o
j=0
which is a g-analogue of (7.3).

Example. Recall from (4.4) the ¢-Taylor expansion of f(z) = z™ about
z=1.
n - n ]
z =Z[ j ](x_l)g,.
=0
As promised earlier, we will now prove this expansion again using com-
- binatorial arguments. Qur strategy is to show that the identity holds if
T = q™, where m is any positive integer. Since both sides of the identity
are polynomials, equality at infinitely many points ensures equality at all
points. (If f, g are polynomials and f(x) = g(z) for infinitely many values
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of z, the polynomial h(x) = f(z) — g(z) has infinitely many zeros, which
is possible only if & is identically zero.)

Let n, m be positive integers and S be the set of all linear transformations
from A = Fy to B = F7. Suppose {ej,...,e,} is a basis of A. Since, given
any T € S, T{e;) can be any of the g™ vectors in B, for each 1 < k < n,
and together they uniquely determine T', the number of elements |S| of S
is thus (¢™)", which is the left-hand side of (4.4) when z = ¢™. On the
other hand, we can write

n
|S| = Z(number of elements in S of rank j).
§=0

We desire to show that the jth summand is [;‘] (g™ — 1)%. Note that

the rank of T cannot be larger than m, which agrees with the fact that
(g™ — 1)) = 0 when j > m. Thus, we consider only j < m.

Here we use some facts about linear transformations. That T has rank
j means that W = T(A) C B is a j-dimensional subspace, and A can be
decomposed as a direct sum of two subspaces, A = VO K, wheredimV = j
and dim K = n — j, such that 7" maps V onto W in a one-to-one fashion
and K = {v € A|T(v) = 0}. In other words, any vector in A may be
represented as a sum of two vectors in a unique way, so that one is in V
and the other in K. (To see why such a decomposition is possible, choose
U1,...,U; in A such that their images form a basis for W. The linear
independence of their images implies their own linear independence. Let V
be the space spanned by u,;. For any v € A, T(v) € W. Since T(u;) is a
basis of W, T'(v) = 3 a;T(u;) for some a;. Let v = >_ a;u;. Then, v' € V
and T (v — ¢') = 0; thus v — v’ € K. That K is a subspace is easy to show.
Since T(V) = W and both V and W contain ¢’ vectors, T is one-to-one
on V, and thus v’ is the only vector in V such that T'(v} = T'(v'}, implying
the uniqueness of the decomposition.)

From another perspective, we may specify T by choosing the subspaces
V C Aand W C B and the way V is mapped into W. By Theorem 7.1,

the number of choices for V and W is [?] [T] Now, suppose V and W

are given, and let {u,...,u;} be a basis of V. Keeping in mind that T is
one-to-one, we know that T'(u;) can be any of the ¢/ — 1 nonzero vectors in
W, T'(u2) can be any of the ¢/ — ¢ vectors in W not in the span of T(u;),
T'(u3) can be any of the ¢/ — ¢ vectors in W not in the span of T'(u;) and
T(ug), and so on. Hence, there are (¢ — 1)(¢7 —¢)-+- (¢ — ¢’7!) ways to
map V into W bijectively. Therefore, the number of elements in & of rank
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Jjis
n m 1%y . n 1% (™ -1\, s
=0 - = 1=0 =)
ERE= ; n
— : H(qm__qu)z_ [ .-.‘(qm__l)_;,
- J = 31=0 J
as desired.

Theorem 7.1 also tells us that the total number of subspaces of the vector
space F7 is given by

G,,=Z[?], (7.7)

i=0

which is called the nth Galois number. If the g-binomial coefficients are
replaced by ordinary ones, the sum is exactly 2". However, the g-calculus
case is not as easy to calculate explicitly. Instead, the Galois numbers may
be computed recursively, as was shown by Goldman and Rota.

Proposition 7.1. The Galois numbers satisfy the following recursive
relation:

Gn+1 - 2G" -+ (qﬂ - 1)G~n.—1, (7.8)
with Gog =1 and G, = 2.

Proof. Let Pn(x) = (x — 1)7. The trick we are going to use is to define
a linear function L on the space of polynomials such that

L{Pp(z)} =1 (7.9)

for any nonnegative integer n. Such a linear function exists because the
polynomials (x — a)7 are linearly independent (for different n). If we apply
L to both sides of (4.4), we have

n

L{z"} =" [ ;_‘ ] L{P;(z)} = Z [ " ] = G,. (7.10)

i=0 i=o b7

To exploit the linear property of L, note that P, (x) = (x —¢")P.(z) =
P, (x) — ¢" Pn(x), hence

L{zP,(x)} = L{Prsa(z)} + ¢"L{P,(z)} = 1+ q". (7.11)
On the other hand, from D,P,(x) = [n]Pn_i(x), we have
L+ g" = 2L{P (@)} + (g = VL{DyPa(2)}. (7.12)

Equating (7.11) and (7.12), we obtain
L{zPn(z)} = 2L{Pa(x)} + (¢ — 1)L{ D, Pu (1)}, (7.13)
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which is true for any n > 0. Since any polynomial can be expressed as a lin-
ear combination of P, (z), we can replace P, () in (7.13) by any polynomial.
In particular, if we replace it by =™, we get

L{z"*'} = 2L{z"}+ (¢ - )L{[n]="""}
= 2L{z"} + (¢" - DL{z" '}
According to (7.10), this proves (7.8). O

Furthermore, if we choose another linear function L’ such that L'{P,} =
t", we may obtain the following recursive formula in a similar manner:

L'{zg"*'} = (¢t + DL/ {z"} + t(¢" — 1)L {z""'}.
And if we define the sequence
§=0
of polynomials in ¢, we have f,(t) = L'{z™}, and thus
frr1(®) = @+ Dfal®) + (@ = Dtfacr (), n21L.

Note that G, = fr(1) and putting ¢ = 1 above recovers Proposition 7.1.
When ¢t = —1, the recursive relation is particularly simple:

fn+1(_1) = (1 - qn)fn—l(_]-): n 2 1.
Since fo(—1) =1 and f;(—1) = 0, we have

i | 2m
> (1Y [ : ] =1-"NH1-¢"""%.-(1-g), (7.14)

§=0 J
and
2m+1
T (-1 [ 2m +1 ] —o, (7.15)
§=0 g

for any m > 0. These two identities were first discovered by Gauss. The
present proof is due to Goldman and Rota.
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g-Taylor’s Formula for Formal Power
Series and Heine’s Binomial Formula

‘We now begin to apply what we have learned so far, particularly ¢-Taylor’s
formula (4.1), to study identities involving infinite sums and products. In
order to do this, we first have to remark that the generalized Taylor formula
(2.2) about a = 0, and hence the ¢-Taylor formula (4.1) about ¢ = 0, apply
not only to polynomials, but also to formal power series. A formal power
series, of the form

flz) = Z cxz®,
k=0

may be thought of as a polynomial of infinite degree. It is “formal” because
often we do not worry about whether the series converges or not, and we
can operate on (for example, differentiate) the series formally. We have to
assume a and c to be zero in order to avoid divergence problems. Of course,
F(0) = ¢g by definition.

The g-derivative of the formal power series f(x) is, of course, D, f(x) =
> keolklckz®~!. Hence we have

[kl = (D5 f(2))(0).

It follows, in particular, that if two formal power series converge in some
neighborhood of 0 to the same function, then they are equal.

Theorem 8.1. Suppose D is a linear operator on the space of formal power
series and {Po(z), P1(z), P2(x),...} is a sequence of polynomials such that
the three conditions in Theorem 2.1 are satisfied for a = 0. Then, any
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formal power series f{x) can be expressed as a generalized Taylor’s series
(2.2) about z = 0.

Corollary 8.1. Any formal power series f(z) can be expressed as a q-
Taylor series (4.1) about x = 0.

Proof of Theorem 8.1. It is easy to see by induction on n that in the
case a = 0 the three conditions of Theorem 2.1 imply that P,(z) = axz¥,
where the aj are nonzero numbers. Hence for any formal power series f(z),
we have

fl@) = ¢;Pi(x)
i=0

for some constants c;. Applying D k times and putting « = 0 yields ¢, =
(D* £)(0), which completes the proof. [

Example. Consider the function f(z) = 1/(1 — z)j. Using long division,
we can see that f{z) is a formal power series. Let us expand f(z) using
g-Taylor’s formula about = 0. From (3.12), we have

S

qu(x) = Dq(l — x)g, _ (1 _x)g+£a

and, by induction,
_[n]ln+1]---[n+j~1]

P =
Hence, (D, £)(0) = [n][n +1]---[n + j — 1] for any j > 1, and therefore,
L S IR RN U R 1O
= = 1+> i i, (8.1)

5=1

which is the g-analogue of Taylor's expansion of f(z) = 1/(1 — z)" in
ordinary calculus. Formula (8.1) is called Heine’s binomial formula.
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Two Euler’s Identities and T'wo
g-Exponential Functions

Now we have two binomial formulas, namely Gauss’s binomial formula (5.5)
(with  and a replaced by 1 and x respectively)

1+:1:)"‘—z:q-’(J 1)/2[7.1]

and Heine’s binomial formula (8.1)

_Z[n][n+1] ['n+j—1]

(1-ap "*93)" 51!

j=0
What if we let n — oo in both formulas? In the ordinary calculus, i.e., g = 1,
the answer is not very interesting. It is either infinitely large or infinitely
small, depending on the value of z. However, it is different in quantum
calcu]us because, for exa.mple when |g| < 1, the infinite product (14-2)5° =
1+ :c)(l + gz)(1 + g%z) - - - converges to some finite limit. Moreover, if we
assume |g| < 1, we have
., l1l—-g" 1
lim [n| = lim 7 _ (9.1)

n—o00 n—oo 1 —gq l-g¢

and

0] g (=g =) (1 - g
s | ] = am S
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Thus

1
n
lim .| = —.
n—>00 [ J J 1-q¢(-¢*---(1-¢)
So, the g-analogues of integers and binomial coefficients behave in a very
different way when n is large as compared to their ordinary counterparts.
If we apply (9.1) and (9.2) to Gauss’s and Heine’s binomial formulas, we

obtain, as n — oo, the following two identities of formal power series in x
(assuming that |g| < 1):

(9.2)

- o o
(1+)g qu 1)/2(1—9!)(1—qz’)---(l—qj)’ 5:3)

1 7
1-z) Z(1—f1r)1— ) (1-¢f)

(9.4)

The two identities above relate infinite products to infinite sums. They
have no classical analogues because each term in the sums has no meaning
when g = 1. Interestingly, the two identities were discovered by Euler, who
lived before Gauss and Heine. We shall call (9.3) and (9.4) Euler’s first and
second identities, respectively, or E1 and E2.

Let us study E2 more closely. Consider

I

oo (1
Z(1—41)(1—@2) -9 Z (ll_ﬁq_) ( “”)

<
Il
o
ju—y

i xJ
el = Z Filk (9.7)
j=o0 W’
Then, from (9.4) and (9.5), we immediately have
1
of(l—q) — - (9.8)
e :
a (1-x)’
or
z 1 (9.9)

“TU-(-99)7
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Analogously, we can define another g-exponential function using E1.

Definition. Another g-analogue of the classical exponential function is

qu 1)/2 [j] = (1+(1-g2)>. (9.10)

Let us study some properties of the two g-exponential functions. The
classical exponential function is unchanged under differentiation. Its two
g-analogues have similar behavior. Since
D, m’ = [flz7T
Dqeq = Z = Z 1! = Z
=1

J:

Z []]'

and,
= (7 — D :BJ > sfa [J]m."_l
xr 1/2 q _ (G—1)/2
D,ET = ZqJ(J ) T _quz )/ i
§=0 j=1
_ N G-)G-2)/2,5-1 T G-npge’
= >4 Fe Zqﬂ ,
2 G-~ 2 Al
we have
Dge; =e; and D E7 = EI*. (9.11)

Note that the derivative of E7 is not exactly itself. The results in (9.11)
may also be obtained by letting n — oo in

D 1 __ (1-gn
‘1-0-go); (-a-go)™

and

Dy(1+(1— q)m): =(1-g)n)(L+q(1- q)m):_l

How about eZe¥? In general, efe¥ # ef*¥. But the additive property
of the exponentials holds if x and y satisfy the commutation relation
mentioned in Chapter 5, i.e., yr = qry. To see this, consider

em=(;%ﬂzw)zzmw

S e L
2.2 e [+ R

J=0 k=0

If we change variables from j and k to j and n = j+k, then for a particular
value of n, j runs from 0 to n. Using Theorem 5.1, we have

- SEL 1 -E

n=0 ;=0 n=0
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Hence, we have

egel =ef TV if yz = quy. (9.12)

Due to their commutation relation, z and y are not symmetric, and e¥ef #
egey.

Also, the two g-exponential functions are closely related. From (9.9) and
(9.10), we see that

eqgB " =1, (9.13)
and, using (9.3) and (9.4) as well, we obtain
e® — = (1 _ I/Q)J:EJ
Vo T 2T 170 -1/@) (- 1%
- i AU-D/2 (1-aPa?
2 T o0-¢)A-0)

and thus
e:f/q = E;. (9.14)
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g-1rigonometric Functions

The g-analogues of the sine and cosine functions can be defined in anal-
ogy with their well-known Euler expressions in terms of the exponential
function.

Definition. The ¢-trigonometric functions are

et® _ e—z':r Eza: _ E—ia:

singz = q—?‘l—, Singz = _ET—L : (10.1)
ei:c + e—i:z: Eia: + E—i.?:

COSy T = L2_‘I_ Cosg2 = —q—Tq—-— . (10.2)

From (9.14) we have Singz = sin; ), = and Cos,T = cos;/, 7. Also, using
(9.13), we get

e B + e E Y 42
4

cosg zCosqz =

and
e;mE;:c + eq—z:cEq—u: -9
4

Hence, we have
cosq xCosyz + sing 2Singx =1, (10.3)

which is the g-analogue of the identity sin® 2 + cos®2 = 1. The reader is
invited to try to find g-analogues of other trigonometric formulas.
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To find the derivatives of the g-trigonometric functions, we apply the
chain rule (1.15), where u(x) = iz, and use (9.11). Then, we obtain

D, sing z = cosy z, DgSingz = Cosggqz, (10.4)
Dy cosqz = —sing z, D,Cosyz = —Singgz. (10.5)
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Jacobi’s Triple Product Identity

We recall that the two Euler identities, (9.3) and (9.4), relate infinite
products and infinite sums. In this chapter, we will use them to prove
an important identity first discovered by Jacobi. Several interesting appli-
cations of this identity in number theory will be explored in subsequent
chapters.

Theorem 11.1. If |q| < 1, we have

oo oC
Z qﬂ2zn — H(l __qzn)(l +q2’n—1z)(1 +q2n—lz—1), (111)

n=—-0oc n=1

which i3 called Jacobi’s triple product identity.
Proof (G.E. Andrews). We start with E1:

= g1/ 21
14q¢"x) —. 11.2
11 Z(I— =@ 0 -a) (11.2)
If we replace q by ¢2, and then z by zq, we obtain
N > i ¢ 2
(14¢%12) = 14+ @™ y) = _
11;[1 ,Eo( ) g(l—q2)(1—q4)---(1—q2ﬂ)

The product in the denominator of each summand can be removed by
multiplying both sides by

[Ta-a,

n=1



36 11. Jacobi’s Triple Product Identity

giving
o0 o0
H (1 __q2ﬂ) (1 +q2n—1z) — Z ( .? zJ H 2ﬂ+2.’)+2)) ] (113)
n=1 j:—cx)

Note that the summation on the right now starts from —oc instead of zero.
The sum is unchanged because (1 — ¢®"+t%+2) = 0 for some n > 0 if j is
negative. On the other hand, we use (11.2) again, replacing the index j by
k, g by ¢°, and then z by —¢%*2, to obtain

=  omiiiny o0 (—1)kgh*+2ki+k
;;E[)(l g“ntat ) "‘kzﬂ(l_qz)(l_qzl)_._(l_q%).

Putting this into (11.3) yields

1 n nely _ N R (—1)kgli+h)+k
1:!_;]:1(1 —q2 )(1+q2 1z) = j;mkzo (1—g?)(1—q4) - (1 — ¢g%¥)
_ = q.? ZJ(_qz—- )k
- L Xian-o o a-@ 1

where the last line is obtained by shifting the index j to j — k. Now we use
E2 with g replaced by ¢% and then by —gz! to get

H Z (—gz~h)*

41+ qz" 2l = (1-g)(1—g) - (1-g%)

Therefore, from (11.4) and (11.5), we have

1:;[[1(1 - 92")(1 + g 2) = Z ( 7 H (1 + g2n= 1z-1))

j=—00 n=1

(11.5)

which is equivalent to (11.1). O
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Classical Partition Function and
Fuler’s Product Formula

With various substitution of ¢ and z, Jacobi’s triple product identity gives
many interesting results. For example, if we put ¢ = ¢%/? and then z =
—q~'/2 into (11.1), we get

St L S L -0 (-2 (- ) = [[ (1",
neZ n=]1 n=1

(12.1)
which is called Euler’s product formula. We proved that it holds when
lg] < 1. It follows that it also holds as an equality of formal power series in
q (see Chapter 8). The formula may also be written using Euler’s product

o0

elg)=T[1—-g¢"
) -
o(@) =D (-1)"g™, (12.2)
nei
where
3n2 -n
en = —5 (12.3)

are called pentagonal numbers. The reader is encouraged to multiply out
the first few factors of Euler’s product to discover the astonishing fact that
indeed the enth coefficient is (—1)™ and all other coefficients are zero.
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Definition. The classical partition function p(n) is defined on the set of
integers by letting p(n) be the number of ways to partition n into a sum of
positive integers (not counting the order of summands) if n > 0, p(n) =0
if n <0, and p(0) = 1.

For example, p(1) = 1 because the only way to write 1 asasumis1 =1,
p(2) =2because 2=2=1+1,p(3) =3 because 3=3=2+1=1+1+1,
p(4) =5because 4 =4=3+1=2+2=24+1+4+1=1+4+1+41+41, and
so on. This slow growth of p(n) for small values of n is deceptive, since in
fact, one knows that

Thus the time needed to enumerave all partitions on n grows exponentially
with n.

The following proposition shows how (q) is related to the partitions of
integers.

Proposition 12.1. One has the following equality of formal power series
ingq:

—(p(l—q) = gop(n)q"- (12.4)

Proof. This well-known argument will often be used in the subsequent
Chapters. Assuming that |g| < 1 and using the geometric series expansion,
we have

1 1
©(q) 1-9)1-¢*)1-¢%:-
= (1+g+@P+¢+ )1+ +¢* +¢5+---)
X (1+¢°+¢®+¢°+---)

Note that the exponents of ¢ in the nth factor are all the nonnegative integer
multiples of n. If we expand the product on the right-hand side into a power
series, each term will be of the form gMg?™2¢®ns... = glma+2na+3nst
where n; are all nonnegative integers. A ¢q™ term is obtained if n = 1n; +
2ng + 3nz + -+ -, for some n;, and each g™ term corresponds to a way to
express n as a sum of positive integers, i.e., the sum of n; 1’s, ng 2’s, ng 3’s
and so on. Also, a different way to partition n will contribute one new ¢"
term. Therefore, the coefficient of g, or the number of ¢™ terms, is exactly
the number of ways to partition n into a sum of positive integers. O

With the above interpretation of ¢(q), we can apply Euler’s product
identity to obtain a relation among the numbers p(n). This relation is
stated in the following theorem.
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Theorem 12.1. For any positive integer n we have

p(n) = pn—e)+p(n—e_1)—p(n—ey)—pn—es)
+p(n—e3)+p(n—e-3)+---, (12.5)

where e, are the pentagonal numbers defined by (12.3).
Proof. Using (12.2) and (12.4), we have

1= (jezz(—l)"qe") (%p(k)qk)- (12.6)

When we expand the product, we obtain a (—1)/p(k)q™ term if n =e; + k
for some integers j and k. Hence, for n > 0, we will obtain

0 = p(n~ep) —p(n—e1)—p(n—e_1)+p(n—e2)+p(n—e_z)
—p(n—e3)—p(n—e_3)+--, (12.7)

when equating the coefficients on both sides. Since eg = 0, the proof is
complete. [

Formula (12.5) is a very convenient recursive formula for a rapid calcu-
lation of p(n). For example, p(5) = p(4) +p(3) —p(0) =5+3 -1 =171,
p(6) = p(5) +p(4) — p(1) = 11, etc. The time needed to evaluate p(n) using
formula (12.5) grows slower than n, which is, of course, much less than that
required to enumerate all partitions of n.

As hinted by its name, the pentagonal numbers e,, have a geometrical
meaning. This is described in the following picture:

pentagons that are similar to each other can be drawn by joining the nth
vertices on each ray. The numbers of vertices enclosed by the pentagons
counting those on the edges) are the pentagonal numbers. For example,
the first nontrivial pentagon encloses e; = 5 vertices and the second one
e3 = 12 vertices. The general formula for e, under this interpretation can
easily be proved by induction to be (12.3).

Now that we have pentagonal numbers, we can define m-gonal num-
bers for any m > 3 in a similar manner. The two most common types of
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polygonal numbers are the triangular numbers,

nin+1
A, = _(_2_)
and, of course, the square numbers,
0O, = n°.

In general, we may deduce geometrically the formula for the nth m-gonal
number:

n{mn — 2n —m + 4)
2

Identities for triangular and square numbers similar to Euler’s product
formula can also be derived from Jacobi’s triple product identity. Both
of the identities given below were discovered by Gauss (before Jacobi
discovered his triple product identity).

My =(m—~2)Ap_1+n=

Proposition 12.2.

o o]

S I A 129

n=(0

Proof. Substitute both g and z by ¢*/2 in (11.1). We obtain

> ¢t = J[a-ga+eana+¢™h)

nez
o0
= 2JJ0 -+ 7).
n=1

Observe that A, = A_,,_1, and the sum from n = 0 to oo is thus the same

as from n = —1 back to —oo. Hence, we have
Zq "= H (1-¢*)(1+¢"). (12.9)
n=1
Since
oo o0 9 00
1—gq 1
[Ta+em=]I =Tl —=. (12.10)
n=1 n=1 1- qn n=1 1- 9

the desired result is obtained. [

Proposition 12.3.

> (-9 = 1’[ = q (12.11)

ne
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Proof. If we put z = —1in (11.1), we have

Z(_q)n2 _ H(l _ qzn)(l _ q2n—1)(1 _ q2n—l)

nel n=1

= H(l— (1 - "’““)—H an,

n=1

where we have used (12.10) in the last equality. O

Identities (12.8) and (12.11) will be useful later when we study the par-
tition of an integer as a sum of triangular numbers or of square numbers.
Before going on, the combinatorial meaning of (12.10) deserves a remark.
The product on the left in (12.10) is

I+ +¢)(1+4% .

A ¢" term appears in the expansion if n = ay + a2 + ag + -+, where g;
are distinct. Using the similar argument in the proof of Proposition 12.1,
the coefficient of g™ is the number of ways to write n as a sum of distinct
positive integers. On the other hand, the product on the other side is

l+g+@++- )1+ +®+®+- )1+ +g + ¢ +-)---.

Each g™ term corresponds to a way of expressing n as & sum of odd numbers.
Therefore, (12.10) says that the number of ways to partition n into distinct
positive numbers is the same as the number of ways to partition n into odd
numbers.

To conclude this chapter, we briefly interrupt our discussion of ¢-calculus
by introducing an important function in number theory that shares with
p(n) the same recursive relation (12.5).

Theorem 12.2. For any nonzereo integer n, define a function

sum of positive divisors of n, n >0,
d(n) =
0 n < 0.

Then, for n > 0 we have
din)=d(n—e;)+dn—e_1) ~d(n—ez) —d(n—e_z) +---, (12.12)
‘where we take d(0) = n if it enters the right-hand side.

Proof. Define the generating function

D(q) = Z d(n)q™.
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Switching the order of summation, we have

00 oo
D{q) = Zqu" = Z qun
n=1lmj|n m=1lm|n
00 x m
m=1m|n m=1mi|n
00 d 0
= —qu;I 7o log(l —q™) = T log 11__[1(1 —-q")
_ —QE% H:=1(1 = qm)
,°n°=1(1 —qm)

or

D(g)plq) = —qdiqso(q)-

Using (12.2), we have

Zd(J)qJ (Z(—l)kqe") = Z(_l)m-l-lemqem-
J=1

kE€Z meZ

Comparing the coefficients of g™ on both sides, we have

D (—1)Fd(n —e) =

{(—1)’"+lem if n = e,, for some m € Z,
ke 0

otherwise,

which is the same as (12.12), since j = n — ex > 1 and d(n) is defined to
be zero for any negative n. [
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g-Hypergeometric Functions and
Heine’s Formula

For further study of infinite sums and infinite products we would like to
introduce the hypergeometric series. A classical hypergeometric series is
defined as follows.

Definition. F(z) is a hypergeometric series if

oo

F(z) = zcﬂm", (13.1)
n=0
where
Cn+1
—— = R(n}), =1, 13.2
o (n} co (13.2)

and R is a rational function whose denominator does not vanish at
nonnegative integers.
If R(t) is given, the coefficients ¢, are immediately determined:

¢n = R(O)R(1)--- R(n — 1).

For example, if R(t) = 1, then ¢, = 1 for all n, and F(z) is a geometric
series. Rescaling t if necessary, we may factorize R(t} into the following
form, up to a constant factor:

{t+a1)(t+az)---(t+ar)
(t+b1 ) (t+be)---(E+Dbs)(t+ 1)

where a; # b;, and b; are not nonpositive integers, for all 1 < i < r,
15 j<s

R(t) = (13.3)
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A notation introduced by Gauss summarizes the essential information of
a general hypergeometric series. If F(z) is as defined by (13.1)} and (13.2),
and R(t) has the form (13.3), one writes

F(z)=,F;, [ s Cbl: ;x], (13.4)

which, when expressed explicitly, is

2 {ar(ar+1)- (e +n -1} {ar(ar + 1} - (ap +n — 1)} z"
1+Zl {or(br+1)---(by+n—-1)}-- {bs{bs+ 1) (bs+n—1)}ﬁ'

(13.5)

For example,

o0 mn

()F()[.’B] = 1+Z ?},T = ea:’

n=1

and
a 1 afa+1)---(a+n—1) o 1
1F0[_,$]—1+Z oy (1—1})‘]’.

Thus, the hypergeometric series is a general type of series, for which many
series, like geometric, binomial, and exponential series, are special cases.

The g-analogue of hypergeometric series was first introduced by Heine.

Definition. ®(z) is a ¢-hypergeometric series if

O(z) =Y cnz® (13.6)
n=0
where
Cn+1 — R(qn)’ Co = 1’ (13.7)
T

and R(t) is a rational function whose denominator does not vanish at ¢ =
1,q9,0%,....
Similarly, we have, for n > 1,
— R()R(g) - R (¢") . (13.8)

By convention, the rational function R is considered in a slightly different
form:

(al — t_l) - (a,, — t_l)
R(t) = . 13.9
O = oy G e =) (13.9)
Here, @; # b; and each b, is not one of 1,4 %,¢~2,... . Then, since

n—1
[{@-q~ H( a9)(1 - ga) = (=1)"g~"=V/2(1 — a7, (13.10)
§=0
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we have
s=r+1(l—a)* - (1—a)t 1
Cp = —1y n(n—1)/2 q q . 13.11
S B VS [
The ¢g-hypergeometric series also has a notation similar to (13.4):
a1,...,0
&(z) = T@,,[ MY :z] (13.12)
For example, from (9.3}, (9.4), (9.8), and (9.10) we have
o0 ( 1)1’1 n n2—1
0<I>0[ Y .'1:] = Z d " =(1-2) = Eg/(q"l) (13.13)
- n=0 (1 B Q)g

and

0 L n 1 z/(1~q)
jq;z] = = = . (131
lq)O[ _ 3 a5 CE] ’g (1 — Q)g'z (1 — CB)SO eq' ( 3 4)

Let us now examine the next-simplest g-hypergeometric series, i.e.,

oo
(1-a)y
1@0[0.; q; :L‘] =14+ E t'i—_—‘)—i.’rn. (13.15)
n=1 9)q

Here we write 1P f’_ ;q; =] as 1®g|a; g; 2] for simplicity. If a = ¢, where
N is a positive integer, we have

X (1=gN)... (1 = qgVin—-1
1%olg”gia] = 1+Z( (1(1—3)((1 —“(i]n—l) ).’B"

According to Heine's binomial formula (8.1), we have

1
P N. . —_—
1 O[Q anz] (1 x)zl,yv

(13.16)

This result inspires us with the following theorem.

Theorem 13.1. For any a, one has the following formula of Heine’s:

(1-az)
1 Ty 13.1
1@()[(1, q, CL‘] (1 — m)go ( 7)
Proof. Firstly, (13.17) is true if a = ¢V, because
(1-g"2)  (1-¢"n)(1-g"t'z)... 1
(1-=z) (1-=z)(1-gqz)--- (1-z)f

which is equal to 1®p[a;q; z] by (13.16).
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To complete the proof, we apply a very useful argument. Now, both sides
in (13.17) can be expressed as infinite series with coefficients being rational
functions of g, i.e.,

(1-— aa;)°°

1Pola; g; ) = Z ca(a)z™, Moo e g::ocn(a
We know from above that for each n, ¢, = ¢}, at infinitely many different
values of a, namely, a = ¢, where N is a positive integer. In other words,
Cn —C}, is a rational function of a¢ with infinitely many zeros. Such a rational
function must be identically zero, because the number of zeros of a ratio-
nal function cannot exceed the degree of the polynomial in its numerator.
Therefore, ¢, = ¢}, for each n, and the proof is complete. [J
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More on Heine’s Formula and the
General Binomial

Inspired by (13.16) and (13.17), it is natural to generalize the notion of a
g-binomial in the following way.

Definition. For any number «, define

(14 )

AreoF (14.1)

(1+z)] =

Obviously, this definition coincides with the original one given by (3.4)
when « is a positive integer, and also with the one given by (3.7) when
o is a negative integer. The fact that it is an appropriate generalization
is justified by the following two propositions, which are generalizations of
Proposition 3.2 and equation (3.11).

Proposition 14.1. For any two numbers a and 3, we have
(1+z)2(1+¢%z)f = (1 +z)0*°. (14.2)
Proof. The proposition follows directly from the definition, since

(1+ ) (1+g¢%z)P (At
(1 +goz)P (1 +¢>HPx)e — (1 +gothr)ge’

Proposition 14.2. For any number a, we have

D (1+ )7 =[al(l + gz)3~. (14.3)
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Proof. By definition, we have
D ( (1+z)5° ) _ ( (1 + qz)y° _ (14+z)° ) 1
N1+ qea)y (1+gtiz)e  (1+¢oa)P) (- =
1+ qa:)g" 1+q¢*z)-(1+1x)
(1+goz)® (g—1)=

. a—lqa_l
= (1+qz); P

With the definition of [a] given by (3.8), the proof is complete. I

Proposition 14.2 allows us to compute the Taylor series of (1+z)g. Using
the chain rule (1.15), we obtain

DA+ = DY Malll +ga)
Dy ?[a] - qla — 1](1 + ¢*z)5 2
= Dy %[a]-gla—1]- ¢*la - (1 + )33

= [ao]-qla—1]-Pla—2]-- ¢ Ha—j+1)(1+¢'2)T77,

and thus D7 (1 + x)f;II:O = ¢#U~D/2[g)la — 1] - - [@ — j + 1]. Therefore,
we have

(1+$)g _ Zq-‘i(] 1)/2 a][a—l] [a—j+1]a:j

]!
- Z:O [ C; ] gU—D/243 (14.4)

which generalizes Gauss’s binomial formula (5.5).

Proposition 14.3. For any number o, we have

6= m)g) T (149)

Proof. By the definition of g-derivative, we have

2(w=m) - ()
((l—q""'l:r:)go (1—q":1:)f;°) 1

l-gqz) (-z) ) (@-1)=
(1-¢*t2)P (1-2)— (1 -¢°2)
(1—z)° (g— Nz
1 q* -1

(1-=z)5* ¢-1"
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as desired. O

Using this proposition and induction, one can easily see that

Dy’ ((1 lx)q)

Hence, we have the Taylor expansion

= |a)la+1]---la+j - 1]. (14.6)

=0

1 B ella+1]-- Ja+j — 1]a?
1-z)g Z [yt

. (1—g®)(1 — g™t (1 — g*tI 1)z
B Z (1-q)(1—g2)- (1 —g9)
= (1—g°)) 27

By (13.15) and the recognition of ¢* as a, we recover Heine's formula
(13.17).
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Ramanujan Product Formula

In this chapter, we apply Heine’s formula to prove a remarkable iden-
tity discovered by the Indian mathematician Ramanujan. This identity
relates a bilateral g-hypergeometric series to an infinite product, and it has
many interesting applications in number theory, which will be discussed in
subsequent chapters.

In order to prove Ramanujan's formula we shall need some elementary
facts from the theory of complex analytic functions. A formal power series
in z that converges in the open disk D, ={z:|z| < ¢} on the complex
plane for some € > 0 is called an analytic function (in D). Of course, all
polynomials in 2z with arbitrary complex coefficients are analytic functions
(in Ds). A less obvious example of an analytic function in Do, is (14 2)5°.
This follows from (9.3) by applying the ratio test. It is easy to show that
any linear combination and product of analytic functions is an analytic
function; also, if f(z) is analytic, then 1/f(z) is analytic, provided that
f(2) has no zero in D,.

A series 3 ., fn(2) of analytic functions in D, converges to an an-
alytic function in D, if for each n, |fa(z)] < M, on D, for some M,
such that ). M, converges. In fact, the coeflicients in the series expansion
[n(2)=Y 0 @nm2™ may be expressed as

m=0
1 fa(z)
=57 P Jmei dz, n>1,m>0,

Onm

where the integral is evaluated along a circle centered at the origin with
radius r, 0 < r < e. {Those who have not encountered this formula may
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easily prove it by expressing f,,(z) in its series form and making the substi-
tution z = re*?, 0 < 8 < 27.) One may easily deduce from the formuls that
|anm| < Mpr~™, or, since 7 can be arbitrarily close to €, |apm| < M,e™™.
For each m we define ay, = ), @pm, which is a convergent series because
lam| € >°, |8nm| < Me™™ where M = 3, M,. Then, the formal power
series f(z) = >_.~_, amz™ actually defines an analytic function in D, since

1f(2)| < g |am| |2]™ < M Z (Izl)

m=0
and the latter series converges for any |z| < e. The same estimate |am| <
Me™™ shows that f(z) =Y o | fn(2) converges to f(z) in D..

Analytic functions have a property similar to that of polynomials: If
an analytic function f(z) has an infinite number of roots in D,, say
{z1, 22, ...}, such that lim;_, z; =0, then f(z) is identically zero. Indeed,
in the contrary case we can write f(z) =3_,.,¢;2?, where ¢, # 0. Since
f(z) :23.2” cjz,-jz 0, dividing by z;", we obtain for any 7 > 1,

2

Taking i — 00, we obtain ¢, = 0, a contradiction. (The requirement of
lim; . z; = 0 is crucial, since there exist nonzero analytic functions pos-
sessing infinitely many roots, e.g., all roots of e — 1 are 27in, where n is
any integer.)

Let us now state Ramanujan’s formula.

Theorem 15.1. (Ramanujan product formula) In the domain

lal <1, la|>1gl, [|bl<1l, and [—|<|z|<1, (15.1)

we have the following equality of functions in a,b,q,

1W(abigiz): =

= (1— 40— n+1)(1—9’:—:)(1_aan) o
H (= b1 - T - )0

Proof (M.E.H. Ismail). The strategy is first to show that both sides
of (15.2) are analytic functions in b (when a,¢ and z are fixed) in the
nonempty domain specified by (15.1) (i.e., |b| < min{1, |az|}), and then to
prove the equality when b = ¢™,¢M+1 ¢M+2 M being a sufficiently
large integer. Hence, the difference of the two sides of (15.2) is an analytic
function in b possessing an infinite sequence of roots that converges to zero,
and must therefore vanish identically.

Denote by fy(b) the nth term in the series in (15.2). To see that the series
converges to an analytic function in b, it suffices as noted above, to show
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that f,(b) is analytic for any n € Z and that as n = £00, | fn(b)] < Mycl!
for some 0 < ¢+ < 1 and positive constants M. If n > 0, then (1 ~b)7 is
a polynomial in b that does not vanish in the domain, because |b|, |¢| < 1,

thus showing the analyticity of f,,(). Since as n — oo, '

— |z| <1,

fara(8)| _ !(1 ~q'a)z
fn(b) 1- qnb

we have | fr11(b)| < ci|fn(d)] for any ¢y € (|z{,1) when n is large enough,
which implies that |f,(b)| < M, cT} for some M, and all n large enough.

Similarly, for n < 0 we have by (3.7) that 1/(1 —B)?=(1 — ¢"b)}" is a
polynomial, and thus analytic. We have

f-n—1 (b) 1- —n—lb
) | |0 -g )z

b

ar

<1

as n = —o00, and the argument above may be applied again.

For the product side, we note that the factors in the denominator never
vanish in the specified domain and each factor is either independent of b or
is of the form (1 + cb)g°, where c is independent of 5. As remarked before,
flz) = 1+ 2)P is analytlc in D,,. Since products of analytic functions
and rec1pr0cais of nonvanishing analytic functions are also analytic, the
fraction above is analytic in the specified domain.

We may now perform the substitution b = g™, where M is so large that
b lies within the specified domain. Noting that

1 1 z ’
— — = l_qM—n n =0
(1-g");  (1-gM)7" ( )4

if n = —n' < —M, we see the left-hand side (LHS) of (15.2) become

(1-a)7 o — (-ay
R - e

ne€Z n—-—M+1 q
M )n+1 - M
— 1 "
- Z M)n+l-M
n*-O
M (1 )1 ~M oo 1 ql‘Ma)g

R S A (T

- (1—0)1-M _
= ™M qM;,_Mld’o[ql Ma; q; ),
q

(1-
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where we have applied (14.2) with @ = 1 — M and 8 = n. By Heine’s

formula (13.17), we have

oy U =a)g™ (1-g"Maz)

(1-gM)™ (A-o)f
(1-g)g'"!  (1-g¢'Max)F (15.3)

(1—g'=Ma)™™t  (L-z)@

where (3.7) is used in the last equality. To complete the proof, we begin

comparing the two sides of (15.2). Putting b = ¢™ in the product side, we
have

LHS = =

ml-—M

(1-gMa H)P(1 - g)P(1 —ga 'z ) P(1 — az)P

WS = I nr—ge Dpi—gMa e pd - o)y
T ol Tt s (o
(1—ga=1)g" (1-a)g
Comparing (15.3) and (15.4), we see that what is left to show is
a1 — ql—Mam)q (1-ga 'z 1)M (1 - ax)e°
(1—g=Ma)l =T = (1-ga gt
or, equivalently,
(1 —ga~h)¥-1 _ (1 —gata 1) (1 —az)g® M1
(1-— ql—Ma)éW—l (1-— ql--Max)oo

1,1 \M-1
(1—-ga~tz™ ), M_

T
(1 - q'-Mazx))'™!

1

Observe that the left side is independent of x, and the two sides agree when
& = 1. Therefore, we hope that the right-hand side is also independent of
z. Expanding the right-hand side, we have

(l—qa_lm_l)(l _q2a—1m—1)_“(1 qM 10, T l)mM—l
(1—g'Maz)(1 — g2 Maz).-- (1 — g lax)
1 — qa—lm—l 1— q20_1$—1 1-— qM_la._liL'—l M1

l—glax 1-g~2az 1-q¢ Mgz

= (_i) _q_2 e _qM—l a';M_l
aT azT ax ’

which is independent of z, as desired. [

The Ramanujan product identity involves four variables, ¢, a, b, and
x. One of the important special cases is @ = y, b = gy. The domain of
convergence becomes

lgl <|z| <1 and |g] <yl < lq™?, (15.5)
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which is nonempty. The left-hand side of (15.2) becomes

Z 1_y)q " = l1—y 2"
nEZ( —qy nEZl_qy

because (1 — 4)2(1 — ¢"y) = (1 —y)7*! = (1 — y)(1 — qu)} for any integer
n. If we restrict the domain of y to |q| < |y| < 1, we have |q y<1lifn>0
and |¢"y~ 1| < 1if n > 1, and we can use a geometric series expansion to
obtain

_ (1-y)z" (1 -y)z"
LS = nz_%l—qy nzzl 1-gny
_ v l-yer S (-gaiety!
B nzz;, 1-qny nz_;:l 1-gny~?
= (1-y) (Z PRI z“"(q"y-l)m) .
n=0m=0 n=1m=1

On the other hand, the product side becomes

H (1 - g™ 1)?(1 -2~y g™ ) (1 — zyg™)
2 (1 —ygrtt)(1—z~1gnH1)(1 — y~lgn+1) (1 ~ z¢™)
Dividing both sides by 1 — y, we have

o0

Z qmnxny Z qmn —n —m

m,n=0 m,n=1

_ (1-¢"2Q -2~y 'g")(1 - ayg™ !
- H (1—zg" 1)1 -z '¢")(1 — yg» (1 - y~'q") (15.6)

Hence, in the domain |q| < |z] < 1 we have

- mn,m+n _ mn ,—m-n
> g™z Zq

m,n=0 mon=1
_ (1 - q™)2(1 - 2~2g")(1 — 22¢""1)
= ;!;[1 (1 - zg"1)2(1 — 2~ 1qn)2 (15.7)

if we put x = y = z. We can go further to pull the terms with m = 0 or
n = 0 out from the first summation. Since the sum of these terms is

Zz +Zz 1+z,

n=0 m=0
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if we multiply both sides of (15.7) by i;; = %:i %2 , we have in the same
domain

l1-=z - mn /. m+n —m—n
1+ 1+ = Z Nz o )
m,n=1

(15.8)

oy (=M1 - 272" (1 - 27
N ,,1;11 (1—2q™)%(1 — 2z~ 1g")2

The results above are important in our discussion of number-theoretic
applications in the next two chapters.
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Explicit Formulas for Sums of T'wo
and of Four Squares

One of the oldest problems in number theory concerns the partition of an
integer into a sum of squares. A famous result, first proved by Lagrange, is
that any positive integer is a sum of four squares. In this chapter, we will
not only prove this theorem, but also will find explicit formulas of Gauss
and of Jacobi for the number of partitions of an integer into a sum of two
and of four squares.

First, let us denote the number of ways to express N as a sum of m
integer squares, counting the order, by O,,(N). For example, Cy(5) = 8,
because a total of eight ordered pairs, (£1,+2), (£2,+1), have their sum
of squares equal to 5. If we define the formal power series

D(g) =Y g™, (16.1)
ncZ
then we have
Om(N) = coefficient of ¢" in CI{g)™. (16.2)

To understand this, imagine that we expand the power series in (16.1):
O™ =(-+¢+q" +g+i+qg+g* +q"+-- )™

In the resulting series, each ¢"¥ term corresponds in a one-to-one manner
to an m-tuple (a1,...,0y), with N = a? + --- + a2,. Thus, the number of
¢"V appearing is the number of ways to express N as a sum of squares of
m integers. For m = 4, we have the following theorem.
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Theorem 16.1. For any positive integer N we have

(4(N)=8x (sum of positive divisors of N that are not multiples of 4)
(16.3)
An immediate corollary of the theorem is that any positive integer is

a sum of four squares, since 1 is a divisor of any integer and 1 is not a
multiple of 4. For example, 6 = 2% + 12 + 12 4+ 02, 97 = 82 + 5% + 22 4 22,

Proof of Theorem 16.1. Consider (15.8) and let z — —1 on both sides.
From (12.11), we have

4
. _ N 1—qg" — (U4
zgqllRHs_(nIzllan) = 0O(-¢)*

Writing the left-hand side as

o0 m+n —-m-n
z -2z
1402 Y )
m,n=1

and applying L'Hospital’s rule, we have

lim LHS =1 +4 Z (=1)™ L m 4 n)g™".

z——1

m,n=1
By symmetry,
00 o0
Z (_1)m+n—1mqmn - Z (__1)m+n—1nqmn,
m,n=1 m,n=1

so we may rewrite the left-hand side as

148 Y (1) 'm(—q™)"

LHS =
m,n=1
foc} 00
(=1)™mg™ m(—q)™
= 1+38 ————— =148 _—

Combining the results for the two sides and replacing g by —q, we have

gyt =1 o _ma” 16.4
=1+8) : :
Since
m_11+( q)m lel—q”‘ =1 14 gm
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and

> 2kgek o

2k _ 4k , 6k _ 8k | .
) T & > 2k(¢®* —g¥* + ¢ g +--)
k=1 k=1

o0
k=1

(o o]
—-2:41:@"“c +g%* 4.
k=1

B e
- _ 2k IPYTR
k=1 1 q k=1 1 q
we have

i L mg”_ _ > 3 mq™"
mo Lt (=g)™ m>1 1—gm m>1n=1
4fm 4m

Hence,

[+ ]
O(g)*=1+8>_ Y mg™. (16.5)
m>1n=1
4m
Therefore, for any N > 1, the coefficient of ¢" in [I(g)? is given by
8> m, where mn = N for some positive integer n and 4 does not divide

m. In other words, [ly(N) equals 8 times the sum of divisors of N not
divisible by 4. O

The result that any integer is a sum of four squares is the best possible,
because not every integer is a sum of three squares, for example, 7. However,
we can still say something about the number of ways an integer can be
expressed as a sum of two squares, i.e., [l (N).

Theorem 16.2. For any positive integer we have

Oa(N) = 4 x (number of positive divisors of N congruent to 1 modulo 4)
—4 x (number of positive divisors of N congruent to 3 modulo 4).
(16.6)

Proof. This time, we let z tend to i = 4/—1 in (15.8). For the right-hand
side, we have

o0 n n o — gn 2
RHS:]-:-I::I((]-"Q )2(1+q )2 _(Hl qz) _D(‘q2)2.

1rigr)E(l—dgr)z \ili+g»
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The left-hand side becomes

o0
LHS =1 -1 Z qmn (z-m+n - (__i)m-i-n)-
m,n=1
Since (—i)™*" =4™*" if m+ n is even, and (—1)™t* = —i" " if m+nis
odd, i.e., m and n have different parities, we have

LHS=1-2i } 3 ™™™ -2i Y Y g™

m>1 n>l m>21 n>l
m odd ? €ven m even g, gdd

The two sums are identical, since each of them is symmetric in m and n.
Replacing g% by —g on both sides, we obtain

D(Q)z = 1—4 Z Z (_q)mn/2im+n+1

m21 n>1
m odd n even

1—4 Z Z (ul)(m+1)/2qmn/2.

mz1l n2>l
m odd . even

i

Letting n = 2k, we get the following result:

o
D(gP=1+4 ) > (-1)tm=biagmk, (16.7)
m>1 k=1
m odd
Let us examine the right-hand side of (16.7). For any N > 1, a 4¢" term
arises for each odd m that divides N and is congruent to 1 modulo 4, so

that L'"ZLI)- is even. Similarly, a (~4¢") term arises for each odd m that

divides N and is congruent to 3 modulo 4, so that ng;q is odd. Hence,
the coefficient of g% is given by the right-hand side of (16.6), as desired. [

Corollary 16.1 (Fermat Theorem). An odd prime p can be represented
as a sum of two squares if and only if p =1 mod 4, and the representation
ts essentially unique.

Proof. A prime p has two divisors, 1 and p. If p =1 mod 4, they are
both congruent to 1 modulo 4. By Theorem 16.2, Oz(p) = 8. Suppose p =
a?+b?. Each of the eight ordered pairs (+a, +b), (£b,£a) has p as the sum
of squares. Also, these eight pairs are distinct, because p being odd implies
la| # |b]. Hence, they are all the possible cases, and the representation is
unique up to the sign and the order. If p = —1 mod 4, Theorem 16.2 tells
us that Ca(p) = 0.0
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Explicit Formulas for Sums of Two
and of Four Triangular Numbers

Besides partitions into square numbers, the Ramanujan product formula
can also be applied to the study of partitions into sums of two or four tri-
angular numbers. Let us recall the definition of the nth triangular number,
introduced in Chapter 12:

_n(n+1)
An——2 )

Since A_,,_; = Ay, the bilateral sequence {A,, }ncz, is symmetric, and
we shall restrict our definition of “triangular numbers” ton > 0 only. Asin
the case of square numbers, we define the following, similar, power series:

Alg) =) g
n=0

(Unlike (16.1), the summation is taken over nonnegative integers only.)
Then, the number of ways to express N as a sum of m triangular numbers,
counting the order of summands, is equal to the coefficient of ¢"V in the
power series A(g)™, and is denoted by A,,(N). The reason is similar to
that for sums of square numbers.

Theorem 17.1. For any positive integer N we have

Ay (N) = number of positive divisors of 4N + 1 congruent to 1 modulo 4
—number of positive divisors of AN + 1 congruent to 3 modulo 4.
(17.1)



17. Explicit Formulas for Sums of Two and of Four Triangular Numbers 61

Proof. If we replace ¢ by —¢ and z by —/g in (15.7), where
0 < g < 1, we have, by (12.8), .

RHS = ﬁ (1= (=1)"g™)*(1 - (-1)"q "“)(1+(1—12)nqn)
(1-(_1) )1+ (~1rg )
1 (-1)"")* (1 + (~1)"g")?
= 2
H Drgm8) (L + (~1)rg"3)°
aid 1_ 2n)2
= 2H 2n— 2A(Q)

1

and
- min > min
LHS = Z (_]_)mn+m+nqmn+m2n _ Z (_l)mn~m—nqmn—m2"
m,n=0 m,t=1
i oo
= Z (_l)mn-lqmn“-lﬁz'—n —_ E (_l)mn—m—nqmn_'_ﬂ_aﬂ,
m,n=1 m,n=1

where we have replaced m by m — 1 and n by n — 1 in the first summation.
When m-+n is odd, the corresponding terms in the two summations cancel.
Hence, we have

LHS = 2 Y (-pme-igmn=Td®

~ 9 Z qmn— 2 _ 9 E qm'n—L

m,n>1 m,n>1
m,n odd m,n éven
and therefore,
2 _ mn— 7"’—"‘ n mn—2fn
AlgP= > 4 - Y g 7. (17.2)
m,n>1 m,n>1
m,n aodd m,n even

mrTn

A +¢" term appears on the right if and only if N = mn — 242, or
AN +1 = (2m — 1)(2n — 1), for some m > 0 and n > 0 either both odd
or both even. If they are both odd, 2m — 1 = 1 mod 4, and, if they are
both even, 2m —1 =3 mod 4. Hence, each factor of 4N + 1 congruent to 1
modulo 4 contributes +1, and each factor of 4N + 1 congruent to 3 modulo
4 contributes —1, to the coefficient of ¢". This completes the proof. O

In particular, when 4N + 1 is a prime number, we have the following
corollary.

Corollary 17.1. If N is a positive integer such that 4N +1 is a prime num-
ber, then N can be represented uniquely as a sum of two distinct triangular
numbers, up to reordering the summands.
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Proof. It is clear that if 4N + 1 is prime, all the divisors of 4N + 1 are
1 and 4N + 1, both congruent to 1 modulo 4, and Theorem 17.1 implies
Ay(N) = 2—0 = 2. Note that by virtue of its definition as the coefficients of
A(g)™, A, counts any reordering of distinct summands. Hence, Az(N) = 2
implies that all the possible ways to represent N as a sum of two triangular
numbers are either

N=2Ax+4 =04+ 4, k#£1
or,
N=Apr+Ar=A0+4, kL

The second case is obviously invalid since the sequence {Ay},>0 is strictly
increasing. The proof is thus complete. An alternative way to reject the
second case is to note that N = 2A; implies 4N + 1 = (2k + 1), which is
not prime. [

Examples of the corollary are 7 =146, 13 = 3 + 10, and 43 = 15 + 28.
Another theorem concerns partitions into four triangular numbers.

Theorem 17.2. For any positive integer N we have
A4(N) = sum of all divisors of 2N + 1. (17.3)
Proof. If we divide both sides of (15.7) by 1 — gz—2, replace q by ¢2,

and let z tend to ¢, we have

1 - ¢*™)2%(1
RHS = H ( (1- 2)n—(1)2 1 — g27—1)2

Zn) Zn)

= A(g)*,

by (12.8). Since the right-hand side is finite, so is the left-hand side.
Therefore, we may apply L’Hospital’s rule:

: inf ty Fove)
_ 2mn m+n 2mn _—m—n
LHS = lim——s—yp qz_2(2q Y ¢z )

m,n=0 m,n=1

1 o0 o0
— 2q_1 ( Z (m+n)q2mn+m+n—1+ Z (m+n)q2mn—m—n—l)

n=0 m,n=1

oo oo
- = Z m+n 2)q2mn m-n Z (m+n)q2mn—m—n
m,n=1

mn=1

I'.\DI-*

oo

Z (m +n- 1)q2mn—m-n.

m,n=1

Since the expression is symmetric in m and n, we may rewrite the left-hand
side and obtain

I_\.(q Z (2m 2mn—m—n.

mn—
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Letting k =2m — 1 and £ = 2n — 1, we get

kt—1
Ag)? = E [/ (17.4)
k,£<1
k. odd

A ¢" term appears in the sum if and only if N = @;—Q, or 2N +1 = kY,
for some odd numbers k and £. Since every divisor of 2N + 1 is odd, the
coefficient of ¢V is

Yk O

k|2N +1
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g-Antiderivative

After studying various applications, let us return to g-calculus. So far,
we have talked about quantum differentiation only. What about quantum
integration? Let us first consider the g-antiderivative.

Definition. The function F(x) is a g-antiderivative of f(x) if D, F(z) =
f(x). It is denoted by

f f(z)dg. (18.1)

Note that we say “a” g-antiderivative instead of “the” g-antiderivative,
because, as in ordinary calculus, an antiderivative is not unique. In ordinary
calculus, the uniqueness is up to adding a constant, since the derivative of
a function vanishes if and only if it is constant. The situation in quantum
calculus is more subtle. Dgp(x) = 0 if and only if p(gx) = ¢(z), which
does not necessarily imply ¢ a constant. Adding such a function ¢ does
not alter the g-derivative of a function. However, if we require ¢ to be a
formal power series, the condition ¢(gx} = ¢(x) implies ¢"c, = ¢, for each
n, where ¢, is the coefficient of z™. It is possible only when ¢, = 0 for any
n > 1, i.e., v is constant. Therefore, if

f(z) = Z anx"

n=0
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is a formal power series, then among formal power series, f(z) has a unique
g-antiderivative up to a constant term, which is

n+l

f@da=Y =2 _ ¢ 18.2
[ 1@ ST (18.2)

If f(z) is a general function, we can still enhance the uniqueness by
imposing some restrictions on the g-antiderivative. Consider again the func-
tion ¢(z), which has a zero g-derivative. The condition ¢(gqz) = ¢(z) is
similar to that for a periodic function, but the period is smaller as r is
closer to 0. To see this, suppose ¢ = 0.1. Then, examples of periods are
(.1,1], (.01,.1], (.001,.01], etc. If the graph of ¢ in (.1,1] is a straight but
not horizontal line, in the periods closer to 0, the graph has the same
shape, but it gets steeper and steeper, making ¢ discontinuous at z = 0.
The general idea is contained in the next proposition.

Proposition 18.1. Let 0 < ¢ < 1. Then, up to adding a constant, any
function f(z) has at most one g-antiderivative that is continuous at T = 0.

Proof. Suppose F; and F, are two g-antiderivatives of f that are con-
tinuous at 0. Let ¢ = F} — F5. The function ¢ is also continuous at 0, and
has the property ¢(qz) = ¢(z) for any z, since Dy = 0. For some A > 0,
let

m = inf{p(z)lgA <z < A},
M = supfp(@)lgA<c<A),

which may be infinity if ¢ is unbounded above and/or below.

Assuming m < M, at least one of ¢(0) # m and ¢(0) # M is true.
Suppose ¢(0) # m. By continuity at z = 0, given € > 0 small enough, we
can always find a § > 0 such that

m+ € ¢ ©(0,9).

On the other hand, ¢V A < § for some sufficiently large N. Since ¢(gqz) =
¢ (z), we have

m+ e € (m, M) C ¢lg4, 4] = ¢[g" T 4,¢" A] C (0, ),

leading to a contradiction. Therefore, m = M and ¢ is constant in [gA, A],
which means it is constant everywhere. O

The proposition tells us that the uniqueness of the g-antiderivative is
substantially improved by requiring continuity at # = 0. The existence
problem will be discussed in the next chapter.

We conclude this chapter with the following formula for the change of
variable u = u(z) = az”®, where a and 3 are constants. Suppose that F(x)
is a g-antiderivative of f(z). Then

f fdg = F(u) = Flu(z)).
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We have for any ¢, using (1.15),
Fu@) = [DyFlua)iya
= / (D6 F)(u(x)) - Dyu(z) dyx
- ] (Dys F) (ul)) dyrulz).
Choosing ¢’ = ¢'/?, we have D s F = D F = f, and thus

/ fluydgu = / £ (ul(@))d grssu(c). (18.3)

This formula means that f(u(z))D,/su(z) is one of the g-antiderivatives

of f(u).



19

Jackson Integral

Suppose f(r) is an arbitrary function. To construct its g-antiderivative
F(z), recall the operator M,, defined by M,(F(z)) = F(gzx) in Chapter 5.
Then we have by the definition of a g-derivative:

1 B F(gx) — F(z)
=T M~ VF@) ==y

Note that the order is important, because operators do not commute. We
can then formally write the g-antiderivative as

1_1M ((1—)a:f ) (1-gq ng(xf )

J=

= f(z). (19.1)

F(r) =

using the geometric series expansion, and thus we get
[ 1@z = (1= 00 3 A f(al) (19.2)
7=0

This series is called the Jackson integral of f(z). From this definition one
easily derives a more general formula:

ff )Dog()dgz = (1—q)z Y _ ¢’ f(¢x)Deg(q’)
5=0

g9(¢’z) — 9(¢’ ')

= a-age) o flenTTE L2,

J=0
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or

[ 1@ag@) =Y 1) (o@D - ot 2).  099)
i=0

We have merely derived (19.2) formally, and have yet to examine under
what conditions it really converges to a g-antiderivative. The theorem below
gives a sufficient condition for this.

Theorem 19.1. Suppose 0 < g < 1. If | f(z)x®| is bounded on the interval -

(0, A] for some 0 < « < 1, then the Jackson integral defined by (19.2)
converges to a function F(x) on (0, A], which is a q-antiderivative of f(x).
Moreover, F(z) is continuous ot £ = 0 with F(0) = 0.

Proof. Suppose |f{x)x®| < M on (0, A]. Forany 0 < z < A, j > 0,
f(d'=)| < M(g'z)~°.
Thus, for any 0 < < A, we have
7 f(@z)| < Mg/ (¢7x)™* = Mz~%(q" )7, {19.4)

Since 1 —a > 0 and 0 < ¢ < 1, we see that our series is majorized by a
convergent geometric series. Hence, the right-hand side of (19.2) converges
pointwise to some function F(z). It follows directly from (19.2) that F(0) =
0. The fact that F(z) is continuous at x = 0, i.e., F(x) tends to zero as
x — 0, is clear if we consider, using (19.4),

M(1 - q)a:lka
l_ql—a ’

0<z <A

0
(1-gz)_ df(da)|<
=0
To verify that F'(z) is a g-antiderivative, we g-differentiate it;

DqF(x) = (T—lqw (1— q)mjgoqu(qjm) —(1- q)qxji:zoqu(qj+1$)

- Z 7 fldz) - Z FH (g7t )
i=0 =0

= ) df(dz) - Zquw flz).
3=0

Note that if z € (0,A4] and 0 < ¢ < 1, then gz € (0, A], and the g¢-
differentiation is valid. O

By Proposition 18.1, if the assumption of Theorem 19.1 is satisfied, the
Jackson integral gives the unique ¢-antiderivative that is continuous at
z = 0, up to adding a constant. On the other hand, if we know that F(z)
is a g-antiderivative of f(z) and F(x) is continuous at z = 0, F'(x) must be
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given, up to adding a constant, by Jackson’s formula (19.2), since a partial
sum of the Jackson integral is

N N
(1-g= quf(qjx) = (1-g)z Z ¢ DqF(tNt:qjm
7=0

4=0
_ . (¢x) — F(g'+'x)
= (-9 qu( (1-q)giz )
N
= (F(¢’z) — F(¢''z)) = F(x) - F(¢"*'a),
j=0

which tends to F(z) — F(0) as N — oo, by the continuity of F(z) at = 0.
To see an example where the Jackson formula fails, consider f(x) = 1/z.
Since
log(gz) —log(z) loggq 1
-1z  g-1lz’

Dylogx = (19.5)

we have

1 g—1
— = log z. 19.
/xdqaz Ior g og (19.6)

However, the Jackson formula gives

/da:—(l— 2 =

The formula fails because f(z)x* is not bounded for any 0 < a < 1. Note
that log = is not continuous at x = 0.
Now we apply the Jackson formula (19.2) to define the definite g-integral.

Definition. Suppose 0 < a < b. The definite g-integral is defined as

b 0
| s = a-apy-d ) (19.7)
j=0
and
f flz)d, muf f(z) qa:—/ flx)dgz. (19.8)

As before (see 19.3), we derive from (19.7) a more general formula:
fo F@)aa(@) = 3 10 (ol - o(a'*). (19.9)
=0
Note that this definition conforms to the fact that the Jackson integral

vanishes at £ = 0. Geometrically, the integral in (19.7) corresponds to the
area of the union of an infinite number of rectangles, as drawn below.
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f(x)

i ¢ gb b

On [e, b, where € is a small positive number, the sum consists of finitely
many terms, and is in fact a Riemann sum. Therefore, as ¢ — 1, the width of
the rectangles approaches zero, and the sum tends to the Riemann integral
on [€, b]. Since € is arbitrary, we thus have, provided that f(z) is continuous
in the interval [0, b],

g—1

b b
hm/0 f(a:)dqa:=/0 f(z)dz. (19.10)

We cannot obtain a good definition of improper integral by simply letting
b — oo in (19.7). Instead, since

g

¢’ qJ'+1

. (@) = " f@dge - /0 F(2)dga
-9 ™ - (- g) S (g,
and thus ; )
/qj; fz)dyz = (1 - q)¢’ (&), (19.11)

it is natural to define the improper g-integral as follows.

Definition. The improper g-integral of f{z} on {0,4-0c) is defined to be

f flaydaz= ) f f(x)dgz (19.12)
0 git1

j=—oc0
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if0<g<l, or

[r@e= 3 [T s

j=—c0

if g > 1.

Proposition 19.1. The improper g-integral defined above converges if
z° f(z) is bounded in a neighborhood of ¢ = 0 with some o < 1 and for
sufficiently large x with some o > 1.

Proof. By (19.11), we have

| f@da=n-d S 5 (19.13)

j=—o0

Since the summation

Z q’f(qo)*Zqof(qJHZq if(q

j=—0o0 i=1
remains unchanged if we replace ¢ by ¢~1, it suffices to consider the case
of ¢ < 1. The convergence of the first sum is proved by Theorem 19.1. For
the second sum, suppose for large x we have |z f(z)| < M where o > 1

and M > 0. Then, we have for sufficiently large j,

973 f(g79)| = ¢ Vg2 f(g7T)| < M.
Therefore the second sum is also majorized by a convergent geometric
series, and thus converges. [l

Now let us discuss the change of variables u = u(z) = az? in definite in-
tegrals. If the Jackson integral of a function converges, the Jackson formula
may be used to rederive (18.3). Indeed, consider its right-hand side:

RHS = 3 F(u(g?/P2)) (u(@?/Pz) — u(g9+V/?))

= f:f(aqjmﬂ) (aqja:ﬂ - aqj"'la:ﬁ)

j=0
= 2 f(@u)(@u—c*'u) =(1-qu} ¢ flg'v) = LHS,

where we have used (19.3). Replacing £ by @ and b above, one readily
obtains that
u(d)

b
flu)dgu = /a F(u(@))dgassu(z). (19.14)

u({a)
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With the Newton—-Leibniz formula (20.1) to be introduced in the next chap-
ter, (19.14) can be shown even more directly, since both of its sides equal
F(u(b}) — F(u{a)), where F is a g-antiderivative of f continuous at z =0.
Since (20.1) is true for improper integrals, we see that if a, 3 > 0, so that
u{+00) = +00, (19.14) is also true for b = +00. In particular, we have for
a>0,8=1,

]0 f(am)dqz=§fo f(z)dgz. (19.15)
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Fundamental Theorem of g-Calculus
and Integration by Parts

In ordinary calculus, a derivative is defined as the limit of a ratio, and a
definite integral is defined as the limit of an infinite sum. Their subtle and
surprising relation is given by the Newton—Leibniz formula, also called the
fundamental theorem of calculus. In contrast, since the introduction of the
definite ¢g-integral has been motivated by an antiderivative, the relation
between the g-derivative and definite g-integral is more obvious. Analo-
gous to the ordinary case, we have the following fundamental theorem, or
Newton-Leibniz formula, for g-calculus.

Theorem 20.1. (Fundamental theorem of g-calculus) If F(z) is an
antiderivative of f(z) and F(z) is continuous at z = 0, we have

b
[ f@des = ) - F(a), (20.1)
where 0 < a < b < 0.

Proof. As noted in the previous chapter, since F(z) is continuous at
z = 0, F(z) is given by the Jackson formula, up to adding a constant, i.e.,

F(z)=(1-q)zY_¢ f(dz) + F(0).
7=0
Since by definition,

[ 1@z = 1= 003 d' (g0,
5=0
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we have
fo f(2)dyz = F(a) — F(0).

Similarly, we have, for finite b,

b
[0 f(z)dgz = F(b) — F(0),

and thus

b b a
]a f(x)dgz = ]0 f(z)dyz - ]0 f(z)dqz = F(b) — F(a).

Putting a = ¢/*! {or ¢) and b = ¢ (or ¢’+'), where 0 < ¢ < 1 (or ¢ > 1),
and considering the definition of improper g-integral (19.12), we see that
(20.1) is true for b = oo as well if lim;_, o, F'(z) exists. I

Corollary 20.1. If f'(z) ezists in a neighborhood of x = 0 and is con-
tinuous at x = 0, where f'(z) denotes the ordinary derivative of f(z), we
have

b
[ Pas@ier = ) - 5@ (202)
Proof. Using L’Hospital’s rule, we get

flaz) - flz) _ . af'(gz)— f'(z) _ .

G-z —am=— 7 =f0O
Hence D, f(z) can be made continuous at x = 0 if we define (D, f) (0) =
f’(0), and (20.2) follows from the theorem. [

An important difference between the definite g-integral and its ordinary.
counterpart is that even if we are integrating a function on an interval like
[1,2], we have to care about its behavior at z = 0. This has to do with the
definition of the definite g-integral and the condition for the convergence
of the Jackson integral.

Now suppose f(z) and g(z) are two functions whose ordinary derivatives
exist in a neighborhood of z = 0 and are continuous at z = 0. Using the
product rule (1.12), we have

Dq(f(2)g(2)) = £(z)(Dag(2)) + 9(g3) (D (2))-

Since the product of differentiable functions is also differentiable in ordinary
calculus, we can apply Corollary 20.1 to obtain

1090)~ fielate) = [ o) (Pao@)d+ [ otae)(Pafe)) ez

or

2y Daf(x) = Jim

b b
[ 1@sg(a) = f0)g(8) - Fladg(a) - ] g(g2)def(z),  (20.3)
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which is the formula of g-integration by parts. Note that & = oo is allowed
as well.

The g-integration by parts can be applied to obtain the g-Taylor formula
with the Cauchy remainder term.

Theorem 20.2. Suppose D;? f(xr) is continuous atz = 0 for any j < n+1.
Then, we have a g-analogue of Taylor’s formula with the Cauchy remainder:

- j (b — a')j 1 ° n n
f(b) = Zo (quf)(a) il ? + ] /a D" f(x)(b - qx)gdgx. (20.4)
Proof. Since D, f(z) is continuous at £ = 0, by Theorem 20.1 we have

- f(a) = /qu Ydgx = — /qu q(b—1x),

which proves (20.4) in the case where n = 0. Assume that (20.4) holds for
n—1:

nt b—a)} b
=3 (o) @+ o [0y @) - ey e

j=0

Using (3.11) and applying g¢-integration by parts (20.3), we obtain

b
f Dq”f(:r)(b—qm)g_ldq:r = f Dq" f(x)dg(b— )y

]
anf(a) (b [n‘]g’)q

b
+ -[i—] f (b= q@)2 D" f(w)dya,

and the proof is complete by induction. O
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g-Gamma and ¢-Beta Functions

Being related to solutions of special types of differential equations, many
important functions in analysis are defined in terms of definite integrais.
The following two functions, introduced by Euler,

I'it) = ] ri~le~%dz, t>0, (21.1)
0

1
B(t,s) = f =11 - z)*tdz, s,t>0, (21.2)
0

and called the gamma and the beta functions respectively, are the most
important examples. Some of their properties are listed below:

Tit+1) = tI(e), (21.3)
I'(n) = (n-1) ifn isa positive integer, (21.4)
Bit,s) = -?%)i% (21.5)

In particular, (21.4) tells us that the gamma function may be regarded as
a generalization of factorials. In this chapter, we study the g-analogues of
these two functions and their various properties, including the g-analogues
of (21.3)-(21.5). We shall assume that 0 < g < 1.

Definition. For any £ > 0,
T,(t) = /O e E; ¥ (21.6)

is called the g-gamma function.
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First we note that by (9.10), Ej = 1, and by (9.7) and (9.13), E;> =
limy_s00 1/€5 = 0. Using (9.11) and g¢-integration by parts (20.3), we have

s o] o0 & &)
/ ' E;dx = —-/ t'd E7" = [t] [ T E; ¥ dg,
0 0 0
and hence,
T (t + 1) = [t]T4(2), (21.7)

for any t > 0. Since
o
I, (1) = / E;%dx = E) - E;™ =1,
0
we have for any nonnegative integer n,

Ty(n+1) = [n]!. (21.8)

To study the gamma function at ¢ ¢ N, it is helpful to consider a
seemingly more complicated function.

Definition. For any ¢,s > 0,

1
B,(t,s) = / a1 — qz)i  d,z (21.9)
0

is called the g-beta function.

By the definitions of proper and improper integrals, (19.7) and (19.12),
we have

By(t,o) = (1-9)) d(da) ' (1-¢*)7
j=0

= (1-9) ¥ @) '0-gt)y

j=—00
s o]
= ./o a:t“'l(lﬂqa:)‘;"dqm,

where we have used the fact that (1 —¢*!)$° = 0 for any negative integer
Jj. The relation between I'y(t) and B,(t, s) is revealed by the formula E7 =
(1+ (1 — ¢)z)3°. Thus, we have

o0 - -]
B,(t, 00) =/ i E, rljl’_“Tclqa:,

0
and performing the change of variable z = (1 - q)y (19.15), we obtain

o0
By(t,00) = (1 — g)° /0 v E; %dyy,
or

By(t, o0)

f) =3¢

(21.10)
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Introducing another variable s may seem to be a backward movement at
first glance. However, it actuslly increases our freedom to manipulate the
functions and simplify the problem.

Proposition 21.1. (a) Ift > 0 and n is a positive integer, we have

(-qu-gp

B,(t,n) = (21.11)
! (1-¢t)p
(b) For any t,s > 0, we have
1-— 1 — a)o°(1 — gtt4)>
By(t,s) = (1-g)(1 —g)°(1 —¢"7*)7 (21.12)

1-¢)r1-g¢)F
Proof. (a) We first derive two recurrence relations for B,(t, s). Firstly,
using (3.11) and ¢-integration by parts, we have, forany t > 1, s > 0,

zt—1 _p\s [ T l] ! t—2/1 8
B‘I(t’ 3) [ ] / dQ(l ) [ ] /; T (1 qx)qdqx,
and hence
B,(t,s) = E["Tl]Bq(t ~ 1,54 1). (21.13)

On the other hand, we have

1
Btn+1) = [ 21— 0 - g a)dee
0

1 1
/ (1 - qz)p Mgz - q“/ 2 (1 - qz)y " dgz,
0 0
and thus
Bg(t,n +1) = By(t,n) — q"By(t + 1,n). (21.14)
Combining (21.13) and (21.14), we obtain

BQ(t’n+1) = By(t,n) - F[]]B (t,n+1),

or

Bq(t, n+ 1) = %Bq(t, 'n,), (21.15)

for any ¢ > 0 and positive integer 7. Since

1
1
= t—1 = —
B,(t,1) /O:U dgx ok

we have
_ (-g) -9 _(-90-gf
Btn) =gy gl - O-@r
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as desired.

(b) We will use an argument similar to the one used in the proof of
Theorem 13.1. By part (a), since

e (1-9F | Sk i
(-ak T (1-¢M)p and (1-¢); (A-d)p '’

(21.12) is true for s = 1,2, 3, ... . We may write the left-hand side of (21.12)

as
1 -1 1— oo
f e qm)q deZ
0o (Q—az)
and its right-hand side as

(1-g)(1—¢)°(1-ag)
(1-gt)e(l-a)y

where a = ¢°. Then, both sides are formal power series in ¢. Their cor-
responding coefficients are equal for infinitely many values of a, namely,
a =q,q%¢°,... . However, since all coefficients are polynomials in o and
distinct polynomials may coincide at only finitely many points, the two
series have identical coefficients, and equality is established. [

Part (a) of the proposition gives us an explicit expression for the g-gamma
function. Using (21.10) and letting n — oo in (21.11), we obtain
1 —_ o0
Tg(t) = ( t—1q)q tyoo "
(1—g)t1(1-¢")3

(21.16)

Part (b) shows that the g-beta function is symmetric about ¢ and s, namely,
B(t, s) = B(s,t), which is not obvious from simply looking at (21.9). Com-
paring (21.12) and (21.16), we also obtain an expression of the g-beta
function in terms of the g¢-gamma function similar to (21.5):

_ Ta(t)Tg(s)

This concludes our discussion of the g-gamma and the g-beta functions.
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h-Derivative and h-Integral

We have thus far studied only g-calculus. Now we turn to h-calculus.
Firstly, let us recall from Chapter 1 another quantum derivative that is
characterized by an additive parameter h, the h-derivative:

Duste) = [ W =1

where h # 0. Let us begin by developing the properties of h-calculus in
an analogous way to what we have done for g-calculus, and discuss its
applications in subsequent chapters.

It is easy to verify the product and quotient rules for h-differentiation:

Du(f@)g(#)) = f(z)Dng(a) +g(z+mDaf(s),  (22.1)
f@)\ _  9(z)Dnf(z) — f(z)Drg(z)
o (15) = WDeE+h (222)
The first formula follows from (1.4), and the second one follows easily from

the first. The resemblance in the product rule suggests that the h-binomial
may be defined in a similar way.

Definition. The h-analogue of a binomial (z — a)® is
(z—a)f=(z—a)(z—a—h)---(z—a—(n—1)h) (22.3)

when n > 1, and (z —a)j = 1.
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To verify that this is an adequate definition of A-binomial, consider

Dh(m—a)ﬁ=%((m—a+h)(a:—a)---(:c—a——(n—2)h)
—(m-wa)(a:—a—h)---(a:—a—(n—l)h))

(z—a+h)—(z-a—(n—1)h)
- .

=(x—a)---(z —a—(n—2)h)
Hence, we have
Dp(z —a)p =n{z —a)}~". (22.4)

Note that the h-analogue of an integer n is still n, and (z —0)} # z™. With
(22.4) above, the sequence of polynomials {(z —a)} } satisfies the conditions
of Theorem 2.1 with respect to the linear operator D = D). Therefore, we
have the following h-Taylor formula for a polynomial f{z) of degree N:

N

f(z) =Y (DW f) (a)Lz—;-!%. (22.5)

J=0
Example. The h-Taylor formula applied to f(z) = (z+b)¥, a = 0, gives:
N /N .
@+ =3 (j)bﬁ_%‘
3=0

The following facts are stated without proof. The proofs are similar to
those already given for their g-versions:

(z—a)i*" = (z-a)i(z—a—nh)], (22.6)
Dhla—2z)f = —n(a—h—-2z)F7, (22.7)

1 n
D = — , 22.8
"z—a) (z+h—a)pt? (22.8)

1 n
= - —— 22.9
ame} T @oop” 229)
The formulas above may be extended to all integers if we define
1

—a) " = 22.10
(—a) (z —a+ nh)}’ ( )

~ as dictated by (22.6).

Next, let us discuss f(z) = e}, the h-analogue of the exponential func-
tion. Three properties that f(z) should have are (i) f(0) = 1, (ii) Dy f(z) =
f(z) for any z, and (iii) f(x) admits h-Taylor expansion (22.5) about z = 0
(with N = oo) for small h. In fact, these three properties uniquely char-
acterize f(z), since with (i) and (ii), we know that (D3’ £)(0) = 1 for any
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i=0,1,.... By (22.5) with a = 0, we have

‘) = Z(m;!O)i=zm($—h)‘“(j’!”"(j-l)h)
j=0 =0
_ RGN (B DN S (a/h)
% i Z(J)h

and hence, by ordinary Taylor expansion of a binomial, we have
ef = (1+ h)k. (22.11)

In particular, ef = 2%. Also, as h = 0, the base (1 + h)% approaches e, as
expected. Note that

alz+h _ %Lﬁ a _
Dheg1=(1+h)-"r’h (1+h) =(1+h}3 1(1+h)¥,
and hence
Dreg® = [afi4+nef”, (22.12)

which serves as an example where the chain rule fails.

If DpF(z) = f(z), then F(x) is called an h-antiderivative of f(z) and is
denoted by

f f(z)dnz.

The definite A-integral of a function from = = a to x = b, where a and b
differ by an integer multiple of A, may be defined as a finite sum:

Definition. If b — a € hZ, we define the definite h-integral to be

, h(f(a)+f(a+h)+---+f(b—h)) ifa<b,
/ f(z)dpz =0 if a = b,(22.13)

y -h(f(b)+f(b+h)+.--+f(a—h)) if a > b.
With this definition, the definite h-integral is a Riemann sum of f(z)
on the interval [a, b}, which is partitioned into subintervals of equal width.

The following theorem justifies (22.13) as an appropriate definition for the
h-integral.

Theorem 22.1. (Fundamental theorem of h-calculus) If F(z) i3 an h-
antiderivative of f(z) and b — a € hZ, we have

/ ’ f(z)dnz = F(b) — F(a). (22.14)
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Proof. If b > a, then by definition we have

b Pl -1 it
] f@dnz = h Y flatit)=h % DhF(@)|epin
a 7=0 =0

b—a -1

= Y (Fla+G+1h)~Fla+jh) = F(b) - Fla),

Jj=0

as desired. The case b < a is similar, and the last case, b = a, is trivial.
O

Applying Theorem 22.1 to Dx(F(z)g(z)) and using (22.1), we obtain the
h-version of integration by parts:

b b
f £(z)dna(z) = F(5)g(b) — F(@)g(a) — ] g(e + R)dnf(z), (22.15)

where (assuming a < b)

b b
[ 1@inale) = [ f@Dra(@)ine

b—a —1

= h Y fla+3jh)(Drg)(a+jh)
3=0

(bra) g
- Z f(a+jh)(g(a+jh+h)—9(a +jh))-

=0
Take h = 1 and a, b to be integers, with a < b. For a function ¢(z) define

(@) =00} + (1) + -+ p(z - 1),

where z is a positive integer. In other words, D f(z) = (). From (22.15),
we obtain

b—1
> #(i)g(i +1)=g(b)f (b)~g(a)f a)—Zf g(j +1) — 9(4))- (22.16)

This formula is known as the Abel transform.
Another useful formula can be obtained by repeatedly applying h-
integration by parts. If £ — a € hZ, then using (22.7) and (22.15), we



84 22. h-Derivative and h-Integral

have

f(z) - fla)

[ Dttt == [ Drsttania -
~ (Daf)(@)(z - a) / (z — b — ) DR f(£)dnt
- Pu)@E-0)-; [ Dif@arts -1}
(Drf)(a)(z — a)

1 2 2 1 ¥ 3 3
+3(DiN@@ -0} - 5 [ DifOdue - o)
and so on, and hence for any nonnegative integer n,

n v )
@)= Q—hujf,—)@(m )i Gﬁl-“l_)v ] D f(t)dn(z — £)1,(22.17)
i &

0

or

" (D]
f(x):Z( h;:)( %)y _ a), + / (z — t — R)RDRT! f()dnt. (22.18)
§=0 '
This formula is called the Newton interpolation formula. As we have seen,
from the point of view of h-calculus, this is the h-Taylor formula with
a remainder term. Suppose h > 0. By (22.13), the absolute value of the
remainder term is bounded by
e P +1 +1
— al™ ma | DR £l (22.19)
To see why (22.18) is called an interpolation formula, let £ = a + mh,
where m is a positive integer. The integral in (22.18) then equals

m—1 n

Y ((a + mh) — (a+ jh) — h)hDg“ f(a + jh)

§=0
by (22.13). Since the function g(t) = (a + mh —t — h)} vanishes when ¢ =
a+{m—1)h,a+(m—2)h, ..., a+(m—n)h, the remainder term vanishes when

m is an integer between 1 and n. The integral obviously also vanishes when
m = 0. This shows that the finite sum in (22.18) is exactly equal to f(z) at
the n+ 1 equally spaced points £ = a,a + h,a + 2h, ..., a + nh. Therefore,
the sum, when considered as a function of z, is in fact the interpolation
polynomial of degree n that approximates an arbitrary function f(z) in the
interval [a,b = a + nh]. The error term may be estimated using (22.19).

Because of the resemblance between (22.18) and (20.4), a similar discus-
sion is also valid for the g-version, i.e., the sum on the right hand side of
(20.4) may be looked upon as an interpolation polynomial which is exact
at a,qa,...,q"a.
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Bernoulli Polynomials and Bernoulli
Numbers

In this chapter, we introduce a sequence of polynomials that is closely
related to the h-antiderivative of polynomials and has many important
applications.

Definition. In the Taylor expansion

e o}
B,.(x ze**
> "ﬂ ) = et (23.1)
n=0 !

B,,(x) are polynomials in z, for each nonnegative integer n. They are known
as Bernoulli polynomials.

If we differentiate both sides of (23.1) with respect to z, we get

i Bn'(x) JE . 2e** — i Bn(x) z"'*'l
n! e —1 n! '
n=0 n=0

Equating coefficients of 2™, where n > 1, yields
B,'(z) = nBp_1(z). (23.2)

Together with the fact that Bo(x) = 1, which may be obtained by letting
z tend to zero on both sides of (23.1), it follows that the degree of B, (z) is
n and its leading coefficient is unity. Using (23.2), we can determine B, (x)
one by one, provided that their constant terms are known.

Definition. For n 2 0, b, = B,,(0) are called Bernoulk numbers.
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Putting z = 0 in (23.1), we get

b z
Y =5 (23.3)

n=0

Since using Taylor’s expansion we have
z 1
- 2 3 ’
e#—1 1+Z4+E424...

we may use long division to find the Bernoulli numbers. However, we would
like to determine b,, and B,(x) in an easier and more systematic way. To
achieve this, we need the following propositions.

Proposition 23.1. Foranyn > 1,

Bn(z +1) - B, (z) = nz™ . (23.4)
Proof. Comparing the coefficient of z® in
o0 o0
1 z(z+1) _ , 2z
Z Bn(x + )Z" - Z Bn(:I!) o = ze ze — 26°T = iezx,
n! —  n! e -1 dz

n=0 n=0
where

X n.n

sz "z
€= Z n! '

n=0

we have
Bp(z + 1) — Ba(z) = Ei—z" =nz" !,

as desired. OO

Proposition 23.2. For anyn > 0,

B,(z) = i (") bz, (23.5)

=0
Proof. Let

Fa(z)=Y (") bz
=0 M
It suffices to show that (i) F,,(0) = b, for n > 0 and (ii) F,'(z) = nF,—1(z)
for any n > 1, since these two properties uniquely characterize B,(z). The
first. property is obvious. As for the second property using the fact that for
n>j20,

(n—4) (7;) = j,(,,__n; gy "(na_ 1) '
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we have for n > 1,
l n—1 n—1 1
F (x § : n " . irn—l—' § : n n—1-—j
dz n( ) =0 (J)( ])bj ’ =0 ( J )bj J,

as desired. [
Putting z = 1 in (23.5), we have

n n—1
B(1)=)" (’j’)bj =bnt+ (’;)bJ n>1
j=0 =0

However, for any n > 2, we have B,(1) = b,, which follows from (23.4)
with z = 0. Therefore, we obtain the formula

nf (?) bj=0, n2>2. (23.6)

=0

This formula allows us to compute the Bernoulli numbers inductively. The
first few of them are

1 1 1

6’ b3 =0, by = ~30 bs =0, bg = yoR (23.7)
It is tempting to guess that |b,| — 0 as n — oo. However, if we consider
some other numbers in the sequence,

1 5 691 7

b =1, bl:—*li, b2 =

bg = ~30’ bio = 66 bz = ~ 2730’ b1y = 5
, _ 3617 . 43867 174611
16 — 5107 18 — 798 y V20 =

330 °’

we notice that their values are in general growing with alternating sign (see
a discussion of this question in Chapter 25). Another important property
of the Bernoulli numbers is b, = 0 for odd n > 3, which follows from the
fact that the function

00 N z 41
O P PR AR

e er—1 2 2e—1

is even, i.e., f(—z) = f(z). (The coefficients of ¢* in the Taylor expansion
about 0 of any even function g(t) vanish for all odd n, because if g is even,
g™ () = (=1)¢‘™ (—t) for any n and g™ (0) = —g{™(0) for any odd n.)
Another interesting formula involving the Bernoulli numbers may be
obtained by putting = —1 into both (23.4) and (23.5), which yields

bt n(-1)" = Ba(-1) = 3 (7)1,

3=0
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or

n—1
n (N
n=1+ -2' + j2=2(_1):’ (J)bJ

Replacing j by 7 + 1, and n by n + 1, we get:

Sev() - £y

Proposition 23.3. Foranyn > 1,

nz_f (3‘) B;(z) = na™ 1. (23.9)

=0

Proof. The case where n = 1 is obvious. If we assume that (23.9) is true
for some k > 1, we have, by (23.2),

S - o
(Jk ) j-1(2)
- e

d
— k-1 _ k
= (k+1kz" " = (k—i—l)dm:v

Ma-

ft

(k+1)

T
U

S,
Il

or

zk:(k“) = (k+1)2* +C,

3=0

for some constant C. Putting z = 0 and using (23.6) show that C = 0.
Hence, by induction, (23.9) is true for any positive integer. [J

As has been mentioned above, formula (23.2) and the knowledge
of Bernoulii numbers allow us to determine the Bernoulii polynomials
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inductively. The first six of them are listed below:

B() (.’E)
B, (x)

1')
1
T X
1
2— —
T x+6,
3 1
3_2 2 1
T 2x +2x,
1
4 3 2
) S
T T’ +z 30’
5 4 g 1

89
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Sums of Powers

We now turn to the relation between the Bernoulli polynomials and h-
calculus. By Proposition 23.1, we have

D1 B, (z) = Bp(z + 1) — Bp(z) = na™*,
or

n[:}:"‘ldlx = By,(z), (24.1)

‘where D, is the h-derivative with A = 1 and [ f(z)dyz stands for the A-
antiderivative with h=1. Applying the fundamental theorem of h-calculus
(22.14), we have for a nonnegative integer n,

b —
A+ e+ 1)+ (b—1)" = / iz = But1(8) B"“("’), (24.2)
a n+41

where a < b and b — a € Z. If we rewrite the right-hand side using (23.5)
and let a =0,b=M + 1, we get

M n
1 1 .
>kt = e > ("j )(M+ 1)"+1=7p,. (24.3)
5=0

k=0

Once the Bernoulli numbers are known, one can use (24.3) to easily find
the formulas for summing integer powers.
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For example, when n = 2, (24.3) becomes

M, 1 3 1 M(M +1)(2M +1)
;lk =§((M+1)3—§(M+1)2+§(M+1)): 5 .
When n = 3, we have

M 1 . M(M +1)\?
gk3=Z((M+1)4—2(M+1)3+(M+1))=(_2—) ,

It is an interesting coincidence that for any positive integer M,
B+2 4+t MI=(1+2+ -+ M)>

Also, (24.3) reveals the general fact that the formula for 1" +2" +- .. + M™
is a polynomial in M of degree n + 1. This polynomial, for any positive
integer n, contains the factor M (M + 1), since the right-hand side of (24.3)
obviously vanishes at M = —1 and, by (23.6), also vanishes at M = 0.
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Euler—Maclaurin Formula

In g-calculus, the Jackson formula (19.2) provides a way to compute ex-
plicitly a g-antiderivative of any function. Recall that the Jackson formula
was deduced formally using operators. We will do a similar thing for the
h-antiderivative in this chapter.

Suppose Dy F(z) = f(x). Using the ordinary Taylor formula, we have

F(z+h) = i F) (@)hn = (Z hnDn) F(z),

I I
n=0 n n=0

and hence, formally,

F(z +h) =e"PF(x), (25.1)
where D = EE Thus, we have
F(x +h)— F(z ehl —1
flo) = HEHN T _ € =gy,

or
Flz) = f f(z)ds. (25.2)

By the definition of Bernoulli numbers (23.3), we have

hD = b n
- Z n—';(hD) ,

hD _
e 1 —_
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and hence

F)=3 e [ e

n—O
Using the fact that b, = 0 if n is odd and n > 3, we deduce the Euler-
Maclaurin formula

/ f(z)dz — = f(a: + Z bz" f(2" D(z). (25.3)

Note that the ordinary integral and derivative are involved in (25.3). Sup-
pose h =1 and b — a € N. Using the fundamental theorem of h-calculus,
we have

bz:ff(n) ] fl@)dz — 2 (F(8) - (@)

+Z o )' (F@r—D(b) — F2n=D)(g)), (25.4)

If f decreases so rapidly with z that all its derivatives approach zero as
T — 00, we have

[s o]

Zf(n) ] f(@)dz +  fla) - Z(bﬁ“ fenV(@). (255

In order to justisfy the formal derivation of these formulas, let us consider
some examples. If f(z) = z°, where s is a positive integer, (25.4) becomes

b—1
. bs+1 _ as+1 b - af
E n = —
s+1 2
n=a
3+1

+ Z —S s — 1) (s_m+2)(bs—m+1 ___a.s-m+1)

1 s+1 ., o (s+1 _
s+l _ 2: s+1-m
s+1 (a: 2 =+ m bma

m=2

z=b

H

Ir=a

- which, by (23.5), is simply +1( s+1(b) = B 41(a)). We have just recovered
formula. (24.2) from the previous chapter. As a second example, consider
(25.5) with f(z) = e* and a = 0. The LHS is a geometric series,

Z(e—l 1 ——le

n=0

which agrees with the RHS,
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where we have used (23.3) with z = —1. Hence, the Euler—-Maclaurin for-
mula has more than merely formal value, at least for functions decreasing
rapidly at infinity, like f(x) = e 2.

For formulas (25.4) and (25.5), although both their left- and right-
hand sides involve summations, those on the RHS may converge much
faster than those on the LHS. In that case, the formulas provide efficient
ways to estimate finite and infinite sums. However, we must be careful
in applying these formulas to estimate a sum, because, as discussed in
Chapter 23, |bg,| increases indefinitely with n. Consider f(z) = z~2. Since
FO)(z) =(-1)"2-3--- (n + 1)z~ 2, we have

Z?_—J’ﬁJer o (25.6)
n=a n=

We will see that the series on the RHS first converges rapidly, but at some
sufficiently large n, |b2,| becomes dominant over a®*, and the partial sum
bounces up and down more and more drastically. In order to see how well a
certain partial sum approximates the actual value, we would like to derive
a formula similar to (25.4), but with the infinite sum on the RHS replaced
by the Nth partial sum, sy, plus an additional remainder term, Ey.

To begin with, we rewrite the RHS of (25.4) as

)3 2 (9 6) ~ KO @),
k=0

where h(z) = [ f(z)dz. Suppose a € Z and b = a + 1. Consider the Nth
partial sum,

N
SN = Z B”;('O) (h(k) (@ +1)— h® (a)),
k=0

where N is a positive integer. If we let g(z) = By(z)/N!, we have
gV =k (z) = By(z)/k! by (23.2). By Proposition 23.1, we have Bi(1) =
By (0) for k #1 and B;(1) = B(0) + 1. Hence

<\ &
N

=Y (g<N~'°)(0)h(’°)(a +1) — g8 (1)p® (a)) + b/ (a)
£=0 N z=1

= K@ -3 gV @O+ 1-2)|

k=0
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Since the function
N

Glz) = 3 gV P (2P (a+1- 1)

k=0
has a very simple derivative,

N
F@) = 3 g @O @+ 1—a)

k=0

N
-3 NP @t +1-a)

k=0
N
= Zg(N"""])(a:)h(k)(a +1—-2)
k=0
N+1

— Y gV (@hB (a4 1 - z)
k=1

= g™V (@h(a+1—-1z) - gl@)hM V(a4 1 -2)
—9(x)h NV (e +1 - z),

where gV +1) (z) = 0 because deg g = deg By = N, we have

sy = (a) ~ G(1) + G(0) = K (a) + j 1 9(@) RN+ (a 4 1 — z)dz,

or
N

Z % (f(k_l) (a+1) - f(k_l)(a)) = f(a) + By (a:) f(N)( — z)dz,

k=0 0

if we denote [ f(x)dz by f(~)(z). Performing the change of variable z =
a + 1 —t in the integral, we obtain

N
fl9) = L HUED D - /4 )

k=
_/a"'l BN({]- t})f(N ()dt,

where {y} € [0,1) denotes the fractional part of a real number y. In fact,
since a is an integer, fora <t <a+1wehave —a<1~-t< -a+1and
thus {1 — ¢} =a + 1 —t. Finally, replacing a by a + 1,a+2,...,b—1 and
summing all of them yields

S fm) = Z (F0 ) — 1 @) - [ 2D oo
n=q Ir.—O a
(25.7)
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or, with N =2m + 1,

> ) - [ =356 si@)

b —
_/; Bz?zq;'(-{:l)!t}) FEm+D (gt (25.8)

which is the Fuler-Maclaurin formula with remainder. If f and its
derivatives vanish at infinity, we have

> ” 1 S b 2k—1
;::f(n) = fa f(t)dt+§f(a)—§_(_é%_ff( E=1) )
_Lm Bz?;%(ill_)gt})f(2m+1)(t)dt' (25.9)

It follows from (25.7) that we may replace 2m + 1 by 2m in the remainder
of (25.8) and (25.9) if m > 1.

Formulas (25.8) and (25.9) tell us that the error in approximating the
sums on the LHS by $2,,11 is given by the remainder term,

b
Bam11({1 = t}) rom+)
mal = t (b< . .
Roa = [ SIS I fGm e (b o0).  (26.10)
To estimate its size, we need an upper bound of Bam1(z) on the interval
[0, 1]. By the definition of Bernoulli polynomials (23.1), we have

b az
Z Mzﬂ _ e (25.11)

n=0 n! ¢~ 1

for any 0 < a < 1. It is known from complex analysis that the radius of
convergence of the power series of a function f(2) about z = 0 is given
by the distance on the complex plane from the origin to the nearest point
where f(z) blows up. (For example, it is well known that the radius of
convergence of the geometric series 3 ., 2" is 1, which also follows from
the fact that the sum equals (1 — z)~T wherever it converges.) Now, all
the points where (e* — 1)~ blows up are 27ni, where n is an integer;
hence the nearest to the origin among such points are +27i. The radius of
convergence of the power series in (25.11) is thus 2.

On the other hand, another fact from analysis tells us that if R is the
radius of convergence of the power series 3 anz™, then the upper limit
of the values (ja,]R™)Y™ = Rlas|'/™ is unity, i.e, |aa|'/® is eventually
bounded by 1/R, but by no smaller numbers. (One may verify this fact by
considering the geometric series Y a™z", where R =1/||.) What all this
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means is that as n tends to oo, we have
1
|Ba(a)[\ ™ ~ 1
n! 2’

an(a)I ~ 1
n! (2mw)n”

Hence, following from (25.10), the required bound of |Rym4+1| has a size
similar to

or

1 b
amE /a |f(2"‘“)(t)| dt.

It is important to note that our discussion of the size of |Roy,4 1/ here is
not a rigorous one. However, the above result is valid, since in fact, it is
known that for 0 < a < 1,

|Bam+1(a)l _ 4e"
@m+ 1)l (@n)EmH

(This estimate can be obtained by decomposing Ba.,+1(z) in a Fourier
series.) Therefore, we have

(25.12)

Romi| < Gyt )2,,,+1 f £ () de. (25.13)

For example, with f(:r) =e %, a =0, and b = 00, (25.13) tells us that
|Rom+1| < 427 /(2m)?™+1 goes to zero very rapidly, and we saw earlier in
this chapter that the Euler—Maclaurin series does converge.

Next, let us consider f(z) = 72, b = oo again. Suppose we want to
estimate the sum

oo

> ;113 (25.14)

n=1

and we first do it by adding up a large number of terms, say 1000. The tail
of the sum may be estimated using integrals, namely,

> — 1 * d
0.001 = f 5‘% < Y S5 <[ = =0.001001.
1000 T n=1000 'Y 999 T

We see that our first method gives an answer accurate only to about the
sixth-decimal place. What if we go further and use (25.9) to approximate
the tail? From (25.13), we have the inequality

4e?™(2m + 1)!
Ram-1] < 1506(2000m)m 1
In particular, we have
|Ra| <1071,  |Rs| <107,  |Ry| <1073
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This means that a few more calculations will enormously increase the
accuracy of our approximations.

It is tempting to conclude that the more terms we compute, the more
accurate an estimate we obtain. However, the ratio

2m(2m + 1)
(20007)2

eventually exceeds unity. When m is small, | Rapm 41| diminishes rapidly and
the partial sums seem to converge, until when m = 1000w, the value of
| Rom+1| i8 minimized, and beyond that, the partial sums start to bounce
more and more vigorously away from the actual value. In general, if the
tail starts from n = a, |Rz2m+1| is minimized when m =~ wa.

The exact value of the sum (25.14) was first discovered by Euler to be
72 /6. There are many ways to prove it, one of which makes use of complex
analysis and another involves Fourier series. Both of them also allow us
to compute the exact values of 3 - ;(1/n®), where s is an even positive
integer: they turn out to be 2°~!79|b,|/s!. However, no similar closed form
has been discovered for these sums when s is odd.

In conclusion consdier two other simple examples of the Euler~-MacLaurin
formula (25.8), witha =1, m =1.

R2m+ 1
R2m— 1

Example 1. f(z) = 1. Then we have:

b
Z% = log b + R(b), where blim R(b) =c. (25.15)
—00

n=1

The number c is called Euler’s constant.

Example 2. f(z)=logz. Then we have:
log(b—1)! = /1"1ogtdt— 3 logb + R1(b), where Jim Ri(b) =C. (25.16)
Integrating by parts, we get
/lblogtdt = b(logh —1).

Hence, adding log b to both sides of (25.16), we get:

log bl = log Vb (g)b + Ry (b).
Therefore,

b b
bl ~ e Vb (E) as b — 0o. (25.17)

Additional calculations show that ¢ = +/2r. The result is the famous
Stirling’s formula.
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Symmetric Quantum Calculus

The g- and h-differentials may be “symmetrized” in the following way,
dof(z) = f(gz) - flg =), (26.1)
drg(z) = g(z+h)—g(z—h), (26.2)

where as usual, ¢ # 1 and h # 0. The definitions of the corresponding
derivatives follow obviously:

; _ daf(z) _ flgz) — f(g"'x)
Dufl@) = 4 =@z (26.3)
Drg(z) = %%‘;") 9=+ h)z—hg(:v -h (26.4)

We are going to concern ourselves briefly with symmetric g-calculus only,
since it is important for the theory of some algebraic objects called quantum
groups.

The symmetric g-product and quotient rules are

Dy(f(z)g(x)) = flgz)Dog(x) + g(g™ ) D, f(x)
= f(q'l-'f)f)qy(m)+9(qx)l3qf(x), (26.5)
b (;@) _ 92)Dqf(z) — f(g7)Dog(2)
“\ g(z) 9(gz)g(q'x)
g9(g~'z)Dy f(z) ~ f(g~ ) Dyg(z)
a(9z)9(q ) - (289
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For any number a, we have

Dyr* = [of 271, (26.7)
where
-_-q°
o = ————. 26.8
of = T2 (26.8)

Proposition 26.1. For any positive integer n, if we define
(- a)f = (z - " 'a)(@ — ¢"3a)(z — ¢"~%a)--- (z — g~ a), (26.9)
and (z — a)§ = 1, we have
D,(x - a)g =[] (z - a)g_l. (26.10)

Proof Thecase of n = 1istrivial. Note that for anyn > 1, (:c-a)3’“ =
(z — qa)3(z — ¢~"a). Thus, by (26.5) and induction on n, we have

Dy(z—a)z*' = (gz-qa)j +[n[(z~-qa); (¢ 'z — ¢ "a)
= "(z-a)f+q ' [n](z—ga)j ' (z ~ ¢ " a)
= (@"+¢ ')z -a)} =+ 1] (z-a),
as desired. [

Note that deg(z — a)7 = n for each n, and the first three of them are

(r-a)} = (z~a),
(z—a) = (r—qga)(z—g"a),
(z-a); = (z-g¢°a)(z—a)(z—qg %)

However, if a # 0, (z —a)7 does not vanish at £ = a when n is even, and
thus the polynomials P,(z) = (z—a)7/[n]™! do not satisfy all the conditions
for the generalized Taylor formula (Theorem 2.1). (We refer to (26.23) for
the family of polynomials to which Theorem 2.1 does apply.) For a = 0,
the Taylor expansion of a formal power series is

flz) = Z (D{;f) (0)%. (26.11)

=0

Consider f(z) = (x + a)}. Since Dif)0) = [nn—1---[n—j+ 1]

x(0+a);‘-—j ([n)Y/[n — 31)a"7 for j < n and D} f(z) =0 for j > n, we
have
n n ) . .
(z+a)z = Z [ p ] a gl (26.12)
Jj=0
where

nl n|™
[ J ] - U]"![[n]— i (26.13)
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Equation (26.12) is the g-analogue of Gauss’s binomial formula (5.5). We
would also like to obtain a g-analogue of Heine’s binomial formula (8.1).
Let us consider g(z) = 1/(1 — z)2. Since
1-z)F = A-¢""'z)(1-¢"%z) - (1-¢"z)
— qn-l(ql—n - :E) ) qn—3(q3—n . .’E) .. _ql—n(qn—l - :L‘) ,

or

1-2)2 = (-)(z—1)2, (26.14)

7
we have

Dy(1—z)f = (-)"[] (- 177" = ~[n] (1 —2)§ ",
and, by (26.6),

p-22 ff
(1-goz(l-ql2)7  (1-a)7*t"
Therefore, for any j > 0, we have (f)gg)(ﬂ) =[n]"-+-[n+j—1]", and

1 [+,
T ;0 G I, (26.16)

which is very similar to (8.1).

Let us now turn to integration. To derive an explicit formula for the §-
antiderivative of an arbitrary function f(z), we may again employ a formal
approach using operators. Suppose F(z) is a §-antiderivative of f{x). Using
the operator Mq as defined in (5.6), we have

(Mg — My-1)F(z) = F(gz) - F(g'z) = (g — ¢ ")z f ().

[)qg(l') =

(26.15)

Since
Mqu_lg(z) = Mq—l ng(z) = g(x)

for any g(z), it is natural to write Mq-1 = (M,)~!. Thus, we have

(Mq - Mi) F(z) = (g — g~ V)af(2),

or

~

Mg
1 - Mg (g Q)zf(x)

= (7' - )My + M2+ M+ )z f(a).

F(z) =

Hence, we have

Fe)=z(e"-q) ) qflq"s). (26.17)

n=1, 35--1
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It is straightforward to verify that if the RHS of (26.17) converges, it does
give a g-antiderivative of f(z), and this antiderivative vanishes at = = 0.
Consequently, provided that the series converges, the definite g-integral is
given by

/0 @ =algt-a) Y @*f(ga). (26.18)

n=1,3,...

The uniqueness problem rests upon the nature of the solutions to the func-
tional equation D,G(x) = 0. This equation implies G(gz) = G(g 'z}, or
G(z) = G(¢**x) for any z and integer n. If we require G(z) to be continu-
ous at 0, then G(z) will be arbitrarily close to G(0); thus G(x) is constant.
Therefore, as in g-calculus, continuity at £ = 0 forces the §-antiderivative
to be uniquely determined up to a constant summand.

If we define

/ " fm)dyz = / ’ fla)dgz - / " f(@)dyz,

we have, in particular,

/ ., fle)dgz = (q‘l—Q)( DR asits {C it

n=1,3,...

_ Z qn+m+lf(qn+m+1))

n=1,3,...
= (¢ —g)d™f(@™).
It is then natural to define

m=—1

T H@)dz = : d
[ i@ = 3 [ i@
= (¢'-9 D, ¢"f(d™).  (26.19)
m=:3%1,%3,...

We stop here, leaving it to the reader to develop the symmetric g-calculus
further along the lines of the g-calculus.

We conclude the book with a brief discussion of more general quantum
calculi. In this book we have encountered three different quantum calculi,
namely, the g-calculus, the h-calculus, and the symmetric g-calculus. The
most general definition of a quantum differential would be

df(z) = flez + k) - f(d'z + I).

Similar theories consisting of the corresponding derivatives, Taylor’s formu-
las and antiderivatives may thus be developed. In order that the derivative
Df(z) = d f(z)/dz, be well-defined, we should assume that either ¢ # ¢’ or
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h # k. A family of polynomials {F; }s.>0 satisfying all three assumptions
of Theorem 2.1 always exists, since such polynomials may be derived one
after another starting from n = 0. In general, these polynomials have the
following expression:

P, () = cp{zr — a)(x — az) - - (z — an), (26.20)

where a3, as, ... are functions in a, ¢, ¢’, h, h'. By comparing the lea.ding.
coefficients in DPy,(z) and P,_,(x), it is easy to see that ¢n/ch—y = 1/[n],
where we define

[n]=(¢"-d"}(g—d)ifqg# ¢ and [n] =ng" ' ifg=1¢.

Letting [n)! = [1] - - - [n] for a positive integer n, and [0]! = 1, we have

1
- > 0.
TR
However, the general expression of a, is too complicated to write down
explicitly. This time, we compare the coefficients of z"~! in dP,(z) and
P, _1(x)dz. This allows us to deduce the following recursion formula for
Sp=a+az+---+a,, n>2:

[n]

8o = [,n _ 1] In—1
n(g"h—g™'R)  Il(h-R) ) . ,
+ ( qn——l _ qlﬂ—l - qn_l _ q,n_-l if q 71: q, (26.21)
1
Sn = n‘f- 1 98—t + -z-n(h +r) ifg=4. (26.22)

One can easily see that in general, even a; and a3 have unpleasant expres-
sions. The recursive relation is simpler when h = k. In that case, (26.21)
becomes

which, together with the initial condition s; = a, gives the solution

[]

[}~ [2]

(The solution may be obtained by means of the subsitution ¢, = s,/[n].)
Then, we have

3n = (@ — h)[n] + h[n] (

Gn = 8p—8p-1

= (a—h)([n] - [n—1]) + nh

+h([n] —[n — 1) (ﬁ—]+---+f”:—:i—]), n>2.
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In particular, for the symmetric ¢-calculus, ie., h =0, ¢ = ¢!, we have
tn=(n]"—[n-1)a=(""-¢"2+¢"* - +¢ e, n>1

In other words, the sequence of polynomials for symmetric g-calculus to
which the generalized Taylor formula applies is given by

FPp(z) = —[-’%(:c—a)(:c—(q—1+q-1)a)...

x(2—(¢"' = q" 2+ ¢" P~ +¢'a). (26.23)
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Appendix: A List of g-Antiderivatives

f %,z

dqx

T
f (= — 0)%dye
/(a — )gdx

/ (ﬁz)g

dgx

(a — :L‘)g‘

/ g dgx
/ Ey%dyx

/ cosq(ax)d,x
/ sing{ax)d,x
[ Cos,(ax)d,x

f Sing{azx)dgsx

I

wa+1

[ + 1]
qg—1
logg
(z —a)2+!
a1 (a# —1)
_gla—g'z)gt!

[a+1]

1
qll — a)(z — ga)§ ™"
1

o —1)(a — )7~

(o # —1)

logzx

(a # —1)

(a#1)

(a#1)
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Integration by parts:
b

b
[ £(@)dgo(z) = F(b)9(b) - F(a)g(a) — [ 0(gz)dy f(x)

Change of variable:

u(b)

b
flu)dqu = f f(u(x))d,15u(x), where u(z) = az’
u{a) a
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