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INIPEJINCJIOBUAE PE/IAKTOPA

B 1973 roxy ma ¢axymbreTe MpUKIanHOil MaTeMaTuKH MoOCKOBCKOTO
rOCYIApCTBEHHOTO ABUATMOHHOTO MHCTUTYTA (TEXHMYIECKOTO YHUBEPCUTE-
Ta) akagemukoM B.C. Ilyragessim Oblita cozmata Kadeapa TeOpUH BEPOsIT-
HOCTE ¥ MaTEMATUIECKOI CTATHCTUKU. 3a MIPOIIEIINee BpeMst Ha Kademape
o1, HayIHO-MeToanIeckuM pykoBogacTBoM B.C. ITyrateBa Obumm co3mamb
¥ MPOYUTAHBI OPUTMHAJLHBIE y9YeOHBIE KYDPCH MO0 TAKUM JIUCIUILIAHAM,
KaK «Teopumst BepoATHOCTEH M MaTeMaTWIeCKas CTaTUCTHKa», «Ciydaii-
HBIe Tporecchly, «Maremarudeckuit amamus» u ap. Ha cym auraresns
BBIHOCUTCS CEPHs YIeOHBIX TOCOOUT IO TPEeM HA3BAHHBIM JIUCITUIIINHAM,
KOTOPbIe OTPasKaloT HAKOIIJIEHHBIH ONBIT MPEMOAaBaHUS 3TUX AUCITUTLIHH
CTyZEeHTaM TeXHUYecKOoro yuusepcurera MAW, cnemuaiusupyrommmcs
B 00JIaCTH TIPUKJIATHON MAaTEMATHKH, PAJAHONITEKTPOHUKH, MAITHHOCTPOE-
HUSA U cucTeM ynpasiennsa. OTIuanTe bHON IepTOit JaHHBIX TOCOOMIt SIB-
JIsieTcs MaKCUMAaJIbHO JITAKOHUIHOE M3JIOXKEeHWe MaTepuaJa MPU JT0CTaTOq-
HO TIOJTHOM OMUCAHUW COBPEMEHHOTO COCTOSHUS H3YIaeMbIX IMPEIMETOB.
Kpowme Toro, 3HauuTebHYI0 9aCTh MOCOOMI 3aHUMAIOT MHOTOIUCTICHHBIE
TIPUMEPHI U 337290 C PENIEeHUSIMH, ITO MO3BOJISET UCMTOTL30BAThH ITH TIO-
cobust He TOMBKO JIJIST ITEHUST JTEKITHOHHBIX KYPCOB, HO U JJIsI TPOBEICHUST
MPaKTUIECKUX ¥ J1abopaTOpHbIX 3aHaTHil. CTPYKTypa U3JI0XKEHUS KYPCOB
TaKOBa, 9TO TH TOCOOWS MOTYT OJHOBPEMEHHO HI'PATH POJb yIeOHUKA,
3aJadHUKa U CIIpaBOYHUKA. [losToMy mocobusi MOTYT OBITH MOJE3HBI KaK
TIPETOAABATESIM U CTYJIEHTAM, TAK W WHXKEHEPAM.

IIpog., 0.p.-m.n. A.U. Kubsyn



INPE/IVNCJIOBUNE

Comepkatnue JaHHOrO y4YeOHOTO MOCOOMsS OTPaXKAeT MHOIOJIETHUIT
OTIBIT MPETOJABAHUs CTYIEHTAM W acCIupaHTaM (QaKyJIbTeTa TPUKJIATHON
MaTeMaTuKu MOCKOBCKOIO TOCYJapPCTBEHHOTO ABUAIMOHHOIO WHCTHUTY-
Ta (TEXHHIECKOrO YHUBEPCHTETA) KypCa TEOPUH CJIy9IailHBIX IIPOLECCOB,
B CTAHOBJIEHUH KOTOPOTO PEIIAIONIAs POJIb MPUHAIJIEKUT akagemuky PAH
B.C.Ilyragesy. Ilpu moaroToBke ydUeOHHKa aBTOPHI OCHOBBLIBAJINCH Ha,
CIEYIOMUX GA30BBIX MTPUHIUIIAX:

— MaTEeMATHYECKN KOPPEKTHOE U3JIOKEHNe MaTeprasa U 060CHOBaHUE
BCEX METOJIOB, UCIIOJIB3YEMbBIX JIJIsl PEIIeHNs] KOHKPETHBIX 33144

— WUIIOCTPUPOBAHNE OCHOBHBIX TEOPETUIECKUX [TOJOKEHUI ITpUMepa-
MU Pa3JIMIHOTO YPOBHS CJIOXKHOCTH;

— Gosiee MOAPOOHOE PACCMOTPEHHUE TeX MOJIesel CIydaiiHbIX Mmporec-
COB, KOTOpDHIE B HACTOSIIEE BPEMs SBJAIOTCA HAUOOSEE BarXKHBIMU JIJIst
pelleHus MPUKIAIHBIX 33124,

B kHUre IpuUBeIeHO 3HAYNTEIBHOE KOJIUIECTBO CTPOTUX ONpeesTeHu i
U aKKypaTHBIX (GOPMYJIUPOBOK TeopeM. JloKa3aTebCcTBa TEOPEM MOMKHO
HalWTH B MHOTOYHCJIEHHBIX y9eOHWKAX 0 TEOPHH CIyJaflHBIX MMPOIECCOB
[2,4,10,20-22, 25]. dysi MOHUMAHHUS OCHOBHOI'O MaTEpHAJIa JIOCTATOTHO
3HAHUs KypPCOB MaTEMATHIECKOTO AHAJN3a, JUHEHHONH aareOpbl U Teopun
BEPOSTHOCTEH B 0ObeMax, MPUHATHIX JIJIsl U3yYEHUs] B TEXHUIECKOM yHMU-
BepcuTere. s oBITaJeHUsT MATEPHAJIOM B IOJHOM OObeMe HeoOXOINMO
3HAKOMCTBO € OCHOBaMH (DyHKIMOHAJIBHOIO aHaIn3a (Teopusi MepPbI, UH-
rerpast JleGera, rIurb6EpTOBO IPOCTPAHCTEO). VIcaepbIBaiomue CBeIeHust
10 TEOPUH BEPOATHOCTEH cojiepkarcs B yaebumkax [1,19,22,25| u cnpa-
Bouruke [9], a mo dyHkumoHambHOMY aHanM3y — B [8,13,18].

Wcnonb3oBanue BCeX MPUBEAEHHBIX TEOPETUYECKUX ITOJOKEHUH TPO-
MILTIOCTPHPOBAHO MHOTOYNCIIEHHBIMY TTPUMEPAMU, CHAOKEHHBIMHE MOPO6-
HBIMU perteHusiMu. B Hanbosee BaXKHBIX MpUMEPaX U3Yy4atoTCsl MOIEIU U
METOJIbI UCCIIEIOBAHUS CIYyIaHBIX MPOIECCOB, HA KOTOPHIX HA3UPYIOTCs
3¢ dekTrBHBbIE AJITOPUTMBI 00PabOTKYU MHMOPMAIIUU, IPUHITHS] PEITeHMH,
aHAJIN3a U TPOrHO3UPOBAHUS PEAJHHBIX TPOIECCOB B (PU3MIECKUX, OUOITO-
FUYECKUX, CJAOXKHBIX TEXHUIECKUX U SKOHOMUYECKUX CHCTeMaX. B KoHIEe
KaXK70ro naparpada TpUBEIEeHbl 3aJa9W JIJIsi CAMOCTOSITEILHOTO pellie-
nust. Bee 3anauau cHabXKeHbl OTBETaMU, a HauboJiee CIIOXKHBIE — YKA3AHMU-
svu K pernennto. OTMETHM TakKe 3a7a9HuKH |3, 7|, KoTopbie MOTyT 6BITH
HCTIOTH30BAHBI JIJIST CAMOCTOSITEILHON TIPOPabOTKE MaTepuaia.

Haxkounern, mist usydenust 6111 0TOOPAHBI T€ MATEMATHIECKIE MOIEJN
CITy9aifHbIX TIPOTIECCOB, KOTOPBIE UMEIOT 0c060€e 3HAYEHHUE [IJIsT TOCTAHOBKH
¥ pelleHus] TPUKJIAIHBIX 3329 B CIEAYIONUX 00IacTIX:

— yTpaBJeHue CIOKHBIME cucTeMamw [6,15,16,23];
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— yUpaBJIeHWE JIBUKEHWEM JIETATENHHBIX anmapaTtos [11];

— obpaboTka msmepuTesbrOil mHbOpManmn |20, 24];

— uccneioBaHue HaJexKHOCTH cucreM [10];

— WCCIIeIOBAHWE OTIEpANil W CHCTEMHBIH anamms [27];

— upenrudukanys cucrem [12];

— CHCTeMBI MaccoBOro obcyxusanus [5,27;

— MaTeMaTHYecKasi SIKOHOMUKa U Teopusi dbunaHcos [14, 26, 28].

TTosToMy Hapsiiy CO CTAHJAPTHBIMHA Da3felaMh Kypca (TayCCOBCKWE
MIPOIECCH, CTAIMOHAPHBIE TPOIECChl W UX IpeobpaszoBanus, nenu Map-
KOBa W JIp.) B KHWT€ MPUCYTCTBYIOT HETPAJUTNHOHHBIE Da3ZeNbl, TIOCBS-
IMEHHbIE CTOXACTUYECKOMY aHAJIU3Y, PA3HOCTHBIM U auddepeHuaabHbIM
CTOXaCTUYECKUM YPABHEHUSIM, ONTHMAJIHLHOMY OIEHWBAHUIO, TEOPUU pe-
KyppeuTHoit duabrpanuu Kamvana—bBbiocn, MeTomam HeuHeiinot dhun-
TpaIy, TEOPUU MAPTUHTAJOB. Tak, HAIpPUMEp, TEOPUs MAPTUHTAJOB
9 DEKTUBHO HCMOMB3yeTCs B HACTOMAINEE BPEMs JJIsl UCCIENOBAHUS W
ONTHMU3AINK TPOTECCOB Ha (DUHAHCOBHIX PHIHKaX [26].

Kuura cocrout u3 gernipex rias. B mepBoii riiaBe NMpuBeIeHBl OCHOB-
HbIE OIPEJICJICHIs] U TEOPETUUECKHE MOJOXKEHUsI OOIIEr0 XapaKTepa, HeoO-
XOIMMBIE JIJTsl U3y IEeHUsI OCTAJTHHOTO MaTepraJia, a TaKKe KPAaTKO OMHUCAHBI
BajkKHEWIe TUMBI CIyYalHbIX [TPOIECCOB, MPUMEHSIEMbIX JIsl PElleHUsT
MPUKJIAIHBIX 331a4.

Bropas riaBa nocBsiieHa CIydaiiHBIM IPOLECCaM ¢ JUCKPETHBIM Bpe-
MeHeM (CITy9alfHbIM MOCITEI0BATENLHOCTAM). B mocieaaue Toas 3Haqe-
HUE 3TOr0 KJIAcCa CIYYalHBIX ITPOIECCOB TOBLICHJIOCH B CBSI3U C TEM,
YTO HA CMEHY aHAJOTOBBIM MeTofaM 00paboTku uHMOPMAIUN TPUILIT
1udpoBbie METO/IbI, PEAJU30BAHHBIE B BUE KOMIBIOTEPHBIX AJITOPUTMOB
¥ TIPOrpamMM.

B Tperneil riiaBe KHUTH M3ydaloTcs CJIydailHble MPOIECCHI ¢ HETpe-
PHIBHBIM BpeMereM (ciyuaiineie dynkiun). Mogenan Takux MpOIeccos
aJIEKBATHO OIKMCHLIBAIOT JIBUXKEHWE MEXAHWIECKUX CHUCTEM B CIydailHbIX
cpemax, paclpoCTPaHEHUEe PaJUMOCUTHAJIOB, (DYHKIMOHUPOBAHUE CHCTEM
MaCcCOBOrO OOCITYKUBaHUsI, MPOIECCH U3MEHEHUsI KyPCOB IMEHHBIX OyMar
¥ MHOTO€ JIpyTOe.

Yerreprast riaBa UMeeT CIIPABOYHBINA XapaKTep U COMEPKUT CBEICHUST
Mo (PYHKIMOHAJHHOMY aHAJIU3y W TEOPUM BEPOSITHOCTEH, HEOOXOmuMbIe
IIJIsT M3y9EeHUs] MATEPUAaJa B MOJHOM 00beMe.

IIpu mogaroToBKe PYKOMUCH KHUTH MBI ITOCTOSTHHO IMOJB30BAJUCH CO-
BeTaMU U TIOMOIIBIO HAIMUX KoJter 1o kKadeape «Teopuu BepositHOCTE >
MoOCKOBCKOTO TrOCYIapCTBEHHOTO aBUAITAOHHOTO WHCTATYTA (TEXHUIECKOTO
yausepcurera) A.B. Bopucosa, A.B. Bocosa, E.H. Ilnaronosa u B.U. Cu-
HUIBIHA, KOTOPBIM MBI BBIPAXKAEM UCKPEHHIOI TPU3HATEIHHOCTh. ABTOPBI
BBIpazkaroT 0cobyto Osarogapaocts K.B. Cemenuxuny 3a paboTy 1o Hayd-
HOMY PeJIaKTHPOBAHUIO PYKOIUCH U MOJIMOTOBKY OPUTHHAJ-MAKETa.



CIINCOK OCHOBHBIX
COKPAIITEHUI 1 OBO3HAYEHU

CB — cayuvaiinas BeJWYuHa WU CJIy-
YaiiHbIll BEKTOD;

CII— cnyyaiinasi mociej0BaTeIbHOCTD;

C® — cayuyaitnas pyHKIuUsA;

CCII — cranmonapuas CII,;

CC® — cranmonapuas CP;

IIM — mens MapkoBsa;

AP — aBroperpeccus;

CC — ckouib3silee cCpejiHee;

APCC — aBToperpeccusi —CKOIb3siIee
cpejee;

R! — MHOKECTBO BEIEeCTBEHHBIX THCEIT;

R"™ — n-mepHoe (BEIIECTBEHHOE) €BKII-
JIOBO IIPOCTPAHCTBO;

7, — MHOXKECTBO TEJIbIX YHUCEJ;

C — MHOXeCTBO KOMIIJIEKCHBIX YHCEJT;

Z — KOMILJIEKCHOE 9HCJI0, COIPSI?KEHHOE
K z € C

Re z — BemecTBenHas 9acTh KOMILJIEK-
cuoro yucna z € C;

A" — TpaHCIIOHUPOBaHHAasl MaTPWIIA;

A™! — obparnas marpuua;

I — equuuyHas MaTpuna;

B(R™) — o-anrebpa GopesieBCKuX MO/~
MHOKECTB TpocTpancTsa R™;

B([a, b]) — o-anrebpabopenesckux nos-
MHOKECTB [IPOMEXYTKa [a, b];

I(z) — uwHaukarop (MHAMKATOPHAs
dynkumsa) muaoxkecTsa B;

exp{z} = e” — sKcnoHeHTa;

f(zo—) = lim f(z) — unpenen ciesa

ztxg

dyukuuu f(z) B TOUKE Z0;
arg ;1'151;1 f(z) — rouka MuruMyma yH-

kuuu f(z) Ha MHOXKecTBe X;
u(B) — mepa p MHOXecTBa B;
L(N) — suneiinas 060J0YKa MHOXKE-
crBa N;
det[A] — onpenenurens marpunsr A;
tr[A] — cien marpuub A;

7 (@) — mpoeKmus sneMeHTa T HA O-
npocTpascTBo M

o(z) — «o-masoe», T.e. GyHKIUSA OT T,
Takas, 9To o{z)/x — 0 mpu = — 0;

6(z) — nenvra-dynkuusa Iupaka;

Lsla,b] — runbpbeproBo mpPOCTPAHCTBO
KOMIIJIEKCHBIX (DYHKIUE, WHTErpuU-
PYeMBIX C KBaJpaToM 110 Mepe Jle-
Gera Ha oTpeske [a, b];

) — IPOCTPAHCTBO 3JIEMEHTAPHBIX CO-
GbrTuii (HCXON0B) w;

F — o-aarebpa ciiydaiHbIX COOBITHIA
(monmuOX)ecTB Q);

P{A} — BeposiTHOCTH (BEPOATHOCTHAS
Mepa) cobbitus A;

{Q,F,P} — ocHOBHOE BEpPOSITHOCTHOE
MPOCTPAHCTBO;

& — HeBO3MOXKHOe cobObITHE (IIycTOe
MHOKECTBO);

Fe(z) — dyakuusa pacupeznesneHus
Bepositocteit CB &;

pe(r) — IIOTHOCTH pacmpeseseHus
BepositHocreit CB &;

m, = M{{} — maremaTuIeckoe OxKu-
nauve (cpeguee) CB &;

D¢ = D{¢} — nucnepcusi CB &;

cov{{,n} — koapuanus CB ¢ u n;

o

¢ — nenrpuposannas CB &;

E()\) — 9KCHOHEHIHAJIbHOE pacipeje-
JIEHHE C NapaMeTpPoM \;

N (m; D) — rayccosckoe (HopMasibHOE)
pacrpesieieHue CO CPeJHUM M U
jaucrepcueil (KoBapualuoHHON Ma-
rpuneit) D;

&(x) — unarerpan BeposaTHocTel (DyH-
ks Jlammaca);

‘H — russbepToBO IpoCcTPaHCTBO (1IEH-
rpupoBanubix) CB ¢ koHeYHBIM
BTOPBIM MOMEHTOM;

€]l = M{|¢*}/? — nopma CB ¢ B H;
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(&,m) — ckanspuoe npoussenenune CB
§unsH;

¢ 1 n— oproronasnbubie CB & un B H;

H(¢) — runbGepToBO MPOCTPAHCTBO,
TMIOPOXKJICHHOE CIIyJaiHON IOCIe10-
BaresnbHOCTBIO £ = {&n }5

F¢ = o{€} — o-anrebpa, MOpOKIEH-
nas CB ¢;

FE = o{(s), s <t} — o-anrebpa, mo-
POXOeHHad CJIydaiHbIM IIPOIECCOM
&(s) mo momenTa t;

M{n |G} — ycaoBHoe MmaTemaTHue-
ckoe oxunanue CB 7 orHocuTE B-
HO o-anarebps! G;

M{n|&}=M{n|F¢} — ycnosmoe
MaTemarudeckoe oxunaHue CB 7
orHocuresabHo CB &;

P{A| B} — ycnoBHas BEpOSTHOCTb
ciay4daiiHoro cobwbiTusi A OTHOCH-
TEJIbHO CiIydaiiHOro cobbiTus B;

{&,, n € Z} — CII, 3anannas Ha Z;

{&(t),t € T} — C®, sanannas Ha
mpomexxyrke T C RY;

Fe(z1, ..., @n; t1, ..., tn) — n-MepHas
dbyHKIMA pacnpejiesieHus Cirydaii-
Horo npouecca &(t);

pg(ml, cey@n b1y ..., ty) — N-MepHas
IJIOTHOCTb ~ PACIPEIEJICHUs  CITy-
vaiinoro nporecca &(t);

We(A1, .oy Anste, - .o, tn) — n-MepHas
XapaKTEPUCTAIECKAA byHKIHEA
ciyuaiinoro npornecca £(t);

m,(t) — MaTeMaTHYeCKOe OXHUIaHNE
ciyuaiinoro npornecca £(t);

D¢ (t) — nucuepcusi ciydaiiHoro mpo-
necca £(t);

Re(t, s) — xoBapuanuoHHas GyHKIHs
ciydaiinoro nponecca &(t);

R¢(1) — xoBapuanuonHasi dbyHKIUs
craiuoHapHoro nponecca &(t);

F¢(\) — cnekrpanbHasi GyHKIUs CTa-
nuoHapHoro nponecca £(t);

fe(X) — cnexrpasbHasL IVIOTHOCTD CTa-
nuoHapHoro nponecca £(t);

®()\) — dgacToTHasm XapaKTEPHCTHKA
JIMHENHOTO CTAIMOHAPHOTO IMIPEend-
pasoBaHuS;

Z¢(A) — oOpTOroHajbHasi CTOXACTH-
yecKass Mepa, COOTBETCTBYIOIIAS
craiuonapHomy npoueccy &(t);

&(t), & — ouTMMasbHBIE B CpeJHEM
KBa/IpaTHYECKOM  (C.K.-OITUMaIb-
HbIE) OLIEHKH;

(§), — xBaapaTumuecKas XapaKTepu-
CTHKa MapTHHTraja &

P(s,z,t,B) — mnepexonHasi BeposAT-
HOCTH MapKOBCKOTO MPOTIECCa;;

p(s,z,t,y) — nepexonHasi ILUIOTHOCTH
MapKOBCKOT'O [POIECCa;

P(z,t, B) — nepexonHasi BEPOATHOCTb
OJIHOPOJIHOTO MapKOBCKOTO  IIPO-
necca,;

p(z,t,y) — nepexosHas MIOTHOCTD O
HOPOJIHOTO MapKOBCKOTO MPOIECCa;

p;;(s,t) — BepoaTHOCTH mepexozna 1IM
U3 i-TO COCTOSIHUS B MOMEHT S B j-€
COCTOsSIHHE B MOMEHT t;

P,;; — BEPOATHOCTD NEPEXO7ia O/IHOPO/I-
Hoit IIM w3 i-ro cocrosiHus B j-€
COCTOSIHUE 3a OJMH IIAar;

P = {p;;} — nepexopmas marpuna
oxuoponanoit 11M;
7i(t) — BEPOATHOCTBb 1-IO COCTOSIHHUS

IIM B MomeHT t;

w(t) — BUHEpOBCKHIi npornecc (mpouece
6GpPOYHOBCKOTO [IBHXKEHUS )}

AE(s,t) = &(t) — &(s) — mpupainenue
ciyuaiinoro npouecca £(t) Ha mpo-
MexyTKe (s,t];

C.K.

& — £ — cpeaHeKBaIpaTHIECKast

CXOMOCTD (C.K.-CXOAUMOCTB );

¢ = lim. §, — cpegHeKBaapaTUIECKUi
n—oo

npezen (c.K.-mpejen);

£(t) — cpenHeKBapaTHUECKAs TIPOM3-
BozHAas (C.K.-[IPOM3BOHAS);

(P-m.H.) — nouTu HaBepHOe (C BEPOAT-
HocThIO 1);

En = € — cxommmocts (P-mn.);

¢ = lim &, (P-n.H.) — npegneun ¢ Bepo-
n—oo

STHOCTBIO 1.



N'TABA 1

OCHOBHBIE ITIOHATNA TEOPUN
CJIVUAMHBIX ITPOIIECCOB

B nmammoit riaBe paccMaTpUBAIOTCS OCHOBHBIE XapPaKTEPDUCTHKH CIY-
YaffHBIX TOCIEIOBATEIBHOCTEN U CIAyIaHBIX (DYHKIINH: KOHEIHOMEPHBIE
3aKOHBI pacIpe/lejIeHusl I MOMEHTHBIE XapaKTepUCTHKH. Bo BTopoMm mapa-
rpade rIaBbl TPUBOIUTCS KPATKOE OMUCaHUEe HAanOOIee BaKHBIX KJIACCOB
CIyJaflHbIX TPOTECCOB M ODCYXKITAIOTCA UX XapaKTepHble O0COOEHHOCTH.
Marepuas gannOi rIaBh sABIsieTCS 6a30BBIM [JTsi OOJI€e IETAIBHOTO U3Y-
YeHUs CIy4YalHBIX IPOIECCOB B MOCJIEIYIOMUX IJIaBaX.

§ 1. Cayuaitable IpoIlecChl
M UX BEPOSITHOCTHBIE XapaKTEPUCTUKU

1.1. Oopenenenue ciay4aitHoro mpoifecca. CiydaiiHbIil mporecc
ABJIACTCA MaTEMaTAICCKON MOJICJIBIO IJId OIIUCAHUA CIIy4YalHbIX ABJICHUMN,
Pa3BUBAIOMIMXCS BO BpeMeHHU. [Ipu 3TOM IMPEAosaraercs, 4TO COCTOs-
HEE IPOIecca B TeKymmii MoMeHT BpeMenu t € R! ecrb BekTOpHas wid
cKaJsipHasi ciaydaiinas seawuaunHa &(t,w). IIpocTpaHCTBO 3iIeMEHTAPHBIX
cobbrTHit (mcxomos) ) MpeAnosaTaeTCs W3MEPHMBIM, T.€. Ha HEM OIpe-
Jesiena o-ajrebpa ero mogmuoxkects F. Kpome Toro, mpemnosnaraercs,
9TO Ha M3MepuMoM TpocrpancTie {Q, F} 3amana BeposiTHOCTHAsSt Mepa P,
T. e. aua moboro mEokectBa A € F onpenenena ero sepoarHocts P{A}.
Tem caMbIM, 3a/1aHO BeposiTHOCTHOE TTpocTpancTBo {Q, F, P}, n monstue
CIIy9aiiHOTO MPOIECCa OIPEAEIeTCa CAEAYIOMUM 00Pa3oM.

Onpegenernne 1.1. Cayuatinud npoyecc ectb cemeitctso (aeiicTBu-
TEJTbHBIX WJIM KOMILIEKCHBIX) CTyqaifubix Beqmann {€(t,w), t € T}, ompe-
nenensbix Ha {Q, F, P}, roe muoXkecTBO mapamerpos T C L

3amedanue. OBBIIHO, KOT/Ia 9TO HE MTPUBOIUAT K HESICHOCTH, 3aBUCH-
MocTb £(t,w) OT w He yKa3bIBAETCs M CIyJaliHbIi mporece 0603HaAIAeTCS
npocto &(t).

Onpemenenune 1.2. Ilycrs tg € T — purcupoanubrit MomenT. Ciry-
vaiinag Besmunua & (w) = {(tp,w) Ha3BIBaETCH cevweHuem CILyIalHOro
mporecca B Touke tg € 1.
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Hastee MBI OyjieM pacCMaTpPUBATh JIBA TUIA CIAYYANHBIX MTPOIECCOB.

Onpenenenne 1.3. Eciu mepemennasi t mpoberaeT TUCKPETHOE MHO-
JKeCTBO 3HadeHuit, Hanpumep, t € Z={...,—2,-1,0,1,2, ...}, To cay-
waitabrit mponecc &(t) HA3BIBAETCT NPOUECCOM € QUCKPEMHBIM GPEMEHEM
wm cayuaiinoti nocaedosameavrocmovio, a eciu t € R umm t € [a, b], rae
b < 00, TO Ciry9YalHBIA TPOIECC HA3BIBAETCI NPOUECCOM € HEMPEPLIEHHLM
epemerem Wi caysatinot gynryued.

Onpegenenue 1.4. Tlporecc mazbiBaeTcst deticmeumenvHobim NI
BeUeCTNEENHDIM, €CIT Cilydalinble Beanansbl (¢, w) ABIAIOTCA MeHCTBA-
TEJBHBIMU JJIsT 1100010 t € T, U KOMNAEKCHDILM, €CITH CITyYaiiHble BEJTHYN-
Bl £(t,w) ABISIOTCS KOMILUIEKCHBIMY Ji71s1 Jiro6oro ¢ € T.

Ounpenemenne 1.5. Ilpu ¢durcupoBamaom wqy €  HecaydaiiHas
byaknua &, (t) = &(t,wo), t € T, naspBaeTca mpaexmopueti, cOOTBET-
CTBYIOIIIEH y1eMeHTapHOMY HCX0oy wy € 2. TpaekTopun HA3BIBAIOTCS TaK-
XKE PEAAUGUUAMY TITH 6bL00POUHBMU GYHKUUAMU CITYy IAHHOTO TTPOTIECCa.

Sameuanue. CiyyaifHblii MPOIECC MOXKHO TPAKTOBATh KAK COBOKYII-
HOCTB cedenmit (cM. ompesesienwe 1.2) WM KaK COBOKYIHOCTD ( «ITy9IOK» )
TpaekTopuii (cM. onpenesierue 1.5). B pa3indHbIX 3a1a9aX UCIOIB3YOTCSI
00a 9T ONUCAHUSA.

Onpepenernne 1.6. Cayuaiinas dyukius &(t) Ha3BIBAETCS pe2yap-
1o, eClii ee TPAEKTOPUHU B KaxKJIo# Touke t € T HempepbIBHLI ClIpaBa W
MMEIOT KOHEUYHBIE IIPEJIEIIbI CJIEBA.

PaccmorpuM HEKOTOpPBIE TTPUMEDBI, MOSICHSATONTNE BBEJIEHHDBIE BHIIIE
oTIpeJiesIeHus.

IMMpumep 1.1. Ilycrs cuyuaiinsiii mporecc &(t) onpemesen cieayro-
M 06pas3oMm:

£t)=tX, telo1],

rae X ~ R[0,1] — ciayvaiinast BemuauAa, pABHOMEPHO DACIPEIETEHHAsT Ha
orpeske [0,1]. OnucaTh MHOXKECTBO CeUeHUil M TPAeKTOPHUil CiydaifHOro
nponecca &(t).

Pemenwue. Cuyuaiiaeit nporecc £(t) siBasiercs caydaitroit dyHK-
nweit. IIpu dbukcuposannoMm ¢ € [0, 1] cegenne & (w) = toX (w) asaserca
CJIy4daiiHoil BeIM4uHOMI, uMeroneil paBHOMEPHOE pacilpe/ieiecHue Ha OTPE3-
ke [0,0].

Tpaekropun mponecca &(t), Te. Hecaywaiinble dynxmun &, () =
= X (wp) t, ABAAIOTCS NPAMBIMY JIMHUAMY, BbixoaamuMu u3 Touku (0, 0)
CO CITyvaliHBIM TAHTEHCOM yTJIa HakjoHa, paBHBIM X (wp). Caywaitmast
byukuus &(t) peryasipHa, Tak Kak BCe €€ TPAGKTOPHU HENPEPHIBHBI. M

Ilpumep 1.2. Ilycrs t € [0,00), a cayuaiinas dbynkuus &(t) samana
CIIelyIonmM 06pasoM:

E&t)=U, npu te€nn+1), n=0,1,2,...,

rae {Up, n=0,1,2, ...} — nocienoBaTesbHOCTh KOHETHBIX CIIyIalHBIX
Besimuna. OmucaTh TpaekTopuu Ciaydaitnoro nporecca £(t). dpnserca au
3TOT IPOIECC PEryJISPHBIM !
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Pemenne. Tpaekropuu mpomnecca £(t), t > 0 — KyCcOIHO MOCTOSTH-
mble (YHKIUH, UCILITHBAIONIE Pa3pbiBel B Toukax t=n =0,1,2, ...
ITo ompenenenuto 3Tu (bYHKIUE HEIPEPLIBHBI CIIPaBa U HUMEIOT Ipeie-
JIBL CJleBa, PaBHbIE ltle €o(t) = Up—1(w) mua Beakoro w € Q. ITockonbky

n

P{|U,-1| < o0} =1 no ycnosuro, T0 STOT CIy4ailHBIH IPOLECC ABIAETCS
peryaspHbM. W

1.2. KoHeyHoMepHBIe paclipejesieHus clly4daiHoro mpoiecca.

Onpemenenune 1.7. Ilycrs {&(t), t € T} — nelicTBUTENBHBIN CITy-
yafiHBIl MpoIecC W 3aJaH0 HEKOTOPOe MPOU3BOJBLHOE MHOXKECTBO MO-
MEHTOB BpeMenu {ti, ...,t,} C T. CooTeercTBytommil HAGOp CITyIalHbIX
Besnmand E(t1), ..., &(t,) nMeer n-MepHYIO DYHKIUIO PaCTpeieIeHns

Fg(l‘l, ey Ty tl, ,tn) = P{f(tl) < Iy, ,f(tn) < .’L’n}, (].].)

KOTOpasl B JajbHeleM OyieT Ha3bIBaAThC N-MepHOt Pyrnkyuel pacnpe-
deaerus cayyalinozo npoyecca €.

Cosokymnrocts dyrkmuit (1.1) mus pasmuusbix n = 1,2, ... u Bcex
BO3MOXKHBIX MOMEHTOB BpeMeHU t; € 1" Ha3bIBaeTCa cemeticmeom Koney-
HOMEPHBIT pacnpedenerutl cayuatinozo npouecca €.

Onpenenenune 1.8. Ecmu dbynkmua Fy momyckaeT mpefcTaBieHne

Fg(.’IZ’l, ey Ty tl, ,tn):

Z1 Tn

= J J pg(ul, cey Ups Ey e ty) dug . dUy,
— 00 — 00
rre pg(ZBl, cesTpi t1, ...y ty) — HEKOTOpasi u3MepmMasi 1o JleGery
HeoTpunaTeabHas (DYHKIHsA, TaKasd, 9TO
oo oo
J J pg(ul, ceyUps b1y eyt ) du Lo duy =1
“o0  —oo

TO TOBOPST, YTO (DYHKIHSI PACIPEIEEeHUs] UMEeEeT IUIOTHOCTb. PyHKIwst
pﬁ(ml, ey Tpi t1, ., ty) HA3BIBAETCS N-MEPHOT NAOTMHOCTIBIO pacnpede-
aenus npouecca &.

Cuterytorue mpuMepbl IeMOHCTPHUPYIOT HAXOXKIEHNE KOHETHOMEPHBIX
dyHKIIN pacipeIesieHns.

IIpumep 1.3. IlycTs cayuaiinblil mporecc 3aaH COOTHOIIEHHEM

§(t) =w)U, telo1],

rme U — wHekoTopas ciaydaiiHasi BejqudnHa ¢ (QYHKIHEH pacipeere-
uust Fy(2), a ¢(t) > 0. Haiftu cemeiicTBO KOHETHOMEPHBIX PACTIPeIeIeHI i
nporecca &. Umeer nm ero n-mepHas (QyHKIWS PaCIpemeseHus II0T-
HOCTBH?
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Pemenune. B coorBercrBuum ¢ ompenenernem 1.7

Fﬁ(xlv <oy Ty tla 7tn) =P{£(t1) < L1, ag(tn) < :Lln} =

:P{go(ti)Ugcci,i:I,...,n}=P{U< S;;),i:l,...,n}:

_ © g T in ). (L
plo < pin, o5} = pm, 55) 0

Ecmw dynkmus pacnpenenenwst Fyy(z) mvmeer mioTHOCTS pi7(T), TO
CYIIECTBYET U MJIOTHOCTH OJHOMEPHOTO PACIpPeIesIeHus CIy aifHoro mpo-
necca &(t), mockombKy goist n = 1 u3 (1.2)

X T 1 i
Fe(w; t) = Fy <m> :_J WPU(W> o

ciestoBaTenbHo, pe(z; t) = L10U <i>
o(t) o(t)

Opnako mpu m > 2 n-MepHas (YHKIUsI PACIIPE/eJIeHUs] HE HMeeT
norsoctu. eficTBuTensHO, B Cuily ompemesenust mporecca (1) s
JHOOBIX t1, ...,t, HMEET MECTO COOTHOIIEHIE

E(t)/p(t1) = ... = &(tn)/p(tn),

nosromy mepa Fy, . 4 (dzi, ...,dz,) B npocrpancree R™, coorBercrBy-
fomas GbyHKnun pactpeaenenns (1.2), cocpeorodeHa Ha TPAMOi

S = {:L’ cR": :L’l/go(h) =...= xn/so(tn)}v

nMeromeit Hyiesyto jgeberosy mepy. CienoBarensro, mepa Fy, 4 (-) cun-
ryJISipHA, 110 OTHOIINEHUIO K Mepe Jlebera, u mM03TOMYy n-MepHAasi IJI0THOCTD
He CYIIEeCTBYET, ecan n > 2. W

IIpumep 1.4. IIycts X u Y — He3aBUCUMBIE CIydallHble BEJIMYUHBI
¢ dbyskmusmu pacnpenenernss Fx(x) w Fy(y). Hycrs {£(¢), t > 0} —
CJIy4aiiHBIi IIPOLECC, OIIPEeJICHHbIIl COOTHOLIEHUEM {(t) = Xt+Y. Onu-
caThb TPaeKTOPWH JAHHOTO IIpoIiecca, HANTH CeMefCTBO KOHETHOMEPHBIX
dbyHKIHiT pacupeieeHs.

Pemenue. Bribopounbie PyHKIUKA TOTO MPOIECC IIPEICTABIISIOT
co0Oi IPSIMbIE JIMHUU CO CILY YafHBIM HAKJIOHOM U CJIyYaiHBIM HAYAJIBHBIM
yesoBuem npu t = 0. OgHOMepHas DYHKIHST PACIpeseeHus CIyIaifHOro
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nporecca £(t) pu ¢ > 0 mMeeT BU

Fe(w; ) =P{Xt+Y <a}= [ P{Xt+Y <a|Y = y}dFy(y) =

= TP{Xt+y<x}dFy(y) = TP{X< x;y}dFy(y) =

_ T FX(“Z - y) dFy (y).

Ecmu ke t = 0, 1o F¢(z; t) = Fy (x). Jnsa n-mepHoit dyHKIumM pacupe/ie-
JIeHUsI, aHAJOTWYHO IpuMepy 1.3, TonydaeM

Fe(z1, ooy t1, ooy tn) = J Fx(min (mt:y’ '."aznt*y>) dFy (y)

n
— 00

mpu ty >0, ...,t, > 0. ®

IIpumep 1.5. Ilycts X, Y — He3aBucumble CiiydaiiHble BeJIMIHU-
HBI, UMetolre rayccosckoe pacupegenenue N(0;1/2). Cayuqaiinbrii npo-
necc omnpenenen coorromennem &(t) = (X +Y)/t, ¢ > 0. Borancanrs
P{|¢(t)| < 3/t} ana mpoussosbrOTO t > 0.

Pemenune. Ilo onpenenennio F¢(x; t) ecrs QyHKIMS pacipeieneHnst
cywaiinoit Bemmawab £(t). B cmmy Toro wro X, Y — rayccoeckme m
Hesasucumsle, £(t) = (X +Y)/t TakKe uMeeT TayCCOBCKOE pacipeelie-
HUE, TPHYeM

_ M{X}+M{Y} _
t

_D{X}+D{y}y 1
=== =g

M{¢(t)} 0, D{&(1)}

Tem cambim &(t) ~ N(0; 1/t?), nosromy Fe(z; t) = &(xt), rae

z
P(z) = % J e /2 qu,

3

— 00

DOyuknust P(z) HABBIBAECTCA UMME2PAAOM GepoAMHOCMEl Wi GyHK-
yueti Jlanaaca. Utaxk,

P{E(t)] < 3/t} = Fe(3/t; t) — Fe(—3/t; t) = &(3) — B(—3) ~0,997. m

Bce paccMoTpeHHBIE TPOTIECCHT OTHOCATCS K CIYYaWHBIM (DYHKITHSIM.
IIpuBemem mpuMepbl HAXOXKJCHUS 3aKOHOB PACIPEIENICHUS CIydailHbIX
TTOCJIEAOBATEIIHbHOCTEN.
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Ilpumep 1.6. Ilycrs caywaiinas mocmenoBarensrocTh {€(n), n =
= 1,2, ...} TakoBa, 9TO €€ CEYEHNs] HE3ABUCUMBI B COBOKYITHOCTH U UMETIOT
opuHakoByto hyHKIMIO pacnpeaenenns F (). Halitu cemeiicTBo KOHETHO-
MEePHBIX PaCIIPe/IeIeHnit T0CIe0BATENHHOCTH &.

Pemenue. Ilo oupenenenuro 1.7 ¢ y4yeToM HE3aBUCHMOCTH CJIydaii-
HBIX BesmawH & (n) mMeem

Fe(zy, ... op; ny, -ooyng) = P{E(ny) <xq, oo 6(ng) < ap} =

k

k
= [T P{e(n) < i} = [T Fla).

=1

1=

3aMeTVM, UTO BCe KOHETHOMEPHBIE PACIpEIesieHusI B JTaHHOM CIIydae
BBIPAKAIOTCsl 9e€pe3 OHOMepHOe pacipesenenne F(x). m

Ilpumep 1.7. Ilycrs caywaiinas mnocmenoBarensrocTh {€(N), n =
=0,1,2, ...} onpe/eseHa PeKyPPEHTHBIM COOTHOIIEHUEM

En)=aén—1)4e,, n=12 ..., £(0) =0,

rae {e,} — MOCITETOBATENEHOCTE HE3ABUCHMBIX B COBOKYTTHOCTH TayCCOB-
CKUX cityuafinbix pesmunn ¢ napamerpamu M{e,} = 0, D{e,} = 02 > 0.
Haittr ommomepryto (GyHKOHWIO pacipemesieHnss CIydaiiHON MocaemoBa-
TesbHOCTH €.

Pemenune. U3 onpenenenns ciydaiinoil seswamubl &(n) Haxomum

En)=c1a" '+ . teprate, = epa
k=1

B cuity rayccoBocTH M HE3ABHCHMOCTH ClydaiiHbIX Beawdut {ey} ciyqaii-
Hag sesmanHa €(n) — rayccopckas ¢ mapamerpamu mg(n) =0 u

n 02 aZn _
De(n) =D{¢(n)} = 3 Dier} o = a2 —1"
k=1

0271, ecim o =1.

et o # 1,

Tlosromy omaOMEpHasi pyHKITUS PACIPEIESIeHAs] UMEET BU]T

Fe(z;n) = P{E(n) S 2} =

=#{) T e_“z/QDf(")duzsﬁ<$/1/D§(n)>. ]
V21 De(n

Sameuganne. CaydaiiHasi TOCIIETOBATEIHFHOCTD, OMMCAHHAS B IIPHU-
mepe 1.6, HazbiBaeTcst duckpemmvim beavim wymom. B manbreiieMm sra
MOJIEIb OyZeT YacTO HMCIIOAb30BATHCS JJisi MOCTPOEHUsT 0O0Jiee CIIOKHBIX
caydaiiHbIX mocsenoBarebHOCTE. B mpumepe 1.7 mociieoBaTebHOCTH
{en} aBasieTcs duckpemmvim 2ayccosckuM BEAbBLM ULYMOM.
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1.3. Teopema KonmoropoBa. CemMeiicTBO KOHEIHOMEDPHDBIX PACITPe-
JeJleHuil dABJIdAeTCd OCHOBHOUM XapaKTEepPUCTUKOIN CiydailHOTO IIpoIiecca,
MIOJIHOCTBIO OIIpejieisitolieii ero cBoiictBa. Mbl 6yeM rOBOPUTH, YTO CIIy-
qalHbIIl Ipomecc 3aJlaH, eCJu 33JaHO CEMEWCTBO €ro KOHEYHOMEPHBIX
pacnpezenennii (1.1).

@yuKIuu pactupeenenns mponecca & () 06aaIaoT caeyomuMy CBOii-
CTBaMHU.

1) 0 < Fe(zq, ..., ans t1, ..., t) < 1 (ycioBre HOPMHUPOBKH).

2) Oynxuuu Fe(x1, ..., 2p; t1, ..., t,) HEIPEPLIBHBL CIPaBa IO IEpe-
MEHHBIM ;.

3) Eciu xoTs1 ObI 0lHA M3 NEPEMEHHBIX T; — — 00, TO

Fe(zq, ... zp; t, oo ytn) = 0,
€CJIM BCE NEPEMEHHBIE T; — +00, TO
Fe(q, .. zps t, ooy tn) — 1.

4) Oyuakinuu  Fe(z1, ...,%pn; t1, ..., ty) MOHOTOHHBI B CJELYIOLIEM
CMBICJIE:
Al...AnF§($1, ey p; tl, ,tn) > 0,

rme A; — omepaTrop KOHEUYHOU Pa3HOCTH IO MEPEMEHHON I;

A F=F(21, ..y %im1,@; + Ry Tig1y ooy T E1y o vy tpn) —

— F(acl, ey L1, L Tj 1y vy Ty tl, N ,tn),
ah; >0,...,h, > 0 IPOU3BOJHHHI.
5) Hnst mroboit nepecranoBku {kq, ...,k } urgekcos {1, ... ,n}

Fg(:l,’l, ey T tl, ...,tn) :Fg(il,'kl, ...,:L‘kn; tkla "'7tkn)-
6) s mobex 1 <k <nwuwxy,...,r; €R!
Fe(ay, .. xp; t, o tg) = Fe(og, oo @p, 400, .., 4005 T, ., ).

Onpenmenenne 1.9. CoiicTBa 5 n 6 HA3BIBAIOTCS YCAOBUAMU COLAQ-
COBAHHOCTNY CeMETICTNEA KOHEYHOMEPHHLL pacnpedeserud.

IIpumep 1.8. Jlorasarh cupaBeIuBOCTDL CBOHCTB 1-6 st mpoms-
BOJIBHOT'O CEMENCTBA KOHEYHOMEDHBIX PaCIIPeIesIeHA.

Pemenwne. Bce cpoiictBa 1-6 HemocpencTBEHHO BBITEKAIOT U3 CO-
OTBETCTBYIOIIUX CBONCTB BeposTHOCTH. JlelicTBuresbHo, cBoiicTBo 1 ecThb
yCIIOBUE HOPMHUPOBKHU Jijisi BeposiTHOocTH. CBOicTBA 2 M 3 HEMEIJIEHHO
CIEeYIOT U3 CBOWCTBa HEIpepbIBHOCTH BeposTHOCTU. CBoOicTBO 4 ecThb
yCIIOBHE HEOTPHUIATEIHLHOCTH BEPOATHOCTH, TOCKOJIBKY

Al ...AnFé:(:L'l, ey Ty tl, ...,tn) = P{H{xz < f(ti) < Z; —l—hz}} > 0.
i=1

2 B.M. Munnep u A.P.Ilankos
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Haxomer, cBoiicTBa 5 n 6 ABIASIOTCA CBOMCTBAMEU COBMECTHON (DYHKIUH
pacipesiesieRnst caydaiubrx seawann {£(t1), ..., E(t,)}. Tommoe mokaza-
TEJILCTBO TIPEJIJIATAETCs] BBIIOJIHUTD CAMOCTOATENBHO (cM. 3amady 1). W

TIpeamonokum, uro mjs jioboro n > 1 u jgoboro Habopa MOMEH-
TOB BpeMenwu {t1, ..., t,} C T samams byskmun F(zq, ... 255 t1, - .., tn),
Zi,...,%, €RL, yIoBJeTBOpsionue yciaoBusMm 1-6. fBasercs gum 31O
ceMecTBO (DYHKIHH CeMeiCTBOM KOHEYHOMEPHBIX PACIPEIETICHUH HEKO-
Toporo ciydaitaoro mporecca? UToObl MOJIOKUTETEHO OTBETUTH HA DTOT
BOTIPOC, HEOOXOAMMO TIOCTPOUTDH ITPOCTPAHCTBO TEMEHTAPHBIX UCXOMOB (),
3aJ[aTh HEKOTOPYIO o-ajrebpy F ero mojMHOXKECTB U BepOsATHOCTH P
W, HAKOHET, TMOCTPOUThH cemeiicTo dbynkmmit &(t, w), OUPENETEHHBIX Ha
T x £ Tak, 9T06BI CeMENCTBO KOHEYHOMEDPHBIX PaCIIpEIe/IeHIH Ipomecca,
&(t,w) coBmano ¢ cemeiictBom bynkmmit F. OkasbiBaercs, 9T0 JaHHAL
MpOoIeypa OCYIIeCTBAMA BCET/A. DTOT OCHOBOIOJATAIONIMA PE3yIbTaT
TEOPHUU CJIyYallHbIX MPOIECCOB M3BECTEH KakK TeopeMa Kosmoroposa.

Teopewma 1.1 (Kommoropos). ITyemo 3adaro nexomopoe cemeticmneo
KOHEUHOMEPHOLT GyHKUul pacnpedeseHus

F={F(zy,...,xp;t1, ..., tn), ; ER, t; €T, i=1,...,n, n>1},

ydosaemeoparouur yeaosuam 1-6. Tozda cyuecmsyrom 6epoamHoOCMHoe
npocmpancmeo {Q, F, P} u caywatinwd npouece {£(t), t € T}, maxue,
wmo cemeticmeo xorneuwnomeprwz pacnpedesenuti Fe cayuatinozo npoyecca
&(t) cosnadaem ¢ F.

S3ameuganne. Teopema Kommoroposa BMecTe ¢ yCTAaHOBIEHHBIME BbI-
e CBOMCTBAMM CeMefCTBa KOHEYHOMEDPHBIX PACIpPEIEeseHN TOKA3bIBa-
er, 4To yciaoBusi 1—6 SABISAIOTCA HEOOXOIMMBIMHU U JOCTATOYHBIME JJIsI
CYIIECTBOBAHUS CJIy4YalHOTO IITPOIECCA C 3aJaHHBIMU KOHEYHOMEPHBIMU
pactpeseneEnaMu Fy.

Takum ob6pa3om, Bcerma HalaeTCs Cay9IalHBI MPOIECC ¢ 33 TaHHBIM
ceMelCTBOM KOHEYHOMEPHBIX pacrpesenennii. OKasbBaeTCs, 9TO B 001IIEeM
cllydae TaKoil mpomecc He OymeT eIWHCTBeHHBIM. JIpyrmMmu ciaoBaMm, ce-
MefCTBO KOHEYHOMEDHBIX pPaCIIpele/eHUu 3aaeT Mesblil KJjace ciaydai-
HBIX IIPOIECCOB, KOTOPHIE B HEKOTOPOM CMBICIE ABJIAIOTCHA IKEUGANECHT-
Howmu. PacemorpuM 6ostee ToApoOHO PA3JINYHBIE TIOAXOBI K OMPEICICHIIO
3TOTO MOHATHS.

IIycrs {X(t), t€T} u {Y(¢), t € T} — nmBa caywaiiapx mporiec-
ca, ONpPEJIeJICHHBIE HA OMHOM U TOM YK€ BEPOSTHOCTHOM IIPOCTPAHCTBE
{Q,F,P} u npuHMMatomye 3HAUCHUS] B OJHOM M TOM K€ U3MEPUMOM TIPO-
crpancrse, nanpumep {RY, B(R!)}, rne B(R!) — o-anre6pa GopesneBcknx
OAMHOXKeCTB R .

Oupenenenue 1.10. IIponeccer {X(t), t € T} u {Y(t), t € T} na-
3BIBAIOTCH CMOTACMUYECKY IKEUBAACHMHBIMYU 6 UWUPOKOM CMBLCAE, €CITHA
Jist 006X {t1, ..., t,} CT,{B1, ...,By} C B(R'),n =1,2, ... Bumon-
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HAETCA PaBEHCTBO

P{X(t1) €By,...,X(tn) € By} =P{Y(t1) € B, ..., Y(tn) € B,}.
(1.3)

3aMedaHue. YCIOBUE SKBUBAJEHTHOCTH B ITUPOKOM CMBICIE O3HA-
YaeT, 4To ceMeiicTBa KOHEYHOMEDHBIX pacipeiesenuii mpomneccoB X u Y
COBIIAJIAIOT.

Onpenenenne 1.11. Ecau gas mgoboro t € T

P{X(t)=Y()} =1, (1.4)

TO IIPOIECCHI HA3BIBAIOTCS CMOTACTUNECKY, IKEUBAAEHITIHBLMU FIH TIPOCTO
IKGUBAAEHIMHBIMU.

BBenieHHBIE HOHATHS YKBUBAJCHTHOCTH CBA3AHBI MEXKIy CO0OM, Tak
KaK CIIPABEJINBO CIIEYIOIIEee yTBEPK ICHHE.

Teopema 1.2. Ixeusasenmuvie npoyecco, 6cezda IKEUSAACHIIH
6 WUPOKOM CMBICAE.

Onpemenenne 1.12. Ecim mpornece X (t) stBsteTCst SKBUBAJIEHTHBIM
nponeccy Y (t), To X (t) naseBaerca eepcuets mam modudurayuedi mpomec-
ca Y (t).

OKBUBAJEHTHOCTD IIPONIECCOB B OOMIEM CJIydae He O3HATAET MX TOXKJIe-
crBernocTu. Ciieyionuii IpUMep MOKA3BIBAET, UTO JIBA SKBUBAJEHTHBIX
IPOIECCa MOTYT MMETh COBEPIIEHHO PA3JIUIHbIE TPACKTODUH.

IIpumep 1.9.Ilycrs Q = [0, 1], F — o-anrebpa 60peeBCKUX TTOAMHO-
xectB oTpeska [0,1], P — mepa Jlebera u T = [0, 1]. Ha BeposiTHOCTHOM
npocrpancrse {Q, F, P} onpenennm ciayvaitabie nponeccst {X (t), t € T}
u{Y(t),t € T} cienyromum o6pasom:

0, t#w,
X(t,w) =0, Y(t,w)= L mpu  (t,w) € T x .
) =w

ITokazarh, 9TO TPOIECCHI ABIAIOTCS YKBUBAJEHTHBIMHI, OQHAKO X TPAEK-
ropun ornmyatorcs (P-m.a.).
Pemenwne. [us HekoToporo dpukcupopanuoro t € T

{w: X(t,w) Y (t,w)} = {w: w =1t} = {t}.
TTockonbky Mepa Jlebera 0fHOTOIETHOTO MHOKECTBA PaBHA HYJIO, TO
P{Xt)=Y(@)} =1 pnamoboro te€T,

T e. nponeccel X (t) u Y () sxsusanentusl. TeMm He MeHee y IPOLECCOB
X(t) m Y(¢) mer mm ommoii maper coBmagaromux Tpaekropuit. eiicTer-
TEJIBHO, I BCAKOTO w € ) B Touke t* = w mo ycmosmio X (t*,w) #
# Y (t*,w), mosTomy

Plw: X(t,w) =Y (#,w)Vt€T}=0. m

2*
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Crenmytomee onpe/iesieEne ONMUCHIBAET HANOOJIEe CHIIBHBIN THIT SKBHBa-
JIEHTHOCTH.

Onpenmenernne 1.13. Ilpomeccet {X (t), t € T} u {Y(¢), t € T} na-
3BIBAIOTCA HEOMAUNUMBLMU, €CIIH

P{Xt)=Y(t)VteT}=1. (1.5)
Venorme (1.5) 9acTO 3aIACHIBAIOT TAKXKe B CIEAYTOMIEM BUIE:

P{fgg |X(t) - Y(t)] >0} =0.

TIpu meKOTOPHIX yCIOBUAX, OMHAKO, ompemesennsa 1.11 u 1.13 sxBuBa-
JIEHTHBL. DTO CIPaBeIMBO, Hampumep, ecn X (t) n Y (¢) — caywaiiasre
[OCJIeIOBATENBHOCTH (T. €. MHOXKeCTBO 1 C4eTHO).

IIpumep 1.10. dokazaTh, 9TO SKBUBAJEHTHBIE CIIydailHbIe TOCIETO-
BATEJILHOCTH HEOTJIMYUMBI.

Pemenwme. Ilycte X (t), Y(¢) — SKBUBaJEHTHBIE TTPOTECCHI C IWC-
KpeTHBIM BpeMmeHeM t € T' = Z, Torna

P{X(t) # Y (t) xorst 651 fgist omHOTO t € T} =

=P{UX(®) 2V} < T P{X(D) £V ()} =0,

teT teT

9TO BiI€YeT BBIMOIHEHHE yciaous (1.5). m

TakuM 06pa3oM, CTOXaCTHYECKH 3IKBHBAJCHTHBIE CIydailHBIE ITOCTIE-
JIOBATEBHOCTH HEOTIMYUMBL. JlJist ciydaitHeix (pyHKIMIA, K COXKaJeHUIO,
3TO yTBEpXKIEHHWE B 0OIIEeM CIydae HECIPaBEIJINBO 0€3 HEKOTOPBIX IO-
MOJHUTENBHBIX orpaHudenuil. TeM He MeHee CIpaBe/JIMBO Cllejyloliee
MPaKTUIECKH BasKHOE yTBEepPKIeHHe.

Teopema 1.3. Ecau dse cmoxacmuuecku axeusaiehmubie cay4ali-
Hble PYHKYUL ABAAI0OMCA peeyrapHomy (cm. onpedeaenue 1.6), mo onu
HEOMAUNUMDL.

Bameuanue. VI3 npuBeleHHbIX BBINE PacCy»KJeHUil cleayer, 4To
3aJlaHNe COBOKYIIHOCTH KOHEYHOMEDHBIX PacIIPEe/IeHAil B 00IIeM CIydae
He T03BoJisieT 3apaHee 00eCHeuuTh BBLIMOJIHEHNEe HEKOTOPBIX TpeGoBaHuMit
OTHOCHTEJIBHO TOBEJICHUs] TPACKTOPHil ciaydaiinbix dbyHKmuil (HampuMep,
HEIPEPLIBHOCTD, MOHOTOHHOCTb, [TH(depeHnupyeMocTs 1 T. 1.). OHaKo
eciy citydaiinas pyHKIUST PeryJsipHa Wi 3a/aHa KOHCTPYKTUBHO HEKOTO-
PBIM COOTHOIIIEHHEM, TO MBI MOXKEM OIPENEJUTh BEPOATHOCTH JOCTATOYHO
CJIOXKHBIX COOBITH, CBA3aHHLIX C IIOBEICHHEM €€ TPAacKTODPHI.

TTpumep 1.11. Tpeamomoxkmm, 9TO Caydaiinas QyHKIUS 33,TaHa CO-
orHomermeM £(t) = X2 +2tY +t2, t >0, rne X, Y — HesaBHCHMBIE
caydaiiHble BEeJUYMHBI, MMEOIIMe rayccoBckoe pacnpesenenne N (0;1).
HaiiTn BepoaTHOCTH ClleIyIomuxX COOBITHIA:
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1) A1 = {£(t) momoToHHO He yOBIBaET };
2) As = {£(t) meorpunarenbual;
3) A3 = {&(t) =0 xors 6b1 gyst ommoro t € D}, roe D C [0,00) —
HEKOTOPOE KOHETHOE MJIM CIETHOE MOJMHOKECTBO;
4) Ay = {£(t) = 0 xora 661 uist omHOTO t € [0,00)}.
Pemenwue. 1) ITockombKy Tpaekropuu £(t) mudpdbepenuupyemsl 1o t,
TO yCJIIOBHE WX MOHOTOHHOCTH ecTh &'(t) =2Y 42t > 0, t > 0. Jns BoI-
HOJHEHUsT 3TOrO YCJIOBUS HEOOXOJMMO M JOCTATOYHO, 4TOObl Y Oblia
neorpunarenbuoil. Takum obpasom, P{4;} = P{Y > 0} = 1/2.
2) YcioBue HEOTpUIIATENHLHOCTH TpaekTopuit &(t) BbINOIHAETCS, €Cin
mu6o Y > 0, mibo Y < 0, mo |Y| < |X|. Takum 06pazoM, B CHIIy HE3aBH-
cuvoctn X, Y W CHMMeTPHH WX 3aKOHOB DACIIPEJIEICHHsI IOy TaeM

P{4,} =P{Y >0} +P{Y <0, [Y| <|X|} =1/2+1/4 = 3/4.

3) P{A;)} = P{ U {e) = } < 3 P{&(t) = 0}. Jlst mo6oro dpuk-
teD teD
CHUPOBAHHOTO { CIpaBeJINBO

{€) =0} ={X*+2tY +t* =0} = {(X,Y) € B},

rye muoxecrso B = {(z,y) € R?: 22 4 2ty + t? = 0} npesncrasnger coboit
mapaboily U MOITOMY MMeeT HyseByio Mepy JleGera B R?. Temepn, yauThi-
Basi, YTO COBMECTHOE DACIpeJeJIeHne CIydaifubx Beauaun X, Y wMmeer
wIoTHOCTE p(T,y), moTydaeM

P{e(t) = 0} = P{(X.Y) € B} = [ p(a,y) dady = 0.

Iasee, mockosnbKy MHOXKecTBO D He Gosiee wem cuerno, P{A3} = 0.
4) Cobwrtme A4 coctout B TOM, uTo dynkmma () nuveer Ha [0, 00) MO
KpaifHeil Mepe OJIuH KOPEeHb, YTO BBIMOJIHAETCsI, €Ciid oqHOoBpeMerHo Y < 0

w |[Y] > |X|. Hostomy P{A;} = P{Y <0, |[Y|> |X|} = 1/4. m

1.4. MoMeHTHBIe XapaKTepUCTHKHM CJIydallHOro IIpoliecca.
MoMeHTHbIE XapaKTePUCTUKH CIIy9aifHOTo Mpolecca 3a1ai0T ero IpocTeii-
e CBOMCTBA M BBIYUCIAIOTCA C IIOMOILI0 KOHEYHOMEPHBIX pacIpesie-
JIEHWH PasIMYIHbIX HOPAIKOB. Ilycts £(t) — cKaugpHbIH (BelecTBeHHbIH)
mporecc.

Onpenemenne 1.14. Hecayuaitnas yukmnms mg(t), t € T, onpene-
JisleMasi COOTHOIIEHUEM

me(t) = M{£(t)} = J z dFe(z; t),

— 00
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Ha3BIBAETCS MAMEMAMUYECKUM 0dtcudanuem npouecca &(t) wmm ero cped-
HUM 3Haveruem. Ecam m éh(t) = 0 mpu Bcex ¢t € T, To IpOIECC HABBIBAETCS
UEHMPUPOBAHHBIM.

Oupenenenne 1.15. Hecuyuaiinas dyuxuust D¢ (t), t € T, onpee-
JisTleMasi COOTHOIMEHHEM

De(t) = D{¢(t)} = M{(&(t) — me(t))*} =

= M{E(t)°} —m(t) = |« dFe(a; t) —mi(2),

HasbiBaeTca ducnepcueti (mmm ducnepcuonnoti dynryueti) nponecca &(t).

Sameganune. llpu raxmom t €T maTeMaTU9decKOe OXKWUIAHUE U
mucnepeust m(t), De(t) npouecca () cyTs MaTemaTniecKoe oxuianue
U JucIepcus ero cedeHus B Touke t € T.

Onpepgenenue 1.16. Heciyuaitnas dyukuus Re(t,7), t,7 €T,
ompeiesigeMas COOTHOIIEHTEM

Re(t,7) = cov{{(t),6(7)} =
= M{(£(t) = me(1)(&(7) —m(r))} = M{E(H)E(T)} — me(t)me(T) =

[o Sl o]
= | [ miwadFe(er 2o t.7) —me(thme(r),
—0o0—00

Ha3bIBaeTCs Kosapuayuonkot dynxyuet npouecca E(t).

Bameuanus. 1) Ilpu mobbix t,7 € T dyuxuus Re(t,7) aucnenno
paBHA KOBapHMAIMU CeueHuil ciydaiinoro nponecca & (w) n &, (w) B Tourax
t,7 € T u xapaKTepusyeT cTeleHb JIMHEeHHON! 3aBUCHMOCTH MEXKIy cede-
musivu. Jnst Beraucennst Re(t, 7) HeoGX0MMMO 3HATH [[BYyMEPHOE Pacipe-
nenenne Fe(xq,x0; t,7) nponecca §(t). SamernM Takxke, 9410

De(t) = Re(t,t), teT.

N3 nepaBencrsa Komu—-bByHaKoBCKOTO ciieyer, 9To st CyIIeCTBOBa-
HUS mg(t), D¢(t) u Re(t, ) upu Beex t,7 € T' J0CTATOYHO BBINOIHEHMUSI
yCIToBUst

M{|£(t))°} <o VEET. (1.6)
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2) Ecnu pacupenenenust Fe(x; t) u Fe(xy, x2; ¢,7) IMEIOT IIOTHOCTH
pacnpesienienns pg(z; t) n pe(21, T2; t,7), TO

me(t) = [apgles )de,  De(t) = | pyles t) do —m(1),

s —00
[e.elNe ]
J J 122 pe(21, T2; ¢, 7) dvrdws — me(t)m(7).
— 00 —00

Onpepgenenune 1.17. Cuyuaiinstii nponecc {{(t), t € T}, ynosuerso-
psroruit yesosuio (1.6), HA3BIBAETCH NPOUECCOM € KOHEUHBLMU MOMEHNG-
MU 6MOP020 NOPAOKA WU 2UABOEPMOGHIM CAYHATIHOLM NPOUECCOM.

Onpememenme 1.18. Ilycrs £(t) = X(t) +4Y (t) — KoMmuTeKCHBII
nporece, rae X (t), Y(t), t € T — HeKOTOpBIE eHCTBATENBHBIE CTydaiiHbIe
mporeccel, a i2 = —1. Eciu

M{J6(0)1%} = M{eED } = M{X2() + Y2()} < o0 VEET,

To nponece &(t) HA3BIBAETCA KOMMAEKCHbIM 2UALOEPINOBHIM NPOYUECCOM.
DyHKITUST

Re(t,7) = M{(6() = me())EE) —m(r)} . treT,

rae { -} O3HAYAET KOMILIEKCHOE COTPSI?KEHHNE, HA3BIBAETCS KOGAPUALUOH-
noth Pynryued xomnaercnozo caywatinoeo npouecca &(t).

IIpumep 1.12. IIycrs £(t) = Xo(t), t € T, tne X — nmeiicTBuTesbHast
ciydafinasd BeJUYMHA CO CPEJHHM My #u jaucnepcueitr Dy, a <p(t) —
nHecaydaitnas dbyukus wa T. Haiitu mg(t), De(t) m Re(t, 7).

Pemenue. B coorBercTBum c onpenenenusvu 1.14-1.16 nmeem

me(t) = M{Xp(t)} = M{X} o(t) = m (),
Re(t,7) = cov{Xp(t), Xo(1)} = cov{X, X} p(t)o(T) = D yo(t)p(1),
De(t) = Re(t,t) = Dy p%(t). m
Caenyromuii IpuMep sSBIISIETCS o6o6meH1/IeM IPEJIBIAYIIIETO.
IIpumep 1.13. Ilycrs £(t) ZX,(pz ,teT, rne X; — nmeiicrBu-

TeJbHbIe HEKOPPeJIUPOBaHHbLIE cnyan/IHLIe BEJUYNHLI ¢ U3BECTHBIMHE Hapa-
merpamu {m x» D Xi}’ a {p;(t)} — samannbe Ha T JleTeDMUHUPOBAHHBIE
bynkmun. Hatitn me(t), De(t) u Re(t, 7).
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Pemenwne. B coorBercrBum c onpenesnenusvu 1.14-1.16 mmeem

:M{ixi%’ } ZM{X}% me%

Re(t,T) —COV{ZXHPz ZX]SOJ )}

= Xj: Xi: cov{X;, X;} pi(t)p;(T).

Tak xak X7, ..., X, — HEKOpPpEJUPOBAHHbIE CIyUailHbIe BEJIUIUHBI, T. €.

cov{X;,X,;} =0 upu i # j, To
n
7) =3 Dx,pi(t)pi(r),  De(t) = Re(t,t) ZDX ei(t). m

IIpumep 1.14. Haiitu HeoOXOmMMMOEe W JOCTATOYHOE YCJIOBHUE, MPHU
KoTOpOM cymecTiyeT nporece {£(t), t € T} ¢ xapakrepucTnkamMn

M{{(B)} = me(t),  cov{(t), ()} = Re(t,7), (1.7)

rie m g(t), R¢(t,7) — 3amannble BelecTBeHHbIE (DYHKIUN.

Pemenne. Haiinmem cnauana neobxomumoe yciosue. Ilycrs £(8) —
nporecc ¢ xapakrtepuctunkamu (1.7). Torma mus mo6bx  HaGOPOB
{t1, ..., tn} CT u {21, ..., 2,} C C cupasemnBo COOTHOIIEHUE

D{ig(ti)zi} = zj: Xj: COV{g(ti),ﬁ(tj)}ziEj >0,

. e. dyukims Re(t,T) yAoBIeTBOPSIET YCIOBUIO HEOMPUUATNEAHOT Onpe-
deaennocmu:

n
>
=1

=1j=

n

Rﬁ(ti,tj)zﬁj 2 0 V{tl, ,tn} CT, V{Zl, ,Zn} cC.
1
(1.8)

Hokaxem Tenepb, aro ycaosre (1.8) siBisieTcsa B TO 2Ke BpeMs M JOCTa-
TOYHBIM JIJIsl CYIIECTBOBAHUS CIY9IaiiHOrO IPOIECCca ¢ MOMEHTHBIMY XapaK-
repucrukamu (1.7). HeiicrBurensuo, yeaosue (1.8) o3nadaer, 9T0 MaTpua
K = {Re(ti,t))}ij=1,..n SBISETCA HEOTPHUIATENLHO-OMPENENEHHOM, 110
sromy cymiecrByer dbyukuus Fe(zq, ..., &pn; t1, ..., t,) n-MepHOTO TAyC-
cosckoro pacnpegenenua N (m; K), raem = {m(t;) }i=1, ...n (cM. 1. 14.6).
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Kak merpyzHO mpoBepuTH, MOCTPOEHHAs] CHUCTEMAa KOHEYHOMEPHBIX Pac-
npefnesieHnit  yaoBiaerBopsier ycsaousiM 1-6 u3 m. 1.3. [lostomy B cuay
Teopembl Kosnmoroposa cymecryer ciyuaitasiii nponece {£(t), t € T},
UMEIOIINNA yKa3aHHOEe CeMeNWCTBO rayCCOBCKUX pacIpejieJieHuii U, B 4acT-
HocTH, obuanaromuii xapakrepucrukamu (1.7). =

3ameagamnue. [Ipomecc, paccmorpennbiit B mpumepe 1.14, HazbiBaeTcst
2ayccosckum caydalinoim npoueccom. CBoiiCTBA TaKMX IPOIECCOB Oojiee
JIETaJIbHO PACCMaTPUBAIOTCS B CIELyIOeM maparpade.

Ounpegmesenne 1.19. Ilycrs 3amanbl Ba KOMILUIEKCHBIX ITPOIECCA
&(t), n(t), t € T. Herepmunnposannasa HyHKIAS

Ren(t,7) = cov{£(t),n(7)} =

= M{(E(t) —m®)(n(r) —m, (1)}, tTeET,

Ha3BIBaeTCd 63aumHol Kosapuayuonnot gyrryuet cayuatinmr npoyeccos
Eun.

Bameuanue. Dynkius Rey,(t,7) cymecrsyer, ecnu £(t) u n(t) —
rIEGEPTOBBI IPOIECCHI.

Onpemenenne 1.20. ITycrs &(t) = {&1(E), ..., &n(t)}* € R™ — Bek-
TOPHBIN ciiydaiiubiii mpornecc. JleTepMUHUpOBaHHAS 7N-MepHash BEKTOD-
byHKIIAST M éh(if) € R", t € T, onpenensiemasi COOTHOIIIEHHEM

me(t) = {M{& (D)} -, M{&n(8)}}7,

Ha3BIBAETCH  MAMEMATNUYECKUM  OANCUOGHUEM 6EKMOPHO20 cny%adﬁoeo

npouecca &(t).
JerepmuHupoBanuas MaTpuaHast yHKIUs

Re(t,7) = cov{£(t),£(r)} = M{ (¢(t) — m (1) (€(r) —me(1)* } =

=M{e@)E ()| - metymi(r), tTET,

Ha3bIBAETCS KOBAPUAUUOHHOT PyHryuel 6exmopro2o cayuaiinozo npovec-

ca &(t).
Bamewanmue. [lna cymecrposanns m(t) u Re(t, 7) npu seex t, 7 € T
JIOCTATOYHO BLITIOJHEHUS yCIOBUS

M{|E@))P} = M{|G@®))P+... + & ®)]*} <o VEeT. (1.9)

Ipumep 1.15. Iycrs £(t) = G)U, t € T, rme U € R™ — mekoro-
phiii cryuaitasiit Bektop ¢ napamerpamu M{U} = my, cov{U,U} = Ry,
a G(t) — nerepmunMpoBaHHAd MaTpudHas (DYHKIMSA pasMepa 7 X m.
Haittn m(t), Re(t, 7).
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Pememnue. B coorBercrBuum ¢ onpenenernnem 1.20

me(t) = M{{(t)} = G(t) my,
Re(t,7) = cov{G)U,G(r)U} = G(t) cov{U, U} G*(r) = G(t)Ry G*(r),

a kosapuanuonnas Marpuua De(t) ceuenus £(t), t € T, nmeer Buj,

De(t) = Re(t,t) = G(t)Ry G*(t). m

Onpemenenne 1.21. Ilycre {&(t), t €T} — neficTBUTeNbHBII
ciaydaitupiit mporecc. JleTepMMHWpOBaHHad BelleCTBeHHAs (DyHKIHS
mg(tl, .. .,tk), ti, ...t €T, onpesesnsieMasi COOTHOITEHHEM

me(te, - te) = M{E(t1) ... &(t)} =

= Jxl...xdeg(xl, ce TR 1, ey T,
Rk

HA3BIBAETCH CMEUWAHHbLM MOMEHMOM nopadka k caywatinozo npoyec-
ca &(t).

Onpemenenme 1.22. Ilycres {&(t), t €T} — neficTBUTeNbHBII
cydaifHbiii  mpomecc.  JleTepMUHUpOBaHHAA KOMILIEKCHAs —(DyHKIUsS
We(#1, - .-y 2k; t1, ..., tg) BEIIECTBEHHBIX IEPEMEHHBIX 21, . . . , 2k, OLPeIe-
JsieMasi [Tt MPOM3BOJIBLHOTO Habopa tq, ...,ty € T coOTHOIIEHHEM

We(z1, ooy 2y b1y ooy ty) = M{exp(ijZi:1 zjf(tj)>} =

k
= Jexp(iszm]) dFe(z1, ... x5 t1, .. te),
Rk Jj=1

Ha3BIBaeTCsl Tapakmepucmuseckots dynkyuetd k-meprozo pacnpedeserus
npouecca £(t).

Sameuganne. I3 Kypca Teopur BEPOSITHOCTEN M3BECTHO, UTO XapakK-
TepucTudeckast GYHKIMs k-0 MOPSIIKA [03BOJISIET BOCCTAHOBUTH COOTBET-
CTBYOIIYO k-MepHY0 DYHKIHIO PACIpEIeIeHNs, IO9TOMY 9TH XapaKTe-
PUCTUKY TIPU OTTUCAHUYU BEPOSATHOCTHON CTPYKTYPHI CIYyUIaitHOTO IIPOIECcca
SIBJISIFOTCSI B3amMo3aMeHsieMbiMu (M. 11. 14.6).

IIpumep 1.16. B yciaoBuax npumepa 1.12 HalfiTH XapaKTepUCTHIe-
ckyto dyHKImo nporecca &(t), ecim JOMOTHUTEIBHO U3BECTHO, 9T0 X —
rayCccoBCKasl CiaydaiiHas BeJNIrHA.
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Pemenne. Ilycthn = Xk: z;€&(t;), rorma B cuiy §(t;) = X ¢(t;) nomy-
qaem 1 = X Xk: zijp(t5), HOQ:(;My 7) — rayccoBCKas CIydaiiHasi BeJUYuHa
CO CpeJHUM IfIZ,thcnepcneﬁ:

k k 2
my=mx 32 2e(t). Dy=Dx ( > Gelt)) . (110)

OTcrosia nosrygaeM BbIparXkeHHe JJisl XapAKTePUCTHIECKOH dyHKIUN:
Te(z 2 t ty) = M{e} = exp{im ~1p
E\Z1y oy 2k U1, - lk) = = P n D) (>

rae my, D, onpenenenst B (1.10) u yureHo, 9410 [Isi TayCcCOBCKOIL CIIydaii-
Hoit BesmuuHbLI ) npu Jo6oM A € R! cripasesuso (cm. 1. 14.6)

4 . A2
M{e”‘”} = exp{z)\mn — 7D,7}. [ ]
3aMedanue. Boime 6LLI BBeieH B pacCMOTPeHHUe OeIblil Iy M ¢ JIuc-
KPETHBIM BPEMEHEM, T.e€. IIOCIeI0BATEJLHOCTh NEeHTPHPOBAHHBIX He3a-
BHUCHMBIX H, CJIJIOBATEIbHO, HEKOPPEJIUNPOBAHHBIX CIYYAHHLIX BEJHYIHH.
Jlna cirydast HENPEPHIBHOIO BPEMEHH IO AHAJOIMH BBOJUTCA MOHATHE
6enoz20 wyma kak nponecca &(t) ¢ MOMEHTHBIMU XapaKTEPUCTHKAMU

me(t) =0, Re(t,s) = o?5(t — s),

rae 0(7) — penbra~-dymkims dupaka (cm. 1.13.5). OdeBumHO, UTO
R (t, s) =0, eciu t # s, T.e. CeYEHUs] ITOIO IPOLECCA, NAXKE [PHU OYEHD
Gausknx t u s, Hekoppesuposanbl. OmHako £(t) He sBaseTCH TUIBOED-
TOBBIM CJIydaiiHbIM mporeccoM, Tak Kak De(t) = Re(t,t) = oo mpu Beex
t € T. Takum obpazoM, HeJIbIil IIyM C HEITPEPHIBHBIM BPEMEHEM (DU3UIECKH
HEpeaJn3yeM, OJHAKO OH SIBJISeTCs yOOOHOW MaTeMaTWIecKOW MOIEIHIO
JUUTsl OTIMCAHUA JVHAMUYECKUX CUCTeM, (DYHKIUOHUPYIOIMUX B IIPUCYT-
CTBMHM TIOCTOSTHHO JEHCTBYIONMX CIydaiiHbrx Bosmymmenwmit (cm. ror. II1).

1.5. Bagaum /JIs1 caMOCTOSITEJIBHOTO pelleHus.

1. [Tokazarnb cBoiicrBa 1-6 koHeuHOMepHBIX pacupeenennii (1.1).

2. Jlokazarh cBoiicTBa 1-6 1714 ceMeiicTBa KOHEYHOMEDPHBIX pacIpesiesieHuil,
HalileHHBIX B npuMepax 1.3, 1.4.

3. B ycioBusix npumepa 1.4 mocTpouTh My4oK Tpaekropwmil mponecca £(t),
ecin X u 'Y pacnpenesieHbl paBHOMepHO Ha orpeskax [—1,0] u [0,1] coorset-
CTBEHHO.
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4. Jloxasarb, uro jisa cymecrsosanus mg(t), De(t), Re(t,7) mpm Beex

t,7 € T' rocrtaTo4HO, YTOOBI BBIOIHAJIOCH YCJIOBHE M{|£(t)|2} <ocoVteT.

VY kaszaunue. Bocronb3oBarscs HepaBencTBoMm Kommu-BynsakoBckoro.

5. Jokasarb, uro D¢ (t) = Re(t,1).

6. ITycrs B pumepe 1.4 X u Y uMeIoT INIOTHOCTH pacupefeneHus p(x)
u py (y). HaitTu aByMepHyIo IIOTHOCT pacmpefesenus mpornecca §(t). IToka-
3aTh, YTO paCIpeesieHus MOPsAaKa k > 3 IJIOTHOCTH HE MMEIOT.

Vka3zauue. Bociosnib3oBaTrhest bopMysioi npeobpa3oBaHus IVIOTHOCTH [IPU
HEBBIPOXKJEHHOM [Pe0o0pa30BaHUM CJIy4YailHbIX BeJU4WH. [loKa3aTb, YTO Mepa

coBMecTHOro pacupegenenus {£(t1),&(t2), ..., &(tk)}, k > 3, cocpegorouena Ha
HEKOTOPOM JIMHEHHOM TIO/[IIPOCTPAHCTBE Pa3MEPHOCTH 2.
1 T — X1 T2 — 1
OrBer. T1,To; t1,ty) = ———— r - — - JIst
Pe(@1, @25 t1, t2) tz—tle<1 t2—t1>py<t2—t1>ﬂ

MOMEHTOB T2 > t1.

7. Iycrs B npumepe 1.13 ciay4aiinble Besuuunbl X; SBJISIOTCS HE3ABUCHMbI-
MU u rayccockumu ¢ pactpegenennem N (0;1). Haiitu Fe(z; t).

Vkazanue. Oupenesurb MaTeMaTHYeCKOE OXKHUJAHUE M JUCIEPCUIO TIPO-
necca £(t).

8. Iycrs £(t) = Xt* + Y, t > 0 — caydaiissii nponecc, rae X, Y — Hesa-
BUCHMBIE CJIydaiiHble BEJIMUUHBI ¢ rayccoBckuM pacnpesenennem N (0; 1). Haiitu
BEPOATHOCTH TOTO, YTO TPAEKTOPHs MOHOTOHHO HE YOLIBAET.

Orser. P{£{(t) —neyboBatomas byuxkmusa} = P{X > 0,Y > 0} =1/4.

9. B yc0BuAX NpeaplIyIneil 3aa491 HaliTH BEPOATHOCTD CIIy9aifHOro coObI-
THT A = {1;[1>1(I)1§(t) < 0}.

Orser. P{A} =P{X >0,Y <0} +P{X <0,Y >0} =1/2

10. Cayuaitusiii npouece 3aman coorHorrerueMm £(t) = X + ot, t > 0, rue
X — ciyvaiinag BequuMHa ¢ HenpepblBHON (yHKIUedl pacrpejeneHus,
a a > 1 — gerepmmHuMpoBaHHas mocrosigHas. Ilycrs D C [0,00) — Hekoropoe
KOHEYHO€e WJIM CHYETHOe NoaMHOXKecTBO. HaliTy BeposiTHOCTH cOBBITHI:

1) P{£(¢t) = 0 xorst 681 muist oxHoro t € D}

2) P{&(t) = 0 xors 661 gy opHoro t € [0,1]}.

Orser. 1) 0; 2) P{—a < X < 0}.

11. Haiitn xoBapuanuonnyo ¢ynkumio nponecca £(t) = X cos(t+Y), rae
X, Y mesasucumbl, X umeer pacupenenenne N (0;1), a Y umeer paBHOMepHOE
pacrpejiesienue Ha [—, ).

Orser. Re(t,7) = cos(t — 7).

12. HaiiTn MaTeMaTHYeCKOE OXKUJAHUE W KOBAPUAIMOHHYIO (DYHKITHIO KOM-
IJIeKCHOro ciryuaiioro mponecca &(t) = Ue'V?, rne U, V — HesaBucuMbIe city-

qajinble Besuwannsl, M{U} =0, D{U} = D, a cayuaiinas Benuuuna V pac-
«
IpejiesieHa M0 3aKOHY KOINM ¢ INIOTHOCTBIO BEPOSITHOCTH Py, (Z) =

(a2 +22)’
rae a > 0.
o o]
cos Bz
Vkaszauue. Bocrmonb3oBaTbcs TaOINIHBIM WHTETPAJIOM a2 dr =
(03 X
= T e—alBl, -
«

OTBeT. mg(t) =0, Re(t,7) = De—clt=71
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§ 2. OcHOBHBIE KJIacChl CJIyYaillHbIX MPOIECCOB

2.1. TayccoBcKue ciiy4aiiHbie IIPOIEeCCHI.

Onpegmenenue 2.1. JeiictBurensHbiii ciaydaiinsii nporece {£(t),
t € T} Ha3BIBAETCS 2aYCCOECKUM, ECITH ETO XAPAKTEPUCTHIECKAsT (DY HKITHSI
nMeeT BUJL

We(21y ovey 2k y < ey th) = M{exp(i zk: zjﬁ(tj)>} _

i=1

k Kk

k 1
= exp(i 2; zjme(t;) — 3 S>> R.g(tl,tj)le]), (2.1)

1=1j=1
rae 21, ...,2k — IPOU3BOJLHLIEC BellleCTBEHHBIEC ducia, ti, ...,t; € T, a
me(t;) = M{&(t;)},  Re(ti,ty) = cov{&(t),€(t))}-
XapakrepucTuiaecKyio byHKINIO MOYKHO IIPEJICTABATD B BUIE

1

2z*R§z> , (2.2)

We(zy by, ... tg) = exp(iz*mﬁ -

rae 2 = {z1, ..., 2}, me={m(t1), ... me(te)}* 1 Re = {Re(ti,t5)}-
Kak y»Ke roBOpmiioch panee, XapaKTepHCTHIeCKasi (PyHKIHS TTOIHOCTHIO
ONpEJIesIsieT PACIpPeJeJieHue COBOKYITHOCTH CJIydailHbIX BEJIUYUH, W TEM
CaMbIM 3aJIaHO ¥ [OJIHOE CeMEeHCTBO KOHEYHOMEPHBIX PACIIPE/IeJIeHHMil.
Bameuanuns. 1) U3 Kypca Teopuu BepoATHOCTEH W3BECTHO, €UTO
rayccoBcKuil caydaitubiit Bektop 1 = {m1, ...,k }* ¢ MaTeMaTHIECKHM

OXKUJIAHUEM 77, W KOBAPUAIMOHHON MaTpHIei R,, umeeT mIOTHOCTHL pac-

npeiesienus p, () TOLIA M TONHKO TOIJA, KOTAa MaTpuna R, — HeBbipo-
xKJenHas, T. e. det[R,] > 0. B stom ciyqae

1 1 .
Po®) = Gyl 72 eXp{*E(m —m,) Ry (@ m")} ‘

Taxum obpasom, ecnu Marpuna Re = {Re(t;,t;)}i j=1,... k HOIOXKUTEILHO
ONpEJIeNIena, TO COBMeCTHOE pacmpenenenne cedenmit {£(t1), ...,&(tg)}
MMeeT IIOTHOCTD BEPOSITHOCTH

1 1 .
pelw; b, .o ty) = CORECTIRIRE exp{*g(m —m) R, e —mﬁ)},
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rne me = {mg(t1), ..., me(te)}*, Re ={Re(ti,t)}, = {21, ..., zx}"
CBsi3b MeXKJy XapaKTepHCTHIeCKOil (PyHKIMEH U IIIOTHOCTHIO PACIIPeie-
JeHust k-ro mopsaKa MMeeT BUL

pﬁ(m; t1y ooy ty) = (27r)_’C J e_”*z\Ifg(z; t1, ... tg) dz.

Rk
Ecmu xe det[R¢] =0, To sro o3magaer, uro cedennst {{(t1), ...,E(txk)}
JUHENHO 3aBUCHUMBbI, & WX COBMECTHOE pacHpeeseHne Fg(:c; ty, ..., tk)

TIJIOTHOCTY HE MMEET.
2) HeTpysHO TpOBEPHUTH, WTO CEMEHCTBO KOHETHOMEDHBIX TayCCOB-
CKUX PaCIpeIeJIeHn, COOTBETCTBYIOIIEE CEMENCTBY XapaKTEPUCTHIECKUX
dynxmmit (2.2), ynosmerBopsier ycaosusiM 1-6 Teopembr Kommoroposa
(em. m.1.3). Takum obpasom, npomssoabubll HabOp {£(t1), ...,&(tk)}
CedeHUl rayCCOBCKOT'O CJIyYaifHOTO IIPOIECCA SABJISAETCS CIydalHBIM BEK-
TOPOM C TayCCOBCKHMM pacipejenerneM. [loqaepkueM Tak»ke, 9TO BCe 9TU
DACIPEJIENIEHUS C02A4aC06aHb: (B CMBICIe onpeaesnerns 1.9).

3) U3 ompesesenns: TaycCOBCKOTO TPOIECCa CIELYET, 9TO CeMeHCTBO
€ro KOHEYHOMEDPHBIX PaCHpPENeeHNN IMOJHOCTHIO OIPENEIsIeTCsT JTBYMS
MOMEHTHBIMU XapPaKTEPUCTUKAMU: MATEMATUIECKUM OXKUJAHUEM U KOBa-
PUAIMOHHOM (DYyHKITHEIA.

IIpumep 2.1. IIycts Xy, ..., X,, — COBOKYIHOCTD CIyIaWHBIX BEJIH-
UH, COBMECTHOE pacCIpe/iesieHie KOTOPhIX — rayccoBckoe. [lokazars, aro
CJIy4daiiHblil TIponece

£(t) = 3 X,£,(0),
=1

rzie f,(t) — HeKOTOpBIE JeTepMUHUPOBAHHBIE (DYHKIUH, SIBJISIETCS TAYCCOB-
ckuM. HaiiTn MaTeMaTHueCKoe OXKUIaHUe W KOBAPHAIMOHHYIO (DYHKIIHUIO
npomuecca &(t).

Pemenwme. s HekoTOporo Habopa MOMEHTOB BpeMeHu {ti, ..., tx}
Haii/leM XapaKTepuCTuIecKyto (byHKIIUIO COBMECTHOTO PACIIpeIeJIeH sl Ce-
wennit {£(t1), ...,&(tx)}. Tlo onpenenenmo

\Ijﬁ(zla s 2R3t ’tk) =

f(tj)zj)} = M{exp(i i zn:lel(tj)Zj)} _

j=11=1

k
= M{exp(i
=1 J

J

-~

n

= M{exp(i > X, Z fl(tj)zj>} = M{eXp<an:Xlal> }’

=1 j=1 =1
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e a; = Z f1(tj)z;. IlockobKY COBMECTHOE PACIpeieJleHre CILy daiHbIX
BeJIMYNH {X 1y -+, Xp} ABIsSETCH TAYCCOBCKUM, TO
\Ilg(zl, ey 2kt ..,tk) =

= exp(ilzj:M{Xl} a, — Z Z cov{X, Xnn}a am)

llml

Hanee, noxcrapiss BLIPaXKEHUS AJId @), HAXOIUM

ZM{X}al ZM{£ )} 25

n n k Kk
> Z cov{ X, Xpntaam => > cov{&(ti),&(t))} zizj,

=1 i=1j=1

TIIe

M{¢(t)} = ZM{Xz}f t) = mg(t),

=1

cov{{(t) zj: zn; cov{ X, X;n} f,(t) fm(s) = Re(t, s).

Takum o6pazom, nporecc &(t) ABIAETC rayCCOBCKUM, MOCKONBKY €ro
XapakTepucTudecKas (QyHKIHsA yaoBjIeTBopser ompenenennio 2.1. Ko-
HEYHOMEDHOE PACTIpeeNIeHne k-To MOpsiiKa B TOUYKax {t1, ...,lr} WMeeT
IIOTHOCTD, eciu MaTpuna Re = {cov{{(t;), £(t;)}}ij=1, ... k mOMOXKMATEN B
HO ompejiesieHa. W

IIpuBeneM HmpuMep TayCCOBCKOTO IPOIECCa, He MMEIOMEro IJIOTHOCTH
pacupegenenus k-ro nopsauka (k > 2).

IIpumep 2.2. HaiiTu mI0THOCTH OTHOMEDHOTO PACIIPEICICHUS TayC-
COBCKOTO CJIIyuaifHOro Ipolecca

EB)=X+t, t=0,

rne X — cayuaiiHast BesimumHa ¢ TayccobekuM pactpenesennem N (0; 02),
o > 0. Ilokazarsk, 4To £ HE UMEET IJIOTHOCTH PACIPEIEIeHUs k-TO MOPSIIKA
npu k > 2.

Pemenne. Cuyuaiinas pesmunna &(t) mMeeT TayCcCOBCKOE pacIpesie-
aerme N (t;02). Tlostomy B cuity o > 0 pacrpe/iesieHne IepBOro MOPSAIKa
crrywaiinoro mporecca £(t) nMeeT MIOTHOCTD

pelz;t) = \/zl—m exp {—(xz;f)} :
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OpHako y2Ke pacrpejiesieHne nopsijika k = 2 He UMeeT IIJIOTHOCTH, TaK KaK
MaTpHulla KOBapuanui

o? o?
Re = {oovie(t) ) Wismra = (72 % )

BoIpoxkaeHa. OTCyTCTBUE IJIOTHOCTH OYEBHIHO, MOCKOIBKY CIIyHaifHbIe
sesmuamssl §(t1), {(t2) cBasanbl coornomenueM &(t2) = E(t1) +t2 — t1 1,
cllefl0BaTe bHO, UX COBMECTHOE paclpeseienne B R? cocpemoToYeHO Ha
mHO)kecTBe {(21,22): X2 = 1 + t3 — t1}, UMeromeM HyJieByo Mepy JleGe-
ra. Iys crydas k > 2 aHAJOTHYHOE PACCy»KACHHAE TOKA3BIBAET OTCYTCTBUE
IJIOTHOCTH Pacipe/eeHrs. M

Cuenrytromuii mpuMep JeMOHCTPUPYET TayCCOBCKHUIL IPoIece, y KOTopo-
T'O BCe KOHEYHOMEpHbIE PACIpPeeIeHAsS AMEIOT IOTHOCTD.

IMpumep 2.3. IlokazaTb, 94TO CyIIECTBYeT IayCCOBCKUHU CIydaitHBIi
nponecc {£(t), t > 0} ¢ xapakTepucTHKAME

M{¢(t)} =0, cov{{(t),&(s)} = min (¢, s),

OpUYeM BCEe ero KOHETHOMEDPHBIE PACIIPE/ISICHAS UMEIOT TLIOTHOCTD.

Pemenune. Ecm dbynknus Re(t,s) = min(t,s) ssiasiercs HeoTpn-
IATETHHO-OMPEETEHHON, TO CyECTBOBAHNE TayCCOBCKOTO Tpormecca ()
¢ mg(t) = 0 u xosapuanmonnolt dynxnueir Re(t,s) cuepyer us npume-
pa 1.14 u ero pemenust. Eciu sxe Re (t, $) — HOn0XKUTEILHO-OLPEENEH A,
TO KOHEYHOMEpHBIe pacmpemesnenusi mnpomecca (i) (B mpeamomoxeHnn
TayCCOBOCTH ) UMEIOT TIOTHOCTH PACTIPEEIIEHNSI.

Dynrnust Re (¢, s) = min(t, s) 6yqer HOL0KATENLHO-OIPEAEIEHHOIH, ec-

JU i JTIOOBIX Pa3mIHBIX MOMEHTOB BpeMeHu 0 < t; < ito < ... < tg
KOBapuanuoHnas Marpuna Re Bekropa £ = {£(t1),&(t2), ..., &(tk)}*, ume-
foITasi BUJT,

t1 1 t1

1 t2 ta

Re=| .. )

1 t2 i
SIBJISIETCsSl  [TOJIOXKUTEJIbHO-Openesientoii. [locinennee o3Havyaer, dYTO
z2*Rez > 0 1y1st BCSIKOTO HEHYJIEBOTO BeKTOpa 2 = {21, ..., 251" € RF. st

JOKa3aTeJIbCTBa 3TOT0O d)aKTa paccMOTPUM (l)yHKILI/IIO
k
f(S) = Z ziI[O,ti](s)v
i=1

rae Ij¢,)(s) — maukaropras dbynknus orpeska [0,t;]. B camy Toro uro
Bee t; > 0 pasnmyHBI, a z; HE PABHBI HYJO OJHOBpeMeHHO, byHKmmsA f(s)
He paBHA HYJIIO TOXJeCTBeHHO. [loaToMy

t

J|f(3)|2 ds>0 mnupu t>tg.

0
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Torna

t t

E ok
J|f(s)|2 ds =" 2z JI[O,ti](s)I[O,tj](s) ds =

0 i=1j=1 0

ko k
=33 zizjmin(t;, tj) = 2" Rez > 0,
i=1j=1

YTO W O3HAYAET TIOJOKUTENLHYIO ONPENeeHHOCTh KOBAPHAIMOHHOLM
marpunsl Re. Takum 0o6pa3soM, COBMECTHOE DPACHpPEJEsIeHHE CeUeHHil
&(t1), ..., &(tx) Tayccoekoro nporecca £(t) mMeeT MIOTHOCTH. M

Onpemenenne 2.2. Tayccosekuit cyqaiinsii nporece {£(t), t > 0}
C HEIPEepLIBHBIM BPEMEHEM, MOMEHTHLIMHI XapaKTePHCTAKAME

M{{(t)} =0, cov{{(t),{(s)} = min(t,s), t,5>0,

n BeIXOAAmHMi 3 myus, T.e. £(0) = 0, HazbBaeTcs cmandapmHbLM 6UHE-
posckuM npoyeccom (I NPOYECcom BPoyHOBCK020 J8UINCEHUR).

DTOT Tporiece 061a1aeT MHOTUMHI 3aMeYaTeILHBIME CBOCTBAMH U Oy-
JIeT TOAPOOHO M3ydaThCsl B TJIABE, HOCBSIIEHHON CIIydaiiHbiM (DYHKIIUSIM.
31ech MBI [IPUBEEM TOJHKO HEKOTODPBIE €TI0 CBOMCTBA, KOTOPBHIE MOXKHO
BBIBECTH HEMOCPEJICTBEHHO U3 ONpejieenus 2.2,

IIpumep 2.4. Ilokasarb, 4TO IpPUPAIIEHUs TPOIECCA OPOYHOBCKOIO
JIBUKEHUST HA HETIEPECEKAIOIINXCs IIPOMEXKYTKaX BPEMEHN HE3aBUCUMBI, a
TaKKe HAWTHU pacipeiesicHne MPOU3BOJLHOTO TPUPAIICHUSI.

Pemenwme. IIpexe Bcero 3amMeTnM, YTO COBOKYITHOCTD MTPUPATTEHMH
nporecca GPOYHOBCKOTO JIBUKEHUS

§(t) —&(to),  &(t2) —&(t1), ..., &(tk) — &(th-1),

rme 0=ty <t1 <...<tp m & (to) = 0, uMeeT TayCCOBCKOE pacIpesesie-
HEUE B CHJIy TayCCOBOCTH ciydaitmoro Bektopa {&(t1),&(t2), ..., &(tk)}*.
TlosTomy miisi MOKA3aTeIbCTBA HE3ABUCUMOCTH MPUPAIIEHUNR JTOCTATOIHO
YCTAHOBUTb WX HEKOPPEJMPOBAHHOCTH. VTak, 1jid MOMEHTOB BpEMEHU
t; < t; BEpPHO COOTHOIIECHUE

cov{{(ti) — &(ti—1),&(t) — &(tj-1)} =

= min(ti, tj) — min(ti, tj—l) — min(ti_l, t]‘) + min(ti_l,tj_l) =0,
YTO O3HAUAET HEKOPPEJMPOBAHHOCTH mpupamieHnii nporecca &(t) Ha mpo-
MeXyTKax [t;_1,t;] u [t;_1,t;].

Kak yxe ormeuasioch, npupamenne &(t) — £(s) mmeeT rayccoBckoe
pacnpejenierue. [Toaromy

£(t) = &(s) ~ N (05|t — s]), (2.3)

3 B.M. Musiep u A.P.Ilankos
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rak kak M{(t) —&(s)} =0 mw D{&(t) —&(s)} =t + s —2min(t, s) =
=t—sl. m

Ilpumep 2.5. HaiiTu mIoTHOCTh KOHEYHOMEDHOIO DACIPEIETCHUS
nporecca GPOYHOBCKOTO JIBAKEHNS.

Pemenune. PaccMoTpuM mpupalieHust porecca GpoyHOBCKOrO JIBH-
JKEHUS:

m =¢&(t) —€&(to), m=E&(t2) — &), oy e = E(tk) — E(tk-1),
e 0 =ty < t; <...<tg. [Tockomeky &(tg) = 0, TO
Et)=m, &t2)=m+mn, ..., {tx)=m+...+ 0
Iycts p, (-) — MAOTHOCTH PacTIpeieleHust BEKTOPa 1 = {n1, ..., Mk }*,

a p, () — mrorHOCTH pacnpesesnenns npupamenns 7;. Torza mrorHOCTH
pacnpenenerust Bektopa & = {£(t1), ..., &(tx) }* paBHa

P, o @es by, k) = P (X1, 2 — Ty, T — T—1) =

=py,(@1)p,, (22 — 1) ... Py, (Tk — Th—1),

r7e MepBOe PABEHCTBO CJIEyeT M3 TOrO, YTO SIKOOMaH Ipeobpa3oBaHMs
7 — £ paBeH MO MOAYJO 1, & BTOPOE MOIyI€eHO C yIeTOM HE3aBUCUMOCTHU

CIly9aliHbIX BEJIMIUH 7)1, ..., 0. Torma n3 (2.3) crexyer
k 1 _ (zi—wi_1)®
pg(wl, con Tyt o ty) = [ = Zltitial, (2.4)
i=1 27r|ti - ti_1|

tnetg=0mxzg=0. m

B npriioxkeHusax BecbMa 9acTO MPUXOIUTCA UMETH AEJI0 C N-MEPHHLMU
2ayccosckumu npoyeccamu, rae n > 1. Ilo aHajgoruu ¢ BBEJIEHHBIM pa-
Hee omnpeziesierneM 2.1 Mbl Moxkem HazBaTh mporecc {£(t) € R™, t € T}
TayCCOBCKHM, €CJIH TIPH JHOOBIX t1, ...t € T, k > 1 (n X k)-MepHBIi ciry-
waiinbtit BekTop 71 = {£*(¢1), ..., £* (k) }* mmeer rayccosekoe (n X k)-mep-
HOe pachpeseienue. Bee cBoCTBa TaKOro HpOIECCa MOJHOCTHIO OIpe-
HEJII0TCA N-MepHOM (DYHKIUEH MaTeMaTHIECKOTO OXWUIAHUST M 5(t) u
(n X n)-mepHO#t (T.e. MaTpuuHOi) KoBapuanuoHHOH (ynkimeil Re(t,s),
KOTOpasl BHIYUCIISETCS CJAEIYIOMUM 06Pa3oM:

Re(t, 5) = M{(¢(t) = m())((s) = me(s))" } =
= M{E(E" ()} — me(tym(s).
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2.2. CayuaiiHble OPOIECChI C KOHEYHBIMU MOMEHTAMU BTOPOTO
nopsiaka. MHorme mpuKIagHbIe 339U B 00JacTH (DU3UKA W TEXHUKU
JIOIIyCKAIOT pEIlieHre, OCHOBAHHOE Ha, MCIIOJIB30BAHUN JIUINb IEPBBIX JIBYX
MOMEHTHBIX XapPaKTEPUCTUK CIYyYIafflHOTO MPOIEecca — MaTeMaTHIeCKOro
OXKWJIaHUSI W KOBAPUAIMOHHON (yHKIMU. DTO TeM Oojiee yIo00HO, IO-
CKOJIBKY 5TH MOMEHTHBIE XapPaKTEPUCTHKKU MOXKHO JOCTATOYHO IIPOCTO
BOCCTaHOBUTH, 06pabaThiBasi CTATUCTUYECKIE JaHHbIe. B JJaHHOM IIyHKTE
M3JIAraloTCs OCHOBHBIE CBOWCTBA IMPOIECCOB € KOHEYHBIMH MOMEHTaMU
BTOPOTO HOPsJIKa (THIBGEPTOBBIX POMECCOB), KOTOPBIE BYIyT MOCTOSTHHO
WCTIOTH30BATHCS B TIOCJEYIOIIEM.

B coorBercTBUm ¢ ompenenenneM 1.18 MBI paccMaTpuBaEM KOMILIEKC-
HBIE IIPOIECCHI, TPEICTABAMBIE B BUJIE

€)= X(t) +4Y(t), teT,

rne X (t),Y(t) — neficrBrTenbHbIe CTydaiiHBIE TPOMECCHI ¢ KOHEYHBIME
MOMEHTaMI BTOPOTO MOpPsiJIKa. B jajbHeiieM st IpOoCTOTH ITPEeIIIoa-
raercst, ato M{£(¢)} = 0 mns Beex t € T

Onpegmenenne 2.3. Kopapuanuonnas dbyHkmnus nporecca &(t) nme-
eT BUJ,

Re(t,5) = cov{€(t), £(s)} = M{EME) },

rjie Z O3HaYaeT KOMILIEKCHYIO BEJUYUHY, CONPSIKEHHYIO K Z.

K kitaccy rusib0epTOBBIX MPOIECCOB OTHOCSITCS PACCMOTPEHHBIE B ITPe-
JBIAYIEM IIyHKTE TayCCOBCKUE IMPOIMNECCHl M, B YaCTHOCTH, ITPOIECC
O6poyHOBCKOTO jiBrzKeHus. CIlepayoniuii Mpornece TakXkKe SBJIAETCA THUJb-
6GEPTOBBIM.

IIpumep 2.6. Ilycrs coywatimas dynkmus &(t) = Ueilwtte) t e RY,
rae U — nefictBurensHas cuydaiinas seamauna ¢ M{U} =0, D{U} =
=D < o0, a ciyyaiiHas BeJIMYWHA  He 3aBucuT oT U M pacrpeieseHa
MpOM3BONBbHBIM 06pazoM Ha [0, 27|, TlokasaTh, uTo ciydaiinas GyHKIAS
&(t) siBasieTcss TUNBOEPTOBBIM MPOIECCOM, U ONPENENUTh €€ MOMEHTHBIE
XapaKTEePUCTUKH.

Pemenue. B cuny nHezaBucumocru ciryyaiiabix Besuuun U u ¢

me(t) = M{&(1)} = M{Uei(w“w)} - M{U} M{e““’”“’)} =0,

D(t) = M{[£(t)]*} = M{U?} = D < o0.

Takum ob6paszom, &(t) — meficTBurenbHo THIBGepTOB Nporece. Onpemennm
€ro KOBapHUaIlMOHHYIO (DYHKIIHIO

Re(t,s) = M{g(t)@} = M{UZei(th)e—i(wsw)} — Dei(t—5) m

3*
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KoBapumanmonnas (l)yHKL[I/IH SIBIISIETCST  HEOMPUUATMEADHO-0TPEDENEH-

noti, T.e. Ayis MOOLIX tq, ...,t, € T 1 IPOU3BOILHOIO HABOPa KOMILICKC-
HBIX auces {21, ..., 2}, N = 1, IMEeeT MeCTO HEPABEHCTBO

n n

2.2 wiziBe(tisty) > 0. (2.5)

i=1j=1

DTO COOTHOIIEHUE TIOTYIACTCA CIACTYIONINM 00Pa30OM:

< D{i 5600} = Y0 3 mizjeovie(t) £t} i gf; 27, Re (ti.15).

i=1j=1

TIpuBemem OCHOBHBIE CBOMCTBA KOBAPHWAMMOHHON (DYHKIMU, KOTOPHIE
HEMOCPEJCTBEHHO BBHITEKAIOT M3 CBONCTBA HEOTPHUIATEILHON OIpeIeseH-
HOCTH (2.5).

Teopema 2.1. Kosapuayuornaa @yrkyus Re(t,s) esuavbepmosa
cayuatinozo npouecca {€(t), t € T} obaadaem caedyrowumu ceotiems-
samu;

1) Re(t,t) = De(t) > 0 dan scex t € T}

2) K06aAPUALUOHHAR PYNKUUSA AGAAEMCH IPMUMO60T, m.e. ydosae-
MEOPALTN, YCAOBUIO

RE(tl,tg) = RE(tg,tl) th,tz c T;

3) xosapuayuornas Pyrkuua ydosiemeopaem wepasencmsy Kowu—
Bynarxoscrozo

|R5(t17t2)|2 < Re(ti,t1)Re(ta,ta) Viq,tp €T5

4) dan ecex t1,ta,t3 € T umeem mecmo HePaBEHCME0

|Re(t1,t3) — Re(t2,t3)]* <
< R& (t3, tg)[RE(tl, tl) + Rg(tg, tg) — 2Re Rg(tl, tg)]. (2.6)
Ecnmu pambr gBa ruib0epTOBBIX CIyYafHBIX ITPOIECCA, TO MOXKHO
OIIPEJIEJUTh WX B3aMMHYIO KOBAPUAMOHHYIO (DYHKIUIO (CM. Ompesesie-
mwe 1.19).
SBameuanue. Ecam £(t) = X (¢) + 1Y (¢), rme X (t), Y(¢t) — nenrpn-

POBaHHBIE ,JQI./JICTBI/ITQJII)HbIe IIPONECChl C KOHEYHBIMU JUCIIEPCUAMU, TO

Re(t,s) = M{(X(t) + i (1))(X(s) — i¥ (5))} =

= Ryx(t,s) + Ry(t,s) —i[Rxy(t,5) — Ry x(t, )]
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Teopema 2.2. Jas scaxoti Heompuyamesvho-onpedeseHnots @dyrk-
yuu R(t,s), t,s € T cywecmeyem zuavbepmos caywatinwd npouece {£(t),
t € T} ¢ xosapuavyuonnoti dyrruyued Re(t,s) = R(t,s).

3ameuanue. asg meiicTBUTENHHON KOBAPUAIMOHHON (DYHKIUHU pe-
3yJTBTAT TEOpEMBI BHITEKaeT n3 npumepa 1.14. B srom cryuae nponece £(t)
MOXXHO BBIOpATh AEHCTBUTEBHBIM U TayCCOBCKUM, TOCKOJbKY 3aJaHHAs
KOBapHaIuoHHas QyHKIHs 00J1a/1aeT CBORCTBOM HEOTPHUIATEIBLHON Ompe-
JIEJIEHHOCTH.

Kutacc koBapuarmoHHbIX (byHKIUN 00/1a1aeT CIELYIOMUMEI CBOWCTBA-
MM 3aMKHYTOCTH OTHOCUTEJBHO Psijia Oleparuii.

Teopema 2.3. Ilycmv Re,, Re, — xosapuayuornvie Gynxyuy 1exo-
MOPHLT  CAYHAUHBLE NPOUECCO8, ONPEIENEHHBIT HA O0OHOM U MOM e
mrooicecmee T. Tozda oy Re, + aaRe, npu o, aa = 0 maxoice asasemesn
KosapuayuonHot gyrryuel nexomopozo 2uabbepmosa npouecca.

Teopema 2.4. Iycmo {Re, (t,s), n=1,2,...} — nocaedosamenrn-
HOCND KOBAPUAUUOHHHBLEL PYHKUUT HEKOMOPHIT 2UNBOEPMOBHIE CAYUATHHLL
NPOUECCO8, ONPEICAEHHVT HA 00HOM U Mmom dice mnoocecmee T. Toeda
ecau Re, (t,8) = R(t,s) npun — oo das ecex t,s € T, mo R(t, s) maxorce
ABAACNCA KOBAPUAUUOHHOT PYHKUUET HEKOMODPO20 2UABOEPMOBA CAYUAT-
H020 NpPoyecca.

3ameuanue. JJoKazaTeIbCTBO STHX TEOPEM CTAHOBHUTCS OYEBUIHBIM,
€CJIM TIPUHSATH BO BHUMAHWE, YTO [IPU CJIOXKEHUN KOBAPUAIIMOHHBIX (DYHK-
uii ¢ HEOTPHUIATEJBHBIMYU BECAMU U IIPU MPEIEIBLHOM MIEPEXOJIE CBOWCTBO
HEOTPUIATEHHON ONPEeIeSIEHHOCTH COXPAHIETCS.

TloBenenne TpaekTOpuUil rUALOEPTOBLIX MPOIECCOB OMPEIEIISIETCs CBOM-
CTBaM¥ €ro KOBapUAIIMOHHON (DYHKIIUHU JIUIIh B HEKOTOPOM YCPEIHEHHOM
cmpicte. TToapo6HO cBOMCTBA TpaeKTOPHit 3TOTO KIlacca MPOTeccos (Hempe-
PBIBHOCTB, JuddepPeHnIIpyeMOCTh U HHTErPUPYEMOCTD) PACCMaTPUBAIOT-
cs1 B ot I11.

3aMeTnM, ITO JWHEeHHasT KOMOUHAINS THIHOEPTOBBIX MPOIECCOB TaK-
2Ke SBJISIETCS [IPOIECCOM DTOTO THUIIA.

Mprwmep 2.7. Ilycrs £(t), n(t) — oupenenennsie aa T rusabGepTOBBHI
nporiecchl. [lokazaTh, 9T0

v(t) = ab(t) + Bn(t), o>+ 8> < oo,

TaKKe ABJIAETCs TUIHOEPTOBBIM ITPOTIECCOM.
Pemenne. B cuny nepasencrsa |v(t)|? < 2 (|aé(t)|? + [Bn(t)|?) na-
XM

M{ly()*} < 2 (le*M{lg®)*} + 1BM{[n(®)]*}) ,

rae M{[£(t)*} < oo m M{|n(t)|?} < oo, nockombky &(t), n(t) — rumsbep-

ToBbl nporiecch. Caesoparensio, M{|y(t)|[*} < oo, uTo u TpeGosanoch
JloKa3aTh. M
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2.3. CranmoHapHble ciiy4daiiHble IIpOIlecChl. BaxKHBIM KJaccoMm
CIIydafiHbIX IPOIECCOB SIBJISIIOTCS CTallMOHApHBIE mporecchl. CBocTBO
CTAITMOHAPHOCTH O3HAYAET HE3ABUCUMOCTh HEKOTOPHIX XaPAKTEPUCTUK Ce-
qeHuil mporecca oT BpeMeHn. KoHeWHO, 7J1s1 PEasbHBIX IPOIECCOB ITO
YCIOBUE BECHMa OTPAHUYUTENHHO, OJHAKO OHO BBITOJHSETCS JTOBOJBLHO
YaCTO, €CIIN PACCMATPUBATD IIPOIECC Ha JOCTATOYHO KOPOTKOM MHTEPBAJIe
BPEMEHM, B T€UEHNE KOTOPOTO BEPOSITHOCTHBIE XaPAKTEPUCTUKN ITPOTIECCA,
U3MEHSIOTCST MaJIo.

Onpepenenne 2.4. Cuyuaiinsii nponece {£(t), t € T} nasbiBaercs

CTNAYUOHAPHBIM 8 Y3KOM CMbICAE, ECITH JJTs JiIoboro Habopa ty, ...ty € T
COBMECTHOE pacnpejiesienne ciaydaiinpix seawaun (¢ + 1), ..., E(t, + 7)
OJTHO W TO K€ JJIsi BCeX T, TaKux, uto t1 + 7, ..., tx + 7 €T.

Ecim CyHIECTBYET MaTEMaTUYIECKOE 02K JaHUE TaKOT'0 IIpo1recca, TO OHO
IOCTOAHHO W PaBHO

M{£(1)} = M{£(0)}

a KoBapuanuonnas Qyukims Re(t,s) (mpu ycioBun CymecTBOBaHUS BTO-
POTO MOMEHTA) 3aBUCHT JIWIb OT pasHocTh (t — §).

Ounpepenenne 2.5. Cayqaitasiit nponece {£(t), ¢ € T} maspiBaerca
CTRAUUOHAPHHLM 6 ULUPOKOM CMDLCAE, ECITH J1JIst JTI0bbIX t, 8 € T, TAKHX, 9TO
t—seTl

M{&(t)} = const, cov{{(t),&(s)} =C(t —s).

IIpuMepoM CTaIMOHAPHOTO B ITMPOKOM CMBICJIE IIPOIECCa SABJISIETCS
PACCMOTPEHHBIH BhIINE MEeHTPUPOBAHHbIM Iponecc u3 mpuMepa 2.6, Koba-
puanunonHas PYHKIMS KOTOPOTO PABHA Deiw(t=s)

Ilpumep 2.8. Ilycrs 3aman rayccosekmit mporece {£(t), t € T'} ¢ mo-
CTOSIHHBIM MaTemaTndeckuM oxuganuem M{£(t)} =m u roBapmanumos-
Hoit bynkuueit Re(t,s) = C(t — s). [Tokazarh, 9T0 9TOT MPOIECC SIBJISETCS
CTaIlMOHAPHBIM B Y3KOM CMBICIIE.

Pemenune. Xapakrepuctmwdeckass pyHKIUA k-MEpHOTO pacrpemese-
HUS IPOIeCca {(t) ans ty, ...,tx € T umeer Bug

k kE ok
. 1
We(z1, ooy 2 b1y ooy tg) = exp(z > zjm — 3 > > C(ty ftj)zlz])
j=1 1=1j=1

U He u3MeHdeTCa Hpu 3aMene Bcex t; Ha t,+7, =1, ... k. Cregosa-
TEJBbHO, W CaMu k-MepHbIe PACIpeIeseHns] HE U3MEHSIOTCS NP 3aMeHe
BCex t; Ha t; + T, OpHYeM 3TO BepHO IpH BceX k > 1 u Jro0bIX T, TAKKX,
yrot,+7€T. |

Ipuwmep 2.9. Iycts {w(t), t > 0} — npomecc GPOyHOBCKOTO IBU-
xkeanst u 7 > 0. ITokasare, uro npomece Z(t) = w(t+ 1) — w(t), t =0,
SABJISETCS CTAIMOHAPHBIM, W HAWTH €10 KOBAPUAIMOHHYIO (DYHKIIHIO.
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Pemenme. OnpenesuM MOMERTHBIE XapaKTEPUCTHKY TIporiecca Z (t).

IMockoabky M{w(t)} = M{w(t+7)} =0, vo M{Z(t)} =0 u

Ry(t,s) = cov{Z(t), Z(s)} = M{(w(t + 7) — w(t))(w(s +7) —w(s))} =
=min(t+ 7,8+ 7) —min (¢, s + 7) — min (¢ + 7, s) + min (¢, s) =

T—|t—s| wpm |t—s| <1,
1o opu |t —s| > T

Takmm o6pasom, Ryz(t,s) = C(t — s), 9T0 U JOKA3BIBAET CTAIMOHAD-
HOCTH mporecca Z(t). m

HenocpencTseHHO U3 CBOMCTB KOBAPHAIUOHHON (DYyHKIMU THILOEp-
ToBa Tpormecca (cM. Teopemy 2.1) BBITEKAOT CIIEIYIONHAE CBONCTBA
KOBAPHAITMOHHOH (byHKINU CTATIMOHAPHOTO B ITMPOKOM CMBICIIE TIPOIECCa.

Teopema 2.5. ITyems C(t) — xosapuayuornas GyHKEUUL HEKOMOPO-
20 CMAUUOHAPHOZ0 6 WUPOKOM CMbicae Npouecca, 3adanrozo wa T, mozada
oHa obaadaem caedyrouuUMY Cce0TCMEaMU:

1) €(0) = 0;

2) C(t) = C(—t) 0an ecext € T

3) |C(t)| < C(0) dan ecex t € T,

4) |C(t1) — C(t2)|> £ 2C(0)[C(0) — Re C(t1 — t2)] das 6cex t1,t2 € T.

CroiicTBa CTAMOHAPHBIX CIYUYaRHBIX TOCIEI0BATEIBHOCTENR U CITyJaii-
HBIX QyHKIHH moapobro pacecmarpuBatores B 0. II u III. Tam xe OymyT
BBEJIEHBI CIIEKTPAJIbHBIE XaPAKTEPUCTUKH CTATMOHAPHBIX MTPOIECCOB, KO-
TOPBIE ABJSIOTCA YIOOHON AaJbTepHATHBON PACCMOTPEHHBIM MOMEHTHBIM
XapaKTEePUCTUKAM ¥ TIHPOKO UCIIONB3YIOTCS JIJIsl PEIeHUsT PAa3HOOOPa3HBIX
MPUKJIATHBIX 33184,

2.4. MapkoBcKue Ipolieccbl. MapKoBCKHe ClIydaifHble IPOIEeCCH
06J1a/IaI0T BaXKHBIM CBOHCTBOM HE3aBUCUMOCTH OYJIYIIEro MOBEJECHUS OT
BCEro MPOILIOTO. DTO CBOHCTBO Ha3BIBAETCA omcymcemeuem nocaedeti-
cmeus. Vinade ToBOPsl, €CJIH PacCMaTPUBAThL TEKYIIee COCTOSTHIE POIEcca
&(t) B moment Bpemenu t €T KaK <«HACTOSAINEE», COBOKYIHOCTH BCEX
BO3MOXKHBIX cocrogauil {£(s), s <t} Kak «mpomutoe», a COBOKYITHOCTH
BO3MOXKHBIX cocToguuil {€(u), u > t} Kak «Byaymees, TO AJIsi MAPKOBCKO-
ro Tporecca npu (PUKCHPOBAHHOM <«HACTOAMIEM» «Byylnee» HE 3aBHCHT
oT «mpormioroy. Ipu 3ToM cemeiicTBO pacipemesienuii pomecca Jgist u > t
3aBUCHAT JIWITH OT COCTOSTHUSA MTPOIECCa B MOMEHT BPEMEHH t.

Onpenenenune 2.6. Bemecrsemnnrit cmywaitaerii mponece {€(t),
t € T} Ha3BIBAETCS MAPKOGCKUM Npoueccom uiu npoyeccom Maprosa, ec-
am gas mobeix £y € Tty < ... <tp_1 <tx, I =1,..., k mpomsBosbHOTO
nesioro k > 1 u smo6oro Gopesesckoro Muoxkectsa B € B(R!) sumonmeno
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PaBEHCTBO

P{{(tx) € B[ &(t1), .- &(th-1)} =

= P{c(ty) € B | €(tey)} (P, (2.7)

CaoticTBo (2.7) HA3BIBAETCS MAPKOBCKUM CEOTLCMEOM.

Bamewanme. B coornomennn (2.7) yCiaoBHBIE BEPOSTHOCTH OLDEIe-
JISIIOTCS OTHOCUTEJILHO 0-aJireGphl, NOPOKIEHHON CIIydafiHBIMEU BeJIAYH-
Hamu {&€(t1), ..., &(tgk—1)} (B seBoit 9acTn) u o-anreGpHI, TOPOKIAECHHOM
torbko £(tx—1) (B mpasoit wactn). CooTHomenne (2.7) MOXKHO 3alTHCATh
TaK>Ke B BUJIE

P{f(tk) € B | f(tl) =x, .. .,f(tk_l) = xk—l} =

=P{&(tx) € B | &(tk—1) = @p—1}

Tje x, € R! — IIPOU3BOJILHOE JIOIYCTUMOE 3HAYCHUE CJIy YaliHOU BeJIUYUHDBL
), 1=1,...,k

Takum 06pa3oM, BEPOSITHOCTHOE PACIPEIEIEHNE COCTOSHUS MTPOIECCa
B MOMEHT BPEMEHHU tj; 3aBHUCUT JIUIIb OT TOTO, B KAKOM COCTOSHUU HaXO-
JUJICST TIPOTIECC B OJIMKAMIIIEM TIPOIIJIOM, T. €. IPHA t = tf_1, HO HE 3aBUCUT
OT €ro COCTOsIHWM, TPEIINECTBYIONTNX MOMEHTY BpeMmeHu ti_1. MoxKHO
nokaszarh (cM. 3azady 10), 9T0 1ya MApPKOBCKOTO IPOLECCa HPH JIFOOBIX
B1,Bs e BR) us<u<t

P{{(s) € By, &(t) € By | £(u)} =
=P{{(s) € B1 | {(w)} P{&(t) € B2 | §(w)}  (P-mm.). (2.8)

Onpenpenenne 2.7. Ileperodnas 6eposmnocms MaPKOBCKO20 NPO-
14ecca ONPENIeIIieTcst Kak

P(s,z,t,B) = P{{(t) € B | &(s) = z}

npu t > s,z € R, B € B(R') u ynosieTsopsier cOOTHOIEHUTO

P(s,2,t,B) = | P(s,2,u,dy) Pu,y.t, B),
R

KOTOPOE BBITIOJTHSIETCST JIJist BeeX S, u,t € T s < u < t u Ha3bIBAETCI Ypas-
nenuem Koamozoposa—Uenmena.

Onpegenenne 2.8. MapKOBCKuili IPOIECC HA3BIBAETCH 00HOPOO-
HbLM, €CITH

P{¢(t) € B | &(s) =z} =P(0,z,t — s, B).

Hagnee ma kpatkoctn Gyjaem muacats P(0,z, 7, B) = P(z, T, B).
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it ofHOpOHOTO MapKOBCKOTO TIpoliecca ypaBHenue KomMoroposa—
HenMena ympoImaeTcs:

Ple,s+1,B) = | P(z.s,dy) Py.1, B),
Rt

rme s, t,s+teT.

st ompesiesiennst KOHETHOMEDPHBIX PacIpeleSIeHui MapKOBCKOT'O TIPO-
mecca AOCTATOYHO 3HATH €ro IEePEeXOAHYIO0 BEpPOATHOCTbL W OJHOMEDHOE
pacupelieJleHHe B HEKOTODBI HadaJIbHBIM MOMEHT BDEMEHH, ITOCKOJIBKY
C WCTOb30BaHIEM (DOPMYJIBI TTOSTHOW BEPOSITHOCTH W MAPKOBCKOTO CBOM-
CTBa JIETKO IIOJIy49aeTCs COOTHOIICHUE

P{¢(t1) € By, ... ,&(tx) € By} =

= Jﬂ(da:o) J P(0, 20, t1,dx1) ... J P(to—1, o1, tr, dzs), (2.9)

RL By B

e 0=ty <t <...<tg, Bi,...,Br € BRY), a n(B) =P{£(0) € B}.

Ecnu mepexoias BEpOATHOCTh W HAYAJIBHOE PACIPEACTCHUE BEPOAT-
Hocreil nporiecca £(t) UMEIOT IUIOTHOCTH, T.e€. CymecTBYOT p(s,z,t,y),
pe(; 0), Takwe, aro mrs neex B € B(R')

P(s,2,t,B) = |p(s,z,t.y)dy,  (B) = [pe(wo; 0) da,
B B

TO ¥ J1000€e pacpenejJicHnue k-ro nopdaKa TaK2KE€ UMEET IIJIOTHOCTDb:

k
Pe(T1, -y ks 1y s t) = J [ pGi—1,zio1,ti, ) pe(o; 0) dao.
pui=1
(2.10)

Dyukiyst p(s, z,t,y) HA3bBIBAETCA NePerodrot, NAOMHOCTNBIO pacIpeeie-
HIST MAPKOBCKOTO IpOIiecca 1 mpu Beex s,t € T u x,y € R ynosmersopser
COOTHOIIIEHUSIM::

1) p(s,z,t,y) > 0 (ycroBue HEOTPHIATETHHOCTH);

2) J p(s,z,t,y)dy = 1 (ycioBue HOPMUPOBKH).

R1

IIpuBenieM HEKOTOpPBIE MPUMEPHI MAPKOBCKUX TTPOIIECCOB.

TTpumep 2.10. PaccMoTpum mocaeoBaTeIbHOCTh OpOCAHM CHMMET-
pu4HOit mrpansnoit kocTu. IlycTs coryuaiimast BesmunmHa X, €CTb GHCIO
OYKOB, BBITIABINIEE Ha TpaHU TpH n-M Opocammu, n = 1,2, ... Bemem
IIOCJIEIOBATENBHOCTD CJLy YAWHBIX BEJIUYHH 110 IIPABUILY

&(n) = max(Xy, ..., Xp).
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TlokazaTh, 9TO TOCHEMOBATENHLHOCTE &(N) — MapKOBCKasi, W ONPEIETUTh
IJIsI HEe TEPEXOTHYI0 BEPOATHOCTD.

Pemenwue. Ilycrs mpu HekoTOpoMm n > 1, £(n) =14, rae i — menoe
qucyio ot 1 mo 6. Ilpu mocmeayromux O6pocanusx 3HadeHne & HE MOXKET
YMEHBIIUTHCS, TO3TOMY JJ1t j = 1, ...,6

0 npu j < 1,
P{e(n+1)=j|&m) =i} =< i/6 mpn j=i,
1/6 npu j >

B cuny mezaBucmMocTu pe3ysibTaToB OpOCaHUil YCJIOBHAST BEPOSTHOCTH
Tepexojia 3aBUCAT JHMIb OT £(Nn) = ¢ U He 3aBUCHUT OT MOCIEI0BATEIBHOCTH
npenbiaymux 3uadennii . UTak, B JaHHOM CiIydae IOCIE€I0BATEIBHOCTD
SIBJISIETCsI MAPKOBCKOM, a TlepexofiHas BEPOsITHOCTH (33 ONWH Iar) OIH-
cbiBaercss Marpuneit P, snementsl KoTopoit pasubl Pj; = P{{(n + 1) =
=jlém) =i}, ij=1,....6. m

Sameuanue. CayuaiiHas I0C/IEI0BATEIBHOCTD, OIIMCAHHAS B IPUMe-
pe 2.10, oTHocHuTCH K Kiaccy duckpemuwix ueneti Mapkosa ¢ koHeuHvM
MHOo2Icecmeom cocmoanud. Boree mogpobHO ITOT KIIACC TMOCIIEI0BATENb-
Hocreit usygaercs B 1. I1.

IIpormecc, o KoTOpOM MOMIET PEYb B CIIEAYIONIEM IIPUMEPE, OTHOCUTCS
K KJIACCY MapPKOBCKUX CIIYIaWHBIX PYHKIIAI.

IIpumep 2.11. IlokasaTb, 94TO MpPOIECC OBPOYHOBCKOTO JBUXKEHUS —
MAaPKOBCKUil, 1 HAUTU €ro Iepexo HyI0 BepOATHOCTD.

Pemenue. B mpumepe 2.5 Mbl HAIIU TLIOTHOCTH KOHEIHOMEPHOTO
pacmpeiesieHus mporecca OPOYHOBCKOTO mBurKeHwusi. st BbIYuCIIEHUsT
TUIOTHOCTH yCJIOBHOTO DacCTpefieiennst Bocmonbsyemcsa dopmyoi (2.4)
Cc y4eToM Toro, uro t1 < ... < tp_1 < tg:

pe (@t [ E(t1) = @1, . E(th—1) = Tp—1) =

o ope(@a, ks by, k)
p§($1, ey @h—1; b1y oy te—1)

@r(t; —tic1)) " Pexp{—(z; — zi-1)?/2(ti — ti—1)}

=

= -
I @r(t; — tie1)) " Pexp{—(zi — zi—1)?/2(t: — ti—1)}
= ;exp{—w} =g (p; tr | E(tp—1) = Tp—1) -
QTI'(tk — tk—l) Q(tk - tk—l) £ ’

Takum 06pa3om, mporecc GPOYHOBCKOIO JBUXKEHUsI — MapKOBCKWUil, a ero
mepexoHas BepoATHOCTL P(s,x,t,-) npu dbukcupopanmbix © € R, s < t
npejicTaBisger coboit rayccosekoe pactpejenenue N (z;t —s). m
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B cremytomem npumepe MBI Oy YHM YCJIOBHE TOTO, ITO TayCCOBCKHUI
IPOTECC ABJIAETCS MAPKOBCKUM.

Ilpumep 2.12. PaccmarpuBaercs MEHTPUPOBAHHBIA TayCCOBCKMUit
nporecc {(t) ¢ pucnepcueit De(t) > 0. Ilokasars, 4ro &(t) sBusercss Map-
KOBCKUM TOTJ]a U TOJNBKO TOTJIa, KOTJIA €ro KoBapuarmuoHHas (QyHKIHs
Re(t, s) ynosnersopsier npu t; < to < t3 paBEHCTBY

_ Re(ta, ta) Re(ta, ts)
Re(ta,t2)

Re(t, ts) . (2.11)

Pemenne. Ilokaxkem meobxomumocTh. C HCIOIL30BAHIEM MAPKOB-
ckoro cgoficTra (2.8) mpu t1 < t2 < t3 HAXOIUM

Re(t1,t3) = M{&(t1)€(t3)} = M{M{{(t1)E(t3)} [ €(t2)} =
= M{M{{(t1) | £(t2)} M{&(t3) | £(t2)}} -

IIpw 3TOM B CHITy TEOPEMBI O HOPMAaJTBHOH Koppessiun (cM. 1. 14.6) mveem

M{E(t)) | €(t2)} = Hellnte)

= Relto ta) &(t2) mpm j = 1, 3. CneroBaTensHo,

Re(tr 1) = M{ Jelte) gy Reltnti) g |

_ Re(tr, t2) Re(ta, ts) _ Re(tr, t2)Re(ta, ts)
= R ME®R = TR

Tem cambiM TpeGyemoe pasencTro (2.11) mokazamno.

Temepp ycranoBuM obpaTHOe yTBepXKjeHue. lokaykeM, 9TO TayCcCOB-
ckmit mporecc ¢(t), koBapnannonHas (QYHKIMA KOTOPOTO YIOBIETBOPAET
cooTHOMmenuo (2.11), sABIgETCS MAPKOBCKHUM.

B cuity onpesiesnienns 2.6 MapKOBCKoe cBOHCTBO mporiecca &(t) o3HavaeT
COBIIaJIeHVe YCIOBHBIX PACIpPeeIeHni:

Fﬁ(fnn; tn | §(t1)=a?1, . -~7€(tn—1):$n—1) = Fﬁ(x'rﬂ tn | g(tn—l):x'n—l)

npu Bcex t1 < ... < tp—1 < ty. IlodTOMY B CHIy TayCcCOBOCTH TPOTIECCa,
&(t) moCTATOYHO yCTAHOBUTH PABEHCTBA CIEMYIONAX YCIOBHBIX XapaKTe-
PHUCTHUK:

M{&(tn) [ £(t1), -+, &(tn-1)} = M{&(tn) [ E(tn-1)}, (2.12)
D{&(tn) [ £(t1), - &(tn—1)} = D{E(tn) | £(tn—1)} - (2.13)

Jokazkem cHagara pasercTro (2.12). IIpu n = 2 ono rpusmaibho. [Ipn
IPOU3BOJIBHOM 71 > 3 MPeAmonoKuM, 910 (2.12) BBIIOSHEHO JJist JIHOGOTO
9ucIa MOMEHTOB BpeMmeHu, He Gosbmrero n — 1.
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O60sHaTIM v = &(tn_1) — M{&(tn_1) | £(t1), ..., E(tn_2)}, Torma
M{g(t") | g(tl)a s 7€(tn—2)7€(tn—1)} = M{g(t") | g(tl)a cee 7€(tn—2)7v} .

Herpyano mpoeeputhb, uto cov{v,&(t;)} =0, i =1,...,n— 2, mosTOMY
¢ yaerom M{{(t)} = 0 u rayccoBoctu ciyuaitaoro nponecca £ (t) (cm. cBoii-
cTBO 6 m3 1. 14.6) momygaem

M{E(tn) [ £(t1), -+ E(tn-1)} = M{E(tn) [ £(t1), -, E(tn—2)} +
+ M{{(tn) | v} = M{{(tn) | £(tn—2)} + M{E(tn) | v},

TJe BTOPOE PABEHCTBO MOJIYYEHO B CHILYy HPEIIOIOXKeHNs nHayKiuu. Ja-
Jiee, B CHJIy T€OPEMBI O HOPMAJIbHOM KOPPEJSIIHU HAXOIUM

Re(tn,tn—2)
R§ (tn—27 tn—Z)

M{E(tn) | £(tn—2)} = §(tn—2),  M{{(tn) | v} =70,

rae v = cov{{(ty), v} D{v} . Ilo UpeamONOKeHII0 MHIYKIMH HMeeM

0= E(tnr) — M{E(tnr) | E(tn_z)} = E(tn_y) — Belbnotituza) gy

Rﬁ(tn—%tn—?)

cJIeJ0BaTEJIbHO,

R§ (tn—lv tn—Z)Rﬁ (tna tn—2)
R&(tn—Zatn—Z) ’

cov{{(tn), v} = Re(tn, tn-1) —

Rg (tn—ly tn—2)

D{v} = Re(tp—1,tn_1) — Re(tn—2,tn—2)’

R (tn—2v tn—Z)R§ (tna tn—l) — R (tn—lv tn—Z)R§ (tna tn—2)
R.’;‘(tn—Z,tn—Z)Rf(tn—lytn—l) _Rg(tn—lytn—Z) )

’y:

Herpyano nposepuTsh, uTo u3 yeiosud (2.11) cemyeT cooTHOmeHTe

Ré(tnvtn—Z) — R&(tn—latn—2) -0
Re(tn—2,tn—2) Re(tn—2,tn—2)

TIO9TOMY

M{E(t) | £(tr), .ty 1)} = Lelimtnza) g oy

 Re(tn-2,tn—2)

+y («tn_l) - Matm_z)) = Y &(tn_1)-

Re(tn—2,tn—2)
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IMomyuenHoe paBeHCTBO HEMEIIEHHO Biaeder (2.12).
Teneps mokasaTesnbcTBO (2.13) TomywaeTca NPUMEHEHWEM TEOPEMBI
0 HOPMAJIbHON KOPDEJSIUK ¥ yCTAHOBJIEHHOTO paBeHcTBa (2.12):

D{g(tn) | g(tl)v .- 'ag(tn—l)} =
=D{{(tn) — M{&(tn) [ £(t1), -, E(tn-1)}} =
=D{&(tn) — M{&(tn) | £(tn-1)}} = D{&(tn) | &(tn-1)}-

Tem caMBIM JIOCTATOYHOCTE ycaosus (2.11) momroCTBIO MOKa3aHa. M

TIpumep 2.13. TlokazaTh, 9TO MPONECC HPOYHOBCKOTO JBUMKEHUS SB-
JseTcss MapKOBCKAM, UCIIONB3Ys pe3yabTaT mpumepa 2.12.

Pemenue. Tak kak, mo omnpeneieHnio, 6POYHOBCKOE IBUKEHUE —
IeHTPUPOBAHHBIN TayccoBcKmit mpornece ¢ aucnepcuein De(t) >0 npn
t > 0, To HAM JIOCTATOYHO TIPOBEPUTH BBINIOJNHEHNE cooTHOmenns (2.11)
st Re(t,s) = min(t,s) u 0 < ¢y <ty < tg:

min(tl, tz) min(tz, t3) - tito

min(ta, t2) & min (t1,t3) = Re(t1,t3). m

Ecau ciyuaiinbiii mapkoBckuii mporecc € (t) noBepraercsa pyHKITUO-
HasbHOMY TipeobpaszoBammio 7)(t) = f(£(t)) ¢ mexoropoit dbyukmmeir f(-),
To mporiecc 7(t) MOXKeT oKazaTbCsi HeMapKobckuM. Cuenyromuil mpumep
MOKa3BIBAET, YTO CBOWCTBO MapKOBOCTH COXPAHAETCS JJIs B3AUMHO OJIHO-
3HAYHBLIX peobpa3oBaHuii.

Ipumep 2.14. Iycrs £(t) — mapkoBckuit poriece, a f: RY — R —
HEKOTOpas B3aUMHO OflHO3HauHaga Gopesesckas dyukus. [Tokaszars, 94To
n(t) = f(£(t)) — mMapkoBckmit porecc.

Pemenne. Ilposepum BBIMOMHEHWE yciaoust (2.8), T.e. yGemmvcs
B TOM, 4TO JIJTsl TIPOM3BOIbHBIX MHOXKeCTB By, By € B(R) u s <u <t

P{n(s) € B1, n(t) € By | n(u)} =

=P{n(s) € By [n(uw)} P{n(t) € Bz [ n(u)} (P-mm.). (2.14)

B cuiy B3aumuO# omHO3HAauHOCTH f(-) 0-anreGphl, TOPOXKIEHHBIE CIIy-
gaitabrvm Besmannavu &(u) m n(u) = f(£(u)) (cm. onpenmemenmne 14.6),
cosnagaior. CiiefloBarenbio, (2.14) paBHOCHIIBHO CIIEIYIOINEMY PABEHCTBY

P{&(s) € fH(B1), &(t) € [ (B2) | §(u)} = P{&(s) € f~(B1) | €(u)} x

x P{E(t) € F7H(B) | €(w)}  (P-mm), (2.15)

rae yureno {n(s) € Bi} = {¢(s) € fH(BU}, {n(t) € Ba} = {£(t) €
€ f~Y(Ba)}, f1(Bi) € B(R'), i = 1,2. Tenepp u3 yciosus (2.8) map-
KoBocTH mporiecca &(t) HemocpeCTBEHHO BBITEKaeT cooTHomenue (2.15),
910 ¥ TpeboBaJIOCh MO0Ka3aTh. M
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3amada 11 mMoKa3bIBAET, 9TO TPYW OTCYTCTBUHU B3AMMHOMN OTHO3HATHOCTH
orobpaxkennsa f(-) MAPKOBCKOE CBOHCTBO HE COXPAHSIETCS Jaske B OYEHb
TTPOCTHIX CIAYUaAAX.

2.5. JluddysuonHble mnponeccbl. BaXXHBIM TOIKJIACCOM Map-
KOBCKHX IIPOIIECCOB SIBJIAIOTCS IIPOIECCHI C HEMPEPBIBHBIM BPEMEHEM
¥ HENPEPBIBHBIM MHOYXECTBOM COCTOsiHWI. TaKue IIPOIEeCcChl SIBJISTFOTCS
€CTECTBEHHON MOJIEJIBIO JJIsl OITUCAHUS SBOJIOIUN JTUHAMUYECKUX CUCTEM,
TIOIBEPKEHHBIX CJIydaiiHbiM Bo3feiicTBusM. Hanbosee m3yaennbiMu B Ha-
CTOsIIEE BPEMsI SIBJISIOTCS Npoyeccy. OuPdyauoniozo muna Wind IPOCTO
JupPysuorHvie NPoueccov.

Onpemenenne 2.9. CuyuaiiHblii n-MEPHBII OJHOPOMHBIN MAPKOB-
ckuit mpomecce £(t) masbIBaeTCa npoyeccom JuPdysuonnozo muna, eciu
€ro Tepexo/Hast BEpoaTHOCTD P(z, t, B) yI0BIETBODSIET CIIEIYONIAM yCIIO-
BUSIM:

.1
lim j P(z,t,dy) =0, (2.16)
|ly—z|>d
me [ (y—2)Plat.dy) =a(a), (2.17)
' ly—2|<é

lmy [ (-2 o) Platd) =N (218
ly—z|<d

ngist i0beix § > 0, © € R™.

Sameuanne. Ilepsoe ycmosue obecneunmsaer (P-m.H.) Henpepwis-
HOCTH TpaekTopwii mporecca. OyHKImA a(T) XapaKTEPU3yeT CPEITHION
CKOPOCTh CMEIIeHNsI 33 MaJioe BpeMst u3 cocrostaus &(0) = x 1 Ha3bIBaeTCst
sexmopom croca win Opetiga. DyHkmns 1(x) XapaKTepu3yeT OTKIOHEHUE
MTPOIIECCa OT €0 YCPETHEHHOTO JIBUKEHUS, OMPEIENITEMOT0 BEKTOPOM CHO-
ca, U Ha3bIBaeTCs mampuuets duddysuu.

Ecmw nyia mapkosckoro nporecca {£(t), t > 0} samama ero mepexomnast
BEPOSTHOCTH M COOTBETCTBYtOIIUe tpenessl B (2.16)—(2.18) ompenesnenst,
TO TEM CaMbIM OIPEJENEHBI €T0 MATPUIHBIE KO3 duUImenTs cHoca a{x)
u guddysun X(z). Onnako meHTpasnbHblil pesysnbrar Teopun muddysn-
OHHBIX TIPOTIECCOB COCTOUT B TOM, 9YTO, 3aJ[aB JOCTATOYHO PErYJIspPHBIE
dbyukuun a(r) u 3(x), MOKHO OJHOZHAYHO OIPELENIUTH U IEPEXOLHYIO
BEPOATHOCTH Tporecca. TakuM 00pa3oM, JIOKAJbHOE OIHMCAHWE CBOWCTB
TPAEKTOPUU Ha s3bIKe KOoddduimeHToB cHoca u mauddysnn mo3BosgeT
OTIPEIESTUTE U ODIIHE CBOMCTBa IpoTiecca Ha Bcel Bpemennoit ocu. Meron
MOCTPOeHUsT mepexoaHoil BeposTHocTH npeioxken A.H. Konmoroposbim.
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Obmas Teopust nudHY3UOHHBIX TPOIECCOB BECHMa CJIOKHA, TTOITOMY MBI
H3JI0XKUM STOT METOI, He BJaBasCh B TEXHWIECKWE JETAJIN.

Pacemorpum ckasaphbiii crygait £(t) € RL. Tlpeanomoxum, urto Ire-
pexojiHasi BEepOATHOCTb WMeeT TJIOTHOCTH, T.e. jjis Beakoro B € B(RY)

BBITIOJTHSETCS
P(z,t,B) = J p(z,t,y) dy.
B
A H. KonMoropos 1okazaJj, 9TO TpH HEKOTOPBIX OTPAHUYEHUAX Ha
p(z,t,y), a(z) u B(z) maoraocTs p(z,t,y) yAOBIETBOPIET NPAMOMY YPaE-
HEHUIO
Op(z,t,y) _3(p(:l:, t,y)a(y))

at dy *3 dy?

LR GEtnSe) ()

Vpasrenwe (2.19) TakkKe W3BECTHO Kak ypashenue Koamozoposa—
Doxxepa—Irarwa. TIpu mobom x € R! u t > 0 ypaBHenue permaercs Ipu
CITEeTyTOIEM BBIOOpE HAYAJIHLHOTO YCJIOBUS:

li t,y) =0(y — x).
imp(z,t,y) = d(y — x)
Ecrmn p,(y; t) — nnotnocts pacnpesenenns ceqenns §(t), To
Pe(yi 1) = [ pe(as s) ple.t - 5,9) do.
R
Torna w3 (2.19) monyuaem ypaBHEHHE

O ) __ Olpelys o)) 1 0 (pely: H2())
ot - dy 2 Oy? ’

KOTOPOE PEIIaeTcs ¢ Ha9aJbHbIM YCIOBUEM pﬁ(y; 0) = po(y), tme pyy) —
mrorHOCTE pactpegenenns &(0).

IIpumep 2.15. Ilokasarb, 9To mporecc GPOYHOBCKOTIO JBUKEHUS SIB-
sasieTcsa MM PY3AOHHBIM MAPKOBCKHM ITPOIECCOM.

Pemenne. Heiicrurensro, nycrs {£(t), t > 0} — mponecc 6po-
YHOBCKOTO jaBuxKenus. Kak ciemyer m3 mpumepa 2.11, ero mepexomnast
BEPOSAITHOCTH PaBHA,

(y—2)*
P(z,t,B) = 217rt Je_ =T dy.
B

Hasa BeiBOoma cootHomenunit (2.16)—(2.18) BocCHOMB3yeMCsl W3BECTHBIMU
onenkavu Jurst byuKmr Y () CTAHAAPTHOTO TayCCOBCKOTO PACTIPEIEIIEHHS

N(0;1):

1 1 1 2 1 1 _=2*
{———3}-—ez2<1—45(x)<—'—6z2-
x T Vo T
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C yderoM BBIpasKeHUS JJIS TAyCCOBCKOM IEPEXOIHON IJIOTHOCTH HMEEM

! Pat,dy) = 2(1— B(8/vVD) < 2 L 0
¢ ] Pty =50 20/VE) < Fome 50 mpn t10,

ly—z|>6

OCKOJBKY /u e~ * — 0 mpu u — 00, 9TO JOKa3bBaeT cooTHomenue (2.16).
Jasiee, uCIONb3yst 3aMeHy NlepeMennoil z = (y — x) /v/t, Bbraucisem

b weoP@ta = [ e
ly—=z|<6 l2|<8 /vt
§/Vt
= | ! a(-e1?) = ! (—e=/7) M =0 Vt>0.
V2nt 27t —5/E
|z1<8 /vt /VE

Takum o6pasom, mokazano cootnomenue (2.17), tne a(z) = 0. U makoner,
HMCIIONIB3Ysl Ty 7Ke 3aMeHy nepemenHoit z = (y — x) /+/t, nonydaem

1 J (y - l‘)2 P(mvtady) = J de,zQ/de — 1 pn t \L 0,
t ™

ly—z|<é l2|<8 /vt

ol

nocKoIbKy MHOXKecTBO {z: |z| < 8/V/t} T R!. Tem cambv jokasaHo pa-
BeHcTBO (2.18), e X(z) = 1.

IlrotrOCTD pe(y; t) pacupenesenns mporecca GPOYHOBCKOTO IBHZKe-
HUS yJIOBJIETBOPSAET ypaBHeHUI0 KOoMOropoBa, KOTOpOE B JaHHOM CIIydae
uMeer BUJ

pe(y;t) 1 Fpe(y;t)
o T3 e =0 ey 0)=3().

Vka3aHHOEe ypaBHEHWE W3BECTHO B TEOPUH YDPaBHEHUN MaTeMaTHIeCcKOl
dusuku Kak ypasHerue duddysuu. CobCTBEHHO, 5TO U OObICHIET HA3Ba-
HUE OIMMCAHHOTO KJIACCA MPOLECCOB. M

B . III 6yner paccmorpen kiaacce muddy3mMOHHBIX ITPOIECCOB, KO-
TOPBIE OIMUCHIBAIOTCA C TOMOIIBIO CTOXACTHYECKUX TUMMEPEHITNATBHBIX
ypaBHEHU.

2.6. 3aga4yu OJisi CaMOCTOSITEILHOIO PeIlleHu .

1. [Tycrs §(t) — rayccobckmit mponecc ¢ mapamerpamu m(t), Re(t,s).
BriBecTu cooTHOIEHME JUISI TVIOTHOCTH JIByMEpPHOTO pacupesesienns. [Ipusectu
YCJIOBHE CyIIECTBOBaHUs IUIOTHOCTH J{BYMEPHOTO PACIpE/IeJIeHHUsl.
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Orser.

1 1
exp{—— X
2W\/R§(t1,t1)R§(t2,t2) — Rg(tl,tz) 2(1 - pg(tl’@))

pe(T1, 225 t1,t2) =

(z1 —me(t1))* (z1 —mg(t1)) (w2 —mg(t2)) | (w2 — mg(tz))2> }
x ( Rg(tl,tl) ng(tl’té) Rg(tl,tl)R,g(tg,tg) Rg(tz,tz) ’

rie
R (t1,t2)
R§ (tl, tl)Rg (tz, tz)

ectb Koa(pdurment koppesnsnuu. [lnorHocTs cymecTByer, ecau |pe(t1,t2)] < 1
npu t1 # to.

2. Tna cayqaitnoro nponecca £(t) = X cos(wt +Y), rme X, Y — nesasucu-
MBI, CTydaiiHas BeuunHa X MMEET paclpeleieHue ¢ MIIOTHOCTHIO

pe(ti,t2) =

0, z <0,
px(z) = xe_mz/z, >0,

a Y umeer paBHOMEDHOE paclpejesieHne Ha [—, 7], JoKa3aTh, 9ro npouecc &(t)
SIBJISIETCS TAyCCOBCKUM U HAWTH €ro KoBapHauuoHHyio ¢yHknuo. Kakumu emre
cBoiicrBamu obsamaer &(t)?

VkazaHue. YoequThCsi, 4TO COBMECTHOE PACIPEIETICHNE CILY IaiHBIX BEJIH-
qnd A = X cosY, B = XsinY — crangapTHoe rayccoBckoe. /lajiee ucmosibzo-
BaThb pe3yJbTaT IpuMepa 2.1.

Orser. Re(t,s) = cos(w(t— s)), npouecc &(t) sABASETCH CTAMOHAPHBIM
B Y3KOM CMBICJIE.

3. IIycrs {£(t), t > 0} — npouecc 6poyHOBCKOrO ApuxKenusi. [lokazarb, 9To
nporgecc

X(t)=t&t™), t>0, X(0)=0

TaKXKe sBJISIETCS NIPOIeCCOM HPOYHOBCKOIO JIBUKEHUSI.

Ykasanue. [IpoBepuTh rayccoBOCTb ¥ BBIYUCIUTH KOBAPUAIMOHHYIO
byHKIHIO.

4. Iycrs {£(t), t > 0} — nponecc 6pOYHOBCKOro JBUKeHUs. [loKazaTh, 4To
npu JiroboMm ¢ > 0 mporiecc

X(t) = % ¢(ct)

TaKKe ABJISETCS MIPOIECCOM GPOYHOBCKOTO JIBUYKEHUSI.

Vkasauwme. [IpoBepuTh raycCOBOCTH M BBIYHCIUTH KOBAPUAIIMOHHYIO
byHKIHIO.

5. IIycrs {£(¢), t > 0} — npouecc 6GpoyHOBCKOrO ABHKeHuUs. [Iponece Z(t) =
= £(t) — t&(1) HasBIBaeTCA O6POYHOBCKUM MOCTROM U yIOBIETBOPSIET COOTHO-
menuio Z(0) = Z(1) = 0. Haiitu ero cpeigHee 3HauYeHHE U KOBAPUAMOHHYIO

byHKIHUIO.
Oreet. m,(t) =0, R,(t,s)=min(t,s)— ts.

4 B.M. Musep u A.P.Ilankos
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6. Iycts {Z(t), t > 0} — 6poyHoBckuit MocT (cM. 3agady 5). Oupenenum

Iponecc
t
= - > 0.
Y (t) (1+t)Z<1+t>, t>0

IMokazars, uro {Y (t), t > 0} ectb npouecc GPOYHOBCKOIO JBUKEHUSI.

7. Kakne u3 Huke IepedncaeHHBIX (DYHKIUN SBIISIOTCS HEOTPUIATEIHHO-
OIpeie/IeHHBbIMU:

9={o ity
t—s|>1
1—t—8 t—s| <1
I
[t —s|>1;
3) C(t,s) = exp{zw(t -8}, weRy
1) Clt.s) = expllt — 5|}
5) C(t,s) = exp{—|t — s|},
rge —oo < t,8 < 00;
6) C(t,s) = min(t,s), t,s>0;

7) C(t,s) = min (t,s) —ts, t,s€[0,1].

VYkazanue. B mn.2, 3, 5-7 dynkuus C(t,s) coorBeTcTByeT KOBapualu-
OHHOI (DYHKIMHU CIIyYaliHBIX IPOLECCOB, PACCMOTPEHHBIX paHee (CM. IpHMepBI
2.9, 2.6, 3amaay 12 u3 §1, nupumep 2.3, a Takxke 3anady 5). B n.1 Hapymaercs
HepageHCTBO (2.6), a B 11. 4 — HepaseHcTBO Komu—ByHsKoBCKOrO.

Orser. [In. 2, 3, 5-7.

8. Jloka3arp TeopeMsr 2.3 u 2.4.

Vkazanue. Cm. 3amedanue nociie GOPMYIUPOBKA TEOPEM.

9. okazaTh cBOIiCTBa KOBapHAIMOHHON (DYHKIMH NPOIecca, CTAIHOHAPHO-
ro B IIMPOKOM CMBICIIE.

Ykazaunue. OMm. Teopemy 2.1 u 3amedyanue K Heil.

10. /Ioka3arh, 9TO JJIsi MapKOBCKOI'O IPOIECCA BBIIOIHIETCS COOTHOIIE-
uue (2.8).

Ykaszanue. Bocnonbszosarhes coorHomenueM (2.7).

11. IIycrs {{(n), n =1,2, ...} — MapKOBCKasl [EIb C TPeMs BO3MOXKHBIMH
cocrosiuamu E(n) € {1,2,3} u nepexogubimu BeposTHOCTAME P{{(n + 1) =
=7 | &(n) =1} = p;i; > 0. PaccMoTpuM NOCIIE10BATEIBHOCTD

. { ), com & =1,
2, ecim &(n) #£ 1.

ITokazarb, 4TO HOCIEAOBATEIBHOCTH 7)(n) MOXKET He 00JaJaTh MApKOBCKHM
CBOMCTBOM.
Vkazanue. Haiitu BolpaxkeHus [jIsl BEPOSTHOCTEN COOBITHI

P{n(n+1)=1,n(n—1)=1|n(n) = 2},

P{n(n+1)=1|n(n) =2}, P{n(n—1)=1]|n(n)=2)

u ybenuThes, YTO NPU HEKOTOPOM BHIOOpE IepeXOJHBIX BEPOSTHOCTEN COOTHO-
menue (2.8) He BBINOIHAETC.
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12. Ilycrs {Z(t), t > 0} — 6poynosckuii moct (cM. 3agady 5). [lokasars,
a0 mpornecc Z(t) ABAAETCS MAPKOBCKHUM.

Vxkaszanue. [Iposepurs ycnosue (2.11).

13. (Ilpomomxenue 3ana4uu 12). Ilokasars, uro Z(t) u Z(1 — t) opuHAaKOBO
paclpeiesIeHsl.

14. Beisectu coornommenue (2.10) uz obuweir dpopmyisr (2.9).

15. ITycrs 3aman omHOpoAHBIH Mapkosekuit nporece {£(t), t > 0} ¢ mepe-
X0/iHOU BepositHOCTHIO P(z,t, B), uMelomeil nIoTHOCTD

—z — at)?
p(:]?,t,y) = \/%exp{_%} .

TTokazarb, 4To JaHHBIN Npolece sBisiercs AuddY3HOHHBIM, U HAUTH JJIsi HETO
ko3 dunuenTs cHoca u nuddysun.

Orser. a(z) =a, X(z)=1.

Vkazauue. [Ipu Berauciaennn kosddunuenta CHOCa HAXOIUM, TITO

1 _(z—av)?
—z)P(z,t,dy) = f ——ze 2 z,

(y — z) P(z,t,dy) Tont

ly—=z|<6 l21<8 /vt

Jajiee UCIOJIb3YeM 3aMeHy IepeMeHHOU v = z — ay/t u pa3buBaeM HHTerpaJj Ha
CYMMY JBYX HHTErpaJjioB

/0o : 5/ Viy-avi :
1 1 _v
ve 2 dv—0

v?
a ——e 2 dv—a u

V2T
—(8/vVH—av? —(6/vVH—avi

npu t | 0. Kosppunmenr nuddysun Boramciasiercs aHajaorudno npumepy 2.15.

4*



NrITABA 1II

CJIVYAMHBIE IIOCJIEJOBATE/JIBHOCTHA

B mamuoii ritaBe Oy1yT n3y9aThCsi CIIyYafHBIE IPOIECCH C TUCKPETHBIM
BPEMEHEM, KOTOPbIe OOBITHO HA3BIBAIOT CIAYUIANHBIME TTOCTEIOBATEIHHO-
cramu. B nanbreiimmem myst 0603Ha9eHAsT CIIy 9aifHON TIOCII€10BATETBHOCTH
Oymem mcmomb3oBaTh cokparmenne CII.

§ 3. CranmoHapublie CJIy4YaliHble I10OCJIEI0BATEILHOCTH

3.1. OcuoBubie xapaktepuctukum CCII. Tlycts H — mpoctpan-
CTBO KOMINIEKCHBIX CIydaiHbIX BeamunH & = o + i, tae o, B € Rl —
BEIeCTBEHHBIE CIIyYaliHbie BEJIMYUHBI, TAKUE, ITO M{a2 + ,82} < oo. Hasa
&, 1 € H MOXKHO ONIPENENHUTD CKAAAPHOE NPOU3BEJEHUE

(&;m) = M{¢n}, 3.1)

rae 7 = a — i — KOMILIEKCHO-COIPsI>KEHHAsI BeJIMIWHA K 1) = « + i3, u
HOPMY

€l = V(& €) = vVM{IEP}

(3.
rae |[€]2 = a? + B2. TIpocrpanctso H co ckaaspaBIM Tpousseaerwem (3.1)
1 HOPMOIi (3.2) Ha3BIBAETCS 2UABOEPMOGHIM NPOCTPAHCNEOM CAYHATHBIT
BEAUNUH ¢ KOHEUHBIM SMOPbIM Momermom (eM. 1. 14.7).
Onpepnenenne 3.1. Kosapuayued, caydaiinnix Beqwaun &, n € H
HA3BIBAETCST

cov{€,nt = M{ (¢ - M{¢hn — M{nD | = (&) - M{&} M{n}. (33)
W3 coornomenntt (3.1), (3.3) caemyer, aro mpu M{¢} =M{n} =0

cov{¢, n} = (€,7). (34)

PaccmorpuMm mocsieioBaTeabHOCTE £, COCTABICHHYIO W3 KOMIJIEKCHBIX
ciygaliHbXx BeauawH &, € H, rae n mpoberaeT MHOXKECTBO BCEX IEJIBIX
aucen Z={...,—2,-1,0,1,2, ... }.

3.2)



§ 3] CTALIMOHAPHBIE CJIVYAUHBIE [TOCJIEJOBATEJIBHOCTU 53

Onpenenenne 3.2. [locnenosarensuocts & = {&,, n € Z} Ha3bBa-
eTCs CMAYUOHAPHOT 8 WUPOKOM CMbicAe, €CITU JIJTsl JTIO0BIX N, k € 7

M{gn} = M{&O} ) COV{£n+k,£k} = COV{{n, 50} . (3'5)

B nasbHeiineM cranuoHapHbIE B ITUPOKOM CMBICHIE IIOC/IEI0BATEb-
HOCTH OyJIeM Ha3bIBATH KPATKO CMAUUOHAPHLMU CAYUATHBMU NOCAEIO-
sameavnocmamu (CCII). Kpome Toro, He ymasssi OOIIHOCTH, MOIaraeM
M{&p} = 0. DTo npeanoNOKeHNE MO3BONSIET OTOXKIECTBATH KOBAPHWAIAIO
CO CKaJISPHBIM ITPOU3BEIEHUEM W IMPUMEHSTh METOIBI U PE3YJIbTATHI TEO-
pun TEIBGEPTOBBIX TPOCTPaHCTB (cM. 1. 13.6).

Onpenenenne 3.3. Pyuxiys

Re¢(n) = cov{{,, &}, n€Z, (3.6)

Ha3LIBACTCSA KOGAPUAUUOHHOT PyHryuet cmayuonaproti nociedosamens-
nocmu & = {&n, n € Z}.
Ecin Re(0) = M{[&l?} # 0, ro dynxnus

pe(n) = ZZEZ)) :

neEz (8.7

Ha3bIBaeTCs Koppeasyuonnoti gynrxuyuetd CCII &.
Us (3.5), (3.6) cremyer, aro mus mobbix n, m € Z

cov{&n,En} = Re(n —m).

Kosapuarnuonnas ¢yuxnus Re(n) obnamaer ciemyomumu CBORCTBaMY,
KOTOpbIE HEIOCPE/ICTBEHHO BBLITEKAIOT W3 OnpejeseHus 3.3 m obmmx
cBoiicTB KoBapuanuonuoil dbynkiun (cm. 1. 2.2).

1) Kosapunarmonnast dbynkmuss Re(n) sBisiercss Heompuyamessro-
onpedeaerntoti, T.e. st TI060T0 HAOOPA KOMILIEKCHBIX UHUCEI (1, .. ., G,
U MOMEHTOB BPEMEHHU M1, ..., M, € Z, m > 1, UMeeT MecTo HepaBeHCTBO

Z Z a;a;Re(n; —nj) > 0. (3.8)
1=175=1
2) Hucnepcust De CCII € mocrosiHHa u uMeeT B

De = Re(0) = M{[&°} >0

3) KoBapuanuonnasi dbyHKuus siBIseTcst 9pmumosoti, T.e. Re(—n) =

= Re¢(n) nust Becex n € Z.

4) |R¢(n)| < Re(0) nost Bcex n € Z.

Bameuanue. Eciu { — Bemecrsennas CCII, To R¢(n) — Bemecrsen-
Hasl HEOTPHUIATEIbHO-ONpee/ieHHas (QyHKIms, B dacTHOCTH, Re¢(n) —
geTHast, T.e. R¢(—n) = Re(n).
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Kpowme koBapmanuonnoii GpyHKIAN, KOTOPas OTHOCUTCH K KJIACCy MO-
MEHTHBIX XapakTepucTuk (cm. 1. 1.4), mpwm omucarnm CCII memonbsytores
TaKKe CIIEKTPAJIbHBIE XaPAKTEPUCTUKU: CNEKMPAAOHAA GYHKUUAL U CNeK-
MPANLHAA NAOTIVHOCTD.

Teopema 3.1 (Pepraorn). ITyemv Re(n) — xosapuayuonnasn @ymk-
yua nexomopot, CCII € = {&,,, n € Z}. Tozda natidemes 00nosnaumo onpe-
denennas MOHOMOHHO Heybvisaowas eewecmeennas gynryua Fe(N),
A € [—m, |, nenpepwenas cnpasa na [—m, 7|, Fe(—m) =0, makas, wmo

Re(n) = ]r e dF(\), neZ (3.9)

DOynrnust Fg(\), ompenesennas B teopeme 3.1, HasbBaeTcs cnex-
mpaavhoti pynxyuets CCII &.
Ecnu Fe(\) npu xaxkaoMm A € [—m, 7] MOXKHO IIPEACTABUTEL B BUJE

Fe(N) = | fe(v)dv, (3.10)

-7

Tto dyurnusa fe(v) HasbBaercs cnexmpaavnot, naomuocmoio CCII &.
B cuiy monoronnoctu Fg(X) Bemmonueno fe(v) >0, v € [—m,w|. B srom
caygae u3 (3.9) ciemyer

Re(n) = T e fe(N)d\, n €. (3.11)

Bamernm, uro umciaa Re(n) pasubl KodbdHUUTEHTAM DPa3IoKeHns
dbynkmun fe(A) B psg @ypbe 1o cucreme dyHKImi {ei*" n € Z}, opro-
roHAJIbHBIX Ha oTpeske [—m,m]. O6parno, ecim Y |R¢(n)| < oo, To psx

nez
Dypoe ¢ koabdunuentamu Re(n) abCOMOTHO CXOIUTCS K CIEKTPAIbHOM
morHoctn CCII € must siroboro A € [—7,7]:

1 —iAn
Fe(N) = 5= 3 e " Re(n). (3.12)
nez
as mgucnepcun De = R¢(0) cupaBenimBo ciieayioiiee BbIpaXKeHUe
3 3

gepe3 ClleKTpaJibHbI€ XapaKTEPUCTUKHU:
De= [ fe(A)dr = Fe(m). (3.13)

-7

Sameuanune. Ecim & — Bemecrsennast CCII, To ciekTpajbHast miIoT-
HOCTb fe(A) Takxke obmamaer cBoiicrBoM derHOCTH, Te. fe(A) = fe(—A),
A€ [—m, 7).
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3.2. Ilpumepnr CCII. Ilpusemem mpuMepbl HEKOTOPBHIX, Hambosee
qacto Berpedatormuxcss CCIT.

Mpumep 3.1 Hyers & =&g(n), rae M{&} =0, D{&} =1 u
g(n) — HekOTOpas KOMIUIEKCHAs JleTepMUHUpOBaHHAA (QyHKnusa. [Ipn
Kakux yciaosusx Ha g(n) nociemosarensHocTsb {€,} cramumonapua? Omupe-
JIeINTH KOBAPHUAINOHHYIO (DYHKIHIO TAKOW ITOC/IEI0BATEIHHOCTH.

Pemenmne. Iocnenosareasrocts & = {&,, n € Z} nmeer

M{gn} =0, COV{§n+k gk} g(n+k) ( )

CiremoBaTebHO, OHA Oy/IeT CTAIMOHAPHOW B TOM W TOJBKO TOM ClIydae,

ecin dbynknua g(n + k)g(k) me 3aBucur or k. Orcona caemyer, 9To

g(n+k)m= 9(n)g(0) VneZ
Takwum obpaszom, g(n +1)/g / g(1) = @ = const, mosToMy
g(n) =g(0)a™.

Hamnee, nockonbky D{&,} = D{&} |g(0)?|a|™ = const To |a|” = |a| =1
u cymectByer wmcio A € [—m,7), Takoe, uro @ = e**. Takum obpazom,
MOCIIEI0BATEIBHOCTD CILy9aifHbIX BenInH &, = o g( ) SIBJISIETCS CTAIO-
HapHoii, ecim g(n) = ¢g(0) a™, T. €.

€n =& g(0) ™", nelZ
Torna ee koBapuanuonnass QyHKIHA
Re(n) = D{&} |9(0)Pe™" = [g(0)’e™". m

Caenyromuit mpuMep 0600IIaeT TPeabIayIITii.

IIpumep 3.2. Ilycrs 3aman HAOOp KOMILIEKCHBIX IEHTPUPOBAHHBIX
CITy9aifiHBIX BEJWHIWH {21, ..., 2N} C H, yIOBIETBOPAIONAX yCIOBUIO Op-
TOTOHAJBHOCTH, T. €.

aiz >0 mpum i=yj,
(2i,2j) = coviz, 2} = L
0 upu i # j.

IIycte A1 < Ay < ...< Ay — HEKOTOpBIE 4YHCJIa W3 IMOJyUHTEPBAJa
[—7, 7). Caywaitnag nocnegosareasrocts £ = {&,, n € Z}, naspiBaemas
noumu nepuoduyeckoti, ormpemseseHa COOTHOMEHUEM

N
=3z nel (3.14)

Tlokazarh, 9TO MOCIENOBATEILHOCTD & CTAlMOHAPHA, W HAUTH ee CIleK-
TpaJbHBIE XapaKTEPUCTAKH.



56 CJIVIAUHBIE IOCJEIOBATEJILHOCTH [TJI. 1T

Pemenne. IlocmenoBaTempHOCTh { IEHTpUpPOBaHa, T. €. me¢ = 0, a ee
KOBapuanuoHuas pyHKIWsT UMeeT BUT

N ‘ N ‘
COV{§n+m,§m} = (Z zkezkk(n-i-m), Z Zkez)‘km) _

k=1 k=1

N N . _ N )
=3 Z(zk,zl)e’A’“(""‘m)e’)‘lm =3 07e™™ = Re(n),
k=1

1
T. €. 3aBUCUT TOJIBKO OT n. Cle10BaTe/bHO, TIOCIEI0BATEIBHOCTD & CTaIN-
oHapHa.
Beenem dynkiuio

FN= Y o (3.15)

KOTOpasi, 09eBUIHO, YIOBJIETBOPAET yciaoBusM Teopembl 3.1. Torna kosa-
puanuonsuas dyuknus Re(n) npencrasnsercs B Buae unrerpasa Jlebera—
Crunrbeca:

Re(n) = J e dF ().

B cuiny (3.9) sro osmauaer, uro BBemenHas B (3.15) dyukuuma Fg(A)
aBisiercs: crekrpaibuoil dynkuueii gus CCII €. ITo mocrpoennio Fe(\)
KYCOYHO TIOCTOSIHHA Ha [—T, 7|, IPUYeM Aq, ..., AN — TOUKH €€ Pa3phIBOB,
a Fe(\,) — Fe(A,—) = 0} — Benuuunbl ckaukos. Takum obpasom, Fg()
He aBJsgeTCa abCONIIOTHO HEMPEePBIBHON OTHOCHTEILHO Mephl Jlebera, u,
CJIeJIOBATEBHO, CIEKTPaIbHasl INIOTHOCTE f¢(A) He cymecTByer. W
IIpumep 3.3. IlycTtb € — mOCTEAOBATENHHOCTD HEKOPPEIUPOBAHHBIX
cirydaiffHBIX BEJIUYUH &, N € Z, T.e. M{e,} =0, D{e,,} =D, >0n

D, mpm i=j,
€;,€j) = COV{g;, €5} =
e =covieneg =1 T

JloKa3aTh ee CTalMOHAPHOCTH, HAfTH MOMEHTHBIE U CIIEKTPAJIBHBIE XaPaK-
TEPUCTHKH.
Pemenme. IlocmemosaTeabuocTs € = {&,, n € Z} sBIgeTCA CTAAO-

HapHOH, TaK KaK UMeET KOBAPHAIMOHHYIO PYHKIHIO
D, mpu n=0,
cov{e, ik, ek} = Re(n) =
0 mpm n#0.

Bocnonb30BaBIInch COOTHOINIEHTEM
s
J ez)\n d\ =

—T

2r mwpu n =0,

0 mupu n#0,
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MOJIyIUM CHEKTPAJIHHOE MPEIACTABIEHNE JIJIsi KOBAPUANMOHHONW DyHKINN

R.(n): ﬂ
Re(n)= | " £.(\)d,

D.
rae fo(A) = 5, CUCKTpanbHAs IJIOTHOCTH CCIl e = {ep, n € Z}. Torna

B coorBercTBum ¢ dopmymoit (3.10) HaxommM CIEKTpatbHyIo (QYyHKITHIO
FN=2:04n). =
2

Sameuanmne. [ocnemoBarenbHocts € = {e,, n € Z}, paccMoTpeH-
HYI0 B mpuMepe 3.3, OOBIYHO Ha3bIBAIOT CMAUUOHAPHHM OUCKPEMHDIM
beavim wymom. Ilpm D, =1 OGesblil mymM Ha3BIBAIOT CMAHIGDMHBIM.
MpbI oKaszasm, 9To CIEeKTpatbHas TWIOTHOCTH f.(A) mociemoBaTebHOCTH
€ TOCTOSIHHA Ha OTPE3Ke [—T, 7|, UTO W MOCIyKUIO0 OCHOBAHUEM JIJIsI TEP-
MHUHa «OeJIbIit TTyM», UCITOIb3yeMOT0 B PasuoMu3nKe, T1e OeIbIM Iy MOM
Ha3bIBAETCS CIyJalHbI CUTHAJ C PABHOMEDHBIM CIIEKTPOM.

ITocemoBarenbHOCTh HeJIOTO TIyMa TO3BOJISIET CHOPMHUPOBATH pa3-
JINYHBIE BUJIbI CTAIMOHAPHBIX IIOCJIEI0BATEIbHOCTEMH.

Onpenenenne 3.4. IIycrs € = {e,,, n € Z} — crangapTHbIii Gembrit
wyM, a {ag, k € Z} — mocnenoBaTenbHOCTh KOMILIEKCHBIX YHCEJl, TAKHUX,
qTo

(oo}
3 Jax]? < . (3.16)

k=—0oc0

Cuayuaiinas nocnemoBarenbHocTb & = {&,, n € Z} Buga
(oo}
§n= Y akEn—k (3.17)
k=—o00

HasbiBaeTcs aunetinot CCII nim mocienoBaTeIbHOCTBIO J8YCmopoOHHe20
CKOAD3AULE20 CPEOHERO.
Ecmm ap, =0 mpu k£ < 0, T.e.

o0
&n=_ arEn—r, (3.18)
k=0

TO & Ha3BIBAETCS TOCIEIOBATENBLHOCTBIO 00HOCTNOPOHHEZ0 CKOAL3AULEZO0
cpedrezo.
Hakonern, eciim a, =0 npu k < 0u k > p, T.e.

p
€n = aken—k, (3.19)
k=0

TO £ HA3BIBAETCS TOCIEI0BATEIHLHOCTBIO CKOAb3AWE20 CPedHe20 NopaAdKa p.
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IIpumep 3.4. Tlokasarh, UTO TOCIETOBATEIHHOCTH CKOIB3SIIETO
CPEIHEro NEeHCTBATENBHO YI0BIETEOPAIOT YCIOBUSM CTAITMOHAPHOCTH.

Pemenne. [IoCcTaTOYHO PacCMOTPETh CIydail MOC/I€A0BATEILHOCTH
JIBYCTOPOHHETO CKOJIB3SIIIETO CPEIHETO, TaK KaK OCTAJBHBIE SIBJIAIOTCS
ee 4JacTHBIME ciydasMu. B cminy ycaosust (3.16) psax (3.17) cxommres
B CPEJHEKBAIPATHIECKOM CMBICTE (C.K.-CXOJUMOCTD Dsifia O0CYKIAETCst
B §4). OueBngno, uro

o0 [e )
En= > GEn—k= D Gn_kEk
k=—o00 =—00

k=

Borauciisis koBapuanuoHHy0 DYHKIAIO C yI€TOM CBOWCTBA OPTOTOHAJb-
HOCTHU CedeHuil 6eJIoro 1rymMa £, HaxXOo[auM

covi{nim,&m} = (Z Untm—kEk> D, am—k€k> =

keZ kEZ

= > GntmkGm-1 (Ek:€1) = D, ntm—kOm—k = P Gnik0k-
k,l€Z keZ kezZ

2 2
Psan > Gnqr@r CXOMATCS, TOCKOMBKY |Gk lr| < M. Taxum
keZ 2
obpaszom, mokazano, uro & = {{,, n € Z} — cranuoHapHas IOCIEIOBa-
TeJBHOCTH C KOBAPHAIMOHHON byHKITHEH

Rs(n) = Z Ayt KO-
kEZ

Cuekrpasnbhas mwioTHOCTH f¢(A) CCII £ umeer Bug,

1 —i 1 —i _
N = o S e Ren) = LY e 0 =
neZ n€e”Z kEZ
= % S e"AtR) g e iMkg, =
k,n€Z
; _— ) 2
— % Z e—zkmam e—zkkak — %‘Z e—zkkak ,

k,m€Z kEZ

npudeM fe(\) uarerpupyema Ha [—m, 7| B cuiy ycuosus (3.16). m

3.3. CnekrpanbHoe npeacrasiienue CCII. CrmekrpasnbHoe mpe-
CTaBJIEHIE KOBAPUAMOHHOM (DYHKITUH OIIPEJIEISIET PACIIPEIe/ICHIe «HEp-
THM» TOCTEJOBATENFHOCTH MO [gacToTaM A € [—m,7]. B caywae mournm
TIEPUOJMIECKOH TOCIEIOBATEIBHOCTH (CM. TIpUMeD 3.2) MBI BUJIEIH, 9TO
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CyMMe€ TapMOHUK CO CJIyIaiHBIMKA aMIUTATYIaMA COOTBETCTBYET JUCKPET-
HOE TIPEJICTABJEHUE CIEKTPA B BHJE CTYIEHIATOH (DYHKIMM CO CKadKa-
MH B TOYKaX, I'Zle COCPEJIOTOYEH CIEKTP, T.€. B TOYKaX pa3pbiBa (PyHK-
nun Fg (). Takum o6pa3oM, HOYTH IEPHOAUYECKYIO TIOCIIEL0BATEIBHOCTD
MOZKHO IIPEJICTABATH KaK CyMMY TaPMOHEK CO CJIydailHBIMU aMILIATYIaMU,
T. €. TaKad IMOCJIeJOBATEJIbHOCTD UMEEeT JTUCKPETHBIN «CIIydalHbIl CIIEKTPY.
OxkaszbiBaercs, uro jrobas CCII gomyckaeT Takoe ClieKTpajabHOE MPEICTaB-
JIEHWE CO «CIYYaiHBIM CIIEKTPOM», XOTsl B OOIIEM CIIydae CIIEKTD yIKe He
Oy/IeT AUCKPETHLIM. DTO IIPEeCTaBIeHNEe BEChbMa Y00HO B MPUJIOKEHUIX
¥ OCHOBAHO H& MOHSATHH WHTErpaja Mo OPTOTOHAJIBHON CTOXaCTHIECKOH
Mmepe (cm. 1. 14.9).

Teopema 3.2. Ilyemwv & = {&,, n € Z} — CCII ¢ xosapuayuonnod
pyrryueti Re(n), coomsememsyroweti cnexmpanvrot, dyrsuyuu Fe(X).
Toeda cywecmeyem maxas OPMOZOHAALHAA CTMOTACTNUNECKAA MEPA
Ze(A), onpedenennan na bopenescrot, o-arzebpe B([—m,m)) npomesrcym-
xa [—7,T), wmo umeem mecmo npedcmasaenue

us
£ = J e Ze(dN), nez, (3.20)
—T

npuvem Zg(A) umeem cmpyrmyphyro Gynkyuo 6uda

Fz(8) = M{|Z(8)P} = [ dFe(N, A€B(-mm).  (321)
A

Bameuanue. Takum obpasom, Fe(\) asuaserca dynknueil pacipe-
Jienennst cTpyKrypHoit dbyuknuu Fz(A) opToroHaibHON CTOXaCTHIECKOM
Mepsl Zg(A), onpenenennoit ma B([—m,w)). B wacrmoctn, ecim A =
= (o, f] C [=m,m), o Fz(A) = Fe(B) — Fe(a), a eciu k Tomy ke Fe(N)

nMeeT IWIOTHOCTE fe(A), TO

Fz(8) = [ fe(N) dx.
A

Crekrpanbroe mpeacrapiaenne CCII urpaer BaXKHyIo posib B 3a139aX
JINHEHHOTO OIEHUBAHUS ¥ IIPOIHO3UPOBAHUS CIIYyYaHBIX MTOCJIEI0BATE b
HOCTEH. DTO CBI3AHO C TEM, UTO PE3YILTAT JI0O0TO JUHEHHOTO Tpeobpas3o-
Bauusi CCII MOXXHO IIPEACTABUTH C TIOMOIIBIO CTOXACTUIECKOTO MHTEIPAJIA
1o Mepe Zg(dA).

Onpenenenne 3.5. Ecau ciyuaitnas Bequunna ( sIBJIsIETCS IIPejIe-
JIOM B CPEIHEKBaPATHIECKOM CMBICJIE HEKOTOPOH TOCIeN0BaTEILHOCTH
ciyvaiinbix Benumaus {(™}, 0oOpa3s0BaHHBIX JMHEHHBIMA KOMOUHAIMSIMEA
cewemniit CCII ¢ = {¢,, n € Z}, To 6yaem rosopuTh, aro ¢ € H(E).
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Teopema 3.3. [lycmo cayuatinas seauvuna ¢ € H(E), 2de £ — CCII,
umerwan npedcmasaenue (3.20) u cnexmpanonyo dgynryuro Fe(A). To-
200 cywecmeyem maxas Pynxyus P(N), A € [—m, 7|, wmo ¢ donyckaem
npedcmasieHue

= | @) Ze(an), (3.22)
npuvem

T |@(N)|? dFe (M) < oo (3.23)

Sameaanne. [Tockonbky ycmosme ¢ € H(E) osznauaer, aro ( sBis-
ercs guHedHoit kombunamnueit cevennii CCII § wam c.K.-ipenesoM Tako-
BBIX, MBI jlajiee Oy/IeM TOBOPUTH, 9TO ( SABISIETCS AuHeliHvM npeobpa-
306anuem &. B cBere 3TOTO yTBEpKJEHHE TEOPEMBbI 3.3 O3HAYAET, UTO
BCcsikoe JimHeliHoe mpeoOpasopanme CCII £ moxkeT OBITH TPEHCTABIIEHO
B BHUJIE HHTETPAJIA [0 CTOXACTHIECKOH Mepe oT HeKoTopoil dhyHkmmu $(N),
yaoBreTBopatomeit yerosno (3.23). @yrkmus $(A) xapakTepmsyer caMo
snuHeitHoe TpeobpaszoBaHue W HA3BIBAETCS €U0 4acmomuol Tapaxmepu-
emukoti. Yeaosue (3.23) osnagaer, 1To

M{[¢P} = | |8 dFe() < oc.

—T

Temepb MBI MOXKEM BBECTHU MOHSATHE JTUHERHOTO CTAITMOHAPHOTO TPE00-
pazosanus CCII.

Oupemenenne 3.6. Ilycrs CCII £ = {¢,,, n € Z} umeer criekTpaJib-
Hoe mpencrasnerne (3.20). Ecom mocmemosaremsrocts ¢ = {(,, n € Z},
JIOTYCKAET TIPeICTABIEHTE

(o = J eMB(N) Ze(dN), n €L, (3.24)

¢ Hekoropoit dyukmueil ®(\), ymosiersopsifomeii yciosuio (3.23), To
TOBOPST, YTO mocienoBaresnbHocTh ( mosyuena u3z CCII € ¢ momornsio
CMAYUORAPHO20 AUNETH020 NPE0bPA30BAHUA.

Mpumep 3.5. TTokaszare, 910 MOCIAENOBATENBHOCTD ( = {(,, 1 € Z},
onpejenentas B (3.24), aBisiercs CTaluOHAPHOI.

Pemenue. Brerumcnum koBapuanuto cedenuit (, u (,, m, n € Z
MOJIb3YSICh CBOWCTBAMH WHTErpaja M0 OPTOTOHAJBHON CTOXaCTHIECKOH
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Mmepe (cm. . 14.9):
COV{(m, Cn} = (Cma Cn) = ( J ei)\m(I’()‘) ZE(d’\)a J eMn(I)(’\) Z&(d)‘)) =

= j eMmD(N) eMnB(N) dFe(N) = j eMm=m) | (N)[2 dFe(X) = Re(m—n),

—T

™
gTo BMecTe ¢ pasenctBom M{(,} = M{ J AP (N) Zg(d)\)} =0 gmo-
-7
Ka3blBaeT CTAIMOHAPHOCTH (. MTak, MOCIeIoBaTeIbHOCTD, MTOJyYeHHAS
B pe3yJibTaTe cTalmoHapHoro JwuHeiHoro mupeobpasoBanunsa CCII, Tak-
XKe ABJgeTca crammonapuoil. Ilpm sToM ycmosme (3.23) osmawaer, uTO
M{|¢n|?} < 00, T.e. cayuaiinas nocienoBaTENbHOCTh ( AHCTBUTENHLHO
cymecTByer. W

MOMEHTHBIE W CHEKTPAJbHBIE XapaKTEPUCTUKM TOCIEI0BATETHHO-
creit ¢ u € CBA3aHbBI HEKOTOPHIMY AHAJTATHYECCKUME COOTHOIIEHUSMHU, O 9€M
TOBODHUT CJIEIyTOIIEe yTBEPKIEHNUE.

Teopema 3.4. Ilocaedosamesvrnocms (, noayuwennas u3d CCII &
¢ nomowbio Aunetinozo npeobpasosanua (3.24), asasemes cmayuoHap-
HOU ¢ 0pMmo20HaavHoli cmozacmuyeckoty mepol Zg(d/\), CnexXmpanvHol
pyrryuets Fe(N\) u xosapuayuornnoti dyrryuet Re(n), xomopie ydosse-
MBOPAIOM, COOMHOULEHUAM

Ze(dN) = @(X) Ze(dN),
A T
Fe) = | [BPdFe(N),  Re(n)= [ @A) dFe(N).

Ecau & umeem cnexmpanrvryio naomuocms fg(X), mo ¢ makorce umeem
cnekmpasvrylo naomnocms fe(A), npusvem

fe) = [@N)* fe (V).

Coorromenne (3.24) omwmchiBaeT JWHENHOE TPEOBPA3OBAHUE TIOCIE0-
BaTEJNILHOCTH B CIEKTpaJbHOll obsmactu. OgHako Kak MOKa3LIBAET CJely-
oIt TpUMeEp, STOMY NPEJCTABICHUIO MOYKET COOTBETCTBOBATH W IIPE/I-
cTaBJIeHNEe BO BpEMEHHO# 06J1acTH.

IIpumep 3.6. IIycts crammonapaoMy JTHHEHHOMY TpPeoOPa30BaHUIO
¢ 9acTOTHON xapakrepucTukoii ®(\), yaoBreTBopstomeil ycaosuo

T [D(A)[?dA < oo, (3.25)
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TMOABEPTAETCA CTAHAAPTHLIR AUCKPETHBIN Oesblit mymM & = {En, n e Z}‘
Tlokasars, aro nomyuennas CCII € = {&,, n € Z} nomyckaeT mpescTaBie-
Hue B (DOpME JABYCTOPOHHErO CKOJIb34IMero cpeanero. Haiitu cuekTpasib-
HYIO IJIOTHOCTE fg ().
Pemenue. Ycuosue (3.25) paBHOCHILHO yciuoBuio (3.23), MOCKOILKY
A+m

E.(\) = . (cm. mpumep 3.3). B cuury (3.25) dynkmus () gomyckaer

passioxkenue B pag Pypbe Ha oTpeske [—m, 7|:

m=—o00
rie
1T
h(m) = —— J AP () dA
2w
—T
Ecin Z.(d\) — croxacTuueckasi Mepa B CIIEKTPAJbHOM IPEICTABICHUH

Gesroro myma €, To cooTHOmeRue (3.24) aya £ 3aACHIBAETCS KaK

¢, = T AP () Z.(dN) = io: h(m) T eAnTm) 7 (dX) =

m=—oo “r

oo

= Z h(m) En—m>

m=—0o0

9TO COOTBETCTBYET IIPEJCTABICHUIO B (DOpME CKOIL3SIIETO CpPEIHe-
ro (3.17). Torma B cuiy Teopemsbl 3.4 CHEKTPaJbHAs TIOTHOCTD IIOCJIE-
JOBATEILHOCTH & WMEET BUJ

fe) = S-[o(VP,

Tak KaK fe(A) = 1/2m — crnekrpasbHAA IWIOTHOCTH CTAHIAPTHOTO 6EJI0T0
mymMa €. W

3.4. 3amaun IJId CaMOCTOSITEJIBHOIO PeIleHus.
1. [Tokazarn, 4To ecyu g, Br — AEHCTBUTEHHbIE HEKOPPEJIVPOBAHHBIE CJIy-

(o)
qaitapie Bemranael, M{ax} = M{8x} = 0, D{ax} = D{B} = 0}, 3_ 0} < o0,

k=1
TO IIOCJIEAOBATEJIBHOCTH

(ak cos \gn + B sin Agn) n € Z,

38

&n =

k=1

aABJsieTcs cranuoHapuoit. Halitn kosapuanuonnyo ¢yukunio Re(n).
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Ykazanue. Ilokazars, uro CB &, mnomyckaer mnpejacrapienne &, =

oo ) i
= > 2™ e Ag = —Ag, 21, = M7 z2p =zpupu k > 1, 20 =0,
k=—o00 2
npuueM {zi, k € Z} — HeKOppesMpOBaHHbIE.
o0

Orser. Re(n) = > oF coS Apn.
k=1
2. ITycrs CB 6 umeer pasHOMepHOe pacupezesienue Ha [—m, 7], a CB 7
pacrpegenena no 3akony A (0;1) u me zasucur or 6. Ilokasarh, 4To mocse-
JI0BaTEJILHOCTH
n, ecim n =0,
gn = .
e ecm n #£0,
SABJISIETCST CTAIMOHApHOM. HaiiTn ee KoBapHAaIMOHHYIO (DYHKIIUIO U CIIEKTPAITb-
HYIO ILIOTHOCTb.

1 mpum n=0, 1
Orser. mg =0, Re(n) = fe(A) = —.
0 upu n#0, om
3. [Iycrs ( — CCII, monyuenHass u3 £ ¢ TOMOINBIO JIUMHEHHOrO MPeod-
pa30BaHUsl ¢ 4acTOTHON xapakrtepuctukoil ®1(A), a n — CCII, nonyuenHas

u3 ( C MOMOMBIO JIMHEHHOro Mpeobpa30BaHusl C YaCTOTHON XapaKTePUCTHUKOM
®5(N). IMokasarb, 9T0 7 MOXKeT OBITH HafifeHa U3 § C MOMOLIBIO JIMHEHHOrO
npeobpas3oBaHusl ¢ YaCTOTHOM XxapakTepucTUkoit Po(N)P1(N).

4. Haiitu gvacrorHyio xapakrepuctuky rnpeobpasosanust CCIT Y B nocieno-
BaTEJbHOCTD

X(n) = %(Y(n) +Y(n—1)+Y(n-2).

OrBet. ®(N) = % (1 Fe i 4 e—QiA).

5. Ilycrb &, = cos(nn + 0), tne 0 — cay4vaiinas BeJuYMHA, PABHOMEPHO
pacupegenennas Ha [0,27], a 1 He 3aBucuT or 6 W MMeeT HEKOTOPYIO (YHK-
o pacupegenernss G(z). Iokasars, uro § = {&,, n € Z} — BemecTseHHas!
neurpuposannas CCII.

6. ITycts 0 < a < 7. [Tokazars, 4To

a upu n =0,
Re(n)={ _
¢ o sinan mpu n#£0
™ p

ecTb KoBapuarmonHas dyukuus Hekoropoit CCII. Haiitu cnekrpanbHyio mior-
HOCTB 3TOH [IOCJIEJOBATEIBHOCTH.

a
Vkaszanne. [lokazath, aro Re(n) = Qi J €™ d)\, orkyna cremyer, 4rTo
T —a
[OCJIEJOBATEILHOCT ¢ KOBapHalMoHHO# (yukuueii Re(n) ecTsb JuHeiiHOE CTa-
IMOHApHOe Tpeobpa3oBaHue 6eJIoro IIyMa ¢ YaCTOTHON XapaKTepUCTUKOM

1 mpu |\ <a,

a0 = {

0 umpu |\ >a.
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1
— upu |A| <a,
Orser. fe(A\) =< 2w pu A<
0 opu || > a.
7. Haiitu koBapuanmonnyio dyukimio Re(n) CCII, umeromeil creKTpasib-
T — [l
HYIO IIOTHOCTD fe(A) = —5—.
Vkaszaunue. Bocnonbsosarbcs dopmysoii (3.11).
1 npu n =0,
Orser. Re(n) =¢ 2(-1)"
(mn)?
8. Ilycrs &, ¢ — Hekoppesmposanusle CCII (1. e. cov{&,, (mn} = 0 npu Bcex
n,m € Z) co cuekTpaibHbiMu GyHkmmamu Fe(X), Fe(N). Iokasars, uro X, =
=&, + ( ects CCII, u HaliTu ee cnekTpatbHyo dyHKIu0 Fx (A).
Orsert. Fx(\) = F¢(A\) + Fe (V).
9. Ilycts &, ( — CCII, ynoBieTBOpsIIONMe ypaBHEHUSM

npu n # 0.

bn— a1 =¢€p,  Cn—Qlno1=E&nt+ep,

e |a| < 1 — mecmywaiinas nocroaumas, a ¢!, €% — HEKOPPETHPOBAHHbIE TIOCITE-
JoBarenbHOCTH Gejtoro myma. Haiitn cnekrpadnbhayio mioraocts CCIT .

Vkazauue. O6ozmauum Z'(d)), Z?(d)\) oproroHaibHEIe CTOXACTHIECKUE
MephI B CIEKTPAJbHBIX IIPEICTABIECHUSX [OCIeI0BaTeIbHOCTel €' 1 €2 coor-
BETCTBEHHO. TOrJia OPTOTOHAJBHAS CTOXaCTHIECKas MEPa, COOTBETCTBYIOMIAS
MOCJIEIOBATEILHOCTH (, PaBHA

Z1(d)) Z2(d))

Ze(dA) = (1 —ae=i™)2 1 —qe i’

OTKYJa C Yy4€TOM HEKOPPEJIHUPOBaAHHOCTHU HOCJ'IG,Z[OBa.TeJ'IbHOCTeﬁ 81, 62 HaXO0auM

OTBET.

OrBert. fe(AN) = ! !

271|1 — ae= A4 27[1 — e A2
10. Vcnone3yst COeKTpajibHOE IPEICTABJIEHUE, MOKA3aTh, YTO CIIydaiiHas
nocienoBaresbHoCTh £ = {€n, n € Z}, yIOBIETBOPSIONAs COOTHOIIEHUIO

gn + blgn—l +...+ bqén—q = ao€n + a1€n—1+ ...+ apen—p,

[IPH ONPEJIEJIEHHBIX YCJIOBUAX HA MHOTOWIEH Q(z) = 1+b12+. .. +bg2? siBngeTca
JIMHEWHBIM MPeoOpa3s0BaHWEM CTAHJAPTHOTO 6esioro myma & = {en, n € Z}.
Haiitu sTu ycimosus, onpenenmuts cnekrpanbuyio mnorHocts CCII €.
Ykazauune. [Iokazars, 94T0 £ UMeeT IPEJCTABJIEHIE B BUIE OJJHOCTOPOHHE-
ro ckoub3siero cpeuero (3.18), rue ar — ko3 durmenTs! pasioxenus: GyHK-

P
[ QEZ) B pan Teisiopa B eUHUYIHOM KpyTre, a P(z) =14aiz+...+ap2?.
4
Orser. Eciin xopan MHOrouwneHa (QQ(z) Jiexkar BHe eIUHMYIHOIO Kpyra, TO
iy (2

1 |P(e™™)

>\ = — T, <

fe) = o Q™
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§ 4. Jluneiinbie MpeodpPa30BaHUS CIIyYATHBIX
nocJjeoBaTeJbHOCTe

4.1. JIuneitHple npeobpa3oBaHUsl II0cjegOBaTeJIbHOCTEN 006-
IIero BUga.

Onpemenernue 4.1. CaydaitHas TOCIENOBATENLHOCT {1y, N € Z}
Ha3bIBAETCH AUHEUHBIM NPEOOPA306aHUEM CIyIAWHON TOCIIEeI0BATEIbHO-
ctu {&k, k € Z} ¢ secosot nocaedosamenvrocmvio {cpk, n,k € Z}, ecin
TP KaXKJa0M 1 € Z

o0

M = Z Cnkék- (41)

k=—o0
3mech u masee cxopuMocTh paja (4.1) nornMaercs 6 cpednexsadpamu-
HYECKOM CMDBLCAE:

M

M = le]\];g@ k;]v k- (4.2)

Coorromenne (4.2) MOXKHO 3aIUCATh CIELYIONAM 06Pa30M:

M
M{|77n - > an§k|2} —0 mpu N,M — cc. (4.3)
k=—N

Owermgro, uTo mMpeobpazoBanue {7, } CyIECTBYeT, €CIN BHITIOIHEHDI
coorromenus (4.2) nim (4.3), mosromy Ha {cpi}t u {{k} MomKHEBL GBHITH
HAJIO’KEHBI HEKOTODBIE YCJIOBUS, TAPAHTUPYIOIIAE, ITO Bhipaykenne (4.1)
UMeeT CMBIC.

Onpegenenne 4.2. Cayuaiinas TOCIEI0BATENLHOCTE { &), } Ha3bIBa-
etcst 2uavbepmosoti, ecin M{|€x|?} < oo mnst Beex k € Z.

s rens6epToBBIX TocTenoBaTeabHocTell ipu k, | € Z cyImecTByIoT

me(k) = M{&},
Re(k,1) = cov{gr, &1} = M{ (€ — me (k))& — me(D) }

De(k) = o (k) = Re(k, k) = M{|&, — me(k)[*}.
IIpumep 4.1. Tokazars, 910 {7, } CyIIECTBYET TOTAA ¥ TOJLKO TOT/IA,
KOT'JIa CXONATCA CJISIYIOIUe YUCIOBbIE PSJIbL:

o0

ILi(n) = i cakme(k) m L(n)= > capCuRe(k,1). (4.4)

k=—o0 k,l=—0o0

5 B.M. Muanep u A.P.ITarkos
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Pemenue. OueBnaHo, 9TO AOCTATOYHO PACCMOTPETH YCIOBHUS CXO-
[e)

JMMOCTH DA G = Y Cnkk. Tloxaxkem, uro npu BoinoHenun (4.4) mo-
k=0 K
CITEIOBATEBHOCTD CITyJaifHbIX Bemann SKX = Z Cnkék ABageTCS QyHIa-
k=0
MeHTAJIbHOM B cpejjHeKBaapaTuieckom cmbicie, T.e. M{|SK — SL|2} — 0
mpu K, L — oco. HeiictBurenbho, npu L > K

L L
M{|SK — Sk} = M{‘ > anfkr} = > cuea M{&E} =

k=K+1 EI=K+1
L L
= Z CnkCnl (mﬁ(k)mf(l) + Rf(ka l)) = Z anrmmg(k)mg(l) +
ki=K+1 kI=K+1
L
+ > cnnCu Re(k,1) ‘ Z cnime(k ‘ + Z CnkCnl Re(k,1) = Ty o
k=K +1 k=K+1 kl=K+1

Ecnu Boinosnneno (4.4), to I, ;, — 0 npu K,L — 0o, 410 03HAYaeT:
M{|SE — SL?} — 0 npu K,L — co. B cuity cBOHCTB C.K.-CXOAUMOCTH
(em. m.14.4) mocnenosarenbrocTh {SK} cxommress B cpemmexBaapaTmye-

K 00
CKOM CMBICTE K TIpesieny Cp, = 11 m. > ekl =Y ek
* k=0 k=0

Haob6opor, ecau (,, cymecrByer, TO
M{|<n|2} = D{Cn} =+ |M{Cn}|2 < 00,

HO

(oo
D = 1 Cnl.
{¢n} = pm k;o CnkCriRe (K, 1) k%ocnkcanE(k’l) < oo

L s )
IM{¢n}? = Lh_)Holo‘Z anmg(k)‘ = ‘Z anmg(k)| < o0,
k=0 k=0

9TO O3HAUAET CXOAUMOCTH psifioB (4.4). Takum obpaszom, ecan psagpl (4.4)
CXOIATCS, TO M{|nn|2} < 0o u, BoJiee TOTO, Mbl HOJIYYUJIA COOTHOIICHHS
Igst MaTeMaTudeckoro oxuganusg u gucrnepcuu CII n,:

M{nn} = Il(”)? D{nn} = IQ(TL),

rae I1(n), Io(n) onpenenens B (4.4). m
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Ucnonb3ayst meKoTOpyto gomonauTenbayio madopmammio o CIT {€,},
MOXKHO HECKOJIIBKO YIPOCTHUTH ycmoBus (4.4).

Hpuwmep 4.2. Hycrs mssecrro, uto M{|¢,]2} < K2 anst Beex n € Z.
Jloka3aTh, 4TO B 9TOM ClIydae JJI CyINeCTBOBAHUA JIMHEHHOro mpeobpa-
(oo}

soBamus 1), (4.1) moctarouno, 4Tobbl Y |cpk| < 0o g Beex n € Z.
k=—o0

Pemenne. Tax kak M{|¢]?} = 0F (k) + [me(k)]* < K2, k € Z, 10
o¢(k) < K n |mg(k)| < K. Ussecrro, uro |Re(k,1)| < o¢(k)oe(l), Torna

[e) o0
Y lenkemBe(kDI< 30 [enllenilog(R)oe(l) =
kl=—o00 kl=—o00
o) 2 5 0 2
= (3 lemsloe®) <K (3 leml) <o
k=—o00 k=—o0

Taxum o6pazom, psiz I>(n) B (4.4) cxoamres abCOTIOTHO U, CIEI0BATENHHO,
cxomuTcest. AHAJIOTHYHO,

o o
Z |anm§(k)| <K Z |an| < 00,

k=—oc0 k=—oc0

nosromy cxomurest pay I (n). Urak, cymecTBoBaHUE 1), TENEPh CIELYET
u3 pe3ysbTaToB nmpuMepa 4.1. ®

PaccMorpum mpuMephl BasKHBIX IS TPAKTUYECKUX IIPUIOXKEHUN JTH-
HEHHBbIX Tpeobpa30BaHMIA.

IIpumep 4.3. Bemecreennas CII {&, k > 0} ompenemena cooTHO-
menneM & =6+ e, tae 0 — cuyuaiiaeit mapamerp ¢ M{0} =my n
D{6} = Dy, {ex} — menTpmpoBaHHBIl TUCKPETHBIN GesbIi TTyM, TaKoi,
gro D{ex} = Dy < D, upuuem mnapamerp 6 He koppemupyer ¢ {ej}.
CII {&;} moaBepraeTcst Mpeobpa3OBAHUIO OCPETHEHUS:

L S e, nxo. (4.5)

n+1k:0

Nn =

Berawcmurs M{n, }, D{n,} w matttu lim D{n,}.
n—oo

Pemenune. M{&} =mg u D{&} = Dy + Dy, < Dy + D. Tlosto-
My M{&} < Dg+ D+ m} =K < oco. Tak xak cymma B (4.5) comep-
KUT KOHEYHOE YUCJIO CJIAraeMbIX, YCIOBHsA ITpEMepa 4.2 BBITOJHEHBI. Ta-
kum obpasom, M{n2} < oo npu kaxgom n > 0, npuaem M{n,} = I1(n)

5%
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u D{nn} = I2(n)7 rae

1
n+1

L(n)= Zme =me;  Re(k,1) =

k=0

Dy + Dy upu k=I,
Do mpu  k #I;

_

_[2(71) = (n+ 1)2 kEORﬁ(kvl) =

:ﬁ[(n+1)21}9+épk] :D9+( +12 ZDk

SameruM, uTo B cuity Dy < D umeem

1

Dy < I <D
o 2(n) e+(+

lzZD D9+71%D9 opu  n — oo.

Taxum obpasom, D{n,} = Dy mpu n — co. B

st TOoro 4TOo6bI MPOACHUTDL TIPUKJIAIHON CMBICH ITIOMYYEHHOTO pe-
3yJIbTaTa, PACCMOTPUM MPONEAYPY JHHEHHOTO OINECHWBAHUA CIIydYailHOTO
BEKTODA 7) IO BEKTOPY HabJoaenuit £.

Onpenenenwme 4.3. Onenka 7] = ¢(£) mazwbBaercs aurnetinot cped-
nexeadpamuueckot, ouenkold nas n mo &, ecam ¢ — JHMHEHHOE TPeod-
pa3oBaHue. TOYHOCTH ONEHKH XapaKTEPU3YeTCH cpedrersadpamuseckot
noepewnocmvro A = M{|n — 7]?}.

Ilpumep 4.4. Jokazarb, 9T0 7),, ompeaenennasa B (4.5), sBisercs
HECMEITEHHON JIMHEWHON OIEHKON 1jist §, IMOrpeImHoCcTh KOTOPO MOXKHO
CIIeNTaTh CKOJIb YTOIHO MAJIO.

Pemenwme. Ilpeobpasyem dbopmymy (4.5):

1 & 1
"”_n+1]§5k‘n+1,§(9+6’“)_0+—26’“

n
> ek npexacrapisier coboii ciryqaii-
k=0

Taxum obpasom, 6, =1, — 0 =

n+1
HYTO OIMTUOKY OIEHKH 7).

1
Torpa M{é,} = M{m

n

ek} =0, rak xak M{ex} =0, u

An_M{(52} D{ Z }\—%0 opu  n — 0o,

9710 Ccremyer u3 pesynbrarta mupumepa 4.3. Urak, M{n, — 0} =0 nus
Besikoro 1 2 0 (mecmewenrocmn), a A, = M{|n, —60|*} — 0 mpun — oo
(cocmoameavrocmsv). W
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3ameuanue. Ecan B npumepe 4.4 mapamerp 6 sBisgercs Heciay4daii-
ubM (T. e. Dy = 0), To pe3yabraT, chOpMYINPOBAHHBIN BHIIE, TPUHAMAET
CclIeayoIui BU;

1 & K.
n+1Z§k CK\mg opu - n — 0o, (4.6)
k=0

rae me = M{&,} = 6. IIpu sTom yrBepkaeHue (4.6) HA3BIBAIOT 3GKOHOM
b0ALWUT YUCEAN.

Pacemorpum Bemectsennyo CII {€,}, asastomyrocs nporeccom Ha-
batoiennsi, (POPMHUPYEMBIM IO CJIEIYIONIEH cXeMe:

& =9(k)+er, kezZ, (4.7)

rie (k) — mome3HbI HeCTATTMOHAPHDIN CTydaiiHbIil curHAM, a {e } — men-
TPUPOBAHHBIN OeJbIil IIyM C MOCTOSIHHOW JIucrepcueit D{Ek} =D, >0.

Hast onernsanns currana ¢(k) CII {&} momsepraercs mpeobpazosa-
HUIO, KOTOPOE HA3BIBACTCH PUABTNPOM IKCNOHEHUUAABHOZO C2AGAHCUBAHUS
U UMeeT BUJ

Mm=an,_1+(1—a)&, neZ, (4.8)

riae « € [0,1) — mapamerp dwmrbTpa.

B cienyromem mnpuMepe HCCIELYIOTCS XapaKTEPUCTUKHM TOYHOCTH
bUIBTPa SKCIOHEHTIHANBLHOTO CTakuBanus (4.8).

IIpumep 4.5. IIpeanomoxum, aro B Mojesu (4.7) MOIe3HBIH CUTHAI
nmeer Bug @(k) = 01 + 03k, tne 01, 0 — cuyvaitable TapaMeTpHI ¢ W3-
BECTHBIMU CDEJIHUME My , My 1 juctiepcusyu Dy , Dy, ipuaem {01, 02}
He 3aBucaT oT {e}. Haiitu c.K.-norpemHocTs onesku 7, curaana ¢(k),
onpenensiemoit ypasaenwem (4.8).

Pemenmne. 1) ITokaxewm, uro (4.8) siBisiercsi JIUHEHHBIM TPEOGPA30-
BamweM Bua (4.1):

NMn = & (ann—Q + (1 - a)gn—l) + (1 - Ol)fn =

oo

= (1 - a)(fn + afn—l) + a2777172 = ... = (]- - a) Z akfn—k‘a
k=0

IPUYEM Ty IE€HHBIH DSl C.K.-CXOIMTCS B iy |af < 1.
2) PaccMOTpUM JI€fiCTBUE TIOJlyYEHHOTO JIMHEHHOro mpeobpa3oBaHus

ma CII {&,} suna (4.7):

oo

77n=(1—04)204k(91+92("—k))+ (1-0a) Za £ —k_77(1)+77(2)
k=0

D = (1 a)(8; + bzn) Za (1-—« szakk
k=0 k=0
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oo o0

Yuurpisasg, uto Y of =(1—a) ' u (1-a) ko = a(1 —a)7t, no-
k=0 k=0

JydaeM 777(11) =op(n)+

HaXO[M

«

1 2. OTciona B cuiy HezaBucumocTn O3 ot {e, }
o

a—1

A =M{|nn — o(n)2} =M {‘ o 92]2} + D{(l —a) gaksnk},

« 2 _ az 2
M{‘a—192‘ }_ (a_l)z(moz + Do),

o D.

o0
k _ 2\k _
D{Y ae, 4} =D. > (a?)F = 2=
k=0 k=0

OxoHYaTeJLHO nIoJIydJaeM

1—«
1+a

2
& (m3, + D)+ ——D. =AY + AD = f(a).

ST

3aMmeTnM, 9TO Ag) — pe3yJabTaT MCKaXKeHUs (PUIBTPOM TIOJE3HOTO
currana ¢(n), a A?) — ocrarox or myma nabmoxenms {ek}. Unrepecno,
gto pu o — 0 Aﬁll) — 0, HO TOTZIA, Ag) — D.,anpua — 1 Ag) — 0, HO
Afll) — 00. O4eBuIHO, 9TO TAPAMETDP (@ MOXKET OBITH BHIOPAH ONTHMAJIb-

HBIM 06pa30M U3 YCJIOBUS O = arg min) fla). m
a€o,1

4.2. JIuneitnble npeobpaszoBanusi ctammoHapubix CII. Ilyctn
n3BecTHO, 910 {&k, k € Z} — cranmmonapras BemecrserHas CII ¢ xapakre-
puctukamm: M{&p} = me, cov{, &} = Re(k — 1), D{&} = Re(0) > 0.
IlycTh Tak:Ke 3alaHa HEKOTOpas YUCIOBAs MOCIEIOBATEILHOCTD {Cp,}.

Onpemenernne 4.4. CryuaiiHas nociemoBaTenbHOCTD {1, } Ha3bIBa-
eTCA CMAYUOHAPHBIM AUHETIHBIM NPE0dPasosanuem CITyIaliHOR ITOCTen0-
BaTesbHOCTH {{L} ¢ 6ecosoti nocaedosameavrocmuvio {c,, }, ecom

o0

M= Y. cmbn-m, n€c (4.9)

m=—0o0

Sameuganne. Padee B 1. 3.3 u3yvyajuch JUHEHHDIE TTPEOOPA30OBAHAST
B crekrpasbHOii (dacrorHoit) dopme. CoorHomenune (4.9) maer siBHOE
TIpejICTaBjIeHne Mpeobpa3oBanusi BO BpeMeHHON obmactu. JacTHbIH ciry-
Jaif TAKOTO TMpeobpa3oBaHms PacCMOTPeH B mpuMepe 3.6.
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Hast cymecrBoBanmst mpeobpazosanus (4.9) mocTaTowHO, YTOGHI BBI-
MOJTHSLIIOCH YCIIOBUE

oo

> leml < oo, (4.10)

m=—0o0

9TO Cile/lyeT U3 pesysbraTa npumepa 4.2.

IIpumep 4.6. Ilycrs Bhmomueno (4.10). Hokasars, uro CII {n,},
onpenensieMasi B (4.9), ABIseTCS CTAIMOHAPHON.

Pemenune. Iokaxkem, auro M{n,} =m, u cov{n,, n,} = R,(n —m)
TIPH JTIOOBIX TEIBIX M, T

M{nn} = M{ i Cmgn—m} =

[e.e] (oo}
= Y eaM{&Gn}t=me Y cn=my.
m—=—0o0 m=—0oQ
Hauee,
oo oo
cov{nn, Nm} = COV{ Z cpén—p Z ngm—s} =
p=—00 s§=—00
oo oo
= > escovibn pémost= > cpesRe(n—m+s—p)=
D;$s=—00 p,8=—00

=R,(n—m).
Takum obpasom, CII {n,} crammonapua mo onpeznemenuio. 3ame-
o0

M, ato D{n} = R, (0) = > c¢pcsRe(s —p). O6ocroannocTh Biece-
pP,8=—00
HHSI OIEpaToOpa MaTeMaTHIeCKOTO OKUIAHWS ¥ KOBAPHAIWH T0J| 3HAK

CYMMUDOBaHUs caenyeT n3 mpuMmepos 4.1, 4.2 u ycnosus (4.10). m
Bameuanue. Ecim BecoBas mocsemoBaTebHOCTE { ¢,y } TAKOBA, UTO
¢m =0 mpu Bcex m <0, TO cramuoHapHOe JHHeiiHOe HpeobpasoBa-
(oo}

uue (4.9), uMeromee BUL Ny = Y Cmén—m, HA3BIBACTCS PUIUMECKU Pea-
m=0
auayemvim (PHuavmpom), TOCKOIBKY B 9TOM CITydae BBIXOMHONW CATHAI 7y,
3aBUCHUT JIMIIL OT IIPONUIBIX 3Ha4YeHuil BXojaHoro curnaja & npu k < n.
IIpumep 4.7. Ilycts mpum mHekoTOpOoM |a| < 1 TOCTETOBATENTHEHOCTE
{nn} yIoBreTBOpPSIET PEKYPPEHTHOMY YDABHEHUIO:

Nn = QNp—1 + fn’ n e Z’ (411)
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rae {&,} — BemecrBennaa CCII. Ilokasars, uro (4.11) asagerca smueii-
HBIM CTaIlMOHAPHBIM (DUIBTPOM, W HAWTH MOMEHTHBIE XapaKTEPUCTUKW
CII {mn}-

Pemenne. HemocpencTserto n3 pe3ynapTaToB mpuMepa 4.5 ciemyer

o0
M= ok _k, nelz, (4.12)
k=0
oo oo
rae ¢ = of. Torna Y |ex| = 32 la|* = 1 —1|a| < 00, T. e. ycaosue (4.10)

k=0 k=0
BBITIOJTHEHO.

Onwupasich Ha pe3yabTaThl TpuMepa 4.6, HAaXO[WM, 9TO BBHIPAXKEHUS

(oo
_ k _ Mg
mn = mg kz::Oa = m, (413)
Ry(n—m)= " aPt*Re(n —m+ s —p), (4.14)
p,s=0
D, =R,(0)= > aPt*Re(s —p) (4.15)
p,s=0

OIpEJIENIAIOT MaTeMaTHIecKoe OXKHUIaHue, KOBAPUAIMOHHYIO (DYyHKIIUIO U
nmucnepcuto CII {n,}. m

Ocobkrit mHTEpEC MpecTaBIsieT ciryvait, korma duasrpyemas CIT {€,}
siByisiercst 6esbiM mrymMoM. Ilpu sTom coorromenus (4.14), (4.15) MoxHO
CYIIECTBEHHO YIPOCTHUTD.

IIpumep 4.8. B ycnoBusax npumepa 4.7 paccMOTpeThb Ciry4ail, Koraa
{&n} — cranmonapubrit Gesbrit My M.

Pemenmue. Ilo ompenenenuio 6emoro myma Re(s—p) = 0, ecim p # s,
nosromy u3 (4.15) cremyer

D
1—a2’

D’I = Z OlzPDx;* =
p=0

Ilycts Temepr m < n u l =n — m, Torma

o0 o0
Ry(n—m)=Ry()= 3 o®"D¢=0a'De Y o® =d'D,,.

p—s:l s=0

Amnasnoruuno, ectu m > n, o R,(l) = R,(—1) = a~!D,. O6benunsas
oba pemenus, maxomum R, (n —m) = al"™ D, =
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Oupeneanenne 4.5. Kommnekcuas dyuxnus ®(N) geiicrBurenbroit
nepeMeHHON A € [—, 7|, onpemensgeMasi COOTHOIIEHNEM

ST cme B, (4.16)

m=—0o0

Ha3BIBAETCS “4aACMoOmHuoll Tapaxmepucmukot, JTHHEHHOIO CTAIMOHAPHOIO
npeobpazosanus (4.9).

3ameuanue. Herpyano nposepurs, aro ®(\), onpeensemast BbIpa-
sxerneM (4.16), cOBIagaeT ¢ 9aCTOTHONW XapaKTEPUCTUKOM, MCIOIb30BAH-
HOit B (3.24) JUIsi CIEKTPAJIBHOTO MPEJCTABIEHUS JMHEHHOrO CTAIMOHAD-
HOTO TIpeobpazoBanus (CM. Takxke mpumep 3.6).

IIpumep 4.9. okazars, uro ®(N), A € [—7, 7|, cymecTsyer, ecim
BhIONTHEHO yesosue (4.10).

Pemenne. ITokaxkem, ato mpu KaxkaoM A € [—m, w] panx (4.16) cxo-
JUTCs aDCOIIOTHO.

o0

S| S5 e < S lenle = 3 el <0

m=—0o0 m=—0o0 m=—0o0
mak Kak [e "2 = cos? Am +sin’Am =1. =
3auacryio nmpeobpasosanue (4.9) 3amaercs HesiBHO (cM. mpumep 4.7),
nosroMy s BerauciaeHust ®(\) ymoOGHO BOCHOIB30BATHCS CJELYIONEH
dopmyioii, BhITeKatomeil HemocpeacrBenHo u3 (4.16):

L ei/\m
a(n = 1), (4.17)
rie L(e™) — pesynbTarT JMHEHHOTO CTAIMOHAPHOTO MPeoGpa3oBaHHs

HeCITyJaifHON TOCIIeI0BATENBHOCTH L = €™, m € Z.

YacroTHaa xapakrepucTuka P (A) MO3BOISET BHIYMCIUTH CIEKTPAJIb-
Hy10 mwrorHoCTh npeobpasosanns CII {&,,} (cm. Teopemy 3.4).

IIpuwmep 4.10. Ilycrs crammonapuas CII {£,,} mmeeT cnekrpanbuyio
wioTHOCTh fe(A), A € [—m,w|. dokasars, uro CII {n,} Buma (4.9) npu
ycnosun (4.10) Takzke MMeeT CIHEKTPAIbHYIO INIOTHOCTD f(\):

Fa(N) = 12N fe (V). (4.18)

Pemenue. Paccmorpum ciydaii, Korja Z |R,(n)| < co. Torma B cu-

ay upexcrasienus (3.12) fp(A Z R, ( AR ipidem KoBapua-
neZ
nuonHas pysxuna R, (n) umeer Bug (cm. mpumep 4.6)

Ry(n) = Y cpesRe(n+s—p).
p,SEZ
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Torga crekTpaibHas INIOTHOCTE fi(A) MOXKeT OBITH IIpe/icTaBIeHa B BUE

1 .
fa(X) = o Z Z cpcs Re(n+ s —p)e An _
n€”Z p,s€Z

— Z CpCs e z)‘p%z:Rg(l)e AL
p,SEZ leZ

=N 2N)fe(N) = [2(V)[fe(A). m

ITpowsmioctpupyem npumenenne dopmyds (4.18) mus Momenn mpeot-
pa30oBaHusl, pACCMOTPEHHON B mpuMmepe 4.7.

IIpumep 4.11. Ilycrs auneitHOE Tpeobpa3oBaHue 3aaH0 PEKYPPEHT-
noit dopmymnoit (4.11), rue {€,} — nenrpuposannas CII ¢ KoBapmanuon-
Holt pyuxuueit Re(n) = D¢ Inl |8] < 1. HaiiTu crieKTpasibHY O IMIOTHOCTD

CII {nn}.
Pemenwme. Ilo dbopmyne (3.12) mmeem

1 >, —i\n D > —iAn g|n
feM)=5- 3 Re(me ™" =3¢ 3 enphl =

T 27 |1—Be~2 T 27(14 82 —2B8cos )’
Haiinem Temeph 9acTOTHYIO XapaKTEPUCTHUKY MPeobpa3oBaHus
M = a1 + &n- (4.20)

Hast sroro paccmorpum cootHomenwe (4.17) mus ciydas, korgma L(-)
samaercs ypasaenwem (4.20). Torma

BN = a(®(N)eA D) 4 eiAn (4.21)
OTKysa, cokpamas Ha e*" obe wactm (4.21) m Bopakas ssHO P(N),
oIy 9aemM
_ 1 2 _ 1
e = 1—ae 2" = 1+a?—2acos\’

Teneps, uconb3ysa dbopmyast (4.18) u (4.19), naxomum

_ De(1 - B?)
Fa(X) = 27(1+ a2 — 2acos A)(1 + B2 — 2Bcos A) .
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4.3. JIuHeiiHOe TIPOrHO3MPOBAHUE CTAIMIOHAPHBIX IOCJIEI0-
BarenbHocTeil. Ilycre & ={{,, n €7Z} — muenrpmposamnas CCII
¢ KoBapuarmonHoii gyukiuein Re(n) n cuekrpanbroii dynkimeii Fe ().

Onpepnenenne 4.6. ITpocmpancmeom H(E), nopoorcdermvim cay-
watinot nocaedosamesvrocmovlo £, Ha3BIBAETCS COBOKYIHOCTb BCEX CIIY-
JaiffHBIX BEJINYWH, ABJISIOIMXCA KOHEYHBIMA JIMHERHBIMUA KOMOWHAIIASIMA
ceuennit CII ¢ uiu c.K.-mipefiesiaMu TaKOBBIX.

DuieMenTaMu npocrpaHcTBa H () sBISIOTCA JMHEHHbIE IPeobpa3oBa-
Hust CIT € (cm. m. 3.3).

Hoa mobeix v, 7 € H(§) MOXKHO OIPeReNuTh cKaaaproe npoussederue
A HOPMY:

(v,n) = M{v7},
v] = (M{p2D)"? = (v,)"/2,

B srom ciryuae npocrparcTBo H(€) — runbbeproBo u SBJILETCS LOALPO-
CTPAHCTBOM I'HJIBOEPTOBA IPOCTPAHCTBA H CIydailHBIX BEJTHIUH C KOHET-
HBIM BTOPBIM MOMeHTOM (cM. 1. 14.7). Byem Takzke ropoputsb, uro H (&)
nopootcdero CCII &.

IIpennmonoxum, uTo mo mMomenta m Brmouurensro CCII € mocryn-
Ha Habmomenwo, T.e. £™ = {&m, €m—1, ... } — nabarodaemoili cayuatinod
anemenm (rabmomaemast gactb CCII €). Tlo ananorum ¢ H({) BBemem
rus6epToOBO mpocTpancTBo H.(E™), MOPOKIEHHOE TONBKO HabIIOmaeMoit
gacrbio CCII €. Ouesnnno, uro H(E™) C H(E).

Oupegenenne 4.7. Hauaywwum aunelnvm cpednersadpamurie-
CRUM NPo2Ho30M  (C.K.-ONMUMAADHYM TPOZHO30M) I Emin, N = 1,
no HaGuroeHusiM ™ Ha3bIBaeTCs ciayalinas Besmanna n € H(E™), Takas,

q9TOo
[€mtn = 1ll* < [|€man — I Vv € H(E™).

Hanee manmydmuii JuHeRHBIN TPOrHO3 7) 6yaeM 00603HAYATH &pfpm,-
ToYHOCTD IPOrHO3a XaPAKTEPU3YETCsl BEJIMUNHOM cpedrersadpamuyeckot
nozpewnocmu (c.x.-nozpewHocmu):

0721 = ”gner - £n+m”2 = M{|€n+m - £n+m|2}~

3aMeTuM, YTO B CHJLy CTAIMOHAPHOCTH IOCIEIOBATENBHOCTH £ OIHUOKA
MPOTHO3a HE 3aBUCHUT OT M, & 3aBUCHUT JIWIIb OT 7, T.€. OT YHCJIA I1aroB
«BIIEpE», HA KOoTOpoe mpornosupyercs CCII &.

Onpenenenne 4.8. CCII £ nasbiBaercsa cunzyaaphoti, eciu o2 = 0
npu Beex n > 1. Ecim xe 02 — De = Re(0) npu n — oo, o CCII ¢
Ha3BIBAETCA peeyaaprol, (mmm wucmo caywatinod).

S3amevanune. CHHIYIIPHOCTD £ O3HAYAET, UTO OHA AOCONOMHO MO~
HO MPozHO3UpPYemcA Ha JTI000e KOJIMYeCTBO N > 1 IMaroB mo CBOEMY IIPO-
mtomy E™. IlosToMy CHHIYJISIpHBIE TOCIEIOBATENIHHOCTHA TAKXKE HA3bIBa-
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0T demepmunuposarbimu. HaobopoT, peryiaspHOCTh MOCTIeI0BATEIBHO-

CTH OBHAYAET, UTO &mipn —od M{é,+m} =0 mpw n — 00, T. €. NPOrHO3
CTAHOBUTCS MPUBUANOHBLM.

OKa3bIBaeTCst, 9TO BCsIKasi CTAIMOHAPHAs CIyJailHasl MOCIIeI0BATE b
HOCTH €JMHCTBEHHBIM 00Pa30M MOXKET OBITH MPEJICTABIEHA B BUIE CYMMbI
CUHT'YJIIPDHON U PEryJisipHON II0CJIeI0BATEIbHOCTEH.

Teopema 4.1. IIycmv § — CCII, mozda ona edurncmeerHvim 06pazom
NPedcmMasAiemces 6 eude

& =6 +¢&, nelZ, (4.22)

2de & — cumneyaapnaa wacmo CCII a & — peeyasapnas wacmov CCII,
npuuem (&, €5) = cov{&, &5} = 0 npu wobwx n, m, a makoice

H(E)") SHE") u H(E)") CH(E), nel

m.e. CCIT {&:} u {&5} nodwunenw, CCII {£,}.

ITpencrasienne & B Buzge (4.22) HasbiBaeTCsa pasaodiceruem Boavda.

Hust omtucanust ctpykTyphl perymaspuoit CCII nam monamobuTcs mons-
THe OOHOBJIAIOIIErO IPOIECCA.

Ounpenemenne 4.9. lleuTpupoBaHHbLIil CTAHIAPTHBIN TUCKPETHBHIH
Geuastit mym € = {e,}, M{e,} =0, cov{e,, e} = " naseiBaercs 06Ho-
saarousum npoueccom mist CCII &, ecan mpu Kaxkaom n € Z

H(E") = H("), (4.23)

e e” = {en,en-1, ...}, a 0 =0 upu n # m u §y = 1 (cumBon Kpone-
Kepa).

Takum 06pa3oM, OOHOBIISIONIAH TPOIECC € €CTh COBOKYITHOCTH OPTO-
FOHAJIBHBIX BEJUYUH, MOPOXKIAIONMX T€ YK€ MTPOCTPAHCTBA HaOJIOMeHUH
H(e™), n € Z, aro u cama CCII &.

Teopema 4.2. CCII & asasemca peeyssproti mozda u MOALKO
moezda, xozda natidymea obnosasowuti npouece {e,} u xospduyuernmol
{ar}, maxue, wmo

[e.e]
§n =Y kEn—k, nEZ
k=0

[e.e]
2de 3" |ax|* < oo.

k=0

Kpurepnit peryaspHOCTH, UCTIONB3YIOIAA CIEKTPAJTBHBIE XapaKTEPHU-
cruku CCII €, umeer cienyromuii Bu.

Teopema 4.3. CCII £ peeyaapra mozda u moavko mozda, Ko20a
& umeem cnexmpasvryio naomuocmo fe(N), npuvem fe(A) >0 nowmu
6c100y (no wmepe Jlebeza) na [—m, 7] u

J In fe(A) dA > —oo.
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3ameuganue. Ecum £ mMeerT KycOYHO MOCTOSHHYIO CIEKTPAJHLHYIO
dynkiumio Fe(\), 1o ona cunryispua. Hanpumep, eciu (cM. mpumep 3.2)

N
gn = Z zkez)\kna n € Z,
k=1

rae {2} — HEKOppeIWpOBaHHBIE CIyJIaliHble BEWIWHBI, & Ay — Pasind-
Hble TOYKH NOJyHHTepBaia [—m,7), To F¢(\) nmeer Bus

Fe(N) = > o7, rme o =M{zl*} (4.24)
ki Ae<A

Ara dbyskmsa umeer N paspbiBOB IepBOro poaa B Toukax {Ag} u mocro-
STHHA Ha KaXKJOM TPOMEXYTKe [k, Ag11). B 9TOM cirydae crieKTpasbHast
mwioTHOCTE fe(A) He cymecTsyer, uTo o3nadaer cunrynspaocts CCII &.

IIpumep 4.12. Bemecreennas CCII £ = {&,} ynosaersopsier ypas-
HEHUIO aBTOPErPECCHH MEPBOrO TOPSIKA:

gn = agn—l +éen, nE Z,

rae |a| <1, e = {e,} — crasgaprHbil auckperHbi# Genbrii mym. Jloka-
3aTh, 4yT0 £ — peryaapuas CCII.

Pemenwne. Ilpm KaxK7a0M 1 BBIIIOJIHEHO PABEHCTBO €, = &, — aép_1,
nosromy H(e™) CH(£™). C mpyroit cTopoHsI, u3 npuMmepa 4.7 cremyer, 4To

)
& = Z AEn—Fk, (4.25)
k=0

oo
rae ap = o, mpraem > lax|® = < oo. Kpowme Toro, u3 (4.25) cre-

k=0 1= laf?
myer, ato H (™) C H(e™). Urak, H(e™) = H(E™), T e. &€ — obHOBISIONII
nporiecc s nocienoparenbaocTu &. Teneps B cuiy Teopemsr 4.2 CCIIT €
ABJIAETCA peryiadpHoit. W
Tenepb MbI MOXKEM OMHUCATH 00U BUJI C.K.~ONTUMAJIBHOTO JIMHEHHOTO
IPOrHO3a IS &y 4y, TIO HABMIOmeHMsIM H (™).
Teopema 4.4. Ilycmo Tay(emy — OMEPAMOP OPMOZONANLHOZO NPOEK-

muposarua na nodnpocmparcmeo H(E™), mozda cayuatinas sesunura

Emin = Tayem) Emin) (4.26)

ABAAEMCA C.K.~ONMUMANOHOIM AUHETHBM NPOZHO30M OAA Emtrn NO HG-
6ar0deruam E™ = {€m, Em—1, - .- }-

3amevanune. CpoiicTBa omepaTopa OPTOrOHAJIBHOTO TPOEKTHPOBA-
HUS pacCMOTpeHb! B . 13.8 u 14.7.
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o0
Mpumep 4.13. Tycte &, = Y aren_k, rae {en} — obHOBIAIOmMI
k=0
mporecc. ITokazarh, 9T0
~ [e.e]
gm-i-n = Z AkEMm+n—k-
k=n

HaifTi ¢.K.-OrpemsocTb o2 MpOrHo3a &y yn-
Pemenne. Bes orpanmdenus oGIIHOCTH MOXKHO CIUTATE, 9TO M = 0:

o] n—1 00
b= apenr =3 aren_r+ 3 aren—p = &M + 2.
k=0 k=0 k=n

Ouesnnno, uto &2 € H(0), a eH 1 H(e%), Tak kak cov{g,(ll),n} =0
nas qoboit CB 1 € H(e°) B cumy Toro, uto £ — Gesbrit Ty M.

Taxk kak &€ — obHOBJIsTIOMHIT TpoTiece, u3 (4.23) crenyer H(e0) = H(£0).
Taxum obpason, &, — &5 L H(E0), e ¢ = Tae0y(&n) (oM. 1. 14.7).
Torpa u3 (4.26) En = 7(12), 9TO M TPe6OBAIOCH NOKA3ATh.

Jluist HAXOXKJIEHUS T2 3aMETHUM, YTO

n—1
I~ 2
0% = e = &all? = 1601 = M{| S aneni}.
k=0

Vuurbisasg, uro €; L ; upn i # j u M{|e;|?} = 1, nomyuaem

n—1

0,21 => |ak|2.

k=0

oo

Bamerny, aro 02 — > |ag|? = M{|&,|*} = D¢ mpun — oo, T e. mpornos
k=0

JeHCTBUTENILHO CTAHOBUTCS TPUBHAJIBLHBIM. W

IIpumep 4.14. B ycnoBusa npumepa 4.12 naiitu En 110 HabOJIFOIEHUSIM

60:{6076—17 } oo

Pemenme. Tak Kax &, = Y aren_, LO€ 0 = a*, a {e,} — obmo-
k=0
BJIAIOINTAY TTPOTECC, TO B cuity npuMepa 4.13 nmeem

oo o0
n n
En=> aren_p=0a" Y are_p =a"{p.
k=n k=0
n—1 ok 1— a2
Ilpu sTom BennmumuHa 0p = > a°F = ———
s 1-«

ABJIAETCA C.K.-TIOT'PEITHO-

CTBIO TIPOTHO3a &y, 31eCh TakXKe o2 — =D¢gmpun —o0o. A

1—a?
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Paccmorpum crrocob moctpoenuns mporuosa ais cuaryiaapaoit CCII ma
npumMepe nouru nepuopndeckoit CCII (em. mpumep 3.2).

IIpumep 4.15. ITocrpouTs €.K.-ONTUMAJbHBINA IPOrHO3 JJIst £1 IO Ha-
6momermam (0 B cmydae cuHTYIIApHOMN TIoCTeOBaTETLHOCTH {&,, } 13 TIpH-
Mepa 3.2.

Pemenwne. Tlo ycmoBuio

N . T
=> Zpetrn = J e Ze(dN).
—T

ITycrs ®(A) — uCKOMas 9aCTOTHAS XapAKTEPUCTHUKA, JAOMAs C.K.~OlNTH-
MaJIbHBIN IIPOIHO3 Ha OJWH ITar:

K
&= J e B(N) Ze(dN).
—T
C.K.-HOFpeH_IHOCTI) 9TOI'0 MPOrHo3a UMeeT BU/

ol =M{l& — &} = | |21 - e[ dFe(r zu— (AW Dr,

-7

rae Dy, = M{|2;|?}, a Fe()\) — cuexrpanbhas dynknus CCIL &, (3.15).

B cmily CHHTYJISIPHOCTH TPOTHOZHPYeMOil TlociesoBaTesbHocT o = 0,

nosromy Haiimerca P(N), rakas, 4To
®(Ag)=1, k=1,...,N.
Bynem uckars dyuxmmo ®(A) B Buse

N .
/\) — Z ale—z)\l’
=1

Torga g onpesenerus Kosddunuentos {a;} HeOOXOAUMO DEImUThH CH-
CTeMy ypaBHEHHUIt

N .
SaeM =1, k=1,...,N. (4.27)

Herpynao nposeputs, uro pemenme {&;} cucremsr (4.27) cymectByer u
€IMHCTBEHHO, €CIIH Aj; # A;j Ipu k 7 j, 4TO ¥ IIPEJIIOJIArAeTCsI II0 YCJIOBHIO.

Tenepb MBI MOKEM HaWTH OKOHYATEIbHOE BbIpaXKeHue st &1:

™ N ™
G= [ Y ae ™ zg(dn) Zal | 20D Zg(an) Za,gl L
- = -
Buano, uro mporunos crpoutcs no zabmawogeuaMm {€o,&—1, ..., E_Ny1} U

ABJISIETCST aOCOTIOTHO TOYHBIM, TaK KaK O'% =0 mo ImocTpoennio. M



80 C/IVIAUHBIE IOCIAEJOBATEJIBHOCTH [TJI. 1T

ITycrs Teneps {£; } — perymspras CCII co cieKTpaJsbHON MIIOTHOCTHIO
BUIA

feN) = 5-l@(e )2,

oo

e &(z) = > brz" mmeer pammyc cxomumoct 7 > 1 m He mMeer HyJIeif
k=0

B obmactu |z| < 1.

Jlast mocTpoeHms IpOrHo3a &, mo Habmogexusm &0 B sTOM Cciyuae
MOXKHO BOCITOJIB30BATHCSI CIIEIYIOIIUM AJTOPUTMOM.
1) Oupenenurs byHKIHUIO

gn(A) = e (e” ) (D(e)) Y (4.28)

rae P, Z brz".

2) Hpe,ILCTaBI/ITI) gn(N) B Buge pana Dypee:

o
gn(A) =co+ cre”? fge P4 = 3 cpe R, (4.29)

3) BeruucanTs nporuos &, B BUJE JUHEHHOrO peoGpa3soBaHMsL:

o0

€n =3 it (4.30)
k=0
rae {c,} — xoabdunmentsr paxa (4.29).
Oka3bIBaeTCst, 4To M{gn §n} =0, T.e. olleHKA §n SABJISIETCST HECMe-

MEHHOl, a JAMCIepcuss ee OMUOKH (T. €. C.K.-TIOTPENTHOCTH) MOKET GBITH
BBIYHUCIEHA 110 POPMYyJIe

~ n—1
op =M{[¢&n = &l?} = 3 [l (4.31)
k=0

U3 (4.31) Taxxe ciiejyer, 9To 02 MOHOTOHHO BO3DACTAET IPH N — OO.
HpI/IMep 4.16. B ycioBusix mpumepa 4.11 TOCTPOUTH ONTHMAJTHHBIH
TTPOTHO3 fn s €, mo mabmiogenusM 0 U ONpeeNUTh TOYHOCTD ITOTO
IIPOT'HO3A.
Pemenme. C yuerom Beipakenwst (4.19) muisa crekTpaibHOM miIoT-
Hoctu fe(A) momydaem

)= leeP, B(z) =a(l- B2 =a Y B = 3 bt
k=0

k=0

rie a = \/De(1— B2), by = af*, k=0,1,2, ...
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Haitmem reneps Boipakenme jas @, (2):

D,(z) = i brz® = p"2"a i BF2F = prand(2).
k=n

k=0
[ostomy ®,,(2)[®(2)]~! = B"2", orkyza
) = N (e (e = (e =

Takum 06pa3oM, B JIAHHOM CJIydae B pazJoxkennn (4.29) nusa byakiun
gn(A) mmeem cg = 8™ # 0 m ¢ = 0 ms moboro k > 1. Utak, nz (4.30)
Teneph CIEJLyeT, Y4To

&= 0", n=12, ... (4.32)

C yuerom Toro uto by = af*, k=0,1, ..., mo bopmyne (4.31) naxo-
UM BBIpasKeHne JJisl JUCIEePCHU OMUOKK IIPOrHo3a &y, :

2 22 o o a?(1- 87 2n
on =M{lgn — &} =a® 30 % = 5= = De(1-57). (433)
k=0

3ameTnM, uTO Hamboslee TOYHLIM SBJIAETCS HPOTHO3 Ha OJWH IIar
(n = 1), ero Tounocrs pasua o = D¢(1 — 52). IIpu yBesmdenun n B cuiy
yeiosust |B| < 1 mmeem 32" — 0, mosromy 02 — D¢ npu n — co. Tak kak
D¢ = R¢(0) — mucuepcus CII {¢,}, Buano, 9T0 TOYHOCTH OUTUMAIBLHOIO

~

TpOTHO3a &, IpU N — 00 MaJaeT W MPUOJIUKAECTCA K TOYHOCTH «TPHUBH-
asbHOTOY» mporaosa &, = M{{,} = 0, amns Koroporo, o9eBUIHO,

M{|€n - gnlz} = D{ﬁn} = Dg. [ ]

4.4. 3agauu Jisi CAMOCTOSITEILHOIO pelleHus .
1. JTokasars dopmymy (4.17).
2. Haittu cnekrpasnsuyio mioraocts CCII {n,}:

Nn = aO‘fn + algn—lv n e Za
rae {€n} — uenTpupoBaHHBIH Gesblit myM ¢ gucnepcueil De.

Orser. f(A) = %(a% + ai + 2aoai cos \).
s

3. lycrs CCII {n,, m € Z} yIOBIETBOPSET yPABHEHWIO aBTOPETDECCHU
M = ANn—1 + Bn—2 + &n, n € Z. Halitn m,;, ecm M{&,,} = me.

Orser. m, =me¢/(1l —a— ), eciu KOpHU areGpPaNIecKOro ypaBHEHUS
1 — az — 2% = 0 1o moxnyo Goubie 1.

6 B.M.Muwusep u A.P.Ilankos
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1 n+T—1
4.9, = % S° &ntr, nie T — momoxurensHoe mesoe wucyio, a {€n} —
k=n—-T
Gesblit myM ¢ mapamerpamu me u De. Haittu my u Dy,.
OrBetT. my =mg, Dy = D¢ /2T.
1
5. IlycTb 1 = Np—1— 7/n—2 +é&y. Haittu qyist {n,, } ssBHOE BBIpakeHue (4.9).
o o]

Yxazaumne. Ucnons3oBaTh 7, = » . QkEn—k COBMECTHO C TIPE/ICTABICHIEM
k=0

1
M — NMn—1 + Znnfz = €p, n € 7, noKazarhb, uTo KoaddunyenTst {ax } onpenes-

. 1
FOTCS U3 PEKyPPEHTHBIX COOTHOIIEHUHN ) = Qp—1 — Zak,z, k>2, a0 =01 =1.

k41

Orser. np = >
k=0

6. B ycioBusx npenpiaymieil 3ajaud HaWTH CHEKTPAJIbHYIO INIOTHOCTH

CII {nn}, ecsin {en} — Geusblii mym co cnekTpasnbHO# mWiIoTHOCTBIO fe(A) = 1.

Orser. fr(X)

En—k-

T 1,5625 — 2,5c0s A + cos2 A

7. Hycrs & = 01 + 02k + e, k = 0,1, ..., rue {ex} — UEHTPHUPOBAHHBII
Geabiit mym ¢ gucnepcueit D.. Onerka 1), nosesHoro curtana ¢(n) = 61 + 6a2n
uMeeT BH/

1 n
T = > &k
n+1 0

HaliTu c.K.-[IOrpENIHOCTD OUEHKU 1), eciau {61,02} He zaBucar or {ex},
a TapaMeTpEl M, U D ¢, I3BECTHEL.

Orser. A, = M{|n, — <p(n)|2} = 0,25n2(m32 + Dg,) +D./(n+1).
8. Ilycts CCII, umeromas cnekrpaibHyo dyHkmuo Fe()\), moasepraer-

Cs JIMHEHHOMY CTAIMOHAPHOMY IpeoOpPa30BAHUIO C YACTOTHON XapaKTepUCTU-

koit ®(\). Haittu siBHBIN Buj cuekrpasbHoit dyukimu Fy(A).
A

Orser. Fy(\) = [ [®(u)]* dFe(n).

9. CII 7 nonydena u3 cTaHIAPTHOTO OEJIOTO HMIyMa € IPEeOOPA30BAHUEM BUIA

1
N = 3 (en—1+€nt1), mMmEZ
Hoxkazars crammonaprocts CIT {7, } 1 BEIYNCINTE €€ CIEKTPAJIBHY O IJIOTHOCTb.
Yka3zanue. Bocrosnb3oBarscs TeopeMoii 3.4.
1
Orser. f(A) = o cos? \.
™
10. IIycte me =3, fe(A\) =5+ 4cosA. Haiitn c.K.-onTUMasbHBIA 1pO-
rHo3 &, mo HabmogerusM £ W AUCHEpCHIO ONMOKM MpPOTHO3a A, IS BCeX
n>1.

Orser. & = 3405 Z(—O,5)k(£,k—3), A =81 u & = me =3, A, =
k=0
= D¢ =107, ecmm n > 2.
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§ 5. HHerru MapkoBa

5.1. BeposiTHocTHBIe xXapakTepucTuku ierneit Mapkosa. Ile-
b0 MapkoBa, KoTopasi faJjee s KparkocTu obo3sHadaercs [IM, Has3bi-
BaeTCs TOCIE0BATEILHOCTD BEIECTBEHHBIX CIyYalHbIX BEJUYNH, 06JIa-
JTAIOIIAs MAPKOBCKUM CE0TCMEoM.

Ilycrs E = {eg, €1, ... €k, ... } — HEKOTOPOE KOHETHOE WJIA CIETHOE
MHOXKeCTBO. PaccMOTpHUM TOC/IeI0BATENBHOCTD CIyYalHbIX Beaudul &,
n =20,1, ..., KOTOpble TPUHUMAIOT 3HAYEHU U3 MHOXKeCTBa F ¢ BeposAT-
Hoctamu mi(n) = P{&, = er}, k = 0,1, ... Takum obpasom, &, — ciy-
vafiHas BEJIMYMHA C JUCKPETHBIM (KOHEUHBIM MJIM CUETHBIM ) MHOKECTBOM
smavennit . Cryqaitmas mocmenosaremsrocts & = {£,,n =0,1, ...} yka-
3aHHOI'O TUIA HA3BIBAETCS QUCKPEMHOU UEnsvlo.

Onpenenenne 5.1. Ciayvaiinas MOC/IeI0BATEILHOCTD & HA3BIBAETCS
duckpemnot uyenvio Maprosa, eciu OHa SIBISETCS JIUCKPETHON HEMBIO W
obJrajilaeT MapKOBCKUM CBONCTBOM, T.€. JJis KaXKI0ro n > 1 m Jsrobbix
9JIEMEHTOB Zg, X1, - . ., Ly, MHOXKECTBa F BHITIONIHEHO

P{gn =Tn | n1=Tp_1, ..., = 370} = P{gn = T | En—1= xn—l} .
(5.1)

3ameuanue. Coornomenne (5.1) Ha sB3bIKE yCIOBHBIX BEPOSTHOCTEH
(cm. m. 14.5) osHagaer, aTo

P{gn = T | fn—l} = P{gn =Tn | gn—l}v

rie F,—1 — o-aarebpa, mopoxaeanas CB {&o, ..., &1}

U3 onpenenenus (5.1) caemyer, uTo auckpeTHad menb Mapkosa siB-
JISIETCsT 9aCTHBIM CJIydaeM MapKOBCKOTO IpoIecca, obiee OIpejiesieHne
KOTOPOTO OBLIIO TaHO B 1. 2.4.

MuoxkecTBo F 0OBIMHO HA3BIBAIOT MHONCECTNEOM (NPOCTNPAHCMEOM)
cocmoanuti IIM. Eciim 8 MmomenT n > 0 mpomsonuto cobwrrre {&, = ey},
TO ToBOPAT, uTo LM HaxomuTcs B cocTOsSHUU ey. Eciau ke u3BecTHO, 9To
nas n > 1 semonseno &, = e u &, = €, TO TOBOPAT, UTO IIEIb Ha N-M
Imare Tepela U3 COCTOSHUS ) B cocTosaue e;. Ecmu F uveer KoHeunOE
9UCJIO0 COCTOsIHUM, TO cooTBeTcTByomas [IM Ha3zbiBaeTCs xoHeUHOU.

Omnpenenenne 5.2. Yncno p; ;(n) = P{{, = € | {n—1 = ex} mA3HI-
BACTCS 6EPOAMHOCTILIO Neperoda U3 cocTosnud ey € F B cocrosinne ej € F
3a 00ur waz B MOMEHT 1 > 1.

Onpenenenune 5.3. Marpuna P(n), smeMeRTaMn KOTOPO# SIBJISITOT-
Csl BEPOATHOCTH IPeXofia Py j(n), Ha3bIBAETCS Nepexrodnolt mampuyed

IIM ¢ (3a ommm mar B MOMEHT n > 1).

6*
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Onpenmenenune 5.4. Bepoaraocts 7 (n) = P{{, = ex}, ey € F, na-
3BIBACTCA 6EPOATNHOCTNDIO COCTNOANUA €}, B MOMEHT BpeMeHu n > 0, a Bek-
top w(n) = {me(n),71(n), ...}* — pacnpedeaenuem eeposmmnocmets co-
cmosanut IIM € B momenT n > 0.

OueBngno, 9T0 7(N) yAOBIETBOPSIET NPHU KAXKIOM N < 00 YCAOBUN

[e.e]

nopmuposku Y mr(n) = 1. KommonenTsr BekTopa 7(n) MOKa3HIBAIOT, Ka~
k=0
KM€ W3 BO3MOXKHBIX cocrosamii [IM B MOMEHT BpeMeHH T SIBJISAIOTCH
HaunboJiee BEPOSTHBIME, a Kakue — HeT. TakuM 00pa3oM, 3HAHWE MOCIIe-
JoBaTebHOCTH {7 (1)} TTO3BOJISET COCTABUTE TPEJICTABJIEHAE O TIOBEICHAN
IIM Bo Bpemewrw.
Ilpumep 5.1. JokasaTh, 9TO NPU KazKJIOM T > 1 BBIIIOJIHEHO PEKYp-
PEHTHOE COOTHOIIEHNE

m(n) = P*(n)r(n—1). (5.2)

Pemenme. Cdhopmupyem cucremy runores Hy = {£,_1 = eg}. Oue-
(oo}

BugHO, uro Hy, H; HecoBMecTHBl mpu k # j, mpudem Z Hi =9Q. Tlo

k=0
onpenenennto P{H,} =P{{,_1 =ex} =m(n—1), k=0,1, ... Ilycrs
A = {& = en}, Torma

P{An} =mn(n), P{An | Hy} =P{{=cn [ n1=er} =pp(n).

Has seramcnenmss P{A,,} npumenmm dopmyny momHO# BeposTHOCTH
(em.m. 14.1):

P{An} = m(n) = S P{H.}P{An | Hy} = 2 (n—1)py, ().
k=0 k=0
(5.3)

Teneps HeTpyaHO ybeamTest B Tom, aTo dopmyia (5.3), mpeacTaBaeHHast
B MaTPUIHOM BHUje, coBraaaer ¢ (5.2). W

@opwmyaa (5.2) 3a71aeT PEKyPPEHTHDINH aJrOPUTM BBIYUCJIECHHS BEPO-
saTrOCTel cocrogamit m(n), n > 1. O4ueBugHO, 9TO JIst BHIAUCTEHUS T(N)
HEeOOXOMMO 33/1aTh HaualbHOE pacupeiesenne sepositaocteit m(0) u Bee
nepexoanble Marpunst { P(k), k=1, ...,n}.

Onpenpenenne 5.5. Ilens MapkoBa HasbiBaeTcss 00HOpodHot, ecian
mist Beex n > 1 omosnneno P(n) = P, 1.e. nepexomHas marpuia P(n)
HE 3aBUCHT OT BPEMEHH.

IIpumep 5.2. ITokazars, aro gusa omaopoguoit IIM pacupenenenne
m(n), n > 1, HOJHOCTBHIO ONpENEIAeTCs MepexonHol Marpunei P n Ha-
9YaJBHBIM PACIpeesieHneM BeposTHocTell coctostanit (0).
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Pemenwme. Ilycts n > 1 w 3amano nagambHOe pacupeaerernune m(0).
Torma w3 (5.2) ciuenyer, uro w(1l) = P*x(0). Hauee, 7(2) = P*x(l) =
= P*(P*m(0)) = (P*)?>n(0). TIpososkas 3TOT TPOIECC, TTOIyaaeM OKOH-
9aTeNHLHO

w(n) = (P)"(0) ¥n > 1. (5.4)

Boiee TOTO, €cJin 0003HAYNTD qepe3

p](!z) (TL) = P{§n+m = €5 | En = ek} (55)

BEPOSITHOCTD IIepexojia U3 € B e; 3a m > 1 maros, To u3 (5.4) ciueny-
er, uro ms ommopommoi 1M marpuma P(™ (n) = {p,(cw;) (n)} mmeer Bug
P (n) = P™, nostomy

m(n+m) = (P*)"r(n). (5.6)

Takum o6pasom, napa {P,7(0)} mOJIHOCTBIO OLHCHIBAET BEPOATHOCT-
HYIO CTPYKTYpPY oaHOpoaHoi [IM. m

Huos ommcanmsa ommopomuodt [IM ymobmo wmcmomb3oBaTh ee Tpadu-
9ecKOe TIPENICTABJIEHNE B BUJE Pa3MEYeHHOTO CMOTACTMUYEcKoz0 zpada,
BEPIIUHAME KOTOPOTO SABJISAIOTCS COCTOSHWS {€y}, CTPENKAMW yKA3AHBI
BO3MOKHBIE TIEPEXOIBI, & PSAIOM C KaXKI0# CTPESIKON yKa3aHa BEPOSITHOCTD
COOTBETCTBYIOIIErO IEPEX0/a 38 OJUH IIar.

IIpumep 5.3. IIM 3anana croxacrudeckum rpacom (puc. 5.1). Haiiru
BEPOATHOCTH COCTOSIHUI Ha TPETheM Iare MpH yCJIOBUH, 9TO B HAYAJb-
wbiii MomenT 1IM Haxoamiach B COCTOSTHUHU €7.

Pemenune. CocraBum wmatpuiy P 1e-

PEXOHBIX BepoATHOCTEH: Pog = 0,3; por = 0,7;

0,7
P10 = 1; p11 = 0 (epexon e; — e 3alperied 1o
yciosuto). Takum obpazom, marpuna P* umeer 053 .@ @
aseMenTH goo = 0,3; qo1 = 15 q10 = 0,75 ¢11 = 0,

1

a w(0)={0; 1}* — mHawanpHOE pacmpezeme-
Hue BeposTHOCTEl cocroguuiil. Ucnonbays (5.2), Puc. 5.1
nocrenoBarenbHO Haxomum w(1) = P*r(0) =
= {1; 0}*, =(2) = P*«x(1) = {0,3; 0,7}*, =(3) = P*m(2) = {0,79; 0,21}*.
OdeBugHO, 9TO TOT K€ PEIyabTar OymerT momxydeH 1o Gopmyse
7(3) = (P*)37(0). m

Duementsr {p;;} Marpuupl nepexona P ymoBIeTBOPAIOT CIEAYIOMMM
JIBYM YCJIOBHSAM:

1)pz]>0 V’L,]:O,l,,

o)
2) Zpij:]. V’L:O,l,
7=0

Marpunsl, ynoeiaerBopsitoiue cBoiictBaM 1, 2, Ha3BIBAIOTCA CMOXA-
CMUYECKUMU.
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VenoBue 2 o3nHadaer, 9To Ha KaxkiaoMm tmare [IM obssarensro sgmbo
MEPEXOJUT B KAKOE-TO HOBOE COCTOSIHWE W3 YHCIA JIOMYyCTUMBIX, JHOO
OCTAeTCsl B IIPEXKHEM COCTOsIHUU. [IpakTUyecKue CHUTyaluu, aleKBaTHO
onuchiBaeMble TiensiMu MapKoBa, BCTPEYaioTCsl BeChbMa 9YacTO, TaK Kak
MapKOBCKOe CBOMCTBO (haKTUUECKU O3HAYAET CIEAYIOIIEE: eCAl HEeKOmo-
puitt npouece obaadaem maprosckum ceoticmeom, mo e2o «bydyuiees npu
PUKCUPOBANHOM «HACTNOAULEM> HE 3AGUCUM OM <NPOWAO20» (AJTBTED-
HaTWBHas (POPMYJITMPOBKA MapKOBCKOTO CBOficTBa). Crnenytomuit mpumep
MOSICHSIET CMBICJI 3TUX TEPMUHOB U CAMOI'O MapKOBCKOTO CBOWCTBA.

IIpumep 5.4. lokazaTh, YTO aJbTepHATUBHASA (POPMYINPOBKA Map-
KOBCKOIr0O cBoOHcTBa cienyer u3 (5.1).

Pemenwme. Uz (5.1) cnenyer, utoVk > 0nu Vo € E

P{let1 =211 [ ks -5 &0) = P{&ry1 = Trg1 | &} (5.7)

Herpyano mpoBepuTs, 9TO [Jis MTPOU3BOILHBIX coObITull A, B u C BBIOJ-
ueno coorrnormenne P{AB | C} = P{A | BC} P{B | C}. Ucnons3ysa 310
COOTHOIITEHNE HEOOXOAMMOe 9HCJIO pa3 Jajsd N > k + 1, momydaeM ¢ yde-

Tom (5.7)

Pl =2n, - &ht1 = Tppa | ks - -5 60) =

=P{{n =zn, ... &1 =Th41 | &} (5.8)

JIIIST IPOUBBONBHBIX L1, - - -, L, € E. O6ozmaunm H = {&, = 21} — «ma-
crosimee» paccmarpusaemoit IIM, B ={{, =x,, ..., &kt1 = Tpp1} —
ee «Oymymee» m I1={&_1=xp_1,...,§0 = To} — <«IPONLIOE», TJE
{zo, ..., 2x—1} — Hekoropwle 3HaveHus u3 E, koropsie [IM npuanmasa

J10 TeKymero MomenTa Bpemenu k. Torma coormomenme (5.8) osHawaer,

aro P{B | HII} = P{B | H}. Orcroza
P{BII | H} = P{B | HII} P{II | H} = P{B | H} P{II | H},

T.e. cobbiTust b u I, paccMarpuBaeMble TIPH YCJIIOBUW BBLITTOJHEHUS COOBI-
tus H, HesapucuMbl. W

Jokazannoe yTBepKaeane o6o6maet dopmyry (2.7).

Paccvorpmm Temeph kitaccmueckuii mpumep 1enu MapKoBa, CBI3aH-
HBIA ¢ UrPOHt NBYX JIUII.

IIpumep 5.5. Ilycrs memwie umcma m >0, M >0 — nHavagbHBIE
KaIUTAJbl COOTBETCTBEHHO IIEPBOr0 U BTOPOro UIPOKoB. IIpoBojsTcs mo-
CJIEI0BATEJIBHO WIPHI, B DPE3yJIbTaTe KaXKIOW M3 KOTOPBHIX C BEPOSTHO-
CTHIO P KAIlUTAJ MEPBOTO UI'POKA, YBEJIUIUBACTCHA HA 1 U C BEPOATHOCTHIO
q =1 — p ymenbimaercs Ha 1. PesyabraTst 1060 UIphl HE 3aBUCAT OT Pe-
3yJBTATOB JIOOBIX Apyrux urp. Ilycrs &, — KamuTad HEpPBOTO HUIPOKA
nocste n urp. Ilpemmnonaraercs, aro B ciaydae &, = 0mm &, = L=m+ M
urpa mpekpaiaercsi (CUTyalusi PasopeHusi OJHOrO M3 Urpokos). Iloka-
3aTh, uro {£,} — IIM, Haiitu nepexomHyto Marpuiy P W IOCTPOUTH
CTOXaCTUIeCKuit Tpad Iemnw.
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Pemenune. Ilo ompenenenuio {{,} — auckperHas memnb ¢ MHO-
JKeCTBOM Bo3MOxkHBIX cocrogauii E = {0,1, ... ,L}. Ilycre o = m,
T1, ..., Tp_1 — Peaju3oBaBiIuecsd 3HaveHus £ upu k <n—1, .e. § =
=x, k = 0,1,...,n — 1. Byaem cuntath, uro ) # 0 mam L. Torma
&n = &n—1 + U, THE U, — pe3yabTaT N-it urpsl, npuaem P{v, =1} = p,
P{v, = -1} = q, u v, e zaBucur or {&, ...,&,—1}. [losromy

P{fn = Tp-1 +1 | fn—l = Tn-1, "‘750 :m} =

= P{gn =Tp-1+ 1 | fnfl - 1'n71} = P{vn = ]-} =D

Anamnornano,

P{gn =xp1—1 | §n71 =Tp—1,--- ,50 = m} =
=P =an1 1] &1 =201} =Plo, = -1} =¢.

Hakouneu, P{¢, =z, | {éno1 = Tp—1, ... ,&o0 =m} =0, eciiu z,, # Tp_1 =
+ 1. Takmm obpazom, {&,} obmamaer MAPKOBCKMM CBOHCTBOM M SIBJISIETCS
onnopoanoit IIM B cuiry mpeamnosoxkenus p = const.

Mepexopnaa marpuna P = {p;;}, 4, =0, ..., L, umeer smeMeHTHL
pii = 0, Dii+1 =P, Piji—1 =44, Diitl = 0, s 1> 2,i=12,...,L -1
Haxomuer, pog = prr, = 1 mo ycmaosuio 3agaqau. CroxacTuaeckuit Tpad mo-
crpoerroii [IM m3o06pazken Ha puc. 5.2.

Tlosyuennast MOIeIb UI'PhI ABYX JIUI[ U3BECTHA B TEOPUU MAPKOBCKUX
ciy9affHbIX MPOIECCOB KakK cilydaifHoe OJiy»KIaHue 9acTHIbI 110 [eJIbIM
TOYKaM OTPE3Ka C JIByMs TOTJIOMAIAMA bapbepaMu. M

p p p p
1sogofoER:BzRosl
q q q q
Puc. 5.2

Paccmorpennas B mpumepe 5.5 mopnens npusoaut K LIM ¢ kKoHeIHBIM
MHOXKeCcTBOM cocTostanii F. Ecam ke BTOpO#l Mrpok OeckoHEeYHO OoraT
(r.e. M =00), 10 E={0,1, ...}, {£&,} — omsoponnas IIM co cuerHbiM
MHOXKECTBOM COCTOSIHUH, & COOTBETCTBYIOIIAA MAaTEMATUIECKAS] MOJIEb —
GuryKaaHue 1O IeJIbIM TOYKAM OCH € OfHUM (JI€BbIM) HOTJIOIIAOITUM
6aphepoMm.

5.2. Dproauveckue menu MapkoBa. B gamHom mymkTe GymyT
PaCCMAaTPUBATHCA TOJBKO 00HOpodHbie memr MapKoBa, ¢ KOHEIHBIM WA
CYETHBIM YHUCJIOM cocTostHuil. [Ijig TaKux memeil npu onpeeaeHHbiX YCIo-

BHAX BBITIOJIHACTCHA CJIEAYONIIEEe CBOWCTBO: 7'['(71,) — 7'['0 IIpA N — OO, IPUYEM
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HpezenbHOe pacipegenenue 10 BepoaTHOCTel cocrogauii IIM He 3aBucnuT

oT HagasbHOTO pachpenemnenus: 7(0), a ONPENENAETCA JINMD MEPEXOAHOLMN
marpuieii P. B arom ciaydae ropopst, aro 1M obsamaer spzoduveckum
c60ticmeom, KOTOpoe (PaKTHIECKH O3HAYAET, ITO BEPOATHOCTU COCTOSTHUH
m(n) 1Mo Mepe yBeJIMUeHUsT N NPAKTUIECKU [EPECTAIOT U3MEHIThHCS, a CH-
cTeMa, ONMCHIBAEMasi COOTBETCTBYIONIEH IETBI0, TIEPEXOIUT B CMAUUOHAD-
Houll peorcum DYHKITMOHMPOBAHUS.

st BBISICHEHWS yCIOBUit SproguanocTa ogHopoaHoM 1IM Heobxommmo
BBECTH KAGCCUPUKAUUIO €€ BO3MONCHBLT COCTNOAHUT.

(n ) _
Iycrs py.; = P{&, = €; | o = ex} — BeposTHOCTS Tepexoza 3a n Ina-
T'OB W3 COCTOSHUS €), B COCTOSHIE ej, a

f](n) = P{gn = ejagn—l 5& €5, .- "61 # €j | 60 = ej}
0003HAaYAET BEPOATHOCTH IEPBOrO BO3BPAIIEHUS 33 7 IIAroB B COCTOsI-
HHUE €.

1) Cocrosiaue e, € E Ha3BIBACTCS HECYULECMBEHHbIM, ECITH HANIETCS

(m ) (n) _
e; € F, takoe, 9TO Pri > 0 nmst HEKOTOPOTO M 2> 1, HO Dk 0 st Bcex
n > 1. B mporuaoMm cnyqae COCTOSIHTE €} HA3BIBAETCSI cyugecmeennwu.
2) Cocrosiaus ey, e; € E HasbiBatorcs coo6uga10u4wwuca, ecnu Haii-

ayrcea m, n > 1, Takue, qTop( )>0Hp( n)
3) Cocrosiame ey, € F HABBIBACTCS 8o3epammvim, ecaa Fy, = 1, 1 nesos-
(oo}

epammvim, ecnu Fy, < 1, rme Fy, = Z fr(n
n=1

4) Cocrosiame e), € E Ha3bIBAeTCS HYAE6bLM, €CTH  lim pé",z =0.
n—oo ’

5) llycrbs  dj, — wHanGosbinmii oOmmit  menwrens uwmcen {n > 1:
fr(n) > 0}. Cocrostane ej HaswiBaeTcs nepuoduueckum ¢ nepuodom dy,
ecau dy, > 1. B IpoTHBHOM cilydae COCTOSIHUE — anepuodueckoe.

3aMeTHM, YTO BO3BpPAIIEHUE B MEPUOINIECKOE COCTOSHUE €f C IMOJI0-
JKUATEJIBHOW BEPOATHOCTHIO BOZMOMKHO TOJBKO 33 YHCJIO MIAr0B, KPATHOE
dy, > 1, npudem dj, — HambOJIBINEE TEI0E TUCIO0, 00IANAOIIEe YKA3AHHBIM
CBOICTBOM.

IIpumep 5.6. Ilycrs &, — KoopauHaTa YaCTUIbI, OJYXKIAOMENR IO
[EJBIM TOYKAM Ha BEITECTBEHHON OCH OJHUM W3 CIEAYIONIUX JABYX CITOCO-
6OB: HAXOMSCH B TPOU3BOJIBHON JTOMYCTUMON TOUKE HA OCH, YACTHUIA

a) ¢ BEPOATHOCTHIO P CABUTAETCS Ha 1 BIPaBo, a C BEPOATHOCTHIO g
OCTAETCs Ha MECTE;

6) C BEPOATHOCTHIO P CABUTAETCS Ha 1 BIIPABO M C BEPOATHOCTHIO § —
Ha 1l BaeBo, Tme 0 <p<1l,g=1—-pué =0.

ITposectn knaccudmukanmio cocrosamit 1M {&,}.

Pemenme. a) 3necs E = {0,1, ...}, npuuem mus moboro j 0 BBI-

nonrero fi(1) =¢ <1lu f;j(n) =0 npu n > 2. Orcionga F; = Z fi(n
n=1

n
= ¢ < 1, ToO3TOMY BCE COCTOSIHWsI — HEBO3BpaTHBIE. TakK Kak p; +)1 ;= 0
9,
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aassn > 1, j € B, To Bce cocTostHusT — HecymecTBennbie. O4eBUIHO, 9TO

(m)

P, = = ¢" — BEpOATHOCTH N Pa3 HOAPSAJ] OCTAThCSI Ha MeECTe, IIO3TOMY
3.

n)

pgj — O, . — OO H, CJIeJOBaTEJIbHO, BCE COCTOsIHHAA — HYJIEBBIE. Same-
7

1 _ (2 _

THM, 49TO P, 5 = ¢ > 0, P = ¢% > 0, nosTomy d; =1 u BCe cocToTHAA —

aTepPUOINIECKIE. HaKOHeLL, pg k) = 0 mpu a06b1x j > k mwn > 1, mosTomy

HUKaKWe JIBa COCTOAHUA NENU HE ABJIAIOTCA COO6IJJ‘3,IOIJJ‘I/IMI/IC5I.

6) JIyrst pacCMOTDEHHUsT BTOPOTO CITydas BOCTIONb3YeMCS CIIELYFOIM
YTBEPXKIACHAEM: COCTMOAHUE €5 AGAAEMCA 6036PAMHBLM MO206 U MOALKO

mozda, xozda P; = Z p( " = = 00, NPUHEM 0AA HEGO3BPATNHO20 COCTNOAHUA
Fj=-11
T4 Py

Kaxkmoe cocrostane e sIBIsIeTCSI TEPUOANYECKAM C IMEPUOIOM 2, TaK
KaK BO3BpaIlleHHE B COCTOSHAE € BO3MOXKHO JIHIIb 33 YeTHOE YUCJIO [IAr0B.
OdueBUAHO TaK¥)Ke, ITO BCE COCTOSHUS CYMIECTBEHHBI u coobmatorcs. O-
HAKO BCE COCTOSIHUSI SABJISIIOTCS HyJeBbIME. JlelicTBUTENBHO, st JI060T0

m= (Zm)!(pq)m,

e; € E nmeem 1o dopmysne Beprysn: p(.zm) = C7* (pq)

35 (m!)?
2m+D) _ 0. Ucnomssys dopm Crupmunara, m! ~ m™e~"™/2wm, no-
5,5 =Uu. Y PMyJILy pi : m,

2 4pg)™
JIy4aeM: p( m , (4pg)" — 0 mpm m — 00, T.€. BCe COCTOSHUS IEIU —
i Vvrm
2
uynessie. Kpome roro, ecim p=¢q=1/2, 10 Pj= > p; Jm) =00, T.€.
k2
m=
BCe COCTOHMS — BO3BparHble. Ecmm xke p # ¢, To Pj < oo, T.e. Bce

COCTOAHHUA — HEBO3BpPaTHbLIC. M

3amedanne. VI3 pesymbrata mpumepa 5.6 TakxKe TOIydaeM, 9TO
s0boe HeB03BpaTHoe cocrosame ej € I ABmgeTca HyJIeBHIM, TaK KaK U3

CXOJIUMOCTH PSIJIA Z 24 j) clleJlyeT, 4To p( o 0, n — oo.

n=1

Ounpenenernne 5.6. [IM HazbIBaeTCS HEPA3NOHCUMOT, €CITA BCE €€
COCTOSTHUS — CYIIECTBEHHBIE U coobmmatonumecd. B mporusaoM cirygae [IM
Ha3bIBAETCS PA3IOKAMON.

Onpenenenne 5.7. Hepaznoxkumas 1IM maswiBaeTcs anepuodue-
cKoli, €CIIN BCE €€ COCTOAHUS — ATMEPUOIUIECKHE.

3amedganne. Hna mepazmoxumoit [IM cmopaBenimBo «CBOHCTBO
CONMUIAPHOCTH» :

a) ecam XOTst GBI OTHO COCTOSTHWE BO3BPATHO, TO W BCE BO3BPATHE;

6) ecsin x0Ts ObI ONHO COCTOsIHME HYJIEBOE, TO U BCE HYJIEBLIE;

B) ec;im xoTst GBI OJiHO cocTosHWE wWMeeT mepuox d > 1, To m BCe
OCTAJTHHBIE TIEPUOIUITHBI C TTEPUOAOM d.

Takum obpazom, mHepazsmoxumas LIM Oymer amepmomamueckoii, eciaun
X0Tst OBl OHO U3 €€ COCTOSHUI — AMepPUOINIECKOE.
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IIpumep 5.7. UccnenoBats 1enu MapkoBa, ONMUCAHHBIE B TIPUMe-
pax 5.3, 5.5 m 5.6 Ha Pa3I0KUMOCTh U TTEPUOINITHOCTD.

Pemenwme. 1) IIM, paccmoTpernas B mpuMepe 5.3, sIBISETCS HEPas3-
JIOXKAMOI W alleproautIecKoil KOHeUHOH 1enbio MapKoBa, TaK KaK BCe ee
COCTOSIHUSI — CYIIECTBEHHBIE, COODIIAONINECH U AllePUOJUIECKHE.

2) M wu3 npumepa 5.5, onuchiBamiolias UIPy ABYX JIAL, Da3JI0KU-
ma. JleficrBurenbro, cocroguus eg = 0 u er, = L aBIAIOTCS CyIIeCTBEH-

HBIMH, a cocroguust ex, k=1,...,L —1, — mecymecrBeHHbIMHA. [Ipu
n

aTom cocrosiaust eg =0 m ey, = L He cooODmMAOTCsI, TaK KakK p(() Iz =0,
K

n (Y]
p([”()) = O, n 2 1. Taknum 06pa30M, BC€ COCTOAHULA JaHHOUW IIE€IMHU MO2KHO Pa3-

OuTh Ha Hemepecekaormecs: Kaacchl Fg, B, Fy: = FEqgU E1 U Fy, tae

Ey={e1, ...,e_1} — Kiacc HecyliecTBeHHbIX cocrosuuil, By = {eg},
E; ={er} — kmaccer cymecTBeHHBIX cocTostEmil, mpudem F; m Fy He
coobmarorca. Bee cocrosnmst w3 Fy — mepmojudecKue ¢ TEpEOAOM 2,

a cocrositaus n3 Ky n Fy — amepuojuveckue.

3) IIM u3 npumepa 5.6 B ciiydae a) Pa3jioKUMa, TaK KaK HU OIHO
W3 ee COCTOAHWI HE SIBJSIETCS CYMECTBEHHBIM. B cryuae 6), Haobopor,
BCE COCTOSTHUSI CYIECTBEHHbIE W coobmatortuecs, moaromy [IM ssisercs
HEPA3JIOXKKUMON M UMEET CUYETHOE YMCI0 cocTosiHmit. OIHAKO OHa, Imepuo-
awdgecKasi ¢ mepuogoM d = 2. W

Teopema 5.1. IIyecmv odnopodnas LM umeem nepexodnyio mampu-
uy P ={p;;} u obradaem caedyrouumu ceoticmeamu:

1) uens HEPa3A0dHCUMA U ANEPUOOUNHAE;

2) natidemes cocmoanue ey € E, makoe, wmo epema 6036paUEHUA
6 Hezo, m. e. duckpemnas cayuatinas seauvuna T = inf{n > 1: &(n) =
= ex} ¢ pacnpedeseruem

P{ry=n [£(0) =er} = fr(n), n=1,2,...,

umeem KoHevHoe cpeﬁuee

o0

pe = M{r, [£0) = ex} = 3 nfi(n) < .

n=1

Bunoanenue ycaosuti 1, 2 weobrodumo u docmamowro 0as mozo,
ymobov, das aobwvx 1,7 = 0,1, ... cywecmeosasu He 3a8ucCAWUE OM 1
npeodensvi:

(n)

pij} —p; >0 npu n—oco. (5.9)

Queaa {p;} asasomes eduncmeennvim pewenuesm cucmemss ypasrenud

pi=Y prspe, J=0,1,..., (5.10)
k=0

(5.11)

Mg
S
Il
—

by
Il
=)
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Onpenmemenne 5.8. Ilenmr MapKoBa, yI0BIeTBOPSAIOIIAs TIPUBEIEH-
uBM Bhime yesosuaMm (5.9)—(5.11), maseiBaeTcsa apzodureckoti, a pacipe-
Jesienne BeposTHocTel p = {po,p1, ... }* — cmayuonaprvm pacnpedene-
nuem LTM.

Hus IIM ¢ koHeYHBIM MHOXKECTBOM COCTOsiHUT F Hamnbojee CIOXKHO
IIPOBepsieMOe yCJIOBHE 2 TeopeMbl 5.1 cTaHOBUTCA M3JauImHUM. leiicTBu-
TEJIBHO, CIIPABEJJINBO CIIELYIOINEee yTBEPXK ICHNUE.

Teopema 5.2. Jas mozo wmobo, koneuras LM 6vira spzoduneckot,
HEOOTOOUMO U A0CMAMOWHO, YMOobbL OHA OVLAG HEPA3AOHCUMOT, U ANEPUO-
dunecrod.

5.3. IIpenenbHble BeposdTHOCTH cocTosgHuil nenu Mapkosa.
B mamnHOM myHKTE MBI PACCMOTPHM BOIIPOC, CBA3AHHBIN C CYIIECTBOBAHUEM
npesiesibHBIX BepositHoCcTed cocrosuuit LIM 70 7(n) — 7% n — co npu
HEOrPaHWYEHHOM YBEJWYEeHUH ducjia maros n. s spromuueckoit [1M
3TOT BOTIPOC y2Ke (PaKTUIECKHU PEITIEH, O IeM CBUIETEIbCTBYET CJIETY 0TI
npuMep.

IIpumep 5.8. Hokazarb, uro mas sproguyueckoit IIM mpenennbroe

pacipeneieHue 70 = {7r0, TLy oo }* CyIIeCTByeT U €AUHCTBEHHO, ABJIAETCA
CTallMOHAPHBIM U yJIOBJIETBOPAET CUCTEMe ypPaBHEHUN
0= p*r" (5.12)
o0
S m=1 (5.13)
k=0

Pewmenue. Ilycrs mp(n) =P{{, = er} upu ycunosuu, uro 3amaHo
HauvasbHOE pactpenenerne 7(0), Torma

ZPE’?M

Taxk raxk IIM — sprogmueckasi, TO a0 Kaxkaoro k > 0 BBITIOJIHEHO

pg k) — pr > 0 mpu n — oo, nmpudem py, He 3apucut ot 7(0). CiemoBaTensb-

HO, TIPH 7. — 00

(oo} (oo}
n) = > premi(0) =pr > m(0) =pr, k=0,1,
i=0 i=0
Takum obpazom, x(n) — Tk = pg, II0O3TOMY BCe CBOHCTBA NPEJEIBHOTO
pactpegenenus 10 = {m, k = 0,1, ...} coBmazmafoT co cpoiicTBaMu cTa-
mUOHApHOTO pacupenenenns {py, k = 0,1, ... }. Teneps, 3amenss B (5.10),

(5.11) py ma 7 n mepermceBas (5.10) B marpuwanoit dopme, momygaem
(5.12), (5.13). Pacupenesnenne w0 emumcrsenno B CUJIy eIUHCTBEHHOCTH
pemenus cucremb (5.12), (5.13) u cramuonapHo, Tak Kak m° He 3aBUCHT

or 7(0). m
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PaccmorpuM KOHKDETHBIN MpUMEP BBIYUCIECHWS] CTAIMOHAPHBIX BEpO-
ATHOCTEH cocTrosHuit sprogwdeckoit [ITM.

IMpumep 5.9. Haiitu 7° nia IIM u3 npumepa 5.3.

Pemenwme. Bomre (cm. mpumep 5.7) mokasano, aro IIM w3 mpume-
pa 5.3 sBJsieTcsl HEPA3JIOXKWUMOM U amepuomuydeckoit. Kpome Toro, ona
VMeeT KOHEYHOE YUCJIO COCTOSTHUI, MTOITOMY €€ 3PrOoJUIHOCTD CJIEIYeT U3
TeopeMsr 5.2, Ucnonb3ys ypasaerus (5.12) u (5.13), a Tak:Ke BbIpaKeHUe
st P*, maxomum

03m+m = o,
0,7my = my,
7T0+7T1 = ].

BameTuM, UTO B JAHHOM ciyuae cucrema ypaszenumit 7° = P*70 nmaer
HaM JIUIh ofHO ypasHerne (I — P* — BBIDOXKIEHHAS MATPUIIA, TIOCKOIBKY
marpura P — croxactuueckas). EpuncrBennoe pemenue s 70 jaer
cucTeMa ypaBHEHU, BKIIFOUYAONMAsl YCIOBHE HOPMUPOBKU:

0,771'0—71'1 = 0,

o +m1 =

Orciona mo = 10/17, 1y = 7/17. =

BameTnM, 4TO TpaKTHYeckoe Haxoxkgenme 10 w3 (5.12), (5.13) Bos-
MOXKHO B ODIIIEM CiIydae JIMIIb JJisi KOHeYHbIX neneii Mapkosa.

Co0TBeTCTBYONIHUIl aJrOPUTM BBIYUCIIEHUsI CTAIMOHAPHOIO PACIIPEIE-
sernst w° JJIs1 KoHedHo# sprogudeckoit [IM nMeeT criemyrormuit BuT;:

1) cocraBuTh cucremy ypasuenuit 70 = P*7r0;

2) 3aMEHUTH B TIOXY9IEHHON CHCTEME OMHO W3 yPaBHEHWH Ha YCIOBHE
HopMupoBku (5.13), Ipu TOM MOJydYeHHAs CHACTeMa ypaBHeHWH Oyzmer
nmers Bug G = g, tie g # 0, a Marpuna G — HEBBIPOXKIEHHAS

3) penmuts cucremy Gr° = g u onpenenuts 70,

Haiinennoe 7° 6ymer yIoBIeTBOPITH OJHOBPEMEHHO CHCTEME yDaBHE-
muit (5.12) u ycmosuio Hopmmposkn (5.13). Bamernm Takke, uTo T° He
OyJeT 3aBUCETh OT TOrO, KaKOe MMEHHO W3 ypaBHeHWH cucreMbl (5.12)
6bLTO HAMU 3aMeHeHo Ha ycaosme (5.13).

Sameuanne. aa nemeit MaproBa ¢ KoHEWHBIM MHOICECTNEBOM CO-
cmoanutl TIOHATHE HEPA3JIOKUMOCTH MOXKET ObITh 0060OIIEHO: KOHEYHas
IIM uassiBaercs nepasaoocumoti, ecin £ = Fy U Ey, e Eg —Kiacc Hecy-
IECTBEHHBIX cOoCTosHUM, a F1 — eduncmeennvili KiacC CyIeCTBEHHBIX
COODLIAIOIIUXCST COCTOSTHUH.

B sroMm cityuae cupaBejiuBbl CIEIyIOIIMe Y TBEPKICHUS:

1) ecan kytacc cocrosiumit £; — anepuogndecknii, To CyImecTByeT e/ [iH-
CTBEHHBIIT BEKTOD TpeiebHbIX BepoaTHocTeit 10 = {7} ¢ meorpuaresns-
HBIMHM KOMIIOHEHTaMH, yaosiaersopsitomuit (5.12), (5.13);

2) mp =0, ecint e, € Eg, um; > 0, ecnu e; € Ey.
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IIpuwmep 5.10. IIM sanana croxacrnaeckum rpadom (puc. 5.3). Hait-
TH CTAIlUOHAPHOE paclipelesieHue BePOATHOCTEH COCTOAHUM.

Pemenue. OueBugHo, 4TO €y — HECYIIECTBEHHOE COCTOSHHUE, a
{e1, €2} 06pasyroOT KIACC CYMECTBEHHBIX ANEPUOANIECKEX COOBIIAIONIAX-
ca cocrostamit. [losromy crammonaphoe pactpegenenue ™ = {mg, my, T }*
cymecrByet, pudeM g = 0. BepoaTHOCTH 7, W Ty ONPENENAIOTCS U3
cucrembl ypasuennit 70 = P*70 u yenosus w1 + mo = 1 (cm. npuBejeHHbIit
BBITIIE AJITOPHUTM ):

{ 0,5m +02m = m,

T 7Ty = 1,

otkyma m =2/7, my =5/7. Wrax, w(n)— w°={0,2/7,5/7}* upn
n — 00 It JIIO0Or0 HAYAJHHOIO PACHpPeeeHrs] BEPOSTHOCTEH COCTOsI-
mwit w(0). W

Ecimu IIM me obmamaeT CBOWCTBOM
PrOAUYHOCTH, TO BEKTOP IPEJIEIbHBIX
BepoATHOCTeH 70, nayke ecim OH Cy-
IMECTBYET, He ABJISETCH CTAIMOHAPHBIM
pacipesiesieHieM BEPOSITHOCTER COCTOsI-
uuit [IM (manpumep, 7° e yjosierso-
psier ycoBuio HopMupoBKE (5.13) wim
2K€ 3aBUCHUT OT HAYAJIBLHOTO PacIipe/ieie-
must 7(0) m T.1.). B arom cirywae Gymem
Ha3bIBATH T° BEKTOPOM (PUHAAOHOIT Ge- Puc. 5.3
poammocmeti cocrostumit [IM.

Tunuysbie ciaydam TOAPOOHO H3YyYEHBl B CJEAYIONUX ITPUMEPAX.

IIpumep 5.11. Haiitu ¢dunambubie BeposaTHOCTH cocTosamit 1M,
OIMCHIBAOMIEH GJIy K /IaHNe YaCTHUIBI [0 IEJTBIM TOYKaM IpsAaMo (eM. mpu-
Mep 5.6).

Pemenwne. B npumepe 5.6 66110 TOKa3aHO, 9TO BCe cocTosinmst [IM —
uyJsesble. Cire10BaTENBHHO, pgz) — 0 mpu n — oo g J06BIX 4,7 = 0.
Orcrona

nlggopo’. —nlgrolowj(n) m; =0, j=0,1,...

0

Takum 06pazom, 7~ — HYJIEBOl BEKTOD U

mo+m+...+m+...=0.

Caenobarenbio, 0 He ABIAETCS CTAIMOHADHBIM PACIIPEJIETICHIEM BEpo-
arraocteit cocrogauit [IM. OdeBuano, 9TO OTCYTCTBHWE CTAIIMOHAPHOTO
pacipejieJieHusl BI3BAHO HAPYIIEHUEM YCJIOBUs 2 TeopeMbl 5.1, TaK Kak
B JIAaHHOM CIydae [; = 0o JJs moboro e; € E. W

Ecau ycmosue 1 Teopemsbt 5.1 He BBITIOIHEHO, TO (PUHAIHHBIE BEPOSITHO-
CTH COCTOSTHUH OO BOODIIE HE CYINECTBYIOT, JINOO 3aBUCST OT HAYAJIHHOTI'O
pacnpeneiaeHns BEPOATHOCTE COCTOAHUIA.
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Ilpumep 5.12. Koneunass memb MapkoBa 3aaHa CTOXaCTUIECKUAM
rpacdom (puc. 5.4). Tlokazars, uro mpu mobom w(0) # {1/2, 1/2}* dbu-
HAJbHBIE BEPOSTHOCTH HE CYIIECTBYIOT.

Pemenune. IIM wumeer mepexomuyio marpuiy P ¢ smeMeHTaMu
Poo = P11 =0, Pg; = P19 = 1, m03TOMY coorHOmeHus (5.2), ONUCHBAONIITE
sBosmrorwio BekTopa 7(n) = {mo(n), m1(n)}*, npuanMatoT caenytomuit Bu;

mo(n) =m(n—1), n=1,2,
m1(n) = mo(n — 1).
IIycrs w(0) = {p,q}*, Torma npu p # q umeem mo(n) = p, ecim n = 2k
u mo(n) =¢q, ecrm n =2k +1, k=0,1, ... OueBugHO, 9TO B 3TOM CIIy-
Jae MoCe0BaTeIbHOCTD {7 (n)} npenena He nmeer. AHa-
1 JIOTMYHO, HET Tpejesia Uy nociemoBarenbaocta {mi(n)}.

Ecau ke p = ¢ = 1/2, To cymecTByeT BeKTOP (bUHAIBHBIX
@ @ BeposTHOCTel 70 = {1/2,1/2}*, Tak Kak B 3TOM CIydae
mo(n) = m1(n) = 1/2 ana sBesakoro n > 0. IlonydeHnbiit pe-
1 3yabTaT O0BICHIETCS TEM, YTO PACCMOTpeHHas Tenb Map-
KOBa SIBJISIETCST HEPA3JIOXKUMOIA, HO TIEPUOINIECKOH C ITEPH-
Puc. 5.4 ofoM d = 2, u, ce0BaTeNbHO, ycaoBue 1 Teopembl 5.1 He
BBITIOJTHEHO. M
PaccmorpuM Temepb TOBeJieHWE BEPOSITHOCTEH COCTOSIHUIM Da3yioKu-
Mbix [IM. OgeBuaHO, ITO CTAMMOHAPHBIX PACIpEIeSeHni 31eCh He OyIeT,
0JTHAKO (pUHAJIBHBIE BEPOSITHOCTH IIPU OIPENEJEHHBIX YCIOBUIX OyIyT
CyIIeCTBOBATH.
IIpumep 5.13. IIM, omucbiBaromasi ciydaitnoe Oy aaHne qacTUIIbI
O TENTBIM HEOTPUIATENbHBIM ToukaM mpamoit £ = {0,1, ...} ¢ mormo-
IMAKIMM cocTosiHueM eg = 0, 3a1ana croxactuaeckuM rpadom (puc. 5.5),
rme 0 <p <1, q=1—p. sBecTHO, YTO B HAYAJIBbHBI# MOMEHT BPEMEHU
YaCTHUIA, HAXOOUJIACH B HEKOTOPOM COCTOSIHUHU €, = m > 0. Haiitu ¢du-
HaJIbHBIE BEPOSITHOCTH COCTOSIHUM maHuo# menn Mapkosa.
Pemenune. Herpynuo Bu-
p p p gmerb, uro E = FEyUUFE;, tme
Ey ={eg} siBasiercss kmaccom
1 ‘o 6‘0‘6 ++ CYIIECTBEHHBIX COCTOSIHUH, a
E, ={e1,ea,e3, ...} obpasyer
q q q ¢  KJIaCcC HECYMIECTBEHHBIX COCTOSI-
uwit. [losToMy 1enb pasmoxnmMa
Puc. 5.5 u ycnosue 1 Teopemsl 5.1 Hapy-
maercs. CireoBaTeslbHO, JIaH-
wvast [IM He nMmeeT cTanuoHapHOro pacupeeneausi. VI3 ompeenenus memnu
SICHO, ITO p( )=1mu p(") — 0, n — oo ipu qobeIx m > 0, 7 > 1. Takum
obpazom, HpI/I JI060M J 2 1 mueem m; = 0. ObosHaumM Uepes P, BepodT-
HOCTH TOTO, YTO YaCTHIA, BBIXOSINASI U3 COCTOSTHUS €, = 1M, PAHO WJIA
mo3mHo Tonaaer B coctosiHue eg = 0. B cuiy Toro uro cocrosiHue eg —
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n
IIOTJIOIIAOIIIEE, Pgn,)o — mg = P, n — 00, T.e. P, — uckomas puHaIbHAS

BEPOSITHOCTD COCTOSIHUS €g. IIpu Kaxkmom m > 1 cripaBeniuBo
Pm :me+1+qu—17 (514)

4TO CJIEJlyeT W3 MapPKOBCKOI'O CBOWCTBa Ienu u (POPMYJIbl TOJHOW BEpOo-
sarroctu. Kpome Toro, Py = 1 no ycnosmio. O6oznaunm « = q/p, Torma
obmee pemenne ypaprenusi (5.14) nmeer sunx P, = a + ba™, a yciosue
Py = 1 o3magaer, uto a + b = 1.

IIycre g > p, T.e. a > 1. Torma b = 0 B cuny orpannvenus P, < 1. Ho
torma a = 1, .e. P, = 1. Ilycts Temeps q < p, T.e. a < 1. st BBIUHC-
senusi P, BBeseM B mpou3BosibHOM TOYKe N > 1M BTOPOI HONJIOMAOIIAN
6aprep u o6osHaauM P, (N) BEpOSITHOCTE TOTO, 9TO GIIy>KAAIOIIAS TOIKA
JIOCTUTHET COCTOSIHUSI €( PaHbIIE, YeM COCTOsHUs en. B cileayrormeM
npuMepe OyIEeT MOKa3aHO, YTO ngn P (N)=a™. HokaxeM, 9TO 3TOT

(oo}

npeges pasen P,,. IleficTBuTebHo, mycTh A — COOBITHE, COCTOSIIEE B TOM,
yro Haiiferca NN, Takoe, 4TO HYaCTHIA JOCTUTHET €g, BLIXOAA U3 €,
panbre, yeM ey. Torna P, = P{A}. Ecim Ay = { wactuna nocrurser eg

o
panbire, yem en}, 10 A= | ) Ay, Ay € Ayy1. Ouenugno, 4o
N=m+1

P{A} = P{NzgnHAN} = lim P{Ay} = lim Pn(N)=a™,

T.e. P, =P{A} =a™

Haxkomner, eciiu p = ¢, To 0oba pelrenust copnagaot, T.e. P, = 1. NTak,
OKOHYATEJHHO It (DUHAIHHON BEPOITHOCTHU Ty UMEEM: Ty = 1, eClTu p < ¢
um = (¢/p)™, ecim p > q. 3aMeTHM, ITO IIPH YCIOBUA P < ¢ PACCMOTPEH-
Hasl MOJeJTb UMEET ITIPEIEIbHOE PACIIPEIEIEHNE BEPOSITHOCTEN COCTOAHMIM
7%= {1,0,0, ...}. Eciu 3xe p > ¢, To Habop DUHAIBHBIX BEPOSTHOCTEH
7%= {a™,0,0, ...} He ABAAETCH PacTpe/ieeHEEM BePOATHOCTeH, TaK KaK
YCJIOBUE HOPMUPOBKHU HE BBIMIOJHEHO. B

B 3akmiouenune BoraucinM puHAIBHBIE BEPOSTHOCTH COCTOSTHUHN B IETH
MapxoBa, onuceiBaoIneit urpy ABYX JIHIl, KOTOPas PACCMOTPEHA B IIPHMe-
pe 5.5.

IIpumep 5.14. Haiitu puHaIbHBIE BEPOSITHOCTH B WTPE JABYX JIWIIL H,
B YaCTHOCTH, BEPOATHOCTH P, pa3opeHus MepBOro UrpoKa, €Ciid HAYAJb-
HBbI€ KAIUTAJbl NTPOKOB KOHEYHBI U PABHBI M U M, a BEPDOSATHOCTH YCIIEXA
B KaXXJOil MIpe paBHbL p U ¢ = 1 — p Juisi IEPBOIO W BTOPOI'O MIPOKOB
COOTBETCTBEHHO.

Pemenune. B mpumepe 5.5 mokazaHo, 4TO MaTeMaTUIECKON MO-
JIeJTBI0  PACCMATPUBAEMON WUIPHI SABJISETCA JIUCKpeTHas KoHedHas [IM
¢ MHO)ecTBOM cocrosumnit F = {0,1, ..., L}, rme L = m + M. Cocrosinus
{e1, ...,e5—1} — HeCymecTBeHHBIE, TO3TOMY WX (DUHAIHHBIE BEPOATHO-
cru 7w = 0. Ilycts g = P,, — duHaIbHAsA BEPOATHOCTH COCTOSTHHUS €q,
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rorga (B cury xkoneuanoctun LIIM) 7, = 1 — Pp,. Haiinem P, w3 cooTHOmIE-
uus (5.14)

Py, =pPyi1+qPn1, 1<m<L-1, (515)
¢ y4eToM KpaeBbix yciosuit Py = 1, P, = 0, KOTOpBIE CJIeYIOT U3 YCIOBUs

OKOHYaHUs UIPBI (Pa3soOpeHne OIHOro U3 UrpokoB). 13 obiero coorHore-
mug (5.15) mias o = ¢/p umeem

PQ—P]_:O[(Pl—Po),
P37P2:a2(P17P0),

CkJtazibiBas TIOJyY€HHbIE BBIPAXKEHUST U yIUTHIBasL, 94T0 Py = 1, Haxoamm
Po=14+(P1—1)Sm,tme Sm=(1—-a™)/(1—a)mpu a#1u S, =m
mpu « = 1. Suayenume P; ompenessieM W3 BTOPOTO KPAEBOTO YCIOBUsI
P, =0: P, =1-1/85y,. Iloncrasuss uaiinentoe Py B Beipakenue ggist Py,
OKOHYATEJILHO TToJTy4daeM ¢ yaetom L = m + M:

P . (am 7Oém+M) 1
™= T ) upn  a # (p# q)s (5.16)

Pm:m mpu a=1 (p=¢g=1/2).

Us (5.16) caemyer, uto npu @ < 1, T. €. TpH p > ¢ BBHITIOIHEHO COOTHO-

menne lim P, = o". Tlocienuuii pesysbraT ObLI UCIOIBL30BAH B IIPHU-
M— o0

mepe 5.13 s N =m + M, P, = P, (N).

Samerum, yTo ycioBue M — 0o (aKTHIECKH O3HAYAET, YTO BTOPOM
WIPOK PACIOIAraeT HEOIPAHUYEHHBIM HWCXOJHBIM KAlUTaJoM. B 3ToMm
ciaydae npu p < g umeemM P, — 1 mpu M — 0o, 4TO O3HAYaeT HEU3-
GexKHOe pa3sopeHme TEPBOro UIpPoKa Jake B Ge306maHoit wrpe (T.e. Tpw
p=gq=1/2). Ecim xxe p > ¢, 10 P, — o™ < 1. Ilo3TOMY C BEPOSITHOCTHIO
Qm =1 — a™ > 0 mepBblit ITPOK MOXKET JOOUTHCS HEOIPDAHWIEHHOTO yBe-
JIMYEHUs] CBOETO MCXOJHOrO Kamuraa. W

5.4. 3amauyn OJid CaMOCTOSITEJIbHOIO PEITeHnd.

1. TuckperHas nens ¢ MEOX)KecTBoM cocrosiumit £ = {0,1, ...} onpexenena
cootHomeHueM: &ny1 = &n + vn, n 2> 0, ¢ HavaNbHBIM ycioBueM & = 0, T1e
{vn} — moCI/IEIOBATENBLHOCTD HE3ABUCUMBIX CJLyUaiiHBIX BEJIMUUH C pacIpejesie-
uuem Bepuysu. Tokasats, uro {€,} obnamaeT MapKOBCKUM CBOHCTBOM, HAlTH
ee TIEPEXOIHYI0 MATPUILy U MPOBECTH KJIACCU(PUKAIIUIO COCTOSTHUIA.

Ykazauue. Cm. npumep 5.6.
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2. [lycTs ciyvafinble BeUauHbL {vg, U1, . .. } HE3ABUCUMBI B COBOKYTIHOCTH U
KaxKJasg npuHuMaeT 3Hadenns +1 u —1 ¢ BeposTHOCTsIME 1/2. Paccmorpum nBe
MOCJIeI0BATEbHOCTH: &y = (vn + vn+1)/2 U Np = UnUn+1, n =0,1, ... Kakas
W3 9THUX TOCJIEOBATEIBHOCTEN sIBJIsTeTCs enbio MapkoBa?

Orser. Bropas.

3. Yepes ¢dukcupoBaHHBIE MPOMEXKYTKHA BPEMEHHU NPOBOIUTCI KOHTPOJH
TEXHUYECKOI'O COCTOSHUS NPUOOpPa, KOTOPBIA MOXKET HAXOJUThCS B OJHOM W3
TpeX COCTOSTHU: eg — paboTaer, e; — He paboOTaeT U OXKUIAET peMOHTa es —
peMmonTupyercs. Ilycts £, — HOMEp COCTOSHHMs TpUbOpa TMpHU N-il IPOBEpKE.
Ipeanonaraercs, uro {&,} apnsercs oxxopoauoit IIM ¢ nepexonnoit maTpuneii

08 0,1  py,
P=|03 p, 06
Py 0,01 0,29

HaiiTu HewsBecTHBIE 3j1eMeHTHI MaTpuibl P u Beramcaurh 7(2) npu yciosuu,
9TO B HAYAJbHBII MOMEHT BpEMEHU MPUOOp UCIIPABEH.

Orser. py, =0,1; p,, =0,1; p,, =0,7; (2) = {0,74; 0,091; 0,169}*.

0,75 05 0,5
0,5 05 0,75
Puc. 5.6

4. Ilens Mapkosa 3amana croxacrudeckuMm rpadom (puc. 5.6), rae cocrosi-
HUsL €9 U e3 — oTpaarolue bapbepbl. HaiiTu cranmonapHoe pacupejiejienue ,
€CJIM OHO CyIIECTBYET.

OrBer. mp = 73 = 0,2; m1 = w2 = 0,3.

5. I[lycrs koneunas sproguueckag [IM ¢ E = {0,1, ..., N} umeer gBaxpt

N N

CTOXaCTHYEeCKyIO Marpuily mepexoga P = {pij}, me. > pij => pij =1 mua
j=0 i=0

Bcex 4,7 € E. [Tokasarb, 94T0 CTAIMOHAPHOE PACIpEJesIeHUue CYIIECTBYeT U sB-

J1seTCsl paBHOMEPHBIM Ha F.

Puc. 5.7

6. IIM umeer MHOXKeCTBO gomycTuMbix cocroguuit E = {0,1, ..., N} u onu-
cpiBaeTcd croxacTuueckuM rpadom (puc. 5.7), e 0 <p <1, ¢ =1 — p. Joka-
3aTh, 9TO IENb ABJIIETCA SPTOAMIECKON, U HANTH CTAIMOHAPHOE PACTIPEIEICHAE
BepoaTHOCTEl cocTostamit {7y }.

7 B.M. Munnep u A.P.Ilankos
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ak(1 —a) .
Orser. Eciu p # ¢, To 7 = l_a—NH,kZO,l, ..., N, rne a=p/q; ecnu
p=gqg,T0om =71 =...=7n =1/(N+1).

7. Oprogmaeckas [IM ¢ AByMsI COCTOSHHSIMH MMeeT CTAIlHOHAPHOE paclpe-
nenenue mo = p, m1 = q = 1 — p. Haittu nepexonnyio marpuiry.

Orser. P= [ 7 I-a

y l-y
a<l z€(0,1)uy=a(l—ux).

8. Ilyctp komeunas IIM HepasioXuMa H alepHOfUYHA, a T — CIydaiiHoe
BpeMsl IIepBOTO BO3BpAallleHUsI B J1000e (DUKCHpOBaHHOE cocTosiHue. Jloka3aTh,
uro Haiimyred ¢ > 0 u g < 1, Takue, aro P{r > n} < cq™.

9. Yacruna, HaXoAAmasCs Ha MIOCKOCTH B TOYKE C IeJIBIMH KOOPAUHATAMHI
(m,n), Moxer ¢ BeposiTHOCTBIO 1/4 nepeMecTUTHCs B 1000 U3 9€TBIPEX TOYEK
¢ xoopmunaramu (m =+ 1,n+1). Jlokasars, 94To Bce cocTosiHus AByMepHOit 1TM,
ONHCHIBAOIIEH Iporece OIyKJaHusI, BO3BPATHEL.

a—1

, The aoisg a = p/q > 1 xe( ,1),a;mﬂ

§ 6. PasHocTHBIE cTOXacTUYEeCKUE yPaBHEHUSI

6.1. Mogesim aBTOperpeccuy M CKoJIb34Illero cpedero. Ilycro
e = {en, n € Z} — TmOCIAENOBATENHHOCTh HE3ABUCUMBIX CITyYafHBIX BEJH-
unH ¢ xapakrepuctukamu m.(n) = M{e,} u Dc(n) = M{le, — mc(n)|?*}.
Iasee € Ha3BIBAETCA QUCKDEMHBIM OEABIM ULYMOM.

Bameuyanue. B mpumepe 3.3 MBI paccMaTpHBaJM CTAIMOHAPHBI
TUCKpeTHBI 6esbrit rym. OTpeiesIeHHbIH BBITIE TUCKPETHDLIH Gesbli mryM
Oyaer cramuoHapHBIM, ecin me(n) = me = const, D.(n) = D, = const.
TIpu 5TOM HEKOPPEIUPOBAHHOCTH CEYEHUIl CllelyeT U3 X He3aBUCHMOCTH.
Kpome Toro, B mamHoM maparpade MbI OyJieM paccMaTpUBATh TOJBKO
pemecrBernbie CII.

Onpemenenwe 6.1. Cayuaitmas mocienosaTebHOCTD {&,, } Ha3bIBa-
eTcst asmopezpeccuontot, nocaedosamesvrnocmuvio (AP-nocaedosamenvro-
cmwio) nopadka p > 1, ecnm OHa YIOBIETBOPSIET yPABHEHUIO

p
én + Z brén—r = €n, nELZ, (61)

k=1
rge {by,...,bp} — umciOBBIE MapaMeTphl, a p = 1 — MOPSAZOK MOZIEeNH

asroperpeccun (AP-monenn) (6.1).
AusreGpandeckoe ypaBHEHIE

p
a? + 3 P F =0 (6.2)
k=1

Ha3BIBAETCA Tapakmepucmuseckum ypasHenuem AP-momemn (6.1).
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Onpemenenne 6.2. AP-momens (6.1) HasbBaeTcss acumnmomu-
wecku yemotivueot, ecam Bce penieHus {T;} XapaKTePUCTHYECKOTO
YyDABHEHHUS YAOBJIETBOPSIIOT yciosuio |x;| < 1.

Onpemenenne 6.3. Ciayuaiinast mociaem0BaTeIbHOCTD {17, } Ha3bIBa-
eTcsl MOCIeIOBATEIbHOCTBIO cKoavdauwezo cpednezo (CC-nocaedosamens-
HOCMBI0) TOpsAIKa g > 1, ecom

q
N = GoEn + Y AkEn—k, N EZ, (6.3)
k=1
rae {ao, a1, ..., aq}, ¢ — mapamerpsr CC-monenu (6.3).

Ecau Bce pemenust {z;} xapakrepucruaeckoro ypasaenusi CC-momenn

q
apz? + > apz?F =0
k=1

YZOBIETBODAIOT yCIOBHMIO |2;| < 1, To momess (6.3) HasbiBaercs munu-
MAABHO-Pa30601.

Owesuano, aro momenu (6.1), (6.3) MOKHO OOBLEIUHATE B OJHY KOM-
GUHUPOBAHHYIO MOJIEJb.

Onpemenenne 6.4. Cayvaiinas mociae0BaTENBHOCTD {&,, } HA3BIBaA-
eTCsl TOCJIEIOBATENLHOCTBIO A6MOPEZPECCUL — CROAD3AUE20 cpednezo (Mu
APCC-nocaedosamenvrocmyio) mopamka (p, q), eCiii OHa YIOBJIETBOPSIET
Pa3HOCTHOMY CTOXACTHYECKOMY yDPaBHEHHIO

P q
§n+ D bibn—k = a0en + > ajen_j, nEZL (6.4)
k=1 Jj=1

Hucna {br}r_y, {a;}j—y apasiorca mapamerpamu APCC-monemn, p —
MOPSAIOK aBTOPErPECCHH, & ¢ — TTOPSAJOK CKONB3AIIEr0 CPEIHETO.

SBaMmeuanue. I3 NpuBElEHHLIX ONpEJENEHUIl CIIEIYeT, UTO €Ciu
{en} — eayccoscxuti Genwrit mym, To APCC-mocaenosarensrocts {&, }
TaK3Ke ABJSAETCS 2aYCCOGCKOT.

IIpumep 6.1. Ilycrs B acumnroruuecku ycroitausoit AP-momenu mo-
pasgka p = 1 Geawiit mym {e,} sBasierca cramuonapubiM. Haiitn mare-
MaThdeckoe oxumanwe m gucnepcmio AP-mocnenosarenmsrocrn {€,} n
JIOKa3aTh ee CTAIlHOHAPHOCTD.

Pemenmne. Ilo ycnosuio {&,} ymoBaersopsier ypaBHEHUIO

En+bén-1=¢€n, NEL (6.5)

XapakTepucTuieckoe ypasHeHue mofenan (6.5) mmeer Bug x + b =0,
U, CIeJI0BATENBHO, |Z1] = |[b| < 1 — ycioBHe acMMITOTHYECKON yCTOdw-
BocTH. VICHonb3ys npueM, ONUCAHHBI B IpuMepe 4.5, HeTPyIHO MoKa3aTh

&n = i /Bkgn—ka (6.6)

k=0

7*
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rae 3 = —b, npuaem psazx (6.6) CXOMUTCA B CPEIHEKBAAPATHIECKOM CMBICITE
B cuay |B| < 1. Urak, &, aBusercs juHeiiHbIM npeobpasoBanueM 6eoro
mywma {e,}. O6osnaunm m, = M{e,} u D. = D{e,}, Torma

me(n) = Mi{&a} = 3° #*"Mfen s} =m. 3° 8 = 7%

k=0 k=0 L+
De(n) = Diga} = 3 (892 Den s} = D. 3 (85 = 2=
k=0 k=0

ot moKa3aTenbCTBa CTAIMOHAPHOCTH {&,} OCTaeTCs BBEIYUCIUTH KO-
BapUAIlMOHHYIO IIOCJIEN0BATEIbHOCTD

COV{fn,fm} = i BkﬂjCOV{En,k,Emfj} =

k,j=0

— gD, 3 (82)F = A" D = Re(n —m).
k=0

31ech MBI BOCIOJIB30BAIUCH TeM, 9YTO COV{en_k,Em—j} = D, ecun
n—k =m-—jucov{e,_g,em—;} =0 upu n —k # m — j. Urak, CII
{&,} mMeeT mocTOsIHHEbBIE MATEMATHYECKOE OXKUJIAHUE U JUCIEPCHIO, & KO-
Bapuaryst cedenuit &, u &,, 3aBUCAT TOJBKO OT pasHocTH . — m, T.e. {&,}
sABgeTca cTanuoHapHoi B mupokoM cmbicae CII ¢ XapaKTepHCTHKAMU
D

=17 De= 175 Be(k) = (-0)"D;. m
AmanoruuHas cuTyamus WMeeT MeCTO W I aCHMITOTHYECKH yCTOi-
ynBoit AP-Moesn TpOu3BOILHOIO HOPAIKa p = 1.

Teopema 6.1. IIyemov {£,} ydosaemsopaem ypasnenuro (6.1), onu-
crsarowemy acumnmomusecky yemotinueyto AP-modeav nopadwa p > 1,
20e {en} — cmayuonapnwud beavti wym, mozda

mg¢

o0
gn = Z AkEn—k,
k=0
o0
2de woappuyuermor {oy} ydosaemeopsrom yeaosuro Y | |ag| < oo u 6vi-
k=1

YUCAANOMCA NO DPEKYPPEHTNHBIM POPMYAAM

ag+1Pk,1 =0,
Brt1j = Brj+1 — Brabj, §=1,2,...,p—1,
Bk‘JFlyP = 7/Bk,1bpa k:O,l, ey
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€ HAUAALHOIMY Yeaosuamy g = 1, Bo; = bj, j = 1,2, ..., p. Ipu smom
CII {¢,} asanemca cmayuonaphot U uMeem TapaKmepuUCTUKY

oo oo
me =me | Qp, Dg:DEZai,
k=0 k=0

0o
Rg(m) = Dg Z QApQpt|m|, ME 7.
k=0

B npumepe 3.4 paccmarpuBaiach MoJ€Jb OECKOHEYHOTO CKOJIb3SIIIETO
cpenHero. PaccMoTrpuM Temeph Moziesib CKOMB34INEro cpegaero (6.3) ko-
HEYHOTO MOPSIIKA.

IIprmep 6.2. CC-nocnenosareaprocts {n,} ymoBmersopsier (6.3),
rae {e,} — cranmonapreii Genbii mym. Halitm maremarndeckoe oxu-
JlaHne, Tucrepcuo n Kopapuamuonnyto dysakunuoo CII {n,}.

q
Pemenwue. Ilo onpenenenuio 1, = »  aren_, 1ie M{ex} = m. =

k=0
= const, D{ex} = D, = const, cov{ey,e;} = 0 upu k # j. Orcrozna

q q
M{nn} = M{Z aksnfk} = Mg Z ap, = const,
k=0 k=0

q q
D{n.} = > arajcovien_p,en1} =D > a2,

k,1=0 k=0
q q—|n—m|
COV{nn,ﬂm} = Z akalcov{sn—kafm—l} = D. Z AkOk+|n—m| IPH
k=0 k=0

[n —m| < g u cov{n,,nm} =0 upu |n —m| > q. Orcrona

a=|m|
D apa npu |m| < g,
Re(m)={ De 2 aktiam pu [ml <
0 upu  |m| > gq.

Tlocnentee osnagaer, aro sobbe cedernns CC-mociie0BaTeTbHOCTH, OT-
crodinue Jpyr oT Apyra Oojiee YyeM Ha, ¢ INAroB, sSIBJISIFOTCSI HEKOPPE-
aupoBanabMA. ITHM CC-moCae10BaTEIHHOCT CYIMECTBEHHO OTIANIAETCS
ot AP-nociieioBatesibHOCTH, TaK KaK y MOCJHEIHEN CKOJIb YTOIMHO JAJIEKO
OTCTOAIINE APYT OT APYTa CEeYeHHs B ODIIEM CIIydae SIBJISIOTCS KOPPEJu-
pOBaHHBIMHU. M

IIpumep 6.3. Hokazarh, uro AP-mociemnoBaTeibHOCTD TEPBOTO IO~
psiaka obJiamaeT MapKOBCKUM CBOWCTBOM.
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Pemenue. Ilycts m3BecTHO, 9TO M1t HekoToporo m > 0 m mabopa
LENbIX 9UCeT Ny < ... < Ny = N — 1 BoIIOMHEHO &y = Zo, €py = T1, -+ -,
én,, = Tm. Boraucomm P{{, € B | &, =m, ...,{ny = To}, Tae B —

IPOW3BOJIbHOE GOPEIEBCKOE MHOXKECTBO HA MIPSIMOI.
o0

o ycnosmio &, + b1 = ep, mpEaeM &y p = (=) ke _m—k,
k=0
HO3TOMY €, U £y —y, HE3ABUCHUMBI TIPH BeeX m > 1 B cuiry Toro, aro {e,} —
GeJIblit ITyM ¢ He3aBUCHMBIME cedeHHsaME. Torma,

P{&, € Bl &n, = Tmy ---y&ny =0} =
=P{-bn_1+en €B|én, =Tm, ---,én, = To} = P{e, — bz, € B}.
C mpyroii cTOPOHBI,
P{¢, € B¢, = zm} =P{e, — bay, € B},
orkyna P{&, € B | &n,, = Tm, -+ éng =20} = P{én €B &, = Tm}.

CoBepIleHHO aHAJIOTMYHO PacCMAaTPUBAETCs CIydail MTPOU3BOIHLHOTO
nm < n. B cuty mpomssombHOCTH BBIGOpa m, {ni} n B mokazamHOe 03HA-
gaer, 9To {£,} — MapKOBCKas MOCIeI0BaTEIbHOCTH. IloguepKHeM, 9To
JIOKa3aHHOE yTBEPK/ICHUE CIIPABEJINBO JIJIs corydast, Korna {&, } — 6esbrii
IIyM C HE3aBHCAMBIMHU CEYCHHUAMH. LLCIH YK€ CEUeHUs ABJIAIOTCS JIHIIb
HEKOPPEJUPOBAHHLIMHU, TO MapKOBCKOE CBOMCTBO MOXKeT HapymaThes. Q-
Hako eciu {e,} — rayccoBckmii GembIii TIyM, TO MapKOBCKOE CBOWCTBO
ciesryeT U3 pe3yabTaToB IpuMepa 2.12. ®

OOBLIYHO B IPAKTHYECKHUX 33J[a9aX BCAKHI MPOIECC UMEET «HadaJio»,
T e. {£,} 3aman ammb npu n > 0. Ecow ipu n > 1 &, yaoBaersopseT ypas-
HEHWIO aBTOPEIPECCUH MOPAIKa P, a 3HadeHus {g = (1, ..., &—pp1 = (p —
3aJlaHHble CIyYaiiHble BeANInHbl (HadalbHble ycaoBus), To coiictsa CII
{&,} meckombko oTmuatoTes ot cBofictB AP-nociemoBaTenbHOCTH.

IIpumep 6.4. HaiiTu MmaTeMaTu4yecKoe OXKHUIAHWE U TUCIEPCUIO TTO-
caeposarenbrocTr {€, }, yaoBIeTBOpSAIOMIEH YPABHEHUO

fn = Oéfn_l +éen, nz= ]-’ 60 =1, (67)

rae |a| <1, n — cayuaitnas sesmanna ¢ M{n?} < oo, He sapucsamas or
cTarmoHapHOTo Gestoro myma {e, }.
Pemenne. Haiinem npencrasnenue &, uepes {e,} u n:

n—1
gn =€Enp +aep_1+ azgn—Z == Z aksn—k + Oén%
k=0
n_l 1—a"
mﬁ(n) = M{gn} = Me Z a® + anmn = mem + anmn'
k=0

n—1 2n
1—
De(n) = D{&n} = D{ Y afen 4} + D{a"n} = D2 +a*"D,,.
k=0
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IMoguepkuem, uro CII {{,} Hecranmonapma, tak kak me(n) u De(n)
saBucaT sABHO OT n. B cmiy yenosus M{n?} < oo mmeem |m,| < co m
D,, < o0, mosromy ¢ yderoMm |a| < 1 momyaaem

me

1-—a’

me(n) — De¢(n) — opu n — 0o.

e
1—a?

Takum 06pa3oM, IpejiesibHbIE 3HAYEHUs] CPEJIHEr0 W JUCIEPCUH JIJIs
CII {¢,} Takme xe, Kak m Juist cranmoHapHON AP-mocmemoBaTessHOCTH
nopsigka p = 1, ynosuersopsiromei (6.7) npu Bcex n € Z. W

3ameuanue. MoKHO MOKAa3aTh, YTO BLIBOJ, O COBHAJEHUN MIPeIeh-
HBIX XapaKTEPUCTHK TocienoBaTenbaocTn {£, b, yaoBmeTBopsiomeit ypas-
HEHWIO aBTOPErpecchy Mopsijika p > 1 ¢ 3a/JaHHBIMU HadaJbHBIMU 3HA-
YeHUAME, ¥ XapaKTepUCTUK cooTBeTcTByomeil AP-mocnenopaTenbrocTn
ocraercst B cujie, ecain AP-Mojiesib aCHMITOTHYECKH yCTOHYIUBA.

6.2. CnekTpajbhuble xapakTtepuctuku AP CC-nmociienoBaTeiib-
Hocreil. 13 reopemst 6.1 caenyer, uro APCC-nocienosarensaocts {€, }
ABJIAETCA PE3YJILTATOM CTAIMOHAPHOTO JIMHEHHOTO Mpeobpa3oBaHMs CTa-
nuonapHoro 6esoro myma {e, }. Ilosromy cnekrpanbaast maorHOCTD fe(A)
nociemoBarenbHOCTH {£,} MOXKET GBITH BBHIYHCIEHA C WCTIONBL30BAHUEM
pe3yabTaToB 1. 4.2.

IIpumep 6.5. Ilycrs {&,} — APCC-mocaeioBaTebHOCTD, ONpPETEst-
eMasi Pa3HOCTHLIM CTOXACTHYECKUM YPaBHEHHEM

p q
fn + Z bkfn_k = Z Aj€n—j, N E Z, (68)
k=1 j=0

rae {€,} — NEeHTPWPOBAaHHBIH CTATMOHAPHBIN GebIf IyM ¢ amcrepcneit
D, > 0. Haiitu crexTpaibHYIO MIOTHOCTH fg(A).

Pemenune. Haiinem gacrornyo xapakrepuctuky P®(A) smmeiinoro
npeobpaszosanus (6.8). jist 3TOT0 TPEAIONOKAM, ITO &, = e, Torma
u3 (4.17) cnenyer, uro &, = ®(\)ei*". ToacraBuM cooTBeTCTBYIONIHE &y,
u &, B ypasHenwe (6.8), Torma

, r a
D(N) [e’)‘" +>° bke“("_k)] =3y aje”‘("_]). (6.9)
k=0 §=0

Tocne penenns obenx wacteit pasencrsa (6.9) Ha " momydaem

Zq: —ixj
a;e X
j=0 F(e™™)

= H(e—*)’

() = —— ‘
1 + Z bke—z)\k
k=1
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rae F(z) =ao+ a1z + ... +agze?d uw H(z) =1+ bz + ... + bpaP.

3amMeTnM, YTO YCIOBHE ACHMITOTHYECKOW yCTONIMBOCTH MOJIE-
au (6.8) o3HawaeT, YTO BCE KOPHU XAPAKTEPUCTHIECKOIO MHOTOWICHA
H(z)=2PH (:L'_l) 10 MOJIYJIIO MEHbIIe eUHUIIBI. 1OrIa BBITTOJIHEHO YCIIO-
Bue (3.25) MHTErpupyeMoCTH KBaAPaTa MOJLYJIsd 9aCTOTHON XapaKTepuCTu-
ku $(A), mockonbKy

[N = 2(N)2(\) =

D
Haxkomer, f.(\) = 2—5 — CHEeKTPAIIbHAsI IIIOTHOCTD BeJtoro mryma {ey, }.
™

Tenepn, ucronbayst coorromenne (4.18), momygaem

2
D.

q
=i
> aje
=0

fe(N) = (6.10)

P o2
21+ 3 bue ™|
k=1

Uz (6.10) cnemyer, aTo cnekTpaabias mrotHocTh APCC-mocnenosaress-
HOCTH mopsiiKa (p,q) sABIgeTca APOOHO-PAIMOHANLHON (DyHKIHUe nepe-
MeHHOH e~ . m

Dopmyna (6.10) nospossier sBHO BhluucauTh aucuepcuo APCC-mo-
CIIeZI0BaTEILHOCTH JJIsl IPOU3BOJILHBIX OPAIKOB P H (.

Ilpumep 6.6. CII {£,} ymoBmeTBopsieT ypaBHEHUIO

gn 0,561+ 0’25611—2 = E€n, (6]—]—)

re {€,} — MEHTPWPOBAHHBIN CTATMOHAPHBIN GesbIil myM ¢ Jmcrnepcneit
D, = 1. Berancaurs gucuepecuto De CII {€,}.

Pemenme. Ybemumcs, aro mozensb (6.11) acuMOTOTHYECKH yCTOI-
yuBa. XapaKTepUCTHYECKOE YPaBHEHHNE MOJIEJIN UMEET BUJ,

z2 — 052+ 0,25 =0. (6.12)

Haiinem kopuu ypasmerus (6.12): z12 = 0,25(1:|:i\/§), O3TOMY
|z1,2] = 0,5 < 1, T e. ycioBue aCHMIOTOTHYECKOI YCTORYNBOCTH BBIIOIHE-
Ho. Teneps u3 (6.10) ciexyer, aro

1

— — — 2
fe(A) = Sn (= roe H(z) =1-0,52 + 0,25 2%,

Hucnepcust Dg Moxer ObiTs Hafinena mo dopmyie (3.13):
T 17 da
—T

-7
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L5 aHAJINTHYIeCKOTO BBIYHCIEHUS HHTerpaia (6.13) Bocmonb3yeMmcs ai-
TOPUTMOM, U3JIOKEHHBIM B TI1. 15.2.

HyCTb Y= 0,5, TOTda bg = 1, bl = -, b2 = ’)’2, ag = 1, a; = 0, ags = O,
p=2. [nsa Bouucienus wHTerpajia [, BOCMONB3yeMcs pPeKYPPEHTHHI-
mu dopmynavnu (15.9) ¢ maganbbME yenoBuamu (15.10). B ycnosmsx
JaHHOTO TTPUMepa MOyvIaeM: a% = a% =0, a8 =1 ,83 =1, ,86 =1—~4

1—+5 1
0= 7. Orcroma mo dopmyae 15.8) I, = = — =
B = 152+ Orcioma o dopuye (15.8) Iy gkzo W=

l+’y2
=1 o Ilopcrasnssa v = 0,5, maxomum De = Ip ~1,27.

3aMeTuM, 9TO MBI IIOJYYMIH HeCKOILKO Gosee obmuil pesyibTaT: ecin
{&n} ymoBaerBopsier yparermo AP-monenm Buma

gn - ’anfl + "ngan = &n, |'Y| <1,

ro D{¢,} = D ,tne D, =D{e,}. m

HpI/IMeHI/ITeJIbHO K [PAKTUYECKUM [IPUJIOKEHUAM JIJIsl  OIUCAHUS
CII {£,} ymobuo wmcnombzoBarh napamerpudeckyio APCC-momens Bu-
ma (6.1), obecmeunBarormyto TpeGyeMblii BHJ CIHEKTPAIbHON ILIOTHO-
cru {£,}. I3 npumepa 6.1 ciaemyer, uro B ciydae, korma fe(A) nmeer
Buz (6.10), a {e,} — rayccoBckuii cranuoHapHBIH Gesbli UIyM C JUCTED-
cweit De, {&,} smnserca rayccosekoit CI, yaosaerBopsromedi ypaBHEHWIO
APCC. Coorsercryomasi APCC-Momens Ha3BIBAETCS HOPMUPYIOULUM
Purvmpom nast CII {€,, }, mocTpoerHEBIM 1O 33 1aHHOH TPOGHO-PATMOHAIE-
HOH CIIeKTpaJIbHO MJIOTHOCTH.

TIpumep 6.7. Ilocrpouts dpopmupytomuit GuUILTP AJs TAYCCOBCKOM
MEHTPUPOBAHHON citydaiinoii nocienoBareabaocTu {£,} €O CeKTpaabHON

1,49 4+ 1,4 cos A
27(1,16 — 0,8 cos A)
Pemenue. IlpousBemem garmopusayuio CieKTPaIbHON IIOTHOCTH:

IUIOTHOCTBIO fe(A) =

o ! (A+0,7e”™M(A+0,7¢*) 1 FeT™MF(e)
FeN =5 (1—04de-*)(1—04e*) 21 H(e *)H(e)’

rme F(z)=1+40,7z, H(z) =1—0,4z. [lostomy, fe(A) =|@(N)|?f-(N),
F(e™™) 1
rae ®(N) = o=y, o fe() = o
Tak Kak KOpeHb MHOTOWIEHa H (2) M0 MOy o GOIBINE eIMHUIEL, TO
®(\) sBIsleTCA JACTOTHON XapaKTEPUCTUKON aCHMITOTHIECKH YCTOWIH-
Boit APCC-momenmm

§n—048, 1=¢,+0,7¢, 1, neZ (6.14)

VYpasuenne (6.14) samaer wmckomblil Qopmupyomil GUILTP A
CII {¢,}, e {en} — rayccoBekmit cTarmmonapHBIH GBI TIyM ¢ JIcTIep-
cueit D, = 1. m
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VYpasaenwe (6.14) mo3BosisteT IPOBECTH KOMIIBIOTEPHOE MOZEINPOBA-
HWE TIOCIIEIOBATETBHOCTH {&,, }, IMEroIelt CeKTPaIbHYTO IOTHOCTE TPe-
O6yeMoro Buia.

PaccMOTpeHHBIH arOpuT™M MOYKHO UCTIOJIb30BATH JIJIA TPUOJINKEHHOTO
mogenuposanusa CII, crnekTpajibHas IJIOTHOCTH KOTOPO# He ABJISETCS
JIPOOHO-paMOHANBHON. [T 39TOr0 OOBIMHO NpPeIBAPUTENHHO ATIPOK-
CUMUDYIOT 3aJaHHYI0 CIEKTPAJIbHYIO IJIOTHOCTh HOAXOZAIIEH ApoGHO-
PaIMOHAIBHON TIIIOTHOCTHIO (JJIsT 9TOTO MOYKHO TPUMEHHWTH, HAIPUMED,
METOJl HAMMEHBIINX KBAJPATOB), MOCIE 9Ero CTPOAT COOTBETCTBYIOITUI
dopmyupytomuit duabtp B Buge APCC-momenn.

6.3. MHoroMepHble pPa3HOCTHBbIE JIMHEWHBIE CTOXACTUYECKUE
ypasuenusi. ITycrs {{,} — muoromepnas CII, T.e. &, € RP npu kaxkmgom
n>0, a {e,} — mrozomepnuti duckpemmnnti Geawtd wym. Iocmenmee
os3Hauaet, 9To {€,} — mociemoBaTesbHOCTH HezasucuMbix CB g, € R?.
Bymem manee camrars, atro M{e,} = m.(n), cov{e,,e,} = M{(e, —
—me(n))(en — me(n))*} = De(n). Marpuunas dyaxnus D.(n) nasbisa-
etcst ducnepcuonnoti byukuueit (mpu ¢ = 1 D, (n) — macnepcus CIT {e,,}).
Tlo-npexxHeMy g¢-mepHBIf Genbiii mym {e,} Oyaem HaseiBaTh cmayuo-
HapHoM, ecit Me(n) =m,, D.(n) = D,. Ecim xe m, =0 u D, = I, o
{en} — emandapmmvti g-mepHbIi GembIi myM.

Onpenmenernne 6.5. Ciaywaiinas nociemoarenbHocTb {&,, n > 0}
VIIOBJIETBOPSAET MHOZOMEPHOMY AUHETHOMY PAZHOCTIHOMY CMOTACTIUME-
CKOMY YPABHEHUIO C HAYAITHLHBIM YCIOBUEM 1), €CITH

n = Anén_1+ Bpep, n 21,

(6.15)
50 =1,

rae 7 € RP — caydaiiHbIii BEKTOpP HAYaJbHBIX YCJIOBUi, HE 3aBUCSIIWIA
or {en}, A, € RP*P B, € RP*? — p3pecTHBIE HeCTydaiiHBIE MATPHIHL.
Onpepmenernne 6.6. Ypasuenue (6.15) Ha3bIBACTCH CMAYUOHAPHBIM
acumnmomuuecku yemotiuusovim, eciu A, = A, B, = B upu Bcex n > 1,
MaTpuna A TakoBa, YTO BCe KOPHHU ajrebpamvdeckoro ypapHeHus (OTHOCH-

rensuo x € C)

det[A —zI] =0 (6.16)

MO MOJYJIO MEHBITE €JWHUIbL, a {€,} — CTAIMOHAPHBIN ITUCKPETHBIMN
6eJIbIit TIIyM.

PekyppenTHble coorHomeHusi (6.15) MO3BONAIOT MPOBECTH MOJEIIH-
poarue CII {{,}, a TakKe BBIYMCIUTH MOMEHTHBIE XapPaKTEPUCTHKH
me(n) = M{&,} u D¢(n) = cov{,, &, } npu 3ajaHHbIX XapaKTePUCTUKAX
{en} m HAGANBHOTO yCoOBUA 7).

Ilpumep 6.8. Hokazats, ato ecim CII {,} ymosaersopsier ypasre-
muio (6.15), ro dyukuu me(n) u De(n) yaoBIeTBOPSIOT pEKyPPEHTHBIM
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YpaBHEHUSIM
me(n) = Apme(n — 1)+ Bym:.(n), n>1,
eln) = Aume(n — 1) + Byme(n) 611,
mg(0) = my,
D¢(0) = Ry, '

rae my, = M{n}, R, = cov{n,n}.
Pemenwne. IIpumenum kK obenm dactam ypasrerus (6.15) omeparop
MaTEMaTHIECKOTO OXKUIAHWS:

mg(n) = M{gn} = M{Angn—l + Bngn} =
= A,M{&,-1} + BpyM{e,} = Apyme(n — 1) + Byme(n).

Ananormuno, me(0) = M{§} = M{n} = m,,. Urax, Mbl noKa3amu cupa-
BeImBOCTH (6.17).
Bamerum, aro D¢ (0) = cov{{y, &} = R,. Ilycrs Teneps n > 1, Torna

Df(n) = COV{fn, gn} = COV{Anfn—l + Bren, Ann—1 + ann} =
= Apcov{&u_1,6n—1} A+ A, covi{é,_1,en} B+ By covie,, n1} Ar+
+ B cov{e,,en} By = A,De(n — 1)A;, + B,D.(n)B,

rjle y9TeHO, 9TO HPU BCAKOM T > 1 ciiydaiiHble BEKTOPBI €, U &p_1
HE3aBUCUMBI B CUJIy TOTO, 9TO &,_1 JIMHEHHO BBIPAsKaeTCsa Yepe3 BEeKTOpa
{n,€1, ...,En—1}, KOTOPbIE He 3aBUCAT OT &, MO ycioBuio. Ilocaennee
o3HaYaeT, 410 cov{{,_1,&,} = 0. Iomydennsie coornomenust uist De(0)
u D¢(n), n > 1 copnagaror ¢ (6.18). m

VYpasrerua (6.17), (6.18), mo3BossIOIIE BEIMUCAATD MOMEHTHBIE Xa-
pakrepuctuku mnepsoro u Broporo mopsinkos CIT {{,}, masmBarorcs
YPAGHEHUAMU METMOOG MOMEHMOE.

Paccmorpum nosenenue me(n) u Dg(n) npu n — 0o B ciydae, KOLga
cucremMa (6.15) SABJIACTCA CTAIlMOHAPHON ACUMIITOTUYECKN YCTONYUBOM.
MozkHO HOKa3aTh, YTO CYILIECTBYIOT LOCTOSHHbLIE BEKTOP Mg U MATPUNA
Dy, raxue, ato me¢(n) — me u D¢(n) — D¢ mpun — 00, IpATIeM IpeIest
me u D¢ Be 3aBucar or my, u R,,.

IIpumep 6.9. Haiitu ypasHeHus ajist IpeejbHLIX 3HAYEHNI Cpe/He-
ro mg u gucnepcun De.

Pemenwne. Ecin (6.15) cranuonapHa u aCHMITOTHYECKH YCTORINBA,
TO COOTBETCTBYIOIIAE yPABHEHUS METO/a MOMEHTOB MPHHUMAIOT CINAUUO-
HAPHOLU BU]T,

{ me(n) = Ame(n — 1) + Bm,, (6.19)

De¢(n) = AD¢(n — 1)A* + BD.B*.



108 CAYVYANHBIE IOCJIEJOBATEIBHOCTHU [TJI. 1T

Ouesumno, uro ecnu mg(n) — me u Dg(n) — D¢ npu n — 0o, To, mepe-
XOJIS K HpeJiesly B ypaBHeHusx (6.19), momydaem

D¢ = AD¢A* + BD,.B*.

Vpasrennst (6.20) siBisifoTCs IMHEHHBIME aarebpanvdecKuMu ypaBHe-
HHSIMU, OIPEJIeJISIONAME HCKOMbIe BeJuauubl 1me 1 De. MoxkHO nmokasars,
9T0 B cmiy ycroiiumoctr Mmarpunsl A (cM. onpezpenenue 6.6) cucrema
(6.20) mmeer equncTBennoe pemenne. Hanpumep, me = (I — A)~!Bm,,
npuuem marpuna (I — A) obparuma B Cuily TOro, 9TO BCE COOCTBEHHBIE
3HAYEHUST MATPHUITHI A 110 MOILYJIIO MEHbBIIE eIUHUIL. W

OxaseiBaercs, uro paccmorperHas soiie APCC-monens (6.4) siisier-
Csl 9aCTHBIM CJIy9aeM BEKTODHOM crarmuonaproii Mmogenn (6.15). eficTeu-
resbHO, mycth APCC-noceroBaTenbHOCTE {€, } onpeienena ypasHeRnEM

n+01én1+ ...+ bpbnp = aoen, +a16p_1+ ...+ agen_y, (6.21)

rae by #0, g =p—1,ap > 1 — NOpsALOK aBTOPEIPECCUOHHO JaCTH MO-
nenn (6.21). Torma &, = &1(n), rae &1(n) — nepBast KOMIIOHEHTA P-MePHOM
ciryqaiiaoii nociegosarensuoctu §(n) = {&1(n), ..., &(n)}*, yaosierso-
pAIOmEeil BEKTOPHOMY Pa3HOCTHOMY CTOXaCTHYECKOMY yPaBHEHHIO

&(n) = Aé(n — 1) + Bey, (6.22)
rie
—b —by —0p—1 —bp ao
1 0 0 0 dg
A= 0 1 0 0 , B=1|dq-1 |, (6.23)
0 0 e 1 0 dy
a mapameTpsl {dg, kK = 1, ...,q} BBUUCTSAIOTCS O PEKyPPeHTHBIM HOp-
MyJIaM:
q—1
dg =aq, dip=n0ap— Zbi—l—ldk—i-q—ia k=q—1,...,1, (6.24)
i=k

rae obosuadeno ay = —ag/bp, k=1,...,¢,b; =b;/by, 1 =2, ...,p.

MoxkHo Takxke mokasaTh, aro ecim APCC-momens (6.21) stBastercst
ACHMITOTHYECKH yCTOMYIMBOH, TO COOTBETCIBYIOIIEE BEKTOPHOE ypaBHe-
Hre (6.22) TakKe SBISETCA ACUMITOTHIECKH YCTORINBBIM B CMBICIIE OTIPe-
nenenus 6.6.



8§ 6] PABHOCTHBIE CTOXACTUYECKUE YPABHEHUS 109

3amernm, uro (6.22) sBiAfeTCS ypaBHEHHEM ABTOPETDECCHE IIEPBO-
ro mopsinka mysi p-mepuo#t CII {€(n)}. Takum obpasoM, npuBeleHHBIE
COOTHOIIEHNsT (PAKTUYIECKHU TMOKA3LIBAOT, 9T0 cKajsipaas APCC-momens
P-TO MOPsIIKA YKBUBaJeHTHA p-MepHOit AP-Momenn nepsoro nopszka. [lo-
caemHee o3HadaeT, 4ro aaa uccaemosanma APCC-nocnemoBaTesbHOCTH,
HapsALy CO CIHEKTPAJIbHBIMEA METOIAMW, MOXKHO HCHOJIB30BATH METOHI,
[peHA3HAYEHHbIE JiJist PabOTHl ¢ BEKTOPHBIMEM CTOXACTUYECKUMU JINHEH-
HBIMH DPa3HOCTHBIMU yDaBHEHWsIMH (HAIPHMED, PACCMOTPEHHBIH BBIIIe
METOJ[ MOMEHTOB).

IIpumep 6.10. Beraucants MaTeMaTHIeCKOE OXKUTAHNE U TUCIIEPCHIO
AP-nociie1oBaTEIbHOCTH BTOPOIO MOPSIIKA BUIA

n — Vén-1 47 n—2 = en, (6.25)

ecm M{e,} = m. mw D{e,,} = D., a mapamerp 0 < v < 1.

Pemenwne. Ilpusemem (6.25) x Bumy (6.22) m OpuMeHHM MeTOJ,
MomenTos. U3 (6.25) cienyer, aro by = —v, by = v2, ag = 1, a; = 0. Torza
u3 (6.23) u (6.24) nomygaem

&i(n) =7&i(n—1) —=v*6(n— 1) +ep,
{ §a2(n) =&i(n — 1), (6.26)

A2
HOSTOMyA:|:1Y g ],B:[(l)].

IIposepum st Mogesmn (6.26) ycioBme acHMITOTHIECKOI YCTORIHBO-
cru. Uz (6.26) crexyer, aro det[A — zI] = 2? — vz + v% = 0. Kopsm sToro

YDABHEHHS X1 9 = %(1 +44/3), mosromy |z1| = |zo| =y < 1 mo ycmoswmio.

9o osmavaer, uro {£(n)} — cramumomapuas CII m cymecTByrOT Mg
u D¢, ynosnerBoparomue ypasaerusM (6.20) meroma momentos. Jns
YIPOINEHNsT JaibHEANX BbIYUCIeHm 3amernM, 910 &2(n) = &1(n — 1),

CIIeJIOBATEIIBHO, Mg = [ :;L ], a De = [ Z Z ], e m = M{{,}, d =
= D{gn}v k= cov{gnvgn—l}'

TMoxcrasnsist yrazannsie me u D B cucremy (6.20), Haxonum
m =ym—~*m+me,
d =~%d — 2v3k + v*d + D.,

k=~d — v%k.
PemunM nosxydYeHHyIo crCcTeMy ypaBHEHHI OTHOCHTEJNLHO m, d, k:
me 1+47 v
m=-——— d=D.—— k=D.,——:.
T—vy 492 11—’ “1— 45

Tak kak &, =¢&1(n), o M{{,} =m, a D{¢,} = d. 3ameruMm, gto
Beipaxkenne s guenepenn CIT {€,} coBmamaer ¢ BRIpaskeHmeM, mosry-
YeHHLIM paHee ¢ IOMOINLIO CHeKTPaJbHOI0 MeToja B mpuMepe 6.6. W
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6.4. ®unprp Kanmana. B gaHHOM IyHKTE MBI PACCMOTPUM 3a0a-
Wy ouenusarus TpaeKTopuu HekoTopo# BekTopuoit CII, ymosieTBopsiio-
el MHOrOMEPHOMY Pa3HOCTHOMY JIMHEHHOMY CTOXACTHYECKOMY ypaBHE-
HUIO, IT0 KOCBEHHBIM JIMHEHHBIM HaOJIIOIEHUSM, NCKAYKEHHBIM CITY YaiiHBIMA
OIIMOKAMU.

IIpeaBapuTesbHO PACCMOTPUM TIOCTAHOBKY 3aJaq¥ OINEHUBAHUS 0
CPETHEKBA[PATHIECKOMY KPUTEPHUIO (3a0a4a C.%.-0UeHUBAHUA) JIJIsT HEKO-
TOPOTO CIYYIARHOTO BEKTOPa & 10 HADJIIOIEHUSIM, COCTABIISIIOIIMM CIIydaii-
BB BeKTOD 7) (cM. Takxke 1. 14.6, 14.7).

Onpepmenenme 6.7. Cnyuaiineiii BekTop & = $(1)) Ha3BBaeTCs
C.K.-ONMUMAABHOT oyenKoTi ciaydaiiHoro BekTopa & 1Mo HabJIIOJECHUAM 1),
ecim

M{l¢ — €2} < M{l¢ - €)%}, (6.27)

rue £ = @(n) — IIPOU3BOJIBHOE H3MEPUMOE npeobpa3oBaHre BEKTOpa Ha-

Gmonennit 1 (T.e. £ — NPOW3BOIBHAS JOMYCTHMAas OIEHKA JJid & O 7).
CTpyKTypa C.K.-OITUMAJIbHOW OINEHKN B ODOIIEM Cilydae ONUCHIBAETCS
caeyrommeil Teopemoii (cM. Takxke 1. 14.5).
Teopewma 6.2. Ilycmo M{|£|2} < 00, Mo20a C.K.-ONMUMAALHAA

ouenra &£ cyuecmsyem u umeem 6ud

€= 3(n) = M{¢ | n}, (6.28)

20e M{¢|n} — ycaosnoe mamemamuneckoe odicudanue cayxatinozo
sexmopa £ omHocumeavho cayuainozo éexmopa Habaodenut 1.

Dopmyaa (6.28) mossosasger onenuts CB € mo 1) npy npakTuyecku npo-
M3BOJILHOM COBMECTHOM 3aKOHE PACIIPEEIEHNs OIEHNBAEMOTO W HAOJIIO-
IAaeMOTo ciiydaiiHbix BeKTopoB. OHaKO B 00IIeM ciiyvyae HallTh aHAJIUTHU-
geckyto dopmyiy mas M{¢ | n} Becoma Tpymmo. Ecnm ke orpanmauThes
OJIHUM YaCTHBIM, HO MPAaKTUYECKU BAXKHBIM CIy9aeM, TO yIaeTcsi HaiiTu
IPOCTOE AHAJMTUYECKOE BhIparXKeHue Jjist &.

Teopewma 6.3. ycmw cayuatinwd sexmop ¢ = {&*,n*}* asasemca
eayccosckum, a R, = cov{n,n} — neswvipoorcdennas mampuya, mozda

2: me + RgnR;I(n —my), (6.29)

ede mg = M{¢{} um,, = M{n} — mamemamuyeckue oorcudanus CB &
un, a Rey = cov{{,n} — ux 63auMHaA KOBAPUAYUONHAA MATMPUYQ.

ITpu smom ouenxa & — necmewernas (m. e. M{f - G =0), a xosapua-

UUOHHAA MATPUUG P ee owubxu umeem 6ud
P =cov{¢ — €&~ €} = Re — Rey R, 'RE,, (6.30)
2de R¢ = cov{, ().
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Kpumeputi kawecmea c.x.-onmumansvhotl ouenky E umeem 6ud
M{¢ — ¢*} = t[P), (6.31)

2de tr[-] — caed mampuywL.

Dopmyana (6.29) maer siBrHoe BhIpaxkenne must M{¢ | n} B rayccoBckom
ciydae, a cama TeopeMa 6.3 M3BECTHA KaK MEOPEMA 0 HOPMAAbHOT Kop-
peasyuu (eM. 1. 14.6).

IIpumep 6.11. IIycts omenuBaemblii & W HADIIOJAEMBI 1) BEKTOPBI
CBSI3aHBI COOTHOIIEHUEM MH020MmepHOT Aunetinot peepeccuu:

n=Af +e¢, (6.32)

rae & ~ N(mg; Re), e ~ N(me; R.), cov{{,e} = 0, A — n3BecTnas Hecmy-
dafinas Marpuna. lIpeamonoxmm, wro xopapuanuonsas Mmarpuna Re
omubOK HAOJIONEHU € — HeBBIPOXKAeHHasi. Haiitu BbIparkenme st €.

Pemenme. B cuny smueiinocTn mpeobpasosanus (6.32) 7 siBasiercst
rayccopcknm CB, u, Gosee Toro, Bektop ¢ = {£*,n* }* = {&*, & A* +*}*
Takke rayccoBckuit. [loaToMy i1 BBIYUCITEHUS E MOXKHO HCIOJIb30BATH
yTBepxkienue TeopeMsl 6.3. Ilycts me u Ry u3secrunr. Haiinem Bhipaxke-
HUe [Jisi My, R, u Re,, ncxons u3 mogenn (6.32):

my = M{A{ + e} = Ame + m.,

R, =cov{n,n} = cov{A{ + ¢, Al +c} = AR A" + R.,
rje yareso, aro cov{{, e} = 0. Aranoruaso nomaydaem
Rep = cov{{, A + e} = R:A".
TloncraBnsia walinenabe Bepaskenns B (6.29), maxonnm
€ =me + ReA*(ARgA* + R.) ™' (n — Amg —m,). (6.33)

3amernm, 910 06parHas marpuna B (6.33) cymecTByer B Ccmily TOTO,
uro AR¢A* + R, > R, > 0 1o yciosuo. M

PaccMmorpennas Boiliie TeXHUKA OlEHWBAHUS MOXKET TeIEPh ObITH UC-
OJIb30BaHa JIJisl [TOCTPOEHUs AA20PUMMA pekyppenmmots duivmpayuu
Kaamana.

TIycts CII {£,} y/I0BIETBOPAET PA3HOCTHOMY CTOXACTHIECKOMY yDaB-
HEHUIO

é-n = Anfn—l + anna n =1, (634)
KOTOpO€ penraeTcd ¢ Ha9aJIbHBIM yCJIOBUEM

50275
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rae v~ N(my; Ry), {en} — AuCKpeTHBIA BeKTOPHBIH rayccosekuii Ge-
aeiit mym, M{e, } = mg(n), cov{e,,e,} = D.(n), cov{e,,er} =0, ec-
am n # k. Taxoke mpenmonaraercss, 9ro v u {€,} He3aBHCHMBL. B cmiy
snetinoctn Momenu (6.34) w cnemamubIX Tpeanonoxkennit CB &, mveer
rayCcCOBCKOE DACTIpesieieHne Tpr KaxkaoMm n > 1, ecom {A,,, B, } — mocae-
IOBAaTEIbHOCTH HECTydaiiHBIX MaTPHIIL.

IIpeanonoxum, 9o CB &, B KaxKablii MOMEHT BpeMeHH n > 1 mocTy-
MeH KOCBEHHBIM M3MEPEHHsIM 10 CXeMe

M = Cnén +vn, n=12,..., (6'35)

rie 7), — BEKTOp Pe3yJbTaToB u3MepeHwmii B MomeHnT n; C), — u3BeCT-
Has Heclydaiimasg marpuna, a {v,} — rayccosckas CII, omucbiBaromast
ommbku nabaronenuii. Hasee npemnosaraercd, 910 {v,} — BEKTODHDII
AuCKpeTHBIN Gembrit mym, M{v,} = m,(n), cov{v,,v,} = D,(n), npn-
yem MaTpuibl D, (n) — HeBbipokaenubie. Byem takxke caurars, yro CII
{vn} me saBucmr or {e,} m or . VYpasrenns (6.34), (6.35) ormmceBaroT
AUHAMAYIECKYI0 Modeab habaodenutdl Kaamara.

O6ozraanm 0™ = {n}, ...,n:}* — BekTOp BCEX HAGJIOAEHUI 10 MO-
MEHTa 71 BKJIFOUUTEIHHO. PacCMOTPUM 33849y TOCTPOEHUS C.K.-ONTUMAJIb-
noit onenku &, aus CIL &,, n > 1, ynosierBopsionieii ypasaenuto (6.34),
1o HaGIIoIeHuAM 7)™, Oy 9eHHbIM TI0 cxeMe (6.35).

Teopema 6.4 (Kanman). Ilycmo evinosnenvt chopmysuposaniive
soiwe npednoaodicenus o modeau wabarodenuti (6.34), (6.35), moeda

C.K.-ONMUMANOHAA 0UeHKa En 0aA &, Mo Habamoderuam n" ydosaemeo-
DAEM, PAZHOCTNHOMY CMOLACMUNECKOMY YDPABHEHUNO

n =&, + PnC(CrPLCy + Dy(n)) 1 x
X (M — Cp€, —my(n)), n>1, (6.36)

o~

50 = M-,
ede €, = Angn,l + Bpme(n), a P, = Anﬁn,lA; + B,D.(n)B;.

Mampuua P, ssasemca xosapuayuornnot mampuyets owubru A&, =

= &, — &, ouenru u ydoeaemeopaem PpasHOCIMHOMY MATMPUYHOMY YPAS-
HEHUIO

P, =P, — PpC(CuPnCr + Dy(n)) " 1CpPn, n>1,

. (6.37)
Py =R,

PekyppenTrbie ypasaenns (6.36), (6.37) m3BecTHBI B JmTepaType 1m0
TEOPHH CTOXACTHIECKHX CHCTEM Kak duckpemnniti Pusvmp Kaamana.
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B D -1
Ecom BBecTn obosnauenne k, = P,C(C,P,C%+ D,(n))~ ", To ypas-
Henme GuabTpa KaaMana MOXKHO 3alucaTh B Oosiee KOMITAKTHOM BHUIE:

{ gn =5n + kn (10 — Cngn - mv(n)), 20 = My,

Py = (I - knCy)Ph, Py =R,,

rie k, Ha3bIBAETCS MAMPUUHLIM KodpPuyuenmom ycusenus GuibTpa.
3amernm, uTto ecim Habmiogenust (6.35) orcyrcreyior, T.e. Cp =0, TO
k, =0. B stom ciyuae ypasHenmss dbunbrpa Kamvana (6.36), (6.37)
IPUHUMAIOT BHT,

{ é\n = Ané\n—l + Bnms(n)v 5\0 = Mx,
P, = AnP, 1A* + B,D.(n)B:, P,=R,.

Taxmm 06pasoM, MOTyTeHHbIe yPABHEHHs COBIAAIOT C yPaBHEHNAMN
merona Momentos (6.17), (6.18), T.e. &, = M{{,}, a P, = cov{&n, &nt
IMocnenuee o3nauaer, 4ro c.K.-onrumansuoil onenkoit CII {€,} asuserca
ee MaTemaTnieckoe oxuganme, ecim CII {€,} memocTymmna mabirioaeHnio
(T.e. y HAC HeT JONOJHATEIHHON N3MepPHUTENbHON nHbOpManun).

IIpumep 6.12. PaccmarpuBaercsi CKaJisipHasi MOJIEJb HaDJIFOIEHUsI

¢n=0lpn_1+en, & =1,
! ° (6.38)
M =& +vn, n2=1,

rae {en}, {vn} — cramuoHapHBIE M MEHTPEPOBAHHBIE TAyCCOBCKME Gesibie
mymbl. Tpebyercst moctponTs st (6.38) dbunsrp Kanvana.

Pemenne. Ilo ycrouto me(n) = my(n) =0, D.(n) =r. = const,
D,(n) = r, = const, A, = a, B, = C,, = 1. Ilostomy

gn = gn =+ kn("?n - Zn)v

— ~ Pn azﬁn—l"‘re
rae &, = alp_1, a k, = = = — .
Ae &n bn-1, [ a?Pp_1 471+ 10

Takum 06pa3om, ypaBHEHUE [Jisi OIEHKU &,, UMEET BHU/I

gn = agn—l + kn(nn - aé\n—l)a é\O = mfr (639)

Tenepsb mpeobpasyem (6.37) (yauThIBas CKAJIIPHOCTH MOJIEIH ):

I 12 Por
P,=P,|1-=—" = =" =k,7,. 6.40
" n( Pn+rv> P41y Y ( )
Bujgno, uro k, y/joBJIeTBOPsSiET Pa3HOCTHOMY ypPaBHEHUIO
— a2kn—1 +p
" a?kaoitp 417

8 B.M. Musiep u A.P.Ilankos
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rae p = re /Ty, ¢ HadANbHBIM ycaoBueM ko = Py /1y, = Ry /7.
OkoHuaTeILHO ypaBHEHHs pPeKypPpeHTHOH (puiIbTpanuu MTPHHAMAIOT
cyeyomui B

En = aé\n—l + kn(nn - agn—l)a 20 = My,
knzl_(azkn—l +P+1)_17 kOZR’y/rva
ﬁn = rykn,

npuuem P, coBmajiaer ¢ jucnepcueil omubKu oneHky &,. MW

Asroputm pekyppenTHoil dbuibrparun Kasvana mo3BosisieT pemraTh
pasHoOOpa3Hble 3a/1a4u ONECHUBAHUs B CJydae, KOrjla MCXOMHAs MOJENDb
MoXkeT GbITh TpuBejieHa K Buy (6.34), (6.35).

Ilpumep 6.13. Momenn HabIIOAEHMI UMEET BU,

N =Ch+uv,, n=12 ..., (6.41)

rae 1, — BEKTOp Pe3yJbTaToB Habuogenus, {v,} — raycCOBCKUIl BeK-
TOpHBIH Gesblii myM ¢ mapamMerpaMu m,(n) u Dy(n) > 0, onuceiBaromuit
omubku Habonenuit, § — rayccoBCKmil BEKTOP HEM3BECTHBIX ITAPAMETPOB
monean, {Cy} — T0CTI€I0BATEIBHOCTL U3BECTHBIX HECAYyYaHBIX MATDHUIL,
Ussectno, aro M{0} = myg, cov{6,0} = Ry u 0 me 3asucur or {v,}.
TlocTpoUTh PEeKypPPEHTHLIN aJrOPUTM C.K.-ONTHMAJIBHOTO OleHuBaHusA O

no mabmonenuam 0" = {n, ..., ni}*.

Pemenme. Mogenp (6.41) siBasiercss 9acTHBIM CIy9aeM MOIENN
(6.34), (6.35). HetictBuTenbro, obosaadanm &, = f mpun = 0,1, ..., Torma
ypasuenue guaamuku CII £, umeer Bug,

gn = §n—17 n=>1 (642)

¢ HagaabHbIME ycaousamu §y = 0, M{&y} = mg, Re, = cov{&, &} = Ry.
Cpasuumbas (6.42) ¢ (6.34), nomyaaem: A, = I, B,, = 0. 3amensa B (6.41)
0 ua &, nomygaem ypasHenne Habmonenus (6.35). Takum o6pasom, (6.41)
MOXKHO TIPEJICTABUTH B BUJIE COBOKYTHOCTH ypaBHenwuit (6.42), (6.35). Te-
Tepb MOXKHO BOCIIOJIb30BaThCsi Teopemoit 6.4. U3 (6.36) ¢ yuerom A, =T
u B, = 0 Haxoaum

fnzfn—lv P, =P,_1.
CirenoBaTesibHO,

é\n = é\n—l + ﬁn—lc;ﬁt(cnﬁn—lc;: + Dv(n))_lx
X (nn - Cngn—l — My (n))a (643)
ﬁn = An—l - ﬁn—lc:z(cnﬁn—lc;; + Dv(n))_lcnﬁn—l‘

VYpasrenus (6.43) pemaroTcsi ¢ HATAIBHBIMA yCIOBUSMH:

&o=mg, Py=Ry. (6.44)
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TIpu sTom gn = Zn — C.K.-OITHMaJibHag oleHKa 1y 6 mo 0™, a ﬁn —
KOBapHAIAOHHASA MATPHIA €€ OIMAOKH.

Vpaguenust (6.43), (6.44) onmCHBAIOT PEKYPPEHTHBIH BapHaHT 0606-
WEHH020 MEMOOA HAUMEHBUWUT K6adpamos. M

3amedganune. B mpumepe 6.13 MBI mocTpomsim C.K.-ONTUMAJBHYIO
onenKy 715t 0 0 HabIOIEHAAM N, T. e. § = M{6 | n"} B mpeamonOKEHUM
rayccooctu 0 u {vy, }. Ecim 910 npemnonokenne He BBITOIHEHO, TO MOXKHO
TOKa3aTh, TTO 9 apnserca nausywwet, aunetinot ouenxol nas 6 mo
HabmozennsaM 1", T. e. 0, ABITETCA HAMOOTIEe TOTHOH CPEH BCEX OIEHOK
puga 0, = Gn" + g, tne G, g — NPOU3BOJIbHBIE HECIyYalHbIE MATPUIHBIE
K03 bUMMEHTH COOTBETCTBYIOMMUX Pa3MepoB (CM. Takke 1I. 14.7).

B zakioueHne pacCMOTPHM CHUTYaluio, KOTJa MOMAETbh HabiogeHust
(6.34), (6.35) aBaseTca CTANMOHAPHON, & DPA3HOCTHOE CTOXACTHIECKOE
ypasHenne (6.34) — acumurormuecku ycroifumpbiM. B sTOM ciyuae BCe
napameTpsl Mogenu (6.34), (6.35) He 3aBucaT oT BpeMenu n, a Marpuna A
yzosiersopsier ycnosuio (6.16). Bynem nasbiBath Monens (6.34), (6.35)
CTNAYUOHAPHOT, KAAMAHOGCKOT MOOEADIO HAOAI0OEHUA.

Teopema 6.5. [lasn cmayuonaprotli Kaamarosckoti modesu Habaro-
denusa cnpasedauso npedeavroe coommowenue: P, — P >0 npu arobom

nawaavrom ycaosuu Py > 0, npuvem P ne 3asucum om Py.
W3 teopemsbr 6.5 u Teopembl Kasimana HEMEIJIEHHO CieyeT

n=AP, 1A* + BD.B* — APA+ BD.B* =P,
kn = P,C*(CP,C* + D,)"' - PC*(CPC* + D,) ' =k, n — oo.

Tlosmyaennbie TpeaeabHbIE COOTHOIIEHHST MOTYT OBITH HCIOJb30BAHBI
JIJIsI TIOCTPOEHUSI CMAUUOHAPHLT Ypasrenut guarompa Karmanra:

gn 5 ( n_CZn_mv)v

. _ (6.45)
5 Ag 1+Bm67 §0=m’yv

rie k = PC*(CPC* + D,)~!

)7!, a maTpuma P ompejenseTca u3 CHCTEMBI
asnrebpanvdecKux ypaBHEHUA

P = APA* + BD.B*,

~ _ _ (6.46)

P=P- PC*(CPC*+ D,)"'CP.

VYpasuenuna (6.45), (6.46) ommchiBatoT anroput™ (GUIBTPAIUA IS

JTOCTATOTHO BONBIIAX 71, TO3TOMY MOXKHO CIMTATH, 4To mporiece {&, } siBs-

€TCsl CTAIMOHAPHBIM (T. €. 3aKOHYMJICH MEPEXOAHBIN MIPOIECC, BHI3BAHHBIN
HAJIMIHeM HAYaJbHOTO 3HadeHwust o = 7).

8*
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IIpumep 6.14. I[TocTpouTs cramumonapHbiii BapuanT puabTpa Kaama-
Ha auia Mogzenwn (6.38) B mpemonoxennn, 9To 7. = 1 — a2, r, = 1.

Pemenne. 3Bamernm, uro ecim {£,} — cranmoHapHas mociemoBa-
TeJILHOCTD, TO Re = cov{&,, &} = 7'5/(1 — a?) = 1. Yciosue acumMnToTH-
Jeckoii ycroianoctu mist (6.38) osnagaer, uro |a| < 1. B cuiry Teopemsbr
6.5 ypasuenne dbunbrpanun (6.39) nMeer Bu,

gn = agn—l + k(nn - agn—l)v (647)
25 2 N N
rne k= lim k, = aAP+ (L=a’) , C ygeTom Toro, uro lim P,_; = P,
n—co a?P+(1—-a?)+1 n—00
re=1—a2% 1, =1.
U3 coornomenns (6.40) maxogmm, aro P = lim P, = lim k,r, = k,
n— oo n— oo

IIO3TOMY [Jid BBIYUC/ICHUA P HeO6XO,ZLI/IMO peniuThL ypaBHEHUE

a?P+ (1 —a?)

P=—"= :
a’P+(1—-a?)+1

(6.48)

npudeM HAC WHTEPECYeT TOJbKO HeoTpuilaTeabHOe pemrenume P > 0, mo-

CKOJIbKY P — mpeiesibHOe 3HaUEHUE qUCIepCHr OMUOKU ONeHKYU (priibrpa
Kanmana.
Ypasnenue (6.48) nocye samenst 8 = (1 — a?)/a® npuaumaer Buj

P24 28P—-B=0

n UMeeT €UHCTBECHHOE HEOTPUIIATEJIILHOE PEIIEeHUE

R R R (6.49)

a2

O6osznaunm depes 0, = v/ 1 — a? cpennee KBagpaTUdecKoe OTKJIOHCHHTE

CII {e,}, Torna us (6.49) creayer P = —25—. B cuny (6.48) k=P,

oe+1°
nosroMy ypasHerve dbusibrpanun (6.47) npuHEMaeT OKOHYATEbHBIN BUL
- - . ~ ~
&, =akp 1+ p (Mn — a&n—1), & = M. (6.50)

TOYHOCTD ONEHKH &, ACHMITOTUIECKH (T. €. TIPU 1 — 00) MOXKHO Xa-
= o.

o +1

paxTepmzoBaTh BesmamHol P, Tak kak M{ (&, — £,)%} — P =
n — 0o.
3aMeTnM, 9TO AUCTTEPCHsT OMMHOO0K HAOIIOAEHN B PACCMOTPEHHOM TP~

Mmepe 1, = 1, a aucmepenst ommbok onenmBanus P < 1/2. JeficTeuTemns-

g
HO, u3 ycaoBng |a| < 1 caemyer o, < 1, 9o osmagaer P = — ] <1/2.
O¢

npu
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Takum obpazom, mporeaypa (GUIBTPAIMH MTO3BOJSET CYIIECTBEHHO ITO-
BEICUTH TogHOCTH omermBanus CII {£,} mo cpasmenwo ¢ mamepenwmsivu.
OTmMeTnM TakzKe, 9To ecau BeandnHa |a| 6amska K 1 (1. e. ceuenns CII {&,, }

CUJIBHO KoppeﬂHpOBaHm) 10 P MoxkeT GbITh CYIIECTBEHHO MeHbIne 1/2.
Hanpnmep,P 0304np1/1a—091/1P 0,124 pu ¢ = 0,99. m

6.5. Henunelinasa ¢duabTpanusa MapKOBCKHX CIydYaliHBIX ITO-
cnepoBarenbHocreil. Ilycrs {€,, n > 0} — BemecTBenHass MapKOB-
ckag CII ¢ nepexomnoit niorHocTsO p(n — 1,2, 1, y) U MWIOTHOCTHIO Po(T)
pacipe/iesienns HadaabHoro snadenns & (cm. m. 2.4). asnee npejnosnara-
etcst, uto &, € RP, p > 1, a M{[¢,|*} < o0, me. {¢,} — rumbbeprosa CIL.

B kaxkapiit moment n > 1 CII {£,} mocTymma mamepenwio mo ciemyro-
meil cxeme:

M = on(&n) +vn, n=1,2,..., (6.51)

rje 7, € RY — pesyabraT n-ro m3MepeHusi; ¢ (r) — ¢-MepHas jerep-
MUWHWpOBaHHadA HeJwmHelHaa yukmust aprymenta x € RP; {v,, n > 1} —
g-MepHBIN JUCKPETHBIN GeJsblil IyM, npuaeM cedeHus {v,} He3aBUCHMBI
B COBOKYTHOCTH. BymeMm cumtath, 9To mpw Kaxkaom n > 1 CB v, umeer
IJIOTHOCTE pacpeesenus p,(v), v € RI.

Tak ke Kak u B 1. 6.4, ™ Gymaer obo3HAYATH BEKTOP, COCTABIECHHBIM
u3 Bcex Habmomenuit {71, ...,nN,} M0 MoMmeHTa N BKiIOUHTENBbHO. Torma
u3 TeopeMbl 6.2 caemyeT, 9To C.K.-onTuMaibHas onerka CB &, mo mabiio-
JeHusAM 1) UMeeT BUI

€ =Gn(n") =M{& 0"}, n=12, ... (6.52)

OueHKa £, Ha3bIBAETCH C.K.-onmumasvhoti ouenkot dusvmpayuu CIT
{&,} no HabmoernsiM ™. TlocsenoBaTEILHOCT HETMHERHBIX OLEPATOPOB

{G,} samaer arzopumm c.x.-onmumasvhoti neauretdnot @duavmpayun

CI {&n}-

TIpeAmosoKumM, 9TO CyINeCTBYeT yCJIOBHAs! IIOTHOCTE PaCIpe leJeHust
CB &, oTtHOCHTENTBHO N™, KOTOPYIO MBI OyjeM masee 0603HAUATh Wy (Y),

rme n > 1, y € RP. Torna omeparop G, B (6.52) MOXHO TpeICTABATH
B mHTerpasbHoii dhopme (cm. m. 14.5):

&= | ywav)dy. (6.53)
Rp

st XapakTepusaluy BeJIMIAHBI OMMMOKA OMEHKH &,, MOXKHO BOCITOJTb-
30BaThCs €€ Ycao8Hol Ko8apuayuortoti mampuued

ﬁn = M{(gn - En)(fn - gn)* | ?7"} = J yy*wn(y) dy - gng\; (654)

Rp
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Us (6.53), (6.54) cremyer, aT0
M{gn - gn | 77"} = M{fn - gn} =0,
M{l&, — &2 | 1"} = te[B,), n=1,2,...

Takum obpazom, mocrpoenue orneHku duibrpanuu &, u aaropurma G,
dbakTHUeckw CBOIMTCA K BBIYUCJIEHUIO YCIOBHOH TIIOTHOCTH wy,(Yy). 3a-
MeTuM, 94TO B obmeM ciaydae 1™ € R™ 9. mosromy o6beM BBLIYHCIEHUH
6BICTpO yBemmumBaeTcs ¢ poctoM n. Ecim ke onermsaemsiii nporece {&,
SIBJISIETCSl MapKOBCKHM, TO ypaBHeHUs (DUIBTPAIUU MOTYT OBITH BBIIIH-

CaHbl B SIBHOM BHUJE, TpudeM ajroputMm duibrpanun G, mpuobperaer
PEKYPPEHTHBIN XapakTep.

Beejiem byHKIHIO Wy, (YY), OTPEIENTEMYTO CIIELYIOTAMH PEKY DPEHTHDI-
MU DYHKIMOHAIBHBIMYU COOTHOIIEHUSIMUA:

@in(y) = pu(n — pn()) | Pn = L&, m,3) Boa(@) da, m> 1,
Rp

wo(y) = po(y)-
(6.55)

DyHKIUA Wy (Y) HASBIBAETCS HEHOPMUPOBAHHOT YCAOBHOT NAOMHOCTIDIO
pacnpedeserus &, OTHOCUTEILHO 7). MOXKHO IOKa3aTh, 9TO

wn(y) = @n(w) (| @nlv)dy) (6.56)

Coorromenns (6.53)—(6.56) onpenensior obmuii Bux  AITOPUTMA
C.K.-ONTAMANbHON HesnuuelHol dbumsrpanmm mapkosckoit CII {€,} mo
naburopenusam {n,} (6.51).

Bameuanus. 1) is JTUHEHHO-TAYCCOBCKON MOAENM HAGIIOECHAS
(6.34), (6.35) ypaBHeHHs HesuHEHHONW dUIBTPANINU NPEBPATIAIOTCS
B ypasHenust (6.36), (6.37) dunbrpa Kamvana. Ecam ke B Monenwn ma-
6monennst Kamviana mponeccwr {e,}, {v,} w mauampubBIll BekTOp v HE

SIBJISIFOTCSI TAy CCOBCKUMU, TO omeHKa &, (6.52) B obmem cirydae Gy ier Hesu-
HelHO 3aBUceTh oT Habmomeruit {n™} u MOXKET CyIEeCTBEHHO OTINIATHCS
oT JIMHEHHO! orneHKH (6.36).

2) Tlpm mpakTW4eckoil peanmsanum HesmHeiHOTO GmibTpa (6.53)—
(6.56) nambGosbilime TPYJHOCTH CBA3AHbI C BBHIYUCJIEHHEM HHTEIDAJIOB,
eciu p > 1. B ciyuae, Korjga aHaauTHYECKOe BBIYHCIEHUE WHTErPAJIOB
HEBO3MOXKHO, JJisl Wy (Y) UCHOAB3YIOT MOAXOASIYI0 MapaMeTPUYIECKY0
Mozeab (HanpuMep, ANNpPOKCUMUDYIOT Wy, (Y) KOHETHBIM DA3JIOZKEHHEM
no cucreme GazucHbix byHKIHI ¢ HeonpeeneHHbiMEu Koabduruentamn).
Torja ypasraenust (6.55) O3BOJSIOT IOy YUTh KOHEYHYIO CUCTEMY DEKYD-
PEHTHBIX yPaBHEHMH, ONMMCHIBAIONIAX 3BOJIONNI0 BO BPEMEHN YKa3aHHBIX
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napaMeTpoB (K03 bUNMEHTOR), MOCTE BBLIMUCIEHAsT KOTOPHIX MOCTPOE-

~

HUWe oleHKH &, He TMpeACTaBisgeT Tpylda. B J000M ciydae ypaBHEHUs
Hesnuuelnol dunbrpanuu (6.53)—(6.56) LO3BOJAIOT MOCTPOUTH HEKOTO-
DBIii «3TAJIOH» MPOIE Ly Pl ONEHABAHNS, C KOTOPBIM JIAJIEE MOYKHO CPaBHE-
BaTh Pe3yJIbTATh OICHUBAHUS, IOy YEHHBIE C TIOMOIIBIO CyOOITHMATBHBIX
(npubamrkenHbIX ) anropuTMoB duiabrpanun (cM. 1. 6.6).

ITupokuit kaacc mapkosckux CII MOXKHO IIOCTPOMTH C IIOMOIIBIO
MOJIEJIN, OTHACHLIBAEMON HEJWHEHHBIMA PA3HOCTHBIMA CTOXACTUIECKAMMA
YDABHEHUSMU:

{ §n = an(fn—l) + bn(én—l)gna n=12...,

(6.57)
50 =7

rje an(x), by(x), © € RP — marpuunble HenwHeitnble Gyskmmun, {€,} —

BEKTOPHBIN r-MepHBIH Gembiit ryM, v — CB Haga bHBIX yCIOBHIA.

VYpasaenue (6.57) HasbiBaeTcs ypasnenuem Juddysuu ¢ duckpemmvim
epemenem. Pemenne {£,} ypasnenna (6.57) saBnsercss MApKOBCKUM IIPO-
[IECCOM, O 9eM CBHUJIETEJLCTBYET CJEIYIOIas TeopeMa.

Teopema 6.6. IIycmo npu xasrcdom n = 1 dynryuu ay(x), by(x)
usmepumor no Bopeao, a {v,e1,€a, ...} Hesasucumv 6 cosoxynnocmu.
Tozda CII {&,}, ydosaemeoparowas (6.57), asasemces maproscrots u ume-
em nepexooHyI0 6ePOAMHOCTIL

P(n—1,z,n,B) =P{a,(z) + by(z)e, € B}, x€RP Be B(RP).

IIpu onpenenenubix ycaoBusx OyieT CyIIeCTBOBATH TAKXKE U ITEPEXOJ-
Hasl IoTHOCTD p(n — 1,2, n,y):

P(n—1,z,n,B) = Jp(n— 1,z,n,y)dy VB e B(RP).
B

HeiicrBurenbro, nycrb Marpuna b, (x) obparuma mia Beskoro r € RP
a CB &, uMeer mioTHOCTH Py, (), TOTIA

P(n—1,z,n,B) = P{a,(z) + by(z)e, € B} =

1 -1
= detfba(2)] i pa(by (@)(y = an(x))) dy,

TIO9TOMY

1 -1 -1
n—1,z,n,y) = ————=pn(b, (x)y — b, (z)an(x)). 6.58
JLy1s1 KOPPEKTHOM IIOCTAHOBKY 331a4u C.K.-OITUMAJIbHOM DUIbTpAIiun
nporecca {&, } B (6.57) Heobxommumo, aT06B OH 6bLT THITEGepTOBBIM. CoOT-
BETCTBYIOIIUE JOCTATOYHBIE YCIOBUSA IPUBEJEHBI B CIELYIOLUIEM IIPAMeDe.
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IIpumep 6.15. Ilycrs B Mogenn (6.57) npu kaxzgom n > 1 Haiizerca
K,, < 0o, Takoe, 94TO

|an(@)* + [lbn (2)|* < Kn(1+]2]?), (6.59)

npuaem M{|e, |2} < 0o, M{|y|?} < co. Tlokasars, aro M{|&,[*} < oo
mpu Bcex n = 1.

Pemenue. 3amernm, aro ||b,(z)||?> = tr[b,(z)b}(z)] mo ompenese-
uuio, a st aobbix CB X u Y BoimonneHo HEpaBEeHCTBO

M{|X + Y} < 2M{ X1} + M{Y 1)), (6.60)

Huist 10Ka3aTebCTBA BOCIOJIB3YEMCS METOIOM MaTeMaTHIeCKON WH-
aykiun. [Ipeamomoxkum, ITo M{|§n,1|2} < oo. Ilokaxkem, 9TO B yCJIOBH-

ax npumepa B atom ciryaae M{|&,|?} < co. HeiicreurensHo,

M{|£n|2} = M{|an(£n71> + bn(gnfl)fnlz} <
< 2M{|an(£n71>|2} + 2M{|bn(§n71)5n|2} <
< 2M{an (En-1)*} + 2M{[bn(En-1)1%len]?} -

ITo yciosuto by, (€,_1) He 3aBUCHT OT &, H03TOMY C yaeroM (6.59) u (6.60)

M{|£n|2} < 2M{Kn(1 =+ |£n71|2)} + 2M{Kn(1 + |€n71|2)} X
x M{len|’} =2 Kn(1+ M{|&-1PH (1 + M{[en?}) < o0

B CHJIy CIEJIAHHOTO WHIyKTHBHOIO IIPEINOJIOKEHNS W YCJIOBUH MpUMepa.
" M 2 M 2
TaK, En1 < OO BJEYET &n < 00, YTO BMECTE C YCJIOBUEM

M{|&|?} = M{|7]*} < oo nokaskiBaer Tpebyemoe yTBepKeHuc. W

B 3akiouenne pacCMOTPHM NMPUMED, OINHACHIBAIOIIAIN aJrOPATM HEJIH-
Heiinoi dpuabrpamnun st Koukpernoit CII.

Ilpumep 6.16. Cranapusie semecrtsennbie CII {€,} u {n,} ommcor-
BalOTCsl ypaBHEHUAMU

{ 0 = An arctgos + Bucns €=, (6.61)

TNn = an&i + B wn,

rne {An, Bn,on,Bn} — 3amammbie koaddbunments, B, #0, (3, #0,
¥ IMeeT paBHOMepHOE pacrnpeenenne Ha [—A, A], A > 0, {e,} — nenrpn-
poBamHblii rayccockuii Genbiit mym, M{e2} =02 > 0, a {wy,} — Gearit
mIyM, cedeHue w, KOTOPOro pacIpejeseHo no 3akony Jlammaca ¢ mapa-
metpom A, > 0. B mpennonoxenwnu, aro {e,}, {w,} u v HesaBuCEMBL,
TTOCTPOWTH C.K.-ONTAMAJIbHBIH buabTp mast {&,} mo mabmonernsm {n, }.
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Pemenwne. B ycioBusx npumepa n3 Teopembl 6.6 m npumepa 6.15
caenyer, uro {£,} — mapkosckas ruabbeprosa CII. Tak Kak NJIOTHOCTD
pn(z) CB &, papHa

o) = (2m02) " exp{ a2 202}
To m3 (6.58) ¢ yuerom B, # 0 nomygaem

/2 exp{—(y — Aparctgz)’/(2B%o2)} .

TTnoTHOCTH Po(Y) HATATBHOTO PACTIPE/IESIEHNs] IO YCIOBAKD PABHA

(2A)71, ecm y € [-A,A]
Poly) =

0 B DIPOTHBHOM CiIydae.

p(n - 17$7nay) = [QW(BnUn)Z]

(6.62)

Tlo ycnosuio CB w,, nMeeT mIO0THOCTH BEPOSITHOCTHU

A
Pu, (2) = - exp{=Anlzl},
nosToMy, 0603HATAsT Uy, = BpWy,, HAXOMUM INIOTHOCTH pr (V) CB vy,:

Prn(V) = pnexp{ —2pn|z|}, THE ftn = A /(2|Bn]).

Teneph, ToCTaBIsAs HaiijleHHbIE Bbipaxkenns ansa p(n — 1,z,n,y) n
pn(v) B ypaBHeHme (6.55) mist HEHOPMWPOBAHHON YCIOBHOM IUIOTHOCTH
Wn(y), HAXOAUM

Wn(y) = cVexp{—2pn(n, — any®)} x

X J exp{—cﬁf)(y — Aparctgz)’ W, 1 (z) dz, (6.63)

rae cg) = n(\/§|Bn,8n|an)71, cg) = (,Bnan)’z/Z — JeTepMUHHPOBAH-
HbIE YHCJIOBBIE MOC/eI0BATEIHLHOCTH.

Vpasuenue (6.63) pemaerca peKyppeHTHO it 1 = 1,2, ... ¢ HAYAJIb-
HBIM ycoBueM Wo(y) = po(y), tme po(y) mmeer Bux (6.62). TTocae BEI-
qucieHns Wy (y) C.K.~ONTUMaJIbHAg OlleHKa &y, onpejessaercd no dbopMmysie

&= | vy ( | dutan)

YcnoBHasT AUCTIEPCHs OMMUOKA OIEHKN ]3" = M{(fn — é\")z | 77"} BBIUHC-
asiercst mo opmyie (6.54) ¢ yderom (6.56). m
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6.6. AIropuTMBI CyGOonITUMAJILHOM HeJIMHeHHOM pUuabTpanun.
Paccmorpum BHAYAE MOIETh HABIIONEHNS BHUIA

gn = Anfnfl + Un + Bngna 50 =7, (664)
N = Cp&p + Wy, + Doy, n=1,2,..., (6.65)

rie {e,}, {vn} — He3aBUCUMBbIE CTAaHIADPTHBIE IAayCCOBCKUE Gelible IIyMbl;
7 — BEKTOp HAYAJIBHBIX ycaoBuil ¢ pacupenenernuem N (m.; R, ), He 3aBu-
cammii ot {en}, {vn}; {An, Bn,Cn, Dy} — usBecTHblE MATPUIIBI, IPUYEM
D, D% > O npm Beex n > 1; {U,,V;,} — n3BecTHBIE BEKTODHI.

N3 teopemsbr 6.4 Kangmana cireyer, 9YTO C.K.-ONTAMAJIbHASA OMEHKA &,

no wHabmogermsim 0™ = {n3, ..., 7% }* BerAucasiercs no dopmye

En:E"#*kn(’I]n*CnE"*W", El):mv

{ - ~ ) ! (6.66)
gn = Angnfl + UTM
k, = P,C¥(C,P,C} + D,D:)" 1, (6.67)
ﬁn:I_knCn?Tu ﬁ0:R7
_ ( ~ : ! (6.68)
P, =A,P, 1A+ B,B;.

Hanomawnwm, 9To En =M{&, |}, &, = M{{n |77"_1} — C.K.-Om-

TEMAJTBbHBIA MPOTHO3 (Ha oaumH mar) add &, no HabmogerusM 1™ 1

ﬁn = cov{§" - En,gn — {An ‘ 77”} — YCJIOBHAS KOBAPHUAIMOHHAS MATPWUIIA

OMIMOKK OIEHKH En, a P, = cov{ﬁn — &0 — &, | 77"71} — ycJaOBHas

KOBapUATMOHHAS MATPUIA OmuOKH MporHO3a &, (eMm. samaay 10).
VYpasrennst (6.66)—(6.68) MOKHO WCTIONB30BATE JJIST MPUOIMKEHHOTO

ollenuBaHus nponecca {£,} B HeJIMHENHHOW PA3HOCTHON CTOXACTUYECKON
Mojien HabII0IeHn ST

&n = an(én—1) + Un + Bren, =1, (6.69)
N = cn(&n) + W + Dyvp, n=12 ..., (6.70)

rae a,(§), cn(§) — m3BecTHBIe HesuHelHble muddepeHnUpyeMble DYHK-
AW, Uy, Wy, — U3BECTHBIE BEKTOPHI.

Tpenmonoxum, aro mas {&,} nMeeTcst HEKOTOPAst ONOPHAA TNPAEK-
mopus {£2} Takas, aro M{[¢, — £2]?} < 1 (r.e. mocraToduHO TOYHO
anmpokrcnMupytornast nporecce {€,1}).

IIpoeenem nmHeapmsaruio Mogenu (6.69), pPasioKWB HETUHEHHOCTH
B IIPaBOii 9aCTHW OKOJIO OMOPHOTO 3HAYeHnd £O W OTGPOCHB WIEHBI BTOPOTO
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u 6ojiee BBICOKHMX IOPAIKOB:

o dan o
€n = an(§h_1) + aa—g(.f) (bn—1—&n1) +
+ Up + Bnen = Angn—l + Un + Bnena
rie
A= 220) U () - A e (671

Amasornvnbie peobpa3soBaHUsA MPOBEJIEM TAKXKE M C MOJEJIbIO TIPO-
necca mamepenwit (6.70):

M = cn(f%)'i' 865_6(6) (gn _fz)'i_wn""Dn'Un = Cnfn'i_Wn"_DnDn’
&
rie
c, =201 g n(£2) — Cre® + wy,. (6.72)
¢ 134

Temeps omenka En MOKeT OBITH MOCTpoeHa 1o (opMysIaM JIMHEHHOM
dunbrpanyn (6.66)—(6.68), rae mapamerpst {A,,, Uy, Cp, W, } BBIYECHS-
forcst o dbopmynam (6.71), (6.72). Onenky £, OBBITHO HA3HIBAIOT CY6OTI-
TUMAJILHON OIEHKOI HEJIMHENHHON (DUILTPAIUH, 8 AJITOPUTM OICHUBAHMUSI
(6.66)—(6.72) — anzopummom cybonmumarvrot neaunetinot duavmpa-
YUU NEPE020 NOPAIKG.

Pacemorpum apa Hanbosiee pacnpoCTpaHEHHBIX CIOC06a BHIGOPa OMop-
HBIX 3Ha"eHnit £2_, u & B dopmynax (6.71), (6.72).

1) Iycrs {£2} siBnsieTca pemennem ypasHenus (6.69) npu orcyTerBun
cayuaiiabix Bosmymenuil ({£9} — mesBosmymennasa Tpaekropmus (6.69)):

En=an(6n1) tun, &5 =m,. (6.73)

CosokynroCTh ypasHeHnil (6.66)—(6.73) Ha3BIBAETCA AUHEAPUSOSAHHBIM
puavmpom Kaamana (JIOK).

2) ITycrs B (6.71) B KauecTBe £ _; BHIOMpAETCS OIEHKA {An_l. Torma
YDABHEHHUS JIJIsl TPOTHO3a &,, TPUHUMAIOT BHJT

Zn = Ané\n—l + (an(gn—l) - Angn—l + Un) = an(gn—l) + Up.

Teneps B (6.72) B KauecTBe £ MOXKHO ncnonb3oBarh &,,. Torma

En = Zn + kn [nn - Cngn - (Cn(gn) - C”gn + w”)] =

=&, tkn [7711 - Cn(gn) - wn] .
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Urak, ypasrenus (6.66) NpUAENMAOT OKOHIATEILHBIN BUT

gn Zn + kn [nn - Cn(gn) - wn] ) g[) = My,

N 6.74
gn = an(gn—l) + Unp, ( )

Marpuust A, n C,, Beraucagorca B coorsercreun ¢ (6.71), (6.72):

% g % Ie,

14n — aan(g) CLL__ acﬂ(&) (6.75)

a kp, P, P, onpenensitorcst uz (6.67), (6.68).

Cosokynmocts ypasrenmit (6.74), (6.75), (6.67), (6.68) masbiBaercs
pacwupenrvim duavmpom Kaamana (POK).

SBameuanusd. 1) Aaropurm JIOK peasusyerca Ha OpakTUKe Cylie-
CcTBeHHO mporie 1o cpaBHenuio ¢ POK, Tak Kak MarpudHble MapaMer-
pot kn, P, u P, B amropurme JI®K He 3aBucar or mabmoxenunit {n"}
U, CJIeIOBATEIBLHO, MOTYT OBITH BHIUKCIEHBI 3apaHee. B ajaropurme POK
Ay, n Cy, 3aBucar or wabmopennii {n"}, nosromy ky, P, u P, Heobxoau-
MO BBIYHCJISITH HEMOCPEJICTBEHHO B IPOIECcce OOPabOTKHU MOCTYIAIOIIIX
nabsonennii. IIpakTrdeckne pacdeThl MOKa3bIBAIOT, 4TO oOlleHKa POK
06b19HO HeCcKOIbKO TouHee oreHkn JIPK. TognocTHbIE XapaKTEepPUCTHKH
00enx OIEHOK CYIIECTBEHHO 3aBUCAT OT BEJUYUHBI CIyJIaWHBIX BO3MYIIE-
Huit B Mogenn (6.69), (6.70) u oT xapaKTepUCTHK HEJMHEHHOCTEH STUX
Mogesteii. B smHeHOM Ke citydae 06e OIeHKH, eCTECTBEHHO, COBIALAIOT
C C.K.-ONTUMAJILHOU OIleHKOM JimHeiiHoro dbuibrpa Kanvana.

2) B obmem cayuae onenkn JIOK u POK He COBIAIAIOT ¢ yCIOBHBIM

MaTeMaTHIeCKAM OXKWJAHUEM, & MAaTPUIIBI {]3”} HE PABHBI YCJIOBHBIM
KOBapHUAIASIM O]_HI/I/6\OK COOTBETCTBYIOMUX OIeHoK. [loaTomMy peanbHble
TOYHOCTH OTEHOK {&,,} CyGONTMATBHBIX HEMWHERHBIX (DUIBTPOB CIIETyeT
OTPEIEIISITH METOIOM CTATHCTUYIECKOTO MOEJINPOBAHNUsI HA, 9TATle CHHTE3a,
COOTBETCTBYIOIIUX AJTOPUTMOB OIEHUBAHUSI.

IIpumep 6.17. Henuneiinas auHaMUYECKass MOMENb HADJIFOIEHUsI
OTMCHIBAETCS PA3HOCTHBIMU CTOXACTUIECKUMU YPABHEHUSIMUA

€n—1
=——  +0,7¢ g =",
én 1+ée_, ny Y (6.76)
M = 0,6 fn +04 €r2L + 0,2 vy,
rne {en}, {vn} — HesaBUCHMBIE CKaJsIpHBIE CTAHJAPTHBIE TAYCCOB-
ckue Gesible TIyMBI, Y — CTaHgapTHas rayccoBckass CB, me 3aBucsamas

or {en}, {vn}. Ilocrpours AMHEAPU30BAHHBINA W PACIIUPEHHBINR DUIBTPHI
Kanmanma nast onenmsanust CII {, } mo mabmonenusm {n, }.
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Pemenune. 1) (ITocrpoerme JI®K). Cpasamsas (6.76) ¢ (6.69)
u (6.70), sakmogaem, 9TO

an(g) = %52’ U, = 0, B, = 0777 (6 77)

Cn(g) = 0?65 =+ 074 527 Wy, = 07 Dn - 072

ITo ycmosuio Taxke m., = 0, Ry = 1.
Omnopnas Tpaekropus {£2} onpenensiercs ypasaenuem (6.73), KoTopoe
¢ yueroM (6.77) umeer Buj

go fn—l

T T (e ) & =0. (6.78)

U3 (6.78) memenmenHo cuemyer, aro €9 =0, n = 0,1,2, ... Hdus a,(§) n
cn(€) xomkpeTHOTO BUma (6.77) ciemyer

dan(§) _ 1-¢° den (§)
= =0,6+0,8¢. 6.79
€ T aver  de 00T (6.79)
Orcrona ¢ yuerom (6.71), (6.72) nast caygas £ = 0 momyuaem
A, =1, C,=06, U,=W,=0. (6.80)

Ioncrasasa (6.80), (6.77) B ypasmenua JIOK (6.66)—(6.68), momyqaem
CHCTeMbl ypaBHEHUI

:Z +k Ui _076Z 5 60:07
{ T nln o (6.81)
gn = Gqn—1,
kn = 0,6 P, (0,36 P, +0,04) ", (6.82)
P,=(1-06ky)Pn, Po=1,
L (6.83)
Pp=P,_1 +0,49.

Uckmouass u3 (6.81)-(6.83) Bcromoraresbubie mnepeMentbe &, u Pp,
nosiydaeM okoHuareabHbIN Buj JIOK:

En = En—l +15 ﬁn[nn - OaGé\n—l]v gO =0,
N N N . N (6.84)
P, = (Py,-1+049)(9P,_1 +541) , Py=1.

2) (Ilocrpoenme POK). B ypasueruax POK na n-om mare monaraem
€0 1 =&, 1, £3=¢,. C yuerom (6.79) maxomum

An=(1-82)(1+E2)",  Cn=06+08E, (6.85)
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Uz (6.74) ¢ yaerom wy, = u, = 0 nosydaem ypasaerns: GUILTPAITARA
o~ — — _2 —~
gn :€n+kn[77n_076€n_0>4£n]7 50 =0,
= ~ -1
gn zgn—l(l—’_é?b—l) ’

T7le ypaBHEHUS JJis BBIYUCIeHus KoddduinenTa ycuienns k, UMeOT BA

(6.86)

kp = Co P, (C2P, +0,04) ",

Py =(1-kaCo)Pp, Po=1, (6.87)
n = A%ﬁn—l + 0’49’

a A, u C, onpenenens coorHOmeHnsAMA (6.85).
Cpaprusas (6.86) u (6.84) BUJIM, 9TO ajIrOPUTM JIOK JaeT Jn-

HEeWHYIO O HAOJIIONEHUSIM OIEHKY fn, a TI0CIIeIOBATEIHLHOCTD {P } -
JleTePMUHUPOBaHHAst, B TO Bpemsa Kak POK ocymiecTBisieT CyIiecTBeH-
HO HeJmHeliHble TpeobpasoBanns HaOMONEnNit, a NOCTENOBATETbHOCTH
{P,, Py} n, cneposarenvno, {k,} — croxacruueckme. Takum ob6pazom
JI®K paer owenb mpocryio m rpy6yto omerky mist CII {£,}, B To Bpe-
Mma kaxk POK ropaszmo 6osee MOMHBLIM 06pa30M YyYUTHLIBAET HEJIWHENHYIO
CTPYKTYpPY Mojenn Habimoennst (6.76). m

B 3akiioueHne pacCMOTPHM METOJ  YCAOGHO-ONMUMAALHOT HEAU-
netinot Puavmpayuu (YOH®D), npemnoxennsiii B.C.Ilyragessm [19)].
Hast mocrpoernst YOH® uponecca {€,} B Momenn (6.69), (6.70) BbiGn-
patorcst 1Be DYHKITAN:

©n (€, u) — Gazopast nporuo3Upyomast QyHKIWs;

¥n(€,m,w) — GazoBast KOppeKTUPYOMAasa HYHKIAS,
KOTOPBIE MOTYT ObITh KaK JUHEHHBIMHA, TaK W HEJIMHEHHBIMHE.

Anropur™ dunbTpanuu onpeesseTcs peKyPPeHTHBIME yPaBHEHHIMI
BHJIa «IIPOrHO3—KOPPEKIHS» :

{ %{\n = ~n‘pn(é\n—lagn) + fn> é\O = My, (688)
gn = fn + anpn(gn’nn’wn) + hn’

rje Marpuanbie napamerpst { Fy,, fn} u {Hp,, h, } BRIOUpaioTcs c.K.-onTH-
MaJIbHBIM 00pa30oM, T.e. Tak, YTOOBI

M{|£n_ n‘Pn+fn | } M{lgn_ F$n+f)|2}a
M{ ¢ — (€n + Hothn + ha)|2} < M{|&, — (& + Hpn + h)[?},

rue anZQOn(En—laun)a @nzﬁbn(gmnmwn)» a {Faf} u {Hah}

IPOU3BOJIbHBIE MATPUIHBIE KOIDDUIMEHTH COOTBETCTBYIONIMX PA3MEPOB.
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U3 Teopembr 14.16 (cM. m. 14.7) HEMeIIEHHO CIEIYET, YTO
F, = COV{ﬁm @n} [COV{(pn, ‘Pn}] fn = M{gn} F, M{‘Pn} (6~89)
~ ~ o~ 1 ~
H, = COV{fn - gna 'lpn} [COV{¢n7 wn}] s hn = —Hy M{’(,bn} (690)

U3 (6.89), (6.90) caemyer, uro napamerpst {Fy, frn, Hp, hn} — HECTY-
YaiiHble, T.€. MOI'YT ObITh BLIYHMCJEHbI 3apaHee (10 Hadasa 06paboTKH
HabIro e HuiA ).

Ouenku £, u &, — HECMEIEHHBIE 110 TOCTPOEHUIO, 8 KOBAPUAIMOHHBIE
MaTpHUIBl uX omubok P, u P, omnpenessifoTcs aHAJIATHICCKU:

{ ﬁn = COV{gnagn} - Fn COV{@mﬁn};
ﬁn = ﬁn — Hn COV{{b\n,gn - gn}

Jaist mpakTraeckoro Boruncienns Koadduiuentos (6.89) mpoie Beero
BOCIIOJIb30BATHCS MEMOJOM CMATNUCTNUYECKO20 MOOJEAUPOBAHUSL.

IIycts cmomenuposanbr N peanmsanmii {{:51_)1} ouenku YOH® Zn_l

u N peajuzanmit {{,(f)} CIT &,,. Torna npu N > 1 MOXHO COCTOSTEIBHO
OLCHATDH TIpaBble IaCTh BhIpakenuil (6.89):

—_ N .
M{fn} ~ g” = N71 Zgr(bl)v M{@n} ROy = N Z (pn grgz)lv )

=1

COV{‘Pna‘Pn} NCOV{‘Pna‘Pn} =N Z‘Pn gn 1aun) (Pn(gn U ) ¢n¢;a
i=1

COV{ﬁn;‘Pn}NCOV{ﬁn#Pn}— Nzgn <Pn n 17 ) gn Pn-

Teneps, 3amensist B (6.89) MareMaTnyecKoe OXKUIAHUS 1 KOBAPUAIAH
X BBIOOPOYHBIMEU AHAJOTAMU, IMONydaeM omnenkn F, u f, nas F, n f,:

Fn = W{&w @n} [ﬁ{(ﬁna @n}]_l ) ?n = Zn - ann (691)

ITocne Beraucaenns Fy, u f,,, MBI MOXKeM OCTpOUTDH HAOOD peau3aluii

IPOTHO32, {fn )} u 6a30BOl KOPPEKIUH {"¢n(§nz),nn),wn)}, rje {n,(f)} —
Habop peanmsalyii BeKTOpa HaGJIOIEHU 7, , COOTBETCTBYOINMI pean3a-

TSI {f,(f)}:

771(11) = Cn(gg)) + wy, + DnUS)a i = 1’ Tt ’N’
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i "

a {Uﬁl)} — Habop HE3aBHCHMBIX peaju3aluii BeKTopa omubok HabJire-
HUHA Uy, L

Teneps ouenku H,, u hy, gns Hy, u h, MoryT ObITb BEIYUCIEHBI TOYHO
Tak ke, Kak omnenku F, u f,. Bamerum, uto F.,, f,, H, u h, cxongarcs
¢ BeposaTHOCTBIO 1 mpu N — 00 K TOYHBIM 3HaYEeHHsIM KOIDDUImEeHTOB
Fn? fn? Hn n hn'

VkaxkeMm craHmapTHbIE CocoObl BbiGopa 6a30BbIX dyHKUME ©n (€, u)
1 Y (€,m,w):

1) mporuos no ypasaernio (6.69), onmcoiBaromemy aunavuxy CII {€,}:

(pn(é\nflvun) = an(é\nfl) + Unp; (692)
2) KOpPEKIWsl B BAZIE HEBSI3KK (PACCOTIACOBAHNA):
¢n(£~m Ny Wn) = T — (Cn(gn) + wn); (6.93)
3) KoppeKIusi B BHJIEe TPe0bPa3oBaHHON HEBASKH:
1/Jn(§n,77n, wn) = kn[nn - (Cn(gn) + wn)]a (694)

rae k, = ﬁnc;;(cnﬁnc; + DnD;)_la ﬁn = COV{fn - gnvgn - gn}v Cn =
G
% ez,
Jlpyrme BO3MOXKHBIE CTIOCOOBI BBIGODa @, (&, u) 1 ¥, (&, n, w) paccmo-
Tpensl B [17].

Tabauma 6.1

n 1(11) 1(12) 723) J1(12)/J1(11) vag)/val)
1 | 0,261 | 0,563 | 0,278 2,16 1,07
2 | 0,238 | 0,450 | 0,257 1,89 1,08
4 | 0,224 | 0,392 | 0,237 1,75 1,06
6 | 0,224 | 0,387 | 0,238 1,73 1,06
8 | 0,227 | 0,387 | 0,244 1,70 1,07
10 | 0,239 | 0,421 | 0,258 1,76 1,08

Ipumep 6.18. Jduas momenn (6.76) u3 npumepa 6.17 Gbuin mocTpo-
eapl mo N = 2000 peajusaimii C.K.-ONTUMAaJBbHON OIEHKHA an), OlIEHKU
POK 5752) u ornerku YOH® 2753). Ecau o603na9YUTH COOTBETCTBYIOINE Pe-
aJIu3aIun {gﬁk)(z)}, rme k=1,2,3;1=1, ..., N, To peajbHble TOYHOCTH
OIEHOK OIPEIEJSIOTCS BEJIMINHAMY WX BHIDOPOUYHBIX C.K.-[IOIPEITHOCTEH:

N A 2
JF = N1 (gn(i) - ,§k>(i)) . k=123, n>1.
=1
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Juist noCcTpOeHMsT OIEHKY! 2,51) HCIIOJIb30BAH aJrOPUTM ONTUMAJIBLHOM HeJn-
HelHOM DUIBTPaIK, OMUCAHHLIH B 11. 6.5, orterika, POK §,£2) BBIUMCIISIIACH
o dopuynam (6.74), (6.75), (6.67), (6.68), a omenxa YOH® &%) —
no dopmyaam (6.88), e dynkuus ¢, (€, u) umena sug (6.92), a bynknpa
Yn(€,n,w) — (6.94). Pesynbrarsl pacderoB npuseeHst B Tabir. 6.1.
Tlonyuennnbie pe3ysbTaThl MOKa3biBatoT, 4To onernka Y OH® mo Touno-
CTH TIPAKTUYECKH HE YCTYMAeT C.K.-OMTUMAJLHON OIEHKE W CYMIECTBEHHO
rounee onerku POK. 3amerum takxke, 4To 06beM pacdeToB, TpebyeMbiii
JIJIsI TIOCTPOEHUSI OTIEHKHT fnl), 3HAYUTETHHO OOJIbINe, YeM JJIsT TIOCTPOECHUST

KakK 2,52), TaK U 2,53). [ ]

6.7. S3ajjaum Ay CaMOCTOSITEJIBHOTO pEIIeHusl.
1. CII € = {£,} yaoBieTBOpsIeT ypABHEHWIO ABTOPErPECCUH

€n —08&n—1=¢n, nEZ,

rae {sn} — CTAIMOHAPHBIN TayCCOBCKU Gesblil myMm ¢ mapamerpamu m. = 0,2
u D, = 0,36. Borunciurs P{0 < &, < 2}.
Orser. P{0 < &, < 2}~0,683.

2. Cuekrpansaas mwiotaocts CCII € = {£,,} umeer Bug
fe(A) = 1,25 4 cos A

HaiiTu pasHOCTHOE CTOXaCTHYECKOe ypaBHEHHE, KOTOPOMY YAOBJeTBOpsieT &.
Vkaszanue. PakropuzoBaTh CIEKTPAJIbHYIO MIIOTHOCTL (cM. Tipumep 6.7).
OrBer. & =en+0,5en—1, rae {en} — Geabiit my™m ¢ gucnepcueit D, = 2.
3. AP-nocrenosarenbuocts & = {£,} ynoBI€TBOpsIeT ypaBHEHHIO

En +0,76n-1+ 05602 — 0,363 =€n, NELZ,

rae {en} — Gennrit mwym ¢ gucnepcueit D = 1. Beraucaurs De.
OrBer. D¢ ~ 3,876.
4. Ilycrs p-mepras CII £ = {£,} yaoBreTBOpsieT pasHOCTHOMY CTOXaCTHYe-
CKOMY yPaBHEHUIO
'fn = Angn—l + Bn€n7 n e Z,

rae {An,Bn} — Hecnyuwaiinbie Marpunpl, a {€,} — Mm-MepHBII AUCKPETHDIH
Gesbrit mym. Jlokaszars, uro £ — mapkoBckas CII.

5. B ycnoBusax npenpiaymeit 3agaau ClI € nmeer mavaso: & = 7. Ilokazars,
410 £ — MapKOBCKasi, eCJIU 1) HE 3ABUCHUT OT {en}, n > 1.

6. Ilycrs {£,} — rayccoBckas AP-nocienoBarenbHOCTS nopsinka p = 2. Jlo-
Ka3aTh, 4T0 &, He 00/ia/iaeT MapKOBCKUM CBONCTBOM.

Vkaszanne. [lokazats, ato M{&, | €n—1} 7 M{& | Enm1,&n—2}-

7. Hokazars, uro gmsi APCC-mocsesoBaressHocTd mnopsiaka (p,q), rae
p =2, p> q Beerga Halijerca p-mepHast mapkosckas CII {n,}, takas, arto ee
nepBasi KOMIIOHEHTa COBIAJAET C &n.

Vkaszauue. Vcnonb3oBarh pe3ysbrar 3aaa4u 4.

9 B.M. Musiep u A.P.Ilankos
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8. Ilycrs € = {£€n} — APCC-nocnenosarenbuocts nopsiaka (1,1):
En —bép—1=¢€np —aep_1, NETZ,

rze |b| < 1, {en} — uenTpupoBaHHBI rayccoBekuii Gensiit mym ¢ D, > 0. Haiitu
npejcTaBienue i £ B BIje 6ECKOHEYHOTO CKOJIL3SAMIEro cpeHero. [lonbaysch
9TWM TIpeJICTABICHNEM, HATH 3aKOH pPacIpeeenus &, Npu KaxkaoM n € Z.

oo

Orser. & =en+ > aren—k, T op = (b— a)b*7t &, ~ N(0; Dy),
k=1
1 — 2ab + a?
1-b2
9. Ilycrs CII {{,} yaoBIeTBOPSIET ACUMIITOTUYECKH YCTOWIMBOMY ypaBHE-
HUIO aBTOpPErpPeccuu Iopsnka p > 1:

D¢ = D.

p
gn + Z bk&n—k =¢€p, NE Za

k=1

rae {en} — cranumonapHbIil Gesblii myMm ¢ napamerpamu m. u D.. JJokasars,
YTO C.K.-ONTHUMAJbHBIN HporuHos &, miag &,, n > 1, mo HabIOZeHHAM &0 =
= {€0,&-1, ...} yROBIETBOpSIET PA3HOCTHOMY YPABHEHUIO

_ P ~
§n+2bk§n—k =m., n2=1,

k=1

rae § =&, eam j <0, u; =¢;, e j > 0.

Vkasauue. Boraucmurs M{E, | £°}.

10. ITokazars, uro B ypaBHeHHAX GuiIbTpa KanMana BeKTOp Zn SBJIIETCS
C.K.-OTITHMAJTBHBIM TIPOTHO30M [Tst &, 10 HabmomerusM ™1, a P, — KoBapu-
alMOHHAs MaTPHIA OMIMOKH 3TOrO [IPOrHO3A.

VYkazanue. Bocrmonb3oBarbcst TeopeMoit 0 HOpMAaJIbHONW KOPPEJISAIIUN.

11. TlycTh caydaiiHbIN CKAJSAPHBIN TapaMeTp 6 u3MepsieTcs Mo cXeMe
M =cl+v,, n=12,...,

Tae {vn} — CTaIMOHAPHBIN MEHTPUPOBaHHBIN Oebiil mrym ¢ D, > 0. Jokasars,
qro ecn ¢ # 0, To omeHKa 6, mapamerpa 6, MoJlydeHHas C MOMOIIbIO PUILTPA
Kammana (cm. mpumep 6.13), c.K.-cocTosiTeIbHA, T. €. M{(9 — 5n)2} — 0 npu
n — 0o. R

VYkasanne. [Jokazars, uro P, — 0 npu n — oo (cMm. ypasenue (6.43)).

12. Ilycrs {&n, Mn } — gacTuIHO HAGMIIONAEMASI TAYCCOBCKASI TOCIIEJOBATEI b
HOCTb, 3alaHHas MoJlesibio Habmonenus Kanvana:

Sn:agn—l"‘b&'n, nn:A§n+B”Un,

rze {€n,Vn} — CKAJSIDHBIE CTAHIAPTHBIE TAyCCOBCKUE HE3aBUCUMBIE GeJible IIy-
mbl. [Tokasars, uro ecsiu b # 0, A # 0, B # 0, To P, > P Py N — 00, IPUYEM
npejiesibHast Aucepcust P ommbku buIbTPAIMH ABIAETC MOJIO0KHTETbHBIM
kopaem ypasuenns a’A?P? 4 [b2A2 + (1 — a?)B?|P — b*B? = 0.
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§ 7. MapTuHTrajibl ¢ AMCKPETHBIM BpPEMEHEM

7.1. OcHOBHBIE onpe/ielieHusi. ByieM BCIOY Jlajee mpenoiaraTh,
9TO Ha BeposTHOCTHOM Tpoctpanctee {, F, P} 3amam meyOwursarommmit
nomosx o-anzebp {Fn}, n > 0, T.e. cemeifcTBo o-anre6p, Takoe, uro Fy C
CF, C...CF. Hanpumep, ecmm {{,}, n >0 — mabop crydaiiHBIX Be-
awawmn, saganEbx wa {Q,F P} a FE=o{&,...,& ) — o-anrebpa,
HOPOXK/IeHHAsT KOHeUYHBIM HabopoM {&, k=0, ...,n}, To .7:5_1 C Ft o
[IOCTPOEHHIO 1, CIeI0BATEIbHO, {F5}, n > 0 — moTok g-aare6p.

Onpegenernne 7.1. IIycre {X,, n >0} — mnocienoBaTeabHOCTD
BENIECTBEHHBIX CIyYailHbIX BeJMYuH, onpejesaeHabix Ha {Q, F, P}. Ecin
npu KaxkgaoM n > 0 cayyaiinas BeanauHa X, sBiaserca J,,-u3MepuMoii, TO
{Xn, Frn}, n >0, HA3BIBAETCA cMOTaACMUNECKOT NOCALOOBAMEALHOCTIDIO.

Onpepenenne 7.2. Ecam npu kaxgom n > 1 ciyvaiinas seamun-
Ha X,, sBasiercst JF,,_1-U3MEPUMO, TO TIOCIEMOBATETBHOCTE { X\, Fri_1 }
HasbIBaeTcs npedexadyemoti. Ecan BBINOIHEHO TaKXKe yCJIOBHE MOHOTOH-
moctn X1 < X,, (P-m.u.), to {X,,F,_1} HaseBaeTca Heybvisarowet
npedcrasyemoti nocaedosamesvHocmsIo.

3aMmeuanue. CMBICH TepMUHa <«IIPEJCKA3yeMOCTb» CTAHOBUTCS IIO-
HATHBIM, €l B KadecTse J;, Beibpambt o-anrebper F = o{Xo, ..., Xn}.
IIpesckaszyeMocTh O3HAYaeT TOTJA, YTO ClIydaiiHas BeJnduHa X, €CThb
HekoTopas Gopesnesckas dynknus seawand { Xo, ..., Xp_1} #, cremosa-
TENTbHO, MOYKET OBITH OJHO3HAYHO ONpefiesieHa (TpeficKa3ana) Mo 3Hade-
HUAM 3THUX CIyYaiiHbIX BeJUYUH.

Onpegmenernne 7.3. Croxactudeckast nocaenosarenbHocts { X, Fp },
ynosmreTsopsiomas yenosmio M{| X, |} < oo, maseisaercs:

a) mapmunzasom, ecma M{X, 11 | Fp} = X, (P-m.n.);

6) cybmapmunzasom, ecmm M{ X, 11 | Fpn} = X, (P-m.u.);

B) cynepmapmunzasom, ecnn {—X,, Fp,} — cybmaprunrad.

CMBICI MapmMuH2aAbH020 c80Tcmead a) MOXKHO TOSCHATH C MO3UIUA
TEOPHH MPOTHO3MPOBAHHSA CIIYyYaHHBIX ITOCIEI0BATEILHOCTEM.

IMpuwmep 7.1. Iycrs { X, Fp, } — mapruaran (F, = c{Xo, ..., Xn}),
npuyemM M{ |Xn|2} < 0o. Haiitu wammydmwuii cpemHeKBaIpATHICCKUN
nporuos s X, 11 no Habmozperuam {Xo, ..., X, }.

Pemenne. O6o3nauum uepes X, i1 C.K.-OITUMAJbHBIH [POTHO3
st X1 mo mHabmonerusm {Xo, ..., X, }. Torma mus mo6oro nporrosa

Xn+1 = ¢n(Xo, ..., X,), mocrpoensoro no Habmoxerusm {Xo, ..., Xn}
€ TIOMOIBIO TTPeobpasoBaHus Py, (), B CHITy ONpeNeNenus 7.3 BHITTOJTHEHO

M{|Xn+1 - Xn+1|2} < M{anJrl - )}n+1|2}~

9*
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Tak xak M{|Xn+1|2} < 00, U3 TEOpeMHBI 6.2 U ONpeNeseHusT YCIOBHOTO
MaTeMaTHIECKOT0 OXKWUJAHWUsI OTHOCHUTEJBHO CJIydaifHOro BeKTopa (CM.
. 14.5) nonyvaem

-~

Xp1 =M{X,11 | Fn}t =X, (P-mwm.).

Urak, C.K.-ONTHMaJbHBLIA MPOrao3 (Ha OJMH MIAr) JJid MapTHHTAJA
{Xn,Fn} TakoB: Ha (n + 1)-M mare nuuezo He USMEHUTNCA.

C yuerom pesynbrara, cGOPMYINPOBAHHOIO B 3ajade 3, C.K.-OLTHU-
MaJIbHBIH IPOTHO3 Ha M > 1 IaroB BHEpe]| IMeeT BH,

-~

Xnim = M{Xpim | Fn}=Xn (P-mm).

Ecmm {X,,, F,,} — cy6MapTuHTa), TO HETPYAHO NPOBEPUTH, UTO

~

Xnp1 =M{Xpp1 | Fo} 2 X (P-mm).

Hakonen, eciu {X,,, F,,} — CynepMapTWHTAJ, TO B MOCTEIHEM COOTHOIIIE-
HUW 3HAK HEPABEHCTBA W3MEHUTCS HA [IPOTUBOIOJIOXKHBINA. W

SBameuanus. 1) Ionyuennsiii 8 npumepe 7.1 pesysbrar mMeer ciie-
JIYIOIIYI0 SKOHOMWYecKyto maTepuperaruio. lycrs {X,, F,} onucesaer
SBOJIIONUIO HEKOTOPOro (DUHAHCOBOTO WHJEKCA, B YBEJIMYEHUH KOTOPOTO
MBI 3aMHTEpecoBaHbl (Hampumep, 3bdeKTuBHOCTH (BUHAHCOBOTO DBHIHKA
UM TeKyIas JOXOAHOCTH HAIEro WHBECTUIMOHHOrO noprdeds). Ecin
{Xn,Fn} — MapTuHrasg, TO MMEET MECTO CUTYaIHs <«CTAGHIBHOCTHY.
Ecim xe {X,, Fn} — cybmapruaTas (CynepMapTHHTAN), TO NIMEET MECTO
CHUTyalyust «Pa3sBATHs» (<«IAJEHUSI» WU <PEreCCHU» ).

2) Us onpepenenuss 7.3 cielyer, U4TO BCSKAH MAPTHHTAJ SIBJISIETCSI
OTHOBPEMEHHO KaK CyOMapTWHTAJIOM, TaK ¥ cymepMapTuHrajoMm. Ecim
X = {X,, Fn} ABAsIeTCS MAPTUHTAJIOM WA CyOMAPTUHTAIIOM, TO IO CBO¥-
CTBaM YCJIOBHOTO MaTEMATHIECKOTO OXKUIAHUS JJIs MAPTUHTAIA

M{X,,} = M{M{X,, | Fo}} = M{Xo},
7 Ui CyOMapTUHTAIA,
M{X,,} = M{M{X,, | Fo}} > M{Xo}.
IIpuBenem psi IPOCTHIX IPUMEPOB CTOXACTUIECKHUX ITOCIIEI0BATEIHHO-

crefl, 06pa3yOMUX MAPTHHTAIbL U CyOMapTHHTAIbl (HeOOXOAUMbIe ajee
CBOCTBA YCIOBHOTO MAaTEMATHYECKOTO OXKUJIAHUS ONUCAHBL B 1. 14.5).

IMpumep 7.2. Iycre {&,, n > 0} — nocremoBaTesbHOCTH HE3aBH-
n

cuMBIX Ccayuaiabix Bemmand, Fn = 0{{o,&1, ..., &}, Xp = & Ilo-
k=0

ka3arb, aro {X,,F,} sBaserca mMapruHrasoM (CyOMapTHHIAJIOM), €Cid

M{&} =0 (M{&} > 0).
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Pemenne. W3 ycnosus M{|{;|} < oo u cBoiicTB MaTeMaTHIecKOro
oxuganus (cum. 1. 14.3) caemxyer

M{|X,.|} = M{\é &} < M{é &l } = é M{g]} < oo.

Tlokaxem, uro {X,,F,} — maprusaran npu ycrosun M{{,} = 0. 3a-
MeTuM, aTo 1o yciaosuio CB X, mamepuma oraocurensuo Fp,, a1 ot Fy
HE 3aBHCHUT, TO3TOMY C y9eTOM CBOMCTB yCIOBHOTO MATEMaTHYECKOTO
oxugannst (cM. 1. 14.5) mosmydaem:

M{Xn+1 | ]——n} = M{Xn +£n+1 | fn} =

Orciona M{X,,11 | Fr} = Xy, eciu M{&, 41} =0, me. {X,,, Fn} — map-
tuaraa. Kpome toro, M{X,,11 | Fn} > X,, ecm M{&,11} 20, Te.
{Xn, Fn} — cybmaprurras. ®

n
Mpumep 7.3. Mycre X, = [ &k, tme {€n} m {Fn} onpenenemnst
k=0
B mpumepe 7.2. Ilokasarh, uro mpm ycmosum M{{;} = 1 nocnemosa-
renbHOCTD { X, F,,} obpasyer maprurram, a npm ycmosum M{&g} > 1 —
cybMapTHHTaJl, €U JOMOIHATETBHO IPEJIION0KUT, 9To &y > 0 (P-m.u.).
Pemenue. Bcuny nezapucumoctu CB {£5} u M{|£,|} < oo maxomum

M{Xa[} = M{TT 6l } = TT M{Jéx]} < oo.
k=0

k=0

Ecmm M{¢,411} =1, 10
M{Xn+1 | fn} - M{Xn€n+1 | .7:”} -

= XnM{§n+1 | fn} = XnM{§n+1} = Xn, (7-1)

T7e BTOPOE PaBEHCTBO MOIydeHO ¢ yderom JF,-mamepumoctu CB X,
a TpeThbe — B CHJIYy HE3aBUCUMOCTHU &,41 OT o-airebpsr F,. Tem cambim,
{X,, F,} obpasyer mapTuHTAI.

Ecmm xe &, 20 (P-mn.) u M{{,41} > 1, 10 X,, >0 (P-.u.) mn
M{X 41| Fn} = X, B cuny (7.1). CuenoBarenbno, B 9TOM CiIydae
{Xn,Fn} — cybmaprurran. ®

Mpumep 7.4. Mycrs & — cayvaiinag seaumuuna ¢ M{|£|} < oo u
{Fn} — mexoropsiii notok o-anre6p. Ilycrs X, = M{¢{ | F,,}. Hokasars,
aro { X, Fn} — MapTHHTAIL

Pemenwne. 3amermm, uTo

M{[ X5 |} = M{IM{¢ | 7o} |} < M{M{IE] | Fn}} = M{[¢]} < oo.
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Teneps B cuny F,, C Fp41 u cBoiicTBa 8 u3 1. 14.5 Hax0ImM
M{Xpt1 | Fo} = M{M{¢ | Frgr} | Fu} = M{{ | Fru} = X, =

IIpumep 7.5. IlIyers X = {X,,F,} — mapruaran, a g(z) — BbI-
nyksas BEm3 dysKmus, takas, 9o M{|g(X,)|} < co. Hdokazath, 4TO0
nocnenosarenbroctb {g(Xy,), Fn} 06pasyer cybmapruaras.

Pemenne. Ilycrs Y, = g(X,), Torna M{|Y,|} < oo no ycsosuio.
Bocnonbsyemcs nepasencrsom Wencena M{g(€) | Fo} > g(M{¢ | Fo}),
BEpHBIM [T BhIyKJo# BEn3 dbyrknun g(-) m CB ¢ ¢ M{|¢|} < oo:

M{YnJrl | ]:n} = M{g(XnJrl) | ]:n} > g(M{Xn+1 | }-n}) = g(X”) = Y”’

r.e. {Y,, Fn} — cybmaprurran. m

Sameuanue. [Ilpumep 7.5 moka3biBaeT BaxKHBIM crocob dopmu-
poBaHWs CyOMapTHHTAJa W3 HEKOTOPOro MapruHrajia. Hampumep, ecin
{Xpn, Fn} — maprunran, a Y, = X2, to {Y,,F,} — cybmaprunrasn, tak
kak g(x) = 22 — Boinykmas Buu3 dbyskmus. EcrecTBeHHO, MpeIoaraeT-
csl, 9TO M{Xﬁ} < 0o.

IIpumep 7.6. PaccmorpuMm moCieoBaTEIbHOCTh  HE3aBUCUMBIX
Ciy9aiiHbIX BeJWdWH {7}, n > 1, npuaMMaromux 3HaueHus {—1, 1}
¢ BepogrHoctamu P{n, =1} =p, P{n, = -1} =¢q, tme ¢ =1 —p. D1y
[IOCJIEIOBATENIFHOCTh MOXKHO PacCMaTPUBATh KaK PE3YJbTaThl HIPHI
IOBYX JIUI, TAe 1), = 1 TPaKTyeTCsi KaK BBIUTDBIMI [IEPBOTO UTPOKA B M-
naprtaw, a 1, = —1 — Kak npourpsii. 3ameruM, uro M{n,} =p — q upn
066X n. Ecam mocienoBaTeabHOCTh CTABOK MEPBOTO UIpoka ecth { Vi },
TO €ro obmnii BHIUTPHIT X, TOCe N-if TapTUU paBeH

Xn = Z MV =Xn_1+m Ve, Xo=0.
k=1

IlockonbKy WIPOKY HEW3BECTHBI PE3YJILTATHI OyIyINUX MapThii, TO €ro
crpaTerust MOXKeT 0a3upOBATHCH TOJBKO HA PE3YJIbTATAX ITPOIIEIITINX
napTuii, 9T0 O3HaYaeT

Vn = @n(nla "'7"71171) P Oa

riae on(-) — HekoTopas HeciydaiiHas Gopesesckas bynkmua. Takum
06pa3oM, ciaydaiiHas BeIWUHHA V;, SBIAETCS U3MEPUMOH OTHOCHTEIHLHO
Fl =0{m,...,Mm—1}. PaccmorpuM mOBeJeHME MOCIETOBATENLHOCTH
X = {X,,F} ¢ Touku 3penns ounpenenenns 7.3. Torma

M{Xn | .7'-7?_1} = anl =+ VTL M{nn} ’

U nocsesoBaTebHOCT X obpasyer MapTuaTad, ecomm M{n,} =p—q¢ =0,
cyOmapTuaTal, ecau p — q > 0, u cynepmapTuarad, ecm p —q < 0. ®
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Mpuwmep 7.7. llycrs pl(z1, ..., Tn) — N-MepHas TIOTHOCTH PaCTIpe-
Jleqiennst crydafinoi mocnemosarensaoctn £ = {£,, n > 1}. Jokazars, aTo
ecim p2(xq, ..., T,) — TAKXKE N-MepHAs IIOTHOCTb U P (1, ..., Tn) > 0,
TO TIOCIIEIOBATEIHLHOCTD

P YT
" p}z(glv 7571)

SBJISETCH MAPTUHTAJIOM OTHOCUTEIBHO IIOTOKA .7-",5 =o{&, ..., &}

Pemenue. M{p,} = J P2 (x1, oy xn)dey ... de, =1 < co. Ecm
]Rn
pgnﬂ(y | 1, ..., &p) — yCIOBHAS IJIOTHOCTH CIydYaiiHON BeamdnuHbL &g
npu ycjaouu, 910 €1 = X1, ...,En = Ty, TO

M{pn-l‘l |§1 =T, 7€TL an} =

0
Pri1(T1, ooy Tn,y
ZJ (@1, o, )~p5n+1(y|x1,~-~,wn)dy=

Rl p}z+1(m15 "'axnay)
— J p701+1(-'1717 "'amnay) . p711+1(:1717 ~~;-'17n;y) dy —
R p711+1(1:17 ~~~a$n,y) p}z(xla 7$n)
0 0
_ J Pt (T1, ooy T, Y) dy = po(T1, ooy Tn)
ph(T1, ... Tn) ph(z1, .. 2n)

Caenoparensio, M{p,41 | F5} = pn, T e. nocaegosaremsuocts {pp, F5}
obpaszyer maprunrai. C Ipyroii CTOPOHEBI, MOCKOJIBKY B CUITy OIPEJIeJeHus

gnza{p17"'7pn}ga{£la"'a£n}:fr§7

IoJIyJaeM

M{pn+1]Gn} = M{M{pns1 | Fi} | Gn} = M{ps | Gu} = pn-

Takum 06pa3oM, MOCIEAOBATENBHOCTD {pp, Gy} — TakKe MapTHHTAT. W

3aMevdanue. Beamunna p, Ha3BIBA€TCS OTHOLICHUEM IPABIOLIOMIO-
Gust. Boluucienne OTHONIEHAS IPABAONOLO0US UCIOAB3YETCs B CTATHCTH-
Ke IIPU PelIeHny 33Ja49u pa3jiudenus runores. B qanHoM ciiydae paccMa-
TPUBAETCS CUTYAUs Pa3InIeHns] TUIOTe3 O COBMECTHOM DPACIIpeIeeHnN
COBOKYIHOCTH Cilydaiubix Beamuut {1, ...,{,}, T.e. 3amaua o BbIOODE
pY(-) mm pl(-) B KauecTBe MCTHHHON NJIOTHOCTH paclpejesienus Habopa

{&1, ..., }
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CTpyKTypa IpOou3BOIBLHOrO CyOMapTHHTAJa ONUCHIBACTC CJIeIyIOomeit
TeOopeMOil.

Teopewma 7.1. Hyecmv X = {X,,, Fp,} — cybmapmunzas. Tozda cy-
wecmeyrom mapmunzas m = {my,, F,} u neybwearowas npedckasyemas
nocaedosamesvrnocmo A = {A,, Fn_1}, maxue, wmo das awbozo n >0
CNPABedAUBO PAZNOINCEHUE

Xp=m,+ A, (P-mm). (7.2)

Bameuanune. Qopmyna (7.2) HasbIBaeTCA pasaooscenuem Jyba ngist
cybmapruarasa. VI3 mokazaresbcTBa TeopeMbl 7.1 BBITEKAET, YTO MOCIIe-
nosatensuoct {my,} u {A,} umetor Bux

=X, + Z i1 — M{X;1 | F5}), (7.3)

= ni:l(M{XHl | Fit = X;), Ao=0. (7.4)
=0

Onpepenernne 7.4. Iocaenosarensrocts A = {A,, F,_1} B (7.2)
HAa3BIBAETCH KOMNEHCAMOPOM cybmapmurzania X .

Pasnoxenne Jlyba wrpaeT OCHOBHYIO POJb IIpU U3yYEeHUH KEaIpaA-
MUNHO-UHMEZDUPYEMDBIT MAPTMUK2AA08, T. e. MapTrHTanoB X = {X,, F,},
I KOTOPBIX M{Xﬁ} < oo i Becex n 2> 0. Torma mocienoBaTeibHOCTH

={X2,F,} — cybmaprunran u no teopeme 7.1 CymecTBYIOT MapTUH-
raax m = {my, ]-' } u npezckasyemast HeyOBIBAIOIAS TIOCIIE[OBATEIBLHOCTh
(X) = {(X),,, Fn-1}, Takue, 4ro

X2 =m,+(X) (7.5)

n*

Onpepgenenune 7.5. IocnemoBarensuocts (X), ompenenseMast u3
pasnoxennst (7.5), HA3BIBAETCS K8adpamuieckoti Tapaxmepucmurot Map-
TuHTaNa X.

U3 dbopmymer (7.4) ciemyer (cm. 3amaqy 6), aTo

Z M{(X;41 — X;)* | Fi}, (7.6)

n st Beex [ < k
M{(Xy — X0)* | A} = M{X} — X7 | 7o} = M{(X),— (X), | Ai}. (7.7)
Ecim X =0 (P-.h.), TO

M{X}} = M{(X),}. (7.8)
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n
Mpumep 7.8. Tlycre X, = > & u Fp =0{&1,&, ...,6n), e
k=1
{&n, m > 1} — moceoBaTENBHOCTD HE3ABUCUMBIX CITYyYAfHBIX BEJTHIUH
M =0 u M{&? -
c n u 21 < co. JlokazaTh, 4TO CTOXaCTHYECKAsl MOCIET0BA
renmbHOCTE X = {X,,, F} — MapTHHTAJ ¢ KBaJpPATHYIECKOH XapaKTepH-
CTUKOM

(X), = 3 D&} (7.9)
k=1

Pemenne. Mbl MOXKeM Cpa3y HOJIyYHTh OTBET, BOCIIOJb30BABIIUCDH
dopmynoit (7.6). OmHako MBI JaJUM TONHOE DENIERne, OCHOBHIBASCH HA
Teopeme 7.1, 9TOOBLI MPOJAEMOHCTPHPOBATL TEXHUKY PabOTHI C yCIOBHBIM
MaTeMaTHIECKAM OKHIAHAEM.

[Iycrs T, = X2, Torma B cuiy pesyabrata npumepa 7.5 {T,, Fn} —
cybmapruarai. [To Teopeme 7.1 g T, cupaseiinBo pasioxkenue Jlyba:
Ty =mp+ Ap, tne Ap, = (X),, — KBaJpaTHvecKas XapaKTePUCTHKA Map-
rmaarana {X,,F,}. Boraucimm A, no dbopmyne (7.4) ¢ yuerom & = 0:

n—1 n—1
Ap = M{Thpq1 | Fi} —Te) = > M{Thy1 — Ty | Fi}, n>1
k=0 k=0
st mpoussosbEOro k > 0 mmeen:
k1, ko , , ,
Tesr— T = (D &) = (D2 &) = (X + &r1)® — Xj = 2Xpbpgr + &5 pq-
i=1 i=1

ITosTomy
M{Thi1 — Th | Fr} = M{2Xpbt1 | Fi} + M{& 1, | Fr} =

=2X;u;M{&p41} + M{££+1} = D{&k+1},

IJle yuTeHo, 4To X udMepuMa OTHOCUTENbHO Fi, a €41 He 3aBucut ot Fy,
npuaem M{¢y11}=0mn M{f,%_H} = D{&;41}. Urak,

A, = S Diten} = 3 Di&} = (X),, .
k=0 k=1

Takum obpasom, (X) = M{Xﬁ} = D{X,}, npuuem kBagpaTudeckas
XapaKTEePUCTUKA B TAHHOM CIydae OKa3aJach JeTePMUAHIPOBAHHOMN IIOCIIe-
JIOBATEIBHOCTHIO. M
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7.2. MapkoBckne momeHTBbI. Caydaiiiag 3aMeHa BpeMeHU
B MapTHUHTaJe. B 3ajadax Teopuw CIydaiiHBIX MPOIECCOB BasKHOE 3Ha-
YEeHUEC mMeeT MOHATHEe MAaPKOBCKOTO MOMECHTa WU MOMEHTA OCTaHOBKH.
DakTIECKN, MAPKOBCKUI MOMEHT COOTBETCTBYET MOMEHTY BPEMEHH IED-
BOTO MOSBJIEHUST HEKOTOPOTO CIYIANHOTO COOBITHSI, MPUIEM OMPEIeInTh,
MPOM30MIIO OHO WJIA HET, MOXKHO TO HabJIOMEHNAM MPEILICTOPUN CIIy-
gaiimoro mpomecca. Jlajee OymeM mpemmosiaraTh, 9TO HA BEPOSTHOCTHOM
npocrpanctse {Q, F, P} samgan norok o-anrebp {F,}, F, C F.

Onpemenernne 7.6. CB 7, samannas 5a {Q, F, P} n npnanvaromas
3uadenus u3 Maoxkectsa {0,1, ..., 00}, HA3BIBAETCH MAPKOBCKUM MOMEH-
mom (orHOCcHTeNBHO {F,}), ecan mist mo6oro n 2 0

{r=n}cF,.

Ecin P{7T < 0o} = 1, T0 MapKOBCKHIl MOMEHT T Ha3bIBAETCS MOMEHMOM
0CTNAHOGKU.

3ameganue. MoXHO OKa3aTh, YTO JaHHOE OLpeJeleHUE SKBHBA-
JIGHTHO CJIe/IyIOIIeMY:

{r<n}eF, Vn2xzo0.

Onpenemenne 7.7. 3HadeHwe CAy9dadHON TMOCIEIOBATEIHHOCTH
{X,} B cay4aliHblii MOMEHT BPEMEHU T OIPEJIENIAeTC KaK

X, =3 X, I{r =n},
n=0

rne I{r = n} — mamukarop coberrus {7 = n}.
SameruM, yro X, sIBiIsgeTcs ciaydaiinoil Beamunboii. JledicTBuTeNbHO,
nqis moboro B € B(R!)

(X,eB}= J{X,eBIn{r=n}eF.

n=0

TIporeaypa, onucamHas B ONpemeSeHUN 7.7, HA3BIBAETCI CAYHAUHOU 3a-
MeHOT 8peEMEHU.
Pacemorpum cremyromuit THORYHBIR TpUMEDP MapKOBCKOTO MOMEHTA.
Opumep 7.9. IIyecre X = {X,, F,} — croxacrudeckas MmocjenoBa-
TeabHOCTE, MHOKecTBO B € B(R!) m 7 — MoMeHT mepsoro momamaHus
TOCJIETOBATEIFHOCTH B MHOXKECTBO B, T. €.

7=inf{n > 0: X,, € B},

npuaeM, ecim X, ¢ B mus Bcex n > 0, To nonmaraem T = oco. IlokazaTs,
qTO CaydaiiHas BeJIUUNHA T SBJISETCSI MapPKOBCKHM MOMEHTOM.
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Pemenwne. as goboro n > 0

[r=n}= [ {Xs ¢ B} 1 {Xn € B} € Fo,
k=0

YTO W JIOKAa3bIBaET TpebyeMoe yTBep:KacHue. W

MHO>KECTBO MAapPKOBCKHX MOMEHTOB SBJISIETCS 3aMKHYTBIM OTHOCH-
TEJILHO HEKOTOPBIX IIPOCTHIX OMEPAIHiL.

Ilpumep 7.10. IlokazaThb, 9TO €CIM T ¥ 0 — J[BA MAPKOBCKHX MOMEH-
Ta (orHOCHTENBHO NOoTOKA {Fp}), TO T + 0, min(7, o) u max(7, o) Takxke
SABJIAIOTCS MADKOBCKMMH MOMEHTAMH.

Pemenwne. as goboro n > 0

{min(r,0) < n}={r <n}U{oc <n}eF,

Tak Kak {7 < n} € F,, {o < n} € F,,, a F,, 3aMKHyYTa OTHOCHTEJHHO OTle-
panum KOHEYHOTO WJIU CYeTHOTO obbemuaenus (cM. 1. 13.1). Amagormano,

{max(r,0) < n} ={r <n}n{oc<n}eF;

{fr+to<n}= | {r=kin{o=1}ecFn.
k,1>0
k+i<n

B 1. 7.1 ormeueno, 9ro jgisi Besikoro mapruaraga M{X,} = M{X,}.
Ecan ke 3aMeHUTH JIeTePMUHUPOBAHHBII MOMEHT BPEMEHHU 1 Ha HEKOTO-
Ppblit Cily4aiiHbIii MOMEHT T, TO yKa3aHHOE PABEHCTBO MOYXKET HAPYIIUThCH.

IIpumep 7.11. Paccmorpum tpumep 7.6, B KOTOPOM HTPOK HUCIIOIb-
3yeT CJIeyIONyl0 CTPATErnio UIPhl: BEJIMYUHA CTaBKH V;, BHIOMpaeTcs 1o
IpaBUILy

v — 2l ecim M =ma=...=mp_1 = —1,

0 B OCTaJIbHBIX C/IyYasX.

DT0 O3HAYAET, YTO OH y/ABAMBAET CTABKW, HAUMHAsI CO CTaBKW Vi = 1, u
[IPEKPAIIAET UTPY MOCJE IEPBOTO BBIMIPHIIIA. BCiau 1y =17 = ... =1, =
=—1, o

Z Z —2k"1y=1-2"
OHAKO €CTH Mpqq = 1, TO
Xn+1 e Xn + Vn_;,_]_ = (]. - 277,) +2n - 1
Ilycrs 7 =inf{n > 1: X,, = 1}. Ecm p =q¢=1/2, To P{r =n} =1/27,

I103TOMY

M{T}—Zn——2<oo
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u, cnegosatenbuo, P{r < oo} = 1. amee, P{X, = 1} = 1 mo onpenene-
HUIO MoMenTa T, mostomy M{X,} =1# M{X;} =0. =

IMMpumep 7.12. Iycrs {£1,&, ... } — nOCIEM0BATEIBLHOCTD HE3ABUCH-
MBIX OJIMHAKOBO DACTIPEETIEeHHBIX caydaitubx Beqmann ¢ M{|Eg|} < oo;
T — HEKOTODHIi MOMEHT OCTAHOBKH oTHocHTembHo Fi = o{é1, ..., &},
7> 1, M{r} < oo. Torza

M{& + ...+ &) = M{&YM{7}. (7.10)

Ecian x Tomy xke M{fi} < 00, TO

M{[¢1 + ...+ & —TM{&}*) = D{& I M{r}. (7.11)

Coorromenns (7.10), (7.11) masbBatorcst mootcdecmeamu Basvda. W
IIpumep 7.13. Illpumerum ToxaecTBa Basbpia K wccieqoBaHuio 3a-
naum 06 wrpe aByx swmr (cMm. npumepst 7.6, 7.11). Ilpexnosoxkum, 9To

UTPOKHU pacCliojlaral0oT KOHEYHBIMU HaYaJbHBIMU KalluTaJlaMA A u B co-
n

OTBETCTBEHHO, CTaBKW (puKcupoBaHbl W paBHbl 1. Ecam S, = Z Nk, TO

k=1
BEJIMYUHBI KallnuTaJIOB nepBoro u BTOpOI‘O I/II‘pOKOB mocJjie n-ro pO3bII‘prIJl&
OynyT
X, = A+ Sy, Y, =B-—5,.

Urpa 3akan4mBaeTcs, eciu S, gocruraer yposHs (—A) win B. B nmepsom
CIydae pa30opsieTcss TMEPBBI WTPOK, BO BTOpoM — BTOpoii. Ompemennm
MOMEHT OKOHYAHUS UTPhI KAK MOMEHT OCTAHOBKMU:

r=inf{n>1: S,=-A wm S,=B}

Haiitun BeposiTHOCTH pa30peHusi KasKIOTO U3 UTPOKOB, eciam p = g = 1/2.

Pemenue. IlocienoBarenpHOCTh S, €CTh IOCIENOBATEIBHOCTH CO-
CTOSIHUH MapKOBCKOM! IIEIM, COOTBETCTBYIOIIEH MOJIEN CJIydalHbIX OJIy-
KIaHU, y KOTOpo# nipu p = ¢ = 1/2 Bce cocTosiaust Bo3BpaTHbI. [losTomy
3a KOHEYHOE BpeMsl OHa JocTHraer moboro ypoeas u P{r < oo} =1,
M{r} < co. Beemem a = P{S, = —A}lu 8 =P{S, = B},a+ 3 =1. Ja-
see, ipu p = ¢ = 1/2 mbr umeenm u3 (7.10) ¢ yuerom M{n; } = 0:

M{S, } = M{r} M{m} =0 =
=—-AP{S, =-A}+ BP{S, =B} =a(-A)+ 3B.
Taknm o6pa3oM, a u 3 yIOBIETBOPSAIOT CUCTEME yDABHEHMIT
a+p6=1, aA =3B,

pa3penuB KOTOPYIO, MOy YuM




§ 7 MAPTHUHTAJIB C JUCKPETHLIM BPEMEHEM 141

Jlnsa BerAuCcaenus: cpeqaero spemenn urpbl M{7} mpumenuM ToX1ecTBO
Basbma (7.11), koropoe B cuy D{n;} =1, M{n; } = 0 naer

M{S?} = M{7} D{n} = M{r} = aA® + 3B%> = AB.

Taxum obpasom, M{7} = AB, T.e. cpesee BpeMsi HTPBI GBICTPO BO3-
PaCTaeT, eCJi YBEJUINBAIOTCS HAYAJIbHBIE KATTUTAJIB UTPOKOB. W

3ameuganue. B mpumepe 7.13 Mbl BHIYUCTUIN (DUHAILHBIE BEPO-
SITHOCTH COCTOSIHUMH Tiern MapKoBa, ONUCHIBAIOIEH Urpy JABYX JHI (CM.
upumep 5.14), ¢ HCHOIB30BaHIEM MapPTHHTAJIbHON TEXHUKH.

7.3. TeopeMbl CXOAUMOCTA MAPTHUHTAJIOB U UX HPUJIOXKEHUS.
PaccmarpuBaemble HUXKE Pe3YIbTATHI MOKA3BIBAIOT, YTO MOCIEIOBATETb-
HOCTHU CJIyYaliHbIX BEJUYUH, sIBJISIONIAECT MApPTHHIAJIaMU, MIPU OIMpeIe-
JIEHHBIX YCJIOBUAX CXOAATCH ¢ BepoaTHOCTBIO 1 (P-1L.H.) M B cpenueM, T. €.
cymectByeT Takass CB X, aTo

Xp 2 X w M{|X, — Xoo|} =0 mpr 71— occ.

Teopema 7.2. FEcau X = {X,, Fn} — cybmapmunean, 0as xomo-
pozo natidemes p > 1, maxoe, wmo sup M{|X,|P} < oo, mo cywecmesyem
n>0

cayuatinas seaununa X o, maxas, wmo M{|X |} < oo, npuuem

1) X, =M{X | Frn} (P-n.n.);

2) X, 25 X npu n — 0o;

3) M{|X,, — Xs|} = 0 npu n — oo.

VTBepKIeHne TEOPEMbBI MOXKET OBITh HCIIOMB30BAHO JIJI O6OCHOBAHUS
CXOJIIMOCTH OIEHOK IIapaMeTPOB B PA3JHYHBLIX 33/a49aX MaTeMaTHIeCKOM
CTATHCTHKH.

Ilpumep 7.14 (ycumenmsrit 3akom Gombmux wwmcen).  IlycTh
He3aBHCHUMBlE cilyuaiiable Beamdunbl &1,&s, ... HMEOT OIUHAKOBLIC
MaTemaTnaeckue oxumanus M{{y} =a m orpamwuenHBle MECTEpCER
D{¢;} = o} < D. Jokazats, 4o

1
n Z{k—nz mpu - 1 — 0.
" k=1

Pemenme. Ilycrs np = & — a, Torga M{ng} = 0, D{nx} = 0} < D.
PaccmoTpuM OLEHKY @y

1 & 18 H.
B=n =g Yt =t Z%Km,
k=1 k=1 kl

_ 1
ecnu 1, = Z Nk N npu n — oo. Jlokaxkem, 9To Tpebyemasi CXo-

k 1
JUMOCTDH ,Z[eI/ICTBI/ITe.HbHO nMeeT MecTo.
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n
%k, 10 {£ } mesapucumbr u M{ey} = 0. Ilycts X, = > ey,
k=1
Torga w3 mpuMepa 7.2 cremyer, ato {X,, n > 1} ofpasyer mapTHHTAJ
orHocurenbHo noroka F, =o{e1, ...,en} =o0{m, ...,nn}. Ilockoabky

Ecmu g, =

" 1 2 D
M{X}} =D{X,} = 3. D{e;} n D{ex} = 5D{m} =73 < 13
k=1

o0 o0
1
Tosup M{X2} =3 D{ex} <D w7 <o Torpa u3 Teopemst 7.2 cie-
n20 k=1 k=1
myet, uTo X, LI X oo mpu n — 00. Ilociennee o3uagaeT, 94TO

P{w: Xn: w — Xoo(w)} = 1.
k=1

31ech HAM TMOHAJIO0UTCS YTBEPXKIEHUE, M3BECTHOE KaK aemma Kpone-

Kepa: ecau wucaosvie nocaedosamesvrocmu {un} u {T,} mawosw, wmo
[e) n

1
0 <upToo npun— o0, a pad »  x crodumcs, mo — »  upry — 0
k=1 Un o1
npu n — oo.
o0
Ecou obosuaunts T = N (w)/k, up =k, 10 Y o) = Xoo(w), mosTomy
1 & 1 & k=t
Ty (W) = - > mk(w) = — > ugar — 0 mpum n — oo.
k=1 " k=1
Urax, P{w: 7, (w) — 0} = 1, m.e. 7, —— 0 1pu n — 00, 4T0 U Tpe-
00BaJIOCH JI0Ka3aThL. M
S3ameuanne. Ouenka 0, mapamerpa 6, IOCTpOEHHAS 110 HADJIIOIECHNU-

aM {Y1,Y2, - - Yn }, HASBIBAETCS CUABHO COCMOAMENBHOT, ECITH RN
mpu n — co. IIpeabirymuii mpuMep MOKa3bIBAET, YTO BHIGOPOYHOE CPeJ-
Hee @y, ABJAETCA CHILHO COCTOSATEIBHOMN OIEHKON MATEMAaTHIECKOTO OXKH-
JIaHus a.

Iosenenwe KBagpaTHIHO-THTErpUpyeMoro mapruaraiga X = {X,, Fn}
B 3HAYUTENLHON CTENeHH ONpPeesIseTcs ero KBaJIpaTHIecKoil XapaKTep-
crukoii (kommencaropom) (X), .

O6Gosnaunm wepes {(X), = oo} cobbiTHe, cocrosimee B TOM, dTO
HeyObIBaloIasl II0C/Ie10BaTebHOCTD (X ), He OrpaHHYeHa.

Teopema 7.3. Hycmv X = {X,,,F,} — xeadpamuuno-unmezpupye-
mouth mapmunzan u (X) = {(X),, Fo_1} — e20 keadpamuueckas rapax-
mepucmuka. Ecau P{(X)_ = oo} =1, mo

Xn

LN npu N — 00
(X) '

n
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Cremyrolnue TpUMephl MOKA3BIBAIOT MPUMEHEHUE TOTO PEe3yIbTaTa,
B 33/1a9aX OIEHUBAHUST HEM3BECTHBIX MapaMETPOB Mojeel HabIIomeHus.

Mpumep 7.15. Ilycrs {x} — 4ucnoBas mocie0BaTENBLHOCTD, &
yp = +eg, k=1,2,...,n,
rae {ex} — HesaBUCHMBIE EHTPUPOBAHHBIE OMMOKYW HAGIIOMEHNH ¢ auc-
nepcueit D{e;,} = 0%. [lokasaTh, uTO OleHKa TapaMeTpa ), TOCTPOCHHAS

no memody naumenvwur readpamos (MHK-onenka), sBiIsSeTCs CHIBHO
COCTOSITEJILHOI TIPU yCIIOBUH

o
St =
k=1

Pemenue. Haiinem soipaxkenue qius MHK-ouenku 6,,, mocrpoennoit
no mabmogenuaM {yi, ..., Yn}:

I~ _ . " _ 2 _ .
6, = arg melnkz::l(yk xp0)* = arg min L(6).

Haiizem 8, u3 ycaosus dLw) _ 0, e Xn: xp(yr — z10) =
n 70 , T.€. k(Yk — Tk

~

1 n n
n=d—Z Ty, Tae dp = ;.

W3 mocieaero BbIpaskKeHUs CIeayeT

~

1 & 1 & ~
n_d_z ka—l—sk): d_z TRer = 0 + AG,,.

Iy II.H.
Takum 06pa3oM, HaAM JOCTATOYHO MOKA3aTh, 4To Af, — 0.
n

Ecmn Xy, = Y aper, 10 ¢ yyerom M{ex} = 0 mpr 3akmodaem, 4o
k=1
{Xn, Fn} — maprunran, tae F, = o{e1, ...,e,}, IPUUEM B CHILY IpuUMe-
n

pa 7.8 (X), = 3 D{ae} = 0?d,. Hosromy (X),, 2y oo mprn — oo,

k=1
II.H.

—0

ecnu d,, — oo. Torna B cuny Teopemsr 7.3 umeem Af, = o2 7 X;
-~ II.H. "

mpu n — 0o. Takum ob6pasom, 0, — 6 pu n — 0o, 4To U TPeGOBAIOCH

JIOKa3aTh. W
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B zakiiodenue paccMOTpPUM 33/1ady OIEHWBAHUS HEU3BECTHOTO ITIapa-
MeTpa B PA3HOCTHOM CTOXACTHIECKOM YDABHEHUW (3a7ady TapaMeTphde-
cKOil nneHTHUKAMI MOZEIIH CIIyYaiflHoro mpouecca).

Ilpumep 7.16. Ilycts caywaitnas mocaenosaTeabroCTh { X, n > 0}
VIOBJIETBOPAET YPABHEHHUIO aBTOPErPECCHHU ePBOro HOPSIKA

Xn+1 =0X, + £n+17 n 20, Xo =0,

rae {&,} — He3aBuCHMBIE NEHTPUPOBAHHBIE CIyYaliHblE BEJUYUHBI, Ta-
_ 4
kue, uro D{{,} =D, > D >0, Dyy1/D,, < Ky, M{fn} <Ky, a6 —
HEU3BECTHBIN HecaydalHblii napamerp. JJokasaTs, 4To onenka 6, Meroza
B3BEIIEHHBIX HAMMEHBINUX KBaJIPATOB SIBJISIETCS] CHJIBHO COCTOSITEJIHLHOM.
Pemenue. PaccMorpum OleHKY MeTO/a B3BEIIEHHBIX HAWMEHBIITHX
KBaJI[PATOB, KOTOpPas CTPOUTCS ClemyroiuM obpa3om. Jljs 3ajaHHOTO
Habopa Habmonernit {Xo, ..., X,} onenka 6, Bbibupaercst Tak, 4TOGHI
MUHUMU3UPOBATH CYMMY HOPMUPOBAHHBIX KBaPATUIECKUX OTKIOHEHUH,
a MUMEHHO:
Yy Xk 1— 0Xk
0, = arg mln Z (‘F—)
Dy
IIpeobpa3oBanusi, aHAJIOTUIHBIE TIPUBEIEHHLIM BhIITE B IpuMepe 7.15,
IAI0T CIEYONUA Pe3yIbTaT:

-1
} nz:l X Xpt1

{Z Dy41

Dk+1

TTAHHYIO ONEHKY MOKHO 3ammcath B Buie O, = 0 + M, / (M), , toe

Xk§k+1
M, , 7.12
Z Dros (7.12)
n—1 Xz
M) = =k .
(M), kZ Do (7.13)
=0
ITycts o-anrebpa F,, nopoxmaena rabmonerusym { Xo, ..., X, }, Torma

n»y

M{ M1 | Fo) = M{M + Znbntr
n+1

”)-

r.e. {M,,F,} — maprunrai. Herpyauo nokasars, uro (M), — KBajapa-
THYECKast XapaKTePUCTUKA YKA3aHHOTO MapTuHTada (cM. ajady 12).
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IokazkeM Teneph pacxomumocts (P-.1.) mocnenosarenmsrocTn (M)

[¢) 2 [e.e] 2 o0 o0 2

& (Xp — 0Xi—1) 2 X1

Sk _ Ak 7 VAk-1) - =
E <2 D + 0

n*

D
k=1 F

2

S ) g 2

Py Dk+1 Dk+1 Dk+1
o) 2
ITosTomy u3 pacxomumoctu (P-m.u.) paga > D—k CJIeJyeT, Y4TO C BEpOsiT-
= D
Hocrbio 1 Bemonueno (M) =Y —* = oo
=6 Dr+r
& 2 M{&} _ Ks
IIycrs ny = D, Torsa M{n} =1, M{ni} = 7 < Dz <
1 n
Orciofia ¢ yderoMm pesysibrara Tpumepa 7.14 momyuaem ~ S =
k=1
1 & & >, &
—7Zka—)].HpHTl—)OO,‘{TOBJIe‘{eTP{ZF:m}zl

Urax, P{(M)_ = oo} =1, nosromy 1o Teopeme 7.3

~ M,
O, — 0= "
(M)

II.H.
—— 0 mpu n — oo,

n

YTO ¥ 03HAYAET CUJILHYIO COCTOATENIHHOCTh OIEHKH .

Bamernm, uro eciu {&,} OAMHAKOBO PACIpEENIeHBbl, TO IOCTATOYHO
norpebosats Tonbko D{&,} = D > 0. Ecim xe {§,} — rayccoBckas mo-
CIIEJIOBATEIBHOCTD, TO OCTAaeTCs Juib ycaosue Dyy1/Dy < Ki, Tak Kak

M{ni} =3. n

7.4. 3amaum AJ1 CaMOCTOSITEJIBHOTO pPelIeHUs.
1. IIycts & u 17 — He3aBHUCUMBIE U OAMHAKOBO PACIPEIEsICHHBIE CJIyJIaiiHbIe
seamanabl ¢ M{|{|} < co. ITokasars, 4To

M{€ [€+n} =My |€+n} =27 (Parm).

VY kazauue. Bocnmonb3oBarbest onpenejieHneM YCJIOBHOI'O MaTeMaTHIeCKOTO
OKHUJaHUA.

2. IlycTs cmydaifHble BEKTOPHI &, U, U IMEIOT COBMECTHOE TayCCOBCKOE HEBBI-
POXK/JIeHHOE paclipejieieHre, IpUuieM © U v — He3aBUCHMBIL. JloKa3aThb, ITO

M{z | u,v} = M{z | u} + M{z | v} — M{z}.
Vkasanue. Bocnoib3oBarbcs TeOpeMoil 0 HOPMAJILHON KOPPEJsUH.

10 B.M. Muanep u A.P.ITankos
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3. Ilycrb {Xn, Fn} — maprunran. Jokaszars, uro s joboro m > 1 cupa-
BenuBo M{Xnym | Fn} = Xpn (P-mu.).

Vkaszanune. [okazars, uro M{X,i1m | Fn} = M{Xntm—-1 | Fn}, u BOC-
MOJIb30BATHCA METOJIOM MATEMATHYECKON WHILYKIHH.

4. Tlycts {&n, n > 0} — rayccosekas CII ¢ napamerpamu me(n) u Re(n,m).
ITycrs Takxke v, = {Re¢(0,1),...,Re(0,n)}, a V;, — Marpuna ¢ sneMeHTaMU
Re(4,7), 1,7 =1, ..., n. JTokazaTh, 9TO MOCIEIOBATEIHHOCTD

Nn =me(0) +va Vi (€ —mg), n>1,

roe & ={&, ..., )", mg = {me(1), ..., me(n)}”, oGpasyer MapTHHraT OTHO-
CHTEJIbHO NOTOKa o-anarebp F, = o{&1, ..., &n

VYkaszanue. Bocnonb3oBaTeca TeopeMOd O HOPMAJBHON KOPPENAIUU K
pe3yabTaToM mnpumepa 7.4.

5. [lycrb {£x } — ueHTpupoBaHHbI Genblil iyM, a {ny } — takas CII, uro npu
Kaxk oM k > 1 coBokynHOoCcTH CitydaiiHbix Beauwaut {n1, ..., Mk} 4 {€k, Ekt1, - - - }
HezaBucuMBbL. Jlokasarh, uro eciu M{|nipék|} < 0o, To mocsemoBarenbHOCTH

n
Cn = > M€k, n > 1 aBugeTCa MapTHHTAIOM.
k=1
6. BoiBectu coorHowmerust (7.6)—(7.8) 1ys KBaApaTHIHO-MHTEPUPYEMOTO
maprunraiga { X, , F}.
7. B npumepe 7.8 BbiBecTH cooTHOmEeHHUE (7.9) M KBAAPATUIECKON XapaK-
TEPUCTHKH ¢ ucronb3oBanueM (7.6).
8. O6bsACHUTD, [I0YeMY Pa3HOCTh MAapPKOBCKUX MOMEHTOB, BOOOIIE TOBODS,
MapKOBCKHM MOMEHTOM HE SIBJISIETCS.
9. Jlokasarh ToOXxZecTBO Basbna mus pucnepcuii (cooromenue (7.11)
B npumepe 7.12).
10. IIycrs {&1,&2, ...} — NOCIEAOBATEIHHOCTh HE3ABHCHMBIX OJUHAKOBO
pacipesie/leHHbIX Ciaydaiineix Beauuans ¢ P{¢ =0} = P{& =2} = 1/2. To-
n

Ka3aTh, YTO MOCIEI0BATEIBHOCTh X, = H §; ABJISIETCST MAPTUHTAJIOM OTHOCH-
i=1
TeJIbHO NOTOKa o-aarebp F, = o{&1, ...,&} u cxomurcs (P-1L.H.) K KOHEYHOI
CJIy4YalHOI BeJIMYUHe.
Vkasanue. [lokazars, uro {X,} CXoAuTCsa K HYJIIO ¢ BEPOATHOCTHIO 1.

11. ITycrs He3aBUCHMBIE CilydaiiHble Beanauubl {1, 2, ... } EMEIOT pacipe-
1 1
nenerne P{&, =1} =P{{, = -1} = Pyl P{{,=0}=1- ey IMokazars,

n
4T0 MOCIEeN0BATEILHOCTL X, = Z &m cxomures (P-mu.).
m=1
12. JTokazars, 4to (7.13) siBiseTCS KBAPATUIECKON XapaK TePUCTUKON Map-
Tunraia (7.12).

13. ITyctn §n — Cc.K.-onTuMajbHad oneHka mia CB 6 mo nabmogenu-
am {&1, ..., &}, M{|6’|2} < 00. JloKasaTb, 9TO ecid On —— 6, To TakXKe u

- II.H.
0, — 0 ipu n — co.

Vkaszanune. [lokasarsh, 910 6, — KBaJpaTHYHO-HHTETPUPYEMbBIii MaPTHH-
raji orHOCHTENbHO FS = 0{€1, ..., En}.



' TABA III

CJIVYAMHBIE ®YHKIIUN

B pmannoii rimaBe 6yayT M3ydaThCs CiydailHbIE IIPOIECCH C HEITPEPHIB-
HBIM BPEMEHEM, KOTOPbIE OOBIYHO HA3BIBAIOT CIyJYalHBIMEU (DYHKIMSIMHU.
B manwnmeitimem jy1a obo3nadeHns CaydaiHoi MyHKIUA OyIeM UCIOIb30-
BaTb cokparenue CO.

§ 8. DurleMeHTHI aHAJIN3A CJOydalHBbIX PYHKIAN

8.1. HemrpepbIBHOCTDh ciay4darlHbIX dyHKOUN. [lycrs ciaygaiiubrit
mporece {(t) ompezenen Ha HEKOTOPOM CBS3HOM moaMHOxectBe T' neif-
crBUTEJbHON ocu R', T.e. sIBJIsIeTCsl IIPOIECCOM C HEIIPEPBIBHBIM BpeMe-
weMm. Taxwe mporiecchl gajiee OyneM HA3bIBATH CAYUGUHBMU GYHKYUIL-
mu (CD). B nannom maparpade TakzKe BCIOLY NPEIIIONAraeTCsl, YTO JJIs
mo6oro t € T semomneno M{|¢(t)]?} < oo. OueBnano, 4o B 5TOM Cityae
CYIIECTBYIOT M KOHEYHBI MaTeMaTH4ecKoe oxXuganue me(t), aucnepcus
D¢ (t) u xoBapuarnmonnas gyuxuus Re (¢, 7) npu Beex ¢,7 € T. Ilo ymon-
qarmuio 6ymeM Takxke cautarh, 9To CDO £(t) — BemecTBeHHAS.

Ounpegenenue 8.1. Cuyuaitnas BeIUIMHA 1) HA3BIBAECTCS CPeIHEKBA-
dpamuueckum (c.x.) npedesom CO £(t) B Touke tg € T, ecan

M{|£(t)—n|2}%0 opu  t — tg.

VkasanHbLil BiLg cxomumMocTH Gy e sasee 0603uadaTh &(t) —— 1) npu

t—ty wm n = lt.i.rtrL £(t), a caywalitayo Benmaumy 71 GyJieM Ha3BIBATH
—to
c.k.-pepesoM §(t) upu t — to.

Onpenenenne 8.2. Caywaitnas bynkuus {£(t), t € T} masmiBaer-
csi Henpepuisnoti 6 cpednersadpamuseckom cmvicae (c.K.-Henpepueroti)
B TouKe to € T, ecam £(t) —~ £(to) mpu ¢ — to.

Onpepnenenne 8.3. Cayuaitnaa dynxuusa {£(t), t € T} naspiBaerca

c.x.-nenpepwieroti na T, eciiy OHa C.K.-HEIPEPHIBHA B KaXKJOHl TOUYKe
toeT.

10%*
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ITycrs {£(t,w), t € T} — mekoropas tpaektopua CD £(t). Kak mo-
Ka3bIBAIOT PACCMOTDEHHBIE NaJiee TPUMEpPHI, U3 Toro, uTo & (t) C.K.-Hempe-
poiBHA Ha T', B 061IeM CIydae He CJIEYeT, 9TO BCE WJIU TI0YTH BCe (DyHKIUU
&(t,w) ABAAIOTCA HENPEPHIBHBIMHU.

Onpegenenue 8.4. Cayuaiinas (DYyHKIUS HA3BIBAETCA HENPEPLIG-
noti na T, ecim P{w: £(t,w) — menpepwiuas na T dbynkuus } = 1.

U3 oupenenenus 8.4 cijemyer, 9TO MOYTH BCE TPACKTOPUHU HEIPEPHIB-
uoit CP &(t) aBnaAOTCA HENPEPHIBHBIMA (B 0GBITHOM CMBICIE) DYHKIMAMA.
O4eBuIHO, YTO I KaxKaoro tg € T

P{w: {(t,w) = &(to,w), t > to} =1,

T. e. HenpepuiBaasg CP £(t) mna xaxnoro to € T noumu naseproe (n.i.)
cxomurea k E(tog) mpm t — to. CooTBeTcTByIOMMIT BUA CXOMUMOCTH Oy-

nem o6osmaaTh £(t) —s £(t), t — to. Takum 06pasoM, HEMpEepHIBHAS
CD £(t) siBasieTcst TAKIXKe NOYMU HABEPHOE HENPEPHIEHOT, B KaXKIOH TOUKe
to € T. 3aMeTHM, OJTHAKO, YTO W3 T.H.-HempepbiBHOCTH &(t) Ha T B 06IIEM
ciIydae He CJIeIyeT ee HelPEPBIBHOCTD, T. €. HEIIPEPBIBHOCTH IIOYTH BCEX €€
TpaeKTOpuii.

PaccMorpenne pasiudHbIX BUIOB HEMPEPHIBHOCTH CJIYYANHBIX (DYHK-
Ui BBI3BAHO HAJWYUEM PA3JIUIHBIX BHUJIOB CXOIUMOCTHU MOCIEIOBATENb-
HOCTEl caydainbix Beaudwa. KpoMe Toro, mjsi pa3iuyHbIX BUIOB HEIPe-
peiBHOCTH (a Takxke auddepeHInpyeMoCTH, HHTErPUPYEMOCTH U T. JI.)
WMEIOTCSI COOTBETCTBYIONTUE KPUTEPUH, TTO3BOJISIIOIINE YCTAHOBUTE HETPE-
PBIBHOCTH cirydaiinoilt pyHkiuu. s c.K.-HEIPEPhIBHOCTH COOTBETCTBYIO-
Myt KpUTEPUH ABJIAETCA BeCbMa IIPOCTBIM.

Teopewma 8.1. Jas c.k.-nenpepusrocmu cayuatinot, gymxyuu &(t)
6 mouke tg € T neobxodumo u docmamouro, wmobv, me(t) viao Henpe-
pusro 6 mouke to, a Re(t,T) nenpepwsna ¢ mouxe (to,to).

BameTnM cpady, 9TO M3 C.K.-HenpepwiBHOCTH &(t) B cruy Teopemsl 8.1
caenyert, uro gucnepcus De(t) = Re(t,t) — HenpepsiBHas QyHKIMS.

TakuM obpas3oM, st WCCIeROBaHus C.K.-HempepbisHOCTH CD (1)
JOCTATOYHO MCCIIENOBATH HEITPEPBIBHOCTH €6 MOMEHTHBIX XapaKTEePUCTHK
EPBOTO ¥ BTOPOTO TIOPSiJIKA, 9TO MOXKHO CEJIATh, UCIIOJIb3Ysl CTAHIAPT-
HbIE METOJIbI MAaTEMaTHIECKOTO aHAJIN3A.

IMMpumep 8.1. Cayuaitnas dyskius £(t) 3amaHa COOTHOIIEHNEM

)= Xn: Vipr(t), teT, (8.1)

rae {Vi} npencrasisior coboit HeKOppeJMpOBaHHbIE CJLydaliHble BeJIXIH-
uel ¢ mapamerpamu M{V;} = my, D{V;} = Dy, a {¢k(t)} — menpepsis-
uble Ha 1 Heciyuwaiinbie gynxunu. Uccnenosars £(t) Ha HENPEPBIBHOCTb.

Pemen ne. 3amernm, uro B cuary (8.1) mpw KaxKoM w € § BBHITIOIHE-

HO &(t,w) Z Vie(w)or(t), tne P{w: Vi(w) < 0o} = 1. Takum o6pasom,
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&(t,w) — MHeltHAas KOMOUHAIWST HEMPEPHIBHBIX (DYHKIWUI C T1.H.-KOHETHBI-
mu kosbdummenravm. Cremosarensuo, P{w: £(¢,w) menpeprsral = 1,
T.e. CO £(t) menpepbIBHA.

Jjist uccieioBanus ¢.K.~-HeIpepbIBHOCTH HadigeM mg (t) u Re(t, 7). Ode-
BHJIHO, YTO

mg(t) = 2”: mrpr(t),
k=1
Re(t,7) = z lilcov{vk, Vi) ox(t)gr(r) = kz Dior(t)on(r),

Tak Kak mo ycaoswio cov{Vy, Vi} = 0 mpm k # [. Orcioma BBITEKAET, 9TO
me(t) u Re(t, 7) menpepoisasl Ha T u T X T COOTBETCTBEHHO M, CIAEL0BA-
TenbHO, £(t) c.K.-HenpephiBHA Ha T. W

3aMeTuM, 4TO B JAHHOM IpUMepe HOHATHE C.K.-HelPepPLIBHOCTH WU
HENPEPBIBHOCTH COBIAalOT. PaccMoTpum Temeph cay4ail, xorma &(t)
B HEKOTOpOH Touke ty € T gBafgeTca pa3pbIBHOM KAaK IOYTH HABEPHOE,
TaK U B CPEIHEM KBaJIPATHIECKOM.

IIpumep 8.2. CD £(t) samama ma T = [0, 1] ciemyromum o6pasom:

Vi, ecwm t<1/2,
=1
2, ecam t>=1/2,

rae Vi u Vo — He3aBUCHMbIE OJIMHAKOBO DACIPEJIEIEHHbIE CJyYailHbIe
BEJIMYHMHBL CO cpesHuM m u aucuepcmeit D > 0. UccnenoBars HempepbiB-
HocTh £(t) B Touke to = 1/2.

Pemenwne. na seakoro w € Q semonueno &(t,w) — Vi(w) npn
t—to—0 u &(t,w) = Va(w) mpu t — to+ 0. B cury HesaBucmMmocTn
{V1, Va} n ycaosuss D > 0 umeem: P{w: Vj(w) # Va(w)} > 0 u, cuemno-
BATEJBHO,

P{w: £(t,w) — &(to,w) mpu t — to} < 1.

Taxum obpasom, £(t) He ABIsSETCS T.H.-HEMPEPHIBHON B ToUKe to = 1/2.
Teneps uccnenyem c.K.-HenpepbiBaOCTS &(t) Ha T

( M{Vi}, ecm t<1/2,
me )_{ M{Vz}, ecmm t>1/2,

nosromy me(t) =m, tak kaxk M{Vi} = M{V2} =m no ycnosuo. Cie-
nosaTesbHo, me(t) menpepsiBaa Ha T'. Haiiiem Tenepb KOBapUalMOHHYIO
dbynkumo Re(t, 7). Ecam max(t,7) < 1/2, o

Re(t,7) = cov{{(t),&(7)} = cov{V;,Vi} = D.

Ananorudno, Re(t,7) =D npu min(¢,7) > 1/2. Ecim xe t <1/2< 7,
10 Re(t,7) = cov{V;, Va} = 0. Orcrona nomygaem, uro Re(t,7) — D npu
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t, 7 =ty Tak, uro t,7 <tg nmam t,7 > tg. Ecim xe t,7 — typ Tak, 4TO
t <tg,at >ty 10 Re(t,7) = 0. C yuerom D > 0 momyuaem, uro Re(t,T)
pa3pblBHA B TOYKE (to, to). Urak, & (t) HEe 4BJIAeTCdA C.K.-HEIIPEPbIBHOK
B TOuKe tog = 1/2.

Bamerum, uro ecim Vi um Vo TakoBbl, uro P{V; =V,} =0, 10
nmourm Bee Tpaekropum &(t,w) TepmAT paspeiB B Touke to = 1/2.
Ecrm xe P{Vi; =V} =a >0, To ¢ BEpOATHOCTHIO ( TPAEKTOPUH
&(t,w) 6Gymyr menpepbiBEbIMu. Hampuvep, ecom P{V; =1} =p >0,
a P{Vi=0}=1—p, To P{V; =Va} =p?>+ (1 —p)?=a > 0. Orciona
P{w: ¢(t,w) menpepeiBHA} = > 0. W

Tokaxkem Teneph, aro CO £(t) MOKET GBITH C.K.-HENMPEPHIBHON Jaske
B CJIy4ae, KOrJa [OYTH BCE €€ TPAEKTOPUU Pa3PhIBHBI.

Ilpumep 8.3. Ilycts C® £(t) onpenenena ma T = [0, 1] cemyronmam

obpazom:
Vi, ecmm t<r,
&0 ={

Vo, ecim t>r

rje T — caydaitHasi BeJIMUnHA, PABHOMEPHO pacupenenennas va T = [0, 1],
V1 u V5 — rayccoeckue CB ¢ oMHAKOBLIMY CPEJHUME M U JIUCIIEPCUAMEI
D > 0. Cayuaaitasie Benuuaunsl r, V4 u Vo, HE3aBUCHUMBI B COBOKYITHOCTH.
Hoxkazath, uro CO £(t) c.k.-HempepbiBHa Ha [0,1], XoTsi mo4TH BCe ee
TPAEKTOPUH PA3PHIBHBIL.

Pemenue. [na Beraucienus me(t) BBeZEM ABE BEPOSTHOCTHBIX
TUIIOTESDI:

le{t<’l“} n HQZ{t>T}

Tlo ycosuio P{H 1} =1—t u P{Hy} =+¢.
ITo dopmysne TOIHOrO MaTeMaTHIeCKOro oXujgaHus (cM. 1. 14.5)
nMeeM

me(t) = M{{(t)} = P{H:} M{{(¢) | Hi} + P{H2} M{{(¢) | Ha} =
=1-t)yM{Vi}+tM{Va}=(1—-t)m+tm=m.
Takum obpasom, dyukus me(t) venpepsiBaa Ha 1.
O6oznaunm 71 = max(t1,t2), 72 = min(t1,t2) ¥ PACCMOTPUM CIEIYTO-
II7e THTOTE3b:
H1:{T1<’I”}, HQZ{T2>’I”}, H3:{T2<T<T1}.
Tlo ycnosuto P{H1} =1 — 71, P{Ha} = 1o, P{H3} =11 — 72 = |t1 — ta|.

Beruncinm Tenepb KoBapualnonuyo dyakmuio Re(ty, ta):

Rg tl,tz Z P{Hk} M{{ tl tg | Hk}



8§ 8] SJIEMEHTEI AHAJIM3A CJAYYAWHBIX OYHKIIMI 151

Hna k=1,2 umeem M{f (t1)¢ tz |Hk} M{Vka} D. Ecim ke
k=3, 0 M{§ t1)€ tz |H3} M{Vl Vz}—Ono ycaosuto. VTax,

Rg(tl,tz) = (17T1)D+T2D:D(17 (7'1 77'2)) = D(]. - |t1 7t2|)

Orciona Re(ti,t2) — D = Re(t,t) npu tq,t; — t nas Besikoro ¢ € T. Ta-
KuM o0pasoMm, £(t) c.K.-HenpepbiBHa Beroay Ha T

Tlokaxkem Temepb, uro mourn Bee Tpaekropunm CO £(t) paspbiBHBL
Urak, ecim 0 < r(w) < 1 ma mekoroporo w € €, To B Touke t = r(w) Tpa-
exropust £(t,w) uamensier cpoe 3Hadenue ¢ Vi(w) Ha Va(w). Ilo ycaosuio
P{w: 0<r(w) <1} =1 u P{w: Vi(w) # Va(w)} = 1. ITosromy

P{w: &(t1,w) # &(t,w) ma ty < r(w) <ta} =1,

YTO O3HAYAET Pa3PbIBHOCTH TpaekTopwuii &(t) ¢ BeposTHOCTHIO 1. W

ITycrs Teneps £(t) € RP npu kaxaom ¢ € T, rae p > 1. B srom ciygae
&(t) maspBaercs p-mephoti caywatinot dyrryued.

Onpenenenne 85. p-mepmas CO {{(¢), t€ T} wnaswmBaercs
c.k.-nenpepvisnot, B Touke to € T (Ha T), ecam Bce ee KOMITOHEHTHI
{&(t), k=1, ...,p} c.k.-HenpepuIBHBI B ToukKe tg € T (wa T').

Mpumep 84. Iycts A = {A1, ..., Ap}* € RP — necayuaiinelii Bek-
Top, a &(t) — C.K.—HereprBHaH p-meprag C®. [Tokazarh, 9To Cirydaiinas

byukiusa n(t) = A*E(t) Z Akér(t) c.x.-HempepbiBHa Ha T'.

Pemenne. @ynkmus my,(t) = Z Army(t) mHenpepsiBHa Ha T, Kak

JMHeiHAasi KOMOWHAnUs HenmpepbiBHBIX dyakmuit my(t) = M{&(¢)}. Uc-
cilejlyeM Telepb HEMPEPHIBHOCTh KOBapuanuoHHONH (yHkimu R, (t,7) =

PP

= > Y MMRw(t, 1), tme Rpi(t,7) = cov{&x(t),&(7)}. W3 memmbr
k=11=1

Jlossa (cu. 1. 14.4) caemyer, aro ecmn & (1) —== &(to), &1(T) 25 &(to)

upu t, 7 — tg, TO

Rkl(t, 7') = COV{gk(t),gl(T)} — COV{gk(to), gl(tg)} = Rkl(to,to).

Takum obpasom, dyukiun Ry (t,T) HEenpepbIBHLI B IPOU3BOJIBHON TOUKe
(to, to) m, crenoBarensno, R, (t, T), Kak auHeiiHas KOMOUHAIHSI HETPEPDIB-
HbIX (DyHKIM, TaK>Ke HelpepbiBHa. Ternepb u3 Teopembl 8.1 cieayer, 9To
n(t) c.k.-HenpepbiBHa Ha 1. W

ameuanue. 3amerum, uro ecau B npumepe 8.4 C® & (t) mempe-
PBIBHBL, TO 7)(t) TakKe HeIpepbIBHA, ITOCKOIbKY BCE ee TpaeKTOpI/II/I CyTh

JIMHeHbIe KOMOMHATME HenpephIBHbIX hyHKmuit: 7(t, w) Z Ak (8, w)
k=1
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HeticTBUTENBHO,

P
P{w: n(t,w) menpeprsaa} = P{ (N {w: &(t,w) HereprBHa}} =1,
k=1

uTO U 03HavaeT HenpephiBHOCTHE CO 7(t).

B zakjrouenne JaHHOTO IIyHKTa PaCCMOTPHUM OJHO yTBEPXKIEHHUE, Mo-
3BONIATONIEE CYIUTH O HETPepBIBHOCTH TpaekTopwuit £(t). Inst aToro mam
MOHAIOBUTCS CIle yolee onpesenenne (cM. Takxke 1. 1.3).

Onpepenenne 8.6. Cnyuaitubie dbyuknun £(t) u 7(t) Ha3bIBaOTCS
cmozacmutecky sxeusasernmuvmu Ha T, ecan

P{w: {(t,w) #n(t,w)} =0 VteT.

MoO>KHO MOKa3aTh, 9TO CTOXaCTHYECKH 3KBuBaJjeHTHBIE CO mMmeT
OIHU U Te e KOHEYHOMepHbIe PacHpeie/ieHls 1, CIe0BaTelbHO, BCe UX
BEPOSITHOCTHBIE XapaKTEPUCTUKHU CoBIagaoT (cM. 1. 1.3).

Teopewma 8.2 (Konmoropos). ITycmov &(t) — cayuatinas dyrxyus,
NPUHUMAIOULAR HUCAOEbIE 3HAUEHUA U 3adannas na ompeske T = [a,b)].
Ecau cywecmeyrom noaosicumenvrwie xonemarmu, K, a u 8, maxue, wmo
Ooas scex t, 7 €T

M{[&(t) —&(n)|°} < Kt — |7,
mo natidemes nenpepuenas cayuatinas Pynkyua E(t), cmozacmuuecku
axeusanenmnasn E(t).

O6BIYHO Ha TPAKTHKE CTOXACTHYECKH SKBUBAJEHTHBIE CITydaifiHBIE
byHKII OTOXKIECTBIISIOT, T. €. TO/PA3YMEBACTC s, HAIPUMED, YTO BMECTO
&(t) B pacuerax ucnosb3yeTcs ee Henpepuishas modupurayua &(t) (ecan,
KOHEYHO, TTOCIIE HsIST CYIECTBYET).

IIpumep 8.5. ITycrs () — rayccockas C®, takasi, aro me(t) = 0
u M{[£(t) — &(7)*} = At — 7| mas Beex t, 7 € T = [0, 1]. Tlokazars, uTo
£(t) mMeeT HempepLIBHYIO MOA(DUKAITHIO.

Pemenme. Ilycrs n = &(t) — &(7). B cumy rayccoBocru &(t) cuydaii-
Hasl BeJIMUMHA 1) TAKXKe sIBJISIETCS TayccOBCKoil, npudyem M{n} = m¢(t) —
—me(1) =0, a D{n} = M{|§(t) — f(T)|2} = At — 7| = D,,. UsBecrHo,
YTO JIJIs IEHTPUPOBAHHOM TayCCOBCKON BEJIMUMHbI CIPABEJIUBO PABEHCTEO
M{n*} = 3D2. Hosromy M{n*} = M{|{(t) — &(7)|*} = 3D2 = 3X\%|t —
— 7|2, Econ monoxute o = 4, B =1u K = 32, ro M{|£(t) — £(7)[*} =
= K|t — 7|**# u Tpebyemoe yTBepiKIeHME CleIyeT U3 TeOpeMbl 8.2. W

3amernM, uro B yciosusax mnpumepa 8.5 CO £(t) rakxKe siBisieTcs
C.K.-HEIPepBIBHOI, TaK Kak tlgI’l_ M{|E(t) — &(r)*} = /\}LH; |t—7| =0, e
£(t) =55 £(r), t — 7 nua moboro 7 € T. Bosee TOro, €cm B yCIOBHIX

TeopeMbl 8.2 moTpeboBaTh, 40061 & > 2, To C® £(t) Gymer omHOBpeMERHO
C.K.-HEIIPEPBIBHON U MOTPACKTOPHO HEIIPEPBLIBHOM.
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8.2. TuddepenmnupoBanue ciaydaitHbix oyukimii. g CP mo-
HaTHEe MU GEPEHIUPYEMOCTH W, CIIEJOBATENBHO, TPOU3BOIHON MOXKHO
BBECTHU pa3jMmuHLIMU criocobaMu. Mbl GyieM paccMaTpuBaTh TPOU3BOIHBIE
JBYX BHJOB: IPOM3BOJHYIO B CPEIHEM KBaJ[PATHYECKOM (C.K.-IPOU3BOJI-
HYIO) W MOTPAEKTOPHYO TTPOU3BO/IHYO.

IIycrs £(t) — runbbeproBa C®, onpeneseHHas Ha OTKPBITOM HHTEP-
sase T C R!| nmeromas cpennee me(t) u kopapuamuoHHYI0 (QYHKITHIO
R (t,s). )

Onpegmenenne 8.7. Coayuaiinas enmunna &(tg) HasbBaeTCst
c.x.-npouseodroti caydvaiinoit yuknuu £(t) B Touke to € T, eciu

é(to +h)— E(to) C.K.
h

£(to) mpum h— 0. (8.2)

Ecmw ykasamubiii c.x.-mpegen cymectByer, To C® £(t) maswmBaercs
c.x.-Qupdepernyupyemoti B TOUKe tg.

Ecam £(t) c.x.-muddepennupyema B kaxpoit Touke t € T, To Gymem
roBopuTh, 410 £(t) c.%.-dudpepenyupyema rna T', a ceMeficTBO CydaitHbIX
sesnmunn {£(t), t € T} Gyznem HaswbiBaTh c.%.-npoussodrot CP® £(t) na T.

Teopema 83. Jaa mozo wmobu caywainas dynryua £(t) Ovaa

c.k.-Quppepenyupyemoti 6 mouke tg € T, neobxrodumo u docmamouno,

dme(t
YMmobbL CYWECMBOBAAU NPOU3BOTHAA & 6 mouke ty u 0bobuLeHHaAA

dt

O Re(t,7)

CMEWAHHAA npOUSﬁO@HCLﬂ 68MTNOP0o20 nop.n&vca W
-

3ameuanue. O60beHHas TPOU3BOIHAS OIPENEITETCS KAk

6 mouke (to,to).

2
oan| -t
:

¥ [Rg(to + h,to + 5) —

t=1=to
— Re(to + h,to) — Re(to, to + 6) + Re(to, )]

HocTaTounbiM  yCI0BHEM CYIECTBOBaHUsI OOOOIIEHHON CMeNaHHOoM
TPOM3BO/IHOM SIBJISIETCS HEMIPEPBIBHOCTD XOTS OBl OJTHOM M3 YaCTHBIX IIPO-

. 9] 8R5(t, T) 9] 8R5(t, T)
U3BOZIHBIX: - ( o ' 5r T .
Ecnu £(t) muddepernnupyema uHa T', To ee c.K.-mpousBognas & (t) umeer
MaTeMaTHYecKoe OXKUIaHIe mé(t) ¥ KOBapHaluOHHYyI0 (DyHKITHIO Ré(t, 7),
ompeesisieMbie (POPMyTaMu

me(®) = Mst), Rytr)= T B ), (8.3)

IIpumep 8.6. Ilycts nenrpuposannaa CP &(t) mmeeT KoBapuanuoH-
Hyto GyHKnmio Re(t,7) = 2e_a(t_")2, rae a > 0. Berauciaurs aucnepcuio

Dq(t) ee c.x.-ponssonmoit &(t).
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Pemenne. Ilockombky me(t) =0, a Re(t,7) Geckoneuro mudde-
pernmupyema, CD £(t) c.x.-maddepennupyema B criry Teopemsbr 8.3. st
naxoxenus Rg(t,7) Bocnonbsyemcsa dpopmyaoit (8.3):

8135 _ —o¢(t—7‘)2
5 (t,7) =4da(t —7)e .
CemoBaTebHO,
) 0 [OR: ] _ 2\ —a(t—T)?
Re(t,7) = 5 { 5y (t,7)| = 4a(l — 2a(t —7)%)e )

u nucnepens §(t) serauciserca no dopmyse Dg(t) = Re(t,t) =4 m

Kpurepnit c.x.-muddepeHnmpyeMocT BeChbMa JIETKO TTPOBEPSEM U TTO-
3BOJISIET TAKYKE OIPEETUTh MATEMATHIECKOE OXKUJIAHUEe W KOBAPUAIMOH-
HYI0 (DYHKIOUIO C.K.-PpOU3BOAHON. K COXAJIEHUIO, BHBIA BHJ C.K.-IIPO-
M3BOJHON B OOIIEM Ciydae, UCIONb3ysl TOJBKO pPE3yJbTaT TeopeMbl 8.3,
MOJIYYUTh HE yaaercsi. [103ToMy HaM TOHAIO0OUTCS CIeLyolee OIpeiesie-
HUeE.

Onpepenenue 8.8. Cuyuaiinas dyukuus £(t) naspiBaercs dugde-
peryupyemoti (nompaexmopno) Ha T, eciin MOYTH BCE €€ TPAECKTOPUA —
nuddepennupyembie QyHKIUH, T. €.

P{w: {(t, w) nuddepermupyema na T} = 1.

OueBngHO, 4TO ecim §I(t) — norpaekTopHas npousBogHas £(t), a
£(t) — c.x-mpomssommas, To P{&' (t) =£(t)} =1, m.e. CD £(t) m £ (1)
CTOXaCTHYECKH IKBUBaJEHTHBI. [leficTBurenbio, ipu BesikoM ¢ € T B cuity
coBaenns ¢ BepoaTHOCThIO 1 mpegenos [¢(t + h) — E(1)]/h — € (t) n

[£(t + h) — E()]/h <=5 €(t) cupasesmuso £(t) = £ (t) (P-mu.).
IIpumep 8.7. CO £(t) samana coornomenuem (8.1), T.e

(t) = Xn: Vipr(t), teT, (8.4)

rae {¢r(t)} — Hecayuaitubie muddepenmupyembie dysxkmun, a {Vi} —
ciay4aiiabie K03 MUIUEHTHI, TPUIEM M{ sz} < oo, k=1, ...,n. Haiitn
C.K.-ipou3BoaHyto £(t).

Pemenmne. I/I3 (8. 4) caeayer, uro Tpaekropun &(t, w) C® £(t) nmeror

Bug E(t,w) Z Vi (w ,t €T, nostomy & (t) cymwecrByer u umeer

_ dex(t)

. Orcrona cie-
dt a

TPAEKTOPUH f’ t,w) Z Vie(w ), e op(t)

nyer, aro ecau &(t) c.K.—,zLH(b(bepeHquyeMa, TO ee C.K.-IPOU3BOHAS & (t)
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npu KaxkaoMm t € T mmeer BUL
n
t) = Z ngbk(t) (P—H.H.). (8.5)

B cuy M{V?2} < oo u3 (8.4) crenyer, uro dbynkuun me(t), Re(t,T)
ONpeJIeJIeHbl U UMEIOT BH/

=3 mipe(t),  Re(t.r) = ii Rupn(t)oi(r),
k=1 k=11=1

roe mi = M{V}, R = cov{Vj, Vi}. OueBnano, uro dynkuun me(t)

u Re(t,7) nuddepennupyemsl HeobXOQUMOE YHCIO pa3 (Kak JIMHEHHBIE

kombunanmu guddepennupyemsix dbyuaknuii). ITostomy &(t) cymecrByer
n

u Ol'[pe,[LeﬂﬂeTCﬂ coornomenuem (8.5). Ipn srom mg(t) = 3 myppi(t), a

n

Re(t,m) =3 ZRM(pk t)¢1(7), uro BeITeKaer u3 (8.3). W
k=11=1
Curemyromuii npuMep MoKa3blBaeT, 4To olepalys C.K.-auddepennupo-
BaHUsl ABIAETCSA AuHEdHbLM NPeobpasosanuem.

IIpumep 8.8. Hua cayuaituoii dyumuu &(t) Z o€(t), roe oy —

qucioBsle Koabdunnentst, £ () — c.K.—gH(b(bepeHquyeMHe CITyJaiHbie
dyukiun, Beraucauts £(t).
Pemenue. Boruncmum £(t) o onpenenenuto 8.7:

k=1 k=1

B CHJIy CBOMCTB C.K.-CXOIMMOCTHU. TakuM 00pasoM,
n .
t) = Z akfk(t), teT. (86)

®opmyra (8.6) MOKA3BIBAET, UTO C.K.-TPOU3BOHASA JUHEHHON KOMOMHATIAH
c.k.-audepennupyeMbix MYHKIMIA SABISIETCS JUHERHON KoMbuHarmeit mx
C.K.-IIPOU3BOJHBIX, YTO U O3HAYAET AUHEUHOCTD onepavyuy ¢.x.-oupdeper-
yuposarus. W

3amedganue. [loxydeHusiit B mpuMepe pe3yabTaT MOXKET OBITH 0600-
IeH B CJIELYIOEeM HaIpPaBJIEHUM: €CIU AeTePMUHUPOBaHHAsA (OYyHKIMS
o(t) nubdepermupyema wa T, a CO £(t) c.x.-muddepernupyema Ha T,
10 C® n(t) = ¢(t)&(t) mMeeT C.K.-ITPOU3BOTHYIO

(1) = PWe(0) + o)),
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Oxa3sbIBaeTcs, 9TO JaJIeKO He Bce CiIydaiinbie pyHKnuu auddepeHim-
DPYEMBI JlaXKe B CPEIHEKBAIPATHIECKOM CMBICIIE.

Ipumep 8.9. Lenrpuposannas CD £(t) mmeer KOBapUAIMOHHYIO
dbyukuuo Re(t,7) = Dmin(¢,7), D > 0. Ilokazars, 4To OHa HULJe He
muddepennupyeMa B C.K.-CMBICIIE.

Pemenwne. Ilo onpenenennro

t, ecm t<T,

min(t, 7) = {

T, ecau t>T,

TIO3TOMY

0, ecmm t<T,

0 .
t,7) = 2 {min(t,7)} =
w(t:7) aT{mm( )} { 1, ecmm t>T.

Orciona ¢(t,7) > 0npu 7 > t+ 0 u ¢(t,7) = 1 upu 7 — ¢t — 0. Takum
obpasom, npu t = 7 dyakuua ¢(t,T) ABAsgeTCsI Pa3pPLIBHON 110 mepeMeH-

0

HOI U, cJIeI0BaTEbHO, TPOU3BOIHAS 8—f(t, T) pu t = T He CYNIECTBYET.
O Re(t 9% min(t

CiiefoBaTebHO, (t,7) =D min(t, 7) He ompejesieHa pu t = T HU

T otor
s ommoro t € R, e, € (t) HUTZE HE MMeeT C.K.-TIPOM3BOJHON. 3aMeTnM,

9TO, UCHOIB3Ysl MOHITHE 0006WeHHOT NPou3eoodHol, MOXKHO 3alUCAThH

2

) __ O0°R¢ . B
Re(t,m) = 5107 (t,7)=Dé(t—T1),

rue 6(z) — pmenbra-dynknus dupaka. Takum obpasom, ¢opmanbHO
C® £(t) sBasieTcs TAKMM Cily9aiiHbIM IPOIECCOM, UTO Rg(t,7) =0 upn
moberx ¢ # 7, a Dg(t) = Ry(t,t) = D6(0) = co. Dro osmadaer, 4TO Ce-
wernst CO £(t) npecrasasior coboii HEKOPPEIPOBAHHBIE CIIyYaiHbLe
BEJIMYWHBI ¢ OeCKOHEUHO mucmepcneii. Takoii mporiecc Ha3bIBAETCA HeAbLM
wymom (cMm. . 1.4). m

Eciu £(t) — rayccosekas C®, To £(t) — Takke rayccoBCKas B CHILY
CJIEJIYIOIIETO YTBEPXK ICHHUS .

Teopewma 8.4. Ecau {£(t), t € T} — c.x.-duppepenyupyeman 2ayc-
coscran CD, mo () maxoice asanemea zayccoscroti CD ¢ mamemamurie-
cruM osrcudaruem u Kosapuayuonnot dynryuet, onpedeaennvmu 6 (8.3).

Mpumep 8.10. das rayccockoit CP {£(t), t € R'} ¢ maremaruye-
ckuM oxxuanuem mg(t) = t? u kopapuanuonnoit gyukrueit Re(t,7) = 4tr
BBIINACIUTH P{§(2) > 2},

Pemenue. Ilo Teopeme 8.4 5 (t) siBasiercst rayccoekoit CO, npuaem
_ dme

my(t) = TE() =26, Re(t,7) =
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Iostomy mnpu t € R! ceuenne f(t) WMEET TayCCOBCKOE paCIpejieieHre
N (2t;4). CaenoBarensho, £(2) ~ N (4;4) u

. 2—mg(2
P{2)>2}=1- @(mﬁ()) =1-&(-1)~1-0,1587 = 0,8413,
\/De(2)
e P(x) = \/% J et 2 — dbyukus Jlammaca (MHTErpas BepOsiTHO-

crei) (cm. mi. 14.6 n 15.1). m

8.3. uTerpupoBanmne ciayvaiiHbIX yHkiuid. I[lonarwe wmmnre-
rpajia oT ciaydaitnoit GyHKmu OyJeM TakKe U3ydaTh B JBYX CIEAYIONIAX
BapWaHTaX: WHTETPAJ B CPEHEKBAPATHIECKOM CMBICIE (C.K.-HHTETPAI)
¥ TIOTPAEKTOPHBIN WHTErDAaJl.

[Tycrts CO £(t) onpenenena na T C RY. Ha orpeske [a,b] C T moctpo-
UM HeKoTOpoe pasbmenme a =tg <ty < ...<t,_1 <t, =0b, a Ha KaXK-
JIOM W3 TIPOMEXKYTKOB 3TOr0 pa3bueHusi BbIOEPEM IIPOU3BOJBHYIO TOUYKY

T; € [ti_l,ti), t = ].7 B (N
Ounpenenenne 8.9. Eciu upu n — oo n __Hllaxn(ti —ti—1) = 0 cy-
IEeCTBYET TPEIESl B CPETHEKBAIPATUIECKOM T
n
S E(m)(ti —tiog) <, (8.7)
i=1

He 3aBucamuil or cmocoba pasbuenust {t;} u BbGOpa Touek {7;}, TO
CO £(t) nasbiBaercs c.k.-uwmezpupyemol Ha [a,b], a caydaiinas Besu-
YMHA 1) HA3BIBACTCS €€ C.K.-unmezpasom 10 [a,b] u obosHadaeTcs

b

nzj&(t)dt-

,HIIE{ C.K.-UHTETPUPYEMOCTU UMEETCA BECbMa HpOCTOfI KpI/ITepI/Iﬁ.
b

Teopema 8.5. Jaa cywecmsosanus c.k.-uHmMe2paa J £(t) dt neob-

a
T00UMO U AOCMAMOYHO, 4MObbL CYULLCTNBOBAAU CACIYOULUE UHMELPALDL

Pumana:
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2de me(t) = M{E(t)}, Re(t,7) = cov{&(t),&(T)}.
Teopewma 8.6. Ecau CP £(t) c.x.-unmeepupyema wa T, mo

b

M{Té(t) dt} = ng(t) dt = I,

b
cov{Jf(t) dt,g(f)} =

a

R&(t,T) dt, T E T,

Q>

b d bd
cov{Jf(t) dt,Jg(T) dr} = “Rg(t,f) dtdr, [c,dCT,

a c

b bb
D{Jg(t) dt} = ”Rg(t,f) dtdr = I.

aa

N3 onpenenenus 8.9 ciemyer, YTO C.K.-MHTETPUPOBAHUE SIBIISIETCS JIU-
HeltubIM peobpaszoBarueM (). OTcoma ¢ yIeTOM CBOHCTB C.K.-CXOAUMO-
CTH TayCCOBCKUX CiydailHbX Beawdus (cM. 1. 14.6) monydaem, 4To eciu

b
&(t) — rayccosckag C®, To c.K.-MHTErpas Jf (t) dt mpezncraBisieT coboi
a
TayCCOBCKYIO CIYyYalHYIO BEJIUYUHY cO cpenuuM [; um jucnepcueit I,
onpegnenenusiMu B (8.8), (8.9).

PaccmorpuMm cBoiicTBa C.K.-HHTErpaJja Ha MpuMepax.

IIpumep 8.11. Jokasars, uro Besikasg CO £(t), c.K.-HeNpepbIBHAS HA
KOHEYHOM NIPOMEKyTKe [a, b], siBasieTcs c.k.-uHTerpupyemoii ua [a, b].

Pemenne. Ecnu &(t) c.x.-HempepbiBHa Ha [a,b], To dynkmms me(t)
HenpepbiBHA Ha [a,b], mosTomy I; B (8.8) cymecTByeT Kak MHTErpaj OT
HENPEPBIBHON (DYHKINU N0 KOHEYHOMY OTPE3Ky. B CHily C.K.-HEMPEpBIB-
nocru £(t) dyukius Re(t, T) Henpepeisua npu t = 7. [lociennee yciosue
JIOCTATOYHO ISt TOTO, 4T00BI Re (¢, T) Oblila HEMPepLIBHOM BCIOLY Ha [a, b] X
X [a,b]. Takum obpasom, [z TakXKe CyIIeCTBYeT H, cieoBaTenbHO, &(t)
C.K.-MHTerpupyeMa Ha [a,b] B cuily yrBep:KieHusi TeopeMbl 8.5. B

IMpumep 8.12. Ilycrs {£(¢), t > 0} umeer xapakrepucTuku me(t) =
= mt, Re(t,s) = Dts, roe D > 0. BeraucanTs MaTeMaTHuecKoe OXKUIAHAE
7 KOBapWAMOHHYIO (DYHKIIAIO CITydIaiHol MyHKIANT

n(t) = Jg(r) dr, t>0.
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Pemenune. Ilo ycaosuio me(t), Re(t, 7) nHenpepoisubl. CilegoBaTenb-
HO, £(t) c.k.-uHTerpupyema Ha J000M KoHeYHOM mpoMexyTke [0,t] upu
t > 0. Torna mo teopeme 8.6 HaxomUM:

t t

my(t) = M{n(t)} = | M{§(r)} dr = m [ 7dr = 3£,

0 0

t

R, (t,s) = cov{J{(n) dry,

0

O

&(m de} chov{g (11),&(m2)} dridme =
00

t

ts s
= JJRE(Tl,T2) dTldT2 = DJTldleTz dT2 = %tzsz,
00 0 0

D, (t) = R,(t,t) = %54. ]

st c.k.-mHTerpasia CupaBe/lJiInBbl MHOTHE CBONCTBA OOBIYHOTO WHTE-
rpajia OT HEeCTyJIalHbIX (DYHKITAIA.
1) Junetinocmy uarerpaa:

n

J Z akfk(t) dt = Xn: ag Jfk(t) dt, (810)

k=1 k=1 i

rae {ar} — mecayqaiinble xoaddunuentsr, a {€;(t)} — c.x.-unTerpupye-
Mble Ha 1" caydaiinble OYHKITUA.
2) @opMysIa UHMEZPUPOBAHUA TIO HACTRAM:

t t

| eme) dr = () - elto)élto) - [ e(é(rydr,  (8.11)

to to

rie (1) — HenpepsiBHO guddepeHnupyemas HecaydaiiHas (QyHKIWs,
a &(t) — CO, umeronas C.K.-HEIPEPHIBHYIO C.K.-[IPOU3BOAHYIO.
3) Ilpasuso dugpdeperyuposarus no eeprremy npedeay: ecan &(t) —
t

c.k.-HenpepuiBHass C®, To c.k.-mpomseogaas CD n(t) :Jf(r) dr npu

KaxxsioM t € T numeer BUJ,
i(t) = %Jg(f) dr = £(t) (P-m). (8.12)

IIpumep 8.13. Hokazats dopmymy (8.12).
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Pemenwue. Ilycts h > 0, Torna
t+h t t+h
An=n(t+h)—n(t)= | &r)dr - [&r)dr= | &(r)dr.
0 0 t
Hokasxewm, aro M{|An/h — &(t)[*} — 0 npu h — 0.
Ecnu me¢(t) = 0, To mo Teopeme 8.6
t+ht+h
M{Anz} = J J Re(71,72) dridre = Re(01,02) h?
t ot
ISl HEKOTODBIX 01,03 € [t,t + h]. Ananoruuso, qus o3 € [¢,t + h]
t+h
M{An&(t)} = J Re(r,t) dr = Re(0s,t) h.
t
Orciona M{|An/h — £(t)]?} = Re(01,02) — 2Re(03,t) + Re(t, t) — 0 npu
h — 0, tak Kak R¢(01,02) — Re(t,t), Re(os,t) — Re(t,t) B cmiy Toro,
4yro o) — tupuh — 0,k = 1,2, 3, a yukrus Re(t, 7) nenpepsisua. Nrak,
Mo okasaqm, 9o (n(t 4+ h) — n(t))/h <= ¢(t) upu b — 0.
t ¢

o

Ecim me(t) # 0, o n(t) = Jf(T) dr + ng(r) dT ¥ 1m0 IOKa3aHHOMY
0 0

N(t) = &(t) + me(t) = £(t). Popmyna (8.12) momHoCTHIO HOKA3aHA. W
Bameuanme. Ilycts £(t) TakoBa, WTO TOYTH BCEe €€ peaTM3AINN
uHTErpupyemMbl o Pumany Ha MHOXKecTBe T, T. €.

P{w: cymecrsyer mnrerpan Pumana n®(w) = Jf(t, w)dt} =1.
T
Torna nR ABJIsIeTCs CAydaiinoil Beamauuoit (T.e. uamepumoii dbyHkImeil
or w). Ecim ke £(t) siBigercs K TOMy »Ke C.K.-UHT€IPUPYEMOIi, TO MO-
TPaeKTOPHBIH HHTerpas Nt u c.K.-mHTerpa; n = Jf (t) dt coBmagator ¢ Be-

T
posiTHOCTBIO 1. ChopMyampoBanHOe yTBEPKJEHUE 3a9acTyi0 TO3BOJAET
SABHBLIM 00DPA30M BLIYUCIUTH C.K.-HHTErPaJ.

IIpumep 8.14. CD £(t) 3amana dbopmynoit

£(t) = Upsinvt + Uy cosvt, v >0, t=0,

rie Uy, Uy — He3aBUCUMBIE TAYCCOBCKUE CIYYANHbIE BEJUUYNHBI C HYJIEBBIM
cpenanM u gucnepcueit D > 0. Haiitn aBHBIM BUJ C.K.-HHTETrpaja
t
n(t) = J{(T) dr, t>0
0
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U BBIYHCIATL €r0 MaTeMaTHIeCKoe OXKUIanue m,(t) u aucnepcuio Dy (t).
Pemenne. lna w € Q tpaekropust CO £(7) mmeer BHf,

&(r,w) = Uy (w) sinvt + Uz (w) cos vt

u siBasieTcst wHTerpupyemoit Ha [0, t] dbyukuueit. Ilosromy

; 1

nf(t,w) = Jﬁ(r, w)dr = ;[Ul(w)(l —cosvt) + Us(w)sinvt], t>0.

0
Bamerum, uro £(t) c.K.-HenpepbiBHA, KaK JHHEHHAs KOMOWHAIMS HEempe-
PBIBHBIX HECTYJIaWHBIX (DYHKIIHN CO CIyIaitHBIMU KOIMDPUIHEeHTAME, TMe-
FOIMMHU KOHEYHBbIe BTOpble MOMEHTHI (cM. mpuMmep 8.1). B cmry mpume-

pa 8.11 c.x.-maTerpan 7)(t) CymeCTByeT W COBMAMAET C TOTPAEKTOPHBIM
unTerpasom N (t, w):

n(t) = %[Ul(l —cosvt) + Ussinvt] (P-m.n.). (8.13)

Teneps, ucnonbyst (8.13), HETPYAHO BEIYUCIUTL My (t) 1 Dy (t):
my(t) = %[M{Ul} (1 —cosvt) + M{Us}sinvt] = 0,
%[D{Ul} (1 — cosvt)? + D{Us} sin® vt + 2cov{U;, Uy} x

Dn(t) =

x (1 — cosvt)sinvt] = %[(1 — cosvt)? +sin? vt] = 21/—12)(1 — cosvt).

Takum 06pazoM, npy KaxjoM t > 0 ciydvaitnag seauwduna 7)(t) sBisercs
rayccosckoit ¢ pacupegenennem N (0;2D(1 — cosvt) /v?), Kak c.K.-unTe-
rpai ot rayccoBckoir CO £(¢). m

8.4. [IuddepennuaibHble ypaBHEeHUd CO CJaydailHOM mpaBoii
YacTbio. BBejieHHBIE BBIIIE IOHATHUSI C.K.-IIPOU3BOIHON U C.K.-MHTErpaja
MO3BOJISIIOT PACCMOTPETH MPOOJIEMY KOPPEKTHOT'O ONUCAHUS AUHEH020
Jupepenyuaibrozo YpasHenus CO CIYyYaHBIMUA BO3MYIIEHUSIMU B TIpa-
BOM 4acTH U CIy4YalHBIMEU HAYAJIHHBIMU YCIOBUSIMMU:

i(t) = a(t)n(t) + b)E), t>0, (8.14)

n(0) = v, (8.15)

rae 7(t) — c.k.-upoussogHas N)(t), £(t) — c.k.-HempepbiBHast npu ¢ > 0
ciyvaiinas dynkmusi, a(t), b(t) — HenpepbIBHBIE HecaydaitHble QyHKIN,

a v — HeKoTopasd cilydaiiHas BeJIuduHA.

11 B.M. Munuep u A.P. I[Tankos
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Oupenenenue 810. Cayuwaiinas dbyuxuua n(t), t > 0 asiasercs
pemennem ypasHenus (8.14) ¢ maganpubM ycnosuem (8.15), ecom npm
KaxkJoM t > (0 BBIIIOJIHEHO

t t

n(t) = v+ J a(r)n(r) dr + J b(r)&(r) dr, (8.16)
0 0

rae B mpasoil wactu (8.16) Bce MHTETpANBI TIOHUMAIOTCS B C.K.-CMBICTE.
st siBHOTO mOCTpoeHmsl pernenusi (8.16) BBegEM BCIOMOTATENBHYTO
Hecuydaiinyio dyHkmo 6(t):

{ 0(t) = a(t)0(t), t>0,
=1

0) (8.17)

Nssectro, uro 6(t) us (8.17) takosa, uro O(t) # 0 upu mobom t > 0,
ecin a(t) KycouHo HempepbiBHa. Cilelyfoniuii IpuMep HOKa3bIBAET, Kak
BBIJIAUT obIee pelrenHue ypasHenus (8.14).

IIpumep 8.15. JokazaTh, uTo ciaydaitHas GyHKIAI

n(t) = 0(t)w + 6(t) J 0= (r)b(r)E(T) dr, (8.18)

rae 6(t) — pemenwe ypasrenus (8.17), ynosnerBopsier ypasHenuio (8.14).
Pemenwme. Jlus n0Ka3aTeqbCTBA BBIYUCIUM C.K.-TIPOU3BOIHYO 7)(t)

dbyuxuum 7)(t), onpenenennoit B (8.18), mONB3yACh NOTYyYEHHBIME B Ipe-

JBIIYIUX MyHKTaX CBOWCTBAME OIEPaNuy C.K.-TuddepeHInPOBAHAL:

i) = [0t v+ 00t) [ 07 (r)b(r)E(r) dr | =
0

t

U 0~ (T)b(T)E(T) dT] .

0

&=

= 0(t) v+ 0(t) [ 07 (T)b(r)E(r) dr + 61(2)

Hpumenss npasuio audbdepennupopanus c.K.-HHTErpaia 1m0 BEpXHeMy
npenery (8.12) ¢ yaerom 0(t) = a(t)0(t), nomysaem

i(t) = a(t) [0y + 0() [ 07 (Ob(r)E(r) dr | +

+O)O™ (H)b()S() = a(t)n(t) + bHE(H).
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Taxkum obpasom, 7n(t) ymosaersopsier (8.14) mpwm Bcex t > 0. Ocramoch
[IPOBEPUTH BINOMHEHNE HadaabHoro yeosus: 7(0) = 6(0)v = v, nockonsb-
Ky 6(0) =1 B cuny (8.17). Urak, n(t), onpenenennas B (8.18), siBisiercs
permernem 3agaan (8.14)—(8.16), aTo u TpeboBasOCh AOKA3ATH. M
Borpaxkenwe (8.18) mo3BosisieT BHITACATH SIBHBIN aHAJIATHYECKAIT BUJ,
permerust ypaBHeHwst (8.14) BO MHOTHX NPaKTHYECKW BayKHBIX CITydasX.
IIpumep 8.16. CO 5(t), t > 0 ymoBierBopsaeT ypaBHEHHUIO

ﬂ(t) = a’?(t) +&, 77(0) =, (819)

rae &, v 0bpasyIoT rayCCOBCKHil CiydaiiHblii BekTOp, npudem me = M{¢},
m, = M{v}, D¢ = D{¢}, D, = D{v}, p = cov{¢, v}. Haiitu 3akon pac-
npejeJeHns Cilydaitnoil Beauaunel 7(t) npu aobom ¢ > 0.

Pemenue. B ganHoM ciyuae mus 6(t) nmeem

o(t) =ab(t),  6(0)=1,
nosromy 6(t) = e**. O6mee pemenue (8.18) ypasuenus (8.19):

t t
n(t) = e*v+ eo‘tJe_‘”f dr = eo‘tv—l—feo‘tJe_O‘t dr = eo‘tl/—l—g (e*t—1).
0 0

Taxum o6pasom, 7(t) — TayccoBcKas Cydaiiiast BeJIMIWHA, KaK JHHEHHOE
npeobpasoBaHne TayCCOBCKOTO ciydaifnoro sekropa {v,&}*, T.e. n(t) ~
~ N (my(t); Dy(t)), rae mapamerpsr my,(t) u Dy (t) onpeaensirores cemy-
FOIIM 00pPa3oM:

my(t) = M{n(t)} = e*'m, + % (e*t—1),
D, (t) = D{n(t)} = >0, + DF (e3¢ —1)% + 22 (¢ _eot) . w

3aMeuanue. PaccMOTpEM acUMOTOTHYECKOE IOBEIEHUE PeIIeHUs
ypasuenns (8.19) mpw ¢t — co. Ecim a < 0, To

3

C.K.
n(t) —> = npu t— oo,

||

nockombky €y~ 0 u € (e — 1) Ja —2% ¢/|al. Taxum obpasom,
muddepernnuanpaasg cucreMa (8.19) BBICTyHAeT MO OTHOMIEHUIO K BXOJ-
HOMy curHaiy § Kak ycuiutenb ¢ Kosddumuenrom ycunenus k = 1/|al,
€ciu BpeMsl ¢ JJOCTATOTHO BEJIUKO.

3amernm, 9To B ciaydae, Korja CO £(t) uMeer KyCOUHO HENMPEPHIBHBIE
(cenoBaresbHO, MHTErpUpyeMble) Tpaekropuu, dbopmyia (8.18) moxer

11*
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paccMaTpUBaTLCS KaK MOTPAEKTOPHOE permneHme ypasHenwst (8.14), T.e.
JIJIs1 TIOUTH BCeX w € ) BBIIOJHEHO

t
n(t,w) = 6(E)w(w) +6(t) [ 071 (T)b(r)E(r,w) dr. (8.20)

0
Dopmysa (8.20) 3amaeT «IydOK» peasM3anyii PeIleHud ypaBHEHUsI
(8.14), KOTOPBIt MOKET GBITH MOy YEH, HATIPAMED, HETIOCPEACTBEHHBIM De-

meHneM OOBIKHOBEHHBIX JudDepeHnaibHbIX YPABHEHMI, OMMCHIBAIOIIIX
KaXK/IyI0 TPAEKTOPHIO:

{ n(t,w) = a(t)n(t,w) + b(t)E(t,w),
n(0,w) = v(w).

PaccMoTpuM Temepb BEKTOPHBIN cilyvaii, Korjga cucreMa (8.14) cocro-
UT U3 N JUHEHHBIX ¢ dEepeHTHaIbHbIX yPaBHEHMI:

W) = A(®)n(t) + BE®), t>0,
0(t) = A()n(t) + B($)E(?) (8.21)
1(0) = v,
rae 7(t) — c.k.-opoussoguas n-mepuoir CP n(t), {(t) — m-MepHas
c.x.-genpepbiBHass C®, v — n-meprbii CB, a marpudsble dyHKIun

A(t) e R™*™ B(t) € R™™™ umeror HeciydaiiHble KYCOYHO HEIPEPLIBHBIE
KOMIIOHEHTHL.
Ob6uiee pemenue ypasuenus (8.21) numeer Bug,

n(t) = O(t)v + O(t) J O~ (r)B(r)¢(r) dr, (8.22)
0

rae O(t) — wmampuunas Pyrnkyus Kowu, yaoBIeTBOPAONIas CACTEME
OJTHOPOIHBIX AudDEePeHIMAIbHBIX YPaBHEHUN

©~1(t) — marpuna, o6parnas k O(t). Unrerpas B npasoii uactu (8.22) mo-
HUMAETCs B C.K.-CMBICJIE U IPUMEHHAETCS K CIydailHON BEKTOPHOMN MOIbIH-
TerpasbHO# (BYHKIME TOKOMIIOHEHTHO. 3amMeTnM, uto ©~1(t) cymecTByer
npu kaxxaoM ¢ > 0, eciin A(t) nMeer KyCOYHO HEPepPhIBHBIE KOMIIOHEHTHI.

IIpumep 8.17. Bouncauts MaTeMaTHIeCKOe OXKHUIAHIE M, (t) 1 Ko-
Bapuanuonnyio Marpuny K, (t) pemenus 1(t) cucremst (8.21), cuurasi, 410
npu KaxkaoM ¢ > 0 ciyuaiinble Bennaussl v, §(t) SABIAAOTCA HEKOPPEIUPO-
BaHHBIMH, a dyHKIHH Mg (t), Re(ti,t2) N3BECTHEL.
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Pemenne. Ilpuvennm x obenm gacram (8.22) omepaTop MareMaTH-
YECKOTO OYKUJIAHUS:

my(t) = M{n(t)} = M{©(t)v} + ©(t) M{| 071 (1) B(r)¢(r) dr } =

= O(t)m,, + O(t) J O~ (1) B(r)me(r) dr.
0

W3 nociiejHEro COOTHOLIEHUST CIEAYET, YTO My, (t) ABIISeTCs pelleHueM
CUCTEMBI OOBIKHOBEHHBIX Au(PEePEeHITNATHHBIX YPaBHEHAH

iy (t) = A(t)my (1) + B(t)me ()

¢ HaYAJIbHBIM ycaoBreM my,(0) = m,,.
Amnanoruyno, gas Ky (t) = cov{n(t),n(t)} ¢ yaerom HeKoppeanpoBan-
HoctH v u £(t), t > 0 nomydaem

K, (t) = O(t) cov{r,v} ©*(t) +

+ @(t)J COV{C“)_I(Tl)B(Tl)f(Tl),C“)_I(TQ)B(TQ)E(TQ)}dTlde 9*(t) =
0

O —

tt
= O(t) | Ry + | [ 071 (r) B(n) Be(m1,72) B* (r2) (07 (r2)) " dmdrs | ©° (1),
00
rae R, =cov{v,v}, a Re(ri,72) = cov{{(m),&(m2)}. K coxanenuro,
B obmem ciaydae marpuia K,)(t) He siBisiercsi pelleHHeM KaKOro-iuGo
nuddepeHnnaIbHOTO YpaBHEHHS.
Eciu ke npegmonoxurs, uro Re(m,7m2) =V (m)0(m2 — 1), TIE
V (t) — dyuxuus, 3HAUEHUAME KOTOPO# ABJISAIOTCA HEOTPHIATENHHO-OIIPe-
JleJIeHHBIE MATPHUIIbI, TO ToBOPAT, uTo () — m-MepHbIi beavd wym
¢ mampuyeti unmencusrocmed V(t). Toncrasus dopmanbuo Re (71, 72)
B Bhlpaxkenue g K, (t), momyaum

Ky(t) = O(t)|[ Ry + [ 07 (1)B()V(r) B ()07 (1)) "dr |0 (1). (8.23)

MozkHo nokazaTh, UCIOIb3ysl onpejesenue Marpunsl O(t) u gudde-
peHmupysi o6e gactu (8.23) mo t, 9ro

Ky (t) = A() Ky (t) + Ky () A" (1) + BV (8) B*(¢),
K,(0)=R,.
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3aMeTuM, OIHAKO, YTO IPABOMOYHOCTH IPOJEJAHHBIX BbIKJIAIO0K
B paMKaxX DPacCMOTDPEHHO# TEOpUHU C.K.-MHTErPUPOBAHUSA MBI 00OCHOBATH
He MoxkeMm. 1o Oymer cienano jgasee, B §11, MOCBSIEHHOM TEOPUH
CTOXaCTHIeCKUX Tu(PepeHInabHbIX ypaBHeHnii. W

8.5. 3amaum Oy caMOCTOSAATEJIBHOTO pPEIIEeHUs.

1. Joxka3zars, uro n(t) = p(t)&(t) + ¥ (t) — c.x.-menpepuiBaas C®, eciu ¢(t),
1 (t) — HenpepbiBHBIE neTepMuHupoBaHHble ByHKIMHU, a () — C.K.-HEmpepbIB-
nas CO.

2. ITycre CD &(t) c.k.-HempepbIBHA Ha KOHEYHOM IpoMmexyTke 1 = [a,b].
JokaszaTh, uto Haiiserca Takoe koneunoe C, auro M{|£(t)*} < C ana mo6oro
teT.

3. UssectHo, uro £(t) = 0 ¢ BepositHOCTBIO 1 11pU KaxkgoMm t € T'. ITokasars,
YTO B 3TOM ClIydae CyINecTByeT KoHcTauTa ¢ € R', taxas, uro £(t) = ¢ (P-m.n.)
npu Kaxxgaom t € T'.

4. Haiitu c.x.-npoussomuyio &(t) mus CPD £(t) = Asin(vt + @), rae A, —
CITy9aiiHble BEJIMIMHBI ¢ KOHEYHBIMA BTOPBIME MOMEHTAMH, & V = const.

Orser. £(t) = Avcos(vt + ).

5. Jokazarb, uro u3 c.K.-guddepennupyemoctu CP £(t) cuexmyer ee
C.K.-HEIIPEPLIBHOCTD, a 00paTHOE yTBEPXK/IEHUE HEBEPHO.

: OR(t,

6. JTokazars, uro R (t,7) = cov{{(t),{(T)} = %

7. Ilokaszarh, 4TO LEHTPUPOBaHHAsl TayCCOBCKas Ciydaiinas dbynkuus £(t)
Re(t,s) = (1+ |t —s|)e” "%l sBusiercst c.x.-muddepennupyemoii, nokazaTh
He3aBUCUMOCTH ceueHuii () u &(t).

VYkazanue. Iloxasars, aro Re(t,s) = (1 — [t —s])e "l u R.(t,s) =
=(t—s)eltsl,

8. Ilycts nenrpupoBannass C® (i) mMeer KoBapUAIMOHHYIO (QYHKIWMIO

T
Re(t,7) = o’tr. Berancaurs M{n’}, e n = Jg(t) sin(rwt/T) dt.
0

OrBer. 02T4/7r2.

9. Ilpusectu npumep CP, KoTOpas He sABIAETCA C.K.-HEIPEPHIBHON Ha OT-
pe3Ke, HO TeM HE MEHee C.K.-HHTErpUpyeMa Ha HeM.

Ykaszanue. Bocnonb3oBaTbecs pe3yabTaToM Ipumepa 8.2.

10. [Tokazars, uro ecin CD £(t) c.k.-quddepennupyema, a &(t) ¢.K.-Hempe-
pBIBHA, TO JJjis C.K.-MHTerpaJia crpaseiiuBa ¢opmysia Hbiorona—Jleitbuuma:

[émyar=e®) - €to)  (Ponn).
to
VYkazaunwue. Cm. npumep 8.13.
t
11. Berauesmrs qucnepcunto uarerpasa nit) = Jﬁ (1) dr, eciiu CD £(t) umeer

—alt—T|

koBapuanuonnyio dgpyuaknuio Re(t,7) = De
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= % [tJr é(ef"t - 1)]

12. Ilycrs £(t) = Ut + V, rme U,V — caydaitHble BeJIMYIUHBL ¢ KOHEIHBIMY
BTOpBIMU MOMeHTaMu. Pemnts quddepennuanpaoe ypaBHeHne

n(t) +an(t) = BEL),  n(0) =0,

e o, f — nocrosaube K03 punmenTo.
Orser. n(t) = % (e*at 4 to — 1) U+ B (1 _ e—at) V.
@ o

OrBet. Dy(t)

§ 9. Crariuonapubie ciry4daiiHbie (pyHKITANA

9.1. OcHOBHBIE XapPaKTEPUCTUKU CTAIMOHAPHBIX CJIYYallHBIX
dyukimii. PaccMoTpuM KOMIIJIEKCHYIO THIILOEPTOBY CiIydaifHyio pyHK-
mato £(t), Tae BpeMsi ¢ mpoberaeT MHOMXKECTBO BCEX BEIIECTBEHHBIX UH-
cex R,

Onpegnenenne 9.1. Cuyuvaiinaa dbynxuus {£(t), t € R'} naspisaer-
ca cmayuonaproti 6 WUpoOKoM cmvlcae, ecid s obbix t,7 € R

M{(#)} = M{£(0)},  cov{E(t+7),&(n)} = cov{(D),£(0)}. (9.1)

B nanbHeiinem cralmoHapHbIE B IIHPOKOM CMbicie (byHKIuu Gynem
KPATKO Ha3BIBATh CMAUUOHAPHBMU cayuatinvmy dyrryuamu (CCD).
Kpowme Toro, He orpannauBas o6mHOCTH, npeanonoxumM, 9o M{£(t)} = 0.

Ounpenenenune 9.2. Komnuekcuas dyHKIust

Re(t) = cov{£(t),£(0)}, teR, (9-2)

Ha3bIBAETCS  K0BAPUAUUOHHol dynrxyueld cmayuonaphot cayuatinot

pynryuu E(t).
Us (9.1), (9.2) caexyet, uro aus niobbix t, s € R!

cov{£(t), £(s)} = M{E(t)E(s)} = Re(t —s).

Kosapuarmonnas ynkuus Re(t) obmanaer cBoiicTBaMM, KOTOPBIE BBITe-
KaIT HENOCPEIACTBEHHO U3 ompejieiieHus 9.2 u u3 ob1mux CBONCTB KOBapu-
anuonHoi QyHKImE (cM. 1. 2.2):

1) koBapuanyontas OYHKIM ABIAETCH HEOMPUUATNEALHO-0NPECAC -
Hoti, T. e. JJIst JOBBIX 21, ..., 2, € Cuty, ..., t, € R\, n > 1, umeer MecTo

HEPABEHCTBO
n n

SN ziZRe(t — t5) > 0;

i=1j=1



168 CIIVYAUHBIE ®YHKLIUN [FJI. 111

2) mucnepcusi De CC® £(t) mocrosiHHa 1 MMeeT BUJ
D¢ = Re(0) = M{[¢(0)]*} > 05

3) kosapuanuonnast dbyuknus Re(t) asusercs aspmumosod, T. e.

Re(—t) = Re(t) mnstiBcex t € R,

4) |Re(t)] < Re(0) noist Beex t € RY;

5) |Re(t) — Re(s)|? < 2R¢(0)[Re(0) — Re Re(t — s)] st Beex t,s € RY;

6) xoBapuamuonHast (pyHKIHs HempephiBHA BComy Ha R ecim oma
HempepbiBHA B Touke t = 0.

Tak e KakK M B Cjydae JUCKPETHOIO BPEMEHH, KOBapUAIIMOHHAS
dbyukims CCO nmeeT CeKTPaATbHOE TPEICTABICHAE.

Teopema 9.1 (Boxmep, Xunuun). ITyemo {£(t), t € R} — CCO
c Henpepouierotll Kosapuayuonnols dynxyued Re(t). Toeda watidemca
00HO3HAYHO ONPEOENEHHAA BEWLLCTNEEHHAA 02PAHUYEHHAA, MOHOMOHHO
neybuearowan pyrxyus Fe(X), X\ € R, nenpepwsnas cnpasa na R' u
Fe(—o00) = 0, maxaa, wmo

Re(t) = T eMdFe(N), teR. (9.3)

Oynxnust F¢()), onpenesennas B teopeme 9.1, HasbBaeTCsa cnex-
mpaavnoti dyrryuet CCP £(t). Ecim Fe(A\) npu kaxaom A € R! mpex-
CTaBUMa B BHUJIE

FeN) = | fe()dv,
— 00
TO BelmecTBeHHas (QyHKITHs fg(l/) HA3BbIBAETCA CNEKMPANLHOU NAOMHO-

cmoto CCP £(t). B srom caywae fe(A) = %Fg()\) nourn Beioay Ha R,

IpUYeM B CHIy MOHOTOHHOCTH Fg(\) cmekTpasbHasi mIOTHOCTB fe(A)
HeorpuraTeabaa. Kpome Toro, uz (9.3) ciemyer, uro

o
Re(t) = J eMf(N\)d, teR, (9.4)
—0o0
MO3TOMY JcTiepcus crannonapuoil dyukmun &(t) mmeer Bu,

De = J fe(X) dA = Fe(oo).
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3aMevanue. Beegenubie Ha3BaHUs JJIs CIIEKTPAIBHBIX XapaKTepH-
cruk Fe(A) u fe(X) obbacusiores tem, uto napamerp A € R! nmeer cmbicat
4acTOTHI, a npejacTasieHre (9.3), HA3BIBAEMOE CNEKMPANLHBIM PAZAONHCE-
HUEM KOBAPUAUUOHHOT PYHKUUY, TIOKA3BIBAET PACIpPEIeJIeHIe SHEPIHH
cTarmoHapHON (DYHKIINU 110 9aCTOTAM CIEKTPA.

CBs3b CIEKTPAJIbHBIX XapPaKTEPUCTUK C KOBAPHAIMOHHON yHKIMe
CCO ommcana B ciemyrormieil Teopeme.

Teopewma 9.2. ITyemv {£(t), t € R'} — cmayuonapnaa cayuaiinas
pynryua ¢ nenpepwvierot xosapuayuonol gynryuet Re(t). Toeda

1) dasn mobwix mouex nenpepwerocmu A, 1, A< [ cnexmpasvrot
pyrryuu Fe(X\) 6binoaneno pasencmeo

2) ecau wosapuayuonnan dynxyus Re(t) unmezpupyema na R, m. e.
o0
J |Re(t)| dt < oo, (9.5)
-0

mo cnekmpanvhas naomnocmo  fe(X) cywecmeyem u onpedessemca
obpamnvim npeobpasosaruem DPypve xosapuayuortol yHryuu:

fe) = 5 J e~ MRe(t) dt. (9.6)

Bameuanue. Jus semecrsennoit CCD {(t) ee koBapuanust Ry (t) —
BenlecTBeHHas (DyHKIMs, NPUYEM YCJIOBHE SPMUTOBOCTH TIPEBPAIIAETCS
B YCJIOBHE YEeTHOCTH:

Re(—t) = Re(t), teR.

Torna B cuity (9.6) crnekrpasbHas MIOTHOCTh IPHHAMAET BHL

fe(A) =

3=

(oo
J cos M Re(t)dt, X €R',
0

nosromy fe(A) Takxke siBasiercst detHoil pynkimeii, T. . fe(A) = fe(—A), a
crekTpasbHast QyHKuus Fg(A) nMeeT CHMMETPHIHBIE OTHOCUTEIBHO HyJIst
pUpaNICHNUS:

Fe(n) = Fe(A) = Fe(=A) = Fe(=p), A<
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B srom ciaydae dopmyna (9.4) npuHEMaeT BT,

Re(t) =2 J cosAt fe(A\)dA, teR. (9.7)
0

Ncnonp3yss moHATHEe WHTerpaja IO OPTOTOHAJILHON CTOXAaCTUIECKOH
Mmepe (cM. 1. 14.8), MOXKHO MOJIyYUTH CHEKTPAIBHOE TIPEJICTABICHUE JIJIsT
CTAITMOHAPHON cirydaiiioil (OyHKINY, aHAJOTUIHOE PA3JIOXKEHUIO JIJIsT CTa-
UOHAPHOM IOCIe[0BATEILHOCTH.

Teopema 9.3. Iyemo {£(t), te R'} — CCD ¢ xosapuayuonnot
pyrryuett Re(t), donycrarowets cnexmpanvroe pasaoscenue (9.3). To-
2da cyuecmsyem maxas OPMO2OHAALHAA CMOTACTUNECKA mepa Ze(dN),
onpedeaenran rna bopeaescroti o-anrzebpe B(RY), wmo umeem mecmo nped-
cmasaenue

£(t) = T eM Ze(dN), teR, (9.8)

npu amom daa aobozo bopesescrozo mrosicecmea A € B(RL)

M{|Z:(A)]?} = Jng (9.9)

Bameuanue. Ecim {(t) umeer crnexrpaibHyo miIoTHOCTH fe(A), TO
dbopmyna (9.9) npuHEMaeT BT,

M{|Ze(A)P} = [ fe()dA, A€ BE').
A

9.2. IIpumepbot CC®P. IlpusBemeMm mpumepbl HEKOTOPHIX Hamboiiee
yacro Berpevaroruxcs CCD, mosiCHSIONME BBEJIEHHBIE BBIIIE ONPEIesie-
HUS ¥ MOJIEJIH.

IIpumep 9.1. Crnekrpanpuas miaoTHOCTh BemectBenuot CCD ()
uMeeT BUI,
2

fe(N) = o DI,
0 mpm || > A,

rze Ag > 0. Boraucnurs koBapuanuonnyo dbyHKIuo u gucnepcuio &(t).
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Pemenne. B cuay 9eTHOCTH CIEKTpasbHOM MI0THOCTH IO hOPMY-
qe (9.7) pst t # 0 mmeem

o 5 Ao 9
g g .
Re(t) =2 J cos At fe(A) dA = — J cos At dA = — sin Aot;
0 0
2 Ao 2
_ _ o 0o
De = Re(0) = Z ld,\_ . .

3amedgannue. OTMeTnM, 9T0 KOBapHUaInoHHas (DYHKITHAS 00paIiaeTcs
B HyJb B TOUKax T, = 7wk/Ag, k € Z. Dro osnauaer, uro ceuenus: &(t),
&(t + 11) — mekoppenmposamuble. Ecmm Ag mocraTouno Benmko, To £(t)
HA3bIBAIOT WUPOKONOAOCHHIM OEADIM WYMOM U UCIIONBIYIOT [IJIsI AIIIPOK-
cuManuu 6eJIoro IyMa ¢ HeIPePHIBHBIM BpeMeHeM (cM. pajiee mpumep 9.3).

IIpumep 9.2. CymecrByer Jm cTarmuoHaApHas CciaydaiiHas OYHK-
nust E(t), nMerolas KOBapUAUOHHY 0 (DYHKIIUIO

{ 02 npu |t| < tOv

Re(t) =
0 nopu [t > to,
rme o > 0, tg > 07
Pemenwne. Ilpemmomoxkum, aro Takas CCP cymectByer. Tak Kak
ee KoBapmalmoHHas dyHKImsA yaosrersopser (9.5), £(t) momkna nMeTh
CIIEKTPAJIBbHY O IJIOTHOCTD

2
(o

[es) to 2
fe(A) = — J e"MRe(t)dt = = Jcos Atdt = T sin Ato.
—o0 0

2T T A

Temeps Buzmo, aro yciosue fg(A) > 0 He BhImomHEHO, MOdTOMY fe(A) He
MOKeT OBITH CIEKTPaJbHON II0THOCTHIO. TakuM obpazom, CCD ¢ 3aman-
HOIt KOBapuaInoHHo#l pyHKmelt He cymecTByeT. W

IIpumep 9.3. B ru. I 0bcyRkma0ch MOHATHE CMAyuoHapHo20 besozo
wyma Kak nporecca &(t), UMEIomero KOBapuaruoHHy o QyHKIIHIO

Re(t) = a?5(t).

BBMUCIATH CHEKTPAIBHYTO TIOTHOCTD jiytst &(t).
Pemenwme. @opmanbro mpuMenss npeobpazoBanue Pypbe K meabTa-
GbYHKIAN, TOIyIaeM

(oo} ) 1 ) 9
feA) = — J Moty dt = e Mo?| =T AcR'. m
—00
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Sameuanne. B manaom maparpade Mbl OyIeM Jgajee HCIoIb30BaTh
MOHSITHE CMAYUOHAPHO20 DEA020 ULYMA KAK TIPOIIECCA, UMEIOIIEro MOCTOSH-
HYIO CIIEKTPAJIbHYIO IIJIOTHOCTH BO BCEM IMAIA30HE 9acTOT —00 < A < 00.

IIpumep 9.4. Kopapnammonnas dyuxmus Re (t) CCP £(t) umeer Bus

Rg(t) = De ,

rae D > 0, a > 0. Ilokasars, uro £(f) uMeeT CIEKTPAIBHYIO MJIOTHOCTS,
7 BBIYUC/IATD €€.

Pemenue. @ynxnus Re(t) yooBIeTBOPSET yCIOBUIO HHTETPHPYEMO-
ctm (9.5), OITOMY CYIECTBYET CIEKTPAJbHAS IIOTHOCTD

I DT i
fg()\):% J e ’\tRﬁ(t)dt=% J e~ A—altl gp —

o0
D —iAt—at iAt—at D ( 1 1 ) Do
=— == = ..
o J(e te ) dt 2 \id+a + —iA+ o m(a? 4+ A2)
0

Sameuanne. [lapamMeTp o XapaKTepHU3yeT CKOPOCTH YMEHBITIEHUST
KODDEJISIUN MEXK/J[y CEYeHUsIMH, MOCKOIbKY npu t > 1/« BBINONHSIETCS
R¢(t) ~ 0. Ecin cedennsi nporecca He KOPPeJIUPYIOT HPH GIN3KAX 3HA-
genusx t, t', TO TAKON mpoIecc MOXKET ObITh XOPOIIel MOJENbio 6e1oro
myma. eiicrBurennHo, eciu D m a cTpeMsaATca K OECKOHEIHOCTH TakK,
aro D/a— 0? > 0, To cnekTpadbHas mioTHOCTh fe(A\) npubamkaercs
K IOCTOSTHHOM CIIEKTPAJIbHOM TIJIOTHOCTH 02 / T BO BCEM JIMAINIA30HE 9aCTOT
—00 < A < 00.

[Ipumep 9.5. Mycrs £(t) = £(0) g(t), rae M{(0)} = 0, D{£(0)} =1
u g(t) — HeKoTOpas KOMIUIeKCHas Heciydaiinag Gynkums. [Ipu kakux
yenoBusix Ha ¢(t) cayaaitabiii nporece £(t) crammonapen? OmnpepennTsb
KOBapUANMOHHYIO (DYHKIMIO TAKOTO IIPOIECCA.

Pemenue. U3 ycooBus CTAIMOHAPHOCTHU TMOIYyYaeM COOTHOIIEHUE

9(t)g(s) = g(t — £)9(0),

oTKy/a (ecim mcromb3oBaTh mpesctasienue bynknun g(t) = p(t) ')
BBITEKAET, 9TO

p(t) =|g(0)] =1, p(t) — ot — s5) = p(s) — p(0).
Ecan npeamonoxuts, aro ¢(t) auddepermupyema B Touke t = 0, To

d d
79 = Ze(t) o = Ao,
OTKY/Ia CJIEIyeT, 9TO '
g(t) — €l>\0t‘
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[osTomy KoBapmamuonHas dymkius mporecca &(t) = £(0) eo! mpuamMa-
eT BUJ
Rg(t) =t m

IIpumep crammonapHoit cirydaiiioit (pyHKIME MOYKHO IOCTPOUTD, 33128
€€ HelmoCPeICTBEHHOE PA3JIosKeHue 110 rapMoHndeckuM dynrnusam. Ciery-
O TTPUMeEp ABJSETCS 0D0DIIEeHreM TPEABIIYIIETO.

IIpumep 9.6. Paccmorpum ciygaiinyro hyHKITHIO

o0
t)=>" et te R,

rae —oo < A < 00 — HecCJly4daiiuble pa3/jdvHble YUCia, & 2 — HEKOppe-
JAPOBaHHBIE ClIy4YaliHble BeJIUWYUHbI, TAKUAE, 9TO M{zk} =0mu

i M{]|z[*} < o0. (9.10)
k=1

Tlokazarb, 4To £(t) cranmmoHApHA, OMPEAETUTH €€ KOBAPHAIMOHHYIO
(YHKIIUIO U MOCTPOUTH €€ CHEeKTPaJbHOE Pa3JIoyKeHue.

[e)
Pemenme. Pam &(t) = 2pe™ cxomuTes B cpemHeKBagpaTHUe-
k=1
ckoM cmbicte Jis qoboro t € R B cumy yenoeust (9.10). Us yciosus
[EHTPUPOBAHHOCTH W HEKOPPEJIWPOBAHHOCTH BeJWdnH {zp} momydaem

M{{(t)} =0 m

cov{{(t),&(s)} = M{ Z zpeMrt Z Zie ”‘ls} =

=1

[e.e]
{zkzl}ez(kkt—kls) — Z O’,%GMk(t_s),

u[ﬂg

rae o = M{|z;|?}. Taxum obpasowm, ciyuaiinas pynknus (t) sBasercs
CTAIMOHAPHOM, a ee KoBapuanuoHHaa (DYHKIWS UMEET B

Z opert, (9.11)

Coornommenne (9.11) 3aaer cnekTpaibHOe pasjoxkenue 1ist Re(t) u onpe-
JleJIIeT COOTBETCTBYIOILYIO CLEKTPAJIBHYIO (DYHKITUIO

FeN)= Y ot

E: A<
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Dyukiust Fe(\) — KycOuHO HeIpepbIBHAs CO CKadKaMu (B TOYKAX Ag),
pasubivu Fe(A,) — Fe(Ay—) = 07, k = 1,2, ... Bamerum takxe, 9T0 Hop-
MyJia, 3amaomasn £(t) B yCJIOBUM JAHHOIO IpPUMEpA, ONUCHIBAET CIIEeK-
TpasbHOe pasiokenne {(t) Buma (9.8), Tae OPTOrOHAJbHAS CTOXACTHIE-
cKas Mepa omnpefeinserca Boipaxkennem Zg(B) = > 2z, jauma mo6oro

mHoxkectBa B € B(R'). m k: A\ €B

Cremyromuii IpIMep OMUCHIBAET MOJIEIb, KOTOPas 9acTO UCIOJIb3yeT-
Cs B TEOPHUU CJIydallHBIX [IPOIECCOB, CBA3AHHBIX C Hepeiadeil nadopMma-
[W¥, MOJIEJISIMA HAIEKHOCTU M MACCOBOTO OOCITYKUBAHUSA.

IIpumep 9.7. llyctb 0 =19 < 71 < T2 < ... — CIydYaiiHble MOMEHTBI
BpeMeHH, 06pa3yoIIue nyaccoHo8ckuti nomox NHTEHCUBHOCTU Ag > 0, T. e.
{Tk+1 — Tk, k = 0,1,2, ...} HE3aBUCWMBI W PACTIPEIEIEHBI MO SKCIIOHEH-
UAJBLHOMY 3aKOHY ¢ mapamerpoM Ng. Cayuaiinas dbyakums () mmeer

CIIEJIYIONLY IO CTPYKTYPY:
f(t):Vk, npu tE[Tk,Tk_;,_l), k=0,1,2, ...,

rme {Vi} — mocremoBaTeNbHOCTL NEHTPUPOBAHHBIX HEKOPPEIUPOBAH-
HBIX CIy9IalHBIX BEJWIUH ¢ opuHakoBbiMu aucnepcusmu D{V;} = D > 0.
TIpenmonoxkmm Takzke, 9T0 Beqmuamuabl {Vi} He 3aBHCAT OT MOMEHTOB
Bpemenn {7;}. Ilokazare, yro ciydaiinas dynaknus £(t) sBusercs cra-
LIOHAPHOM, u BErancanTh Re(t), fe(A).

Pemenue. IlyaccomoBckuit morok OymeT moapobHO omucan B 1. 12.1.
3mech ke HaM MOHAJOOUTCs ClIemylomee ero cBoicrBo: ecim X — ciiy-
9afiHOe YHCJIO TOYEK MOTOKA {7}, NONABIIAX B HPOMEXKYTOK |[S,t),
rme 0<s<t, o X mmeer pacupenesnenue IlyaccoHa ¢ TapaMeTpoM
6= Aolt — S |Z

sme™?
1 i
m:

P{X =m}= m=0,1,2, ...

Hna dukcuposannoro ¢ > 0 cobbrrua Hy(t) = {t € [k, 7ut+1)}, k =
=0,1,2, ..., 06pa3yoT cucmemy eepoasmnocmunc 2unomes (cm. m. 14.1).
Torna, npumenss GOPMYITy IOTHOTO MATEMATHIECKOTO OXKUTAHWS, TIOITY-
qaeM

M{E(H)} = S M{E(t) | Hi(t)} P{HL(t)} =
k=0

= S MVi | Ho(0)} P{HL()} = 5 M{Vi} P{H,(1)} = 0.
k=0 k=0
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Hna sapamneix 0 < s < t coberrua { Hy(s)H;(t), k, 1 =0,1,2, ...} — Tak-
JK€ CHCTEMa BEPOATHOCTHBIX THIIOTE3, O3TOMY

cov{{(t),&(s)} = M{£(t)E(s)} =
= Z ZM{f s) | Hi(s)H,(t)} P{Hy(s)Hi(t)},

k=01=0

re npu k = |
M{E(t)E(s) | Hy(s)Hp(t)} = M{V;? | Hy(s)Hy(t)} = M{V{?} = D,
ampnk #1
M{E(#)E(s) | Hy(s)Hi(t)} = M{ViVi | Hy(s)Hi(t)} = M{V;Vi} = 0.
Torna cov{¢(t),&(s)} = DP{H}, rue cobrrrne H nveer Bu

H = U Hy(s)Hy(t) = {r ¢ [s,t) uu upu xakom k > 1} = {X = 0}.
k=0

Caepoparenbio, cov{£(t), &(s)} = De 2olt =5l = Re(t — s). Takum 06-
pasoM, §(t) — CCD c koBapmanmonHoit dyukumeirt Re(t) = Deoltl

CHIEKTPAJIBHON IIIOTHOCTLIO fg () = B cuity npuMmepa 9.4). B

— o
m(AZ + A2)

Bameuanune. Ecim B yenosusax npumepa 9.7 sesmanast { Vi } mmeror
pacnpegenerne P{V;, = 1} = P{V};, = —1} = 1/2, 1o cayuaiinsiit nponecc
&(t) ma3BIBAIOT Meae2PaPHLIM CUSHANOM.

9.3. JIuneiinbie npeobpazoBanuss CC®P. Ilpencrasmm cebe HEKO-
TOPYIO cUCTeMY S, OCYIIECTBJISIONY Mpeobpa3oBaHUe CUTHAJOB, T.eE.
dbyHKIWii, 3aBuCAIAX OoT BpeMeHH. DYHKIHUA, KOTOpas IOJXKHA OBITH
npeobpa3oBaHa, Ha3bIBAETCS 6X000oM, a (DYHKIIHs, KOTOpas MOJydaeTCs
B pe3yJibTare Mpeobpa30BaHusl, HAZBIBAETCHA 6bix0dom cucteMbl S. Beskast
CHCTEMa, 33J1aeTCsl KJIaccoM L NOmyCTUMBIX (DYHKIUA HA BXOJE W Olepa-
ropom L(X) =Y, rme X — pomycTuMelil BXog, a Y — COOTBETCTBYIONIHI
BBIXOJ[ CUCTEMBI.

Onpenmenenne 9.3. Cucrema HazbIBaeTCS AUHEHOT, CITH

1) kmmacc £ ecTb jmHEAHOE TPOCTPAHCTBO;

2) oneparop L siBiseTcs JMHEHHBIM, T.e. yJOBJIETBODPSAET IPUHIUILY
CyTIePITO3UTTIH:

L(aX; + X3) = aL(X;) + BL(X,) VYa,B R, X1, X, € L.

OnepaTtop L Ha3BIBAIOT TAKXKe AUHETHbIM NPEOODAZOBAHUEM.
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ITycrs CCP £(t) mmeer cmekTpajbHOe pasioxkenue (9.8) B Buje HH-
TerpaJja Mo OPTOTOHAJBHOM CTOXacTHIecKoi Mepe Zg(dA), a Fg(A) — ee
crekTpadbHas pyHKnus. IlycTh TakKe 3aJaHa HEKOTOPas KOMILJIEKCHAs
dbynxmua ®(A), A € R, rakas, uro

T |®(N)2 dFe(N) < oo (9.12)

Omnpemenenue 9.4. Eciu caywaitmas bynxmas {((t), t € R'} mo-
MyCKaeT Tpe/ICTaBJIeHIe

Ct) = J eMB(N) Ze(dN), (9.13)

rae ®(A) yaosnersopsier ycaosuio (9.12), To rosopsr, uro ((t) momyqena
u3 £(t) ¢ IOMOIBIO CMayuoHaPHo20 Aurelinozo npeobpazosarus. OyHKIW
®(A) B (9.13) HaseiBaeTcsa wacmomnoti Tapaxmepucmurot 3Toro npeobpa-
30BaHUI.

HemnocpencrBeHHbBIME BBIYUCIEHUSIMA HETPYAHO YOEIUTHCsI, ITO

De= | [@(N)dFe(N), (9.14)
A
Fe(\) = J |B(v)|?dFe(v), A€R. (9.15)

Ecin sxe CCO nmeeT creKTpajbHyo MI0THOCTE f¢(A), T ((t) Takxe
HMeeT CIHeKTPAJIbHYIO INIOTHOCTD f¢ (), mprdem

fe Q) =12 fe(A), AeR' (9.16)

Ecmn dysxnua ®(N) yzosrersopsier (9.12), To nponecc ((¢) Tak-
JKe ABJSAETCA CTAIMOHAPHBIM, mpudaeM cooTHomenme (9.13) samaer ero
CIIEKTDPaJIbHOE TpejcTaBjenne. VI3 CBONCTB CTOXaCTUYECKOTO HUHTErPAJIa
(cm. 1. 14.9) caenyer, duro KoBapuanuoHHas QyHKIm mporecca ((t) paBHa

Re(t) = cov{¢(t),C(0)} = | M@ dFe(N.  (9.17)

SaMeduaHnue. AHAJOIMYHO CJIydal0 JUCKPETHOIO BpPEMEHH (CM.
1. 3.3), MOXKHO TOKa3aTh, 9To i Beskoro ¢ € R mporece ((t), ymosme-
rBopsirornuit (9.13), saBnserca ambo auHeNHHON KOMOMHAIMENR HEKOTODPBIX
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cegennii CCP £(t), nubo C.K.-TPeJesIoM TaKWX KOMOWHAIWH. JTuM u
00BSICHSIETCST UCTIONB30BAHNE TEPMUHA «JIMHEHHOE MpeobpasoBaHues» s
ob6oznauenns (9.13). BameTnm TakXKe, UTO eciu JUHEHHOMY Npeobpas3oBa-
HUIO TIOJIBEPTAETCS TAYCCOBCKas cnydaiinaa dyrkmus &(t), a pe3yrIbTaToMm
peobpa3oBaHus sIBJIsIeTCsl BEECTBeHHas ciaydaitnast dyrkmus ((t), To
¢(t) — TaxKe TayccoBCKasl.

B npukiagabix 3amadax JuHEHbIE TPeoOpa3oBaHusi OOBIYHO 3aA0T-
ca me B wactoTHOU dopme (9.13), a Bo Bpemennoii. [IpuBenenHbIE HIKE
MPUMEPHI MOKA3BIBAIOT, KAK YCTAHABIUBAETCS COOTBETCTBYIOIIAS CBS3b
MEXKJy STUMU ONUCAHUSMHE, & TAK¥Ke MOSICHAIOTCS COOTHOIIEHUS MEXKIY
BPEMEHHBIMHA W YaCTOTHBIMHU XaPaKTEPUCTUKAMY JINHEHHBIX CTAI[MOHAD-
HBIX TTpeobpa30BaHMii.

IIpumep 9.8. ITycrs nporece ((¢) nomyden us £(t) mpeobpasoBannemMm
capura 1o Bpemenn Ha T € R T.e.

Ct)=€t+T), tcR. (9.18)

IMokazars, 4ro (9.18) — cranmoHapHOe JWHeltHOE TpeobpasoBaHme, u
HaWTH €r0 4aCTOTHYIO XaPaKTEPUCTHUKY.
Pemenwne. B cuny cuekrpasbaoro npeacrasienus (9.8)

o0

() =&t +T) = [ T Ze(an),
nosToMy QyHKIUS ‘I'()\) = T ecrb wacrorHAs XapaKTEePUCTUKA ITOI'O

npeobpazoBanusi. W
IIpumep 9.9. Illycrs 3amana dynkuusa h(t), Takas, 9ro

T Ih(t)] dt < . (9.19)

— 00

[MokazaTh, 9TO C.K.-mETerpajbHoe mpeobpasosanme CCP {£(s), s € R}

C(t) = T h(t — s)é(s)ds, teR!, (9.20)

— 00

SIBJISIETCsl JIMHEHHBIM CTAIlMOHAPHBIM mpeobpasoBanueM, n Haiitu P(N).
Pemenmne. ITokaxkem, uro ((t) — runbbepToB mpoIece:

M{|¢(t))?} = j jh(t—sl)Rg(sl—32)h(t—32)dsld32<

12 B.M. Musnsuep u A.P.I[lankos
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Tostomy M{({(¢)} = J h(t — s) me ds = 0, Tak xax mg = 0.

Ecan £(s) = J € Ze(dN), 1o

Ct) = T h(t—s)(T eD‘SZE(d)\)) ds = T M B(N) Ze(dN),

rae ®(A) = J h(s)e™"¢ ds, mpuaem
(oo}
| 12 dFe () = M{OP} < oo,
Caegnosaresnbro, (9.20) — cranuoHapHOe JHHeHHOE IpeoOpa30OBaHUE

C YKa3aHHOI 4aCTOTHOHU XapaKTePUCTUKON @()\). ]

Sameuanue. Cranmonaproe juHeliHoe npeobpaszosanue (9.20) mn-
POKO HCIIOJIB3YETCS IIPU PEIEHUN PAa3HOOOPA3HBIX HPUKJIAIHBIX 3aJad,
cBA3AHHBIX ¢ 06paboTkoil nudopmanuu. Ipu srom h(t) 06braHO Ha3bIBA-
ercst 6eco6otl Pynryuet NpeodPaA30BAHUS WA UMNYABCHBIM OMKEAUKOM.

Mpumep 9.10. Ilycrs nponecc £(t) c.x.-muddepennmupyem. Haiditu

9aCTOTHYIO XapaKTEePUCTHUKY npeobpasosanus &(t) — %5 (t) = £(t) m xo-

BapHANUOHHYI0 (BYHKIHIO TIpoLecca & (t).

Pemenune. U3 obmux yciaosumit muddepeHNUpPyeMoCcTr B CpeaHeM
KBaJpaTuIecKoM cienyer (cM. 1. 8.2), 9TO ecsid CTAIMOHAPHBIN Cirydaii-
82 Rg (t - S)

HBIM Tporece ¢.K.-auddepeHnupyeM, TO CYIIeCTBYET T
S

t=s=T

1
nais mo6oro 7 € RY. TlocienHee paBHOCHIIBHO CyMIECTBOBAHHIO R, (0), aro,
B CBOIO 0Y€PElb, SKBUBAJICHTHO YCJIOBUIO

~R{(0) = T NdFe(\) < oo. (9.21)

BocnonbzoBasmuch pesyabraToMm npumepa 9.8, momydaem

| L Z(an). (9.22)
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CpeHekBaIpaTudecKue mpeeiabl mpu h — 0 B sleBol U MpaBoil dacTsax
cooTHOIIEHus (9.22) CyIIECTBYIOT B CUILy IPeANoNoxKeHus o6 ¢.K.-mudde-
perrupyemoctu &(t) u ycnosus (9.21). Uraxk,

£t) = T ixeM Ze(dN). (9.23)

Takum obpasom, mpornece &(t) momyuen ms mponecca £(t) ¢ momo-
MIBIO JINHEAHOTO TPEOOPAa30BaHNs, HMEIOIIEr0 IaCTOTHYIO XaPAKTEPUCTH-
Ky ®(\) =i\ B cuy yeaosust (9.21) cyuaitusii nporece &(t) sisercs
CTAIMOHAPHBIM, UMEET M{§ (t)} = 0 u koBapuanuoHHyt0 MyHKIIO

Re(t) = cov{£(1),£(0)} = J eMAZAFe()). m

IIpumep 9.11. IlpexnosokuM, 9TO CTAUOHAPHBIA mnpomece Y (t)
n pa3 c.K.-auddepennmpyem. Mbl XoTuM HaiiTe M pa3 ¢.K.-auddepeHiia-
pyemsiit nporece X (t), cesisannbiii ¢ Y () aunetdnowm dudpeperyuantrivimm
YPABHEHUEM € NOCTNOAHHBMU KOIPPULueHmamu

S XDt =3 arY (), (9.24)
j=0 k=0

r7e ay, b; — 3aJaHEBIe KOHCTAHTHL. TpebyeTca onpesennTh yCIOBHUA, IpU
KOTOPBIX X (t) — CTallMOHAPHBII Ciy4dailHbIi Iporece, U HaiiTh 4aCTOTHYIO
XapaKTepucTuKy mpeobpasosanns Y (¢) — X (t), onpenensiemoro (9.24).

Pemenue. Haiimem npexncrasnenue aas X (t) B Buge nuneiiHoro
npeobpasoBanus mporecca Y (t) ¢ HEKOTOPOH 9acTOTHON XapaKTepUCTH-

Koit ®(N):
[e.e]
X(t) = J eMB(N) Zy (dN),
— 00
rae Zy(d)\) — opToroHasbHas CTOXACTWYECKas Mepa, Jaolas Pasiio-

xxerne Y (t). Vcnonb3ys CHEKTPaJbHOE TIPEJICTABIEHUE [IJIsl OTIEPATOPa
nmuddepernuposanus (9.23), noaydaem

X®(t) = T eMENFB(N) Zy (dN), YH(t) = T eM(iN)F Zy (dN),

12*
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OTKYa
S b XV = [ €MBENEM) Zy (N,
Jj=0 —oo

S Y W(t) = J e AN Zy (dN),
k=0 e
rae A(z) m B(z) — anreGpanvecKkue MHOTOWIEHBI BAIA
Az) =" apz®, B(z) =3 b2’
k=0 j=0

TIpenmonoxum, 9To MHOTOWIeH B(z) He MMeeT YHCTO MHEMBIX KODHEH,
TOIIIA
AN

B(i\)”

2(N)

TIo mocrpoenuo X () CymIECTBYeT U SBJISETCS CTAIIMOHAPHBIM, €CJIA €T0
TWACTIepCHs KOHETHA, T. €.

e’} . 2
M{X (0P} = | \28?3 dFy (\) < oo.

Ecan nponece Y (¢) umeer cnekrpasibHy miIoTHOCTH fy (A), To mpomecc

. 2
200

IIpumep 9.12. IlycTh unHeiiHas cUCTEMa ONKUCHIBAETCS yPABHEHUEM

X (t) TakKe UMeeT CHEKTPAIBHYO MIOTHOCTD fx (A) =

a1 X (t) + aoX (t) = Y (1),

TJle BXOJIHOM CHUTrHaJ Y(t) — CTalMOHAPHBIN mporecc, uMmernmmii my = 0
_ Do
T ow(a? + )?)
IUIOTHOCTB W KOBapHaIMOHHyTo dbyHKImio mponecca X (t).

Pemenue. Cpennee snauenue nporecca my = 0. HacrorHas xapak-
TEPUCTUKA W KBaIPAT €€ MOIYJIA MMEIOT BUT,

B(\) =

U CHEKTPAJIbHYIO IIIOTHOCTD fy () . Haiitu cekTpaabuyio

_ 1
ag + tAa1 ’

1
ad +a2X\?’

[2N)I* =

CrexrpaibHas IIOTHOCTH nporecca X (t) caemyer us (9.16):

Da

fx(N) = m(a? 4+ A2)(ad + a2X2)’
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Kosapuarmonnasa dbyuknma mponecca X (t) mpm a < ag/a; ecTh
Rx(t) = j M (N dA\ = Ge™oltl [ch (Bot) + %sh (Bolt)|
0]

rie

0‘021[04‘&—0]7 50=%[a—0—a], G= D

2 a1 a1 ao(aar + ao)’

Tosromy Dx = Rx(0) = G — nucnepcus nponecca X (¢). ®

Bameuanune. Ecim B (9.20) A(t) = 0 npu t < 0, To aWHETHOE TIPEO6-
pa30BaHWe HAa3BIBAELTCH Pusuuecky peasudyemvim (Puabmpom), TOCKOIb-
Ky B 9TOM CJIy4Yae BBIXOAHON curHasd ((t) 3aBUCAT JWIIL OT TIPOTLIBIX
3HaveHni BXomHOrO curHasna £(s) npu s < t.

PaccmorpuM npuMep duiabTpa, 06€CeunBaoIero «3KCIOHEHINA b
HOe 3a0bIBaHUE» TPOILIOH WHMOPMAIIIH.

IIpumep 9.13. Ilycrs 3amana BecoBasi PYHKIHUsI JTUHEHHOrO MPeoO-
pazosanmst (9.20)

l —t/T >
h(t) = T e mpu t =0,
0 npu t <0,

rme T > 0 — mapaMerp, onpenesionuil CKOPOCTh «3a0bIBaHus». Bxoauoit
D«

m(a? + A2)
CHEKTPAJIbHYIO IJIOTHOCTD M JUCIIEPCHUIO BBIXOJHOTO CHTHAJIA

curaan Y (t) uMeer CeKTpabHYO MIOTHOCTD fy () = . Haiitu

X(t) = J h(t — s)Y (s) ds.

Pemenwne. W3 mpumepa 9.9 ciemyer

oo

D(A) = J h(s)e_”‘s ds — J le—t(l/T-H')\) dt = 1

T 14+4XT"
0

CrekTpasbHasl IJIOTHOCTH nporecca X (1) uMeer Bug,

_ 1 ) Do
T1+AD)2 w(a2 4 A2’

Fx(N) =2 fr ()

IIpumensis pesyabraT npumepa 9.12 npu ag = 1, ay = T', nomygaem

D
1+ aT’

DX:Rx(O)Z |
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3ameuanmne. [Ipomece £(t) eCcTh pe3yIBTAT MPOXOXKIEHWST CTAHIADT-
HOTO Gejioro ImyMa depe3 (PU3WIECKU Peau3yeMblil JTMHEHHBIH UIbTp
C UMITYJIbCHBIM OTKJIMKOM h(t), ecim CrekTpaibHas IUIOTHOCTD IIPOIECCca
£(t) momyckaeT mpemcTaBiIenne

fe) = 51RO, (9.25)

(oo} (oo}
rae ®(\) = [ h(t)e ™ dt, [ [h(t)]dt < .
0 0

HelficTBUTEIBHO, TaKON CHEKTPAJIbHON IIOTHOCTHIO 00JaJaeT Ipo-
niecc £(t), KOTOPBIY MOyYeH MPU MPOXOXKIECHUH Yepe3 (DPIIbTp ¢ 9acToT-
Holi xapakrepucrukoit ®(\) cranumonaproro mporecca v(t) ¢ TOCTOSHHOM
CTIEKTPAJLHON TUIOTHOCTHIO, paBHO# 1/27w. B cmy npumepa 9.3 mpomecc
v(t) sBasieTcs crangApTHEIM GesbiM mrymoMm (T.e. o2 = 1).

VciaoBue BO3MOXKHOCTH TIPECTABIEHUS HEKOTOPOTO CTAIMOHAPHOTO
nporecca B BHUIE Pe3yJbTara IIPOXOXKJEHUsl Oesioro myma depes usu-
YECKU peajin3yeMbiii (DUILTD ONPEIENIseTCs CIepAYmel TeopeMoii.

Teopewma 9.4. Jlaa mozo wmobu, neompuyamesvhas dynryus f(A)
donycxanra npedemasaenue (9.25), neobrodumo u docmamowno, 4mobvy
BVINOAHANOCD YCAOBUE

T InfOr
J %(/\z)d)\> — 0. (9.26)

— 00

B 3akmrouenune paccMOTPHUM J1Ba IPUMEDPA UCIIOJIb30BAHUS TEOPUU CTa~
IMUOHAPHBIX JUHEWHBIX Mpeobpa3oBaHuii B 3a1a9aX 0OpabOTKMA CUTHAJIOB.
Jleno B ToM, 9TO MHOTHE ONEPAINU YUCIEHHOW 0O0pabOTKU CUTHAJIOB MO-
TyT OBITH CBEJEHBI K JIMHEHHBIM CTAIMOHAPHBIM Tpeobpa3oBannsamM. Ecan
BXOJIHO# CHTHAJI MOYXKHO IIPEJCTABUTH KaK CyMMY HEKOTOPOT'O JeTEePMUHN-
POBaHHOTO TIpotecca (TOME3HOTO CUTHAJA) W CTAIMOHAPHOTO CITy9aifHOro
nporiecca (Tyma), To pe3yJbraT 06paboTKM TaAK¥Ke eCTh CyMMa MOJIEe3HOTO
BBIXOJHOTO CHUTHAJIA U IIyMa, a €r0 XapaKTEPUCTUKU MOXKHO OIIPEJIEINTH
¢ IOMOINbBIO JaHHON Teopuu. B KadecTBe mepBOro mpuMepa paccMOTPUM
337129y IACIEHHOTO AnPEPEHTTHPOBAHUSI.

IIpumep 9.14. Ilycrs cayuaitnas byHKIHs

Y(t) = f(t) +£(),

rae f(t) — mexoropast mecmywaiinaa nuddepennupyemas dbyakmusa (mo-
Je3HbIil currad), a £(t) — merrpuposarnag CCP (nomexa) ¢ aucnepcneit
D¢ = 0% u nocrostaHoil Ha [—\g, Ag] CHEKTPaIBbHOI III0THOCTBIO

0_2
e =4 zxg P IS Ao
0 upu  |A| > Ao,
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TOABEPTAETCA InUCIeHHOMY auddepeHnmpoBanuio ¢ marom h > 0:

_Y(t+h) - Y(t)

X(t) )

. (9.27)

Boraucnuts mx (t), Dx (t) npu h — 0.
Pemenme. B cuny mumeiinocTn nmpeobpazosanms (9.27)

X(t) = f(”h;_f(t) + 5(”}2_5(” = X1(t) + Xa(t),

TAe IepBbIii CUTHAJ gBJIAeTCA JIeTePMUHUPOBAHHBIM, a BTOPO# ciydaii-
HBIM, IIpUYEM

_ +h)—&@) | _ M{E+h)}—M{E1H)} _
M{ X, ()} = M{ . } = ! =0.

ITosromy

mx(t) =M{x (1)} = IO 4y o,

a Dx(t) = Dx,(t), tak xax Dx, (t) = 0.
TIpomece X3(t) ecTb pe3yabTaT JMHEHHOTO MPeoGpasOBAHUST CTATIHO-
HapHOro ciy4aiinoro myma &(t). Bocmosb30BaBImCh €ro CreKTpaibHBIM
(oo}

npejicraBaenneM &(t) = J e Ze(dN), momyaaem

— 00

Xz(t) _ €(t+h’1—€(t) _ J €i)‘(t+h’)l—6i’\t Zx;“(d)\) _ J (b()\)eikt Zx;“(d)\),

— 00

rje JacroTHas xapakrepucruka ®(A) npeobpasosanus (9.27) u KBajgpaT
ee MOJYJIsi UMEIOT BH/L

e 2 2(1—cos)Ah)
(X — [PV = T
Tosromy fx,(A) = w fe(X) — cuekrpanbHas MIOTHOCTH LIPO-
necca Xo(t). Torma
T 2(1 — cos A\h) 202 A
Dx, = Dy = J ST RN A = 5 J(l — cos M) d) =
—o0 0

. 202 sin(Aoh) o?)\3
——<1 oh - npu h— 0. m
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Sameuanne. Takum obpazoMm, mpu dnucieHHoM mguddepeHnupoBa-
HUU JIUCIIEPCUS IIyMa BBIXOJHOTO CUTHAJA MAJIO 3aBUCHUT OT Iara jgud-
depennupoBanust h, a OIPEEJseTCsl B OCHOBHOM IIUPUHON Ag CIEKTpPa
MOMEXH BO BXOIHOM cwrHajie. Bojiee TOTO, nake Mpu OYeHb MAJIOW IHC-
Hepcuu o2 3TOH HOMEXW IHUCIEpPCHsl BEIXOJHOIO CHUTHAJA MOXKET ObIThb
GONBIION, ecin MoMeXa — MIMPOKOTIONOCHBIH Gerbrit mmym (T. e. g > 1).
Tlonyuennsiit pe3ysbrar 0ObACHAET HEYIAIHBIE TONLITKE npoguddepen-
[IMPOBATH CUTHAJ TIPEXKJIe, 9eM OH OT(UILTPOBAH OT MTOMEXH.

IIpumep 9.15. Crenamas cucreMa pajUOIOKATOPa OIUCHIBAETCS
ypaBHEHUEM

(t) = ke(t), k>0, (9.28)

rae e(t) = z(t) —y(t) +v(t) — paccormacoBanue; y(t) — BBIXOJHON CUTHA;
z(t) = Vo + Vit + Vat? — nomesnwrit curmad, Vp, Vi, Vo — HesaBucuMbIe
rayccoBCKHe CilydaiiHble BeJIMUMHBI ¢ mapamerpamu mo = 4-10% M, mq =
=my =0, 09 = 10*M, 0y = 150m/c, 09 = 2M/C2; v(t) — rayccoBckas
CTaIlMOHADHAs TIOMeXa, He KOPPEeJUpYIomast ¢ CUrHa oM Z(t) U uMerormas
mapamerpst m, = 0 u Ry(7) = Ae "l tne A = 360M2, o = 50¢™;
k =25c¢7! — xoapdunuent ycuaeHns.

Tpebyerca HaliTh MaTeMATHIECKOE OXKHJAHWE U CPEJHEE KBaPATH-
4eCKOEe OTKJIOHEHWE MOTPEIHOCTH BOCIPOU3BEIEHUs CJleslneil cucreMoit
nosiesHoro curHaTa T(t).

Pemenme. IIycrs S(t) = x(t) —y(t) — cayuaiinas omubka Bocmpons-

Begenus x(t). Torma o g = M{SQ(t)}l/2 — ncroMast BesmuuHa. 13 (9.28)
C y4eToM BbIpaxkeHusl mJis £(t) caemyer

£ () +y(t) = 2(t) + v(2). (9:29)

U3 npeapiiymux IpEMepoB ciegyer, uro (9.29) onuchBaeT JuHEHHYIO
crarmonaphyto cucreMy. Ilycts y(t) = y1(t) + A(t), tae y; (t) omucerBaeT
NPOXOXKIEHNE Yepe3 CucTeMy mosie3Horo curasia z(t), a A(t) — mpoxo-

xkjerne nomexu v(t). OueBnmHO, %yl () + y1(t) = z(t), orkyma y1(t) =
=co+cit+ cztz, TIe

co=Vo-Vi/k+2V/k? ¢ =Vi—2W/k c3=Va.

IIycrs Az(t) = x(t) — y1(¢) — uckaskenue CHCTEMOIl IOIE3HOIO CUTHAJIA,
Toraa

Aw(ty =2+ 22 (1= 1), (9.30)

o7 40} 12
13 (9.30) caenyer, uro M{Az(t)} = 0, D{Az(t)} = k—; + k—22 (t - E) =
=36 + 0,0256 (t — 0,04)2 ~ 36 M (T.e. cmabo 3aBUCHT OT t).
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Beraucanm Teneps AuCIepCHio «ocTarka or nomexu» A(t). HacrorHan

xXapaKTepucTuka npeobpasosanuns (9.28): ®(A)
Aa

m(a? + A?)

CTIeKTpaJbHas MIOTHOCTE A(t) mMeeT Bu

= —, a CIIeKTpaJibHAas
k4’

mroTHOCTE ToMexw v(t) pasHa f,(A) = . OTciona cremyer, 9To

. 2 - Aak?
Fa) =12 LA = S e ey
ITosromy
& Ack? T X Aak?
DA=D{A<t>}=7j fah)dr= =2 J CESIEEs okt

Hust Bbruncienune mHTerpasa I BocmosmblyeMcs dopMmysnaMmu u3 1. 15.2:

VLY
_ g\
I= J h(iA)h(—iX) A,
e g(z) = 1, h(z) = 22 + (a + k)z + ak, mpugem muorownen h(z) —
YCTONYMBLINA, T.€. €ro KOPHU JexkaT B JieBoil mosymnsockoctu. Orcona
ag=1,a1 =a+k, ap = ak, bg =0, by = 1, ciemoBaTesibHO,

a0b1 — azbo _ T
acaraz  (a+k)ak

I=n

ubD,= ozA—Jrkk = 100 m2. Ouesngno Taxwxe, uro M{A(t)} = 0.
Nrax, mg = M{z(t) — y(t)} = 0, mosTomy B crmIy HEKOppPeIXPOBAH-
HOocTHh mporeccoB Az(t) m A(t) momyaaem

o4’ =D{z(t) —y(t)} = D{Az(t)} + D, ~ 136 m>.

Taxum obpazoM, 0o~ 11,7M — cpelHsas KBaJpaTmiecKas IIOrDeI-
HOCTBH PabOThI CilendAlIeil cncreMbl. W

9.4. 3ajaum JJId CAaMOCTOSITEJIbHOIO PeNIeHusd.
1. Tokazats, uro CCP® {£(t), t € R'} c.X.-HenpephIBHA, €Ciu HEIpEPBIBHA
ee KoBapuauuonuas yskuus Re(t).

2. Haittu me(t), Re(t), fe(N), ecim &(t) — meserpadHblit curuadr.
_ 2o
Orser. me(t) =0, Re(t) = e~ 2ol A)=—FF—.
¢(t) =0, Re(t) , fe(N) @2 D)
3. Just npouecca ((t), BBeseHHOro B onpegenennn 9.4, IoKa3aTh CTalMOHAP-
HOCTB ¥ BBIBeCTH cooTHomeHue (9.17) nis KoBapuanuoHHO# dbyHKIUN.
Ykazanue. Bocnosnb3oBaTbcsi CBOMCTBAME CTOXACTHYECKOIO HHTErPAJIa.
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4. JTokazaTh, 9TO €U BBIIOJIHEHO yciosue (9.21), To nmpaBas YacTh BbIpa-
JKEHU S (9.22) CXOIUTCS B CPEIHEKBAIPATHIECKOM CMbICe Tpu h — 0 K mpaBoii
gacTu cooTHoureHus (9.23).

5. Ilycrb £(t) — MEHTPUPOBAHHBIN CTAITMOHAPHBII MPOIECC, a o — HEKOTOPOe
neitcreuTebHOe uncio. [lokasaTs, uro mpomece ((t) = e'*¢(t) Takxke sBaAgETCS
CTalMoOHApHBIM. SIBysteTcst sm craiuonapHbiM npouecc &(t) cos at?

Orser. dBaserca Tospko pu o = 0.

N
6. Tlycrs &(t) = > &k (t) — cymma CCD &x(t), momycKaromux CHeKTpalib-
k=1

HOe TIPeJICTaBJIeHNEe CO croxacTuueckumu mepamu Zi(d)). Ilokasars, uro mis
nponecca £(t) TakKe MMeeT MECTO CIEKTPAJIbHOE INPEICTABJIEHHE C HEKOTO-
poit croxacrudeckoii Mepoit Z(d\). Eciu npoueccnt & (t) aBasioTCS mOnapHo
HEKOPPEJIMPOBAHHBIMY, ITOKA3aTh, YTO CIIEKTPAJIHHOE PACIpPEIe/IeHIe IPOIECcca
&(t) paBuO cymme cnekTpasbibix pacnpegenennit CC® & (t). Ilpusecrn npu-
Mep, MOKa3bIBAIOIIN, YTO JJIsl KOPPEJHPOBAHHBIX IIPOI[ECCOB 9TO yTBEPXKICHHE
HEBEPHO.
oo
7. CC® £(t) mmeer crekrpasibHOoe mnpezcrapienue &(t) = J e Ze (dN).
e —oo
ITycrs Takxke ((t) = J e NIB(N) Ze (dN), e g(\) — HekoTOpast JelicTBUTE -
—o0
Hasi pyHkus, a () ynosiersopsier yesosuio (9.12). Haiitn xoBapuaruosuyio
dynkmuio nponecca ((t). Bymer nu on cramponapubim?

Orser. R¢(t) = J VYDA 2 dFe(N), e Fe(\) — cnekrpasbHas

dyukmua CCD £(t).
8. YacroTHas xapakrepuctuka P (\) suHEHHOrO Mpeobpa3zoBaHus IMEET BUJL

1, ecm a <\ <),
(N =

0 B DIpOTHUBHOM CiIydae,

rae b > a > 0. Haiitu Becoyio dynkmuio h(t) sToro nmpeobpazoBaHus u JIuc-
[epcuio BBIXOAHOTO curHasa £(t), eciam Ha BXOA IocTymaer Gesblii myMm v(t)
¢ KoBapumamueit R, (t) = a25(t).
Orper. h(t) _ sinbtfsinat7 De = o2 bfa'
i ™
9. TTokazars, uro dyukuus, C(t), rakas, aro C(t) =1 — |t|/to npn [t| < o
u C(t) =0 npu |t| > to, ABIgEeTCA KOBapHAIMOHHON (DyHKIMEH HEKOTOPOro

CTAIfMOHAPHOrO Impomnecca. HaliTu ero cneKTpajbHYIO MIOTHOCTD.
1 — cos Ato

Orser. fe(N) = v

10. OnpenennuTs, ABJISIOTCA U CileAyone (yHKIUA KOBAPUAIMOHHBIMA
QYHKIMAMYE HEKOTOPBIX CTAIMOHAPHBIX IIPOIECCOB, U, €CIM SIBJISIOTCS, HAWTH
HX CHEKTPAJIbHBIE IIJIOTHOCTH:

1) C(t) = o’exp{—alt|} cos Bt, a > 0;

2) C(t) = a*expl—altl} (1 + alt), a >0;

3) C(t) = o?exp{—alt|} (1 + alt| + %) , a>0;
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4) C(t) = o”exp{—alt|} (cos Bt — %sin,@|t|)v o> 0;
5) C(t) = o®exp{—alt|} (cos Bt + %sinﬁ|t|), o> 0;

a

6) (1) = o*exp{~alf]} (ch 8t + shltl), > 6.

Vkaszanue. Halitu npeobpasosanne ®@ypne dynkuuii C(t). ITockonbky
npeobpazoBanusi Dypbe st BeeX (DYHKIWA SBJISIOTCS HEOTPUIIATEIBHBIMU U
WHTErpupyeMbiMu HYHKIUAMU, TO 10 TeopeMe 9.1 OHU ABJLIOTCS KOBapHUalu-
OHHBIMA (DYHKIUAMU HEKOTOPBIX CTAITMOHAPHBIX CIIYYalHBIX MTPOIECCOB.

OTser. ,

D) fe(A) = % a2+(;+>\)2 + oﬂ+(;—>\)2 ;
2 £ = 22

B £ = T2 s

4) fe(N) = UQTa P ta? +2;22)2 — a4y’

5) fe(A\) = azTa Dy azz(i?;;)gzl 10267’

) o) = 20 e

T [(a=B)? +X(a+5)? + 2]
11. Ssnsiercss mm c.x.-guddepenunpyemoit. CCD £(t) co cmexrpasnbHOi
IJIOTHOCTBIO:

D) = 555
2) FN = | — ey
2+ (=B a4 (2|

roe a >0, 8 > 0.
Orser. 1) Her; 2) Her.
12. Ilycrs KoBapuanuoHHas GyHKIMs CTaloOHapHOro npomecca &(t) 6ecko-
HeuHoe 4uciao pa3 muddepennupyema. Ilokazars, uro Torga:
oo

1) J)\Z"ng()\)<oo Vn > 0;

—o0
o T k)
2 e+ = 3 0.
Vkaszanue. VcnonbzoBars (9.21) u mokasars n.l. [lasnee, ucnonbsys
oo
CIEeKTPaJIbHOE TIpejcTaBieHne mporecca &(t) = J e Ze(d)), mokazare, 4o
oo — o0

W (1) = I (N Fe™ Ze (dN). Barem 3ammcaTh CIEKTPANbHOE PASIOKEHHE JIsT
— 00

nporecca &(t + T) ¥ BOCIOIB30BATCS Pa3IoKeHHeM €7

B pan Teitsopa.
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§ 10. Cayyaiinbie PYHKIINU C OPTOTOHAJIbBHBIMU U1
HE3aBUCUMbIMHU TTPUPAIIEHUAMA

10.1. OcHoBHbIe TIOHSITUSI M omlpeaesieHus. [IpeamnosoxumM, 4TO
{&(t), t > 0} — HekoTOpas BemecTBeHHAs THILOEPTOBA, CIydaiiaast HyHK-
1y, T.e. M{f(t)z} < oo gys Beex t > 0.

Onpenenernme 10.1. IIpupawenuem C® £(t) ma mpomexyTke (i, s),
rie 0 < t < s, HA3BIBAETCH Clly4daliHas BEJIMYNHA,

AE(t,s) = €(s) — £(1). (10.1)

Onpemenernue 10.2. CO &(t) HA3BIBAETCA NPOUECCOM € OPMO20-
HAADHBMU NPUPAUEHRUAMU, ECITA JJIS TIPOU3BOJBHBIX MOMEHTOB BPEMEHHT
0 < t; <ty <ty < t4 BHINONHSIETCSI COOTHOIIIEHTE

COV{Ag(tl, tz), Af(tg, t4)} =0. (102)

UssectHo (cM. m.14.7), 9To KoBapuamuss JAByX CIAyYalHBIX BEJHMIHH
WMeeT CMBICJI CKaJIIPHOTO mpou3BeeHus. [losTomy ycioBme HeKOppe-
smposarHocTH npupamennii (10.2) o6BIYHO HA3BIBAIOT YCIOBHEM HX Op-
MO20HAALHOCTMU, T.€. PABEHCTBA HYJIO CKAJAPHOTO IMPOU3BEIEHUST ITUX
npuparmennii. 3amernm Takxke, uro u3 (10.2) B 06mem ciayuae He ciiepyeT
HE3aBUCUMOCTh COOTBETCTBYIOIINX IIPUPAIIECHUIA.

Bameuanue. U3 (10.1), (10.2) caexyer, aro CO &(t) = £(t) — £(0)
TAaKKe SIBJSAETCS MPOIECCOM C OPTOTOHAJBHBIME TpupamenusMu. Jlefi-

CTBUTEJILHO, JJisi Jit06oro npomexyTka (t,s] A&(t,s) = A&(t, s), T e. BCe
cBoficTBa npmpamennii npomecca &(t) aBTOMATHYECKH IEPEHOCATCS Ha
npupamenus nporecca £(t). Iloaromy 6€3 moTepu OBIHOCTH U3I0KEHUST
nadsee npenonaraercd, uro £(0) = 0. B 3ToMm ciyvae roBopsT, 4To mIporecc
£(t) eviwodum us Hyas.

Oka3bIBaeTCsl, YTO yCJIOBHE OPTOrOHAJLHOCTH TIPUPAIIEHUil mporecca
&(t) osmauaer, 4ro koBapHanuonnas Gyukims Re(t, s) nMeeT HEKOTOPYIO
CLELUAIBHYIO CTPYKTYDPy. U3yuum crpoenne dbyrkuun Re(t, s) npu ycio-
Bun, 9T0 & () — NEeHTPUPOBAHHBII BEIECTBEHHBII MPOIECC ¢ OPTOTOHAIb-
HBIMU TIPUPAIIEHUIMHU U JIUCTIEPCHeil

De(t) =M{&(t)?}, t=0. (10.3)

TIpenmonoxknm Taxxke, aro &(t) ABIAAETCS C.K.-HEMPEPHIBHBEIM. B 3TOM
ciydae Dg(t) — menpepsisras dynkiums (cm. m. 8.1).

IIpumep 10.1. Jokasars, aro dyukims De(t) siBisercs MOHOTOHHO
HeyOBIBAIOTIEHt.
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Pemenme. Ilycts s > 0. Torma pas mmoboro t > 0 ¢ yaerom £(0) = 0

De(t+s) = D{&(t + )} = D{(£(t + 5) — (1)) + (£(t) — £(0))} =
= D{AL(t,t +5) + AL(0, 1)} = D{AL(0,1)} +
+2cov{A{(0,t), A&(t, t + )} + D{AL(t,t + s)}.

Vuanrwisasg, uro npupamenust AE(0,t) u AE(¢, ¢+ s) opToroHaIbHLL, U
To, uto A£(0,t) = £(t), momyuaem

De(t+s) = D{£(t)} + D{AL(E, 1 + )} > D{(t)} = De(t),

410 U TPebOBaAJIOCH AOKA3aTh. M

Paccmorpum  koBapuanmonnyio dyukmuio Re(t, 7) = cov{£(t),&(7)}
CD £(t). Ussecrno, uro De(t) = Re(t,t) mus Beex t > 0. Cuemyromuii
pUMep MTOKA3BIBAET, UTO IJIs IMPOIECCOB C OPTOTOHAJJIHHBIMHU IIPHPAIIe-
HUSIMW WMeEeT MeCTO U 0OpaTHOe yTBEPXKIEHUE, a MMEHHO: KOBaPUAIMOH-
Hast Gynkuus Re(t,7) MoxeT ObITh BbIpaxkeHa depes jpucnepcuio De(t)
(B obmiem caydae 3TO He Tak!).

IIpumep 10.2. JokazaTb, 9TO JJisi TPOU3BOIHLHOTO TIPOIECCA C OPTO-
TOHAJBHBIME TipupaterusivMu & () u mobbix t, s > 0 cipaBeyInBo COOTHO-
eHne

Rg(t, s) = D, (min(t, s)). (10.4)

Pemenune. ITo-upexxnemy Gymem cuntaTs, uro me(t) =0 u £(0) = 0.
Ecau t < s, TO

Re(t,s) = cov{{(t),€(s)} = cov{{(t),E(s) — £(t) +£(1)} =
= cov{{(t), (1)} + cov{AL(0,1), A(t, )} = cov{§(t),£(t)} = De(t).

Ecnu ke t > s, To ananoru4no HaxomuM Re(t,s) = De¢(s). Ionydennsre
Pe3yabTATH MOXKHO 3aITUCATh OHON (hOPMYJIOit:

Re¢(t,s) = D¢(min(t,s)). m

U3 (10.2)—(10.4) cnenyer, uro upu s > t npupamenne AE(t,s) sBis-
eTCd IEHTPUPOBAHHON CIy4YailHON BEJIWYMHON C Aucnepcuei

D{AL(t,5)} = De(s) — De(t).

Tlocaenuroto dopmysy ajs mpou3BOJAbHBIX t, § > 0 MOXKHO TpPEICTABUTH
B HECKOJILKO 6ojiee obIneM BHE:

D{&(t) — £(s)} = D¢ (max(t,s)) — De(min(t, s)). (10.5)
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Bamevanue. [IockoIbKy I C.K.-HEIPEPHIBHOCTHU IEHTPUPOBAHHO-
ro mponecca £(t) B Touke ty HEOOXOAMMO W JOCTATOYHO, YTOOHI KOBa-
puanponnast dbyukims Re(t1,t2) Gblna venpepeiBra B TOUkKe (tg,tp), TO
C.K.-HENPepbIBHOCTH IPOU3BOJILHOTO MPOIECca ¢ OPTOTOHAIBLHLIMI TPHPAa-
IEHUSsIME PABHOCHJIbHA, HenpepbiBHOCTH dyHKimn De (t).

BecbMa BaXXKHBIM YaCTHBIM CIyd9aeM IIPOIECCOB C OPTOTOHAJIBHBIMU
OPUPAIIEHUSIMA SBJIAIOTCA TPOLECChl ¢ HE3ABUCUMBIME HPHPAIICHUSMA.

Onpenenernme 10.3. Crnyuatimaa ymkmms {£(t),t > 0} masw-
BaETCSA MPOUECCOM € HE3ABUCUMDLMYU NPUPAUEHUAMU, €CIIA I JIHOOBIX
moMeHTOB 0 <ty <t < ... < ty, n = 1 citydaiiHble BEJTUIUHbI

5(0)7 Ag(oatl)a Ag(tl’t2)a sy Ag(tn—l’tn)

HE3aBUCUMBI B COBOKYITHOCTH.
Bamewanns. 1) Ouesmano, uro B ciysae M{E2(t)} < co mpnm
Bcex t > (0 mpolecc ¢ He3aBUCHUMLIMK HPHUPAINEHUSMHU ABJISETCA TaKXKe
IOPOILIECCOM C OPTOTOHAJbHLIMHU Ipupamennsyu. O6paTHoe yTBepKIeHue
B 00IIeM ciiydae HECIpaBeIJINBO, OIHAKO BCAKWI TayCCOBCKWIA TIPO-
HecC ¢ OPTOrOHAJLHBIME TIPUPAIICHAAME TaKKe SBJIAETCS W IIPOIECCOM
C He3aBUCHMBIME Tpupamennamu (B mpeamonoxenwun, uaro &(0) = 0).
HeiicrBuresbHo, 1 TayccoBekoro nporecca &(t) BeJmInHb!

AE(0,t1), A&(t1,t2), ..., Al(tn—1,tn)

06pa3yIoT TayccoBCKuil CiiyuaifiHbil BEKTOP C HEKOPPEJIUPOBAHHBIMU KOM-
HNOHEHTAMU H, CJIEJOBATEIbHO, 3TH BEJNYMHBI HE3ABUCAMBI B COBOKYITHO-
cru (cm. . 14.6).

2) MoXHO 10Ka3aTh, YTO BCAKHUI TIPONECC C HE3ABUCHMBIME IIDH-
PAIIEHUAMHA ABJIACTCA Mapkosckum npoueccom. OmIHAKO I MPOIECCOB
¢ HEKOPPEJUPOBAHHBIMY IPUPAIIECHUSAME B OOIIEM CIydae 3TO yTBEPKIe-
HUE HECIPABEJIUBO.

Caenyromuit npuMep IOKa3bIBAET BayKHOCTh MOHATHS MPOIECCa ¢ Op-
TOTOHAJIbHBIMHA MPUPAIIEHAAMH JIJIS CTOXaCTHYECKOTO aHaJIN3a BOOOIEe 1
TEOPUM CTAITHOHAPHBIX TPOTECCOB — B YACTHOCTH.

IMpumep 10.3. [lokazaTh, 9TO C HOMOMILIO EHTPUPOBAHHOTO C.K.-He-
npephIBHOTO Tporiecca & () ¢ OPTOTOHAIBHBIME MPUPAIEHASMHE, 33,IaHHO-
ro na [0,T] CR!, £(0) = 0, MOXHO 337aTh OPTOTOHAJIBHYIO CTOXACTHIE-
CKyIO Mepy Ha 6opeseBckoii o-anrebpe mogmuoxkects [0, 1.

Pemenue. Ilycte & — anrebpa, MOpPOXKJEHHAs POMEXKYTKAMU
A = (s,t) orpeska [0,T] (cm. m.13.3). ITokaskem, uto dbynkmua =°(-),
OIpeieJIeHHAs TI0 TIPABUILY

EU(A) = AL(ts) = £(s) —£(), A={(s1), (10.6)

obslajiaeT BCeMU CBOMCTBAMHU JEMEHTAPHON OPTOrOHAJBHON CTOXAacTHYe-
ckoit Mepor Ha £y (cm. . 14.8).
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HeiicTBuTENBHO,
M{E%(A)} = M{A&(t,)} =0,
M{Z%(A)?} = D{A&(t,5)} = De(s) — De(t) < oo.
Econ Al = <t,T>, Ag = <T,S>, Al ﬂAg =gmu Al UAQ = <t,$>, TO
=0(A1 U Ag) = £(s) — (1) = AE(t, ) + A(r, ) = Z°(A1) + Z2(As).
Hakonern, Z°(-) obasaeT cBo#CTBOM OPTOTOHAJIBLHOCTH:
M{Z%(A1)EY(As)} = cov{A&(t1,51), Al(t, 2)} = 0

s o0bix Ay = (t1,81), Ag = (ta, s2), Takux, o A; N Ay = . B cu-
Jly TOro, 4ro Jiboe MHOXKeCTBO A € £ MOXKHO TPEACTaBUTH B BUJE
n

A= | Ag, tme n < oo, a {A} — Hemepecekaiommecs MPOMEXKYTKH,
k=1

paccMoTpenHbIe cBoifcTBa byHKImE Z°(-) crpaBe BB A1 JFOOBIX MHO-
n

xects u3 £, ecm nonoxnts Z0(A) = ST EY(A).
k=1
Mycrs bynxuus m(-) onpejesena Ha MPOMEXKYTKAX COOTHOIICHHEM

mg(A) = M{E(A)*} = D¢(s) — De(t), A={(ts). (10.7)

Hucnepcust De(t) monoronno He y6biBaer (cMm. mpumep 10.1), sBisiercs
HenpepsIBHO} (B cuily c.K.-HenpepbiBHOCTH (1)), a Takxke D¢ (0) = 0, Tak
kak £(0) = 0. Caneposarensuo, Dg(t) — dyukuus pacupejenenus (CM.
ompenenerne 13.9), a mg() — HOpOXKJIeHHAas ef0 Mepa.

Ilycts {A,} — Takas TOCJEI0BATENHLHOCTE MHOXKECTB 13 &y, HUTO
A, | @ mpm n — oo (em. m. 14.8), Torna

M{E°(4,)*} =m¢(4,) >0 mpu n— oo

B CHJTy HETTPEPBIBHOCTH <«B HYyJIE» MEDHI mg(~)‘ Urak, Z°(-) — smemenTap-
Has OpTOroHaJibHasl CTOXacTHUecKas Mepa Ha &y, a mg(-) — ee CTPYKTyp-
Has QyHKIHA.

Temepn EO(~) MOXKeT OBITh ITPOIOJIXKEHA, JI0 OPTOrOHAJBHON CTOXaCTH-
geckoit Meper =(-) (cM. 1. 14.8), onpeesiennoit Ha 60peseBCKoil o-amrebpe
B([0,T]), koropas siBisieTcsi MAHUMAJbHOI o-anre6poii, conepxamieit £y,
r.e. B([0,T]) = o(&) (cm. m.13.3). m

B manpreiimeM cToXacTHIeCKTit HHTErPAJ 110 Mepe Z(+ ), MOPOXK IeHHOH
caydaiinoit dyHrumeir & (t) C OPTOTOHAJBbHBIMU TPUPAIIEHUIMEU, OyIeM
3aIUCHIBATD CIETYIOIUM 00pa3oM:

T T

I(p) = [ (1) E(dt) = | (1) de (1), (108)

0 0
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rae ¢(t), t € [0,T], — mecayvaitnas GyHKIHAs, TaKasi, ITO
T
J lp(t)[2 dDe () < oo. (10.9)
0

U3 o6mux CBOUCTB MHTETpasa MO CTOXacTHYecKoil Mepe (cu. m. 14.9)
¢ yaerom (10.7) mosmygaem

T

M{I(p)} = M{ [ o(t) dé ()} =0, (10.10)
INH@}=MHT@0%@$}=TW@F@%w. (10.11)

T
Haxkonern, ecm I(v)) = J@b(t) dé(t), tme ¥ (t), t € [0,T), — mecnyqaiinas

0
dynkIwms, TakxKke ymosueTsopsomas yceaosuto (10.9), To

T

cov{I(p), (1)} = [ p(t)p(t) dDe(t).
0
Ecnu onpenenunts mpoiecc n(t) KaK MHTEerpaJl C I€PEMEHHBIM BEPXHUM

TIpeJIesIoM:
t

n(t) = [e(r)de(r), t<T,

TO HETPYJHO TPOBEPHUTH, uTo 7)(f) WMEeT OPTOTOHAJbHBIE TPUPAIIEHHS,
OTKY/1a

min(t,s)

Ry(t,s) = cov{n(t),n(s)} = J |(7)|* dD¢(7) = Dy (min(t, 5)).

MozkHO mOKa3aTh, 9YTO B PACCMaTPUBAEMOM CJIydae CIPABEJINB aHA-
qor gopmyan (8.11) unmezpuposarus no wacmam JJsl C.K.-WHTETPAJIA;

[ ot de(t) = o(m)e(m) - [ etvren) at, (10.12)

rae p(t) — dynkuus, HenpepbiBao auddepennupyemas Ha orpeske [0, T
OrmerwMm, uTo JeBast wacTb pasencTBa (10.12) comepxmT croxacTmde-
CKUIl uHTEerpaJ (OT HecyYaiinoi (l)yHKLLI/II/I), TOrA KakK, B IIPABOU 4acTu
TIPUCYTCTBYET WHTErPaJl B CPETHEKBAIPATHIECKOM (OT C.K.-HETPEPHIBHON
cay9aituoit dbyHKum).



8§ 10] CJIVUANHBIE ®YHKIIUUA C OPTOTOHAJIBHBIMU IPUPAIIEHUAMU 193

10.2. OgHOpO/iHbIE HPOIECCHI C OPTOTrOHAJBHBIMU MpHUpAIIle-
Husamu. Ilycre {£(t), t > 0} — BBIXOmATIHMIT W3 HyJNs BENECTBEHHBIH
MIPOIECC C OPTOTOHAIBHBIMU TPUPAIIEHUSIMHE.

Onpegmenenne 10.4. IIpornece £(t) HasbiBaeTCst 00HOPOOHBIM, €CITH
st mobObIx ¢, s > 0 3akoH pacnpenenenus npupamenns AE(t,t + s) 3aBu-
CHT TOJIBKO OT §, T. €. COBIIAJIAET C 3aKOHOM pachpejesenns cedenns &(s).

OkasbiBaeTcsi, 9T0 TPEOOBAHUE ONHOPOIHOCTH MO3BOJISIET IMOJIYYUTH
sBHbI B Gyukuuii Re(t,s) u De(t).

IIpumep 10.4. Ilokazarb, YTO NTPOU3BOJBHBIN C.K.-HEIPEPHIBHBIH
HEBBIPOXKIECHHBIN OJHOPOAHEIH Tporiece £(t) ¢ OPTOTOHANLHBIMA TPUDPa-
[EHUSIMU UMEET CJIEAYIONINE XapaKTEePUCTHKM:

D¢(t) = o*, o >0, (10.13)
Re(t,s) = o? min(t, s), (10.14)
D{&(s) — &(t)} = o?|t — 5. (10.15)

Pemenue. W3 mpumepa 10.1 cuexyer, uro njs Jwbbix t,s > 0
BBITIOJTHEHO PABEHCTBO

De(t+s) = De(t) + D{AE(t, t + s)}.
C yuerom ogHopomaocTH nponecca &(t) u yeaosus £(0) = 0 umeem
D{AL(t,t + s)} = D{AL(0,5)} = D{&(s)} = De(s).

Urax, D¢(t+ s) = Dg(t) + De(s) pnst mo6bix ¢,8 > 0, npudeM B CHIly
samedanns nociae npumepa 10.2 dbyuxuus De(t) menpepsisra. Ilomyden-
HO€ ypaBHEHWE MMeEeT €IMHCTBEHHOE DEIeHWE Ha KJACCe HEIPEPBIBHBIX
dyHKIMi:

De¢(t) =o’t, o*>>0.

Ecm £(t) — meBbipoxaennsiit mpomecc (r.e. Dg(t) >0 ansa mexoro-
poro t>0), To 02> 0. WUtax, pasencrso (10.13) moxazamo. Dopmy-
abt (10.14) u (10.15) crremyroT HENMOCPEICTBEHHO U3 OOIUX COOTHOIEHWH
(10.4), (10.5) ¢ yaerom (10.13). =

Bameuanune. Koncranty o2 B (10.13) 06bIYHO HAZBIBAIOT UHMEH-
cuenocmuio Tipotiecca £(t). Ecmm xe 02 = 1, To mporecce &(t) maspBaeTcs
cmandapmMHvLM WA TTPOTIECCOM C €MHUIHON HHTEHCHBHOCTHIO. 3aMeTHM
TaKxKe, 9TO CTPyKTypHast (ynkiums me(A) croxacrudeckoit Mepsr Z(A),
HOCTPOEHHOH MO CcTaHAapTHOMY ojHOpogHoMy mponeccy &(t) (cm. mpm-
Mmep 10.3), coBuanaer ¢ obpranoii mepoii JleGera:

me (dt) = dt, (10.16)
gTO caenyer merocpeacteenno u3 (10.7) m (10.13).

13 B.M. Musiuep u A.P.Ilankos



194 CAYYAUHBIE ®YHKIIUNA [FI[. 111

Paccmorpum mpumep 0THOPOILHOTO TIPOIECCa ¢ HE3ABUCUMBIMU IIPUPa-
IIEHUSIME, KOTOPBI UMeeT BasKHOEe 3HAUEHWE IIPU PENIeHUH ITPUKJIIATHBIX
33/1a4, CBA3AHHBIX C TEOPHUEN HAJAEKHOCTU M TEOPUEll CHCTEM MacCOBOTO
obcayxusanus (cm. §12).

Onpemenenne 10.5. OnHopomusrit nporece {n(t), t > 0} ¢ HezaBw-
CAMBIMU IIPUPAIEHUSIME HA3BIBAETCA NYACCOHOBCKUM, €CII TIPH KAaXKIOM
t > 0 ceuenne 7(t) umeer pacupesesnerne [lyaccona ¢ mapamMeTpoMm At, Tie
A>0:

Pln(t) =k} = 25 o p 010 (10.17)
77 k! ? ) Py 0 .

W3 onpegenenus: 10.5 1 06uux CBOCTB MPOIECCOB C OPTOrOHAIBHBIMA
PUPATIEHUSAME CIIEAYET:

ma(t) =X,  Dy(t) =X, t>0;

Nk
P{n(s) —nft) = kp = SELIE N0 0<i<s k=012,

D{n(s) —n(t)} =Alt —s| t,s>0.

IlyacconoBckmii Trpotiecc uMeeT Caemyromuii hU3UIECKUH CMBICIT: TIPH
BegkoM ¢ > 0 Beauuuna 1)(t) YUCIEHHO PABHA KOJIUIECTBY COOLITUI U3 1IPO-
crefimmero moToka WHTEHCHBHOCTH A (cM. 1. 12.1), mpomsomeqmux K Mo-
menTy t. Takum 06pasoM, peasiu3aliu IIyaCCOHOBCKOI'O IPOIECCa UMEIOT
BHJI, KyCOYHO MOCTOSTHHBIX (DYHKIHIT, I3MEHSOMUXCS CKATKOM Ha, €IMHUILY
(BBEPX) B CatyvaiiHBle MOMEHTHI BPEMEHHU {T1,T2, ...}, COOTBETCTBYOIINE
TIOSIBJIEHUSAM OYEPEJHBIX COOBITHH W3 moToka. [lostomy 7(t) oTHOCHTCS
K KJIACCY CHUMANOUUL CAYNATHBIT NPOUECCOs.

ITycrs Teneps Ha T = [0, +00) 3a1aHa meTePMUHAPOBAHHAS DYHKIHSI
v(t) > 0, KoTopas IpeNoaaraeTcst ”HTErpupyemoii o JleGery ma KarxK oM
KOHEeYHOM IpoMexxyTke. Ilycrs Takike

a(t) = JV(T) dr, (10.18)

a {n(t), t > 0} — mpomecc ¢ HE3ABUCUMBIME TIPUPATIEHUSIMHA, TAKOH, ITO
nas Bcex 0 <t < suk=0,1,... BBIIOJHEHO

(a(s) = a(t)" _(a(s)—a(t
P{An(t,s) =k} = ¢ (a(s)=a(®)),

B stoMm cayuaae 1(t) HA3BIBAOT HEOOHOPOOHBIM NYACCOHOBCKUM NPO-
yeccom, a dbyukmmio v(t) — unmencusnocmuro. U3 onpenenenns 10.5
HEMEJIJIEHHO CJIEyeT, YTO OHODONHBIN IIyaCCOHOBCKHII IIPOIECC HMeeT
TIOCTOAHHYTO WHTEHCHBHOCTD V(1) = A > 0.
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W3 cpoiicTe pacmpenenenusa Ilyaccomna cremyer, 9To
my(t) = Dylt) = alt),  Ry(t,7) = a(min(t,7)).

W3 onpenenenns (10.18) a(t) cuenyer, aro D, (t) wenpepsiBra Ha T', 10sT0-
My 7(t) — C.K.-HEmPEPBIBHbII MPOIECC C OPTOrOHAJIBHBIME TPUPAICHU M
(cM. mpumep 10.2).

HeomHoposHbLil IIyacCOHOBCKMIT IPOLIECC HECTI0XKHO peobpasoBaTh
B OJTHOPOJIHBIH, O 9eM CBHJIETENLCTBYET CIIE YOIl IpIMep.

Ilpumep 10.5. IlokazaTh, 9TO C IOMOIIBIO HECAYyYAXHON 3aMEHBI
BPEMEHN HEOJHOPOJIHBIN IyaCCOHOBCKHI IPOIECC MOXKHO TMpeobpa3oBaTh
B OJIHOPOJIHBI ITyaCCOHOBCKHI C MHTEHCUBHOCTHIO A = 1.

Pemenue. B cuny yenosua v(7) > 0 3akmogaem, 910 a(t) — crporo
MOHOTOHHO Bospacratomas dynkmusi, a(0) = 0. O6o3naunm vepes b(t)
dynkmmio, obparayio K a(t): a(b(t)) =t. Oyukuus b(t) onpenenena na 10-
ayuurepsade [0, a(+00)) exuncrsenubiM o6pazoM. Beenem npouecc 7(t) =
=n(b(t)), rorga maz 0 < t < s < a(+00) umeeM

P{i(s) = n(t) = k} = P{n(b(s)) — n(b(t)) = k} =

k k
— [a(b(s)) k!a(b(t))] exp{—[a(b(s)) _ a(b(t))]} — (s k!t) e~ (5=t
Taxum o6paszom, 7j(t) — OIHOPOAHBIIN TyaCCOHOBCKMIT TPOMECC €MHUTHOM
uHTEHCUBHOCTH B cuity omupenesenus 10.5. [Tosyuennoe npeobpazoBanue
BPEMEHU TTO3BOJIAET CBOJAWTH DENEHUE 3aJa9 I HEOJHOPOJHOTO IIyac-
COHOBCKOTO IPOIECCa K COOTBETCTBYIOMIMM PEIIEHUAM JJIs OJHOPOIHOIO
mporecca. W
B komnte 1. 10.1 6611 onpejiesien cToXacTHYeCKUil MHTerpaJl o IeHTpH-
posarHOMYy Trpotieccy £(t) ¢ oproronambubivu npuparmenusym (£(0) = 0).

Ilycrs 7(t) = n(t) — a(t), rae 7(t) — HEOTHOPOMHBI TyaCCOHOBCKHH TTPO-
necc uarencusrocru v(t). Torna MoxkHO OKa3aTh, 9TO A1 JIE0OOH Helpe-
peisHOH Ha [0, T] dbyukmnw ¢(t) BRIIOTHERO

t

[e(mydnm) = 3 em) - [e(rwr)dr, t20, (10.19)

rae {7} — caydaitabie MOMeHTBI cKavakoB mporecca 7(t). CroxacTudeckast
OpPTOTOHAJIbHAA Mepa, MOPOXKJIeHHas IeHTPHPOBAHHBIM IIyaCCOHOBCKUM

o

nporeccom 7)(t), HaszbIBaeTCsa nyaccornosckoti mepoti. Nz (10.19) cremyer,
YTO CTOXACTUYECKUN MHTErpajl OT HEeCHyJdalHON (DYHKIMHU 110 IIyacCOHOB-
CKOM Mepe MOXKHO BBIYHCIUTH AHAJIUTHICCKH.

B 3akuitoueHue BBISICHUM, MOXKET JIM KaKOH-HUOYIh MPOIECC C HEKOP-
PENMPOBAHHBIMYU TTPUPAITEHUIME OBITH UM DEPEHITNPYEMBIM.

IIpumep 10.6. TTokazaTh, 9TO HEBBIPOXKIEHHBINH OIHOPOIHBIN TIPO-
nece £(t) ¢ OPTOTOHAIBLHBIMA TIPUPAIIEHASAMI HE UMEET C.K.-TPOU3BOIHOM
HU B ogHOit Touke t > 0.

13*
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Pemenwme. IIpexnomoxkum, ato c.K.-ipousBopHas v(t) = £(t) cyme-
82 Rg (t, T )
otor
Hsig TPOM3BOJjIHAA 1O Teopeme 8.3 NoykHA ObITh KOHEYHOH npu ¢t = T.
Honbrtaemest Beraucautb R, (t,7) ¢ yaerom, aro Re(t,7) = o?min(t, 7).

OueBuIHO, 9TO

creyer. Torma R, (t,7) = cov{v(t),v(r)} = , IPUYEM TIOCIIe -

aR’f(ta T) _ 2

1 >0
o a’l(r —t), tme ]I(ac):{ T2

0, =<0.

Torma R,(t,7) = % (?I(r —t)) = 0%6(r —t), tne 0 >0, a §(z) ecrp
nenvra-bynrknus dupaxa. Orciona, R,(t,t) = 0286(0) = oo, T.e. £(t) ne
WMEET C.K.-TIPOU3BOLHON B OOBITHOM CMBICJIE HU B OfHOMW Touke t > 0. M

3ameuanue. Pesynbrar, npusejennniii B npumepe 10.6, Gyayun
HEraTWBHBIM, MMEET TeM He MEHee BarkKHble NOCIeNCTBHs. llycTh mpo-
necc v(t) Takow, uro Mm,(t) =0, a R,(t,7) = 028(t — 7). B cuay roro
aro §(t —7) =0 npm t # 7, MOXKHO 3aKJIIOUUTH, 9To v(t) obmamaeT Tem
CBOMCTBOM, 9TO JIIOGBIE €r0 CedeHnsI, CKOJIb yIOHO OJM3KHe 110 BPEMEHH,
SIBJIIOTCS HEKOPPeJUpoBaHHBbIMU. Takoil Mporecc yke BCTpEYaJics HaM
pambmre — 310 Gembrit mym. K coxanenmio, D, (t) = R,(t,t) = oo m, cie-
JIOBATEJILHO, TaKoii mporecc dpusnueckn HepeanusyeM. OIHAKO Pe3ysIbTaT
mpumepa 10.6 moKa3pIBaeT, KaK OeJIbIi IIyM MOSBISETCS TPAKTUIECKH: 9TO
€CTh Pe3yJbTaT HONBITKY npoauddepeHImpoBaTh HEKOTOPYIO CITyYaiiHyTo
DYHKIUIO ¢ OPTOTOHAJIBLHBIMEU TpuparieHusMu. HaobopoT, cam mporecc
C OPTOrOHAJILHBIMY TIPHPANIEHUSIMI MOKHO POPMAJIbHO TPAKTOBATh KaK
C.K.-HHTErpas oT 6es0ro myma:

Oxka3sbIBaeTcsi, 9TO IMOCTEIHEMY BBIPAXKEHUIO MOXKHO IIPHJIATH aKKypar-
HBII MaTeMaTuaecKuii CMBICHI, 94TO Oymer cuenano B §11.

10.3. Maprunrans! (HenpepbiBHoe Bpewmsi). B §7 paccmarpn-
BaJINCh CJIy9aifHbIe ITOCIEIOBATEIBHOCTH, SBJISIIONINECST MapTUHTATIAMA
C JUCKPETHBIM BpEMEHeM. B 1JaHHOM IIyHKTe MBI PACIPOCTPAHUM 3TO
MOHSATHE Ha CiIydaiiable QYHKIMH U PACCMOTPUM MAPMUH2AABL C HENDE-
PHLEHBIM BPeMeHeM, KOTOPbIe TECHO CBA3aHBI C IIPOIECCAMU, UMEIOIIUME
OPTOTOHAJIbHBIE ¥ HE3ABUCUMBIE MTPUPATIEHNUS.

Ipemmonoxum, 9T0 Ha BEposiTHOCTHOM mpoctpancTse {2, F, P} zana-
HO HEKOTOpoe cemelicTio o-anre6p {F:}, t > 0.

Onpemenenne 10.6. Cemeiictso {F;} Ha3BIBAETCA NOMOKOM O -AA-
2e6p ma {Q, F, P}, ecm F; C F npwm kaxkaom t > 0, mpuaem

a) Fy CF,, ecmm 0 < t < 85
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6) cemeiicTBo {F;} HEMpPEPBIBHO CIpaBa, T. €.

Fi=Fr=(Fs, t=0.

s>t

Bameuanue. Ecm {{(t),t > 0} — cayuaiinas dbyHKuus, onpemesneH-
nas ma {Q, F,P}, a Ff = o{¢(u), 0 < u <t} — o-anrebpa, mOpoxKIeH-
Has BCEBO3MOXKHBIMU KOHeuHbIMM HaGopamm ceuenuit {£(tx), tx € [0,1],
k=1, ...,n}, To cemeiicTBO {ff} YJIOBJIETBOPSAET TPEOGOBAHMIO &) OMPEJIe-
sterns 10.6 mo moctpoenuto. Eciu xe momoxanTh .7-"§ COOBITUAMY HYJIEBOM

BeposiTHOCTH P M mosnoxuth Fy = fti, To momyuenHoe cemeiictso {F;}
Oy/IeT yJOBJIETBOPATL TAKXKE M YCJIOBUIO 6) W, CJIeJ0BaTe]bHO, Oyjer
notokoM o-airebp. lajee TpeamonaraeTcs, 9TO yKa3aHHBIE IeHCTBUs
BBIIOJHEHBI, a 10| TOTOKOM {Fr} NOpasyMeBaeTcs <UCIPABICHHBL»
BapuanT {F;}.

Onpenmenenne 10.7. Ecinu mpu kaxkgom t > 0 cayuaiinasi Bejimansa,
&(t) mamepuma otrOocHTenbHO Fy, To caywaiinas dbymkmus {£(t), ¢ > 0}
HA3BIBAETCS C02AAC08aNHOT ¢ nomokom o-aszebp {F;} (wmm Fi-cozaaco-
6anHot).

IIycrs {&(t), t > 0} cormacoBama ¢ motokom {Fi} m, Kpome TOro,
M{[E(#)[} < oo.

Onpegenenne 10.8. Cayuaitnas dbyukuus £(t) HasbBaeTcs:

a) mapmunzasom orHocuTeabHO {Ft}, ecun

M{&(s) | i} =€) (P-mu.) upu s>t
6) cybmapmunezasom orHocuTensuo {F}, ecam
M{¢(s) | 7} =€) (P-mm.) upm s>t

B) cynepmapmunezasom orHocureasno {Fi}, ecnm {—£(¢t), Fr} — cy6-
MapTHHTAJI.
Bameuanne Ecmm £(t) spasercs maprunrasom oTHocHTensHo { Fy ),

TO CIIOBA «OTHOCHTE/IBHO MOTOKA {Ff }» 3a4acTylo Gy/LyT ONyCKATHCSL.
TIpuBemeM mMpUMepH MAPTHHTAJIOR C HEMPEPHIBHBIM BPEMEHEM.
IIpumep 10.7. IIycre va {2, F,P} 3axan morok c-amrebp {F:} u

cirygaiiHass BeTMIUHA 1), UMEOIMast KOHETHOe MATEMATHIECKOE OKUIAHNE.

TTokasarb, uro cayvaitnas dbyukuus (t) = M{n | F}, t > 0, sasasiercs

MapPTHHTAJIOM OTHOCHTENbHO {Fy}.

Pemenune. Ilo ycaosuro M{|n|} < oo, mosromy mast moGoro ¢ > 0
OLIpeeJIEHO yCIoBHOE MaTeMarudeckoe oxunanue &(t) = M{n | F;}, upu-
gem £(t) mamepuma oTHOCHTENBHO Fy. TakuMm obpasom, crydaiinas GyHK-
s £(t) Fy-cormacosana. asee, HCIonb3ys CBORCTBA YCIOBHOTO MaTeMa-
THYECKOTO OXWaHust W HepaBeHCTBO Uencema (cm. . 14.5), momygaem

M{[®)]} = M{|M{n | F} [} < M{M{Jn| | F2}} < M{[n|} < cc.
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Temepb ocTanoCh MPOBEPUTH yciaoswme a) ompemenenns 10.8. IlycTs
0 <t < s, Torma ¢ yuerom Fy C F, mmeem

M{&(s) | 2} = M{M{n | F} | 7t} = M{n | 2} =£(2).

Urak, &(t) — maprunran orHocurenbHo {F;} B cuiy onpexpesnerns. W
IIpumep 10.8. IIycrs {£(t), t > 0} — mapruaTan orHOCHTENBHO { F} |,
a g(x) — Boimyksas Bau3 dyukims, npudem M{|g(£(2))|} < oco. Ilokazars,
aro v(t) = g(£(t)), t > 0, aBasierca cyGMapTHHTAIOM OTHOCHTEIBHO { Fy }.
Pemenne. Pesynbrar cilegyer HemocpeacTBEHHO M3 HEPABEHCTBA
Uencena (upu t < s):

M{v(s) | Fi} = M{g(&(s)) | Fo} = g(M{&(s) | Fe}) = 9(&(1) = v(t).

B wacrHoCTH, ecnm £(t) — mapruHTam, To ciaydvaiinsie dynkiuun |£(t)],
E@)P (p > 1), EF(t), rue 27 = max(z,0), 6yayT cyOMapTUHTAIAME DU
YCJIOBUHM, 9TO OHM UMEIOT KOHEUHBIE MaTeMaTUuIeCcKue OKumanus. M

CBolicTBa MapTHHrajIoB U cyoOMapTuHrajgoB. Huxke mpesamnosna-
raetcst, ato {&(t), t > 0} aBASETCT MAPTWHTAIOM WJIH CyOMapTHHTAIOM
OTHOCHUTEJIBHO (PUKCUPOBAHHOTO TOTOKA o-anre6p {F;}.

1) @ynkuus £(t) aBASETCST MAPTUHTAJIOM, ecaw jas § >t > 0

J{(s,w) P(dw) = J £(t,w) P(dw), (10.20)

A A

¥ cyOMapTHUHIaJIOM, €Ciu

J{(s,w)P(dw) > J £(t,w) P(dw) (10.21)

A A

st aoboro cobbitus A € Fy.

2) Ecrm £(t) — maprumran, To M{£(t)} = const, a ecim £(t) — cy6-
maprusras (cynepmaprusran), to M{&(t)} — meyGoBatomas (HeBospa-
cratomas) hyHKIHS.

3) Ecim £(t) — cybmaprunrras, To st Toro 9Tobsl £(t) Gbl1 MapTuH-
rajioM, HeoOGxoamMo u goctaroano, atober M{E(t)} = const.

4) Hepasencmeo Koamozoposa 0asn mapmunreanos. Ecom {£(t), t > 0
o6pasyeT MapTHHTAJ ¢ HEMPEPLIBHBIME CTIpaBa Tpaekropusivm, M{£(¥)
= mg¢, g(x) — HeoTpuaTenbHas BeimyKiad pyukuus, a A C [0, +00), TO
it Jiroboro € > 0

P{ngpg(f(t)) >e} < félIA) M{g(&(1))} /e

—

B YaCTHOCTH, CIIpaBE€IJINB yCI/IﬂeHHbIﬁ BapyuaHT HEPaBEHCTBA Yebbimmesa:

P{fggl&(t)*mel e} < supD{& (t)} /€.
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Ecrm £(t) — HeoTpUTATENBHEIN CyOMapTHHTAN, TPAEKTOPHE KOTOPOTO
HeNpPEePHIBHEI cnipaBa, a A C [0, +00), To aas moboro € > 0

P{supf } supM{§ t)} /e.

teEA

5) ITycrs {£(¢), t > 0} — cyOmapTuHTa), TPAEKTOPUE KOTOPOTO HEIlpe-

peIBHEI cipaBa, u sup M{|£(t)|} < co. Torma ¢ BeposiTHOCTEIO 1 CyTmecTBy-
20
€T TIpejies 1 = tl_i)rgoﬁ(t), npraem M{|n|} < oco.

Bameuanue. U3 nociequero cBOHCTBa CJIEyeT, B 9aCTHOCTH, 9TO
BCAKMIT HETPEPHIBHBIN HEOTPUIATENBHBIN cynmepmapTanran {£(t), ¢ > 0}
(ero MaTemaTHYECKOE OXKHAHNE PABHOMEDHO OrDaHMYEHO) B HEKOTOPOM
CMBICJIE BBIPOXKIAeTCA. JIeCTBUTEIbHO, IOYTH KaxK/1as TPACKTOPHS STO-
ro MpOIEecca MpU ¢ — 00 CXOJUTCH K HEKOTOPOMY KOHEYHOMY IIDEIETy
(B ofmem ciy9ae NpeesNbl Pa3iuTHBL JUIA DA3JIMIHBIX TPACKTODPWMIl).
Amnasnorm4noe CBOICTBO MMEET MECTO TAKXKe M JJIf HEIOJOKHUTEIHLHOrO
cyOMapTUHTAJIA.

Caenytomuii npuMep TOSICHSIET CBA3b MapPTHHIAJI0B W TPOIECCOB
C HE3aBUCHMBIMU TIPHPAIEHUSIMH.

Mpumep 10.9. Iycrs {£(¢), t > 0} — cayuaiinas yuxuus ¢ Hesa-
BUCHMBIMH [IPUPAIEHASME ¥ IIOCTOSHHBIM MATEMATHIECKUM OKUIAHUEM.
TlokasaTh, uto £(t) sB/IsSETCS MADTHHIAIOM OTHOCHTEIBHO TOTOKa {FF ),
ecim £(0) = 0.

Pemenmune. Ilycte A&(t,s) =&(s) — &(t) nna 0 <t < s. ITokaxem,
aro AE(t,s) me saBucuT o1 o-anre6ps Fy. Jlis 9TOro JOCTATOYHO 0Ka-
3aTh HE3ABUCHMMOCTD YKA3aHHOTO MPUPAIEHUs OT MPOM3BOJIBHOTO Habopa
ceveHuit

Et1), - E(tn), (10.22)

e 0 =1ty < t; <...<t, <t Iockonbky cegenust (10.22) mMoxHO mpes-
CTaBUTDH B BUJE JUHEHHOTO Mpeobpa30BaHuUs TTPUPAIIEHITH

AE(to,t1)y oy AE(En—1,tn), (10.23)

To TpeGyeMoe yTBEpIKIEHHE CIeyeT U3 Toro, uTo mpupamenust (10.23) we
sapucaT ot AL(t, ) 1O yCIOBHIO.

Teneps B cuny HesaBucumoctn A¢(t, s) or .7-"f u mocrostacrBa M{&(s)}
HAXOIUAM

M{e(s) | FF} = M{€(t) + Ac(t,s) | FE) =
=M{E(t) | FF}+M{AE(t ) | FF} = €(t) + M{AE(t,5)} =
= £(t) + M{&(s)} — M{E(t)} = £(¢),
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e &(t) = M{£(¢) | ff}, Tax kak £(t) nsmepnma oTHOCHTENBHO Fr (M.
CBOiCTBa yCJIOBHOTO MaTEMaTHIeCKOro Oxujanus B 1. 14.5). YuunrbiBas,
aro M{|€(¢)|} < oo mo ycnosuio, nomyaaem, aro &(t) — mapruHrag. M

BBiejieHHbBIi B TIPEIBIIYIEM TTyHKTE TyacCOHOBCKHIA TTPOIIECC JIAET HaM
COZIEP?KATENBHBIN IpUMep CyOMapTHHTAIA.

IIpumep 10.10. ITokazars, 9TO OHOPOAHBIHN TyaCCOHOBCKUIT TTPOTIECC
n(t) aBngerca cybmapruaramsom oraocuresnbuo {F,'} w jomyckaer mpej-
CTaBJIcHIE BH/IA

n(t) = A(t) + A(t), (10.24)

rae y(t) — maprunran oTHocHTeabHO { Fy' }, a A(t) — nerepMuHEpOBaHHAS
dyHKIHS.

Pemenue. Cornacuo onpenenenuto 10.5 npupamenue 7(s) — n(t),
s > t, meorpunarensuo, npuaem M{|n(t)|} < co. CnemosarenbHo,

M{n(s) | 7'} = n(t) = M{n(s) —n(t) | 7/} > 0,

9TO JOKA3BIBAET CyOMapTHHTAIBHOCTE mporecca 7(t).

TMockomsky M{n(t)} = At, To mponecc () = n(t) — At aBasercs nen-
rpupoBaunoii CO ¢ HesaBucuMbiME Tpuparienusyu, mpudem v(0) = 0.
TlosTomy B cmimy pesynbrata mpumepa 10.9 «(t) mpemcrasuster coGoit
maprunran orsocureabso {F, }. Tak xak F;' = F,' upu mobom t > 0,
To v(t) — mapruHran orHocHTesbHO TOTOKa {F;'}. Takum oGpasom,
Tpebyemoe mpencrasienne umeet Bug (10.24), Tie

vy =n(t),  A(t) =M{n(t)} = xt. =

Sameuanne. Ilpencrapnenne (10.24) cybmaprunrana n(t) axamo-
ruano pasioxkennio Jyba (7.2) (mis cyOMapTHHTAIOB € JUCKPETHBIM
BpeMeHeM ), TostydenHomy B 11. 7.1. [Ipu 3ToM nerepMuHUpOBanHas HeyObI-
Batomas dyuxmust A(t) (A(0) = 0) maswBaeTcs Komnencamopom cyomap-
TuHraga 7(t).

Iastee GyieM TIpeIoNaraTh, 9T0 TPAEKTOPUH IIyacCOHOBCKOTO MPOIEC-
Ca HEeIPEPBIBHBI CIIPaBa.

IIpumep 10.11. B ycmoBusax mpumepa 10.10 oreHuTh

P{ sup [n(t)—M|>e} g T=1A1A=2¢e=4
t€[0,T)

Pemenwme. Us mpumepa 10.10 caemyer, ato y(t) — IMeHTPUPOBAHHBIH
HenpepbiBHBL cipapa Maprunran, npuaem M{y%(t)} = D{n(t)} = At,
tak kKak CB 7n(t) numeer pacnpenenenne Ilyaccona ¢ mapamerpom p = At.
Temeps BocTOMBb3yeMcst HepaBeHCTBOM Kommoroposa:

D, () sup At _ AT

Py osup |n(t) = At| 2 e < sup —2=+ = =
{te[o,T] In(®) > } h tejo,r] € tefo,r) €& €
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Orcroma pu T = 1, A = 2, ¢ = 4 moayvgaem

P{ sup |n(t) — At| > e} < < =0,125.

t€[0,T]

00 | =

Ilocsennee o3HavaeT, 9TO C BEPOSATHOCTHIO, HE MeHbIe# 0,875, mMakcu-
MaJibHOE OTKJIOHEHHE PeasbHONO YUCIIa CKAYKOB Ipouecca 1)(t) or oxuia-
eMoro uucia my(t) = 2t na npomexyrke spemenu [0,1] 6yzmer e Gonblue
geTbipex. M

IIycrs Teneps £(t) — ueHTpUpOBaHHAs THILOEPTOBA Citydaiinas (yHK-
mus (r.e. M{|{(t)|?} < 00), sBAsIOmAsCS MAPTHHIAIOM OTHOCHTENLHO
noToka o-anre6p {F; }. Takoit mpomecc Mbr 6y 1eM HAZBIBATD K6AOPAMUYHO-
unme2pupYeMviM mapmunaasom. Mexay MapTUHrajgaMu 3TOrO THIA U
MIPOLECCAMU C OPTOTOHAJBHBIMU IIPUPAIIEHUSIME UMEETCsl TeCHasl CBs3b,
0 9€EM CBUIETEJLCTBYET CIELYIOMIIHA TpUMep.

IIpumep 10.12. Jlokazarb, 4To JtOOOH KBaJIPATUYHO-UHTEIPUDYE-
MBIl MApTUHTAJ SBJSIETCS IIPOIECCOM C OPTOTOHAJBHBIME TPUPAIEHU-
SIMHU.

Pemenne. Ilycts 0 < t; < tg < t3 < ty, TOTHA

M{AE(t1,t2)AL(t3,t4)} = M{M{AE(t1,t2)AL(ts,ta) | Fes}} =

= M{Ag(t17t2)M{A£(t3vt4) | }—ts}} =0,

rjie TpeJocie[Hee PABEHCTBO CIPABEJJIMBO B CUJIy TOTO, YTO HpUPa-
menne AE(t1,t2) U3MepUMO OTHOCHTENBHO Fi,, & HOCHENHEEe — B CHILY
M{A&(ts,ta) | Fiy} = 0, xax mokasano B npumepe 10.9. Takum o6pa3zom,
¢ yaerom M{AE(t, s)} = 0 momyaaem cov{A&(t1,ta), A(ts,t4)} =0, T. €.
&(t) — mporece ¢ OPTOTOHATLHBIMA MPAPAITEHAIME. B

3aMeuanue. Ecau neHTpupoBaHHbI# BEIXOAAMMI U3 HyJis MapTHH-
rajl IBJIAETCH 2GYCCOBCKUM, TO OH KBaJ[PATHYHO WHTETPHPYEM H HMEET
OPTOrOHAJIbHbBIE TIPUPAIIEHHs], KOTOPbIEe (B CHJIy TayCCOBOCTH) ABJISIOTCH
He3aBUCHMBIMEA. TakuM 06pa3oM, BCAKHUH TayCCOBCKUIT MapTHHTAJ MMEET
HesaBUCUMBIe Tpupamenus. HaobopoT, Beakuil 1MeHTPUPOBAHHBIN BBIXO-
JSIAHR U3 HyJisl TayCCOBCKHUIT IIPOIECC ¢ HE3aBUCHMBIMU IIPUPAITCHAAME
ABJISETCA KBAJAPATHIHO-MHTErPHPYEMbIM TayCCOBCKUM MAPTHHTAJIOM.

g KBaJApaTHIHO-WHTErPUPYEMbBIX MAPTUHTAJIOB CIIPABEIJIUE aHAJIOT
passoxenus (7.5), KOTOpoe BHINISAANT Haubosiee MPOCTO, ECII PACCMATDH-
BaeTCs MAPTHHTA] C HE3ABHCHMBIME IIPUPAIICHIIMHA.

Teopewma 10.1. Ilyemsv &£(t) — xeadpamuuno-urnmezpupyemvlt
MAPMUHRAA € HE3ABUCUMBMU NPUPaWeHuamU. Tozda cybmapmunzan
n(t) = £%(t) donycraem eduncmeennoe pasaodicerue

n(t) = M(t) + (£),, (10.25)

2de M(t) — mapmumnzan omnocumeavro nomoxa {F¢}, a (&), — neybui-
sarouiasn demepmunuposarnas Gynxyua (maxas, wmo (§), = 0
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Qyukius (§), HasbIBaeTCs K6adpamuveckol Tapakmepucmurot map-
munezasa §(t).

IIpumep 10.13. Ilycrs {£(¢), ¢t > 0} — KBagpaTHIHO-MHTErpUDYE-
MBIl MAPTHHTAJ (OTHOCHTEILHO {ff}) C HE3aBUCUMBIMH TIPUPAIICHISAMHE,
£(0) = 0. TTokazare, uro (§), = De(t).

Pemenwne. Boramcium M{{z(s) —£2(t) ‘ ]-‘f} mpu s > t. Ucnoss-

3y4d HE3aBUCUMOCTH B COBOKYITHOCTH Cﬂy‘{aﬁHbIX BEJINYNH
Af(t,S), AE(()?t)? 5(0)7

MapPTHHTAJBLHOE CBOMCTBO M{Af (t,s) | }—t‘f} =0 u pe3yabTaT IIPHUMe-
pa 10.2, monyyvaem

M{€x(s) - (1) | 7 = M{(€(s) - €0 (E(s) +60) | 7} =
- M{Ag (£, 8)[AE(t, 5) + 2A£(0,2) + 2£(0))] | ]-"5} -
= M{(A&(t9)* | FE = M{(AL(t,9))*} = De(s) — De(t).

Taxum obpaszom, npouecc M(t) = £2(t) — De(t) ynoBiersopaer MapTuH-
rasbHOMYy cBoiicTy, a M{|M (t)|} < oo B ity M{£*(t)} < co. m
EcTecTBeHHBIM 0600IIEHHEM OIHOPOJHOIO ITYACCOHOBCKOTO IIPOIECCa,
n(t), y KOTOpOro BCe CKadyKW paBHBI 1, sBisgerca obobwernuil nyac-
conoscxuli npouecc H(t), ckadxm KOTOpPOro o6pasyloT COBOKYIHOCTb
HE3aBUCUMBIX CJy4ailHbIX Besuann {&;}, He 3aBucamux Takxke u ot 7(t):

n(t)

= Z 51’7 t> 0.
=1

Takum obpazom, & = AH(7;) — Besnmumna ckadka mpouecca H(t) B mo-
MEHT T;, COOTBETCTBYIOIIMH i-My CKadKy mporecca 7)(t) Ha IPOMEXyTKe
[0,t], tme i =1, ...,n(t). Bysem cunrarh, 4yTo 3amaHbl napamemps, 0606-
HIEHHOTO ITyaCCOHOBCKOTO IIPOIECCa:

Aa NZM{gl}a D:D{gl}?

rjge A > 0 — WHTEeHCHBHOCTD IIyaCCOHOBCKOTO mpotecca 7)(t).

IMMpumep 10.14. ITycrs H(t) — o6obumeHHbI#H MyacCOHOBCKUI TPOIEce
¢ napamerpamu (A, i, D). Hafitn ero maTemaTnaeckoe 0XKUJAHWE U JIAC-
epCHIo.
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Pemenwne. Ilo popmyse moamoro MaTeMaTuIeCcKOrO OXKUIAHUS, UC-
TOJTh3ysl HE3ABUCHMOCTD CKaukoB {&;} or n(t), maxomum

M{H(#)} = Z M{H() | n(t) = n} P{n(t) = n} =

n

- > My

n=1 =1

20 = nJPl) =} = 3 M{SEP{n0) =} =

= i nuP{n(t) =n} = puM{n(t)} = pt.

AHaJOruYHO OIy4YaeM BBIDAXKEHHE IS M{Hz(t)}:
M{H*(t)} = Z M{H?(t) | n(t) =n}P{n(t) =n} =

= 3 M{(36)" P00 =) = 5= (0D + (o P {ne) = ) =

= n=1

=M{n(t)} D+ M{n*(t)} u*> = MD + (At + (At)*)p?

n 9 n n 2

rje yuTeHo M{(Z &) } => D{&}+ (Z M{&}) . OxoHYaTEIBHO
i=1 i=1 i=1

HaXOJIUM BBIPDAKEHHE JIJIsI D{IZI(t)}: '

M{H?(t)} — (M{H(t)})* = MD+ (At+(A)*)p? — (Atp)? = (D+p?)At. =

Curenytomuit mpuMep TTOKa3bIBaET, UTO ODOOMIEHHBIN TTyaCCOHOBCKUH
MPOIECC UMEET HE3ABUCUMBIE IPUPAIIECHMUSI.

IIpumep 10.15. [lokazarh, 9T0 060OMIEHABIH TyaCCOHOBCKUI TTPOTIECC
H(t) ¢ mapamerpamu (A, p, D) uMeer HE3aBUCHMBIE PUPAIIEHUSI.

Pemenne. Ilycth g =0<1%; <...<t,. Hokaxkem, 4To mpupamie-
mua AH; = H(t;) — H(tj-1),j =1, ..., n, HesaBucumsl. s 5T0r0 gocTa-
TOYHO JIOKA3aTh PABEHCTBO

U(z1y ooy 2n) =U1(21) ... Uplzn), (10.26)

rae ¥(z1, ..., 2,) — XapakTepucTHuecKas DyHKIMs CIydaiiHOrO BEKTODA.
{AHy, ...,AH,}*, a ¥;(2z;) — xapakrepucrudeckue (QYHKIUI CIydaii-
ubix Bemaue AHj, 7 =1, ..., n (em. m. 14.3). Wraxk,

Uz, ...,2 M{exp( Zz]AH )} M{e(n(ti), ..., n(tn))},
= (10.27)
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rae dbyskuusa @(my, ..., My) OUPELENSeTCH BEIPaKEHHEM

o(my, ...,my) = {exp( Xi: ) ‘ n(t) =my, ...,n(tn) = mn}

(10.28)
IS HATypaJbHLIX apryMeHToB my < ... < my,. Hcnonab3ys obo3nadenue
AHj(m) = > &, B cuny mesapucuMocTy ckadkos {&;} ot n(t) u nesa-
m,_1<i<m;
sucumocru Benuune {AH;(m), j =1, ...,n} naxomum

e(my, ...,m M{exp( Zz]AH )} =

= ﬁ M{exp(iz; AH;(m))} = H We(z)™ ™, (10.29)

j=1 j=1

rae We(z;) — xapakrepucTudeckas (QYHKIMS CIydailHOR BeaumdnHbl &;.
Teneps u3 (10.27)—(10.29) ¢ y4eToM HE3aBUCUMOCTH TPHUPAIIEHUH Iyac-
COHOBCKOTO Tporiecca 7)(t) momydaem

(2, ...,z M{H W (z;) ) n(tj_l))} _
n
= H M{\Ij‘f (n(tj) (tgfl))}' (1030)
TToBTOpSsIsSi DOCIOBHO TMpOAEeNaHHble BEIKMaAKK miast dynkmun ¥;(z;), Ha-
XOUM

Tj(z5) = M{We(z; ) ((ti)— (tjﬂ))}' (10.31)

Teneps Tpebyemoe pasenctso (10.26) cremyer m3 (10.30) m (10.31). m
C moMoTtIbio 0600IIEHHOTO TyaCCOHOBCKOTO ITPOIIECCa MOXKHO OITpeie-
JINTh BaXXHBIH KJIACC KBAAPATHIHO-MHTEIPUPYEMBIX MaPTHHIAJIOB.
Teopema 10.2. ITyemo H(t) — 06obwennni nyacconoscrkud npoyecc
¢ napamempamy (X, p, D). Tozda npouece

H(t) = H(t) — pht

ecms K8adPAMUYHO-URMEZPUPYEMBIT, MAPTMUH2GA C KEAIPATMUYECKOT Ta-
paxmepucmuroy

(H), = (D + u?)At.
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Eme ogun kiacc KBagpaTHIHO-MHTEIPUPYEMBIX MAPTHHTAJIOB MOXKHO
TIOCTPOUTD CJIEAYIOMUM 06pa30M.

IIpumep 10.16. Ilycth 3amana MOCIENOBATETHLHOCTh HE3ABUCUMBIX
caryuaiinpx Besmand {6; }, akux, uro M{é;} = 0 u M{6?} < occ. Ilycrs
TaKsKe 33/laHa JeTePMUHUPOBaHHAS BO3PACTAONIAs ITOCIEN0BATETLHOCTD
MomeHTOB Bpemenu {7;}. IIpu Kakux ycioBusix mporece

E)=> 4

i<t

ABIAETCA KBAIPATHIHO-HHTEIPUPYEMBIM MAaPTHHTAIOM?

Pemenme. Ha kaxmom waTepsame [0,t], Takom, 9TO dYmCIO
N(t) = sup{i: 7; <t} Komeuno, mpomecc £(t) siBisieTcsi KBaJpaTHIHO-
THTETPAPYEMBIM MapPTHHTAJIOM C KBAIPATHIECKOH XapaKTePHCTHKOIT

N(t)
<§>t = ; M{‘szz}

Ecim xe N(t) = 0o, To £(t) — KBaAPATHIHO-NHTEIPUPYEMBLIT MAPTHHTAL,

o0
ecin Y- M{67} <oco. m
=1
3ameuanue. [locrpoenme mponecca £(t) 0UeHb HATTOMUHAET TIOCTPO-
eHne ODODIIEHHOr0 IyaCCOHOBCKOI'O IIPOIECCa C TOW JIMIIb DPa3HUIEH,
9TO Y TOCTEIHEr0 CKAYKK TPOUCXOIAT B CIyIaifHBIE MOMEHTHI BPEMEHH.
TpaekTopuu 060UX TPOIECCOB TAKXKE BEChMa, TIOXOXKHU U TPEJCTABIISIOT
co00ii KyCOYHO ITOCTOSIHHBIE HEIPEPBLIBHbIE ciipaBa (yHKimu. OIHAKO UX
KBaJpaTHIECKHE XapaKTEPUCTUKHU OTIUYAIOTCS PATUKAIBHBIM 00Pa30M.
KBaparuaeckast xapakTepucTrKa 0000IIEHHOT0 IIyaCCOHOBCKOI'O IIPOIEC-
ca HeNpepbIBHA, OTKY/Ia CIeyeT ero C.K.-HelMPEPBIBHOCTh B KaXKIOW TOU-
ke. KBagparnueckas xapakrepucruka mporecca &(t) paspbiBHA BO BCeX
Toukax {7T;}, TJieé WUCIBITHLIBAIOT PAa3PHIBE TPAEKTOPHH CAMOTO TPOIECCA.

10.4. BunepoBckuii nporiecc. JIaHHLIH TyHKT MBI TIOCBATAM W3-
YEeHWIO CBOICTE HamboJee BayKHOTO TIPOIECCa, MPUHAJIEXKAIIEro ceMeii-
CTBY CIy9aiiHbIX QYHKIHH ¢ OPTOrOHAMBHBIME TPUPAIICHESIMH.

Onpemenenune 10.9. Cryuaitnas dbynkuus {w(t),t > 0} masesaer-
CSL GUHEPOBCKUM NPOUECCOM, ECITH:

a) w(0) = 0, M{w(t)} = 0;

6) w(t) — OMHOPOIHBIH IIPOIECC ¢ HE3ABUCUMbBIMHU MIPUPAIICHUAMY;

B) w(t) — rayccoBckwuii mporecc.

W3 tpuBeeHHOTO OMpeiesieHnst Cpa3y CIeIyeT, 9To mpu Jjiodbom t > 0
ceuenne w(t) mmeer pactupenenenue N (0; 0%t), a npupamenue Aw(t,s) —
pactpegesnenue N (0; o2|t—s|), rae N(a; D) — rayccoBckoe pacrpeiesienie
co cpemHuUM @ U gucnepcueit D. YKazaHHBIE XapaKTEPUCTHKHU MO3BOJISAIOT
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PACCUIATHIBATH BEPOATHOCTH HEKOTOPHIX MPOCTBIX COOBITHI, CBSI3AHHDBIX
C BUHEPOBCKUM IPOIECCOM.

Mpumep 10.17. Ilycrs w(t) — BUHEPOBCKHiI POIECC ¢ MHTEHCHUB-
HOCTBIO 02 > 0. BBIYHCINTHL BEPOSATHOCTH TOTO, 4T0 B MoMmeHT 1 > 0
TpaekTopust w(t) okaxkercs sbime yposus z (T.e. P{w(T) > x}).

Pemenwue. Ilo ycrosuto M{w(t)} = 0, a D, (t) = ot, mosTomy w(t)
mveer pacrpenernernue N (0;0%t). Orcroma sermanma w(t) = wit) nMeer

oVt

cranapTHOE rayccoBckoe pacnpesestenue N (0;1). Caenosaresbho,

P{w(T) >z} = P{ﬁ(T) > ﬁ} =1-¢ <$> ,

rae é(z):\/%_n J et rar dynkmus pacupenenennss CB w(T)

— 00
(byskmusa Jlamraca).
B uacrnocrn, P{|w(t)| < 30vt} = &(3) — &(—3) ~ 0,997 must Bea-
KOro t > 0, T. €. BBIXOJ TPACKTOPHU BHHEPOBCKOI'O IPONECCA 33 IIPEIEIIbI
obnacru |z| < 30/t masoseposTen (cm. puc. 10.1). m

3o\t

w(t)

W™ A

" T~

-3 a\/f

Puc. 10.1

OxasbiBaeTcst, uTo w(t) 0b1asaeT MHOTUMA HHTEPECHBIMU CBOACTBAMH,
KOTOPBIE MBI TIPUBeieM 6e3 M0Ka3aTebCTBA.

1) BunepoBCKuil IPOIECC SIBISIETCST MAPKOBCKUM TIPOIECCOM.

2) Ilourn Bce TPAEKTOPHH BUHEPOBCKOIO NIPOLECCA — HENPEPHLEHBLE

dynkmun (puc. 10.1).
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3) ITouTw Bce TPAEKTOPMU BHHEPOBCKOTO TIpotecca ke duddepenyupy-
eMb, HI B OJIHON TOYKeE.

4) C BeposiTHOCTBIO 1 Ha JTH060M KOHEUHOM OTpe3ke [t,s], t < s, Tpa-
€KTOPHA BHHEPOBCKOTO IIPOIECCa UMEET HE02PAHUMEHHYI0 6APUAUUIO.

5) BunepoBckuii TpOIECC OMUCHIBAET CuMMEMpPUyHoe bayoicdarue
YACTHUIBL TIO JecTBAUTENbHON mpamMoil (w(t) — KOOpIMHATA JACTHUIIBL B MO-
MmeHT t > 0):

1
P{w(t) > 0} =P{w(t) < 0} = 5 mpm t> 0.
Bosee Toro, ecin 7, — ciry4aiiHbIIE MOMEHT IIEPBOIO IIEPECEYEHUS TPACK-
Topueii w(t) ypoBHS , TO JanbHeilnee OiyKIaHIE TaKXKe CHMMETPUYHO:

Plu(t) >z |7, <t} =Plw(t) <z |7 <t} = 5. (10.32)

6) Iycrs {pk(t)}52; — opronopMupoBanubLii 6a3uc ruabGepTOBA IPO-
crpanctBa Lo[0,T] dbynkuil, KBapaTHIHO-UHTEIPUPYEMBIX HA OTPE3KE
[0,T], a {V&}32, — rayccoBckuil cTaHmapTHBI AUCKPETHBIHA Gesblil Iy M.
Torma mporecc

w(t) =3 Vi [estryar, te o1, (10.33)
k=1

STBJTSIETCS. CTAHJAPTHBIM BHHEPOBCKWM mporeccom Ha [0, 7] (cxommvocTh
psga B (10.33) noHMMAaETCs B C.K.-CMBICIIE).

7) Buneposckuii mporecc w(t) SBISETCS HEIPEPHIBHBIM TayCCOBCKAM
KBa[PATUIHO-UHTErPUPYEMBIM MAPTUHIAJIOM C KBaIPATHYECKON XapaKTe-
puctukoit (w), = D,,(t) = o?t.

TIpuBeennbie CBOCTBa BUHEPOBCKOro mpotecca w(t) MO3BONLAIOT HUC-
CIeIoBaTh GOJIEE CIOXKHBIE €T0 XaPAKTEPUCTHKH.

IIycre © > 0 — 3azannoe umcio. OGo3HAYUM Yepe3 T, CJirydaiiHbI
MOMEHT TIEPBOTO MEPECEYEHNs] YPOBHS & TPAEKTOPUEH BUHEPOBCKOTO TIPO-
necca w(t), ynoMsiHy THI B CBOHCTBE b:

T, = inf{t > 0: w(t) > =} (10.34)

Paccmorpum BeposiTHOCTHBIE XapakTepuctuku CB 7.

IIpumep 10.18. Haiitu 3akon pacupenenenns CB 7, onpenensemoit
coorromernuem (10.34). BeiacauTs, n060# Jau ypoBeHb T Oyzer Tmpe-
omoser. Eciv ma, TO CKOJBKO B CpelHEM MPUIETCS OXKUIATH MOMEHTa
HACTYIIJIEHUS STOTO COOBITHS !

Pemenmne. Ilycts t > 0 Takoso, ato w(t) > x > 0. B crury mempepbis-
HocTH w(t) (CM. CBOMCTBO 2) 9TO BO3MOXKHO, TOJNBKO €CIM JO MOMEHTa ¢
rpaekTopusi {w(7), T > 0} y>Ke mepecekyia ypoBeHb &, T. €. TPOU3OILIO CO-
6bitre {7, < t}. Takum obpaszom, ciayuaiinoe cobbitue {w(t) > z} Bieuer
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{7 < t}, mosromy {w(t) > z} N {r, <t} = {w(t) > z}. C ygerom sroro,
ucronb3yst GOpMyITy yMHOXKEHHsI BEPOATHOCTE!, MOTydaeM

P{w(t) >z} =P{w(t) >z, 7, <t} =P{w(t) >z |7 <t} P{r, < t}.
Uraxk,
P{w(t) >z | 7 <t} = P{w(t) >z} /P{r, <t}. (10.35)

W3 cBoiicTBa cHMMETPUH BHHEPOBCKOIO Ipolecca (CM. CBOKCTBO 5)
u coornomenus (10.32) cmexyer, uro gesas wacrs (10.35) pasma 1/2.
ITosromy

P{r, <t} =2P{w(t) >z}, (10.36)

rae P{r, <t} = F, (t) — uckomaa dynkmua pacupenenenns CB 7,

npuuem uz npumepa 10.17 cnempyer, uro P{w(t) >z} = 1 — & <%>
g

Takum obpazom,

Fr () =2 (1 — & <af/z>> N iz/jﬁe_zz/z dz. (10.37)

U3 (10.37) cenyer, uro F._(t) — nenpepsisao muddepennupyemast GyHK-
nwus, T.e. CB 7, mMeeT HENPEPHIBHYIO MJIOTHOCTH BEPOATHOCTH:

!

fr.(t) = FL_(t) e~/ s, (10.38)

T
B V2mot3/?

Coorromenus (10.37) n (10.38) TO3BOSMAIOT CHENATH CIEAYTIONTHE BhI-
BOJIBL:

a) P{r, < oo} = 1 npm mobom konewnom x > 0, T.e. TPaeKTOpUsl BH-
HEPOBCKOT'O MTPOIECCa PAHO WJIM MO3/HO MEePEeCeUeT CKOJIb YIOJHO BHICOKMI
b6apbep x;

(e o]
6) M{r,} = J tfr, (t)dt = 0o, T.e. cpesHEe BpeMs OXKUJAHUA ITOTO
0
nepecedyenust GECKOHEYHO BeJIUKO. M

B saBepimennme paccMOTPHM TIPUMEP, UILIIOCTPHDYIOMUIl CBA3L BH-
HEPOBCKOIO TIPOIECCa C HEKOTOPOHl IOC/Ie0BATENLHOCTLIO CIIydaifHbIX
OIyKmaHUil 9aCTHANBI MO JUCKPETHBIM TOYKAM BEIIECTBEHHOW IIPSIMOM.
B 4acTHOCTH, MBI BLISICHUM TIPDHYHHY, 10 KOTOPO#l BHHEPOBCKHII TIPOIIECC
OKa3bIBAETCs IayCCOBCKUM.

IIpumep 10.19. Iokasarsk, 4T0 BUHEPOBCKHUi mpomece w(t) MOXKHO
paccMaTpUBaTh KaK Mpejiesl TIOC/IeI0BATeIbHOCTH CIIyJaliHbIX 61y K Tanuit
Ha IIPAMOH.
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Pemenwne. Tlom muckpeTHBIM CIydaliHBIM OJy>KIaHueM Ha TIps-
Mot 6yieM MOHUMATH CIy9aifHyio MOCTIemOoBAaTENbHOCTh {w,(T), T =0,
At,2At, ... ,nAt}, toe t >0, At =t/n, n>>1, obiamanuyo Cremyo-
EM CBOMCTBOM: €CJIM TOYKA B MOMEHT T MMeeT KOOPAMHATY Wy, (T), TO
B CIIe[ly oyt MOMeHT T + At oHa mepexoauT Jubo B TOUKy Wy (7) + Aw,
au60 B TOYKY Wn(T)— Aw, rme Aw >0 — (npocrpaHCTBEHHBIH) Imar
GuyKaHus, a caMo OJryKJIaHWe CUMMETPUYHO, T. €.

P{wn(r + At) = wy (1) + Aw} =
=P{w, (7t + At) = w,(7) — Aw} =1/2. (10.39)
IIycrs w,(0) = 0 — HavambHast KOOpAWHATA GIIyKIATOMER TOUKH 1
n

K MOMEHTY BpeMeHH t cuenano n = t/At maros. Torga wy(t) = Y wnr,

rae {wpk} — cooTBeTCTByIOMME Cydaitabie mard. [1o mocTpoermio ciry-
YaliHble BEJWYHHDI { Wk} HE3ABUCHMBI B COBOKYITHOCTH U

P{wnk = Aw} = P{wnk = —Aw} = ]_/2
Orciona M{wni} = 0, a D{wpx} = (Aw)?. osromy wy,(t) umeer ciemy-
I0IIUe XapaKTEPUCTHKH:
n
M{wn(t)} = > M{wnp} = 0;
k=1

D{w,(t)} = Z D{wpn;} = nAw? = t-——L-
k=1

(Aw)*
At

Bynem cunrars t hukcupoBanabiM, a At 1 Aw yCcTpeMuM K HYJIIO TaK, YTO-

A 2
OBl % = 0'2 = const > 0, Ipu4yeM n = é — OQ. PaCCMOTpI/IM peaest
wn (t)

(1o pactpesieseHnIo) MOCIe0BATEILHOCTH Wy (1) = v
g

. U3 nenrpannb-

HOII npejiesbHO# Teopembl (cM. 11. 14.6) cremyer, uTo
P{w,(t) <z} > H(z) mpm n — oo,

T. €. IIpeJieNibHAst BeJu4nna W(t) MMEEeT CTaHJaPTHOE TayCCOBCKOE PacIpe-
nenenne. Herpynno mokasarhb, 4To st Besikoro nabopa uamcen {Ag b
m

u MomentoB Bpemenn 0 <ty <ty < ... <ty <t CB & = Y Mwn(ty)
k=1

TaKxKe B IIpejielie MeeT TayCCOBCKOe paclipelielieHne. DT0 03HAYaeT, YTOo

w(t) sABAsleTCS TAyCCOBCKOW ciydaiiHoil (yHKuueh, a cienoBaTeIbHO,

w(t) = w(t)ov/t — Taxxke rayccosckas dymkius, mpwaem M{w(t)} = 0,

D{w(t)} = 0%, w(0) = 0, a OIHOPOAHOCTD U HEZABUCUMOCTE TIPUPATTEHMH

14 B.M. Munnep u A.P.Ilaukos
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nponecca w(t) crepyior m3 cmocoba mocrpoenus Giyxmanmit {wy, (¢)}.
Taxum 06pazom, w(t) — BUHEPOBCKHIL IIPOTIECC ¢ HHTEHCUBHOCTHIO 072 > 0.

V3 oIy 9e€HHOT0 Pe3yJIbTaTa CAeyeT CIrocod (PU3MIecKol HHTEPIIpeTa-
I[MY BUHEPOBCKOTO mpotecca w(t): ecan Ha mpomexyTke [0, t] Touka mesaer
cIlydaifHbIe Iary ¢ MHTepBaoM BpeMenn At, a BeJIMYWHa ara pasHa Aw,
TO TIPH YCJIOBMHM, YTO IMIArOB COBEPINAETCS MHOTO, T.e. n = t/Atl Beiuko,
MOXKHO CIUTaTh, 9T0 {wy, (7) ~ w(7), T € [0,t]}. IIpr 3TOM HHTEHCHBHOCTD
nporecca Gy janus onpesensercs Bemuwunnoit o2 = (Aw)?/At. Oue-
BHIHO, 9TO ecim (Aw)? = At, To B TpeiesTe MBI TIOMYYHM CTaHIAPTHBIH
BUHEPOBCKUN Iporecc. M

10.5. 3ajauyu I CAaMOCTOATEJIbHOI'O PeEIIeHUs.

1. ITycrs &(t) — mpomuecc ¢ OPTOTOHAJIBHBIME MPHPAIICHUSIME, UMEOmui
MaTeMaruueckoe oxunanue me (t). Jokazars, aro nponecc 7(t) = £(t) — me(t)—
—(€(0) — m¢(0)) — UHEeHTPUPOBAHHBIN U MMeeT OPTOrOHAJIBHBIE NPHPAIICHUS.

2. [lycre &1(t) u £2(t) — HesaBucuMBIE ciy4vaiinble DyHKIMH ¢ He3aBH-
cumbiME npupameHusivu. Jokazars, uro £(t) = &1(t) + &2(t) Takxke umeer
HE3aBUCUMbBIE TIPUPAIIECHUSI.

3. Ilycrs {£(t), Fi }, t > 0, — cybmaprunrad, a f(z) — HeNpepbIBHAS 1 MOHO-
TOHHO HeyObIBatoInas Bblykias Buu3 dyukuus 1 M{|f(£(t))|} < co. [Tokaszars,
aro {f(£(¢)), Fi}, t > 0, — Takke cyOMapTHHTAIL.

4. Jloka3arpb cBoiicrBa 1-3 MapTuHTrajoB u cybmapruHragos u3 . 10.3.

5. Jlokazars Teopemy 10.2.

VY kazauue. Bocionb3oBarbcs pesyiibraramu mpuMepon 10.13-10.15.

6. Ilycrs &1(t), &2(t) — KBaAPATUYHO-UHTErPUPYEMbIE MAPTHHTAJIBI OTHO-
curesibHO Hekoroporo noroka {F;}. Ilokasars, uro &1(t) + &2(t) — Takxke
KBa/IpATHYHO-UHTErPUPYEMBIil MAPTUHTAI OTHOCUTENBHO { Ft }.

7. Ilycrs £(t) — OMHOPOMHBIN TPOIECC ¢ HE3aBUCUMBIME MPUDPAINEHUSMH,
BBIXOAIIHU U3 HyJIs, a W (\; t) — ero oqHOMepHas XapakrepucTudeckas hyHK-
nus. JlokazaTb paBeHCTBO

Te(A; t+5) = Te(A; 1) Te(N; 8), t,5>0.

Vkazaunue. Bocmonp3oBarbcss TeM, YTO XapaKTePHUCTHYUECKasl (DYHKIUS
CYMMBI HE3aBHCUMBIX CIy4YallHBIX BEJUYWH DaBHA [IPOU3BEJEHHIO UX XapaKTe-
PUCTHYECKUX (DYHKIHA.

t

8. IMycrs n(t) = JT dw(r), roe w(T) — cTaHJAPTHHIA BUHEPOBCKHUH IPOIECC.

0
Beraucnurs my, () u D, (¢).
OrBet. my,(t) =0, Dy(t) =t°/3.
9. JTokasaTbh, 9TO CTAHAAPTHBIN BUHEPOBCKuUil mponecc w(t) ¢.K.-MHTErpUpY-
t

em ua [0,t], u maiitu R, (t,s), tae n(t) = JU}(T) dr.
0
OrBer. Ry(t,s) = a’(3b—a)/6, nue a = min(t, s), b = max(t, s).



8§ 10] CJIVUANHBIE ®YHKIIUUA C OPTOTOHAJIBHBIMU IPUPAIIEHUAMU 211

10. IIycrs 7(t) = m[a,x] w(7), tae w(T) — cTaHAAPTHBIA BUHEPOBCKUI PO~
T€[0,t

necc. HaiiTu 3akoH pacupezesenus ciydaiinoi sesuausst 7)(t) npu jmobom ¢t > 0.
Ykazanue. Yuects P{n(t) > 2} = P{r, <t} u ucnonssosars perenue
npumepa 10.18.

z/VE
2
Orser. Fyu(z) = /2/7 J e *? /de.
0
11. Jlokasarb, uro eciu {w(t), t > 0} — BuUHEPOBCKHUII Iporecc, TO st

n—1
Besikoro € > 0 mmeer Mecto cxoaumoctb P{ S |w(tes1) — w(tr)| > e} — 1 npu

k=0
m]?,X|tk+1 —tr]| > 0, rme 0 =tg < t1 < ... < tp, = 1 (HeOrpaHUYEHHOCTH BapHa-

MM BUHEPOBCKOTO TPOLIECCA HA KOHETHOM MHTEPBAJIE).
Vkasanue. Boruucaurh MaTeMaTrueckoe OXHUIAHUE @ U JUCIEPCUIO yKa-
3aHHOM CyMMBI U, BOCIIOJIb30BABIIUCH HEPABEHCTBOM JeOBIINERa, MOKa3aTh, YTO
n—1
P{a— > |w(trt1) —w(ty)] 2 a—e} = 0.
k=0
12. J/TokasaTh, 9TO BUHEPOBCKUI MPONECC SBJISETCA MAPKOBCKUM.
Vkazaunue. [IpoBepuTh BBINOJHEHUE YCIOBUS MAPKOBOCTU JJIsl TayCCOB-
CKOT'O Iporiecca u3 npumepa 2.12.
13. Jloka3aTb, 9TO BUHEPOBCKUIl IIPOIECC SABJISAETCS KBaIPATUYIHO-UHTEIPH-
PyEMBIM MApPTUHTAJOM, U HAUTH €r0 KBaJPaTUIECKYIO XapaKTEPUCTUKY.
Orser. (w), = o’t.
14. ITycrs {£(t), t > 0} — myaccoHOBCKUIT IPOLIECC ¢ MHTEHCUBHOCTHIO A > 0.
TTokazaThb, uTo mpu At | 0 BBITOJIHEHO:

P{¢(t+ At) — £(t) = 0} = 1 — AAL + o( At),
P{E(t+ At) — £(t) = 1} = AAL+ o(At),  P{E(t+ At) — £(t) > 1} = o(At).

Vkasanue. Yuects, uro e =1 — Az + o(z).

15. IIycre {£(t), t > 0} — c.K.-HENpPepbIBHBIA OJHOPOJHBIN MPOLECC C Op-
t

TOrOHAJILHBIME [IPUPAIeHusIME, a GyHKIHs ¢(T) TakoBa, 4TO Icpz(r) dr < o0
t 0
s Beex t > 0. Jlokasars, uro mpouece 7(t) = J p(7) d&(T) saiBAgIeTCA C.K.-He-

0
[IPEPBIBHBIM IIPOLECCOM C OPTOTOHAJIBHBIMY [IPUPAIEHUSIMUA.
16. IIycts w(t) — crapmapTHBLIA BHHEPOBCKMI mnpomecc. IlokasaTb, 9TO

pouecc
n(t) = exp{w(t) —¢/2} — 1

IEHTPUPOBAHHBIA U UMEET OPTOrOHAJBHBIE IPUPAIIEHUSI.

Ykaszanue. Bocnonb3oBarbcs TeM, 9TO M{eg} =¢eP/? qna &~ N(0; D).

17. Tlycrs 1(t) — OQHOPOJHBI IIyaCCOHOBCKHI MPONECC ¢ HHTEHCUBHOCTHIO
A > 0. Ilokazars, uro £(t) = exp{n(t) — at} — cyGMapTHHraJ OTHOCHTEIHHO
noroka {F;'}, ecim a < A(e — 1).

VYkasarne. Beraucimrs M{&(s) | 7'} nna s > ¢, npeaBapuTensHO moKa-
3aB, 4To B ycjopuax sagaun M{exp{n(s) —n(t) —a(s —t)}} > 1.

14%*
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§ 11. Croxactuyeckue jauddepeHnuabHbIe
YPaBHEHUSsI

11.1. Croxactudeckuii mHTerpasi MTo. Brime Mbr mosmakoMmu-
JIUCD C TMIOHATHEM CTOXACTHUYECKOTO MHTErPaJa OT HeClTydaiiuoi dbyHKkiun
MO0 CTOXaCTHYECKON Mepe, MOPOXKIEHHON IPOIECCOM C OPTOTOHAJIbLHBIMHA
npupamenusMu. Terepb Mbl pACIIAPUM 3TO MOHSATHE U PACCMOTPHUM CTOXa-
CTHUYIECKUE WHTETPAJIBI OT CIYIalHBIX (PYHKIUH TTO0 CTOXaCTHIECKOH Mepe,
OO IEHHOM BUHEPOBCKUM POTIECCOM.

Iycrs crasmaprHblil BunepoBckuii npouece w(t), t € [0,T] = A 3aman
Ha BepogTHOCTHOM TpocTpancTtie {Q, F, P}. Ilycts Takxke B — o-anrebpa
6OpeJIEBCKUX MHOXKECTB Ha JIEHCTBUTEJBHOMN OCH.

Bribepem mekoropoe t € A u BBemem o-anrebpy cobbituii Fi, 1mopo-
KJeHHYIO cydaitaoit dyrkmmei {w(s), s < t}.

Ounpenpenenne 11.1. Cucrema cobbiTuii Fy, ABISOMATCT HAUMEHb-
meii o-anrebpoii, comepxameit Bee cobbrTmst Buma {w(s) € B} Vs < t,
V B € B, nassiBaercs o-aazebpot, nopostcdennots {w(s), s < t}. Hua Fy
Gyaem ucnoab3osarh obosnadenne Fy = o{w(s), s € [0,t]}.

3ameuanus. 1) OueBnguo, aro no onpeneienuto Fy C F npu o6om
t < T (rak xak F comepxut Bce cobbrtus Buna {w(t) € B} upm B € B).
Kpome Toro, ectu 0 < s <t < T, to Fs CF;, 9TO TaKKe OYEBUIHO.
B sTom cimywae rosopsT, uto {F;, t € A} — nomox o-aazebp.

2) o-anrebpa F; umeer sicHbIH dusndeckuii cMbICa: B Fp COIMEPIKATCSI
BCE COOBITHS, O HACTYIIJIEHUA KOTOPBIX MOXKHO y3HATD, HAOJIOIast ITPOIECe
{w(s)} ma nmpomexyrke [0,t] (ecrecTBEHHO, peUb UIET O COOBITHSIX, COJEP-
JKaluXcss B MHOXKecTBe JF WU, CIIeIOBATENBHO, NMEIOMUX BEPOSTHOCTS).

Ounpepnenenne 11.2. Cauyuaiinas dyskuus {f(t), ¢t € A} nHasbl-
BaeTcs Heynpesicdaroweti orHOCHTENBbHO Tpomecca {w(t), t € A}, ecum
pu aroboMm t € A ciryvaiinas enmansa f(t) siBaserca Fi-n3MepumMoi (T. e.
{f(t) € B} € F; naa seaxoro B € B).

Jljist Hauadia Mbl OIPEIEIMM CTOXaCTHYECKHI MHTErpas M0 BHHEDPOB-
ckoit mepe Ha KoneunoM uHTepBade A = [0,T] amusa cayyaiiabix dyHKIME
f(t) cnemmanprOTO BHIA — TPOCTHIX DYHKIIHIA.

ITycrs waTepBas A pastut ma mpomexyTku {Ag}, k=1, ...,n: A =
n
= U Ak, tie Ay = [t1,t2], Ao = (ta,t3], ...y An = (tny tnga]-
k=1

Onpemenernue 11.3. Crnyuaiinaa dynkuus f(t) HasbBaercs npo-
cmoti, eclii OHa UMEET BU/I,

f(t) = Xn: Ekln, (t), teA, (11.1)

k=1
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rae Ia, (t) — nEAEKATOp POMEXKYTKA Ak, T. €.

(0 1, ecim t€ Ay,
Ia, (T) =
A 0, ecmm t¢ Ay,

npudem & — ciydaiiabie Beamunnsl, Takue, uto M{|&|*} = Dy < oo.

Bameuanune. U3z onpenenenns 11.3 caenyer, uro dynkmus f(t) —
Heylnpexaamomas, eciu £ m3MepuMma oTHocuTesbHO Fyy kK = 1, ..., 7.
HeiicrBurensHo, ecin t € Ay, 1o f(t) = & n3mepuma orHOCUTENIHHO Fy, |
HO t), < t m mostomy Fy, C Fy, T.e. f(t) siBasiercst Fy-usmepumoii.

Oupenmeaenune 11.4. Cmozacmuueckum unmezpaisom OT TPOCTOH
Heynpexnaomeil Gyakuun f(¢) no Bureposckomy nponeccy {w(t), t € A}
Ha3bIBaeTCA CIydafiHas BeJndnHa,

1) = [ £(t) du(t) = S 6 Auy, (11.2)
k=1

A

rae Awy = w(tp41) — w(ty) — TpEpamenne BUHEPOBCKOTO Iponecca w(t)
Ha TPOMEXKYTKE Af.

PaccMoTpuM HEKOTOpBIE CBOHCTBaA CTOXacTHIecKoro murerpata I(f)
oT mpocroii Heynpexaaomei Gyakiun f(t).

IIpumep 11.1. Horazars, uro I(f) obiamaer ciaeayiomumu CBOIi-
cTBaMu:

1) I(an f1 + aafa) = o I(f1) + azl(f2), ecmm oy, ap — Heciyuaiiasie
qucia, a fi(t), f2(t) — mpocrbie Heympex garormue byHKINN;

2) M{I(f)} =0

3) M{I(N)} = | M{IF(0]} di < oo,

A

Pemenue. Ecnu fi(t), f2(t) — mpocreie caydaiiabie GyHKIHA, TPH-
yeM f1(t), f2(t) usmepumbl oTHOCHTENBHO Fi, TO STUMH XKe CBOWCTBAMEA
obmanaer Tak:ke wX JguHeiHag kombunamma f(t) = a1 f1(t) + asf2(t), T. €.
f(t) — npocras meynpexmaomas dbynakius. Ternepsb cBoiicTso 1 cemyer
HerocpecTBeHHo U3 (11.2) u nuHeHHOCTH OHepanuy CyMMUPOBAHUS.

Hamee M{I(f)} = i M{&xAwyg}, Tae

k=1
M{§Awg } = M{M{{Awy, | Fy, }} =

= M{&M{Awy, | Fy, 1} = M{&} M{Awg} = 0.
3aech yuareHo, yto Awy He 3aBucut or Fy, 10 CBOHCTBY HE3aBUCHMOCTH

npupamennii Buaeposckoro mporecca, M{w(t)} =0 n & unsmepuma or-
nocurenbao Fi, . OTciona ciiefiyer CupaBeinBOCTb CBOHCTBA 2.
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Awnanporuyso,
M{[éxAwg|?} = M{[&]*} M{|Awg|*} = Dy(tps1 — tr).
Ecmm k£ < I, 1o M{ﬁkAwkflAwl} = M{{kAwkfl}M{Awl} = 0, gTo

Tak>kKe BepHo u juisg k > [. CregoBaresbHO,

M{I()} = 3 Diltrss — t) =

k=1

= 2": M{[&k[*} (thi1 — tn) = JM{|f(t)|2} dt.
k=1

A

Takum 0b6pa3oM, CBOACTBO 3 TaK»Ke BBHITIOJHEHO. M

il IOCTPOEHHS CTOXACTHYIECKOTO HHTErpaJa OT 6osiee CJIOXKHBIX
Heynpexaaomux GyHknmit f(t) HaM TOHATOOUTCS CIIeAyomee yTBepK-
JIeHHeE.

Teopewma 11.1. ITyems {f(t),t € A} — c.x.-nenpepvishas Gyrryua.

1) Ecau f(t) — mneynpesrcdarowan, mo natidemes nociedosamenn-
Hocmo npocmux weynpescdarowur Gynwyut { f, ()}, maxas, wmo

JM{|f(t) — fa®)P}dt =0 npu n— oo (11.3)
A

2) Hmeem mecmo c.k.-cxodumocmsd nocaedosamesbHocmy CmoTacmu-
weckux unmezpaaos I(fy,):

I(fn) =25 I(f) npu n — oo (11.4)

Tenepsb Mbl MOXKeM onpeenuTsb uaTerpat or f(t), t € A.
Onpemenernme 11.5. Cuyuaiinas semmunmua I(f) = J f(t) dw(t),
A
onpenenentas B (11.4), HasbiBaeTCsa cmoracmuseckum unmezparom Hmo
or crydaiiHoil Heynpexpaomeil Gyskmun f(t).

U3 (11.3), (11.4) u cBoiicTB c.K.-cxomumoctu (cM. 1. 14.4) crenyer,
aro I(f) musa f(t) obmero Buma Takxke obmanaer ceoiicrBamu 1-3 (cM.
npumep 11.1). Bamernum, uro onpejesnenne 11.5 KOPPEKTHO B TOM CMBICIIE,
gro npezaen I(f) 3aBucut sunis or f(t) u He 3aBUCUT OT KOHKPETHOTO BbI-
Gopa mocenoBaTenabHoCcTH { fr, (t)} mpocTeix Heynpex naomux dbynKmii,
anmpokcnmupytomux f(t) B cmbicie coorromenust (11.3).

Teopewma 11.2. Ecau {f(t), t € A} — c.k.-nenpepuenan Gyrk-
yua, 3adarnas na Korewrom npomedcymre A = [0, T] u neynpesrcdarouasn
ommocumenvro nomoxa o-aszebp {Fi}, ede Fy = o{w(s), s € [0,t]}, mo

cmozacmuueckuti unmeezpas I(f) = J f(t) dw(t) cywecmsyem u obaada-

A
em ceoticmeamu 1-3, npusedertvimu 6 npumepe 11.1.
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3amMedanue. Be3 orpammyeHust OOMIHOCTH MOXKHO CUYUTATh, UTO
M{f(t)} =0 ma [0,T], Tak KaK B TPOTUBHOM CJIydae

o

I(f) = I(mys) + I(f),

o
rae myg(t) = M{f(t)}, a f(t) = f(t) —my(t) — uenTpupoBanHas ciy4aii-
Hast dyskiums. Ipu sTom I(m ) ecTb HHTErpal OT HeCIyYailHo# QyHKIIT
o

10 OPTOTOHAJIBHOM cToxXacTHYecKoii Mepe (cM. m. 14.9), a I(f) — uaTerpan
Uro. Iocnennee o3uadaer, 410 BMECTO C.K.-HenpepbiBaocTn C® f(t) Mbl
o

MOXKeM TpeGOBaTh C.K.-HempephIBHOCTE Jumb f(t). [lpn sTom maTemaTn-
Jyeckoe oxkujpanue my¢(t) Moxker ObITH KyCOYHO HENpPEpPBIBHOM (dyHKImed
(HAIIOMHEM, 9TO C.K.-HEIPEPBHIBHOCTD f(t) BJledeT HEMPEPHIBHOCTD MM f(t)
(cm. m. 8.1)).
Unrerpan I(f) nna c.x.-menpepwisroit Ha A = [0,7] dbyrkuwmn f(¢)
n

MOXKHO BBECTH M TO-jIpyromy. Ilycte A = U A}, — pasbumenue mWHTEp-
k=1

Baja A Ha n moABIHTEPBaJOB Ay onmHakoBo# mumHBL h = T/n. Ilycts

{tk}Zill — ToukHu pazbuenns, Toraa tpyi — tgy = h. O603HaYNM

L(f) = 3 Flti)Aug, (11.5)
k=1

rje Awy, — mpuparienne nporecca w(t) Ha IpoMexyTre Ay.

Teopema 11.3. ITycmv svnoanens, ycaosus meopemv, 11.2, mozda
I(f) RN I(f) npu n — oo, 2de I(f) — unmezpan Hmo, a L,(f) —
unmezpasvrvie cymmor 6uda (11.5).

3amernm, uTo mpexacrtaBaenme (11.5) sawactyio Gomee yinoGHO TSt
MPaKTUYECKUX BBIYMCIEHUH. PaccMOTpUM UCIIOIB30BAHNE UHTEIPAJBHBIX
cymm (11.5) Ha mpumepe.

IIpumep 11.2. JokazaTh, 9TO

T
Jw(t) dw(t) = %(w2(T) ~T). (11.6)
0

Pemenue. 3amerum cpasy, uro Awy, umeer pacnpenesienue N(0;h)
(em. . 10.4), nosromy M{|Awy|?} = h, a M{|Awy|*} = 3M2{|Awy |} =
= 3h? 1O M3BECTHOMY CBOMCTBY IayCCOBCKOI'O PACIpEIeICHUS. 3aMETHM
Takzke, aro h = T'/n — 0 npu n — oo.

Paccmorpum n nipeobpasyem k-it usieH B uHTErpasbHol cymme (11.5):

w(t) A = 5 (t) — ()] — 5 (B

1
2
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Orciona as I, (w) mosydaem:

Xn: w(ty)Awy, = %[wz(T) —w?(0)] — % Xn:(Awk)z,
k=1 k=1

tak kak D{(Awg)?} = M{(Awg)*} — M2{(Awy)?} = 3h% — h? = 2h%.

Taxum obpasom, » (Awk)2 RASNYA npu 71 — 00, OTKYJa B CHUJIY
k=1
w(0) = 0 m Teopemsbr 11.3

4TO U TPeOOBAJIOCH 10KAa3aTh. M

3aMedaHU. 1) PaccMmoTpenHbIil mpuMep TOKa3bIBAET, YTO CBOMCTBA
naTerpasia ITo oTiimvaioTcs OT MPUBBIYHBIX CBONCTB nHTerpasa Ctuirbe-
ca. Hampumep, dpopmysia nHTErpupoBaHus 10 9aCTSIMHU B ODIIEM CiIydae
He uMmeeT Mmecta. leiicTBuTENBHO, ecaiu oHA ObLIa OBl BEepHA, TO

T

j w(t) dw(t) = w(t)

0

T

- Tw(t) dw(t),

T.e. 2I(w) = w?(T), uTo HeBepHO B CcUIy pesyabraTa mpuMepa 11.2.

2) B dopmyse (11.5) BbiGop Touknu ty muas Beraucienns f(t) mHa Ay
(BBIGOD JIEBOTO KOHNA TPOMEXKYTKa Aj) ABISETCS NPUHIATHATHHBIM.
Ecnu seiGpars 0 € [0,1], nonoxurs t) = (1 — )ty 4 0ty 1 u cocraBuTh
HHTErPAIBHYI0 CyMMY

n

TO B yCJ‘IOBI/IHX TeOpeMbI 11.3 CHpaBe,LLﬂHBO yTBep}K,LLeHI/Ie:
IO(f) S5 I°(f) mpm n — oo,

IpudYeM IIpejiesibHAs BejamdnHa [ 9( f) B obmem cryuae saBmcuT ot 6
¥ Ha3bIBAETCA cmoracmuydeckum O-urmezpasom. OdUeBHIHO, YTO ecCiu
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0 =0, 1o I°(f) — uarerpan Uro. Eciu xe 6 = 1/2, o muarerpar IY/2(f)

Ha3bIBaeTCsa unmezparom Cmpamonosuwa. B ycroBmsax mpmmepa 11.2

1

MOKHO TIOKa3aTh, uro IY/2(w) = %wz(T), a I'(w) = E(wz(T) +1T), rax

9TO 3HAYEHWsT YKA3aHHBIX WHTErPAJIOB MOTYT Pa3IMIaThCA OYEHDb CYIIe-
crBenno, ecim T’ Besmko. Ecrecrsenno, ecnu f (t) — HecaydaiiHas KyCOIHO
HelpepbIBHAsT (DYHKIMsI, TO 3HAYEHUS BCEX §-WHTErpajioB COBIAJIAIOT, a
unarerpas I(f) obramaer cBoficTBAMHU C.K.-MHTETpaja MO OPTOrOHAJIBHOM
croxacrudeckoit Mepe (cm. m. 14.9).

3) Paccmorpum ciaydaiinyio dbyHKIHO

t

n(t) = [ f(r)du(r), te(0.T)
0

T. e. mHTErpaJ TO ¢ epeMeHHbIM BEPXHAM MPEeaoM. B paMKax IpUHS-
THIX HAMH YCJIOBHUI BBLIIONHAIOTCS CJEIYIONIAe yTBEPXKICHHS:

a) cryvaiinas Bemamna 7)(t) ©3MepUMa OTHOCHTENBHO Fy;

6) 1)(t) — HenpepBIBHBIN IEHTPUPOBAHHBIN IIPOIECC ¢ OPTOTOHAIBHBIMA
IpUpPAIIEHUSIMH, JUCIePCUs KOTOPOro UMeeT BHI

t

Dy(t) = [M{F*(7)} dr:

0

B) n(t) ABIAETCA MAPTMUNZAAOM OTHOCHTENBHO TOTOKa {Fi}, ¢ > 0,
(cm.1.10.3), T.e. mas s < t cupasemgmso M{n(t) | F} = n(s) (P-m.n.).

TIpeamomoxkum, aTo cayvaiinas dyukmms 7(t) MoXKeT GBITH TTPeCTAB-
Jena nis Kaxkgoro t € [0,T] B Buge

t

n(t) = n(0) + [ o(r) dr + | f(7) du(r)
0 0

JJIsT HEKOTODBIX TOAXONAMMX caydaiinbix dyrkuuit ¢(7), f(7). Torma
roBopsaT, 4To 7(t) UMeeT cmozacmuseckul dudPeperyuan, a MOCIETHEE
COOTHOIIIEHNE 3ATUCHIBAIOT B quddepennnaibHoi dhopme

dn(t) = ¢(t) dt + f(t) dw(t).

11.2. Croxactudeckoe auddepeHnnaibHoe ypaBHeHue. Pop-
myia WUrto. Baemennoe moHsTre cToXacTHYecKOTO mHTerpasa VTo mo-
3BOJISIET PACCMOTPETh HOBBIM Kiacc auddepeHImalbHbIX yPaBHEHU CO
CJIIy4ailHOM IIPaBO#l 4acCThIO.

TIycrs £(t) € R™, f(t,2) € R", o(¢,x) € R"™™ — marpuunas GyHKIHs
pasmepa (n X m), w(t) € R™ — m-MepHbI CTaHZAPTHLIA BHHEPOBCKHUIL
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MTPOTIECC, KOMIIOHEHTAME KOTOPOTO SIBJISTIOTCST HE3aBUCHMBbIE CTaHIaPTHBIE
(crassipHBIE) BHHEPOBCKHE Tpornecchl, a v € R — ciydaiiasiii BeKTOD
HAYaJbHBIX YCJIOBUIA.

Onpenmenernne 11.6. Cuyuaiinas dyukuus £(t) ABasgeTcs peweru-
eM CMOTACMUYECK020 JuPHEPEenUUaNLHO20 YPAGHEHUA

d§(t) = f(t,€(2)) dt + o (t, (1)) duw(t) (11.8)
Ha A = [0,7T] ¢ HA9aIBHBIM yCITOBAEM
£(0) = v, (11.9)
eciy ee MOXKHO IPeACTaBUTh 1t Kaxkaoro t € [0, T] B Buze
§0) = v+ [ £ 6(n) dr + [ o(r.6(r) du(r), (11.10)
0 0

rae B dopmysie (11.10) mepBbiii uHTErpad B IPAaBOH YaCTH HOHUMAETCS
B C.K.-CMBICJI€, & BTOPOH fABJsI€TCs mHTErpasiom To.

3ameaanne. Bepaxenne (11.8) MOKOMIIOHEHTHO MOZKET OBITH TPEI-
CTaBJIEHO B BU/IE

B6(1) = Fult,600)) dt + 3 o1, (1) (1),
fk(O) = Vg, k= 1, l_,ln,

e £(t) = {& )iz, f(tx) = {fi(t,2)}7_y, o(t,x) = {opi(t,2)}, k=

=1,...,n,i=1,...,m. OueBnnro, (11.10) mpuaEMAaeT BUT

(11.11)

t

6(t) = v+ [ flr € dr 1 3 [onir @) dwi(). (112)
0 =

0

Just Toro 9T06BI BCe MHTerpaibl B mpasoil wactu (11.12) mMenn cMbic
JIIst HEKOTOporo mponecca &(t), t € A, m st KaXk10i KOMIIOHEHTHI 3TOTO
[IPOIIECCa BBIMOMHAIOCH Obl mpu KaxkjaoM t € A pasencrso (11.12), na
byuxmpn {fx (¢, )}, {oki(t, z)} HEOOXOMMMO HAJIOKWUTH HEKOTODHIE OTDa-
HAYeHus.

O6osraunm |f(t,z)|? katx ), allo(t,z)]]? = ZZJk,tx

k=1 k=1:i=1
Teopema 11.4. IIycmy  cayvatinas seauvura vV He 3a8UCUM

om {w(t), t € A}, M{|v|*} < 00, a woapduyuernmo ypasnenus (11.8)
f(t,w) U a(t,m) HenpepuisHy, Mo nepemerHum t € A x € R*. ITycmwb
maxoice:

a) natidemea maxoe K < oo, wmo npu ecex t € A, x € R"

[f(t2)* + llo(t,2)]* < K1+ |=f*); (11.13)
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6) natidemca maxoe C < 00, wmo npu ecex t € A, z,y € R®

F(t,2) = () + lo(ta) — ot )l < Cle -y (11.14)

Tozda na A = [0,T] cywecmeyem u eduncmeenro (P-n.n.) nenpepuisoe
pewenue £(t) ypasnenua (11.8) ¢ navasvnvm yeaosuem (11.9), npuvem

M{[¢t))*} < LA+ M{[v|*}), teA, (11.15)

2de xoucmarma L zasucum avwo om T u K.

Bameuanus. 1) Iog eduncmeenrnocmoro (P-n.n.) mempepsIBHOTO pe-
IIeHUst TOHUMAETCs CJIe/TyIOIee: eciin HaiijieTcs crydaiinas dbynakms 7(t)
(1mouTH BCe TPAEKTOPHUE KOTOPOI HEIPEPHIBHBL), yIOBJIETBOPAIOMAs yPaB-
Henuio (11.8), T.e

dn(t) = f(t,n(t)) dt + ot n(t)) dw(t),  n(0) = v,
TO P{fgg |€(t) — n(t)] > 0} =0, .e. £(t) n n(t) — HeomunMBIE CITyvaii-

Hble Tpornecchl (eM. 1. 1.3).

2) VYemosue (11.13) HakIamBIBaeT OTDaHWYEHWs] HA CKOPOCTH H3MEHe-
Hust kommoHeHnT dyskumit f(t,z), o(t,x) no x npm |z| — oo |f(t, z)|,
|lo(¢, z)|| me MoryT Bo3pacrars GnicTpee, YeM JuHeliHas QyHKUU. YCIO0-
Bue (11.14), usBecTHOE B MaTeMaTHKe KaK ycaosue JIunwuya, yKecrodaer
TpeGoBaHMEe HEIPEPHIBHOCTHU 110 TIEPEMEHHON T KO3 DUIMEHTOB ypaBHe-
uug (11.8). Yenosua (11.14), (11.15) GyayT BBIIONHEHBI, HAIPAMED, €CIIH
bynxuun f(t,x), o(t,z) madbdepenmupyemer o z, npudem |fL(t,x)|? +
+ ||oh(t,2)]|> < C npm mobuix t € A, x € R® u mekoropom C < oco.
Vesosust Teopembr 11.4 10BOJIBHO KECTKHE, HO OTHOCHTEJIBHO JIETKO TIPOBE-
psaemble. B mpuHImTIE, OHE MOTYT OBITH OCITAbJIEHBI, HO COOTBETCTBYIOIITAE
PE3YJIbTATHL BLIXOJAT 38 PAMKHU JAHHON KHUTH.

3) Hponecc &(t) mpu M{|v|*} < co sBasiercss mporeccom ¢ Komeu-
HBIMM MOMEHTaMH BTOpOro mopsinka B cuiy (11.15). Bosee Toro, ecim
M{|l/|2k} < oo mis k > 1, To Haiimercs Takasi KoHcTaHTa L) < 00, 3aBu-
camas ToabKo or k, T u K, aro mjs Bcex t € A

M{[E@®) %} < Li(1 + M{|v[**}).

Jpyrue cpoiicTBa pemenns ypasaerust (11.8) 6ymyT omucaHbl masee.
Onpenemenne 11.7. CroxacTraeckoe auddepeHunaabHOe ypaBHe-
HUE BUIA

{ de(t) = a(t)é(t) dt + u(t) dt + b(t) dw(t), (11.16)

£0) =v,

rae a(t), u(t), b(t) — MaTpuuHBIE JeTepMUHUPOBAHHBIE (DYHKIHH COOT-
BETCTBYIONTUX PA3MEPOB, HA3LIBACTCS AUHEHbLM CMoTacmudeckum Oud-
PeperyUaILHIM YPAEHEHUEM.
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IIpumep 11.3. Ilokasars, uTo JguHelHOE muddepeHnnaIbHOe ypaB-
nenve (11.16) ¢ menpepbiBEbIME KO3 duimentamu a(t), u(t) u b(t) umeer
enuHCTBeHHOE permerne Ha A = [0, 1.

Pemenne. Cpaprubas (11.16) ¢ (11.8), Haxomum

f(t, T) = a(t)x + u(t), olt, z) = b(t)'

IIposepum BBITIONTHEHUE yCaoBuUit Teopembr 11.4.
2 2 2
a) Hyers Ky = maxfai; ()], K = max |u; (1)* n Kjy = max [ba ()],

i,7=1,...,n,0l=1, ..., m. YKa3aHHbIe MAKCUMYMBI CYIIIECTBYIOT B CHJIy
HenpepbiBHOCTH DYHKIWI 0;;(t), u;(t) u by (t) Ha A.

F(t,2)? = la(®)z + u(t)? < 2la(t)a]? + 2u) < 2K°|2f? + 2K,

rae K@ = Z &, K" =" Kj'. Amanoruymo,
i

lo(t, 2)]1* = [lp(@)]* < ZKZ

Orcrona
£t @) + ot D) < 2K°Jof? +2K* + K* < K(1+[a]),

rie K = max{2K? 2K" + K"}. Takxum obpazom, (11.13) Bbimosmeno.

6) llo(t, @) — ot y)|2 = [o(t) — bO)|I? = 0,
F(t,2) = F(t,y)2 = la@)@ —y)P < K"z —y?, Va,y R

Orcrona yeaosue (11.14) reopemst 11.4 soimonneno upu C' = K®.

Wrak, Bce ycioBus TeopeMbl 11.4 BBLINOSHEHBLI, W, CJEI0BATENBHO,
ypasHenwe (11.16) mMeeT emMHCTBEHHOE pemenne. M

IIpeanonoKum, 94To 3aaHa CKaJapHas 1eTepMUHUPOBaHHas (OyHKITUST
g(z,t), € R" ¢t € A. Ilpumenum npeobpazoBanue

n(t) = g(&(t), 1) (11.17)

k pemrermo £(t) ypasuenusa (11.8). IIponecc £(t) mo mocTpoeHmio mMeeT
croxacrmaeckuit puddepeniman (cm. 1. 11.1). Byger am takxke un n(t)
nMeTh croxactudeckuit gudpdepennuan? OTBET Ha ITOT BOIPOC JAET
CITEIYIOIIAsT TEOPEMA.

Teopema 11.5. ITyemo dyrryus g(z,t) nenpepueno duppeperyu-
pyema Ha A no t, deastcdvl HenpepwvieHo JudPeperHuupyema no T u Gvinoji-
HeHbL YeAosUus meopemuv, 11.4, mozda

dn(t) = f1(t,§(t)) dt + o1(t, (1)) dw(t). (11.18)
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3decw
dg(x,t dg(z,t) \ 1. [9%g(a,t .
filt,z) = gf;; )+( g((;; )) f(t,x)—l—atr[%a(t,x)a (t,z)|,
nt,0) = (220 ott,),
(11.19)
ade 99(@,t) epaduenm gynxyuu g(z,t) no x, tr[] — caed mampuyoL.

xr
@opmyna (11.18) maswBaercs Popmyaol cmozacmuseckozo dudghe-
peryuposanus Hmo. Coornomenns (11.18), (11.19) mosBossitor ucce-
JOBATh CBOMCTBA Pa3IMYHBIX HEJUHEWHBIX TPeoOpas3oBaHUii OT permeHunit
croxacTudeckux nuddepeHIuaibHbIX yPaBHEHUN.
IIpumep 11.4. BoiBectn dopmynay Uro pmjs ciaydas CKaJsspHOTO
ypasHenus (11.8), m.e. n=m = 1.

Pemenne. IlopcraBasis B (11.19) BeIpaxkenus % = g, (z,1);
8%g(z,t Ag(z,t .
% = gy (z,1); % = gi(z,t); o(t,x)0*(t,x) = o*(t, ), Haxoamm
1
A(ta) = sl ) + a0 (00 + Qa0 0k o
o1(t,z) = gb(z,t)o(t, ).

CienoBaTeiibHO,

dn(t) = f1(t,£(t)) dt + on (8, €(1)) dw(t),

rae koaddurnuentol f1, o1 onpegensiores us (11.20). ®
3aMedanue. B 3akmouenne mogIepKHEM OTIHTHE TpaBuiia, audde-
petrupoBanusi VIto or npaBuiia obbraroro guddepennuposanus. [lycTsb

&(t) — maddepennnpyemas mecmyqaiinaa dynxuus, a n(t) = g(&(¢),t),

TOT/IA,
dn(t) = gi(E(t),t) dt + gl (E(t),t) dE(2).

Ecam xe £(t) — cuyuaiinas QyHKIWsI, yI0BIETBOPSIONIAsA CTOXACTAIECKO-
My muddepernmaapaoMy ypasHernio, To 1o (11.20)

dn(t) = [gi(&(t),t) dt + g, (£(t),t) dE(t)] + %g;'(ﬁ(t)» t)o(t, £(t)) dt.

Ecau nocneguuit unen B ¢opmyie Mro orcyrcrByeT, To oba TpaBuia
muddepeHnIupoBaHns COBIAAAIOT. DTO OymeT MMeTh MEeCTO, HaIpuMEDp,
B cyuae gl (§(t),t) =0, . e. ecam g(x,t) = a(t) z — nuneitHoe npeobpazo-
Banue. OUeBUIHO TAK¥Ke, YTO OTCYyTCTBHE Nucdy3UOHHOTO WieHa B ypas-
werwn (11.8), T.e. o(t,z) = 0, TPUBOAUT K AHATOTMIHOMY DE3YJIBTATY.
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IIpuBememM HECKONBKO TIPUMEPOB, MTOKA3BIBAIONINX d9(DPEKTUBHOCTD HC-
mosb3oBaHust GopMysIbl ITO B CTOXaCTHIECKOM aHAJIH3E.
IIpumep 11.5. Ucnoawssys dopmyay Mrto, mokaszars, 9TO

[w(r) du(r) = ) -1, t>o0.
0

Pemenmne. Ilycrs £(t) = w(t), Torma dé(¢) = dw(t), £(0) = 0, T e.
&(t) ynosaersopgier croxacrudeckomy suddepeHnuaibHoMy ypaBHEHHIO,
B xotopoM f(t,z) = 0, o(t,z) = 1. Paccmorpum npeoGpasosanme 7)(t) =
= gz(t)a T. €. g(:l,‘,t) =z Torpa gé(l’,t) =0, g;(x,t) = 2z, g;’(:l,’,t) =2.
TlomcraBnM Haiimenuble Bepaskenns B (11.20):

fit,z) =1, o1(t,x) = 2.

Otciona dn(t) = dt + 2£(t) dw(t), npuaem n(0) = £2(0) = 0. Ilepexons
K mHTerpanbHoil samucu (11.10), nomyaaem

4T0 U TPebOBAJIOCH N0Ka3aTh. M

Samerum, uro pe3yabrar mpumepa 11.5 cormacyerca ¢ dopmy-
qoit (11.6), momyuennoit B mpumepe 11.2 HETTOCPEICTBEHHBIM BEITUCTIEHAEM
unrerpana I(w).

IIpumep 11.6. Pemuth croxactudeckoe muddepeHnnaabHoe ypaB-
HEHUE:

{ dé(t) = %ﬁ(t) dt + &(t) dw(t), (11.21)

£(0) = 1.

Pemenwme. Ypasuenwe (11.21) nmeer pemenne B cuity Teopemsr 11.4.
Pacevorpum dbyrkmmo £(t) = e re. £(t) = g(w(t),t), tne g(z,t) =
= €. Ouesnnno, qro g;(z,t) = 0, g, (z,t) = gil(z,t) = €°. Ilpumennm
mpasuito auddepennuposanus To:

dE(t) = Sgll(w(t). 1) dt + gl (w(). 1) du(t).
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1
2
9o (w(t),t) = gl (w(t), 1) = e ® = £(1).

Kpowme toro, £(0) = e*(®) =1, tax kak w(0) = 0. Takum obpazom, £(t) =
= e*®) gpusercs permenmem ypasuenus (11.21).

3amernM Takke, 4To Mozeab (11.21) ymoBieTBOpsieT BCEM YCIOBUSAM
TeopeMbl 11.4, TOSTOMY MBI MOXKEM YTBEPXKJIATH, YTO TOJYUYEHHOE peIlre-
HUe — eIUHCTBEHHOE, a TaKXKe Jijist Bcex k > 1

Orcrona dé(t) = = £(t) dt + &(t) dw(t), Tak Kak

M{ |¢(t)2) = M{e%“’(t)} <oo, tEA. m

IIpumep 11.7. Ilycts £(t) — pemenne ypaBHeHUs
dé(t) = cos&(t) dt + cos&(t) dw(t), £(0) =0.

TTokazarb, uro 7(t) = siné(t) TakKe sABIAETCS PEMIEHUEM HEKOTOPOTO
HEJIMHEHHOTO CTOXACTUIECKOro MudbepeHnnanIbHOro yPABHEHNA.

Pemenne. Ilo yciosuwo g(z,t) = sinz, mosromy gi(z,t) =
gr(z,t) = cosz, gl (x,t) = —sinz. Ilo ycnosuio takxke f(t,z) = o(t, )
= cos z. Bocommbayemcest hopmymamu (11.18), (11.19):

0,

2

fi(t,z) = cos® x — %sinaccos z=cos?x(1— %sinx),

2 2

o1(t,z) =cos®z =1 —sin” x.

Vuaurbisas, uro siné(t) = n(t), momysaem
1

{ dn(t) = (1 —n*(1))(1 = on(t) dt + (1 —n*(t)) dw(t),
n(0) = sin&(0) = 0.

Taxum obpaszom, n(t) = sin(t) asnaerca pemennem (11.22). Ormernm,
uyTo ypabHeHue (11.22) He yZOBJIETBODSIET YCJIOBHSIM CyIIECTBOBAHUS U
€/IMHCTBEHHOCTH PEIIeHNUs], MCIOIb30BaHHBIM B Teopeme 11.4. Tem me
MeHee 3TO pelleHue CYIECTBYeT, U MbI SIBHBIM 00Pa3oM 3TO MPOBEPUJIH.
JlaHHBIN pe3ysIbTAT HE SIBJISIETCS IMPOTHBOPEYMEM, a YKA3bIBAET JIUIIb HA
TO, 4TO yCJOBHUs TeopeMbl 11.4 sBiisitoTcst doCMamouwHbMU JIJisl PA3Peri-
MOCTH HEJWHEHHOTO CTOXACTUYIECKOTO MuddepeHnnaIbHOr0 ypaBHEHNS,
HO He HeOOXOAUMBIMU. M

Caenyromuii nmpuMep ToKa3biBaeT, Kak dopmyna Uto moxker OBITH
UCTIOTE30BaHA, JJTsT BBITUCIEHTsI MOMEHTHBIX XapaKTEPUCTUK pernenns & (t)
ypasHenus (11.8).

IIpumep 11.8. Ilpemnonoxkum, arto £(t) sSBAsIETCS pETIEHUEM ypaB-
HEHUST

(11.22)

dé(t) = a&(t) dt + b&(t) dw(t), £(0)=v, (11.23)
npuaem M{v?} < oo. Boruncauts () = M{£?(t)}.
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Pemenne. Ilycts g(z,t) = 2%, Torma no dbopmyae Uto momydaem
ypasaenue a1 1)(t) = £2(t):
dn(t) = (2a + b*)n(t) dt + 2bn(t) dw(t). (11.24)

B cury M{n?(0)} = M{v*} < oo us mepasencrsa (11.15) cuexyer,
9TO M{n } < 00, TIOTOMY M{J 7) dw(r )} = 0. Orcioma, wHTErpU-

pys (11.24) w BBIYMCISS MaTEeMATHYECKOe OXKUAAHWE OT obenmx dacTei,
IOy IaeM

t

M{n(t)} = M{n(0)} + (2a + ¥) | M{n(r)} dr.

C yuerom Toro, ato M{n(t)} = v(t), nmeem

t

y(t) = 4(0) + (2a + b%) J"‘Y(T) dr.

Hudbdepennupys moaydeHHOe COOTHOIIEHNE 110 T, HAXOAUM
A(t) = (2a + b*)(t),

€. ¥(t) = v(0) exp{(2a + b?)t}, rme (0) = M{¢?(0)} = M{v?}.
Bamerum, uto eciu 2a + b* < 0, 1o Y(t) — 0 mpu t — 0o s s06OTO

C.K.
koneunoro v(0). Ilocmenuee, B CBOIO OYepenb, o3HaTaeT, uTo &(t) — 0
npu t — 00 [ist JII00Oro vV, TAKOro, 9TO M{V4} < 00. YKa3aHHOE CBOWCTBO
ypasHerus (11.23) HA3BIBAETCS €TO CMOTACTNUNECKOT ACUMNMOMUBECKOT
yemotivusocmavio B C.K.-CMbIcTe. W

st aucneHHoro MoaenupoBanusi nporecca £(t), 3a7aHHOT0 HeJTMHeH-
HEIM cToxacTudecknM muddepennuanbabiM ypasaermeM (11.8), MoxkuO
BOCIIOJIB30BATHC Memodom DUaepa. s sToro paccmorpum Touku 0 =
=ty < t1 <ty <...,B KOTOPBIX TpeOyeTCsi BEITUCINTH 3HAUYEHUS IPO-
necca £(t). Temepn zamennm B (11.8) muddepennuans Ha TpUpAIIEHHST:
dé(t) ma &(tpy1) —&(tn), dt HA Ty —t, 1 dw(t) HA W(EH41) —w(ty,). Torma

E(tnt1) = [£(tn) + hf(E(tn)] + 0 (tn, E(tn)) (W(tnt1) — w(tn)),

rie n=0,1,..., a h=ty,4y; —t, =const — mar aguckKperu3anuu
(0 < h < 1). Tak xax nocnegoBarenbuble npupamenus w(tn+1) — w(ty,)
M-MEPHOTO BHHEPOBCKOTO IIPOIECCa HE3ABICUMBL ¥ IMEIOT DACIIPE/ICJICHIE
N(0; hl), OKOHIATEIBLHO MOy TaeM

E(tns1) = [E(tn) + A F(EE))] + VRO (tn,E(tn)) vn, n=0,1, ...,

rae {v,} — crammapTHLIT M-MepHBIH TayCcCOBCKMiT GebIit Ty M.
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11.3. JIuneitnbie cToxacTudyeckue anuddepeHInaIbHbIe ypaB-
HeHusA. Paccmorpnm monpobuee mporece £(t), ymoBaeTBopsifommit Iw-
HEHHOMY CTOXaCTUYECKOMY Ju(PEPEHITUAIBHOMY YPaBHEHUIO

{ dé(t) = a(t)€(t) dt + u(t) dt + b(t) dw(t),

(0 = v (11.25)

¢ menpepbiBEbIME Kodddunuentamu a(t), u(t), b(t).

B npumepe 11.3 6p1710 TOKA3aHO, 9TO 9TO yPABHEHHE MMEET €/[HHCTBEH-
Hoe pemenue. Haififiem 3T0 pemenune siBHO.

IIpumep 11.9. [lokasaThb, 4TO TpoOIECC

t

§(t) = Oy +O(t) [0} (T)u(r) dr + O(t) [ € (r)b(r) dw(r) (11.26)
0

0

apiserca pemennem ypapaenus (11.25), ecim marpuanaa dbynknua O(t)
yIoByeTBOpsieT cucteMe nudpepeHIuantbHbIX yPaBHEHAH

{ o(t) = a(t)O(t),

6(0)= 1. (11.27)

Pemenwne. Boraucanm muddepennmaant ciaraeMbiX B TpaBoil TacTH
Boipaxkenusi st &(t), ucmonb3yss npaBusio C.K.-auddepeHimposanus u

dbopmymy Uro:
d(O(t)v) = O(t)vdt,

d(@(t) j O~ (r)u(r) dr) - {(L)(t) j 0~ (r)u(r)dr + u(t)] dt,

O~ (7)b(1) dw(T) + b(t) dw(t).

U
/N
@
—~
~
~
O—— =+
@

L
—~
2
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—~
N
~
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g
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2
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I
@
—~
=
O+

t
B mocnegaem paBeHcTBe yareHo, 9ro st 7(t J@ Y dw(t) mo
0
onpeesienuto crpaseamuso dn(t) = O71(t)b(t )dw(t), a 1o npasuiy Uro
B CHJly JIUHEHHOCTH Hp606pa3OBaHI/IH g(n(t),t) = O(t)n(t) umeer mecro

d(©(t)n(t)) = O(t)n(t) dt + ©(t) di(t).

15 B.M. Muanep u A.P.ITankos
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I/ITaK, OKOHYATEJIBbHO II0JIy1daeM

de(t) = O(1) [u + j@l (r)u(r) dr +

+ j O~ (1)b(r) dw(r) |dt + u(t) dt + b(t) dw(t).

C yuerom O(t) = a(t)O(t) u dopmyasr (11.26) mmeem
dé(t) = a(t)€(t) dt + u(t) dt + b(t) dw(t),

npuaem HadanbHoe ycnosue £(0) = O(0)v = v BBINOIHEHO, HOCKOIBKY
©(0) = I. Takum obpa3zom, (11.26) meiicTBUTENBHO SIBJISETCS DEINEHUEM
ypasuerms (11.25). Croificrea marpunsr O(t) dyHIaMEHTATBHBIX pere-
uuit (11.27) obcy)manuchk paHee B 1. 8.3, TOITOMY MBI CIMTAEM UX W3-
BECTHBIMA. W

3ameuanue. MoxkHo 10Ka3aTh, 9ro pemenue (11.26) ocraercs crpa-
BEJUIMBBIM, €CJIM BMeCTO HenpepbiBHOCTH a(t), u(t) n b(t) npemmonoxurs
X KYCOUHYIO HENPEPLLEHOCTIVD.

B caenyrormem npumepe 060CHOBAH MPaKTHISCKH BaXKHBIH METOJ, BbI-
YHCIeHUsI MOMEHTHBLIX XapaKTEePUCTUK II€PBOrO U BTOPOTO MOPSAIKOB pe-
NIEHUs] CUCTEMBI JIMHEHHBIX CTOXacTUYecKUX muddepeHnuaibHbX ypas-
HEHUI — Memod MOMEeHMOS.

IMMpumep 11.10. Ilycrs mpomece &(t), ymosnersopsiormmit (11.25),
B MoMmeHT t € A umeer cpennee mg(t) = M{{(t)} u koBapmanmoHHyo
warpiy (1) = covi€(t), £} = M{(E(E) — me(t)(E(t) — me(t)°}, a
nauanpuoe suadenwe ¢(0) = v me zasmcut ot {w(t)}. Ilokazarth, [TO
me(t), ve(t) ABIAIOTCH PENICHUSIMM CHIELYIOMUX CUCTEM OOBIKHOBEHHBIX
muddepeHnnaTbHbIX Y PpaBHEHTI:

the(t) = alt)me(t) + u(t), me(0) =m,,  (1128)

Ye(t) = a(t)ve(t) + v (t)a™(t) + b(£)b" (1), Y€(0) =7,  (11.29)

rae m, = M{v}, v, = cov{v,v}.
Pemenue. Bocnombsyemes dopmyaoit (11.26), naromeit siBHbIH Bu
pemenns &(t):

me(t) = M{E(1)} = O()m, +O(t) [~ (r)u(r) dr, (11.30)

t
TaK Kak M{JG_I(T)I)(T) dw(T)} = 0 1o reopeme 11.2. duddepennupo-

0
Baume Beipaxkerns (11.30) mo ¢t maer ypasnenwme (11.28).
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o

Boranrast (11.28) u3 (11.26), nomy4aem must E(t) = &(t) — me(t)

£(t) = O(t) [z‘i+j®—1(r)b(r) dw(r)]. (11.31)

IIycrs n(t) = J@‘l(r)b(r) dw(T), TOrma MO CBOHCTBY CTOXaCTHIECKOTO

0
WHTEerpaJja OT HeCIyJIalHO# PYHKIUT HMeeM

cov{n(t),n(t)} = [ € ()b(r)v*(r) (67 ())"dr.

0

Vuaurwsas mezasucumocts v ot {w(T), T > 0}, momyuaem

t

%e(t) = M{EWDE (1)} = O(1) 1+ [e () (07 () dr|e* (v).

0

HuddepenmupoBanue MOCIEIHET0 BHIPAXKEHHUS IO ¢ TPUBOINAT K CHCTEME
ypasHenuii (11.29). BrinonHenne HaYaJIbHBIX YCIOBHN TIPOBEPSIETCS] HETIO-
CPeJCTBEH Ol moACcTaHOBKON ¢ = 0 B BhIpaxkeHus jjist me(t) u e (t). m

Vpaguenwst (11.28), (11.29) st BHIYACTEHUA MOMEHTHBIX XapaKTe-
puctuk me(t) u v¢(t) mponecca £(t) HA3BIBAIOTC YPAGHEHUAMU MEMOOA
MOMEHMOE.

Paccmorpum ucnosib3oBaHue MOTyY€HHBIX COOTHOIIEHUN HA HPHMeEpE
CKAJIIPHOTO JIMHEHHOTO CTOXaCTUIECKOro I depeHnnaabHoro ypaBHe-
HUSI C TIOCTOSTHHBIMU KO3(DDUITHEHTAMHY.

IIpumep 11.11. ITycrs cranapuas cryqaiinaa Gymkmms {£(t), t > 0}
YJIOBJIETBOPSIET YPABHEHUIO

dé(t) = a&(t) dt + bdw(t), £(0) =v.

Haiitu obmee perrenue ypaBHeHus ¥ BHIYUCIUTD Mg (t) U e (t) ¢ mOMOIIBIO
MeTOZ[a MOMEHTOB. PaccMOTpeThb IOBEIEeHWE ITHX XaPAKTEPUCTUK IIPU
t — oo, eciim a < 0.

Pemenue. Herpymno mposepuTb, 4To B manuoM ciaydae O(t) = e,

II03TOMY
t

£(t) = e m,, + be® J e dw(r)
0

npeacTaBisgeT coboit obImee pereHne paccMaTpuBaeMoro ypapaenus. Jl s
HaxoxkaeHust me(t) u e (t) npumennm Meron mMomentos. W3 (11.28) cie-

ayer
me(t) = ame(t),  me(0) = my.

15%
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Orcroma me (t) = mye®. Ananormano us (11.29) maxomum

Ye(t) = 2a%e(t) + 0%, 7(0) = .
Permast iociiesinee ypaBHeHHUe ¢ y4eToM |a| = —a, momydaem
ye(t) = €2ty + b (1— ety
Y 2d]
2

Tax xak a < 0, To e* — 0 wpu t — co, nosromy me(t) — 0, ve(t) — olal

TS JTFOOBIX My, Yy,. A
Onpegpenenne 11.8. Cucrema jqudepeHnuaibHbIX ypaBHEHAN

dE(t) = af(t) dt +udt +bdw(t),  £(0)=v (11.32)

C TIOCTOSTHHBIMU KO3(pDUTIMEHTAMH ¢, U, b HA3BIBAETCI ACUMNMOMUNECKU
yemotinueoti, ecim Bee KOpHU {A\ } ypaBHEHUS

detla — AI] =0 (11.33)

JIeXKaT B JIEBOW TOJIYILIOCKOCTH, T. €. Re A\ < 0.
Teopewma 11.6. Ecau cucmema (11.32) acumnmomuuecku yemotiuu-
64, MO CYUWLLCEYIOM Me U V¢, MAKUE, YMO 0L 6CET My, Yy

me(t) = me u ye(t) >y npu t— oo

IIpedenvnvie 3nauerus me, ¢ Y0OBAEMGOPAIOM CINAUUOHAPHILM YDPaEHE-
HUAM MET00G MOMEHTNOG:

{ ame +u =0,

(11.34)
avye + ’)/5(1,* +bb* =0.

IIpumep 11.12. IOsymepnsiit nponecc £(t) = {&1(t),&(t)}* ymoBame-
TBOpSIET CHCTeMe ypaBHeHuit

dé1(t) = &(t) dt + 4 dt,
déa(t) = —w?&(t) dt — 2awés(t) dt + g dw(t),
rae o, 0, W U g — IMOCTOSAHHBIE TTapaMeTpPhl.
Haittu npenesibuble 3Ha4Y€Hud 1Mq, Y1 MOMEHTOB II€EpBOT'O U BTOPOI'O

nopsiikoB KoMmuouenTst &1 (t), ecan aw > 0.
Pemenne. 3 (11.32) crexyer, aro

=[] L]
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IIpoBepuM ycimoBUS aCHMITOTHYECKON yCTOHYMBOCTH:

- 1

det[a)\I]:detl 1 =2+ 20w\ +w? = 0.

—w? —2aw-— A\

Kopau A1 2 = —aw + vV a?w? — w? nexar B JI€BOI IOILYILIIOCKOCTH, TaK
kaKk aw > 0 mo ycnosmo. Cremosarenbno, nama cucrema (11.32) acum-
nrotuydecku ycroituupa. Torma u3 Teopembr 11.6

mo —+ 5 = 0,
—w?my — 2awme = 0,

orkyga m; = 2ad/w. Tak xak Ve = 'ygf O ONPENEJEHNIO, MBI MOXKEM
M ok

ke

0 1 vk v k 0 —w? 0 0
+ + =0.

—w? —2aw E v ko vy 1 —2aw 0 ¢°
JlaHHOE MATPUYHOE yPAaBHEHHE MOXKHO IEPEINCATh B CKAJISPHOM BHJE:

2% = 0,

IIOJIOXKHUTD Y = l . Torna u3 (11.34) cuexyer

—w?y + vo — 20wk =0, (11.35)
—dawyy — 2kw? + g2 = 0.

Paszpermas (11.35) OTHOCHTEBLHO 71, HAXOMUM Y] = g2 / (4daw?). Utak, mpu
JIOCTATOYHO GONBMIUX ¢ MOXKHO cuuTaTh, 4T0 &1(t) MMeeT MOCTOSIHHBIE
cpennee M{&1(t)} = 2ad/w u sucnepcnio D{&1(t)} = ¢°/(4aw?). m

Ecau nponecc £(t) yaoBaeTBOpsieT CucTeMe JIMHEHHBIX CTOXACTUIECKUX
muddepennuanbabix ypasHeHnit (11.25), To MBI MOXKeM HafTH 3aKOH
€ro OJTHOMEPHOT'O PACIIPE/IEIEHIS TPY W3BECTHOM 3aKOHE PAaCIIpeeIeHIs
HAYaJIBHOTO yCJIOBHS V.

IIycrs Po(A) = M{exp(iA*v)}, A €R"™, — xapakTepucruuecKas
dyuxuus cayudaitnoro sekropa v, a Ue(A; t) = M{exp(iA*{(t))} — xa-
pakTepuctnueckast hyHKnus ceuenus: mporecca E(t), t > 0

Teopema 11.7. Ecau £(t) ydosaemeopaem cucmeme aunetinoe cmo-
racmuueckur Juppepenyuasvnor ypasnernud (11.25), mo zapaxmepu-
cmuueckasn gynryus e(X; t) umeem eud

Te(\; ) = To(OF(1)N) exp{wmg(t) - %/\*'yg(t))\} : (11.36)

20e O(t) ydosaemeopaem (11.27), a {mg(t), 'yg(t)} — PEWEHUA CUCTEMDL

Jugdeperyuarvror ypasrerut memoda momernmos (11.28), (11.29) ¢ ny-
AEBBIMU HAUMANDHBLMU YCAOBUAMU.
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IIpumep 11.13. B ycrnoBusax mpumepa 11.11 maiiTn xapakTepucTmde-
ckyto bynknuio We (A; t), ecitn HaYAIbHOE 3HAYEHHE V UMEET PABHOMEPHOE
pacrpesenenue Ha [—a, a], a > 0.

Pemenue. Tak kak £(t) — ckanapnas dynknus, To A € Rl Berauc-
M HeoOxoauMble KoMmoreHTs! (opmyast (11.36):

(e}

1) Uo(A) = M{exp(idv)} = % J AT Jp — sina,\;

a
—a
2) O(t) = e (cM. pemenne npumepa 11.11);
3) mg(t) = am{(t), mg(0) = m, = 0, orxyma m{(t) = 0;
b2
_ 2 000\ — 0() — 2atY.
4) 42(t) = 2a7(t) + b*, 7¢(0) = 0, mosromy VY (t) = 3la] (1—e*);
)

5) maxomum We(A; t) mo dhopmyre (11.36):

e~ sin (ade® 2?2
Te(Ast) = a—g\) exp {— 1a] (1 — eQat) '

sin aA

al
Merp a < 0 (T. e. ypaBHEHHE aCUMITOTHIECKH YCTORIUBO), TO

Bamernm, uro We(A; 0) = = Uy(A). Ecom xe t — 00, a mapa-

Te(; t) = exp{ 1y 27 |} — Uy (M),

rae ¥y (\) — xapakTepucruyeckas (ByHKIHMSA TayCCOBCKOTO PACIpejielie-
must N(0; 6% /2]a]). Taxum o6pasom, npu a < 0 1 gocTaTouno Gompumx ¢
MOXKHO CUATAaTh, 9To {(t) MMeeT TayCccoBCKoe pacmpesesnenne. EcrecTsen-
HO, Ipy OIU3KUX K HyJo ¢ TouHOe pacupesenenue We(\; t) He siBisiercs
rayCCOBCKMM. W

Sameuanue. 13 Teopembr 11.7 ciemyer, 4To eciiv HAYAJIBHOE pac-
npenenerne Wo(A\) — rayccosckoe, To must goboro t > 0 cyuvaiiHbrit
Bekrop &(t) mmeer rayccosckoe pacupeneserue N (me(t);ve(t)), rae na-
pameTpsl me(t), Ye(t) — pemennsi ypaBHenusi MeToma MoMeHTOB. Eciu
JK€ U He sIBJISIeTCsl TayCCOBCKUM BEKTOPOM, HO CHCTeMa ypaBHeHUil TakoBa,
gro ©(t) — 0 npu t — oo (ycnosue acumnmomuseckot, yemotinusocmu
0AA HECTNAYUOHADHBLT CUCTNEM), TO TIPH ¢ 3> 1 MOXKHO cauTaTh, 9To &(t) ~
~N (mg(t);vg(t)), T. €. UMEET MECTO GCUMMMOTUYECKAA HOPMAALHOCTG
pelIeHrs yCTORYMBOTO JIMHEHHOTO CTOXaCTHIECKOTO MU depeHInaaIbHOTO
ypaBHeHHUs.

B sakjiouenne pacCMOTPUM DEINEHUE AUHETH020 CIMOTACTUYECKO20
Jupdeperyuarshozo YpacHenUus, TOPOXKIEHHOTO He BAHEPOBCKHM MPOIEC-
com w(t), a MEHTPUPOBAHHBIM HEOJHOPOHBIM NYACCOHOBCKUM NPOUECCOM

0(t) = n(t) —my(t),
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rae 7(t) — myaccoroBekmit nponece muTencuBHOCTH V(t) > 0, a my(t) =
¢

= JV(T) dr:

dE(t) = a(t)E(t) dt + u(t) dt + b(t) dn(t),

(11.37)
§0) = .
B wnTerpasnbroit hopme ypaprenue (11.37) umeer Bug
t t t
&) =v+ | a()e(r) dr+ |u(r)dr + [ b(r) di(d), (11.38)
0 0 0
rjae mocuemuuit maHTerpas B (11.38) — croxacTuuecKmii MHTErpad 1o

myaccoHoBCKoit Mepe (cM. 1. 10.2). Vcnonbsys GpopMysTy HHTErpUPOBAHUS
no wactaM (8.11) pas c.k.-maTerpaga u (10.12) — ns1 cTOXaCTHIECKOTO
MHTErpaJja 110 TPOoIEcCy ¢ OPTOTOHAJIBHBIMU MPUPAINEHUAME, MOXKHO T10-

KazaTh, ato opmya (11.26) (¢ samenoit w(r) ma 1(7)) ocTaeTces B cue:

€(t) = O(t)v + 0(t) J O~ (r)u(r) dr + O(t) J O~ 1(r)b(r) dn(r). (11.39)

Tenepb, ucnoassyst dopmyiay (10.19) s BBUUCIEHHS WHTErpaja OT
HecayJaifHoi PyHKINY, OKOHIATENHHO TOTyIaeM

t

&) =0t + o[0T (n)(ulr) —brw(r) dr + 3 07} (n)b(me) |-

0 TSt

rie {7y} — coydaifHBle MOMEHTHI CKauKOB Tpotecca 7)(t).

11.4. ®opmupyromuii GUIALTP JAJIsI CTAIMOHAPHOM CIIydaliHOM
dyskun. B gaHHOM yHKTE MBI PAaCCMOTPUM METO, MOJEIUPOBAHUS
CTAIMOHAPHON ciydaitnoit MyHKIMY ¢ APOOHO-PAIMOHAIBHON CIIEKTPAIb-
HOM TIJIOTHOCTBHIO C TIOMOTIIBIO CTOXACTUIECKUX udhepeHImaibHbIX yPaB-
HEHUN — Mmemod Gopmupyowur Guabmpos.

Onpenmenenne 11.9. TayccoBckasi cramuoHapHasl — CirydaitHast
bynxmus {£(t), t € R} umeer dIpobro-payuonasvryio cnexmpaavnyro
naomnocmo fe(A) B cuydae, eciu

£ = 5= T (11.40)
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e
n m
F(z)= Zakack, a, =1, H(z) = Zbkxk, m<n—1,
k=0 k=0

npudeM KOpHE MHOrowIieHoB F'(x) u H () nexxar B 1€BOM HOLYILIOCKOCTH.
Bameuanue. IIpu BBIIOIHEHUN yKA3aHHBIX BBIIIE IIPEINOIOKEHIH
dyukiust fe(A\) unrerpupyema na R, T.e.

De=D{g(t)} = | fe(Ndr <.

Hasee Bciomy mpemnosnaraeM, aro {£(t), t € R} — pemecTenmbiit
CTallUOHAPHBIA IIEHTPUPOBAHHBIA TIayCCOBCKUIl Ciy4allHBIA IIpoIEece
¢ JpOGHO-PAMOHAIBHON CHEKTPAIbHON mroTHOCTBIO f¢(A) Buma (11.40)
¥ KOBapHUAIMOHHON (byHKITHEH

Re(r) = J e fe(N) dA. (11.41)

PaccMOTpEM CHCTEMY W3 7 JJUHEHHBIX cToXacTudeckux nuddepenty-
aJIbHBIX ypaBHeHui jist nporecca n(t) = {n1(t), ..., nn(¢)}*, Takoro, aro
n1(t) = £(t). CTpykTypa 3TOit CHCTEMBI ONMCaHa B CIEAYIOmE TeopeMe.

Teopewma 11.8. ITyems n(t) ydosaemsopaem cucmeme us n auneti-
HOLT cozacmuseckus Juddepenuuarsvhue ypasrerut

dn(t) = An(t) dt + B dw(t), n(0) = v. (11.42)

3decy w(t) — cranrapnmti cmandapmmnt suneposcruti npoyecc,

0
O 1 0 .. 0 o
0 0 1 .. 0 0
A= | , B=| gn-m ,
0 0 0 e 1 Qn—m-i-l
—@p —a1 a2 —0np-1 e
dn
{ag, ... an_1} — xosppuyuernmo. mnozourena F(z), a napamempol
{@n-m, - -, qn} onpedessromea no pexyppeHmHvM BOPMYAAM:
k—1
anm :bm7 Qk :bnfk‘* Z an7k+iqu k:nim+la "’7"7
i=n—m

{bo, .., bm} — wosppuyuenmu, mrozouaena H(x).
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Ecau caywatinodi eexmop v ne sasucum om {w(t), t > 0} u umeem
pacnpedeaerue N (0; R,), 2de xosapuayuornas mampuya R, ydosaemeo-
pAem cucmeme anz2ebpauieckuT ypasrenud

AR, + R,A* + BB* =0, (11.43)

mo xomnonenma 11 (t) eexmopa n(t) ABAAEMCA CTMAUUOHAPHULM 20YCCOB-
CRUM UEHTNPUPOBAHHBM CAYIATHOLM NPOYECCOM CO CREKTMPAALHOT NAOM-

HOCTBIO
PP I {0V
fr (X)) = fe( )-%W

Bameuanus. 1) Tak kKak CHeKTpaibHAsi MIOTHOCTH TayCCOBCKOTO
HEHTPUPOBAHHOTO MPOIECCA OJHOZHAYHO ONPEIEIAET €r0 KOHETHOMEPHBIE
pacnpegenenusi, nponecchl 71(t) u £(t) CTOXaCTHYECKM 3SKBUBAJEHTHDI
B MUPOKOM cMbicie (cm. m. 1.1).

2) O6bruno muorowrer F(x), Bce KOpHH KOTOPOIO JIesKaT B JIEBOR
MOJTYTJIOCKOCTH, HA3BIBAIOT YCmMotuucuim MHo2ouserom. MOXKHO THOKa-
3aTh, 4TO U3 ycToiuuBocT F(x) cile/lyeT acuMITOTHIECKAas yCTONYIUBOCTD
cucremser (11.42), mosromy ©(t) — 0 npu ¢ — oo, rae O(t) — maTpuaHas
dbyukums Ko, yuosnersopsiomas ypasuennio O(t) = AO(t), ©(0) = I,
caenyromemy u3 (11.27).

3) Pemenme cucrembr ypasuenuit (11.43) — mpomece TpymoeMKmii, HO
He UMEIOIHii GOJIBINOTr0 NTPAKTUIeCKOTo 3HaueHus. JelicTBUTEeILHO, TyCTh
7(t) ynoBmeTBOpsIET cUCTEME ypaBHEHWMIT

di(t) = AR(t)dt + Bdw(t),  (0) =0. (11.44)
Torma u3 pesysbraros npumepa 11.9 cremyer, aTo
n(t) —7(t) =O0@t)y =250 upn t — 0o

B CHJIY TIPEJIBIIAYINETO 3aMeYaHusd. JTO O3HAUAET, YTO 110 UCTEICHUN HEKO-
Toporo BpeMmeHu mporiecchl 7)(t) m 7j(t) TpaKTHYECKW He pas3IwdaroTcs,
NpuYeM pasjindue TeM MEHbIEe, YeM DOJIbIle BPEMEHU MPOILIO ¢ Hadaja
permernnst ypasHenust (11.42).

Onpepmenenne 11.10. Cucrema croxacruyeckux auddepeHnnaib-
ubrx ypapuenwnit (11.42) (a taxxke (11.44)) HasweiBaeTCs Gopmupyrousum
Pusvmpom pasa nponecca &(t) ¢ APOGHO-PAIMOHAIBHON CIEKTPAJBHON
wioTHOCTBIO fe(A) Buma (11.40) mam xoBapuanmonnoit dbynkuueii Re(T)
Buma (11.41).

PaccMoTpuM HCTIONB30BAHUE OMMCAHHBIX PE3YIBTATOB Ha KOHKPETHBIX
npuMepax.

IIpumep 11.14. Tlocrpours dopmupytomuii GUALTP JIsi TPOIECCA
&(t), mmeromero koBapuanuonnyo dbyskuuo Re (1) = De=Il rne D > 0,
a > 0.
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Pemenne.

oo

Do
m(a? + A2)°

1 T —iAT D —(a|7|+iArT
e = oo [ PRy dr = 2 [ el g

— 00
Haiinenuyro crekTpaibHyIO MIOTHOCTD MOXKHO MPEJICTABUTD B BHUE

1 V2Da-vV2Da 1 [H(@N)|?

0 e R VBV =TT VIER

rne H(z) = V2Da, F(z) =a+z. Torna by = V2Da, ag =, a1 = 1.
3amernm, 4uro MHOrowsneH F(z) ycroitums B cmiuy o > 0. Teneps,
WCTIONb3ysl YTBEp:KIeHne TeopeMbl 11.8, HaxoauMm ypaBHeHHE (UILTPaA:

dé(t) = —al(t) dt + V2Dadw(t), £(0) =v.
Hucnepcusi R,, HauaJbHOTO yCIoBus onpejensiercs us (11.43):
—2aR, + (V2Da)? = 0,

orkyma R, =D > 0. m

Ilpumep 11.15. Ilonepeunas komnonenTa & (t) CKOPOCTH BETpaA B TYP-
6yJenTHO arMocdepe SBISETCS CTAIHOHAPHBIM ITPOIECCOM CO CIEK-
TPaJbHOIl MJIOTHOCTHIO

o2Lv  v?43L%\2
fE()‘) = Tox (vQ—I—Lz)\?)?’

(11.45)

rjie 02, — JWCHepCHsi CKOPOCTH Berpa, L > 0 — maciTab TypbysieHTHOCTH,
v — MOZYJb CKOPOCTH JIBUYKEHHUsSI JIeTaTeJIbHOTO ammapara. IlocTponThb
dopmupyromuit bunbTp Azs mportecca ().

Pemenwne. Ilpeobpasyem (11.45) K Buy, NDUTOJHOMY Jjis TIPOBE-
Jenns gekomnosunun fg(A), T.e. onpenenennsi Buga MuHorounenos H(x)
u F(z).

O6oszmaqawmm 3 = v/L, Torna (11.45) MoXKHO 3amucaTh Kak

fey = @B B3 1 [ouvB(B+V3iNowy/B(B ~ V3iN)]
¢ 2 (B2 + A2)2 2w (B4 iN)2(8 —iN)?

C y4erom TpeGosanus ycroitansocTn muorownenos H (z), F(x) momyaaem
H(z) =bo + by, rae by = 0uBVB, b1 =o0w\/3p;
F(r)=a¢+ a1z + 2%, tme ag=p% a1 =20.

Temeps o dopmysmam Teopembr 11.8 Haxogum ¢ u go:

g1 =b1=0ub\38,  q2=bo—28b = c,BVB(1-2V3).
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Taxum o6paszom, Mbr nomygaem qust 7(t) = {n1(t), n2(t) }*, roe n1 (t) = £(¢),
CUCTeMy ypaBHeHUit

{ dni(t) = n2(t) dt + 0w /3B dw(t),
dnz(t) = [~2B12(t) — B2 (8)] dt + 0w BVB(L — 2v/3) duw(?),

rie w(t) — cTaHJaApTHBIN BUHEPOBCKWI mporecc. W

B zapepinenue myHKTa 0O6CYIUM YHCIEHHBIA METOZ, WHTEIPUPOBAHUS
CHUCTEMBI JINHEIHBIX CTOXACTUYECKUX yPABHEHUI, B KOTOPOM HCIIOJIb3YETCs
TOYHAs JUCKPETU3AIUs 110 BPEMEHH.

Ilycres mana cucreMa JUHEHHBIX CTOXACTUYECKUX YPABHEHUI C OCTO-
saEbIME Ko3dbdumrentamu (HanpuMep, cucTeMa ypaBHeHHUH hopMuUpPYIO-
mero puiILTpa):

d¢(t) = A&(t) dt + B dw(t),

unycts 0 =ty < t; <ty < ... — TOYKHU, B KOTOPBIX HY>KHO BBITUCIUTH
snadenns nponecca &(t). Iomoxum E(t,) = &y, a ty, — th,—1 = h = const.
Torna caydaiiHast MOCTEI0BATENBHOCTD { &, b YIOBIETBODSET CIIE Y IOMIEMY
Pa3HOCTHOMY CTOXaCTHYECKOMY YPaBHEHUIO:

£, = B, + Du,,. (11.46)
3nece ® = O(h), a O(t) — pemenne ypaBuenus
O(t) = A0(t),  ©(0) =1, (11.47)

matpuna ¥ takosa, uro WU* = G(h), tne G(t) — pemenme ypaBHeHWUs
METO/[a MOMEHTOB:

G(t) = AG(t) + G(t)A* + BB*,  G(0) =0, (11.48)

{vn} — muckpeTHBIN rayccoBCKMil cTaHmAPTHBIN Gebril TryM.
Dopmyner  (11.46)—(11.48) menocpemcTsenHo caeayior u3 (11.26),
(11.27), (11.29).
3aMmeTnM Takke, 970 MaTpulibl P 1 ¥ He 3aBUCAT OT BPEMEHH, TIOITOMY
pacuersl 1o dhopmynam (11.47) u (11.48) npoBomsITCS TOJBKO OJMH Pa3.
3ameqaanwne. Ecan mar quckperusaryu h = t,41 —t,, n =0,1, ...,
MaJI, TO JJIs IPUOINKEHHOI0 HHTeIrPUPOBaHNs ypaBHeHnit (bopMUpyIOIIe-
ro GuIBTPa MOXKHO UCTIOMB30BATh Memod Diaepa (em. m. 11.2 n 3amaqay 9).
IIpumep 11.16. IIpoBecTn AUCKpPETH3AIAIO YPABHEHHS

de(t) = —2€(t) dt +V3dw(t),  £0)=v

¢ marom 1o Bpemenu h = 0,1.
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Pemenne. B mammom ciydae O(t) = e 2 mostomy ® = O(h) =
= e 92~ 0,819. U3 dopmyasr (11.48) maxommm, 4910

G(t) = —4G(t) + (V3)%,  G(0)=0.

Orciona G(t) = %(1 —e ) u G(h) = %(1 — e 9%) ~ 0,247. Tak xak
G(h) — cransipras Benuuuna, 1o U = /G(h) = 0,497.

Wrtak, pasHOCTHBLIH BapHaHT CTOXaCTUHECKOTO ypaBHEHUsS HUMeeT BHIL
gn = 0,319 §n71 + 0,4971)n, 50 =V,

THE Uy ~ N(O; 1) u HE 3aBUCAT OT U, IPU N F# M. W

Sameuganune. Meron GopMuUpyOMAX (DUIBTPOB BMECTE C PACCMO-
TPEHHBIM METOJIOM YUCJIEHHOTO DEIleHus JUHEHHBIX quddepeHimaibHbix
ypaBHEHUI JAIOT HAM MPAKTUIECKH CIIOCOD IUCIEHHOTO MOJIETNPOBAHMS
CTAIMOHAPHBIX CIIyYaiiHbIX DYHKINI C 1POOHO-PAIMOHAJIBHON CIIEKTPAJIb-
HO# MJIOTHOCTLIO.

Eciu MBI XOTUM JUCKPETU3UPOBATH JIMHEHHOE YPaBHEHUE C IIEPEMEH-
HBIMU KO3 DuUmenTaMu, TO CIEAYeT COOTBETCTBEHHO 0000IuThL hopmy-
gt (11.46)—(11.48). Iycts

dg(t) = a(t)&(t) dt +b(t) dw(t),  £(0) =v,
ToTIA
€n = Pn&n—1+ Ypvp.
Baech @, = O(t,)0  (t,_1), O(t) = a(t)O(t), ©(0) = I;
U, = G(t,),
e
G(t) = a(t)G(t) + G(t)a(t) + b (), t>ta1,  Glta—1) =0,

a mpomecc {v,} ocCTaeTcss MO-NpEXXKHEMY CTAHAAPTHBIM GEJIBbIM TITyMOM.

B sakmodenme samerwm, uTo Haxoxzaenme W, mo G(t,) ecrb cram-
JapTHas 33ja49a JWHEHHOW ajareOphl, IJisi PeIleHus KOTOPOW MMEIOTCs
MHOTOYHCIeHHBIE 9D dEKTUBHBIE TUCIEHHBIE METOIBI.

11.5. Croxactudyeckme auddepeHIInaIbHble ypaBHEHUSA U
Juddys3noHHbIE Opoliecchbl. B 1. 2.5 Ob10 JaHO OmpeiesieHne OHO-
poguoro auddysnonHOTO MIpOTIECCA ¢ 6ekmMopom choca a(T) m mampuuet
Juppysuu X(z). OKa3bIBALTCS, MEXKITY PEIIEHUSIME CTOXACTHUECKIX Aud-
depeHmaIbHbIX ypaBHeHUu# 7w AU OY3HOHHBIMA TMPOMECCAMU WMEETCSI
TeCHEHIast CBA3b, 9TO OObACHSIETCS CIEAYIONIAM yTBEPKIEHAEM.
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Teopewma 11.9. Hycmw £(t) — pewenue cmozacmuyeckozo dugdgde-
peryuaavrozo ypasrenus (11.8) ¢ navaavnomu yeaosuamu (11.9), 2de
flt,z) = f(z) uo(t,z) =o(z), m.e. ypasnenue 00HopodHo no epemenu.
Ecau yeaosus meopemv, 11.4 svinoanenv, mo £(t) asasemea 00mopodHvim
duppysuornvim npoueccom ¢ sexmopom cnoca a(z) = f(x) u mampuyed
duppysuu X(z) = o(z)o*(z).

Cdopmynupyem yciaoBusl, TpPU KOTOPBIX TEPEXO[Hasl IJIOTHOCTD
pe(z,t,y) u ogHOMEpHAs IIIIOTHOCTD P¢ (Y; t) YIOBIETBOPSIOT ypaBHEHUSIM
Kommoroposa—®okkepa—ILianka.

HYCTB F)={hA@), - fa®)}s By) = {25 ®)}ii=1,..n, €

Z 0k (y)or;(y). Beenem ciemyromuit auddepennuanbHbii ome-

parop:

ylay] ii(Wa(y)),  (11.49)

n 1 n n
Z +3 Z Z
rie ¢(y) — JOCTATOYHO TIaIKasd CKaJdspHas DyHKIUS.

Teopema 11.10. IIycmo svinoanenst ycaosus meopemovt 11.4 u, xpo-
me mozo, pynruuu {fi(y)} nenpepueno Jupdepenvyupyemv, a Pymx-
wyuu {0;5(y)} deaorcdv nenpepuisto dudpeperyupyemo.. Eciu neperodnas

NAOMHOCTIL pg(ac,t, y) deasicdv. nenpepwieno duddeperyupyema no y u

odun pas nenpepvisho duddeperyupyema no t € (0,T] npu ecex © € R™,
mo ona yoosaemeopaem npamomy ypasrernuio Koamozoposa:

op,(zx,
W Llpe(z,t,y)],  pe(x,0,y) = 6(y — x). (11.50)

IIpu smom odHomepHas naomHocmsd pacnpedeseHis pg(y; t) ydosaemeo-
PAEM YPABHEHUIO

I (y;
%:L[Ps(y% O], pely; 0) = po(v), (11.51)

2de po(y) — naomrocmo pacnpedeserus £(0).

Vpasuenusi (11.50), (11.51) marT NPUHIMOMAIBHYIO BO3MOXKHOCTH
BBIYUC/IUTh KOHEYHOMEDHBIE 3aKOHBI pacnpejesnenus mpouecca (1),
YJIOBJIETBOPAIOIIETO CTOXACTHIECKOMY MU dEPEHINATBHOMY YPABHEHHIO
¢ koadpduImeHTaMHU, He 3aBUCAINMMM OT BpeMmeHu. HambGosiee cloxKHOI
npobyieMoil  ABIAETCA OTHLICKAHWE YCJIOBHUi, NMPH KOTOPBIX ILIOTHOCTH
Pe(z,t,y) npe(y; t) cymecrsyior. PaccmoTpum oty npobiemy na npumepe
JIMHEHHOT'O YpaBHECHUM.

IIpumep 11.17. CransipHas ciayqaitnas dyrkuus E(t) yaoBaeTBopsi-
eT JmHeHOMY cToxacTEdeckoMy auddepeHnraIbHOMY YPaBHEHHIO

dg(t) = ag(t)dt + bdw(t),  £(0)=v,
roe v ~ N(mu;7V>' Haiitu p§($,t,y) u pg(ya t)
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Pemenmne. IIpenmonoxum, ato p.(z,t,y) cymecTsyer n apuserca
JIOCTATOMHO TJajKoi, Torga u3 (11.50) cnenyer (¢ yaerom f(z) =az m

o(xz) =b):

Ipe(z,t,y) 9 v 0%p.(z,t,y)
% _aa—y(y Pe(,t,y)) + 2T ey (11.52)

Pacemorpum dynkimo

pe(z,t,y) = mem{—%}, (11.53)

rae m*(t), ’yo(t) SABJISIOTCS PEIEHUSIMY YPAaBHEHUS METO/1a MOMEHTOB:

m*(t) = am®(t), m®(0) = x;
y . . (11.54)
YO (t) = 2a7°(t) + b, 1°(0) =0.
Ecmm 7°(t) > 0, To pe(z,t,y) onpenenena mpu Beex ¢ > 0. Henocpes-

CTBEHHOH moycTaHoBKOi Bbipaxenus (11.53) B (11.52) ¢ yuerom (11.54)
MOXKHO II0Ka3aTh, 9T0 Pg(z,t,y) yaosnersopger ypapuennio (11.52) m,

KpoMe TOro, pg(z,t,y) = d(z —y) npu t — 0 (Tak xak ¥°(t) — 0 mpm
t — 0). Takum o6pasoM, BOIPOC O CYIIECTBOBAHUK Py(T,t,y) ymupaercs

B yciosue 70(t) > 0. OueBuamo, uTo ycioBue Gy/eT BHIIOJHEHO, €CIH
b # 0, T. e. koabdurument muddysun ¥ = b2 > 0.
ITycts Teneps p,(y; t) npu Beex ¢ > 0 umeer Buj

Pe(ys t) = mexp{—%}, (11.55)

rae me(t), ve(t) onsaTh onpeessioTCs U3 ypaBHEHUH MeTOLa MOMEHTOB:

e (t) = ame(t), me(0) = my,
{ ' . (11.56)
Ye(t) = 2a7e(t) + 0%, 7£(0) = .
Ecau v¢(t) > 0 npu Bcex ¢ > 0, TO HETPYHO IPOBEPUTH, UTO
Ie(y;t) 8 b2 Ope(y; 1) _
o = g WP )+ 5 — s pe(1 0) =p(v),

rae p,(y) — TayccoBCKasl TUIOTHOCTH HAaYaJIbHOTO BekTopa v. U3 (11.56)
cregyer, uto ecam b # 0, 10 ¢ (t) > 0 BeinONHEHO TpH Becex t > 0 s
goboro v, > 0. m
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3ameuanue. YoioBue b # 0 BrojsHE 3aKOHOMEPHO. JlefiCTBUTENBHO,
nycrs £(t) € R* n

dé(t) = A&(t) dt + B dw(t), £(0)=v. (11.57)
Torma ve(t) = cov{£(t),£(t)} yaosuerBopsier ypaBHEHIIO
Ye(t) = Ave(t) + (A" + BB, 7(0) = .

MozkHO noKa3aTh, 9T0 V¢ (t) > 0 mpu mobom v, > 0 Torja u TOIBKO TOra,
KOTTa

rank{B,AB, ..., A" 'B} = n. (11.58)

Venoeue (11.58) XOpoIo W3BECTHO B TEOPUM yIPABJICHUs] U HA3BIBAECTCS
yciosueM noanoti ynpasasemocmu cucrembl (11.57). B ciywae n =1
(11.58) osnauaer B # 0.

11.6. Punsrp Kanmana—Bsrocu. B 1. 6.4 npuBenero perienue 3a-
Jla9d C.K.-ONTHUMAJIBLHOTO OTEHUBAHWS CIYIadHBIX MTOCIEI0BATEIBHOCTEH,
ONMCHIBAEMBIX JINHEHHBIMA PA3HOCTHBIMYU CTOXACTHYECKUMU yPABHEHWSI-
mu. B rayccoBckoM ciiydae 3Ta 3ajada MMeeT siBHOe pereHue B (opme
auckperroro ¢puiabrpa Kanvana. OKa3bsBaeTCs, I9TO 9TOT PE3YIBTAT MOXK-
HO PaCIpPOCTPAHUTD U Ha CIIydaiiHbie PyHKIUU, OMUCHIBAEMBIE JIMHEHHBIMU
CTOXaCTHIECKUMHE TUMDDEPEHITNATBHBIMUA YPABHEHUSIMHU.

3amava duabrpamun. PaccMoTpuM napy CiaydailHbIX I[TPOIECCOB
{z(t) e R*, y(t) e R™, t € [0,T]}, onuchBaEMBIX CHCTEMOH JIMHEHHBIX
CcTOXacTUIeCKuX MudDepeHnaibHbIX yPaBHEHUT

{ dz(t) = A(t) z(t) dt + B(t) dw'(t), (11.50)
dy(t) = a(t) z(t) dt + b(t) dw?(t),

¢ magaapHbivu yenosusivu z(0) € R™) y(0) = 0. B ypasrenusix (11.59)
wl(t), w?(t) — crammapTHHIE BAHEPOBCKHE MPOTECCH pasMepHocTH ki, ko
COOTBETCTBEHHO, x(O) — TayCCOBCKUH Cily4yaiiHbIil BEKTOP C DapaMeTpaMu

M{z(0)} = my, cov{z(0),z(0)} = .

Cayuaiineie niponiecent wl(t), w?(t) u ciywaiinbiit Bextop x(0) HezaBuCH-
Mol B 3aiaue dbusbrpamun (ONeHNBAHNS) MPEINOIATAeTCs, 9TO TIPOIECe
z(t) we wabmonaem, a HabJIIOAATH MOXKHO Jumib mporecce y(t), KoTopbrii
HeceT HemonHylo wHboOpMammio o mpomecce z(t). Samada duabTparmun
COCTOMT B ONPE/IEJEHUH C.K.~-ONTUMAJbHOI OlleHKu mporecca z(t) 1mo Ha-
6mopenmam mpornecca {y(s): 0 < s < t}. Tak ke Kak U B CIy9ae MOJETN
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¢ JUCKpeTHBIM BpemeHeM (1. 6.4), C.K.-ONTUMAJIbHON OlEHKOi aBJisieTcs
YCJIOBHOE MaTeMaTHdecKoe OXKHUIaHWue, a UMEHHO:

m(t) = M{z(t) | 7},

Toe
FY=0{y(s): 0 < s <t}

ecTh o-anrebpa, MOPOXKACHHAS 3HAYEHUAME MpOonecca y($) 70 TeKyero
moMmenTa BpeMenu t (cum. 1. 11.1). 3amedarenbubiii pesynbrar Kaavana u
Bbiocu cocToUT B BHIBOJIE ypaBHEHUil, ONUCHIBAIOIINX 3BOJIONUIO YCIOB-
HOIO MaTeMaTHYeCcKoro oxunanus m(t).

Teopewma 11.11 (Kamvan, Berocn). ITycmov 6 ypasnenuaz (11.59)
mampuunsie pyrnkyuu A(t), B(t), a(t), b(t) umerom xycowno nenpepuisrivie
Komnonenmut, mampuyhas dynxyus b(t) b*(t) — pasnomepro neswpo-
orcdennasn, m. e. watidemes xowemarma ¢ > 0, makas, umo 0as A06VLT
t€[0,T] u A € R™ umeem mecmo nepasencmeo

X b()b* (1A = c| A% (11.60)

Tozda ycaosnoe mamemamuneckoe oscudanue m(t) = M{xz(t) | F¥} ecmo
eQUHCTNBEHHOE PEWEHUE CUCTNEMDL CTNOTACTIUYECKUL OUPPEDEHUUANDHBLL
ypasHerul

dm(t) = A(t) m(t) dt + y(t)a" (£)(b()b* (1) " [dy(t) — al(t) m(t) dt],

(11.61)
A(t) = A(t)y(t) + (1) A" (t) + B(t)B*(t) — v(t)a™ () (b(t)b" (1)) *a(t)y(t)
(11.62)

C HAYANDHHIMU YCAO0BUAMU
m(0) =mo,  ~7(0) = . (11.63)

Ouenxa m(t) — necmewennas, m. e. M{z(t) — m(t)} = 0. Jemepmu-
Huposantas mampuunan Gynryus y(t) 6 ypasnenuar (11.61) u (11.62)
pasha Kosapuayuy owubky oyerku m(t):

V(t) = cov{z(t) —m(t), z(t) — m(t)} = M{(z(t) — m(t))(2(t) —m(t))"},
a npouecc

t

£(t) = J(b(S)b*(S))*l/Z[dy(S) —a(s)m(s)ds], t€l0,T],

AGAAETMCA cmaH&apmHuM BUHEPOBCKUM.
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Vpaguenwst (11.61)—(11.63) ONWCHIBAIOT PEKYPPEHTHBIN AJITOPUTM
C.K.-ONTHMAJbHO (DUITBTPAIIIE TayCCOBCKOTO mporecca (t), Ha3bIBaeMbIit
Ppuavmpom Kaamarna—Bwvrocu.

Bameuanus. 1) [Iponecc £(t) Ha3bIBaETCS 06HOBAANOULUM JIJIST TIPO-
necca Habmogennit y(t). Ero BakHOCTH ompemessieTcss TeM, 4TO OH, siB-
JSASICh CTAHAAPTHBIM BHHEPOBCKHUM IPOIECCOM, TIOPOXKIAET Ty YK€ CaMYI0
o-anrebpy cobbITHil, uTo M npomecc HabaoaeHuit y(t), T.e. ]-'f =F!.

2) Tlockombky m(t) — HecMemeHHasi OleHKa s x(t) mo HabJo-
aemmam {y(s), s < t}, To xKoBapmanmonnas Mmarpuna y(t) ee ommbKn
Az(t) = z(t) — m(t) xapakrepusyer TouHOCTH oreHKu m(t). [losTomy
M{|Az(t)[*} = tr[y(t)] B cuny Toro, wro M{Az(t)} = 0.

Tak kak {z(t), m(t)} — rayccosckmit mponece, Az(t) ~ N(0;7(t)).
B wacrHOCTH, P{|/\*Ax(t)| <3 )\*’y(t))\} ~ 0,997 mus mroboro BeKTOpA

A # 0. Bamernm, uro u3 (11.62) cremyer, uro y(t) — Hecaydaitnas GyHK-
sl BPEMEHH, TI03TOMY TOYHOCTH TIPOIEAYPhl (PUIBTPAIAA MOXKET OBIThH
paccuuTaHa 3apaHee, T. €. 0 HAYaJIa IPOIELyPbl 00paboTKU HABJIIOIEHWIL.

3) B cuuy smmeitnoctn ypasrennit duasrpanun (11.61), (11.62) ma
npakTu4deckoil peasusaruu busibrpa Kamvana—Bbiocn MOXKHO HCIONB30-
BaTh MPOIEAYPY JAUCKPETH3IAMUU 110 BpeMeHu u3 1. 11.4.

PaccMoTpuM HEKOTODBIE MPUMEDBI UCIOJIb30BAHUS IIOJYYEHHOTO pe-
3yJIbTATA.

IIpumep 11.18 (3amaya ouenuBanus napamerpa). Haiitu c.k.-onru-
MaJIbHYIO OIEHKY TayCCOBCKOfl ciryuaitnoit sesmumabl 6 ~ N (mg;o2) 1o
HaGJIIOIeHNAM CTydaiiHoro nporecca y(t), yI0BIEeTBOPSIOMEro CTOXACTH-
yeckoMy auddepeHImatbHOMy yPABHEHUIO

dy(t) = 6dt + o1 dw(t), y(0) =0,

rae o1 # 0.

Pemenune. Ecmu BBectn dynxnmmo z(t) = 6, To napa dysxumit {z(t),
y(t)} ymosmeTBopsieT cucTeme JMHEHHBIX cTOXacTHIeCKUX audbepenty-
aJIbHBIX ypaBHEHUil

{ da(t) =0, (11.64)

dy(t) = z(t) dt + o1 dw(t).
Torya c.K.-onTEMaJbHas ONeHKa aJist § ecThb
M{0 | F¢'} = M{a(t) | F¢'} = m(t).
IIpumensia Teopemy 11.11 m dopmymer (11.61), (11.62) ¢ mnapamer-
pamu A(t) =0, B(t) =0, a(t) =1, b(t) = 01, momydaem, aro m(t) u
~(t) = M{(9 — m(t))z} VAOBJIETBOPAIOT CHCTEME CTOXACTHYECKHUX YyPaB-

16 B.M. Munnep u A.P.Ilaukos
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HeHU
dm(t) = Y dy(t) — m(r) dr], m(0) = mo,
i) = -2, +(0) = o3,

Vpasuenwe nis y(t) UMeeT sTBHOE peIIEHAEe
2 2
_ 0001
1) = os
90 01
Torna m(t) yj0BI€TBOPSIET JUHEIHOMY CTOXaCTHYECKOMY yDABHEHUIO

dm(t) = 75— (dy(0) — m(e) ),

penieHnne KOToporo nMeeT BU/

m(t) = (t,0)mo + j B(t, s
0

¢
2
e O(t,s) = exp{— J m du} — pellenne ypaBHEHUS
0] 1

L]
2

d lors

— = - >
dtq)(t, s) T U%Q(t, s), t=s,
D(s,s)=1.

2 2
ogs+oi _ ~(t)
Herpynao Bugern, uro ®(t,s) = ———+ = 222 TlogcraBisst 10 COOT-
by ’ () odt + o? ~(s)

HOIlIEHUE B BbIpaxkeHue mis m(t), nosydaem
_a® o r®me
B Omo = gy o = o
¢ ¢ ¢

[@t,9) 22— dy(s) = (.92 dy(s) = | L ay(s) = L y(e),
0 0 1 0 01 01

0(0) = m(t) =~(0) [ 23 + L] - meck 400t

IMMpumep 11.19 (uaburomenme mupormecca Opainrelina—YiaeH6eka)
(t)} ymosaersopsioT cucreme ypas-

Ilycrs crassipuble nporeccel {z(t),

{ dz(t) = —a z(t) dt + dw' (t), £(0) ~ N (mo; 7o),

dy(t) = z(t) dt + o dw?(t),
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roe a > 0, o # 0. UccnenoBaTh moBesieHre C.K.-OMTHMAJBHOTO (DHILTPA
npu t — 0O M MOCTPOUTH CTAIIMOHAPHBIN BAPUAHT MPOIECcca (PUIBTPAIIHAN.

Pemenne. VYpapuenue (11.61) dbunsrpa Kammana—Bberocu ais npo-
necca m(t) = M{z(t)|F/} mveer Bun

dm(t) = —am(t) dt + "Ddy(e) ~m(t)yde),  m(0) = mo,

a ypasaerne (11.62) mus mucnepcun (t) = M{(m(t) — m(t))z} omubKu
(GUIBTpAINT eCTh CKaJIApHOe ypaBHenne PukkaTn

2
. t
Y(t) = —2ay(t) + 1 - —70(2 L 0=
1o YpaBHEHUE UMEET sIBHOE PEIICHUE

. (71 —72)(v0 —71)
() =%+ (Yo — F2)e?Pt — (y0 —71)’

eie = Va2 + 02, 5 = 03B — a), 5o = —0(B + a).

C yuerom ycaoBmit mpmMmepa 3akiaiodaeM, uto >0, 31 >0 wm
Yo — 2 > 0. Torma u3 NOIYUIEHHOTO BBIPasKeHUs i Y(t) NpPU yCIOBUA
Yo # 71 crenyet, 4yTo y(t) — 71 npu t — co. Ecun ke vo = F1, 10 Y(t) =0
uy(t) =1

Taxum obpa3oM, npu ¢ >> 1 MOXKHO cumTaTh, 9To ¥(t) = 71, a ypasHe-
Hue DUIBTPAIMH CTAHOBUTCH CIMAUUOHAPHBLM, T. €.

dm(t) = —am(t)dt + 1% [dy(t) — m(t) di).

Tlocmennee o3HavaeT, 9TO B JaHHON 3ajade CyMIECTBYET CTAIlMOHAPHBIN
papuaHT puibrpa Kamvana—Beocu. C y4eToM NOJyYeHHOTO BhIPpaXKeHWs
JIJISL Y1 OH IIPHHUMAET BH/I

dm(t) = —Bm(t)dt+ (8 —a)dy(t). m

3ameuanue. OkasbiBaercs, 9T0 ecau B ypasHeHusx (11.59), onuce-
BAIOIIUX CHCTEMY HalJomeHus, napamerpsl A, B, a u b He 3aBuUCAT OT
BpeMeHu, a MaTpuiia A ycroilunBa, TO pe3yJibTaT, OOHAPYKEHHBIN B IIPU-
Mepe 11.19, aBisieTcs 3aKOHOMEPHBIM: TIPH JIOOOM HAYAJHLHOM YCIOBUU
Yo = 0 cymecTByeT ¥ = tli>I£10 ~(t), mprdaem J He 3aBuCHT OT Yo u 7y > 0.

IIpw stom ypasmerme dumabrpanuu (11.61) npuanMaeT cmayuonapHbid
(npenesnbHBIH) BH

dm(t) = Am(t)dt + K [dy(t) — am(t) dt],
rie K = Ja*(bb*) ™1 — mocrosgaubrit MaTpwanbil KoahdUIHIEHT.

16*
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Banmava skcrpanossauuu. OHoll U3 NPAKTHIECKH BAsKHBIX 3319
SIBJIAETCS 331848 NPOZHO3UPOSANUA WA skempanosayuu. Ilycrs nporec-
cot {z(t), y(t)} onuckiBaroTCs TUHEHHOH CHCTEMOH CTOXACTHIECKUX yPaB-
menwit (11.59). IIpeamonoxkum, 9TO HABGNIOJEHUIO JOCTYTHBI 3HAYEHWS
nporecca y(t) JUIb 10 HEKOTOPOTO MOMEHTA BpeMeHH § < t, U TpebGyercst
C.K.-OIITUMAJIBHO ONEeHUTH Z(t).

Torpa my(t) = M{z(t) | FY} upencrasasier coboii MCKOMY!O OLEHKY,
KOTOpasi HA3bIBAETCH C.K.-ONMUMaAbHOY 0uenkoti npoero3a Wil sKcmpa-
noaayuu. IlokaxkeM, KakK OIEHKA MPOTHO3a BBIPAXKAETCS YEPE3 OIEHKY
{m(t),v(t)} dnabrpa Kamvana—Briocu.

B cuny ypasuenns (11.59) mpomecc x(t) mONMyCKaeT mpejCTABJIEHHE
(cm. 1m.11.3)

x(t) = ®(t, s)x(s) +J<I>(t,u)B(u) dw! (u), (11.65)

S

rae ®(t,s) = ()0 1(s), a O(t) — marpuna Kommu byngamentanibubx
pemenuii. [TockosbKy mporeccs w', w? HezaBUCHMBI, 3HAUEHUS TPUPA-
IeHuii BAHEPOBCKOro TIporiecca w! (u) npu u > s He 3aBUCAT OT 3HAYEHHI
nporecca y(u) npu u < s. ITosromy

M{I@(t,u)B(u) duw' (u) | fg} =0

H, CJIeTOBATEJHHO,
ms(t) = M{®(t, s)x(s) | F¢} = ®(t,s)M{a(s) | FI} = @(t, s)m(s).
(11.66)

HUcnonbzosauue npencrasienus (11.65) mo3BosisteT MOLy AT BEIPAKe-
HUE ¥ JJIS KOBApUANUHU OMUOKY OIEHKH ITPOTHO3A:

s (1) = M{(x(t) — ms (1)) (x(t) —ms (1))} =
= ®(t,5)v(s)P* (¢, s) + J@(t,u)B(u)B*(u)@*(t,u) du. (11.67)

Coorromenns (11.66), (11.67) moxxuo mpeactaputh B auddepenmu-
aJabHOH dopme:

{ mhs(t) = A(t)ms(t), ms(s) =m(s),
Vs (1) = A()75(t) + s (A" () + BH)B* (1), 7s(s) = (),

rae m(s) — c.K.-onTnMasbHasa ONeHKa s Z($), a y($) — KoBapHanuoHHAS
MaTpHUIa ee OIMUOKH.

(11.68)
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11.7. Bajmayu a9 caMOCTOSITEJIbHOTO pEeIIeHusl.
1. ITycrs {f(7), 7 > 0} — c.K.-HenpepbIBHAs HEYIPEXKAAONas ClydaiiHast
byuknua. Jlokazars, 9ro

t

n(t) = [ F()dw(r), 20,

0

SIBJISIETCSI TIPOIIECCOM C OPTOTOHAJIBHBIMU MPUPAIEHUSIMY, U HAMTU €ro KOBapu-
AIMOHHYIO (DYHKIHIO.
min(t,s)

Orser. Ry(t,s) = j M{|f(1)[*} dr.

2. JlokasaTh, 94TO HeJUHEWHOE CTOXaCTHYECKOe TuddepeHInaTbHOe ypaB-

HeHue
dw(t)

dg(t) = — arctgg(t) dt + ng(t)’

£0)=0

HMeeT €IUHCTBEHHOE DeIIeHUe.
3. Pemuts croxacTudeckoe auddepeHnpaibHoe ypaBHEHNE

dE(t) = a€(t) dt + bE(t) dw(t).

Orser. £(t) = £(0) exp{(a—b°/2)t+bw(t)}.
4. Ilycrs cnyuaitnenit npouecc {£(t), t > 0} yaoBIeTBOPSIET CTOXACTHIECKO-
My ypaBHEHHIO

d€(t) = a(t) £(t) dt + o (t) £(t) dw(t),  P{£(0) >0} =1

C KyCOUHO HENpepHIBHBIMU JAeTepMUHUpOBaHHBIME GyHKuusamu at) u o(t).
HokazaThb, 4TO

t t

&) = €0) exp{[[a(s) = S0* ()} ds + [ ar(s) du(s) }.

0 0

Vxkazanwue. Boraucaurs dé(t) mo npasuiy muddepentmuposanus UTo.

5. Jloka3aTb, 9TO CHCTEMA ABYX CTOXaCTHUECKUX AuddepeHnuaIbHbIX ypas-
HEeHMHI

1
4 (1) = 260 dt+ LW (), &(0) =0,
1
d&x(t) = —c&(t) dt = &) dw(t),  &(0)=1
nmeer pemenue &1(t) = sinw(t), £2(¢) = cosw(t).
6. Ilocrpouts opMupyronmit GUIALTP /IS EHTPUPOBAHHOTO TayCCOBCKOTO
cranmonapHOTO mporiecca &(t), IMEIOMEro CneKTPaIbHyIo MIIOTHOCTH

_D. (a + ywo)b? + (a — ywo)w?
7 b +2(a? —wdw? +wt

fe(w)

’

rae wo = b? — a®, a > ywo, D > 0.
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OrBer.
{ dm (t) = n2(t) dt + g1 dw(t),
dna(t) = —b% mi(t) dt — 2ama(t) dt + q1 (b — 2a) dw(t),

rme n1(t) = £(t), 1 = v/2D(a — ywo).

7. IIycts Tpebyercst ONEHHUTH N-MEPHBI TayCCOBCKUN CIydailHBI BEKTOD
0 ~ N (i;v0) mo mabmonenusm ciydaiinoro npouecca y(t) € R™, ynosiersops-
IOIIETO CTOXACTUYECKOMY yPaBHEHHUIO

dy(t) = a(t) 0 dt + b(t) dw(¢), y(0) =0,

rae a(t), b(t) — mecayuaiinsle marpuunsle dbyuknuu, npudeM b(t) b*(t) — pas-
HOMEPHO HEBLIPOXKIeHHAas. BBIBECTH ypaBHEHUS ISl C.K.-ONTUMAJILHON OIeHKH
m(t) = M{0 | F:} u marpunst v(t) = M{(0 — m(t))(0 — m(t))*} koBapuanuu

ee OImubKH.

Orser.
{ dm(t) = y(t)a* () (b(t)b" ()~ [dy(t) — a(t) m(t) dt],  m(0) = u,
F(t) = —y(#)a” () (b(t)b" () " a(t)(t), 7(0) = 0.

8. (IIpomomkenue 3amaqn 7.) Jlokasarsk, 4TO B yCJIOBHUSIX HpeAbLIyIIeil 3a-
JIavu TIPU MOJIOXKUTEIBHO ONpeieJieHHoN MaTpuIe vo > 0

t

A1) = (15" + [a” ()b () als)ds)

0

Vkaszanue. Paccmorpers dbynkmmo G(t) =y~ (t) u ybemurnes, uro
G(t) = a" (£)(b(1)0"(8)) " alt).
9. Ilycrs £(t) yAoBIETBODSIET YPABHEHUIO
dg(t) = a(t) £(t) dt + b(t) dw(t), £(0) = v

O6ocHOBaTh MPUOJMKEHHBIN METOJ, JUCKPETU3AINN STOIO YPABHEHUST JIJIST Ma-
Jioro mara auckperusanuu h (Meron Dittepa):

E(tni1) = (L4 a(tn)h) E(tn) + VAb(tn) vn, n=0,1,2,..., £(0)=v,

rue tn, =nh, a {v,} — craHZAPTHBIN raycCOBCKUl JAUCKpETHBIH Gesblil 1ryM.
Vka3anue. 3aMEHUTb B UCXOTHOM ypaBHeHUH quddepeHInaIbl KOHETHBI-
MU Pa3HOCTSAMHA.
10. ITycrn {y(t)7 t> O} — HabJIIOIaeMBbIii ITPOTIECC, YIOBIETBOPSIIONINM ypaB-
HEHWIO

dy(t) = e~ */*P0 dt + dw(t), y(0) =0,

rae B> 0, 6 ~ N(0;1). Ilycts 6, — c.x.-onTHMaIbHAS onenka f o HabIIOAEeHN-
aum {y(s), s < t}. Jokasars, uro v(t) = M{(6 — 6;)*} — 1/(1+ B) npu t — co.
VYkazanue. BocionbzoBarbes anaropurmom Kanmana—Bbiocu.
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§ 12. MapkoBckue ciry4aitHble (pyHKIIAN
C JINCKPETHBIM MHO>KECTBOM COCTOSTHWIA

12.1. IloTtoku cobbiTHii. [lonsiTue MOTOKA COOBITHIT MMeeT KJrode-
BOE 3HAaYEHWE JJisi IOCTPOEHUS MATEMATUYECKUX MOJeJedl MapKOBCKUX
CITyIafHbIX (DYHKINHA ¢ JUCKPETHBIM MHOYXKECTBOM COCTOSTHHIA.

Ounpenpenenune 12.1. I[Tomoxom cobvimutdl Ha3BIBAETCS IMOCIEI0BA-
TEJbHOCTh OJMHAKOBBIX COOBITHI, TPOUCXOAATIINX OJHO 33 JPYTUM UYepe3
MPOMEXKYTKU BPEMEHU CJIyYailHOM JJIMHBI.

IIycts 3mech n nagee t > 0, h > 0. O6oznaunm gepes P(t,t + h) Bepo-
SATHOCTH ITOSIBJIEHUS] XOTs OBl OHOIO COOBITHSI Ha ITPOMEXKYTKE BPEMEHU
[t,t + h]. IIpeanonoxum, 94TO IPHU KaXKJIOM t CyIIECTByeT

A(t) = lim EEEFR)
h—0

Onpemenenue 12.2. yukuus A\(t) HA3BIBACTCS UHMEHCUBHOCTNDIO
noToKa CoObITHit (B TOUKE t).

PaccMmorpuM HEKOTOPBIE TIPEAIIONOXKEHMS O TIOTOKE COOBITHI, TTO3BOJIsI-
OIIIE TIOCTPOUTH €r0 COMEPKATEIbHYI0 MATEMATHIECKYIO MOMIETb.

Onpegmenenne 12.3. Ilycts n(ty,t2) — cayuaitrnoe uucno coObITHi
U3 [OTOKA, IPOUCXOAIINX Ha IIPOMEXKYTKe [t1, to]. IloTok HazbIBaeTCa 00-
HOPOOHBIM U CMAYUUOHAPHBLM, €CITA 3AKOHBI PACIPEIEJIEHNs CIIy YalHBIX
Bestmane n(ty,te) n n(t; + s,t2 + $) comagaroT mpw Beex s > 0.

SBameuanus. 1) OueBHIHO, 9TO OJHOPOJHOCTD IOTOKA O3HAYAET

P{n(s,s+t)=m} =P{n(0,t)=m} Vs, t>0, m=0,1,2,...

TlosToMy moBeseHUE OIHOPOSHOIO MOTOKA MOXKHO U3ydaTh JIMIIb Ha IIPO-
mexxyTke [0,t]. Janee mbl Gymem o6o3HAYATH

n(t) =n(0,t), t>0. (12.1)
2) VIHTE€HCUBHOCTD OJJHOPOHOTO MOTOKA MOCTOSHHA, T.e. A(t) = A:
M) = tim PEIER _ o POR)
h—0 h h—0

nJist Beakoro t > 0.
Onpenenenune 12.4. TloTok coObITHI HA3BIBAETCS 0POUHAPHBLM, €C-
am jgst Becex t > 0, h > 0 cupaBeyiuBbI COOTHOIIIEHUST

P{n(t,t +h) =1} = A(t)h + o(h),
P{n(t,t +h) > 1} = o(h),
o(h)

riae A(t) — orpanwuennas dyHKIMs, - 0 upu h — O.
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Sameuanus. 1) TpeboBanue OpaUHAPHOCTH O3HAYAET, YTO COOBITHS
B MIOTOKE CJEAYIOT CTPOTO OJHO 33 JAPYTUM U He TPOUCXOMISIT BMECTE:
P .
im {n(t,t+h)>1} im o(h)
h—o P{n(t,t +h) =1}  hr50 A(()h+ o(h)

Tlocnentee o3HavaeT, YTO BEPOSTHOCTD MOSIBJIEHUS Ha UHTEPBAJIE JIJIUHBL A
ABYX ¥ 60see COOBITHH TTpH MaJIbIX h TPpeHEOPERKUMO MaJIa 0 CPABHEHUTO
C BEPOSITHOCTBIO TIOSIBJIEHUSI OHOI'O COOBITHS.

2) Ecim moTOK SIBISIETCST OHOPOIHBIM, TO

P{n(t,t+h) =1} = A+ o(h).

IIycts BBIOpaHBI Ipou3BoOsIbHbIE TOUKH 0 =ty < t1 < ... < £p41. Pac-
CMOTPHUM COBOKYITHOCTH CJIyYafiHbIX BEJIMYUH

szn(tk,tk+1), kZO,l, ey

Onpepenenne 12.5. Tlorok cobbiTuil Ha3bBIBaETCH NOMOKOM b€3 NO-
caedeticmeus, ecym caydaiinble Beswauabl {&g, &1, ..., &y HE3ABACAMBI
B COBOKYITHOCTH.

Onpenemenne 12.6. OpauHapHbIH MOTOK 6€3 MOCTENEHCTBUS HA3BI-
BaeTCd NYACCOHOBCKUM Nomokom cobvimud. Ecim myaccoHOBCKuil mOTOK
SABJISETCH TAKXKe W OJHOPOJHBIM, TO OH HA3BIBAETCH NPoCcmeliuum nomo-
KOM COOBITHIA.

CMBICT TepMHUHA <«IIyaCCOHOBCKWII IOTOK» IIPOSICHAET CJIEYIOIIee
YTBEPXKIEHUE.

Teopema 12.1. ITyemo n(t) — wucao cobwmut; 6 npocmetuem no-
moke unmencusnocmu A na npomescymxe [0,t]. Tozda

P{n(t) = m} = exp{—At} (Ami,m m=0,1,2, ... (12.2)

Takum obpa3oM, npu J0bbIX t > 0 ciydaiinas Benuwduna 7)(t) uMeeT
pacnpegenenue [Tyaccona ¢ mapamerpom At. OTcroza, B YaCTHOCTH, CJie-
ayet, uro 1)(1) pacupenenena no Ilyaccony ¢ mapameTpom A.

Jlpyrme cBOMWCTBa IyaCCOHOBCKOTO MOTOKA PACCMOTPUM Ha MIPUMEDaX.

IIpumep 12.1. Iloka3arh, YTO WHTEHCUBHOCTH MPOCTEHIIETO TOTOKA
pPaBHA CPEJHEMY YUCIY COOBITHI, TPOMCXOAANINX Ha WHTEPBAJIE BPEMEHN
€IMHUYHON JIJIMHBIL.

Pemenwue. Ilycrs n(t,t+ 1) — gucno cobbituil Ha MHTEPBAJE €/1H-
HUYHOU JymHbL. B cuity omHOpoaaocTH ¢ yuerom (12.1) nmeem

n(t,t+1) =n(0,1) =n(1).

W3 reopemst 12.1 cnexyer P{n(1) = m} = % e~*, mosromy
0 0 A™

Min(tt+ 1)} = M)} = 3 "0 e = a3 Mer =

m=0 : m=0
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Urak, M{n(t,t + 1)} = X uro u TpeGoBanoch noKa3aTH. M

IIpumep 12.2. Ilycte 7 — chaydaiinas JjWHa WHTEPBaJa BPEMEHH
MEXKJIY JIBYyMsl IOCJIEJ0BATEIHHBIMI COOBITHSAMU B IIPOCTEHINEM MOTOKE.
Joka3arb, 4T0 T UMeeT YKCIOHEHIMaIbHOe paciupenesenne E(A) ¢ napa-
METPOM A:

P{ir<tl=1-¢?, t>0. (12.3)
Pemenmue. Ilycrs n(t) onpeneneno B (12.1). Torna B cuiry (12.2)
P{r>t}=P{nt) =0} =e, t>0.

CienoBatesbro, GyHKIMs pacupeeieus F, (t) ciydaiiHOl BeludnHbl T
“MeeT BUJL

E.t)=P{r<t}=1-P{r>t}=1—-e t>0.

dF, (t)

ITpu srom fr(t) = = Xe ™, t >0, — WIOTHOCTH PACIPEIeTCHNS T.

Urak, 7 ~ E()\), 9o n Tpe6oBanoch A0Ka3aTh. M

Cuteyromuii mprMep TOKa3bIBAET, 4To pacupeeienne F(A) obaanaer
WHTEPECHBIM CBOMCTBOM, TECHO CBS3aHHBIM C IOHATHEM OTCYTCTBHS ITO-
cieneiicTBus.

IIpumep 12.3. Ilokasarsb, 9T0 B IpOCTEiIeM TTOTOKE PACIIPEIETEHIE
BPEMEHU OT TEKYIIEr0O MOMEHTA IO MOMEHTA MOSBJIEHUS OY€PETHOTO COOBI-
THSI HE 3aBUCUT OT TOI'0, CKOJIBKO IIPOIIJIO0 BDEMEHHU OT MOMEHTA, [TOsIBJIEHU ST
TTOCJIETHETO COOBITHS IO TEKYIEro MOMEHTA.

Pemenue. Ilyctb s — Tekymuii MOMEHT BpEMEHHU, T — BPeMsl, OT-
CUNTHIBAEMOE C MOMEHTA MOSBJIEHUS TIOCIETHETO COOBITHS, & T) =T — S —
BpeMsl OXKUJIaHUs 0YepeIHoro cobbitus. Torma st Kaxkaoro t > 0

P{r—s>t} e ?t+s)

P{rn>t|r>s}= P> 5] Py

=e M =P{r> s}

Taxum obpaszomM,
Pln<t|r2s}=P{r<t}=F(t)=1—e .

Wrak, yciaosuoe pacmpenenenwe CB 77 He 3aBUCHT OT S W COBIIQJIAET
¢ pacnpezesnenuem CB 7. m

Cymmupyst Bce cBoiictBa mponecca 7)(t), pacCMOTDEHHbIE BBIIIE, MBI
BuauM, 4T0 7)(t) — IyaCCOHOBCKHMH IPOIECC, PacCMOTPeHHBIH B 1. 10.2.
3aMeTHM, 94TO CBOHCTBO HE3aBHCHMOCTH HpUpallenuii npouecca 1(t) ecrs
pocTo Apyrasi (pOPMYJUPOBKA, YCJIOBUsI OTCYTCTBUsI TOCIENEACTBUS 10-
roka. OueBnIHO TaKkKe, 9TO 7)(t) SIBISIETCS MAPKOBCKUM CIIy aliHBIM PO~
neccoM (Kak BCAKWH MPOMECC ¢ HE3aBUCUMBIMU MPUPAIIECHUAMMY).

IIpumep 12.4. Ha remedoHHyIO CTAHIMIO MOCTYIAET MPOCTEHTIIHH
[IOTOK 3asiBOK Ha IEPEroBOPbl. B CpeaHeM B OJHY MUHYTY IMOCTYIAT
Tpu 3asBKU. KaKoBa BEPOATHOCTH TOTO, YTO B TE€YEHWE JIBYX MHUHYT HA
CTAHIUIO HE MOCTYIUT HU OJHON 3asBKU?
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Pemenwne. Ilyctb N — caydaiiHoe 49HCIIO 3asiBOK B OIHY MUHYTY,
Torma no yesosmio A = M{N} = 3. Eciw 7 — BpeMs oxXujaunust 0uepetHo
3asBKHU, TO UCKOMasl BEPOSTHOCTH PABHA

P{r>2}=1-P{r<2}=1-(1-e ) =e2 = 5~0,0025.

Tlockombky P{7 < 2} & 0,9975, To mouTn HaBEpHAKA B TE€UIECHUE ITPOME-
KYTKa BPEMEHU JIJIMHOW B JBE MUHYTHI TOCTYITUT XOTs ObI OHA 3asBKA
Ha TEePeroBopol. W

12.2. BeposiTHOCTHOE oONMCAaHUE MAPKOBCKUX CIIyYalHbBIX
dbyHKIU ¢ AUCKpeTHBIM MHOXKecTBoM 3HadeHuit. Ilycts {£(t),
t > 0} — ciywaitnas GyHKIMS, TPHHIMAIOMAS SHATEHAS TPU KAsKJI0M t 13
muoxkectBa F = {zg, 21, ... }. Jasee 6e3 orpanndenns obmHOCTH Oymem
CYnuTaTh, 9TO T, = k, k =0,1, ...

Onpemenenne 12.7. Cayvaiinas dyukmus {£(t), t > 0}, npusn-
Maomas 3HAYEHNsT W3 MHOXKECTBa F, HA3bIBAETCA MAPKOBCKUM MPOUEC-
COM € HENPEPBIEHBIM BPEMEHEM U OQUCKPEMHBIM MHONCECTNEOM 3HAYE-
nudi, econ gist 006X MoMeHTOB 0 <t < ... < th_1 < 8 < t U 3HAUEeHHi
11, -+ ytn—1,%J € E BoIONHEHO

P{¢t)=71€(s) =4,&(tn-1) =tn-1,...,&(t1) =01} =
=P{{(t) =7 |&(s) =1}

Onpegenenue 12.8. Bepoammocmvio neperoda MapKOBCKOTO MPO-
necca &(t) maspiBaercsa yHKIHs

pij(s’t) = P{{(t) =J | 5(3) = i}v (12'4)

tme i, € B, 0<s<t.

Sameuanue. 13 onpenesnenns 12.8 HETOCPEICTBEHHO CIIEIYIOT CBOi-
CTBa BEPOSITHOCTH TIEPEXOJIA:

1) 3" py(st) =1 noa Beex i € B

JjEE

2) p,;(t,t) =1 mnst Beex @ € E;

3) pi].(t,t) =0 nopu ¢ # j.

Bosmoxkuble 3HaueHUs mporecca §(t), T.e. smeMeHTH MHOXKecTBa ),
Y4aCTO HA3BIBAIOT TAK¥Ke COCMOoAHuAMUY porecca &(t). ITosromy p, j(s, t) —
BEPOSATHOCTH Tiepexojia & u3 cocrosinus ¢ € ' B MOMEHT S B COCTOsiHWE
J € E B momenT t.

Onpemenenne 12.9. Bepoamnocmoro i-20 cocmoanus &(t) B Mo-
MeHT Bpemenu t > 0 Ha3BIBAETCS BEJIMYNHA

mi(t) = P{e(t) =i}, i€ B.
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Ouesngno, uro 7(t) >0 u > m(t) = 1. Takum obpasom Habop
i€E
{mi(t)} obpasyer pacnpedesenue sepoammrocmeti cocmosnut, MAPKOBCKOTO
nporecca &(t)
Mexk Ty HmepexomHBIMH BEPOSTHOCTSAMK U BEPOSITHOCTSIME COCTOSHIE
nMeeTcsl cllelyolas CBA3b.
Teopema 12.2. ITyemv 0 < s < u < £, moada

pij(s:t) = 3 puls,u) py(ust), (12.5)
keE

mi(t) = > m(s) prils,t)- (12.6)
keE

3ameuanune. Coornomenne (12.5) HasbBaercss ypasaennem Komvo-
roposa—Yenmena, o6muii B KOTOPOro OLLI PacCMOTPeH B 1I. 2.4.

Onpegmenernne 12.10. IIporece £(t) HAa3BIBAETCS 00HOPOOHBIM, €CITA
pii(s,8+1) =p,;(0,t) mnza Beex s, > 0mi,j€ E.

TIpenmonoxum, uro mpu KaxkjaoM s > 0 mepexojHas BEPOSTHOCTH
D, j(s, t) auddbepernupyema o t npu ar00LIX 4, j € E.

Oupenenenne 12.11. Hnmencusnocmoro nepexoda A;j(t) >0 us
COCTOSIHUS ¢ B COCTOAHUE j B MOMeHT t > 0 Ha3bIBaeTCA BEJIMYNHA,

(tt+h)  Op,.(t, .
Pylah) _ OOl a2

u=t

Aij(t) = lim 5

IIpumep 12.5. IlokazaTh, YTO WHTEHCHBHOCTH TIEPEXOI0B OHOPOJI-
HOTO MPOIECca He 3aBUCAT OT BPEMEHH.
Pemenne. B cuny onnopopnocru p,;(t,t + h) = p,;(0,h), mosromy

P;; (0, 1)
h

nostydaeM A;j(t) = ’lin}) = X;;(0) = const. m
—

Hasee MBI OyZieM paccMaTpPUBATH TOJBKO OJHOPO/IHBIE TPOIECCHI, TIO-
TOMY OCHOBHBIE 0DO3HAUYEHUS IPUHUMAIOT CJIEAYONIUi BUIL;:

Xij(t) = Nij, pi(s,s+t)=pyt) Vs=0

HaubGonbmmii mpakTuyecKuii WHTEPEC TPU WCCIEAOBAHUU TIPOIIECCOB
OTIMCAHHOIO BBINIE THUIA ITPEJCTABJISIET BBIYUCIEHUE BEPOSITHOCTEN €ero
cocrosiuuil B Jr0060# MomeHnT t > 0, eciu 3aJ]aHO HAYAJIBHOE DPACIpEse-
nenne BepostHOCTEH cocrosumit {mo(0),71(0), ... }. CoorBercrByrompmii
AJICOPUTM ¥ YCJIOBHSI €r0 MPUMEHUMOCTH JJIs OJHOPOIHOIO IPOIEcca
copmMypyeM B BUjie TEOPEMBI.

Teopema 12.3. Ecau 0daa xascdozo i € E evinoanens, ycaosus:

1) sup Ag; < 003

keE

2) sup Pii(h) Aki
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mo w(t) = {mo(t),m1(¢), ...} asanemcsa peweruem cucmemvs dugpdeperi-
yuasvrox ypaswenut, Koamozoposa:

7i(t) = > Api wr(t) — mi(t) D Ais i€ E,
ki kti (12.8)
71'2'(0) = ﬂ-z(’)a

nNpuUYeEM C YHYemom Ycao6us HOPMUPOBKU
St =1
i€E

cucmema (12.8) umeem npu xasrcdom 7(0) = {n§, 7Y, ...} eduncmeennoe
pewenue.

3ameuanue. Herpyano BueTh, 94TO B CIydae KOHEIHOCTH MHOXKE-
cTBa cocrosiHuit I ycioBus Teopemsbl 12.3 BBIIIOIHEHBL.

IIpumep 12.6. BoryucanTh BePOSITHOCTH COCTOSTHUI TTyaCCOHOBCKOTO
poIecca, UCIoJIb3ysl ypaBHenus Koamoroposa.

Pemenne. HanomuuMm, uro n(t) — uncno cobbrTHii B mpocTeifinem
noroke K Momenty t > 0, mpuaem 7n(0) = 0. U3 pe3ynasTaToB mpeabILy-
ero IyHKTa ciegyet, 9ro p,.(h) =0 npu k > i, nosromy Ap; = 0. Ecam
k=1—1, 10

Pi_1,:(h) = Ah+o(h), Xic1,i = ’lim
Ecnm xe k <1—1, To

. olh
Pri(h) = o(h), Aki = %13%] % =0.

Tenepb O4Y€BUIHO, YTO YyCJOBUS TE€OPEMbI 12.3 BBITIOJIHEHBI. OTCIO,LL&
fro(t) = —)ﬂl’g(t), 7r0(0) =1
1 (t) = Mro(t) — Ami(t),  m(0) =0,
. (12.9)
7'['2(t) :)\Wl(t)fkﬂ'z(t), 7'['2(0) =0
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At)? At)
Otcropa qy(t) =1, q,(t) = At, g,(t) = (2!) s qy(t) = (i!) y .. Cuae-
npoBarenbHo, m;(t) = exp{—At} (\) , 1 = 0,1,2, ... 3amerum, 4TO

i
TMOJIYYeHHBIH Pe3yIbTaT comacyeTc;Zf C yTBepXKJeHneM Teopembl 12.1. W

IIpumep 12.7. IIpemmonoxum, yro moTok cboes DBM spisiercs: mpo-
CTERINM ¢ MHTEHCUBHOCTHIO . Ecan 9BM naer c60oii, TO OH HEMEIJIEHHO
OOHAPYXKUBAETCST U MPOU3BOAUTCS PEMOHT, KOTOPBIH JJIUTCA B TEYEHHE
cIry9aitHoTO BpeMenu T ¢ pacnpesenenneM F(p). Beraucants BeposiTHOCTE
TOro, 4ro B MOMeHT Bpemenu t DBM HaxogurTcs B pabodeM COCTOSIHWM.
Paccmorpers caayuait ¢ — oo.

Pemenwme. Cocrosame 9BM B MomenTt t OymeM OTOXKIECTBISATH
co 3nadenuem mpomecca E(t) € E = {0,1} (£(¢) = 0 osmauaer, uro 9BM
pabotaet). HeTpyiHO 3aKIIOYATH, 9TO B CHJIy CBOHCTB TPOCTEHTIIETO TIO-
ToKa u cBolicTBa pacupenenerns F(u) (em. npumep 12.3) mporece &(t) —
MapKOBCKUMH.

TIpusenem obmumii cocod paccykIeHuil Mpyu BBIYACIEHUH UHTEHCHB-
HOCTEl epexo/10B Ha mpuMepe 1epexoia u3 0 B 1. BepogrrocTs TOTO, 9TO
Ha unTepBase [0, h] Gyjer POBHO OMUH OTKA3, COCTABISET

P, = A+ o,(h).

BeposATHOCTD TOTO, 9TO Ha MPOU3BOIBHOM MaJIoM MHTepBaJe [t,t + At] He
OymeT 3aKOHYEH PEMOHT, PaBHA,

Py(At) = e M2 =1 — At + 0,(At) = 1+ O(At) - 1 npu At — 0.
Ouesunno, uro ecin At < h, 10 Py(At) < Py(h) = 1+ O(h). Iosromy
A A40,(h) 2 poi(h) = (Ah+0,(R))(1 + O(R)) + 0,(h),

rae 0,(h) — BEPOATHOCTH BCEX APYIHX MBICAUMBIX mepexogos u3 0 B 1
ma [0,h] (mampmmep, «0TKa3 — DEMOHT — OTKa3» W T...). UTak, w3
HOJIyYeHHBIX HEPABEHCTB CJIAYeT, YTOo

po1(h) = Ah + o(h),
tak Kak 0,(h)O(h) = o(h), 0,(h)o,(h) = o(h). Orcrona

Amajioruunele PacCy’K/I€HUsS MOKA3LIBAIOT, YTO A g = [i.
Torma cucrema ypapuenuit Kommoroposa nmpuanMaeT BU,

{ 7ro(t) = pmi(t) — Amo(t), 7m0(0) = a,

w1 (t) = Amo(t) — pmi (t), m(0)=1-a. (12.10)
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Topcrasnsia 71 (t) = 1 — mo(t) B mepBoe ypasmenme cucremsr (12.10), mo-
Jydaem

frg(t) = —()\ + M)ﬂ'g(t) + u, WO(O) = «, (12.11)

e (¢ — BEPOSITHOCTH TOTO, 9T0 B MoMmeHT t = 0 9BM wmcnpasua. Pemas
ypasHerue (12.11), mosydaeM HCKOMYO BEPOSTHOCTB:

Lu (1 - e—<*+ﬂ>t) _ (12.12)

mo(t) = ae” AWt 4 P

B cuay Toro uro p+ A > 0, e~ AWt 5 0 npu t — co. Orcroga momydaem

_H

XN

mpuYeM TIpefes He 3aBUCUT OT (, T.€. OT HAYAJbHOTO PACITPENeICHUSI.
O4eBUIHO TaKXKe, UTO

7~r0 = tliglo Wo(t) =

m(t) = (1 —a)e” O+t 4 /\i—u (1 - e‘(“”)t) — T = ﬁ’ t — oo.

Bennuunasl 79 = nm=1—7g= Ha3BIBAIOTCA Npedenn-

m A
A+ A p
HOLMU BEPOAMHOCTAMY COCTOSHUH mporiecca &(t). M

B paccmoTpenHOM TpmMepe TIpejesibHbIE BEPOSITHOCTH CYIIECTBY-
0T W He 3aBUCAT OT HAYaJbHOTO paclpejiesenus BepoaTHocTeit. [Ipum
OIIPE/IEJIEHHBIX YCIOBUAX IIPEJIEJIbHBIE BEPOATHOCTUA CYIIECTBYIOT W JIJIst
6ojtee CIIOXKHBIX OJHOPOAHBIX MporieccoB. COOTBETCTBYIONINE PE3YITHTATHI
00CYKIAI0TCS B CIEAYIONIEM MTYHKTE.

12.3. dproaguyecKue cBoiicTBa OJHOPOAHBIX MAPKOBCKUX CJIy-
JaliHbIX QYyHKITIIA.

Onpemenernme 12.12. Mapkosckuii mpomecc {£(t), t > 0} Ha3bI-
BaeTCA 9P20duMecKUM, €CIAH JJid JI000ro HAYAIbHOTO DPACIPEIEseHHsT
BeposTHOCTed cocrosiamit {7 (0), k € E} cymecTBytor npedeavrvie 6epo-
ATMHOCTIU

Fr = lim mx(t), k€ E, (12.13)
t—o00

npuaem {7k, k € E} me zasucar or {m(0), k € E} u ymosreTsoparoT
YCIOBUSAM

=0, S m=1 (12.14)
keE

TIpw sTom mabop BeposiTHOCTEN {7, k € F} HaspIBaeTCs cmayuorapHum
pacnpedeaeruem mporecca E(t).
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Cueryroree yTBEPXKIEHUE COMAEPKUT JIOCTATOYHBIE YCIOBUS SPTOIAY-
HOCTH oiHOpOAHOTO Tporecca & (t).

Teopewma 12.4. Ecau cyuwecmeyrom cocmosnue jo € E u xoneurnoe
epemsa t, maxue, 4mo odHospemenHno 0as 6cex i € E, i # jo evinoaneHo
yeaosue

Pijo(t) =6 (12.15)

das nexomopozo 6 > 0, mo npouece &(t) — apeoduneckud.

3aMmeganue. MOXXHO TOKa3aTh, 9TO B CJIy4ae KOHEYHOI'O MHOMKECTBA,
cocrosiamiit F ycnosme (12.15) 6yeT BBITIOIHEHO, €CIIM COCTOAHUST TIPOIIEC-
ca — COODINAIOIIECs (CM. . 5.2, 5.3).

Teopema 12.4 me maeT KOHCTPYKTHBHOTO CIOCOOA BBIYUCIEHUS TIPe-
JIeJIbHBIX BeposiTHOCTelH (cTamuoHapHoro pacupenenenns) {7y }. Onnako
€CJIV CIIPABEJIJINBBI YCIOBUS TeOpeMbI 12.3, MO3BOJIAIOIINAE HUCIIOIH30BATH
ypaBueHus: KosiMOropoBa, MbI OJy9aeM CUCTEMY aJrebpandecKux ypas-
HEHUH 71 HETIOCPECTBEHHOIO BBIUUCIEHUS] CTAIMOHAPHOTO PACIIPEIese-
Hust {7g }.

Teopema 12.5. IIycmv 6wvinoanensv. ycaosus meopem 12.3, 12.4,
mozda cmayuonaproe pacnpedesenue {Tg, k € E} cywecmeyem u ydo-
saemeopaem cucmeme aszedbpauneckur ypasreruti Koamozoposa

S XkiTk =T Y Ak =0, i€E,
k#i ki (12.16)

S A =1,

i€E

npuyem pewenue cucmemnvs (12.16) eduncmeentio.

Bameuanus. 1) Cucrema ypasrennii (12.16) nonyuaercs us cucre-
Mbr uddepermuanbabX ypasaernit (12.8), ecim momoxkurs 7r;(t) = 0,
ﬂi(t) = %i, 1€ F.

2) YenoBusi Teopembl 12.5 BbrmosHeHsI, ecan mporecc £(t) umeer Ko-
HEYHOE YUCJIO COOOIIAIOIIUXCS COCTOSTHMIA.

IIpumep 12.8. B yciosusax npuMmepa 12.7 maiiTu To u 71, HE BBIUAC-
asist wo(t) m wi(t).

Pemenue. PaccmarpuBaeMblii pomecc umeer mBa cocTosiHus (T. €.
E ={0,1}), xotopere mpu A >0 u p > 0 ABIAOTCA COOBIMATOMIAMUCS.
TTosToMy MBI MOXKEM BOCIIOJIB30BaThbCs TeopeMoit 12.5 ¢ yuerom g1 = A,
Ao =

—)\?1'0 + ,U,%l = 0,
Ao — pm = 0,
To+7m1 =

Bunno, uTo mepBoe M BTOpOE ypaBHEHWsI COBIAIAIOT, ITOITOMY CIEIyeT
BBIOPATh OJHO W3 HUX W PEINATh €ro C y94eTOM TPETHero ypaBHEHWs
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(ycoioBMst HODMUPOBKH ):

—)\71'0 - u(l — %0) =0.

Orcrona m9 = ,am =1—T79 = . Iomy4yenubIii pesyabrar

I A
Atp A+p
COBTIA/IAET C COOTBETCTBYIOIIUM PE3YJIbTATOM TIpuMepa 12.7. ®

Jus mpakTrdeckoro cocrasieHusi ypasrernuit Kommoroposa (12.8),
(12.16) ymobuo TOMB30BATHCA TpadUIECKNM TTPEJICTABIEHUEM MPOIECCa
B Bujsie crnoxacmuueckozo 2paga (cMm. 1. 5.1). Bepmmaamn rpada siBisior-
Cs1 COCTOSTHUSI TIPOIECCA, CTPEIKAME YKa3bIBAIOTCS BOZMOXKHBIE TIEPEXOJIHI,
a PAJOM C KayKJIO# CTPEJIKON yKa3bIBAETCS COOTBETCTBYIOIIAST WHTEHCUB-
HOCTBH mepexoza (puc. 12.1).

IIpumep 12.9. IIpocreitmuii MOTOK 3asTBOK MHTEHCHB-
HOCTH A IOCTYIAaeT B CHCTEMY MAaCCOBOI'O OOCIIy>KUBaHWS,
COCTOSIIYIO U3 JIBYX MapaJjiiesibHO PAbOTAIOIUX KAHAJOB.
“ e Bpewmst 06ciyKuBaHUs B IEPBOM U BTOPOM KaHAJAX UMEET

pacipesienierne cootBeTcTBenHo E(u1) u E(usz). Ipeano-
Aji JIOKUM, 9TO OOCIIy>KMBAHUE B KaHAJAX IMPOUCXOIUT HE3a-
BHUCAMBIM 00pPa30M, a 3asiBKa BBIOWPAET M OOCTyKUBa-
HUSl KaHAJ CIyYafiHbIM DaBHOBEPOSTHBIM OOPA3oM, ecyin
Puc. 12.1 0b6a kanajsia cBoOOIHBL. [locTponTh cTOXacT4ecKuii rpad
mporecca obcmyxkuBanus £(t) n HATH CTAIMOHAPHBIE Be-

POSITHOCTH €ro COCTOsiHU# (CenaTh pacder s Ciydas (i1 = [i2).

Pemenwme. Ilpomecc £(t), ommchBaromuit paboTy CHCTEMBI, IMEET
YeThIPE BO3MOXKHBIX COCTOSIHUS:

, €CJIW B CHCTeMe HeT HU OIHOU 3asBKH,

€CJIM TIEPBBIM KaHaJ 3aHAT, 8 BTOPOH CBOOOIEH,

£(t) =

€CJIU TIePBBIi KaHaJl CBOOOJIEH, & BTOPOi 3aHAT,

0
1
2
3, ecanm 0ba KaHaJia 3aHATHL.

IIpoBemem pacueT HHTEHCUBHOCTEH BOZMOXKHBIX TTepexoaoB. [lycTsh ru-
noresa H; cocrouT B TOM, 4TO BbIOpaH i-ii KamaJj, rae ¢ = 1,2. Torma
no yemosuio P{H;} = P{Hy} = 1/2. Ilycte h > 0 — wmaubiii mwATEPBAIT
BpeMeHn, Torga po,(h) = (Ah + o(h))P{H,}. Orcrona

Ananorndso, py,(h) = % OueBnnHO, 4T0 p5(h) = o(h), mosromy Aoz = 0.

Jaiee, uCHONB3ysi pacCyKIeHus u3 upumepa 12.7, momydaeM p,,(h) =
= Ah+o(h), .e. \i3 = A, pyy(h) = o(h) 1 A1z = 0. Ananorudno, Azs = A.

VkazaHHbIE nepexoabl BBI3BaHBI ITOCTYIIJICHUEM 3adABOK B CUCTEMY.
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PaccMoTpuM Temeps mepexo b, BRI3BAHHBIE 3aBEPIIEHNEM 00CITY XKUBa-
Hust 3a5180K: p1o(h) = (uh + o(h))(1 — Ak + o(h)) = p1h + o(h), nosTomy
Ao = p1. 3/€Ch yYTEHO, YTO JJisi IIepe-
xoga m3 cocrossHuss 1 B cocrognme (0 mHa
WHTEpBaJie JJIMHB h HEODXOHMMO, YTOOBI
Ha 3TOM WHTEpBaJe OOCITy>KWBAHWUE 3aKOH-
YUJIOCHh W HE TOCTYNHJIO HU OJHOW HOBO
sasBKU. Amanormano, psg(h) = pah + o(h)
u Ao = po. Eciam 3amarel oba KaHaja,
10 ps1(h) = (uzh + o(h))(1 — prh + o(h)) =
= pzh + o(h), me. Az1 = po. Hdus mepexo-
na 3 — 2 cupasenymeo psz(h) = puih + o(h)
u A3z = p1. Bce mpodme mepexoabl HMEOT
HYJIEBBIE HHTEHCUBHOCTHU. Tereph MBI MOXKEM MMOCTPOUTDH CTOXACTHYECKU
rpad mporecca £(t) (pue. 12.2).

Jns onpemesieHusi CTAMOHAPHBIX BEPOSITHOCTEH BOCIOJIB3yeMCs CH-
cremoit ypasrennit Komvoroposa (12.16):

Puc. 12.2

W1+ faT2 — AT =0

0,5 Mo + pafis — (A4 p)fr = 0

0,5 \fo + s — A+ pa)7s = O, (12.17)
0
1

9

9

)\(%1 + %2) — (Ml + ,U/2)%3

o+ T + 7o + 73 =

Ecam py = po = p, To u3 (12.17) cnenyer T = 7o, T1 + T2 = A%o. Kpowme
A A2 g

TOTO, T3 = ﬂ(%l + ) = ﬁ%' Tenepsb, UCIOIB3Ys YCIOBUE HOPMUPOB-

Ku u 0003HAUEHWE p = A, TTOTy IaeM

=

2\ —1

2
OTKYJla T] = T = g%o, T3 = %%g. Ecnu, nanpumep, A = p, 1o 7o = 2/5,
%1 27?2 2%321/5 |

12.4. IIponecchl poxkaenusi u rubesm. PaccmarpuBaembiii HuXKe
CIIEIUAJIBHBIA KJIACC MapKOBCKHX ITPOIECCOB HMMeeT OOJIbINoe 3HaYEHHEe
TP WCCIIEIOBAHNN CHCTEM MACCOBOTO OOCTYKUBAHMUSI.

Onpenmenenne 12.13. OpHOpoaHAs MapPKOBCKas ciydaiiHast yHK-
must {£(¢), t > 0} HasbIBaeTcs npoyeccom poscdenus u 2ubeau, eCiu ee

17 B.M. Munuep u A.P. I[Tankos
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CTOXaCTUYECKHiT rpad WMeeT BHJ, MTPeACTaBIeHHbIH Ha puc. 12.3.

Hasee Mbr OymeM paccMmarpuBarh ciaydail N < oo, Tak Kak IIpU pe-
MTEHUY TTPAKTUIECKUX 33129 [N BCerma MOXKeT OBITH BBIOPAHO CTOJD HOTh-
1AM, 4TO TIOCTPOEHHAS MOJIEJIb UCCIIELYEMON CUCTEMBI 6y/:LeT aJIeKBaTHOMA.

Az An—2 An_1
M1 M3  MUN-2 HN-1

Puc. 12.3

Teopema 12.6. FEcau {£(t), t = 0} — odnopodnwidi npoyecc poswcde-
nus u 2ubeau, mo cmayuonaproe pacnpedeaenue {, }N_ cywecmeyem,
eOUHCTMEEHHO U ONPEJEAALMCA COOMHOUECHUAMU

-1
T = (1+£+—/\1)‘2+”,+M> ’
231 M pe2 W12 - .. LN (12.18)
~ An ~
Tn = “_71-11—17 n:1,2,...,N.

Bameuanus. 1) @opmynsr (12.18) naroT aHAIUTHIECKOE DeEINEHUE
COOTBETCTBYOIIEN CHCTEMbBI CTAallMOHAPHBIX ypapHenuit Kosamoroposa.

2) Eciu cuutars, aro &(t) mpu mo6oM ¢ > 0 YHCIEHHO PaBHO KOJUde-
CTBY 4JIEHOB HEKOTOPOU momysisinuu, rjae N — MaKCHMAaJbHO BO3MOXKHOE
YHCIIO ee YIEHOB, TO u3 onpenenenns: 12.13 ciemyer, 4To A\, — unmercus-
HOCMb PONCOEHUA TIPU YCIOBUM, YTO B MOTLYJISAIANA UMEETC N — 1 4JieH, a
ln — UNMEHCUBHOCTb 2UbEAU TIPU YCIIOBUH, YTO B IOMYJISIITAN UMEETCS
N YJIEHOB.

IIpumep 12.10. [IycTh MHTEHCUBHOCTH POXKIAEHUST U THOETN TAKOBHI,
4T0 Ay = NA, lhy, = np, n < N. Halitu cranponapHbie BEPOSITHOCTH COCTO-
SIHUN ¥ CPABHUTH UX MEXKJIy COOOM JIJIsl PA3IUYHBIX A W fi.

Pemenne. Ilycts p = Z—n = % W3 (12.18) coemyer, uto mpu A # p,

T.e. mpu p # 1
Ny— 1-p
=1+p+p+...+p") lzm, (12.19)
1_ pN+1
TaK Kak Z "= 4 1Mo hopMysie CyMMUPOBAHUS JIJIsT TEOMETpUYe-
— - P
n=0

ckoii mporpeccun. Hasee, mo dopmynam (12.18) BbpazkaeM Bce BEpOSIT-
HOCTH T, 1 = 1 uepes mg:

Tp = Plp_1=p T, n=12,...,N. (12.20)
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Pacemorpum coayaait A > p. DTo o3magaert, 9To p > 1 u, ciaemgoBaTesb-
HO, Ty, > Tp—1. Takum obpasom,

~ ~ ~ 1-— -

7TN=IIlaX{7I'0,...,7TN}=1_p1\¢)+1pN—)p mprn N — oo,
~ .~ ~ 1-p
ﬂozmln{ﬂo,...,ﬁN}Zm—)O mpu N — oo.

CiienoBaTesibHO, B CIydae A > [ MOIYJIsilAsl UMEET TEHIEHIIUI0 K Pa3BU-
THUIO, & ee TUOENb Tph H60IbIMIX N MaJOBEPOSITHA.

IIycrs Teneps A < p, Torma p < 1 m cuTyanmsi MEHsIETCsI HA TPOTHBO-
TIOJIOXKHYTO: g > Ty > ... > TN, mpuaeM g — 1 — p > 0 mpu N — o0, a
7ny — 0mpu N — co. Utak, B 9TOM CiIydae O JIsiTysi KMEET TEHIEHITAO
K Jlerpajanud u rubenu (HampuMep, ecam 2\ = pu, 10 p = 1/2 m P{£(¢) =
=0}~1/2uput>1u N — o0).

Haxkonemn, ecim A = p, To B ety p = 1 mmeeM Tg = T = ... = Ty =
= N;—H’ T. €. TPEJIEJIbHOE PACIPEIEICHUE SIBJISIETCS PABHOMEPHBIM JHC-
KpEeTHBIM. B 3TOM ciiydae cOCTOsIHUE TOMYJISIIUE sIBJISETCST MAKCUMAaJIbHO
HEOIpeIeJIeHHBIM. W

PaccmorpuM mpuMep HCIONB30BaHUS MOJIEIM POXKIECHUS W THOETH
JIJTST ICCIIEIOBAHUSI CUCTEMBI MaCCOBOTO ODCIY>KUBAHUSI C OKUIAHUEM W
HECKOJIbBKAMU TAPAJIIeIbHBIMA KAHAJIAMEI O0CITY XKUBAHMUSI.

IIpumep 12.11. IlycThb cucrema oOCIyKUBaHUST yCTPOEHA TaK:

1) Ha BXOJ| TOCTYMAET MPOCTEAMHH MOTOK 3asBOK WHTEHCUBHOCTH A;

2) B cucTeMe OHOBPEMEHHO TpebbiBaeT He Gonee N 3asBOK;

3) obCIyKWBaHWE 3asSBOK BEAYT S HE3ABUCHMBIX KAHAJIOB, MPUIEM
BpeMsi OOCIIyKUBaHWsI B KaXKJIOM KaHAJE CIy4YailHO M PaCIpEeseHo Mo
IKCIOHEHITUAJILHOMY 3aKOHY C TIAPAMETPOM i}

4) ecnm Bee $ KAHAJIOB 3aHATHI, TO 3asTBKa MOYKET 3aHATH OHO 13 N — §
MECT B OYEpe U OXKMUIATh O0CIYKWBaHWs HEOIDAHUYEHHO JOJTO (ecan
€CTh XOTs GBI OJIHO CBOGOTHOE MECTO B OYEPE[TH).

Tpebdyercsi:

a) mokasarbk, uro mporecc {{(t), t > 0}, rme &£(t) — umcio 3asBOK
B CHCTEME B MOMEHT t, sIBJISIETCSI TIPOIECCOM POXKIEHUsT U THbesn;

6) mocTponTh cToxacTHUecKmit Tpad mpornecca;

B) HaliTH CTAIOHADHBIE PACTIPE/IeIeHNs] BEPOSITHOCTEH COCTOsTHMIA;

') BEIYUCIWTD CPEJIHEE YHUCIIO 3asBOK, HAXOAAIMMXCS B CHCTEME, U
CPEeJTHIO JINHY ouepenu (paccMoTpeTs ciaydait N — 00).

Pemenme. Ilycts £(t) = n o3Ha4waeT, 9TO B CUCTEME OOCITY KUBAHWS
B MOMEHT t HaxoauTcst n 3asBok, n = 0,1, ..., N. Ecau n < s, To B ode-
peiau Bce Mecta cBobomubI. Eciam xe s <n < N, TO § 3agBOK IIPOXOJISAT
00CIIyKUBAHME, 8 N — § OXKUIAT 0OCIyKUBaHUs B ouepean. PaccMoTpum
cocrostaue ¢ # 0, N. Torna s h > 0

Piit1(h) = A+ o(R))(1 — ph + o(h))",

17*
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rje r = min(i, §) — YUCI0 3aHATHIX KAHAJIOB O0CITy KUBAHUS.

Orciona p; ;1 (h) = Ah + o(h), mosTomy Aip1 = Aijip1 = A

T

Pii1(h) = (1=Xh+o(h) 3 (uh+o(h))(1 = ph+o(h))" " = r(uh+o(h)).

i=1

Urak, p; = Ajj—1 = i, oae v = min(é,s). Ecim ¢ = 0, 1o po = 0, a
A=A Ecim ke i = N, 1o py = spu Ay =0.

Croxacrmuecknit rpad mponecca £(t) mpejacrasien ua puc. 12.4.

ITpumensia coorromenns (12.18), momyuaem

s pk 0 N-—s —1
(ZE—FS—Z(%)), ecim n =0,
k=0 " T k=1
Tp = L 12.21
" %ﬂ'o, ecim n=1,...,s, ( )
m%g, eciu n=s+1,...,N.
sls

e p =\, vs = p/s.
[TycTs wmcsio 3asBOK B cucreme pauo L, torma M{L} = >  nm,

€CTh CpejlHee YUCIIO 3asiBOK B CHCTEME B CTAIIMOHADHOM pexKuMe (T. e. TIpH
N-—s
t — 00). Ecim L, — umcio 3asB0K B odepenu, 10 M{L,} = > 07, s —
n=0
CpeJIHAS AJIMHA OUepeH.
JasnbHeiline ynpoleans BOSMOXKHBI IIPH KOHKPETHOM 3a,/1aHAH apa-
MeTpoB §, N u p. W

A A A A A
o§oBot:g:go
7 2u 3w SH SK spt

Puc. 12.4

IIpumep 12.12. IlycTh BBIMOHEHD! yciaoBusa mpuMepa 12.11 u, m1o0-
MONHUTENBHO, A = 4 (T. €. ”HTEHCUBHOCTH TIOCTYIJIEHUsI U OOCITY XKUBAHUSI
3asBOK OfimHaKoBH). CpaBHATE CPEJHWE JJIMHBI OvYepeneil JJa CIyJdaen
s =1 (omun KaHaJ Ob6CIayRKUBaHUSA) U § = 2 (1Ba KaHaJa 00CIYKUBAHNS)
B mpeamonoxernu N — oo.
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Pemenwme. Ilycth cHauama s = 2, TOraa W3 MPEILIAYINETO TPUMEPa
caemyer (¢ yaerom p = A/p = 1):

~ 1,171 1 1 -1

N-1 1 Ny 1
1 1-1/2 1
n=0
Tlo dopmynam (12.21) 7, = 2:—31, n=1,2,...,N. Orciona
~ ~ ~ %0 N=2 n
M{Lq}=7r3+271'4+...+(N—2)71'N=2—2 > P
n=1

IIpu 0 < a < 1 umeem

NZ_:Qnan_1:i NZ_:Qa" _d (1o 1
= da da 1—a (1—a)?’

TTosromy mpy o = 1/2 momyuaem

M{L,} = 7Toa? na" "t~ 1/3.

n=1

Ecim ke s=1 u p=A/p=1, to pacupeznenenne mporecca Oymer
pPaBHOMEPHBIM:

F={ )
= N_’_]-"",N_’_l .
IIpu sTom
N-1
L S T R
M{Lg} =72 + 273+ ...+ (N 1)”N—N+1n:1n_(N+1)2N2'

Takum obpasom, ecim s =1, to M{L,;} - oo npu N — oo, T.e.
CpefHSS JJUHA OYepeqd HEeOrPAHMYEHHO BO3PACTAeT. JTO ABJSAEeTCS
HEOXKUJAHHLIM Pe3yJIbTATOM, TaK KaK IPEJIIOI0KEeHAe A\ = [i O DABEHCTBE
MHTEHCUBHOCTEH TMOCTYIJICHHS W OOCIYKUBAHWUS 3aABOK HE BBILJISIUAT
yrpoxatomuM. Ecin ske s = 2, 10 M{Lq} — 1/3 upu N — oo. ITociennuii
pesyabTaT IIpeiCTaBiseT HECOMHEHHBIH IIPAKTHYECKHHi WMHTepec, TaK
KaK MOKa3blBAaeT, UTO YBEJUYEHHE IMPOIYCKHONH CIOCOGHOCTH KaHAJIOB
obcayKnBannsa B 2 pa3a MPUBOAUT HE ITPOCTO K YMEHLIICHUIO OYepein
(B 2 paza), HO paKTHYECKHU K €€ JIMKBHIAIMA. N
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12.5. 3ajauu JJId CaMOCTOSITEJILHOTO peHIeHusI.

1. ITycre {£(t), t > 0} — mapkoBckas ofHOponHas ciydaiiHas byHKIUS
C IACKPETHBIM TTPOCTPAHCTBOM cocToanui. TokasaTs, ato {n,, n = 0,1,2, ...},
rae 7, = £(n) aBasercs AucKpeTHol nenbio MapkoBa, u HaliTH ee TepPeXoTHyI0
MaTpHILy.
2. [TycTh mOTOK cOGBITHI v(t) TMOMyYeH HaJOKEHWEM 7 HE3aBUCHMBIX TIPO-
creitmux norokos & (t), k =1, ...,n ¢ unrencusHoctamu {Ag, k=1, ..., n}.
n

Jokazars, uro v(f) — mpocreiimii HOTOK C HHTEHCHBHOCTBIO A = > Ag.
k=1

Ykasaunune. [IpoBepuTh OJHOPOJHOCTD, OPJUHAPDHOCTh U OTCYTCTBHE MO-
caeneiicrus g v(t).

3. JacTuna 6ayKaer 1o 1mejblM TOYKaM JeHCTBUTENLHON OCH 10, BO3/Ieii-
CTBUEM JBYX HE3aBUCHMBIX IPOCTEUIINX TOTOKOB C WHTEHCHBHOCTSAMH A\ U [t
CIIeyompM 00pa3oM: €CJIM [0 MOMEHTa ¢ 4aCTHIa HAXOAUJIACh B COCTOSIHUM 11,
a B MOMEHT ¢ TPOM30MLIO COOBITHE U3 TIEPBOTO MOTOKA, TO B 9TOT MOMEHT JaCTHIA
CKa4KOM TIepeMenaercss B Touky n + 1. Bropoit morok ananoruussivM o6pasoM
MEPEMENIAET JACTUIy B COCTOsSHEE 7 — 1. BBIYMCINTD BEPOATHOCTH TOTO, YTO
ouepeHOe nepemenienue GyeT COBepIleHo u3 n B n + 1.

Orser. .
Xt

4. B ycnosusax mpumepa 12.7 BBIYHCIUTL TOYHO BEPOATHOCTH IIEPEXOa
po1(h) ansa npoussonbHBIX A > 0, 1 > 0 u nokasars, 910 po1(h) = Ah + o(h).

A “Ah __—uh
— (e —e npu A
Orser. poi1(h) = p«f)\( ) P 7
Ahe P npu - A = p.
5. IIponecc &(t) mokumaer cocrosiue ¢ € E nox BosmeficTBueM 71 He3aBU-
CHMBIX TIPOCTEUINUX TMOTOKOB C WHTEHCHUBHOCTAMU Ak, k =1, ...,n. Kakosa

BEPOSATHOCTD TOTO, 4TO £(t) OCTAHETCS B COCTOSHUU i B TEYEHHE IIPOMEXNKYTKA
Bpemenu T > 07

n

Orser. e, re A = > Ak

k=1

6. IloTok cobbITHil SIBJIsETCSI OJHOPOJHBIM U He MMeeT HocieneiicTBus. Be-
JIMYYHA JUIMHBL HHTEPBAJIa BPEMEHH MEXKy ABYMs MOCIEI0BATEIbLHBIMU COOBI-
TUAMH MMeeT SKCIOHeHImasibHoe pacupenenenue E(M), A > 0. JlokazaTb, 9TO
JAHHBIA IIOTOK — NPOCTEUIINMA.

Ykazanue. [IpoBepurh CBOHCTBO OPAMHAPHOCTHU IOTOKA.

7. I[Torok orka30B mpubopa — HIpocTedmmii ¢ UHTEHCHBHOCTHIO A. Eciam
npubop OTKa3ajl, TO OTKa3 OOHApPY’KMBAeTCsl B TeUYeHHe CIIy4YailHOTO BPEMEHH,
uMeromero pacupegesnesne FE(v). PeMoHT ocymecTBisiercst nocsie oGHapY XKeHuUst
OTKa3a U NPOJOJIKAETCs ClydaliHoe Bpems c pacnpegesnenmeM F(u). Haiiru
CTAIOHAPHYIO BEPOSTHOCTH TOr'O, YTO HPUOOD HUCIPABEH.

v
v 4 v+ A

8. Jloka3aTh, YTO OIHOPOJAHAsT MAapKOBCKas CilydaiiHasi (DYHKIHUsS C KOHed-
HBIM YHCJIOM COOOIIAIOMIMXCS COCTOSIHUI BCEra MMeEeT CTAalmOHapHOEe paclpe-
JlejleHre BepOSTHOCTEN.

VYkaszanue. [IpoBepurh BhINOIHEHNE yCIOBUU TeopeMbl 12.5.

Orser.
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9. Cucrema MaccoBOTO OOCIYKHBaHUSI COCTOUT W3 JIBYX OJMHAKOBBIX Ka-
HaJIOB OOCJIy?KMBAHUs C WHTEHCUBHOCTAMHU L > 0, paboTaiomux mapaiIesabHo.
BxomHolt mMOTOK 3asBOK — IIPOCTEHIINI IIyaCCOHOBCKHII IOTOK C HWHTEHCHUB-
vocreio A. Haittun muddepennuanbaoe ypaBHeHWE, KOTOPOMY YAOBJIETBOPSIET
BepoATHOCTH 7(t) TOro, 4yro oba KaHajla 3aHATHI. BBIYUCIUTH CTAIIMOHADHYIO
BEPOATHOCTB 7 = lim 7(¢) sToro cocrosHus.

t—o00
)\2
A2 4202 + 22

10. [TycTp BbIIOIIHEHBI yCJIOBUs 3a7a49d 9, OJHAKO KaHAJBI OOCIYKHUBAIOT
3asBKM IIOCJIEOBATEIbHO. BBIYHCINTE CTalOHAPHYIO BEPOSTHOCTH TOrO, YTO
CHCTeMa IIPOCTAUBAET.

12
A+ u)?

11. OpHoKaHAJIbHAS CHCTEMA MaCcCOBOrO OOCIIY>KUBAHUS C HHTEHCUBHOCTHIO
oOCITy?>KUBaHUS [f U IPOCTEHIINM IOTOKOM 3asBOK HHTEHCHBHOCTH A HMeeT
HEOTpaHWYEHHOE YUCI0 MecT B odepeau. llycrs £(t) — uucno 3asgBOK, Ha-
XOJSINUXCS B CHCTeMe B MOMeHT Bpemenm t. Ilpm kakux A u g cymecrByer
CTAIMOHAPHOE paclpejiesieHne BeposiTHOCTel cocTosnuit nponecca £(t)? Haittu
9TO paclpejiejieHne U OHpe,HeJII/ITb;Zpe,I[HIOIO JJINHY Odepem.

OrBet. A< p, M{L,} = L ,r,aep:i.

1—p H

12. B ycnoBusix 3amaun 11 HaiiTu 3aKOH pacupelesieHus BpemeHu 1 Tpe-

ObIBaHUS 3asIBKU B OU€PEIH.

Orser. P{T,; >t} = p exp{—(u — N\)t}.

OTBeT. T =

Orser.




Fr'TABA IV

MATEMATNYECKOE ITPNJIO2KEHUE

B mammoit riaBe npuBoAgTCS HEOOXOAUMBIE CBEIEHUS U3 KyPCOB (DYHK-
IIMOHAJBHOTO AHAJM3a W TEOPUHM BEPOATHOCTEN, a TaKXKe CIPaBOYHBIE
CBeJIeHUs], UCIIOJIb3yeMble JIJIA BBIYUCIEHUS CIIEINaJbHbIX WHTETPAJIOB.

§ 13. HeobOxoanmpbie cBeeHnss n3 PyHKIINOHAIBHOTO
aHaJIM3a

13.1. Anre6psl u o-ajaredbpbl MHOXKECTB.

Onpegenenune 13.1. Cucrema A OAMHOXKECTB HEKOTOPOT'O MHOYKE-
crBa X Ha3bIBaeTcs a.azebpoti, ecin

1) @, X € A,
2)ABe A = AUBec A ANBE A
3)Ae A = X\A=Ac A

CBoiicTBO 2 BBINOJIHEHO AJ1s J1I0060T0 KOHEYHOro Habopa II0IMHOXKECTB,

n n
re ecmn Ay €A k=1,...,n,10 | JAr €A, [] A €A
k=1 k=1
Onpepenenne 13.2. Anrebpa A maswiBaercs o-anzebpoti, ecin

Ape A, n=12,... = [JA €A (JAnc A

n=1 n=1

Onpenemenne 13.3. MuoxectBo X BMecTe ¢ HEKOTODPOU o-aJre-
6poit ero MOJAMHOXKECTB A Ha3BIBAETCS USMEPUMBLM NPOCTNPAHCNEOM U
obosnagaerca {X, A}.

Ha omsom u Tom ke muOXKecTBe X MOTryT OBITH 3a/aHBI PA3JIMIHBIE
o-ajrebpsl ero nogMHOXKecTB. [Ipumepamu g-ajarebp sIBIAIOTCA CACTEMBI
MHOXK€ECTB

Ao = {2, X}, A’ ={A: AC X}.

IIpu arom Ag — camasi «besiHas» o-aarebpa, HazbiBaeMas MPusuasbHoll, a
A — camas «6oraTas» o-amrebpa, cocTosmas us 6cex nodmmosicecms X.
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Teopema 13.1. ITyecmv Ha mhuoorcecmee X 3adana HEKOMOPAA CU-
cmema ez2o nodmmoorcecns D. Toeda cywecmseyem naumenvwas o-asze-
6pa, obosnauaeman (D), codeporcawsasn ece mmosrcecmea us D.

Cucrema o (D) siBAsieTCS HANMEHBIER B TOM CMBICTE, 9TO eciu A —
srobast o-anrebpa moaMHOXKecTB X , cofeprkarnast cucremy D, To o(D) C A.

Bameuanus. 1) Cucremy muokecTE 0(D) HasBIBAIOT 0-a42e6pot,
nopootcdenoti cucmemoti mmootcecms D.

2) Ecin {A,} — npomssosnbHOE cemeiicTBO U—anre6p Ha X, 10 A =
= ﬂ A, Takke siBasercs o-anre6poii. OdesuaHo, uro o(D ﬂ A, Tre

{A } — cemeiicTBo Beex o-anrebp, CofEpIKAIIAX CACTEMY MHOMXKECTB D.

13.2. Mepsbl (onpenesieHusi 1 CBOMWCTBA).

Onpemenenne 13.4. [Iycrs Ha MHOXKecTBe X 3aj[aHa HEKOTOPAsI aJl-
re6pa ero mogMuOKecTs A. Oymkimst p(A), onpemenennas Ha MHOKECTBAX
A € A, maseiBaeTca mepoti, 3adannoti na A, ecim

a) u(A) > 0 mua Beex A € A

6) nuist mo6oro cueTHOTO HabGOpa TOMAPHO HETEPECEKAIOMUXCS MHO-

[e9)
xeerB A, € A,n=1,2, ..., (re A;NAy, i # j), rakux, uro | ) 4, € A
n=1
BBITIOTHEHO CBONCTBO cuemuotli addumusnocmu (o-addumusnocmu):

N( @1 An) = iN(An)

Mepa [ Ha3BIBAETCH KOHEUHOT, €CIIU JIOTOJHATETHHO BBITIOJHEHO YCJIOBHE
B) u(X) < .
Mepa p, 3aannas Ha anrebpe A, ob1amaer cieay0muMu CBOfCTEAMY:
1) p(@) =0.
2) u(A) < p(B) ma A, B € A, takux, uro A C B.
3) w(AUB) = p(A) 4+ u(B) — p(AN B) nna seex A, B € A.

4) Ecm A, € A, n=1,2,... — y0ObBamoIas IOCIEI0BATEIEHOCTD
(e o]

MHOXKeCTB, T.e. A; D Ay D ..., makag, 4ro pu(A;) <oou (] Ap € A, 10
n=1

u(F—j An) = lim p(4,).

n—r o0
5) Ecim A, € A, n=1,2, ... — BO3pacTamasa MOCJIe0BATETHHOCTD
o0
MHOXKeCTB, T.e. A; C Ay C ..., maxas, uto | J A, € A, To
n=1
o0
A ) = lim p(Ayp).
p(U 4n) = Jim n(4)
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Sameuanue. Eciu mva amrebpe A 3amana GyHKIHS MHOXKECTBa [,
0018 JaI0Imast CBORCTBOM a0dUmueHoCmu:

A BeA ANB=0 = u(AUB)=u(A)+ u(B),

TO JIS JOKA3ATEIBCTBA TOTO, UTO [, ABJAETCA Mepol Ha A, moctaTodHo
oo

TPOBEPHUTH CBOWCTBO 4 Jyisi ciy4as, kKorma [ | An = &, T.e. u(A,) =0

n=1
Ipu n — oQ.

Crenyromuii pe3y/IbTaT ABJILeTCS OMHAM U3 HanbojIee BaXKHBIX Pe3ylb-
TATOB TEOPHH MEPHI.

Teopema 13.2 (Kapareomopm). ITyemv X — wmexomopoe mmo-
sicecmeo, A — ancebpa ezo nodmmoorcecme u pg — mepa Ha A. Ecau
cywecmeyem nocaedosameavHocmy mmoxcecme X, € A, mawux, wmo

po(X,,) < oo, X =JXn, (13.1)

MO CYWecmsyem, U nPpumom eduHCMeeHHas, MEPL W, onpedeserHHas
Ha 0(A), A6AAOUAACH NPOJOAACEHUEM (Lo, T. €. MAKAA, HINO

n(A) =p(A) VA€ A

S3ameuanue. OueBuHO, YTO JJisi KOHEeYHON Mepbl yciosme (13.1)
BBITIOJTHEHO.

Onpenemenne 13.5. MuoxkectBo X BMecTe ¢ MEPO# (4, OTIPETEITCH-
HOW Ha, HEKOTOPOI g-anrebpe A, Ha3BIBACTCS NPOCMPAHCTNEOM ¢ MeEPOT 1
oboznagaercs {X, A, u}.

Besikyto o-anrebpy A MOXKHO TOTOJTHATH MHOXKecTBamu Buma A U N,
rie A € A, a N C Ag nns mnexoroporo Ag € A, mverotmero HyJieByro Mepy:
u(Ag) = 0. Herpyaso mpoBepuTh, 9T0 CUCTEeMa MHOXKECTB A, coiepKamast
MHOKECTBa yKa3aHHOTO BHJA, TakxkKe sBjsgercs o-anrebpoit. IIpocrpan-
ctBo ¢ Mepoit {X, A, u} HazbIBaeTCH NOAHBLM.

Ounpemenenne 13.6. Ilycre {X, A, u} — nomHoe mpocrpaHCTBO
¢ Mmepoii. Ecan nHexkoropoe cBoiicrBo P BeinosHsieTCs 1iist Becex £ € XgC X,
rae p(X \ Xo) = 0, To MbI GyieM TOBOPUTH, 9TO c80licmeo P 6vinosnero
nowmu 6crody (no mepe ).

13.3. Cnocobb1 3ajiaanda mep. Creayromme TpuMephl B3MEPUMBIX
MPOCTPAHCTB SBJISIOTCS HanboJiee BayKHBIMU JIJIsi TEOPUH BEPOSITHOCTEN 1
CJIy49aHBIX IIPOLECCOB.

duckpeTHoe nsaMmepuMoe MpoCcTpPaHCTBO. Ilycts mHOX)KecTBO X =
= {x1,x2, ...} He Gosee yeM cuerno, a A — o-airefpa BCeX IIOJIMHO-
xkectB X. Bcesikas Mepa p Ha Juckpemnom U3MEPUMOM TPOCTPAHCIIEE
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{X, A} samaerca ancnavu p, = p({z,}) = 0:

n(A) = Z Hn,

n: r,€A

roe A € A — moboe mommuoxkectBo X. Mepa p KoHeYHA, €CIH
w(X) = u( U {za}) = 3 nl{eal) = 3 i < .
n=1 n=1 n=1

Nsmepumoe npocrpancrso {R', B(R')}. Iycre X =R — geii-
CTBUTesIbHAS TpsiMasi, & (a,b) — TPOMEXKYTOK, T.e. OJHO U3 MHOXKECTB
BUJA

(e8], la,b), (a,b), [a,b],

e —o0o < a < b < oo. O6oznaunm A cucremy nogmuoxkects A C RY, co-
CTOSIINX M3 KOHEYHBIX OObEIVHEHUY HENEePECEKAIOIINXC sl IIPOMEXKYTKOB:

n
A= J (aib;), n<oo. (13.2)
i=1

Ouesnnno, 4ro cucreMa A obpasyer anreGpy, HO He SABISETCI O-aJl-
rebpoii.

Onpenmenenune 13.7. g-anrebpa, mopoxaenHas cucremoit A, obo-
snauaerca B(R!) u maswiBaercs 6opeaesckoti o-anzebpoti MHOXKeCTB jieii-
CTBUTEJIBHON IPAMOM, & €€ IEMEHTBl — 6OPeACECKUMU MHOHCECTNBAMU.

AmnasoruvHo BBOAUTCS U3MEPHUMOE IPOCTPancTso {[a, b], B([a, b))}, rae
B([a,b]) cocrour u3 muoxkects B C [a, b], Takux, uto B € B(R!). Cucrema
B([a,b]) nasbiBaeTca Gopeaescrot; o-anzebpoti oTpeska [a, b).

Onpegnenernue 13.8. Mepoti Jlebeza na R' HaseiBaeTcs Mepa A\,
omnpesienennast ra {R!, B(R!)}, takas, aTo

A{a, b)) =b—a

JJist BceX —o0 < a < b < oo.

U3 Teopemsr 13.2 ciexyer, uro Mepa Jlebera ma R! cymecrByer u
emuHcTBenHa. OTMeTHM, 4TO Mepa JleGera na R! He sBIsSeTCS KOHEUHOMH,
tak xkak A(R!) = oo.

Koneunas mepa na 6opesieBCKoil o-ajrebpe mpsaMoii W OTpe3Ka, MO-
’KeT ObITH 3a/[aHa ¢ TOMOIIBI0 PYHKUUL Pacnpedeetus, KOTopasl ormpee-
JISIETCST CIIEYIONIM 00Pa30M.

Omnpegenenne 13.9. Oynxunsa F(z),r € R, nasoisaerca dynryueti
pacnpedenenus Ha R ecam oHa 0b1aaeT CIeLyTONAME CBORCTBAMIA:

1) F(z) — meybriBatomas GyHKIwS;

2) F(—o0) = xEmOOF(x) =0, F(+o00)= lim F(z) < oo;

T—+00
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3) F(xz) menpepwiBHa cmpaBa, T.e. lim F(x+ h) = F(z) mua Bcex
1 h—+0
x € R
Bameuanue. [iaa GyHKIUA pacnpesieseHnst Ha OTPE3KE [a, b] CBOIi-
CTBO 2 IPUHUMAET BUJL
F(a) = lim F(x) =0, F(b) = lim F(z) < .
T—a z—b

Tenepb ¢ mcronb3oBanneM (QYHKIMN pactupenenenns F'(x) samamam
byHKIMIO MHOXKECTBA (g HA TTPOMEXKYTKAxX (a,b):

po((a,b]) = F(b) — F(a), po([a, b)) = F(b) — F(a—),
po((a,0)) = F(b—) — F(a), po([a,b)) = F(b—) = F(a—),

n
e F(z—) = hl—ionF(x — h). Hanee, ecnn A= | (ai, b;), n < oo, rue
=1

IPOMEXKYTKHY (G, b;) TIOTAPHO HE TEPECEKAIOTCsI, TO TOIOKIM

n

ﬂo(U (ai»bz’>) = éuo((ai,bﬁ).

i=1

Tem caMbiM MBI 3ajaju fig Ha cucreme A, cocrosimeil W3 MHOXKECTB
Buza (13.2). B cmry ceoiicts dynkmun pacnpenenenuss F(z) (cum. ompe-
nenerne 13.9) po siBasieTcsi KOHEUHOH Mepoii Ha asarebpe A, mosromy mo
Teopeme 13.2 MOXKeT OBITH TTPOIOJIZKEHA, ¥ TIPUTOM €IMHCTBEHHBIM 00Pa3oM
JI0 MepHI 41, 3aJaHHON Ha m3MepuMoM mpoctpamcTse {RY, B(R!)}.

SaMeuaHusl. 1) C kaxJIoli KOHEYHON Mepoii [, 3aJaHHOW Ha
{R!, B(R')}, MoxkHO cBA3aTH (DYHKIAIO

Fu(x) = ﬂ((_oo’x])’ zeR,

U3 cpoiicts Mepsl (cM. 1. 13.2) BbITeKaer, uro F, siBusercs dynkipmeii
pacupesesenust, npudem F, (4+00) = 1ir4{1 Fu(z) = w(RY).
r—r+00

2) Mexay GyHKIUMAMA DACUpe/iefeHnsi ¥ KOHEYHBIMH MePaMH Ha
{R!, B(R!)} cymecTByeT B3aWMHO OJHO3HAYHOE COOTBETCTBHE, T.e€. BCSA-
Koil KOHEYHOl Mepe [ cooTBeTCTBYeT (QyHKIMs pacupenenenns F,(z), u
Hao6opoT, /i Beskoit dbyHknun pacipesesnenns F(z) ma R! cymectsyer
KOHe4YHas Mepa [i, TaKas, 410 F), = F.

Nsmepumoe npocrpancrso {R", B(R™)}. IIpocrparcreo R” ecth
IpsSIMOe IIPOU3BeJieHre 7 IK3eMILIapoB mpaMmbix RY, me. R? =R! x ...
... X R — MHOXeCTBO yHOPSIOUEHHBIX HAGOPOB BEINECTBEHHBIX YHUCEI
x ={z1, ..., 2, }*. Onpemesum HA 3TOM ITPOCTPAHCTBE CUCTEMY MOIMHO-
xkecTB A", 06pa30BaHHYI0 MHOKECTBAMHA

n
A=Ay x...xAy=[] Ak, Ar €A,
k=1
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rae A — anrebpa mogMuOKeCTB ipsimoit Buaa (13.2). Herpymao mokaszaTh,
qaro A™ obpasyer anrebpy.

Onpenmenenne 13.10. o-anrebpa, nopoxKaeHnas cucremoii A™, o6o-
smavaerca B(R™) w maswiBaeTcss 6opeaesckoli o-aazebpoti mHOKecTB R™
a ee IEMEHTBI — GOPENEBCKUMU MHONCECTNEAMU.

Onpenmenenne 13.11. Mepoti Jlebeza na R™ nazwiBaeTcsa mepa A",
oupenenennas Ha {R", B(R™)}, takas, aro

n n
)\"(H (ai,bi)) =TI (b — a)
i=1 i=1
agst Beex —oo < a; < by < oo

W3 Teopembr 13.2 caemyer, uro Mmepa Jlebera ma R™ cymecTtByeT m
enuacreerna. OTmerum, yro Mepa Jlebera na R™ He siBisieTcst KOHEYHOIA,
Tak kKak A" (R") = oco.

Koneunasi mepa Ha 6opesieBckoii o-aarebpe R” moxeT ObITH 3a/1aHa
¢ TMOMOITBIO N-Mmeprol GyrKyuu pacnpedesenus, KOTopas OMpeIesieTcst
CIIe Iy FOIIIM 06PA30M.

Omnpegenenune 13.12. @ynkmua F(zy, ...,2Tn), T1,...,Tn € R,
Ha3bIBaETCA N-meproti Pynryuets pacnpedenerus, eciu oHa 06JaaTAET Ce-
AYIOIMUAMU CBOUCTBAMU.

1) F(z1, ...,Z5) MOHOTOHHA B CIIEIYIOIIEM CMBICITE:

Al...AnF(ﬂjl,...,%n)ZO,

rme A; — omeparop KOHEYHOU pa3sHOCTH IO IMEPEMEHHON X;

AiF(zy, ooy xp) = F(xy, oo @1, @+ hyy Tig1y ooy Tp) —
—F(ZL']_, -'-7$i—1>xi>xi+1> ...,IL’n),

ah; >0,...,h, > 0 IPOU3BOJbHBI.
2) Ecam xoTst GBI 07THA W3 TTEPEMEHHBIX T; — —00, TO

F(zq, ...,z,) = 0;
€CJIn BCe IepeMeHHbIe T; — +00, TO

F(zy1, ...,xn) = F(400, ...,+00) < 0.

3) F(z1, ...,T,) HepPEepPLIBHA CIIPaBa IO TTEPEMEHHBIM ;.
W3 Tteopembr 13.2 m cBoiicTB n-mMepHON (MYHKINN pPaCIpeIesIeHus
F(z1, ...,zy) (cM. onpenenenne 13.12) ciexyer, 9To Ha W3MEPUMOM IPO-

crparctee {R”, B(R™)} cymecTByeT 0JHO3HAYHO OTIPe/IeTIeHHAST KOHEUHASI
Mepa [, TaKas, 9o F,, = F', rme

n

Fu(z, ... zp) = M(H(—oo,xi]), Ty, ..., T, € R (13.3)

i=1
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Bepno u obpartnroe, ecim (1 — koreuHas Mepa Ha {R"”, B(R™)}, To dbymkmms
Fu(z1, ..., x,), oupenensiemast coornomuenueM (13.3), siBistercst n-MepHOii
dynkuumeit pacupesenenusa. TeM caMbIM MeXKy N-MePHBIMHU (byHKITHIMA
pacmpesiesieRnss U kKoneuHbiMu Mepavu Ha {R”, B(R™)} cymecTtsyer B3a-
MMHO OJIHO3HAYHOE COOTBETCTBHE. B 3ToM ciryuae

Fu(+00, ..., +00) = p(R™).

13.4. Usmepumsbre dyskiuu. [Iycrs {X, A} — Hexoropoe mame-
pHUMOE ITPOCTPAHCTBO.

Onpepenernne 13.13. Bemecrsennas dbyakuus f(z), ¢ € X, Ha3bI-
Baercs A-usmepumot, ecam

f7Y(B)e A VBeBR", (13.4)

re f~1(B) = {z € X: f(z) € B} — npoobpas muoxectsa B.

TeMm caMBbIM M3MEPUMOCTH (PYHKIUU O3HAYAET, ITO MPoodbpas JTboro
BopesteBcKoro mojMHOKecTBa R sIBIsSIeTCSs N3MEPUMBIM MHOXKECTBOM B X.

Bameuanus. 1) OueBnnHo, uro mocrostaHas dyrknus f(x) = const
SABJISIETCST U3MEPUMOM OTHOCUTEIBHO JII000H o-aarebphi.

2) Unmukaropras dyukims I4(x) MHOXKecTBa A, onpezensiemast Kak

1 upu =z € A,
0 mpu z ¢ A,

Iate) = {
ABJIAETCS W3MEPUMOH B TOM M TOJBKO TOM CJIydae, KOTJa MHOXKECTBO A
n3MepnMo, T.e. A € A.

3) VYenosme A-usmepumoctn byukimn f(x) TeM orpaEmIATENHHEE, YEM
yxe o-anrebpa A, T.e. A-uamepumas f(z) apaserca A'-namepumoit, ecan
ACA.

Tt TpoBepKu M3MepUMOCTH (DYHKIUMH HUCIOIL3YeTCsS CJIeYIOMnit
PEe3yIIbTAT.

Teopewma 13.3. Qynkyua f(x), 3adannas Ha UBMEPUMOM NPOCTNPAH-
emee {X, A}, asaaemea A-usmepumoti, ecau daa ecaxozo ¢ € R usme-
DUMBLMU ABAAIOMCA MHONCECTNEA

{reX: f(z) <c}.

OyHKIIA <p(y), Yy € ]Rl, 3aZlaHHad Ha JeHCTBUTENbHON IIPAMOM, Ha3bI-
Baercsa bopeaesckoti dynryueti, ecim ona B(R!)-usmepuma. Ipumepamu
6openieBCKUX (DYHKINAHA SIBISIOTCA BCEe KYyCOUHO HENPEPBIBHLIE (DYHKITUH.

Teopewma 13.4. Iycmv {X, A} — wusmepumoe npocmparcmeo.
Crootcnasn pynryua h(z) = p(f(z)), z € X, asasemeca A-usmepumot,
ecau pynxyua f(x), x € X, A-usmepuma, a dynryua o(y), y € R, —
bopesescras.
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IIpocreie apudmMerndeckue onepanyuy HaJj KOHEYHBIM WU CUYETHBIM
HAbOPOM U3MEPUMBIX (DYHKIUH He BBIBOJAT 32 PAMKHM MHOXKECTBA MU3Me-
puMBIX (DyHKITHIA.

Teopema 13.5. Ilycmo pynxuuu f,, n =1,2, ... onpedeserv, Ha u3-
mepumom npocmparcmee { X, A} u A-usmepumv. Toeda dyrwyuu

@) + falz), fi(@)fa(z), 1/ fi(z) (npu yeaosuu fi(z) # 0),
[fi(@)l, max{fi(z), fa(@)}, min{fi(2), fa()}, sup fu(z), inf fu(z)

MAKIHCE ABAANOMCA USMEDUMBLMU.
W3 npuBenennoro pesynprara CilefyeT, 9TO MHOXKECTBO

A={zeX:3 lim fu(a)},

HA KOTOPOM CYIIIECTBYET MPEeJT TOCIeI0BATEbHOCTH U3MEPUMBIX (DY HK-
muit {f(2)}, aBasercs usmepumbim, T e. A € A.

Crenyioriee ompejiejieHre ONHUCHIBAET BaXKHBIA MTPUMED H3MEPUMON
byHKIAH.

Onpegmenenne 13.14. Usmepumas byukuns f(x), onpemneseHHas
Ha wm3MepmmoM mpoctpanctee { X, A}, maswiBaeTca npocmoti, ecam oHa
NPUHUMAET KOHEYHOE TUCIO 3HAYEHUM.

OqeBuHO, UTO KaxK1ast IpocTas u3MepuMast ynkws f(x) gomyckaer
pecTaBIeHne

f(z) = i cpla, (z), z€X, (13.5)
k=1

mecy ERY Aye Au A;NA; =2,i# j, m < co.

Teopema 13.6. Jas scaxoli neompuyamensvrhotl usdmepumots Gyrx-
yuu f(z) cywecmeyem Heybvi6atouan nocaedo6amessHOCTNG HEOMPULA-
meavhux npocmux udmepumuir gynryud {fn(x)}, crodawanca x f(x),
m. e.

0< fulz) T f() mpu n— o0 danscer z€ X.

PesyabraT, npuBemeHHbI! BBIIIE, SBJISETCS KIIOUEBHIM MPU MTOCTPOE-
HWH wHTerpaJja Jlebera.

Onpegmenenne 13.15. Ilycrs f(2) — HEKOTOpast u3mepumast GyHK-
Iwst, OTpe/iesieHHast Ha u3MepuMmoM mpocrpanctse { X, A}. Cucrema

Ap={f"1(B): BeBR")}

Ha3bIBAETCA O -an2e0potl, nopoorcdennots dynryued f(x).

Herpynmo ybenurbest, aro Aj neflCTBHTENBHO SIBJSIETCs 0-aJrebpoi,
npuaem Ay C A Knace dysKuumit, #3MepHMBIX OTHOCHTEIBHO O-aJjre-
6psl Ay, nMeer IpocToe ONUCAHKE.
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Teopewma 13.7. Qynryua g(z), ¢ € X, asasemca Ag-usmepumoti
mozda u moavko moezda, kKoeda cyuecmeyem Gopeaesckan Pynruyua o(y),
y € R, maxas, wmo

g(x) =p(f(z)) VzeX.

Onpenmenenue 13.16. Ipe namepumble dbyuxmuu f(z) u g(x), 3a-
namnbre Ha { X, A, 41}, HaswBatOTCH K6USAAEHMHLIMU, ecam f(z) = g(z)
ouTH BCrofy 1o Mepe p, T.e. puf{x € X: f(x) # g(x)} = 0.

Onpepenenune 13.17. Ilocnenosarensuocts {fy(z)} mamepumbix
dbyukuuit, onpenenennnix Ha {X, A, p}, HassiBaeTca crodauwetica nowmu
6cr0dy k dynkwn f(z), ecam

plr e X: nlgrgo fu(z) # f(x)} =0.

Teopema 13.8. Ecau nocaedosamesvrocms {fn(x)} usmepumoiz
Pynryul crodumesn % f(x) nowmu scrody, mo f(x) usmepuma.

Onpenmenenne 13.18. Ilocaenoparenprocts {f,(x)} n3MepuMbix
dbynxmmit, onpenenenmbix wHa { X, A, u}, massBaercs cxodawetica no me-
pe p K uamepumoit Gyuruuu f(x), eciu qus soboro € > 0

nlLrI;Ou{m € X: |fulz) — f(z)| >} =0.

CooTHOIMEHnE MeK/Iy ITUMH JByMsI THIIAMHE CXOJUMOCTH OIPEIeseT-
s CITEMYIOTIIMHA TEOPEMAMH.

Teopema 13.9. Ecau nocaedosameavnocmo {f,(x)} cxodumea
% f(x) nowmu ecrody ommuocumesvno konewnol mepo, p, mo fn(z) cxo-
dumea x f(x) no mepe p.

OGpaTHOe yTBepXK/ieHne, BOOONIE TOBOpsA, HE BEPHO, T€M HE MEHee
CTIPABEJINB CIEIYIOHUiT PE3YIIBTAT.

Teopewma 13.10. Ecau nocaedosamenvrocms {fn(x)} cxodumca
% f(x) no mepe, mo cywecmeyem nodnocaedosamenvrocmo {fn, (z)},
crodawanca % f(x) nowmu ecrody.

13.5. Uurerpasn JleGera. Ilycrs {X, A, u} — nosnoe npocrpancrso
¢ mepoit. Onpenennm BHadaje uHTErpas Jlebera or mpocToit usMepumoit
PyHKITHN.

Oupenenenue 13.19. Humeepan Jlebeza om npocmoti uamepumodi
Pynryuy f(x), nverorneii Buz (13.5), onpenessieTcsi paBeHCTBOM

J f(@) p(dz) =3 cup(Ag). (13.6)

X
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Temeph pacmpocTpaHuM TOHATHE WHTerpaja Jlebera Ha HeOTpHUIA-
TenbHyI0 naMepumyio dyukmmio f(x). B cmry Teopemsr 13.6 cymectsyer
[IOCJIEIOBATEIHHOCTh HEOTPHUIATE]BHBIX TPOCTHIX M3MEPUMBIX (DYHKITAM

{fn(x)}, Takux, aro

< fu(z)t f(z) mpm n— oo auaBeex z € X. (13.7)

Onpenenenune 13.20. Hnumeeparom Jlebeza om neompuyamenvroti
usmepumoti pynryuy f(r) HA3BIBAETCA BEJWIWHA

| 1) o) = tim_ [ o) plde). (1338)

X X

Hamnoe onpe/iesienne KOPPEKTHO, TTOCKOIbKY IPH 3a/aHHoi QyHKIMHI
f(z) npenen (13.8) (konewnslit wiam GeCKOHETHBI) CYIECTBYET /7Is 060
annpokcumupyiomeii nocnegosarenbioctn (13.7) w He 3aBUCHT OT ee
BBIOODA.

s kpaTkocTu OyjieM 0bO3HAYATH

1(£) = | f(a) p(da).

X

ITycrs Teneps f(z) — npomssonbHas m3MmepuMasa dbyHKmsa. Beemem
obo3HaveHUsI

T (x) = max{f(x),0}, /7 (z) = max{—f(z),0}.

Torna yukmun f1(z) >0, f~(z) > 0 TakXKe ABIAIOTCA M3MEPUMBIMHU,

npusem f(z) = f*(z) - f~ ().
Onpenenenne 13.21. Eciu min{I(f1),I(f7)} < oo, To unmeepan
Jlebeza om f(x) cywecmeyem (nnm onpedesaer) m WMeET BU/L

1(£) = | f@) p(dz) = I(77) = 1(7).

X

Ecmm |I(f)| < 0o, To f(2) HasbBaeTca unmezpupyemoti no mepe p WA
cymmupyemod.
Uurerpan mo MuoxkecTBy A € A ompenensiercst Kak

| 1) ntdz) = | J(@)La(2) ulde),

A X

a f(x) HassiBaeTcs unmezpupyemoti na muodicecmee A, eciy HHTETPUDY-
ema byukuns f(z)la(z).

3ameuanue. B coorsercreuu ¢ onpenenenuem 13.21 warerpan Jle-
Gera or meoTpumarenbHO# dbyHkUME f(r) OoNpemesNeH Beerja, MpH 3TOM

0<I(f) < oo.

18 B.M. Munnep u A.P.Ilaukos
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Tlepeuncaum cpoiicTBa wHTerpaJsa Jlebera, HEITOCPEACTBEHHO BBHITEKA-
OIIHE U3 €ro OTPEIeTIeHNs .

1) J I4(z) p(dz) = pu(A) nas Besikoro A € A.

X
2) Hast Beex a, B € R!

I(af + Bg) = al(f) + BI(g),

IIpUYeM ecjiu IpaBas 9acTh MMeeT CMBICI, TO MHTerpaJj B JIeBOH YacTH
WHTErPaJl OIPEJIEJIEH.

3) Ecim f(z), g(z) narerpupyems u f(z) < g(z), To I(f) < I(g).
4) Ecim p(A) =0, To Jf(:c) pulde) =

A
5) Ecim f(z) = g(z) nourn Beroxy no mepe p, to I(f) = I(g), npuaem
06a WHTErpaJja CyIecTBYIOT WU He CyIMeCTBYIOT OJHOBPEMEHHO.
6) Eciim h(z) > 0 warerpupyema u |f(z)| < h{z) mourw BCromy mo
Mepe p, To f(z) uarerpupyema.
7) NurerpupyeMocTsh (byHKIMA PABHOCHIIbHA HHTETPUPYEMOCTH €€ MO-
JLyJIs, T. €.

[1(f)| < oo = I(|f]) < o0
|

kpome Toro, |I(f)| < I(|f])-

8) Ecnu f(x) 2 0u I(f) =0, o f(z) = 0 nourn Bcroxy. B gacrrocTH,
ecn I(|f]) =0, o f(z) = 0 mouru BCroy.

9) Eciu dynkiusa f(r) unrerpupyema Ha A, To OHa MHTErpUpyeMa Ha
soboM u3MepuMoM MHOKecTse A’ C A.

10) Ecim f(x) = 0 nouru seroxy, To I(f) = 0.

11) (Hepasenctso Yebnmrera). Eciu ¢ > 0, To

ple € X |f(@)] 2 ¢} < 2 [ 1F(@)] n(de).

mli—\

12) (Hepasencrso Muukosckoro). Eciu p > 1, To

([1£) + g nia)) "< ( [P ua a0) "+ ([ lo@ utaz))"”
X X
13) (Hepasenctso Uencena). Ecm ¢(y), y € R!, — Boinyknas saus
bynxmus n p(X) =1, To

[ o(r@) nida) < ([ £(@) n(da)).

14) (Hepasencrso lenpnepa). Ecmm 1 < p, ¢ < oo u 1 + 1_ 1, To
p q

[ fwtautan)] < ([ irr ut @) ([ lote)l u(an))

X
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[IpUYeM MHTErPaJjl B JEBOW 9acTH ONpPeesieH, eCu UHTErPaJbl B MIPABOM
qacTu KoHeuHbI. [Ipu p = ¢ = 2 nepasencTBo [esbaepa Ha3bIBAETC HEPA-
sencmeom Kowu—Bynaroscrozo:

[ £@)o@) wian)|” < [ 15 u(do) [ lota)P? uide).

X X X
Teopewma 13.11 (o-aggurusHocTh uHTErpasa Jlebera). Ecau @ynsk-

o0
yua f(x) unmeepupyema u X = | ] An, AiNAj =@ npui#j, mo

n=1

o0
| f@ o) = 3 | f(@) (de),
X n=ly4,
2de 8 npasotl wacmu uHME2Pasb, KOHEWHbL, & PAD CTOOUMCHA abCOMOMHO.
W3 teopemnr 13.11 cienyer, aro ajs 000 HeOTPUTIATEILHON H3Me-
pumoit byuakunu f(z) > 0 byHKIusS MHOXKeCTBa

v(A) = J F(z) u(dz), A€ A, (13.9)

A

sIBJIsieTCsl Mepoii Ha m3MepuMoM npocrpascTse { X, A},
Teopema 13.12 (abcomoTHas HEMPEPHLIBHOCTH WHTerpasa Jlebera).
ITyems f(z) — unmezpupyeman dyrkyus, mozda dasn awbozo € > 0 cy-

wecmeyem maxoe § > 0, wmo U f(z) u(dm)‘ < € 0NA BCAKO20 UBMEPUMOZO

A

muooicecmea A € A, makozo, wmo pu(A) < 4.

Cuenyromas TeopeMa yTBEPXKIAET, 9TO BCAKAsA Mepa vV, abCOTIOTHO
HepepbIBHAS OTHOCHTENBLHO MEpPHI [, MOIycKaeT mpejcrapienue (13.9).

Onpenenenne 13.22. Mepa v Ha3BIBaeTCSI AHCOAOMHO HENPEPLLE-
Hol ommnocumenvro mepove f (COKPAEHHO ¥ < f1), eCciu st JIE06oro
A€ Awus p(A) =0 crenyer, aro v(A) = 0.

Teopema 13.13 (Pamon, Hukomnm). Ecau v < p, mo cywecmeyem
usmepuman reompuyameavras Pyrkyus p(T), maxas, wmo

v(A) = Jp(at) u(dz) VAeA

Qynkuma p(x) HaspiBaeTca npoussodnoti Padona—Hukoduma mepo, v
no mepe p u 0603HaATAETCS

() = (@),

Cremyromuii pe3yJibTaT JaeT MPABUJIO 3aMeHbI MePHI B nHTerpaJie Jlebera.

18%*
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Teopewma 13.14. B ycaosuaxr meopemot 13.13 daa w1060t usmepumoti
Pyrryuu g(x) umeem Mecmo pasercmeo

| 9@y v(dz) = | g(@) pla) p(de),

X X

2de unmezpaas, 68 Ae60U U NPABOT YACTNAT CYULLCTNEYIOM UAU HE CYUle-
cmeyom 00HOBPEMEHNHO.

Tem caMBIM WHTErpupyeMocTh dbyHKImH ¢(2) Mo Mepe I PABHOCHIIBHA
uuTerpupyemoctd GyHrIma g(x) p(x) M0 Mepe fi.

Teneps paccMOTPUM BOIIPOC O 3aMeHe MEPEMEHHON 110 3HAKOM MHTe-
rpaja Jlebera.

Oupemenenne 13.23. Ilycrs f(z) — usmepumas pyHKIUs, Ompe-
nmenerHast Ha npocrpancTBe ¢ mepoit {X, A, u}. Torma mepa p 5 Ha

{R!, B(R')}, 3amaBaeMasi paBeHCTBOM
pp(B)=n(f1(B)), BeBR,

Ha3BIBAETCST MePOTl, nopostcdennott pynryued f.
Herpyano nposeputh, 4To YHKIHMA MHOXKECTBA [i; JeHCTBHTEIIBHO

ABJseTca Mepoii Ha Gopesesckoii o-anrebpe B(RD).

Teopewma 13.15 (dbopmyna 3amensr nepemennoil B narerpase Jlebe-
ra). Ilyemwv dynxyua f(z), z € X, usmepuma, a dynwuyua o(y), y € R,
asasemesa bopesescroti. Toeda cnpasedaueo pasencmso

| @) ) = | o(y) nydy).

X R

2de unmezpaav, 8 €80T U NPABOT YACTMAT CYULECTBYIOM UAU HE CYULe-
cmeyom 00HOBPEMEHHO.

Ilpenenbunrii mepexoa Mo 3HakoM uHTerpaJja Jlebera. Cie-
AYIOMIHE Pe3yIbTATHl MOKA3BIBAIOT, B KAKUX CIydasiXx MOYKHO TEPEXOUTD
K TIPEeJIeTy IO 3HAKOM WHTerpaJa Jlebera.

Teopema 13.16 (JIeber). ITycmv nocaedosamesvrocmo {fn(x)}
crodumes nowmu 6c10dy  f(), npusem 0as 6cex 1 NOWMU 6¢100Y SHNON-
naemesa nepasencmso | fn(2)| < p(z), 20e dynryua p(z) unmespupyema.
Tozda npedeavras Pyrnruyua f(x) maxorce asasemes unmezpupyemoti u

lim [ fu(e) p(de) = | f(2) p(da).

n—00
X

Teopema 13.17 (JIésu). Iyems {fn(x)} — neybusarowas nocae-
dosamenvrocms Pynryut, m. e.

file) < fola) <. < falo) <0y
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2de f(x) unmeepupyemol, a UT UHMEZPAADL 0ZPAHUMEHDL 68 COBOKYNHOCTIU:

IK < oo J Ful@) pldz) < K. (13.10)
X

Tozda nowmu ecrody cyuiecmeyem koneunviti npedea f(z) = nlirrgo fn(z),

maxot, wmo pynxyus f(r) unmespupyema u

Jim [ fa(2) o) = [ 1) pla)
X X

Teopema 13.18 (P@ary). FEcau nocaedosameavrocms HEOMPUYA-
meavhnx gynrkuut {fn(z)} crodumea noumu ecrdy % f(z), npuvem
sunoanero (13.10), mo f(z) unmeepupyema u J f(z) p(dz) < K.

X

WNurerpan JlebGera Ha mpgamoii. Clrenyiomee yTBEpKIeHTE TTOKA-
3bIBAET CBsI3b MEXK Iy MHTerpaJoM Pumana u uHTerpajom Jlebera.
Teopema 13.19. Ecau cywecmsyem unmeepas Pumara

b

In(f) = [ f(x) de,

a

mo f(z) unmeepupyema no mepe Jlebeza A na [a,b] u

L(f)= | f@)\dw) = In()).

[a,b]

3amMeTnM, 9TO 06paTHOE YTBEPXKIEeHHe B OOIIeM CIydae HeBEpHO.

Bsegmem erme 0HO MOHATHE UHTETPAaJa, OCHOBAHHOE Ha HOHATHN WHTe-
rpaJga Jlebera.

Onpegnenenne 13.24. Ilycrs f(z), * € R', — Gopenesckas dynk-
nust, a F(x) — dynknus pacnpesenenus na R (cm. onpenesnenue 13.9).
Hrmezpaa Cmuamveca om f(z) no dynkyuu pacnpedesenus F(z) ompe-
JlesisieTcs CAeAYIONHM 06Pa3oM:

[ r)ar) = | ) uas),

r7e WHTErpaJjl B MPaBOil YacTH MOHMMAaeTCs Kak wHTerpaJ Jlebera mo me-
pe u, nmeromeit dbynkmmio pacupeneaenns F(z).
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B GoabIIuHCTBE MPAKTUYECKH BarkHBIX ClIy4daeB (PYHKIUS PacIpeme-
serns F(z) moxer GbITH NpeCTABICHA B BUJIE

F(a)= F*(@) + FY(2), F*2)= | p)Ady). F'@)= ¥

k: zp<zx

e dyukius p(y) > 0 unrerpupyema mo mepe Jlebera na R! | a Muoxkecrso
Touek {xy} He Gosee uem cueTHO, mpudeM py > 0.
Cocrasnstiommas F'%(x) maswiBaeTcs gyrkyuet, abcoaommno Henpepole-
HO20 pacnpedeseHus WU TPOCTO GOCOAIOMHO HENPEPBIEHOT BYHKUUET.
B stom caygae aist moutn Beex * € R (mo mepe Jlebera) cripaseamBo
d d

DPaBEHCTBO d_F (z) = d—F“(:c) = p(z), nosromy p(z) HasbIBaeTCA HYHK-
X i

yueti naommocmu pacnpedeserus. 3aMETHM, 9TO ecaw fg(dr) — Mepa,

nmeromasi GyHKIMIo pacipeneneruss F(x), To nnorHocTs p(z) ecTh mpo-
wsBonHas Pamoma—Hukoanma mepsr p, o Mepe Jlebera A.

Cocrasnsomas F4(z) masesaercs dynryueti duckpemmozo pacnpede-
aenua, mpa 3toM py = F(zy) — F(zr—) ecTh Bemunna ckavka byHKIAN
F(z) B Touxke ee paspriBa x), € R'. Ecimu unciio ckaukos koneuno, o F'4(x)
KyCOYHO NMOCTOSIHHA.

Ecmu f(x) — GopeseBckasi DyHKIMS, TO CHPABEIJIMBO CJIELYOIIEE
NpaBmUIO BbraucaeHus uaTerpaiga Cruarbeca:

| f@)dF(@) = [ £@)p(@) Mde) + 3 Flar) pr,
—00 R k
npuaem naTerpan Cruarbeca KonedeH, ecnu Gyukunusa f(x) p(x) uarerpu-

pyema 1o mepe Jlebera, a psiz Z f(zk) pr, cxomguTest abCOMIOTHO.

k
B 3akjrodeHne pacCMOTPUM IPUMEDP Mephl Ha HPAMOil, Ype3BbIYailno
BaxKHBIH 17151 mpusioxkenns. Mepa 6, (B), B € B(RY), zy € R!, onpenens-
eMasi PaBEeHCTBOM
1, ecnim xzg € B,
0, ewm z¢ ¢ B,

buu(3) = {

HasbiBaercs mepoti JJupara, cocpedomouernoti 6 mowke xg. Torna maTE-
rpaj mo mepe /lumpaka mpwHUMAaET BU

| (@) 62y (d2) = f(ao).
R
HOCI[e,J_IHI/Iﬁ HHTEerpaJl 4acTo 3alluCbIBalOT B BUIE

o0

J f(z)6(x — zo) dz = f(z0),

— 00
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rae 6(x) maswmiBaioT deavma-Pyrxyueti Jupara. Tlpm 3TOM, TOCKOIBKY

byHKITST
1, ectmu 20
]I(:L') _ b = b
0, ecim x <0,
saBasiercss (pyHKIMeld pacnpenenenuss mepbl Jdupaka 0g, CIATAIOT, 9TO
dI(z)
dz

BBIMIOJTHEHO PaBeHCTBO 0(z) =

13.6. 'mab6epToBo mpocTpancTBo. CHadaja BBEIAEM MOHITHE JIH-
HEITHOIO MPOCTPAHCTBA.

Onpenenenne 13.25. Hemycroe muoxkectBo H mazbiBaercst auneti-
HHLM NPOCTNPAHCNEOM, eCli Ha H OIpejIeieHbl JIBe OLEPAIIN: CAOHCEHUE
anemernmos (+) u ymuooicenue Inemenmos na wucaa (o).

Hns mo6bIX 37eMeHToB , Yy, 2 € H un mobbix gucen «, § onepamyn
CIIOXKEHUST U YMHOXKEHUS JTOJDKHBI 00J1a/aTh CIEAYIOMMME CBOWCTBAMU:

De+y=y+uz;

2) (x+y)+tz=a+(y+2);

3) cymecrsyer snement 0 € H, takoii, uto 0 + = = x;

4) cymecrsyer snement (—z) € H, Takoif, uro x + (— )= 0;

)ao(z+y)=aocz+aoy;
) (a+B)oz=aoz+Boy
) (@B) oz =ao (8ou);
8)lox=uz.

Ecnu ymHOoXKeHUe ompeiesieHO Ha BEIECTBEHHbIE YHCIIA, TO MPOCTPaH-
CTBO Ha3BIBAETCS BEULLCNEEHHIM WA JelicmEumensHoLM, eCIIi YMHOKe-
HUE OIPEJIEJIEHO Ha KOMILJIEKCHBIE YHCJIA, TO MPOCTPAHCTBO HA3BIBACTCS
KOMNAEKCHBIM.

Samevanue. Bo BCsIKOM JMHEHHOM IPOCTPAHCTBE HYAEBOU dje-
menm () eIMHCTBEHEH, & NPOMUEON0A0dHcHYl daemenm (—T) OMHOZHATHO
onpejiessiercst sneMenToM x € H. B nmaspHeiimem Mbl OyeM OIyCKaThb
3HAK yMHOXKeHUs (0), a BhIpaxkeHue  + (—y) OyneM 3anuceiBaTh B BUJE
T —y.

Hanee 6e3 orpanwdenust oOMIHOCTH OyaeM cIuTaTh, 910 H — KOM-
[JIEKCHOE JIMHEHHOE IPOCTPAHCTBO, 4 MHOXKECTBO KOMILJIEKCHBIX YHCEN
oboznagars C.

Onpenenenune 13.26. ITodnpocmparcmeom M juHeitHOrO mIpO-
crpancTBa H Ha3bIBaeTCs MOJMHOXKECTBO, 3aMKHYTOE OTHOCUTEIHHO OIle-
panuii CJIOKEHUs U YMHOXKEHUSI, T. €.

0 ~J O Ut

a,beC z,ye M = ax+ By e M.

SBameuanus. 1) Oupenenenue 13.26 o3Hauaer, YTO HOAIPOCTPAH-
crBo M BMecTe C KaXKJbIM KOHEYHBIM HaDOPOM CBOMX 3JIEMEHTOB
{z1, ..., zn}, comepkur MOOYI0 X AuHetdHYO KoMOUHAUUI0 Q1T1 + ...

.+ anxy,, Toe ay, ..., a, € C. B wacraocru, Bcerga sepao 0 € M.
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2) My = {0} maseiBaeTcss HYAE6bLM NOONPOCTNPAHCTEOM.
3) Ilepeceuenue (| M, mpoussobHOro Habopa moampocTpancTs { M, }

TaKzKe SBIETCs OAIPOCTPAHCTBOM.

Ounpepenenne 13.27. Jlunetnol oboaouroti L(N) nHekoTOpOro
muoX)ecTBa N C H Ha3bIBaeTCsl MHOXKECTBO BCEX BO3MOXKHBIX JIMHEHHBIX
KOMOMHaIWi saeMeHToB 3 N.

U3 onpenmenennsi 13.27 cnemyer, uro L(N) sIBiAsieTCss NOIIPOCTPaH-
crom, mpudem L(N) = (| My, tme {Ma} — cemeiicrBo Bcex mozmmpo-

(o7

CTPaHCTB, COJIEPKAITIX MHOKeCTBO N .
Onpenenenwe 13.28. Duementsr {z1,...,T,} JTWHeHHOrO NpO-
cTpancTBa H Ha3LIBAIOTCS AUHETIHO HE3A6UCUMbBLMU, €CITH

ayy, ..o €C a1+ ... tapr, =0 — a1 =...=a, =0.

Ecnu gost aumeiinoro mpoctpamcTtBa H cymiecTtByer mabop JwHEHO
HE3aBUCUMBIX 3JIEMEHTOB {Z1, ...,Tn} C H, Takoif, 9TO BBINIOJIHEHO
H=/,{xy,...,xy}, TO {®1,...,2,} HasBIBAIOT 6a3UCOM TIPOCTPAH-
crBa H, a gwcio n — ero pasmeprocmuvio (cokpamenno n = dim H).
B sTom ciayuae kaxapiit asemenT x € H MoxeT OBITH IPEJCTABJIEH B BU-
me: £ = a1y + ...+ apZy, npudem koabdunuents: {ay} onpenensiores
OJIHO3HATHO.

Onpemenenne 13.29. Oyukuus (-, ), onpeeseHHas Ha JUHEHHOM
npocrpancTBe H w nmpuHUMAOIIAs 9ACIOBbIe 3HAYEHNsI, HA3bIBAETCHA CKA-
AAPHBIM NPOU3BEIEHUEM, ECITH JIJIsI JIFOOBIX JIEMEHTOB X, Y, 2 € H u 110661
quces o, § CIpaBeJIuBbI CJIEIYIOIe CBONCTBA:

1) (z,2) 20 n (z,2)=0 = =z =0;

2) (ax + By, z) = a(z,2) + By, 2);

3) (y,:c) = (:va)

Onpenemenne 13.30. Ilycts Ha H ompeneseHo CKaJsIpPHOE TPOU3-
Benenne. Hopmoti anemenTta x € H GyjneM Ha3bIBaTh 9UCIIO

]| = (w,x)"/. (13.11)

B sToM ciydae roBopaT, 9TO HOPMa NOPodicdend CKAJISPHBIM MIPOU3BE-
JIEHHIEM.

HenocpeicTBenHo U3 onpejieenuii BbITEKAIOT CJIelyIONue CBOCTBa
CKAJIIPHOTO HPOM3BEACHUsI U IIOPOXKIEHHOH! UM HOPMBIL:

1) ||lz]| = 0; u3 ||z|| = 0 cnemyer z = 0;

2) [lox|| = |a|]|;

3) |lz+ yl| < |lz]| + ||y|| (mepaBercTBO TpeyrombHUKA);

4) [(z,y)| < ||z||||lyll (zepaBercTBO Kommn-ByHsikoBcKoOro), npuaeM pa-
BEHCTBO JIOCTHTAETCS TOJIbKO, €CIIU &, Y JIMHEHO 3aBUCHMBI.

C nOMOIIBIO HOPMBI MOZKHO BBECTH HOHATHE CTOOUMOCTIU NOCAEI06a-
meavhocmu neMenTos {x, } npocrpancrea H.

Onpemenenne 13.31. ITocnenoBarenbHocTs {z,} crodumes K aie-
menty ¢ € H npu n — oo (cokpamenno x, — x), ecnu ||z, — z|| — 0.
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CkajsipHOe TPOU3BEIEHUE SABIAECTCS HENPEPLIBHLIM B CJIEAYIONEM
CMBICJIE:

Ty = Ty Yy — Y — (:l"naym) — (x,y)

Onpegmenenne 13.32. IlocnemoBaresbHOCTD {1y, } Ha3bIBAETCS HYyH-
damermanvroti, ecan

|z, — m|| >0 mpu n,m — oo.

Onpegenenne 13.33. Jlumeitnoe nmpocrpancrso ¢ mopmoit (13.11)
Ha3bIBAETCS MOAHbIM, e€Ciau Jitobas (QyHIaAMEHTAJIbHAS ITOCJIEI0BATE b
HOCTH €T0 3JIEMEHTOB CXOJINUTCS K HEKOTOPOMY JIEMEHTY 3TOTO IMPOCT-
paHCTBa.

Onpenenenne 13.34. JlumeitHoe TPOCTPAHCTBO CO CKAJAPHBIM
npousBeserreM u HopMoii (13.11) Ha3BIBACTCS 2UALOEPMOGHLM NPOCTNPAH-
CcMB0M, €CITU OHO TIOJTHO.

Onpenenenune 13.35. Ilommpocrpanctso M ruibbeproBa IIpo-
crpanctBa H HasbiBaercs 6ctody nAOMHbIM, €CIU IJjisl BCAKOTO 3JIEMEH-
Ta ¢ € H cymecTByer mociaemoBaTesbHOCTh {2, }, Takas, 910 &, € M n
Ty — .

3ameuganue. Eciu mpoctpamcTBo H He ABISIE€TCS TOJHBIM, TO OHO
BCEr/1a MOKeT OBITh NONOANENO, T. €. CYLIECTBYET TaKOe HOJIHOE [IPOCTPaH-
CTBO H aro HCHu H BCIOZly IJIOTHO B H.

HpOCTOI/I KPUTEPHUH CXOAUMOCTH ITOCJEI0BATELHOCTH SJIEMEHTOB
ruJibOEPTOBa MIPOCTPAHCTBA IPUBOIUTCS B CJIEIYIOIIEH TeopeMe.

Teopema 13.20. Ecau H — 2uavbepmoso npocmparcmeo, mo no-
caedosamenvrocmy {T,} crodumesa K HEKOMOPOMY SAEMERMY NPOCTPAH-
cmea H mozda u moavxo mozda, x020a cyuecmeyem npedes

lim (2, Zm)-
n,m—0oo

Onpenenenne 13.36. IloampocrparctBo M ruibbepToBa TMpO-
crpancTBa, H Ha3bIBAETCS 3AMKHYMbIM, €CITU U3 TOrO, 9TO T, — &, [PU
n — 0o, TIe T, € M, cnenyer x € M.

Takum 06pa3oM, 3aMKHYTOE IOAIPOCTPAHCTBO THJIOEPTOBa MPO-
CTPAHCTBA CAMO SIBJISIETCS THIHOEPTOBBIM TTPOCTPAHCTBOM.

Paccmorpum BaskHeiie npuMepbl THIBEOEPTOBBIX IPOCTPAHCTB.

KoneynomepHoe eBKJINA0BO mpocTpaHcTBo R"™. Ero siementa-
MU SIBIISTIOTCS yTIOPsIIOYeHABIe HAOOPHI BEMIECTBEHHBIX YUCEN (N-MepHBIE
BEKTOpHI) T = {X1, ...,Tn}*, 21, ..., 2, € R'. Ckansaproe npousseenne
¥ HOpPMa, TIPOCTPaHCTBa R MMeoT BuI

n n 1/2
)= me, all = ol = (3 a3)
k=1 k=1

rae y = {y1, ..., Ynt*. Odesumno, uro dimR™ = n.
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IIpocrpancTBo Il;. Ero snemenTaMu aBASIOTCS OGECKOHEUHDBIE TTOCTE-
JIOBATETLHOCTH KOMIIJIEKCHBIX IUCET T = {1, Z2, ... }, TAKAX, 9TO

el = (3 foel?) " < oo

k=1

CkaJisipHO€e TTPOU3BEIEHUE TEMEHTOB T,y € lo UMeeT BUI
o0
)= Tk
k=1

u mopoxKaaeT HopMy ||z||, onpeznenennyo Bbime. 3aMeTHM, UTO IPOCTPaH-
CTBO [y BECKOHETHOMEPHO.

IIpocrpaucrBo Lo{X, A, p}. Ilycrs {X, A, u} — mekoropoe mpo-
crparcTBo ¢ Mepoit. Torma La{X, A, u} onpenensiercs Kak MHOXKECTBO
Bcex A-m3MepuMbIx KOMIUTEKCHBIX GyHKImit f (), IETErpupyeMbIx ¢ KBa-
JIpaTOM TIO Mepe f, T. €. TAKHUX, 9TO0

um=(ﬂﬂn2<>f”<w. (13.12)

O6beMENM B OAUH KJIACC SKBHBAJICHTHOCTH Bee GyHKIuA f (), 9KBH-
BaJieHTHBIE (10 Mepe 1) nanHoit dbyakuuu f(z), n B qanbHeitem GyHKIMNT
f(z) pasmmaars we Gymem. Torma w3 ||f|| =0 caemyer f = 0, mosromy
BhIpazkenune (13.12) ompesensieT HOPMY, TOPOKIEHHYIO CKAJSIPHBIM TPO-
n3BeIeHIEM

(1.9) = | f@)gl@) pldz),  f.g € La{X. A . (13.13)

X

Canenosarenbro, Lo{X, A, u} aBasiercs ruib0epTOBBIM MPOCTPAHCTBOM.
Ormermm, uto La{X, A, 1} GeckomeaHOMEDHO, €CIM Mepa 4 He COCPEO-
TOYEHA B KOHEYHOM YUCJIE TOYEK.

13.7. Paapt @ypbe B ruiibb0epToBOM mpocTpaHcTBe. llycTh
nasnee H — dukcupoBantoe THiIb0EpTOBO MPOCTPAHCTBO.

Onpepenenwne 13.37. [IBa snementa x, y € H HazpiBaroTcs opmo-
2onanvhvimy (0bosHavaercs z L y), ecim (z,y) = 0.

Onpenenenwme 13.38. Cucrema {e1,ea, ...} 3MEMEHTOB TPOCTpaH-
crBa H HasbiBaeTcs opmozonaavroll, ecin e, 1 e, npu m # n. Ecan
JIOTIOJIHUTEIIBHO |len|| = 1,n = 1,2, ..., To cucTeMa HA3BIBAETCS OPMOHOP-
MaNHOU.
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Onpegenenne 13.39. Opronopmanbuast cuctema {e,es, ...} C H
Ha3bIBAETCs Ha3UCOM 2usbbepmosa npocmparcmed H, eciom mitst KarxKa0To
x € H cymecTByer, U IPUTOM €IWHCTBEHHOE, Pa3JI0XKEHNE

o0
T = opeg, (13.14)
k=1
rie ap € C, a cxonuMoCThb psifia MOHUMAETCs B CllelyIoNieM CMbICIIe:

n
Hm -> akekH —0 mpm n — oo.
k=1

Pasznoxenne (13.14) nassiBaercs padom Pypve ausa z, a xkosbduu-
€HTBI (}, BBIYUCISIOTCS 110 (hOPMyJIIamM

a = (z,e), k=1,2,...,

¥ Ha3bIBAIOTC Koaduyuenmamu Dypve.
U3 (13.14) Takxke caenyer pasencmso Ilapcesans:

[e9)
lz]|* = 3= [a|?,

k=1

KOTOpOe sABJIsieTcst 0bobmmernemM Teopembl [Tudaropa na GecKoHEIHOMED-
HBINA cirydai.

Teopema 13.21. ITyecmv {e,} — opmonopmasvhas cucmema sae-
MeHmMOo8 2usvbepmosa npocmpancmea H. Caedyrowue ymeeporcdenus
PABHOCUNDHDL:

1) {en} — 6asuc 2uavbepmosa npocmpancmea H;

2) aunetinaa oboaouwra L({e,}) 6crody naomna 6 H;

3) ecau x L e, dan ecex n, mox = 0.

B uacrrOCTH, cucTema {ei"® / V2r, n e Z} siBnsiercst 6a3uCcoOM TPO-
crpanctBa Lo ([—m, 7], B([—7, ), A), tme A — mepa JleGera.

13.8. OpToroHa;jibHOe MPOEKTUPOBaHUE B I'MJIbOEPTOBOM IIPO-
CTpaHCTBeE.

Onpenenenune 13.40. Eciu N C H — npou3BOJBHOE IMMOAMHOXKE-
CTBO, TO OPTOTOHAJBLHOCTh = 1 N o3Havaer, uro & | y nJst Bcex y € N.

Onpenenenne 13.41. Ecim M — 3aMKHYTOE MOAIIPOCTPAHCTBO, TO
ero opmozotnaavroe donoanernue ML onpenensercs Kak

M*={z€cH:z 1M}
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B cumily HenpepBIBHOCTH CKAJISIPHOTO mpomssejenus ML spiasercs
3aMKHYTBIM OAIPOCTPAHCTBOM.

Teopema 13.22. I[Tyemv M — npousdeoavHoe 3amxrymoe noonpo-
cmparcmeo 2uavbepmosa npocmpancmea H. Tozda awboti saemernm
x € H umeem eduncmeennoe pasaooicenue 6uda

T =Yg + 2g,

ede yy € M, z, € M.

Onpegpenenne 13.42. Duemenr y,, onpeejeHHbIi B Teopeme 13.22,
HA3bIBAETCs 0pMozorasvrol npoexyuet ¢ na M u obosnadaercs my,(z).

ITepeuncianM OCHOBHBIE CBOHCTBA HPOEKIMH T 5, ():

)y, =myx) €M, 2, =2 —7,,(x) € M+

2) z € M Torma u TonbKo Toraa, Korma m,,(z) = x, a x € M+ Torna
U TOJILKO TOT/a, Korja 7 ,,(x) = 0;

3) ||z — 7y (2)| < ||l — v|| nns Beex v € M;

4) ecim {ey, ez, ..., €n, ...} — Gasuc rmasbeprosa npocrpancTBa H,

M = L{e1, ...,en}, T.e. M aBnsieTcs mmHEHHONW O06OTOYKON CHCTEMBI
n

{er, ... en}, o my () = D (x,ex) ex. Taxum obpasom, m,,(r) — n-s
k=1

yacTHYHAs cyMMa psija Dypbe mjist .

Bameuanmue. CpoiicTBo 3 o3Hauaer, 4To T ,,(r) — HaMIydmas al-
npokcuManus (OIEHKA) STeMEHTa & SIEeMEHTAME U3 IOANpocTpancTsa M,
a x — m,,(x) npexcrasisier coGoii omMOKY yKa3aHHOH AIIPOKCHMAIMN.

B uacrrocru, ecnmu M = L{ey, ..., ey}, To m,,(2) sABasiercss HauiydIed
OIEHKOll CpeAM BCeX OIEHOK, NPEJCTABUMEBEIX B BUJE JUHEHHONH KOM-
OUHAIN 37€MeHTOB {e1, ...,e,}, T e. sBaAsgeTCT Hauaywwet aunetinot
ouenxoy.

MeToj; TTOCTPOEHUST yKAa3aHHBIX ANMPOKCUMAIWi (¢ MCIONb3oBaHneM
IPOEKIUH T ;) HA3BIBAIOT MEMOOOM HAUMEHBULUL KE6AIPAMOE.

§ 14. Heobxo/muMmble cBeJeHUS N3 TEOPUN
BEPOSITHOCTEM

14.1. Ciay4aiiHble cOOBITUSA M UX BEPOSITHOCTU.

Onpemenernne 14.1. Cosokynuocts o6bekroB {2, F, P}, rme

{) — IPOCTPAHCTBO AAEMEHMAPHBLE COOLIMUT W)

F — o-an2e6pa nodmHoscecme IpocTpancTBa (2, 06pasyomux CucTe-
MY cayuatinpr cobvimud;

P — nopmuposannas (r.e. P{Q} = 1) wmepa na F,
Ha3bIBAETCS GEPOATMHOCTNHLLM NPocmpancmeom, a mepa P — eeposm-
HOCMHOU MePOT, UITA TIPOCTO 6EPOATMHOCTIBIO.
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Bameuanus. 1) [Ipexnonaraercs, aro {Q, F, P} — nomsmoe BeposiT-
HOCTHOE TPOCTPaHcTBO (cM. . 13.2).

2) Hax ciyuaiiabiMu cobbiTusiME U3 F MOXKHO COBEPINATH JeHCTBHUS
(amasioruyuHbIe JEACTBUAM HaJl MHOXKECTBAMH), JJIsi KOTOPBIX MBI 6yieM
HCIIOb30BATh CJEIyIoMue 0603HaYCHHs:

A+B=AUB, AB=ANB, A\B, A=Q\A,

S Av=UAr, [[4r =4,
k k k k

rie cobbrrue A Ha3LIBAETCH NPOMUBONON0NHCHBIM A.

BepositHocts P{-} obnanaer cnemyromumu cBoiicTBaMu:

1) 0 < P{A} < 1 mas moboro coberrus A € F;

2) P{Q} =1, rue Q — docmoseprioe cobuimue;

3) P{@} =0, rne @ = Q — nes03mooicHoe cobuimue;

4) P{A+ B} = P{A} + P{B}, eciu AB = &, 1. e. cobbirusa A u B
HECOBMECTIHDL;

5) P{A+ B} =P{A} + P{B} — P{AB} ans mo6erx aByXx cOOBITHI
A, BeF;

6) P{A} < P{B}, eastu ACB (r.e. A — wacmuwd cayuati cobbI-
Tusi B).

3aMedanue. YKa3aHHBIE CBOWCTBA CIEAYIOT W3 OOIINX CBOWCTB Me-
pot (cM. 1. 13.2). CBo#CTBO 4 pacHpOCTPAHSAETCS OYEBHUAHBIM 00pa30M Ha
J060e KOHEYHOE MJIH CYETHOE MHOXKECTBO HECOBMECTHBIX COOBITHIA:

P{Z Ak} =S P{A4}, A€F, AnA,=2 upm m#£n.
k=1 k=1

Onpenenenne 14.2. Cobbitusa A v B Ha3bIBAIOTCA HE3A6UCUMDBLMIL
ecim P{AB} = P{A} P{B}. Cobmirust {A,,} nesasucumv, 6 cosoxynmo-
cmu, ecay ajis Ji0O0ro KoHedHOro Habopa coboituit A, , Kk =1,...,m

P{[T 40} = [T P{4n)

TJe M MOXKET PaBHATHCS OO.
Oupegenenue 14.3. Yeaosroti eepoamrocmsvro coObITUS A OTHOCH-
TenbHO cobbiTus B, Takoro, aro P{B} > 0, nHaseiBaeTcs BemawHAa

P{AB}
P{B}

P{A| B} =

Ecnu cobbrrus A, B He3aBUCHMBI W MMEIOT TOJIOXKUTEJIbHBIE BEPOSIT-
noctw, o P{A | B} = P{A} u P{B | A} = P{B}.

Ilycts cobbitusa Hy, ..., Hy € F ya0BAETBOPSIOT YCIOBUSIM:

a) P{Hy} > 0 upn Bcex k;
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6) HynH, = &, eciim m # n;
N
B) Z Hk = Q,
k=1
Torma aJia Joboro A € F cupaBemjiuBa Gopmyaa NoAHOT G6EPOATHOCTIU:

P{A} = 3" P{H,}P{A| Hy}.
k=1

Coberrusi { H } 06BIYHO HA3BIBAIOT GEPOAMHOCTIHLLMY 2UNOMESALMU.

14.2. Ciy4aiiHble BeJIUYUHBI 1 BEKTODBHI.

Onpenenenwme 14.4. Cayuatinot seaununot (CB), ompenenennoit
Ha {Q,F,P}, HaswiBaerca uucioBas Gyrkmus {(w), w € ), uamepumMast
OTHOCUTENBHO F.

Omnpenemnenne 14.4 o3HaTAET, ITO JJsT BCIKOTO GOPETIEBCKOTO TIOIMHO-
sxecrBa B C R! mMHOXKeCTBO

£ B)={weN: &w) € B} (14.1)

SIBJISIETCS CJIy9aifHBIM COOBITHEM.

Hasee st kpaTkocT OymeM onyckarh apryMent w: &, {{ € B} u . 1.

B cuny Teopemer 13.5 cymMma, pa3HOCTD, IPOU3BEIeHNE U JACTHOE IBYX
CIy9alHbIX BeJnduH (IpH YCJAOBHH, UTO 3HAMEHATENb HE OOpaIaeTrcs
B HYJIb) TaKKe SIBJISIIOTCS CITy IaiiHBIMU BEJTMINHAMMU.

Oupegenenue 14.5. JIge ciydvaiiHble BeauduHbl £ U 1), 3a/JaHHBIE
Ha {Q, F, P}, Ha3BIBAIOTCS 9K6UBAAEHMHBIMU, €CITH

P{¢#n}=0.

Ecmw mekoTopoe yTBepxkjenue orHocuTenbHo CB ¢ (mmm coBokym-
Hoct CB) BeImosHeHO 1uist Beex w € 1\ A, npuuem P{A} =0, To ro-
BOPSIT, YTO 3TO yTBEDIKJIEHUE BBITIOJIHEHO NoYmu HasepHoe 1o Mepe P
(nmm ¢ eepoammocmvio 1). Mbl 6yneM CONPOBOXKAATH COOTBETCTBYIOIIEE
yTBepKienne saakoM (P-m.u.). Hanpumep, ecim € u 7) SKBUBAJEHTHBI, TO
¢ =n (P-n.a.).

U3 reopemsbr 13.4 caenyer, 9to ecam § — ciaydaiiHas BeawdwHa, a ¢(z),
z € R', — Gopenesckas dbynkuus, To g(£) TakKe ABIfeTCs CIydaliHOlN Be-
smanHOH, Tak Kak dyrkimms n(w) = g(€(w)), w € Q asnserca F-usmepn-
wMoii. B wactaOCTH, s1060€ HempepbiBHOE TTpeobpazoBanne CB & mpuBomuT
kK CB 7 (T e. cBO¥icTBO F-U3MEPUMOCTH COXPAHSIETCS]).

Onpenemenne 14.6. Ilycts £ — mekoTOpasi ciydaiinas BeJUUAHA.
Hawnmenbinyto o-aarebpy, COmepkKaIyio COObITAST BHIA

¢ (B)={¢c B}, BecBRY, (14.2)

OyzeM Ha3bIBATD O -aa2e0poti, nopostcdennot cayuatinot seaununot . dra
o-anrebpa oboznadaerca F&, a takxe o{f}.
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Tlo onpenenenuio F& C F. Beegennas o-anrebpa F& cocTonr u3 Beex
cydadHbIX coObITHit A € F | 0 HACTYTIJIEHUH KOTOPBIX MBI MOXKEM CYJIUTh,
uabaogas CB €.

Teopewma 14.1. ITyemo ¢(x) — npoussoavhas Gopeaesckasn Pyrk-
yus, mozda CB n = p(£) aeasemes F&-usmepumoti. Haobopom, ecau
nexomopas CB 1 aeasemcsa F&-uzmepumoti, mo cyuecmeyem 6openes-
cxaa Pynwyua o(x), maxas, wmo n = p(§).

Onpenenenne 14.7. @ynknus Fe(z) = P{{ < z}, z € R, naseisa-
ercsa pynxyuet pacnpedenenus CB €.

Dyukius pacupenenenus Fe(z) obnamaer Bcemu cBoicTBamMu (pyHK-
UM pacrpe/Iesienus: Mephl Ha n3MepumoM npocrpanctse { R, B(R)} (cm.
onpepesenne 13.9, KOTOpoe MOJHOCTHIO TPUMEHUMO C yIETOM COOTHOIITE-
s p(RY) = 1),

Jast oot byskumu pacnpenenerus F(x) cymecTByeT HOMHOE BEPO-
sTHOCTHOE TTpocTpancTio {Q, F, P} w sanannas na wem CB &, Takag, uto
Fe(z) = F(x).

PaccmorpuM KoHKpeTHBIE THITB (DYHKINI pacipeiesieHust.

Onpenenenue 14.8. Eciim CB ¢ npunumaer 3HaYeHWS M3 KOHEU-
HOTO WJIM CYETHOTO MHOXKECTBA {a1, ...,0dp, ...} C BEPOATHOCTSIMH CO-
OTBETCTBEHHO {P1, ..., Pn, ...}, L€ pp >0, > pp = 1, To roBopsr, 40

n
ciyvaiiHasi BelWYWHA sBAsieTcst OJuckpemuoti (wmm mMmeeT duckpemmoe

pacnpedenenue). Ee dyHKIMs pacupemeseHus: nMeeT BT

Fe(z)= > s z e R

k:ar<z

Taxum obpazom, GyHKIHs pacnpeesenus guckpernoit CB uMeer pas-
PBIBBL [IEPBOTO POZia B TOUKaX ak, a Fe(ay) — Fe(ay—) = pr — BenuwduHbL
ckaukos. IIpu sTom s mo6oro muoxkecrsa B € B(R!)

P{eBy= >

k: ar€B

Ecnu maOXKECTBO 3HAUeHNU, KOTOpBIE IpuHUMaeT Juckperrnas CB, koxeu-
HO, TO ee (PYHKIHS PACIPEIEEHUs] KyCOUHO MOCTOSIHHA.

Oynkius muoxkectsa P¢(B) = P{¢ € B} asnsercss mepoti na B(R!)
1 HasbiBaeTcs: 3axonom pacnpedeaerus CB §. TIpu srom Fe(z) siBnsiercs
dbynkimeit pacnpenenenus: sroit Mepsl (cM. 1. 13.3). IIpu onpeesneHHbIX
ycnoBusix Mepa Pg(B) abcomoTHo HenpepbBHA OTHOCHTEIBHO MepbI Jle-
Gera na B(R'), T.e. F¢(x) umeer mIoTHOCT pacupejesenns pe ().

Onpenenenne 14.9. Ecan dyukius pacupenenenns: Fg(x) cuydaii-
HO¥ BeJIMYMHBI { JIOMYCKAEeT MPECTABICHNE

Fe(x) = Jpg(y)dy, rne  pe(y) =0, J Pe(y)dy =1,
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a MHTerpaJi TIOHnMaeTcst Kak wHTerpaJt Jlebera, To CB £ nazwiBaercs abco-
aromuo rHenpepvienoti (mmeeT Henpepweroe pacnpedeserue). s moboro
mHuoxkectBa B € B(RY)

P¢(B) = | p(y) dy.
B

OyHKIUS pg(y) Ha3bIBAETCS NaomHocmsvro pacnpedeaerus CB €.
Bamernm, uro yskius Fe(z) B JaHHOM Cilydae He HMeeT Pa3pbIBOB
ng (.’E)
d = Pg(fn ).
X
B o6mmem ciryuae dyrkims pacupegenennst Fe(x) HenpepblBHa ClpaBa
B Kaxk0#f Touke paspeiBa = € R'. JIjis BBIYHCICHHS BEPOATHOCTH CO-

obirust {€ € B}, tne B € B(R!), cienyer BbrumcnsaTh unterpas Jlebera—
Crunreeca:

u noutu Bcony Ha R! nuddepenmupyenma:

P{¢ € B} = [dFe(y) = Pe(B), BeBR®).

IIpeamonoxum, aro CB &1, ..., &, ompeaeseHnbl Ha OIHOM BEPOSTHOCT-
HoM mpoctpancTse {2, F, P}. Torga ynopsimodeHHbIH# HAGOP 1 CIydaifHBIX
Beqmamn £ = {&1, ..., &} GyaeM HA3BIBATE N-MEPHUIM CAYHATHOLM GEK-
MOPOM.

Onpenemenne 14.10. Hammenbmyo o-anredbpy, coaeprKalryio Bce
COOBITHST BUIA

¢ Y(B)={¢c B}, BcBR"), (14.3)

Gy1eM HA3BIBATH O -aA2e0pot, nopostcdentots caysatinvim eexmopom &. da,
o-anrebpa obosrauaerca o{€} mmm FE.
Onpegpenenne 14.11. Oyuruus

F§($17 7xn):P{£1 <x17 7571 <$n}7 L1y oooy Ty GR:[?

Ha3bIBaeTcst Pynryuel pacnpedeserus n-meprozo caywaiinozo eexmopa &.
QyHKIHs pacIpeeie s CIyYaifHOro BEKTOpa 06J1a1aeT BCeMu CBOi-
cTBaMu (DYHKINU paclpejiesleHnsI Mepbl Ha M3MEPHMOM IIPOCTPAHCTBE
{R™, B(R")} (cm. ompenenenwme 13.12, KOTOpOE MONHOCTHIO TPAMEHUMO
¢ yuerom coorromenus p(R™) = 1).
st mo6Goro Gopenesckoro muokecTBa B € B(R™) BeposTHOCTE City-
waitaoro cobbitus {{ € B} Beramcasiercs Kak unrerpad JleGera:

P:(B)=P{¢c B} = Jng(atl, ).

Mepa P¢(-) ma B(R™) — saxon pacnpedesenus cayvaiinozo eexmopa &,
3aJaHHbli ¢ moMompio Fe (1, ..., 2,). Ecan P¢(-) umeer nnoraocts, . e.

P{¢e B} = Jpﬁ(yl, oY) dyr ... dy, VB e B(RY),
B
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TO
xy Tn
Fe(zy, ... zn) = J J Pe(Y1s -, Yn) dyr ... dyn.
— 00 — 00
Onpegmenenne 14.12. Cayuaitabie Beawuunst {&1, ..., &} He3asu-

CUMbL 6 COBOKYNHOCMU, €CIU AJd IMPOW3BOJBHOTO HabOpa MHOXKECTB
By, ..., B, € B(R!) cayuaitabie cobuitus {€; € By}, ..., {&, € B,} nesa-
BUCHMBI B COBOKYITHOCTH.

Teopema 14.2. Jlaa mozo wmobwv caywatnve seavunvs {E1, ..., &n}
6bLAU HE3A6UCUMDL 8 COBOKYNHOCTIU, HeODTOOUMO U JOCTNATOHO, YMOobvL
ons 6cex 1, ..., ¢, €RL

Fe(zy, ..., xn) = [] Fep(zn)-
k=1

O6rmmuit crmocob orpeiesieHnst HE3aBUCUMOCTH CIIYyIaHBIX COOBITHIH U
BeauunH cocTouT B caemyiomeM. Ilycte Fy CF u Fo C F — HEKOTOpBIE
o-anrebpol cay4daiiabix cobbiTuit. Cucrembr F; u Fo HA3BIBAIOTCH HE3G6U-
CUMDLMU, ECIIA HE3ABUCUMBI JII0ObIe 1Ba cobbituss A € F1 u B € F, T.e.
P{AB} =P{A} P{B}.

Temepb HeTpyaHO omnpenenTh moHATHE HesaBucumoctn CB £ u n:
& v 1) HE3aBUCUMBI TOT/IA ¥ TOJBKO TOIJA, KOIJa HE3aBUCUMBI 0-aJredphl
F& u F". B wacrmoctu, CB ¢ He 3aBucuT OT ciyuaiinoro cobbrrms A,
e A u F§ mesaBuCHMBL (1. e. mesasucumer A n gw0boe B € F ¢ ). Otm
MOHSITHSI Oy Iy T UCTIOIB30BAHbI B JAJIbHEHRIIEM TP MTOCTPOEHUH YCIIOBHOTO
MaTeMaTUYECKOIO OXKUIAHMSI.

B obtmiem ciydae cayvaitnas Beaudanta £ MOXKET TPUHAMATH KOMNAEKC-
nole snanenud, T.e. § = a + i, e a, f — CB, 3anannse Ha {Q, F, P}, a
i2 = —1. Usyuenne xkommiekcroit CB (pakTuveckn CBOAUTCS K M3yUeHHIO
JIBYMEpHOTO cilydaiiHoro Bekropa {a, 5}*.

TIpuBemem mpuMepsl HEKOTOPHIX HaWbOJIEE BaXKHBIX 3aKOHOB pPacCIpe-
JIeJIEHUS.

1) Juckpernas CB & umeer 6urnomuasvhoe pacnpedesenue ¢ napaMer-
pamu (N;p), tme 0 < p < 1, u oboznagaercs £ ~ Bi(N;p), ecam

P{¢=m}=C%pm¢" ™, m=0,1,...,N,

N!
m!(N —m)!
npenenenne Bi(1l;p) maseisaercs pacnpedeseruem Bepryaau.

2) Huckpernas CB & umeer pacnpedeaenue Ilyaccona ¢ napamerpom
A > 0 m oGosmagaerca & ~ II(N), ecam

rne C3 = — vucygo codetannit w3 N mo m, ¢ =1 — p. Pac-

P{ézm}z%e‘k, m=0,1, ...

19 B.M. Munnep u A.P.Ilaukos
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3) Hempepoisaas CB ¢ nveer pasnomeproe pacnpedenerue Ha OTPE3KE
[a,b] m obozmawaercs & ~ R(a,b), ecim ee TIOTHOCTH pPaCIpENEEHHS]

uMeeT BH/
1/(b—a), ecm z € [a,b],

xTr) =
¢ 0, ecin  z ¢ [a,b].

4) Henpepoisaast CB € umeer axcnonenyuasvhoe (MM nokasamens-
noe) pacnpedeaerue ¢ mapamerpom A > 0 u obosnauaerca £ ~ E()), ecan

Pg(f) =

Xe A x>0,
0, z < 0.

5) Henpepoisras CB ¢ nveer 2ayccosckoe (mam nopmanvhoe) pacnpe-
desenue ¢ mapamerpamu (m;o?), rae o > 0, ecim

1 _ 2
pe(z) = — exp{— (@ ZO'T) } , = €RL

J17st TayccoBCKOTO pactipe/iesienust ucnosbayercs obozunadenne N (m;o?).
YHucioBble XapaKTEPUCTUKHU ITUX PACIPEIeIeHUl TPUBEIEHBI B CIAETY-
IOTIEM ITYHKTE.

14.3. Maremaru4deckoe oXXHUJIaHUE.
Onpepenenwme 14.13. Mamemamuueckum oorcudaruem (Wmm cped-
num) CB &, onpenenennoit Ha {Q, F, P}, HaseiBaeTcs aucio

M{€} = me = [ £(w) P(dw). (14.4)
Q

MaremaTuyeckoe OXKUIAHWE OIPEIEJeHO, eciau uHTerpaj Jlebera
B mpasoit wactu pasencrsa (14.4) cymecrsyer.

Takum obpazom, maremarudeckoe oxugarme CB £ ecrts umaTErpads
Jlebera or dyukimn ¢(w) Ha 1o BeposirHocTHO! Mepe P. Eciu Pe(-) —
saxon pacupesenenus: CB € na B(R'), a F¢(y) — coorsercrsyomas hyHK-
st pacnpeenenns, To M{£} MoxkHO BRMmCTUTE cotetytomuM o6pa3oM:

M{¢} = JyPg(dy)z J ydFe(y), (14.5)

opryYeM HepBblii MHTerpaJ MOHMMaeTcs Kak uHTerpas Jlebera 1o mepe
P¢(-), a Bropoit — kak unrerpas Jlebera-Crunrseca. CymecrsoBanue un-
TerpaJioB B mpagoit dactu (14.5) BeITEKaeT U3 CYIIECTBOBAHUS MATEMATH-
YECKOT0 OXKUJaHMs, U HA0OOPOT, U3 CyIIeCTBOBAHUS WHTETPAJIOB ClelyeT
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CYIIECTBOBaHUE MaTeMaTHIecKoro oxkumanus. Popmymna (14.5) cremyer
u3 (14.4) m reopemsr 13.15 o 3ameHe mepeMenHoif B mnTerpase JleGera.

Ecnn dbynxuus pacnpenenennst Fg(r) sBisiercs koMGunamueir abco-
JIFOTHO HENIPEPBHIBHOM ¥ JIMCKPETHON COCTABJISIOMINX, T. €. TOIYCKAET IPe-
CTaBJIEHUE BUIA

Fe(z) = Jpg(y)dy+ S e

k: ar<z

rie pe(y) > 0, a pi > 0 — BeTmamia CKaKa B TOUKe Paspbiba a, To (14.5)
OPUHEMAET BUT,

M{¢} = J ype(y) dy + > prax.
oo k

CB ¢ nasbiBaercst yenmpuposarnoti, ecmu M{¢} = 0.

OCHOBHBIE CBOMCTBa MATEMaTHIECKOTO OXKMIAHWS BBITEKAIOT W3
cBoiicts unTerpana Jlebera (cum. m. 13.5).

1) Maremarnuaeckne oxumannsg M{¢} u M{|¢|} cymecTBytor 1 kKoHeq-
HBI opHOBpeMmenHo, npudem |M{¢}| < M{|¢|}.

2) M{I4} = JIA(w) P(dw) = P{A}, tne 14 — unaukaTop coGbITHS
AeF. @
3) Ecim M{¢} cymecrsyer, To aiis m060# KOHCTAHTHI A

M{A¢} = AM{¢}
4) Ecom M{¢} uw M{n} cymecTBytoT u KOHEUHBI, TO

M{¢ +n} = M{{} +M{n}.

5) Ecmm £ < i, To M{¢} < M{n}.
6) Eciu ¢(x) — 6openesckasa dbynkms, To

o0

M{p(©)} = | o(x)dFe(x).

— o0

Ijle MaTeMaTHIecKoe OXKHUJaHWe M WHTErpaj CyINecTBYIOT WM He Cyle-
CTBYIOT OJHOBPEMEHHO.
7) Ecrm M{¢} onpeneneno, To nas kaxkgoro A € F cymecTByer

M{€14} = [ £() P(do).

8) Ecim € > 0 (P-m.1.), a takske M{¢{} < oo, To dyHKIMS MHOKECTBA
Q{A} =M{¢l4}, A € F, aBaserca xoneunoit mepoit na F.

19%*
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9) Eciu € 2 0 (P-t.u.), M{{} <ocome >0, T0
Ple>ep < ME

10) Ecoim M{|{|P} < 0o mpm p > 0, TO BBINOIHSETCS HEPABEHCMEO
Mapxosa

P{le) > e} < MU

Ecmu &€ = {&1, ..., & }* — n-MepHblil ciiydailHbIil BEKTOP, TO €ro Mma-
MEMAMUYECKUM 00CudaHUeM HA3BIBAETCS BEKTOD

M{¢} = {M{&}, ..., M{&}}

Ounpepenenune 14.14. Kommnekcras dyuxnus ¥e(A), A € R?,

We()) = M{eM*E} - J ¢ dFy (z),
n

HasBIBAeTCs Tapakmepucmuieckott Pyrnryuet pacupenerenus Fe(z).

Teopema 14.3. Xapaxmepucmuueckas GyHKuus 00HOZHAYHO ONpe-
deasem @ynuryuwo pacnpedesenus, m.e. ecau CB & uw CB n ume-
tom odny zapaxmepucmuseckyro dynryuro Ce(X) = U, (X), A € R?, mo
Fe(z) = Fy(x), € R™.

Ucmonp3oBanue ammapaTa XapaKTepUCTHIeCKUX (DYHKIUN TTO3BOIs-
€T WCCJIe/IOBATH 3aBUCUMOCTD CIyYaliHbIX BEJIMYMH B CUJLY CJIEIYHOLIEro
YTBEPXKIACHUS.

Teopema 14.4. Cayuatinwe seaununne {&, i =1, ... ,n} nesasucu-
MbL o2da U MoAbKo mozda, Kozda

Ue(Ar, oo dn) = [ Pe, (M),
i=1

2de (A, ..., An) — zapaxmepucmuveckan Gynkyua cayualinozo eex-
mopa & ={&, ..., &%, a Ue (X)) — zapaxmepucmuueckas Pynryua
CBE&,i=1,....n.

Onpemenenwe 14.15. Jucnepcued D{{} CB £ naseBaercs wmncio

D¢} = De = M{J¢ — mel*} = | |y — mel” dFe(y).

W3 ompenenenns u CBOWCTB mHTErpasia Jlebera ciaemyerT:
1) D{¢} > 0
2) D{af + b} = |a|?D{¢}, ecimu a, b = const;
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3) D{Z gk} — 3" D{&}, ecu D{&} < 0, a CB {¢;} — nesapu-
k=1 k=1
CUMBI B COBOKyHHOCTI/I;

4) D{¢} = M{[¢[*} — |me|?;

5) ecin M{|¢|?} < oo, To BhIONHEHO Hepasencmeo Tebviwesa
D
P{l¢ —me| >} < PIS.

Ounpenenenue 14.16. Kosapuayued ciaydaihubix BeswauH & u 7
Ha3BIBAETCS BEJIMINHA

cov{{,n} = M{(& - mf)m} ’

rae (-) — 3HAK KOMIJIEKCHOTO COTIPSI?KEHMWSL.
Ecmu & ={&,...,&}* — n-MepHBIH coydaiiHBIE BEKTOp, TO €ro
Kosapuayuorol mampuyet, HaspiBaercs Marpuia Re = {cov{;, &1}

. .
OueBunno, uro Ry = M{§§ } —meme™.
Ilepeuncaum BakHeiine CBOMCTBA KOBAPUAIIAH.

1) Ecin M{[¢]?} < oo, M{|n|?} < oo, To koBapnanus CB &, 1 cyme-
CTBYET U yJOBJIETBOpsieT Hepasehcmey Kowu-Bynaxoeckozo:

lcov{¢,n} > < D{¢}D{n}.

2) Ecor M{¢} = M{n} =0, To cov{&,n} = (£,7) — ckansproe npo-
U3BENEHNE CIyYailHbIX BesumduH &, 1).

3) Ecaw ¢ w 1) mesaBucumsr, To cov{£,n} = 0.

4) D{¢} = cov{¢, &}

5) D{+n} = D{é} + D{n} + 2cov{, n}.

Ecmm cov{{,n} = 0, To CB ¢ u 7) Ha3BIBAIOTCS HEKOPPEAUDOSAHHBLMU
W 0PMO20HAALHBIMUY, ITO obo3HavdaeTcs £ L 7.

TIpuBemeM YUCIOBBIE XaDAKTEPUCTUKA (T. €. MATEMATHIECKUE OXKUIa-
HUS U JUCHEDPCUH) CIy4ailHbIX BEJIMYUH, PACCMOTPEHHBIX B KOHIIE 1. 14.2.

1) BunomuasnbHoe pacupejenenue ¢ napamerpamu (N;p):

me = Np, D¢ = Npq.
2) Pacupenenenne ITyaccona ¢ napamerpom A > 0:
me = Dg = A,
3) PaBrOoMepHOe pacmpejiesieHue Ha OTpeske [a, b]:

a+b _ (b—a)?
7 Pe=—"5—

mgz
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4) DKCIoHEHIMAJIBbHOE PacIpeeieHne ¢ napamerpoM A > 0:

>

me =

5) TayccoBckoe pactpesiesierne ¢ apamerpamu (m;o?), o > 0:

me =m, DE:O'2.

14.4. ITocnegoBaTeIbHOCTH CJAYYalHBIX BeJWYWH. Dymem ma-
Jiee MPeJIIoIaraTh, 4To ciydaiinbie Beaundunbl {€,, n = 1,2, ...} 3amanbl
Ha OJIHOM ¥ TOM 7Ke BePOATHOCTHOM mpoctpancTse {Q, F, P}.

Oupepenenne 14.17. IlocnemoBaTebHOCTD CIIyYaiHBIX BEJUIHH
{&,} maswBaerca crodmwetica noumu naseproe (P-mmu.) x CB &, ecom

P{w e Q: nlglolo bn(w) =¢(w)} =1.

B srom caygae wucnonb3yorcs obosuadenus: &, — & (P-m.u.) win

&n LN £, n— 00, a TakKe roBopaT, 4TO &, cxomurcs K & ¢ seposm-
nocmowio 1.

Cienyromue pe3yIbTaThl BBITEKAIOT W3 TEOPEM O IPEJEIbHOM Iepe-
xofe moJ 3HakoM wuHTerpasa Jlebera u 3amarorT UpaBuia LIPEIEIHLHOTO
[Iepexo/ia 10j|, 3HAKOM MAaTEMAaTHIeCKOrO OXKULAHNUSL.

Teopewma 14.5. Ecau nocaedosamenvrocms {&,} cxodumea % &
(P-n.n.) u natidemesa CB n, makaa, wmo |, < n (P-n.n.) das scaxozo n
u M{n} < 00, mo

M{¢]} < o0, M{&n} — M{¢}

M{|¢, =&} =0 npu n — oo.

Teopema 14.6. ITycmo n, &1, £a, ... — cayuatinvie 6EAUNUHDL.

1) Ecau &, = n daa scex n 2 1, 2de M{n} > —o0, u &, 1 & (P-n.n.),
mo M{&,} T M{¢} npu n — oo.

2) Ecau &, < 1m dasscexn 2 1, 2de M{n} < oo, u&, | & (P-n.n.), mo
M{¢,} J M{£} npu n — cc.

Teopema 14.7. ITycms nocaedosamenvrocme {€,} neompuyamenn-
HOZ cayuatinue seauvwun crodumes (P-n.w.) ® CB &, npuvem cyuwe-
cmeyem maxas xKonemarma K < oo, wmo M{&,} < K dan ecex n. Tozda
M{¢} cyweemeyem u M{¢} < K.

Ounpenmenenne 14.18. IlocaemoBarenbrocTsb {&,} ciydailHbix Besu-
YUH Ha3bIBaeTCsA crodawetica no eepoamuocmu k CB €, ecau ayst moboro

e>0
le P{|¢&, — & >} =0.
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Teopema 14.8. V awboti nocaedosamensvrocmu cAyuatiHblT 6€AUNUH
{&n, n=1,2, ...}, cxodawetica no sepoamnocmu % &, natidemesa nodno-

II.H.
caedosamenvrocms {&y, }, makas, wmo &, — & npu k — oo.
Onpegenenne 14.19. TlocrenoBarensuocTs {£,} cyaaitubix Bew-
YUH HA3BIBAETCS PYHOLMEHMAALHOT NO BEPOATMHOCTNU, €CIIU IJist JIF0OOTO
e>0
lim P{|&, — &m| > e} =0.
n,m—oo

Teopewma 14.9. Jaa crodumocmu nocaedosamenvrocmu {€,} no se-
POAMHOCTIU HeoOTOdUMO U JOCAMONHO, ¥MOobb NOCAEJ08AMEALHOCTID
bviaa dyndamenmanrvoHod.

Amnanormunslit kpurepuit cymecrsyer u qus cxoqumocty (P-m.m.).

Teopema 14.10. Jlaa cxodumocmu nocaedosamesvrocmu {&,}
(P-n.n.) neobxodumo u docmamonuro, 4mobo, NocAed08AMEAHOCTND GbiAG
pyndamernmanvrot; (P-n.n.), m. e. das aobozo € > 0

n—oo

lim P{sup [Entr — &nl| > 6} =0.
k>0

Onpegenenne 14.20. IlocrenoBarensuocTs {£,} ciayaaitubix Bew-
4YWH Ha3bIBaeTcs crodawelica 6 cpednem nopsadra p > 0 k CB &, ecin

lim M{|¢, — &P} =0.
n—oo
IIpu p = 2 5TOT BUJL CXOQMMOCTH HA3BIBAETCSI CXOANMOCTDBIO 8 cpedHeM
keadpamuueckom (MU c.x.-cxodumocmovro) u obosHadaercs & = Lim. &,
n—roo

wia &, RN &, n — 0o. CpenrekBajipaTUdIecKas CXOIUMOCTh UMEET 0CO-
60e 3HaYEHVE B TEOPUH CJIyYailHBIX IIPOIECCOB.

TIpusenem BaxKHeiiue CBOWCTBA C.K.-CXOIUMOCTH.

1) Kpumeputi Kowwu. Ijs Toro 4robbl CymecTBOBad C.K.-npedea &
nocneposarenbroctn CB {¢,} mpu n — oo, meobxoquMo m 0CTATOTHO,
qTo6bl {€,} Gblna GyHIAMEHTAIBHON B C.K.-CMBICIIE:

M{|&, — &m|*} =0 mpu n,m — oo.

2) Hycrs &, —S% ¢ npu n — 0o, npudem M{|¢n]?} < oo, Torma
M{[¢]*} <ocom

Jim M{g,} = M{Lim. &} = M{¢};
Jim M{[¢,[*} = M{|Lim. &} = M{J¢[*} .

3) Bem {&,}, {m,} — mocnenosarensuocrn CB, M{|{,|?} < oo,
9 C.K. C.K.
M{|77n| }<OOH§H4>§,nn4>nann—>oo,To

M{&n7,,} = M{En} mpu n — oo
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4) Jlemma Jlossa. Tlocmemosaremwuocts CB {€,} mmeer c.x.-mpe-
Jes TOTAa W TOJIBKO TOTJA, KOTJA CYIIECTByeT — lim M{{ngm} =c.
n,1M—00
Ipu srom ¢ = M{[¢[*}, tae £ = Lim. &,.
n—oo

Hawubonee ciabbiit BUA CXOAUMOCTH — CXOLUMOCTD MOCTIEI0BATEIBHO-
CTH TIO PACIPEIETEHHIO.

Onpemenenne 14.21. Tlocnenosarensprocrs {&,, n = 1,2, ...} cuy-
JalHBIX BEJIMYUH Ha3bIBaeTca czodawelics no pacnpedesenuro (Wmu caabo
crodawyuiica) k CB ¢, ecn muist 111060ii paBHOMEPHO OrpaHUYeHHOI Helpe-
puisHoit bynknmm f(z), z € RY,

Jim M{f(€)} = M{F(©)}-

Ecmw wepes F,(z) o6osnaunts yHKIMIO pacnpenenenus &, a aepes3
F(z) — dbyukuuto pacupemenenus &, To miist caaboi CXOAUMOCTH TOCIE0-
BarembHOCTH {&,} K ¢ HEoOXOomMMO U jocTaTouno, uTobe F,(z) — F(z)
npu n — 00 B Kax/Ioit Touke z € R, B xoropoit F(x) nenpepbisna. Ilpu
srom, ecnn F(x) — menpepoirag dyukuus, to {F,(z)} cxomurea x F(x)
paBHOMepHO Ha Rl T. €.

sup |F,(z) — F(z)| = 0, n — oco.
zeR!
CooTHOITEHUST MEXK Ly BCEMH THITAMHU CXOJUMOCTH OTMCHLIBAIOTCS TEO-
pemoii.
Teopema 14.11. Cnpasedauev, caedyroujue YymeeprHcIeHus:
1) czxodumocmo (P-n.n.) = crodumocmsv no sepoammocmau;
2) cxodumocmsv 6 cpednem nopadka p > 0 = crodumocmv no eepo-
AMHOCTU;
3) cxodumocms mo eepoammocmu = crodumocmv no pacnpede-
AEHUIO;
4) ecau &, caabo crodumca ¥ Koncmanme a, mo &, crodumca K a
U NO BEPOATNHOCTIU.

14.5. YciioBHOe MaTeMaTH4decKoe oxkuiauue. IlycTh 3a7aH0 Be-
posiTHOCTHOE TipocTpancTio {Q, F, P}, G — mekoropas o-anrebpa ciyJaii-
HBIX coObITHiL, T.e. G C F, a £ — CB, rakasg, uro M{|{|} < co.

Onpepenenne 14.22. VeaosHvim MAMEMATMUYECKUM OHCUOGHUECM
CB £ omnocumenvro G Ha3bIBAETCs CIIydaiiHasi BeJMdrHa, 0003HAaYaeMast
M{£ | G} n ynoBaeTBoOpsIOmast CIAEIYIOMMAM YCIOBHSM:

1) M{¢ | G} sBasercsa G-uzmepumoit;

2) nas moboro muokKecTBa A € G BBINOIHAETCH PABEHCTBO

| @) Pw) = | M{€ | G} () P(dw). (14.6)

Teopema 14.12. Yeaosroe mamemamuuecroe ootcudarnue CB & onpe-
deaeno edurncmeernvim obpasom (P-n.m.).



8§ 14] HEOBXOIMMBIE CBEJEHUSA U3 TEOPUU BEPOATHOCTEN 297

CBoiicTBa yCJIOBHOTO MaTeMaTmdeckoro oxkmaaHusi. Cienyio-
Iye CBOMCTBA YCIOBHOTO MATEMATHIECKOTO OXKWJIAHWUS HETOCPEICTBEHHO
BBITEKAIOT U3 onpenesenns 14.22.

1) Ecm € = C = const (P-m.u.), To M{¢ | G} = C (P-m.m.).

2) Ecim € < 1 (P-n.u.), To M{¢ | G} < M{n | G} (P-n.n.).

3) IM{¢ | G} < M{¢] [ G} (P-mm.).

4) Ecaw a,b — KoHCTAHTBI, & £, 7) — ClyvaiiHble BeJIMYAHbBI, TAKUE, YTO

M{[¢[} < o0, M{]n[} < oo, T0
M{ag +bn |G} =aM{{ |G} +bM{n |G} (P-mm).
5) ITycrs G = {&, Q} — rpuBnanbHas o-anrebpa, Toraa
M{¢ |G} =M{¢}  (P-mm).
6) Ecaw CB ¢ mamepuma otHocuTembro G, To M{¢ | G} = ¢ (P-mw.).
7) M{M{¢{ | G}} = M{¢} (P-na).
8) Econ gl g gg, TO
M{M{¢ | G2} [ Gi} = M{{ | G1}  (P-mm.).
9) Eciim G, C Gp, TO
M{M{¢| G2} | G} =M{¢| G2} (P-mm.).
10) Ecyim CB € ne zasucur ot G (t.e. F¢ ne sasucut or G), T0
M{¢ |G} =M{¢}  (P-mm).
11) ITycrs n usmepuma orHOocHTeabHo G 1 M{|én|} < oo, Torma
M{én |Gt =nM{¢ |G}  (P-mm.).

12) Hepaserncmso Hencena. Ilycts g(x) — Boimykias BHA3 DYHKIWUS,
takas, ato M{|g(£)|} < oo, Torma

g(M{¢|G}) <M{g(§) |G} (P-mm).

13) Ilycrs 7 — upousBosibHas G-m3MepuMasi CilydaiiHasl BeJHUUHA.
Ecim M{[¢]?} < oo, M{|n|*} < oo, To

M{l¢ - M{¢| G} [} <M{[¢ —n*}  (P-mm).

Onpemenenne 14.23. CB M{¢ | F7} = M{¢ | n}, tme F" = o{n},
HA3bIBAETCS YCAOBHBIM Mamemamuueckum ootcudanuem CB & ommocu-
meavro CB n € R™.

Teopema 14.13. Cywecmsyem Gopesescrasn pyrryus g(z), x € R,
maxan, wmo M{¢ | n} = g(n) (P-n.n.).
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Ilycts € — onenmBaemas CB mo mabirogerusam, 0Opa3yomuM Cirydaii-
ueiit Bekrop n € R™, a g(z), x € R", — Gopenesckas dbyukmusa. Torma
OymeM TOBOPUThH, YTO 5 = g(n) — nomycrumas oneHka s & 10 HaGIIIOe-
HUAM 7).

Ounpemenenune 14.24. Jlonmycrumasi OIeHKA 5 =g(n) nasbBaercs
C.K.-ONMUMAALHOT oyerkol s & 110 HADIIIOAEHUAM 1), €CIIH JiJisd JIOOOMH
HOITyCTUMOM OIIEHKH E = g(n) BBIDOIHEHO

M{ ¢ - €2} < M{l¢ - €%}

Teopema 14.14. IIyem» M{|¢|*} < oo, moeda c.x.-onmumaavras
ouenra umeem 6ud

E=M{¢|n} (P-mm).
3ameuanue. [Ipeamonoxenue o ToM, uto g(x) — Gopesesckas QyHK-

1w, osHadaet, 94To £ = g(1) — cuydaiiHas BeawdmHA. Y TBEPXKIACHUE TEO-
pembl 14.14 umeer BaXKHOE IPAKTUYECKOE 3HAYEHHE, TAK KAK MbI TIOJIY YaeM
o0IIHit aJIrOpUTM TOCTPOEHUsI C.K.-onTuMalbuoil onenku & g CB € 1o
HAOTIOAEHUSIM 1).

Oupepenenune 14.25. Ilyctes A € F u P{A} > 0. Yeaosnvim mame-
mamuneckum oxcudaruem CB & ommnocumenvro cayuaiinozo cobvimus A
nazbiBaerca CB

_M{glay 1
M{¢ | A} = "5 = vy J‘g(w)P(dw). (14.7)
Ilycts cobbrrusa Hy, ..., Hy ob0pasyioT CUCTEMY BEPOSITHOCTHBIX TH-

more3 (M. 1. 14.1). Ecm M{{} cymecTByer, TO €ro MOXKHO BBIYUCIUTH 110
dbopmysie noanozo mamemamunecrozo 0rHcudaHUA:

M{¢} = 3 P{H,} M{¢ | Hy},

k=1

rae M{¢ | Hi} Borancnserca mo dbopmyae (14.7).

B 3akiioueHue MyHKTa PACCMOTPHM MPAKTHYECKHUil Cocob BhIYUCIIE-
must bynkmn M{¢ | n =y} =3(y), y € R", e £ € R™, n € R™. Ilycrs
CYIIECTBYET COBMECTHAS IIOTHOCTD PACIPeIeNeHus p, (2, y) Ciyqaiinbx
BekTopos & u 7. Torga

i) = | apg, (@) da, (14.8)
Rm
e pe, (@ | y) = pe (2, y)/p,(y) — yeaosnasn naommocmes CB & npu yeao-

suu, wmo 1 = y; p,(y) = J Pe.n(2,y) dz — n-mepwas mrorHOCTH CB 17),
RTL
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nputenm p, (y) # 0. Ecim ke py(y) = 0, To nomarator, uro pg,(z | y) = 0.

Dopmyiia (14.8) mo3BOMISAET BHIYUCINTD Peaiu3almio onenku £ = §(n) npu
yCIIOBUH, 9TO mMMeeTcs peanusaims y € R caydaiiHoro BekTOpa HaOIIIO-
nmennit n € R™.

14.6. I'ayccoBckme ciry4ailiHble BEJINYNHBI U BEKTOPHI.
Onpenenenne 14.26. Oyukius

xT
Slﬁ(ﬂv):\/% J eV /Pdy, weR,

—00

HAa3bIBAETCS UHME2PAAOM Beposmmrocmed, nin dyrkuyuet Jlanaaca.
Onpegenenue 14.27. Cuyuaiinas semmunua ¢ € R! maswmiBaerca
eayccosckoti uam nopmaavnoti ¢ mapamerpamu (m;o?), rae o > 0, eciu

F§($)=P{§<ﬂc}=€15(x_m). (14.9)

o

Tak kak dyskuus Jlammaca $(x) HenpepbiBHO auddepeHEpyema
na R, pacnpenenenne F¢(z) rayccosckoit CB mmeer mioTHOCTS

pe(z) = \/21—m eXp{—%} . o>0.

W3 onpenenenus 14.27 ciaemyer, 9TO

M{¢}=m,  D{¢} =0

s obosnauenust rayccosckoit CB 6ynem mucats & ~ N (m;o?). Be-
POATHOCTD TIOMaanus & B MPOM3BOIbHLIH mHTepBad (o, 3) C R! moxkmo
BBIYUCIUT 110 CJEIYIOIIEH U3BeCTHOM dhopMmyie:

P{a <§<5}:¢(L_m) —o(2=m),
g g

Cayuaitnas sBesmuuna £ ¢ pacupesenennem N (0; 1) nasbiBaercs cmar-
dapmmnoti 2ayccoscroti. Uz (14.9) cremyer, uto ee GyHKIUS pacTIpeIeNTEeHAsT
cosnagaer ¢ P(x).

3ameuganue. CBOWCTBO TayCCOBOCTH pACIPEIETEHAST COXPAHIET-
ca npm JmmeitHoM mupeobpasosanmn CB . Ilycre & ~ N(mg; De), a
n=oaé+p, tie a,f €R', Torna n ~ N(my; D,), tae m, = ame + S3;
.D,7 = a2D5‘

Jiist onmcaHus 2ayccoscko020 cayuainozo eexmopa (T.e. ymopsimodeH-
HOit cucrembl rayccobekux CB) yno6HO BOCTIONB30BATHCS almapaToM Xa-
pakTepucTudecKux byHKITHIA.
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Iycrs & = {&1, ...,&x}" — BemecTBeHHBIH CIrydYaiiHBI BEKTOD C Ma-
TeMaTHYeCKUM OXujaHueM mg = {mg,, ..., Mg, }* ¥ KOBapHALMOHHOM
marpuueit Re = {cov{&;,&;}}ij=1,. .n- Iycs Takke © = {x1, ..., zp}* €
€ R", F¢(x) — n-mepnas dyukims pacupegeienns CB &, a i — munmas
eIUHUIA, T.e. 12 = —1.

Temnepb MbI MOYKEM BBECTH TIOHATHUE 2aYCCOGCKO20 CAYALiH020 6EKMOPa.

Ounpenenenne 14.28. Ciayuaitubiit BekTop € € R” umeer n-meproe
2ayccoscroe pacnpedenerue ¢ napamerpamu (me; Re), eciu ero xapakre-
pucTudeckas MyHKIM UMEET BUJL

We(\) = exp{iXm, — TN RA}, AR,

L€ Mg — MaTeMaTHIeCKoe OXKuJanne, a Re — KoBapHalOHHasi MaTPUIIA.
Bameuanus. 1) Herpyauo mpoeepuThb, 4To Jtobas KoMmoHeHTa &y
TayCccoBCKOTO BekTopa & mMeer pacnpenenenue N (my; Dy), tine my, — k-it
SJIeMEHT BeKTopa Mg, a Dy — k-il AnaroHaJbHBIA jeMeHT MaTpunsl Re.
2) Ecan marpuna Re > 0 (T. e. mogoKuTeNbHO Onpeseena), 70 Fe(x)
HMeeT IJIOTHOCTH pacipenenenus pe(z), ¢ € R™:

pe(w) = (2m) /2 (det[Re]) 7/ exp { — 2w — me) R 'z — me) },

rae det[R¢] > 0 — ompegenurens Marpunst Re.

TayccoBckme BeKTOpHI 00JaafOT cepuell 3aMedaTebHBIX CBOWCTB,
BayKHeHIIe U3 KOTOPLIX MepedncIeHbl HIXKe.

1) Ecim cov{{,n} = M{¢{n*} — memy =0, a sexrop v = {{", 0"} —
rayccoBCKmit, To & U ) — HE3aBUCHMBL.

2) IIycrs £ ~ N(mg; Re), an = A+ b, rge A € R™*" b € R", rorga
0~ Ny By), tae

my = Amg + b; RW = AREA*.

3) Iycts {£,} — moCe10BaTEILHOCTE TaYCCOBCKHUX CITy YalfHBIX BEKTO-
pos. Ecimn &, =55 €, n — 00, T0 & ~ N (me; Re), tie me = lim M{¢,},
n—r oo
a Re= lim cov{¢,,{,}, npudem ykasamHble Ipeesbl CyIECTBYIOT U
n—roo

KOHEYHBI. .
4) Ecimn {{,} — mocnenosarenbrocTs rayccosckux CB u &, — &,

C.K.
n — 00, 10 &, —— &, n — 0o (B 00IeM ciaydae 5T0 He BepHO!).
5) (Teopema o HOpMasbHON Koppeasmwn). [Tycmo v = {£*,n*}* —
eayccoscrutl sexmop, maxod, wmo R, > O, moeda
a) YCA0BHOE MAMEMATNUYECKOE 0HCUOGHUE UMEEM, 6UOD

€ =M{¢ | n} = m¢ + Rep Ry (n — myy); (14.10)

6) ¢ L¢ —& moe £ ué—& — nesasucums
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B) ecau A& =& — €, mo
M{A¢} =0, cov{A{, AL} = Re — REWR;IRZ??;

) YCAOBHOE MAMEMATNUNECKOE 0dtcUdaNUEe § UMEEM 2aYCCOBCKOE PaC-
npedeaenue ¢ napamempamu (mg; Ren R, 1R§n), 2de

Re = cov{¢, &}, Rey=cov{é,n}, R,=cov{n,n}.

Bameuanue. TeopeMa O HOPMAaJbHOH KOPDEJANUM JAET SBHbIN
Buz (14.10) c.x.-ontumanbHO# onenkn & = M{¢ | n} mua € mo mabmone-

HESM 7) B TAyCCOBCKOM CJIydae. 3aMeTHM, 9To & .AuHetino 3aBECHT OT 1).
6) Eciam {v,&,n} cocraBmsiior rayccoBcKuii BEKTOD, a £ W 1) — HEKOD-
peIupoBaHHBIE, TO

M{y [ €0} = M{y | £} +M{y | n} —m,.

7) Ecin komnorentsr BekTopa & = {&1, ..., }* — rayccoBckue u
HE3aBUCUMBIE B COBOKYITHOCTH, TO & — TayCCOBCKHI CIyJIalHBI BEKTOD.

Tlycts {&k, k > 1} — mocsemoBaTeTbHOCTh HE3ABUCHMBIX OJWHAKOBO
pacrpejiesleHHBIX cryuaiinbix sesmuna ¢ M{&} = a u D{§} =02 > 0.
O6ozmaanm S, = &1 + ... + &,. OuweBmamo, uro M{S,,} = na, D{S,} =
=no? > 0. Torma CB (, = (S, — na)/(0\/n) aBasercs ueHTpUPOBAHHOL
(M{¢,} = 0) u mopmmposaunoii (D{(,} =1) cymmoii ciyvaitabix Besn-
qun {&, k < n}.

Teopema 14.15 (Ilenrpanbhas npenesibaas Teopema). Ilocaedosa-
meavhocmy cayuwatinne seauwur {Cq, n = 1} cxodumea no pacnpedene-
Hut K cmandapmnoti 2ayccosckoti cayuatinot seauvurne ¢, m. e.

P{¢, <z} = &(x) npu n— oo pasromepno no x € R'.

3ameuganue. Jlobasg MOCIEHOBATEIHHOCTD CIyIANHBIX BEJIWIUH,
ciabo cxomdIasics K HeKoTopoit rayccoBckoit CB, HazbIiBaeTCst acumnmo-
muvecky Hopmanrvroti. lleaTpasbHas ipeesibHas TeOpeMa yCTaHABINBA-
eT CBOWCTBO aCUMITOTHYECKON HOPMAJIbHOCTHU JJisl TMOCIEI0BATEIHHOCTU
IEHTPUPOBAHHBIX 1 HOPMHUPOBAHHBIX CyMM MPOU3BOJBHBIX HE3aBUCHMBIX
OTMHAKOBO PACIPEIETIEHHBIX CIYyYaWHBIX BEJIUYNH, UMEIONINX KOHEYHBIE
JUCIIEPCUH.

14.7. I'mab6epTOBO NPOCTPAHCTBO CIYYaMHBIX BEJIMYUH C KO-
HEYHBIM BTOPBIM MOMEHTOM. Jljisi BEpOSATHOCTHBIX MPUJIOXKEHUN HAU-
GoJiee BayKHBIM sIBJISIETCSI TPOCTPAHCTBO H CiiydaiiHbix BesudnH £, ompe-
JIEJIEHHBIX Ha OMHOM W TOM K€ BEPOATHOCTHOM mpoctpanctee {Q, F, P},
MEHTPUPOBAHHBIX U MMEIOIUX KOHEIHBIH BTOPOHl MOMEHT:

M{g} =0 n [[6(w)’ P(dw) = M{J¢]’} < .

Q
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Eciu &, € H, To mosoxxum

(&,m) = M{&n} = cov{¢,n}.

CupaselJIuBbl CJle/IytoIye cBoiicTBa onepanuu (-, -):
1) (£,€) > 0; ecom (€,€) =0, 7o £ =0 (P-.H.);

2) (a&+bn,¢) = a(&, ) + b(n, ¢) ana mobuix a,b € C;
3) (n,&) = (&m),

rae §,1,¢ € H.
Tem cambiM (-, ) ABIAETCH CKAAAPHBIM NPOU3EEOCHUECM U OLUPEIEIIAET

HOPMY B TIpOCTpancTBe H:

€] = (&, €)Y

Ecmu &, - &, n— o0 B H, TO M{|§n —§|2} — 0. Takum ob6pa3zom,
CXOIMMOCTb B H O3HAYAET C.K.-CXOJAMMOCTh. B CHITy CBOHCTE C.K.-CXOJH-
MocTn 3akiodaeM, uto eciu {&,} dyHmameHTambHA, TO OHA CXOTUTCS
k nekoropoit CB &, npuuem [|€||> = M{[¢|?} < oo, m.e. £ € H. Tocuen-
HEe O3HAYAET, YTO H — MPOCTPAHCTBO CO CKAJSAPHBIM [POU3BEICHUEM,
MOJTHOE OTHOCHTEIHHO CXOAMMOCTH MO HOPME, TIOPOXKJIEHHON 3THM MTPOU3-
BesieaneM. Utak, H — 2uabbepmoso npocmpancmeo CAyuatinulT 6eAUNUH
€ KOHEUHBLM GTOPLIM MOMEHTTOM.

Ecim €,m € H u (§,m) =0, 0 51t CB Ha3bIBAIOTCH 0PMO2OHANLHBLMU,
uyTo obozHavaeTcs Kak £ | 7. [ToHsTHE OPTOrOHAJLHOCTH UTPAET BasKHYIO
POJIb B 3a/1aYaxX OLEHUBAHMs CIIyYailHbIX BEJIMYKUH.

IIycre &,11, ...10n € H. IlpeamnosoxkuM, Mbl XOTUM OIEHUTH CJIydaii-
Hyto Benmuuny & mo Habmomerusm 1 = {1, ...,n,}*. Kak cremyer ms
Teopembl 14.14, Takoit onenkoi ssusercs M{E | 91, ...,n,}. OxHako
BBIYHMCJIEHUE YCJIOBHOTO MATEMATHIECKOTO OXWIAHUS TpebyeT 3HaHWs
COBMeCTHOTO 3aKkoHa pactpenenernst scex CB {{,m1, ...,0n}, 9r0 m0-
BOJILHO DPENKO BHINOJHSETCS Ha UpakTuKe. FEciam goctymras wmabOD-
Mallisl OrpaHMYeHa JHIIb [ePBHIMU JABYyMs MOMEHTAMH COBMECTHOIO
PACTIPEIEJIEHAst U OHO HE SIBJISIETCS TAyCCOBCKUM, TO MOXKHO OINPENIEITATH
HAUAYHWYIO 6 CPEOHEKBATPATMUYECKOM CMBICAE AuNelnYyIo oyenky mist &,
T. €. C.K.-ONTNUMANLHYIO AUHETHYIO OUEHKY.

Onpenemenne 14.29. Ciayuaiinas Beaudnna,

~ o~

n
f: (nla ann) = Za'knk
k=1

HA3BIBAETCS C.K.-ONMUMANOHOT AuHelinotl ouenkol nyst £ 1o HADIOIEHN-
aM {N1, ..., N}, ecam qgist 060l suaeliHoN dyukunu [(yy, . .., Y, ) IMeeT
MECTO HepaBeHCTBO

M{|¢ — &P} < M{|€ —1(m, ... ma) [}
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Teopema 14.16. Iycmo & m, ...,nn € H, a R, = cov{n,n}
N0A0AHCUMENDHO Onpedesernan mampuya. T020a C.K.-ONMUMANHAA AU-

netinaa ouenxa & eviuucasemcs no popmyae
€= Rey Ry, (14.11)
ede Re¢p = cov{&,n}. IIpu smom
1€ —&|* = M{|¢ — €*} = D¢ — Rey R, ‘RS, (14.12)

Bameuanuna 1) @opmynsr (14.11), (14.12) maenruansr dbopmytam
TEOpeMbl O HOPMAJILHON KOPPEeJNANHd, 9YTO He ciayuaiino. eficTBuTeIbHO,
JUIs 000 KOHEYHOM COBOKYIHOCTH CJIYYailHBIX BEJMIWH #u3 FH Cylie-
CTBYET CEeMEHCTBO rayCCOBCKUX CJIyYalHBIX BEJIMYUH, UMEIOMUX Te 2Ke
MOMEHTHI IIEPBOIO W BTOPOTO MOpAAKa. JJIs 9THX rayCCOBCKUX BEJMIHH
C.K.-OIITMMAaJIbHAasl OIEHKa, 1Jisd £ eCTh yCJIOBHOE MATEMATHYECKOE OXKU1a-
HHE, KOTOPOE 110 TeopeMe O HOPMAJIbHOW KOPPEJIAIAN ABJIAETCH JIUHEHHONR
dyukiueit ot Habatogeruit. [losToMy mapaMeTpsl, OTIPEESISIONINe ITY JIn-
HelHy0 MYHKITAIO, OTHOBPEMEHHO OTPEAESIIOT U HAWIYYIIYIO JIMHEHHYTO
omeHKy B H.

~

2) 3ameTum, 4TO IJIs C.K.-ONTHUMAJbHON JuHeitHON orenku & TakzKe
crpaBenguBo £ 1 £ — €.

3) Ecau uepes H(n) 0603HAYMTH 3aMKHYTOE JIMHEHHOE MOAIPOCTPAH-
CTBO, HOPOXK/ICHHOE CIIyYaiHbIM BEKTOPOM 1), & 9€Pe3 4, () — onepaTop

OPTOTOHAJILHOTO TpoeKTHpoBanus Ha H (1) (cu. m. 13.8), To oueBnHO, 9YTO
C.K.-OITUMAaJbHas JINHEWHas OlleHKa

~

= Wy(n)(g)‘

OnepaTop 7T7'l(77) Ha3bIBAIOT TaKXKe OIIepaTOpPOM YCAOBHO20 MAMEMA-

MUYECK020 0CUdanuiA 6 Wuporom cmuicae n obozragator M{ - | n}. Ta-
kuM obpasom, £ = M{¢{ | n} — c.k.-onTumasbHas JUHEHHAS OIEHKA.

14.8. OpToroHasibHasi croxacTudeckas Mepa. Ilycth 3amamno Be-
posTHOCTHOE TpocTpancTso {2, F,P} u mexoropoe muoxectso F C R!
¢ anrebpoit £ ero moxmuoxkecrs. Ilycts Takxke £ = 0{&y} — MuHUMAaNL-
Has o-ajarebpa, comepxkarmas Eg.

Onpemenernne 14.30. Kommiekcuas dbynkuusa Zy(A) = Zp(w; A),
rme w € 0, A € &y, HABBIBAETCS IAEMEHMAPHOT CNOTACNMUNECKOT, MEPOT,
€CJIU BBITIOTHEHBI CJIEYIOIINE YCIOBHS:

1) Zo(A) — neHTpUpPOBaHHAS CIydaliHas BEJIWYIWHA C KOHEYHBIM BTO-
pbim MomentoM, T.e. M{Zo(A)} =0 n M{|Zo(A)[*} < co mus Beex
A € &y;
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2) ecm A1 N Ay = &, Tie Aq, Ay € &, TO
ZO(AI @] Az) == ZO(AI) + Zo(Az) (:P-HH)7

3) ecim {A,} — mocieRoBaTENBHOCTE MHOXKECTB U3 &y, TAKUX, UTO

o0
A1DAD...0A,2... 1 [ A, =2 (re. A, | & 1pu n — 00), TO
n=1
M{|Zo(An)|*} — 0 mpu n — oco.
Cpeiu Bcex 3IeMEeHTaPHBLIX CTOXaCTHYECKHX Mep O0COOBIH HMHTEpec HJist
HaIIAX Teseil IpecTaBigeT OPTOrOHAJILHA CTOXaCTHIeCKas Mepa.
Onpemenernne 14.31. DnemenrapHas croxacTudeckasi mepa Zo(A),
A € &, Ha3BIBAETCA O0PMO2OHAALHOT, ecu Jis JIIOOLIX HelepeceKka-
omuxes  MHOXKeCTB A1, Ag € & Bommonueno Zo(Ap) L Zy(Az), Te.

M{ Zo(1)Zo(B2) } = 0.

CroxacTudeckass Mepa Zo(o) TECHO CBA3aHa ¢ HEKOTOPOHU Hec/y4JalHOR
Mepoii, Koropas onpejeseHa Ha € = 0{&y} u BBoAUTCS CoremyomuM obpa-
3oM. Ilyctn

mo(A) ZM{|ZQ(A)|2}, A € &.

Herpynno mposeputh, uro mg(A) — Komeunas mepa Ha &y. Torma mo
reopeme Kapareomopu (cM. 11.13.2) ee MOXKHO €JMHCTBEHHBIM 06pa30M
MIPOJIONIZKATH JI0 MEPHI 11, ONpeIeIeHHol Ha &.

Onpemenernue 14.32. Koneunas mepa m(A), A € &, HaspBaercs
cmpykmyproti pyrryuel MeMeHTAPHON OPTOrOHAJIBHON CTOXACTHIECKON
Mmepsl Zo(A), A € &.

OxasbiBaercs, Mepy Zo(-) MoxkHO emmHcTBeHHbIM (P-1.H.) 06pasom
IPOJIOJIZKUTH [0 OPTOTOHAIBHON CTOXACTHYECKOH Mepbl Z (+), OnpeieseH-
Hoit Ha £.

Teopewma 14.17. ITyemv Zo(A), A € &, — opmozonarvran d.ae-
MEHMAPHAS cmozacmuveckas mepa. Tozda cyuecmeyem eduHcmEeHHaA
(P-n.n.) opmozonanvran mepa Z(A), A € £, makxas, wmo 0as 4106020
A € & evnoaneno Zo(A) = Z(A) (P-n.n.), npuuem

M{|Z(A)P} =m(A), Acé,

20e m(+) — cmpyxmypnas Pynxyua mepvs Zo(-).
SBameuanus. 1) Mepa Z(-) sBusiercs o-aJIUTUBHON B CpeTHEKBa-

IPaTHIeCKOM CMBIcHe, T.e. ecnmu A, € E,n=1,2, ..., A, N Ay = & upu
oo

m#FkulA=> A, €&, 10
n=1

N 2
M{|Z(A)—ZZ(AH)| }—>o mpr N — co.

n=1
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2) Mepy m(A) rakke 6yieM Ha3bIBaTh CTPYKTYPHOI DyHKImENH opTO-
TOHAJBHON CTOXacTHIecKol Mephl Z(+) Ha £, Tak Kak Jyurst Joboro A € €
cieayer

2
m(A) = M{|Z(A)*}.

14.9. CroxacTudeckuii HWHTErpajl IO OPTOroHaJBHOU Mepe.
ITycts opToroHaJbHAA CTOXacTHYeCKas Mepa Z(-) W ee CTPYKTypHas
dynukims m(-) samans Ha €. PaccMorpum crreyronue 1Ba ruib6epTOBBIX
MIPOCTPAHCTBA:

1) mpocrpancTBo Lo KOMIUIEKCHBIX HecaydaiHbix dyrkmmit  f(A),
A € E, c uHTerpupyeMbIM KBaJIPATOM II0 Mepe 1M:

j IFOV)[2m(d)) < oco.

E

IIpocTpancTBo Lo siBJIsieTCs: TUABOEPTOBBIM CO CKAJISIPHBIM TTPOU3BE-
JIeHIEeM U COOTBETCTBYIOIE! HOPMOIL:

(F.9) = [ TGN m(@y),  1fllz. = V5.

E

2) npocrpascTBo H CiaydailHbIX BEJMYUH ¢ KOHEYHBIM BTOPBIM MOMEH-
ToM (cM. m. 14.7).

Cremyromee yTBepKIeHHe OyAeT HCIOAb30BaHO IpPH NOCTPOCHUH
CTOXaCTUYECKOTO HHTErPAJIA.

Teopema 14.18. IIycmov f € Lo, moeda natidemesa nocaedosamens-
Hocmb npocmux Gynkyul fr, € Lo, maxas, wmo

lfn(A) = FM)|lz, =0 npu n — oco. (14.13)

OnpenennM CTOXaCTHIECKU MHTErPaJl Ha MHOXKECTBE MPOCTHIX (DYHK-
nuii, a MOTOM pACIpPOCTPAHMM 3TO TOHsSTHE Ha Bce (yHKumm u3 Lo,
MOJIb3YSACh YTBEPXKIeHueM TeopeMbl 14.18.

Onpemenernne 14.33. Ilycts f(A), A € E — npocras dbyHaKuus, T. €.

FO) =3 flay (), (14.14)

k=1

rne fr €C, Ap € Eu AyNA; =& npu k # . Torna CB
n
I(f) = > frZ(Ak)
k=1

Ha3BIBAETCS CTNOTACMUNECKUM UHMe2paaom om npocmoti gynxyuu f(N)
o mepe Z(-).

20 B.M. Musunep u A.P.ITankos
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U3 ompenenenns cuemyer, ato I(f) € H, mpuaem
M{I(HP} = 3 flPm(An) = [ IF )2 m(dd) < oc.
k=1 =

Tem cambiM IIPOCTPpaHCTBa Hu LQ CB4A3aHbI CJICAYIOIMUM BaXKHbIM COOT-
HOIIIEHUEM:

IO = 11f1lz.

ngist Jioboit mpocroit f € Lo.
ITycrs mocnenosarenbroCTh byHKumit {f,} annpoxcumupyer f € Loy
B cmbicre (14.13). Torma

I1(fn) = I(fa)ll = [fn — fmllL, =0 mpm n— oo

B crity QyHAAMERTAILHOCTH { fp, }. Takmm 06pa3om, Tocie0BaTebHOCTD
{I(f)} dymmamentasbna B H u, cienoBaresbHo, cxomurcs B H (T.e.
B C.K.-CMBICJIE) K HEKOTOPOMY TIPEIEITY, KOTOPBIH Mbl o6ozHaqamm I (f) € H.

Onpepnenenne 14.34. Cayuaiinas senmmauna I(f) € H maspiBaerca
cmozacmuueckum unmezpasom wa E om ¢dynxyuu f € Lo no opmoeo-
naavot, cmozacmuneckoti mepe Z(-) u obosHavaeTcs

I(f) = [ F(N) Z(d).

E

Henocpencreenno u3 onpegenenns I(f) m CBOWCTB OPTOTOHAIBHOMN
CTOXaCTUYECKON Mephl CJIEIYIOT OCHOBHBIE CBOMCTBA CTOXaCTUIECKOTO MH-
Terpasa.

Teopema 14.19. ITyemwn f, g u fn, € La. To2da cnpasediuso
1) M{I(f)} = 0;

2) (I(f), 1(9)) = ([, 9);

3) I(af + bg) = al(f)+bI(g) (P-n.n.), 2de a,b € C;

)

4) DU} = 111, = [ IF0P m(an);

E

5) cov{I(£). 1(9)} = (£.9) = | F\)gIN m(dN);
E

6) ecau fr, = f, n — 00 6 La, mo I(fy) RSN I(f), n = oo.

CsoiictBa 1-6 mwmpoko wucmombdyiorca B mim. 3.3, 4.2, 4.3, 9.3 mupm
MOCTPOEHUH CHEKTPaJbHBLIX PAa3JI0XKEHNi CTaIlMOHAPHbIX IIPOLECCOB U U3Y-
YEHWH JTUHERHBIX TPeobpa3oBaHmii TTocIeHnX. KpoMe Toro, mpuMeHeHneM
TaKUX WHTErPaJIOB MOXKHO OTPAHUYMTLCS TIPU M3Y4YEHWHU JUHEHHBIX CTO-
xacTudeckux aAuddepeHmaababx ypapaennit (cm. mm. 8.4, 11.3).
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§ 15. Beraucienne ClienuaJIbHbIX MHTErpaJjioB

15.1. UuTerpan BeposaTHOCTei. [ls BEpOSTHOCTHOTO AHAJM3a,
rayCCOBCKOT'O CJIy49aiHOT'O IIPOIECCa BEChMa YaCTO IPUXOIUTCS BBIYUCIATH
uHTerpas BeposrHocreil (dynkuuro Jlamiaca)

x
B(z) = J e /24t zeR. (15.1)
27

—00

O6bryr0 mponemypy Bbramcienust P(z) CBOIAT K ONPEJICJEHUIO 3HA-
yenns dynkupn Po(x), Koropas ormaaercsa oT P(z) TOILKO HHUKHEM
LIPEIeIOM:

Je—tz/2 dt, >0 (15.2)
0

1

@0(37) == \/72_71_

Us (15.1), (15.2) caexyer:

1/24 @o(z), ecmm x>0,

B(z) = { (15.3)

1/2 — §o(—z), ecmm z < 0.

Jast npubanzkensoro Berauciaenust $o(2) MOXKHO BOCIOIB30BATHCS CIle-
AYIOIIUM COOTHOIIEHHUEM:

T 1‘2 1‘4 1‘6
Po(x) = [12.1!.3+22.2!.523.3!.7+...], (15.4)

upudeM (15.4) npumMensiercs npu & < 3, a I & > 3 MOXKHO HCIOIb30BaTh
ACUMIITOTUIECKUN DS

e_””Q/z[ 1,13 135 1357

1
Po(z) = 5 - oS 1- S+ —

] . (15.5)

T 4 6 8

Coorromenns (15.3)—(15.5) TO3BOJMAIOT BLIYACAATH 3HaYeHWE (DYHK-
mun P(x) ¢ a06oit TOYHOCTHIO, BAPBUPYS YHUCIO YJIE€HOB B DPA3JIOXKEHW-
ax (15.4), (15.5).

20*
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15.2. NHTerpasibl oT ApOOGHO-pAMOHAJIBHBIX (PYHKIUHA. Bor-
YUCJIEeHUE JIUCIEePCUU CTallMOHAPHOI CciaydaliHON II0CJIeI0BaATEIbHOCTH
¢ JpOGHO-PAIMOHAJIBHON CIIEKTPAJIbHON IJIOTHOCTHIO CBOJUTCH K BBIYUC-
JIEHUIO MHTErpaja OT 0podHo-pauuonasvhoti GyHKuuy

™ .
_ L[ FE™P
—T

rae F(x) n H(z) — MHOrOWIEHBI CJIEYIOErO BUIA:

Fz)=ao+ a1z + ...+ apa?,
{ ) ? (15.7)

H(z)=bo+bixz+...+bpz?, p>1,

npuaeM MHEOTOWIeH H(x) — yCTOWYMBEIN, T.e. BCE €T0 KODHH JIEsKAT BHE
Kpyra eJIWHUYHOTO PajJnyca C IEeHTPOM B Hadajie KoopiauHaT. B 3Tom
ciygae uaTerpas (15.6) mpu siro6om p > 1 MoxkeT OBITH BBIUUCIEH aHA-
JIATUIECKH C UCITOTb30BAHUEM AJTOPUTMA,

1 p (ak 2
0 k=0 0

rie Koscdbdummentsr {af}, {8F} Brramncasiores no pexyppentabM dopmy-
gam (mag k=p,p—1,...,0):

k-1 _ gk _ kgk
{51 B — i By (15.9)

k-1 _ _k ko ok 5
o] =af —viap, 1=0,1,..., k-1,

K2

rie obosmaueno vk = gk /gk.
CoorHomenns (15.9) peanusyoTcs €O CIELYIONUME HadaJlbHBIME
3HAYCHUTMU:
. BgP_p i
P=a;; B =b, 1=0,1,...,p, (15.10)
rne {a;}, {b;} — xosddburmmenTer muorownenos F(z) mw H(x) coorser-
CTBEHHO.
st BBIYMCIIEHHS JIUCIIEPCUH CTAIMOHAPHON cirydaituoi dynkuuu
¢ IPOGHO-PAITMOHAILHOM CIIEKTPAJIBHON MIOTHOCTHIO MPUXOAATCA BBIYHC-
JIATH UHTErPAJ

_ T gn(iN)
In= J N (—in) (15.11)
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rae gn(x) B hy () — MHOTOWIEHBI CIIELYIOMIETO BAMA:

gn(®) = bpz®" 2 + by2®" " 4 L 4 by,
(15.12)

hp(z) = apz™ + a1x™ ' + ... + an,

[IpUYeM MHOrOuYJieH h,(Z) TaKOB, YTO BCE €r0 KOPHH HMEIOT OTpPHUIa-
TesTbHBIE JeHCTBATENbHBIE JaCTH (T. €. JIEKAT B JIEBOH MOJSYILIOCKOCTH) 1
ag # 0. B srom cywae must mo6oro n > 1 waTerpaa (15.11) Berauncisercs
AHAJUTUYECKH CJIEYIONUM 00pa3oM:

_ _1\n+1 Nn
I, =n(-1) Dy’ (15.13)
rie
dig dip o+ dig
day dop -+ don
dn 1 dn,2 e dn n

) 3

dpm,r = G2 —r, IpIYEM cunTaeTcs, 4T0 ap = 0, ecnu k < 0 nan k > n;

bp dip - din
by dyp - dog

N, = det . . . (15.15)
bn—l dn,Z e dn n

3

B wactrocTn, nas crygaes n = 1w n = 2 u3 (15.13)—(15.15) cexyior
aHaJUTHIeCKHE POPMYJIBI

bo I — aob1 — azbo
5 2="T—.
apai apa1az

_[1=7T

3aMeTHM, 9TO B CHJIy OrPaHWYCHUIl, HAJOXKEHHBIX Ha MHOTOYICH
hn(z), onpenenurens D,, # 0, nosromy marerpas (15.11) cxomurest.
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— Mapkosa 292

— MunkoBckoro 274

— Yebwrmena 274, 293

Hopwma 280

— B npoctpaHcTBe H 52, 75, 302

OmnopHas TpaekTopus 122

OpToronaibHast nmpoekius 284

OpToronassHOe momosHeHne 283

OpToroHa/JIbHBIE JIEMEHTHI 282

OrcyrcrBue nocaeneiicreust 39

O1eHKa METO/Ia HAVMMEHBITUX KBapa-
TOoB 143

— HawIyd4Inas JuHednas 115, 284, 302

— HecMereHHast 68

— IPOrHO3a C.K.-ONTHUMaJibHas 244

— c.k.-ontumaJibHasg 110, 298

— CHJIBHO COCTOfITeJIbHas 142

— cocrogTenbHasa 68

— dunaprpanun c.K.-onTuMajbHas 117

IInorrOCT®L mepexonnas 41

— pacrpeneseHust BeposiTHOCTeH 288
— ycioBHas 298

— — HeHOpMHpOBaHHas 118
TTopmpocTpancTBo Beogy miorHoe 281
— 3aMKHyTOe 281

— JuHeitHOE 279

— HyJieBoe 280
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ITomosinenue npocrpancTBa 281

ITocnenoBarensrOCTD BecoBas 65, 70

— mpeackasyemasi 131

— croxacTuveckas 131

— dyunamenrtanpuas 281

— — IO BepOATHOCTH 295

— — IIOYTH HaBepHOe 295

[Torok cobwrTmit 247

— — 6e3 nocneneiicreus 248

— — OJIHOPOJHBII (cranmonapHsbrii)
247

— — opAuHApHBIL 247

— — mpocTeiimmii 248

— — IyaccoHOBCKuUil 174, 248

[Torok o-anrebp 131, 196, 212

TTourn Bcromy 266

ITourn masepHoe (C BEpPOATHOCTHIO 1)
286

IIporuos abCcoIOTHO TOYHBIH 75

— HaWTydIIuil JIMHEWHBI 75

— C.K.-ONITUMAaJIbHBIN 244

— TpUBUAJBHBIN 76

ITporunosupoBanue 244

[Iponomxenue mepsr 266

ITpoussoanas Pamona—Hukomnuma 275

— B CpeJlHEM KBaJipaTudeckom 153

— obobmiennasa 156

ITpooGpas 270

IIpocrpancTBo BeposiTHOCTHOE 284

— rusbbepToBo 281

— u3MepuMoe 264

— — auckpeTtHoe 266

— JuHeitHOE 279

— — BellleCcTBeHHOE (AeficTBUTEIBHOE)
279

— — KOMILIeKCHOe 279

—, IOPOXKJIEHHOE CIIyYaifHO} Iocie1o-
BaTEJIbHOCTBIO 75

— ¢ Mepoit 266

— CIy4afiHbIX BEJIMYUH C KOHEYHBIM
BTOPBIM MOMeHTOM 52, 302

— 3JIEMEHTapPHBIX COOBITHI 284

IIponecc Opuinreitna—Yienbeka 242

— OPOYHOBCKOI'O JIBUXKEHUs 33

— poxaeHud u rubenau 257

[Iyacconosckuii mporecc 194

— — HeOoJIHOpOaHbIN 194

— — 00606menHb 202

Pagencrso ITapceBasisa 283

Pasnoxenne Bonbna 76

— Jy6a st cybmapTuarasaa 136

PasmepHOCTh JIMHEWHOrO MpOCTpaH-
cTBa 280

Pacopenenenne Bepuymmu 289

— Ilyaccona 289

— abCoJTIOTHO HempepbiBHOE 278

— GuHOMMaIBEHOE 289

— BeposATHOCTeN cocTosinmit 84, 251

— rayccoBckoe (HopmasbHoe) 290

— — n-Mmepaoe 300

— JauckperHoe 287

— HelnpepbIBHOE 288

— paBHOMepHOe 290

— cranuonapHoe 91, 254

— 9KCIIOHEHIINAJIbHOE
Hoe) 290

Pan ®@ypoe 283

(mokaszaresnb-

C.k.-unTerpas 157

C.x.-npegen 147, 295

C.k.-mpousBogHas 153

C.K.-cxonumocTb 295

CemelicTBO KOHEYHOMEDPHBIX pPacIpe-
JeJieHui ciryvaifHoro mporecca 13

Ceuenne ciydaitnoro mporecca 11

Cummerpuanoe buryxaanue 207

CucremMa 3J€MEHTOB OPTOr'OHAJIbHA
282

— — OpPTOHOpMAaJIbHas 282

Ckasisipaoe npousseenne 280

— — B mpoctpancTtBe H 52, 75, 302

Cuyuaitnast BesimanHa 286

— — (abcouroTHO) HempepbiBHas 288

— — rayccoBckag (HopMasbHas) 299

— — — craggapTHag 299

— — nuckperHas 287

— — 1eHTpupoBaHHad 291

Cayuqaitnas 3amena Bpemenn 138

CurygaiiHasi TOCIeI0BATEIBHOCTD 12

— — aBTOPErpecCuy — CKOJIb34AIIETO
cpeaHero nopsiaka (p,q) 99

— — aBTOpEerpeccuoHHasi mopsiiKa p 98

— — rwisbepToBa 65

— — JeTepMHUHHUPOBAaHHALA 76

— — moguuHeHHas 76

— — IIOYTHU MepuouvecKas 55

— — CKOJIB3SIIIETO CPEJHEro IMOps-
Ka q 99

— — cranuoHapHasd 53
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— — — JABYCTOPOHHETO
cpennero 57

— — — yuHeliHag 57

— — — OJHOCTOPOHHEr0 CKOJIb3SIIEro
cpennero 57

— — — peryJisipHas 75

— — — cuHrYyJApHasa 75

— — — CKOJIB3IIIEro CPeJHero mopsij-

CKOJIB34IIIero

Ka p 57

Cayuaiinas dyukous 12, 147

— — muddepennupyemas  (moTpaek-
TopHO) 154

— — HempepbiBHast  (IOTPAEKTOPHO)
148

— — — IIOYTH HaBepHoe 148

— — Heymnpexjaromas 212

— — mpocTas 212

— — peryasipHas 12

— — c.K.-guddepennupyemas 153

— — C.K.-HHTerpupyeMasg 157

— — C.K.-HellpepbIBHas 147

— — corytacoBaHHag 197

— — cranuoHapHasa 167

CoryJaiiible BeJUYUHBI HE3ABUCHUMBIE
289

— — HeKOoppeJInpoBaHHble 293

— — oproroHajbHble 293, 302

— — YKBUBaJICHTHBIE 286

CorydJaifHble POLECCH HEOTIIMIUMBIE
20

— — 3KBUBaJieHTHbIE 19, 152

— — — B IIEPOKOM CMBbICTe 18

Cuayuaitasrit BekTop 288

— — rayccoBckuii (HopMasbHBi) 300

Cayuaaiinbit mponecc 11

— — BeIleCTBEeHHbIH
HbIH) 12

— — BBIXOASAIUHN 3 Hysis 188

— — rayccoBckuit 25, 29

— — ruwibbepToB 23

— — muddysuonnoro tumna 46, 237

— — KOMILIEKCHBIH 12

— — MapKOBCKUii 39

— — — omHopoHbIi 40

— — obHoBasIOIMIA 76, 241

— — ¢ OUCKPETHBIM BpeMeHeM 12

— — — KOHEYHBIMH MOMEHTaMHU BTO-
poro nopsigka 23

— — — HE3aBUCUMBIMHU IIPUPAIICHUSI-
mu 190

(meticTBUTEND-

— — — HeINpPePBIBHLIM BpeMeHeM 12

— — — OPTOTrOHAJLHBIMU PUPAIIECHU-
amu 188

————— onmHOpomHbIit 193

— — CTAIlMOHAPHBIA B Y3KOM CMBICIIE
38

— — — — IIUPOKOM CMBICTIEe 38

— — cunTatomuii 194

— — IEeHTPUPOBAHHBIN 22

CMeIaHHbIii MOMEHT Topsjka k Ciy-
qaiHOro mporecca 26

CobbiTre mocToBepHOe 285

— HEBO3MOXKHOe 285

— IIPOTUBOIIOJIOKHOE 285

CobbiTust He3aBUCHMBIE 285

— HecoBMecCTHBIe 285

Cocrosiaue amepuoamdeckoe 88

— BO3BpaTHOEe 88

— HeBO3BpaTHOe 88

— HecylIecTBeHHOe 88

— HyJeBoe 88

— mepuoauydeckoe 88

— cyImrecTBeHHOe 88

Cocrostaus coobrnatonuecs: 88

CrekrpasbHas IOTHOCTH 54, 168

— — npobGHo-paroHaabHas 231

— byskuusa 54, 168

CrekTpajbHOE Pa3JIOKEHHEe KOBapua-
nuoHHOM dyHKIuu 54, 169

— — CTaI[MOHApPHOM IOCIEIOBATEIBHO-
ctu 59

— — — dynkun 170

CpenHekBaIpaTUdecKas MOTPEITHOCTh
68, 75

Croxacruyeckuit rpad 85, 256

— nuddepennman 217

Cy6bmaprunaran 131, 197

Cynepmaprunran 131, 197

CXoouMOCTh B CpeIHEM KBaJIpaTHde-
CcKOM 295

— — — nopsaka p 295

— OTHOCHUTEJIEHO HOPMBI 280

— 10 BeposTHOCTH 294

— — Mepe 272

— — pacnpegesernio (cinabast) 296

— IOYTH BCIOAy 272

— mo4yTu HaBepHOe (C
creio 1) 294

BEPOATHO-

Tenerpadubrii curnan 175
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Teopema Boxnepa—Xwununna 168

— lepruiorna 54

— Kanmana 112

— Kanmana—Brrocu 240

— Kapareomopu 266

— Kommoroposa o  cymecTBoBanumn
HeNpepbIBHON Moaudukanumn 152

— — — — cay4aiiHoro npormecca 18

— JléBu 276

— JleGera 276

— Papona—Hukonuma 275

— Dary 277

— 0 0-aJIUTUBHOCTH UHTErpaJsa Jlebe-
ra 275

— — BUJE  HaWIydIei
orenkn 303

— — — C.K.-ONTUMaJbHOI onenku 110,
298

————— B rayccoBcKoM ciy4ae 110

— — 3aMeHe IIepeMeHHO B MHTerpaJe
JleGera 276

— — HOpMaJIbHO# Koppessiiiuu 111, 300

— — CBSI3M PA3JINYHBIX BUJIOB BEPOST-
HOCTHOM cxogumocTtu 296

— — cymlecTBoBaHMM HHTerpasa HWTo
214

— — — PpeIIleHNsT CTOXaCTUIECKOTO qud-
depeHmaIbHOro ypasHenus: 218

— — CXOOUMOCTH MapTHHTaJja 141

— 06 abCOoIIOTHO HENPEepPBIBHOCTH MH-
TerpaJia JleGera 275

Toxnecrsa Baasma 140

Tpaekropust (peajusanyst) cirydaiiHo-
ro mpormecca 12

JMHEHHO

Vuopasnsemocts (nosHas) 239

VYpasuenne Komamoroposa—®Poxrkepa—
Ilmanka 47, 237

— Koumoroposa—Yenmena 40, 251

— muddepeHnpaIbHOe €O CIIydaitHOM
npaBoii yacroio (snHeitnoe) 161

—————— , C IOCTOSTHHBIMA K03~
bunmentavmu 179

— muddysun 48

— — C JUCKPEeTHBIM BpeMeHeM 119

— cToxacTuyeckoe uddepeHIaIbHoe
218

— — — JsmHeitHoe 219

— — — —, IOpOX/EHHOEe IIyaCCOHOB-
ckuM mporeccom 230

— — pazuoctaoe 106

— — — CTaI[HOHAapHOE,
cku ycroitunBoe 106

— XapakTepucrudeckoe 98

Vpasuenus Kosmoroposa asrebpan-
Jeckme 255

— — nuddepennuansuse 252

— CTallHOHApHBIE MeTOJa MOMEHTOB
107, 228

— — ¢dunsrpa Kanmvana 115

— — — Kanmana—Berocu 243

Yenosue JInnmmna 219

YcsoBust COrJIaCOBAHHOCTH CEMENHCTBA
KOHEYHOMEPHBIX pacupeneseHuii 17

VeroitunsocTh (acumnrorndeckast) 99,
228

— MHOrO4WIeHa 233

— HeCTalMoHapHOU cucteMbl 230

— cToxacTuveckas 224

ACHMIITOTHYE-

PaxTopu3anud CIEKTPAJbHONU IJIOT-
"octu 105

@unbrp Kanvana (auckpernsriit) 112

— — JINHeapW30BaHHBIN 123

— — pacmmupeHnHbIi 124

— Kasnmvmana—Borocu 241

— dopmupyromumii 105, 233

— 9KCIIOHEHIIMAJIBHOI'O  CIJIa’KWBAHMUS
69

Dopmysta uddhepeHIuPOBaHUS C.K.-NH-
TerpaJia mo BepxHemy mnpeaery 159

— UHTETPUPOBAHUST MO0 YaCTAM JIJIst
c.K.-uHTerpaJia 159

————— CTOXaCTUIECKONO WHTEr-
pana 192

— IIOJTHOIO MAaTe€MaTHIECKOI'O OXKHIa-
Hus 298

— TIOJTHOM BeposiTHOCTH 286

— 1npeobpazoBanus CIIEKTPaJIbHOMN
IUIOTHOCTH TPU JIMHEHHOM IIpeob-
pasoBaunu 61, 176

— CTOXacTHIecKoro auddepennupo-
Banug Uro 221

PyHKIUN SKBUBAJIEHTHBIE 272

Oyukuusa Komm 164

— Jlammaca 15, 299, 307

— abCoJIIoTHO HempepbiBHas 278

— bopeseBckast 270

— BecoBag 178

— BbIOGOpOYHas 12
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— JIMCKPETHOro pacrpejesenus 278

— nucnepcuonHas 22, 106

— npobHo-parmoHabHas 308

— u3mepumas 270

— uHTErpupyemas (CyMMupyemasi) o
Mepe 273

— KOBapHalMoHHas 22

— — BEKTOPHOI'O CJIy4YaiHOro IIpolec-
ca 25

— — B3auMHad 25

— — KOMILJIEKCHOT'O CJIydaiiHOro IIpo-
necca 23

— — CTaIMOHAPHON CIydaiHO moce-
I0BaTEJILHOCTHA 53

— — — — ¢dyuknun 167

— KOppeJsinuoHHasd 53

— HEOTPHULATEJLHO-ONpeieieHHas 24,
36, 53, 167

— IJIOTHOCTH pachpeneienus 278

— mpocrag 271

— pacupenenenus 267

— — BepogaTHOCcTelt 287

— — — cay4aifHOro BekTopa 288

— crpyKTypHas 304

— XapakKTepucrudeckas 292

— — k-mepHOro pacupeneeHust Ciy-
qaiiHoro mpormecca 26

— spmuToBa 36, 53, 168

IlenTpanbHas mpenesbHas TeopeMa
301

Hens MapkoBa (auckpernast) 83

— — amepuoauveckas 89

— — KoHeuHas 42, 83

— — HepazJyiokuMasg 89, 92

— — oxHOpoaHas 84

— — sproauveckas 91

YHacrorHast xapakTepuctuka 60, 73,
176

Okcrpanonasanus 244

n-MepHasl IUIOTHOCTb PACIpeIesIeHNs
cay4aifHoro mporecca 13

— dyHrIua pacnpeneaenus 269

— — — cay4aiiHoro npormecca 13

f-unrerpaJ 216

o-alIUTUBHOCTE 265

o-anrebpa 264

— 6openesckas 267, 269

—, TMIOPOXK/IEHHAsI CUCTEMOI MHOXKECTB
265

—, — CJIy4aiiHoii BesmuuHO 286

—, — — dysxumeit 212

—, — CJIy4ailHbIM BeKTOpOM 288

—, — dysxumeit 271

— TpuBHaJbHas 264
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