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IIPEAVCJIOBUE KO BTOPOMY M3JAHNIO

[Teproe uzmanue nocobusi, Beimymennoe [masnoit pegakiueil hbusnko-
MaTeMaTHYeCKOil JuTepaTtyphl u3gareancrsa « Haykas» B 1984 r., naBuo pa-
30L1JI0Ch ¥ AKTUBHO HCMOJIB3YETCs B y4eOHOM MpPOIEcce MPAKTHYECKH BCEX
BBICIIUX Yy4eOHBbIX 3aBEJI€HUIl, B KOTOPBIX H3y4aercs (PyHKIMOHAJIbHbBII
ananu3. OHo ObL10 nepeseeHo HA (DPAHIY3CKUN U UCTIAHCKUA A3bIKH.

B HaCTOAEM W3JJaHWUW YCTPAHEHbI 3aMEYEHHbIE HETOYHOCTHU W Olle-
yaTKK, a Tak>Ke J00aBjeHbl HOBbIe 3aja4u. B yacTHocTH, B § 6 BKIOYEHBI
OCHOBHbIE€ CBeJEHUuA H" ﬂpOCTeﬁIIII/Ie 3aa4u O TONOJIOTUYECKUX TpPOCT-
panctBax. [Ipu aTom yacTuyuHOE M3MEHEHUE HyMEpaIlUU 33129 NPOU3OILIO0
TonbkO B § 22. Kak u npex/e, 3a/Ja4HUK OPUEHTUPOBAH HA y4eOHOEe 1MOCOo-
6ue B. A. Tpenoruna «DyHKIMOHAIbHDIA aHa u3> [25], HO MOXKeT GbITh
UCIIOJIb30BAH U B COYE€TAHUU C J'l]O6bIM APpyrum yqGGHV]KOM WJIN JIEKIHUOH-
HbIM KYPCOM.

. A. Tpenozun
. M. Iucapescrudi
C. Coboaesa

N



IMPENCJIOBUE K IIEPBOMY MU3JTAHNIO

OyHKIUOHAJIHHBINA AHAJIN3 — OJIHA U3 BaXKHEHmux obsacTeit coBpemen-
HOH Maremaruku. Fro BO3HUKHOBEHME W PA3BUTHE CBS3aHO ¢ UMEHAMMU
TaKUX KpynHbIX yueHbiX, kak /. 'unsbepr, ®. Pucc, C. Banax, M. ®pemie,
A. H. Koamoropos, C. JI. Cobones, A. H. Tuxonos, C. M. Hukonbckuii. Ha-
9aJIOM CO3/1aHust (PyHKITMOHAIBHOIO AHAJIN3A MOXKHO CYMTATh CUCTEMATHYE-
CKOE MOCTPOEHUE TEOPUN ONEPATOPOR B DECKOHEYHOMEPHBIX MJIbOEPTOBBIX
NPOCTPAHCTBAX, & 3aTEM U B JIMHEHHBIX HOPMHUPOBAHHBIX MPOCTPAHCTBAX
(nauasio XX Beka).

Barknoit 0ocobeHHOCTHIO (DYHKIIMOHAILHOrO aHAJN3a, SIBJsIETCs 00masi
abcrpakTHas opMa pacCMOTpeHust NpobJieM aHAJIN3a, TO3BOJAIONIAS €1~
HOOOPA3HO HMCCJIEJ0BATD JaJeKue, Ka3ajgoch Obl, APYr OT Jpyra BOMPOCHI.
VNMeHHO MO9TOMY CerojHsi ujied, KOHIENIUA U MeTObl (hyHKIIHOHATHHOTO
aHaJIM3a MPOHU3BIBAIOT YyTh JIU HE BCE 00JACTH MATEMATHKHU, O0heuHss
WX B IEJI0€.

OyHKIUOHAJIHHBIH AHAJN3 UTPAET BaXKHYIO POJIb B COBPEMEHHOM MaTe-
MaTHYECKOM 00PAa30BAHUN WHIKEHEPA-UCCIEI0BATEsT, KOTOPOMY MPEJICTOUT
NPUMEHSATh MAaTEMATHYECKHE METO/bl B KOHKDETHO# obiactu Hayku. Ha
sA3bIKe (DYHKIHOHATHLHOTO AHAJIU3A MOJYYAIOT SIBHOE BHIPAXKEHUE OCHOBHbIE
npo0JieMbl IPUKJIATHONA U BBIYUCIUTEIbHON MATEMATHKH.

[Tpeanaraemplii 32 Ja4HUK PACCUYUTAH HA CTYI€HTOB TEXHUYECKHUX BY30B,
CHEeNUAJU3UPYIONIUXCst B 00/1acTH MPUKJIaAHOW MaTemaTuku. Kro ctpykry-
pa ¥ MpUMEHsieMasi TEPMHUHOJIOTMsI OPUEHTHPOBAHBI Ha ydebHoe nocobue
B. A. Tpenoruna «®Pynkunonanabuniii anannsy» [25]. Ognako 3ajga4uuk co-
CTABJIEH TAK, YTOOBI YUTATEJIb MOT MOJb30BATHCHA JIOOBIM JAPYrUM NOcoOreM
10 GYHKIUOHAJIBHOMY aHAJH3Y.

3agaynuk Oy/eT moje3eH WHKEHEePAM M MATEMaTHKAM-TPUKIAJHAKAM
Npu U3ydeHuu Kypca hyHKIHOHATIHLHOTO AaHAJINU3A, CTYJEHTAM yHUBEDPCUTE-
TOB MPHU MEPBOHAYAJIHLHOM H3YyYEHUU ITOTO KypCa.

Jlannbiii 331a9HUK OTPaXkaeT MHOIOJETHUI OMBIT ABTOPOB MO TMPENo-
JaBaHuio (pyHKIMOHAJIHHOTO aHan3a B MOCKOBCKOM (hU3MKO-TEXHUUIEC-
KOM HHCTUTYTE, MOCKOBCKOM HWHCTUTYTE HE(MTEXMMUYECKOW M ra30BOMH
npombitraeHaocta um. M. M. I'yokuna u B MOCKOBCKOM HHCTHTYTE CTAJIN
u crmiaBoB. Hapsay ¢ TpaguuOHHBIME 33aJa4aMu, MPU COCTABJIEHUU KO-
TOPBIX ObLa KCIOJb30BAHA NPUBEJEHHAs B KOHIE KHUTH JHUTEpPATypa,
COOPHUK COMEPXKUT BOJIBINOE YMCJIO HOBBIX, OTBEYAIOIMIMX COBPEMEHHBIM
norpebHocTsivm npaktuku. Crojia, B 4aCTHOCTH, OTHOCITCS BCE 3a/1a4u, PU
PEIIEHUH KOTOPbIX MPEANoJaraercs ucnojb3osanne IBM, muorue 3aja-
YU HEJIMHEIHOr0 U MPUKJIAJAHOrO (hyHKIIMOHAJIHHOIO AHAJIU3A.

COopHUK HEOHOPOJIEH 10 CBOEMY cojiepxKanuio. 1o ka0l Teme nme-
I0TCS 33/1a49i PA3JIUYHON CTENEHU TPYJAHOCTH, MPEJHASHAYCHHBIE KAK JIJIs
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ayJUTOPHOI, TAK U JJIsT CAMOCTOATENbHON paboThl cTyAeHTOB. KpoMme 3aga4
TEXHUYIECKOTO WJH BBIYHCIUTEILHOIO XapaKTepa MMEIOTCS 3aJa9u, KOTO-
phI€ MOTYT CJYXKHUTh JIJIsi CAMOCTOSITEJIhHOTO U3YUeHUsT OTJEJbHBIX BONPO-
CORB TE€OPHUH, TPEJICTABJISIS HEMPOCTOE YTBEPXK/IEHHWE B BUJIE €r0 PA3JIOXKEHUsT
Ha GoJsiee ytn MeHee neMeHTapHbie ynpakuenus. K nogasisiomemy 60J1b-
HIKHCTBY 331349 NPUBEJAEHBI OTBETHI NN YKA3AHHUSA K PEIICHUSIM.

3aa9HNK COCTOUT W3 BOCHMH TJIaB, KaXKJasl U3 KOTOPBIX COMEPXKHUT B
CBOIO 0Yepeb HeCKOMbKO naparpados. [laparpad HaunHaeTcs ¢ KpaTKoro
TEOPETUYECKOr0 BBEJIEHHUSI, COIEPKAIIEr0 HEOOXOUMbIE 1JIsi PENIeHUsT T0-
CJEYIONINX 3319 OCHOBHBIE OMPEJIEJIEHNUsI ¥ TEOPEMbI, a TaAK)KE KPATKOE
OTMMCAHWE HCMOJIb3YEMbIX MAaTEMAaTHYECKUX nmpuemMoB. MHorga Teoperunde-
CKHE CBEeJeHHsl BKJIMHUBAIOTCS BHYTpPh maparpada, mpeaiecTBys rpymnmne
3aJa9 HA 3aJJaHHYIO TEMYy.

B ruiage 1 nogobpaHbl 3a1a4m, OTHOCSLMECS] K TEOPUU JIMHEHHBIX HOP-
MHPOBAHHBIX, DAHAXOBBHIX, THJIBOEPTOBBIX, JEOErOBBIX, COOOIEBCKUX W MET-
puueckux npocrpancti. Oraeabnbiii naparpad (§5) nocssien BaxxHOMY B
NPUJIOXKEHHUAX BOMPOCY MOCTPOEHUsI JIEMEHTA HAMIYUIIero mpubJInKeHus
B MMJILOEPTOBBIX U DAHAXOBBIX MPOCTPAHCTBAX.

['naBa 2 BKIIOYAET MaTEPHUaJ M0 TEOPHUH JHUHEHHBIX onepaTopoB. Hapsi-
Iy € 3ajla9aMu 0OIIEero rnjaHa, CBI3aHHBIMHU C MOHATHSIMHU HEMPEPHIBHOCTH,
OTPAHUYEHHOCTH, HOPMbI JINHEHHBIX ONEPATOPOB, & TaKXKe 00PaTHOrO One-
paTopa, 3HAYUTEJHhHOE BHUMAHWE YJEJEHO KOHKDPETHBIM JIMHEHHBIM Ofe-
paTopaM, B 9aCTHOCTH, MHTErpPaJbHBIM U AuddepeHnaIbHbIM, KOTOPbIE
HAXOIAT MHUPOKOE MPUMEHEHHE B pelieHne NpuKIaJHbIX 3a1a4. Paccmar-
PUBAIOTCSI TAKXKE W HEOTPAHHYEHHBbIE 3aMKHYTBIE JUHEHHBIE OMEPATOPDI.

3ajauu 10 TEOPUU CONPSIXKEHHBIX MPOCTPAHCTB U CONPSIPKEHHBIX Ole-
paTopoB No00paHbl B rjase 3.

B rnase 4 paccMoTpeHbl KOMIAKTHBIE MHOXKECTBA, BIOJHE HENMPEPHIB-
HbI€ U HOPMAJIbHO pa3pernMbie ONepaTophbI.

B rnase 5 cobpaHbl 3aJa9d M0 TEOPUU CAMOCOIPSI)KEHHBIX ONMEPATOPOB
B THJILOEPTOBBIX MPOCTPAHCTBAX, 3aJ]a49W MO TEOPUU CMEKTPA JUHEHHOrO,
BIIOJIHE HENPEPBIBHOIO M CAMOCOINPsI>KEHHOro oneparopor. CneynasbHbiii
naparpad nocesimieH JWHEHHBIM HWHTErpaJbHbIM ypaBHenusim. Paccmar-
PUBAIOTCS pellleHrsi WHTerpajJbHbIX ypaBHenuit 1l poma, a Takxke meton
peryJisipusaliuu JuUis UHTerpadbHbix ypasuenuil 1 poga (§21). 3aech xe
yAENeTCsl BHUMAHKE HEOrPAHUIEHHBIM OMepaTopaM, B YaCTHOCTH OnMepa-
ropy Llrypma Jlnysunnsa (§ 22).

'maBa 6 comep>kuT 3372491 HEJUHEHHOr0 (DYHKIIMOHAJIHLHOIO AHAJIN3A.
Paccmarpusatores auddepennuposanue B HeJIMHEHHOM Citydae, COKUMAI0-
mue oTobparkeHusi, MeToJ KacaTeabHbix Hbiorona, mpunmun lllayaepa,
HEesIBHBIE OMEPATOPHI.

OTMeTuM, 9TO 3TH U JpyTHe pa3ae/ibl HETHHEHHOTO (HYHKITHOHATBHO-
ro0 aHAJN3a MOSIBUJINCH B CBS3W C BBIPOCIIUMH MOTPEOHOCTIMU TEOpUH
nuddepeHnasbHbIX YyPABHEHUH, YUCAEHHBIX METOJIOB, MATEMATHYIECKOTO
NpPOrpaMMHUPOBAHNS U JIDYTUX PA3JIEJIOB MATEMATHKH.

OnpeneneHublii MHTEpEC AJsI TPUKJIAJHAKOB MOXKET MpPeJCTABUTH
riaaBa 7, KOTOpas COAEPXKHUT MOAOOPKY 3aJad W yHPaKHEHHH MO BaxK-
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HeHIUM COBPEMEHHBIM MPUOJMKEHHBIM METOJAM  METOJY PAa3HOCTHBIX
CXeM, METOJy CILIaiiHOB, MeTony ['ajepkuHa ¥ METOJy MOHOTOHHBIX OMe-
paToOpoE.

[maBa 8 nocesimieHa BapUALIMOHHOMY WCYMCJIEHUIO KAK KJIACCHYECKO-
my (§30, 31), Tak n aberpakrHomy (§32). Tlpu 3TOM aBTOpHI CTapasauch
HAUTHU €IMHBII NOAX0J K 3TUM BOMPOCAM.

[TockosbKy 3aja9HUK MpeJHA3HAYEH B OCHOBHOM [IJisi CTYJEHTOB TEX-
HUYECKHX BY30B, aBTOPBI COYJHU HENEIECOOOPA3HBbIM BKJIOYATH B HEr0
YIPaXKHEHUsT 110 TEOPUHU TONOJOIMYECKUX M JIMHEHHBIX TOMOJOIMYECKUX
NPOCTPAHCTB U 110 TEOPUU MePbl. B cOOPHUK Tak»>Ke He BONILJIM HEKOTOPbIE
BaXKHbIE NPUKJAJHbIE Pa3jesibl (DYHKIUOHANBHOIO aHAIU3A, B YaCTHOCTH,
npumMeHeHus K Teopuu auddepeHuanibHbIX YPABHEHHUT ¢ YACTHBIMHU TPO-
u3BoaHbiMU (06uii MeTog Pypbe, 0606eHHbIe (DYHKIUM, TOJTYTPYIIbI,
1PUOJIMXKEHHBIE CXEMbl) U K TEOPUU ONTUMAJBHOIO yIPABJICHHS .

AgTopsl riayboko npusnaresbhbl npodeccopy kadeapbl Treopun yHK-
uuit u dyHkyuonasbuoro aHaausa MI'Y um. M. B. Jlomonocosa A. A. Ku-
puJiosy, npodeccopy A. U. [Ipuiienko u BO3riaBiasieMOMy UM KOJIJIEKTURY
kadeaps! Boicmeit MmaremaTuku MUOU 3a 6oabioe 9ucao mMEHHBIX COBE-
TOB, YYTEHHBIX P MOJArOTOBKE HACTOSIIErO U3TAHUSA.

Agropbl uckpenne Gaarogapust A. U. lllTepHy, npoBepuBiIIEMy TEKCT
PYKOIIMCH BO BCEX €r0 JIeTaJsiX U BbICKA3ABIIEMY MHOI'O MO0JIE3HBIX 3aMe-
ganwuii, a Takxke JI. B. Kopeabmreitny 3a nomomis B COCTaBJIEHUNA OTBETOB 1
yKa3aHUii.

B. A. Tpenozun
B. M. INucapescrudi
T. C. Coboaesa



I'masa 1

HOPMUWUPOBAHHBIE ITPOCTPAHCTBA

§ 1. Jluneiinble HOPMUPOBAHHBIE IIPOCTPAHCTBA

Jluneitnoe npoctpancTBo X HaJl MHOXKECTBOM BellleCTBEHHBIX ducen R
(kommekcHbix 4uces C) HA3BIBAETCH HOPMUPOGAHHBLM TIPOCTPAHCTBOM,
ecan KaxaoMy £ € X MOCTABJIEHO B COOTBETCTBUE HEOTPHUIATEIHHOE THC-
a0 ||z||, naspiBaemMoe HOpMoOU T, TAK, YTO BHINOJHEHbI CJIEAYIOUINE TPH
AKCHUOMBI:

1) ||z|]| =0 rorma u Tonbko Toraa, korpa 1z = 0;

2) [|Az|] = |A] - ||z|] aas awoboro z € X wu n1060ro BewecTBEHHOrO
(KOMILJIEKCHOTO) YuCIa A;

3) llz+yll <zl + ]yl ana mobbix z,y € X.

OmEpomvLm Wapom ¢ IEHTPOM B Touke Lo € X n paamycom 1 > 0 Ha-
3pIBaeTCA MHOXKECTRO S, (z9) = {2 € X : ||z — z¢|| < r}. Bamrnymom wa-
POM C LEHTPOM B TOUKe g € X W pajuycoM 7 > 0 HA3BIBAETCS MHOXKECTBO
So(zo) ={z € X : ||z — z0|]| < 7}. Ceeporii ¢ uentpom B ToukKe 7o € X 1
paauycom 1 > 0 HazbiBaeTCs MHOXKECTBO 0, (o) ={z € X : ||z — zo|| =1}.

MuoxecTBo A C X HA3BIBACTCSA 02DAHUYEHHBLM, €CTH €r0 MOXKHO 3aK-
JIIOYMTH B HEKOTOPBIH map (OTKPbITHINA nn 3aMKHY ThIR ). /Juamempom Muo-

x)ecrBa A C X naswiBaercs unciao diam A = sup ||z —y||. Paccmoanuem
r,y€EA
om mouku . € X do muoocecmea A C X HasbiBaercss yuciao p(z, A) =

= in£‘| x —y||. Paccmosnuem mescdy mmoscecmeamu A, B C X HazbiBa-
yE

ercs uncio p(A, B) = . inf . |z =yl
1

Muoxecrso M C X HasbIBaeTCS 0OMEPLIMbIM, €CJIU [Jis 11000 g € M
cymecrnyer 1 > () Takoe, uro S,.(z¢) C M. Touka a € M wasbisaercs npe-
deavroti Toukoii muoxkecrsa M C X, ecain B siobom mape S, (a) naiigercs
rouka = € M (z # a). MHOXKeCTBO BCeX NpPEJEJbHbIX TOYEK MHOXKECT-
Ba M oboznauaerca M'. Muoxectso M U M' na3blBaeTca 3aMHBKAHUEM
mHokecTBa M u oboznavdaercss M. Muoxkectso M C X Ha3bIBAETCS 30.M%K-
Hymoim, ecnu M = M.

[Mocaepoparenbuocts ., € X (n € N) nazniBator crodawetica K vne-
MeHTY To € X (3alUCBIBAIOT T, — Tq), €cu ||z, — zo|| = 0 npu n — oo.

Muoxecrro [, C X Ha3biBaeTCst AUHETHBIM MHO2000pA3UEM, ECIU U3
z,y € L caenyer, uro x +y € L mu Az € L. gnsa mo6oro uucna A. Ecan
JTV[HeﬁHOB MHOT‘OO6p8,3]/Ie ABJIAETCA SaMKHyTbIM B X MHO>KECTBOM, TO OHO
Ha3bIBaeTCs nodnpocmpancmeom. Aanzebpauveckoti cymmoti muoxecrs A
u B npocrpancrsa X Ha3bIBAETCsS MHOXKECTBO A 4+ B BCEBO3MOXKHBIX CyMM




10 I'a. 1. Hopmuposarnvie npocmparcmaa

Buga a+b, rne a € A, b € B. Ilyctb g € X NpOU3BOJBLHBIA 3JIEMEHT,
alLCcX auHeitnoe MHOroobpaszue. MHOXKECTBO %o+ L Ha3bIBAETCSA
agppurnvim muozoobpasuem. Ilycrs L, M — nopnpocrpancrsa X takue,
910 J1I000# snemenT x € X eauHCTBEHHBIM 00pPa30M NPEJICTABUM B BUJIE
r=u4v, rae u € L, ve M. Bsrom ciydae rogopsaT, uto X ecTb npamas
cymma L v M, v 3anuceiBaior X = L& M.

Ompeskom, COEIUHAIONUM TOYKH %,y € X, HAZBIBAETCS MHOXECTBO
Touek Bujaa ax + By, rae a >0, >0, a+ [ =1. Muoxkecrso A C X
HA3BIBAETCS BbINYKABLM, E€CIH OTPE30K, COSJMHAIONUN TI00bIE BE TOUYKH
MHOXKECTBA A, 1eamkom jgexut B A.

Muoxecrso A C X HazbiBaeTcs 6ctody naomusim B8 X, ecnu A = X,
IMpocrpancrso X HasbiBaeTcs: cenapabesvHvim, €CAW B HEM CyIIECTBYET
CYETHOE BCIOAY NJI0THOE MHOXecTBO. MuoxecrBo A C X wHasbiBaercs
Huzde He naomuvm B X, eciin B KaxkaoM mape S C X cogepxkurces apyroi
map Si, He cojepxkanuii Touek A.

[Mpocrpancreo X Ha3bIBAETCS CMPO20 HOPMUPOBAHHVLM, €CJIM B HEM
paserctBo ||z +y|| = ||=|| + ||y|| npu z #0, y # 0 BO3MOKHO TOJLKO jiJisi
y=Az, rage A >0

Orobpaxenue F': X — Y JuHEHHOr0 HOPMHPOBAHHOIO MPOCTPAHCT-
Ba X B JIMHEHHOE HOPMUPOBAHHOE TMPOCTPAHCTBO Y HA3BIBAEGTCS HENpe-
poleHbIM 6 mouke To € X, ecau aas gwboro € > 0 cyuecrsyer § =
= d(e) > 0 rakoe, uro aas awboro z € Ss(zo) f(x) € S:(f(zp)). Orob-
paxkenue F': X — Y HasbiBaeTCA HENPEPHLIGHBIM, €CJIM OHO HENPEPHIBHO B
Kax10i1 Touke g € X. Orobpaxkenune F': X — Y Ha3zbIBaeTCsH pasHomep-
HO HenpepbeHbLM, ecau 1 moboro € > 0 cymecryer § = d(e) > 0 Takoe,
qT0 A1 J06oro zo € X u3 x € Ss5(xzo) caeayer f(z) € S-(f(zo)).

1.1. /lokazaTh, 4YTO B ONpEJEJEHUH JIMHEHHOrO HOPMHPOBAHHOIO
NPOCTPAHCTBA aKCMOMY 1) MOXHO 3amMeHmTh Ha akcuomy: u3 |[z|| = 0
ciepyer z = ().

1.2. Mlycrb %y, z,yn,y € X (n € N). [lokazarsb, uro:

a) eclu T, — T, TO T, OrPAHUYEHHAs MOCJIEJ0BATEIbHOCTD;

) eciu T, =z, Ay = A, Ay €C, O Ay, = Az
) eciu T, =z, 1O ||z, = ||%|];

) ecam T, = n ||z, —yy||—0, To Y, = x;

) ecam z, =z, 10 ||z, — Y| = ||z —yl;

) ecn T, =T, Yo =Y, 10 ||Zn —yall = ||z —yl|.

(=)}

=]

T

—

o X

1.3. JlokazaTb, 4T0 OTKpHITHIA mwap S.(Tg)  OTKPBITOE MHOXKECTBO,
3aMKHyThI# map S, (zg)  3aMKHyTOe MHOXECTBO M 3aMblKaHue Sy (zq)
coBnajaer ¢ S,.(zg).

1.4. Jlokazars, uyto diam S, (xg) = 2r.

1.5. [yers S, (a) C Sr(b) C X. JlokazaTs, uto r < R u |la — b|| <
<R-r.

1.6. /lokazaTb, 910 Ans JOOBIX 1E€MEHTOB %,y € X BbINOIHACTCH
uepasencrso ||z|| < max{||z+yl|, ||z — y||}.
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1.7. Jlokazarsh, 94T0 anrebpandeckas CyMMa U 00beJUHEHHE IBYX Orpa-
HUYEHHBIX MHOXKECTB ~ OI'pDAaHUYEHHbIE MHOXKECTBA.

1.8. Jlokazath, uro MmuokecTtBO A C X ABIAETCA OrpaHMYEHHBIM TOT-
Jla u TOJbKO Toraa, korga diam A < co.

1.9. Jlokazath, uro muoxectso A C X sABASETCA OrPAHUYEHHBIM TOT-
Ja ¥ TOJBKO TOrja, KOrJa JJis JIIOGOH MOCAe0BATENbHOCTH T, € A u
Ja000i nocnepoBarenbHocT A, € C, crpemsineiics K HyJIO, NOCIEI0Ba-
TEJBHOCTb A, T, CTPEMHUTCH K HYJIO.

1.10. Ilyctb A C X orpanuuenHoe muoxxecrso. /lokazats, uro A
orpanu4eHHoe MHOKecTBo U diam A = diam A.

1.11. /lokazaTb, 4TO JJis NpOU3BOJbHOrO MHOXkecTtBa A C X MHO-
xectBo A’ 3aMKHYTO.

1.12. /loka3aTb, 4TO A/ NPOU3BOALHOrO MHO)kecTBa A C X umeer
mecro Bratovenne (A') C A'. Bo3mMOXHO Jin 371€Ch CTPOroe BKJKOUYEeHHE?

1.13. Caenyersmuz A, BC X, AC B, uro AC B?

1.14. Tlycrs A C X — 3amkuyToe muoxectso. [lokazarn, uro p(z, A) =
=0 Torja u TOJLKO TOrJa, KOorga « € A.

1.15. Ilycts A, B C X  npousBoibHbIe MHOXKecTBa. JlokazaTh, 4To
p(A, B)=p(A, B)=p(A, B)=p(A, B).

1.16. Ilycrs z € X — npoussonbhas Touka, A C X — npoussosibHoe
muoxecTBo. Jlokazars, uro p(z, A) = p(z, A).

1.17. Ilyecrs A, B C X  3aMKHyTbie MHOXeCTBa. BO3MOXKHO i1, 4TO
p(A,B)=0, eciu ANB = @7

1.18. Ilycth A C X  npousBosibHOE MHOXKecTBO. Hazosem zpanuyeri
MHO)KecTBa A MHOXkecTBO JA Takux Touek z € X, uto moboi map ¢
LHEHTPOM B I COAEPXKHUT XOTs1 Obl OJJHY TOYKY W3 A M X0Tsi Obl OJIHYy TOYKY
u3 jonosinenust Kk A. Jlokazarh, uro A — 3aMKHYTOE€ MHOXECTBO M 4TO
rpanuna A cosnajgaer ¢ rpanuueil gonogHenus Kk A.

1.19. /lokazaTb, uTo ecau xors Obl 0gHO U3 MHOXkKecTB A, B C X or-
KpbIiTO, T0 A+ B OTKPBITOE MHOXKECTBO.

1.20. Ilyers A1, A5 C X 3aMKHYyTble MHOXKeCTBaA, pudem A N Ay =
= @. [locTpouTsb OTKpbITHIE MHOXKeCTBa, B1, Bo C X Takue, utro A, C By,
AQCBZ 14 B]QBZZQ.

1.21. JlokasaTh, 4T0 B J1I0OOM JIMHEHOM HOPMHUPOBAHHOM NPOCTPAHCT-

BE CyUIECTBYIOT JIBA HENMEPECEKAIOUIMECs OTKPbIThIE MHOXXECTBA, KOTOPbIE
HEJIb3sl IOMECTUTh B HENEPECEKAIOIINECS 3aMKHY ThIE.

1.22. Yb6eauthcsi B TOM, 9TO B CJAEAYIOMIUX CJIYy9asiX BBITOJHAIOTCS
aKCHOMBI HOPMBI, T. €. HOPMA OmnpejeaeHa koppekrao. Yro o3naqdaer cxo-
JIMUMOCTH TIOCJI€I0BATEBHOCTH B KAXK/JIOM U3 MEepPEeYUCTeHHBIX HUXKE MPOCT-
paHcTB?

a) Ilpocrpancrro K™ croabuor = = (z)j-, (zx € R mum 2, € C) ¢
HOPMOIi

_ [f: mk2]1/2.

k=1

T
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6) Ilpoctpanctso ¢ cronbuoB = = ()7, (xx E R nnm z, € C) ¢
k=1

HOPMO¥i |z| = max |z

<k<m

B) IIpoctpancrso ! cronbuos = = (r)j, (zr € R mmn z, € C) ¢
HOPMOi#t m
zll =" |zl
k=1

r) Ipocrpancrro [' (p > 1) cronbuos z = (zx)jL, (v € R wan
zy € C) ¢ nopmoit . p
Joll = | S [aap]
k=1

n) Tpocrpancrro 1 nocaeposarensbuocreii © = (1, T2,...) (rr € R
o0

umi zj, € C), y/0BNETBOPSIONIUX yCIOBHIO » _ |1] < 0C, ¢ HOPMOi
k=1

o
ol = 3 [l
k=1
e) [lpocrpancrso ly mocaepoBarenbuocreil © = (z1, za,...) (zr € R
oo

win zj, € C), yaosaersopsomux ycaosnio y_ |zx]? < 0o, ¢ nopmoi
k=1

m 1/2
Joll = [ S loe?]
k=1
x) Ipocrpancrso I, (p > 1) nocaegoarensnocreit © = (1, T2, ...)
o0

(zr € R man z € C) ynosaersopsiomux yciaosuio »  |z;|P < 00, ¢ HOpMOi

m ]/P k=1
] = [z |] |
k=1

3) TTpoCTPaHCTBO M OrPAHMYEHHBIX MNOCJEJOBATEJNBHOCTEH I =
=(z1,x2,...) (xx € R mam x4 € C) ¢ Hopmoi

ol = suplzl.
k
u) TTpocTpancTBO ¢o CTPEMAMMXCS K HYJIO MOCJACJOBATELHOCTEH T =
=(z1,x2,...) (xx € R mam x4 € C) ¢ Hopmoi
] = max |
k) Ilpocrpancrso ¢ cxopsmmxcs nocaegoBarenbuocreil © = (1,2, ...)
(rx € R win zp € C) ¢ Hopmoii
ol = suplzl.
k

1.23. Y0eauThesi, 9YTO B CJIEAYIONUX CIYyd4asiX BBINOJHSIOTCS AKCHOMbI
HOPMbI, T. €. HOPpMa ONpejeeHa KOPPeKTHO. YTo 03HA4YaeT CXOJAMMOCThH
N0CJIEI0BATEJIbHOCTH B KAXKJIOM M3 11E€PEUYUCIEHHBIX HUXKE NPOCTPAHCTB?



§ 1. Jlunetinoie HOPMUPOBAHHBIE NPOCMPAHCMEN 13

a) Ilpocrpancrso Cla, b] nenpepbiBubix Ha [a, b] dyHKuuii ¢ HOPMOI

T|| = z(1)|.
I = ma (1)

6) Tpocrpancreo C*[a, b] k pas menpepwisno auddepeniupyembix

ua [a, b] dynkuuii ¢ Hopmoii .

2= ()]
[zl ;;g;:i’;]“ (1)

B) Ilpocrpancrso M[a, b] Bcex orpanudennbix Ha [a, b] dyakuuii ¢

HOPMO¥i |zl = sup |z(t)|.
t€la,b]

r) Ipocrpancreo K HenpepbiBHBIX Ha BEWECTBEHHOW npsimoii (punnT-
HbiX (GyHKIMA (pABHBIX HYJIO BHE HEKOTOPOO HHTEPBAJA, CBOErO JJis
KaxKJJ0il (DyHKIMHU) ¢ HOPMOIA

Joll = max| (1)

1) Ipocrpancrso Z,,[a, b] nenpepbiBHbIX Ha [a, b] dyHKUMI ¢ HOPMOI
b 1/p
loll = | [letora| . 1<p <o
a

e) Ilpocrpancrso Va, b] dbyukuuil ¢ orpanuuennoii na [a, b] Bapua-
e ¢ HopMoit b

]l = lo(a) + \/ ().

a

DOynkuns z(t), 3apannas na [a, b], nazeiraercs gynryueti ¢ oepanuyen-

HOTi 6apuayueti, €CIA CyHEeCTBYeT NMOCTOSAHHASA ¢ TaKas, 4TO JIdA JIIOOOro
pasbuenus orpeska [a, b]: a =ty < t; < ... < t, = b, BoINONHAETCS HEPA-
n

BeHCTBO »  |#(tg) — z(tg—1)| < c. Jas dbynkuun ¢ orpannuennoii na [a, b]
k=1
Bapualnueil ee noanotl sapuayueti HA3bIBACTCA YUCTIO

b

\/#(t) =sup 3" Ja(ts) — o (te 1)),

a k=1
r/le BepXHsdsl IpaHb DEpeTcsi Mo BCEBO3ZMOXKHBIM KOHEYHBIM pPa30UeHUsIM
orpeska [a, b].
1.24. N3zobpazursh eamnununbiii 3amkuy il map S;(0) B BewecrTsen-
HeIx mpocrpancteax F2, ¢*, 1%, 13

1.25. Moxkno Jix B MHOXKecTBe cTOa610B = = (z4)]; (zr € R) no-

JIOXKUTh m 1/p
o] = [z |] |
k=1

eciu p<1, m>27
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1.26. /lokazaThb caenyoline HEPaBEHCTBA JIJIsi HOPM:

a) amllz|pm < ||zllem < Bmllz|lmm;

6) Ymllzllim <lzllem < dmlllim;

B) emlz]|mm <|z]lem < vm|lz|Em.

YKa3aTh HAWJydIlIne 3HAYEHUS BXOJANUX B HUX MOJOXKHUTEJbHBIX TO-
CTOSAHHBIX (yy s By Yms Oms Ems Vi -

1.27. Ilycrb o, >0 (k=1,2,...,m). /lokazarb, 94T0 B IPOCTPAHCTBE
cronbuor ¢ = (24)7, (zx € R) MOXHO BRECTH HOPMY CJI€AYIOINMHA CIO-
cobamu:

m
2) ol = max (aplel);  6) all = 3 axlal
AR v k:-l

m 1/2
) Il = [zamm] |
k=1

1.28. JlokazaTh, 4TO B mMpoCTpaHCTRe cTOAOLOB & = (xk)}, (zx € R)
MO>KHO BBECTH HOPMY CJIEJIyIOIIUMHU CIOCObaMu:

moi 1/2 k
_ 2| . _
) el =[Sl 6 el = max S
i=1k=1 i=1
1.29. Ilycts A =|a;;]| (4,7 =1,2,...,m) cuUMMeTpHYHAS MOJOXKH-

TENBHO ONpejeseHnas mMaTpuna. /loka3aTh, 4TO B MpPOCTpaHCTBE CTONO-
uoB z = (z4)j~; (zx € R) MoxkHO BBeCTH HOPMY

m 1/2
]| = [ > ai_jxim_j] :
i,j=1

1.30. [Ipusectn npumep nocaegosarensnocru ") = (mgn), .’I,‘én), )
(zr € R), koTopast npunajjiexana 6bl Ka2KJI0My U3 PACCMATPUBAEMOM Napbl
MPOCTPAHCTR U:

a) CXOAWJIACH B 11, HO HE CXOJUJIACH B [1;

6) cXOAMJIACh B 1M, HO HE CXOJUJIACH B lo;
B) CXOQUJACh B lo, HO HE cxoaUIach B ]
) CXOAMJACH B Cg, HO HE CXOAMJIACh B [1;

J1) CXOAMJIACh B Co, HO HE CXOANJIACH B 9.

1.31. Jlokazath, uto npu Jobom p > 1 KaxkAbIl 3JEMEHT NPOCT-
paHcTBa [, SIBJISIETCS ¥ IJEMEHTOM NPOCTPAHCTBA Cg, HO JIEMEHT T =
=(1,1/In2,1/In3,...,1/Inn,...) € ¢ He npuHALIEKUT [, HN NPU Ka-
koM p > 1.

1.32. Jloka3aTh, 9TO €CJH PACCMATPUBATH MPOCTPAHCTBO [ KAK MHO-
2KECTBO B MPOCTPAHCTBE 1M, TO €r0 3aMbIKAHUE €CTh Cq.

1.33. Cxogurest am B npocrpancrse C[0, 1] nocaegosaresbHOCTb:

a) T,(t) =t" ="t 6) y,(t) =t" —t*"7?

1.34. CxoguTcs Jid 1OCJHEA0BATENBHOCTD Ty, (1) =
npocTpaHCcTBe:

a) C[0,1; 6) C'[0,1]?

tn+1 tn+2

n+1 n—+2
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1.35. Ilycers z,(t), z(t), y(t) € C*[a,b], z,(t) — z(t) npu n — oc.
Hoxkazarb, uto z,(t)y(t) — T(f)y(t) npu n — oc.

1.36. JlokazaTh, 4TO BesIKasi MOCJEJ0BATEJNbHOCTH, CXONAIIAACT B
upocrpauncree Cla, b], 6yner cxousimeiicss 1 B npocrpaHcrie ZQ[a, b].
MMocTpouth npuMep NoCJaeJ0BATENLHOCTH, CXOJsIEcs B NPOCTPAHCT-
BE Zg[(],, b], Ho He cxongueiica B npocrpancrse Cla, b].

1.37. MoxxHO Jin B JMHEHHOM MPOCTPAHCTBE JIBAXK/Ihl HEMPEPHIBHO
nuddepennupyembix Ha [a, b] byHkuuil npunATh, 32 HOpMy sseMenTa  (1):

a) |z(a)|+]2'(a)|+l="llca,0; 0) 2" [lc1a,0) +H-T||zz[,1 it
8) |z(a)| + [z (b)| + || r) [z(a)] + ||

27 e
1.38. MoXHO Jid B JIMHEHHOM MPOCTPAHCTBE HEMpPepbIBHO aud depen-
uupyembix Ha [a, b] dynkuuii npuusiTh 33 HOpMy ds1emenTa z(t):
a) max |z(t); 6) max |z'(t)[; B) |z(a) — z(b)| + max |z'(t)[;
t€la,b] t€la,b] b t€la,b]

)

) [2(a) + max [ a) [la(®)]dt+ max [2/(2)]7

1.39. Byjer sin muoxkecrro Becex MHorodsieHos B npocrpancree Cla, b]:
a) OTKPBITHIM;  0) 3aMKHYThIM?

a

1.40. Byger au 3amkuyrnim B npocrpancrse Cla, b] MHOXKeCTBO MHO-
IOYJICHOB CTEIEHHU:

a) <k; 06)=k?

1.41. [lokaszars, uro B npocrpauncree Cla,b] mnoxecrso ¢yHk-
unit 2(t) Takux, 9ro ansa Jawboro t € [a,b] BHINONHAETCA HEPABEHCT-
Bo |z(t)] < 1, ABASAETCSH OTKPBITHIM.

1.42. Ilycrs muoxkectBo M C R dukcuposano. [lonoxum Ay =
={z(t) € Cla,b]: z(t) € M ana moboro t € [a, b]}. Byaer s Mmuoxkect-
BO A, :

a) oTKpHITO, eciin M OTKpPBITO; 6) 3amknyToO, ecaiu M 3amkuyTO?

1.43. Oyukuus x = f(t) onpenesnena n HenpepbiBHA HA BCEl BenlecT-
sennoii ocu. Jlokasarn, uro muoxecrso {t € R: f(t) < 1} sasiercs
oTkpbIThIM B R.

1.44. Jloka3aTh, 9TO MHOXECTBO HEMPEPHIBHBIX KYCOYHO JIMHEHHBIX
dbyukuuii Berogy naorho B npocrpancrse Cla, b].

1.45. [lokazars, 40 MHOXKECTBO MHOrO1JIeHOB Berogy nioruo B Cla, b].

1.46. [lpu KakoM yCJOBHMM Ha MOCJAE0BATENLHOCTH G, € R (a, > 0)
OyIeT OrpaHUIEHHBIM MHOYKECTBOM:

a) napamenenunes {z € ly, x = (1, T2,...) : |Tp| < an};

oo
6) samunconn {356127 z= (21, Z2,...): Zx%/ai<]}?
=

1.47. JlokazaTh, 4ro napajnaenenunen {x € ly, © = (x1,z2,...):
|zn] <1}  OTKpBITOE MHOXKECTBO.
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1.48. [lpu KakoM yCJOBUM HA MOCJEJOBATENIbHOCTH a, € R (a, > 0)
OyJeT OTKPBITHIM MHOXKECTBOM napaJienenunes {z € lo, © = (z1, T2, ...):
|zn| < an}?

1.49. [lokazars, uro napajsenenunes {x € lo, = (1, 2, ...): |z, <
< @, } — 3aMKHYTOE MHOXECTRO.

1.50. /lokazaTh, 4TO JMHEHHOE HOPMHUPOBAHHOE MPOCTPAHCTBO X sIB-
JISIETCS1 CTPOr0 HOPMHMPOBAHHBIM TOIJIA U TOJILKO TOraa, koraa cdepa o1 (0)
HE COJEPXKUT HUKAKOrOo orpeska, T. €. u3 z,y € o1(0) (z # y) caenyer,
aro az + (1—a)y € 01(0) ansa moboro « € (0, 1).

1.51. Kakue u3 cjeaymonux MpoCTPAHCTB SBJSIOTCA CTPOrO HOPMHU-
POBAHHBIMHU: _

2, . . . .

a) c 6) ll: B) 12: F) ms; ra) C[Ovl]: e) LQ[Ovl]?

1.52. Tlycrs A, B C X — BoinykJbie MHOXKeCTBA. Kakne n3 MHOXKeECTR
AUB, ANB, A+ B Takxe SIBISAIOTCs BbINYKJIbIMU?

1.53. Ilyctb A C X BbINyKJI0€ MHOXKECTBO U A uucyo. Jlokazars,
uro muoxkectBo AA = {z € X: z = Ay, y € A} Bbiykiuoe. Byger au
MHO>KECTBO BCEX BbIMYKJIBIX MOJAMHOXECTB NMPOCTPAaHCTBA X JINHEHHBIM
NpoCTPaHCTBOM?

1.54. Byaer Jsin 3aMbIKaHUE BBIMYKJIOrO MHOXKECTBA B JIMHEIHOM HOp-
MWUPOBAHHOM NPOCTPAHCTRBE BbhITYKJIBIM MHO)KeCTBOM?

1.55. Jlokazare, uyto wapbl S, (%) 1 Syr(zg) BBIIYKJIbIE MHOXKECTBA.
Byaer siu BbinyKJbIM MHOXKECTBOM cepa o, (2q)?

1.56. JlokazaTh, ITO aKCMOMa TPEYTOJbHUKA B ONPEJEJCHUH HOPMBbI
9KBHMBasieHTHA TPeOGoBaHmio BhimykjaocTn mapa S1(0).

1.57. Jlokazarh, urto Becsikoe addurHoe MHOrOoOpasue B JUHEHHOM
HOPMHPOBAHHOM TPOCTPAHCTBE SIBJSIETCS BHIMYKJIBIM MHOXKECTBOM.

1.58. Byjer ain soinykabiv B npocrpancree C[0, 1] muoxecrso:

a) MHOrOYJIEHOB cTeneHu = k;

6) mHOrounenos crenenn < k;

B) HenpepbiBHBbIX (GYHKIUI, yJOBIETBOPAIONUX YCIOBUIO

|

r) HenpepbIBHBIX (DYHKIHUIT, yI0BJIETBOPSIOMMX YCAOBUIO
1

[ lz(t)Pdt <14
0

dt < 1;

1) HenpepbiBHO auddepennupyeMbix (HYHKIHUHA, YI0BIETBOPAIOUINX
CJIOBHUIO
yernost max |z(t)]+ max |z'(£)] <17
t€fo,1] tefo,1]

1.59. /loka3aTh, 4TO B MPOCTPAHCTBE [y BBIMYKJBIMH MHOXKECTBAMHU
SIBJIAIOTCS:

a) napannenenunen {z € la, © = (z1,Ta,...): |zn] <2771}
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oo
6) snauncoun {.T,Elg, = (x1,z2,...): Y. n’zl < 1}.
n=1

1.60. /lokazaTb, 4TO BCSAKOE JIMHEHHOE MHOr0OOpa3ue B KOHEYHOMED-
HOM JIMHEHHOM HOPMHPOBAHHOM MNPOCTPAHCTBE €CTh MOANPOCTPAHCTBO.
1.61. /loka3aTh, 9TO BCIKOE KOHEYHOMEPHOE JMHEHHOE MHOrOOOpa3ne
B JINHEHHOM HOPMUWPOBAHHOM TIPDOCTPAHCTBE €CTh NOATNPOCTPAHCTRBO.
1.62. JlokasaTh, 4To map B JIMHEHHOM HOPMUPOBAHHOM MPOCTPAHCTRE
HE MOXKET COJIEP2KATh HEHYJIEBOTO JUHEHHOr0 MHOr00Opa3usi.
1.63. Ilycts L C X JquHelinoe Muoroobpasue, L # X. JlokazaTs,
qT0 L HE COJIEP>KUT HUKAKOT'O M1apa.
1.64. Jloka3aTh, 9TO MHOXECTBO PEMIEHUH JIMHEHHOrO HEOJHOPOJIHOTO
00bIKHOBEHHOTO Au(depeHIHaATBHOr0 yPABHEHHUS 1-TO NOPSIIKA,
-1
d"z d"" 'z
— t a1 () ——+...+a,(t)z=y(t),
() (e = y ()
rae koaddunuentor a(t) (k=1,2,...,n) n npasas yacrsb y(t) Henpepbis-
Hbl Ha [a, b], obpasyer n-mepnoe acdbduunoe MmHoroobpasue B NpocTpaHcT-
se Cla, b].
1.65. JlokazaTh, 4TO B JIMHEHHOM HOPMHPOBAHHOM MPOCTPAHCTBE 3a-
MbIKAHHE JINHEHHOrO MHOr000pa3usi €CTh MOAIPOCTPAHCTBO.
1.66. Ilycrs L1, Lo C X —noanpocrpanctra. Jlokazars, 9T0 ecan XoTst
OBl OJIHO W3 HUX KOHEYHOMEPHO, TO 11 + [y — moanpocTpancTio.
1.67. O6pasyior su B npocrpancrse C[—1, 1] noanpocrpaHncTso cie-
JyIoIIre MHOXKeCTBA (hyHKIUI:
) MOHOTOHHBIE (DyHKIMH;
) uerHbie pyHKIMH;
) MHOTOYJIEHbI;
) MHOrousieHb! crenenn < k;
) nenpepbiBHO auddepenuupyembie GbyHKIMY;
) HENnpPEepbIBHbIE KYCOUHO JiMHERHbIE (DyHKINK;
’K) HenpepbiBHbIe (DYHKIUU ¢ OPPAHMYEHHOI Bapualueii;

3) dbyuxkuuu z(t), ynosaersopsitomme yeaosuio z(0) = 0;
1

u) yukuuu z(t), yA0BJIETBOPSAIOIUE YCIOBUIO I z(t) dt =0;
-1
K) dbyHKUMM ygoBAETBOpsiOmME ycaoBuio Jlunmuna ¢ kakoi-aubyan
NOCTOsAHHOIM, 3aBucsaeil or Gpynkiuuu?

1.68. Ilycrn L:{.TEIQ, x=(x1, T2, ...): Z.’I,‘n:()}.
n=1

a
6

= W

o° I

a) Jlokazarn, uyro I, — nuneiinoe muoroobpasmue.
6) SAsasiercs au I nopnpocrpancreom?

1.69. O6pasytor au nociegosareabHoctn & = (1, T2, ...) (2 € R)
n

Takue, 910 »  x; =0, moANpocTpancTBO B mpocTpancTse: a) l; 6) m?
k=1

2 B.A. Tpenorun u ap.
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1.70. /lokazaTh, 94TO NPOCTPAHCTBO Cq ABJSIETCS MOANPOCTPAHCTBOM B
NpPOCTPAHCTBE C.

1.71. Jloka3aTh, 4TO NPOCTPAHCTBO ¢ SBJSAETCA MOJNPOCTPAHCTBOM B
NpPOCTPAHCTBE 170.

1.72. Tlyers A, B C X — BcioJly 1JI0THbIE MHOXKeCTBa. BO3MOXKHO Jin,
ato AN B =7

1.73. Jlokazarh, 4TO JONOJHEHUWE K HUIJAE HE MJIOTHOMY MHOXECTRY
Beioy niaorho. Crpaseyingo jn obpaTHoe yTBepxKaeHue?

1.74. Jlokazarhk, 4TO JONOJHEHUE K OTKPHITOMY BCIO[Y TJIOTHOMY MHO-
JKECTBY HUTJIE HE MJIOTHO.

1.75. Jloka3aTh, 4TO 3aMbIKAaHUE HUTJE HE MJIOTHOTO MHOXKECTBA HUTJIE
HE MJIOTHO.

1.76. Ilycts . moampocTpaHCTBO cenapabebHOro npocTpancTsa X.
Jokazars, uto L cenapabesbHO.

1.77. Mlycrs B mpocrpancTBe X CyHIECTBYeT TaKOE€ HECYETHOE MHO-
)kecTBo A, uto mns HekoToporo € > 0 u m0bbix z,y € A BbImONHSAET-
cs HepaseHCcTBO ||z — y|| > e. lokasarb, uro X He cenapabesbHOE MHO-
JKECTRBO.

1.78. Kakwue u3 npocrpancts 3aga4 1.22, 1.23 cenapabesibubi?

1.79. B npocrpancrse C[0,1] paccmorpum muokecrso [ rakux
dbynknuii z(t), uro z(1) =0. lokazars, uro:

a) L — nognpocrpancrso 8 C[0, 1];

6) cywecrsyer takoe ojgHomepHoe nognpocrpancreo M, aro C[0, 1] =
=L M.

1.80. Ilpeacrasurs npocrpancreo C[0, 1] B Buge npsimoit cymmbl gByx
GECKOHEYHOMEPHBIX MOANPOCTPAHCTE.

1.81. Ilycts A C X 3amkuyTOe MHOXKecTBO, & € X, © € A. Beceraa
am Haiigercs y € A rakoe, uro p(z, A) = ||z —y||?

1.82. JlokazaTh, 9T0 AJisi TOro 4tobbl orobpaxenue f: X — Y Obl-
JIO HENpEepbIBHO B TOYKE Tg € X, HEOOXOJUMO U JIOCTATOYHO, 4TOOBI JJIsI
JII000# nocaegoBaTesibHOCTH T, € X, CXOAsdlelcss K Tg, MOCJeL0BATE h-
nocrb f(x,) cxopuaack k f(xzg).

1.83. Ob6s3aTenbHO Jid NpU HEnpepbiBHOM oToOpakenuu f: X — Y

a) obpas f(A) orkperroro muoxkecrsa A C X — 0TKPbITOE MHOXKECTBO;

6) obpaz f(B) samkayroro muoxecrsa B C X 3aMKHYTOE MHO-
2KEeCTBO?

1.84. [Jokazarb, uro HenpepbiHoe orobpaxkenue f: R — R, obaa-
JAIOIIEE TEeM CBOWCTBOM, 4TO 06pa3 KaXKJIOro OTKPBITOrO MHOXKECTBA €CTh
OTKPBITOE MHOYKECTBO,  MOHOTOHHAsI (DYHKI[HS.

1.85. JlokazaTh, 9TO Kaxk/i0€ W3 CJAEIYIONUX YCJIOBUN HEOOXOAMMO U
JOCTATOYHO [ TOro, 4To0bl oToOpaxkenue f: X — Y ObLI0 HeNpepbIBHO:
a) aag goboro muoxecrsa A C X umeer mecro Bkiaouenue f(A) C

C f(A);
6) npoobpa3z Jsoboro orkpeiTOoro muoxecrsa B C Y ecrh oTKphiTOE
MHOXECTBO B X.
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1.86. Ilycts f: X — Y HEMpepbIBHOE 0TOOpPAXKEHHE TPOCTPAHCT-
Ba X Ha BCe mpocrpaHcTBo Y, A BCIOZy TJOTHOE B X MHOXECTBO.
Hokazarb, uro f(A) — MHOXKECTBO, BCIOJly MJIOTHOE B NpOCTpaHCcTBE Y.

1.87. Ilycrb muoxectso A C X dukcuposano. Jlokazars, uro f(z) =
= p(z, A) — nenpepnisroe orobpaxenne X B R.

1.88. /lokazaTb, 4To anas Jawoboro muoxkecrsa A C X u moboro € > 0
muoxecrso {r € X: p(z, A) < €} orkpniro, a muoxecrso {z € X:
p(z, A) < €} 3amknyTo.

1.89. Ilycrs A1, A5 C X 3aMKHYTbIe MHOXECTBa, ipudem A N Ay =

p(m7 A])

($, A])+p($, AZ) '

a) Jlokazarb, uro: ¢: X — R HenpepbiBHOE 0TODpaXKeHUE, PUUEM
0<¢(z) <1; p(z) =1 Torma u Tonbko Torga, koraa = € Ay; p(z) =1
TOrJIa ¥ TOJLKO TOra, KOrja & € As.

6) llonaras By = ¢~ '([0,1/2)), B2 = ¢~ '((1/2,1]), nokazath, 4to
B1, By — orkpbiThie MHOXKeCTBa, npudem A1 C By, Ay C By. Tem cambim
MOJIy4aeM HOBOE JI0Ka3aTeJIbCTRO yTREPXKieHus 3aa4u 1.20.

B) SBasiercss im oTOOpaXkeHMe © PABHOMEPHO HENpepbiBHbIM Ha X 7

1.90. Jloxasarh, uro orobpaxenue f: C'la,b] = Cla,b], f(z) =
= dx /dt, nenpepniBHO.

=@. Ina © € X nonoxum ¢(x) =
0

1.91. Ssasiercst am nenpepbiBubiM orobpaxenue f: L — Cla, b],
f(x)=dz/dt, rne L  nuneiinoe muoroobpasue Henpepbisao auddepen-
uupyembix dbyukuuii B npocrpancrse Cla, b]?

1.92. Byaer qu uenpepbiabiM orobpaxenue f(z) = (1), ecau oo
paccMaTpUBaeTCs Kak JeiicTByomee:

a)mz C[0,1] 8 R; 6) uz L2[0,1] 8 R (cm. 3amauy 1.23)7

1.93. Byzer nn menpepbisabiM oTobpaxkenue f(z) = z2(t), eciu ono
paccMaTpPUBACTCA KaK JACHCTRyIOmEe: _

a) us C[0,1] 8 C[0,1];  6) us L3[0,1] B L»[0, 1];

B) uz C[0,1] B L»[0,1]?

Byger nu 310 oTo6parkenne paBHOMEPHO HENMPEPBIBHBIM !

1.94. Ilycts f: X =Y, g: X =Y  HenpepbIiBHbIE 0TOOPAYXKEHHUS.
Hokazars, 4yTo MHOXKecTBO {2 € X: f(2) = g¢(z)} 3amknyTo B X.

1.95. [lyctbe A, B C X MPOU3BOJIbHBIE MHOXECTBA, NpUYEM
px (A, B)=0. Boamoxuo au, uro py (f(A), f(B))#0, ecnu f: X =Y
€CTh:

a) HenpepbIBHOE OTODPaXKEHHE;

6) paBHOMEPHO HeNpepbIBHOE 0TODparkenne?

§ 2. BamaxoBbsl mpocTpaHCcTBa

[Mycrs X — nuneitnoe nopmuposannoe npocrpanctso. [TociemgoBaresn-
HOCTh X, € X Ha3biBaercsa @gyndamenmarvhoti, ecan ajs jwboro € > 0
cymecrsyer Takoe N = N (e), uro gas jgwboro n > N u Jjg Bcex HATY-
PAJbHBIX P BBIMNOJHAETCS HEPABEHCTBO ||y 4p — 25| < €. [IpocTpancreo X

2%
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HA3BIBAETCS TOAHbBLM, €CJIH B HEM BCsAKas (yHJIaMEHTAJbHAS MOCJIEJ0BA-
TEeJIBHOCTh cxoauTces. [lonHoe JuHeiiHOe HOpMUPOBAHHOE MPOCTPAHCTBO Ha-
3bIBAETCH HAHATOBHIM.

Hee nopwmbt ||z||; v ||z||; B anneitnom npocrpancree X HasbiBAIOTCSH
IKBUBAAEHMHBLMU, €CJIM CYLIECTBYIOT Takue ducgaa « > 0, § > 0, uro jus
moboro z € X Beimoansiercs nepasenctro al|z|l; < lz||, < Bz, -

Jluneitnbie HopmupoBanubie npocrpancTBa X u Y Ha3bIBAIOTCS U30-
MmopdroLmu, ecnu Ha Bcem X onpejaesneno orobpaxenue J: X — Y, aBasio-
meecsi JIMHEHHbIM, ocymecTBisomee n3omopduiMm X u Y Kak JIHHEHHBIX
NPOCTPAHCTB U TAKOE, YTO CYIECTBYET TaKue nocTosinabie o > 0, 4 > 0, uto
gz oboro ¢ € X Bemosnsiercs nepasencreo af|z|| < ||J(2)] < Bz
Ecan ||J(z)|] = ||z||, To npocrpancrea X u Y HazbiBalOTCSH U30MEMPUY-
HOLMU.

JIluneiinoe HopmupoBanHoe POCTPAHCTBO X HA3BIBAETCS BAOHCEHHHLM
B JINHEITHOE HOPMUPOBAHHOE IPOCTPAHCTBO Y, ecyid HA BceM X OMpejiesieHo
orobpaxkenue J: X — Y, aBisionieecs JUHEHHBIM U B3AUMHO OJTHO3HAY-
HBIM Ha 00JIACTH 3HAYEHUIT, TPUYEM CylIeCTByeT Takas nocrosauas > 0,
uro syist oboro z € X shimonnsiercs nepasencrso ||J(z)[ < Bl|z||.

BanaxoBo npocrpancTeo X Ha3bIBAETCS NONOAHEHUEM JTUHERHOIO HOP-
MUPOBAHHOTO POCTPAHCTEA X, eciin X — nuneiinoe MmaOroobpasue, BCIOLY

nJI0THOE B mpocTpancTee X .
Teopema 2.1. Kaowcdoe aunetinoe HOPMUPOBAHHOE NPOCTPAHCTN-
60 X uMeem nonoaHeHue, u 3mo NonosHeHUue eQUHCMEEHHO ¢ MOYHOCTHIO
00 uzomempuuecrozo omobpascenus, nepesodauiezo X 6 cebs.
Teopema 2.2. ITycmo 6 banarosom npocmparcmee X darna nocaedo-

sameavrocms wapos Sy, (T,), eaoscennur dpye 6 dpyea (S, . (Tni1) C

C Sy, (zn)), npuvem 1, = 0 npu n — oo. Tozda ¢ X cywecmeyem u
NPUMOM EOUHCTNEEHHAA TMOYKIL, NPUHAONEHCAULAA ECEM ULAPAM.

2.1. Jloka3aTh, 9TO Besikas (pyHIAMEHTAJbHASA MOCAEJI0BATETHLHOCTD B
JIMHETHOM HOPMHMPOBAHHOM MPOCTPAHCTBE OrPAHUYEHA.

2.2. Ilyets ©, € X  dyHAaMEHTAIbHAS MOCAEI0BATEILHOCTD U MO~
NOCAEJOBATENBHOCTD Ty, CXOAUTCA. J/lOKAa3aTh, 9TO BCA TMOCAEOBATENb-
HOCTh T, CXOJIUTCS.

o0
2.3. llyers =, € X n pag »_ |

Tnt1 — Tnl| cxopmres. Jlokazars,

n=1
970 Tp dyHIaMeHTANbHAS MOCAEI0BATEIbHOCTE. BepHo nu obpaTHoe
yTBepxKaenne?
2.4. llycrs x,, ¥y, € X — dyHnmamenTagabubie NOCIEI0BATEIHHOCTH.
Jlokazarh, 94T0 NOCJAEA0BATENBHOCTD Ay = ||, — Yp|| cxOpnTCS.

2.5. B yimneiiHOM npocTpaHcTBE MHOMOYJIEHOB, PACCMATPUBAEMbIX HA

[a, b], nosoxum b 1/2
= z(t)], = || |=(t)2dt]| .
Jolh = max (O el = |l

a) IlpoBepuTh AKCHOMbI HOPMBI.
6) Byaer iu kakoe-u60 U3 MOy YAIOMIUXCs IPOCTPAHCTB GAHAXOBBIM !
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B) OnucaTbh NONOJHEHHE PACCMATPUBAEMOrO IIPOCTPAHCTBA MO KAXKJIOH
W3 HOPM.

2.6. B nmHelinoM mpocTpaHCTBE BEMIECTBEHHBIX HEMpepbiBHO audde-
penuupyembix na [a, b] dyukuuit H'[a, b] nosoxum

b ‘ 1/2
foll = { [ )+ " (0]}
a
a) ITporepuTh aKCHOMBI HOPMBI.
6) Byaer sm nosyuvarounieecss HOPMMPOBAHHOE NPOCTPAHCTBO GaHaxo-
BbIM?
2.7. Kakue u3 npocrpancts 3aga4d 1.22, 1.23 asasiorcs 6anaxosbiMu?

2.8. Ha siuneiinom npoctpancTse X 3a/1aHbl JB€ IKBUBAJEHTHBIE HOP-
MbI U B OJHOH U3 HUX X 6anaxoBo mpocTpaHcTBO. JlokazaTh, uTo X
sABJIsieTCsi GAHAXOBBIM MPOCTPAHCTBOM U B JIPYroil HOpME.

2.9. Jloka3zaTh, 4TO JB€ HOPMbI, BBEJEHHbIE HAa OJHOM JIMHEHHOM
NPOCTPAHCTBE, IKBUBAJEHTHBI TOT/Ia U TOJBKO TOT/Ia, KOTJA U3 CXOAUMOCTH
MOCJAe0BATEJIbHOCTH MO OJHOW W3 3TUX HOPM BBITEKAET CXOJMMOCTH
Mo Apyroil HopMme.

2.10. /lokaszarh, 4T0 B JIMHEHOM NPOCTPAHCTBE HENPEPBIBHBIX HA, [a, ]
dhynkuuii Hopma | 9KBUBAJIEHTHA HOPME

- {fn(t)m?(t)dt}m,

a

\l‘HZZ[mb]

T

riae v(t) nenpepoiBna Ha [a, b] n v(t) > a >0 na [a, b].

2.11. ByayT jiv 5KBUBAJEHTHBI HA JIMHEHHOM MPOCTPAHCTRE HEMPEPbIB-
Heix na [a, b] dbyuknuii nopmet ||z{[cpe, 5 ¥ ||x|\22[a b]?

2.12. Kakue u3 HOpM, ompejesieHHbIX B 3agade 1.38 Ha JuHEiiHOM
npocTpancrse HenpepbiBHO guddepenuupyembix Ha [a, b] dyakuuii, 6y-
JlyT 9KBHBAJEHTHBI HopMe npocTpancTsa Clla, b]?

2.13. Joka3aTh, 4TO BCSIKOE KOHEYHOMEPHOE JIMHEITHOe HOPMUPOBAH-
HOE MPOCTPAHCTBO ABAACTCSA DAHAXOBBIM MPOCTPAHCTBOM.

2.14. /JokazaTh, 9TO MOANMPOCTPAHCTBO DaHAXOBA MPOCTPAHCTBA SIB-
Jisiercst 6AHAXOBBIM MPOCTPAHCTBOM.

2.15. [lycrs B auHEiHOM HOPMHPOBAHHOM MpOCTPAHCTBE X HWMEETCs
JsuHeiiHoe MHOroobpasue L, kotopoe B HOpMe X sIBJISIETCS MOJTHBIM HPOCT-
panctBoM. /lokazath, urto L 3aMKHYyTO B X, T. €. SABJISAETCS MOANPOCT-
PAHCTBOM.

2.16. [lyctp X  npou3BOJILHOE MHOXKECTBO, F/  JuHeiHOe HOpMHU-
poBaHHOEe mpocTpaHcTBo, f: X — FE  orpaHmdeHHoe oTobOpakeHue, T. €.
Takoe, 4ro muoxecrso f(X) orpanuueno B K.

a) /lokazarb, yTo MHOXKecTBO f.(X) Bcex orpaHMYeHHBIX OTOGpake-
HUil OyJeT JIMHEHHBIM HOPMHUPOBAHHBIM MPOCTPAHCTBOM, €CJIHU TOJOXKHUThH

171l = sup [ F(X)II-
X
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6) Iycrs X JIMHEHHOEe HOPMHPOBaHHOE NpocTpaHcTBO. JlokazaThb
9TO OrpaHUYEHHOE HempepbiBHbIE oToOpaxkenuss : X — E obpasyior
noanpocrpancTeo B npocrpancree fi(X).

8) Ilycrs K — Ganaxoso npocrpaucrio. Jlokasars, uro fp(X) — 6a-
HAXOBO MPOCTPAHCTRO.

2.17. Ilycrr X — 6anaxoso npocrpanctso, I, C X — nuneiiHoe MHOTO-
obpazue. [Tokazarh, uro nonojguenue I, no nopme X COBNajaeT ¢ 3aMbiKa-
Huem L.

2.18. Ilycts X, Y JIMHEHHbIE HOPMHUPOBAHHbIE TMPOCTPAHCTBA, J:
X =Y  otobpaxkenwue, ycranapaupaiomiee uzomopdusm. Jlokazats, 9To:

a) J — menpepbiBHOE 0TOGPAXKEHME;

6) orobpaxkenue J umeer 06paTHOE, KOTOPOE TAKXKE HEIPEPbIBHO.

2.19. /lokazaTh, 4YTO BCSAKOE 7-MEpHOE JIMHEHHOEe HOPMHUPOBAHHOE
NpOCTPAHCTBO H30MOP(MHO npocTpancTBy K.

2.20. banaxoso npoctpaHcTBO X H30MOP(MHO JHHEHHOMY HOPMHPO-
BaHHOMY npocTpancTBy Y. JlokazaTh, uTo Y  6aHAXOBO MPOCTPAHCTBO.

2.21. /JokazaTh, 94TO TOXK/IECTBEHHOE OTOOPaXkeHue Jxr = x OCymecTn-
asier Bioxkenue npocrpancrsa Cla, b] B npocrpancrso Lsla, b].

2.22. [/lokazaTh, 49TO TOXKIECTBEHHOE OTOOpakenwe Jx = x 0Cy-
mecTBageT Biaoxkenne mpoctpancTsa C*[a, b] B mpocrpanctso Cla, b]
npu JI0O0M HATYpPATbHOM k.

2.23. /lokazaTh, YTO yTBEpXKJEHUE TEOPEMbl 2.2 O BJOXKEHHBIX Ia-
pax, BOOOIIE rOBOPsi, HECHPABEJIMBO, €CJIH, OCTABJISAsI B CUJIE OCTAJLHBIE
MPEANOJIOKEHUA TEOPEMbl, CYUTATD, YTO:

a) WAapbl HE ABJSAIOTCH 3AMKHYTHIMU;

6) mpOCTPAHCTBO HE SIBJISIETCS OJHDBIM.

2.24. JlokazaTb, 9TO B HaHAXOBOM MPOCTPAHCTBE MOCAEI0BATEILHOCTH
HEMYCTHIX 3aMKHYTHIX BJIOKEHHBIX MHOXXECTRB, JUAMETPbI KOTOPbIX CTpE-
MSTCS K HYJIIO, UMEET ¥ MPUTOM €JIMHCTBEHHYIO O0IIYI0 TOYKY.

2.25. [lycrs B snuneitnom wHOpMmupoBanHOM mnpoctpancTee X Jobas
[0CJIE/I0BATEJbHOCTh 3aMKHY ThIX BJIOXKEHHBIX [APOB, PAJMYChl KOTOPbIX
CTpPEMSATCsS K HYJI0, UMEeT Hemycroe nepecedenue. JlokazaTh, uro X
6aHAXOBO MPOCTPAHCTBO.

2.26. /lokazarh, 94T0 6AHAXOBOM MPOCTPAHCTBE JI00asT MOCIAEI0BATETb-
HOCTH HENMYCTbIX BJIO2KEHHBIX 3aMKHYTHIX IIIaPOB UMEET OGH_IyIO TOYKY.

2.27. Moxer jin B 6aHaXOBOM MPOCTPAHCTBE UMETH MyCTOE nepecede-
HHUE TOCJEeJ0BATEJIbHOCTHh HEMYCThIX 3aMKHYTbHIX OPAaHUYEHHBIX BJIOXKEH-
HBIX MHOXKECTB?

2.28. Ilyctp X JIMHEHHOe HOPMHUPOBAHHOE TNPOCTPaHCTBO, L
nognpocrpanctBo X. OrtHecem 3nemenTbl z,y € X K OJHOMY KJACCY
cvexxuoctu &, ecnn x —y € L. MHOXeCTBO KIacCOB CMeKHOCTH 00pa3yer
JIMHEHOE MPOCTPAHCTRO, Ha3bIBaeMoe daxmopnpocmpancmeom v 06o3Ha-
yaemoe X /L. Jlokazarhs, uro:

a) B X/L MoxHO BBecTH HOPMY paBeHcTBOM [|€[|x, 1, = inf£|
Te

r
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6) ecim X 6aHAaxOBO NPOCTPAHCTBO, TO B BBeJAEHHON HOpMe X /L
6aHAXOBO MPOCTPAHCTBO;

B) X /L wzomopdno R, ecain X =C[0,1], L={z(¢) € C[0,1]: z(0) =
=0}.

§ 3. 'mapbepTOBHI TTPOCTPaAHCTBA

Beuecrsennoe JiMHeiiHOE IPOCTPAHCTRO HA3HIBACTCHA €6KAUIOEBLM, CCIU
KarKJI0i mape ero aJieMeHTOB I,  IMOCTABJIEHO B COOTBETCTBUE BEleCTBeH-
HOE 9uCI0, 0603HaMaeMoe (T, 1) 1 HA3BIBAEMOE CKAAAPHBLM NPOU3EeIeHUeM,
TAK, YTO BBINOJHAIOTCS CJIeJIYIOIUe aKCHOMBbI:

1) (z,z) > 0; (x,2) =0 Torga m Toanrko Toraa, koraa x = 0;

2) (z,y)=(y, z);

3) (Az,y)=A(z,y) ansa awboro A € R;

4) (z+y,z)=(z,2)+(y, 2).

KomniekcHoe JinHeiiHoe TPOCTPAHCTBO HA3bIBACTCS YHUMAPHbILM, €CJIN
KaxKJI0fi nape ero 3JeMEeHTOB T, i MOCTABJEHO B COOTBETCTEME KOMILJIEKCHOE
aucyo, obo3HauaemMoe (T, y) U HA3BIBAEMOE CKAAAPHOLM NPOUIGEIEHUEM,
TAK, YTO BBINOJHAIOTCS CICAYIOIMNE AKCHOMBbI:

1) (z,z) >20; (z,z) =0 Torga u Toabko Toraa, korga = = (;

= bl ) 3 bl
2) (z,y)=(y,x) (uepTa 03HAYAET KOMILJIEKCHOE CONPSIXKEHHUE);
3) ()\x y) = Mz, y) pas moboro A € C;
4) (z+y,2) = (z,2)+(y, 2).

W3 nepasencmea Kowu—Bynaxoscroezo |(z,y)|*> < (z, z)(y, y) soiTexa-
eT, YTO B €BKJIMJIOBOM M YHUTAPHOM TMPOCTPAHCTBAX MOXKHO BBECTH HOPMY
paBerctBoM ||z|| = \/(x, ). [IpocTpancTso H €O CKaJspHBIM IPOU3BEJIE-
HueM (€BKJIMJOBO MJIM YHUTAPHOE) HA3BIBACTCHA 2UAbOEPMOGHIM, ECIM OHO
ABJISIETCS TTIOJIHBIM B 9TOM HOpMeE.

Yenom Mexay HEHyJEBbIMH SJEMEHTAMH T,y BEHIECTBEHHOTO THJIb-
GepToBa TPOCTPAHCTBA HA3BIBAETCA yroa (0, 3aKJIOUYCHHBIA Mexay 0 u ,

(=, y)
- llyll

QneMenThl T,y € H HAZBIBAIOT 0PMO2ZOHAAbHBLMY W 3AUCHIBAIOT T | 1,
ecin (z,y) = 0. MHoxkectBo z € H takux, 4to (z,2) = 0 ansa aoboro
x € M C H, oboznauaercs M=+,

Cucrema snemenToB hi, hs, ... € H naspiBaercsa opmozonasbHoti, ecan
(hi, hj) =0 npu i#j, h; #0, n opmonopmuposantoti, ecin

TaKOi, 4TO COS (P =

s _f1 o =],
(h‘“h‘f)_d”_{o npu i j.

Cucrema 37€MEHTOB 1, T, ... € H Ha3bIBACTCA AUHETHO HE306UCU-
MOTi, ecid npu JioOOM HATYPAILHOM 7. CUCTeMa I, L3, ..., L JHUHEHHO
HE3aBHUCHUMa.

Teopewma 3.1. Ilyemw hy, ho, ... € H — aunetino nesasucuman cuc-
mema anemenmos. Tozda 6 H cywecmeyem makas opmo2oHaibHAA CUC-
mema sanemenmos fi, fa, ..., wmo
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fe =aphi+apha+ . tagphy, ap €C, app #£0, k=1,2,..;
hj=bjifitbjafo+...+bjjh;, bji€C, bj; #0, j=1,2,...

[Tocrpoenue oproroHanabHOM cucTEMbI 110 3aJaHHON JIMHEHHO He3aBU-
CUMOII HAa3bIBAETCSA OPMO20HAAUIAUUET] .

Onpedeaumenem I'pama CHCTEMBI INEMEHTOB L1, T2, ..., T, € H Ha3bBI-
BAETCs OMPEJAESIUTENb
(z1, 21) (1, 22) - (21, T)

T(z1, T, ..y Tn) = (2, 1) (T2, T2) ... (T2, Ty)

(Tn, 1) (Tp, 2) ... (T, Tn)

OproronanbHasi cuctema @i, @2, ... € H Ha3biBaeTcss noaHoll, ecau
J000# snevenT w3z H moxker ObITh NpEACTABIEH B BUJE TaK Ha3bIBae-

moro pada Pypuve:
P P L= Crpk,
k

rae cx = (2, 0k)/llekll” (k € N) — kosppuumentit Dypre (1. €. psig Y crpx
K
exopuTes no Hopme H w ero cymma pasHa z). [lomHas oproronasibHas

CHCTEMa HA3BIBACTCS OPMO20HAAbHOLM ba3ucom npocTpancTea H.

Teopewma 3.2. llyemv» M 3AMKEHYMOE BHNYKAOE MHONCECTNEO 6
2uavbepmosom npocmpancmee H u saemenm x & M. Tozda cywecmeyem
maxoti eduncmeennvili saemenm y € M, wmo p(x, M) = ||z —y]|.

Teopewma 3.3. llyems L C H nodnpocmpancmeo. Tozda H =
= L& LY, m.e. ao6ot snemenm = us H donycxaem edurcmeenroe nped-
cmaeaenue 6 6ude T =u-+v, 20e u € L, v € L. ITpu smom p(z, L) =
= [lz —ull = o]

DNEeMEHT 1 Ha3bIBACTCA Npoekyueli NEMEHTa 2 Ha TMOANPOCTPAHCT-
Bo L.

3.1. /lokazaTb, 4TO B ONpEJEJEHUN E€BKJIHMJ0BA (YHUTAPHOrO) MPOCT-
pancTBa akcuomy 1) MOXkKHO 3ameHnThb Ha akcnomy: (2, £) >0, u3 (z, z) =0
caenyer z = 0.

3.2. /loka3aTb, 4TO B HNPOCTPAHCTBE CO CKAJSIPHBIM IPOU3BEJIECHHEM:

a) aJist JTIOObIX JIEMEHTOB I, I, Z MMEET MEeCTO moxcoecmeo Anoaso-
HUA L

2 H ;

6) asist MO6BBIX JIEMEHTOB T, Y, 2, t UMeeT MecTo Hepasencmeo ITmo-

AeMEs,

|z —a

1
2|z —yl? = Gl —yl2+2 |2

Iz —ylllly =l <llz —yllllz =t +lly — 2l [z = ¢]]-
Korga B Hem peasin3yercsi paBeHCTBO?

3.3. /lokazaTb, 9TO B €BKJIMJOBOM NPOCTPAHCTBE INEMEHTBHI T W Y
OPTOTOHAJBHBI TOT/IA M TOABKO Toraa, koraa || z||% + [|y||*> = ||z + y|?.

3.4. Jloka3aTh, 9TO B yHUTAPHOM NMPOCTPAHCTRE IJIEMEHTHI & U Y OPTO-
FOHAJILHBI TOT/IA U TOJIBKO Torja, koraa || Az||2 + [|uy||* = [| Az + py|* ans
mobbix A, p € C.
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3.5. I[lyerp X BEIIECTBEHHOE JIMHEHHOE HOPMHUPOBAHHOE TPOCT-
PAHCTBO ¥ i JIOObIX x, y € X BbBINOJHAETCS PABEHCTBO MAPAJJIENO-
rpamMmma 9 9 9 9
lz+yll"+lz—yll” = 2{ll=[” + lly[I"}.
okazarn, uTo popmyna

1
(@.y) = llz+yl* = —ylI*}

3ajaeT B X CKaJsipHOE MPOM3BEJEHNE, COorjacyiomeecss ¢ Hopmoi B X, T. e.
Takoe, uto (z, z) = ||z]|*.

3.6. I[Tycth X — KOMIJIEKCHOE JIMHEHHOE HOPMHPOBAHHOE TPOCT-
PAHCTBO W JAJsA JIOObIX %,y € X BBIMOJHAETCA PABEHCTBO NAPAJIEO-
rpamMmma

|z +yll>+ |z —ylI> = 2{|=|* + ly|I*}.
OKa3aTh, 94TO opMyJia
a ; hopmy.
1 i . .
(m,y)=1{|m+yll2*|m*y\2}*1{|m+zy ?— |l —iyl*}

3ajaeT B X CKaJisipHOE MPOU3BeJIeHUE, coryacyiomieecs ¢ Hopmoit B X.

3.7. Jlokazatb, uro B npocrpancrse C[0, 1] Hesb3s1 BBECTH CKAJPHOE
NpPOU3BEJIeHNE, COTJIACYIONIEECsT ¢ HOPMOIT 3TOr0 MPOCTPAHCTBA.

3.8. JlokazaTh, 9TO B MPOCTPAHCTRE 1 HEJIH3sT BBECTH CKAJSIPHOE MPO-
U3BeJIeHNe, COTIacyIolleecs: ¢ HOPMO# 9TOro0 NPOCTPAHCTBA.

3.9. B nuneiinom mpocTpaHCTBE Zg[a,b] HENpPEpbIBHbIX Ha [a, b]
GYHKIHI MTONT0XKAM b

(z,y) me(t)y(t)dt-

a
SlBnsieTcst M 9TO NPOCTPAHCTBO rUJILOEPTOBBIM?

3.10. B nuHeiiHOM mpoCTpaHCTBE ﬁl[a, b] wenpepbiBHbIX Ha [a, b]
dynkumnit nosoxxnm

b
(0,9) = [ @y +2' )y (D] d.
a
Slasiercs au npocTpanctso Hy [a, b] runbGepToBbIM?
3.11. B smunHeiinom npocTpancTBe nocjaenoBareibHocreil © = (1, xa,...)
(zx € R) Taknx, uro o
Sz < oo,
k=1

IMOJIO2KHUM

oo
(z,y) =D AzrYs,
k=1

rae A\ € R, 0 < A\ < 1. Byzger siv nosydensoe eBKJINI0BO MPOCTPAHCTRO
rujibbepToBbiM?

3.12. [lyctb H  cemapabenbHoe rHabOEPTOBO MPOCTPaHCTBO. [Joka-
3aTh, YTO BCAKAsSI OPTOHOPMHUPOBaHHAs cucrema B H He Gojiee 4eM cueTHA.
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3.13. Ilycts %1, o, ..., T,  OPTOrOHAJbHAS CHCTEMA B FHJILOEPTOBOM
n n

npocrpancree H, z =Y zj. Jlokasars, uro ||z|* =Y |
k=1 k=1

3.14. llycrs 21, X2, ... — OpPTOroHajJbHAsi CHUCTEMa B TUJIHOEPTOBOM
oo

npocrpancrse H. Jlokasars, uro psig Y g cxogurcst B H roraa n mosun-
k=1 n
. 2
KO TOrJa, KOUJa CXOAUTCs 4nca0Boi psg »  ||zx||*.
k=1
3.15. Ilycrb e, (n € N)  OpTOHOpMUpPOBaHHAS CHUCTEMA B rUjbOEp-
TOBOM TipocTpancTee H, A, — nocjegoBaTesbHOCTh BEIIECTBEHHBIX WJIN

x T

oo
KOMILIEKCHBIX unces. Jlokazars, 9To psig »  Aye, cxogurca 8 H Torna u
o0 n=1
TOJILKO TOTIA, KOTaa » [An|? < oc.
n=1
3.16. Ilyctb =1, To,... 1 Y1,y2,... TaKUe CHUCTEMbI 3JieMeHTOB H,
aro 1 npu i=y,
(-771',.1:)251']':{0 ; s
pu i #j.

(Cucrembl x1, T2, ... M Y1, Y2, ... HABBIBAIOTCA OUOPMO20HAALHHLMU.)
Jokazarh, 4T0 KaXkjast U3 3TUX CUCTEM JIMHEHHO HE3aBUCHMA.

3.17. Jloka3zaTb, 9TO cHCTEMa 3JEMEHTOB I'MJbOEpTOBA MPOCTPAHCTBA
JIMHEHHO HEe3aBUCHMA TOT/IA U TOJBKO TOTJa, KOTJ/Ia ee onpeeuTesb ['pama
OTJWYEH OT HYJIs.

3.18. /JokazaTh, 4TO rHJIHLOEPTOBO TPOCTPAHCTBO SIBJISIETCS CTPOTO
HOPMHUPOBAHHBIM.

3.19. Ilycts B mpocTpanctBe H co CKaJsipHBIM MPOU3BEJIEHUEM JJisd
2 2
T1, T2 € H Bomonnserca pasenctBo Re(r1, z2) = ||z1]]” = ||z2]|*. [loka-
3aTh, YTO L1 = T2.

3.20. Ilycts ,, Yy, TUpUHAAIEKAT 3aMKHYTOMY €JUHUYHOMY IIapy

S1(0) B runbbeprosom npocrpanctse H u (z,, y,) — 1 npu n — oo. Jlo-
Ka3aTh, 4T0 ||, — yn|| = 0 npu n — oo.

3.21. /lokazarh, 9TO [Jisi TOro, 4TOOBI JEMEHT X THJIHOEPTOBA MPO-
crpanctBa H Obin oproronasnen nognpocrpanctsy [, C H, neobxonumo u
JIOCTATOYHO, 4TOOBI [1J1s1 II0O0T0 ajieMeHTa y € L. MMeno MecTo HEpaBeHCT-
Bo |lz]| < ||z — vl

3.22. [lokazaTh, 9TO /Jisi IPOU3BOJILHOTO MHOXKecTBa M B ruanbepro-
BoMm npocrpancrse H muoxecrso ML siBjsiercst nogipocTpancTBom.

3.23. /lokazaTb, 94TO A/ NPOU3BOJBHOrO MHOXKecTBa M B ruanbepro-
BOM mpocTpanctse H umeer mecto Bkaodenne M C (ML)L. Bosmoxno
JIV 371€CHh CTPOroe BKJK4YeHue?

3.24. Jlokazarh, 4r0 ajsi MHOXKecTBa, M B rujih0EpTOBOM NPOCTPAHCT-
Be H pasenctso M = (M+)1 Bpimomusgercs TOraa W TOJBKO TOTJa, KOT-
na M noanpoctpancTso H.



§ 3. T'uavbepmosv, npocmparcmea 27

3.25. [lyctb M, N  Takue MHOXXECTBa B I'MJiIbOEPTOBOM NMPOCTPAHCT-
Be H, uro M C N. Jlokazars, uto M+ D NL.

3.26. B uuneiinom npocrpancTse HemnpepbiBHbIX Ha [0, 00] dyHK-
o0

umii z(t) Takmx, uTo [ |z (t)|?e~t dt cxonures, nonoKUM
0 50
(e.9) = | 2(®)y(t)edt.
0
a) I[TporepuTh BHINOJIHEHNE AKCHMOM CKAJISIPHOTO NIPOM3BEIEHNS .

6) Paccmorpum Juneiino nesasucumyio cuctemy 1, ¢, t2, ... B pesyb-
TATE €6 OPTOrOHAJU3AIUHU MOJIYIAETCsl OPTONOHAJIbHAST CHCTEMA MHOTOYJIe-
HoB Yebbimesa Jlarrepa. Haiitu Tpu ee nepBbix MHOTOYJIEHA.

3.27. B simneiinom npocTpancTBe HENPePbIBHbIX HA (—00, +00) (yHK-

“+oo
uuii z(t) Takux, 4To J |z (t) 2= 4 CXOUTCH, TOJOXKUM (I, y) =
+oc _
= | z(t)y(t) et dt.
—.OC

a) [TporepuTh BHINOJHEHNE AKCHOM CKAJISIPHOTO NIPOM3BEIEHNS .

6) Paccmorpum smneitno nesasucumyio cucremy 1, ¢, t% ... B pesynn-
TAaTe €e OPTOrOHAJIM3ALMHN M0JIyHAETCs] OPTOrOHAJILHASI CUCTEMA MHOIO4JIe-
HoB Yebbiega—dpmura. Halitu Tpu ee nepebix MHOroUJIEHA.

3.28. B npocTpancTse /5 paccCMOTPUM MHOXKECTBO
o)
M = {x €ly, z=(z1,22,...): Y Ty —0}.
k=1

Jokazarn, uto M  nuHeiiHOE MHOr0OOpa3ue, BCIOAY MJIOTHOE B [s.

3.29. B sumneiinom muoroobpazuu M 3agauu 3.28 Haiitu suHeiHO
HE3aBUCUMYIO CHCTEMY 3JIEMEHTOB, OPTOrOHAJU3AINS KOTOPOi gaeT 6a3uc
NpPOCTPAHCTBA [5.

3.30. /lokazaTh, 9T0 npu GUKCHPOBAHHOM HATYPATLHOM 7 MHOXKECTBO

M = {xelz, z=(z1, T2, ...): Zxk—()}
k=1

ABJIAETCA MOJANPOCTPAHCTBOM npocTpancTsa [o. Onucars Takoe nognpo-
crpancTBo N, uro o= M @ N.

3.31. I[lyctb M, N moampocTpaHCTBa rHib0epTOBaA MpocTpancTBa H
u M L N. JlokazaTth, uto M + N  noanpoctpancTso H.

3.32. I[lyctb M, N  Takue MHOXXECTBA B I'HJIbOEPTOBOM NMPOCTPAHCT-
Be H, aro s060ii ssement £ € H eauHcTBEeHHBIM 00Pa30M NMPEJICTABUM B
Buge £ =u-+v, rge u € M, v € N. Caeayer su orcioga, uro M u N —
nojgnpocrpaHcTsa npocrpancrea H?

3.33. B mpocrpancrse /o mMpWBECTH MpUMeEp TAKOrO MHOXKecTBa M,
aro MmuoxkectBo M + M+ He cosnagaer co Bcem [,
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3.34. Ilycts M, N TaKWe MOANPOCTPAHCTBA THILOEPTOBA MPOCT-
pauctBa H, uro H =M @& N. Bepuo nu, uto N = M+?

3.35. [lpusecTu mpumep Takux ABYX OECKOHEYHOMEPHBIX TOMPOCT-
pancts M, N npocrpancrtia ly, uto ls = M@ N.

3.36. B npocrpancree Ly[—1, 1] pacemorpum muoxkectso M dyHk-
unii z(t), paBubIx HyJt0 npu t > 0.

a) Jlokazarb, uro M  10AIPOCTPAHCTBO Zg[*l, 1].
6) OmnucaTs noanpocTpancTso ML,

B) Bblnonnsiercss i B mpocTpaHCTBE Zz[*l, 1] yrBepxkjenue Teope-
mbI 3.37

3.37. B npocrpancrre [y paccMOoTpUM NOCJIEJA0BATEBHOCTH

1 1 1
T = (1, Q—k, 2Tk 2%), k € N.

Hokazarnh, uro Jinneiinasi 000Ji0YKa ITOI MOCAEAOBATENLHOCTH BCIOLY
MJIOTHA, B MTPOCTPAHCTRE [o.

3.38. Ilycrb z,, (n € N)  dbukcupoBanHas N0CIEJ0BATENLHOCTD dJI€-
MeHTOB ruibbeprosa npocrpancrsa H, A, (n € N) dukcupoBannas
10CJIE/I0BATEJNbHOCTD BELIECTBEHHBIX (KOMILIEKCHBIX) duces. PaccMorpum
muoxecrso M ={z € H: (z, z) = A }. JJokazars, uro ecin M nenycro,
0 M =x0+ L, rae g € H, . mnonnpocrpancrso H.

3.39. llycrs z (k=1,2,...,n)  duxkcupoBanHas 10Ca€I0BATENb-
HOCTh 3j1eMEHTOR ruanbeprosa npocrpancrea H, A\, (k=1,2,...,n)
dbukcrupoBaHHas TMOCJEJI0BATEILHOCTh BEMECTBEHHBIX ducesa. JlokazaTs,
uro muoxecrso M ={z € H: Re(z, zx) < A\g, k=1,2,...,n} 3amknyTo
U BbINyKJI0 B H.

3.40. [lyctb M 3aMKHYTOE BBIMYKJIOE MHOXKECTBO B I'HJILOEPTOBOM
npocrpancTse H. JlokazaTsh, uto B M cymecTByeT v NpuTOM €JJMHCTBEHHbBIH
3JIEMEHT C HAMMEHbIei HOPpMOIA.

3.41. B npocrpancTse [ MOCTPOUTH 3aMKHYTOE MHOXKECTBO, B KOTO-
POM HET 3JIEMEeHTa ¢ HAauMeHbIIeil HOPMOIi.

3.42. [lycts M 3aMKHYTO€ BBINYKJIO€ MHOXKECTBO B BEIIECTBEHHOM
rusibbepToBom npocrpanctse H. Jlokazars, uTo anement y € M ynposJer-
sopsier ycaosuio p(x, M) = ||z — y|| Tornga m Toabko Torga, koraa s
moboro z € M seinoausiercs nepasenctso (r—1y, y—z) > 0.

3.43. B ruanbeproBoM mpocTpancTBe H paccMOTpUM 3aMKHYTOE BbI-
nykaoe muoxectso M = S,.(zg). Ilyers 2 € H, © ¢ M. ]JlokazaTh, 4To
ssiement y € M rakoii, uro p(z, M) = ||z —y||, umeer Bug
T — X

y:x0+r|

z — o’

3.44. [lokazaTh, 9TO B rujibOEPTOBOM MPOCTPAHCTRE JII0OAs MOCJI€E/10-
BATEJIbHOCTh HEMYCTHIX BJIOXKEHHBIX BBIMYKJbIX 3aMKHYTHIX OrPAHUYEH-
HBbIX MHOXKECTB MMEET HEMYCTOE MepecevyeHue.
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3.45. B npocrpancrse C[0, 1] 10cTpouTh 10cji€10BATENLHOCTD HEMYC-
THIX BJIOXKEHHBIX 3AMKHYTBIX BBIMYKJIBIX OrPDAHUYEHHBIX MHOXKECTB, HMEIO-
X MyCTOE TepeceveHme.

§ 4. IIpocrpancrBa Jlebera m CobosieBa
Muoxecrso M C [a, b] umeer mepy nyan, eciu s awoboro € > 0
CYLECTBYET TaKasi KOHEUHAsl WJIM CYETHAsI CUCTEMA OTPE3KOB [y, O], 4TO
M C U [, Bnls Z(ﬁn —ap) < €. Ecn ans nocneoBaTeNbHOCTH Ty, (1)

(ne N) RCIOZly Ha [a b], 3a uckiovueHrem, GbITh MOXKET, MHOXKECTBA, MEPbl
HYJIb, CyIIECTBYET NpeJes, paBublii z(t), TO rOBOPAT, 4TO I, () cxomuTcs

K z(t) noumu ecrody na [a, b], n 3anucniBaloT llm xn(t)n'—B'x(t)

IMycrn L][a b] — npocrpancrso Henpepbmﬂmx ua [a, b] dynkumii ¢
HOPMO¥i b

]l = [ |(t)] dt:

CXOJMMOCTh MO 3TOW HOPME Ha3bIBACTCA CLOJUMOCTDBIO 6 CPEIHEM.

[Ipocrpancreo Li[a, b] He nosHOe; €ro MONOJHEHUE HA3BIBACTCH NPOCHI-
pancmeom Jlebeza u oboznadaercs Lifa,b]. Pynkuuio z(t) Ha3bIBAIOT
unmezpupyemoti no Jlebezy na orpeske [a, b], ecin cywecreyer rakas
dyHJaMeHTaIbHAs B CPEJHEM II0CJIeJ0BATEJIbHOCTh HENPEePbIBHBIX (DyHK-

it z,(t) (n € N), uro lim z, "= z(t). Toraa ummezparom Jlebeza
n—oo

110 [a, b] or dpynkunu z(t) HazwiBaercst YMCI0
b b
J"I‘ t)dt = lim Jmn(t)dt.

n—o0

Quiemenrsl npocrpancrea Lifa, b] — 1o dynkuun z(t), mist KoTopbix
b
J |2(t)] dt < oo.
a

IMycrn Z,,[a7 b] — npocrpaHcTBO HenpepbiBHbIX Ha [a, b] dyHkumnit ¢

HOPMO¥t b 1/p
Joll = |[le®Par] " p>1

a

[IpocTpancTBo Zp[a,, b] He nonnoe; ero nonoanenue oboznavaercs Lyla, b].
Quementsl Lyla, b] — 1o dynkunn z(t), ajst KOTOPBIX
b
(2) [ |z(t)|P dt < co.
a
[IpocrpancrBo Lsfa,b] xak mnonosHenne eBKJIHJOBA NPOCTPAHCTBA

Lola, b] sBasieTcs 2uavbepmosvim; CKaIspHOE NPOU3BEJICHUE B HEM MMEET
BUJ]
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b
(z,y)=(2) f z(t)y(t)dt.
a
IMycrn H' [a, b] — npocrpancrso HenpepbiBHO anddepeHunpyembix
Ha [a, b] dbyHkumit co ckassipHbIM 1POM3BEJAEHUEM
b
(o.9) = [l () () + /() ()] .
a
DTO NPOCTPAHCTBO HE MOJHOE; ero NONOJHEHHE  IUJALOEPTOBO MPOCTPAH-
cTBO, Hazbiraemoe npocmpancmeom Coboaesa w oboznavaemoe H'[a,b].
DaemenTsl, npucoeannsiembie K H'[a, b] npu ero nonosnenuun, MoryT GbITH
oroxjecrriennl ¢ pynkuusimu (t) n3 npocrpancrsa Lofa, b], umeromnmu
obobwenmvie npouscoduvie ' (t).

Teopema 4.1. ITpocmpancmeo H'[a, b] eaosiceno 6 mpocmpancm-
6o Cla,b].

4.1. Jlokasarn, uro B npocrpancrse Lq[a, b] nenb3si BBecTH cKassipHOE
POM3EEIEHNE, COrIACYIOIEECs: ¢ HOPMOIi.

4.2. Jlokazars, uro ecan z(t), y(t) € Lafa, b], ro z(t)y(t) € Li[a, b].

4.3. Ilpusectn npumep GyHKINN:

a) z(t) € Ly[0, 1] makoit, uto z%(t) € L[0, 1];

6) z(t) € L1]0, 1] Takoii, uto z(t) € Ls[0, 1].

4.4. Jlokazarh, 4TO BCsiKasi NOCJAEA0BATENLHOCTh L, (1) (n € N), cxo-
asiwasicst B npocrpancree Cla, b], Gyner cxopsiweiicss 1 B npocrpaHcT-
se Lyla,b] (p=>1).

4.5. [lpuBecTy npuMep MOCIEI0BATENLHOCTH HENPEpPbIBHLIX HA [0,
dbynkunii z,(t) (n € N), exopsiweiicss 8 npocrpancreax Lq[0, 1] u Lo[0,
HO He cxogsieiicst B npocrpancree C[0, 1].

1
1],

4.6. JlokazaTh, 4TO MOCJeAOBATENBHOCTh T, (1) = n’te ™ (n € N)
CXOIMTCSA MOTOYEUHO K (DYHKITUH T(f) =0 gyg moboro t > 0, HO HE CXOAUTCsT
B npocrpancree 5[0, 1].

4.7. Jokazarp, uto npu 1 < p < ¢ COpPaBeJIUBO CTPOroe BKJIOYE-
e L,[0, 1] C L,[0, 1].

4.8. Jlokazatsb, uro npocrpancTBo Lyla, b] (p > 1) cenapabenbHo.

4.9. Haiitu yron ¢ mexnay snementamu z(t) =sint u y(t) =1 B
npocrpancrse Ls[0, 7).

4.10. Haiitu yrasl Tpeyrojbnuka, oOpa3oBaHHOrO B MPOCTPAHCT-
Be Lo[—1,1] smemenramu z1(t) =0, za(t) =1, z3(t) =t¢.

4.11. Haiitn nopmy bynkunn z(t) =t B Tex npocrpancrsax Ly0, 1]
(p > 1), koropbiM 312 (DYHKIUS TPUHAIIENKUT.

4.12. [IposecTu OpTOroHAIM3ANUIO MeMEHTOB Zo(t) = 1, z1(t) = t,
To(t) = 12, x3(t) = t* B npocTpancTeax:
a) L2[717 1]5 6) LQ[Oa 1]
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4.13. B npocrpancrse Ls[0, 1] paccmorpum muoxkectso A dynkuuii,
00pamamuxcs B HyJb HA HEKOTOPOM HMHTEPBAJE, COACPXKAIIEM TOUKY
t =0,5 (u 3aBucsimem, Boobue rosops, or dbyukuuu). Byger im A 3amk-
HYThIM MHOXECTBOM?

4.14. Jlokazarb, 4ro muoxecrBo (ynkuuii uz npocrpancrsa Lo[0, 1]
TAKUX, 9TO MOYTHU BCE UX 3HAYeHMs jiexkar Ha [—1, 1], Beinykiio. fsnsercsa
JIM 3TO MHOYKECTBO 3aMKHYTHIM ?

4.15. Bupocrpauncrse Lo[—1, 1] aas npoussoasuoro A € R 0603uadum
dyepe3 M) MHOXKECTBO BCeX HenpepbiBHbIX (BDyHKuuii (), M KOTOpbIX
x2(0) = A. Jlokazats, uro kax0e M) BBINYKJO W BCIOLYy MJIOTHO B NPOCT-
pancree Ly[0, 1].

4.16. /lokasarb, 4TO MHOXECTBO MHOro4wsienos P(t) Takux, 4TO
P(1) = 0, aBasiercs BbINYKJbIM U BCIOJAY NJOTHBIM B HPOCTPAHCTBE
L»[0,1].

4.17. JlokazaTh, 9TO MHOXECTBO CTYMEHYATHIX (DYHKIUH sIBISIETCS
BBINYKJIBIM U BCIOJly MJIOTHBIM B npocTpancTse Lola, b].

4.18. Tlycrs [e, d] C [a, b]. /lokazars, uro MHOXKectBo M = {z(t) €
€ Lsla, b]: z(t) =0 nourn Bcrogy na [c, d]} sirasiercsi 10411POCTPAHCTBOM
npoctpancTBa Ls[a, b]. Onucars nognpocrpanctso M.

4.19. Jlokazars, uro B npocrpancrse Ls[0, 1] muoxecrso

M= {x(t) € L»[0, 1]: fx(t)dt: 0}

a
aBageTcs noanpocrpancrsoM. Onucars noanpocTpanctso ML

4.20. Jloka3aTh, 9TO TOXKJECTBEHHOE 0TOOpaXkeHue Jxr = I OCyIIecTB-
asier Baoxkenne npocrpancrea Cla, b] B npoctpanctso Lyla, b] npu mio-
oom p > 1.

4.21. JlokazaTh, 4TO TOXKJeCcTBEeHHOE oTobOpaxkenue Jxr = = ocy-
WECTBJISACT BJIOXKeHHe mpoctpancTBa Lyla, b] B npocrpanctso Lgla, b],
eciu 1 <s<p.

4.22. JlokazaTh, 9TO MHOX>KECTBO MHOIOYJIEHOB BCIOJIy MJIOTHO B MPOCT-
panctee H'[a,b].

4.23. TMycrs z(t) € H'[a,b], y(t) € C'[a,b]. Hokazars, uro z(t)y(t) €
€ H'a,b].

4.24. Haiitu yron ¢ mexjay snementamu z(t) = sint u y(t) =1¢ B
npocrpancrse H[0, 7).

4.25. [IpoBecTd OpPTOrOHAJIM3ALMIO CHUCTEMbI 3JEMEHTOB Zo(t) = 1,
z1(t) =t, mo(t) =12, w3(t) =3 B npocrpancree H[-1,1].

4.26. JlokazaTh, 9T0 cucrema yHKInH

1 sin 2wk(t — a)  cos 2wk(t — a) ,
’ b—a b—a

opToronajbna B npocrpanctse H'[a, b].

k€N,
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4.27. ]Jloka3aTb, YTO MHOYXKECTBO
H'[a,b] = {=(t) € H'[a,b]: z(a)=z(b) =0}

ABJIACTCA MOANPOCTPAHCTBOM B HNPOCTPAHCTBE Hl[a, b]. Omnuncars noa-
npoctpancrso (H[a, b])*L.

4.28. JlokazaTb, YTO MHOXKECTBO

M ={z(t) € H'[a,b]: z(a)==z(b)}

ABAAETCA MOANPOCTPAaHCTBOM B mnpoctpanctse Hlla, b]. Omucats mop-
npocrpancTeo M=

4.29. Jloka3aTb, YTO MHOYXKECTBO

M = {m(t) € H'a, b]: fm(t)dt = 0}

a
ABJIACTCA MOANPOCTPAHCTBOM B HNPOCTPAHCTBE H][a,b]. Onucars nop-

npoctpancTso ML
4.30. /lokazarsb, uTo aas Toro, yrodbl dhyukuus x(t) m3 npocrpancr-
Ba L»[0, 7] npunaanexana nognpocrpanctsy H[0, 7] = {xz(t) € H'[0, 7]:
n

z(0) = z:(m) = 0}, HeoGx0AMMO 1 ZOCTATOUHO, 4TOOBI CxOAMACs psig > k2b7,

™ k=1
rae by = % J z(t) sinktdt (k€ N). IIpu atom
0 T oC
2 (1.2 2 _ 2 2 2
lally,, = [le@+o" e =2 3"+ 1125,

k

Il
-

4.31. Kakue uz dynkuunii z(t) =sgnt, y(t) = |t
pancrey H'[—m, m|?

NPUHAJIEXKAT NPOCT-

4.32. JlokazaTh, uTo BAOXkenue npocrpanctsa H'[0, 7] B mpocrpan-
crBo C0, w] sABJIsieTCS CTPOrUM, T. €. CYIECTBYeT HenpepbiBHas Ha [0, 7]

bynxuns z(t) ¢ H[0, 1].

§ 5. ITocTpoeHne 3jleMeHTA HAWJIYYIIEro NPUOIM>KEHUS
B ruib0epToBhIX M GaHAXOBBIX HPOCTPAHCTBAX

[lycrs X JIMHEHHOe HOPMHPOBAHHOE MPOCTPAHCTBO, L noJi-
npocrpancreo X, = € X. Ecam cymecreyer maxoii snement u* C L,
aro p(z, L) = ||z — u*||, 1o u* naswiBaercs saemenmom HauAywULLE20
npubsuscerus x snementamu I,

Teopema 5.1. Ecau L woneunomepro, mo das awbozo © € X cy-
UWECNBYEM, INEMEHM, HAUAY ULE20 NPUbAUNMCEHUA T Inemenmamus L.

Teopema 5.2. B empozo wnopmuposannom npocmpancmee X 0an
xaotcdozo © € X Mmoocem cyuecmeosams e boaee 00H020 IAEMEHMG
HOUAYYULE20 NPpUbAUICEHUA T dnemenmamu L.

B ruanbeproBom npocrpancrse H mocTpoeHne 3j€MeHTa HAWJTydIIiero
npubJAUXKEHUs 1Jis KOHEIHOMEpHOro moanpoctpanctsa L C H ocHOBaHO
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Ha teopeme 3.3. Ilycts hy, ho, ..., h,  6a3uc L; Torga Ka>kJblii 3J€MeHT
n

u* € L umeer Bun S Aehy A €R mim Ay € C pis k=1,2,...,n)
k=1
U COrJACHO TeopeMe 3.3 OTBICKAHME JIEMEHTa HAWIYYMIEro NpHOIuKeHHs

CBOJUTCS K PEUIeHHI0 (OTHOCUTENBHO A1, Aa, ..., A\;) CHCTEMbI JUHEHHBIX
anrebpanvIeckux ypapHeHU

(:E—Z)\khk,h]‘)_o, j:]72,...,n. (])
k=1

Cucrema (1) Bcerga umeer ¢JIMHCTBEHHOE PEIIEHUE, TaK KaK €€ OlNpejesin-
renb ectb ['(hy, ho, ..., hy) #0. Eciu hy, ha, ..., hy,  oproronajbHbiii
Gasuc L, To cucrema (1) pacmagaercs Ha OTJEJIbHBIC yDABHEHUS BUJIA

NllhjlP = (2, hy),  G=1,2,..m;

H0TOMY OOBIYHO K Oa3zucy hy, ha, ...,
JIN3ALNN.

h, TPUMEHSIOT MPOLECC OPTOrOHA~

B 6anaxosom npocrpancrse nocrpoenune sddexrusnoro (gaxke uuc-
JIEHHOFO) aJITOPpUTMa OTBICKAHHUA 3JIEMEHTA HaWJIy4dlIero ﬂpV[GJ]V])KeH[/[ﬂ
BbI3bIBaeT Gosbinue TpyaHoctu. [losromy BMecTo 3amadu npubiauxkeHus
B 6AHAXOBOM MPOCTPAHCTBE OOBIYHO PEMIAIOT Ty K€ 3aJady B THJAL0EpTO-
BOM MPOCTPAHCTBE, BJOXKEHHOM B 3TO GAHAXOBO MPOCTPAHCTBO. B ciayuae
npocrpancrsa Cla, b] B cuay Teopembr 4.1 o wioxenun H'[a, b] 8 Cla, b]
U onpejejeHust BJAOXKeHusi cymecrsyer takoe S € R, f > 0, uro mus
moboro x € H'[a, b] swmonnserca nepasencrro ||z]|cpa, s < Bzl y11q,4-
[lycrs L C Cla,b]  noanpocTpancTBO ¢ 6Ha3MCOM M3 HENPEPBIBHO Aud-
dbepennupyembix dyukmuit, © € Ha,b], u* AJEMEHT HAWJIYUIIero
upubsinkennst  3vjiemenramu L, naiijenustii ¢ nomouwnbio cucrembr (1).
Torna ||z —u*||ca s < Bllz —u* [ H11[a, 6] ¥ IPM fOCTATOUHO MaJIOf HOpME
lz — w* g ) dnement u*

se Cla, b].

XOpOIIOo NpUOJUXKAET & W B NPOCTPAHCT-

5.1. I[Tycrs X — snuHeiinoe HOpMUPOBaHHOE MPOCTPAHCTBO, [, — moj-
npocrpaucreo X, € X, y € L. llokasars, uro p(z, L) = p(x +y, L).

5.2. [Tycrs X — nuHeitnoe HOpMUPOBAHHOE MPOCTPAHCTBO, [, — moj-
npocrparcTtBo X, x € X u cymecrByer 6ojiee 0JIHOTO JIEMEHTA HAMJY Y-
mero npubJsvkenust x snementamu L. Jlokazarh, 94T0 TAKUX 3JIEMEHTOB
OECKOHEYHO MHOTO.

5.3. [lyerp X BEIIECTBEHHOE JIMHEHHOE HOPMHUPOBAHHOE TMPOCT-
panctBo, =, y € X. Jlokazarsb, uro npu t € R dyuxkuua ¢(t) = ||z — ty||
JIOCTUTAET CBOEil TOYHOI HU>KHEN rpaHu.

5.4. JlokasaTb, 4TO B MPOCTPAHCTBE ¢> MHOMKECTBO 3JE€MEHTOB Hau-

Jqydmero HpI/I6J’lI/I)K€‘HI/Iﬂ 9JIEMEHTa T = JIEMEHTaMU NOANPOCTPAaHCT-

1

0
0 * 0

BA L:{(a)7 aGR} UMEET BUJ U :(a), rage a€[-1,1].

3 B.A. Tpenorun u ap.
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5.5. B npocrpancree C]0,1] pacecmorpum noanpocrpanctso L =
={z(t) € C[0,1]: z(0) = 0}. MMycrs z(t) = 1. Onucars MHOXKECTBO 1€~
MEHTOB HaWJy4dliero ﬂpHGﬂV])KeHHﬂ r dJIEMEHTAMU L.

5.6. B npocrpancree C[0, 1] naiitu paccrosinue:

a) or aseMenTta ro(t) =t 70 NOANPOCTPAHCTBA MHOIOUJIECHOB HYJIEBOii
CTENEHNU;

6) ot snemenTa x(t) = t> 0 MOANPOCTPAHCTRA MHOTOUYJIEHOR CTeMe-
o < 1.

5.7. llycrs . — n-meproe nognpocTpancTso ¢ 6azucom hy, ha, ..., hy,
B rusibbeproBom npocrpaunctee H, x € H  npou3BoJsibHbI 3jeMeHT. [lo-
Ka3aTh, 4TO Bequduna p2(z, L) MoxeT GbITh NpeJICTABICHA B BUAE OTHO-
HmieHus IByX onpenenurtesei ['pama
(e 1) = Do b by oo o)
’ U(h1, ha, ..., hn)

5.8. I[lycts I, — opHOMEpHOE TOAMPOCTPAHCTBO B TIUJIHOEPTOBOM
npocrpaucree H, a € L, a #0. Jlokaszars, uyro gas awboro = € H

p(z, LJ_) — (=, a)| )

llall

5.9. B npocrpancree L]0, 1] naiiru paccrosinue or snemenra z(t) =
=12 0 NoANpOCTPAHCTBA

L= {m(t) € L0, 1]: f (t) dt = o}.

0

5.10. B npocrpancree ly mnaiitu paccrosnue p,(z, ) or ssemenra
z=(1,0,0,...,0,...) 10 nognpocTpaHcTra

L= {iEGlz, $:(£B]7£B2,...)Z ka_(]}
k=1

Yewmy pasen lim p,(z, L)?
n—oQ

5.11. B npocrpancree L[0, 1] naiitu npoexuuio snementa z(t) = 3

HA TIOJNPOCTPAHCTBO MHOTOYJIEHOB cTenenn m < n, ecau n =0, 1, 2.
5.12. Ucnonb3ys nis uenpepbisuo auddepennupyemoii na [0, 1]
dbyukuuu z(t) npeacrasiaenue
1 t T
z(t) = I z(T)dT -I—I Ta'(t)dr — I (1—7)a'(1)dr,
0 0 1
JI0Ka3aTh, 4TO MOCTOsHHYI0 (3 1npu Bjioxenun npocrpancrsa H'[0,1] B
npocrpanctso C[0, 1] MoxKHO npuHATH paBHOi 2v/3/3.
5.13. [IpumenuTs B 3aga4e 5.6 TeOpeMy BIOXKEHUS.
5.14. [lycrs Hp[0,1] — ruasbeproBo npocrpancTBo byHKLM, cym-

MupyeMbix ¢ KBajgparom Ha [0, 1], ckajsipHOoe npousBeseHHE B KOTOPOM
UMeeT BU/I
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1

(z,y) ij(t)y(t)p(t)dt,
0

riae p(t) menpepoiBaa Ha [0, 1] u p(t) > 0 wa [0, 1]. lua 3agannoit pyuk-
unn z(t) € Hp[0, 1] naiiTn snemMenT Hamaydiiero npubIMXKeHUs T dJie-
MeHTamMu noanpocTpanctea [, muorounenos crenenu n < 3. CocTrapuTh
u peasusosarh Ha IBM ajropurm pemenusi 3Toil 3aja4u, NpegycMaTpu-
BaIOILMi:

1) oproronasnuzanuio 6asuca L (BbluncieHne uHTErpaJos 1o GpopmyJie
Cumncona ¢ marom 0,05);

2) Bhigady Ha nedath koddduunentor mMuorounena u*(t) no crene-
Hsam ¢ u Beauuunnnl p(z, L) = ||$—U*||Hp[0,1]§

3) B cayuae, Korja Becosas (pyHkuus p(t) 3aBUCHT OT mapamerpa «,
uccaejosanne 3asucumocrn p(z, L) or a nupu a € [0, 1], namensirowemcst
¢ marom 0,1;

4) nocrpoenue rpacdukos z(t) u snemenTa Hamayqmero npubanxe-
nua u*(t) (B BapumanTax ¢ mapamMeTpoMm  ToJbKo npu o =0 u o = 1);

5) NpOBEpPKY IMPABUJILHOCTH COCTABJIEHUS AJIOPUTMA HA BAPUAHTE
z(t) =13, p(t) = 1.

Paccmorperns rapuanTh:

a) z(t) = V1+2, p(t)=1+at?;

6) z(t) =sindnt, p(t)=1+13

B) z(t) =2V1+t, p(t)=V1+at?
r) z(t) =In(1+%), p(t) =1+t
n) z(t)=2"* p(t) =1+tVt;

) z(t) = J1+t, p(t)=1+aet;

)T(f)—%1n47rf p(t) =1+ ae’;

3) z(t) =In(1+1t2), p(t)=1+aV/i;

u) z(t) =cht, p(t)=1+t;
(

K) #(t)=et =2, p(t)=+1+t.

5.15. B npocrpancrsax C[0,1] u Ls[0,1] paccmorpum nogunpoct-
panctBo L, mHorouneHoB crenenu n < 4. Jlng 3aganHOfl HenmpepbIBHO
nuddepennupyemoii na [0, 1] dbyukuun z(¢) vaiiTu s1eMeHT HaUTy4YLIEr0
npubavxenuss x snementamu L: u* B nopme L0, 1] u v™(t) B HopMme
H'[0,1]. Cocrasuth n peasuzosath na IBM anropurm pemenus 310l 3a-
JAavM, NPeyCMaTpPUBAIOLIMIA:

1) BbIYMCIIEHME 3JIEMEHTOB MAaTPUIBI M NPaBbix Yacteil cucremsr (1) mo
dopmysie Cumncona ¢ marom 0,5;

2) pewenue cucrembl (1) merogom [aycca;

3) Bbigauy Ha nedarth Koa(b(bnuneHTOB muorounenos u*(t), v*(t) mn
sesnau ||z —u ||L2[01 lz—v ||H1[0 1]

)

4) moctpoenne rpacbuxos z(t), u™(t), v*(t);

3*
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5) NpOBEpPKY IMPABUJILHOCTH COCTABJIEHUsI AJIOPUTMA HA BApUAHTE
z(t) =t

PaccmoTrpers BapuaHThI:

a) z(t)=3" 6) z(t)=cosmt; B) z(t)=e'; 1) z(t)=sin7i;

1) z(t) =cos2wt; e) z(t)=tvt; x) z(t ): sin4mt;

3) z(t) =In(14+¢t); wu) z(t) =tg(t—0,5); «) z(t)=(1-2t2)3.

5.16. [lycth a =tg <t <...<tp, o<tp_1=0b pasdbuenue orpes-
Ka [a, b]. Ornecem nBe Henpepnisubie Ha [a, b] dyHKuMK K ogHOMY KJaccy,
€CJIM OHU COBNAJIAIOT BO BCEX TOYKAX pasOHeHus.

a) JlokazaTb, YTO MHOXECTBO KJACCOB 00pasyeT n-MepHOE JIMHEiHoe
npocrpanctso H,,. Cpasuurhs ¢ 3agaqeit 2.28.

6) Ilycrs x,y — npeacrasurenn pasanunbix kaaccos H,. Jlokazars,
9TO COOTHOIIEHUE

= z(tr)y(ts)
k=0
sagaer B H, ckamspHoe Npou3BeseHue.

B) JlokazaTh, uro npu k < n Kjaccel, nopoxjaaembie GyHKIUAMU
zj(t)=1t (j=0,1,...,k—1), nuHeiiHo HE3ABMCUMbI, TAK YTO JHHeHHas
000J109Ka, 9TUX KJIACCOR siBJsieTcst noanpocrpancreom Ly, C H,, pa3mep-
Hoctu k+1.

r) Jdokasarb, 4ro aust ji0boil nenpepnisuoil Ha [a, b] dynkuun z(t)
cymecrByer Muorouien G(t) crenenu He Bbie n — 1, KOTOpbIii coBnajaer
¢ z(t) BO Bcex TOYKAX pa3bueHwusl.

1) Yo6eautnest, uro B kavecrse G(t) MoxkeT ObITh B3AT UHMEPNOAI-
yuonHoti mrozouaen Jlazpanica

- (t—to) (£ —t1)...(t — 1) (t — tggr)-(t—tn 1)
= g} o) (tk —to)(bk — 1) (tx — th—1)(bg — thgr)---(Fk =0 1)

5.17. B ycaosusix 3agaun 5.16 npu a =0, b=1, ty =k/(n—1) (k=
=0,1,...,n—1) paccMoTpum Kjacc, TOpoxKeHnbIil dbynkuueii z(t) = #3.
Myers ug, uf, uy — snemMenTn HausydIIEro NPUGJIMXKEHNS ITOTO KJIACCA
COOTBETCTBEHHO 3jieMeHTaM noanpocrpancts Lo, L, Lo B nopme H,;
ug (t), ut(t), us(t) — mMHOrousensr nHyJjeroii, neproii u BTOPOIl cTeneHnu
COOTBETCTREHHO, OPOXKAAKONINe Kaacehl Uy, uf, us. ConocrasuTh n pea-
suzoBarh Ha IBM mpu j =0, 1,2 anroputm HaXOXKJEHUS u;-‘(t), npe-
JNyCMATPUBAIOIMINI TPU TEJOM 7, U3MeHdmeMces oT & 10 15 ¢ marom 1:

1) OpTOroHANM3AIMIO CHCTEMBI KJACCOB, MOPOXKAAEMbIX (DYHKIMSIMU
zo(t) =1, m1(t) =t, 2a(t) = 1%

2) nocrpoenne rpadbukos z(t) n uj-‘(t) (7=0,1,2) npu n=5, n=
=10, n=15;

3) Bbavy Ha mnedaTh KoddbduinuenTos Muorodmenos ul(t) (j =
=0, 1, 2) no crenensm ¢ u Benuuun p(z, Lo), p(x, L1), p(z, La).

[Tonydennblie pe3ybTaThl CPABHUTD € pe3yJbTaTaMu 3aja4u 5.11.
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5.18. B ycnoBusx 3amaum 5.16 myctb n > 2 u x NpeaCcTaBUTE b
NpOU3BOJILHOrO Kiacca u3 H,, u*  snemenT Hamnyumero npubanrKenus
3TOr0 KJacca 3JieMeHTamu nognpocrpancrea .y B nHopme H,.

a) Jlokazarh, urTo Besikas simHelinas pyHnkuus, Bxoasimas B kaacc L,
umeer sug u*(t) = at+ B, rae koabdunuentol a, B onpesensiorcs u3
CUCTEMbI JIMHEHHbIX YPABHEHU I

n—1 n—1 n—1 n—1 n—1
ad te+Bn=>"xty), ad ti+BY ti=> trz(ty).
k=0 k=0 k=0 k=0 k=0

(B Teopumn BeposiTHOCTEl 9TA CMCTEMA HABBIBAETCS HOPMAALHOUT W BbI-
TEKAET U3 METO/IA HAMMEHbIIUX KBAJIPATOB.)

6) Qg a=0, b=m, ty =kn/(n—1) (k=0,1,...,n—1) u knacca,
nopoxgaemoro dyukuueii z(t) = sint, cocraBurh nporpammy aias IBM,
NO3BOJIAIONIYIO ONPEJeauTh « = vy, u (3 = [, npu paznudueix n. C ee
MOMOIIBLIO BBISICHUTh, IPU KAKOM 3HAYEHUH 1 JajbHellee u3MeabieHue
pa3bueHusi HEe NPUBOAUT K u3MeHeHuI0 Kodpduuuentos a,, (B, Oosee
gem Ha (,01.

B) B yciosusix . 6) naiitn lim a,, u lim §,.

n—oe n—o0

5.19. B ycuosusix 3agaun 5.16 npu a =0, b=1, t, = k/(n—1)
(k=0,1,...,n — 1) paccMOTpUM KJIACC, NOPOXKJAEHHbIH 3ajaHHON (YHK-
nueit z(t). llycts w*  37eMeHT HauIyumero npubIMXKeHHs TOr0 KIacca

5
ssemenTamu nognpocrpanctsa Ls B nopme H,,, u*(t) = > Apt® — muO-

k=0

rousien, nopoxxgaomuii aror kjaacc. Cocragurh u peaausosarh Ha IBM
AJITOPUTM HAXOXKIEHUS u:/, NpejlyCMaTpUBAIOLMI 1TPU LEJIOM 7, HU3Me-
Hsaonemces or 6 g0 15 ¢ marom 1:

1) OopTOroHAJIM3AalLHUI0 CHCTEMbI KJACCOB, MOPOXK/IAeMbIX (DYHKIUAMU
zj(t) =17 (0< ) <5);

2) nocrpoenue rpacduxos z(t), u(t) npu n==6,9,12, 15;

*

3) Bbigady Ha nevarb kodbduIEeHTOB MHOrowIeHa ) (1) Mo crene-

HaAM ¢ 1 Besudunbl p (2, Ls) 1pU pasiudHbix n.

Paccmorpers BapuaHThI:

a) x(t)=sindnt; 6) z(t) =V1+t3; B) x(t) =sin(t+12);

r) z(t)=In(1+t); n) x(t)=cosdnt; e) x(t)=sinwt;

x®) z(t)=e'; 3) z(t)=vt w) z(t)=t% ) z(t)=tg(t—0,5).

§ 6. Merpuyeckue um TOIOJOTHYECKHAE HPOCTPAHCTBA

MuoxkecTBo X Ha3bIBACTCA MEMPUUECKUM NPOCTPAHCTNEOM , €CIIN KaXK-
J0il nape ajemenTor x,y € X 10CTABJIEHO B COOTBETCTBUE BEllecTBeHHOe
aucio p(z, y), Ha3bIBAEMOE MEMPUKOT WU PACCTNOAHUEM, TAK YTO BbIIOJ-
HAIOTCA CJELYIOIUE TPH AKCUHOMBI:

1) p(z,y)>0; p(z,y)=0 Torga u ToabKO TOrja, KOrga I = y;
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2) p(z,y)=ply, ©);
3) p(z,y) < plz, 2)+ply, z) (axcuoma mpeyzorvrura).

Besikoe mHeiHOE HOPMUPOBAHHOE NPOCTPAHCTBO SIBJSETCA METPHYEC-
KHUM, METPUKA B HEM BBOAUTCs paBeHCTBOM p(z,y) = ||z — y||. Ananoruy-
HO §1 ¥ §2 B METPUYECKOM NPOCTPAHCTBE BBOJAATCS MOHSATHS OTKPBLITOrO
wapa Sy(zg) ={z € X : p(z, z9) < r}, 3aMKHYTOro mwapa, OTKPbITOr0
M 3aMKHYTOr0 MHOXKECTBa, (DyHJAMEHTAJbHOW W CXOAsiiieiicss nocieoBa-
TEJILHOCTHU, MOJIHOTO METPHUYECKOro mpoCTpaHCTBaA. BO.HI)II]y}O qaCTh 3a-
gad u3 §1 u §2 MOXKHO CTaBUTH M pelaTh B METPUUECKOM IIPOCTPAHCTRE.
3aaun, NpUBEJCHHBIC HUXKE, UJTIOCTPUPYIOT OCOOEHHOCTH METPHYECKHUX
NPOCTPAHCTB [0 CPABHEHUIO C JUHEHHBLIMU HOPMUPOBAHHBIMU.

[lycrs X NpPOU3BOJIbLHOE MHOXKecTBO. loBopaT, uto B X 3ajaHa
monoaozusa, ecin B X ykKa3zaHa TakKagd CHCTEMa MOJAMHOXECTB T, YTO T
COJIEPYKUT MyCTOE MHOXKECTBO, camMo X, a Tak>Ke 00beJMHEHNsT MHOXKECTB
JIIO0OW ToJCHMCTEMBI M3 T W NEpecevYeHrue MHOXKECTB J000i KOHedHOi
nojgcucrembl u3 7. Muoxecrso X ¢ Tonojiorueidl T Ha3bIBAETCS 1MONO-
NO2UMECKUM NPOCTNPAHCNEOM, TIPA 3TOM MHOXKECTBA M3 T Ha3bIBAIOTCA
omxpuimumu. Muoscecmeamu. Orpecmmuocmuvio mouku xog € X Ha3bIBa-
ercst 1I060e OTKPBITOE MHOXKECTBO, COJEPIKAIIEE T .

Touka xg € X HazpiBaeTcss npedeavroli mowkoli MHOXKecTBa M, ecnu
B J11000# OKPECTHOCTH TOUYKM To Haigercss Touka © € M, © # xo. Muo-
JKECTBO, COJIEPXKAIEe BCE CBOW TMPEJEJhHBIE TOYKH, HA3BIBACTCS 3AMK-
Hymom. Jlajee paccMaTpuBarOTCS TOJBKO 0MIEAUMBIE MONOAOLUMECKUE
NPOCMPAHCMEG, B KOTOPBIX y IBYX PA3AUYHBIX TOUYEeK X CyIIECTBYIOT HX
Henepecekaomuecs okpectnoctu. CemeicTBo 5 moagMHOXKeCTB X Ha3bIBa-
ercs b6azucom monoaozuu T, eciu B C T u a1060€ MHOXKECTBO U3 T €CTh
obbegunenue muoxecrs u3 3. Cucrema f3,, okpecrnocreit roukn rg € X
Ha3bIBAETCS ba3ucom oxpecmuocmeti amoti mouku, ecau JJjist JboH OK-
pecrioctn U ToukmM o Haligerca oKpecTHOCTh Vi, TOYKHM Tg Takas, uTO

Viy €U Vi € By

[Tycrs X, Y — ronosoruueckne npocrpancrea n y = F(x) — orob-
paXkeHwue, CTaBsIlee B COOTBETCTBHE Kakjaomy € X nekoropoe y € Y.
Orobpaxkenune F HA3BIBACTCS HENPEPuIBHBIM 6 Mouke Tog € X, eclu s
smo6oii okpecrnoctu U touku F'(zg) naiijercsa okpecTHOCTH V' TOUKH T
Takast, uto ecam = € V, o F(x) € U. Orobpaxkenne nenpepuieno Ha X,
€CJIM OHO HEMpPEepPBIBHO B KAaXKI0# Touke X .

[Mycts X siuHeiiHOE MPOCTPAHCTBO U B HEM ONPE/IEJIEHA TOMOJIOTHSA T.
[oBopsaT, 4T0 MONoaozua cozaacosana ¢ aunetinot cmpykmypot X, ecau:

1) onepauus caoxenus B X HenpepbiBHA B TONOJOIMU T MO COBOKYII-
HOCTH TEPEMEHHBIX, T. €. Juis Jioboi napel x,y € X u Ja1000# okpecT-
nocru Uy, suiementa x 4y wnaiigyrca okpecrnocru U, rtoukn z u U,
roukn y takne, 4t0 Uy + U, C Uyqy;

2) onepanusi yMHOXKEHUs j1eMeHTa n3 X HENpPEpPbIBHA B TOMOJOTHU T
M0 COBOKYIHOCTH MEPEMEHHBIX, T. €. AJs jtoboro z € X u j1060if okpecT-
woctu Uy, snementa Az Haiiayrcs okpecrnoctu U, Touku = u A ducna A
rakue, uto U, C Uy, Jns nwoboro [ € A.
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Jluneiinoe npoctpancTBo X HAa3bIBAETCS AUHETHBLM TONOAOLUMECKUM
npocmpancmeom, ecid B X BbIOpaHa TONOJOTKS, CONJIACOBAHHAS C JIUHE-
HOW cTpykTypoii. Fean X — auneiinoe Tomosornydeckoe mpocTpancTBo, TO
Kajkjiasi OKPECTHOCTh TOYKK g € X umeer Bujg o+ V, roe V. — okpecr-
HOCTh HyJieBoro sjiementa B X. Kcam V' npoberaer By — 6asuc okpect-
HocTell Hyast B X, TO g+ V npoberaer 6a3uc OKpEeCTHOCTE 3JIEMEHTA .
[TosTOMY B JIMHEHHOM TONOJOTHYECKOM NPOCTPAHCTBE JOCTATOYHO yKA3aTh
06a3uC OKPECTHOCTEH HYJIsI.

Bewecrsennas dbyukuus p(zr) nepemennoii x, npoberaromeii snneiinoe
npocTPaHcTBO X, HABBIBAETCS NOAYHOPMOTL, ecyn s Jiodbix ¢,y € X u
JII000I0 cKaasipa (@ OHA YJOBJETBOPSIET CJAEAYIOIUM aKCUOMAM:

1) p(z+y) <p(z)+p(y);

2) p(az) = || p(x).

Ecnau B smHeiinoM npocTpancTse X ompejeneHa cUCTeMa MOJYyHOPM
{py(z)}yer, rne I'  MHOXECTBO MHJEKCOB, TO PACCMOTPHM BCEBO3MOXK-
Hble KOHeuHble noJcucTeMsl {p,, (2)}L; u npn &; > 0 MHOoxkecTBa

U={zeX: py,(z)<e; i=1,2,.., N}

DTH MHOXECTBA MOXKHO TPHUHSTH 32 0a3MC OKPECTHOCTEH HyJIsl, U TOJA
coorBercTRyOWas ronojorust 7 B X Oyjer corsiacoBaHa ¢ ero JiMHeiHoi
CTPYKTYPOIii.

JIuneiinoe TomoNOrMYecKoe NMPOCTPAHCTBO HA3BIBAETCA A0KAALHO Bbi-
NYKABLM, €CJTH €ro TOMOJIOTUST COJAEPXKUT BA3UC BBIMYKJIBIX OKPECTHOCTEH
HyJI4.

6.1. I[Tycrs X — npowusBoabroe MHOXKECTBO. JlokazaTh, 4To
0 npu z=y,

p(m,l/):{l npu  z#y

onpegensier merpuky Ha X. Jlokazarh, 94To J10060€ mogMHOXKECTBO X siB-
JIIETCS OJHOBPEMEHHO U OTKPBITBHIM, M 3AMKHYTHIM MHOYKECTBOM.

6.2. Ilycrs p(z, y) — merpuka na muoxecrse X . /lokazars, uro ¢dpyHk-

00701

prla,y) = (250 pa(ay) = InfL4p(a, ),

p3(z,y) =min{l, p(z,y)}

TaKXKe ABJAITCA MeTpUKaMHu. YTO MOXKHO yTBEDXKJATh O MOJHOTE MOJIY-
YAIOIUXCs [NPOCTPAHCTB, €cu B MeTpuke p(z,y) MHOXKecTBO X ObLIO
HNOJHBIM METPUYECKUM NPOCTPAHCTBOM?

6.3. Kakum ycioBUSIM JIOJIKHA YJAOBJIETBOPSATH OnpejeseHHas Ha R
HenpepbiBHas Gynkuusa u = f(v), 4T0ObI HA BEIIECTBEHHON NPAMOii MOXK-
HO GbLJI0 33/jaTh METPUKY ¢ nomouibio pasencrsa p(z,y) = |f(z) — f(y)|?

6.4. Kaknum yCJI0BHSIM JIOJDKHA YIOBJIETBOPATH HenpepbiBHas (hyHK-
uusa v = f(v), urober B Mmerpuke p(z,y) = |f(z)— f(y)| Bewecrsennas
npsiMas GbLIA TOTHBIM METPUYECKHM MPOCTPAHCTBOM?
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6.5. BygeT W MOAHBIM METPUYECKUM MPOCTPAHCTBOM BEHIECTBEHHAA
npsamas ¢ METPUKOIA:
j— . — €T .
a) p(z,y)=|arctgz —arctgyl;  6) p(z,y)=|e” —e’|;
— 1.3 3
B) p(z,y) =z’ —y|?
EC.HI/[ HET, TO OMUCATH MONMOJIHEHUE 1O COO’T‘Be’T‘C’T‘By}OIﬂeﬁ METPpUKE.
6.6. B mHOX>XecTBE S BCEBO3MOXKHBIX [OCJIEJLOBATEJLHOCTEH T =

=(z1,x2,...) (xx € R nam x € C) nonoxum
o

plz,y) = Z 2"

k=1

Ty — Yl
T+ |z — yi|

a) Jlokazarn, uro p(z, y) — meTpuka.
6) /lokazarh, 4TO § — MOJIHOE METPUIECKOE NPOCTPAHCTRO.
B) MOXKHO Jid B IPOCTPAHCTBE § BBECTU HOPMY TakK, Y4TOObI BbINOJIHSI-
soch pasenctso p(z,y) = ||z —y||?
(n) _(n) )

r) IlpuBecTu npumep mnocsesoBaTENLHOCTH z( = (277,25,

(.’I,‘zn) € R), KOTOpas CXOAMTCA B NPOCTPAHCTBE S, NPUHAJJIEKUT MPOCT-
PaHCTBY o, HO HE CXOJAUTCS B MPOCTPAHCTBE [o.

6.7. JlokazaTh, 9T0 B JIIOOOM METPHYECKOM MPOCTPAHCTBE 3aMbIKa-
Hue OTKpbITOro mapa Sy.(zg) Jexur B 3amMkayTom mape S,(zg), T.e.

Sr(x0) CSr(xz0). Boamoxkuo siu 3ech crporoe Braouenue? CpaBHUTH €
3agaqeit 1.3.

6.8. JlokazaTh, 4TO B JIOOOM METPHUYECKOM NpocTpaHcTse X s JIo-
Goro x € X wn moboro r > 0 seinonusiercs nepasenctro 0 < diam S,.(zg) <
< 2r. TpusecTn npumep MeTpruUeckoro npocrpancrsa X M Takoro sjaeMeH-
Ta z € X, uro diam Sy (zg) = 0,5. Cpasnurs ¢ 3anauqeii 1.4

6.9. Moxker Jid B METPHYECKOM NPOCTPAHCTBE map GoJbuiero pajuyca
JIeXKaTh CTPOro BHyTpu miapa Menbinero pajguyca’ [lpu kakux sHaueHusix
pasmyca a BO3MOXHO crporoe Bkatovenne Sq(z) C Si(y)? Cpasnurh ¢
3agaqei 1.5.

6.10. B muoxxecrse N HaTypasibHbIX YHCEJ MOJOXKUM

m={] o e

a) Jlokazarb, uro p(m,n)  MeTpuKa.

6) Jokazarb, uro N ¢ wmerpukoii p(n, m) IOJIHOE METPHYECKOE
IPOCTPAHCTEO.

B) Ilocrpours 8 N ¢ merpukoii p(n,m) mocaeg0BaTeIbHOCTH HEMyC-
ThIX SaMKHyTb]X BJIOKEHHBIX MIAPOB, TAKUX, YTO pa,a]/IbeI HE CTPEMATCA K
HYJIIO, U OHU HE UMEIOT TOYKH, PUHA/JIeXKAIIel BCeM 11apamM OJJHOBPEMEH-
Ho. CpagHuTh ¢ 3ajaueii 2.26.

0 mpu m=mn,

6.11. B muoxecrse X BCEBO3MOXKHBIX MNOCJIEJI0BATEILHOCTEH HATY-
PAJIbHBIX YMCEJ 151 DNEMEHTOB T = (N1, N2, ..., Nk, ...), Y = (M1, Ma, ...
sy My, ...) 0603HauMM 4epe3 ko(z,y) HAMMEHbWIMA MHJEKC, OPU KOTO-
poMm ny # my. Jlokazars, uro:
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0 npu z=y,
a) p(z,y)= 1 npn £y ecTh MeTpuka Ha X ;
k0($1y)
6) akcuoma TpeyrojibHuKa BbinoaHsercs B X B ycuaenHoii ¢dhopme

p(z, z) <max{p(z,y), p(y, 2)};

B) ecn p(z,y) #p(y, 2), mo p(z, z) =max{p(z.y), p(y, 2)};

r) a1060i OTKpPbITHIA wap S,.(x) sABiseTcs B TO K€ BPeMsl 3aMKHYThIM
MHOXKeCTBOM, U Sy(y) = S, (z) mns aoboro y € Sy (x);

1) 11060# 3aMKHy T map S,.(Z) ABIAETCS B TO ¥Ke BPEMsi OTKPHIThIM
muoxectsom, u S . (y) =S . (z) aas moboro y € S . (z);

e) ecim aBa mapa B X uMeoT o0UIyI0 TOUKY, TO OJUH U3 HUX COJEp-
JKUTCS B JIPYTOM;

)K) paccrosinue Me)K)Iy ABYM# pa3/IMYHBIMU OTKPBITHIMU 1lIapaMu pa-
JUyca T, COIEPKAMMUCSA B 3aMKHYTOM Iape pajuyca T, PaBHO T

3) JJ151 TOrO 94TODBI MOCAEA0BATENHHOCTD Xy, € X Oblia hyHpaMeHTa b-
Ha, HEOOXOJUMO U JIOCTATOYUHO, YTOObL p(Zy, Tpi1) — 0 1pU 1 — 00;

1) npocrpancTBo X MOJIHO;
K) mpocTpancTBo X cenapaGesbHo.

6.12. [lyctr X — merpudeckoe npocrpancTio. Jlokazars, 4To cucre-
Ma T BCeX OTKPBIThIX nogmMHokecTs X 3ajgaer B X TONOJOIMIO.

6.13. B muoxecrse X rtouek orpeska [0, 1] onpeaeaum cucremy T
OTKPBITBIX MHOXKECTB TaK: B T BXOAAT X, & M BCEBO3MOXKHBIC MHOYKECT-
Ba S, =[0, 1\{z,}, rae z,, — npoussosbnoe, Ho He Gosee yem cuerHoe
muoxecTBo Touek u3 [0, 1]. /lokazaTh, 9ro cucrema 7 3agaer B X TONO-
JIOTHIO.

6.14. /lokazaTh, 4TO B TOMOJIOIHYECKOM NpocTpaHcTBe X MHOXKECT-
BO M 3aMKHYTO TOrJ|a M TOJILKO TOTJ/Ia, KOTJa €ro JonojHeHue a0 X
SABJSAETCS OTKPBITHIM MHOXKECTBOM.

6.15. /Jokazarh, 4TO B TONOJOIMYECKOM MPOCTPAHCTBE IEpPecevYeHne
J060r0 Yucaa U O0beJUHEHHE KOHEYHOTO YHCIA 3aMKHYTBIX MHOXKECTB
3aMKHYThI.

6.16. Ilycrb M u N — cOOTBETCTREHHO 3AMKHYTOE M OTKPHITOE MHO-
»KecTBa B TonosioruueckoM npocrpancrse X. Jlokazars, yro M\ N 3amk-
uyTo, a N\M oTKpbITO.

6.17. Jlokazarh, 4T0 jJisi TOro, 4ro0bbl CEMEHCTBO [3 OTKPBITHIX 10/-
MHOXKECTB TONOJOrMYEeCKOro npocrpancTsa X ObL1o 6a3McOM  TOIOJO-
MM T, HEOOXOJMMO M JIOCTATOYHO, YTOOBI A5 KaxKJ0il Touku z € X nu
J1000ro cofepXKaliero ee OTKpbITOro MHoXKecTBa U CyIeCcTBOBAJIO MHO-
xecrteo V € B rakoe,uto z €V C U.

6.18. /lokazaTh, YTO COBOKYNHOCTb BCEX OTKPBITHIX IAPOB METPUYEC-
KOro npoctpancTsa X sBjsgercs 6a3ucOM TOMOJIOTHH.
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6.19. /lokazaTh, 4TO JI000€ METPHUYECKOE MPOCTPAHCTBO sIBJSETCS
OTJETUMBIM TONOJOTHYECKUM MPOCTPAHCTBOM.

6.20. Byner Jiu OTAEIUMBIM TOMOJOTHYECKOE NMPOCTpaHCTBO X 3aja-
qn 6.137

6.21. [lycrs X, Y — mononorudeckue mpocrpancrsa. Henpeposisroe
orobpaxkenue F: X — Y uHasbiBaercsa omxpoimoim (3aMKEHRYMbIM), €CIHA
06pa3 BCAKOr0 OTKPBITOrO (3aMKHYTOr0) MHOXECTBA B NpocTpaHcTBe X
SABJISIETCS OTKPBITHIM (3AMKHYTBIM) B Y (CpaBHUTH ¢ 3ajga4eii 1.83).

a) IlpuBecTu npumep HENPEPLIBHOrO OTODPAXKEHUSI TOMOJOIHYECKHUX
NPOCTPAHCTB, HE SIBJIAIONMIErOCsi HU OTKPBITHIM, HA 3AMKHYThIM.

6) Hdoxazarh, uto orobpaxkenne npoextuporanusi F: F2 — R, onpe-
nensieMoe papenctsom F(z) =z ana x = (z1, z2) € E?, asnsercs He-
NPEPBIBHBIM, OTKPBITHIM, HO HE 3AMKHY ThIM.

B) IlpuBecrn npumep 0TOOpPa’KEHMsI TONOJOrMYECKUX NPOCTPAHCTE,
SIBJISIOLIErOCs 3aMKHYThIM, HO HE OTKPbITHIM.

r) Ilpusectn npumep 0TOOpPa’k€HUsI TOMOJOIMYECKMX NPOCTPAHCTE,
SABJIAIONIErOCs M 3AMKHYTBIM, U OTKPBITHIM.

6.22. /lokazaTh, 9TO B JIMHEHHOM TOMOJOrHYECKOM MPOCTPAHCTBE X :

a) ecim M C X — orkpbiToe (3aMKHYTOE) MHOXXECTBO M A — YHCJIO,
T0 AM  oTKpbITOE (3AMKHYTOE) MHOXKECTBO;

6) ecitu M C X OTKpPbITOE (3AMKHYTOE) MHOXKECTBO U To € X,
T0 o+ M  OTKpbITOE (3aMKHYTOE) MHOXKECTBO;

B) eciu M C X OTKpbITOe MHOXKeCTBO 1 N C X MPOU3BOJIbHOE
MHOXKeCTBO, TO M 4+ N — OTKpBITOE MHOXKECTBO.

6.23. Paccmorpum muoxectso C'(R) HenpepblBHbIX Ha BCEl NpsiMOii
BeniecTBeHHbIX (ynkuuii. Onpegenum B HeM 6a3uc OKPECTHOCTEH HyJis
rak: fo = J Vne e n € N, € >0, a z(t) € V,, . o3nagaer, uro

n,e
z(t)] <e npm |t
KO€ MPOCTPAHCTBO.

< n. Hokazars, yro C(R)  nuHeiiHOoe TOmosOrMYeC-

6.24. Paccmorpum muoxecrso Dla, b] Geckoneuno puddepenuupye-
MbIX BeIECTBEHHbIX (DyHKUMii, obpamaomuxcs B HyJb BHE [a, b]. Onpe-

JesuM B HeM 6a3zuc okpecTHocTed Hyasi tak: o= |J Vie, rme n €N, € >0,

n,e
a x(t) € V,, . osnauaer, uro |zF)(t)| <e npu t €[a,b] u k=0,1,2,....n.

Hoxkazarb, yro D[a, b] auHeliHOe TONOJOrMYECKOE POCTPAHCTBO.

6.25. Kakue nmosynopmbr onpeaessiior 6a3uchl OKPECTHOCTEH HyJisT B
npocTpaHcTBax 3aaa4 6.23 u 6.247
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JINHEVMHBIE OIIEPATOPEI

§ 7. HenpeppIlBHOCTH, OIrpaHUYEHHOCTh W HOpPMAa
JUHENHOTO oleparopa

[lyers X, Y  siuHeiiHble HOpMHPOBaHHBIE pocTpaHcTBa, F': X — Y
0TOOpaXkeHue, Uil 0nepamop, ONpeeJeHHbIH B OKPECTHOCTH TOUKHA T € X.
Ou Ha3bIBAETCS HENPEPLIBHULM 6 Mmouke To, ecam F(x) — F(xp) npm
T — Ig.

[lycts F onepatop ¢ obaacmuio onpedenenus D(F) C X u ¢
obaacmovio snavenuti R(F) C Y. OH Ha3bIBAeTCHd 02paHUMEHHbLM, €CIIU
nepesoauT Jiroboe orpanuueHnoe MHoxectso uz D(F') B MHOXKeCTBO, Or-
paHWYeHHOe B MpOocTpaHcTRe Y.

IMycrs X, Y — suneitnbie HOpMUDPOBAHHBIE MPOCTPAHCTBA, 00a Be-
mecTBeHHble win 00a kommiekcubie. Oneparop A: X — Y ¢ obnactbio
onpenenennst D(A) C X nasweiBaercs aunetinom, ecin D(A)  nuneiinoe
muoroobpazue B X u jaas awb6bix z,y € D(A) u mobbix A, A2 € R
(A1, A2 € C) Boinonunsiercst papenctBo A(A1z1 + Aaxa) = M1 Az + A Aza.

Muoxecrso N(A) = {z € D(A): A(z) =0} naszbiBaercs mHoxHcecm-
60M myaeti unm Adpom oneparopa A.

Teopema 7.1. Jlunetinwt onepamop A: X — Y, zadannwviii na
ecem X u menpepwenviti 6 mouxe 0 € X, nenpepwisen 6 1060t mouxe
ro € X.

Jluneiinpiii onepatop A: X =Y ¢ D(A) = X uHa3sbIBaeTCs HENpepbi6-
HoLM, €cJid OH HenpepbiBeH B Touke 0 € X. Jluneiinwiii onepatop A: X - Y
¢ D(A) = X wuaswbiBaercs ozpaHuvernvim, ecan cymecrsyer ¢ € R, ¢ > 0
Takoe, 4To st Jioboro z € S1(0) cnpasemnuBo HepaseHcTBO ||Az| < c.

Teopema 7.2. Jlunetinoi onepamop A: X =Y ¢ D(A) =X ozpa-
HUYEH M020a U MOAbKO Mo20a, Ko2da 0as A100020 T € X GOINOAHACTCH
nepasencmeo || Azx| < ¢l|z

Teopewma 7.3. Jlunetinui onepamop A: X =Y ¢ D(A) =X nenpe-
pol6eH Mo20a U Moabko Mo20a, K0206 0H 02PAHUYEN.

Hopmoti orpanuuennoro oneparopa A: X —» Y ¢ D(A) = X ua3sbiBa-
ercs yucsio ||Al|= sup ||Az

reX

llzll<1

7.1. llycrs X, Y — nuneiinbie npocrpancrea, A: X — Y — jnuneiinbiii
ONepaTop U CUCTEMA JIEMEHTOB L1, T2, ..., T, € D(A) nuueiino 3aBucuma.
Joxkazarb, uro cucrema Axy, Azs, ..., Az, JuHeiiHo 3aBUCHMA.
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7.2. llyecrs X, Y  nuueiinbie npocrpanctsa, A: X — Y  nuHeiinblii
OnepaTop M CUCTEMA HJIEMEHTOB T1, T3, ..., Ly € D(A) nuneiino nesanu-
cuma. BepHo Jin, uro cucrema Az, Azs, ..., Ax, JuHeiiHo He3aBucuma?

7.3. Ilycrs X, Y  nuueiinbie npocrpancrsa, A: X — Y  nuneiinblii
oneparop. lokazarh, uro oneparop A NEPEBOAUT BHINYKJIOE MHOXECTBO
3 D(A) B BbIyKJIOE MHOXKECTBO B IPOCTPAHCTRE Y.

7.4. Tlycrs X, Y — juneitnbie npocrpancrea, A: X — Y — juneiinbrii
oneparop, B C R(A) — soinykjoe muoxecrso, M = {z € D(A): Az € B}.
Byaer sin muoxkecrso M BbiyKJbiM?

7.5. Ilycrs nHa suneitnom npocrpancTse X 3ajJaHbl JBE€ YKBUBAJIEHT-
apie HopMmbl, A: X — X smnueiinbiil oneparop. /lokazaTb, 4To B 06enx
HOpMax OH OyJIeT WJId OTPAHUYEHHDBIM, UJIM HEOTDAHUYEHHBIM.

7.6. JlokazaTh, 4TO onepaTop, OCYIIECTBIAIONIUA:

a) uzoMopdu3M JMHERHbIX HOPMUPOBAHHDBIX NpocTpancT X u Y;

6) BJAOXKEHME JIMHEHOrO HOPMMPOBAHHOrO MpocTpancTea X B JuHEel-
HOE MPOCTPAHCTBO Y;

SABJISIETCS] OPPAHUYEHHBIM.

7.7. JlokazaTh, 9TO onepaTrop 7, OTOOPAXKAOIK JTHHEHHOEe HOPMHPO-
Baunoe npocrpanctso X B dbaxkropupocrpancreo X /L (cm. 3agauy 2.28)
U CTaBANIUA B COOTBETCTBHUE 3MeMeHTy 2 € X coJeprkaluii ero Kaace
CME>KHOCTH 5.‘ SIBJISETCS JIMHENHBIM OrpaHUYECHHBIM.

7.8. llycts X, Y JIMHEHHbIE HOPMHUPOBAaHHbIE NPOCTPaHCTBa, A:
X — Y — orpannuennniii auneituniii oneparop ¢ D(A) = X. Jlokazarn,

qTO
1A = sup 14zl
cex ezl
#0

7.9. JlokazaTb, uro suueiinbiii oneparop A: X —»Y ¢ D(A) =X
OrpaHWYeH TOT/Ia W TOJILKO TOraa, Korja cymectryer ¢ € R, ¢ > 0, Takoe,
aro st Jioboro z € S1(0) C X seinosnsiercst nepasencrso ||Az|| < c. Ecan
3TO YCJAOBUE BHIMOJHACTCS, TO

Al = sup [|Az].
reX
llzfl=1

7.10. /JokazaTh, 9TO [Jiss OrPpaHWYEHHOTO JIMHEHHOrO omneparTopa
A: X -Y ¢ D(A) = X copaseanuso paBencrso ||A|l =infe, rae ¢
takoe uncio, 4ro ||Az|| < ¢||z|| naa awboro z € X.

7.11. Tlycrs H — ruabbeproso npocrpancrso, A: H — H — orpanu-
deHHbli JuHelnblil oneparop ¢ D(A) = H. Jlokasarb, 410

Az,

|Al|= sup [(Az, y)|
z,yeH |T Hy”
z#0, y#0

7.12. Jloka3aTh, 4TO CJAEAYIOUME ONEPATOPbI ABJISIOTCA JUHEHHBIMHU
OrPAHUYEHHBIMH, U HAHNTH UX HOPMbI (B 1. M), J1), M) OLEHUTH HOPMBbI):
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a) A: C[0,1] — CJ0, 1] A$(t):f$(7)dT,
6) A: Cl-1,1] = C[0,1], Az(t) = a(1);
B) A: C[0,1] = C[0,1], Ax(t) = £22(0);
r) A: C[0,1] = C[0,1], Az(t) = =z(t?);

1) A: C'la,b] = Cla, b], Az(t)=z(t);

©) A: C'[a,b] = Cla, B], Aux(t) = 2,

x) A: Ly]0,1] = L]0, 1], A$(t):t.i.$(7')d7';

z(t), t<A Ae(0,1),

3) Ax: La[0, 1] = Lo[0, 1], Aw(t)Z{o, t>X, Ae(0,1);

u) A: L]0, 1] = L1[0, 1], A.’I,‘(t):f.’l,‘(T)dT;

n) A H'[0,1] = H'[0,1],  Az(t) = ta(t);

)
k) A: HY[0,1] = L]0, 1], Az(t) —0,(t);
)
M) A: H'[0,1] = L1[0,1], Axz(t) =tz(t).

7.13. Byaer au orpanuuennbim oneparop A: C[0,1] — C[0,1], Az(t) =
=dz/dt, ¢ obnacreio onpegesennst [, — smneiinbiM MHOroOGpasuem He-
npepbiBao quddepennupyembix va [0, 1] bynkunii?

7.14. Byger squ orpanuuenunim oneparop A: H'[0,1] — L»[0, 1],
Ax(t) =dz/dt?

7.15. [lns xakux dynkumii ¢(t) oneparop Axz(t) = ¢(t)x(t) Gyaer
OrpaHMYeH, €CJTH OH PACCMATPUBAETCA KAK JACHCTBYIOIUIL:

a) uz C[0,1] 8 C[0,1]; 6) us Ly[0,1] B Ly[0, 1]?
7.16. Jloka3aTb, 4TO onepaTop A: C*[a, b] — Cla, b],

Z oi( (z)

rae bynkunn @;(t) paa i =0, ]7 ..., k nenpepbieubl na [a, b], sBusiercs
OIrPpaHUYEHHBIM.

7.17. Ilycrs e, (n € N) — opronopmupoBannbiii 6a3uc rusnbeprosa
upocrpaucrsa H, A\, € R (n € N). [lokazarb, 94T0 ecju N0CI€J0BATEb-
HOCTh A, Orpanuvena, To pasencrsa Ae, = \pe, (n € N) onpegensiior
orpanuuenHbiii jnneitustii oneparop A: H - H ¢ D(A) = H u ||A] =
=sup |\,

n

7.18. Ilycrs X, Y JIMHEWHbIE HOPMHUPOBAHHBIE MPOCTPAHCTBA
A: X =Y — uenpepsoiubiii inneituniii oneparop ¢ D(A) = X. Beceraa ain
cymecrByer z € X, x # 0 Takoe, uro ||Az| = | A|-|=|?
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7.19. Ilycts X, Y  nuHeiiHble HOpMUPOBAHHBIE TTPOCTPAHCTBA, MPHU-
yem X kKoHeuHoMmepHO. JlokazaTh, 4TO BCAKUil JuHEiHbIAH onepaTop A:
X =Y ¢ D(A)= X orpanuuen un cymecrsyer z € X, x # 0, Takoe, 4to
| Az|| = |A[ - ||

7.20. [lycrs X, Y JIMHEWHbIE HOPMHPOBAHHBIE MPOCTPAHCTBA,
A: X — Y  nuneiinblii onepaTop.

a) /lokazare, uro R(A) nuneiinoe mHOroobpasue B Y.

6) Bcerma sin R(A) — noanpocrpancreo B Y?

7.21. [lyers X, Y JIMHEHHbIE HOPMHPOBAHHBIE MPOCTPAHCTBA,
A: X -Y  Takoii nuueiinpiii onepaTtop, uro muorooGpazue R(A) C Y
koneunoMmepHo. Caegyer nu orcioga, 9ro A orpanudeHHbld onepatop?

7.22. Jlokazarb, uto siapo N(A) orpann4enHoro quneifHoro oneparo-
pa A: X — Y sgasasercs noanpocTpancTsoM B X.

7.23. [lycts X, Y — usuneiinpie HOpMHUPOBAHHBIE MPOCTPAHCTBA,
A: X =Y — rakoii ainneiinniii oneparop, uro N(A) sisasiercss nognpoct-
pancrsoM B X. Craeayer jin orcioga, uto A orpanudeHHblii onepatop?

7.24. Ilycrs A: X — Y — auneiinniii oneparop D(A) = X, npuuem
R(A) xoneunomepno, a N(A) zamknyro B X. /lokazars, uro A — orpa-
HUYEHHBII OnepaTop.

7.25. llycrs X — juneiiHoe HOPMHMPOBaHHOE npocTpaHcTBo, A:
X — X — orpanuuennniii auneiinniii oneparop ¢ D(A) = X. Bepno un,
uro X = R(A)@® N(A)?

7.26. llycts X OGanaxoBo npocrpascTso, A: X — X HU30MeT-
puueckuii suneiinbiii oneparop ¢ D(A) = X. Jlokazars, uro R(A) —
noanpocrpancTeo B X.

7.27. Ilycte X 6Ganaxoso npocrpancrso, A: X — X Takoii orpa-

HuYeHHbI suHelinbii oneparop ¢ D(A) = X, uro cymecrByer ¢ € R,
¢ > 0, Takoe, 4ro just jioboro £ € X BbINONHSIETCS HEpaBeHCTRBO ||Az|| >

> c||z||. Jokazars, uro R(A)  nognpocrpancreo B X.

7.28. Paccmorpum oneparop A: Cla, b] = Cla, b], Az(t) = ¢(t) z(t),
rae ¢(t) € Cla, b]. llpu kakux yciaoBusx Ha pyHkuuio ¢ Z 0 MHOXKeCT-
Bo R(A) sisnstercs nognpocrpancrsom Cla, b]?

7.29. Ilycts X, Y  Ganaxosbl npocrpanctsa, A: X —Y  orpanu-
uennblii onepatop ¢ D(A) = X. Beerna siu paBencrTsa:

a) [zlh = |Azll;  0) [lzll> =[z||+||Az]];
sagaor B X nopmy? Byger sin B 910it Hopme X 6aHAXOBBIM NPOCTPAHCT-
BOM?

7.30. B npocrpancrse ly paccMoTpum omeparop A, nepesojsuimii
aseMenT x = (xq, Ta2,...) € lo B 3nement Ax = (Aixy1, Aazma,...), rae
A € R (neN).

a) Jlokazarb, uro npu m0bbix A, oneparop A suHelHbI.

6) Ipu kakux ycaosusix Ha nocaenoBatTeabHocTh A, D(A) cosnagaer
€O BCEM MPOCTPAHCTBOM [,7
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B) Ilpu KakuX yCJOBUSIX HA OCJIEI0BATEJILHOCTL A, oneparop A Oy-
JIeT OrpaHUYeH W KaKOBa OyJIeT mpu 3TOM ero Hopma?

r) Ecan A — orpannuennsbiii oneparop, To Bcerga Jju Haiigercs © € [,
7 #0, 1axoe, wro || Az = | Al o]

1) Tlpn KaKnX yCJa0BHSX HA NOCJIEJ0BATENBHOCTh Ay, MHOXKECTBO R(A)
SABJISIETCS NOAMPOCTPAHCTBOM /o7

7.31. Illyctb « > 0 ¢ukcuposano, C, 6aHAXOBO MPOCTPAHCTBO
HenpepbiBHbIX Ha [0, +00) dynkuuilt z(t), yJI0BIETBOPAIONIMX yCIOBUIO

sup e™|z(t)| < oo,
[0, 400)
¢ HOpMOit
lolla = sup e*|z(t)].
+o0
/lokazarh, 4TO:

a) dbynkus z(t) =t%e "€ C, npu y>a, c0=0 n

o
e e
Y-«

6) wenpepbiBHas dyukuus z(t) npunagiaexur npocrpancrsy C,
TOrJIa U TOJBKO TOIJIa, KOTJa CyUeCTByeT Takast nocrosiunas M > 0, uro
aast ioboro ¢ € [0, +0oc) Beinosinsiercs nepasenctro |z(t)] < Me™et;

B) oneparop B ymnoxenust: Bz (t) = b(t)z(t), rae b(t) € Cg, 20,
ABJISICTCSA HENPEPbIBHBIM JINHEHHBIM ONEPATOPOM, JIeHCTRYIOIMM U3 NPOCT-
panctea C, B npocrpanctso Cyypa, npuiem ||Bl| =|b]|s;

) MHTErpajbHbI ONEpaToOp

Ax(t) = I e P95 (s)ds
0
dABJIsieTCs Npu [ > @ > Y HENpPEPBbIBHBIM JUHEHHBIM ONEpPaTOPOM, JIeiHCT-
Byomum u3 npocrpancrsa C, B mnpoctpancrso C.,, npuiem |A| =
=1/(f—«) upu y=a«, aupu vy < «

B ((I’Y)a_,y]]/(ﬁ_a)
Al = |——— .
A1 [(ﬁ—wﬁ‘”

§ 8. IIpocTpaHCTBO OTpaHUYEHHBIX JHUHENHBIX OTEPATOPOB

IMycrs X, Y — nuneiinbie HOPMUPOBAHHBIE MPOCTPAHCTBA, 00a Be-
uiecTBeHHbie uin 06a Kommnjekcuoie, A, B — orpaHuveHHbIe JIMHEHHbIE
onepaTopbl, onpejiesieHHbie Ha BceM X, co 3Hadenusimu B Y. llonaras no
OTpeIeJIEHUI0

(A+B)z=Az+ Bz,  AA(z)=AA(z),  ||All= sup [[Az],
reX
llzfl=1

nojydaeMm JjuHeiinoe nopmuposannoe npocmpancmeo £ (X,Y) oepanu-
YEHHDLT AUHETHBLT 0NEePAmopos.
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B npocrpancree Z (X, X) = £(X) nonaraem 0o onpejaeneHuio
(AB)z = A(Bxz), rem cambim £ (X) craHoBuTcs aarebpoii ¢ ejauHulei,
rae eguauuei seaserca mootcdecmeennnti onepamop I: X — X, Iz = x.

[ocaenosarenvrocts A, € Z(X,Y) (n € N) Ha3bIBAIOT pasHOMEPHO
crodawetica k oneparopy A € Z(X,Y) nsanucesator: A, = A (n — 00),
ecim ||A, — Al =2 0 (n — o0). Tocaeposareannocrs A, € ZL(X,Y)
(n € N) Ha3bBAIOT cuabho crodswelica K omneparopy A € Z(X,Y)
v 3anuceiBaor: A, — A (n — o0) cuabHO, ecam agas goboro x € X
[|[Apnz — Az|| =0 (n = o0).

Teopewma 8.1. EcauY  banazoso npocmpancmeo, mo £ (X,Y)
6anaT080 NPOCMPAHEMEBO.

Teopema 8.2. Ilyemv X,Y — banazoswv, npocmpancmea, A, €
€ Z(X,Y) (neN) u daa awbozo 1 € X nocaedosamesvrocms Apx
oepanuuena. Tozda nocaedosamenvrocme ||Ay|| ozpanuuena.

Teopewma 83. Ilyemv X, Y banazosv, npocmpancmea, A, €
€ . Z(X,Y) (neN). Jar mozo umobov. nocaedosamenvrocms A,, npu

n — 00 cuabHo cxoduaacy ¥ onepamopy A € Z(X,Y), neobrodumo u
docmamouno, 4mobol:

1) nocaedosamenvrocmo ||Ay|l 6viaa oepanuvera;

2) A, = A (n — 00) CUABHO HA HEKOMOPOM AUHETIHOM MHO2000Pa3 UL,
6¢t0dy naomuom 6 npocmparcmee X .

Teopewma 84. ITycmv X — auneiinoe HOPMUPOBAHHOE NPOCTPAHCIN-
60, Y  6anaroso npocmpancmeo, A: X =Y  aunetinwii onepamop,
npuyvem D(A) =X una D(A) onepamop A ozpanuuen.

Toz0a cywecmsyem makoti ozpanudeHHvtl AuHetiHbl onepamop A €
€ Z(X,Y), umo Ax = Az das awboz0 © € D(A) u ||A]l = ||A|l.

ITpu arom oneparop A naszwiBaercs npodoascenuem oneparopa A Ha
BCe npocrpaHcTro X .

8.1. IlpuBecTu mnpuMep JHHEHHOrO HOPMUPOBAHHOTO MNPOCTPAHCT-
Ba X u takux oneparopos A, B € Z(X,Y), uro AB # BA.

8.2. llyct» A, B € Z(X,Y) — mnenynesnie oneparopnl u R(A)N
NR(B)=0. loka3aTb, 40 A, B J1HHEHHO HE3ABUCUMBI.

8.3. Ilycrs A, B EZ(X Y)u R(A)=R(B), N(A)= N(B). Caeny-
et am orcioga, yro A = B?

8.4. llyctr X, Y JIMHEHHbIE HOPMHUPOBAHHBIE MPOCTPAHCTBA,
UcCcX OTKpBITOE MHOXKecTBO, V C X 3aMKHYTO€ MHOXKECTBO,

A€ Z(X,Y). Byayr au o6pasbl 3THX MHOXKECTB COOTBETCTBEHHO OT-
KPbBITHIM " 3aMKHyTbIM MHO>KECTBOM B Y?

8.5. Ilycrs . — noanpocTpaHcTBO JIMHEHHONO HOPMUPOBAHHOTO MPOCT-
panctea X n M ={A e L(X,Y): N(A) = L}. Sdeasierca an M nog-
npocrpancrsom B £ (X, Y)?
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8.6. IlycTs L.  moOAMpOCTPAHCTBO JUHEHHOTO HOPMUPOBAHHOTO MPOCT-
panctea X u M = {A € £(X,Y): N(A) D L}. denserca nu M moa-
npocrpancreom B Z (X, Y)?

8.7. llycts X — nuueiinoe HOPMHPOBAHHOE TMPOCTPAHCTBO, A €
€ Z(X) — upoussoabuniii oneparop, Ny = N(A*) (k=0,1,2,..).

a) Jlokazarb, uro Ng C Ny C...C N C Ny41 C ...

6) Ilycrs ans HekoTOpPOro HarypaabHoro m Bnepsbie Ny, = Ny 1.
Hokazarh, uro Ny, = Ny, 15 11060ro HaTypajbHOro p.

8.8. Jlokazarh, uro orobpaxenue ®: Z(X,Y) = R, ®(A) = ||A|,
HENPEepPbIBHO.

8.9. Ilyctr X JIMHEHHOE HOPMHPOBAHHOE NPOCTPAHCTBO, A €
€ Z2(X) dukcupoBanusbiii oneparop. O6pa3yoT M B MPOCTPAHCTBE
Z(X) noanpocTpaHcTBO BCEBO3MOXHbIE onepatopel B € £ (X), ynos-
JIETBOPSIOLINE YCJIORHIO:

a) AB=0; 6) AB=BA?

8.10. /lokazaTh, 9TO Npu 3aMeHe HOPM B JUHEHHBIX HOPMUPOBAHHBIX
npoctpancTBax X ©u Y HA 3KBUBAJEHTHbIE HOBAasi HOPMAa B MPOCTPAHCT-
Be Z(X,Y) BGyner sKBUBAJEHTHA CTAPOIi.

8.11. Ilycts X, Y Ganaxosbl npocrpanctsa, A,, A € Z(X,Y)
(neN) unu A, > A (n — 00) CHJIBHO HA HEKOTOPOM JIMHEHHOM MHOrO-
obpasun, Beroay naothom B npocrpancree X. Caemyer qm orcroopa, uTo
A, = A (n — 00) cuabHo?

8.12. Ilycrs H — ruanbeproso npocrpancrso, A, € Z(H) (n € N) un
sup |(Anr, y)| < oc
n

st mobwix x, y € H. Jlokazars, uro sup ||A,|] < oc.
n

8.13. [lycrs X, Y — Oanaxombl mpocTpaHcTBa, MHOXeCTBO M €

€.Z(X,Y) rakoBo, 4To
sup [|[Az| = p(z) < oo
AeM

aas moboro x € X. Jlokasars, uro sup || Al < oc.
AeM
8.14. llycrs X, Y — bGanaxoswl npocrpancrsa, A, € Z(X,Y)
(n € N) u gag moboro z € X mnociegoBarenbuocts A,z dydpaven-
tasbHa. JlokazaTs, yro cymwecrsyer takoil oneparop A € Z(X,Y), uro
A, —- A (n €N) cunpHo.

8.15. B npocrpancrse C[—7, +7| paccMoTpuM noanpocTpancrso M
dbynkuuii z(t), yposaersopsiromux ycaosuio (—7m) = z(w). doa x(t) €
€ M nosioxum n

yn(t) = Apz(t) =20 + > aycos kt+bysin kt,

2 k=1
rae ™

I z(t) cos ktdt, by = %.T,(t) sin kt dt;

—T

ap =

3=

4 B.A. Tpenorun u ap.
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TeM caMbiM Kaxk10i dbyukuuu z(t) € M conocraBieHa yacTHYHAs CyMMa
ee pajga Oypoe.
a) Jlokazarb, 4To
in[(2n+1)(r —t)/2]
A, sm[(
yn(t) = Ana(?) f v sin[(T —1)/2]

6) Jlokazars, uro A, € .Z(M) u 4ro

™ .
|A.]|= max L [ s1n[(2.n+l)(77t)/2} dar.
te[-m,x] 2T . sin[(T —t)/2]
B) Mycrs L C C[—m, 7] — noanpocrpaHcTBO TPUIOHOMETPUUYECKUX

MHOTO4JIEHOB. JlokazaTh, uTo Ha L mocnenoBaTenbHOCTh A, Tpu n — 0o
CHUJIBHO CXOJATCS K TOXKJIECTBEHHOMY OMEpaTOpYy.
r) Mpeanonoxum, uro ||A,z — z|| = 0 gns moboit x(t) € M npm
n — oo. Beisecn orcroza, uro sup ||A, ]| < oc.
n

1) CocraBurh u peasmsosarh Ha IBM anropurm Bbruncaenus ||A,||
npu pazauunbix 7. (ONpaBabIBAIOT JIM PE3YJIbTATHI BbIYUCJIEHUI NPEno-
Jioxkenue r)?)

8.16. Ilycrs tpy = k/n (k=0,1,...,n) — pasbuenne orpeska [0, 1],
z(t) € C[0, 1]. Monoxkum .
ya(t) = =" w(t) G (),
k=0
G (1) = (t—to)(E—t1)  (E—tp1)(E —tpyr)-(E—tn)
(tk —to)(tr —t1). - (tp —th—1)(tp —thgr)---(th —tn)’

TEM CAMbIM KAaXJIOi HENpepbIBHOI (DYyHKIMKM COMOCTABJIEH €€ MHTEPIOJIs-
UOHHBIN MHOTOUJIeH Jlarpanka.

a) Jlokasarn, uro A, € .Z(C|0, ])

riue

6) Jlokasars, uto ||A,|| = max Z G (1))
telo, ]k 0
8) Ilycrs L C C[0, 1] — smneitnoe muoroobpasue muorodsenos. loka-
3aTh, 4TO HA [ MOCIEA0BATENLHOCTD A, TPU M — 00 CHJIBHO CXOJUTCA K
TOXKJAECTBEHHOMY ONEPATOPY.
r) Ipennonoxum, gyro auas qwboit z(t) € C[0,1] ||Apz — x| — 0
npu n — oc. Brisectu orcioga, uro sup || A,|| < oc.
n

1) CocraBurh n peanuzosarh Ha IBM anropurm Bbruncnenus ||A, ||
npu pasanunbix n. (OnpasabiBalOT M PE3yJbTATHI BHIMUCJACHUNA NPEIO-
Joxenue 1)7)

8.17. llycts X, Y — sumHeiinnie HOPMHUPOBAHHBIE MPOCTPAHCTBA,
A, e Z(X,Y) meN) u A, =0 (n— oc) cunbno. Caegyer sin orcroaa,
aro A, — 0 (n — oo) no Hopme npocrpancTa .Z (X, Y)?
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8.18. Ilycrs X, Y JIMHEHHbIE HOPMHUPOBAHHBIE MPOCTPAHCTBA,
A, € Z(X,Y) (N € N) u nociegosaresbHocrs A,Z €X0auTcsi paBHO-
mepro ua mape S1(0) C X. Jlokazars, 4To cymecTsyeT Takoil oneparop
Ae Z(X,Y),uro A, = A npu n — oc.

8.19. B npocrpancree ly ans snementa x = (%1, T2, ...) € Iy onpe-
JEIUM TIOCTEJOBATENLHOCTH ONEPATOPOB

Anq«:(ﬂﬂ) Bnm:<0,0,...,0,mn+1,mn+2,...), n e N.
———

n- n’
n

KakoB xapakTep cXOAUMOCTH KaXXJ10il U3 nocje10BarensuocTeii?
8.20. Paccmorpum oneparop A: C[0, 1] = C10, 1]

Az(t) :.[ e"x(7)dr,

v nocjejgosaresibnocts oneparopos A,: C[0, 1] — C[0, 1],
T n k
T
Anm(t)zf [Z k'] z(t)dr, ne€N.
0o Lk=0
Cxopurest i nocaegoaresnbtocts A, k A? Kakos xapakrep cxogumocrn?

8.21. Paccmorpum oneparop A: C[0, 1] — C|0, 1]

Az(s) :.[ e*lz(t) dt,

v nocjejgosaresibnocru oneparopos A, , B,: C[0, 1] — C[0, 1],
1 n k l—ep
Ann(s) = | [Z (s) } w(t)dt,  Buw(s)= | ea(t)dt, neN,

!
5 Lizo k!

€n
rae €, >0, €, = 0 npu n — oco. CxougaTcs U NOCAEJOBATENbHOCTH A,
u B, k A? Kakog xapakrep cxogqumocTu?

8.22. B mpocrpancree C[0,1] paccmMoTpuM nocCi€40BATENLHOCTD
oneparopos A,z (t) = z(t'*/") (n € N).

a) [lokazars, uro A, € .Z(C[0,1]).

6) Jlokazarb, 4yTo npu n — 00 A, CHIBHO CXOAUTCH K TOXKJECTBEH-
HOMY OMepaTopy.

B) Byaer niu cxopumocts A, k I paBHOMEpHOii?

8.23. Ilycts X, Y JIMHEHHbIE HOPMHPOBAHHBIE MPOCTPAHCTBA,
Tn,t €X, T, 2>z, Ay, A€ Z(X,Y) (neN), A, - A upu n — oc.
Hokazarn, uro A,z, = Az npu n — oo.

8.24. Ilycrs X, Y — 6anaxosnl npocrpancria, A, € Z(X,Y) (n € N)
M pu 1 — 0C CMJIbHO cxogutest K oneparopy A, € Z(X,Y). lokazarn,
9TO €CJU Ly, £ € X U T, = 2 npu n — 00, T0 A,x, — Ax npu n — oo.

4%
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8.25. Ilycrs X, Y, Z  Ganaxosbl npocrpanctsa, A,, A € Z(X,Y),
B,,Be Z(Y,Z) (n € N) nnpu n—oc A, CHIbHO CXOAUTCs K ONEpa-
topy A, B, cuiabHo cxoaurcs Kk oneparopy B. Jlokazars, uto npu n — 0o
B, A, cunbHO cxoguTesa K onepatopy BA.

8.26. [lycrs X,Y, /7 — nunHeiinpie HOPMHUPOBAHHBIE MPOCTPAHCTRA,
A, Ae L(X,)Y), B,,Be Z(Y,Z) (n € N) unpu n - o0 A, = A,
B, — B. Jlokasatn, uro B npocrpauncree .Z(X,7) B, A, — BA npu
n — oo.

8.27. llpuBecTn npumep JAMHEHHOrO HOPMHUPOBAHHOTO MPOCTPAHCT-
Ba X u Takux oneparopos A, B € Z(X), uro ||AB|| < ||All-||B].

8.28. Ilycro X  smueiinoe HopMupoBanHoe npocTpanctso, A € Z(X),

B: X —» X  uneorpanuueHublii onepaTop ¢ obsaacrbio onpejenenus D(B),
BCIOJY MJIOTHOR B X

Moxker aim npoussegenne AB 6bITh:

a) HEOrpaHUYEHHDBIM ONEPATOPOM; 6) OrpaHUYeHHbIM onepaT0p0M7
8.29. Ilycro X  6anaxoso npocrpancrso, A € £ (X Z Apth
k=0

(A €R)  cxopsimuiics na Bcem R crenennoii psaj. JJokazars, 4ro nocie-
n

posaresbnocth S, = > Ay A¥ umeer npu n — oo npepen p(A) € Z(X).
k=0
8.30. /lokazarh, uTro B GaHaxoBOM mpocTpancTtBe X s J1060T0
Ae Z(X) OHpP,HPJIPHbI OIepaTOpPLI
(—1)k A% k p2k+1 % (_1yk 42k

sin A = Z k1) cosA:Z(

8.31. Ilycts X  6anaxoBo npocrpancTso, A € Z(X). JlokazaTs, uro
lle?|| < el Al Haiiru e, rae T — roxgecrrennbii oneparop.

8.32. Ilycts X  Ganaxoso npocrpanctso, A € Z(X). Jlokazarh, uTo
o0

psg > Ak cexonuresi B Z(X) Torga u TONBKO TOTAA, KOTJA JLJIs HEKOTO-
k=0

poro HarypajabHoro k seinojusiercs nepasencreo ||AF|| < 1.

8.33. Byuer amu npocrpancreo Z(X), rue X = Ly[0, 1], cenapabesin-
HbIM T

8.34. Ilycrn X, Y — Ganaxornl npocrpancrea, A € Z(X,Y) n ann
aoboro y € Y maiizercsa takoe = € X, uro ||Az —y| < allyl|, [|z|| <
< Blyll, roe a, B € R, a < 1. Jlokasars, uyro ypasnenne Azr =y npm
aiobom y € Y wumeer pemenne x € X, yJOBJIETBOPSIONIEE YCJIOBUIO

|| < —— .

8.35. Ilycrr X — 6anaxoBo npocrpanctso, ., M — noanpocrpancrt-
Ba X, X = L® M. Onepamop npoekmuposarus P uva nognpocrpancrso L
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napaJjuieJibHO noanpoctpancTsy M BBoauTcsa paBeHcTBOM Px = u, rae
r=u+v, u €L, ve M. lokazaTs, 4To P  JnUHEHHbI OrpaHUYCHHbIN
oreparop.

8.36. Ilyctp P: X — X JIMHEHHBIA onepaTop, 3aJJaHHbIA BCIOIY
B GanaxoBom mnpoctpancree X. JlokazaTh, 4TO OH SBJSIETCS ONEPATOPOM
NPOEKTHPOBAHKS HA HEKOTOpoe moampocTpancTBo L C X mnapannenabHo
nognpocrpancTtsy M C X Torja u TOJIBKO TOrAa, Korga P orpaHuveH u
yaosjersopser yciosuio P? = P.

8.37. /lokazarh, uTo AuHEHHbBIA onepaTop P, 3ajaHHbIi BCIOAy B ODaHa-
XOBOM npocTpancTre X , oToOparkamomuii ero B cedst U yI0BJIETBOPSIONIH it
yeaoruio P2 = P, orpanuden (u, celopaTesIhHO, ABISAETCS ONEPaTOpPOM
NPOEKTHPOBAHUST HA HEKOTOpoe nognpocrpancrso I, C X napaJuieiabHo
noanpocrpancrtey M C X)) Torga u TOALKO TOr/a, KOrAa JMHEHHbBIE MHOTO-
obpazust R(P) u R(I — P) 3aMKHYyTBHI B mpocTpaHcTBe X.

8.38. B npocrpauncrse C[—1, 1] paccmorpum oneparopsl
1 1
Az(t) = g [e(t)+2(=t)],  Bz(t) =5 [z(t) - z(=1)].

a) Jlokazath, uTo A, B orpaHMuYeHHbIe JHUHEHbIe ONepaToOpbl,
HAWTH X HOPMBI.

6) Haiitu omeparopmi A%, B2. dsasiorca inm A m B onepatopamu
NpPOEKTHPOBAHUA !

8.39. B ruanbeproBom npocrpancrse H onepamop opmozonanvrozo
npoexmuposarus Ha noanpoctpanctso L C H pna = = u + v, rae
uw € L, v € LY, onpenenserca pasencrsoM Pz = u. Jloka3arsb, 4To one-
paTtop P orpaHuyeH, u HAlTH €ro HOPMY.

8.40. Ilycrs L4, Lo, — moampocTpancTBa rujan0EpTOBa NMPOCTPAHCT-
Ba H, Py, Py — oneparopbl OpPTOrOHAJHHOIO MPOEKTUPOBAHUS COOT-
BercrBenHo Ha L1 u Lo. Jlokasars, uro ||P) — P < 1.

8.41. Ilycts L HOANMPOCTPAHCTBO THJLOEPTOBA NPOCTPAHCT-
Ba H, P — oneparop oproronaiabHoro npoekruporanus Ha .. Yro MmoxxHo
yTeepx)aarh 06 onepatope A € Z(H), ecan ajisi HEro BHIOJHSETCA Pa-
BEHCTBO:

a) AP=A; 6) PA=A; B) AP=PA?

8.42. llycrs H — ruanbeproro npocrpanctso, I, C H — nuneiinoe
mHOroobpasue, A — orpanuveHHbIil TUHERHbIE onepaTop, 3ajanublii Ha [
co 3HaueHusimu B DanaxoBom npocrpancree Y . Jlokazars, uro A moxer
ObITH TTPOIOJIXKEH Ha Bce H ¢ coxpaHeHneM HOPMBbI.

8.43. [lycth X  6anaxoBo mpoctpancTtso, L, M  Takue moamnpocT-
pancTBa OaHaxoBa mpocTpaHcTBa Y, urto Y = L & M. JlokazaTh, 9TO
Z(X,Y)=Z(X, L)y Z(X, M).

8.44. [lycts L, M  noanpocTpaHCTBa JUHEHHOrO HOPMHPOBAHHOIO
npoctpanctea X, X = L& M, Y  OGanaxoso npocTpancTso. Bepro ju,
aro (X, Y)=2Z(L,Y)® L (M,Y)?
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§ 9. O6parTHbie onepaTopbl

IMycrs X, Y — nuneiinbie HopmupoBaHHbie npocrpancrea A: X —Y —
JMHeRHbIH onepaTop, orobpaxkatomnii D(A) na R(A) B3aUMHO 0JIHO3HAY-
no. Torza cymecTByer o6pamuniii onepamop A~ Y — X, orobpakaiomuii
R(A) na D(A) B3anMHO OJHO3HAYHO M TAKXKE SIBJISIIOU[MACS JTHHEHHBIM.

Jluneiinbtii oneparop A: X — Y HazbIBAETCS HENPEPHLEHO 00PATMUMbBLM,
ecin R(A)=Y, A~! cymectsyer u orpanuuen, T.e. A~ € Z(Y, X).

Teopewma 9.1. Onepamop A~' cywecmeyem u ozpanuen na R(A)
moeda u Mmoavko mozada, kozda das wexkomopoti nocmosrnoti m > 0 u ar0-
6oz0 x € D(A) ewnoansemea nepasencmeo |Ax|| > ml z||.

Teopema 9.2. Ilyemv X, Y — bGanaxosv. npocmpancmea, A €
e Z(X,Y), R(A)=Y u A obpamum. Tozda A wnenpepwieno obpamum.

Teopema 9.3. lyems X banazoso npocmpancmeo, C € L (X)
u ||C]] < 1. Toeda onepamop I — C nenpepuiero obpamum u cnpasediuea
OUEHKA ||(/ o) ]H 1

- O0) || < ———.
—1-C]

Teopema 94. llycmv X banazxoso npocmpancmeo, A, B €

€ Z(X), A nenpepoieno 06pamum u uNOAHACTNC HEPAGEHCTNEO

—1)-1
IB=AlI<[AT].
Tozda B HenpepvieHo 06pamum U cnpasediuen OueHKa
~1
A1l
_1-
1—IB—All-[|All
MMycrs X, Y — ujuneiinbie HOpMUPOBaHHBIE npocrpaHcTBa, A €
€ Z(X,Y). Oneparop A;' € Z(Y, X) nasvipaercss npasoim o6pammsim
k A, eetu AAL = Iy, oneparop A, ! € Z(Y, X) uasviBaercs .ae6biM
obpamubim K A, ecan Al_]A =1Ix,rne Iy u Ix  TOXJIECTBEHHbIE OIle-

1B~ <

paTophl COOTBETCTBEHHO B npocTpancTtBax Y u X .

9.1. llycrs X, Y — qmneitusie npocrpancrea, A: X — Y — juneiinbiii
oreparop, y Koroporo cymecrsyer obparubiil. Jlokazars, 4To cucremsr sJie-
MEHTOB X1, Lo, ..., Tn U Axy, Axa, ..., Axy, A€ x1, Ta, ..., Ty € D(A)
OJTHOBPEMEHHO UJIU JIWHEHHO HE3ABUCUMBbI, UJIA JIMHEHHO 3aBUCHMbI.

9.2. llycrs X — nuneiinoe npocrpancrso, A: X — X — juneiinbiii
oneparop, yaoBjaeTsopsilomuii npu Hekoropeix Ay € R (K =1,2,...,n)
coornomennio I + X\ A+ A2+ ...+ X, A" = 0. Jlokasarh, 410 Onepa-
Top A7 cymecrsyer.

9.3. Ilycts X  nmueiinoe npocrpancrso, A, B: X — X juHeiinble
onepatopbl ¢ D(A) = D(B) = X wu cymectByior onepatopbl (AB)™1,
(BA)™!. Cnenyer s orcioma, uto cymectsyioT omnepatopbi A~ B~1?

9.4. Ilycts X  nuueiinoe npocrpanctso, A, B: X — X  juneiinble
oneparopel ¢ D(A) = D(B) = X wu oneparop (I — AB)~! cymecrnyer.
Jlokazath, uto onepatop (I — BA)™! cymecrtsyer.
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9.5. Ilycte X smueiinoe npocrpanctso, A, B: X — X juneii-
ubie oneparopel ¢ D(A) = D(B) = X, ya0BJIeTBOPAIOIKHE COOTHOUICHUSIM
AB+A+1=0, BA+ A+ 1=0. JokazaTs, uto onepatop A~ cymect-
ByeT.

9.6. Ilycts X  smHeliHOE HOpMHUPOBaHHOE pocTpancTso, A, B: X —
— X — sneiinbie oneparopni ¢ D(A) = D(B) = X rakune, uro AB = BA.

a) Iycrs onepatop A~! cymecrryer. [lokasars, uto A~'B = BA~L

6) llycts A, B € 4(X) u B wuenpepbiuo obparum. Jlokazarb, 4To

Al
IAB] > ———.
1B~
9.7. llycts X  JuHeiiHoe HOpMEpOBaHHOE npocrpancTBo, A, A=l €
€ L(X)mu k=|A]-[|A] wuceao obycrosaennocmu oneparopa A.

Paccmorpum ypasuenue Az =y, rae y € X, y #0. llyers £ € X ero
npubankenHoe pemenne. JlokazaTh, 9TO €ro OTHOCUTEIHLHAST TIOMPENTHOCTH
MOXKeT ObITh oreHeHa 1o opmyiie

1||AZ - - Az —

1lAz—yll _ llo=all _ Az =yl

k- lyll [l Iyl

9.8. llycrs X — jimneitHoe HopmupoBaHHoOe npocrpancrso, A: X —
— X — nuueitnbii onepaTop u B X CylniecTByeT Takasi MOCJeI0BATEIHHOCTh
zn € D(A) (n € N), uro ||z,||=1u Az, — 0 npu n — co. [lokazaTs, 4To
y onepatopa A He CylECTBYET OrPAHUYEHHOTO 0OPATHOrO.

9.9. B npocrpancrse [ paccmorpum oneparop A, nepesojsuiuii sge-
medT = = (r1,T2,...) B mement Az = (A1z1, Aaxa,...), rme A, € R
(n € N), sup |A,| < oo. TIpi Kakux yCJOBHSX HA MOCJAEJOBATEIBHOCTH Ap

’ n
cymecTByeT obpaTHblii oneparop A~'? Byner niu on orpannden?

9.10. B npocrpancrse [y paccmorpum oneparopel A, B, nepesojs-
wue anement & = (1, Lo, ...) € l; coorsercrrenno B Az = (0, 21, 2, ...),
Bz = (z2, z3,...). Kakue uz oneparopos A~', B™' A7' B! Af17 Bfl
CymecTByor?

9.11. [loxazars, uro oneparop A: C'[0,1] — C[0, 1],

dz
Ax(t) = —,
(="
UMeeT MpaBblii 0OOpaTHBIM, HO HE UMEeT JEBOro 06paTHOrO.

9.12. B npocrpanctse C[0, 1] paccmoTpum moanpocrpancTso L =
={z(t) € C'[0, 1]: z(0) =0} n oneparop A: L. — CJ0, 1],

Aw(t)= 2 1a(t)2(t),  a@)ecp, 1]
Jokazarb, uto A HenpepbIBHO 06paTuM.

9.13. Paccmorpum oneparop A: C[0, 1] — C]0, 1]
'

Ax(t) = I z(7)dT.

0
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a) Yro npencrapasier coboii ero obaacts 3navenunii R(A)?
6) Cymectsyer in na R(A) obpatnbiii onepatop A~' u orpanuden nu
on?
9.14. Paccmorpum oneparop A: C[0, 1] — C]0, 1],
¢
Az(t) = [x(T)dT+x(t).
0
a) Jlokazarn, yro N(A) =0, rak uro npu gwbom y € C[0, 1] ypasue-
Hue Az =y He MOXKET UMETb 00JIee OJIHOrO yPABHEHUS.
6) Hdoxaszath, uto A HenpepwisHO oOpaTum, u Haiitu oneparop A~

9.15. Jlokaszars, uro oneparop A: C[0, 1] — CJ0, 1],

HempepbIBHO 06paTuM, U HaliTH onepaTop A~ !.

9.16. Paccmorpum oneparop A: C[0, 1] — C]0, 1]

d’x
Aa(t) = =5 +a(t)

¢ obsacrbio onpenenenuss D(A) JIMHEHHBIM MHOr000pPa3vueM JIBasK bl
nenpepbiso auddepenyupyembix na [0, 1] dyuxkuuit z(t), yngosuaerso-
psitownx ycaosusim z(0) = z'(0) = 0.
a) Jlokazarb, uro A  HeorpaHuYEHHbBI JUHEHHBINA OnepaTop.
6) /lokazath, uTo A HenpepbiBHO 06paTHM, W HaiiTu onmepatop A~ 1.
9.17. Paccmorpum onepatop A: C[0, 1] — C2?[0, 1]
1
Ax(t) = J e 157tz (s)ds.
0

Cymecrtsyer 11 onepatop A~ 1?
9.18. Ilycts X  smHeliHOe HOpMHPOBaHHOE NpocTpaHcTBo, A: X —
oo
— X — rakoii smneiinbiii oneparop ¢ D(A) = X, uro psig > A*z cxo-
aures s jgoboro x € X. k=0

a) JlokazaTh, 4To cymectsyer onepatop (I — A) 1.
6) Ilycrs, kpome Toro, A € Z(X). lokazars, uro noboro = € X

(I-A)tz=Y Akg.
k=0

9.19. Ilycrs X — Ganaxoso npocrpancrso, A€ Z(X) u ||[I — Al < 1.
JlokazaTh, 9T0 A HenmpepbIBHO 06paTHM.

9.20. ITycrs X — kommyekcnoe 6anaxoso npocrpancrso, A € Z(X),
A€ C u |Al > ||A|l. Jokasars, uto oneparop A — Al HenpepbIBHO 00-
paTHM.
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9.21. Ilycrs X, Y  6anaxoswl npocrpancrsa, A € £ (X,Y) u onepa-
top A~! cymecrryer n orpannuen na R(A). [lokasath, uto R(A) ssasercs
MOANPOCTPAHCTBOM B NPOCTpaHcTBE Y.

9.22. Ilycts X, Y GanaxoBbl npocrpancrsa, A,, A € Z(X,Y)
(n € N) u A, cxonurcs npu n — oc Kk A cunbno, A1 € Z(Y, X) u
R(A) =Y. [lokazarb, uTo pemenus ypasHenus A,x, = y cxogdarcsa K

pemenuio ypapuenuss Ax =y nas awboro y € Y Torga u TOALKO TOr/A,

Korza sup [|A, 1| < oo.
n

9.23. Ilycts X,Y GanaxoBbl npocrpancrsa, A,, A € Z(X,Y)
(neN)u A, = A npu n — co. Jlokazars, 4To asast Toro, urobn onepa-
Top A GBI HENMPEPHIBHO 0OpPATUM, HEODXOAMMO U AOCTATOYHO, YTOObI:

a) oneparopbl A, ObuiM HENPepbIBHO OOPATHMbI, HAYMHASA C HEKOTO-
poro Homepa N ;

6) nocaenosatenbocts ||A, || ans n > N Gblia orpanuyena.

9.24. Ilycts H  ruanbeproso npocrpancrso, A € Z(H), R(A)=H
u oneparop A uMMeeT eJIMHCTBEHHbIH OrpaHUYEHHbIA NpaBblii 00paTHLI
onepatop A, . JlokazaTb, uTo A HenpepbIBHO 0GpaTUM.

9.25. [lycrr X — 6anaxoBo npocrtpancTBo. /lokazaTh, 9TO B nmpocT-

pancre .Z(X) MHOXKECTBO BCEX HENPEPBIBHO OOPATHMBIX ONEPATOPOB
ABJIACTCA OTKPbITHIM.

§ 10. 3aMKHYTBIE OIlepaToOpPbl

Iyects X, Y  6GamaxoBbl npoctpancTBa. UX npamoti cymmoti Ha3bI-
Baercsi Ganaxopo npocrpanctso Z = X +Y nap z = (z,y) (rae z € X,
y €Y) ¢ onepauuamMu a2z, + @gzy = (@1, + oy, @iy, + ayys) (rae
2y = (21, 41), 22 = (T2, 4s), ay, 0 ckaqisApbl) u ¢ HopMmoii |z =
= llzllx +1lylly-

I'pagurom auueitnoro oneparopa A ¢ 00JacThIO ONpejeeHus
D(A) C X u ¢ obnacrbio 3nadenunii R(A) C'Y Ha3bIBaeTCs COBOKYMHOCTD

nap (z, Az) C Z = X +Y. Jluneiiubim oneparop A: X — Y naszbiBaercs
3AMEHYMBLM, €CTH ero rpadUK fABASAETCA 3aMKHYTBIM MHOYKECTBOM B

npocrpancree Z = X +Y. Nnaue rosopsi, A 3aMKHYT, €CJM U3 T, € D(A)
(neN), z, >z u Az, — y Boirekaer, uto z € D(A) u Az =y.
Teopewma 10.1. Feau A€ Z(X,Y), mo A samxnym.

Teopema 10.2. Feau A samxnym u onepamop A~' cywecmesyem,
mo A~ samrnym.

Teopema 10.3. Ilyemv A — samrHymwl Aunetinbl onepamop ¢
D(A)=X. Tozda A ozpanuuen.

[lycts A, B: X — Y  nuneiinbie onepatopbl. Oneparop B Ha3biBa-
ercs pacwupernuem onepamopa A, eciu D(A) C D(B) u Az = Bx pnsa
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smoboro x € D(A). Eciu y nesamkuyToro onepatopa A CylecTByeT 3aMK-
HyTOE pacUIMpeHue, TO TOBOPAT, 9To A donyckaem samvikanue.

10.1. Paccmorpum oneparop A : C[0, 1] — C]0, 1]
A(r) = "1

)
¢ 0BJIACTHIO OTpeJAeIeH s

D(A) = {T(f) € (o, 1]: tl_i)rzrlotflm(t) cyme(:TByeT}.

Jokazarb, uTo A 3aMKHYTBII onepaTop.
10.2. Paccmorpum oneparop A: C[0, 1] — C[0, 1],
dx
Ax(t) = -,
r(t) ="
¢ obaacrbio onpejenenuss D(A)  auHeliHbIM MHOrooGpa3uemM Henpepbis-
1o auddepenuupyembix Ha (Gynkuuii z(t), yJOBJIETBOPAIOIMNX yCJIOBU-
am z(0) = z(1) = 0. [Jokazars, uro A — 3aMKHYThIii onlepaTop.
10.3. Paccmorpum oneparop A: C[0, 1] — C[0, 1],
d’z
Az(t) = — +z(t),
()= L2 +a(t

¢ obsacrbio onpenenenuss D(A) JINHEHHBIM MHOrO00OPA3UEM JIBAXKIbI
nenpepbisio aunddepenyupyemoix na [0, 1] dbynkunit z(¢), ygosaerso-
psiiomux yeaosuam z(0) = z'(0) = 0. lokasarb, uro A HeorpaHuYeHHbI
3aMKHYThII OnepaTop.

10.4. JlokazaTb, 4TO omnepaTop MNpOeKTHUPOBaHUdA [P Ha noampoct-
pancTBo L GaHaxoBa mpocTpancTBa X HapaslieJbHO NOANPOCTpancTBy M
(cm.3anauy 8.35) 3aMKHYT M, CJI€JI0OBATEIHHO, OTPAHUYEH.

10.5. [lokasarb, uro B npocrpancrse Cla, b] oneparop Ax(t) = dz/dt,
onpefeNeHHbli Ha JUHEHHOM MHOTOOOpa3uu HemnpepbiBHO auddepeHiim-
pyembix Ha [a, b] byHKUMi, 3AMKHYT.

10.6. /lTokazaTh, 9TO B NpsiMOil cymMMe GAHAXOBBIX MTPOCTPAHCTB MOXKHO
BBECTH HOPMY CJIEJYIOLUIMME CrIocobamu:

lzll = VIl +llylZ, Nzl = (l” +ly1P)?, p>1,

2]l = max {[|], [[y[|}-
Jokazarh, 94TO BCE 3TH HOPMbI 9KBUBAJEHTHDI.
10.7. /lokazaTb, uto rpaduk auHeiinoro oneparopa A: Z =X =Y
SABJSAETCs TUHEHHBIM MHOTOOOpa3ueM B nmpocTpancTse /4 = X +Y.
10.8. Bcesikoe nim sinneiinoe muaoroobpasue B npocrpanctee Z = X +Y
MOYKET SIBJIATHCA rpachuKOM HEKOTOPOro JIMHEHHOro oneparopa’

10.9. /loka3aTb, 4TO OrpaHMYeHHbIA JUHEHHbIA onepatop A: X — Y
3aMKHYT TOrJa U TOJbKO Torga, korga D(A) 3amkuyro B X.
10.10. ITycrs A: X — Y — 3amkuyThiii JuHeiinbiii oneparop. Bepho

JIM, 9TO:
a) D(A) samknyro B X; 6) R(A) samkuyrtoB Y?
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10.11. /loka3aTh, 4TO MHOXXECTBO HYJIeil 3aMKHYTOrO ONEpaTopa siB-
JISIETCS 3AMKHYTBIM MHOYKECTBOM.

10.12. Tlyecrs A: X — Y — rakoii auneiinbiii oneparop, uro R(A)
3aMKHyTO B Y, u cymecrByer takoe m € R (m > 0), uro gas awb6oro
xz € D(A) Beinonusiercs nepasencrso ||Az|| > m|z||. Hokasars, uto A
3aMKHYThII OnepaTop.

10.13. Tlycrs A, B: X — Y — juneiiubie oneparopsl, npuuem A
samkuyT, B orpannuen u D(A) C D(B). lokasars, uro A+ B — 3amk-
HYTBIil onepaTop.

10.14. Tlycrs A: X — Y — 3amknyThiii suneituniii oneparop, R(A) =
=Y wuoneparop A~! cymectsyer. [lokazath, uto A1 € £ (Y, X).

10.15. Ilycrs A: X — Y — gmneitnniit oneparop. lokasars, uro A
SABJISIETCA 3AMKHYTBIM TOrJa M TOJbKO Torjaa, korga D(A) B HOopwme
lzll, =llz|l x +||Az|ly sBAsieTcst GaHAXOBBIM POCTPAHCTBOM.

10.16. /lokasaTh, uro oneparop A: X — Y jonyckaer 3aMblKaHUe
TOrJA W TOJBKO TOrja, koraa ui =, € D(A), z, — 0, Az, — y npu
n — oo caenyet, 9ato y = (.

10.17. Pacecmorpum oneparop A: Lsla, b] — Lsa, b],
dx
Ax(t) = TR
¢ obaacTeio onpeaenenus D(A)  suHelHbIM MHOrOOOpa3uemM HenpepbIBHO
nuddepennupyembix Ha [a, b] dynkuuii. [Jokazars, uro A He3aMKHY-
ThIif onepaTop, JonycKarmuii 3aMbikanue (TeM cambIiM s Kaacca (pyHk-
uuii u3 Lofa, b] MoxkeT 6bITh BBEIEHO NOHATHE 0006UWeHH0T Npoudeodroti).



IN'nasa 3

COIIPAXKEHHBIE ITPOCTPAHCTBA
n COIIPA>KEHHBIE OITEPATOPBI

§ 11. HenipeprbiBHBIe JinHeliHbIe (DYHKINOHAIIBI

IMycrs X — siuneiinoe nopmupoBannoe npocrpanctro. Besikuit onepa-
Top f: X =Y, rme Y =R nau Y = C, nazpiBaercs Gynryuonaiom, Npu
aToM 3Hadenue pyHkuonana f ua snemenrte x € X oboznavaercs (x, f).
B 3T0ii riaBe paccMaTpUBAIOTCSA TOJNBKO AuHelinbe @dynryuonaan. Iloc-
KOJIbKY JIMHEHHBIA (DYHKLMOHAJ SIBJSIETCS YACTHBIM CJIy4aeM JIMHEHHOro
oneparopa, JiJisi HEro OCTalTCs B CHJIE NOHSITUS HENPEPHIBHOCTH, OI'DAHU-
YEHHOCTH U HOPMbI, a Tak>ke reopembl u3 §7 u § 8. TIpocrpancreo nenpe-
pbiBHBIX JiuHelHbIX dynkuuonanos Z(X,Y), rme Y =R wm Y = C,
HA3LIBAETCA conpascennsm K X u obosnadaerca X *. [unepnaockocmuio
nazbiBaercss MuoxkecrBo {z € X: (z, f) = A}, rme f  siuneiinpiii GyHk-
nuonasi, A € R nim A € C.

11.1. [Mycrs X — koMIJIEKCHOE JIMHEHHOE NPOCTPAHCTBO, f — onpeje-
JieHHbI Ha X W He paBHBIA TOXKAECTBEHHO HYJI0 (hyHKIHOHAN. JloKa3aTh,
qro obsacTh 3Havennii f ecthb Bce C.

11.2. Ilycrs X JiuHEliHOE HOPMHUPOBAHHOE MPOCTPAHCTBO, f € X *.
okazarh, 4To:

m7

a) 1= sup S0 6y g = sup [Ga £l
zex lzll zeX
20 llzll=1

B) [|fll= sup {(z, f), ecaim npocrpancreo X BewecTBeHHOE.
reX

ll=ll=1

11.3. lokazarh, 4To caeayiomue (byHKIHOHAJBI B MPOCTPAHCTBE
C[—1,1] siBasitlorcst JIMHEHHBIMU HENPEPLIBHBIMU, M HAWTH WX HOPMBbI:

a) (o, f) =y [o(-1)+2(D];  6) (z, f)=2[x(1) - 5(0)];

B) (z, f) =Y apx(ty), rae ar €R u ty,ty, ..., t, € [-1,1] buk-

cuposanupie; =1

D) (@, 1) = o [o(e) +a(-e) —2(0)], c€[-1,1]
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) (o, )= [a@)d; ) (z, f)= | @(t)dt - (0);

2) (z, f) = i Oy —— kz 16)

11.4. Byayr au orpannvenubivu B npocrpancree C[0, 1] caeayromue
sinHeiiHbIe (PyHKIMOHAJIBI:

a) (z, f) = | a(Vi)dt;  6) (z, f) = [«(?)dt;
B) (z, f) = lim_ j z(t") dt?

11.5. Jloka3aTh, 9TO caegyromue (pyHKIHOHATBI ABIAIOTCA JTUHEHHDBI-
MW HEMPEPBLIBHBIMU, U HAWTH NX HOPMBI:

a) (z, f) = | ta(t)dt, =€ C[-1,1];

—1

6) (z, f) = i tz(t)dt, =€ C'[-1,1];

B) (z, f) = [tq:(t)dt, zelq[-1,1];

r) (z, f) = [m(t)dt, z € Ly[-1,1];

n) (z, f)= [t_]/%(t)dt, z € L]0, 1];

e) (z, f)=z14+ 22, =21, T2,...) € lo;

x) (z, f) = Z% T =(T1, T2, ...) € la;
k=1

3) (z, f)=>_ x—kk x=(z1, 2, ...) € ly;
k=1

1
E) Ty, T =(1,7T2,...) €l;

£
Il
—

=
0
=
Il
[~]8
S
—_
|

z
B
=
[
=
+
8
[V

T =(T1,T2,...) EM;
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) (z, fy=3" 2" "z, z= (21, 32,...) € co;
k=1

m) (z, f)= lim z,, = (z1,22,...) Ec.
n—o0

11.6. Ilpu kakom 3uadenuu p HyHKUMOHAJBI &), 6) 3azauu 11.4 saB-
JIIOTCS HeNPepbIBHBIMA B npocTpancTee Ly[0, 1]7

11.7. Byner qu nenpepbisen dynkuuonan {(x, f) = z'(0), eciu ou pac-
CMaTPUBACTCS:

a) na npocrpancree C'[—1,1];

6) na Bcioay nioruom B npocrpancree C[—1, 1] smneiinom muoroo6pa-
3UH HEMpPepbIBHO AuddepeHnupyeMbix GYHKIHI?

11.8. B npocrpancree C'[a, b] paccmorpum nognpocrpancrso [ =
={z(t) € C'[a, b]: z(a)=z(b)=0}.

a) IMycrs u(t), v(t), w(t) € Cla, b]. Jokazars, uro

b b
(2, /)= [u®)2'(t)dt,  (z. f)=[[o()2(t) +w(t)2'(t)]dt

eCTh Henpepblﬁﬁble nuneiinple bynkunona b Ha npocrpancrse C'la, b].

6) IMycrs (z, f) =0 ans moboit x(t) € L. [lokazars, uro u(t) = const.

B) Ilycrs (z,¢) =0 nna mo6Goit x(t) € L. [lokazars, uro w(t) €
€ C'a,b] u w'(t) =v(t).

11.9. PaccmarpuBasi HenmpepbIBHBIE JIMHEHHBbIE (DYHKIIHOHAJIBI, OTIPEIe-
gennbie na npocrpancree C[—1, 1] B 3agaue 11.3, y6egurncst, 4ro He jist
aoboro f € C*[—1,1] maiigerca maxkoe z(t) € C[-1,1], z(t) Z 0, uro

(2, O =1l £l

11.10. B npocrpancTBax [, ¢, IpUBECTH NPUMEPBI HENPEPbIBHBIX JIU-
HeiiHbIX (DYHKIMOHAJOB, KOTOPbIE JOCTHUIAIOT M KOTOPbIE HE JOCTHIAIOT
CBOEH HOPMbI HA €JIMHUYHOM 3aAMKHYTOM Il1ape.

11.11. [lyecrs X nmMHeliHOE HOPMUPOBAHHOE MPOCTPAHCTBO, f € X*
v st HekoToporo mapa S (o)

sup  [(z, f) = (y, /)l =1.
z,y€S ()
Haiitu || f]|.

11.12. [lyers X BEIIIECTBEHHOE JIMHEHHOE HOPMHUPOBAHHOE MPOCT-
paHcTBO, f JuHeHbI DyHKIHoHAg, onpeaeneHubiii Ha X. JlokasaTs,
yTo f HenpepbiBEH TOrJa M TOJLKO TOIja, Korjaa aJs jwboro ¢ € R muo-
xecrsa {z € X: (z, f) <c} n {z € X:(x, f) > ¢} sBasiiorcst OrKpbITHIMU
B nmpoctpancree X.

11.13. Ilycrs f — suueitaniii GyHKOUOHA, ONPEJEJIEHHbI Ha Jiu-
HEiffHOM HOPMHUPOBAHHOM MpOCTpaHcTBe X, mpuYeM s J000il nociaeso-
BaresbHOCTH T, € X (n € N) Takoif, uro z, — 0 npu n — oc, MHOXKECT-
BO (T, f) orpannueno. Jlokazars, uto f € X™*.
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11.14. Ilycts quneiiHblil GyHKIHOHAN f ONpeae/eH Ha BEIIECTBEHHOM
JIMHETHOM HOPMHWPOBAHHOM MNpocTpaHcTBe X W HeorpanudeH. /lokazaTs,
9TO B .J'[}OGOﬁ OKPECTHOCTHU HYJid OH NMPpUHUMAET BCE€ BEUIECTBEHHBIE 3HaA-
YEHUA.

11.15. JlokazaTb, 9T0 JUHEHHBIH DyHKIHOHAA f B JUHEHHOM HOPMH-
POBAHHOM NpocTpaHcTBe X HENpepbIBEH TOTAA U TOJbKO TOrJa, KOTJa ero
muoxkectBo nyaeit (aapo) N(f) = {z € X: (z, f) = 0} samkuyro B X.

11.16. Mycrs X — nuneiinoe HOPMUPOBAHHOE MPOCTPAHCTRO, f € X ¥,
f #0. Hokasarb, yro X = N(f)® M, rne M opHOMEpHOE MOLIPOCT-
PAHCTBO.

11.17. JlokazaTh, 9TO [ABa HENPEPBIBHBIX JUHEHHBIX (DyHKIMOHAJA,
onpejieJiIeHHbIE HA OJJHOM M TOM K€ JIMHEHHOM HOPMHUPOBAHHOM MPOCTPAH-
CTBE M MMeuue 00uee MHOXECTBO HyJel (sp0), mpOonopuHOHAJbHbI.

11.18. Ilycrs L rakoe moanpoctpanctBo X, uro L # X u L ue
COJIEPXKUTCS HU B KAKOM JIPYrOM TOJAMPOCTPAHCTBE, OTAuYHOM OT L u X.
Jlokaszarh, uro cymecrsyer takoe f € X*, uro I, = N(f).

11.19. /loka3zaTh, 9TO BCsiKasi TUNEPIJIOCKOCTh B JJUHEHHOM HOPMHUPO-
BAHHOM MPOCTPAHCTBE ABJAETCA BBIMYKJIbIM MHOXKECTBOM.

11.20. Iycrs f — dukcnpopanublii suneiinbii GyHKIUOHAT HA JK-
HeiilHOM HOpMupoBaHHOM mnpoctpancTee X. JlokazaTs, 4To ecan ogHa u3
UNEPIJIOCKOCTEl 3AMKHYTA, TO 1 BCE OHU 3AMKHYThI.

11.21. /loka3aTh, 4TO BCsKasd MMNEPILIOCKOCTh B JIMHEHHOM HOPMUPO-
BaHHOM MNpocTpaHcTBe X WM 3aMKHYTa B X, WJU BCIOJY NJOTHA B HEM.

11.22. Mycrs X — nuneiinoe HOPMUPOBAHHOE TPOCTPAHCTRO, f € X ¥,
f #0. Pacemorpum B X runepniockocrs L = {z € X: (z, f) = 1}. Jo-
Ka3aTh, 4TO 1
1Al = ——

inf ||z’
inf

11.23. Ilycrs X  JiMHeiiHOE HOPMHPOBAHHOE MPOCTPAHCTBO, f € X ™,
= N(f). Hokazars, uro pus jroboro z € X

[(z, £
plx, L) = )
£
11.24. Ilycrs X JiuHeiiHOE HOPMHPOBAHHOE MPOCTPAHCTBO, f € X ™,
L=N(f), z€ X, © ¢ L n cywecrsyer rakoe y € L, uro p(z, L) =
xz — yl|. Jokazarb, yro f gocruraer cBoeil HOPMbI HA EJUHUYHOM
3aMKHYTOM Iape npocrpancTsa X .

=~

11.25. B npocrpancrse C[—1, 1] paccMoTpuM MHOXKECTBO

L= {T(f) eCl-1,1}: j] x(t) dt :jm(t)dt}.

—1 0

a) Jlokazarb, uro L nogupocrpancrso C[—1,1], u naiitu rakoe

feC*[-1,1], uto L= N(f).



64 I'a. 3. Conpasicenmnvie npocmpancmea U CONPAN’CEHHbIE ONEPATNOPDL

6) Jokazare, uto aus x(t) € C[—1,1], = ¢ L, He cyumecTByeT TAKOTO
y€ L, uro p(z, L)=|z -yl

oo
11.26. lnsa = = (z,, 2,,...) € ¢q nonoxum (z, f) = 3 275 g

a) /lokazarh, uro f — HenpepbiBHbIA JuHEHHBIH (dyHKIMOHAN HA
MPOCTPAHCTRE C.

6) Mycrs L = N(f), = € ¢y, = ¢ L. Jlokazarb, uro ne cywecrnyer
rakoro y € L, uro p(z, L) = ||z —y||.

§ 12. Teopema Xana—Banaxa.
CTpyKTypa COTpSI>KEeHHOTO IMTPOCTPAHCTBA

Teopema 12.1. Ilycmv 6 eewecmeeHHOM AUHETHOM HOPMUPOGAH-
Hom npocmpancmee X sadan ozparunenmnvili aunelinod @ynryuonan f c
D(f) c X. Tozda cywecmeyem onpeﬁenennmu ectody 6 X _ozparusenoil

aunetini gynsyuonan f maxoti, wmo || f|| = £l u (z, f) = (z, f) dan
aoboz0 x© € D(f).

Cunencreue 1. [lyems x € X, x # 0. Tozda cywecmeyem maxoe
feXx* umo |fl=1, (z, f)=|=|.

Cnepcraue 2. IIyems L CX  aunetinoe mnozoobpasue, To € X*,
zo¢ L n d=p(x,L) >0. Tozda cywecmeyem maxoe f € X*, umo
(z, f) =0 das mobozo x € L, (xo, f)=1, ||| =1/d.

Teopema 12.2. I[lyemv H — 2uavbepmoso npocmpamncmeo. [as
A106020 02ParUMeHH020 AUHETHO020 PyHKyuoHara [, 3adanHo20 6ctody Ha H,
cyuecmeyem eduncmeenuviti snemenm y € H maxot, wmo (x, f) =
= (z,y) daa aobozo x € H. Ipu smom || f|| = |ly||.

Teopema 12.3. Jhoboti ozparnuvennviti sunetinvt @dyrkyuonan f,

sadannoli na ecem npocmpancmee Cla, b], moscemn Goms npedcmasaen 6
sude unmezpaaa Cmuamuveca

b
(. f) =] =(t)dg(1),

2de g(t) — Ppynryus ¢ oeparuvennotd na [a, b] sapuayueti. ITpu smom das
b

nexomopoti g(t) ewnoansemcs pasencmeo || f|l =\ g(t).
a
(Onpegpenenue uurerpaia CTuiarbeca u JOKA3aTEAbCTBO TeOpeMbl 12.3

IpUBeJEHbl, HanpumMep, B [15].)

12.1. Ilyers X  Ganmaxoso mpocTpancTso, f, € X™ (n € N) u ans
moboro = € X cymectsyer lim (z, f,) = (z, f). JlokazaTs, uto f € X*.
n—00

12.2. Ilyctb X  JiMHEHHOE HOPMHPOBAHHOE MPOCTPAHCTBO, fn, € X *
(n € N). /lokazars, uro f, cxoauTcst TOrAa U TOABKO TOrAa, Koraa (T, f,)
cxoaurces paaomepHo B mape {z € X: ||z] < 1}.
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12.3. llycts X siuHeliHOE HOPMUPOBAHHOE MPOCTPAHCTBO, T, Yy € X,
z # y. JlokazaTs, uTo cymectByet Takoe f € X*, uro (z, f) # (y, f).

12.4. Jlokasarh, 4T0 B JIIOOOM JMHEHHOM HOPMUPOBAHHOM MPOCTPAHCT-
Be X st ioboro nenyaesoro f € X* runepniockocrs {x € X: (z, f) = A}
€CTh HEMyCTOE MHOXKECTBO.

12.5. [lycts X JIMHEHHOE HOPMHMPOBAHHOE MPOCTPAHCTBO, - € X.

Hoxazars, uro ||z||= sup [(z, f)|.
fexr
17 1l=1
12.6. Ilyctp X JIMHEHHOE HOPMHUPOBAHHOE MPOCTPAHCTBO, o € X
u ans gioboro f € X* takoro, uto ||f|| = 1, BbINOAHsIETCA HEPABEHCTBO

[{zo, f)| < 1. Jokazarns, uro ||zo]| < 1.

12.7. Tlycrs X — auueiinoe HOpMUpOBAaHHOE NpocTpancTBo, f € X *,
A€ . Z(X). Hokazars, uro ||A||=sup|{Az, f)|, rae Bepxusisi rpans Geper-

cst mo muoxkectBy {z € X: ||z|| =1, f€ X*, | fl|=1}.

12.8. [Tycts X — nuneiinoe HOPMUPOBAHHOE MPOCTPAHCTRO, Tg € X
(n € N) — ¢dukcupoBannas cucrema ssementos, [, — ee smueiinas 060-
jgouka, £ € X — npousposbHbiii 3aemenT. Jlokazars, uro x € [ rorga
M TombKO Torda, Korjga us f € X*, (zy, f) =0 ana k € N cuenyer
(z,t)=0.

12.9. JlokazaTh, 4T0 ecjiv JUHETHOe HOPMUPOBAHHOE MTPOCTPAHCTBO X
6eCKOHEYHOMEPHO, TO U MPOcTpaHcTBO X * GecKOHeYHOMEpPHO.

12.10. [lycts X  nuHeiiHOe HOpMHUpPOBaHHOE NpocTpaHcTBo, M C X
npoussobHoe MuOKecTBO. [omosxum ML = {f € X*: (z, f) =0 ans
awboro z € M}.

a) Jlokaszarh, uro ML — nognpocrpancrso B npoctpancree X *.

6) Yro npeacrasasier coboit ML, ecim X — ruanbeproso npocr-
paHcTBO?

B) Ilycts M C X noanpocrpanctso. Jlokazars, yro X = {z € X:
(z, f) =0 aast moboro = € M}.

12.11. Tlycrsr X — 6anaxoBo nmpocTpancTBO. Jlast NpOM3BOJILHONO MHO-
xkectBa M C X omnpeaenuM ero noaapy:
M*={feX*: |z, f)| <1 pas moboro z € M}.
JokazaTh, 910 M*  BBIIYKJIOE 3AMKHYTOE MHOXKECTBO.

12.12. Tlycres X, Y — nuHeiinbie HOPMUPOBAHHBIE MPOCTPAHCTRA,
Z=X+Y X npsgamas cymma. JlokazaTb, 4TO BCAKUE OrpaHUYEHHBIH
gvHei b (hyHKIMOHAJ, 3aJaHHBII BCIOy HA MPOCTPAHCTRE / , OJIHO3HAY-
no npejcrasum B suge ((z,y), h) = (z, f)+{y,g), rne f€ X* geY*

12.13. Tlycrs X — 6anaxoBo npocrpancTro. JlokazaTs, 94To ecyiv npocT-
pancteo X* cenapabesnbHo, To 1 X cenapabenbno. Bepno nu obparHoe
yTBEpXKIeHHE?

5 B.A. Tpenorun u ap.
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12.14. [lokazaTb, 4TO HeNpPEPbIBHDII JuHeinblil pyakuuonan (z, f) =
= z(0) B npocrpancree C[—1, 1] He npejcTaBuM B BUJE

. 1= | 2O g(®)dt.
21
rae g(t) € C[—1,1]. Haiiru rakywo ¢gynkuuio ¢(f) ¢ orpannuennoil na
[-1, 1] sBapuayueii, uro 1

12.15. [Iaa z(t) € C[—1, 1] nonoxum
1
(o, £y = "0 ) ar.
-1
a) Jlokazarn, uyro f — orpannuennbiii auneiinbiil byHKIMOHA.
6) Haiitu takyio ¢gyukuuio ¢g(t) ¢ orpanudennoii na [—1, 1] Bapua-
nuei, 94To 1

(0. )= | a(t)dg(t).
1

12.16. Ilycrs z¢(t) € C[0,1] dukcuposano. Paccmorpum B npocr-
pancree C[0, 1] ognomepuoe nognpocrpancreo L = {Az(t)}, roe A € R.
Onpenennm na [ sgmueiinwii dbynkunonan f pasencrsom (z, f) = A,
T = \Ig.

a) Jlokazars, uro || f|| = 1.

6) Ilo Teopeme 12.1 f moxker GbITh MPOJOJKEH HA BCE MPOCTPAHCT-

Bo C10,1] ¢ coxpanenuem Hopmbl. QHO3HAYHO JIM TAKOE NPOJOJIKEHME,
ecnu:

1) zo(t)=1t; 2) mo(t)=1-—2t7
12.17. B npocrpanctee K2 ¢ sneMentamMu = (Z) HA TMOJNPOCT-

pancree L = {z € E* 2z, — 1z, = 0} sagan Jjuneiinbiii dynxuuonas
(z, f) = 1. JlokazaTb, 4TO CyHECTBYET eIMHCTBEHHOE NPOJIOXKeHne f Ha
Bee K2 ¢ coxpaHeHHeM HOPMbI, B HAHTH 3TO TIPOJIO/IKEHUE.

12.18. Tlycrs H — ruanbeproBo npocrpanctso, I, C H — noanpoct-
paHCcTBO, f — OrpaHuyYeHHbIH JiMHEHHbIH (PyHKIMOHAJ, 3aJaHHbId Ha L.
Jokazarh, 4T0 CyulecTByeT eJMHCTBEHHOe npojo/okenue f na sce H ¢
COXpPAaHEHUEM HOPMbI, B HAUTH 3TO MPOJOIKEHHE.

12.19. /loka3aTh, 4TO BCSAKWHA HEHYJIEBOH OrpaHUYEHHbIH JIMHEHHBIN
dyHKIHOHAN, 3aJaHHBINA BCIOAY B rUiabbepToBOM mpocTpanctse H, jocTu-
raer CBoeii HOPMbI Ha €JMHUYHOM 3aMKHYTOM I1ape H U TIPUTOM TOJIBKO B
OJIHO# TOYKE 3TOro mapa.

12.20. Ilycrs f — orpannvennbiii auHelHbi DYHKIMOHAT, 3a0aHHbIT
Ha mojanpocTpaHncTse ¢, C m. /lokazaTp, 4TO CymecTByeT eJUHCTBEHHOE
npojiosizkeHue f Ha Bce m € COXpAHEHHEM HOPMBI.
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12.21. Jlokazats, uto npu p > 1 (I,)* =1,, 1/p+1/qg=1, . e. uto
BCAKHI HENPEPBIBHBIHA JMHEeHHbl (dyHKIUOHAT B IpOCTpaHCTBe [, mpu

p > 1 umeer Buj oo
($7 f) = Z TnlYn,
n=I1

rae @ = (21, s, ... ) Elp, y=(y1, 92, .. ) Elg, 1/p+1/qg=1m |l f| =1yl

12.22. Jlokazarh, uto (co)* = [y, 7. e. uT0 BCAKMIT HENpPEPHIBHBII JK-
HeiiHbI# (DYHKIMOHAJ B IPOCTPAHCTBE ¢, UMEET BH]|

<'7": f) = Z InYn,
n=1

rae T = (ml: Z2, ) €co, Y= (ylz Y2, ) € ll u ||f|| = ||yH’1
12.23. Ucnoabsya zagauy 12.13, nokazath, ato (m)* # ;.

12.24. Jlokazath, 4to (I1)* = m, T. e. 4TO BCAKUIl HEMpPepPBIBHBIIA JH-
HEeHHbIH (DYHKIHOHAJ B MPOCTPAHCTBE || WMEET BUJ

($7 f) = i LnYn,

rae IE:($1,$2,...) €, y:(y17y2="')€m u HfH:HyHm

12.25. B npocrpancrse H'[—1, 1] nonoxum
1
(z, f) = j [:(t) sin ¢+ 2 (t) cos t] dt.
—1
Jlokazarb, aTo f  HenpepbIBHBIN JUHEHHBIH HYHKIIMOHAT, U HAWTH €ro
HOpMY.
12.26. 3azaer v paBeHcTRO
1
(z, f) = [ [z(t) cos t +x'(t) sin t] dt
-1
HenpepbIBHbI auHelinblil byHKunonan B npocrpanctse H[—1,1]? Ecau
na, 1o kakas dbynxuus y(t) € H[—1, 1] yaosnersopser yciosuio (x, f) =
=(z,y)?

§ 13. Cnabasa cxogumocTth. PediiekcuBHOCTH

[Mycrs X — nuneitnoe nopmuposannoe npocrpanctso. [lociemgosaresn-
Hocrb T, € X (n € N) unaswiBator caabo cxodawelicsa k snementy x € X
M 3alMCHIBAIOT: L, — L (n — o0) cnabo, ecin (x,, ) = (x, f) nas ao-
6oro f € X*. Mocaeposarennnocrs f, € X* (n € N) naswisaior *-c.aabo
crodawetica K anementy f € X u 3anuceiBaior: f, = f (n — 00) *-caabo,
ecau (z, fn) = (x, f) ans moboro x € X.

Teopewma 13.1. s mozo wmobv x, — x (n — 00) caab0, neobrodu-
MO U docmamouno, wmobv, nocaedosamenvrocms ||z, || Gwvaa ozpanuvena

5*
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u (T, f) = (z, f) 0aa awbozo f us ecrody naommnozo 6 X™ aunetinozo
MHO2000pa3UA.

Teopewma 13.2. s mozo umobw f, — [ (n— o0) *-caabo, neobxo-
dumo u docmamouno, umobw, nocaedosamenvrocms || fr| Oviaa ozpanuuena
u {x, fn) = (x, f) dasa mobozo x us ecrody naommuozo 6 X aunetinozo
MH02000DA3US.

Teopewma 13.3. Ilycmv X  banaxoso npocmpancmso. [lpu kascdom
Purcuposannom 1 € X pasencmeo (f, F) = {(x, f) onpedeasem oepanu-
wenmnbiti aunetinod gynxyuonas Fp na npocmpancmee X* u npu smom
1Fall ==

Takum 06pa3OM, UMEET MECTO usdomempuueckoe eaoocenue X C X **.
Ecin npu stom X = X** 1o npocrpancrso X HasbiBaeTca pegdaek-
CUBHBLM.

[MocnemoraTenbHOCTh T4, NPpUHALIEKAIIAsT GAHAXOBY MTPOCTPAHCTRY X,
HA3BIBAETCH €Aa60 O2panuyuenHotli, ecim aasi gioboro f € X* muoxkect-
BO (Z,, f) orpanuueno, u caabo @yndamenmanvroii, ecau auas no6Oro
f € X* nocneposarensnocts (z,, f) dbyHaamenTaabHa.

Teopewma 13.4. Beakoe caabo o2paHuMeHHOe MHOMCECTNBO 68 OAHALO-
60M NPOCTNPAHCNEE 02PAHUYEHO.

Teopema 13.5. Feau x, = = (n — 00) caab0 6 6aHATO80M NPOCT-
pancmee X, Mo CYwecmeyem makas nocaedo8amesbHOCNb GONYKADLL
AUHETHDIET KOMOUHAUUT, MOYER T},

n

n
:;';nzzankmk; Zankzla OtnkZO;

k=1 k=1
Ymo Tp — = (n — o).

13.1. Ilycrs X GaHAXOBO MpPOCTPAHCTBO, T,,~ € X, fa,f € X*
(n €N) n:

1) ¢, =z, fop— f npu n = oc;

2) z, = x npu n — oo cnabo, f, = f upu n — oc;

3) £, =z upn n = oo, f, = f npu n — oo *-caabo.

Hokazars, uto (z,, fr) = (x, f) npn n — oc.

13.2. IMycrs X — siuneiinoe HOPMUPOBAHHOE IPOCTPAHCTRO, fr, f € X *
(n—=>N)wu f, = f (n—>o00). Hokazars, uro f, — f (n — o00) *-caabo.

13.3. Ilyctp H ruAb0EPTOBO MPOCTPAHCTBO, Ly, T, Yn, Yy € H
(n € N). YTo MOXKHO YTBEPXKAAThb O CXOJAUMOCTH MOCJIEJOBATEJbHOCTH
(Tn, Yn), ecan:

a) x, =z (n— o00) crabo, y, = y;

6) x, = = (n — o) cnabo, y, =y (n — o) cnabo?

13.4. Ilycrb H — ruanbeproso npocrpancrso, Z,,x € H (n € N),
Tn = x (n— 00) cnabo u ||z,|| — ||z]|. Jokazars, uro z,, — = (n — 00).

13.5. llyctp X  nuHeiiHOe HOPMHUPOBAHHOE MPOCTPAHCTBO, T, € X,
(n € N). /lokazaTh 4TO MOCJAEJOBATEIbHOCTD L, CXOAUTCA B X TOrAa U
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TONBKO TOrJA, KOrjaa T, ciabo cxoauTes pasHoMepHo B mape {f € X™:

I <1}

13.6. Ilycrb H ruanbeproBo npocTpancTso, z, € H (n € N)  opro-
rOHAJbHAA CHCTEMa 3JEMEHTOB. JI0Ka3aTh, 4TO Cleyl0Mue YTBEPXKACHUA

9KBUBAJICHTHBI:
o o

a) > x, cxogures;  6) > @, cmabo cxoauTes;
n=1 n=1
oo

B) > ||zn|* exomures.

n=1
13.7. llyers X jiuHeiiHOE HOPMHPOBAHHOE MPOCTPAHCTBO, fn, fo €
€ X* (n€N), fon— f (n— oc) *-cnabo. Bepno mu, uto fo € L, rue L
JqmHeiinas obosiouka nocyegopareasHoctu f, 7
13.8. B npocrpancree ly aas = (21, T2, ...) € o nonoxum (z, f,) =
= z,. Jokazars, uro f, = 0 (n — o) *-cnabo. Bepuo am, uro f, — 07
13.9. [las z(t) € Lo[—1, 1] nonoxkum
1
(z, fn) = [ z(t) cos nt dt.
-1
a) /Jlokazarb, uto f, OTPAHWYEHHBIH JIHHEHHBIH (DYHKIHOHAJ, U
naiiru || f,]|.
6) /lokazarn, uro f, =0 (n = o0) *-cnabo.
B) Bepno am, uro f, =0 (n = 00)?

13.10. [/las z(t) € C'[—1, 1] nonoxxum
(2, f.) = 5z [oe) —w(=e)l, (o, fo) =4"(0),
rie e €R, || < 1.
a) Jlokazarb, uro f. u fy  HempepbIBHbIE JiuHEiiHbIE (YHKIMOHAJIDI,
n naiirn [ |, || foll-
6) Hdokazats, uto f. — fo (€ = 0) *-cmabo.

B) Bepno s, uto f. — fo (¢ = 0)?

13.11. Ilyers 2, z € Iy, =™ = (mgn), mgn), ), = (x1, T2, ...).
Jlokazare, uro z(™) — z (n — oo) cnabo TOrgAa W TOMBKO TOrAA, KOIAA
sup [lz(™|| < o0c n msc") — xp npu n — oc gas k € N.

n

13.12. B npocrpancrse C|a, b]:

a) JOKA3aTh, 9TO BCAKASA (1aB0 CXOAMAACH MOCIEA0BATEIBHOCTD CXO-
JUTCSA MOTOYEUHO;

6) npusecTu npumMep caabo CXOAAMIEHCs M0CIEI0BATEILHOCTH, KOTOPast
HE CXOJMTCA 110 HOPME TIPOCTPAHCTBA.
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13.13. Jloka3zaThb, 9TO B MPOCTPAHCTBE [ CAabasi CXOAUMOCTh COBIA-
JAET CO CXOAMMOCTBIO IO HOPME.

13.14. Tlycrs X, Y — 6anaxosnl npocrpanctia, A, € Z(X,Y) u qas
moboro z € X u.moboro f € Y* nocnenosarenvuocts (A, x, f) orpann-
dena. JlokazaTs, 4o nocaegosarenbHocTh || A, || orpannvena.

13.15. Ilycts X  pednekcuBHOe OaHaX0BO MpocTpancTBo, M C X
noanpocrpanctso, M+ ={f € X*: (z, f) =0 nna moboro = € M}. Jlo-
kazaTh, uro (ML)L =M.

13.16. Ilycrs X  pediaekcuBHoe 6aHaxoBo npocrpancTso, f € X*.
Hoxkazarb, uro cymecrsyer z € X, = # 0 Ttakoe, uro (z, f) = |

13.17. Ucnoan3ys 3amaqam 11.9, 11.10, 13.16, mokasarh, 94TO mMpoCT-
pauncriea C[0, 1], I, ¢ Heped[).HeKC]/]BHbI

13.18. JlokazaTh, 9TO MHOXKECTBO B 0AHAXOBOM MPOCTPAHCTBE sIBJIsI-
ercs cabo OrpaHMYEHHBIM TOT/Ia M TOJBKO TOT/a, KOTJA OHO OrPAHUYEHO.

13.19. /lokazaTh, uTO Besikas cjabo dyHgaMEHTAIbHAS NOCIEI0BA-
TEJABbHOCTHh B OAHAXOBOM MPOCTPAHCTBE OrpaHUYCHA.

13.20. /loka3zarh, 94T0 BCsikasi cj1abO CXOASIASCS MOCJIEJ0BATEhHOCTh
B 6aHaxOBOM MpocTpaHcTBe ¢i1abo dhyHmamenTaabHa.

13.21. Hazosem muoxectso M B 6anaxoBoM npocTpaHcTBe X caa00
BAMEHYMbLM, €CJI U3 TOrO, 4T0 T, € M, x, — x (n — oc) caabo, cie-
ayer x € M.

a) JlokazaTb, 4TO BCsAKOE CJIab0 3aMKHYTOE MHOXKECTBO 3aMKHYTO.

6) IlpuBecTu npumep 3aMKHYTOr0 MHOXKECTBA B 0aHAXOBOM MNPOCT-
pPaHCTBE, HE SIBJISAIOMIErocs C1ab0 3aMKHYTHIM.

13.22. J/loka3aTh, 4TO BCSIKOE MOANPOCTPAHCTBO OaHAaXOBa MpPOCT-
pancTra ci1ab0 3aMKHYTO.

13.23. JlokazaTh, 9TO BCSAKOE BBIMYKJIOE MHOXECTBO B 0OAaHAXOBOM
NPOCTPAHCTBE CJ1a00 3AMKHYTO.

13.24. Byaer s npocrpancrso C|0, 1] ciabo nosubim?

13.25. Ilycts X — cenapabennHoe JiMHEHHOE HOPMUPOBAHHOE TMPOCT-
pauctio. Jlokazark, uro B npocrpaHctee X ¥ CyLIECTBYeT CYETHOE MHO-
JKECTBO, BCIOJY MJIOTHOE B CMbIC/IE *-CJ1ab0# CXOAMMOCTH.

13.26. [lycts X JIMHEHOe HOPMHUPOBAHHOE MPOCTPAHCTBO. BepHo
Jau, 9To aasi Besikoro mognpocrpanctea L C X* cymecreyer mopmpoct-
pancreo M C X makoe, uro I, = M~ (oproronajbHocTh HOHMMAETCs B
cmbicsie 3aaun 12.10)7

§ 14. ConpsikeHHbIE OIlepaToOpPbl

IMycrs X, Y — Juueitnbie HOpMupoBaHHbIE npocrpaHcTia, A: X —
— X — swmneiinbiii oneparop ¢ obsacreio onpegeaennss D(A), nnorHoii
B X, BO3MOXHO, HeorpaHu4yeHHbI. Beegem muoxkecrso D* C Y* makux
f €Y™, nna koropwix npu ¢ € X* umeer mecro pasenctso (Az, f) =
= (z, ). Onepatop A*f = cobnacrbio onpenenenns D(A*)=D*CY*
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M €O 3HAUeHMAMH B X * HasbIBAaeTCA conpAajcenmu.M K onepaTtopy A.
Taxum obpazom, (Az, f) = (x, A*f) nna mo6oro = uz D(A) u moboro f
uz D(A¥).

Teopema 14.1. A* — zamrnymut sunetinwt onepamop.

Teopema 14.2. Pasencmso D(A*) = Y™ umeem mecmo mozda u
moavko moeda, kozda A ozpanuven na D(A). B amom cayuae A* €
€ Z(Y*, X¥), [[A*] = Al

N3 teopembr 14.2 Boitekaer, uro ecin A € Z(X,Y), mo A*¢€
€Z(Y*, X*) n ||A¥]| = Al

14.1. llyecrs X,Y — guneiinbie HOPMHPOBAHHBIE TMPOCTPAHCTRA,
a,B€C, A,B e Z(X,Y). Jlokazats, uto (e A+ BB)* = aA* + 3B*
(4epTa 03HAYAET KOMIJIEKCHOE COMPSIYKEHHUE).

14.2. Ilyctp X JINHEHHOEe HOPMMPOBAHHOE MpOcTpaHcTBo, A, B €
€ Z(X). Jlokazars, uro (AB)* = B*A*.

14.3. Ilycrp A € Z(X,Y) u A wuenpepbiBuo obparum. Jokazars,
aro A* uenpepwisno obpatum u (A*) "1 = (A1)*.

14.4. llycrs X, Y  nuHeliHble HOpMHUPOBAaHHBbIE pocTpaHcTBa. Jloka-
3aTh, 4To oToGpaxkenne ®: Z(X,Y) = Z(Y* X*), ®(A) = A*, uenpe-
PHIBHO.

14.5. Ilycts X pedieKcuBHOE HAHAXOBO MPOCTPAHCTBO, Y  Ju-
neiinoe Hopmuposannoe, A € Z(X,Y). JlokazaTb, uro (A*)*X CY u
(A*)* = A xak onepatop uz X B Y.

14.6. [lycrb H  ruanbeproso npocrpancrso, A € £ (H).

/lokazarh, 4TO:

a) N(AA¥) = N(A%);  6) N(A*A)=N(A); =) [[AAT]|=]A]*.

14.7. Ilycrs H — ruasbeproso npocrpancrso, A € £ (H).

/lokazarh, 4TO:

a) (R(A))"=N(A%);  6) (R(A%)' = N(A);

B) (N(A))*=R(A*); 1) (N(A"))* = R(A).

14.8. Ilycrb X  6anaxoso npocrpancrso, A € £ (X). [lokazarsb, 410
(R(A))L = N(A*) (opToronansuocTs noHuMaeTces B cMbicae 3agaqan 12.10).

14.9. Haiiru oneparop, conpsikennniii k oneparopy A: L»[0, 1] —
— L]0, 1], ecan:

a) Az(t)

z(t)dr; 6) Ax(t) =tx(t);

tr(s)ds; 1) Ax(t):.][ tz(t)dt.

B) Az(t)

Ot O——

14.10. Haiitu oneparop, conpsi>keHHblil K oneparopy A: l; — [, eciu:
a‘) Az = (:I;la L2y Ty 0: 0: )1
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6) Az = (Mz1, Aoz, ...), tae A\, ER, [N, <1, n €N;

B) Az = (0‘ L1, T2, )7

r) Az = (z2, x3,...).

14.11. HaiiTu onepaTopsl, cONpsi>KeHHbIE K onepaTopaM 3aj1a4n 14.10,
€CJIM OHU PACCMATPUBAIOTCS KAK JEHCTBYIOIKE:

a) u3 ¢y B ¢g;  0) uz ly, B ly;  B) w3l B c.

14.12. B npocrpaucrse ly pasa x = (1, Ta2,...) € lo nosoxum
Apnt = (Tpt1, Ty, ---)-

a) Jlokazarn, uro A, € Z(l2) n A, =0 (n — 00) cuabHo.

6) Haiitu A} u BbissicHuTb, BepHo Jm, uto A% — 0 (n — o0) cUIbHO.

14.13. Haiitu omeparTop, COMPSIXKEHHBIH K OMEpPaTopy BJOXKEHUsI
J:ly —co, Jr=1.

14.14. Ilycts H runabbepToBo npocrpaHcTso, y,z € H (y # 0,
z #0) npousBoJibHbie (hUKCHpOBaHHBbIE 3nemeHTbl. us © € H moso-
xum Az = (z,y)z. Jlokazars, uto A € £ (H), u naiitu onepatop A*.

14.15. Ilycrs H — ruasbeproso npocrpancrso, A, B: H — H — jiu-
HeWHbIE OTepaTophl, OnpeAeaeHubie Ha BceM H u Takue, 4To mas a106BIX
x,y € H soimonusiercs pasencrso (Az, y) = (z, By). /Jlokasars, uro A —
orpaHuYeHHbI onepaTop u B = A*,

14.16. [lycts X, Y JIMHEWHbIE HOPMHUPOBAHHBIE MPOCTPAHCTBA,
A: X — Y — rmakoit auneiinniii oneparop, uro D(A) = X, oneparop A~!
cymecrsyer n npunagiesxxur £ (Y, X). Jlokazars, uro (A*)~! cymecrsy-
er, npunagiexut £ (X *, Y*) u npusrom (A*)7! = (A-1)*.

14.17. B npocrpancrse [y paccmorpum aasg x = (xq, Ta,...) € lo
onepatop A: ly = lo, Az = (x1, 229,323, ...) ¢ 06JaCTHIO OnNpejaeeHus

D(A) = {r €ly, z = (1, m9,...): i n?z,|? < oo}.

n=1

a) Jlokazarb, uro D(A) = ls.

6) Jokazarb, uro A  neorpanuvenubiii Ha D(A) nunelinblii one-
parop.

B) Haiitu D(A*) u A*,

14.18. Pacemorpum onepatop A: I, — [y, Az = x ¢ obnactbio on-
penenenuss D(A), cocroameil u3 snementos z = (x1, Ta,...) € lo, ansa
oo

KOTOPHIX Y |Z,] < oc.
n=1
a) Jokazarn, uro D(A) = L,.
6) /lokazarb, yto A  suHeliHblii onepaTop, Heorpanuyuenublii Ha D(A).

B) Haiitu D(A*) n A*.
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14.19. Pacemorpum onepatop A: La[0, 1] — Ly[0, 1], Az(t) = z(t?) ¢
06J1aCTHIO OTMPEeAeNeHUsT

1
D(A) = {.T,(t) € Ly[0, 1]: Imz(t2)dt < oc}.
0

a) [lokasare, uro D(A) = L»[0, 1].

6) /lokaszarb, yto A  suHeliHbIii onepaTop, Heorpanuyuenublii Ha D(A).

B) Haiitu D(A*) n A*.

14.20. Paccmorpum oneparop A: Ly[0, 1] — L]0, 1], Az(t) = dz/dt,
¢ obaacteio onpeaesnenuss D(A)  suHeiiHbIM MHOroO6pa3ueM Henpepbis-
1o auddepennupyembix Ha [0, 1] dyuxuuii (), y10BIeTBOPAIOIKUX YCIO-
susim z(0) = z(1) = 0.

a) [lokasare, uro D(A) = L»[0, 1].

6) /lokasarh, uro A — neorpaunyenuniii na D(A) nuueiinbiii oneparop.

B) Haiitu D(A*) u A*,

14.21. Pacemorpum oneparop A: L0, 1] — L»[0, 1], Az(t) =tx(0), ¢
obsiacThio onpegesnenus D(A) — auneiinbim MHOrooGpa3uem HenmpepbIBHBIX
na [0, 1] dbynkunii. Haiitu D(A*) u A*.

14.22. Haiitu omeparTop, COMPsIXKEHHBIH K OMEpaTopy BJIOXKEHUsI
J: HY0,1] = L»[0,1], Jz = =.

14.23. Haiitn oneparop, conpsixennniii k onepatopy A: H'[0,1] —
— 1[0, 1], Az(t) =dz/dt.



IN'nasa 4

KOMITAKTHBIE MHOXKECTBA
1 BITIOJIHE HEITPEPBIBHBIE OITEPATOPBI

§ 15. KommmakTHble MHO>K€CTBA B HOPMUPOBAaHHBIX
IIPOCTPaHCcTBax

MuoxectBo () B 6GaHaxOBOM TpocTpaHcTBe X Ha3bIBACTCA OUKOM-
NAKMHLM, €CIAN U3 KAXKI0H nocsiegosaresasiocrn ,, € ) (n € N) moxHo
BbIOPATH CXOSIILYOCS MOJANOCAEJ0BATENBHOCTD, TIPEJIeJl KOTOPOH npuHaj-
Jgexur Q.

Teopewma 15.1. Ilycmv f: Q@ - R nenpepwsnas dynryus, onpe-
deaennas Ha Ouxomnarmmuom muooncecmee Q C X. Tozda [ oepanuuena
Hna @, docmuzaem Ha @ c80UT MOYNBLT GeprHel u HuscHel epaneli u
PABHOMEPHO HENPEPbIEHA Ha ().

CucreMa OTKPBITHIX MHOXKECTB F, JTUHEHHOrO HOPMUPOBAHHOTO MPOCT-
pancTBa X Ha3bIBaeTCsl nokpuimuem muosrcecmea A C X, ecim Kaxjast ero
Touka T € A npunajnexur xors 0ol ogHomy u3 F .

MuoxecTBO M NuHEHAHOTO HOPMUPOBAHHOTO MPOCTpaHCTBA X Ha3bIBa-
eTCs KOMNAKMHbLM, €CJIH U3 KAXKJI0H N0CAeJ0BATENbHOCTH Ty € M (n € N)
MOXKHO BBIICJIUTH (QyHAAMEHTATBHYIO MOANOCTEI0BATENbHOCTE. MHOXKeCT-
Bo M. C X mnaswiBaercs e-cemwto muoxkecrsa M C X, ecin gasi 1106010
x € M wnaiigercs rakoe T C M., uro ||z —Z|| < €.

Teopewma 15.2. Muooswcecmseo M 6 aunetiHOM HOPMUPOBAHHOM
npocmpancmee X KOMNAKMHO Mo20a U MoAbKo mozda, xozda dasa A1060-
20 € >0 6 X cywecmeyem konewnas €-cemv das M.

Mycrs G — 3aMKHyTas orpanudennasi 06;1acTh B npocrpancree F™,
C(G) — npocrpancrso nenpepbisibix na G dynxiuii ¢ nopmoit ||z|| =

= max|z(t)], M C C(G) — nekoropoe muoxecrso dhyHKuuii. D10 MHO-

teG
2KEeCTBO Ha3bIBACTCA:

PABHOMEPHO 02PAHUYEHHbLM, €CIU cymecTByeT Takoe ¢ € R, uro jas
qoboro z € M Boinonnsercs nepasenctso ||z < ¢;

PABHOCMENEHHO HENPEPLIBHBLM, €CJn Jiisi Jrboro £ > (0 cymecrByer
0 =4d(e) > 0 Takoe, uro past MOOBIX 1,19 € G, yJ0BIETBOPAIOMIMX HEPA-
BeHcTBy ||t — to|| < 0, cpasy auist Bcex £ € M BbINOJIHSIETCS HEPABEHCTBO
z(t1) —z(t2)] < €.

Teopema 15.3. Jlasn mozo umobv mmoscecmeo M C C(G) 60
KOMNAKMHO, HEOOT00UMO U Jdocmamoyro, 4mobv, 0HO OblLAO PAGHOMEPHO
0ZPAHUMEHHBLM U PABHOCTNENEHHO HENPEPBLEHBLM,.
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MuoxkectBo M 371€MEHTOB JIMHEHHOTO HOPMHPOBAHHOTO MPOCTPAHCT-
Ba X HA3bIBAETCH AOKAABHO KOMNAKMHM, €ciu nepecedenue M ¢ mo0biM
3aMKHYTHIM IIIapOM B X KOMITAKTHO.

Teopewma 15.4. /laa mozo wmobu, aunetinoe muozoobpaszue L au-
HEH020 HOPMUPOBAHH020 NPocmparcmea X 0vla0 AOKAABHO KOMNAKIMHO,
Heobodumo u docmamouro, umobs, L 6v.10 KoHeuHoMePHO.

Mmuoxecrso M 6Ganaxosa npoctpancTBa X HA3bIBAETCS CAGOO KOM-
NAKMHBLM, €CTH U3 JI000H GECKOHEYHOI MOCAe0BATEIbHOCTH €r0 dJIeMEH-
TOB MOXKHO BBIOpaTh 1200 PyHIAMEHTAJBHYIO MOCIEI0BATEIHHOCTD.

Teopewma 15.5. Beakoe caabo KoOMNAKMHOE MHOMCECMB0 68 OAHALO-
80M MPOCTNPAHCMEE 02PAHUYEHO.

Teopewma 15.6. Beakoe ozpanuvenHoe MHOMCECTNEO PEPACKCUEHOZ0
OAHATO8A NPOCPAHCNBA CAGDO KOMNAKIMHO.

15.1. ITycrs X — Ganaxoro npocrpancteo, M C X — Takoe 3aMKHY-
TOE MHOXKECTRO, 4TO JJis1 jitoboro € > 0 B X cymecrByer misi M koHedHast
e-cetb. Jlokazars, 4ro M OUKOMOAKTHO.

15.2. Jloka3aTh, 9TO 3aMbIKAHHE KOMIAKTHOTO MHOXECTBA OHUKOM-
NAKTHO.

15.3. Jloka3aTh, 9TO BCAKOE MOJMHOXKECTBO OMKOMMAKTHOIO MHO-
2KeCTBa KOMITAKTHO.

15.4. ITycts muoxkecTBo M B TMHEIHOM HOPMHUPOBAHHOM TPOCTPAHCT-
Be X TakoBo, 4To jJis Jitoboro € > 0 B X cymecrByer aisi M koMnakTHas
e-ceth. JlokazaTb, uTo M KOMMOAKTHO.

15.5. JlokazaTb, 4TO B KOHEYHOMEPHOM JIMHEHHOM HOPMHUPOBAHHOM
MPOCTPaHCTBE BCAKOE OrPAHUYEHHOE MHO>KECTBO KOMITAKTHO.

15.6. [lyctrp M — BuxkomnakTHOE MHOXECTBO B 0OaHAXOBOM MPOCT-
pancree X, z, € M (n € N), £y — eAMHCTBEHHAsl NPEJEJbHAS TOUYKA
0CJIEIOBATENBHOCTH Ty, . JlOKa3aTh, 94T0 2y — T (N — 00).

15.7. /lokazatb, 4TO MHOXECTBO I, = sinnt € Lo[—m, 7| (n € N)
3aMKHYTO U OPPAHMYEHO, HO HE KOMIAKTHO.

15.8. [lyctrp M — BuxkomnakTHOE MHOXECTBO B 0OaHAXOBOM MPOCT-
pancree X. Jlokaszark, uro mis aoboro € > 0 muoxkecrso M moxkeT ObITh
MpeJiCTaBJIeHO B BUJIE n

M=\ Fi,
i=1
rae F;  3aMKHyTbIe MHOXKecCTBa M st 4 = 1,2, ..., n diam F; < €.

15.9. Jloka3aTh, 9TO Ajs TOro, 4robbl MHOXKecTBO M wu3 HGaHaxoBa
npocrpancTBa X ObLI0 OUKOMIIAKTHO, HEOOXOAUMO W JOCTATOYHO, 4TOObI
u3 J1000ro mokphiTust M MOXKHO ObLIO BbIJAEJIUTH KOHEYHOE MOAIMOKPHITHE.

15.10. ITycth A — GMKOMIAKTHOE MHOXECTBO B OaAHAXOBOM MPOCT-
paucree X. [lokazarb, uro Jsitoboro x € X Haiigercs takoe y € A, uro
p(z, A) =|lz —yl|.

15.11. Ilycte A 6ukoMmmakTHOe, B 3aMKHYTOE MHOXECTBO B
Ganaxosom npocrpanctee X u AN B =@. Jlokasarsb, uro p(A, B) > 0.
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15.12. Ilyctb A, B OMKOMIAKTHbIE MHOXKECTBA B OAHAXOBOM HPOCT-
pancree X. /lokazaTb, 4TO CymECTBYIOT Takue Io € A, yo € B, uTo
p(A, B) = ||zg — yo||. Obsizaresnnno sin naitayrcs takue Touku, ecin A
6ukomMnakTHo, a B 3amkuyTO?

15.13. Ilycts A OMKOMITAKTHOE MHOXKECTBO B 0AHAXOBOM MPOCT-
pancree X. JlokazaTb, 4TO HalijgyTCss Takue g, Yo € A, yro diam A =
= [|zo —yol|-

15.14. JlokazaTh, 9T0 OUKOMNAKTHOE MHOXKECTBO HEJIH3sT N30METPUIHO
0TOOPA3UTh HA CBOKD YaCTh.

15.15. B npocrpancree E? nocTpoUTh KOMIIAKTHOE MHOXKECTBO, H30-
METPUYHOE CBOEH 4aCTH.

15.16. Tlyctr X — 6anaxoBo npocrpanctso, M C X — GukomMnakTHOE
MHOXKecTBO, ®: M — M — takoe orobpakenue, 910 Ajs Ji00bix z,y € M
Bhinosinsiercst Hepasencrso || ®(z) — ®(y)|| > ||z — y||. Hokasars, uro ¢
€CTh H30MeTpHuYecKoe orobpaxkenne M Ha cebs.

15.17. JlokazaTh, 9TO B 0OaHAXOBOM MPOCTPAHCTBE BCsiKasi CHCTEMA
HEMYCTHIX BJIOKEHHbIX 6I/IKOMﬂaKTHb]X MHO>KECTB MMEET HEenmyCcroe nepece-
YeHue.

15.18. Ilycrs M, Takagd NOCJEJ0BATEIbHOCTh OUKOMIAKTHBIX MHO-
2KeCTB B DaHAXOBOM mpocTpaHcTBe X, 4TO mepecedeHue Jrob0ro KOHed-

o
HOrO 4uciia 3Tux MHoxkecrs nenycro. Jlokasars, uro (| M, nenycro.
n=1

15.19. Ilycrs U; (i =1,2,...,n) — KOHEYHOE NOKPbITHE BUKOMNAKT-
Horo Muokecrsa M B Ganaxosom npoctpancTee X. [Tomoxxum

pila) = p(a. M\UY), i) = soi(x)(iw(m)_ L i=lL2n

Hoxkazarb, yro cucrema dbyukuuii {e;(z)}, naspiBaemas pasbuenuem

eduruybl, COOTRETCTRYIOIMM TOKphiTHIO U,, obnajgaer ciegyounmuMn
CBOUCTBaMM:

a) 0<e;i(z)<1l; 6) ei(z)=0npu z ¢ U;

n
B) Y ei(x)=1 nas moboro z € M;
i=1
r) e;(xz) — nenpepnisubie pynkunu na M.
15.20. Ilycrs X — Ganaxoso npocrpancreo, A, B C X u:
a) A, B OGMKOMNaKTHBI; JI0OKa3aTh, 4TO0 MHOXeCTBO A + B Gukowm-
NMaKTHO;
6) A GukomnakTHO, B 3aMKHYTO; J0Ka3aTh, 4TO MHOXeCTBO A + B
3aMKHYTO;
B) A, B KOMIOAKTHBI; JJOKA3aTh, 9YTO MHOXkKecTBO A + B KOMIDakTHO.
r) A, B 3amkHyTbI; BepHO Jin, 4T0 A+ B — 3aMKHYyTO€ MHOXECTEO?

15.21. Ilycte M OMKOMIAKTHOE MHOXKECTBO B GAHAXOBOM TMPOCT-
pancree X, C(M)  npoCTpaHCTBO BENIECTBEHHBIX HENPEPbIBHLIX HAa M
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dbyukuuii ¢ Hopmoii ||z|| = max
teM

OesibHOE HAHAXOBO TTPOCTPAHCTRO.

. Hokazarb, uro C(M)  cemapa-

15.22. Ilycts X, Y bGanaxoBbl mpoctpancTsa, M C X OUKOM-
naktHoe MHOXKecTBO, C'(M,Y)  MHOXECTBO HENpepbIBHBIX 0TOOPAXKeHHUIA,
onpegenenubix Ha M ¢ obnacreio 3Havennii B Y.

/lokazaTrh, 4TO:

a) C(M,Y) — nuneiinoe npocTpaHCTRO;

6) B C(M,Y) moxHo 3ajarh HOpMy pasencrBoMm || f|| = sup ||f(z)]];

reM

B) B 3T0il HopMe C' (M, Y) aBasiercs 6aHAXOBbIM NPOCTPAHCTBOM.

15.23. Tlycts M — Takoe MHOXKeCTBO B HaHAXOBOM mpocTpaHcTee X,
4TO JJist JII0OOH BewecTBeHHOM HenpepbiBHON Ha M dyHkuuu f BbINOJHS-
eTcst XOTs Obl OJJHO U3 CJEAYIONINX YCIOBUIA:

1) f orpannuena na M;

2) ecau f orpanuuena Ha M, to f pocruraer Ha M TOUHOl BepxHei u
TOYHOW HUKHEH rpaHeid.

Jokazarb, uTo M GHKOMOAKTHO.

15.24. [lyctb M Takoe MHOXKECTBO B HAHAXOBOM MpocTpaHcTBe X,
9T0 J1006as BellecTBeHHAasi HenpepbiBHAass HAa M GyHKIUS pPABHOMEPHO
nenpepbigaa. Caegyer jim orcroga, yro M OukomnakTHo?

15.25. /loka3arh, 94TO HENpepbIBHOE OTOOPaXkKeHUe MepeBoguT OUKOM-
NAKTHOE MHOXKECTBO B OMKOMIIAKTHOE MHOXKECTBO.

15.26. Ilycts f: X = Y HENpepbIBHOE OTOOparkeHHe OaHaXOBA
npocrpancrea X B 6GanHaxoBo npocrpancreo Y, M C X — komnakTHoe
muoxectso. Jlokazars, yro muoxecrso f(M) C Y komnakrho.

15.27. BepHo nu yTBepK/IeHUE MPEAbIAYIEH 3a/Ja91, €CIH HENPEPbIB-
HOe OTOOparXKeHUE ONMPEIEJIEHO HE HA BCEM MPOCTpPaHCTBE X, a TOJIHKO HA
mHoxkectBe M7

15.28. JlokazaTh, 9T0o ecan (yHKIUs PABHOMEDHO HENMPEPhIBHA HA
KOMIAKTHOM MHOXecTBe M JMHEHHOro HOPMUPOBAHHOIO MPOCTPAHCT-
Ba X, TO oHa orpaHuyena Ha M.

15.29. Ilycrs M C Cla, b]  muoxectso dbyHKUMA U U3BECTHO, YTO
agist gioboro € > 0 u gwboro tg € [a, b] cywecrsyer takoe 6 = d(e, to),
aro ecan |t — to| < 0, o mast soboro z(t) € M BbinosiHsieTcst HEPABEHCTBO
x(t) —z(to)| < €. Byner sin MHOXKecTBO M PABHOCTENEHHO HENPEPHIBHBIM !

15.30. Ilycrs z,(t) € Cla, b] (n € N) — paBHOCTEIIEHHO HENPEPBIBHOE
MHOXKECTBO (yHKUMA U T, (t) npu n — 0o cxoauTes K To(t) noTo4YedHO
Ha [a, b]. [lokazars, ato zq(t) € Cla, b].

15.31. Ilycth M — paBHOMEDPHO OrpaHWYEHHOE MHOXKECTBO (DyHKIHH
s upocrpancree Cla, b]. JJokazars, uro muoxkecrso N dynkuunit Buja

y(t) = [ a(r)dr,

rae z(t) € M, KOMNaKTHO. 0
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15.32. JlokazaTbh, 9TO paBHOMEPHO OTPAHUYEHHOE MHOXKECTBO (PYyHK-
uuit M C Cla, b], ynosaersopsiomux ycaosuio Jlunmuua ¢ o6umeil nocrosin-
HOi, BukomnakTHo B npocrpancrse Cla, b].

15.33. [lokazatb, yro muoxectBo (hyukuuit M C Cla, b], orpanu-
YEHHBIX NPH HEKOTOPOM (DUKCUPOBAHHOM tg € [a, b] U ya0BIETBOPAIOMINX
yeqosuio Jlunmuna ¢ obmieil mocTosiHHOW, OMKOMIMAKTHO B TMPOCTPAHCT-
se Cla, b].

15.34. JlokazaTbh, 9TO MHOXKECTBO HENpPepbIBHO AU dEpeHInpyeMbIX
ua [a, b] dynkunii z(t) rakux, uro

b
2O <k [l de < b,

¢ noctosinuoi k1 > 0 u mocTossHHON k2 > (0, KOMIAKTHO B NPOCTPAHCT-
se Cla, b].
15.35. /lokazaTh, 9TO MHOXKECTBO HENpephiBHO auddepeHnpyemMmbrx
ua [a, b] dbyukuuii z(t) takux, aro
b
2 e
[l2(®)P +]a' ()] dt < k
a
¢ nocrosiuuoi k > 0, komnakTHo B npocrpancrse Cla, b].
15.36. [lycts M MHOX>KECTBO HENmpepbIiBHO IuddepeHIupyeMbIx
ua [a, b] dbyukuuii z(t), y0BIETBOPAIOMKUX CIIEIYIOUIUM YCAOBUIM:
1) mas mo6oro ¢ € [a, b] u moboit x(t) € M BHIMONHAETCSA HEPABEHCT-
Bo |z'(t)| < k, roe nocrosinnas k > 0;
2) nast moboii z(t) € M ypasuenne x(t) =0 numeer na [a, b] xors Gb
OJINH KOPEHb.
Hokazars, yro M — komnakrnoe muoxecrso B npocrpancree Cla, b].

15.37. Byjaer n1u paBHOMEPHO OrpaHUYEHHOE MHOXKECTBO MHOTOYJIEHOB
crenenu n Gukomnakrubim B npocrpancrse Cla, b)?

15.38. /loka3aTh, 4TO paBHOMEPHO OrpAHUYEHHOE MHOXKECTBO MHOTO-
YJIEHOB CTENEHU He Bbie n OukoMnakTHo B npocrpancrse Cla, b].

15.39. [lokaszars, uro sust i1000it HenpepbiBHOil Ha [a, b] dyukunu z(t)
cymecryer mMuorowien P(t) crenenu He Bbilie 7., KOTOPbIHA sBJIAETCS
MHOTOYJICHOM HAMJyYIIero NpuOJIuKeHHsd, T. €.

max |z(t) — P(t)] < max |z(t) — Q(1)
t€la, b] t€la, b]

)

Jgist gii06oro muorousiena Q(t) crenenu He BbiE 7.

15.40. Ilycrb z(t)  uenpepbiBHas Ha [a, b] dyHkuus u cyuecrsy-
€T MOCJEJJOBATEJIbHOCTh MHOIOYJIEHOB OIPDAHUYEHHOI CTENneHu, KOTOpas
cxopurest K z(t) pasnomepHo Ha [a, b]. Jlokazars, uro z(t) — MHorouJen.

15.41. Jlokazats, uto map S;(0) npocrpancrsa Clla,b] asnsercs
KOMIAKTHbIM MHOXecTBOM B npocrpancree Cla, b]. Ssasiercst am on 6u-
KOMIIAKTHBIM MHOXKecTBOM B npocrpancrse Cla, b]?



§ 15. Komnaxmmovie MHOMCECMEG 8 HOPMUPOBAHHVLT NPOocMparncmear 79

15.42. /loka3aTh, 4TO BCAKOE MHOXECTBO, KOMIIAKTHOE B MPOCTPAHCT-
Be C'[a, b], aBnserca komnakTHbIM U B npoctpanctse Cla, b].

15.43. IlpuBecTn npumep MHOXKECTBa HenpepbiBHO nuddepennupye-
mbix Ha [0, 1] ¢dyukuumii, komnakraoro B npocrpaucrse C[0, 1], no ue
komnakTHOro B npocrpancree Cla, b].

15.44. KovMnakTHbl Jid cleayiomue MHOXKEeCTBA (DYyHKIUHA B MPOCT-
pancree C[0, 1] :

a) z,(t)=1", neN; 6) z,(t)=sinnt, neN;

B) z,(t)=sin(t+n), ne€N; r) z,(t)=sinat, a=R;
n) To(t)=sinat, a€[l,2]; e) z,(t)=arctgat, a€R;
x) To(t)=el" a€eR, a>07?

15.45. Byjer au komnakrubim B npocrpancree C[0, 1] mHoxecTBO
dbyukuuii z(t) € C[0, 1], ynosaersopsiiomux npu Jiobom ¢ € [0, 1] nepa-
sencrny |z(t)| < p(t), rae p(t) € C[0,1], ¢(t) > 0 — dukcuposannas
dbyukusa?

15.46. /lokazarh, 4TO BCAKOE KOMIAKTHOE MHOXKECTBO B IMTPOCTPAHCTRE:

a) Cla,b]; 6) lo;

HUTJE HE MJIOTHO.

15.47. JlokazaTh, 9TO A5 TOro, YTOOBI MHOXKECTBO (yHkuuit M C
C C*[a, b] 6bLT0 KOMIAKTHO, HEOGXOAMMO H JOCTATOYHO, YTOGBI OHO BBLIO
PABHOMEPHO OIPAHUYEHO, & MHOXECTBO MPOU3BOAHBIX MOpsijiKa k BXOs-
mux B M byukiuii 66110 pABHOCTENEHHO HETTPEPBIBHO.

15.48. [lokazatb, 9410 MHOXKeCTBO M 3jeMeHTOB T = (1, T2, ...) U3
IPOCTPAHCTBA ¢ HWJU € KOMIIAKTHO TOrJa M TOJbKO TOI/Ia, KOI/IA OHO
orpaHdYeHo W lim =z, cymecTByeT paBHOMEPHO OTHOCHTENbHO T € M,

n—oo

T. e. ags moboro € > 0 naiigerca takoe N = N(e), uro npu Bcex n > N
s moboro x = (%1, T2, ...) € M BBHINOJIHAETCS HEPABEHCTEO

|$n— lim $n| <eE.
n—o0
15.49. JlokazaTb, 94T0 MHOXKeCTBO M 3aeMeHTOB © = (%1, T2, ...) € Iy
(p > 1) KOMDAKTHO TOr/IA M TOJILKO TOr/IA, KOT/JA OHO O'PAHUYEHO 1
n
lim z|?
A, 2l

CYLIECTBYET PABHOMEPHO OTHOCHUTEJNbHO = € M, T. e. mus joboro € > 0
naiigercs takoe N = N(e), uro upu Bcex n > N paus gwboro = =
= (1, %2, ...) € M BbINOJHAETCS HEPABEHCTBO

oo
S jzkl? <e.
k=n

15.50. [lokazarb, uro napasgesnenunes {z € ly, © = (z1, T, ...):
|z,| < 1/n} aBnsercs GUKOMOAKTHBIM MHOXKECTBOM B IIPOCTPAHCTBE [o.
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15.51. Ilpu KakoM yCJIOBHM Ha HOCJEJA0BATENLHOCTL Ap, € R, A, > 0
(n € N), aBasiercs GMKOMIAKTHBIM MHOXKECTBOM B POCTPAHCTBE lo:

a) napajuiesienuney {x € by, x € (z1, T2, ...): |To| < An};

o 2
0) samncous {:a €lo,xz=(x1,22,...): Y =5 < ]}?
n=1 n

15.52. [lokasars, uro ecau nojgunpocrpancrso B npocrpancree Cla, 0]
cocTouT U3 HenpepbhiBHO guddepennupyembix pyHKIMi, TO OHO KOHEYHO-
MEPHO.

15.53. Ilycts X, Y  Ganaxosbl npocTpanctBa, M C X  KOMOaKTHOE
muoxecrso, Ap,, A€ Z(X,Y) (neN) u A, - A (n - 0c0) cuabHo.
Jokazarn, uro A,z paBHOMEpHO cxoauTcs K Az npu n — oc gas Beex
re M.

15.54. [lycrb X  GamaxoBo npoCTpancTso, x, € X (n € N), nocue-

JOBATEJNLHOCTb T, KOMIOAKTHA W T, — & (n — oo) caabo. Jlokazars,
aTo L, = T (n = o0).

15.55. llycrs X pediekcuBHOe 6aAHAXOBO MPOCTPAHCTBO, Tg € X,
Tn €Sy(x0), n € N. [lokazarb, 4T0 HAWJETCA TAKasd NOANOCIEJOBATE b
HOCTD T, (k€ N), uto z,, = % (n — o) cnabo n = €S, (o).

15.56. /lokazaTh, 9TO BCSAKOE KOMIIAKTHOE MHOXKECTBO B DAHAXOBOM
NPOCTPAHCTBE CJIa00 KOMMAKTHO, U MIPUBECTH MPpUMeEpP ¢J1ab0 KOMMAKTHOIO
MHO>KECTBaA, HE ABJIAIOIIETrOCd KOMIAKTHbBIM.

15.57. /loka3aTh, 4TO €JWHUYHBIA 3aMKHYTBIH Iap MPOCTPAHCTBA
C10, 1] ne siBnsiercst c1abo KOMIAKTHBIM MHOXKECTBOM.

§ 16. JIuHeiliHble BHOJHE HENMPEPHIBHBIE OMEPaTOPHI

Mycrs X, Y — juneiinbie HopmupoBaHHbie npocrpancriea. Qnepa-
Top A € Z(X,Y) naspigaercst 6noiHe HENPEPLIGHBLM, €CJM OH NEPEBOJAUT
3aMKHYTBIA €JUHUYHBIA map npocrpaHcTBa X B KOMIAKTHOE MHOXKECT-
BO NPOCTPaHCTBa Y. MHOXKECTBO BCEX BIIOJIHE HENPEPBLIBHBIX ONEPATOPOB
3 Z(X,Y) oboznauaercs o(X,Y).

Teopema 16.1. Feau A € o(X,Y), mo amoboe ozpanuvernnoe 6 X
MHOHCECTNEO A NEPesoium 60 MHOHCECMEO, KOMNAKMHOE 6 Y.

Teopema 16.2. o(X,Y) asasemes noonpocmpancmeom 6 npocm-
pancmee L (X,Y).

Teopema 16.3. Ilyemv A€ L(X,Y), Be L(Y, 7). Ecau xoma
Ol 00UH U3 IMUT ONEPATNOPOE GNONHE HENPEPBIBEH, MO BNOAHE HENPEPHLE-
HoLM onepamopom bydem u ux npouseedenue BA.

Teopema 16.4 Ilyemv A€ o(X,Y). Fcau xz, € X (n€N), x, —
— g (n — o) caabo, mo Azr, — Axg.

Teopewma 16.5. Ilyemv A € L (X,Y), ede Y — banazxoso npocm-
pancmeo. Onepamop A enoamne Henpepuieen moz0a u MoAbKO mo20a, Koe-
da A* enoane nenpepoieen.
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[lycrs X 6anaxoso npocrpanctso, A € 0 (X, X) =0 (X), =,y € X.

YpaBHeHue Az —y

HA3BIBAETCs ypasHenuem 1-20 poda, ypaBHeHUE
r—Azx =y (1)
HA3BIBAETCS YPagHeHuem 2-20 poda.
Hapsay ¢ (1), paccMOTpUM COOTBETCTBYIOIEE OJHOPOJHOE YPABHEHUE

z—Az=0, (2)
a TAKIXKE CONPSIXKEHHOE yPABHEHWUE
f-A f=w (3)
1 COMPS>KEHHOE OJIHOPOHOE yPABHEHHE
b A% =0, (1)

Teopewma 16.6. Caedyrowue ymseparcdenus K6UBAAEHTHL:

a) ypasuenue (1) umeem pewenue npu 4060t npasoti wacmu y;

6) ypasHenue (2) umeem moabko MPUBUANLHOE PEUEHUE;

B) ypasuenue (3) umeem pewenue npu 410607 npasoti wacmu w;

r) ypasnerue (4) umeem moavko MPUEUAALHOE PEULEHUE.

Ecau svinoaneno 0dno us ycaosut a) r), mo onepamopv. 1 — A u
I — A* nenpepuieno obpamumo.

Teopewma 16.7. Ypasnenua (2) u (4) umerom odunarosoe KoneuHoe
YUCAO NUHETHO HEZABUCUMBLT PEULEHU].

Teopewma 16.8. JJaa mozo wmobv ypasuenue (1) umeno xoms Ool
000 pewenue, HeobToduMo u docmamouHno, Yymobv, daa 106020 pewenus |
ypasuenus (4) evnoanarocw yeaosue (y, ) = 0.

Teopewma 16.9. Ilycmos X, Y beckoHEUHOMEPHDLE AUHETHDLE HOD-
muposannve npocmpancmea, npuvem Y banazoso, A € o(X,Y) u
obaacmo suauenutd R(A) beckoneunomepra. Tozda R(A) me asasemca
aamrnymoti 6 Y.

Teopewma 16.10. Ilyems X, Y  aunelinvie HOPMUPOBAHHBIE TPOCTN-
pancmea, npuvem X Oeckoneunomepno, A€ a(X,Y) una R(A) cywecm-
eyem obpammuuiii onepamop A~L. Tozda A™' neozpanunen na R(A).

16.1. Kakue u3 cieayromux oneparopors A: C[0, 1] = C[0, 1] ssusitor-

Csl BITIOJIHE HENPEPBIBHBIMU t

a) Az(t)=tz(t); 0) Am(t)zjm(T)dT; B) Az(t) = z(0) +tx(t);

r) Ax(t):jetsx(s)ds; 1) Az(t) = z(t2)?

0
16.2. Byaer an BnoJiHe HEMPEPBIBHBIM OMEPATOP
A Cl-1,1] = C[-1,1],  Az(t)= %[m(t)+m(ft)]?

16.3. [lpu kakom ycsosuu na dynkuuio p(t) € C[0, 1] oneparop A:
C[0,1] = C0, 1], Az(t) = ¢(t) z(t), Gyaer BnosHe HeNpPepbIBHBIM?

6 B.A. Tpenorun u ap.
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16.4. Oneparop A: C[0, 1] = C]0, 1] onpenensiercss paBeHCTBOM
1

Ax(t) = [ K(t,5)a(s)ds+ " pu(®)o(ts).

0 k=1
rne K(t,s) nenpepwigna npu 0 < s, t <1, ¢r(t) € C[0,1], tx €[0,1]
ans k=1,2,...,n. Jlokazarb, 4T0 A  BIOJIHE HENPEPbIBHBIHA ONEpaTOp.

16.5. Byjer siu Buosnne nenpepbiBubiM onepatop Az (t) = dx/dt, ecin
OH pacCMaTpPUBAETCA, KAK JIEHCTBYIONIUIL:

a) uz C'[0,1] 8 C[0,1]; 6) uz C?[0,1] & C'[0,1];

8) uz C?[0,1] s C[0,1]? ;

16.6. [lokazars, uro oneparop A: Ls[a, b] — Lafa, b], Az(t) = [ x(T)dT,
BIIOJIHE HENPEPHIBEH. 0

16.7. JlokazaTh, 4TO ONEpPaTop OPTOrOHAJIBLHOIO NMPOEKTUPOBAHUS B

ruibbEepPTOBOM MPOCTPAHCTBE BIOJHE HENPEPBIBEH TOTJA U TOJBKO TOIJA,
Korja ero o6pa3 KOHeYHOMEpEH.

16.8. Kakue u3 cjeayiomux ONepaTopoB, ONpEJeNeHHbIX s T =
= (1, T2, ...) € la ¢ 06sacTHIO 3HAYEHNIT B [2, BIOJHE HENPEPHIBHDI:

a) Az = (0, z{, o, ...);

0) sz(xl,%,%7...); B) Cm:(&:p“%,?,..)?

16.9. /lokazaTh, 9TO ONEpaToOp BJIOXKEHUSI:

a) J: C'a,b]— Cla,b], Jx==x; 6) J: H[a,b]— Cla,b], Jx =z;

BIOJIHE HENpPEpPbIBEH.

16.10. Byjer i BnosiHe HeNpepbIBeH onepaTop Biaokenus J: [y — 1o,
Jr=x?

16.11. Byzaer s BrojiHe HENpPEPBIBEH ONMEPATOP
A Hila, 0]~ Lofa, ], As() =527

16.12. B npocrpauncrse L»[0,1] paccmorpum oneparop Az(t) =
= d?’t/dz? ¢ obmactbio onpenenenus D(A), cocrosimeii u3 ABaXKabl He-
npepeigHo auddepennupyembix GbyHKIui (), yIOBIETBOPAIOMAX T'pa-
nnanbiM yeaosuam x(0) = z(1) = 0. /lokazaTh, uto omepatop A~
CyIIECTBYeT, HAlTH ero U JJ0Ka3aTh, YTO OH BIOJHE HellpepblBeH.

16.13. Ilyctb X =Y  0JHO M3 NPOCTPAHCTB l,, m, ¢, ¢o. Hna z =
= (x1, z2,...) € X nonoxum y = Az = (y1, Y2, ...), rae yr =0, ecan k
HEYETHOEe, U Y = Tip—1, ecau k uvernoe. Jlokazarb, uro A He siBasiercs
BIIOJIHE HENpPepbIBHbIM, X015t A% = () BHOJHE HenpepbIBeH.

16.14. Ilycrs X, Y — 6anaxosb npocrpancrea, A € o(X,Y), B €
€.Z2(X,Y)n R(B) C R(A). Nokazats, uto B € o(X,Y).
16.15. Tlycts X — nunHeiinoe HopMupoBaHHOE mpocTpancTBo. Moxer

g oneparop A € o(X) ObITb U30METPUYECKUM OTOOPAKEHUEM MPOCT-
panctBa X B cebs?
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16.16. [lycts X, Y JIMHEHHbIE HOPMHPOBAHHBIE MPOCTPAHCTBA,
A: X =Y  auneiinbiii oneparop. Bepuo gau, yro A € o(X,Y), ecau:
a) X koneunomepHo;  6) Y KOHEYHOMEPHO;

B) A — orpannuennbiii onepatop u Y KoHeuHOMEPHO?!

16.17. Illycts X, Y JIMHEHHbIE HOPMUPOBAHHBIE MPOCTPAHCTBA,
A,€0(X,Y) (neN)u A, > A (n— o) cunbHo. Cieayer Jin oTcioja,
aro A€ o(X,Y)?

16.18. JlokazaTn, uro at06oii onepatop A € L (H), rne H — ruan-
GepTOBO MPOCTPAHCTBO, ABIACTCA CUJIBHBIM MPEJEJIOM NOCIE0BATEILHOC-
THU BIMOJIHE HEIPEPbBIBHBIX ONEPaTOPOB.

16.19. Ilycrs A € o(l2). /lokazaTb, 9TO CymIECTBYET MOCJIEJ0BATEb-
Hoctb Ay, € .Z(l2) (n € N) Takas, uro A, = A (n — 00) u R(A,) KoHeu-
HOMEpHA, IS BCEX 7.

16.20. Ilycrs e, (n € N) — opronopmuposannbiii 6azuc ruanbeprosa
npocrpancrea H, A, e R (n € N), A\, =0 (n = o). [lna z € H no-

JIOXKAM 0
Az =) A(z, en)e,.
n=1
Hokazath, uto onepatop A onpenenen na Bcem H, TepeRoAnuT ero B
cebsi U sIBJISIETCsl BIIOJIHE HENPEPBIBHBIM.
16.21. TTycrs A € Z(l,) (1 < p <o) u qnsg x = (1, X2, ...) € Iy
Az = (Mz1, Aaza, ...), rae A; € R, sup|Ag| < oo. Hokasars, uro A €

€ o(lp) Toraa n Tosbko Toraa, korga Ay — 0 (k — 00).

16.22. Ilycrs e, (n € N) — opronopmuposanubiii 6azuc ruanbeprosa
npocrpancrea H, Y — 6anaxoso npocrpancrso, A € L(H,Y) wn psan
oo

> [[Aen]|* exommres. [lokasats, uto A€ o(H,Y).
n=1

16.23. Mycrs H — ruanbeproso npocrpancrso, A € Z(H), A*A €
€ o(H). lokazarn, uto A € o(H).

16.24. Vcnosub3yst npeablayilyn 3ajady, J0Ka3aTh, 4T0 eciu A €
€o(H), Tou A* €a(H).

16.25. Ilycts X, Y — juHeiinbie HOPMUPOBAHHBIE MPOCTPAHCTRA,
npuuem X Geckoneunomepuo, A € o(X,Y). /lokazarh, uro Haiigercs
nocaenoBaresbHocTh T, € X (n € N) rakas, uro ||z,]|=1n Az, =0
(n — o).

16.26. /lokazaTh, 9T0 006J1aCTH 3HAYEHUI BMOJHE HEMPEPHIBHOTO OTe-
paropa cenapabesbHa.

16.27. Ilycrb e, (n € N)  opronopMmupoBaHHblii 6a3uc ruiabbepTosa
npocrpaucrsa H, A € o(H). Jlokazars, uro Ae, = 0 (n — 00).

16.28. Ilycrr H — ruanbeproro npocrpancrro, A € £ (H).
JlokazaThb, 4TO CAEAYIONHE YTBEPXKACHUSA SKBUBAJICHTHDI:

G*
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a) el Ty, T, Yn,y € H (n €EN) u z, = = (n — 00) cnabo, y, —y
(n = oc) cnabo, o (Azy, yn) = (Az,y) (n — o0);

6) ecn zy,z € H (n € N), £, >z (n — c0) cnabo, 10 Az, — Az
(n — 00);

B) Aco(H).

16.29. Jlokazarn, uro guas Jjg0boro auneiinoro oneparopa A, 3agan-
HOro BCIOJy B OaHaxoBoMm npocrpaHcTse X M NPUHUMAIOIIErO 3HAYEHUS B
GaHaXOBOM MPOCTPAHCTRE Y, CIAeyIONHe CBORCTRA IKBUBAJEHTHBDI:

a) A nepesoauT JOOYI0 CXOASAULYIOCS MOCJAEJA0BATENBHOCTh T, € X B
CXOJSLYOCs T10C/Ie0BaTeIbHOCTh AL, € Y

6) A nepesogut J106yI0 caab0 CXOALALIYIOCSA MOCJEJ0BATEIbHOCTD
T, € X B caabo cxoasuyrocs nocaeaopareabHocts Az, € Y.

B) A neperoanT NIOOYI0 CXOAAIIYIOCS NOCJAEJ0BATENBHOCTh L, € X
B ¢1ab0 CXOASILYIOCS IIOCAeI0BATeIbHOCTh AL, € Y.

16.30. Tlycts X, Y — GanaxoBbl npoctpancTBa, npudem X pediiek-
cuBno, A € Z(X,Y) u A nepepogut j100y10 €ab0o CXOAANULYIOCS MOCHE-
JIOBATEJILHOCTh T, € X B CXOAsILYIOCA Nocjaegosaresbuocrs Az, € Y.
Hoxkazarb, uto A € (X, Y).

16.31. /lokazaTh, 49T0 n1000ii HENpepbIBHLIA JUHEHHBIA omepaTop
A€ Z(ly, 1) Bnonue HenpepbiBeH.

16.32. Tlyctr X — JaunHeiliHOE HOPMUPOBAHHOE MPOCTPAHCTBO, Y —
cenapabesnbnoe Ganaxoso npocrpancreo, A € Z(X,Y). Jlokazars, uro
A€ o(X,Y) Toraa u Tonbko Torja, Korga A* mepesoaut mo6yio ciabo
exonsAmyioca B Y nocnegoparensHocTh B exofamyioca B X ¥ nocnenosa-
TEJbHOCTb.

16.33. Ilycrs H — ruanbeproso npocrpancreo, A € o(H), M C H —
3aMKHYTO€ OI'PAHUYEHHOE BbIMTYKJIO€ MHO>KECTRBO.

Jlokazarh, 4TO:

a) obpas muoxecrsa M 3amkuyr B H;

6) nns oboro y € H cymectByer Takoe g € M, aro 121{4 |Az —y|| =

xr

= ||Azo — y||. (Corsmacuo [24], onpepesnennbiii takum 00pPa30M 3JIEMEHT
o € H uazmiBaercs xeazupeuwienuem ypasHenus Ax =y, roe =,y € H,
Aeco(H).)

16.34. Ilycrs H — ruanbeproso npocrpancrso, A € o(H). /lokazars,
qaT0 00pa3 eMHUYIHOrO 3AMKHYTOTO Mapa  OUKOMIAKTHOE MHOXKECTEO.

16.35. BepHo Jsin yTBep>KAeHUE NMpeAbAyIIEH 3aJa9n IJIsi OMepaTopa
A € o(X), paccmarpusaemoro:

a) B IPOM3BOJILHOM GaHAXOBOM mpocTpaHcTse X

6) B peduekcuBrom 6anaxoBom npocrpancree X7

16.36. Ilycrr H — ruanbeproso npocrpancrso, A € o(H). /lokazars,
qro cymecrByer takoe © € H, © #0, uro ||Az| = ||A|l||z|].

16.37. BepHo nu yTBepKjeHue Npeablaylieil 3aja4u JIJisg Oneparopa
A € o(X), paccmaTpuBaemoro:
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a) B IPOM3BOJILHOM GaHAXOBOM mpocTpaHcTse X ;
6) B peduekcuBrom GanaxoBom npocrpancree X7

16.38. Ilyctb X  6GeckoHeuHOMepHOe DAHAXOBO IpocTpaHcTBo, A €
€ o(X). Jlokazars, uro cymecrsyer Takoe y € X, 4ro ypasHenue 1-ro
poja Ar =y He umeer pelieHus.

16.39. MoxkeT i BNOJIHE HEMPEPBIBHBIA OMEPATOP UMETh:

a) OrpaHUYeHHbIH 06paTHDI;

6) orpaHuveHHbIH paBbIii O6pATHBINH;

B) npasbiii O6paTHBIR?

16.40. Moxer sin oneparop A: C[0,1] — C]0, 1],
1
Az(s) = [ K (s, t)z(t)dt,
0
rae K (s, t) nenpepoisna npun 0 < s, ¢t < 1, umers orpannuennniii obpar-
HbI#H?
16.41. Ilycrs X — Ganaxoso npocrpancreo, A € Z(X) u cywecrsyer
Takoe ¢ € R, ¢ > 0, uro anst n0boro £ € X BBINOJIHSAETCS HEPABEHCTBO
[|[Az| > ¢||z||. Moxer au oneparop A GbiTbh BNOJIHE HENPEPbIBHLIM?

16.42. I[lycrb X  6anaxoBo npocrpancrso, A € £ (X) u ypasuenue
2z — Az =0 umeer TosbKO TpuBKaJabHoe pemenne. Caegyer nu orcioga, 4To
ypaBHenue x — Az =y umeer peuienue npu Jjwbom y € X7

16.43. [lpuBecTn npumep 6GanHaxoBa MpocTpaHCcTBa X M ONEpaToOpa
A€ Z(X) rakoro, uro ypasuenne z — Az = (0 umeer HECKOHEUHOE YUCIO
JIMHENHO HE3aBUCUMBIX PENIEHUIL.

16.44. Teopembr 16.6-16.8 orHocstes k ypasuenuto Cz = y, rge
C=1-A, A€o(X), X 6GanaxoBo npocrpancTso. JlokazaTs, 4ro ux
YTBEPXKJEHHUsT OCTAIOTCS B CUJIe, eciii B baHaxoBOM npocrtpancTee X pac-
cmorperns ypasuenne Cx =y, rne C =B — A, B€ Z(X), B uenpepbisno
obpatum u A € o(X).

16.45. Paccmorpum oneparop A: C[0, 1] = C[0, 1]

t
Az(t) = [x(T)dT.
0

a) Jlokazarb, uro ypaBHenue T — Az =y uMeerT pemeHusi npu Jio-
oom y € CI0, 1].

6) Haiitu onepatop (I — A) L.

16.46. Ilyctb A  nuHeiiHblii onepaTop, ONpeAeJeHHbIA BCIOLY B JIH-
HEWHOM HOPMHPOBAHHOM mpocTpaHcTBe X co 3HadeHusmu B X, Nj =
= N(A*), Ry = R(A) (k=0,1,...).

okazars, 4To:

a) No C Ny C...C Ni C Ngy1 C ... u npu 31om aubo Bce Nji pas-
JIMYHBI, JUOO CyHMECTBYeT Takoe HamMmeHbinee nesoe n >0, 49to mnpu
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0 < r < n Bce N, pasznuunbl, a Bce nocaeayomue N, copnagaiT ¢ N,
(B 9TOM Ccaiyuae rogopsaT, uro A umeer KoneuHsiti nodsem n);

6) Ro D Ri D ...D Ry D Rgy1 D ... v npu atom snbo Bce Ry pas-
JWYHBI, OO cymiecTByeT Takoe HaumMenbiiee nejgoe m > (0, 4To npwu
0 <r<m Bce R, paznu4nbl, a Bce nocaeayomue R, coBnajgaoT ¢ R,
(B 3TOM cylyuae roBopsaT, 9T0 A UMeeT koneunwli cnyck m).

16.47. Tlycrr X — Ganaxoso npocrpancreo, A € Z(X) n A nmeer
KOHEeuHbI nogbem n u A koneunbiii cnyck m. Jlokazarb, uro n = m
un X=N,&R,.

16.48. [lyctp X GanaxoBo mnpocrpancrso, A =1+ B, rne B €
€o(X).

[okazarn, 4To:

a) A mmeer KOHEUHBIH MO'bEM 71 ¥ KOHEUHBIH CIyCK 1M, CJEJI0BATENb-
HO, MO TIpeJbIaylleit 3a/1aue 1 = m;

6) kaxkj10e MoANPOCTPancTBO N, KOHEYHOMEPHO, KaXKJ0€ JIMHEHHoe
MHOTOOOpasue R, 3aMKHYTO;

B) A orobpaxaer R, wa R, B3aMMHO OJIHO3HAYHO W B3AMMHO HeENpe-
PbIBHO.

16.49. Ilycrb e, (n € N)  oproHopmupoBaHHbIi Ha3uc B rusbdep-

rogom npocrpancree H. Oneparop A € £ (H) nasbisaercss oneparopom
Tuavbepma—IllImudma, eciv Besnanna

A3 = 3" | Ae |

KOHEYHA. n=1

okazars, 4To:

a) seanunna ||A|l2 we 3aucur or BhiGopa opTOHOpMHpOBaHHOrO Ga-
3uca B H;

6) IIAl2 = [ A*[;  w) A< IAll:

r) sesuuuna ||All2, onpenenennas na kiaacce oneparopos ['uibbepra
[TImugra, sijasieTcs HOpMOIL;

1) B npocrpancrse £ (H) oneparopbl ['wibbepra Imuara oGpasyor

JuHelinoe MHorooOpasue;

e) pasenctso (A, B)= Y (Aey, Bey) 3aaer Ha Kjacce 0nepaTopos
m=1
Mansbepra—IlIMmuara ckansiproe npousBegeHue;
k) oneparopbl ['unbGepra [lMuara o6pasyor 6GaHAXOBO NPOCTPAHCT-
BO OTHOCUTENLHO || Al|2;
3) Besikmii oneparop 'manbepra—IlImuara Bnonne nenpepnisen;
u) oneparop A: L]0, 1] = L2[0, 1]

Ax(s) = | K(s,t)z(t)dt, rae

O =

K (s, t) € L]0, 1] x [0, 1], ecrb oneparop I'nanbepra—IlImunara;
K) eciu A oneparop ['mnbbepra lvugra u B € £ (H), o AB

u BA — oneparopsi ['nnnbepra—IlImuara n npu arom ||AB||2 < ||All2|| B,
| BAl|2 < [|All2]| B
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J1) BbIICHUTD, NpHU KAKOM YCJIOBUM HA MOCJEA0BATENbHOCTH A, € R
onepatop A: ly, = Iy, Az = (Mx1, Aaza,...), aaa = (z1, T2,...) € lo
oyner oneparopom ['manbepra—IlImugra.

M) [locrpouTs B mpocrpaHcTBe lo BIOJHE HENPEPBIBHBIA Oneparop,
He sBJasgomuiica oneparopom I'manbepra [Imugra.

16.50. Oneparop A € .Z(H) nazniBaercss adeprviLm, €Cin OH TIPEJCTA-
sum B Buge A = BC, rue B, C — oneparopsr 'nanbepra—ITImuara.

JokazaTb, uTo eciu A AmepHBIA onepaTop, TO:

a) A onepatop ['manbepra IllMuara wu, ciemoBaTesbHO, BIOJHE
HeNpepbIBHBINA ONepaTop;

6) AD w DA, rne D € £(H), saaepHbie ONEpaToOpbi;

B) A* — ayepuwiii oneparop;

r) ass aoboro oproHopMupoBanHoro Oazuca e, (n € N) B H pan
oo

(Ae,,, €,) aBCOMIOTHO CXOAUTCS.
n=1

16.51. B npocrpancrBe [y npuBecTH npumep siAepHOr0 oneparopa u
oneparopa 'mnnbepra—IlImuara, He siRAsIIOLErOCS SIAEPHBIM.

§ 17. HopmanbHO pa3perninmbie OTepaTopbl

IMycrs X, Y — GanaxoBsl mpocTpaHcTBa, 00a BEHIECTBEHHBIE WU 003
kommiekcupie, A: X — Y  numeiinwiii onepatop ¢ D(A) = X u A™:
Y* - X*  conpsixkenunlii K A onepatop.

Oneparop A HA3BIBAETCS HOPMAALHO PABPEULUMbLM, €CIU I Pa3pe-
IUMOCTH ypaBHeHust Az =y HeobX0AuMO U J0CTaTO4HO, 4T06bl (Y, 1) =0
ans moboro pemenus 1 ypasaenus A% = 0.

HopwmanbHo pazpemumblii onepatop A Ha3bIBAETCS HEMEPOBHLM, €C-
au muoroobpasus N(A) u N(A*) komeunomepnbr Ilpu sTom wucyo
n = dim N(A) uaszbiBaerca wucaom nyaed oneparopa A, uucio m =
= dim N(A*) naswiBaercs degexmmuvm wucaom oneparopa A, a uucio
X = n —m Ha3biBaeTCcs underxcom oneparopa A.

Hérepos omepaTop HyJ€BOr0 WHJEKCA HA3BIBAETCS (Hpedz2oabmosbim
onepaTopoMm.

17.1. /lokazaTb, 4TO ecau ypasHeHue Ax = y uMeeT X0Ts Obl OJHO
pemenue, To (y, 1) =0 ans moboro 1 € N(A*).

17.2. [lycts L nuneiinoe muoroobpasue B npocrpancrse Y *. Bee-
JIEM MHOXKECTBO

TL={yeY: (y, f)=0 pna moGoro f€ L}.

[TpoBepuTh, 4YTO yTBEpXKIEHWE MPEAbIAYIIECH 3aJa9 PABHOCHJIHHO

BKJIIOYEHU IO R(A) c J‘N(A*)
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17.3. /lokazaTs, 4To B 0003HaveHusix 3ama4 17.1 u 17.2
R(A) C *N(A™).

17.4. Tlycrs yo ¢ R(A). Hoabsyscs caeacrsuem 1 Teopembr 12.1, j10-
KazaTh, uTO Haiinercs Takoe g € N(A¥), uro (yo, 1o) # 0.

17.5. Boiectu us 3agau 17.3 u 17.4, utro R(A) = *N(A*). Cpasuuts
¢ 3azgaqeil 14.7.

17.6. Ilposepurn, uro R(A) =Y (r. e. uro ypasuenue Azr =y pas-
PEIIUMO JIJisl BCEX Y U3 IJIOTHOrO B Y JIMHEHHOrO MHOroo0pasus) Toraa u
TOJBKO TOTJA, KOrAa Ae(PEeKTHOE YUCI0 OnepaTopa A paBHO HYJIIO.

17.7. JlokasaTh, 4TO Aas HOPMaJbLHOI paspemmmocTu oneparopa A

HEOOXOMMO U JJOCTATOYHO, YTOOBI BBINOIHAIOCH paeHcTBO R(A) = R(A),
T. €. 4T00ObI 06JIaCTh 3HAYEHUi onepaTopa A OblLia 3aMKHYTa.

17.8. llycrs A HOpMaJIbHO paspemiuM U UMeeT HyJeBoe jedeKTHOe
qucno. [Iposeputs, 9ro ypaBnenue Az = y uMmeeT X0Ts Obl OJIHO pelIeHue
aas ioboro y € Y, T.e.uro R(A) =Y.

17.9. Ilycrs pas oneparopa A ero obsmacts 3nauennii R(A) kowneu-
nomepua. Cyegyer au orcioga, 9To A HOPMaJbHO pazpemum?

17.10. JlokazaTts, uto onepatop A € .Z(E* E™) apnserca uérepo-
BBIM OMEPATOPOM MHJEKCA k —m.

17.11. Jlokazate, uto onepatop A € .Z(E*, E*) asnaerca dbpen-
rOJIbMOBBIM ONEPATOPOM.

17.12. llyets A € Z(E*, E™), B € Z(E™, E¥). Jloka3aTh, 4TO
X(AB) =x(A)+x(B).

17.13. [lokazarb, uto ecau oneparop A € Z(X,Y) nenpepbiBHO 00-
paTum, TO OH (PPEAroJbMOB.

17.14. Paccmorpum omepatop A: [, — l,, onpegensieMplii paBeHCT-
BoM Az = (22,23, ...) aaa © = (1, Ta,...) € lo.

a) Haiitu oneparop A™*.

6) Jlokasarh, uro oneparopbl A u A* néreposbl, n HaiiTh UX UHIEKCHI.

B) Jlokazars, uto npu k € N onepatopst A* u (A™)* nérepossr, u naii-
THU UX WHIEKCHI.

17.15. Ilycts A HérepoB onepatop. lIpoBepuTh crnpapeainBOCTH
caeayiomux yreepxjaenuit (meopem Hémepa):

a) uau ypasHenue Az = y umeer xord Gbl 0JJHO pewieHue npu J0OOM
NpaBoii yacTu y, uiu ypasuenue A*i) = 0 uMeeT HETPUBUAIBHOE PellICHHE;

6) kaxxaoe u3 ypasuenuit Az =0 u A*1) = 0 umeer KoHedHOMEpHOE
MOANPOCTPAHCTBO PENIeHUii;

B) eciu ypasnenue Ay = 0 uMeer HeTpUBMAJIBHBIE DEMIEHHs, TO
ypaBHeHue Ax =y umeer X0Ts Obl OJIHO PEIIEHHE JIJIsl T€X U TOJbKO TeX
NpPaBbIX YaCTEil Y, KOTOPbIE OPTOTOHAJILHBI JIIOOOMY PEIIEHUI0 YPABHEHUS

A¥yp = 0.
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17.16. Ilycts A dpearonbmos onepartop. [IpoBeputh cnpaBemiu-
BOCTb CJIe/lyIOIIUX yTBepxKaeHuii (meopem @Ppedzoavma):

a) win ypaBHenue AL = y mmeer €JMHCTBEHHOE penieHue npu Jboil
npagoit yactu y, uiau ypasnenune Az = () uMeer HETPUBUAJbHBIE PEIIEHUS;

6) ypasnenns Az =0 u A%y =0 uam 06a UMEIOT TONLKO TPHUBHAID-
HbIE pelIeHus, WJid 00a UMEIOT OJIMHAKOBOE YUCJIO JUHEIHO HE3aBUCHUMBbIX
pereHnii;

B) €Cim uMca0 HyJel oneparopa A He pPaBHO HyJIIO, TO ypaBHEHHE
Az =y umeer pemeHus JJs TEX U TOJBKO JJIsi T€X Y, KOTOPbIE OPTOro-
HAJLHBI JTIOGBIM pemennsaM ypasnenus A*y) = 0.

17.17. Ilycrs onepaTtop A BHOJIHE HENPEPHIBEH U €ro 06JACTb 3HAYE-
unii R(A) 6eckoneunomepna. Byjer in A nopmasbno pazpeninm?

17.18. Ilycrs oneparop T € o(X) (r.e. T BuOAHE HENpepbiBeH).
Jokazare, uro oneparop A =1 —T ¢dpearonbmos.
17.19. Byaer s oneparop A: Lo[0, 1] = L]0, 1]
t
Ax(t) = [x(s) ds,
0

HOPMAJILHO pa3pemnum?

17.20. Ilycrs oneparop A: X — Y BaMKHYyT M CyIECTBYET TaKoe
m > 0, uro ans moboro x € D(A) Bbmonnsiercs nepasencrso ||Az| >
> ml|z||. JokazaTh, 410 A HOPMAJLHO PA3PEITUM.

17.21. Mycrs {@;}/_,  nnHeiiHO HE3ABHCHMAsH CHCTEMA HJEMEHTOB B
Ganaxosom npocrpanctse X . JIokazaTh, 4TO B CONPSAYXKEHHOM MPOCTPAHCT-
Be X * cyuiecTyer Takas CHCTEMA 3JIeMEHTOR {7i}j=1, uro

_ B 1 npu Z:J,
(pi,vj)=0ij = {0 npu i #j,

(Cucremnr {p;}i n {v;}]_, naswiBaiorcs Guopmozonasvrvimu.)

hi=1,2,..,n.

Hokazarh, uro cucrema {7;}7_; Takxe juHeliHO HE3aBMCHMA.

17.22. Ilycrs cucrembt {@;}i, € X, {7;}}—, € X* Guoproronansupi.
Paccmorpum oneparop P: X — X,

n
Pz =3 (z,7;) i
i=1
a) Jlokazare, uro P € Z(X).
6) Ucnonn3ys 3agaun 8.35, 8.36, mokasarn, uro P siBasiercs oneparo-
pom npoekTupoBanusi B X.
B) IlpoBeputsb, uro oneparop P mopoxkaaeT pasJiokKeHue NpOCTPAHCT-
Ba X B npamyio cymmy noganpocrpancte X = X, ® Xy, T X, =
= R(P), Xoo—n = R(I — P).

n .

17.23. Tlycrs {¢;}7, JINHEiHO HE3aBUCHMAas CHUCTEMa B IPOCT-
pauctee Y*, conpsokennom k 6amaxomy mnpocrpanctsy Y. Beegem mnoa-
npocrpanctea B Y u B Y*:
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Y={yeY: (y.4;)=0,i=1,2,..,n},
Yi={feY* (y,f)=0 nnamoboro y€Y}.

Jloka3aTh, 4TO CyIIECTRYET POBHO 7 JIMHEHHO HE3ABMCUMBIX 3JIEMEH-
ToB y; ¢ Y (i=1,2,...,n) u Takue anementn f; € Y* (i=1,2,...,n),
uro cucrembl {y;}i; u {f;}7_, GnoproronambHer.

17.24. Tyers {1;}7_, anneiino nezapucumas cucrema B GaHaXOBOM
npocrpancree Y ¥ conpsoxennom k 6anaxosy npocrpancrry Y.
okazarh, 4To:
a) B mpocTpaHcTBe Y CYIIECTBYET Takas JMHEHHO HE3ABUCHUMasl CUCTE-
Ma 3nemMenToB {z;}i_;, uTo cucremnl {1;}7_;, {z;}{_; GuopToroHanbHbI;
6) oneparop Q: Y — Y, onpeaensiembrii (hopmyioii
n
Qy=>_(y, ¥i) i
i=1
OrpAaHUYEH, sBJISIETCA ONEPATOPOM MPOEKTHUPOBAHHA B Y U IOPOXKIAET
paszjioKeHue MPOCTPAHCTBA Y B NPAMYIO CyMMY MOJIPOCTPAHCTB Y =

—Y"@® Y™ e Y= R(Q), Y* " =R(I - Q).

17.25. Tlycrs cucremnt {p;}7, € X, {v;}}; € X* a rmakxke cucre-
mit {937, € Y, {z;}j_, € Y Guoproronansumt. OGpasyem koneunomep-
Hblii onepatop K: X —» Y,

n

Kz => (z,v)z.

i=1

n
a) Jlokasarb, uto K* f =" (z;, f)7i, rae uepra 03Ha4a€T KOMILIEKC-
i=1
HOE COMPsKEHHUE B CJIy4dae KOMIJIEKCHBIX npocTtpancte X, Y.

6) Mposeputh, uto Ko =2, K*p; =7 (l=1,2,...,n).

17.26. Ilycrs oneparop A: X — Y dpearosnbmor ¢ uuciom HyJiei
n > 0. lyers {p;}i, € X, {;}]_; € Y*  6a3uchl COOTBETCTBEHHO B
N(A) u N(A*), a {y;}}-, € X*, {2}/, €Y  Ounoproronanbupe K
HuMm cuctembl. O6paszyem omepaTop A=A+ K, rae onepatop K onpege-
JIeH B npejbiayieil 3agade. JJokazars, 4To oneparopbl Au (/Z)>|< UMEIT

HyJIeBble YnCIa HYyJIei.

17.27. B ycaosusx npejpiayuieii 3ajadu jJokazatb, uro R(A) =Y.
17.28. TlpoBeputh, 9T0 B ycjoBusx 3amadun 17.26 oneparop A Henpe-
phIBHO 0OpaTum (910 yTBEpXKAeHue HasbiBaeTcs aemmoti Hmudma).

17.29. IlpoBepuTsh, 9YTO B yca0BUAX 3aja4u 17.26:
a) CnpaBeJIMBbI TIPAMbIE Pa3joxkenus 3ajgad 17.22, 17.24, npuuem

Xn = N(A), Y® " = R(A);
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6) A=A ua D(A) u onepatop A orobpaxaer Xoo , N D(A) na
Y ™" B3aMMHO OJJHO3HAUYHO;
B) A orobpaxkaer X, Ha Y" B3aUMHO OJHO3HAYHO.

17.30. /lokasaTb, uTo eciu oneparop A (pearosbMoB, TO OH IPEICTa-
BuMm B Buge A = B+ P, rue B uenpepbiBHo obpaTtum, a obsgacth 3Have-
unit R(P) koneunomepna.

17.31. JlokasaTb, uTo ecau omneparop A (pearoabMoB, TO OH Ipej-
crapum B Buge A = C + T, rune C wnenpepsino obparum, a T Bnosane
HeINpepbIBEH.

17.32. Ilycts onepatop C' wHempepbiBHO oOpatum, a omnepatop 1T’
Bnoaue HenpepbiBeH. /lokazats, uro onepatrop A = C+ T bpearonbmos.

17.33. Ilposepurb, uTo A (pearoJbMoBocTH oneparopa A €
€ Z(X,Y) HeoGX0AuMO M JOCTATOYHO BBINOJHEHUS KAXKJOTO U3 CJie-
NYIOUHUX YCJIOBHIA:

a) oneparop npeacragum B Buge A= B+ P, rne Be £(X,Y) n B
nenpepbisHo obpatum, a P € £ (X,Y) n R(P) koneunomepHa;

6) oneparop npeacrasum B Buge A=C+T, rne C € Z(X,Y) n C
nenpepbisHo obpatum, a T € Z(X,Y) Bnonne nenpepbiseH.

17.34. llyers A € Z(X,Y), R(A) 3amkuyTa 1 cyuecrsyer rakas
cucrema nemMenToB {y; }7; C Y, uro moboil y € Y eauHCTBEHHBIM 06pa-
n

30M npeAcTaBuM B BUAE Y = > N\;yi+2, rae A; € R, z € R(A). [Jokazars,
i=1
yT0 gedekTHoe uncio oneparopa A pasHo n.

17.35. Ilycre H — xomnJjekcHoe ruinbepToBo npocrpaHcrso, A €
€ %Y (H) — nérepos oneparop u y € H. [lycrs cymecrsyer takoe 1ucsio
r > 0, uro oneparop B: H — H, Bz = r>?AA*z — (z,y)y, ssasercs
HEeOTpuaTeJIbHbIM.

okazarn, 4To:

a) ypasnenue Az =y paspemumo, T. e. y € R(A);

6) ypasnenne AA™f =y paspemumo;

B) snement T = A*f, rne f  pemenne ypasnenns AA*f =y, ne
3aBUCAT OT [ W SABJSAETCA HAMMEHBUIMM IO HOPME PEIIEHHEM ypaBHE-
Husa Az =vy;

I) ecjid 4ucIio HyJiell onepaTopa A He paBHO HYJII0, TO cuctema Az =y,
||[z]| = r paspemuma.



INnmasa 5

CAMOCOIIPA>KEHHBIE OITEPATOPBI.
CITEKTPAJIBHAYA TEOPUSI

§ 18. Camoconpsi>KeHHbIE OMepaTophl

Mycrs H — komnyekcHoe rusibbeproso npocrpancreo. Oneparop A €
€ Z(H) nasbiBaercss camoconpasicennvim, eciu A* = A, 1. e. nna mo-
Obix =, y € H Boimonnsiercs pasenctro (Ax, y) = (z, Ay). MuoxecTso Beex
CaMOCOIPSXKEHHBIX onepaTopos u3 ¥ (H) obozuavaerca 0(H).

Teopewma 18.1. Ecau A, BEJ(H), a, BER, mo a A+ BB € §(H).

Teopema 18.2. Ilyemv A, B € d(H). Onepamop AB camoconpasicen
mozda u moavko mozda, ko2da AB = BA.

Teopewma 183. Fcau A€ d(H), mo ||A||= sup [(Ax, z)|.
llzl[<1

Oneparop A € 0(H) Ha3bIBAIOT HEOMPUUAMEALHbM W 3ANHMCHIBAIOT
A>0, ecn (Az,z) >0 ana awboro x € H. Jlna oneparopos A, B €
€ 0(H) 3anuce A > B nam B < A osnauaer, uto A— B > 0.

Teopewma 184. [lycmv P onepamop npoekmuposanus 6 2urbbep-
mosom npocmparncmee H wa nodnpocmparcmeo M.

Tozoa:

a) P E f( ), npuvem |P|| =1, ecau M #0;

6) P

B) P¢€ (5( )

r) P>0;

) T € M mozda u moavto mozda, xozda ||Pz| = |z|;

e) (Px,z) < ||z%|| dra a0bozo x € H.

Teopewma 18.5. Iyemv A€ 6(H), A2= A. Toeda A ecmv npoexmop
Ha Hexkomopoe nodnpocmparncmeo M C H.

Teopema 18.6. Kasrcduti neompuyamesvrwii onepamop A € §(H)
umeem eduncmeennviti mar nazvieaemuiti keadpamumii xopens v/ A € §(H)
maxoti, wmo (VA)> = A u VA >0. lpu smom VA nepecmanosouen c
onepamopom C € §(H) mozda u moavko mozda, kozda C nepecmaroso-
wew ¢ A.

Has A € 6(H) BBegem caenyiomme 0603Ha eHNs:

1 _ 1
Al=vA,  ar=lyaray, A =lyaoay

roe vV A2 HEOTPHIATENLHBIA KBaJpATHLIH KOpeHb u3 omepatopa A2
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18.1. Jlokazarb, uro A: [, = l,, Az = (Mz1, Aaza,...) aaa z =
= (zy, Ty, ...) €ly, rue Ay € R (k € N), sup |\;| < 0o, ecrb camoconpsi-
>KeHHbIH oneparop. [lpu kakom ycaoBuu Hka MOCIAE0BATENLHOCTD Aj OH
OyaeT HeOTPUIATEIbHBIM !

18.2. [lokazarn, uro oneparop A: L]0, 1] = Lo[0, 1], Az(t) = tz(t),
€CTh HEOTPUIATENbHBII CAMOCONPSI>KEHHBII ONepaTop.

18.3. [lokazarn, uro oneparop A: Ls[0, 1] = L]0, 1]

1
Ax(t) = I et (s)ds,
0
€CTh CaMOCONPSAXKEHHbI HEOTPULIATEJIbHbI.

18.4. llycrs h € R, h # 0 dukcuposano. [Jokazars, 4T0 pasHOCTHbII
oneparop A: La(—00,00) = La(—00, oc),

Am(t):ﬂm (t+§) *T(’L’gﬂ

ABJISACTCSA CAMOCOTNPSIYKEHHBIM.
18.5. Mycrs A, B€ £ (H), A€ §(H). loxasats, uro B¥*AB € §(H).
18.6. Ilycrb A € 6(H). dokazarb, 4T0:
a) [|All= sup [(Az,z)|; ©) ||A= sup [(Az,y)l|.
lzll=1 lzll=1
[lyll=1
18.7. Ilycrr H — komnyekchoe ruanbeproso npocrpancrso, A € §(H)
v aast mo6oro x € H uncno (Az, x) semecrsenno. lokazars, uro A €
€4(H).
18.8. Ilycrb A € 6(H). Byaer sy 3aMKHYTbIM Ha BEIECTBEHHOI MMpsi-
moit muoxectro (Az, ), ecnin z € H, ||z|| =17
18.9. llycrs A€ Z(H) u (Az, z) =0 gas nwboro x € H. Jlokazars,
uro A = (. BepHo sin 910 yTBEpXK/EHHUE JIJISI O'PAHUYEHHOrO JIMHEHHO-
ro OneparTopa, pacCMaTpPUBAEMOrO B BEHIECTBEHHOM TMJILGEPTOBOM MPOCT-
paHcTBe?
18.10. Mycrs A€ 6(H), z, € H (n€N), z, >z (n — oo). Joka-
3ath, ut0 (AZ,, ,) = (Az, z) (n — o0). CymecrBennoamn,uro A € §(H)?
18.11. fIBnsieTcss AW MOAMPOCTPAHCTBOM B THJABOEPTOBOM MPOCT-
pancree H muoxecrso N ={z € H: (Az, z) =0}, ecan:
a) Aed(H); 6) Aed(H), A>07
18.12. Ilycrs A € Z(H). Jlokasars, 4ro:
a) A(A+ A*) € 6(H) pans moboro A € R;
6) A unpeacrasum B Buge A= A;+iAs, rue Ay, As € §(H).
18.13. MoxkeT au 0o6JIACTh 3HAYEHHH CAMOCOMPSIKEHHOIO OMEepaTopa
ObITH HE3AMKHYTO#?

18.14. Tlycrs A € 6(H), N(A) =0. /lokazars, uro R(A)= H.
18.15. Ilycts A € 6(H). lokazaTs, uto ||A%|| = || A||>.
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18.16. TTycrs A, € §(H) (n € N) n npu n — oo A, CHIBHO CXOJUTCH
k oneparopy A. Jlokazars, uro A € §(H).

18.17. Ilycrs A, € §(H) (n € N), A, >0 u npu n — oo A, cuib-
HO cxoauTest K oneparopy A. [lokasars, uto A > 0.

18.18. Ilycrb A € 6(H). [lokazaTb, 4To ecau ais HeKOTOporo r € H
Az #0, ro A"z # 0 aas 1106000 HATYPAJIBLHOTO 7.

18.19. Ilycrs A€ 0(H).

a) Jlokazarb, uro mus awboro z € H u nioboro narypanbuoro n > 1
phITIONIHAETCA HepaseneTro ||A"z||? < ||[A™ z|| x ||[A" x|

6) Mycrs z € H, z ¢ N(A). [Jokazars, 4T0 110C/I€10BATEIBHOCTh
_ 1AM g

m n € N,
A" ]|

an
CXOJATCS.

18.20. Ilycrs A€ d(H), A>0.

Jlokazarh, 9TO cieayomne yTBEP>K/IeHNST IKBUBAJECHTHDI:

a) R(A) sciony motva B H;  6) N(A)=0;

B) (Az,z) >0 pas gwoboro z € H, z # 0.

18.21. Tlycrs P € £ (H), P*=P.

JlokazaThb, 94TO ClEAYIOINE yTBEPXKACHUS SKBUBAJICHTHDI:

a) Peé(H); 6) PP*=P*P; &) R(P)=(N(P)*%;

r) (Pz,z)=|Pz|?® ana moboro = € H.

18.22. Ilycts A € £ (H). Jlokazath, uro AA* u A*A  neorpuna-
TEJIBHBIE CAMOCOTIPSIYKEHHBIE OMEPATOPHI.

18.23. Ilycrb A, B€d(H) u A > 0. Jlokazars, uro BAB > 0.

18.24. Mycrws A,B€d(H), A> B, C € Z(H). lokazars, uro C*AC,
C*BC €d6(H) n C*AC > C*BC.

18.25. Ilycrr A, B € §(H) w Boinonnsitorcss nepasencrsa A > B n
B > A. [lokazarb, uto A= B.

18.26. Bepno s, uro gas amobeix asyx oneparopos A, B € §(H)
cnpaBeayingo qubo A > B, qubo B > A?

18.27. Ilycrs A € §(H), A > 0. [lokazarb, uro pas awboro = € H
Bbinoansercs nepasenctso |Az|? < [|A||(Az, z).

18.28. Ilycrs A € 6(H), 0 < A < Al, rae A € R. Jlokasarp, urto
Al <A

18.29. Ilycrs A€ 0(H) u A nenpepnisuo obparum. /lokazars, uro
A=t e §(H).

18.30. Ilycrb A€ 6(H), A>0 u A uenpepbisro o6patum. JJokazarn,
aro A1 > 0.

18.31. Ilycrs A € §(H), A € C, Im\ # 0. Jlokaszars, uro oneparop
(A—XI)"! cymectryer.
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18.32. Ilycts A € £ (H). Jlokazath, uto oneparop (I +AA*)~! cy-
1IECTBYET.

18.33. Ilycts A € 6(H), A > 0. Jlokazats, uto onepatop (I + A)~!
CYIIECTBYeT.

18.34. Ilycrs A € §(H), A > 0. lokazarb, uro s Jawboro A > 0
onepatop A+ Al HenpepbIBHO 0OpaTUM.

18.35. [lokasarb, uro onepatop A € £ (H) nenpepbiBHO 06paTUM TOT-
Ja U TOJbKO TOrJa, Korja cyumecrsyior takue o, € R, a >0, > 0,
aro AA* > al, A*A>pBI.

18.36. Ilycrb A, B€d(H), 0 < I < A< B. Jlokasarb, yto A, B ne-
NpPEpPLIBHO 0OpATUMBI U B! < AL

18.37. llycrs A, B€ §(H), A>0, B>0u AB = BA. Jlokazars,
uro AB > 0.

18.38. Ilycrs A, B,Ce€d(H), A>B,C>0, AC=CA, BC=CB.
Hokaszarn, uro AC > BC.

18.39. Paccmorpum oneparop A: lo — Iy, Az = (0,0, 23, T4, ...) aas
= (x1, T2, z3,...) € ly. Jlokazars, uro A € §(ly), A > 0. Haiitu VA.

18.40. Tycrs A € 6(H), A > 0. Jlokazars, uro ||V A|| = /][ A]l.
18.41. B npocrpancree FE?2 onepatop A nepeBogut x = (Z) B

Az = (32422, Nlowasars, w10 A € 5(F?) w o A > 0. Haitru V/A.

18.42. Myern A,B,C € 6(H), A >0, B2=C? = A. JlokazaTh, 4T0
BC =CB.

18.43. [lust oneparopos 3ajau 18.1, 18.2 naiiru oneparopni |A], AT, A~

18.44. Jlokazarn, uro gz A € 6(H):

a) ATA= = A- A+ =0

6) |A] >0, |A| =0 rorga u rosbko roraa, korga A =0;

B) |[A?=A% r)eum AT =0, 10 A=At =|A|;

n) ecmm AT =0, 10 A=—-A" =—|A|.

18.45. [lokasatb, uro jansa A € §(H) nopma oneparopa |A| pasua
HOopMe oneparopa A.

18.46. ITycrs A€ 0(H), A > 0. /lokazars, uro |A| = A.

18.47. Ilycrb e, (n € N)  opronopmupoBannbiii 6aszuc 8 H. Omupe-
neaum oneparop A: H — H pasencrsamu Ae; =0, Ae,, = e,_1/n npu
n > 1.

/lokazaTrh, 4TO:

a) A€ £(H) u A Bnosne HenpepbiBeH;

6) me cymectsyer onepaTtopa B € .%(H) Takoro, uto B%= A,

18.48. Ilycrr A € Z(H). Jlokasarh, 4TO CylI€CTBYET W €JMHCTBEH
oneparop B € §(H) rakoii, uro B >0, u ans noboro x € H Bhimoansier-
cs pasenctso ||Az|| = ||Bz]|.
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18.49. Ilycrs A: H — H  takoii jsuueiinbiii oneparop ¢ D(A) =
= H, uro past mobbix z,y € H seinonnsiercs pasencrro (Az, y) = (z, Ay).
Jokazarh, uro A — orpanuuennblii onepaTop u, caejgosarennno, A € 6(H).

18.50. Ilycts A € Z(H), AA* = A* A (onepatop, nepecTanoBOYHbBIf
CO CBOUM COTIPSI>KEHHBIM, HA3BIBAGTCS HOPMAALHHLM).

JlokazaTrh, 4TO:

a) ||[Az| = ||A*z| ana moboro x € H;

6) N(A)=N(A*) = (R(A)*:  ») [|A%] = [Al*%

r) ecntu A2=A, to A€d(H); n) eciu A2=0, T0 A=0.

18.51. Ilyctn A € Z(H) — nopmannnbii oneparop, npuuem A~! €
€ .Z(H). Jlokazath, uro A~!  HOpMAaJbHBIil ONEpaTop.

18.52. llyecre A € X(H), a,f € C, |a| = |p| = 1. [Jokazars, uro
onepatop aA+ BA* nopManbHbIii.

18.53. Ilycrs A,, A € Z(H) — nopmaabnbie oneparopnl (n € N) n
A, — A npu n — oo cunbno. [lokazaThb, uto A% — A* npu n — oo cunbHoO.

18.54. Ilycrr A € §(H), A >0 n A Buosne nenpepbisen. /lokazarn,
4T0 \/ A BIOJIHE HENPEPBIBEH.

18.55. Ilycrs A, B€ §(H), 0 < A< B n B — BuosHe HenpepbIBHbI
oneparop. Jlokazars, 4ro A — BHOJIHE HENPEPBIBHbBINA ONIEPATOP.

18.56. Ilycrr onepatop U onpenesieH BCIOJYy B KOMIJIEKCHOM THJIb-
6eprosom npocrpancrse H wm orobpaxkaer ero na sce H. Oun nasbi-
BACTCA YHUMAPHBLM, €CJIU AJs JI00bIX Z,y € H BHINONHAETCS PABEHCTRO
(U, Uy) = (2. 1).

Jlokazarh, 4TO:

a) YHUTAPHbBIA ONEPaTop JIMHEEH U OrPAHUYEH;

6) yHuTapHbIii onepaTop nmeer 06paTHbINA, KOTOPbIA TAKXKE yHUTAPEH;

B) NPOM3BEJEHME JIBYX YHUTAPHBIX ONEPATOPOB €CTh yHUTAPHbIH One-
paTop;

r) JguHeiHbI u3oMeTpuueckuii oneparop, 3agannbiii Ha Bcem H w
oTobpaXkaromiuii ero Ha Bce H, ecTh yHUTAPHBINA ONepaTop;

n) oneparop U € £ (H) sBisieTcs yHUTAPHBIM TOIJIA U TOJbLKO TOTJA,
korma U* =U~1.

18.57. llycrs A € Z(H) nu A uenpepbigno obparum, B = vV A*A.

a) Jlokazarnb, uro B € §(H), B >0 n B nenpepbisno obpaTum.

6) Monoxkum U = AB™!, tak uTo cnpasesinBo npejacrasienue A =
= UB, koTopoe Ha3bIBAETCs NOAAPHOIM Padaoscenuem. Jlokazars, aro U —
YHUTAPHBIIA OMepaTop.

§ 19. CoekTp JUHENHOTO ollepaTopa

IMycrs X — kommiiekcuoe banaxoso npocrpancrso, A: X — X — ju-
Heiiuplii oneparop ¢ obsacrbio onpenenenus D(A), maornoii B X, A
KOMILJIEKCHOE 1M CJIO.
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Touka A\ maspiBaeTcs pezyaaproli mouwwoti oneparopa A, ecam one-
patop A — Al uenpepbiBHO o6paTuM. COBOKYNHOCTb PEryJsipHBIX TOYEK
onepatopa A Ha3bIBAETCA PE3OALEEHMHBLM MHOHCECMBOM OonepaTopa A
u oboznauaercs p(A). Ecam A € p(A), To orpannuenuniii nuneiinpiii one-
patop Ry(A) = (A — M)~ naswiBaerca pesoaveenmoti onepatopa A.
Hdononnenne k muoxkectBy p(A) B KOMIJIEKCHOH T1JI0CKOCTH HA3bIBAETCS
cnexmpom oneparopa A u oboznauaercsa o(A).

Teopewma 19.1. Cnexmp onepamopa A € £ (X) ecmv samrnymoe
MHO2ICECMB0, Aedrcawee 6 kpyze [N < || Al

Yucao A € C naswiBaercsa cobcmeennvm 3navenuem oneparopa A,
ecau cymecrsyer takoii sanement x € D(A), z # 0, uro Az = Az. Tlpn
9TOM I HA3bIBAETCHA COOCMEEHHBLM 6eKkmopom oneparopa A, coorsercr-
BYIOIAUM COOCTBEHHOMY 3HadeHHI0 A. Beskoe cobCTBEHHOE 3HAYEHHUE OTe-
paTopa A ABISETCA TOYKOI €ro cnekrpa, W npu 3ToM oneparop A — A/
He 0OpaTuM.

Teopewma 19.2. I[lyemv A € L (X), 2de X 6anazoso npocm-
parcmeo. Tozda cyuecmeyem konewnvit npeden

re(A) = lim [|A"|'/",
n—o0
HA3BLBAEMBLT CnexmparbroLm paduycom onepamopa A. Ilpu smom
inf [|A™ '/ =, (A) < || A].
n>1

Teopema 19.3 ITyemv A € ZL(X), 2de X — 6anaroso npocm-
pancmeo. Feau |X| > rq(A), mo X € p(A).

Oneparop-dbynkuus A(\) HazwiBaeTCs anaiumuveckoli 6 mouke g,
€CJM OHA PA3JIAraeTcsi B HEKOTOPOil OKPECTHOCTH TOYKM Ay B CTENEHHOii
psijt oc
AN =3 A(d =),

k=0
cxongamuiics no uopme £ (X) B 9TOH OKPECTHOCTH.
Teopewma 19.4. Ry (A) anaaumuYeckes Gyrkyuis A 6 410001

moure A € p(A). Feau A€ ZL(X), mo npu |A| > r,(A)
RA(A)=->" A" 1A
n=0

Teopewma 19.5. Ecau A € L (X), 2de X  banaxoso npocmparcm-

60, mo o (A) — Henycmoe MHOHCECNBO.

19.1. Mycrs A: X — X — juneiiublii oneparop u oneparop A~!
cymecrsyer. Jlokazars, uro A u A™! umelor ojHu U TE Ke COOCTBEHHbIE
BEKTODBI.

19.2. Moxer squ oneparop A € £ (X), ya0BAeTBOPAOMIMA yCJIOBUIO
A% =0, umeTh HeHyJeBbIe COBCTBEHHBIE 3HAYCHUS?

19.3. Illycts A € .Z(X) u onepatop A? uMeer coGCTBEHHBIH BEKTOP.
JlokazaThb, uro A uMeeT cOGCTBEHHbBIH BEKTOP.

7 B.A. Tpenorun u ap.
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19.4. B BewecrsenHoMm Jjuneiinom upocrpancrse C[—m, w] Haiitu

coOCTBEHHBIE 3HAYEHHUS U COOCTBEHHBIE BEKTOPbBI OTIEPATOpA:
™

a) Az(t)=xz(—t); 6) Az(t)= [ cos (s +1) z(s) ds.
19.5. B Bewecrsennom amneiinom npocrpancrse C[0, 7] naiitn cober-

BEHHbIE 3HAa4YeHUst U cOBCTREHHbIE BeKTOphl onepatopa Az(t) = d’xz/dt?,
TE

:(t) € C[0, m]: 2" € C[0, 7], z(0) = z(7w) =0};
z(t) € C[0, n]: 2" € C|0, 7], 2'(0) = z’'(7) = 0};
B) D(A)={z(t) € C[0, n]: " € C[0, x], £(0) = z:(x), ='(0) =z'(m)}.
19.6. Ilycrs A € Z(X), rae X — 6anaxoso npocrpancrso. JJokazars,
uro npu |A| > r, (A) Bemonnsierca nepasenctso || Ry (A)| < (|A]—[|A]]) !
19.7. JlokazaTh, 4T0 ONEpaTop U €ro pe3oibBEeHTa MEePECcTaAHOBOYHbI.

19.8. Jlokazarn, uro eciu A, p € p(A), To
RA(A) = Ru(A) = (A~ p) RA(A) Ru(A) = (A — p) R (A) RA(A).

19.9. llycrs A, B € Z(X), A€ p(A) N p(B). lokazark, uro
Ry(A)— R\(B) = R\(A)(B — A) R\(B).

19.10. Ilycrs oneparopsl A, B onpegenennt Ha scem X. Jlokaszars,
4TO 17151 TOro, YT00bl A U B GbLIu NepecTaHoBOYHbI, HEOOX0AUMO, YTOOLI B
Ob1 nepecranosouen ¢ Ry(A) pas awoboro A € p(A), m pocraroqno,
uTobb1 B u R)\(A) 6blin nepectaHoBo4HbI X0Ts1 Obl 151 01HOTO A € p(A).

19.11. llyers A, B € Z(X), X € p(A), ||B—A| < ||[RA(A)||7L. Jo-
Ka3arb, 410 A € p(B) n

Ry(B) = i A~ B)Ry(A)".

19.12. Tlyers A € . Z(X), X € p(A) n p € C rmakoso, uro |p| <
< |[RA(A)]|7!. Hokaszars, uto A —pu € p(A).

19.13. Tlycrs A € Z(X). Moxer am oneparop Ry(A) Gbirh BrOMHE
HENPEPbIBHBIM?

19.14. B npocrpancree C]0, 1] paccmorpum oneparop Az (t) = tx(t).
Hoxkazars, uro o(A) =[0, 1], npuuem HK OHA TOUKA CIIEKTPA HE SIBJISETCS
COOCTBEHHBIM 3HAYCHHUEM.

19.15. B npocrpancrse C[0,27] paccmorpum oneparop Az (t) =
=e'tz(t). JokazaTs, uto 0(A)={A € C: |A\| =1}.

19.16. B npocrpancrse C[0,1] paccmorpum omeparop Az(t) =
=xz(0)+tx(1). Haiitu o(A), r,(A), Rx(A).

19.17. Tlycts M — nenyjaeBoe noAnpocTPaHCTBO M'MALOEPTOBA MPOCT-

panctBa A. HaiiTu cnextp onepaTopa P 0OpTOrOHaJbHOTO NPOEKTUPOBA-
nus Ha M. Beipasurs yepes P pesonbsenry Ry (P).
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19.18. B npocrpancrse C[0, 1] paccmorpum onepatop

Az(t)= | z(7)dT.

O =~

Haiitn o(A), RA(A).

19.19. Ilycrb e, (n € N)  oproHopmupoBaHHbI Hazuc B rusbdep-
roBoM npocrpanctse H. Onpeaenum onepatop A: H — H paBencTBamu
Ae; =0, Aeg41 = ¢ (k€ N).

a) Jlokaszare, uro A € Z(H).  6) Haiitu oneparop A*.

B) Hokazats, uro o(A) = {A € C: |A| < 1}, npuueM BHYTPEHHOCTH
Kpyra COCTOMT M3 COOCTBEHHBIX 3HAUEHMH A

r) Jlokazats, uro o(A*) ={X € C: || < 1}, npuuem A* ne nmeer
COOCTBEHHBIX 3HAYCHMUI.

19.20. Paccmorpum oneparop A: lo — o, Az = (A1z1, Aoza, ...) and
z = (z1,T2,...) €la, rne A, € C (n € N), sup|\,| < co. Haitru o(A).

n

19.21. JlokazaTh, 9T0 J1060€ HUKOMIAKTHOE MHOXKECTBO HA KOMILIEKC-
HOI MUIOCKOCTH sIBJISIETCS CNEKTPOM HekoToporo oneparopa A € Z(ls).

19.22. B npocrpancrse C0, 1] pacemorpum Az(t) = dz/dt.

/lokazaTrh, 4TO:

a) o(A) nycro, ecin D(A) ={z(t) € C[0,1]: z' € C[0, 1], z(0) = 0};

6) o(A) cocTouT U3 0JHUX COOCTBEHHBIX 3HAYCHUH, 3AMOJHAIOUIUX BCIO
KOMILIEKCHYIO TIOCKOCTh, ecniu D(A) = {z(t) € C[0,1]: =’ € C[0, 1]};

B) o(A) cocront n3 coberennbix 3navennii 2win (n=0, 1, £2,...),
ecin D(A) ={z(t) € C[0,1]: ' € C[0, 1], z(0) = z(1)}.

19.23. Ilycrs A, B € Z(X). Jlokazarh, 4TO HEHyJIEBbIE JIEMEHTHI
0(AB) u o(BA) cosnasaior.

19.24. Ilycrs A € Z(X), A € C u cymecTByeT Takas nocJaeJ0BaTeb-
nocrb L, € X (n € N), uro ||z,]|=1 n Az, — Az, — 0. /lokasars, uro
Aeo(A).

19.25. Tlycrs A € . Z(X), A € 0(A). Hokazars, uto A" € 0(A™) npu
JI060M HATYpAJBLHOM 7.

19.26. Ilycrb A € Z(X) u A uenpepbiBao obparum. /lokazars, 410
ecin A € 0(A™1), o A7t € 0(A), u, obparno, eciu p € o(A), To pt €
ea(A™).

19.27. I[lycrb H  rusnbbeproso npocrpancrso, A € £ (H) u A apus-
eTcsi HOpMaJbHBIM, T. €. yjoBjaeTBopseT yenosuio AA™ = A*A. Jlokazars,
aro ecin 7, (A) =0, To A=0.

19.28. Ilycrb H ruanbeproso npocrpancrso, A € £ (H). Jlokazarn,
ato onepatopel AA* u A*A uMeoT onMHAKOBDLIE HEHYJEBBIE COOCTBEH-
HbI€ 3HAYEHNWA.

19.29. Paccmorpum oneparop A: Lsfa, b] — Lsa, b],
Az(s) :IK(S, t)z(t), dt,

7 “
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rae K(s,t) nenpepbisaa B Tpeyrojpiuke a < t < s, a < s < b. Jlokazars,
uro 75(A) =0. Byner in A =0 cobcreennbiM 3nauennem oneparopa A?

19.30. /lokazaTb, 9TO AJs1 CAMOCONPSIX)KEHHOIO0 ONEpaTopa B THIb0ep-
TOBOM mpocrpancTie r,(A) = ||A|l.

19.31. Ilyecrs A € Z(X), rne X — Ganaxoso npocrpanctso. Jlo-
Ka3aTh, 4TO Ha OKpyxkHOcTU |A| = 1,(A) umeercsa xors Gbl OjiHA TOUYKA

uz o(A).

19.32. Ilycrs A, B€ .2 (X),rne X  Ganaxoso npocrpauctso, AB =
= BA. ]JlokasaTb, 4TO

ro(A+ B) <r,(A)+r,(B), ro(AB) <1s(A)r,(B).

19.33. [lycrb H  rusnnbeproBo npocrpanctso, A € £ (H). Jlokazarn,
aro 0(A*) = o(A) (4epra 03HAYACT KOMIIEKCHO® COMPAYKEHHE).

§ 20. CieKkTp BMOJIHE HENPEPBHIBHOTO M CAMOCOTPSXKEHHOTO
oriepaTopa

Teopema 20.1. Ilyemv X — Komnaercroe 6aHATOBO NPOCMPAHCN-
60, A € 0(X). Tozda cnexkmp A cocmoum ne Gosee uem U3 CHEMHO20
MHOHCECTNEA COOCMEEHHBIT 3HAYeHUTl, eduncmeennoti npedeabroti moukot
KOTOPLLL MONHCEM, cayrcums auub mouka XA = 0. Eeau X beckoneumno-
mepro, mo 0 € o(A). Cobemesennoe nodnpocmpancmeo A, coomseemem-
syrousee cobcmeennomy sHaueruto A # 0, KOHEUHOMEPHO.

Teopema 20.2. I[lyemv A — 6noane HeNPEPLIEHBIT CAMOCONPANHCEH-
HOL ONEPamop 6 KOMNAEKCHOM 2urbbepmosom npocmparcmee H.

Tozda:

1) ecau A # 0, mo A umeem no kpaiined mepe 00Ho cobemeenHoe
SHAUEHUE, OMAUYHOE O HYAM;

2) 6ce cobemeenHbie 3HAYEHUA A BEUWECMEEHHD U PACTIONOHCEHB HA
ompeske [m, M|, 2de

m= inf (Az,x), M = sup (Az, x);
[lz]]=1 lz||=1

3) ecau M # 0, mo M saeasemca HaubOADULUM COOCNEEHHDIM 3HA-
wenuem A, ecau m # 0, mo m ABAAEMCA HAIUMEHLULUM COOCMEEHHBLM
suavenuem A.

Teopema 20.3. Ecau A 6NONHE HENPEPBLEHBIT CAMOCONPANHCEH-
MOl ONEPATNOP 8 KOMNALKCHOM 2usbbepmosom npocmparcmee H, mo npu
aobom x € H anemenm Ax pasaazaemcs 6 crodawuiica pad @ypve no
OPMOHOPMUPOBARHOT, cucmeme cOOCMEEHHBLT 6eKMOopos A.

Teopema 20.4. Ecau A 6noane HenpepbieHvill CAMOCONDAHCEHHbLT
onepamop 6 cenapabesbHom 2uavbepmosom npocmpancmee H, mo ¢ H
cywecmsayem 0pmoHOPMUPo8aHHl ba3uc u3 cOOCMBEHHVLT 6EKMOPOS
onepamopa A.

20.1. /lokaszars, uro oneparop A:ly — s, Az = (0, z1, 2/2, x3/3,...)
ans = (xy1, Ta,...) € l2, BIOJHE HENPEPBIBEH, U HAWTH €r0 CIEKTP.
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20.2. /lokazarsb, uro oneparop A: Lo[—1,1] = Lo[—1,1]
1
Ax(s) = [ s?tx(t) dt,
-1
BIOJIHE HEMPEPBIBEH, M HANTHU €ro CIeKTp.

20.3. /lokazarsb, uro oneparop A: Lo[—1,1] = Lo[—1,1]
1
Az(s) = [sm — st)z(t)dt,
0
BIIOJIHE HENPEPbIBEH, M HAATH €ro CneKkTp.

20.4. [Tycrs A € o(X), rge X — GanaxoBo npocrpancTso, u A # 0.
Hokazarn, uro R(A — AI) 3amknyra B X .

20.5. /JokazaTh, 9TO COOCTBEHHBIE BEKTOPHI CAMOCOMPSI)KEHHOTO One-
paTopa, COOTBETCTBYIOIINE PA3JTUIHBIM COOCTBEHHBIM 3HAYEHUSIM, OPTOrO-
HAJIbHBI.

20.6. /lokazaTb, 9TO COOCTBEHHBIE BEKTOPHI HOPMAJILHOTO OMEpPaTOpa
B rusib0epTOBOM npoctpancTse (M. 3agady 18.50), cooTBeTCTBYIOIME pa3-
JINYHBIM COOCTBEHHBIM 3HAYEHUSIM, OPTOTOHAJIBHBI.

20.7. JlokazaTb, uro oneparop A: L»[0, 1] — L»]0, 1]
CaMOCOIPSI’KEH W HAWTH ero cnekTp.

Ax(t) = tx(t)

20.8. /JokazaTh, 9TO CMEKTP CAMOCOMPSI>KEHHOTO ONEepPaTOpa BEIIeCT-
BEH U JlexuT Ha orpeske [m, M].

20.9. /JokazaTh, 9TO CAMOCONPSI>KEHHBIH OMEPATOP SIBJISIETCS HEOTPH-
LATEJNbHBIM TOIJIA U TOJLKO TOr/Ia, KOrjaa s jioboro A € o(A) Bbinosms-
ercst HepaBeHCTBO A > ().

20.10. Ilyctb A camoconpsi>kenHnblii oneparop B H u A He siBasieTcs
ero cobGcrBennbiM 3Hadenuem. Jlokazars, uro R(A — A1) sciogy niornas H.

20.11. Ilyctb A camoconpsizkennbiii oneparop B H u R(A — X)) =
= H. Jlokazatn, uto X € p(A).

20.12. ITycrs A — camoconpsikennniii oneparop 8 H nu A € p(A) —
semecreentoe uncao. Jlokaszarn, uro pesonnsenta Ry(A) — camoconpsi-
JKEHHBI onepaTop.

20.13. Ilycth A — camoconpsixkennniii oneparop B H u A € p(A),
Im A #0. Jlokazats, uro ||[Ry(A)|| < [ImA|~".

20.14. Ilyctp A BIOJIHE HEMPEpPBIBHBII OMepaTop B KOMILIEKCHOM
GanaxoBoM npoctpancTse X . Moxer jin coDCTBEHHOE MOANPOCTPAHCTBO A,
COOTBETCTRYIOIEE cOOCTREHHOMY 3Ha4YeHUI0 A = (), ObITh OecKOHEYHOMED-

?
HbIM !

20.15. Ilycrs BrOJIHE HENPEPBLIBHBIN CAMOCONPsi>)KeHHbINH oneparop A
B OeckoHeunomMepHOM ruyibbepToBOM mnpocTpancTse H wumeer konedHoe
MHOXKECTBO cOOCTBEeHHBbIX 3Ha4YeHuil. /lokazars, yto A =0  cobcTBeHHOE
3HayeHue oneparopa A.
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20.16. Ilycrb €, (n € N)  oproHopmupoBaHHbIii 6a3uc ruabbeprosa
npocrpaucrea H, A\, € R, A\, =0, A: H - H — Takoii sjuneiinblii one-
patop, 4to ajs jawboro x € H cnpasemyiuBo pazioxkenue B psajg Pypoe

o<
Az =" A(z, en)ey.
n=1
Hokazarh, yr0 A — BIOJIHE HENPEPBIBHBII CAMOCONPSIXKEHHbIH One-
paTop.

20.17. Paccmorpum oneparop A: 1[0, 1] — L]0, 1],
1
Az(t) = [ K(t, s)z(s)ds,
0

t(1—s) mpm 0<t<s<l,
s(1—t) mpm 0<s<t<l.

Hokazarh, yr0 A — BIOJIHE HENPEPBIBHBII CAMOCONPSI>XKEHHbIH One-
paTop, ¥ HAWTH COOCTBEHHBIE 3HAYEHHUST W CODOCTBEHHBIE BEKTOPHI OMepa-
Topa A.

rue

K(t,s)=

20.18. Ilyctp A CAMOCOTPSIXKEHHBI omepaTop B cenapabenbHOM
ruab0epTOBOM mpocTpancTBe H, cnekTp KOTOPOro COCTOUT U3 COOCTBEH-
Hbix 3Hadennit A =0 u A = 1. J/lokazaTh, uto A  omnepaTop OpTOrOHAJb-
HOI'O MPOEKTUPOBAHUSI.

20.19. Ilycrb A — BnoJiHe HenpepbIBHBINA OnEpaTop B cenapadesbHOM
rusinbeprorom npocrpancree H.

a) Jlokazath, uto A*A BIOJIHE HEMPEPBIBHBIA CAMOCOMPSIYKEHHbBIN
onepaTop.

6) /lokasare, uro B npeactasnennn A*Az =" py(z, hy) hy, BoITE-

Katouem u3 Teopembl 20.3, Bee p, > 0. n

1
B) Iyerb Ay = /lin, €n = )\—Ahn. Hokazarh, 4T0 €, — OPTOHOP-
n
MHUPOBaHHAs cucTeMa u JJist jiroboro x € H cnpaBeaimBo npejacrapieHue

Az =) "Ap(z, hy)e,

(npu 9TOM A, HA3BIBAIOTCH CUH2YAAPHUMU YUCAGMU onepaTopa A).

20.20. Ilycrs A BIOJIHE HENMPEPBIBHBINA CAMOCOTIPSIXKEHHBIN Omepa-
Top B cenapabGesnbHoMm ruabbeprosom mpocrpancrse H, hy (k € N)
OPTOHOPMHUPOBAHHBIA 0a3uc, COCTABIEHHBIH M3 CODCTBEHHBIX BEKTOPOR
oneparopa A ¢ cobcreennbiMu 3HavenusivMu Ay, f € H, A € C.

Hoxazarb, 4ro pemenue ypasuenus (A— M)z = f:

a) uMmeer BUj

1 An

€CAM A OTJWYHO OT BCEX COOCTBEHHBIX 3HAYCHUH A, ;
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6) mpu A=X; =Xj41 =...= Aj4n_1 CYMECTBYET TOrAA U TOILKO TOI-
na, koraa (f, hjyr) =0 ona £=0,1,...,n—1, u B 3TOM ciydae pere-
HHE MUMEeT BUJI -

)\ f7 hi)bhi—f|+ > Crhjyr,
k=0
mpu¥eM B Y  MPONYyHIEHBI CaraeMbie ¢ Homepamu j, j+1,...,j4+n — 1,
a Cy,Cq,...,C,_1 — npOM3BOJALHBIE TOCTOSAHHBIE.

§ 21. JIuHeiinble MHTerpaJbHbIe YyPaBHEHUA

Unmezparvnom ypaeuenuem @Ppedzoavma 2-20 poda HA3BIBAETCA
yPaBHEHHE BUIA b
o(s)~ A| K(s, O a(t)dt = f(s), (1)
a
rae z(s) neussectHas byukuus, K(s,t), f(s) U3BECTHBIC (DYHK-
uun, A — uncaosoii mapamerp. Ornocureanno dbyukuuu K(s,t), Haspl-
Baemoii adpom ypasuenus (1), npeanosaraercsi, 4o
bb
” K2(s,t)dsdt < co.
aa

Eciu K(s,t) =0 npu t > s, o ypaBuenue (1) npunuMaer Buj
s

z(s) = A[ K(s, t)z(t)dt = f(s) (2)
a
¥ Ha3bIBAETCS ypasneruem Boavmeppa 2-20 poda.
Ecau aapo ypasuenus (1) sBasercs ewpostcdenmvim, T. €. UMEET BHJ|

D=3 £:(s)9i(t)

rae dbyukuuu f;(s), ¢i(s) ana i =1,2,...,n HenpepbIBHbI U JUHEHHO
HezaBucumbl, T0 (1) MOXKHO 3anucarh B BUjE

n
z(s) = f(s)+A>_ Cifi(s)
i=1
u Heuspecrhpie C; (1 =1,2,...,n) onpeaensioTcs U3 CUCTEMbl JUHEHHBIX
anreOpanvIecKux ypapHeHuii.
Beegem unmezpasvhudi onepamop @pedzosvma
b
Az = [ K (s, t)z(t)dt;
a
ecan siapo K (s, t) n dbyukuus f(s) nenpepnisunt, o A: Cla, b] = Cla, b],
B 06wem cayuae, ecan f(s) € Lafa, b], To A: Ls[a, b] = Lsla, b]. Torga
ypasuenue (1) npunumaer Buj
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x—ANAzx = f, (3)
a CONpPsI’)KEHHOE K HeMy B npocrpancTse Lola, b] umeer Buj
y— ATy =, (4)

U Tak onepaTtop A BIOJIHE HENPEepbIBEH, TO MPUMEHUMbI TeopeMbl Dpeji-
ronbma 16.6 16.8.
Ecau past nekoroporo A # 0 0JHOPOJHOE ypaBHEHHE

m(s)—/\f K(s,t)z(t)dt=0

vuMeeT HeHyJieBoe peuienue To(s) € Lofa, b], To A HasbiBaercsa zapaxme-
pucmuseckum yucaom anpa (ypasaenus), zo(s) cobemeennoti Pymx-
yueti sapa (ypaBHeHWs), & MAKCMMAJbHOE YMCJI0 JMHEHHO HE3aBUCHMbBIX
cOOCTBEHHBIX (DYHKIMHA, OTBEYAIOMINX XaPAKTEPUCTHYECKOMY HYHCIY A,
HA3bIBAETCS KPAMHOCMBIO ITOTO YNCJIA.

FEcan sigpo K(s,t) B (1) cummerpudno, 1o MHTErpajbHblii oneparop
@Opearonbma HE TOJIBKO BIOJHE HENPEPbIBEH, HO W CaMOCOnpsi>keH. Kc-
am A XapaKTEePUCTHYECKOE a0, TO 1/A cOOCTBEHHOE 3HAYCHHE
oneparopa A, ecnu p # 0 cobcTBeHHOE 3HAYeHue omneparopa A, To
A=1/p  xapakrepucruueckoe 4ucio. [103TOMy npuMeHUMBI TEOpe-
mbi 20.1-20.4.

YparHenusi

b
[ K(s,t)z(t)dt = f(s), (5)

[ K(s,t)2(t)dt = (s) (6)

npu Tex ke npeanosiokenusx, uro u B (1), (2), Ha3pIBAOTCA COOTBETCT-
BEHHO ypasHenuamu Ppedzoavma u Boavmeppa 1-20 poda.

Corsiacuo teopemam 16.9, 16.10 npu 3aganuoii f(s) € Lo[a, b] ypas-
Henue (5) MOXKET He UMEThb PELIeHHs, & €CJIM 9TO PELICHUE U CYLIeCTBYET,
TO B cuJay Heorpanudennoctn oneparopa A~ wa R(A) pemenns ypasue-
aust (5) ¢ GauskuMu no Hopme Lsla, b] mpaBbIMH 4acTsMH MOrYT OBITH
naseku npyr ot apyra. Takum oGpasom, 3agaua (5) aBjsieTcs Hexoppexm-
noti. B mo e spems sanaqa (1) xoppexmna: eciu (I —AA)~! cymecrsyer,
T0 oH orpanuden. Memod pezyaspusayuu [24] N0O3BOJAET CBECTH HEKOP-
pekTHyt0 3a1a4y (5) K kKoppekTnoii (1). lns ciyuaa f € R(A) on ocHoBan
HA CJELYIONIMX YTBEPXKICHUSX.

Teopewma 21.1. Ilyemv A€ L(H)  6noane nenpepvieuuiii onepa-
mop. Toeda das moboti f € H u 1106020 3HAYEHUA NAPAMEMPA PESYAADPU-
sayuu o > 0 cywecmeyem eduncmeentoe pewenue Lo € H, na xomopom

peanusyemcs inf LAz — fI12 2
inf {|[Az — [* +allz|}.

ITpu smom x,, A6AAEMCA PEwEHUEM YPaBHEHUR 2-20 POOa
ar+ A*Az = A*f. (7)
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Teopewma 21.2. [lyemv z,  pewenue ypasuenua (7), f € R(A).
Tozda npu a — 0 eeaununa |Az, — f||> monomonmno ybwieaem u cmpe-
MUMCA K HYAIO.

21.1. B npocrpancrse Cla, b] naiiTu peunieHue WHTErpajbHOrO ypas-

HEHUA b
m(s)f)\f K(s,t)z(t)dt = f(s),

€CJIn:

—n/4, b=w/4, K(s,t)=tgt, f(s)=1;
0, b=n/2, K(s,t)=sinscost, f(s
0, b=mn, K(s,t)=sinscost, f(s)=sins;
0, b=1, K(s,t)=s+t—2st, f(s)=s+s%
-1, b=1, K(s,t)=st—s%2 f(s)=s>+s"
0, b=2m, K(s,t)=|m—t|sins, f(s)=s;

x) a=0, b=m, K(s,t)=sint+tcoss, f(s)=1-2s/m;

3) a=0, b=mw, K(s,t)=sin(s—2t), f(s)=cos?2s.

21.2. B npocrpancrse Cla, b] naiitu xapakrepucruueckue uncia A;
u cobcTBeHHbIE DYHKIUK (©; JIJisi YPABHEHHS

z(s) — )\f K(s,t)xz(t)dt =0,

w O\
P NN AN

—

=~
=
2o 2 22
I

)
~—

ecam:
a) a=0, b=2w, K(s,t)=sin(s+1);
6) a=0, b=m, K(s,t)=cos(s+t);
B) a=0, b=1, K(s,t)=2st—4s%
r)a=-1, b=1, K(s,t)=st+s%*t%

21.3. B upocrpancree C[0, 7] naiitn XapakTepucTuueckue 4ucaa u

cobcTrerHbie (DyHKIMY J1J1sT yPABHEHUsT
™

z(s) — )\I K(s,t)z(t)dt =0,

ecnu o )
= Z 27 "sinns sinnt.

21.4. B npocrpancrse Cla, b] naiiTu pemenue MHTErpajbHOrO ypas-

HEHUs b
x(s)—)\I K (s, t)z(t)dt = f(s)
a

[PU BCEX 3HAYEHUsIX MapaMerpoB «, [, 7y, BXOAsALUIMX B CBODOAHbBIN djieH
3TOr0 YpaBHEHHUS, €CJIU:

a)a=-1, b=1, K(s,t)=st, f(s)=as’+ps+7;

a=0, b=m, K(s, f):(‘ %(9-1—1‘) f(s) =asins+G;

)
B)a=-1, b=1, K(s,t)=s2-2st, f(s)=as®—ps;
r)a=-1, b=1, K(s,t)= s—}-st—Sszt2 f(s) = as.



106 I'a. 5. Camoconpsoicennvie onepamopvi. CnexkmpanvHas meopus

21.5. /lokazaTh, 4TO ypaBHEHUE
2w
z(s) = A [ sin (s —20) z(t) dt = f(s)
0
paspemnumo npu Jjwbom A € C u qwoboit f(s) € Lo[0, 27], u naiitu ero
pelleHue.

21.6. B npocrpancree Cla, b] HaliTh XapaKTepUCTHYECKUE YUCIAA A,
u cobcrrenubie GYHKINNA @, JJIst yPABHEHUS

b
z(s)— A [ K(s,t)z(t)dt =0,
s mpu 0<s<t<1,
t nmpu 0<t<s<;

- sinscost npu 0<s<t< /2,
| sintcoss mnpn 0<t<s< /2

a) a=0, b=1, K(s7t)—{

6) a=0, b=m/2, K(s,t

sinscost mpu 0<s<tLm,
B a=0, b=m, K(s,1) { PHOES SSEST

sintcoss mnpu 0<t<s <y
t(s+1) mpm 0<s<t<,
s(t+1) nmpu 0<t<s<1;

1) a=0, b=1, K(s,t)=e s,

(s+1)(t—2) npn 0<s<t<,
(t+1)(s—2) mpnu 0<t<s< L.

r)a=0, b=1, K(s,t):{

) a=0, b=1, K(s,t):{

21.7. IlycTth A He ABJSIETCS XAPAKTEPUCTHYECKUM YHCIOM JIJIs1 CHM-
merpuuHoro sapa K (s, t). JlokazaTs, 4ro pemenue ypaBHeHus
b
x(s)—)\I K (s, t)z(t)dt = f(s)
a
B npocrpadctse Lofa, b] moxHo npencrasuth B Buje psajga Pypbe 1o
cOOCTBEHHBIM (DYHKIUIM Spa

z(s)=A i (){k’%k)\) pr(s)+ f(s),

k=1
a ecau aapo K (s, t) HenpepbiBHO, TO psiJi CXOAUTCSA PABHOMEPHO HA [a, b].

21.8. [Tycte A = X = Ajp1 = ... = Ajjp—1 4BISAETCH XapaKTepuc-
THYECKUM YMCJIOM KPATHOCTH 71 JUId CHUMMETpHueckoro syipa K(s,t).
JlokazaThb, 94TO pelmenne ypasHeHus

b
x(s)—A[ K (s, t)z(t)dt = f(s)
a
B npocrpancrse Lsofa, b] cyumecrByer Toraa u ToabKo Torga, korga f(s)
opTOroHajgbHa BceM coOcTBeHHBIM byHknuaM @iyr(s) (7 =0,1,...
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.., — 1), COOTBETCTBYIOIMM XapAKTEPUCTHUECKOMY uucity A. Jlokazars,
YTO €CJIM 3TO YCJOBUE BBINOIHAETCH, TO PElIeHNe JAHHOTO YpaBHEHUA UMe-
eT B/

fie -
z(s) =2 H‘Pk(s) +> Crojri(s),
K Ok k=0
rie Cp (k=1,2,...,n—1) IPOU3BOJIbHBIE TNOCTOAHHLIE, & B NEPBOIi
CyMMe MporyIieHbl cjlaraembie ¢ Homepamu 7, 7+ 1, ..., 7 +n—1.

21.9. Haiitu permenune ypaBHeHusi
1

m(s)f)\f K(s,t)z(t)dt = f(s),

0
B npocrpancree Ls[a, b], ecau:
) F(s) = K(s.t) = s(t—1) mpu 0<s<t<],
A 5} =% 5t = t(s—1) mpu 0<t<s<];
(s+1)t npn 0<s<t <,

6) f(S):(‘,OST['S, K(qf):{(t_}_])s npu 0<t<s<l.

21.10. Pacemorpum nuneiinoe auddepennnanbHoe ypaBHEHHE

dny dnfly

e + a1 (t) = +...tan(t)y=F(t) (%)
¢ nenpepbisabiMu Kodbbunnentamu ay(t) (K =1,2,...,n) n nHavanbHbIMK
yeaosmmn y(0) = co, 4'(0) = 1, ., g™ 1(0) = e 1.

a) Jlokazarb, uro ass 10060# HenpepbisHOil hynkuun () cnpasea-
auBa hopmyna

[ar s [o@ar = o T @0 ple)ae
0 0 0 0
k

6) Honaras d"y/dt" = 2(t) ¥ ucnonb3ys pPe3yJbTAT NPEIbILYLHIEro
MyHKTA, JOKA3aTh. YTO yPABHEHHUE (*) C y4ETOM HAYANBHBIX YyCJIOBHIl paB-
HOCHJILHO ypaBHeHuIo BonbTeppa 2-ro poaa

s

2(s) = [ K(s, ) z(t)dt = [(s),
re 0
Y (s—1)""
K(s, t)= _mzzl am(s) W7

f(S) = F(S) —Cp—-101 (S) - (Cn—18+cn_2) ass — ...

n—1
_ (Cn1 (:_1)!-1-...-1—015-1—00) an(s).
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21.11. Ucnons3ys npeobpasosanue Jlamiaca, pemurs ypaBHeHHE
S

#(s) | K(s—t)a(t)dt = f(5),

2) K(z)=e, f(s )=lbs 6 K=z, 1)<
B) K(2)=2cosz, f(s)=¢e® r) K(z)=1, f(s)=coss.

21.12. Jlast vHTErpaibHOTO yPABHEHUST
b
o(s) ~ [ K(s, ) () dt = £(s)
0
rae aapo K(s,t) menpepobiBro npu a < s, t < b, f(s) € Cla, b], pacemot-
pum pazbuenue orpeska [a, b]
b—a

si=a, Ss=a+h, ..., Sopy1 =a+2nh, h = o
n

Torma pasencrna
b
"I’l(sk‘,) 7J‘ K(Sk: t)’L‘(t) dt = f(Sk)a k= 1: 2: BERS) 2n+1,
a
apisaTcsas To4HbiMA. C nmomombio (opmysbr CUMICcoHA 3aMEHUM UX HA
npubaNIKEHHBIE

2n+1
= > AnK(sk, sm)x(sm) = f(sx), k=1,2,...,2n+1,
m=1
rae A] == A2n+1 == h/3‘ A2 == A4 == ... = A4n == 4}1/37 Ag == AO == ...
.= Agp_1 = 2h/3. Tlonydyennas cucrema JHHEHHBIX aarebpanvdecKux
yPABHEHUI OTHOCUTEJbHO HEU3BECTHBIX Z(Sy,) (m =1,2,...,2n+1) mo-

XKeT ObITh pemeHa YUCJI€HHO; B HTOre noJay4vaem HpI/IGJ]I/I)KeHHbIe 3Ha4YeHUA
pemennda nCX0AHOTO YPpaBHEHUSA B TOYKAX pa36neHm{.

CocraBurs n peasuszoarh Ha IBM ajropurm uucieHHOro penienusi
JIAHHOI'O MHTErpaJibHOro ypasueuusi npu n =95, n =10, n =15 u cpas-
HUTH MOJIy9eHHbIE TPUOJMIKEHUST, €CJIN:

a) a=0, b=1, K(s,t)=scosst, f(s)=1—sins;
6) a=0, b=1, K(s,t)=s(e’"—1), f(s)=e°—5—2;
B) a=0, b=m, f(s)=sins,
K(s t):{sin(s+7r/4)sin(t—7r/4) npu 0<s<t<m,
’ sin(t+m/4) sin(s—7n/4) upn 0<t<s<
r)a=-1, b=1, K(s,t)=1,12552+1,125¢> —3,370s%t> — 1,55t —
1,875, f(s) =
n) a=-1, b=1, K(s,t)=-1,125s%—1,125t2+3,3755%2+1,5st +
+5,975, f(s)=s.

21.13. Ilycrb siipo U mnpaBas 4acTb ypaBHenus (6) yJ0BJIETBOPSIOT
CTEYIOUINM YCJIOBUSAM:
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1) dbyukunu K (s, t), K.(s,t) nenpepbiBubl B obaactu a < s <t < b;
2) K(s,s)#0 ans Beex s;

3) f(s) € Cla,b], f(0)=0.

Jokazarh, uro ypasnenme (6) paBHOoCMJIBbHO ypasHenuio Bosbreppa

2-
e [ Kils, 1) _ 1)

M, CJeJOBATEJILHO, UMEeT B HTEepBaje [a, b] eauHCTBEHHOE HEnpepbiBHOE
perieHue.

21.14. CyuwiecrByer Jjiu B KJacce HeNpepbiBHbIX (DYHKLMH penieHue
ypaBHEHUS

[t=s)z(t)dt=f(s).
aj f(s)=coss; 6) f(s)=sins; B) f(s)=sin’s?

21.15. Vcnoann3ys npeobpasosanue Jlanaaca, B npocrpancrse Cla, b)

HAlTH pelieHue ypaBHEHUA
S

| K(s—t)a(t)dt = f(s),

0
ecnu:
a) K(z)=cosz, f(s)=sins; 6) K(z)=cosz, f(s)=ssins
B) K(z)=cosz, f(s)=s+s% 1) K(2)= fs) = s%
n) K(z)=sinz, f(s)=1-coss.
21.16. Paccmorpum oneparop A: Ls[0, 1] — Lo[0, 1],

Ax(s) = j e 137t g (1) dt,

0
M ypaBHEHUe

Az =f. ()
1
1) Jokasars, uto A*=A n A*Az(s IK t)dt, rae
0
K( t)_ ( sty e 2+9+f)/2+(f79+1) npu 0<s<t<1,
S, 1) = 7(,79 ’+€72+9+f)/2+(sft+1), npn 0<t<s<1

2) Haiitu A*f = Af v npu a = 1; 0,1; 0,01; 0,001 u n = 10 mero-
JIOM, ONuCaHHbIM B 3aja4e 21.12, uncnenno pemnrs ypasuenne (7), ecau:

f(s)=2s+e*—2e*1;  6) f(s)=e*(1—5)+shs;

a)
B) fs)=2—e™ ey 1) f(s)= (25 +1)e™ —e )
)

3) Jlokazate, uro ecnu f(s) € C[0, 1] u ypasuenue (+*) umeer pere-

uue z(t), ro z(t) yposaersopsier ypasuenuio ®pejaroabma 2-ro poja
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1
2(s) — % et tla(e) de = f%f”(s).
0

4) Ucnoab3ys pesyJsbrarbl 3aga4u 21.6, 1) u yrBepxKaenue 0. 3), JoKa-
3aTh, YTO ypaBHeHue (x*) He umeer pewenus npu f(s) =as+b, ab#0.

5) Mpu f(s)=s, a=1;0,1; 0,01; 0,001 u n =10 merogom, onucan-
HbIM B 3aja4e 21.12, yucaenno pemwnts ypasuenue (7) u 06bsICHUTD MOJY-
YEHHBIE PE3YJIbTATHI.

§ 22. HeorpanmydeHHbIe OllepaToOphbl B THIIHLOEPTOBOM
NPOCTPAHCTBE

B komnaekcHom ruanbeproBom npocrpaHcTree H paccmorpum Jin-
ueiinniii oneparop A ¢ nsornoit B H obGnacreio onpegeaennss D(A).
[lycts A*  conpsiskennbiii k. A onepatop.

Onepatop A naswiBaercsa cummempuueckum, eciu D(A*) D D(A) u
na D(A) semonuserca pasenctso A*z = Az. Takum o6paszom, Kak s
CHUMMETPHYECKOTO, TAK M JIJIs1 CAMOCONPSI>KEHHOTO ONEpaTOpa MpHu JH00bIX
x,y € D(A) cnpaseannio pasencrso (Az,y) = (z, Ay).

Cummerpuueckuii oneparop A Ha3biBaeTCs:

neompuyamenvom, ecin (Ax, z) > 0 ana awboro z € D(A);

noaoscumenvroim, ecan (Az,z) > 0 pas gwoboro z € D(A) u
(Az,z) =0 Tosnbko paas z = 0;

NOAOHCUMENBHO ONPEIENEHHbILM, ecn Hafigercs v > (0 Takoe uTo jus
nioboro z € D(A) semonnsierca pasenctso (Ax, x) > |z

Oueparop U: Lsfa, b] = Ls[a, b],
= o) %]+ a2 (o),
¢ obaacteio onpegeaennss D(U), cocrosimeil M3 aBaX<abl HENpepbIBHO
mddepennupyembix na [a, b] dyuxkunit z(t), ya0BjaeTBOPSIIOWNX IPAHKY-
HbIM YCJIOBUSAM . .

arz(a) —azz'(a) =0, al+a3#0,
HazbiBaercs onepamopom IllImypma—/luysusns. Tlpu sTom npegmonara-
ercst, uto p(t) € C'[a, b] m p(t) ne obpamaercs B nyan na [a, b], q(t) €
€ Cla, b].

Teopema 22.1. U — cummempuueckutli onepamop 6 npocmparcm-
6e Lola, b].

Dynryuet 'puna pas oneparopa U wazpiBaercs: hyHKIUsI

Ux(t) =

fWL u(s)v(t) npu a<s<t<b,
G(s,t)= 0

- w(t)v(s) npu a<t<s<bh,
Wo
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rae u(t) u v(t) HeHyJjieBble pemenus ypasenus Uz = 0, ymosier-
BOPAIONIME COOTBETCTBEHHO MEPBOMY M BTOPOMY TI'PAHHYHOMY YCJIOBHIO,

Wo =p(t) W (t) = p(a) W(a), a

— onpegeanTesib BpoHckoro.

Teopewma 22.2. [Tycms 6crody na [a, b] p(t) >0, q(t) > 0, a maxorce

120, a2 20 u B, B> 0.

Ecau evnoanaemesn woma 6o 00H0 U3 cAe0youwus yero6ul:

a) q(t)#0;  6) ar#0; ) B1#0;
mo das aoboti f € Cla,b] ypasnenue Uz = f umeem eduncmeennoe pe-
wenue x(s) € D(U), onpedeasemoe pasencmeom

b

z(s) = [ G(s,t) f(t)dt.

a

22.1. B upocrpancrse IL5[0,1] paccmorpum oneparop Axz(t) =
= —d%*z/dt* ¢ obnacrteio onpenenenus D(A), cocrosimeii u3z byHK-
umnit z(t) raxux, uro z(t) € C?[0,1] u z(t) yaoBiersopsier rpaHuuHBIM
yeaosusm z(0) =2(1) =0. [lokazarb, uto A cuMmMeTpuvecKuii oneparop.

22.2. [lokazath, uTo oneparop 3ajaun 22.1 SBISETCS HEOTPHUIATEb-
HBIM.

22.3. B upocrpancree Ls[a, b] paccmorpum oneparop Az(t) =
= idz/dt ¢ obaacrbio onpegenenuss D(A), cocrosimeit n3 abcouarorno
HenpepblBHbIX GyHKIMiA z(t) Takux, aro z'(t) € Lafa, b], u ymosmeTso-
psitomnx rpanuunbiM yeaosusm z(a) = x(b) = 0. Jlokazars, uro onepa-
TOp A CUMMETPUYECKHUIl, HO HE CAMOCOIPSIXKEHHBII.

22.4. B npocrpancrse Lo(—00, 00) paccmorpum onepatop Axz(t) =
= tx(t) ¢ obmacTbio omnpejesnenus, cocrosmeii u3z byukuuil x(t), ansa
koropbix tx(t) € La(—oc0, o). Hokasarb, uro A CaAMOCOM PSAXKEHHBII
oneparop.

22.5. [lokazarh, 4To Jist JIFOOOro 1MJa0THO onpegeseHHoro B H onepa-
topa A Buinonnsiercs coornomenue (R(A))L = N(A*). Bepuo au B 9T0M

ciyuae coornomenne (N(A))L = R(A*)?
22.6. /lokaszaTb, 4TO CHMMETPUYECKMiIi onepaTrop A, IJisi KOTOpPOro
R(A) = H, ecrb onepaTrop caMOCONPSIXKEHHbIH.

22.7. llycts A, B cummerpudeckue (CamMOCONPSIKEHHDIE) ONepa-
TOpbI ¢ 0obmeil obnacthio onpeaenenus D, a, € R. JlokazaTh, 4T0
aA+ BB cuMMeTpuydecKuii oneparop.

22.8. Ilycts A CUMMETPHYECKHI onepaTop ¢ 0bJACTbIO 3HAYCHUH
R(A), nnoruoii B H. Jlokazats, uto oneparop A~! cymectsyer u Takxe
SABJSETCSA CUMMETPUYECKUM.
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22.9. Ilycts A € £(H)  orpaHuveHHbIil CAMOCONPSXKEHHDBIH Onepa-
Top u oneparop A~ (orpanuuenubiii WM HEOrPAHMYEHHDBI) CYIIECTRYET.
Hoxazarns, uro A~! — camoconpsikenubiii oneparop.

22.10. JlokazaTh, 9TO COOCTBEHHBIE 3HAYEHUSI CUMMETPUYECKOrO Omne-

paTopa BeleCTBEHHbBI, a COOCTBEHHBIE BEKTOPDI, MIPUHAIJIEHKANINE PA3IUY-
HBIM COOCTBEHHBIM 3HAYEHUSAM, OPTOTOHAJIbHBI.

22.11. Ilyctb A cuMMeTPHUYECKHI OnepaTop.
Jlokazarh, 9TO cieayomne yTREP>K/IeHNsT IKBUBAJECHTHBDI:
a) A camoconpsxen; 6) A zamknyru N(A*+il)=0;
B) R(A+il)=H.

22.12. PaccMoTpuM ypaBHEHUE
po(t)z" +p1(t) '+ pa(t) . = (1),
rae po(t) € Cta, b] u po(t) ne obpamaercs B nyab Ha [a, b], a dynkuuu

p1(t), p2(t), ¢(t) nenpepoienbl Ha [a, b]. JJokasars, 4ro npu ymuoxxenuu
obenx vacreil 3TOro yparHeHust Ha
t) —po(t)
h(t) = —ex { alt dt}
(®) P [ po(t)

oHo cogurest K Bugy Uz = f.

22.13. Haiitn dynkuuio 'puna ans oneparopa U npu manubix rpa-
HUYHBIX YCIOBHAX:

a) Ur=—-z", z(0)==x(1)=0;

6) Ur=—-2z", z'(0)==z(0), z'(1)+=x(1)=0;

B) Ur=—a2"—z, x( 0

r) Uz =—z"+xz, z(0)=

n) Ux=—-x"+z, z(0)=2z'(0), =z(1)+~z'(1)=0, ~€eR.

22.14. CBecTu K MHTErpajibHOMY ypaBHEHHIO B npocrpancrse Lo[0, 1]
HAXO0XK/IEHWE periennst Januoro quddepennnajbHOro ypaBHeHus: TPU JaH-
HbIX TPAHUYHBIX YCJIOBUAX!

a) —(1+t2)z" —2tx'+ Az =0, z(0)=41'(1)=0;

6) —x"+ Xz =f(t), x(0)=2z'(0), z(1)=0;

B) —z"+ Az = f(t), z(0)+z'(0)=0, =(1)=0.

22.15. JlokazaTh, 94TO B PENOJOXKEHUAX TeopeMbl 22.1:

a) oneparop lllrypma—JInyBuiis siBasiercss HEOTPULATENLHBIM;

6) MHOXKECTBO cOGCTBEHHbIX 3Ha4YeHuil oneparopa LlTypma Jluysumisa
HEemycTo, He 6oJiee YeM CYETHO M HE UMEET KOHEYHBIX MpPEJeJIbHbIX TOYEK;

B) BCe cobcTBeHHbIe 3Hauenusi oneparopa llIrypma—Jlnysuans noso-
KUTEJbHBI;

r) coberennoe noanpocrpancreo oneparopa Ilrypma—JInysuans,
COOTBETCTBYIOIIEE JAHHOMY COOCTBEHHOMY 3HAYEHHIO, OJIHOMEDHO;

n) cucrema coberBennbix (yHkuuii oneparopa Illrypma Jluysumis
wIoTHa B npocrpancrse Lofa, b].
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22.16. JlokazaTh, 4TO B IPENOJOXKEHUAX TeOpeMbl 22.1:

a) kBajgparuunas ¢dopma (Uz,z) gocruraer cBoero MUHMMYMa Ha
muoxkecrse D = D(U) N o1(0);

6) miB(Um, z) = (Uzo, To) = A, rie A HanMmeHbluee COOGCTBEHHOE
TE

suavyenne U, a £y  HOpMHUpOBaHHAas cobcTBeHHAast GyHKIHMA ¢ cOOCTBEH-
HbIM 3HAYEHHEM .

22.17. Vcnoab3ys npeabiAyIyio 3aa49y, J0Ka3aTh, YTO HAUMEHBIIEe
3HadeHne (pyHKInoHAIA

() = [ [ (1)) dt.

pacCMATPUBAEMOr0 HA MHOXKECTBE JBAXKJbl HenpepbiBHO auddepeniu-
pyembix dynkuuii (1), yJ0BI€TBOPAIOMIMX YCIOBUAM

pasno 72, u HaiitTu bynkuuo To(t), Ha KOTOPOi OHO JAOCTUTAETCA.

22.18. Jlokazarb uto oneparop U: Lsfa, bl — Lafa,b], Ux(t) =
= —d?z/dt* c obaactbio onpejesenus
D(U) ={=(t) € Lsla, b]: (t) € C*[a, b], z(a) ==z(b) =0}

ABJIACTCA:

a) M0JIOKHUTEJNbHbBIM; 6) NOJIOKUTEJNHLHO ONPEJETEHHBIM.

22.19. Jlokasarh, 4TO Npu MOJOXKUTENLHOM oneparope A ypasHenue
Az = f npu npoussonbaoMm f € H He MOXKET UMETh 60JIee 0JHOTO PeleHus.

22.20. Paccemorpes onepatop U u3 3ajga4u 22.18, ybeaurncs, 9To npu
aobom f € Lsla, b] pemenne ypasnenuss Uz = f cywecrsyer.

22.21. Jlna noaoxkureannoro oneparopa A u (pukcuposaHHOro 3ge-
menrta f € H paccmorpum onpeaenennniii na D(A) dynrxyuonan snepeuy

F(z)=(Az, z) —2Re(z, f).

Hokazarb, uro ecau ypaBHenue Az = f umeer pelieHue, TO UMEHHO
Ha Hem peasunsyercss muaumym F'(x).

22.22. B ycnoBusix mnpeapiayinei 3agadv  JOKa3aTh, UYTO €CJAU Cy-
EeCTBYET 31eMeHT Zg € D(A), HA KOTOPOM peayu3yercs MUHUMYM (DyHK-
uuonasa suepruu F'(x), 1o xo ynosiersopsier ypasuenuio Az = f.

22.23. JlokasaTb, 4TO JJsl MOJOXKHUTEILHOrO onepaTropa A paBeHCTBO
[z,y]a = (Az, y) 3apaer qast z,y € D(A) nosoe ckasisipHoe nponu3BeieHe
(HA3BIBAEMOE IHEP2EMUYECKUM).

22.24. Jlng n0oaoxkuTeabHO onpejeseHHoro oneparopa A u x € D(A)
IHEPLETNUNECKAA HOPMA BBOJUTCA PABEHCTBOM

lza = V/(z, 2)a = \/(Az, ).

8 B.A. Tpenorun u ap.
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JlokazaTh, 4To eciiu A OrpaHUYEHHBIH ONEPATOP, TO YHEPreTUIECKAS
HOPMAa 9KBUBaJIEHTHA HOpMe H.

22.25. Jliast noJ0XKUTEJNbHO ONpeeeHHoro oneparopa A paccMoTpum
nonosnuenue H 4 nmuneiinoro muoroo6pasus D(A) no suepreTudeckoil Hop-
me (anepeemuueckoe npocmpancmso onepamopa A). Jlokazatn, uro H
BJIOXKEHO B H W MJIOTHO B HEM.

22.26. JlokazaTh, 4TO dHEpPreTHYECKOe MPOCTPAHCTBO H,, oneparo-

pa U w3 3agaun 22.18 ecrn npocrpancreo Cobosesa Hi[a, b] (cm. 3ana-
ay 4.27).

22.27. Ilyctp A MOJIOXKUTEJbHO OmpejiesieHHblii onepatop. Jloka-
3aTh, 40 ero dpyHkuuonas snepruu (cm. 3agaqy 22.21) MoxeT GbITbh NPO-
nosken ¢ D(A) na Bee snepreTnueckoe npocrpanctso H 4.

22.28. JlokazaTh, 4TO B 9HEPreTUUYECKOM NMpOcTpaHcTBe H 4 MONOXKHU-
TEJBLHO ONPEJICJIEHHOT0 oneparopa A CylecTBYyeT U MPUTOM TOJBKO OJMH
JEMEHT I, HA KOTOPOM (DYyHKIMOHAJ 3IHEPruH JOCTHUTAeT MUHHUMYMAa
(B COOTBETCTBHM ¢ yTBEPXKJCHUAMH 3a1ad 22.21 u 22.22 3/eMeHT I, Ha-
3BIBAIOT 0000weHHbLM pewenuem ypasaenus Az = f).
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HEJIMHEMHBIE OIIEPATOPBI I YPABHEHU Y
B BAHAXOBBHBIX IITPOCTPAHCTBAX

§ 23. InddepeHnupoBaHne HeJMHEHHBIX OMEPaTOPOB

Ilycts X,Y  bGamaxosbl mpoctpancTBa, F: X — 'Y  HenuHeiHbIi
onepatop ¢ obsacteio onpegenenus D(F) C X.

On Ha3biBaeTCH:

HenpepuieHbim 6 mouke to € D(F'), ecnunz x, € D(F), ||z, — 20| = 0
npu n — oo caeayer, uyro | F(x,) — F(z0)| = 0 npu n — oo;

HenpepueHbM Ha mHoxcecmee M C D(F'), ecim OH HenpepbiBeH B
KaXKJI0# Touke g € M;

6NOAHE HENPEPLIEHBIM, ecin OH Henpepbisen Ha D(F) n nepesoaur
KaXK/Jj0e OrPaHMYeHHOE MHOXeCTBO, jexawee 8 D(F), B komnakruoe B
NpOCTPAHCTBE Y MHOXKECTBO;

ozparudentom Ha mroncecmee M C D(F), ecin sup ||F(z)] < oo.

reM

Henuneiinwiii oneparop F'(x), onpenenennsiii B okpecrHocrn S Tou-
Ku xo OaHaxoBa npocrpaHcTBa X, M CO 3HAYEHUSIMU B DAHAXOBOM NPOCT-
panctse Y HazbiBaercs duddeperyupyemuim 6 mouke T, 6 cmovicae Ppe-
we, ecau CyuecTByer JuHeiinbiii oneparop A € £ (X, Y') rakoi, uyro nas

Beex @ € 5 F(z)— F(z9) = A(z — x0) + w(z — 20)

rae ||w(z — zo)|| = o(||z — zo||) npn & — xo. Tpn 3Tom oneparop A na-
3BIBAETCA NPouseodnotli @pewe oneparopa F B TOUKe Tg ¥ 06O3HAYAET-
e F'(xo), a soipaxkenue F'(xq) h = dF (xzo; h) nasbiBaerca dugepernyua-
aom @Ppewe oneparopa F B Touke xy npu npupamenuu h.

[ycrs Fi(x1,...,z;) oneparop,3aBucamiuii or k nepeMeHHbIX T, ...
.., op € X, co 3navenusamu B Y. Oneparop Fpy(z1,...,x)) Ha3biBaeTcs
k-Aunetinoim, €C/n OH JIMHEEH N0 KaXJI0My CBOEMY aprymMeHTty ; npu buk-
CMPOBAHHBIX OCTAJbHBIX aprymMeHTax. k-jmueiinbiii oneparop Fp(zq, ...
..., Tp) HA3BIBAETCS 02PAHUNMEHHBLM, €CJIM CYIECTRYeT nocrosunas m € R,
m > (0, Takas, 4TO

WFk(zy, ..., x| < m|

Haunmenbimast u3 Takux nocTostHHbIX M Ha3biBaeTcst Hopmoti F, v 0bo-
snauaercs || F||. k-nmueituniii oneparop Fi(z1, ..., T) HasbiBaercs cum-
MEMPUYHBLM, €CJTH €0 3HAYEHUs] HE MEHSIOTCH MpHU JI000i nepecTaHoBKe
ero aprymenTos. [lycrs Fi(z1, ..., z;)  k-nuueiiublii caMmeTpunblii one-

8*
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parop. Oneparop Fy(z, ..., x) Ha3biBaercsa k-cmenennsim ONEpaToOpoM u
o6oznagaercs Fjzh.
Hagsiee k-nuueitnblii oneparop 3anuceiBaercst B Buge Frxi, ..., Tp.

[lycrs oneparop F'(z) nuddepennupyem B okpectaocru S, a qpudde-
pernuan dF(z; h) takxke auddepennupyem B TouKe I

F'(zo+g)h— F'(zo) h = (Bg) h+p(g) h,
rae |[p(g)]l = o(|lg|l) npu g — 0. Ilpu srom onepartop
B=F"(x9) e Z(X, Z(X,Y))
HA3BIBAETCsl 6Mopoti npouseodnoti oneparopa F' (1) B Touke x4. VI3 onpene-
aenus F"(zq) cnepyer, uro F"(xg)hg ectb orpanuvenubiii Guauneiinbiii
cumMeTpudHbiii onepartop. Jlanee

d*F(zo; h) = d[dF (z; h); 2o, 9| _,.

otkyaa d>F(zo; h) = F"(z¢)h®>  KBagpaTuuHblii WM 2-CcTENeHHOH oTie-
paTop, NOJyYaromuiicsa u3 ounuHeitnoro npu g = h.

Ecin d"F(z; h) = FU)(2)h™ yxe onpejenen, T0 B NPeANOI0KEHHNI
ero auddepeHnpyeMocTi B TOUKE T MOJAraioT

A" F (zo; h) = d{d" F(z: h); o, g}|,_,.

orkyma d"tF(zg; h) = F*F)(z¢) A"+, Oneparop F()(zg)hy, ..., hy,
ABJISIETCA N-JIUHEHHBIM CUMMETPUYHBIM onepaTtopom, a d™F (zq; h)
7-CTEIEHHBIM ONEePATOPOM.

Iyers Fjrz*®  k-crenennbie onepatopsiuz X B Y (k€N),a Fy€Y.
Ob6pazyem dhopmasibHbIil CTENEHHON Psi/l

oo
3 Bzt (Fox® = Fy).
k=0

[Ipeanonoxxum, 94T0 YUCTOBO# psifi

oo

SIALCE

k=0
MasKOPUPYIOIIMI pACCMATPUBAEMBI CTENEHHOMH, UMeeT paduyc cLodumocmu
pu > 0. Torga B mo6om mape S,(0), rae p € (0, p,,), HCXOJHBIA CTENEHHOI
psijl cxonuTces abcoioTHO U paBHomepHo. [lycrs p, >0, a F(z) cymma
MCXOHOIO CTENEHHOrO psijia, T. e.

n
k=0
npu n — oo. Torga oneparop F'(z) Ha3bIBAETCA AHAAUMUMECKUM ONEPA-
mopom B Touke x = ().
Ecau pan 6eckonevno auddepenuupyemprii oneparop F(z), To cre-

HNEHHOI psij, 00 F’k((]) \
2

k=0
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uaszbiBaercs padom Tetiaopa F(x) B Touke 2 =0. [lockoabKy pasjioxenue
oneparopa F'(x) B cTeneHHOIl psiji eIMHCTBEHHO, TO BCAKHUIA CTENEHHOMN psijl
AHAJMTHYECKOr0 OMEPATopa sinjstercs: ero psigom Teitsopa.

23.1. JlokasaTh, uto onepatop A: ls — ly, Az = (z1, 23, x5, ...) ana
x=(x1, T2, ...) € lo, ONpesesen aas BCEX T U3 [o, HEMPEPHIBEH B KaXKJOM

TOYKE NMPOCTPAHCTBA [5, HO HE OrpaHuveH HU HA kakoM mape S, (0) npu
r>1.

23.2. [lyctb X  GeckoneaHoMmepHoe HAHAXOBO MPOCTPAHCTBO, € € R,
0<e<l, z,€X (neN) Tmakasg N0cIA0BATENBHOCTD, 4TO ||Z,] =1

(n € N) u ||[zy —xn| > € npu k #n (cymecrBoBanWe I, BBITEKAET U3
reopembl 15.4).

Pacemorpum dyakuuonan f, onpeaeseHHblil CaeyOMUME YCIOBUIMHA:

1) (o, £) =k (k € N);
2) (z, )=k~ 2 |l — ]| v mape 5.ja(as) (k€ N);

3) Bre mapos S, js(zy) (@, f) =0.

Hoxkazarb, yro f HenpepbiBed Ha X, HO He orpanuyeH Ha mape ||z|| <
<1+e/2.

23.3. llycrs X, Y — koneunomepubie baHnaxoBbl mpocTpancTsa. /Joka-
3aTh, 4TO JI0OOI HenmpepbiBHBIN omepaTtop F: X — Y aBasgercsa BOoJHE
HEMPEPbIBHBIM.

23.4. llycrs X, Y, Z — Ganaxossl npocrpanctsa, F': X — Y — orpa-
uuuennbiii na D(F') nenpepoiBubiii oneparop, A: Y — 7 — juneiinbiii
BIOJIHE HENnpepbiBHBIA omnepatop. JlokazaTh, uro onepatop AF Bnonne
HENpPEpPbIBEH.

23.5. /loka3aTh, 4TO BCSAKHH BNOJIHE HENpEpbIBHBIA onmepatop F':
X — Y sABAseTCs OrpaHUYeHHBIM Ha JIOOOM OrpaHUYEHHOM MHOXKECTBE
M C D(F).

23.6. [Tycrn dyukuus K(t, s, x) HenpepbiBHA MO COBOKYNHOCTH Ti€-
pemenubix B obaactu 0 <t,s <1, |z] < r.

Pacemorpum oneparop )

F(x) :jK(t, s, z(s))ds,
0
onpesesiennniii na mape S,.(0) npocrpancrea C[0, 1]. Jokasars, uro o6-
nacth 3nadennii R(F') aexxur s npocrpancrse C[0, 1] u uro oneparop F
BIIOJIHE HenpepbiseH Ha mape S ,.(0).

23.7. Ilycrs dyukuus f(f, z) onpepenena npu 0 <t <1, —o00o <z <
< +00 W HenpepbiBHA 10 COBOKYMHOCTH MEpEMEeHHBbIX. PaccmMoTpum one-

paTop F(z)= f(t, z(t)),

onpezenenubiii Ha npocrpancree C[0, 1]. JJokazarb, uyro obsacTh 3Have-
uuit R(F') nexur B npocrpancrse C[0, 1], uro oneparop HenpepbiBeH u
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OrpaHUYeH Ha KaXKJoM mmape. SlBasiercss Jim onepatop F BhnojHe Hempe-
PBIBHBIM?

23.8. Ilycrs oneparop F: X — Y nuddepenuupyem B Touke xg € X.
Jokazarn, uT0 F' HenpepbIBEH B TOYKE Iq.

23.9. [lycrs onepatop F: X — Y mnocrosineH HA OTKPHITOM MHOXECT-
e D C X. Jlokasarh, uro F'(z) =0 na D.

23.10. Ilycrs F(z) = Az, rne A€ £ (X,Y). Jlokazars, uro F' = A.

23.11. Ilyets F: X - Y u G: X - Y  oneparopsl, auddepeniu-
pyeMble B Touke z,. /lokazaTb, uro oneparop aF + G, rae a u f
cKaJisiphbl, Takke guddepenunpyem B Touke T u

(aF +BG) (o) = aF'(z0) + BG' (z0).

23.12. Ilycrb oneparop F: X — Y, y = F(x), nudbdepenuupyem B
Touke g, a oneparop G: 7 — X, x = G(z), anddepenunpyem B Tou-
ke zg, npuuem G(zg9) = zo. /lokazaTh, 4TO B OKPECTHOCTH TOYKH Zg
onpezesneHa Cyneprno3unus

y=(F+G)(z) = F(G(2)),
oneparop F'xG puddepenyupyem B Touke zo u
(FxG) (20) = F'(z0) G'(20)-

23.13. Haiitu npoussoanbie Ppeme dynkuuonanos F(z) = (z, x)
u G(z) = ||z|| B BelmecTBEHHOM IHJIBGEPTOBOM NPOCTPAHCTRE.

23.14. Ilycrs dyukuus f: R >R, y= f(z), onpenenena B 0KpecTHOC-
T TOukM Tg. JlokazaTh, uro ee obbiunas nponssognas f'(xg) coBnagaer ¢
ee npousBogHoil Dpeme B TOUKe Z(.

23.15. [lycrs orobpaxkenne F: E? — E? 3anasaemMoe B JJeKapTOBbIX
NpsIMOYTOJIbHBIX KOOpAUHATAX (hOpMyIaMu

w=u(w.y), v=o(zy),
ONpeJIesIEHO B OKPECTHOCTH TOYKHK (Zg, Yo). JJokazars, uro ecain F pud-
dbepennupyemo B Touke (Zg, yg), TO ero npousBoaHas Ppewme 3amaercs

marpuueii 5kobu Du(zo, yo) Ou(zo, yo)

Oz 0
F = ,
(zo, Yo) dv(zo, yo) Ov(zo, yo)
Ox oy

23.16. Ilycth oTobparkenne KOMIIEKCHO# mimockocTr B cebs F: C — C
sagaercsa dopmysnoil w = F(z), rne z=x+ iy, w = u+iv. [lokazars,
ugro eciu F' puddepennupyemo B Touke zg B cMbicie DPpeme, TO B TOYKE
Zy = T+ 1Yy BbIMONHAIOTCA yenousa Komn Pumana

du(zo, yo) _ dv(zo, yo) dv(zo, yo) _ _ Ou(zo, yo)
Oz Oy ’ Oz Oy

23.17. Ilycrs oroGpaxkenue F: E*¥ — E™ 3amaBaemoe B JeKAPTOBBIX
NpsIMOYTOJIbHBIX KOOpAUHATAX (hOpMyIaMu
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yi = fi(z1, zo, .., xp), i=1,2,.
— (= (o)_” <o))

muddepenmupyemo no Opeme B Touke z° JlokazaThb, 9TO

F'(z) sapaercs marpuneii SIkobu

0
F'(z°) = L;’;: M, i=1

)

23.18. Boraucants npoussoanyio @Ppemie ciaegyonmx orobparkenwuii:

a) F: E? 5 R, y=z;+z3+2z3, BTouke (1,1,1);

6) F: R— E3 y,=sinwt, y, =cos7t, ys =1, BTOUKEe t=1;

B) F: B> - E3, y; = E®'sinmxa, ys=e" cosmxa, y3=e"!, B TOU-
ke (1,1);

r) F: E3— E% y =

4— 13+ 33— 123, y2s = 117273, BTOUKE (1,1,1).

23.19. Ilycrs otobpaxenne F: EF — E™ anddepennupyemo B T04U-
Ke Tg, a £o = G(tg), rae G: E™ — E* mudbdepennupyemo B Touke tg.
Haiitu (F'xG)'(to).

23.20. Ilycrs dbynkuuu f(z,u) u f,,(z, u) HEOPEPBIBHBI IO COBOKYII-
HOCTHU MEepPEeMEeHHBIX NPUA T € [a b] —o0 < u < oo. Pacemorpum onepatop
F: Cla,b] = Cla,b], F(u)= f(z,u(x)). Jokazars, yto npoussoguas F
B Touke ug(z) € Cla, b] n ee undpdepenunan B 310ii TOUKE NpPU npupa-
wennn h(z) € Cla, b] coorsercreenno pasunt F'(ug) = fu(z, up(x)),
dF (ug; h) = fu(z, uo(x)) h(z).

23.21. HaiiTu npou3BogHbIE CIEAYIOMUX OMEPATOPOB B TOYKE Uq:
a) F(u)=sinu(z) B npocrpancree C[0, 7], ug(z) = cosx;
6) F(u)=cosu(z) B upocrpancrse C[0, 7], ug = sinz;
B) F(u) =u(z)—e*®) g npocrpancree C[0, 1], ug(z) = 0;
r) F(u)=z2u(z)+shu(z) B npocrpancrse C[0, 1], ug(z) = 0.
B kakux ciyudasx oneparop F'(ug) nenpepbisuo obparum?
23.22. Ilycrb dbyukuus f(z, s, u) HenpepblBHA M0 COBOKYIHOCTH Me-
pemenHbIX npu a < = < b, —00 < 4 < 00O BMECTE C YACTHON MPOU3BOIHOM

fu(z, s, u). lokazars, uro unrerpaibupiii oneparop F': Cla, b] = Cla, b],
b

F(u)=u(x) fj flx, s, u(s))ds,

a

muddepenyupyenm B u060ii Touke ug(z) € Cla, b] n

b
F'(ug)h = h(x) — I fu(m, s, uop(s))h(s)ds.

23.23. HaiiTu npousBognyio ®Pperre no « B ToO4ke 1o = 0 UHTErpasb-
noro oneparopa F: C[0, 7] = C[0, 7] ¢ napamerpom A
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F(u)=u(z)— | cos(z+u(s))ds.

oy

HaiiTn Bce pemennsi ypasuenus F'(0) h = cosz.

23.24. Ilycts onepatop F: X — Y wnenpepoiBHo auddepernupyem
B KaXJI0il Touke orpeska [T, xzs] C X. Jlokazars dopmysy KOHeuHBIX
npupalieHnit

F(z2) = F(21) = [ F'(1+6(z2 = 1)) (22— 21) df.

23.25. JlokazaTh, uTo ecau onepatop F: X — Y HenpepbiBHO Iud-
dbepennupyem Ha orpeske [x1, za] C X, TO OH yJOBJETBOPSET yCJIOBUIO
Jlunmuna

1F(z1) = F(z2)|| <Ll —2ofl, rae 1= sup [[F'(z)].
z€[z1,29]

23.26. Ilycts omeparop F: X — Y HenpepbiBHO auddeperiupyem
Ha orpeske [r1, 22] C X u F'(z) =0 na [x1, z2]. [Jokasars, uto F(z)
IIOCTOSIHEH HA [T1, To].

23.27. Ilycrs oneparop F':
BbINyKJIOM MHOXKecTBe () C X
nocrosinex Ha ).

X — Y nenpepnisao auddepenunpyem na
u F'(z) =0 na Q. Jlokazars, uro F(x)

23.28. Ilycrs onepatop F: X — Y muddepenuupyem Ha BbITyKJIOM
muoxkectBe () C X, nmpuyem ajs a00biX x1, o € () BBINOTHSAETCHA HEPa-

BEHCTBO [F'(z1) — F'(z2)]| < U|lz1 — 22|,

T. e. F' ypnosnersopsier na £ ycnosuto Jlunmmna ¢ nocrosinnoit 1. Jloka-
3aTh, YTO JJ1s1 JIIOOBIX 21, Lo € ) ClpaBeI/IMBO HEPABEHCTBO

, 1 :
[F(21) = F(22) = F'(22) (21 = 22) || < 5 L2 — 3%

23.29. Ilycrs onepatop F: X — Y muddepennupyem Ha BbITyKJIOM
muoxecrse 2 C X u npoussognas F'(x) nenpepbigHa B Touke Zg. Jdoka-
3aTh, 4T0 A Joboro € > () naiigerca § = d(e, £¢) Takoe, uTo

|F(z) = F(y) = F'(zo)(z —y)l| < ellz —y]|
auist Beex z,y € N Ss(xo).

23.30. Ilycrs fp(x) (n € N) — nocaeposarenbuocts dbyuxkuuii, aud-
dbepennupyembix Ha (—oo, +oc). Ilycrs, nanee, dbyukuuu f,(z) u ux
NEPBbIE MPOU3BOAHBIE PABHOMEPHO OFPAHUYEHBI U PABHOCTEIIEHHO HEnpe-
PBIBHBI Ha KaXXJ0M oTpeske [a, b]. Ha npocrpancTee m orpanuuenHbIx
nocsiel0BaTeabHOCTEl onpegeaum oneparop F:

F(ZBM L2y iy Ty ) = (f](xl)-, f2($2)7 ERRE) fn(xn)7 )
Jokazars, aTo obsiacTh 3HAaYeHUil F' JIeX)KUT B MPOCTPAHCTBE 17, 4TO
oneparop F' nuddepennupyem B cmbicne Opeme, n naiitu oneparop F'.
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23.31. Haiitu npoussoanyio ®@peme pyHKIHOHAIA
b
o) = [ @(t, (1), o/ (1)) dt.
a
onpejeaenHoro Ha Ganaxosom npocrpanctse Cla, b] HenpepbiBHO Aucb-
dbepenyupyembix na [a, b] dyukuuii z(¢), obpawamowmxcs B Hyjb Ha
koHuax [a, b]. Pyukuusa ®(z, y, z) npeanosaraeTcs JBaXK/bl HEIPEPbIBHO
nuddepeHnupyemMoi.
23.32. Mycrs Fz* — k-crenennoit orpanwuennsiii oneparop. JJoka-
3aTh hopmyny 6unoma Hriorona

Fr(z+h)*=>" C{Fz*7h,
j=0

23.33. C nomompio dbopmyasl 6unoma Hpiorona us npeabiaymieit
3aJa49M JOKA3aTh, 4TO BCAKHH k-CTEMEHHOW OrpaHUYEHHBIH OomepaTop
Frz* nuddepenunpyem B cmbicie Opere B 1060i TOUKe T

(fra®) = kFpa*, d(Frz®; h) = kFz*""h.

23.34. JlokazaTh, 4T0 BCAKui k-vHEHHBIR OrpaHnYeHHbIl onepaTop
HenpepbiBeH B 000i Touke T = (%1, T2, ..., Tg).

23.35. B npocrpancrse ¢ m-mepHBIX cTONOIOB

y={y; };nzl
paccmorpum oneparop y = F(z1, x2), onpeaensiembiii hopmysamn

1 2
oy=laO,, m= P,

m
_ (k) (1) _.(2) _ (k)
Y= a;z; 'z, k=1,2,..,m, a;;’ €R.
ij=1
Hokazarb, uro F(z,,x,) sABAsierca OnavMHEHHBIM OrpAHUYEHHBIM
oneparopom. Haiitu onenky ero nopmbl. Kak BbIMIsiInT COOTBETCTBY IOIIU
kBajgpaTuunbiii oneparop? Korga oneparop F(z1, z2) cummerpudeckuii?

23.36. B npocrpancrse C[0, 1] paccMOTpum KBajpaTH4HbI# HHTEr-

paJibHbII onepaTop ]

(Fyz?)(t) = m(t)f K(t,s)z(s)ds,
0
rae dynkuns K (t, s) nenpepoisna B ksagpare 0 < t,s < 1.
a) Haiitn coorsercrytomuii emy GuanneiHblii cummerpuyeckuii one-
parop.
6) Berancants npoussogunie Fyz? noboro nopsiaxa.

23.37. Ilycto 60'2[0, []  GaHaxOBO MPOCTPAHCTBO JBAXK/IbI HEIIPEPBIBHO
muddepenyupyembix na [0, [] bynkunit z(t), Y/OBJIETBOPSIOLNX IPAHM Y-
ueiv yeaosusam z(0) = z(l) = 0. Pacemorpum oneparop F: C 20, 1] —
= C[0,!], F(z) =z"+ f(t, z), rne byuxkuns f(t, z) nenpepbiBHa BMecTe
¢ yacTHO# npou3BoaHoil f,(f, £) MO COBOKYNMHOCTH NEPEMEHHBIX B NPSIMO-
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yroabuuke 0 < ¢ <1, |z] < r. Tyers zo(t) € 6’2[0, ] n ||zol] < r. Hoka-
3aTh, 4TO
F'(z0)z = 2"+ fu(t, mo(t)) 2.

23.38. Paccmorpum HenuHeitHblit auddepeHuaabHblii onepaTop
x| .
F(x)= d—j + sinz(t),
t

neiicteytomuii u3 npocrpanctsa C2[0, 1] B npoctpancrso C[0, 1].
a) Boruncauts d* F(zo; h) (k € N), rae zo(t) =t.
6) Pasaoxurs F(z) B paa Teilnopa B Touke z¢(t) = t.

o0
23.39. Ilycrs Y Fyz*  crenennoit pag us X B Y. Jlokasats, uTo
k=0
obaacte ero cxogumoctu ) ssasiercs C-3Be310it BOKpyr Touku 0, T. e.
KaK TOJbKO = € 2, 1o Az € Q npu |A| < 1.

23.40. JlokazaTh, 9TO PajnyCc CXOAUMOCTH ), CTEMEHHOTO Psijia MOXKET
ObITh onpegesied no ¢popmyae Komu Anamapa

1
Pu= ——= ==
T /][ Fall
n—oo
23.41. Ilycrs p, > 0. Jokazars, uro npu jiobom p € (0, p,,) crenenHoi

psa cxogures B mape S,(0) abcoIOTHO U PABHOMEPHO. .

23.42. [lycts X = E?, Y = R. Jlna cTeneHHOro psaa Z(.’L‘ll‘g)k
HAUTH 06J1aCTh cXOMUMOCTH ) U PAJAUYC CXOAUMOCTH py . k=0

23.43. Ilycrs p, > 0. Jlokazars, uro pasaoxenne F(r) B crenennoil
psijl €JIMHCTBEHHO.

23.44. Ilycrs aapo K(t,s) uenpepbiBuo B KBajapare a < ¢, s < b.
Pacemorpum geiicreyommii 8 npocrpancree Cla, b] nennneituniii unrer-
paJibHbII onepaTop b

F(z)=xz(t)+ [ K(t,s)e*® ds.
a

Hoxazarb, uro F'(x) pasaaraerca B psaj Teiinopa ¢ p, = +0oc, u BbI-
HUCATH €ro Pas3JOKEeHHeE.

23.45. B npocrpauncree C[0, T'| paccmorpum oneparop
(1)
Fz) = =0
@) = @
Jlokazath, uro F'(z) onpenenen na mape ||z| < 7!, ananutuuen B
Touke T =0 u p, = T

23.46. B npocrpancree Cy (cm.3azauy 7.31) paccmorpum oneparop

_ ()
F(z) = 1—tx(t)

Hokazats, uto F(z) ompenenen na mape ||z||, < ea, ananutuuen B
Touke o =0 u p, = ea.
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§ 24. IIpuHIUN COKUMAIOIIAX OTOOpa>KeHmi,
urepanuoHHbIi nporecc HbroToHa,
npuHOun HenoasmXHOM Toukm I[llaynepa

Henuneiinpiii oneparop @ (z), orobpaxkaomuii jexamiee B 6aHAX0BOM
npocrpancree X MHOXKECTBO () B ce0sl, HA3BIBACTCHA CHCUMAIOULUM, €CIU
cymecrsyer uuciao ¢ € (0,1) Takoe, uro s J00bIX Z,y € () BbIIOJ-

HSAETCs HePABEHCTBO
[®(z) = @)l < qllz —yll.

Yncno ¢ naszwipaercs xosdduyuenmom corcamus. Touka z* nazpiBaercs
o o . X\ _ %
nenodeustcroti moukoti oneparopa ®(z), ®: X — X, ecin ®(z™) = ™.
Teopema 24.1. ITyemv () Asasemes CHCUMAOUUM ONEPATNOPOM
Ha  3amrHymom muoxncecmee Q. Tozda cywecmeyem u eduncmeenma
6 Q menodsusichas mouxa =¥ onepamopa ®(z). Ilocaedosamenvrocmo
umepauul

Tp=®(xn_1), n=1,2,...,

2de mo € Q npoussoavro, aexcum 6 Q u T, = r* npu n — oco. Cnpa-
6€0AUBA OULHEA CKOPOCTNU CLOOUMOCTIU

CunepncrBue. [lyems onepamop ®(x) omobpasicaem 3samrmymun

n

A R LIEO R |

wap S,(a) 6 X, A6AA€MCA COHCAMUEM HA IMOM UIAPE € KOIPHUUUEHMOM
cotcamud q, npudem | ®(a) —all < (1—q)r. Tozda ® omobpascaem S, (a)
6 ceoa u na QQ =S, (a) cnpasedauso ymeepocdenue meopemv, 24.1.

Teopema 24.2. Ilyemv 6 wape S.(xo) 6vinoanaomes caedyrouue
npPeInosoNHceHU:

1) onepamop F: X =Y dudpepenyupyem u ezo npoussodnas ydos-
aemeopaem. yeaosuto Jlunwuya, m. e. das mobur 1, 2 € Sp(ro) 6vi-
noansemcs nepasencmeo ||F'(x1) — F'(z2)|| < |1 — 225

2) onepamop F'(x) menpepwieno obpamum u das awbozo x € S, (xq)
svnoanaemces nepasencmeo ||[F'(z)] 71| < m;

3) mouka xo marosa, wmo ||F(zo)|| <n (I, m, n  nocmosnnme).

/!

1 . N
Tozda, ecau q = imzln, ro= ngq2 < T, MO YPABHEHUE
k=0

F(T) =0 wumeem peuieHue .’I,‘* € grl(.’[,‘(])’, K KOMopomy crodumes cae-
dymuwﬁ umepauuonnmi npouecc Hvtomona:
mn:mnflf[Fl(mnfl)]_] F("L‘nfl): TLEN,

Havamoiii ¢ Zo- Cnopocmb cxodumocmu In K $* MOdHCEM OBLMb OUEHEHA
U3 HEPaseHCMEa on 1

| *H<m7772
1-¢q

Teopewma 24.3. [lycms sunoanaomes npednoaosicenusn 1) 3) meo-
pemor 24.2. Eeau 2m2in <1 u

Ty — T
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1—+/1—-2m?2]
r/ = —77 <r,
ml
mo ypasnenue F(x) =0 umeem 6 wape S, (xo) eduncmeennoe pewe-
nue =¥, % xomopomy cxodumes navamwti ¢ To ModUBUBUPOSaAHHBLT NPO-

uece Hvtomona

Tn =Tn_1— [F'(20)] " F(zn-1), n € N.
Cnpasedausa oueHka ckopocmu cxroouMocmu
% (]—\/1—2m21n)n
lzn —2™ || < m.

Vv 1=2m2ln

Teopewma 24.4. I[lyemv onepamop ®(x) omobpasicaem 3samrnymoe
ozparudentoe eunykaoe muoncecmeo D banaxrosa npocmpancmea X 6
ceba. Tozda, ecau ® enoane nenpepween wa D, mo on umeem wa D
HENOJBUNCHYI MOUKY .

Caepncrrue. FEcau nenpepuenoiti onepamop ® omobpasicaem 3amk-
HYymoe ewvnyr.aoe mroscecmeo D banazrosa npocmparncmea X 6 xomnarxm-
Hoe muoocecmso Do C D, mo on umeem na D Henodeusrcryto moyxy.

24.1. Jlokaszats, uro onepatop ®: R — R, ®(t) = 3, sIBASIETCS CKNM-
matomum na mape S,.(0) = {t € R: [t| < r}, rae r < 1/4/3, Ho He apnsa-
eTcst CKUMAIOIIMM BOJIM3KM HENMOJABVXKHBIX TOueK t =1 n t = —1.

24.2. Ilycrs bynkuua z = f(t) 3agana u auddepenuupyema na [a, b
1 0TOOPAYKAET ITOT OTPE3OK B €031, IpUUEM

max|f(t) < 1.
max | (1)

)

Hokazarn, uro ypasuenue f(t) =t umeer na [a, b] equncrsennoe pe-
HIEHHUE.

24.3. Ilycrs dbyukuus z = f(t) onpepenena u auddepenuupyema Ha
Bceil BEIeCTBEHHON OCH u /Jid Ji00oro ¢ € R BbINosHsIETCST HEPABEHCTBO:

a) ()] <A<T 6) [f(8)]>A>1,

Jokazarb, uro ypasuenune f(t) =1t uMeeT u NPUTOM €JMHCTBEHHOE Pe-
neHue.

24.4. Paccmorpum ypasnenue 2te’ =1 (1 € R).

a) /JlokazaTb, 4TO 3TO ypaBHEHUE MMEET €JMHCTBEHHOE PEIIEHUE U 4TO
9TO pemenue Jexxut Ha unrepsae (0, 1).

6) IlpuBecTu ypasHeHue K BHJy, IPUCOJHOMY JlJIs COCTABJICHUS UTE-
pauuii, U ONpejeiuTh YUCJI0 UTEepalurii, HEOOXOAUMBIX JJisi TOrO, 4TOObI
npubJAMYKEHHOE PEeINIeHne OTJIMIAJIOCh OT TOYHOTO He Gosiee vem Ha 0,01,
€CJIM B Ka4eCTBE HAYAJHHOTO NMPpUOM>KeHust npuaaTo tog = (.

B) CocraBurh n peanuzosarh Ha IBM nporpammy assi Haxoxje-
HUsl NPUBJUKEHHOrO pPElIeHHs, BbIBOJs HA MNEYaTh PE3yJIbTaT KaXKOi
UTepAaLiH.
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r) PemuTsh 3T0 K€ ypaBHEHHE C MOMOLIbIO CTAHJAPTHONW MPOrpPaMMbI
U CPABHUTDH PE3yJbTATHI.

24.5. JlokazaTh, 4TO BCAKOE HEMPEpPbIBHOE OTOOparkeHHWe OTpPe3Ka B
cebsi UMEeeT HEMOJIBHXKHYIO TOUYKY.

24.6. Ilycrs 3agano ypasaenue F'(t) =0, rae y = F'(t)  uenpepbis-
o puddepenuupyemas Ha [a, b] dyuxknusa. PaccMoTpum pasHOCHIbHOE
ypasuenue t — AF(t) =, rne A € R. Beerna nin 3nauenue napamerpa A
MOXKHO BbIOpaTh Tak, 4To6bl oneparop ¢ — ¢t — AF'(t) ObLl CKUMAOIUM
ua [a, b]?

24.7. Paccvorpum ypasnenne t5+t+1=0 (¢ € R).

a) JlokazaTb, 4TO 9TO ypaBHEHUE UMEET €JIMHCTBEHHbIN BEUIECTBEHHbII
KODEHb, U HAWTH OTPE30K, HA KOTOPOM OH JIEXKHT.

6) [lpuBecTn ypapHenne K TakOMy BuJy, 94TOObI €ro MOXHO ObIIO pe-
1aTh UTEPAIMOHHBIM METOJOM.

B) Haiitu 4ucio urepanuii, HeOOXOAUMbIX /Il HAXOXK/IEHUS KODHSA C
NOTPEeHIHOCThIO, He npesbimatonieii 0,01.

r) PemuTh 310 ke ypaBHeHHE ¢ OMOLILIO CTaHJAPTHONH NPOrpamMMpl 1
CPABHUTH PE3YJILTATHI.

24.8. Tlpu pasuwxkenuu njasersl BOKpyr CoJiHIA 110 3JLUIMIITHYECKOI
opbuTe ee NOJOXKEHUE B MOMEHT BPEMEHH t, OTCYMTHIBAEMbIA OT MOMEHTA
MPOXOXK/ICHUS IEPUTEIUs, onpeensiercsa ypasaenuem Kensepa

F]—esinF]:27r%7
rae ' onpejensiiomas NojoXKeHUe MJIAHETHI IKCHEHTPUYECKAsT AHOMA-
aus, e skcuearpucurer opbursl (0 <e < 1), T nepuoa obpalienus mno
opbure.

a) Jlokazarn, uro ypasnenne Kensepa umeer asst aoboro t eamucr-
BEHHOE pelienne, koropoe onpejensier pynkuunio F(t) € C[0, T.

6) Hpunumas e=0,5, t € [0, T'], onpepenurs yucio urepanuii, Heo6Xxo-
JUMBbIX Jist Haxoxaenust F(t) ¢ norpemnoctsio, ve npespimaromei 0,01,
€CJIM B KQUeCTRE HYJIEROro npubanxenus B3aro eg = 0.

B) CocraBurb nporpammy s DBM HaxoxieHus npubIUKEHHOrO
pelleHrsl U pPeaju30BaTh €€, BbIBOJs HA NEYATh Pe3yJIbTAT KAXKJOH uTe-
paumnu. Ilocrpours rpaduxk FE(t) na [0,7T] npu e = 0,5, npugasast ¢
3nauenust ¢ marom 17 /12.

r) CocraButhb nporpammy s BM, n03BOJSOILY IO ONPEIETUTD 3aBU-
cumoctb F(T'/4) or e, yauTbiBasi, 4T0 ¢ UBMEHEHUEM € MEHSETCs U YUCII0
urepamuii, HeOOXOAUMbIX JIJIsl JOCTUXKEHHS MOTPEIIHOCTH, HE MPEBbIIa0-
weii 0,01. C nomowsio 310ii nporpammbr nocrponts rpadux F (7T /4) npu
e €[0,25, 0,75] ¢ warom 0,05.

24.9. Paccvorpum ypasuenue z(t) =t +ex(tF), rne 0 <e <1, k> 1.
a) JlokasaTb, 4TO 3TO ypaBHEHUE MMEET €JUHCTBEHHOE pelleHue

z(t) € C0, 1].
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6) Honaras 2o =0, e = 0,5, onpegeguTh YUCIO UTEpaLUii, HEOBXO-
JUMBIX Jist naxoxenust z(t) na [0, 1] ¢ norpeniHocTsio, He NpeBbINAO-
weidi 0,01.

B) CocraBurh nporpammy aiasg IBM u ¢ ee 10MOIIbIO OCTPOUTH I'pa-
dbux z(t) na [0, 1], npugasas t 3navenus: ¢ marom 0,1 npu € =0,5 n k,
u3mensomemcsi or 2 g0 7 ¢ marom 1.

24.10. Jlokazars, o npu 0 < a < 1 urepanun

1(.7727(1,), 7o =0, n € N,

Tn4+1=Tn — 9 n

exouATes K /@

24.11. Jloka3aThb, 9TO MOCAEA0BATETHLHOCTD MEMHBIX Apobeit

2, 24, 24+, 24+
24 7 2+ %
24 9
MMeeT npejesi,  HaliTu ero.
24.12. JlokazaTb, 9TO B mpocTpancTBe K" nuHeiiHoe oToOparkeHue
A: E" — E" ¢ matpuneit |la;;]| (i,j =1,2,...,n) Gyaer cKuMamomum,

ecnu n
Z \aij|2 < 1.
2

2

1

24.13. JlokazaTh, 9TO B NpOCTpaHCTBE ¢’ JuHEHHOE 0TOOparkeHue
A: ™ = ¢ ¢ marpuueit |l ]l (1,7 =1,2,...,n) Oyaer cxumaommm,
eCJIn n
max Z |a,-j| < 1.
1<ign j=1

24.14. Jloka3aTb, 4TO B MNpOCTpaHCTBe [" nuHEHOE OTOOparkeHue
A: " = 1" ¢ marpuueit |la;;|| (i,7 =1,2,...,n) Gyaer cKuUMamomum,
eCJIn n
max » |a;j| < 1.
1SiSn =1

24.15. Cuegyonue cucTeMbl JIMHEHHBIX ajrebpandecKknx ypaBHEHW
npeobpa3oBarTh Tak, 4TOOBl UX MOXHO OBLIO PemaTh UTEPALMOHHBIM Me-
TOJIOM:

a) 2z+y =2, 6) 3z+y =4,

r—3y=1; z+2y=3.
UccnepoBarh xapakrep NpubIKeHUs] UTEPALMA K TOYHOMY pelIeHHIO.

24.16. Paccmorpum B mnpocrpanctse K™ cucremy JauHeRHBIX ajared-
pandeckux ypasuenunit Cx =0, rae z,b€ K", C=||¢;5| (i,7=1,2,...
.., n). Paccmorpum pasnocunbnyo cucremy x = (AC + )z — \b, rae
AeR, 1 egqunuynas marpuna. Ilonoxkum A = AC + I u cocrasum
urepauyu I, = Az, _1— b, n € N, rue g € ™ npousBoJbHO.
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[Tpeanonoxkum, 9TO BBINOJHAETCA CAeyIONIEe YCIOBUE:

n 2 n
2
(Z C“') > (n—]) Z Cij
i=1 i,j=1
i#j
Hokazars, ato cymecrryer A € R, npu KOTOpOM MTEpPAIMOHHBIH MPO-
[IECC CXOJIUTCS K PEHIEHUI0 UCXOIHOM CHCTEMBbI.

24.17. Paccmorpum oneparop A: C[0, 1] — C|0, 1],
t
Az(t) = A[x(T)dTH.
0
a) Jlokazarb, uro npu |A| < 1 3TOT onepaTop sABJIAETCH CXKUMAIOIUM B
npocrpancrse C[0, 1].
6) HaiiTu HenogsuxkHy0 TOUKy 9TOro oneparopa npu A = 0,5.

B) CocraBuTh UTEpALUK, BLIOPAB B KAYECTBE HAYAILHOIO PUOJIUKEHUS
Ty = 07 n y6e;1w1“bc5|, 9TO OHU ABJAIOTCA YaCTUYHBIMU CyMMaMW pdla
Teitnopa aist HENOJABUIKHON TOYKH.

r) HaiiTu onenky norpemHaocTu, J0nycKaemMoii Ha 1-M Iare HTepaiuoH-
HOI'O MPOIIECCa, UCXO/s U3 OIEHKH OCTATOYHOrO 4ieHa B ¢opmysie Teitnopa
U U3 OlIEHKH B Teopeme 24.1.

1) Vimeer sim paccmaTpuBaemblil ONEpaTop HENOJBUAKHBIE TOYKH MPH
A >17

24.18. ITlycrs ®: X — X — Tmakoit HenpepbIBHBIA ONepaTop, mNepeBo-
asmuii 6anaxoBo mpoctpancTBO X B cebsi, YTO HEKOTOPasi €ro WTepalus
sBJsieTcst okuMapomuM Ha X oneparopom. Jlokazarh, uro oneparop @
uMeeT B X HEMOJBUXKHYIO TOUKY.

24.19. Illpuectu npumep oneparopa ®: X — X, nepeBojsinero
OGanaxoBo mpocTpanHcTtBo X B cebst, yaoBiaeTBopsomero npu x,y € X
(z # y) yenosuio ||®(z) — ®(y)|| < ||z — y|| n He umeromero B X Henos-
BU2KHOM TOYKH.

24.20. Ilycts () OUKOMITAKTHOE MHOXKECTBO B DAHAXOBOM MPOCT-
pancree X, ®: () = () — oneparop, yJ0BJETBOPOWMI N1pU T # Y yCJo0-
suio ||®(z) — ®(y)|| < ||z —y||. Jokasars, uto omepatop ¢ nmeer B ()
€JIMHCTBEHHYIO HENOJBHXKHYIO TOYKY M uUTO MTepauun T, = ®(x,_1)
(n € N) cxopsires k Heii npu a0bom g € Q. Ssasercs am oneparop
cxumaroumm?

24.21. Paccmorpum ypaBHeHue
b
x(s)—A[ K (s, t)z(t)dt = f(s)
wim (I —=XA)z = f, rne A€ C, f(s) € Cla, b], K(s,t) nenpepnisua npu

1 < s, < b, = s, t)|-
a<s,t<b, M aéngaf)éb\l((slf)\

X9
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a) C nomompio Teopembr 24.1 mpokaszats, uro npu [N < 1/(M(b—a))
JAHHOE ypaBHEHUE UMEET U N1PUTOM eguHcreennoe pemenne z(s) € Cla, b].
6) Jlokazare, uro npu [A| < 1/(M(b—a))
c=T-MA) " f=(T+XA+ XA+ ) f
uuro A™ — mHTErpaJbHbIi onepaTop ¢ AAPOM
b

Kn(s, t)= j K(s,7)Kn 1(7,t)dt, n=2,3,..., Ki(1,t)= K(7,1).

a
oo

B) [lokasare, uto pad Hetimana > A" 'K, (s, t) cxomurcss pasHO-

MepHO B Kpyre [N < 1/(M(b—a)) u éro cymma R(s,t, A) (pesosnbBenTa
s/Ipa) AHAJIUTHYHA IO A B 9TOM KpYTe.

r) Hdokasars, uro npu [N < 1/(M(b—a)) pemenue ganuoro ypasue-
HUdA UMEET BU/J

b
z(s) +A[RstA (t)dt.

24.22. Jlokazars, uro npu |A| < 1/(M(b—a)) pesonbeenra R(s,t, A)
HenpepbiBHOrO sizipa K (8, 1) yJ0BaeTROPSieT ypaBHEeHUsIM:

a) R(s,t,\)=X| K(s,7)R(7,t, \)dT+ K (s, t);

K(r,t)R(s, 7, \)dT+ K(s, t);

R(s, T, \) R(1,t, \)dT.

24.23. Paccmorpum ypaBHeHue
1
z(s)— A [ stz(t)dt = f(s),
0
rae f(s) € C[0,1].
a) Jlokazarh, uto psing Heilimana nnsi JaHHOrO ypaBHEHMs1 CXOJUTCS
npu |A| < 3.
6) Haiitn nrepuposannnie sapa K, (s, t), npocymmuposars psig Heii-
MaHa ¥ 3aM1CaTh PENIEHUE JAHHOTO yPABHEHUS.
B) Vmeer jiu janHoe ypaBHeHue peuieHus npu || > 37

24.24. Jlokazath, uTo psajn Heiimana st ypaBHenusi Bonbreppa 2-ro
pO/ia € HENPEPBIBHBIM sIJIPOM CXOAUTCS NPHU JIIOOOM 3HAYEHUM Napamer-
pa A u, CJIeIOBATEILHO, PEHIEHUE ITOTO YPABHEHUSI CYIECTBYET NP JI000#
HETNPepbhIBHOI MpaBoil 4acTu.

24.25. Jlokazats, uTo ypaBHenue Bonbreppa 2-ro pojia He UMeeT Xa-
PAKTEPUCTHIECKUX THCEJ.
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24.26. Onepatop F: X — Y Oyaem Ha3bIBATb HEPACMAZUBAIOUUM HA
BbInyKJIOM MHOKecTBe D C X, ecnu jiist T00bIX 1, T € D BBINOJHAETCS
nepasenctso ||F'(z1 — F(x: ))H < ||z1 — z2||. HokazaTh, uTo HENpPEPHIBHO
nuddepennupyemplii Ha BoinykjaoM MHOXecTBe D oneparop F'(z) sapis-
eTCst HEPACTATUBAIOUINM TOTIa U TOJIBKO TOTJA, KOTJa

sup || F'(z)]| <1
z€D
24.27. Ilycrs onepatop ®(z) oTobpakaer 3aMKHYTOE BbIYKJIOE MHO-
xxectBo D C X B cebst u nenpepoisro auddepennupyem na D. JlokazaTs,
aro oneparop P (z) aBagercs ckumaomuM Ha D TOrAa U TOJBKO TOrJA,

Koraa
A sup [|[®'(z)]| =¢ < 1.
zeD

24.28. Ilycrs oneparop ®(z) orobpakaer 3aMKHYTOE MHOXKECTBO
Q C X 1 cebst v 1IPU HEKOTOPOM HATYpaJbLHOM 1M OllepaTop

O™ (z) = O[®[...[®(z)]...]]

ABgeTca ckuMalomum Ha Q. JlokazaTh, uTo B () CyWECTByeT eJIuHCTBEeH-
Has HEeNOJBMXKHAs TOYKa onepaTopa ®(xz) u yro urepauuu z, = ®(x,_1)
(n € N) cxopsirest k el npu s060i 29 € Q.

24.29. Ilycrs dbynkuus y = f(z) asaxapl quddepenuupyema na [a, b],
f(a) <0, f(b) >0, npuuem f'(z)=>m >0, f'(z)>0 na [a, b].
a) /lokasaTh, 9TO TOCJAEIOBATENbHBIE MPUOIUKEHUS T, WTEPALUOH-

HOoro npoiecca Hpiorona, nasarsie ¢ 2o = b, He BO3PACTAIOT, OrPAHUYEHbI

CHU3Y M CXOAATCSA K TOUKe =*  KopHIo ypasHenus f(z)=0.

6) CdhopmyaupoBarh aHAJIOIMYHBIE yTBEPXK/IEHH B CI1yYasiX:
1) f'(z) >2m >0, f"(z)<0 na [a,b];

2) fllr)<—-m <0, f'(z)>0 na [a,b];

3) fl(z) <—m <0, f"(z)<0 ua [a,b].

24.30. B ycioBusix npeapiayieit 3a/1a4u pacCMOTPHUM MOCJIE€I0BATE b~
Hble TPUOJIMIKEHUST METOJA XOP/I
. ~ . (b—Fa_1) f(@n)
Ty=a Tp=Tp1— ——", n € N.
0o S f(b) = f(zn)
/lokazarh, 4TO:
a) MOCJIEJ0BATEIbHOCTh T, HE yObIBAET, OrpAHUYEHA CBEPXY M CXO-
anTes K ¥
6) crnpaBeJMBO HEpaBeHCTBO T, < z* < z, (n € N);
B) CpaBeAaMBbI OUEHKH |T, — 2| < M, ¥ —T, < M
m m

24.31. Ilycrs B ycnosusix 3agaun 24.29, a) npu 2o < b BhINOAHSETCS
2
Hepasencrro |f(zg)| < et rae | = r[nab>]c f"(z). Jokazarh, uro pans
m a,

9 B.A. Tpenorun u ap.
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CKOPOCTH CXOAUMOCTH T, K Z° CIpaBeJIMBA OIEHKA, NMpUBEJCHHAS B
Teopeme 24.2.

24.32. Cocrasurh (HOpMyJibl M0OCJAEN0BATENBHBIX NPUOJIMMKEHUT 1151
UTEPANMOHHOr0 ¥ MOAUMUIIMPOBAHHOIO UTEPAIMOHHOrO npoieccoB Hbro-
Tona, korga X =R u X = K".

24.33. B npocrpancrse o paccmorpum oneparop F'(z), onpeaenen-

ubiii va mape Sq(0) w nepesogsimuii anement T = (L1, Xa,...) € lo B
F(z)= ( 1—]

Hoxaszarsb, uyro F(z):

2 T, T2, )

r

a) nepesoaut map S1(0) B cebsi;

6) mempepbien Ha mape Sq(0);

B) HE MMeeT HemoABMKHBIX Touek Ha mape S1(0);
F) HE ABJIACTCHA BINOJIHE HETNPEPbHIBHBIM.

24.34. [lycrs dbyukuus f(¢, £) HenpepbIBHA MO COBOKYINHOCTH Nepe-
MeHHbIX B obsnactu |t —to| < a, |z — x| < b, M makcumym |f(¢, z)| B
aroii obaacru, h = min (a, b/M). Pacemorpum 3agauy Komn jgist o6bikno-
BeHHOrO Jrd depeHuaarHoro ypasienus 1-ro nopsijika

‘Z — f(t,7), w(to) = 0.

a) JlokazaTb, 4TO 9Ta 3aj1a4a IKBUBAJIEHTHA UHTEIPAJLHOMY ypaBHE-

HUIO

6) /lokazark, uro oneparop

F(z)=zo+ | f(r. a(r))dr,
to
onpejeenuntii na mape ||z — zo|| < b B npocrpancree C[to— h, to+ h],
NEepeBOJIUT ITOT Mmap B ce0s U SABJSAETCS BIOJHE HENPEPBIBHLIM HA HEM.
B) /lokazaTh, uro paccmarpusaeMas 3agada Komu umeer na orpeske
[to— h, to+ h] xoTs 6Bl OAHO pelIeHuE.

r) [Ipusectu npumep HenpepbiBHoil dbyukuun f(t, z) u Touku (to, o)
TaKHX, 4TO paccMaTpuBaeMad 3ajJa49a Komu uMeer Ha HEKOTOPOM OTpesKe,
coJepKalleM TOUKY to, 60Iee 0JHOTO pelIeHHUs.

24.35. B npocrpanctse C3[0, 1] paccMOTpuM cjie[yionyio KpaeByro
3aJ1a9y JIJisi OOBIKHOBEHHOTO KBasujnHeiHHOro auddepenunaibHoro ypas-

HEHHs 3-T0 nopsJjikKa (MO)leﬂbHaS{ 3aJla4a TEOPUU NMOTPAHUYHOIO CJ]OSI)Z
n

2" +zz" =0, 0<t<1, z(0) = a, z'(0) = b, z(1) =c.

a) JlokazaTb, 4TO 3Ta 33]ja4a IKBUBAJEHTHA CJIE/YIOLIEMY HEJUHEHHO-
My MHTEerpajbHOMY ypasaenuio B npocrpancrse C [0, 1]:
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-
ex {J s)d
0
o
{— [ ac(s)ds} dodr
0
6) Ilycrs xoTst GbI 0AHO M3 4ucea a, b, ¢ —a — b OTIUYHO OT HYyJis.
Jokazars, uro oneparop ® (), 3agaBaemblii NpaBoii YACTHIO MHTErPAJIHHO-
ro ypasnenus, orobpaxaer map S,.(0) pagnyca r = |a|+ [b| +|c —a — b
B ce0sl.
B) C nomoupio Teopembl 15.3 gokazarh, uro ®(z) BHoJHE HENPEPBIBEH
B 9TOM IIAape.

Takum obpaszom, corsmacuo npunnuny [llayaepa ycranosseno cymiecr-
BOBaHUE pelleHns UCXOJHON KpaeBoil 3a1a4u.

z( s}dadT

3

p
exp

I
I

24.36. Ilycrn dynkuus K(t,s) Z 0 wnenpepbisna npu a < t,8 < b,
dbynkumns y(t) Z0 unenpepnisna na [a, b], npuuem BbiNOJIHSIETCS HEPa-
BEHCTRO

n n—1
K (gl =) <1,

n—1

rae
A b

K| = ma K(t, s)|d: = ma t

K] max il (t,s)lds, [yl max |y (@)1,
a n > 1 narypagasnoe. [lycrs, nanee, rx < r* — HEeoTpuLaTe/IbHbIE pelle-
uust ypasuenus ||K||r™ + ||y|| = r. Paccmorpum B npocrpancrse C[a, b]
MHTErpaJibHbIil onepaTop

& (z) = j K(t,s)z"(s)ds+y(t).
a
a) C noMoubio NpUHIKIA CXKUMAIOIUX OTOOPAXKEHUIl 0KA3ATH, YTO B
wape ||z|| < r« onepatop ® uMeeT eJAUHCTBEHHYIO HENOJBUXKHYIO TOUKY.
6) C nomompio npunuuna Ilayaepa gokasars, uro B mape ||z|| < r*
onepatop ® mmeer no kpaiineit Mepe O7Hy HEMOABUXKHYIO TOUKY.

§ 25. HesiBHBIE omepaTopbl

IMycrs X, Y, A — Ganaxosbl npocrpaHcTsa, X +A — npsamas cymMma,
upocrpancrs X u A. Ypasuenue F(z, A) =0, rae F: X +A > Y, Moxer
onpejensaTh pemenuss £ = (A), KaXKJ0€ M3 KOTOPHIX HA3BIBAETCS HEAG-
HoLM onepamopom (Heashotll Gyrryued), onpeaeasieMbiM UCXOJAHBIM yPaB-
HEHUEM.

Teopewma 25.1. Ilyemv onepamop F(x, \) nenpepuero duddepen-
yupyem 6 oxpecmuocmu mouku (o, No). Ilyems, danee, F(xq, Ag) =0,
a onepamop Fy(zo, Ao) Henpepweno obpamum. Tozda watdymesn wucaa

p >0 ur>0 makue, wmo daa kasicdozo X € S,(No) ypasuenue F(z, N) =

9*
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=0 umeem 6 wape S,(xg) eduncmeennoe pewenue = x(X). ITpu smom
2(Ao) = xo, Heasnasn Pynryus t(N) duddepenyupyema 6 Sy.(xzg) u
#O) =~ F7 (), ) Fa (50, A).
B wacmmocmu, ' (Ao) = —F (0, Xo) - F)x (%0, Xo)-
Teopewma 25.2. Ecau 6 ycaosusz meopemo, 25.1 onepamop F(z, N)
anarumuyer 6 mouke (Lo, Ao), mo neasuuil onepamop () makrsce ana-

AumuYNen 6 mouke g, m. €. 6 nexomopom wape ||[A— ol < p (p > 0)
npedecmasum abCoNOMHO U paenomepuo CTOOAUUMCH PAJOM

:Z s =2

25.1. I[IpoBeputh, uto npu =, A € R ypaBuenue:

a) 224+ X241 =0 ne onpenensietr Hu 0HON HeARHON BYHKINY;

6) 22+ A% =0 onpezensieT eANHCTREHHYIO HesRHYIO byHKnuio = = 0,
OINPEIEJIEHHY IO TOJBKO n1pu A = (;

B)  — A% =0 onpejenser eMHCTBEHHYIO HeABHYO (DYHKIMIO, OTIpe/e-
JIEHHY10 s moboro A € R;

r) 22+ A2 =1 onpegensier gre HenpephIBHbIC HesiBHbIE (DYHKIUU TIPU
Ae[-1,1];

1) 2 — A2 =0 onpegensier na R e auddepennupyembie HespHbIE
GbyHKIUU U YeTbipe HenpepbIBHbIE (DYHKIIHUH.

25.2. JlokazaTb, 4To B 011. 1) U 1) 3aa4u 25.1 cymecrsyer 6eckoHeuHoe
MHOKECTBO Pa3pbIBHBIX HEABHBIX (DYHKILHIA.

25.3. Haiitu yucsia p u r, 0 KOTOpPbIX roBoputcs B (hOpMyJIHpPOBKE
Teopembl 25.1, B 1. 1) 3agaun 25.1, koraa 22+ A3 =1 (2o #0). [lpumenuma
Jid 3Ta TeopemMa B ToYkax xg =0, A = +17

25.4. Haiitu yucia p u r, 0 KOTOPbIX rOBOpUTCS B (hOPMYJIHPOBKE
reopembl 25.1, B 1. 1) sagaun 25.1, korga g = A3 (zo # 0). Tpumennma
Jwm vra reopema B rouke (0,0)7?

25.5. IlepedopmynupoBatrs Teopembr 25.1, 25.2 0 HessBHBIX (DYyHKIHU-
SIX JIJIS1 CJly YA€B:

a) X=A=Y=R: 6) X=Y=FE A=pE"

25.6. Ilycts X =Y = CJla, b], A = R. llepedopmynuposars Teope-
mbl 25.1 u 25.2 o HeﬂBHbIX onepaTopax /I UHTErpajibHOTO OMepaTopa:

a) F(z,\) z(s), A)ds;
K(t, s, z(s), \)ds;

b
B) F(z,\)=®(z(t),t, \) fj P(t, s, z(t), z(s), \)ds.
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25.7. Jloka3aTh, 4TO HHTErPaJbHOE YPABHEHUE
T

z(t) = % [ sint [z(s) sins+z%(s)] ds

umeer nipu A = g = 1 pemenne z((t) = sint. Haiitu nenpepnisnoe no
(t, \) pemenue sroro ypasuennst x(t, A) Takoe, uro x(t, 1) =sint.

25.8. Haiitn Bce HesiBHBbIE (DYHKIIMH, ONpeesieMble WHTErpaabHbIM
ypaBHeHUEM 3aJa4un 25.7.

25.9. Paccmorpum KpaeByro 3ajJady sl HETUHEHHOTO OOBIKHOBEHHO-
ro auddepeHuasbHOro ypaBHeHusi 2-ro mopsijika ¢ MaJbiM MapaMeTpoOM
"+ f(t,z,2',e)=0, 0<t<|, z(0) ==x(l)=0.
[peanonoxum, uro dyukuus f(t, z,y, €) ABIAETCA AOCTATOYHO TJIAIKOI

0 COBOKYMHOCTH CBOUX MEpPEMEHHBIX MPHU
te|o,!], -0 < x,y < 400, le| < eo.
[lycre, nanee, npu € =0 3Ta 3aja4a umeer peienue zo(t), npudem Jju-
Heapu30BaHHAs 3a/1a49a
2"+ fy(t, zo(t), zg(t), 0) 2"+ fa(t, mo(t), zo(t), 0)2=0
uMeeT TOLKO TpuBuasibuoe pemenne z = (. [lonaras
X=0C%0,1], Y=CI[0,l], A=R, F(z,e)=2x2"+f(t, =, 2 ¢),
nepedopMyaupoOBaTh s JAHHOrO cjaydas Teopembl 25.1, 25.2 o HesB-
HBIX (DYHKIHUAX.

25.10. Haiitu ¢ Tounoctsio o O(g?) pemenue kpaepoii 3a1a4u
z" +sinx = e sinwt, z(0)=z(1)=0.

25.11. Ilycrs dynkums ¢(x), ¢: R — R, anaautnuna B okpecTHoC-
™ S TOUKHM ag. PaccmoTpum ypasHeHue

r=a+ecp(x)
¢ mapamerpamu a € S u € € (—€q, €).

okazars, uTo:

a) cymecrByloT uucaa p >0 wu r > 0 Takwe, uro npu Beex (a,€),
YJOBJIETBOPSIIOIIMX yCJOBUsIM |a — ag| < p, |e€] < p, paccmarpusaemoe
ypPABHEHHE UMEET Ha UHTEpBaJe |T — ag| < I €JJUMHCTBEHHOE pEIleHUE T =
= xz(a, €); 97O peuIeHre AHAJIUTHYHO N0 G, € U YJOBJIETBOPIET yCJIOBUIO
z(ag, 0) = ap;

6) aas npousBoaHbix z(a,€) N0 € cupaseaausbl Gopmyabl Jlanaaca
ofx  0F 1 1 L | ox
ok = 01 7@ gl

U3 KOTOPBIX, B 4aCTHOCTH, CJIeJyeT, 4To
o x ot

9 |y = gt 17

keN,
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B) nia z(a, ) cnpaseanusa dopmyaa Jlarpanxka
00 Ek dk—] .
x(a,e) =a-+ Z FF [QD ((l)] .
k=1 a
25.12. Tloan3ysich dbopmyaoii Jlarpanxka u3 3agaun 25.11, gokazars,
uT0 anaaurudeckoe npu € = (0 pemenune ypasnennsi Kennepa (cm. 3aja-
1y 24.8) E-esmE=M, 0<e<]1,
3aJ1a€TCs PAJIOM
62 d 5 en n—1
E:M+ESinM+ Emsin M++FmsinnM+
25.13. Cdopmynuposats u pemuth 3aga4y 25.11 ans caydas, Kor-
na ¢ — oToOparkeHne KOMTJIEKCHON MJIOCKOCTH, & € U G — KOMTIJIEKCHBIE
napaMeTphl.

25.14. Paccmorpum ypasuenue f(z) = ¢, rae dynkuus f(z) anann-
ruuna B Touke z =0, f(0) =0, f'(0) # 0. 1o ypaBHeHue onpejeJsier B
okpectHOCTH TOUkKM € = (| eguHCTBEHHYIO 00paTHy0 ByHkumio = z(e),
npuuem z(0) = 0, n sra dbyukuus anagsurnana B Touke € = (. Ilycrn

f@) = fisk, bl =3 frt
k=1 k=1

Hokazars, uro obpartHas dyukius onpeaensiercsa psigom Jlarpanxa

(o) Ek dk—] 1
2= 3 G 56

k=1

z=0

25.15. [lycrs dynxkuus F'(z, \), F: E? — R, nenpepbisHa BMecTe ¢
4acTHOi npoussoaHoil F,(z, A) B nosoce a <A< b, —co<x <oo, uB
aToit monoce 0 < m < Fp(z, A\) < M, rae 0 < m < M — nocrosinunie, e
sapucsamue or £ u A. /lokasare, uro ypasuenne F(z, \) =0 onpegeasier
B npocrpancrse C [a, b] equncrBennyio HeaBHyo Gyakuuio z = z(\).

25.16. Iycrn oneparop F(z,)), F: EF4 E" — E*  uenpepoisen
BMecTe ¢ uacTHoil npoussoanoil F.(z, ) B ummungpe = € E¥, A € G C
C E™, rne G 3aMKHyTas orpanpuenHas obsgacte. IlycTh st TOUeK
9TOrO NUJIMHPA BBINMOJIHACTCA HEPABEHCTBO

ml[BlP < (Fy (2, A) b, ) < M AJ?,
rge 0 < m < M — nocrosinubie, He 3aBucsmue or £ u A. Jlokazarhs, uro
ypasuenne F(z,\) =0 onpelesnsier eANHCTREHHBINH HEsIBHBIA OmMepaTop
x = x(\), HenpepbiBHbIA HA G.

25.17. Pacemorpum 3amaay Komu ans o6bikHOBEHHOTO audpdepeHiu-
aJbHOrO ypaBHeHusi 1-ro nopsjika

dx
d—:-i—az:(p(m), 0<t<+oc, zl=0=ua,
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rae « > 0, dynkuusa ¢(z) nenpepbiBuo gquddepeHuupyemMa B OKpECTHOC-
™ S Toukm x =0, a €S, ¢(0) = ¢'(0) =0. Joxkazars, 90 3Ta 3303494
9KBHMBAJIEHTHA MHTErPAJHLHOMY yPABHEHUIO

¢

z(t) = ae '+ J e =y (x(s)) ds,

0
T. €. BesKoe pemienue 3agadu Koy siBASIeTCs peleHrueM HHTErpajbHO-
ro ypaBHeHUs] U, OOPATHO, BCIKOE HENPEPbIBHOE PEHIEHUe WHTErpajbHOrO
ypaBHEHUs1 HENpephiBHO AndpepenunpyemMo Ha nosayocu, yj0BJIE€TBOPSET
HAYAJILHOMY YCJIOBHIO U ABJsETCs permenueM auddepeHnuaibHoro ypas-
HEeHUs.

25.18. 3anuiiemM MHTErpajbHOE yPABHEHUE NPeblAyLIei 3a1a4u B BU-
ae ¢ = ®(a, z). C noMOmbIO TEOPEMbI O HESIBHBIX ONEPATOPAX JJOKA3ATh,
4TO NMpPpU JOCTATOYHO MAJIbIX ‘a| UHTErpaJibHOE ypa,BHeH[/[e uMeeT eJUHCT-
sennoe wmasioe pemenne z(t,a) — 0 npu a — 0 B npocrpancree C,
(cm. 3agauy 7.31). Ilepedbopmynuposarh nosyueHHOE yTBEPXKIAEHUE JLIst
3agaun Komu u3 3amaanm 25.17.



I'masa 7

JUCKPETHHIE IIPUBJIN>KEHIS PEIIIEHUI
OIEPATOPHBIX YPABHEHUN

§ 26. IIpubaM>KeHHbIe U PA3HOCTHBIE CXEMBI

Huist npubsiv>keHHOro penienusi ypapHenuss Ax =y ¢ JuHeliHbIM one-
paropom A, peiicTrytomum u3z obacru onpegesnenus D(A) C X B obaactn
snavenuii R(A)CY (X,Y  6anaxoBbl NpOCTPAHCTBA), U NPABOH YACTHIO
y € Y paccMaTpuBaiOT MOCJEAOBATENBHOCTh NPUOJHMXKEHHBIX ypPaBHEHU
Aty = Un (n € N), HazbiBaemMy10 npubausicernnoti cxemoli ¢ JMHEHHbBIMU
onepatopamu A, , geiicteyromumu uz D(A,) C X, 8 R(A,) C Y, u g, €
€Y, (X,nY, 6Ganaxobl npocTpancTsa). CBA3b MEXK/ILy NPOCTPAHCTBA-
vt X u X, (Y uY,) ocymecrsasiercss suneiinbivu oneparopamu T, €
€ Z(X, X,) (coorsercrrenno T! € £ (Y,Y,)) takumu, uro T, X = X,

(T]Y =Y ,), u HA3BIBAEMbIMU ONEPATNOPAMU CYHCEHUL.
[Mocaeporarenbuocts T, € Y, (n € N), nassisaerca T crodaweticsa
T _
asementy x € X (3anucwiBaior T, — x, n — 00), ecin ||, —Tpxllz —0
_T _ "
npu n — oc. Kcaum &, — = npu n — 00, TO rOBOPST, YTO Ty, GNNPOKCUMU-
pyem . Anasoruuno onpegeasiercs T'-cxodumocms 110CI€10BATENLHOCTH
Yn € Y, k 3nementy y € Y. Fean npu nekoropom narypasnbsHom k crpa-
BEJIJIMBO HEPABEHCTRO i
2, —T - < ,
|Zn = Thzl 5, <clz)/n”,
TO TOBOPAT, YTO T, annpokcumupyem z ¢ nopadkom k. Auamoruduo
ONpeJIeseTcs MOPAJOK ANNPOKCUMAIMHU dJieMeHTa y € Y nociejoBaTelib-
HOCTBIO 4, € Y.

ToBopsiT, 4TO HA PENIEHNN ¥ UCXOLHOIO YPABHEHHUS! BBHITIOJHEHO YCAOBUE
annpoxcumavuu, ecim Tpz* € D(A,) n npu n — oc

A, Toz™ = gnlly, — 0.

B sroM ciydae ropopsiT Tak»Ke, 4TO HMCXOJHOE YPABHEHWE GNNPOKCUMU-

pyemcsa wa =¥ npubmmxennoii cxemoit. Eciu, Kpome TOro, CyujecTByior

nocrosinaas ¢ > 0 u HarypaJbHoe k Takue, 9to npu n € N BbINOJIHACTCSA

HEPABEHCTBO _
x k

HAnTnT 71/71”{/71 < C/’ﬂ, 3

TO FOBOPSAT, YTO NPHUOJIMXKEHHAS] CXEMa ANMNPOKCUMUPYET UCXOJHOE YPaB-

HeHue ¢ nopadkom k.
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Ecnu cymecrByer nocrosinnas y > 0 Takasi, 4TO JJjsi JIOObIX T, €
€ D(A,) BbINOJHSACTCSA HEPABEHCTBO

1AnZally, =720l

TO TOBOPAT, YTO Npubnuxkennas cxema A,Z, = §, ycmotiuuea WU Bbl-
NOJTHEHO YCAOBUE YCTNOUYUBOCTNU.

[Ipeanosio>kum, 9TO TOYHOE ypaBHeHHE Az = y OJHO3HAYHO pa3pe-
mmmo, ¥ ero pemenue, npubIM>KeHHbIe ypaBHeHus A, T, = §, Ans

BCEX N OJHO3HAYHO Pa3penimmMbl U i;: — ux pemenus. Fean jfl 1) z* npu
n — 00, TO rOBOPAT, 4TO npubJanxkennas cxema crodumcsa. Fcau, kpome
TOrO, CyHmIeCTBYIOT mocTosiHHas ¢ > 0 u HaTypajbHOe | Takue, 4TO cripa-
BE€/IJINBO HEPABEHCTBO
% * l

7%~ Toa*|l 5, <e/n!,
TO TOBOPSIT, 4TO NPUOJIMXKEHHAs] cxema crodumcs ¢ nopadkom | wiu
4T0 NOPAJOK MOYHOCMU NPUDJIMIKEHHON CXeMbl PaBeH [.

Teopewma 26.1. ITycms mounoe u npubausrcerrovie YpasHeHUA 00HO3-
HAYHO padpewumvt. Fcau 6binoarens ycao8us annpokcumayuy U yemotvu-
60CMU, MO NPUOAUNCEHHAA CTEMA CTOIUMCA U CNPABEIAUBO HEPABEHCMEO

&7 — 2| <y 1A Taz™ = gall-
Feau npubausicennas crema annpokcuMupyem mowHoe ypasHenue na T
¢ nopadkom I, mo | ecmv nopadox mounocmu npubsuUACEHHOT CTEMbL.
B srom maparpade paccmorpens 3a7a4du 00MIEro XxapakTepa u 3aJa4uu
0 pasHoOCTHBIX cxemax, Korga A — nquddepentmanbubiii oneparop, a A, —

annpoKcuMupyrouuii ero pasHocrubiii oneparop. B § 28 paccmarpusaercs
Jpyrasi peaju3anus npubJIMKEHHBIX CXeM  cxeMbl [asepkuHa.

T T
26.1. [lycrs npun — 00 %, = x, ¥, — y. Jlokazars, 910 4151 JIOOBIX

CKAJISIPOB (@ 1
P h QaZn+ BUn Lax%—ﬁy.

26.2. Ilycts X =1y, X,, = lgn). Omnpegenum onepaTopbi cyxenus 17,
Tak: aas gioboro © = (£;)72, € lo nonoxuMm Thx = (§ry1)j—;. IlycTs
To = (f,(;])),of:] € ly. /lokazaTb, 94TO MOCAEAOBATENBHOCTD Ty = (€))7,
uMeeT GEeCKOHeYHOe YuCI0 T-Tmpenenos (9To CBHAETENLCTBYET O TJIOXOM
anmnpoOKCUMalMK MPOCTPAHCTBA |3 MPOCTpaHCTBAME lén) ¢ MOMOIIBIO OMe-
paropos cyxenus T7,).

26.3. Ecan u3 coornomenue ||T,z||y — 0 npm n — 0o BbITeKaer,
ja— n

gro £ = (), TO HOpMBbI B X,, HA3BIBAIOT HEGbLPOICICHHbIMU. JJOKA3AThH, YTO
Ui eauHCTBeHHOCTH T'-mpejesna HeoOXoAuMa M JAOCTATOYHA HEBbIPOXK-

JIEHHOCTb HOPM B X .
26.4. B || Tyzll g, — [|2]| ans awoboro z € X npu n — oo, To

HOpPMbI B X, Ha3bIBAIOT cozaacosarHbi.mu ¢ HOpMmol B X. JlokazaTs, 4To
ecad HOpMbI B X, coryiacoBaHbl ¢ HOpMO# B X, To I'-nipejies1 eIMHCTBEH.
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26.5. JlokazaThb, 4To eciu nocnesoBaTenbHocTh |1, x| ¢ orpannyena
n
npu KaxxjoM € X, TO OrpaHuYeHa U MOCJAEJOBATEIbHOCTh

1Tl x5,

26.6. [lycrs X = C[0, {]. Boibepem na [0, I] npn kaxpgom n € N cer-

Ky, T. €. HaOop y3y0B 0 < (") <...<&t (") < . BBegem onepaTopbl cyKe-

_ (”) n
uusa T, nonaraa T,z = (z(t, '));—,. B xauecrse X,, BO3bMEM cemounoe

npocmparcmeo (anueiinoe MpocTpancTBO (DyHKUMIl, 3aJaHHBIX JUINIH HA
CeTKe) co cnenyromeﬁ HOPMOIi: ecan T, = (mén))zzl € Xy, 10 ||Zn|leys =
= 1r<nka<xn \Tk | (Takum obpazom, X, = c¢"). JlokazaTh, 94T0 HOpPMBI B X,
COTJIACOBAHBI ¢ HOPMOH B X, T. €. st mioboii byuxkuun z(t) € C [0, []

li = ,
o, g, o)1 = e 2O,

(n)|—>0 npu n — 0o.

ecam A\, = max

., —
1<i<n—1| i+

26.7. B ycnoBusix npeabigyinei 3ajadu 3agajuM HOPMbI B X, Tak:

|Znllew =4/ D |$§“”)‘2(t§“n)_t§“n71))_

Hokazars, yro npu A\, — 0 .

1/2
Jim [Tyl = | [lato)de]
0

OTKY/1a BBITEKAET HEBBIPOXKJEHHOCTh chepruiecKux HOPM B X, .

26.8. /lokazaTh HEPABEHCTBO

- _
\/; ||~77n||Kyﬁ < HTancb <

26.9. TlocaeposarenbHocTs T, € X, HazbiBaoT T-crodswetics K ve-
menty T € X:

a) 6 cpednem, ecnn ||z, —Th x|l = 0, n — 00;

6) pasnomepno, ecin ||Ty — Ty x||wys = 0, 1 — 0.

Hokazars, uro u3 papHomepHoit T-cxomumocTu BbhiTekaer T-cxogu-
MOCTh B CPEJIHEM, HO 00PATHOE yTREPXKIEHNE HEBEPHO.

26 10. Eenn ||z, — Thz|l5, < ¢n — 0 n (n — oc), TO rosopar, 4to
Tn 5 T cO cKOpPOCTIBIO . E(‘.HI/I Yo >0 u ||z, — Thzl g = o(¢n)
(n — oc), TO rOBOPAT, 4TO T, L 2 co cwopocmuio o(hn).

/lokazaTrh, 4TO:

T T
a) eciu T, — T PABHOMEPHO CO CKOPOCTBIO (,, TO Tp — & B CPel-
HEM € TOil 2Ke CKOPOCTbIO;
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T T
6) ecnu T, — x B cpeaneM co ckopocteio o(1/y/n), T0 T, — T pas-
HOMEPHO;
T T
B) €CIU T, — T B CPEJHEM CO CKOPOCThIO @, = o(1/y/n), T0 T, = =
PABHOMEPHO €O CKOPOCTBIO /T 0y, .

26.11. Ilycrs z(t) jJocraToyHo riajgkaa (ydakuusa nwa [0, /],
onepaTopbl cyxkenust 1, u npocrpancTa X, 3ajJaHbl, KaK B 3aja4e 26.6.
Byaer qm Z,, T-cxomuThesa K x, U ecau ByJeT, TO ¢ KAKAM TOPSIAKOM,
ecim t;=1il/n, i=0,1,2,....n u:
1 (n) 1 (my 1"
a) @ = {5 2")+ 2"}

=1

t; n
1 (2
_— 2
6) Tn {ti_tiltf m(s)ds} !

1 =1

a

5l

26.12. Ilycrb Q  npamoyroabuuk 0 <z <1, 0<t <6, C(Q)
NPOCTPAHCTBO HENMpPEPBIBHBIX Ha () (yHKUMII ¢ HOPMOIi

u|| = max |u(z,t)|.
lull = max Ju(, o)

Pazobbem [0, 1] na n paBubix vacreii Toukamu z; =i/n (1 =0,1,...,n),
aorpesok [0,0] ma m paBHBIX HacTeil Toukamu t; = j0/m (j=0,1,...
—.ym). Myerb @y — CETOUHOE MHOXKECTEO
Qnm = {-7"1'7 t]: 7’:07 17 ooy 13 .7:0/ 17 EERE] m}

Paccmorpum cerounoe npocrpanctBo C(Q ) ¢ HOpMOIi

U = max |u(z,?)|.

il = max Jutz, o)

Hoxkazarb, yro Hopmbl B C(Q ) corsmacosaubl ¢ nopmoii B8 C(Q).

26.13. [oBopsT, 4TO MOCAEOBATENBHOCTD A, annpokcumupyem A na
anemenme x € D(A), ecin Tz € D(A,) (n € N), unpu n — 0o

A /!
[AnTpz =T, Azl — 0.
[lyects A, anmpoxkcumupyeT A Ha TOYHOM pemieHuu =, f, ANmpOKCH-

mupyer y. Jlokazarb, 4yro Torja ypaBHenue Ar = y annpoKCUMUPYETCs
Ha z* npubmkennoii cxemoit A, T, = U,

26.14. Ilycrs X, =X, Y, =Y, T, n T! — ToxpecTreHHbIE ONE-
paTopbl. JlokazaTb, 4TO yCJOBHE anmpOKCHMaluu omeparopa A mocme-
JOBATEJLHOCTBIO onepaTopoB A, Ha HekoTopoMm muOoxkecrBe M C D(A)
03HauYaeT CUJIbHYIO cxogumocth A, Kk A na M.

26.15. Myers X =Y =C[0,1], X, =Y, =¢", Thz =Tz =

= (T (E)) , A= (2—: ¢ D(A), cocrosimeii u3 uenpepbisao audde-
n k=1

penuupyembix na [0,!] dbynkunii z(t), ysoBaeTBOPAOWUX YCIOBUIO
x2(0) = 0. /lokazars, uro oneparop A na D(A) annpokcumupyercst noc-
JIeJIOBATENBHOCTBIO ONEPATOPOB
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n 0 0 0 0
_ -n n 0 0 0
Ap=1 0-n n 0 0
e e

26.16. Ecau BeinonHsieTcst HEPABEHCTRO
A, Tz — T Ax 7, < c(x)/n',

TO FOBOPSAT, YTO NOCIEJOBATENLHOCTh A, annpoxcumupyem A wna saemen-
me z ¢ nopadkom |. llycTh B yenoBusax npeabiymeii 3agaqau z(t) € D(A)
u z(t) umeer ua [0, 1] orpanuyennyio Bropyio npoussojuyio. lokasars,
aro A, anmpokcumupyer A Ha T ¢ mopaakom 1, mpuyeM crpasejiuBa
OlICHKA,

HAnTnm —T) Az

z"(t)).

o <w/Cn), e = sup

te[0,1]

26.17. Ilycts mocaegoBaTebHOCTH A, annpokcumupyer A Ha TOUHOM

pemenun £ ¢ nopsigKoM [, a N0CAEI0BATEIBHOCTD §J, ANNPOKCHMUPYET Y

¢ nopsiikom k. JlokazaTh, 9TO npuOJAMIKEHHAs CXeMa AIMMPOKCUMHUPYET
TOYHOE pelieHue ¢ nopsaakom min (1, k).

26.18. Tlycrs R, = R(A,) — noanpocrpancrso B Y,, na R, onpe-
nesennt oneparopbl A, u

||/_‘Z]Hg(§n Xn) <77 ', rme >0 — nocrosiunas.

Jokazarh, 4TO [JIsi NOCJAEJOBATEJBHOCTH A, BBIIOJHEHO YCJIOBUE
ycroianBocTr. Jlokazarh, 9TO €CJii BBITIOJHEHO YCJIOBHE YCTOHYIHUBOCTH,
To R(A,) 3aMKHYTBbI M, CJEJOBATEJNBHO, SABJSIIOTCS MOANPOCTPAHCTBA-

MU B Y,,.

26.19. Iycrs Y, = X*. Jlokazath, uto ajas A, BHINOJHEHO yCJIOBHE
yCTORUMBOCTH, ecamn s at0boii nocaeposarenbuoctn L, € D(A) Bbimnoa-
HSI€TCSl HEPABEHCTRO

(T, Any) >

26.20. Jlokasath, uTo B yeaosusx sagaun 26.15 ||A, 1| < 2, u, caego-
BATEJBHO, YCIOBUE YCTONUNBOCTH BBIMOJHEHO.

To|?, rae >0 mocrogHHas.

26.21. Ilycrs X, u Y, KOHEYHOMEPHBI, UX PA3ZMEPHOCTH DPABHBI W
BBINOJIHEHO ycJioBue ycroiiunsocru. Jlokazars, yro N(A,) =0, t. e. A,
orobpaxaer X, Ha Y, B3aMMHO OJHO3HAYHO.

26.22. Ilycts ajs Bcex BOBMOXKHBIX PEMIEHUH T, nMpubIn>KeHHOi cxe-
wbt A, 2, = g noayuena ouenxa [, < v gall, ve v — nocrosmmas
(Takue OllEHKM HA3BIBAKOTCH ANPUOPHLLMU). Jlokazars, 4To B 9TOM Cayqae
YCJIOBHE YCTONYNBOCTH BBIMOJHSETCS.

26.23. [lycrn npubawvxennas cxema A,Z, = y, npu ¥y, € R(A,)
MMeeT eJMHCTBEHHOE penmenue I, . [oBopsaT, uTo pemenne &,, HenpepbiBHO
3aBUCHUT OT IIPaBbIX YacTeld ¢, PaBHOMEPHO IO 7, €Cad AJs Jboro
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€ > 0 cymecryer § = d(e) > 0 rakoe, 4To 1a BCEX Uy, ¥, € R(A,) Takux,
aro ||gn, — 75|l < &, ans coorTeeTcTRyIOMNX pemennii Z,, T, BhIMOnHAETCSA
HepaBeHCcTBO ||Z, — T, || < €. JlokazaTh, 4To st ycTOHYMBOCTH pUOJIH-
JKEHHOH CXeMbl HeOOXOJMMa M JOCTATOYHA HENpepbIBHAS 3aBUCHMOCTD €€
peIIeHuii OT MpaBbIX YACTel pABHOMEPHO MO 7.

26.24. Ilycrs Bbinonneno yciaosue ycroifunrocru. Jlokazars, 4ro kax-
Joe npubJji>keHHoe ypaBHeHe nmeeT He 0ojiee 0JJHOrO peleHust.

26.25. [lycrb o1, £ — TOuHbIe pemienus, .e. Axy =y, AZs =Yy U BbI-
NOJIHEHO YCJI0BUE ycToitunpocTu. JJoka3zarh, 4To cipaBejinBO HEPABEHCTRO

VNTo(@1 = 22)l 5, <NATwz =Ty Azillg, + | A Tpzs — Ty Az -

26.26. IlycTts nociegosarenbHocth A, annpokcumupyer A Ha Kax-
ZIOM TOYHOM PEHIEHHH, HOPMbI B X, HEBBIPOXKIEHBI (cm. 3apaqy 26.3) n
BBITIOJIHEHO yCJoBUE ycToidunBocTu. [losib3ysich HEPABEHCTBOM TMpEbI-
ayuieit 3aj1a9u, 10Ka3aTh, 9TO TOYHOE ypPaBHEHUE WMeeT He Dojiee 0IHOro
pelIeHus.

26.27. Ilycrs B ycsioBusix npegbiayimeit 3agaan ¥, 1) Y npu n — oC.
Jlokazarhb:
a) CIPaBeJIMBOCTD OLEHKH
12 = Tozl g, <v {llgn — Thynlly, +11T3 Az — AnTaz] },
rjie £ — TOYHOE pellleHune;
6) cx0aMMOCTh NPUbJIMIKEHHOT CXEMBbI.

B sazauax 26.28-26.34 na orpeske [0,[] paccmarpusaercs 3ajaua

Kommnu dax

E—}-a(t)x:f(t), z(0) = a.

[Mosnoxum X = CI0,(], Y = CI0,
D(A) € C'[0.1]. a(t), £(2) € C[0.
cerky X = {ty}i_,, tr =kt (k=1,2,..,n), tme 7 =In"" mar

+R, Az = {dz/dt +a(t)z, z(0)},
[]. Ha [0,!] 3agagum paBHOMEpHYIO

cerku. Ilyers X, n-MEPHOE MPOCTPAHCTBO CTONOUOB Zp = (7)1,
[|Z,|| = max |z;|, Y, = X, +R, oneparopnl cyxxenus umeior suga T,z =
1<i<n

= (@()i_y, Thy = {Tuf. a}.

26.28. PaccMoTpuM pazHOCTHYIO CXeMy

T; —T;—1 .
¥+ai$i_]:fi7 221727---:7]7

Lo = @, (fi)znzl =Tuf, (ai)f:]:Tna.
a) 3anucarh CXeMy B KAHOHMYECKOM BHJIE
xi:Ri(T)ZEi_]—FTf“ i:]727---:n7 To = @,

rae |Ri(7)| <1+er, ¢ =|lalcp,qg-
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6) /lokazaTh, 4TO cXeMa MMEET eJMHCTBEHHOE DeleHune T, = (x;)7_;,
npuyeM Jid ¢ =1, 2, ..., n cnpaBeJJuBa OllEHKA
i—1
2| < (T+er)'al+ 37 (T+er) 7 full.
k=0
B) [losyunTh anpruopHy0 OLEHKY

c
(&

— L £l

2l < el +

r) JlokasaTb ycTORYUBOCTD PASHOCTHON CXEMBI.

26.29. 3anumem pasHOCTHYIO CXeMy NPEeJbIIYIEH 3a/1auu B CETOYHOM
dbopme (X cerka):
z(t)—z(t— ~ ~
M=) L yEE ) = (1), tey,  #(0)=a.
a) IMonp3ysick hopmyaioit Teitsopa, qokasarTh, 9TO HA TOYHOM PEIIEHUH
B KaXXJOM Y3Jie tj CEeTKH Y, PAa3HOCTHASA CXEMa AalMpPOKCHMHUPYET HCXOJ-
HyI0 3aja4y Korru.
6) /lokazarTh, 4TO CpaBeIMBa OLEHKA
z(t) —z(t— 1)
T

—a(t)z(t—7) - f(t)| <

YT,

N | =

A, = ||/_lnTnm—gnH§,n =sup
tex

rae y2 = sup [lz”(£)].
tefo,1]

26.30. PaccmoTpuM pa3HOCTHYIO CXEMY
TR ana(tion) + a0a(t)] [Bimioy + Bowi] = v f(tia) +72£ (1),

1=1,2,...,n, Ty = .

Kak nazo BwiOpars nocrosinubie ay, o, 31, B2, Y1, Y2, 4T0ObI OHA an-
NPOKCMMUPOBAJIA TOYHYIO 3aa4y CO 2-M MOPsiAKOM?

26.31. PaccmoTpuM pa3sHOCTHYIO CXEeMYy TMpEAblAyIIel 3a1adu Mpu
ar=ay=p1+Br=71=72=1/2.
a) JlokazaTb, 4TO ITa CXEMa MMEET €JMHCTBEHHOE pEIleHHe, eCJu

cT < 2, c=llallcpo, -

6) 3anucarh CxeMy B KAHOHUYECKOM BHJIE

i =Ri(T)zici+7hsy, i=1,2,...,n, Ty = Q.
B) JlokazaTh, 4TO CNpaBeJInBbI HEPABEHCTBA
[Ri(T)| < 1+2er,  [hil <2[|fall.

r) [Tonb3ysicb HepaBeHCTBAMH W3 . B), JIOKa3aTh YCTOWYMBOCTH pa3-
HOCTHOM CXEMBI.

26.32. Ilycrs rounoe pemenune z(t) mmeer na [0,!] orpannuennyio
TPETHIO NPOU3BOJIHYIO.

a) /lokazarh, uro pasnocTHas cxema 3agaun 26.29 nmeer 2-if nops ok
TOYHOCTH.

6) Ouenuts [|Z, — Tzl g, -
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26.33. JlokazaTh, 4TO pa3HOCTHAs CXEMa
x; —T;—
%4-0@'%:]2\, (ai)i=y = Tha, (fi)izi =Tnf,
7::1:2:"'7”717 To = @, M:f(o)ia’(o)a
T

OJIHO3HAYHO pa3pemuMa. 3anucarth ee B CeTo4HOl (opme u jgoKa3aTh,
4TO OHA ANMPOKCUMUPYET MCXOAHYIO 3a/ady € MOPSAAKOM 2, €CW TOUYHOE
pemenne numeer Ha [0, 1] orpannueHnyio TpeThIO IPOU3BOHYIO.

26.34. 3anuiiem pazHOCTHYIO CXeMY NPEbIAyIIEeil 3a/a4u B MATPUIHO-
KaHOHUYECKOM BH]IE:
ui:Ri(T)ui_]+Thi, 1=1,2,..,n—1,
rje ug 3a/laHo;

Tl () et L
h:<2(}) B=a+r[f(0)+a(0)a].

B Bosuukmem aBymepHOM mnpocTpaHcTBe (hUKCHpyeM HOPMY: st U =
= (&1, &2) nonaraem [lull = max{[&], [£2]}-
a) JlokazaTb, 4TO CIpPaBe/JIUBbI OLEHKU

|Ri(T)]] < 1+42eT, c=lallcp,y, [l <2||fn71||)?n717

6) Iloab3ysich OLEHKAMH U3 M. a), J0KA3ATh YCTORYUBOCTH PA3HOCTHO
CXEMbI.

B) JlokazaTh, uTO pasHocTHasd cxema 3ajadu 26.33 UMeeT NOpsI0K
TOYHOCTH 2.

r) Ouenurs ||Z, — Ty, x|

Xn'
26.35. /lokazaTh, 9TO pa3HOCTHAs CXEMa,
241+ 3x; —Hai— .
o+l L0l = i=1,2,...,n—1,

=
o =1, z1=1+712, T=1/n,
annpokcuMupyer 3agady Kommu
dz
— = z(0)=1 t 1
oo s=1  teln.1]
HA €€ TOYHOM PEIICHWH.

26.36. /lokazaTh, 4ToO:

a) Pa3HOCTHAs CXeMa NPEAbIAYIEH 32141 UMEET PelleHue
ri=1+7%2'=1), i=0,1,..,n-1;

6) ecaim x© — Tounoe pemenue, 10 ||z, — Thz|| = o0 npu n — 0o, u,

CJIEJIOBATEJILHO, Pa3sHOCTHas cxema pacxogurcsa. OObsicHUTH, noyemy u3
11. 6) BbITEKAET HEYCTORIMBOCTDH CXEMbI.

26.37. JlokazaTh, 9TO Pa3HOCTHAS CXEMa,
aziy1—(a+e)z; +cxi
T

=0, i=1,2,...,n—1,
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zo =1; m1:1+72, T:]/TL7

upu ¢ # a, a # 0 annpokcumupyer 3agady Kowwn z'(t) =0, z(0) =1
(t €]0,1]) na ee TounOM pemenun.

26.38. /lokazaTh, 4TO pa3HOCTHAsI CXEMa MPEAbIAYIIEH 3aJa9u CXO-
aurest, ecan |e/al <1 nam ¢ = —a, n pacxopures, ecau |c/al > 1.

B zapaugax 26.39 26.41 paccmarpuBaercsa 3ajada Komwu st cucre-
mbl k nuddepernpanbabix ypapauenuii ¢ k Hen3BecTHbIMU (DYHKIUSIMA
nepemennoro t € [0, /]

i BWr=10),  wO)=a

3aech HensBecTHasi (DYHKLUsI pasbicKuBaeTcss B X — NPOCTPAHCTBE He-
npepbisabix BekTop-bynxuuii z(t) = (z4(t))*_, ¢ nopmoii
ol = max max |z, (1)
1<s<k te0, 1]

B(t) — xBagparHas MaTpuua nopsiika k C HENpPEPbIBHBIMU 3JIEMEHTA-
v bii(t) (i,7=1,2,..,k), f(t) € X, a€ck Y =X+c*. Breaem
oneparop A: nycrts D(A) cocrour us dbyukuuii :, HenpepbisHo audde-
pennupyembix Ha [0, l], Az = {z'(t)+ B(t)z, ©(0)} ana = € D(A). Ha
[0, [] samaeTcs paBHOMepHas ceTka ¢ maroMm T = [n 1. U3 Teopun oObIK-
HOBeHHBIX JudepeHInanbHbIX YPABHEHUI N3BECTHO, 9TO 3aJa49a Az =y,
rae y = {f, @}, uMeer eJIMHCTBEHHOE KJIACCUYECKOE DELICHHE.

26.39. PaccmoTpuM pa3HOCTHYIO CXEMY
T; — ;-1 .
S B(t) i = f(t), i=1,2,...mn, To= Q.

a) 3anucarb pazsHOCTHYIO CXeMy B CETOYHON (opMe U JOKa3aTh, 4TO
ecan rounoe pemenne umeer Ha [0, [] orpannvennyo BTOPYIO Npou3BO/-
HYIO, TO PA3HOCTHAST CXEMa AMMPOKCUMHUPYET UCXOJHYIO 33]a49y HA TOYHOM
pemenuu ¢ 1-mM nopsiIKOM.

6) 3anucarh Pa3HOCTHYIO CXEMY B KAHOHMYECKOM BH/IE

;= Ri(t)zia+7fi, i=1,2,..,n, To =«

U JI0Ka3aTh YCTOMYUBOCTb PA3HOCTHON CXEMBbI.

B) /lokazaTh, 4TO PA3HOCTHASI CXEMa CXOJMTCH, U JaTh OLEHKY

|2 *Tn'TH)?n-

26.40. Ilycrs f(t) =0, A(t) = A — nocrosinnas na [0, [] marpuua,
HMeOIIast k JUHEHHO He3aBUCHMBIX COOCTBEHHBIX BEKTOPOB ¢; (7 =1,2, ...
.., k), orBeuaromux cobcrBennbiM 3uadenusm A; (j =1,2,... k). Pac-
CMOTDPUM PAZHOCTHYIO CXEMY

T —Tj—1 .
= LAz =0, i=1,2,....n, To= Q.

-

a) HaiiTu pemenus TOYHON 3a/1a4u U Pa3HOCTHON CXEMbl B BUJE pa3-
JIOKEHUH N0 COOCTBEHHBIM BEKTOpPAM MaTpuibl A
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k k
:Z t)pj, zi=> &ijpj, i=1,2,..,n

0) HOKaMTb HEPABEHCTBO
|(1+)\T)t/T - e)‘t| < é Nrelt

¥ C €ro MOMOIIbIO OUEHUTD ||, —

26.41. Paccmorpum na [0, +00) 3azauy Komu ¢ nocrosiHuoii MaTpu-
ueit C (z € EF) da
= $7
dt
u cemeiicTBo pasnoctabix cxem (7]|C|| <1, 7> 0)
z(t+7)—z(t) _ Ci(t),  #0)=a.

T

z(0) =«

a) Ilposeputsb, uto z(t) = e“*a  Tounoe pemenue 3amaum, T(t) =

= (I +7C)""a — eguucTrennoe pemenne PasHOCTHOMN CXEMBbI.
6) Hokazars, uro s £ (X) npu 7 — +0

(I+7C)"7 =%
B) Hats ouenky nas ||z(t) — Z(t)|| npu 7 — +0.

26.42. Paccmorpum na [0, ] 3agauy Komn s quddepenynanbho-
ro ypaBHeHnﬂ 2-ro nopsijiKa

”;t”” () g eya(t) =yt),  #O)=a,  (0)=F.
BaHI/IH]eM €€ B BUJI€ CUCTEMBI
G _ut)=0, Db u(t)+e(t)2(t) = (1),

z(0) = a, u(0) = 5.
a) JlokazaTh, 9TO NpU PABHOMEPHOIi CETKE PA3HOCTHAS CXEMa,
Ti— i

_ui—1:O: ’i:]727---:n: To =,
r

+b(ti1) +e(ti)ri 1=yt 1), i=1,2,..,n, ug =

CXOJUTCS, TPUYEM T, annpokcumupyer L (t), a 4, anunpokcumupyer ' (1).
6) IlpuBecTH COOTBETCTEYIONINE OLECHKH.

Uy — Uj—1

26.43. /lokazaTb, 4TO B ycnoBuax 3ajgaud 26.42 pa3HOCTHAS CXeMa

Tip] — 2T+ xi— T;— T
W—‘;H + b(ti_1)% +e(tin)zicr =y(ti—1),
T
i=1,2,..,n—1, To=a, 7% _g
T

O/IHO3HAYHO PA3PEIINMa W CXOAUTCS, IPUYEM T, = (;)l_, anmnpokcumu-

. . n
pyer z(t), a T, = (M) annpokcumupyert z’(t).
T i=1

10 B.A. Tpenorun u gp.
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B 3anmavax 26.44 26.47 paccMaTpuBaeTcsa KpaeBasd 3a7a4a
d?
e =y, tell 0= =0
Baech X =Y = C[0,1], c(t),y(t) € C[0, 1], Az = —d’z/dt*> + c(t) z,
D(A)  mHOxkecTBO ABaXK/ibl HenpepbiBHO auddepennupyembix va [0, /]
dbynkunii z(t), ynosnersopsiromux rpanuunbiv yeaosuam z(0) = z (1) = 0.

Huns pasaomepHoii Ha [0, /] cerku paccmarpusaem X, =Y, (npocrpanct-

n—I1

Ba cronbLOR BhIcOTH N — 1, T, = (T4)}_] ¢ HOpMOi HmnHmb =7y |zg]? )

u oneparopsl cyxenust Ty, (z) =Tz = (z (tk))kzl' k=1

26.44. JlokazaTh, 4TO pa3HOCTHAs CXEMa
Tpy1 =20, +Tp
2

+C(tk)-77k:l/tka k:1:2:"'7n71: .’I,‘():.’En:(),

AnMpoOKCUMUPYET HCXOJHYIO 337]a4y €O 2-M MOPAJKOM, €CJIUM TOYHOEe pe-
wenue umeer Ha [0, [] orpaHruyueHHYIO Y€TBEPTYIO0 IPOU3BOHYIO.

26.45. Jlokazarb nepaBenctsa (19 = z, = 0):
n—1 n

a) =Y (o1 — 2T, +T5_1)T, = (xp —zp1)?
s=1 k=1

6) llzall* = Z |T9|2<f7 'Y (k- mi).

M:

k

26.46. Ilycrs ¢(t) >0 na [0,!].
~a) 3amucarbh pa3HOCTHYIO cXeMmy 3ajauu 26.44 B marpuunoii ¢opme

—

6) IMonb3ysich nepasencTsamu 3agaum 26.45, jg0Ka3aTh ANpPUOPHYIO
onenky (A,Zn, Tn) > 20" ZH’I‘and), OTKyZa, coriacHo 3aaade 26.19, ciue-
JlyeT yCTOHYMBOCTH PABHOCTHON CXEMBbI.

26.47. Ilycrs Tounoe pemenue x(t) umeer Ha [0,!] orpanuvennyio
aerTrepTyio npoussoanyio, v, = sup |z (t)|, £, — pemenue paznocrHoii
cxeMbl 3aga4n 26.44. tefo.1

4
a) /lokazaTh, 4TO cnpaBeInBa OUeHKA || Ty — Th e 74l \Zﬁ
. 24n,
6) [Monb3ysich 3agaueil 26.46, qokazarhb, 4T0 .
|z, — Ty z||lwys = max |z —z(ts)| < 74l \/i.
Y2 1k = gun3/?

§ 27. UnTtepnoasanus crulaiifHaMu

[ycrs X, X runsbepToBbl mpocTpancTsa, npudem X = T X, rae
T e Z(X,X) omepatop cyxeuuss B tepmunax §26. Ilycrs Y
ruabbepToBo npocrpancTso u oneparop A € Z(X,Y). Quement s € X
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HazbiBaeTCsl  unmepnoaayuornvim  cnaatinom ((T, A)-cnaatinom), coor-
BETCTBYIOIIMM «BEKTOPY BXOAHbBIX JAHHBIX>» T € X, ecan

JAsIZ = inf | As®
ze€T~1(z)

Yepes T (z) smech 0603HAa4YeHO MHOXKECTBO TpooOPA30B 3JIEMEHTa T
npu orobpaxkeuuu T, T. e. MHOXKeCTBO pemienuit ypasuenusi Tx = T.
Haun6onee wacto T onepaTop Cy»keHust (PyHKIHH HAa CETOYHOE MHO-
»kecTBO. TakuMm 00pa3oM, WHTEPHOJNSIMMOHHBIA CHJAWH S OCYHIECTRJISIET
B ONPEJIEJIEHHOM CMbICJIE ONTHMAJILHOE MPOAOJKEeHNE (MHTEPNOJISAIMIO)
aJIeMeHTa T B aJieMeHT npocrpancrea X.

Teopema 27.1. Feau aunetinoe muozoobpasue AN (T) samrnymo u
N(A)NN(T) =0, mo daa xascdozo T € X cywecmeyem eduncmeenmniii
unmepnoasyuornnwt (T, A)-cnaatin s.

Teopewma 27.2. I[lycms onepamop A HopMaabHO paszpeulum, ez20
adpo N(A) wouewnomepro u N(A)NN(T)=0. Tozda auneiinoe mruozo06-
pasue AN(T) samrnymo.

27.1. [lycrs s — unrepnoasiumonnniii (T, A)-cnaaiin. Jlokazars, uro
st ii00bbix z € X Takux, 9T0 1’z = 0, BBINOJHAETCS COOTHOLIEHHE OPTO-
ronasbHocTH (As, Az) =0.

27.2. [lyctb anemenT s € X HHTEpNOAUPYeT Z, T. €. YJIOBJIETBOPSAET
coornomennto T's = x, rak uro pisi a0beix z € N(T) Boinosnsiercs
coorHomenue oproronannuocru (As, Az) = 0. Jlokaszars, yro s — unrep-
nossiynonnbiit (1, A)-cniaiin.

27.3. Mycrs X = H'[0,1], Y = 5[0, (], X = E"*!' — cerounoe npocr-
pancTBo (yHKIMA, 3agaHHbIX HA ceTke 0 =t < t1 < ... < t, =1, T —
onepatop cyxenus dbynkuun z(t) € H[0, 1] na sty cerky. llycrs Az =
=dx/dt, A e L(H'0,1], L2[0,1]). dokasarh, uro Kycouno juneiinas
byuakIns

t—1;
s1(t)=m; + (xig1— ;) !

T 7. te[tiati-i-l]: 7::0:1:"'7’”’717
tit1 — 1

MHTEPNOIUPYeT BeKTOp T = {x;}I_,, YAOBJAETBOPSET COOTHOIEHHIO OPTO-
FOHAJILHOCTH M, CJIE€IOBATEJIHHO, COTJIACHO 3aJ1a4e 27.2 sIBJsieTCsl MHTEPIO-
JISILIMOHHBIM CIJIAHHOM (TaKue CllaifHbl Ha3bIBAKOTCS AUHETHbLMU).

27.4. Tlycrs 0(t) — xapakrepucruueckast byHKiust OTpe3Ka [ty_1, tr]:
Or(t)=1 na [tg_1, tr] n Ox(t) =0 BHE [tr_1, t;]. [IpoBepuTh, 9TO

" Tp_q(ty —t)+xp(t—tp_1)
s1(t) = E 61 (t).
91() = th—tp 1 k()

27.5. [lycrs s, § — nBa (T, A)-cnaaiina, cOOTBETCTBYIOUMX OJHOMY
W TOMY K€ BEeKTOpy .

a) Tloap3ysich COOTHONIEHMEM OPTOTOHAJBHOCTH, JIOKA3aTh, 9YTO
(As, A7) = | As|? = || A7

6) Wcnoabsys 3agaay 3.19, gokazare, uro A(s —35) € N(A).

10%*
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27.6. Ilycts N(A)N N(T) = 0. JlokazaTs, uto kaxjgomy = € X co-
orsercrByer He 6osee ognoro (1', A)-cnnaiina.

27.7. Ucnonwaya z3azaum 27.4, 27.5, n0Ka3aTb, YTO KyCOYHO JUHEM-
Hast (DYHKIMS SBJASETCS €JMHCTBEHHBIM HHTEPNOJANMOHHBIM JHHEHHBIM
crnjaifHoM.

27.8. Paccmorpum Ha orpeske [0, /] cucremy dynkiuii-manodex
1*t/t1 Ha [O,tl],
wo(t) =
0 wa [t1,tn];
(t—tiq)/(ti—ti1) ma [t g, 1],
w1(t): (t77t)/(t1+17t7) Ha [t77 ti+1]7 7‘:1727,”‘715
0 BHe [t,;,l, tH—l]a

wn(t):{o wa [0, tn_1],

(t—tn_])/(tn—tn_]) Ha [tn_], tn]

a) Hapucosars rpadukn srnx dynknmii.

6) /lokazaTh, 9T0 B yCAOBHAX 3aja4u 27.3 w;(f) sBaseTcs cnaaiHoM,
OTBEYAIONUM BEKTOPY BXOJHBIX JAHHBIX T' € KOOpAMHATAMH T; = 1,
2r=0 (k=1,2,....i—1,i+1,...,n).

27.9. Tlycrs 6;(t) — xapakrepucrnueckasi dbyHkunst orpeska [ti_1,t;]

(i=1,2,...,n). llposepurn, uro na [0, /]
t t—ty_
wolt) = (177) 0i(),  walt)= =6, (),
1 n —tn-1
wilt)= Ly g ), =12,

Cti—ti ti—ti—1

n

27.10. Ilposeputs, uto s1(t) = »  z;w;(t), T. e. uro cucrema w;(t)
i=0

(i =0,1,...,n) obpazyer HGa3uc B NPOCTPAHCTBE JIMHEHHBIX CILIAKHOB.

27.11. /las cnyuas pasaomepHoil cerku t; =ih, nh=1 (i=0,1,...
..., M) JOKazaTh, uro Ha [0, /]

wi(t)=w(t/h—1), i=0,1,...,n,

rie
1+s wna [-1,0],

w(s)=< 1—-s wna [0,1],

0 Bue [—1,1].

27.12. llyets X = H2[0,1], Y = L[0,1], X = E"*' n>1, Tz(t) =
={xz(t;)}1_g, Az(t) = 2"(t). Hokazars, uro N(A)NN(T) =0 n, cae-
J0BATENbHO, 3a1a49a orbickanua (1, A)-cnuaiinos umeer ue Gosee 0JHOTO
peneHus.
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27.13. Jlokazarb, uTo ecau auneiinoe muoroobpasue AN (T) 3amkny-
10, 10 adunnoe muoroobpazne AT 1(z) Takke 3aMKHYTO.

27.14. C nomompio Teopembl 15.4 g0Ka3aTh, 9TO B YCJIOBHAX 3a]a-
qu 27.13 cymecTByeT €IUHCTBEHHbBIN 3JIEMEHT Y, PEAJH3YIONUNA B MPOCT-
panctre Y paccrosuue ot 0 go addunnoro muoroobpasus AT ™!(Z).
Jlokazarh, 94TO CynecTByeT CNJAWH S, MHTEPNOJUPYIOUU T, U OH SIBJISIETCS
0bwum pemenuem ypapuenunit As =y, Ts = T.

27.15. C nomowpio 3agau 27.13 u 27.14 jgokasarh, 4TO B yCJOBUSIX
sagauu 27.12 (T, A)-cunaiin cymecrsyer.

27.16. Hazoem dbyHkunio s3(t) wybuueckum cnaalinom, uHmepnoau-
pyrowum cemounyto gynryuto T = {x;}7_,, ecan:

1) s3(t) € C?[0, 1];

2) Ha KaXJI0M O0Tpe3kKe [t;, t;+1] $3(t) ABJIAETCSI MHOrOUYJIEHOM HE BbILIE
TpeTheil CTeneHu;

3) T's3=1; 4) s4(0) = sg(l) =0.

[ycrs na [t;, ti41] (1 =0,1, -1)

t t—1t;
g3() ﬁz .H—] +ﬁi+1 ; : T
1+1_t tz+1_tz
rae By = B, =0 corsacuo m. 4).
Hokazars, uro na [t;, t;41] (1=0,1,...,n—1)
(tis1—t)° (t—t;)°
sa(t) =, =g Ut
Ti+1 Ti+1

2
o ts —t T t—t;
(sz' _ Bi z+1> it1 7t (Q?H-] _ Biw z+1> i

6 Tit1 6 Tit1
rae Tip1 = b1 — tj.
27.17. B ycuosusix 3azaun 27.16:

a) BbIYMCIUTH Sh(t);
6) npupasuusas s4(t; —0) n s5(t; +0), gokazarsb, 4TO NOCTOSIHHBIE

B1, B2, ..., Bne1 YJOBJIETBOPSIIOT CUCTEME YDABHEHUIT
ntnonoo 0
6 6 181 .7,'27.7,'1_.7,'17.7,'(]
T T2+ T3 T T2 T1
2RI 0 Br |||l .
6 6 6 ;
............................. Tn —Tpn—1 Tp-1_Tn-2
0 0 0 . Tn—1+Tn ﬁn—] ™ 1

B) JOKA3aTh, YTO 39Ta CUCTEMA HMMEET €JMHCTBEHHOE DEIleHHE W,
TaKUM 00pa30M, /I KaXK/J0ro I CyIECTBYET €JMHCTBEeHHbINH KyOuveckuii
caiin s3(t).

27.18. Ilposepurs, uro pas Kybuueckoro cnaaiina s3(t) Beinoansiercs
COOTHOIIIEHNE OPTOrOHAJNBHOCTH H, CJeJI0BATEIbHO, COTMACHO 3aja4e 27.2
s3(t) ecrs (T, A)-cnnaiin B ycioBusx 3agaun 27.12.
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27.19. Pacecmorpum pyHKIHIO
0 mpu t2>2
o(t)=-<(2—t)® wa [1,2],
1+3(1-t)+3(1—-¢t)2=3(1—-1¢)3 na [0,1],
o(t)=o(—t) npu t < 0. [okazars, yro dbyHKuusa o(t) ABaXKIbl Hempe-
pbisao auddepennupyema Ha (—00, +00), U HAPUCOBATH €€ rpaduk.

(=R

27.20. B ycnoBusx 3agauu 27.19 seegem na [0, [] cucremy dyuxiuii
oi(t)y=0(t/h—1), i=0,1,...,n, h=1/n.
Hokazarh, uro ans awboii dynxnun z(t) € H?[0,1] makoii, uto
z(jh)=0 (j=0,1,...,n), BBINOJHSETCA COOTHONIEHNE OPTOrOHAJIHHOCTH
1
j o (t) 2" (t) dt =0,
0
M, CJIEJIOBATEJILHO, corjlacHo 3agave 27.2  o,;(t) sBasercs kybuueckum

CIUIAHOM, OTBEYAIOIIMM BEKTOPY BXOJHbIX JAHHBIX T C KOOPJMHATAMMU
2i=2/3, i1 =wis1 =1/6, 2 =0 npn k#£i—1,i,i+1 (npu i=0
xo=2/3, x1 =1/6, 1, =0, ecsiu k> 1, anpu i =n z; =0, ecau
k<n—-1, £,_1=1/6, ,=2/3).

27.21. Ilposepurb, uTro B ycaoBusaAx 3ajgauum 27.20 cucrema o;(t)
(1=0,1,...,n) obpazyer 6azuc B NpoCTpaHCTBE KYOUUECKUX CIJIAHHOB B
cjlydae paBHOMEPHOH CeTKH, MpuieM

()= 3 0i(0),

r7e BeKTOp & onpejesisieTcs: u3 CUCTEMbI JIMHEHHBIX ypaBHEeHUI

2/31/6 0 ... 0 ||| & 2(0)
1/6 2/31/6 ... 0 ||| & | = | =(h)
O e 0

27.22. Myers X = H'[0,1], X,, — nupocrpancrso (n + 1)-mepubix
cT0oA010B ¢ HOPMO#

|z = max ||zgx| + 77" max |zp41— i,
o<k<n ogk<n—1

ty = k7, nT =1, Thx = (z(tx))h_y. Iycts S, onepaTrop KyCOYHO
JIMHENHON WHTEPNONAlUU, CTaBALlEil B COOTBETCTBUE BEKTOPY BXOJHBIX
nanubix (x(ty))p_, auneitnsrit cnuaiin sq(t).

/lokazarhb, 4TO:

a) S, € Z(X,, X) n |8, < 21

6) oneparop S, siBasieTcs npaBbiM 06paTHBIM K oneparopy Th,.

27.23. Ilycrs ganb 6anaxossl npoctpancta X, X, (n € N) u one-
paropbl cyxenus T, € L (X, X,), T, X = X,. [okaszarb, 9ro eciu
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onepatop S, € .Z(X,,X) apagerca npasbiM oOpaTHBIM K onepaTopy Th,
(n € N), To oneparopbl P, = S,T, sBAAIOTCA OrPAHUYEHHBIMHU IPOEK-

topamu Ha X, = S, X, (n € N).

27.24. B ycnoBusx 3aga4 27.22 u 27.23:

a) J10Ka3aTh, YTO NPOEKTOP P, MOXHO 3a4aTh B BUJE
n

Poz =Y x(t;)wi(t),
i=0
rae w;(t) (1 =0,1,...,n) — cucrema dynkuunii u3 3agaun 27.8;

6) J0Ka3aTh, 4TO
" t—t;_
p—Pyr=Y%" 0,;(t){m(t) Ca(ti) — w(t) — a(ti)] ﬁ}
i=1 v
B) ¢ nomomuibio hopmyaint Teitiopa 10Ka3aTh, 4TO PH N — 00
|z = Puzllgig,q = O(1/n), ecin  x € H'0, ],
|z — Pzl gz = O(1/n%),  ecnn  z € H0,1].

27.25. Myers X = []0,1], X, — eBKJAWJOBO NPOCTPAHCTBO CTONG-
uoe z = (z;)f—, ¢ HOpMOii .

1Zall* =" @i (ti —tiz).

i=1

Tnx—{% t[ x(s)ds}n

ti_] t i=1

[MycTs, nanee,

Hokazars, 4ro: .
a) (T',1)-cnnaiiuel umeioT BuA SpTyn =y ;0;(t);
i=1
: 2 — |2
9 zegllrzin)HmHLz[o’” = 2l
27.26. B ycnosusx npebiaymei 3a1a4n gokazath, 9to 1), €. £(X, X),
ektopbl U || Pz —z||=0O(1/n) (n — o0) npu z € H[10 -

§ 28. [Ipubaukenubie cxembl lajiepkmHa

IMycrs X, Y — 6anaxosbl npocrpancrea, A — juHeitnbiii oneparop ¢
D(A)C X, R(A)CY. [lna orbickanusi npubn>kKeHHOro penieHnst ypaBHe-
uuss Az =y (y € R(A)) 3aJa10T JBe MOCIEA0BATEILHOCTH NOJIPOCTPAHCTB
X, CD(A), Y, CY u dee nocaedosamenvrocmu npoexmopos P, u Qp,
P, X =X,, Q,Y =Y,. llociegoBaresibHOCTh NPUOJMKEHHDBIX YPABHEHU
(cxema lanepxuna) 3aaaercs B Buje

QnAxn:Qny ZEnEXn.
DT0 YacTHBIN caydail bosee 06Iero noaxoAa, paccMOTPEHHOTO B § 26.
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Teopewma 28.1. [lycms 6uinosnensv, caAedyOUUE YCAOBUA:
a) Qny € R(Q,AP,), m. e. npubausicentvle YpaGHEHUA PA3PEULUMbL
6) Poz — z (n — 00) Ha KaHcIOM MOUHOM PEWEHUY T}
B) Qn,y =y (n— o0);
r) |QnAz — QAPpx|| = 0 (n = 00) Ha kasxcdom mounom peuse-
HUU T, . €. 6BNOAHEHO YCAOBUE ANNPOKCUMALUL;

) 1QunAz,|| = v]|zn|l 0as kascdozo x, € X, u xasncdozo n € N,
20 ¥ NOAOHCUMEADHAA NOCTNOAHHAAL, M. €. GHNOAHEHO YCA0BUE YCTnOTi-
YUBOCTNAL.

Tozda mounoe u npuﬁmmﬂ:ennme peweHUuA m)uncmeennm, 2aNEPRUHC-
KAA CLEMA CTOOUMCA U cnpaee@ﬂuea OUEHKQ

| <Pz —z||+77|QnAz — Qu AP,z

(TIL]yCTb nopnpocrpanctsa X,, Y, n-mepusle, {¢; '}, 6asucB X,,
{7, '}, — GuopToronajbHas K HEMY CHCTEMA JIMHEHHBIX (DYHKIMOHAJIOB.
Torpa oneparop P, MOXHO 3aJaTh B BU/JIE

Pz =3 (z.7")el".

i=1

LTy —T

AHAJIOrMYHO, TYCTh {z,(cn)}Z:] 6azuc B Yy, {<p§cn)}Z:] GUOPTOrOHAJ b-

Had K HEMY CUCTEMa JIMHEHHBIX beHKLU/[OHH.JIOB; Toraa
n

Quy =3 (") 2"

k=1
PasbickusBas raJlepKuHCKOEe HpI/I6.HI/I)KeHI/Ie Tr, B BUIE

n
_ (n) (n)
o= & ¢
i=1
U MOJCTABJIAS €r0 B NPUOJHKEHHOE ypaBHEHUE, MOJydaeM st Ompeaese-
HUs fl(n), ey 57(1”) CUCTEMY JIMHEIHBIX yDaBHEHNH
n
(n) (n)\ ¢(n) _ (n) _
Z(A‘P1 :wk >£1 _<y71/)k >: k_1727"':n'
i=1
OTMeTuM BayKHBIH 9aCTHBIN caydail, korga X, u Y, sBASIOTCA COOTBETCT-
BEHHO JIMHEHHBIMU 000JIOYKAMU MEPBBIX 7 BEKTOPOB cucreM {p;}°, u
{zr}72,. Torma cucremnr {v;}52, n {1, }32, TaKxKe MOXKHO BHIOpATH He
3aBUCSILIUMU OT 7.

28.1. Ilycrs z, € X, (n € N). 3anuce Tn (n — 00) o3Hauaer,
P P
aro ||z, — Pyz|| = 0 npn n — oo. /lokazars, 4to ecnv T, =T, Yn—Y
P
(n — 00), TO ans JWObIX cKaasApoB «, 3 Oymer «x, + By, — ax + By.

28.2. Touka z € X wnazbiBaercsas P-npedeavroti moukoti nociaeaoBa-

reannocrn noanpocrpancts X, X, = P, X (n € N), ecin P,z — x
npu n — oco. llyers & P-npejesibHasi TOYKA MOCIEJI0BATENIBHOCTH X, .
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JokazaTb, 9TO JJisi TOrO 4YTOOBI NOCIEJAO0BATENLHOCTL X, P-cXoaunach
K Z, HeODXOJUMO U JIOCTATOYHO, YTOObI T, CXOAMJACH K 2 B HPOCTPAHCT-
ge X.

28.3. Ecnu Beakuii anemenT © € X aBaserca P-npenenbHO# TOUKO#
N0CJe0BATENbHOCTH X,,, TO MOCJEJ0BATEIBLHOCTH MOAMNPOCTPAHCTB X,
HA3BIBAIOT npedeavHo naomuoti B npocrpancrse X. Jlokazarh, 4T0
€CJIM TOCJEJ0BATEJNHHOCTh X, MNpeaejbHO njaoTHa B X, TO MOHATHSA
P-cxopumocTu n cxogumoctu B X COBNAJAIOT.

28.4. Ilycrsn

n

Po=3" (a,9") o™, QWZXXme

i=1 k=1

rJle CHCTEMBI {(p }1_] u {'yl.(n) 1 {zk }k_] u {wk }k 6HOPTOrOHAJb-
bl JlokazaThb, uto P2 = P,, Q> = Q.

28.5. Ilycts wy, > 0, [|Qu]l S wn, A€ Z(X,Y), a z ecth P-mpe-
JeNbHAS TOYKA MOCJEJOBATENbHOCTH MOJANPOCTPAHCTE X,, NpUYeM
|z — Pyz|| = o(w;"') npu n — oc. JlokazaTh, 4TO Ha 3JEMEHTE T Bbi-
IOJIHEHO YCJIOBUE allPOKCUMAIIMH.

28.6. IlycTb cymecTByoT JuHEHHO He3aBUCUMbIE cucTeMbl p; € D(A),
Y; € D(A*®) (i,j € N) takne, uro (Ap;, ;) =d;; (1,7 € N). [lonoxum

n n

ES
i=1 i=1
TTonyvennas cxema Ha3bIBAETCS CLEMOU HAUMEHDWUL KEAIPAMOS.
y
okazarb, uro B 3TOM cayuae ||Qn, Az — Q,AP,z| =0 pas awoboro

x € D(A), 1. e. ycjioBME aNNPOKCUMAILMY BHITOJIHEHO TOMHO.

28.7. Ilyctrb A = A; + Ay, npuuem JJis KaxkKJOro U3 ONEepaTopoB
Ajp, Ay ycnoBue annpoKCUMAaIUK BbIMOJHEHO. Jl0Ka3aTh, 9TO OHO BHINOJ-
HEHO W JJis onieparopa A.

28.8. [lycrp gas gw6oro x € D(A) BbHINONHSETCS HEPABEHCTBO
, a 171 1000ii mocae0BaTeIbHOCTH ¥y, € A X, BhINOAHSAETCS
HEPABEHCTBO ||Q,Yn| ,TIe «, 8  MOJOXKHUTENbHBIE IOCTOSHHBIE.
JlokazaTh, 9TO TAJEPKUHCKAS ANMPOKCHMAIMS YCTOHYMBA € TOCTOSHHOM
v =ap.

28.9. Ilycrs oneparop A aeficTByeT B BEHIECTBEHHOM I'MJIbOEPTOBOM
upocrpancree H u jans mwoboro x € D(A) BbIIOJHAETCS HEPABEHCT-
Bo (Az,z) > v(z,z), toe v > 0 nocrosinnas. JlokazaTs, 4TO
(PrAzy, ) > 7| g g060it nocJgegosaresbHocTu T, € X,
BhiBecTH 0TCIOa YCTORYMBOCTD raJ€pKUHCKO# annpoKCUMAIMH.

28.10. ITycrs B cxeme nammenbminx kBagparos (3azaqa 28.6) D(A)
naorna B X w gas gwboro z € D(A) BbInoHsSIETCS HEPABEHCTBO
, TOE Y TOJIOKUTENbHAsI NOCTOsiHHAsA. JloKazaTh ycToiun-
BOCTb 9TO CXEMBI.
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28.11. JlokazaThb, 4TO B ycnoBusax 3ajgaun 28.10 a5 cxeMbl HAUMEHb-
IMX KBaJPATOB CIIPABEIINBA OLIEHKA

[z — 2]l <77 |Qny — yl

M, CJIEJJOBATENLHO, CXeMa cxoauTes npu @,y — y (n — 00).

28.12. Ilycts H runbbeproBo npocrpancrso, A: H — H J-
ueitnpiii oneparop ¢ D(A), naornoii B H. Ilposepurh, 4r0 Ha peimeHuu
ypaBHenusi Ax =y peanusyercs MUHUMYM (DYHKIHOHAJIA

o) = || Az — y12.
28.13. B ycnosusx 3agaun 28.12 nycrs ¢; (i € N) — nuneiino nesa-
n

Bucumasi cucrema B H. Tlpubanxkennoe pemenuve x, = Zc“pi Oyem

pasbhICKUBATH U3 TpebOBaHWs =1
2
n
o(zn) =D ciAp;—y| =min.
i=1
Brimucars cucremy ypaBHeHuil Jjisi €1, Co, ..., Cn. JlOKa3aTh, 9TO 3TOM

meros (memod Pumua) npuBoANT K CXEME HAMMEHBIIUX KBAJPATOR.

28.14. Ilycts noanpoctpanctea X, , Y, n-mepnsie. /lokazaTs, 94T0 U3
yCTOﬁ‘{HBOCTH CXEMbI ra.nepKMHa BbITEKACT OJHO3HaAYHadA pPa3penimmMocCcTb
npubJIM>KEHHBIX yPABHEHUI.

28.15. Ilycrs X, Y — ruanbeprossl npocrpancrsa, Py, QQ, — onepa-
TOPBI OPTOTOHAIBHOTO TTPOEKTHPOBAHUSI
n n

Pn$:Z($=‘pi)‘pi-, Qny:Z(y'l/)z)r‘/)z

i=1 i=1

/lokazaTh, 4TO ycaoBUE yCTOMIUBOCTH MOYKHO 3aMUCATh B BUJIE

SN &g 2’72 &.
k=1

i=1j=1
Borancanrs kosddunuenror ¢;; (4,7 =1,2,...,n).

28.16. Ilyctp omeparop A = Ay + Ay jeiicTByeT B BemeCTBEHHOM
runabbeprosom npocrpancree H, npuvem s aoboro z € D(A) cupases-
aueel Hepagenctra (Arx, ) > yl|zl)?, (Asz, ) = yallz|]?, rae vi, v2 —
nocrosinubie, y1 + y2 > 0. Jlokazars, uro mjsi oneparopa A BbINOJIHEHO
ycaosue ycroitunsoctu (no lanepkuny).

28.17. B npocrpancree H = L»[0, 1] paccmorpum onepatop Az =
= —d?z/dt* ¢ obnacrpio onpegenenus D(A), cocrosimeii u3 aBaxbi
nenpepbisuo guddepenunpyembix na [0, 1] dyukuuit z(¢), ygosaerso-
psitownx rpaundubiv ycaosusim z(0) = z(1) = 0. Buibepem 8 H cucremy
neMenToB ) = 1 = v/2sinknt (k € N), 0AHOBPEMEHHO KOOPAHHATHYIO
¥ MPOEKIMOHHYIO; TOTIA
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n

an =Pz = Z (:E-, @k)‘ﬂk-
k=
Jlokazarh, 4TO: !

) [1Pall =1;

6) PnAz=>_ k*r*(z, pi)pr = APnz, otkyna Py AP,z — Py Az =0
k=1
niis Beex x € D(A), 1. e. BbIIOJNHSETCS YCJOBUE TaJepKUHCKOI annpok-
CUMAIAH.

28.18. B npocrpancree 5[0, 1] paccmorpum oneparop Az(t) =
= c¢(t)z(t), rue c(t) — nenpepnisuas na [0, 1] dyukuyus. Sagagnm P, =
= @Qn, kKak B 3amade 28.17. [lonw3yscey 3agadeii 28.6, mokazarThb, 4TO s
onepatopa A BBITIOJHEHO yCJIOBHUE TAJEPKUHCKONR anmpOKCUMAIUH.

28.19. Ilycrs A = Ay + Ay, rae oneparop A; onpejenen B 3aja-
uye 28.17, a oneparop A; — B 3amaue 28.18. Tloawb3ysice 3ajaueii 28.7,
[IPOBEPUTh, YTO JJisd oneparopa A BbBIIOJHEHO YCJIOBHE ANNPOKCUMAIMH
no l'anepkuny.

28.20. Ilycrs A — puddepenyualbubiii onepaTrop, onpeaeJeHHbIi B
3agaque 28.17.
a) Jlokazare, uro aus awoboro 2 € D(A) Beinonnsiercs
1
(Az,z) = | 2% () dt.
0

6) Ucnonnsys zagauy 22.19, gokasars, uro gis jgoboro A BeimnosHs-
erca neparenctro (Az,z) > m2(z,x).

B) Ucnonp3ys 3agauy 28.9, nokazarh, uto jaust oneparopa A Bbimnos-
HEHO yCJIOBHE YCTONYNBOCTH.

28.21. Ilycte A omepartop, onpejejennbiii B 3aja4de 28.18, npuuem
scioay Ha [0, 1] Beinosnnsiercst neparencrso c(t) > a. [lokazars, uro pus
onepatopa A Bbimosneno ycaosue (Az,z) > a(z, ).

28.22. JlokasaTb, uTo ajs oneparopa A = A1+ As, rue Ay onpejgenen
B 3aja4de 28.17, a A, B 3ajade 28.21, npuueM « > —m2, BBIIOJHEHO
yCJI0OBHME YCTONYNBOCTH.

28.23. Ilycrs dynkuus y(t) nenpepoiBua na [0, 1]. Pacemorpum kpae-
BYfo sanaty —z"+et)z=y, 2(0)=z(1)=0.
Mycrts @ = ¢ = V2sinknt (k € N).

a) Jlokazarhb, 4TO rajepkuHcKue npubJnKeHnst pemenus 3Toi 3aaaumn

UMEIOT BUJL n
To(t) =D Erpr(t),
k=1

rae Koaddunuentol &1, s, ..., &, ONPEIENAIOTCS U3 CHCTEMbI JIMHEHHBIX
ypaBHEHU
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n
(kw)sz—i—z ciréi=mnr, 1=1,2,..,n.
i=1
6) Haiitu Boipaxkenus aus cip u ng (i, k=1,2,...,n).

28.24. Tloan3ysich 3agagamvu 28.17-28.23, npoBepuTh [1Jisi KPAaeBOi 3a-
na4yu 28.23 BBINOJHEHHE YCJIOBHIl TEOPEMbl O CXOJUMOCTH TaJePKHHCKOM
cxembl. /]aTh OlEHKY CKOPOCTH CXOAMMOCTH TaJE€PKUHCKOTO MPUOIHMKEHHUs
K TOYHOMY PEeIIeHHUIO.

28.25. Ilycrs A € Z(X,Y), oneparopbl @, AP, uenpepbiBHO 06pa-
TUMBL U 07151 1. € N BBITIOJIHAETCSA HEPABEHCTBO

[(@nAP) ™| <.

a) JlokazaTb, YTO raJepKUHCKOE YCJOBUE YCTORYUBOCTH BbIIOJHEHO.

6) lMycts A wenpepniBHO 06paTuMm, TOYHOE pPENIEHWE I SABJAETCS
P-npenesbuoii Toukoil, a [|@,] < ¢. /lokazaTb, 9TO yci0BHE rajepKUHC-
KOl anmpoKCUMAIMH BBINOJHEHO U 9TO CIPABEIJINBA OIIEHKA

|20 — 2| < vellAllll Poz — x|

28.26. Ilycts Y =X, A=1-K, K € Z(X), Q, = P,. llpeanono-
XKUM, 4T0 onepatopwl [, — P, K P,, rne [,  TOXJeCTBEHHBIH onepaTop
B P, X, HenpepblBHO 06paTuMbl U Aasi gioboro n € N cnpaBeannBoO He-

paBEHCTBO H(In*PnKPn)ilH <’Y-

Jlokazarh ycTORYIMBOCTH raJIePKUHCKONW CXEMBI.

28.27. B yciosusix npenpiaymeil 3agaun mycth oneparopbl [ — K n
I — P,K (n € N) nenpepbigio obparumbl u aas jao6oro n € N Bbinos-
HSIETCSl HEPABEHCTBO .
—1 -
1P K — K[| <q||(1-K)7
rae g € (0,1). lokazarb ycTOHUUBOCTD raJEPKUHCKON CXEMbI €
~1
=K7Y
1—¢q '
28.28. Ilycrs B ycioBusix 3agaun 28.26 P, K — K npu n — oo, a
P,z — x npu n — oo.
/lokazaTrh, 4TO:
a) /ISl TAJIEPKUHCKON CXEMbl BbINOJHEHbI YCJIOBHs ANNPOKCUMALUH U
yCTONYNBOCTH;
6) BBINOJHAETCS HEPABEHCTBO ||z, — || < ¥||Pnz — x|

28.29. Ilyctp B ycnoBuax 3agadu 28.26 nmpu n — oo P, K — K,
P,y — y. JlokazaTb, 4TO cnpaBe/uBa OllEHKA

X0 =zl <yl Pay —yll + (1= K)TH{I1P. K — KIlyll-

28.30. B npocrpancre L3]0,1] paccMoTpum uHTErpajbHBIA oOmne-
paTop
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1 2
Km:IK(t,s)m(s)ds, rie K(t,s):47—82.
o 4—4scosmt+s

Buibepem B Ls[0, 1] koopaunatnyio cucremy @i = v/2cosknt (k€ N) u
OCTPOMM MPOEKTOPHI n
an: Z (.'I/',(P]g)(Pk,-
k=1
Hokazarb, yro P, K — K npu n — oo.

28.31. B upocrpancree L]0, 1] paccmorpum mHTErpajJbHOE ypaBHE-

nue Opearosibma 2-ro poja
1

z(t) — [ K(t,s)z(s)ds =y(t).
0
Buibepem B L5]0, 1] koopauunaruyio cucremy @ (t) (k € N).
a) Beinmucars cucremy jgisi Bhlumciaenusi K03(h@GuuMeHToB rajepkuHc-
KOrO MPUOJIN>KEHWS.

6) [as cayuas, paccmorpennoro B 3agaqe 28.30, qoka3arh CXOAUMOCTD
raJlePKUHCKON CXEMBbI.

28.32. B npocrpancrse C[0, 1] paccMOTpUM MHTErpajibHOE ypaBHEHUE
npeabiayweit 3agaun ¢ y(t) € C[0,1] u sigpom K(t,s), nenpepbiBHbIM
npu 0 <t, s < 1. l[onoxum "

Pox=Qnz =Y &uw(t),
i=0
rae bynkunn w;(t) onpegenenn B 3aaaue 27.8.

a) Beinmucars cucremy ypasuenwii gas onpegesennst ko3dduunenton
507 517 (X3 fn

6) Ilycrn mz[zx ]|K(t, s)| =k <1/2. lokazars, uro upu n>2k/(1—2k)

t,s€[0,1

npubJin>keHHble yPABHEHNUS! OJJHO3HAYHO PA3PEIINMbl U rajJepPKHUHCKAs CXe-
Ma yCcToiuuBa.

B) JlokazaTh CXOAMMOCTH raJIEPKMHCKON CXEMBbI.

28.33. Ha orpeske [0, [] paccmorpum 3aaauy Kou
Az =1z'+c(t)z=y(t), z(0) =0
¢ D(A)C H'[0,!] npocrpancrsom dynkuuii uz H[0, [], yrosaersopsio-

wx HagaabHoMy yeaosuio z(0) =0, u ¢ R(A) = L»[0, 1] (ﬁpe,unonamerrc;l,
aro ¢(t) € C[0, 1]). Jus pasnomepnoii na [0, l] cerkun ¢ marom 7 BBEgeM

POEKTOPbI

n n t;
Paa=3 a0, Q=3 ( [ vetias)oic.
=0 i=1 tilfl
rae w;(t) (1=0,1,...,n) — 6a3ucHpie HyHKIMKU MOANPOCTPAHCTBA JMHEH-
HbIX CIUIaliHoB (3agada 27.8), a #;(t)  xapakrepucruueckas GyHKuus

orpeska [t;—1,t;] (i=1,2,...,n).
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a) Borancaurs koaddunnentst (Aw;,6;), (y,0;) n BoimucaTs cuctemy
o5 onpeaenenus koaddunuentos &g, &1, ..., &, TaJIEePKUHCKOrO MpUOIH-
KEeHu4d

Ty = i &iwi(t)

6) Jokazath, uto npu 7||c||cjo, ) <1 cymecTByer equHCTBEHHOE Tasiep-
KHHCKOE MPHUOJIMXKEHHE.

B) Jlns vccenegosanus CXOQMMOCTH TOJOXKUM 2 = T — L,. Jokasarh,
4TO Z ecTh penienue 3agau Koinu

dte(t)z=ft),  2(0)=0,
ne f(f) € L2[0 uQ, f = 0. [lonp3ysch 3TUM, I0KA3aTh, 9YTO ecnu f €
12[0 !

A ||ZHH1[0,[]:O(73/2) upu 71— 0,
aecau f(t) ewme u orpanuveHa, To
||ZHH1[0,1]:O(72) npu 71— 0.

§ 29. MeTos, MOHOTOHHBIX OIIEPATOPOB

IMycts X — mBemiecTBennoe cenapabesibHOE HOPMHUPOBAHHOE TPOCT-
panctro, X* — npocrpancrro, conpsikennoe k X, A: X = X* — nenu-
neiinbiit oneparop ¢ D(A) = X n R(A)C X*.

Oneparop A Ha3bIBAETCS MOHOMOHHLILM, €Cau JJis Jobbix z,y € X
Bhinosinsiercst vepasencrso (z —y, A(z) — A(y)) > 0. FEcun upn z # y
MMEeT MECTO CTPOroe HEPABEHCTRO, TO oneparop A Ha3bIBAETCA CMPO20
MOHOMOHHbLM. Heau »Ke CylecTByeT HenpepbiBHAsE M HEOTpPHIATeJbHas
npu ¢t > 0 dyukuua c(t) takas, aro ¢(0) =0, ¢(t) > 0 npu ¢t > 0,
¢(t) = oo npu t — 00 M Takasi, YTO CNPABEJINBO HEPABEHCTRO

(z—y, A(z) = Ay)) 2 c(llz —yll) - ly — =,

To oneparop A mazbiBaercs cuabho monomonnvm. Oneparop A Hazbi-
BAETCS KOIPUUMUEHBLM, ecau cymecTByer dynkuus y(t), 3aganuas npn
t >0 u crpemsimasica K +00 npu t — +0oC Takasi, 4To s J00OOro
2 € X BBINOJHSAETCS HEPABEHCTBO

(z, A(x)) 2 v(l=]) - [|]]-

Oneparop A HA3BIBAETCA JeMUHENPEPHIEHLLM B TOUKE To € X, €cau u3
Tn — xo 10 HopMe X caeayer, uro A(z,) = A(zo) (n — o0) caabo, T. e.

(z, A(zn)) = (2, A(z0)) (P — 0)
naga moboro x € X.

Teopema 29.1. ITycmv onepamop A omobpascaem 6ew,ecmeeHHOE
cenapabeavroe banazoso npocmparcmso X 6 npocmpancmseo X u ae-
AAEMCA CUABHO MOHOMOHHOM U demunenpepueHbim. Tozda ypasHeHue
A(z) =y umeem eduncmeennoe pewenue T 0as aobozo y € X*.

s npubav>keHHOTO OTBHICKAHWS DPENIeHUsT I B YCJOBUSAX TEOpe-
mbl 29.1 npumensiercss memod lasepruna. Iycrs X, (n € N) nocJje-
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n

n
JIOBATEJIBHOCTh 7-MEPHBIX MOANPOCTPaHcTB B X ¢ Oazucom {(pg )}l._],

npejesbio maotHas B X . [asepkunckoe npubinxenne
() (n)
n n
Tn=3_ &
i=1
371eCh PA3bICKUBAETCS U3 CHCTEMbl YDABHEHHUI

(o, Az)) = (o y), k=1,2,..,n.

Teopewma 29.2. B ycaosusaz meopemuv, 29.1 npu kasrcdom n cyuecms-
6yem  eUHCTMEEHHOE 20AEPKUHCKOE NPUOAUNCEHUE T, MOYH020 DEULE-
wusa Z. Ilpu smom z, — T (n — o) no wopme npocmparcmea X.
Ecau ||A(u) — A(w)|| € Klju —v|| 6 nexomopom wape S, codepmcawem
6Ce T, U T, MO CNPABEIAUEH OUEHKA CKOPOCTIU CTOOUMOCTNAU

e — & < ¢ (K| — Paall,

2de ¢(t) — Pynryua us onpedeserusn cuavroli monomonnocmu, a P, —
npoexmop Ha X,,.

29.1. [lycrs oneparop f(z): R — R yzaosaersopsier ycjaoBuio
(z—y)[f(z)— f(y)] 2 0 mas mobbix z,y € R. Hokazars, uro f —
MOHOTOHHBII OnIepaTop.

29.2. Ilycrs oneparop f(z): R — R yjgoBieTBopsieT ycJoBUIO
(z—y)[f(z) = f(y)] = alz —y* ann mobwix z,y € R, e a >0 —
nocrosinnad. Jlokasarb, 9T0 f  CHJIBHO MOHOTOHHBIH OTIEPATOP.

29.3. Jlokasath, uto byukuua f(z)=z3+z+1 (z € R) onpenenser
B R CHJIBHO MOHOTOHHBII OTIEPATOP.

29.4. [lycrs dynkuus f(z): R - R auddepennupyema na R u
f'(z) > @ na R, rpe @ — nocrosnuas. /lokasare, uro npu a >0 f —
MOHOTOHHbINH oneparop, a npu « > 0 f — CUJIBLHO MOHOTOHHBIH One-
paTtop.

29.5. Ilycrs asis Beex = = {x; le € E* onpepenen omeparop A:

Bk — Bk (fl(TlaTk))
Ax)= oo, .
Tr(m, .., wp)

[IpoBepuTsb, uTo ecau s a00bix © € E* BoimomHseTcs HepaBeHCTBO
k k
S(@i—y)lfilzr, ze) = filyr, )] = ¢ > [zi—uil,
i=1 i=1

rae ¢ nocrosinnas, To npu ¢ > 0 oneparop A(xz) MOHOTOHEH, a Npu

¢>0 cUABHO MOHOTOHEH.

29.6. Paccmorpum oneparop A(z) 3agaun 29.5 npu k = 2. Ilycrs ko-
opauHaTHbIe GYHKIUK fi U fo UMeIOT Beioay B [ 4acTHbIE IPOU3BOIHBIE
ofi

Oz

(i,7=1,2), npudem Bo Bcex TouKax 2 BHIMOAHAIOTCS HEPABEHCTBA



160 Ia. 7. Jluckpemnoie npubausicerus peuseruti

Ui 5o i=1,2 |Uilgp, izj ij=12

rae a, § — nocrosinubie. Jlokazars, uro oneparop A(z) npn 8 < a asas-
eTCsi MOHOTOHHBIM, @ pu 3 < @ — c¢Tporo MmoHoToHHbIM ¢ ¢(t) = (o — () t.

29.7. Jlokaszars, uro oneparop A: K2 — F2,

A( )_ .7,‘?-{—3.7,‘172.’1,‘2-{-1
= 2.’1);-{-.7,‘14-5.’1,‘274 '

ABJIAECTCA CUJIBHO MOHOTOHHBIM OTIEPATOPOM.

29.8. [lycrb onepatop A: X — X* cunbno MonoToHHBIH. J]0oKazaTh,
aro A kospumTuBHBI onepatop ¢ y(t) = ¢(t) —||A(0)|].

29.9. Jlokazatp, uto ecam omepatop A: X — X ™ koapunmrusen, To
(z,A(x)) = 400 npu ||z|| = +o0.

29.10. JJokazars, uto ecau oneparop A: X — X* kospuurnsen, to
[|A(z)|| = 4+o0 npm ||z] = oc.
29.11. Ilycrs H  runbbeproso npocrpancrso, A: H — H  omnepa-

rop ¢ D(A) = H. Chopmyauposars jisi A onpejesieHdsi MOHOTOHHOCTH,
CHJILHOW MOHOTOHHOCTH, KOIPUHUTUBHOCTH.

29.12. Iycrs A € £ (H), npuuem past joboro x € H Boinosnsier-
csa uepasencrso (Ax,z) > vy(z,z), rme v >0  nocrosunas. Jlokazars,
9TO0 A CHUJIBHO MOHOTOHEH ¥ KO3PUUTHUBEH.

29.13. Ilycrs oneparop f(z): R — R, nenpepniBen u MOHOTOHEH
na R wn f(z) — oo npu z — oc. /lokazars, uro ypasuenne f(z) =0 nmeer
B R xorst 661 0j1HO pemienue, a ecin f CTPOro MOHOTOHEH, TO 3TO pellle-
HUE €JIMHCTBEHHO.

29.14. IlposepuTb, 9T0 (pyHKIHSA
z3—5 npm z < —1,
flx)=<z+2 mpu —z<x<L],
z'+4 upm r>1
MOHOTOHHA, CTPEMHUTCHA K +00 MpPU T — +00, HO PA3pPbIBHA, U YPABHEHHE
f(xz) =0 pewenuii e umeer.

29.15. Ilycrs oneparop f: R — R HenpepbiBeH U CUJIbHO MOHOTOHEH.
okazarn, uro ypasuenue f(x) umeer B R eanncrsennoe pemenne.

29.16. [lycrs dbynkusa apyx nepemennnix f(z,t), f: B2 — R, nenpe-
peiHa Ha K2 u npu mobbix z,y, t € R yI0BAeTBOPsSeT HEPABEHCTBY
(z—y)[f(z,t) = fy. )] > clz -y,
rae ¢ > 0 NOCTOsSIHHASA, He 3aBucsmasa ot t. Jlokazarh, 4T0 ypaBHe-

uue f(z,t) = 0 onpepeasier na R eamncreennyio nesiBHyto (ByHKIMIO
x = ¢(t), nenpepbiBuyio Ha R.
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29.17. O606muTs pesyabrar 3amauu 29.16 Ha cayuqaii, korga t € G,
rie G OTKpbITas WM 3aMKHyTas obaacte B .

29.18. Ilycrb HenpepbiBHag B F? dyHkuns f(x,t) ynosaerBopsier
nepaseHcTBy f.(z,t) > ¢ > 0. JlokazaTs, 4T0 CpaBesIMBO yTBEPXKAEHHNE
3agaan 29.16.

29.19. Ilycts onepatop A(z) = (f](wl,m)

f2($],m2)> JUIST TIOOBIX T = (:;) €

€ E? wuenpepbiBeH M YJIOBJETBOPAET YCJOBUIO CHJILHOH MOHOTOHHOCTH
(z1 —y1)(fi(z1,22) = fi1(y1,92)) + (w2 — y2) (f2 (71, 22) — f2(y1,92)) 2

> cl(z1—y1)* + (21 - 11)7],
rae ¢ >0  nocrosunas. Jlokazars, yTo ypasuenue fo(zq,z2) =0 uMeer
s mobbix £ € R eanncreennoe pemenne £o = (1), 1 OHO HENPEPbHIB-
Ho Ha R.

29.20. B ycaosusx 3agadu 29.19 paccmorpum oneparop Ap(zi) =
= f(z1,9(z1)). Hokasarb, ur0 A; HeENpepbiBEH ¥ CHJILHO MOHOTOHEH

na R.

29.21. B ycaosusx 3agadu 29.19 gokaszars, yro ypasuenue A(z) =0
nUMeeT B EZ €IMHCTBEHHOE pelIeHune.

29.22. Mycrs oneparop A: E¥ — E* nenpepoisen 8 E* u cuanno
monoroner npu c(t) = ct, rae ¢ > 0. Jlokazars Merogom maremarnieckoii
unpykuun no k, uro ypasuenue A(z) =0 umeer 8 E¥ epuuncrsennoe
peleHue.

29.23. Tlycrs oneparop A: FF — E* wenpepsigen u monoronen. Jloka-
3aTh, uro 1npu ¢ > 0 oneparop A.(z) = A(z)+ ¢z HenpepbiBEH U CUIbHO
mounoTonen ¢ ¢(t) = ct.

29.24. Tycrs onepatop A: E* — E* obnanaer caeayommm croiict-
BoM: cymecTByer 1T > () Takoe, 4yTO aas Bcex = € ||x|| > r Bhmosnsiercs
nepasenctso (z, A(x)) > 0. [lokazare, uwro npu ||z|| > r cnpaseasnso He-
paserctso (z,A.(z)) >0 (onepatop A.(z) onpexnesnen B 3agaue 29.23).

29.25. IMycrs oneparop A: E¥ — E* uenpepbisen, MOHOTOHEH 1 y10B-
geTsopsier ycaosuio 3agaun 29.24. Jlokasarn, uro ypasuenue A(z) =0

umeer B E* pemenue. [lna sroro paccmorpers omepatopbl A, (z) =
= A(z) 4+ x/n u, noap3ysch pesyyaprarmu 3aga4 29.23 u 29.24, nokasarb,
qT0:

a) npu n € N xaxqgoe ypasuenne A, (z) =0 umeer 8 E¥ eauncrren-
HOE DELICHUE Ty

0) peweHus T, yJOBJIETBOPAIOT HEPABEHCTBY ||z,]| < r (n € N);
B) CyLIECTBYeT MOANOCAEA0BATENbHOCTh Ty, (K € N) nociegosaresin-
HOCTH T, CXOAdAlIAsCa K To  pemenuio ypasuenus A(z)=0.

11 B.A. Tpenorun u gp.
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B szagauax 29.26 29.38 ua orpeske [0,!] paccmarpuBaeTcs Kpaesas
3aja4a

ZLr(t)— f(t,z(t) =0, 2% z(0) = 2% (1) =0,

k
¢ hopmasbubIM anddepenunanbubiM Bhipaxkennem (m > 1)
m

Zz(t) =Y (- {P(t) 2"z (1)}.

k=0
Baeck P = d/dt — oneparop auddepenyuposanus, koapdunnenTo
Pi(t) € C0,1] (k=0,1,...,m), a dbyukuus f(t,x) HenpepbiBHa B 10-
qoce t€10,1], € (—o0, ).

MMycrn ﬁm[(), [] — smneiinoe npocrpancTro m pa3 nenpepbieno audbe-
penuupyembix Ha [0, l] dyHkuunii co ckaasipHbiM 1pOU3BEAEHUEM

Lt m
(z.9)= | [gm(”(wym(t) at (a0 =2(). yO1)=y()).

[MonosHenue NnpoCTPaHCTBA, Flm[O,l] ecTh IMabLOEpTOBO NPOCTPAHCTRO,
naspiBaemoe npocmparcmeom_Coboaesa n obosnauaemoe H™[0, []. Dane-
MeHThI, npucoegunsiembie Kk H™[0, (] npu ero nononnenun, moryr Goirh
oTOXIeCTRIeHb ¢ (yHKuusaMu u3 npocrpancrsa C™7'[0, (], umeomu-
mMu 0606uieHHBIE TTPOU3BOAHBbIE. CHPABEIJIMBO YTBEPXKAEHUE O BJIOXKEHUU

npocrpancrsa H™[0, ] B npocrpancreo C™~'0, [], anasoruunoe Teope-
me 4.1.

B npocrpancree H™ [0, ] paccMOTpUM n0A1pocTpaHCTBO
H™0,1] = {z(t) € H™[0,1]: 2*2(0)= 2*z()=0, k=0,1,...,m—1}.

Dyukuusa z(t) € Fnlm[(L l] nazbiBaercst 0b0bwWeEHHBLM PEUWEHUEM JJAH-

HOI KpaeBoit 3aga4n, ecin Jist jiioboro z € H ™[0, [] Beinosusiercs: narer-
pajibHOE TOXKIECTBO

I m 1
a(z,z) = [ 3 Pu(t) 2P x(t) 2F 2(t) dt = [f(t,m(t))z(t)dt.

0 k=0 0

29.26. /lokazars, uro npu kaxgom = € H™[0, (] soipaxenne a(z,z)
ABJAECTCA OIPAHUYECHHBIM J'l]/lHeﬁHbIM beHKLU/[OHa,.HOM OTHOCUTEJILHO 2z €

€ hcfm[O, [] u, cnegoBaTeNbHO, NPEJCTABUMO B BUJIE
a(z, z) = (7, Z)Hm[o,l] = (Az, Z)Hm[o,l]-
29.27. Jlokaszarh, uro A € f(ﬁm[o, 1, ﬁm[O, l]), rje oneparop
Az =T onpejesien B npejbiayuieil 3ajaue.

29.28. Ilyctp cymecTByeT moctosgHHasds « > (0 Takas, 4TO JAs BCeX

o
x € H™|0, |] BbIMONHSACTCS HEPABEHCTBO
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a(z,z) > allz|Hmp, -

Wcnonw3ys 3agauy 29.12, gokasars, 4ro oneparop A CHUIbHO MOHOTOHEH.

29.29. JlokasaTe, uTo amsa jgoboit bynknun f(t) € L0, (]
1
[ f(t)z(t)dt
0
ABJAETCA OTPAHMYCHHBLIM JHMHEHHBIM (PYHKIHOHAJIOM OTHOCHTEILHO
z € H™[0,l] wu, caejgosaresnbHo, cyuecrByer eauHcTBeHHasi (ByHKIMs
y € H™|0, [] Takas, 9ro
!
[ £(&)2(t)dt = (y,2) smio, 1.
0
29.30. Paccmorpum B F;m[O, ] ypasnenne Az =y, rae A,y onpe-
pesnenbl B 3ajgavax 29.26-29.29. /lokazarh, 94TO B NPEANOJOKEHUSAX 3a,]a-

gy 29.28 310 ypaBHEHME HMEET €JMHCTBEHHOE pelleHHue, SBJSIONeecs
0600EHHBIM PENIEHUEM MCXOLHON JnHeiiHol Kpaesoil 3anaun ¢ f(t, ) =

= f(1).

29.31. Ilycte m =1, Pi(t) =1, a nopma B ﬁm[(L ] nopoxpaercs
CKaJIAPDHBIM IPOU3BEJEHUEM

(z,y)

l
_ ’ ’
o fb[x (t)y'(t)dt.
[Tycrs G(t,s) — dynknus 'puna aas oneparopa Illrypma—JInysunns
Uz =—-12", z(0) =z(l) = 0. /lokazarb, 4T0 ypaBHEHHE, BBEJEHHOE B 3a-
nave 29.30, aBnsgercd cjieayonuM JUHEHHBIM HHTErPAJbHBIM ypaBHEHUEM
®pearosibMa 2-ro poja:
l l
.T,(t)-i—I G(t,s)Po(s)z(s)ds = j G(t,s) f(s)ds.
0 0

29.32. JlokazaTh, 9TO TPW BBHIMOJHEHWH YCIOBUs 3ajaqdu 29.28 cka-
Jsiproe npoussegenue 8 H™[0, I] moxno 3agarb ¢hopmysioi

(:I;a Z)H“"’[OJ} = (1,(.’1,‘, Z)

29.33. llonb3ysace 3aga4eii 29.29, qoka3aThb, YTO MUCXOAHASA JUHEHHAS
kpaesas 3ajgada (npu f(t,z) = f(t)) umeer eguncrBennoe o606IEHHOE
penenne T =y, Tae Yy TAKOBO, UTO

1
J f(t)z(t)dt = (y, 2) pmio,-
0

29.34. /loka3aTb, 94TO IIPU KAXKJIOM T € I;Vm[O, [] Bbipaxkenue
1
[ £t () 2(0)dt

0
11%*
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ABJACTCSA OTPAHUYCHHBIM JIMHEHHBIM (DYHKIMOHAJIOM OTHOCHTENBHO 2 €
€ H™[0, 1], n, ciiesroBaresibHO, CyLIECTRYET €JIMHCTBEHHbI JIMHEHHbII one-
parop ®(z), orobpaxatownit H™[0, ] B cebst u Takoii, uro

1

[ 7t 22 2(t)dt = (@(2), ) o 0.

0

29.35. Ilycts B mpeanosioxkeHusix 3ajadnd 29.28 njs Beex x1, o €
€ (—o0, +00), t €0, ] BeINONHAETCSA HEPABEHCTBO

[f(t, 1) — f(t, z2)](z1—22) <O.
JHokazarn, uro oneparop F(z) = A — ®(z) cnabHO MOHOTOHEH U, CJEJ0BA-

TEJIbHO, KPAaeBas 3a/]a4a UMEET eJJMHCTBEHHOE 0000IEHHOE PelIeHHeE.

29.36. Ilycrb H,,  n-mepHoe noanpocrpauctso B H ™[0, []. Tanep-
KHHCKOE MpHUbamKenue x, € H, 0000MEHHOro pemenns UCXOAHO Kpae-
BOIl 3a7a4i ONpejenuM KakK (PyHKIHMIO, YJOBJIETBOPAIONLYIO /s JI000ro
zn € H,, naterpanbHoMy TOXK/IECTRY

a(zn,zn) = (f(t,2n), zn)Lz[O,l] .
JlokazaTh, 4TO CyIIECTBYET eJUHCTBeHHOE raJepKUHCKOe IPUBIUKeHNe T, .

29.37. Mycrs {@,(t)}y_, —6asuc s H,. [lokazars, 410 MHTErpagbHOE
TOXJECTRO JJ151 n
i=1

paBHOCI/]ﬂbHO cJeyIoleit cucreMe ypaBHeHmii:

Z (pk7(pm 6/67 (f<t7 i 6/6@/6)-, Qom) B m:],Z,...,n.

k=1 k=1 Lz[o,l]

29.38. Ilycts m =1, f(t,z) = f(¢). Paccmorpum noanpocrpancTio
JIMHEHHBIX criaiinoB, oOpamamomuxcs B Hyab npu t =0 u t =1 (cm. 3a1a-
qy 27.8). Tlonoxum

n—1
Tpo1= Z Erwi(t)

a) Bbraucaurs s 9TOroO cayuas a(wk,wm) u (Y, wm) Ly, (k, m=
=1,2,...n1).
0) HanucaTb raJIepKMHCKYIO cucremy ypasuenuit aist &1, &a, ..., €.

B) /lokasaTh CXOMMOCTh CXEMbI M OUEHUTH MOPAAOK [T — | 1jg -

(B 3agauax 29.37 u 29.38 3aBucumocts Gazucubix dhyukunii {og ()},

1 koopauHat {{;}7_, 0T pa3MepHOCTH N moAnpocTpancTsa H, He 0603Ha-
ueHa.)



IN'nasa 8

SJIEMEHTBI TEOPUN SKCTPEMYMOB
1 BBIIIYKJIOI'O AHAJIN3A

§ 30. Heobxo/immoe yciaoBme s3kcTpeMyMma yHKIMOHAJIA

ITycts @(z) — dyHKuIMOHAN B BEMIECTBEHHOM JMHEHHOM HOPMHPO-
BaHHOM NpocTpaHcTBe X, ONPEJEJIEHHbIH B OKPECTHOCTH S TOUYKH I.
ToopsiT, uTo () AOCTUraeT B TOYKE Ty AOKAAGHO20 MUHUMYMG (Mak-
cumyMma), eciu Haiijgercs okpecTHOCTh S C S TOYKH Ty Takas, 4YTO
o(z) =2 o(zo) (p(z) < p(x0)) ansa Beex xz € Sy. Ecnu ¢(x) pocruraer B
TOYKE Z( JIOKAJHHOIO MUHUMYMa WJIM MAKCUMYyMa, TO I'OBOPAT, 4T0 ()
MUMeeT B TOUYKE Ty AOKAALHBLT IKCPEMYM.

[ycrs F(z) HEeJIMHEHHbII onepaTop, ONnpeJesJeHHbId B OKPECTHOC-
i S TOYkM x( GaHaxoBa mpocrpaHcTBa X €O 3HAYEHUsIMU B HAHAXOBOM
npocrpancTse Y. Fcin npu Bcex h € X cymecTByer npejen

lim F(“”O“’;) F@0) _ 57 (zo;h)

t—0

TO TOT Mpejes Ha3blBaeTCs nepeoli sapuayued oneparopa F(z) B TOY-

Ke Tg. Ecin
OF (z; h) = Ah, rae Ae Z(X,Y),
TO rOBOpAT, 9TO omnepatop F duddepenyupyem 6 mouke Ty 6 cMbicae
T'amou A= ¢'(xq).
Teopema 30.1. Myecmo dynryuonanr o(x) onpedeaen 6 okpecmmoc-

MU MOuKU Tg, 00CMU2AEM 6 TOYKE T AOKAALHO20 IKCMPEMYMEA U UMEET
6 mouke T nepeyio sapuayuto 0@ (xzo; h). Tozda dp(xo; h) =0.

Cunencrrue. Ecau s ycaosusr meopemv, 30.1 npocmparncmeo X
banazroso, a Pynryuonanr p(x) Juddepenyupyem 6 mouke To 6 CMbICAE
T'amo (@pewe), mo ¢'(x9) =0

B kaaccrnyeckom BapuanuMOHHOM ucuucieHun B kadecrse X Oepercs
POCTPAHCTBO Co'[t(), t1] HenpepbIBHBIX HA OTpe3Ke [to, t1] dyuxkumii z(t),
yaosaersopsomunx  ycaosuam  z(tg) = xz(t1) = 0, wmam npocTpaHcTBO
Co’"[to, t1] n pa3 unenpepnisuo nudpdepenunpyembix na [to, t1] Gynk-
wuii z(t), yaoraerropsiouux yeaosusm zF) (t9) =z (£) =0 (k=0,1,...
..., n—1). Ilpu 3ToM paccmaTpuBaioTcst (byHKIIHOHAJIbI

31
p(z) = [ F(t,z,z')dt, (1)

to
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31

(P($7 y) = [ F(t7 r,Y, $l7 yl) dt, (2)
Lo
t1
o(z) = [ F(t,z, o', 2", ... ™)dt, (3)
to

dkerpeMyM (DYHKIMOHAA, HA3BIBAETCH CUAbHDLM, €CJIM OKPECTHOCTh S1,
B KOTOpOﬁ BBITMMOJIHACTCA HEPABEHCTBO, MOHUMAETCA B CMbICJIE€ IPOCTPAHCT-

o
Ba Clto, t1],  caabbm, €ciiM OHA NOHUMAETCS B CMbICJE NPOCTPAHCTBA

Cn[t[), tl] (77 2 1)
Ecan dynkuns F' B (1)—(3) siBasiercst 10oCTaTouHO 1J1aJIKOH, TO BbITE-
kawouee u3 reopembl 30.1 Heobrodumoe ycaosue IKCMpPemyma UMeeT BUJ:
auis byuknuonada (1) (ypasuenue dinepa)

d
m e =0 (1
s byukguonana (2) (cucmema ypasuenud Iiisepa)
d
F!'— — F', =
Todrw (5)
Fro Lo~ (
yodt v
s byuknuonana (3) (ypasuenue Jidaepa—Ilyaccona)
o, (DA T —" 6

Oyuknus wian napa ¢GyHknuii U3 paccMaTpuBaemMoro MpoCTPAHCTBA,
spasomascs penienuem (4), (5) nam (6), HazpIBaeETCA IKCMPEMANLIO; CYy-
ecTrEoBaHue 3KCTpEMaJii, BOobIe roBOPs, He rapaHTUPYeTCs.

Ecaun skcrpemym dyukunonanos (1), (2) wam (3) mmerca B kaacce
¢dyHKIMA, yIO0BICTBOPAIONIAX HEOAHOPOJIHBIM FPAHUYHBIM yCIOBUAM

z(to) = xo, z(t1) = x4 (7)

m(k)(t())zm(()k"): x(k)(tl)zxgk)7 k:07]7---7n_]7 (8)

T0 HeoObxogumMble ycaoBus (4) (6) cOXpaHsIOT Cuily, a yAOBJIETBOPAIOIAs
COOTBETCTBYIOIEMY U3 ypaBHenuii (4) (6) skcTpemasb J0/KHA YJOBIETBO-
paATh Takxke ycaosusiM (7) win (8).

[lycts kpuBast © = z(t) ABAAETCSA PENICHUEM 6APUALUOHHOT 3adauu c
NOJGUNCHBLMU 2DAHULAMU, T. €. PEATU3YeT IKCTPeMyM (hyHKIMOHAJIA

p(y) = [ F(t, o) dt

HUJIn

cpeam Beex Kpubbix 4 kiaacca Cl, COeAMHAIOMNX MPOUZROILHBIE TOUKH
JBYX JIAHHBIX TIajakux Kpusbix & = fi1(t) n x = fo(t). U3 Teopemnr 30.1
BBITEKAET, YTO JIJIsl HAXOXKJEHUs IKCTPEMaJiell B 3ajade ¢ NOJBUKHBIME
IPAHULAME HAJIO:
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1) cocraBuTh ¥ pemwuTh ypaBHenue Diinepa (4), MOJy4YUB CeMERCTBO
skcrpemadieii © = f(t, C1,C5), 3aBucsamee or apyx napamerpos Cq u Co;
2) U3 yeaosuli MParceepcasbHOCIU
[F+(fi =) Fulli=to =0, [F+(fs=2") Flle=t, =0
v u3 ypasuennii f(tg, Cv,Cs) = fi(to), f(t1, C1,C2) = fo(t1) onpenennTn
Touku tg, t1 m nocrosuunie Cq, Cs.
[ycrs KpuBasi 4 peanusyer skcTpemym (yHKIUOHAIA
t
()= | Ft,z,2')dt,
to
YJOBJIETBOPSIET IPAHUYHBIM ycjoBusim z(to) = zo, x(t1) = 1 n siBasier-
Csl KyCOYHO TJIQJIKOIi, T. €. MOXKET MMeTh CKav0K NPOM3BOAHON (y2406y10
mouxy) B HekoTopoii Touke T (to < 7 < t1). Torma F .| _ =0, n u3
Teopembl 30.1 BhITEKAET, YTO B YIJIOBOW TOYKE IKCTPEMAJIb JJOJIXKHA Y/IOB-
JIETBOPATH yeaosuam Betiepumpacca Dpdmana

F;"t:T—O_F;’|t:T+0:07 (F_ZE/F;:I)

F’—x'F’;,) |t:'r+0 =0.
(9)

Ha kaxkgiom u3 oTpeskos [tg, 7] u [7,¢1] 3KCTpemMasb J0KHA YJOBJIETBO-
paTh ypapuenuio Jiinepa (4). Bosuukaomme npu pemennn (4) uerbipe
MPOU3ROJBHBIE TMOCTOSTHHBIE MOXHO, BOOOIIE TOBOPS, ONPEIEJUTh U3
PAHUYHbBIX yCJIOBUHA, yCJIOBUI HENMPEPHIBHOCTH dKCTPEMAaIK 1 yciosuii (9).
[ycrs dynkuusa z = x(t) gABASETCA PEIIEHUEM UZONEPUMEMPUIECKOT
300a4u HA YCJIOBHBIA 9KCTPEMYM, T. €. PEAJTU3YET IKCTPEMYM (DyHKIIMOHAIA

t1

p(z) = I F(t,z, z')dt

to

|t:‘r—0_(

U FPAHUYHBIX yeiaoBusXx z(tg) = xg, x(t1) = 1 u ycaosuu
t
P(z) = [ G(t, =, z')dt =C.
to
N3 Tteopembl 30.1 BbITEKAET, 9TO I ONPEJEICHUS IKCTPpEMaJiell B U30-
epUMETPUIECKON 3a1a9e HAJL0:
1) cocraBurh dynkuuonan Jlarpamxka L = @+ Ai);
2) cocraBuTb U pemuTb ypasHenue Ditnepa (4) anga dyukuuonana L,
noJy4uB cemeiicro skcrpemadneil x = f(t, Cp,Ca, N);
3) onpenenutsb nocrosuubie Cp,Co 1 napamerp A U3 rPAHUYHBIX yC-
JoBuit u yenosust ¢ (z) = C.

30.1. /lokazarb, 4T0 BCsAKMil cuabHbIi 3kcTpemym dynknnonana (1)
SBJSETCS OMHOBPEMEHHO M CIA0BbIM 3KCTPEMYMOM.

30.2. B npocrpancTse Co'l[O, 7] paceMoTpum (DyHKIHMOHA

p(z) = T (1 - .7:'2) dt.
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a) Jlokazarb, uTo ciabblii MunuMyMm @(x) aocruraercs Ha (GyHKUUU

=0. |

6) lMonaras x,(t) = In sinnt (n € N) ybeaurncst, uro Ha (yHKINM
n

z(t) =0 cuabubii MunuMym () He gocTuraeTcs.

30.3. [Jokazarh, 9To A5 (hyHKIIMOHAIA
t1
o(z) = [ F(z,z')dt
to
ypasuenue Jiinepa (4) Moxker ObITh 3aMMCAHO B BUJE
F— .’I,'/F;/ - C,

rae C NMPpOU3BOJIbHasA NMOCTOAHHAA.

30.4. HaiiTu skcTpeMann GpyHKIHOHAJIOB B KJIACCE TNIAJKAX KPUBbHIX:
1

a) o(z)= J(’I" + 2%+ 2ze Bdt, z(0)=0,5, z(l)=e;

6) w(m):_i (12tz — %) dt, z(-1)=1, z(0)=0;
B) <p(fr):j("r +2z2’' +2%)dt, z(1)=1, =z(2)=e¢;
r) w(m):j(h“ tax')dt, z(1)=0, z(e)=1;

1) @(m):iTT’th, z(0)=1, (1) = V4;

e) ¢(T):I(4quf+r —22)dt, x(0)=z(r) = 0;

3) p(x) :J [2tz+ (t2+e™) 2| dt, x(to) =m0, =(t1)=m1;
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) @(m):i(Qe“”mQ)dt, 2(0)=1, z(l)=e;

M) ¢(r):jm'(1+f2w)df z(1)=3, =(2)=1

i) w(w):f\/?dh 2(0)=2, z(2)=0, z>0;
0) (p(m):fl L+ dt, x(to) =to, x(t;)=1;.

~
o

30.5. Haiitu »skcTpemann (yHKIHOHAJIOB, COAEPXKAIMIMX CTAPIIAE
NPOU3BO/IHBIE:

jm”z’dt, z(0)==z(1)=0, z'(0)=0, z'(1)=1;

]
=
AS)
—

S}
N
I
DO | =
o

6) w(r):[ (m2+2m'2+m”2) dt, z(0)==z(1)=0,
0 z'(0)=1, z/(1)=—shl;

(% z" +24x) dt, x(—e

\_/
Il
8
~
o
N
Il
&\
=
|
o
N
|
8
—~
o
N
Il
o

w/2

e) p(z)= I (m”27m2+t2)dt, z(0) =1,
0
0

x) o(z)= [ (2402 — z"%) dt, z(-1)=1, z(0)=0,
- z'(-1)=-4,5, z'(0)=0, z"(-1)=16, z"(0)=0;
1

3) o(x) :j (z* +2"%)dt, =(0)=0, x(1)=shl,
0 z'(0)=1, z'(1)=chl.

30.6. HaiiTu skcTpemMann (yHKIHOHAJIOB, 3aBUCAIINX OT HECKOJbKHX

byHKIMi: _—
a) p(z,y) = J (2y74m2+m’27y’2)dt, z(0) =0,

| (5)=1 w00 o(3)-1
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6) p(z,y) = j (2t.q:m'2+y;) dt, z(-1)=2,
N z(1)=0, y(-1)=-1, y(1)=1;

w/2
B pe,y)= | (&7 +y”~2ey)dt, z(0)=0,
0

r) w(x,y):.[ (m’2+y’2+2x) dt, z(0)=1,

Ow/z (1) =15, y(0)=0, y(1)=1L
n) oz, y) = j (2zy — 222+ 2" —y'*)dt, =(0)=0,

: N R
e) o(z,y)= [ (2 +y"*)dt, =(0)=0,

0 2(1)=1, y(0)=0, y(1)=-3.

30.7. ITycrs nopsu>kubIe rpanuibl s pyHkuuonana ¢(x) 3agarres
ypaBHenusimu t = a u t = b. Ucnonszys teopemy 30.1, 3anucarsp Heob-
XOJMMOE YCJIOBHE IKCTPEeMyMa (DYHKI[MOHAJIA U HAHTH 9KCTPEMAJIU, ECIH:

w/2
a) p(z)= [ (22— 2'* —2zsint) dt;

0

w/4
6) p(z)= [ ($’2 —2zz' —162%) dt.

0
30.8. 3anucarh ycjioBUE TPAHCBEPCAJBHOCTH JJisi (DYHKIMOHAJIA

31

!
p(z) = J e \/1 4 12 dt,
Lo
eciu x(tg) = wo, a Touka (t1, £1) MOXKET MEPEMENIaAThCs N0 KPUBOH & =

= (). iy

30.9. Haiitu skcrpemanu dpynkuuonana ¢(x) = I (.’I,‘2 - .T,’2) dt, ec-
0
au z(0) =0, a gpyras rpaHduHas TOYKA MOXKET EPEMENIaThCsd MO Mpsi-

Moii t =7 /4.
R sl
30.10. Haiitu skcrpemanu dyukuuonana o(x) = I Vita™
x
0

2(0) =0, a Touka (t1, T1) MOXKET NEPEMEINATHCS:
a) no npamoit £ =t—>5;  6) no okpy>xkuoctu (t—9)%2+xz2=9.

dt, ecnu

30.11. MeTojamMu BapHAllMOHHOTO HWCYMCJEHUs HANHTH paccTosiHue:
a) mMexay napabonoii y = 22 u npamoii z —y = 5;
6) or roukn A(1,0) no snnunca 4z2+ 9y? = 36.
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30.12. CymiecTByOT Jii pelIeHHs] C YIJIOBBIMH TOYKAMH B 3ajade 06

KCTpeMyMe (pyHKIHOHAIA;
t1

a) w(m)zj (m’2+2tmfm2) dt, x(to) =z0, z(t1)=z1;

30.13. Haiitu pemenne ¢ o1HO# yryioBOi TOYKOI B 3a/ja4€ O MUHUMY-

Me (pyHKIHOHAIA:
2

I
6) ¢(x) :J(m'f D2(z'+1)%dt, z(0)=0, xz(4)=2.

30.14. Haiitu pemenne ¢ yryioroit Toukoii B 3a/a4€ 0 MuHumyme hyHK-
LUOHAJIA 1
o(z) = j 22(1—z)%dt, =(-1)=0, =z(1)=1.

—1

30.15. HaiiTn skcTpemaJin n30nepuMeTputecKoii 3agaam:

1
YCJIOBUY I2xe"’ dt =
0 1
($'2+ t2) dt, z(0)=z(1) =0, npu yciorun [ z2(t) dt = 2;
‘ 0

1
a) ¢(z)= I (.7?2-1—.77'2) dt, 2(0)=0,5, z(l)=e, npu
0 362*1_
4 3

[un

6) o(z)

0
1 1
B) go(x):[x’th, z(0)=1, z(1)=6, npwu ycaosun [xdt:S;
0 0
1
2 1
r) (p(.T)ZI.’I,‘ dt, z(0)=0, T(l):i, npu
1
0 2 1
YCIIOBUN J (z—2')"dt = TR

0

30.16. Cpenn KpWBBIX JAaHHOW AJUHBI [, COEJUHSIOMIAX TOYKH
A(to, zo) m B(t1, 1), HaliTu Ty, y KOTOPOW LEHTP TSAXKECTH JIEXKUT HAU-
boJiee HUZKO.

30.17. Haiitu skcrpemaib B U30MepuMeTprudeckoii 3ajade 06 skerpe-
MyMe (pyHKIHOHAJIA 1
o(z,y) = [ (az'2 + y'2 — 4ty — 4y) dt
0
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1
IpH YCJOBHU J (m’2 —tx' — y'2) dt = 2 wn rpannvnbix ycaosusx z(0) =0,

(1) =1, y(0) =0, y(1) = 1. |

30.18. Haiitn skcrpemann dyukuuonana ¢(x,y) = J (:6 +y )dt

0
npu Hajuuuu cpasu z2 + y? = R? u rpanmunbix ycaosuax z(0) = R,
z(1) =0, y(0) =0, y(1) = R.

30.19. HaiiTu skcrpemass dyHkinonaaa npu Haganduu auddepeniu-

aJbHON CBSA3M:
w/4

a) o(z,y) = [ (U; 2%z 2) dt, z(0)=0, m(%):],

0
MpU yCJIOBUH d—f =2y —4tx;

1

1 . .
6) ¢z, y) =5 [ (2*+y%) dt, =(0)=0, =(1)=1, .
0 T _
NpH yCJIOBUHU YT
30.20. ITycrb A — camoOCONpsKEHHbIH ONEepaTop B BEUIECTBEHHOM

rusibbeproBom npoctpancree H, y € H — ukcuposanubiii sjemenT.

Jokazarh, uTo HeobxoaumMoe ycaoBue skcrpemyma hyHknuonana ¢ (x)
CBOJIUTCS K yPABHEHHUIO:

a) Az =y, ccnn o(x) = (Az, 2) —2(s, y);

6) 2+ Az =y, ecnu () = (Az, z)+ (z, ) —2(z, y).

YTo MOXKHO yTBEPXK/JATH O PA3PEHIMMOCTH 9TUX YpaBHEeHU, ecnu A
BIIOJIHE HENPEPBIBHBII onepaTop?

30.21. JlokazaTh, 9TO mW30nMepuMeTpudeckas 3ajgada s GyHKIno-
HaJIa b

p(x) = [ [p(t) 2" +q(2) 2] dit

a

npy rpaHuYHbIX yeaosuax z(a) = z(b) =0 u ycaosun
b
[=*®)
ene p(t) € Cab], p(t) >0 wa [a.b], q(t) € Cla, b, a(t) >0 wa [a,b],

paBHOCHJIbHA 3ajjlade 0 cobcTBeHHBbIX (yHkuax omeparopa lllTypma
JlmyBund.

30.22. Jloka3aTh, 9TO CNPABEIJIMBHI CJAEAYIOMNE ACMMbL BAPUAUUOH-
1020 UCHUUCNEHUSA:

a) ecim T( )€ Cla, b] IT dt =0 pnusa moboirt h(t )ECo'l[a,b],
(t) =

6) ecnm 1/( )€Cla,b] n
To y(t) =0;

TO T

y(t dt =0 s moboii h()EC’[ b],

D%@ Q
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b
B) ecan z(t),y(t) € Cla,b] n [ [z(t)h(t) +y(t)h'(t)]dt =0 pasi sto-

a

Goit h(t) € é’][a, b], To y(t) € C'la, b] u y'(t) = z(t).

30.23. [lonyuuTs u3 reopembr 30.1 u 3amaqu 30.22 HeobxoguMOE yCII0-
sue (4) skerpemyma pyakuuonaa (1).

§ 31. locraTouHble ycjaoBHs IKCTpeMyMa (DyHKIMOHAJIA

Teopema 31.1. Ilyemo dynkyuonas @(x) deascdv. HenpepveHo
duppepenyupyem no @Ppewe 6 oxpecmmocmu S mouku Ty 0GHATO6A
npocmpancmea X u @' (zo) = 0. Eeau cywecmsyem « > 0 maxoe,
wmo daa mobozo h € X evnoanaemea nepasencmeo @' (xo) h? > alh||?
(p"(zo) h® < —al|h|]?), mo zo — mouka aokasvHozo Mmurumyma (Mmak-
cumyma) @(z).

Hwuxxe paccmaTpuBaeTcst BOMPOC 0 JIOCTATOYHBIX YCJIOBHUSAX IKCTPEMYMA

dbyunkunonasna t

()= | Ft, z,2')dt (1)
Lo
B npocrpanctee CF[tg, t1] (k> 0).

Cewmeiictro kpusbix = z(t, C) (z € C'[a,b]) obpasyer cobcmeentoe
noae B 3anaHHON obnacTu, ecam uepe3 Kaxiyil Touky (¢, ) 3TON
06JacTH IPOXOJUT OJIHA M TOJIbKO ojHa Kpusas z(t, C') aroro cemeiicTsa.
Yraooii koapdunuent p(t, ) kKacareabHOR K KpuBoil cemeiicrsa z(t, C'),
npoxosieii uepes rouky (¢, ), Ha3bIBAETCSA HAKAOHOM N0A% B TOUKE (L, ).
CewmeiicTeo kpusbix = z(t, C') obpasyer yeHmpasbHoe nose B 3aJaHHON
00J1aCTH, €CJIM KPUBBIE 3TOr0 CEMEHCTRA NOKPHIRAIOT BCIO 00J1aCTh, HE TIepe-
CEKAITCs B 9TON 00J1aCTH M MCXOAAT U3 OIHOM TOuKM (tg, L), Jexauei BHe
saganuoii obaacru. Touka (to, £og) HA3BIBAETCH UYUEHMPOM NYUKG KPUBDIX.
CobceTBeHHOE WTH [IEHTPAJIbHOE T10J1e, 00PA30BAHHOE CEMEHCTBOM KCTPEMa-
Jleil HEKOTOpPO#l BAapUALMOHHON 3a/1a4U, HA3BIBAETCA NOAEM IKCTPEMANET.

[lycts kpusas x = z(t) aBasercsa skcrpemMasbio (Gynkuuonasaa (1).
ToBopsiT, uro skcrpemans = x(t) exaouena 6 noae sxempemaneti, ecau
Haiijieno cemeiictro skcrpemadneil © = z(t, C), obpasyiowee noje, cojaep-
x)auiee npu Hekoropom 3navennn C' = Cy skcerpemans © = (1), npuuem
9Ta IKCTPEMaJb He JIEXKUT HA TPaHUIE 3aJaHHONH 0BJACTH, B KOTOPOH ce-
meiicrBo = = z(t, C') obpasyer nose. Eciu ny4ok skeTpemadieil ¢ [eHTpom
B Touke A(to, o) B OKpecTHOCTH KCTpemasu - = x(t), npoxojgueil ye-
pe3 Ty e TouKy, obpasyer nojie, TO TeM caMbIM HailJEHO LEeHTpaIbHOEe
noJie, BKJIOYAKOUIeE JaHHyI0 sKkeTpeMaas © = x(t). 3a napamerp cemeiicr-
Ba B JAHHOM CJIy4ae MOXKHO B3sITh yryioBO# K03 duuenT kacaregbHOl K
KpUBBIM nyuka B Touke A(lg, zg).

st Toro uro6el Ha ganHoil sKkcTpemanu dbynkuuonaa (1) gocrurascs
cnabplii MEHUMYM, HeobXoauMmo Beinosnnenue yciosusa F, >0 Bo Bcex
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TOYKAX paccMaTpuBaeMoil skcTpemasu (ycnosue FV, , > 0 HasbiBaeTcs
yeaosuem Jlescandpa).
YpaBHEeHUE BUIA

(it~ L F Yty = (R () = 0

Ha3bIBAETC YpasHenuem Sxobu nas pynkumonana (1). Fean cymecrsyer
penienue ypasnenusi Slkobu, yzporsaersopsitomee ycaosuio u(tg) = 0, ne
obpamaromeecss B HyJb HH B KaKOil TOYKe moaynHTepBasa to < t < tq,
To ayry skcrpemasu AB, rne A(tg, xo), B(t1, 1)  ee rpanudnbie TOY-
KM, MOXKHO BKJIOYUTh B HEHTPAJbHOE MOJE SKCTPEMaJel ¢ HEHTPOM B
Touke A.

DQynryueti Betiepuwmpacca nns dyukunonana (1) naspisaercs QyHKIUsA

E(t7$:p7$l) = F(t7$7$/)_ F(t $7p)_($l_p) F;;(t7$-,p):

rae p(t, ©) — nakjaon skcrpemaseil B touke (&, x).

Hunsa pocruxkenust dynkuuonanom (1) caabozo sxempemyma Ha Kpu-
Boit C' JI0CTATOYHO BBITIOJIHEHUS CJIEYIOIUX YCIOBUIA:

1) kpusas C sABJsIETCH IKCTPEMATBIO;

2) skcrpemasnb C' MOXKeT ObITh BKJIKOUEHA B 110JI€ IKCTPEMAJIEi;

3) dbynkums FE(t,z,p, z') ne mensier 3naka BO Beex Toukax (t, ),
6sm3knx K Toukam kpusoil C, m ans ', 6amskux k p(t, z). Munumym
peasqusyercs B ciaydae F >0, makcumym — B caydae F < 0.

Ecau napsiy ¢ yeaosusivu 1), 2) BbINOJHSAETCS yCIOBUE:

3°) dyukuusa E(t, z, p,z') He menser 3uaka BO Bcex Toukax (i, z),
OMu3KuX K TOYKam Kpuboii C, ¥ JJas NpPOM3BOJbHBIX 3HAYEHMH T';
TO Ha KpuBOil C peanusyercs cuavhuili sxcmpemym, MUHUMYM B CJIy-
qae F >0 n makcumym — B cayuae F < 0.

31.1. Yka3zarh COOCTBEHHOE M IIEHTPAJIbHOE MOJie SKCTpemMasieil (pyHK-
unonana

’I‘ +’I‘ a > 0;

O%Q

w/4
6) o(z)= J (.77' —z?+t2+4)dt.

31.2. BoisicHUTh, BKJAIOYAETCS JIH IKCTPEMaJb JAHHOrO (DyHKIHOHAJIA
B 110JI€ 9KCTpeMasieii (COOCTBEHHOE Uil HEHTPAJIbHOE):

a) p(z)= (m’3+sin2t)dt, z(0)=1, z(2)=1;
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(m'2 —2tz)dt, z(0)=z(1)=0;

1
i
1

n) e(x) = [ (2e'z+2' )dt, z(0)=1, z(1) =¢;
0
j (m2 fm’Q) dt, z(0)=z(a)=0, a>0, a#kn, keN;
0

x) p(z)= [ (2 +1%)dt, z(0)=1, z(2)=3?
0

31.3. Boimoaneno i ycaosue fkobu ays skcTpeMasin GyHKIHOHAIA,

NpPOXOASIIEH Yepe3 3a/JaHHbIe TOUKH:

(x’2+t2) dt, z(0)=0, z(a)=3, a>0;

3) go(m):j(zhgztgt) dt, z(0)==z(1)=0?

31.4. /Jokazarh, 9TO ecau noabiHTErpanabHas GbyHKus (GyHKIHOHA-
ga (1) gBHO HE CONEPKUT T, TO KAXKJAsd IKCTPEMAJb MOKET ObITh BKJIIO-
4eHa B MOJIE IKCTpEMAJeil.

31.5. [Iposepurh BbhIMONHEHWE ycaoBusi JlexkaHapa Ajst 9KCTPEMaJIH
dyHKIHOHANA, TPOXOAAIEH Yepe3 3a/JaHHbIE TOUKH:

a) p(z)= [ (x’4+x’2) dt, z(0)=1, x(2)=5;



176 Fa. 8. Daemenmo, meopuu IKCMPemymos

6) o(z)= j (22 +122%) dt, z(—1)= -1, z(1)=1;
B) o(z) :j (2 —za') dt, z(0)==z(1) =0;

r) o(z) :Tﬁ%t, £(0)=0, z(a)=5b>0, a>0;

1) o(z) :i (z"* — zz'*) dt, =(0)=z(1)=0;

e) w(m)—j(ﬁx’Q—m’4+xx’)dt, 2(0)=0, z(2)=1;
x) @(T):j za'dt, £(0)=3, z(1)=3
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2(0)=0, z(a)=b>0, a>0;

i 2 m
1) pa)= [ (122 -2 +82)dt, ©(0)=-1, x(z):();
:T(tm’2—|—12m2)dt, z(1)=1, =(2)=8;
“o ]
u) p(x)= J (.7:27.7:' +6.7:sin2t) dt, z(0)=0, m(z)zl;
0) p(z)=[ (1=e~*")dt, 2(0)=0, z(2)=1;
1) (p(.T):I (115/2*7‘7‘/%) dt, z(0)==z(1)=0

31.7. B npocrpauncrse C[0, 1] pacemorpum dbyHKIMOHAT

1

p(z) = I 22 (t — ) dt.

0
a) Jlokazarhb, 4TO e MHCTBEHHON 3KcTpeManbio ¢(x) svaserca x = (.
6) Haiitu d%>p B Touke z =0 u yGeguThes, 9TO Npu J10OOM MpHpa-

menun h € C[0, 1] (h Z 0) Bhimonusiercss nepasenctso d>p > 0.

B) Y6eaurnest, uro B s1060ii okpecrnocrn Toukn = 0 p(z) moxer

NPUHUMATH 3HAYEHUs PA3HBIX 3HAKOB W, caeoBaTebHO, £ = (0 He dABJsd-
eTCA TOYKO#N IKCTpEMYyMaA.

31.8. B npocrpancrre o gns x = (1, To, ...) € Ly pacemorpum dyHk-

UOHAJI oo 2 oo
=y %Xl

n=1

8

S,

a) /lokazarb, uro B Touke zo = (0,0,...) dp(zg;h)=0.

6) Haiitu d%p B Touke T m ybeaurhes, 4ro npu J06OM npupalie-
nun h = (hy, ha,...) € ly (h # 0) Beimonusiercs nepasencreo d2p > 0.

B) Y6eaurncsi, uro B 060N OKpecTHOCTH TOUKM T () Moxker
NPUHUMATH 3HAYEHHMS PA3HBIX 3HAKOB W, CJAEJOBATEJBHO, TOYKA Ty HE
SABJSETCSA TOUKOi 9KCTPEMyMa.

12 B.A. Tpenorun u gp.
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31.9. B BemecTBeHHOM TrHILOEPTOBOM HpocTpancTBe H paccMoTpum
dbynxunonan ¢(z) = ||z||*. Ucnoansysa Teopemy 31.1, nokazaThb, uto ¢ ()
JAOCTUTAET MUHUMYMa B TOYKE T = 0

§ 32. IMonyHenpepbIBHBbIE M BBITYKJbIe (DYHKIINOHAIBI

Bemecrrennniii hyHKInonas, onpeaesennniii na muaoxkecrse M Oana-
XOBa MpocTpancTea X, HA3HIBAETCS:

8unYKAbM, ecan M BbIMyKJO W 1jst J100bIX 1,22 € M u sn1060ro
t €10, 1] BbImOIHSACTCS HEPABEHCTBO

(s + (1)) < tiplon) + (1 1) ();

NOAYHENPEPLIEHbLM CHU3Y, €CIIH U3 TOr0, YTO L, — Ty NPU N — 0O
(£n,z0 € M, n € N), caeayer, uro ¢(zg) <limy(x,);

€400 NOAYHENPEPBLEHBLM CHUSY, €CIA U3 TOTO, YTO L, — Lo (n — 00)
cnabo (xn, g € M, n € N), cneayer, uro p(zg) <limp(z,).

Teopema 32.1. Caabo noaynenpepveuniii cHudy GyHryuoHaN, 3a-
darnwiii 6 pedaekcusnom banarosom npocmpancmee X, 02PaAHUNEH CHU3Y
U docmuzaem HAUMEHHULEZ0 3HAYEHUA HA KAHCOOM 02PAHUMEHHOM CAGOO
3aMEHYMOM (02PAHUNEHHOM 3AMEHYMOM BuNYKAOM) MHoxcecmee M C X.

Teopema 32.2. Ilyemv Pynxyuonar p(z) dupdeperyupyem no la-
mo 6 kastcdoti moure banazrosa npocmparcmea X .

Tozda caedyrousue ymeepscleHus IKEUBAACHMHDL:

1) ¢(x) — swnyravi Gynryuonan;

2) onepamop '(x) monomonen;

3) daa mobwr ,y € X evnoanaemea nepasencmeo ¢ (y) — p(x) >
> ¢'(z)(y — ).

Cnenctsue. Beakul 3adannnii 6ctody 6 6aHATO80M NPOCMPAHCTNGE
dugppeperyupyemoiii no Tamo evnykaviti GyHryuoHas caabo noasyHenpe-
POLBEH CHUZY.

32.1. Ilycrs () JUHEHHbIH (YHKIHOHAT Ha OAHAXOBOM MPOCT-
pancree X. JlokazaTh, ut0 |@(z)|  BblIyKJIbIH DYHKIHOHAIL.

32.2. [lycrr X — 6anaxoBo npocrpancteo, M C X — BbINyKJIO€ MHO-
x*ecTro, @(r) — onpenesennbiii Ha M BohInykabI (hyHKIMOHAN TAKOi,
uro @(x) > 0 pas moboro = € M. JlokazaTb, uTo @*(z)  BbIIYKJbI
dynkynonas.

32.3. [lyctp X — 0GanaxoBO MpOCTPAHCTRBO; st & € X MOJOXKUAM
p(z)=||z|. Byaer an dbynkumonan p(z):
a) BBINYKJIbIM;  6) HENpepbiBHbIM;  B) CJIa60 HENPEPbIBHBIM;

r) caabo noJyHenpepbBHbIM CHU3Y !

32.4. [lyctb X  pedaekcuBHOe HaHaxoBO mpocTpancTso, M C X
OrPaHUYEHHOE 3AMKHYTOE BbIMYKJIOE MHOXKECTBO.
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/lokazarh, 4TO:
a) B M wuaiijercs sJeMeHT ¢ HAauMeHbIIeH HOPMOii;
6) aust aoboro z € X naitpercs © € M rakoe, uro p(z, M) = ||z — z||.

32.5. [lycrs Bhinykablil (pyHkMoHaa @(x) ONpejsesen Ha BhIMTYKJOM
mHoxkecTBe M Ganaxosa npocrpancrea X, m = mf v(x). Hokazarn, uto
A

MHOXKecTBO {2 € M: ¢(z) =m} BBIIYKIIO.

32.6. [Tycrs BhinykJblil (pyHKIMOHAN () ONpEAESeH HA BHIMTYKJIOM
MHOXKecTBe M OanaxoBa mpoctpancTBa X. JlokazaTh, 94TO BCSAKAss TOUYKA,
JIOKAJBHOIO MUHUMYMa (%) sBJISIETCS TOYKON €ro rjiobajbHOr0 MUHHU-
MyMa.

32.7. llycts @(z)  Boimykabli byHKIMOHAT, ONpeeNeHHbli Ha Ga-
HaxoBOM mpocrpancTee X. JlokazaTb, 91O A MOGOrO BEMIECTBEHHOrO
ancia A MHokectBo Cy = {z € X: ¢(z) < A} BbimyKIIO.

32.8. Ilycrs ¢(xz)  Takoii dpyHkuuonas B 6aHAXOBOM NPOCTPAHCT-
Be X, uro agst Jioboro BewecrsenHoro umcaa A muoxecrso Cy = {z €
€ X: p(z) < A} oinykuo. Caeanyer sn orcioga, 4ro ¢(x) — BbINYKJIbIT
dbyukunonan?

32.9. Jlokazarb, uro pynkumnonan ¢(x) B 6anaxoBom npocrpancree X
SBJISIETCS IOJTy HENPEPbIBHBIM CHU3Y (1260 MOJyHENpepbIBHBIM CHU3Y ) TOT-
JIa U TOJILKO TOr/Ia, KOTJA, JIJs JII000r0 BEIIECTBEHHOTO YMCIa A MHOMXKECT-
Bo C\={z € X: p(z) < A} 3amknyTo (ciabo 3aMkHyTO) B X .

32.10. Jloka3aTh, 9TO BBIMYKJBIH (HYHKIHOHAT B HAHAXOBOM MpPOCT-
pancTre cs1ab0 MOJIyHENPEPHIBEH CHU3Y TOrA M TOJHKO TOrJA, KOrja OH
MOJIyHENPEPbIBEH CHUY.

32.11. Jloka3aTh, 9TO BBIMYKJbI NOJyHENPEPHIBHBIN CHU3Y (hyHKIIHO-
HAJI, 32JJaHHBIH B pedekcuBHOM HaHAXOBOM mpocTpaHcTBe X, TOCTUTAET
HAaUMEHbBIIIero 3Ha4YeHusA Ha KarXK/IOM OrpaHUYEHHOM 3aMKHYTOM BbIIYKJIOM
muoxkectse M C X.

32.12. B npocrpancrse C[0, 1] paccMOTpuM MHOXKECTBO
M ={z(t) € C[0,1]: |z(t)| <1, z(0)=0, =z(1)=1}.
Hns z(t) € C[0, 1] nonoxkum

a) Jlokazarb, 4T0 MHOXKECTBO M OrpaHUYEHO, 3AMKHYTO U BBINYKJIO.
6) /lokazarh, uto @(x) — HenpepbIBHBIH BHINYKJbIH (DyHKIMOHAJ.
8) Jlocruraer sin p(z) na M csoero naumenbuiero 3nadenus?

32.13. Jlokazars, 4T0 BCsikuil cjabo noJiyHenpepbiBHbIA CHU3Y (DYyHK-
quoHas B GAHAXOBOM IMPOCTPAHCTRE JIOCTUIAET CBOEr0 HAMMEHBIIEro 3Ha-
YEHUST HA KaXK/I0M OMKOMIAKTHOM MHOXECTBE.

12%
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32.14. B npocrpaucrse L»[0, 1] pacemorpum dyHKIHOHAN
1
o) = [ |o()] dt.
0

Hokazarb, 910 (%) AOCTHTAET CBOErO HAMMEHBIIErO0 3HAYEHHS HA
KayKJIOM OrPaHM4eHHOM 3aMKHYTOM BbINYKJIOM MHOXKECTBE.

32.15. Ilycrs H ruabbeproso npocrpancrso, A € £ (H) camocon-
psixkennbiit oneparop, ¢(z) = (Az, z). Byaer aun dynkunonan ¢(z):

a) HenpepbiBHbIM;  6) c1abo HEnmpepbIBHBIM;

B) c1ab0 noslyHenpepbIBHbIM CHU3Y 7

32.16. /lokazatb, uro (yHkuuonas o(xr) u3 npeablayleid 3ajadu
SIBJISIETCS BBIMYKJIBIM TOI/Ia ¥ TOJABKO Torja, korga A > 0.

32.17. B mpocrpaucrse ly ans x = (z1, 2,...) € l» paccmorpum

dyHKIIHOHA o .2 x©
n=1 T n=1

a) Jlokazarb, uro ¢(x) onpegesnen na Bcem [y u auddepenuupyem.
6) Byaer nu ¢(z) cnabo nosyHenpepbiBHbIM CHU3Y ?

32.18. Ilycrb X — pedaekcuroe GanaxoBo npocrpaHcrso, A €
e Z(X,X*), p(x) = (x, Az).

a) Jlokazarb, uro dyukuuonan ¢(z) auddepenuupyem no I'aro, u
HalTH €ro NpoM3BOAHYIO.

6) Ilycrs onepaTop A sBASIETCSA MOJOXKWTEJIBHBIM, T. €. JJist JIO6Oro
x € X Bomosnsierca nepasencrso (x, Az) > 0. Jlokasars, uro ¢'(z) —
MOHOTOHHbBI# OnepaTop.

B) JlokazaTh, 4To npu nosoxureabuom oneparope A dbynkuuonan ¢ ()
JOCTUTAET CBOEr0 HAMMEHDBINEro 3HAYEHHUS HA KAXKJAOM OTPAHMYEHHOM
3aMKHYTOM BbIMyKJOM MHOKecTBe M C X.

32.19. Ilycrs H — ruanbeproso npocrpancreo, A € Z(H), b€ H —
dbuxcupopanupiii anement. /lna x € H nonoxum ¢(z) = ||Az — b||>.

Hoxkazarb, uyto ¢(z):

a) auddepennupyem 1o ['aro, u HaliTH ero NponsBoHYIO;

6) A0CTHraeT CBOEr0 HAMMEHBINEr0 3HAYEHUS HA KAaXKJOM OrPAHMYEH-
HOM 3aMKHYTOM BbINyKJIOM MHOXecTBe M C H.

32.20. Mycrs B ycaosusix npeasigymeii 3agaun H = E? u B Hekoro-
pPOM OpTOHOPMHPOBaHHOM 6Gaszuce oneparop A onpejgensercs marpuiei

!

A=l

B Kakoii TOUKe JIOCTUTAeT s HauMeHbIee 3uavenne GyHKnuonana ¢ ()
na wape S, (0) npu pazaudabix r?
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1.12. Crporoe BKJOYEHHE BO3MOXKHO.

1.13. Boobuie rosopsi, He Caeayer. 1.17. BosmoxkHo.
1.25. Her. [logoxxum 1 0
0 1
z=| 0], y=1 0|
0 0

Torpa past z = x /2 + y/2 napymaercsi akCuoMa TPeyroJbHUKA.

1.26. am=1/vVm, Bm =1, ym=1/m, dm=1, em =1, vm=+vm.
1.30. a), B), 1)

(n) _ 1 1 1
=" =1(0,0..,0, T i 0,0,...).
271,

Torza ™) — 0 npu n — oo B mpocTpanctsax m, ls, co, HO PACXOZUTCA B
npocrpancrse [y .
6), n) (" = (1/11,7 1/n, ..., 1/n, 0,0, ) Torpa 2™ 50 npu n — 00

~~
3

n
B MIPOCTPAHCTBAX €y M M, HO PACXOANTCSI B MPOCTPAHCTRE (9.

1.32. lnsi ¢y m 11 ycraHOBMTH JBA MPOTHBONOIOXKHBIX BKJOUYeHust. Bkiro-
genune cg C [ BBITEKAET M3 TOTO, YTO BCAKHIT JIEMEHT MPOCTPAHCTBA €y MOXKHO
npubausnuTh, 3aMeHnsist «xBocT» HyJsimu. ObparHOe BKJIIOUEHME — M3 CBOWCTB
PaBHOMEPHOUN CXOJIMMOCTH.

1.33. a) la. 6) Her. 1.34. a) la. 6) [a.
1.37. Bo Bcex 4eThIpex Cily4dasX MOXKHO.
1.38. a), r), a) Moxno. 6), B) Hean3s.

1.39. a) Her. /lononnenue kK HEMY HE 3AMKHYTO.
6) Her. Ono Bcrogy niorno B npocrpancrse Cla, b].

1.40. a) /Ta. [loka3aTesbCTBO 3aMKHYTOCTH HMCNOJL3YET JMOO KOHEUHO-
MEpPHOCTh, JUDO NPEeJACTaBJIEHUE MHOINOYJIEHOB WHTEPIHOJSALUMOHHONW (opmyJioi
Jlarpam>xa.

6) Her. [locsienoBaTebHOCTh MHOTOYJIEHOB CTENEHH 7. MOYKET PABHOMEPHO
CXOAUTbCA K MHOTO4YJIEHY MeHbIIeil cTeneHu.
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1.42. a) /la. 6) /[a.
1.44. Vcnosb30BaTh pAaBHOMEPHYIO HENPEPBIBHOCTD.

1.45. JlokazarenbctBo  uHaykuueil no k. Ilycrs P(f)  MHorowien ra-

KO, 4TO
€

17" = Pll iy < b arl

Y6eanrthes, uro ||f —Q Ckla,b] < E-

o
1.46. a) Ecim Y a? < 0.
n—1
6) Ecim an  orpaHnveHHasi NOC/IEA0BATEILHOCTD.

1.48. Ecan cymecrsyer € € R (e > () Takoe, uro asst sio6oro n € N Bbinoa-
HSIE€TCS HEPABEHCTBO Ay > €. B NPOTUBHOM cjlydae JIONOJIHEHUE K TapaJjiesie-
nunesy He 3aMKHYTO.

1.49. Ilycts 01(0) comepxkut orpesok [z,y], = # y. Ybeaurncsa, 9To
o+ 3]l = 2]l + Iyl O6parso, ecas ||z +yl| = o] + llyll. npuses = £0, y £0,
u He cymecrByer A > 0 rtakoro, uro y = Az, 1o nosmkum a = z/||z||, b=
=y/llyll. Y6eanrncs, uro [a, b] C o1(0).

1.51. CTporo HOPMUPOBAHHBIMU SIBJISIIOTCS IPOCTPAHCTBA [9 W ZQ[O, 1].

1.52. ANB u A+ B. 1.53. Her, tak kak A— A=A+ (—A) #£0.

1.54. JJa. 1.55. Her. 1.58. a) Her. 6), B), r), n) Ja.

1.66. Ilycts Lo koneunomepHo. /lokazaTesbcTBO WHIAYKOUEeH 1o n =
=dim L».

1.67. a), B), n), €), %), k) Her. 6), r), 3), n) /a.
1.68. 6) Her. ITonoxum
™ = (1, ~1/n, —=1/n, ..., —1/n, 0, 0, )
N ~ _
Torpanpu n - o0 zp -2 =(1,0,0,...) ¢ L.
1.69. a) /Ta. 6) Her. 1.72. Bo3moxxHo.

1.73. O6parHoe yTBepXKAeHUE, BOODOIIE TOBOPs, HECTIPABEJIUBO.

1.78. B 3agaue 1.22 HecenapabesibHO TOJIBKO MTPOCTPAHCTBO m, B 3ajga4e 1.23
necenapabesabubl npocrpanctea M[a, b] u Va, b).

1.81. Her. B nmpocTpancrse l2 paccMOTpUM TMOCJE0BATEIBHOCTD
2™ =1(0,0,..,0, 1+1/n, 0,0,...).
——

nasement x = (0,0,...,0,...). "

1.83. a), 6) Boobuwe rosops, ner. Paccmorpers f:R - R, f(z) =1/(1+ z%).
1.88. Ucnouansosars 3agaun 1.87 n 1.85.

1.89. B) Boo6e rosopsi, Her.

1.91. Her. Ilycrs 5, = (sinnt)/n € L. Torga zp — 0 npu n — oo, HO

f(@n) £ 0.
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1.92. a) /la. 6) Her. [lonoxum
0 npwu 0<t<]—1/n2,
zn(t) =9 2 2
n>(t—1+1/n°) nmpm 1-1/n"<t<1.
Torga B npocrpancrse L3[0,1] #n — 2 =0, 1o zn(1) =n 4 x(1) = 0.

1.93. a), B) Byzer, HO HE paBHOMEPHO.
6) Her. IMpumep — u3 3agaun 1.92, 6).

1.95. a) /la. llycts F": E?> SR, F(z,y)==zy, A runepbona zy=1, B
npsimast y =0. 6) Her.

§ 2
2.3. O6parHoe yTBepXKAeHUE, BOODOIIE TOBOPs, HEBEPHO.
n tk
2.5. 6) Her. [ocnenosarensuocts zn (t) = Y o "€ N, ¢dbynzamenrans-
k=0

Ha B 060MX HOpMAaX, HO HE CXOJUTCS B PACCMATPUBAEMOM MPOCTPAHCTBE.
B) llomonnenus wm3omerpuyueckn H30MOPGHBI COOTBETCTBEHHO MPOCTPAHCT-

sam Cla, b] n Lala, b].
2.6. Her.

2.7. B zapaqe 1.22 nce npocrpanctsa G6anaxorbl. B sagaue 1.23 Ganaxo-
BBIMHU fABJIAIOTCS BCE mpocTpancTBa, kpome K u Lypla, b]. Ilpn pokazarenncrse
NOMHOTBI MpocTpancTBa V[a, b] ucnonbsyercss To 06CTOATENHCTBO, 9TO (byHIA-

MeHTasbHast B HOpMe V [a, b] nocsegoBaTenbHOCTb 2y (t) OKa3bIBaeTCS MOTOUYEU-
HO Ha [a, b] cxopsimeiics k Hekoropoil (yukunu z(t). Ocraercs goKazaTh, YTO

z(t) € V]a, b] nuro zn(t) = x(t) npu n — oc.
2.11. Her. Ucnonw3osarh 3agaun 2.9 n 1.36.

2.12. Hopmbl nn. 1), a) 3agaun 1.38 9KBHBaJEHTHHI HOPME TNPOCTPAHCT-

sa C'la, b].
2.24. AHAJNOrMYHO JJOKA3ATENbCTBY TEOPEMbI 2.2.

2.25. Ilycts 2 € X dynpamentanbuas nocnegosarenbHocTb. Haiitu Ho-
Mep mq TaKoi, 4To mpu BCex 1 > ny ||zn — zn,|| < 1/2, HOMEp ng Takoit, uro
Ny > nq W A BCeX 1 > My ||Tn — Tno|| < 1/2% m m. a1, [danee paccmorpers

NOCJIeA0BATENbHOCTD Wapos Sy =S4 ok (¥n,) 1 BOCHONB3OBATBHCA 3ajavei 2.2.

2.26. B cuuy 3agaun 1.5 nocsieoBaTesibHOCTh PAJRYCOB T SIBJSIETCS He-
Bospacraoieit. Kciu rp, — 0 npu n — oo, TO Bce CBOAUTCA K Teopeme 2.2
B mporuBHOM ciydae wiau 1, CTAOMIM3UPYETCs, W TOTJA BCE JOKA3AHO, WU
rn — p >0, rn > p. Torga nocnenoBaTesIbHOCTD MIAPOB C TEMHU K€ IIEHTPAMHU
paiuyCoB Ty — p TAKIXKE ABJIACTCS BJIOYKEHHON.

o
2.27. Moxer. [lycts e, = (0, 0,...,0,1,0, ) Xn= [ ek
N——

k=n
k—1

2.28. 6) Ilycrs &, dynmamentambaa B X/ L, Torga aaa mo6oro & > 0 Haii-
gercst N rakoe, 1ro jist jgrob6oro n > N u jgis aoboro m > 1 BbInosHsieTCst HEpa-
BEHCTBO ||€ngm — &nll < €. Tyers ep =27, ny takossl, at0 ||€nygm — Eny |l <
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< 27F Torpa ||€ny — &n, || < 1/2 wu naiinyres @, € €n,, Ty € €n, TaKME, UTO
|lzo — z1]] < 1. Anasoruuno crpostest @y € €, Takue, 9T0 ||T) — 3p_1]| <
< 1/2]“_]. [Tocnenosarensuocts z dyngamenrasbua B X, moatomy zj —
— zg € X. Ilycrn £y — wnace, copeprkamuit xg. Torpa &n, — £y, a 3naunt, n
&n — &o-

§3
3.9. Her.
oo
3.11. BooOuie rosopsi, ner. Ilycrb psig >~ Ap cxoaurest u juist BbIGPaHHOIO
k=1
€ > 0 yucno N TakoBO, 4TO Z Ar < e. Paccmorpum mociiejoBaTesibHOCTD

k=N+1
Tn = (17"'717 0707)
——

n
Torpa npu m, n > N umeeM ||zm —xn|| < €, HO Tp He sBIsieTCS CXOAsILIEHCH.

3.23. Crporoe BKJIIOYEHHE BO3MOXKHO (€C/IM, HANpUMEp, MHOXKECTBO M BCro-
Jly IJIOTHO B mpocTpancTee H).

3.26. 6) fi(t)=1, fo(t)=—t+1, f3(t)=1>—4t+2.
3.27. 6) fi(t) =1, fot) =2t, fa(t) =4t —2.
3.29. B kauecTBe TaKOil cCHCTEMbI MOXKHO, HATIPUMED, BbIOpATH
Tn = (1, 0,0,...,0, —1,0,0, )
——
n—1
3.30. N=M+ — OJIHOMEPHOE MOANPOCTPAHCTBO € Ha3znuCcoM

an = (1, 1,...,1,0,0, )
————

n

3.32. Her. M u N moryT parke He SIBAATHCS JIMHEHHBIME MHOr00Opa3UsIMHU.

3.33. B kagectBe M [0CTATOYHO B3sTh BCIOJy MJIOTHOE B MPOCTPAHCTBE [o
MHO>XECTBO.

3.34. Her. Ilycts, nanpumep, M ecth mOANpOCTPAHCTBO MPOCTPAHCTBA (9
u3 3agaun 3.30, N — ognomepHoe noampocrpanctso ¢ 6azucom (1,00, ...
.., 0,...). Torga, cornacuo 3agaue 3.30, N # M*, no la=M@N.

3.36. 6) ML ={x(t)€ Lo[-1,1): x(t)=0npn t <0}. &) Her

3.37. U3 npeanosioxKeHusi, 9TO 3JEMEHT & € [y OPTOTOHAJIEH JUHEHHOH 000-
JIOUKe, clies1aTh BbIBOJ, 4T0 & = ().

3.38. Mlokasarb, uto M —zg={xz € H: (z,z;) =0, k€ N}.

3.41. PaccMmoTperhb MocCaeJ0BaTeJbHOCTD

Tn = (0, 0,...,0,14+1/n,0,0, ) € ls.
N——
n—I1
3.42. Ilycrb ana m060ro z € M BLINONTHAETCA HEPABEHCTBO (T — Yy, Yy — 2) >
2 2
> 0. Torga [lo —2I> = (& —y) + (y — 2), (&) +(y—2)) > |lz — y[* 06-
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patHO, ecim y € M Takoso, uro p(z, M) = |z —y|| u z € M, To gnsa mo6oro
Ae0,1] Ay+(1-N)z € M, cregosarensno, ||z —y||®> < ||z — Ay — (1) z|?,
orkyga npu A €[0,1) (z—y, y—2z) > f% (1—A)|ly — 2||* u, yerpemasiss A 1,
nojiyuaem TpeGyeMoe yTBepIKAeHHe.

3.43. Ucnonnzosark 3ajgauy 3.42. IlpegBapurensHo paccmoTpern ciydai
zg=0.

3.44. Ilycts M1 D M2 D... Takasa mocJaeoBaTeNbHOCTD, ay, € M), (k€ N)
3JIEMEHT ¢ HAMMEHbIIel HOPMOU, cyiecTByoiei cornacuo 3agaqe 3.40. Vcnomns-
3yst BbIITYKJOCTh U OPPAHUYEHHOCTH M, , a Tak»Ke paBEeHCTBO MapaJuiesiorpamMmma,
JI0Ka3aTh, YTO MOCJAEJOBATEIHLHOCTh Gj (yHJAaMEHTAJbHA.

3.45. Ap ={z(t) € C0,1]: ||z|| <1, 2(0) =0, (1) =1 npu 1/n <t < 1}.

§4
4.9. cosp =+6/m. 4.10. 91 =7/2, @a=m/3, @p3=m/6.
4.11. Mpu a#0 t*€ Lp[0,1], p>1 g a > —1/p, npu srom [[t%] =
=(pa+1)""P lpu a =0 x(t)=1€ Lp[0,1] aaa moGoro p =1 u ||1]| = 1.
4.12. a) f1(6) =1, fo(t) =1, f3(t) =3t —1, f4(t) = 5> — 3¢.
6) f1(t)=1, fo(t) =2t —1, f3(t) =6t —6t+1, f4(t) = 208> —30¢>+12t — 1.

4.13. Her. [Monoxxum

n € N.

0 npu |t—1/2|<1/n,
Tn(t) =

1 npn [t—1/2|>1/n,
Torpa xn(t) € A, Honpu n = 00 zu(t) > z(t) =1¢ A.
4.14. Jla.

4.16. Brinyksocts oueBngna. JloctarouHo goKa3aTh, YTO MHOXKECTBO SIB-
JIAETCA BCIOAY TJIOTHBIM B MHOXKECTBE BCEX MHOI'OYJIEHOB. tﬂ.ﬂﬂ MPOU3BOJILHOTO
muorousiena P(t) nocieposarensuocts Pp(t) = P(t)(1 —t") ynosiersopsier
yeaosuio Pp(1) =0 (n € N) u cxogures k P(t) npu n — oco.

4.18. M+ = {x(t) € Lala, b]: x(t) =0 upn t & [c,d] nourn seioay}.

4.19. M onHOMEpHOE TIOATPOCTPAHCTEO ¢ 6A3NCOM m(t)ng' 1.

4.21. [onoxum anst z(t) € Lpla, b], Jxr =x. Tak xak p > s, 10
b b
(L) [ lz(t)|* dt < b—a+ (L) [ |z (t)|P dt < co.
a a
B nepaBenctse l'ésbgepa
b
(D) [ £(2) 9(t) dt

a

b BN b N
< ((3’)[ £ dt) ((f)_[ lg()|” dt) ,

a

1p'+1/¢' =1,
nonoxxum f(t) = |z(t)|*, g(t) =1, p' =p/s > 1. Toraa
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b

b q1/d b ) s/p
(g)f|’1‘(t)|9df< (X)de] [(3)J|T(t)|pgdt:|

a a a

B 1/s b q1/d b 1/p
[(ff)jm@)'*dt <(ba>”“/”[<$>jdt] [(ff)ﬂa:(tnﬂdt] :

e |[J ()]l < Bllxll-

3
4.22. Wcnonp3oBarsb 3ana4ay 1.45. 4.24. cosp = 4 | =5 ry
™ «
+

° 1
4.27. (H1 [a, b]) JIBYMEpPHOE TOANPOCTPAHCTBO ¢ Gazucom xz1(t) = e,
flig(t) =e t.

4.28. M+ OJIHOMEPHOE MOANPOCTPaHcTBo ¢ Oasucom z(t) = sh (t—
—(a+1b)/2).
4.29. M — oasoMepHOE TIOATPOCTPAHCTEO ¢ 6a3UCOM z(t) =1.
4.31. y(t) = t| 4.32. z(t) = g~ sinnt
31, y(t) =|t|. B2 z(t) = > v
n=1
§5

5.5. Muoxecrso anementos Buga {y(t) € C[0,1]: y(0) =0, 0 < y(t) < 2
aas moboro t € [0, 1]},

5.6. a) u* =1/2, p(xg,L)=1/2. 6) u*=t—-1/8, p(z;,L)=1/8.

5.9. Bocnoan3osarscs 3agaqdamu 4.19 n 5.8; p(z, L) =1/3.

5.10. Bocnoanzoarbea 3agadavu 3.30 u 5.8; pn(z, L) =1//n.

5.11. 0,25 npn n=0; 0,9t —0,2 mpu n =1; 1,5¢2 — 0,6t +0,05 npu n = 2.

5.12. Tlepenucarh ykazaHHOE B 3aja4€ NMPEACTABIECHUE B BHJIE
1 1
z(t) = I z(T)dT +I K(t, 1) .7:/(7') dr,
0 0

B KaXK/IOM M3 CJIaraeMbIX B MPABOH YaCTHU BOCIOJb30BATHLCA HepaBeHCTBOM Kormin
Bynsikosckoro. I1pu arom 1

[ K2t m)dr <3,
|
TaK 4TO
1 1/2 | 1 ) 1/2 9
< 2(r)d — (1) d <= .
lzllcp, 1) ([m (1) T} +ﬁux (1) T} < Zlallm,)
1 V39 1 V210
5.13. a) u*zi, p(mO,L)ZT. 6) u*:t—g, p(ml,],):T.

5.14. Oproronanuzamnuio 6a3zuca L, cocrosimero u3 dyuknuit 1,1, 12,3,
yA0OHO BBITIOJIHUTH CJEAYIOIUM 00pa30M: NEepBOHAYAJLHbIA 6a3UC 3anChIBaET-
csi B BUJIE€ €JUHUYIHONW Marpuubl F') 3arem nepsasi crpoka F' mepenuchiBaercs: B
nepByl0 CTpoKy marpuiibl A marpunbl npeobpasoBanHoro 6aszuca U HOp-
mupyercs. [locneayromue cTpoku marpuibl F NEpenuchiBA€TCS B CTPOKU MAT-
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punibl A B coorBercTBUU ¢ (HOPMYJAMU OPTOrOHAJU3AIMH, IPUYEM BCAKUN pas
crpoku Hopmupyiores. Korga marpuna A cdopmMupoBana, BbIYHCIAETCS CKa-
JIIpHOE Tpomseeaenne x(t) Ha JEMEHThl CTPOKH, TPAHCTOHMPOBAHHON CTOJIOILY

YMHOXKAs1 NOJyYeHHYI0 CTPOKY Ha crosben marpunbl A, mojsydaem COOTBETCT-
ByOmuil KO3MOUIMEHT MHOTOUIEHA HAUJTYYIIIEro MpUOIMXKEHHUSI.

Ckassipuble npousBeieHust 1 HOpMbI B poctpanctse Hp[0, 1] Boraucasiores
obpalleHneM K COOTBETCTBYIONIEH MOAMPOrpaMMe.

Kosaddnunentn MHOro41€HOB OKPYTJIEHBI 10 IBYX 3HAKOB MOCJE 3aMsTON, B
BapUAHTaX C MapamMeTpoM OTBeT npuBoauTcst npu o = 0 :

a) u*(t) =1,00— 0,01t +0,37¢> — 0,11¢%;

6) w*(t) =1,3147,98t+ 12,17t — 4,65¢°;
B) w*(t) = 2,004 0,99t — 0,21¢% +0,05¢7;

r) w*(t) = —0,01¢+1,12¢% — 0,42¢3;

1) uw*(t) = 2,00+ 1,40t 4 0,44¢% + 0,16

e) u*(t) =1,00+ 0,33t — 0,09¢% +0,02¢%;
x) u¥(t) = 1,17 —0,24¢ + 20,72¢% — 13,823;

) u*(t) = —0,01¢ +1,13t% — 0,42¢3;
w) uw¥(t) =1,00—0,02t + 0,44t +0,09¢>;
) w*(t) = —1,00+1,02¢ + 0,42¢% 4 0,28t3.

3

K

5.15. OcHOBHasi MpOrpaMMa OCYIIECTBJSETCS CTPYKTYPHO MO aJrOPUTMY,
ONUCAHHOMY B yCJIOBHM 3ajad4u. /lyis sToro:

1) nocaemoBaTenbHbIM 00PAIIEHUEM K MOANPOTPAMMAM CKAJSIPHBIX MPO-
M3BEJIEHNI 3AMOJHAIOTCT MaTpuna KO3M@HUUMEHTOB U mnpaBast 4acTh CHCTEMBI
JVMHEWHBIX ypaBHEHNI;

2) npomsBoaMTCs OOpalleHre K CTaHJAPTHOW MOANpPOrpamMme PenieHusi CHuc-
TeM JIMHEHHBIX ypaBHEHUI;

3) monyveHHble B pe3yJabrare pemeHus Kod(hQUINEHTb MHOTOYICHOB HAW-
JIydIero npubIMKeHUsi BbIJAIOTCS HA MeYaTh;

4) WHTErpUPOBAHUEM BBIYUCIAKOTCA W BbHIJAKOTCA Ha HEeYaTh BEJIWYUHBI

*
||.’L‘*’lt u ||.’I,'*'l)

L2]0,1] ” H'0,1]
5) ecam nocrpoenue rpaduka He MPeJyCMOTPEHO NPOrPAMMO, BBIJAIOTCA HA,
* ok
ne4yaTtb 3HA4YEHUA T, U , U .

WNuTterpanbt BoraucasaoTcs no popmysie CUMIICOHA, peaJn30BaHHO| B HEOHXO-
JMUMBIX MECTaX IHUKJIUIECKH.

Kosadduumnenrs MHOrO4JIEHOB OKPYIJIEHBI IO JBYX 3HAKOB I0CJE 3ansiTOi:

a) u*(¢) = 1,004 1,10¢ + 0,62¢% + 0,183 + 0,11¢*,  v*(¢) = 1,00+ 1,10¢ +
+0,62t240,18¢% +0,11t%;

6) uw*(t) = 0,99+ 0,25t — 6,69t% +4,45t3 — 0,01t*,  v*(t) = 1,004 0,16t —
— 6,47t% +4,31¢3;
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B) u*(t) = 1,00 + 1,00t +0,51¢> 4 0,14¢> +0,07¢%,  v*(¢) = 1,00+ 1,00¢ +
+0,51£240,14¢% +0,07t%;

r) u*(t) =3,106+0,47t% — 7,14t + 3,57, o™ () =3,12¢6+0,39t2 — 7,02t +
+ 3,51t%;

n) uw*(t) =0,9741,91¢ —40,65¢> +77,48t% — 38,74t v*(t) =1,0041,09¢ —
— 36,64t%+71,11¢° — 35,55t%;

e) u*(t) =0,22t4+1,32t2—0,82¢3+0,28t%, v*(t) =0,12¢+1,68:2—1,29¢3 +
+ 0,48t%;

x) u¥(t) =1,14—8,92t +20,37¢% —14,49¢% + 0,77, v*(¢) =0,01+4,49¢ —
—13,87t2 49,98t — 0,63t*;

3) w*(t) =1,006—0,46¢%40,21¢7 —0,05t*,  v*(¢) =1,006—0,47¢> +0,22t> —
—0,06t%;

u) w*(t) =—0,55+1,28t—0,56:24+0,37¢%, v*(t) =—0,55+1,29t—0,58t% +
+0,39¢%;

k) u*(t) =0,93+2,36¢t— 22,11t +38,79¢> —20,88t*,  v*(¢t)=1,00+1,52t —
— 20,35¢% + 38,30t — 21,47¢*.

5.17. Koaddrnunentsl MHOrOYIEHOB HAWIydIero npubJjnkenusi mpu n = H
OKpYTJIeHbI JI0 JIBYX 3HAKOB mocie 3ansToit: ug = 0,31, p(z, Lg) = 0,38; uf(t) =
:(]—(())%17+0,96t, p(z, L1) = 0,16; ul(t) = 0,02 — 0,54t + 1,50t p(x, Ly) =

5.18. 6) n=9. B) lim a, =0, lim 8, =2/~.
n—o0

n—o0
5.19. Koaddnunents MHOrOUI€HOB HAMJIYUIIEro npubsv>Kkenust npu n = 15
OKPYTJIEHBI JI0 ABYX 3HAKOB MOCJE 3aMsTO:

a) ux(t) = —0,12 4 35,28t — 302,37¢> + 859,16¢> — 986,37t + 394,55¢°;
6) ux(t) =0,10—0,03t2+0,61¢> — 0,12t* — 0,04¢>;

) usx(t) = 1,02t —0,68¢% +1,04¢% — 0,41t +0,51¢7;

) ux(t) = 0,99t —0,49¢% +0,28¢% — 0,13¢* +0,03t>;

) usx(t) =1,33— 25,58t 4+ 112,04t> — 172,92¢3 + 84, 461%;

e) usx(t) = 3,10t +0,48t% — 7,17¢% + 3,58t%;

) ux(t) =0,10+1,00¢ + 0,50t +0,17¢3 4+ 0,03t +0,01¢°;

3) ux(t) = 0,47t — 13,561% 4 26,20° — 24,03t* 4 8,28¢";

) usx(t) = 0,34t —0,41¢% +1,75¢% — 3,38t% + 3,00£°;

) usx(t) = —0,54+ 1,30t — 0,69t +0,73¢% — 0,40¢* +0,16¢°.

§6

6.2. Bce Tpu npoctpaHncTBa SBJIAIOTCS MOJTHBIMH.

=

-

p=]

X

U) Ux

Ux

6.3. ®ynkuns u = f(v) goskHa GBITH MOHOTOHHOI.

6.4. Oyukuus u = f(v) gookHA GBITH MOHOTOHHOM, a OGJACTb ee 3HAYE-
HUI fgo/KHA coBnagatsh ¢ R.

6.5. a) [IpocTpaHCTBO HEMOJIHOE, €r0 TONOJHEHHE U30METPUYHO OTPE3KY

[-7/2,7/2].



l'nasa 2 189

6) IlpocTpaHCTBO HeEMOJIHOE, €ro MONOJHEHHE U30METPUYHO HOJIyNPsSMON
[0, +00).

B) TMpocrpancTBo nosHoe.

6.6. B) Econ p(z,y) = ||z —yl|, To p(z,0) = ||z|. Pacemorpum snement
z=(1,1,1,...) € s. Torna ||2z]| # 2||z||, nosTOMY HOpPMY BBECTH HEJb34.

r) zn=(1,1,...,1,0,0,..).
——

n
6.7. Crporoe 3akJi4YeHHe BO3MOXKHO, HATIPUMEpP, B MPOCTPAHCTBE 3aja-
qn 6.1.

6.9. Crporoe Bkmouenne Sq(z) C S1(y) Bo3moxkHO, ecin 6 < 2.

6.10. §]+]/(2n)(’n).

6.17. Heo6xoaumoctn. Ilycrs B — 6aszuc tononoruu, xg € X, U € T
g€ U. Torna U=|JVa, rae Vo € B, n notomy zg € Va,.
o

Hocratounocts. llyers U € 7. Torga ana kaxngoro x € U nHalinercs
Vz € B Takoe, aro z € Vy C U. llosromy U = |J Va.

zeU

6.20. Her.

6.21. I[lycrs F' — mnenpepniBHOe otobparkenue, V C Y — OTKpbITOE MHO-
xecrBo, U = F~Y(V), xy € U upoussonbroe, yy = F(z,). Tak kak V ectb
OKPECTHOCTh Y, TO B CHJly HENPEPLIBHOCTH OTOODPAXKEHWSI CYLIECTBYET OKDECT-
nocrs Uy Toukm 2 takas, uro F(Uy) C V, nosromy Uy C U unoromy U orkpbI-
10 B X. Ilycrs reneps F~H(V) orkpbito B X u xy € X. Eenn yo = F(z),
a Vv MPOM3BOJIBHAS OKPECTHOCTH Yo, TO mo ycaosuio U = F~'(V) Gymer
OKPECTHOCTBIO g, 00pa3 KoTopoil cogepxkurcsa B V. [losromy F' HenpepbiBHO
B TO4YKeE mo

6.23. a) [lyctrs M C X OTKPBLITOE MHOXeCTBO U xg € X. Eemm x €
€Exg+ M, 0 z=2z¢+y, y € M. [lycrs Vy — okpecrHoCTh Y, copeprkalascs
B M. Tockonbky y = x + (—x(), TO, B CuJly OnpeaeseHust COrJACOBAHHON TO-
nojioruu, Halayrest okpecrHocru Vi Toukn @ u Vg TOukM (—z) Takue, 4To
Ve+V_y, CVy CM n, cneposarensno, Vy C zg+ M. [losromy & — BayTpeHHsis
TOYKa MHOXKeCTBa T+ M.

N'nasa 2

§7
7.2. Boobue ropopsi, Her. 7.4. la.

712.0) @) (Al =1 ) [Al=1/VE. 3) [A\l=1 w [Al <L
K) 1AII=1. ) A< V3. ) [Al<1.

7.13. Her. Pacemorpers nociegosarenstocts o (t) =t" (n € N).
7.14. Jla, Al <1 7.15. a),6) o(t) € C0, 1], [|All =ll¢llcp,1)-
7.18. Her. /lna nocrpoenusi npuMepa BOCIOIb30BATHCS 3aaadeit 7.17.

7.20. 6) Her. /lna mocTpoenusi npumepa BOCIIONB30BATbCA 3amaqei 7.12, 1).
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7.21. Her. [locTpourh mnpumMep HEOTPAHUYEHHOTO ONEpPaTOpa, JAJs KOTO-
poro Y =R.

7.23. Her. Bocnosib3oBathest 3agaqeit 7.13.

7.24. Tak xak N(A) HOANPOCTPAHCTBO, PACCMOTPUM (PAKTOPHPOCT-
pancrso X/N(A) u oneparop m: X — X/N(A) (cm. 3agauay 7.7). Oneparop A
onpeJiesisieT B3aUMHO ojiHo3HAauHbIE oneparop At X/N(A) — R(A) raxoii, uto
A= A'n. Tax kax A’ 3anmno opnosnauen u R(A) koneunomepno, tou X /N(A)
koneunomepno. Coraacno 3agade 7.19 oneparop A’ mempepsiBen, cornacno 3aga-
qe 7.7 onepatop 7 HenpepbiBeH. Tem cambiM, HenpepbiBeH u onepatop A.

7.25. Her. Paccmorpers oneparop A: B> — B2, A(Zc) — (g)

7.28. Torpa n Tonbko Torpa, korga ¢(t) me obpamaercs B Hyab Ha [a, b].

7.29. a) Her, tak kak Bo3moxkno, uto N(A) #0. Ecim N(A) =0, To npocr-
paHCTBO He 00s3aHO GBITH MOJHBIM, TAK KaK OHO n3omerpuano R(A).
6) /la. B aroii nopme X sBasieTca 6aHAXOBBIM TPOCTPAHCTBOM.

7.30. 6) sup\)\n\<+oc B) sup\)\n|<+oo [JA|l = sup|An]|. r) Her.
n

n) Torpa u TOJ'IbKO TOrJA, Kor,qa )\mf [Ax| > 0.

§ 8
8.3. Boob6ue rosops, ver. [lpumep nocrpouts ajisi oneparopa A: E? & E?.
8.4. BooGme rosops, ner. Bocnonb3osarnes 3agaqeii 7.12, ).
8.5. Her, M moxxer He ObITh [Jarke JIMHEHHBIM MHOTO00PA3NEM.
8.6. [a. 8.9. a), 6) [a.

8.11. Boobuie rosopsi, ner. B npocrpancrse [y paccmorpers A =1 — 1ox-
JnecTBeHHOMY omepatopy, Anz = (T1, %2, ..., Tn_1,NTn, Tntl,...) AA9 T =
= (z1, 22, ...) € l3, B KAUECTBe JIMHEHHOrO MHOr0OOpa3Mst PACCMOTPETh MHOXKECT-
BO JIEMEHTOB NPOCTPAHCTBA [2, y KOTOPBIX JIMIIb KOHEYHOE YUCI0 KOODAMHAT
OTJIMYHO OT HYJIA.

8.15. 1) C pocrom n nocneposaresbHocTb ||An|l pacrer, HO MeaseHHO:
[|As]| = 2,07, || Agl| = 2,35, ||Asg|| = 2,41, || A10|| = 2,57. IlosTomy BBIBOA 06 Orpa-
HUYEHHOCTH MJIM HEOTPAHUYEHHOCTH NOCJIEA0BATENbHOCTH || Ay || 10 101y UeHHbIM
pesyJibTatam caesarh tpyaHo. B [11] gokasbiaercs, 4TO 10C/IE0BATENRHOCTh
||An|| nHe orpanuuena.

8.16. x1) C pocrom n nocnenosarensnocts ||Ay|| pacrer Goicrpo: ||Ag|| =
= 3,80, ||As|| = 4,75, ||As]| = 7,60, [|Aio]| = 9,50, nosromy npasmonogobHo
(un 310 poKazano — cm. [14]), uro nocaeposarensHocTs ||Ay || HEe orpannuena.

8.17. Her. PaccMoTpers mocjie10BaTe/IbHOCTh 0nepatopoB Ay lo — s,
Anz = 07"'701 Tn+ls Tn42, -
———
IJ1st m=($1,$2,...)6l2. n

8.19. IlocnenoBareabHOCT A CXOAMTCS K HYJEBOMY ONEPATOPY PaBHO-
MEpHO, NOCIeA0BaTeJbHOCTE By CHIBHO.

8.20. IlocaenosarenbHoctu Ap u By cxopsarcs K onepatopy A paBHOMEpHO.
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8.22. B) Her.  8.28. a),6) Jla.  8.31. el =el.
1 t<
8.33. Her. /lna u € [0, 1] monoxkurs Ay (t) = { TPMES Y bocnon
0 npu t>u
30BaThCs 3aadamu 7.12, 3) u 1.77.
8.34. Ilycts y € Y. Cymecrsyer 2, € X Ttakoe, uro ||Az; —y|| < a|y|l,

[|lz,]] < Bllyll. Hanee, cymecrsyer x5 € X raxoe, uro ||Azy — (Azy —y)|| =

= 1A(, — 25) = yll < @?llyll, [|zoll < aBllyll w r. 4. B wrore noayuaem nocae-
JI0BATEJILHOCTDb £ € X TaKylo, 4TO

[e%s) [e%s) 8

> Nl < Bllyll 32 " = —llyll,

n=1 n=0

U psAa x1 — X9+ T3 — x4+ ... cxogurcs K Hekoropomy x € X. C gpyroit cropo-

n .
Hbl, A ( Z(—])H'] mi) — Y UpM N — 00, M Tak Kak A — HenpepbIBHbIN oneparop,
i=1

T0 Az =1y.

8.35. llycte z =u+wv, u € L, v € M. Tonoxum |[z||; = ||u|| +||v] =
JOKaXkeM, 910 npocTpancTeo X nosno ornocurenasuo || [|1. Hopmet || |1 n || [|2
skBuBanenTuol (cM. [25, c¢. 168, Teopema 3|). D10 n 03HAUAET OrpAHMUEHHOCTH
onepatopa P.

_ 8.36. [lycts P OrpaHUYEHHBIH ONepaTop, YAOBJIETBOPAIIINNA YCIOBUIO
P? = P. Tonoxurs L= N(I —P), M = N(P) w gokazars, uto X = L& M.

8.37. Mycrs P orpannuen u P2 = P. Ycranosurs, uro R(I — P) = N(P)
u R(P)= N(I — P), u Bocnonb3oBatbca 3agaqeii 7.22. O6patno, ecan JuHei-
uble MHOrooGpasust R(P) u R(I — P) 3aMkHyTHI, TO JoKa3aTh, uto X = R(P)®
@®R(I— P) nuro P omeparop NpOEKTUPOBAHUS, IOCJIE U€T0 BOCIOIb30BATHCSA
3aga4eil 8.35.

8.38. a) |A||=||B||=1. 6) A2= A, B? = B; ssasiorcs.
8.39. ||P||=1.
8.41. a) L- C N(A). 6) R(A)C L.

B) L, Lt — WHBapUAHTHBIE NOANPOCTPaHCTBA Jist A 1. e. u3 = € L cuenyer
Az e L, uz z € Lt cnenyer Az € Lt

8.42. Tlycrs I, — 3ambikanue L; torga oneparop A mMoxer GbiTh HpogoI-
ken Ha L ¢ coxpanennem Hopmbl no reopeme 8.4. Ilycrs P — oneparop
OPTOTOHAJBHOCTH NpoekTupoBanus Ha L. [lonoxum Bz = A(Pz) nna x € H.
Torpa B npoposmxkenue A ¢ COXpaHEHHEM HOPMBbI.

8.43. Ilycts P omepatop mpoektupoBaHusi Ha [ mapasienbno M. Ome-
parop A € Z(X,Y) npeacrasum B Buge A = PA+ (I — P)A.

8.44. Hesepwno. [Ipumep npusectu jig cayuas X =Y = E2.

§9
9.3. a. Jokasarb, uto N(A) = N(B) =0.
9.4. Ilycrs (I — AB)™' = C. Jlokaszate, uro (I — BA)™' = I+ BCA.

9.5. /lokazatb, uTo Al=-1-B. 9.8. Bocnonb3oBarbses Teopemoit 9.1.
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9.9. Oneparop Al cymecrByer npu A # 0 U OrpaHUYEH TOTJA U TOJHKO
rorga, korga inf [An| > 0.
n

9.10. CyuecrByior oneparopbl A;l =Bu B, !=A.

9.13. a) R(A) JguHelnoe Muoroobpasue HenpepbiBHO auddepeHnupye-
mbix bynkumit y(t), ynosaersopsirommx yeaosuio y(0) = 0.
6) Oneparop A™! cymecrsyer, Ho He orpannuen.
t
9.14. 6) A ly=y(t JP y(r)dr.
0
2

1
9.15. A_]y:y(t)— [u Yesttds.
0

-1
t
9.16. 6) A 'y :Jy( T)sin(t — 7)dT.
0
9.17. Jla. U3 pasencrsa Ax =y Beiectnu, uto y” —y = —2x.
9.19. [Mosoxkuts B = — A u Bocnosib30BaThCst Teopemoi 9.3.

9.20. Tpeacrasurs A— A B Buge A— A = —A(I —A""A) u Bocnonnso-
BaThCcst TeopeMoit 9.3.

9.22. BEeom ans n €N ||AyY| < ¢, Anan =y, Az=1y, 10
o — 2l = 47" An(zn — )] < el An(on — )] =

=c¢||Apnx — Ax+ Az — Apzyl|| = cl|Anz — Az|| — 0.

O6partHo, ecnium ©p — © TOpU N — 00, TO MOCIAEAOBATEJIbHOCTb Ty = Agly

orpanudeHa st Jioboro y € Y, u B cuiy Teopembl 8.2 mocjenoBareibHOCTh
—1

||[A7 || orpanuuena.

9.23. [lycrb oneparop A HenpepbiBHO obpartum. Haidinercs N takoe, 4to
mpn n> N ||[Ana ' = I||=||Ana™ ' — AATY| < ||An — A|[|A7Y < 1/2. Nanee
BOCIONB30BaThCs Teopemoit 9.4. Ilpu gokazarenbcTBe AOCTATOYHOCTH BOCHOJb-
30BaThCSA TOU >Ke TeOpEMOH.

9.24. [lyctrb AB =1, 1. e. B= A;'. Ecaim N(A) #0, 10 ans y € N(A)
nogoxkum C: H — H, Cz = (z,y)y. Torga C#0 u B+C € .£(H), upu arom
A(B+ C) =1, 9T0 NpOTMBOPEYNT €JANHCTBEHHOCTH oneparopa B.

§ 10
10.1. Jlokazarsb, uto A~ €.2(C10,1]), n Bocmoab3oBarbes Teopemoii 10.2.
10.2. Haiitu oneparop A~' u BocnoabzoBaTbes Teopemoii 10.2.
10.3. Bocnosb3oBarbesa 3agaqeit 9.16 u Teopemoii 10.2.

10.4. Corsacuo teopeme 10.3 g0cTaTOYHO J0KA3aTh, 9TO P 3aMKHYT. 3aMK-
HyTOCTH P BbITEKaeT u3 3aMKHyTOoCTH L 1 M.

10.8. Her. Ioanpocrpancreo L C X 4+ Y snementos susa (0,y), rne y €Y,
HE sABJISETCs TPa(UKOM HUKAKOTO OMEPATOPA.

10.10. a) Her. Bocnosnb3oBaThea npuMepoM u3 3agaqan 10.2.
6) Her. PaccmoTpers onepatop A: C’l[O7 1]— C[0,1], Az = =.
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10.12. Bocnonb3oBaTtbes TeopeMoit 9.1.
10.14. Bocnonb3oBatbesa Teopemamu 10.2 u 10.3.

10.15. ITycThs onepatop A 3aMKHYT M MOCJAELOBATENBHOCTH ¢n (GyHIA-
menraabna B || ||1. Torna gn — g B X u Agn — h B Y B cuny 3amkuyroctn

g € D(A) m Ag = h. Orciona |lgn = gllr = [lgn — gllx + [ Agn — Aglly — 0.
O6parno, ecin D(A) Ganaxoso, gn € D(A), gn = g, Agn = h npu n = oo
U Tak Kak ¢gn dynaamenrtansHa B || ||1, To cymecrsyer f € D(A) rtakoe, uro
llgn = flly = 0 mpu n — oc. Tak kax |lgn — fI| < |[lgn — fll1, 10 gn — f B HOP-
me X, cneposarennno, g = f v ||[Agn — Ag|l = 0 npu n — oco. Orciopa h =

=Af=Ag.
Nmasa 3
§ 11
11.1. Ecau cymecrsyer z € X Ttakoe, uro (z,f) =X #0, o (z/X, f) =1.

11.3. a) [[f[[=2/3. 0) [Ifll=4. ») [fll= Enj okl r) ||f||=2/6-

k=1

mn =1 e) [Ifll=3. =) Ifll=2. 3) ||f||_3+z
11.4. a), 6), B) /la.

11.5. a) [[fll=1. ©) [fll=1/2. =) [fll=1. ) [fll=+/2/3.

n) Ifll=v3. o) lIfll=v2. x) ||f||=’/§ =" 9w lifl=1
), 1) [[fll=2. w) [If][=1.

11.6. a) TTpu p>1. 6) Ipu p > 2.

11.7. a) la, || f||=1.

6) Her. Paccmorpers nocne,u()BaTeJIbHO(‘Tb zn(t) = (sinnt)/n
t

2k+1

11.8. Ilonoxum ¢ = J u(t)dt, z(t) = J [u(T) — ¢]dt; Torma z(t) € L
a b 0
z'(t) = u(t) — ¢, cnegosarennHo, [u t)—c)dt =0, orkyna
b a b
[[u :.[u(t)(u(t)—c)dt—c.[(u(t)—c)dt:0,

u Tak kKak u(t) —c¢  HenpepbiBHAdA HA [a, b] dynkumsa, To u(t) = c.
6) Murerpupys no wacrsim, ¢ yuerom toro, uro x(t) € L, nonyuaem

b b t
[ v(t)z(t)dt = —.[ ([ U(T)dT) ' () dt.

n a a a
o3TOMY , .
J [11) J )dT:| o' (t) dt.
a a t
Corsacno n. 6) orcoaa Beitekaer, uro w(t) — | v(7)dT = ¢, a 310 M 03Ha-
qaer, uro w(t) € Cta, b u w'(t) = v(t). a

13 B.A. Tpenorun u gp.
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11.9. BocnosbsoBarses 3agageit 11.3, x).
11.10. Bocnoab3zosarbest 3agadamu 11.5, u), o). 11.11. ||f(¢)|| =1/(2r).

11.12. Tlpu gokazareyibCTBE JOCTATOYHOCTH BOCHOJIL30BATHCs TeM (DaKTOM,
9TO BCAKOE OTKPBITOE MHOXKECTBO HA MPAMOM €CTh 00beJMHEHNEe KOHEUHOTO HJIH
CUETHOTO YMCJIA HHTEPBAJIOB, U 3aga4eil 1.85, 6).

11.13. Ecau f ue orpanwven, To oH He orpanuden Ha mape S1(0), mosromy
CYLECTBYET MOCJEJOBATEILHOCTE Ty € X Takas, uto ||zn|| <1 u [(za, f)| > n.
PaccMOTpeTh mocnesioBaTenbHoCTb Ay = Tn [v/N.

11.15. Ilpu gokazaTeabCTBE JOCTATOYHOCTH BOCIOJIb30BAThCs 3ajadeit 11.14.

11.16. Ilycts z € X TakoBo, uro (z, f) = ¢ # 0; rorga (z/c, f) =1 n
zo =z /c ectb 6azuc M.

11.18. Ecm o & L, to L+{Az},rne A € R, moanmpocTpaHctso, comeprxKa-
mee L, nosromy L+ {Az} = X. Onpegenum na X dynkunonan f paBeHcTBOM
(y, Y=, ecom y=u+ Az, rae u € L.

11.21. Bocnonn3oBarhes 3agadamu 11.14, 11.15 u 11.20.

11.22. Tpn z € L [(z, f)| =1 < [[z[l[|f]l, orkyna Tiglzl\wl\ 2 1/IIf1l- C apy-

roii CTOPOHBI, CyIIECTBYET NOCJIEA0BATENBHOCTh Ty € X Takas, uro ||z,|| =1
n Tn n+1 1

n |(Tn, > . Ecin = —— T0 €L n < — —,

(zn, f)] 2 ntl ||J:H Yn @i 1) Yn llynll < 71
nosromy inf ||z]| < .
zel T If

11.23. FEcim NS La TO |<$—y, f)‘ < Hm_yH : ||f”1 HO (m_y7 f) = <$,f),

@, 1) (el

nosromy ||z —y|l =

u BaTeJIbH L) = inf — >
DL, cacnonareanno, p(a, L) = inf fla =y > 15
C apyroii CTOpOHBI, CyIIECTBYET MOCJEJ0BATENbHOCTh Tn € X Takas, 4TO
lzall =1 w0 [z, )] > " A= 1),

n+1 (T, )
n+1 [(z, f)|

n [1f1]

11.24. Bocrnonb30BarThCs Npejblaylei 3ajaqdei.

[|f]]. Honoxkum y =z — Tn; Toraa y € L

u [z —yll <

§ 12
12.3—12.5. Bocnonszosarncs caencreuem 1 teopemnr 12.1.
12.8. Bocnonn3osarncs ciegcrsuem 2 Teopembt 12.1.

12.9. B X cyulecrByer KOHEYHOMEpPHOE NMOANPOCTPAHCTBO L Ji000# pas-
* .
MepHOoCTH; TOorAa pasmepHocth [~ pasua pasmepuoctu . 3aganubiii na L
HENpPEPBIBHbIN JInHEeHHbI DYHKIIMOHAJ TPOJO/IKaeTcs Ha Bee X .
12.10. 6) Oproronansnoe pononnenne k M.
B) Bocnosnbzosarbes caeacrsuem 2 reopembl 12.1.

12.13. Iycrs fi, fa2,... C X* — Bciogy nuornoe muoxectso. Jlus kaxzgo-
ro fi soibepem ) € X rakoe, uro ||zp||=1 wn [(xy, fr| > ||fi||/2. Mnoxecr-
Bo K Bcex smHeitHbIX KOMOMHALUMN X € paMOHAJBHBIMU KO3 duunentTamu
cuerno. Ecoim K # X, To no crencrsuio 2 teopemsl 12.1 maiigerca f € X*
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rakoe, uto f Z0 u (z, f) =0 pna moboro z w3 K, B wacrnoctu, (zp f) =0
nns k € N. Haiigerca m € N rakoe, uro ||f — fm]|| < €. Toraa

_ I fmll _ 1 fmll )
wms £ = fm)l = Kom, fm)| > Wl = Wl

orcopa ||f — fmll Z | fmll/2, ||fm]l < 2e n, cneposarennno,

IFN<Wfmll+11f = fmll < 3e.

Takum obpazom, f =10 nporuBopeure. ObpaTHOe YTBEpXKIEHHE, KAK 3ITO
caenyer u3 3aga4du 12.24, neBepHo.
12.14. Ecin

1
(o, f) = [ #Dg)dr, g(r) € C1-1,1],
! 0 mpu t <0,

— 42 —
to nosnoxkum x(t) = t°g(t). Pyukuns g(t) = {1 apr £ >0

UMeeT OrpaHu-
1
gennyto Ha [—1, 1] Bapuanuio u yaosisersopsier ycaosuto z(0) = J z(t)dg(t).
0 npu t=-—1, —~1
12.15. 6) g(t) =< t?/2 npn —-1<t<1,
1 npu t=1.
12.16. 6) 1) Opunosunauno, (z, f) = z(1).
2) Heopnozuauuo, npopomkenust (x, f1) =x(0) n (z, f2) = —z(1) cosnaja-
ior ¢ f na L.

T p N 1 2
12.17. Ecom x = (Tl) S Ffz, TO MPOJAOJIX)KEHNE €CTh <m, f> =—-x1+ -x2.
€9 5 5
12.20. Y6eaurncs, uro B semme 06 ssementaprHoM npoposkennn |25, §16.1]
@ = f3, TaKk 4TO 7y ONpEeJIeHO OJHO3HAYTHO.

12.25. ||f] = V2.
12.26. /la.
1 1
(z, )| = I[mcost+m'sint}dt = I 22+ 3% cos (t+¢)dt| <

—1 —1

1 ‘ /2 1 1/2
J (m2+mlz) dt} [ I 1dt] =V2||z].
~1

-1

<

N3 ycnosusa (x, f) = (z,y) sBeiTekaer, uro dynkuns y(t) sBasercs penieHuem
kpaesoii zanaun y” —y =0, y'(1) =sinl, y'(~1) =sin(-1), orkyna y(t) =
sin1
= cht.
sh1

§13

13.3. a) (zn,yn) = (x,y) npn n — oo.
6) (zn, yn) MOXKeT U HE UMeTh npegaena. [lycts, nanpumep, e, (n € N)
opTroHOpMHUpOBaHHasa cucrema B H . [lonoxxum z, = en,
en NPy N HEYETHOM,
Yn = {

€p—1 TPHU N YETHOM.

13%
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13.7. Her. Ilyctb, manpumep, X = [1; cormacHo 3amade 12.24 X* =m.

Honoxcuu fn=(1,1,...,1,0,0,...).
——

n

n
Torna L C ¢y Cm, no pas moboro = € Iy (x, fn) = > x;, ciepoparesnno,
oo
Z m1':(m7f0)7 rae f0:(]7]7"'7]7"')¢c(]'
i=1

13.8. Her. Haiitu || fn||.

i=1

13.9. a) ||f]|=1. B) Her, 310 BOITEKAET W3 TI. A).
13.12. 6) Ilonoxkum anst n € N

0 npu 0Lt 1/27,

(t—1/2")2" " npu 1/2" <t <1/2" 412!

3

@nlt) = T+(1/2" 1727 —4) 2"+t wpu 1727 412"t e <1/2n L
0 mpm 1/2" 1<t <.
Torpa z, € C[0,1], ||zn|| =1, u, cnegosarensno, T, He cXOQUTCs K HyJ10. B TO
xe Bpemsa xn — 0 (n — oc) caabo. /leiicrBurensho,
1 1/2771 127
(on. A= [an(dg®)| =] [ wn(dg(®) <llanl \/ g0
0 1/2" 1/2m

npu n — 0o gas 060t dynkuun ¢(t) ¢ orpanuuennoit na [0, 1] sapuauwueii.

13.13. Hajgo gokasaTh, 4TO B IPOCTPAHCTBE [1 U3 cJabO# CXOOUMOCTH CJie-
,u_yeT CXOaunMOCTh 110 HOpMe, anIqu 3TO AOCTATOYHO OOKa3aTh OJIA CXOOWMOCTHU

« nyao. Myers 2™ €1y, (") 50 (n — o) caabo,
fi= (0,0, ...,0,1,0,0, ) em=I}
——

i—1
u (z, f;) =x; coorBercTByomuii dbynkuuonan B li; Torga <m(”), fl-> = ’I‘Sn)
W, CJIEJIOBATEJILHO, JJ1st JI0DOro ¢ npu n — oo acfn — 0. Tlycrn (") e CTpEeMHUT-

cs1 K HyJI0; Torja Haiiziercs noanociaesosaresuocts o\ "*) Takas, uto ans Beex
k € N 6yzem nvers ||z(™)|| > M > 0. Torza

() || = 5= [(71)

ni _ 1

a7 = 3 [t > w1,
i=1

U HaljleTcss mq Takoe, YTo

ma oo
Slam > iu S bl <
1=1 5 i=mi+1 0
(o)
I3

ma (
Hafiercs g > 1 Takoe, 4TO Y ‘frl

i=1

ma

[Tonoxxum a1 = 1. Tak kak — 0 nust yoboro i, To - ‘x§n°1)| — 0, un

i=1

nﬁz)‘ < M, OTKy A
10
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o0
> [a?) > M
i=mi+1
u Haliercsas mo > mp Takoe, 9TO
mo N 4 oo N M
T A e
i=mi+1 i=mao+1

[Tpopomxkas 3TOT Mpouece, MoJgyuYuM NOCAEL0BATEIHHOCTH ") u coorrercr-
BYIOLLYIO TMOCJIEJ0BATEIHHOCTh M1 < My < ... Takue, 4To AJjs joboro k

Mmp_—1 " M My " 4 oo o M
> o '“)\<ﬁv > s k>|>gMa > [ay" '“)|>ﬁ’ mo = 0.
i=k i=mp_1+1 i=my

Onpenenum renepb ¢ = (¢1, ¢, ...) € m caemyomum 00pasoM: A KaXxaoro f
HalieM Takoe k, 9TOObI BBIMOJHSIINCH HEPABEHCTBA My _1 < f < My, ¥ NOJ0XKUM

n n
cy =1, ecin ’1‘5 o) 20, u ¢c; =—1, ecim ’1‘5 7 < 0. Torga Aasi COOTBETCT-

o0
syiomero dbyukunonana (z, f) = > ¢;x; bynem uvern

=1
oo my ME—1 oo
(2 =S cmiz> Y ca = % o - [e) >
i=1 i=mp_1+1 i=1 i=mp+1
my
(nay)) M M _ 4 M 3
> 3 ez M oy =M
i=mp_1+1

u <.7:("°‘k), f) HE CTPEMHUTCS K HyJI0 ipu k — oco.

13.16. Eciin f =0, To MoxxHO B3aTh sto6oe x. Ilycrs f # 0. CorsmacHo
caepcrruio 1 reopemnr 12.1 maitnerca F € X** rakoe, uro ||F|| = 1/[|f| =
(f, FY=1=|F||-|If|l. Tax kax X pecdnexcusno, 10 (g, F'), rne g € X*, umeer

Bug (z, g), rae ||z|| = ||F||=1/||f]| # 0. Takum o6pazom,
(F, )= (2, £y = IFI-NIEN=11F1- ]
13.21. 6) OpToHOPMHUpOBAHHAS CUCTEMA B IMJIBOEPTOBOM MPOCTPAHCTBE.
13.22, 13.23. Bocnonn3oBarnest Teopemoit 13.5.
13.24. Her. Paccmorpers nocneposareaniocrs xpn(t) =t" (n € N).

13.25. IMycts eq, e, ... — CUETHOE BCIOAY TIOTHOE B X MHOXKECTBO (MOXKHO
CYMTATH, YTO €ro 3JEMEHThl JMHEHHO He3aBucumbl), L, — NOANPOCTPAHCT-
BO X, MOPOXKJEHHOE €1, €2, ..., Ep, T1,T2, ..., Ty — PANMOHAJBHBIE YUCIA.
HaGopy (n, r1, T2, ..., Tn) NMOCTABMM B COOTBETCTBHE CJELYIOMMH (DYHKIMOHA:
na L onpenesum ero 3HaveHusiMu Ha 3jemeHTax Oasuca (e;, f) =7;, a 3arem
npofoskuM Ha X € COXPAHEHHEM HOPMBI. $ICHO, 9TO MHOXKECTBO Takux (DyHK-

*
nuonaJsioB cuerno. craercss g0Ka3aTh, 4TO OHO BCIOAY MJIOTHO B X B CMBICIE
*-CJ1a00# CXOAMMOCTH.

13.26. Her. B kauectBe L B3ats npocrpanctso C[0, 1] kak noanpocTpancT-
* *
Bo mpocrpanctea X, roe X = C[0, 1].
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§ 14

14.4. Tak kak oToOpakeHue JIMHEHHO, TOCTATOYHO JI0KA3aTh €ro HeMpepbiB-
HOCTBH B Touke (.

14.6. B) Bocnosnbzosarbest 3agaqeii 7.11.
1 1

14.9. a) A%y = [y(T)dT; 6) Ay =ty(t); B) Afy= [ty(t)dt;
] i 0
r) A*yzjty(.e)d.e.
0
14.10. a) A*: m = m, A%z = (x1, 22, ..., 20, 0,0, ...).
6) A*: m = m, A%z = Az, Xazma, ...).
8) A m—om, Az =(x9, x3,...).
r) A m—m, A*z=(0,z, xa,...).
14.11. ®opmyast Te ke, uTo 1 B 3aga4e 14.10, Ho onepaTops! AeHCTBYIOT B
cnyuasix: a) w3z [y B ly; 6) uz ly B lo; B) m3 [1 B m.

14.12. 6) A} Iy = 1o, Afx = (0,0, e 0, 1, T, ) Tak kak ||A}z| =
———

n
=||z||, To A} ue crpemuTcs K HYIIO IPM N — 0O CHIIBHO.
14.13. J* Iy = 1y, J*z==. 14.14. A" H - H, A%z = (z,2)y.

14.15. TMycrs cymecrByer nocaenopareannocth fr, € H takas, aro || fi|| =1
u [|[Afill > k. Tlonoxum (g, pi) = (g, Afr); Torna ¢ — auueitnnie GyHKIMO-
nanol B H, npuvem (g, o) = (Bg, f1), OTKyaa mocjaegoBaTenbHocTb (g, ©r)
orpannvena npu jgiobom g € H. Ilo Teopeme 8.2 nocnegosarensrHocts ||¢g|l =
=||Afi|| orpanuuena  mporuBOpeune.

14.17. 8) D(A*) = D(A), A%z = (z1, 222, 3x3, ...).
o
14.18. 8) A*: m = 1y, D(A¥) = {m em, x=(z1,22,...): > zh < oc}7
Atz =g n=I

1 9
% z~(t) * (V1)
14.19. B) D(A™) = {x(t) € Ly[0, 1]: dt < oc}, ATz(t) = .
i[ t 2Vt

14.20. D(A™) — auueiinoe muoroobpasue dynkuuii na [0, 1], npunamie-
wammux H'[0,1] A*xz(t) = dx/dt.

14.21. D(A*) — oproronansuoe gononnenne k gynknnn z(t) =t, A¥z =0
sz € D(AY). X

14.22. J*: Ly]0,1] = HY0,1], J¥*y= [G(s,t)y(s)ds, rae

0
Gls.1) 1 (e'—e*")(e®+e®) mpu 0<s<t<,
5,t) = ———
2(e*~1) | (ef e *)(ef+e*> ) nmpm 0<t<s< 1.
Jnsa z = f*y pemmnrts xpaesyio 3agaay —z"” +z=y, z'(0)=2'(1) =0.
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14.23. A*: L[0,1] — H'[0, 1],

t 1
= _ cht _
A yfjl (s)ch(s—t)ds+ h]Jy (s—1)ds.
0 0
Hns z =A™y pemmrs kpaesyio sagauy 2" —z=1y', 2'(0) = y(0), 2'(t) = y(1)

I'nasa 4

§ 15
15.8. Ilyctb ay, ..., an  €/3-cerb gusa M. Ilogoxum Fy :56/3(ak)ﬂ M.
15.10. Bocnonn3osarncs 3agaqeit 1.87 u reopemoii 15.1.

15.12. Fcin A 6ukomnakrho, a B 3aMKHYTO, TO TAKMX TOYEK MOXET WU HE
HaWTHCh; BOCNOJIL30BaThCs 3agadeit 1.81.

15.14. [lyctb M GukommnakTHOe MHOXecTBO, f: M — M  wu3omerpus,
f(M)#£ M, zg€ M, 2o & f(M), zn = f(zp—1) (n € N). Torga z, € f(M
ans n > 1, npu srom muoxecrso f(M) 3amknyro, a muoxxecrso A = M\ f(M)
OTKPBITO, MO3TOMY npu Hekoropom € > 0 Sc(xg) ¢ M. C apyroii croponbi,
n3 bukomnakruocrn M ciepyer, uro Hadgyrcs nomepa k, [ rakue, uro k < [ n
|z — ]| < e. Torpa ||zg —xp_1]| <€ m xp_y € Se(x9) upoTHBOpEUHE,

15.15. PaccmoTrpers Ha MJIOCKOCTH MHOXECTBO A = (cos7r\/2n, sin 7r\/2n)
(n € N) 1 NOBOPOT 9TOI0 MHOYXKECTBA BOKPYI HAuaJa KOOPAMHAT Ha yrosa v/2.

15.16. JloctarouHo A0OKa3aTh, 4TO OTOOpaykeHwe ® M30METPUUHO; TO, YTO
OHO SIBJISIETCS OTOOparkeHneM «Hay, BbhiTekaeT n3 3aaa4un 15.14. [lycrs ans kax-
J0ro gocrarodHo maJioro € > (0 cymecrByer e-cerb M: muoxecrBa M takas,
aro ®(M:) TakxKe SIBJISETCS €-CETBIO U s JIOOBIX Tq, Ty € M ||z — 2| =
=||®(z1) — ®(z2)||. Orciopa BbiTekaer, aro orobparxenune ® nzomerpuuno. B ca-
MoM gedie, ecin a,b € M, To nafigyres 1,29 € M: Takue, uro ||z —al| < ¢,
loa — bll < e, ||<I><m1>f<1><a>|| <e, |9(ss) — D(B)] < e. Torza

[lla— bl = l[®(a) = @(O)]|| < [lla = bl = [lz1 — bl +

+|||m1 —bll = llz1 = @all| + | [1®(21) - D(z2)]| -

— @ (z1) — @) + [l|@(21) — 2(B)]| — [|(a) — D(B)]]] < 4e.

[lycts My TAKO€ MHOXKECTBO, COCTOsAIIEe U3 N ToueK M, 4TO BeJUUYMHA

dn = min ||lz; —z;]|, i# j, vakcumanbna. Fcam rakux MHOXECTR HECKOIBKO,
ri,c; €M,

TO BHIDEPEM M3 HUX TO, [IJIsi KOTOPOT'O

on= > l=i—=l. i#
."L‘i,."L‘jEM"
makcumanbuo. Torpa My, oroGpaxaercs na ®(My) usomerpuuno. Cywmecrso-
panue M, BbITekaeT u3 Oukomnakruocru M.
[lycts € > 0 npousBoJBLHO, AE/Q €/2-cetb na M, conepxamas k snemen-
toB. Torga di4q1 < e. Ilyerb | HanMmenbllee HaTypaJbHOE Takoe, uTo d; < €.
Torma M;_, wuckomas e-ceTb.
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15.18. Ilonoxxkurs Ap = M1 N Mo N ...N My ¥ BOCNOJNB30BATLCA 3a7a-
qeit 15.17.

15.20. r) Her.

15.28. Ilycts M ne GukomnakTho, zn, € M (n € N) u z, He UMeeT npejesnb-
HBIX TOYEK, MPUYEM 3JIEMEHTHI Ty HE TMOBTOPSIOTCA, Ty = ]gnlqrgl;ﬂmn — Zm]|
Onpenesnm f: M = R, f(z) =0 agna © € M, x € Sr,(zn): B cayuae a)
f@) =n(—|lz —znll/rn); B cayuwae 6) f(z) = (1—-1/n)(1— |z —zall/ra).

Y6eanthesa, uro B obonx cayuasx f(x) wenpepwiHa Ha M, HO B a) He OrpaHu-
4eHa, a B 6) He JIOCTUraeT TOYHON BEpXHEH rpanm.

15.24. Her. Paccmorpers B R MHOXKeCTBO HATypaJibHBIX YUCEJ U OIpejie-
JIEHHYIO HA HEM YMCJIOBYIO (DYHKIHIO.

15.26. Bocnonn3oparhes 3agavamu 1.85, a) n 15.25.

15.27. Her. Pacemorpers caywait X =R, Y =R, M = (-7n/2,7/2),
f(z)=tgz.

15.29. /la, 370 cBA3aHO ¢ OUKOMIAKTHOCTHIO OTPE3KA.

15.37. Her, Tak KaK OHO HE 3aAMKHYTO.

15.39. Bocnoun3osarhes 3agadamvu 15.38 u 15.10.

15.40. Bocnoab3osarbest 3agaueii 1.40, a) unn 15.38.

15.41. MTap S1(0) ne sasiercs GUKOMNAKTHRIM MHOMXECTROM. Paccmorpers
dbyukuuio z(t) = |t —1/2| u cymecrsyomyo B cuiy Teopemsl Beiiepmrpacca
NOCAEJ0BATENLHOCTE MHOrOw1eHOB Py (t), pasnomepno na [0, 1] cxopsiuyrocs
k z(t).

15.43. Ilyctb

2"t npn te€[0,1/2"], !
zn(t) =

yn(t) = I Tn(T)dT.
0
Torpa yn xomnakrua B C[0, 1], HO He uMeeT npejeJbHBIX TOYEK B C][O, 1].

15.44. a) Her. 6) Her. B) /la. 1) Her. a) /la. e) Her. x) /la.
15.45. Byuer, Tosabko ecan ¢(t) = 0.

1 npu te€(1/2" 1],

15.46. Ecaun 661 KOMIAKTHOE MHOXKECTBO M He OBbIJI0 HUT/E HE MJIOTHBIM, TO
€ro 3aMbIKAHUE COJIEPYKAJIO Obl HEKOTOPBIH AP, YTO MPOTUBOpPEYUT Teopeme 15.4.

15.47. JlokazarenbCTBO — MHAyKOueH no k.

o

15.51. a) Torzga u TONBKO TOrAA, KOrAa > )\% < 0.

n=1

6) Torma u Tonbko Torga, Korga A, — 0 mpu n — oc.

15.52. Ecan L — noanpocrpancrso C|a, b], cocrosimuee n3 nenpepoisuo and-
dbepenumnpyembix byukupit, n z, € L, £y, — 2o no nopme C'[a, b], To , — g
u o nopme Cla, b], cneposaresnno, xg € L. Takum 06pasom, na L M0O>kHO BBECTH
JIBE HOPMBI U MOJY4UTHb ABa Ganaxosbix npocrpancrsa, LCla, b] n LC’l[a7 b].
ToxxnecrBennbiii oneparop J: LC’I[a7 b] = LCJa,b], Jz = x, nuneen u Henpe-
poiBeH. [loaTomy oneparop J ! HempepbiBeH, 06e HOPMbI HA [, SKBUBAJIEHTHBI,
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enuananblii map B LC[a, b] orpanuuen no Hopme LC’l[a7 b] u, caenoBaTeNLHO,
kommakTeH. [lo Teopeme 15.4 nognpoctpancTBo L, KOHEYHOMEPHO.

15.55. Bocnonb3oBarbes TeopeMoit 15.6 u 3agaqeit 13.23.

15.57. Paccmorpers nocieposarenanHocts zn(t) =t" (n € N).

§ 16
16.1. a) Her. Paccmorpers Azyp, rae zn =t" (n € N).
6) Ja. B) Ha. r) la. na) Her

16.2. Hert. Paccmorpers Axy, rae on = 12n

16.3. Tonbko npu @(t) = 0. 16.4. Bocnoab3osarbhest reopemoit 16.2.

16.5. a) Her. Paccmorpers Azy, rae z, =t /n (n € N).

6) Her. Paccvmorpers Ay, rae 2, ="' /(n(n+1)) (n e N).

8) [la. Tap §1(0) npocrpancrsa C2[0,1] onepatop A nepesoant B MHO-
xectBo M, nexamee B mape S = S;(0) npocrpancrsa C'[0,1], a Besixoe
noamuoxkecrso S komnakruo B C[0, 1].

16.8. a) Her. 6) /la. Bocnonb3osarbes 3agaueii 15.50.
B) /la. Bocnonb3zoBarnesa Teopemoit 16.3.

16.10. Her. 16.11. Her.
1

16.12. A’ly:JG(s,t)y(t)dt, 2(A Y =C[0,1], rae
0

_fs(t=1) npn 0<s<ELT,

G(’t)_{t(s—l) npu 0<t<s< 1.

16.15. Toubko ecsin X KOHEYHOMEPHO.
16.16. a), B) /la. 6) Her. B stom cayuae A moxkeT HE GbITh HEMPEPBHIBHBIM.

16.17. Her. PaccmoTpers mocjieoBaTeibHOCTh onepatopos A, = APy,
rae Py, omepaTop W3 npeablayiei 3agauu.

16.19. Mycrs g« = (x1, x2,...) € Il Az = (y1, Y2, ...). Paccmorpern
nocaenosareabHocts Anz = (y1, Y2, -+, Yn, 0,0, ...).

16.20. [lycte M C H — orpaHu4YeHHOE MHOXXECTBO; TaK KakK OHO cJyiabo

KOMIIAKTHO, TO B HeM Haiijercs cabo (byHJaMeHTAJbHAS 110C/IEeJ0BATEIbHOCTD
fn (n € N). Torga

HAGn — F)l2= 5" A2 [(fn— foms ex)2 = Sp+ Ro

k=1
r oo
rae Sp= >, Ry= > . Tax kax A — 0, To npu nocrarouno Gomwmom r
6yHeT k=1 k=r+1
oo
2 2 2 2
Ry <e™ 37 |(fn=fm, ex)l” < el fn— fmll™
k=r+1

DukcupoBaB T, B CUJIYy CJAaD0OH CXOJUMOCTH MOCJIEJA0BATENBHOCTH [ BbIOEpeM
rakoe N, urobbl npu n, m > N kaxjoe ciaraemMoe B Sp HE MPEBbIIIAJIO 52/r;
torpa Sy < €2, [|A(fn — fm)|*> < ce? u A Bnonme nenpepoisen.
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16.21. Ecau A, He CTPEMHUTCS K HYJIO [IPH N — 00, TO HANWJETCS MOATOCTE-
JOBATENILHOCTD Ay, Takad, 9To auasa Bcex k € N 6yner |An,| > M > 0. [lonoxurs

er =(0,0,...,0,1,0,0,...\ u goKazarb, 4TO MHOXKECTBO Aej HEKOMIAKTHO.
————r
nE—1
16.22. Onpexnenum nocaegoBaTeahbHOCTHL oneparopos By: H — H pasencr-
BaMun Aem mnpm m<n,
Brnem = n € N.
0 npu m > n,

Jokazars, uro B; — BrojHe HENPEPHIBHBIE ONEPATOPHI U YTO

o 1/2
2
[A=Ball<| > llAeill } =0
i=n+1
npu 1. — 0.
16.23. Ilycts =z, € H OrpaHHM4YeHHasd MNOCIeA0BATEIbHOCThL; TOrLa

A*Azy, cxomures, uo ||Azn, — Azn,||? < 2||zn| ||A*A.7:nk — A% Azy,
NpH 7, N; — 00.

— 0

*
16.24. FEcnn A Bnosne nenpepnise, 1o reopeme 16.3 oneparop AA™ Brosine
% *\k 4k
nenpepbisel, Ho A = (A™)", mostomy (A™)™ A™ BmosHe HEMpepbIBEH, COrJIACHO
*
zajgaqe 16.23, a A” BroJsine HenpepbIBeH.

16.25. Bocnonb3oBarbes Teopemoit 16.10 u Teopemoit 9.1.

16.26. R(A) = |[JA[Sn(0)]. 16.27. Bocnoub3oBarhest Teopemoit 16.4.

n
16.28. B) = 6) coBnagaer ¢ reopemoii 16.4. 6) = a) oueBHAHO.
Hokaxewm a) = 6). Illycts 2 = @ (n — o00) caabo, toraa yn = Azn —
— y = Az npu n — oo cnabo, No3TOMY
(Azn, yn) = (Azn, Azn) = |lazal” > (Az, y) = ||Az]*.

Takum obpasom, Azyn — Az (n — 0o0) cnaGou ||Azy|| — ||Az||. Cornacno 3ana-
ue 13.4 Az, — Azx.

16.29. a) = 6) A€ Z(X,Y), necmn zy, — = (n — oc) cnabo, To qus f €Y *
A*fe X* u (xn, A¥f) = (Azn, f) = (Az, f), nostomy Az, — Az (n = o)
cnabo.

6) = B) Beakaa cxogAmasics MoCJae0BATENIbHOCTh ABJIACTCA C1ab0 CXOmd-
meucs.

B) = a) Ilycrb a) HeBepHO; TOraa CylIECTBYET NOCIEA0BATEJNLHOCTD T € X
Takast, uT0 Tpn — 0, HO Azy orpesiena or Hysst npu 1 — 00. MOXKHO cunTarTh,
410 npu Beex n Tpn # 0. Honoxum an = zn/v/||za|l; Torpa ||an| = \/|lzal|
u ap — 0 npu n— oo, no Aap = Azyn/\/||Zn|| ne orpannuena un, cneposarenn-
HO, HE sABJIAETCs c1abo CXOAAIIEHCs, YTO TIPOTUBOPEYNT B).

16.30. Bocnonn3oBarscs teopemoit 15.6.

16.31. Bocnosb3oBarbest 3agageii 13.13.

16.32. Ecniu A BHOJHE HENPEpBIBEH, TO YTBEPXKJEHHUE BBITEKAET U3 TEO-
pem 16.5 u 16.4. Ob6partno, ecqu Y cemapabesbHO, TO BCSAKOE OTPAHMYEHHOE
% *
MHOXECTBO B Y cnabo kommnakTHo [25, ¢. 211], mosromy A™, a caemosarenbHo,
u A, BIOJIHE HENPEPDbIBEH.
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16.33. a) BocnoabzoBarbest Tem, 9t0 M a0 KOMIAKTHO U cj1a60 3aMK-
HYTO.
6) BocnosbzoBarbesi Tem, uro MuoxkecTBO A(M) GUKOMIAKTHO.

16.35. a) Her. Paccmorpers oneparop A: C[—1,1] —» C[—1,1], Axz(t) =

:J x(7)dr. Torma zq(t) = |t|€ A(S1(0)), Ho xn(t) = /t24+1/n2 € A(S1(0)),

0
unpu n—oc xn(t) — zo(t).

6) Ha.

16.36. Muoxecrso A(S1(0)) 6ukomnaxruo, cornacno 3anaue 16.34; nosro-
My B HEM CYIIECTBYET 3JIeMEHT ¢ HanOOJbIleil HOPMOii.

16.37. a) Her. 6) /la. 16.38. BocnosbzoBaTbest TeopeMoit 16.9.
16.39. a), 6) Tonbko ecnn X xoneunomepno. B) [la.
16.40. Her. 16.41. Tosbko ecain X KOHEYHOMEPHO.

16.42. Her. B mnpocrpancrse C[0, 7] paccmorpum omepartop Axz(t) =
= x(t) sint; Torga ypasuenue z — Az = (0 MMeeT TOJBKO HYJEBOE PEIICHUE, HO
ypasnenne x(t)(1—sint) = y(¢) ne nmeer pemenus npu y(t) =1.

16.44. Tpumensist k o6eum uacTsm ypasuenns (B — A)z =y oneparop B™!,
noayuaem ypasnenne | — B~ Az = B™ly, rue B~'A € a(X).
16.45. a) Ypapnenne x — Az = () umMeeT TOJHKO HyJEBOE DEIEHNE.
t
6) (1= A)~y(t) =y(t) +e' [y(r)e " dr.
0

16.48. a) Ilpeanonoxunm, uro nocreosareasnocts R(AF) erporo yGoisaer.
[lo nemme 0 mourn mepnengukyaspe [25, ¢. 35| ana moboro k € N uaiinercs

zp, € R(A¥) rakoe, uro ||zg|| =1 n ||z, —z|| > 1/2 ans moboro z € R(AFH!).
Torpa Bz, = Axyj — x), obnagaer tem cpoiictBoM, uto ||Bxzy — Baxy|| > 1/2
npu k < [, a omepatop B BHOJHE HENPEPBIBEH  MPOTUBOPEYHE.

6) Bocnoab3oBarbes reopemamu 16.3, 16.7 u Teopemoii 1 u3 [25, ¢. 220].

B) Bocnonn3oparnhes sauat{ef/i 4.49, 6) n Teopemoit 9.2.

16.49. a), 6) Iycrs e;,e; — Gasucw B H, Z||Ael|| < oc0. Torpa
2
S IAGIE = S (A ) = S A% = 3l (er, A% =
i i j J Joi
2 2
= > > [(Aeis e5)[" =3 [l Aeill” < oo
i g i
B) Mycrs @ € H, ||z]| =1; rorna = =" aje;, e Za?zl. Ho

[EEGEDICERNEDS
J

J

i i
2
Zai(Aei:ej)‘ <

i

Z(Za > I(Aei, ) ) ZZMeI,eJ Z||Ael||2.

Takum obpazom, ||Az| < ||A||2 ans moboro x € H rakoro, uro |[z|| = 1.
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x) Ilycts nocneposaresnsuocts Ay, dynpamentansha no || - |2, Toraa ona

(bynsamentanbHa n no o6bIUHONE HOpME U, ciejoBarenbHo, Ay — B. [lpu atom
cymecrsyer M rtakoe, 910 ||An|la < M pas Bcex n € N. Tak kak s jo6oro j
Apej — Bej, To pusi 1106010 i CylecTByer m Takoe, 4To

n
Z HAmej — BP}]'”2 <1.
Jj=1
n
Orciopa > ||Bej||2 <14+ M u B — oneparop I'mnnbepra—IITmnara. Ocraercs
=1
noKa3ath, uto A, — B B cmbicae || ||a.
3) Amnasiornuno 3ajgade 16.22.
n) Bocnonb3osarbcst nepasencrsom Beccenst B mpocrpancree Lo[0, 1] % [0, 1].
[ee]
a) 3 M <oo. ™) Oneparop npeapiaymeii 3agaan ¢ An = 1/4/n.
n=1
16.50. a) Bocnonb3oparhes 3agadeii 16.49, k).
6) Ecoim A= BC, 10 AD=B(CD)u DA=(DB)C.
B) A* = ¢*B* a C* B* onepatopbl 'mabbepra lllmuara mo 3ama-
qe 16.49, 6).
r) |(Aen, en)| =[(BCen, en)| =|(Cen, B*en)| < 1/2{[|Cenl|*+||B*en|*}.

16.51. Oneparop A:ls — Iy, Az = (A1x1, Aama, ...) aas x = (21, Ta, ...) €
€ly ¢ A\p =1/n asaserca omepatopom ['manGepra lllmuara B cuay 3azaa-
qm 16.49, a1), HO HE ABIAAETCA AAEPHBIM B Cuity 3aga4u 16.50, r).

§ 17

17.1. (y, v) = (Az ) = (z, A¢) = 0.
17.2. FEcim y € R(A), o (y,%) =0 no npeabiaymeii 3agaqe.

17.3. Mycrs y € R(A); Torga CymecTByer nocaesoBaTesbHocTh yn € R(A)
Takasi, 4T0 Yp — y npum n — 00. Ho (yn, ¥) =0, n no nenpepriBHOCTH ) npn
n — oo takxke (y, ) =0.

17.7. Onpegenenne HOPMAJIBHON Pa3pEIIMMOCTH A MOXXHO 3aIUCATD B BUJE
R(A) =1 N(A*). Jlanee socnonnsosarncs sanaueii 17.5.

17.10. Bocnonn3oBarhess TeM, 4TO umMcao Hysaei A paBuo k— 7, a ero ge-
dekTHOE unCI0 paBHO M — T, Te T — paHr Marpuubl A.

17.14. 6) x(A) = -1, x(A*)=1. B) x(A*) = —k, x(A*F) = k.
17.17. Her. .

17.19. Her, u6o A*z(t) = [z(s)ds7 orkyna N(A*)={0}. U3 nopmannshoii
t
paspemnmoctn A cneposano Gel (3agaua 17.8), uro R(A) =Y. Dro He Tak:
dynkunn n3 R(A) nenpeprniBubl v pauabl 0 npu ¢ = 0.

17.20. Fcom yp = Azp, rie xp € D(A) v yn— yo (n = o0), 10 |20 — ]| <
<m Yyn—yill =0 (n,l = o0). Ho rorpa us-3a nomnorst X cyuecrnyer
zg € X Tmakoe, 4ro Tp — zy Upu n — oo. BesmegersBue samkuyroctn A
zg € D(A) n yy= Axg, 1. e. yg € R(A). Buaunt, R(A) 3amxuyTa.
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17.21. Bocnonb3osatbea ciaeactsueMm 2 Teopembl 12.1. Bozpmem ¢ n dge-

pe3 Li ob6o3naunM JauHEHHYIO O0OOJOUKY 3JIEMEHTOB @, ..., ¢n. Haillgem 7,
rakoe, uto (@q,7v1) =1, (x,7v;) =0 na L;. Ananornuno naitnem 7s, ..., yn.
17.23. Ilycts yq, ..., Yyn JUHEHHO HE3ABHCHMBI M WX JIMHEHHAs 060J0UKa

umeer Henysesoe nepecedenue ¢ Y. [lo 3agaque 17.21 cymecrsyior dbyHKIHOHA-
v L
aot f1, ..., fn, fi€Y .

17.24. Ilpu n =1 yrBepxkaenne oueruano. Ilycrs ono BepHO Amst ¥, ...
vy thp—1 m {1/)1-}?;]1 u {z,}:;]l 6uoproronasbhbl. s soboro z € X pacemor-
n—1
pum asiement y =z — > (x, ¢;) z; uzamerum, aro (y, ;) =0 (i=1,...,n—1).
=1
Ho (y, ¢n) = 0 meBo3aMoXHO ans z € X, uHaue cucrema {1;}i—; Oblaa Obl
JIMHEHHO 3aBuCHMa. 3HAYUT, Haligercs ©p, € X Takas, 9to (Ty, p) # 0. Ipyroe
pemenvie ciegyer u3 sagaun 17.23. Pasnoxkum 1p; mo 6azucy {y; };7’:1, Tpebyst
GuoproronasbHOCTH cuCTeM {zj }i—q u {1, }]=;. Eciu nepsoe pasnoxkenne 3a-
paercs marpuneit T, T0 BTOpPOE, KAK HETPYAHO poBepuTh, — Matpuueii (T') 7!
n n
17.25. (Ko, f)= 3 (@, vz, £) = (o, 3 (20, 1)),
i=1 i=1 n
17.26. Feaim Az =0, 10 Az = — Kz, me. Az =—=>" &2, rne & = (z, v;)
i=1 n

(i=1,...,n). Ho (Az,¢;) = 0= =¢;, orxyna Az =0, . e. 2= > a;p;
u0=¢ = (z,v)=0a, e z=0. Anasornuno N(A*)={0}. =1

17.27. Jna moboro y € Y wnaiigerca z € X rtakoe, yto Az = y. MoxxHO

n
B3ath = =+ > ((y, i) — (%, 7)) i, vae ©  pemenue ypasuenns Az =
n i=1
=y—> (y, ¢i)zi-

i=1
17.28. Cneacreue 3agau 17.26 n 17.27.
17.30. A=A—K, re. B=A, P=—K.

17.31. C = Z, T = —K, Tak Kak KOHEYHOMEDHBIN ONEPATOp SIBJSETCS
BIIOJIHE HENpepPbIBHBIM (M. 3aga4y 16.16, 6)).

17.32. Bocnonb3osarncsa pasencrsom A = C[I + C’_]T].
17.33. Caepncreue 3amaa 17.30 17.32.

17.34. Cucrema {y;};—, nuneiino nesasnucnma. BeiGepem B Y* cucremy
{¢j}j=1 Guoproronannuo k {y;};—; u oproronannno k R(A). Torna {¢;}7_; C
C N(A%), otkyma dim N(A*) > n. Ecin o € N(A¥), To monoxnm

W= (gi, W) i + f.

i=1
Tenepp ana moGoro y € Y 6ymer (y,f) = 0, orkyma f =0, T e.
dim N(A*) = n.
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17.35. a) V3 onpegenenusi HEOTPUIATEJBHOTO ONEPATOPA BBITEKAET, HTO
(r2AA*z, ) > |(2, y)|?. Ecan 2 € N(A*), 10 (z,y) =0, n Torna y € R(A).
6) (AA™)* = AA*, u ecoim AA*z =0, 10 = € N(A*) u (z,y) = 0.

MNnasa b

§ 18
18.1. An > 0.

18.7. (Az, y) :%{(A(ac+y)7 z+y)— (Al —y), mfy)}+

+, {(Az+iy), 2 +iy) — (Alz —iy), = —iy) }.

Mensist 31ech Mectamu ¥y, noaydaem, uro (Az, y) = (Ay, z) = (z, Ay).

18.8. Boobme roeopsi, ner. Paccmorpers oneparop A: ly — Iy, Az =
=(z1,%2/2,23/3,...) pua z = (z1, T2, ...) € lo.

18.9. FEcmn (Az, z) =0 gns moboro z € H, To ans moboro h € H

(A(x+h, x+h)=(Axz, h)+ (Ah,z)=0.

Monarast h' = ih, noxyuaem (Az, h')+ (Ah', ) =0 win —(Az, h) + (Ah, z) =
=0, nosromy (Az,h)=0, Az =0 nu A =0. B BemwecTrBeHHOM NMPOCTPAHCTBE
YTBEPXKACHUE HEBEPHO; PACCMOTPETh B IpocTpancTse K2 onepatop noBopora Ha,
yron /2.

18.10. YTBep>k/J€eHHE CIPABEAINBO JJist JOOOr0 OrpaHMYeHHOr0 JUHEHHOro
oneparopa.

18.11. a) Her. [lpusectu npumep 8 E2.

6) Ha. 3amknyrocts N BoiTekaer m3 3agaum 18.10. Scno, uto w3 =z € N
cnepyer Ax € N pgus sioboro A € C. Ilycrs 2,y € N; Torna

(Alz+y), 2+y) = (Az, y) + (Ay, 2) = 2Re(Az, y) > 0.
C gpyroit croponst, (A(z —y), ©z—y) = —Re(Az, y) > 0. [lostomy Re(Az,y)=
=0, (A(z+y), z+y)=0m z+y€N.

18.12. 6) A, = % (A+ A%), Ay = %(A —A%).

18.13. [a. Paccmorpers oneparop 3amaun 18.8.

18.14. Bocnosab3oBarbes 3ajgaueii 14.7, B).

18.15. /liig caMOCONps>KeHHOro orneparopa A2 BOCTIONB30BATHCS 3a4a-
qeit 18.6, a).

18.18. Ecim A"z =0, To 0 = (A"z, A" %z) = (A" 1z, A" lz) = || A" Lg|?,
cnepoBatensno, A"z = 0.

18.19. 6) /loka3aTb, 4TO MOCJAEAOBATEIBHOCTh iy, HE yOBIBAET W OrpaHuye-
Ha CBEPXY.

18.20. 6) = ) Ilycrs = #0, (Az,z) =0. Torna (Az,z) = (\/Z’I‘, \/Z’I‘) =
= ||\/Z$||Z =0, orkyna VAz =0 n Az =0, N(A) #0.

18.21. B) = a) Pz — P’z =0, caegosarensno, (I — P)z € N(P) ans mo-
6oro x € H, nosromy (Pz,y)=(Pz, Py+ (I — P)y) = (Px, Py) nns nwo0bix
z,y € H nm (Pxz,y)=(P=z, Py)=(z, Py).
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r) = a) |[Pz||?=(Px, z) = (z, P*z), u TaKk Kak JeBas 4acTh BEIIECTBEHHA,
10 (z, P*z) = (P*z, ). Takum obpasom, (Pz,z) = (P*z,z) ans moboro
z C H n B cuay sagaun 189 P = P*,

18.24. ((C*AC - C*BC)x, z)=((A—B)Cxz, Cx) >0

18.25. Bocnosib30oBaThest 3aga4deii 18.9.

18.26. Her. Paccmorpers B ipocTpaHCTBE E? OnepaTophbl, 3a7aBaeMble MaT-

praM 2 0 10
A=llo s B_Ho 4

18.28. Bocnonn3oparhes 3agaueit 18.6, a).

18.29. (A 'z, y)= (A ta, AA 1Y) = (z, A ty).

18.30. (A 'z, z)=(A 'z, AA la) = (A(A 1z), A" 1z) > 0.

18.31. Ilycts A= a+ip (8 #0). Torga

A=Al = [[(A=al)a)?+ 8]z > BI)”

18.34. /lokazatn, uro ||[(A+ X )z| > N|z||.

18.35. Bocnonb3oBarbes TeopemMoit 9.1.

18.36. ||z|> = (T2, 2) < (Az, z) = ||\/Zm|| Orcrona N(\/Z) =0, u B cu-
Jly HEPABEHCTBA ||\/Zm|| > ||lz|| oneparop VA wenpepsirno o6parum, a Torza

_ —152 _
CYLIECTBYeT U HempepbiBeH onepatop A1 = [(\/Z) ] . Ilpu arom (A Ly, T) =
= ||A_]/23v||2 < |lz|? = (=, z). Mokasxem Tenepn, uro B~1 < A~ B uepansencr-

e (Az, z) < (Bx, x) nonoxum ¢ = A —1/2

(A 2y, A7) = |yl S (BAT/ 2y, ATV = (AT/2B AT 2y ).

Y; TOrAA

Orciopa, Kak v BbIIIIE, CJIEAYET, YTO OIEPATOP A~12pA=1/? HENPepPbIBHO 00pa-
THM M 9TO (A_]/ZBA_]/Z)_] <, re A2B=1 A2 < I, orkyga, coryiacHO
sagaue 18.24, B™1 < A™L.

18.38. Bocnoub3oBarbes 3agayeii 18.24. 18.39. VA = A.

. _ [ itz
18.40. Bocnosb3oBarhea 3agadei 18.15. 18.41. \/Z’I‘ = (ml +2m2)'

18.47. 6) Mycrs B> = A. Eeam N(B) =0, o N(B?) = N(A) = 0. Tak xax
N(B) C N(B?)= N(A), to N(B) — ogHOMEpHOE OATPOCTPAHCTRO, NOPOXK AEH-
noe saementom e1. Janee, Aey = BZey = e2/2, nosromy BB?ey = Beq/2=0,
T. . ABey =0, orkyna Bes = Ae; u Aea = B(Bea) = B(Ae1) =0  nporn-
BOpeuue.

18.48. Jlokaxkem eauncTBeHHOCTB. Keom By, Bo € §(H ), By, B2 20, ||Az|| =
— IBiall = |Baall, 1o (Biw,w) = |Byal® = | Boal® = (Biw, ), orxyaa
B? = B2 u By = By. B kauecrse B Bosbmem oneparop VA*A.

18.49. Bocnosb3oBarbes 3agageii 14.15.

18.53. [A%al’ = (Akz, A%z) = [Anzl|® > [Asl® = (Az, Az) =
= (A*Az, z) = ||[A*z|*. Orciona ||[Ahz — A*z|)? = |Afz|® — (A*z, Alz) —
— (A} x, A* )+ | A* ]| = 0 npu n — oc.
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18.54. Ilycrs 2p — 0 (n — oc) cmabo. Tak kak A BHOJIHE HENpepbIBeH, TO
Azy = 0,10 (A, xn) = (\/an, \/Zmn) = ||\/Zalcn||2 Mosromy VAz, =0
n VA — BrosHe HenpepbiBHBIA 011€paTOp.

18.55. Ilycts n — 0 (n — oc) cnabo. Tak kak B BHOJHE HENPEPBIBEH,
10 (Bxzn, zn) = 0. Ho 0 < (Azn, zn) < (Bxn, Tn), nodromy (Azn, zn) — 0
u, caeporareanno, V Az, — 0. Tak kaxk VA wenpepwisen, To \/Z(\/Zacn) =
= Az, = 0.

18.56. a) Jlokasats, uto ||U(Az) — AUz|>=0u |[U(z+y) — Uz — Uy|*=0.
6) Bocnonnzosarncs pasencreom ||Uz|| = ||z|| n rem, wro R(U) = H.
r) Ecim A usomerpuveckuii oneparop, 10

(Az, Ay) = %[(A(.Hy), Az +y)) — (Az, Az) — (Ay, Ay)] =
= % [z +yll* =Nz~ yl°] = (=, y).
18.57. 6) (Uz,Uy)=(AB 'z, AB™'y)=(A*AB 'z, B™'y) =
= (BB 'z, B~'y) = (Bx, B~'y) = (z, BB™'y) = (x, y).

§19
19.2. Her

19.4. a) CobGcTBennoMy 3HaueHHI0O A = 1 COOTBETCTBYET COGCTBEHHOE TOJ-
MPOCTPAHCTBO YeTHbIX (DYHKUMH, COOCTBEHHOMY 3Ha4YeHHI0 A = —1 — moanpocT-
PAHCTBO HEYETHBIX (PYHKIHUIA.

6) A\ =, z1(t) = cost, Ao = —m, xa(t) = sint, cOBCTBEHHOMY 3HAYECHHIO
A = 0 coorBercTByer COOBCTBEHHOE TMOIIPOCTPAHCTBO {asint—i—,@cost}l, rae

@, B € R npou3BOJILHBI, & OPTOTOHAILHOCTh TIOHUMAETCS B CMbICJIE BELIeCTBEH-
HOro npocrpancrsa Lo[—m, m].

19.5. a) Ap = —n?2, zn(t) =sinnt (n=1,2,..).
6) Ao =0, zo(t)
B) Ao =0, zo(t)

An=-n2, zn(t)=cosnt (n=1,2,..).

1,
1, Ap=—4n%, zn(t) =cos2nt, sin2nt (n=1,2,...).

19.7. Ilycts cymectsyer (A — XI)~L O6e uactu pasencrea A(A — AI) =
= (A~ M)A ymuoxuth ciesa ua (A — A1)~

19.8. Y6eaurnbcs, uro cnpaseanuso paBeHCTBO (Ry(A)— Ry (A))(A—pl) x
Xx(A=XI)=(A—p)l.

19.10. Ecim AB = BA, to B(A—XI)=(A—X\I)B, u, ymnoxas o6e uacru
nociaegHero paseHcrBa Ha Ry cnpasa u ciesa, nonyuaem tpebyemoe yTBepik-
nenue. Fenw puisi mekoroporo A cnpapegimpo pasencrso RyB = BR), mo,
yMHOXKas 00e ero uactu caepa u cnpapsa va A — A1, nosnyuaem, uro B(A—AT) =

=(A—AXI)B win AB = BA.

19.11. Bocnosib3oBarbest rem, uro oneparop A — Al unenpepbiBHo o6parum,
B—A=(B—AI)—(A—\I), n reopemoii 9.4.

19.12. Bocnoan3osarbesi tem, uto A — (A —p)l = A— XTI+ pul, n Teope-
Mmoii 9.4.
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19.13. Toraa u TonbKo TOrga, KOorga X KOHEIHOMEPHO.

19.16. o(A) cocrout u3 cobeTBeHHOrO 3Ha4UeHUss A = 1 ¢ cOGCTBEHHBIM O/~
NPOCTPAHCTBOM, NOpoXKgaembiM dyHknueil (t) = ¢, n co6CTBEHHOTO 3HAYEHUS
A =0 c coberBennbim noanpocrpancreom {z(t) € C[0, 1]: z(0) = z(1) = 0},
re(A) =1, 1 (0) ty(1) ty(0)

RA(A)y(t) = — T y(t) + o+ V0 W
M) = () + 510+ s O

19.17. CnekTp cocTouT U3 cOOGCTBEHHOrO 3HadeHusi A = 1 ¢ cOOCTBEHHBIM

noanpocrpanctBoMm M wu coberBennoro 3uadenusi A = () ¢ coOCTBEHHBIM MOJI-

npocrpancreom ML, R, (P) = % B (I;P).
19.18. o(A) cocrout Tonbko u3 Touku A =0 n
t
1 1 —H/A
RA(A)y =Ly = L [y (e an
0

19.20. 0(A) coBnajaer Ha KOMILIEKCHON IJIOCKOCTH C 3aMbIKAHHEM MHO-
xecrsa {A;}.

19.21. Bocnosb3oBatbes 3agageit 19.20.

19.23. IMycrs A #0, oneparop (AB —)J)_] cymecrByeru C' = (AB—)J)_].
Y6epurnest, uto (BA—AI)"' = _Tl [I—-BCA].

19.26. Mycrs A #0, A€ g(A'). Torga oneparop A~' — Al nue asns-
€TCsl HEeNpPEepPbIBHO OBpATHUMBIM W, CJIEJOBATEJBLHO, A(A*1 —Al)=1-XA=

1
e (A Y [ | Tak>ke He ABJIAETCA TAKOBBIM.

19.27. Bocnosb3osarncs 3agaqeii 18.50, B).
19.28. Iycte A #£ 0, 2 #0, AA*z = Az, Torma A*z #0 u (A*A)(A*z) =
= A(A*z) u, ananoruuno, HAOGOPOT.

19.29. Touka A = 0 npunamaexxur crnektpy, Ho npu K Z 0 ne siBnsier-
cst COOCTBEHHBIM 3HAYEHUEM.

19.30. Bocnosn3oBarbest 3agageii 18.15.

19.32. Ilycrs € > (0. Haiinerca N rtakoe, 9to
sup A"V < ro(A)+e,  sup |B"Y" < ro(B)+e.
n>N n>N

Torpa nnss n > 2N

n n
I(A+B)"|=| > ChA*B™ FI < = ckjab) B ¥ <
k=0 k=0
N k k n—k N k k n—k
< (ro(A) + 10 (B)+26)"+ 3 CRIlAM-1B™ X[+ > onllA*|-1B"F| <
k=0 N k=n—N
< (re(A) +70(B)+26)" + 3 Cr||A¥||(ro(B) +¢)"F +
k=0 N
+ 3 OnllB" Fli(ro (A) +€)" "
Orcioga k=0

14 B.A. Tpenorun u gp.
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I(A+B)"™|I
(ro(A)+rs(B)+2e
nnpu n > o ro(A+ B) < ro(A)+re(B)+2e. Bropoe nepaBencrso ycra-
HaBJIMBAETCSA W3 CIPaBEJJIMBOrO JJIsi KOMMYTHUDYIOIINX ONMEpPaTopoB HEPaBEHCT-

sa |[(AB)" | < A" |B"].

)ngl—}-cq”, g<1,

§ 20
20.1. (A) coCTOUT M3 TOUKH HEMpepbIBHOrO cnekrpa A = 0.

20.2. o(A) cocrout n3 Toukn A = (), KOTOpas ABJASETCSA COOCTBEHHBIM 3HA-
qeHreM OECKOHEYHOI KPaTHOCTH.

20.3. o(A) cocrour u3 roukn A = (0 — cobGcrBennoro 3nauennst Geckoneu-
HOI KpaTHOCTH U COOCTBEHHBIX 3HAYEHUH A1, A2, SABJISIONIMXCA KOPHIMH
ypaBHEHUS 24002 — 321 — 1 = 0, Ansi KOTOPBIX COOCTBEHHBIE MOANPOCTPAHCTBA
OJJHOMEPHDI.

20.4. Ilycts yn € R(A—XI), yn — y npu n — oo; torga yn = (A— M) xzp.
Ecnu T, cOmEp>KHUT OrpaHU¥EHHYIO MOAMNOCTIENOBATENBLHOCTD, TO B CUJLY TIOJHON
HENpPEepbIBHOCTU Onepatopa A HEKOTOpas NOANOCAEOBATENbHOCTD AZn, €xo-

JIUTCSA, CIEJIOBATENBHO, T, = — (AZn, —Yn,) = ®o, orkyna y = (A — AI)zq,

1
A
y € R(A—AT). Ecan e T, He COIEP>KUT OrPaHMYEHHON TMOJMOCIEI0BATEb-
Hocru, 10 ||Zn|| = 400 npu n — oc u, nonarasi zn = ZTn/||zn||, nosropsem
npeskHee J0Ka3aTeahCTRO.

20.6. Bocnoan3osarhest yTeepxaenuem 3agaun 18.50, 6), npuMeHuB ero k
oneparopy A —Al.

20.7. o(a) = [0, 1], npuvuem BCE TOUKM SIBJSIIOTCS TOUYKAMHU HENPEPBIBHOIO
CreKTpa.

20.8. Ilycts A = a+if8, y = (A—Al)z. Torma (z,y) — (y, =) = 2if||z|%
orkyga |ly|| = |B] - ||z]] wma ||Az — Xz|| > |B] - ||z]]. Cormacno reopeme 9.1
A€ p(A). Ecmm A < m, 1o upu ||z||=1 [[(A—A)z| > m— A, u caosa
BOCNOJB3YEMCsl TOM JKe TeOPEMOii.

20.10. Bocnonb3oBatbes 3amaveii 18.14.

20.11. Ecou R(A—XI) = H, 10 X He sBasieTcst COOCTBEHHBIM 3HAUEHUEM, U
Toraa cymecrsyer oneparop (A — )J)_] . Janee Bocnosib3oBarhes 3aaadqeit 18.49.

20.14. Jla.

20.16. A onpegenen Ha BcemM H w BHOJIHE HENPEPBIBEH B CHUJy 3a/a-
an 16.20. HenocpegcreBennoii nposepkoit ybOexkpaemcsi, 910 aasi JIOOBIX
z,y € H cnpasepymbo pasenctso (Ax, y) = (z, Ay). Cornacno 3agaue 18.49 A
CaMOCOIPSI>KEH.

20.17. o(A) cocrout u3 coberBennbIx 3uadenuii Buga A, = 1/(r2n?) ¢ co-
OTBETCTBYIOIMMHU COOCTBEHHbIMY yHKIMAMN Ln = sinnwt (n € N). JIBaxani
npoauddepenyuporars 06e yactu ypasuenus Az = Ax.

20.18. PaccmoTpum cobCTBEHHOE MOANPOCTpaHCTBO L omeparopa A, coot-
BETCTByIOIee COOCTBEHHOMY 3Ha4YeHuI0 A = 1; torga [ WHBApUAHTHO OTHOCH-

TesbHO A, 1 Tak Kak A CaMOCONpPsIXKEeH, TO U Lt WHBAPUAHTHO OTHOCUTEJILHO A.
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Ecnu Az =0 pns mo6oro x € LJ‘, TO yTBepXKJeHHe JOKa3aHO, B IIPOTUBHOM

L
cayudae y oneparopa A B mognpocrpancrse [T Hamuiach Obl TOYKa CHEKTPA,
orsinunasi or A=0u A =1.

20.19. 6) (A* Az, z) = > (=, hn)?pn. To, uto pp > 0 4as Beex n, BhITe-
n
KaeT U3 HEOTPULATEJILHON JIEBOU YacTH.

1 1
B) (en,ep)= ()\— Ahp, /\—kAhk) =

(hn, A*Ahy) =
k

n

Kk
Hy, hy)=0.
)\ A ( n, )
pu k = n u3 npeapiaymei Boikmagku ||en||” = ”—; |hn||* = 1. Jlanee mokazbi-

BaeM, UTO PsAJl CXOAUTCS, OLEHUBAsS €ro OCTaTOK:

k+p 2 2 2
n=k n=k

U Tak Kak Ap — 0 mpu nm — 00, TO psiji CXOJUTCs, U OCTAETCsS JOKA3aTh, 4TO OH
cxoguTest uMenno kK Az. JloctaTouHo JoKa3aThb 9TO JJisi BCIOAY IIOTHOTO TMOJI-
MHOXKecTBa H; B KadecTBe TaKOro MOJAMHOXKECTBA MOXKHO B3ATh JIMHEHHYIO
000JI0UKY BCEX COOCTBEHHBIX BEKTOPOB OMEPATOPA A*A (BkaI0uasa u yexanue

B N(A)).
§ 21

21.1. a) z(s) =1.
6) llpu A #2 z(s) =

5 sins, mpu A =2 pemenwuii ner. B) x(s) =sins.
b 6—A A(42 - \)

IT A#2, A# -6 x(s) =« : A=2
r) Hpu X 72, A # 2 = e T seo e P
uin A = —6 perenuit Her.
5 3 35 —10A 5
n) [pu X # 5 A #£ 5 z(s) : st ms2, npu A = —, peue-
Huit Her, pu A = 5 z(s) = st " s24+ Cs, rae C 1ponsBosbHO.
e) z(s) = s+ Ar’sins.
1 1 2 A o7? 1
1 A#E =, A& —= =1-=s5s-= A= —=
x) Tpn X # 5 #+ z(s) ﬂs 6 Toon coss, npu 5
1 2
peleHuit Her, npu A = 3 (e) C’+17 s+ —(3071) coss, rne C mpo-
U3BOJIBHO.
3 3 3w . 3
3) [lpu X # 5 A #£ - z(s) = msms+cos2s7 npu A\ = -
3 3m .
pelleHuil HeT, mpu A\ = - z(s) = cos2s — %s1ns+Ccoss, rape C' npo-
U3BOJILHO.
1 . 1 .
21.2. a) A\ = —, @1 =sins+coss, g =——, Py =s8ins—coss.
2 " 2 "
6) \1 ==, p1=co8s, Aog=—=, py=sins.
™ ™ 5 . 3
B) A=Ay =—-3, ¢o=s5—2s. r))\1=§,<p1:sz,)\2=§,<p2:s.
gh+1
21.3. A\, = , pr=sinks (k€N).

14%
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2

21.4. a) [lpu X # g paspemumo npu Jio0bix «, B,y u z(s) = as” +

3B
3—2X\ )
z(s) = as’+v+Cs, rae C npousBosLHO.

3
+ s+, mpu A = 5 pa3permuMo TOra U TONbKO Tornga, korga =0 u
2(a —2AB)
24 AT
sins+ 8+ C coss,

2
rage C mpOW3BOJABHO, MIPH A = —— pa3pemuMO TOTJa W TOJBKO TOTJA, KOTIa

2
6) Mpu X # + = paspemmmo npu m06bix @, B n x(s) = sins + 3,
7r

2 —14
npu A = — paspemmmo npu mobeix a, f u z(s) = an 16
™

ar—48=0u z(s) = f+ Csins, rage C npousBoJbLHO.
B) IMpn X # g, A # —% paspemnmo npu mobnix «, 8 u z(s) = as® —
_ 158 +12)a
154+ 20X
L1082 — 50 +6a
TOJILKO Tomlafj korga 3a—58=0u z(s) = as® +Cs, rge C' nponsBoaLHO.

3
s, mpu A = 5 Paspeummo npu mobbix a, B u xz(s) = as®+

3
s, rage C npPOM3BOIBLHO, MPU A = —, Paspemmmo Tora u

r) Tlpu X # g, A # —% paspemnmmo npu gbom a n z(s) = —% (a—C)s+
+C’sz, rae C' MpOU3BOJIBHO, MpH A = g pa3penmMo TOrjla U TOJBKO TOrJa,
korga =0 u z(s) = Cs, rae C' npousBOJILHO.

2T
21.5. z(s) = f(s)+ A [ sin (s — 2¢) £(t) dt.
0

21.6. a) Ay = (/24 7mn)%, pn =sin(r/2+7n)s (neN).

6) An =4n®>—1, @, =sin2ns (n e N).

B) An=(n+1/2)%=1, g, =sin(n+1/2)s (neN).

) Ao=1, po=¢€® Ay =-—n>n’% ¢n=sinnrs+nmrcosnrs (neN).

o) Ap = % (1 +k;27,), pn =kpcoskps+sinky,s (n €N), rae ky — nonoxn-
TesbHbIE KOPHM ypasuenust 2¢tgk =k —1/k.

e) Ap = —k%/S, pn =kncoskps+sinky,s (n €N), rae k, Te xe, uTo M B
npeablayLiei 3agaqe.

21.7, 21.8. Bocnons3oBarscs 3agaqeit 10.19.

21.9. a) XapakTepuCTUUECKUE TUCIA Ap = fn27r2, cobcTBeHHBIE (DYHKITUH
on =sinnms (n € N). ITpu XA # A\,

A X (-1t

z(s) =s— ——~— - sinnTs,
(5) WEI n(A+n’x?)

upu A =—n2x? (n € N) pewennii ner.

6) XapakTepucrnieckue aucsaa u cobcTrennbie (DyHKINY ONPE/IEsIeHbl B 3314~
we 21.6,1): Ao =1, o =e®, A\ = —w2n? ¢, =sinnms+nrcosnms (n € N).
Ilpu A # A, (k€N)

1+e .
z(s) =cosms+ A ( 2+P) e’ — T 5= (sinms +mcosms)|,
(L+72) (A1) 2(A+72)

mpu A=1u A= 72 pewennii ner, npu A = —n>m> (n=2,3,..)
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(1+e) e’ —
(1473 (A —1) 2(A +7?)

z(s) =cosms+ A (sinms+mcosms)| +

+ C(sinnms +nmcosnms),
rae C' mpou3BOJILHO.

21.11. a) x(s) =2s+1. 6) z(s) =s+s°/6. B) x(s) =e*(1+s)%

1
r) z(s) = > (e® +sinz +coss).

21.12. a) Tounoe pemenne z(s) =1. 6) Tounoe pemenne z(s) = —1.
B) Tounoe pemenne z(s) = —1. r) Tounoe pemenue z(s) = s/2.
1) YpaBHEHWE DENeHnst He NMEeT.

21.14. a), 6) Her. B) /la.

21.15. a) z(t) =1. 6) =(t) =2sint. B) z(t)=1+2t+12/2+13/3.

v) z2(t) =2t—t> n) z(t)=1.

21.16. a) Umeerca Tounoe pemenue x(t) = t.

6) Vimeercs Tounoe pemenne z(t) = el

B) Mwmeercs Tounoe pemenne z(t) = 1.
o=

r) Umeercs rounoe pemenve () = et

22

wn

1
1
22.3. (Az,y)— (z, Ay) = ij(m’g +xy')dt = 1:[-7737]‘0 =0. Mycrs (iz', y) =
0
HEOIpe/leNIeHHbI HHTerpas or y*; Torja
1
i [ z' (G +iy**)dt =0,
0
orkyna h = y+ iy™* nourn scrogy na [0, 1] nocrosinna; u3MeHMB ee 3HAdE-

:.7:,*1/1**
Y Y

HUSL HA MHOXKECTBE Mepbl Hyab, noayuum y +iy*™ = ¢, orkyma y' +iy* =0
nourn Beiogy. [osromy ofuacts onpegenennst A* cocrour uz Beex aBGCOMOTHO
HenpepbiBHbIX dyHKnuid y(t), npomssognbie KOTOpbiX jexar B Lo[0, 1], Ges
BCAKMX OrPAHMYEHMI HA IPAHMYHbIE 3HAYEHUS.

22.5. Boofime roBops, HEBEPHO, TAK KAK BO3MOXKHO, uto D(A™) = 0.

22.6. Iycrs y € D(A®) u A*y =y*. Tax xak R(A) = H, ro naiigercs
h € D(A) Takoe, uro Ah = y*, nosromy npu mobom z € D(A) Gyner (Az, y) =
(x,y*) = (x, Ah) = (Az, h). Orciona y = h € D(A).

€T,

22.8. Fcam Au=0, 10 (u, Av) = (Au, v) =0 pas aoboro v € D(A), nosro-
My u oproronanen R(A) u, cneposarennno, uw =0 u oneparop A~! cymecrsyer.
Jasee ycranapiausaercs, urto cymecrsyer oneparop (A*)™! u uro (A*)7! =
= (A™Y*, orkyna u Beirexaer, uto oneparop A”! cummerpuucckuii.

22.9. B nposepke Hy>»kgaercsa aumb miaoTHocts R(A). B nporusnom cayuae
naiigercs h € H (h #0) rtakoe, uro h L R(A). Torma (f, Ah) = (Af,h) =0
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s goboro f € H, orkyna Ah =0, a 370 IPOTUBOPEYUT CYIECTBOBAHUIO 06-
PATHOTO ONEPATOPA.

22.11. a) = 6) A= A% u rak kak A zavmknyr, 10 u A samxnyr. Ecan
naiinercss & € D(A®) = D(A) raxoe, uro A*z =tz, 10 Az =iz v —i(z, z) =
= (iz, z) = (Az, ) = (z, Az) =1i(z, z), orkyna x = 0. Tem cambin N(A—3l) =
=0, anasornuno ycranasuausaercs, uro N(A+il) =0.

6) = B) Ecim R(A—il) me nnotno B H, to ana y € [R(A—il)]* (y #0),
mbt uvesn 600 ((A—il)z, y) =0 gas aoboro & € D(A), arorga y € D(A®) u
(A—il)*y = (A" +il)y =0, uro neso3moxkuo, Tax kax N(A™ +il) =0. Ocra-
n0ck pokazate samknytocts R(A —il). Fem z € D(A), o ||(A—il)z|? =
= ||Az|® + ||z||?, n eccim zy € D(A) u (A—il)zn— yo, 10 Tn— T n Azy
rak>ke cxogurcst. Tak kak A 3amknyt, To g € D(A) u (A—il)zg = yo. Takum
obpazom, R(A — il) 3amknyto m coBnagaer ¢ H. AHaJOrM4HO yCTaHABJIU-
Baercs, uro R(A+il) = H.

B) = a) llycts z € D(A¥). Tak kax R(A —il) = H, o maiierca y € D(A)
maxoe, uto (A —il)y = (A* —il)z. Ho D(A) C D(A*), nosromy 2 —y €
€ D(A*) w (A* —il)(z —y) =0. Tak xax R(A+il)=H, vo N(A* —il) =0,
cnesiosarensio, © =y € D(A) u D(A*) = D(A).

22.13. [lpeamnonoxxuth, 4TO0 CyIIECTBYIOT [Be COOCTBEHHDbIE (DYHKUHH C
OOHUM U TEM XK€ CO6CTB€HH})IM 3HAQYEHWEM M [0Ka3aTh, YTO HMX OIlpeaeImTesbh
Bponckoro pasen HyJio.

s(1—t 0<s<t<,
22.14. a) G(s,t):{( ) mpu 0S8t

t(1 npu 0<t<s<1.
(s+1)(
)

(t+1)(2—

sinscost npu 0<s<t<,

—s)
2— 0<s<t<,
6) G(S t) 1 ) npu ISXRTY
s) mpn 0<t<s<1.
B) G(s,t) =4 .
sintcoss mpu 0Lt s
1 {shssh(lt) npu 0<s

G(s,t)=—
r) Gls.t) shl | sh¢sh(l1—s) npu 0<¢

_ 1— _
s=t_ DTV s tt=2 yny 0K s <t
1+~

e

n) Mpu |y[#1 G(s, t) = 5 1y _
elms - — L esH=2 yny 0<t<s<1.
1+y
[lpu v =—1 G(s,t) ue cymecrsyer, npu v =1 G(s,t) = 1ef‘sftl.
22.15. a) Bocnosnb3zoBarbest paBeHCTBOM
b
B 9
(U,2) = [(pa" +45%) dt + 22 p(a)a(a)+ £ ()5 0).
a
6) Bocnosnbzosarbesi Teopemavu 22.1 u 20.1 20.3. CoGcrBeHHbIEe 3HAYEHUS
oneparopa U o6paTHbl COOGCTBEHHBIM 3HAUEHUSM HHTErPAJIBHOIO OHNEpaTopa ¢
saapom G(s, t).
B) Beom Uz = Az u ||z||=1, o (Uz, z) = X.
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r) [Ipeanonokurb, 4To CymecTByIOT ABe cOOCTBeHHBIE (DyHKIMU ¢ OJHUM U
TeM K€ COOCTBEHHBIM 3HAYEHUEM, U JJOKA3ATh, YTO UX ONpPEJeJUuTe b BpOHCKOro
PaBeH HYJIIO.

n) Y6eaurncs, aro D(U) nnorna B Lala, b], n BOoCnonb3oBarhes Teopema-
vu 22.1 u 20.3.

22.16. ITycre z(t) € D(U), ¢(t) (k € N) — nuornas B npocrpaHcrTie
Lo[a, b] B cnny 3azaum 22.15, ) OpPTOHOPMMPOBAHHAS CUCTEMA COOCTBEHHBIX
dbyuknuit oneparopa U, COOTBETCTBYIOMHUX COOCTBEHHBIM 3HAYEHUAM A,

oo

0< A <A< Torna z= > (z, ¢p) o m
k=1

o0 o0
2 2 2
Uz, 2) =37 Ael(z, op)1" 2 A0 37 Mel(, )™ = Mall2]” = Ar.
k=1 k=1
C apyroii croponni, ¢1(t) € D(U) u (U1, ¢1) = Aillnl” = M-
22.17. z(t) = V2 sin7t.
b
22.18. a) (Uz, z) = Jm'z dt > 0. Ecim (Uz, ) =0, to z(t) = const, u B
a
CWJly TPaHMYHbIX ycaosuit z(t) = 0.
6) B cnpasemmeom gas x(t) € D(U) npeacrapaennn z(t) = [x'(T)dT
0
BoCHoab3yemcs Hepasencrsom Komu—Bynskosckoro, 3arem Bossejgem obe yactu
B KBAJpaT W NPOMHTErpupyem mo [a, b]. B wmrore monywaem, ana z € D(U)
b

(bja)2 [o2dt wan Uz, o) >2*l|o]%
a

22.21. Tlycre Axzg = f n y € D(A) npousrosnbroe. Tonoxum y = xg + 2,
rorna F(y) = F(zg) + (Az, z) > F(x0).

2
HEPABEHCTBO [x' dt >

22.22. Tlycts munumym F(x) peasnmsyercs na ssemenre xg € D(A) n
y € D(A) npomssonnnoe. Torga npu qobom A € R 6yner F(xzg+ Ay) > F(xg)
wim A2(Ay, y) + 2 ARe (Azo— f, y) > 0, orkyza Re(Azg— f, y) =0, n samensis

3pech y wHa iy, noaydvaem Im(Azg— f,y) = 0. Oxonuareabno ans jgoboro y
u3 mwiorHoro B H suneiinoro muoroobpasuss D(A) umeem (Azg— f,y) =0,
nosromy Azg= f.

22.24. B cuuty nonoxurennnoii onpegenennocru ||z]|% = (Az, z) > 72|z
Eciu A — orpanuuennnii oneparop, 1o ||z||% = (Az, z) < || Al ]

22.25. FEciu y € Hy  3JIeMeHT 3HEepreTuyecKoro npocTpPaHCcTBa, MPUCOEIH-
HSIEMBbIil TIPU MOTIOJHEHNUH, TO HARAETCS NOCAE0BATENLHOCTD Ty € D(A) Takas,
uro ||zn — y|| = 0. B cuny 3apaun 22.24 ||y — zm|| < — |20 — Tml| 4. Tocne-
JIOBATEILHOCTh Ty (DyHAaMeHTaNbHA B H, myctb xn, —>7x. [Tonoxkum Jy = z,
OCTAETCsSl YCTAHOBUTh, YTO & ONPEJEJSETCs 110 Y OJJHOZHAYHO U YTO COOTBETCT-
Bue J umneitno. Ilycrs, panee, y1,y2 € Ha, y1 # y1, Jy1 = Jy2 = . Kcim
y1—y2 =y, 10 y€ Hy u Jy =0. lloaromy cyuiecTByer nocaesoBaTebHOCTD
zn € D(A) makas, uro zn -0 u ||y —2zn|lg = 0 npu n — co. Ecau z € D(A)
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npou3BOJILHOE, TO [Tn, z]A = (Tn, Az) — 0, ¢ gpyro#i CTOpOHBI, [Tn, z]4 —
— [y, z]4. Takum obpasowm, [y, z]4 = 0, orkyna y = 0 un y1 = y2. Onpegensiio-
ee BJIOYKEHHEe HEPABEHCTBO U1l HOPM TOJIyYaeTCs TPEeAeJbHBIM MEPexoJoM U3
HEPaBEHCTBA, NOJIYUYeHHOr0 B 3ajaad4e 22.24.

22.26. Ilycts y € Hyy, Torna y € Lofa, b] u naiinerca z, € D(U) takas,
aro ||zn —yllu = 0, [|zn —y|| = 0. TMocnenosarensuocTs &, dyHIAMEHTATR-
HA B 9HEPreTHYECKOil HOpMe, OTKyaa T, (DyHIAMEHTaJbHA B HOpME Ls[a, b],
nostomy Haiiziercsas z € Lo[a, b] Taxoe, uto ||z}, — z|| = 0. Tax kax mpu stom
llzn —yl|| = 0, To z ecrb 0606weHHAs TpOU3BOgHAS OT Y. C IOMOLIBIO HEPABEHCT-
Ba Komm ByHﬂKOBCKOI‘tO y6exaemes1, 9To mpu m — 0O PABHOMEPHO Ha [a, b

¢
xn(t) = [m%(T)dT — [Z(T)dT. TTpesesbHbIM TEPEXOIOM OTCIO/IA TOJLY YAETCST
a a

y(a) = 0; ananornuno ycranapnmsaercs, uro y(b) = 0.

22.27. Hockomexy (Az, z) = ||z||4, 0 F(z) = ||z||} — 2Re(z, f) umeer
cmbIca gaia gwoboro ¢ € H, C H.

22.28. Tockonbky ans z € Ha C H umeent |(z, £) < |z llIIFIl < a4,
to no Teopeme 12.2 (z, f) = [z, mo]A, OTKyna 7

F(x) = (Az, 2)— (x, f)— (f.2) =
— [, a]a [, w0l 4 — w0, ] = [l — wol% — o3

Iostomy munumym F(z) pasen —||zg||% u mocruraercs na snemente xq € H.
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§ 23
23.5. CneacrBue OrpaHUYEHHOCTH KOMIAKTHOTO MHOXKECTBA.

23.6. Henpepnierocts F' BhiTekaer u3 nenpepoiBHoctn dynkunn K (i, s, x)
[0 T U BO3MOXXHOCTHU IPEAesbHOr0 Mepexoja Moj 3HaKOM HHTerpaJia MpH paBHO-
MEpPHOH CXOIMMOCTH, MOJIHASA HENPEPbIBHOCTL U3 TeopeMbl 15.3.

23.7. Boobiie roBopsi, HeT.

23.12. F(z) — F(z0) = F'(z0)(x — z0) +w(z —xq) (z € S), rae ||w(h)| =
= o(||h]|) npu h — 0 Beneacreue quddepenuupyemoctun F. [lanee,
G(z)—G(20) = G'(20)(z—20) + (2 —20) (2 €Y),

rae |[6(g)l = o(|lgl]) npn g — 0 Becneacrsue puddepenunpyemoctn G. Ho toraa
B HEKOTOPOH OKPECTHOCTH TOYKM Z(

(FxG)(2) = (FxG)(z0) = F(G(2)) = F(G(20)) =
= F'(20)(G(2) - G(20)) +w(G(2) ~ G(20)) = F'(20) G (z0) + p(z  20),

rae p(z = z9) = F'(wg) 0(z — 2) + w(G(2) = G(2)) u llp(9)ll = o(llgl)
npu g — 0.

23.13. F'(zq)h = 2(x0, h), G'(z1)h = (@ h) _ (L‘z, h) opu z1 # 0.

(z1, 1) |21
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—Tm
23.18. a) F'(1,1,1) = |1 2 3]; 6) F'(t) = H 0|
1
0 —me
—1/V/3 1]/
B) F/(1,1) =||—e 0 |; r) F'(1,1,1) = V3 1/VE
1 0 1 1 1
OF; oG, (t
23.19. (F+G)'(to) = | 22| L, , |25,
Lj j=1,2,...,k Zs s=1,2,...,m

23.21. a) F'(ug) =cossinz; 6) F’'(ug) =sincosz;
B) F'(0)=1-=; r) F'(0)=1

_+_
b
23.22. F(u) = F(ug) = h(z) —.I.[f(av7 s, ug(s)+h(s))— f(z, s, uog(s))]ds.
23.23. F'(0)h = h(z) + X Tf sinzh(s)ds. nrerpupys ypaBuenne
0

™
h(z)+ Asinz [ h(s)ds =cosx
OT HyJIst IO T, MOJIyIUM 0

a—2 a=0, Th
0
A=

Ilpu A # —1/2 a =0 u h(z) = cosz. Ilpu

rae C' — npousBoJIbHAST TOCTOSTHHAS.

23.24. Corgacno 3agaue 23.12

,Tda [F(21+0(xs—21)] = F'[21 4+ 0(22 — 21)] (w2 — 21).

Unrerpupys a1o Toxaectso 1o [0, 1], momyuaem dbopmysy Jlarpanxa.

—1/2 h(z) = cosz + Csinz,

23.28. [lpumenssi cuagana dhopmyay Jlarpamka mias F, a 3aTem ycjioBue
Junmuna gas F' nonyqaem

|F (1) = F(x2) = F'(w2)(x1 — 22)|| <

1
< I[F'(m2+9(m1fﬂ2))F/(m2)]d9H'||-T1fﬂ2|| <
1 0 1
<J||F’(-T2+0(m1*fﬂ2)) F'(x2)||d6 < ||T1*T2||Il‘)d9||m1*-’ﬂ2||2:
0 0

1 2
= —l Tr1 — T .
9 ” 1 2”

23.30. Ilycts = = {2 }32; Cm u ||z| < ¢, nycrs M = sup|fn(§)|, rae
n
I€] < ¢; rorpa |frn(zn)] < M (n € N) n, cnegosareasno, F(z) € m. Tlo dop-
myute Teitnopa npu 20 = {mg}io:] eEm
0 0 0
1

J[fn("'n"‘a( 77'91)) fn(Tn)}da( (7)1)

0
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. !
Benencrteue paBHOCTENEHHOH HENPEPBIBHOCTH f;, TpaBas YacTh TOCJEJHEro
paBencTBa ectb of|zn — ’I‘%D npu on — 0. CliefoBaTebHo,

F'(z%h = (fi(z)) b1, fo(a9) ha, ...).

0d(t, zo(t), z((t)) O®(t, zo(t), zo(t)) ,,
[ L h(t) + o K'(4))] dt.

23.31. p(zg)h =

[ ———

1 1
23.36. [Fhxy](t) = %T(t)f K(t, s)y(s)ds+ %y(t)J K(t, s)xz(s)ds;
0
2

0
2
[i Fgmﬂ h=2Fsxh; [d— FQmQ} h™ =
dx dx
23.38. a) dF (zo, h) = h" + hcost, d*F(zg, h) =sin(t+kn/2)h* k>2.
sin(t+ kw/2) Bk

o
0) F’(mg—i—h):sint-}-h”-}-hcost—f-z o

k=2
23.39. [loBTOpUTh paccy>kJIeHus J0KA3ATEJbCTBA TeopeMbl AbGeJist.

23.42. Q= {(z1, z2) € R: |z122| <1}, pu=1.

b
23.44. F(z0+h) = F(zo)+h(t)+ [ K(t, s)e® ) h(s)ds+
a b
x 1 xr S
+3 E[ K(t, s)e™ ) hk(s)ds.
k=2 a
te™ |- ||zlla = (ae)™" x

23.46. Tlpu z(t) € Co  sup |tz(t)] < sup

[0,4c<) [0,+00)
X ||z]la <1 mpu ||z]la < ae. CuepnoBaresnbHo,
T
17 @)lla < —2ls

1—(ae) Hzlla

§ 24

24.3. a) Bocnoansosarbest reopemoii Jlarpanska u reopemoii 24.1.
6) C nmomompbio Teopembl Jlarpamxka mokazarb, 9To gausa f(x) cymecrsyer
obparnasi byuknus. /lasee Bocnonb3oBaThest Teopemoit 24.1.

24.4. t=035.  24.7. t= 0,75.

24.8. B) Eo=0,00, B =0,92, Hy=1,55, Es=202, [E;=242, H;=
=979, Eg=23,14, Fy=3,49, Eg=23,86, Ey=4,26, F19=4,73, F1, = 5,36,
Fio =628, E,=FE(kT/12) (k=0,1,...,12).

r) E(T'/4) =1,81 npu e =0,25, E(T/4) =2,02 upu e =0,5, E(T/4) =
=2,18 npu e=0,75.

24.9. 8) Mpu k=2 z0=0,00, 21 = 0,10, s = 0,22, 3=0,35, 4=
—0,49, 25=0,64, x5=081, x7=101, 25 =125, xg9=154, x10=2,00,
xm =x(m/10), m=0,1,...,10.

24.10. Paccmorpers dbyuknuio f(z) =z — % (2 — a) n y6eauTnes, aTO OHA

ABJISIETCS CKUMAOIUM orobpaxkenuem [a/2, 1] B cebs.
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24.11. Ilpegen pasen 1+ /2. Paccmorpers dbyukumio f(z) = 24 1/z u
ybenuThCs, 9TO OHA ABJIAETCA CXKUMAIOMKM OTOOparkenuem [2, 3] B cebs.

24.19. Paccmorpers orobpakenne : R - R, ®(z) =2+ 7 /2 —arctgx.

24.20. Ilycrs ¢: Q - R — Bewecrsennast dynkuusi na @, onpejesnenHas
pasencrBom P (z) = [|®(2) — z||, # € Q. Tak kak & — nenpepnsiBHOE 0TOGPaA-
JKeHHe, TO ¢ HempepbiBHA. B cuny GukomnaktHocTd () DYHKIHSA @ JOCTHUTAET
Ha () HaumMmeHbiero 3Hadvenus a > 0 B HEKOTOPO# Touke xg € (). Kciu a > 0, To

p(®(x0)) = [|D(P(20)) = P(x0)l| < [[®(z0) — 20l = ¢ (20) = a,
4T0 nporuBopednT onpenenenuio a. [losromy a =0 m xg — HenoagBm>KHAs

rouka ®. Orobparkenne ® MOXKET W HE SIBJAATHCSH COKUMAOLIMM — PACCMOTPUM
®(z) =sinz qna z € [0, /2]

24.23. 6) Kn(s,t)=st/3""1, R(s, t,\) =3st/(3—\).

1
3
—— | stf(t)dt.
s | stI®
0
24.28. Oueparop 1 = P umeeT eAMHCTBEHHYIO HEMOABUKHYIO TOUKY & .
Ho 9 u ® mepectranoBouns! Ha (), TOITOMY (I)(T*) TaK>Ke HeMoJABHYKHAS TOY-

B) Ilpn A # 3 pemenne umeer sug z(s) = f(s) +

ka ), T. e. ®(x¥) =2*. Beru £ eme ogua nenogsmwknas touka @, To (%) =
=0"(z)=Z, re T=2a"
24.31. Ilo dopmyne Teitnopa
1
F@") = f(@a)+ f'(zn) (@™ —zn) + 3 (&) (@ —zn).

l
Orciona 0K Tpp1—z™ < o (zn —2™)2. Kpome Toro, f(z*) = f(zo)+ f'(n) x
x (% — xq) u, crenosaresmpro, 0 < zg— 2" < |f(xg)|/m. Orciona mo wHmyk-
LMK yCTaHABJIMBaeTCsl TpebyeMast OLeHKa.

24.33. Fcm x = (z1, 2, ...) € ly — HenoaBmwxkHas Touka aas F, To, Tak
kak |F(z)|| =1 ana scex z € la, ||z|| = 1. U3 ycnosua & = F(x) cneapyer, uro
z1 =z =...=0. [Iporusopeune.

24.34. 6) HenpepbiBaocTh omepatopa F BBITEKAET W3 HENPEPLIBHOCTH
dbynkuuu f(t, £) u BO3MOXKHOCTH NPEJEILHOTO NMEPEX0a MoJ 3HAKOM MHTErpa-
Jla IpU PaBHOMEPHOH CXOAUMOCTH, MOJIHAS HENPEPbIBHOCTH BBITEKAET U3 OLEHOK
|F'(@)] < |wol +blh[, [F(z)(t1) — F(x)(t2)| < blt1 — t2| n Teopembi 15.3.

B) Bocnonbzosarnes reopemoii 24.4. 1) f(t, x) = Jx (1o =0, z¢9=0).

24.35. a) Ilycrp z(t) pemenue kpaesoii 3agauun. Torga u3 quddepennn-
aJIbHOI'O0 yPABHEHUS HAXOJAUM

t
2" (t) = Kexp { —Ix(s)ds},

Ce0BaTEJILHO,

tT o
x(t)=Lt+ M+K[ [exp { — [ x(s)ds} dodr,

00 0
rae nocrosinabie K| L, M onpenensiiorcst u3 rpaHUYHBIX YCJIOBHUH, 9TO MPUBO-
auT K uaTerpassnomy ypasuennio. Q6parno, ecam z(t) € C[0, 1] ectb pemenne
HHTErpajibHOr0 yPaBHEHHsI, TO OHO YAOBJIETBOPSIET IPAHUYHBIM YCJIOBUAM U Juh-
depenunanbHOMy ypaBHEHHIO.
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6) Ilycrs |z(t)] < 7 =la|+|b]+|c—a—b|, Torna u |®(z)| < |a| + |b]+
B) U3 n. 6) cneayer, uro muoxecrso dynkuuii y(t) = {®(z)}(¢f) orpanu-

ueno. Jlanee nposepsiercs, uto |y(t2) — y(t1)| < [|bl + 2e°"|c — a — b|] - [t2 — t1],
OTKyJa CJIe/lyeT PABHOCTENEHHAs] HENpPEPbIBHOCTb (DYHKUMII 3TOr0 MHOXKECTBA.

24.36. Ycnoswue n
(R
n—1

obecrneunBaeT CymecTBOBAHNE POBHO JBYX MOJIOXKUTEJIHHBIX PEIIeHnH

1
<1

1 *

ry < ———————— T
(n-[lK )t/ =Y

ypasuenus ||K||r"™ +||y|]| = r. ap ||z]] < r+ oneparop ® orobpaxkaer B cebs,
kak u map ||z|| < r*. B nepsom mape ® smisiercs cxaruem, n6o B Hem
lo(z') - @) < IKI-n-r e =" w Kt <1,

Bo BTOpoM mape ® BMOJHE HENMPEpPbIBEH KAK NMPOU3BEJEHUE BIOJHE HEMPEPHIB-
HOTO JIMHEHHOTO MHTErpaJbHOrO ONMepaTopa W OTPAHUYEHHOTO HEJUHEHHOro
oneparopa (cm. 3agauy 23.4).

§ 25
25.7. Bamerum, uro z(t) = Asint, nostomy A ymOBJIETBODPSAET ypaBHEHUIO
A —
A== [A g + A2§], koperb A = 0 He NOAXOAUT W, CJIEJOBATEHLHO, A = o
™
2—X .
z(t) = sint (XA #0).

25.8. Kpowme pemienusi, HaiiJeHHOTO B 3aja4e 25.7, HHTEerpaJbHOE ypPaBHEHUE
npu J00bix A nmeer pemenne z(t) = 0.

25.10. Pemenne uwem B suge (npu £ — 0) z(t) = zo(t) + ez (¢) + O(e?).
Hust zo(t) u z1(f) umeem 3anaun

zg +sinzg =0, z0(0) = z0(1) =0,
x| +x1coszg = sin7t, 21(0) = z1(1) =0.
Orciona 2g(t) =0, z1(t) = —— ’ sint.
2 —

25.11. a) Caeacrsue Teopemst 25.2.
ox - ox - ox ox
6) o= =[1-e¢'(x)] 'p(z), 7= = (1-e¢(x)) ", orkyna — = p(z) —.
Oe da de da
Hasnee no unaykumum nosyvarorcst rpebyembie paBeHCTBA.
B) Caencreue dbopmyant Teitnopa.

25.14. Paccmorpum Bcnomorarennnoe ypasunenune & = a+ ¢/ (z). Cornacuo
sagaqe 25.11, B) ero pemenue gaercs psagoMm

[e%e] sk dk—l 1
z(a, e) = a+k§1 W 2 [m}

[Ipu a = 0 monydaem uckoMoe pemeHue
o sk dk—l |: 1 j|

=2 Lo

=0
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25.15. Oneparop ®(z) =2 —

2
F(xz, ) nupu X € [a, b] sBasercs cxu-
m+ M
matomum otobparkennem B npocrpancree C(0o, 00) ¢ koadduunenTom cxarus
M —m

M+m’

MNnasa 7
§ 26

T
26.2. Tp—x = (52):0_1, rae 5? MIPOU3BOJIBHO.

26.3. Ilycts HOpMBl B X5, HEBBIpOXKAeHBI. JlomycTuM, 4TO MmociesoBaTesb-
T, Ty,
HOCTb Zp —x U Tn—x . Torma

ITn(a' 2"l ¢ < Tna' —nllg +[En—Tna"lg =0, n—oo.

Ho rorga z' —z” = 0. O6paruo, ecian ITnzll g — 0 npu nexoropom z # 0,
_ T _ T "
10 Tp =Thoe =z u Tn=Thz—0 (n = oc0).

26.4. Bocnosb30BaTbCs pe3yJsIbTATOM MpEAbIAYIel 3a0a4u.

26.5. /lokazaTenbCcTBO [IOCJIOBHO MOBTOPSET JOKA3ATEJILCTBO TEOpeMbl 8.2.

26.6. MuoxkectBo y3soB cerku maotHo Ha [0, [], mostomy cymecryer noc-
n oo
Ne10BATEJILHOCTD (t( S))

k. )s_q Y370B, cxonsmmxcs K to, B koropoii |m(to)| =
= llzllcpo,y-

26.7. Jloctaro4HO 3aMETHUTh, Y4TO ||wn||§¢ ecTh MHTErpasbHas cymma Puma-
Ha 1151 HenpepbiBHON (byukyun 2 (t).

26.9. Bocnosb3oBaTbesa npeblayiieil 3aaadei.

26.11. a) /la, ¢ nepseiM nopaakom, ecim ' () orpanudena na [0, (]
6) /la, ¢ TperbumM nopsigkom, ecan x' (t) marerpupyema ua [0, [].

26.13. Cuenyer u3 HEPABEHCTB
1 AuTn — gully, < 1AnTuz — ThAslly +IThy—gally, .

26.15. ||ApThae —Th Az = max
n SISn

(2) () o)) <

1
] i —1 1
< max Hx'(i)—m'(l +0—)‘d9—>0, n — 00,
1<z’<nh n n n

BCJIEICTBHE PABHOMEpHO Henpepeisroct ' (t) ma [0, 1],

N

26.16. Coraacno popmyste Jlarpanxa

||AnTn.'I:7TnA.’I,‘||}7n < [qolfﬂ ‘.’I,‘H(t)| o
26.18. ||Zn|| = ||An  AnZnl <Y AnZn|l. Om. takxe sagauy 17.20
26.19. Cuegyer us nepasencrsa (&, AZp) < ||Zn|l||AnZnll.

26.21. Bribepem 6azucer B Xn n }7n; TOrJja ONpefesuTeJb MaTpULbl Olle-
paTopa OTJIMYeH OT HYJId.
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26.27. Caenyer u3 HepaBeHCTBA 3ajga4un 26.25 u npeobpazoBanusi
|Zn —Tha| <y ' H Apn — A_n'rnm” =4t || Gn—Thy+ThH Az — anTan <

< lgn = Tayll +77 170 Az — AnTaall.
26.28. a) R;(17)=1—rTa;.
6) YpaBHeHHsl CHCTEMbI DELIAIOTCS NOCAEA0BATENBHO, OTKY/JA U CJIEJYeT, 9TO
OHA UMEET eJIMHCTBEHHOE PEIIeHHE.
B) Bocnosnb3oBaTbesi METOLOM MATEMATHYECKON MH/IYKIINH.
r) Cwm. zagauy 26.22.

26.30. Paccmorpers pa3nocTth
HOZ2E2T) 4 faya(t = 7) + asa(®)] [Bra(t— 1) + Bra(t)] -
“nflt—71) = 1 ft)

n npuMmenuTh K Heil dopmyay Teitsiopa, comeprkaliyio 4jieHbl 10 2-T0 MOPsijKa
magnoctu. llpu a1 = as = 1 = B2 = 71 = 72 = 1/2 umeem BTOpO# MOpsAmOK
TOYHOCTH.

26.31. a) Paspemuts i-e ypaBHEHUE OTHOCHTEJIBHO .

26.35. Ha rounom pemennn 2(t) =1 pasHOCTHBIE ypABHEHHs yJ/IOBJIETBO-
psIOTCSA TOYHO, KAK M TEpPBOe HadaJibHOe ycjaoBue. Bropoe nadanabHOe ycioBue
YZIOBJIETBOPAETCA € TOYHOCTBIO 2.

26.36. Yacruble pereHust 3T0it Pa3HOCTHOW CXEMbI MOXXHO HAlTH B BHJIE
T = )\i, otkyma A1 =1, Ay = 2. O6miee pemenne cucteMbl 0€3 HAYAJIBHBIX YyC-
JIOBUW UMeeT BUJl T; = C1 +622i. Ucnonb3yst navasbibie 3Hauenust npu ¢ = ()
u 1 =1, HAXOUM pelleHrue PA3HOCTHOUN CXEMbI.

26.37. Cwm. pemenue 3agaun 26.35.
26.38. 3amerum, uto z; = 1—12+72(c/a)’ (i=0,1,...,n). Ecmn |c/a| <1,
10 ||Zn — Tnlllz — o0 (n— 00).
26.39. a) BocnonbzoBarbes dopmyaoii Teilsiopa qns Bextop-dbyukunn z(t).
6) Ouennrh npeaBapuTenbHo HOpMY MaTpuibl R;(T).
26.40. 6) IMpumennrnr k dynxkuun (1+ )\T)t/T = exp (i In(1+ )\T)) dbop-
T

myny Teitnopa mo 7, cofepXkamiyio 4iaeHbl 1-ro mopsjka OTHOCHTEJIBHO T U
OCTATOYHBIN YJ€H B MHTErpajbHOi (opme, a 3aTeM OLEHUTH ITOT OCTATOUHBIH
YJIeH.

§ 27
27.1. Touka t = 0 saBaserca ToOukOi mMunumyma dynkuun @(t) =
=||As+tAz|)®> upwn moGom z € X ¢ Ts=0. IMo treopeme ®epma ¢’ (0) =
=2(As, Az) =0.
27.2. BcneacrBue yciaoBusi OPTOrOHAJIBHOCTH
2 2 2 2
[A(s +2)[I7 = | As[|” + [|Az[” > [| As]|".

27.3. IlpoBepsiem ycaoBue oproronansuocru. Jlas moGoro z(t) € H[0, 1]
rakoro, uto z(t;) =0 (i =0,1,...,n), umeem



l'nasa 7 223

l n PR .
(Asl,Az):J‘sI]zldt:Z i dicl J 2/ (t)dt = 0.
0

27.5. Tak kax s —s € N(T), 1o (A(5—35),As) =0 nmm |As|]? =
= (A(s —s), As). Menss mecramm § W $, TOTydaeM HCKOMOE yTBEPJCHUE.
Cornacno zajgaqe 3.19 A(s—s) =0.

27.6. Coraacuo npeapiyieii 3agaue s —s € N(A). Kpome toro, T (5—s) =
=Ts—Ts=7—%=0,m1e s—s€N(T). Horora s—s € {0}, . e. s—s5=0.
27.7. Hdokaxewm, aro 3gecs N(A) N N(T) = {0}. fdgpo N(A) cocrour
M3 MHOrOWJIEHOB TepBoil ujau HyJesoii crenenn sujga Cit + Cy. Ecau

T{Cit+ C2} =0, To mpu n >1 C; = Cy =0, u60 MHOrOWIEH NEPBOil CTe-
NeHu umeeT He GoJiee OHOTO HyJIs.

27.8. 6) Tw; = ', manee anz moboro z € H[0,1] ¢ Tz = 0 Bemonneno
yCcJ10Bre oproronansnoctu (cMm. 3agaqu 27.3 n 27.2).

27.12. Cwm. ykazanue K 3agade 27.7.

27.13. Jlocrarouno samerurs, uto AT ~1(Z) = Azg+ AN(T), rae zg € X
TakoBo, uto T'xo = Z.

27.14. Addunnoe muoroobpasue AT_](x) ABJISIETCS 3aMKHYTBIM BbIITYK-
JILIM MHOXKECTBOM. DJIEMEHT Yy, peajusyouuil paccrosaue ot 0 10 ATﬁl(m),
npunagnexxur emy. CieoBarenbHo, cyecTByer s takoe, yto As =y, T's = .

27.15. Tlycrs ym(t) € AN(T) (m € N) u ym(t) = yo(t) (m = o0) B

L0, I]. Haiigerca zm (t) € N(T) Takoe, uto xjy,(t) = ym(t). Orciona

t l

t
(1) = [(t=8)ym(s)ds = 7 [(L=s)ym(s)ds

0 0
(w3 xm € N(T) caepyer, B gactHoCTH, 9TO L (0) = 245 (1) = 0). Tlpn m — oo
Tm(t) = zo(t) € N(T), . e yoe AN(T).

27.16. /IBakJbl NPOUHTErPUPOBATH sg(t), a INPOU3BOJIbHbIE NOCTOAHHDbIE
onpenenuts u3 rpebosanusa s3(t;) = x;, $3(tit1) = Tit1.

27.17. B) 3anumenm cucremy B Buge KB = f ¢ cummerpuunoii marpuneii K.

Nmeem nooL 9
(KB, B)=>" é(ﬂi‘f‘ﬂifl) ;
i=1
rae Bo=pPn =0. Eciim KB =0, to orciona 8 = 0. Caegosarennno, det K # 0.
l n ti
27.18. (As;;,Az):Is'g’(t)z”(t)dt:Z I su(t) 2" (t)dt =
0 i:]ti71

t; n ti
-3 I 2/ (t)dsh (t).

=1t

ti—1

n ti n
=3 | W =3 5020
=1y, i=1

n

Ho s3' (nmocrosinnasi)  Tperbst npousBogHast s3(t) na [t;_1, t;], a
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ti
J 2 (t)dt = 2(t;) — 2(t;_1) = 0,
tiza
u6o Tz = 0. Tosromy (Asgz, Az) = s4(1)2'(l) — s4(0)2(0) = 0 Beaeacrrue
ycsoBus 4).
§ 28

28.2. Bocnosbzosarsest ouenkamu ||zn — Ppx|| < ||zn — || + ||z — Pnz|],
lzn — || < |20 — Pox||+[|Pnz —z||.

28.3. Bocnosib3oBarhesi nipeblayieil 3agaqei.

28.5. Bocnoanzosarbes ouenkoii ||Qn APz — QnAz|| < wnl|All || Pz — x|
n
28.6. Y6eaurbes, uto QnAx = Z(Ami/))A(pi =APnz=QnAPpx.
i=1
28.9. Y(zn, n) < (Azn, xn) = (Azn, Pnzn) = (PnAzn, on) < ||PnAznl| X
. oyaa || Po Azl > vl

28.10. Corusacno 3agaue 28.6 u 28.10 nonyuum
-1 -1 -1
o — 2ll < 1P — 2]l < v~ 11 APuz — Azll =4~ 1| APaz — yll = 7~ [ Quy — -
n n
28.13. p(zn) = > (Api, ¢j) cic; — 2> (Api,y)ci + (y,y). B rouke
ii=1 i=1
munumyma d@(zn)/0cs =0 (s =1,2,...,n).
28.14. Fcau A, — cyxenmne oneparopa (QnA na X, To BCaeacrsue ycno-
Bust ycroitunsocrn N(Ajp) = {0}, n kak oneparop, aeiicrByoomuit u3 n-mepHoro
NpOCTPAHCTBA B n-MepHOe Ajp HempepblBHO obpaTuM.

28.25. a) [|zn| = [[(QnAPn) ' QuAPnzn| < 7||QnAzn].
6) lzn — 2l = 1(@nAPr) ™' QuAPy(zn — )| <Y|QnA(zn — Pua)| =
— |Qu A — QnAPuz] < vell Al |z — Pl
28.27. Bocnonb3oBarhesa npeabiayineit 3ajajdeit u reopemoit 9.4.
28.28. Cuepyer ns roxpectsa zn — & = (I — Py K) ™ (Ppa — ).
28.29. Caeayer u3 TOXIECTBA
an—a=(—PaK) Y(Pny—y)+ (I — PnK) " (PaK — K)(I - K) 'y.
lfp2

oo
28.30. Bocnosb3oBatbea ToxkgecTBoM 1 + 2 Zpl coslw = ——5——
14+ p°—2pcosw

npu p=s/2, w=7T, OTKyJa =1

K 00 o\l n s\!
(t, s)= 1+2l2::] (5) cosmlT, K(t,s)= 1+2l§ (5) cosmlT,
|PnK —K|* =2 i j(f)%ds—ﬂJ n — .
/ l:n+]0 2 7

28.31. 6) Bocnonbzosarsest 3anaqeii 28.29.
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§ 29

29.6. Bocnosnb3oBarbes hopMy 0l KOHEUHBIX Hpupalienuit Jlarpamxa.

29.7. Bocnonb3oBaTbca Npeabplaylieil 3agadei.

29.8. Tlosaras y = 0 B nepasencrse (z —y, A(z) — A(y)) = c(||lz — yl|)x
x|z —yll, nonyunm (z, A(z)) > c(||z]) -z — (=, A0)) = (c(llz[) = A - ||

29.10. U3 ycaoBus KO3puuTUBHOCTH cieayet, ato ||[A(z)]| = v||=]|.

29.16. CymiecTBOBaHUE W €IMHCTBEHHOCTL HEABHOU bynkunu = = @(t) BBI-
rekaioT u3 reopemsbl 29.1. [lonaras B 3agannom HepaBenctse z = ¢(t); y = p(to),
noayuum [p(t) — ¢(to)| < e~ f(p(to), t)| = 0 mpu t — to.

29.18. [lo dopmyne koneansix npupaienuii Jlarpamxa

(= 9)[f (@, 1)~ Fly, )] = fa(€. D@ —1)* > c(a—y)°.

29.19. [losarasi B yc/jOBHM CHJIBHOW MOHOTOHHOCTH Y1 = &1, HOJIYy4IUM
(22— yo)[falm1, £2) — fo(21, y2)] = ¢ (22 — y2)?,  MOXKHO BOCTIONL3OBATHCS 3a-
nayveit 29.16.

29.20. [lonarasi B ycJoBUM CWJIBHOW MOHOTOHHOCTHM 3ajgaun 29.19 o =
=¢(z1), y2 = ¢(y1), nonyuum
(1 —y1)[fi(z1, o(21)) = fi(yr, ©(y1))] 2

2 2 2
>cl(@1—y1)" +(p(z1) = p(11))7] = ez —y1)™.
Omneparop A1(21) HENpepbIBEeH KaK CyNEPHO3UINs HENPEPBIBHBIX (DyHKIHWA.

29.21. Corsacno 3agaue 29.15 ypasnenne Aj(z1) = 0 umeer eauHCTBEH-
noe pemenne z\; rorga #° = (2, o(2Y))  eamucrsennoe pemenne ypapnenns

Az =0.
29.23. (Ac(z)— Ac(y), z—y) > cllz —y|*.

29.25. a) Cneacreue 3anaun 29.22.

6) Ilycrs gast mekoroporo n ||zp|| > r; roraga 0 = (zn, An(zn)) >0
NpOTUBOpEYHE.

B) [lo Teopeme Beiiepmrpacca u3 p Kak OrpaHUIEHHOH B E* ocJe10Ba-
TE€JIHBHOCTHU MO>XHO Bblﬁpa'l‘b CXOﬂﬂLu.yIOCﬂ noanoc/yie10BaTeJIbHOCTH mnk. nyCTI’)

Tn, = 2o (kK — 00). Torga 0= A(xn,)+ 1—xnk — A(zg) npu k — oo, T e.
n
A(zo) = 0. l k

m
29.26. L 2)| < P [ \Z* x| 2k 2| dt <
‘a(m Z)‘ S Oér;cagxm ” k”C[a b] | ZO $H Z‘ X

< max|

- | m |2 m
oI 1zl mmio 21 Hm 0,

u, Kpome Toro, a(x, z) JWHEeH no 2.
29.28. BocnosbsoBarbest pasencrsom (Az — Ay, z —y) = a(z —y, = —y).

29.29. Caenyer u3 OLEHKU
1

[ F()z(t)dt| <

0

||f||142[07z] ’ ”Z”LZ[OJ] < ||f||142[07z] ’ ”Z”HW[OJ]-

15 B.A. Tpenorun u gp.
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29.30. Bocnonb3oBarbesa Teopemoii 19.1.

29.31. Coruacuo teopeme 12.2 cymecrByer u eguncrBenna g(t) € H* [0, 1]
TakKad, 9TO 1 1

s ioboro z € H* [0, []. dTOMY ypaBHEHHUIO YAOBIETBOPSIET
l
9 = [ Gt ) 1(5)ds.
0
29.36. Bocnonb3oBarbesa Teopemoii 29.1.

29.38. a)

h h
a(wo, wo) = n’ [ Po(t) dt + [ Py (t)(1—nt)* dt,
0 0
1 1
a(wn, wpi1) = n> J Po(t)dt + J Py (t)(nt—n—1)%dt,
1-h 1-h
(k+1)h (k+1)h
a(wp, wpy) = —n° J Py(t)dt + J Py(t)(nt — k)(nt — k — 1) dt,
kh kh
(k+1)h (k+1)h
a(wy_1, wy) = —n> J Py(t)dt + J Pi(t)(nt — k —1)%dt,
(k—1)h (k—1)h
(k+1)h
a(wy,w)=0 npu l#k—1 k+1, (y, wg) = I wy () y(t)dt.
(k—1)h

6) [lomyuaercss TpexAnaroHaJbHAs CUCTEMA.
B) Oneparop A orpannuen: ||A|| < K, cormacno Teopeme 29.2 n 3agaue 27.24

& =2 < (¢K) ™ [En — PaZnll = O(1/n).

MNnasa 8

§ 30

30.3. Tpoussecru guddepenyuposanme 110 ¢ U yMHOXKEHUE HA, T .

t+1
S

n) z(t) =/ (t+1)2, bynkuua z(t) = {/(3t+1)? B gannom caydae He cuu-
TAETCsl SKCTPEMAJIbIO, TAK KAK B TOuke ¢ = 1/3 He nMeer KOHEUHO IPOU3BOJHOM.

e) z(t) = (C+1t)sint, rge C  npousBoJbHAS NOCTOSHHAS.

x) z(t) = Csint +cost, C  NpOM3BOJIbHAS IOCTOSTHHASL.

3) Bapuaunonnas 3ajjaua He MMEET CMbIC/A, TAK KAK WHTErpaJl HE 3aBUCHT
OT MyTH UHTErPUPOBAHUS.

u) z(t) =0, ecim 1 =0, npu 1 # 0 3KcTpemManeil cpeau rIagKuX KpPUBbIX
HE CYIIECTBYET.

30.4. a) z(t) = 6) z(t) = —t3. B) z(t) = L. 1) x(t) = Int.
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k) z(t) =cost. s1) Dkerpemaneii Her. M) z(t) =4/t —1.
1) z(t) = V4 —t2. Bocnonbzosarbes sagaqeii 30.3. o) xz(t) =t.

30.5. a) x(t) =t>— 2. 6) x(t)=(1—t)sht. B) Dkcrpemaneii ner.

r) Bapuannonnas 3agada He UMEET CMBICJIA, TAK KAK MHTErPAJ HE 3ABUCHUT OT
MyTH WHTErPUPOBAHMSA.

1) z(t) =—(t2—e®)?.  e) z(t)=cost. x) x(t):%(t3+6t+1).
3) z(t) =sht.

2 2
30.6. a) z(f) = sin2¢, y(t) = JE n 32;“
™

6) m(t):—%(t3+5t—6), y(t) =t  B) o) =sint, y(t)=sint;

t;

2
r) m(t):%+l, y(t)=t;  n) x(t) =2sint +tcost, y(t) =tcost;

e) z(t) =t, y(t) = —3t.

tcost =~ m 1
30.7. a) x(t) = — — cost + — sint.
) =(t) 5t + . sin
6) z(t) = C(sin 4t +4cos 4t), rne C npon3BOJILHO.
! !
30.8. YcioBue TPaAHCBEPCAJBHOCTH MMEET BHJL ]1/)+—1/),z, = —1 wu ozsnauaer,
T

9TO SKCTPEMAJU JOJDKHBL [epecekaTb 3aJaHHyl0 KpuByl0 z = () nom yr-
Jgom /4.

30.9. z(t) =0.

30.10. a) z(t) = £1/25— (t — 5)2. Vcnosaszosarh 3ajauy 30.3.
6) z(t) = +V8t —t2. Ucnonnzosars 3agauay 30.3.

30.11. a) Paccrosmue pasno 19v/2/8.  6) Paccrosmue pasno 4/v/5.
30.12. a) Her.
6) «(t) V3t mpn 0<t <1, ) —V/3t mpn 0<t <1,
T = =
—V3(t—2) mpm 1<t<2 V3(t—2) mpu 1<t<2.
30.13. a) JlomMaHble JMHHE, COCTABJEHHBbIE U3 OTPE3KOB HpsMbIX z(t) =t

n x(t) =1 wan u3 orpeskor npsimbix z(t) =0 n x(t) =t — 1, peanmsyior
abcomoTHblil MuanMyM, npsimast (t) = ¢/2 peanusyer cnalbblii MAKCUMYM.

—t npu 011, t npu 0<1<3,
6) x(t) = n z(t) =
t—2 nmpu 1<t<4 —t+6 npu 3<t<A4,

Ha 00ernx JOMaHbIX (DYHKITHOHAJ JOCTUTAET aDCOJTIOTHOTO MUHUMYMA.

0 npu —-1<t<0,
.14. =
* o {t mpu  0<t< 1.
L41 _
30.15. a) z(t) = e 6) z(t) =2sinmnt, n=+1,+2, ..
g2
B () =32 4241 1) 2l = 2

15%
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t1
30.16. Uccaenorars Ha 3KCTpeMyM DYHKIIHOHAJ [m\/]—}-m’th npu
t1 iO
yCJIOBHU J"I‘ 14+2'%dt = I. Tonyuaem cemeiicTBo sKkcTpemaneii z(t) =
to

t—Co .
= Cich — A. Pemenve HaxoauTCst U3 CHCTEMbl YPABHEHUI OTHOCHTEJIb-
1
HO C] Cz A: to— C
Y 29=Cich-2 2 _ )
21
t1—-C
r1 = C] ch oz )\,
C1
t1—C to—C
Cilsh™ 2 —sh™0 2| =1
Cq C

30.17. m(t):—gtz-kgt, y(t) =t
30.18. z(t) = Rcos gt, y(t) = Rsin gt.

30.19. a) z(t) =sin2t, y(t) = cos2t+ 2tsin 2.
Haiitu skcrpemann ¢hynkunonasa
w/4 9 d
Y 2 2 T
L(x = = =2t "+ AN — —2y+4tx || dt.
(. ) J {2 v (dt y+ T)]
0

VYpasuenue Ditnepa gaer y — 2A = 0. Uckuounth Y u3 310r0 ypasBHEHUs] W
YPaBHEHUS CBA3U.

shv21t V2chv2t +shv2t
6) z(t) = , yt)=——— .
shv/2 shv/2
30.22. a) Ecau tg € [a, b], x(tg) > 0, To naiigerca orpesok [t1, t2] C [a, b],

na KoTopom Beiogy x(t) > 0. TMonoxum h(t) = (£ —t)*(ta —t)* npu ¢ € [t1, ta]
u h(t) =0 B ocranbubix TOUKax [a, b].

t b
6) Mycts h'(t) = g(t), Torna h(t) = Ig('r)dT u Ig('r)dT = 0. Ionoxum
b a a
A= bL [ y(t)dt, Torna [[u(t) —Aldt =0. Teneps y6egumcst, uro
—a o
a a

b—a
b
ft)=u(t)+p u J?L(t)dtzo. ITpu s3TOM
b “ b b
[ty N £(0)dt = [Ty0) - Nu(e) e+ [y (1) - Nt

[Mepsoe cnaraemoe B npaBoiil 4acTu 9TOr0 PABEHCTBA PABHO HYJIO, Tak kak u(t)

t
ecTh Npou3BoAHas (PyHKLNUK [U(T) dT, y0BIETBOPSIIOLIEH yCIOBUSIM, HAJIOKEH-
a
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HbIM Ha h(t), Bropoe paBHO HyJ0 B cuiy Bbibopa . [losaras f(t) = y(t) — A,
nostyuaem b
[lw() = A" dt =0,

oTKyna y = A = const. a . .

B) Honoxum X (t) = J z(7)dr, Torga J z(t) h(t)dt = fj X (t)h'(t)dt, n us

NpeanoJIOXKEHNsT a

Is)

a

b
[=x @ +y@n’@yde =0

B cuny semmbi ) I/IMeeMan(t) = y(t) = const, nosromy y(t) € Clla,b] u
y'(8) = () = 0.

30.23. /lns gannoro dbyHKIHOHAIA
t1
bp= [ [Fi(t,w, ') h(t)+ Fi(t, w, o')W (1)] dt.
to
Hanee ucnoansyerca aemma 30.22, B).

§ 31

31.1. a) Pemenne ypasuenus Jitnepa umeer sua z(t) = Cjcht + Co shit.
Kpugnie z(t, C) = Ccht ob6pasytor coberennoe nogie, kpusbie z(t, C) =
= Csht — yenrpannuoe noge.

6) z(t,C) = Ccost cobcrBeHHOE MOJIE.

31.2. a) Akcrpemaan z(t) =1 Briao4aeTcs B COOCTBEHHOE TOJIE 3KCTPEMa-
qeit z(t, C)=C

6) dkerpemans x(t) = 2 BKIIOUAETCS B LEHTPAJIbHOE MOJIE IKCTpeMaJeil
z(t, C) = Ct c yenrpom B Touke A(0, 0).

B) Dxcrpemans x(t) = t2 4 1/4 — 3/4 BrIouaeTCs B COBCTBEHHOE MOJIE SKCT-
pemaneii (¢, C) =t>+t/4+C.

r) Dkerpemans z(t) = t/6(1 — £2) BKIOYAETCS B LEHTPANBHOE MOJIE SKCTPE-
maneit z(t, C) = Ct — 3 /6.

1) Dkcrpemans z(t) = e
z(t,C)=e' +C.

e) llpu a < 7 skcrpemans z(t) = 0 BKIIOYAETCS B LEHTPAJBHOE 110JI€ 9KCT-

pemaneit z(t, C) = Csint ¢ uenrpom B Touke A(0,0), npu a > 7 cemeiicTBO
kpuBbix z(t, C') = C'sint nons ve obpasyer.

! pkmouaercss B cOBCTBEHHOE TOJE IKCTpEMaeii

x) Dkcrpemann z(t) = ¢+ 1 Brutouaercss B cOGCTBEHHOE 1OJIE IKCTPEMAIEH
z(t,C)=t+C.

31.3. a) /la. Pemenune ypasuenust $lko6u c ycnosuem u(0) = 0 umeer Bug

u(t) = Ct, sxcrpemann z(t) = it BKJIFOUAETCSl B LIEHTPAJIBHOE TNOJIE 3KCTPEMa-
sieii ¢ nenrpom B rouke A(0, 0).

6) Her. Pemenne ypasuenuss $Skobu ¢ ycmosnem u(0) = 0 umeer Bug
u(t) = C'sin2¢ u npu a > 7/2 obpawaercs B HyJb B Touke t = 7 /2.

B) /la. Pemenue ypasnenus $lko6u ¢ ycnosuem u(0) = 0 umeer Bug

u(t) = Cshit.
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r) Pemenue ypasuenus Slkobu c ycnosuem u(0) = 0 umeer Bup u(t) =
= Csint; ecin 0 < a < 7, TO ycnoeue $1koO6u BHIMOIHEHO, €CAM @ > T, TO HET.

n) Ma. e) Ha. >x) Her. 3) [la.

. !
31.4. Tak xak ypasnenue Jilnepa umeer sug F,, = C, to ycnosue fxobu
BBITIOJIHSAETCS TOXKJIECTBEHHO JJIsi JIIODOH 9KCTpeMalin.

31.5. a) dkerpemanb z(t) = 2t + 1, ycjaoBue BBINOIHEHO.
6) Dkcrpemans z(t) =13, yeaosue He BHIIOAHEHO.

B) Jdkcrpemann z(t) = 0 YCJIOBHE BBIMOJTHEHO.

A,\

) t) =
r) dxcrpemann z(t) = —t YCJIOBHE BBITIOJHEHO.
)

—

1) Dkcrpemanb z(t) = 0 YCJIOBUE BBITIOJIHEHO.

—

e) dkcrpemannd x(t
x) Dkerpemans
t

)= t/2 YCJIOBYE BBITOJIHEHO.
t) = 3 YCJIOBHE BBINOJIHEHO.

~

3) dkcrpemaspb x(

) , YCJIOBME BBITIOJIHEHO.
u) kcrpemans z(t) = 71 YCJIOBHE BBIIIOJIHEHO.

31.6. a) =(t) =2t caabblit MUHUMYM.

6) z(t) = t2 —t — cnabubit MHUHUMYM.

B) x(t)=1/2 cuabubii MurumyM. 1) (t) = e’ cuabHB MEHEMYM.
) z(t) =2In(t+1) cuabHBIH MEUHEMYM.
e) z(t) = 1 — CWJIbHBIH MUHUMYM. x) z(t) = % — cnabblit MuHUMYM.
3) z(t) = —t — cja0blit MUHUMYM.

In(1
n) z(t) = % — CWJIbHBI MUHUMYM.

n

k) z(t) =2t+1 cnabeiit MUHUMYM.
a1) x(t) =sin2t — 1 — cuabHBIH MaKCUMyM.
M) z(t) =t cuubbii Muanvym.  B) @(t) =sin2t  CHIbHBIR MAKCHMYM.
o) #(t)=1/2 cnabbiii Muaumym. 1) z(t) =0  caabblit MuHEMYM.

1
31.7. 6) d%p|y=0 = Jthz(t)dt > 0 npm mo6oii h(t) € C[0,1], h(t) # 0.

0
—t+e npu 0Lt<e,

B) Ilycts z:(t) = { 0 Torpa ¢(z:) = —e/6 < 0.

npu t=e.
oo 2
31.8. 6) d’¢la=ay= h" > 0 npu mo6om h € ls (h #0).
n=1 n

N—_—— N n' n
n—1

8) Mycre (™ = (0,0, 0,100, ) Torga pz™)=1 -1 <o
§ 32
32.2. o%(tx1 4+ (1—t)x2) <
<2 (1) +26(1 - 1) p(a1) p(m2) + (1 - 1)* > (w2) =
=t (1) + (1 - 1) 9> (z2) —t(1 = 1) - [p(z1) — p(w2)]* <

<te? (1) +(1- 1) *(22).
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32.3. a) /la. 6) /a.
B) Boob6me rogopsi, ner. PaccMorperh B mpocTpaHcTBe [9 MOCIEN0BATEh-
Hocth e = (0,0,...,0,1,0,0,...).
——

-1
r) Ja. Ecan nxn — xg (n — o0) cnabo n ||zg|| > lim|[zy||, To naiigerca ¢
takoe, 4T0 ||zg|| > ¢ > lim||zn||, n, cnegoBaresnsHo, cymecTByeT noanocieaoBa-
TEJNBHOCTb Ty, Takas, 910 ||zl > ¢ > ||zn, || npn k € N. Onpegenum bynk-
uuonan fo: (zo, fo) = ||zol|| n npogosknm ero na Bce X ¢ cOXpaHeHMEM HOPMBL.
Torpa (zn,, fo) He crpemurcsa K (zq, fo), Tak Kak (Tn,, fo) <|[foll-l|zn. || < ¢,
a (zo, fo) =||zol| > ¢. llporuBopeune.

32.6. Tlycth u — TOUKA JOKaJBbHOrO MuHUMyMa, @(xz) Ha M; Torpa naiiner-
ca € > (0 rakoe, uro aast yoboro v € Se(u) N M BBINONHSETCS HEPABEHCTBO
o(u) < ¢(v). Ilyers 2 € M npoussonbHoe, @ > 0 TakoBo, 4t0 ||z —u|| < €.
Torpa u+ a(z —u) € S-(u) N M, nosromy ¢(u+ a(z —u)) > ¢(u). Ho
o(u) < p(u) + afp(z) — e(u)], n Tak xkak « > 0, To @(z) — p(u) = 0 wu,
CJIeI0BATENBHO, U — NJI00AIbHBIH MuHuMyM Ha M.

32.8. Her. Paccmorpers ¢(z) = +/|z| ana x € R.

32.9. Heo6xoaumocTh cpady BoiTekaer u3 (caaboii) TOJyHENnpephIBHOCTH
cunzy. Ilpn gokasarenbCTBe AOCTATOMHOCTH BOCHOJIBL30BATHCS MEEH pereHust
3ajgaun 32.3, r).

32.10. U3 cnaboit nonyHenpepbIBHOCTH CHU3Y CJIELYeT MOJYHENPEePbIBHOCTD
cHuzdy 6e3 IOMOMHUTENLHOrO TpeboBaHMsl BhIMYyKJOCTH. Fcinm ¢ — BbIMTyKJbI
M TOJIyHENPEPBIBHBIN CHU3Y (QYyHKIHOHA, TO MO 3ajade 32.9 ans moboro se-
mectBeHHoro A muokectBo () 3aMkHYTO, 10 3ajade 32.7 BBIIYKJIO, MO
zajgade 13.23 C) cmabo 3amkuyTo, mo 3axade 32.9 ¢ cgabo mosyHenpepblBeH
CHH3Y.

32.12. B) Her. Teopema 32.1 nenpumennma, rak kak npocrpancrso C[0, 1]
HepedIeKCHBHO.

32.13. Ilycts M C X GukommnakTHo, ¢(z) onpejesex na M u caa6o no-
JiyHenpepbIBeH cHu3ly. Eenn m = Tlél]f\‘d o(z) n zn € M takoBo, uto @(zn) — m
NpH T — 00, TO HAHAETCs MOANOCJE0BATENLHOCTD Tp, TAKAdA, 9TO Tp, — To €
€ M, u torpa ¢(zg) = m.

32.14. ¢(x) — HenpepbIBHBIA BHIMYKJIbIH (DYHKIMOHA.

32.15. a) /la. 6), B) BooGme rosops, Her.

32.16. otz +(1—t)zy) =

=t2(Axy, z1)+t(1—t)(Az1, 22) + (1 —t)(Aza, 21) + (1 —t)*(Azo, 29) =
=to(z1)+(1-t)p(z2) — t(1-1)(A(z1 — ®2), 1 — 32),
u tak kak t € [0, 1], ro t(1—t)(A(z1 —22), 1 —x2) > 0.
32.17. 6) Her. Paccmorpers nocaenoBarenbHOCTD

en=0,0,...,0,1,0,..) €ls.
——

n—1
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32.18. a) ¢'(z) = Ax+ A%z,

6) (x—y, ¢'(x)—¢'(y) =2(z —y, A(z—y))>0.

B) Bocnonn3orarhes Teopemoit 32.2, HenpephIBHOCTHIO omepatopa A w 3a-
nageit 32.11.

32.19. a) ¢'(z) = 2A%(Az — b).

6) Hokasarh, 4T0 ¢ () — MOHOTOHHBINH ONMEPATOP, BOCMNOJH30BATHCS TEO-
pemoit 32.2, HenpepbIBHOCTHIO oneparopa A w 3azaueii 32.11.

32.20. [lpu r > 5 HaumeHblIee 3HAYEHHE (Y PABHO HYJIO U JOCTUTAETCA B

rouke C(4,3). llpu r < b HAMMEHbIIEE 3HAYEHHE @ DPABHO 2r2 — 20r + 50 u
pocruraercst B Touke nepeceuenus: or(0) ¢ npamoit OC.
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CIIMCOK OBO3HAYEHUN

N MHOXECTBO HATYPAJbHBIX YUCEJT

R — MHO>XECTBO BEIIECTBEHHBIX YHUCEJI

C  MHOXECTBO KOMIIJIEKCHBIX YHCEJI

A+ B — anrebpanueckas cymma MHOXKeCTB A u B

A npojoJKenue oneparopa A

VA — kBagparubIii KOpens n3 oneparopa A

||[A]l  mopma oneparopa A

|A| — monynb oneparopa A

AT — nonoxureannas vactn oneparopa A

A~ orpunarenbHas 4acTb oneparopa A

A*  omeparop, conpsixkenusiii k A

A™'  oneparop, obpartubrii k A

A[_] oneparop, JieBblit 06paTHbIi K A

A1 — oneparop, npassiit o6parabtii k A

C, Lp npocTpaHCTBA HENpepbIBHBIX (DYHKIHH

ck — MpPOCTPAHCTBO k pa3 HenpepblBHO aAnddepeHnnpyemMbix GyHKIui
C  OpOCTPAHCTBO CXOJAIIUXCS YUCIOBBIX MOCJEJ0BATEIHLHOCTEH
Cy — NPOCTPAHCTBO CXOASIINXCS K HYJII0 YUCJAOBBIX MOCJIEA0BATENHHOCTEH
C™,E™,I™ I}'  npocTpaHCTBA YNUCIOBBIX CTOJNOLOB

diam A — auamerp mHoxecrsa A

0A  rpanuna muoxecrsa A

E(t, z,p, 2') — bdynkuus Beitepmrpacca

Fy, z* — k-crenennoii oneparop

Fi(z1, z2,..., ) k-numeiinoiii oneparop

G(s,t) — dyukuus I'puna

H  ruanbepToBo mpoCTPaHCTBO

H', H™ — npocrpancrsa CoGosena

I ToxjaecTBeHHDBIN Oneparop

K — npocrpancTBo GUHUTHBIX DYyHKIMH

K(s,t) sap0 MHTErpaJbHOrO ypaBHEHUs

Ly, Lo, L, — npocrpancria Jlebera

L®M npamasa cymma nognpocrpancts L u M

ZL(X), Z(X,Y) — npocTpancTBa OrpaHUYEHHBIX JIMHEHHBIX ONEPATOPOB
l1,l2,1lp mpocTpaHCTBA YUCIOBBIX [OCIELO0BATENBHOCTEN

M’ — MHOXECTBO NpejesIbHbIX TOUEK JJisi MHOXKecTBa M

M  3ambikanue MHOXKeCTBa M

M=+ OPTOrOHAJILHOE JIONOJIHEHHE K MHOXKecTBY M
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Mla,b] mpoOCTPaHCTBO OrpaHMYEHHbIX DyHKIUI

M TPOCTPAHCTBO YHCJOBBIX MOCJIEJOBATENBLHOCTEH

N(A) — muOXkecTBO Hyq€i (s1p0) onepaTopa

R (A) — pesonnBenTa oneparopa

roe(A)  cnekTpaJgbHBIA pajgnyc OnepaTropa

Sr(wg)  OTKPBITHIN AP € IEHTPOM B () PAJUYCa T

S (xg) — 3aMKHYTHIH AP ¢ LEHTPOM B (g PagMyca T

Va, b] — npocrpancrso dyHnkunit ¢ orpannuennoil Bapuanueit
b

\/ z(t) nonnas Bapmanus dbyHkuuM

a

X/ L — dbaxropnpocTpancTBo

X* — COTPsI>KEHHOE TTPOCTPAHCTBO

X**  Bropoe conpsKeHHOE IPOCTPAHCTBO

X+Y npsiMasi CyMMa MpOCTPAHCTB

||z HOPMA 3JIeMEeHTa

(%, y) — ckansipHOE MPOM3BEEHNE

(z,y) 3nauenme dbyHKUMOHANA f HA dJEMEHTE T
z Ly  OpTOrOHAJBHBIE 3JIEMEHTHI

I'(z1, 2, ..., xn) — onpegennrenn ['pama

0F(zo; h) mepBas Bapuanms oneparopa

0(H)  MHOXECTBO CAMOCONPSI?KEHHBIX OTIEPATOPOB
Pu — PaJMYC CXOAMMOCTH

p(A) — pe3oahBEHTHOE MHOYKECTBO

p(z,y) MeTpuka, paCCTOAHUE MEXKJY TOIKAMH
o(A) cnekTtp onepartopa

o(X), a(X,Y) — MHOXKECTBO BIOJIHE HEMPEPBIBHBIX OMEPATOPOB
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