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NPEIUCJIOBUE *

Kuura cofepXHT npakTHuecKue 3aHATHUS N0 AubdepeHIHATbHOMY
HCYHCJIEHHIO GYHKIHH ONHOM M MHOTHX HE3aBHCHMBIX [€peMeHHBIX.
Leab 3Tofl KHHIH — NIOMOYB CTYNEHTY HAYUYMTBCSH CAMOCTOSITEJNHHO
peliaTh 3afaud MO0 JAaHHOMY pasieny Kypca BbICHlel MaTeMaTHKH
B BBICIUMX YueOHBIX TeXHHUeCKHX 3aBenenusix. OHa paccuuTana
IpekJe BCEro Ha CTYAEHTOB, OOyualomUXCsS 320YHO H MO BeuepHeh
cHCTeMe, HO MOXeT OBITb MOJE3HOH ¥ CTYJEHTAM CTAllHOHAPHBIX
BHICIUHX TeXHHYECKHX YUEOHBIX 3aBejleHHH, a TaK¥Ke TTPenojaBaTeJIsiM,
BelYIWUM NpPaKTHUYECKHE 3aHATHS.

Knura HanucaHa B moJHOM COOTBETCTBHH C HOBOH Nporpammof
No BhICIIeH MaTeMaTHKe.

Bech yue6HHIii MaTepHa] pasjieneH Ha OTAeNbHBIE NpPAaKTHUYECKHE
sanaTusd. [lepell KamInIM 3aHATHEM NOMEUIEHLI OCHOBH bi€ CBENEHHS
U3 TEOpHH, OTHOCSIIMECS K 3TOMY INPaKTHYECKOMY 3aH ATHIO, Teope-
Mbl, onmpefeneHusi, GOpMyJaBl H NOLPOGHOE pelleHHE THIOBHIX 3ajay
pAa3JHYHON CTENMEHH TPYIHOCTH C MOJHBIM aHaJH30M pelleHHS, MpH-
ueM GOJIBIIOE KOJHYECTBO 3THX 3ajau pemaioTcss pasJHYHBIMH CIOCO-
GaMM M 1leJ1ecoo6pasHOCTh 3THX cmoco6oB cpaBHHBaeTcs. Kaxnoe
NPAaKTRUECKOR 3aHATHE CONEPKHT GOablIOe YHCJIO 3ajay AJs CcaMo-
CTOSITEIBHOTO pElIeHUsl, MHOTHE W3 HHUX CHAGMKEHbI MeTOIMYEeCKHMH
YKa3aHHSMH K PEIIEHHI0 H NpPOMEXYTOYHBIMU pPe3yJibTaTAMH.

Takoe NOCTpoeHHE KHHI'M OpEOCTaBJIfeT CTYAEHTY IIHPOKHe
BO3MOXKHOCTH ISl aKTHBHOH CAMOCTOAITEJNLHOH pabOThl H 3KOHOMHT
ero spemsl. CTyzieHT, no/b3ylowniicss 3THM CHOCOGOM, NOJIKEH Nepen
KaXXJbIM INpPAaKTHYECKHUM B3aHSATHEM BHIYUMTb OTHOCSIIHHACSH K HeMy
pasjen TEOpHM, BHHMATeNbHO, C BHIMOJHEHHEM BceXx IefcTBHHA Ha
G6ymare, pa3obpaTh peLIeHHble 3aJa4d, W TOJLKO IMOCJE 3TOro MpH-
CTYNHTb K pEIIEHHI0 3ajay, NpeiJoKeHHBIX s CaMOCTOSITENbHOrO
peLueH usl.

* TlpenucnoBde K 4-My H3ZaHHIO.



Kuura Hanmucama Tak, uto OHa jomycKaeT He TOJBKO mOCJ]eno-
BaTe/libHOE MPOBENCHHE BCceX NPAKTHUECKUX 3aHSATHH, HO M HCIOJb-
30BaHHE HX B BBIGOPOUHOM TMOpSIKE.

ABtop npuHOCHT ray60Kyl0 6JarofapHOCTH pELEH3EHTY 3ToMH
KHHT'H IOKTOPY (pM3MKO-MaTemaTHuecKux Hayk mpogeccopy I'. M. Ba-
EHOBY M ee OTBETCTBEHHOMY peNaKTOpy KaHAunaty (u3HKO-Mare-
MaTHuecKHX HayK nouenty P. B. Con0/10BHUKOBY, ILieHHBIE COBETHI
U 3aMeYaHHs KOTOpOro, YYTeHHbIe aBTOPOM, Croco6cTBOBANM 3HAUH-
TebHOMY YJIYULUIEHHIO KHHIH.

ABTOp nNpuSHATeNeH TaKkKe COTPYIHMKAM Kalpelpsl BeICIIed
MaTeMaTHKH XapbKOBCKOrO HHKEHEPHO-CTPOHTENBHOIO HHCTHTYTA
B. I'. Anekcaugposy, 3. B. Anekcaugposofi, B. M. Aserucosof,
. M. Kanesckofi, IO. B. Kussesy, 3. ®. Tlackanosoii u JI. B. Oneii-
HHK, TPOBEPHBIIMM OTBeTH K 3alauam, u P. A. Exxoso#i 3a nomouis
8 0OpMJIEHHH PYKOIHCH.



MEPBOE NMPAKTHYECKOE 3AHSITUE

Copepxaunue: Uurepsan, orpesok, NPOMEKYTOK. AGCOMOTHas BesHUMHA
yHena. CBOHCTBAa a6COMOTHHIX BEJHUHH.

OCHOBHBIE CBEJAEHUSA U3 TEOPUMU
1. UnrepBan, oTpe3ok, MpoOMeXYTOK

1. Ecau a u b— Oeticmaumensrpie 4ucaa U a MeHowe b (a < b),
Mo COBOKYNHOCHIb 6Cex OeliCmBUmenbHbIX HUCeA X, NOOUUHAIOUUXCS
ycaosuro a < x < b, obpasyem unmepsan. Jlessim KOHYoM uHmMepsara
ABASEMCSL HUCA0 @, & npaguim e20 Kowyom —4ucao b, OG6osnauaertcs
HHTEpBal cuUMBOJOM (a, b).

C reoMerpuyeckofi TOUKH 3peHHsi HHTepBal (a, b) npeicrasaser
coBoii COBOKYMHOCTh BCeX TOYEK MNpsIMOH, HAXOAAUIMXCH MEXIY TOY-
KaMH @ U b, NpHyYeM KOHIBI 3TOro OTpe3Ka @ M b B HHTepBaa He
BKJIIOYAIOTCA.

Ha ¢ur. 1,1 npeacrasnen untepsan. CTpenku mOKassIBAlOT, uYTO
TOYKH @ H b He npHHAnnexaT uHTepBany (a, b).

o—2a Z ﬁéﬁ_x

Gpr. 1,1,

2. Ecau & unmepsanry (a, b) npucoedurnums uucra @ M b, mo
noayuum ompesox ab, xomopeii obosnanaemcea cumsorom [a, Dbl.
Takum o6pasoM, mMOJ OTPe3KOM [@, b] MOHHMAercsi COBOKYIHOCTb Bcex
RefCTBHTEJIBHBIX YHCeJ X, HONUHHSIOmMHUXCA YycaoBHio @ < x < b.

Teomerpuuecku oTpe3ok [a, b] ecTh OTPE30K NpsSIMOH C KOHLLAMH
B TOuKax a H b.

Pasnnuue MeXny uHTepBasoM (@, b) u oTpeskoMm [a, b] cocrouT
B TOM, YTO B CJyyae HHTepBaja (a, b) uucia a u b eMmy He NpHHAZ-
JeXaT, a B csayyae oTpe3ka [a, b] 4uciia a M b emy npHHajJIexKar.

Ha ¢ur. 1,2 npexacrasnen orpesok [a. bl.

174
o - A

®ur. 1,2




3. ITod cumsorom [a, b) caedyem NOHUMAMbL COBOKYNHOCMbL 6CeX
OeiicmsumensHoix duces x, noOduHawuuxcs ycrosurwo a < x < b, m. e.
paccmampuearomcs ece Oeticmaumendrbe 4ucaa, codepauiuecs Mexndy
qucramu a U b, npudem uucio a paccmampugaemcs, a 4ucao b — Hem
(pue. 1,3).

Ton cumBosioM xe (@, b] mMOHMMaeTcss COBOKYMHOCTb BceX Je€il-
CTBHTE/bHBIX YHCEJ X, TOJUHUHSIOMHXCSA ycaoBmio a<<x <b, T. e

o—2 >4 A

Gur. 1,3.

paccMaTpHBAIOTCS BCe NEHCTBHTE/bHbIE YHC/A, COAEpKAIIHECH MeXy
yucAaMH @ M b, TpHYEM YHCIO @ He pacCMaTpHBAaeTCs, a YHCJO b
paccmatpuBaercst (¢ur. 1,4).

a 0

®ur. 14. )

Kaxnasa w3 coBokymHOcTelt uucen (a, b] u [a, b) HassiBaercs
IOJTyOTpe3KoM *.

4. B mom cayuae, xoe0a Gespasauuno, npuradiexcam a4 epa-
HUHHbIE MOUKU @ U b paccmampusaemoim COBOKYNHOCMAM UL Hem,
BMECIO MEPMUHOE KUHMEPBAA» U «OMPe30K» ynompebasemcs mep-
MUH &NPOMENCYMOKY.

Mpamep 1. MutepBan (5,9) ectb coBokynmHOCT BeeX AefcTBHTENb-
HBIX YHCes ¥, YIOBAETBOpSIOMHX ycaosuio 5 < x < 9.

NMpamep 2. Orpesok [—1, -+2] ecTb COBOKYMHOCTb BCeX AEHCTBH-
TENbHBIX YuCe X, YAOBJAETBOPSIOMIHX ycaoBHIO —]1 < x < + 2.

Mpumep 3. CoBOKymHOCTH BCceX AEHCTBHTENbHBIX YMCEN X, IS
kotopeix —1 < x <1, ectb moayorpesok [—1,1).

Npumep 4. CoBoKynHOCTL BCEX NEHCTBHTENBHBIX YHCEJ X, MOJYH-
HAIOUUXCsT yeaoBHio —2 < x < 2, ecTh mosayorpe3ok (—2, 2]

5. Ecau paccmampusaemca cosokynnocme ecex Oeticmeumenrsioix
qucen, mo amo sanucLiBaemces max: —oo <<x< 4o Uy (—oo, -+ o).

1100 zanucero a < x < + oo uau (a, + ) caredyem nonumame,
4Mo PaccMampusaemcs COBOKYNHOCHL écex OelicmsUmesbHbX dlcer X,
O6abtuux, wem a, a nod sanucero a < x < + oo, us [a, -+ ), no-
HUMOCMCA COBOKYNHOCMb 6cex OelicmeumensHbx 4lcer X, He MeHb-
wux a (Koela Mbi 2080DUM UUCAO, HE -MEHbIUEE HUCAQ Y, MO 5MO
BHauUM, umo Mo 4uUCA0 Uy 6oasvule, UL PABHO @).

* Heroropnie aBropht, Hampumep . Il. ToacroB B yue6uuke «Kype marema-
THYECKOTO aHa/M3a», Ha3biBAalOT STH COBOKYMNHOCTH YMcea HE <MOJNYOTpPe3KaMuy,
a «noJyMHTEepBaJNaMuy.
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Sanuce — co < x < b usu (— oo, b) osHauaem, umo paccmampu-
saromes ace Oelicmsumenstpie qucia x, MeHouie aucaa b, a 3anuce
—w<Lx<b ur (— oo, bl credyem nonumame max, umo pac-
CMampueaemcs COGOKYNHOCMb 6Cex OeliCmBUumenvHbix dUcer x, He 60ab-
wux yucra b (KOTha ToBOpAT, YTO 4HCIO He Gonbme yHcna b, To
3TO O3HayaeT, YTO OHO WJH MeHbllle, HJIH paBHO uHcay b). Humep-
8a/6l, PACCMOMPEHHbIE 8 SMOM NYHKME, HA36I8AIOMCA  OECKOHeYHbBIMU.

2. CeoiicTBa a6COMOTHBIX BeJHYHH

C abconmoTHBIMH BeTHYHHAMH YHCEJT B MATEMaTHUECKOM aHaJjIH3e
MPHXOAHUTCS YacTO BCTpeyaThess. Mbl HamOMHHM OTHOCSwMecs CioAa
onpefieleHHsl H TEOPEMbl W CHEJNAeM P yNpaXKHEHHH.

1. AGcomoTHas BeJMYHHA YHCJAA @ OGO3HAYAETCS CHMBOJIOM |a|.

[lycts @ — nefictButenpHOe 4Hc0. Eciim 0HO MOMOXHTENBHO HiH
paBsHo Hymo (a2 > 0), To ero aGco/OTHOM BeTHYMHOHA HA3bIBAETCS OHO
camo, a ecau OHO oTpuuarensHo (@ < 0), To ero abcomoTHOH Benu-
YHHOU Ha3BIBaeTCsl 4HCaA0 — 4.

HUrak, ecan a> 0, 1o |a|=a; ecin a< 0, 10 |a| = —a.

Yrobbl nepeiiTH K abCOMOTHOH BEIHYHHE YHC/A, HMEIOUero B myid-
pOBO#l 3aITHCH 3HAK MHHYC, Haj0 3TOT 3HAK OTGPOCHTh.

Ecan a =5, 1o |a| =|5|=95; ecin a=0, 10 |a|=0.

Ecan a=-—3, 10 |a|=|—-3|=—(—3) =3.

2. Ecmn |x| < e(e>0), To 370 03Hayaer, 4TO X YJOBJIETBOpPSET
HepaBeHcTBaM (¢ur. 1,5)

—elx < Fe. (1)1)
Z
£ 0o KT
®ur, 1,5
Mpamep 1. Ecan |a| < 3, TO uMmeloT MecTo HepaBeHCTBA
—3<a< +3.

NMpamep 2. Ecau |y| <—2’°—, TO Y YHNOBJETBOPSAET HEpaBeHCTBAM

—5 <y <+ 35 (@ur. 1,6).

x .
7 7
Z 7 A
®ur. 1,6.
2x 45
3apaya 1,1. Onpenenntb YHCIOBYIO BENTHYHHY Bblpa)KeHHﬂlwl

npu x = 2.



Pewenne. Tlpu x =2

2x+5] 2-2+5|_4+5‘_l_9_|_|_9|_9
7= | T \7T—=2-2| " |7T—=8] " |—=1| " -
3apaua 1,2. OnpegenuTh UYHCIOBYIO BeIHYHMHY  BHIpAXKEHHS
2x3 — 4.
5_x1 npu x = 0.
Pewenne. Jlpu x =0 umeem
24 — 4 20—4_ I Y A A Y 2
5—x | | |_|-F|— 5] 5

3apauya 1,3 (nasa camocrositesibHOro peweHus). Omnpenenuts npu

.

X —
X = 4 uHC/IOBYI0O BEJHYHHY BBIpaXKEHHs |§:T
4
i Y
3apauya 1.4 (zas camocrosiTesnsHoro pemenus). Hafitu 4uciaoByio

5—x8 .
BeIUYHHY BBIPAXKEHHS ' l——xl npu: 1) x=0; 2) x=2; 3) x =—-3.

Orsert. 1) 5; 2) 3; 3) 8.

3apava 1,5. OnpenenuTs, NpH KaKHX 3HAYeHWsAXx x Gyner cnpa-
BEJJHBO HepaBeHCTBO |x — 3| < 2.

Pewmenne, Cornacvo gopmyne (1,1) nannoe HEPABEHCTBO MOXKET
6uiTh 3amucano Tak: —2<<x—3< 2. K KaxXnofi uyacTd 3THX He-
paBeHcTB npu6aBuM 1o 3 u nmomyuuM —2 43 <x <243, oTkyna
caenyer, yro 1 < x < 5.

3akmouenue: HepaBeHCTBO |x— 3| <2 BHNoAHsAeTcss pas BCex
3HauyeHuii x u3 uurepsana (1,5).

3apaua 1,6. Onpegenuts, NpH KaKUX 3HAYEHHAX X BHINOMHSETCS
HEpaBeHCTBO |x —a| < e.

Pewenwue. [Toctynas Tak ke, Kak ¥ B TnpemblAymed 3anaue,
nosayyaeM, 4to —e < x —a < -+ ¢, a oTciofa, NpuUGaBAAS @ K KaxKJ0H
YacTH 3THUX HepaBeHCTB, uMeeM @ —e < x < a +e.

3ak/mouenyne: HepaBeHCTBO |x —a|< e BBINOMHSETCA JJas BCEX
3HaueHH#l X W3 WHTepBana (@ —e, a4 e).

3apaua 1,7 (gna caMocrosTespHOro petieHus). Onpepenuth, NpH
KaKHX 3HAYeHHSX X BHINOJHSIOTCA HepaBeHctsa: 1) |[x—1|<3;
2) |x+3|<l 3) |x+l|>3

OrBer. 1) 24y ) A< —2; 3) x<—4
Hx>2

YKasanue K TpeTbeMy IpuMepy: H3 Toro, uto |x|> (a>0),
caepyer, 4yro x > +a M x < —a. B Hamem cayyae M3 TOTO, UTO
|x4+1]>3, sakmouaem, yto x+1>3 u x4+ 1< —3; orcioaa
U clefyeT YKa3aHHBIA OTBeT.

3apaua 1,8. Tpu Kakux 3Hauenusx x kopes ) 9 —x® Gyger
HUMeTb JIeHCTBUTEIbHBIE 3HAUCHHAP

8

OTBeT.




Pemenne. Kopens }/9— x? 6yner uMerb AefiCTBUTE/NbHEIE 3Ha -
YeHUs], €CJH MOJKOPEHHOe BHIpaXKeHHEe He SBJASETCA OTPHIATENbHEIM,
T. e. korga 9—x2>0, a x? 9. |

Mrorue coBepmaimT rpybyio OWHOKY, Jenass HA OCHOBAHWH He-
paBeHcrBa x? < 9 3ak/moueHue, uTo ¥ < + 3, T.e. x < + 3w x < 3.
B neficTBUTENBHOCTH K€ BEPHO TOJNBKO, 4TO x < +3, a HepaBeHCTBO
x < —3 sBasercs B JaHHOM cayuae omu6ounbM, IlpasuibHBIMH pe-
meHHsIMM HepaBeHCTBa x2 < 9 sBastorcss x > —3 w x < 43, T. e
—3<x< 438, uma |x|< 3, ubo ansg Bcex 3HaueHwd x U3 WHTEp-
Basa (—3, +3) BunosHsiercs: HepaBeHcTBO x* << 9. Ecam xe npu-
HATH, YTO ¥ < —3, TO uWCJa, YAOBJETBOPSIOMIHE 3TOMY HEPABEHCTBY,
6GyRyuYd BO3BelleHBl B KBanpaT, AaiyT yucsaa Gogabmue, ueM 9 (Ha-
npumep, —4 < —3 u (—4)2 =16>9).

Hrak, pemeHueM HepaseHctBa x* <9 sBaserca —3 <x < 43,
win | x| < 3.

3apaua 1,9 (115 camocTofiTenbHOro pewenus). [IpH Kakux 3Ha-
YeHUSIX X KopeHb }/ x* —9 Gyner HMeTb NeHCTBUTENbHbIE 3HAYEHHUS?

OrBerT. x<—3 ux>-43 1 e Vx*—9 umeer neficTBHTE b=
Hble 3HAYEHWS J/I5 3HAYEHHH X, YJOBJETBOPSIOUWMX HEPABEHCTBAM
—oo<x<L—3u 3L x4 oo.

3. Teopembl 06 aGCOMOTHBIX BeJHUHHAX

Teopema 1. Abcoromnasn BeAUMUHA CYMMbL HECKOAGKUX CAqeae-
Mblx He Ooablie CYymmol aOCOMOMMBIX BEAUMUH SMUX CAG2AEMbIX, M. e.
Hanpumep, |x+y+z|<|x|+lyl+\2|, npusem 3sunax pasercmea
umeem MECmoO MOAbKO 8 MOM CAydae, Ko20@ 4ucaa x, Yy U 2 umeiom
O00UH U mom e 3HAK.

Teopema 2. Abcoromuas eeiuduHa pasHocmu 08yx ducea He
MeHbUle pasHocmu QBCOMOMHbIX BeAUMUH dmUX Yuces, m. e, |Xx —y|>
>lx|l—ly]|

Teopema 3. Abcoromuan eeruuuna npous’seOeHUsl HECKOAbKUX
COMHONCUMenell pasHa npouseederuto aOCOMOMHbIX BEAUHUK 3MUX CO-
MHoofcumle/zeLi. Hanpumep, 8 caywae Osyx comnoocumeneil |xy|=
= x|yl

Teopema 4. Abcoromnan seauuuna 0pobu pasHa abCOMOMHOL
BEAUUUHE UUCAUMEAR, POB0CNeHHOL HA AGCOMOMHYID GeAUMUHY 3HaMe-
Hameasl, T. €.

_"_\ =X
vyl ly

3agaua 1,10 (a5 camocrositesnbHOro peenusi). Ilposeputs Teo-
pemy 1 sroro naparpada aasa

1) x=—5;, y=4; 2=5; u=—1.

2) x=—4;, y =5, z=—2.

Y x=4y=2; 2=1.

4) x=05, y=—3; z=—6.



3apaua 1,11 (nas caMocrositesibHOoro pewmenus). [Ipoeepurs Teo-
peMy 2 storo maparpaga Ajas uHcesd
Dx= 7, =—4, 3 x= b y=7
2) x=—4; y=-—8; 4 x=—10; y=4;

3apaua 1,12. PemnTh HepaBeHCTBO i 5 (x - 3) ‘ <0,01 (x> —3).

Pemenne. Ynpoctum BepaX€HHe, CTOsUIee TM0f 3HaKOM abco-
JIIOTHOH BEJHYHHBIL:
x—1 1 5 —5—2x—6 3x—11

2x+3) 5 ~ 10(x+9 =10(x—|—3)’
H JaHHOe HEe[)aBEHCTBO 3aMHIIETCH B BHAE
OcBoGoxpasick OT 3HAKa aécomo'mon BETHUMHBL, MOJy4YaeM:

_F)'o< lO(x+3) < +W)'
a orcioaa yXKe uMeéeM JBa HEpaBEHCTBA:

3x— 11 3x—11
h— 00<10(x+3) 2) lO(x+3)<100
Tak kak no ycioBuio x> —3, T0 X 4 3 — BeIHUMHA TOJOKHU-
TeJNbHAA, Y NMEpBOE HEPaBEHCTBO MOcJe YMHOXeHHS ofeux ero uac-
Tell Ha x -+ 3 paer

—1- (x+3) <30x—110; —x—3 <30x —110; x> o

(x+3>0, a mosTOMy CMBIC] HEpaBeHCTBA OT YMHOMEHHA o6eux
ero yacre#t Ha X - 3 coxpaHsercs).
U 113
3 BTOPOro HEpaBEHCTBA NOJyyaeM, YT0 x < 5 . HMrak, jpamHoe

3
HEPABEHCTBO BBIMIOJNHAETCH, €CJH 130: <x < 1219

BTOPOE NMPAKTHYECKOE 3AHSITHE

Conepxanue: Beanunns mocrosimiole ¥ nNepemensne. ®Oyuxnus. O6aacts
cyllecTBoBaHHH (QyHKUMH. OCHOBHbIE 3/leMeHTapHHE (yHKLHH.

KPATKHE CBEAEHUA H3 TEOPHH

1. [locrosHHble BeJnUnHb. AGCOMIOTHBIE MOCTOSIHHLIE K NapameTphl.
Beauuuna nasesaemess nocmoannol, ecau oMma 6cezda UAU  MOALKO
8 ycaosuAx OanHol 3adauu coxpausem OOHO U o e HUUCAOBOe
3HaueHue. -

Tlocmosannsie seausunsl pazdeasiomcs Ha abCoatomHbie NOCHIOAH-
Hble GeAuMUMbL U napamempoi. Beauwuna, Komopaa coxpansem O0OHO
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U MO e 3HaueHUe npu 6Cex YCAOBUAX, HA3bIBAEMCA AOCOAOMHOL noc-
moAHKOU  (npumepamu abCoAOMHbIX NOCIMOAHMLIX ABAAIOMCA:  BCE
HUCAQ, CYMMQ BHYMPEHHUX Y2/08 MPeYeOAbHUKQ, YUCAO T; CKOPOCHb
ceema 8 nycmome). ;

Ilapamempom HA36I6AEMCA MAKAS NOCMOAHHAA BEAUMUHQA, KOMO-
pas auws 8 ycaosuax Oannot 3a0auu (Oanwoeo uccaedosanus) coxpa-
HAeM NOCMOAHHOE, BNOAHE ONnpeGefeHHOe 4UCA080e 3HaHeHUe, HO C U3-
MeHeHueM ycaosull 3adauu npuxumaem yxe Opyeoe, XOms OnAMmb-
maku onpedefeHHOe HUCA0B0E 3HAUEHUe. ’

2. TlepeMeHHble BeJHYMHBI. BeAuuuHa HA3bI6aeMCA nepeMeHHOL,
ecAU OHA 8 YcA08UAX OQHHOU 3a0auu NpuHUMAem pasAuuHble HUCAO-
8ble BHAMEHUA.

3. HesaBucumbie nepemenHble. [lge nepemerubie GeAUMUHBL HA3bl-
BIOMCA HE3AGUCUMBIMU, €CAU 3HAMEHUS, NPUHUMaeMbie OOHOL U3 HUX,
He 3Q8UCAM Om 3HAYEHUL, NPUHUMaemblx Opyeoli.

(TTpumep: B popMyste 1is onpenenenus o6beMa uunuuapa V = nR*H
BesvuuHbl R ¥ H — HesaBHCHMBIE MepeMeHHBlE, TaK KaK 3HaYeHHs,
NpHHHMaeMble BbicoTOd H IMJIMHApa, He 3aBHCAT OT 3HaueHHil R,
KOTOpBI€ MpHHHUMAET pajuyc IHJIHHApA).

4, dynuxums. [lepemennas Geauduna y Hasewsaemca Gyukyueld om
NepemMeHHOl BeAUMUHBL X, eCAU KajiOoMYy paccCMampusaemomy 3Hade-
HUIO X NO U3BECMHOMY NpasuAY UAL 3aKOHY COOmeemcmsyem OOHO
onpedeserroe 3Havenue y*. Ecau nepemenwas eeauquna y asasemcs
yHKyueli nepemeHHOL GeAUMUHbL X, MO MO 0003HA4AM MAK:

y="[(x). ‘ @

Ora 3amHCh YHTAETCA: «UTPEK €CThb (GYHKIHA OT MKC», HJIH «HTpeK
paBeH 3 OT HKC».

B sanucu (2,1) x HaswBaercs apryMEHTOM HJIM HE3aBHCHMOH me-
peMEHHOH, a y— (yHKuUeH, HaH 3aBHCHMOH MepeMeHHOH.

5. 3apanue ¢dyHkuun. Dynxyus (2,1) cuumaemes 3a0auHOU, ecau:

1) Yxasana cosokynuocms ecex paccmampusaemoix 3HaHeHULl ap-
2YMeHma x.

2) ¥Ykasan 3arkoH, Komopbili nosgoasem no 3a0QGHHOMY SHAYEHUIO
apaymenma x Haxo0Umb COOMeemcmaylowee emy HateHue YHKYUL Y.

6. YacTHbiM 3HaueHmeM (YHKUHHM Ha3616aemcl Mo ee 3HatdeHue,
KOMOpoe Ccoomeemcmayen HaCmHOMY BHAYEHUIO apeyMenma X = X,.
Ansa obo3naueHUA 4acmHO20 3HQUEHUS (PYHKYUU npu X = X, ynom-
pebasiemesn cumson f(x,) usu y(x,).

7. O6aactb cymecrBoBanusi ¢yHruMu. Ecau ¢ynkyusa 3adana
aHasumudecku, mo obaacmoio cyuwjecmseosanus gyuxyuu (uHaue, 06-
AaCcmbl0 onpedeseHun (pYHKYUU) HQ3618aeMCS COBOKYNHOCM, mex Oetl-
CMBUMEAbHbIX SHAYEHUL apeyMeHma, npu KOmOpuX QHAAUMUYECKOe
éoipadcerue, onpedessiroujee (QYHKYUIO, He mepaem HUCA0B020 CMbICAQ
U npuxumaem moabKo OelicmsumesbHole 3HAMEHUR.

* Muorosmaunsle QyHKIAH HAMH He DaccMaTPHBAIOTC.
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NMEPEMEHHBIE U NMOCTOSHHBIE BEJIHYHHbI
3agaua 2,1. Ileprox Maneix Kosebamuii T MaTEMaTHYECKOro Ma-

T
SATHHKA BBIYHCJSAETCA 1O ¢opMyJie T=2“V"§’ rpe ! —pauna Ma-

SATHHKA, g — YCKODEHHE CHJBl TSXKECTH.

Kakue u3 BesHuMH, BXORAIIUX B 3Ty ¢GOpMyny, sABAs0TcA abco-
JIOTHHIMM MOCTOSHHBIMH, NapaMeTpaMH, NEpeMEHHBIMH?

OTBeT. 2 u ™— a6eoNOTHREIE NOCTOSIHHBIE; g — NapaMeTp; 3Ha-
yeHue 3TOH BEIHYMHEI NOCTOSHHO TOJNBKO B JAHHOH TOUKE 3EMHOH
NOBEPXHOCTH, HO M3MEHSETCA NPH NEpeXofe OT OJHOH TOYKH 3eMHOH
NOBEPXHOCTH K apyroil; ! ¥ T — BEJHUYHHBEI NEpPEMEHHLIE.

3anaua 2,2. Cornacso 3akoHy bo#ns-Mapuorra, B usomerpuue-
ckoM mpouecce pV = C, rae p— nasinenue rasa, a V — sanuMaeMsrit
UM oGbeM. YKasaTh B 3TOH (hOpMYyJi€ IEpEMEHHBIE BEJHYHHBLI H na-
pamerp.

OrBeT. Benuuuunl p u V — nepemennsle; Benwunna C — napa-
MeTp, TaK KaKk OHa COXpaHfeT NOCTOSIHHOE 3HAY€HHE TOJBKO s
JlaHHOT'O Tasa W jJs JNaHHOH TeMneparyphl.

3apaua 2,3. B cayuyae cBoGopHOrO NajeHus Tela B NyCTOTE Npoi-

" - 2
IeHHBIH HM nyTh S BhIUKCAsercs no gopmysae S =g7.

Kakue u3 BXoxfmux B 3Ty (OpMyJay BEIHYHH ABIMOTCA abco-
JIOTHBIMH TOCTOSIHHBIMH, NapaMeTpaMH, NEepeMEHHbIMH?

OrBeT. 2 aABasercs a6coOMOTHON NOCTOSTHHON BETHYHHOM (CaEnyeT
NOMHHTBb, YTO BCE YHCJA — a6COMOTHBIE NOCTOSHHBIE BEJHYHHBI); g —
napameTrp (cM. 3amauy Ne 2,1); s ¥ {— nepeMeHHble BEJHYHHBL

3apaua 2,4. O6beM yceueHHOro KOHyca BhluHCJAsieTcs no ¢op-
MyJie

V="L (R + R+

YKasaTb, KakHe H3 BEJIHYHH, BXOAALHX B 3Ty ¢OpMyny, sBJs-
IOTCSl NEPEMEHHHIMH, a6COJIIOTHBIMH NOCTOSHHAIMH, NapamerpaMu.

OrBer. Benuuunsl = W 3 — aGcosoTuele nocrosuume; V, H, R
H r — nepeMeHHhle BEJTHYMHBL

Hu onna us BeqnuuH, BXOXAWMHX B 3Ty (OpMyJy, He ABJseTcs
napamerpoM.

ONMPEAEJIEHHE YACTHbLIX SHAYEHUHHA ®YHKLHUH

Hna toro uroGel HaHTH yacTHOe 3HAueHHe (YHKIUHM N[O 3ajaH-
HOMY YacTHOMY 3HAYE€HHI0 apr'y MeHTa, HalO B aHAJHTHYECKOE BhIpa-
Xenue (QyHKUHH NOACTaBUTh BMECTO AapryMeHTa €ro YacTHOe 3Ha-
yexue.

3agava 2,5. [lana uenas panuoHalbHas ¢yHKuHa f(x) = 3x* —
—2x—1.
6 }l?bmucnm: ) F@: 2 [(=2: 3 [ 4 FO; 5 fla+2)y
) [ (—x).
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Pewenne. 1) f(2) =3-2—2.2—-1=3-4—4—1=12—

2 f(—2) = 3(_2)2_21(_2)._1=3.4+4—
—1=1244—1=

3 f()=38.-12—2.1—1=0.

4)f()= -0P—2.0—-1=—1.

5 flat2=3(a+2—2(a+9—1=3(+
+4a+4)—2a——4—-1=3a2+10a+7.

6) f(—x) =3(—x)2—2(—x)—1=32+2x—1.

3ajaua 2, 6 (1151 camocTosiTeJpHOro peweHus). Jlana nesnas pa-
nvoHansHas ¢yukuus f(@) =28 — 24+2—1.

Buuncants: 1) f(f); 2) F@s 3)f (=1
1{5)s 9 1)

@ —a’4-2a—14,

OTBeT. 1)——— 2)13;3) =5, 4) ————
a® —7a%+3a—5
) ary
3apaya 2,7. lana apoGHas pauHoHaJbhHAs (QYHKIHS

4x2 -7 2
TRt )

Buancams: 1) (@ ) f(z)5 3 7@5 9 10).

@ —Tat2, o f( ) 4(&%)2_7(515)4_2:

Pewenne. l) f (@) = 57—
e+ 3(%)24.5
_izTe@toa g 4.22-7.242 16—1442 4,
= T Bt 13 ) 1@ =315 = 1@ts 7
2
) 10 =%.

3anaqa 2,8 (mis camocrosiTesbHOTO peweHus). [ana ¢yHKung

f(z)—_5z ~'. Buumcauts: DA 2) f©2): 3 f(—2)s 4) f( )
Oreer. 1) f(l)=1;2)f (2 -_-1‘/—5_; )f(—2)=5—1/-g_;4)f(7)=

= 5,
3apava 2,9. Hana pgpoGuo-nuHeliHas (yHKuUA ¢ (X) =52x jxl
Haitri: 1) ¢ (3x); 2) ¢ (x°); 3) 3¢ (x); 4) [¢ ()P
Pewmenne. 1) Uto6e HaliTH ¢ (3x) c.nellyeT B BhIpaXeHHH MJd

¢ (x) 3ameHutb x Ha 3x. [Tosnyuaem ¢ (3x) = 3 x;;l 1251_2;
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2) 3ameHsis B BRIpAXEHHH i ¢ (X) x Ha x®, momyuyum

5%3 4 1
q,(xS):i,

2— x8

3) Cnenyer ornnyate ¢ (3x) or 3¢ (x), ¢ (x%) or [p (x)]*. Bmuo

15
natizeno B 1), uto ¢ (3x) :%%’ a 3p(x) =3 S;j—xl _ 2x__i_x3.

5x+41 125%8 - 75x% 4 15x 4 1
9 [p () = ( x) R P D Py P p—

3apaua 2 10 (ans camocrosTesapHOro peweHus). Jlana ¢yHKUHS
— b )
D (0) =Ig 2 5"
Haitn:
1) @ (20); 2) 20 (8); 3) D (6%); 4) [@ (O)]*

OrBeT. 1) <I)(26)—1g2+26, 2) 20 (0) =1g (5—6)

18
0— 62 5—28
3 O) =lg g 4 [@OF =g 3.

3apaua 2,11 (mas caMOCTOATEJBHOIO pELEHHs). ¢ (x) = lgsinx.
Iokasark, yto ¢ (@) + ¢ (b)) = lg (sina- sinb).

3apava 2,12 (a1 caMocTosTe/IbHOTO pewenus). F (x) = sinx. do-
kasarb, yto F (3x) = 3F (x) — 4 [F (%)]>.

3apaua 2, 13. Jokasars, uro ecad f (x) = Cojx, 10 f (— X)=— f(x).
PeweHnne. f(—x)=°°s_f_:x) cosx___f(x)
f(x)

3apaya 2,14 (ons camocrosTenpHOro pewenus). f(a) = tga. Io-

2
Ka3atb, ur0o f[(2a) = I __f f(: Za) .
3apaua 2,15 (s caMmocrosATeabHOro pelueHus). Jokasars, uTO
sin x

ecnu f(x) ===, 10 f(—x) = ().

3anava 2, 16. Beruucauts f(x) =3;(; -+ x? B Toukax, rue -?C-—l—
+ x=05.

Pewenmne. §2+x2=(§—+x)2—12, a Tak KaK IO YCJOBHIO
—+x—5 TO +x2—52—12—13

3anaua 2, 17. Iano, uro ¢ (x) =x2+x+}c-+;l;. Iokasarh, uTO
¢ (1;)=<P(x)-
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Pemenne o(7)=(5)+5+1+ RN Y

= ¢ (%)

3amaqa 2 18 (nns caMocrosrensHoro pewenns). JlaHa ¢yHKuuR

9 (x) = m. Briuncauts: cp(l) Tk

1V 1 ] 5 — x4 x*
R s L B

OBJIACTb CYIUECTBOBAHHSl ®YHKLUHUH

3apaua 2, 19. Haiitu oGnacth cymiecTBoBaHHA (YHKIHH

¢ =348+ 5 —Tx + 2.

Pemenne 3ananHas ¢QyHKuus — 1esnas pandoHaabHas (yHK-
nus. Ee obnacreio CyIIECTBOBAHHA ABJACTCH GECKOHeUHBIH HHTepBasl
(~— o, 4 o), Hau B apyrofl samHcH — oo < x¥ < - oo.

Banaqa 2, 20. Haiitu ob6nacTb CyUIECTBOBAHHA (YHKILHM:

1 5 1
. Dy==32) y=71= N y=35—-

Pemenne. 1) Oynkuua y = % — apoGHas panyoHasnbHas ¢pyH-

kuua. OHa CylIecTBYeT NpH BCEX 3HAYEHHAX HE3aBHCHMOH mepeMeH-
HO#l X, KpOME TeX, KOTophle oOpaumalorT B HyJb €€ 3HameHaTesb,
T. €. B JAaHHOM cayuae Kpome x = 0. OGJacTb cyuiecTBOBaHUA 5TOMH
GYHKIUH COCTOMT M3 [BYX GeCKOHEUHHIX HHTepBasOB (— co, 0) M
(0, 4 o), uau B gapyroil samucH —oo <x<0u 0<x <<+ oo,

2) QyHKuHA Y= {—, TaKKe ONpEjieJeHAa NpPH BCEX 3HAYCHUAX

X, KpOMe TOrO ero 3HaueHus, npu koropom | —x=0, T. e. Kpome
x = 1. OGnactb CymecTBOBaHHS COCTOMT M3 JBYX OECKOHEYHBIX HH-

TepBalIoB (— oo, 1); (1, 4 o), WIH B apyro# samucH (— oo < x <1);
1 <x< 4+ o). )
3) Pewmus ypapHenue 7x — 2 = 0, uaiifeMm, 4To X = - Ob6nactb

CyLIECTBOBaHHS (GYHKIHH y=7x—l_—2 COCTOHT M3 IBYX OGeCKOHEYHRIX
2 .,
HHTEpBaIOB (—— oo, —7-); (%, -+ oo), WA B Jpyrod 3amucH (—oo<
2 2
<x<7) n (7<x<+oo).
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3apaua 2, 21 (18 CaMOCTOSATEJNILHOrO pelIeHHs). Onpezxe.nm/b 06-
JIaCTh CYILECTBOBAHHA (YHKIHM:
£ ]
x—1, —1 /

Dy=31i Dy =g—

OrBer. 1) (—o, —1); (—1, + o), uan —co<:q<—1
H—1<x<+4 oo. ’
2) ("— o, 2)’ (2’ + OO), !
WIH — 0o <x<2Hu2<x<+ co.,
Sanaq? 2,22. Hafitu o6sacTs CYyLIECTBOBAHHA (YHKUHH Yy =
x—
TE—TxF12°
Pewenmne. 3ajannas pynknus — npob#as panuoHanbHas QyHK-
uus. Ouna ompejesena NMpH BceX JAEHCTBUTENBHBIX 3HAYEHHAX X, KpoMme
T€X, MPH KOTOPBIX 3HAaMeHaresb Apo6H x*— 7x + 12 paBeH HyJo,
T. €. Kpome 3Haqeﬂuu x=3 ¥ x=4 (3T 3HaueHHs Ha#JeHH H3
ypasHeHuss x?—7x -+ 12=0). OGnacTe cywmecTBOoBaHHsA 3aIaHHOH
(GYHKUHH COCTOHT M3 TpeX HHTepBasoB: (— co, 3); (3,4) H (4, + ),
HIH B pyrofl samucn: — oo <x<3; 3<x<4; 4<x <<+ oo.
' 3apava 2,23 (g camocrosrtenbHOro petenus). Ompegenuts 06-
JIaCTh CYINECTBOBAHHSA (PyHKIMA:

5x%2 — 7x 4~ 12, 7?4 x—1
hy="F2 v=ma

OrtBer. OGaacTs CYILIECTBOBAHHSA COCTOUT H3 TPE€X HHTEPBAJIOB:

2) O6nacTb CyIECTBOBAHHS COCTOMT M3 TpeX HHTEpBAaJIOB:

(—oo, g) (% 2); @ + o).

3apauya 2.24. Hafiry o6nracTe CYIECTBOBAHUS (YHKIHH Y =
_ x*—5x44
T o x 1

Pemenne. Tlpupapuss Hy.mo 3HaMeHaTesb Jpo6u x% 4 x 1
H pElIMB KBajpaTHOE ypaBHEHHE x? +x+1 = 0, y6eguMcs, uyTO €ro

KODHH — KOMIIJIEKCHBIE YHCJa: X = — j: zK—. Ho npu oaxom

JEHCTBUTENILHOM 3HAueHHH X MHOrouJeH x“’ +x + 1 B Hysb He O6pa-
maercsa. [losromMy 3ajaHHas (yHKUHS onpejeseHa INpH BceX Jeh-
CTBUTEJBHBEIX 3HAueHUfX x. Ee 006.1acThio CyleCTBOBAaHUS SBJAETCA
GeckoHeyHbI# HHTEpBaJ (—co, -+ o).

3apaya 2,25 (15 camocrosTeapHOro pewenus). Haltu obaacts
CYHIECTBOBAHUA (YHKUMHA:

B—x2 5
) y= 22 x5’ 2)-’/:3:2+1
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OTBeT. 1) Beckoneunsli uHTepBan (—oo, -+ ).
2) Beckoneunnlil uHTepBan (—co, o).
3anaqa 2,26 (ana camoctosTesbHOrO pewenus). Haiitu obaacrs
cymecmaoaaﬂuﬂ G yHKIUA:

! x+x
} 1) y - — I
(3HameHaTeJn> npobu x3— 1 uMeer onuH NEHCTBHTENBHBIA KOpeHb
x =1);
! 2x8 —1
dy="7v

OrBert. 1) Oynknua cyuecTByer B ABYX GEeCKOHEYHBIX HHTEpBa-

aax: (~—co, 4+1) u (4!, +<c), T. e. mnpu a06OM 3HAYEHHH X,

KpoMe x = 1. 2 3uamenareap apo6u x® 4 1 umeer oaun neficrBH-

(,\( TeJbHBI Kopenb ¥ = —1. DyHKuHsA cymecrByer B JByX OecKOHey-

HBIX HHTepBajax: (—oo, —I1) H (—I1, o), T. e. npu Jo6oM
3HaYeHHH X, KpoMme X = —I1.

o 3apaua 2, 27. Ha#itu obnactb CymIeCTBOBaHHA (DYHKILHM:

od Pemenne. 1) IInsa Toro uyrobbl ¢yHKnHs y NPHHHMAJA TOJBKO
JeliCTBHTENbHbIE 3HAYEHHS, BEIMYHHA 2-—Xx, CTofimlad Noj KOpHeM,
HE JIOJUKHA NpHHUMATh OTpHIATENbHBIX 3HAYEHHH, T. €. JOJMKHO
~ObITh 2—X > 0, otkyna x < 2. OGnacteio CYIeCTBOBAHHS ¢yHKuHH
! @IBJISIETCH COBOKYIHOCTH JEHCTBHTEJbHHX 3HAYEHHH X, MEHBUIHX HIH
PaBHBIX 2, T. €. MONYOTPE3OK —oo < X < 2.
2) Ll'ro6r>1 onpenenuTs 06acTh CYLECTBOBaHHSA (QYHKUUM, cOcTa-
- BIM HEpABEHCTBO X + 4 >0, U3 KOTOpOro MOMyuaeM, 4To X > —4.
- 6nactb cymecTBOBaHHA (GYHKIHH TNONYOTpe3ok —4 < x < + o
x4, 4 o).
_; 3apaua 2,28 (mas caMmocTosrenbHoro pemenus). Haiith oBnacts
.’-;‘)'?mecmoaannﬂ dynkuuit 1) y=V5—xu2 y=)x—3.

OrBert. 1) [loayorpesok —oo << x << 5.
2) Tloayorpesok 3 < x << +co.
3apava 2,29. Hafitn o6nacth cyllecTBOBaHHS (YHKIHA
1 5 1
VB —x

Pemenne. 1) Boipamenue )/ x — 2 npHuUMaeT KeACTBUTENbHBIE
3HaueHus, korma x—2>0, T. e. Koria x>2. Ho nmpu x=2
HMeeM x——2——0, 3HameHaTeab ApoGH obpamiaercs B HyJb, Apo6b
TEpPsET YHC/JIOBOH CMBIC/I, a NMOTOMY 3HAYEHHE X =2 HE MOXeTr BXO-
IMTB B 0067aCTh CYMIECTBOBAHHA (GYHKIHH. 3HAYHT, GYHKUHA cyule-

CTBYET MpH 3HAYEHHAX X >2, 0o6nacTb CYLECTBOBAHHSA MpenCcTaB-
Jsier ¢oGoii OeckOHeyHEH! HHTepBaa (2, - oo).

Ve

e YRR
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2) O6aacTeio cymecTBOBaHMA (YHKIHH ABISETCS 6ecxonel7hmﬁ
uHTepBan (—co, 4). j

3) O6nacTs CyLECTBOBAHHS COCTOUT U3 ABYX OGECKOHEYHBIX HH-
TepBajoB (—oo, 8) H (8, +-c0). D10 XKe 3ak/IOUEHHE MOKHO sar?ncan
C NOMOHIbI0 HEepaBeHCTB: —oo < X< 8 H 8 < x < +co. |

3apaua 2,30 (115 CaMOCTOSTENBLHOTO pPelleHus). OIIpeILeJIH(Tb 06-
J1acThb cym.ecmoaaﬂm GyHKU Ui

1) y = -2)y=—‘_;3)y= ‘.
Vx—3 Vi— Vx—5

1
|
'

i

Orper. 1) [lBa Geckonewnelx uHTepBana (—co, 3); (3, +oo)
2) Beckoneunbiii HuTepBan (—oo; 3,0). l
Beckoneunniit untepBan (5, + o). ‘

TPETbLE NPAKTHYECKOE 3AHSAATHE

Coxepxanue. [lpogomxenne ynpaxmemxﬁ B onpeJeJeHHH o0JacTH Cyue
CTBOBaHHS (DyHKUEH.

3apaua 3,1. Haiitu ofnacte cymectBoBanus ¢yHKUHE 1) y =
=VE—1;2 y=V4i—x.

Pewenne. 1) das toro utobbt ¢ynkuus y =1} x*—1 npunu-
Majia TOJNLKO JeHCTBHUTENbHbIE 3HAuYeHWs, HAmo, 4robel X2 —1 > 0,
T. €. x? > 1. 210 HepaBeHCTBO BHINOJHSETCH TOr[a, Korja ¥ < —I1 u
x> 1, u, TakuM o6pasoM, o6;acTb CYLIECTBOBAHHA (PYHKIHH COCTOMT
U3 IBYX NOJYOTpe3koB: (—co, —I] u [+1, -+o), unan B gpyro#
3amic —oo < x < —1 1 1 £ x 4 oo.

2) JlomxHO BBIMOJHATBCS HepaBeHcTBO 4 —x*> 0, T. e x®2 <4
Orciona caenyer, 410 x > —2 U x << -2,

O6aacTeio CYImECTBOBaHHSA Q)ynkmm fBAseTCs OTpe3ok [—2, 4-2].
D10 MOXHO 3amucaTh MHaue: —2 < x < +2.

3agaua 3,2 (115 caMocTosTeNLHOTO pemenHdst). Haitu obaacts
CYIIECTBOBAHUS (PYHKIHI:

Dy=VI—52 y=VrF—63) y=

1
V5—x2’
3
4 Ew——— 0
)y Vx—16
Oreert. 1) Orpesok [_——3, +3],_uﬂaqe —3<<x < +3. 2) Jlpa
nonyorpeska (—eoo, — V6] u [+V'6, +o0), nuate —oo <x < —
— V6 u+YVb6<y< +oo. 3) Uurepsan (—V'5, V'5), wan (—V5<
< x < V'5) (snavenus x = *}/5 or6packiBaoTes, TaK KaK NPH X =

= 4 /5 snameHateab apo6u obpaumiaeTcst B HyJds H JpoGb Tepser
yucaoBol cmbict). 4) JIBa untepana (—oo, —4) u (4, +o0), uau
—co<x<L—4u4<x< -+ (3HaveHus x =+ 4
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orGpacklBaloTcsd, TaK Kak OpH x = +4 3uHamenarenb apo6u obpaiia-
ercsl B HYJp ¥ TeM CameIM JIpoOb TePSET YHCJIOBOH CMBIC).
3apaua 3,3 (naa camocrosATennHoro pemenus). Omnpenenuts 06-

' x< 1
JacTh CYIHIECTBOBAHUA QYHKIMH Y = Y/ ——7.

\ x4 1
Ykasanue, [JomKHO BHIIOJHATLECS HEPABEHCTBO ,:FT; > 0. Oas

ONpeieNeHusa TeX 3HAYEH Ul X, IPH KOTOPBIX 3TO HMEET MeECTO CJie-
JyeT pPEHTBE CHUCTEMBI HEPABEHCTB!

Dx+1>20 u2) x+1<0
x—1>0} x—1<0}'

M3 pewenHs 3THX HEDABEHCTB CJEIYeT, YTO 06/1acTbio CymlecT-
BOBaHMA ABJSETCHA TNMOJYOTPe30K (—co, ~1) u wuurepsan (1, -+ oo).
DTo MOXKHO 3anucaTh HHave: —oo < ¥ < —1 U 1 < x < +4oco. 3na-
yenHe x = 1 paccMarpHBarTbcAd HE MOXeT, TaK Kak Torja x—1=0

H Apolb ﬁi :

3amaua 3,4 (xna camocTosTesbHOIO pewenus). Halitn o6nacts
cymecTBoBanuA GyHKUHH y =V (x — 2) (x ++ 3).

Yxasanne. Paccmorpers HepaBencrso (x —2) (x4 3) > 0. -

OrBer. —co < x<—3 1 2<x< oo,

3apaua 3, 5. Halitu ob6aacTe cyulecTBOBaHUSt QYHKUUH y = Ig (x —
—5).

PeweHHne YuuTHIBAA, YTO €CJAH OCHOBAHHE JIOrapH(pMOB MOJO-
JHUTEJBHO, TO HH HYJb, HH OTPHUATENbHBIE YHCJIA JIOFapHPMOB He
UMeloT, 006J1aCTh CYIIECTBOBAHUS NAHHOH QYHKUHH Hafinem u3 TpeGo-
BaHMfA, uTobnl x— 5 > 0, oTKyja caenyer, 4ro JOMKHO ObITB X > 5
DYHKIUA CyUIeCTBYeT Ads 3HaueHHd 5 < x < +4-co, T. €. HA Gecko-
HEUYHOM HHTepBane (5, o).

3apaua 3,6 (118 camocroateabHoro pemenns). Haiitu obnacts
CYIIECTBOBaHHS QYHKIHH:

) y=1g@2—x); 2) y=1g(x*—3).

OtBeT. 1) —0<x<2; 2) —o<x<—V3uV3<x<
< 4 oo.

Ykasanue. B cayvae 2) paccmorpert HepaBencTBO X2 — 3 > 0.

3apaua 3,7 (naA camocTosiTEeNBHOTO pewenus). Halitn obnacts
CYLIECTBOBAHHA QYHKUHH y = lgx?%,

OtrBer. (—0o <x<0) 1 (0<x<<+4ce), T. e. GyHKUHA ompe-
JiesieHa TpH Jo60M 3HAYEHHH X, KpoMe X = 0.

3apaua 3,8. Haiitn o6nacre cymecTBOBaHHA QYHKLHH Y =
= sin (2x 4 3).

Pewenne. ®ynkuus y =sinx onpenenena npu mob6oM 3Haye-

HHH apTyMeHTa X. 3HAYHUT, BeIpakenue 2x-- 3, crosilee MOj 3HAKOM
CHHYCa, MOXET IIpHHHMAaTh Jo00e 3HAayeHHe, OTKyJZa CJEAYeT, YIo

TepfeT YHCJOBOH CMBIC.
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X MoxeT npuHuHMarth Jwob6oe 3nauenue. O6GACTLIO CYIIECTBOBAHHA
GyHKUUH ABJsAeTCA GeCKOHEUHHH HHTepBaa (—oo, —-oo). ITO 3aKJIio-
YyeHHe MOXKHO Hamucath M HHaye: —oo < x < 4 oo.

3apaua 3,9 (z1s camocroATesqbHOrO pelleHus). Ha#lru ob6nacts

CylllecTBOBaHHA YHKIHHU Yy = sin %
OrBeTt. Bee aefictBurensubie ynena, Kpome ¥ = 0: (—oo < x <<
<0 u 0O<x< +x).
3apaua 3, 10. HaiiTu obsacTh cyiiecTBOBaHHA QYHKLHMH Y = tg Qx
Pemenune. Pynkuus y=tgx onpesenena npu Bcex HeHCTBH-

T
TeJbHEIX 3HAUEHHAX X, Kpome x = (2k + 1) 5, TIe k — mo6oe 1esoe
yucs0. 3HAUHT, B HallleM CJydae BeJHuuHa 2%, Crosfilias nocje 3Ha-
T
K2 TaHreHca, He JOMKHa ObITh paBHa (2k 4-1) 5 T e 2% +

+@Qk4+1) —;—, ax+@2k41) % . Takum o6pasoM, 06JaCThb CyLIecT-
BOBaHUA (GYHKUHH y = tg2x COCTOMT H3 BCeX JEHCTBHTENbHEIX uuce,
KpoMe 3HaueHHd x = (2k 4 1) —Z—, rae k— moboe 1es0e YHCIO,

3anaua 3,11 (ana camocrosreabHoro pemenus). Ha#itu o6aacts
cyuecTBOBanHA ¢yHKUMEA: 1) y=ctg-§—; 2) tgdx; 3) y=sec=

5

H Y = cosec 3 x.
OrBeT. 1) MHOXecTBO BceX peHCTBUTENLHBIX YMCeJ, Kpome 3Ha-
yeHHH x = 3kw. 2) MHOXecTBO Bcex JEHCTBHTE/NBHBIX YMCes, KpOMe

o T o
3HaueHHH x = (2k 4 1) 5 3) MuoXecTBO BCeX JefCTBUTENBHEIX dHCed,

5n .
kpome x = (2k + 1) 5. 4) MHOXeCTBO BCeX JAEHCTBHUTE/BbHBIX UHCE]

kn
Kpome X = = (Bciogy k — /1060€ LEesoe YHCa0).

3anaua 3 12. Hafitu obnacThb cymecTBOBaHHA (YHKUHH Y =
= arcsin (5% __8)

Pemenne OG6Gnactbio cyuecTBOBaHHS (YHKUMH Y = arcsinx
asiagercs orpesok [—I1, +1]. Ilosromy o6sacTh cyluecTBOBaHHSA
JaHHOM (yHKuMM yKasbiBaeTcs HepaBeHcTBamMM —1 < ox —8 < +1.

IMpubaBasg KO BCeM 4YacTSM 3THX HepaseHcTB Mo 8, moayuaem

<5x <Y, OTKyma yxe cJepyeT, 4TO (YHKLUMS CYyLIeCTBYeT LIS

3HayeH Ui % < x L 5

3anaua 3, 13 (g4 camocrosTenbHoro pewenus). Haditn ob6nacts
CYIIECTBOBAaHUS (hyHKIIHM:

1) y = arcsin (% — l); 2) y = arccos (3x — 6),

7

Otser. 1) 0<x <4 2) -g-<x< 5
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3anaua 3,14 (nas caMocrositesnpHoro peltienws). Haiith obnacts
CYILeCTBOBaHHA (PYHKIHH:

1) y = arctg(2x—5); 2) y = arcsin})/ 4x— 3.
OrBeT. 1) —oo <x <+, 2) —z’—<x<l.

3apaua 3, 15 (maa camocTosiTenpHOro pemenusi). Haith o6aacts
CYLIeCTBOBaHHUA GyHKuMM y = arcsin (x2 4 2).

OrBeT. JlanHOoe aHa/suTHYECKOe BHIpaXKeHHe He ONpefesasdeT HH-
KaKo#i (YHKLUHH, TakKk KaK HH IIpH OJHOM 3HAUEHHH X HE HMEIOT
MecTo HepapeHcTBa —1 < x2 42 ¢ +1.

YkasaHHe K peumienuo 3agay 3, 16—3, 23.

Ecau tpebGyercs naitu obaacTb cCyuiecTBOBaHHS ajnre6pauyecKol
CYMMBI HECKOJbKHMX (YHKUHHA, TO HAAO0 MHOCTYNHTh TaK:

1) Onpegenuts o6nacTb CYLIECTBOBAHMA KaKAOH H3 cJaraeMelx
¢GhYyHKIHA:

2) Onpegeautb yactb, obULYI0 AJsA BCeX HafijeHHHX obsactel. Jta
obmas yactb U Oyjer HCKOMOH.

Ecau Takol obwel 4actu y obsnacred, HalfijeHHelx B O. 1), He
OKaXeTcfl, TO 3ajJaHHOEe aHAJHTHYECKOe BHIpAXKeHHe, NpeAcTaB/IsA-
mee anrebpanueckylo CyMMY HECKOJbKHX (YHKUMH, He oNpejenser
HHKaKOH (QyHKIHM B 00JacTH IeHCTBHTENILHBIX YHCEJ.

Jro ykasaHde paclpocTpaHsieTcsl TaKXe Ha IpOoH3BeleHue He-
CKOJBbKHX (DYHKUMH H HA yacTHoe JBYX (YHKIHuH, Npuyem NpH Olpe-
IeTeHuH 06JIacTH CYLLECTBOBAHHs YACTHOTO ABYX (YHKIHUH JOJIKHEL
6LITh HCKJIOYEHBl TOYKH, B KOTOpHIX 3HameHaTesb Apobu obpainaercs
B HYJIb.

3apgaua 3,16. Halitu obsacTh cymecTBOBaHHA (YHKUHMH Y =
= log, (x — 1) + x2

Pewenne. O6racThio CyuecTBOBauua GpyHKUMH Yy, = log, (x — 1)
AIBJACTCA COBOKYNHOCTh BCEX 3HAyeHHHl X, VY[OBJETBOPAIOMIUX Hepa-
BeuctBy x —1>0, 1. e. unreppan (1, +4oo).

O6siacThio CYIIECTBOBAHHUA CTENEHHOH (YHKUHH Yy, = x% ABjdeTcs
uHTepBan (—oo, -+ o).

OCuielt yacTblo 3THX JBYX HHTEPBaJOB fBJASETCA  HMHTEpBaj
(1, +o0). Takum obpasom, panHas GYHKIHA CYIIECTBYeT s 3HAUEHHH
l<x <+ oo.

3apaua 3,17. Hafitu obnacte cyniecTBoBaHHMSA (YHKUHH Y =
=)5—x+Vx+3.

Pemenne. Oyukuua y, =) 5—x cymecrsyer a1a 3HaueHui
—oo <x <5 Oyukuua y, = ) x+ 3 cymecrByer aaa 3HaueHui
—3<x < +oo.

O6mel wyacTbip HaljeHHBIX ABYX o6JsacTefl fIBAseTC OTpPE3OK
[—3, +5], a nostomy naHHAs (YHKUUSA CYHIECTBYeT AAsl 3HaueHUH
—3<x< +5.
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3anaua 3, 18 (yna camocrosTenbHOro pemenus). Hafitu obnactb
CYLleCTBOBAHus GYHKUMH y =} 4 —x— ) x + 2.

OrBer. —2 < x <4, 1. e orpesok [—2,4].

3ajava 3,19 (ana camocroATeabHOro pemenxs). Ha#tu o6aacTh
cyliectBoBanus ¢yskuuu y=Vaitx—Vx+2+V15—x.

OtBer. [—2,15], 1. e. —2< x< 15.

3apaua 3,20 (118 camocrosTesbHOro pemenus). Hafitu ob6aacts

CyllecTBOBaHUS ¢GyHKUHH y = 2x3 + 1g (x—l)—}—xis.

OTBer. ®ymkuus cyliecrByeT a8 3HaueHndi 1<x<<3 H
3<x< 4o, 1. e. B unrepasax (1,3) u (3, +).

3apaua 3,21 (g9 caMocTosTeabHOro peutenus). Haiitu o06JacTh
CYLIECTBOBaHUS GYHKUMH y = 2* tgx.

OTBeT. PyHKUHA CYIECTBYeT NpM BCEX 3HAUEHHAX X, Kpome
sHavenui x = (2k + 1)5, Tze k— moGoe Lesoe YHCO.

Bagaqa 3,22. Hafitu o6nacTb CymeCTBOBAaHHA GYHKIHH Y =
- Sinx
g (x2—4)

Pemenne. @Oynruua y; = sinx cyuecrByeT B GecKOHEYHOM
‘MHTEpBa/e (—oo, —oo).

®ynkuug y = 1g (x* —4) cymectByer B MHTepBajsax (—oo, —2)
u (2, 4 o). Ho cnegyer umers B Bujy, 4TO ¢yHKuus 1g(x>—4)
CTOMT B 3HaMeHarese Jpo6H, a MOTOMY H3 3THX JABYX HHTepBajioB
HaJ0 MCKJ/IOYWTb TOUKH, B KOTOpHIX 3Ta ¢yHKUHMS obpamaercs B
HyJb, T, €. TOUKH, A8 KOTOphX Ig(x*—4)=0, wm »*—4=1,
a x= 1+ )5 Takum obpasom, dynkumo 1g(x?—4) ciregyer pac-
cMaTpuBaTh B MHTepBanax: 1) (—oo, —)/5); 2) (=15, —2); 3) (2,
VE) u 4) (V5, +oo).

O6we#t yacTeio, MNpuHajiexamed OGeCKOHEUHOMY HHTEpBaly
(—o0, 4-), B KOTOpOM OnpejfeseHa ¢(yHKUHS Sinx, H TOJBKO yTO
HajiIleHHBIM MHTEpBa/JaM SBJSIOTCS HMEHHO 5TH HHTEPBAJB, 2 MOTOMY
naHRas GyHKUus CymectByer B HuTepBaiax: 1) (—oo, —V/b);
2) (=15, —2); 3 (2, VB); 4) (V5, +oo).

3apaua 3. 23 (ana caMOCTOATENBHOro pemenus). Hailtu o6sacts

R 2 . .
CylleCTBOBaHUA ¢(yHKUUH y = Ig i

_ x24+x+1°
OTper. JIBa GeckOHeUHHIX HHTepBaJa: (—oo, 2) H (3, ~+ o).

YETBEPTOE NPAKTHYECKOE 3AHATHE

ConepxaHue: Iocrpoenne rpaduko ¢yHKumi,

STO NpaKTHyeckoe 3aHATHE IOCBALIAETCS YNPAXKHEHHAM Ha fo-
CTpOeHHe rpa¢uKoB ¢GYHKIHH, 33JaHHBIX aHAJIUTHUECKH.

B uHxenepHO#l mnpakTHKE ¢ NOCTPOEHHeM IpaguKOB GyHKUHH
NPUXOJUTCA BCTpeuaTbes oueHb vacTo. Ilpu wusyuenun rakux npen-
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METOB, KaK CONPOTHBJIEHHe MaTepHaJOB, TEOPHA YNpPYyrocTH, THAPAB-
JHKa, SJEeKTPOTEXHHKa, pajHOTEeXHHKAa, K IMOCTPOEHHI0 TpadHKoB
(yHKIUHHA NpUXOAUTCA NpuOeraTh GyKBaJbHO Ha KAXKJOM ILATY.

Ilostomy cTynmenty ciiegyer ¢ HCK/IIOUMTENbHON CEPBE3HOCTHIO OT-
HECTHCh K 3TOMY NPAKTHYECKOMY 3aHSTHIO.

K nocrpoenuio rpagukos Gosee CJIOKHHIX (YHKUHH MBI €llle BO3-
BpaTHMCA Ha NpaKTHyeckoM 3aHATHH Ne 35 W ucnoan3yeM Ajs 3TOro
ViKe annapar pupdepeHuHaNILHOIO HCUHCJIEHHS.

OCHOBHBIE CBEJAEHHS M3 TEOPUH ’

Onpedenenne 1. I'pagpurom pynxkyuu y = f(x) naswisaemcs coeo-
KYNKOCMb 8Cex MO4EK NAOCKOCMU, QOCYUCCHI KOMOPbLX €Ccrmb 3HAHEHUSs
apeymenma, 83amle u3 06aacmu CYweCmMso8anus QysKyuu, a opou-
Hamel, Coomsemcmsyrouje 9mumM 3BHAYEHUAM ap2ymenma, — 3HaueHus
¢ynryuu.

CorsiacHO 3TOMy ONpejesieHHIO, 1S MOCTPOEHHS TOYHOrO rpaduka
(yHRuUMH HaM ciefoBano Gbl MOCTPOMTH BCE TOUKH, IpHHAAJEXaline
rpapuky, a 310, KaK MNpABHIO, CAENATh HEBOSMOXKHO, TaK KaK,
BOOOIIE TOBOpSA, TpaduK (GyHKUHH CONEPKHT Geck OHEUHOE MHOMXKECTBO
TOYEK.

Hnsi mocTpoenus rpaguka ¢yHKuHH Y = f(x) OGHIUHO MOCTYIAKOT
TaK: JaloT apryMeHTy HEeCKOJbKO YacTHRIX 3HAueHHH H MOJb3YfCh
AHAJIMTHYECKHM BbIpaXKeHHEM (PYHKIIHH, BHIUHC/IAIOT COOTBETCTBYIOIIHE
3HaueHus ¢ynkuuu. Ecny, Hanpumep, B3ATH 3HAYeHHs apryMeHTa

X=2X; X=X X=2Xy, ..., X=2Xn, TO COOTBEICTBYIOULHMH UM
3HAUEHHAMH (GyHKuuu OyayT
Y1=[(x0); Y2 =T(x) ys =F(x3); ... Yn=F(xn).

OTH 3HaueHHs CBOJAT B Tabauuy TAKOro BMja:
[Tocne atoro GepyT NpsAMOYTOMBHYIO CHCTEMY
KOOpAMHAT, BLIOMpPAIOT MacIUTaGHYI0 egUHHLY H

CTPOSIT TOYKH * y
Ml (xh yl)) M2 (x29 yZ): M3 (xS’ y3)’ crcy

M (xn, Yn). il h

IlosyueHnble TOUKH COEAMHAIOT MyaBHOM KPHBOH. x: ?,:,

OTa KpuBas JaeT 5cku3 rpaduka (YHKUHH (IpH- :
OnnKeHHbil rpaguk). Ilpexje ueM npHCTYNHTb x Yp
K COCTaBJIEHHI0 Tabjuubl YHCJOBBIX 3HaYeHHH
(GyHKUMH, OueHb NOJE3HO BHACHHTL BONPOC
O CHMMETPHH TpadHKa (yHKUHH.

Ecnd dynkumo MOKHO OTHeCTH K Kiaccy UeTHHX HAH HEYETHHIX
GYHKIME, = TO nocTpoeHue ee rpaduka 3HAYMTENBHO OGJEryHTCA.
IIpuBesem oTHocAwMecs ciofa ONpeJeCHHs.

Onpedenenune 2. O61acmo cyuyecmeosanus GyRKYuL HA3bIBAEMCA
CumMmempuunoll, ecau emecme € 4ucaom x smoti obaacmu npuHadie-
HUm U 4uca0 —x (Ha TEOMETPHYECKOM fA3bIKE 3TO 3HAUHT, YTO

23



CHMMeTpUYHas 06/1acTh CYUIECTBOBAHHS (GYHKUMH paclOJOXKeHA CHM-
METPHYHO OTHOCHTEJBHO Hayala KOOpAHMHAT).

Onpedesenne 3. DPynxkyus Yy = f(x) Hasvieaemcs uemHol HaQ
CuMMempu4Hol OMMOCUMEAbHO HA4AAQ KoopOuram obaacmu, —ecau
025 Kax00e0 3HAYEHUA apeyMeHma X u3 3mot obiacmu umeem mecmo
pasercmeso

F—x) = F (). 4,1)

Takum obpasoM, ecau yHKIHMA — 4YeTHAsl, TO H3MEHEeHHe 3HAaKa
Yy apryMesTa He MeHseT 3HaueHUA ¢YHKIHH, a NOTOMYy B cJayyae
yeTHOH (YHKIUHU Kaxno# Touke ee rpaduxka ¢ abciuccod x M OpAu-
HaToOH Yy COOTBEICTBYeT TOUKAa, HMelomas abcuuccy —x Ty XKe Op-
IUHATY Y.

310 npuBOAHT K BHIBOAY, 4TO rpadiHK yeTHOH ¢YHKuHM pacno-
JOXEeH CHMMETPHHHO OTHOCHTeJbHO ocH Oy.

Takum o6pasoM, ecau GyHKUHSA ueTHasg, TO ee rpadguk mbl 6ynem
CTPOHUTh TaK:

" 1) TloctpouM TOMBKO YacThb rpagHka 3TOH GyHKLUHH, pPacnoJioKeH-
Hyio cnpaBa or ocH Oy, T. e. IpU COCTaBJEHHH TaOJHLEl UYHCJIOBBIX
3HaueHHH ¢yHKIHU 6yieM JaBaTb aprymMeHTy TOJbKO MOJOXKHUTENb-
Hble 3HaueHHs W 3HAueHHe, paBHOE HYJIO, -€CJH 3TO 3HAueHHe IpH-
HanJ1eXHuT 06JacTH CYIecTBOBaHHA (yHKLHH.

2) TlocTpouM «3epkambHOe OTOGpaXkeHue» OTHOCUTeNbHO ocH Oy
rpaguka, nmosyueHHoro B Im. l).

Onpeoesrenne 4. dynxyua y = f(x) Hasvisaemcs HewemHoll HA
CUMMEMPUUHOLL  OMMOCUMENbHO Hawaasa KoopOuwam obaacmu, ecau
021 Kaw0020 SHAMEHUS apeymerma X u3 3moli o6iacmu umeem Mectno
pasencmaso

f(—x) = —f (x). 4,2

Taxum o6pasoM, y HeuerHOH ¢yHKUHMH H3MeHeHHe Ha IPOTHBO-
NOJIOXHBIA 3Haka aprymMeHTa H3MeHseT Ha IpOTHBOMOJOXHHEIA U 3HaK
GyHKI MY, He H3MeHss ee a6COJIOTHOH BeJHUMHBL.

[Tosromy rpadMk HeueTHOH GYHKUHH PACIOJIONKEH CHMMETPHUHO
OTHOCHTEJbHO HauaJa KOOPJRHHAT, TaK Kak ecJu rpaduky npuHaz-
Jexur touka A (x, y), TO eMmy Ke NpPHHAAJEXMT M Touka B,
(_x’ ——y)'

Ilns nocTpoenus rpaguka HeueTHOH ¢yHKuUMH Hajgo: 1) mocTpouth
TOJILKO Ty 4acTh rpaguka, KoTopas pacnoJioxkeHa cnpaBa oT ocu Oy,
T. €. 4aCTh, COOTBETCTBYIOLLYIO NOJOXKHTEJbHEIM 3HAYEHHUSIM: apTyMeHTa
(v 3Hayenmio x =0, ecqH HyJb NpPHHAAJNEXUT 0OJACTH CYILECTBOBa-
HHA QYHKUHH); 2) NOCTPOUTh KPHUBYIO, CHMMETPHYHYIO OTHOCHTEJbHO
HayaJla KOOpJHMHAT KpHBOH, NocTpoeHHOH B m. 1).

OTH CBOHCTBA YETHHX M HEyeTHHIX (YHKUHUH GYAyT HCMOJIb30OBAHLI
NpH NOCTPOEHHH rpaduKoB (yHKuHA.

3agauu 4,1—4,12 sBas0oTcs yNpa)HEHHUsIMH, CBA3aHHHIMH C Ollpe-
JAEJEHHSIMH YEeTHOH ¥ HedeTHOH ¢yHKuHH.
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NPHEMBI, OBJIETYAIOIINE NOCTPOEHHE TPAO®UKA OYHKIIUH

Ykaxem npuembl, oO6Jservapliye NOCTpoeHHe rpaduka ¢GyHKUUH
B psjie CAyyaeB, KOTOpPhIE 4acTO BCTPEYAlOTCA B MpaKTHKe

4,1. Hasa mozo umobsr no useecrmromy epapury pynkyuu y=
= f (x) nocmpoumse epajurx ¢yukyuu y = f(—x), xado nocmpoums
AUHUI, cummempuutyto aunuu Yy = f (x) omuocumeasvro Oy.

4,2. [aa moeo umobor no useecmuomy epauky pynkyuu y =
= f (x) nocmpoums epajux pynkyuu y = —f(x), Hado nocmpoums
AURWIO, cumMMempuunyo aunuu Y = f(x) omuocumensro ocu Ox.

4,3. Ecau useecmen epagux ¢ynkyuu Yy = f(x), mo, umobe
nocmpoums zpagux ¢pyrkyuu y = f(x +c), Hado nepewecmu epagux
pyukyuu y = f(x) edoss ocu Ox Ha ¢ eduruy macwmaba 6npaso,
ecau ¢ < 0, u eaeso, ecau ¢ > 0 (npednoaaeaemcs, umo oct Ox Hanpas-
AEHA 61paso).

4,4. Tpapux pynkyuu y=f(x) + B noayuaemecs u3 epajuxa
¢yukyuu y = [ (x) neperocom smoeo epaguxka ma B edunuy mac-
wmaba esepx, ecau B >0, u snus, ecau B <0 (npednosazaemcs,
umo ocv QY Hanpasiena e6sepx).

4,5. I'pajur pynkyuu y = Af (x) noaywaemecs u3 epagura pynx-
yuu y = f(x) ymuomenuem ecex e2o opdunam na A npu coxparewuu
BEAUMUNDL COOMSEMCMBYIOWUX abCyuce.

4,6. I'pagpuk pyncyuu y = f(kx) (k > 0) noaywaemca us epagura
dynkyuu y = f(x) Oenenuem scex abcyucc smoezo epaguka Ha K,

1
ecau k> 1, u ymuomenuem ux na —, ecau 0 <<k <1, npu coxpa-
HeHUW 6eAUMUH CoOmeemcmayrowux opouxam.
[Tpumenas nocnenoBaTeNbHO 3TH NpPHEMBl, MOXKHO, 3Haf rpaduk

bynkuuu y = f(x) noctpouth rpapux Gosee CcAOXKHOH GYHKUIUU
BHJA

y = Af (kx +0) + B.

YnpaxHeHHs, CBS3aHHbBIE C TMOHATHSMHM YeTHORW H He4yeTHOR
dyHKumu.
3anaua 4,1. Jlokasars, uto dyHKuusa f(x) = 2x* — ueTHas.
Pemenne. Buuucaum f(—x). Ecan oraxerca, urto f(—x)
f (x), To ua onpenenenus 3 OyJeT cjenoBath, 4To GQyHKuHUA [ (x)
2x* — yeTHasn:

I

I

f(=%) =2 (—x)* =2 = [ (x).

Pasencrso (4, 1) BoinosmHsercs, a noroMy 3ajaHHas GYHKuud —
yerHasi.

1
3apaua 4, 2. JloxasaTh, uto ¢yHKuus f(x) = — — HeueTHas.
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Pemenue Bruucaum f(—x) u ecau oxaxercs, yro f(—x) =
= —f (x), TO U3 onpegesenHs 4 6yjer caepoBaTh, UTO 3a5aHHAA QyHK-
IUA JledCTBUTENBHO HeueTHas:

fen =L =—1 = —f(x. |
3apaua 4. 3 (g9 camocTofATeNIbHOrO petuerus). okasats, uTo GhyHK-
uus f(x) = (ﬂ
3apaua 4, 4 (n1s1 caMOCTOATENbHOrO pemEHHH) Hokasats Heyer-

x2 -1 -~
HocTh yHKIME: 1) f(x) = 5 G 2) f(x x) =22 21—23_7 '

3anaua 4,5 (p1a caMocromeJIbHoro pemenus). Jlokasath yeTHOCTB

— UC€THad.

2]
gymawnii: 1) f(x) = 75 9 f(9) = %—7—
3anaua 4, 6. BeisicHUTh, fBAsercs JH QyHKUHSA f(x) == —+—l ueTHOH

—1

WU HeyeTHOH.
Pewmenne. BruucauMm f(—x):
- _—x41 x—1
f=%) === =771

Orciona 3akmouaeM, 4YTO M3MeHEHMe 3HaKa y apryMeHTa Hame-
Hui1o a6cOMOTHYO BeIMUMHY GyHKIHH, HH paBeHcrso (4, 1), #u pa-
BeHCTBO (4, 2) He BHINOJHAIOTCH, a MNOTOMY JaHHad (QYHKUHUA He Mo-
Jer OLITh OTHECEHA HHM K UYHCJY WYETHBIX, HH K YHCJY HeuYeTHBIX
byHKUH#.

Yurtateno HeO6GXOAHUMO YACHHUTD, UTO GYHKIUSA He
o6fi3aTeNbHO JAOJAXHA OITh gUGO yeTHOH, nNuU6GO He-
yeTHO H.

3apnava 4,7 (nia camocrosrenbHoro pemenus). Ilokasarb, uto
GbyHKUMH f(x) =sinx 4 cosx u ¢(x) =2x -7 Heab3d OTHECTH HH
K YeTHBIM, HHU K HeyeTHBIM (YHKILHAM.

3anauya 4, 8. Jloxkasarb, YTO cyMMa MJH pPasHOCTb JBYX UYeTHHIX
¢yHKIHA ectb QyHKNMA YeTHas.

Pewenue. Ilycte ¢ (x) = fy(x) & fo (x), npuuem d¢ysxkuuu f,(x
B fy(x) —uernue. Toraa fi(—x)=f1(x), a fo(—x) =f(x) (4 3).
Buiuncanm ¢ (—x): ¢ (—x) = f; (—%) =% fo (—x).

Ha ocnoBanuu paBeHcTB (4,3) ¢(—x) = fy(x) £ fo(x)) u Tpe-
6yeMoe JIOKa3aHO: ¢ (—X) = ¢ (x).

JokasanHoe npejoXeHue pacnpocTpaHsiercs Ha aarebpauyec-
KYI0 CYMMy Jmo60ro KOHEYHOrO uHCJAa cJjaraeMbiX (Mpejnonarasoch,
yro ¢yHKuuU f, (x) U fy(x) paccmaTpuBaloTcd B OJfHOH M TOH XK€
CcHMMeTpHUHOHR o6siacTH).

3anaua 4,9 (naa camocTosiTe/bHOTO pemenus). Jlokasarb, yro
CyMMa HJIH DA3HOCTh JBYX HEUETHHIX (YyHKUMA ecThb GYHKUHA He-
yeTHas (OpeinoJaraercs, 4T0 (YHKUMH paccMaTpHBAIOTCS B OXHOH
H TOH Xe CHMMeTpHuYHO#l o6JacTH).
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3anaua 4.10. [loxasaTb, 4YTO NpOH3BelleHHE INBYX UETHBIX HJIH
JBYX HEYeTHHX (YHKIHA ecTb QYHKUHA yeTHas.

Pewenne. Ilyerb ¢ynkunu fy(x) u f,(x) —vuernste. Torga
fi (—%) = f1 (%), af; (—x) = f, (x). CocraBuM uX npousBegenue: ¢ (x) =
=F (D) fa (%), W TOMRA @ (—) = f1 (=) fa (—2) = 1 (0) [ (0) = o ();
TeM CaMBIM JIOKA3aHO, YTO TNPOU3BEJEHHE JBYX YeTHHX GYHRIHH —
(GyHKUHS yeTHad.

Tenepb CaMOCTOATEJBLHO JIOKAXHTE, 4YTO MPOM3BEJeHHEe JBYX
HeueTHBIX (GYHKUHE ecTb TOXE QYHKIHA ueTHad.

3apaua 4, 11 (a1 camocrosTejbHoro pemenus). Jlokasartb, uTO
npousBejeHde (GYHKIHM YETHOH Ha HEyeTHyl0 ecTh (YHKUHA He-
yeTHas.

3anaua 4,12 (18 cCaMOCTOSITE/ILHOTO peleHus). BuIsicHUTL, Kakad
us ¢ynkuuit 1) f(x) =x* + secx; 2) y=x*+ —31—; 3) f(x) =

x2
=x2cosx; 4) f(x) =xsinx; B) f(x) =x2tgx; 6) [(x) = x®sinx;
7) y = x®sinx sBAfercd 4eTHOH, a Kakas HeEYETHOH.

Orser. ®yukuun 1), 2), 3), 4), 6), 7) —uerHne, 5) — He-

yeTHas.

NMOCTPOEHUE TPA®UKOB ®YHKLHA

Fpadguku ueablX panHOHAJBHBIX (QYHKUHi

3apaua 4,13. Ilocrpours rpaduxu ¢ynkuui: 1) y=3x—5;
2) y=—2x+3, 3) y=4x—1, 4) y=—3x+ 1.
PemeHnue. 1) JlanAyio GyHKUMIO HENb3S OTHECTH HH K YETHHIM,
HH K HEYeTHhIM QYHRUHAM: y = (—X) = —3x —b.
Ee o6nacTbio CylleCTBOBAaHHSA SBJSET-
cs GeckOHeuHHH HHTepBaja (—oo, -+ oo).
dyHKuUA — JUHEHHas (3TO XOpOLIO H3Be-
CTHO YMTATeNIO H3 aHa/JUTHYECKOH reome-
tpuu). Ee rpadukom saBaserca npamasd
JIMHHS, ]IS NOCTPOEHHS KOTOpO# JjocTa-
TOYHO 3HAaTb TOJBKO
nBe ee TOukH. Bo3sb-

* Yy MeM JIBa NPOHM3BOJb-

HBIX 3HAUeHHs apry- i
9 1 MEHTa X W BBIUHMCIHM 1
—2 —14 COOTBETCTBYIOUIHE UM

3HauyeHusd (YHKUHH Y.
IToctpoum Ha mio-
ckoctn Toukd A, (2, 1) u A, (—3, —14).

===~/
Ilpsivas usobpakena ma ur. 4, 1. i
Tpapukyu OCTaNbHBIX (yHKUHH mnO-
CTPOHTE CaMOCTOSATENBHO. Gur. 4, 1.
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3anauva 4, 14. IlocTpouth rpadur ¢ynkunu y = x2.

Pemenue. 3anannas ¢yHknus — uyerHas. Ee rpaduk cum-
MEeTpHYeH OTHOCHT&JIBHO ocu Oy. IlosTomy pxOCTAaTOYHO MOCTPOHTH
yacTb rpadHka JJis 3Hayenuit x>0, a NOTOM JOMOJHUTL 3Ty
yacTh ee «3epKaJbHBIM OToGpaxceHHem» OTHOcHTeNbHO ocH Oy. Tak
Gyner nosyueH INOMHBIA rpaduk >Toff ¢QyHKuMH. Tak Kak ¢yHK-
uus ONpejejeHa NpPH Jo60M 3HAUEHHH X, COCTaBHMM Tabauuy ee
3jayeHHH NpH TNPOHU3BOJBLHBIX 3HAueHHAX x>0 M NocTpouM Ha
maockoetd ToukH Ay (0, 0); A, (1, 1); As(2, 4);

A3, 9). ) 5

B y CoelHHHMM 3TH TOYKH NJIABHOH KpHBOI (ur. 4,2).
IMoctpouM Temepb «3epKajbHOe OTOOpaXKeHHe»

3TOH KpHBOH OTHOCUTENBHO ocu Oy H noaydum

NOJHBIH NPUOAHKEHHBIH Tpaduk NaHHOH QYHKIHH

(pur. 4, 3). OueBunHo, 4TO rpadukoOM GYHKUHH

ABJfieTcH MapaboJa.

3anaua 4, 15. ITo usBectnomy rpadpuky dyHk-
LUK Yy = X° NOCTPOMTH rpabuku ¢yHKUHA: 1) y =

W —O
Od =

=3x% 2) y =-%x2: 3) y=-;l;x2; 4) y=—y* 5) y=—3"

/]

QY
Yy W

N
4]
3J
2
7 —
] 0 Vs
0

®ur. 4,3.

Ykaszanue. Yuectb ykasauue 4,5 (crp. 25). IToamsysicw rpa-
dukoM byHkuuH y = x> (dur. 4,3), coxpaHss BeJMYHHH a6CliMCC,
B [IepBOM CJlyuae Hal0 yBeJUYHTh BCce OpPJHHATHI B 3 pasa (bwur. 4,4),
BO BTOPOM CJyyae YMEHBUIMTb BCce OpAMHATH B 2 pasa (¢ur. 4,5),
B TpeTbeM — YMEHbIIWTL UX B 3 pasa (pur. 4,6). B cayuaax uer-
Bep'rogl M NATOM MCOOJNb30BaTh ykasauue 4,2 crp. 25 (dur. 4.7
u 4, 8).

3agaua 4, 16 (119 camocrosTenbHOro peuwedus). [Jo H3BecTHOMY
rpaguky $yHKuuu y = 2x* mocTpouth rpadpuku QyHRUME: y = 2x® |
+dnmpud=1, 2, —1, —3.
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Vkasauue. 1) [TocTpouts rpaduk GyHRUHH y = 2x2, HCNOJL-
30BaB Tpaduk ¢QyHKUMH y = x*. YuecTb ykasauue 4,4 (cTp. 25).
Tpaduky sTux QyHKUHMH MoKasaHul Ha ¢ur. 4,9-—4, 12,

Hanpumep, rpadguk ¢yHKUMH y = 2x* —3 mnoayuaercs u3 rpa-
duKa GyHKUMM y = x? Tak: YBeIHYHMB BCe OpJAHHATHI 3TOro rpaguka

4 &
N &
Yy w‘;) s N Y\ - hy,
g $
/]
IR SN
| 1
|
|
R .
I
0 Ll ; 0 I
dur. 4,4. ’ dur. 4,5,

B JBa pasa NpH COXPaHEHHH BeJHUHHBI COOTBETCTBYIOIIMX abCILHCC,
nonyuum rpadur ¢yskuun y=2x%. Ecau 310T rpaduk onycruth
Ha 3 e, Macmraba, TO NOAYYMM TpadHk GYHKIHH y = 2x® — 3.

&
9| 9
4 N
BRI R
[ A,
N AN .
| 0 x
- N
| g
+/ "
| _ I Y
||
0 oz
dur. 4,6. ®ur. 4,7.

3apaua 4, 17. Ilo nsBecTHOMY rpaduky GyHKUHH y = X® NOCTPOHTHL
rpaduku dynkuui: 1) y = (x+ 1%, y=(x—2)%

Peweuue. 1) I'paduk oyukuuu y= (x -+ 1)*> noayuyaercs us
rpaguka (QyHKUHM y = x* nepeHocoM ero Ha | en. Macmra6a.BnoJsb
ocu Ox Baeso — ¢ur. 4,13a u 4,136 (cM. ykasaunue 4,3, crp. 25).
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N

b

+

2tE-=f

®ur. 4,9.

®yr. 4,8.

1
\zf
rf
0
®ur, 4,10

®ur. 4,11,

®ur. 4,12.



2) I'padux ¢yrruNH y = (x — 2)* nosyyaerca u3 rpabuka ¢yHk-
unH y = x* nepeHocom ero Buoab ocu Ox Ha 2 ei. macwitaba Bnpa-
BO — ¢hur. 4, 14a u 4, 146 (ucnosb3oBaTh TO Ke yKasaHHe).

a 6
g K4 ‘.‘{\\

&

o

: $

N

Z Z
0 - -7 0
®ur. 4,13.

3apava 4, 18 (n1s camocrositesbHOro petenus). Ilo uaBecTHOMY
rpaduky GyHKIHH y = x* TMoCTPOuTh rpabuku GyHKuui;

1) g=2(x+2)% 2 y=+(x— D2

v 2 7)

ykKZ'NZ)?

v
/‘S’
N\

<

N/ J +2
Qur, 4,14.

&

3apaua 4, 19. [loab3ysch rpagukoM ¢yHKUMH y = X2, NOCTpOHUTH
rpapuk ¢yHruMH y = x® 4+ 2x + 2.

Pewenne. 3amaHuyio GyHKUMIO NpeacTaBUM B BHAE y = (x -+
+ 1)? + 1. HMcxoxs u3 rpaduka ¢yHKuMH y = x%, TNOCTPOMM CHayasa
rpapuk bynkuuu y = (x 4 1)%, a moTom sToT rpaduKk NepeHeceM Ha
1 en. macmraba BBepx (dur. 4, 15) —cM. ykasanue 4,4 crp. 25.

3anaua 4, 20 (a9 camocrosiTenbHOro pemenus). Ilomb3ysick rpa-
¢ukoM GyHKIMM y = x?, NOCTPOUTL rpapuk GYHRUMH y = 4x? -
+ 8x - 12,
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Yxkasanmne. 3ajaHHyl0 QYHKIM0 3anmucaTh B BHJe y =4 (x 4+
+ 1248 u BecTH MOCTPOEHHE B TaKOH MOCJEJOBATENbHOCTH:

Dy=x:2)y=x+1%3 y=4x+1%4) y=4(x31248.

N
y) 2) AN
. N Q
& S,
]
NN
Z Z
0 ] -1 0
4 N}
5’\‘?
o
&
\/%
T+
f
B A

&ur. 4,15.

3apaua 4,21 (ana camocTosTenbHOro pewerusi). Iloctpouts rpa-
GuKH QYyHKLHI:
) y=—x+2x42; 2) y=—2x*-}-3x—4;
) y=5+4x+7 4) y=22-+4x
8) y=—3x*—x.
Haiitn Takxe Touku nepeceueHus 3THX MapaboJ ¢ ockio Ox.

NATOE NPAKTHYECKOE 3AHSITHE

Conepxanne: [Iponomkenne ynpaxueHHi#l B nocTpoeHHH rpadukos (yHk-
unii. Tpaduku ToKasaTesbHOH H JorapHmudyeckod QyHKUHH.

3apava 5,1. Iloctpouts rpapuk kKyOuueckoit Napabosn y = x®
(rpaduk 31O (GYHKUMH, TAK XK€ KaK M rpapuk napabosmsl BTOpOH
CTeleHH, HaJ0 XOpOLIO 3alOMHUTB).

PeweHne OyHruusa y = x* onpejeneHa npy BceX 3HAUYEHHAX X
{(—oo < x < 4-o0). DyHKuUA 9Ta HedeTHAsA (Y (—x) = —x® =—y(x))
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TTo3ToMy Mbl TOCTPOMM CHada/Ja Ty 4acTb ee rpaduka, Kotopas co-
OTBEICTBYET 3HAueHHsM x >0, a 3aTeM A5 TOCTPOEHHS TMOJHOrO
rpaduka BOCIOJb3yeMCSl YKasaHHeM K NOCTpoeHHio rpaduka Heuer-
no#t ¢ynkumn (ctp. 24). Tak Kak nanuHas QyHKIlHs onpepeseHa NpH

i = 4 )
A\ Q, \‘9
Z
z
0
aJ < ;
®ur. 5,1. ®ur. 52. dur. 5,3.

moGoM 3HAYEHHH X, TO MEl MOXEM COCTABHTb TalJHLY YHC/JIOBLIX
3HaYeHHHA QYHKIHH JJS1 HECKOJbKHX TIPOHM3BOJILHBIX 3HAaYEHHH apry-
MEHTA.

1) Tloctpoum Toukn A0, 0), A,(1, 1), As(2, 8), A, (3, 27) u
COEIMHHM HX NJABHOH KpHBOH. [JoCcTpOMM mNOC/Te 3TOrO KPHBYIO,
CHMMETDHYHYIO 3TOH KDHBOH OTHOCHTEJIbLHO Hauaja KOOPJHHAT.

Bcest mosnyuennasi kpupast 1 OyneT npHOJIHKEH-
HBIM TrpadukoM QyHkIHK y = x® (¢ur. 5, 1).

x y 3anaua 5,2 (misi CaMOCTOSITENLHOTO pelIeHHs ),
3Hasi rpaguxr GYHKUHH y = x°, TIOCTPOHTH TIpa-
tbuxu QyHKUIHA:

0 0

! s Dy=—a2p=(—1% . 4
3 27 3) y=—(x+2)% 4) y =23 ~
5)y=—2—x3; 6) y=x%+2; 5
Ny=x—18) y =—x43; 9 y = 2(x+1)>+2. L

Ykasanne. [locTpoenue sTux rpadguxos cie-
JlyeT BLINOTHHTH Ha OCHOBAHHH yKasaHud 4,1 — z
4,6 crp. 25 (cM. dur. 5,2 —5,6). -Z\0

3apaua 5,3 (W19 CAMOCTOSATENBHOTO pelleH Hsi).
Tloctpouts rpaguk mapaGossl YeTBEPTOH CTENEHH
Y=x* Hu, NOMB3yACh HM, TIOCTPOHTH TIpadHKU
GyHKRIHH:

1) y=2x% 2 y=x*+1; 3) y=—x% -8
hy=—2x 5 yFixh 6 y=(x—1%
7) Y= 2(x 41 —2 @ur. 5,4.
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(Tpaduku yNOGHO CTPOHMTL Ha OJHOM UepTeXKe, HCIOJb3ys yKa3aHHs

4,3—4,7 ctp.).

3apaua 5,4. [Toctpouth rpadpuk GyHKIHH y=’l? (bynxuus y=

=;—n BHIDAXaeT 3aKOH oﬁpamoi’l NMPOMOPLIHOHANIBHOCTH MEXAY Iepe-

®ur. 5,5.

®ur. 5,6

MEHHBIMH X M ¥, a ee rpaduk HaspiBaeTcsi rpagukoMm obpartHoil mpo-

MOpUHOHANLHOCTH).

Pewenmne. Ilpexae Bcero 3ameyaeM, 4to 3aJaHHas (YHKIHA—
HeueTHasl, TaK Kak Y (—x) = — L —y (x).

7
9=z

7 Tz

®ur. 5,7.
34

X
1
Pynkuua y = ompenenesa npu
BCE€X 3HaYeHUAX x,  Kpome x =0.

Ee of6sacTe cyuiecTBoBaHHA COCTOUT

U3 JBYX OeCKOHEeuHHIX HHTEPBAJIOB
(— o, 0) u (0, + o).

TTocTponm uacts rpaduka nasa 3ua-
yeHuit ¥ > 0, a noJHblil rpaduk yHK-
UHH TOJYYUM Ha OCHOBAaHHH YKa3aHHs
/IS TIOCTPOeHHs1 rpaguKa HeyeTHoi
¢ynkuuu (crp. 24). CocraBum Tabauny
YHCJOBLIX 3HAaueHHH GYHKUMH a4 1O-
JIOKUTEJbHBLIX 3HAYeHHH aprymeHTa.



\
[TocTpouM Ha TIOCKOCTH TOUKH Al(l , 4),
4 X Y
1 1 1
a5 8) Az 2). 4D Ay L), 1
Ag (3, é—), A7(4, ‘11—) COGMHHM HX ILIAaBHOH T 4
KpHBOH JMHMell. Tenmepb NOCTPOMM KpHBYIO, CHM- é. 3
METPHUYHYIO eff OTHOCHTENbHO HadaJja KOOpJAHHAT,
M TOJYYUM NpHOIMAKEHHbIH TOMHBIA rpaduk YyHK- 1
uun (pur. 5,7) 2 2
y= : : l
2° 9 1
Ora KpHBaf, Kak H3BeCTHO UHTATENIO W3 aHa- 2
JIMTHYECKOH reoMeTpHH, — paBHOOOYHas rumep6osa - 3 1
(uHOrza roBopsT paBHOOCHas rumep6oJa). 3
[paguk stoit pyHKuuM Obl1 yXKE paccMOTpeH |
B mepBoil gacTH 3Toro mocobus. Tam ke Obl1 4 T
paccMOTpeH M rpaduk ApOCHOHHERHOH GYHKUHH
BHJA
ax b
V=% 4d°

Yucaurenio PEKOMEHAYETCSI IOBTODUTb OTHOCAIIUECA CIOAA BOIIPOCHL

FPA®HUKH MOKA3ATEJILHON U JIOTAPHOPMUYECKON ®YHKLUA

3anaya 5,5. [TocTpouTh rpapuk GyHKUUH y = 2%
Canuras 3TOT rpadMk HCXOIHBEIM, NOCTPOHTH IPadUK GYHKILMIi:

[

) y=2-% 2) y=—24
3) y=—2—x

Pemenne. [lokasarenbHas
(GyHKUHA y = 2* OmpepeneHa mpH
BceX 3HaueHudx x. Ee ofunacTelo
CYLIECTBOBaHUSA fBJIAETCS Gecko-
HEUHHIA HHTEpBAJ (— oo, - o).
Cocrapum TabauIly YHCJIOBLIX 3HA-
yeHHH (YHKUMH, laBasi apryMmeH-
TY TIPOU3BOJILHbIE 3HAUEHHS.

[Moctpoum Ha miockocTH 3TH
TOYKH, COEIMHHM HX TIIABHOH KpH-
BOU JIMHHEHd M TONyyHM TNpuG.Iu-
KEHHbIH rpaguk paHHOM (yHK-
uud (dur. 5,84).

1) Tpadux dyuguuu y = 2—*
CHMMeTpH4eH Ipabuky ¢yHKUUH

35



y = 2 otdocuteasHo ocu Oy (dur. 5,86), T. k. ecau y(x) = 2%, TO
Y (—x) = 2—* (cMm. ykasanue 4,1 na crp. 25).

—5

—4
—3

—2

wNo—Oo

>l— &=

ol — al— ool —

(=2 Mo B R

2) Fpadur dyHKIMM Y = — 2* cHUMMeETPHYeH
rpaduky GYHRUMM ¥ = 2¥ OTHOCHTesbHO ocu Ox —
cM. ykasaHue 4,2, ctp. 25 (dur. 5,84).

3) I'padur PyHKUMM y = — 2—* CUMMETpHUEH

- rpaduky GyHRuuM y = 2—* oTHOCHTeNbHO ocu Ox

(pur. 5.82) —cm. ykasaHue 4,2, ctp. 25.
3agaya 5,6 (1151 CaMOCTOSITENLHOLO peleHus).

X
[loctpouts rpaduk GyHKuMH y = (;7) H, cudTas

ero HCXOJHBIM, IOCTPOUTH rpaduky GYHKuUHH:
1 \—* 1\x I\—=x
1) !J=(§) » 2) y=—(3—) ) y=—(3—) .
3apaua 5,7. [Tocrpoutb rpadhuk GyHKUMH Y =
= 22¥  cuuras MCXOXHBIM rpaduk GyHKUHM y = 2%,
Pemenne. s nocrpoenus rpadguka ¢pyHK-
uuy y = 22* no ucxogHomy rpabuky y = 2* cie-
JyeT BOCNOJBb30BaThbCs yKasanuem 4,6 (ctp. 25).
Cravasna moctpouMm rpadpux GyHRuuu y = 2%,
Ha stoM rpaduxe BbI6HpaeM HECKOJbKO TOUYeK.
Ha ToM e uepreXe NOCTPOMM TOYKH, OpJMHATHI
KOTOpHIX paBHBI OpAMHATAM BbIOPAHHBIX TOUEK,

pgo ¢ abcuMccamH B JiBa pasa MeHbLIMMH, ueM y Hux (Ha dur. 5,9
na rpapuxe QyHKuMH y = 2* puibpanel ToukH A, B u C). Ilonyuen-

<\?
Lo
% U

;&

®ur, 59. |

Hble TOYKH COeIMHHM TJIaBHOH KpMBOR JsuHueH, KoTopasi u Oyjer
npHOJIHKEHHBIM TpadukoM GYHKUHH Y = 22,
3agava 5,9 (nnsa camocTositenbHOro petenus). Cuuras MCXOmHBIM
X

rpaduk ¢GyHKuuM y = 2%, NOCTpouTb Ipaduk GYHKUMHU Y = 22,
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3apaya 5,9 (11s camocrosTesbHOro petenus). Iloctpouts rpagux

¢dbyHRUME y = 3* H, cyHTas €ro HCXOAHBIM, MOCTPOUTL TIpadHKH
byHRIHA:

1) y=1+43% 2) y=23*—2; 3) y =314

1
4y y=3° .

Yxkaszanwue [Ilpu nocrpoe- Y
HUH Tpad¥KOB GYHKUHA 1) H 2)
HCIONML30BaTL yKasdauue 4,4 (ctp. ‘ y=19,T
25), a npH TWOCTpOeHHH rpaduka
(byﬂxugn 4) H;gonbsoBaTb yKasa- 7
nue 4,6 crp. 25. y T T

Sanaqaps.lo. [Toctpouts rpa- 7 23495676 x
dur GyHRUHH Y = logy, x.

Pemenue. 3ananHas dyHk-
1Ml OTIpesiesleHa TOJNbKO fJisl 3Ha-
yeuuit x > 0. CocraBuM Tabuuny ®ur. 5,10.

YHCJIOBBIX 3HaueHHH GyHRUHY IpH
HEeCKOJIbKMX TPOM3BOJILHO BLIOpAHHHIX TOJOXKHTENbHBIX 3HAYeHHAX
aprymenta. IlocTponm Ha nsiockocTH TOYKH, aGCIMCCHI KOTOPHIX paB-

Hb! 3HaAYeHHUsIM aprymema, a OpﬂHHaTbI—COOTBeTCTByK)mHM HM 3Ha-
yeHHSM (QYHKIUHH.

[NocTpoeHHEIE TOUKH CO€HHHM TJIABHOH KpH-
. y BOHM JiuHHeH# M TOJNYYHM TpHOMHKeHHBIH rpaduk
naHHoit pyHRuuK (dur. 5,10).

3agaya 5,11 (118 caMOCTOATENLHOTO pelile-
9 Husi). 3uast rpadur ¢yHrRuMH Yy = log, x, ©O-

I

100 crpours rpabuku  dynkumid 1) y = log, x%;
1 2) y=Ilogy(x—1); 3) y=1logy(—x); 4) y=
10 —I —_ L

| 0 = logy, P 1

2 0,3010 4): 1 —= log,p1—1 =
2 Py Ykazauue x 4): logy, < 0810 0gyp X

4 0,6021 = — log,, X.

Hcnonpsosath Takxke yraszanue 4,2 (ctp. 25).

IWECTOE NPAKTHYECKOE 3AHSTHE

Conepxanmne: IloctpoeHue rpadukoB TPHIOHOMETPHYECKHX H OCpaTHBIX
TPHUroHOMeTpHuecKHXx (PyHKIHH.

FPA®UKH TPUFOHOMETPHYECKHX ®YHKUHA

3anaua 6,1. Mcxoas u3 rpadura ¢QyHKUHH Y = Siflx, NOCTPOHTh
rpaduK (YHKUHH Y = COS X.
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Pemenne. @DyHKuMio y=cosx TpeIcTaBEM B  BH]E
Yy = sin (% -+ x). [paduxk sroil pynxuuu nonyuurcs u3 rpaduka gynk-
uMH y=sinx (pur. 6,1), nepenecennem ero ppoab ocH Ox B/eBO
T
Ha 3 ex. Macwraba (fur. 6,2).

4 5/=sm.2‘
0 { /\ oz
i D
®ur. 6,1.
Y
/
=05z
-é_'.' \ z A& 9x
TN TN "
-/
our. 6,2.

3apava 6,2 (115 camocrositesbHoro peinenus). Cuprasd H3BeCT-
HeiM rpaduk PyHKuMH y = cosx (dur. 6,2), nocTpouts rpaduk GyHK-

ouy Yy = sinx.
14

y=tyz
[ | /
JAREIW/ / /
/1Y /
x a 7T 27
/ 11 [
Il 2 L
| ®ur 63

3apaua 6,3 (nsa camocTosiTesbHOro pemnenus). Mcxoas us rpadm-
Ka QyHKUMH y = tg x noctpouth rpaduk pyHKuHH y = cigx.

Ykasanune cigx=1tg (’25 —x) . 1) Tloctpouts rpapuk yHK-

nnn y = tgx (dur. 6,3);
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2) Tonpsysick UM, moayunts rpaduk dyHkuun y = tg(—x) u mo-
TOM C NOMOUILI0 CABMIA BAOJMb ocH Ox monyuuts rpaduk QyHKIuH

y= tg(;i—x) = ctg x.
papux dynakuun y = ctg x npeacrasien ua dur. 6,4.

g

1 |y=a‘9$| 1
T -
N N A A
_dr _%r 0 = T 'z z
INTCONP O
IR | AN | N |

®ur. 6,4.

3apava 6,4. Ucxonst u3 rpaduka ¢yHKUMH Y = Sinx, NOCTPOHUTH
rpapux GYHKUUH Yy = — sin x.

Pemwenne. Ecau mocTpouTh KpHBYIO, CHMMETPUYHYIO OTHOCH-
TesbHO ocH Ox rpaduky yHKUHM y = sinx, To oHa u GyjeT ABAATHCA

yt‘

Gur. 6,5.

rpadukoM QyHKuuu y = —sinx (¢ur. 6,5). I'paduk Pynkuuu y =
= sin (—x) coBmagaer ¢ rpadukoM OYHKUHH Yy = — sinx. [louemy?

3apaua 6,5 (1151 camocTosiTeJbLHOrO pelileHus). HauepTute rpaduk
bynkuuu y = |sinx| (dur. 6,6).

3apaua 6,6. Haueprurs rpaduk dynakuun y = 2sinx, HCXOAA u3
rpaduka ¢pyHKUHH Yy = Sinx.

Pewenne. Haueptum onny BosHy rpaduka ¢GyHKUHH y == sin x
Ha otpeske [0,2x] (rpaduk 5TOH PyHKUHH MOXKHO CpPHCOBaTh U3 yuel-
HHKa). Brbepem Ha 3TOM rpaduke HecKoMbKO ToueK. [TocTpouM Temepb
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HA TOM JKe YepTexe TOYKH ¢ abcuuccamy, paBHBEIMU abcuuccam BHIGpaH-
HBIX TOYEK, HO C OpAHHATAMH, YBEJIMUEHHHIMUH B ABa pasa. CoepuHuB
3TH TOYKH IJIABHO! KPUBOH JIMHMEH, NONYduM NPUGIUKCHHEIH I'padur
bynkuun y = 2 sinx (dur. 6,7).

g\ y=/stnz/
0 s 27 2
®ur, 6.6.

Teneps, TNOMB3YSCh TNEPHOJAMUYHOCTHIO 3TOH (yHKUMH (ee mepuon
paBeH 2t), TPOJOJKHUM MOCTPOEHHBIA rpaduK B COCEJHME MHTEpBaJLL,

2

%
h
g
S
R

Nl

]

8

®ur. 6,7,

\ ,
3anava 6,7 (aas camoctosiTenbHOro peineHus). Iloctpouts rpa-
¢buxu Pynxuni:

1

I) y=3cosx; 2) Y =gsinx.

3anava 6,8. [Toctpouts rpaguk ¢pyskuuu g = sin (x — 1), ucxons
43 rpaduka Qydguuu y = sinx.

Pewenue. Yrobul nocTpoutsh rpaduk byHkuuu y = sin (x — 1),
HauyepTHM CHayYaJa OjgHy BOJIHY rpaduxa GpyHkuuu y = sinx Ha orpes-
ke [0,2x] H mnepenecem ee BnpaBo Ha l ex. Macmraba. 3nas, uto
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sajaHHas (YHKUMS MMEET NEepHOJi, PABHBIA 2, MPOJOJIKUM NOCTPOEH-
HHi rpaduk B cocepHne MHTEPBAJH (. 6,8).

3azaua 6,9 (415 CaMOCTOSITEJbHOTO peIIeHUR). [NocTpouthb rpagu-
ki ¢ynKuui: 1) y =cos(x+2) u2) y=sin(x -+ 3), ucxons us rpa-
GuKoB GYHKUHH Y = CcOsX M Yy = SIOX.

y=sen(z-1)
ﬂr N ya p) z

Our. 6,8.

3apaua 6,10. Tloctpouts rpaduk ¢yHKuum y = sin2x.

Pewenune. Hcnomssyem ykasamne 4,6, crp. 25., Urobwr mo-
cTpouth rpaduk GyHKUMH y = Sin2¢, MOCTPOUM CHAYANA ORHY BOJHY
cuHycouanl y = sinx Ha orpeske [0,2x].

/) ‘
y={m?x

D

'\)H
§
NS
R

®uyr. 6,9.

BriGepem Ha nocTpoeHHOH KpUBOH HECKOJLKO TOYEK M MOCTPOUM TOY-
KH C OpIvHATaMH, DABHEIMH OpJHMHATAM BHIODAHHHIX TOYEK, HO .C
aGcuuccamH, yMEeHbIIEHHBIMH B 1Ba pasa. [lonyuenHble ToukM coenu-
HuM niaBHo# kpuBo#. [lonbsysick MepHOAMYHOCTRIO 3ajaHHOM (yHK-
uuu y = sin 2x (¢ur. 6,9) (ee nepwong T = =), NPOAOIKHM IOJyYEH=
HHl rpapuk B coceinne uHTEpBaaH (=, 2%), (2%, 3rm), (—=, 0),
(—2r, —=), HaxopfmMecs cnpaea u cjeBa oT untepmana (0, =).
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3anauya 6,11 (nas caMocrostensHoro pewenns). Hexoxs us rpa-

GuKOB GHYHRIUHIE Y = COSX N Y = sin X, NOCTPOUTH I'PadUKU DYHKIME:
. 1
1) y=sin3x u 2) y = COS 3 .
I

3anava 6,12. Iloctpouth rpadux Qyskuuu Yy = oS 5 X.

Pemwenwue. TIloctpoum Ha otpeske [0,2x] cHayana rpaduk
¢ynkunu y = cosx (bur. 6,10). Mcnoandyem yxasauue 4,6 crp. 25.
BribepeM Ha 3TOM rpaduke HECKONLKO TOYEK U IOCTPOHM TOUKH
C OpAMHATaMM paBHLIMM, OpJiHHATaM BHIGpPAaHHHIX TOYEK, HO c abcimuc-
camy, B JBa pasa GOJbIIMMH, YeM a6CUyCCHl BHIOPAHHEIX TOYEK.

Y

P «
= Z T
N@s Z /{\5/=”51
4 <4 ! 2z
|
|
! {

I

\L

[Moctpoenne xkpuBo#t  mokasaHo Ha ¢ur. 6.10. Dyuxuusa

1
Y = COS 5 x — MepHoUIecKas. Ee nepuoy pasen 4r. [lonrsysce nepuo-

JUMUHOCTBIO 3Tof (yHKIMH, ee rpadyk, NOCTPOEHHLIH Ha oTpeske [0,4x],
MPOJOIKUM B cocejHue HHTepBajsl (4w, 8x); (8=, 12x); (—4w, 0);
(—8w, —4r). ‘

Banaya 6,13 (mr1a camocTosiTesqbHOro pemenns). Iloctpouts rpa-

N X, 2 . . X
duxn dyskuuit: 1) y = sinz; 2yy= cos = ; 3) y = sin T
3apaua 6,14. IMocTpouts rpadux ¢ysruun y = 2sin 3x.

Pemenune. Byjgem wucxoautr u3 rpaguka ¢byHRuuMm y = sinx.

[Toctpoum ojHy BosHY 3TOro rpaduka Ha orpeske [0,2x]. [Tosn-
3ysich 3TUM rpaduKoM, IOCTPOMM rpauk GQyHKUMH y = sin3x. Has
3TOro, Kak yie H3BECTHO YHUTAaTeNio, CJEJYeT Ha KPUBOH y = Sinx
BHIOpaTh HECKOJBKO TOYEK M MOCTPOUTHL TOUKH C OpJHHATAMM, PABHHI-
MM OpJMHaTaM 3THX TOYEK, HO c abcuuccamMy B TPW pasa MeHbIUH-
MH, ueM aGcmucchl BBIGpAHHBIX ToyeK. [loCTpOEHHBIE TOUKH COEfHHHUM
TJIaBHO# KDHBOH JIHHHEH.

[Tocsie Toro kak mOCTpoeHa KpHBag y = sin3x, Ha OCHOBaHMH
ykasauus 4,5 ctp. 25 mnoctpouM KpuByw Y = 2sindx. 10 Hano
cnesaTh Tak: OCTaBHB afcHycChl NOCTPOSHHBIX TOUEK (€3 H3MEHEHHS,
[OCTPOMTh TOUKH, OpJAUHATHl KOTOPEIX B JBa pasa GoJbIue, YeM OpJH-
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HATHl TOCTPOeHHBIX ToueK. [IlocTpoenuss mokasanm Ha dur. 6,11.
ITocne 5TOro TOCTPOEHHYIO KPHUBYIO CJleflyeT NMPOJOJKHTH B COCEAHHE

2 4\, (4 .6\ 2 .0 4 .2
HHTEpBAaJbL (3—15, T |FTF3Th [TFg™ g% T
M T, &, HUCMOJBL3YyH TO, YTO 3ajaHHas (yHKIUSA — nepHOAUYECKas
2
c nepuogom T =7=.

y

®ur. 6,11.

3agaua 6,15 (nas camocrosTeabHOrO pemenus). Iloctpouts rpa-
tbuku Gysxkuuit: 1) y=}jsin2x; 2y y=3cos2x; 3) y= -12- tg ,sz.

. Ykasanwue. IIpu nocrpoesun rpaduka GyHKUHUM Y = é- tg %— X

caenyer HCXOxuTh us rpapuka ¢ysHkuun y = tgx. Ilonb3ysice sTuM
1

rpaduKoM, TIOCTPOUTL rpadpmk QyHKHIUM Yy = yigx, a morom yxe
KpUBYIO Y = ;— tgzl— X.

3anaya 6,16 (nas camocTosTeNbHOIO pemeHus). IlocTpouts rpa-
¢uky ¢pyHrumi: 1) y = —sin2x; 2)y = — 3cosg; 3 y= —25in§-,

Sanava 6,17 (gn1a camocrostespHoro pemenus). IlocTpouts rpa-
bux ¢ysxuun y = 2sin(x—1).

Ykasanwue. 1) Hcxoxgs w3 rpapuka dyHrRuum y = sinx mo-
CTpouTh rpagux Gynkuun y = sin(x —1). 2) 3nas rpadpuk QyHKUMR
Yy = sin(x — 1), nocTpouTh rpadgur naHHOH pyHKUMN y = 2 sin (x — 1).

3anaya 6,18. IToctpours rpadux ¢ysHkuuu y = sin (2x 4 3).

Pemenue. TlpencraBum sanannyio ¢yHkuuio B BHIe y =

. 3
= sin 2 <x + -2—) n GyJieM BecTH NocTpoeHue rpaduka B TAKOM NOpsLKe:
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1) Tloctpoum Ha otpeske [0,2x] rpadux dyHRIHU y = sin x.

2) BriGepem Ha 5TOM rpaduke HECKOJIBLKO TOYEK H IOCTPOHM TOUKH
C OpAMHATAMH, paBHbIMM OpJAMHATAM BHIGpAHHHIX TOYek, HO ¢ abciuc-
camy, yMeHbIUEHHHIMH B 2 pasa. [locTpoeHHHe TOUKM cOoenuHUM IJ1aB-
HOM KpuBo#l JuHMell. JTa KpuBas JuHus GyjeT TIpapukoM (yHKUHH
Yy = sin 2x.

3
3) Ilepenecem stoT rpadpur BneBo Brosab ocH Ox Ha 5 €l mac-
. 3

itaba ¥ noayuum rpadux ¢yHruMH y = sin2(x+ 7|, T. e rpagux

3ajannoil QynKuun y = sin (2x 4+ 3) (¢ur. 6,12).
Cnepyer npepocrepeub uMTaTesqss OT OAHOH pacnpoCTpaHEHHOH
ompubky. Dta OomHOKA COCTOMT B TOM, YTO /s IIOCTPOeHus Tpaduka

[

h‘,q y y=stn2x
’]\
% ye=sin(2t+3)
[ -7
Z,zl0N\ ZL i j2 =sinz
274 2N/ Y
/l L

$byHRUMM ¥ = sin (wx -+ ¢} WMHOIJA MOCTYNAOT Tak: u3 rpapuxa QpyHk-
LUY y = Sill ¥ moJyyaior rpadur GyHKIUKM J = Sinl wx, U 3T0T Ipadux
nepeHocAT BRoah ocy Ox Ha ¢ ej. MacmiTaba, BMECTO TOr'O, YTOGH!

ero meperectn Ha L en. macwraGa.

YtoGhl usbexkarts 3Toi omubky, Haxo GyHKIUO Buja y = sin (wx +
+ ¢) mpencTaBuTL B BUJIE Yy = sSin @ (x + %) T. €. cleNaTh TaK, 4To-
60 B cKkOOKax TOJ 3HAKOM CHHYca KOstduiiueHT npu x Obl pased 1.
M3 paccmoTpenus ¢yHRUNM y = sino (x-}- f—)) cpasy BuJHO, WYTO IIe-
penoc Boab ocu Ox OMMKeH GhITh cllelaH He HA ¢ el. Macuraba,
a Ha £ en. macwraGa.

3anavya 6,19 (zas camoctosTeabHoOro peinenus). Iloctpouts rpadu-
Ky dyrkouu: 1) y= sin (4x 4+ 8); 2) y =sin (%— 3);
3) y = —sin(2x —4).

3apaua 6,20. [Mocrpouts rpaguk ¢yHkuuu y = 3sin (2x — 4).

Pemwenwne. [lpexcraBuM 3agannyio ¢yHKUMIO B BHAE Y=
== 3sin2 (x — 2). INoctpoum oxHy BoJIHY cuHycousl Ha otpeske [0,2x).
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Cqm'aﬂ 3TOT rpaduk UCXOAHEIM, nocTpouM rpaduk GyHKIHH
y = sin 2x.

Eum NepeHecTH 3Ty KpuByiwo Baosab ocd Ox Ha 2 ej. macwraGa
BIIp%BO TO nosyuyuMm rpaduk PyHKUHK y = sin2 (x — 2). BuiGepem Ha
5TOM rpaguke HECKOJBLKO TOYeK H, He H3MeHss alclMcC STHX TOYeK,
YBEIHWYHM WX OpAMHATH B Tpu pasa. CoeHHHB IIOJyYEHHHIE TOUKH
NJ1aBHOH KDUBOH JIMHHel, MOyYHM NpHOGIHXEHHBIH rpaduk JaHHOM
dyHkuuu y = 3sin2 (x —2), 3nas, yto 3ajaHHas QYHKUUA NepHO-

4

J
f Y=senx
/

| 2 §=sin(Zz-4)

®ur. 6,13.

INueckas ¥ 4to ee nepuoi T = m, NPOJOJAKHUM TNOJYYeHHBIH rpadux
B COCeJHHE WHTEpBAaJBl, KAaK MH 3TO Jejajud B NPeAblAyLIuX 3agayax
(Qur. 6,13).
Bauaqa 6,21 (nas camocTosTeabHOro pemeHus). [locTpoutsh rpa-

dbukn dynruni:

1)y—2cos(3x+1); 2y y=2cos3x=1;

3) y=—2sin(2x—1); 4) y=—3cos(3x+1);

5) y ==|sin2x]|.

3agaya 6,22. [locrpours rpaduk ¢yHk-
ouu y = arcsin2x, cyutas HCXOAHBIM TIpa-
dux ¢yHruuu y = arcsin x.

Pewmenne. I'papuk oyHRUHH Y=
= arcsinx mnpejcraBjer Ha dur. 6,14,
Nepeyepture 3ToT rpadux. BwiGepure Ha
HeM HeCKOJIBKO TOYeK.

[TocrpoiiTe TOUKM C OpIMHATAMH, paBHH-
MM OpAHHAaTaM BRIGpAHHHIX TOYeK, TO ¢ albc-
LyccamMy, yMeHbIUeHHBIMM B fABa pasa, [lo- Dur, 6,14,

4
x| t | y=aresinz
2|

a{r/ z
|
|




CTpOeHHble TOYKM COEIMHHTE IJIABHOH KPUBOH JMHMEH, KoTopas u Oy-
JeT npuOMMKEHHHM rpaduroM ¢ynkuuu y = arcsin2x (dur. 6,15).

y=aresinlzx

®yr. 6,15.

3anaua 6,23 (A151 CaMOCTOSATENLHOIO (pe-

wenus1). Iloabsysack rpadukom GyHKIHH

y = arcsinx (¢pur. 6,14), nocrpoiite rpadu-
o s X

kit Qynrumi: 1) y = arcsing; 2)jy=

= arcsin (x+1); 3) y = arcsin (x—1); 4) y =
= 2arcsinx; 5) y=arcsinx—1; 6) y=
= — arcsin x.

3anava 6,24 (115 caMOCTOATENLHOTO pe-
menus). [loapsysice rpadukoMm dyHKIHH
y = arccosx  (¢pur. 6,16), nocrpouts
rpapuky  ¢yHxumid: 1) y= —arccosx;

2) y=arccos(—x); 3) Y= arccos %;

4) y = arccos (’;— + 1) ; 5) y= 2arccos 2x.

3apaua 6,25 (n1s camocTosiTenbHOTro pemenus). Mexons us rpa-
¢uka GyHKRuuMM y = arctgx H y = arcctgx (dpur. 6,17 u 6,18), no-
cTpouth rpabuku o¢yskuui: 1) y=2arctgx;, 2) y= — arcigx;

3) = arctg -g— i 4) y=arccigx+2;, 5 y= }Zarcctgx.

9

y=arecosx

p—

-7\ 0 1

@ur. 6,16.

=4

Nalg

|
NIS

®ur, 6,17.

1l

BN

E/
N Lo,
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®ur. 6,18.



CEAbMOE NPAKTHYECKOE 3AHAATHE

Conepxanne: Ilocrpoeune rpadpHkoB GYHKIUHA, 3aJaHHEIX HECKOJbKHMH
aHayINTUYECKHMHU BHIpaxeHusMd. [loctpoeHHe rpacguka CyMMEl, PasHOCTH H TIPOuS-
Bell@HHS HECKOJBKHX GYUKLUH.

Onpedeserue yHkyuu, OQHHOE 8 KpamKux Cc8e0eHUAX N0 meopuu
11peONOCAARHBIX BIMOPOMY NPAKMULECKOMY 3AHAMUIO, He npednoaaeaem,
umo ynKyua obssamesvto 3a0aemcs 00wHoU popmyaoil. Moowem
OKQ3amoCA, 4MO HG PABAUMHBIX  YHOCKAX USMEHEHUR apeyMeHma
YyHKYUA 300aHA PASAUMHBIMU HOPMYAIAMU.

C rtakum cnocoGoM 3anaHus (YHKIMH TPUXOAMTCS BCTpEYaThCd
H B MaTeMaTHYECKHX MHCCJAEJOBAHUAX, U B TAKUX HayKaxX, Kak COIpO-
THBJICHHE MaTeDHAJIOB, TEIUIOTEXHHKAE, pajuoTeXHMKa u ap. [loaTomy
3TOT cnocob He cJeLyeT CYMTaTh YeM-TO HajyMaHHbIM.

3apaua 7,1. OyHKUUA 3ajaHA C/IENYIOMUMH PaBEHCTBAMMU:

2, ecmn x < — 1,
x+3, ecn —1 < x <0,
Y=1 —x+3 e 0<x <1,
2, ecan x> 1.

[Toctpouts rpaduxk.

Pemenne. Ecim x < — 1, T0 QyHKIMA 3a5aHa paBEHCTBOM Y =
=2 u ee rpadpukom Oyner mnojynpsiMasi, Napajnenabras ocd Ox
(bur. 7,1a). Ha yuactke —1 < x <0 ¢QyHKuua 3ajaHa paBeHCTBOM
Yy = x 4 3. I'padukom sTol QyHKUMH SBISETCA NpsiMas JUHUS, Ha
KOTOpOl HAAO0 B3SThL OTPE3OK €€, COOTBETCTBYIOIUH 3HAYEHHAM apry-
MeHTa x u3 orpeska [—1,0] (¢ur. 7,16).

Ha yuactke 0 < x <1 dynkuua y = —x 4 3, ee rpapuk—nps-
Masi JIUHUs, Ha KOTOpOl CJENyeT B3ATb OTPE3OK, COOTBETCTBYIOLIUi
sHaueHusm aprymenra us otpeska [0,1] (dur. 7,16) u ana 3HaueHui
x> 1 dyHruust y =2 u ee rpapurom Oyner mnoJaymnpsmas, napai-
JenbHas ocu Ox (pur. 7,1 2).

B «co6panHom» Buje rpaduk 3amaHHOH GYHKUUH TIPENCTaBjeH
Ha ¢ur. 7,10.

3apava 7,2. TocTpouts rpadmk ¢yHKuuMH, ONpepesnseMoil pabeH-
CTBaMH :

y=x% ecmn x <0;
y=x, ecau x> 0.

Pemenne. Ipaduxkom oyHkmuu y= x* ana 3Havenuit x <0
ABJISIETCA 4YacCTh napaGonbx, pacnojoxKennasa BO BTOPDOM KBaJpaHTE
(dur. 7,24).

I'padukom dyskuus y= x aaa 3HaueHuil x > 0 sABasercs noay-
Npsimas — GUCCEKTpHCa MNEPBOr0 KOOpAMHATHOro yrJja (bur. 7,2 6).

Ha ¢ur. 7,26 rpaduk sanaHnofi yHKUHH TpeicTaBJieH B «cOBpaH-
HOM» BHJE.
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\ Ileper peuwleHWeM mpUBEeREHHBIX HUXeE 3a]la4 BBejleM TaKoe YCJIOBMe:
eCyiM Ha KpPHBBIX JHUHWSAX WM Ha MOJYNPAMBIX NOCTaBJEHbl CTPEJKH,
TO| 3TO 03HAYAeT, YTO KOHLbI ITHX AMHHA, HA KOTOPBIX HaXOLATCS:
CTPeJIKM, He NpHHapmexar rpadvky QyHKUMH.

}Sanaqa 7.3. Tloctpouts rpaduk GyHKIMH
{-1-2 ans x < 0;
y =]

—2 qaa x> 0.

Pemenue. Cm. ¢ur. 7,3.

g
_y’Z_TLz
7 ~z
®ur. 7,3.

3anaua 7,4 (a71s camocToATEAbHOrO peuwenus). [Noctpouts rpaduk.
dbyHKUNK, ONpelenseMoll paBeHCTBaMH
—x, ecm x <0,
=1 x ecmn x>0.

4
P
4 Y
5N
Vi Z
Gur. 7,4.

(rpaduk 31Ol GyHKUMHM mnpeacTaBaeH Ha ¢ur. 7,4). Ora dynKuus
MOxeT OHITh 33jaHa OJHHM AHAJMTHYECKHUM BHIpAXKEHWEM: Y = |x|,

rjge |x|— abcosOTHAA BeJUUHHA X.
3anaua 7,5. Ilocrpouth rpaduk dyHKUUM

(x, ecau x % 2,
b= 15, ecau x =2,
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Pemenne. Ipadur dyaxuuu cocTour U3 Bcex Touek HpsapMod
Y = x, Kpome TOUKH (2,2). Jta TOUKa yjpajeHa U3 NpAMOH («U3bATay,
«BbipBanay). OHa momelleHa B TOUKY (2,5). D10 U30/IHPOBAHHAS TQUKA

K4
A A
j —— Z
Ty
l
|
I
i
g1, !
2 z
®ur. 7,5.
—2x — 1 pas
3) y= 3 s
2% —9 s

rpajuka dynkuuu (dur. 7,5).
3agava 7,6 (1A CaMOCTOSITEJNHHOTO

pewenus). IMocrpours rpaduku dyHHLUH,
OnpenessieMble pABEHCTBAMMU:
2%+2 gna 0K<x<3
8 mis1 3Lx<K6
x4+ 2 naa x > 6
x—1 g1a x <0
2) y:{ 3x qaa x>0
(He 3a6biBafiTe Ha npsIMBIX NPOCTABJATH
CTPEJIKY, €CJM OHY HYXXHBI HA OCHOBAHUH

ClleJIaHHOTO BHIILE ycs0BUSl. B mpumepe 2)
OHY HYyXHBI)

1) y=

x <L 2 x4+ 1 gas x <0
x=2 4) y= 0 p1a x=20
x> 2 x—1 qaa x>0

3apava 7,7 (njs caMocCTOsTENb-

Horo pewenus). Iloctpours rpadu-
K# QyHKIHH, ONpejenseMBIX paBeH- 4

CTBaMH

1)

y::

y=—V1—x*—uacm

HoctH X2 4 42 = 1, Jlexamas B HUX-

Hell nosymrockocTd (dur.

—2x —2, ey x < —1; ‘\f\
—V1T—=%2 eciivu —1 < x <1, N
2 —2, ecaiy x> 1.

YKasanue. [pabuk GpyHKUHH 7 v
OKpYyX-~

7,6). @ur. 7,6.

3, ecaim —2 << x <2

x, ecm < —2;
2) y=

X2, ecau x > 2.

1 1,
> ecaH 0<x\<_5,

3) ..‘/=2, ec + < x < 6;

2

V =32+ 12x —x2, ecsiu 6 < x < X < 8.
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\ 3apaua 7,8 (114 camocrositesbHOro pemenust). IocTpours rpagukn

hyHKIM:
)\l)y=lx2—1|; (dur. 7,7a u 7,76)
2) y =2—|x|;
B) y=|x*—T7x+12].
\
P n oy
N »
& &
] ,\
> N
/
7
\T/ z 7 z
-/
Qur. 7,7.

3apaua 7,9. Iloctpours rpadux ¢yHKHMM y = x + sin x.
‘Pemenne. Ilocrpoum Ha ojHom uepTexxe rpadHru cJaraembix

¢ynkunit (pur. 7,8): y =x u y =sinx.

Y ¥
3 "
A’s\'
e’&
0 O 2
S
y=sinxr

®ur. 7,8.

ITpoBenem psin BepTHKANLHBIX IPSIMBIX, TMepeceKaloumux rpaduku
3TUX (pYHKUUHA, ¥ NMOMETHM HA HUX TOUKH, OpJMHATHl KOTOPLIX PABHEI
cymMme opauHat ciaraembix GyHkuumii. Kaxpas M3 Touek, NOCTPOEH-
HBIX Ha 3THX BEPTHKAJLHBIX TNpPAMBIX, HMeeT abGCLUUCCY TAKYIO XKe,
KaK ¥ COOTBETCTBYIOLIME TOUKH 06oux rpadukos. CoenuHsis moyueH-
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Hble TOYKW TJIABHOA KpPUBOH, oy ynM rpabuk pgaHHO# OGYHKIHUH
Y = x -+ sinx (KOHeyHO, NoJyueHHH# rpaduk Oyjer npHOIHIKEHHBIM).
3apaua 7,10 (an1s camocrosrenbHoro pemerus). ITocrpouts rl?a-

buky QyHKUHA:

1) y=2*+sinx;

2) y = 3* 4 cos x;

3) y = sinx -+ cos x;

4) y = sin 2x 4 2cos x;

5) y=xsinx.

¥kasauune Ilpu noctpoeHun rpaduka ¢yHxnuud y = xsinx
(npumep 5) yuectb, uto: 1) 3Ta QyHKNUS yeTHAs, a nmOTOMY ee rpa-
UK cUMMeTpHueH OTHOCHTEJbHO ocH Oy. 2) YuuThlBas, uyTo X yMHO-
;Kaerca Ha sinx, KOTOpHH no abcomoTHOM BesnuuuHe He GoJsblie
«€JIUHUNE], 32K/I0YA€EM, YTO a6COMIOTHAS BeIUYUHA IPOU3BEJEHUS X sin X,
T. €. |xsinx|, He Gompwe |x|, T. e. |xsinx|<|x|, a noromy rpa-
$uK GyHKIMY y = X SinX paclo/iokeH Mexjay ABYMsi OHCCEKTPHCAMH

KOODJHHATHHIX YIVIOB § =X M Y = —x. B TOukax x = i—g-, :l:{,

5t 2n + D=
S = -(—2—)
SuccekTpuc, a B Toukax O, +m; +2r... rpaduk nepecekaer och Ox.

3agaua 7,11 (mas camocrosaTesbHOro pemedus). Ilocrpours rpa-
duku GyHKUUH

rpabuk GyHKuUMH y = xsinx Kacaercsi 3THX

1) y=x% -+ 2x%
2) y =x -+ cosx;
3) y=x3—%x3;
4) y = x3cos x;
5) y=x + 1.

BOCbMOE MPAKTHYECKOE 3AHSTHE

Conepxanue: Pemenne yparnenuit ¢ nomomplo rpadukos (rpaduueckoe
pellleHne ypaBHeHH#H).

Ecau He Tpefyerca 60JbIIOA TOYHOCTH, TO MOXKHO KOPHY pas/ivy-
HBIX ypaBHEHHMH HaXOJWTb NpH InoMowH rpadukoB ¢yHkuui. s
3TOr0 IOCTYHAIOT TaK:

Cnoco6 1. Bce uireHbl YpasHeHUs NepeHoCAm 6 e20 AesYr Hacmy
(npasas wacme 0KA3LIBAEMCS NPU 3MOM  PABHOL HYA0), 0003HA4AIOM
aesyw  dacme wepes [(x), u moeda ypaswenue npuobpemaem 6ud
Fx)=0. IHocre smozo cmposam epagux ¢ynxyuu Y= f(x), 20e
f(x) — 2e6aa uacme ypasuerusn. Abcyucce: mouex nepeceweHus Mmoo
epagura ¢ ocero Ox 1 6YOYm KOPHAMU YPOBHeHUs, MAK KAK 6 3mux
moukax y = Q.
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Cnoco6 2. Yienor ypasrenus pasbusaiom wua 0ée epynnel, 00HY
U3 HUX 3QNUCLIBAIOM 6 Ne60ll Yacmil YpasHerus, a Opyeyio — 6 npasoil.
¥ pasnenue npuobpemaem 6ud f(x) =

= f; (%).

Hua smux epaguros. Tax, ecau mouxa

nepeceweHU epagpukos umeem abcyuc-

CY X, MO 8 Mo mouke OpOUHAMEbL 2
epacpuroe mexdy coboli pasret, u moz0a
f (%) =1 (%,). Omo pasencmso no-
YUMo X, — KOpeHb Ypasre- 2 o 7 o
Hus. Bmopod u3 yxkasanuelx cnoco-
606 npednoumumervree
0cobeHHo YOober, koeda 00Ha U3 ua-

Kasweaem,

Iocre amoeo cmpoam epa- yl
ury Osyx pynkyull y=F[(x) u y= N
=f,(x). Kopuamu Oanrnoeo ypasme- 8
Hus 6yoym abcyuccel modexk nepeceye- e
"
8
"
DY

nepeoeo, OH

cmell  YpasHeHus A6AAemCA  AUHEUHOU

yHryuel.
3anava 8,1. Peummits rpaduuecku

ypaeHenue x®—3x+2=0 nepBbIM ¥ BTOPHM H3 YKA3aHHEIX CIIO-

COJ0B.

Our. §,1.

Pewenue. I-i cnoco6. Tlocrpoum rpadux dyHkunu y = x3 —
— 3x -+ 2 (dur 8,1) u onpenenuM aGcuLUCChl TOUEK TT€peceueHtsl 3TOro

I
S/
U
N
_2 0 !
i 7/ 4
! -2
|
{
{
|
]
Gur. 8,2.

rpad¥ka ¢ ochio Ox : Xy = —2; %, = X3 = 1.
KpuBas kacaercss ocu Ox B Touke x=1,
a IOTOMY ypaBHEHWe UMeET KPaTHHLIH KOpeHb
x =1 (caexyer uMers B BUY, UTO ypaBHEHHUE
TpeThbel cTeneHH ¢ JedcTBUTENbHBIMY K03(du-
HHEHTAMY UMeeT WJM OAUH JeHCTBUTEJbHHN
KOpeHb HJIM BCE TPU €ro KOpHS — JedcTBHU-
TeJbHH. Tak Kak KpuBas nepeceksa ocb Ox
B OfHOH TOYKe ¥ KOCHYJACh €€ B JpPYyroi,
TO B TOH TOUKe, TJle UMEeT MeCTO Kacauue,
Oyner KpaTtHblil KOpeHb. B 1aHHoM cuayuae
TAKUM JIBYKpaTHEIM KOpHeM siBasercs l).

2-i ¢cnoco6. Ilepenuiuem jaHHOE ypas-
HeHue B Buje x3 = 3x— 2. Ilocrpoum rpa-
¢buxy pyHkuuid y=x3u y=3x—2 (dur.
8,2). Haiigem aGcuucchl TOyeK IepeceyeHkst
31uX rpapukoB. Ioayuum x, = —2, x, = I.
B Touke x, = 1 npsmas y = 3x — 2 Kacaerca
rpaduka gyHkuuyg y = x3.

3apaya 8,2 (113 C€aMOCTOSITEJBHOTO pe-
weHus). Pemurb rpaguuecky ypaBHEHHe
=2+ 2x—1=0.

3anauy peuTth gByMsi CIOCOGaMH.

OrBer. Onud peHCTBUTENLHEIE KopeHb x = 1.
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Yxaszaune. [Ipexae ueM pewarb 3aiaHHOe ypaBHeHHE BTOPBIM
cnocoGoM, ero BHLIFOAHO CHayaja ynpocturb. O6muf Bug KyOHUueckoro
yPaBHEHMs 3aNHCLIBAETCH TaK:

apx® + ax* +a,x +a;=0 . (ap # 0). (A)

[Tocnie neneHus obeMx yacTell paBeHCTBAa Ha @, OHO npeo6pa3syercs

K BUAY Y + b1x% 4 byx + by = 0.
Econu Tenepn cpesiath NOACTaHOBKY

by

TO OHO NpUBENEeTCA K BUAY
¥ +py+q=0. ©

Oror BUA KYGHUECKOI'0 ypaBHEHHs Ha3blBaeTcs NMpuBefeHHbIM. OHO
He COZIePXUT KBAJparTa Heu3BecTHOH BesqnuuHH. YpaeHeHue (C) pe-
muTh rpabyuyecky mpolle, YeM UCXOJHOE ypaBHeHMe (A), T. K. 37ech
HeJI0 CBEfeTCsl K IOCTPOeHHIO rpaduka KyGHueckodl napaGojiel Y mps-
MO¥ (CM. TIpemplAyuIylo 3afauy), B TO BpeMsi Kak rpadHyeckoe pelie-
Hue ypaBHeHus (4) norpe6oBajo OBl NOCTPOEHUS FpadvKOB KyGuue-
CKOH napa6oJibl ¥ mapabosibl BTOpOH creneHu (ypaeHeHue (A) caepo-
BAJIO TIEPENCaTh TaK: dy¥® = — q,x% — ayx — a,).

[Tocste Toro kak pemexo ypasnerue (C), Hajo BOCHOJIL3OBATBLCH
NOACTaHOBKOH (B) w HalfiTu HeuspecTHOe NaHHOro ypaBHeHUs (A).

3apaua 8,3. (o1 caMOCTOsTEJBLHOrO pemeHus)). Pewuts rpagu-
yecKH YpaBHeHUs:

1) x* —6x2 +1lx—6=0;

2) x® —x*—10x —8=0.

Ykasanmue. Ilepefitu K mnpusenenHomy BHAy (C) kyGuueckoro
ypaBHEHHUsA, HUCTIOJb30BAB YKa3aHHe HpEmblAyLUIed 3ajauu.

Oreer. 1) =1, x,=2; x=3
2) xl_—_—_2; x2=-—1; x3=4.

3apaua 8,4. HaliTH rpajpiuecku BTOPHIM CIOCOGOM NOJIOXKHTENb-
HbI KOpeHb ypaBHeHus x*—yx —1 = 0.

Ykasauue. Ilpu nocrpoeruu rpadukos oyHkuud y=x* u
y=x- 1 macwrabuyio egununy no ocd Oy yMeHbLINTL B O pas.

Otrser. 1,22,

3apaya 8,5. Ha#itu rpabuueckn HauMeHbUWHH MOJIOXHUTEbHBIN
KOpeHb ypaBHeHus x— tgx=0

Yxasanue. 1) Ilepenucars ypasHenue B Buge tgx = x. 2) Ha-
uepTuTh rpaguku QyHkunii y=1tgx u y=x (pur. 8,3). I'paduku
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IepecekaloTcsl B GeCKOHEUHOM MHOXECTBE TOYEeK. Y paBHeHue HMeer
Gecuuc/ieHHoe MHOXECTBO KOpHei.

OrBer. Haumenbmmil NoMOMUTENBHHN KopeHb x; =~4,5 (6onee
TOYHOE BHIYHC/IEHHE jpaer Xx; = 4,4934).

3apaua 8,6. (115 camocrosTeNbHOro peleHus). Hafitn rpaduyecku
HauMeHbINMH KopeHb ypaBHeHus tgx —0,5x = 0.

Oteer. x =~4,3.

3apaua 8,7 (nas camocrositenbHoro pemenus). Hafitu rpadpuuecku
HAUMEHBLIMH NOJOXHUTENbHLIH KOpeHb ypaBHeHus 0,2x —sing =0.

4

3
\3/

-~

Gur. 8,3.

Ykasanne. MckoMbifi KOpeHb sBIsI€TCS HaWMeHblled MOJOXH-
TeJbHOW abcmyccoll TOUKH nepecedeHus nmpaMolt y = 0,2x U cuHycou-
Jbl Yy = sinx.

OrBeT. x=2,6.

3apnaua 8,8 (aas camocrositebHOro peieHus)). Ha#ith Haumenb-
IIMH NOJIOXKHUTENBHBIH KOpeHb ypaeHeHus xtgx =0,3.

Yka3sanmue. Ilepenucarb ypapHeHue B Buge tgx = 0—;3- u 1mo-

s

« 0,3

CTpOuTh rpaduky GyHKUMHE y=1gx u y = —  (paBHOBecHas ru-
nep6odaa).

Oreer. 0,52.

3anaua 8,9 (Ans camocrositelbHOro pewedus). Haiitn HaumeHs-
IIHI TOJIOKUTEJbHEN KODEHb ypaBHeHHs X sinx = I.

Oreer. x=~1,l.

3anaya 8,10 (119 camoCTOATENBHOrO peureHHus). Pemuts rpadu-
YECKH ypaBHeHus: *

1) x—2sinx =0 (uakitu MO0 UTebHBLY KODEHB).
2) cosx—x2=0
OtBer. 1) x=~1,9; 2) x= + 0,8,



AEBSTOE NMPAKTHYECKOE 3AHSTHE

Conepxanue: O6parnan QyHKuHs H ee rpadux. [epuopuuecckue dbynknun,
OCHOBHbIE CBEIEHHUS U3 TEOPHH
O6patnas ¢yHkuus u ee rpadux

Ecau ynxyuonarsHas sasucumocmv y om x sadana anasumi-
4eCKU YpaeHeHuem Y = [ (x), us KOmMoOpozo MOxCHO onpederumsp x Kak
GyHKYUuI om y ypasHeHuem X = o (Y) max, umo Kaxc0omy 3Haueruo
Y coomeemcmeyern eOUHCMEEHHOe SHAWEHUe X, mo QyHKyus, onpede-
ASIEMAR YPasHeHuem X = ¢ (y), Haseisaemcs obpamHoi no ommouse-
HUto K yrkyuu y = f (x), Komopasa 6 3moii cessu Haswieaemcs npamod.
B ypasnenuu y=f(x) eerusuna x — Hesasucuman nepemernan, a
Y — pyuxyus. [as moeo umober coxpanume cmandapmrse  0603Ha-
4eHUR, 6 KOMOpbiX X 0003HAHAEm He3asLCUMYIO nepemeHHYw0, a y—
pynryuro, 6 ypasreruu x = ¢ (y) credyem samerums Y byksoi x,
a x—byxeod y. HmenHO maKk noaywenHyo pyuxyuro Y=o (x) mo
u 6ydem cuumamy obpammuoi no
OmHowerulo K pyrkyuu y = f (x).
Tpaur obpamuoti pynxyuu y=
== o(X) cummempuver eaguxy nps-
MOl pyHkyuu y = f(x) ommocu-
meabHo Ouccexmpuctl hepeoeo u
mpemsez0 KOOPOUHAMHbLX  Yen06.

3anaua 9,1. Haiitu pyuxumo,
obpatHyro byHRuMH Y = 3x — 1,
H JIOCTPOMTL €e Tpaduk.

Pewenne. Haxonum us nan-
HOrO ypaBHEH¥Ss X -B 3aBMCHMOCTH
oT Y-

®ur. 9,1. 3
3ameHsis B 3TOM pPaBEHCTBE X Ha Yy, ay Ha X, IOJNYy4Ya€M OKOHYATE/JLHO

P

1
3

I'padukyn 3aganHod ¢yHknuu u el o6parHOM IPEACTABJIEHHB HA
dur. 9,1

3ajaua 9,2. Hafitu ¢yukumo, obpariyio yHKRuHE Y = X*
(— o < x < + o).

Pewenmne. M3 ypapHenus y = x® BugHO, UTO 3HAUEHMs OYHK-
UMY Y 3aNMOJHSIOT ONyoTpesok [0, -+ co). Ecau 310 ypaBHeHue pas-
PelllMTh OTHOCUTENBHO X, TO IHOJYYHM ypaBHeHHEe X = =+ Vy,
U3 KOTOPOrO BHJHO, YTO KaXKJOMY 3HAueHHI0 Y M3 IOJIYyOTpe3Ka
(0, -}- ©0) COOTBETCTBYET HE OJHO, a4 JBa3HaueHUs X U3 UHTepBaJsa
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(—oo, +o0). OTciona Mbl 3aKJ/IIOUaEM, YTO eCJd GYHKILHIO y = x2 pac-
CMaTpHBaTh Ha MHTEpBaJle (— oo, --00), TO NJIA Hee 00paTHON PyHKuHY
He cymiecTByeT (x uepe3 y BhIpaxKaeTcss He OfHO3HauHOo).

Ecnu 6ynem paccmatpuBaTth naHHyio GyHKnMIO y = x? TONbKO A7s
NOJIOXHUTENbHEIX 3HAaueHud x ¥ x =0, T. e. 3HaueHudt X U3 noay-
orpe3ka [0, - o), Torga x = -+ Vy, H KaXJoMy 3HaueHuo y >0
COOTBETCTBYET HE JiBa, a TOJbKO OJHO 3HAUEHHeE x, o6paTHas GpyHKuus
Tenepb CYIIECTBY €T U OTpefleJIsieTcsl ypaBHeHueM y = + }'x (dur. 9,2),

Ecou  pannyio  dyHkuuio
Yy = X* paccMaTpuBaTb TOJLKO
nas 3HaueHu#dn x <0, To oHa 74
H B 3TOM cJiyuae GyJIeT HUMeTb
o6pathyio ¢yHaknmo. leitctBu-
TenbHO, B 3TOM CJydae x ==
= — } y, KaXKIOMY 3HAUECHHIO
Y >0 COOTBETCTByeT €qHHCT-
BeHHoe 3HaueHue x, W obpar-
Has ¢yHKnua onpefessercs
ypaBHeHueM y = — 7}/ x.

3anaua 9,3 (nas camocrosi-
TeNbHOTO pellleHus). Y 6enuTh-
Cs1, u4TO Ha HHTepBase (— oo,
~--c0) dyHKLHA y=sinx He @ar. 9,2.
uMeeT oOpaTHOH QYHKUMY, a Ha

T k12
OTpE€3Ke [—- o 5| HuMeer.
3apava 9,4. Hafitu dynkuumo, obpatHyio dyHKuuM y = lg%
(x> 0).
Pewenune. 1) Haxogum x B 3aBHCUMOCTH OT y:

%zlm;x=5-w%

2) 3aMeHuM B TocJeHEM BbIpAXKEHHM X Ha y, a y Ha X U NOay-
yuM y = 5. 10*. 310 ¥ ectb dyHKuus, oO6paTHas NaHHOI.

3apava 9,5 (n1sa camocrosiTensHoro pewexnus). Haittu bynkuun,
ofpaTHbie JaHHBIM:

: T 1 T 113,
1) y=sin(3x —1), rzue “(E‘?)<x\<+(€+§)~

2) y=arcsin% rre —3<x<3;
3) y=>harctgx, rae (— oo <x< -+ ).
OrBeT. 1) y=%(1 -+ arcsin x);

2) y=3sinx;

3) y=tg%.
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[Mpu Kakux 3HauYeHMAX X MOTYT paccMaTpuBaThcs 3T GyHKIMH?

3apaua 9,6 (117 camocrosiTesqbHoro petnenus). Hafitn dyrkuuio,
o6paTHyio GyHKUHM y = X3, ¥ MOCTPOUTL ee rpaduk, NOJb3YsCh CBOH-
ctBoM rpaduka obpatHoll GyHKuUMU.

3apaua 9,7 (11 camocrosiTenbHOro peuenus). Onpenenrs GyHK-
1y, obpaTHele cjaegylomuM GyHKuUaM: .

x
) y=x*—2x+44; 2) y:%‘._‘_‘_;c; 3) y=2x_———l;
4) y = Slex; 5) y=3nr; 6) y=cos®x —sin®x,
Yxasanue. 3amanuyio dydkummo 1) paccmoTpers cHauaja [as
sHaueHuit x > 1, a moroM ms 3HaveHwdt x < l.
Orser. 1) y=14+Vx—3, y=1—-Vx—3 (x>3)
2) y= gi—ii, 06J1aCThb CyLIECTBOBAHUsSl — ABa GECKOHEYHBIX MHH-
TepBaJa: (—— o <x< —%); (—% <x <+ 00);
) y= bg1°+;’il, obJiacThb cyuecTBoBaHUs — uHTepBaJbt (0 < ¥ < 2)
H@2<s<+ ©);
lgx .
4) y =105, obuactb cymecTBoBaHusl — (0 < x < + );
. Llgx (1 .
5) y= aresiny_3, (3 <x<L 3),
6) y= %arccosx, —=l<x).

NMEPHOAUYECKHE ®YHKLUHH

OcHOBHbIE CBefeHHS M3 TeOpHH

Onpedenenue. Pyuxyus f(x) Hasewsaemcs nepuoduueckoti, ecau
cywecmeyem maxoe uucao T, omaudroe om HYAS, 4moO O 6cex 3HA-
YeHUil X, NpuHadescauiux o06.iacmu cyulecmsoBanus (yHKyuU, 6vt-
noansemes pasercmso f(x) =f(x+T).

ObuikroserHo Haumenvwee us uucer T, obradaroujee maxum ceoti-
CMBOM, Ha3biBaemcs nepuodom (YHKyUU. ,

Ecau T — nepuod ¢pyrxyuu, mo ee nepuodom 6ydym maKxoce u
qucaa kT, 20e k — nw0boe yenoe uucro.

Ha onpedeaenus nepuoduueckoll (yHkyuu caedyem, H4mMo ecau
mouka x npunadaexcum obaracmu onpedesexnus (ynkyuu, mo ed npu-
Halrexcam maksce u mouku x -+ kT, e0e k— awboe yeaoe Hucio
(k= +1; £2; +£3;...). ,

Ilocmpoenue epagpura nepuoduseckoil (ynxyuu obrezuaemcs mem,
4IMO MOXCHO 02DAHUMUMbCA NOCMPOeHUEM e20 Hacmu - Moabko 04 mex
mouex obaacmu onpedeserus (hyHKYUU, Komopbie HAX00AMCa Ha HoaY-
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ompeskax (%o, X+ T) unu (%, X, + T\, u nocredyrowgum nepuodu-
4ECKUM NOGMOpPEHUeM ROCMPOEHHOU wacmu epapuxa*.

T puzoHomempuseckue (ynKyuu y = sinx, y=cosx, y=secx u
y = cosec x umetom nepuod T = 2=: sin (X + 2r) = sin x, cos (x + 2x) =
= cosx, sec(x-+ 2x) = secx, cosec (X -+ 2rn) = cosec x.

Kpome uucra 2x nepuodom smux (hysKyull R6ASIOMCS Maxxce u
qucra euda 2k, 20e k— aoboe yeroe uucro. Yucro 2m — naumero-
wud nepuod smux (pyHKyul.

dynxyuu e y =tgx u y=ctgx umerom nepuod T = .

Yucro ™ A6AAECA  HAUMEHbWUM nepuodom asmux ¢ynkyui. Bo-
obwe owe nepuodom smux (yukyuid seasomes uucra euda wk, e2de
k — atoboe yenoe uucro.

3anaya 9,8. Jlokasarb, uto ¢yHKuMs y = sin(owx -4 ¢), rie o u
¢ — JeficTBUTe/bHEIE YHCIA ¥ o 0, YUMeeT HauMEHbIMA nepuon

2n

[0}
Pemenwue. Ilpu6aBuM K aprymeHty x jAaHHOH GyHKUUH YUCJIO

2n
2= (:mecx; CJIERYeT yACHUTb, YTO — npuGaB/sercs He K X, a K x)

o
¥ mokaxeM, 4T0 (GyHKUHS OT 3TOrO CBOEH BEJIMUHHBI HE V3MEHHUT.
2% . '
OTuM MBI U JOKaXeM, 4YTO YHCJIO — fABJIAETCA NEpPHOAOM 3TOH dyHK-

WHH:
sin[m (x + 2{) + cp] = sin(ox + 2x + ¢) =

= sin [(0x + ¢) + 2x] = sin (ox + ¢).
Takum o6pasom, Tpebyemoe HROKa3aHO.
Cnenyer 3anoMHuth, 4T0 (yHKuHA sinox umeer mnepuog T =
= 2{ (o == 0). Ipumepsni:
X

. 2
1) dynkuust y = sin umeer nepuon T = T’t = 6x;

E)
2) dyurnus y == sin2x umeer nepuog T = 27“ =
3) dyukuus y = sin4x umeer nepuon T = 27:5 = %

3anaua 9.9 (m1a camocrosTeJbHOrO pemedus). Jlokasars, uto ecau
byHkuuA f(x) uMeer HauMeHbIIMH nepuon, pasHblll T, TO GyHKuus
f(ax), rne a— moboe neficTBUTENbHOE, He paBHOE HYJIIO YHCJIO, UMeeT

o T
HaumeHbUINY IIEPHOJ T]_ =a—(npe11nonaraeTc9l, YTO TOYKH X U ax

npuHag/exar o6JacTH onpexpejaeHus GyHKuuH).

Ykasaunue. HcnombsoBarh onpenenenyie nepuoguueckoif qyHk-
mu.

* 3nech xo — NPOM3BOJIbHAS TOUKA 06/acTH onpeleieHds ¢yHkuud, a T —
neprog GyHKIUHH. ’
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3agaua 10,5 (n1a camocrositenbHoro pemenns). Hamucats cop-
MyJy OOIIEro uJeHa TOC/IeN0BATENbHOCTH MO JaHHBIM €e TepBbIM
YJreHaM:

111

7) 3 12 27 48 75
B 17 3 6y 10107
1

1. . .
Oreert. 1) x, =g 2) xp= @GnFnenFo

3n—2 4n —1 1,
) m=ggr V= myy 9=
—1 3n?
6) x,.—n_H, 7) xn 4n,'_1}_1.

MoHoToHHblE TIOCJEN0BATEJbHOCTH

ITocredosamenvHocme HA3bIBALMCA MOHOMOKHO 8o3pacmaroweti, ecau
npu ecex n KaxOol ee 4ren 6oavuie npeduiecmsyrowezo, m. e. ecau
Xnt1 > Xn, U MOHOMOHHO Yybvisaroweli, ecau KaxcOoll ee 4nreH MeHbiue
npedwecmsyouieeo, m. €. ecatl Xnty < Xn.

TIpumepbl MOHOTOHHBIX TOCJ/EIOBATENbHOCTEN:

1) INocnenoBatessbHOCTL HATYPABHBIX YHCEN

1,2 3,...,n,... —MOHOTOHHO BO3pacTaOMAfl.

1
2) TlocnenoBaTesILHOCTD UHCENT X, = — 0oOpaTHLIX HATypasbHbIM,

1 1 1 1
T B> Zr e v+ s — MOHOTOHHO y6HIBaoMmasn.

Ecau NepeMeHHan BEAUUURA Xp U3MEHAemCa He MOHOMOHHO, MO ee
Hasavlsarom lCO/l86/HOlt{€u0)'l

1,

Ol‘paHH‘IeHHble 1nocJien0BaTeNbHOCTH

TlocredosamensHOCMb HO3BIBACMCA 02PAHUYEHHOL, eCALL BCe ee YAeHbl
Haxodames 8 koneuHom unmepsare (—M, +M) u M > 0, m. e., ecau
| Xn| < M das ar0bozo Homepa n.
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[Tpumephl OrpaHHYEHHHIX NOCJEA0BATENLHOCTEN:
1) IlocnenoBaTebHOCTh {Xn}, TH€ X, €CTb n-H JECATHYHBIH 3HAK

unca /5, orpaHMueHa, TaK Kak |xn| < 9.

n
2) TlocnenoBaTebHOCT, |;——y( OTPaHHueHa, TaK KaK | xn] < 1.

3ameyanue OrpaHnueHHas TOCJeNOBATENILHOCTh He 06s3aTelh-
HO MOHOTOHH2, a MOHOTOHHAs TIOCJIENOBaTEJbHOCTL He 00653aTenbHO
orpaHuyeHa.

14 (—1)" .
TocnenoBaTeqbHOCTL € OOWHM YJIEHOM Xp = ——5——, B KOTOpOH
=0, xa=1, x3 =0, x,=1, ... orpaHnyena, HO He MOHOTOHHA,

a TIOC/ENOBATENbHOCTh HATypadbHeIX umcen 1, 2, 3, ... n, ...
MOHOTOHHA, HO HE€ OrpaHHyeHa.

3anaua 10,6 (115 camocToaTesLHOrO perueHns). IIpuBecT pHMeEpH:

1) BospacTaroulel OrpaHHYEHHOH NOCTENOBaTENLHOCTH;

2) Bo3pacTaiolieli HeOrpaHHYEHHOH TNOC/TE0BaTEIbLHOCTH:

3) yOblBatollelil OrpaHHYEHHOH NOCAENOBATENBLHOCTH;

4) yOwIBatolleli HEOTPAHHUYEHHOH NOCTEN0BATENBLHOCTH.

3agaya 10,7. Jokasarb, yTO MOC/JAENOBATEJLHOCT, € OOUIMM uJe-

HOM Xp = %E-F_l — MOHOTOHHO BO3pacTalOLLasl.
Pewenue. HaiineM x,y), 3aMeHHB n Ha (n - 1) B BHIpaXKEHHH Xp:
_ n—+1 __n+1
S iy L R P
CpaBHUM BEJIHYMH 066l Xp = —-— U xnyy = 2t s vero
PaBHHM y ap n=omyi M et S g A
npuBefeM 3TH 1poOH K OousbllleMy 3HAMEHATeNo:
X _n4+1HEn41) . n (2n 4 3)
T gn ekl P @3 e+

Teneps 3Hamenatenn npobeil paBHHL

Umncautenas NepBo#t xpobu pased 2n2 4 3n -+ 1, a uucautens BTO-
poii npo6u 2n? -4 3n u acHo, urto 2n% 4 3n -+ 1 > 2n? 4 3n. MH 3Haewm,
YTO M3 JBYX TOJIOKHTEJNBLHBIX 1pobel ¢ OTHHAKOBHIMH 3HAMEHATENsMH
Ta jpobb GoJiblile, y KOTOPOH UYHCAHTENb Oosblie. SHAYHUT, Xny) > Xn
H JaHHas TOC/NEeNOBaTeNbHOCTh — BO3pacTalomas.

3apaya 10,8 (m1s caMocrosiTesbHOro pemenus). Jlokasatb, 4TO

NOCJIeOBATEIbHOCTL ¢ OOUIUM YJIEHOM X, = — MOHOTOHHO YGHI-

n
4n —3
n—1
Baiomas, a ¢ OGUIHM YJIEHOM X, = —— — MOHOTOHHO BO3PACTaIOWAs.
3apava 10,9 (ana camocrosTenbHOoro pemenus). Jlokasats, uro
3n
1] — OrPaHHYeHHaZ M MOHOTOHHO BO3pacra-
"4+ 1)
'oUlas, a MOC/EN0BATENLHOCTE |~ — | — OTPAHHYEHHAS H MOHOTOH HO

nocJieqOBaTebHOCTD {

yOrIBatOmas.
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3apaua 10,10 (nn1s caMoctosrenbHoro pewmenus). Iloxasars, uto
TIOC IEIOBATENBHOCTD C OOUIMM UYJIEHOM X, = 2% — HeOrpaHuueHHas H
'MOHOTOHHO BO3pacTarolasl.

OJANWHHANUATOE NMPAKTUYECKOE 3AHSTHE

Conepxanue: Ilpenes nocienoBatessHOCTH.

DT0 mpaKTHUECKOe 3aHATHE OTBOXMTCA JJS YNpaxkHeHuH, cBA3aH-
HBIX C ONpejie/IeHHeM MOHATHS Npejena nocsenoBarenbHOCTH. OTBICKH-
BaTh Tpejies NOCAENOBATENLHOCTH HA 5TOM 3aHSATHH He NpHjeTCH.

B 3ajauax npejes mocjefoBaTesbHOCTH GyjieT 3ajaH, a ydamuics
'Ha OCHOBAHHMH ONpeJieIeHUs TIpejiesia NOoC/ef0BaTeIbHOCTH JOMKEH JIO-
Ka3aTh, YTO 33jJjaHHOE YHCJO JEHCTBHTENBHO SIBJISIETCS NpEJeNoM 3TOH
110C/1e0BATEN LHOCTH.

OCHOBHbBIE CBEJEHUS H3 TEOPHH

OnpeneseHde npefena NOCJEAOBATENbHOCTH

Yucao a Hasewaemes npedesom nocaedosamersHocmu {Xn)
X1 Xy Xgy ove s Xnyo-o (L1

(npedeaom nepemennoti xn usu npedesom pynxyuu f(n)), ecau Ka-
K080 Obr Hu 6bia0 Haneped 3a0aHHOE NOAOKCUMEAbHOE 4YUCAO €, cezla
MOJXCHO Hatimu maxoe HamyparsHoe Hucro N*, umo 04 scex 4AeHO8
nocaedosamenvrocmuy ¢ Homepamu n > N Oydem @oinoanamscs Hepa-
8EHCMBO

|xn—a| <e. (11,2)
310 HepaBeHCTBO PABHOCHJIBLHO TAKUM JIBYM HEPaBEHCTBaM:

a—e<xn<a-te.

Uucao N 3aBucut, BooOlie roBops, OT BHIOPAHHOTO €.

Ecau ymMeHBUINTH YHCIO €, TO COOTBETCTByIOLIMiT eMmy Homep N
YBEJUYHTCS.

Haa nocaedosamenvrocmu (uau 043 nepemennoll xx) Heobsasamens-
HO umems npedea, HO ecau smom npeder ecms, mo OH eOUHCMBEHHbIL.

Ecau uucno a ectb mpejes NOC/ENOBATENBLHOCTH {Xa} € 0OUIMM
YJIEHOM Xp = f(n) UM TIepeMEHHOH BeJINYHHAK X,, TO 5TO CHMBOJIH-
YeCKH 3aNHChIBAETCS TaK:

limx, = a. (11,3)
Bmecro 3amucu (11,3) ynorpebnsiercss Takxe 3anHCh
Xn —> a,

'KOTOpasi YHTAETCA TaK: €Xp CTPEMHUTCSA K a»,

* HaTypa-ﬂbHHMH YHCNAMKE Ha3bIBalOTCSi Bce leJsiHe TNOJIOKUTENbHHE YHicja.
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B mom cayuae, xoeda nepemeHHas 6eAUdUHA Xn (nocaedosamens-
unocms (11,1) umeem npeder, pasweul a, 2080pam, 4mo 3ma nepe-
MEHHAA 8eAUYUHQ UAL 4mo nocaedogamessHocme {x,} cxodumes K a.

ITocredosamenbHocme, He umeroulyro npedesa, HA3sBarOmM pPAcxods-
wedcs.

TlepeMeHHQA GeAUMUHQA Xp MOJCEM CMPeMUMBCS K C8oeMy npedery
pasauunsimy cnocobamu: 1) ocmasasce menvule ceoezo npedesa, 2) ocma-
sasce 6oabuie cgoeeo npedera, 3) KOAe6AACL OKOAO €80e20 npederq U
4) npuHUMQs 3HQUEHUA, DAasHblE CBoemy npedeny.

Buibop uucra e npoussoseH, HO nOCAE 020 KaK OHO BbIOPAHO,
HUKAKUM UBMEHEHUAM 8 Oarbeliulem OHO He 00axHO nodsepeamscs

3agaua 11, 1. JlokasaTh, uTO [OCJENOBATENBLHOCTL C OOUIHUM uYJje-

n s
HOM Xp = .~ WMeeT TNpejes, paBHEIH 1.
Pewenne. BrifepeM NPOU3BONBLHO IOJOXKUTENbHOE YHCIO € U

NOKaXKeM, 4YTO JIsd HEro MOXKHO ONpENENUTh TaKOE HaTypaJbHOE

ygcso N, uTo 1151 BceX HOMEpOB 7 > N OyjeT BHIOJHATHCS HepaBeH-
n

n+4+1’

creo (11,2), B KotopoM Hano B3sITh a=1; x, = T. €. Hepa-

BEHCTBO
n
[1— | < (11,4)

Tlocne npuBeneHuss B ckobkax K OOLIEMY 3HAMEHATEI0 TOJYYHM
n+l—n
n+41

1 1
Ho ecau \ml <&, TO *H m<e Us MOC/IENHEr0 HEpaBeH-

1
crea crenyer, wro n+1>=, n>—-—1.

‘ 1
|<s, HJIIH n—+l|<e'

1
3Haumt, ecan Homep N Gonbue, yemM — — 1, TO HepaBeHCTBO

(11,4) 6yner seinonHsaThesA. Tenmepb HamoO pelINTH BONPOC O uucae N,
0 KOTOpPOM HJET pedb B ompefeneHud. 3a uucao N MOXKHO NPHHSTH

1
HauboJsbinee 1es0e YHCJIO, CONepIKalleeCss B UUCIE = 1.

HauGosbilee nemoe 4ucI0, conepikameecs B uyucae X, 0603Ha-
yaercss 3HakoM E (x).
Ha ocnoBanuu storo HauGoJsbiuee LeJOE YHCJO, COziepKalleecs

B yHcae %———1, Hago O6O3HAYUTh TakK: E(—l——-l).

Hrak, MOXKHO NPHHATH

N=E@~g (11,5)

1 1
* —
Ecnua<b,'ro-—a>b.
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{npexnonaraercs, uro E (—le—— 1) >0, unaue N He Gyner Harypa.b-

HEIM U ero Hajo 6parb paBHbIM 1).

3akmoueHue: [10 mpoH3BOJIBLHO 33JaHHOMY TIOJOXKUTENLHOMY YHCJTY
€ MBl HAULJIM TAaKOE HaTypasnbHOe uHcao N, uTo /sl BCEX HOMEPOB
n > N uHepaseHcTBo (11,4) paeficTBHTENBHO BHIOJNHAETCS, 4 3THM H
noKasaHo, uto | sBJasieTcs npenesoM TOC/ENOBATENLHOCTH € OGIIMM

YJIeHOM
_ n
Xp == m .
Teneps TNpuBeneHHble BHIYHCJEHHS TPOWIIIOCTPUPYEM YHCJIOBEIM
TIpHMEPOM. |
: 1
Ilyerb, HampuMep, e = y55- Torpa npn e= o5 MoTydaeM 3
(11,5)
N = E(——l):EUW—4y=%;N=%.
100
Taxkum 06pasoM, A/ YWIEHOB IOC/TEN0BATENLHOCTH ¢ HOMEPOM GOJIb-
wuM, yeM 99, BRITOJNHSETICH HEPABEHCTBO
1
Il—xn|<m-6, (11,6)
n Yoo — 97
+ l 97 — oR°

n
1
\1 65”98’ 9_>‘o_

[Iyers n =97, rtorna, Tak Kak X, =

-e

ecau n = 98, ToO

*os 99’ ‘1 99 99>100'
M3 3THX pacueToB BHIHO, YTO KOTJAa HOMEp 7 YNeHa MOC/IE0Ba-
TesqbHOCTH Menblie 99 (n = 97, n = 98), HepaBenctso (11,6) He BHINOJ-

HSIETCS1: BMECTO TOrO yToGH | 1 — x,| 6hlia MeHbIe —— 05> Mot NOJIyuH-

Ju, uto | 1 — xp| > m Ecmu B3sath 7> 99, T.e, Hanpumep, n=

_ 1y 100 _ 1ot — 100
=100, Torma x,= 101“ 11— |1 o1 I ‘_

1 1
2 101 < 00"
poB n, korophle Goabile, ueM 99. Tak kaxk e =1_:)?)’ an>9%, 1o
BCE uJieHHl TOCJIEJOBATENBHOCTH, HAyHHAs € COTOro, OYAYT JeXaThb

Ha HHTEpRBAJse (l—i—(lm, 14 1:)—0), T. €. Ha wuHTepBane (0,99; 1,01)

01°
Hepasencrtso (11,6) Gyner BHINOMHATLCS sl BeeX HoMe-

o 1 1
{Temeph BOsbMHTE NAA € SHAUCHHE, MEHBIIEE {on. HATPHMED, € = [ros.
Haiinure N u y6enurech, 4TO OHO YBEJHUHTCH).
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IMomyyeHHH pesyJspTaT MOXHO 3amMcath Tak: lim - 7 =
Neoo

Vnaue MOXHO CKa3aTh, 4TO MOC/ENOBATENLHOCTD (Xp) = —=

AT
cxonures K 1.

Meur ynoTpebunu 3anuck # — co, KOTOPYIO CNEAYeT NOHHMATEH TaK:
nepeMeHHasi BeJMYMHA 1 CTAHOBHTCS Bce Oonbiueilt u Gosbluelt W He
CYLIECTBYeT IIpejiesia JJis €e BO3pacTaHus.

Kakoe 6bl GOMbUIOE YHCIO MBI HE 3ajanH, 7 B TPOLECCE CBOETO
BO3pacTaHus ero npes3oifier. Jlnsg TOro urobhl KOPOTKO OMHCATh S5TOT
XapakTep M3MEHEHMs n, TIPHHATO FOBOPHTH «n CTPEMHTCS K GecKoHey-
HOCTH» M 3amuchiBaTh 3T0 TaK: 7 — oo, CUMBOJM co mpowusHocHTcs
«6ECKOHEYHOCTbY M TPHMeHsIeTCsl IS COKPAuIeHHOM. 3alHcH CcJoBa
«6ECKOHEUHOCTDY.

CuMBOJI co HM B KOEM C/ydyae He MOXKET PacCMaTpHBaThesl Kak
YHCIO, 4 TIOTOMY O€CCMBICJEHHOH SIBISETCH 3alHCh n = co, TaK Kak
n MOXeT DaBHATbCS YHCAY M HE MOXET OHThb DaBHO CHMBOJY, BBe-
JIEHHOMY TOJIbKO /Il COKDAIIEHHOH 3amHMCH H COKDAUIeHHOrO NpoH3-
HOLIeHHs = ¢pasbl, KOTOpOH 3apaHee Obla TpPHAAH ONPEIENEHHLIH,
yKa3aHHBIH BHIIE, CMBICI.

n
OquHﬂHO, 4YTO MOCJENOBATEIBHOCTH {m} MOXKeT OHITh 3amnu-

caHa Tak:

1 2 3 90 n
29 39 4’ "57100)""n+l, LI A
1 JIETKO yCMOTPETb, YTO OHA CTPEMHTCS K CBOeMy mpeneny 1, Bo3-
pactass M OCTaBasCh MeHbule 1.
3anaqa 11, 2. Hokasartb, uTo HOCJICI[OBaTeJIbHOCTB ¢ OOUMM YWieHOM

Xn = HMEET TpefeN, paBHBIR 2.

2n 1
Pe m+e nue. [Tosropum nonpoGHO BCe paccyXyeHus, npHuBeeHHble
B npenbiaynlel 3anave. BelGepeM Npou3BONILHO HOMOXKHTENLHOE YHCJIO
€ M TIOKaXeM, YTO JJi Hero MOXHO monobpars Takoe yucjao N, 4tQ
ISl BceX 3HAYeHHi Homepa n, OosblIMX sTOoro umciaa N, 6Gyner BHI-
nosHATLC HepasenctBo (11,2), B koTopoM Hajmo B3fiTh a = 2, x, =
4n

n+1°

T. €. 6yeT BEINONHSATHCS HEPABEHCTBO

4n
|2_—2n+l |<e 11,7)
W3 sroro HepaBeHcTBa Moc/e TNpHBENEHHSI B CKOOKaX K ofuiemy
3HaMeHaTe o no.nyqaeM
9 _|4n4-2—4n
BTES! "l 2n 41

U uepapeHcTBo (11,7) 3anumercs Tak:

%+J=m+v
2
2n 41 <e
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. ) nd-1_. 1 - i
Orciona crenyer. uto ;- > — (cM. cHOcKy Ha crp. 65) wam

1 1 1 1
ntg>Ton>T T3
1 1
Takum .06pa3oM, €cjqH HOMep n Oojbile, UHeM ——73» TO He-

2 ’
pasenctso (11,7) 6yner BHIMOMHATBCS.
3a N npumem HauGosblilee Le0€ YHCJAO, CONepKalieecs B yHCAe

1 1
——5, T &

)

N=E(¢—3). (11,8)

Taknm ofpazoMm, MH CyMeJaH 10 TPOH3BOJNLHO 3aJaHHOMY NOJIO-
AKUTEJILHOMY € ONPENETHTh TAKOE HaTypasbHoe N, "UTO HepaBeHCTBO
(11,7) sBuinosnsieTcss A1 BceX HOMepoB n > N. OTHM M [OKa3aHo,

4n
2n+1
1 1
(npexnonaraercs, uro E % >0, Tak Kak HHaue N He 6yner

4TO 2 €CTh TNpejiesl NOCEN0BaTeLHOCTH ¢ OGLIHM YJIEHOM X, =

1 1
HaTypanbHbIM uucaoM. Ecimu E [ — — | OKaxeTcs OTpHUATENLHbIM,
3 2

TO caenyer B3sATh N = 1). A
Tenepb, 4TOGH Jy4lle YSICHHTh TIPUBENEHHBIE PACCYXKIEHHS, MPH-

BeZleM 4HCHIOBOM TIpHMEp: MYCTh BhIGPAHO e = z5. Torma us (11,8)
c1eyer, 4ro
1 1 !
N= E(I—?)= E (so—-?) — 49,
50

r
TaK KaK Haubosbliee lienoe YHejo comepxKameecss B 49+, ects 49.

1
3HauuT, 1451 BCEX HOMEPOB n, Ooabiux, yem 49 npH e = 0 He

pasencteo (11,7) 6yner BuinosHaThea. Hayunasa ¢ NATHIECATOrO uJje-
Ha HA BCE YIEHbl TNOCJHENOBATENLHOCTH OyAyT JIeXKaTh B HHTepBase

(2—5%, 21 E%)) T. e. B unrepsaJe (1,98; 2,0 2). Y6enumecs cHavana,

uro npHu n < 49 HepaseHctso (11,7) ue punogusercs. Ilyers, Hampu-

Mep, n=47. Torma, Tak Kak x, = 5#1—, NOMTYYUM, YTO X4, =
__4-47 188 A 11.7 ’2_,@ =2
=g 4711 = 15 M 7eBas HacThb HEpaBeHCTBA (11,7) R
2 . 1
Ha ocuHosanuu (11,7) 75 JOJIXKHO ObITh MeHblle, YeM €= z5, a dak-
2
THYECKH gz HE MeHblUe E%)’ a 6omblie 5—10 H, B8HA4HT, HEPABEHCTBO

(11,7) He BoImosHsEeTCS.
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_ 4-48 192, b
Tpr n =48 nMeeM fn=ggry =& |2 ~ Z yonsm
Hepaserctso (11,7) He BHmOMHsAETCA, T. K. H 927> 0, a He Meﬂbmeso
Ecnu ke B3sTh, Hanpumep, n =250, 10 x,= 101 |2 ]28(1) -

2 2 1
=101+ @ o1 <35g» H HEPABEHCTBO (11,7) swmnonneno. Tak 6yner w

NI BCEX HOMEpPOB 1, KOTOpHE 60oJblle, ueM 49.
1
Tenepr npUMHTE, 32 € YHCJIO, MEHbIUee, yeM 55> HanpHMep 5%)6’
u y6enurech, uro N yBeauuurcs.

4n
Urak, lim —— o1 = 2 (MOXHO CKa3aTh HHAYe: MOCJENOBATENLHOCTD
N+ o0
4n
{Qn——l-l} CXOAHUTCA K 2).

3ameuaHne 1. B pemeHHBIX ABYX 3ajayax Mbl HaXOgWIH Hau-
MeHbtni HoMep N, GUrypupylOIUE B ONpefeleHHH npefeaa mnocJe-
JIOBAaTEJILHOCTH, TAKOH, 4YTO HayWHas C Hero, HepaseHcTBO (11,2)
BHINIOJIHSIETCS. OnHaKO yyamuica 10/KeH ySCHUTH, uto 1) ecam sTo
HEepaBeHCTBO BbIMOJHSAETCA, HauMHAs ¢ HOMepa N, To OHO Gyner BhI-
MOJHATHLCS W TNONAaBHO mnpH Bcex Homepax N, OGoabwnx, yeM N;
2) sajaHueM uHcaa e HoMep N onpenensieTcss HEONHO3HAUHO U 3) st
JOKa3aTe/IbCTBA TOTO, uTo lim x, = a, BOBCE HET HEOGX ONHUMOCTH CpexH
Bcex HoMepoB N uckaTh HauMenbluuit. Tak, B 3agaue 11,1, yera-

HoBHB, uro HepaBeuctBo (11,4) BHIMOMHSercs masa Bcex n > ——1

MBL MOIVIH fafblie He BeCTH HUKAKHX DacCykKjueHHH.

3ameuanue 2. Boune 6HJIO YKA3aHO, UYTO €CIH TOCJAE10BATENb-
HOCTh HMeeT Ipejes, TO STOT NpENesN — €IUHCTBEHHBIA: IBYX pas-
JIMUHBIX NpENEJOB MOCTEN0BaTeBHOCTE HMETh HE MOXKeET.

B nocsenHeil 3agaue MBI [OKA3aJH, YTO MpEReJNOM HOC/AENOBATENh-

4n 9
HOCTH { éﬁ—l } SABJAETCA 4.
[MokaxemM, uTo, HAaNpHUMeEp, YHCIO 3 He MOXKET ObIThL MPENENOM 3TOH
nocenoBaTe/ILHOCTH.
PaccmoTpum aGcomoTHYI0 BEHUHHY DaA3HOCTH
3 — 6n -+ 3 —4n 2n 43 _2n+3
| 2n+l’ 2n 41 2n+l 2n 41

Hu
pPEIIHM OTHOCHTEJILHO 1 HEPaBEHCTBO 2&—{—1 < €.

Ipu mo6GoMm 1eJoM H MONOKUTENLHOM 72 (2 HOMED 71 MOXKET GbITh
2n 43
TOJBLKO 4YUCJIOM LEJLIM H HOHOX{HTEJTBH]:IM) JUCJIO m > 1, a no-

3TOMYy OHO HE MOXKeT ObIThb MeHble MNPOM3BOJBHO 3aTAHHOrO IMOJIO-
KHUTEJNBLHOrO YHCAA €. DTHM Mbl NOKAa3adH, UYTO YHCJAO 3 HE MOKET

4n
CIYKHUTL MPENEsIOM MOCHIEeNOBaTeIbLHOCTH {2——n 1 }
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Tenepr CaMOCTOATEJLHO peIlIMTe NPOCTYIO 3a7a4y.
3agaua 11,3 (18 caMocrosTennHOro peilenHs). [loxkasaTs, urto

1
TepeMeHHast fp = -~ HMeeT Mpeje], PaBHHEI Hymio (CTelyer 3amom-
.1
HHUThL, 4TO lim — = 0).
X

1 )
HpOHSHOCPITCﬂ 3Ta 3anuchb Tax: «npene.u -;, Korjga n CTpeMI/ITCﬂ

1 '
K 6ECKOHEYH OCTH, paBeH HyJo». BMecTo Toro uto6h mucarth lim— = 0,

nee

1
MOXHO ynoTpeSuth 3amuch — >0 TpH 7> co, KOTOPYIO cJenyer
|
YMTaTh TaK: «—-CTPEMHTCS K HyJIo TpH 7, CTpeMsmemcs K Gecko-

. 1
HeuHOCTH». U3 Toro, uro lim = 0, crmenyer, uto

n-—ow

lim (1+%)—_~1 " lim(l-—:l—)=1.

N~ oo R+

CoxpaiieHHO 3TO MOXHO 3amHcaTh TaK:
1 1
1+——1mpnn—+co, 1 ———~1mpn n—oco.

3anaua 11, 4. Jloxasarb, 4T 0 NOCNENOBATENLHOCTS ¢, %, §°, ..., ¢" ...
CXONMTCS K HyJ/o, ecnH abcoJoTHAs BeAMYHHA ¢ MeHbme 1, 1. e
ecan |g| < L.

Pemenue Ytobhl nokasaTh Tpebyemoe, BO3EMEM IPOH3BOJIBHOE
TIOJIOKHUTETBHOE YHCIO ¢ M yGengnuMcs, YTO MOXKHO Oyjer onpeneauThb
Takoe N, 4TO J/1 BCeX HOMEpoB 7, GOJbIHX N, 6yAeT BHINOJHATHCS
HepaBeHCTBO

10—g"| < (11,9)
(8 HepaBeHcrse (11,2) Hano B3aATh a=10, x, =¢").
YuureBasg, uro mo ycmosHio |gl <1 MOXKHO 3aKMIOYHTB, YTO

! I:Il papio 1+ a, rae a—

lq
qUCJIO HOJIO}KHTCJIBHOG. N

o )"—1+n +20=Dprp o
14 na 22 —2 l) a’+ oo +a*> 1+ na,

I>1 T. €. MOXHO no.nara'rb 4TO

1
a TnoTomy —">/ 14 na, mmm |g|* < TTra
BuiGepem n Tak, uToGbi 3HameHaresb Apo6H 1 4 na cran Goublle,
1 : 1
yeM —. Torja okaxercs, uTo' W moxasHo {g|* < T e | <e

€

u HepaseHcTBO (11,9) Gyner BHINOJHATHCA, TAK KAK M3 HEro clenyer,
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15,
€

1
yro |¢|* <e. Hoecmn 1 4 na> —, 10 n> ——, 3HAYUT MOXKHO

p KauectBe N BHGpaThb HaHOOMbIIEE LENOE YHCIO, COjepKallleecs B
1

— 1 — 1

€
qHUCIIe ET , T. e. B3atb N = E| —— |, ¥ 1pu 5TOM HEPaBEHCTBO

(11,9) 6yneT BHIMONHATbCSA TpH Bcex Homepax n > N. Tarkum obpa-
30M JOKasaHo, uro lim¢g*=0.

n—+o

Hapno 3anomuuth, uro ecan |g| < 1, to limg” = 0 (limg¢", korpa
n-+ o N+ oo .

|g|> 1 Bbluncyed B sagaue 13, 1).

1
Ecnu, nanpumep, g= -z <1, T0 nmoc/enoBare sbHOCTS 3aMHINETCS

1 1 ! 1 1

1 .
TaK: 7, G 570 BI* v e H NlepeMeHHast 37—>0,M0HOTOHHO

yObiBast (37lech Kax[oe CJefylollee 3HAaUeHHe TEePEMEHHOH MeHbIle
npeabIyLEero).
1

Ecau q=— 5 TO TIOCJEAOBATE/NBHOCTD 3AIUIIETCS Tak:

11 _1 1
2° 7 T B

U 5Ta moc/ef0BaTeNMbHOCTh, KaK JOKa3aHo, cXonHuTes K HyJo (|| <1).
n

2
My TIpefesy — HYyJo, TPUHHMAsl 3HAYEHHs, TO MEHbIIHE HYJs, To
Gosmbmne ero. MOXKHO CKasaTh, YTO TepeMeHHass B NaHHOM CJlyyae
Koste6JIeTCSt OKOJIO HyJIA.
3anumeM 3Ty NOCAENOBATENbHOCTh B BHIE

—%s 0, %o 0, _—é—a Os 11_6’

SIcHO, uTO M 3Ta TNOCJENOBATENBHOCTh CXOTUTCA K HYJIO, HO Te-
nepb OHAa CONEPXKUT OECKOHEYHOE MHOMKECTBO UJIEHOB, PaBHBIX HYJIO.
STO TOT Cayvai, KOr[a nepeMeHHas, CTpeMACh K TNpegesy, CTAHOBHTCS
paBHOH emy, TpHYeM 3TO HMeeT MecTO GeCKOHEYHOe MHOXKECTBO pas.

3amaya 11,5. Jlokasath, uyTo mnochenoBaTenbHocTs 3, 3%, 39,
3% ..., 3" ... He uMeeT Ipejesa.

Pemenune Mel nokaxkem TpebyeMoe, eciM ycTaHOBHM, YTO 06-
IIHA 4sieH STOM TOCHENOBATENBHOCTH X, = 3" mpep3oiiger so6oe Ha-
nepex 3ajgaHHOE YHCJIO.

ITyets A Takoe uncno. Bosbmem n>A — 1. Torma n+4 1> A4;
Fr=014+2">142n unogaso 3*>n-+1, wmm 3> A. Tem
CaMBIM TIOKa3aHO, YTo 3" MOMKET NMpeB30HTH moboe uncao A. Ecau 6w
CYLIECTBOBAJ NpeAes NepeMeHHol X, = 3", U Oblja Obl paBeH @, TO AJs
MmoGoro e > 0 MOXKHO 6bLIO GBI TTOROGPATL Takoe N, YTO NPH HOMEpax
n> N BrmOMHAMHCL OB HepaBeHCTBA a4 —e < X, <& -t¢€, T. €.

OnHako 31ech yXe TnepeMeHHass BeJHYHHA (— -—) CTPEMUTCSA K CBOE-

0, Y
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a—e<3"<a+te a 570 NPOTHBOPEUNT JOKA3AHHOMY, TaK Kak 3"
npu n> A — 1 npeB3ofizer moGoe uucao A, a TeM CaMbIM H YHCJO
a - e, MeHbIle KOTOPOrO OHO JOJXXHO OCTaBaThCs. DTO MPOTHBOpEUHE
M J0Ka3blBaeT, UTO IocJefoBaTeJbHOCTs {37} mpenena He umeer. tot
npuMep HJJIOCTPHPYET YTBEPXKJEHHE: He BCAKAS MOCAENOBATENbHOCTD
HMeeT npeneJ.

3anava 11, 6. Jloxasarh, noJb3ysick ONpENeJEHHeM Mpenena mno-
cJIe OBATEJILHOCTH, UTO IOCJEROBATENLHOCTE C OOIIMM UJEHOM X, =
_VaiEi4d

Veeti—1

Peuwenne. ITogcraBum sHauenus a ¥ x, B HepaBenctBo (11,2)
H MOJYyYHUM

UMeeT mpenen a=1,

‘I—V”_”+‘+‘l<e.

Veeri—1 (11,10
ll_]fn“‘—l—l—{—l\_'Vn2+1—1—1/n9+1—1\
Vargri—1 Varsl—1
— 9
~|1/n'?+1—-1 T Vmri—t’

BwmecroHepaBenctsa (11,10) renepr umeem HepaBeHCTBO

9 e
V 2 1—1
peI.UHM 3TO HepaBeHCTBO OTHOCHUTEJIBHO N

an—ﬂi'—‘>— VEFI—1>2, Vi@ FI>2 41

1> (2 )i n> l/(%—“—)“""

Takum o6pa3oM, ecin 7 yIOBJIETBOpSET NMOCTENHEMY HEPABEHCTBY,
To HepaseHcTBO (11,10) Gyner BuimosnasaThcd npu Jiobom & > 0. Tem

. 2 1
caMbIM MBI JOKasaju, uro lim Vedit!
neew Vntil—1

s N=E(l/(_£—+_1_)—__1)

OnpepenuM u3 storo paeedcrBa 3HaueHne N npu & = 0,01

u e=0,00l. Ecam e=0,01, T0 N=E(l/((%+l)2—l>=

= E (Y2012 —1) = 200.
3naunt, npu Bcex HoMepax n > 200 GyneT BHIMOJHATHCS HEpaBeH-
1—:;"2""1'“ < 0,01, 7. e. npu n > 200 Bce unucna 3ajau-
nl

HOH mocsefoBaTensHocTH OynyTr Jexars Ha untepase (0,99; 1,01),
Ectn e= 0,001, To N = E ()/2001*—1) = E (}/404 000) = 2000 u
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LIS BCeX UWIEHOB INOCJENOBATeNILHOCTH ¢ HoMepamu n > 2000 Gyger
Vriti4l
1 ——
Vorgi—1
n > 2000 Bce WieHBI NOCJIENOBATEILHOCTH OYXYT JeXaTb HA HHTEp-
sase (0,999; 1,001).
3apava 11,7 (a1 caMocTOSITeNbLHOrO pemieHus)). [losb3ysce
ONpEies eHHeM Tpefesa NMOCAenoBaTebHOCTH, AOKa3aTh, UTO

BBLINIOJIHATECA HepaBeHCTBO < 0,001, a gast HOMepOB

. on—1 1. . 5n 5,
Dlimgm =93 2 limgmy =453

. n 1, . 3n41
Ylmp—g =% Hlmg =0

N> n—+eo

. nt—1 . . nt—n-—1 1
O lmi==1 O limgrem— =5

3agaua 11,8 (115 camoctosarensroro pemenus). [losb3ysich onpe-
IeJeHHeM Tpejesa MOCJeA0BaTeIbHOCTH, NOKAas3aTh, 4TO

DlimEZ=L o1, 9 lim " L

row 2 new3Vnt+2 3°

— n  —
3 lim 22 o, 4y lim (VAT F T —n) =0.
n—+eo noeo
3apaua 11, 9 (n1s camocrostennsoro pemenus). CocraBuTh mocie-
J0BaTesIbHOCTH: 1) BO3pacTaioulyo 1 cXonsiyocs K Hyo; 2) yGrBaro-
myo u cxomsuyiocs K 3; 3) Koaebmollyiocs W cxoxsmywocs K 1;
4) KoJieOTIoMYIOCS U PACXOASAILYIOCS; 5) YORIBAIOMYIO H PACXOAAILYIOCS.

ABEHAJUATOE NMPAKTHYECKOE 3AHSITUE

Copmepxanue: DBeckoHeuHo Majme H GecKOHeyHO GOJIBLIME BEJHUYUHEL
HanbHefinne ynpaxkueHUsi B ONpPele/IeHHH Mpefiesa NOCAELOBATENBHOCTH.

OCHOBHBIE CBEJEHHSI U3 TEOPUH

Ha npeppinymem 3ansTuu Mbl 3ajaBaju UHCJIO W TPOBEPSJH, SIB-
JIAETCS1 JIK OHO TIPEAEIOM TepeMeHHOH BEJHYHHH X, (TOCJeLOBaTeNbs
HOCTH {Xn}).

Tenepb MBI 3afiMeMCsl OTHICKAHHEM YHCJA, SIBJSIOULETOCS MPenesoM
NIepeMEHHOH BeJIMYHHBL (IOC/EN0BATENBHOCTH).

BelurcneHue npejena nepeMEHHOH BeNMYMHEL OCHOBHIBaeTCs Ha
OTIpeneNeHUsIX M TeopeMax, TMOMEMIEHHBIX HHUXKe.

Beckoneuto manbie BenH4HHbE

12, 1. Ecau nepemeHHas 6eAUMUHA X, UMEEM CBOUM NPedesoM HYAb
limx, =0, mo ona nasweaemcs Geckomewno masoii. Imo owe onpe-
Oesenue moscHo 6wcKkasams u 6 Opyeoli (hopmyaupPosKe:
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Hepemennasn eesusuna x, Ha3vieaemcs 6GeCKOHEHHO MAA0U, ecau 04
80AK020 Haneped B3a0AHHO20 NOAONUMEALHOZ0 HUCAQ € MOJNCHO YKa-
same maxoe Hamypaassroe uucao N, umo |x,| < e 0am 6ecex Home-
pos n, xomopoie Goavue N.

Hu odro 4UCAO, KDOME HYAA, HE Moxcerm ObiMb OMHECEHO K bec-
KOHEYHO MapbiM 6eAUMUHAM.

12,2. Auacebpaudeckas cymma Heckoaskux GeCKOHEHHO MaAbixX Ge-
AUMUR ecmb Maxxce eeauduHa Geckoneuwo masran. (Aaeebpaudeckoli
CYMMOLL HA3bIBAEIMNCA MAKAS CYMMQ, HAeHbL KOMOPOL NpUCOeOUHAIOMCA
Opye K OpYey He MOALKO NPU NOMOWU 3HAKA nawc, HO U npu no-
MOWLL 3HAKaG MUHYC).

12, 3. Pasrocme 08yx GECKOHEYHO MAABLX SEAUMUH eCMb BeAUHUHA
beckonedno marasn,

12, 4. [1poussederue 02paHuU4eHHOL nepemenHol eeauduns Ha bec-
KOHEUHO MAAYr0 ectmb 8eAUMUHA OECKOHEHHO Maaasl.

Orciona cnenyer:

A. Ilpoussedenue nocmosHROU 66AUMUHLL HA OGECKOHEYHO MAAYo
ecme makoce OECKOHEYHO MAAAA 6eAUHlUHa,

B. [Ipoussedenue nepemenHol seaudunbl, cmpemswelica K npe-
Oeny, Ha GEcKOHEHHO MOAAY eCmb BEAUMUHA OECKOHEUHO MAAas.

C. Ilpoussederue 08yx GECKOHEHHO MOAbLIX BEAUMUN CHb 6EAUMUHA
beckoHeuro maaas.

12, 5. OTtHounlenye pBYX OeckoHe4yHO MaNbiX BeJHYHH He 06si3a-
TeJNbHO eCTb BeJHYHHA GECKOHeuHO Manas.

OrHolenye 1ByX GeCKOHEUHO M2JBIX BeJHYUH MOXKET ObiTh BeJHUH-
HOH KOHequﬁ, 6ecKoHEUHO MaJod H jaxe G6GecKoHeuHo OGOJIbILOH
BEJHYHHOM.

O6 oTHOMIEHMH ABYX 6eCKOHe‘{H0 MaJbIX BETHYHH WHOIJA FOBOPST,

YTO OHO TPEACTaB/sieT COGOH «HEONMpeNneJeHHOCThY BHAA —
Bruncsienne mpenesa OTHOLIEHHs! [BYX GECKOHEUHO MaJbIX BEIHYHH
: 0
4acTO HA3bIBAETCS] TAKKE PACKPHITHEM (HEONPENENCHHOCTH» BHAA 4.

Beckoneuno GoabiiHe BeJIHYMHDBI

12, 6. Ilepemennas 6eAUMUHQ X, HA3bIBAEMCA GECKOHEYHO 60AbUION,
ecau 0an aw0boeo Haneped 300axHoeo wuucaa M >0 mooxro yxkasamo
maxoe HamyparsHoe 4ucao N, wmo 0an 6écex HoMepos n, Goavuix N,
BbINOAHALMCA Hepasencmeo |x,| > M. Kopoue: nepemeHnas eeauuuna
Xn HA3b18aeMCA OCCKOHEMHO 60AblIOL, ecal, HAYUHAA ¢ HEKOMOPo2o
HOMEpa, OHa CIMAHOBUMCA U OCMAEmCs NPU 60ex NocAeOYwux HoMe-
pax no abcoaomuolt eeauuure 6oavue 4106020 - Haneped 3a0aAHH020
noaoscumenvrozo wucaa M. Ecau x, ecmo geauyuna 6ecKoHeqHo 604b-
was, mo amo sanucvisaemcs mak: lim x, = co, UAU Xp— co.

Caegyer obpaTuTh BHHMaHHe, YTO W3 OINpepeseHHs GecKOHeuHO
6OABIION BeJIMYHHEL CJEAYeT, UTo 3HAK X, POMU He Hrpaer, a Tpebyer-
cfl JiUlb, 4TOOH a6COMIOTHAS BEJHUHHA X, T. €. |Xn|, Morjga ObITh
crenada Gosblue Jio6oro Halepesn 3afaHHOrO MOJOXKHTENBHOTO YHC/IA.
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Beckoneurno Goavlias 6eauduHa X, HA36160eMCA NOAONCUMLENL-
HOUi GecKOHERHO GOAbULOL SeaudUMOll, ecall, HAYUHASA C HEKOMO-
po20 HOMEpA, OHA CMAHOBUMCA nojoxcumenvHoli. B amom cayuae
yoce nem HadoGHocmu nucams |x.| > M, 3nak abcoaomruoli eeauitrol
(npamole ckobKU) MONCHO onycmumb W nucame x, > M. B cayuae,
K020Q X, — NOAOHCUMENLHAS GeCKOHEYHO OOoAbIAs BeAUMUHA, NUWYm
limx, = + oo, UMl Xp—> -+ c0, U NPOUBHOCAM: «Xp CMPEMUMCA K
NnAtC GECKOHEYHOCTILY .

12, 7. Tlepemennas 6esudlHa X, HA3bIGQEMCS OMPUUAMENbHOU
6ecKOReuHo 60AbULON seauduroll, ecau 043 aobozo wucsa M <0
MOJKCHO YKasame makoe Hamypaavroe wqucao N, 4mo 0as 6cex HOME-
pos n 6Goavuwux N, 6wnosnsemcs Hepasencmso x, < M. B cayuae,
K02da X, — ompuyamesvas GeCcKOHedHo G6OAbLIAA 6eAUMUHA, nuulym
limx, = — oo, UAU Xn —> — O, U NPOUSHOCAM «Xn CHIPEMUMCA K MU-
HYyc 6GecKoneqHOCMUY o

12, 8. Hado nomuums, 4mo CUME0AbL co, - co, — co OMHIOb He
ABAAIOMCA YUCAAMU, A 6800AMCA MOALKO 045 YnpowjeHus sanucu U
042 COKpaweriOz0 CA0BECHO20 6bLPAsCEHUA Mmoo akma, wmp nepe-
MEHHAA 8eMUUHA ABAReMCA OeckoHeqHo GOALILOL, noaoxclmerbHol Gec-
KoHeqro Goabuioll w ompuyamervrold Geckoxnedro Goavwol. Caedyem
meepdo sanomiiims, 4mo Hiukakux apugmemuseckux Oeticmsutl Had
AMUMU CUMBOAAMU NPOU3BOOUMb HeAb3A.

12, 9. Beckonewnas 6Goavuias seaudura npedeaq He umeem.

12, 10. [lepemennas, npurumanuias 3Ha4erus, obpamuve ne ee-
AUYUHE COOMEEMCMBEHNOIM BHAYEHUAM OECKOHEYHO MAAOL BeLUdUHbI,
ecno eeauduna GeckoHeuno 6oabuIaA, :

12, 11. Ilepemennasn, npunumaouias 3SHA4EHUA, obpamHbie no geat-
YUHE COOMGEMCINBEHHBIM BHAUCHUAN GEeCKOHEMHO 60oAblIOl BeAudUHbL,
ecmo BeauquHa GecKOHEYHO Maaas (XOTH B HEKOTOPHIX Yy4YeOHHKAX U

1 1
TIPHMEHSIOTCS yC/IOBHEIE 3amucH — = 0 W = oo, HO HX CJEAYeT Besi-

YeckH u3berarb, TAaK Kak 1) pesquTe Ha Hyjb 3anpemieHo, 2) AeNHTb
K€ Ha co TOXKE HeNb3sy, H60 co He UHCJIO, 4 CHMBOJ, AEJIMTL JKE Ha
CHMBOJIBI GECCMBICJIEHHO).

12, 12. Ecau A nocmosannan 6eAUMURA, He PABHAS HYAI0, MO Npo-
ussedenue A Ha GecKOnewHO 6GOABUIYID BeAudUHMY ecmb gesuduna Oec-
KOHeyHo 604blIARA.

12, 13. [1poussederue Osyx GeCKOHeqHO GOAbLIUX BEAUYUH €CMb Ge-
Auduna GeckomeyHo 6oablUas.

12, 14. Ommnowenue GeckoHeuHO O0AbLIOL GeauqUnbl K OecKorewrno
Maaoli ecmv 6eAUMUHA OeCKOHedHO 6oabLUAA.

12, 15. Cymma O08yx Oeckonedno Goavbullix Seaudur OOURAK0B020
3HAKQ ecmb GeCKOHEYHO O0AbLIAR BeAUHUHA MO20 e 3HAKA.

12, 16. OrHomenne AByX GeCKOHeYHO GOJAbIIMX BEJIHYHH HE 00%-
3aTebHO ecTb GecKOHeyHo Goabllag BelHUHHA.

Sro oTHOWEHHE MOXKET ObiTh 1) BeAuuHHOH 6eCKOHEUHO GOJBLILOH,
2) BenmuuHON KOHEYHOH M Haxe 3) BeaMuuHOH OGecKOHeuHO MaJoH
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(cM. 3apaun 12,1—12,9). O6 oTHOIeHHH ABYX GECKOHeUHO GOJBLIHX Be-
JIMYUH FOBOpPAT, YTO OHO NpeAcTaBJser cobof «HeollpefeseHHOCTb» BH-
nag, a OTBHICKAHHWE 3TOr0 OTHOIIEHUS Ha3bIBaeTcsd «pacKpbiTHeM He-
OIIpeAeJIEHHOCTHY.

JeficTBUA Hall CXORSU[MMHCS TOCJAEROBATEAbHOCTSAMH

12, 17. Ilocaedosamensrocmu  cKAGOBIBAIOMCA,  BLIMUMAIOMCS WAL
YMHONCAIOMEA NYMeM CAOHCEHUR, BLIMUMAHUA UL YMHONCEHUS ux Co-
omsemcmsyrouiux 4sernos. Ecau ecmov 0se nocaeosamensHocmu:

Qy, Ay Qgy, oo Qpy oy {a,,}
"

by, ba, b3y ws. bny ..., {ba}
Mo NOAYSUM UX cymmy 6 eude

(@ +b1), (@ +Dbo), (@s+b3), ey (@ +bn)s «.., {@n) -+ {ba)
pasHocmo 8 gude

(@, —b1), (az—Dby), (as—0by), «.., (3 —bn) .. o {an} — {bn}
a ux npoussedenue 8 ude

(a1 b1), (@2 By), (@2 ]5), <.y (@n bn), .. {@n} - {ba)

Qacmuoe om. Oeaenus 08Yyx nOCAE00BAMEALHOCMEN NOAYHUM KaAK

yacmuoe om Oesenus 4AeHo8 nociedosamensrocmu {a,} Ha coomsem-

cmeyrouyue 4aensl nocaedosamenvrocmu {b,} npu yciosuu, 4nio 6 no-
caedosamensriocmit {bn} Hem w08, PABHBIX HYAIO.

Ipenen cymmbl, pasHOCTH, NMPOM3BEIEHHS H HACTHOrO
ABYX HOCJenoBaTeJbHOCTEH

12,18. Ecau 0Ose nocaedosamensvrocmu {xn} u {Yyn} umewom npe-
Oeavl, pastbie coomsemcmgeHHo a u b, mo:

A) Iocaedosamenvrocme {xn + yn} umeem npedea, pasuuili a + b,
m. e.

lim (x. £ yn) = limx, + limy, = a + b.

Imo ceoticmgo pacnpocmpansemcs maksce Ha caywad  a06020
PUKCUDOBAHHOZ0 HUCAQ CAG2QEMbIX.

B) Ilocaedosamenvrocmo {x, Yo} umeem npeden, pasHoui ab, m. e.

lim (x5 - yn) = limx, - lim y, = ab.

n—~c n—+ oo ne oo

dmo csolicmso pacnpocmpansemcs makxe Ha Caydail  ao6ozo
(PUKCUPOBARHD20 4UCAA COMHONCUMENEL.
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Mocmosannoul  MHOXCUMEAb MOJCHO -6bIMOCUMbL 24 3HAK npedeid
lim kx, = klim x, npu awbom nocmosurom k.

N+ n-»co

X . a
C) Hocaedosamenrvrocmo {;—"} umeem npedea, paswbul 4, m. e.
n

lim x,,
lima__n2=  _ 92
new Yy, limy, b

npu ycaosuu, 4mo éce Yn He pasHo. Hyao u limy, =b 0.
Teopembl 0 NMOCJAEAOBATEALHOCTSX, PACXOASMIUMXCH K + oo

Ecau 025 nocaedosamessmocmit {x,} limx, = 4 co, mo zo060pam,

. N>

4mo nocaedosameavrocmo {X,} pacxodumca & naoc OGeckoHesHocmu,
Ecau 048 nocredosamenvrocmu (X} limxn, = — oo, mo zosopam,

n—eo

4mo nocae008amenbEocms {X,} pacxodumcs K MUHyc OeCKOHeuHOCmU,
Cumsonst - 0o U — co UMEIM CMbICA, 0 KOMOPOM Obia0 cka3aro8 n. 12,8,
12, 19. Ecau nocaedosamenvrocms (X.} oOzpanuvena, a nocsedosa-
meavrocme {Yn} pacxodumces K 4 co: limy, = 4 o, mo
a) lim (xn <4 Yn) = + ¢0; 6) lim (xpn —Yn) = — o;
n—oo

n-—e

X
8) lim ;—" =0 npu ycaoceuu, umo y, + 0 042 écex n.
n—co n .
12, 20. Ecau nocaedosamenvrocmu {X,} u {yYn} pacxedamcsa x natoc
becKonedrocmu:
‘ limx, =4 o u limy, = + o0, T0

n—~+eo n-e

1im (ta 4 Yn) = 4+ 003 1im (ta - yn) = + oo.

n—>e n—+eo

12,21. Ecau limx, = 4 o, a limy, = — o, mo

oo n—>oo

a) lim(xa — yn) = + o3 6) lim (xs « Yn) = — 0.

n—e n—~o

12,22. Ecou limxp,=a u a+0, a limy, = 4 oo u a— dedcm-

n—~e n-oo

8UMenbHOE HUCAD, @ He O0UH U3 CUMBOA08 - co Ul — oo, MO
1im (xq - Yn) = [ + o, ecauw a>0;
PR — oo, ecau a <0.
12,23, Ecau limx, =a(@a+0), a limy, =0 u y, >0, mo

n-»o

X .
. *n (- o0, ecau a>0;
tim {—oo, ecau a < 0.

neow yn
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TeopeMBl 0 mpeRenbHOM Mepexofe
12, 24. Ecau nepemennas x, (nocaedosamenvrocms {x,)) umeem
KoHeunbui npeden, mo 043 11006020 OelicmeumensHo20 o UMeem Mecmo
pasencmeo
lim (x3) = (limx,)* (12, 1)

N0 n—+eo

8 npednoaoseruu, wmo cmenentt xp(limxn)* umerom cmoca. Ko-

Nno>oo
pode: MOXCHO nepexodums K npedeay 8 OCHORQHUL Cmenenu C AObLM
OelicmsumenbHolM noKasamenem.
12, 25. Ecau nepemeHHas Xxn umeem Kowedwwll npedea, mo umeerm
mecmo popmyra

lim ]/x,, = Vllm *a, (12, 2)
Nn—eo n--o
m. e. MOHO nepexodume K npedeay nod 3HAKOM KOPHA (8 cayqae
yemno20 m npednoaazaemcs, 4mo x. >0 u kKopewo bepemcsa apug-
memuueckuil).
12,26. Ecau a>0, a x, npuxumaem moibKo NOAOKCUMEAbHbE
BHA4EHUA U uMeem npedea, He PasHbll HYAK, MO UMEem Mecmo Gopmyia
‘ ’111-1'11 lOga Xn loga (’111_’1'137 Xn). (12’ 3)
Kcpoue: moscro nepexolums & npedeay nod 3sHakom aozapugpma.
12,27. Ecau a> 0, a nepemennas x, umeem KoHeunvii npedea,
mo umeem mecmo Gopmyira
lim x,
lima*n = an-= ", (12, 4)
n—eo
Kopoue: npu pukcuposarnom OcHoBaHUL MONHO nepexodums K npe-
deay 8 noxasameare cmenexu.
Tenepo npucmynum K peuwleHur0 munoselx 300a4 HQ OMbICKAHUE
apedera nepementoll x, (npedera nocae0o8amesHcCmu {xa)).
3agaua 12, 1. Hailltu npegen nepemenHOH
on2
L (12, 5)
IlocnegoBarensHocTs {n?} pacxomuTcss K - co, a 3HAYWT M Iocye-
JoBaTeJbHOCTh {2n%} pacxopurcst K - oo, (m. 12,22). Ha ToM xe
OCHOBAaHHH TOC/IEFOBATENLHOCTL {371} PACXOAMTCH K -+ co, @ MOTOMY
nocnenoBaTeNbHOCTh {31 - 2n?} pacXopuTcs K - co H HAa OCHOBAHHH
n. 12,19 mnocnegoBarensHocts (1 + 37 -+ 2n%) Ttarxke pacXomuTcs K
+ o u lim(l 4- 3n + 2n?) = +- co. MoxHO 6bUIO GHl paccyXAaTb H

N+
uHaue: Npu n — oo BeJHUHHA n — OecKoHeuHo OoJibllas, ee KBajpar,
KaK Npou3BeneHHe ABYX OECKOHEYHO OOJbINUX BEJWYHH, eCTh BeNH-
unHa 6eckoHeyHo Gosbmast (m. 12,13). Ha ocuoBanuu n. 12,12 mpo-
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usBenenue 2n? ectr GeckoHeyHo 6OJIbINAS BeMYWHA, KaK ilpou3BeneHue
NOCTOSHHOM, He PaBHOH HY.O, HA GecKoHeuHylo OOJBIIYIO BENHUYHHY.

Ha tom ke ocHOBauuu BenudnHa 3n — GeckoHedHo Gogbmasn. Tak
Kak 3n u 2n? — GecKoHeuHo OoJblliMe OXHOTO ¥ TOrO Ke 3HAKa, TO
H cymma ux (3n 4 2n?) ectb BesqmuuHa GeckoHeyHo Oosbmias TOro
ke 3Haka, notomy u 1 4 (3n -+ 2n?) — GeckoHeuno GoJibllast BEIHUHHA,
KaK CyMMa MOCTOSTHHOH BeiuuHuHbI 1 ¢ GeckoHeuyHo GoJibIIOH H CHOBA
lim(1 437 4- 2n?) = 4 . Yrto Kacaercs 3Hamenarens | —n?

n--oc

NpU 7 — co NOCJENOBaTeNbHOCTL {n?} pacxopurcss K - oo, 1 Ha oc-
HOBaHuM n. 12,19, 6 moayuaem, uTo nocsenoBaTenbHOCTs (1 — n?}
pacXxomuTcss K — co M 3HameHarenn Apobu (12,5) — Toxke GeckoHedHo
Cosbllas BeJHUMHA.

Takum o6pasoM, npobb (11,5) ecte oTHolleHHe ABYX GeCKOHEUHO
GoJIbIIMX BeJHYHH, O KOTopoM 0e3 HccnefOBaHHS HHYEro ONpefeseH-
HOIO CKAa3aTh HeJb3fl. 3JECh TAKKe HesNb3si IPHUMEHHTh TEODEMY O
NpeNeNe 4acTHOro, TaK KAaK B YCJOBHH 5TOH TEOPEMBbI NPENHONAraer-
CsA, YTO MpefesEl YHCJIHTENS W 3HAMEHATENs! CYWIECTBYIOT, a B HailieM
caydyae HH 4UMCOMTENb, HW 3HaMeHartesp npoOW Tpenena He HMEoT
(em. m. 12,9). dauuyio nepemennyio (i2,5) npeoGpasyeM, uTOObI
K HeHt MOXHo G6BUIO MpPUMEHHTh TeopeMbl O npepenax. OOGLIKHOBEHHO
B 3TOM CJaydae MNOCTYNAiOT TaK: YHCJIUTENb W 3HAMeHareab JApobH
Elx‘enm' Ha HAWBRICIIYIO CTeNeHb 7, BCTPEUAIOILYIOCH B ujieHax Jpolu *.

orna

1 3
-4+ —42
l+13n +22n2=n2"1"n + . (12,6)
—_n ;2_—1

OreicknBas Temepb Npejes nocaefHeil ApoGu, Mbl CMOXEM HNpH-
MEHHTb TeOpeMy O Mpenesie YacTHOro, TaK KAk Telepb YHCAHTENb U
3HameHaTesNb ApoOH WUMEIOT NpeleJbl: BeJHUHHbE -3 ¥ - €cThb BesH-
YHHBl GECKOHEYHO Malble, KaK BEIWUMHBI 0OpaTHbie GecKOHeYHo G0Jib-
wuM n® v n, a NoToMy

. 1 .1
]1m—2=0, llm~’7=0. "

n—+e -+ oo

3 !
Beguunna r eCTh TOXe OecKOHeyHo MaJjiasi, Kak Ipou3BeneHue

o .3
NOCTOSIHHOH BeyHuMHEL 3 HAa OeCKOHEUHO MaJylo 17 ulim = =0

neoo

(m. 12 4A), u Torga CymIeCTBYeT Ipenes YHCAHTENS:

11111(%4-%4- 2) =3£T%+lim%+l£r?o2=0+0+2=2

(mpegen mocTosHHOM BesHUHHBI 2 paBeH ei camoii).

* enennue Ha n JomycTHEMo, TAK KaK NpeAnofaraeTcs, 4to n = 0.
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Ipenen 3namenarens -55-—1 npo6u (12,6) Takxke cymecTByeT H
paBer —1, TaK Kak

N+

m%%—g=Mm%4m1=m4=_unmwéj= —2.

no+oo - n—+eo

[Tocne 3THX nOAPOOHBIX paccyXIeHHH YKaxKeM, Kak cJaenyeT pacho-
JIOXXHTb 3aNHCH:

1 3

+=49
lim L 30420 = lim pe ATt
-+ oo 1—”2 n-eo —l___l

n§

/13
lim (L 2
Jm (n2 +4 +2) Jm 5+ lim 2 lim2
) I = -
m%__q nmﬁ—mw

2
> \N n—+o n—eo

(3xech npuMeHeHa TeOpeMa O npefiesie APoGH. ITO MOXKHO
ObIO0 CHENATE TOJLKO NMOCAE TOrO, KaK Mbl YOeHHJHCh, YTO
CYLIeCTBYIOT NpeNefibl YHCAHTeNss H 3HAMeHaTens).

_0+042 2 o
—To0—1 T =1

Takue HOnpOﬁHbIe 3amHcH B MocJenylomeM, KOTAA BHIpaboTaercs
ONpPENENEHHbIH HABBIK, MOXHO COKDATHTh.

n+2n—3
3agaya 12,2. Haifitu nlil;l;l Ry
7+ 3
. Tn*4-2n—-3 .. m T
Pemenne. nlll;l;l mz—llm——4 7 =

n-»oo
Smawtw

(4BcTMTEeNb H 3HaMeHaTenb JAaHHOH APOGH
pasgenes Ha n?)

Hm 741 2 1 3 74 21i 1 Ii 1
1m+1m7—1m -|-hmn—31m—n—2

. n—~eo n-—+oco _ n-» oo n- o ___Z_
——-l' 5 —1 2 li 4 5—41i L 41 15
e Tl m AL ST i e

(npuMeHeHa TeopeMa O npemesie HAPOGH).
3apaua 12,3 (uis camocrosTensHoro pemenus). Hafitu

o834 nt—n41 5n2 —4n-1 2
D lim ~g s 2 lim— -+

OrBerT. 1) g—; 2) 0.
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3amaua 12,4 (njas caMmocrosTeNsHoro pemenus). Haiiru

. @Brn—1@n+H(n—1)
22 Wrn+tl .

Ot BeT. [locaenoBarebHOCTL pacxopurcs K -+ co. MoOXHO yrmo-
TpebuTh CHMBOJHYECKYIO 32lHCh M HaNHcaTh, 4YTO
. GBr—hH@En+4)(n—1
LI_TO n?4+n41 =+ co.
Ykasanue. B unciurese nepEMHOXHTb IBYWIEHB, pa3fesHTh
yucauTe b W 3HAMEHATeNb Ha n® W BOCNOJB30OBaTheH m. 12,23.
3apaua 12,5 (1A camocrodrenbHoro pemexus). Haiitu npenen
124224324, .. 4n
3% +n+ 1 :
Ykaszanue. M3BecTHO, 4TO CyMMa KBaJpaTOB UHCEs HATypasb-

HOTO psfa 12+22+32+...+n2=M%ﬁ2—n-+_1).

nepeMeHHoH Xp =

1
Otser. 5.
3agaua 12, 6 (na1s camocrosaresasHoro pemienus). Haitu
. 5n4-7, . n—n41 |
Dlimz—z: 9 lim g
N o . n45
§ limZ—y: 4 lm SHm—y
1
Orser. 1) —>; 233 3o 40

3apaua 12,7. JlogasaTh, 4YTO €CJ¥ n— oo, T0 1) n*k - 4+ oo,
koraa £ >0; 2) nt—0, korga £ <0; 3) n*—~1, korpa £=0.

Pemenwue. 1) Ilyetb 2> 0, a M— moboe 3ajanHoe mnoJjoxu-
TeJLHOe UHCJIO.

Uro6Ll 10Ka3aTh, 4TO 7% — - co, MBI JOJMKHBEI IOKa3aTh, 4TO
MOXKHO HaHTH TakKoe HarypanbHoe uucao N, uyro n*> M npu
a>N.

Tak kKak n* j0/mKHO OBITh GénbmkuM, ueM M, To sTO0 pasHo-

CWIBHO TOMY, YTO JOJIXKHO OHITH 7 >VM, ¥ 32 N MOXHO NMpUHAThH
k

N >V M; TeM caMeIM J0Ka3aHo, 4TO ¥ — -}- co mpu & > 0. Hampumep,
e k==3, a M=1000, TO nOMKHO BBLIMOJHATHECA HEPABEHCTBO
3

n®> 1000 ans Beex n > N, npuueM caenyeT paate N > }/1000, T. e.
npunare N > 10. 3nauut, HauuHasg ¢ n = 11, Hepasencrso n® > 1000
OyjeT BHINOJHATHCA.

Ecau Baste M =1000000, To pnomKHO BEHIIOJHATBCA Hepa-
Bedctgo n®>1000000, nas Bcex 2> N, W cjenyer B3ATb

N> /T000000 =100 (N> 100) u mpn n>100, T. e. naummas
¢ n =101 nepagencrso n® > 1000000 Gyzer BBIIOJHATHCA.
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JloKka3areNbCTBO EYHKTOB 2) u 3) NPeROCTaBAAETCA UYHTATENo.
Ipu fokasartenscTBe 1. 2) u 3) BRIrOgHO B3ATh £ = — [ ({ > 0), u Torna

nt = l—l; IpH J[OKa3aTeJbCTBe M. 3) yuecTb, 4TO ecaH k=0, To
n
Bcerga nt =1 npu JawoboM n.
Pe3yJbTaT NpoOBeneHHBIX BBIMHCICHUWH MOKHO 3alucaTh M TaK:
4+ co, ecam k>0,
0, ecan £ <0, (12, 7)
1, ecan k= 0.

B 3apauax 12,1—12,6 mBl paccMarpHBanH MpeNlesii OTHOLIEHUS
IBYX LeJbX palHOHAJbHBIX GYHKIHA OT 7 B YacTHRIX CJydasx.
ITocne pemienus npepwiaymieil 3aaud MbI MOXKeM pacCMOTpPeTh BONPOC
06 OTHOUIEHHH JBYX LENHIX pPalMOHAJBHEIX ¢yHKNHii B oflieM Buje.

3apava 12, 8. Haiitu npegen npu n — oo

agn® + a4 anP~2 4 .. +a, |
Xn = b b i1 =2 b (12, 8)
ot oyn + bon +...48,
apuueM a, % 0, by + O.
Pewenue. Ilepenumem (12, 8) B BHIE

limnk =

n-+

n”(ao+9,%+f-,%+...+ )

Xp == >
p by | be 4
nlbo+pt+ppt et

ng
Qs ap
i sl SR
Xp = NP~ .
" by b by
bot+ Y+, Tt
Tenepe npenen
a as a
G+ g+t
. . nF,
lim x, = lim nP—¢ .
n-oco N+ oo N b] b2 bq
B T i i s ey

' a,
Hpexe.n BTOpPOro COMHOXKHTENS paseH 2 TaK KakK B UYHCJHTENE

bo,
M 3HaMeHaTesJe Tpejes KaIOrO CJaraeMoro, KpOMe MNepBHIX (@, H
b,), paseH Hymio. Y10 Kacaercs NepBOrO COMHOXKHTENsA, TO €ro Ipejen
3aBHCHT OT 3HAKa PasHOCTH p — G:

1) Eeim p—¢ <0, 1. e. p>gq, 1O Ha ocHoBaruu (12,7)
limnP—9 = -+ co, u TOTJa, B COOTBETCTBMH ¢ 0. 12, 22, 3akmouaeMm,
yto limx, = 4 oo.

2) Ecmn p—qg<0, 1. e. p<g, 10 u3 (12,7) cnegyer, uro
limnP-9 = 0; torga HCKOMEIE Tpezen paBeH HYJIO: limx, = 0.

n-+oce -
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3) Eciuxep—g=0,T.e. p=g, 10limnr—9=1 umlimx, =

n—+co n-+co

= z—o. COQEU(IHﬂﬂ [osyueHHbleé pe3yJibTaTthi, INPHXOJAUM K BBIBOAY, 4TO
(1]
+ oo, ecnu p > q;
p p—1 p—2 ’
lim aonq—l-alnq l—{-a nq_ +.0.409, _ 0, ecam p < q; (12,9)
n—rmbon +bn +bn +.. +b %’ eCJIHp=q.

Taxkum obpasom, npu n-—>co npeder OMHOUEHUS O8YX yeibix
payuoHarbHoX (ysKyul om n pasen 1) omuowenuro Kosppuyuenmos
NpU BbICLILX CMENeHAX N, ecAl cmenesy 3mux QysKyutl mescdy co-
6ol pastel; 2) Hyao, ecau cmeneHo WUCAUMENS MEHbUE Cmenexu
sHamenamenn U 3) -+ co, ecau cmeneHb HUCAUMENS 6OAblie CmeneHu
3HAMeHAmeAR.

3akJ/noyeH s, NosTyueHHble IPH pellleRHH 3axay 12, 1—12, 6, cosna-
JIaloT ¢ TOJBKO YTO CHeJaHHBIM.

2n24-n—1 \2
3agaua 12, 9. Haiitu '}iril (m—i-—l_?

PemeHne. Bocrnosbsyemcs ykasaHuem mn. 12, 24, samerus, uto
OCHOBaHHe CTENeHH HMeeT Ipejel

2n4n—1 1\ /.. P4 n—1\2
Lim (Bn2 n ¥ 12) = (}l‘ﬂ 5n2—7n+12) =

1
= | lim 2———+7——;ﬁ _(2) =4
hnmsl 12)7\5/ — 25"
T n T n2
3apaya 12, 10 (xsa camocTosTeJabHOro pewenus). Haiitn

lim (Bn3 — 4n% 4 Sn)3

N>

4n% —2n —7
27
Otser. .
4\2/5
3anaua 12, 11. Haiitu llm(l—l— )(2——;‘) (,72-—1)-

H— e

Pemenune. IlpumeHss Teopemy O mpeaese NpOH3BeneHHs (3TO
MBI HME€EeM NpaBO CJenaTh, TAK KaK KaXKJblfl COMHOXHTENb MMeeT
Npefes) mOAyYaeM IIOCAENOBATENBHO:

£i£(1+%)(2—£—)2(%——1)=
_yﬂ(ur ) l‘fri(2_7) le(n%_l)z
=1. [Ilm(.?——/] (=) =1-4.(=1)=—4,

n-»eo
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. 3 .1 X
T. K. lim==3lim—=3-0=0, n6o écau n - co, TO BEJHYHH2
N+ oo N0
o 1 .o
efi ofpatHast —- — GECKOHEUHO Mmajas (llm - = O).

n-roo

6n+-2
3apaya 12, 12. Haittu lim 3374,

N-+oco

Pew e Hue. Bocrosbdyemcs ykasanuem 1. 12,27 o nepexofie K mpe-

2
6+ =
‘ e
. N
Jely B TmoKasarene crenedn 1im 334 = 3n- =3 "

n-r oo
2
Jim (o4 H
lim (3_ 1) 6
= Jn-e n =33 =32=0,
3apaua 12, 13 (a5t camocTosATe bHOrO pellenus). Hairu:
3n |\ n—1
1) 1im 765=3; "9) lim (—5)"—1; 3) lim 572,
N+ co N n—co

Orser. 1) V7; 2 —;-; 3) L.

3anauya 22, 14. Haitu lim (loga%:_s).

n->eo

Pewmenue. Ha ocHoBanuu Qopmynnl (12, 3), nomyckaroueir nepe-
X0l K Ipefiesly IOJ 3HAKOM JIOTADHGMA, HMeeM:

. 3n . 3n . 3
lim (IOgg m) = ]Ogg (llm 6n—-+-5) = loga (llm —5) =

N> co N> co —_
6+ -
3 1
= log, 5= log, 5 = —log, 2,
3amaua 12, 15 (masa camocTosiTebHOT O petenus). Haiitu:
. n*+4+5
}11_1:2 3nf+n—10"

Orser. —1g3.
TPHHAIUATOE NNPAKTHYECKOE 3AHSATHE

Cogepxanne: OnpemeneHue npefena NOCHENOBATEJNbHOCTH (33Ja%M NOBL-
WeHHOH TPYRHOCTH),

3apaua 13, 1. Haiitu limg”, ecn 1) g > 15 2) g < —1,3) g =1;
4) g=—1.

Pewenne. 1) Ecau g > 1, T00<—1q—< 1, u Toraa lim (%)"=0

[

(cM. 3agauy 11, 4 — ocHOBaHHe cTelleHH ] Mo a6CoJIIOTHOH BejHuHHe
menble 1),
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3uavur, 1,;— GecKOHEUHO MaJas BeJHYHHA, a NOToMy obparhast

eli BelyuuHa ¢"— GeckoHeuHO OOJblas BeJIHYHHA; TaK KakK T0pH
g> 1 u n, cTpemsieMcs K - co, NepeMeHHas BeTHYHHA ¢" TIPHHH-
MaeT TOJMBLKO IOJOMHTEJbHbE 3HayeHus, To limg" = -+ oo.

N+
2) Ecan xe g < —1, TO mepemMeHHas BeqHYHHA ¢" NPH N — + oo
JIenaeTcs nonepeMesHO TO MOJOXHTENbHOH, TO OTpULaTe/IbHOH, Heorpa-
HHYEHHO BO3pacTas mo aGCoJIOTHOH BEJHYMHE, @ NOTOMY

lim ¢" = oo, ecan g < —1.
n—+co
3) Ecaim g=1, 10 ¢" =1, npu KaxJioM n, a NOTOMY npu g = 1
Gyzer limg" =1. . ,
n-»o
4) Ecau xe g = —1, TO nmepeMenHas BeJIHYHHA §" HE CTPeMHTCH
HH K KakOMy ThpeXeny, NOTOMY YTO KOrja n Tpoberaer 3HayeHus
1, 2, 3, 4,.., BennunHa (—1)" Jenaer ckauku or —1 x -+1 wu
o6parHo. ,

-0 ecan g > 1;

0, ecan [g| < 1;
limg"= { 1, ectn g = 1; (13,1)
At He CYILECTBYeT, eCaH g = —1I;

© ecan g < —1.

Tlpexne uyem pewarb CaefylOUIHe 3ajaud, YyKaXeM Ha OYeHb
Ba)KHBIE TEOpeMbl, Bblpa)KalolMe IpH3HAKH CYIeCTBOBAaHHSA TNpepesa
nepeMeHHOH BeJTHYHHBI.

Teopema 13,1. Ecau nepemenHas BeJHYMHA X, MOHOTOHHO BO3-
pacTaer BMeCTe C n, HO OCTaeTCs MeHblle HEKOTOporo uucaa K, To
X, CTPEMUTCH K NpeXeay, W TOT mpexea He Gosblie K, T. e. MeHblile
uau pasen K.

Teopema 13, 2. Eciav nepemenHas BeIHYHHA X, MOHOTOHHO YGbi-
BaeT C BO3pacTaHueM f, HO Octaercs GoJsblue HEKOTOpOro uucaa L,
TO X, CTPeMHTCS K INpexeny M 3TOT Hpeies He Menbime L, 1. e,
Gonbwe uiau paBen L. Teopembl 13,1 u 13,2 MoxHO OOBEIUHHTH
B OfiHYy, KOTOpas KOPOTKO (JOPMyJIHPYeTcs Tak:

Kaxpas orpanHyeHHas MOHOTOHHAS MOCJHENOBATENbHOCTD CXO-
AUTCS.

Stu Teopembl GYXYT HCIONbL30BaHH B 3ajavax 13,2—13,4, koro-
pble 6yayT peluathcs MO TakoMy obuwieMy IIaHy:

1) mpexpe Bcero Mbl JOKaxeM, UYTO JaHHbiC IOC/IEXOBaTebHOCTH
MOHOTOHHBI;

2) nocjie TOr0 YCTaHOBHM, UYTO OHH OTpPaHHYEHEI.

Y6enuBIINCE B BHIMOJTHEHHH 3THX JABYX TpeOOBaHHH M TeM CaMmbiM
B CyIIeCTBOBaHHM Npefe/a mNOoC/Aef0BaTeIbHOCTH, MH GyaeM OTBICKH-
BaTb 3TOT mpejed. . : :
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3apaua 13, 2. JJokasaTh, UTO €CJIH a — 210608 NOA0NHCHMENb-
HOE 4uca0, TO
lim y/a = 1. (13, 2)
N=>r co -

Pemeénue. JonyctuMm cHauana, 4yto yucyio a > 1. Torxa mocne-
2 3 ,— 4 ,—
NoBaTeabHOCTh @, V' @, V'@, YV a ... ABiseTcs MOHOTOHHO YGhIBaio-

uieii. Ho 3Ta mocseXoBaTenbHOCTh W OrpaHHYeHa, TAK Kak i‘/Tz> 1.
TTosToMy Ha ocHOBaHHMM TeopeMbl 13, 2 3Ta MOC/ENOBaTENBHOCTD MMEET
npenen L, u 3TOT npejpen He MOXKeT OblTh MeHbwre, 1, 7. e. L > 1,
[okaxeM, uyTo mnpepnonoxesune L > 1 NpHBOZMT K NpPOTHBOPEUHIO.
JleficTBUTENBPHO, TAK KaK paccCMaTpHBaeMas IMOC/IE€0BATENbHOCTD —
MOHOTOHHO YObiBaloHIasl, TO Jaxe IIPM CKOJb YrOXHO GOJIBLIOM 71

HMeeM, 4To
" -
Ya> L.
Orcioga a> L*. Tak xak L > 1, To npu n - oo Benuuu#a " —
GeckoHeyHo OGonbmasd. Ho 3T0 npoTHBOpEYHT YCJOBMIO 3ajauM, co-
IVIaCHO KOTOPOMY @ — YHCJIO H TeM CaMblM H€ MOXeT GLITb BEJHYHHOI
6eckoHeyno Gosbmiod. Takum 06pasoM, NpeinosoXeHue uto L > 1
NpPUBEJO HAC K NMPOTHBOPEUHIO U JOJIKHO GbiThb OTOpOLIEHO M OCTaeTcs
TOJILKO 3aKJIOUHTh, 4TO0 L =1,
Yurarteqio MNpejiaraercs CaMOCTOATeNbHO NOKA3aTk, YTO M TPH C
NOJNOXKHTeJNbHOM, HO MeHbiieM 1 uMeer MecTo cootHoweHnue (13, 2).
YkaszaHHe. BOCIIO.H]:SOBaTbCﬂ TeopeMod 13, 1. B artoM cayuae

ToCIef0BaTeAbEOCTD a, 1 a, 1/ a, 1/71, ... —BoO3pacraromas (4 orpa-

HUYeHHad, T. K. 1/ a < 1). Ilpegenom Gyxper umcno K < 1. Jlokasa-
TeJbCTBO JOJIXKHO TNpHBeCTH K TOoMy, uto cayuyad K <1 saBisercs
HeBo3MOXHBIM. OCTaHeTcs eUHCTBEHHO BO3MOXKHOE 3akJoueHne K = 1,
a 3T0 H Tpebyercs.
. "
3agawa 13, 3. Ilokasats, uro ecaum [>1, TO 11m7=—]—oo,

N>
n

l
T. €. YTO TIOCJeJOBAaTENbHOCTh {X,) = —- PacXojuTcs K + co.

Pemewnne. Tak xak [ >1, 10 MO}KHO sanucarp, 4to [ =1+ q,
rre a >0, Torna

"= (1 +a)* =1+ na +20=D

" —
_—l_+ + 5 a2—]—(n léfn a3+-~-+an}lz—‘

Tenepb, nepexoasa K npeneny IIpH n — oo, MnoJgyuaeM

. " .
llm—n—::llm( F+a4" +(n‘1)(n 2 3’1‘---“‘) + 0,

n—+co n—>eo

n(n 1) 2+n( 1)(n 2) a8 ...+ an;

T. €. TepeMeHHas xn=—n—" npu (> 1 -— GeckoHeuro Gogbasg.
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ITosToMy MOXHO TaKiKe yTBEPXJaTh, YTO 1JIs1 JOCTATOYHO GONBIIKX N
I">n, ecau [>1. Pesyabrar 3TOM 3agaud NPUBONUT TaKkKe K
BBIBOXY, UTO

. n

hm? =0 opu > 1.

n—» oo

3agaua 13, 4. IlokazaTp, uto

lim Va=1. (13, 7)

n-oo

Pemenmne. an BRIYHC/JEHUAX, CBA3AHHBIX C YHUCJAOM e, 10JYy-

1 n 1 n
uaercsl 3aKJioueHue, YTo (1 —|——) < 3 npu Jmo6oMm n. 3HAYHT, (1 + =
MeHble JIo6oro Yucsaa, KOTopoe Goubiie 3 HIH paBHO 3, T. e zmﬂ
BCEX YHCeJ n >3 UMeeT MecTo HepaBeHCTBO (1 + ) < n. H3 3roro

cJaenyer, 4rto
(’%l)n <n (n+ D% <, (n+1)» < nat, (n+ 1)" < nntl,

Hssnekas Tenepb u3 ofeux uvacTefl HepaBeHCTBa KODEHb CTelleHH
n(n—}—l) noJy4aeM, 4To
n{nt1) n(n-+-1)
Vin+1)r< Vart,

n+1
Vn+1< Vn.

Mbl yCTaHOBWJIH 3TO HEpABEHCTBO Jisi TOrO, YTOGH IOKA3aTh,
YTO NOC/IEHOBATENLHOCTD {1/ nl —y6bIBaK)IJ.laﬂ korja n  Bospactaer

OT 3HaueHusi, paBHOrO 3, T. e. 1/3 1/4 1/5 1/6, .o, — y6bi-
Baollias 110C/Ie0BaTebHOCTE. A TaK Kak NpH JofoM 1menoM 7 >0

"
Beerga ¥ n>1, To 3T1a yGhIBaouias MO0C/IEN0BATENBHOCTL OrpaHu-

WJIH

yeHa. 3HAYHMT, NOCJEJDBaTEbHOCTD {l/n}, ' Gynyun yObiBaoiieit u
OrpaHHYyeHHO#, HeOOXOXUMO CTPEMHTBCH K Ipeneny, IpHYEM 3TOT
npenesn He Menbme 1. OGosnayum 3TOT npepesn uepes L. Tak kak
sroT mpegea He Menbme 1, To L > 1. IlokaxeMm, yTo mpexmosoxeHue
L>1 mpuBogur K IPOTHBOpPEUMIO K TeM caMuhM pajas L ocraHercs
eUHCTBEHHAs] BO3MOMKHOCTb OLITh paBHEIM 1. JlefCTBHUTENBHO, TaK Kak
paccMarpuBaeMasl I1OCJELOBaTeJMbHOCTh — MOHOTOHHO YOHIBaiolliasi, TO

Laxe IPH CKOJAbKO yropso Gosapmux n 6yper f/ n> L, a mnoromy
n > L" 3710 HepaBeHCTBO HaXOAHTCH B NPOTHBOPEUHH C HEPaBEHCTBOM
L™ > n, nosyueHHoM B nocsenseM a6saue npepbinymied 3apaud npu
Tex e ycjoBHax: L > 1, a n JOCTaTOYHO BeJHKO.

Takum o6pasom npexmnosyoxende L > 1 npuBeso K NPOTHBOPEYHIO
H JOMKHO OHITH oT6Gpomeno. Jlasa L ocraercs TOAbKO OfHa BO3MOXK-
HoCcTh OBITh paBHBIM 1 M TeM caMmbiM cooTHowenHe (13,7) nokasaHo.
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Otciofla MOXHO TONYYHTH CJEJCTBHE:
L
lim )/ + =1, (13, 3)

n—+x

n
. 1 .
lim 7=llm;ll—_= ln—=—:'=1'
e nvey/n limy/'n

N> o

3apaua 13,5 (ana camocrosTesnbHOro pemenns), Hafitu:
i n n

1y lim}/ 5n; 2) limy n%; 3) lim}/ 9n;
" o n-+co - oo
n log
4) lim V' n% 5) lim O:n.

N oo N oo

Ykasanue. l) {1/5 = {1/5 il/r_i. Ilpumenuts Teopemy 12, 18 n. B
n
0 npejesie NPOU3BENEHHS U HCIOAL30BaTh 3afauu 13, 21 13, 4. 2) Vini=

n 4
= (Vﬁ) . Hcnonnsosarts 3ajauy 13, 4.

OtseT. 1) 1; 2 1; 3) 1; 4) 1; 5 O.

Jlna pelwenns panbHeAmux 3ajay Noses3Ha

TeopeMa 13, 3. Ecnu ana Tpex nepeMesHbIX X,, Y, W 2, HauHHAas
C HEeKOTOpOrO HOMepa #, BHINOJHSAETCS COOTHOLIEHHE

Xn < 20 < Yn,y

a X, U Yn, HMEIOT paBHLIe Ipejenbl, TO TOT e Ipejen HMeeT M 2z,

3apaua 13, 6. Hailitu npegen lim {'/ 3n + 2.

n—co

Pemenue. a8 n > 2 BHIOJHAOTCS HepaBeHCTBa
n n n
ValV3n+2<Vin,
HO

limVn=1, lim}V4n=1,

[ ] n-»co

a TO3TOMY Ha OCHOBAaHMM NOCJefHeH TeopeMel 13, 3 3akJjioyaeM, uTo
MCKOMBIH Tipesnesn pabed l:

limy3n+2=1.

N> oo

3amaua 13,7 (an9 caMocToSTENLHOTO perneHus). Haiitu:
n —
D lim V3 +3 2 lim)/ ~@+2.

Orser. ) ;L i
3apaua 13,8. Haittu lim (/' n + 2 — V/ n). ITpu BBUKCIEHHH 5TOTO

N>

npejena Mbl He MOXeM NpuMeHuTh Teopemy 12,18 m. A o mpepene
pa3sHOCTH IBYX IlepeMEHHHIX, MO0 3Ta TeopeMa BePHa TOJbKO B TOM
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clyyae, Korja ofe TepeMeHHBle HMelOT mpejen. B wawem cayuae uu
V'n+2, su }/n npenena He HMeIOT, TaK KaK Ha OCHOBAaHHH COOT-
Howenuii (12,7) npu n— o Yn—>co, a BMeCTeE C HHM WU

]/n—|—1—>+oo(k=—|——12—>0).

3nech MBI HMeeM JeJI0 C Pa3HOCTBIO JBYX TOJIOMHTEJNbHHIX Oec-
KOHeyHOo 60sblINX BesnyYuH. Bes crenuannHOro MCcaefioBaHUs 06 3ToH
Pa3HOCTH Hesb3sl CKa3aTb HHYEro ONpefeneHHoro. Takue pa3HOCTH
H23bIBAIOT «HEOTPeNeJeHHOCTAMHY BHJAa oo — oo (3aMUChb o0 — 0 —
eCcTb CHMBOJHUeCKOe 0GO3HAueHHe <«HEOMpeneJeHHOCTH» TAaKOTrO BHJA,
2 He BbHIYHTAaHHE CHMBOJIOB). JlaBHyIO TNepeMEHHYIO MpeoGpa3yem,
YMHOXHB M Da3jeluB ee Ha Vn+2+Vn Bro npeo6pa3oBanue
MBI fej1aeM JIJisi TOro, 4ToObl TepeHecTH HppalUOHaJbHOCTL B 3Ha-
MeHaTeNb:

lim (Vn+2—1/72) — lim (Vrt2+Vn(Vate—Vn) _

N+ oo n-oco Vn—|—2+VY_l
—lim—t2"" o im———2 -
n-w V4 2+Vn N oo Vn+2+1/n
= 2lim ‘ —2.0=0,

n-rco Vn+2+Vn

oVn+2uVn npu n—> co ecTb NONOKHTeNbHbIE GECKOHEUHG

Gosibliie BeJHUYMHBL, MX CYyMMa Van+2+1Vn ecTb TOXE NOIOKH-
TeJbHas GeckOHeyHo GosipIlasi BeslMYMHA, a BeJdnynHa, obpaTHas e,

1 ecTb BesMuMHA GeCKOHEUHO Majas. IMpenen xe Gec-
Vn-|—2+1/n .
KOHEYHO MaJiof BeJHYMHBI PAaBEH HYJIO.

3agaua 13.9. Haiitu lim (V' 2n +3—Vn—1).

n-eo

Pemenue. 31ecb CHOBa MBI KMMeeM JenO C Pa3HOCTBIO IBYX
6eckoHeyso Gosbiiux BewuuH (cM. 12, 7) («HeompenesieHHOCThY BHAa
© — o), u 6e3 chenuaJbHOTO MCCAENOBAHHS HHUKAKOrO 32KJIOUeHus
O mpejesie WX PasHOCTH MHl CHEJaTb He MOXKeM.

Kak u B npeppinymiuX JABYX 3ajayax, mnepeHeceM HPpalHOHAJb-
HOCTb B 3HAMeHaTeJb, W TOTAA

. 44
lim mn+3—Vn—1)=1im _"," — =
,,M(V + 4 ) new Vo +3+Vn—1
pasjesuM 9HCJAHTENb H
3HaMeuaTeslb Ha n

4
1+—
= lim o,

"-'m]/ +n2+V_

TaK Kak TIpH 7 — oo TIPEeNeJ YUCIUTE! paBeH 1, 2 3HaMmeHaTeJsb €CTb
BesMypH2 GecKOHEeYHO MaJjas, Kak CyMMa JBYX GeCKOHEUHO MaJIHX
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BeAUYWH. 3HAUUT, MHl HMeeM Je/0 C BeJWYWHOH, KoTopas obpartua
6eCcKOHeUHO MaJioil, a Takasd BelWYHHa — GecKoHeyHO Gosiblias.
3agaua 13.10 (zas camocTosTenbHoro pewenus). Onpepenuts
lim Va(Vn+1—1Vn).
n-> oo
VYkasaHnue. 31eck CHOBa (HrypHpyer pasHOCTH ABYX Gecko-
Heuno GoJabwux Bemuuur V' n+ 1 —1'n, a muoxurens V'n upeme-
jaa He umeer. ITostomy Tteopemy 12, 18 (nyHKTH A ¥ B) NpHUMEHHTH
genb3s. Jl1A pelleHHs 3agauM HAnO BbIpa)keHue, crosllee NMoj 3Ha-
KOM Tpejesa, YMHOXHTL M pasaeduTs Ha V'n—+1+41n u B noay-

n
YeHHOM BBIpaxkKeH™uu —_'/-—____:—-T NIDOU3BECTH JE&JEHHe UUCAUTENd
n-4+1+4+ Vn

W 3HaMeHarens Apobu Ha Vn.

OTserT. 5 .
3amaua 13,11 (n1a camocrodre]bHOro peineHus). Onpegenursb
new LT

YkaszaHue. 31eCk MB MMeeM JieJl0 C OTHOIIeHWeM jaByX Gecko-
HeyHO GO/BINMX BEAUYHMH, O KOTOpOM Ge3 crenuanbHoro WCcsae0Bat us
HUYero ONpEeAeNIeHHOTO CKa3aTb Heab3f. TakxKe Helb3S NPHUMEHMUThb
u Teopemy o mpenene yactgoro (12,18 nyukr C), Tak Kak Ias ee
npuMmeHenuss Tpebyercs, YTOOH YHCIMTEIb M 3HaMeHaTenb Jpo6U
VMeJH npenesbl, 2 B JaHHOM CIyyYae HY YHC/AUTeNb, HH 3HaMeHaTeNb
Apobu mnpexena He HMeOT (OHM BeNMYMHE GeCKOHEYHO GOnbLUHeE).
Jlns pemeHus 3ajayM Clefyer YWCJHTeIb M 3HaMeHaTelb JpoGH
pasjenuts Ha n.

OrserT. I :
3apgaya 13, 12 (n1a camocrosTensHoro peteHus). Haittu
T an
lim ———:/n i |
nswy/ 03 —3n

¥Yxkaszanmne, 31ech Mbl ONATb-TAKH BCTPEYAEMCS C OTHOLUEHHEM
JIBYX GeckoHeyHOo GOMblINX BesqwuuH. Teopemy 12, 18 (nyakr C) npu-
MeHUTb Helb3s (YHC/IMTEIb W 3HameHaTeNb APoOW Npenena He UMEIOT).
Jns peureHus 3ajau¥ UMCIHTeNb M 3HAMeHATeIb JPOGH pPE3NeIHTDb
Ha n.

Orser. 1.

3apaua 13, 13 (mas camocrosTenpHOro pewenus), Haiitu:

) lim (VP +n+1—Vni—n+1);

n->oco

2) lim (Vn+a) (n+ b — n).
Orser. 1) 1; 2) a—_g—b.
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Ykasauue. [lpn pemennn KaXJoro M3 3THX INPHMEPOB MH
MMeeM JIE10 C pasHOCTBIO IBYX GeckoHeuHo GoabliuX Besnvuns. Teo-
peMa O mpefene PasHOCTH M B INePBOM M BO BTOPOM cJ/y4ae Helpu-
MEHHMM2, TaK KaK IepeMeHHbie HE MMeloT Inpefiea. IlepeHectn
MPPALHOHANBHOCT, B 3HAMEHATesb, IIOCJe Yero YMCIuTeIb M 3Hame-

HarteJgb JpobH pasjeuTh Ha 7.
3apaya 13, 14. Hairu:

nf—n-+41,
i}/ gt
3 e\ — 1
. 5n 2
2) lim (]/4'n+3) .
Ykasanue. 1) Bocnoabsosarbes Gopmyaoit (12, 2), nepenucars.
JlaHHOe BHIPAXKEHHE B BUJE

n?—n+41 3 n?—n 1
lim 1/ "/1 m g

o 00 8P fnt3 n_m8n2+n+3

M yuecThb pe3yabrar 3ajaum 12, 8.
1

Y 5
2 ﬂ’?},(]/ttws) (hﬂ +3) y

6

—

Orser. 1) —12—; 2) (%)
3agaua 13,15 (113 camocroftesnbHoro pewnenus). Haiitu

31/ n%<4 5n

lim rpr

f-r oo

VYkasauune. Uncaurenb v 3uamenaresb ApoGH pasienutb Ha 1.
MoxHO nocrynurb M HHaue: INpPeJCTAaBHTb NAHHYI JApo6b B BHe

8 /"nT 1 5n .

(Bn+23’
Bocnosib3oBathesa dopmyaamu (12, 2) n (12, 9).
OtserT. O.
3apava 13,16 (pas1 caMOCTOSITEJIbHOrO perieHus). Hafitu
fig L= 2+3—4+5—64.. . —2n

P Ve ri4+Vianr 21
Yxkazauue UYucauress npobu 3anucath Tak:
1 —2483—445—64...—2n=[14+34+5+...+(2n—1)]—
—~[24+44+6+4...+2n].
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Kaxayio H3 CyMM, CTOAIYyI0O B CKOOKAaX, BBIYHCIMTH Kak Cymmy
ujenoB apupmeruueckoit mporpeccuu. Ilocme storo umcaurens u 3Ha-
MeHareJb ApOOM Pa3jesNuTh Ha h.

1

OTBeT. — -

Pemenue Tpex CJeJYIOIMX 3a1au OCHOBAHO HA NPHMEHEHHH (op-

My (a—b) (a® + ab + b?) = a® — b u (a + b) (a* —ab + b%) =a® - b°.
3

3apaua 13, 17. Ha#ity lim (Vl —nd 4 n).

n->o

Pemenne. 3gech B CKOOKAX CTOUT Pa3HOCTb fABYX GECKOHEUHO
3 —
Goabmmx Bequuun. Ionaras y/'1—n® =a; n =0, YMHOXHWM M pas-
JeMM BhHIpaXKeHWe, CTOflee TOJ 3HAKOM mpenena, Ha a? — ab - b?
H TOJYyYuM

tim (VT3 - n) = tim V=2 £ n) [ T=) —n Y T=m 4]

o nee VT=m) —nyT—m
—_ps 3
= lim 12 " ;’_”__ =
neo (YT=m) —ny/ T—1 +n?
= lim ! —0,

nee (YT=m) —n Y T= 1 + 2
TaK KaK 3HAMeHATeNTb ApOOH TpH 7 — co €cThb CyMMa Tpex INOJIOXKH-
TENBHBHIX GECKOHEUHO OOJBbUIMX BEJMYMH, a TOTOMY Ha OCHOBAHHUH
n. 12,20 3akmouaeM, YTO 3TO BEJHYHMHA NOJIOXKUTENbHASl, GECKOHEUHO
Goabas. Beanuwna xe, ofpatHas GeckoHeuHo GOJbILIOH, €CTh BEJNH-
YnHa GeCKOHEUHO MaJas, U ee Npeles] paBeH HyJIo.
3apaua 13, 18 (119 camocroaTensHOro pemenust). Hahtu

2 2
lim [(n 4 1)5 — (n — 1)3].

n-»oo

Yka3zanue. 311er MBI CHOBAa HMEEM J1eJji0 C pPAa3HOCThbI0 ABYX
2 2

GeckoHeuno Gosbmnx Beawuun. IMonmaras (n+4- 13 =a, (n—1°=0>

YMHOXHUTb U pasienuTb Ha a? 4-ab 4 b2 Ilocne mpuBeneHus noxo6-

HBIX YJIEHOB B uMcjaurene mnoayuutcst 4n. Ilocne 5TOro YuCAUTENb U

3HaMeHaTeJb OO PA3JENUTh HA HAWBHICUIYI0 CTENEHb £, BCTPEYalo-
4

iiyloc B ujieHax Apo6u, T. e. HA 3.

Ormer. 0. .

OTHM 3aKAHUMBAIOTCH YIPAXKHEHHs, CBA3AaHHBIE C ONpeleSeHHeM
1pesesia mocsaexoBaTebHOCTH.

3agaun ns  JONOJNHHUTENBHBIX YIPAXKHEHMH yYawMHCH MOXKeT
B3ATh M3 XOpOIIO 3apeKOMEHJIOBABIIEro ceGs 3ajauHuKa JJisl BTY30B
nox penakuueit B. Il. TemunoBuua «3anauu M ynpaxkHeHHs 1O Mare-
MaTHYeCKOMY aHAJu3Y». ‘
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YETHIPHAALATOE NMPAKTHYECKOE 3AHATHE
Copnepxanmne: Ilperen GpyHKIuH.

OnpenejeHHe npeneda GYHKUHH

YQucro A Hasvisaemes npederom ywxyun f(x) npu x, cmpema-
wemcs K a (uau 8 mouke a), ecau O0ara 1106020 Haneped 300aHHO20
1010HCUMENbHO20 qucra e (xoms 6bl U KaK Y200HO MQA020) MOMCHO
Hallmu makoe noaA0XCUmMEAbHOe uucao 8, 4mo Oaf ecex BHaueHuil x,
exodauux ¢ obracme onpedeseHus (YRKyUL, OMAUYHBIX OmM @ U
ydosrempopaOUUX Ycaosuw |x —a| <8, umeem Mecmo HepaseHcmeo
1F)—A|<e.

Kopoue: uucao A Hasweaemcs npedesom ¢ynxyuu f(x) npu x,
cmpemawelica K a, ecau evinorHerue nepagsencmea 0 < |x—a| <3
ereuem. 3a cobol evinoaMenue HepaseHcmsa |f(x) —A|<e, 20e
e > 0 — naneped 3adanHoe wucao, a & coomsemcmeyrouUM 06pA3OM
nodobparo.

B omnpenenenun mnperena GyHKIHUH cjelyer OOpaTHTb BHUMAaHME
Ha TO, uTO BOBCE He Tpebyercsi, uToOH GyHKUMA f(x) ObLNa Hempe-
MEHHO ompejeneHa B Touke a. Jns Toro utoOnl dyHKuuA f(x) umena
BO3MOXHOCTH CTPEMHMTBCH K TMpejesay INpH X — g, HeoGXOIHMO JHMIb
uToGBl B 00J1aCTH ee CYIeCTBOBAHHUS OBIIM TOYKM, KAaK YyroiHO Ojms-
KHE K @ ¥ OTJIHYHHE OT a.

Ilpexne uem NPHUCTYNHUTh K HENOCPEJCTBEHHOMY BBIUNCJIEHHIO Tpe-
nena (QyHKLIMI, TpUBEJEM OCHOBHEIE CBEJEHHS M3 TEOpHH:

14, 1. Decxoneuno maavte u beckoHeuHO Gorbuiue (yHKYUL.

a) Dyurkyus f(x) Hasveaemcs GeckOHedHO Manol npu x — a, ecau

limf (x) = 0. (14, 1)

b) Dyuxyusa f(x) Hasweiaemcs beckoHeyHo OGoAbOL npu X —a
ecalL umeem mecmo OOHO U3 pageHcme

lHmf(x) =co; limf(y) = + co; limf(x) = — oo
X—+a x=+a x->a

¢) Dynxyus f(x) Hasveaemcs ozpaHudeHHOl npu X —a, ecau
cyulecmeyem makoe noAoxcumenvHoe uucso A, umo 041 ecex 3Haye-
Hull X U3 OKpeCmMHOCMU 4UCAQ @  BBINOAHAEMCA  HEPABEHCME0
< A.

14, 2. Ceoiicmea GeckoHeuHo maavix (YHKyULL.

a) Ecau ynxyus f(x) GeckoneuHo mara npu x—>a, mo u
— [ (x) maxore Geckoreuro mara npu x — a.

b) Ecau ¢ynrxyun f1(x) u fy(x) Geckoreuno maret npu x — a,
mo cymma ux, a maksxe u pasHocme ux: fi(x)+fa(x) u fy(x) —
— fa (x) Oeckoneurno manoe npu x—a (3mo ymeepudenue pacnpo-
cmpansemca Ha awboe GUKCUPOBarHOe 4ucro (GYHKYuULL).
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¢) Ecau npu x —~a yuxyus f(x) Oeckoneuro maira, a ¢pyrHKyus
@ (x) — ozpanutena, mo ux npousgedexue f(x)¢ (x) ecmo d)ymcquﬂ
beckoreyno maaasn.

14, 3. Ceoticmea Geckoneuno Gorvuiux pynkyui.

Ecau npu x—~a ynkyus [(x) umeem KoHeuwoui npeden
(imf(x) =b), a ¢Qyukyua ¢ (x) — OecKOHeuHO 6EAUKA (lirzlcp(x) =
xX=-a X
= o), Mo

a) cymma ux — OeCKOHe4HO eeiuxa, m. e. lim [f (x) + ¢ (x)] = oo,

Xx-~a

npedea omuowenus f(x) k ¢ (x) pasen Hy/uo

. fx)
fim e = O
b) ecau limf(x)=b((>0), a lime(x)=0, npusem ¢(x)
- £ ()
NOAONCUMEABHA 8 OKpecmHocmu mouku a, mo llm? ) =+ o

c) ITpu norodicumersHom k, ecau limf(x) = + oo, mo
x~a )

lim [&f (x)] = 4 oo.

d) ITpoussedenue dsyx Beckoneuro Goavuwux PyHKyul ecmo QyHx-
yus GeckoHewno boavuwids, m. e. ecau limf(x) = o u llmcp(x) = oo,

x=>a

mo u llmf(x) = oo,

14, 4 Ce}l3b mexcly BeckoHeuro 60/tbLuuMlt 1 BecKOHeMHO ManbiMil

yHryusmu:
a) Ecau f(x) npu x— a— beckoneuno 6Gorbuias ynKyus,  mo

pyrryus %) beckoHedHo maia.
b) Ecau npu x-—>a ¢yukyus ¢ (x) Oeckonedro mara, mo QyHK-
yus m—6ecrc0uem-to boavwian, npuuem npednorazaemcs, 4mo 8

OKpecmHocmu MOUKL a (PYHKyUA ¢ (X) 8 HYyasb He obpawaemcs.

14, 5. [Ipasura npedeasHozo nepexoda.

@) Ecau npu x—>a pynkyuu f(x) u ¢ (x) umeom KoHeuHbie
npedeast, mo u arzebpaudeckas cymma ux f(x) £ ¢ (x) umeem npe-
Oen, Komopoii pasen cymme ux npederos, m. e. ecau limf(x) =b,

xX=+a
a lime(x)=b;, mo lim [f(x)+ ¢(x)]=1lim f(x) £+ lime (x) =

X+~a x-a x-+a xX—=+a
= b i bl‘

Kopoue (Ho He coscem mouHo): npeden anrzebpauueckoii cymmol
HECKONbKUX gbymcquu pasen  anzebpauseckoti cymme npederog 3mux
pyrxyuil.

by Ecau_npu x—a gynxyuu f(x) u ¢ (x) umeem npeae/zbt, mo
ux npouseedenue [(x) o (x) maxxce umeem, npedenr, Komopeui pasex
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npousgedenuto ux npederos, m. e. ecau limf (x) = b, a lime (x) = b,

x—+a x—+a
mo limf (x) - ¢ (x) = lim f (x) lim ¢ (x) = bb;.

X—>a X—+a X—->a

Kopoue (Ho we coecem mouH0): npeder npoussederust 08yx
Qynxyuil pasen npouseedenuto npederos smux pyuxyuil. Ceoicmea
a) u b) pacnpocmpansarwomes Ha aw0boe (huxkcuposarHoe HUcAO QYHK-
yui.

c) Ecau npu x—a ¢ynkyuu f(x) u ¢ (x) umewom npederst u
npeder @yukyuu ¢ (X) He paseH Hyao, MO npeder UX HACMHO20
cyujecmsyem u pageH wacmHomy om Oensexus ux npedesos, m. e.
ecau

limf(x) = b, a lime (x) = b, (b; # 0),
X=+a X—+a
mo
lim f (x
limLx) = x—»af( ) =
x~a ? () iiﬂz‘?(x) by’

Kopoue (Ho He coscem mouHO): npedes 4aCcmHO20 paser 4ACMHOMY
npedesos, ecau npeder 3HAMEHAMENS He paseH HYarw.

14, 6. IIpeder yenoii payuorarvroll pyHryuu.
Ecau

P (x) = apx® 4 @ x"=! 4 apxn=2 4. . + @o1X + ap,

mo
lim P (x) = P (a), (14, 2)
X—>a

m.e. nPU OMBICKAHRY NPEOENA UeA0l PAYLOHANbHOL PYHK-

UL MOINHCHO 8 GHANUMUYECKOM 8bLDANCERUL (DYHKULL 3aMme-

Humo apzymeHm e20 npedesbHbiM 3HAYEHULEM.

14, 7. [1pedear OpobHo-payuorarvHOU pyHKyULL.

Ecau
aox”—{—alx"_1 tax" 2+ .. . ta, x+a, P(x)
F()C) = bx™ m—1 m—2 = 01(x)’
o™ b b T b, x b, Q()
mo
. P (a)
lim F (x) = 0@ = F (a), ecnu Q(a) #~ 0, (14, 3)

m. e. npu oOmbiCKAHuUL npedeaa OPOGHO-PALUOHAALLHOL
PYHKYUL MONCHO 8 AHANUMULECKOM BbLDAICEHUL (6YH KLY
3aMeHums ap2ymMenm ez0 npPeOesbHbiM 3HAUEHUEeM, ecau
npu 3mox npPedesbHOM 3HAYEHUN 3HAMEeHamerb He O6pa-
waemecs 8 Hyab.

3apaua 14, 1. Hafitu lim (x — 7x 4- 4).

x-+3
Pemenne. Dynkuus f(x) =x2—7x 44 —uenass panuoHanb-
Has. JIna oThiCKaHusi ee mpejena nmpuMeHHAMa dopmynaa (14, 2). ame-
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HUM B aHAJANTHUUYECKOM BBIpaXKEHUH Q)yHKU.HH X ero mpeneJbHBIM 3Ha-
UeHueM M noJyduM

lim® —7x+4)=3—7.3+4=—8.
x-3
3apaua 14, 2 (gna camocroarenbHoro pemwenus). Hafitn

) lim 20 —7¢ +4x+2);  2) 11m(2x3——x+2)

OtserT. 1) —2, 2) 30.

YkazaHnmue. Bocrronbsoaa;rbm dopmynoir (14, 2).

3apaua 14, 3. Haiitu Lﬁ‘;%ﬁ%-

PemeHnHe. 31ech OTHICKMBAETCH MNpenen jgpoOHO-panuOHaNbHOMR
byukunn. Ipexne uem npumennts (14, 3), Hago nposeputh, He o6pa-
maercss JuM B Hysab 3HameHartenb 1po6bu mpu x =3. ITpoBepsem:
324+ 2.3+8=23+0:

llmx2+x—{—2 3?4342 U4
o3 X2+ 2¢ 1+ 8 324+2.348 " 23°

3apaua 14,4 (zna camocroATeNbHOro perenus). Hafitn npepen

x2—3x+2,

Tt 9 lim ]

1) lim el T

Ykazanuq: 1) IIposepurs, uto 3Hamenatesb ApoGH B nepBoM
npumepe mpH ¥ =1, a Bo BTOpOM TpH ¥ = —] He obpaulaercs B
HyJb; 2) Bocmosb3oBaThed opmynoi (14, 3).

Orser. 1) 0; 2) _3
3apaua 14, 5. Haiitu 11m 28
x+2 X~

x—8
PeweH ne. 3HaMeHaTe]b PO [ ——- oOpamaercs B HyJb NMpH

x =2, a noromy dynkuua f(x) = f_;; IpU X =2 He CYIIecTBYyer.

Teopemy o npemene gpo6u (14,5 m. ¢) Dpumenuts HeMb3H, TaK
KaK mpenes 3HameHaTeJs paBeH Hymo. [lo Toft ke mpuunHe Henb3sa
npumenuts u dopmyay (14, 3). Ho onpenenenne npenena pyHKuHR
COLEPKUT CYUIECTBEHHYIO OrOBOPKY: MY OTHICKaHWM npefena (yHk-
uun f(x) npu ¥ — a 3HaueHue GYHKUMM f(@) NpH X =a MOXET He
paccmarpuBarecsi. OT dyHKunu f(x) 70 Ompepmenenne He Tpebyer,
uyToGRl TOYKAa X =@ BXOJXMNAAa B OO6JACTL CYIECTBOBAHHS (YHKUUHU.
[losToMy 3HaueHWe X =4 MOXKET HAMM He MPHHMMATHCH BO BHUMA-
uye. VIMeHHO 3TH coOOGpaxkeHWs W JALyT BO3MOXKHOCTb PeUINTH 3a-
nauy. B Hawem ciyuae MBIl JIO/DKHBI CYMTATh, 4TO X, CTpeMsch K 2,
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HUKOTJd He CTaHOBWTCS DABHLIM 2, a TOTOMY 3HaueHWe GYHKIHH
3
i 28 Ipu X = 2 HaC He HHTEepecyer.

[Mpu x=2 w uuCaAMTenb, M 3HAMEHATeNb Jpo6H OOpPalIAITCS
B HyJb, MBI nmeeM B JIaHHOM CJyYae OTHOIIEHMe NBYX GECKOHEYHO
MajibIX YHKIMH, O KOTOpOM 6e3 CTeUHanbHOr0 MCC/Iel0BAHNS HUYEro
OTpeNieNeHHOr0 CKa3aTh Heab3f. A pemenus sajaum paspenum

x3 —
YHCNTETh W 3HAMEHaTesb AposH ——;

3TO Cjesath M0oTOMYy, UYTO 3HAYEHHe x =2 He paccMmarpuBaercs M,

3daynt, x — 2 0.

Ecay 66 yka3aHHOA OTOBODKH B OTpENENeHMH Tmpefesa hyHKIHH
He GBbLIO M MBI JIO/UKHBI ObliM OBl PaccMaTpMBATh M 3HAUECHME ¥ = 2,
TO pas3jeNuTh UUCINTeIb M 3HAMEHaTeab Jpo6M Ha ¥ —2 MBI He
cMorsu OB, Tak KAk TaKOe JejeHyue O03HAUAso Obl esieHHe YHCUTENs
M 3HaMeHaTeNs JpOGM HA HYJb, UTO, KOHEUHO, HejomycTumo. Ilocne
COKpameHust JpobH Ha X — 2 TOJYUYHM

¥—8 (x—2)(x*+2x+4)_
——5 = % = x4+ 2x }-4,

M HaM TPHJETCs OTHICKMBATL TpeENea He JaHHOH (yHKIMH, 2 (yHK-
nun x% - 2x +4. Torpa mepes yyammumcs J0/KeH BOSHMKHYTh TaKOM
x—38 2

BOTIPOC: TOXJECTBEHHBI JIN (DYHKIUH —5 M X +2x4+4. Dror
BOTIDOC MMeEeT TIOJIOXKHUTEILHBIA OTBeT: (YHKIMM TOXIECTBEHHEI,
ecqM He paccmMaTpuBaTh 3Hadenus x = 2. Cnellyer uMeTh B Bupy,
uTO fiBe DYHKIMK TOXKIECTBEHHBI, €CJIM OHH YJNOBJETBOPSIOT TAKMM
IBYM TpeGOBaHMSIM:

1) ux obnacTu CYIEeCTBOBAHMS COBMAJAIOT U

2) npu ogHOM M TOM Xe 3HAUEHWH APTYMEHTa, B3ATOM U3 06a-
CTH CYIIECTBOBAHMA (PYHKIIMM, UMC/IEHHbIe 3HAYEHMST GYHKIMH paBHBL

B Hamem cnyuae 3TH jBa TpPeGOBaHMS OyIyT BHIMOJHEHEl, eCau
He pacCMaTpyuBaTh 3HAUEHMS X == 2, HO Beib OHO M HE paccmartpH-
Baercsl. Takum oOpasowm,

CoDEE2ED _ fim (2 4 20 4+ 4) =
—. 2

=2 2.2 4+4=19

TaK Kak OyHRuua x® 4 2x -+ 4 —Ilenast pauuoHanbHAs QYHKIMS
M 159 ompejienenus ee mpejena Ha ocHoBaumu tdopmyast (14,2) cae-
AYyeT B AHAJWUTHUECKOM BbIpaXKeHMH (YHKUMHM 3aMEHHUTh apryMeHT
€ro mpejiesibHLIM 3HaueHMeM,

MoxXHO yKasaTb TaKoe

ITpagunro. Ans Toro ytoGut onpeneJuTs npenen ApoGHO-paumo-
HanbHOH (GYHKUHHM B Cay4ae, KOria NMPH X— @ YHCIHTEeNb M 3HaMe-
Hatenb Apo6H HMeeT MNpemeNsl, paBHble HYMO, Hajo' YHUCIAHTE]b H
3uameHaTenb apo0M pas3jgeNHTh Ha X — @ M NepedTH K MOpeueny.

8
Ha x—2. Mel umeeM mpago

. x3 -8 .
lim 5 = lim
x—+2 x— x-+2

4 3.430¢ 97



EcaH M nocie 9TOr0 YHCIAHTENb M 3HAMEHATEJNb HOBOH NpPOGH HMEIOT
npepensl, paBHble HYJO MpH X — @, TO HAJO NMPOU3BECTH MOBTOpPHOE
leneHHe Ha X — @ (3TO NPABWJIO OCHOBHIBA€TC HA H3BECTHOM M3
3/eMeHTapHOl anre6pHl cnexcTBuu M3 Teopembl besy, corsnacko ko-
TOpOMY, €CJM MHOroujed ofpamaercss B HyJb IpH X =g, TO OH Je-
Jutcs 6e3 OCTaTka HA X — a).
- Tenepb AN CaMOCTOSITENILHOrO pelleHHst GyneT TNpPeLNOXeH psj
3ajja4 HA ONpeJNEe/NeHne npejena JpoOGHO-palHOHANBHOR (QYHKINA.
3apauya 14,6 (zns camocrositenbHoro pewenns). Hafitn
lim X2 x—12 ’
ey 2E— O+ O

Ykaszanue. [lpy x =3 uucautess M 3HameHarenb ApoOH —
byHKIMK GecKOHeuHO Majble, Tpexeasl HX paBHH Hymo. O6 ux or-
HOWeHHH Ge3 CHEHAJbHOrO HCCJAeNOBAHUA HHYEro ONpefeeHHOrO
CKa3aTth Heqb3s. Teopemy 14,5 1. ¢ o mpenene 1po6GH pUMEHNUTD HeNb34,
TaK Kak Tnpenea 3HaMeHaTensi paeeH Hy/mo. Crexnyer TpHUMEHHTH
YKa3aHHOE TPaBH/IO; Pa3NENNTh YMCJANTENb W 3HAMeHATeJ b Apo0W HA
x — 3. TloBTOpUTb paccykIeHWsi npexbinyliell 3a1agqu O JONYCTHUMO-
CTH TaKOTO JeJieHus.

7
OtrBer. 3-

Cnenyer He TOJBKO 3aNOMHMTL TOT WJIM WHOM TpHeM, HO IVIaB-
HOe — TIOHATh, HAa YeM OCHOBAHO €ro NMpUMEHEHWe, W KaXHoe jeficT-
BUe TIPOBOAUTH COBEPLIEHHO CO3SHATEJbHO, a4 He aBTOMAaTHYECKH, «IIO
npasunam». IlpuMeHss npaBuso, HaZO TMOHWMATh Te TMOJOXKEHWS, U3
KOTOpPHX OHO BLIBeLEHO.

3apaua 14,7 (ans camocrositenpHoOro pemennus)). Hafitn

imX =2 —xt 1
gl XB—3x42

Yxazanue. 31ech onATb-TaKH GYHKIUH, CTOSIMME B UMCIHTEsE
M 3HaMmeHaTese Npo6H, GecKOHeYHO MasJwl TpH x — 1. Jlns pemenus
BOLIPOCA O Tmpefieie HX OTHOIIeHWS CJejxyeT pasienuth YUCIHTENh
1 3HameHartenb JApobu Ha x — 1. IlosyuenHrle mocsie 3TOro jpesTeHHs
dysknuy npu x - 1 6yner onATh-Taku 6GecKoHeyno masriMu. CHoBa
KaXJyI0 M3 HUX CJefyeT paznenuts Ha x— . DruM ykKasanumeM BOC-
nonp3yerech M NPH pelleHuy XBYX CAeRyIOIINX 3ajay.

OTtrer. 3
Sanaqa 14,8 (nna camocrostensHoro pemennsi). Haiiru

lim 5x3 — 6x2

xl->0 4x5 - 2x8 | x2°
Orser. —6.
3ajaua 14,9 (nas CaMOCTO?{TeJIbH%I‘O pemeﬂgﬂ).
u . x3 1 5x2 & 3x—
Haittu lim A — a3

x>=3

1
OTBerT. T
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o .oxm—1
3apnaua 14,10. Haiitu lim ,_n—l(m U n —uejple TOJOXHUTeJb-
x—1 -

HBIE YHCJIA).

Pemenne. Ilpu x - | uncautens u 3HameHnaTenb KpoGH HMEIOT
npeses, PaBHHI HYMO, a8 NO3TOMY 3TO PyHKuHH O6ECKOHEYHO MAJbL
Jlns pemleHust Bompoca O TMpEJieie HX OTHOMIGHHS CJefyeT YHCTHTENb
M 3HaMeHaTenp JjpoOM paspesquts Ha x — 1. IlomycTuMOCTH TaKoro
Jeenusi moApoGHO Oblna oObscHena B 3ajaue 14,5.. IlosTopsiem,
uTo x, cTpeMsick K 1, He CTaHOBHTCA paBHeIM 1, a motomy x — 1
=+ 0. ¥ gejgeHue Ha x — | HMeeT cMEIC.

npH X =1 He cyllecTByeT, HO 3HaueHe x = |

@ X
YHKUHA o
HalleMy pacCMOTpeHHi0 M He JO/KHO TojsexaTb. Bocmosnsyemcs
u3BecTHO dopmyJiofi anreGpsl
am—bm = (a—>b) (@' +am2 4. .. 4 abm—2 L pm-1), (14,4)
Tonarast 3xecs a =x, a b= 1, B Hawem cayuae momyuum

Hm* =l _ i @ DE T " x )
=1 xP—1 a1 (x—= D) (" x84 x 1)

«m pas

Il ., 1
1+ 1+ ... +1

n pa3

1
3amaua 14,11. Haijitu lim-l—_"—‘sfx-.
iy vx

Pewenwue. Ilpy x -~ — | uncantens n 3namenaTenb JpoCH HMEOT
npejiefibl, paBHBIE HYJMIO, 4 TMOTOMY 3To (yHKuHHM — GECKOHEYHO Ma-
asie. UToOH MOXKHO GbLJIO NMpHMeHHTb Gopmynay (14,4), ¢ moMolLbo
KOTOpOil Gblia pellleHa TpefBIAyMIaf 3ajaua, Cjaegyer cuenaTb moj-
CTAHOBKY X = 3%, I'Jle TOKa3aTenb CTeneHd 35— HaMMeHblIeE KpaT-
HOe ToKa3aTteneil KopHeii.

_m
=

7

7 5 —
- 14 xr 1 i
Ecnu x = 4%, 10 V=95 a V= ¥, " 'rorna—ﬂ/s—= T__::—;

' 14Vx

apuueM y - — 1, Korga x - — 1, ¥ 3ajaua mepenuuercss TakK:
7
M 5
x—-+—1 1+V-; y-—1

Teneps caenyeT pasfeNHTs YHCJAHTENb M 3HAMeHaTenb Jpo0u HA
| +y, npumenurs gopmyay (14,3).

Orser. 7
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3apaua 14,12 (ans camoc*rome.nbnoro pewenus). Haditu:

3
1) 1xm‘—‘/". 9 lim =Vx,
=l I—Vx = l—]/x—

Oteer. 1) i; 2) 3

3anaua 14,13. Haliru 111’1‘12—7;—-3_—15

x-+3
Pemenne. Ilpu x— 3 umeem
npeges YHCTUTENA:
lim (2x —5) =1;

x-3

11m (2 —T7x+12) =

Teopema (14,5 m. ¢.) o npe,g;e.rxe Apobu Hempumenuma. PaccMoT-

npenes 3HaMeHartesad:

2_—

puUM 06paTHYIO Apobh %1—, ¥ ee mpexesx mpH X —> 3
.oxP—Tx+12 0
lim=——s—=1r=

x—+3
(3necp Teopema o mpenese ApoOM MpUMEHMMA, TAK KAk INpejen 3Ha-
MeHaTens 2x — 5 He paBeH Hymo). Tak Kak mnpenen YHKUHH

x2—T7x4 12
—3; 5 Pasex 0, 10 3T2 yHKUMAA TPH X — 3 GeCKOHEUHO Manas,
2¢x —5
a noroMy GyHKUHA m npu x - 3 — GeckoHeuHo Gobluasg,
2x—5

H TOTJA ee mpeaena fim
x+3 %

pemoii 14,4 myHkr (6.).
3amaua 14,14 (nns camocrositeanHoro petenus). Hafitu

AT = (MH B 30BAJIUCh  TEO-
g Fa 1 (MBI BOCIIOJIB30BaJI

.ot
il_,nll w—3x+2°
OtBeT.
3apaua 14,15 (qns camocrosTeqbHoro pewenns). Hafitn
lim {LE2°—1
x-0 x
OtBer. n.

3apaua 14,22 (a5 camocrosiTenHOTO pewennsi). Haiitu

i 1 1
lm(x——Q x—-4)'

x->2

Ykazanune Ilpoussectu BuuuTanue ppoGeil.

OTBeT. 0.

3apaua 14,16 (118 camocTosiTebHOrO peluenns). Hafitn
lim {1 — 3
e\l —x l—xs)'

OrBert. —1.
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Vkasanne. Ilocne mpuBenennss Kk oflieMy 3HaMeHAaTeMo OKa-
)eTcs, YTO MpH X — — | UYHCJMTENb U 3HaMeHaTeab — QyHKIHH Gec-
KOHEYHO Majkie. Bocmosb30BaThCA YKa3aHHLIM HA ctp. 97 mpaBuioM.

NATHAIUATOE NPAKTHYECKOE 3AHSITHE

Conepxanne: [lpogomkenne ynpaXHeHHA Ha HaxOXJIeHHe Npefena
(YHKILHH.

Pelunm HeCKONbKO 3aja4 HA HaXOXjeHuWe mpepena xpoGHO-pa-
HHOHAJBHON QYHKUHHU MPH X — ©o.
243 4+ x2 45

3apaua 15,1. Haiitn lim E re

X = oo
Pewenue. Jlng TOro yro6bl MOXHO GBLIO TIPUMEHUTH TEOpEMY
0 mpefene Japo6M, HaA0, YTOOL UYMCAUTENH W 3HAMEHATeNb JPOGH
UMeM Tpelessl W 4TOOBl Tpenesn 3HAMeHaTes sl He Ghljl paBeH HYyJIO.
B naHHOM CJyyae 3Ta TeOpeMa HENpHMEHHMMa, TAK KaK TIpenessl uuc-
JUTeNN M 3HAMeHaTeNIsl Npo6M He cymecTBywr. I[lpu x — oo H uuc-
auTeJb, W 3HaMeHarteJb IpoOH (YHKuUMH GeCKOHEUHO GOJbIIHe (CM.
teopeMul 14,4 0 cBoficTBax GeckoHeuHO GonbwinX $yrkumil. Pexomen-
JlyeTcsl elle pa3 MOBTOPHTH 3TH TeopeMbl). 3HAUMT, Mbl UMEEM Jesio
c OTHOlIeHWeM JAByX GeckoHeyHo Gojblinx ¢yHknuit, O6 3TOM OTHO-
[WeHWH, TaK Xe Kak U 06 OTHOIEHMH JBYX OECKOHEYHO MaJbX
GyHKUMH, HUYEro omnpeneseHHoro 6e3 CHenMajJbHOrO HUCCJIENOBaHNS
cKa3aTh Henwb3f. [ns pelieHusi 3ajauy  CJAeiyeT DpPHMEHUTh TIpPHeEM,
3HAKOMBIH M3 peureRusl 3ajgaun 12,1 (DONe3HO TakKe BO3BPATHTHCSE
K 3agaue 12,8): npo6M paspennTb HA BEHICHIYIO CTENEHh X, BCTPeyaio-
myocs B 4jeHax Ipo6H, a Tocje 3TOro mepedTH K mpenedy.

Hrak,
1 5 tim (9 1 5
. 2x8 4+ x2 45 . 2+;+X3 xlnl +7+x3
lim 7 =lim——7Fp == iy
X o0 X+ 0 3+_x_2_;§ li’m (3+;2__;3)
. .1 .5
1 lim =— 4 lim 2
_Jmrglim S lm Sy
) 1 1 3’
lim 3 4+ lim — — lim =
x-»rrolo +x—>133 x? X+ o0 x3

1
TaK Kak nmpyu x — OO-;—BGJIPI‘IPIH& GECKOHEUHO maJnas, a TU[OTOMY

1 1 5
W% 5 M 35— BENHUHHEI feckoHEUHO Majee (cM. Teopembl 14,4);

1 11,1 111 5 1
Ay e =ryr A A= 525 M TpezeNsl 5THX BENTHUWH paBHLE
HyJ/mo, Korjza x — oo.

IMocste peneHns umcanrtenss m 3HameHarenss Ha x° OKasanoch BO3-

MOMHEIM TIpUMEHUTb TEOpeMy O Tpefeae ApoOH, TaK KaK Tenepb

10k



W YHC/AMTENb, M SHAMeHaTeNb JPOGH HMMET Npejensl, paBHEIE COOT-
BETCTBEHHO 2 W 3, M mpejen SHaMmeHaTels He paBeH HYJIO.

Jlnsi caMOCTOATENIBHOTO pEIIEHHst NpenJaraercs HECKOJbKO aHa-
JIOTHYHBIX 337ay.

3anaua 15,2 (1717 camocrostensHoro peteHus). Haitm

. Sxt—T7x? 4 5x—4,
b im sy

(4 3) (x + 4) (x4 5),
2) Mmoo

3) lim &+x+2.

2 v 11!
Yoo X—x 1

32y
) lim S

. Txt + 223 —'14
8 lim =t
Otser. 1) 5 2) 05 3) oo 4) 3; 5) 1.
3apaua 15,3 (a1 camocrositensHoro pewmenus). Haditu
. X8 32
| lim (5xﬂ+1 “"15x+1)'
Ykasanue. IlpousBectu Beluuranue npoGefl.
OTBeT.

1
75°
3apaua 15,4 (nas camocrositensHOro pewedus). Haittu

. [ xPx—1\3
lim (5255

1
OTBeT. 5

3apaua 15,5 (1717 camocrosTeqbHoro pemenus). Haitu

(Sx’—x 3x3 14 )4

lim E—3  B—x

X = 00

Orger. 16.

Pemenne octanbHbIX 8a/jay 3TOr0 MPAKTHYECKOrO 3aJaHMS OCHO-
BaHO HA TPHUMEHEHHH TeOpeMbl:

[Ipu nocmoswHom nokasamene CMENEHU MOJXCHO hepexo0ume
K npedeny 6 OCHOSBQHUL CMenexi Npu YCAoBUL, 4mO Npedes OCHOBAHUA
cmeneRu cywecmsyem, m. e.

lim [f (x)I* = [lim f (x)}*, (15,1)

rae k— MOCTOSIHHASL BesqMyMHA (MJIs caydas, KOrga k — lesoe yHucio,
MBI 3TOH TeOopeMmoii- MO/IL30BANMChL HEOJHOKPATHO, TAK KAK OHA NpSMO
CJIENYeT M3 TEOpPeMBl O Npeje/e NpoU3BefeHH).
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U3 dopmyasr (15,1) coenyer, 4to mpu JmoGom HEYETHOM /m BCerza
m m

limVF®) = Vlin;f(x). (15,2)

x-a
Ecnu ke m —ueTHoe uHcn0, TO 3Ta ¢QopMysa BepHAa TONBKO
Torna, Korja GyHkuus f(x) — HeoTpHUaTelbHa, T. €. Korjga [ (x) > 0.
BrinosyuMm cHayasna pAN NPOCTHIX YNDaXKHEHHH HA NpUMeHeHHe
5TOH TEOPEMHI.

3
3apaua 15,6. Haiitm: 1) imVx; lim V'x.

x-27 x-»—243
Pewen ne. Ha ocnosamm dopmyaer (15,2) umeem:

1) hmVx-—l/llmx V27_3,

x-27
5
2) lim x]/ lim x=) —243 = —3.
x>—243 X-»—243

3apava 15,7. Haiitu lim Vo +7

Pewenne. 1xm1/2x2+7—1/hm(2x2+7) V2 2+7=VT15
3anaua 15 8. Hamu npu HequHOM m

1) llmVx, 2) 11rn——,3) lim ]/x

X w00 ]/x F L
Pemenne. 1) hm]/— —-Vllmx = VO 0
X-»() x-0
2) ]1m— ~]1m V— —Vllm = —]/O =0,
X0 V-x X =+ o0
T. €. NpU x— oo GYHKUHUA m—— GecKoHeyHO Mana;
Vx

m
. - . 1
3) limVx = lim— = oo,

X = 00 X =00 l

m —

Vix

Tak Kak MO pe3ysbTaTaM BTOPOTO MpHMepa SToH 3ajayd MpPH X —> o©
m

l —
$yEKuM — GeckoHeyHo Masa, MOToMy GYHKLUA V/ x — GeckoHeuyHo

Vi
Be/HKA.
o . 1+ x—1
3anaua 15,9. Haiitu lim V—t—
X0
Pemenne. Korga x-—0, uucautens H 3HaMeHaTesb HMEIOT
CBOMM MpenenoM HyJb, 2 HOTOMY OHH GECKOHEYHO MAJbl:

1ir0n(l/1—l-x—1) =) Tlim(I+x)—1=1—1=0.
X x=0
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Ilng Toro uTtoBbl pellHTb BOMpOC O INMpejese HX OTHOLIeHHH, Mepe-
HeceM MppAlHOHANBLHOCTL B 3HAMEHATe/J b, YMHOXKUB JJiIi 3TOro 4HC-

JUTess M 3HaMmeHaTteqb apobu Ha (VT+x-+1). Bynem umers

- VIFx—1 _ g (V1+x—1)(V1T:?+1)_1. I
.1111101 x _xl-l:lg x(ViEfx4+1) —xl-{%l/l—l-x—}-l
1 ! 1 .
=

Tlm(Trz+1) Vim T+ 11
X0 x>

Tak kak x -0, He CTaHOBAICH DABHBIM HYJIO, TO JeJeHHe Ha X
queauTenss W 3HameHareas 1po6U BOSMOXHO.
[lpu pewenun 3ajaud Ml BMeCTO npenena ¢yHKUHH f(x) =

Vitz—1 - t .
= ——_—— OThICKaaH npejen byukuns ¢ (x) = T 3/1ECh
JoMmKeH GBITh 3aTPOHYT BONPOC O TOMXKJAECTBEHHOCTH 3THX GYHKUHM
(rono6HO TOMY KaK 3TOT BONpPOC BO3HMK NpH pelleHHH 3apauu 14,5).
O ¢yHruuAX ¢ (¥) 4 f(x) MBI MOXKeM CKa3aTb, YTO OHH TOXJIECT-
BenHbl (x == 0).

Takum ofpasoM, 3ameHa GyHKUMH f(x) NPH OTHICKAHHH Npejesa
dyHKuMeH o (x) ABAAETCH 3aKOHHOM,

[Ipu oThicKaHHH Mpenena npobH, cojepraiuledl HpparHoOHaJbHEE
BLIpAXKEHHSA, B GOJBLIOM YHCJE CJydaeB NPUXOJUTCA C MNOMOIILBIO
npeoGpa3oBaHufl NepeXofHTh OT 3ajaHHOH (YBKIHH K Jpyroil GyHk-
LMK, H Y yyallerocs NOJXKEH BOSHHKHYTb BONDOC O TOXIECTBEHHOCTH
3aJaHHON (yHKOMHM M TOH, KoTopas MoJlyyaercd B pesy/bTaTe Mpe-
obpasoBaufi. Bo Bcex nanbHefilIuX NMpHMepax HCCJEJOBAHHEM 5TOTO
BOIIpOCA Mbl 3aHHUMaTheAd He Gyjed, NpefocTaBafsl 3TO YHUTATETIO.

Tenepb, moc/ae pelleHHS STOH 3ajaul, yKaKeMm I[IpaBUAO NJfA pe-
TIIeHHs 3a3jay, B KOTOpHIX TpeGyeTcs onpemeauTs Npenea apobu, co-
JepxKaiell HppanHoHaNbHbIe BHIDAXKEHHS B Cjyuyae, KOrja ee 4ucIu-
Tejk ¥ 3HaMeHartelb — GeCKOHEUHO Masble QYHKUMH, T. €. KOrja HX
npefensl paBHBI HYJO.

Hpasunro. Yro6el HaitTH npepen ApoOH, copepKalueii uppaumo-
HaJdbHble BEIDAXXEHHS] B CJayyde, KOTAa OpEReJ H 4YHC/IMTe]d, H 3Ha-
MeHaTeas ApoOH paBeH HY.J 10, Haj0 NepeHecTH HppPalHOHAJbHOCTD
M3 YHCJHTeJS B 3HAMEHATeJb HJH H3 3HaMmeHaTeJd B YHCJHTeJb,
nocje 3TOre CHeJaTb HeoGXoaHMble ynpoumeHdss (UpHBejeHHe Mo-
JAOGHLIX 4JeHOB, COKpalleHHe M T. 1) H mepPeliTH K mpegedy.

Vxi5—3

x—2

3apaua 15,10. Haiitu lim
X2

Pewewnne. Ilpu x— 2 uncaurens u 3HameHaresnb Jpo6H HMeEOT
npenes, pasHeff HyJo. llepeHecem HppauHoHaJbHOCTL B 3HAMeHa-

Tesb, JUIS UETO YMHOXHM UHCJHT&Ib M 3HaMeHarteds Ha )/ x2--5-3.
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TTosyuum

Vii5 +5—3 i VE£5-3) (VT +543) _

Nt LS
xl..n} -2 (=D FF5+3)
= lim "“’5—9 — lim £—4
2 WP T518) s G—2(VEF518)
lim =+ 242 242 2

o2 x—2) (VE+5+3) 12 VEf5+4+3 3+3 3
3apaua 15,11 (n1a camocrosiTenbHoro pewenus)), Halith npe-
JIeJIBLE ‘

1) llmm_ ; 2) limw.

x-+3 13 x+>—2 x+2
— B— x%
3) lml_/ifg 4) 1imV5_"__2;
x-2 2 x-1 l—x

Omer. 1) 5525385595
3anaua 15,12. Haiitu lim V3x—7—Y 2+ 10
-3 Vix 13—V xF 22
Pewenue. [lpy x— 3 uHciutens u sHameHaTesnb ApobH HMEOT
npeses, paBHbII Hygi0. B 3Toil 3ajaue npupercs cHauasna YHC/IHTE/Tb
W 3HameHaTesqb JpoGH ymHOXHTb Ha }/3x+7 4+ 2x+ 10, a no-
tom Ha V4x+ 13+Vx+22 wn Cpa3y YMHOXHUTb YHCJIHTENb
u suamenarenb gpobu Ha (V3x+7 +V2x+10) (Vax + 13+
4V x + 22). Ucnoassys 310 yKasaHue, Mosyyaem:
lim V3x+7—V2x 10 _
-3 ViaxF 13—Vx+22
— lim (V3T 7—V3xF10) (V3 + 7+ V 2+ 10) (Vi T 13-+V 3+ 2) _
oVt B—Vir R Vit i+ Vat )W isr B+V x+ 2
(3x+7—2x—10)(]/4x+ld—l—]fx+22)
x-.3(4x—|—13—x—2°)(l/3x+7—1—l/2x—|—10)
— lim (x—3)(Vix+ 13+ Vx+22) —lim x_3)V4x—|—13—ka+22___
-3 Bx—=9) (V3 + 7+ V21 10)  x-33(x—3)0(V 3257 + V¥ 2¢ +10)
lip Y EEB4+Vit2 5
x—»33(V3x—l—7—l-]/2x—|—10) 12
3agauva 15,13 (mna caMmocrosTeabHOro petnedns). Hafitu mpe-
JIeIBI;
1) lim Vit8—V8+1T
X1 V 5—x— V7x-—3

limVx2—|—7—V7—§:_c,

b 2) o3 Vitd—y—9
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) Vx-;-s-vw—sg_ x+2
3) 1:11} ]/x“—3 V1o )11m —V 75

Orser. )22 0; 3) 23‘/‘3, 4 —

Ykazanue. B TperbeM npumepe ommM H3 MHOMHTeNeH 4Huc-
aurens Gyner 3x®—x — 44. Kopuu 510r0 KBajgpaTHOro Tpeaneﬂa

Xy =4 X, = — 131, BCJIeJCTBHE Yero 3x2 — x —44 = 3 (x — 4) (x—{— )

3agaua 15,14. Haiitu lim Kx——ﬁ;'.
a7 x—17

Peme Hue. 3mech U mpeaesn YMCJAHTENs, M Tpefes 3HAMeHATeNs
paBeH HyJio. [lepeHecem MPPAUHOHATLHOCTL M3 UHCAMTENS B 3HAMe-
Harenb. Bocnosib3yeMcs H3BeCTHOH (popmynon anrebpul (@a— b) (@* +

+ ab + b?) = a® + b 3. TlonoxuM a = 1/x—6 b =1. 3uayur, aaa
TOr0, YTOGEl MOJYYWTb B YHCHUTENe pasHOCTL KyGoB, Hano €ro
3 3

ymHoxuTe Ha J (x—6) + V' x—6 4 1. YmHOXAanA U 3HAMeHATeNb
Ha Ty BeTHUHHY, HOMyuaeM

Vx‘——o 1 (VxT—l)(V(x—ﬁ)‘+Vx—6+1)

“m7 x—7 = 7
“ * (x—7)(1fx—6>2+1/x-6+1)
— lim —x=0=1 =
=DV E—6r+Vi—6+1)
—11m x=7 =
(x—?)(V(x—e)‘+Vx——6+1) |
_11m l+l+l =73

=T GO VT4 1
3anaua 15,15 (mas camocrositenbHoro pemenus). Hafiry
3 3 :

Vit x—V3x+1
6x )

lim
1 x=0
OTBeT. -5

3agaua 15,16 (q1s camocTosATeabHOoro pemenus). Haiitu
3 3

Vax—1—Vaxr—2

1151 Vix—3—1

OrBer. — %

3agaua 15,17 (aas camocTosiTeNbHOro petnenus). Hadiru
lim ; x

OTBeT.2—8l-. Vﬁx_l-*—VM-H
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Tenepb MH pacCMOTPHM 3a1auH, B KOTOpIX TpeGyercsi ompeje-
AUTb Npefen (yHKUMH, COJEpXAled KOpPHM B ToM cCjIyyae, KOTAa
apTyMeHT CTpeMuTcs K ¢ HIM K & oo, ~

3agaua 15,18. Haitru li_’r_n Vx=2—V%).

X - oo

Pewmenne. 3pech HenocpencTBeHHo Teopema 14,5 He - Moxker
GLITb NpHMEHeHa, TaK Kak IIPH X —> ~- co IIPefieJisl claraembix He Cy-
LIECTBYIOT: MBI HMeeM [eno C PasHOCTbI0 JABYX GecKOHEYHo GOsbIUMX
BEJIMYHH, O KOTOpOi HHYero onpejeteHHoro Ge3 cHenuasbHOro M-
c/JICIOBAHUSI CKA3aTh HEIb3S.

YMHOXKMM M pa3nenuM JaHHOe BelpaxkeHHe Ha coNpsKeHHoe C
HUM H TIOJYYHUM

lim (Y x—2—V'x) =lim Vi=3— VA Vi=2+V7 _

X-r-eo X400 VXT——Q—-I—V;
) —2e—x . 1
= lim ——% _ = —2 lim ——————— =0,
Yode VI—24Vx fotw Vx—24Vx

TaK Kak NpH x — -+ oo 3HaMeHaTeJb fapoOu, crosmieil mMoA 3HAKoOM
npenena, ecTb (yHkuMA GeckoHeuHo Gosblias (cM. 3afauy 15,8(3)),
a ToToM 06b ———=————= eCTb BeJMYyHA OecKOHeyHO MaJaasn
y ap Vx——2+]/x *

a ee MpoM3BefeHHe HA —2 eCThb TaKxke OECKOHEYHO Majasi BeNMYHHA.
3apaua 15,19. Hairrn lim x(Vx2+ 1 —x). Korma x-— + oo,

X too
BbipAXKEHHe, crosillee B CKOOKaX, eCTb pPasHOCTb JBYX GecKOHeyHo
GosbIIHX BeJHYHH, O KOTOpoH Ge3 CIeElHa/bHOrO HCCAeJOBAHUS
Hesb351 CKA3aThb HHYEro ONpefesieHHOTro. Y MHOXKHM H pasfesuM GyHK-
IIMI0, CTOSLLYIO NOJ 3HAKOM IIpEnesa, Ha BbIPAXKEHHE, coIpsKeHHOe

cV¥+1—x T e ma VrE+1+x ¥ nonyuum
WP FT—x) (VLT s

lim x (V% +2—x) = lim

X400 X400 sz+l+x
o lim X gy
A=
S et

”""””x(Vl-{—-;—z-{—l) X Vl-{-%-{-l

Tak kak lim l—,= .
X+~ oo x
Teneps paccmorpum cayuail, korga x ——oo. Brpaxkenue, Crosimee
B CKoOKaX, HMeeT B 3TOM CJyyae MOJIOXKHTENbHOE 3HaYeHHe H Heorpa-
HUYEHHO BO3pacTaeT 10 a0COJIOTHOH Be/HYMHE, MHOXHTENb Xe X,
CTOSI MM 32 CKOOKO#H, HeorpaHWYeHHO BO3pacTaer No abCoOTHOH BeJH-
YKMHE, HO COXPaHAET OTpHUATe/NbHOE 3HaueHye, [losToMy BCe BhipaxKeHHe
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x(Vx*F1—x) mpu x> — oo HeorpaHuuyeHHO Bo3pacTaeT no abco-
JIIOTHOH BENHUMHE, COXDAHAA OTpUUATENLHOE 3HAUCHHE H

lim x(V2+1—x) = — .

X = =00

3anaua 15,20 (a5 camocrosTenbHoro pewexus). Hafitu

lim (V2 +4—V»—4

X+t
OrserT. Ilpu x—>—-4oco uNpU x —>—oo UCKOMEIH Tpesest paser 0,
. Vx2+4
3anaua 15,21. Haitu lim ————.
’ £ oo x+2

Pewenue. 1) Paccmorpum chavyana cayuait x — + oo

_ 4 v/ 4
Ve+4= l/x“‘(l —{-x—z) =V Vl + 15
Tak kak x> 0 1pH x -~ 4 co, a Mbl paccMaTpuBaeM apudMeTHYecKoe

snauenue Kopaf, To VA =+x u V2 +4 = +x,V1+x-4—2,'

a noromy lim =
ST T T T
X X

2) Tlyetb x — — co. To-npexuemy V' x% +4 = VFV] + %, HO

Teneps J/x® = —x, Tak Kak x <0, a MBl paccMaTpuBaeM apud-
MeTHUecKoe 3HaueHue Kopusi, W V2 +4=—x |/ 1 4+ }2 . a
1 Z
S AEs W AT
lim V_:.{_E_‘*: lim —Tx—z— lim —sz—l.
X—+>—00 X+>—00 x(l—*—;) X»>—o» l+;'

3anaua 15,22 (qn9 camocrosresbHoOro pewenus). Hafitu

lim (Ve +x+1—Vx2—x+1).

X > oo

Ykazauue. Yuectb, uto npu x> 0 umeem )/ x®=x, a npu x<0
TOT X€& J %2 = —xX.

OTBerT. Hpn X — -+ oo HCKOMBI# 1IpeJiesl paeeH 41, a npHu
X - — co HCKOMBIH npenest paBeH —I.

3apaua 15,23 (115 camocTOoATENbHOro pelledus). Hailitu

lim (V¥ +2—%x).

Xt

OrBer. O mpu x—> + oo NpH X - — oo,
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3apaua 15,24 (n1s camocTosiTesbHOro pemenus). Haiitu

2 2
lim [(x + 1)} — (x — 1)3.

X 00

Ykasanue. Bripaxenue, crofiuee 10 3HaKOM Npegena, ywmHo-

XKUTb M pas3fe’uTb Ha (x4 1)3 + (x -+ 1)3 (x—l)J +(x-—1)3
yToGEl MOJAYYHTH B YMcaurene pasHocTe KyGos. Ilocne ynpouenni
noj 3HaKoM mpejena GyfeT HaXOAMTbCA BEIpAXKEHHe
4x
L 2 2 4
4+ @+ =1 @—1)?
3namenaresnb Apo6H NpEeNCTaBHTL B BHJE
4 4 2 2

4
3 1\3 1\3 1\F 1\5
Al e s (=)
H cOKpartHTh Jpobb Ha X.
OtBet. O.
3apaua 15,25 (g3 camocrosTesnbHoro pemenus). Hajiru
4
lim [x3 — (x®*—1)31].
X+t oo
Ykaszanne. Brupaxkenue, crosuee TIOX 3HAKOM TIpejiena, yMHO-
8 4 4

KUTb W pasfenuTs Ha x5 + x®+ (¥ —1)3 4 (2 — 1)¥ u noayyen-
Hyl0 1poOb COKpAaTHTb Ha X%
Otreer. 0.

IMECTHAAUATOE NPAKTHYECKOE 3AHSTHE

Copepxanue: Onpefenenne OPEAEJOB TPUrOHOMETPHYECKHX OYHKUHA U

: . sinx
ynpaxHeHUsl HA UCHOJb30BaHKe npefesa lim —~
x-+0

OCHOBHbLIE CBEJEHUSI U3 TEOPUH

[Tpu onpedeseruu npedesa mpucoHOMEMPUHECKOL (QYHKYUL MONCHO
HE3QBUCUMYIO NEPEMENHYI0 3AMEHUMb €8 NpeOeibHolM SHAUEHUEM, ecall
OHO npuHadaexcum 0baacmu CYUECMBOBAHUSL (PYHKYUU:

limsin x = sina; lim cos x = cosq; limtgx = tga;

X—a X-a x-+a

limetgx =ctga; limsecx =seca; lim cosec x = cosec a.
X—a X->a x-»a
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Ip HMepy:

) limsing =sinf =4 4 limtgr=tgf =1.

X-'E x-»-
2) lin‘tSinx =sin0 = 0; 5) limtg x — He cymecTByeT, Tak
3) 1inoicosx= cos0=1; =3

T
kak tgz Heab3s NMpHNHCATL HH-

KaKoOro 4YuCJOBOroO 3HAUEHHUA.
1 —sinx
cos? x

3anava 16,1, Haiitu lim

x>

2

Pewenye, Ha ocHOBaHHM NPUBEJEHHOrO Bhillle NMpaBuia Asl
OTHICKAHHf fpejena TPUrOHOMETpuuECKMX GyHKUMA limsinx =
L
X =
2

. T T . v
=sing =1, a noromy, Koraa x-» 7 1 —sinx—0; limcos?x =
T
X =

2
T
= cos? 7 =0 u MB HMMEeM JenO0 C OTHOIEHHeM JBYX OecKOHeuHo

Manbix Qynkppir, TpefyeTcs, Kak yXKe XOpOIIO H3BECTHO YHTa-
TeJ10, CNelHanpHOe MCC/AEJAOBaHME, 4YTOOBl peIlIHTh BONIPOC O IIpe-
Jene. 3Had, yro cos?x = 1 —sin®x = (1 —sinx)(l 4 sinx), uveem

. lssjnx 1 —sinx 1
m-—_—— =
fi x Cosx = lim = (1 —sin x) (1 4-sin x) llm TFsinx
X+ - - X
2 x 2

5'
1 1 1 1

=1—{-]i1;‘nsinar= l+sin;i =1+1=2—’

X

3ajgaua 16,2 (n1a caMocTOSTENbHOrO pellienusi). Hajitu
cosy —siny

= gy
-7
OTBerT. L ‘
2)2
3anaua 16,3 (g9 camMOCTOSTe/bHOTO pelueHust). Hairu:
li 1 —4sin?x
M sax

k4
X>—

6

T
YKasanye, Tlog 3HAKOM Ipejena HAXOAMTCS MPH X—>g

OTHOLUICHHE JByx GeCKOHEWHO MAbIX quHKHH” Crenyer uncaurens
PA3NOXKHTL Ha' MHOXK HTEJH:

l—4sinzy = 4(-4--—sin2x) =4(§ —sinx)(; +sinx).
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3namenarenb pobu
3
cos3x=4cos®x—3cosx=4cosx (cosﬁx—z) =

=4cosx (cosx — KQE) (cosx -+ '—/2—5)

Ecau nod sHaxkom npedesd umeemcs CYMMa uau pasHocmb mpu-
20HOMempuveckux PyHKYULl, uacmo Obigaem noAe3Hbim  npeobpasosame
ux 6 npoussedenue no U36ECMHbLIM (HOpMYIAM MPULOHOMEMPULL.

1 T
Yuects, ut0 3 = sin30°% Vs _ cos 30°,

2
Va

Oreer. ——%-

3anava 16,4. Hafitu lim 3tgx——‘/tg?—.

2% Vsinx— Vsine

Pemenue. Ilpy x —a u udcauteb, H 3HaMeHaTedp npoﬁn -
¢GbyHKUHME GeCKOHEUHO MaJbie:

lim(Ptgx—Viga) =limVigx—limViga =) limtgx —

X+ X>o X->a X
—Vitge=Vtglimx~Vitga=Vtga—Vtga=0*
Xsa

Ananoruunble paccyXfeHHs [IPOBeCTH H IO OTHOIIEHHIO K 3Ha-
menateso. Vmeem

Vig x—-]/tg a

limy——F—=— =
Eow Vsm X — Vsm a

—lim Vigz— }/tg ) (Vige-+Vig oz)(]/sm2 X+ Vsm a - sinx 4+ Vsm‘a)
¥ (Vsinx —Vsm a )(Vtg 14V tga o:)(VEm2 x4 V sin«-sinx +]/ sin® )
(tgx—tga) (Vsm2 %+ Vsm x-sina + Vsm2 a) _

= lim
xoa (Vtgx—l- ¥ iga) (sin x — sina)
3 3
____]iml/sin"x-{—]/sina-sinx-{-—]/sinzcz lim sin (x — a) _
x-a Vigx+ Vige x-'acosxcosa2cosx';“sinx'2'“

*ask (28 4+ l)g. rie k — moboe 1eJce | GHeo. Ecnn we caenats stoff oro-

BOPKH, TO, Hanpu™mep, npu a=g_ Oyger {ga = tg.‘:)i, a tgg- He HMeeT YHCJOBOrQ

CMBbIcIa.
1



Si"/T 2Sinx2acosx:a
=2V SInTe [im = =
2Viga x-a cosxcosa2cosx—§asinx;a
3 —
V sin?a

3
2 2V igacosta -

3ajgaua 16,5 (ma4 CaMOCTOﬂTEJIbHOI‘O pewenus). Haiitu

lim Vtgx-—l/sma
¥-a Vsmx— Vsina’
2 Vsina |
OTBeT. 33 cosfa
Viga

Ilpu pewleHun OCTaNbHEIX 33aJay 3TOro INpaKTHYECKOTo 3aHATHA
ClAeAyeT MMeTb B BHJY, YTO

lim 3% . (16,1)
x=0 X

3apava 16,6. Haiitu lim sin kx

x-0

Pewenue. HHorna npu oTbICKaHMM mpejesa IOJE3HO NPOM3-
BECTH 3aMeHy NEpeMeHHOil ¢ TeM, YTOOBI YIPOCTHTb OTHICKaHMe Ipe-
Jesla H MCTNOJBb30BAaTh yXKe H3BECTHbIE Npejeshl.

Ecau nop 3HaxkoM npegena jenaercsl 3aMeHa NepeMeHHOHM, TO Bce
BEJAHYMHBI, BXOASILHE Noj 3HAK Mpenena, NOJXKHb ObITb BbIPaeHb
yepe3 Ty HOBYIO MepeMEHHYO, U W3 PaBEHCTBA, BbIPAKAIOLWIEro 3a-
BUCHMOCTb MeXJy CTapoH nepeMeHHOR M HOBOM, Jo/uKeH GbiTh Olpe-
JeJeH npenes HOBOH nepeMeHHOM.

Jas pelleHusi n