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NPEIVUCIOBUE

“COopHUEK 3ajay Mo Teopuu GYHKIUH KOMITJIEKCHOrO TepeMeHHOro”
(TOKII) npennaznavaeTcs B OCHOBHOM Ul CTYIEHTOB MeXaHUKO-MaTeMa-
TUYECKUX U (PUBNKO-MaTeMaTH4yecKux GpakyibTEeTOB YHUBEPCUTETOB, CO-
OTBETCTBYIOMUX OTAENEHUN MeANHCTUTYTOB U TEXHUUECKUX BY30B C IO-
BBIINEHHOM nporpamMMoii mo matrematnke. B “COopHUKe” UMeIOTCA Tak#e
[UKJIbI 3a7a4, BLIXOAANMX 32 paMKU MporpaMMbl. HeroTopbie U3 HUX MO-
I'yT CAYKUTH OCHOBOI! /Il KyPCOBBIX CTYyJeHUYECKUX paboT U MaTepuaioM
o 3aHATUE Ha cemuHapax no TORII.

ARTophl noaaraioT Takme, uyto “COOpPHUK” OKameTcHA MOJEe3HbIM I/
AUl CrelUalu3upyIOMUXCs M0 MexaHuKe HeNpepbIBHLIX cpel (TUApoau-
HaMUKa, TEOpHUA YNOPYTroCTU) U BIEKTPOTEXHUKE, TaK Kak B HEM COep-
UTCA OOMBINOE YUCIO 3a1a4 TG0 M0 HEeNOCPeACTBEHHOMY MPUMEHEHUIO
TORIl k yrazaHHBIM AUCHUIAWHAM, JUOO MO BoOMpocaMm, MpeacTaBIfAlO-
MKUM UX MaTeMaTUYeCKYIO OCHOBY (KOH(OPMHBbIE OTOOPAMEHUs, TapMo-
HUYeckre GyHKINU, NOTEHIHANbI, HHTerpanbl Tuna KRomm u T. 1.).

Ham ramercs, uro “C60pHUK” DOCTATOUHO MOJHO OTpa#aeT OCHOBHbIE
paznennl TORII, Gonee uau menee 61u3KkNe K y4eGHBIM IJaHaM.

Ilna ymo6eTBa nonb3oBanua “COoOpHUKOM” B OTJIaBleHUU, TOMUMO Ha-
3BaHUA TIaB U naparpadoB, UHOT[A MEepPeUnCieHbl colep:Ralueca B HUX
OCHOBHBIE [IUK/IBI 3a1a4 (3TO KacaeTcs MIaBHbIM 00pa3oM 0CHOBHOTO yues-
HOrO MaTepuana).

[Ipennonaraercs, uTo noabayiomuiica “C60pHUKOM” 3HAKOM C COOT-
BeTcTByomuMu pasaeiamu rKypca TORII (manpumep, B o6beMe KHUTH
A. . Maprymesnya “KpaTkuii Kypc Teopun aHaTuTUIECKUX QyHKIUH” ).
Ecnu mpuBnekaeTcd IOMOMHUTENbHBIH MaTepuala, TO JalOTcA HeoOXOIU-
Mble CIpaBOYHbIe CBeIEHNA, a TaKMe CChbUIKU Ha autepatypy. Hiad Hau-
GoJiee 4aCTO UUTUPYEMbIX KHUT BBeIEHbI 0003HAUEHUS:

[1] — Maprywesuy A.H. KpaTkuii Kypc Teopiy aHaTuTUIeCKUX DYHKE-
nuii - 3-e usm. M.:“Hayra”, 1966.

[2] Maprywesuyw A.H. Teopus anaautudeckux gpyurnuii, T. I, IL.
2-e usf. M.:“Haywa”, 1967, 1968, .

[3] Jlaspenmves M. A., Ila6am 5. B. Metonbl Teopuu ¢byHKUU
KOMIIIEKCHOT0 nepeMeHHoro — 2-e u3na. — M.:“@uamarrus”, 1965.

[4] — Ipusanos H. H. Benenune B Teopuio GyHKUMHA KOMIIEKCHOTO
nepemenHoro  10-e usn. M.:“DPusmarrus”, 1960.



6 IIpeducaosue

Bce yrazaHus K pelieHuio 3aau nNpuBeIeHbI B OCHOBHOM TEKCTE.

HauGonee TpynHbie 3agaun, HOMepa KOTOPbIX OTMeYeHbl 3Be30UKaMHU,
cHabeHbl pelleHUAMU, NOMelleHHLIMU B OTBEeTaXx.

[Ipu coctaBaennun “CoopHUKA” GbLIM MCNONL30BaHbl UMEBIINECSA B pac-
NOPAMEHUN aBTOPOB KaK pPYCCKMe, TaK U MHOCTPaHHble YUeOHUKU, MOCO-
6uf, MoHOT paduu.

Btopoe uznanne “CéopHuKa” BBIXOOUT B CYyLIeCTBEHHO mepepadoTaH-
HOM Buge. B cBfA3u ¢ nomenaHuAMU, BbICKA3aHHBIMU MPU 00CYHIEHUU
“CoopHuKa” coTpyaHuKaMu Kadeapbl Teopun GYHKIUNE U GYHKIHUOHATL-
Horo aHanu3a MoCKOBCKOro YHUBepCcUTEeTa, YBEINUYEHO YNCIO0 3aaad Mo pA-
ay paszgenoB (0coOble TOYKM MHOTO3HAYHBIX (QyHKINIH, KOHGOPMHBIE 0TO-
GpaeHus, CBA3aHHbIE C 3JeMeHTapHbIMU HYHKIUAMU, Heable QYHKIUYT |
T. 1.). B To se Bpems UCKIIOUEHBI HEKOTOPbIE HMKILI 3adad, He CBA3aH-
Hele ¢ o6sazaTenbHbiM Kypcom TORID (cuHrynsapHbie WHTErpaibl, KIacChl
(GbYyHRIUN ¢ HEU30JAUPOBAaHHBIMU OCOGEHHOCTAMU, HECTallOHApPHBIE BUX-
peBble TeueHUsl U HEKOTopble npyrue). MckiioueHa yacTb COPaBOYHOrO
MaTepuaia — Tabaulbl TPeobpaszoBaHuil AIUNTUYECKUX QYHKUUN U UH-
TerpanoB (MX MOMHO HA{TH B BBINIEANINX B MOCIEIHUE FOIbI HA PYCCKOM
A3bIKE CIIPABOYHBIX U3IaHUSAX).

[IpousBeneHa Tak#He neperpynnupoBKa BCEro MaTepuana; B 4acTHOC-
TH, BbIJelNeHbl B OT/IEJLHYIO IJaBy BONPOCHI, CBA3AHHbLIE ¢ 0000MEHUAMU
NOHATUA aHaauTHYecKoil GyHRuuU. McnpaBieHbl MorpemHuocTy, o6Hapy-
MEeHHbIe KaKk B OTBETax, TaKk U B yCJIOBUAX 3a1a4. B CBA3M C 3TUM aBTOPbI
6aarogapHbl BceM JUIlaM, TMPUCTABIIUM CBOUM 3aMedaHud. Mbl ocoGeHHO
npusHaTeabHbl A. A. [oabaGepry 3a pAn LeHHBIX COBETOB M YKazaHU.

Asmopui



FTABA I

KOMIIJIEKRCHBIE YHUCJIIA 1 @YHKIIUU KOMIIJIEKCHOTI'O
NEPEMEHHOTO

B aroit riaBe u Boo6Gie Beaae B 3TOi KHUTe, Te HE OTOBOPEHO TIPOTUB-
HOe, TPUHATLI 0603HAYCHUA: 2z = T + iy =re'?, w=u+iv=pe'’ (z,v,
u, v, r, p, p n § — neidictButennunie ynciaa, r >0, p>0); Rez = =z,
Imz =y, Argz =1, |z|=r, z=1z—iy. Eciu ne cmenano gomnoanu-
TelbHBIX yKaszaHUN, TO TiIaBHOE 3HaueHUe apryMeHTa arg z Bbidelsiercs
HepaBeHCTBAMU —7 < arg z < 7; KOMILIEKCHYIO MIOCKOCTh, TOUKKU KOTO-
poii n306pananT KOMILIEKCHbIe Yncia 2, Gy IeM HA3hIBaTh 2-MA0CKOCTbIO,
0OGBIYHO TEPMUHBI “KOMIUIEKCHOE Yhciao z” u “Touka z” ynoTpebasioTcs
KaK CUHOHUMBI.

§ 1. KomnaexcHble uncia
Komnanescunie uncma, reoMeTpudeckKkas MHTepnpeTanun
1.1. BoImoaHUTL yKa3aHHble OefCTBUA:

1 1—i 2 . s
1) ?: 2)1+Z" 3)1—31" 4) (1+7\/?_))

1.2. Hatitn MOOYJINW W apryMeHThl KOMIIJIEKCHBIX YHCell (a ub—
JefiCTBUTENbLHbIE l‘II/IC.T]E'I)I

1) 3i; 2)—2 3)1+i; 4) —1—i; 5)2+5i; 6)2—5i;

7) —2+5i; 8) —2—>5i; 9)bi (b#0); 10) a+ bi (a#0).

1.3. Pemuth ypaBHenne z = z" ! (n # 2 — uHaTypajihHOe 4MCio0).

1.4. HafiTu Bce 3HaueHUA CAeAYIOUUX KOpHEH U NOCTPOUThL UX:

V1 2) Vi 3) V=T 4) V=8 5) VT,

6) V1—i; T)V3+4i; 8) V/—2+2i; 9) -4+ 3i.

1.5. JloraszaThb, 4To 06a 3HaYEHUA V22 — 1 neskat na MpAMOIi, TPoXo-
admel yepe3 Havalo KOOpAMHAT U TMapaijielbHoil GuccekTpuce BHYTPEH-

HEero yria TpeyroibHHKa ¢ BepiinHamMu B Toukax —1, 1 u z, npoBeneHHoOH
13 BEpILIMHBI 2.

m
1.6. Tlyets m u n — uenble uncna. [lokaszaTk, uTo (\"/E) nuMeer
n/(n,m) pasnuuHbIX 3Ha4YeHUii, rae (n,m)  o0wmuil HanGonbuil Kenu-

m
Tedb yucea m u n. YOeAUThCsA, YTO MHO#ECTBA 3HAUEHU ({’/E) nu +\/zm
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COBMAfAIOT TOrMIa U TOALKO Torja, koraa (n,m) =1, T. e. n 1 m B3aUMHO
MPOCTHI.

1.7. UcxonAa 13 reoMeTpUUeCKMX pacCMOTpeHHil, AoKkazaTh Hepa-
BEHCTRBA:

1) |21 + zo] <21+ [22]; 2) [21 — 22 2> [|21] — |22

HOHaSaTb ATU Me HepaBeHCTBa aﬂFeraI/Il{eCHI/IM l'IyTeM. BBIHCHI/ITE} B
Ram oM C.ﬂy'{ae, Rorga mMeeT MeCTO 3HaARK paBeHCTBa.

1.8. Hcxona u3 reoMeTpUYeCKUX paccMOTpEHUil, J0KazaTb Hepa-
BEHCTRa:

z
|5 -1 <lanzi 2 1z <l =1 2 arg 2l

1.9. JlokazaTb TOMIECTBO
21 + 20”4 21 — 22)? = 2(|21 [ + [22]°)
U BBIICHUThH €ro TeOMeTPUUECKUi CMbICI.
1.10. [JoxaszaTh TOMIECTBO
1= Zizf” = |21 = 20? = (1= 21 ) (1 = |22 ).

1.11. JoxazaTh HEpaBEHCTRO

1 21 22
> - =L =
otz > g (=l b | 2+
1.12. Ilyctb 21 U 2o NpOU3BOJILHbIE KOMILJIEKCHbIE YHCHa, a a1
M ay — neiicteutennupie uncaa (aj + aj # 0). JokasaTh HepaBeHCTBa
2
o1+ [l — |22 + 23 < 2 WA OEL R 2 122 4 2,
ay + a;

Ywrazanue. BeecTu BcnmoMoraTenbHbIl yrol a Tawroii, 4To tga =
= a; /as, NPEACTaBUThL OlEHNBaeMoe Belpamenne B Buge A + Bsin2a +
+ C cos 2 1 HaiiTu ero HauGonAbllee ¥ HaUMeHbIlee 3HAUEHU .

1.13. JlokasaTh TosOecTBa:
= Z lay + as*;

n n
1) (n72)2|ak|2+‘2ak
k=1 k=1 1<k<s<n

n n 2
DY lasl | Yo = 3 Jas - ail
k=1 k=1

1<k<s<n

‘ 2

1.14. JlokazaTh:

1) ecut 21 + 20 + 23 = 0 1 |21] = |22] = |23 = 1, To TouRM 21, 29, 23
ABNAIOTCA BeplIMHAMU NPAaBUILHOIO TPeyTOJLHMKA, BIUCAHHOIO B eli-
HUYHYIO OKPY#HOCTD;

2) ecnt z1 + 2o + 23+ 24 = 0 1 |21| = |22| = |23| = |z4], TO TOURHM 21,
29, %3, 24 MO0 ABIAIOTCA BepUIMHAMM NPAMOYTOJLHUAKA, JUG0 MONapHO
COBIIAAIOT.
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1.15. HaiiTu BepmuHbl NPaBUIbLHOIO n-yroJAbHUKA, €CIU €ro LeHTP
HaxoauTca B Touke z = (), a OlHA U3 BepIINH z; U3BECTHA.

1.16. Touku 21 U 23 — CMeHHbIE BEPIUHBI TPAaBUILHONO N-YT0JbLHN-
ka. HaiiTu Bepiinny z3, CMEMKHYIO C 29 (23 # 21).

1.17. Janwl TpM BepmMHLI NapajiienorpaMmma zp, 2o, 23. HaiiTu uer-
BEPTYIO BEPIIUHY 24, TPOTUBONOIOMHYIO BEPUIMHE 23.

1.18. Ilpu KakoM yCIOBUU TPU MOMApHO HE COBMAmaiouie TOUKK 27,
29, z3 Je;KaT HaA OJHON MpAMOL?

1.19. Ilpu KakoM ycloBUM YeThIpe MOMapHO He COoBNagalolue TOUKU
21, 29, 23, Z4 NewaT HA OQHON OKPYMHOCTU WU MPAMO?

1.20. Touku 21, 29, ..., 2, J€HAT M0 OAHY CTOPOHY OT HEKOTOPOH TpA-
MOii, mpoxoaameli yepes Hauano koopauHar. JlokazaTh, UTO aHAJOTMUHBIM
cBOiicTBOM 004aaioT Touky 1/21, 1/29, ..., 1/2, (yKasaTb, 0OTHOCUTEIbLHO
KaKkoi MPAMOW) 1 YTO

1 1 1
z1+z0+ o+ 2, #0, —+ —+ ..+ — #£0.
Z1 z9 Zn

1.21. JlorkazaTb, 4TO ecau 21 + 22 + ... + 2, = 0, To n106aa npamMasd,
npoxoaAmiasa yepe3 Haualo KOOPAUHAT, pa3felfieT TOURU 21, 22, ..., Zn,
eclii TONLKO ATU TOYKHU He JeMaT Ha 3TOU NMpAMOoil.

1.22. JlokazaTh, uTo Jt06asd npAMas, NMPOXOAfAllasd 4yepe3 HeHTpP THA-
MMecTU cucTeMbl MaTepualbHLIX TO4YeK 21, 29, ..., 2, C MaccaMu mi,
ma, ..., My, padneisaeT 3TU TOUKU, €ClIU TOJIbKO OHU He Je;kaT Ha 3TOM
NpPAMOM.

B zamauax 1.23-1.34 TpeGyercsi BBIACHUThL Te€OMETPUYECKUI CMbICH
yKazaHHbIX COOTHOTIEHUI.

1.23. |z — 20| < R; |z — 20| > R; |z — 2| = R.

1.24. |z —2|+ [z +2|=5. 1.25.|z—-2|— |2+ 2| > 3.

1.26. |z — 21| = |z — 22]. 1.27.1)Rez>C; 2)Imz< C.

1.28. 0 < Re(iz) < 1.

1.29. a<argz< f; a<arg(z—20)<f (—m<a<pf<7).

1.30. |zl =Rez+1. 1.31.Rez+Imz < 1.

275, ReZ—2 =0. 1.33.

zZ — 22 zZ — 22
1.34. 1) |z| < argz, ecin 0 < argz < 2m;

1.32. Im 2z > |1+ 22|

2) |z| < argz, ecin 0 < argz < 2.

B 3apmauax 1.35 1.38 Tpebyercsa onpegeiuTh ceMeiicTBa JUHUN B
Z-TIIOCKOCTH, 3a/JaHHbIX COOTBETCTBYIOMNMU YPABHEHUAMU.

1.35. 1) Re%:(]; 2) Im%zC(foo<C<oo).
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1.36. 1) Rez? =C; 2)Im2?> =C (—0 < C < ).
1.37. |22 =X (A>0).

zZ—Zz

1.38. arg =a(-m<a<gm).

zZ— 22

1.39. 1) CemeiicTBO JUHUI B 2-MIOCKOCTU 3a1aHO YpPaBHEHHEM
22 —1=X (A>0).

Ina wakux 3HaYeHUH A JAUHUK ceMeficTBa OYAYT COCTOAThH U3 OOHOMN
NpPOCTOIl KPUBOH U A KaKUX pacnagaTbcs?

2) BoIACHUTH Te #e BONpPOCHI 1A ceMeHCcTRa
22 +az+b =X (A>0).

1.40. HaiiTu nauGonbllee n HauMeHLIIee PacCTOAHUA OT Hayana Ko-
OpOMHAT 0 TOYeK 3amanHoil aunuu (a > 0):

1) z—i—l =a; 2) ‘z-l—é‘:a.
z z

1.41. Oyuxuua argz ompejeieHa OJHO3HAYHO BO BCAKOH Touke
z # 0, ecin nonoxutk |z| — 21 < argz < |z|. KakoBo reomerpunueckoe
MeCTO TOYeK, B KOTOPLIX HAapyHaeTcs HeMpephIBHOCThL ONpeaelenHoi Ta-
KuUM o0paszoM GyHKIUU arg z?

1.42. KakoBO reoMeTpryecKoe MeCTO TOYeK, B KOTOPhIX HapyIaeTcs
HEMpepbIBHOCTL (GYHKIMU argz, ONHO3HAUHO ONpeNeleHHON NpU TI060M
z # 0 wuepaBencrBamu In |z| — 27 < argz < In |z2|?

1.43. llepBonauanshoe 3Hauenue Arg f(z) npu z = 2 NpUHATO pas-
HeIM (0. Touka z genaeT oguH MONHBIE 060POT NPOTUB YACOBOI CTpEIKU
M0 OKPY#HOCTU C HEHTPOM B Havale KOOpAMHAT W BO3BpallaeTcAd B TOY-
Ky z = 2. Cuuras, uro Arg f(z) usMeHseTcs HeMPEPLIBHO MPU ABUMEHUN
TOYKU z, yKazaThb 3HadeHue Arg f(2) mocie ykasaHHoro oGopoTa, eciu:

D) flz)=vVz—T1; 2)f(z)=+z-1; 3) f(z)=vV22-1;
4) f(z) =V +22 -3 5) flz) = /=L,

z+1

CTepeorpaduueckas MpoeKIUA

1.44. Brisectu dopMyiibl cTepeorpaduveckoil NpoeKnn, Bhipa#aro-
mue KoopauHathl (€,m,() Tousn P cdepnl ¢ nuamerpoMm 1, Kacaiomeiics
2-TJIOCKOCTY B Havajie KOOPAMHAT, Yepe3 KOOPAUHATHI (x,y) COOTBETCT-
ByIOIei Toukn z. BeipasuTh Taxme x n y uepes &, 1, ¢ (ocu & u 7 npen-
noJgaraloTCA COBMaJalOUMU COOTBETCTBEHHO C OCAMU T 1 ).

MMpumeuanne. B zdagave 1.44 ocyimecTBiseTcsa COOTBETCTBUE MeM-
1y TOYKaMU KOMILIEKCHO} miockocTu U chepbl paguyca 1/2, kacaiomeiics
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3Tol miockocTu. BerpedaeTea W MHOHR crnocod COOTBETCTBUSA, MPU KOTO-
pom cdepa nMeeT paguyc, paBHbIA 1, a z-TIOCKOCThL TPOXOOUT Yepes ee
neutp. Cwm., wanpumep, [1; ra. I, o. 4].

1.45. Karosbl Ha cdepe o6pasel Touek 1, —1, 4, (1 —i)/\/27
1.46. KaroB Ha nuockoctu o6pas mapaiienu ¢ muporoin [((—m/2 <

577 93

< B < w/2)? Yemy cooTBeTCTBYIOT “tO#HBIHN” U “ceBepHBIN” momoch!?

1.47. Haiitu Ha chepe o6pasbr:
1) nyueit argz = «; 2) oxpymHocreit |z| = 7.

1.48. KaroBo Ha cepe B3auMHOe pacrojioeHue napbl Touek, B3anuM-
HO CUMMETPUUHbBIX:

1) orHocurenbHo Toukn z = 0;

2) OTHOCHUTENbHO [eliCTBUTENLHOl OCH;

3) OTHOCUTEILHO eIUHUIHON OKPYHHOCTHU?

1.49. llpu KakoM yCIOBUM TOUKHU 21 U zo fABIAIOTCA cTepeorpadu-
YEeCKUMM TPOEKIUAMU ABYX AUAMETPalbHO MPOTUBOMOIOMHBIX TOUYEK
cthepnr?

1.50. Ilpu rarom npeodpazoBaHuU chepbl 00pa3 TOUKU 2z NMEepeXoquT
B 06pa3 Toukn 1/z7

1.51. Haiitu Ha cdepe oGpasbl oGaacTeil, onpeneaeHHbIX HEPABEHCT-
BaMU:

1) Imz>0; 2)Imz<0; 3)Rez>0;

4) Rez < 0; 5)|z|<1; 6) |z >1.

1.52. Yrto cooTBeTcTBYeT Ha cepe cemMelicTBY mnapasienbHbIX MpA-
MBIX Ha MI0CKOCTU?

1.53. IloxkazaTh, 4TO Npu cTepeorpa@uyeckoil NPpoeKInu OKPYHHOC-
TH, pacrojioxeHHble Ha cdepe, MPOEKTUPYIOTCA B OKPYMHOCTH WUIU B
npsAMble Ha miaockocTu. Kakue orpyHOCTH Ha cdepe COOTBETCTBYIOT
npAMbIM?

1.54. Tlycts K — OKpPY#HOCThL Ha MIOCKOCTH, COTBETCTRYIOMAfA OK-
pysuoctu K' ua cpepe, N ceBepHBIi moatoc cdepsl, S BeplInHa
KoHyca, kacaiomerocs cpepol Broib K' (npemnonaraercs, uto K' ne
ARAgeTcA GoabmuM KpyroMm). JokaszaTh, uTo HeHTp oxpy#HocTH K ne-
muT Ha ayde NS. Pacemorperh cayuait, sorna K' 60nbLIION KpYT.

1.55. JlokazaTh, 4TO Mpu cTepeorpad@uyeckoil MPOeKIUU YTkl MeH-
Iy KPUBBIMU Ha cdepe paBHbI yriaM Mex Iy Ux o6pazaMu Ha TI0CKOCTH.

1.56. Haiitu mauny k(z,a) xopawl, coequnsomeil Touku cdepbl, co-
OTBETCTBYIOIIME TOUKaM 2z U a. PaccMoTpeTh Tak:e ciydail, korja a —
OecKOHEUHO yaaleHHaf TOUKa.

1.57. JlaHbl IBe TOUKU 21 U 2o (OIIHa 13 HUX MOKeT ObITh OeCKOHEUHO
ynanenuoii). HaitTu reomeTpruueckoe MecTo ToUeK z-TMIOCKOCTH, KOTOPO-
My Ha cdepe COOTBETCTBYET OKPY#HOCTh, paBHOydaleHHasd OT 00pas3oB
JaHHBIX TOYEK.
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§ 2. dnemeHTapHble TpPaHCIeHAeHTHbIe QYHKIINU

[lo onpenenenuto
expz = e = e“(cosy +isiny),

e’ 4 e 'F . e'* —e sin z cos 2
cosz = ——, sing=———, tgz= , ctgz = —)
2 21 coSs z sin z
z —2Zz z —2z
e +e e —e sh z chz
chz=-————, shz=—-——~——, thz=—"%, cthz= "=,
2 2 chz sh z

1.58. IloabsydAck onpeneneHneM e, nokazaTh, YTO:
1) el . 2 = eZl+Z2; 2) ez+2ﬂ'1’, — ez;
3) eciu e*tY = ¢* mpwm BeAROM 2, TO

w=2rki (k=0,£1,£2,..).

CooTHomenne expiyp = e = cosp +ising (dhopmyna ditmepa) no-
3BOJIIET BMECTO TPUTOHOMETPUUECKON (hOPMBI 3aMUCH KOMILIEKCHOrO YnC-
na z = r(cos ¢ + i sin ) noab30BaTheA NoKazaTenLHON GopMoit z = re'?.
B pannmeiimem nom ¢ o6hIYHO MOHMMAaeTCA TaBHOE 3HAUYEHME apryMeH-
Ta, T.e. —7m < ¢ < 7.

1.59. IlpeacraButhk B mokasaTenabHo# ¢hopme uncna 1, —1,4, —i, 1 + 14,
1—d, 1414, =1 —1.

1.60. Haittu e*7/2 k™ (k= 0,41,£2,...).

1.61. HaiiTu Momynu u riaBHbIe 3HAYEHUA apTYMEHTOB KOMIIIEKCHBIX
amcen X+ 2 QAL o4l (0> 0, ol < 7); e (g <
<) e —ef (0B <a<2n).

1.62. Haiitu cymMmbI:

1) 1+ cosz + cos 2z + ... + cos nx;

2) sinz + sin 2z + ... + sin nx;

3) cosx + cos3x + ... + cos (2n — 1)x;

4) sinz + sin3z + ... +sin (2n — 1)x;

5) sinz — sin2x + ... + (=1)"" ' sinnz.
1.63. Haiitu cymmbI:

1) cosa+ cos(a + () + ... + cos (o + nf);

2) sina +sin (a + 8) + ... + sin (a + nf).

1.64. Ucxona u3 onpegeneHus COOTBETCTBYIOMMUX (GYHKIMI, OOKa-
3aTh:

. b . ™
1) sin? z4cos®>z =1; 2) sinz = cos (5 - z)
3) sin (21 + 22) = sin z1 cos 29 + €os 21 sin 29;
4) cos (21 + 2z2) = €0s 21 COS 29 — Sin 21 8in 29;
) 2tgz |
1—tg2z’

ot

tg2z = 6) ch (21 + 29) = chzych 29 + sh zysh 2.
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1.65. JlokasaTb, 4TO eciau cos (z + w) = oS z MPU BCAKOM 2z, TO W =
=27k (k=0,£1,£2,...).

1.66. [orazaTh, 4TO:
1) siniz =ishz; 2) cosiz=chz; 3)tgiz=1ithz;
4) ctgiz = —icthz.

1.67. Bripa3uTh uepe3 TpUTOHOMETPUYECKHE U TurepooInvecKue
(GyHKUIUU [AefiCTBUTENLHOTO apryMeHTa [OeHCTBUTENbHbIE U MHUMbIE
4yacTu, a Takke MOAYJU cledyIomuxX QyHRIUR:

1) sinz; 2)cosz; 3)tgz; 4)shz; 5)chz;  6)thz.

1.68. HaiiTu pelicTBUTENLHbIE U MHUMbIE YacTU CIEOYIOMUX 3HAYe-
HUN QyHRINIA:

1) cos(2+14); 2)sin2i; 3)tg(2—1i);
T . e
4) ctg(Z—zan), 5) cth (2+1i); 6) th(1n3+Z).

1.69. [lna rammpoit u3 pyHKuuil e*, cosz, sinz, tgz, chz, cthz
HallTU MHOMECTBO TOYEK Zz, IIe OHA NPUHUMAET:

1) nmeiicTBUTeNLHbIE 3HAUEHNS;

2) YHCTO MHMMbIE 3HAUEHUS.

1.70. HaiiTu Bce 3HaYeHun z, A KOTOPBIX:
1) |tgz|=1; 2) [thz| =1.
[lo onmpemenenuto Lnz = Inr+ip+2mik (b = 0,+1,+2,...),

Inz=Inr+ip(—7 < p <7) (Inz HasbiBaeTca 24a6HbIM 3HAUEHUEM BE-
anuune! Ln z).

1.71. Bpruucinth:
1) Ln4, In(—1), In(—1); 2) Lni, lng;

3) Ln 1\2’; 4) Ln (2 3i), Ln(-2+ 3i).

1.72. Haiitu ommbKky B paccy#AeHHUAX, NPUBOAAMINX K Napagokcy
. Bepuyaau: (—2z)% = 22, nostomy 2Ln (—2) = 2Ln z, ciemoBaTenbHo,
Ln(—z)=Lnz.

1.73. llepBonauvanshoe 3Hauenue Im f(z) mpu z =2 npuHATO pas-
HbIM Hya10. Touka z genaet oguH MOJHBINA 060POT MPOTUB YacOBOM CTpe-
KU 10 OKPYH#HOCTU C LIEHTPOM B Touke z = ( u Bo3BpamaeTcs B TOURY
z = 2. Cunrtas, uto f(z) U3MeHAeTCs HEMPEPbIBHO MPHU ABUKEHUU TOY-
KM 2z, yKazaTh 3Hauenne Im f(z) mocne ykazaHHOro o6opoTa, eciu:

1) f(z) =2Lnz;  2) f(z) =Ln;
3) f(2) =Lnz—Ln(z+1); 4) f(z) =Lnz+Ln(z+1).
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Ilo onpenejleHuio ajada JMI0OBbIX KOMIIJIEKCHBIX YMCel a ;é Ou«

a® = exp{alna}, (1)

e}

WAM, ecl Mol e® mo-mpeskHeMmy !) monumath expz, To a® = e*tna,

1.74. Ha#iTu Bce 3HaueHHf CAeIYIOINX CTerneHeil:

Y% 2) <2V 3) 2k 4) 17 5) ik

L—dy14i, EUTNEES _ \1+i
6) ( )T DB ) (i)

1.75. HOHHSHT]::, 4YTO B cliydyae palnuoHalbHOTO IMoKra3aTenfd CTelneHu
(0 = m/n) obwee onpenenenne cTenelHy z* coBnagaeT ¢ 0GbIUHBIM OIpe-
JeleHueM:

(em. Tare 3agauy 1.6).

1.76. CornamaioT 1u MHO#ecCTBa 3HaveHuii a’®, (a®)?, (a*)2?

Mo onpeneneHnio, paBeHCTBO w = Arccos z PKBUBANEHTHO PaBEHCT-
BY z = cosw. AHamornyno onpepensiorcea (gyHruunu Arcsinz, Arctgz,

Arcctg z u o6paTHbie runepoonuueckue ¢pyuriuu Arch z, Arshz, Arth z,
Arcth z.

1.77. Jlokazath crenyiomne paBeHCTBa (115 KopHeil GepyTes Bee HX
3HAUEHUA):

1) Arccosz = —iLn (z + V22 — 1);
2) Arcsinz = —iLni(z + v22 — 1);

i+z 1 Ln1+iz_

3) Arctgz = %Ln

1 — 2z 21 1—iz’

4) Arcctgz = %an;;, 5) Archz = Ln (z + V22 — 1);

6) Arshz =Ln(z ++V22+1); 7) Arthz = %Ln

1+ 2
1—-2z’

z+1
z—1
1.78. JlokazaTb, uTo A1f JI060ro 3HavyeHUA Arccosz MOMKHO NMOIO-
GpaTh Takoe 3HaueHue Arcsin z, 4TOOBI CyMMa 3TUX 3HaYeHU Gblia pan-
Ha 7/2. JlokasaTb aHalorM4yHoe yTBep:ieHue oA Arctgz m Arcctg z.
Mpumeuanue. PaBencrBam Arcsinz + Arccosz = 7/2 u Arctg z +
+ Arcctgz = m/2 Bceraa npugaercs CMbICH, yKasaHHBIH B HacTOMALIeH
3ajaue.

8) Arcthz = %Ln

1) Coraacno (1) e* =exp {zLne} =exp {z (1 + 2mik)}. Onnako, ecau He OroBopeHo
npoTuBHOE, Mbl GyeM cuutaTh k = 0 T. e. MO-TIpeRHEMY € = exp z.
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1.79. TokazaThb, 4TO Bce 3HaueHusa Arccosz cofepiates B Gopmylne
Arccosz = +iln (z + /22 — 1),

rae noa v/ z2 — 1 nonuMaercsa Kakoe-HUOYOb OJHO ero 3HadeHue.

1.80. 1) aa waxux 2z Bce 3HauveHus GyHRUMHA Arccosz, Arcsinz u
Arctg z neiicTBUTENBHDBI?

2) Ina wakux z GyHsuus Arsh z mpuHMMaeT YMCTO MHHMMbBIE 3HAUe-
uua?

1.81. HaiiTu Bce 3HaueHUA caeayOMUX GyHRIUN:

1) Arcsin %; 2) Arccos %; 3) Arccos?2; 4) Arcsini;
5) Arctg (1 +2i); 6) Arch2i;  7) Arth (1 —4).

1.82. HaiiTu Bce KOpHU CleAYIOMNUX YpPaBHEHUI:

1) sinz+cosz=2; 2)sinz—cosz=23;
3)sinz—cosz=1i; 4)chz—shz=1;
5)shz—chz=2i; 6)2chz+shz=1i.

1.83. HaiiTu Bce KOpHU cleAyIOMUX YpaBHEHUI:

1) cosz=chz; 2)sinz=ishz; 3)cosz=7ish2z.

§ 3. HOCIIe[IOBaTe.T[hHOCTI/l 1 YHUCJ0BbIe PAObI

oo
s
1.84. JlokazaTh, 4TO ecau pfl E ¢n cxomuTes u |arge,| < a < 7
TO pAA cxoauTcA abCcoaI0THO. n=1

oo
1.85. Ilycth cxomAaTceA pAdb E Cp U E c%. HokazaTh, 4TO ecau
oo

n=1 n=1
Rec, > 0, To pan E \cn\2 OymeT Tak#e CXOAAMNMCH.
n=1
oo

1.86. Pan E ¢, 00lagaeT TeM CBOMCTBOM, UTO 4YeThIpe €ro 4acTu,

cocrodamue HH}KEHH M3 YJIEeHOB, cogepMalmunuxca B OJHOM M TOM #He 3aMK-
HYTOM KBaapaHTe IIJIOCKOCTH, CXOOATCA. HORaSaTI:, 4TO JaHHbIA pAx cxo-
OUTCA abCoJIIOTHO.

1.87. Ilowkasatb Gopmyay (nmpeoGpasoBanue AGeis)

n

n—1
> arbe =Y Sk(br — bet1) — Sm-1bm + Spbn,

k=m k=m

rie 1<m<n, Sy=a1+as+..+ar (k>1), Sp=0.
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oo
1.88. JlokazaTh, UTO O CXOAMMOCTH psAaa Zanbn, roe b, > 0,
oo n=1
JOCTATOYHO, UTOOBI YaCTUUHbIE CyMMBI psAaa Z ap ObLIW OrpaHUYeHbl U
n=1
nocnefoBatenbHoCThL wncen {b,} MOHOTOHHO cTpemunack K HynO (npu-
suar [lupuxie).

Ywrazauue. Boconb3oBaThesa npeotpazoBanuem AGens.
oo
1.89. [lorazaTh, UTO A/ CXOOUMOCTHU psAjaa E anb,, TOE b)Y

n=1
[e%S)

AeficTBUTENLHEIE YKCIa, J0CTATOUYHO, YTOGBI PAL E a, cXoOuicsd, a mo-

n=1
cienoBatelbHOCTh {b,} Oblla MOTOHHON M oOrpaHHYeHHON (HpU3HAK
AGens).

oo

1.90. JoxazaTh, 4TO OJA CXOAUMOCTU psga E a,b,, 10CTATOUYHO BhI-

MOJHEHUSA CAeNYIOWNX yCaoBuit: n=1

1) lim Vb, =0; 2)pan ;\/E

bp — bpy1| cxomutes;
n

Sn Z
3) nocinegoBaTelbHOCTL ——, T'1e Sn: ajp OrpaHvnyeHa.

\/ﬁ k=1

o0
1.91. Ilycth nh_)moO Y/|en| = q. Ilowrasatnb, 4TO pAaa ch CXOUTCA
n=1

(abcoatoTHo), eciu ¢ < 1, u pacxomutes, eciu g > 1.

1.92. Y6eauthca Ha nmpumepax pfaoB

1 1 1
1+2_5+3_a+4_ﬁ+"' (1<a<p),

a+F+a*+8 4. (0<a<p<l),

(oo}
T | Cn+l
4TO pAn Cp  MOMKET CXOAUTBHCA W TOraa, Koraa lim > 1.
n—oo Cn
n=1
. Cn+1 o
1.93. IloxkasaThb, 4To ecau lim il — 1, To nasa abcoaOTHOI cXo-
n—oo | Cn
(oo}
- C 1
OIUMOCTU pAaa E €, J0CTATOYHO, 4TOOBI lim n(‘ et —1) < —1
n—oo Cn
n=1
(npusnak PaaGe).
Cn+1 a 1
1.94. JokazaTh npusHak laycca: ecam |—=1| = 14 — —i—o(—),
Cn n n

rie a He 3aBUCUT OT n U a < —1, To pAI cXoguTcsA abCoaIOTHO.
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oo

B 3amauax 1.95-1.104 ucciaegoBaTh CXOOMMOCTh PAOOB Z Cn-

n=1
= n — n! _ ,in

1.95. ¢, = @ 1.96. ¢, = O 1.97. ¢, = ™.

in ing in
1.98.c, =", 1.99.¢,=°". 1.100.¢,=".

n n n?
1.101. ¢, = L emi/n

n
1.102. ¢, = clot Do lotn DG+ 1) (Fn 1) (runepreomet-

ny(y+1)..(y+n—1)
puuecknit psamg), Re(a+ 3 —v) < 0.

1.103. ¢, = 2 1.104. ¢, = “0

1.105. Haiitu npeneibHble TOUKU MHOMECTRB:

)z=1+ (—1)””"? (n=1,2,..);

2) z= % + % (m,n  NpoOU3BOJLHBIE leJble YUcia);

3) z= % + i% (m, n, p, ¢ — NpOU3BOILHLIE Hedble Ynuca);
4) |z| < 1.

1.106. JlorkazaTb, 4YTo U3 OECKOHEUYHOI OrpaHUYeHHOl TMocaea0Ba-
TENBHOCTH TOYeK {2,} MOKHO BBIGPATH CXOAANIYIOCA MOMIOCIEN0-
BaTEALHOCTh.

1.107. JlokaszaTh cieayioliue NpealoeHus:

1) cxomumocThb nocienoBarenbHocTu {z, = T, + iy, } SKBUBaJIeHTHA
OIHOBPEMEHHO# exoanmocTy nocaegoBatenstocreit {z,} n {y,};

2) mas Toro 4ToGhI cymecTBOBan npegen lim z, # 0, HeoGXxoaUMO U
n—o00
A0CTAaTOYHO, YTOOBI CYLIECTBOBAIN npenensl lim |z,| # 0 u (npu nogxo-
n— 00
AsIIeM ONpeleieHun arg z,) lim arg z,. Ecan lim z, ne aBasercs otpu-
n—o00 n—oo

HaTeabHbIM YHCJIOM, TO MO#HO, HAMPUMED, CYNTaTh, UYTO —7 < arg z, < m.

B KakMX cly4yasx CX0AUMOCTh M0CAeI0BaTelLhHOCTH {2, } AKBUBaANEHT-
Ha CXOOMMOCTH TONLKO MOCIenoBaTenbHoCTH {|2z,|}?

1.108. Ha ocHoBe yTBep#aenuit 3agaun 1.107 gokaszaTh:

n—oo

n
1) lim (1 + %) =e"(cosy + isiny);

2) lim [n({’/Z—l)] —Inr+ip+2mik (k=0,1,2,..).

n—oQ

2 JI.N. BonkoBbiCKHit u 1p.
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§ 4. DyHKIIMU KOMIJIEKCHOro rnepeMeHHOr o

KRovMnaexcHble GYHKIUUU OJelCTBUTENbLHOIO MEPEMEHHOTO

B 3amauax 1.109 1.115 Tpebyetcs onpeaeluTh IUHUU, 3aJaHHble yKa-
3aHHBIMU YPaBHEHUAMU.
1.109. 2 =1—4t, 0<t<2. 1.110.z=t+it?, —o0o <t < o0.

1.111. z =2 +it*, —o0 <t < ox.

1.112. 2 = acost +i sint), 5 <t < 37” a>0.

1.113. z:t+§, —00 < t<0.

1.114. 1) 2 =t +iv1—t2, -1 <t <1

2) z=—t+iV1— 12, —1<t <0 (6epercs apudpmMeTHIeCKOE 3HAUCHUE
KOpHA).

1.115. 1) z =a(t +i —ie ), —co<t<oo, a>0;
2) z =da+at —ibe ™, 0<t<2m, a>0, b>0.

CDyHHIJI/II/I KOMIIJIEKCHOTIoO nmepeMeHHOTO

1.116. Jlas otob6pamenus w = z2 TpebyeTca:

1) naiitu obpasel aunuii x = C, y =C, z =y, |2| = R, argz = a u
BBIACHUTh, KaKKWe W3 HUX NpeobpasyloTca B3aMMHO 0JHO3HAUHO;

2) wmaittTu npooGpassl (Ha z-naockocty) auauil u = C, v = C (w =
=u+iv).

1.117. Inn oroGpamenun w = 1/z naiitu:

1) o6paser aunuii z =C, y=C, |z

2) npoo6paszsl auanii u = C, v = C.

=R, argz=aq, |z2—-1]=1;

—

1.118. Jlaa oroGpamenuii w = 24+ - U w = 2 1 HaliTU 06pasbl
z

I\

OKpy#HOCTell |z| = R.

1 "
1.119. ]Ins npeoGpa3zoBaHuad w = z + — HaAWTH Ha 2-TIOCKOCTU MPO-
z
oGpas npamoyroabHoii cetku (u = C, v = C') nuockoeTu w.

1.120. Bo uTo npeoGpasyerca OKpy#HOCTE |z| = 1 npu oToOGpaseHnn
w=z/(1—2)2?

1.121. ]Insa oToGpamenua w = e* HAWTHU:

1) o6pazel muanii x =C, y=C, x =y;
2) npoo6passl aunnu p =6 (0 <60 < o).
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1.122. Haiitu npeoGpasoBanue npsamMoyroiabhoii cetu (x = C, y = C)
NJA0OCKOCTH 2 C NMOMOIIKIO (hYyHKUNU:
2

Hw=2"+2; 2)w=cthz; 3)w=e*.

1.123. Bo uTto npeoGpa3dyioTcs ¢ MOMOmbIO GYyHKIUM w = e° + 2
orpesku npaMbix = C' u npamveie y = C, nemamune B noaoce 0 <y < «7

1.124. YTo COOTBETCTBYET B 2-IIOCKOCTHU MOJADPHON ceTke |w| = R,
- 2
argw = a npu npeoGpasoBanuax: 1) w =e'/*; 2w =e* ?

HenpepbiBHOCTH

1.125. Oyukuusa f(z), onpeneneHHas B OKPECTHOCTU TOYKU 2o, Ha-
3bIBaETCA HenpepwvleHoll no eline B TOUKe 2q, ecau 1 Ai06oii mocienona-
TenkHOCTH {z,}, cxomdAmeiica K zg, BeinoaHAeTca ycinorue lim f(z,) =

n—oo

= f(20); aTa #e QpyHKUMA HasbIBaeTCA HenpepwleHol no Kowu, ecin nan
moGoro € > 0 cymectByet Takoe d(g) > 0, 4To U3 HepaBeHCTBa |z — zg| < &
cnemyet, uto | f(z) — f(z0)| < &. lokazaTh 3KBUBANEHTHOCTH 0GOMX OMpe-
nenennii (em., nanpumep, [1, ra. I, n. 3.6]).

1.126. OyHRUNU Rez = =z M 2Rez

s s 2

z 0l e 2]
Kakrue us Hux MOTYT ObITh goonpeneneHbl B TOUKe 2 = 0 Tag, 4TOOBI OHU
cTanu HelnpepbIBHBIMU B ATON Touke?

onpeneiennl aias z # 0.

1.127. Byayt au @yHKOUU:

1) 1/(1-2); 2)1/(1+2%);
HENpepLIBHEI BHYTpH eanHnvHoro kpyra (|z| < 1)? Bynyt an onu paBHo-
MEepHO HenpepbIBHbI?

1.128. 1) JlokazaTh, uT0 GyHKUMA e /12l paBHOMEPHO HeNpephiBHA
B Kpyre |z| < R ¢ BbIKonoTON Toukoit z = 0.
2) Bynmer nu paBHOMEpHO HempephiBHA B 3TOH e obGmacTu (GyHK-

mus e /272
> ? .
3) Byaer au ¢ynruua e '/*°  paBHOMepHO HempepblBHA B CEKTOpE
0<|z| <R, |argz| < 7/67

1.129. Oyukuua w = e '/* onpegenena Bciogy, KpoMe Toukn z = 0.
lokaszaTh, 4TO:

1) B monyrpyre 0<|z| <1, |argz| < /2 »Ta QpyHRIMA OrpaHuYeHa,
HO He HeNpepbIBHA;

2) BHYTpH 3TOr0 #e NOodyKpyra GyHKLIUA HelnpepbiBHA, HO HE PaBHO-
MepHO;

3) B cektope 0 < |z| <1, |argz| < a < 7/2 QyHKUMA paBHOMEPHO
HenpepbIBHA.

1.130. ®yunruusa f(z) paBHOMepHO HempephlBHa B Kpyre |z| < 1.
llorazatnb, 4To AusA M060H Touku ( Ha OKpy#HocTU |z| = 1 u m06oit no-

9%
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clleoBaTeIbHOCTU 2, — (, |2n| < 1 cymectByer npemen lim f(z,).
n—oo

JlokazaTh Tak#e, 4yTO ATOT Mpede] He 3aBUCUT OT BLIOOpa MocjaenoBa-
TenpHOCTH {zp,} W 4UTO QyHKOUA, HOONpeleleHHAs Ha TpaHule Kpyra
npu MOMOIIKM TpeaenbHOro nepexona, 6yaeT HempepbiBHA BO BCeM 3aMK-
HyTtoM Kpyre |z| < 1.

§ 5. AHanuTUYecKHe U rapMoHUYecKHe QYHKIUU

Yenosua Komu—-Puwmana

1.131. [poBeputh BhinoaHenue yciaoBuii Komu—Pumana paa GyHk-
nuii 2", e*, cosz, Lnz u norasaTh, 4To

(z") =nz""', (e*) =e*, (cosz) = —sinz, (Lnz) =

— =

1.132. Haiitu noctosinuble a, b, ¢, npu Kotopbix dhyHruus f(z
aHalIMTUYECKOM:

1) £(2) =2+ ay + i(bz + ey);
2) f(z) = cosz(chy + ashy) +i sinz(chy + bshy).

oynet

1.133. Haiitu o6nacTu, B KOTOPbIX QYHKINA
f(2) = |2* = y?| + 2i|zy|

OyaeT aHaIUuTUYeCKOI.

1.134. f(z)=u+iv= pe“’ aHanutuudeckasa ¢pyHriuA. [lorazaTth,
4TO eciu ogHa u3 GYyHKUUN u, v, p, § TOMIECTBEHHO paBHA MOCTOAHHOM,

To 1 QpyHKuUA f(z) mOCTOAHHA.

1.135. Tlyeth 2 = re¥ u f(2) = u(r, ) +iv(r, ¢). 3anucars ypasHe-
nna Komn—PumMana B moAApHBIX KOOpAMHATAX.

1.136. JokasaTb, utoecau f(z)=wu + iv  aHaauTudeckas QYHRIUA

U S U N — MepleHInKyIapHble BEKTOPKI, IPUYEM MOBOPOT OT BEKTOPA S
K BEKTOPY n Ha NPAMOI Yyros coBepliaeTcsi MPOTUB YacOBOH CTPeNKU, TO

ou_ 0 0w v
0s  On on  0Os
(0/0s u 8/0n NpOU3BOAHBIE OT (PYHKUUII ABYX NEHCTBUTENLHBIX Me-

PEMEHHBIX M0 COOTBETCTBYIOMEMY HalpaBleHUIO).

1.137. Jlokasatb, uto Qyuruua f(z) =2z wuurge e guddepenuu-
pyema.

1.138. JlokazaTh, uto pyHrnua w = z Rez auddepenunupyema Toinb-
Ko B Touke z = 0; Haiitu w'(0).

1.139. Joxaszatsh, uto ansa byusunn f(z) = /|zy| B Touke z = 0
BBIMOJNHAIOTCA yeaoBua Komu Pumana, Ho mpousBogHas He CyIeCTBYeT.
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1.140. JlorasaThb cieayloliue yTBep# IeHUA:
1) ecnu y pynsunu w = f(z) B Touke 2z CyIecTBYeT npeen
Aw
lim [Re 3]
Az—0 Az’
TO YacTHbIE MPOUBBOIHBIE Uy U U, CYLECTBYIOT U PaBHBI Me#Iy COOOI;

. Aw
2) ecnu cymiecTByeT npefen lim {Im —} , TO CyIecTBYIOT YacTHLIE
Az—0 Az
NPOM3BOIHLIE Uy U Uy, IPUUEM Uy = —Uy;

3) ecau 3apaHee MPENOJOUTL, UTO QyHKUUU u U v OuddepeHn-
pyeMbl, TO CyllecTBOBaHUE JII0G0r0 U3 MpeaeloB, yKasaHHbIX B Om. 1)
u 2), obecrneunBaeT CyIleCcTBOBaHNUe IPYroro u, cliegopatenbHo, audde-
peHnupyemocth byHsuuu f(z).

1.141. Oyusuus w = f(z) o6nagaer B TOYKe z CAEAYIOMNUMU CBOWCT-
BaMU:

1) u, v oudpdeperuupyemsr;  2) cymecTByeT mpegen lim Aw
Az—0 | Az

llorazatnb, yto aubo f(z), aubo f(z) muddepenuupyema B TOUKe z.

1.142. Oyukuua w = f(z) o6nagaer B TOYKe z CAEAYIOMNUMU CBOWCT-

BaMu:
1) pyusunu u, v nuddepernupyemer;  2) cymectByer lim arg %
Az—0 Az

llorazatn, uto f(z) nuddepennupyema B TOUKe 2.

1.143. Mycts w = f(z) = u+iv n u(z,y) n v(z,y) ouddepenun-
pyembl B Touke z. JloKazaTb, YTO MHOECTBO BCEBO3MOMKHBIX IMpeelib-
HbIX 3HavyeHuii ornomenusa Aw/Az npu Az — 0 ecTb aAuGo TOYKA,
60 OKPYHSHOCT.

cDOpMaJ]I:HbIe NMpoOM3BOOHBIE TIO Komu

EC.HI/I B COOTHOIIIEHUN
z4+2z z—2z2 _
w=w(z) = fle,y) = F(35, 55) = 0(z2)
2 21
paccMaTtpuBaTth 2 U Z KaKk He3aBUCHUMbIE nepeMeHHbie, TO TPOU3BOOHbIE
Mo 3TUM TepeMeHHbIM 6YAyT paBHLI

2120y 2 15, 0)
0z 2\0z oy) 0z 2\ox oy/’
ow

. ow
B najlbHeunmeM TMPUHATBI 0003HaueHuA 8_ = Wy, F = wsz U T. O.
z z

1.144. JlokaszaThb cieayioliue COOTHOMEHUA:

1) dw = w.dz + wsdz; 2) w, = % [(ug +vy) +i(—uy +vg)];

3) ws = % [(uy — vy) +i(uy + v,)].
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1.145. JlorkazaTh, uyTo ypaBHeHua HRKomu Pumana >3KBUBajJeHTHBI
ypaBHenuio wz = (.

1.146. [loxaszats, uto ypaBHenue Jlammaca Au = () MO#HO 3anucaTth
2

0207

1.147. Jlokasatb, uto dw = dw, W, = W3, W; = W, (Gonplas yep-
TOYKa 03HAYAET, YTO Mepexod K COMPAMEeHHOMY 3HAYEHUIO COBEpPINAeTCH
nocie nuddepeHnpoBaH).

B BUJe

1.148. JlokasaTb, 4To Aas GyHKUUU z(w), 0OPATHON MO OTHOIIEHUIO

K w(z), B
wz —w

dw + =

lwz]? — |wz|? lwz]? — |wz|?

1.149. JlokaszaTb, 4T0 fikoGuaH mpeodpasoBanus w(z) paBeH
0(u,v)

_ 2 12
8,y I el

Jm/z =

1.150. JlokazaTh cienyioliie paBeHCTBa:

d .
1) % =w, +wze 2, rge a = argdz;

mln

2) max 2] = e = .

1.151. [loxazath, uto eciu « = argdz, o = argdw, TO:

1) do’ _ T/ N
da ~ (uz cosa + uysina)? + (vg cosa +vysina)? | dw Lofw’
max dw ‘
do' . do! 1 dz 2 :
2) max — = p, min — = -, rge p= dz [ws| + fws|
da o = p i |12 Tl =]
dz

lapMoHuyeckue GYHRKIUU

Oyurnus u(z,y), oGaagaomas B HEKOTOPO 061aCTH HEMPEPbIBHLIMU
YacTHLIMM MPOM3BOAHBIMU [0 BTOPOr0 NOpAJKAa BKIIOYUTENLHO U YAOB-
neTBopAiomasa ypaBHenuto Jlanmnaca

_0’u  du —o.

Au= 0r? = 0y? ’

Ha3bIBaeTCA 2apMoHuieckol @ynryued. JIBe rapMoHUuUeckue (YHKIUN
u(z,y) n v(x,y), cBA3anuble ypaBHenusaMu Komu Pumana

Ou _ Ov Oou _ Ov

"oy o o

Ha3bIBalOTCA ConpaiteHHbiMU.
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1.152. JlokasaThb cieayloliue NpealoeHus: n

1) Jluneiinaa KoMOUHAUWA TapMOHUYECKUX (GYHKIUI Zc,;u,;(m,y)
ecTh (hyHKUUA rapMoHUYECKaA. i=1

2) Ecau aprymeHTbl rapMoHudeckoil GpyHRIuu u(z,y) NOABEpruHyTh

Y=

g TO npeoOpa3oBaH-

npeo6pa3oBaHUIO UHBEPCUU T =

€+
HafAg (GyHKNUA OyaeT rapMOHUYECKOI.

3) Ecin apryMeHTbI rapMoHUYecKoil (GYHRUUU u(x,y) NOABEPrHYThH
npeodpazoauuio x = @(&,n), y = Y (&,n), TOe @ U P — conpAMEHHbIE
rapMonnveckue (pyHKLMU, TO npeodpaso-
BaHHaa (QyHKUMA OygeT rapMOHUYECKOi.
(Otciopa, B 4acTHOCTHU, ClAEAYeT MPeAbIay-
ee yTBep#IeHue. )

4) Myers u(z,y) n v(zr,y) — conps-
JKeHHbIe TrapMoHWuYeckre (QYHKIUM U
O(u,v)
O(z,y)
orauuen ot wHyaa. Torma ofpaTHbie
byuruun z(u,v) u y(u,v) Tarme GyayT
rapMOHMYECKUMH W CONPAMEHHLIMU.

fikoOuan B HeKoTopoil obaactu

Puc. 1

1.153. 1) JoxasaTh, 4To BcAKasg rapMoHUUYecKas B OJHOCBAZHON 00-
nactu G GyHROUA u(z,y) UMEeT CeMeliCTBO CONMPANEHHBIX rapMOHUYEC-
KUX (GYHKUUH, oTauyaiomuxcsd Apyr oT Apyra Ha NOCTOAHHOE claraeMoe

(z,y) 9 9
v(z,y) = / — a—de—l— a—:dy—l—c.
(z0.y0)
2) HokaszaTb, 4TO eciu o6racTh (G MHOTOCBfI3HA M OTpaHUYeHa BHeIl-
HUM KOHTypoMm ['g u BHyTpennumu woutypamu L'y, Ty, ..., T, (Kamabrit

M3 KOTOPBIX MO#ET BBIPO#AATRHCA B TOURY; puc. 1), To dyHrnus v(z,y)
MOKeT oKazaThcfl MHOr03HauHOM U obiasa ¢popMyna a1 ee 3HadeHuil oy-
JIeT UMeThb BUJ

(z,y) n
v(z,y) = / 7g—zdz+%dy+2m,kﬂk+0.
(0.,90) k=1
Nurterpan GepeTea no myTH, Jdemkamemy B obnactu G, my, nesble
qyucaa u ou ou
T = / fa—ydm—i—%dy,
Tk

rie y; ~ NpPOCThble 3aMKHYThIe KOHTYPbI, Ka bl U3 KOTOPBIX COMEPHUT
BHYTpU cebs OQHY CBA3HYIO YacTh rpanunsl (') (ducaa m; naspiBaioTes
nepuodami UHMeZPaLA NIV YUKAULECKUMIL TOCTOAHHbLMIL) .

[lnsa ogHozHauHOCTH GYHKRIMK v (2, Y) HEOGXOAUMO ¥ JOCTATOYHO, UTO-
6bI Bce umncia Ty ObLIU paBHBI HYIIO.
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Mpumeuyanne. Koutyp Iy MomeT U OTCYyTCTBOBATL, €CIU TOJb-
ko (yuxuusa u(z,y) rapMoHMYHA B OeCKOHEYHO yaaieHHoil Touke. o
ompejeleHuio 3To o3uavaet, 4yto Gyuruua U (€, n), noaydyennas u3 GyHK-
uun u(z,y) npeobpasoBaHueM uHBepcuu (cMm. samauy 1.152; 2), Gymet
rapMoHMYeckoli B Hadale KoopamHaT. Mo#HO N0Ka3aTh, UTO B B3TOM

n
ciyyae E e = 0.
k=1

1.154. Ilpeanosaras U3BEeCTHLIM, YTO aHaduTUuYeckasa GyHKUUA Gec-
KoHeuHo nuddepeHnupyemMa, 10KazaTh CleayIOUIUe TeOPEMbI:

1) neiicTBUTEeNbHAA U MHUMAsS YacTU aHATUTUYeCKON byHruuu f(z) =
= u + iv ABIAIOTCA CONPAMEHHLIMYU rapMOHUYECKUMU (PYHRIUAMU;

2) mpousBoaHbie (M0GOro MOpAAKa) rapMOHUYECKON QYHKIUN Tak#e
ABAAIOTCA GYHRUUAMU FapMOHUYECKUMU.

1.155. 1) Byzmet au rapmoHudeckoit GpyHRUMA u?, ecan u rapMmo-
Huueckas QyHRUua?

2) llycth u — rapmonnueckas pyuuuusa. [Iaa wasux Gyssuuit f GyHs-
uus f(u) 6yoer Toe rapMOHUYECKOi?

1.156. Byayt an dyuxuun |[f(z)], argf(z), In|f(z)| rapmonnuec-
Kumu, eciu f(z)  aHaautuueckas QpyHRUUA?
u  0u
o0x2 oy?
AApHON cucTeMe KoopauHat (r,¢) W HaliTu pemieHue ypasHenus Jlam-
naca Ay = (), 3aBucsllee TOJALKO OT 7.

1.157. Mlpeo6paszoBatk onepatop Jlamnaca Au = K T0-

1.158. Beinucate naga n = 1, 2, 3, 4 rapMoHUYeCKHE MHOTOUIEHBI
pn(z,y) v gn(z,y), onpeneiseMble paBeHCTBOM 2" = p,, + iq,. 3anucarhb
B 00IIeM BUJIE P, U ¢, B NMOJAPHON cUCcTeMe KOOpAUHAT.

Monbaysacs dopmynamu 3agauun 1.153, B 3amavax 1.159 1.163 nafi-
T (QYHKUUU, COMPAMEHHBbIE C JTaHHBIMU TapMOHUYECKUMU (QYHKIUAMU
B yKa3aHHBIX 06JacTAX.

1.159. u(z,y) = 2> —y> + 2, 0< [z| < oo.
1.160. u(z,y) a 0< |z < 0.

1 .
1.161. u(z,y) = 3 In (z% + y?):
a) B 06/1aCTH, MOMYYEHHON U3 INIOCKOCTH yaaneHuem noayocu: y = 0,
—oo <z <0
6) B IUIOCKOCTH € BRIKOJIOTHIM HavaioM koopauHat: 0 < |z| < oc.

1.162. u(z,y) = %{ln (22 +9%) — In[(z — 1) +¢?]}:

a) B IJIOCKOCTH C BBIKOJIOTHIMU Toukamu z = 0 u z = 1;

6) B MIOCKOCTU C yAAJeHHBIM OTPE3KOM IeHCTBUTeNbHON ocu: y = 0,
0<x <,

B) B MJI0CKOCTU ¢ yaameHHbIM ayuom: y =0, 1< 2 < co.
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1.163. u(z,y) Zakln (& = 2)” + (y — yp)’]:

a) B IIJIOCKOCTH C BbIHI/IHyTbIMI/I TOUYKAMU 21, 22, ..., Zn (zk = + 1Yk,
zi # 2j);

6) B IJIOCKOCTU C yOajJeHHOW MpocToil (T. e. Oes caMonepecequMI‘/’I)
JIOMaHo¥ NMHUEN, CoOeAUHAILEN JaHHble TOUKU.

1.164. CymectByer au aHanutudeckas ¢pyuwuusa f(z) = u + v, mas
KOTOPOW:

1UZL'U,;; u=In(z>+y>) —2>+y> 3)u=ed/*?
Vo=t Y (z° +97) v 3)

B 3agauax 1.165-1.168 naiitu ananutuueckue Gpynsunu f(z) = u + iv
o 3aJaHHOl AelicTBUTEJLHON WJAM MHHMOH 4acTH.

1.165. u =22 —y>+5 Sn——

u=z" -y +or+y PO
1.166. u = e®(x cosy — y siny) + 2sinzshy + 2> — 329> +v.
1.167. v =342 —y> — —~L .

T T T 1y

1.168. v = In (22 +y2) + = — 2y.

B zamauax 1.169-1.176 BbIAICHUTK, CYIIECTBYIOT /i rapMOHUYECKHE
byHKIUM yRazaHHOro Buaa (OTAMUYHBIE OT TMOCTOHHOI), U B clydae Cy-
MeCTBOBAHUA HAUTU UX.

1.169. u = p(z).

1.170. u = p(ax + by) (a u b — peficTBUTeNLHBIE UKCaa).

1.171. u = (f) 1.172. u = p(zy).  1.173.u = p(z2 + y2).
T

1.174. u = (”E ) 1.175. u = ¢(z + /72 + 42).

1.176. u = ¢(z* + y).

B zamauax 1.177-1.180 gokazaTh cyliecTBOBaHWe U HAWTHU aHATIUTU-
yeckue ¢pyHruuu f(z) no sagaHHOMY MOMYJIO WIN apryMeHTY.

1.177. p = (22 + y%)e”.  1.178.p =" 052,
1.179. 0 = xy. 1.180.6 = ¢ + rsin .

1.181. JlokasaTb: uT0ObI cemeiicTBO auuuii p(z,y) = C, rme ¢
IBaIbl HempepblBHO AuddepennupyemMas GpyHRIUA, ObLI0 ceMelcTBOM
JUHUI YPOBHA HEKOTOPOI rapMOHUYECKOH (QYHKIIUU, HEOOXOOUMO U O0-
cTaTouHo, uTo6bl oTHomenne Ayp/(grad p)? 3aBuceno ToAbKO OT .

Ywxaszanue. lIpeqsaputensHo yCTaHOBUTH, YTO MCKOMAs TFapMOHU-
yeckasn GyHrnua umeet sun u = flp(z,y)].
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B 3amauax 1.182 1.186 naiitu anaautudyeckue QyHKIUN, ¥ KOTOPBIX
BIOJE M0G0 TUHUNA COOTBETCTBYIOIIEr0 CeMeNlCTBa COXPaHAET MOCTOfH-
HOe 3HaueHue aub0 AeficTBUTeIbHAfA 4YacTh, AUG0 MHUMasA 4vacThb, JUOO
MOIYJb, 11060 apryMeHT.

1.182.z2=C. 1.183.y=C. 1.184.y=Cx.
1.185. 22 + y> = C. 1.186. 22 +y> = Cxz.

l'eomeTpuueckuit cMbicl MOAYJAA U apryMeHTa
NPOU3BOOHOMN

1.187. OToGpaskenune copepiaeTca ¢ NOMOWIBIO QYHKIUH w = 22 U
w = 2z3. Ha#itu yron nosopora (1)) HanpapieHus, BHIXOAALIEr0 U3 TOY-
KU 2o, U Koapuunent pactszkenus (k) B clienyiomux TouYKax:

1)zo=1; 2)zo0=-1/4; 3)zg=1+41; 4)zg=——3+4i.

1.188. Kakras yacTb MJI0CKOCTU CRUMaeTCA, a Kakasa pacTArMBaeTcH,
ecan oToOpameHne ocyliecTRIAeTcA QyHKUNeH:

Nw=2% 2w=22+22 3)w=1/z

4yw=-e* 5 w=In(z-1)7

1.189. O6aacts G oToGpamaerca ¢ nomombio ¢yHrnun f(z) KOH-
(hOpMHO ¥ B3aUMHO OJHO3HAUHO Ha obdacTh G'. YkazaTh (GopMmydnbl Qs

BbIUKCAeHUA miomanu S obaactu G u aauHbl L Ayru, Ha KOTOPYIO
oToOpamaeTca HeKoTopasa ayra [, npuHamiesamas obaactu G.

1.190. Haiitu gauny L cnupanu, Ha KOTOpPYIO C TMOMOIIbIO (JyHE-
unn e* otobpamaercd orpesok y =z, 0 <z < 27.

1.191. HaiiTu muiomank o6iacTu, Ha KOTOPYIO C MOMOIIbIO (PYHEK-
nun e” orobpamaerca npamoyroabHug 1 < <2, 0 <y < 4.

1.192. Hatitu obaacts D, Ha KoTopylo QYyHKNUA €* 0TOGpa#aeT npA-
MoyroabHuk 1 <z < 2, 0 < y < 8 Boiuncauts maomans obaactu D c
noMoIbio (hopMyJibl, MOAyUeHHOH npu pemenun 3aaauu 1.189, u obnAc-
HUThH, TOYeMY 3Ta (GopMyJa JaeT HempaBUILHbIN Pe3yabTarT.



FTABA II

KOH®OPMHBIE OTOBPAEHHNA, CBA3AHHDLIE
C 3JEMEHTAPHBIMU &YHRKIUAMU

§ 1. JIuHeiiHble QyHKIUU

Henvie nuHeiiHble QYyHKUUU

2.1. Haittu neayio quHeliHyIO (pYHRIUIO, 0TOGpaMamouyo Tpeyroib-
HUK ¢ BepmuHamu B Toukax (, 1, ¢ Ha momgoOHBINA eMy TpeyrojJbHUK C
BepmuHamvu 0, 2, 1 + 4.

2.2. Haittu nenoe nuHeiiHoe npeoOpa3oBaHMe C HENOABUMHON TOY-
Koit 1 + 24, nepeBopdiiee TOYRY ¢ B TOUYRY —i.

2.3. Ilna ykazaHHBIX NpeoGpa3oBaHUil HAWTU KOHEUYHYIO HEeNoIBHH-
HYIO TOYKY 2o (eciu oHa CymecTBYeT), yrol MOBOpPOTa BOKPYT Hee ¥ u
Koa(punrenT pactamenud k. [IpuBectu 3Tu npeodpasoBaHufd K KaHOHU-
yeckoMy BUIY w — 29 = A(z — 2g):

Hw=2z+1-3i; 2Jw=iz+4; 3)w=z+1-—2i

Hw—wy =alz—21) (a#0); 5 w=az+b(a#0).

2.4. Haiitu obmyto ¢popmy 1ea0ro JuHeHOro npeoGpa3oBaHus, Mepe-
BOJAIEro:

1) BepXHIOIO MOAYMIAOCKOCTH Ha Ce6f;

2) BepXHIOIO MOMYIIOCKOCTh HA HUAKHIOIO MOMYTJI0CKOCTD;

3) BepXHIOIO MOJYINIOCKOCTh Ha MPaBYIO MOMYMI0CKOCTD;

4) mpaByI0 MOAYMIOCKOCThL Ha cel .

[TorazaTh, UTO BO Beex cayuafax peodpa3oBaHre OQHO3HAUHO ONpeje-
aseTcA 3aJaHueM OJIHOI mapbl COOTBETCTBEHHLIX BHYTPEHHUX TOUER WU
JIBYX Map rpaHUuYHBIX.

2.5. Haittu obmyto ¢popmy 1eaoro JuHeHOro npeoGpa3oBaHus, mepe-
BOJAIIEro:

1) nonocy 0 <z <1 Ha ce0s;

2) nonocy —2 <y <1 Ha cebs;

3) nonocy, orpaHUYeHHYIO MPAMBIMU y =% W y =& — 1, Ha cels.

BoiAcHuTh, Kakue napbl TOUEK MOTYT MIPU 3TUX OTOOpa)KeHUAX COOT-
BETCTBOBaTh APYr IPYyry U B KaKOM cilydae 3TO COOTBeTCTBUe OydeT
0IHO3HAYHO OTMpeaelfTh 0ToOpaMmeHue.

2.6. Haiitu memyio nuneiinyio ¢yHruuiO w(z), 0ToGpamaomyo no-
J0CYy, 3aKJIIOYEHHYIO MeMay OaHHBIMU MpAMBIMU, Ha monocy 0 < u < 1
npu yKaszaHHOH HOpMUPOBKe:
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1 a+ h; w(a) =0;

€r=a

3
I

N

)

h 1 . h .
Yr=a, ©=a-+h; w(a+5)—§+z, Imw(a+§+z)<1,
3)y=kx, y=kx+b, w()=0;
) y=kx+b, y==kx+by; wb)=0.

2.7. Haiitu neayio nuHeiiHyio hyHKUIUIO, 0TOOpaKAIOMYIO KPYT |z] <

< 1 na gpyr |w — wo| < R Tar, 4To6bl NEHTPbI KPYTOB COOTBETCTBOBAIN
IpYyT APYTY YW TOPU30OHTaNbLHBI AMaMeTp Mepexoans B auamerp, obpa-
3YIOWUIA ¢ HanpaBieHueM AefCTBUTENbHON OCU yTrodl .

Npo6GHO-TuHeliHble QYHKIUU

.8. llas pyuruun w = 1/z HaiiTu 06Gpasbl cleqyiomux JUHUI:
) cemeiicTRa OKpyH#HOCTEMH 22 + y2 = azx;

) cemeiicTRa OKpyH#HOCTEMH % + y2 = by;

) myuKa mapalelbHbIX MPAMBIX y = x + b;

) my4Ka MpAMBIX Y = kx;

) My4Ka TMPAMbBIX, TPOXOAANMNX Uepes 3afaHHyI0 TOURy 2o 7 0;
)

napa6oasl y = x>.

+ h mnepeBOOUT:
z— 2

1) npamoyroasnyio cetey = = C, y = C;

2) nonsipuyio cetry |z — zo| = R, arg(z — z9) = a.

2.10. Jlana pynruua w = Sy
zZ — 22
1) lorasatn, uyto npooGpasom cemeiictBa |w| =X (0 < A < o0) fB-

aseTcs ceMeficTBO OKpyskHOCTel (orpysHocTH Anoanonus). Jas nanHo-
ro A HafiTW paguyc U MoJO#eHUe IeHTPa COOTBETCTRYIONIEH OKPYHHOCTH
B z-TNIOCKOCTH.

2) Haiitu npooGpassl ayueit argw = 6.
3) TocTpouTh CeTKY B z-MIOCKOCTH, COOTBETCTBYIOMYIO MOJAPHOIM

CeTKe B w-IIJIOCKOCTH.

4) HaiiTu 061acThb 2-MJI0CKOCTH, COOTBETCTBYIOIIYIO MOAYKPYTY |w| <

<1, Imw > 0.

B zagauax 2.11-2.15 BbIICHUTh, BO UTO NMpeo0pasyioTcA yKazaHHbIE

obracTu Mpu 3aJaHHbIX 0ToOpakalMuX GyHKUUAX.

2.11. Keagpaut =z >0, y > 0; w= i)
z+1
2z — 1
2.12. Tonykpyr |z| <1, Tmz > 0; w= .
241z
2.13. VYrox 0<@<E; W= 2
4 z—1
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2.14. Momoca 0 <z <1: 1) w= Q; 2) w= 272
z z—

2.15. Rombro 1< 2| <2; w= %
”—

2.16. Orto6pa3uTh Ha BepTuKkanbHylo nojocy 0 < Rew < 1:

) d
1) noaymiockocts Rez > 0 c BHIKUHYTBIM KPYTOM |2 — 5‘ < 5
2) IByYTONLHUE, 3aKIIOYEHHLIH Me#s Iy ORPY#HOCTAMN
| d ‘ ds|  do
_n_ M W _ %2 do):
‘Z 2 Ok 2 y  (d <db);
d d d ]
3) BHeIHOCTL KpyToB |z + ?1 = 51, 2z — ; = 52 TaK, YTOOLI

2.17. Haittu gpoGHo-nuHeliHble QYHKINUN, TTepeBOAAIINe TOUKU — 1, 1,

144 coorBercTBento B Toukm: 1) 0, 24, 1 —i; 2) i, oo, 1.

2.18. HaiiTu agpobGHo-nuHeliHble (YHRIUM, MepeBoafAle TOYKU —1,
00, 4 COOTBETCTBEHHO B TOUKMU:

)i, 1,144 2)oo,i,1; 3)0, 00, 1.
2.19. Haittu apoGHo-nuHeiiHbIe GYHKINYU 1O CAEAYIOMNUM YCIOBUAM:

1) Touku 1 u i HenoaBukHbI, a Touka ) epexoaUuT B TOURY —1;
1 5 3.
2) TouKM 7 H 2 HEeMoJIBUMHBI, a TOUKA 1 + 7 § TIepexoauT B oc;

3) TOUKa 1 ABJAAETCA ABONWHON HEMOABUMKHON TOUKOi, a Touka 1 mepe-
XOOUT B OQ.

2.20. Haiitu apoGHO-muHeiHy0 QYHKIUIO, MepeBOAAMYI0 TOUKU —1,
0, 1 cooTBeTcTBeHHO B TOouku 1, 4, —1, U BBIACHUTL, BO UTO NPU 3TOM
oToOpasKeHuu MepexoquT BepXHAA MOMYII0CKOCT.

2.21. Haiitu o6muit Bua apoGHO-TUHEHHOTO TTpeoGpa3oBaHufl, mepe-
BOJIALIEro:

1) BepXHIOIO MOMYMIOCKOCTL Ha cebf;

2) BEPXHIOI MOAYMIOCKOCThL HA HUHHIOKD MOMYTIOCKOCTh;

3) BEpXHIOIO MOMYTIOCKOCTh Ha MPaBYO MOMYTIOCKOCTh.

2.22. HaiiTu oto6GpaseHue BepxHeil MoaynIoCKOCTH Ha cebA Mpu yKa-
3aHHOIl HOPMUPOBKE:

1) w0)=1, w(l) =2, w(2) =00; 2)w(0)=1, w(i)=2.
ODpumeuanne. 06 oToGpameHuu BepxHeil MOMYMIOCKOCTH Ha cebs
npu Apyroii HOpMUPOBKe cM. 3agauy 2.34.

2.23. Haiitu ¢yuruuio w(z), orobpamaiomyio kpyr |z| < R Ha mpa-
BYIO noaymiockocth Rew > 0 Taw, uto w(R) =0, w(—R) = oo,
w(0) = 1. KakoB mpu 3Tom oToOpameHnn o6pas BepxHero moaykpyra?
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lIBe Touku P, P> Ha3bIBAIOTCA CUMMEMPUUHBLMU OMHOCUMEALHO OK-
pyscnocmu K ¢ nentpom O u paguycom R, eciiu OHU Je#aTt Ha OAHOM U
TOM ke Jnyue, Bhixoasmem us O, u

OP, -OP, = R>.

2.24. HaiiTu TOYKH, CUMMETPUUHBIE C TOUKOH 2 + i OTHOCUTEILHO
okpyHocteit: 1) |z| =1; 2) |z —i = 3.

2.25. HaiitTu cuMMeTpuUHbI 00pa3 OTHOCUTENLHO EIMHUYHOI OK-
PY#HOCTU CleqyIOMNUX JUHUIL:

1
Dizl=5: 2)[z=1=1 3)y=2

4) |z — 20| = |20| (20 = To + iy0);

5) |z — 20| = v/|z0|> = 1 (20| > 1); 6) runep6onsr 2% — y? = 1;
7) rpaHuiBI NPAMOJMHEHOTO TPeyrodbHUKA C BepIIUHAMY 21, 29, 23

2.26. JlokazaTh, 4TO a1d cumMMmeTpuu Todyek P, u P, oTHOocuTenhb-
Ho K HeoGXOoOMMO U JOCTATOYHO BBIMOJHEHUS OJHOTO U3 ABYX YCIOBUIL:
1) Besikas orpysHOCTh K, mpoxoasmas depes Touku Py, Py, opToro-
HaibHa K K
MP,
2)
MP
OKPY#KHOCTBIO ATO/UIOHUA OTHOCUTENLHO Touek Py u Py).

= const mas Beex Touer M orpysuoctu K (1. e. K ABasiercs

iy B .
2.27. Oyusnusa w = e“’ig (8 =a+1ib, b > 0) orobpamaer
P
BEPXHIOIO MOJYTIOCKOCTh HAa eAUHUYHBIA KpYT:

1) naiitu argw(z) = 6(z);  2) naittu w'(5);

3) BLIACHUTK, KaKaf YyacTh BEepXHel MoJIyIOCKOCTH MPU 3TOM 0To0pa-
JKEeHUU CIKMMAaeTCs U Kakas pacTATUBaeTCA.

2.28. OTo6pas3nTh BEPXHIOK MOAYMIOCKOCTh Im z > () HAa eIMHUYHBIN
KpyT |w| < 1 Tak, 4TOGHI:
1) w(i) =0, argw'(i) = —g; 2) w(2i) =0, argw'(2i) = 0;

3) w(a+bi) =0, argw'(a+bi)=6 (b>0).

2.29. OTo6pa3uTh BepXHIOIO MOMymiIockocTh Imz > 0 Ha Kpyr |w —
—wp| < R Ttak, 4ToGbl TOYKA { NMepeluia B LEHTP Kpyra, a IPOU3BOAHAA
B 3TOI TOUKe Oblia MOJOMUTEILHON.

2.30. Oto6pasuth Kpyr |z| < 2 na noaymiockocth Rew > 0 Tak,
aro6er w(0) =1, argw'(0) = w/2.

2.31. Oto6pa3uth Kpyr |z —4i| < 2 Ha MONYMIOCKOCTbL v > U Tak,
yTOOBl IIEHTP Kpyra mepelien B TOUKYy —4, a TOuKa OKpPYMHOCTU 21 —
B Hauajlo KOOpauHAT.
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2.32. Haittu o6muit Bua npo6Ho-nuHeiiHoil dyHruun w(z), oTobpa-
maromeil kpyr |z| < 1 Ha npaByio noayniockocts Rew > 0 Tak, urto6s!
w(z1) = 0, w(z2) = oo, TOE 21, 29 3ajlaHHble TOUKU HA OKPYHHOCTU
|z| = 1 rarue, uto argz; < arg zs.

[MocTpouth cemeiicTBO auHMii B Kpyre |z| < 1, cooTBeTCTBYyOmMUX
NoJaApHON ceTke B moaymiaockoctu Rew > 0.

Yrazanue. BocnonbzoBaTbesa obmeil ¢GopMoil apoGHO-IMHEIHOTO
npeo0pa3oBaHuA [JfA TPeX [ap COOTBETCTBEHHBbIX TOYEK U HalTu

ar e~z
& ety — 25
2.33. Haiitu uentp wg u paauyc R OKpYy#HOCTU, Ha KOTOPYIO hyHK-
zZ— 2 o
una w = —— oro6pamaer geficTBUTENLHYIO och (Im 29 # 0).
Z — 22

2.34. Haiitu QyHKUUIO, 0TOGPamAaOMy0 BepXHIOK MOIYIIOCKOCTh
Ha cebs Tak, uro w(a) =b, argw’(a) =« (Ima >0, Imb > 0).

Yrazaunwue. OToGpazuTh npeaBapuTeqbHO 00a 3K3eMILIApa MOJIYy-
NJI0CKOCTU Ha €IUHUYHLIN KPYT ¢ COOTBETCTBYIOIIE! HOPMUPOBKOIA.

2.35. OTo6pa3uTh BEpXHIOK MOJYMJIOCKOCTh HAa HUMHIOIO Tak, UTO-
6o w(a) =a n argw'(a) = —g (Ima > 0).

0 2—a )
2.36. Ing QyHsuuM w = eml—, (Ja] < 1), oroBpamaiomeii enn-
—az
HUYHBIH KPYT Ha ce6A:
1) naiitu argw(e’®) = 0(p);  2) naiitu w'(0) u w'(a);
3) BRIACHUTH, KAaKkas YyacTh eAMHUYHOrO KPYTa MPU 3TOM 0TOBpa#eHn
CIRUMAETCA U KaKkaf pacTATHUBAETCH;

d . |d
4) naiitu max‘ﬂ u mln‘ﬂ‘ maa |z| < L
dz dz

2.37. Oto6pas3uth Kpyr |z| <1 ma kpyr |w|< 1 Tak, 4ToGbI:

e(2) . () 2u(2) =0 () -

3) w(0) =0, argw'(0) = —g; 4) w(a) = a, argw'(a) = a.

2.38. Oto6pa3uth Kpyr |z| < Ry Ha Kpyr |w| < Ry Tak, 4ToGLI
w(a) = b, argw'(a) = a (la] < Ry, |b] < Ry).

2.39. Oro6pasuth kpyr |z] <1 Ha kpyr |w—1| <1 Ttak, 4To0sI
w(0)=1/2 nu w(l) =0.

2.40. Oro6pasuth kpyr |z — 2| <1 Ha kpyr |w — 2i| <2 Tak, 4ro-
61 w(2) =4 u argw'(2) =0.

2.41. Haiitu o6muit Bua mpo6Ho-nuHeiiHoil dyHruun w(z), oTobpa-
maiomeil Kpyr |z| < R Ha ceff npu cleiylomnX yCeIoBUAX:

1) w(a) =0 (Ja| < R); 2)w(a)=0b (la] <R, |b] < R);
3) w(xR) = £R.
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2.42. Oto6pa3uth Kpyr |z| < 1 Ha cebsa Tak, 4yTOObI 3afaHHble TOU-
KW Zz1, 29 BHYTpHW Kpyra nepemuin B Tousn +a (0 < a < 1); Haiitu a.

Yraszanue. Bocnonb3oBaThes pedyiabratoM 3agaun 2.41, 2) u Tom-
nectBoM 3agaun 1.10.

2.43. Oto6pa3uth Kpyr |z| < 1 Ha cebs Tak, 4TOOLI OTPE30K AeiicT-
utenntoit ocu y =0, 0 < x < a (a < 1) nepemen B 0Tpe30k NeHCTBU-
TelLHOW OCU, CUMMETPUYHbII OTHOCUTENLHO Hauvana koopauHat. HaiitTu
OIUHY NpeoOpa3oBaHHOIO OTpe3Ka.

2.44. JlokazaTh, 4TO Npu 0TOOpa#eHUn Kpyra Ha KpyT JHUHeiHoe npe-
o6pas3oBaHMe OQHO3HAYHO OIpejenfeTcA 3aJaHueM 00pa3oB OJHON BHYT-
PeHHel U OQHOW IpaHUYHON TOUEK.

2.45. Eaunuunbiil Kpyr oToGpamaeTcs Ha cebs Tak, 4TO ToUKa zg 7 0
nepexoauT B LeHTp kpyra. /lokazaTh, 4TO MpPU 3TOM eAUHUYHAA TOdY-
OKPY#HOCThL 0TOOpamaeTca Ha MONYOKPY#HOCThL TOTa U TOJLKO TOTa,
KOr'[1a ee KOHILI JeaT Ha AuaMeTpe, IPOXOAAIeM uepe3 TOURY 2q.

2.46. TMoctpouTh oToOpameHue eIUHUYHOTO Kpyra Ha ceOf, Tpu KO-
TOpOM npooOpas leHTpa HaXOAUTCA Ha AelicTBUTeNLHOI ocu, a ayra 0 <
< ¢ < 7/2 eannuuHo OKpyHHOCTH 0TOGpaKaeTes B cleAylOMNe IyTru:

T T T

s

§ 2. lomonHUTeAkHbIe BONPOChI TEOPUU JIUHEHHBIX
npeo6pa3oBaHuii

Kanonunueckue popmMbl TUHEeHHBIX MpeoOpa3zoBaHuit

IpoGHO-nMHelHOe TpeoOpa3oBaHle ¢ OAHON HEeMOABUHHON TOUYKON 2
HazbiBaeTcA napaboauveckum. llapabonudeckoe npeobpazoBaHle MOMHO
3anucaTh B KaHOHMUYECKOH (hopme

NN B
w — 2p zZ— 2
ecnn zg # 00, UIn
w=z+h,
eciu zg = oQ.

Ipo6Ho-nuHeliHoe npeobpa3oBaHue ¢ ABYMA Pa3iuYHbIMU HENOIBU K-

HBIMU TOYKaMMU 2z U zp B KAHOHUYECKOH (popMe MMeeT BUJ

w — 21 zZ— 2z
w — 29 2z — 2
eciu zq1 # 00, 29 # 00, nan w — 21 = k(z — z1), ecin zo = oc; npeod-

paszoBaHNe C ABYMS pa3iuYHbIMU HEMOJBUMKHBIMU TOUKAMU Ha3blBaeTCA
eunepboauyeckum, ecma k > 0, sasunmuueckum, eciu k = e u a # 0,
u aoKcodpomuieckum, ecin k = ae, mpuuem a A1l n a #0 (a v a —
JeficTBUTeNbHbIE Yncia, a > 0).
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2.47. JlokazaTh clenyiouiie yTBep:aeHUs:

" az+b
1) oGuiee mpoGHO-TMHEHOe NpeoGpazoBaHue W = rd MO HO
cz 1
NpUBECTU K BUOY W = oz +f rue o B _ 1;
p y - 72+57 ,y 5 -
2) ecin a+ 0 — OeHCTBUTENRHOE YHCI0, TO TpeoOpasoBaHue fB-

AfleTcAl BINMOTUYECKUM, Korja |a + d] < 2, rumepGonudecKuM, Korja
|+ 8] > 2, u napaGomuueckuM, Koraa |a + 40| = 2;
3) ecin Im (@ + §) # 0, To npeofpazoBaHne JOKCOAPOMHUUECKOE.

2.48. JlorazaTh, UTO eciu JuHeliHOe MpeoOpa3oBaHue UMeeT JBe He-
NOJABUMHBIE TOUKU, TO MPOU3BeIeHNEe MPOU3BOAHBIX B 3TUX TOUKaX pPaBHO
equHUIIE.

2.49. HaiiTu oKpy#HOCTH, KOTOpble MPU TMapabonnyeckom mpeobpa-

1 1
30BaHUN @ — = +n nepexogaT caMu B cebsl.
w — 2o zZ— 20

2.50. Haiitu of6mwuit Bua napaGonndeckoro npeoGpaszoBaHUf Kpyra
|z| < R ua ce6s, eciu Touka R ABIAETCA HEMOMBUMKHON.

2.51. JlokazaTh clegyiomue cBoiCTBa runep6oaudeckoro npeotpaso-
BaHUA:

1) moGas oKpY#HOCTh, MPOXOAANIAA Yepe3 OBe HeMOABUAHBIE TOUKH,
nepexoauT cama B ceff, MpuyeM HanpaBieHHue 00X0/1a COXpaHAETCH;

2) nio6asi OKPY#HHOCTh, OPTOrOHAIbLHAA K OKPYHHOCTAM, MPOXOIAIIUM
yepes3 HeMoJBUKHbIE TOUKH, TEPEeXOAUT B OKPYHHOCTh, 001aJal0MyI0 TeM
e cBoiicTBOM. (ATO CBONCTBO HEMOCPeICTBEHHO CleayeT 13 croiicTra 1).)

Yrazanue. llpenBaputeibHo paccMOTpeTh cilyuail, Korga Hemnomu-
BU#HbIE TOUKHU () 1 00.

2.52. JlokazaTh, UTO NPU ANIUNTHUYECKOM NMpeoOpaszoBaHNuM:

1) mo6as OKPY#HHOCTH, OPTOTOHAILHAA K OKPYHHOCTAM, MPOXOAALIIM
yepe3 JIBe HeNOoJABUMKHble TOUKU, [IePEXOJUT cama B cebf ¢ coxpaHeHUeM
HarnpaBiaeHud 06X0/a;

2) myra oKpy#HOCTH, COeIUHAONAN HEMOIBUKHBIE TOYKH, EPEXOIUT
B YTy OKDPYMHOCTU, COEIUHAIOMYIO HEMOABUMHbIE TOUKU U 00pasylo-
Y10 yron o ¢ meproit ayroi (a = argk).

2.53. 1) Jlokaszarh, 4TO NpH JOKCOAPOMUUECKOM Npeo6pa3oBaHuu CO-
XxpaHfloTeA cBoficTBa 2) runepGonndeckoro (eMm. sagady 2.51) u anaun-
Tuueckoro (cm. 3agauy 2.52) npeoOpazoBaHUi.

2) JlokazaThb, YTO NpPHU JOKCOAPOMUYECKOM MpeoOpa3oBaHUM HE CY-
eCTBYeT HEeMOOBUAHBIX OKPY#HHOCTEH, ecnu Tonbko a # 7 (a = argk).
JlokazaTh, UTO eciu a = 7, TO OKPYMHOCTHU, NPOXOIAIINE Yepe3 Hemnom-
BUKHbIE TOUKM, NepexogAT caMu B cebf ¢ U3MeHeHHeM HalpaBieHUf
ob6xona.

2.54. JlokazaTb, UTO MPU JOKCOAPOMUYECKOM TIpeoOpasoBaHUUN w =
= ae'®z norapupmuueckne ciupam 1 = Aelln /)¢ (A > 0) mepexomaT
camMu B ce0A.

3 JI.N. BonkoBbickuit u np.
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A2 77(1, ((] —
1—az

= |ale, |a| < 1), nepeBoadiee eAMHUUHBINH KPYT Ha ceGfi, MOMET OhIThH

TOABKO MO0 AAAUNTUYECKUM, 1uO0 napaGoindeckum, aubo runepboau-

yeCKUM. BLIACHUTDL, NpU KaKkuX 3HAYEHUAX a UMeeT MeCTO Kamk[blil us

ykazaHHbIX ciydaeB. HaliTu HenoiBU#HBIE TOUKY Tpe0o6pa3oBaHuf U Mpu-

BECTU er0 K KaHOHUYECKOMY BUIY.

2.55. JlokasaTh, uTO JUHEiHOe Tpeobpa3oBaHie w = e’

HewxoTopble npubau#menubsie GopMYy bl
npu N1UHelHBIX NpeoOpa3oBaHUAX

2.56. BepxHfAfA MoaymiocKocTh oToOpaxaeTcAd Ha eAUHUYHBIH KpyT
Tar, 4yTo Touka z = hi (h > 0) nepexonuT B nentp kpyra. Haiitu nnuny T
o6pasa orpeaka [0, a] geifictBuTenLHON ocu (@ > () u NOTyYUThL TUHETHbIE
npubauskennble hopMyast s I' mpu mainom a/h v npu manom h/a.

2.57. Egunuuneiii Kpyr otoOpaxaeTrcAa Ha ceOf Tak, 4TO npooOpas
HeHTpa Kpyra  Touyka xg  HaxXoAuTcA Ha geficTBUTeNbHON ocu. Haittu
nmuny I o6pasa nyru 0 < ¢ < v enuHMuHoO# oxpymHocTu (v < 7).
HKak uamensercs Bennunna '/~ B 3aBucumocty oT 3HaKa xo?

2.58. B ycrnoBuax 3agauu 2.57 noayuuTh QOPMYIIbI:

HT = y'y-% O(y?) npm mamom 7;
-
)T = w—sctg%—%ctg2%+()(53) npu MaioM &, TIe € =
:1—.'1}0.

2.59. Eaunuuneiit Kpyr oToOpasaercsa Ha ceGA Tak, 4TO TouKa zg =
= roe’¥" nepexomut B ueHTp. Tourn z; = ™! u zy = €2 gemwatT no oany
CTOPOHY OT AUameTpa, NPOXOISAIero yepes zg (po < w1 < w2 < @o + ).
CunTas, 4To TOUKA 2o pacrlojoxeHa OJU3K0 K eIUHUYHON OKPY#HOCTH,
JokazaTh, uTo Aada aaunbl [' obpasa agyru 1 < ¢ < o eIUHUYHOM
OKPYKHOCTH clpaBedinuBa ¢popmyna

I'=¢ ctng(’po —ctgi(’o?;%]%-

+%[ctg2<‘51 ;900 7Ctg2<ﬂ2;<ﬁn + O

rone € =1 —rg.

OToGpaseHua nNpocTemuUX IBYCBA3HLIX 061acTeit

2.60. [lokazatn, 4To ecan auHeitHoe oToGpamenne kpyra |z| < 1 Ha
cebf He CBOAUTCA K MOBOPOTY, TO HHKAKoe KOHIIEHTPUUECKOe KOMbIO C
[EeHTPOM B Hauale KOOpAUHAT He MepeXoAUT B KOHIEHTPUUeCKoe.

Ipumevyanue. IJTo mpemioxeHne ecTh YaCTHBIN cioyuail cremayrio-
meil TeopeMBbl.
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Jlng Toro 4TOGBLI CyMECTBOBAIO KOH(MOPMHOE OTOOpameHue Kojablia
ry < |Z| < re Ha Koiabllo Ry < \w\ < Rg, HeoOXO0AUMO W OOCTAaTOYHO
BbINONHEHUs yenoBusi Ro /Ry = ro/r1. Ilpu aTom oToGpasatomas GpyHE-
1Uf MOKeT ObITh TOJABKO ABYX BUIOB: w = az uin w = a/z. OToGpae-
HMe OAHO3HAYHO OMpPeaeaeTca 3aiaHrueM OJHOM Mapbl COOTBETCTRYIOMNX
ApYT Apyry TPaHUYHBIX Touek (cMm., Hanpumep, [3, ra. II, § 3]).

2.61. 1) Oro6pazuth Kombuo 2 < |z| < 5 Ha koabuo 4 < |w| < 10

Tak, 4To6el w(5) = —4.
2) OTo6pasuTh Koablo 1< |z — 2i| <2 Ha koabuo 2 < |w — 3+ 2i| <4
tak, yto6er w(0) = —1 — 2i.

Nmeet mecTo clenyomas Teope M a.

Rampasa nBycBfA3Hag 001acTh, T'PaHUII KOTOPON He BBIPOMKIAIOTCA
B TOUKU, MO}eT ObITb KOHPOPMHO OoToOpasieHa Ha KOHIEHTpPUUYECKOe
KOJBLIO C BIOJAHE OMpeIeleHHbIM OTHOIIEHUEeM [ PaguyCcoB BHeNIHeil
U BHYTpPeHHeil oKkpysHoCcTell (1 Modyab IBYCBA3HOI 00JacTn).

2.63. Honynaockocts Rez > 0 ¢ BRIKMHYTHIM KpyroMm |z — h| < R
(h > R) orobpasuTb Ha Koabllo p < |w| < 1 Tar, 4TOOBI MHMMAas OCh
nepermua B okpy#Hocts |w| = 1. Haiitu p.

Yrazanue. llocTpouTh OKpYy#HOCTL C LIEGHTPOM B Havajle KOOpPIHU-
HAT M OPTOrOHANLHYIO K OKDPYM#HOCTH |z — h| = R; 3aTem HaiiTu nuHeii-
HOoe npeoOpal3oBaHue, MepeBoifllee AeCTBUTENLHYIO OCh U MOCTPOEHHYIO
OKPY#KHOCTh B JIBe NepeceKaromuecs (OpTOrOHANBHO) IPAMbIE, U YOeAUTh-
cf, YTO MPU ATOM paccMaTpuBaemas 00JacTh 0TOOPA3UTCA B KOHIEHTPU-
yeckoe Koablo. JlokazaTh, 4TO EHTP ATOr0 KoJdklla COBMAAaeT ¢ HavyalIoM
KOOpAMHAT, eclid TOUKHU TepeceveHUsl NOCTPOEHHOU OKPY#HOCTU U HAeil-
CTBUTENLHOIN ocu nepeBoaAaTea B 0 u oo.

2.64. Monynaockocrs Rez > 0 ¢ BRIKMHYTBIM Kpyrom |z — h| < 1,
h > 1, oro6pasuth Ha Koabuo 1 < |w| < 2. Haiitu h.

2.65. JKCUEHTPUYECKOe KOJIbIO, OTPAHMYEHHOe OKPYHHOCTAMU |z —
—3/=9, |z—8| =16, orobpasuth Ha Koabilo p < |w| < 1. Haiitu p.

2.66. [IBycBA3HYIO 06/1aCTh, OrPAHUYEHHYIO OKPYMMHOCTAMU |z —
—z|=r, |z—z|=r2 (|22 — 21| > 71 479 wau |25 — 21| < |ra — 1),
0TOOpa3uTh Ha KOHIIEHTPUUECKOe KPYroBoe KOJbLO C UEeHTPOM B Haua-
ne koopaunat. Haiitu monyanb (u) obaactu.

Yraszanwue. HaliTu mapy Touek, B3aMMHO CUMMETPUUHBIX OTHOCHU-
TeJbHO 00eUX OKPY#HHOCTel, 1 0TOOpa3uTh ogHY u3 Hux B 0, a Apyryio
B OC.

Ipumeuvanue. HerpynHo y6eauTheA, 4TO METOMd pPEIIeHUf, PEKO-
MeHOBaHHbII B yKasaHuAX K 3amavyam 2.63 u 2.66, oiuH U TOT :ke.

2.67. IMonb3ysich pelleHUeM Mpeablaylieii 3agaun, HaWTU MOIYIU

IBYCBABHBIX 00acTeil, OrpaHUYEHHBIX JAHHBIMU  OKPYHHOCTAMM:
l]z—il=2, [z+i|=5 2)|z-3i]|=1, |z—4|=2.

3*
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’'pynnoBble cBoficTBa ApoGHO-TUHENHHBIX
npeo6pa3oBaHul

[Tpeotpazoranne T'(z) = T»[T1(z)] HasbiBaeTca npoussedenuem mpe-
oGpasoBanuii Ty u To u 3anucsiBaetca B Buae T'= Ty (nopsigor 3amucu
BajkeH, Tak Kak, BooOie rosops, T»T) # T1T»). MuosxectBo G npeobpa-
3oBanuit T oOpasyeT 2pynny, eciu OHO COAEPHUT TMPOU3BEIEHNE BCAKUX
JIBYX MpUHAAIeKaMnX eMy npeofpazoBaHuii 1 BMecTe ¢ npeodpa3oBaHu-
em T comeput o6paTHoe eMy npeobpazosanue 17~ !. Ipynna, cocTodmasn
u3 creneneit T" u T~" onHoro npeoGpazoBanus T', Ha3bIBAETCA YUK.ALYEC-
#oil. Ecnu rpynna G oGpazoBana us npeotpazosanuii Ty, Ty, ..., T),, nyTem
NocTpoeHUA Bcex 06paTHLIX Npeobpa3oBaHUil U BCEBO3MOMHLIX TPOU3BeE-
JIeHU DaHHBIX U 00paTHBIX UM NMpPeobpa3oBaHuil, TO ATU NPeobpPa3OBaAHUA
HazbIBaloTCA nopoxdawwumy rpynny G. Touru, noaydaembie u3 GUKCHU-
pPOBaHHOI TOUKU z C MOMOIIbIO BceX MpeobpasoBanuii rpynnsl (G, Ha3bIBa-
I0TCAl 2KBUBAACHIMHbLMI I KOHZPYSHMHbLMIL OTHOCUTEILHO Tpynnbl (.

@yndamenmanrvroll o6aacmuio Tpynnel (G HazbiBaeTcA ob6macTh (CBA3-
Has WM HECBfI3HAf), KOTOPas He CONEepPsKUT HU OJHOMN Maphl TOUEK, SKBU-
BalIEHTHBIX APYT OPYTrYy OTHOCUTENLHO AAHHOU T'PYMIbl, U B OKPECTHOC-
TU Kam g0l rpaHuYHON TOUKM KOTOPON MMEIOTCA TOYKU, AKBUBaleHTHBIE
TouKkaM o006JacTu.

2.67. MycTts T; — nuHelinble MpeoOpa3oOBaHUA:

iz + b; a; b; .
T(z) = 2270 A | G Vi i =1,2,...).
i(2) ciz+d;’ ! ci d; 70 0 25)
Jlorazath cieqyioniue yTBep:RIEHUA:
1) T =TT AuHeliHoe mpeobpasoBaHue ¢ ompeneauTenemM A =

= A Ay
2) npousBemeHue npeofpa3oBaHuii acconUaTUBHO, T. €.
(T3T)Ty = T3(T>Th);
3) rammoe npeodpasoBanue T; uMeeT oGpaTHOe T[], T. €.
I =1,'T; = J,

roe J(z) =z  TOomIecTBeHHOe MpeoGpa3oBaHUE;
4) npousBeneHue npeodpazoBanuii, BOoGIIe rOBOPA, HEKOMMY TATUBHO
(mpuBecTH MpUMephI).

2.68. JlokazaTh, 4To npeoGpa3oBaHUA
1 1 -1
T1227T2:7:T3:1727T4:7:T5:Z :Tﬁz &
z 1—2z z z—1
06pasyioT rpynny (rpynna aHeapMOHUYEeCKUT OMHOULeHUL).

2.69. [lokazaTh, UTO MHOMKECTBO JUHEWHBIX MpeoOpa3oBaHuil, 3aKII0-
Yyalomuxca B IOBOPOTE MJIOCKOCTM BOKPYT Hayala KOOpAMHAT Ha YTbl,
KpaTHble o, 00pa3yeT NUKINYecKyto rpynny. B kakom ciayuae sta rpyn-
na OyJeT coCTOAThL M3 KOHEUHOTro uucia npeobpasoBaHuii?
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2.70. 1) [lokasaTh, 4TO MHOKECTBO Mpeo0pas3oBaHWil Buia w =
_az+b
T ez4d’
oGpasyeT rpymnmy (3Ta rpyrnmna Ha3bIBaeTCs MOOYAAPHOL).

rae a,b,cud  1eable AelicTBUTeNbHbIEe uncaa u ad — be =1,

2) Jlorazathb, 4TO ecau a, b, ¢ U d CUNTATL HEMBIMU KOMILIEKCHBIMU
yucaamu (T. e. uMciaMu BUma m + ni, Toe M U n — leible IeHCcTBU-
TelbHbIe YKcia), YI0BAETROPAIOMIUME yeaoBuio ad — be = 1, To MHO#ec-
TBO mpeoGpasoBanuii u3 n. 1) taxse obpasyet rpynny (epynna [lukapa).

2.71. HaifiTu ¢yHgameHTanbHbIe 06JacTU IJIA TPYII, MOPOHAAEMbIX
npeo6pa3oBaHUAMU:

1) T(z) = €*™/"z (n — marypaibHoe 4HCI0);

2) Ty(2) = /72, To(s) = 1 3) T(x) =2+

) Ti(2) =2z 4w, Te(z)=—2z;

5)Ti(z) =z +wy, Ta(z) =2+ ws (Im g # 0) (dsoaronepuoduiecrasn
1
rpynna);

6) T1(2) =z +wy, To(z) =2+ws, Ti(z) = —2;
) Ti(2) = z 4w, Th(z) =iz;

8) Th(2) = z +w, Ty(z)=e>"/3z

9) Th(z) =z +w, To(z)=emi/b2.

2.72. Haiitu rpynnsl 1nHeiiHbIX Npeobpa3oBaHuil, COOTBETCTBYIOMIUX
npu cTepeorpaduyeckoil Npoekunu BpauleHUIO cepbl:

1) BOKpYT BepTURAILHOTO OUAMETPa;

2) BOKpYT OHMaMeTpa, NapajielbHOro AefiCTBUTENbHO 0CH;

3) BOKpYT AuameTpa, napallelbHOro MHUMON 0CH;

4) BoKpyr AmMametpa, cTepeorpaduueckas MPOEKINA OIHOTO U3 KOH-
[IOB KOTOPOro ecTh TOUKa a.

Yraszaunue. Ecin 21, 29 06pasbl JUaMeTpaibHO MPOTHUBOMOIOM-
HBIX TOYEK Ha cdepe, To z1Zy = —1 (cM. 3agauy 1.49).

2.73. 1) [lokaszaThb, uTO rpynna JUHEHHLIX MpeoOpa3oBaHUii, COOT-
BETCTBYIOMINX BpaleHUIO cephl U MepeBOAANINX TOUKN O cTepeorpadu-
YEeCKMMMU MpOeRUUuAMU a U b OpYyTr B Apyra, onpeneinfaeTcAa COOTHOIIEeHNeEM

w—b i, z—a
1+bw ¢ 1+az
2]
1+ [z
CUTEeNhHO MpeobpazoBaHuil ATON Ipynnbl U NpeacTaBiaeT chepuyuecKyio
AauHy aaementa nyru dz (T. e. quuHy 06pasa 3TOro aiemMeHTa Ha cdepe).

2) llokaszath, yto auddepennuan ds = WHBapuaHTEH OTHO-
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Juueitinnie npeo6pa3oBaHUA U TeOMETPUSA
JJToBaueBcKkoro

[Ipu unTepnperanuu reometrpuu Jlo6aueBCKOro B eIMHUYHOM KpY-
re |z| <1 poab NpAIMBIX WrpaiOT Jejkallue B 3TOM KpPyre OYTU OKpYH-
HOCTell, OPTOTOHAMLHBIX K €AMHUYHON OKPYHHOCTHU; POJIb IBUMEHUA —
nuHeiiHbIe TpeoOpa3oBaHNA eAMHUYHOTO Kpyra Ha caMoro cefd, poik pac-

CTOSIHVA MEJKIY TOUKAMU 21 U 2o BeanduHa p(zi,zs) = 3 In («, B, 22, 21)

rie a U 3 — TOYKM NepecedeHus “mpaMoOil”, Mpoxoasfiileil uepes TOYKH 2z
U 29, C €IUHUYHON OKPY#{HOCTELIO (MOPSAJOK TOYEK TAKOB: (v, 21, 22, ), @
(a, B, 22, 21) aHrapMOHUYEeCKOe OTHOIIEHUEe YRa3aHHBIX TOYEK. YTJbI
M3MepAIOTCH TaK e, KAk B eBRINAOBON reoMerpun (cM., Hanpumep, [2,

ri. 11, §4]).

2.74. JlokazaTh, 4T0 p(z1,22) >0, ecnin z; # 2o u p(z,z) = 0.

2.75. llorasathb, 4T0 p(z1,23) < p(z1,22) + p(22,23), Opuuem 3HaAK
paBeHCTBa Hajo 6paTh TOTAA U TOALKO TOrAa, KOTJA TOUKA z3 JEHUT Ha
“oTpe3ke”, coeIMHAIOMEM TOUKU 21 U 23.

2.76. JlokazaTh, YTO eClu OJHA U3 TOYEK 21 U Z9 CTPEMUTCA K TOU-
Ke e[UHUYHON OKpy#HOCTH (UaK 06e OHU K pas3Iny4yHbIM TOUKaM e[u-
HUYHON OKPY#HOCTH), TO HEEBKINOOBA mauHa p(21,22) CTpPEMHUTCA K
GeckoHeyHOCTH (T. €. TOUKM eJUHWYHON OKPY#HOCTU COOTBETCTBYIOT
GeCKOHEUYHO yaaleHHbIM TOYKaM HEEeBRINIOBON IIOCKOCTH).

Jdz|
——— (|z| < 1) wunBa-
(= <)

pyUaHTeH OTHOCUTEILHO TPYMNMbl JUHEHHBIX MpeoOpa3oBaHuil, TepeBo-
AAmux Kpyr |z| < 1 ua cebs, U NpeacTaBIfeT HEEBKIUIOBY [IUHY Bie-

MeHTa OyTu dz.

2.77. JlokazaTth, uyto auddepenuuan ds =

Yxazauwue. Hanucars o6myto ¢popmy npeoGpasoBanus kpyra |z| < 1
Ha cebfl, mepeBo/AIero Touky a B Toury b (|a| < 1, |b| < 1).

2.78. YkazaTh crnocoObl TIOCTPOEHUS CIeAYIOMUX JTUHUI:

1) nyusa “npsMbIx”, IPOXOIAIIUX Yepe3 TOURY Zzp;

2) “npAmoii”, mpoxoaAmeil yepes TOUKN 21 U Zo;

3) sKBUANCTAHTHI “TPAMOI” (reoMeTpPUUecKoro MecTa ToueK, “paBHO-
yaaneHHbIx” OT JaHHO# “nmpamoii”);

4) mpemenbHLIX TUHUN (TUHUN, OPTOTOHATLHBIX K MYURY “mapaiieib-
HBIX MPAMBIX”).

2.79. 1) JoxazaTh, 4To maa “mpaMoauHeiiHOro” TpeyroibHHUKaA C
yriaMu @i, o, 3 UMeeT MeCTO HepaBEeHCTBO

w1+ s+ 3 <.

2) MlokaszaTh, 4yTO “NPAMOMUHEIHBIN” TPEYTOILHUK C TOYHOCTBLIO [0
“nBuMeHUA” onpegenfeTca CBOMMHU yriaMu (1, (2, 3. IlocTpouTh

=9

“NpAMOIUHEHHBIH” TPEeyroMbHUK 0 ero yriam.
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§ 3. PanuoHaiabHble U anrebpandeckue QyHKIUH

Obuee oroGpaxeHye Kpyra Wik NomymIoCKOCTH Ha OJHOCBARHYIO 00-
JacTh w-IMIOCKOCTU uMeeT Bun w = ¢[l(z)], roe ¢(z)  uvacTHOE 0TOO-
paseHue, a | — NpousBoJIbHOE APOOHO-THHEHOe 0ToOpaNeHne Kpyra nin
MOy TLIOCKOCTH Ha ceOs (o6paTHOe oToGpaskenne nmeet Bun z = [[i(w)]).
1o 3amMevaHue HEOGXOAMMO MMeTh B BHIY NMpPU HAXOMKIAEHUH HOPMHUDO-
BAHHOTO OTOOpAMEHUS, T. e. 0TOOpa#eHNs, yIOBIETROPAIOLIEro onpeie-
NeHHBIM JONOJHUTENLHBIM yelaoBUAM. Ecnu ycnoBus HOpMUPOBKH He na-
HBI, TO B 0TBeTe 06bIYHO yKasblBaeTCA OfiHA U3 0ToOpaalomux GyHKIni.

Mpu daxTUUecKoM MOCTPOEHUH KOH(OPMHBIX 0TOOpaMeH!H Ba#HyTO
pOJIb UrParOT HEKOTOpble 0fune MpUHLUKUNLI (eM., Hampumep, [1, ra. IX,

n.5urn X, n. 7] uam [3, ra. IT, §1 u §3]).

IIpunyun cummempuu Pumana Illsapua

[lycts rpanuna obaactu Dy comep:kut ayry okpysuoctu C' (B 4acT-
HOCTH, TPAMOIUHENHBIA 0TPE30K), U MycTh GYHRIUA w = fi(2) peanusy-
eT KoH(popMHOe oToOpaeHue 3Toil ob6aacTu Ha o6aacTh Df TaKoe, UTO
ayra C mepexoAuT OMAThL B AYTY OKPYKHOCTU WIU MPAMOJUHENHbIH OT-
pesos C*. Torna gynsunsa fo(z), npuHUMAalOmas B TOUKaX, CUMMeTPUY-
HbIX OTHOCHUTeIbHO C', 3HAYeHNs, CUMMEeTpPpUUHbIe 3HaueHusiM fi(z) oTHO-
cutenbio C* 1), Gyner anamutuueckoii B o6nactu Do, CHMMETPUYHOIL C
obnacteio Dy ornocutensuo C u Gymer orobpasaTh ee HAa 06JacTh D;(,

cumMeTpuunyto ¢ DY otnocurtennno C*.

DOyHRIUA h2) s Dy,
w=1< fi(z)= fa(2) wa C,
fQ(Z) B D2

peanusyeT KoHpopMHOe oToGpamenue odaactu Dy + C' + D, Ha 06aacThb
DY + C* + D3 ?).

lemuun coomeemcmeus 2paHuy,

Myers D u D* — ognocrazubie o6aactu ¢ rpanunamvu C' u C*, npuyem
o6nacts D* pacronoena 1elnKoM B KOHeUHOH 4acTu miockoctd. Ecan
byuruusa w = f(z) anaautuuna B D, HerpepbiBHAa B D U ocylecTBiaseT
B3aMMHO OIHO3HAuHOe oTobpaxenue C' na C* ¢ coxpaHeHueM Hampapie-
HuA 06X0/1a, TO OHA OCYIIECTBAAET B3aUMHO OJHO3HAYHOE U KOH(POPMHOE
oToGpamenne obaactu D na D*.

[Ipu pemenuu 3agay 3TOro U cieayiomero naparpados B ciydasax, Kor-
na oToOpaskeHHe OCYIUIeCTBAAETCA BETBbLIO MHOIO3HAUHON GYHRIUU, pe-
KOMEHJyeTcA MpPOCieIUTh 38 COOTBETCTBUEM TOUEK Ha I'paHullaX 0To6-

" Eean C u C* OTpe3KH NeHCTBUTENLHBIX oceii (K AToMy Bceraa MoHO NpHii-

TH, COBEPINNRB J0NONHUTElhHbIe IPOGHO-IWHelHbie npeoGpasopanus), To fa(z) = fi(Z).
2
2) OroGpasenue GyieT B3aMMHO OJIHO3HAYHBIM, eciu obiaactu Di u Da, a Tarme
DY w D} ue nepeceraiorcs.
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paskaemoii o6racTu U ee o6pasa (3TO OTHOCUTCA B OCOGEHHOCTU K 3aia-
yaMm Ha oToOpameHue obaacTeil ¢ pazpesamMn).

2.80. Ilpu nomomu GpyHKIUU w = 2>

HOe oToOpaxeHue cieaylomux obnacrteii:

1) BHYTpEeHHOCTH MpaBoii BeTBU papHOGOUHO# Tunepfoant 22 — y2 = a?
Ha BEPXHIOIO NOJMYII0CKOCTE;

2) BHemuocTy napa6oart 42 = 2pzx, p > 0 (T. e. o61acTH, OrpaHUYEHHOI
3Toil mapabonoii M He colep#ialleil ee Goryca) HA BEPXHIOK MOXYTIOC-
KOCTb.

U eil obpaTHoll HaliTU KOH(DOPM-

Ipumeuanue. 06 orobpaxenuu obaacTeil, OrpaHUYEHHLIX KPUBbI-
MM BTOPOT0 NmopAaKka, cM. Tak#e 3agauum 2.110, 2.111, 2.136-2.140, 2.175.

2.81. Ilpu nomomu (yHKOMI, YKaszaHHBIX B TpeiblayIeil 3agaue,
0TOOpa3uTh:
1) BHYTPEHHOCTH OKPY#HOCTU 1 = acos @ (a > () Ha BHYTPEHHOCTh
1
KApANOUIBI p = 5 (1+ cosb);
2) BHYTPEHHOCTh TOH #e OKPY#HOCTU HAa BHYTPEHHOCTh NPaBoil BeT-

BU IEMHUCKATHI p = +/cos 26;

3) kpyr |z| < 1 Ha BHyTpeHHoCTh Kapanonabl p = A(1 + cosf), A > 0,
Tak, uto6er w(0) = A/8, w'(0) > 0.

2.82. Haiitu o6iacThb, Ha KOTOpYIO oToGpaskaeTcs Kpyr |z| < 1 npwu
nomomy Gynknuu w = R(z +mz?), R >0, 0 <m < 1/2. Haiitu o6pa-
3bI MOJAPHON CETKU 2-TNIOCKOCTH.

2.83. Haiitu o6aacTb, Ha KoTopyio moaykpyr |z| < 1, Rez > 0,
oToOpamaeTcsa NMpU MOMOMM GYHKLUM w = 2 + 22

2.84. 1) Haittu o6aacth, Ha KOTOpyIO KpyT |z| < 1 oToGpamaercs npu
n
noMomu GyHRUUU w = R(z + Z—), R>0, n nenoe yuciao, n > 1.
n
2) HaiiTu o6nacTb, Ha KOTOPYIO 0TOGpaaeTcs BHEMIHOCThL eJUHUYHO-
1
ro xpyra |z| > 1 npu nomomu GpyHRIUYA w = R(z + —n), R>0,n
nz
uenoe unciao, n > 1.
Dpumeuanune. 06 oToGpameHunax, copepiaeMbix QyHREINEH
1
w = R(z + —)
z
(dbyurmusa MyroBcKoro), cm. 3agauy 2.106 u ganbueitmmve.

2.85. 1) Boisicuuth, nna kakux 3uadenuil m ¢yuwruus w = R(z +
+mz2"), rlen  HaTypaibHOe UKCI0, OCYIIeCTBIAET KOH(GOPMHOe 0TOG-
pameHnue Kpyra |z| < 1 Ha HekoTOpYIO 00JaCTh, U HAWTH ATy 00JACTh.

2) BLIACHUTL 3TH e BOMPOCHI 1l 0TOOPAMEHUS BHEIIHOCTU Kpyra

m
|z| < 1 npu momomu GyHRIUU w = R(z + Z—n) ¥ BHYTPEHHOCTH TOTO Ke

Kpyra npu nomMomu GyHKIUU w = R(— + mz”).
z
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OTtoGpaseHusa KPYTOBBIX NJyHOUeR U o6nacTei
c paspesamMu

2.86. 1) OtoGpazuth yron 0 < argz < ma (0 < a < 2) Ha BepXHIOO
Oy IIOCKOCTh.

2) OToGpasuThb yrou 72 <argz < g Ha BEPXHIOIO MOIYIIOCKOCTh
tak, uto6el w(l —i) =2, w(i) = -1, w(0)=0.

2.87. Haittu ¢ynkunio w(z), orobpamanmyio noayspyr |z| < 1,
Im z > 0, Ha BepXHIOIO MONYNJIOCKOCTL NPU YCIOBUAX:

1) w(-=1)=0, w(0) =1, w(l) = oo;
2) w(+1) = F1, w(0) = oc;

3) 11)(%) =1, argw’(%) = 7%'

2.88. Haittu ¢yusunio w(z), orobpamaromyo noryskpyr |z| < 1,
Imz > 0, na kpyr |w| < 1 npu ycioBusx:

1) w(£l) = £1, w(0) = —i; 2) 11)(%) =0, argw’(%) = g
2.89. Haiitu ¢pyuruuio w(z), oro6paskaronyio obaacts |z| > 1, Im z >
> (), Ha BepXHIOIO MOAYIJI0CKOCTE.

2.90. OTo6pa3uTh Ha BEPXHIOIO MOJYIJIOCKOCTh:
1) certop |z| < R, 0 <argz<ma (0<a<2);

2) obnacte |z| > R, 0 <argz<7ma (0<a<?2).

2.91. OTo6pa3uTh Ha BEPXHIOI MOMYIJIOCKOCThL Cleayiouiie Kpyro-
BbIe JYHOUKH (OBYYTOMLHUKN):

1)zl <1, |z—il<1; 2)|z] <1, |[z—1]>1;

3z >1, |z—il<1l; 4)|z|>1, |z—1i] > 1;

5) 12| > 2, |z — V2| < V2.

2.92. OToOpas3uTh Ha BEPXHIOIO MOAYMIOCKOCTh BHEHNIHOCTh eIUHUY-
HOI'O BEPXHEro noiaykpyra.

B zapgauax 2.93-2.105 otoOpas3uTh ykazaHHble 00JacTU Ha BEpPXHIOIO
NOJYNI0CKOCTb.

2.93. [aockocers ¢ paspesom 1o oTpe3ry [—1,1].

2.94. [lnockocTh ¢ pa3pes3oM 10 OTPe3Ry [—i,1].

2.95. [lnockoeTh ¢ paspesoMm 1o 0Tpesry [z1, 2o

2.96. [Mnockocers ¢ paspesamu no aydam (—oo, —R], [R,00) (R > 0).

2.97. MnocKocTh ¢ pa3pe3oM M0 pacrnoNo#eHHOMY B epBOM KBaapaH-
Te Jyuy, BbIXOAALIEMY U3 TOUKU 4 MapaijelbHo NpAMOit y = .
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2.98. IlnockocTh ¢ pa3pe3oM MO Ayre OKPYKHOCTHU, coeAuHAIOLIeit
Touku —1 u 1 u npoxoasamei yepes Toury ih, roe 0 < h < 1.

2.99. Monynaockocers Im z > 0 ¢ paspesom no orpesky [0,ih], h > 0.

2.100. MMonynaockoeth Imz > 0 c pazpe3oMm OT ih 10 0O BAOAK MO-
nomuTensHON MHUMOH noayocu (h > 0).

2.101. Hoaynaockoets Imz > 0 ¢ paspesom Mo Ayre OKPYHHOCTH
|z| =1 or touskn z =1 po toukn z =e€'", rge 0 < a <.

2.102. Yron 0 < argz < 73, rme 0 < 8 < 2, ¢ paspesom no myre
okpy#HocT |z| =1 or Toukn z = 1 go Toukn z =e€'*, roge 0 < a < f.

2.103. BuemHocTh €QUHUYHOrO BEpPXHEro MOAyKpyra ¢ pa3pe3oM 1o
otpesry [0, —i] (BHemHoCTh “MOnmaTku”).

Ywrazauwue. JluneitHoiM npeoOpaszoBaHieM CBOAUTCA K Mpeablayileit
3ajaje.

2.104. 1) Kpyr |z| < 1 ¢ paspesom no pagnycey [0, 1];
2) BHEWHOCTb €AMHUYHOTO KPyTa ¢ pa3pe3oM mo ayuy [1, o).
2.105. HaiitTu oTtoGpasenune Kpyra |z| < 1 Ha w-mIoCKOCTDL ¢ pas-

pesoM Mo nyuay (— 00, =7 | MpN YCAOBHH, HTO w(0) =0, w'(0) > 0.

Oyuruua sfAykoBcKkoro

2.106. Haiitu npeoGpasoBanue moaspHoil ceTkn |z| = R, argz = «

1
¢ nmoMoIbio GyHsHun FRyKoBCKOro w = 3 (Z + —).
z

2.107. HaiiTu o6nactu, Ha KoTophle GpyHKHUA FRYKOBCKOro oTo6pa-
Aaer:

1) kpyr |z] < R < 1; 2) o6nacts |z| > R > 1;

3) wpyr |z| < 1; 4) obaacts |z| > 1;

5) moaymmockocts Imz > 0;  6) monymmockocts Im 2z < 0;

7) nonykpyr |z| <1, Imz > 0; 8) moaykpyr |z| < 1, Imz < 0;
) obnacth |z| > 1, Imz > 0;
0) o6nacts 1 < [z| < R, ITmz > 0;
1) obaacts R < |z| < 1, Imz > 0;
)

12 oﬁnaCTh%<|z|<R, ITmz >0, Rez > 0;
13)yrongf(x<argz<g+a(O<a<g).

2.108. Haiitu npeobpazoBaHue MOJAPHONH CETKU C TMOMOIIbIO (yHK-

LA:

1 1 a’

1) w= (2 — —); 2) w = 5(2-{— —) (a>0);
z

Z.

) w= (z+£), c=lele (0 <y <m).
4
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2.109. Ioabsysacs pyHruueii fAyroBckoro, 0TO6pa3uTh:
1) BHemHOCTE 0Tpeska [—¢, ¢] (¢ > () Ha BHEIIHOCThL €ANHUYHOTO KpyTa
npu ycaoBuu, 4to w(oo) = 0o, argw'(oo) = q;
2 2
72 2
2) BHeIIHOCTEL Binunca — + U—) =1 Ha BHENIHOCTh eIUHUYHOTO KpPYy-
2 2
ra Tak, 4To0bl w(oo) = oo, argw’(oc) = 0.

2.110. OTo6pa3uTh BEPXHIOI MOJYILIOCKOCTh C BBIKMHYTBLIM MOJY-

2 2
x~ Y
NIMMCOM  — + ¥ <1, y > 0, Ha BEpXHIOIO NOJYMJIOCKOCTh.
2.111. OT06pas3uTh ABYCBA3HYIO 06JacTh, OTpaHUUYEHHYIO cO(ORYyC-
2 2 2 2

2 22 W2

2 2 + 2 2
@+ k" B4k )
HeHTPUYeCcKoe KPYyroBoe KOJbI0 ¢ IeHTPOM B Havajle KoOpaAuHaAT U HalTh
Moxmyab (cM. ¢. 37) maHHo# ABYCBAI3HOI OGIacTu.

HBIMH BIJHICAMH — + 4 = 1, =1 (a > b), Ha KoH-
a®> b?

2.112. Haiitu o6nacTh, Ha KoTOpylo ¢yHKNUA ALyKOBCKOro oTobpa-
#maeT Kpyr |z| <1 c paspesom no orpesry [a,1] (—1 < a < 1). Pacemor-
petk cayuau a >0 u a <0.

B zagauax 2.113-2.117 oTo6pa3uTh ykazaHHble 06JaCTU HA BEPXHIOIO
NOJYII0CKOCTb.

2.113. Kpyr |z| < 1 ¢ paspesom no otpesry [1/2,1].

2.114. Kpyr |z| < 1 ¢ paspesamu no paguycy [—1,0] u orpesry [a, 1]
0<a<).

2.115. BHemHocTh eAMHUYHOTO Kpyra ¢ paspe3aMu [0 OTpPe3Kry
[~a,—1] u ayuy [1,00), rme a > 1.

2.116. Bepxuioio noioBuHy Kpyra |z| < 1 ¢ paspe3oM MO OTpesry
0,00] (0 <a<1).

2.117. Bepxnioo noiroBuHy Epyra |z| < 1 ¢ paspesoM Mo 0Tpesry
[ai,i] (0 < a<1).

2.118. Otobpasuth Kpyr |z| <1 ¢ BeikuHYTBIM oTpeskom [(1 —
— h)e'™, e'*] Ha eAUHUYHBIA KPYT MIOCKOCTH w.

2.119. Kpyr |z| <1 c paspesom no otpesry [a,1], 0 < a < 1, oT06-
pasutk Ha Kpyr |w| < 1 Tax, uro6er w(0) = 0, w'(0) > 0. Haittu w'(0) un
IMUHY OYTH, COOTBeTCTRYylomell paspery. [Ipn KakoM 3HaveHun a paspes
nepeiiieT B MOJYyOKPYH#HOCTE?

Yrazauune. [lenecooGpazto cuavana oTo6pa3uTh Kak 3aJaHHYIO 00-
1acTh, Tak U Kpyr |w| < 1 Ha BHEMHOCTL OTpe3Ka.

2.120. Kpyr |z| <1 c paspesamu mo otpeskam [a,1], [-1,—b] (0<
<a<1,0<b<1)orobpasuts Ha kpyr |w| <1 Ttar, yrto6er w(0) =0,
w'(0) > 0. Onpenenuts w'(0) M AAMHBI IYT, COOTBETCTBYIONNX pa3peaam.

2.121. llpeacraBun ¢pynsuuio fRyroBckoro B Buae

w—1 _ (z—1)2
w+1 \z+1/"
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HalTH:

1) o6Gpas oxpymuoctu C, mpoxomsmeil yepes TOuku z = +1 moxa yr-
JOM (777 <a< 7r) K JelicTBUTeNbHOI ocu B Touke 1, u obaacTh, Ha
KOTOpYIO oTo6paskaeTcA BHEIIHOCTL TAKOU OKPY#{HOCTU;

2) o6pas oxpymuoctu C', mpoxonsieit yepes Touky z = 1 mom yr-
JOM @ K IefCTBUTENbHOM OCU U cofep:kanieil BHyTpU TOURY —1, a Tak#e
06/1acTh, Ha KOTOpPYIO 0ToOpasaeTcA BHEIIHOCThL TAKOM OKPYHHOCTU.

2.122. 1) Haiitu oGpasbl okpysHOCTeil U o6GracTeil z-MIOCKOCTH, O
KOTOPBIX UAET peub B 3amave 2.121, ecan oToGpamaroman pyHrnua w(z)
3a/laHa ypaBHEHHEM

w—1 _(z-1
w41 (z +1

2-4
) (0<d<2, w>0 npu z>1).

2) KaroB mpu sTtoMm oToGpasseHun 06pa3 BHYTPEHHOCTU OKPYHHOC-
n C?

2.123. OTo6pasuTh BHENIHOCTL egUHHYHOrO Kpyra |z| > 1 Ha

—1
wW-MIJIOCKOCTEL C pa3dpe3oM Io aAyre arg L+ 1 = ﬂ (0 < |ﬂ| < ﬂ') Tak,
w

4yT06bl w(0oc) = oo, argw'(oc) = a.
B zapmauax 2.124-2.127 naiitu o6aactu, noiaydaemble NMpu oToOparme-
HUU 3aJaHHbIX ob6aacTeil yrazaHHLIMU (PYHRIUAMU.

2.124. K L, w= >,
pyr |z| <1; w P

2.125. Moaykpyr |z| <1, Imz >0; w= i
2.126. Yroa 0 < argz < E; w = —(z” + L)
n Al

2.127. Cextop ——~ <argz < —, |z|<1; w= (w(z) >0
n n

2
(14 zn)2/n

npu z > 0).
Yrazauue. lIpenctaButh oToGpamaomyto (yHKIUIO B BUe
n t "
w=FUle@N, e o=t f() = i, FO)= VA

HpI/IMeHeHI/Ie npunogunma CUMMeEeTpUHU

2.128. 1) Monbsysck pemennem 3agaun 2.127 1 NTPUHIUTIOM CHMMET-
z

1+ Zn)-z/n'
2) HaiitTu GyHEIMIO, 0TOOPAMKAIONIYI0 BHYTPEHHOCThL (M BHENIHOCTh)
eIUHUYHOr0 Kpyra Ha BHEITHOCTh “3Be3MdbI”:

puu, HafiTu o6pas3 eIMHUYHOrO Kpyra Npu oToOpameHnn w =

lw] <1, argw =27k/n (k=0,1,2,..,n—1).



§ 3. PayuonaavHble u arzebpauieckue GyHKEUUL 45

2.129. OT06pa3uTh Ha BHENIHOCTh €AMHUYHOTO KpyTa:

1) Bcio mockocTh ¢ paspezamvn no otpesxam [—1,1] u [—i, ] (BHemm-
HOCTb KpecTa);

2) BCIO IJIOCKOCTL ¢ paspesamu mo aydam (—oo, —1], [1, +00),
(—ioco, —i] u [i,+io0).

2.130. 1)* Moabsyack ¢pyHsuueit uz zagaun 2.126, oTo6pa3uTh cek-
Top |2 <1, 0<argz < m/n (n — uenoe uncio) Ha cebs TaK, 4TOGbI OT-
pesknu pagnycoB |z| < a, argz=0 u |z] <, argz=7/n (0<a<1)
nepentn B COOTBETCTBYIONINE PaIuyChl.

2) OTo6pasuTh BHEHNIHOCTh EIUHUYHOIO KpYra C paspe3amMu 10 OT-
peskam 1 < |z] < a, argz = 2kn/n (k =
=0,1,2,...,n — 1) Ha BHEIHOCTh eIUHWNY- vl
HOTO KpyTa.

2.131. OTo6Gpa3uTh Ha BEPXHIOI I0-

JAYMIOCKOCTh W HA BHEIMHOCTHL e€AMHWUYHO-  —1 0 1 =
ro Kpyra BHENIHOCTh KpecTa, COCTOslle-

ro mz orpesxka [—a, b] meficTBUTenbHO

ocM ¥ oTpeska [—ci, c¢i] MHUMOIl ocu -

(@>0, b>0, ¢>0, a®>+b+c2# &

#0).

Ywrazauwue. Hafitu pyuruuio, orobpa-
JRAIOIYIO BEPXHIOIO TOMYIIIOCKOCTh C pas-
pesom 1o orpeary [0, ¢i] Ha BEPXHIOIO MOIy-
MJIOCKOCTh, U BOCIOJb30BATHCA TPUHIIUIIOM —oi g
CUMMETPUM, B CUIY KOTOPOTrO BHENIHOCTH
KpecTta 0TOGpPasuTCA Ha BCIO MIOCKOCThH C
paszpesoMm 10 0Tpe3Ky IefCTBUTENLHOM ocH.
2.132. [lnockocTh ¢ pasdpes3aMu 10
ayday [—a, +o0) (a > 0) u mo otpesry [—ci, ¢i] (¢ > 0) oTo6pasuth Ha
BEPXHIOIO MOJYIOCKOCTh.
Ywrazauue. CMm. yrazauue & 3agave 2.131.

Puc. 2

2.133. OTo6pa3uTh Ha BHENIHOCThL E€IWHUYHOI0 Kpyra MIOCKOCTh C

paspesami 1o OTpUIATeNLHOI YacTu MHUMON 0CH U 10 HU#HEN MoJ0BHHE
eIMHUYHONH OKPY#HOCTHU.

Yrazanue. JluneitneiM mnpeo6pasoBaHuem
cBomuTCA K 3amave 2.129, 1).

2.134. llnockocTh ¢ pazpe3aMu 1O OTPE3KY
[—ai, 0] (@ > 1) 1 no HuHHE NOTOBHHE €ANHIY- b
HOM OKpy#HOCTH (pHc. 2) 0TOGPa3UThL Ha BepX-

HIOIO MOJAYNA0CKOCTh. % —ic

Yrazaunwue. JluneitnoiM mnpeo6GpazoBaHrem Puc. 3
cBoauTCA K 3amauve 2.131.

2.135. OT06pas3uTh Ha BEPXHIOO MOJYIIOCKOCTh MJIOCKOCThH C paspe-
3amu 1o orpeary [—1,b] (b > —1) u no gyre oKpy#HOCTH C KOHIAMU B
Toukax e*®, mpoxoasmeii yepes Touky z = —1 (puc. 3).

el
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2.136. OT06pas3uTh Ha BEPXHIOIO MOJYTIIOCKOCThL BHEITHOCThL €INHUY-

HOrO Kpyra c paspesamu mo orpeskam: [i,bi], [-bi, —i], [1,a], [—a,—1]
y (a>1, b>1).
—1+4 1+i Ywrazauue. Dyuwuua Ryror-

CKOro 0TOoOpajkaeT paccMaTpUBaeMyIlo
obn1acTb Ha ooOaacTh 3agaun  2.131.

2.137*. OT06pa3uTh Ha BHeI-
HOCTh EQWHUYHOrO Kpyra BHEIIHOCTh
“3Be3anl”, M300pameHHoit Ha puc. 4.

Sy i3 2.138%. OToOpa3uTh Ha BepxX-

HIOIO TOJYIJOCKOCTE BHYTPEHHOCTH
Puc. 4
2 2

¥
2 ] -
COS” (x sin” o

2.139. OTo6pa3uTh Ha BEPXHIOIO MOAYIOCKOCThL BHEIIHOCTh NMpaBoit
9 5

npaBoii BeTBU runepoobl

Y
2 D) — 1
COS” & Sin-

BeTBU FIAHGpGO.ﬂbI

2.140. OTo6pa3uTh Ha BEPXHIOIO MOJYMJIOCKOCTh 06JacTh, 3aRJIO-

2 2

Ty
= =1.
a’ b2

YEeHHYIO Me Oy BeTBAMU FI/Il'Iep60J'IbI

lpocrefimue MHOTOAUCTHDBIE OTOOpaMeH A

B zagauax 2.141-2.142 pacecmaTpuBaioTca 0ToOpameHu, MPUBOIALINe
K MHOTOJUCTHBIM 06JacTAM (PUMAaHOBLIM MOBEPXHOCTAM) 3).

2.141. Haittu o6aactu, nojaydaembie TpU O0TOOpPaMEeHUU C TOMOLILIO
GyHRONN w = 2

1) vactu Komba 7 < |z| <71y, O0<argz<m+a (0<a<m);

2) obnactu |22 — 1| <a (0<a< oo).

2.142. Haiitu o6aactu, nojiydaembie TpU O0TOOpPaMEeHUU C TOMOILILIO

¢byHruu JRyKRoBCKOro w = %(z + 1)
z

1) kpyra |z|< R (R>1). VYwrasanue. Ilerecoo6pasHo paccMoT-
peTh cHauana otoOpamenne kpyra |z| < 1 um romema 1< |z| < R (cm.
zapauy 2.107);

z—1
2) kpyra ‘m‘ <R (0<R< ).

3) 3mech mpuBeaeHB! AMNTL HEKOTOPBIe MpOCTeiimue 3amaun Takoro poaa. Crenu-
allbHO PUMaHOBBIM NMOBEPXHOCTAM mnocBAmeH §2 ra. VIII.



$4. daemenmapHvle mpancyerdenmuble GyYHKUUL 47

B zagauax 2.143 2.145 nocTpouTb pUMaHOBbLI MOBEPXHOCTU YyKas3aH-
HbIX (QYHKLUI.

2.143. 1) w = —1,

E——
z+1’
2.144. 1) w=+/2(22+1); 2)w=

2) w=+22-1.

2

z2+1
ot

2.145. w = /22 — 1.

§ 4. dnemeHTapHbIe TpaHCIeHAeHTHbIe QYHKIIHUU

OcHOBHbBIE TpaHCIHEeHOIEHTHbBIe QYHKIIUU

2.146. BriacHUTB, BO UTO npeo6pa3yioTca Npu oToOpakeHnu w = e”:
1) npamoyroasnas cetka x = C, y = C;
2) npamsie y = kx + b;
3) moaoca a<1j<ﬂ( <a<f<2n);
4) monoca mMe#say MpAMBIMU Yy = X, Y = & + 27;
5) nonymonoca x <0, 0 <y < a < 2m;
6) momymonoca x > O, O<y<a < 271-,
7) mpaMoyronbHUE a < x < f3, v <y <o (6 —~vy < 2m).
2.147. Kakos npoo6pas BepxHeil MOJYyMIOCKOCTH TPU OTODpa#eHun
n
w = (1 += ) ? KakoB mpenenbHbI MpooGpas BepXHeil MOMyMIOCKOCTH
npu n — 007
2.148. BriicHUTB, BO 4TO NpeoGpasyloTcA MPU OTOOpakeHuu w =
=Inz:
) nonspHas ceTra |z| = R, argz =
) norapudMunyeckne cimpain r = Aef¥ (A4 > 0);
3) yron 0<argz < a < 2m;
)

cekTop |z| < 1, O<argz<a < 2m;
5) Koneno 71 < |z| < ro € paspesoMm M0 OTPE3RY [ry,Ts].

Bunoaapruimu koopdunamamu TOURU 2 = x + 4y OTHOCUTEIbLHO NOJIO-
coB *a (a > 0) HaspIBalOTCA AefiCTBUTENbLHAA N MHUMaf 4acTu GyHKUNH

a—+z
—z

2.149. 1) JoxasaTb, 4T0 hyH-
KUMA W OOHOJMCTHO OTOOpamka-
eT BCIO 2-TNIOCKOCThH C paspeaa-
M (—oo, —a] u [a, oc) Ha mO-
JI0CY MIOCKOCTH w: —T < N K T
npuYeM BepXHUM Oeperam pas-
pesa COOTBETCTBYeT TpsAMasn 1 =
= pi, a HUmHUM 1) = —7 (puc. 5).

w—f—{—m—ln
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Y| 2) YcTaHoBUTL cHpaBelu-
BOCTL COOTHOIIEHUI

!&:{
m ash¢
@ m - = ché +cosn’
w \——// __ asinng
v= ché + cosny’

ch¢ —cosn
—— b Vit yl=r=a,/——.
acthay ch& +cosn

Pec B 3) llokasaTh, 4TO NPOOG-
pazamu  oTpe3koB & = &,

—7m <1 < T CaAyKaT OKPYHHOCTU ATONJIOHUA OTHOCUTENLHO Touek +a:

&;_/EQ

2 2 a \?
(r —acth&)*+y (Sh&)
(mpooGpasom otpeska £ = 0, —w < N < 7 CAYMKUT ock opanHaT) (puc. 6).
v) 4) JlokazaTh, uTo npooGpazamMu
JVHUM 1) = 1o CAY#AaT OIYTU OKPY#H-
HOoCTel, MpOoXOOfAMUX dYepe3 TOY-
KU1 *a,

2
2?2+ (y+actgn)’= ( 4 ) ,
Sin 7)o

JesKkamue B BepXHeil MOaymiocKoc-
™ Tnpu 19 > 0 U B HUMHeH npu
1o < 0. Jlunuu n = 0 cooTBeTCTBY-
eT 0Tpe3ok [—a, a]. Iyru, cooT-
BETCTBYIOIINE 3HAYEHUAM 1) = 7)o
un=r1g—m (no>0), DONOTHAIOT
ApYT Opyra [0 TOJHOI ORPY#HHOC-
tn (pue. 7).

5) Haittu Bennuune! otpeskoB b (puc. 6) u | (puc. 7).

Mpumeuanue. MocTpoennana TakuM 06pa3oM KOOpOMHATHAA CeTKA
B 2-NIJOCKOCTU Ha3blBaeTCA OUNOAAPHOL cemKoll.

Puc. 7

2.150. BoiacHuTh, Bo uTO npeobpasyloTcA MpU O0TOOpamkeHUud w =
= cosz:

1) npamoyroasnas cetka x = C, y = C;

2) moaymonoca 0 <z <m, y <O0;

3) momymonoca 0 < x < w/2, y >0,

4) monymonoca —w/2 < x <7/2, y > 0;

5) nonoca 0 < z < T

6) npamoyronpnuk 0 < z < 7w, —h <y < h (h > 0).

2.151. BriAcHUTL, BO uTO npeobpasyloTcA NMpU O0TOOpamkeHUud w =
= arcsin z:
1) BepXHff MOMYMIOCKOCTD;
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2) MIOCKOCTL C pas3pe3aMu 10 AEHCTBUTEILHON OCH BOOMbL Jy4eil
(—OO, _1]= [17 Oo);

3) 1-it kBampaHr;

4) monymaockocth < 0 ¢ paspe3oM MO AefiCTBUTENBHOI OCH BIOMb
ayua (—oo, —1].

2.152. BriAcHUTH, BO uTO npeobpasyloTcA NMpU OoToOpamkeHUud w =
=chz:

1) npamoyroabuas cetka = = C, y=C; 2)noaoca 0 <y < m;

3) moaymonoca x >0, 0 <y < .

2.153. BriAcHUTh, BO uTO npeobpasyloTcA NMpU O0ToOparkeHUud w =
= Arsh z:

1) maockocTh ¢ pazpesaMu Mo MHUMOI ocu BOOAL aydeir 1 <y < oo
n—-—oo<y<—1

2) nepBbIii KBAaJpAHT.

2.154. BpificHUTB, BO 4TO NpeoGpasyloTcA MPU OTOOpakeHuu w =
=tgz:

1) npamoyromasnas cetka x = C, y = C;

2) nonymonoca 0 <z <7, y>0; 3)momoca 0< < m;

4) nonoca 0 <z <w/4; 5) monoca w/4 <z < w/4

2.155. BriAcHUTh, BO uTO npeobpasyloTcA NMpU OoToOpamkeHud w =
= cthz:

1) nomoca 0 <y < m; 2) noaynomoca 0 <y <m, x> 0.

OtobGpasenud, npuBoafAmuecd K oTo6paMeHuaM
NoJoC U Nolynonaoc

B zagauax 2.156-2.163 oTo6pa3uTh yKkazaHHble 06JaCTU HA BEPXHIOIO
NOJYNI0CKOCTb.

2.156. Ilonocy, orpaHM4eHHYIO IPAMBIMU y = %, Yy = = + h.

2.157. Tlonymonocy = <1, 0 <y < h.

2.158. KpyroByio i1yHOUKY, OrpaHUYEHHYIO OKPYMHOCTAMHU |z| = 2,
|z — 1] =1.

2.159. O6aacTh, orpaHUuYeHHYIO OKpy#HHOCTAME |z| = 2, [z — 3| =1
(MI0CKOCTD € BHIKMHY TBIMY KPYTaMu).

2.160. Ob6nacTth, onpeeleHHYI0 HEpaBEeHCTBaMU

[z—1]>1, Jz+1]>1, Imz>0

(BepXHSfl MOMYMIOCKOCTh € BHIKMHYTBHIMU TONYKPYTaMu).

2.161. Ob6nacTh, 3arJIIOUEHHYIO MeAy copOKYCHbIMHU MapaboiamMu

v =4z +1), y®=8(=z+2).
Ywrazauwue. Cm. zamauy 2.80, 2).

2.162. Haiitu ¢pyurmmio w(z), oToGpamaronyo o61acTh, OrpaHnueH-
HYIO OKDY#HOCTEIO |z| = 1 u mpamoit Imz = 1 (monynaockoers Im <1

4 JI.N. BonkoBbICKHUi 1 1p.
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C BBIKUHYTBIM KPYTOM):
1) na kpyr |w| <1 c nopmupoBroit w(—3i) =0, argw'(—3i) = /3;
+¢
2
3) Ha BepXHIOI MNOMYTIOCKOCTH ¢ HOpMHUpPOBKOH w(—3i) = 1+ 1,
argw'(—3i) = 7.

2) Ha KpyT |w| < 1 ¢ HopMupoBKOH w(—3i) = !

,argw'(—3i) = g;

HpI/IMeHeHI/Ie npunogumnma CUMMeEeTpPpUHU

2.163. OTo6pa3uTh Ha BEPXHIOIO MOJYTIOCKOCTh:

1) nonocy 0 <z <1 ¢ paspesom Boab ayua z = 1/2, h <y < oc;

2) momocy 0 < x <1 c paspesamu Booab ayueit x =1/2, h; <y <oc
u .’,L‘:l/2 —OO<y<h2 (h2<h]).

Yrazanue. CHavana oto6pasuth noiocy 0 < x < 1/2 Ha Bepx-
HIOIO moaymiaockocThb. OTobpasaiomas GyHKIUA OyAeT, B COOTBETCTBUU
¢ MPUHIUIIOM CUMMETPHUU, 0TOOpamaTh 3aJaHHyI0 06JacTh Ha BCIO MJI0C-
KOCTb C HEKOTOPBIM pa3pe3oM.

B 3apauax 2.164-2.174 oto6pa3uTh Ha BEpPXHIOIO MOAYMIOCKOCTh yKa-
3aHHbIe 061acTu.

2.164. Tonocy 0 <z <1 c paspesom Baonb otpeska 0 <z < h, y=
=0 (h<1).

2.165. Tonocy 0 < & < 1 ¢ paszpesamu Baoab otpe3koB 0 < o < hy,
y=0u 1—hy <<, y=0 (h1 +hy <1).

2.166. Tlonynonocy 0 <z <7, y >0 c pazpe3om BIOIL OTpe3Kka & =
=7/2, 0<y<h

2.167. Ilonynonocy 0 <z <m, y >0 c pa3pe3oMm BAoib Iy4ya T =
=7/2, h<y<oo (h>0).

2.168. Ilonynonocy 0 < x < m, y > 0 c paspesamMu BJ0JbL OTpe3Ka
x=mn/2, 0<y<hy nBgonb ayua =z =7/2, hy <y<oo (hy > hy).

2.169. 06aacTb, OrpaHUYeHHYIO OKpY#HOCTAME [z — 1| =1, |2 + 1| =
=1, ¢ pazpesom 1o ayuy 2 < x < oo, y = 0.

2.170. O6aacTb, OrpaHUYeHHYIO OKpY#HOCTAME |z — 1| =1, |2 — 2| =
= 2, ¢ paspesom Bgoab otpeska y =0, 2 <z <a (a<4).

2.171. O6aacTb, OrpaHUYeHHYIO OKpY#kHOCTAME |z — 1| =1, |2 — 2| =
= 2, ¢ pazpe3amu Baoab otpeskoB y =0, 2<z<a u y=0, b<z <4
(a < D).

2.172. 06aacThb, OrpaHUYEHHYIO MHUMOI O0CBIO U OKPYHOCTBIO |z —
— 1| =1, c paspesamu Baoas otpeska y =0, 2 < z < a ¥ BIOIL Iyua
y=0,b<z < ¢ (a<b).

2.173. O6aacTh, orpaHuvYeHHYIO OKpY#HOCTAME |2 — 1| =1, |2 + 1| =
=1, ¢ paspesom no otpesry =0, —a<y<f (>0, >0).

2.174. O6aacts |z — 1| > 1, [z+ 1] > 1, Imz > 0 (BepxHaAa noay-
MJIOCKOCTh C BRIKMHYTHIMU TOAYKPYraMu) ¢ paspe3oM 1o oTpesry x = 0,
0<y<h
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2.175. OTo6pasuTh BHYTpeHHOCThL Tapaboanl y? = 4a’(z + o?) na
BEPXHIOIO MOMYMIOCKOCTh U HA eNHUUHBIN KPYT.

Yraszanue. [IpopecTu paspes Mo ocu CUMMeTPUM NapaGoibl, 0T0G-
pasuTh BEPXHIOIO MOJIOBMHY Mapatoinl (¢ MOMOIMbIO GYHKIUM /z) Ha

Y

4/4///%

_m _
2

\\\

3w
2

Puc. 8

NoJymnoJocy, a 3aTeM Ha MOJYMJIOCKOCTb U BOCIO0Jb30BaThCA NPUHLUIOM
CUMMETPUH.

2.176*. OT06pa3uTh BepXHIOIO MOMYILIOCKOCThL C pa3pe3aMy IO OT-
peskaMm 0 <y <a, z=n/2+knr (k=0,£1,4+2 +...) Ha BepxHIOIO
NOIYMI0CKOCTh (pI/IC 8).

2.177. MlnockocTh ¢ mapaniedbHBIMU pa3pe3aMu —a < ¢ < a, Y =
=7n/2+ kr (k=0,+1,+2,...) 0oTo6pa3uTh Ha MIOCKOCTL C pa3pe3amu 1o
oTpeskaMm feficTBUTeNbHON ocu [kr — b, km +b] (k=0,+1,+2,..;0<b<
< m/2).

Yrazauue. [IpoBecTr DONOIHUTENLHBIA pa3pes Mo MHUMO# ocH, o/
Hy u3 oGpasoBaBHIKMXCA 00JacTell O0TOGPa3UTh HA BEPXHIOID MOIYIIOC-
KOCTh ¥ BOCNOJAb30BATHCA TIPUHLMIIOM CUMMETPUH.

2.178. OT06pa3uTh MIOCKOCTL C paspesamu Mo aydam (—oo, —7/2],

/ i

\\\\

//y/

[7/2,4+00) n mo otpeskam —a <y <a, r=7/2+kr (k=0,£1,£2,..))
Ha BHENIHOCTh eIMHUYHOrO Kpyra (puc. 9).

Ywrazanue. @ynruusa, gaiomas perienue 3aaauu 2.176, orobpamaet
3aJaHHyI0 00JacTh Ha TIOCKOCTh C pazpesamu 10 Jydam

Puc. 9

1 1
(7OO’7arcsin1/cha}’ [arcsinl/cha’+oo)'

4*
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2.179. IlnockocTh ¢ pazpesamu 1o aydam (—oo, pl, [g,

7
_

) (=m/2 <

+
8

.

%/444%
e

Puc. 10

/

\
\
N\

<p<q<7/2) mnoorpeskam —a<y<a, =7/2+kr (k=0,=£1,
+2,...) 0T06pas3uTh Ha BEPXHIOIO MoaymiockocTh (puc. 10).

2.180*. IlnockocTh ¢ paspesamu no aydaM 0 <y < oo, o = km/2
(k=0,£1,£2,...) 0T0Gpa3uTh HAa BEPXHIOI MOIYTIOCKOCTh.

llpocrefimue MHOTOTUCTHBIE OTOOpAaMEHU A

B 3amauax 2.181-2.184 otoGpa#eHus NpuBOAAT K MHOTOJUCTHBIM 00-
nactaAM (cM. CHOCRY Ha c. 49).

2.181. HaiiTu o6GnacTtu, Ha KOTOpble 0TOOpaxarOTCA C MOMOIILIO
byHRUIMU W = e*:

1) npamoyroapaur 0 <z < a, 0<y < b;

2) nonynonoca 0 <z <a, y>0; 3)nomocal <z < a.

2.182. HaiiTu o6GnacTu, Ha KOTOpble 0TOOpamarOTCA C MOMOIILIO
(QYHRIUU w = COS 2:
1) nonoca —7/2 <z < 7/2; 2)mnomoca <z < 2.

2.183. HaiiTu o6nacTh, Ha KOTOPYIO C NOMOIILIO QYHKIUU w = tg 2
oTobpasmaercda nmojgoca 0 < x < 27.

2.184. IlocTpouTh pUMaHOBY MOBEPXHOCTh, Ha KOTOPYIO (YHEK-

oma w = 61/2 0T06pamaeT Z-TINMOCKOCTh.

§ 5. 'paHUIIBI OAHOMUCTHOCTH, BBIMYKJIOCTH U 3BE€3HOCTU

Mycts w = f(2) (GbyHRIUA, aHATUTUYeCKasa B Havajle KOOPOUHAT,
u f(0)=0

B zagauax 2.185 2.193 4yepe3 r; o6o3HaueH MaKcUMalbHbLIN paauyc
Kpyra C [eHTPOM B Hauajie KOOpIUHAT, B KoTopoMm GyHKuua w = f(z) ox-
HOJUCTHA; Yepe3 ro — MaKCHUMalbHbIf paJgnyc Kpyra ¢ HIeHTPOM B Haua-
Je KOOpIOMHAT, KOTOPbIH GyHKIUeNH w = f(z) oToGpasaercs OAHOIUCTHO
Ha BBIMYKIYIO 06JacTb, U 4yepe3 T3 MaKCUMaJbHbIN pagnyc Kpyra c
IIEHTPOM B Hauame KOOpAWHAT, oToOpamaemMoro GpyHruueit w = f(z) on-
HOJIUCTHO Ha 061acTh, 3Be3AHYyI0 oTHocUTeldbHO Touku w = 0. (O6nacthb
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Ha3bIBaeTCA 36€30HO0Ll OTHOCUTENLHO AAHHOM TOUKM, €ClU JI00YI0 TOUKY
06JacTH MOMHO COEIUHUTH C OAHHOW MPAMOJMHEAHBIM OTPE3KOM, Lelu-
KOM Jeskamum B 00aactu.) O4eBUAHO, YTO 19 < 73 < 7.

z .
2.185. [lna ¢pyHRUUU w = P HaliTU 11, 9, '3 U MOCTPOUTH

—z
06passl KpyroB |z| <1, [z| <ra, |z] <rs.
2.186. Haittu ry gaa wamsgoit ua cienyomux GyHKINM:
Dw=z+2% 2)w=2+az? (a — meficTBUTEILHOE UUCIO);
3)w=2z/(1-2)>%

2.187. Jlokasathb, 4To mpu oToGpazenun w = f(z) KpuBU3Ha 0Gpasa
1+Relzf"(2)/f' ()]
12f'(2)]

2.188. lloxkazaTh, uyTo aHanuTHUdeckasa pyHrnua f(z) orodpamaer ok-
PYMHOCTE |z| =r Ha BBIMYKJIYIO KPUBYIO TOT/Ia U TONLKO TOT[a, KOraa
o [m / :| _ [Zf”(z):|
D - = o >
2 2+<p+argf(z) 1+ Re 710) >0

nna Beex o (z = rei?)4).

OKpY#KHOCTH |z| = r Bblpamaercsa Gopmymnoit k =

2.189. [lokasath, uTo Kpyr |z| < r oToGpakaeTcsa aHanMTHYeCKOi
dbyurmueit f(z) (f(0) = 0) na o6nactb, 3Be3AHYI0 OTHOCUTEILHO TOYKH

!
w = (0, Torga U ToAbKO TOrja, Koraa i arg f(z) = Re [Zf (z)} > 0 masa
i dp f(2)
BCex ¢ (z = re'?).
2.190. JorasaTh:
1) ecnn pyuruua w = f(z) (f(0) = 0) oroGpamaer kpyr |z| < 1 Ha 06-

z
_ _ [f®)
1acTh, 3BE3IHYIO OTHOCUTEIbHO TOUKN w = (), TO QyHKIUA Wi = e dt

6yneT oTo6pasaTh 3TOT ke KPYT Ha BRINYKIYIO 061acTh; 0

2) ecntn w = f(z) oroGpamaer kpyr |z| <1 Ha BeIMyRIyIO 061acTh,
To w1 = zf'(z) coBepmaeT oToOGpaseHne 3TOro0 Kpyra Ha 001acTh, 3Be3-
HYIO OTHOCUTEILHO TOYKU w = (.

2.191. Haiitu ro 0ad Kamaoi U3 ciaeayomux GyHRIUML:
Dw=z+2% 2)w=2z+az? (a — meficTBUTENLHOE UUCIO);
3)w=z/(1-2)>%

2.192. Haittu ry u ro gaa pyusuum w = e* — 1.

2.193. Haittu r3 aaa wassgoi U3 ciaenyommux GyHKINM:
w=z2+2% 2)w=z+az’ (a neficTBUTeNLHOE YUCIO);
3)w=z/(1-2)>%

Ywrazauwue. [Ipu pemennn 3amaun 2.193, 3) yaoGHee UCXOOUTH He-

0 1o+ arg f(2)] > 0.

nocpeacTBEeHHO M3 HepaBeHCTRBa 8_
Y

4) Cwm., nanpuwmep, [4, ra. XIII, § 2].



IF'TABA TIII

MHTET'PAJIBI 1 CTEIIEHHBIE PANIDBI

B 3apauax 3Toil riaBbl, a Tak#e U B CIEOYIOMINX TIaBax, eciu He oro-
BOPEHO MPOTUBHOE, 06X0A NpOCThIX (T. e. 63 TOYeK camornepecedyeHus)
3aMKHYThIX KOHTYPOB MPOUCXOOUT B MOJOMUTEILHOM HaNpaBIeHUU.

§ 1. UaTerpupoBanue ¢byHKIUI KOMIJIEKCHOT0 MepeMeHHOr o

3.1. HeHOCpeHCTBeHHbIM CyMMUpOBaHnneM OOoKa3aTh paBeHCTBa:

2] 21
1 .
1) /dz:zlfzo; 2) /zdz:i(z%fzé).
£ 2
3.2. llycts C [POCTOM 3aMKHYTBI KOHTYP, OrpaHUYUBAaIOIUIA
miomank S. JokazaTh cliefyrolire paBeHCcTRa:

1)(/1:(12 =S, Q)C/ydz =-5; 3)@/2(12 = 2iS.

3.3. Boiuucauth unterpansr [ = /T dz, I, = /y dz TmoO crenyio-
UM Ty TAM:

1) no paauycy-BeKTOpy TOUYRU 2 = 2 + i;

2) mo nomyospysuoctu |z| =1, 0 < argz < 7 (nHavano mytu —
B Touke 2z = 1);

3) no okpy:HOCTH |z —a| = R.

3.4. BriuucauTh uHTErpan /|z| dz 1O CleayIoUUM My TAM:

1) no pagnycy-BeKTOpy TOUKM 2z = 2 — i;

2) mo nomyospysuoctu |z| =1, 0 < argz <7 (nmavano nmytu —
B Touke 2z = 1);

3) no monyokpymuoctu |z| =1, —w/2 < argz < 7/2 (navano nytun —
B TOUKe 2z = —i);

4) no orpysHocTH |z| = R.

3.5. BoiuncauTh nHTerpan /\z\ Zdz, rne C — 3aMKHYTbBII KOHTYD,

C
cocroAmuil M3 BepxHeil nonyokpy:suoctu |z| =1 wu orpeska —1 <
<z<l, y=0.
z
3.6. BoiuucauTth uHTerpait /j dz, roe C rpaHula MNoJayKoJbla,
z
C

nsobpameHHoro Ha puc. 11.
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3.7. Briunenuth WHTErpaln Y}
(z —a)"dz (n  uenoe 4ucio):

1) mo moayokpyskHocTH |z — ™
—al=R,0< arg(z —a) < 7 (na- -
Yajo nyTu — B TOUKe 2 = a + R);

2) 1o oRpy:#HOCTH |2 — a| = R;

3) o nepuMeTpy KBagpaTta C —— e —
HEHTPOM B TOYKe a W CTOpPOHa- -2 -1 (0] 1 2 T
MU, napaajaejlbHbIMHU OCAM KOOp-

OJuHaT. Puc. 11

B zapmauax 3.8-3.11 croamasa
NnoJ 3HAKOM WMHTerpajia BeTBb MHOIO3HAuYHOW (YHKIUWU BhIAedseTcs 3a-
JaHUEeM ee 3HAUeHUA B HEKOTOPOH TOUYKe KOHTypa MHTerpupoBaHus. Ec-
MU KOHTYpP 3aMKHYT, TO Ha4YalbHOM TOUYKOH MyTH MHTErpUpPOBAHUf BCEr-
Ja cUUTaeTCA Ta TOUYKA, B KOTOPOH 3aJaHO 3HAuYeHHe MOAbIHTerpaibHON
byuruy (cregyer UMeTh B BULY, UTO BelMUNHA UHTErpajia MOKeT 3aBU-
ceTh OT BhIGOpA HTONH HAUATLHONW TOYKM).

dz
3.8. Boiuucauth uHTeErpan /7 Mo CJAeIYIOUUM KOHTYpaMm:
J \z

1) mo noayorpysuoctn |z| =1, y >0, V1=1;
2) mo nomyokpy#HocTn |z| =1, y >0, V1= —1;
3) no momyokpymuoct |z| =1, y <0, V1=1;
4) no okpymuoctu |z| =1, V1=1;

5) no ospymHocTu |2| =1, /=1 =1.

3.9. Briuucauth uHTeErpan /andz, rae:
c

1) C — enuununas okpy#uocth u Lnl = 0;

2) C  epuuuuHasg OKpyHOCTL U Lni = 7i/2;

3) C orpysHocTh |zl =R unu LnR=1InR;

4) C — orpysuocts |z2| =R n LnR =1InR + 2mi.

3.10. Beruucauth uHTErpan / z"Lnzdz, roen lejoe 4uceio u:
|z|=1

1) Lnl1=0; 2)Ln(-1)=mi.

3.11. Beruucauth uHTErpan / z%dz, roe « — TPOU3BOJILHOE

l2[=1

KOMILIeKCHOoe ynueio u 1% = 1.

3.12. JlokazaTh, 4TO / a* dz = () npu 1o60M BhIGOpPE HAYaILHOTO
sHadenua GpyHsuum a®. 2=

3.13. [las rarux « (0 < a < 27) CyUIECTBYIOT UHTErPAbL:

1)L = /e’]/z dz; 2) I, = /e’]/zp dz (p  maTypanbHOe 4Mcio);

B3ATbIE 110 pajuyCy-BeKTOpY TOURY z = e’ ?
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3.14. Jlorasath, uto ecin |a| # R, To

/ |dz] < 2rR
|z —allz+a| " R —lal’|’

|z|=R

3.15. JlokazaTh cienyoliue yTBep#aeHU :

1) eciu f(Z) HelpepbIBHA B OKPECTHOCTM Hayajga KoopauHaT, TO
27

lim [ f(re'?) dp = 2 f(0);
0

2) ecau f(z) HempepbIBHA B OKPECTHOCTU TOYKHU 2z = @, TO

tim | FE A orit(a).
r—0 . zZ—a
|z—al=r
3.16. JlokazaTh cienyoiue yTBep:H#aeHuU .
1) Ecau f(z) HenpepbiBHa B moaymnonoce x > xg, 0 < y < h u cymect-
Byer mpemen lim f(x +iy) = A, He 3aBUCAMUI OT y U PaBHOMEPHBIi
Tr—00

no y, To lim /f(z) dz =iAh, rne 3, — 0TPe30K BepTUKAILHON MPAMOI
T—r0Q0
Ba
0 <y < h, npoGeraemniii CHU3Y BBEpX.
2) Ecnu f(z) nenpepsiBHa B cextope 0 < |z — a| <o, 0 < arg (z —a) <
a (0 < a < 27) u cymecTByeT npenen
lim [(z —a)f(2)] = 4,
zZ—a
TO

}E}r})/f dz = iAa,

rae 7y, — HaxoAdmanacA B ﬂaHHOM CeKTOpe Oyra OKpPYMKHOCTH |2 — a| < 7,
npoberaemMas B MOJOMUTEIbHOM HalpaB/eHNMU.

3) Ecan f(z) nenpepriBHa B o6nactu |z] > Ro, 0 argz < a (0 < a <
< 27) ¥ cymecTByeT mpeaen hm zf(z) = A, 10

hm /f dz = iAa,

rae ' — Ayra oKpy#HOCTH |z| = R, nemaimas B gaHHON 06JacTu, Mpo-
feraeMas B MOJOMUTENILHOM HalpaBleHWNW OTHOCHTENLHO Hayala Koop-
JuHaT.

3.17. JlokazaTh cienyiomue TeOpeMbl.

1) Ecnu f(z) HenpepbiBHa B o6nacth |z| > R, Imz > a (a  ¢durcu-
pOBaHHOe AefiCTBUTENLHOE YNCI0) U B 3TOM obnactu f(z ) — 0 mpu z — 00,
TO Ul TIOGOT0 TOMOMKUTEIHLHOTO Yieia m

hm / ”"‘ dz =0,
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roe I'p  noyra okpysHocTH |z| = R, neskamias B paccMaTprBaeMoit 06-
nactu (nemma Hopdana).

Yrasauue. I[Ipu oneHke Momylns MHTerpaia Mo NONYOKPYHHOCTH
|z| = R, Imz >0 Bocnoab3oBaThcA HepaBeHCTBOM sinf > 20/m  nna
0 < 0 < 7/2, anpu oueHke no ayram, JemalnM B HU#HEH TOTyNI0CKoC-

Tu (B cayvae a < 0),  Tem, 4TO IIMHA KaKIOW U3 HUX CTPEMUTCA K |a
npu R — oo.
2) Ecau f(z) wenpepniBHa B moaymiockoctu Rez > o (0 — ¢uk-

CHpOBaHHOE JeHCTBUTENLHOE YUCI0) U B 3To# noaymiockoctu f(z) — 0
npu z — oc, TO 1A JI000ro oTpULaTelLHOro yucaa t

. zt _
i [0,
I'r

roe 'p — myra ospy:suoctu |z| = R, Rez > 0. Ecin f(z) nenpepeirua
B moaymiockoctTu Rez < o, To yTBep#IeHne cnpaBeIinBo, eciu ¢ 1moJo-
smutenbHo, a g myra okpymuoctu |z| = R, Rez < 0.

Mpumeuanne. JoksazareancTBO 06enx TeopeM MpHUBEIEHO, HATpH-
mep, B [3, rn. V, § 2, m. 73].

§ 2. Unterpanbuasa Teopema Komu ')

3.18. TlokazaTh, 4TO eclu MyTh He MPOXOAUT Yyepel3 Hauvalo KOOpIu-
HaT, TO

/% =Inr +ip + 2mik,
1

rie k — menoe 4ucio, ykasbIBaiolee, CKOJbKO pas MyTh MHTErpUpOBaHus
06X0IUT Hauano KoopauHat (z = re'?).

3.19. IlokazaTh, YTO eciud MyTh He MPOXOAUT uUepe3 TOUKU +14, TO

1
a¢
‘ —1+<2—4+k7r,

rage k— nejoe 4ncio.

3.20. [orazaThb, uto eciu C'  MpOU3BOJBLHLIN MPOCTOI 3aMKHY ThIii
KOHTYD, He MPOXOAAIU Yepe3 TOUKY a, U . 1ejJoe YUCIo, TO

0, eciu n # —1,
/(z —a)"dz = { 2mi, ecmn = —1, a Buytpu C,

& 0, ectu n=—1, a Bue C.

3

3.21. NurerpannHas TeopeMa Komu cnpaBeanuBa B cieqyIoOnieM yCU-
neHHOM Bume: ecin f(z) HempephIBHA B 3aMKHYTOH o6aactu (7, orpaHu-
YeHHOH MpPoCThIM cnpsamiIgeMbiM KoHTYpoM C, U aHanuTuuHa BHyTpu G,

) Bamaum na BLIUMCIEHMe WHTErpaloB, MPUBeJIeHHbIe B 3TOM U clelylomeM napa-
rpadax, HOCAT B OCHOBHOM M/UIIOCTPATUBHBINA XapakTep. BolbIIMHCTBO 3a/7a4 Takoro
pona nomerneHo B §4 ra. IV, NocBAIEHHOM NPUMEHEHUIO TEOPUU BbIYETOB.
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TO /f(z) dz = 0. JlokaszaTb 3To IJf clyuyas 3Be3IHOTO KOHTYpa2).

c
Yraszanue. Cuutaa C 3Be3AHBIM OTHOCUTENbLHO Hauala KOOPAUHAT,
pacemotpeTh KOHTYpel Cy: (= Az (0< A< 1, 2 € O) U COBEpIIUTL
npegenbHbiit nepexoq npu A — 1 (em., nanpumep, [1, ra. V, 0. 8] nan [3,
ria. 1, § 4, m. 12]).

3.22. JlorazaTh cienyiomue yTBepHIeHUA.

1) Ecan f(z) anamutuuna B nonoce 0 < y < h, lim f(z+iy) =0
z—+o0

o0 o0
1 UHTerpai / f(x) dx cymectByet, TO unTerpan / f(z +ih) dz Tarxke

— 0o — 00

CyUIEeCTBYET, U 3TU UHTErpaibl PaBHbI MeKIY co6oi.

2) Ecmu f(z) anamutununa B yrae 0 < argz < a (0 < a < 27),

Z—00

lim zf(z) =0 u unterpan /f(a:) dx cyliecTByeT, TO UHTerpai /f(z) dz
J .

BIOAL ayua z = re’®, 0 < r < o, Takske CyllecTBYeT, 1 3TU UHTErpaisl
paBHBI MeMIy coOO0ii.
Yrazauwue. BocnonwzoBaThes pesynbntatamu 3agaun 3.16.
o0
3.23. JlokazaTh, 4TO /e’“”2 cos 2bx dx = @ et
0
Ywrazauwue. Uaterpuporath dpyHrmuio f(z) = e 1o rpaHule nps-
moyronsuuka |z| < R, 0 <y <b u Bocnonb3oBaThes unterpaiom Iyac-
oo

coHa / et dt = /7.

— 0o
(o]

(oo}
3.24. JlokazaTh paBeHCTBa /cos 22 dr = /sin 22 dy =
J .

v
2v/2

(unmee-

paavt Ppeneas).

Ywrazauwue. UurerpupoBarh pyuruuio f(z) = e o rpaHule cex-
topa 0< [z| <R, 0<argz < m/4 uBocnoan3oBaThes Pe3ylAbTaTOM 3a-
paun 3.17, 1) (nomomuts 22 = ().

sin x

dr =

(unmeepaa Jupuzae).

ol 3

oo
3.25. JlokazaThb, 4TO /
x

0

Ywraszanue. Uurerpupopath dynsuuio f(z) = e*/z no rpauune
obnactu r < |z| < R, 0 <argz < 7 U BOCNONb30BATLCA pe3ylbTaTaMu
3amau 3.16 u 3.17.

3.26. [Jlorazath, uto npu 0 < s < 1 cnparReanuRLI paBeHCTRAa:

2 =
2) KoHTyp Ha3bIBaeTCA 36€30HbLM OMHOCUMEAbHO HEKOMOPOll MOYKL, eCli Ka bl
1yd, BBIXOAANHNI U3 3TOI TOYKHM, BCTpeyaeT KOHTYP B OJHOI TOUKe.
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1) /,7:"’1 coszdr = T'(s) cos ?; 2) /ms’l sinzdr = I'(s)sin ?
0 0

Ywaszauue. Unterpuposats dpynsunio f(z) = z°~'e~% no rpanuue
o6nactu r < |z| < R, —7/2 < argz < 0; BOCIoNb30BaThLCA pe3yibTaTaMu

zagau 3.16, 2) u 3.17, 1) u unTerpanbHeIM npeacraBiedreM [-GyHKINN:
oo

L(t) = /mf’fleﬂ" dx.
0

§ 3. UuTerpankHaa ¢opmyiaa Kommu

Bciony B 3amauax storo naparpada C o3HauyaeT MpoCTOil 3aMKHY ThIi
CIPAMIAEMBIN KOHTYP.

3.27. Beruucauth uHTErpan /)d_z’ eciu:
J 2Z+9

1) Touka 3i memut BHyTpu KoHTypa C, a Touka —3i BHE €ro;

2) Touka —3i AemuT BHYTpH KoHTypa C, a Touka 3i — BHe ero;

3) Tousn =+ 3i nemat BHYTpHU KoHTypa C.

dz
2(z2 = 1)

npu paszanuHbix noiomenusax woutypa C. Ilpemnonaraercs, 4TO KOH-
Typ C' He mpoxoauT HU uepe3 oaHy u3 Ttouek 0, 1 u —1.

3.28. BoiuncauTh Bce BO3MOMHbBIE 3HAUEHUSA nHTerpaja /

3.29. Kaxoe uwucio pa3nyYHbIX 3HaUYeHUN MOKeT NnpunHuMaTb UHTer-

pan C/wjiz)’ rae wy(z) = (2 — 21)(2 — 22)...(z — 2n) (2 # 2;j) ¥ KoH-

Typ C' He NPOXOAUT HU Yepe3 OJHY U3 TOUeK z;7

3.30. Brruucauth uHTErpan / ,:;dzl.‘ a>1.
A

\zft'z\:a

1 2*d
3.31. Beruucauth uHTErpalt —/% ecaun rouTyp C comep-
2 J 2* +a’

#UT BHYTpU ceba Kpyr |z] < a.

1 ze“dz
3.32. Bpruucauth uHTErpal — [ ———, eclIu ToYKa a JeMUT
2wi J (2 —a)?

BHYTpu KoHTypa C. ¢
Yrazanue. Bocnonb3oBaThes hopMynaMu I TPOU3BOAHBIX HHTET-
pana Kormu.

1 z
3.33. Bhiuncanth UHTErpain —,/i, ecnu:
2mi J z(1—2)3

1) Touka 0 nemuT BHYTpHU, a Touka 1 BHe KoHTYypa C;
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2) Touka 1 JemuT BHYTpH, a Touka () BHe KoHTypa C;
3) Tousn 0 u 1 o6e nemar BHyTpu KoHTypa C.

3.34. Oyuruua f(z) ananutTuyeckas B 061aCTH, OTPAHUYEHHON MPOC-
ThIM 3aMKHYTBIM KOHTYpoM C', comep:Ramum BHYTpU ceOf Havyalio Koop-
nunat. JlokazaTh, 4To npu A0G0M Bbibope BeTBU Lin z

% /f’(Z) Lnzdz = f(z0) — f(0),
c

rage zg HavajJlbHafd TOYKa MHTEerpupoBaHUA.
Yrkazanue. I/IHTerI/IDOBaTb Mo 4yacTAaM.

1 . 1
3.35. Brruucauts uHTErpan 7 /zz LnZ +1 dz, ectu Lna =1na
VI z —
aaa a >0, u goutyp C: ¢

1) oxpysHOCTE |2| = 2;
2) okpy#HoCTh |2z — 1| = 1 u HavankHas TouKa WHTErpUPOBaHNA
z=1+41.

3.36. Cornacno teopeme JluyBuiis, ¢pyurnusa f(z), anaruTudeckas
U orpaHMyeHHad BO Bceil MIOCKOCTH, fIRAfAeTcA MocTOoAHHON. [lokazaTh
z)dz
3Ty Teopemy, BbIYUCIUB UHTErpail / Sz (la] < R, |b] < R)
(z—a)(z—0)
|z|=R

U TIPOU3BeA ero oueHKy npu R — oo.

3.37. Tlyerh f(z) aHanuTuuHa B 3aMKHYTOH 00JacTH, OrpaHUYeHHOi
koutypom C;  21,29,...,2, — DPadINYHbIe MPOU3BOJILHBIE TOYKH BHYT-
pu C u wy(z) = (2 —2z1)(z — 22)...(2 — z,,). Tlorasatb, uTO MHTerpa’

_ 1 Q) wn(Q) —wn(2)
P(z) = 27rip wn(() (—z dC

7

ecTh MHorounen (n — 1)-it crenenu, coBnagaomuit ¢ f(z) B Tourax 2,
29, ..., z2n (MHOrOuNeH P(z) Ha3bIBaeTCA UHMEPNOAAUUOHHbIM MHO20U.AE-
Hom Jlaepauca.)

3.38. llorkazaTh crenyiomyio Teopemy (gopmyaa Kowu das Geckonew-
Hoti o6aacmu).

IIyets C mpocToif 3aMKHYTLI KOHTYp, OrpaHHUMBAIONINI KOHEU-
nyio obnacte D. ®dyurunsa f(z) ananutuuna Bo BHemHocTu obaactu D
n lim f(z) = A. Torna

FAmde el
—f(2)+ A, ecin TouKa z NPUHALIENKUT
L FO n
— ¢ = BHemHocT obaactu D,
2mi) (—z
& A, ecly TOUKa z MpUHagIe:suT obractu D.

Routyp C o6xoauTtca B MOJOMUTENLHOM HalpaBleHUU OTHOCUTEIbHO
obaactu D.
Yrazanue. Cravana paccmorperh cayvait A = 0.
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3.39. Mycrs dyurnusa f(z) u soutyp C' ymOBIETBOPAIOT YCIOBHUAM
npeasIayleil 3agayum.
JlokazaTh, 4TO ecily Hayalo KOOpAWHAT MpUHAAdeKUT obaacTtu D, To

1 ¢ = 0, ecin z € D,
27”:6 Cz— ¢ 7 | f(z)/z, ecm =z ¢ D.

§ 4. CTeneHHbIe pPAOBI
OTbhicKkaHUe paguyca CXOOIUMOCTH

B 2aﬂaqax 3 40-3.51 OHpeﬂe.ﬂl/ITh pa)mycu CXOOUMOCTHU pH)]OB

3402 . 3412 . 3.42. an 3.43. 27lz".

n=1
3.44. Z:—nz" 3.45. Zz"' 3.46. ZQ" n3.47. Z 2"
n=1 n=0

3.48. i[3+(—1)"]"z". 3.49. Zcosin-z". 3.50. Z n+a")

n=0

—ala+1).(a+n-1)FB+1)..(B+n-1) ,
3.51. 1+ ) TR YR |y A— 2"

n=1
oo
3.52. Paguyc cxomumocTtu psaga Z cn2” paBen R (0 < R < 00).
n=0

Onpenenuts pagnychl CXOAUMOCTH PAIOB:

o0 oo oo oo

k c

1)Zn cn2™; 2)2(2” —1)cn2™; 3)2 n—r"z", 4)2 n"c,z";

n=0 n=0 n=0 n=1

o0 oo
5) chz" 6)> (1+ 2 )enz"

n=0 n=0
3.53. Paguychl cXooguMOCTH PAIOB Z apz" un 2 b,z" paBHBI COOT-

n=0 n=0
BETCTBEHHO | U ry. YTO MOMHO cKazaTh 0 paguycax CXOOUMOCTU PANOB:
oo oo oo
an L

1) Z(an +b,)2";  2) Zanbnz"; 3) Z iz”?

n=0 n=0 n=0
3. 54 HpocyMMI/IpOBaTh npu |z] <1 C.TIEJIy}OLLII/Ie PAIBL:

oo

an Z— 9y % 4)2(—1)%1%.

n=0 n=1
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HOBeI[eHI/Ie Ha rpanumpge Kpyra cxogoumMOoOCTH

B 3apauax 3.55 3.61 ucciaenoBaTh nmoBefeHue CTENEHHOTO pAa Ha Tpa-
HHUIle Kpyra CXOAUMOCTH.

3.55. iz" 3.56. i % 3.57. i i—j
n=0 n=1 n=1

()" o 2"
3.58. 2 2" 3.59. Z “— (p — HarypanbHOe 4KCIo).
n=1 " n=1 "
00 oo |
(=D" an—1 2"
3.60. ZZ A N B Z] R
n— n—

Brtopas Teopema AGens

o0
CornacHo BTopoit Teopeme Abens, ecau pafn E Cp CXOOUTCA, TO

n=0
o0 o0
li "= 1).
quX%cnr ZJCH (0<r<1)
n= n=

3.62. IlokaszaTh, uTo Teopema, oGpaTHafa BTopoii TeopeMe AGend, He

00
nMeeT MecTa, T. €. IPUBECTU NpPUMeEp pacxoafalleroca pAana E Cp, OJA
[e'e)

. n=0
KOTOPOTo CymecTBYeT npegel lim E CnTn.
r—1

n=0
3.63. Tonnaysack BTOpoii TeopeMoit AGensa u penieHueM 3agaun 3.54,
J0Ka3aThb cledylollie paBeHCcTRa:

o
cosn H
1) Z_‘P = —ln‘Qsm%‘ (0 < Jop| < 7);

n
n=1
sinn ™ —
Q)ZT(P:T(P (0 < < 2m);
n=1
o cos(2n +1)p _ 1 ‘ f‘ .
3)207271+1 = Snjetg I (0 <p| <m);
= sin(2n+1)p _ m )
9 i1 —a (0<e<m);

n=

E
gL

(—1)nH1EENE (2 sin %) (—7m <@ < 7);

n=1 "
na1sinn
6) Z(fl) HT@ = % (—m <@ < m).
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L (—1)Vnln
3.64*. Jlokaszath, uTo pan Z (Gt R

n

cxXoaguTcHd HeabCoJMIOTHO

BO BCEX TOUKaX I'PaHUIIbl KpyTra C;(])HI/IMOCTI/I.

Yraszanue. Ecau z = 1, To pa3buTh pAd HA TPYNNLI claraeMbIX Ofi-
HOTO 3HaKa U MOKa3aTh, YTO 3TU T'PYMIILI YIOBIETBOPAIOT YCIAOBUAM MpU-
snaka JleiiGuuna qna snakovepenyomunxes pagos. Eean [z =1un z # 1, To
BOCNONb30BaTheA TeopeMoii u3 3agauu 1.90, monaoskuB a, = (71)[\/5]2",
b, =1/n.

3.65. JlokazaTh, YTO eciu MOCAEJOBATENLHOCTh AEHCTBUTEIbLHBIX MO-

JTOMUTENbHBIX 4YHKCel {an} MOHOTOHHO CTPpEeMUTCH K HYJIO U paguyc CXo-
o}

OUMOCTHU pAIa Z a,z" paBen 1, To ATOT pAL CXOAUTCA BCIOMY Ha OKPYH-
n=0
HoctH |z| = 1, uckaouas, GbITh MOMET, TOURY 2 = 1.
Yraszaunwue. BocnoanszoBaThca mnpusaHakom cxomumoctu JInpuxie
(em. zajauy 1.88).
o
3.66. [lokazaTh, 4TO eciu pfAa Z cp2" cxonutes B Touke ( = Re'? na

n=0
OKPYHHOCTU Kpyra CXOOAMMOCTH, TO OH CXOOUTCA paBHOMEPHO BO BCAKOI

3aMKHYTOI obaacTu (G, MpuHamie;kameil Kpyry cXoAMMOCTH, Jexareii
B yrie MemIy KakuMH-HUOyAb ABYMSfl XOpIaMu OKpy:kHOCTH |2| = R,
BBIXOJAMME U3 TOYKM (, U He cojep#ialleil HUKaKUX TOUeK OKPYHHOC-
Tu |z| = R, Kpome ToukH (.

MpuMeuanne. ITo yTBep#deHue Apagerca Boaee obmeil popMoii
BTOpOii TeopeMbl AGens (cwm., Hanpumep, [2, ra. IIL, § 7]).

8§ 5. Pan Teiinopa

Pasznomennue pyurnuii B paag Teitnopa

B zapmauax 3.67 3.81 ykazanuble ()yHKIUU pa3loUTh B CTENEHHO
oo

pAn E cpz"™ 1 HalTH paguyc CXOOUMOCTH.

n=0

3.67.chz. 3.68.shz. 3.69.sin’z. 3.70. ch’z.
BTL (a+2)0 (@@ =) 72 Vari (vie L),

V2
1 z 2?
3-73! a“z—_+_b (b # 0)- 3-74. m. 3-75. m.

1+=2

3.76. In 3.77. Arctgz (Arctg0 = 0).

3.78. Arshz (Arsh0=0). 3.79.1n (22 -3z +2).
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z z
3.80. /eZZdz. 3.81. /“ﬂ dz.
0 0 °
B zamauax 3.82 3.87 ykazaHHble GYyHKLUUM pas3o:KUThL B PAI M0 CTe-
neusM (z — 1) u HaifiTu paguyc CXOAUMOCTH.

3.82. ° 3.83. — °  3.84.
z2+2 22 —2z+45 (z+1)

3.85. J/z (\?ﬁ: _1%%) 3.86.Inz 3.87.sin(2z — 22).

B zamauax 3.88-3.92 naiiTu nepBble MATH YJIEHOB Pa3ioMeHUA B PAL
[0 CTENEHAM 2 yKas3aHHBIX (yHRLUII.

3.88.¢*5in2 3.89. /cosz (y/cosz =1 npu z =0).
3.90. (1+2)? =m0+ 3.91.e. 3.92.e*In(1+ 2).

3.93. 1) PaznomuTs B psn o crenedsiM z pyuruuio In (1 + e*) (uaii-
TH peKyppeHTHOe COOTHOIIeHHe Me#Iy KoadduuneHtamu paaa).

Yraszauue. [Ipegpapurtensto HAfiTH pasnoxeHne NPOM3BOAHON [aH-
HOI (PYyHRIIUU.

2) lokasaTh, 4TO eQMHCTBEHHBIM YJIE€HOM DaRI0HeHNs, CoLepHallim
HEUeTHYIO cTerneHb z, Oyner z/2.

Ywrazanue. BocmombsoBatbesi TommectBoM In (1 +e*) —1In(1+
+e ) =z

B 3apauax 3.94-3.98, nonn3yAck yMHO#EHUEM PANOB U MOACTAHOBKOM
pfAla B pAI, pasioMUThL B PAObI N0 CTENEHAM 2z yKazaHHble (QYHRIUU.

3.94. [In(1 - 2)]>.  3.95.[Ln (1 —2)]? (In1 = 2mi).
3.96. (Arctg 2)? (Arctg0 = 0).
3.97. Arctg zIn (1 4+ 2%) (Arctg0 =0). 3.98. /1=

3.99. ﬂOHaSaTb 4TO ecau pasnoxenve GpyHruuu 1/ cosz samnucarthb

n B on .
B BUge —— = E ', To yuciaa F yncgaa Jitnepa OB-
1| cos 2 )|Z 3 2n ( p ) ya

JEeTBOPAIOT COOTHOLHEHI/IHM

9 9
Fo=1, E0+( ”)E2+ +(QZ)E2n:0.

3.100. [loxkazatnh, uTo ecan pasznoxenue GyHsunn z/(e* —1) B pag
oo

z Bn
10 CTENEHAM 2 3anucaTh B BUIE — 1= E —rZ, TO uncia B,, (uucaa
e< — n.

Bepryaau) ynoBIeTBOPAIOT COOTHOMEHUAM

By =1, (”31 )BO+(H1H )B1+...+(”+1 )Bn:().

n
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3.101. [loraszaTh, 4To Bce uncia bepHyanu ¢ HeYeTHBIMU UHAEKCaMU,
Kpome By, paBHBI HYIIO.
(=2)

e*—1 e *—1
3.102. Paznosuth B pAd Mo cTeneHAM 2z GYHKLIUIO 2z ctgz U HailTH
paauyc CXOAMMOCTHU MOJYyUYeHHOTo pAja.
Ywraszanwue. Bocronb3oBaTheA BhITeKaOMUM u3 ¢popmya Jitaepa pa-
BEHCTBOM z ctgz = iz + 2iz/(e** — 1).

Yraszanue. Bocrons3zoBaThes TOMIOECTBOM —Z.

3.103. Paznomuth ganHble GYHKIUU B PAIBI 0 CTEMEHAM 2 U HATH

paauychl CXOAUMOCTU MOJYUYEHHBIX PAIORB:
sin z

1) In L 2)tgz; 3)Incosz; 4)

¥4

sinz’

3.104. [lokazaTh, 4T0 KO3 (GUIUEHTHI ¢,, pPa3I0HeHu

1 o0
n
T, = Cnz
1—2z—22 Zn
n=0

YAOBIETBOPAIOT COOTHOIMIEHUIO Cp, = Cp 1 + Cp_o (n > 2). Haiitu ¢, u
paguyc CXOAWMOCTHU pAfa.

II puMevaHHue. Yucna Cp Ha3bIBAIOTCA HucAdMU Dubonayyu.

< (oo}
A+ Bz+C2? n .
= cpz" (a # 0) naiitu
a+ fz+y22+ 023 z:o n2" (a #0)
n—
Cp, C1, C2, @ TaKMe PERYPPEHTHOE COOTHOMIEHUE MEMIY Cp, Cn_1, Cn_2,
Cn—3 (n 2 3)

3.105. B pasnosenuun

HpOI/ISBOﬂHLL[I/Ie (I)yHHLII/II/I CUCTEeM MHOTOYJIEHOB

Ecnu B HekoTOpoM KpyTe |t

< R umeet mMmecTo pasijosmeHune
00

F(t,Z) = Z fn(z)tn:

To (yuxuus F(t,z) HasviBaeTes npoussodsawell dynkyueti Nas mocaeno-
patennHoctu {f,(z)}. Yacto HekoTopbie cROWCTBaA MOCIEIOBATEILHOCTH
bynrunit {f,(z)} ynaerca mokasaTh, onupasck Ha CBOJCTBA ee MPOU3BO-
aAameil pyHKIuuU.

3.106. Monunomer Bepuymnu ,(z) onpemensiiotcsi pasio;eHUEM

. 00
TS ()
Tet —1 nl
n=0
JlokazaTh cilegylonue UX cBOHCTBa:
1) (,On(Z + 1) - (Pn(z) = nzni];
2) eciu . HATypanbHOE YMCIO, TO

¢n+1(m)
n+1

=14+2"4+3"+ ..+ (m—1)"

5 JI.N. BonkoBbickuit u 1p.
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n—I1
Z ( )Bkz"*k, raoe Bj — uncna Bepuynnu (cMm. 3ama-
uy 3. 100) k=0
1
3.107. ®yHruua ——————— sABAAETCA NPOU3BOAAINIEH 1A MOIU-
Y V1—2tz+ ¢ P Anten A
nomon Jlemangpa P,(z): .
1
_— = P,(2)t"
V1 — 2tz + 12 nz::o (2)
lokazaTh COOTHOIIEHUA:
1) (n+1)Ppi1(2) — 2n+ 1)zPy(2) + nP,_1(2) = 0;
2) Pu(z) = Phya(2) = 22P,(2) + P, (2);
3) @n+1)Pu(z) = Py (2) = P (2).

Ykaszanue.
BETCTBEHHO 10 ¢ U 10 2.

MuddepeniupoBaTh NPOU3BOAANYIO (YHRKIUIO COOT-

3.108. [loabsyfAck uHTerpaiabHoii GopMyaoil aaa ko3 GUIUeHToB pA-

na Teitnopa, nokaszath, 4To ecin —1

n{S

rae C — OKpy#HOCTL paguyca R >

3.109.
s noauHomoB YeGwimena

1
T”(Z) = on—1

lokazaTh, 4TO QYHKIUA

_ 1/
i,
C

/ V1-2s¢C+ ¢

<s<1,T10
¢"d¢

1 c uentpom B Touke ( = 0.
9

m fABJ1AeTCH HpOI/IBBO,HHH_Ieﬁ
— 4tz 2

cos (n arccos z).

[MonkaydAck uHTErpaabHLIMU GopMmyaaMu 1ad koaddunuentor paga Teit-

1opa, yecTaHoBUuTh, 4to 47,11(2)

3.110. TMMoauxnomer Ipmuta—led

AeHneM
thzftQ

-3

n—

—42Tn(2) + Tno1(2) =0 npu n > 2.

wimesa H,(z) onpemensiores pasno-

Hp(z)

fn
n!

0

I[ORHBHTI: cilegymomue COOTHOIEHWA:

1) Hyy1(2) — 22H,(2) + 2nH,

2) H(2) = 2nHy 1(2) (n > 1);
8) Hyl(2) = 22H}(2) + 2nHy (2)
4) Ho(2) = (e 42 ).

dz"

1(z) =0 (n>1);

0 (n>0);

3.111. TMonunowmer Yebrimea—/lareppa Mo#HO onpenenuTh paBeHCT-

BOM
Ly(z)=¢

A" (e ")

dz"
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Haiitu npousBomamyio ¢gyHruuio mas nociemoBatensHoct {L,(z)}
M ¢ ee TOMOMIKLIO MOJYYUTh PEKYyPPeHTHYIO (OpMYIy, CBA3LIBAIOMYIO

L, 1(2), Ln(z) u Lpy1(2).

Mpumevanwue. B 3agauax 3.107-3.111 paccMoTpeHbI JUITE HEKOTO-
pble yacTHbIE CBOICTBA yKa3aHHBIX CUCTeM MOAUHOMOB. O Ipyrux Ba-
HeHIMUX UX CBOHCTRAaX, UTPAIOIUX OOJLIIYIO POAhL MPU PEIIeHUN pas3iany-
HBIX 3a[a4 MaTeMaTn4yeckoi pusnkn, cM., Hanpumep, [3, ra. VII, § 2] uan:
Kypaut P, T'uns6ept . Metonbl maTemMaTuueckoil (GpU3NKU. M.:
locrexuznmat, 1951. — T. 1, ra. 1T, VIL

Pemenue nudpdpepeHunalbHbIX ypaBHEHU i

B zagauax 3.112 3.114 naiiTu pelienus gaHHbIX AuddepeHnnanbHbIX
ypaBHeHuit, ynoraersopsiomue yerosuam w(0) =0, w'(0) = 1.

3.112. w" — 22w = 322 — 2%
3.113. (1 —22)w" — 2zw' +n(n + 1w = 0.
3.114. (1 —2)w" — 4zw' — 2w = 0.

oo

3.115. PaznomuTs B pAx Bujaa E cn 2" pyHEIUIO cos (m arcsin z)
n=0

(arcsin0 = 0), cocraBuB muddepeHnnansHoe ypaBHeHUe, OQHUM U3 pe-
eHni KOTOpOro ABIfAeTcA 3Ta PYHKLUA.

3.116. [MuddepenuanbHoe ypaBHeHUE

)
(Zl: +[c— (a—{—b—l—l)z]% —abw =0
HaBbIBACTCA 2UNEPLeOMEMPUIECKUM.

Haiitn ananutndeckoe B Touke z = 0 pemenne w(z) runepreomerpu-
4ecKoro yparHeHuf, yaosieTBopsioiee yeaoruio w(0) = 1, npeanonaras,
4TO ¢ He PABHO HYIIO WIH L[eJIOMY OTPULATEILHOMY YHCTY.

2(1 - 2)

3.117. JlorkasaTh, 4To 00Iee pelleHde IMIePreoMeTpUUeckoro ypan-
HeHMA uMeeT BUA (¢ He PaBHO LEIOMY YUCIY)

w=CF(a,b,c,2) + Coz' “Fla+1—-¢c,b+1—¢,2—¢, 2),
rae F(a,b,c,2) (GyHrUUA, onpefeneHHas B Mpenblaymieli 3anade (ru-
nepreoMeTpUUecKuil psaj).

3.118*. JlokasaThb, UTO eCily ¢ He paBHO HYJIIO WIM HeI0MY OTpHIa-
TeNLHOMY YUCIY, TO
dF(a,b,c,z)

ab
= —F 1 1 1, 2).
o - (a+1,b+1,¢c+1, 2)

5*
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§ 6. HexoTophble Npuio#eHUdA HHTerpaibHoil dopmyasl Komu
U CTeNeHHbIX PAIOB

Hynu ananutudeckux pyHRUU

3.119. JlokazaTh, 4TO TOYKa 2y TOTAAa W TOALKO TOrga SABIfAETCHA
HyJeM Tmopsiika k aHamutudeckoit GpyHruuu f(z), Korga B HEKOTOPOit OK-
PECTHOCTM TOUKM 2o UMeeT MecTo paBeHcTBO f(2) = (2 — 20)¥p(2), rae
bynruua ¢(z) ananuTudHa B To4Ke zg U p(29) 7# 0.

3.120. HaiitTu nopagok nynd z = 0 gaa ¢pyHRUuit:

2 . inz

1) 2%(e* —1); 2) 6sinz® +23(2% —6); 3) esinz — et 2,

3.121. Toura zg fABAfeTcA Hydem mopsanka k naa ¢yHrouu f(z)
u Hy’iem mnopsnra | maa gyHruun (z). Yem sABasieTcs TouKa zg MiA
caeayromux GyHKINi:

1) f(2)e(2);  2) f(2) +0(2); 3) f(2)/e(2)?
B 3agauax 3.122 3.136 HaﬁTI/I NOpPAAKYU BcexX HyJell JaHHLIX QYyHRINNA.

3.122. 22 +9. 3.123. z +g. 3.124. zsin z.

24

3.125. (1—¢%)(z2 —4)°.  3.126.1—cosz. 3.127. (Z—T)sinz

27

3.128. L =82 3 799 82 3.130. sin? 2.
zZ
.3

3.131. 22 3.132.sin2%.  3.133. cos® 2.

z

3.134. cosz®.  3.135. (y/z —2)%.  3.136. (1 — /2 —2cosz)?.

Teopelvla €EIJMHCTBEHHOCTH

3.137. Momet a1 nocienoBaTelLHOCThL HyTel (nnu BooGie A-Tovex)
(YHRIUU, OTAUYHON OT TOMIECTBEHHON MOCTOAHHON U aHalUuTUYeCKOI
BO BCceil KOHEUHOI MIOCKOCTU, UMETh MpedelbHYI0 TOUKRY !

3.138. CymecTtByer au GyHKIMA, aHanuTHU4Yeckaad B Touke z = (0 u
npuHHUMaromas B Toukax z = 1/n (n =1,2,...) 3Havyenus:

1 1 1 1
1 1 1,0,1,...,0,1,...;  2)0, =, — 0, =, .., 0, —, ..
) 07 707 3 0; 3 ;07 ) 3 ) 0‘ 2‘ 07 4; 0; 67 70; 2]{)7
3) 17 17 17 17 17 17"'7i7 i?"'; 4) 17 27 §7 é? é? §7"'7 - 7"'?
2°2°4°4°6" 6 2k’ 2k 273475767 n+1

3.139. CymecTByIOT a1 (pyHROUU, aHaAUTU4YecKUe B Touke z = 0
U yIOBAETBOPSIONINE YCIOBUAM (1 HaTypalbHOe YUCIO):

D)= 5= () (2=

3.140. ®dyurnuda sin T !

nmMeeT GGCHOHG‘JHy}O rnocjegoBaTeIbHOCTb

HyJell, CXOAAMYIOCA K TouKe z = 1, HO TeM He MeHee 3Ta GyHKIUA OTINY-
Ha OT nmocTtoAgHHOH. He mpoTUBOPEYUT U 3TO TeopeMe eJUHCTBEHHOCTU?
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Bripasenue aHaiuTudyecKoll GYHRKUOUU
yepes3 ee NeHCTBUTEABHYIO UM MHUMYIO 4acTU

3.141*. ®Oyurnus f(z) = u(z,y) + iv(r,y) anaIuTUyHa B TOUKe 2 =
=g +iyo n f(20) = ¢o. Horazath, uTo

_ Z+E(] Z*En =
f(z)*Qu( 2 Qi) co-

3.142. JlorkasaTh, YTO B YCJIOBUAX MpebIAYINEi 3agaun

o (2420 z2—Z —
f(z)-?w( 5 9 )—l—cn.

B sapgauax 3.143 3.145 maiitu anaautudeckyio ¢yHwuuio f(z) =
= u(z,y) +iv(z,y) no maHHON ee MEHCTBUTENbHOI WIM MHUMOI 4acTu.
3.143. u(z,y) = 22 —y% + 2.
Y
2 4y
3.144. v(z,y) =z +y — 3. 3.145. u(x,y) = coszshy — shasiny.

3.144. u(z,y) = e*(xcosy — ysiny)

HepaBencTtBa Komu

3.147. Mycrtn paznoxenve gynxuun f(z) B kpyre |z| < R umeet Bug
oo
flz)= Z cn 2"
n=0

27 [e'e]
1 :
1) llokasaTh, uTo ﬁ/\f(rew)\Q de = E 0 len?r®" (r < R).
0 n=

2) lokaszaTh, 4TO ecan ‘m‘ax\f(z)\ = M(r), To KoadULNEHTEI ¢,
Z|=r

VIOBIETBOPAIOT HepaBeHcTBaM (Hepasencmea Kowiu)

el < 20 (- < R).

n

3) llokaszaTh, uTo ecau XoTf Obl 0AHO U3 HepaBeHcTB Ko ofpargaer-
cfl B paBeHCTBO, T. €. |cx| = M (r)/r*, To dynruua f(z) umeet Bun f(z) =
=cp2".

Yrasauue. BocrnoabsoBaTbes creayiomuM us n. 1) HepaBeHCTBOM

Do leal’r < M)

3.148. C nomomnbio HepaBeHcTB Komu nokasats meopemy Jluysuiis:
ecan gyHruua f(z) aHaauTU4YHA BO BCeil MNIOCKOCTU U OTrpaHUYeHa, TO
OHa MOCTOfIHHA.

Ipumevanwue. [Ipyroii cnocod nokazaTeabcTBa TeopeMbl JIuyBudIaA
yKaszaH B 3aaauve 3.36.
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3.149. JlokaszaTb, 4TO paccTofgHue Oauskaflimero kK Touke z = 0 Hy-
o0

pleol

, rae nobdoe
M-}-‘Cnl aep

as pyusuun f(z) = E ¢n2" He MeHbIle, YeM
n=0
4Kcno, He TpeBbINAoNee paguyca cxogumocTu psaga, a M = M(p) =

= max |1(2)].
lzl=p

Yraszauue. YcTaHOBUTh, uTo pyHkuus f(z) He MMeeT HyJeil B 00-
nactu, rue |f(z) — ol < |co|,  ouenuts |f(z) — ¢o|, Bocnonb3oBaBIINCE
HepaBeHcTBamu Komw.

oo
3.150. ®yuruusa f(z) = Ecnz"‘ ananutuveckas npu |z| < r. Jo-
n=0

[ee] n

CnZ o
KaszaTb, 4TO paAn ¢(z) = Z = CXOmMTCA BO BCefl MIOCKOCTH M A
n=0 ’ M
ero cyMMBI cripaBelauBel onenkn o(z)] < Mel#l/m |o®) (2)| < — el?l/r
T

(M — noctosinnasn).

TeopeMbl maomagei AJA OTHOAUCTHLIX QYHKIU

oo
3.151. Mycrs pyurnus f(z) = Z ¢n2" aHanutuyHa B Kpyre |z| < 1

n=0
1 oTtoOpasaeT 3TOT KPyr OOHOJMCTHO Ha oOmacTh (G mmomanu S. Jloka-

o0
3aTh, YTO S =7 Zn
n=1
Yrazanue. 3anucath HopMyIdy s BblUuMcIeHUs romanu S B M0-
JAPHBIX KOOpIUHATAX.
Dpumeuanue. Ecau onycTuTh yciaoBue 0AHOIUCTHOCTH, TO OTAeb-
Hble YacTu obnactu (G HY#HO CYUTATH CTOALKO Pa3, CKOJILKO pa3 mpu-
HuMaioTes B kpyre |z| <1 cooTBercTBytomue 3Havenus GyHruun f(z).

cnl?.

3.152. JlokazaTh, YTO eclii B yCIOBUHU Mpeablayiieil 3agaun GyHK-
uus f(z) aHaauTUYHA TOJbKO B OTKPBITOM Kpyre |z| < 1 u ecau npu
3TOM CYIIeCTBYeT KOHEUHBII Mpejed }1{)1’% S, =S, rne S, njaomanb 06-

oo
pasa kpyra |z| <r < 1, To pan Z nle,|? cxomutes u ero cymma pasHa %

n=1
[e's)

JlokazaTh Takme, yTo ecan lim S, = oo, To pAn E nle,|? pacxoanTes.
r—1 y
n—
Mpumeuanune. Cwm., nanpumep, [4, ra. XIII, §1].

3.153. 1) Toassysack pemennem sagaun 3.151, gokasaTh, 4TO ecin
f'(0) =1u pyuruus f(z) oToGpazaer KOHDOPMHO U B3AUMHO OHO3HAUHO
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KpyT |2| < 1 Ha Herotopyto o6aacts G, To miomanbL o6aactu G He MeHbIIe
naomanan oTofpasaeMoro KpyTa (skcmpemaisHoe ceolicmao omobpaiceriis
Ha Kpye).

2) Jlorazathb, 4TO U3 Beex QyHRUMN f(2z), aHATUTUYHBIX B Kpyre |z| <

27
< R ¥ y[OBIETBOPAIOMUX YCIOBUIO /|f(Re"'*0)\2 dp = M, nunelinas
0

dYHKIMA peanuszyeT oToOGpaskeHHe Kpyra Ha o06/]acTh HauMeHbIIeil
miomanau. Haittu sty miomans, ecau f(0) = 0.

lMpuvnnun MmakcumMymMa MOAY a4

B zamauax 3.154 3.157 caegyeT BOCNONb30BaThCA MPUHIUIOM MaKCU-
MyMa MOIy/Is.

3.154. [lorazaTh, uTo ecan pyHrIuA f(z), OTANYHAA OT KOHCTAHTHI,
anaauTuyHa B o6aactu (G U He ofpamaercs B Hylb, TO MUHUMYM |f(2)]
He MO#eT JoCTUraThea BHyTpu obaactu G.

3.155. 1) [okasaTb, 4TO BHYTpH 06J1aCTH, OTpAaHUYEHHO NPOCTOil 3a-
MKHYTOH JuHUel yporHA Moxyas dyHkuun f(z) (1. e. nuHueit, Bo Bcex
Toukax KoTopoil |f(z)| = const) u comepskameiicsi BMecTe ¢ rpaHulieil B
o6nactu aHaauTuuHOCTH GyHKUNY f(2), HailgeTcA Mo KpafiHelt Mepe oauH
Hyab atoit pyusuun (f(z) Z C).

2) Nokasath, uTo ecau P(z) — MHOTOUNEH CTeneHu n, TO TUHUU yPOB-
ua ero Mopyas |P(z)| = C (aemHuckamet) MOryT pacmagaThea He 0ollee,
4eM Ha 1 CBA3HBIX KOMIOHEHT.

3.156. [lorasatb aemmy llsapya: ecnu Gpyuruus f(z) aHaautu4yua B
kpyre |z| <1, f(0)=0 u |f(2)] <1, to Bo Beem rpyre |f(z)] < |z].

JlokazaTh Tar#e, YTO €Cau XOTHA Obl B OJHON BHYTpPEHHelH Touke Kpy-
ra |f(z)| =|z|, To f(z) =€z («  meiicTBUTENLHOE UUCIO).

Yraszauue. Pacemorpers dGyHrumio f(z)/z u npumeHuTh K Heil
NPUHINN MakCUMyMa MOIYJIs.

3.157. llokaszaTh, 4To eciu B Tpeabiayineil zamave yciosue f(0) =
= 0 samenuts ycaoBueM f(a) =0 (Jo| < 1), To npu |z| < 1 cnpaBeanuBo
zZ—
1—az ‘

1—-az
Ywrazauwue. Pacecmorpers pyurumio ——— f(z).
ZzZ—

nepaBenctBo |f(2)| < ‘



IF'TABA IV

PAl IOPAHA. OCOBBIE TOYRKHA
OMHO3HAYHBIX AHAJJUTUYECKUX OYHKITUA.
BBIYETHI 1 UX ITPUMEHEHUA

§ 1. Pan Jlopana

B 3apgauax 4.1 4.18 gannyio ¢yHRKUUIO pa3noxuTh B pAn Jlopana au-
60 B yKas3aHHOM KoOjblle, 1100 B OKPECTHOCTU yKasaHHOU Touku. B mo-
clielHEM cilydyae Ha[JIe#uT ONpeaeduTh 061acTh, B KOTOPO# pasioMenue
uMeeT MecTo.

4.1. P B OKpecTHoCTU Touek z =0 u 2z = oc.

4.2. % (a # 0, k — waTypalbHOe YMCI0) B OKPECTHOCTU TO-
Yer 2z :(Oz;a)z = 00.

4.3. Z(liz) B OKpecTHOCTU Touek 2z =0, z =1, 2z = .

44, L (0 < |a| < |b]) B orpectHocTn TOuer z = 0,

T (z—a)(z—b)
z2=a, 2 =00 UuBRoble |a| < |z| <|b|
22 —2z45

4.5. ——— """ BOKPECTHOCTU TOUKM 2z = 2 U B Koaklle 1 < |z| < 2.
(z-2)(2+1) " P 12

1 .
4.6. ———— B OKPECTHOCTHU TOUEK 2z =1 U Z = OO.
(ZZ + 1)2

4.7. \/(z —a)(z —b) (]b] > |a|]) B okpecTHOCTN TOUKM z = 0o (pac-

cMOTpeTh 06e BeTBU (GyHKINN).
z

48- 1&) =\

4.9. 2%¢'/* B okpectHocTH TOUek z =0 n z = 0.

(Imf(g) > 0) B Komene 1 < |z < 2.

4.10. ¢'/(1=2) g OKPECTHOCTH TOUek 2z =1 u 2z = oo.
2% — 4z

4.11. cos W B OKPECTHOCTH TOUKHU 2z = 2.
2 — 2)2

4.12. 2%sin

B OKPECTHOCTU TOUKU 2 — 1.

4.13. e*t1/% podnactu 0 < |z| < 0.
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. .1
4.14. sinzsin = B o6aactu 0 < 2| < oo.
z

z

4.15. sin
1

cllydyae OorpaHNn4YnuTLCA YeThbIPbMA MePBbIMU YjIeHaMUu pﬂﬂa).

B OKPECTHOCTU TOYER z = luz=o0 (B nociaeagHeM

4.16. ctgz BorpectHocTH ToukHn z =0 M B Koablle 7 < |z| < 2.

4.17. In

zZ—a

B OKPECTHOCTU TOUKU 2z = O0.
s —
1 z —
4.18. ——1In
z—2

1<zl <2

4.19. BriACHUTH, AOMYCKAaIOT JU YKa3zaHHble (YHKIIUU pasioxeHue B
pan JlopaHa B OKPECTHOCTU JaHHONH TOUKM:

B OKpPECTHOCTU TOYKM 2z = OO U B ROJIbIe

1) cos—, 2=0; 2) cosl, z=o00; 3)sec z=1;
z z z —
1 22
4) (’,th,Z—OO7 5) th;l Z—O, 6) W; Z—O,
z 1
7) 3 2T 0% 8) Inz, z=0; 9)lnz_1, 2z = oc;

10) 1n211’ z=o00; 11)2%=e*"%), z=0.

4.20. BriAcHUTH, UMEIOT U yKa3aHHbIe MHOTO3HAUHbIe GYHKIUU OJI-
HO3HAYHbIe BETBH, J0MyCKalolue pasioxenue B psan Jlopana (B yacTHOC-
i, B pang Teitnopa) B OKPECTHOCTH NaHHON TOUKH:

DVz, 2=0; 2)\/2(z—1), 2=00; 3) maz:m;
Y YE DG -DE D), rmoe 5) Yol P 2=

6) V1+Vz, 2=1; 7))\ J/14+z, 2=0; 8)Vz++vz2—-1, z=00;
9) Vz+vz2—-1, z=1; 10)

M) Infz=1)(z=2)], 2=o0; 12) Ln%, 2 = oo

13) Arcsinz, z = 0; 14) Arctg (14 z), z=0; 15) Arsh (i + 2), z = 0;
16) /7/2 — Arcsinz, z=1; 17) \/n/4 — Arcsinz, z = /2/2.

o0
4.21. Oyunnua  f(z) = E cpz", aHamuTUYeCKas B KOdble T <
n=-—oo
< Jz] € R, onHOMUCTHO OTOGPazkaeT 3TO KOJbIO HA HEKOTOPYIO o6aacTh D.

Jlokazats, uto miaomans S 3Toil o6aacTu paBHa
o0

S=m Z nlea |2 (R*™ — r2™).

n=-—0od
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2) llorazathb, uTo hopMmyia mis miomand S coXpaHfeT CBOIO CUIY U
Torga, kKoraa f(z) anamuTuuna anuik B obaactu v < |z| < R; npu stom
o6Ge yacTu paBeHCTBa MOTYT OQHOBpEMEHHO oOpamaThes B oC.

Yraszanue. CMm. 3agaun 3.151 n 3.152.

4.22. Oyuruusa f(z) ogHonucTHa B o6aacTu |z| > 1 u pasnaraercs B
Cc
+ ..

3Toit o6nactu B psin Jlopana Buma f(z) =z + 1y
z

—2
22

IokazaTh, 4TO o

> nle_” <1,
n=1
¥ BBIACHUThH T€OMETPUYECKMI CMbBIC TOMYYeHHOTO HepaBeHCTRa (BHel-
HAA Teopema maomaneii).
Yraszanue. Bocnoab3oBaThes TeM, YTO 1s Momamd S,, orpaHu-
4eHHOI 06pasom okpyHocTH |z| =71 > 1, umeem (f(z) = u +iv)

27w _ _
0< S, = / wdy = %%(%7%)(]@
. J ,

|z|=r

§ 2. OcoOble TOYKH OMHO3HAYHBLIX aHAJTUTHUYECKUX PYHKIUHN

B szapmauax 4.23 4.58 naiiTu ocobble TOUKM (YHKUUH, BBIACHUTH UX
XapakTep W HMccleloBaTh NoBefenue GyHKIMH Ha GeckoHedHOCTH 1),

1 2 2" 1
4.23. — . 4.24. . 425, 2 . 426 —— .
z—28 1+ 2* (1-2) (2% + 4)?
427 < 428 .71 429 430 L
1422 e* e* -1 =z
431 — 7 432,129 4331 434 th:
Bl 482 oo 433 oo 434 the
4.35. e*/l/f. 4.36. zel/>.  4.37.¢3/(172) 4,38, > /2,
1/(z—1)
4.39. 9 440, -1 4.41.°%% 442,452
e —1 sin z 2?2
4.43.tg%z. 4.44. CBZ 445 ctgz— L. 4.46. ctgr — 2.
z° V4 V4
447 1 448 1 449.60- 1
smz—sma_ cos z + cosa 1—2z
4.50 z 4.51. ctg L. 4.52.ctgt L
T (22— 4)%cos(1/(2 = 2))° O Cl8 e el T

4.53.sin 2 + 1. 454 e ccost.  4.55. ectB(1/2),
z z° 2

tgl/z i # i ;
4.56. ¢'81/> 4.57. sin (Sin(l/z)). 4.58. sin (Cos(l/z))-

1) B orBeTax He nenaeTcA pa3nuuuAa MekAy YCTpaHUMo# ocoboil ToOuKoil u mpa-
BUJBLHOM.
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B 3amauax 4.59 4.68 uccaenoBaTh NoBeAeHue Kaxaod N3 0JHO3HAUHBIX
BeTReil 3a7aHHON MHOr03HAuHON (GYHKIMM B yKazaHHBIX TOYKax (ompe-
JIeIUTh, AABAAETCA TOYKA MPaBUJILHON AJf COOTBETCTBYIOIIEH BeTBU WM
0co6oii; B mocleHeM cllyyae yKasaTh XapakTep 0COGEHHOCTH).

z 1
4.59. —————— =4. 4.60. ——, z=1.
1+vz_-3 ~ N
2z +3 1
4.61. ————— z=1. 4.62. cos , z=1.
1+4+2—2z ‘ mq1+\/2‘ z
1
4.63. =4.
Q+vz)sm2 vz
1 1?2
4.64. ct ce= (14 ) rae k=142, =1
(‘g1+\/z,z +k7r , rme s s, 2
4.65. ! o= M rme ko= 41,42, ..
sin (1 + : ) (14 km)” =1
z—2
u z=o00
4.66. sin ! , 2= 0.
1+,/-=
z—2
467.1) =1, 2 L =1
-67. 1) Inz’ ° U ).an’z_'
Sin Sin
21 41
4.68. sin (ctg %) z=1.
4.69. Mycte P,(z) n @,,(2) — MHOroul1eHbl COOTBETCTBEHHO N-1

n m-# cTerneHei. OxapaHTepI/ISOBaTh noBegeHve Ha OeCKOHeUYHOCTH Ccie-
OYIOMUX (pyHKRIUA:
Pn(z)

1) Po(2) + Qm(2);  2) om()’ 3) Pu(2)Qm(2).

4.70. JlokazaTb paBHOCUJLHOCTL CJAEAYIOUUX ABYX ONpeeleHuii:
1) Toura zp HazbIBaeTcA noalocom nopadka n pyuruuu f(z), ecin B
JT0paHOBCKOM pasiloskeHun f(z) B OKPECTHOCTH 2
oo

f)= D enlz—20)" ¢ n#0, c_(ni1) =C_(nt2) = . = 0;
n—=—oc

2) TouKa 2 Ha3bIBAETCA NOACOM nopadka n Gyuwruun f(z), eciu B
HEKOTOpOil okpecTHOCTH 3TON Touku f(z) = p(z)/(z — 20)", roe GyHE-
uuf ¢(z) ananutuuna u ¢(zg) # 0.

4.71. MocTpouTh TpuMephbl (YHKIUE, MMEIOMUX B paclIpeHHOH
MJIOCKOCTH TOJBLKO CleIyIolie 0COGeHHOCTH:

1) noatoc BTOporo nopsAgka Ha GECKOHEUHOCTH;

2) moaioc BTOPOro nopsiika B Touke z = ( ¢ riaBHO 4YacThbio pasio-
AeHUA ¢_o /2% 1 mpocToil noMioc Ha 6eCKOHeUHOCTH;

3) mpocThle MOMOCKT B TOUKAX Zj = Wk rme w = e?mi/n (k=0,1,2, ...
wyn —1).
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4.72. HafiTu obmuit Bua @yHKUIMK, UMelolleil B pacliupeHHON Maoc-
KOCTU TOJBKO CJAeIYIONINe 0COOeHHOCTH:

1) onuu npoctoit noaioc;  2) oAMH NOIOC MOPAAKA 7]

3) moiioc BTOporo nopsaka B Touke z = () ¢ rIaBHOI YacTbiO pasno-
mennn 1/2%;

4) nomoc nopsaaka n B Touke z = 0 U M0JIOC NOPAIKA M HA GECKOHEY-
HOCTU;

5) n MOMIOCOB MEPBOTO TOpAIKA.

4.73. Myctrs f(z) — onHosHauHasa (QyHKOUA, He UMelomas B obaac-
Tu (G Apyrux ocoGeHHOcTeil, KpoMe TomaiocoB. [lokazaTh, 4YTO (YyHEK-
f(2)
flz)—A
eT MpOCThIe MOJIOCHI BO Beex nomocax ¢yHrmuu f(z) u Bo Beex A-Tou-

Kax 3Toil GYyHKUUU U He UMeeT HUKAKUX OPYTUX 0COObIX TOYEK.

nus (norapudmuueckas npousBoaHas pyHriuu f(z) — A) nme-

4.74. Kakryio 0coGeHHOCTb MMeeT B TOUKe z = zg (IONyCKaeTcA Cly-
gait zg = oo) dyuruua F(z) = f[p(z)], ecnn dynruus ¢(z) B aT0it Touke
aHamUTHYHA MM UMeeT TOJI0C, a Touka (o = ¢(z9) ABAfAeTcA A1 QYHK-
unn f(¢) 0coGeHHOCTBIO ClenyoIero Bujia:

1) yerpanumoii oco6oit Toukoi;  2) MoAOCOM TOpAIKA 7;

3) cyiecTBeHHO 0C000i TOUKOM?

4.75. Touka 2, (momyckaercsa ciyuail zqg = oc) fIBIAAETCA U30JIUPO-
BaHHOI 0co00ii Toukoit Gyuruun f(z), oToGpamaroneil Iyry okpy#Hoc-
™ (MIW TPAMOMUHERHBIH OTPE30K) 7 HA HEKOTOPYIO AYTY OKPYHHOCTH
(unu npamoauHeiinpiit oTpesok) . KakoB xapaxTtep oco6eHHOCTU (DyHEK-
unn f(z) B TOUKE 2{, CUMMETPHUUHOII C 2o 0THOcUTenbHO v (GyHEmua f(2)
NPOIOJAEeHa Yepes v Mo MPUHIIUITY CUMMETPUHN ), eClid TOYKa 2g ABIAETCH
s f(z):

1) nomocom mopaaka n;  2) CyUeCTBEHHO 0COG0H TOUKOMH?

4.76. Teopema Coroyrozo yTBep#IaeT: ecliu TOUKA 2zg ABIAETCA CYy-
eCcTBEeHHO 0c000it nasa hyHkrnuY f(2), To, KAKOBO ObI HU GBLIO KOMIIEKC-

Hoe uncio A (Braouas A = oo), cylecTByeT Takas M0CIeI0BATENbLHOCTE
Touek {z,}, cxogfmwasca K Touke zg, 9To lim f(z,) = A. JokasaTk, uto
n— o0

Teopema CoXOLKOro ocTaeTcs cnpaBeqiuBON I HEM30JIMPOBAHHON 0CO-
6oif TOUKM, ABAAIONIEHCA MpeaeabHON I/ HOJ‘I}OCOBQ). (Uuorpa Taryio
TOUKY MPOCTO MPUUUCAAIOT K CYIIECTBEHHO 0COOLIM.)

4.77. Haiitu npenennr:

; 1 1
1) i tg?z; 2) i lim —; im ———.
L L T E - e
Yy—

He nmporuBopeunT 1 cylecTBOBaHMe STUX NpeneiloB Teopeme Co-
XOUKOro?

2 =
‘) Hpeunonarael‘cn, UYTO B OKPECTHOCTU paccMaTpuBaeMOW TOYKU MOJIOChI ABJIA-
IOTCA eAUHCTBEHHbLIMU OCOOEHHOCTAMMU.
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Teopema Iukapa yTBep#IaeT: B OKPECTHOCTU CYIIECTBEHHO 0CO00#
TOUYKM aHaTUTUYecKad (QYHKLIUA NPUHUMAaeT GeCKOHEYHO MHOrO pas BeA-
KOe KOHeuHoe 3HadyeHue, 3a UCKAI0YeHUeM, ObITh MOKET, OHOT0, KOTOpoe
Ha3bIBACTCA NUKAPOSCKUM UCKAOUUMEAbHbIM 3Havenuem. Ecan pacemar-
puBaThH MepoMop(Hble (YHKIUHU, TO BO3MOHHOE UMCIO0 MCKIIOUYUTENh-
HBIX 3HAUEHUi (BRJIIOUYAsl 0O ) HE MPEBOCXOOUT OBYX (CM., Hampumep, [2
ra. VIII, §8]).

4.78. llporeputh Teopemy llukapa ansa GyHRIMII:
1) e 2) e 3)cos 1; 4) tgz; 5) tg2z.
z

HaiiTu uckmounTeabHble 3HAUEHUA A KamI0i U3 3TUX QYHRIUHN U
noKaszaTh, YTO ATU 3HAUEHUA (eCiu OHU CYMECTBYIOT) ABIAAIOTCH aCHMII-
TOTUYECKUMU, T. €. YTO MOMHO yKazaTh XOTf Obl OQHY JUHUIO, OKaH-
YUBAIOMIYIOCA B CYIIECTBEHHO 0CO00il TOYKe, BIOJIb KOTOPOHl (yHRIUA
CTPEMUTCA K UCKIIOUYUTEILHOMY 3HAUYEHUIO.

§ 3. BpiuncieHue BbIUETOB

B zagauax 4.79-4.99 TpebGyeTcA HafiTU BhIYeThl yKa3aHHbLIX (yHKINHI
OTHOCUTENbHO BCEX UB0JUPOBAHHLIX 0COOBIX TOUEK U OTHOCUTENLHO Gec-
KOHEYHO yAaleHHO# TOukHu (ecu OHA He ABIAETCA MpeaedbHON IIf 0Co-

GhIX TOYER).
2

1 z
4-79. m. 4-80- m.
2n
4.81. (1172)7, (n  warypaibHoe uucio). 4.82. ﬁ
22421 sin 2z e’
483, —————. 4.84. ———. 4.85. ——. 4.86. tgz.
2= 1) (z+1) 2(22 +9) &%
4.87. -~ 4.88.ctg?z. 4.89. ctg’z.
sin z 1 1 1
4.90.1) cos ——; 2) z%cos . 4.91.e*t1/% 4.92.inzsin —.
z—2 z—2 z
. z 224421 1
4.93. « 494.cos—. 4.95. —————— (h .
T 8T s z(1 — e hz) (h #0)
4.96. 2" sin 1 (n  wemoe umcmo).  4.97. ; 4.98. i
z sin(1/z) sin\/z

4.99. tZgTz (n  HaTypaJbHOe YHCIo).

B zamauax 4.100-4.107 TpeGyercsa HAlTH BbIUEThl Kamaol M3 OgHO-
3HAUHBLIX BETBEH COOTBETCTBYIONIUX MHOIO3HAYHBIX (YHKIUH OTHOCH-
TeNMhHO YKa3aHHbIX TOYEK.

4.100. 1\/5 OTHOCUTEILHO TOUYKN 2z = 1.
— Z

4.101. ; OTHOCHUTEILHO TOUKN 2z = 1.
2—z+1
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a
z

Ve

4.103. \/(z —a)(z — b) oTHOCHUTENLHO TOYKU 2z = OO.

4.102. (2% = e*"%) orHocutennno Tounn z = 1.

z—«
4.104. 1) Ln =—— OTHOCUTEILHO TOUKH 2z = OO;
2

zZ—x

2) e*Ln OTHOCHUTENLHO TOUKU 2Z = OO.

z —

4.105. 1) Ln zsin

OTHOCHUTEJbHO TOYKU 2 = 1
2z —

2) Ln z cos OTHOCHUTENLHO TOUKM 2z = 1.
Arctg z
4.106. 2182 grpocutenso Touek z =0 n z = oo.
z
n z—
4.107. 2" Ln 3 (n menoe 4KMcIO) OTHOCHTENbHO Touek z =0
2 —

U 2z = oo (MpU BBIUUCIEHUU BblYeTa OTHOCUTENLHO TOuku 2z = (0 mnpen-
nonaraercs, uto a # 0, 3 #0).
4.108. Paznomenue GpyHKIUU B OKPECTHOCTU GECKOHEYHO yIaleHHOi
C1 o <
Tourn nmeet Bup f(z) = cp + — + ... Haittu res[{f(2)}?].=co-
z

4.109. Haittu res[p(z)f(2)].=a, €cnn (z) aHanuTuuHa B TOUKE a,
a f(z) umeer B BTOil TOUKe:
1) mpocroit nomioc ¢ BoryeToM A;

. c_
2) momioc mopsiaka k ¢ raaBHON YacThio
-

!
4.110. Haittu res[f (Z)] , eciu:
f(2) lz=a
1) a — wynn nopsaaka n pyusmuu f(z);
2) a — nomioc nopsaaka n yuruun f(z).

!

4.111. Haiitu res[ap(z)J;((z))] , ecan o(z) aHanMTHYHA B TOY-
z2)lz=a

Ke a u:

1) @  wuynab nopsagka n dyusuuu f(z);
2) @ — nomioc nopsaaka n ynruun f(z).

4.112. Haitrtu res{f[p(2)]}:=a, ecin bynruusa ¢(z) anamutuuna B
Touke a u ¢'(a) # 0, a f({) uMeeT moaIOC MEPBOr0 MOPANKA B TOUYKE
¢ = ¢(a) c BoiueTom A.

4.113. ®yuruusa p(z) uMeeT B TOYKE @ MOMIOC MEPBOrO MOPAAKA C
BorueToM A, a f(() umeer B GeCKOHEUHOCTU MOMIOC TMEPBOTO MOPAIKA C
raaBHo#i vacteio B(. Haiitu res {f[p(2)]}.=q-

4.114. Oyuruusa f(z), npuHUMaOmaa Ha Oyre | OKPY:KHOCTH |z —
—a| = R peflcTRUTeNLHbIE 3HAUEHNUS, aHATUTUYECKH NPONOIHEHa Yepes
3Ty AyTy 10 npuHuny cummMerpun. llyets Touna z = 3 (8 # a) ABaserca
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k
nas f(z) moaocom nopsigka k ¢ raaBHOi YacThbiO Z (Cig)n
n=1
Haittu res[f(2)].=g+, roe [* — Touka, cUMMeTpUYHAA C TOUKOIL

z = [3 OTHOCUTENLHO /.

§ 4. BpiunuciieHne UHTerpaloB
HenocpenmcTBeHHOe MpuMeHeHUE TeOpPeMbl O BhlueTax

B 3amauax 4.115-4.124 Be1YuCAUTHL UHTEr paibl, CYUTafA, UTO 00X0 3a-
MKHYTBLIX KOHTYPOB MPOUCXOAUT B TMOJOMUTEILHOM HampaBlIeHUH.

rae C  owpysHocTh 2 + y? = 2.

zdz

CE R roe C' — OKpy#HOCTEL |z — 2| = —
(z—1)(z —2)?

4.116. /

¥4

4.117. /m roe C' OKpy#HOCTL |z| = 2.

Y kazanue. Bocions3oBatkes TeM, YTO CyMMa BbhIUeTOB OTHOCUTEJIb-
HO BceX 0COOBbIX TOUEK (BRJI}O‘JHH 6eCKOHEeYHO yﬂaneHHy}o) paBHa HY.JIIO.

z dz roe C' orpysHOCTh |z| = 1.

4.118. /2

4.119. /#dz, roe C' orpysHOCTHL |z| = 1.
J 22(22—9)

7

4.120. L sin 1 dz, roe C — okpy#HOCTE |z| =r.
27”@ z

4.121. L,/sin2 1 dz, rme C — oKpyHOCTE |z| = 7.
27 1

4.122. QL /2"62/2 dz, roen nemnoe uucio, a C' OKPY#HOCTD
e
|z| = 7. ’
4.123. / (1+ 2+ 22)(e"/* + /=D 4 1/ (=2)qy.
|2|=3 J
4.124. =0z

sin z(1 — cos z)

|lz|=
4.125. BeriuucauTh uHTErpan 5 f MpoCTOi
7rz

3aMKHYTBI KOHTYP, OFpaHI/I‘II/IBa}OHJI/II/I o6nacte (G, comep:Ramyro TOY-
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Ky z = 0. ®yusuun f(z) u g(z) aHaIUTUYHBI B 3aMKHYTOi obnactu G,

npuuem ¢Qynsuusa g(z) He obpamaerca B Hylh Ha KoHType C' U umeer

B obnactu (G JUIIL MPOCTLIE HYAU a1,as, ...,0y, HA OOUH U3 KOTOPHIX
He coBMajaeT ¢ HA4yaloM KOOpAMHAT.

Yy
! . 4.126. Tlycts  f(2) = ap+arz+ ... + apz".
atif—-—0 HorazaTh, 4TO
1 n—1 25 _  _ pon
I 5 5 / 2" f(2)|]F dz = apanR
|z|=R
o €I
o 1 |1t B zapauax 4.127-4.130 BeruMcAUThL yKazaHHbIe
UHTerpanbl.
4.127 1 /diz roe C OKPY M-
i HOCTE |z| =7 # 1.
1 dz
4.128.—/— 1 = 1), rae
Puc. 12 27Tip "+ 1)V22+1 (\/_ ),

C  mnapabona y? = z, o6xoauMas B CTOPOHY BO3pacTaHUA y.

4.129. L /diz (a*=e*M%) rne a >0, a C  npoxoaumas

2mi J a*sinmz
cHU3Y BBepx npAMad r =a, 0 < a < 1.

dz
Ywrazauwue. Pacemorperh —

- [ ————, I'lle KOHTYp 7y yKasaH Ha
2mi) a*sinwz
v

puc. 12, u nepeiitu & npegeny npu 3 — oo.

z
4.130. L /6 dz’ rae KoHTyp unterpupoBanus C ykazan Ha puc. 13.
27”@ Cos z

Ol'Ipe)]eJ'IeHHbIe MHTerpamabl

Ecan ¢yuruusa f(z) obpamaercs B 6eCKOHEUHOCTE Npu 2 = ¢ (a <

< ¢ < b), TO 2106HbIM 3HAUEHUEM UHME?s- 1Y
b
paaa /f(a:) dr no Romwu nHaseiBaeTcs - .
§ ar
a c—¢ b
lim /f(m)dm+ /f(m)dm . O—i—-;
e—0
a cte —ai
dTo ompeleneHHe ecTECTBEHHBIM 00pa- e

30M 00o01aeTcA Ha caydail KpUBOJIUHeHHO-
ro wHTErpa’a.
Ecau ¢yuruus f(z) HenmpepblBHa Ha Bcell YWCIOBOH OCH, TO TlaB-

Puc. 13

[e'e) N
HbIM 3Ha4YeHHEM WHTerpana /f(a:) dr HasbpIBaercd A}im /f(a:) dz.
—00
=N

—OoQ
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B zapgauax 4.131 4.138 maifiTu onpedeneHHble uHTerpansl. B cayuae,

eciiM MATerpai HecoOCTBEHHbIN U PACXOAUTCA, HAliTH ero
Hue (eciy OHO CYIIECTBYeT).

riaBHOe 3Haye-

2w
4.131. /L (a>1). Ywrazauue. [lonoxurs ¥ = 2.
] a + cos @
2w d
4
4.132. / aThengr (@200
27 d
4.133. /7¢ (a>0,b>0).

J (a +bcos? p)?

27
4.134. /d—(p (a — wommexcHoe unenao u a # +1).
] 1 —2acosp + a?

cos’ g dy

4.135. | ————T—
35 J 1—2acosp+ a?
0

27
4.136. /e“"S ¢ cos(np —sinp)dp (n  uenoe yucno)
0

Ky
4.137. /tg (z +ia) dz (a — meffcTBUTeNLHOE YKCIO).
0

(a — wommIeKcHoe uucio u a # £1).

27
4.138. /ctg (x+a)dz (a KoMIIekcHoe Ynciao U Ima # 0).
0
4.139. IloxkazaThb, uTo npu b >a > —1 v
/2 I 1 i L
/cos"wcosbtpd@: +ﬂl; (e+1) — . /
a P N
2 2
1\ b1 Y Y
Ywrazauue. PaccmoTpeTh /(Z-F;) 2" dz, o7 -t
c
rae C KOHTYp, u300paskeHHbIN Ha puc. 14, * /
U yCTPEMUTh paguychl OYT MaleHbKUX OKPYH{HOC- N
Tefi R Hymo. [lpu BeIYMCIeHUU UHTerpaza mo  —i
BepTUKAJILHOMY OTpe3Ky pas30UThL ero Ha OBa U
COOTBETCTBYIOIUMU TOACTAHOBKAMU CBECTH WX Puc. 14

K 5HJepoBbIM HHTerpaiaM MepBOrO poaa; BOC-

NMOoJb30BaTbCA TaKMe€ M3BECTHBIM COOTHOMIEHHWEM MeMmay SﬁﬂepOBbIMM

T'(p)T(g)

Tp+a) u dopmyaoin T'(p)T'(1

unterparamu B(p,q) =

6 JI.N. BonkoBbickuit u n1p.

s

-p) =

sinmp’
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B zagauax 4.140 4.146 BbIUMCAUTL UHTETpafibl ¢ 6ECKOHEUHBIMU TMIpe-
Jaenamu.

4.140. /( zde vdr > 0).

[ee]
—  4.141. | —
z? + 4z + 13)? ,0/(.’1:?—{—(1,'2)2

— 00
o0
4.142 /dim (n  HaTypajJbHOEe YHUCIo)
142, s e yp :
0

dz T

o) : o) 2+1
4.143. /m (a>0,b>0). 4.144.0/934“(1.1:.

oo
dx
4.145. n>2 HaTypaiabHOe YUCJO0).
/ T (M2 yp )
0
dz
14277
C

cocroAmuil U3 nyveii argz = 0, argz = 27r/n U coegUHAIONEN HX
IYyTU OKPY#HOCTHU.

Ywraszanue. PaccMoTpeTh MHTerpain / rone C — KoHTYD,

o0 Tn
4.146. /W dz ('n/ 2 2)
0

[Ipumeuvanue. Meton BblUHcAeHUA UHTerpaidoB us 3agau 4.145
u 4.146 nepeHocuTcA Ha MHTErpajbl OT palUOHAILHBIX (QYHKUUH BU-

na R(x™).

k—n—1 o |
4.147. JlokasaTh, 4TO L/ di = ! (n+k—2) (n n
27r1,o gk (2n)n+k=1(k — 1)!(n — 1)!

k HaTypanabHbie uuciaa), roe C npsMas, napajiieibHasa AeficTBU-
TeNBHO 0CU U OTCeKalolas Ha MHUMON 0CH OTpe3okK, paBubiii h (h > 0).
1
4.148. BoiuncauTh HMHTErpan —/L (k — watypannHoe

27r1,o h(r —2)

qucino), rae C KOHTYp Tpenblayuieii 3agaun.

B szapgauax 4.149-4.152, noanaysch nevmmoit fRopnana (cm. 3ana-
gy 3.17), BEIUUCAUTH yKazaHHbIE UHTErpabl.

4.149. 1) /M 2) /M
2 —2x+ 10 22— 27 + 10
e J
rsmxaxr
4.150. [ romrar
50 /fli2+4.1:+2(]
— 00
oo

4.151. / C?S_{_a;; dz (a n b — monomuTeNLHEIE YNCE).
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T sin (IT
4.152. / dr (aub  monomuUTeIbHDLIE YUCA).

24 b2

4.153. Iycts f(2) =e™*F(z), rne m > 0, a pynruusa F(z) o6nanaet

cilegyriomnumMn CBROMCTRaMMU:

1) B BerHeI‘/JI MoaynjaoCKOCTU OHa MMeeT KOHeUYHOoe YUCIO 0COOBIX TO-

Yer ajp, as, ..., Qn;

2) aHaIUTHWUYHAa BO BCeX TOUKAaX NelCTBUTENLHON ocu, KpomMe TO4YeR T,

T, vy Ty, ABAAIOMMXCA MPOCTHIMU MOJIOCAMU;
3) F(z) » 0, ectu z > 00 u Imz > 0.
IIORa?aTb 4TOo

/ f(x)dx = 2777{ Z res [f(2)]:za, + %Z res[f(2)]
k=1

k=1

Z=T }7

rage I/IHTera.ﬂ NMnNoHMMaeTCHd B CMbIC/Ie INIaBHOI'O 3HaAYeHUuA (OTHOCI/ITGHI:HO

BCEX TOYER Tj U 00).

B zagauax 4.154—4.158 HaitTu riaBHbIe 3HAYEHUA YKa3aHHBIX WHTEr-

paioB (¢t  meficTBUTeIbLHOE lmcno)
(o]

it
4.154. /"‘ 4.155. /M
xr

2 —5x+6

4.156. / S‘”dm __smzdr 4 q5y, /Com z. 4.158./;305”?4@13;.
— T

z—1)

B sanauax 4.159-4.164 BeIunCINThL yKazaHHble UHTerpaibl (a u b —

HOJ'IO}RI/ITGJII:HLIG lII/ICJ'Ia)

4.159. /
+
cos 2ax — cos 2bx

4.162. 70— dz.

2

0
) /
T

4.163. /Sm;m d
=

Yraszanue. Bocnoan3oBaThes

sin ax dx
2+0%)

b sinax

dz. 4.160. /

4.161. /

sin ax dx

v)
N

AN

+ b2)2 :

HWHTEerpajioM /7(12’ rge KOH- —_—

c
Typ C yRasaH Ha puc. 15.

sm x

4.164. /

‘31,2 _3 /zz + 2
/# dz, rne woutyp C ykasau Ha puc. 15.
C

6*

ol p —=C

Puc. 15

Yrazanue. BocnoabsoBaTbhes HNHTerpajioM
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Y B 3amauax 4.165 4.168 BeIYHCAUTEL UHTET pa-
ab1, cuutas, uro 2P > 0 mpu z > 0 (3T0 ycnoBue
coxpaHfeTcsa BO BCeX MOCHeAyIOMUX 3amadax).

| N 7

C 4.165. 1) /mp’]cosamdm (a>0,0<p<);
0
NN — °°
ol P R = 2) /mp’lsinamdm (a>0, —1<p<1l).
Pue. 16

Yrxazaunue. BocnoabsoBarhes nHrTerpaiom

/zp’]e’az dz, rne woutyp C yrasan Ha puc. 16.
e,
oo

4.166. /cosmp dr (p>1). 4.167. /sinmp dz (|p| > 1).
0 0

P

oo, P 1
4.168. /Smm da (p>§).
d

4.169. Mycrts paunonanbuas GyHruusA f(z) UMeeT NOIIOCHL (v, A, ...
..ty Oy, HU OJUH U3 KOTOPBLIX HE JEeHUT Ha MOJOMMUTENLHON YyacTu aeicT-
BUTENLHON OCU M He paBeH HYI0, U p — TaKoe AeMCTBUTENLHOE UNCIIO,
" wto lim [7+ £(2)] = lim [27+1f(2)] =0,

loraszaThb, 4TO:

1) ecniu p He nen0€ UKCHO, TO

7mpf(m) dx = "
0 _ T -mpi Z res [2Pf(2)]:=an;

B sin p P
2) ecii p  1eNO€ YKCIO, TO
oo
/Tpf(T) dx =
Puc. 17 0 =—» res[z’Lnz- f(2)].=a4,
k=1

roe Lnz=In|z|+iargz u 0 < argz < 27.
Yrazanue. PaccMoTpeTh COOTBETCTBEHHO WHTErPalbl /z”f(z) dz
c
u /zp Inz- f(z)dz, roe C — wouTyp, usobpamenunIit Ha puc. 17.
c oo

4.170. Briuncanuthb / de
J xp(

4.171. Jlokasate, uto ['(a)[(1 —a)= —— (0<a<1).

sin wa
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YrasaHnue. Bocrnonb3oBaThC M3BECTHBIM COOTHOIIEHHEM MEMKIY
sitneposeivMu nnterpanamu I'(a)'(b) = I'(a + b)B(a,b) u nponasectu B
1

UHTerpaie, onpeeisionieM 6ata-bpyuriuio B(a, b) = /m””l(l —z)" 1 dx,
0
3aMeHy nepemMenHoit, monoxus z = y/(1 + y).

MpumMmeuanne. CooTHOMeEHNe, AOKasbiBaeMoe B 3ajade JUIL /A
NefiCTBUTENLHBIX Yncen a, 3akIioueHHbix B untepsane (0,1), cnpaBemnu-
BO [JIf BCeX KOMILIEKCHBIX yncel. Ilpu z = —n, roe n HaTypaibHoe
yucao, ofe 4yacTH paBeHCTBa 06pamaiTea B 0.

B zagauax 4.172-4.174 BLIUMCAUTEL yKa3aHHbIe MHTErpabl.

TdT

s (m1<p<3).

4172/“”‘“’ 1<p<1). 4.173. /(1

4.174. / T

—_ (-1 1, — .
2+ 2rcos A+ 1 ( <p<l —m<A<n)
0

4.175. Oycts panuonanshasa GyHruusA f(z) UMeeT Ha MONOUTEIb-
HON uacTu [OefiCTBUTENbHON ocK TOMIOCHhI JUIlL MepBOro mnopsagxa (i,
B2y oy Bm, @ CPEIN APYTUX ee MOMOCOB 1, (2, ..., Oy (€CIU OHU €CTh)
HeT paBHoro Hyao. llyeTh manee p  Takoe geficTBUTeNbHOE UUCIO, UYTO

lim [o7f(2)] = lim [7*1f()] = 0.

JlorasaTh, moHUMasA TOA WHTErpajoM ero rjaBHOe 3HaYeHUe, YTO:
1) ecau p He menoe 4ucno, TO

[a? £ () do =
Co_ 7 ” e TP Z res [2P f(2)].=a, — metgmp Z Br res [f(2)] =g,
sin P P

roe zP >0 npu x > 0;
2) ecnu p — 1eloe 4uciao, To

oo

/Tpf(T) dx

0 m

= 7Zres [2PInz - f(2)].ma, Zﬂf In B + mi)res [f(2)]:=5,;

k=1 k=1
BeTBb Ln z BbIOUpaeTca Tak e, kak B 3agade 4.169.

B zapmauax 4.176—4.178 BbIUUCAUTL TJaBHbIe 3HAYEHWA WHTErpajioB.

oo d oo .2d
T ar T axr
4176 [ 2 aarr. [
0 0
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dT
1—e¢

Oorlrpdm
4.178./1_36 (—-1<p<0). 4.179. / 0<p<1).
0

B 2aﬂaqax 4.180-4.186 BLIYUCAUTEL yKa3aHHbIE UHTErpabl.

' Pl —2)P
4.180. / L dr (-1 <p<2). VYraszaune. Paccmor-

1 P 1—
peTh /% dz, roe C — ywazauubiit Ha puc. 18 KOHTYp, orpa-
’ HUYUBaAIOUUH  OBYCBA3HYIO 00JacTh,

] u nepeiitu & npemeny npu R — oo.
1 p _ P
4.181. /liﬂdm (-1 <
1+ 22
<p<2).

Yrazaunwue. JlokaszaTb, 4TO

2'7P(1 = 2)P

lim = dz = 2mie P,
R—o0 . 1+ 22
Cr
rae Cpr o6xoauMas B IOJ0MUTEND-

Puc. 18

HOM  HamnpaBleHUNM OKDYM#HOCTh |[z]| = R.

0
4.183. /1( v ),, 0 (1<p<i, a>0).
J 1—2/) z+a ’
4.184. /](L)pdim (~1<p<1, a>0).
J 1—x/) (z+a)? ’
1

4.185. / A+a) P =2) b0 (1 cp<2)

14 22

f d
4.186. / il .

J(@+1) x2(1 —x)

1
dr
4.187. BpruneauTs MHTErpai /7 rore V1—22>0
P k2 (z —a)V1—2> A

npu —1< x <1, a— wommiaekcHoe yucio u a = £1. Haiitu, B yacT-
HOCTH, 3HauveHusi uHTerpana mnpu a = +e'* (0 < a < 7), a = iy
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1 —1 < a <1 (rnaBHOe 3HaueHue).

1
P71 —2) 7P

4.188. Brruucauth nHTErpal / de, tne 0 <p<1,

b—=x
b — wommiekcHoe uncio u b # 0, b# 1.
dx
4.189. Boiuucauth uHTErpail Ve (n=2,3,..).
— T
0
dz
Ywrazauwue. Pacemorpers uHTerpain Tk roe C' — KOHTYp,
—Z
C
COCTOAIMI U3 paspesos 10 paguycaM-BekTopaM Touek 1, w, w?, ..., w1,
Yy
-

-

/A

— e 0

Puc. 19 Puc. 20

rue w = 627”/”, u okpysHocTH |z| = R > 1. (3T0oT uHTErpan MoeT GhITh

BBIUUCIEH U C IOMOUILIO 63Ta-QyHKIMN Jitnepa.)
B zagauax 4.190-4.195 Brrancants unterpanet (a > 0).

lnxdx

4.190. /

Yrxazanue. BocnoansoBarhes MHTerpaiaioM

/I?Zdz_,, roe kouTyp C yrasan Ha puc. 19.
z-+a°

7

Inxdx Inxdzx

0. 9
In" zdzx
4.191./+. 4.192. / . 4.193. /
| Vi@ T @) NCICESIES

1
4.194. /ln (l — af) de > Yraszanune. Broluncanth OeificTBU-
) T 14+ 22
1 dz
TeJbHYIO YacTh MHTerpana /ln (7 — z) T4 roe C KOHTYp, YyKa-
. z 2

C
3aHHbIi Ha puc. 20.

1
4.195. /1n1_”” de

r T4+a
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4.196. Mycts f(2) pauvoHanbHad (YyHKIUA, HE UMelomas MoJio-
COB Ha MOJOMUTENLHONH 4yacTu AeficTBUTENLHOI ocu M B Touke 2z = (),

npudem f(z) = O(l) npu z — oo.
x
HorazaTh, ‘JTO

f(m ) dx [ ]
) In’z + =2 —Zre@ anfm

Y

roe a; = —1, a a9, as, ..., an To-
mockl  GyHruuu - f(z), OTAMYHbIE

z or —1,u Lnz=In|z|+iargz, 0 <
<argz < 2m.

Ywrxazauwue. Paccmorperh uH-

Terpain —/7) dz, TIe KOH-
27t ) Lmz — mi

Typ C yRa3aH Ha puc. 21.

B zamauax 4.197-4.199 Bbrunc-
JUTH HUHTerpaibl, cuurtasg, uto a > 0 u n HaTypajlbHOE YHCIIO.

Puc. 21

; ) dx
4.197. 1) 0/(Ha)(lngﬁﬂ, 2) | @rame

dx
(22 4+ a)[In’ z + (2n + 1)27?]
Y raszanue. Bocnonn3oBaThes HHTerpajiom

o0
4.198. /
o

1 1 1
(/22+a2 [an_(2n+1)m'+an—(2n—1)7rz' 1

+ Lnz+ (2n — 1)mi dz,

rae Koutyp C' ykasaH Ha puc. 21, a BeTBbL Ln z BbiOpaHa Tak ke, Kak B
3amaue 4.196.

dx
(z2 4+ a?)(In’ z + 4n2x?)

4.199. /

Yraga H ne. BocrnoabzoBaThes HHTerpajiom

1 1 1 1
i ———————1d
(/22+a9 [an—?nﬂi+an—(2n—2)7ri+ +an+(2n—2)m’ =

rae soutyp C' ykaszan Ha puc. 22, a BeTBhL Ln z BhiOpaHa Tai #e, Kak B
3agaue 4.196.
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Puc. 22 Puc. 23

4.200. HOyerts f(z)  paunonHanbHas QyHKINSA, HE HMEIOMAs MOMI0COB
Ha He3aMKHYTOM KoHType (', HaYalhHafg TOUKA KOTOPOTO a U KOHeuHas b.
lorkazaThk, 4TO

/f(z)dz = Zres [f(z)Ln
¢

z—>

z—alz=c0

z — b] + res [f(z)Ln

z a

rie cyMMHMpOBaHUe MPOU3BOAUTCSA 10 BeeM momocaM GyHuunn f(z), or-
AUYHBIM OT oo (BbIGOp omHO3HauHOi BHe C' BeTBH Jorapudma mpous-
BOJIEH).

-b

z
zZ—a

Ywrazaunwue. PaccmoTpeTh /f(z) Ln dz, rae woutyp I', orpa-

r
HUYUBAIOWNI ABYCBA3HYIO 06JacTh, yKasaH Ha puc. 23.

B zapmauax 4.201 4.205 nafiTu yrasaHHble WHTerpajbl, CUUTaA 4UC-
10 a OefiCTBUTENbLHBIM.

e dx

4.201. / e sy 0<e<2).
e’ dz
Yrazauue. BocrnoianzoBaThei MHTErpaioM /—,
2 (e +1)(e* +2)
roe C npAMOYTOdbHUK ¢ Bepmunamu —R, R, R+ 2mi, —R + 27i.

o0
sin az dx
4.202. /T Yrazaunwue. Bocrmoab3oBaThcA WHTErpajioM
. shz
0
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Y
2mi
| |
o] S
o 0] o
Puc. 24

arz
/‘ hdz, roie koHTyp C' yrasan Ha puc. 24.
shz

7

oo

4.203. /cosn,mdm. 4.204. /’I‘(‘Oi(lT(iT.
J chz

4.205. /Ch‘” dr (-7 <a<m).
chmzx
0

Yrazanue. Bocnoab3zoBaTbes HMHTerpanom / ha, o TAe C
. cnmz
rpanuna npamoyroabiuka —a < Rez < a, 0 <Imz < 1.
msmmdm
4.206. | ————————— (a>0).
1+4+a%*—2acoszx
dz
Yrazanue. Bocrnoab3oBaThcA MHTErpaaoMm / o THe C —

rpanuna npamoyroibuuka —7 < Rez <7, 0 <Imz < h, u nepeiitu K
npeneny npu h — oo.

Uunrterpanny, cBA3aHHble ¢ popMynoili obpameHnud
npeo6pa3oBanud Jlannaca

Otcioga u go wouua maparpada npeanonaraercs, uto ¢ > 0, C7 —
npaAMas Re z = a > 0, npoxoauMas cHU3Y BBepX, IpUUeM « BbIOpaHO Tak,
YTO Bce 0coOble TOUKHM MOObIHTEr palbHONH (GYHKIMK pacnooeHbl BIeBO

or (.

4.207. Jlorasatsb, uto ecan f(z) = 0 npu Imz — +oo, a3 < Rez <
< as n pyuruua f(z) anamutuuna B monoce ; < Rez < ag, To unTer-
pain /f(z) dz, roe C npsaMasa Rez = a, He 3aBUCUT OoT BbIbopa a,

c
ecin a1 < a < Q.
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B zamauax 4.208 4.213 naiitu uHTerpanet (n  HATypalbHOE YKCIO).

zt 2
4.208. 1) e /ﬂ 2) 1 /t dz (12 = ezInt),

2mi Znl )’ 2mi ) Zn+
Ch Ch
zt zt
4.200. 1 [ % 4919, L / o dz
2ri J (2 —a)?+h) 2w ) 22 +1
1 (&}
1 ze*t dz 1 e*tdz
4.211.1) o / T Y5 / s
Ch Ch
1 e*tdz 1 t*dz
4.212. — . 4213 — [ ——M———.
27ric,/ (z—a)(z—b)(z—¢) 3 Zﬂié/ 2(z+1)...(z + n)
1 1

4.214. Hoassysaco Tosaectsom [(2)T(1 — z) =

(cM. mpumeua-

sin 7z
Hue & 3agade 4.171) noxazath, uto mpu Rev < 0
! /62 dz _ ! rge KOHT KasaH
omi) 21 T+l YP o yReE
¥
Ha puc. 25.

Mpumeuvanue. Tar Kark wuHTerpain

Puc. 25

1 e*dz
cxogutea v npu Rev > 0, To oH npogof#saeT aHaIUTUYECKN

2mi ) zv+l
g 1
HRKIUIO ———— Ha BCIO IIJOCKOCTE.
(bYHRUHIO oy
1 e*tdz tY
4.215. 3aTh, R -1 — / - .
JlokazaTh, uto mpu Rev > 57 s T D)
Cy

B zapgauax 4.216 4.227 nafiTu ykasaHHble HHTErpabl.

1 e*tdz 1 et dz 1 e*tdz
4.216.1) — 7 2) — . 4217, — | —=.
) 27r1id V142 ) 271-7,0 Vz+i 2md 21+ 2z
1 1 1
zt zt —Tz
4.218. /%. 4.219. 1 /wdz
27’1’1,(; (z+1),/z+2 27’1’1,(; 2241
/1 71

zt(q _ —az)2
4.220. /Mdz (a>0).
27rzp 1
1

zt
4.221. i /% (a>0). Yrasauune. BocnoabsoBarbes
2w ) z(1 —e—97)
/1

1
paznomenneM ———— = 1 4+ e~ %% 4 720 |
1—-eaz
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tz—xz\/z
A 4.222. % /eidz > 0).
™, 4
—\ 01
/ Yrazauue. 3amenutrs (| KOHTY-

poMm, yKazaHHbIM Ha puc. 26.
zt
4.223. /Mdz (@>r>

271 rz sha/z
=™\ e a1 Ve
— YW = >0).
0 zt
4.224. 1 /Mdz.
21 z
\ p 1
4.225. o~ [e*'m (i) dz.
2mi —1
Cy
o0 z—at/z
Puc. 26 4.226. /dt/e ——dz (a>0).
0 (&
Yrazauwue. [lepeMeHUTH MOPAJOK WHTETPUPOBAHNA.
bz o0
4.227. 2L /e—dz/e’““}””dm (a > 0, b — neilicTBUTENLHOE
™. z .
4 0
YUCIO). us
Yrazanue. Bocnoab3oBaTheAa TeM, 4TO / dz =0 npu u > 0.

&
4.228. Ucxonsa us pasioxmenus B pAn pyHruuu beccens

LN Ry
J”(Z)I;)k!r(k+u+1)(§) :

J0Ka3aTh UHTerpaibHble NpeacTaBienus (7 — KOHTYD, yKasaHHbIA B 3a-
naue 4.214);
2
1 et /0
1) €

27 cvt
J
¢—z%/140) v
9) ! IE dc=(2)Ju2) (Rew>-1).

ﬁ . CV+1
Cy

ac=(2) 1.0

Ywrazaunue. Paznomutb B pAd  QYHRIUIO e=2"/(4)  y  poc-

noJib30BaThcA pemieHueM 3aaad4 4.214 u 4.215. YA
4.229. JlorazaTh, uto npu Rez > 0 —= I = =3
_ L[ izsinc—ine
T2 =5 [e dc, T l r
T
rue T KOHTYP, yKazaHHbIH

Ha puc. 27, U NOIYYUThL OTCIOMA, YTO €CIU Puc. 27
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n nejoe 4ucjio nujan HYlIb, TO
m

1
J = — [ cos(zsin { — n()d(.
WJ

B zapmauax 4.230-4.232 HaiiTu uHTerpanel, cogep:amue GyHKIUU
Beccens.

4.230. /e’“Jn(t)dt (Rex >0, n  wemoe 4ucio).

0
Y raszaunue. Bocnoab3oBaThesa HWHTerpalbHbBIM NIpeacTaB/ieHrneM Ipe-
ﬂblﬂymeﬁ 3aJauyn 1 U3MEHUTh NMOPAJOK MHTErprupoBaHUA.

4.231. 1) /Jg(at) cosbtdt; 2) /Jo(at) sinbtdt (a u b — mono-

MUTe/lbHbIE ‘JI/IC.HH).

sinty/x
/2

Y raszanue. Bocnonn3oBaThes TeM, 4TO

sin ut _ Vvt 1 g2 Ut/ (42)
]1/2( ut) = “——5— /7,, dz
U 2 27r1,o 23/2

1

4.232. /coqbr Sde (8> |b).

(cm. 3apauy 4.228), 1 UBMEHUTH MOPANOK UHTETPUPOBAHUS.

AcuMnrToTHndecKoe noBegeHnue I/IHTeraJ'IOB3)

4.233. Mycrsh ananutudeckasa QyHEIUA @(z) umeer ciaeBa ot C
JTUIIL KOHEYHOE YMCI0 0COOhIX TOUeK, MPUUEeM BCe OHU — MOJIOCKHI, U
»(z) = 0 nput z — oo 1 Re z < . O6ozHaUNM

1 t
t) = — /ez z)dz.
1) = 5 [eol2)
Cy
Haiitu lim f(¢). PaccMoTpeTh pasiaudHble cliyuyan pacrnoiozkeHus Mo-
t—00
JMIOCOB OTHOCUTEILHO MHUMOI ocu.
Yraszanue. BocroabszoBarnes aemmoii Ropaoana (em. sagauy 3.17).

4.234. MycTr ananutudeckasa GyHsuus ¢(z) umeet ciena ot Cp Ko-
HEeUHOe YMCI0 0cobhix Touek n ¢(z) — 0 mpu z — oo u Rez < a.

3) To moBopy 3ajad aTOro UMKIA, 8 TaKk#e N0 BONPOCY MPUMEHEHWA aCHMIITO-
TUYECKUX OLEHOK W APYTMX METOAOB MX MOIy4YeHUs CM., Hanpumep, [3, ra. V, §3];
dyrc b. A, Jlesun B. . DyHKIUNU KOMIIEKCHOrO MEepeMEHHOro U HEKOTOpble MX
MPUI0REHUA M.: I'ocTexusznat, 1951. I'n. IV; EBrpados M. A. AcumnroTuyec-
KHUe OIleHKU U nenble QYyHKIWU. M.: ®usmatrus, 1962.



94 I'a. IV. Psad Jlopara. Ocobvle moukl 00HOSHAYHBLL GHAAUMUYLECKUT PYHKYUL

HORaSaTb, 4TO Npu 00JbIINX 3HAaUEHUAX f MMeeT MeCTO acCUMIITOTHU-

4yeCroe paBeHCTBO
o [ e@)dz ~ Y res [ (2)],
Cy

rae cymma Gepercs MO BCeM 0COOBIM To4YKaMm (z) ¢ HeoTpHUlaTelhHO
neficTBUTEJLHON YacThlO.

Mpumeuanue. ®yuxuun f(t) u F(t) acumnmomuuecku pasHbl
1.

f)

mpu ¢ — oo (f(t) ~ F(t)), ecan lim F(t)

4.235. HccnenoBaTh acCUMITOTHUYECKOE TOBeleHUE NpU T — oo QyHK-

ann 1 zt (]

e 1.z
t)=— [ — 2 .
F®) 27 /zz(z—i-a)3 (Rea > 0)

/1
4.236. HaiiTu acumntoTuyeckoe BhIpaskeHue npu t — oo QYyHKIUU
1 zﬁztfx/zerZaz

t:f/ § dz (w>0,a>0
f( ) 2mi ) (2 — wi)V2? + 2az ( )

Cy

rae V22 + 2az > 0 npu z > 0.

Yrazauwue. 3amenuth KoHTYp (7 KOHTYpOM, HU300pa#eHHbIM Ha
puc. 26, u gokazaThb, YTO HUHTerpaibl [0 AyraM OKPY:KHOCTHU U IO OT-
puLaTelbHOR YyacTu AefCTBUTENLHON OCU CTPEMATCA K HYIIIO NPpU § — 00.

0o
Cn
Psan E —Z HA3LIBAETCA ACUMNMOMUYECKUM pasioyceHuem GyHk-
z
n=0 k

yuu f(z) npn z = oo, ecim lim 2F [f(z) — Z C—Z] =0(k=0,1,2,..).
Z—00 n—0 z"
(Orciopa He clieayeT CXOAUMOCTh pAja.)

PaCCManI/IBa}OT 4acTo TaKMe aCUMMITOTHYEeCKHEe pas/osKreHUA 6ojee

o6wero Buga. Hycrs {q,(z)} — mnpousBoabHas nocieROBaTENILHOCTE
¢Gbyuruuit rakas, uro lim ni1(2) _ 0, a {un(2z)} — nocnenorBartennHoCTh,
Z— 00
YIOBJIETBOPAIOMIAS YCIOBUAM
lim Hni(2) _ 0, lim pin (2) >0
z—oe  q(2) z—00| qn(z)

)
Pan E Cn/J,n(Z) Ha3bIBaeTCA acumnmomuiecKum pa3forteHuem ﬁyHH—
n=0

A f(Z) f(Z) ~ Z Cnﬂn(z)v
k n=0
ccan lim s [f(z) -y cnun(z)] =0 (k=0,1,2,..).

n=0
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YacTo B KayecTBe MocCief0BaTeNbHOCTH {u,(2)} BoIGUpaAIOT mociemno-
BaTenbHoCTh {1/2%"}, rioe a,, — nonomuUTeNLHbIE JeHCTBUTEILHbIE UNC-
71a, MOHOTOHHO CTPEMSIHUECs K 00.

4.237. llorazaTb, uto npu x > 0

00—t

e o2t 4l ~yn (2n)!
./1+t'2 " tos et (D) g T
0

T 3 o p2n+l

Y raszanue. Boconn3oBaThes paBeHCTBOM

1 2, 44 npan (D)
— =1t tt— ... —1)"t
1+t + +(=1) + 1412
U OIIEHUTh OCTATOUHBIN UJEH.
4.238. lloxkazaTh, 4To npu z > 0
Tevt 11,2 n!
dt ~—— =+ = — ..+ (-1)"—
/ t T .’L‘Q + .’153 +( ) .’I,"n’+l

T
YrazaHnue. I/IHTerI/IpOBaTh o 4yaCcTAM M OLUEHUTL OCTaToOR.

4.239*. JlokazaTh, uto npu x > 0

z—t

[ qm - +—+—+ T )
/= ¢

Tn

—
rje Nnoja WHTerpajoM MOHUMAaeTCA ero riaBHOe 3HauyeHUe.
4.240. JlorazaTb, 4TO l'IpI/I ,Hef/'ICTBI/ITeJ]I:HbIX 3HAYeHUAX &

o
t—=x f Z 2"nn| 2n+1°

—o00
rge nog HTerpaaomMm MnmoHMMaeTCHd ero riliaBHoe 3HavyeHue.

4.241. JlokazaTh, 4YTO NPU JA€HCTBUTEILHbIX 3HAUEHUAX T

[Stan 3T r(E)L ws b0
0 n=1

rge npu xr > 0 noa MHTerpaljoM INOHMMAaeTCA ero rjaBHOe 3Ha4dYeHue.

4.242%*. JlokasaTb, 4TO

z
1 1 1 1-3.
/eZQ*tht ~ ig e — (— - g3 135, ),

2z 2278 2325 2427

0
npuyeM 3HaKU + uUaAuM — 6epyTcA COOTBETCTBeHHO ToMmy, OyaeT Rez >
> 0 uwin Rez < 0. Ecin Rez = 0, To cinaraemoe nepen cKOOKOM MO#SHO
OMYyCTUTh.

4.243. HaiiTn acumMntoTruyeckoe pazioxmenne QyHKIUN

f(t)zi./% (> 0).

27 ) 224w
Cy
HaiiTu Ttarme pasnosenve f(t) npu maiom t.
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Yrazanue. 3avenutrh (| KOHTYpOM, YKaszaHHbIM Ha puc. 28. [lna

ocef'”ﬁ dx

nonry4dyeHrufa acCHUMIITOTHUYECKOro pasaJjoxeHuA MWHTerpala / ,,+ 5
T+ w?
¥ ey
Ly
21

/

@

Puc. 28 Puc. 29

BOCMNONb30BaThCcA yKazaHueM K 3amaue 4.237. [Ipu mamom ¢ caenyer C

BRIOpATh Tak, 4TOObI @ ObLIO OOJbIIE W, U PasloMUTh —; > B pAL.
+ w-

4.244. JlokazaTh, 4TO
1 et T 1 \4ntl
wi | e w9~ om (o)
27rz'(/ NS R \/‘Z W

1

4.245. HaiiTu acumMntoTudecKkoe pasioxeHne QyHRIUU

_ 1 EZt dz 3/2
B

Monyunth Takme npuGanmennyio opmyay mas f(t) npu Maiom t.

Yrazanue. I[.TIH nojgydyeHma aCuMITOTUYECRKOT O pa?HO}KeHI/IH 3aMe-

HUTL (] ROHTYpOM, YKazaHHBIM Ha puc. 29, roe z; = —= + i zy =
1 iV 3

=5 lT Mpu manom ¢ a6euucey npamoit Cy cienyer B3ATh OofbIie

eqUHUIIBI.

§ 5. Pacnpenenenue Hymeii. OGpalieHue pAIOB
Teopema Pyme

B zamauax 4.246-4.247, nonn3ydAck Teopemoii Pyrie, HaliTH KoauyecT-
BO JleRallluX BHYTpU Kpyra |z| < 1 KopHeil DaHHBIX ypaBHEHMUIi.

4.246. 2° — 220+ 22 - 82 —-2=0.
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4.247. 22° — 2% 4322 —24+8=10. 4.248. 2" —5z* +22 -2 =0.

4.249. JlokazaTb, 4TO ec/ii BO BceX Toukax KoHTypa C' crpaBeIanuBo
HEepaBeHCTBO

\akzk| > lag+arz + ...+ ap_12"7 1+ ak+1zk+1 + ...+ a,2"|,
TO MHOTOUJEH ag + a1z + ... + a, 2" umeet k Hyieit BHyTpu KoHTypa C,
ecau Touka z = () IesUT BHYTPU 3TOr0 KOHTYpa, U He UMeeT HyJell, eciin
OHa 1euT BHe KoHTypa C.

4.250. Cronbko KopHeiit ypaBHenua z* —5z+1 =0 HaxomuTcs: B
Kpyre |z| < 1; B koabue 1< |z| <27

4.251. Cronbko kopHeil ypapuenus z* — 8z 4+ 10 = (0 maxogutca: B
kpyre |z| < 1; B Koabue 1< |z| < 3?

4.252. CronbKo KOpHeil nMeeT B Kpyre |z| < 1 ypaBHeHMe

2"zl arz+ as =0,
ecin |ag| > |ag| + a2l +1 (n naTypanabHoe uucio)?

4.253. CronbKo KopHeil nMeeT B kpyre |z| < 1 ypaBuenue z = ¢(z),
ecin npu |z| < 1 dynruusa (z) aHanuTHYHA W yIOBIETBOPAET Hepa-
BeHCTBY |p(z)] < 17

4.254. Cronbko KopHeil umMeeT B Kpyre |z| < 1 ypaBHeHue

e*—4z"+1=0 (n — nHarypanbHoe uncno)?

4.255. Cronbko KopHell nmeeT B kpyre |z| < R yparuenne e® = az"
(n  HaTypaibHoe umcio), ecau |a| > ef/R" ?

4.256. Jloraszath, 4yTo ypaBHeHue z = A —e * (A > 1) umeer B mnpa-
BO# MOMYMIOCKOCTH €IMHCTBEHHbBIN (1 MPUTOM IeHCTBUTENLHBIN) KOPEHb.

4.257*. JlokazaTh, uTo, Kak Okl Malo HU GbLIO p > (), MpU JOCTa-

1
TOYHO G0JbIIOM 1 Bee Hymu GpyHRumu f,(2) =1+ -+ —— + ...+
z 2122 nlzn
HaxomATeA B Kpyre |z] < p.

4.258. JlorazaThb, 4To ecau p < 1, To MHOrouj1eH
Po(2) =1422+322 + ... +n2"""
Npy A0CTATOYHO GOJBLIIOM 7 HE MMeeT KOpHeil B Kpyre |z| < p.
Ywrazanue. Bocnonb3oBaThea MeToaoM peleHud 3agadu 4.257.

lIpuuuun aprymMeHnra

4.259. Oyuruus p(z) mepoMopdHa B o6aactu (G U aHAIUTUYHA HA e
rpanune C. lokazaTh clefyiomme yTRep# IeHN:

1) ecau |p(z)| < 1 va C, To unciao naxopsmuxcs B obaactu G KopHeii
ypaBHeHus ¢(z) = 1 paBHo uncay mnoaiocoB ¢pyHsuuu p(z) B obaactu Gj

2) ecn |@(2)| > 1 va C, To yncio naxogsamwmxes B obaactu G KopHei
ypaBHenusi ¢(z) = 1 paBHo uucay uyieit pyuruun ¢(z) B obaactu G;

3) yrtBepsaenusi 1) u 2) ocraioTes crpaBelUBLIME, €CIH ypaBHe-
e ¢(z) =1 a3aMeHuTh ypaBHeHneM ¢(z) = «, npuuem |a] >1 Bcay-
yae 1) u |a| <1 B cayuae 2).

7 JI.V1. BoakoBbICKHWIT 1 ap.
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4.260. Ilycth HU oguH U3 HYJell MHOTOUYJEeHA
Po(z)=2"4a12" "+ .. +an
He Je#sUT HA MHUMOH OCH.

JlokazaTh, UTO KOrja Touka z nmpoferaer cBepXy BHU3 MHUMYIO OCh,
npupaimenue aprymenta P,(z) paBuo km, rme k  1uenoe uucio Toii e
9eTHOCTH, YTO U n, npudem |k| < n.

Jlokazath, uTo npu 3TOM MHOrO4IeH P, (z) uMeeT B npaBoii noayrioc-
roetu (n + k)/2 nyneit.

Ywrazauwue. [IpeacraButh P,(z) B Buge

P,(2) = z”(l + % o+ Z—:)
¥ NPUMEHUThL MPUHOWI aprymeHTta K moaykpyry |z| < R, Rez > 0,
npu J0CTAaTOUHO GodbinoM R.
4.261. HaiiTu KoauyecTBO KOpHeHl MHOTOUYJEeHa
25425 4628 +527 + 827 +4z2+ 1
B TpaBoil MOAYNIOCKOCTH.

4.262. HaiiTu KonnM4yecTBO KOpHell ypaBHeHUA
2P+ 2234322 +2+42=0
B MpaBoii MOAYMJIOCKOCTH U B NMEPBOM KBajpaHTe.

4.263. CrolbKO KOpHEll B KamI0M KBagpaHTe UMeeT ypaBHEHUE
22" =327 +322 2+ 1=07

4.264. B rakux KBagpaHTax JekaT KOPHU ypaBHeHUA
24P 44224 2:243=07

4.265. JlokazaTh, YTO YUCI0 KOpPHEH ypaBHEHUA
Z?n +a22n71 +ﬂ2 =0
(¢ m (B — peiicTRuTenkHbie yncna, a # 0, B #0; n — HaTypanbHOoe
YUCIO0), MMEIOMUX MON0KUTEIbHYIO NeHCTBUTEIbHYIO 4YacTh, PaBHO 7,
ecan n deTHoe. Eean ke n HedeTHoe, TO UMCIO UX paBHO N — 1,
ecii > 0, un+1, ecin a < 0.

Yraszaunue. PaccMoTpers npupamenue —arg (22" + az?" ! + 32),
KOrJa TOYKa z OMHChIBaeT IpaHULy NpaBOro NOIyKpyra 60JbILIOTO pa-
auyca.

Ecnu kosdpunmenTsl MHOrOUIeHA

Pu2)=2"4+a2" '+ .. +a,_1z+ay,
3aBHUCAT HENpPepbIBHO OT AefCTBUTENLHBIX MapaMeTpoB «a, [, TO Il To-
ro, 4ToGbl HAWTU 3aBUCUMOCThL 4duciaa Hynrei P,(z), pacrnoloseHHbIX B
npapoil MOAYMJIOCKOCTH, OT MapaMeTPOB, MOHO TOCTYNATh CAeIYIOMNUM
06pa3oM (HMCXOMfA U3 TOrO, UTO KakAblil HYIL HEMPEPbIBHO 3aBUCUT OT
K03 PUIMEHTOB MHOTOU/IEHaA).

[Moctpouts B muockoctu a, f nuaun P, (i7) =0 (7 — meficTBuTens-
HbIil mapamMeTp), T. €. JMHUU, IJSl TOYEK KOTOPbIX CPeIU KOpHeil MHOro-
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qjeHa UMEIOTCA YUCTO MHUMbIe KOPHU (WM HYIb). ITU JAUHUUA AENAT
MIOCKOCTh v, 3 HA 061acTH, B Kama0il U3 KOTOphIX uucio Hymteit P,(z)
C MOJOKUTENbHON OeficTBUTENbHON YacThIo MOCTOAHHO. JTO YUCIO MO3K-
HO HaiiTW, B3fIB NPOU3BOJILHYIO TOUKY COOTBETCTBYIONIell obgacTu u
NpUMEHUB K Hell, HanpuMep, MeToa U3 3agaun 4.260.

B zapauax 4.266—4.268 onpegenuTh 061acTu MIOCKOCTU @, (3, B KOTO-
PBIX YHCIO KOpPHEN COOTBETCTBYIOIEro MHorouiena P(z), uMeomux mno-
J0KUTENbHYIO AeMCTBUTENLHYIO YacThb, NOCTOAHHO; HAlTU OAA KakIoil
o61acT ATO YKUCIO M.

4.266. P(2) = 2° + az® + az + (.

4.267. P(z) = 2%+ az® + B2 + 1.

4.268. P(z) =22+ (a+ B)2° + (o — B)z + a.

4.269. llyets  f(z) = Py(2) + Qm(z)e *", toe 7 >0; P,(z) u
@ (2) — B3aMMHO MPOCTHIE MHOTOUIEHBI, TpUYeM 1 > m U f(z) He UMe-
eT HyJeil Ha MHUMOI ocu; N qucio Hyleit Muorounena P,(z) B npaBoii
noJaymiockocTu. JoKasaTh, 4To A TOro, 4Tobbl hyHkuusA f(z) He uMena
HyJeil B MpaBoil MONYTIOCKOCTH, HEOOXOAUMO U I0CTATOYHO, UTOOBI TOY-

(2)
Raw:—Qm()e TZ
Pr(z)
TOUYKY w = 1, B TO BpeMA KaKk TOYKa z 0OXOAUT CHU3Y BBEPX BCIO MHUMYIO
ock (ecau P,(z) uMeeT HyIM HA MHUMOW OCH, TO NPU ABUKEHUN TOURH 2
1o »Toii ocu caenyet Hyiu P, (z) 00X0OUThL ClpaBa Mo MOJIyOKPYHHOCTAM

JOCTAaTOYHO MaljbIX pa)lI/IyCOB) .

06XOHI/IH3 N pai3 B NOJOMUTENBLHOM HalpaB/eHUn

B 3amauax 4.270-4.272, nonn3ysck TeopeMoit 3agaun 4.269, natitu 06-
nacTH B mpocTpaHcTBe KoadduuueHtor a, b (T. e. B miockoctu a, b),
NIl KOTOPBIX BCE HYJAU COOTBETCTBYIOMUX (GYHKIUI JeaT B JeBOil Mo-
TymiIockocTu, nmonarad, uto 7 > 0, a u b — melicTRUTEeNLHBIE uyucna.

4.270. z+a+be TF. 4.271. 22+ az + be T,

4.272. 2% + (az + b)e 7.
4.273. C nomowmnbio TeopemMbl Pylie nokazath, uTo ecin (yHKUUA
w = f(z) B OKPECTHOCTU TOYKH 2zg UMEET PazloMeHue

f(2)=wo+ep(z—20)"+... (cx #0, k> 1),

TO NpU JOCTaTOYHO MailoM r > 0 cymecTByeT Takoe p > (0, yTo nioboe
3HavYeHNe w # Wy U3 Kpy#Ka |w — wo| < p OpUHMMAETCH B TOYHOCTH
k pas B KpymKe |z — 2p| < r, ¥ IPUTOM B pazINYHBIX TOYKAaX.

4.274. Iloab3yach pe3yabTaToM Npeablayileil 3agauu, 10Kka3aTh, YTO
aHanuTudeckasa GyHKLIUA obIagaeT CBOMCTBOM cOXpaHeHUfl 06J1acTH.

4.275. Tonb3yach pesyabTaToM Mpeblayllel 3a1adn, 10Kas3aTh 1A
aHaIuTHYecKoll (QyHKUMU NPUHLIUN MakcuMyma Momayif. JokasaThb, UToO
3TOT MPUHLINN CTIpaBeUIUB 1 MPOU3BOILHBIX HEMPephIBHBIX 0TOBpaM#e-
Huit w = f(z), coxpausonux 06JacThb.

T*
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4.276. [lokazaTb, uTO eciu B yciaoBuax 3amauu 4.273 k=1, 1. e.
f'(20) #0, To yuruusa f(z) ycraHaBanBaeT B3aMMHO OJHO3HAYHOE U KOH-
(hopMHOE COOTBETCTBUE MeAY HEKOTOpPOil OJHOCBA3HONW OKpecT-
HOCTBIO TOYKU 2o U KPYHKOM |w — wq| < p.

Ywraszanwue. Pacemorpers B Epymke |w — wo| < p QyHEOHIO 2 =
= F i (w).

4.277. IlokazaTh, 4TO eciau B ychoBuax 3amauu 4.273 k > 1, 710
byuruusa w = f(z) oro6paskaeT B3AUMHO OJHO3HAYHO HEKOTOPYIO OIHO-
CBA3HYIO OKPECTHOCThL TOUKU zo Ha k-UCTHBIM KPYT C LEHTPOM B TOU-
Ke wy.

4.278. PacnpocTpaHuTh TeopeMbl, AOKa3aHHble B 3amadax 4.276
4.277, na ciyuaii, Korga Touka zg AIBIAETCH MPOCTHIM UM KPATHBIM T0-
aocoMm byuruun f(z).

4.279. JlokazaTh, 4To ecau pasnoxenue GyHsuun f(z) B okpecTHOC-

TU GECKOHEYHO yOaleHHONH TOUKNU UMeeT BUJ
A A A
f(z):A0+—+—+ -+
TO HEKOTOpafd OKPECTHOCThL OECKOHEYHO yuaneHHon TOUYKM MO#ET ObITh
B3alMHO OJHO3HAYHO ¥ KOH(OPMHO 0TOOpasieHa Ha OJHOJUCTHLINA KpYT,
eciu Ay # 0, u Ha k-nuctHbiil, eciu Ay = Ay = ... = A1 =0u Ay #0.

O6pamenue pagoB

4.280. Oycts F(2) = 2z —a — wf(z), npuuem byuruusa f(z) anamu-
THuYHAa B Touke z = a. Iloawnayach Teopemoii Pyme, nokasaTh, 4TO Tpu
[0CTATOYHO MaloM |w| cymecTByeT Kpyr K ¢ HEHTPOM B TOYKe z = a, B
KoTopoM ¢yHENUA F(z) uMeeT Toabko oouH HyJb (npoctoit). Ilokasars
rak#e, uTo ecau f(a) # 0, TO NpU COOTBETCTBYIOLIEM BbIGOpE 3HAUe-
HMA w M00ad TOYKa M3 HEeKOTOPOH OKPEeCTHOCTH TOUKU 2 = G MO#HeT
cTaTh Hynem byuruuu F(z).

4.281. Mycts z = z(w) — oaHO3HAUHAA HYHKINA, ONPEIeNeHHAs MPU
JocTtaTtouHo MaioM |w| ypaBHenueM z —a — wf(z) = 0, dbyusuusa f(z)
aHanuTu4Ha B Touke 2 = a u f(a) # 0. JokazaTh, 4TO 11A BCAKONH (DYHK-
unn $(z), aHamuTHUECKON B TOUKe z = @, MPU [OCTATOYHO MaioM |w|
UMeeT MeCTO pasioMeHue

B(z2) w" d" n
Towfi(z) +Z T dan {®(a)[f(a)]"}.

Yxazanue. Ecin 0602Haq1/1Tb yepes C orpysnocTh kpyra K,
B KOTOpOM ypaBHeHue z —a — wf(z) = 0 uMeeT TOILKO OOUH KOPEHbL
(cMm. 3apauy 4.280), To

®(z) / dc.
T—wf'(z) ~ 2mi C—a—wf(C)

Paznosnuth nanee HOHbIHTeraHbHy}O (GYHELMIO B PAL MO CTENeHAM 1w

1 OLIEHUThL OCTATOYHLII uJjeH.
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4.282. lloab3yAch 0603HaquMHMI/I npeapiayineil 3agaydu, OoKasaThb

dopmyay Jlarpanma ®(2) +Zw| d'nn A (a)[f(a)]"}.

MonyunTs orcioga, B qaCTHOCTI/I‘ pamomem/le camoii (pyHKLUN 2 =
= z(w) B pan Teitnopa.

Yrazauue. lpumennts k dyusuun ®(z)[1 — wf’(z)] pemenne npe-
ObIAyLieil 3agaun.

4.283. PaznoxuTh B pAI M0 cTeNeHAM w Kamaylo U3 BeTBeil hyHK-
uun z(w), onpenenenHoii yparsHenuem w = 2z + 22 (118 ogHoit BeTBU
z(0) = 0, naa mpyroit z(0) = —2).

4.284. PaznomuTh B pAM 10 CTENeHAM w BeTBb GyHKOUMN z = z(w),

o z a
ornpeagereHHon ypaBHEeHUEeM w = 2 5 1
22

4.285. Ucxons u3 onpenenenus noaunomoB Jemanapa P,(z), ¢ no-
1

naa kotopoit z(0) = a.

MOIIILIO Tpou3BoAAmIeit GyHKINN

V1— 2zt +t2
1 d"
oy gon (22— D"

Ywrazanue. B ycrnousax zagauu 4.284 NpUMEHUTH dhopmyny Jlarpan-
1 1— 2
ma & pynsnun P(z) = =

V1 = 2aw + w? 22 —2az+1"

4.286. Odyurnua z = z(w) onpegeneHa B okpecTHOCTH TOUKH w = ()
paBeHCTBOM w = ze **. Pa3iouUThL B pAd MO CTeNeHAM w:

1) z(w); 2) bW,
4.287. Paznomuth no creneHaiMm w GyHruMio z = z(w), onpeneneH-

HYIO B OKpecTHoCTH Touku w = 0 ypaBHenuem Keniepa
z—a=wsinz (a#0,xm,+£27,...).

(cMm. zamauy 3.108) mo-

KaszaTb, uto P,(z) =

4.288*. OnpegenuTh paguyc CXOAUMOCTHU TOJYYEHHOrO B MpeIbImy-
meil 3amave pasiosenus z(w) B caydae, Korga a = w/2.

4.289. JlorazaTh ciaegyoliee o6o6imeHue TeopeMbl Jarpanska. [lycts
f(z) u¢(z)  (yHRUIMU, aHATUTUYECKUE B OKpecTHOCTU Touku a, C
OKPY#HOCTh C LIEHTPOM B TOUKe @ paguyca r Takas, 4To BO BCeX ee TOUKax

laf(z) + Be(z)] <.

Ecan ®(¢)  anamuTudveckas (GYHKIUA eIMHCTBEHHOTO KODHS ypaB-
HeHVA z—a—af(z) — By(z) =0, To

2(Q) = ®(a) + 3" B @t () ()] )],

rjge cyMMHpOBaHUe pacipocTpaHeHo Ha Bce m U n, kpome m = n = (.



FTABA V

PA3JINYHBIE ®YHRKIHWOHAJIBHBIE PAIDBI.
NHTEI'PAJIBI, SABUCAIITNUE OT ITAPAMETPA

§ 1. dyHKIIMOHAIbHBIE PAOBI

B zamauyax 5.1 5.10 naiitu o6JacTy CXOOUMOCTHU )IaHHI)IX pAIOB.

2

> n 1 N 2(z+mn)
5.1.20(z +2n2n). 5'2'Z(E+Z_n)‘ 5.3. Z[ ]
-
- n sin nz =n"
5.4.;::1@“ ", . 5.6. Z . 5'7',;0m
o Zn
5.8.;1_2n

n
z

g 510 nz::l G+ 2) @+ (d+20)

52
¥t

5.11%. loraszaTh, 4TO ecau pAn E
n=1
cxomuTes Bciopy, roe |z| # 1; ecau e pang E a, PpacxoauTcsd, TO
n=1

CXOOUTCA B Kpyre cXognuMOCTH pAda E (],nZn 1 pac-

n=1

XOOUTCA BHE 3TOro Kpyra.

n

5.12. 1) PaznosuTh B psf MO CTENeHAM 2z CYMMY psia Z 1""Z -
—z

)

. =1
HauTU pagnuyc CXOoOUMOCTHU MOJYYUYEHHOTO pHﬂa "

2) NowraszaTth, uto mpu |z| < 1 Z(p 1_271 = (1_22)2, rae

QO(W) KOJIMYECTBO TeX HaTypajJabHBIX lmcen, MEHBIINX N, KOTOPbIE B3a-
WUMHO TIPOCTHI C N.
Yrazanue. BocnoabsoBaThes M3BECTHLIM B Teopun yuces COOTHO-

meHueM E @(n) =m, roen npoGeraer 3HAaYEeHUAl BCeX NeIMTeNeH Juc-
na m, BKRaodada 1 u m.

oo oo
5.13. Paznomuth pynrumnio ((z)= E - E 2101 (dsema- gy -
e
n=1 n=1

yus Pumana) B psn Teiilopa B OKpECTHOCTU TOYKU 2z = 2 U HAWTH pa-
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OUyC ero cCXoouMocCTH.

B szapgauax 5.14-5.17 naittu cymmbl gaHHbix pagoB (|z] # 1).
[o¢]
1 1
5.14. z:] (1+z" - 1+z"*1)'
n—

n
5.15. Z z . YKaszaHue. YMHOMUTL YUCIUTEIb U
— (1 =2")(1 — 2"+

3Hamenatenb Ha (1 — z).

5.16. i nzi 5.17. Z
n=1 H(1+227")

w71

k=0
5.18. JlorazaThb npealoMeHus:
1) nna paBHOMEpHOW CXOAUMOCTH psiaa E fn(z) na muomectBe E

n=1
HeoOXOAUMO M [OCTaTO4HO, YTOObI A1A jJoboro & > 0 cyllecTBOBalo
takoe uncio N = N(g), urto gna Beex n > N, Becex z € E u moGo-

n+p

ro HaTYpalbHOrO YKCIa P BHINOMHAIOCH HEPABEHCTBO ‘ E fr(z g;
0 k=n+1

2) u3 paBHOMEPHOI CXOOMMOCTU pAma E |fn(z)| na muomectBe E

n=1
cilegyeT paBHOMeEpHasg CXOOMMOCTL Ha B3TOM e MHOMKeCTBe pAna
oo

5.19. HaiiTu MHOecTBa, Ha KOTOPbIX PABHOMEPHO CXOOATCA JaHHLIE
NoCJaeI0BaTeIbHOCTU:

D{msk 2 {mh 9 {0}

5.20. JokazaTh: QA TOro 4TOGRI MOCIEAOBATENLHOCTH HEMPEPhIBHLIX
dbyuruuit {f,(z)} paBHOMepHO cxogunach Ha OrpaHUYEHHOM 3aMKHYTOM
MHOMecTBe F, Heo6X0auMo W HOCTATOYHO, YTOGBI 3Ta MOCAeNoBaTelb-
HOCTh CXOOMJIAch BO BCEX TOUKAX 3TOT0 MHOAECTBA M UTOOBI OHA CXO-
auach HeMpepbIBHO BO BeeX MpeaelbHBIX TOUKAaX MHoO;ecTBa F, T. e.
YTOOBI IJ1A BCAKON MOCIEI0BATENLHOCTH TOUEK 2, TPUHAMIEKAIUX MHO-
aecTBy F M cxoofmmxca K TOUke Zzg,

B 3agauax 5.21 5.25 HaiiTu MHOKeCTBa, Ha KOTOPLIX PaBHOMEPHO CXO-
OATCA OaHHbIE PAIBL.

o0 o0

U, 1 .

5.21. E]n—(z +5) B2 Eoe
n= n=
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00 oo oo

.23. —zlnn g oy N SIREZ 5 95, smnz

5.23 E]e 5 E] = 5.25 E] -
n—= n— n=

n

| I

5.26. ﬂORaBaTb, UTO pAng Z PaBHOMEPHO CXOOUTCA B 3aMKHY-
n=1
TOM Kpyre ‘Z‘ < 1. By)]eT JINn CXOOWTbCA paBHOMEPHO B Kpyre |Z| <1

pAI, MOJyUYeHHBIH nouleHHbIM auddepeHuupoBaHuem?

n2

5.27. Jlorazatk, UTO pAn Z (_f CXOIUTCA PaBHOMEPHO B JIO-
z n

60# KOHEYHOI YacTy MIOCKOCTU, U3 KOTOPO yaaneHbl KPYTHU CKOJIb YTO/-
HO MaJoro paguyca p ¢ ueHTpaMu B Toukax z =0, —1, -2, ...
JlokazaTh Takme, YTO 3TOT PAO HU B OJHON TOYKE He CXOOUTCH abco-

JIIOTHO.
Py

5.28. ﬂORa?aTb 4TO pAng Z — CXOOUTCA paBHOMEpPHO B MHTEPBa-
n=1
e ( 1 0) B 3TOM e MHTepBaljle CXOOWTCA, HO He paB-
n=1
HOMEPHO. (TaHI/IM 06p830M pAan Z — B MHTepBaie (*1, 0) HeJlb3f Ma-

n=1
FROpUpPOBaTh CXOOAMIMMCA YHCJIOBLIM pHJIOM.)

Mpumeuaunune. Hacroamuii npuMep nokasbiBaeT, YTO JOCTAaTO U-
HBIJ TpuU3HaK paBHOMepHON cxogumocTu BefiepmiTpacca He sBAsfeTcs
HeoﬁxouMMMM

5.29. 1) Pan Z s ) cxomuTes abeomioTHo npu |z| > 0, |arg z| <

< 7/4 (3Tn 3HavYeHNA z He MCYEPNBIBAIOT Beel o6aacT abcomoTHOM exo-
AMMOCTHU, KOTOpas, Kak Jerko BUAETh, COCTOUT U3 TOUKU z = 0 1 BHem-
HocTH feMuucKaThl |1 4 22| = 1).
IlokazaTh, uTO pAL B yKazaHHOW 06IACTH CXOAUTCA HEPABHOMEPHO.
IIpumeuanune. JTO NOKA3BIBAET, UTO Ha#e U3 aGCOMIOTHON CXOIU-
MOCTH psifia B 3a8MKHYTOH 061aCTH He cleayer paBHOMepHaH CXOOUMOCTh.
)n
1 1+ 22"
HOMEpHO 1 afCcOMOTHO, HO He afCcOMOTHO paBHOMepHO (T. e. pax U3 Mo-
aynei He CXOAUTCH PaBHOMEDHO).

2) Jlokasathb, 4TO B 3TOH ke 06JaCTH pA E CXOIUTCA paB-

5.30. JoxaszaTb, UTO eCIu PAX Z |fn(2)| cxomuTesa paBHOMEpHO BO
n=1
BCAKOI 3aMKHYTOl 064acTu, BHYTpeHHel N0 OTHOIIeHUIO K obaactu G,
[o¢]

TO 3TUM e CBOMCTBOM objagaeT U pAano Z ‘f;L(Z)‘
n=1
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§ 2. Paabl OIupuxae ')

oo
Ps —Anz
o BHUOa anpe , rae ap, KOMIIJIEKCHbIE HOS(DQ)IAHI/IGHTBI
n=1

U A, — TNOJ0MUTENbLHBIE Yncia, YIOBIETBOPAIOIINE YCIOBUAM
AM<A<.. n lim )\, =o00,

n—o0

Ha3bIBaeTcHd pﬂaom ﬂupuzﬂe C MOJOMUTENIbHbBIMU IMOKa3aTelIaMN.

5.31. Jlorazathb, uTo ecau pan Jupuxie cXoguTca B TOUKE zg = X +
+ 4yg, TO OH CXOAUTCA BO BcexX Toukax noaymiaockoetu Re z > Re zg, npu-
UeM CXOAMMOCTh paBHOMepHa B KamaoM yrie |arg(z —z9)| < 6 < 7/2.

Yrazaunue. [Ipumenuts npeo6pazoBanue Abeasd K cymMMe

q q
E anef)\,,,z — § anef)\"mef)\n(zfzo)
n=p n=p

1 BOCTIOJB30BaThCA HepaBeHCTBOM (a < b, z = x + iy)

b
z/eiZt dt
a

—az 67b2| — < u(efaz o esz).

le -

5.32. JlokazaTh, uTo eciu pAn Jlupuxie cxoguresa abCoOMIOTHO B TOUKE
Z = Zp, TO OH CXOOUTCH abCcoMIOTHO U paBHOMEPHO B MOJYIJIOCKOCTU Rez 2
2 Re 20-

U3 TeopeMm, chopmynaupoBaHHbIX B 3amadax 5.31 u 5.32, cieayert, 4To
oGnacTbio cxogumocTu pana [lupuxiae (ecin TakoBasg CYUIECTBYeT) fB-
aseTca moaymniockocth Rez > 2. (2. > —o0), a o6aacThio abcoMOTHOM
CXoAUMOCTH (eciii TaKkoBas CYyIlIeCTBYeET) noayniockoct Rez > z,
(o, = —oc), npuyueM psAx AuG0 CXOAUTCA aGCOMIOTHO HA Beeil mMpaAMOii
Rez = x,, nubo He cxoguTcA aGCOMIOTHO HU B OAHON TOUYKe ATON MpA-
Moit. Uucna z. m r, Ha3BIBAIOT COOTBETCTBEHHO aOCULCCOL cxodumocmu
u abcyuccoil abcoaromuoil cxodumocmu psana Jlupuxie.

B zamauax 5.33 5.39 naiitu aGcuucebl CXoauMOCTH (2,) ¥ abCHUCChI
abCoIOTHON CXOAUMOCTHU (Z,) OAHHBIX PAIOB.

5.33.) e e, 5.34. ) —(*;) g zIninn
n=0 n=2

= (1) S
5.35. Z ;elen]nn. 5.36. Z(il)nelenlnn.
n=2 \/ﬁ n=2

5.37.2(—1)”621"”. 5.38.2#532‘“”. 5.39.§ee"e2”2.

1) [lo moBoAy NMPUBOAMMOrO UWK/IA 3aiady CM., Hanpumep, [2, ra. IV, § 2].
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. Inn +— Inla
5.40. JlokasaThb, uTo ecau lim —— =0, To z.=x,= lim M
n—oo An n—oo n
— Inn
5.41. JlokazaTh, 4to ecau lim — =1, 10 2z, — 2, < [.
n—oo An

B zamauax 5.42 5.46 uccnemoBaTh cXOAUMOCTH pAna [upuxie Ha rpa-
HUIIE TOTYTIA0CKOCTH CXOAUMOCTH.

oo oo
—21n 1 _ In
5.42. El(—l)”e znn 543, §1me slnn,
n= n=

- l —zn - (71)71 —zn - (71)[\/5 —zn
5.44. Z:l ~e T 5.45. Z:l e T 5.46. Z:l e
Ywrazauwune. Cm. 3agauy 3.64.

B zamauvax 5.47, 5.48 paccmatpuBatoTea pAgbl Jupuxie ¢ KOMIIEKC-
HBIMU MOKa3aTelAMU.

5.47. TlycTh yucna A\, YAOBIETBOPAIOT YCIOBUAM

. Inn = In|an|
Iim — =0 u lim —/——
n—oo An n—oo | An|

=k < o0.

Jlorazate, uto ecin « < arg A, < 3, To pan Hupuxie cxoautes ab-
COIOTHO BO BCAKOHN TOUKe z = Z + iy, [aA KOTOPOit npu Beex ¢ us [a, (]
nMeeT MecTO HepaBEeHCTBO x cosy —y sing —k > 0, u pacxoautcd B
TOYKe, [I/f KOTOPOii mpu Beex o u3 [, 3] umeeT MecTo z cosp — ysing —
-k <O. oo

5.48. Jlan npousBoabHbIi paAn Jupuxie Z ape M*

MlyeTh
n=1

k(o) = lim k(p, ),
a—0

= Inla
kE(p,a) = lim In lan, |

k—o00 |)\nk|

roe {n;}  mociemoBaTEILHOCThL BCEX MHIEKCOB, 1A KOTOPBIX ¢ — & <
<argA,, < ¢+ a (ecan He cymecTByeT Takoil MOANOCHEIOBATEILHOC

™ {nm,}, uto lim argl, = ¢, To cienyer monomuth k(p) = —oo0).
m—00

. Inn
JlokazaThb, uTo ecan lim = 0, To psAx cXoauTCA abCOMIOTHO BHYT-
n—oo Ap

pu o6nactu (G, TOUKM z = T + iy KOTOPOi Mpu JI0GOM ¢ yIOBIETBOPHIOT
yelnoBuio  cos — ysing — k(p) > 0, u pacxoguTcs BO BCAKON Touke,
nesxaieil Bue G.

§ 3. UuTerpansli, 3aBUcCAIIlEe OT MapamMeTpa

CXOHI/IMOCTI: nHTEerpanosB

5.49. Jlorazats TeopeMmy: nycth C NpOCTOil KOHTYP (3aMKHYTHI
WM He3aMEHYThIH ), UMEeIOmuii KoHeunyto niuny, u f(7,z) — GyHruma,
aHanuTUYecKas Mo NepeMeHHO# z U HellpepblBHAA 10 T AJf BCEX z U3 He-
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KoTOpol o6mactu D u ais Bcex TOYeK T, MpuHaadexmamux koutypy C
Toraa (GpyHKIHUA, MpeacTaBieHHas uHTerpaisom F(z) = /f(Tz) dr, ecTh
c

aHanuTudeckaa (QYHRIUA 10 IEPEMEHHOIl z U

F'(z) = /f;(rz) dr.
e

Ecau unrterpan /f(T, 2) dT HecOOGCTBEHHBII, T. €. eclii NOJbIHTerpallb-
¢
HafA GYHKIUA NMeeT Pa3pbIBbI MPU KaKUX-TUO0 U30JMPOBAHHBIX 3HAYEHU-
ax 7 € C' uiu KOHTYD UHTErPUPOBAHUA COAEPHUT GECKOHEUHO yIaleH-
HYIO TOYKY, TO OIpefdejeHre CXOAMMOCTH W paBHOMEpPHOH CXOOWMOCTH
TAKOro MHTEerpajga COBEpPIIeHHO aHaJlOrMYHO COOTBETCTBYIOUIMM OTpee-
JeHUAM, U3BECTHBIM M3 Kypca MaTeMaTHU4YeCcKOoro aHaninsa.

5.50. JlokazaTh: a1f paBHOMEPHOH CXOAUMOCTH UHTErpaa /f(T, z)dr

Ha MHO#ecTBe F 1Mo OTHOMIEHUIO K KaKkoi-Tubo Touke 7o # 00 KoHtypa C'
HEOOXOAUMO U AOCTATOYHO, UT0ObI 111 Jto6oro € > (0 cymecTBOBalIO Yuc-

10 6(g) Takoe, 9TO
‘ /f(T,Z)dT‘ <e
Co

IUTAL BCeX TOYeK z u3 MHomecTBa F u mna Besawoit nyru C, woutypa C,
nAexsameil B J-OKPECTHOCTU TOUKM To W He cojepaiieil 3Ty TOUKY HU
BHYTpU cebf, HU Ha KOHLAX.

5.51. ChopmynupoBaTh M I0Ka3aTh aHAJIOTUYHBIN KPpUTEpUil paBHO-
MepHOil cXoAuMOCTH UHTerpana, eciu 7o = co. PaccmoTpeTh ciyyau, Kor-
na koutyp C' HeorpaHwdeH: B OQHY CTOPOHY; B 06€ CTOPOHBI.

5.52. Jlorasathb, uto ecau |f(7, z)| < |¢(7)| mas Bcex Touer z U3 MHO-

mecrBa B u ecan /|1/1(T,z)\ dr cxomuTes, TO MHTErpai /f(r,z) dr cxo-

c c
OUTCA paBHOMEpPHO Ha MHO;kecTBe K.
5.53. Mlycth f(7,2) — (QyHKOUA, aHATUTUYECKas 110 2 U HEMpephIB-

Hafg Mo 7 AJA TOYeK z, IpUHAIIeamux HekoTopoit obiaactu D, u To-

yek T, NpuHaadekamux KoHTypy C, 3a HCKIIOUEHHEM HEKOTOPBIX U30-

AMPOBaHHBIX €ro TOUeK, The YCIOBWA, HaloMeHHbIe Ha GyHKROuo f(7,2),

HapyualoTCcA WU AJ1A BCeX TOUYEK 2z, UM TOALKO I1f HEKOTODPbIX.
JlokazaTh, 4TO eciy HeCOHCTBEHHbBII MHTerpai

F(z) = /f(m) dr
C

paBHOMEpHO CXOAUTCS BHYTpu ob6aactu D (T. e. BO BCAKON 3aMKHY-
Toi monoGaactu obnactu D), To pyHriua F(z) ananutuueckas u

! a
F(z):/a—idﬂ
loi
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npuyeM MociaeIHUI UHTerpana cXoAUTCA paBHOMepHO BHyTpu D.

B zamauax 5.54-5.61 HaiiTu MHO#eCTBa, Ha KOTOPbIX PaBHOMEPHO CX0-
OATCA yKazaHHbIe UHTErpabl.

5.54. F(z):/tfle*fdt (t~1 = e(z-DInt) 555, /e*“? dt.
0 0

5.56. [Sitar. 557 [“fan 558, [T
0 0 0
c+iocezt c+iocezt

5.59. / Codt (c#0). 5.60. / —dt (c#0).
;—Hoc t

5.61. /ZTdt (c#0, 2t = etn=),

Uurerpan Jlannaca

WuTerpan Buna
oo

/e*th(t) dt, (1)

rae byuruus f(t) uaterpupyema Ha orpeske [0, a] npu 11060M MONOHAKH-
TeIbHOM a < 00, HasbIBaeTcsl urnmezpason Janaaca.

5.62. JlorazaTh cieayiomue Npealo#eHns:

1) ecan unrerpan (1) cxomutcsi B TOUKe 2z = zg, TO OH CXOOUTCA
B mnoaymiockoct Rez > Rezg, mnpuuem cxoguMocTh paBHOMepHa
B yrie |arg (z — 29)| < 0 < w/2;

2) ecnu unTerpan (1) exomuTea aGCOMOTHO P 2z = Z(, TO OH CXOTUTCA
abCcoMOTHO U paBHOMeEpHO B noaymiockoct Re z > Re zg;

In|f(t)]

3) ecan lim — = B3, To unterpan (1) cxoguresa abCcoMOTHO B M0-
t—00

ayniaockoctu Rez > [ u paBHOMEpPHO BO BCAKOHN ModymiaockocTu Rez >
> fB+e¢e (¢ > 0) (nocTpouth mpumMep uHTerpana Jamnaca, cxomamerocs
aGCoMOTHO BO BCel MIOCKOCTH, I KOTOPoro 3 = oo);

In|f(#)]

4) ecin lim —"—* = @, o unrerpan (1) e cxoguTes aGCOMOTHO HA
t— 00
B OHOIT Touke nomymiaockoetn Rez < a.

N3 Teopewm, chopmynnpoBaHHbix B 3agade 5.62, cieayeT, 4To objaac-
TAME CXOAUMOCTH U aGCOMIOTHON cxooumocTu uHTerpana Jlammaca (ec-
M Takue o6JacTH CYMIECTBYIOT) IBAAIOTCA Todaymiaockoctu Rez > x. u
Rez > x,; uucno x. Ha3bIBaIOT abcyiccoll cxodumocmis, a T, — A6CULCCOT]
a6coaiomuoil cxodumocmu uHTerpaia Jlannaca.
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oo
B sangavax 5.63 5.69 maiitu x. u x, A1 UHTerpana /e’Z"f(t) dt,
rae f(t) — samanHas QyHKIUA. 0

2 2

5.63. f(t)=1. 5.64. f(t)=e ¥, 5.65. f(t)=¢ .

5.66. f(t) =
et npu 0<t<Inln3u Inln2k <t <lInln(2k + 1)
= (k=2,3,..),
—e " npn Inln(2k+1)<t<Inln(2k+2) (k=1,2,...).
5.67. f(t) =
/2 mpu 0<t<Inln3u Inln2k <t <Inln(2k +1)
= (k=2,3,..),
—'/2 mpu Inln(2k+1) <t <Inln(2k+2) (k=1,2,...).
5.68. f(t) =
e npu 0<t<Inln3wm Inln2k <t <Inln(2k + 1)
= (k=2,3,..),
—e® npu Inln(2k+1) <t <Ilnln(2k+2) (k=1,2,...).
[ e mpm In(2k—1)<t<In2k (k=1,2,..),
5.69. f(t) = { el mpn 2%k <t<ln(k+1) (k=1,2,..).

B zamauax 5.70-5.73 ucciemoraTh cxoguMocTh uHTerpajon Jlaniaca
[o¢]

/e’Z”f(t) dt Wa rpaHuie NoayII0CKOCTH CXOAUMOCTH.
0

5.70. f(t)=1. 5.71. f(t)=0 npu 0<t <1, f(t)=1/t*> npm
t>1.

5.72. f(t)=0 npn 0t <1, f(t)=1/t mpu t> 1.

5.73. f(t)=0 npu t=0, f(t)=1 npu 0<t<<l,amput>1
f(t) onpenensercs cienyiomum o6pazom:

[ f#)+1, ecm  (2k - 1)? <t+1<(2k)?,
Jw = ft)—1, ecim  (2k)2 <t +1<(2k+1)2



IF'TABA VI

BECKOHEYHBIE IIPOU3BEIEHUA.
OEJBIE 1 MEPOMOP®HBLIE OYHRIUU

§ 1. BeckoHeuHble Npou3BeAeHUA

B zamauax 6.1-6.7 mokasath yRa?aHHbIe paBeHCTBa

o1 T 2)=3 oa T+ ) =2

n=2
n’—4 1 1
6.3. =1 6.4. ( ) =1
Q n-1 4 H n(n +1) 3
= -1 2
65 [[Li=5 66 H[1+ }:1.
n=2 n=1
roe/m 1
6.7. 1_[1 m = ec, roe e¢ = nhﬁrréo (,; 7 In n) — MoCTOfIHHAfA
n= =
Jitnepa.
0 .
(83 Sin &
6.8. IorazaTh, 4TO H €os 5y = o

n=1

Yrazanue. Cnauana gokazaTh TOMKAECTBO Sing = 2k gin X x

9ok
k
|4
X H cos o
n=1
6.9. Iloas3yach pemenneM 3agavu 6.8, fokasaTh, YTO
2 2 ™

ﬁ\/2+\/§\/2+,/2+\/§m7_

[ee]
6.10*. JlokasaTh gopmyay Bammuca g = H (

n=

2n 2n, )
n—12n+1/"
6.11. JlokazaTh, 4TO eciu, Kak OOBIUHO, CUMTATh —7 < argp, < T,
o0
To GecKkoHeYHOe NpoUu3BeleHUe H Pn CXOAUTCA U PACXOAUTCA OAHOBpE-
n=1
MEHHO C pAaoM E In py,.

n=1
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6.12. BriicHUTBL, cOXpaHUTCA U YTBEpRIEHUE U3 MpeabIayiieil 3a-
Ja4yu, eciii yCIOBUThCH, UTO:

1) 0<argp, <271 2)a<argp, <a+2r (27 < a <0).
6.13. llokazaTb, 4TO [7d abCOMIOTHON CXOOAUMOCTU OECKOHEUYHOIO
[o¢]

I'IpOI/ISBelZ[eHI/IH H(1+”‘") (T. e. abCOJIOTHOM CXOAMMOCTH pfa

n=1 ©
E In (1 —|—an)) He0OX0AMMO U A0CTAaTOYHO, UYTOObI PALI E a, CXOIujcs
n=1 n=1
abCoMIOTHO.
oo

6.14. TlpousBenenus Hpn u H qn cxopsarcsa. UcenegoBaTth cxomu-

o =1 =1
MOCTh HpOI/ISBeIIeHI/II/I " "

1) H Pn + n); H )i 3) [ paans 4 H

| b

B zapgauax 6.15—6.19 wucciemoBaTh Ha CXOOUMOCTH U abCOJIOTHYIO
CXOIMMOCTh JaHHbIE POU3BEIEHUA.

6.15. ﬁ [1+#]. 6.16. ﬁn“”

n=1

6.17. ﬁ[u(_%ﬁ] (p>0). 6.18. H( —) >0).

[o¢] (oo}
6.19. H COS 2, €CIU U3BECTHO, UYTO pALd Z \zn|2 cxXoauTced.
n=1 n=1
6.20. JlokazaTh, UTO BHYTPHU eIUHUYHOTO Kpyra
oo
n 1
1+2%) = ,
[Ta+=)=—,
n=0

npons3BegeHre CXoouTcAa abCoJIIOTHO.

B Saﬂaqax 6.21 6.29 naiitu 06naCTI/I CXOOUMOCTHU HpOI/ISBeIIeH

6.21. H(l—z). 6.22. H(1+ ) 6.23. H(lfi)
n=1
o0 _n 2
6.24. g [1 . (1 . %) z*"}. 6.25. n];[l [1 + (1 + H) z"}
6.26. [[cos>. 6.27. H sin Z/" . 6.28. nl;[] (1 n %)e*z/".

n=1 n=1
00

6.29. H 1+ CpZ2), €CIU U3BECTHO, UTO PAQ Z |(’n| cxomuTed.

n=1 n=1
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6.30. [lokazaThb, 4TO NMpou3BeaeHNe

ﬁ [1 + ﬂ} (n* =z Ilnn)

n=1

cxoanTes B noaymaockoctn Re > 1/2 w exogutes aGCoMOTHO B MOMy-
miockoct Rez > 1.

6.31. {f,.(z)} — nocregoBaTenbHOCTL (PYyHKUWN, aHATUTUIECKUX B
obnactn (G, npuyem Bce 3TH (PyHKLUU, 3@ UCKIIOUEHUEM KOHEUHOrO MX
yucna, He o6pamaiTes B HyIb B o6nactu G. [lokasats, uto ecau | f,(2)| <

o0

< a, s Beex z € (G, npuyeM «,, He 3aBUCUT OT 2, U PAJ E Qy, CXOOWT-

> n=1

ca, To pyuruua F(z) = H[l + fn(z)] fABAfeTcs ananuTHYECKOH B 06-
aactu G. n=1
B zamauvax 6.32 6.35 BbIACHAIOTCA HEKOTOpPble CBOHCTBa ramMma-

(YHELOMM, BRITEKAlOMMe M3 ee onpeleleHus Kak npegena 6€CKOHEYHOro
npousBenenusn (cum., nanpumep, [2, ra. VII, § 4] uawu [3, ra. VII, § 1]).

6.32. [lokazaThb, 4TO NpouU3BeaeHNe

T n (n+1\* ((n+1\F_ 0
reen =TT () (M) =)
n=1

cxoauTcA abcoMIOTHO BO BCell MIOCKOCTH, KpOMe 3HaYeHUl 2z, paBHBIX Ie-
JbIM OTpHLATeNbLHBIM 4YHCAaM, U NpeAcTaBifeT (yHKUUIO, aHaIUTUYecC-
KYIO BO Bceil MIOCKOCTH, KpOMe Touek z = —1, —2

g e

6.33. llorazath GopMyay Bﬁnepa

nln
nhﬁngo 2(z+1)(z + 2) (z+n)

I'(z) =

(nz — e In n)

¥ MOKasaTh, 4TO:
1) T(z+1) =20(2);

2) T'(m+ 1) =m!, ecin m — HaTypambHOE YNCIO.
6. 34 lorkazaTh, 4TO

nla+B+n) _ T(a+1I(B+1) L
H(a+n)ﬁ+n)_ T(a+6+1) ((J/ﬂ;é 1, 2)

6.35. llokazaTth dopmyny BeiiepmiTpacca

1 _ Czoc( i) —z/n
F(z—i—l)_e nl;[] 1+n ¢ ’

roe C noctofsHHaa Jiiaepa.
Ywrazauue. BocnonbzoBaThes penienneM 3agaun 6.7.
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6.36*. Ilycte pi, P2, ..., Pn, - rnocJjieIoBaTelLHOCThL BceX Mpoc-
oo

Teix umcen (pr = 2, po = 3, ps = 5, ), a ((5) = Y0 " (7 =
=1

= e sInn) n3eta-pyHruuAa Pumana, aHanuTudyeckas B MOJYIJIOCKOC-
tu Res > 1 (cm. zagauy 5.23). JorasaTb, 4T0:

D¢ =1/T0 -

2) ¢dyuruus ((s) He uMeeT Hyneii B noaymiockoetu Res > 1.

ODpumeuanne. UcenenoBannio nzera-GpyHKIUYM TOCBALNIEHA OGMINp-
Hasa nautepatypa. Cwm., Hanpumep, moHorpaguio: Turtumapm E. K.
Teopus nzeta-pynruun Pumana. M.: WJI, 1953.

00
1
6.37*. JlokazaTh, uTo pAx E —, rae {p,} — mocrenoBaTeILHOCTh
Pn

n=1
MIPOCTHIX YHCE], pacXOOuUTCA.

§ 2. PasnoskeHue B pAAbl MPOCThiX ApoGeii U B 6ecKoHeYHbIe
npousBeneHuda. CymMmmMupoBaHue pAIoB

6.38. Tlycth f(z) — MepoMopdHas GYHKIMUA € MPOCTHIMU TOJOCA-
MU B TOUKAX @1, A2, ..., Ay, ..., Iprdem 0 < |ai| < |as] < ..., lim a, = occ.
n— 00

OGosnauum uepes A, BbrueT GyHRUUM f(2z) OTHOCUTEIBLHO MOJIOCA
(n=1,2,...). lonycTum, u4To CylWECTBYET NOCAEIOBATENLHOCTh 3aMKHY-
THIX KOHTYDPOB C,y,, YAOBIETBOPAIOUINX CAEAYIOMUM YCIOBUAM:

1) C,, He NPOXOAAT HU Yepe3 OJHY U3 TOUEK Uy}

2) wamaniii kKoHTyp Cp, comep#uTes BHYTPH KOHTYpaA Chyin;

3) MUHMMalbHOe paccTosgHue 0T KoHTypa Cp, [0 Havana KOOpOMHAT
(oGosnaunm ero uepes R, ) HeorpaHH4YeHHO Bo3pacTaeT MpU M — OC;

4) orHomenune muHbl Ly, woutypa C,, k R,, ocTaercs orpaHmnyed-
HBIM, T. €. Ly = O(Ry);

5) max |f(2)| = o(Ry,) (3TO ycioBHe, 0UEBUAHO, BBINOIHAETCA, €CIN

26C

dyunuua f(z) orpanuuena Ha Bcex KoHTypax ().
JlokazaTb, UTO MPU HTUX YCIAOBUAX MMEET MECTO pasioeHue GpyHK-
uun f(z) Ha mpocTeiimue Apo6u

£ = £0)+ Y (o + L),

zZ—an an

npuyeM CXOAUMOCTL pAaa 6yaeT paBHOMEepPHOU BO BCAKOI 3aMKHYTOU 06-
JlacTU, He colep:kalleil Touer a,, eCciu MoJ 3HAKOM CYMMbI CTPYIIUPO-
BaTh cjlaraemMmble, OTHOCANIWECHA K MOJIOcaM, 3aRJIIOUYEHHBIM Mexm Oy Cm
nu Cm+1 (m = 1,2, )

8 JI.N. BonkoBbickuit u 1p.



114 I'a. VI. BeckoHneunvie npoussedenus. lleavie u mepomopgdusle gyrnryuu

Yrazanue. [IpumMeHuTs TeopeMy 0 BblUeTax K UHTerpalty
Ly £(¢)d¢
27 —
mi ) (=)
U nepefiTu K npegeny npu m — oc.

ODpumeuanne. OTHOCUTENLHO pPa3AUYHBIX 0GOGIEHUN chOpPMYIU-
pOBaHHOI TeopeMbl cM., Hanpumep, [1, ra. VIIL, o. 4].

B 3amauax 6.39-6.46 gokaszaTh CrpaBedIMBOCTh pazioHeHui.

1 ~— 2 1 1 o (—1)"22
6.39. Ctgz:;_*_ZW- 6-40-—:_+Zﬁ‘
-

w2 sin z z 22 — n?m?
o n=1
2z
6.41. tgz = e
2= (2n71)7rj|2 )
n=1 | ——— — 2°
2
oo - n -
6.42. :”ZM
Cos z N [(anl)ﬂ}-
n=1 z° —
2
= 22 11 = (-1)"22
6.43. thz =) W 6.44. =+
n=1 2= 4+ n=1
2
— 2
z z z
.45. =1-:=
6.45 e —1 2+222+4n27r"
n=1
1 - 1
6.46. —— = T
sin? z Z (z — nm)?
n=—oo
6.47. Mycrs f(2) nenafa (pyHKLUA C MNPOCTBIMU HYJAAMHU B TOU-
Kax a1,as,...,an, ..., apudeMm 0 < |a1| < |ao| < ..., lim a, = co. [lo-
n—oo

MyCcTHM, YTO CcyllecTByeT cucreMa KoHTypoB {C,}, ymoBreTBopsiouasn
yeaoBusam 1) 4) zagaun 6.38, Ha KOTOPBIX

') _
e[y | = (B

ﬂORaBaTb, 4TO BO BCEN MIOCKOCTU UMEET MeCTO pasnomenue

£(2) = Fe 010 ] (1= 2 e,
n=1 "

B 3amauax 6.48—-6.54 gokaszaTh ClpaBedIMBOCTh pazioMHeHu.

0C 2
6.48. sinz = z H (1 — %)
n’m>

n=1
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oo

6.49. cosz—nli[]{l— [(Qniﬁr}
6.50. shz:zﬁ (an;)'
6.51. chz = ﬁ{ [mr}.

6.52. ¢F — 1 = ze/2 H ( )

oo

2_2
az _ pbz _ _ (a+b)z/2 ("’ — b)_z
6.53. ¢ e”? = (a—b)ze H [1+ pmem
n=1
oo o
6.54. chz — cosz = (1 )
chz—cosz zH —4—4177T4
n=1
6.55. [lyctn f(2) MepoMop(pHaa PpyHRUUA, UMelollag KOHeuHoe
YUCA0 TOTIOCOB G4, A9, ..., 4y, HE COBNANAIOMNX HU C OOHON U3 TOYEK

z = 0,£1,£2, ... lokazaTh, 4TO eciu CYIIECTByeT MOCIeI0BaTEIbHOCTh
koutypos {C,}, crAruBaiomuxcs K GeCKOHEYHO yOaleHHOH TOYKe, MpU-

gem
lim /f Yctgmzdz =0, (1)

n—oo

Z f(n) = —anes z)ctgmz]i—a, -

n=—oo
6.56. [lokazaThb, YTO eciu B YCIAOBUAX NMpeabiayieil 3agayu TpedoBa-

. z)dz
Hue (1) sameneHo ycioBuem lim fE)de _ 0,7
n—oo . sin 2

oo Cn

Z (=1)"f - —WZres [smwz]z an

n=-—0odo

B zamauax 6.57-6.64 HaiiTu cyMMbl pAOOB, Npeanoaarasg Yucio a Ta-
KUM, YTO HU OJUH U3 3HaMeHaTeseil He oOpallaeTca B HYIb.

6.57. ) iy 658 > winy 659 Zom
n=—oo n=-—o0o n—=
oo oo
1 (=n" (=n"
6.60. Zon2+a2' 6.61 2}n2+a2' 6.62. ij
n= n= n=

o0
6.63. L k HaTypalbHOE YHUCIO).
2k
n?

8%
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Yrazanue. CHauana gokazaThb, uTo eciu z = (0 nontoc (pyHK-
y unn  f(z), To dopmyna mas
CyMMbl pAga u3 3agadyu 6.55
ocTaeTcAl crnpaBellUuBOi, eciu
B ee JeBOH 4YacTu CyMMHPO-
\ BaHUe pacrnpocTpaHeHO Ha Bce
3HaYeHudA n 0T —00 OO0 +0C,
rpome 3Havenusa n = (. I[lpwu

ctg ﬂz]
22k z=0

yI0OHO BOCMOIb30BaThCA pas-
noxenveM u3 3agadn 3.102.

6.64. Z nnsmbn

T
_(n+ BbIUMCIEHUN  TeS [

b=

2
(—m < b< ).
Puc. 30
Ywrazauue. Bocrnonbso-
indZ
BaThCA MHTErpanoMm /7 (C,, — wouTyp u3 zanaun 6.56).
— 2%)sinmz
Chn
6.65. [lokazaThb, 4TO
V3/2 .
P L — dT+ ctg [7(2 — V3)].
z:: \/477~ / (3 —22)V/3 — 422 8l )
Yrazanue. BocnoabszoBaTbcA UHTerpanom / _ zctgmzdz
’ J (22— 3)V4z2 — 3’

“mn
roe C), KOHTYp, OrpaHUuYMBatOmNil ykazanHylio Ha puc. 30 IByCBA3HYIO
006/1acTh.

§ 3. XapaKTepUCTHUKH pocTa HeabIX (pymmm‘/'ll)

Myets f(z) nenaa Gyuruua u M(r) = max\f( )|. Yueao p =

lz|=
Inln M(r
= — lim Inln M(r) HazbIBaeTcAa nopsadkom uenoit pyHsunu. Ecau 0 <
r—oc Inr

— In M(r)
< p < oo, TO ynucao ¢ = lim ——~=
r—00 r

mm o = 0, dyusuusa f(z) HazbiBaeTcA QYHRIUENH MUHUMAAGHOZ0 MUNG;
ecim o = oc, ¢Gyuruua f(z) HaspiBaeTca (GYyHRIUEH MAKCUMAALHO20
muna; ectu 0 < o < oo, ¢yuruusa f(z) wuasbiBaeTca (yHRUME
HOPMAABHO20 MUNA.

HazbIBaeTcA munom GpyHruuu. Ec-

1) ITo nmoBoxy 3anmau aToro nmaparpada cm.: Jlesun b. fl. Pacnpenenenuve wopHeit
uenvix GyHnsunid.  M.: Docrexusnat, 1956; a Takme [2, ra. VII, § 1].
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6.66. [lorazaThb cienyiomue yTBepHIAeHUA.

1) Ecin p#00 U 0 # 00 — COOTBETCTBEHHO MOPANOK W THUI (DYHK-
unn f(z), To aaa modoro £ > 0 MOMHO yKasaTh Takoe uucio R(e),
qTO mpu r > R crnpaBelInBbl HepaBeHCTBA

M(r) < e M(r) < elo+e)r”

MozHo Tak:e yKasaTh Takue nociegoBatensHoctu uncen {r, } u {r },
cxoafmueca K 6€CKOHEUHOCTH, 1A KOTOPBIX

M(rp)>e™" " u M) > el

2) Ecau mis HEKOTOPOro HATypanbHOro yucna k

— M(r
0 < lim g ) < 00
T—00 ™
. M(r)
10 f(2) — mommnom ctenenu k (snaumT, cymectsyer lim —--
r—oo Y
Ywxaszanue. Bocnoanzorathes nepasenctBamMu Komm ana koaddu-
oo
IIUEHTOB cTeneHHoro psaa f(z) = E cnz™.
n=0

3) Ecau f(z) — uenas TpaHcueHAeHTHaA QYHKRIWA, TO
. InM
lim ™M) _
r—oco Inr
B zagauax 6.67 6.79 onpenenuTh MOPAAKU U TUIbI YKa3aHHLIX (YyHK-
uuii (n  HATypalbHOE YKCIO).

6.67. coz" + 12" P+ . +ep. 6.68.e (a>0). 6.69. 27

6.70. 22e2* — 3. 6.71.¢% — 322", 6.72.e2°92°.  6.73.sin2.
6.74.chz. 6.75.e"cosz. 6.76. cos/z.

o0

n
6.77*. 2 W (m — wHaTypanbHOe Yucio).
n=0

1
6.78. ¢,  6.79. /e”’th.

6.80. Ilenan pyuruus f(z) umeer nopamox p u tun o (0 < o < 00).
llorazatn, uto dyuxuua P(z)f(z) + Q(z), rae P(z) n Q(z) — miobele
MHOTOUJIEHBI, MeeT Takike MOPAJOK p U TUI 0.

6.81. Ieanie pyuxuun fi(z) u fo(2) UMEIOT NOPANKHU, COOTBETCTBEH-
HO paBHBIE p| U pg, IPUYEM pi; # po. UTO MO#HO ckazaTh 0 nopagke p*
dynsunit f1(2) f2(2) n fi(2) + f2(2)?

6.82. [eanle dpyusuuu fi1(z) u fo(z) ogHOro U TOro ke MOpSIAKA p
UMEIOT TUTbI, COOTBETCTBEHHO paBHbIE 07 U 03, IPUYEM 01 # 03.

UTo MOMHO cKazaTh 0 MopfAake p* u Tune o* GyHKINII:

1) fi(2)f2(2);  2) fi(2) + fa(2)?
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6.83. [eanie dpyusuuu fi(z) u fo(z) UMEIOT OOMH U TOT e MOPA-
JOK p M OOMH U TOT #e Tun o. YTo MO#HO ckazaTh 0 MopAake p* u Th-
ne o* QyHRIUIL:

1) fi(z)f2(2); 2) fi(2) + fa(2)?

oo

6.84%. f(2) = nl;[] (1- —) M>0(n=12.), hm £ =a>

>0, lim -~ = < co. llokasath, uto f(z)  Uenas GyHKUUA IEPBOTO
n—oo An

nopsigKa, NpudeM TUIl ¢ 3TOW QYHKUUU TaKoB, UTO 7o < 0 < w0.

i 2k
6.85. f(z) = H (1 - Z—), A >0 (n=1,2,..), 2k  naTypaib-

A2
ne1 n
HOe 4ucJo. HOHaSaTb yTBepxaeHus:

1) ecin  lim 2 -0, 10 f(2) — unenaa (yuxuus, pacrymas He
n—oc An

obIicTpee, ueM (pyHHuMﬂ HOpHJII—'ia k 1 MUHUMAaJbLHOTO TUTIA;
2) ecin lim — = = U < o, TO — HROWA acTry-
) Jim An Z X f(2) — dynkuns, pacty

maf He MeJJeHHee, YeM (byHRIJI/IH nopsAaka k U MakcUMaabHOTO THUTIA.
Yrazanue. Bocnoab3oBaThcA METOAOM pellleHUA Mpeablayineil 3a-
naymn.

6.86%*. lorkazaTh, 4YTO MOPAJOK U TUT LEJ0H PYHKIUU HE UBMEHAIOTCSA
npu anddepeHnupoBanuu GyHKUNU.

Pemutn 3amaun 6.87 6.94, ocHoBbIBafAch Ha cielyiolleil TeopeMe:
eciu pamomeﬂne nenoi GpyHKUUU B cTemeHHOW pan umeer Bum f(z) =

= E Cpz", TO MOPAMOK p U TUN ¢ HTOW (YHKIUU ONpeNensioTCA pa-

BeficTBaMH :
:.— ninn ]/p:-_(]/pw )
P B ey = B T Ved),
6.87. JlokazaTh, uTo nenad QyHKIUA
N (A"
f(2) f;)r((mﬂ) (A>0, a>0)

uMeer mopAmok p = 1/a uTun o= A/,

Ywrazauue. BocnoanzoBathes ¢popmyaoi CTupannra

T(an +1) = (QT") \/M[HO( )]

B 3zapauax 6.88-6.94 HaliTu nOpAOKW U TUNBI OaHHBIX (QYHKLIUH.

n/a

6.88. f(z) = i (%)n 6.89. i (ln”) 2" (a>0).

n=1 n=1
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6.90. f(z) = Z( ! )n/"'z" (@a>0). 6.91. f(z) =3 2"

= ninn

0 n 0 chvm
6.92. f(z) = Y S (a>0). 6.93. ()= 3 n\(ﬁz 3

n=1 n=0

oo

6.94. 27" J,(2) = Z (1"

< nIT(n+v+1) (v > =1; J,(2) — dynsuns

n—
Beccens v-ro nopanka).

Ecnu p — nopapor nenoit pyusmnu f(z) (0 < p < 00), To hyHRIUA
ip
h(p) = lim In|f(re’)]

5 HazbIBaeTcA uHdukampucoil pocta pyHruuu f(z).
r—00 T

B szapauax 6.95-6.101 naiitu mopsagok p u wuaukarpucy h(p) coor-
BeTCTRYIOMEN QYyHKINN.

6.95. ¢*. 6.96.¢* +22. 6.97.sinz. 6.98. cos z.

6.99. chz. 6.100.¢. 6.101. S0Y2,
Vz
6.102. Ilenas ¢yuruua f(z) umeer unguwatpucy h(p), a P(z) —
muorounel. Kakosa unnuxatpuca h*(p) dynsunu:

1) f(z) + P(z);  2) f(2)P(2)?

6.103. P(z) — nmpousBoabHBIH MHOTOuMeH. [IpuBecTu nmpumMep nemoi
dbyuruun f(z) (KOHEUHOro U He PaBHOrO HYJIO MOPfAAKA), UHIUKATPHCA
KoTopoit h(y) B HEKOTOPOM HHTepBalie paBHA HYIIIO, TOra Kak HHINKAT-
puca dpyurnun f(z) + P(z) B 9ToM e UHTepBane oTpUllaTelhHa.




IF'TABA VII

MHTET'PAJIBI THUIIA RKOIIN. HWHTEI'PAJIBHBIE
®OPMVYIJIBI IIYACCOHA U IIBAPIA

§ 1. UaTerpansl Tuna Komwu

1 /%(C)dC
2, —z
& ¢
rae C  raamkuii KouTyp ') (3aMBHYTBIH UM HezaMKHY ThIH) 1 (()
dyHRUMA, HempepblBHaA HAa KoHType C, 3a UCKIIOUEHUEM, GbITh MOMET,

KOHEYHOT0 4YHhcia TOYEeK, T'Ie OHA UMeeT UHTerpUpyeMblil pa3pbiB, Ha3bI-
Baetcs unmeegpasom muna Kowu. @yurnus ¢(() HaspiBaeTcsi ero niom-

WuTerpan Buna

1
Hocmblo, a —— — adpom. UuTerpan tuna Komwu npeacrapaseT GyHK-

unio F'(z), aHanuTHUYeCKYIO B KamIol o6aacTu, He coiep#alieil Touex
roHTypa C. Ilpu 3Tom

F(n)(z) _ L‘/ w(¢)d¢ (1)

T owi ) (¢ —z)nFt

[Iyetsb ¢(¢) Ha KouType C yHOBIETBOPAET YyCI0BHIO JIUNuna nopsnka o
(0 < a < 1) (ropoTko, ¢(¢) € Lipa), T. e.

[e]3
p(G) = (Gl <E[G =Gl
rae Touku (4 u (o npunamiaemat koutypy C, a k — nocrtosuunas. Torna,
ecay ToYKa KOHTYypa (o He AIBIAETCA ero KOHIIOM, CYIIECTBYeT CUH2YAAD-
HbLll LHMe2pan
PR (918
(CU) - - )
271 C - C(]
C
orpeneiseMblil Kak riiaBHoe 3HaueHUe UHTerpaia tuna Komiu.
JTo ri1aBHOE 3HaYeHUe MOKHO BbIPa3uTh yepe3 00bIUHbIf HecoHCTBEH-
HBINl UHTerpan no gopmy.e

F(o) = %C/w d¢ + %@(go) LG L b=G g

271 (I,*C(]7

1) Mon raagkuM KOHTYPOM MbI ToapasymMeBaem npoctyio (T. e. Ge3 ToYek camo-
nepeceveHrn) IMHUIO C HEMpephiBHO MEHAIOMEHCH KacaTelbhHOH W He MMEIOUyIo To-
yek Bo3Bpara. BrnpodeMm, yciloBHA, HaloseHHble Ha KOHTYyp C, MOTryT ObIThb 3Ha4u-
TeabHo pacmupenbl. Cm.: IpuBanoB U. U. 'panuyHble cBoificTBa aHalUTUUYECKUX
pyHRUUA. 2-e uam. M.: I'TTJI, 1950. I'n. TII. MosHo Takme paccMaTpUBaTh
CJI0KHbIE KOHTYPBI, COCTOAIINE U3 KOHEYHOro uucia KOHTYPOB yKa3aHHOTO THIA.
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rie Toukd a u b KoHubI KOHTypa C', ecau oH He3aMKHYT. OqHO3HAYHASA
BeTBhL Ln BhiGUpaeTcs Tak, 4TO B ciliydyae 3aMKHYTOro KoHTypa (a = b)
yjeH ¢ jorapudmom ucyesaet, U GopMyina NpuHUMaET BUJ

PG = 5 [HE S e 500 @)

Eciu o6oznaunts uepes FT((y) u F~({y) npegenbnrie 3HayeHUA WH-
terpana tuna Komwu F(z) npu z — (p coorBercTBenHo cneBa or C' u
cnpaBa oT C, To no ¢popmynam Coxonroro

F*(G) = F(Go) + 39(G0) () = F(Go) = 3 0(60),  (3)

F(Go) = 3 [F* (@) + F (@), F* (@) - F (@) =¢(G). (&)

Ecin woutyp C 3aMEHYTHIA M TOpAZOK ero o00Xoma OOBIYHBIN,
To F*({) npefeibHble 3Hauenua Qynruuun F(z), ompemenenHoit
BHYTpU KoHTypa (06nacte DT), a F~({) — ¢dynruuun F~(z), onpe-
menenHoil BHe koutypa (o6macth D7)?). (Cwm., nanpumep, [2, ra. 11,

§ 3] nam [3, ra. I11, § 3].)

7.1. JlorazaTh, uto ecniu C 3aMKHYTBI KOHTYpP UM MJIOTHOCThL UH-

Terpana tuna Komu &(z) = % /20(_() d( MomeT GbITH NpeacTaBleHa
e, — Z
C

b e 9(C) = ¢ (Q) + 9 (Q), rae ¢ (() w g (()  rpanmnbre sa-
yeHUs (QYHKLUN, aHATUTUYECKUX COOTBETCTBEHHO BHYTDPU U BHE KOHTY-
pa C, To

T(2) =T (2), @ (2)=—y (2)+¢ (c0).

Mpumeuanne. Eciu B ycnoBum 3zamauu omHa u3 (GyHKIUA @~
i ot TowaecTBeHHO paBHA HY/IO, TO UHTerpan Tuna Komu ofpamaer-
cA B muterpan Komu cooTBeTCTBEHHO IiA BHYTpEHHeH WM BHeNHeid
obaacTeil.

7.2. Mlycts C — zamruyToiil kKouTyp. Haiitu F*(z) u F~(2), ecin
MJIOTHOCTh MHTerpana tuna Komu — ykasaunaa (gyuxuus (n — Hary-
pajibHOe YKCIo):

D)= (—a)" 2) o) =
3) ¢(Q) = gy (ammeC).

7.3. Haiitu F*(2) u F~(2), ecan:
1) pyuruua ¢(¢)  rpanuuHoe 3HaueHue (yHKIUU, aHATUTHIECKOL

ﬁ (a BuyTpu C);

2
2) K aTomy e ciyyaio OTHOCUTCA M TOT, KOTJa KOHTYP GeckoHeuHad NWHNA,
nedfmasn MI0CKOCTh Ha JBe 06JacTu.
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B D7 Bciofy, 3a HCKIIOUeHHEeM KOHEYHOro Yncia Touek dy, e OHa UMeeT
MOJIOCHT;

2) dpyurnus ¢(() rpaHuyHoe 3HauveHue GYHKRUUU, aHAIUTHUUYEeCKOMN
B D™ Bciony, 3a UCKJIIOYEHNEM KOHEUHOr0 Yncia TOYeR ay, I1e OHa UMeeT
MOTIOChI (Cpein ay MO#eT GhITh U TOUKA z = 00).

7.4. Haiitu FT(2) u F~(2), ecim

i — 4 4i 1“%

n C' — orpymuocrs |(| = 3/2.

7.5. Hatttu FT(2) nu F(z), ecin p(() =ctg{ u C ORDYH-
Hoeth |(| = 5.

7.6. Hatitu FT(2) nu F~(2), ecin p(¢) = (?C—;—l n C — peiicTBu-

TeJlbHad OCh, npoﬁeraeMaH cJjieBa HalmpaBo.

Mpumeuanwue. llog unterpamom tuna Koy, B3ATHIM M0 AeificTBU-

oo
. _ 1 e(1) 4
TenbHOl ocu F(z) = — [ =~ dr chaeayer moHMMAaTh ero riaBHOE
2me T—2z
— 00
3HAUEHUe, eCliM OH B OOBIYHOM CMbICIE PACXOIUTCA.
7.7. Haittu F*(2) u F~(z), a Tak#e npefenbHble 3nadenus F*(()

Ha KoHType wunrterpupopanus C, ecin C — orpymuocts || = R,

oo
ap(() = % + Z(an cosnf + b, sinnf) — paBHOMepHO cxoaAmuiics pan

n=1
®ypoe aeiicTBuTenbHol gynruun 1 (6) = o(Re ).
7.8. 1) llycrs C' — oxpysuocts |(| = 7/2 n f({) — dyuruun, ana-
autnveckas B kpyre |(| < w/2. Haiitu ¢yHRUNUHN, onpenenseMble HHTEr-

painamu . 1 )
() = g [1Qetg (¢~ 2)dC, ha(a) = 5 [ TOK
¢ C

B 00J1aCTAX, TOYKKM 2 KOTOPhIX 00Ja[aI0T TeM CBOMCTBOM, UTO HU OfIHA U3
Touek z + km (k  uenoe uncio) He aexut Ha C.

2) Pemutn 3amaun, chopMyaupoBaHHbie B 1. 1), B MpeAnoioxennn,
yro C' oKpymHOCTD || = 7.

7.9. Oycres C — orpesok [—1,1], npoGeraemsiii cieBa Hanparo, u
©(¢) = 1. Haiitu F(z) Bue C, npenenbuble snavenua F*(() u raasnoe
snauenue F(¢) na C. Buuneants, B wactnocru, F(£i), F*(0) u F(0).

7.10. Oyers C  moayorpyskuocts |(| = R, 0 < arg( < 7 (naua-
10 B Touke R) u ¢({) = 1. Haiitu F(z) BHe C, npeneibHble 3HaUe-
nug F*(¢) u rnarnoe sumavenue F(() wa C. Brrumeauts, B uyacTHOC-

tu, F(0), F*(iR) u F(iR). Haiitu tar:e F'(0).
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7.11. Oycers C noayokpyskHocth [(| = R, —7m < arg( < 0 (ua-
gano B touke R) u ¢({) = 1. Haititu F(z) Bre C, npenenbHbie 3uHave-
nug F*(¢) na C, F(0) u F'(0).

7.12. ycers miaotHocTh unuTerpana tuna Komun ¢(¢) = 1/¢". Haii-

T F(z) BHe C, eciu woutyp C' yKasaHHaf JTUHUSA:
1) rpannua koabua r < |z| < R;
) npamaa Im ( = 7, mpoGeraemas cieBa Hampaso;
3) rpanuua nonoce! |Imz| < m;
) nomyokpy#suocts |(| = R, 0 < arg( < 7 (navano B Touke R);
) moayorpysmuocts |(| = R, —7 < arg( < 0 (mauamo B Touke R).
B nn. 4) u 5) naiitu npenenbubie snavenusa F*(() na C' u Bbiumc-
ante F(0).

B zapgauax 7.13-7.18 maiitu F'(z) BHe C, mpexmnonaras, 4To KOH-
Typ C myra, coequnsomas Touru a u b, a p(() yKazaHHafa QyHK-
Y.

7.13. () =1. 7.14. ¢o(¢) = (.

7.15.1) o(¢) =" 2) () = Ecncn — nenad QyHKIUA.

7.16. 9(() = —— (20 ¢ C).

¢ — 2o
7.17. o(¢) = ﬁ

Y kaszanue. BocionnzoraThea paBeHCTBOM
P(Q) _ Q) — () | #(2)
(—=z (—=z (—=z
7.18. Haiitu F*(z), F~(z) u npemenbuble sHauenna F*((), ecan
C — oxrpysuocts |(| = R, ¢(¢) — norapudmuueckas (yHrOMsA, omnpe-
neJeHHan YCAOBUAMMU:
Do) =Im{=mR+ip, —m<p<m
2) o(()=In¢=InR+ip, 0<p<2m.
Yrxazaunue. PaccMoTpeTb KOHTYpP, COCTOAIUN U3 OKPYMHOCTU
|z| = R c paspesom mo panuycy [—R,0] B nepBom cayudae u [0, R] BO
BTOPOM.

(20 ¢ C). Beruncantn, B yactnoctu, F(zp).

Ipumeuanune. Eciu He uKkcupoBaTh 3apaHee BeTBHU norapudma, a
TpeGoBaTh ee HeMPEPhIBHOIO MPOIOKEHNA BAOIb KOHTYpa HHTErpupoBa-
HUf, TO MHTerpa’ GyoeT 3aBUCETh OT BhIGOpA HAYANILHONW TOYKN MHTErpHU-
poBaHuA.

7.19. Haittu F7*(z), F~(z) npemeanunie snavenus F*({) na O, ec-

am @(¢) =1In ¢ E T, 8 KOHTYD C:
1) oxpymsuoers [(| =R (R > 1);
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2) npamas Im ( = 1, npoGeraemas cieBa HampaBo.

7.20. Haiitu F(z) u npenenbhble snauenua F*(() na C, eciu ¢(¢) =

¢ 7@ ROHTYP C — nonyorpy#uocts [(| =R (R>1),0<arg( <7

=1In

(nauano B Touke R).

7.21. Haiitu f*(z) u F~(2), ecin o(¢) =/ (0 < arg/( < 7) u
C  orpymuocts (] = 1.

B zagavax 7.22-7.24 maittu F*(z), ecnmu C' — 3aMKHYTBHIH KOHTYD,
TOUKHW a U b memaTt BHYTpH Hero, a ¢(() — ooHO3HAUHAf BETBhH MHOTO-
3HAYHOU (QYHKINUY, OoNpedeNeHHasd BHe pa3pe3a, COeJIUHAIONIero TOUKU a
u b u nemamero BHyTpu KoHTypa C.

7.22. o(¢) = Lo S=% (Ln1=0).

¢(—b
—a
7.23. 0(0) = \[$=5  (p(00) = +1).
Ywrazauwue. [lna oTbickaHus MHTErpajia Mo KOHTYPY, OKpYy#aio-
meMy paspes, pas3loKUTh 20(70 B pAI MO CTeNeHAM %
—Z

7.24. (Q) = (C - a)MC - b)' (%\(Zm 1),

7.25. Haiitu F*(z), ecanm kontyp C 3aMKHYTHI, TOUka a TpH-
(—a
C—b
(Lnl=0) o/lHO3HAUHaf BeTBb, ONpeJeleHHasa BHe paspesa, COeJUHA-
Iomero Touku a U b u nepecekatomero Koutyp C' B onH0# Touke (p.

Hamnemut odaactu DV, Toura b obractu D~ u ¢(¢) = Ln

Yrazanue. [Ipucoenunuts kK C paspes3 BOoAbL AyTU (ya, eciau z Je-
#UT B ooaactu DT, u Booan (ob, ecin z nesut B obaactu D .

7.26. Jloraszath crnpaBeqiuBocTh paBeHeTB (0 < A < 1):

0 () P = - ()T e
J 1—-t) t—=z sin A z—1 B
) (1) = = 1= (+22) cosxa] (e 0.1
J 1—-t) t—r sin A 1—7 ’
Yrxaszanue. Jlaa noaydenus mneproii popMyabl pacCMOTPETh HHTET-
pan Komu QLm/(C%l)ACd—Cz’ rie (C%l))\ (GyHBIUA, 0THO3HAY-
HAA B MIOCKOCTH C npAMoauHeiineivM paspesoM [0, 1] u pasnas 1 na oo, a
C  rpauuna ABycBfizHOl obmactu: kpyra |(| < R (R > 1) ¢ paspesom

no otpesry [0, 1]. Bropas dopmyna nomydaercsa u3 mepBoii NP MOMOIIHU
dopwmyn Coxouroro.
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7.27. BbIYUCIUTH CUHTYJAPHBINA UHTErpasl

1
1 —tt?+3
T, 1+fff
S

dt (-1<z<1).

7.28. HaiiTu unterpansr:

)/m?t’fz (2 ¢0 /1 1=t ‘“ ~(re(0,1)).

7.29. PaccMOTpUM CUHTYAAIPHBII MHTErpan

1 dr .
F(z,ty) = — /— =a+1i18, 0<a<l),
(2,t0) 27”'5 r =t (7 = 2) (y=a+iB, 0<a<),
roe C' — ayra, coeduMHAIOMAA TOYKU @ U b, ty — TOuka 3TOH Ayru U

(r —t9)”  ogHO3HAYHASA BETBb B IUNIOCKOCTHU C PA3Pe30M, COEAUHAIONINM
Touku tg u oo. Eciu touka ty coBnamaer ¢ ogHuM u3 KOHLOB ayru C,
TO OyIeM CYUTaTh, YTO pa3pe3 MNPOXOOUT Mo Bcemy KOHTYpy C'; ecan e
TOYKa o BHYTPEHHsfsA, TO pa3pe3 NpoBoauM 1o ayre (tg,b) woutypa C.
JlokazaTh clefyouue yTBep#H IeHU.
1) B okpecTHOCTU TOYKM a
elrm

F(z,a) = (z—a) 7+ Fi(2) (2¢0),

F(t,a) = ““;7“ (t—a) "+ Fi(t) (teO),

2i sinym

roe Fi(z) GbyHRIUA, aHaTUTHYeCKad B OKPECTHOCTU TOYKU a.
Ywrazaunue. PaccMoTpeTrb pasHoCThb

1 dr B e  Nq
Fi(2) = 27i / (r—a)¥(r—2) 2isinymw (z—a)

1, noak3yack dpopmynamu Coxonkoro, noxaszath, uto Fi(z) Gymer ananu-
TUYeCKOl (yHKUMEll B OKPECTHOCTH TOUKH a.

2) B okpecTHOCTH TOYKU b

Flob)=— ="

e

sy 20T ARG (2¢0),
F(t,0) = —“EX5 (1 —b) "+ By(t) (teC),

rae Fy(z) GbYHRIUA, aHATUTHYeCKad B OKPECTHOCTU TOYKU b.
3) B oxpecTHOCTH BHYTpeHHell Touku ty KoHTypa C

F(z,t0) = (2 —to) " + F5(z) caesa ot C,
F(z,tg) = F4(z) cnpaga or C,

F(t,to) = %(t o)+ Fy(f), ecamteC,

rae F3(z), Fy(z) n F5(z) aHanuTUIHbI B OKPECTHOCTH TOYKH fg.
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7.30. BriAcHUTE MoBefeHue UHTerpana tuna Ko

dC
27r1 Cflg

BOAM3U Touek 2z = —R u z = R, ecmn C' — monyokpysuocts || = R
(R > 1), nemamas B BepxHeit noayninockoctu (Havano B Touke R).

Ywrazaunwue. Cm. zagauy 7.20.

ODpumeuanne. O noBegenuu nHTerpanoB tuna Komwm BGIM3U oco-
6oit nuHun cM.: MycxeanumBuau H. . Cunrynapubie uHTer paibHbie
ypaBuenusi.  M.: @usmarruz, 1962. I'n. I; 'axos ®. I. KpaeBrie
zagaun.— M.: @usmarrus, 1963.— I'n. I.

§ 2. UuTerpan [Nupuxie, rapMoHudeckue GyHKIINU,
JorapupmMuyeckuii nmoreHnuai u pynxknua I'puna

://(ui—f-uf/)dmdy
G

Ha3bIBaeTCHA UHMez2paiLom ﬂupuzﬂe a narerpan

(u,v) // Uy Uy + Uyvy) dz dy

HuTerpan

— COOTBETCTRYIOLIEH eMy 6OuauHeliHoll gopmotl.

7.31. JlokazaTh cieayiomue cBoiicTBa uHTerpana Jlupuxie u coot-
BeTCTBYIOIIEH eMy 61/1n1/me17m0171 (hopMpbI:

// u? 771 dey (z =z + iy = re'?);

2) D(u) n D(u ¥) WHBAPUAHTHBI OTHOCUTENLHO KOH(BOPMHBIX 0TOG-
pamenuii odnactu G,

3) D?*(u,v) < D(u)D(v) (3HaK paBeHCTBa MMeeT MECTO TONBLKO B CIIy-
dae u/v = const);

4) ecnn pyusuns f(z) = u + iv ananutuyna B oGnactu G, TO

D(u) = D) = D(f) = [[I7'(2) dedy.
G

KakoBo B 3TOM ciyuae reomerpuueckoe suadenune D(f)?
7.32. Monwaysck dopmynoii ['puna

//vAud;rdy—i—D(u,v) va—ds

G c "
(n  BHemHsAs HopMmailb; A omepatop Jlannaca), 1okasaTh ciegyiolie
cBoiicTBa rapMOHUYECKUX QDYHKLUUH U, U1, Uz (Vv — DYHKLUA, CONpPAHEH-
Hasg K u):
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1) D(u) = /u?ds: /udv; 2) —de— /dv—O
, C

3) ectn w3 =uy Ha C, TO wu :uz B G;

4) ecnn Ou _ dus na C, 10 uy —us =const B G.

on ~ On

7.33. JlokasaTh, 4TO eciv u TapMOHMYHA B Kpyre |z| < R u Henpe-
pLIBHA B 3aMKHYTOM prre |z| < R, TO

2/ u(Re') d wR’ // (re)r dr de.

[z|<R
ov
Ywrazanue. I3 paBeHctna —de = 0 caeayer, 4To MHTerpai
C

udcp He 3aBUCUT OT 7] HalTU 3TO 3HA4YEHUE C MOMOIIbIO npegenb-

jzl=r
HOTO mepexona npu 1 — (), a 3aTeM COBepIIUThL TMpeJedbHbINA Mepexon
npu r — R.

7.34. Uurerpannl Buaa

J[ o v [ el O/v(@%ln 1l

(C =&+ 1in, n — Hopmans & (') Ha3BIBAIOTCA COOTBETCTBEHHO L02apUd-
MUYECKUM NOMEHYUAAOM, A02GPUGMULECKUM NOMEHUUAAOM NPOCMO20
CA08 U A02aPUGMULECKUM NOMEHUUAAOM JBOLIHO20 CA0S.

[IpoReputh cienytoue paBeHCTRA:

| 1 ln%, ecan |z| > R, y
)ﬁb/IHCzlde_ : (¢ = Re%);

In R ecu |z| < R,

lni, ecin |z| > R,

In 1 dé dn = 2] ,
1 1
CZR lnﬁ_'_i[l_(%) ], ecin |z] < R;
0
3) /1/(() %1 — |d¢| = / v(¢)darg ({ — z) (Hopmann n Gepercs
C

cjeBa Mo OTHOMIEHUIO K 00X0ay C),

] ¢, ectm Imz >0,
/3 \C—z|df {— ecin Imz <0, rie ¢ (0 < <)

P
YT, IOl KOTOPBIM BUIEH 0Tpe3ok (—a,a) uz Touku 2z (a > 0).

@ynryueli Ipuna oGnactu G nna 3agaun Hupuxae g(z,y,&,n) (xo-
porko, ¢(2,(), z = x+1iy, ( = £+ in) HasbiBaeTCA rapMoHUYeCKas
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¢GbyHRIIUA 00euX map mepeMeHHbLIX x, y U &, 1), paBHasA HYJIO Ha rpaHulle
obnactu (7, umeromas 0CO6EHHOCTh Mpu z = (, TpuYem

9(z,¢) =1In |1—C\ + rapmMoHnyeckas GyHKIUA.
Y —
Oyuruua ['pyHa cuMMeTpuyHa OTHOCUTENLHO CBOUX apryMeHTOB, T. €.
9(2,¢) = 9(¢, 2) (em., nanpumep, [2, ra. VI, § 1]).
7.35. ChopmynupoBaTh 3amauy Hupuxie aad rapMoOHUYECKON (yHEK-
MM, 3KBUBAIEHTHYIO OThickauuio ¢pyuruuu ['puna g(z, ().

7.36. Tlycrh pyuruusa w = f(z, ) koupopMHo 0ToGpasaeT 0qHOCRAZ-
HYIO kopaaHoBy o6aacts G Ha kpyr |w| < 1 tak, urto f((,{) =0 (¢ € G).
JlorazaTh COOTHOIIEHUSA

fz,0) = e totin), (2)
rae h(z, () — rapMonudeckas GyHKIUA, conpaxennas ¢ g(z, ().

7.37. Tlonwaysack cootHomenuem (1) zamauu 7.36, HaiiTh (QyHKUUIO
I'puna g(z,() nas cremyiomux obaacreii:
1) nas wpyra |z| < R; 2) aas noaymaockoetu Imz > 0

3) mas monocel 0 < Imz < 1.
7.38. llorasarh cienyiomue yTBep;aeHus (n BHYTPEHHAA HOP-
Mallh, 7y, — OKPY#HOCTE |z — (| = 7):
1) ecau u(z) HenpepbiBHa BGaU3U z = ¢, TO
lim [ u(r) % ds = 2mu(z);

r—0 n
Ir

2) ecnu u(z) HenpepbiBHO ouddepeHnupyema Boausn z = ¢, TO

lim /g 6“ ds =0

r—0

3) ecan u(z) rapmonnuna B (G u HenpephiBHO auddepeHnrpyema
Ha C, 1o

u(¢) = %/u(z) %d‘s (z € G).
e]

Ywrazaunue. B popmyie

[(63 0%y a= [0 a2

7

COBEpPUIUTL NpeeibHbIil nepexon npu r — 0.
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§ 3. Uurerpaa Ilyaccona, popmyina IllBapua,
rapMoHuueckasa Mepa

Ecau peiicrBurenvuas dyuruusa u(¢) = u(R,6) ompenenena u Ky-
couHo HenpepbiBHa Ha okpy#HocTH ( = Re (0 < 6 < 27), To um-

meepaa Ilyaccona o

u(z) = u(rg) = 3= [u(R.6)

R _ 2
—2Rrcos (6 — ¢) + 12 9

(1)

onpepensier B kpyre |z| < R (2 = re'¥) rapmonnueckyio GyHKINIO, HMeIO-
mYIO B TOUKax HenpepbIBHOCTH u(() rpaHn4Hble 3HaueHus, paBuble u(():

ll_,né u(z) = u(¢)

(z = ¢ 1o moObIM HekacaTenbHbIM MyTAM). CooTBeTCTRYIOmAA HYHKIA
f(2) =u + iv, ananutudeckas B Kpyre |z| < R, omnpeaensercs no gopmy-
ae Ilsapua:

27
£(2) = 3= [u(©) FE a8+ in(0)
0

(v(0)  mpousBoabHOE HEHCTBUTEIbHOE UNCIO).

7.39. ﬂOHaSaTb clenyiouue yTBep K aAeHNA:

—7?
dr =1;
27r R’—ZRTCOS(H—) yr '

2) U(T-, p) —u(R,6o) =

R* —1?
de;
R2 —2Rrcos (0 —¢)+r2 '

3) ecin |u(R,0) — u(R,90)| <e mna |0 -0 <« 1O

——/11R0 u(R, )]

R _ 2
R> —2Rrcos (6 —¢) +

1
o / u(R,0) — u(R,60)|
10—6| <o

~df < ¢;
72
4)ecin [0 —bOp| >a u |p —by < /2, TO
R?* —2Rrcos (f — @) + r> > 4Rrsin® %;
5) eciut |p — o] < a/2 U BBINOAHEHBI YCAOBUA M. 3), TO

M(R? — 7")

lu(r, ) —u(R,6p)| < e+ 5 A

27
roe A = 47 Rrsin® %, M = / |u(R,0) —u(R,0)|db.
0

9 JI.N. BonkoBbickHit u 1p.
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7.40. JlokazaTn, uto ecain ( = Re'?, z =re'?, 10
C+z  (R*—7r’)+i2Rrsin(p —6)

¢(—z  R2—2Rrcos(f— @) +r?
Moan3ysack OOKa3aHHBIM PABEHCTBOM, MOAYYUTH ClAEAYIONIe pasio-

MeHud:

u(z) = u(0) + Z (%)n(an cosny + by, sinny),
r\" .
v(z) = v(0) + (E) (=b,, cosny + a,, sinny),

Z enz”,  f(0) = u(0) + iv(0),

n=1

~~
—~
N
-
+

rue
2w 2w
an = %_/U(R,a) cosnbdf, b, = %/u(R,e) sin nf db,
0

27
/u(R, B)e " dg.
0

an —ibn 1
R ~ xRn

Cp =

7.41. JlokazaTh, uTO OaA rapMoHWYecKoil GyHkuuM u(z) WHTErpan

Hupuxine
// +71 de’l/_ﬂ'Z a’ +b2)

<R
(k03 YULHEHTEI ay, ‘I/I‘ b, ompeneneHbl B NpeAblayieii 3aaaye).
ITpu aToM 06e yacTu paBeHCTBa OQHOBPEMEHHO MOTYT oOpamiaThcs B
0EeCKOHEYHOCTh.
Ywraszanue. [lepeiiTu K moaapHbIM KoopauHataMm (r, ) U J0Ka3aTh,
uto ecnu r < R, To

- // 2t dT(h/—TFZ ( )2n(ai+bi).

|z|<r

7.42. JlorazaThb, UTO [JIA HENPEPBIBHON (pYyHRIUU
o0
sinn! @
u(r.6) =3 23
unterpan [lupuxie onpeneiser rapMOHMUYECKYIO B Kpyre |z| < R QyHE-

unio u(z) ¢ rpannuHbiMu 3HaveHnaMu u (R, 6) n GeckoHeYHLIM HHTerpa-
aom Hupnxie D(u) = oc.

7.43. C nomomuibio uHTerpaia IlyaccoHa pemuTh BHENIHIOIO 3amauy
lupuxne nas kpyra |z| < R: naiitu ¢ynruuio u(z), rapMoOHUYECKYIO B
oGnactu |z| > R, peryispHyio Ha GeCKOHEUHOCTH ¥ MMEIONIYIO 3afaHHble
rpanuunble 3uavenus u(¢) Ha orpymuocru || = R. Onpenenutsb 3uadve-
Hre u(oo).

Yrazanwue. Coenatb 3aMeHy z7 = RQ/Z.
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7.44. Jlorasathb, uto maaa |z| > R ¢opmyna [lBapua (cMm. BBeaeHue
K § 3) ompenensier aHamuTuyeckyio GyHruumio fi(z) = uq(z) +ivi(z),
peryisapHyIo Ha G€CKOHEYHOCTHU, U UMEIOT MEeCTO Pa3JIoKeHUS:

he = 1(E) =50 - Y S8 =R

Zn

n=1

ur(z) = —{u(O) + i (?)n(an cosny + by, sinncp)},

R n
(—) (—by cosnp + a, sinnep),

T

rae a,, b,, ¢, ompemeifdloTcA Tar ke, Kak B 3amauve 7.40. [lpu sTom

Re f1(¢() = —Re f(¢) = —u(¢), Im fi(¢) = Tm f(C).
Yraszauue. B popmyne Illeapua aas |z| > R cpenaTb 3amMeHy z =
= R?/z; u Bocnoab3oBaThea Tem, uto ( = R?/( na okpymuoctn [(| =

B zagauax 7.45 7.50 maiitu ¢yusuuu f(z) (]z| < R) u fi(2) (]z] >
R), onpepensempie Gpopmy.aoii [lIBapua, ecnn u(¢) — 3anannas GyHKuUA.

7.45. 1) u(() = Re[p(¢) + (O} 2) u(() = TIm[p(¢) + 4 (Q)};

) =
rae p(z)  GyHKUUA, aHATUTUYECKAs TIPU \z\ < R, at(z) mpulz| > R.

7.46. u(() = Re(”. 7.47.u(() = Rec—n

I

7.48. u(¢) =Re In

—_

= (R>1).

7.49. u(¢) = Re 7 (ecm/l ¢(>1, 10 ,/Cél>0; R>1).

7.50. u(¢) = Re In(.

7.51. JlokazaTth, uto dopmyny IlIBapua MomHO 3anucaTh B Buie

fo) =+ [ 9% 7).

ICI=E
Yrazanue. BocnoabzoBarhcsa paBeHCTBOM

I
7

C+z 2 1
(C—2) (-2 ¢

7.52. Monyuuts (opmyibl, aHaloruusele wuHTerpany Ilyaccona
u (popmyie [Isapua nas BepxHeil noaymiockoetu Imz > (0, 1. e. Bblpa-
3UThL TapMOHHWUECKYI0 (YHKIUIO w(z) U aHATUTUUECKYIO (DYHKIIUIO
f(z) =u(z) +iv(z) yepes u(t) (—oo < t < o).

Yrazanue. BocrnonnzosaThea KOH(QOPMHBIM 0TOGpa#eHUEM TOLY-
NJ0CKOCTH Ha KpPYT.

7.53. BriBectu ¢opmyay HIBapua ana noaocer 0 < Imz < 1.

Y rkazanue. Bocons3oBaThes ROH(I)OpMHI:IM OTOﬁpa}KEHI/IEM MOJOCHhI
Ha TOJYMJOCKOCTh.

9*
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Tapmonuneckoti mepoti w(z,«,G) TpaHUYHON OYyTU @ B TOUKE 2 OT-
HocuTenbHO obnactu (G Ha3bIBaeTCA OrpaHUYeHHas, rapmoHudeckasa B G
¢yHruus, paBHad 1 Bo BHYTpeHHUX ToukaxX Ayru a u 0 BO BHYTpEH-
HUX TOYKaxX OCTalbHOI yacTu rpanuibl. [apMonuueckas mepa w(z, a, G)
MHBapuaHTHAa OTHOCUTENbHO KOH(GOPMHBIX OTOOpaHeHUil.

B szapgauax 7.54-7.57 obnacte G — kpyr |z| < 1 n w(z,6,,0,) — rap-
MoHUYeckas Mepa AyTu a = (f1,603): w =e" 6, <6 < bs.

7.54. llonwb3ysack unterpaiom Ilyaccona, nokasaTh, 4TO

02
1/ 1—1°
w(z,01,05) = %9/1 —2rcos (6 — ) + r? 6,
1
B uactHoct, w(0,0;,6) = (62 —6;1)/2m.
. dw(z,61,0)
7.55. Haiitu nunuu ypoBHf (QyHKLNU ——p— Tw (puKCMpoBaH-

HoM 3Havenuu  (z = re'¥  nepemennas Touka).

Ywrazanue. JlokazaTh, 4TO

dw 1 |w' — 2]
a0 27 |w—z|’
roe w' ~ KOHell XOPIbI, BRIXOAAIIEH U3 w U NPOXOAALel uepes z.

7.56. O60o3naunm yepes w' KOHEN XOPAbI, BRIXOAALIEH N3 TOUKK w W
npoxonfmei yepes Touky z. IyeTh a ayra (61,62), a o'(z) ay-
ra, onuceIBaemMas TOYKoOi w’, Korna w npoderaet nyry a. JokaszaTh, 4To
nnuHa ayru o' (z) paBua 2nw(z, 61, 6s).

7.57. HaiiTu nuHUM YpPOBHA rapMOHHMYECKON Mephl w(z,61,60s) moy-
ru (01,60,). llonb3ysack aTuM, O0KasaTh, YTO MHTErpal, onpenenfdiomuil
rapMoHHYeCKYIo Mepy (cM. 3amauy 7.54), neficTBUTENbHO UMEET NMpeeib-
uele 3Havenusa 1 va (61,02) u 0 — wa gomoaHeHun (paccMaTpuBalOTCA
BHYTpEHHUE TOUKHU OYT).

7.58. Iasa nonynaockocTd Imz > 0 ompeneauTs rapMoHHYECKYIO
Mepy w(z,a,b) orpesra (a,b), nyua (—oco,b) u nyua (a,o0), KaroBo
reoMeTpruyecKoe 3HaYeHUe 3TUX TapMOHUUYECKUX Mep?

7.59. Haiitu rapmoHndeckyio Mepy ctopon yria 0 < argz < 7.

7.60. [las monykpyra |z| < R, Imz > (0 uHaiiTu rapmMoHUYeCKUE Me-
pel auametrpa A u noayokpy#sHocTu [, a Takme JUHUU YPOBHA 3TUX
rapMOHUYECKUX Mep.

7.61. HaiiTn rapMoHMYECKYIO Mepy TpaHMYHON Nomyokpy#HocTH T
oGnactu |z| > R, Imz > 0.

7.62. HaiiTn rapMoHnYeCKYIO Mepy rpannunoii okpy#uoctu I o6aac-
™ |z| >R, 0<argz <2m.
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7.63. HafiTu rapMoHHYECKYIO Mepy T'PaHUUHBIX OKPYMHOCTEH KOIb-
na r < |z|] < R.

B zapmauax 7.63-8.1 o6aactk (G orpaHuyeHa CIOHHBIM KOHTypowm [,
COCTOAMUM U3 1 IPOCTHIX, raankux koutypos [, (v =1, 2, ..., n). 06xoxn
KOHTYPOB NPOUCXOAUT B MOJO;KUTENLHOM HalpaBlieHUU [0 OTHOIIEHUIO
K obnactu (7; HOpMAalh M — BHYTPEHHAf MO OTHOIIEHUIO K obnactu (.
Ilepuodom ananutuueckoit B G ¢yuruuu no [', HaspiBaeTcA uHTerpan

/df(z).

Ty

7.64%). JlokazaTb, uTO eciu rapMonudeckas (GyHruua u(z) omHO3-

Hauna B (¢, To mepuon aHamuTuyeckoil Gpynrumu f(z) = u(z) +iv(z)

BIoab ', paBeH —i Ou ds.
on

ry

7.65. JlokazaTh, 4To aaA KOMMJaeKkcHOU ¢yHkuuu 'puna g + ih 06-
aactu G (g(z,() ¢dyurnusa [puna obaactu G, h(z, () COTIpSI#ieH-
Hasg K g rapMoHudeckas (GyHKIUsA) nepuon Bmoab L', paBen —2miw,(z),
rue w,(z) — rapmonnueckas mepa [', oTHocuTensHo obractu (. [loka-

3aTh, UTO Zw,,(() =1.
=1

Ywkasanue. Tapmonnueckas B G (yHRIUA u(¢) momyckaet mnpef-
craBnenue B Buge u(() = %/71(2)% ds (cMm. 3agauy 7.38).
., n
I

7.66. BoipasuTh uepes w,(z) orpaHuyYeHHYIO, rapMoHUUYecKyio B G
byHRIUIO u(z), UMEIOIYIO OCTOAHHbIe 3HaYeHus ¢, Ha L', (v =1,2, ..., n).

7.67. Jlorazatb, 4To mis GyHKOUM v(2), CONpsAeHHON ¢ QyHRIME

u(z), omHO3HAUYHOW W TapMoHWYecko# B (7, mepuonn! p, BOOAL [, momye-

KalOT NpeacTaBieHue p, = —/u(z)a%(z) ds.
n
r
7.68. Tlycth @, (z) — compsmennas & w,(z) rapmMoHnyeckas (GpyHK-

UUA U Py, — nepuog GyHELUN w,(2) = w,(2) + i@, (z) Booas T',.
1) Norasath, 9T0 Py, = P, (B, v =1,2,...,n).

Y raszanwue. BocroanzoBaThea npeacTaBieHueM
Owy

1
Dy = —=— [ Wy —— ds.
’ o] TH on
P

3) K zamauam 7.64 7.70 cm. nononnenue lllud depa k kaure: Kypaunt P. [lpun-
nun JIupuxiae, KoHGoOpMHbIe 0TOOpakeHNA U MUHUMalbHble MOBEPXHOCTH. M.: loc-
Texusnat, 1953.
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n
2) IlokazaTh, 4TO Zp,w =1 (p=1,2,....,n).
v=1
7.69. Tlycth ¢, (v = 1,2,...,n) — TNpPOU3BOILHBIE IefiCTBUTEILHbIE
qucha.
1) lokasaTk, 4TO ecau p,, yucia, onpeaelneHnble B 3agaye 7.68, To
n

KBajgpaTtuyHad Gopma E DuuCuvCy = 0, IpUYeM paBeHCTBO UMEeT MeCTO

v, pu=1 .
MU TOTJa, KOTAa BCE ¢, PaBHbI Me# Iy cOoOOii.

n
Ywraszanue. K rapmonnueckoit pyusunn w(z) = Zc,,wy(z) npu-
=1
MeHuTh Gopmyry D(w) = f/wg—w ds (cMm. 3amauy 7.?1;2; 3HAK U3MEHeH
. n

" r
Ha 06paTHEIi, IOTOMY YTO Temepb . BHYTDPEHHAA HOPMAJb).

2) JlokazaTh, 4To KBagpaTuuHas (opma E PuyuCyCy ABIAETCA TIO-

v,pu=1
JOAUTENLHO ONpedeJeHHoN, T. €. OHA MOJOMUTeNLHA [JA BCEX CUCTEM
snavenuii {c,}, ucknovas ¢; = ¢y = ... = ¢,—1 = 0.

7.70. llokazaTh, 4TO cUCTeMa ypaBHEHUI

—1
S pouAi =By (p=1.2,.,n—1)
v=1

(All — HeI/IBBeCTHbIe) nMeeT eJUHCTBEHHOe pelleHnue 714 JOOBIX Bll'

Moanaysack aTUM, [0Ka3aTh, YTO LA Ai060H rapMonndeckoit B G GyHK-
uun u(z), BooOUe roBoOps, HEOJHO3HAUHON, MOKHO MOA0OPaTh MOCTOSH-
uoie Ay, As, ..., Ap_1 Tar, 4TOOLI rapMoHMYecKasa (yHKIUA

ur(z) = u(z) + i: A,0,(2)

Obl1a onHosHayHa B (5.



I'TABA VIII

AHAJIUTHUYECHKOE IIPOIOJI*KEHUE.
OCOBEHHOCTHU MHOTO3HAYHOTO XAPARTEPA.
PUMAHOBBI ITOBEPXHOCTH

§ 1. AHaiuTH4YeCKOe NPOJoJIHKeHHe

[e.e]

8.1. ®dyuruusa f(z) = Z 2" pasnomena B psan Teitiopa B okpect-

n=0
Hoct Toukn z = a (la] < 1). Ilpn kKakux 3HaYeHUAX a ATO pazioe-

HUe M03BOJAEeT aHATUTUYECKH NPONOIKUTL GyHKIMIO f(2)?

[ee] n

8.2. Cymwma crenennoro psaa f(z) = Z c pasnosxena B pan Teit-
n

n=1

10pa B okpecTHOCTH ToukHN z = —1/2. Kakora o6racTh, B KoTOpyio Oynet
TakuM 00pasoM mpoaoisena GpyHruns f(z)?
0 n
8.3. Nlorazarn, uto ¢yusuus f(z) = 2(—1)”+]Z— MO#eT ObITh
n
n=1

npoofHena Ha GOIbIYIO 061aCcTh MOCPEACTBOM psjia

2 3
mo—t-z_ (-2 (-2
2 2.2 3.22

8.4. CreneHHble pAdbI

fﬂz)zZ% u z7r+2 =2"

n=1
He UMeIOT HUKaKoi obefl o61acT cxoguMocTu. [lokasaTh TeM He MeHee,
aro ¢yurunn fi(z) u fo(z) ABIAIOTCA AHATUTUYECKUM MPOJOIHEHIEM
ApYT Jpyra.
8.5. JlokasaTh, 4TO (YHKUUU, ONpeaeleHHble pAgaMu

1 (1—a)z (1—a)*s?
1 222 4. - - ..
taztatd b Moo T Aty

ABJIAIOTCA aHAJIUTUYECKRUM IIpOOOJeHrueM Opyr apyra.

8.6. Ilycth creneHHoii pan
fE)=a+arz+ ... +a,2" + ...

umeet paguyc cxogumoctu R = 1. llpousBens 3amMeHy nepeMeHHON 2 =
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Z
= , IpUBeJleM ero K BU
1+2 puBen ny

flz) = f(HLZ) =F(Z)=co+aZ+..+c, 2"+ ..

0603HauUMB paguyc CXOAUMOCTU MOJIYyUYEHHOTO pAga depe3 p, OOKa-
3aTh CAEAYIOUINE yTBepH#IeHU:

1) p>1/2, npuuem eciu Toura z = —1 sBAseTcs ocoGoil aaa GyHK-

unn f(2), 7o p=1/2;
1
2) ecin 5 <P< 1, To paBenctBO f(2)=F(Z)= F(%) NO3BOJIfA-
—Zz
eT aHAIMTHUYECKU NMPOJOKUTEL GYHRIUIO f(z) B 06JaCTh, BHENIHIOK 1S
z

1-— z‘ -
3) ectu p =1, To ykasaHHOe B 1. 2) paBeHCTBO aHATUTUYECKHU TPO-

nomkaer pyHruuio f(z) B nomymiockocets Rez < 1/2;
4) eciu p > 1, To pyuruua f(z) aHaTuTUYECKU TPONOIKUMA B 06-

Kpyra |z| < 1 ¥ BHYTPeHHIOIO LIl OKPYMKHOCTH AMONIOHNA

z
JaCTh, BHEITHIOO OJfA OKPY#HOCTU Anonnonus 1—‘ = p.
— Z
oo
on
8.7. ﬂOHaSaTb, 4YTO CTeleHHO pan f(Z) = E Z2 npencraBiifeT
n=0

GyHRUMIO, aHaIUTHYECKYIO B Kpyre |z| < 1 ¥ MMEIOWYIO0 OKPY#HOCThH
|z| = 1 cBoeit ecTecTBenHoii rpanuneii (1. e. f(z) ABAsgercsa (yHRUMEId,
He MPOOMAUMON 3a Mpeelbl eIUHUYHOrO Kpyra).

< ok
Ywazauue. Moabsysack TomaectBom f(z) = 224+ 24 + ..+ 22 +

+ f(z'?k), J0Ka3aTh, 4TO AJA 11000l Touku Buga ( = V1 (k  warypaib-
Hoe uucno) f(t() - oc mpu t—1 (0<t<1).

B 3apauax 8.8, 8.9 nokasaTh uTO (GyHKUUM, NpeAcTaBleHHbIe yKa-
3aHHBIMK CTEMEHHBIMU PAJAME, HE NPOOOIAUMbBI 38 Tpeaeldbl eInHUY-
HOTO KpyTa.

8.8. f(z) = i P
n=0

Yraganue. Eciu p 1 g — B3aMMHO IIPOCTHhIE LieJible Yrcjia u n 2 q,
1

. n!
TO (1“62”’”/‘7) =l

n!

8.9. f(z) =Y i—
n=0

Ipumevyanue. B zagpauax 8.7-8.9 paccMoTpeHbl yacTHbIe ciydau
o61ell TeopeMbl Agamapa o npomyckax.

Ecnu Homepa oTAWYHBIX OT HYJAA K03G(UIIMEHTOR CTENEeHHOTro pAna
o0

flz) = E an,z" 00pa3yioT MoclegoBaTelbHOCTb ng,Nsa, ..., B KOTO-

n=0
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poit npiy > (14+ a)ng, rme a >0, To rpaHuua Kpyra CXoAUMOCTH
pfAfla ecTh ecTecTBeHHas rpanuna GyHruuu f(z).

o0
1 1
8.10. JoxazaTh, uTO pAI 2 ( - n) B o6nacTax |z| <
n=0

1 — zntl 1-2

< 1 m |z| > 1 npexacraBnfier OBe aHanuTHUYeckue (QYyHKLUUM, HE ABIf-
IOIecH aHAaMUTUUECKUM MpOAOIMEeHeM Ipyr apyra (cMm. Takike 3ama-

un 5.14 5.17).

8.11. Hyers f(z) m @(z) — mpousBoibHLIE Henble QyHKOUN a
_n _ n—1
S(z) = Z (1 T z“ — 1_*_ z"ﬂ)' JlokazaTh, 4TO BhIpameHue

U = L) +e@)] + 3 SRR - el2)]

2
npexacranafer B obnactu |z| < 1 ¢pyusunio f(z), a B obnactu |z| > 1 —

byuruuio p(z).
8.12. 1) Jokasarsb, 4To ecin o JefiCTBUTENbHOE HppalOHaIbHOe
1

on (Z _ 621’,71,71'(1)

oo
4ypcao, TO pAn Z npejcTaBasger B oGmactax |z| < 1
n=1
u |z| > 1 anamuTudeckue GYHKUUM, [ KamA0N U3 KOTOPBIX OKpY#H-
HOCTb |z| =1 sBAAeTCH eCTECTBEHHON rpaHuUleil.
Yrazaunwue. JlokazaTh, 4TO cyMMa pfAja HeOrpaHWUYEHHO BO3pacTaeT
npu z — €*™°T proabL paguyca-BeKTopa.
Ipumeuanue. llpuBenennasa 3agava fABAAETCA YaCTHBLIM Clyuyaem
cieayiomeil obuiell Teo pe M bl.

[yers L  KpuBas, 3aMKHYyTaf WM pasoMKHYTas, UMeIomasa B Kamk-
o0

JI0# TOuKe onpeaeleHHbIH pagnyc KpuBU3HbI. Eciau pan E ¢, abCONIOTHO
n=1

CXOOUTCA, a TOYKU aq,ds,...,0y, ... BCe JemaT Ha KpuBoi [ u pacnpe-

JejeHbl Ha Heil Tak, 4YTO Ha J060 KOHeUHOU Ayre KpuBoit [ Bcerma co-
o

C
JepHUTCA UX OeCKOHeUHOe MHOMeCTRO, To pan F(z) = E —" _ mnpen-
an — 2
n=1

cTapadeT QYHKIMIO, aHAIUTUUYECKYIO B 000 o6aacTu, He coaep#Halleit
Touek KpuBOiH L, U Iad KOTOpOl 3Ta KpuBafA fABJAAETCA 0cob0il JuHUe
(em. T'y pca. Kype matematnueckoro ananmza, 1. 2, ra. XVI).

2) JlokazaTh, 4TO ecin o — OeHCTBUTENLHOE palMoHANIbHOE YHCIO,
To psan 0. 1) npeacraBaser paluoOHAILHYIO (QyHKIUIO.
8.13. JlorazaThb, UTO pAn
oo
Z Zl (nzzezlnn)
n=1 n*+n
cxonutea npu Rez > 1, u ero cymma umeer npamyio Rez = 1 cBoeit
€CTEeCTBEHHOI rpaHulei.
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oo
—m)!
8.14. JlokazaTh, uto ¢yuruua f(z) = E e” ™% anmanutuuHa npu
m=0
Rez > 0 u umeer npamyio Rez = 0 cBoeil ecTecTBeHHOl rpaHulefi.

8.15. llokazaTh, uto GyHKUUIO f(2), ONpeereHHYIO B MOIYIOCKOC-

roe a, = (=1)"*1,

o0

™ Rez >0 pangom [lupuxae f(z) = 2 ane %,
n=1

o1 = 2k, dop =2k +e 2 (k=1,2,..), MoxHO aHATUTHYECKU TIPO-

JOMMUATE B NOMYILIOCKOCTE Rez > —1. ~
Yraszauue. 3anucatt f(z) B BUOe z) = 1— e " )e2k2
y a

k=1 — 2k
1—e 3¢ < Me 2k,

U J0Ka3aThb, YTO B JI000H KOHEUHOH oGJacTu

roe M NOCTOAHHAA AJA paccMaTpuBaeMoil o61acTu.

Ipumeuanwue. llpuBenennasa 3agavya MokasbIBaeT, YTO Ha MPAMOIA,
OrpaHUYMBaIONIe MOJYTIOCKOCThH CXOAUMOCTH, cyMMa pana Jupuxie Mo-
KeT He UMeTh 0COObIX TOYeK.

8.16*. ®dyurumio f(s), ompenenennyio B noaymiockoctu Res > 0
o0
¢ nomombio uHTerpana Jlanmaca f(s) = /e’“et sin e dt, NpomOMHUTE

0
aHaluTHN4YeCKHN B MOJYIIJOCKOCTb Res > —1.

8.17. lNamma-¢dyHrIuA diinepa omnpefensieTcd B MOJYMIOCKOCTH
o0

Rez >0 nocpencrsom nnterpana I'(z) = /e*ttz’] dt (£ =elz=1InD),
0

[IpyMeHsa & MpaBoil YacTH ATOr0 paBeHCTBA WHTETPUPOBaHUE M0 YacTAM,

nokasatb, 4yTo QyHRuMA ['(2) aHaIUTUYeCKH MPOJOIKAETCA Ha BCIO MI0C-

KOCTh Kak MepoMop(dHasa (yHKIMA ¢ MpocThiMu noatocamu 0, —1, -2, ...

,—MN, ..., IpUYEeM BbIYET OTHOCUTEJBHO mmoaioca —n paBen (—1)"/nl.

8.18. MokazaTh, uyTo ['-pyHKINIO MO#HO aHATUTUYECKU TPOAOTHUTh

npu nomomu hopmyanst I'(z) = E e + /6415271 dt.
n=0 1
1

YrazaHue. 3aMeHUTh B UHTerpaie /e’ttz’1 dt pyurnuio e ' ee

o 0
pasdnomenrueM B CTENeHHOU pPALd.

8.19. B zagaue 3.26 6b110 morazano, yto npu 0 <z <1

o0 oo
/t””*1 costdt = T'(z) cos % /t””*1 sintdt = I'(z) sin %
0 0

B warux ob6aactax miockocTu z OGyAYT CHpaBellWBbl yKazaHHbIE
hopmynnr?
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8.20. Jlorasathb, uto ['(z) MOKHO NPOOIHUTEL HaA BCIO 06J1aCTh ee Cy-
IECTBOBAHUA MPU MOMOIIU GOPMY.JIbI
[(z) = #/efw(fw)zfl dw ((—w)*~ ! =T In(=w)y

2sinmz,

rae KoHTYp C cocTOUT U3 paspesa MO MOJORUTENLHON YacTu OefcTBU-
TellLbHOI ocH, mpuyeM 06X0J Havala KOOpAMHAT cOBepllaeTcA NPOTUB da-
COBOW CTpENKHU.

8.21. Myers ((z) — nzera-¢pyusunsa Pumvana (cm. zagauy 5.13)
= Z L (Rez > 1).
— n*

llorazatn, yto npu Rez >1 ((z2) =

dw, U TOAYYUTD
[(z)) ew —1 Y
0

0TCIO[a aHAIUTHUYeCKOe NMponodxkenne GyHRIUN ((z) Ha BCIO MIOCKOCTh,
WCKIIOYasg TOYKY 2z = 1; BBIACHUTH XapakTep ocoGeHHOCTH (yHE-
unn ((z) B Touke z = 1.

Yraszauue. [1A aHaIUTHUECKOr0 MPONOMMEHHUA PaCCMOTPETh HH-

Terpan /% dw, roe C — woutyp 3amaun 8.20.
B ew
c
8.22*. Mlycth ¢ynwuua f(z) pasiomeHna B cTenenHoil pan f(z) =

= E an,z", umeromuii paguyc cxogumoctu R = 1. O6osnauum ue-

> n
pes o(z) cymmy pama (z) = Y a’;ﬁ (bynruna ¢(z) — dynkums,
n=0 h
conpsamennas 1no Bopenio ¢ dyHkumeit f(z), — aABagerca wenoii; cM. 3a-
nauay 3.150).
Nlorkaszath, uTo npu |z| < 1 MMeeT MecTo paBeHCTRO
[o¢]
/e*tcp(zt)dt = f(2).

0
00

JlokazaTh Tak#e, YTO GHYyHKLIUA /e*tga(zt) dt ocyuiecTBIfAET aHaAIU-

0
TUYecKkoe mpopomeHne ¢yHwuuu f(z) B obmacts (G, omnpepeinsiemyio
cienyomuM 00pa3oM: uepe3d Kamkaylo ocolyio Toury byusuuu f(z)
OPOBOAUTCH MOpfiMas, MepneHAUuKYyJfApHafg K OTpPe3Ky, COedUHSAIOMeMY
ATY TOYKY C HauajoM KoopauHat; ¢  BbINyKJaad 06JacThb, codep:kamasn
KpyT |z| < 1, rpanuna KOTOPOH COCTOMT U3 TOUYEK OMMCAHHBIX MPAMBIX;
ec/ii KOJMMYECTRBO ATUX MPAMBIX KOHEYHO, TO (G — MHOroyroibHuk (Me-
Toa mpopoikenus Bopens).
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8.23. [IpoBeputh MeTon mpopoieHusa bopenad onAa cleaymlomux ps-
NOB:

1) Zz"; 2) 222"‘; 3) 224".
n=0 n=0 n=0
8.24. Ilyctb B unTterpaie tuna Komu F(z) = 21 % C
L) — Z

7

NpoCTOit 3aMKHYThIIt KOHTYD U (¢)  dyHKUMA, HenpepbiBHasA Baoab C.
llokazaTh: 4T0GRl onHa 3 dynrunit F*(z) u F~(z) (cm. c. 127) Grua
aHaMUTUUYECKUM [POAOMMEHNeM Apyroil depes ayry v € C, HeoGX0AMMO
1 moctatodyHo, utoobl f(z) = 0 Ha gyre 7.

8.25. Jlorasathb, yto ecaun GpyHruusa (¢) He ABIAETCA aHATUTUYEC-
Roﬁ]) HU B OJHOH TOYKe MPOCTOW He?aMRHyTOI‘/JI uyrI/I C, 1o Bce TOU-
dC

sy gyru C' ocofble aaa uHTerpansa tuna Komm /‘p
7T’I V4

c
Yraszanue. Uexoguts us ¢popmya CoxXolKoro A npeaeabHbIX 3Ha-
yeHU# nHTerpasa tumna Romu.

8.26. Ilycth v 06X0UMBIil B MOJOKUTENLHOM HalpaBleHUHU Mpoc-
TON 3aMKHYThIfl KOHTYP, COCTOAINMI U3 AYT Y1, Y2 C OOIMIUMU KOHEUHBIMU

- TOUKaMu z1 U 29 (puc. 31), G
o6nacte BHYTPU 7y, G~ 06/1acTh
BHe 7. IlycTh, ganee,

T d
5 e - F(Z) ‘P(C) ZC’
J

rie ¢(() =a, eciu ( € v, u

Z e @O=b e Cen (amb
KOMIIJIEKCHDIE OCTOAAHHBIE).

P9l Haiitu pyusunn FT(z) u F~(2)

¥ MPOJOMNTH aHanuTudecku pynrnuio F~(z) B obnactn G
a) uepes Iyry yi; 0) 4epes OYTY 7.

8.27. Mlycts G — nBycBaA3Hasg 06JaCTh, OrpaHUYEHHAA BHYTPEHHUM
KOHTYpoM 7 u BHemnum [, u ¢(2) (GyHKUNA, aHaTUTUYeCKasa B 3aMK-

HyToi obractu G+ v+ I.
1 re@)
) 27rir/C —z dC

JllokazaTh, 4TO QyHKIUA
aHallUTU4YeCKU MNpoaod#xrMa BO BCIO BHEIIHOCTL KOHTYpa 7y, a q)yHHUI/IH
1 19
+ =
2mi ) ¢ —
5y

1) To ecTh He cyulecTByeT aHalUTHYeCKoi GyHRuuM, coBnamaoomeil ¢ p(¢) Ha
Kakoit-nu6o nyre, npunagieskameii C.
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BO BCIO BHYTpeHHOCThL KoHTypa ['. O6xom koHTypoB v u I' coBepa-
eTcA MPOTUB YacoBOM CTPENKNU.

§ 2. Oco6Ghle TOUKH MHOT03HAYHOTO XapakTepa.
PuMaHOBBI IOBEPXHOCTH 2)

N3zonupoBanHas Touka BeTBIeHNUA 2z = a nopsaaxa k — 1 pyHxumun w(z)
(k HaTypalbHOe 4ucio, k > 2) XxapakTepusyercs TeM, 4TO UMeeTcs
BeTBb w(z), AOMycKaiolas B OKPECTHOCTH TOYKU z = a MpelcTaBleHre

w = Z(’n(z —a)"*  (a# )

1 -
w= chz*"/k (a = o).
—o0

Ecau numb woHeuHoe unciao KoahPULUUEHTOB ¢, C OTpPULATENbHbBI-
MU MHAEKcaMU OTJAUYHO OT HYJf, TO TOUKa z = a (1/1111/1 z = oc) Ha-
3bIBaeTcA a.nzebpauieckoll moukol 8emeseHus (a. T. B.). B npotuBHOM cay-
yae COOTBETCTBYIOLIAA TOUKA HAa3bIBAGTCA MPAHCUCHOCHIMHOL MOoYKoll
6emeneHUs (CyIHeCTBeHHO ocobasgs ToUuKka MHOT03HA4YHOI'O XapaRTepa).

Han oagHoit u Toil #e TOUYKON z-MJIOCKOCTU (PYyHRIUA w(z) MOKeT
nMeTh He 0ojlee CUETHOTO MHOMECTBA Pa3JUUYHBIX anrefpanyvyeckux u
TpaHCIEHIEHTHbLIX TOYEK BETBJEHUA, MPaBUILHBLIX TOUEK U 0COOBIX
TOUeK OJHO3HAYHOTrO XapakTepa. Ha pumaHoBOll moBepXHOCTH (YHK-
uun w(z) HaO 2Z-MIOCKOCTHIO TaKWe TOUYKM UMEIOT B3aMMHO He repece-
Kaloluec OKPeCTHOCTH.

B rampofi Takoii OKpecTHOCTHU w ABAAETCA OJHO3HAUHON (GyHRIUEN

JI0KaJbLHOrO Iapamerpa t: oo
w = E cnt™,
n=—N

tz{(zawk (a # o),

2z 1/k (a = o).

K aozapugpmuieckum mouram eemesenus (1.T.B.) OTHOCATCA TOUKH
2 = a Win z = 00, [lf KOTOPBIX Kakas-1160 BeTBL w(z) JAOMyCKaeT Heorpa-
HUYEeHHOEe aHaluTH4YecKoe Mpopomkenne B obmactu 0 < |z —a] <
< r (coorBerctBenH0 R < |z| < 00) m Tam GeckoHeunoznauna. Takxan
BeTBb w(z) B OKPECTHOCTHU J.T.B. CTAHOBUTCA OJHO3HAYHON aHAIUTH-
yeckoil ¢yHrnmei npu nepexome k mapametrpy t = Lin(z —a), Ret < p
(coorBetctBenHo ¢ = Lnz, Ret > p). Creayer umerh B BuIy, UTO Ha

rue

?) K atomy mnaparpady cm. [1, ra. VIII|; ToayGen B. B. Jlekuun mno ana-
nUuTUYecKkoil Teopuun auddepeHNUaANbHbIX YpaBHEHU. M.: T'octexuspat, 1951;
HeBaunauuna P. Yaudopmuzanusa. M.: MJI, 1955.
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PUMaHOBOI NOBEPXHOCTU HAJ OJHON U TOI e TOUYKON z, HAPAAY C pas-
JUYHBIMU J.T.B., MOTYT HaxoJUThCA U [PYyrue TOYKHW OQHO3HAUHOIO
¥ MHOTO3HA4HOI'0 XapakTepa.

8.28. BbiACHUTB, NpU KaKUX 3HAYEHUAX z 3HavYeHUA w(z) Ha Bcex
aueTax ee pUMaHOBOMH TOBEPXHOCTH Hajl 2-TOCKOCThIO OJIMHAKOBBI, eCIN:

Nw=(22-9)y2z; 2)w=sinz+ (22 +4)Lnz;

3) w=-sinz + (22 +4)?Lnz.

OovHaKOBBI 1M B Tex #e Toukax s3HaueHus w'(z)?

8.29. Y6enuthea B TOM, UTO IIA Kamaoil u3 GyHRUUM:

1) w=2zyz, 2)w=22Lnz, w(0)=0,
B Touke 2z = () cymecTByeT nepRas NMPOU3BOIHAA, MPUTOM OJAWHAKOBafA
N7 BCeX BeTBeil, a KoHeYHasg BTopasd MpOU3BOAHAaA He CYyLIeCTBYeT.

B zamauax 8.30-8.38 wamayro M3 ykazaHHbIX (QYHKUMN w(z) pasio-
JKUTH B PAJ MO CTENEHAM JOKaAbHOro napamMeTpa { B OKPECTHOCTU BCEX
TOUEK ee PUMaHOBOI MOBEPXHOCTU, pPACMOJOMEHHLIX Had JTaHHBIMU
Z-TOYKaMU; yKa3aTh 06JacTh CXOOUMOCTH MOJYUYEHHBIX PAIOR.

1
830. w=——
142 -2’

83l.w=+Vz-1-2, 2=1, z=5 0.
832. w=+1+z—-1, 2=1, 2=2, z=o00.
833. w=+/14+vVz-1, z2=1, 2=2, z=o0c.
8.34. w=+/(vz —a)(\/z D), z=0c (a#b).

8.35.w=¢"/V? 2=0. 8.36.w = M, z=0.

8.37.w=ctg/z, 2z=0. 8.38. w=+/sinz, z=0.

B zapgauax 8.39 8.45 TpebyercA HAliTM TOUYKU 2z-TIJIOCKOCTU, Hal KO-
TOPBIMHU MMEETCHl XOTH Obl OHA 0cobasg TOYKa 3aJaHHOW MHOTO3HAYHO
(yHKIUU, 1 YKa3aTh XapakTep BCeX TOUEK PUMAHOBON MOBEPXHOCTH, Jie-
MRAMUX HaA KamI0il U3 TAKUX TOUEK 2-NJI0CKOCTH.

z=1, z=

1 1 1
.39. sin —. 8.40. sin ———. 8.41. ———.
8.39 sm\/zf1 8 051n1+ﬁ 8 o
14+42
8.42. 1 8.43. {/z+ V22
Sin z

8.44.tg(iLnz). 8.45.tg (i Ln z)

Eenu ¢yurmusa w = f(z) onHosnauna, a oopaTHas e pyHruua z(w)
MHOTO3HAUHA, TO [UIA ONpeneieHus alrebpandyeckux TOUEK BeTBJIEHNA
byuruun z(w) uymuo Haittu wyau f'(z), kpaTHsle noaocel f(z) u uc-
cienoBaTh nosenenue f(z) Ha Geckoneunoctu. [pu 3TOM TOUKe zg # OC
COOTBETCTBYeT a.T.B. k — 1 nopsagka ¢pyHnsunu z(w), ecii B OKpeCcTHOC-
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TU 2o pasnozenue Jlopana ¢pyukuun f(z) umeer BUm

fE)=wo+ Y calz—20)" (cx #0)
n—==k

nim .
) = 3 ealz—20)" (cox £0).
n=—k
Ecau zy = 0o, To ykasaHHbIe pas3io#eHUA O0JMHbI UMETh BUJI
—00
F2) =S enz" (e £0)
nim n=k
—00
f(z) =wo + Z cnz™ (e ) #£0).
n=—~k
B zamauax 8.46-8.52 onpenenuTs ocoGeHHOCTH z(w), €cau w — daH-

HafA (pyHRKUUA.

8.46.w=2(1—2). 84T.w=2%—-32. 848.w=_ .
(1+2)

2 _
). 8.50.w=_-"" (0<a<l).

8.49. w = ( z >
1 22 —1

—z
8.51. w = P,(z) (muorounen n-it crenenu).
8.52. w = R(z) (paunonanbHas QyHKLNA).
B zagauax 8.53-8.61 wucciemoBaTh oToOpameHue, OCyLIeCTBAAEMOE
dyurumeit w(z), MOCTPOUTH PUMAHOBY MOBEpXHOCThH R Hanm w-mioc-

KOCTbBIO U paSﬁI/lTb Z-IIJIOCKOCTL Ha Oﬁf[aCTI/I, COOTBETCTBYIOIIME JTuUCTaM
WNan noayiarucram R.

n
8.53. w = (1 + E) . PaccmoTpeTh mpenenbHblil ciyuait n — o0.
n

8.54.w:(z’"’) } 8.55.w:%(z+%). 8.56. w =

_®
z—b (1—2)2°
1

1 . .
8.57. w = 5( "4+ —n) HaiiTu Takme rpynny QuHeHHBIX mpeoGpa-
on
30BaHUil, OTHOCUTENLHO KOTOPBIX (GYHKIUA w WHBApPUAHTHA, U BhIAC-

HUTh, KarKue HpeoﬁpaBOBaHI/IH pI/IMHHOBOI‘/JI MOBEPXHOCTU COOTBETCTBYIOT

npeo6pazoBaHUAM I'DYMIbI.
n

858.w=—"_ 859.w=z—"" 8.60.w=->+>
(1+ 2n)? n z n
8.61. w ="T,(z) = 5 COS (narccosz), n > 1 (T,(z) — nonmuHoMBI
YeObImena).

B zapmauax 8.62 8.65 HaiiTu ocobenHocTu GhyHKUUI, 00paTHBIX K JaH-
HBIM.
8.62. w=e'/>. 8.63.w =e'*"1/%) (t  kommIeKcHOe uncio).
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sin z

8.64. w =cosz +sinz. 8.65.w =

B 3zapmavax 8.66-8.74 mnocTpouTh pPUMaAHOBHI MOBEPXHOCTH Ha[
W-TMI0CKOCTLIO.

8.66. w =cosz. 8.67.w =sinz. 8.68.w =1tgz.
8.69. w =ctgz. 8.70. w=chz. 8.71.w =shz.
8.72. w=thz. 8.73.w=cthz. 8.74.w=2z+¢€".

8.75. Cuntas U3BECTHOI pUMaAHOBY NMOBEPXHOCTL HAI w-TIOCKOCTHIO
pannoHanbHOW GyHrIMM w = R(2z), MOCTPOUTH PUMAaHOBHI MOBEPXHOCTH
byurumii z(w), ecan:

1) w = R(e*); 2) w= R(sinz).

B zamauax 8.76-8.81 mocTpouTh pUMaHOBBI MOBEPXHOCTHU yKa3aHHBIX
byHruMii (Hag z-MIA0CKOCTHIO).

8.76. 1) w (z—a)(z—b); 2) w=+/(z—a)(z—b)(z—c);

w = H 2z —ag) (OTHEIBHO paccMOTpPeTh CIy4Yan YeTHOro U
k=
HEYETHOrO 7).
BI7. HYw=</2—a; 2)w=3(z—a)z-0b)
Nw=Yz-a)z-bz—0c; Hw=,|[[(z-ar), n>3.

k=1

—_

8.78. w= {/(z—a)(z—b)(z—¢), n>3.

8.79. w = ¢ (Z_:)_,—i-\/zfc. 8.80. w = +//z — 1.
VAT

8.81. m = v/sin z.

B 3apmauax 8.82-8.87 uccnemoBaTh oToGpa#eHus U MOCTPOUTH pUMa-
HOBBI [IOBEPXHOCTH [ anreGpanveckux GyHruunit w(z) u z(w).
8.82. w? + 2% = 1.

8.83. w? = a R Yrazanue. Bocionh3oBaThes perieHneM 3a-
— )
nauu 8.56.
8.84. w? + 2> —3wz = 0. VYwasauue. BocnomesoaThcs mnapa-
3t?
MeTpUUeCKUM TIpeAcTaBleHueM 2z = ——, W = ——.
P P 1413’ 1413
23
8.85. w? = 1 . Ywrazauue. BocnonnzoBaThcs nmapameTrpudec-
— Z
2 43

KUM 1ipeacTtaBjieHueM z —

T+ I+
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1+2z t?—1

8.86. w? = 22—~ ". VYwraszanune. Ionomuth 2z = ., w =
1—2z 2+ 17

t?—1

=t

241
zn

8.87. w" = D Yrazanue. PaccMOTpeTh OTOENLHO CIy-

on)2

yan 4eTHOI'o M HeYeTHOI'o 7.

Ecau z=a  ocoGas Toura s ofiHoii u3 BeTBeil f(z) byHruuu w(z),
TO o6aacmoio Heonpedeaennocmu f(z) B TOUKe 2 = a HAa3bIBAETCHA MHOME-
CTBO MpeeabHbIX 3HAaYeHuil f(z), nonydyaeMbIX U3 ee 3HaYeHUIH B OKPECT-
HOCTU 2z = a Han |z —a| < r npu r — 0. [laa a. T. B. U MOMIOCOB 061aCTh
HeomnpeaeleHHOCTH COCTOUT U3 OAHOH Touku. Eciu pyHKUMA ogHO3HAUHA
U TOYKa @ — M30JUPOBaHHAf CYLIECTBEHHO 0cofas TouKa, TO, 10 TeopemMe
Coxornroro, 061acTh HEONPEIENEHHOCTH MOKPBIBAET BCIO MIOCKOCTHL (CM.
Take 3agauy 4.76). [lasg TpaHCUEHIEHTHBIX U J0rapuMUUECKUX TOYER
BETRJIEHUS, & TaKKe [/ HEeU30JUPOBAHHBIX 0COOBIX TOYEK 061acTh He-
OmpefielleHHOCTU MOKeT MMeTh 0ollee CIOMHYIO CTPYKTYPY (CM. KHUTY:
lN'ony6er B. B. Jlekuuu no ananutudeckoil Teopun auddepeHnuaibHbIX
ypaptenuit.— M.: Tocrexuznar, 1951.— T'n. 1, § 7).

B zapauax 8.88-8.99 onpenmenuTh ocoGeHHOCTU (YHKIWH, a Takme
HaliTu o6JacTU HeoNpeeleHHOCTH B TPaHCUEHAEHTHBIX U Jorapudmu-
YECKUX TOUKAX BETRICHUA.

8.88. w — (\%)
8.89. w = (W) l (n,m — HaTypanbHble Yncia).

8.90. w = /(V2"1) 891, w= M 8.92. w = tg Loz
vz 1+ Vz

8.93. w (n — menoe uncao). 8.94. w = z' = ez,

8.95. w—sinTnz. 8.96.w— -Tn : ! 897.w=z+1nz.
z

e(Ln z)"

8.98. w = . Arcsinz. 8.99. w = i) + Arctg 2.
z z-

B 3amavax 8.100-8.103 nocTpouTh puMaHOBBI MOBEPXHOCTHU 3aAaHHBIX
GyHRINHA.

8.100. w = 2" (¢  KOMIUIEKCHOE YHUCIO).

8.101. w = Ln|(z — a)(z — b)].

8.102. w =Ln[(z — a)(z — b)(z — ¢)]. 8.103. w = Ln sin z.

8.104. Mycth ¢ = (z) — opHO3HAUHAA WIW MHOrO3HAUHAA aHAIUTU-
yeckasl pyHKuudA, R. ,  ee puMaHOBa NOBEPXHOCTEL Haj 2-NMJIO0CKOCTLIO
nw= f(() OdHO3HauHafA aHaluTU4eckasd (QYHKUMA C 00JacCTLIO OI-
penenennsa G¢. B kaknx obnactax Ha R, , Kamaoe U3 yKa3aHHBIX BbIpa-
KeHU:

10 JI.W. BonkoBbickuii u ap.
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1) w(z) = fle)]. 2) w(z) = f(2) +0(z), 3) w(z) = f(2)e(2),
orpeaenseT eIUHYI0 aHATUTUUECKYIO QYHEINIO?

Paccmorpers, B uacTHocTH, cayudaii, korga ¢ anrebpanyeckas
unu obpaTHas K MepoMopdHoil, a f pauvoHanbHafA WM TpaHCIeH-
IeHTHad MepoMopdHaa pyHKIUA.

B zamauax 8.105-9.2 BeIACHUTH, KakKe U3 yKa3aHHbIX QYHRIMNA w(z)
pacnajgaioTcA Ha pas3auyHble aHanuTUdeckue GYyHKLINU, a KaKkue HET;
OlpeleluTh TaK#e UX OCOOEHHOCTU U TaM, I/le yKazaHo, TOCTPOUTL pU-
MaHOBBI TIOBepXHOCTU (N ¥ M — HaTypaibHble 4yucia).

8.105. w = V22 (cpamuuth ¢ (1/2)?).

8.106. w = v/z* (cpaBuuts c (¥/z)?).

8.107. w = /2™ (cpaBHuTH ¢ (/z)™).

8.108. w = {/ez. 8.109. w = {/sinz. 8.110. w = Lnz’.
8.111. w =Lne*. 8.112. w=Ln(z —1/2).

8.113. w = Ln(e* — 1). HocTpouTh pUMaHOBY MOBEPXHOCTh.
8.114. w = Ln sin z. TlocTpouTh puMaHOBY MOBEPXHOCTh.
8.115. w = ILntgz. MocTpouTh puMaHOBY MOBEPXHOCTh.
8.116. w = Arccos (cos z) (cpaBHUTE ¢ cos (Arccos z)).
8.117. w = Arctg (tg2) (cpaBuuTh c tg (Arctgz)).

8.118. 1) w = (™)™ (11, 12 paunoHanbHble dncia). CpaBHUTH
2 3
¢ (2™)". PaccMOTpeTh, B YaCTHOCTH, I'y = 30 2= g

Q) w=2z"z"; 3)w=2z" 42"
8119 w= ¢/2%/1—2. 8120w =3/ %/z—1.
8.121. w = V% .
Vz+1
8.122. w = V/Lnz. [ocTpouTh pUMaHOBY MOBEPXHOCTh.

8.123. w = LnLnz. locTpouTk puMaHOBY MOBEPXHOCTH.
8.124. w = [Ln (2 — 1)]%.

8.125. w = Y/Arcsinz. [locTpouTs puMaHOBY MOBEPXHOCTh.
8.126. w = ArcsinLnz. IlocTpouTh puMaHOBY MOBEPXHOCTh.

8.127. w =Ln (Q/E — 1). [locTpouTs puMaHOBY MOBEPXHOCTh.

8.128. w =Ln 1= \/E 8.129. w = Arcsin vz .
142 1+ 2

8.130. w = Ln 2% (a — geiicTBUTENLHOE YUCIO).

8.131. w = /2 + Lnz. TlocTpouTh puMaHOBY MOBEPXHOCTh.
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8.132. w=Lnz+Lnz.  8.133. w = Arcsinz + Arccos z.

8.134. w = Arctgz + Arcctgz. 8.135. w = Arthz — Arcthz.

8.136. [locTpouTh puMaHOBY NOBEPXHOCThL (GYHKIUU w = (an)i
U ncciefoBaTh MHOMKECTBA NpedelbHbIX 3HAUeHUIl w AafA OOHOH 1.T.B.
Hag Toukoi z = (), moayJyaembie TMpu:

1)r—0, p=const; 2)r—=0, a<p<pf;

3) r =const, ¢ = +oc; 4)r — 0, p = +oo.

8.137. Mycth x(2z) — omHozHauHas aHanuTUUYecKkas DYHKIUA B KpY-
re |z| < 1, Hurge He NPONOMMMMAfA 3a OKPYHKHOCTE |z| = 1.

BLIACHUTH, NpY KaKUX 3HAYEHHUAX @ yKazaHHble DYHKUUM pacrnaia-
IOTCA Ha pa3invHble aHaTUTUYeCKre (DyHKLIMM, a TP KaKMUX He pacrana-
IOTCA:

Dw=x()+¥z—a; 2)w=x(z)Ln(z— a);
3)w=x(a+2z"); 4) w=x(a+e?).
8.138. BriacHuTh Bompoc 0 pacnageHuu GyHKINM:
Dw=3C—a, 2)w=TLn((-a),

roe ( = x ' (z), a x — obyHruua uz zagaun 8.137.

8.139. UccnegoBaTh moBegeHUe OTAENbHBIX AHATUTUUYECKUX (DYHHK-
Wi, onpeaenseMbIX paBeHCTBAMU:

1) w=x(z)(Ln2), 2)w=x(z)[Ln(z — 1),
roe x(z) — ¢yuruusa uz 3agaum 8.137. HaiiTu, B wactHocTH, o6aacTu

HeonpeaeJeHHOCTH B OKPECTHOCTH . T. B.
Yrazaunue. BocnoabzoBaThea pemenueM 3agaun 8.136.

8.140. Iycto f(2)  uenas QyHROUA.
[MocTPOUTHL PUMAaHOBBI MOBEPXHOCTH (DYHKIMIA:

Dw=+/f(2); 2)w=1Inf(z);

3) w = [f(2)]* (o« — mppaunoHanbHOe YHCIO).

oo
8.141. IlocTpouth pI/IMaHOBy MOBEPXHOCTb PYHRUUU W = Z 2™

n=1
8.142. Ilyctn =z+ Z o -il ) IMoctpouts puma-

HOBBI MIOBEPXHOCTH (Y HRUMIA:
1) w=+/f(2); 2)w=1Lnf(z); 3)w:Lnf(g)+Lnf(%).

Ywrazauwue. IlpensaputennHo mokasaTh, 4To ¢yHruuA f(z) omHo-
auctHa B Kpyre |z| < 1 u nmeer okpy#HocTh |z] =1 cBoeit ectecTBeH-
HOIl rpaHunei.

10*



I'TABA IX

KOH®OPMHBIE OTOBPAKREHUA (IIPOOOJJ/KEHUE)

§ 1. ®opmyna Kpuctoddensa Illsapnal)

0O6o3naunM uyepe3 P orpaHUYeHHbIII MHOTOYTOJILHUK B wW-TJIOCKOC-
™, Ax (k=1,2,...,n) — ero BepIIUHEI, PACTOIOHEHHbIE B TOPAIKE M0~

JOKUTEeJbHOTO 00xoaa P oTHOCHUTENLHO ero BHYTPEHHOCTU, U (X T ero

n
BHYTPEHHUE YTJbI (Z ap =mn — 2). Oyuruua w = f(z), orobpaaio-
k=1
maf BepXHIOIO MoaymaockocTs Imz > 0 Ha BHYTPEHHOCTL MHOTOYTO/b-
Huka P, onpepnensetca no gopmyne Kpucropdensa IIsapua

w:f(z):C/H(z—ak)”rldzﬁ—C], (1)
k=1

0

rpe —co<ar<as<..<a, <o TOYKU Ha OCU x, COOTBETCTBYIOIINE

Bepmunam A, Ay, ..., A, muoroyroasauka P; C' u € — KOMILIEKCHbIE
MOCTOSIHHBIE.
B dopmyny (1) BxomaT nmopnemarine omnpefeneHnio TOYKU aj — 00-

pasbl 3adaHHbIX BepiiuH Aj MHoroyroabHura u nocrosuubie C' u Cf.
N3 n Toyek a; TpU MO#HO BhIGPAThH MPOUBBOMLHO, Tak Kak APOGHO-
JAMHeHHBIM TTpeodpazoBaHneM BepXHel MoaynaoCKoCTH Ha ceDA MX MOMHO
nepeBecTU B Tpu 3ajiaHHble Touku. OnpeneneHne ocTalbHbIX 1 — 3 TOYEK
1 KoMIuekcHbIx nocrosguubix C'u Cp (Bceron + 1 meficTBU TN b HBIX
napaMeTpoB) MpeacTaBifger INaBHYIO TPYIHOCTh MPU MPaKTUYEeCKOM UC-
noab3oBanuu Gopmyasl (1). B npunuumne HeuspecTHbIe NapamMeTpbl MOTYT
GBITh HafieHbl U3 cleqytomux coobpaxenuii. Inuna I; ctopoust A; Ay
(1=1,2,....,m— 1) paBHa

Aj+1 air1 n

li = / | (x)] dz = |C) / 13

[Inuna l,, cropousr A, A, paBHa

I =|C| fﬁ\m—ak|ak4 dz + / ﬁu_ak‘ar]dm_

an k=1 —oo k=1

x — ap|** " da.

") K atomy nmaparpady cwm.: [2, ra. VIIL § 7], [3. ra. 11, § 3]; Konnendeanc B.,
Mltansman . [IpakTuka KoHGOpMHBIX oToGpamenuii.  M.: MJI, 1963 (B aToii KHUTe
COMIEP/RUTCA TaKke KaTalor 0ToGpaMeHuid pasindyHOro poja MHOIOYTOIbHUKOB).
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CocTaBifil OTHOIIEHUS OJINH n—3 CTOPOH K OHON U3 Tpex oc-

TaBHminxcd, nojaydaem n — 3 He3aBUCUMBIX yYpaBHeHUA [OJId onpenele-
z n

Huss n — 3 Touer ay. Torga pyusuus t = / H(z —ap)™ 'dz onpe-
0 k=1
OeJUT oToOpasieHne BepxXHeil TMoayMmIocKoCTH Ha MHOTOyroabHu P’ B
t-miocKocTH, MOoNO6HBIA maHHomy. Ilocie »Toro crpouM uHEHOe mMpe-
obpazoBanue w = Ct + C, nepesongsamee P’ B P.
OToGpaenne BepXHeill MOMYIIOCKOCTU HA BHEMIHOCTL TOTO e MHO-
royroibHUKa peanuayerca QyHKunei
z n

_ dz
F(z):C/ CRES [ e S——_ 2)
0 1};[1 ' (z=b)(z = by
rge b TO4YRKa BerHeﬁ MOJYIJOCKOCTH, COOTBETCTBYIOIIan OecroHeu-

HO yZaleHHO}l TOUKe w-MI0CKOCTH; @)  TOYKU, COOTBETCTBYIOLINE Bep-
muHaM Ay MHOrOyroibHHKa (Temeph oo > aj > ay > ... > aj > —00);

n
Brm™  BHeIIHMWe YTJbl MHOTOYTOJbHUKA (ﬂk =2 — ay, E Br =n+ 2).
k=1

9.1. JJokazaTh, YTO ecilM OJIHA U3 BEPIIMH MHOTOYTOJLHUKAa — 006pa3
6eCKOHEUHO yaaleHHOH TOuKu, HanpuMmep, a, = 0, TO oToOpaxaroIan

zn—1
byuruusa umeet Bun f(z) = C/ H (z —ap)™ 'dz 4+ Cy.

0 k=1
1
Yrazauwue. CoBepminTh npeodpazoBanue ( = ——, ecau Bce ay 7 0,
z
1
u (=-———, roe a# ag, ecau ogna us touer ap =0 (k=1,2, ..

zZ—a

cyn —1).
9.2. JlokasaTh, 4TO €CIU OJHA WU HECKOILKO BepIInH Ay nemar B 0o,
To popmyna (1) ocraercs B cuile, ecay MO 7 MOHUMATE YIOA MEHKIY

N

Puc. 32

COOTBETCTBYIOIUMU JyYaMy B KOHEUHOH TOUKe UX MepeceueHus, B3ATDINA
CO 3HAKOM MU HY C.

Yrazauwne. llycte Ay = co. Ecin ay < 1, TO paccMoTperh MHO-
royroabHuk P’, oTcerkaemsblit ot P otpeskom Aj A}, roe A u A} nemar
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J0CTaTouHO najiero Ha ctoponax Ay 1A u Apii A (puc. 32, 1)), uB
dopmyne (1) maa P' coBepmnTh npenenbHbiit nepexon A — oo,
Al = co. Ecmu e oy > 1, To A) A} coenunuth B P nomanoit (cM.
puc. 32, 2)) u, nogoGHO ee pacmupss, YAAIUTL B 00.

9.3. OmpenenuTh BEIWUYUHDI ay, BXoasmue B dopmyny (1), nas o6-
pa3oBaHHbIX MapanielbHbIMU JydyaMU OeCKOHEYHO YIaleHHbLIX BepIInH

1) 2)
T A'z! A| A.!
A \
: _— A \ SSSSEY A;
3) 4)
Ay —
| W ﬁ4=Ai A
2— = A 2
AN A3 e
5) 6)
Ag o ?
—_—— 4

Are Ag T
: — ﬁd o ;
A — 4 Ay — 2
: —— A-z —_——Y
Puc. 33

“MHOrOyTroJdbHUKOB” ; H300pakeHHbIX Ha puc. 33.

Yrazanue. CoBepmuTh NpeaenbHbINl Nepexoa, aHaJlorMYHbINA peKo-
MeHJ0BaHHOMY B yKaszaHUU K 3aaaude 9.2.

9.4. 1) lokazaTb, 9T0 npu 0TO6paMkeHNn eIUHUIHOrO Kpyra |z| < 1 Ha
MHOTOYTOILHUK P, pacrnofo#eHHbIil B KOHEUHON YacTH MJI0CKOCTH, 0TOO-
paskaioniasa GyHKUUA UMeeT BUJ

zZ n
f(z)= C’/ H(z —a)™ 'dz + Oy,
0 k=1
rme ap = e (o1 < g < ... < ¢,)  TOUKM Ha OKpymHOCTH |z| =1,
COOTBETCTBYIONIME BepunHam Ay, 00XOAUMBIM B MOJOMKUTEILHOM Hall-
paBlIe€HNW, 8 (T — BHYTPEHHHE YTIbl MHOTOYTOAbHUKE P.
2) HokaszaTh, 4To QyHKIMA, 0TOOpazkaomas eIMHUYHBIA KpyT [z] < 1
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Ha BHEMHOCTL TOro #€ MHOTOYyroJbHHURa P, npm yciaoBuu, 4TO TOY-
Ka z =10 nepexoguT B TOUKY W = 0O, UMeeT BUI

zn—I1

_qdz
1@ =0 TIG-a)™ %,
1 k=1
rae ah = ek (@) > b > ... > ), a B — BHemmne yrinr P.

9.5. Haittu Bce cayvyam ogHo3HauyHoro oOpameHnusa dopmyansl Kpuc-
todpdens—IIrapra (1), T. e. BBIACHUTH, AAA KaKUX MHOTOYTOJbLHU-
KoB P ofpatnas ¢yHKUus 2z = z(w) ompefeneHa ¥ ONHO3HAYHA BO
BCell w-TI0CKOCTH.

Ywrazanue. MHOrOyroabHUKHK, noaydaemMble u3 P TI0GbIM YeTHBIM
YHCJA0M 3epKalbHbIX OTpaMeHuil 0THOCUTENLHO CTOPOH, J0M#HbI 6€3 Mpo-
MYyCKOB U MePeKpPhITUH 3aMOCTUTH BCIO W-TIOCKOCTh.

B zagauax 9.6 9.8 oTo6pas3uTh BepxHIOIO NoaymiaockocTs Imz > 0 Ha
ykazaHHbIe oOnacTu P, pacnofoxeHHble B w-TIOCKOCTH, NMPU 3aJ1aHHOM
COOTBeTCTBUM BepiinH P u Touek meficTBuTennHoi ocu. OnpenennTs Tax-
ke TIepro/ Uiy nepronbl o6patHoil hyurinun z(w), rpynny G ee nHBapu-
AHTHBIX JUHEHHBIX NMpeofpa3zoBaHuil w-MI0CKOCTU U QyHIaMeHTalbHYIO
o6nactk B aTo0it rpynmnsl (cum. c. 38).

9.6. 1) P monoca 0 <wv < h; w(—o0,00) — 2(0,00)?);
2) P —nonoca 0 <wv < h; w(—oc,00) = 2(—1,1).
9.7. P —nonynonoca O <u<m, v<0; w(0,r,—ic0) = 2(1,—1,00).

9.8. 1) P — mpsAMOYTronbHbI# TPEyroibHUK C OCTPhIMU yTIamu g,
™ W
—w O,w,w—l——) — 2(0,1,00);
% ) = 2(0.1,00)

2) P npAMOYyroibHbIA paBHOGEIPEHHbBINH TPEyroMbHUK;
w(0,w,w + iw) = 2(0,1, 00);
3) P PaBHOCTOPOHHUII TPEyrONbHUK;
1+iV3
2

w(O,w,w—l— ) — 2(0,1, 00).

9.9. HaiiTu o6aacTu MJIOCKOCTHU w, HA KOTOPbIe (PyHRKIUA
z

w(z) = /t”*l(l — 1) ldt (argw'(z) =0, ecmn 0<z<1)
0

oToOpamaeT BEPXHIOIO NOMYTIoCKocTh Imz > 0, ecau:
1) 0< a<2, 0<f<2; paccMoTpeTh ciyvan:

2 =
?) 3nech u B nanbHedmem cumMBoiaom w(A,B,...) = z(a,b,...) o6o3HaueHo co-
OTBETCTBHE TOYEK w- U z-TWOCKOCTel: A - a, B +—b,
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+8<1; 6)a+p=1;
+08>1, Buacthoctn a+ =2 nu a=[=3/2;
< —-1<p8<0, a+p>1; paccMoTpeTh cayyau:

a 1, 8=0; 6)a+p=1, B a=2
r 2, p=1/2; n)a=2 p=-1.
9.10. 1) HaiiTu o6nacTu miIoCKOCTH w, HAa KOTOpble QyHKIHA

w(z)z/zidt: 2z 1) + (172)\){1n(\/2+m),%7}

) it 1)

oToOpasaeT BEpXHIOIO MOJYIIOoCKOoCcTh. PaccMmorpers ciayuau: A < 0,
0<A<L/2, A=1/2, 1/2<A <1 u A>1.

2) Haiitu o61acTu MIOCKOCTU w, HA KOTOpPbIe (QyHKIUSA

z

1 t—X dt 1 z—1

w(z):—_/i—:—_[ln(\/E+\/z—1)—)\ }
271 / /tit—1) t e z

oToGpaaeT BEepXHIOIO MOIYII0CKOCThL. Paccmorpers cayuam: A < 0,

0<A<lum A>1L

9.11. Oto6pasznTh BEpXHIOI MOJYTIOCKOCTE Imz > (0 Ha obGaacTn

2) 3)
N, e

1)

4)
C B
N
§\\% A h&\‘g
C

Puc. 34

B w-TIIOCKROCTHU, YyKa3aHHbIe Ha puc. 34 npu 3agaHHOM COOTBETCT-
BN TOYEK:

1)w(A=0, B=1, C =0c0)— 2z(0,1,00);
w(A=0, B=1, C =) — 2(0,1, 00);
B =00, C =) — 2(0,1,00);
B =00, C =) — 2z(0,1,00);
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5) w(A=0, B=ia, C=00)— 2(0,1,00).

9.12. OrTo6pas3nTh BEpPXHIOI MOJYTIOCKOCTE Imz > (0 Ha obGaacTu
B w-TIJIOCKOCTH, yKazaHHble Ha puc. 35 (0 < 0 < 1):

1) w(A,B=0, C =oc)— 2(0,1,00);

2) w(A,B=0, C =) — 2(0,1,00).

B cnyuae, rorga § — paunonannuoe uucno (f = p/q), BeIpasuTh no-
JyJalolneca NHTerpaibl yepes 3jieMeHTapHble (QyHKINU.

7 i

Q

Puc. 35 Pnc. 36
9.13. OToOpa3uTh BEpXHIOIO MOAYMIOCKOCThH Ha 06JacTh, yKasaH-
Hyio Ha puc. 36 (nyra AC' — NmomyoKpy#HOCTH )
w(A =ai,B=00,C =0)— 20,1, 00).
Ywraszanue. [Ipu nomomu otoGpasmenus ¢ = a/w CBOOUTCA K YacT-
HOMY cayyaio 3agaun 9.12; 2).

9.14. OTo6pa3uTh BepXHIOIO MoaymiockocTh Imz > 0 Ha o6GracTb
W-TA0OCKOCTH, YKA3aHHYIO Ha puc. 37, MpU yCIOBUU

w(A=—-h,B=00,0=h,D=oc)— z(—1,0,1,00).

(BOSMO}RHOCTI; Taroro 0T06pa}ﬂeHI/IH cjleayeT U3 npuHOourna CI/IMMeTpI/II/I.)

D

, A
A c

2h
NN
B B

Puc. 37 Puc. 38

9.15. OTo6pa3nTh BEepXHIOIO MOJYTIOCKOCTE Im 2z > () Ha pomG B w-
MJIOCKOCTH ¢ yrioM mwa mnpu Bepmude A u croponoit d (puc. 38).
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CooTBeTCTBUE TOUEK 3aaHO CXEMOI
w(A=0, B=d, C=d(1+4+¢€"™), D=de"™) — 2(0,1,00, —1).
OGOCHOBATH BO3MOMHOCThH TAKOTO OTOOpaMKEHWH.

9.16. OTo6pas3nTh BEpXHIOIO MOAYMIOCKOocTh Imz > (0 Ha oGaacTu

B
\}] \\H\ S\:\;\\\‘hg
B N C'_\vg NN A B

% \\\\L‘h$ s \}13§
B

A B B E FE

vy]

Puc. 39

B w-TJIOCKOCTH, yKasaHHuole Ha puc. 39. llapamerper a, b (a >0, b >
> () — npooGpasbl COOTBETCTBYIOMINX BEPUINH — HE MOTYT GbITh 3aJaHbl
NPOM3BOJBLHO, U UX CledyeT HalTn:

1) w(A=0, B=oc, C=H+ih, D=c0)— 2(0,1,a,00).

2) w(B=o00, C=H+ih, D=o00, C' = -H+ih, B =) —
— 2(1,a,00,—a,—1). Yraszauue. [IpoBecTy NOMOMHUTEILHBIH pa3pes
0 MHUMOI 0CHM M BOCMOAL30BATHCA MPUHLMUIIOM CUMMETpPUN;

) wA=0, B=oco, C =00, D=—hg—i(ha—h), E=00) =
— 2(0,1,a,00, —b).

9.17. 1) Haiitu ¢yuxuuio w(z), orobpazaomyio Kpyr |z| < 1 Ha
BHYTPEHHOCTh MPaBUILHOTO N-YroJbHWKA C HEHTPOM B Havale KOOpAN-
HaT ¥ OOHOW W3 BepiuH B Touke w = 1, mpu ycnosuu, uto w(0) = 0,
w'(0) > 0.

2) Oto6pasuTh Kpyr |z| < 1 HA BHEWIHOCTL TOrO e N-yrodbHUKA
npu ycaosun, uto w(0) = oo, w(z) >0 (0 < z < 1). Onpeneants c_;
B paziomenunn w(z) =c_1/z + ...

9.18. 1) Haiitu ¢yuxuuio w(z), orobpazamyio Kpyr |z| < 1 Ha
BHYTPEHHOCThL TMPaBUIbLHON MATUKOHEYHOW 3Be3dbl C HEHTPOM B Haua-
Je KoOpaMHAT M OOHOH M3 BepHMH B TOUKe w = 1; yCIOBMA HOPMMPOB-
kn: w(0) =0, w'(0) > 0.

2) Oto6pasuthb KpyT |z| < 1 Ha BHewIHOCTh To# #e 3Be3abl; w(0) = oo,
w(z) >0 (0 < z < 1); onpenenuts ¢_; B paznomennn w(z) = c_1/z + ...

9.19. HaiiTu o61acTh, Ha KOTOPYIO pYyHRIUA

_ / (l+t"))‘dt ! 2
w(Z)f/Wv w'(0) >0, —T<A<T—~,

oTofpanaeT eIMHUYHBIN KPYT |z| < 1.
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9.20. OTo6pa3uTh BEpPXHIO MOAyMmiIockocTh Imz > 0 Ha npaBuib-

HbII M-YTOAbHUK B W-IMJOCKOCTH C IEHTPOM B Hayale KOOpAWHAT U
0IHO! M3 BepHIINH B TOUKe w = 1; HOpMHU-

poera: w(i) =0, w(0) = 1.

9.21. Mycth obaactk P B w-mioc-
KOCTU eCTh BHEIIHOCTh “3Re3[bl”, coc-
ToAilell W3 7 OTPE3KOB, BBIXOAAMUX
nz toukn w = 0 (puc. 40). Ilycte

A, — Bepmmnel P B Hauale KOOpIu-
HAT U QT COOTBETCTBYIOMHE YTJbI
n
( E ap = 2), B, — Bepmuunl P B Pnc. 40
k=1
KOHIAX 0TpeskoB 3Beadnl (A;, By, Ay, By, ... pacniofo#eHbl B Nopsaake

nofoxuTenLHoro o6xona P), I, = Ag By — nnuHbl 0Tpe3koB 3Besnnt. Jo-
KaszaTh, 4To pyHruusa w = f(z), f(0) = oo, oToGpasmaomas eAUHIYHbI

KpyT |z| < 1 Ha P, umeer Bup i

C
1) = CTL G - an),
z
k=1 )
rae C' — KoMIUIEKCHAf MOCTOAHHAA, a ay = = €'P* — TOUKU Ha OKPY#H-
Hoctu |z| =1, coorretctrytomue Ay. Touru by = e’¥*, cooTBeTcTBYIO-
mue BepmnuHaM Bjy, ABIAIOTCA KOPHAMU ypaBHEHUS

n 1 heia
otk C = (3)
z—ap oz
k=1
RKar onpenenuts napamerpst C, ag, by? o

Ywrazanue. llpu npopomkeHnu 1o NPUHOUIY
cuMmmMeTpun ¢GyHRIUA f(2) yMHOMKAETCA Ha MOCTOAH- _
HbIe MHOMUTENN, NOATOMY (GyHKINA he~a

o(2) = f'(2)/f(2) Puc. 41
ABAfleTCA OJHO3HAYHON B 2-MI0CKOCTHU.

Ipumeuanue. lHonyuennaa ¢opmyia cpady AaeT pellleHUA psAaa
3agau u3 ra. 11, manpumep, samau 2.128, 2); 2.129, 1); 2.131; 2.137.
Pexomengyercs 3aHOBO pemuTh yKazaHHble 3aaud U ONpPeaeNuTh MOCTO-
fIHHDbIE, BXOJANINE B 061YIO (hopMyny.

9.22. OToGpasuTh BHEIHOCThL [BY3BEHHOW nomanoi (puc. 41) Ha
BHEIIHOCTb Kpyra |z| > 1 mpu yeaoBun w(oc) = oo, w'(o0) > 0.

9.23. llorkazaTh, uto dyHruusa w = f(z), oToGpamaioman BepXHIO
nojaymiockocTh Im z > 0 Ha BHeMmHOCThL 3Be3ablI 3agauu 9.21, umeeT BUI

c . -
f(z)= mkn(z—ak) ;

=1
rage zo TOYKa BerHeﬁ MOJTYIIJIOCKOCTHU, Mepexoafamana B oC.
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C, 9.24. IlycTts obaacts P B w-Iaoc-

c, wocTu orpanuvena aydom [0, oc),
n — 1 oTpeskaMn, MAYWIUMHU W3 W =
=08 Tousu B; (1 =1,2,....,n—1), u
m — 1 ayyamu, ugyuumMu u3 Toyer Dy
(s = 1,2,...,m—1) B oc, Takumu,
YTO UX TMPOJOJAKEHHUs B TPOTUBOTIOIOM-
HYIO CTOPOHY BCTpEYAlOT Hauyalo Ko-
opaunat (puc. 42). Iyers A, (k =

=1,2,...,n) BepmuHbl P B Haua-
Puc. 42 7e, apT™  cOoOTBeTcTBYyIomue yribl, C;
(j = 1,2,...,m) — Bepmunnl P B 00,

7™  cooTBeTcTBylomue yriavl, A1 B1As...A,C1D;..C,,,  TONOMKUTENb-
HBIA 06xoa rpanunsl P.
llorazatb, yto GyHEUUA w = f(z), oTOOpazawomas BePXHIO MOy~
niockocth Imz >0 nHa P, umeer Bun

n m
e, fey =c Tle=-an™ [ TE-a), @
k=1 j=1
rae ay, ¢; — TOYKM Ha OCH Z, COOTBETCT-
Bylomue BepmunaMm Ay, C;. Tournm b;, ds
Ha OCH Z, COOTBETCTBYIOIINE BepmuHaM Bj,
Dy, ABAAIOTCA KOPHAMU ypaBHEHUS

n m

= Yo om0 )

Puc. 43 k=1 j=1

Raxk onpenenuts napametpel C, ag, b;, ¢;, d;7 YTo nusmenutes, ecin
ONMH U3 MapaMeTpoB ag, b;, cj, d, OyneT paBeH oo?

Ywrazaunue. [lokazaTh, 4TO

n m H(Zsz)H(zfds)
f'(2) _ Z ol I Vi _ = s=1

f(z

zZ—a zZ — Cj
k=1 L J

| EEX) | CR))
k=1 j=1

9.25. Jlorasathb, uto opmyia (4) u3 3agaun 9.24 cnpaBeanansa U mis
oGnacteit P ¢ rpanuueii, comepskameii asa mayda [0,oc) (puc. 43). Ilpu
ATOM BepliMHA B Hauyale KOOPAUHAT YYUTHIBAETCH U TOTOA, KOTIa U3 Hee
BBIXOAAT TOJABKO [IBa Jy4a, 06pa3yIomux oJHy NpAMYIO.

B 3zamavax 9.26-9.30 oTo6pa3uTh Ha BEpPXHIOID NOMAYTIOCKOCTh
Imz > 0 obaacTu w-naocKoCTH, yKasaHHble HA COOTBETCTBYIOMIUX PU-
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Cy “C\

% D
ey B B B] Bg
A
g'ﬂ'ag C C2 A1"A2 C]_ C Al . A_',-_ (&)

Puc. 44 Puc. 45 Puc. 46

CyHKax TMpU B3agaHHLIX YCJIOBUAX, W ONpeaeluTh MapamMeTpbl a U b
(a>0,b>0).

9.26. O6nacTh, ykazaHHYIO Ha puc. 44,

w(A; =0, B=hel™2, Ay,C =00) = 2(—1, b, 1, c0).

9.27. ObaacTh, yKkasaHHYIO Ha puc. 45,

w(A; =0, B=1ih, Ay,C =0c, D =iH, Cy = c0) —
— 2(—a, 0, a, 1/a, co, —1/a).

9.28. O6nacTh, ykazaHHyo Ha puc. 46,

w(A; =0, B = —he ™, Ay, By = he'™, A3, C = 00) —
— z(—1, =b, 0, b, 1, c0).
9.29. O6aacTb, u300pamEHHYIO Ha
puc. 47,
w(A; =0, B = he'™2,
Ay, Cy =00, D= Hel™2 () = x0) =
— z(—a, 0, b, 1/b, oo, —1/a).
9.30. 1) OGnacTh, ykasaHHYIO Ha
puc. 48, 1),
w(oo) =00, w(xl) = £1;
2) obnacTh, ykazaHHyto Ha puc. 48, 2) (yrmﬂ Me# Iy paspesamMu 7 /n;

1) o=
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KpaliHUe OTpe3KH 00pasyloT C COOTBETCTBYIOIINME JydaMu AeHCTBU-
TenkHoM ocn yranl w/(2n)),

w(oo) =00, w(Ay, An) = 2(—1,1).

9.31. Mlycth o6macth P B w-MJIOCKOCTH €CTh TOPU3OHTANbHAA MO-
Joca mupuHoii H c paspesamu, WAYIIMMHU HaleBO B oc U3 Touek DB;

\\B

1

2

Ay

N
“‘

Puc. 49

(1=1,2,...,n — 1) u nanpaso u3 touexk Dy (s =1,2,...,m — 1) (puc. 49).
llorazatn, uto dyukuus w = f(z), orobpamaromas BepPXHIO MOy~
niaockocth Imz > (0 Ha ofnacth P, numeer BUA

n m

h
f(z):Z “Kn (2 — a) Z—’ n(z—¢;)+C, (6)
™ ™
k=1 =1
rie a, ¢; ~ TOUKN Ha OCU ¥, COOTBeTCTBYlomue Bepmunam Ay u C; 06-
nactu P;  hy paccTofiiusA MeMIy paspesamu, UAYIINME BIEBO,
a l; — BnpaBo. Tousn b; (i =1,2,...,n—1) nuds (s =1,2,...,m—1)
Ha OCH , COOTBETCTBYyIONIHe BepuiuHam B; u Dy, ABIAIOTCA KOPHAMU
ypaBHEHUsA
I "
Z— Qg . Z—=Cj
Jj=1

k=1

Raxk onpenenuts napametpel C, ag, b;, ¢;, d;7 YTo nusmenutes, ecin
OIWH U3 MapaMeTpoB ag, b;, ¢j, d; GyneT paren oo?

Yraszanue. 3agaua cBoauTcAa K 3amaude 9.25. Mo:kHO TaK:e HaXo-
auth pyusuuio f'(z), KoTopas oIHO3HAUHA, WM HENOCPEACTBEHHO UCXO-
auTh u3 Gopmyasl Kpucropdena—IlInapua.

9.32. Ilycth obnacth P ecTh BepXHffA moiaymiaockocth Imw >0 c
ropu30HTANLHBIMU pa3pe3aMy, HUIYIIMMHU HajleBO B 00 M3 Touyek B;
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(1 =1,2,...,n) u HanpaBo B oo u3 touek Dy (s = 1,2,...,m) (puc. 50).

N\
ﬁiB D\m\\&; Ch
N N \ 2

\\\B, Dl\\
Fmt

Puc. 50

llorazatb, yto GyHKUMA w = f(z), oTOOpazawmas BepXHIO MOy~

niaockocth Imz > (0 Ha ofnacts P, numeer BUA
n m

hy I

= —1 — — 21 —c¢i)+ Az + B, 8

f(2) kE “n (2~ ay) Z]W n(z—c¢)+Az+B, (8

= j=

rae ay, ¢; TOYKM Ha ocH x, COOTBeTcTBylomue BepmmHaMm Ay u Cj

o6nactu P, u hy, l; — paccToannsa Memay paspesamvi, HIYIUMEA B OQHY
m

cropony. IIpu sTom Touka Ay nepexoaut B oo, A > 0 u ImB = le.
j=1

Touru b; (i=1,2,...,n)uds (s=1,2,...,m) Ha OCU &, COOTBETCTBYIOIINE

BepmuHaM B;, u D, ABAAIOTCA KOPHAMU ypaBHEHUS
n m

h l;
§ ko § l_ 4 An=0. (9)
Z— ag . Z—=Cj
k=1 j=1
KRak onpememnTrh napametpwl A, B, aj, b;, ¢j, ds?7 TlokazaTk, 4To
eciu Ay NepexoouT B TOURY ag # 00, TO

n m
L

flz)= Zh?kln(zfak) fZ;IH(zfcj)—{—
k=1 j=1

L-H

A
+ In(z —ap)+ ——+ B, (10)
zZ — Qo

rue
n m
H=Y hy, L=)1;; A<0 u ImB=L.
k=1 j=1
Eciu napamerp a; uim ¢; paBeH oo, To B GopMmyJe (10) cooTBeETCTBYIO-

ee cllaraeMoe BbINajgaer.
Yrazaunwue. BocnoabzoBaThea ¢opmynoii Kpucroddens Ilsapua.
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Ilnsa onpenenenus Ko3GpPUIUEHTOB TPHU JOrapuUPMUUIECKUX UTeHaX CPaB-
HNTh OpUpalenns w 0pu o6xoe (N0 MOIyORPYHHOCTAM) TOUEK ag, G, Cj,
BLIUKCIEHHbIE FeOMEeTPUUECKH U Mo (op-
myne qas f(z).

9.33. llycts obaacte P w-TLI0C-
KOCTh C TOPU3OHTANLHBIMU pazpesamu,
UOYIUMH HaleBO B 0o U3 Touek B;
(1t = 1,2,....,n) (puc. 51). IorasaTb,
gyto ¢pyHrma w = f(z), orobpamaromasn
BEPXHIOIO MOMYTIIOCKOCTh Im 2z > 0 Ha 06-
nacthb P, umeer Bun

n—1
= —Az2? +Bz+C+Z ﬂhrl(z —ay),
™
k=1

roe  ag
BeTCTByIOmMe Bepiiuiam Ay o6nactu P, u hy paccTosinuf Memay
paspesamu. Ilpu aTom Touka Ag nepexogut Boc, A >0u B ngelicTBu-
TenabHoe uncao. Tousu b; (i = 1,2,...,n), COOTBETCTBYIONINE BepIIHHAM
B; siBasioTea HyIAMU npousBopHoii f'(z).

RKax onpeneauts napametrpot A, B, C, ay, b;?

Ywrazauwue. CMm. ykazauue K 3agade 9.32.

TOYKM Ha Oocu T, COOT-

9.34. MlycTh obmacth P ecTh w-MI0OCKOCTh C TOPU3OHTANLHBIMU pas-
pesamMu, HIYIKUME B 0C HaleBo U Hanpaio (puc. 52). [JokaszaTh, 4To (hyHEK-

8

Ag

Q\\\\\\§

Puec. 52

uusg w = f(z), oroOpaaromas BepXHIOO NoaymiockocTs Im z > 0 Ha 06-
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JacTb P, uMeeT BU[J

c

zZ — Qg z—C

I n (2 - ¢j) +

~
—
I\
~—
[
‘?}‘
ES)
—
=
—
I\
\
Q
e
~—
\
[
3 S

ﬂ +B, (11)
k=0 j=

0

rre A>0, C >0, hg =Im(D,, — By), lop =Re(Dy — B,,), aocrans-
Hble mapamertpbl (Braovas b; u dg nas Bepuiud B; u Dg) uMeroT Te e
3HauveHuf, 4To B 3agave 9.32.

Raxk ompenenntns napametpnl A, B, C, ay, b;, ¢;. ds? TlokazaTh, 4To
eciu ag = o0, TO

n—1 hk m—1 i
f(z)fl; - In(z — ay) 72; 7rhrl(z ;)

roe A > 0u C > 0. Ecin napamerp ay (k # 0) umn ¢; (j # 0) paBen oo,
To B dopmyune (12) cooTBeTCTBYIOIIEE ClaraeMoe BbIMagaer.

Ywrazauue. CMm. ykazauue K 3agave 9.32.

~

+Az+ B, (12)

zZ— C

9.35. OTo6pa3uTh BepXHIOIO NOAymiIockocTh Imz > 0 Ha obnacTu B

1) 2) 3)

E
AN, Y AN (6]
21N X A ! s AL Cy
M SN AR
N \ % 2 N 2\\\\ 5
ﬁg{i&\c AB'\A I\N22 D B§\C %’: k CT
9 0 5 2 g -1 01
2 NAN/AN AN N
NEAY AN
B
SN2 N‘;\W\\I\CI N \An
8) ©
o
A
i

—-d Od
Puc. 53

w-TIIOCKOCTH, yKasaHHbIe Ha puc. 53 (Bce pasMephbl yKasaHbI Ha COOT-
BETCTBYIOMHUX PUCYHKaX) NMpPU 3adaHHbIX YCIOBUAX; HailTH a u b (a > 0,
b>0):

1) (A]7B7A27C) — (_1‘b71‘00),
2) (AlaBl:AQ:B27A3:O) - (71:7[7:0717:1700);

11 JI.W. BonkoBbickuii u ap.
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3) (E,O,D)—)(*III,OC)‘ 4) (E,O,D)-)(*l,l OO),

5) (E,O,C) — (_1,1700)‘ 6) (A07B7A1) — (OO Ovl)a

7) (A],O,C) — (_1, 71)a

8) (AoaBl:Al:BQ)_)(0077(1-{_(1’)77170); d:R9(327Bl)

9) (4,B,C,D) = (0, —1,a,1); d=Re(D—B); h=Im(B - D).

§ 2. KondopmHbie oToGpameHuA, ocyllecTBIAAeMbie ¢ TOMOIIkIO
3IAUNTUYECKUX @yHHum‘/‘IS)

NuTerpan

7 dt
ula, k) = 0/ (1 —2)(1 - k) )

rie noablHTerpanbHaa ¢yHruua paBHa 1 npu ¢t = (0, Ha3bIBaeTcA HOp-
MAABHBLM SAAUNMILYECKUM UHmMezparom 1-20 poda 6 dopme Jlexcandpa.
[TapameTp k HasbiBaeTcA Mmodysem; B AaibHelIeM mpeanonaraeTcd, 4To
0<k<l.

3amMeHa He3aBHCHUMOIl MepeMeHHON 2z = sin(p U MOACTaHOBKA t =
= sint NPUBOIAT 3TOT MHTErpal K BUAY

%)
ulsing, k) = Flp,k) = [——24—. (2)
3 1 — k?sin”

ObpaTHasa GpyHRIUA
z = sn (u, k) (3)

(nnu, B Apyrux o603HAYEHUAX, ¢ = am u) ABIAETCH OMHONW U3 OCHOBHBIX
saaunmuyeckur gynryutl Axobu n HasbviBaetTca, sn-@ynryuell Arxoou. N3
ee onpepenenus cienyert, uto sn (0, k) = 0. C pyuruueit sn (u, k) cBazanb
aBe Ipyrue QyHKINH

cn(u, k) =+/1—sn2(u, k), dn(u,k)=+/1—Fk?>sn?(u,k), (4)

Ha3bIBaeMble COOTBETCTBEHHO cn- u dn -@yuryuamu Aro6u. BeTBu KopHei
onpenensiorca yeaopuamu cn (0, k) = dn (0, k) = 1. Ecau Het Heobxoau-
MOCTHU B yKazaHUU MoAyas k, TO MUIIYT MPOCTO Sn u, cnu, dnwu.

3) CroiicTBa 1 Mpeo6paszopanns BATUNTHYECKNX BYHKIMI 1 HHTErpanoB, UCTONb3-

yemble B 3ajayax aToro naparpada, TpUBe/ileHbl, HamnpuMep, B KHHUrax:
Axuezep H. . 3nemMeHThl Teopuu 3AIUNTUYECKUX (DYHRIUMA. M.: Hayra, 1970;
Yurtrtexep I. T., Barcon Ix. H. Kypc compemennoro awnanmaza. T. 2.— M.:

Ouamartruz, 1963; Beiitmen ., Opneitu A. Bricmue TpaHcueHIeHTHhle (QYHHK-
uun. T. 3. Aanuntrdeckne n artomopdHbie dyHkunu, pyHkunn Jlame n Mathe.—
M.: Haywka, 1967. Cepua “CnpaBouynas maTteMaTudeckasa GuGianorera”.

KpaTkaa cBogka COOTBeTCTBYIOMMX Ipeo0Opa3oBaHMil NpuBeJeHa B MepBOM W3-
NaHUuU HacTofAmero 3ajauHvka W B KHurax: Kopu I., Kopna T. CnpaBouyHuk mo
MaTeMaTHuKe. M.: Haywa, 1968; Aure E., 3mpge ®., Jlem @®. CnenuaiabHblie
¢pyuruun.  M.: Hayrka, 1964.
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U3 (1) (4) caemyert, uto

dsnu dcnu

= cnudnu, = —snudnu,
du, du, (5)
ddnu 5
= —k’snucnu.
du

3uauenne gpynrunn u(z,k) mpn z =1 (¢ =7/2), T. e. uHTerpan

1
/ a = K(k),
1/ =1)(1 - k)

Ha3bIBACTCA NOAHbIM SALUNMUYECKUM uHmezpaiom 1-20 poda. Benuunu-
Ha k' = /1 — k2 HaspiBaeTca 0onoaHumenbHolM MOOYAEM.

K(k) = K u K(k') = K' Ha3bIBaIOTCA CEAAHHBLMU AAUNMULECKUMU
UHMezpaiamil.

B zamauax wacTo MCMoAL3YIOTCA CAeAYIONIHe Jerko NoKasbIBaeMble
cooTHomeHus1 (npeoGpa3oBaHUs MOMHLIX HIIUNTUYECKUX WHTErpajioB
nepBoro poaa):

K(%) = k(K +iK"), K(kl) = k(K +iK),
K(;—k) — KK, K(%) — kK. )
3aMeTuM TaK#e, 4To

1/k
(momcramopra k% + k'?1% = 1),

1/ @ -1 - k)

(mopcranoBka ¢ = tge).

/ dt _ K
1 /A +2)(1+ k)

9.36. [lorazaTh, 4yTo oOpa3oMm BepxXHell noaymiockoctu Imz > 0
npu oToOpakeHUU € MOMOIILIO HOPMalbHOTO 3JIIUITUYECKOr0 WHTerpa-
na 1-ro pona

7 dt
v 0/ (1 —2)(1 — k22)

ABaAeTCA NPAMOYTOMLHUK ¢ BepmuHamu +K, +K +iK', coorsercr-
ByomnMu toukam +1, +1/k.

[Ipononman 3To oToOpameHre Mo MPUHIUNY CUMMETPUU, A0KA3aTh,
yTto oOpaTHad GYHRUUA 2z = snu ABOAKONepUoAMYecKas C Iepuoja-
vu 4K u 2iK'.

Paccmorperh cooTBeTcTBUE Memay MJIOCKOCTAMU U U @, TAe u =
= F(p, k).

Ywrazauwue. llpuMeHuTh NpuHLUKUN cOOTBeTcTBUA rpaHul. Ocoboe
du
BHUMaHue 00paTUTh Ha H3MeHeHUe apryMeHTa = Korga z mpobe-
4
raet IefCTBUTENbHYIO OCh.

11
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9.37. OTo6pa3uTh BEpXHIOIO MOJYIIOCKOCTL Imz > 0 Ha npamo-
YrOABHUK B wW-MJOCKOCTH ¢ BepmuHamu +a, +a+ib (a >0, b > 0).

9.38. HaiiTu 06pa3 yeTBepTOro KBajgpaHTa z-MJIOCKOCTU NpU 0ToOpa-
MEHUU C TMOMOIIBIO AMAUNTUYECKOTO UHTerpana

o= |

[Ipomonskas 3To oToGpaseHue Mo MPUHIUITY CUMMETPUH, HAaTH o6pas
BCeil z-MJIOCKOCTHU C pazpe3amMiu Mo Jydam

(—o0,—1], [1,00), (—ioc,—ik'/k], [ik'/k,ic0).
[IpoBepuTh, uto o6paTHoil Oymet z = cn (n, k), ¥ JAoKa3aThb, UTO OHA
ABoAKoNepHoanyeckad c nepuogamu 4K, 2K + 2iK'.

9.39. Haiitu oOpa3 4yeTBepTOTO KBaapaHTa 2-TJIOCKOCTU NPU OTOG-
paskeHuu ¢ NOMOUIbLIO ANIUNTUYECKOr0 UHTerpasa

_j dt
L Ja=eEe -

[pomonmas »T0 oTOOpameHue MO MPUHIUANY CUMMETPUM, HAlTH OG-
pas Bceil z-IJIOCKOCTHU ¢ pasdpesamu 1o aydam (—oo, —k'], [k, 00). Mpo-
BEpUTL, 4TO 06paTHoil ¢pyHKuuei 6yner z = dn (u, k), u g0Ka3aTh, 4TO
OHa ABOAKOMepuoguyveckas ¢ nepuogamu 2K u 4iK'.

9.40. HaiiTu o6pa3 nepBOro KBagpaHTa z-MJIOCKOCTHU TPU 0ToOpame-
HUU ¢ NOMOIILIO 3JIUNTUYECKOro UHTerpaia 1-ro poaa

Zk]

/\/ﬁ

roe ki npunnmaer suavenus k, 1/k, k', 1/k', ik/k', ik' /K.
Ywraszaunue. Bocroanszosarnesa dopmynamu (6).

NuTerpan
(2, k) /,/ /\/1—k25m wdip = B, k) (7)

(z = sin ) HABBIBAETCA HOPMAAbHBIM SALUNMULECKUM UHMEZPALOM 2-20
poda 6 gopme Jlexcaropa.

llpu z =1 (p = 7/2) noayvaeTcs nOAHbLL 3AAUNMUYECKUT] UHME2PaL
2-20 poda

1— k%%
)=E= / T 8

Beens o6osnauenne E(k') = E', nerko momxyunTh cooTHOmeEHUA
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1 1
E() =%
1 1 .
E(y) = (' = BK') —i(E = k”K)), 9)
iky 1 ik'y 1
E(y)-wE (%) -z

[Monukle snaunTUUYecKUe UHTerpanbl 1-ro U 2-ro popa, oTBevalouue
OOTIOMHUTENLHBIM MoayaaM k u k', cBazaunl coomuouenuenm Jlexandpa

EK' + E'K — KK' =7/2. (10)

[(E — K2K) — i(E' — kK],

3amMena He3aBUCMMOI MepeMeHHol 2z = snu B MHTerpaie, onpeue-
asomem v(z, k), npuBomuT & dynryuu Akobu

E(u,k) = E(u) =v(snu, k) = /dn27' dr, (11)

BhIpamaiomell aAIUNTUYeCKUI MHTerpal 2-ro poaa Kak (QyHKOMIO .-
nuntudeckoro unrterpaia 1-ro poma. C ¢yusuueii E(u) cBazana ¢yHE-
uus Z(u), onpenensemMas GopMyJioi

Z(u) = E(u) — 7 U (12)

9.41. HaiiTu oGpa3 nepBOro KBagpaHTa z-TJIOCKOCTU TIPU 0ToOpame-
HUAU C MOMOLIbIO HOPMaJbLHOTO BAIUNTUYECKOro HMHTerpana 2-ro popaa

roe ki npunumaer suavenus k, 1/k, k', 1/k', ik/k', ik'/k.
Yraszanue. Bocroabszosarnes dopmymnamu (9) u tTem, uto
1/k

(sTa GopMmyna moayyaetca ¢ momombio nogeraHosku  k2t? + k272 = 1).

9.42*. OT06pa3nTh BEPXHIOIO MOJYMIOCKOCTL Imz > 0 Ha Bepx-
HIOIO MoaymaockocTh Imw > 0 ¢ OAByMA BepTUKalbHBIMU pa3pesamu
BI0Ab oTpe3koB Rew = +a, 0 < Imw < h ¢ HopmupoBkoit: w(0) =
=0, w(oo) =0, w'(c0) > 0.

Ywrazaunue. Bocrions3oBaTthes ¢opmynoii Kpucropdena IllBapia B
BUE

w(z) = C‘/Z

b2 dz
(1 —22)(1 — k?2?)

rie Cy = C/k?, w(+1) = +a, w(+b) = +a + ih, u cocTaBuThL ypaBHeHus
nnsa onpeneienus napametpoB Cq, k u b.

= C[(E*® — Vu(z, k) + v(z, k)],
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9.43. JlokazaTh, UTO QYHKIUA

dnucnu

« ] w = Z(u) +
SN u

MPOUBBOAUT OTOOpasmenue npamMoyronbiuka 0 <

< €< K, 0<n< K', pacnonomenHoro B nioc-

Koctu w = &4 17), HA YETBEpPThI KBagpaHT

_ oy T

i 2K’ 2K |’
h — % ecTh ofpaz Touru u = & + iK', n1a ko-
h—*h dw

TOpoi d_ = (. lIpogon:xkas aTo oToOpaxeHue 1Mo
U

Mt 21—

(=]
-

MIOCKOCTU W C pa3pe3oM rae

Pue. 54 OPUHIUIY CUMMETPUU, MOKa3aTh, UYTO 00pa3oM

npamoyroabhuka || < K, |n| < K'| 6yner saBaaTbea Bes MI0CKOCTD ¢ pas-
pe3oM, u3o0pakeHHbIM Ha puc. 54.

Mpumeuanue. 06 orobGpaseHnn TMPAMOYTOJLHUEKA HA BHEITHOCThH
KpecTa UK Ha BHENIHOCTh MPAMOYTOALHUKA ¢ YeThIPhMSA 0TPOCTRAMHU
NPOJOHEHUAMU CTOPOH  CM. TlepBoe usfanue atoit wuuru win: D ar-
win. Some conformal transformations involving elliptic fonctions//
The Philosophical Magazine. Ser. 7. 1950. V. 41, No 312.

HuTerpan
w(z,v, k) = / di =

o (L +vt?) /(1 —12)(1 - k*t?)
@
— / dy
o I+ vsin? ¢)y/1 — kZsin? ¢

— (g v, k) (13)

HA3LIBAETCHA HOPMAAbHBIM SAAUNIMUYCCKUM UHMEe2PALoMm 3-20 poda & dop-
me Jlexcaropa.
3ameHa He3aBUCHMOI mepeMeHHOW 2z = snu TNPUBOAUT K (opMmyJe

u d
w(snu.‘l/, k) - /m (14)

0
Benuuuna T4 (v, k) = w(l,v, k) = H(7r/2,y, k) HA3LIBAETCH MOAHbLM
AAUNMULECKUM UHMe2PAA0M 3-20 pooda.

9.44. HaiiTu o6pa3 mepBoro KBajpaHTa z-MJOCKOCTHU MPU 0ToOpare-
HUM ¢ TIOMOIIBLIO HOPMaThHOTO AIUIHITHYECKOT0 UHTerpana 3-ro poaa (13)
ana 0 < k < 1. PaccMmoTperh oTAenbHO ciydyad, Korja v NpUHAAIERUT
MHTepBanaM:

1) (—OO, _1); 2) (_17 _k2); 3) (_kQ:O); 4) (OOO)

PaccmoTpeTh Takme ciyuan v = —1 u v = —k2.

YraszaTb o6nacTu B w-MJIOCKOCTHU, KOTOpbIe MOJAy4aloTcA MPU MPOAoI-
JKEHNM 110 IPUHLUIY CUMMEeTPUU 4Yepe3 pas3iuvyHble NHTEePBalbl IelficTBU-
TeNLHOM OCU MIOCKOCTH 2. B KamaoM caydae nokazaTh COOTBETCTBYIOMINE
o6JacTu B U-MJIOCKOCTHU, [le 2 = SN .
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WuTerpan oo

dz
11)22/\/43«3—932’7513 :Z/\/4(z—e1)( (15)

¢ auckpumunautom A = g3 —27¢2 # 0 (npu »TOM ycaoBum eq, ea, €3
TOMAapHO pasMNUHbI) HA3LIBAETCHA HOPMAAbHbLM SAAUNMULECKUM LUHMe2-
pasom 1-20 poda 6 gopme Beilepuumpacca, a GyHRIUSA

2z = p(w) (16)

HazpiBaeTca @-dynkyuell Betiepuumpacca (na-gynryueil Betiepuumpacca).

dTo OlHA U3 OCHOBHBIX BUINNTUYECKUX (YHKIMNA ¢ mepuomamu 2w, 2w’
!

(Imw— #* 0). Ouna ypoBaerBopsieT auddepeHInanLHOMY  ypaB-
HeHuto

d

z—e2)(z — e3)

P =4p" — gop — g3 = |
=4(p—ei)(p—e)(p—e3). (17)

Oyuruua p(w) deTHas, ABY-
JAUCTHAA B napajieiorpamme Tepu-
omoB (puc. 55), umeromas Tam To-
JqI0C BTOPOTO MOpAAKA B Hyjle U
aByspatHbie Toukn (o' = 0) w, -7
w+w, W 2w’

\
AN

er = pw), e2=pw+w),
ez = p(w').

U3 (17) caemyer, uTo
e +ex+e3 =0,

2w

(18)

\

1
e1€s + eses + ese; = ~1 gs2, (19)
1

NAVAN

€1€2€3 = 193-

9.45*. Mccnenorath oTobpame-
HUE Z-TNIOCKOCTU C MOMOLIBIO HOP- Puc. 55
MalbHOTO SJIIUNTUYECKOT0 HHTEr-
pana 1-ro pona B ¢opme BeitepmiTpacca (15) nisi BelleCTBEHHBIX ga, g3 U
A > 0. Pacemotpets cayuan g3 > 0, g3 < 0, g3 = 0. Haiitu nepuonst p(w).

Ywrazanue. Paccmorpers oToOpajkeHune BepxXHeil MOMYIJIOCKOCTHU
Im z > 0 c noMouIbIO MPUHIINTA COOTBETCTBUA TPAHUII.

9.46™. HcciaenoBaThk oToOpaseHue 2-MIOCKOCTH ¢ MOMOIILIO HOPMalb-
HOTO BJIMITHYeCKOro uHterpana 1-ro poga (15) mis BelleCTBEHHBIX go,
gs 1 A < 0. Pacemorpets, B yactHocTH, ciay4dait go = 0. Haiitu nepuo-

abl p(w).
Yrazanue. Tak rak A < 0, To ABe U3 BeIUYUH €1, €3, €3 KOMII-
JEKCHO COMpAeHHbIe, a ogHa eificTButenbHas. Ilycts es — melicTBU-

TenbHas BeanuuHa, e; = a+if, e3 =a —if (> 0). Paccmorpers
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oToGpaseHue MoayKpyra |z — es| =|e; — ea], Imz > 0 ¢ moMoubio npun-

N\ * N

\a o 5

NN :&&\ N
6)

\

Nt
Puc. 56

nyna CoOoTBETCTBUA TpaHUl M MPOJOMKHATL 3TO OToOpakeHHe [0
NPUHIUNY CUMMETPUU.

9.47. HaiiTu oToOpameHus Ha BEPXHIOIO MOJYIMJIOCKOCThE Imw > 0
TpeyronbHuKkoB ABC npu ykazaHHBIX yCIOBUAX:

1) (A=0, B=w>0, C=w(l+1)) = (00, —1, 0);
2) (AZO, B=a>0, C:(lzﬁei”m) = (o0, —1, 1);

3) (A:o, B=a>0, C:aQﬁe”/ﬁ) = (o0, —1, 0).
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Y raszanue. Bocnonb3oBatbes pemenusamu 3anad 9.45 (cayyvaii g3 =
=0) u 9.46 (cnyuait go = 0).

9.48. lIBycasubie o6aactu 1)—15), pacnofo#seHHbie B 2-MI0CKOCTH U

yKasaHHble Ha puc. 56, 0T0OpasUTh Ha KPYTroBoe KoAblo pi < |w| < po

W ONMpefennuTh MOAYAb [ = P (cMm. cTp. 36).
p1

B zamauax 9.49 9.51 oroGpasuTh Ha equHUYHBINA Kpyr |t < 1 yka-
3aHHbIe 061acTH.

9.49. Tpamoyroasuuk [Reu| < K, |Imu| < K' (0 < k < 1). Haiitu
MoJ0#eHre BepIINH NpU 0TOGpa#eHnHy.

9.50. Buytpennocts aaaunca |z — 1| 4+ |z + 1| = 2a (a > 1) ¢ paspe-
samu [—a, —1], [1,a].

9.51. Buyrtpennocts amannca |z — 1]+ [z + 1| = 2a (a > 1). Haiitn
nosnoxeHne GOKYCOB MPU OTOOPANEHUH.

9.52. Buemnocts egmuuunoro kpyra |t > 1 otoGpasuth Ha oGnac-
tn 1)-3), pacnono#seHHbie B 2-MIOCKOCTH W yKazaHHbIe HA puc. 57.

1}\\\ \\& N \\R 3)\\\\\

NN

==

Puc. 57

=

O mpumeHeHUM BIAUNTUYECKUX GYHKIUI K 3agadam 06 oToGpameHnn
BepxHell NoIyIMI0CKOCTH Ha BHENIHOCTh IYT 3JUIUICa, TUIepOobl U napa-
GoNbl, a TaKkM#e K 0TOOpaeHUIO BHEMIHOCTY ABYX MPOU3BOJILHO Pacloio-
JKEHHBIX NPAMOINHEHHBIX OTPE3KOB UM ABYX KOHIEHTPUYECKUX OyT Ha
KpPYTOBOe KOJbLO cM., HanpuMep, kuury: Cegor JI. U. [lnockue 3agauu
ruapoauHaMuku u aspoaunamuru.  M.: Haywra, 1966.

D’




FTABA X
NPUJIOMEHNA K MEXAHUKE U OU3URKE

§ 1. llpuioseHuA K ruapoMexaHuke ')

YcTaHoBuBIIeecs MJIOCKOe 0OE3BUXPEBOE TeueHUe HecHuMaemoi
JRUJKOCTU XapaKkTepusyeTcA aHaTUTUYecKoi QyHRuuei

w(z) = p(z,y) +iv(z,y), (1)
HA3bIBAEMON KOMNACKCHbIM TNOMEHYLAI0M WIA  TAPAKMEPUCTILYecKOoll
@yHEYLell TeUeHU; ( HAa3bIBACTCA NOMeHUYLAAbHOL PyHKkyuell, 1) — PyHk-
yueil moka. JIUHUY = const  sKBUNOMEHYUAAbHblE AUHLL, 1) = const
aunuy moka. Cxopocth Tedenunsa V' crfizana ¢ w(z) COOTHOMEHUAMU

V =Ve® =V, +iV, = w'(2),

V=luw'(z), a=-argw'(z), (2)
V = grad .
Mycts €' — 3aMKHYTBIH KOHTYP, 00XOA KOTOPOTO cOBepiiaeTcs B

NOMOMUTENLHOM HanpaBieHuu (KoHTYp C' MOMeT COCTOATh M U3 ABYX
CTOPOH IyTU, MpoGeraemMbix B MPOTUBOIMOJOKHBIX HanpaBieHusax). Bemu-
YuHa

F:/Vsds:/dem—{—Vydy:/d(p (3)
& & &
HazbIBaeTcA yupkyaayuell Bextopa V no woutypy C.
Bennunna
Q:/Vnds:/(nydm+dey):/dz/z (4)
& & &
(n — BHemHAA HOpMalb K 3aMKHyTOMY KoHTypy C, mpobGeraemMomy B

NOJOUTENLHOM HalpaBleHUN) Ha3blBaeTCA Nnomokom BekTopa V uepes
koHTyp C. AHaloruuHo notok Bektopa V uepes ayry AB omnpepeisercs

KaK MHTerparn / V., ds (nanpaBienvie HopMaiu 1 IOJHHO ObIThH YKa3aHo).

AB
O6beaunssa dpopmyst (3) u (4), norydunm

L+iQ = /w'(z) dz. (5)
e

1) K aroii raase cwm. [3, ra. IT1] u yrasannyio Tam auTepaTypy.
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Ecau w'(z) onpenenena Buytpu C' v MMeeT TaM KOHEYHOE YKCIO 0COGBIX

TOYeK, TO
[ +iQ = 2mi Z resw’(z).

Ecau ¢ momioc dyuruun w'(z), To w(z) uMmeer B6IU3U a pasioie-
HUe BHA

Cc_p p 1 I'+14Q
=——+ .+ ——F+ —1 — —
w(z) (z—a)"+ tor e T o n(z—a)+c+ci(z—a)+
I'+:4Q "
ToBopsT, UTO uieH Tln (z—a) (T, Q  meiicTBUTeIbHbIE YHKCIA)
e

onpenejdaeT B TOUKE a 8UXPeUCImo1HUK 00MJIBLHOCTHU Q N MHTEHCHBHOCTHU F,

1
oBoznavaembiit  (a;Q,T)?), unen L2
2T z —a

TOM p, oGo3Hauaemblit (a; p) (p — KOMIMIEKCHOE YKCI0; paainyCc-BeKTOp —
p ompefdenseT HaNpaBieHUe OCU OUIMOJA, NPOXOIAlleil yepe3 TOUKY a B

—  OJunoav ¢ MOMEH-

HaNpaBieHUN JUHUU TOKAa), OCTAlbHbIE UYJEHbI ﬁ onpeaensioT
zZ—a
B TOUKe a Myabmunoau nopankra 2k.

COOTBeTCTBeHHO, €CJIi Ha o0

w(z) :cnz"—l—...—{—%z—{—r;—ﬁlnz—{—co—{—

e z

C—1

+ ..

T +iQ
TO YJIeH 27 IIlZ ornpenendaeT Ha OO 8UXPEUCIOYHURK 0OUILHOCTU Q
e

N NWHTEHCHUBHOCTU F, YJeH 2£Z 0unoavs ¢ MOMEHTOM P (HanpaBﬂe—
™

HYe JUHUI TOKa Ha 00 COBMAfaeT ¢ HampaBleHWeM paanyca-BeKTopa p),
ocTalbHbIe YleHbl ¢y 2" Mmyavmunoau nopsagra 2k.

Touru, B Kotopeix V = (0, crepoBatensno, w'(z) = 0, HaspIBatOTCA
Kpumuyeckumi moYkaMu TeYeHUA; U3 TUX TOYEK JUHUU TOKa U 3KBU-
noTeHualbHble IUHUN BBIXOAAT NonepeMeHHo. Ecau kputuyeckas Touka
AIRNAETCA HYJeM NPOU3BOAHON mopAaka n — 1, TO 3TU AMHUU 00pPa3yioT

Mes Iy co6oit yrael 7/2n. Takoe pasBeTBIeHNe TUHNIT BO3MOMHO U Ha 00.

B zagauax 10.1-10.14 no 3agaHHOMY KOMIJIEKCHOMY TOTEHLKATY Te-
yeHUd TpebGyeTcAd MOCTPOUTH IKBUMOTEHNIMAIbLHbIE JUHUU U JUHUU TOKA,
onpeneauTb V', ocobble U KpUTUUYECKUE TOYKU, OOUJILHOCTH U UHTEHCUB-
HOCTh BUXPEUCTOUHUKOB, MOMEHThI QUMOJedl U ucciegoBaTh MOBedeHNe
TeyeHUA Ha 00.

10.1. w =cz (c=a+if).
10.2. w = z" (B wactHOCTH, N = 2,3).

10.3. w = Mhrlz. Paccmorpers, B wactHocTH, cayyan ' = 0

2mi

nu @Q=0.
10.4. w— 1FQy 2=
27 z—0b

2
2) Ecin @ =0, To umeem suzps (a;1'). Ecan T =0, 1o umeeMm ucmounuk (a; Q).
Eciu uHTeHCUBHOCTH ucTouHMKa @ < 0, TO yalle roBOPAT, UTO UMeeT MECTO CIMOK.
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10.5. w = 1 OnpeneauTh Tak#e CKOPOCThL B ToUyKkax 2 =+ 4.
z

106. Nw=2+2 w=2- 107 0w=21

z 4

10.8. w =1In (2?2 —a?) (a > 0). OnpegeauTs Tak#e CKOPOCTh B TOU-
Kax =+ia.
a2

10.9. w =1n z;;
22

_Q 1
g (a>0). 10.10.11)—27T1n(z z)

1011, w =1In (1+ l). 10.12. w = In (2 - l)
. ;

2

10.13. 11):az+2glnz (a >0, Q>0).
™

10.14. w az+L,1nz (a>0,T>0).
27

10.15. HccnemoBaTh xapakTep TeueHusi B o6mactu |z| > R, ecau

5

B R , T
11)—(1,(24—7)—{—2—7”,1112 (a>0,T>0).

Pacemorpers cayuan: T' < 4maR, T'=4naR, T > 4waR.

10.16. Haiitu KommiekcHbIi moTennuan w(z) TedeHusa Bo Beeit mioc-
KocTH, o6pasoBanHoro Buxpeuctounukamu {(ag; Qr, Tx)} (k=1,2,...,n)
U uMelolero Ha 6eCKOHEUHOCTH 3adaHHYI0 cKopocTh Vo, = Ve'®.

10.17. Mo#seT AU BRIXOAMTHL JUHUA TOKA W3 TOYKM, ABIAIOLIEHCA:
1) Buxpem; 2) gumosem; 3) BUXpeM U AUINOJEM BMmecTe?!

10.18. HatiTu 3akoH U3MeHEHUA BUXPEUCTOUYHNKA, IUNOA U MYTbTU-
noJifA, HaXOAAINXCA B TOUKEe @ WU Ha 00, NPU CAEAYIOMUX OJHOJIUCTHBIX
KOH(OPMHBIX 0TOOpAMKEHUAX OKPECTHOCTH 3TUX Tovek (¢1 # 0, ¢_1 # 0):

Hé=a+ec(z—a)+ .. 2)C:a+%+...;
3) (= o +eo+..5 dH(=crz+co+ ..

zZ—a

10.19. HafiTu 3aKoH M3MeHEHUA BUXPEUCTOUYHUKA TPU N-TUCTHBIX
oToOpaKeHufAX:

(=a+cp(z—a)"+ .., cn#0;
<:a+“’;_n"+..., cp#0.

10.20. JlokazaTb, YTO TeuyeHHE MOMHO TPOAOIMRUTH MO MPUHLIUIY
CHUMMETPUU Uepe3 NMPAMOIUHENRHDBII UAKW KPYTroBOH y4yacTOK JUHUU TOKa
WU AKBUMOTEHIMANLHON JUHUU, TPUYEM BUXPEUCTOYHUK MEepexoguT B
BUXPEUCTOUHUK, OUIMOIb B [IUNONbL, MYJILTUNOMb, BooO1Ie TOBO-
pAl, B Habop MyJbTuUIoJel 10 TOro #e nopAaka BraAounTeasHo. HafiTu 3a-
KOH M3MEHEeHUf OOUILHOCTU U WHTEHCHMBHOCTU BUXPEUCTOUHUKA U MO-
MeHTa IUMOoJA.
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Ipumeuanue. B zanaue 10.20 ycTanaBnupaeTca npuHyun cummem-
pul, KOTOPBIA, HApPAOYy C KOHGOPMHBIMU OTOOpPaMEHUSAMHU, MUPOKO KC-
NoJb3yeTcs s MocTpoeHus Tedenuit (eM. 3amauu 10.22 10.30).

W3 npuHnuna cuMMeTpUuu cliegyeT, YTO MPU HATUUYUU NPAMOJUHEHHO-
ro Wiy KpyroBOro ydacTKa Ha JUHUU TOKA WM 3KBUIOTEHIUATLHON Ju-
HUU TedyeHUe AOMMHO ObIThb CUMMETPUUHBIM OTHOCUTEIbHO 3TOH JIUHUU.
JTO HaKIagbIBaeT M3BECTHhIE OrpaHUYEHUA He TONbLKO Ha 0COOEHHOCTH
TedyeHUs BHE YKa3aHHBIX JUHUN, HO U HA 3TUX JUHUAX UIU HA UX KOHLAX
(ecau oHU MMeIOTCA).

10.21. TeueHue B z-MIOCKOCTH 00pa30oBaHO KOHEYHBIM YUCJIOM HC-
TOYHUKOB, BUXpel U AunoJen.

1) Haiitu HeoGxooumoe M [OCTATOYHOE YCJAOBHE Ui TOTO, YTOOKI
OKPY#KHOCTL |z| = R sABafAfach NUHUeH TOKa, ecly UCTOUHWKHU, BUXPH,
JIUATIONU:

a) He pacnoioeHbl HA ATONW OKPYHHOCTHU;

6) Bce pacrojoskeHbl Ha Heil;

B) UAaCTUYHO paCMoOJOEeHbI HA Hel, YaCTUUHO HeT.

2) B aTux e mMpeanoNoseHnAX HaAWTH YCAOBUA TOTO, UTOOBI OKPYHi-
HOCTb |z| = R sABAfAdach SKBUIOTEHIUANLHON TUHUE.

10.22. HafiTu KoMIIeKCcHbIe MOTEHIUAALI TeYeHUI B BepXHeil momay-
miaockoct Imz > (0 0o 3aIaHHBIM 0COGEHHOCTAM U CKOpocTU V:

1) Cropoctb Voo = V.

2) Buxpn (a;T') u cropocrs Vi, = 0.

3) Ucrounur (a;()) n cropocth Vi, = 0.

4) Munons (a;p) u cropocTh Vi, = 0.

5) Buxpeucrounnsn {(ay; Qr,T'x)} (k= 1,2,...,n), aunoas (a;p) un
cxopoceth Vo, = V. Uto MomHO ckazaTh 0 MOBEIEHUU TeueHus Ha 007

6) Buxpeuctounur (0;Q;T) u gunoan (0;p); Voo = 0. Karue 3naue-
HMA MOKeT MPUHUMAThL MOMEHT aumnods p? Becerma mu Bo3MokHO TeueHue,
ecin I' # 07

10.23. B kpyre |z| < R mocTpouTh TedeHUs, HMEIOUINE COOTBETCT-
BEHHO:

1) Buxps (;T);  2) gunons (a;p).

10.24. HafiTu ycnoBusi BOZMOMHOCTHU MOCTPOEHUA TeYeHUN B Kpy-
re |z| <R, ecmu:

1) umetores toneko ucrounnsn {(ag; Qr)} (k= 1,2,...,n), pacnono-
AeHHbIe BHYTPU KpyTa;

2) B JomonmHeHHe K UCTOYHMKAM 1. 1) uMeloTes uctounuru {(ay; Q})}
(k = 1,2,...,m), pacnonomennsle Ha okpymHocTH |z| = R. B o6Gonx
clydaax HaliT¥ KOMIUIEKCHBIE MOTEeHINAaNbl TeUeHnH.

10.25. B o6nactu |z| > R MOCTPOUTH TeYeHUd, UMEIOLINE COOT-
BETCTBEHHO:

1) Buxpb (a;T'), ckopocth Voo =0 ¥ NMpRyIANMIO HA GECKOHEYHOC-
™ 'y =0;
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2) punons (a;p), ckopocts Vo, =0 u nupryasuuio I, = 0;

3) cropocth Vo = Vel u nqupkyaannio e = 0;

4) ckopocth Vi, = Ve u uupryaaumio [ BOKpYT OKpY#HOCTH
|z| = R.

Mpumeuanne. locnennue nBa npumepa 3agaun 10.25 gaioT o6Te-
KaHue Kpyra ¢ 3aJaHHON CROPOCTLIO Ha GECKOHEUHOCTHU, 6e3 HUPKRYIAINY
U ¢ nupryasauueit (cm., nvanpumep, [3, ra. ITL, o. 49]).

B zapauax 10.26-10.29 mnoab3yfach TPUHIMIIOM CHUMMETPUH, TO-
CTPOUTHL TEUEHUs MO 3aZaHHBIM 0COOEHHOCTAM (HAa GECKOHEUHOCTU U
B YTJIOBBIX TOYKAX CKOPOCTH paBHa HYIIO).

10.26. B o6nactu |z| > 1, Imz > 0, c Buxpem (ia;[), a > 0.
10.27. B yrae 0 < argz < 7/3, ¢ uctounnrom (ae’™%;Q), a > 0.

10.28. B neprom wBagpante Rez > 0, Imz > (0, c ucTouHurom
(1; Q).

10.29. 1) B nepBom uBagpante Rez > 0, Imz > 0, c¢ wucrounu-
koM (1;Q) u crokom (i; —Q).

2) B nepsom kBanpante Rez >0, Imz >0, c uctounurom (1 +4; Q)
u croroM (0; —Q).

10.30. [ocTpouTh TeueHUe BO Bcell 2-MJAOCKOCTHU, €CIU U3BECT-
HO, YTO B BepXHeill noaymiaockoctu Imz > () oHO UMeeT BUXPEUCTOUYHU-
kn {(ap; Qk, Tk)} (k=1,2,...,n) n gunoas (a; p), och T ABIAETCA SKBUMO-
TeHNUWaAbHOI JuHNell U ckopocTh Vi, = Ve'®, Beerma nmu Takoe TedyeHue
BO3MO#HO?

10.31. IocTpouTh TeyeHUE BO BCeil 2-MIOCKOCTH, €CJIU U3BECTHO, UTO
B kpyre |z| < R ono nmeer Buxpeucrounnsn {(ax; Qr,Tx)} (K =1,2, ...
..,) U OUMOIL (a;p), OKPYKHOCTL |2| = R fABIfieTCA SKBUNOTEHINAND-
HOM TuHUEHN U cropocTh Vo, = Ve'™. Beeraa nu Takoe TedeHHe BO3MOMHO?

10.32. B onHocBaAzHO# oGmactu D, orpanudyeHHoil KoHTypoM C,
NOCTPOUThL TedeHWe c JauHueil Tora (), uMelollee BUXPEUCTOUHUKU
{(ar; Qr,Tr)} (k=1,2,...,n). Bcerna 1u Taroe TevyeHne BOIMOKHO?

10.33. B o6nactu D, orpannuentoii koutypom C u comep#arieii fec-
KOHEYHO YyOaJeHHYIO TOUYKY, MOCTPOUTH TeueHue c naunueir Toxa C,
umeiomee Buxperctounusn {(ax; Qr,Tx)} (K = 1,2,...,n) u 3amaunyio
cropocTh Vi, = Ve'™. Beeraa nu Takoe TedeHUe BO3MOMHO?

B zapgauax 10.34-10.41 paccmaTpuBaeTca oGTeKkaHUe OTpaHUYEHHBIX
1 HEOrPaHUYEHHBIX KOHTYPOB (OHU [OJAKHBI ABIATLCA JIUHUAMU TOKA).
3agauu pemaioTcA ¢ IOMOIIbLIO KOHGOPMHOT0 0ToOpaMeHn Ha BHEIIHOCTh
Kpyra, BepXHIOIO MOAYTIOCKOCThL U MPAMOIUHEHHYIO MOI0CY.

10.34. I[ocTpouth 06TeraHue orpaHUdYeHHOro KoHTYypa C' ¢ 3agaHHO

nupkyasanueit I' u cropoctnio Vi, = Vel®. RKakoe oToGpamenne ocy-
MeCTBIAET KOMILIEKCHBIN noTeHnuan w(z) B cayuae I' = 07
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2 2

10.35. IocTpouTh oGTeKaHue 3JIUICA % + % =1:

1) ¢ 3amanHO#t ckopocThio Vi, 6e3 HHPRYIALINN;

2) ¢ 3agaHHoil crkopocTbio Vo, U nupkryasnueii I'.

10.36. [Moctpouth o6Teranue maactunku |z < C,

1) ¢ 3amanHO#t ckopocThio Vi, 6e3 HHPRYIALINN;

2) ¢ samaHHO# ckopocThio Vo, n nupryasuueii I', onpepensemoii n3
yca0BUsA, UTOObl OAUH M3 KOHIOB MJAaCTUHKU fBIAICA TOUKOI cxojaa Mo-
Tora (nocmyaam M yrosckozo—Yanavizuna).

10.37. Toctpouth ofrexanue npoduisa A ykoscroro?) ¢ zagan-
HOll cropocThio Vo u uupkyasauueil I', onpeaensemoii ¢ nomolibio moc-
tTynata sRyroBcroro Yarmpiruua (ocTpbiil KoHel[ TPOGUIA OOMAEH fAB-
AATHCA TOUKOH cxoa).

y = 0:

B zamauax 10.38 10.41 nocTpouTh o6TekaHue 3aJaHHbLIX KOHTYPOB.
10.38. TMapa6oaer y? = 2px (U3BHE U UBHYTPU).

10.39. IlpaBoii BeTBU runepoboJbl —; — z—, =1 (u3BHe U UBHYTpH,
a2 2
co cropocthio Vi, = 0).
10.40. Honynpameix —oc < x < —1, y = +7.

10.41. Hoaynpameix 1 < || < oo, y = 0.

B 3apauax 10.42 10.46 paccmaTpuBaioTcA Nepuoguyueckue TedyeHus
(V(z +w)=V(z)) u TeueHns B KpUBOMMHENHBIX Monocax (kaHanax). JLas
NOCTPOEHUSA 3TUX TeYeHUil KPUBOJMHENHHbIE TMOJOChI cleqyeT KOH(OpM-
HO 0TOGpPa3UTL Ha MPAMOJUHEHbIe T0N0ChI, 3aTeM MPOIOIMUTEL TeUeHU
N0 NPUHOUNY CUMMETPUM U UCIOJL30BaTh Pa3ioeHUA MepOMOp(QHBIX
(pyHKIUHT B pAObI TPOCThIX OApoOeii.

B zapmauax 10.42, 10.43 uccnenoBaTb 0COOEHHOCTU, NOCTPOUTL CXeMa-
TUYECKHU JUHUU TOKA W SKBUMOTEHIMAIbHbIE JUHUU U ONpPEAeIUTh CKO-
pPOCThL Ha OC B MOJIOCE EPUOOB /Al IEPUOAUYECKUX TeYeHU ¢ 3aJaHHbI-
MU KOMIIEKCHBIMU MOTeHLUalaMu.

10.42. 1) w = ansinz; 2) w= L,ln sin z.
2m 2mi

10.43. w =2 ctg z (O Largp < E).
27 2

10.44. B npamonuneiinoii nomoce z-miaockoctu S: 0 < z < w, MOCTPoO-
UThb TeueHue, 06pazoBanHoe BUxpeucTounnroM (a; @), ), a € S, umeromiee
3anannele ckopoct V(x4 ioc) =iV, V(x —ioc) =iV;. Bcerna nu ra-
KOe TeueHUe BO3MOM#HO?

[locTpouTh cxeMaTu4YeCKU JUHUN TOKA U 3KBUINIOTEHLIUANbHbIE JUHUH,
ecitu ['=0 win @Q = 0.

Ywrazanue. [IpogoauTs TeueHue no NpUHUUNY CUMMETPUU U BOC-
noJb30BaTheA pesyiabTaToMm 3agaun 10.42.

r‘) CwM. 3ajauy 2.121 u oTBeT K Heil.
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10.45. B npamoauneiinoit moaoce z-niaockoct S: 0 < 2 < w, MOCTPO-
UTh TedeHue, oGpazoBaHHoe aunonaem (a;p), a € S, uMerolee 3aIaHHYIO
cropocTh V(2 £ ioco) =4V, llocTpouTh cxemaTHUeCKH JUHUN TOKa U 9K-
BUNOTeHIIMAAbHbIE JTUHUU.

10.46. B xpuBonuHeiinoii nomoce z-niaockocTu S, OrpaHUYEHHON KOH-
typamu Cy, Cy, mocTpouts Tedyenue, o6rerawmee Cq, Cy, uMeloliee 3a-
JaHHble BUXPEUCTOYHUKHU, Ounoau B S u 3amaHHble ckopoctu Vi, Vs
GeckoHeuHO yganeHHbIx Toukax (1, )y monocer S. YkazaTh A0CTATOUYHbIE
yCJA0BUA [/ CYLIeCTBOBAaHUA TAaKOro TeUeHUA.

Teuenue Ha3bIBaeTCA 0680AKONEPUOOUHECKUM, €CIH €T0 CKOPOCTh w'(2)
ABIAAETCA AIAUNTUYECKOH (yHKINEN.

dasunmuyeckorl QyHKUMENH HazbIBaeTCA deosikonepuoduyeckas Mepo-
!

w
MopdHas GyHKIUA, ¢ nepuonamu 2w 1 2w’, npudyem Im — # 0 (B Jainb-
w
!
o w
Hefiimem npuuaTo, yto Im — > 0). W3 storo onpenenenus ciemyer, 4To

w
f(z +2mw + 2nw') = f(2), roe m u n — 00OkIe Lelble YUcaa U HYIH.

[MapannenorpamMM ¢ BepliMHAMU 2zg, Zg + 2w, zg + 2w', 2 + 2w + 2w’
(20 NPOU3BOILHAA TOUKA) HA3LIBAETCA NAPALICA0ZDAMMOM NEPLodos.

Ecnu f(z) — oTnuunas oT mocTOAHHON anauntudeckas GyHKLUA, TO
oHa ofnajaer creIylOmUMN cBoiicTBamu (Teopembr JlnyBumns):

1) f(z) umeeT mo KpaiiHeli Mepe OfUH TOMIOC B TIapasielorpamMme me-
PUOIOB;

2) cymMa BbIYeTOB (GyHKLIUM f(2) OTHOCHTENLHO BCEX MOJIOCOB, pac-
T0JI0EHHBIX B MapajielorpaMmMe NepruoaoB, paBHa HYJIIO;

3) ypaBuenue f(z) = a wuMeer B mapauielorpamme MepHOIOB OIU-
HAKOBOE YMCI0 KOopHe# oA MoB60ro KOMIIEKCHOTO Yncaa @, KOHEUHOTo
11K 6€CKOHEUHOTO (3TO UMCI0 KOpHEH Ha3bIBAETCA NOPAGKOM BIAUNTAYUEC-
KoM (DYHRIUN);

4) pazHOoCThL MemIy CyMMOl Bcex Hylefl M cyMMofi Bcex MoJiocoB
byuruuu f(z), pacrooeHHbIX B MapalielorpaMmMe MepuojioB, paBHa He-
KOTOPOMY ee Tepuony, T. e.

Z ay — Zﬂk =2uw+2vw' (puv  uedsle yucia).

Cuema-gpynryueril Bezieplumpacca HazbIBaeTcAd nenad GyHRIUA

_ ZH ( ) 2/+27/(2907) (6)

rae = 2nw + 2mw’ ¥ npousBedeHue pacrnpocTpaHeHo Ha Bce (), OT-
anunble oT Hyaa. OyHruua o(z) HeveTHas.
lsema-gdynryueil Betiepuumpacca Ha3biBaeTCsA MepOMOp(bHaﬂ (hyHRUIUA

(=22 =13 (g4 b+ 5), (7)

rie CyMMMpOBaHHE PacnpoCcTpaHeHO Ha BCe Q, OTIMYHBIE OT HYJA.
Oyurnua ((z) HeyeTHad.
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®yuruusa Beepmrpacea g(z) ¢ nepuonamu 2w 1 2w’ (eMm. c. 167) cBa-
3aHa ¢ ((z) coornomenuneM p(z) = —('(2).
Tak rak

[C(2 +2w) = ¢(2)]" = p(2) — p(z + 2w) =0,
C(z+2w)—((2) =2n

(= +20") — C(2) = 20,

roe n un nocrosuuble. Iloab3ysAck HeueTHOCThIO GyHRUNN ((2)
nerko nokasath, yto 1 = ((w) u 7' = ((W').
Benununnet 7, ', w n w' cBA3aHBI coomHowenuem Jexanopa

nw' —n'w = mi/2.
O6o3HaunM

n=m, n'=nm u n+n =1n,
w = wi, w':wg u w—l—w':wg.

®OyHKIMN 0 (z) ONpeNenflOTCA COOTHOIEHUAMY

ru(z) = —ems TEES (= 1,03), ®)
COOTBGTCTBEHHO )
Gz) = 22 )

dyurnun o (z) ceazanbl ¢ pyurnueit Beitepmrpacca o(z) u yHsunamu
fAkobu snz, cnz, dnz caegyromumu GpopMynamMu:

o) —ex = ), (10)
snu =+/e; —e3 o(2) cnu = o1(2) dnu = 72(2) (11)

o3(z)’ o3(2)’ o3(2)’
roe u=zyer —es n e = p(wy) (em. c. 167).

[Ipu nomomu o(z) n ((z) MO#HO BBIPA3UTH MOGYIO BIIUNITHYECKYIO

(hyHRIUIO.
FEcnu f(z) umeer B napannensorpamme MepuomoB TOALKO MPOCThIE MO-
mockl by, ¢ Beiueramu Ay (k=1,2,...,n), To

flz) = Arl(z —by) + C. (12)
k=1

Ecau f(z) umeeT B mapanienorpamme NepuoIoOB HYAN Gy W MOMIOCKHI by,
(k=1,2,...,n), Kamablii U3 KOTOPLIX MUIIETCA CTOJLKO Pa3, KaKoBa ero

12 JI.W. BonkoBbickuii u ap.
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KpaTHOCTh, TO

f(z) = Ca(z—m)a(z—ag)...a(z—an) (13)

a(z—=b})o(z—b2)...o(z —bn)’
roe by = Zak - Zbk.
k=1 k=2

Tema-gynryuamu Arobu HazbiBalOTCA QYHKLWN

[ee]

791(7)) =i Z (71)n,q(n71/2)2e(2n71)ﬂ-1’,1) —

n=—oo

=2 z:(fl)"q("*l/”2 sin (2n + Do, (14)
n=0

92 (v) = V1 (1) + %

SN——

. 3(v) = ¢/ %e™v, (1) + % + g),
(15)

V4(v) = —ig/te™ ), (1) + %),

roe g =e"", 7 =uw'/w.
TeTa-pyHKLUM CBA3AHBI C CUTMa-(QYHKUUAMU COOTHOMIEHUAMU BHIA

— 9 elm2%)/(201) V1(V)
o(2) = 2wre 90’ (16)
2 19, (’U) .
pi(z) = e/ o0 D) Gy g g (17)
9;..(0)

roe z = 2wiv.

[IpenmymecTBa TeTa-GYyHKIUI 3aKII0UalOTCA B GLICTPOH CXOJMMOC-
TH pANOB, ux onpepensiomux. Iloassysack dopmyioit (16), npeacrapme-
aue (13) moxHO 3anucaTh B BuIe

f(z):0191(ZQwal)q%(ZQwag)mﬁ](zQwan) N

z — b} 2z — by z—bn\
191( 2w )191( 2w )“.191( 2w )

[Moassyscs dpopmynamu (11), (16) u (17), MoxHO 3anucaTh Bblpaze-
HUA A pyHruuit Akobu sn z, cn z, dn z yepes3 TeTa-QyHKIUU.

B najnbHeem npeprnoJiaraeTcda, 4To w neiicTBUTENbLHOE YHCIIO0,
w' YMCTO MHHMOe, T. e. MapaJjijiejorpaMMbl MepruoaoB ABIAIOTCA MNpPA-
MOYTOJIBHUKaMMU.

10.47. Torasarn, uro pyusuusa f(u) = 2% ((u — a) + Cu saBnsetcs
ﬂ'

KOMIIIEKCHBIM TOTEHLUAI0M [ABOAKONEPUOANUECKOrO TeUeHUA C OLHUM
aunoaeMm («; M) (M~ MOMeHT Aumois) B mapaiienorpamme MNepuoioB.
PaccmoTpeTh, B 4aCTHOCTH, ciydan:
1) a=0 nauann Imu = +Imw’ ABIAIOTCA IMHUAMU TOKA; TTOCTPO-
UTh CXeMaTUUYECKU JIMHUM TOKA W 3KBUNOTEHIUAJbHbIE TUHUU; HCCIeno0-



§ 1. Ilpuromenus k eudpomeranuire 179

BaTh KOH(bOpMHOe oToGpameHue, ocyuiecTBagemMoe ¢pyHKLued ¢ = f(u);
2) f(u+2w) = f(u); NOCTPOUTEL CXeMAaTUUECKU JIMHUU TOKA U SKBU-
noTeHIManbHbIe IMHUY, HCCIeI0BaTh KoOHGOpMHOe oToOpasenne t = f(u).

10.48. IlorkazaTh, UYTO TeueHHUA, oOlpeaeiseMble KOMILIEKCHbIMU
norenunanamu Cx(u) (k = 1,2,3), ceoaaTea K TevyeHuaMm sagaun 10.47

(npu C' = 0) ¢ NOMOWIBIO CABUTOB B MIOCKOCTAX U U .
Yraszaunue. BocroabsoBarbea gopmynamu (8) u (9).

10.49. MokazaTh, UTO TeYeHUA, onpenenseMblie KOMIIEKCHBIMU TO-
TeHlUalaMU 192(;)/19,‘(;) (k=1,2,3,4) u Z(u) (cm. c. 165), cro-
. w w

aAaTeA K TedyeHuaM 3agaun 10.47, 2) ¢ NOMOUIBIO TUHEHHBIX MpeoGpasoBa-
HUM.

10.50. IlorazaTh, YTO TeuyeHUe, onpeaeaseMoe KOMILIEKCHBIM TOTEH-
unanom E(u) (cm. c. 165), ¢ noMomsio nuHeiHbIX npeoGpasoBannii cro-
oUTCA K TedeHuto 3amaun 10.47, 1).

Yrazanue. JlokasaTh npeIBapuTeIbHO COOTHOIIEHUA

E (]

K2 — _ 2 E_ e
(e1 —e3)w® m e

w
+ 5.
K2

10.51. Haiitu wommiexcHbiii notenuuan f(u) ABoAKONepUOIHYEC-
Koro tedenus c¢ aByMmsa gumoasamu («; M), (8; N) B napammeiorpamme
Nepuo/IoB.

BrisichuTh, B KakoMm ciayuae GyHsuus f(u) Oyaer saiunTudeckoil u
auuun  Imu = +Imw’, Rew = +w O6yayT ABIATLCA JUHUAMU TOKa
U SKBUNOTEHIUAIbHBIMU TUHUAMU (WIU HAOGOPOT); MOCTPOUThL CXema-
TUYECKHU JIUHUYM TOKA U 3KBUMNOTEHINANbLHbIE TUHUN.

B zapmauax 10.52-10.54 wucciegoBaTh ABOAKONEPUOAUUYECKUE Teue-
HUf, OmpejeiseMble 3adaHHBIMU KOMIUIEKCHBIMU moTeHuuanamu f(u).

10.52.snu. 10.53.cnu. 10.54. dn w.

10.55. HaiiTu kommiescHbIi noTeHman f(u) IBOAKOMEPUOINYECKOr0
TeuyeHus ¢ ABymA Buxpeuctounukamu (a; Q,T), (8;—Q,—T") B napanne-
Jorpamme nepuonoB. PaccmoTpeTh, B yacTHocTu, caydau o = 0, a = w,
a=w+wnp=uw.

Haittu Bun ¢pyuruuu f(u), ynoBaersopsiomei yenosuio f(u + 2w) =
= f(u).

B zagavax 10.56 10.58 uccienoBaTh TeueHUd, onpeaenasgeMble YKa3aH-
HBIMU KOMTIJIEKCHBIMU MoTeHunanamu f(u).

10.56. 1) Insnwu; 2) Incnw; 3) Indnwu.  10.57. p(u).
u
10.58. Invy(v) (v = e k=1,23,4).

[las mocTpoeHUs KOMIUIEKCHOrO moTeHnuana f(z) B OBYCBAZHOH 06-
nactu D ee 06LIUHO cHauana KOHPOPMHO 0TOBPA#AIOT HA KPYTOBOE KO/h-
mwR: p<|t|<l (u=1/p wmopyas D); woabuo R ¢ paguaibHLIM pas-

12*
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pesoM [p, 1] npu momomu GpyHruuU ¢ = e™i/¥ groGpamaeTca B CBOIO OUe-
pelnb Ha npaAMOyToidbHUK ¢ Bepmnnamu (), 2w, 2w + w', W' B u-mI0CKOCTH
/ .

Tak, 4TO Kpas pa3pesa nepexoadT B 60KOBble CTOPOHBI U T = % = %ln 1
XapaKkTepuCcTUKU TedyeHUAl B MPAMOYToJbHUKE ONpeaelATcA MO MeTo;y
pemenusa 3agaun 10.18. Tak kark ocHOBaHUA NPAMOYTOJbLHUKA ABIAIOT-
cA JUHUAMU TOKa, TO TeyeHUe MPOA0JMKAaeTcA uepe3 HUX M0 MPUHIUMTY
cummetpuu (cM. 3agauy 10.20), nocie yero onpeaenseTcsi KOMIIEKCHBIN
norernuan ®(u) momydvaiomerocs ABOSKONEPUOINUECKOTO TEYEHUS C Ie-
pruogamu 2w, 2w'; torga f(z) = ®u(z)] (cm. waury JI. U. Cenona,
ykazaHHyio Ha c. 169).

10.59. HaiiTu KoMmjeKCHLINM NOTeHIraa TeUueHN:

1) B KpyroBom rombue R: r < |z| < ro, ¢ mupkyasauuamu I' Broan
rPaHUYHBIX OKPYHHOCTEI;

2) B MPOM3BOMBLHON OrpaHMYeHHoil ABycBA3HOH ob6aactu D 4) ¢ unp-
RyaauuaMu I' BIoAbL rpaHUYuHBIX KOHTYPOB;

3) BO BHENIHOCTM OBYX KPYTOB, JealliX BHE ApPYT Apyra, ¢ MUpKY-
aanuaMu £17 Ha TpaHUYHBIX OKPYHHOCTAX Npu ycaoBuun Vo, = 0;

4) B mBycBs3HO# oGiactu D, comepsraiuieil GeCKOHEUHO YIaleHHYIO
TOURY, C HUpPKRyAAnuAMU [ BOOJb IpaHUYHBIX KOHTYPOB MpU YCIO-
Buu V,, =

10.60. Toctponts Teuenue B KpyroBom koanlie R: p < |z] < 1, 06-
pasoBanHoe aumnoneM (a;p) (p < a < 1) u o6reraomee 6e3 HUPKYIALUI
rpaHngHbie KOHTYpbl. MccnenosaTh ortobpamena t = f(z) U MOCTPoUThH
CcXeMy pacroioMeHus JUHUN TOKa.

Yrazanue. BocnonnzoBarnhea pemenuamu 3agad 10.18, 1) u 10.51.

10.61. IocTpouTh TeuyeHue B ABYCBA3HON obaactu D, comep:aiieii
GeCKOHEUHO yAaleHHYIO TOURY, o6Tekalollee 0e3 HUPKYIALNY TPaHuUHbIe
KOHTYPbI U UMeIOIee Ha 00 CKOpPOCTh Vi, = Ve'®.

10.62. Tloctponts Teuenue B Kpyrosom roable R: p < [z| < 1, o6pa-
30BaHHOE OUMOJIEM U KBagpyIrojeM, HaXOAAMUMUCA B TOUke z = 1, 1 06-
Tekalollee rpaHnYHble OKPYASHOCTU 0e3 UMpKyaaAnnu. [locTpouTh ANHUN
TOKa U ucclenoBath orodbpasenue t = f(z). Pacemorpers, B yacTHOCTH,
cayydaii oHOTO QUMOJA.

Yrazanue. 3anucaTh KOMIUIEKCHbIH notenuuan f(z) B Buge

C—¢ Cc_
flz)= G _21)2 + G _11) +eote(z—1)+ ..
1 BBIAACHUTD, KaKHe 3HAUEHWSA ¢_5 U ¢_1 BO3MOMHEI.

10.63. 1) B kpyrosom Koible R: p < |z| < 1, nocTpoutsh Teuenue, 06-
pazosannoe BuxpeM (a;T') (p < a < 1) u o6TexaoLee rpaHUUHbIE OKPY -
Hoctu ¢ nupryasuuamu Iy (mo okpymuoeru |z| = 1) u 'y (o okpy#HOC-
Tu |z| = p). Mosno nu npoussonsHo 3agaBath [, 'y, T's? PacemoTrpets,

4) 3neck n B manbHeiinTeM npeanoaaraeTcA, 4To GYHKINA, OToGpakalomas 061acTh
D Ha Koablio, U3BECTHA.
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B yacTHocTH, cayyau I's =0 u I'y = —T';.

HNccnenoBarh oTobpasenus, ocylectsiagemble GpyHskuuamu ¢ = f(z),
% = e2™*/T B neppom cayuae u Gpyukuuamu t = f(z), ¥ = e ™/l y
s=vVZF— % (%% =—e'™/T rpe )y — 3nauenue GyHKUUN TOKA B KPU-
TUYECKOW Touke) BO BTOPOM caydae. [IOCTPOUTH B IUIOCKOCTH U JUHUN
TOKa ¥ HKBUNOTEHINATIbHbIE JUHUU.

2) B aBycsaszHoii oGnactu D, conep#salieil GeCKOHEUHO yOaleHHYIO
TOUKY, OCTPOUTHL TedeHue, oOTeKalolee rpaHuYHbIe KOHTYPhI ¢ LHHPKY-
asnuamu Iy, T'y 1 uMeroniee ckopocTh Vi, = Ve'®.

§ 2. [lpunoxeHua K 3MeKTPOCTATUKE

[Inocroe snerTpocTaTUdeckoe Toje ¢ HampsxeHHocThio E = E, +
+ik, = Ee'® xapakTepusyeTca aHaauTu4eckoil pynknueit w(z) = u + iv,
HA3bIBAEMON KOMNAECKCHbLM NOMEHYLAAOM; U HA3BIBAETCA NOMEHULAAbHOI
dynryueti (ona Bcernga oaHo3Haunal), a u cuaosoll gynkyued. Junuu
v = const  2KBUNOMEHUUAAbHbIE AUHUL, @ U = CONSt,  CUL06ble AUHUL
noJs. [Ipu sTom

E = —gradv = —iw'(2), F=|w'(2)], a= —g —argw'(z),

Ov _ Ou B — Oov _ Ou
ox  dy’ Y 9y oz
Bo Bcex 3amauax atoro naparpada, rie pedb HAeT 06 3MeKTpocTa-
THYECKUX TOMAX B 00JacTAX, OFPaHUYEHHBIX ONHUM WM HECKOMLKUMU
rpaHUYHBIMEI KOHTYpamu, NpejrnoiaraeTcs, 4TO BIOAb Ka#J0ro IpocTo-
ro KOHTypa MoTeHUManbHasd (GYHKLUA MOCTOAHHA (T. €. KamAbli Tarkoh
KOHTYD fIBIAETCA MPOBOAHUKOM).
Ecau ¢ momoc w'(z) n w BOAM3U a UMEET pasioeHue

E, =

C—n

(z—a)"

To uieH 2qiln

w(z) = +...+%+2qiln +eotei(z—a)+ ...,

z—a

ornpegendeT B TOYKe a MIOCKUN TOUYEUHBIN 3&[)}16

z—a
BeluuuHbl p = 2¢, obosHadaemblil (a;2¢g) (B IPOCTpPAHCTBE HA EAUHUILY
IJIUHBI TIPAMOJIMHEAHOr0 TPOBOAHUKA, TEPIEeHAUKYIAPHOTO K z-IIOCKO-
CTU B TOUKE a, NPUXOAUTCA 3apsl q); uieH pi/(z — a) onpememnsier B To-
uKke a Junoav ¢ MOMEHTOM p, oGozHadaeMblii (a;p) (p — KOMILIEKCHOE
4UCI0; apryMeHT P olpefeiseT HalpaBleHHe OCH IUIOf); OCTalbHbIe
unennl ¢ /(2 —a)k (k = 2,..,n) onpenensior B Touke a MyabmMUNOAL
nopsaaka 2k.
COOTBETCTBEHHO, eClIl Ha o

w(z) = 2" + ..+ piz+2qilnz + o + % + ..,

TO 4ieH 2¢ilnz onpegenserT Ha 0O MJIOCKUN TOYEUHBIN 3apfAl BeJanvu-
Hbl p = 2q, YJeH piz JUTOAb C MOMEHTOM p.
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Ecau ¢pynruuo

w = U+ v

paccMaTpuBaTh Kak KOMILJIEKCHBIA MO-

TeHIMan anekTpocratndeckoro noag E = —iw'(z) u oqHOBpeMeHHO

TeUeHUA MKUAKOCTH CO cKopocThio V = w'(z) ,

ﬂy}omeﬁ SHGHTpOFI/IHpOHMHaMquCHOf/i aHajJoruu:

Teuenue MUJKOCTH

SIIGKTPOCTZTI/I‘JECHOE noJje

u
u = const
v

v = const
V2 — V1

fu

Motenunankuana GyHKLOUA

JKBUMOTEHIUANbHBIE JTUHUU

@yHKOUA ToKa (MOMeT ObITh
MHOTO3HAYHO )

Jlunuu Toka

Pacxon sugkocTn

Huprynauua T' = ?{VS ds
Buxpb (a;T) '

HcTounnk

,[[I/IHOJ'I]: C MOMEHTOM p

O6Texanue c 3alaHHbIMU BUX-
pAMU U OUNIOJAMHU

Cunonaa QyHKUUA

CunoBble JUHUU

lMoTenuunanbuasa GyHKIUA
(Bcerna opHO3HAUHA)

JKBUNOTEHIMAbHBIE TUHUU

PazHocTh noTeHuunanon

Moros N = %F)n ds

Toueunniii 3apan (a;2q)
qg=T/4Am

Jlunons ¢ MoMeHToM p/(27i)

Tone ¢ 3aJjaHHbIMW 3apAna-
MU, OUNOIAMU W BSKBUIO-
TeHIUWualbHbIMWU T pPaHWUYHbI-
MU TUHUAMU

TO 3TO NMPUBOOUT K CJie-

B zamauax 10.64 10.71 no 3agaHHLIM KOMILIEKCHBIM MOTEHIINA-
nam w(z) TpefyeTca OMpeNenuTh CUIOBYIO U MOTEHIHATLHYIO QYyHKINH,
HaMpAKeHHOCTh MoMfA, XapakTep ocoGeHHocTel (B TOM uHcle U Ha 00),
a Tak;e MOCTPOUThL CXeMaTUUYECKHU ceMelcTBa CUAOBBIX M DKBUIOTEHIIN-
anbHbIX JuHWIE (¢ — geficTBUTenbHOe uncio). CpaBHUTH ¢ peleHuaMu
3amau 10.1-10.14.

10.64. w =cz (c=a+if). 10.65.w = 2qiln %
z

10.66. w = 2giln ~—— 10.67. w = 2¢iIn (2° — 2%) (a > 0).
o

10.68. w =" (p=ple®). 10.69.w =2+ %.

10.70. w = piz + 2giln = (p>0, ¢ > 0).
A

n
10.71. w :piz—{—Qiqu ln; (p>0, ¢ >0, a1 <ay < ...
Z— ag
e < ap). k=1

10.72. HaiiTu 3akoH u3MeHeHus TouedyHoro sapsaga (a;2qg) w Ouro-
s (a;p):

1) npu ogHOMMCTHOM KOH()OPMHOM OTOOpAKEHNU;

2) Mpy MPONOMHEHUN MO MPUHIUIY CUMMETPUM Yepes TPSAMOINHE-
HbIfl UK KPYTOBO# y4yacTOK KBUNOTEHIUAAbLHON TUHUU.
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10.73. [oraszaThb, YTO KOMIJIEKCHBI} NOTEHIIUA NEKTPOCTATUUECKO-
ro nons, 00pa3zoBaHHOTO TOYEUHBIM 3apfAnoM (a;2¢g) B MPOU3BOALHON OfI-
HocBA3HOI ob6nactu D, onpenensetca GpopMynoil

w = 2qiIn S + ¢,
f(z,a)
roe f(z,a) — ¢yurnusa, KouhopMHo oToOpamkaioman obaacth D Ha enn-
HUYHBIH KpYT Tak, 410 f(a,a) =0, u ¢ [gelicTBUTeNbHAA MOCTOSIHHASA.

YCTaHOBUTH CBfI3h MEMAY NOTeHHuanbHoi ¢GyHuuueit v(z) n dyHi-

uneit I'puna o6nactu D (em. 3apauy 7.36).

B zapgauax 10.74-10.80 noabaysck pesyabratamu 3agaun  10.73
UM TPUHLUNOM CHMMETPUM, HaliTM KOMILIEKCHbIe MOTEHIUANbl 3IeKT-
pocTaTuyecKuX noieii, 06pasoBaHHbBIX 3aJaHHBIMU TOUEUHLIMU 3apfAgaMu
B yKazaHHBIX 06J1acTAX.

10.74. B BepxHeii nonymiockoetu Imz > 0, sapamom (zg; 2q).

10.75. 1) B kpyre |z| < R, sapsamom (zp;2q);

2) Bo BHemHoCTU Kpyra |z| > R, 3apsamom (zo;2q).

2 2

10.76. Bo BHemnocTu 3aaurmnca m_; + %
a2 2

10.77. Bo Buemnoctu orpeska |z| < R, y = 0, sapagom (oc;2q).

=1 zapsagom (oc;2q).

10.78. Bo BuemnocTtn kBagpata |z| < d, |y| < d, 3apagom (oc;2q).
10.79. B npamoyronbuuke |z| < a, |y| < b, sapamom (0;2q).
10.80. B npamoyroasaure 0 <z < 2a, 0 <y < 2b, zapamgom (zq; 2q).

B zapgauax 10.81-10.85 mocTpouTh ajleKTpocTaTUdecKkue noisd, obpa-
30BaHHble 3aJJaHHbIMU IUMNONAMU.

10.81. B wpyre |z| < R, aunonem (a;p).

10.82. Bo BuemHocTu kpyra |z| > R, nunoiem (a;p).

10.83. Bo Buemnoctn orpeska |z| < R, y =0, aunonem (0o;p).

2 2
10.84. Bo BHENIHOCTU 3JIHIICA % + %
10.85. B npamoyroabuuge |z| < a, |y| < b, munonem (0; p) (pi = pe'®).
10.86. JlokazaTh, UTO AIeKTpOCTaTUYECKOe Moje, 0Opa3zoBaHHOe OU-

noiem (a;p) B NpOU3BOALHOHM omHOCBA3HOH oGmactu D, onpepensercs

KOMIUIEKCHBIM MoTeHnuaioM w = f(z), roe ¢yuruusa f(z) otoGpaskaer

oGnacTh D Ha BHEMIHOCTh MOPUBOHTANLHOIO OTpe3Ka Tak, 4to f(a) = oo,

pt

9
—a

=1, nunoaem (oo;p).

W riaBHasg yacTh f(z) B TOuke a paBHA eciu a #oc, U piz, ec-
4
M a =0

Haittu f(z), ecin usBectHa dyurumsa t(z), oroGpamaromasn odaacth D:

1) Ha BHYTPEHHOCTh eJUHUUHOrO KPYTa, ecliu a # oo, mnpudem t(a) =
=0, t'(a) > 0;

2) na BHemHOCTh Kpyra |t| > R, ecin a = oo, npudem t(oco) = o0
u t'(c0) = 1.
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10.87. B oaHocBaA3HOl o6aacTu D MOCTPOUTh 3IEKTPOCTaTUUECKOe
nose, o6pazoBanHoe TodeyHnmu 3apagamu {(ag;2qx)} (k=1,2,...,n) n
aunoneMm (a;p).

Mycts g(¢, z) — dyuruus I'puna o6aactu D (em. ¢. 127), rpanuna Ko-
Topoit I cocTouT M3 KycouHo raagkux npocThix KOHTYpoB 'y, Ts, ..., Ty;
nycTh, Aanee, n BHYTpeHHAA HopMmaib K [' u 06xon I' coBepmiaetes B
MONOMUTENTLHOM HanmparieHun no otHomennio & D. Ecan u(z) — dyHs-
nus, rapmMoHudeckas B o6nactu D u HenpepbiBHas Ha [, To u3 GhopMybl

I'puna cnenyet 1 P ;
u(z) = 5 fu(¢) 242 4
r

1 1 8u(C)
= o /[“ T B

Ecau o6aactb D cogepskUT GeCKOHEUHO YAaleHHYIO TOYRY U (yH-
kuusa u(z) B Heil rapMOHUYHA, TO K MPaBbhIM YaCTAM MPUBEIEHHBIX (Gop-
Myn Hajmo 106aBuTh u(oc). [Ipu 3TOM B OKpecTHOCTH GeCKOHEUHO Y aaneH-
Hoit Touku Gyuruusa ['puna g¢(z,00) MoeT GbIThL NpEACTaBleHA B BUMIE

g(z,0¢) = ln\z\—l—fy—{—o(‘ ‘)

nin

Bennuuna
v = lim [g(2,00) — In |2[]
Z—00

Ha3biBaeTc nocmoaxHol Pob6sHa 3aMKHYTOrO MHOKECTBa, IpeacTaB-
JAIOIIEro gonoaHenve D Ha z-MIOCKOCTHU; BellMUWHA €~ 7 HA3bIBaeTCA eM-
KOCMb10 3TOTO MHOMKECTBA.

10.88. [okasaTh cienyiomue yTBep#aeHns (n — BHYTPEHHAS HOP-
Mallb):

_ 1 99(¢,a) 1 .
1) g(z,a) =In -l 277/ 5 In = ds, ecimn a # oc;

2) g(z,00) =7 — Qﬂ/aq(g;z ) In c i Py ds, ecin z € D no6nacts D

colep:KUT GeCKOHEYHO YIaleHHYIO TOURY;

1 10g(¢. 00) 1 _ i
3) 27T/ £ In T ds =, eciu z ¢ D u o6nacte D comep

MUT 6ECKOHEUHO YIAJeHHYIO TOURY;

4) zﬂ/agéi’ 2 ds=1, ectn a # oc umm ecmn a =00 € D.

Yraszauue. B m. 1) Bocroab3oBaThes CBORCTBOM CUMMETPUN (HYHK-
uun I'puna ¢((,2) = g(z,({) U UHTerpaibHBIM IpeCTaBICHIEM TapMo-
HUYeCKOl (YHKNWM MO ee TPaHMYHBIM 3HadeHuaAM. B m. 2) Bocmombzo-
BaTbCA MHTErpajbHbIM IpeJcTaBleHneM rapMoHndeckol B D (hyHKUNM
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In|¢ — z| + g(¢,00) — g({,00), mpeneabHLIM MEPEXOIOM U CBOHCTBOM
cummetpun g(0o, z) = g(z,00). B . 3) — 1o me, Ho ucxona u3 GyHKUIUU

In|¢ = 2[ = g(¢,00) 7).

DOyHRUUA 1
vo(z) = 2¢In ——
ol
Ha3bIBACTCH A02aPUPMULECKUM NOMEHYUAL0M TOYedHOro 3apana (a;2q).
B pacmupenHoil z-mI0CKOCTH vg(2z) MpencTaBiseT aorapudMudecKuil no-
TeHIMal ABYX TOUeYHbIX 3apanoB: (a;2q) u (oo; —2q).

[Iyetn woutyp I' yooBneTBopsAeT ycioBuaM, ykasanHbIM Ha c. 190, a
p(¢) n v(¢) nmeficTBUTeNLHBI U HempephIBHLI Ha .

/p mfa

HA3bIBAETCA 102APUPGMULECKUM NOMEHUUAAOM NPOCMO20 CA0SL C NAOM-
Hocmoio o6aoscenus p(¢) (B mpocTpaHcTBe eMy COOTBETCTBYET MOTeHIHal
3apfAMEeHHON [UIMHIPUYECKON MOBEPXHOCTU C OCHOBaHMeM I' u noBepx-

HOCTHOI MJIOTHOCTLIO 3apAnoB g T. €. HecymeI/I 3apﬂ)1 = dS Ha KBajgpart-

WuTerpan

HOIi TIomanke Han ds).

Dyuruusa v(z) HelpepbIBHAA B KOHEUHO! 2-TJIOCKOCTU U rapMOHU-
yeckad Bciogy BHe [', KpoMme TOUKM z = 0o, T'Jle OHA UMeeT Jorapudmu-
YECKYI0 0COOEHHOCTh

v(z) = —2¢In|z| + o(é), 2q = /p(C) ds
)

(3T0 o3HauaeT, UTO moTeHuuamy v(z) cooTBeTcTBYeT 3apam (oo; —2q)).
NuTerpan
0 1

vi(z) = /I/(C)% In = ds
z (

HABLIBACTCH A020PUPMULECKUM TOMEHULAI0M O80IH020 CA0L C NAOM-
Hocmoio o6aoncenusn v(¢) (na I pacmpepmenenbl AUNOIM C OCAMH, Harpas-
JEHHBIMU BIOJL 3a[JaHHOT0 HanpaBaeHus Hopmanu n K [, BHyTpeHHeil, ec-
au T orpannunBaer o6aacth; v(() — MIOTHOCThL pacnpeneneHus MOMeH-
ToB aumnoneii). Ecau 6((, 2) yrod MeIy M ¥ BEeKTOPOM, UAYIUM U3
(B 2z adp((z2) yT0J, oA KOTOPBbIM BUIEH 3JeMEHT AYTHU ds U3 z TO

vi(z) = /V(C)% ds = /V(C) dp (¢, 2).
r r

5) CM.: HeBaunuuuna P. OgHo3HauyHble aHanuTUdeckue (GyHRIIUU. M.: Toc-
Texusnat, 1941. TI'n. V, § 2.
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B wactHoctu, mas samrnyToro koutypa I' u v({) = 1

27, ecmu z BHyTpu I,
0 1
/8—1117(152 m, ecau z Ha [,
Lo Sl 0, ecmn z BHe I

(cM. Tarke 3agauy 7.34).
®Oyuruuio Tpuna g(z,a) obaactu D MO#HO paccMaTpuBaTh Kak MO-
TeHIMAN HJIeKTPOCTATUUECKOr0 MoJisd, 00pa30BAHHOIO TOYEUHBIM 3apf-
aoMm (a; 1) npu 3azemuenun rpanunet I o6nactu D. 3anaua 10.88, 1) no-
KazbIBaeT, 4To B clyuae a # oc 3azemienue | BKBUBaJeHTHO pasMelle-
_ 1 9g(¢,a)
27 On
3ToM, coriacho m. 4) 3agaun 10.88, cymmapHas BeluuunHa 3apsga paB-

na —1. B ciyuae a = oo Toueunsrit zapang (oo; 1) u 3azemnenne I' Bmec-
Te PKBUBAJEHTHLI pasMellleHuio Ha [ 3apAfga ¢ MIOTHOCTBIO 0GI0MKEHUA
p(¢) = _iag(c,oo)
2r  On
NOCTOAHHBIM noTeHuanom v (em. 10.88, 2)). B aTux cayvaax ykasaHHbIe

o6noxenua ' HazwIBalOTCA uUHIyyuposanHblmy 3apagoM (a; 1).

o Ha [’ 3apana ¢ maoTHoCTRIO obnomenusa p(() = Mpn

cyMMapHo# BeanuuHbl —1 ¥ 106aBOYHOMY TOJIO C

B zagauax 10.89-10.92 naiitu unayunpoBanuyio 3apsaaom (a; 1) miaot-
HocTh obaosenusi p(¢,a) woHTypa I' M COOTBETCTBYIOMMII MOTEHHIUA
npocToro cios v(z,a) mis obracteil, orpaHUUeHHBIX KOHTYpowm I.

10.89. T’ nelicTBUTenbHaA ock, Ima > 0.
10.90. 1) I' — oxpysuocts |2| = R, |a| < R;

)T OKpY#KHOCTL |z| = R, |a|] > R (paccMoTpeTb, B 4acTHOCTH,
cnyuait a = 00).
10.91. T OTPEe30K AefiCTBUTENLHON ocu

2 2

10.92. T' — sanunc r + _

<R,

y=0, a=o0.

T

¥y _
a2 E o
10.93. Cuurasa uzBectHoii pyurnuio I'puna nnsa o6aactu D, conepsxa-
mel TOURY z = 00, peluTh npobaemy Pobsna: naliTu NI0OTHOCTH pacnpe-
nenenus p(¢) na rpanune I' o6ractu D equHUYHOTO 3apfga, CO3AAIONMEro
sue D u na T nocroauusiii norenunan %).
Yraszauue. Cm. zagauy 10.88, 3) u 4).

1, a= 0.

B zagauax 10.94-10.96 pemuts npo6aemy PoGana aia 3agaHHbix 00-
nacreit D.

10.94. D  BHemHoCThL Kpyra |z| > R.

6) O pemenun obmieit npotaemnr PoGsana, Tpebytomeit oThicKaHWA TaKoro HeoT-
punaTeNnbHOTO paclpefeleHUA eIUHUYHOTO 3apAfa Ha 3ajJlaHHOM MHOMkecTBe F, 4To-
Obl COOTBETCTBYIOMMII JorapudmMuyecKkuii moTeHNUanl B Kam/JI0l Touke MHoxecTBa F
NpuHUMald OfHO U TO ke TNOCTOAHHOEe 3HAaYeHue, CM. yKazaHHYIO Ha c. 185 KHury
P. HeBannuuna.
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10.95. D BuemHocTh orpeska |X| < R, y=0.

72 y-z
Yo
a? + b?

B zanauax 10.97 10.100 naiitu emroctn (cM. ¢. 190) 3aMKHYTBIX MHO-
HECTB.

10.96. D — BHemHOCTL 3JIHICA

10.97.

z| < R. 10.98.

<R,

T y=0. 10.99.

10.100. |2? —a?| < a® (a > 0).

10.101. Ilycth Ha mpocToM 3aMKHYTOM KOHType [' 3amaHa Hemnpe-
priBHasA u auddepenurpyemas BAOAL KOHTypa AeiicTBUTedbHaA (QyHK-

uus ().
ﬂOHaSaTb, YyTo HeﬁCTBHTeJ’IbHaH YyacThb I/IHTera.ﬂa TUIIa HOHJI/I

(—=z
¢ maotHocThIO ¢((), a ero MHUMas YacThb aorapupMUUECKUM MOTEH-

d
orainoM MpocToro ¢iaofd ¢ NJI0OTHOCThIO —2—(]—()0
™ as

10.102. JoxazaTh, uto GyHEOWIO v(2), OTPAHUUEHHYIO U TapMOHU-
YyecKylo B BepxHell noayniaockocTt Im z > 0, MokHO npeAcTaBUTL B BUJE
norapudmMuyecKoro noTeHuana IBOMHOrO Clof:

oo
1 0 1
== t) ——In ——dt.
v(z) - /v( ) 5, 0 i
—o0
Ecnn me v(z) peryispHa Ha 00, TO €e MOHHO NMPEACTABUTH U B BUIE JI0-

FapI/ICbMI/ILIeCF\'OFO noTeHOouama MmpocToro Cjiof:

17 ou(t) 1

v(z) = v(x) — = “an In =

1 .
2—/ﬂ dC ABJIAETCAH HOFapI/I(I)MI/IquRI/IM norTeHnuainoM ABOWMHOIO CIOA
e, -
r

dt.

10.103. B BepxHeit nmoayniaockoctu Imz > 0 HallTU KOMIJIEKCHBIN
NOTeHLHUAl 3IEKTPOCTATUYECKOr0 MOJf, eCln ero norenuual v(z) npuHu-
MaeT Ha IeliCTBUTENLHOM 0Cu 3aJaHHble KYCOUHO MOCTOAHHbIE 3HAYCHHUS.
3anucaTh MOTEHINAILHYIO GYHRIMIO C IOMOIILIO TapMOHUYECKUX Mep Co-
OTBETCTBYIOMKUX OTPE3KOB AeHCTBUTENLHON ocu (cm. ¢. 132):

1) ¢ na unrepBane (—oo,a), 0 Ha unrepsaie (a,o0);

2) ¢ na untepsane (a,b), 0 Ha untepBamax (—oo,a), (b, oc);

3) ©1,92, ..., Pn COOTBETCTBEHHO Ha MHTepBanax (—oo, ai), (a1, as), ...
ey (@n—1,a,) 1 0 Ha unTepBane (a,,o0) (3aech a; < as < ... < an);

4) ¢o na untepnaine (a,,oC), ©1,%2,..., Pn COOTBETCTBEHHO HA WH-
Tepranax (—oo,as), (ar,az) u T. .

Ywraszanue. B m 1) BocnoabsoBaThes KOH)OPMHBIM OTOOpAHKeHU-
€M Ha ToJ0CY; B 0CTalbHBIX  BOCIOJAbL30BATLCA METOIOM CYTEpno3uIUuu
(MOMHO TaKk#e BOCMHONL30BAaTLCA UHTerpanbuoil popmyaoit Illsapua mis
MOJYIIOCKOCTH, CM. ¢. 129).
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10.104. HaiiTu KoMIJeKCHbIE MOTEHUNAbI w(z) U MOTeHUHAIbI v(2)
B IBYCBABHBIX 00JaCTAX C 3a0aHHON PazHOCThIO d = Uy — ¥y NOTEHUNa-
NOB 71, Ua HA PPAHUYHBIX KOHTYpax:

1) B KpyroBom Koable 71 < |z| < 7a;

2) B NPOM3BOJILHOM OBYCBA3HOM obnactu D.

10.105. JowrazaTh, uTo eciiu [) — npousBoabHad AByCBA3HAA 00J1acTh
¥ Ha Ka#IOM M3 KOHTYPOR, OFPaHUYMBAIOMNX ATY 00J1aCTh, NOTEHUINATb-
HaA (QYHKUMA OIPUHUMAET MOCTOAHHbIE 3HaYeHUA (V1 U v2), TO

i(v2 — 1)

w(z) = - Int(z) + c+ivy, wv(z)= % In |t(2)] + vy,
roe t(z) wondpopmuo orobpamaer D Ha womeno 1 < |t| < p (pu — mo-

ayih D) U TpaHWUYHBIA KOHTYpP C MOTEHIUAIOM v1 TePeXOquT B OKPYik-
HOoCTh [t =1; ¢ neficTBUTeJbLHOE YUCJO.

10.106. HaiiTu KoMIIeKCcHbIE TOTEHI[MANbl B YKa3aHHBIX BYCBA3HbBIX
o6nactAx (MOTeHUMANbl vy M U9 HA TPAHUUHBIX KOHTYpaX MOCTOAHHbI):

1) Bo BHEmHOCTH OKpYy#kHOCTEH |2 + a| = R (a > R) (vi — notenuuan
Ha OKPYKHOCTH ClleBa);

2) BO BHEIIHOCTH OKpY:HOCTe# |z| = rq (noTeHuuan vy) u |z — a| = ry
(a>mr +19);

3) B HEKOHIEHTPUYECKOM KDPYTOBOM KO/ble, OFPAaHUYEHHOM OKpPY:#-
HocTAMU |z| = R (motenunan vy) v |z —a| =7 (0 < a < R —r);

2 2

22 2
4) B anunce = + Z—, <1 c paspe3om BI0Jb OTpe3Ka, COEUHAIONIETO
2 3

doryce (MOTeHIMAN Ha AJIUINCE V1 );

5) Bo BHemHocTH oTpeskoB 1 < |z| < 1/k, y =0 (0 < k < 1); na ne-
BOM OTpe3Ke MOTeHLUal vg;

6) Bo BHemHoOCTH O0TPe3KOB |z| < 1, y = ®7; HAa BepXHEM OTpe3Ke Mo-
TeHIUaml v .

10.107. Tlycts D — mHorocBazHasa obaacthk ¢ rpanuneit ', cocros-
meil U3 n KycouHo raagkux KoutypoB L'y (k= 1,2,...,n), u wi(z)
rapmonnveckas mepa [y (em. c. 132). Ecan o6aacts D orpanuuena,
TO BHEIIHUM ee KOHTYPOM OyaeM cuuTath [,.

Jlorazath cieqyionue yTBep:RIEHUA.

1) Ecau o6aacte D orpanuyena, To

1 ka(g) 1

Wk(Z):_Er a—’nlnmds (k:LQ“n—l),
1 fown(@ 1
wn(z) =1 27% B In o ds.

Ecnu o6nacts D comepsuT 6eCKOHEUHO yIaleHHYIO TOUYKY, TO

wi(2) = wr(o0) — % %ﬁlnﬁds (k=1,2,...n).
T
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2) MpaBble yacTy PaBEHCTB, YKa3aHHLIX B M. 1), @i ToYer 2, HeE
npuHaginemamux obractu D, nmpuHUMaOT 3HadeHue 1 B AOMOJHU-
TenpHoit kK D o6nactu, orpanudennoii 'y (coorBerctBento I',), u 0 B
JomoaHuTenbHOM K D obnactu, orpanunuentoit [';, i # k.

Mpumeuanne. Cornacuo . 1) pynsunu wy(z) npeacTaBasioT B 00-
gactu D moTeHUManbl, co3gaBaeMble UHAYIUPOBAHHBIMU 3apAgaMu 00-
nozkeHus1, pacnpeneneHubiMu Ha [, ¢ muoTHoctamu obnosxenusn py(() =

1 9w (C)

=0 A B cinyuae orpanndennoit o6ractu D BeanmunHb wi(z),
™ dn

.ywp—1(z) B TOUHOCTH COBMAAAIOT C JOrapuPMUIeCKMMU MOTEHIMAIaMuU
yKa3aHHbIX UHAYIUPOBaHHBIX 00moxenuit I
Benuuunel 3apsiioB 00J0MEHUS pj;, WHIYUUPOBAHHBIX MOTEHIIUA-
a1oM wg(z) na koutype I'; (i, k=1,2,...,n), T. e.
1 Owy, 1 Ow
Pik = —— k(C) ds = /w k(C) dS,
27, on Com on
HA3bLIBAIOTCH B3AUMHbBLMIL €MEOCTIHBMLU TOCMOAHHbLML TPAHUYHBIX KOH-
TypoB (HEKOTOpbIE CBONCTBA UUCEI pjj;, PACCMOTpPeHbI B 3agadax 7.67 7.70.

10.108. HaiiTu rapmoHuueckue Mepbl wy(2), a Takike BeIUUYUHBI
pr(C) v pi, onpeneneHHble B MpUMeYaHUM K NpEeAbIAYyIIell 3amade [Is:

1) kpyrosoro romena 1 < |z] < y;

2) mpousBONLHO ABYCBA3HOH 00aactu D, cunuTasg W3BeCTHOH (QyHE-
1uio, oTobpaskalomlyio 3Ty obaacTh Ha KOJbILIO.

10.109. Mycte D — o6nacts 3agaun 10.107 n v(2z) — orpaHnveHHbIH
NOoTeHIUA BJIEKTPOCTATUYECKOTO M0/, MPUHUMAIOIUN MOCTOAHHbIE 3HA-
yenusi ay (k= 1,2,...,m) Ha TpaHUYHLIX KOHTypax (mpoBogHukax) ['y.

JloxkazaTh CHIeLyIOIMe Y TREpH AeHUA.

E apwi (2

2) Ecan 06naCTh D OFpaHI/I'{EHa u I',, — BHemHU# KOHTYP, TO

_ 1 rov(Q) 1 .
v(z) = ay ZWF B In = ds;

ecnu e D cogepmUT TOURY 00, TO
(@), 1

2w ) on ¢ — 2] ds.
r

v(z) = v(o0) —

JlokazaTh, 4TO NpaBble YacTHU yKazaHHBIX (HOpMys paBHb o (k =
=1,2,...,n) B [OONOJHUTEILHBIX K D o6nactax, orpaHvyeHHbix L.
3) Beauuwunbr I/IHIIyHI/IpOBaHHbIX Ha ['; 3apAmoB 0610keHUA pPaBHBI

2¢qi = o /(%(O ds Zn:pmak,
k=1
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n
npuyem Z q; = 0.
i=1

Ywrazauue. Cm. 3agauy 7.68, 1).

// gradv)?dx dy = Z Pik GO

i k=1
YHasaHI/Ie. CwMm. zagauy 7.69.
5) Ecau w(z) KOMILJIEKCHDBII MOTeHLInall l'IOJ'IFI TO MJAOTHOCTb WUHIY-

1 9v(Q)
= A )]

HUPOBaHHOTO obnosenus p(¢) =

[lyets D npousBoibHAsA MHOTOCBA3HAA 00JacTh ¢ rpauuiedi ', co-
cToameli 3 #opaaHobix KoHTypok [y, ..., T,. CymecTByoT koH(opMm-
Hble 0ToGpaMeHus o6aactu D Ha KamaIyIO U3 CAeAYIOMNUX KaHOHUIECKUX
obnacTeii ¢ yKazaHHBIMU YCJIOBUAAMU eIUHCTBEHHOCTHU (a,h  TPOU3BOIL-
Hble ToukM obnactu D, A — npouaBonbHee KOMILIEKCHOE UMCIIO).

1) Ha nuockocms ¢ napasseavHvinu paspesamu. Otobpamaiomas pyHK-
uus f(z) ofiHO3HAYHO ONpenensieTcs 3aJaHnueM ee momatoca b u ko3 punu-
enta A paznomenusn "

—+c1(z—b) o (b #£ 0),

2) — b
fz) Az-l— Lt (b:oo).

2) Ha naockocms c paﬁuaﬂbnbmu paspesamu (Tag GymemM Ha3LIBaTh
MJIOCKOCTh C pa3pe3aMU 10 OTpe3kaM, pacloloMeHHbIM 10 JyuaM, BbIXO-
OAMUM U3 Havala KOOPOWHAT), WU C pPa3pe3amii no KOHUEHMpPUYecKUM
Kpyeosbim Oyeam C IEHTPOM B Hauane Koopauuat. @yuruus f(z) ompeme-
JSIeTCA HYyJNeM @, ToacoM b u Kospduurentom A paznoxeHus

%+61(2*b)+--- (b # 00),
Az+ 4 (b=o0).

3) Ha mpye ¢ paduaisvHbimu paspesamu WK ¢ paspe3amiL no KOHUEHM-
puieckum kpyeosvim Oyzam (IeHTp B Havate kKoopauHat). @yuruusa f(z)
onpenenserca ycnopuamu f(a) = 0, f'(a) = 1 u 3ananuem woutypa [,
NepexoffIero B OKPy#HOCTb.

4) Ha koavyo ¢ paduaivHulmu paspe3amu WIN C pa3pe3ami no KoH-
ueHmpuyeckum kpyeosvim dyzam (LEHTD B HAaYale KOOPOUHAT). 3agaHueM
KOHTYPOB, MEPexoaAllnX BO BHYTPEHHIOID M BO BHEHNIHIOIO I'PaHMYHYIO
OKPYHHOCTH, OTOOpaeHne onpenelsieTcs ¢ TOYHOCThIO 0 Mpeofpa3oBa-
HUit TOJOGMA ¥ MOBOPOTA.

Cwm., nanpumep: Nonyszunu I'. M. TeomeTpuueckas Teopusa GyHKIUN
KOMILIeKcHOro nepeMmenHoro.:  M.: Haywa, 1966. I'1. V.

flz) =

10.110. CunuTad M3BEeCTHBIMU (QYHKIUIO, KOHGOPMHO OTOOGpamHialo-
myto obaacTb D Ha MAOCKOCThL C MapanlelbHbIMU pa3pe3aMu, U rapMo-
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HUUecKHre Mepbl wy (z) Tpaununbix KouTypoB Iy, (k= 1,2,...,n)7), naiitu
noTeHLUan 31eKTPOCTaTUYeCKOro NoJs, cozgaBaeMoro B ofaactu D auno-
nem (a;p), worna rpanuia [' o6nactu 3azemieHa.

10.111. Cuutas uszBectHoll pyHruUio ['puna obractu D, HaliTu no-
TeHINAl 3JeKTPOCTAaTUUECKOT0 ToJA B 3Tl 06JacTu, 06pasoBaHHOTO TO-
yeuHniM 3apanoM (a; 2q) (a € D) u umeromero 3afganHbie NOTEHIUATBT (v,
Ha rpaHuuHbix KoHTypax [y (k= 1,2,....,n). B ciyuae xorga o6macts D
OHOCBfAI3HA, MOJAYUUTL opmyay 3agaun 10.73.

10.112. OnpenenuTh xapakTep 3IeKTPOCTATUYECKOrO MO/, onpeje-
JEHHOI0 B MHOI'OCBAI3HOI o6nacTu D KOMIIIEKCHBIM TOTEHIHAaIoOM w =
= f(2), roe f(z) — byuruusa, orobpamaiomas 3Ty 06J1acTh Ha MIOCKOCThH
¢ pazpesamu, napainelbHbIMU J1efCTBUTENLHOI OCH.

10.113. OnpenenuTh xapakTep 3IeKTPOCTATUYECKOrO MO/, Onpeje-
JeHHOTO B 061acTu D KOMIJIEKCHBIM MOTeHIUaloM w = 2¢iln —— ecin

z

dbyuruus f(z) orobpaxaer obaacts D Ha: 1)

1) maockocTh ¢ pa3pe3aMu Mo KOHIEHTPUYECKUM KPYTOBBIM IyTaM C
LIEHTPOM B Hayajle KOOpAMHAT;

2) KpYT ¢ pazpesaMu MO KOHIEHTPUUECKUM KPYTOBBIM JyTaM C [eHT-
pOM B Hauajle KOOpAMHAT;

3) KPyroBoe KOMBIIO C pa3pe3ami M0 KOHIEHTPUYECKIM KPYTOBBIM Iy-
ram ¢ IeHTpOM B Hayaje KOOpAMHAT.

Bo Bcex ciydasax HaiiTM NOTOKM BeKTOpa HAMPAMEHHOCTH MOJA Yepes
rpaHuyHble KOHTYPBI.

10.114. TlocTpouTh cxeMy pacrnojox#eHnusa SKBUMOTEHIIUAILHBIX U CU-
JOBBIX JUHUII 3J€KTPOCTaTUUYECKUX IOJefi:

1) o6pazoBaHHOro B GECKOHEUHOH IBYCBA3HOM 061aCTH IUTONEM Ha 00;

2) 06pa30BaHHOrO B OrpaHUYEHHO# ABYCBA3HOI 06aacTu D TOUeUHBIM
3apAI0M.

B ofGoux cnydafx moTeHIManbl Ha FPAHUYHLIX KOHTYPaxX MOCTOAHHbI.

10.115. 1) Beipasuth morennuan v(z) 51eKTPOCTATUYECKOrO IMOJf,
006pa3oBaHHOr0 B MHOTOCBA3HON ob6ractu [ 3apagamu obnomeHus 2y

n
na I'y, (qu = O) 4yepe3 rapMoHHUYeCKHe Mepbl wi(2) ero rpaHuyYHbIX
k=1
routypoB. (Ha rammom woutype I'y moreHuuan nocTosiHex.)
Ywrazanwue. Bocnoaw3zoBaTheda pesynntatamu 3agauu 10.109.
n
2) BeipazuTh motennuan v(z), eciu qu =q # 0 u umeercsa To-

k=1
yeuHblit 3apan (a; —2q).

") To m npyroe onpefeasieTca ¢ moMombio dyHkNUN ['puna; cM., Hanpumep, § 1
npuioxenud M. Hlu pdepa k kuure: KypauT P. llpunnun dupuxie, KoHbopMHbIe
oToOpaseHua U MUHHMalbHbIe MoBepxHocTu.:  M.: WJI, 1953.
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Ywraszanue. Onpenenenvie norennuaia v(z) + 2qg(z,a) npuBogutcs
ko 1).

10.116. Haiitu notenuuan v(z) B KPyroBOM Koible 71 < |z| < 79, eciu
Ha ero KOHTYypax 3aJaHbl 3apAabl 00M0MeHNA 2g; U 2¢o, TIPUYEM B caydae
g1 + g2 = ¢ # 0 umeercs eme TodeuHslit 3apan (a; —2q).

Yrazauue. Oyurnuio ['puHa KpyroBoro Kojibla MO#SHO OMPeaeIuTh
¢ momomibio pemenus 3agauu 10.63, monGupasd noaxoadaiiue NUPRYIANUU.
Mo HuMm onpenensOTCa U UHIYUUPOBAHHBIE 3apsIbl 00JOHEHUS HA Tpa-
HUYHBIX KOHTYpax, cBfa3aHHble ¢ GyHruueii ['puna.

§ 3. [lpunoxeHUA K MIOCKOI 3aJauye 0 paclpeeileHUN TemJja

[lnockas 3agaya o cTalloOHAPHOM pacnpeeleHny TeMIepaTypbl BHYT-
pu Tella XapaKkTepu3yeTcsl aHaauTUUYeckoil pynrumeit w(z) =u + v (u
TemrepaTypa), HazbIBAEMOW KOMNACKCHbLM NOMEHULUALAOM MENnL08020
noas. Bertop Q = —kgradu = —kw'(z) (k — woadduunent Temmonpo-
BOIHOCTH, B AalhHeHIeM MOCTOSHHBINM) HA3bLIBAETCA BEKMOPOM NOMOKI
men.aa. lloTok Tera yepe3 koutyp C paBen
k‘/dv

/Qnds_ k/@ds_

(n — BHemHsAA HOpMa.ﬂb K HOHTypy C, npoﬁeraemomy B MOJOMUTETb-
HOM HamnpaBienun). Tak kak GyHKUUA © OJHO3HAYHA, TO MJIf 3AMKHYTOTO

koHTypa C' NOTOK Teria paBeH Tak#e ik/w’(z) dz. Eciu BOIU3U TOUKY G

e} 1
w(z):{... 4 (z—a) + .. }—{—ﬂl —
4 ! |

5k onpenensieT B TOUke a ucmounuk (a;q) oOnILHOC-
™

TH @, a 4jeH

TO 4YJieH

—1
——— — Jy6aem B TOUKe qa.

Nmeer mecto cilegymomada aHaiaormfa ¢ rTedeHvueM MUIKOCTU U 3JIeR-
TpOCTaTUYECKUM II0JeM:

TenmnoBoe noge TeueHne HMUAKOCTU diekTpocTaTUUeCKOe
none
Kowmnnexc- w(z) =u+ v w(z) =u+w w(z) = —v +iu
HBIl TOTeH-
umain
Bewtop nons | Q = —kgradu = V =gradu =w/(z) |FE = —gradu =
= —kw'(z) =w'(z)
U TemnepaTypa IMorenunankwuad TMoTenunannuas
pyHrUMA pyHrUMA
u = const NzoTepmbr IKBUNOTEHIMANLHBIE | JKBUNOTEHINATLHEIE
TUHUN TUHUN
v DyHKIMUA TOKa DyHKIMUA TOKA —v — cuioBaf
pyHrUMA
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v = const JIvaun Toka JIvaun Toka CuioBbie TMHUN
—-q "
Ucrounur (a;q) HcTouHuk (a; —) ToueuHblil 3apAn
)
" 2nk
Hy6aet JIunonn Jlunonn
Tennosoe none c za-| Teuenne, onpegense-|Tlone ¢ 3agaHHBIMK
NaHHBIMU UCTOYHU- MO€e KOMIIEKCHBIM 3apAnaMu, JHNO-
Kamu, ay6aetaMu noteHuuaioM iw(z), IAMM W BKBUIO-
u n30TEpPMUYEC- C 3aJaHHBIMU BHX- TeHIUalLHBIMU
KHMU  TpaHUUHbI- pAMM U JOUINOIAMMU, rpaHUYHBIMU KOH-
MU KOHTYypamu ofTekalolee rpa- TypamMu

HUYHBIE KOHTYPhI

10.117. ChopMynupoBaTh TPUHIUI CUMMETPUU [ MPOIOIHEHUS
HCTOYHUKA Tellja depe3 MpAMOJUHEHHDLI WAW KPYroBoil ydacTOK Ipa-
Huubl obaactu. Haiitu pacnpenenenue TemMnepaTyphbl B IPOU3BOALHOMN Of-
HOCBA3HOI obaactu D, ecin U3BECTHO, UTO BHYTPU 3TOH 06JacTU HaXoO-
AUTCA UCTOUHUEK (a@;q) W TeMIepaTypa Ha rpaHulle UMeeT MOCTOSHHOEe
3Hauenue C'.

B zapgauax 10.118 10.121 nafitu pacnpefeienue TeMnepaTypbl B yKa-
3aHHBIX 00JACTAX M0 3aJaHHBIM MCTOYHUKAM, CYNTAafl, YTO HA IpaHUle
oGnacTu TeMmepaTypa IOCTOfIHHA.

10.118. B Bepxweit nonymaockoct Im z > 0; ucrounuk (a;q).
10.119. B kpyre |z| < R; ucrounuk (a;q).

10.120. B monymnodoce < a,y > 0 c ucrounurom (ih;q) (h > 0).

T

10.121. B npsamoyroabauke |z| < a, |y| < b c¢ ucrounurom (0;q).

10.122. 1) late untepnperaunuio Gyuriuu I'puna g(z,a) miockoii
oBnactu D B TepMUHAX TEOPUHU paclpoCTpaHeHUsA Tellia.

2) Cuuran nzsectHoil (pynruuio ['puna ofnactu D, naiitu pacnpene-
JeHre TemImepaTypbl B 3TOH 06/1acTy, ecilid U3BeCTHO, 4yTo B D uMeerca
uctounuk (a;q) W Ha rpanuunbix routypax [y (kK = 1,2,...,n) Temme-
paTypa uMMeeT MOCTOfIHHBIE 3HAYEHUA Uj. 3anucaTh OTBET C TOMOMILIO
rapMOHMYECKUX Mep wy(2) IPaHUYHBIX KOHTYDOB.

10.123. Haittu pacnpefeneHue TemMnepaTypbl BHYTPU KPYTOBOTO
Koapua 1y < |z| < rp, €cIM M3BECTHO, UTO BHYTPU KOIbIla UMeeTCH
UCTOYHUK (a;¢) ¥ Ha TPAHUYHBIX OKPY#KHOCTAX TeMmIepaTypa uMeer Mo-
CTOfIHHBIE 3HAUEHUA: Uy — HA OKPYMHOCTU |z| =71 U ug — HA OKpYy#H-
HOCTH |z| = ra.

Yraszanue. CM. ananoruunsie 3agauu 10.63 u 10.116.

13 JI.W. BonkoBbickuii u ap.



IF'TABA XI
OBOBIIIEHUE AHAJUTHYECKUX O®YHRKIINUN

B atoii rnaBe ucnoan3yoTced o6o3HaueHud, BBeJeHHbIe B § 5 ra. I ann
(dopManbubix npousBoAanbix mo Komu. CooTBeTcTByloune 0603HAUEHUA
NpUMeHAIOTCA U K AuddepeHnnaiam:

dz = do — i dy = dz, d<p:%fdz+%§dz.

§ 1. KBasuxkoHdopMHbIe oToOpakeHUuA

Xapaxmepucmurkamu 3a1UNCa HAZBIBAIOT OTHOIMIEHNE P €ro MoJyocei
(p=1)ueciu p#1 yron 6 (0 <6 < 7), obpazyeMbIii GOABINOA 0ChIO
annunca ¢ ockio Ox.

11.1. TlokazaTh, 4TO ypaBHEHUE AJUICA C [EHTPOM B Hadale Koop-
JUHAT, Majoii moayockio h U xapakTepucTUKaMU p U f MOKHO 3amucaThb
B BUIE

2 ) 2 h2
yz© = 2Bzy + ay” = ph”,

rue
. 1 . 1 . . 1
a=pcos’ + —sin’6h, = (p— —) cos Bsinf, ~v = psin®f + - cos>#,
P P p
WIn B BUIe
2+ pz| = A,
rue

—1 o5
b=l 2ig 2R
p+1

Benuuunsl a, B, v u3 3agaun 11.1 Take Ha3bIBAIOTCA XapaKkTepuc-
Tukamu anaunca. OHN cBA3AHLI cooTHOmeHueM a7y — (32 = 1. Bemuun-
Ha [ Ha3bIBAETCA KOMNAEKCHOL rapaxmepucmurol aiauncda. 3aMeTUuM,
uto |u| < 1. B cayuae kpyra u=0, p=1, a=y=1, §=0.

11.2. JlokasaThb cienyiolie COOTHOUIEHUA MEMKAY pasindyHbIMHU Xa-
pakTepUCTUKRAMU AJIHIICA:

1+ a+ a—v)2 . 1
Dp= = 2 SO g prl=a4p
|| P

2)20 =argu+7 (—7 <argu < m);



$ 1. Keasurongopmuvie omobpamcenis 195

_ 2
Y- at+y/(y ) +45
23 ’

3)
tgf =
(1 — |u|*)a =1+ 2|u|cos26 + |ul?,
4)
1
5) -
) p

(1 —[u*)B = 2|u| sin 26,
(1= [ul)y =1 = 2|u| cos 26 + [u|*;
1 1
<a, v<p; 6] < 5(1)— —)-
p

ﬂOHaSaTb cilegyronye COOTHOEeH A Meray XapaKTepuCcThuKaMu IBYX
AJNIUTICORB:

6) lp2 —p1| <las —aa| + 182 — 1l + |72 —ml;

1 1 .
las — ai| < |p2 — pil +\/(p2 - *) (p1 *pj) sin [fy — 61/,

D2

1
|B2 — B1] < |p2 —p1] + (1+ —)+
Pop

1 1 .
+2\/(p2 - —) (p1 - —) sin |0y — 641,
D2 y4i
1 1 .
[v2 — 7| <|p2—p1+\/(p2——)(p1 ——)Sln\92—91|;
D2 y4i
8) lpa — pa| < [lpa] = [pal| + 2¢/Ipapa | sin 62 — 64];

to =i | P il T (o 1) sin s — 6],

1 — fpe p2+p1
Ywraszanue. [lasa gokazatenbctBa HepaBeHCTB 6) 8) momesHbl Hepa-
BEHCTBa Buza

7){

|ro cos Ay — 11 cos Aq| < \rge“z - e“‘l\ <ra —r|+
+2,/T2T] SiH|A2 — )\]|, HGQ +Zb2| — |a1 +Zb]H < |a2 — aﬂ + |b2 — b]|

OTtoGpasmenne (npeoGpazopanue) w = f(z) = u(z,y) + iv(z,y) HazwI-
BaeTcA a@@uHHblM, eclu

u=a1z+by+c, v=ax+by+cs. (1)

ay bl

. Ecau A = 0, To oTtoGpase-
a9 bg

flkoOuan sToro orobpamennusa A =

HUe ABJIAETCH BbIDOM IEHHBIM.

11.3. JorazaTh craegyomue cBoiicTBa a@@dUHHBIX O0TOGpaMeHuid.
1) Addunnoe oToGpaneHne MOMHO MPEeJCTaBUTh B BUIE

w=Az+ Bz + C.

Beipasute woaddunuentor A, B u C' uepe3 koaduineHTs npeobpaszo-

13*
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Banus (1) u nokasath, uto A = |A|?> — |B|%.

2) Ecniu A # 0, To cymecTByeT o6paTHOe 0TOGpaMmeHme

z=Aw+ Byw + (.

BripazuTh ero koapuuMeHThl Yepe3 Ko3(QGULUEHTHI Mpeobpa3oBa-
nua (1) u noraszate, uto Ay = |4, — |By|*> = 1/A.

3) Eciu A # 0, To oToGpaskenne coxpaHsieT NapaielbHOCTb IPAMbIX
1 1peolpaszyeT AILTUICHI B AIUTUTICHI. JIIUICHI C KOMIIEKCHOH XapakTe-
pucturoit pu= B/A, ectu A >0 nu py=A/B, ecin A <0 npeod-
pasyloTcs B ORPYHOCTHU.

Oxpy#HocTy npeoOpasyioTes B OKPYMSHOCTH TOJABKO MPU OPTOTO-
HankHBIX npeobpazoBanusax w = Az +C win w = Bz + C.

4) Ecau A >0, To oToOpaskeHye coxpaHseT HanpaBieHue 00X0/a; ec-
an A < 0, To oToGpasieHrne MeHAeT HalpaBieHue o6xoa Ha 0GpaTHOE.

5) Eciu A = 0, Ho He Bce K02 PUIMEHTHI ay, by, az, by paBHBI HYIIO,
TO OTOGpakeHue MOMHO MPEACTaBUThL B BUje

w = 2|Ale’@F8)/2|z| cos ((,0 + #) +C,
roe ¢ = argz, a = arg A, 3 = arg B. YkaszaTb reoMeTpUYeCKUl CMBIC]

3TOTO 0T06paPKeHI/IH.

Xaparmepucmuramu addunnozo omobparceHiia Ha3bIRAIOTCA XapaKTe-
pucturn (p,6), (o, 3,7) 1 KOMIUIEKCHAsA XapaKTEPUCTUKA {4 DIIUICOB,
npeoOpasyeMbIx B Kpyru (cMm. 3agauy 11.3, 3)).

Xapaxmepucmuramit HenpepvleHo JudidiepeHuyupyemozo omoOparceHiLs

w=u(z,y) +iv(z,y)

¢ AkoOuaHom J > 0 HaspIBalOTCA XapakTepucTHRHU p(z), 0(z); a(z), B(z),
~v(z) m wommiexcHas XxapakTepucTuka p(z) adhduHHOrO 0TOGpameHUs

du = v, dr +uydy, dv=v,dr+v,dy nmm dw=w,dz+w:dz.
MMpu Takom npeoGpazoBaHUU GECKOHEYHO MaloMy KpyTy
du® + dv® = dp?
COOTBETCTBYET GECKOHEUHO Majblil HIIUIC
ydx? — 2B dx dy + ady® = p dh?
(dh — manas nomyoch), uian, B Opyroi samuc,

o 2p
|dz + pd z| = i1 dh.

11.4. lorazaTh, UTO A HEBLIPO#AEHHOTO adhPUHHOTO 0TOOparkeHuA
HMMeIOT MEeCTO COOTHOLIEHUA
v -3 @ 1

H%-}—Hﬁ (1,1b1+(1,2b2 - bf-}—bé ‘ |
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11.5. JorazaTh, UTO AJfA XapaKkTEePUCTUK HeNpepbIBHO AuddepeHn-
pyeMoro oToOpaeHus C MOJOMUTETLHBIM AKOOMAHOM CIpaBedJUBhI CO-

OTHOIIIEHUA:

) L= B _ o _pdh® _ 1,
u + vj Uz Uy + Vg Uy B Ué-ﬁ-ué - dp? -7

1
2) ui—l—ui—{—?)g—l—v; :J(p+5);

3) —max‘dw‘/min‘dw Jwe |+ |we]
p= dz dz |~ Jjwa| = fwe||’
_ 71 .
W= Lo,
Wy p+1

J dw
5) /2 < ‘d—‘ <.
p [z

OnHonvcTHOE HenmpephiBHO AuddepeHurpyemMoe oTobpameHne w =
= u + v ¢ NONOMUTENLHBIM AKOOUAHOM HA3bIBAETCA KBA3UKOHGODMHbLM
omobpascenuem ¢ rapakmepucmuranu p(z), 60(z) uvau «(z), B(z), v(2) vau
w(2), eci 0HO MEpPeBOAMT GECKOHEUHO Malble AIUUINCHI ¢ ATUMH Xapak-
TEpUCTUKAaMK B GECKOHEYHO Mamble KpyTH.

11.6. JloxkaszaTh, 4TO KBa3UKOH()OPMHOe 0TOOpameHue yIOBIETBOPSA-
eT cucTeMe ypaBHeHUil
aug + Buy = vy, PBug +yuy = —v,,
WU, B KOMILIEKCHOH (opMe 3alucH, ypaBHeHUIO

Wz = W, .

Ywrazanwue. YpaBuenuio |dz + pdz| = const cooTBeTCTByeT ypan-
Henue |dw| = const.

Ipumeuanue. YkazaHuHble B 3alaue YpaBHEHUs HA3bIBAIOTCA Ypas-
Henuami Beasmpami. Xapaxtepuctura p HazwiBaeTca Kos@dduyuenmon
Beavmpamu.

11.7. MokasaTh, 9TO OAHOMMCTHOE HENpepsIBHO AuddepeHInpyeMoe
oToGpamenne w = u + v ¢ NONOHUTEILHBIM AKOGHAHOM, KOTOpOE IMepe-
BOAUT GECKOHEYHO Majble KPYT'H B GECKOHEUHO Maible 3ILTHIICHI C Xapak-
tepucturamu p(z), 0(z) nan a(z), f(z), v(z) nau p(z), ynorietBopser
cucTeMe ypaBHEeHUH

Uy + By = avy, —Puy + Uy = —aw,,
UM, B KOMILIEKCHOI (opMe 3anucH, ypaBHEHHIO
p—1 2

Ws = VWs V= —Uu=
z =) H pt1

II puMevaHHue. Ecan YKa3aHHYIO cucTeMy 3alucaThb B BUe

Pz + qQUuy = Vy, —QqUz + Py = —Uy
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(3mecw p = 1/a, g = §/a), To npuxonum K (p, q)-aHaAUTUYECKUM (QyHEK-
uuaMm no tepmunonoruu I. H. Tomomero (cm. ero wuury “O6oGuieHue
TEeOpUU aHANUTUYeCKUX (QYHRKIUH KOMIIeKcHOro mepemMenHoro”, 1965).

11.8. Jorasath, uTo ypaBHenue Beantpamu ws = p(z)w, uHBapu-
QHTHO OTHOCHUTENbLHO aHaIUWTHUYeCKUX Mpeobpa3oBaHUil (YHRKUUU w),
a ypaBHeHWe wz = V(z)ws WHBAPUAHTHO OTHOCUTEILHO KOH(OPMHBIX
npeodpazoBaHUil mepeMeHHOH 2.

11.9. Ilycth ogHOMUCTHOE HenmpephiBHO auddepeHunpyemMoe otodpa-
MeHue w =1u + tv C M0J0KUTENLHBIM AK00MaHOM MepeBoAUT 6eCKOHEUHO
Mallble 3JJUNCHl ¢ XapaKTepucTURaMu p, § B GECKOHEUHO MaJjble 3JIUI-
ChI C XapaKTepuUCTUKaMu pq, #; (Takoe oToGpaxeHne HA3bIBAIOT KEA3L-
KOH@OpMHBIM C ABYMSA MapaMu XapaKkTepUCTUR p, #; pi, 1 uau ¢ aByms
TpoilkaMu XapakTepucTur «, (3, v; a1, B, 71). JokasaTs, uyTo oToGpase-
HUE W = U + 1V yIOBIETBOPAET CUCTEeMe ypaBHEHU

aug + (B + B)uy = avy, (B = B1)us + yuy = —aivg,
KOTOPYIO MOHO TaK#ie 3alurcaThb B Buae
Wz = W, + Q2Wz,
rge
0= — pi(p® — 1) 20 g = p(pi — 1) 2if
(pp1 +1)(p + p1) (pp1 + 1)(p + p1)

Yraszanue. YpaBHenue |dz + pdz| = const cooTBETCTBYyeT ypaBHe-
uuio |dw + py div| = const ¢ U3BECTHBIMU [4, fi1.

11.10. Tlycts ¢ = f(z) — xBaszukoH(bOpPMHOE 0TOOpameHne ¢ Xapak-
TEPUCTURON [if:

f? = uffzv
n w= g(C) - HBHBI/IHOH(‘I)OPMHOG OTOGPHPHGHI/IG (¢ XapaRTepMCTI/IROﬁ Hg:
9c = Hg9c¢-

Jlokazatn, uro ux cynepnosuuns F(z) = g[f(z)] = go f ecrn Ba-
3UKOH(OPMHOE 0TOOpa#eHne ¢ XxapakTepUCTUKOM

_ My +pgf2/f- _
1+ Hgﬂf7z/f2

I[ORHBHTI: TaKk#e COOTHOIIEeHnA

f- BP— by f: [z Mo~ By
g = == Hf-1(z) = —H =, MUp = FT /.
g F.1-frnr F71(2) f(Z)fz le_ﬂfflﬂq
HpI/IMeanI/Ie. Ecau cuurath u3BeCcTHBLIM MF, TO BEINYUHY
1 — [myg]

MO#HO NPUHATHL B KAa4YeCTBE PACCTOAHWUA MEMAY Uf U UFR. AHHJIOFI/I‘{HO,
qepes pp olnpeneifeTca paCcCTOAHUE MEMAY [y U Hp—1.
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11.11. Tycethb pyye, Hw/z XapakTepUcTUuKn p, 6 KBa3UKOH(POPM-
Horo otoGpamsenuss w = f(z). llokazaTs, uTo

™
Pzjw = Pw/z» Hz/w :Hw/z:t§+argfz
¥ 9TO [JIfl CI0AHOr0 KBa3UKOH(GOPMHOT0 oToOpamenusa w(z(t)]
Puwjt < Pw/zPz/t-

11.12. TloxasaThk, 4TO A1 KBA3UKOH(OPMHBIX 0TOOpaMeHnit

u=f(z), v=y (mpononbHOe pacTazieHne-ciRaTue),

u=um, v = f(y) (momepeuHoe pacTseHMe-CHATHE),

p=r, 6 = f(¢) (yraoBoe pacTss;eHue-ciaTHe)
XapaKkTepucTUKa 1

!
p = max (f ) F),
a nas orobpamenun p = f(r), § = ¢ (paananbHoe pacTfmeHHe—CKaTHE)
XapaKTepucTUKa
parTep — (’“_f' 1),
forf

11.13. TocTpouTh KBa3uKOH(OPMHOE 0TOGpasiene Kpyra |z| < R Ha
cebs, neperoasmee Toury z = a (Ja| < R) B Hauano n ocraBifioOLiee He-
NOABYKHBIMU TOUKH OKpY#KHOCTH |2| = R. OUEHUThL XapakTepUCTURY p.

11.14. TocTpouTh KBazuKOHGOPMHOE OTOOpameHne KOCOM MoayTo-
JT0ChI

%
x>0, ztga<y<ztga+h //
Ha MPAMOYTOALHYIO MOIYTI0I0CY

u>0, 0<v<h

0e3 pacTfixeHUA HAa OCHOBaHUU U
¢ TMOCTOAHHBIM pacTAeHeM Ha
6oroBoil ctopoHe. OueHUTL Xa-
pPaKTEepPUCTURY P.

Puc. 58

11.15*. TocTpouTh KRAazUKOH(GOPMHOE 0TOOpazkeHNe IBYYTOILHNKA,
COCTOSIIIEr0 U3 TMOJYTIOCKOCTH M KPYTOBOTO CerMeHTa C IeHTPalbHbIM
yriom 23, (puc. 58), Ha NOJYINIOCKOCTE C COXpaHeHUeM JIUH Ha TPaHuUlle.
OueHUTL XapakTepUCTURY P.

11.16. KBasuauHeiiHoe ypaBHeHUE

A&—u—l—QB Ou +C%:F(m,y ou au)
y?

ox? 0xrdy % Bz Ay

sanuntuueckoro tTuna (AC — B2 > () nocpeacTBOM OZHOIMCTHOTO OTO-
Gpasmenus ( = ((z) = £ + in TpebyeTcs NPUBECTU K KAHOHUYECKOMY BUIY

Pu 0%
a_é-z_‘_ 6_772 —Fl(fﬂ):“

0u oy
7657677 -
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Jlorazatn, uto oTo6pasenue ((z) yOOBIETBOPSET CUCTEMe ypaBHEeHUil

BeabTpamu A%_{_B% B%_{_C%
or oy @ ox oy _8_77
VAC-B? 9y’ VAC — B oz
U fABIAeTCA KBa3UKOHMOPMHBLIM OTOOpaseHneM C XapaKkTepucTuKa-
MU a, (3, 7, onpenelseMbIMU U3 COOTHOLIEHUH

vy _ B a 1

C~ B AT JAC _B?

npeanoao#eHo, uto A > 0).

§ 2. OGo6uIeHHble aHATUTHYeCKHEe QYHKIUU
OyHRUUA w = u + v, YIOBIETBOPAIONUIAs yPaBHEHUIO
ws + Aw + Bw = F, (1)

rie A, Bu F — QyHBIUY OT 2, HA3LIBACTCA 0606UeHHOL AHAALMULECKOL]
Pyrryuel.

B sajauax aToro naparpada paccMOTpeHbl ypaBHEHHA U CHCTEMbI
ypaBHeHuit, npusoasmueca k suay (1), a Takue HeKOTOphle CBOHCT-
Ba MX pemeHuiil).

11.17. IloraszaTk, 4To cucTemMa ypaBHeHuil Kapiemana

Uy — Uy +au+bv = f,
Uy + Uy +cu+dv =g,
raea, b, ¢, d, f u g — QyHKINYU IEPEMEHHbBIX X U Y, MO#ET ObITh 3anucaHa

B Buge (1): w: + Aw + Bw = F.
Beipasuts A, B u F depes K03} GUUNEHTHI JaHHOH CUCTEMBI.

11.18. TlokazaTh, uTO ypaBHeHUHe w; — ¢2(2)ws + Aw + Bw = F
¢ momoIkio “adgdunHoro” npeobpazoBaHuf

w = a(z)w + b(z)® (2)
MosHO npuBectu K Bupy (1). Haiitu o6myto dopmy npeobpazoBanus (2)
1 BBIACHUTh, KOTJIa OHO HEBLIPOMI€HHOE.

11.19. IloraszaTk, 4YTO ypaBHeHUe
ws — q1(2)w, — q2(2)ws + Aw+ Bw = F

¢ TTIOMOWILIO Mpendpa3oBaHuA NMpeablayIlel 3agaun Mo#eT 6bITh NpUBeIe-
HO K BUgy w: — ¢jw: + A'w+ B'w = F'. Haiitu 06wy dopmy npeod-
pasoBaHUA U BLIICHUTE, KOTa OHO HEBBIPOIEHHOE.

1) ITo noBony nmpuBedeHHOTro LMKJAa 3ajad cM. MoHorpaduio: Bexya . H. O606-
meHHble aHanuTudeckne ¢yHwkuuu.  M.: @uamatrus, 1959. [a. IIL
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Yrazauue. [IpuMeHuThL paccMaTpuBaeMoe MpeoGpasoBaHue K IaH-
HOMY YPaBHEHUIO U K YPaBHEHUIO W, — q1(2)W. — qa(2)w, + Aw + Bw =
= F', MCKIIOUNThL W,, a 3aTeM mnomoOpaTh KoahduumnenTsor a(z) u b(z).

11.20. [okaszaTh, 4TO ypaBHEeHHE

ws — q1(2)w. — q2(2)ws + Aw + Bw = F

(lg1(2)| + ]g2(2)] < 1) ¢ moMombIO 3aMeHBI He3aBUCUMOI MepeMeHHOM 2z
Ha MepeMeHHYIO (, CBABAHHYIO C z COOTHomeHHeM (:z = ¢f(,, Momer
ObITH NPUBENEHO K BUIY

we — gywe + Aw + Bw = F.

HaiiTu ¢f n ¢5 ¥ BBIACHUTE reoMeTpHUYecKHii cMbICH NmpeobpasoBa-
uus ((z).
11.21. JlokazaTh, 4TO aiaunTudeckasa cuctemMa anddepeHnranibHbIX
ypaBHeHUll Buaa
a1vy = aug + (B + Bi)uy + au + bu + f,
—ovy = (8= Bi)ug +yuy +cu+dv+g

(yenoBue aaauntuynocT sgeck ay — 32 > 0; kpome Toro, a > 0) MomeT
OLITH MpUBeleHa K BUIY

ws — q1(2)w, — q@2(2)ws + Aw + Bw = F,

npuuem |q1(z)| + |g2(2)] < 1, ecin a; >0, u ||q1(2)] — |g2(2)|| > 1, ec-
m ap < 0.

Ywrazanwue. Cm. 3agauy 11.9. Cayuyait oy < 0 cBoguTcA K ciaydaio
a1 > (0 BameHot w =wu+ 1w Ha W =u— V.

11.22. Jloxkasath, yto ecau w(z) — HenpephiBHO AuddepeHnnpye-
Moe pellenue ypaBHeHUs ws — ¢o(2)wsz = 0, rme g2(2) aHanuTHIec-
Kaf GyHKuusa or z u |g2(2)| #1, To
0(2) + a:(2)6(2)

1—|g(2) 7

riae ¢(z) — mpousBonbHasg aHanUTUYecKas (GYHKINA.

w(z) =

11.23. JoxazaTh, 4To eciu w(z) — OBa# bl HEMPEPHLIBHO OUddepeH-
nMpyemMoe peleHne ypaBHenuns ws — qo(Z)ws =0, roe ¢o(z) — ananu-
Tuveckas QyHRUUA OT 2 U |g2(Z)| # 1, TO

w(z) = 0(2) + [a:()e: dz,

rae ¢(z) Npou3BOJdbHAA aHaIUTHYecKad QYHRUIUA OT z.
Yrazauue. CHauala HY#HO 10KA3aTh, YTO w(z) €CTh CyMMa aHalu-
TUYEeCKON GYHKIIUU OT z U aHATUTUYECKOH QYHRUUU OT Z.
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§ 3. HexoTopble HHTerpajibHble COOTHOIIEHUA
U IBOiHbIe UHTErpalbl

B zapmauax srtoro maparpajga G 06acTh, OrpaHUYeHHAs KOHTY-
pom C.

11.242). Moaszysacek ¢popmyaoit 'punHa, fokazaTh ciaeayomne cOOTHO-
menus (f(z,y) u g(z,y) HenpepsiBHO nudpdepernupyemsl B (7):

[ L frac

/de+qu—27//( )d dy;

3) f(Z)—271ﬂ f“’dc //"’g(f’fi—dz (¢ =& +in).

7

Yraszanue. Bocnoanb3oBaTthes TeM, 4TO

QO 10 (1Q
¢ (—z OC\C—

1 npuMeHuThb hopmyay . 1) &k o6nactu G 6e3 kpy:xra [ — z| < p (p — 0).

11.25. [Ipennonaras, uyto GyHRUUU f U g HempepbIBHO AuddepeHIu-

pyembl B 3aMKHYTOH o6aactu (7, mokasaTh, 4TO Bhipamenue fdz + gdz
TOorja M TOJABKO TOTAA ABAAETCA MOJHBIM AuddepeHunanoM HeKOTOpPOi

of
HKLUUM, Korga —— = —=.
byHruny, Korga o= = o7
11.26. JlokazaTb, uTo ecaiu f U g (YHRIUU, aHATUTUYECKUE

B obnactu (G u HemnpepbiBHO auddepennupyembie Ha C, TO

//f’.@dmdy: %/fﬁdf,
¢ e
[[#ddzay=1[1ag
“ c

11.27. Jorazath, uto ecin GyHuuus f(z) woHGOPMHO OTOOpamaeT
o6nacth (G Ha o6nacth (', orpannyennyio koutypom C' = f(C), To uH-

B YaCTHOCTH,

Terpai ; -
= — d
5[ 1df
C
paBen miomaaun S obaactu G'; ecan me f(z) woHdOpMHO oTOGpazkaeT
obnacte (G Ha BHemHocTh KouTypa C', T0 [ = —8.

'2) K zagauam 11.24 11.27 cm. ponoanenve M. [lluddepa B kuure: Kypaunt P.
[Tpunnun [Iupuxne, koHpopMHble oToOpaskeHUA W MUHHMalbHbIe MOBepXHOCTH.  M.:
lNocTexuznat, 1953.
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11.28.3) . lyets G ®wpyr |z2| < R<1m
246
e(Q) =

L
Inl/p
Haittu ¢pyHrIMIO

F(z):—%/ PO dedn (¢ o

((=pe? =¢+in, z=re").

(—z
OF OF OF OF
U ee YyacTHbIe MPOU3BOOHBIE —, —, —, —— nia z # (. [okazaTh,
or’ 0Oy’ 0z 0z
4TO M3 yKa3aHHBIX NMPOMSBOIHBIX TOMNBKO —— CYIIECTBYET W HElpepbik-
z

Ha B Hayvajae KoopauHar.

11.29. JlokasaTb, yTo ecau ¢pyuruusa f(z) HenpepbiBHO Auddepenu-
pyema, To P

5 = 1m (5 [ ¢/ [ acin).

Korga o6nacTh (G CTATUBAaETCA B TOUKY 2.
Ywrazauwue. BocnonanzoBaThea cooTHomenuem m. 1) zamaun 11.24.

11.30. Iycts ¢pyuruusa ¢(¢) HenpepblBHA B 3aMKHYTO o6racTu G.
JlokazaThb, 4TO (pyHRuMﬂ
/ /<p df dn

B o6i1actu (G yAOBIETBOPSET ypaBHEHUIO 5 = ¢(z), ecau npousBom-
z

HYIO Z—IT onpenendaTs no ¢dopmyne 3agaun 11.29.
z

11.31. [lokazaTh, uTo B yciaoBusax 3agauu 11.30 obiiee penieHue ypas-

HeHUS
of _
FER ¢(2)
MOsKeT OLITh B o6aacTu (G IpeacTaBieHo B BUIE
=5 /f //m (dopmyaa llomnern).
T

Ywrazauwue. BocnonawzoBaThea cooTHomenuem M. 3) szamaun 11.24.

3)H 3angayam 11.28 11.31 cm.: Berya W. H. OGobGmeHHble aHaIUuTUYECKUE
dyunruun.:  M.: Pusamatrus, 1959.



OTBETHI U PEIIIEHUA

I'nasa I

1.1.1) —i; 2) —i; 3) 15(1 +30); 4) —8.

1.2. 1) 3, g (3mech M nanbile yKasaHbl TONLKO 3HAaYeHUs arg z); 2) 2, m;
3) V2, % 4) V2, —??Tﬂ; 5) V29, arctg § 6) V29, —arctg g,
7) V29, w — arctg g; 8) V29, arctg ——m; 9) |b], ‘b‘ = gsgnb4);

10) \/(1,9—{—b2,arctgé npu a >0, arctg—+7rnp1/1a<01/1b20, arctg — 7
a a
npua < 0ub<O0.

1.3. z = cos pi +isinyy, TIOE @k:%i, k=0,1,...n—1;, z=0.
n
1.4.1) 1, f—ii 2) i£+ i 3) i?(lﬂ),i?uﬂ:);
4) iT(\/g—i-i) :t—(\/g—i),:b\/ii;
V2 V2

5) +1+i :t—(1+ ), (1 — i);

i7 (VV2+1—iV/V2—1); 7)) £2+i);
8) \/i[mswﬂsinw} (k=0,1,2):

9) %[COS 2k + 1)m ;arctg (3/4) 4isin (2k + 1) ;arctg (3/4)
(k=0,...4)
2k . 2k
1.15. z;, = z (cos T4 isin —ﬂ) (k=0,1,2,...,n—1).
n n
1.16. z3 = 2o + (22 — 21) (cos 2m + 4 sin 2—7T) 1.17. 24 = z1 + 23 — 29.
n n

zZ3 — 21 o
1.18. OTHOmeHnne ————— JOAAHO ObITh JeACTBUTEILHBIM YUCIOM (yC.HOBI/Ie
22 — 21

HEO0OXOAUMO U TOCTATOYHO).
21— 23 22— 23
1.19. Aurapmonunveckoe oTHomenue (21, 22, 23, 24) = ———— : ———"" [NOIHHO
21— 24 29 — 24
GBbITEL NEeCTBUTENLHBIM YUCIOM (YCIoBUE HEOGXOAUMO U TOCTATOUHO).

sgnb =1 npu b>0,
b<0

4) sgn b oznauaeT cumMBon KpoHekepa: { sgnb — —1 npu
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1.20. Pemenwue. [Ipu nokasaTenbcTBe MOMHO CYMTATh (He Hapymas 0OLI-
HOCTH), UTO MPAMOIi, 0 KOTOPOI UAET peub, ABIAETCA MHUMAs OChb U YTO BCe
paccMaTpuBaeMble TOUKM HaXOAATCHA CpaBa OT Hee (B MPOTUBHOM clydae cie-
OYeT YMHOMUTHL BCE 2 HA HEKOTOPOE YMCIO BUAA cos + isina). Torna oue-
BupHo, uto Rez, > 0 u Re (1/21) > 0 npu no6om k.

1.23. BuyTpenHocTs Kpyra paguyca R ¢ IeHTPpOM B TOUYKe z = z;; BHeII-
HOCTBh 3TOTO e Kpyra; OKPYKHOCThL TOr0 e Kpyra.

1.24. dnmunc ¢ pokycamu B Toukax z = £2 1 GoIbIION Monyockio 5/2.

1.25. BuyTpeHHOCTE NeRoii BeTBU runepfonsl ¢ pokycamu B Toukax z = +2
U NeHCTBUTENLHON noayockio 3/2.

1.26. Ilpaman, nepneHANKYy/IApHasA K OTPE3KY, COEIUHAIONIEMY TOUYKU 2| U
Z2, U IPOXOAAILAsA yepes cepeIMHy 3TOr0 0Tpe3Ka.

1.27. 1) Tlpamasa x = C' 1 nonynIoCKoCTh, pacnoloAeHHas ClpaBa OT Hee;
2) monymia0CKOCTh, pacmonoyseHHas cHudy ot npsamoi y = C.

1.28. Ilonoca —1 <y < 0.

1.29. BuyTpenHocTh yraa (comep:kamas MNOJOKUTEIbHYIO YacTh JeiiCTBU-
TeIbHON OCH) C BEPUIMHOA B Hauyale KOOPAUHAT U CTOPOHAMH, 00pas3yomnuMu
C IeiCTBUTENBHON OChIO YIJbl, paBHbIe COOTBETCTBEHHO o U [3; BHYTPEHHOCTh
TAKOTO e yria ¢ BepIINHON B TOUKE 2.

1.30. TapaGona y? = 2z + 1.

1.31. [lonynnockocTk, orpanuvenHad npamoil ¢ + y = 1 u comep:kamas Ha-
4yano KOOpAUHAT.

1.32. Tlpamasn, npoxonduas yepe3 TOYKM 21 U 2o (M3 KOTOPOW HCKIIOYEHa
TOUKA 22); OKPYHHOCTh, JUAMETPOM KOTOPOW CIAYHUT OTPE30K, COeANHAIOMNN
TOUKHM 21 U 22 (M3 KOTOPOH yaaneHa Touka 2»).

1.33. BHYTpPEHHOCTh OKpPYKHOCTEI |z — i| = /2 u |z + | = /2, 3a uckmo-
JeHMeM MX 06meil JacTu.

1.34. 1) BuyrtpenHocts o6nacTtu, orpanudentoit orpeskoM 0 < = < 27
IefCTBUTENBHOI OCH M OLHUM BUTKOM clnupanu Apxumena r = ;

2) MHOMECTBO TOUeK, ompejeneHHoe B M. 1) W JONOJHEHHOe WHTEpPBalIoM
(0,27) meficTBUTENLHOI OCH.

1.35. 1) CemelicTRO 0KpY#HOCTEN, KacalOWMXCA B Haualne KOOPAWHAT MHU-
Moii ocH, U cama MHEUMas och (ypaBenue cemeiictsa: C(z° + y°) = z);

2) ceMelCTBO OKPYHOCTEH, KacalolUXCsl B Hayale KOOPOWHAT NEACTBU-
TeIhHOM 0CH, U caMK IelfiCTBUTeNbHAsA 0Ch.

1.36. 1) CemeiicTro runep6on z° — y* = C;

2) cemeitcTBo runepton zy = C/2.

1.37. Kamnas MUHUA — OKPY#HOCTh, ABIAIOMIAACH FeOMETPUUYECKUM Mec-

TOM TOYER, OTHOIIeHue paCCTOHHI/Iﬁ KOTOPBIX OT TOYEK 21 U Z2 MOCTOAHHO (OK—
PYH#HOCTBH ANONIOHUA OTHOCUTENRHO TOUYEK zZ1 N 2.

1.38. CeMeHCTBO AYr OKPY/KHOCTEH ¢ KOHIAMM B TOYKax z; U 2z (B 3TO
CceMeMCTBO BXOIAT TaKiKke [JBa MPAMONUHENHBIX 0Tpe3Kka ¢ KOHIAMU B TOUKaXx
21 U z2; OIVH U3 3TUX OTPE3KOB COAEPRUT GECKOHEUHO YIaIeHHYIO TOUKY ).

1.39. 1) Kamnaa aunus reoMeTpruuecKoe MeCTO TOYeK, MpPOou3BeleHue
paccTosiHuil KOTOPBIX OT Touek z = —1 u z = 1 mocTosAHHO (TemMHMCKaTa ¢ Bo-
kycamu z = £1). [Ipu A > 1 n1unuM ceMeiicTBa  MPOCThbIe 3aMKHYThie KPUBbIE,
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npu A < 1 oHM pacnanaioTcs Ha ABe NPOCThle 3aMKHY Thle KPUBbIE, KOTOPbIe P
A — 0 craruratorca k ToukaMm =+1. [Ipn )\ = 1 umeem nemuuckaty Bepuymnu;
ypaBHeHHUe ee B TMOJAPHBIX KOOPAMHATAX 7> = 2 COS 2.

2) JlemHucKaThl ¢ HOKyCaMH B TOUKAX 21 U 22, 1€ 21, 22 — KOPHW ypaBHEHUS

|22 — 21|
2>+ az+b=0. JleMHUCKATbI COCTOAT U3 ONHOM NTUHUU, ecau A > —

U U3 IByX, eciu A < \/ pu A = ,/ nmeeM TemHuckaTty Bep-
+ 29

Hyn1nm ¢ I[BOI/IHOI/I TOUYKOM
1.40. 1) ‘Z‘nmx = 5(\/ a? + + (I,), |Z|min =
1 - 1 E
2) [zlmax = 5 (/@ +4[b] + a), [2]win = S (/@ +4[b] — a).

1.41. Cnupans Apxumena r = .
1.42. Jlorapudpmudeckas cnupaib r = e¥.
1.43. 1) m; 2) 2%; 3) 2m; 4) m; 5) 0.

144.6= " = e A e
ST et 1T ’I‘+y NI s B L S o
1.45. (1/2, 07 1/2); (_1/27 0: _1/2)1 (07 1/21 1/2)7 (ﬁ/47 _ﬁ/4= 1/2)
Bce ueThipe TOUYKHM nesaT Ha BKBATOpe, NOITOTHI UX COOTBETCTBEHHO paB-
ubl 0, 7, 7/2, —7/4 (moarora oTcunTHIBAaETCA OT HAYAILHOIO MepUANaHa, ek a-
mero B miockoctu &, €).
1.46. Oxpymuocts paguyca tg (8/2 + w/4) c nentpom B Touke z = 0. “HOx-
HOMY” TOMIOCY COOTBETCTBYET Havalo KOOpaAuHaT, “ceBepHOMY” 6eCKOHEUHO
yhoaneHHas TodKa.

1.47. 1) HonyMepuauaubl ¢ HOATOTON « 2) TMapallein ¢ MWUpOToi 3 =
= 2arctgr — w/2.

1.48. 1) [IuameTpaibHO NPOTUBONONOMHBIE TOUKW Ha ONHON Mapanient;

2) TOYKM, B3AUMHO CUMMETPUYHbIE OTHOCUTENBHO HAYalbHOIO Mepuauana
(T. e. ¢ OTIMYAIOIIUMUCH [0 3HAKY AOATOTaMU);

3) TOUKH, B3aUMHO CUMMeTPUUHbIE 0OTHOCUTENBHO MIOCKOCTH 3KBaTopa (T. e.
C OIMHAKOBOW MOATOTON U C MHUPOTaMU, OTINYAIOMNUMUCSH 3HAKOM).

1.49. Z1 -22 = —1.

1.50. Tlpu moBopore cdepbl Ha 180° BOKpyr auamMerpa, NapaiieibHOro
nefCTBUTENbHON 0CH 2-TIOCKOCTU.

1.51. 1) Bocrounoe noaymapue; 2) 3amagHoe NOayIIapue;

3) monymapue —7/2 < a < w/2; (o — ponrota);

4) nonymapue /2 < |a| < m;

5) 1osHOe nonymapue; 6) ceBepHOe Momyapue.

1.52. CeMelicTBO OKPYKHOCTel, KacalomuXca ApYyT Apyra B “CeBepHOM TO-
moce” (momoc npoexknuii); npAMoi, Npoxoaseil yepes HaYal0 KOOPAWHAT, CO-
OTBETCTBYyeT Gonbllasg OKPYKHOCTh, a MPAMOIi, eifi mapannelbHol U oTcToALel

0T Havala KoopaunHaT Ha paccToaHue d, — OKPYMHHOCTB, Nemalnand B II0CKOCTH,
HaKJIOHEHHOU mon yriom B,I‘Ctgd K MepI/lIII/IOHaIIbHOfI IIJIOCKOCTH.

1.53. IIpAMBIM COOTBETCTBYIOT OKDPY:HOCTHU, NPOXOIAIINE uepe3 ‘ceRep-

299
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|z — al 1
1.56. k(z,a) = ———F——— k(z,00) = ——.
@0 = = ATeE T T AT
z— 21 1+ |z1]?
1.57. Orpy#HoCcTE AnonnoHus = , B 4aCTHOCTH, NpHA-
z— 22 1+ |22]?

Maf |z — z1| = |z — 22|, ecan |z1| = |z2|, U orpymHOCTE |2 — 21| = /1 + |21]?,
ecan z; = oc.

1.59. 1 e™ 7r1/2’ 677”'/2’ ﬁewi/4’ \/5677”‘4’ \/56371'72/47 \/56737”‘/4.
1.60. +i; (—1)'

1.61. €2, 1; €%, —3; L 4—2m e 2mr—4; a, p—m, ecmn ¢ > 0,
up+m ecmm ¢ L0; 1, —p, ecn |p| < 7, u w, ecn |¢| = m; ZSina;ﬂ;
M,ecnma—}-ﬂ %,ecnma+ﬁ>w.

2 2

. (n—|—1)m nx . (n+ 1z . nx
sin ——= cos — sin ——= sin — sin 2na G2 na
1.62. 1) 2_—29) 2o—253) SR g S
sin 5 sin = 2sinx sinx
. (n+ Mz nx (n+ Mz . nx
sin ——= cos — cos ——— sin —
5) %, eciu n HeYeTHOe YUCIIO; 7%’
cos = cos
eciu n — YeTHOE YUCo.
. n+1B . n+1ﬁ
sin sin
1.63. 1 72COS((I+L ;o 2) —=—sin({a+ — ).
) . B 2/ ) . B 2
smE gin =

1.67. 1) sinz = sin (x + iy) =sinzchy +icosxzshy,

|'sin z| = /sh 2y + sin® x;
2) cosz =cosxzchy —isinzshy, |cosz| = \/sh?y + cos? z;
) tg

sin2x + ish 2 \/sin? 2z + sh?22
= 7‘1}, ltg z| = —y;

3
cos 2z + ch 2y cos 2z + ch 2y

4) shz =shzcosy +ichzsiny, |shz| = y/sh2x +sin’y;
5) chz =chzcosy +ishzsiny, |chz| = y/sh?z + cos?y;
_ \/sh22m+sin22y

h2 i sin 2
6) thz = 228N ey ) o

ch 2z + cos 2y ch 2z + cos 2y

. 4 —4sh2 157
1.68. 1) cos2chl—isin2shl; 2) ish2; 3) o _1sh2 .y 84 150,
2(cos?2 +sh 1) 17
5) sh477ﬁsin2; 6) 40+9i.
ch4 —cos2 41

1.69. Ime®* = 0, ecitn Imz = km; Ree® = 0, ecin Imz = (2k + 1)7w/2;
Im cosz = 0, ecit Rez = km unu Im 2z = 0; Re cosz = z, eciu Rez = (2k +
+1)7/2; Imsinz = 0, eciu Rez = (2k + 1)7/2 win Imz = 0; Re sinz = 0,
eciit Rez = km; Imtgz = 0, ecniut Imz = 0; Retgz = 0, eciu Rez = km/2;
Imchz =0, ectnt Im z = kw unu Rez = 0; Rechz =0, ectt Im z = (2k + 1)7w/2;
Imcthz =0, ecniut Im 2z = kxw/2; Recthz = 0, eciu Rez = 0. Besne k nesoe
yueno (k=0,+1,+2,...).

1.70. 1) R.ezz%—i—%r; 2) Imz = a

+ =
2

N
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1.71. 1) In4 + 2kmi, (2k + 1)mi, wi; 2) (2k+ %)m% 3) (Qki %)m’;

4) % In13 + (ka _ arctg ;)z %m 13 + [(2k + 1) — arctg ;] i

1.72. MuosecTBO 3HaueHuit 2 Ln z cocTaBisgeT MUIIbL YacTh MHOKECTBA 3Ha-
wennit In (2°) (em. [1, ra. 11, 0. 19]).

1.73. 1) 4m; 2) —2m; 3) 0; 4) 4x.

1.74. 1) cos(2kV/2 ) + i sin(2kv/2 7);

2) 2¥%[cos (2k + 1)mV/2 + isin (2k + 1)7v/2]; :

3) e*T(cosIn2+isinln2); 4) &*7; 5) e2h=1/2m, 6) —ﬂze(gk“/“";

7) Heets (/8 2k [cos (ln5 — arctg g) + isin (ln5 — arctg g)} :

8) —perete (4/3)+(2k+)m [cos (ln 5 — arctg %) + isin (ln5 — arctg %)} .

Besme £ uemoe uucao (k= 0,+1,+2,...).
1.76. Muomectra snavennii a’® un (a®)? cormagaioT Memay coGoii, HO He

o 2 o =
COBIANAIOT, BOOOILIEe IOBOPA, ¢ MHOMECTBOM 3Hauenuii (a”)”; obwmuil cayuai,
KOTJla MoKasaTelh cTeneHn 2 3aMeHeH MPOU3BOJLHBIM KOMIIEKCHBIM TI0Ka3aTe-
nem (3, pacemorped B [1, ra. IIL, m. 20].

1.80. 1) Im Arccos z = Im Arcsin z = 0, eciu 2z — aeficTBUTENRHOE YUCIO U
|z| < 1; ImArctgz =0, eciut 2 [IeHCTBUTENBHOE YHUCIO;
2) Re Arsh z = 0, ectu z — uncto MHUMoe uyucno u |z| < 1.

1.81.1) T + 2k, %’r +2km 2) 2wt S5 3) 2w kiln(2+ V),
4) 2km —iln (v/2 — 1), 2k +1)m — iln (V2 + 1);

1 1 i
5) 5 [arctg 5 + (2k + 1)7r] + 1 In 5;
6) In (V5 +2) + (Qk:l: %)m’; 7) %1n5+ Barctg2+ (k+ %)7‘(‘]1
Beiogy k — uenoe uncno (k= 0,+1,+2,...).

T , 3 3+ VT
1.82. 1) z = Z—{—?kwlen(\/g:i:l), 2) z = Z+2k7rf1,ln 7
3)z:%+2kn—un*/§;1nz:—%”um—un[j/;l;
4) z = 2kmi;  5) z=—In2+ (2k + 1)mi;
6)z:(2k+%)m’nz:—ln3+(Qk—%)m'.
Bciony k — uenoe uwncino.
. . (2k + )7 (4k + D)
1.83.1 =kr(1£i);2) z=kn(l+1i = =
) z m(1£14); 2) 2 m(l+i)uz L ;i 3) 2 201 + 20)

_ (k1)

™
uz= . Becrony k — nenoe uucno.

2(1 — 24)
1.95. Cxogutcsa abCconOTHO. 1.96. Cxogutcsa abCconIOTHO.
1.97. Pacxogutca. 1.98. Cxogutcsa HeaGCOMIOTHO.

1.99. Cxomutcsa nea6eoniorno npu o # 2kw (k= 0,1, £2,...), pacxogurcsa
npu ¢ = 2km.
1.100. Cxogutca a6coatorno. 1.101. Pacxooutcs.
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1.102. Cxooutca a6coaorno. 1.103. Pacxoourcs.

1.104. Cxonutca abCOMIOTHO.

1.105. 1) z=0wu z = 2;

2) 2=0,z=1/m, z =4i/n — (m u n — moGele nelble Yucna);
3) Bce ToukM mrockocty; 4) Bce Touku kpyra |z| < 1.

1.107. 2) Korga lim 2z, paBeHn 0 wiu oo.
n— oo

1.109. OTpesok npamoit: z = 1, —2 < y < 0. 1.110. TMapadona y = z°.
1.111. [Iasas!l npoGeraeMas npaBas MOJ0BHHA Mapabolbl y = z°.
1.112. Jlerasa monyoKpy#HOCTE pajguyca a ¢ IeHTPoM B Touke z = ().
1.113. BeTBb runep6oiasl y = 1/z, Gemaman B TpeTbeM KBalpaHTe.

1.114. 1) BepxHas NonyoKpy#HOCTE paguyca 1 ¢ neHTpom B Touke z = (;
2) yeTBepThb OKPY/KHOCTH panuyca 1 ¢ neHTpoM B Touke z = 0, neskamas B
IepBOM KBajpaHTe.

1.115. 1) Hurnouna: x = a(t —sint), y = a(l — cost);

2) mepBas (cuuTas OT Havala KOOPIMHAT) Ayra yamIuHeHHol (a < b), yKopo-
ueHHoit (@ > b) unu o6GbIKHOBeHHOW (@ = b) nuknouns: = = at — bsint,
y =a—bcost.

1.116. 1) O6pasamu npsameix ¢ = C sapasiorcesa npu C # (0 napabonsl u =
= C? —2%/(4C?), npu C = 0 noayock v = 0, u < 0; o6pazaMut mpAMEIX y = C'
srasiores npu C # 0 napadoast u = v°/(4C%) — C”, npu C = 0 nonyock v = 0,
u > 0; o6pazom mpaMoii y = z ABadeTcAa monyock u = 0, v > 0; o6pazamu
orpy#HocTeit |z| = R arnsioTes okpysuocty |w| = R’; 06pasamu nydeit arg z =
=@ Iyuu argw = 2q; B3aMMHO 0THO3HAYHO oToOpaaiores npamelie © = C,
y=C npu C # 0 u nyun arg z = «;

2) mpoo6pasamu mpAMEIX 1 = C' ABAAIOTCA rumep6oasl z° —y° = C' (mpn
C =0 mnapa npsaMbIX), npoodpa3amu npameix v = C runep6oasl zy = C/2
(npu C = 0 — napa npameIXx).

1.117. 1) O6pasamu npsambix z = C ABIAIOTCHA OKPYRHOCTH u® + 1)2711,/0 =
=0, npu C =0 — ock u = 0; o6pazamu npamMbIx y = C ABIAIOTCA OKPYHHOCTU

2 p o

uw +v +v/C =0, unpu C =0 ock v = 0; obpasamMu OKpy:HOCTEH |z| =
= R smnsorcsa okpy#suocty |w| = 1/R; ofipazaMu nyueil arg z = o ABIAIOTCA
ayuu arg z = —a; 06pa3oM OKpy:kHOCTH |z — 1| = 1 siBasieTcsa npsamas v = 1/2;

2) npoobpasamu npamMbIx u = C' ARIAIOTCH OBPY#KHOCTH &7 + Y — z/C =0,
npu C =0 ock z = 0; mpoo6pasamu npsAMbIX y = C ABIAIOTCA OKPYMHOCTU

mz—{—yz—i—%:O,HpMC’:O oce y = 0.

1.118. Oyuruusa w = z + 1/z oToGpamaeT okpyHocTH |z| = R # 1 Ha 21-

2 2
u + v :

(R+1/R)?2 " (R—1/R)?

=0, -2 < u < 2; pyukuua w = z — 1/z orobpamaer okpy#uoctu 2| = R # 1

2 2
Ha DIIUINCHI (R jl‘l/R)? + T +7)1/R)'2 = 1, a okpymsHocTh |z| = 1 ma oTpe-
3ok u =0, -2 < v <2

JINTIChI

= 1, a okpy#HOCTE |2| = 1 Ha oTpe3ok v =

14 JI.W. BonkoBbickuii u ap.
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1.119. Mipoo6pazom cemeiicTpa u = C apaseTcs cemeiictro =(z” + 3 + 1) =

Y\

Puc. 59

= C(2” + y’); mpoo6pasom cemeiictBa v = C' cemeitctBo y(z” +y° — 1) =
= C(z* +y*) (puc. 59).

1.120. B ayu, ugymuii mo oTpunaTelbHON YacTU AeMCTBUTENbLHON OCU U3
TOURN w = —1/4 B TOURy w = oc.

1.121. 1) OxpymHOCTH p = eC, nyun A = C, cnmpans p = e’

2) nunun y = e* + 2km.

1.122. 1) CemeiicTBo npsaMbix z = C' mpeo6pas3yeTcsi B CeMeHCTBO v =
= —4a”(u — a’ + 1/4) ( napadonsi ¢ pokycom B Toure w = —1/4, a = C + 1/2),
B KOTOpOE BXOAUT Tak:HKe Iyd, UAymuil u3 Toukn w = —1/4 no orpuunarensuoit
vyacTu peficteuTensnoit ocu (a = 0); cemeiicTro y = C npeobpasyercs B ceMeii-
cTBO codorycHbIX mapabon v° = 4C? (u + C? 4+ 1/4) B KOTOpOe BXOAUT Tak#e

AyY, HAYIUA U3 TOYKU w = —1/4 10 NeACTBUTENLHON OCH B MOJOKUTENLHYIO
CTOPOHY;

2) cemeiictBo ¥ = C npeo6pa3yeTcsi B CEMEHACTBO OKPYKHOCTeH Amoiuio-
HUAI OTHOCUTENbHO Touek w = —1 u w = 1 (BraOuaiomee U MHUMYIO OCb);

yparHeHnue cemeiicTra opy#unocteit Anomnonus: (u —a)’ +v° =a” — 1; |a| > 1
(a = cth2C); cemeiictro y = C npeobpasyeTcsi B My40K AYyr OKPY#HOCTEH ¢

KOHIIAMHU B Toukax w = —1 n w = 1, BKAIOUAOWNI 1 COOTBETCTRYIOIINE YacTU
IEHCTBATENRHON 0CH; ypaBHEHWe Myduka OKpyHiHOCTei: u’ + (v+ b)2 =1+
(b =ctg2C);

3) cemeiicteo x = C npeoGpasyercsa B ceMelcTBO chnupaneii p =

— O -0%/u0?) — — .
=e , mpuueM ocu x = () cooTBeTcTBYeT 0Tpe3ok # =0, 0 < p < 1; ce-
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2 2 2
o7/C7)-C , IpuyeM

MeiicTBO y = C npeoGpasyeTcs B ceMeiCTBO cniupaneii p =e
ocn y = 0 coorBercTRyeT ny4 § =0, 1 < p < oo.

1.123. Mpaveiv y = C coorBercTBYIOT nunnun u = = + e“ cosC, v = C +
+e”sin C, orpesskam npameix = = C ayru aunnit w = C +e%cosy, v =
=y +esiny.

1.124. 1) CemeiicTBY |w| = R cOOTBETCTBYIOT OKpy#HOCTU T = cos ¢/In R
(R # 1) u muumas oce (R = 1); KamuaoMy Iydy argw = o COOTBETCTBYET Ce-
MeHCTBO ORpYkHOCTEH 7 = sin ¢/ (2km™ — ); npu @ = 0 B 5TO ceMeHACTBO BXOIUT
neiictBuTensHas ock (npu k = 0);

2) runep6onst 2° —y° =In R u 2zy = o + 2kn.

1.126. Tonbko f(z) = zRez/|z| (f(0) =0).

1.127. 1) u 2) HenpepbiBHBI, HO He paBHOMepHo. 1.128. 2) Her; 3) na.

1.132. 1) c=1,b=—a; f(z) = (1 —ai)z; 2)a=b=-1; f(z) =e”*

1.133. ®yurnua anaauTudeckas npu 0 < argz < w/4, m < argz < 5mw/4
(f(z) =2) nnpu /2 < argz < 3n/4, 3n/2 < argz < Tw/4 (f(z) = —2°).

1135, 20 Z0v 0w Ovo g 4ss0.
ar  O0¢’ Op or

1.155. 1) Het, ecint u # const;  2) f(u) = au + b.

1.156. |f(z)| — ¢yuruusa ne rapmonunveckas, arg f(z) u In|f(z)| — rap-
MOHHUYECKUE.

1.157. Au

u  10u 1 0%

= -— 4+ - =—;u=01 Cs.
or?  ror r26<p27u v
L158. pi=z, g =y p2=2" — y’, o = 2zy; ps = ” — 3zy’, g3 = 32’y — ¢
_ 4 2 2 4 _ 3 3. _.n o

pr=2x —6z7y +y, qu =42’y —dxy’; p, = r" cosny, ¢, = r" sin np.
1.159. v(z,y) = 2zy +y + C. 1.160. v(z,y) = — _7:}_ -+ C

2+ y?
1.161. a) v(z,y) =argz+ C; 6) v(x,y) =argz + 2mmw + C.
1.162. a) v(z,y) = argz —arg(z — 1)+ 2mr + C; 6) v(z,y) = argz —

—arg(z—1)+ C; B)v(r,y) =argz —arg (2 —1) + 2mn + C.

1.163. a) v(x,y) = Zak arg (z — z) + QWkaak + C;
k1 k1

6) v(z,y) =Y ararg(z — zx) +2rm > ap +C (ecm/l > " ap =0, To pyns-

k=1 k=1 k=1

uvs v(z,y) B paccMaTpuBaemoii o6racTu onHoaHaqHa).

1.164. 1) CymecrByer; 2) cymecTByeT; 3) He CYIIECTRYeT.
1.165. f(2) = 2> + (5 — i)z —i/z + Ci.
1.166. f(z) = ze* + 2icosz + 2° — iz + Ci.
1.167. f(2) = 1/(22) +i2> + 3i + C.
1.168. f(z) =2ilnz — (2 — i)z + C. Bciony C — npousBonbHas neiicTBU-
TelbHas MOCTOAHHASA.
1.169. v = Cix + Cb.
1.170. u = Ci(ax + by) + C>. 1.171. w = Charctg (y/z) + Cs.
1.172. u = Cizy + Co.  1.173. 7L2011n(m2+y2)+02.

1.174. u = OC_:_'T =+ Co.  1.175. u = Ciy/x + /22 + y> + Ca.
22 4 92

14*
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1.176. He cymectByer. 1.177. f(2) = e'“2%".
1.178. f(2) = e®e® . 1.179. f(2) = Ae* /.

1.180. f(z) = Aze® (o mpousBoibHasA IeACTBUTENLHAS MOCTOAHHASA, A
NPOU3BOIbHAS NMOJOKUTEIbHAA NO0CTOAHHAS).

1.182. az + A, iaz + A\, Ae®?, )\ei_‘”. 1.183. iaz + A, az + A, Ae'®, e®*.

1.184. ailnz + X\, alnz + X, Xe®™?, \e2™=,

1.185. alnz 4+ X, ailnz + X, Xe®™?, Ae® ™=,

1.186. a/z + A, ai/z + A, Ae®’* Ne®/* (q — npomaBonbHas neficTBATENR-
Hasg NOCTOSIHHASA, A  NPOU3BONLHAS KOMIUIEKCHAs MOCTOSHHASA).

1.187. Inaw=2>1)9=0,k=2; 2)9=m, k=1/2; 3)9=n/4, k=2V2;
4) ¥ = w — arctg (4/3), k = 10.

Inmaw=2% 1)9=0 k=3 2)9=0k=23/16; 3) 9 =1n/2, k=6;
4) 9 = —2arctg (4/3), k = 75.

1.188. 1) Ciatue npu |z| < 1/2, pacTamkenune npu |z| > 1/2;

2) cmatue npu |z + 1| < 1/2, pactamenue npu |z + 1| > 1/2;

w

)
) caaTue npu |z| > 1, pactamenue npu |z| < 1;

4) casatue npu Re z < 0, pactamenue npu Rez > 0;

5) cmatue npu |z — 1| > 1, pactaxenne npu |z — 1| < 1.

1.189. § = _[/|f'(z)|?dmdy, L= _/|f(z)\ds.
G 1

1.190. V2 (™ —1). 1.191. 2¢°(e* — 1).

1.192. O6nacteio D saBnsercs koibuno e < |w| < e?. Mopmyny mu3 zana-
un 1.189 npuMeHATH Helb3fl, Tak Kak oToOpaskeHUe He ABIAETCA B3alUMHO OI-
HOZHAYHBIM.

I'nasa Il
21.w=>1+i)(1-2). 22.w=(2+1i)z+1— 3i.
28.1)20==-143i,9=0,k=2, w+1—-3i =2(z+ 1 — 3i);

. K . . .
) 20 = 2 + 2i, 19:5,k:1,1uf2721,:1,(27272z);

3) KOHEUYHO! HeMOIBUMHON TOYKU HET;

4) eciu a = 1, TO KOHEUHON HEMOABUKHONW TOYKM HET; ecan a # 1, To
U

01 — a2y wy — a2 w1 — azy
=arga, k=la,w— — " =alz— —);
a

L= Wi en
0 1—a ’ 1— 1-a

5) ecnmu a = 1, TO KOHEUHO! HEMOABWMKHON TOUKH HET; ecau a # 1, To

ZUZL,ﬁzarga,kz\a\,w—Lza(z— b )
1—-a 1 ] 1—a

24.1)w=az+b;, 2)w=—az+b; 3)w=—i(az+b); 4)w=az+bi.

Besneaub neicTBUTENbHBIe uncaa U a > 0.

25. Yw=z+bivmw=—2+1+bi; 2)w=z+bumw=—z—i+b

) w=z+b(1+i)umw=—2+1+b(1+1).

Beiony b neicTBUTeNbHOE yucno. Jpyr Apyry COOTBETCTBOBATH MOTYT
TOYKU, Nemale WIK Ha NPAMON, napamielbHol rpaHraM NoJoChl, UK Ha Ta-
panienbHbIX MPAMBIX, CUMMETPUYHBIX OTHOCUTENbLHO CpeqHeil TUHUU TOJOCHI.
OrtoGpasenue He onpeelAeTCA OQHO3HAYHO, €CIU COOTBETCTREHHbIE TOUKU Je-
JKaT Ha CpelHel NUHUY MOIO0CHI.

I
<
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— — h . V1+k2 arcte
a; 2) w= z+ha+ +i w= ;r il /2rarctgh) ;.

— e*i(w/'2+m'rtgk)(z —ib]).
by — by

2.7. w =e"*Rz + wy.

2.8. 1) CemelicTBO npaAMBIX % = 1/a, napantelbHbIX MHUMOI 0cH (He BKIIO-
Jalollee caMoe MHUMYIO 0Ch);

2) cemeficTro npsMbIx v = —1/b, napanrenkHBIX AeficTRUTenwHON ocu (He
BRIIOYAlollee caMoe JeliCTBUTEIbHYIO 0Ch);

3) cemeiicTBo onpymuocteit b(u” + v°) + u + v = 0, KacaomuUxcA B Haua€e
KOOpAWHAT NpAMOi v = —u (BRIIOYAIOLIEE U CAMOE ATY NPAMYIO);

4) my4ok npsaMbIX v = —ku;

5) my4YoK OKpYHOCTEl, IPOXOAANINX Yepes Hauano KOOPAUHAT 1 Yepes To4-
Ky wo = 1/z (B 3TOT My4Y0K BXOAUT TaK#e NpPAMas, NPOXOASLIAA Yepes TOUKN
w=0uw=w);

’1)3

v41°

2.9. 1) B cemeiicTra okpy#HOCTel, KacalOMmMUXCcA B TOYKe w = h NpPAMBIX,
COOTBETCTBEHHO NapaiielbHbIX MHUMOU U OeHCTBUTENBHON 0CAM (BRH}Oan u
caMu 3TU HpHMLIe); ypaBHeHUAl 3TUX CeMelCTR:

(C —z0)[(u— h1)* 4 (v — h2)’] — (u— ha)
(C = yo)[(u — ) + (v — h2)*] = (v — h2)

rae zo = xo + Yo, h = hi + tho;

2) B ceMelCTRO OKpy#kHOCTel ¢ neHTpoM B Touke w = h (jlw —h| =1/R) n
ceMeicTRO Iyueil, BeIXOOAMUX U3 Toukn w = h (arg (w — h) = —a).

2.10. 1) YpaBHeHHe ceMelCTBa OKPY#HOCTEH ANOMIOHUA OTHOCHUTEIhHO
z— 2z

6) unccouna w = —

0;
0,

TOUEK 2] U 29 = A. Kounet A u B nuamerpa, lemaiiero Ha MHps-

2z — 29

A<l A=1 A=l

£

]Zz

Puc. 60

MO, MPOXOAsIed Yepe3 TOUKU z; U zo (puc. 60), DeNAT OTPE30K 2122 BHYT-
PEeHHUM U BHeIHUM 06pa3om B oTHomeHuun A. Eciu Bocmonb3oBaThes 06G0-
3HAaYEHUAMHU, YKasaHHbIMU Ha pucynre (C HEHTP OKPYKHOCTU C AMaMeT-
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pom AB), u 0603HaUUTE |21 — 22| = d, To pu A < 1 UMEIOT MeCTO COOTHOIIE-

1 R Ad A2d 1
HUA A =cosa= —= — R= —— r = Sy T2 = >3
T2 1— A2 1— A2 1— A2
zZ—Zz
2) Oyru OKpyMHOCTel, NPOXOAAMNX Yepes TOUKM 2 WM 2y: arg — - =
2z — 29

= 6. Iyru, coOTBETCTBYIOIINE
3HauenusmM  =au f =1 — a,
NOTONHAIOT APYT APyTa 40 MoJ-
e HOW OKPYHOCTU;
- 3) monspHO#l ceTke coOT-
BercTByeT (puc. 61) ceTka,
COCTOAIAA W3 OKpyAHOCTelH

z— 21
Anonnouus

= R u op-

P L
b

z— 22

Rl

Puc. 61
z— 21
TOTOHANBHBIX K HUM OyT arg — — =6 (ecan § > 0, To nyra pacnonozena cnpa-
z— 29

Ba OT HampaBleHUA z12z5; ecau H < 0, TO clieBa);

4) BepxHeMy MNONYKpPYTY COOTBETCTBYeT yKasaHHbIH Ha puc. 61 mpamoit
yrod.

2.11. B noayspyr |w| < 1, Imw < 0.

2.12. B o6nacTb, comepskamyio Touky w = (0 U orpaHuvyeHHYIO Iyramu
okpyxHocTeit jw| =1 u |w + 5i/4| = 3/4.

2.13. B o6nacTh, monydeHnyo u3 nukHei noaymiockoetl (Imw < 0) yna-
neHMeM HaxoIAIeicA B 3TOM MNONYMIOCKOCTH 4acTu kpyra |w — 1/24+4/2| <

<V2/2.

2.14. 1) B o6nactsb, orpannuennyio npamMoii Rew = 1 u kacaiomeiica ee
OKpYMHOCTRIO |w — 1/2| = 1/2;

2) B o0IacTh, OrpaHUUYEHHYIO KacaloUMUCH IPYT Opyra OKPYy#HOCTAMU
lw—1/2] =1/2 n |w—3/4] = 1/4.

2.15. B nBycBA3HYO 061aCTh, Tpannila KOTOPOi cocTouT ua npsamoii Rew =
= 1/2 u orpyxuoctu |w — 3/4| = 2/3.

2.16.1)w:—§+1+himmw:§+hi; 2) w= a (d—g—l)—i-
2 z do —dy \ 2z
_di(z — dd)

o Z(d] + d-z) '

ds ds
+ hi wnin w = 2 (—2—1)+1+hi; 3) w
di —da \ 2
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2i(z + 1) (14 2i)z+6— 31

217. ) w=——""—"1 2 w= -
4z —1— 51 5(z — 1)

2.18. 1) w = w 2) w= w, 3) w= 171‘(2’-{—1);
(14+4)z2+3+14 z+1
143z 41— 148 —2(1 —i

2.19. 1) w= C1E3zH1 =i oy 2024 =201 ),

(1 +d)z— 1+ 22(1 —4) — (4 —4)’
z(37i)7(1+i).
(1401 - 2)

3) w=

z—1 .
2.20. w = ——; BepXHAA NOMYMIOCKOCTh NEPEXOAUT B eJUHUUHBINA KpPYT.
i

z—1
az +b .
2.21. 1) w= T4 roe a, b, ¢, d  nefcTBUTeNbHbBIe uncna u ad — be > 0;
cz L
az +b .
2) w= T d ruoe a, b, ¢, d — peiicTBuTenwHble uncna u ad — be < 0;
cz
.az+b .
N w=i ,roe a, b, ¢, d — peiicTBuTenwuble uncna u ad — be < 0.
cz |
2.22. 1) w=2/(2—2); 2)w=-22z+4+1)/(z—2).
. — 2
2.23. w= 7 ; 06pa3oM BepxHero noixykpyra fapasgercsa yroa u > 0, v < 0.

>+ 2
2.24. 1) (2+14)/5; 2) 9/2 +1i.
2.25. 1) |z| = 2; 2) mpamvan x = 1/2; 3) |z — /4| = 1/4; 4) zxo + yyo = 1/2;

5) |z — 2] = \/|20]? =1 (T. e. aTa OKpY!KHOCTb CUMMeTpUYHA cama cefe
OTHOCUTENLHO eIUHUYHON OKPYHKHOCTH);

6) (2> +y°)” — (2” — ¢°) = 0 (nemuuckara);

7) KPUBOMUHEHHBIA TPEYTONLHUK C BeplInHaMK B Toukax 1/zi, 1/Zs, 1/zs,
CTOPOHAMHU KOTOPOTO ABIAIOTCA OYTU OKPYMHOCTEH, MPOXOAANINX Yepes napy
BepunH U TOUKY z = 0 (omHa M3 OyTr MOKET OKa3aThCA OTPE3KOM MPSIMONA).

a—m/2)i

2.27. 1) (z) = a+2arg(z — B); 2) w'(B) = o
3) eciu b > 2, TO BCA MONYMIOCKOCTh CHUMaeTcs; ecau b < 2, To pac-

TATUBaeTCA 0o6MacTh, Neamas BHYTpU kpyra |z — 8] < v/2b. (OrpymHOCTD

|z — 8] = V/2b nasbiRaeTcs usomempuyeckoii.)

—1 .z — 21 (7 /5 — (a+ bi
2.28. 1) w = z 7,; 2) w= iZ 7,; 3) w= eilm/2+0) 2 0 T O (o + 7)
2+ 2+ 2i 2z — (a — bi)

o

T Y L

2.29. w=RiZ_" 4wy 2.30.w=-""2"" 231.w=—4_"F2

z+1 z+ 21 z—2—44

2.32. w = kelmtamslz2/=1 ))i/?ﬁ, rae k > 0. Jlyuam, BLIXOOAIINM U3 TOUKU
zZ — 29

w = 0 B monynaockocT Rew > 0, COOTBETCTBYIOT B 2-TIOCKOCTU IYTH OKPY#H-
HOCTeH, nealine BHYTpU Kpyra |z| < 1 u mpoxonfAmue depes TOYKU 21 U 23;
Je;kalluM B nojyninockocTd Rew > (0 MonyoKpysHOCTAM C LIEHTPOM B TOUKe
w = () COOTBETCTRYIOT HaXoAsAMMecHd BHYTPU Kpyra |z| < 1 nyru okpy:#sHocTeit
Anon1oHNA OTHOCUTENBHO TOYEK 21 U 2.

2.33. wo = S , R = M

Zo — 29 2\Im22\
2.34. WU _giezT0 g g5 WA _ 2o
w—b z—a w—a z—a

_ g
2.36.1)0(¢) =a — g+ 2arg (e —a)=a — g + 2arctg 0"

i1

—— . rne
cosp — Acos®’ A

a = Xe
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i
1—Jal?

3) Ecmn a # 0, To pacrsaruraercsa o6nacTh, Jemallas BHYTpPU Kpyra
|z —1/al < \/1/]a]> — 1, a caumaerca oGnacTsb, leamas BHe 3TOr0 Kpyra.
(Orpymuocts |z —1/al = /1/|a]? —1 usomerpuueckan.) Ecmn a = 0, To
lw'(2)| = 1.

2) w'(0) = (1 — |a|?)e™, w'(a) =

dw 1+ |al . |dw 1— al
4) max |— | = , min | — | = .
1— al dz 1+ |al
2z — 1 21 1 . —a ; —a
2.37. 1) w= z ;2 w= 7Z+‘ i 3) w=—iz; 4) v 70 =eiv 2 7”.
2—2z 241z 1—aw 1—az
. 4 - 1- — 944
2.38. R0 _ciopg, 279 939.w='"7 240.w=2""2F"
R; — bw R} —az z 42 iz+2—2i
5 — —b ; zZ—a 2 Z2—a
2.41. 1) w=R%> 2%, WD —ln Nw=R-—2
) R? —az’ )szbw R —az ) R2 —az’
rme a meficTBuTenwHoe umcho u |a| < R.
242, 2% — v 278 e =7 —arg 2L,
1—aw 1— %2 1—Z129
|22 — 21
a= - = —.
11— ziz2| + /(1 = [21?)(1 — |22])
2z — 14+ VI a2 1-vVi-a?
2.43. w==+" + - a ,p=2 “.
(1-vV1-a%)z—a a
2—V3 . —2 3
2.46. ) w=2 Nw= T2-V3 o g 2-24V8
14 (2—V3)2 1—(2—3)z

2.49. OKpY*HOCTHU, NIPOXOAALNINE Yepe3 TOURY 2y U UMeIOIlNe B 3TOM TOUKe
KacaTelbHYIO, ONpeaenaeMyio BEKTOpPoM h.
(R — ki)z — R?
z—(R+ki)’
k = oo clenyeT MONOMUTE W = z)

2.50. w = rue k — peficrButensuoe uncno, k # 0 (npu

A
2.55. Ecan |a| < sin 3 To npeobpas3oBanue annunTudeckoe. Ecau o6osna-

L oia o se A
auTh |a| = sin = sin 3, z; = /@A 2 7/ A ﬁ’ 29 = '@ ﬁ’ tg 20 =
)‘ 2 2 2 2
w — 2z ; z—2
= tg = cos 3, To mpeoBpasoBaHie MOKHO 3alHCaTh B BUAe — - = 0 L
2 w— 29 2 — 29

LA
Ecau |a| = sin 5 TO npeoGpa3oBaHue mapaGoiuuecKkoe U UMeeT BUJ
w — 2g

1 o ; 2 A LA
= +ihzy, roe zg = "2/ — tg 7 Ecau |a| > sin 50 npeo6paso-
z — zp

. A . . 2
BaHUe runepbonnyeckoe. Ecau 0603HaunTE: sin 5= la|sin B, z1 = eilatA/2=m+B)

cos(N/2) + v/]a]2 —sin’(\/2)

= , TO HpeDﬁpaSOBaHI/Ie 3anumeTcda B BUIe

cos(N/2) — v/|a]2 —sin?(\/2)
woa _ ez
w— 29 z— 2

2.56. T' = 2arctg (a/h); T = 2a/h + O[(a/h)*] npu manom a/h; T = 7 —
—2h/a + O[(h/a)?] npu manom h/a.
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xosiny 1+ xg

1T — a0

2.57.F:'y+2arctg7=2arctg( tgz);l"<'y,ecm/1xg<0,
1 —xpcosy 2
ul >, ecaun zqg > 0.

2.61. 1) w=-20/z 2)w=—(2iz+1+2i).

~VhI - R? h h\?
2.63. w=> Yo T pia 5= " (7) —1.
z++vVh? — R? R R
5 o 42 — 3 io 4 3
2.64. h=—;w= 2@ 222 iy = e 22 + .
4 5 4z 43 o4 4z 33
2.65. w= " ¢ ym w= Lei‘”‘, p=-.
z+ 24 3z 3
z — 2 z — 2}
2.66. w =\ ;o w = X\ $,roe A NPOU3BOJIbHOE KOMILUIEKCHOE
Z — 22 Z — 21

ui(z2 — 21)

1 (22 — 21
ancno, 2y = z1 + ua(z2 — 21)

1 us
122_Z1+ d

v d i S (r + )]l (1 rg)ﬂ]),

7d:|22_21‘1

u = %(

L0348 = I8 (4 — (1))

u( nm %) - ‘Ed+rz — w)(r1 — us)

2d

d+ro 7?1.2)()‘,] 7?1.])
2.67.1) n=2; 2)pu=5+2/6

2.69. I'pynna 6yneT KOHEUHOI, eclli (v COM3MEPUMO C 7.
2.71. ®dyunamenTaibHble 061acTU (OAUH U3 BO3MOKHBIX UX BUIOB) MOKa-
3aHbl HITPUXORKOI Ha puc. 62. JKBURaNEHTHbIE I'DaHUUYHbIE CTOPOHBI COEIU-

1) 2) 3)
2m o R
:@ A §
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HeHbI cTpenakamu. Toyky ¢ nudpamMu  HEMNOABUKHbIE TOUKH BpalleHUii, BXO-
OAMUX B rpynnbl (Hudpa yKasblBaeT 4ucio noBopoTor). Ins mocneguux maATH
NpPUMEpOB yKasaH mapanienorpaMM IBOSAKONEPUOJUIECKOl MOATPYINbI; B NpU-
Mepe 7) aTo KBajgpaT, B npumepax 8) u 9) ato pomo ¢ yraamu 120° u 60°.

Ipumeuanue. MoxHo NokazaTb, 4YTO C TOYHOCTBIO O JMHEHHOr0 Ipeot-
pasoBaHus rpynnamMu 3)—9) UCUepNbIBAIOTCA IPYMNbl JHHEHHBIX TpeoOpazona-
HUIi ¢ OIHOI MpeelbHON TOUKOM (Tak HA3bIBAeTCA MpefelbHasg TOUKa MHOMKEC-
TBa AKBUBANEHTHBIX MeMIY COBO0I TOUEK).

2.72. 1) w = ez, )“)71— o2z 1 )wii—em—Zii'

w+1l 241 w4+ Toz4d]

w—a in 2—a

=e .
14+ aw 1+ az

2.78. 1) u 2) [locTpoennie 0YeBUIHO;

3) suBunucranTamu “npamvoit” af (a u [ — “GeckoHedHO yaaneHHbIe” TOU-
KU 3TOV MPSAMON) ABIAIOTCA IYTU OKPYRHOCTel ¢ KoHnaMu «, (3 (oHU Ha3blBa-
IOTCSAl 2UNEPUUKAAMU);

4) npenenkHBIMM JTUHUAMM AIA Mydyka “mapainieibHbIX NpAMbIX” ¢ ofmei
“GecKOHEUYHO ynaneHHoH” TOUKON a FABIAIOTCA OKPY/KHOCTH, Kacaoomuecs (13-
HYTpHU) €IUHUYHON OKPY#HOCTU B TOUYKe (v (OHM HABBIBAIOTCHA OPUYLKAAMIL).

2.79. 2) [ns mocTpoeHus “npaMonMHEAHOro” TpeyrolbHUKa ¢ YyriaaMu o,
P2, 3 cTpouM Kpyroroii cektop OAB ¢ uentpansibiM yraom A = 7 — (1 +
+¢2 + ¢3), npoBoauM ‘npsaMyio” AB, a uepe3 Touku A u B “mpsaMble” mon
yraamu ¢s u @3 k AB nepeceraomueca B Touke C. AABC uckoMmblii.

2.80. 1) w=i(z" —a%); 2 w=,/z— Efi\/?.
2 2

2

2)111:\/2; 3)111:é(z+1).
a 2\z—2

2.82. O6nacth orpannyena yautkoii llackansa: u = R(cos ¢+m cos2¢), v =
= R(sin ¢ + msin2¢). Eciu nepenectu Ha-
9yano KOOPAMHAT B wW-TIOCKOCTH B TOYKY
w = —Rm, To mony4uMm ypaBHEHUE YIUT-
KM B OOBIYHOM Buie (B MONAPHOW CHCTe-
Me koopauuat): p = R(1+ 2msinf). Ipu

D‘N
¢}

2.81. 1) w

o

v

1
(=1,1) b 3 m = (0 ynmutrka Ilackana o6pamaercsa B
% 4 OKpY»HOCTB, mpu m = 1/2 — B Eap-
IMouIy ¢ TOUYKOi Bo3Bpata w = —R/2.

cfl IPU TepeHoce Havaia KOOPAWUHAT B TOY-
Ky w = —Rmr® p = Rr(1+ 2mrcosf).
O6pasbl  paguycoB OKDPY#HOCTH argz —
=a napa6onbl, TPOXOAsMNe Yepe3 Ha-
gano koopamuaT: m(usin 2a — v cos 2a)’+
+ Rsina(usina —vcosa) = 0. Paguycam @ = 0 u @ = 7 COOTBETCTBYIOT OT-
pesku geiictButenshoi ocu 0 < u < R(1+m) u R(m —1) <u <0.

ey o —
1 % O6pasamm okpymuoctedl |2 = r < 1 sB-
AAIOTCA Takske yauTkW Ilackans, mnousp-
(-1,-1) Hble YPaBHEHUA KOTOPbIX JErKO MOIydaroT-
Puc. 63

2.83. OGnacth orpanuvena mapaGonoi u = —v’ U KPUBON p =2 cosf/3,

|0] < 3w /4 (puc. 63).
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cos mp)
)

2.84. 1) O6aacTk orpaHnuveHa ANUIUKIOUI0N: U = R(cos p+
n

sinnp

), umeromeit (n — 1) Toyex Bo3BpaTa, KOTOpbIE ABIAIOTCHA

=R ( sin ¢ +
o6pazamu Touek z = " v/ —1;

cosnyp .
2) muemHocTh runonukiouns: u=R|cosp+ —=), v=R|[sinp—
n

sin ny

, nveromeil (n + 1) Touek BosspaTa (06paspl Touek z = "Ty/—1).

n
2.85.1) |m| < 1/n. OGnacTs orpannyena y 1IMHEHHON SMUIUKIONION (3TINUT-
poXoujoii), T. e. TpaeKTOpHUel TOUKH, HaxoAsAlleics Ha paccTogHud mR or
neHTpa Kpyra pagnyca R/n, kaTamerocs usBHe no kpyry paguyca R(n — 1)/n.
2) |m| < 1/n. B mepBom ciyvae BHEMIHOCTb eJUHUYHOrO Kpyra, a BO BTO-
pOM cilydae ero BHYTPEHHOCTh 0TOGpamaloTCA Ha BHEIIHOCTh “yKOpO4YeHHOH”
TUNONUKIONUIbI (TUTIOTPOXOUIBI).

2(\3/Z+ 1)e‘rri/324/3
(\3/17 2)e‘rri/324/3 + 3\3/41

2.86. 1) w=2"% 2 w=

1 2 2 41 —9227 432 — 2
2.87.1)w:( +Z): Duw=-"1 =2 FtE2
1—2 2z 222+ 32+ 2
242z 41 227 + 3iz + 2
2.88. 1) w:%; 2) “’:Za+77-2+'
722 4+ 22 + 1 22° — 3iz + 2
2
2.89.w:(271)-
z+1
zl/”—|—Rl/” 2 Lo pl/ay?2
2.90. 1) w = (m) ’ 2) w = (W) :
2 —i\¥? 2 —4\?
2.91. 1) wz—(”i‘/‘;’l) ;o Quw= —(Lﬂz) 5
22 —\V3—i 2z — /3 —i

22 +v3—1i\? (2243 —i\? z =201 —i)1*
3 :(7):4 :(7) . 5 :[7}
) w 2 vai) Yw =1 2 V3 i i 5) w . -
z4+1 z4+1
z—1 1—2z

2.94. w=/(z+9)/(i—2). 2.95.w=/(2—21)/(22 — 2).
2.96. w =+/(2+ R)/(z — R).

2.97. w=e "%/ —i. 2.98.w= e(i/z)“‘“'tg(Qh/(lfh’z))’ / il
z—1

7 7
2.99. w =22+ h2  2.100. w = 27%

z

2.101. w = (z’1)2+t 22 2.102. w = (zm*])zjut?a
U 241 87y U 21/8 11 SEEYE

— N\2/3 _ 2/3712
2.103. w — [(1 2) (1+2) } +
(1 —2)23 4+ (1 4 2)2/3

) 2/3
2.94. w = e”/B( ) . 2.93.w =

1
3

1
2.104. w = (ﬁ+ 1) . Tlpu ogHom BeIGOpE BeTBU /2 3Ta QyHKUUA naeT
7 —

pemrenuve 3agaun 1), a npu gpyrom  2).
2.105. w = z/(1 — z)™.
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2.106. OxpymuocTsiM |z| = R (puc. 64) COOTBETCTBYIOT CO(OKRYCHBIE

o
="
7

%
%%%,,%;

Puc. 64

4y? 402
3IUICHI

(R4 1/R) + (R_1/R)’ =1 (oxpysuoctu [z =1  oTrpesok v =0,
-1 <u<
9

1); myuam arg z = @ COOTBETCTBYIOT BETBH CO(OKYCHBIX TUIEpGOT
2
u (O

— — —— =1 (nyuyargz=0—anyav=0,u>1, nyuy argz =m — nyq
COS” «x sin- o«
v=0,u < —1; nyuam arg z = £7/2 — ock u = 0).
4u? 4v?
2.107. 1), 2) BuemnocTs aaaumnca u v

1)

3)

Puc. 65

3), 4) Bca mrockocTb ¢ paspesoMm mo orpesry [—1,1] (puc. 65, 3), 4));
5), 6) BCA MIOCKOCTL € paspesamu Baoab aydeir (—oc, —1] u [1,00), ne
MalrxX Ha OeHCTBUTEIbHON ocH;
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7) HUKHSAS MNONYIUNIOCKOCTh;  8) BEPXHSAA MOMYIIOCKOCTb;
9) BepXHAA NMONYIOCKOCTh;

10) BepxHAA MONOBUHA BHYTPEHHOCTU 3JLIUIICA i + do? =1
P yIp (R+1/R)?2  (R-1/R)?
11) HUMKHAA MONOBUHA BHYTPEHHOCTH BIIUICA i + o’ =1
yrp ‘ (R+1/R)? " (R—1/R?
4y? 402
12) npaBas nonoBHHA BHYTPEHHOCTH AJIUIICA — + - =1
(R+1/R)?> (R-1/R)?
1 1
C pa3pes3oM RIOIb OTpe3Ka, [1, 5 (R + E)]
u? V2
13) ofnacTe Mew 1y BeTBAMU TumepGombl —— — ——— = 1.
s~ o« COSs~ &
42
2.108. 1) OnpysHOoCcTAM |2z| = R COOTBETCTBYIOT 31IUNCHI ———— +
) Ompy |2| y " R?
40?
———— =1 (orpyskHocTHu |2| =1  oTpesok u =0, —1 < v < 1), nyuam
Y RLR? (orpy |2 p , —1<o<l), ny
’1)2 ’ll.2
arg z = o COOTBETCTBYIOT BeTBHU rumepgon —— — ——— = 1 (ayuam ¢ =0
sin~ & COS~
U ¢ = 7 COOTBETCTBYeT ock v = (), nyuy ¢ = 7/2 — nya u = 0, v > 1, ayuy
p=—-m/2 —nyau=0,v<—1); " 02
2) OKpPYHHOCTAM |2| =R COOTBETCTBYIOT 3JLIUINCHI + =
) oxpy 2 Y (R+a?/R)? ' (R—a%/R)?
= 1 (oxpy#snoctu |z2| =a — OTPeIOR v = 0, —a < u < a), iyuam argz = «
COOTBETCTBYIOT BeTBU runep6on — ! T 7? — =1 (ny'{y argz = 0
a” cos” o a” sin” o«

ayav=0,u>a, nyay argz=n —ayuv =0, u < —a, nyuam arg z = +mw/2 —
0oChb U = 0);

3) cemelicTBa COPOKYCHBIX AMIUNCOB U TUMEPOOI, NOMyYaeMble U3 COOTRET-
CTBYIOIIMX ceMeHCTB misa pyHrnun fRykoBckoro (M. 3agauy 2.106) noBopoTom

Ha yTOI 7y 1 N0L0GHBIM MpeoGpasoBanueM ¢ KoadduurentoM nogodus |c| (ueHTp
nogobus B Haualle KOOPAUHAT).

2.109. 1) w = L(z—+-\/z?—cg); 2) w= %(z—k z2P=(a>=b%)); B
c a

oGoux ciyuyasgX NMpU OJHOM BbIOOpe BETBU KOPHA MonyudaeM OToGpaskeHUe Ha

BHEITHOCTh EAMHUYHOTO Kpyra, a mpu APyroM — Ha ero BHYTPEHHOCTh.
az — by/2?2 — (a? — b2
2.110. w = 5 E )
a’> —b?

2.111. w = A(z +
a—b

Va2 - ViR
1 1
2.112. BcAa nnocKocTh ¢ pa3pe3oM Mo 0Tpe3Ry [f 1, 5 (a, + —)], ecau a >
a
1

§(a+ &)] u [—1,400),

2—(a?—1%), rie A  TPOU3BONBHOE KOMIIEKCHOE

YUCHO; p =

> (); BCA MIOCKOCTh C paspesaMu 1o nyuam | —
ecan a < 0.

2.113. w = %. 2.114. w—\/%{(a-{-%)(z_{_l)]
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D] D] D] P
2.115. w = \/ (z+ 1 +a+ l). 2.116. w — V(22+1/2%)+ (2 +1/a ).
VA a

=
2 z2+1/z
1 : 1 ; 1

2arow= L (e L)+ (24 1))

s [ g (o) = (5 ) -

1 4a 1 (1 —a)? , (1 + a)?
2.119. 1 e T _,(—a? o 0+a?
w+w (1+a)2(2+z) (0 ral w'(0) - . nmina

6a — 1 —a?

(1+a)

IOyry, COOTBETCTBYIONIeil paspe3y, paBHa 2 arccos
mpa =3 — /3.
1
2.120. w+ — =2
w

; OHa paBHa

2z+1/2)—(a+1/a) + (b+1/b)

(a+1/a) + (b+1/b) a+1/a+b+1/b

w'(0) = 1 ;

IIUHBI IYT, COOTBETCTBYIOMUX pa3pesaM, pPaBHbI
4—(a+1/a)+ (b+1/b)
(a+1/a)+(b+1/b)

4—(a+1/a)+ (b+1/b)
(a+1/a)+ (b+1/b

2 arccos , 2w — 2arccos

2.121. 1) O6paszom okpy#uocTu C AIBASETCH Ayra OKPYMHOCTH C KOHIAMU
B Toukax +1, HakJoHeHHas B Touke 1 mom yrioMm 2a K OefCTBUTENLHOI OCH;

y vA

—1{/1 @ tl/ o 1

Puc. 66

=Y

BHEIIHOCTh JaHHON OKPY#HOCTU 0TOGpazaeTCs Ha BCIO MIOCKOCTh C Pa3pesom
0 yKa3aHHOW OyTe;

2) o6pasom okpy#Hoctu C spasierca (puc. 66) 3aMEHyTasa kpusas (npoduib
M yrosckozo) ¢ Toukoit Bo3BpaTa w = 1, npuyeM KacaTelbHas B 3TOH TOYKe 06-
pasyeT ¢ JeHCTBUTEILHONH 0ChIO Yroi 2q; Ayra OKpYy#HOCTH ¢ KoHuamu +1, o
KOTOpON MaeT pevb B M. 1), comep#uTca B 00J1aCTH, OPPaHUYEHHON Npoduiem
/R yroBcKoro; BHemHOCTb okpy#HocTH C oTo6pazkaeTcs Ha BHEIIHOCTE Npodu-
s fRykoBckoro.

2.122. 1) O6pasom okpyskuocTu C ABIAAETCA 3aMKHYTas KpPUBas, COCTOA-
mas 13 ABYX AYT OKPYMKHOCTEH ¢ 06IMUMHU KOHOaMu B Toukax +1, npuuem B
Touke 1 KacaTelbHble K 3THM AyraM 00pa3yloT C OeifiCTBUTENIbHON OCBIO yT-
1bI, COOTBETCTBEHHO paBHble 2a — ad 1 2 + (T — @)d; BHEIIHOCThL OKPYH#HOC-
T oToGpaaeTca Ha BHEIIHOCTE 06JacTH, OrpaHUYeHHON yKa3aHHbIMH 1yTaMu;
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o6pazom okpymuoctu C' asnserca (puc. 67)
3aMKHyTasg KpuUBasg C YIIOBOA  TOUKOIA
w = 1, npuuem KacaTeibHble B BTOW TOU-
Ke HaKIOHEHbI COOTBETCTBEHHO NON YriaMu
20 —ad u 2a+ (r— @)d k meificTBUTENLHOMN

ocu; ob6pa3 orpymuocTu C comepskuUTca B ; w8
obnacTy, orpaHuueHHON 006pa3oM OKpPYHHOC- o ] —
tu C'; BHemnocTh okpysuoctu C' oTo6pama- K——l/O
eTCfl Ha BHENIHOCTL 06pasa 3TOi OKPYHHOCTH.

2) BuayrtpenHocTh okpy#uHOocTH C 0TO-
GpaskaeTcsl Ha BHEIIHOCTL 0O6GIACTH, OrpaHU-
YeHHOW Jyramu OKpY#HOCTEeH, MpPOXOAAMINX
uyepe3 Toukn —1, 1, mpuueM B Touke 1 KacaTembHble K 3TUM OKPYMKHOCTAM
06pasyloT ¢ NefHCTBUTENLHOW 0ChIO YTibl, COOTBETCTBEHHO paBHbIe: a) 2a +
+(m — )d, 2a + (27 — @)d, ecan pyuruus w(z) ompegeneHa B z-MIOCKOCTHU C
paspesom mo ayre okpy#uoctu () nemameil B HUmHeH NOMYNIOCKOCTH;
6) 2a — ad, 2a — (7 + a)d, ecau paspes, onpepensomuil GpyHruuo w(z), opo-
BelleH 10 ayre okpyskuocTu C, Nesameil B BepXHed MOMyII0CKOCTH.

1 zel 4 ietB/2 \?
= (zei’Y +ie*’15/2) , rme y=a, ectu >0, u y=a+m,

Puc. 67

2.123. Y
w + 1
ecin 3 < 0.

2.124. Besa nnockocTh ¢ paspesamu mo ayuam y =0, z < —1/2 u y =0,
x>1/2.

2.125. HonynnockocTs > 1/2 ¢ paspesom mo otpeary y =0, 1/2 <z < 1.

2.126. Bea nnockocThk ¢ pasdpesamu Baonk ayueii y =0, 1 <z <ocony =0,
—o <z < —1.

2.127. Yron —7/n < arg z < w/n c paspesom mo ayuy y =0, {/1/4 <z <
< o0.

1 2
2.128. 1) Besa mmockocTs ¢ pazpesamu 1o rydam |w| > 7 argw = 2km
n
(1+2n)'2/n

k=0,1,...,n—-1); 2)w=-—-—0-.
( Y 2) =)

2.129. 1) w =22+ Vz' - 1= %(\/z2 +1++V22-1);

14+ V1 =24 1
2) w= Vitvlz2 W(Vl + 22+ V1 —2%).
z z

2.130. ) w=(a" +a ") /" VZ” +zm+\/(zn+2 ") = (@ +a )2

1 1
Pemenue @ynrnus ( = 5 (z” + —n) oToOpakaeT CEeKTOpP Ha HUMKHIOD
on

; 1
N0y ILI0CKOCTh, IPUYeM TOYKN o U e/ ™ mepexofaT B Toukn £ = (a" +—).
a
Jlanee, cnenyeT c:kaTh MOMYNIOCKOCTD (p = 4) 1 0ToGpa3uTk ee Ha
(a® +a~m)/2

eIMHUYHBIN onykpyT (7 = p+ /p? — 1). ®ynkuma w = /7 6yner uckoMmoii.
2) w = (an/'Z _+_a7n/'2)72/n(zn/'2 +Z—n/2+

+ \/(Zn/Q + Z*ﬂ,/?)? _ (an/Z + afn/2)2)2/n.
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22+(32+ a2+(:2 1 2 2 2 2 2 2
VEICTIVET = (V2 +at ¥ ta)— B2,
P Vi w ,3( 22424 \/(\/ﬁ a)?—[?%)

1 1
rue azé(\/az—i—c?—\/bg—i-c?), BZE(\/ag—t-cQ—}-\/bz—}-cg).
2.132. w = \/\/z2 + 2 +Va? + .

2.133.w:\}5(\/(z+2)2+1+\/(z+;)2—1).

2.131. w=

= ;
Vzt—14+2z—14
2.134. w = * .
Va? +1 . 5
—(z—1) — V22 -1
a+1

2 L, e’

zi+ctg—§ +ctg§
2.135. lpub< 1 w= ;
. a ; a
\/b]2+ctg?§ - \/zf—kctg'zg

npnb:lwz\/,/zf—i-ctg?(;—i-ctg;;
2 4etg?S fetg S
Tas, T8y 4z, _ 1+
= 1: .

;21
\/zf+ctg2% + \/b%+ctg2%

22+ 1/22) + (2 +1/0?) + /(a? + 1/a?) + (0 + 1/6%)
V(e +1/a?) — (22 +1/27)

2.137. w = é(\/\/z4 +4+2+ \/\/z4 +4 - V5).
V2+ V6

Pemenne. ®ynkmua ¢ = 2z 0TobGpamaeT RepXHIO NOTYIIOCKOCTh C pas-
pesamu mo orpeskam [0,1 + ], [0, —1 + 7] Ha o6nacTe 3anaun 2.132, KOTOpPYIO U
oToBpamaeM Ha BePXHIOIO NOAyMIockocTh. Haiiiennaa GyHKIOUA, B CUIy TPUH-
nuna cUMMeTpHUM, 0To6pamaeT JaHHYIO B YCIOBMM 06JacTh Ha MIOCKOCTh C
paspesoM 1o HeKoTopoMmy oTpesky. OcTaeTcs 0TOGPa3UTh BHENTHOCTh 3TOM0 OT-
peska Ha BHEIIHOCTh eIMHUYHOr0 KpyTa.

2.138. w = %[(z.}_ \/Z?—_l)ﬂ'/a + (Z+ \/’2.2—_1)7”/0‘ 4 2]1/2 _
= s+ V=T 4 (p =) 0,

Pemenwue. C nomompio ¢pyumun 7 = (™ roe ¢ =z 4+ 2> — 1 — Qyus-
nuf, o6paTHaa 1o oTHOIIeHUIO K GyHKuuHU fAlyKoBcKoro, BepxHss M0OJ0OBHHA 3a-
naHHoit o6nacTu oToOpamaerces Ha o6nacTs |7| > 1, Im 7 > 0, koTopas ¢yHKIMeR
#yroBckoro oTo6pasaeTcsa Ha BepXHIOIO NONYIJIOCKOCTh. [IpuMenasa npuHnun
CUMMeTpUM, NodydaeM oToOpaxeHne BHY TPEHHOCTH NPaBoil BeTBU runepoobl
Ha BCIO MIOCKOCTh € pa3pe3oM 1o ayuy (—oo, —1]; 3Ta nocnequss o61acTs Jerko
oTobpazkaeTcAd Ha BEPXHIOI MOJYTIOCKOCTh.

npu b > 1 w =

2.136. w = VA

[Ipumeuanue. MHOMUTEND 1/\/5 He UTpaeT poju, Tak Kak npeoGpa3oBa-
e w' = kw (k > 0) oTo6pamaeT noayniockocTk Ha ceds.

2.139. w = [e @ (z+ V2= D) —[e7 (2 + V22 - 1) rpe

B=7—a.
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9 D)
e,,;,,z+\/z-fc- P —

b
, roe ¢=+Va>+b, a=arctg—, p=
a

2.140. w =
_ ™
~ 2arctg (a/b)’

2.141. 1) O6aacTb CTPOUTCA CAEAYIOMUM 06pa3oM: KOIbIO r% < |w| < r%
paspesaeTcs BIOAL oTpeska 1 < u < 75 ICHCTRUTENRHOA 0CH M K HUMKHE-
My Kpalo paspesa MPUKIEHBAETCA 4YACTh TAKOTO e Kombla: 1 < |lw| < T3,
0 < argw < 2q; ecim @ = 7, TO BTOpPOE KOIbLO — IMOJIHOE U ero CROGOAHBIN
Kpaii creiyeT CKIEUTh CO CBOGOIHBIM Kpaem MepBOro Koabla (B 3TOM ciyuvae

2 2
noiayuaeM ABYIUCTHOE KOAbLO 1y < |w| < 13);
2
2) ecnn a < 1, To HepaBeHCTRO |2” — 1| < a ompegenseT aBe obnactu (cMm. 3a-
nauy 1.39), kampgas U3 KOTOpPeIX 0TOGpamaeTCs Ha OJHOIUCTHBIN KpyT |w — 1] <

2
< a; ecnu ke a > 1, To HepaBeHCTBO |z° — 1| < a ompemensieT onHy 061acTh,
KOoTOpas 0To6GpajkaeTcs Ha ABYMUCTHBIA Kpyr |w — 1| < a (mas Toro 4ToGBI
NOCTPOUTH 3TOT ABYIUCTHBIHA KPYT, IOCTAaTOYHO JABa OJUHAKOBLIX 3K3eMIIfApa
kpyra |w — 1| < a paspesaTh BHOIb KaKoro-11G0 paguyca M CKIEUTh HUMKHUI
Kpail paspesa 1-ro sk3emmisgpa ¢ BepXHUM KpaeM paspesa 2-ro 3K3eMIaspa,
a BepxHUI Kpail paspesa 1-ro sksemmniasgpa C HUMKHUM KpaeM paspesa 2-To
HK3EMILIApA).

2.142. 1) O6aacTb CTPOUTCA CIEAYIOMNUM 06paszoM: K IIIOCKOCTH w,
paspesannoii Bmoab orpeska [—1,1], mpuKiIenBaeTcsi BHYTPEHHOCTH 3JIMICA
4u? 40

s+ 2
(R+1/R) (R—1/R)
yeM K HUKHEMY Kpalo paspesa INIOCKOCTU NMpUKJIenMBaeTCA BepXHUIl Kpail pas-
pesa sanuinca, a k BepXHeMy Kpalo pa3pesa NIOCKOCTH  HUMHUEA Kpail pazpesa
3JIUICa; 1

; w ,
2) mByaucTHas o6nacThb ‘71‘ < R~ (HepaBeHCTBO
w +

c

=1, Tak:e paspe3aHHOro BRoab oTpeska [—1, 1], npu-

< R? onpene-

1feT BHYTPEHHOCTh Kpyra, ecin R < 1; nonynaockocTsb npu R = 1 1 BHEIIHOCTh

Kpyra B ciyuae, korna R > 1). Pazpes 1 cOOTBeTCTBYIOIIME CKICHKY UAY T BAOIL

TUHUM, COeIUHAIOMeNl TOUuRy w = 1 ¢ Kakoii-1ubo rpaHuYHON TOUYKOi1 obnacTu

w—1 ‘

w+ 1
2.143. 1) u 2) IloBepXHOCTb COCTOUT U3 ABYX IUCTOB IIOCKOCTU Zz, Pas-

pesaHHbIX [0 0Tpe3ry [—1,1], mpuuem HMKHUI Kpail pa3pesa MepBOro IHUCTa

CKJleeH C BepXHUM KpaeM BTOpPOro, a BepXHUI Kpail pazpe3a mepBoro 1ucra

C HUMKHUM KpaeM BTOpOro.

2

< R

2.144. 1) u 2) TloBepXHOCTh COCTOMT W3 ABYX JHCTOB, PaspesaHHbIX I0
nydaM, UAYLIIMM COOTBETCTBEHHO U3 Touek —¢, (), ¢ B 6eCKOHEeYHOCTh, HANpUMep,
napajielbHO JeHCTBUTeNbHOH ocU B MOJOKUTeIbHOM HampaBileHuu. Humnue
Kpaf pa3pe30B 1epBOro JUCTa CKIeeHbl C BEPXHUMU KpasgMU COOTBETCTBYIOMIUX
pa3pe3oB BTOPOro jJuUcTa, U Ha060pOoT.

2.145. TIoBepXHOCTh COCTOUT U3 TPEX JUCTOB MIOCKOCTH Z, pa3pe3aHHbIX 110
nyuam (—oo, —1] u [1, 00). Booas myua (—oo, 1] ckienBanue npon3BogUTCA Clie-
AyIOmMUM 06pazoM: BepXHUI Kpaii paspesa MepBOro JMCTa CKIEMBAETCA C HUH-
HUM KpaeM paspesa BTOPOr0 JUCTa, BepXHUil Kpaii pazpesa BTOpOro qucra —
C HUAHMM KpaeM paspesa TPeThero JNUCTa W BepXHUil Kpaii pazpesa TpeThero
nHCTa — C HUMKHUM Kpaem paspesa mepBoro ancta. Boons ayua [1, 00) cregyer
CKJIEUTh: HUAHMI Kpaii pa3pesa NepBOro IKMCTa C BEPXHUM KpaeM pa3pesa BTO-
poro nucTa, HUMKHUR Kpail pazpe3a BTOPOro IKCTa € BEPXHUM KpaeM paspesa
TpPeThero NMUCTa U HIKHUN Kpaii paspesa TPEThero NUCTa € BEPXHUM Kpaem
paspesa mepBOro IucTa.

15 JI.U. BonkoBbickuii u ap.
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2.146. 1) B noaspuyio ceTky p = const, § = const;

2) 8 cnupamn p = e® Y% (npu k =0 B nyun 6 = b);

3)Byron a <6< (upua=0wuf =27 — B NIOCKOCTh C Pa3pe3oM M0
MOJIORUTENLHOM YacTu JefCTBUTENbHON 0CH);

4) BO BCIO MIOCKOCTE C paspesoM mo cnupanu p = e’

5) BcekTop p< 1, 0< < v (an a =21 B eJUHUYHBIN KPYT C pa3pes3om
no paguyey v =0, 0 < u < 1);

6) B o6nacth p > 1, 0 < 0 < o (n1pu @ = 2w — BO BHEMIHOCTh €IUHUYHOIO
Kpyra ¢ paspesoM 1o ayuy v =0, 1 < u < 00);

7) B ofnacth e < p< P, vy <0 < § (npu § —y = 27 aTa 06ACTH ARAFETCH
KOHIIEHTPUYECKUM KOIBIOM C pa3dpe3oM Mo oTpe3ry =, e* < p < eﬂ).

2.147. Yron 0 < arg (z + n) < m/n; monoca 0 < y < .

2.148. 1) B npamoyronsuyio nekaptoBy cetky u = C, v = C;

2) B upsamble;  3) Bnonocy 0 <v < a; 4) B nonymnonocy u < 0,0 <v < o

5) B mpaMoyroasHUE Inry < u <lInrs, 0 < v < 27.

2.149. 5) b = alth (&/2)|, | = alth (n0/2)].

2.150. 1) CemeiicrBo £ = C npeofpasyerca B ceMeiACTBO COPOKYCHBIX I'i-

2 2

u- (O

nep6oia ¢ porycamu B Toukax +1 ( = 1); cemeiicteoy =C B

P . 9
cos?2C sin?C

2 2

, ’ v
ceMeficTRO cOOKYCHBIX ANIUINCOB C TeMU #e hoKycaMu ( e + i 1);

ch? sh 2

2) B BePXHIOIO MONYMIOCKOCTh;  3) B YeTBepPThIN KBaJpaHT;

4) B mpaByIo MONYMIOCKOCTE ¢ padpe3oM 1o orpesky [0, 1];

5) BO BCIO MIOCKOCTBL C pa3pe3aMy M0 AEACTBUTENbHOW OCH BHOMb Jydeit
(—OC, _1] u [17 OO); w2 2

6) BO BHYTPEHHOCTh AJIHICa o + oh
[-chh,—1] u [1,chh].

2.151. 1) B monymonocy —m/2 < u < w/2, v > 0;

2) B monocy —w/2 < u < m/2;

3) B nonymonocy 0 < u < w/2, v > 0; 4) B nonocy —mw/2 < u < 0.

2.152. 1) CemeitictBo £ = C mpeo6GpasyeTcs B CeMeHCTBO COPOKYCHBIX BII-

= 1 ¢ paspeszamMu Mo oTpe3kam

2 2
u” v” .
MUTCORB ¢ (oKycaMu B TOUYKaX il( et s = 1); cemeiicteo y = C — B
ch?C sh2C o 5
. u’ v*
ceMefCcTBO COPOKYCHBIX TUnep6oi ¢ TeMHU #e GorycaMu ( T T e s = 1);
cos?C  sin” C

2) BO BCIO MIOCKOCTBL C pa3pe3aMy M0 AEACTBUTENbHOW OCH BHOMb Jydeit
(—OC, _1] u [17 OO);

3) B BEPXHIOIO MOAYMIOCKOCTh.

2.153. 1) B nonocy —7/2 <v < w/2; 2)Bnorynomocy 0 <v<7/2, u>0.

2.154. 1) Cemeiictro x = C npeobpasyercs B Ny4Y0K Oy OKpYy#HOCTEH C
KOHIIAMU B TOYKaX w = =i, BKIOYAIOMUN ¥ COOTBETCTBYIOIMINE YacTU MHU-
MOit ocu; ypapHenne myuka ospymuocteit: (v —a)’ + 02 =1 +a” (a = ctg 20);
cemeiicTro y = C' npeofpasyerca B ceMeicTBO OKpy#HOCTe AMONIoHUA 0THO-
CUTEIbHO TOUeK w = =+ (BRIIOUalolee U IeACTBUTEILHYIO OCh); YpaBHeHHUe ce-
MeitcTra orpy#suocteit Anomnonus: u” + (v —b)> =b" — 1, [b| > 1 (b= cth 20);

2) B BEpXHIOIO MOIYMIOCKOCTEL C pa3zpe3oM I0 MHUMO¥ O0CH BAONb OTPe3Ka
0K

3) BO BCIO MIOCKOCTH € Pazpe3oM 0 MHUMOM ocu Baoab orpeska —1 < v < 1;

4) B nonykpyr |w| <1, Rew > 0; 5) B eAMHUYHBIA KPYT.
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2.155. 1) Bo Bcio mnockocTh ¢ pa3pe3aMu MO JeHCTBUTENBHON OCU BIOONb
nyueit (—oo, —1] u [1,00);
2) B NpaByl0 MONYMIOCKOCTh C Paspe3oM Mo OefCTBUTENbHOW 0CH BIOIb
ayua [1,00).
e -1 iz /(2 —
2.156. w=¢e"1"D%/" 2157, w=—ch % 2.158. w = >3/ (272,

2.159. w = ™ F/BE=2) 2160, w = cosw(z + 2)/(22).

2.161. w = e"(VZ— )/ (V21

1 +i\/§th7ri(z+3i).
2 4z —1i) '

9emilz+i)/(z—1)

e7ri(2+i)/(zfi) +2

2.162. 1 = —— - ;
)w e‘n’l(2+1/)/(2*1,)+2+1:'

2) w=—

3) w=

14 emilz+i)/(z=1)

27 -2
e2miz 4 ¢ 2why

2.163. 1) w = Ve = e 270 ) w =

e2miz + e*?ﬂ'hg .

2,164, w = [ O5TECOSTh g 165, w = [ COSTEcosTh
1+ cosmz cosmz + cos who
2 h 2
2.166. w = \/cos 2z + ch2h.  2.167. w = | 22 T2
cos2z + 1
2.168. [ 90822 2 g 6g - [ SM/2)
cos 2z + ch 2hy 1+ sin(w/z)

. 1+ cos(4n/z) _ Jcos(4m/z) — cos(4m /b)
2170 w= \/cos(47r/z) — cos(4n/a)’ 2471 w= \/cos(47r/z) — cos(4m/a)’

_ [cos(2m/z) — cos(2m /b) .
2.172. w = \/cos(?w/z) ~cos(on/a)’ 2.173. w =

_ [eh(x/h) = cos(x/2)
2.174. w = \/ 1 —cos(m/z) .
Tz

2.175. w = ich e’ YT thg%ﬁ (cM. mpuMeuaHue K OTBeTy 3aia-
« a
un 2.136).

cosmz — cosmhy

. sinz .
2.175. w = arcsin o Pemenue. Dynrnus sin z orobpamaeT nonymnono-
e!

c
cyy >0, —m/2 < x < w/2 Ha BepXHIOIO NOXYII0CKOCTh; IPU 3TOM TOUKHU +7/2 +
+ ai mepexomAT B Touku *cha. OTcioga HeTPYAHO NONYUUTh, YTO (QYHRIUA

. sinz
w = arcsin o OyneT oTo0paskaTh yKaszaHHYIO MONymnoJjocy Ha cefA Tak, UTO
c

na
ayuam x = *m/2, a < y < co GYAYT COOTBETCTBOBATL JIyud u = =+m/2,
0 < v < oc. [Ipumenssa HeorpaHUYEHHOE YNCI0 Pa3 TPUHIUT CUMMETPUH, yHe-
JaeMcsl B TOM, UTO HalifieHHasA GYyHKLIUA UCKOMas.
2 1TT. w — barcsirj(z' shz/cha)
arcsin(1/ch a)
arcsin(1/ch a) + /(arcsin(1/ch a))? — (arcsin(sin z/ch a))?

arcsin(sin z/ch a)

2.179. w — \/arcsm(sm z/cha) — arcsin(sinp/ch a)

arcsin(sin ¢/ch a) — arcsin(sin z/cha)

2.178. w =

15%
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H 2iz 27
2.180. w = arcsine™*. Pemenue. ®yuknua ( = e ** oTobpamaeT moaocy

0 < £ < 7/2 Ha BepXHIOIO MOMYIIOCKOCTh, a8 GYHKIUA w = arcsin ( BepXHIOO
Oy MIOCKOCTh Ha moaymnoiocy —w/2 < u < w/2, v > 0. OyHkuUA w =

= arcsin e?’*, oTo6pamaromasn noaocy Ha MOMYToJoCY, MepeBOAuT ayun x = 0,
—o0o<y<0;x=m/2, —oo <y < 0 cooTBeTCcTBeHHO B 1yun £ = 7 /2, 0 < y < 00;
r=-m/2, 0 <y < oco. [Ipumenss HeorpaHUYEHHOE YUCIO pa3 NPUHINI CUM-
MeTpuu, yOesmaeMcs, 4TO HaligeHHas (QYHKIMUA OCYIIECTRIAET TpedyeMoe
oToOpaeHue.

2.181. 1) Ecan b < 2w — kpuBonuHeHHBIA npaMoyronbHuk: 1 < p < e,
0<6<b;ecnub=2r Koablo 1 < p < e” ¢ paspesom mo oTpe3ry [1,e”];
ecmu b = 2kw (k = 2,3,...) — MHoroaucTHas 061acTh, cocTaBienHas u3 k ko-

nex 1 < p < e, paspesaHHbIX 10 0Tpe3ky [1,e”] U CKIEEHHBIX TaK, YTO HUHK-
HUI Kpail pa3pesa MepBOro KOJblla CKIEEH C BEPXHUM KpaeM pa3pesa BTOPOro
KONIbIla, HUMHUEA Kpail pazpes3a BTOPOro KoJiblla — € BEPXHUM KpaeM paspesa
TpeThbero Koabua u T. 1.; ecan b =2kr + 3 (k=2,3,...,0 < 8 < 27), To K CBo-
60IHOMY HUHHEMY Kpalo MocielHero KoJlbla NoCTPOeHHON MOBEPXHOCTH HYHHO
NPUKIENTh BAOAb OTpe3ka [1, e®] KpuBonMHEAHbIA TpAMOyTOIBHUE 1 < p < e,
0<6<p;

2) GeckoHeUHOANCTHAA 061acTh, cocTosmasn us konen 1 < p < e?, paspesan-
HBIX BIOJb OTpeska [1,e®] U CKIeeHHBIX YKa3aHHBIM BbIIE CIOCOGOM;

3) GeckoHeuHONMCTHAA 06IACTb, cocTaBleHHasa u3 komen 1 < p < e pas-
pesaHHbIX BAOML OTpe3ka [1,e”], 3aHyMepoBaHHBIX C MOMOIIBIO HENBIX YUCEN
(., =2, =1,0,1, 2, ...) ¥ CKIIEEHHBIX TaK, YTO HUMHMI Kpail paspesa KammIoro
KOIIbIla CKJIeeH ¢ BepXHUM KpaeM pa3pesa Kolblla C HOMepoM Ha eIUHUNY 60Jb-
muM. dTa o61acTh ABIAETCA YacThIO PUMaHOBON MOBepXHOCTU GyHKIUU Ln w),
nemamiedt Hag KoaenoM 1 < p < e”.

2.182. 1) [IBynucTHas o6nacThb, MONydeHHas CRIEUBAHUEM IBYX MPaBbIX
NOMYMIOCKOCTEN, Ka#aad U3 KOTOpbix paspesana no ayuy v =0, 1 < u < o¢;
Kpas pa3pe3oB CKIEHMBAIOTCA KpecT HaKkpecT, T. €. Tak, YTO HILKHUN Kpail
paspesa MepBOro NUCTa CKIeeH C BEPXHUM KpaeM pas3pesa BTOPOro JucTa, u
Hao60poT;

2) nByaucTHasA 00JacTh, COCTOAINIAA U3 ABYX IIOCKOCTeH ¢ paspe3aMu Mo
nefcTBUTENRHOR ocn BHOAE aydeil —o0o < u < —1 n 1 < u < 00 U CKIEeHHBIX
KpecT HaKkpecT BIOAb pa3pe3oB —oo < u < —1. Kpaa paspesoB 1 < u < oo
0CTalnTCA CROOOIHBIMU.

2.183. [BynucTtHasa obnacTb, COCTOAINAA U3 IBYX IJIOCKOCTei, pa3pe3aH-
HBIX 10 MHUMOH ocu Baoab oTpeska —1 < v < 1 U CKIEEHHBIX TaK, YTO JIeBbIH
Kpail pazpesa NepBOro nucTa CKleeH C MpaBbIM KpaeM pa3pesa BTOPOro JucTa.
OcTanbHble Kpafd CBOGOIHBI.

2.184. PumaHoBa NMOBEpPXHOCTh G€CKOHEUHONUCTHA U MMeeT [Be Jorapud-
MHYeCcKHe TOUKHM Hajg Toukamu w = (0 u w = oo. O6racTu OJHOMUCTHOCTU B
Z-TIIOCKOCTHU, COOTBETCTBYIOIINE JUCTaM w-MI0CKOCTH C pa3pe3aMU 10 NOJ0KU-
TeMhHON JeHCTRUTENRHON 0CH, Orpanndensl okpysuocTavu 2k (z” + y°) +y =
=0 (k=0,%1,£2,..).

2.185. 1y = o0, r2 = r3 = 1. OGpas kpyra |z| < 71 — BcA MIOCKOCTE C
BBIKIIOUEHHON TOuYKOi w = —1; o6pas rkpyra |z| < r» (u wpyra |z| < r3)
nonymnnockocte Rew > —1/2.

2.186.r = 1/2; 2)r =1/2al); 3)r =1.

2.191. 1) ro = 1/4;  2) my =1/(4la]); 3) 1 =2— 3.

2.192. i =m,ro=1. 2.193.r3=1/2; 2) r3 =1/(2|a

=
=
w
&
<
=
\
—
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I'nasa III
33. )L =2+i L=144/2; 2) I =in/2, [, = —7/2;
3) I =irR’, I, = —nR".
3.4. 1 \/_(1—2/2) 2) 2; 3)2i; 4)0. 3.5.mi. 3.6.4/3.

3.7.1 [( 1) — 1], ecmtu n # —1; mi, ecn n = —1;

3.8.1) —2(1—4); 2)2(1—1i); 3) —2(1+14); 4) —4; 5) 4i

)
)
2) u 3) ,ecmxln;é—l 2mi, ecin n = —1.
)
3.9. 1)

2mi; 2) —2m; 3) 2mRi; 4) 2mRi.

3.10. 1) m ,eci n # —1; =277, ecm n = —1;
n+1
271 .
2) (—1)"" " ecnum #£ —1; —27%, ecn n = —1.
n—+1
(,20771', -1
3.11. ——— eciu a # —1; 27i, eciu o = —1.
1+ a

3.13. 1) la| < 7w/2; 2)sinpa >0. 3.27.1) w/3; 2) —w/3; 3) 0

3.28. Eciu woutyp C comepmut BHyTpu cefsa Touky 0 m He comep#sur 1
u —1, To I = —2mi; eciu ComepkUT TOABKO OOHY U3 Todyek —1 unu 1 u He
conep:kuT Toukry 0, To I = mi. OTciona AicHO, YTO UHTerpain MokeT NMPUHUMATh
OATH Pa3MUUHBIX 3HaueHuii (—2mwi; —mi; 0; wi; 2mi).

3.29. 2" —1l,eciun >1; 2, eciun=1.

3.30. mi/2. 3.31.sina/a. 3.32.¢%(1+ a/2).

3.33.1) 1; 2) —e/2; 3)1—e/2. 3.35.1)2/3; 2)1—2i/3.
3.40. R=1. 3.41.0cc. 3.42.0. 3.43.2.

3.44.e. 3.45.1. 3.46.1. 3.47.1. 3.48.1/4. 3.49.1/e.
3.50. 1, ecau |a|] < 1; 1/|al, ecim |a| > 1. 3.51. 1.

3.52. 1) R; 2) R/2; 3) oo; 4)0; 5) R,

6) R, ecnn |z| < 1, u LI~ |z0| > 1.

20|’
3.53. 1) R > min(r1,m2); 2) R>rirs; 3) R< ri/r.
7o 9) (1 2); 3) 71 1“; 4) In(1 + 2).
(1 —2)? 1—2

3.55. Pacxonurca Bo Bcex TouKax.

3.54. 1)

3.56. CxonuTcsa (HeaGCOMOTHO) BO BCceX TOUKax, Kpome z = 1.
3.57. Cxogurca abCoaOTHO.
3.58 Cxonutea (HeaGCOMOTHO) BO BCeX ToUKax, Kpome z = —1.
3.59. Cxoautcsi (HeaGCOMIOTHO) BO BCEX TOYKAX, KpOMe TOUEK z =
= erﬂ'l/p (k:()alaapil) .
1+iv3
3.60. Cxonutcsa (HeaGCOMOTHO) BO BCeX TOUKaX, KpOMe TOUEK 2 = 5

nz=-—1.
3.61. Cxonutcsa a6eonoTno.  3.62. Hanpumep, ¢, = (—1)".
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3.64. Pemenue. CHauana uccienyemM cXoOUMOCTb B Touke z = 1. Unensl

pAna Z 77 co suamenatenamu k%, k2 +1, ..., (k+1)? — 1 umeior 3nak

(—1)*; o6o3naunm cymMmy 5TuxX unenoB depes (—1)F oy u noramem, uto of — 0
(k+1) — k> _ 2k+1

monoTonHo. Umeem 0 < o < = -
k2 k2

— 0 nmpu k — cc. [lanee,
pasHoOCTh

1 1 1 1
Tk Ok = [ﬁi(k+1)?]+[k?+1 7(k+1)?+1]+

1 1 1 1
ot - - - >
[(k+1)371 (k+2)273] (k+2)2—-2 (k+2)2-1
1 1 1 1
> (2k+1 [ — } — — >0
( ) (k+1)2—1 (k+2)2—-3 (k+2)2—2 (k+2)2—1
JTUM [0Ka3aHo, YTO JaHHbIH pax cxonutea npu z = 1. Ecam |z| = 1, Ho 2 # 1,
TO, COrlIacHO yKa3aHUIO, NoJAb3yeMcs NMPU3HAKOM cXxoauMocTu u3 3amauu 1.90
HOJOMKUB Gy = (71)[\/52”7 bn = 1/n. llepBble OBa yCIOBUSA, 0OUEBUIHO, CIIPaBe-
JUBBI; A I0KA3aTeNbCTBA TPEThEro olneHuBaeM S, :

Sp=—2—-2"—2" 42"+ + (—1)[‘/512" =

1— 23 1— 2% 127 21 _ p2ptl
=—z + 2 -2 4ot 5 (P 442,
1—2 1—2z 1— Z?p 1—2
rae p = [v/n] — 1. Orcioga |S,| < i | + 2p + 3, ciegoBaTenkHO, NNA Kaik-
—z
moro z cymectByer takoe k, uto |Sn| < kp < ky/n, n 3TUM 10Ka3aTeIbCTBO
3aBepIleHo.

X Lo 2n+l
3.67. R= 3.68.> ——— R=
2 a1 Z (2n+ 1)
ncx; 2),,,,1 2n M*lz"n
3.69. ) (— 1)““T R=occ. 3.70. 7+Z R = .
n

n=0 n=0

3.71. a® ni] (;‘) (2)" rre (3) _1 (g) _a(a - 1)..;1(? 1)

141 1z — n,11-3...(2n73)(z)”j|
72, 14 -2 -1 e (2 =1,
3.7 [ +2i+Z( ) ) B

V2 - 2-4..2n
> naz™ b
3.73. > (-1) o =2
n=0
e (2-30)" — (243",  — "
3.74. - = nZ,
6; o z ;c 2", roe
[(n—1)/2
— _1\ym n—2m—1q2m
=Y (-1) (m+1)2 3" R =+/13
m=0

(]2
i
\
L

3
=
S
\
—
N
3
5
I
—
w
~J
[=2]
[N
[83
I
—

3.75.
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> 220+l > 1-3..2n— 1) 54y
3.77. 1" R=1. 3.78. —)r——=ntn ol R—1.
nzzn( ) 2n +1’ Z+,,Z:n( ) 2”-n!(2n+1)z '
3.79.m2-5" (14 2)* R=1. 3805 “" g
e _Z]( +27)7’ T ’ .Zon!(Qn—Fl)’ T
) 22n+1
3.81. -y R=o0.
g]( )(2n+1)!(2n+1)’ o
1 > n+l (zfl) _
8.82. L +23 (1) 5 R=3
n—>0
1 - (7])77 2n 2n+1
3.83.Z o [(z— 1"+ (z—1)"""], R=2
n=0
1 | n(n—=3)(z—1" _
3.84. Z+Z(—1) e o R=2
n—>0
“14+iV3 [ 1/3 —
3.85.f§( n )( -1)", R=1.
00 71)71
3.86. 5 (—1)"+ R=1.
S
o0 . .I 2 . . 4
3.87. ZM(,% 1) R=oc. 3.88.1+2"+ 2 + ..
= n! 3
22 2t o 1.5 54 3
3.891 -2 —Z 4. 3.90.1+42>—-= A R T
4 96+ tz 22+62 4’2+
s 5 g 5 4 13 5 22 228 920
391. 1+ 2+ =z +EZ fgz +%2 + ... 3.92.2—%—5—}—?4— = + ...
2 22 24 >0 c 1
3.93. In2+ -4+ = — ..=1In2 T gty ==
n24 o4 oo n +§(n+1)z Po0 =g

3.94.

3.95.

3.96.

2
2[i+(1+
2

co+ner +n(n—1)es+ ... +nlep_1 + 2nle, =1, n > 1.

1\ 2% 1 1\ 2*
)T+ o)+
2/ 3 2

3

+(1+1+ Fot —
2 3 ' -1
2 1 3
+(1+§—2m)i+...
1
+ ...+ —— —2mi
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-

3

1 : 1 1 1 4
3.97.2[(1+7)Z——(1+7+7+7)i+...
2) 3 2 3 4) 5
1 1 1 1 Z?n+]
(=1 "“(1 T e T }
+(=1) totatat +2n)2n+1+
3.98.1+§:[§:E( . )]z
n=1 k=1
e 2'2’“B.>kz'2k
3.102. 1 E:—lk% )
+H( ) k) T
> QZkRok N
3.103.1) 1 2:71’“ %k 2k R — g
) +k:1( )Qk(Qk)!Z  R=m;
o - 22k (2'2k _ 1)qu o -
2 § _1k 12 \& = )% 2k-1 R=—:
)k—1( ) (2k)! ? ' 2
e 22/«(221? 1)97 p-
Nk k 2k _T
3) 2_(-1) 2k (2k)! B 2
k=1
> (2 2)Bog o
4) 1 _1\k 1( R—
) e R
1 1+v/5\"! 1—+5\""! V5 —1
104 n = —— — > > — .
3.104. ¢ \/E[( 2 ) ( 2 ) }’"/O’R 2
201 2
3.105 ng,m:wagm, e =€ aﬁB;(ﬁ A,

acn + Ben—1+ yen—2 + dcn—3 =0 (n=3,4,...).

3.111. i Lpii(2) = 2n+1—2)La(2) + 7’ Lyi(2) =0 (n > 1).

5 9 Z4n+1

3.112. AL S .
hEt 4-5 +4-5-8-9 + +4-5-8-9...4n(4n+1) o lal <oo
1.2 1.2 1)—3.4] -
3.113. » — " F 3)' A4t y‘"("+ V=34,
) —12n(n 1) -~ 341 [n(n+1) — 2k 1)K s <t
(2k 4+ 1)!
3.114. .
1—22
2 202 o2
3115, 1 ™2 MM =20 a0
2! 41
20,2 o2 2 _9)2] .
o+ (_1)mm (m* —2%)...[m"~ — (2n — 2) }22” 4
(2n)!
. . ab ala+ 1)b(b+1) »
3.116. w = F(a,b,c,z) =1+ o7 + Wz + ..
4 ala+1)..(a+n—1)bb+1)...(b+n— 1)2"; 2 < 1.

nle(c+1)...(c+n—1)



I'naea 111 233

3.117. Pemenue. [poauddepennuporaB runepreoMeTpuyeckoe ypas-
HeHUe, TNojJy4yaeM ypaBHeHUe, KOTOPOMY YIOBieTBopAeT ¢GYyHEKOug ( =

= iF(a,b,c,z):
2(1 — z)@ +[(c+1)—(a+b+ 3)z]E —(a+1)(b+1)¢=0. (1)

Tak kak QpyHRIUA %F(a,b, ¢, z), 6ynyuu npousBonnoit pyurnun F(a,b,c, z),
aHanuTHU4YecKoit B Touke z = (), Toxke ARIAeTcA QyHKIUeH, aHaTUTUUECKON B
Touke z = 0, a BeAKoe pemenne ypasuenns (1), ananutudeckoe B Touke z = 0,
nonaHo umeth Buag kF(a +1,b+ 1,¢+ 1, 2) (cMm. 3apauy 3.116), roe kK — nocro-
fIHHAA, TO dizF(a,b, ¢,z)=kF(a+1,b+1,c+1,2). Tonomur z = 0, Haitaem,
ato k = ab/c.

3.120. 1) 4; 2) 15; 3) 3.

3.121. 1) Hynem nopsanka k + [;

2) HyneM, MOPAIOK KOTOPOro He Hue, yeM min (k,1);

3) myneMm mopsanka k — [, ecain k > I; npaBUIbHON TOYKOH, He ABIAIOMIENCS
Hynem, ecnu k = [, u oco6oit Toukoil, ecnu k < [.

3.122. Touku z = £31 Hynu 1-ro nopsanka.

3.123. Touku z = £37 — Hymu l-ro nopsanka; 6eCKOHEUHO ylaleHHad TOY-
Ka HyJlb 2-ro nopsaka.

3.124. z = 0 — uynw 2-ro nopaaka; z = kr (k= +1,+2,...) — mymnu 1-ro
nopsaxa.

3.125. z = +2 — wynu 3-ro nopanka; z = 2kwi (k= 0,+1,+2,...) — "y
1-ro nopsAnka.

3.126. z = 2krw (k =0,+1,4+2,...) — nyau 2-ro nopsajgxa.

3.127. z = &7 HyJ1u 3-ro mopsAnKa; Bce ocTalbHble TOUKU BUaa z = km
(k=0,4+2,43,...) — uyau 1-ro nopsuka.

3.128. z =w/4 + kmw (k=0,£1,4£2,...) wuyau l-ro nopsagka.

3.129. Hyuneii Her.

3.130. z = kw (k=0,%+1,+2,...) —uyau 3-ro nopsuka.

3.131. z =0  wyab 2-ro nopsaaka; z = kr (k= £1,+2,...) Hynu 3-To
nopsagxa.

3.132. 2z =0 HyIb 3-ro mopangka; z = Vkm u z = %\3/]4)71'(1 +iv/3)
(k==£1,%£2,..) Hyau 1-ro mopsnka.

3.133. z = (2k + 1)% (k=0,4+1,+2,...) — uyam 3-ro nopsuka.

3.134.2= {/(k+1)7 nz:%ﬁ/(% +1) 2 (1% iV3) (h=0,+1,42,..)

Hynu 1-ro nopsgka.
3.135. z =4 HYIB 3-TO MOpAAKa IJA OJHON U3 BETBEM.

3.136. 3neck 3amanbl ABe QYHKIWN: OJlHA U3 HUX UMeEeT HYIU 2-T0 nopsagka
B TouKkax z = 2km + 7 /6, npyraa  Hyau 2-ro nopsaka B Toukax z = (2k + I)w £
+7/6 (k=0,+£1,%2,...).

3.137. IlpenenbHoii TOUKON MOKeT OBbITh TOABKO OECKOHEUHO yoaneHHasd
TOUKa.
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3.138. 1) 2) u 3) He cymectsyer; 4) cymectsyer (f(z) =1/(z 4+ 1)).
3.139. 1) Cymectnyer (f(z) = 2?); 2) ne cymecTnyer.
3.140. He npoTuBOpeunT, Tak Kak TOUKa z = 1 He MpUHANNEKUT 061aCTU
aHAIUTUYHOCTU QYHKIUU.
3.141. Pemenue. U3 paznoxmenusn f ZF" z— zn ” crenyet
n=0
+ Z{Cn z —x0) +i(y — yo)]" + Cul(w — o) —i(y — yo)]"}-

n—l —z z
IMonoxuB 3meck © = .’IZ(]+C U, y = yn+c ,0

o+ + Cy
u(z,y) =

, Toe ¢ DOCTaToOuYyHO GIU3KO

—z - 1
K z, Moay4YuM (060OCHOBAThH 3T0) u ( ¢ QZ“,yU + %) = E[En + f(¢Q)] u
12
3aMeHMB ( uepes z, IPUIEM K I0Ka3bIBAEMOMY PaBEHCTBRY.

3.143. 22 + 2+ Ci.  3.144. ze* —i/z+ Ci.  3.145. (1+1i)z—3i +C.
3.146. sin z — ch z + C' (C — npousBonbHas nefCTBUTENbHAA TOCTOAHHAS).

3.153. 2) 27°M.

lnara IV
,li(f) npu |z| < 2; Z . npu |z| > 2.
277:[] 2 n= (] .
l)k > n—{—kfl ' 1 & (n+ k1) [a\"
SRE)G) e (") ()
an|z|>|n,|.
_l oo
4.3. -+ 2" mpu 2| < 1; —7+Z —)"(z=1)"nmpu0<|z—1]<1;
z
n=0 n=0
|
= — mpu [z| > 1.
n7'2z
1T S pntt - gntt 1 1 z—a
4.4.17*‘1”2:” prevrrred an|z|<\a\;aib[ +Z bianﬂ]npn
0<|z—al <|p—al i L nput [o| > laf; — i(iJr
’ — 2n ’ a—b‘ bl
{erL
ﬁ) npu |a| < |z| < |b].
1 ) e n(2+i)n+1 _ (27i)"+] n :
4.5.;—{%2(—1) sl (z—2)" mpu 0 < |z — 2| < V/5;
> n 1 > zn
2> (1) Bl > ST P 1< 2] <2
n—1 n—=>0
i 1 (n+3)i zfz) .
4.6. — — B 0 — 2;
e ST 0 < <
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_l o0
4.7. :i:[zfi(a—i—b)—%z

IO ()
+(n1£22) (1é2)b"72a2+...+( 17/12 )a"].

o0 c o0
" n
4.8. E T + E cpz', TIe
n—1 n—>0

c;}"] npu |z| > |b], roe
an

C(n—1)

m=1
. [e’s} 2
n=2"c,(n=12.), c= %[1+m¥1 (*1177/2) 2**"}.
4.9. 7+2+2 +Z%2|) npu 0 < |z| < oo.
4.10. ﬂZﬂ(l 1)n npu 0 < |z —1] < oo; 1——+§cnz"npn
n-l k+1 n—1
lz| > 1, rnecn——1+z ( )(n—23 -
k1
Vem142k=1gin 1 (71)k42’“c031:|
4.11. 1
o8 +Z[2k71 1z —2)h—2 T (pp(s — 2y | ™M

0<|z—2| <.

4.12. (z —1) +2+Z[

k1
k=1
2(-1)* }
— |, mpu 0<|z—1| < .
TSP 2= 1] <00
4.13. Y ¢ w2, — =0,1,2,...).
Zcz +Zc z rue c c Zk'n+k (n )
n—0 k=0
4.14. Zcznzgn + Zc,gnzﬂn, rue
n=0 n=0
Cop = Cop = (— "i ! (n=0,1,2,...).
o mn (2k + 1)!1(2n + 2k + 1)!

k:[]

nm
o Sin (1 + —)
415. -5 2/

mTEET npn 0 < |z — 1| < oo;

cos 1 sinl — 2cos 1 6sin1 — 5cos 1

—sinl —
z 2122 3123

+ ... mpu |z| > 1.
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[e5S) ;n
1 B')n om—1

- E — =z , rne Ba, yucna Bepuymiu (CM. 3aga-
z

3 > gin > n 2" By, 2 2n—1
ay 3.100), npu 0 < |z] < 2m; i QZ] Jonri T 2 [(— ) (an)! ﬂzn]
npu T < |z| < 2.

pn — gn
4.17. %" % npn |z| > max (|al, |b]).
nzm

n—=1

> 2%k—3 2k—5 k+1
C-n M ook—1 2 2 (=1 2)
rme c_op = —i|2 - —
L n o A Ok ( 5 T3 METES A
. 1 < 2n > C_n
C (ks = 2¢-or (K =1,2,...), mpm |z| > 2; 1arctg§ Z o +Z no THe
n—>0 n—1
1 1
s _ o2k _ - —
c_1 = 2jarctg 2 C_sp = 2774 | arctg 5 Zﬂ (om 1 1) y C—(2k+1) = 2C—2k
_—

(k=1,2,...), mpu 1 < |z] < 2.

4.19. 1) [la; 2) ma; 3) Her (Touka z = 1 He ABNAETCA U30IUPOBAHHON
oco6oii Toukoit); 4) mer; 5) Her; 6) Her; 7) Her; 8) HeT (B 1060M KOIbIle,
oKpyamomeM TOuKky z = 0, QYHKIUA He ABIAETCA HENpephIBHON); 9) Her;
10) ma; 11) na, ecin o — uenoe YKUCIO WIW HYIh; HET BO BCEX 0CTalbHBIX
crydasx.

4.20. 1) Her; 2) na, pasnoskeHue NOMycKaioT o6e BeTBH; 3) HeT; 4) na,
Bce TpPU BEeTBU NOMYyCKAIOT pasnoxeHue; 5H) HeT; 6) pasnomeHnue JONycKa-

0T [IBe BeTBM (M3 4eThlpex), ompemerseMble ycaoBuamu /1 ++/1 = £/2;
7) wer; 8) wer; 9) mer; 10) ma, pasnosenue IOMYCKAIOT BCe MECTh BeTBeil;
11) mer; 12), 13) u 14) ga, mo6as U3 BeTRel AonyckaeT pasioxenue; 15) HeT;
16) wet; 17) pasmno;keHue HONYCKalOT BCe BETBH, KPOME ABYX, OMNpPeIeIseMbIX

anauenvem Arcsin (v/2/2) = n/4.

4.23. z =0, 2 = £1 — nontoce! 1-ro nopAaKka, 2z = 00 — NpaBUIbHAA TOYKA
(uyne 3-ro nopsnka).

4.24. 2= (1+1i)/V/2, 2= (-1 +14)/v/2 — nomocs 1-ro nopsanka; z = 0o —
npaBUIbHaA TOYKa.

4.25. z =1 [OJIOC 2-T0 MOPANKA; z = 0O nonioc 3-ro nopsAnka.

4.26. z =0 nonioc 1-ro mopsanka; z = £2i MONIOCKI 2-TO MOpPANKA;
z =00 npaBUIbLHAA TOYKa (HyIb 5-T0 MOPAIKA).

4.27. z = +i nontockl 1-ro mopAgKa; z = oo cyllecTBeHHO ocobas
TOUKa.

4.28. z = o© cylllecTBeHHO ocobaf TouKa.

4.29. z = c© cylllecTBEHHO ocobaf TouKa.

4.30. z = 2kmi (k= £1,£2,...)  momiocel 1-ro nopsAgKka; z =oco  TOUKa,
npefenbHas A MOJIOCOR.

4.31. z = 0 — noatoc 2-ro nopsigka; z = 2kwi (k= +£1,+2,...) — nomocel
1-ro mopsaaka; z = oo — To4YKa, pefeibHas IJIA NOMI0COB.

4.32. 2= (2k + 1)mi (k=0,+1,+2,...) — nomoce! 1-ro nopsaka; z = 0o —
TOUKa, mpefeibHas Ais NOJI0COB.
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4.33. 2 =0 monioc 3-ro mopsamka; z = 2kw +iln (2 4+ v3) (k = 0, +£1,
+2,...) — momoce! 1-ro nopAgka; z = o0 — TOYKa, NpeleNbHas A MOJI0COR.

4.34. z=kmi (k=0,£1,%+2,...)  nomiocel 1-ro mopsinka; z =00  TOYKa,
npepenkHas A MOJIOCOB.

4.35. z = () — cymecTBeHHO ocofaf TOYKa; Z = 00 — MpaBUIbHAA TOUKA.
4.36. z =0 cylecTBeHHO ocofas To4Ka; 2 = o0 nontoc 1-ro mopsagka.
4.37. z =1 — cymecTBeHHO ocofaf TOYKa; 2z = 00 — MpaBUIbHAfA TOUKA.

4.38. z=0 cymecTBeHHO ocofasa To4yKa; 2 = 00 cylllecTBEHHO ocobas
TOUKA.

4.39. z = 1 — cymecTBeHHO ocobas Touka; z = 2kmi (k= 0,+1,+2,...) —
noatockl 1-ro mopsAnKa; z = oo Touka, mpefelbHas IJf MOJIOCOB.

4.40. z = kmw (k=0,%1,42,...)  momiocel 1-ro mopsaaka; z =oc  TOYKa,
npeeabHas A MOJIOCOR.

4.41. z = () — nomoc 2-ro NopAjKa; z = 00 — CYIIeCTBEeHHO ocofaa TovKa.

4.42. z = (2k + l)g (k=0,£1,%£2,...) momiocel 1-ro nopsaka; z = co
TouKa, penenbHas AJA TOJI0COB.

4.48. 2 = (2k + 1)% (k=0,+1,+2,...) — nomtock! 2-ro NOpAAKE; 2 = 00 —
TOUKa, NpefenbHas 11 TOJI0COB.

4.44. z = 0 — nomoc 3-ro nopsaaka; z = kmw (k= +1,+2,...) — nomocel
1-ro nopangka; z = oo — TOYKa, NpelelbHas A MNOJIOCOB.

4.45. z = kr (k= £1,£2,...) noniocel 1-ro mopsAgka; z = oo  TOYKa,
npepensHas QA MOMIOCOB.

4.46. z = kr (k=0,+1,+2,...) — nomoce! 1-ro nopsaaka; z = 00 — TOUKa,
npefenbHas 1A MOJIOCOB.

4.47. Ecma#mr+7/2 (m=0,£1,£2,...), 0 2 =2kr +au z = (2k +
+1)m —a (k=0,%£1,£2,...) — npocTele NOMIOCH; ecnu @ = M7 + 7/2, To npu
m 4eTHOM z = 2km + w/2 u nupu m HedetHoM z = (2k + 1)w + /2 sABasAIOT-
CA moarocaMu 2-To TOPANKa; 2 = 0O BO BCEX CllydasaX TOYKa, mpejelbHas I
OJIOCOB.

4.48. Eciv a # mm (m = 0,+1,+2,...), to 2 = 2k + 1)wr +a (k = 0,+1,
+2,...) — nmomockl 1-ro nopAgKa; ecan @ = M, TO IPU M HedeTHOM 2z = 2k, a

npu m 4eTHoMm z = (2k + 1)m  momiochkl 2-ro MOpAKa, 2 = 0O BO BCEX CIIydasaX
TOUKa, NpeaelkHas I MOJI0COB.

4.49. z =1 cyllecTBeHHO ocofasdg Touka, z = 00 npaBuibHasA TOUKa
(uyaw 1-ro mopsgka).

4.50. z = -2 monioc 2-ro nopsAnka; z = 2 CyIIecTBeHHO ocobafd TOUKa;
Z = 00 — NONI0C 3-T0 MOpAIKa.

4.51, 4.52. z =1/(kw) (k = £1,+2,...) — nomocs! 1-ro nopsagka; z =0 —
TOuKa, npejeibHasa Alf MOIIOCOB; z = 0O nofaioc 1-ro mopanka.

4.53. z = () — cymecTBeHHO ocofasA TOUKa; 2 = 00 — NpaBUIbHAA TOYKA
(uynb 1-ro mopsmgka).

4.54. z = () — cyuecTBeHHO ocofasa TOUKA; 2 = 00 — CYILIeCTBeHHO ocobas
TOUKa.

4.55. z =1/(kn) (k = £1, £2,...) — cymecTBeHHO 0co6ble TOUKY; 2 = () —

TOYKa, mpefeibHasa A CYIIECTBEHHO 0COOBIX TOUEK; z = 0O CYIIeCTBEHHO
ocobasa TouKa.
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4.56. z = ﬁ (k=0,£1,%£2,...) cyliecTBeHHO 0cobble TOUKU; z =

= (0 — TouKa, npefenbHas Jif CYyMEeCTBEHHO 0COGBIX TOUEK; 2 = 00 — NpaBUIlb-
Hafg TOYKA.

4.57. z=1/(kn) (k = £1, £2,...) — cymecTBeHHO 0co6GbIe TOURY; 2 = () —
TOYKa, NpefelbHas A CYILECTBEHHO 0COOBIX TOYEK; z = 00  CYINECTBEHHO

ocobasa TouKa.

4.58. z = ﬁ (k=0,£1,%£2,...) cylecTBeHHO 0cobble TOUKHU; z =

=0— TOYKa, npegejbHad 1A CylIeCTBEeHHO 0CcoObIX TOYER; 2 = OO — NpaBUlib-
Had TOoYKa.

4.59. [Ina ogHoil BeTRU NMpaBUIkLHAA TOYKAa, A1A APYroil — nomioc 1-ro mo-
pAnKa.

4.60. [Insa oxgHoit BeTBU nodioc 1-ro mopsaka, Aif oCTalkHBIX MATU BeTBEH
npaBulbHasg ToYKa.

4.61. ]lna omHOV BeTBU NMpaBUIbHaA TOUKa, AJAfA IPYyTroi nonioc 2-ro mo-
pAnka.

4.62. ]lna onHOU BeTBU NpaBUIbHasA TOYKa, ANA IPYyroi CylLeCTBEHHO
ocobad ToUuKa.

4.63. ]lna oGeux BeTBeil montoc 1-ro mopAnka.

2

4.64. z = (1 + 1/(k7r)) — NnpaBUlkHaA TOYKa /A OJHON BeTBU U TOMIOC
1-ro nopanka nnsa apyroi; z = 1 npaBUIbHasAg TOYKa /A OJHOH BETBU U
HeM30MMpoRanHad ocofad TOUKa, NpelelbHas Jid NOMIOCOB, IM4 APYTOil BETRU.

4.65. Rakmana U3 3agaHHbIX TOYEK  HpaBUIbHAsA I OJIHON BETBU U MOMIOC
1-ro mopsiaka ansa Opyroi.

4.66. IlpaBunbHas Touka OJA OOHON BEeTBU U CYIIECTBEHHO ocobas TOUYKa
A OpPYTOH.

4.67. 1) [dasa Bcex BeTBel moaioc 1-ro mopsaka;

2) A ogHOro 6GeCKOHEYHOro MHOMKeCTBa BeTBell npaBuJibHasg TO4YKa, OJdA
0CTalkHOTO DECKOHEeUHOTr0 MHOMEeCTBa BeTBel noaioc 1-ro nopdaagka.

4.68. I[IIH oqHOro 6€CKOHEeUYHOT0 MHOKeCTBa BeTBe npaBuJbHasdA TOYKa, OJd
ocTanbHOTrO0 HECKOHEUHOTO MHO#eCcTRBa BeTRel CylmecTBeHHO ocobasa TouKa.

4.69. 1) Touka z =co  monioc nopsanka k = max (n, m), ecnmu n # m; eciu
#e n = m, To z = oc — AUB0 nmomioc nopaaka k < n, AM60 NpaBUILHAA TOUKA;

2) momioc mopsAKa n — m, €clu n > m, U NpaBUIbHasg TOUKa, eCiu n < m;
ecau n < m, TO z = 0O HYJb NOpANKa m — n;

3) momioc mopsnka n + m.

4.71. Tpumepsr: 1) 2% 2) 1/2° + 2, 3) 1/2" — 1.

4.72. 1) Zja (a #0) umn az + b (a # 0);

2) ﬁ (a #0) umn ag + a1z + ... + anz" (an #0); 3) 21—2 + C;

gy bzt RO (0, e £ 0)

5) G+ a2+ ... + an2? (ax # oy mpu k # 1 n nmo kpaiineii Mmepe on-

(2 —a1)(z — a2).(z — an)
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ag+ a1z + ...+ an2™

(z—)(z — a2)..(z — an_1)

(a" 7é 07

HO 13 4YHUCel a,; OTINYHO OT HyJIH) ninn

ap # ap nipu k #1).
4.74. 1) z ycTpaHuMas ocob6asg TouKa;

2) zp — momoc mopaxka n, eciu ¢(z) ONHOMIUCTHA B OKPECTHOCTH TOUKH Zy,
U NO0JIOC NOPANKa nm, eclu p(z) m-IUCTHA B OKPECTHOCTU 3TOH TOUKH;

3) 2y — cyumecTBeHHO ocobas TouKa.

4.75. 1) Toura z; nonioc mopAnka m, ecau ~ NpAMOIUHENRHBIA 0T-

0 ’ h
pes30K, U NpaBUIkHAs TOYKA KPATHOCTU N, eciu y' — oyra OKpy:HOCTH, T. €.
f(z) fz0)=(2—2 )*"np(z), rae ¢(z) aHaIUTUYHA B OKPECTHOCTU TOUKH 2) U
©(zg) # 0. Ecmm z; = oo, TO 3TO YycCIOBHe 3alNUChIBAeTCA B BHIE

f(z) — f(o0) = 27" p(z), roe p(z) anamuTuuna Ha oo U (co) # 0; 2) z
CyIIeCTReHHO ncofan TouKa.

4.77.1) =1; 2)0; 3)0; 4)0.

4.78. 1) CymecTBeHHO ocobas ToUKa z = 00; UCKIIOUNTeNbHOe 3Havenue ()
(1 00); € = 0, ecin x = —o0 (e — 00, ecin T — +00);

2) cymecTBeHHO ocofasa Touka z = (; uckIounTenbHoe 3uavenue 0 (1 oo);

e!* 0, ecint z — 0, HANPUMeEp, BAOIL nytuy =0,z <0 (e 1% o0 mpn z — 0
Baonb nytn y = 0, z > 0);

3) cymecTBeHHO ocobas Touka z = (; UCKIIOUNTENbHBIX 3HaUeHUil HeT (He
cuntas 00); cos(1/z) = co mpu z = 0, y — 0;

4) cymecTBeHHO 0cofaf TOUKA 2 = 00; UCKIIOUUTEIhHbIe 3HAYEHVHA § U —i.
4.79. res[f(2)].=+1 = —1/2; res[f(2)]:=0 = 1; res [f(2)]:=c = 0.

4.80. res[f(2)]:—i = —i/4; res[f(2)]:——i = i/4; res[f(2)]:-oc = 0.

(2n)!

4.81. res[f(2)]:=—1 = (1) CENICE res[f(2)]:=
= (=) (2n)! .
(n—1)ln+1)!
4.82. res[f(2)]:-0 = 1; res[f(2)]:—+1 = —1/2' res [f(2)]:—o = 0.
4.83. res[f(2)].—0 = 0; res[f(z )}Z =1; res[f(2)]z200 = —1.
4.84.res [f(2)]:——1 = 2sin 2; res [f(2)]:-00c = —2sin 2.
4.85. res[f(2)].=0 = 1/9; res[f(2)]:=3; = —1/54(sin3 — icos 3);
res[f(z )2:, = 71/54(sin3+zcos3); res [f(2)]:=00 = 1/27(sin 3 — 3).

(
4.86. res [f](z l:hstymse = =1 (B =0,%£1,42, ).
4.87. ves [f(2)]ozkn ( 1)’“ (k=0,+1,+2,..).
4.88. res [f(2)]eokr = 0 (k =0, &1, £2, ...).
(2)]

(

4.89. res[f(2)]sokr = —1 (kK = 0,1, £2, ...).
4.90. 1) res [f(2)]s=2 = res[f(2)]:200 = 05
2) res[f(2)]:=2 = —res[f(2)]:=00 = —143/24.

o5}

4.91. res[f(2)].0 = —res [f(2)]z-00 = FTEEEE

4.92. res[f(2)]:-0 = res[f(2)]:-0 = 0.
4.93. res[f(2)]:=—1 = —res [f(z)]:=00 = —cos 1.
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4.94. res[f(2)]:=—3 = —rtes [f(2)]r200 =

9 e 42n e 42n+1
- o {; (2n —i2n)y T 2 (an)i(2n + 1)
4.95. res [f(2)]-=0 = 1/2; 168 [f(2)]ssini/n = % (k= +1,42,..).
T
4.96. res[f(z)].:—0 = 0, ecin n < 0, a Takme ecin n > (0 HeUeTHOE;
_1\n/2
res [f(z)]z=0 = ﬁ, ectu =0 umn n > 0 uerHoe; res [f(2)]:200 =
(n+1)!
= —res [f(2)]z=0.
4.97. 168 [f(2)]smum) = (71)’““1(,1 (k= £1,42,..): res[f(2)]seee =
i
2 & (DF 1
o2 2 6
k=1
4.98. res [f(2)],op2n2 = (1)K 7% (k =1,2,..).
4.99. res[f(z)].—0o = 0, ec1u n HeueTHOE;

et 22K (270 — 1)
res [f(2)]:—0 = (—1) WB%, eciu n =2k (k= 0,1,2,...), roe

Bs, — uucna Bepuynan (cwm. sanauy 3.100);
3¢ =———— (k=0,£1,£2,..).
res [f(z)}z*(kJr]/?)ﬂ' (k‘—|— 1/2)“7‘(‘71 ( 0’ ’ ’ )
4.100. 1; 1. 4.101. 0; 2.

4.102. =267 ecmn /1 =11 Ln1 = 2kmi; 0 11s BeTBeii, OnpenenseMpx
3HauYeHUEeM \/T =—1.

4.103. £(a — b)*/8.
4.104. 1) o — 3 (nns Beex metreit);  2) e® — P (mra Reex ReTReit).

1 1
4.105. 1) 2kmi + —— —
) 2kmit T

+ ..., ecnu Ln1 = 2k7i;
1 1

2) ST % + ... (mns Becex BeTBeit).

4.106. res [f(z)]Z*U = kﬂ, ecnu AI‘Cth = k7r; res [f(z)h,oc _M

2 3
ecmu Arctg oo = @
4.107. res[f(z)].—0 = 0, ecmu n > 0, res [f(z)].—0 = Ln %, ectun = —1,u
res [f(2)]oco = — (@™ — B™*1), ecan n < —2; res[f(2)]smoe = —— (@™ —
n+1 n+1

—A"), ecn n > 0; res [f(2)]ime0 = —2kmi, eciu m = —1 u Lnl = 2kmi, u
res [f(2)]:—c0 =0, ecin n < —2.

4.108. *2(3(](11.

c_op'(a c_pp*=V(a
4.109. 1) Ap(a);  2) c—ip(a) + ‘ﬁ( ) + ..+ lz;fi 1)!( )
4.110. 1) n;  2) —n.  4.111. 1) np(a); 2) —ng(a).
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A k né_n(B*
4.112. . 4.113. AB. 4.114. D AT A A
o' (a) nz( )" R2n

4.115. —7i/\/2. 4.116. —2mi. 4.117. —wi/121.

4.118. mi. 4.119. —27i/9. 4.120.1. 4.121.0.
4.122. 2" /(n+ 1) eciun > —1, u 0, eciu n < —1.

4.123. 32mi. 4.124.0. 4.125. Z I ”’“
01«9

4.127. 0, eciu r < 1; £1, ectm 7 > 1 (BHaK 3aBUCAT OT BhIOOPA BeTBU
NOIBIHTEr panbHON GYHRINN).

1 1 /2 2
4.128. —\/1++2. 4.129. — . 4.130. . 4.131. ——"
4 (1 +a) 14 em a? — 1
4132, 0 4q33 (Getbr
(a2 — 572 fa(a+ D)7
2
4.134. . T ~, ecin |a| < 1; — T 55 ecim la] > 1; 0 (rnaBHoe 3HaveHue),
a2 a2 _
ecant |a| = 1, a # 1 (npu a = £1 rnaBHOe 3HaYeHUE HE CYIIECTBYET).
7r(a6+1) 7 1—a'

4.135. 7@+ D  ecmu |a] > 1;

1- ab(a® — 1) "2 ab(a? — 1)
sHauenue), ecnn |a| =1, a # +1 (npu a = £1 rnaBHOe 3HaYEHNE HE CYLIECTBYET).

2
4.136. l eciu n > 0; 0, eciu n < 0.
TZ.

,ecnn |a| < 1 (rnaBHOE

4.137. misigna (npu a = 0 rnaBHoe 3HavYeHUe WHTerpana pasHo ().
4.138. —2misignIma.  4.140. —7r/27. 4.141. 7 /(4a).
1-3-5.2n—3) 7

4142, ————————~eciun > 1; —, eciu n = 1.
2:4-6..(2n—2) 2’ 2’
4.143. — " 4.144. ™2 g145. 7 4146 7H0/C27)
ab(a + b) 2 nsin(w/n) n sin(w/n)
k1 .
4.148. 7(;_11 l o 4.149.1) 75 (cosl —3sinl); 2) 3%(3 cos1+sin1).

—ab

4.150. % (2cos2 +sin2). 4.151. = 4.152. ge*"'”.
€
4.154. i, ecim t > 0; 0, ecimn t = 0; —me, ecnin ¢ < 0.

4.155. 7(2sin2 — 3sin3).  4.156. g(cosl - l)

e2

4.157. g [sin [t] + efm\/g/?(sin

t t
2‘+ﬁ0052)].

. _ 1 _
4.158. %[e*‘t‘ —sin|t|].  4.159. 7r(e b _ 5). 4.160. (1 —e ).

4.161. %[2 —(2+ab)e™ ). 4.162.7(h—a). 4.163. 4.164. %”

16 JI.W. BonkoBbickuii u ap.
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2) I'(p) si:p(ﬂp/Q)

4.165. 1

) I'(p) cos(mp/2)
D

cIopaBelJUBOCTH oTBeTa 1A —1 < p < 0, 10CTaTOYHO 3aMEeTUTh,

; 17 TOTo 4T0Obl yOeOuThCA B

YTO UHTerpan

nmpu 3TUX 3HAYEHUAX p CXOOUTCH, a q)yHKI_lI/IFI7 CToAlladg B 0OTBeTe, aHalnuTnuyec-

Kasf.

4.166. 11“(1) cos —.  4.167. 11"(1) sin .
P \p 2p P \p 2p
1 1
4.168. —F(—) cos (npn p = 1 u"Terpan paBeH E).
p—1 \p 2p 2
4170. -~ aav2. — "
sin pm 2cos(mp/2)
4.173 M (1’1 u p = 1 uaTerpan paBeH l)
’ " 4dcos(mp/2) PP = patp 2/
4.174. ,ﬂ 51.np)\7 ectn A # 0, .pﬂ ,ecamn A = 0.
sinpm sin A I

4.176. 0. 4.177.7w/4. 4.178. wctgmp. 4.179. wctgpm.

4.180. U -P) 4481, L(?’/?cos’% - 1).

23=P sinpr sin p

p
4.182. -~ [2P (1 - 9) - 1}. 4.183. " [1 - ( a ) }
sin pm 2 sin pm 1+a

pm aP~! m . pm pm n /4
4.184. — ————. 4.185. — sin — cos — — 1]. 4.186. .
sinpw (1 + a)P+! sin pm 2 2 V3
T
4.187. Ecau a we mpunamnexut unrtepany (—1,1), To [ = ———,
P peany (—1,1) Nz
rge v/a>—1 > 0 npu a > 1 (B nnockoctu ¢ pazpesoM no orpesry [—1,1] Be-
5 ; T ; a2
mmunma \/a? — 1 ogwosnauma); mpu a = +e'® [ = +—_—_ !7/4=a/2),
) ) P V2sina
npu a =1y I = %sign y; mpu —1 < a <1 I = 0 (rnaBHOe 3HaueHUeE).
1+ 92
4.188. Ecau b ne npunagnemur unteprany (0,1), To I = .prq(b—
sin pm

—1)7?, rge (b—1)"2>0, ¥»'>0 npu b>1; ecimu 0<b<1, 10l =

= —7ab? (1 — b) “ctg pm (rnaBHOe 3HAUEHHE).

4.189. — . 4.190. —Ilna. 4.191. — (7> +4In’a).
nsin(w/n) 2a 8a
T 3 3
4.192. 21 ,717—).
zasm(2 na 1
4.193. —m.  4.194. "In2.  4.195. L2 %
4 2 1+a

™

1

4.197. 1) ! + 1 (an a=11= l) 2)
1—a Ina 2
2n

4.198. — {12(71)’“ 2kt 1 ! }
k=0

2n + 1 InZa+ (k+1/2)272 1+ a

2n—1

1 1 - it 2% + 1 }
4.199. — — —1 - .
Zn{l—o—af +2a g( ) In2a 4+ (k+1/2)2x2

o

2a(In” a + w2 /4) C1+a
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m(1—2071)

4.201. ° (mpua=1T=1In2). 4.202. " th "2
sinam 2 2
™ nlem®
4.203. ———. 4.204. ———. 4.205. ——.
2ch (mwa/2) (e™ 4+ 1) 2cos(a/2)

a
,ecin a > 1.

4.206. gln(l +a),ecin 0 < a < 1; gln !

4.208. 1) f—| 2) In ;t, eciut>1; 0,eciut<1; ecmmt=1,tol=0
npun >1u I =1/2 (rnaBuoe 3uauenune) npu n = 1.
atyn
4.209. € 't 4.210. sint.  4.211. 1) cost; 2) ¢t —sint.
n.
at bt ct
4.212. c ° c

b—a)e—a) T @-0e—b  (a—ob-o

4.213. l'(l - %) /, ecimt > 1; 0,ecin t < 1.
n!

u

e e " 2
——: 2) ——. 4.217. erf \/t, rne erf u = /ef“” dx.
Vvt ) vVt \/ A )

4.218. ¢ ' erf /t. 4.219.sint, ecin t < w; 0, ecan t > .

4.220. l,ecn 0 <t <a; 0,ecint=a; —1,ecma <t < 2a; —1/2, ecin
t = 2a; 0, ecniu t > 2a.

4.221.n+1,eciuna <t<(n+1)a; n+1/2,eciut =na (n=0,1,2,...).
4.222.1— erf (cm. oTBet K 3anaue 4.217).

—t —it

4.216. 1)

2V/1
4.223. L 19 S(-1)me iR sin(nmr/a).
a — nmr

t
4.224. —Ei(—t), rae Ei(t) = / .
u

— 00

2sht 2mi

4.225. 4.226. —. 4.227. 0, eciun b < 0; arch é, ecmu b > 0.
a a

1

4.230. Vz2+1>0 upu z > 0).
NES A P )

4.231. 1)

1
————,ectma >b; 0, ectn a < b;
2 _ b2

2) 0, eciu a > b; , ecan a < b.

o
b2 _ a?
4.232. (n/2)Jo(i|a|VET — 7).

4.233. Ecan peficTBUuTenbHadg yacTh XOTHA Obl OOHOTO MOJIOCA MOJOMUTENEb-
Ha, T0 lim f(t) = oc; ecin meficTBUTENRHBIE YACTH BCEX MOMIOCOB OTPULATENh-
t—o00

HBI, TO lim f(f) = 0; eClIi HEKOTOPbIe NMOJMI0CHI PacnoioeHbl Ha MHUMOI OCH,
t—o0
a BCe oCTajlbHble UMEIOT OTpULlaTelbHYIO NeNCTBUTENbLHYIO YacTh, TO f(f) npu

t — oo Kone6aeTcs, NpUUeM aMIINTY1a KolebGaHNil HeorpaHMUYeHHO Bo3pacTaerT,

16*
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eciau XoTsA Obl OAUH MOMIOC HA MHUMOI OCH MMeeT MOPSIOK BbIIIE MEPBOro, U
0CTaeTCA 0T paHUYEHHOM, ecIn BCe TOMI0ChI, PACNOI0KeHHbIe Ha MHUMOM 0CH, —
npoctelie. Ecin na MHMMOI 0CH TONBKO OJWH MONIOC B Havyane KOOPAUHAT, TO
f(t) = oo, ecmu momoc — wpatusiit, u f(t) — res [e**p(2)].—0, ecnin nomoc —
MIPOCTOM.

at — 3 iw iw—/2aiv—w?
4.235. f(f) ~ prat 4.236. f(f) ~ \/ﬁe .

x oo
—xz—t —xz—t
4.239. Pemenue. [IpencTaBuM uHTErpali B BUIe /e ; dt—}—/e ; dt.

—T
Tar kak NpW acCUMITOTUYECKOM pas3NoMeHUU N0 OTpHUNaTelbHbIM CTEeNeHAM X
e 7 ~ 0, To ua pemenns 3agaun 4.238 crenyeT, YTO BTOPOi MHTEr pal aCUMIITO-
TUdecku paBeH Hyqlo. CorjacHo ompefeleHHIO IN1aBHOTO 3HAUYeHUA HMHTerpaia

A E ot ot
/8 dt:e*’lim[/LdH/e—dt]:
. t e—0 L. t . t

€

T ot t - o
o ,—t _ ot 3 o=t _ ot
=e "lim !dt:emfidt
e—0, t . t
€ 0
(B mocnegHem wWHTerpale NOAbIHTerpaikHas (GYHKIUS HenpephiBHa). Hanee,
x 1 T T T
—t_ t —t _ ¢ —t t t
/e ¢ dt:/e ¢ dt+/e—dt+/e—dt~()(1)+/e—dt.
. t . t J ot J i J t
0 0 1 1 1

NuTerpupys no yactaM, NOIydUM

x xr
t 1 1 —1)! t
/e—dt:O—i-e"”(f—i-—,)—i-...—i-u)—kn!/ © at,
t T T
1 1

Tn tn+l

rge C = C(n)  nocrosHHas BennunHa. 0cTanoch yCTaHOBUTH, UTO

T
_ et
lim z"e T/ dt =0,

r—00 tntl
1

a 3TO Jerko OoKrasaThk NpU NoMOIIN npaBuia Jlonurana.

4.242. Pemenue. PaccmoTrpum /62242 dt, rme koutyp C uzoOpakeH Ha

puc. 68 (npu Rez > 0). dror MHTergan paBeH HyIO U mo3ToMy (z = = + iy)
2 oo oo
/eztﬁdt = /ezzﬂ“zdt - /6227("’“”)2dt.
0 0 x

-~ - ™ 2
[lepBbIit MHTErpan B NpaBoil YacTU paBeH v e’
2

BTOpOﬁ 3anuiieM B BUIe

%] S
22

(t+iy)?

_1/ Vogest -t - 1 1/78 dt
Puc. 68 2/ t+iy 2z 2) (t+iy)?
xr

T

[lorTOpAA MHTEerpupoRaHUe MO YacTAM, MONYyYUM Tpebyemoe pasnoxsenue. [lna
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oCcTaTKa MMeeM OLeHKRY

fe's) . oo
1-3.(2n —1) /‘3227““”2 ‘ < 1-3.2n—1) [ em =F

dt
on (t + iy)Qn on § ‘f/ + 7y‘2n
x
® 22 1
CHoBa UHTErpupyda mo 4acTaM, nojaydaemMm ‘t+i’g‘2” dt < Q‘Z‘Qnm, OTKyOa u
T

clenyeT, 4TO pasiloxkeHue fBAAeTcA acumnToTudeckum. Cayuait Re z < 0 pac-
cmaTpuBaetcs ananornyno. Ecnn e Rez = 0, 1o

e? 7(t+7,y OolftQ \/E
‘/ ; ‘ </ —dt= V"
+7y n y2n 2y2n

0

4.244. f(t) ~ isin (wt+ 2) 7 %r [r(3/2) 1(7/2)

>

w? 3/2 W2tT/2
T
4.245. f(t) ~ 1+ Z :;%;,/2); npu Matom ¢ f(t) = FEZ//'ZQ) _
13 19/2 N 4t3/7

@ Tt Y avE
4.246. 1. 4.247.0. 4.248. 4. 4.250. 1; 3. 4.251. 0; 4.
4.252. 2. 4.253. 1. 4.254. n. 4.255. n.
4.257. Pemenue. Takr Kak nociefoBaTelbHOCTh QYHRIUN fi, (z) CXOIUT-

e & ¢ynxnuu e'/? Beiony, kpoMe Toukn z = 0, To m1A MoGoro kpyxka K, c
HeHTPOM B Touke z # () U He cofepallero Havala KOOPAWHAT HU BHYTpU ceb,

HU Ha rpaHulle, nIpyd 3ajaHHoM € > (
MOMHO YyKazaTbk Takoe N, 4UTO Hepa- K37/ NN Q
BeHcTRO |fn(2) —e!/?| < e Gymer mhI- / =
HNONHATbCA [JA Bcex Touek Kpyra K -a\
npu n > N. Ocraerca BbIGpaTh £ < \
4\\\\\ &
HOMY KOpHIO. Uf\\ NN N
4.264. Bo BTOpOM M TpeTheM KRa- Puc. 69
IpaHTax 1o JBa KOpHA. e

< mi(g |el/2 |,rne C OKpY#HHOCTBL KpY-
zeC
4.266. B o6nactu 3 > 0, a > ++/B (o6nacte I na puc. 69) m = 0; B o6nactu
B >0, a< ++/B (c6nacts II) m = 2; B o6nactu 3 < 0 (o6aacte III) m = 1.

ra K, u npuMeHuTh Teopemy Pyte.

Mpumeuanue. YTBep#aenue 3a-
Jauy HelNOCPeICTBEHHO clefyeT U3 Te-
opembr ['ypeuna (cm., nanpumep, [1,
ra. VIII, o. 2]).

4.261. 0. 4.262. 2; 1.

4.263. B kamagoMm KBagpaHTe 10 OfI-
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4.267. B o6nactu o > 0, 8 > 1/a (o6nacteb I ua puc. 70) m = 0; B o6aac-
T, rae uin o < 0, unmn o > 0, B < 1/a (o6nacte II), m = 2.

4.268. B o6nactu a > 1/2 + /(3> + 1/4 (o6nacts I ua puc. 71) m = 0; B
o6nactn 0 < a < 1/2 + /% + 1/4 (o6nacte II) m = 2; B o6nacTu, rae umu o <

. 1-

.
//////llllillmrm,,f'm

11 ,@ : /; 5 //Qa ‘:

[@) < w’€ \:

NH \‘\ == y I{\\\
Puc. 70 Pue. 71

<1/2—=+/B+1/4,um1/2 — /B +1/4 < a<0,8>0 (o6nacts III), m = 1;
B o6nactn 1/2 — /8> +1/4 < a <0, 3 <0 (o6racts IV) m = 3.

4.270. Obnacts, conep:kaliad MOI0AKUTENRHYIO NOIYOCh @ U OrpaHUUYeHHasA

. a = —tcosTt/sin T, 7r
auHUAMU a + b =0 u b= t/sinrt, 0<t<§
4.271. O6nacTh, Nekallad B TEPBOM KBaJpaHTe U orpaHudYeHHasa TUHUAMU
a=tgTtt ™
= ’ <t —.
b On{b—tz/cosrt, O\t\g—r

4.272. Koneunas o6nacTh, orpanndentas orpeskom b =0, 0 < a < 7/(27)

. | a=tsinTt, ™
1 ayron {b—tzcosrt7 OSts 27

4282 2 =0+ 2 (@) + L L {f@PH + o+ D D @I+

1 > moann+1)..(2n-2)
4.283. 2z = jw+ Y (1) T T w

22n—1 . nl !
n=2

22727211)4—i(71)"w n
42805 =0t 5100 1) + S @ - 1)+

w® 1 dn! .
T om Zan=T [(a®> = 1)"] + ...
—1,n—1

- " " > n—I1
4.286.1) z =Y %w"; 2) et =53 (an 4"
n.

w™.
n!

n=>0
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w™ dnfl

4.287. zfa—{—z

T gn (sin” a).

z—m/[2 I
4.288. Pemenue. dyusuusa w = 7/ aHalUTUYHA B KpyTe |z — 5\ <
sin z
™ . ™
< r,ecmn r < 3 1 He MMeeT B 3TOM Kpyre ApPYrux Hyleil, KpoMe z = 5
2r
Ha okpysHocTu aToro kpyra |w| > pranpry no3ToMy Kpyr |w| < p papnyca
er +e~
2r I
p < prarp— oTtofparkaeTca HAa COOTRETCTRYIOMYIO OKPECTHOCTh TOUYKM 2 = 5
e +e~

B3aVMMHO OJHO3HAa4YHO U palnoxmeHue z(w) B 3TOM Kpyre CXOoOguUTCH. q)yHHL[I/IH

2r op* T 1 7r
— WMeeT MakCUMYM npu r =r*, rge e = * (r* =1,19.. < 7),
e’ +e " r* —1 2

2r*
M 3TOT MakCUMyM paBeH —;—— = /r*> — 1 = 0,6627... Takum oGpazom,
er +e "
WCKOMBII pafinyc cXoouMocTH He MeHkine yeM (), 6627... B To #e BpemMsa Touku
dw T
w, B KOTOPBIX ™ =0, T.etgz=2— 5 He MOTYT HaXOOUThLCA BHYTPU Kpyra
[z

™
cxoguMocTH paznoxenus z(w). O603HaunB 2z — 5= t, npeobpasyem ypaBHeHHe

dw ; it + 1 .

i =0 & Buny ctgt = —1t uau et = a1 CnenoBartensho, it = r” KOpeHb
dw t 29r*

ypaBHenusa — = (. CooTBeTcTByIOllee 3HaYeHUEe W = —— = —————
dz cost er +e” T

2r*
oTkryna |w| = = Vr*? =0,6627... ITa TOUKa HAXOOUTCS, TAKUM 006-
) -

pasoM, Ha OKPY#HOCTU KPYTa CXOAMMOCTH, U PajnyC CXOAUMOCTHU paBeH, cle-
noBarenbHo, Vr*? = 0,6627...

I'naBa V

5.1. Kombwo 1/2 < |z| < 1. 5.2. Bremnocts equanunoro kpyra (|z| > 1).
5.3. |z < 1. 5.4. llonynaockocts Rez < —1.

5.5. JleiicTBUTEeNLHAA OCh.

5.6. Bca ninockocTh, KpoMe Touek z = 0, +1,£2, ...

5.7. |z| > 1. b5.8.|z| < 1.

5.9. Bes mI0cKoCTh, KpoMe eIMHUYHON okpymHocTH (|2] # 1).

5.10. Best miockocTh, kpoMe Touek z = 41/ 4H Ui/ (Lo — 1 9, ).

5.11. Pemenue. Ecnu pan Zan CXOOUTCH, TO TpU \z\ <1 cxomu-

n—=1

> anz" an 2™
", ",
MOCTBb pAna E ——— o0ueBH]JHA, a U3 TOxOeCcTBa g = — E apn —
1—2n 1—2zn

n=1 n=1
[eS]

Z] a crenyer, 4To pAR cxopuTea u npu |z| > 1. Ecau pan Zan
B / oo n—1
pacxoauTcsa, TO pAn Z(an" umeet paguyc cxomumoctu R < 1. Ilpu |z| >

n—=1
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n

oo
anz™
> 1 pacxoauMoCThb pAnda E 1 n " cjlenyeT M3 Toro, 4To B IPpOTHMBHOM Cliy4dae
_an
[>S) n=1 oo
an an anz”
cxonuica Obl pAn E ———, a clnefoBaTeNbHO, U PAQ E - =
117z” : 1—2zm 1—2m
n— n—

oo
= E an. Ecin me |z| < 1, To Mooylnh OTHOWEHUA ¢ OGIINX UIEHOB PANOB

n—=1

oo oo
n anzn
E anz" n E ] — 3akII0O¥eH B Mpejefax 1—|2| € ¢ £ 2 u, cremoBarenn-
— 2
n=1 n=1
HO, o6a pAa CXOAATCA UIN PacXogATCA OTHORPEMEHHO.
oo
5.12. 1) E bnz", roe by, = Zn,p, npuyeM CyMMHpOBaHHe pacnpocTpaHeHo
n=1

Ha Te MHOEKChl P, KOTOPbIE ABIAITCAH OelUuTelaMU 4ducia n, BRIIOYad 1 un.
o)

Panuyc cxonumoctu R = min {r, 1}7 rmer paguyc cXoOUMOCTHU pAna E anz"™.
n=1
oC oC oo 2
_(=nn (Ink)™ . 1T 7w,
5.13. E an(z—2)", roe a, = oy E il ag = w6 )
n—0 k-1 k-1

R=1.
1 1
5.14. 5 ecan |zl <1, n —5 ecin lz| > 1.

1
5.15. — - ecnu |z| <1,u ———
(1-2)2 (1—2)2

5.16. z, ecn |z| < 1, u 1, eciut |2| > 1.

, ecan |z| > 1.

1
5.17. — ecim |z| <1, ——, ecim |2 > 1.
z—1 z—1

5.19. 1) u 2) cxoasATCA paBHOMEPHO BO BeAKOM Kpyre |z| < r < 1 u Bo BeAkoi
o6nacTu |z| > R > 1; 3) cxomuTcs paBHOMEPHO Ha Beeil JeifiCTBUTENbHON 0CH; B
OCTalbHBIX TOYKAX PacXOAUTCH.

5.21. CxoxguTca paBHOMEPHO Ha OKDY#HOCTU |z| = 1; Bo Bcex oCTalbHBIX
TOUKaX PacXoguTCAH.

5.22. CxonuTtcsa paBHOMepHO B M060# monymiockocTu Rez > §, roe § > 0.
5.23. CxoouTtca paBHOMepHO B jir000it momymniaockoctu Rez > 1+ 4, roe
6> 0.

5.24. CxoouTca paBHOMEPHO Ha JeHCTBUTENbHOI OCU; BO BCEX OCTalbHBIX
TOUKaX PacXxogUTCA.

5.25. CxoguTcsa paBHOMepPHO Ha BCAKOM oTpeske [2kn +¢g,2(k + 1)m — €]
nefictruTensHoi ocu (k=0,1,2,...).

5.26. Her. 5.33. 2. =1z, = —00. 5.34. 2, = —00, z, = 1.

5.35. xr. = —o¢, 4 = +00. 5.36. x. =0, z, = +o00.
537.z.=0,z,=1. 5.38.z.=2,=-1. 5.39. z. =2, = +o00.
5.42. z. = 0; pacxoAUTCA BO BCeX TOUKAX I'paHUIbI.

5.43. r. = v, = —2; pacXoIuUTCcA BO BCeX TOUKaX I'PaHUIbI.

5.44. z. = 7, = 0; cxonutca (HeabcoMOTHO) B Toukax z = (2k + 1)mi
(k=0,£1,42,...), a B ocTalbHbIX TOYKAX TPAHUIBI PACXOTUTCSI.

5.45. . = x, = 0; cxoguTcA abCOMIOTHO BO BCeX TOUKAX I'PAHUIIBI.
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5.46. r. = x, = 0; cxoguTcA HeaGCOMIOTHO BO BCeX TOYKaX I'PaHUIIbI.

5.54. UnTerpan cxoauTcs paBHOMepHO Bo Besakoit monoce ) < a < Rez <
<A< .

5.55. UuTerpan cxoguTcs paBHOMEPHO BO BCAKONM moayminockoctu Rez >
>a>0.

5.56. urerpan cxoqurcsa paBHOMEpPHO BO BeAKkoil nomoce a < Rez < 2 —a,
rae a > 0.

5.57. Unterpan cxoqurcsa paBHOMEpPHO BO BeAkoil nomoce a L Rez <1 —a,
roe a > 0.

5.58, 5.59. UuTerpan cxooutcsa paBHOMEPHO B NIOG0OM 3aMKHYTOM HUHTEpP-
Bale AeficTBUTENLHON OCH, He cogep#salieM Havala KOopauHarT.

5.60. uTerpan cxoguTca paBHOMepHO B moaymiaockoctu Imz > 0 c yna-
MeHHBIM MONYKPYTOM |z| < r, rIe r — CKOIb YrOAHO Maloe MOI0MUTENbHOe
4Hcio.

5.61. Uurerpan cxoagurca pasHomMepHo B untepranax 0 < a <2< f38<1mn

1<y <z<o0.
2 —n3

5.62. [pumep: f(t) =" mpun<t<n-+e (n=1,2,..)u f(t) =0
IS BCeX OCTalkHBIX .

5.63. xz. =2, =0. b.64. . =2, = —00. 5.65. 2. =12, =+00.

5.66. r. = —o<; z, =1. b5.67. z. = —o0; T, = +00.

5.68. x. = -1z, =4+cx. 5.69. 2. =0; 2z, =1.

5.70. Pacxogutca Bo Bcex Toukax rpanunel. 5.71. Cxogutcsa abCconioTHO.

5.72. B Touke z = () pacxoguTcd, B OCTalbHbIX TOUKaxX I'PaHUIbI CXOJUTCHA
HeabCoMIOTHO.

5.73. Bo Bcex Toukax rpaHUIbl CXOOQUTCA HeaGCOMIOTHO.

I'nasa VI

6.9. Pemenue. Broiuucnas nHrTerpanbl, BXogdaliyie B O4YeBHIOHbIe Hepa-

BeHCTBa 71'/2 71,/2 71'/2
. 2n+1 . 2n . 2n—1
/ sin rdr < / sin”" xdr < / sin rdr,
0 0 0
nonydaem . .
[ (2n)!! ]2 1 ™ [ (2n)!! ]2 1
@2n -1 2n+1 = 2 (2n — 1) 2n’

[nsa norasaTenbcTBa (GopMynasl Bamnuca ocTtaeTcs yCTaHOBUTh, UTO Pa3HOCTh
MeM Iy KpallHUMU uleHaMU B 3TOI CUCTeMe HepaBeHCTB CTPEMUTCH K HYIIO
npu n — 0.

6.12. 1) He coxpauutes; 2) CoXpanuTes.

6.14. 1) Pacxoautcs; 2) pacxoautes (K Hym0); 3) cxonutes; 4) CXOOUTCA.
6.15. Cxogurca weadbconoTHo. 6.16. Pacxogurces.

6.17. Cxomutcs, ecnu p > 1/2, npuduem cxoauTcs aGConioTHo, ecnu p > 1;
pacxonutes, ecin p < 1/2.

6.18. CxonuTcsa aGconioTHO, ecau p > 1; pacxoaures, ecau p < 1.
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6.19. Cxonutcs abeomotno.  6.21. 2| < 1.  6.22. |z| < 2.
6.23. |z| < oco. 6.24. |z > 1. 6.25.|z| <1/e. 6.26. |z| < co.
6.27. |z| < co. 6.28. |z <occ.  6.29. |z| < .

6.36. Pemenue. 1) Boiunrtan us pana ((s) =1+ 2% + %S + ... pan ona
27°((s), monyuum (1 —27°)((s) =1+ 317 + 517 + ;—q + ...; B IpaBoii 4acTu 3To-

ro paBeHcTBa OTCYTCTBYIOT Te WIEHbl —, JUIA KOTOPBIX n NeTUTCA Ha 2. AHa-
n
1
—3 —s _ o
aormuno (1 —27°)(1— s °)((s) =1+ 5 + o + ..., IpUYeM B NpaBoii YacTu
1
OTCYTCTRYIOT WNeHbl ——, JUIA KOTOPhIX 1 JenutcA Ha 2 uan ma 3. BooGme
n

(U= p )1 =0 )= () =1+ 3 L, ()

npuyeM cyMMUpOBaHMe B npapoit yactu (1) pacnpocTpaHeHo Ha Te UHIEKCHI N
(6oabire eIMHUNbI), KOTOPbIE HE NENATCA HU HA OXHO U3 YUCEN Pi, P2, ..., Pm-

Jlerko mokasaTh, uto npu Res > 1446 (6 > 0) cymma psana B mpaBoii uac-

i (1) cTpeMuUTCA K HYIIO TPU M — 00 U, cieioBaTensHo, (s) H (1—py°)=1.
m—1

2) Tak kak M3 npu3HaKa aGCOMOTHON cxogumocTu (cM. 3agauy 6.13) cre-
(o)

IyeT, 4TO NPOU3BeIeHne H(l —pm’) npu Res > 1 + 6 cxonuten, To GpyHKnuaA

m—1
¢(s) ne umeer uyneii npu Res > 1.

6.37. Pemenue. M3 moxazanHoro B mpeablaylleil 3agade ciremayeT, uTO
[e e}
1
(1 +9)

npu ao6oM § > 0 H(l fp;“*'g)) =

oo n—1

(l;im (1—p, ") = 0. Tar wa& (1 —p,;') < (1 —p,"*"), 10 aAcko, uT0 MpO-
—o0l2 . _
u3BeneHue H(l —py') pacxoguTes (K HymIO), a CleOBATEIRHO, U PAL Zp;1

n—=1

. OTcionga n1erxo 3aKIIOYUTE, YTO

n—1
TaKk#e pacXoouTCH.

2 2 2 1
6.57. " . 6.58. " 87 659, " 6.60. (1 + macthma).
sin® wa sinTa . 8 2a*
1 ma s
6.61. — (1 . 6.62. —.
2a? ( + sh ﬂa) 32
(71)k+122k—1ﬂ2k
6.63. TB% (Bax — uncno Bepuynnu; cm. 3agauy 3.100).
sinab
6.64. ~2""  6.67.p=0. 6.68.p=n, o =a.

2sinma’
6.69.p=1,0=3. 6.70. p=1,0=3.
6.71. p=3,0=2 6.72.p=2,0=5. 6.73.p=1,0=1.

1
6.74. p=1,0=1. 6.75.p=1,0=1/2. 6.76.p= ,o0=1.
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1 N 1
6.77.,0:%7 o=1 Pemenue. Zﬂﬁzi(cosﬁ—{—comﬁﬂ),
e n n= et 2n
z 1 4 .y ) z
= — A - =
oTKYyna ;}(22%)! 2(cos 7z + cosi/z HaIOrUYHO, ;(23%)!
1 .
= Z(cosa{‘/g—i-cosaz\/g—kcosg\“/E—i-cosof{‘/g), rie o = /-1, oTkyna
e on
2(237" Z(‘owy Vz, nrT I

n=0
6.78. p =
6.79. Pemenwne. JocTaTouHo, Kak HETPYIHO BHUIETh, PAacCMOTPeTh
1
anavenna z > (. Torxa (/6”2 dt) /ez < 1; ¢ ppyro#i cropousr, ecan 0 <

< a<l, To
1

1
(/e”2 dt) /e'” _ /62“2*”) dt >
{ 0

0
Cnenoratensno, p =1, 0 = 1.

2
7 dt — 0o mpu z — co.

E‘\»—A

6.81. p* = max (p1, p2).
6.82.1) p" =p, 0" < o1+09; 2) p° =p, 0" =max(o1,02).
6.83.1) p" <p,0"<20;2) p" <p, 0" Lo

6. 84 Pemenwne. Eciu z = re'¥, To npu mo6om 3aganHOM r BelddnHa
2

s T
JocTUTraeT HauGONbIIEero 3HaYeHUS NMpU ¢ = :i:E; oHo paBHO 1 + VR

o
C npyroii croponsl, npu aob6oM € > 0 (e < @) u n > ny(e) umeem ﬂ% < An <
€

< U, cle0BaTenkHo,
a—¢ 2 2.2
1+u<1+7<1+w. (+)
n 2 n?
> E TYr _ ,— T
A Tar Kak H (1 + v ) = Sl::;w = ¢ QW:T (cMm. szamauy 6.48

n—=1
nan 6.53), To U3 HepaBeHCTR (), BRUAY NMPOU3BOIALHOCTU £ U PEIIeHUA 3aja-

un 6.80, crmemyer, uTo nopsAnok p GyHxuuu f(z) paBen 1, a TUN o He MeHb-
me tuna GpyHKIUU "% u He Goawbme TUna GpyHnuU e, T. e. T < 0 < wO.

Bz

6.86. Pemenue. llycts M(r) p, 0 MakcumyM |f(2)| ( Ha okpyskHoCcTH
|z| = r, nopagok u Tun ¢pyusuuu f(z), a Mi(r), p1 ¥ 01 — COOTBETCTRYIOLINE

xapasTepucturu ans ¢pynsuuu f'(z). Uz pasenctra f(z) = /f'(t) dt + f(0)

0
cregyer M(r) < rMi(r)|f(0)| n, crenomatensno, p < pi. Tar war f'(z) =
1 d
= — M, rae B KauecTBe [ MOJKHO B3fITh OKPY#HOCTH C HEHTPOM B
2mi) (¢ — 2)?
r
Touke z paguyca § (§ > 0  mo6oe), To Mi(r) < M(r+a)/a’, 1. e. p1 < p,
U, TakuM o6pasoM, p1 = p. OTciofa ¥ U3 NPUBEJEHHBIX BbIlIe HEPABEHCTB 3a-
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KJIouyaeM, 4To o = o. [Ipyroit BO3MOKHBII cmoco Joka3aTelbcTBa OCHOBaH Ha
TeopeMe, TPUBEIEHHOII Ha C. .

6.88. p=1,0=1/e. 6.89.p=a,0=00. 6.90. p=a, o =0.
6.91.p=0. 6.92.p=0. 6.93.p=1,0=1.

6.94. p=1,0=2. 6.95. p=1; h(p) =cos .

6.96. p = 1; h(p) = cos g, ecnu cosp > 0; h(p) =0, ecau cos ¢ < 0.
6.97. p=1; h(¢) = |siny|. 6.98. p=1; h(y) =|siny|.

6.99. p=1; h(g) = |cosp|. 6.100. p = n; h(g) = cos ne.

6.101. p = 1/2; h(p) = |sin(g/2)|.

6.102. 1) h*(p) = h(p), ecin h(p) > 0; h™(p) =0, ecmm h(p) <0,
h*(p) <0, eciu h(p) =0; 2) Bcerma h™ () = h(p).

6.103. Ilpumep f(z) =e* — P(z), /2 < ¢ < 3w/2.
I'nasa VII

7.2.1) F"(2)= (12 —a)", F (2)=0; 2)F'(2)=0,F (2)=-1/(z —a)™;
3) F(z) = (z—ay’

Romwu o6pamaercsa B unterpan Komwu.

7.3.1) F*(2) = ¢(z ng( ) ng(zfak)

2) F*(z) = ng(m) +9(2), F(2) = —SO(ZHZ-‘M(Z,%) +
+9(2). gk(z !

~a
HOCTH momioca ag; ¢(z) — riaBHasg 4acTh pasnoxeHusa ¢(z) B OKPECTHOCTH
GeCKOHEUHO yIaleHHOH TOUYKHU, B KOTOPYIO BRIKOYAETCH CROOOIHBIN UileH.

2+ In((z - 2)/(z — 3))

F~(z) = 0. Bo Bcex Tpex ciydasx WHTerpal THUNa

) riaBHas 4acTh pasiokeHus QyHRuuU p(z) B OKpecT-

7

7.4. F* = F- = — .
® CD) p =
1 2
7.5. F7(z) =ctgz — — — ,,72,,, B wactHocty, F*(0) =0, F*(7) = ,i’
3 z] z* 727;- 2w
From)= > F (z)= > -
(=) o’ (2) 2z 22— 72
76. F(2)=— F (2)=———
A=y ¥ ="
7.7.F(2) = % HZU %, % ; B (an —ibn), ; IpefelbHble
3HAUEHUSA: - N
F*(Re Z(an —iby)e™? =
n(] = @ + —p(Re™) + E-i(—b cos nf + a, sin nf);
N 1 2 — n n 3
F~(Re") = — Z an + iby)e'™? =
n— ag 0

_;71 6 1 - .
=3 2<p(Re )+22( bn cos nf + an sin nh).

n=1
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7.8. 1) Ecau Touka z neut B Kpyre Q: |z — kn| < w/2, To I1(2) = f(z —
—kx), I(z) = (—1)* f(z — k). B wacthocTu, ecnu |z| < 7/2, 10 I,(2) = Ir(2) =
= f(z). Eciu Touka 2z neuT BHe BCeX 3aMKHYThIX @, To Ii(z) = I(z) = 0.

2) Mycre Qr — wpyr |z —kn| < w. Torma Li(z) = f(z —kn)+ flz —
—(k—1a], I(z) = (-D"[f(z — km) — f(= ~(k=1)m)], ecan 2 € Qr1Qs;
Li(2)=f(z = km) + flz = (k + D)7], I’(Z) (=1)* [f(z = km) = f(z = (k+ D)m)l,
ecmt z € QrQrsr; Ii(2) = f(z — k), L(z ) (—=1)*f(z — kn), ectn z nemuT

BHYTpH 06aactu Qi — Qr_1Qr — QrQr+1; L1(z) =0, I(z) = 0, ecin z nemur
BHYTPH IOMOJHEHUA KO BceM (.
1

— 15y, ot _ ¢ 1 _ 1 1=¢
S i F (C)_Qm'ln1+C 2’ F(O_len1+c

(=1 < ¢ < 1); F(+i) = :i:Z, FE(0) = :t%, F(0) = 0.

7.9. F(z) = — In
7TZ

7.10. F(z) = %Ln R 0JIHO3HAYHAA BETBbh B 2-TUJIOCKOCTU C pas-
e Zz —
pe3som Bronb C, onmpenensiemas 3uHauenvem Lnl = 0; Ln zt+ R =In z+£‘
_ ’
+iA¢ arg (¢ — 2), rne Ac¢ arg(¢ — ) npupaienye arg (C z) Boons C}
1 C +R _ 1 C+R| 1
F'(()=—In ‘ 2 F =1 -
(©) 27 +: (©) omi (- R| 4
1 R 1
F<c>=—wn ‘* \+f FO) =,
2mi 2
F*(iR)=>, F (iR) = —1 FGR) =Y, F(0)=—-_"-.
4’ 4’ 4’ TR
1 (+R
7.11. F(2) = S m (R (omHO3HAUHAA BETBb B 2-MIOCKOCTH C Pa3pesoMm
e -
Bnoab C, onpenensiemas 3uadenueMm Lnl = 0; nas \z\ > R ona COBl‘la,HaET ¢
ananoruuHoil BeTBbio Uz zagaun 7.10); F7(() = 2—1 §+§ +-, F () =
1 1 ]
m|SF R 3 poy= -1, oy = -
27rz (—R 4 2 TR

7.12. 1) 0, ecin |z| < rumn |z| > R, u 1/2", ecmn r < |z| < R;
2)1/z", eciu Imz > m, u 0, ecnut Im z < ;

3) 0, eciu |[Imz| < w, u —1/2", ecnt |Im 2| > T;

m 2% —1
4) ! {LnR+Z 222}, ecnu m = [ﬁ}, LnR+Z =
1

2wz R—z 2k — 1) R2k—1 2 R—z

‘ ‘ +iAc{arg (( — z) —arg(}  omHO3HAUHafA BETBb B z-MIOCKOCTU

-
%) Ha HepBbII/l B3IJIAI[l pelieHre OYeBUIHO:

1 -1
/ = Loy (1) = w2
2mi ) ¢ — 27r7 274 z+1

HeobGxonnmo, ounarm MPOBEPHTh, UYTO 3aKIIOYUTEIhHOE NpeobpasoBaHue [IeidcTRU-
TeJbHO MPUBOMOUT K yKaszaHHOH BeTBM Jlorapudma, Tak Kak paBeHCTBO Inzy —Inz; =
= In(22/21), BOOGIIE roBOpA, HECNpPABEINBO. DTO 3aMedaHue ciefyeT UMeTh B BUIY
U B JaidbHeHImeM.
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¢ pazpesoM Baoiab C, onpenensdemas 3Hauennem Ln 1 = (. [Ipenennsnoe 3HaueHue

. 7r 3T
»Toi BeTRM Ha C' clieBa MMeeT MHUMYIO 4acTh 5o acmpana — [ — — ). Atum
+ 114 (—1)!
onpejensiioTcs npegenshbie 3Havenus F-(¢) wa C; F(0) = — ———2——;
271 7]7,?R_t
+ 2

5) dyurnus F(z) Ta #e, 4To U B NpebIoylleM MyHKTe, TOAbKO Ln p
0HO3HAUHAA BETBb B 2Z-TNIOCKOCTU C pazpe3oM Mo Apyroit noxyorspyxuoctu C,
¢ TeM e 3HauenueM Ln 1 = 0. [Ipenensvuoe 3Hauenue 3Toii BeTBU Ha C' cleBa

3 s
nMeeT MHUMYIO 4aCThb ?, a copaBa — 5 . ATUM onpenendaTCa npeaelib-

_1\n—1
nple snavenus F*(¢) na C; F(0) = . . ﬁ
271 nR"
R+ 2z

Mpumeuanue. Bum 4)ub) Bersu Ln coBmanaior B Kpyre |z| < R,

BOOGIIIE #e OHU pa3nuuHbl; TaKk, HATPUMEp, HAa O B IEPBOM cllyuyae BeTBb UMeeT
3HaveHue —7i, BO BTOpoM +mi. OnHako F'(co) = 0.
b—z
a— 2z
B z-IJIOCKOCTHU C pasdpe3oM Broiab C, onpepensiemas 3uadenuem Lnl = 0 (Tax
#e OTpelensOTCA BeTBU B 3ajavax 7.14-7.17).

7.14.b—a+zLn((b— 2)/(a — 2)).

7.13. Ln = In ‘u +iAcarg (¢ — 2) ONHO3HAYHAA BETBb
a—z

n

n b=z .- bh—2z
7.15. 1 -1y n : A
) D AT 42 Ln,,‘,z‘2)z cnAnpz +¢(Z)Lna,fz’
k=1 n=1 k=1
pn—k+1 _ gn—k+1
Ay —— ¢
roe App T h
7.16. ! (Lnb*Z_Lnbfzn).
2= 20 a—z a — 2
! bz b~ 20 ’ 1 1
7.17 L —L A - A —
(Zzn)”|:na.z a*20+; ©(z — 20) :|7 k Icflx
1 1
- Fz) = —A, 1.
x [(b*zn)k*] (a,ZO)kq]’ (#0) +1

7.18.1) F*(z) = In (2 + R), F~(z) = In (1 n g); F*(() = n2Rcos £ +
+z‘§, F(¢) = 1nzcos§—i§; 2) F'(2) = m(R—2)+mi®%), F (z2) =

™9
2

:1n(1—5);F+(¢):1nQR +i”zw,F*(<):1n2
z
(oTcuer yrna ¢ = arg ( COOTBETCTBYET YCIOBUAM 3ajadi).

7.19.1) F(2) =0, F(2) =In(1—1/2); F*(¢) =0, F~(¢) =In(1 — 1/¢);

sin ¥ sinf‘—i-i
2 2

2) F'(z) =In(2/(2 = 1)), F~(2) = 0; F"(¢) = In(¢/(¢ = 1)), F~(¢) = 0.
1 31 R+ 2 m 22k—1 n
7.20. F(z) = 5 2 — {Ln T g o DT | roe m = [5},

6) EcinInzwulnz BETBH, yKasaHHble B yCIOBUHU 3a1auu, To Ln z = In (—z) + 1.
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z
MMeeT TO #e 3HaueHue, uTo B 3ajgave 7.12, 4). TuM onpegensiorcs
-z

aLnR

U npefeibHble 3HAUEHUSA Fi(C) uwa C. Eciu |z| < R, To F(z Z(’n , Cp =

n=0
gl
271, ¢—1¢n+t’
c

7.21. F*(z) = [2+\[1n ?} F(z) = :[2+\/51n;£}_
/7

7.22. F*(2) =0, F (2) =Ln((2 — b)/(2 — a)) (BeTBb n0rapudma onpene-
nAeTCA yCIoRMeM 3ajaum).

zZ—a

z2—b’

7.23. F'(2) =1, F (2)=1-—

7.24. FF(2)=z—-Aa—(1—=XNb, F (z)=z—-Ada—(1-Ab—(z—a)* x
x(z —b)'*.

7.25. F¥(z) =In = C” ,F(z) = Ln 2 =%
zZ—aQ

7.27. 2’ 42 —3,5. T.28. 1) %(m 21)} 2) %(m T )L”'.
-

7.30. Ecmu |z| >1u 2z ¢ C 10 F(z):%ln Z]Ln
i

z —

+ Fi(z), roe

R z
Fi(z) aHanuTHYecKas GpyHRUUsA npH |z| > 1, a BeTBb Ln 7 + BbiOpaHa Tak
— 2z

e, Kar B 3amaue 7.12. 4). OTciofna BUJHO MOBeIeHUE F(z) B Toukax +R
rounax nyru C.

7.31. D(f) — naomans o6nactu G', na kotopyio f(z) oro6pamaer 06-
nactb G.

2 _ 7z _ ow(
7.37. 1) Mg . 2)In Q‘; e
R(z — () 2 ems — emC
1 2T o 1 2T
r? — R?
7.43. u(z) = — [u dg, wu = — [u(¢)db.
u(z) 2 /“(o R2 —2Rrcos(f — @) +7r2 ' u(o0) 2 /“(o
0 0

7.45. 1) f(2) = ¢(2) + Y(R*/2), fi(2) = —p(R*/2) — ¢(z), npuuenm v(0) =
Im £(0) = Im [p(0) + (c0)];
2) f(2) = —ip(2) + iW(R?/2), fi(2) = ip(R?[Z) +ip(2), v(0) = Im f(0) =
— Im[—ig(0) + (o0)].
7.46. 1) f(2) = 2", fi(z) = —R® /2" (3mech u B oTBeTax k 3anauam 7.46
7.50 3nauenue v(() B3ATO paBHBIM HYIIO).

7.47. f() = 2[R, () = —1/2".
7.48. f(z —In(1 —2/R?) (In1=0), fi(z) =In(1 —1/2).

= (f0=3) re) ==/
7.50. f(z) =InR, fi(z) = —InR.

z—1"

(2) =
7.49. f(z) =
(2)
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7.52.u(z) = % / u(t)#, f(z)=— ~ / % +iC (nna cymect-

— 00 —0oQ
BOBaHUsA NEPBOr0 MHTerpana J0cTaTouHa KycouHas HeNpepbIBHOCTEL U OTPaHu-
yeHHOCThL u(t) BO BceM nuTepBaie (—oc,oc), M BTOPOTO IOMONHUTEb-

HO, HAanpuMmep, yHKuuaA u(t) T0TKHA UMETh Ha 6ECKOHEUHOCTH Nopsanor 1/|t*
(a>0))

oo o0
. 1 t— 1 t—
7.53. f(z)=u(z)+iv(z) = — /u(t) cth m(t=2) dt—— /71,1(t) th m(t=2) dt,
21 2 21 2
— 00 — 00
roe ui(t) = u(t + 1) (nnﬂ CyllecTBOBAHUA MHTErpajoB JOCTAaTO4YHO, HalpuMep,
4TO6RI u(t) y6pIBaNa Ha GeckoneunocTu, kak 1/[t]'"*, a >0 )
7.55. OrpymHOCTH B Kpyre |z| < 1, KacaTembHble K OKPYMKHOCTH |z| = 1 B
Touke 0.
7.57. [lyru okpymHOCTel, coeiMHAIOmMe BHYTpH EKpyra |z| < 1 Tou-

ku e’ , ef2

7.58. w(z;a,b) = ! Zﬁb, w(z;—o0,b) = larg(z—b); w(z;a,00) =
™ —a ™

1
=1—-— arg(z - a). FEOMETpI/I‘JECKOE 3Ha4YeHue 3TUX rapMOHUYECKUX Mep —
™

JIeleHHbI HA 7 YTOJ, TOJ KOTOPhIM BHUJEH 0TPE30K MM J1yd U3 TOUKHU 2.
1 1
7.59.1— —argz nna nyua argz =0 u —argz [nda nyya argz = 7.
v v
2 z—R T 2Ry
7.60. w(z,A) = —ar -1 =1—--arctg ———— w(z, T
(z,4) = 8. h 5 A8 T (2,T)
=1—w(z,A). lunum ypoBHA — IyT'U OKPYHKHOCTel, coeANHAIOmNE TOUYKYN £ R,

T
M3 TOYEK KOTOPBIX auamMeTp A BHUAEH T0J YTIoM 5(1 + w) B cayuae w(z, A)

7r(1 — g) — B cayuae w(z, ).

9 _ _
7.61. w(=T) = 2arg * B 762 w(zT) = Zarg V2 VE
b z+ R 7r f+f
1 —1 1 —1
7.63. Injz| = Inr nnsa |z = R Infz| = InR nns |z| =r.
InR—1Inr Inr —InR
7.66. u(z) = > cw.(z)
v—1
I'napa VIII

8.1. f(z) =) % ATUM pasno;enrieM f(z) aHaTUTUYECKHU MPOAOI-

n—=0
MaeTCA BHYTPh Kpyra |z —a| < |1 — a|, KOTOpBIA He NEMUT LETUKOM BHYTPU
kpyra |z| < 1, ecnu a He npunannexut untepnamy [0,1).

8.2. f(z) = ln—+Zl ( ) M; KpPYyr CXOOWMOCTH 3TOr0 psima
n

z+1/2| < 3/2.
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8 15. Pemenwue. Ilogcranoska et = z NPUBOAUT UHTErpan K BULy f(e) =

sinx dzx
/ x° = e*™®), UuTerpupys mo dacTAM, noryuum f(s) = cos1 —
1

(‘09 x

— - dx. Ilocnenuuit MHTErpan CXoAUTCA B monymiockoctu Res > —1.
. xr

1

8.19. 0 <Rez< 1, -1 <Rez< 1.
8.21. Touka z = 1 — mpocToii nonoC ¢ BRIYETOM pPaBRHBIM eIUHUIE.
oo
8.21. Pemenue. O6osnaunm uepes fi(z) = /eftcp(zt) dt. AHATUTUYHOCTh

0
¢yuruun fi(z) B Kpyre |z| < 1 cneayer us pesyinTaTa 3agaun 3.150 n o6mux
cBoiicTB unTerpana Jlanaaca (cm. c. ). MuTerpupys no dactam (n+ 1) pas u
nonb3ysfchk HepaBeHcTBamu 3agaun 3.150, noayunm mpu [z| < 1
oo

Z 2le o™ )50 + 2! /eitcp(nﬂ)(zt) dt =
k=0 2 00
= Zanz + 2" /eff’cp("“)(zt) dt.
k=0 0

Uz omenxu mas |¢"*| cregyer, uro BTOpoe ciaraemoe B mpaBoii WacTH Io-
ClIeIHEr0 pPaBeHCTRa CTpeMUTcA K Hymo npu n — oo ( |z| < r). [Ina noxasza-
TeNLCTBa BTOPOro yTBep:#IeHUs Bo3bMeM nio6yio Touky z € G. Torga BHyTpu
W Ha rpanune Kpyra, 1asa kotoporo (Jz ABIAETCA OUaMeTPOM, He OyneT, Kak
5TO HETPYIHO J0Ka3aTh, HU OAHON 0co6oil Touku gyukuuu f(z). lloaTomy npu
noctaTouno manom § > 0 BHYTpM m Ha rpanune C' kpyra paauyca |z|/2 + 0,

KOHIIEHTPUYECKOTO C Y€ NOCTPOeHHBIM, GyHKIUA f(z) Takme 6yIeT aHaTuTU-
oo

yeckoit. Takum o6paszom, nis HOBQJQJMHMEHTOB ¢, pasnomenus f(z) = g Cn 2"

n—=>0
copaBed/INBbl paBeHCTBA Cp, = 7/ dc u, cilegoBaTellbHO,
271 Cn+1

nfTL f
o) =50 / o

ntn
Tax Kar pan ZZT,TL(]O cxonutes paBHomepuo uHa C, To  ¢(zt)

n=0
= /f Yet/< C. Makcumym Bemmunnel Re(z/¢) na C paBen 2l _
2mi ¢ [z| + 0

=q< 1 (npy nOKasaTenbCTBE ATOTO yTREP:HIEHUA NO0CTATOYHO PACCMOTPETh

caydait, Korja z JeHCTBUTEIbHO U MOJ0KUTEIbHO, TaKk Kak MOBOPOT BOKPYT Ha-

vana KOOpAUHAT He u3MeHseT Beanunuel Re (z/(), u, cienoBarensto, |¢(zt)] <
oo

< Aett (A nocrosanHas). OTciofa U cleayeT, YTO WHTerpan /e’tcp(zt)dt
CXOOUTCH. 0
zZ — 22 zZ — 22
8.26. Eciun Lo = BeTBb (yHEKIUU Ln ~, aHanmuTHUYeckasa B
z2—21 zZ—=2

2-TNIOCKOCTHU C pa3pe3oM Mo ayre 7 u obpamamomasca B 0 mpu z = oo, TO

17 JI.W. BonkoBbickuii u ap.
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F(2)=(a—b)LnW2"2 F*(z) = (a—b)Ln"
z — 21 z — 21
2z — 22 .

— 2mi(a — b) NpM aHATUTUYECKOM MPOJONKEHUN
Z1

2z — 29

+ 2mhi; BuyTPU G

F7(2) = (a—b)In"

z —

gepea y u F~(2) = (a —b)Tn Y £ % 1pu aHaTMTHYeCKOM NPOIONKEHIN Ye-
—z
pes 7. '

8.28. 1) z = £3; 2) 2 = £2i; 3) z = +2i. Bo Bcex Tpex ciyyasx 3HAUEHUS
w'(z) pazauunble.

8.30. Han z = 1 nBa snemenTa: z = 1 + ¢,

1T—(-Y2 1 1

o= OO L <,
t 2 8
T+ -2 2 1

wo= OO 2 1 g <

t t 2 1

Hal z = 2 oauH anredpanveckuii F)JIEMGHT:ZZQ—{-tz,’w:]+‘t=1—l’t—
7

2., < 1

8.31. Han z = 1 nBa anre6panueckux anementa: z = 1 + 1527 w = :i:i\/f(l —
—t/2)"? = 4iV2(1 —t/A+..), |t| < 2; Ham z = 5 omuH anreGpaNvecKUil dle-
MenT: z =5 + 7, w = (t/2)(1 — #*/32 + ...), |t| < 2, U IBa NPABUILHBIX dIEMEH-
Ta: z =5+t w=+2i(1 +t*/32 + ...), |t| < 4; Han z = oc omun anrebpanyeckuii
aneMent: z =t Y w =1/t —t+.., 0< || < m

8.32. Han z = 1 nma anre6pandecknx snementa: z = 1 +1%, w = +(1 +
+) =21 +t/2 ), |t < 1.

8.33. Hag z = 1 Tpu anreGpanueckux siemenTa: z = 1+t w = wr(1+
+t/3+ ., t|<1l,rnewi =1, wo3 = e*2™i/3 Hap 2 = 2 onun anre6pandecKuil
aneMent; z = 2+ %, w = —(¢/V2)(1 — t°/12 + ...), |t| < 1 u Tpu NpaBUILHBIX
aneMeHTa: z = 2+t

w :wk%(l +t/12 + ) it < 1.

Hanm z = oo onuH anre6pandeckuii aneMenT: z =1 0, w = 1/t + /3 + ..., 0 <
<Jt| < {/1/2.

—92
8.34. Han z = oo nBa anreGpanuecKkux anemenra: z =1 °,

w= 411 at)2(1 - b)/? = il(l _athyy ) 0 < |t| < min (i, i).
7 7 2 ol To

8.35. z = 0 — cymecTReHHO ocofas Touka, ABy3HauHas: z = 12, w =
=P =141/t +1/2) + ..., 0 < |t] < .

8.36. Han z = 0 anre6panueckuii sneMent; z = t°, w = sint/t' = 1/t" —
—1/(3't) +t/5! —..., 0 < |t]| < o0.

8.37. Han z = () anreGpanyeckuii aneMenT: z =1°. w = ctgt = 1/t —t/3+ ...,
0<|t] <.

8.38. Han z = 0 anreGpanuecknii anement: z = t°, w = t(1 —t'/12 4 ...),
] < /.

8.39. Han z =1  onna TpaHcleHAeHTHasd TOYKa BeTBIEHUA 1-ro mopAnka;
Hajg z = oo 0fHa a.T.B. 1-ro mopsjka.
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8.40. Hag z =0 un 2z = ¢ 1o OfHOM a.T.B. 1-ro mopAnka; Ham z = 1
oJlHa mpaBUlIbHAsA TOUKa U OJHA CYIIeCTBEHHO ocofas TOUKa OMHO3HAUHOTO Xa-
pakTepa.

8.41.Hanz=0uz=o0c0 mo ofHO# a.T.B. 1-ro mopAgKa; HAI Ka#I0i U3 To-
wek 2= (14 1/(kx))? (k=+1,+2,...) M0 0HO# NPARMIBHOI TOUKE U TI0 OAHOMY
noaiocy 1-ro mopsanka; Hang z = 1 oJlHa mpaBUIbHAsA TOUKa U OJHa HEeU30JU-
poBaHHas ocofas TOYKa OJAHO3HAUHOrO XapakTepa (mpepenbHas O NOIIOCOB).

. 2 2

8.42. Han 2z =0 onHa a.T.B. 1-ro mopAnKa; Hal KamkIooi U3 Touek z = k™
(k= =+1,+2,...) no gBa noaoca 1-ro NOpsAAKa; HAX 2 = 0O OJIHA HEM30IUPOBaH-
Hasg TOUKa BeTBIEHUs (MpeelbHas MU MOMIOCOB).

8.43. Hapn wampoit us touek z = 0, 2 = 2 — no mecTh a.T.B. 1-ro nopfaaka;
Hajg z = 1 ABe a.T.B. 2-ro NopsAAKa U 1IeCTb NIPaBUJIbLHBIX TOUYEK; HAll z = OC IBe
a.T.B. 5-ro nmopsaka.

8.44. Hap wampoii U3 Touyek z = i, 2 = —i — OeCKOHEYHOE MHOMECTRO
nontocoB 1-ro mopAnka; Hag z = (0 U z = co MO OIHOM N.T.B.

8.45. Hag z = 1 — GeckoHeuHOe MHOMECTRO NMPaBUILHBIX TOUYEK U GecKo-
HeuHOe MHOzKeCTBO NoNiocoB 1-ro mopanka; Hal z = (0 U z = 0o 10 OJHOM JI.T.B.
8.46. w = 1/4, w = co — a.T.B. 1-ro mopsAxnKa.

8.47. w = £2 a.T.B. 1-mopAnKa; w = oo a.T.B. 2-T0 MopAaKka.
8.48. w = 1/4, w = co — a.T.B. 1-ro mopsaxka.

8.49. w =0, w =00 a.T.B. 1-ro mopsnaka.

8.50. w = eii”/2 (a = cosa) a.T.B. 1-ro mopanka.

8.51. w = o0 — a.1.B. (n — 1)-ro nopsagka. KamgoMy Hym1i0 TpOU3BOIHOM
w'(z) nopagka k cooTBeTcTByeT a.T.B. GyHKNUU z(w) TOTO #e MOpAIKA.

8.52. Hynsam npousroguoii w'(z) COOTBETCTBYIOT a.T.B. Takue e, Kak B
npensigymeM ciaydae. [lomocam ¢pyHKINN w(z), NOPATOK KOTOPBIX GOIbIIE elU-

©)

Puc. 72

17
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HUIIBI, COOTBETCTBYIOT a.T.B. NOPAIKa Ha €IMHUIY MeHbIIe NOpANKa IOoIoca.
Ecnu na oo dpynwmus w(z) = wo + ¢ /2" + ... (k> 1), To 2 = 00 cOOTRETCTRYeT
a.1.B. (k — 1)-ro nopsaaka Hag w = wy.

8.53. MloBepxHocTh Ans z(w) Ta e, 9T0 11 {/w; ee TOUKM BETBICHUsA Jle-

maT Hag w = 0, w = 00 U COOTBETCTRBYIOT 2z = —Mn, z = 0. JIuctam w-nnockocTu
¢ paspesamu 0 < u < 0o, v = ( COOTBETCTBYIOT yIibl 27/n ¢ BEPUIMHOA B TOY-
Ke z = —n. [Ipu n — co 3T yrael npeBpamalTcA B rOPU30HTAlbHbIE TOIOCHI

mupuHoit 27, GpyHkunsa w(z) — B €, NOBepXHOCTh Aaf z(w) — B NOBEPXHOCTh
nasa Lnw.

8.54. Tlosepxnocth ana z(w) Ta #e, uto ana Yw. Jlucram w-naockoctn
¢ paspesamn —oo < 4 < 0, v = () COOTBETCTBYIOT KPYrOBble ABYYTOIbHUKHU C
yriamu 27/n B Toukax z =a, z = b (puc. 72, rmze n = 3) ).

8.55. IlosepxnocTh nns z(w) moayuyaeTca CKJIEMBAHWEM BYX JUCTOB
w-IIIOCKOCTH ¢ paspesamu |u| < 1, v = 0, cooTBeTCTByIOmMUX ofnacTaMm |z| <
<1 un |z| > 1. Toukn BeTBIeHUA IemaT Hag w = +1 U COOTBETCTBYIOT z =

= +1. MonapHoii ceTke |z| = r. argz = ¢ COOTBETCTBYIOT AIUIUICHI U TUIEp-
9 9 2 2
z- y- - Y
6osbl ¢ pokycamu £1: =1 — =1
(pory [1/2(r +1/r))2 + [1/2(r — 1/r))2 "cos2yp  sin’g
8.56. w(z) = — - = z+22° +32° +... — uaBecTHad BKCTpeManbHas

(1-2)°
(GYHRINA B TEOPUM OTHOMUCTHBIX KOHGOPMHBIX oToGpamennii (cm. [4, ra. XIII,
§ 1]). Ona oToGpasaeT eIMHUYHBIA KpyT |z| < 1 Ha w-MIOCKOCThL C paspe3oM
—oo < u < —1/4, v = 0. IloBepxHOCTEL z(w) MONydYaeTCA CRIEUBAHUEM OBYX
TaKUX JTUCTOR.

8.57. [loBepxHOCTE Ml z(w) MONydYaeTCsA MOCIeNOBaTelbHBIM CRICHBAHUEM
2n 1MCTOB w-mmockocTH ¢ paspesamu 1 < |u| < oo, v = . Ona umeer 2n Touek
BeTRIeHUs 1-ro nopsanka Hag w = +1 u 2 Touku BeTrRIenus (n — 1)-ro nopsaaka

X%

e

N\

Puc. 73

Han w = oc. OcHOBHOe 0ToGpaskeHue MokazaHo Ha puc. 73. Oyuruusa w(z) as-
TomMopdHa (MHBapUaHTHA) OTHOCUTENLHO IPYTIbI AUHEHHBIX Npeodpa3oBaHui,

" 2mi
nopo:aaeMoil npeoopazoBanuamu 1T’ = wz(w =e 7”/”), S =1/z. dTum npeod-
pasoBaHUAM COOTBETCTBYIOT MpeoOpa3oBaHUsl MOBepXHOCTH Aas z(w) B cebs,

") Ha pucyHKax K 3ajiayaM 3TO¥i r1aBbl COOTBETCTBYIOIIME APYT APYTY TOUKHU 060-
3HAUYEHbl OIMHAKOBBLIMU GyKBaMu. [[f 6eCKOHEUYHO yJaleHHBIX TOYEK UCIHONb30BaHbI,
KaKk npasuio, o6osznauyenua Q u
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MIpU KOTOPBIX JIUCTHI HURKRJINYECKHU NMepexoaAaT OPYr B Ipyra ¢ coxpaHneHuem mpo-
eKI1il ToYeK Ha wW-MI0CKOCTh.

8.58. MosepxHocTh ana z(w) 2n-IUCTHA, ¢ TOUKOW BeTBIenus (2n — 1)-ro
nopsagka Hag w = (), COOTBETCTRYIOWEH 2z = 00, U C 2N TOYKaMU BEeTBIEHUf

1-ro mopAxka, U3 KOTOPBIX N PACHONOMEHBI HAL W = —OC W COOTBETCTBYIOT
. .y
Toukam zj, = e™/ "Wk (w =e¥/" £ =0,1,2,...,n— 1), a n — HaJ TO4YKa-
/ 2n —1\° / / n 1 k
MM Wy, = | —— | zj ¥ COOTRETCTRYIOT ToukaM z; = /- Tw OcuoBHOE
n n—

B

4

(4)
AN

oToGpaskeHue MokazaHo Ha puc. 74. OcTalbHOe MOIYyYaeTCA MPONOTMEHUEM 110
OPUHIUNY CUMMETPUU.

A\

Puc. 74

8.59. MoBepxHoCTh 11 z(w) N-TUCTHA, ¢ TOUKOI BeTBnenus (n — 1)-ro no-
pAfKa HAal w = 00, COOTBETCTRYIOWEN 2 = 00, U n — 1 Toukamu BeTBIEHUA 1-TO
NopsiKa, pacnonokeHHeIMu Hal wy = 2;(1 — 1/n) u cooTBeTCTRYIOIINMY 2) =

211 —
=¥ (u) =2/ B =0,1,...,n — 2). Hns mocTpoeHus NOBEPXHOCTU HYKHO
K ee HyJeBOMY IHcTy (w-NIocKocTh ¢ . — 1 iyueBbIMU paspe3amu, BbIXOIAIIN-

MU U3 Wy, ) TPUKIEUTh BIOIbL Ka#I0ro paspesa, KpecT-HaKkpecT, 10 0IHOMY JHc-
Ty (w-MI0CKOCTDL C OMHUM IyuYeBbIM padpe3oM). OcHOBHOe 0ToGpajeHne moka-

Puc. 75

3aHo Ha puc. 75. Kpyry |z| < 1 cooTBeTcTRyeT BHYTPEHHOCTh 3MULUKIOUALI
(mna n =2 KapAUOUIbI).

8.60. [osepxuocth mas z(w) (n + 1)-nmuctHa, ¢ TOUKOH BeTBieHUs (m —
—1)-ro nopsaka Hajg w = 00, COOTBETCTBYIOMEH z = 00, ¥ 1 + 1 TOUKaMHU BETB-

nenus 1-ro nopsaka, pacnonoxeHnusiMu Hax wy = Zx(1 + 1/m) u cooTBeTCTBYI0-

.
muMu zp, = w” (w = e"”/("“), k=0,1,.., n) OcHoBHOe oToGpasenye NokaszaHo
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Ha puc. 76. O6nacT |z| < 1 COOTBETCTBYeT BHEIIHOCTh MMNONUKIONAB! (118 n =
=1  oTpeska).

8.61. [loBepxHOCTE mis z(w) M-TUCTHA, C TOUKOM BeTBnenus (n — 1)-ro no-
pAlKa HAl w = 00, COOTBETCTRYIOMIEH 2 = 00, U n — 1 Toukamu BeTBIeHUsA 1-1o
nopaaka, pacnonomenubiMu Hal wy, = (—1)F /2"~ u cooTBeTCTRYIOMUMY 2), =

@
o wy (2) 0

=cos(kn/n) (k=1,2,...,n — 1). [l1a N10CTPOEHUS NOBEPXHOCTU HYIKHO K HYyJe-
ROMY ee THCTY (W — MI0CKOCTh ¢ pazpesoM —oc < u < —1/2"7' v =0) npuke-
UThb TOCIe0BaTeNbHO 1 — 2 JHcTa ¢ mByMA paspesamu 1/2" ! < |u| < oo, v =0,
3aTeM K MOc/AeJHeMy W3 HUX MPUKIEUTh elle JUCT, UMeIOMuii paszpes —oc <
<u< —1/2""" v=0, eciu n — uyernoe uucio, u pazpea 1/2" 7" <u < 0o, v =0,
eciu m — HedeTHoe uucno. [Ipn oroGpamenun w(z) 3AAUNCHI U TUNEPOHONBI C
(porycamu +1 mepexomAT B 3NIUMNCHI U TUNEPOONbI ¢ GORycaMu :i:1/2”71. U3zme-
HeHMe Moayoceil omyJyaeTca U3 cCOOTHOMmEeHni 2z = const, w = const. Ha puc. 77

Puc. 77

N0Ka3aHo pas6ueHye 2-MI0CKOCTH Ha 061acTH, COOTBETCTBYIONINE MOy II0CKOC-
T v >0 un v <0 (IepBble 3aITPUXOBAHBI) I 1 = 5.



I'naea VIIT 263

8.62. w =0, w =00 AIT.B., w =1 nontoc 1-ro mopsagka A ogHON U3
BeTBeil pyHruuu z(w).

8.63. Oyurnus z(w) “MeeT MO OJHOU a.T.B. 1-To mopAnKa Hag w = ety

mo ABe J1.T.B. HAOD W = 0uw=occ. Ee pruMaHOBa MMOBEPXHOCTH NnoJiyvyaeTca nyTeM
CRJIeNMBaHUA OBYX 3K3eMIIIAPOB pl/IMEIHOBOI’I TOBEPXHOCTU q)yHKI_]I/II/I Lnw BIOOIb
paspesa, npoBeJeHHOr'o Ha HUX HaJ I[yl"Oﬁ, COe[[I/IHHIOLL[eI‘/'i Ha wW-NIOCKOCTHU TOY-
KU w = Fi.zti

8.64. Oyurnusa z(w) uMeeT HAg w — :i:\/§ O0ecKOHeUYHOoe MHOMeCcTBO a.T.B.
1-ro nopsAnka u Hag w = oo OBe J.T.B.

8.65. ®yuknusa z(w) UMeeT Mo OAHON a.T.B. 1-ro MopsAgKa Ham TOYKAMMU
wy = sin 2z /zr (zr — KOPHU ypaBHeHHUA tgz = z; OHU BCe OEHCTBUTENLHBIE),
IBe I.T.B. HAl W = 0O U KOCBEHHO KPUTUUYECKYIO 0COOeHHOCThL Hag w = (), npe-
IeNbHYIO [UIf yKasaHHbIX a.T.B. (cM.: HeBaunuunua P. Onno3navynsle ananu-
Tudeckue Gpynkuuu.  M.: loctexusnat, 1941. m. 238).

8.66. z = Arccosw = 1/iln (w + vw? — 1). HoBepxuoctsb ansa z(w) 6ecko-
HEYHOJUCTHA, ¢ ABYMA I.T.B. Hal w = oo U a.T.B. 1-ro nmopAnka Hag w = =+1,
cooTBeTCcTBYyIOmUMU z = km (k = 0,%+1,42,...); momydvaercsi CKienBaHUEM
GeCKOHEUHOTro 4ucaa w-ImIockocTeil c paspesamu 1 < |u| < oo, v = 0,

@ @
AN (1)

Q' Q'

(1) (2)

Q
Of " W o
(1) \(2)
N
Q Q

Puc. 78

KOTOPBIM COOTBETCTRYIOT BepTuKanbubie noaockl km < z < (k + 1)7 (puc. 78).
8.67. z = Arcsinw = 7/2 — Arccos w. IloBepxnocTh aus z(w) Ta e, 4TO

nnsa Arccos w.

i—w

8.68. z=Arctgw = l Ln -
21 1+ w

¢ OBYMA ILT.B. Hag w = =i; NOIy4YaeTCsl CKIeMBaHMeM OeCKOHeUHOro ducia
w-nnockocreit ¢ pazpezoM u = 0, |v| < 1, COOTBETCTRYIOMNX BepTUKAIBHBIM
nonocam kr < xz < (k + 1)7 (puc. 79).

8.69. z = Arcctgw = /2 — Arctgw. [oBepxuocth nns z(w) Ta ke, 4TO
s Arctgw.

8.70. z = Archw = In (w + Vw? — 1); ch 2z = cosiz. [loBepxHOCTEL 0151 z(w)
Ta e, 9T0 1A Arccos w.

8.71. z = Arshw = In (w + Vw? + 1); shz = —isiniz. [loBepxuocTb mas
z(w) momyuaeTcs W3 mpenblAyIeH MOBOPOTOM Ha 7/2 BOKpPYT Havama KOOp-
AUHAT.

. MosepxHoCTh 111 2(w) GECKOHEYHONMUCTHA,
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8.72. z = Arthw =1/2Ln ((1 + w)/(1 — w)); thz = —i tgiz. [loBepxHOCTHL
1asa z(w) monyvaeTcs M3 NOBEPXHOCTH Ansl Arctgw MOBOPOTOM Ha /2 BOKPYT
Havana KOOpAMHAT.

8.73. z=Arcthw=1/2Ln ((w+ 1)/(w — 1)); cth z =i ctg iz. [loBepxHOCTHL
nns z(w) Ta ke, 9To ansa Arthw.

8.74. ToBepxHocTh nasi z(w) CTPOUTCA TaK: HA8 W-TIOCKOCTU TMPOBOAUM

Puc. 79
ropusoHTalbHble pazpesbl —oco < u < 1, v = (2k+)mw, (kK = 0,+£1,+2,...) u

BIONb KamKIOr0 U3 HUX NPUKIEMBAEM [0 HK3EMILIAPY W-IIOCKOCTH C TaKUM
se (omuuM) paspesoM. IlocTpoenue moBepXHOCTH His z(w) OCHOBAHO Ha

(4) y=2m

Jis IV
(2) A(—1+mi) (3) A(-1+4mi)

+
BN N
RPN

(1) v=0

® ® ®

Puc. 80

Tom, uTo w(z) oToGpamaer Kamayio noaocy 2km < y < (2k + 1)m wa nonocy
2km < v < (2k + 2)m, HecymyIo w-MI0CKOCTh, IPUKIEEHHYIO 0 pazpesy —1 <
<u<oc, v=(2k+ 1)r (cm. puc. 80); 3HaKk + o3HAYaET, UTO OGIACTU HYNHO
CKJIEUTD).
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8.75. 1) llycts F pUMaHOBa MOBEPXHOCTH, Ha KOTOPYIO GYHKIUA w =
= R(¢) oroGpaaer (-mIockocTb. [Inf MOCTpPOEHUSA PUMaHOBON MOBEPXHOCTU
GysKnuM z(w) HYAHO CKIEUTh GECKOHEYHO MHOMO 5K3eMILIAPOB MOBEPXHOC-
tu F' ¢ paspesom mo gyre, coegunsaiomeit Ha F toukn w(0) n w(oo) (mogoduo
IOCTPOEHUIO PUMAHORBOM MoBepxHOCTH pyHENUM Lnw). lonyuennaa pumanora
IIOBEPXHOCTh MMeeT [Be I1.T.B. B KOHIAXx JyTY CKIenBaHUA U 6eCKOHEUHO MHOT0
a.T.B., IPUHAIEKAMNX 0BepXHOCTAM F.

2) [Ins nocTpoeHUs pUMaHOBO TOBEPXHOCTH QpyHKINY 2(w) CKIenBaeM Gec-
KOHEYHO MHOT0 5K3eMILIAPOR MNORBepXHOCTU F momepeMeHHO BIONb paspesos,
unymux u3 touer w(+1l) & Touke w(oo) (M0HO6HO NOCTPOEHUIO PUMAHOBOH TO-
BepxHOCTHU GyHKIMN Arcsin w). [lonydyeHHas puMaHoBa IOBEPXHOCTb UMeeT IBe
1.T.B. Hag w(0O) U AONONHUTENBHO K a.T.B. 1. 1) UMeeT elle 6€CKOHEYHO MHOT0
a.1.B. 1-ro mopaaka B toukax w(=+1) (ecmn w(+1) nan w(—1) ABnaerca a.T.B.
nopsaka k nosepxuoct F; to nas z(w) ona Gyaer a.T.B. nopsanka 2k + 1). Uc-
cienoBaHye (GyHKUUU z(w) MOMHO CBECTU U K NpPeIbIAYLIEMY CIydaio 3aMeHOM
21 = 12.

8.76. Bce puMaHOBBI MOBEPXHOCTU 11A w(z) ABYNMCTHBI U MMEIOT a.T.B.
1-ro mopsAnka HaJg TOYKaMU:

1)z=a,z=b; 2)z=a,z=b,z2=c, z=00;

3) z=ar u z = 00, eclii N HeUYETHOE.

[lns mocTpoeHus NOBEpXHOCTel GepeM JBa IUCTa 2-MI0CKOCTH C pa3pesaMu,
UAYWVUMN U3 yKazaHHBIX BhIIE TOYEK B 0O, U CKIEMBAEM KX M0 0IMHAKOBBIM
paspesam.

8.77. Bce pumanoBel moBepxHOCTU M w(z) TPEXAUCTHBI U UMEIOT a.T.B.
2-ro nopAgKa Hag TOUYKAMMU:

1)z=a,z2z=00; 2)z=a,z=bz=o00; 3)z=a,z=0b z=c;

4) z = ar n z = 00, eCIN N HEe KPaTHO 3.

Jlna nocTpoenunsa noBepXHocTel 6epeM TPH JUCTa z-MIOCKOCTU C pa3pesamu,
VIYIUMU U3 YKA3aHHBIX TOYEK B 00, HAa KOTOPBIX OnpeienseM TPU 0QHO3HAYHBIE
2 21
BETBU W, W, W W (w = e"”/g). [Ipu o6xone Touek BeTBIeHUs w(z) mpUoOpe-
TaeT MHOMUTENb W 3@ CueT OJHOT0 M3 MOJKOPEHHBIX MHOHUTeNeil, Mo3ToMY

(%:“’ e @&
ww wiw w
Puc. 81

NOPAIOK CKIEHBAHUSA IHMCTOB [0 BCEM pasdpesaM OIMHAKOBBIH, HURIMYECKUN
(cm. cxemy Ha puc. 81).

8.78. PumanoBa moBepXHOCTh Aaf w(z) n-nucTHa, ¢ a.T.B. (n — 1)-ro no-
panka Haj z = a, z = b, z = ¢, z = co. [IoBepXHOCTH MONyYaeTcs CKIeNBaHUEM
1 IMCTOB z-IIOCKOCTHU C pa3pesaMiu, UAYIIHUMU U3 TOUeK z =a, z = b, z = ¢ B oc.
CrllenBaHue UMKINYECKOE, 0IHORPEMEHHOE 110 BceM pazpeaaM. JICThl cOOTReT-
CTRYIOT 0JIHOZHAUHBIM RETRAM QyHRINA ww (w =/ k=0,1,..,n— 1).

8.79. PumanoBa moBepXHOCTh [is w(z) MECTHINCTHA, C a.T.B. 5-T0 NOPAL-
Ka Haj z = 0O, ABYMA a.T.B. 2-T0 MOpALKa Hajl KaMOoil U3 Touek z =a, 2 = b
U Tpemsd a.T.B. 1-ro mopagka Hapg z = c. [loBepXHOCTE moMyvaeTcs CKIEMBaHU-
€M IeCcTU IHUCTOB z-IIOCKOCTU C PaspesoM 0 KPHUBOii, uaymeil u3 a B b, us b
B ¢ M U3 ¢ B 00. DTU IHCThl COOTBETCTBYIOT OJHO3HAUHBIM BETBAM: wi + w2,
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2 2
ww + w2, Www + w2, w1 — Wwa, WW; — W2, W W] — W, TAE W =€ ,aw, wa
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zZ—a
OIHO3HAYHbIE BETBU 2 CEDE u \/z — c. 06x01 BOKPYT a NUKINYECKH COEIU-
Y b)2
uaer auctel 1), 2), 3) u 4), 5), 6), Bokpyr b mwmctel 1), 3), 2) u 4), 6), 5)
(coemunenue OBaAbl MO MONYINCTaM), BOKPYT ¢ noayauctel 1), 2), 4), 5
o wy+ws wytuy @ wytwy
1) 8- o
a ww;tw, b wlwtw, ¢ wiw—wy
) o wwy+wsy wwy+wy wiw+wy
2 - -5
a  whwtwy, b wituy \\c y wy—wsy
ww +wy ww, +wy ww+wy
3) C C C
a wy+ws b Wiy +wg c W —1ws
ey
4) - u
a ww—w; p ww-—w, ¢ ww+wy
W) —wy Wiy —wy Wy —wy
5) C o <
a  wwi—wy; b w—wy \E}J wytwy
ww;—wy w2y —wy wwy—w,
6) C - C
a wy—wsy b ww—w, e ww+wy
Puc. 82

(nokazano na puc. 82); 2), 3), 5), 6); 3), 1), 6), 4), BOKpYr 00 — HUKIUYECKU
aucte! 1), 6), 2); 4), 3), 5) (cm. cxemy Ha puc. 82

8.80. PumanoBa noBepXHOCTh 1 w(z) MecTUINCTHa, ¢ AByMS a.T.B. 2-T0
nopanka Hag z = (), onHoit a.71.B. 1-ro nopAnka Hanx z = 1 u a.T.B. H-ro nopaAaka
Hag z = oo. InA ee NOCTPOEHUA HYHO CKIEUTh IBa 3K3eMILIAPa NOBEPXHOCTH
GyHRIMN /Z, Ka#s Al U3 KOTOPBIX UMEET HA OJHOM M3 JMCTOR pa3pes Mo Jaydy
y=0,1<2z<oc.

8.81. PumanoBa noBepxHoCTh Aas w(z) ABYyJHUCTHE, ¢ a.T.B. 1-ro mopsagka
wan toukamu z = kr (k= 0,+1,+2,...); Hag z = 0O MOBEPXHOCTh UMeEET TpPaHC-
IeHIeHTHYIO 0co0eHHOCTh — mnpepen a.T.B. [lnA mocTpoeHusa moBepxHocTU Ge-
pem IIBa nucTa 2-TI0CKOCTH C paspesamMu, UAYIUMU U3 a.T.B. B oo (Hanpumep,
Mo Jyvam napaiielbHbiM MHUMOW 0CH), MU CKJIEUBaeM JIUCThl M0 0JUHAKOBBIM
paspesaM.

8.82%). F. u F,, nonydaloTca kamIas CKIeMBaHHeM IBYX IIOCKOCTeil ¢
paspesamu [—1, 1] (puc. 83).

8) B oTBeTax K 3agauam 8.82 8.87 yepes Fy, oGo3HaueHbl MOBEPXHOCTU 1A z(w),
T. €. IOBEPXHOCTU Haj w-TOCKOCThIO, a uepe3 F, noBepxHoOCTH GHyHRUMM w(2) HAX
2-TII0CKOCThIO.
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8.83. F, monyuaercs CklenBaHueM IBYX 2-IUIOCKOCTel ¢ pazpesaMu (—oo <
<z <0,y=0), Fy, IBYX w-IIOCKOCTel ¢ padpesamu [—i/2,4/2] (puc. 84).
8.84. F, u F,, monyuaioTca Ka#aaa CKIeMBaHueM Tpex MI0CKoCTel, uMero-

L -1
(ONe &
% \
(@] B
Puc. 83 Puc. 84

AN ANNNANNAY, N
Q\:ﬂ \\\\AI (*}/2_% \\
A(¥2) A1 (¥a)

Puc. 85

IIIX B UUKIMYECKOM MOPANKE pa3pesbl Mo ABYM us oTpeakos [0, /4], [0, w /4],
[0, w?¥/4], rme w = €’™/3 (puc. 85).

8.85. F.. nonmyuaeTcs CklleMBaHNEM IBYX 2z-IIOCKOCTel ¢ paspesamu [0, 3/2],
F, NpUKIeMBaHUeM K w-IIOCKOCTH C paspesaMu ~i: [i3v/3/2, +ico],
Yo: [—i3\/§/2, —400] IBYX OpyrUX w-MIOCKOCTEN C paspe3oM i, COOTBETCTBEH-
HO 72 (puc. 86).

8.86. F. nonyuaercs CKlIenBaHNeM IBYX z-ILIOCKOCTel ¢ paspesamu [—1, 1],
F,,  crienBaHUeM TpeX w-IJOCKOCTelH, MMeIOMNX COOTBETCTBEHHO ONUH pas-
pes [—ib,ib], nra paspesa [—a,a], [0,ib] u nBa paspesa [—a,a], [0, —ib], rme

a = \/527 ! VE—2 b= \/52+1 V5 + 2. Orobpamenne n TPy w-MI0CKOC-

TH C pa3pesamu nokasaHbl Ha puc. 87 (puc. He B MaciiTate).

8.87. a) n HeuerHoe. F, n-nuctHa, umeeT n a.T.B. (n — 1)-ro nopsiaka Han
Ti/n
)

2
Touramu z = w" (w=e k=1,2,..,n), F, 2n-11ucrHa, umMeeT n° a.T.B. 1-ro

nopsigKka, mo n Hajg Toukamu w = n” y/1/4 (n =¥/ =0,1,2,....,n— 1),
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Puc. 86

AN \\§

s O3

n

Puc. 87

COOTBETCTBYIOIINX ToukaM F, nam z = n”, u n a.1.B. 1-ro nopsigka Hajg w = oo,
COOTBETCTByIOWUX a.T.B. F, HA® 2z = wk. OToGpaeHue mokazaHo Ha puc. 88
(nns uccnenoBanus ucmonk3oBana samena ( = 2", W = w"). Oyuruua w(z)
orofipamaer Kpyr |z| < 1 wua
W-IMIOCKOCTE  C 7 IIyYeBBIMU
paspesamu, BBIXOOAMIUMU U3 TO-
yer n” {/1/4.

6) n yernoe. Eciu n = 2m, To
w(z) pacmamaeTcsi Ha ABe (YHE-

m
UK w1y = :i:z—_. Ins moct-
' 1+ 22m

poenusa F, GepeM n “momynuc-
ToB” |z| < 1 u n “nomynucros”
Puc. 88 |z| > 1. OGosnaunm UX COOTBET-

LB(1) O

ctrenno vepes H, u H;, a rpanuunbie 1yru, onpejensemMble TOYKaMu wk, —
yepes 'yk Mpunnensaem & H;, BO0b v nonxymucTsl HY, BIOML Y1 ToXywcC-
Tel HY, BIOAB i 12 nonyauetel HY U T. 1. IMKIMYecKH. DTUM ONpefenseTcs
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1 NOopsAOOK CRJIeruBaHUA Fu, us 2n JUCTOB, NIpeJcTaBIAIOINX w-IJIOCKOCTU C N
Ny4YeBbIMU pa3pel3aMu, YKazaHHbIMU BbIIIe.

8.88. w = 22/3, z=0uz=o00 a.T.B. 2-ro nopsinka.

8.89. w = "1/™ (n1/mi — wecokpaTtuman 1poOb, paBHaa n/m), z =0 u
2z =00 a.1.B. (m1 — 1)-ro nopsnaka.

8.90. z=0uz=0¢ a.T.B. 1-ro nopsanka; z = 1 cyIiecTBEHHO ocobas
TOUYKa A4 OOHON M3 IBYX BeTBel QyHKIUU.

891.w=1-2/31+ z2/5! — ... — nenada QyHKLUA; 2 = 00 — CYLIECTBEHHO
ocobad ToYKa.

892. z=0uz=0¢ a.T.B. 1-ro nopsanka; z = 1 cyIiecTBEHHO ocobas
TOYKa O OOHOW M3 OBYX BeTBell (yHKIWHU, MpenenbHas I1f ee MOJIOCOB 1-ro

1—ap)? m

J) ,ar = — + 7wk (k=0,%+1,...). Cornacuo 3ana-
1 + Qg 2
ye 4.76, o6racTh HeompegeleHHOCTH B TOUYKe z = 1 coBmagaeT co Bcel Tmioc-
KOCTBIO.

nopAagkra B TOUKax zp = (

8.93. Eciu n =0, To 2 =0 u 2 = o0 — ycTpanumele ocofble TOYKU U

w=1lectun<0,T0z=0u2=o00 1. T. B., mpuueM limw = lim w =1
z—0 z— 00

n z = 1 — cymecTBeHHO ocofasAd Touka IJafA OOHOW M3 BeTBell GyHKIUU; ec-

mn=1 t1ow=z ecmn>1 T1T2=0Uu2=00 I1.T.B., Ipu4yeM 06-

nacThk HeonpegeleHHoCTUu w(z) B 3TUX TOYKax coBlmajgaeT co BCelt paCI.UIApEHHOI’I
wW-NMJIOCKOCTBIO.

8.94, 8.95. 2 =0u z = © I.T.B. ¢ 061acThIO HeompeaeleHHOCTU AMf
w(z), cORManaole ¢ pacmmupeHHoi w-NI0CKOCThIO.
8.96. z=1wu 2z =00 — IT.B, npuveM limw = lim w=ococu z =0 —
z—1 z—00
noatoc 1-ro mopsgka mis Bcex BeTRel w(z), KpoMe OQHOMA.

897.z2=0uz=oc I.T. B. ¥ limw = lim w = oo.
z2—0 200

8.98. Touku BeTBIeHUA Te e, YTO 1A Arcsin z (T. e. GeCKOHEYHOE MHO-

JKecTBO a.T.B. 1-ro mopsaaka Ham z = +1 u OBe JA.T.B. Hag z = oo, lim w = 0;
22— 00

z=0 nonioc 1-ro mopsAaKa As Beex BeTBei (GyHKUUN, KpOMe OIHOM).

8.99. z = +1 A.T.B. lim w=o00;2z=0 MONIOC 2-TO MOPAIKa AJA BCeX
z—+i

BeTBell pyHKIUU.
8.100. MosepxHocTn w(z) U z(w) Te #e, UTO AAA A0rapuGMUUecKoil GyHK-
nun (1.7.8. Hag 0 u oc). OToOpazenue Terko MONyYaeTCs ¢ MOMOIILIO mapaMeT-

puyecroro npegcraBieHvuf z = 647 w = Eac.

8.101. PumanoBa moBepXHOCTh 111 w(z) 66CKOHEYHOINCTHA, C OQHON II.T.B.
HaJ KamIoil U3 To4yek z = a, z = b U AByMA 1.T.B. Haj z = oo. [foBepxHOCTE MO-
nydaeTcsl CKIenBaHNeM DeCcKOHeUHOr0 YKcia IMCTOR 2-NMI0CKOCTH C pa3pesaMmu,
HUIYIUMH U3 TOYeK z = @, 2 = b B 00. ATU JUCThl COOTBETCTBYIOT OJHO3HAU-
HBIM BeTBAM pyHKIMM w + 2min (n=0,+1,+2,...). lIpu 06x0ome BOKpYT 2 =a u
z = b 3TH BeTBU NepexoIAT NocleJoBaTelbHO IPYT B Apyra, YeM ompejenseTca
XxapaKkTep CKIeMBaHUSA JTHUCTOR.

8.102. PumanoBa noBepXHoCTh 11 w(z) 66CKOHEYHOIUCTHA, C OQHON II.T.B.
HaJ Ka# 0N U3 TOUek z =a, z =b, 2 = ¢ U TpeMA JI.T.B. Haj z = oo. [locTpoenue,
nopo6HOe TpegbIayIemy.

8.103. PumanoBa moBepXHOCTE 11 w(z) 66CKOHEYHOINCTHA, C OQHON II.T.B.
Hal Kamaoi uz Touek z = km (k = 0,%1,£2,...). B KauecTBe TUCTOB MOKHO
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B3fITh 2-IIIOCKOCTH C pa3pe3aM, UAYIIUMU U3 TOUeK z = k7 B oo (Hampumep, mo
BEePTUKAIBHBIM MONYNPAMBIM). [IBa IUCTa CKIEUBAIOTCA Cpas3y IO BCeM paspe-
3aM, M0 OQHOI CTOpPOHe, KaK NPU MOCTPOEHUM MOBEPXHOCTU JT0rapudMuUecKoit
¢yurunu. B oo — TpaHcueHieHTHasA 0COGEHHOCTh, NpeaenbHad 1A JI.T.B.

8.104. 1) B kammoli CBA3HONW YacTW PUMaHOBON MOBEPXHOCTH (QYHKIUU
¢ = ¢(z) HA@ z-MIOCKOCTBIO, KOTOPOW COOTBETCTBYET CBf3HAS YacTh PUMAaHO-
ROit MoRepxHOCTY 06paTHOi Gynknun z = ¢~ (¢) nag G¢, w(z) npeacraraser
eIMHYIO aHATUTHUUYECKYIO DYHKIUIO;

2) B Kam[Ioi CBA3HOW yacTu puMaHoBOW moBepxHocTH GyHrnuu ( = ¢(z),
pacnonoskennoit Hag G. (3Ta o6nacte G¢, NepeHeceHHas B z-MIOCKOCTh), w(z)
npeicTaBifgeT eINHYIO aHATUTUUECKYIO (hYHKIHUIO.

3) To e, uTo B m. 2). B ykasanHoM B yCIOBUHU 3afaydl 4acTHOM cilydvae
w(z) Bcerga npeacTapifieT OAHY aHATUTUYECKYIO QYHKIUIO.

8.105. w(z) coCTOUT U3 ABYX aHATUTUYECKUX (YHKRIUN +z.
8.106. w(z) COCTOUT U3 ABYX aHATUTUUECKUX (yHKIMIT +22/3,

8.107. w(z) COCTOMT U3 p aHANUTUYECKUX QYHROMI w”2™1/™1 (v = 2/,
p = H.0.1. (m7n), k= 01 17 P = 17 m = m/p7 n = n/p)

8.108. w(z) cocTout U3 n menbx Gpyusnmi we*’” (w =" k=0,1,...
wyn —1).

8.109. w(z) onHa m-3HauHasg QyHKOUA ¢ a.T.B. (n — 1)-ro mopsaka Han
z=kr (k=0,%1,...). Ha 0o oHa uMeeT HEM30IMPOBAHHYIO 0COOYIO TOUKY,
npegenbHYIO A0 a.T.B.

8.110. w=nLnz + 2wik (k=0,1,...,n — 1) — n pasnuuHbBIX aHATUTHYEC-
KUX QYHRIUN.

8.111. w(z) coctout uz pyuruuit z + 2wik (k= 0,+1,...).
8.112. Ogna GeckoHeyHo3HauHad (QYyHKIMUA ¢ I.T.B. Hag 2z = (), +1oc.

8.113. w(z) — onHa GeckoHeuHO3HAauYHas aHaIUTUUYecKasas QYHKUUA C Of-
HOM 1.T.B. Hax zx = 2mik (k = 0,+1,...). Ha oc oHa uMeeT HEM30IMPOBAHHYIO
0co6yI0 TOYKY, NPeIeNbHYIO i J1.T.B. PUMaHoBa MOBEpXHOCTh GyHKIUU w(z)
OOHOCBA3HAA U MNONYyYaeTCA CKIEMBAHUEM OECKOHEUHOro YHucia JUCTOR
w-TI0CKOCTeH ¢ paspesamu (monapHo Ge3 O6MUX TOYeK), UAYUUMU U3 2, B
oc (OBa nuCTa CKIEMBAIOTCS OTHOBPEMEHHO MO BCeM paspesaM, HO TONBKO MO
ornpeeleH Ol UX CTOpOHe).

8.114. PumanoBa noBepXHOCTh Ta ke, 4YTo B 3anaue 8.113, Tonbko C 1.T.B.
wag z = km (k=0,+1,...).

8.115. PumaHoBa noRepXHOCTh Ta #e, YTO B 3agave 8.113, TooBKO € I.T.B.
nan z = wk/2 (k=0,%£1,...).

8.116. w(z) cocrout uz pyuruuit +z + 2kw (k =0, +1,...).

8.117. w(z) cocrout us dpyuknmii z + kr (k =0, £1,...).

8.118. 1) llycte 11 = mi/ni, r2 = ma/na, ¥ = r1ra = M/n — HecokpaTu-
Mble I1po6u U p =H.0.1. (m1,n2), ¢ =H.0.0. (M2, n1). Torga (2"*)"? cocTout us p

o . 2mi/(n
pasINUYHBIX N-3HAUHBIX AHATUTUYECKUX (YHRUUH, paBHbIX w' 2", w = >/ ("),
Lk
k=0,1,...,p—1, a (2)"" cocroutr ua q TCI)yHKL[I/II/I w'zZ", w =e
k=0,1,...,q — 1. Ogna u3 HUX, a UMeHHO z', Bcerjga NpUHAMIECHKUT K 000UM
b b b 3 b
2/313/2 3/2\2/: 3
cayuasam. B wactnoern, (22/°)%? = 42, (%% = {1z

2) llyets 71 = my/n1, 2 = ma/na, T =711+ 72 = m/n HecoKpaTUMbIe

apobu u p = H.0.4. (n1,n2). Torga 2" 2" COCTOUT U3 p PA3IUYHBIX N-3HAUHBIX

2mi/(nq)
b
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k 27i/(np1)

aHaIUTUYeCKNX (YHKRIWIA, paBHbIX w"z", w = e , p1 = H.0.0. (minj +
+m2nqﬂp)7 n{] = n]/p7 n’z :nz/pﬂ k = 0111"'1p1 - 1'

3) Mlycte p =n.0.4. (n1,n2) u N =n.K. (n1,n2) = nina/p. Toraa w(z) co-
CTOUT U3 p Pa3nUUHbIX N-3HAYHBIX QHATUTHUUECKUX DYHKINMA.

8.119. Hycte N =u.k. (m,n), p = ".0.4. (M, n), ¢ = wHo.n. ((m+n)/2,
mn/2) u 1/m+1/n = p/v. Torga w(z) enunasa N-3HauHasg aHaTUTHYeC-
kaa QpyHkuusa, umemomasa N/n a.T.B. (n — 1)-ro nopazgka vang z = 0, N/m a.T.B.
(m — 1)-ro mopsinka wag z =1 u N/q  a.1.B. (v — 1)-ro mopanka Hag z = co.

8.120. Onna nm-3HauHasa aHanuTu4Yeckasa GyHKRIOUA, UMelolad OJHYy a.T.B.
(n — 1)-ro nopsinka Hag z = 1, n a.T.B. (m — 1)-ro nopanka Hag z = 0 U ouHy
a.1.B. (mn — 1)-ro, nopsaka uang z = oo.

8.121. JIBe paznuuHble 4YeThIpex3HauyHble (QYHKIUU, OTIUYAIOMINECH 3Ha-
KOM, C TAKOll ke pUMaHOBOH NMOBEPXHOCThIO, Kak y GyHruun /z. Kampasa us
aTuX GYHKIUI MMeeT To oJHON BeTBU, ANA KOTOpoli Touka z = 1 ABRnfAeTcHA
MOJIOCOM TEPBOro MOpPSAKA.

8.122. Beckoneunosnaunas (QyHRUMUA ¢ OOHOH a.T.B. (n — 1)-ro mopsnka
Hag z = 1 U n 1.T.B. Hag Kammaoit u3 Touek z = (0, z = oco. [laa mocTpoe-

@) g0 )

—27i

Puc. 89

HUA OBEPXHOCTU HY#HO CKIEUTE N NOBepxXHOcTel ana Ln z ¢ paspesoM [ 1, 00)
Ha ONHOM W3 IUCTOB y Kakmoi. Jluuuu p" sinnf = kr (k= 0,+1,+2,...) pas-
GMBAIOT wW-MIOCKOCThH HA 061aCTH, COOTBETCTRYIONUME NOMymiIockocTaM y > 0
(puc. 89, nnsa n =2, ( = w? — RcMOMoraTenbHas MIOCKOCTH).

8.123. Beckoneunosnaunaa GyHKIUA ¢ OAHON N.T.B. HAam z = 1 u Gecko-
HEUHBIM YHCIOM TOIbKO I.T.B. Hal z = 0 u z = oco. PumanoBa noBepXHOCTh
noinydaeTcd CKIeMBaHueM OeCKOHeUHOro 4ucia moepxHocrteil piaa Lnz ¢ pas-
pesom [1,00) Ha ognom u3 auctoB. [loBepxHOCTh umeer Hax z = 0, z = oo
TONBKO J.T.B., IPUTOM OECKOHEUHO MHOro0, U Hag z = 1 06bIKHOBEHHbBIE TOY-
K1 U onHy N.T.B. Jlunun e“sinv = (2k + 1)m u v = 2kn (k = 0,£1,+2,...)
pas3dbuBaloT w-NJI0CKOCThL Ha 00/1aCTU, COOTBETCTBYIONINE Kaaasa z-MI0CKOCTHU
¢ paspeszoMm —oo < £ < 0, y = 0 u gononEUTEeNbHBIM paspesom 1 < x < oo,y =0
s obnacTeil, B rpaHUIly KOTOPLIX BXOAAT npsaMble v = 2k (puc. 90, ( =e" —
BCIOMOTaTeNbHas MI0CKOCTE).

8.124. BeckoHeuHo3HauHasa QYHRKIUA C TOU #e PUMaHOBOI1 MOBEPXHOCTHIO,
yto y LnLn z.

8.125. PumanoBa MOBEPXHOCTh GECKOHEYHONNUCTHA, UMeeT a.T.B. (n — 1)-
ro nopaaka #Hag z = (, Toneko a.T.B. 1-ro nopanka Hag z = +1 u 2n n.T.B.
Han z = oo. [lnA mocTpoeHUA MOBEPXHOCTU HYKHO CKIEUTh n MOBEpPXHOCTei
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nasi Arcsinz ¢ paspesom [0,1] Ha ogHOM M3 AUCTOB y Kammoi. Junuu nf =
=kn/n u p”cosnf = kr (k= 0,=£1,...) pasduBaOT w-NI0CKOCTL HA 06IACTH,
COOTBeTCTBYIOIME nonymiockocTsiM y > 0 (puc. 91), rme n = 2, ( = w?
BCMOMoOraTeibHas MI0CKOCTh).

8.126. PumaHnoBa MOBepXHOCTh MOy YaeTCA CKIeMBaHNEM 6eCKOHEYHOT 0 YHC-
na moBepxHocTel masa Lnz ¢ paspesamu [0,1/€], [e,00) Ha ogHoM U3 IUCTOB

! o ©,
|
ONEINNORNNN
n
IR
((‘”\ 22NN
1 (3)
I
Puc. 90
Sy =3
(w) w nﬂ &,
B I
I I
W B\\ i
0 3 xNyewml T EVP'_TF
2 2] 2 2
N+ N
IT
N\

’

RONIOANNG
! b § \\ e
NN

&\\\\\\\\\\

V7

Puc. 92

(morepxHocTy ans Ln 2 10 ABe CKIEMBAIOTCA NONAPHO, TO 0 OAHOMY, TO [0 APY-
romy u3 sTux paspesoB). [loBepxHocTs nmeer Han z = 0, z = oc GecKOHeUHOe
MHOKECTRO I.T.B. U Hal z = 1/e, 2 = e — 0GBIKHOBEHHBIE TOYKU 1 GECKOHEUHO
MHOTO a.T.B. 1-ro nopsinka. JIunun Im sinw =cosushv= 2k + Nmruu=m/2 +
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+km (k=0,£1,%£2,...) pa3éuBaioT w-MIOCKOCTb Ha 06JaCTU, COOTBETCTBYIO-
mue Kasaasa z-IJI0CKoCTU ¢ pa3pe3oM —oo < z < 0, y = 0 1 JONOAHUTEeNbHBIMU
nBymsa paspesavn: 0 <z < 1/e, y=0ue<<z<o00,y=0 nisa obnac-
Teil, B TpaHUIy KOTOPBIX BXOIAT mpsiMble u = /2 + km (puc. 92; ( = sinw
BCMOMOraTeibHas MI0CKOCTh).

8.127. BeckoHeuHo3HauHasa GpyHKOUA. Ee puMaHoBa MOBEpXHOCTH MOMydYa-
eTcA CKiIerMBaHWeM 0eCKOHEUHOT0 4Mc/Ja 3K3eMIJIApPOB PUMaHOBOIH NMOBepXHOC-
T pyHRUUU {/z — 1, cHaOKeHHbIX Ha OJHOM W3 JUCTOB pa3pes3oM BIOJbL Jyda
1<z < oo, y=0. CkrenBanvie Npon3BOIUTCA KaKk MPU MOCTPOSHUU PUMaHOBOMN
MOBEPXHOCTU JorapumMnuieckoil GyHKINUN.

8.128. BeckoneuHno3HauHasa GyHKIOUA C OOHUMU JUIIbL a.T.B. 1-ro mopAgka
Hag z =0 u z = co U OAByMA 1.T.B. HaxA z = 1.

8.129. Becroneunosnaunaa QyHKIHUA ¢ JBYMA I1.T.B. Hal 2z = —1 U Gecko-
HEUYHBbIM YMCIOM TOIBKO a.T.B. 1-ro mopagka Hajg z =0 u z = oo.
27

m m

8.130. Ecnua = —, tow = —Lnz+ ~—k (k=0,1,....m —1) m pas-
IUYHBIX aHAMUTUYeCKUX (QYHRKLOMI; eclid a MppanuoHanbHO, TO w = aLnz +
+2mik (k= 0,%+1,...) — GECKOHEYHO MHOI0 PaziIUYHbIX QYHKLIUA.

8.131. [Ire paznuunble GeCKOHEYHO3HAUHble aHATUTHYECKHNe GYHKIUY C TOI
e PUMaHOBOI MOBEPXHOCTEIO, uTo y Ln 2.

8.132. J/IBe pa3nuuHble aHATUTUYeCKUEe PYHKINU, paBHble COOTBETCTBEHHO
2Lnzu 2Ln(—2).

8.133. w = w/2 + 2wk, k = 0,%1,..., w = /2 4+ 2Arccos z; w = —37w/2 +
+ 2Arccos z.

8.134. w =7/2 + 7k (k= 0,%£1, ...).

8.185. w = i(n/2 + k) (k = 0,£1, ...).

8.136. w — GeckoHeuHO3HAYHAA QYHKLUA C TON e PUMAaHOBOHM TMOBepX-
HocThIO, uTo LnLnz (cM. 3amauy 8.123). Ecan ¢ = pe'® = Lnz = Inr + ip
((p — Arg 2)7 TO w — ez‘I.n( — ei(]n p+i€+'27rik). Ilnna f[](Z) — 179+i]np (0 < /] < 271')
yKas3aHHble B 3ajauye MHOKeCTBa NpeJebHbIX 3HAaUeHUH NpeAcTaBIAIOT COOT-
BETCTBEHHO:

1) u 2) okpymHOCTE |w| = e~ 7;

3) okpy#muocTn |w| = e~ ™/% npu ¢ = +oo u |jw| = e /2

4) komemo e 32 L w| L e ™2

npHu  — —0C;

Jlnsi IpyTHX TPYIIN ReTRel J0GARMACTCH MHOKUTETb € -7 (k==+1,+2,...).

8.137. Bo Bcex myHKTax w(z) NpeacTaBlIfeT OOHY aHAIUTHUECKYIO QYHK-
uuio, ecint |a| < 1; ecaun |a| > 1, To B 0. 1) u 3) ¢pyHKuMA pacnagaeTcs Ha n, a B
n. 2) u 4) Ha GeCKOHEUYHOe YUCIO pa3 /v U Hbl X aHATUTUUYECKUX (DyHKIIMIA.

8.138. Ecnu |a| < 1, To B 0Boux cnyuaax w(z) npeacrarager coGoil ogny
aHaIUTHYeCcKyo QyHKIuIio; ecnn |a| > 1, ToB . 1) 6yner n, a B . 2) GeCKOHEUHO
MHOTO PaziudHbIX aHATUTUYECKUX QYHKIUN.

8.139. 1) Mycth z = re'” u ¢ = pe’’ = Lnz. Torga w(z) cocTonT U3 Mwo-
rO3HAYHBIX aHATUTUYECKUX (PYHRINI, pABHBIX COOTBETCTBEHHO X(z)e”“”*””’“
(lz] <1; p=+/In’r 4+ @2, f=arg (Inr + i), npudeM —co < ¢ < oo N /2 < 0 <
< 3m/2 (k=0,%£1,...). Bce onu umeioT mo oxHoit 1.1.B. Hag z = 0, B OKpecT-
HOCTH KOTOPOH 061aCTh HEONMpPENeIeHHOCTH  Konblo (B yacTHOCTH, mas k = 0

romeo x(0)e ™% < Jw| < x(0)e™™/?).

181/2 JI.N. BonkoBbicknii u ap.
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2) Iyete z — 1 =re™¥ u ¢ = pe’® = In(z — 1). Torna w(z) cocTout us
OIHO3HAYHBIX @HATIUTUYECKUX (yHKIUI, paBHbIX COOTBETCTBEHHO
X(2)e P (5] < 15 p = \/Inr + (p + 27, 6 = arg[In + (g + 27n)],

npuueM /2 < ¢ < 37/2, 0 < 0 < 2m; k,n = 0,+£1,...). lnsa pazauuusix k, n
ATO paznuuHble ananuTuueckre pyHruuu. Eciu cymecrryer x(1) = lim x(z),
z—1

TO 061aCTh HEONPENENeHHOCTU NpH Zz — 1 — OKPY#HOCThL (B YacTHOCTH, IpPU
k =n =0 oxpymuocts |w| = x(1)e 7).

8.140. 1) Ecau f(z) ne umeeT myieit HedeTHOro mopsaka, To +/ f(z) pac-
nagaetcA Ha nBe nenble GyHEOMU. Eciu ai,as,... — HylIU HEYETHOTO MOPHA-
Ka Qyurnuu f(z), To puMaHoBa MOBepXHOCTb mns 4/ f(z) OByaucTHa ¢ a.T.B.
Han ai,as,... U HAJl oC, eciu f(z) MMeeT TaM TOMIOC HEeYeTHOro nopaAnka. Ecan
f(z)  TpaHcuenmeHTHas QYHRINSA, TO HAl 2 =0C  JBE€ CYIIECTBEHHO 0COObIe
TOUKM OIHOBHAYHOTO XapakTepa, ecin f(z) MMeeT yeTHOe YMCIo Hylel HedeT-
HOTO MOpsAAKa, U 0JHAa CYIIEeCTBEHHO 0cobas TouKa IBY3HAUHOTO XapakTepa,
eclii YKMCI0 TAKUX HyJIeH HEeUeTHO WIN GECKOHEUYHO BElIUKO.

2) Eciu f(z) umeeT HymH ai, as, ..., TO pUMaHoBa MOBEPXHOCThL 1ias Ln f(z)
VUMeeT Ham ai,as, ... 0 OJHOW JI.T.B. U HUKAKUX Apyrux Ttouek. Ecmu f(z) ny-
neit He umeet, To Ln f(z) pacnagaeTcsa Ha 6eCKOHEUHOE YKCIO UENBIX DYHKINIA,
OTIMYAIOMWXCA OOHA OT Apyroit cnaraemeimu Buga 2wki (k= 0,41, 42, ...).

3) Ecimu f(z) umeer Hymm, To puMaHoBa HOBepXHOCTh aas [f(z)]* Ta e,
uto masa Ln f(z) (em. m. 2)). Ecau f(z) ve umeet nymneii, to [f(z)]” pacnana-
eTcs Ha GECKOHEUHOE YMCIO0 HenblX (YHKIWH, OTAMYAIOIMXCA 0QHa OT APYTOi
MHOKUTENAMH Buaa e ™ % (k= 0, £1, £2,...).

8.141. [BymucTHbIA Kpyr |z| < 1 ¢ a.T.B. B Hyasax QyHROIUU Zz”!, B

yacTHOCTHU, B Touke 2 = (). n=1

8.142. 1) [Isynucrtublil Kpyr |z| < 1 ¢ eQUHCTBEHHO} TOUYKOW BETRICHUA
npu z = (0 (4acTh pUMaHOBOI MOBEPXHOCTU GYyHRUUU /Z, paclolNokeHHas Hal
Kpyrom |z| < 1);

2) yacTb PUMaHOBO¥ MOBEPXHOCTU PyHKIUM Ln 2, pacnonosennas Hag Kpy-
rom |z| < 1;

3) uacTb pUMaHOBON NOBepXHOCTH QyHKIUKU Ln 2 pacnonosennas Hag KOlb-
oM, 1/2 < |z| < 2.

Nnara IX

9.3. 1) B Bepmune 4> s = 0;  2) B Bepummaax Ay u A> ap = a = 0

3) B Bepune Az a3 = 0; 4) B BepmmHax As u Ay as = ay = —1;

5) B Bepmnue As as = —2, B BepuinHe Ay ay =

6) B BepumHax As, Az u Ay an = a3 = au = 0

7) B Bepminne Ay s = —2, B BepumHax Ay u Ag au = ag = 0

8) B BepunHe Ay as = —2, B BepunHe Ay ay = o — 2.

9.5. Heo6xoaumo u goctatouno, 4toel ap = 1/(ng) (ny ~ HaTypanbmble
yuena UM oc) u Z (1 — L) = 2, 9TO BOBMOMHO TOJNBKO mAasin =4 ¢c ny =

k=1 "k

=my =n3 = ng = 2 (T. e. NIA IPAMOYTOJIbHUKA) U IIA 1 = 3:
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ni n9 ng P
1 oc %] [Tonoca
2 2 [lonynonoca
2 3 [TpAMOyTOILHBIA TPEyroihHUK
2 4 4 PaBHoGenpeHHbIil NMpAMOYTronkHBIA Tpey-
rolhHUK
3 3 3 PaBHOCcTOpOHHU#T TpeyroabHUK
h w(w—a)/h o o
9.6. 1) w=—Ilnz+a,z=c¢ (a IeHACTBUTENBHBIN mapamMeTp),

z(w)  mepuoaMueckas GYHKINA ¢ IeproaoM w = 2hi; rpynna G mopokmaeTcs
npeo6pasoBanvem T (w) = w + w; ee pyHHaaMeHTanbHasA o6aacTe B cocTouT U3
YIBOEHHON TMONOCKI U OJHOM ee TPaHUYHON CTOPOHBI;

14z ta, z:thﬂ(wfa) (
1—2 2h
z(w) nepuoguueckas GyHRIUA ¢ mepuoaoM w = 2hi; rpynna G u ee ¢pyHaa-
MeHTalbHasAg o6nacTk B Te e, uTo B 1. 1.

a — NeHCTBUTENLHBIN napameTp);

Z)wzﬁln
w

9.7. w = arcsin2, z = sinw; z(w) nepuoaudeckas GYHKIUA C Tepu-
onom w = 2m; rpynna (G nopompaercsa npeoOpazoBanuavmu: T(w) = w + w,
S(w) = —w; ee pyumamenTanbuas o6aacte B coctout uz nomocel 0 < u < 7 U

rpannuHbix nonynpameix v =0, u =m, v < 0.

9.8"). 1) w=C [/ (1-2)"a C=—“ _ (B(paq) =
F 1w = O [ s e O = S (B
1 0
= /a:pfl(l — )" tde unTerpan Jitnepa 1-ro pona); z(w) IBOAIKOTIE-
0

puoanyeckas GyHKIWA ¢ nepuogaMu 2w u 2,270,

; rpynna G mopoaaercs npe-

omi /6
o6pazosanuavu: T (w) = w + 2w, S(w) = we>™/%; ee pynnamenrarnuan o6racts
B cocTOUT U3 YABOEHHOTO TPEYrONbHUKA U IBYX PA3HOMMEHHBIX TPAaHMUHBIX

CTOPOH;

w

W; z(w) — nBoAKO-

2) w= C/z73/4(1—z)71/2dz, roe C =
0
nepuoanueckas (QyHROUA ¢ TepuogaMu 2w W 2wi; rpynna G mopospaeTcs
npeo6pasopanuamu: 1'(w) = w + 2w, S(w) = iw; ee ¢PpyHIameHTanbHasa 06-
nacTk B cOCTOMT W3 KBagpaTa co CTOPOHOW w M OBYX FPaHUUHBIX CTOPOH
OIHOTO U3 COCTABJAIOIIMX KBaapaT TPeyrolbHUKOB;

z
3) w= C/z72/3(1 —2)"%dz, rae C = m z(w) — nBosAKOTMEpU-
0
onnueckas (pyHruuA ¢ meprogamu 2hi u 2he™/® rme h = w\/§/2; rpynna G
271 /3,

noposknaerca npeodpaszoanuavu: T'(w) = w + 2hi, S(w) = we ; ee pyuna-
MeHTanbHasA ofaacTh B COCTOUT M3 YABOEHHOr0 TPeyrodbHUKA U ABYX pasHo-
MMEHHBIX TPaHUYHBIX CTOPOH.

9) CxeMbl dyHIaMeHTalbHbIX o6GjacTeil n1aHbl HA puc. 62.

181/2*
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9.9. “Tpeyronsuur” ¢ AByMsa BepmuHamu B Toukax w =0, w =d = B(«, 3)
n yraamu wa, w3 B aTux Bepmnuax. Ecan a4+ 3 < 1, To TpeThd BepuinHa Ko-
HeuHas; ecid o+ 3 2> 1, To TpeThs BepuIMHA I€HUT B GECKOHEYHOCTH; €CIN
a+p3=1,T10od=n7/sinar, a “TpeyronbHuK” nMeeT GOPMY MNOIYHIOIOCH! KO-
coit, ecnint a # (3; B cnydae a + 3 = 2 cTOpoHBI “TpeyronbHUKa” | BRIXOAALINE U3
RepIINH OCHOBaHU, MapalllelkHbl, HAalpaBleHbl B MPOTUROMNOIO#HbIE CTOPOHBI

A\ N A

a+03<1 a+p=1 a+B3>1 §
N a+3=2 Ng—p-3

i
a=1
‘\ a+f8=1
a=2 oa=2; ,@:—% a=2; B=-1
Puc. 93
m(a—1) 3 B . 3
nd= ————"—;ecmnt @ = = —, To “TpeyroikHUK’ NpejacTarafeT co6oii
sinm(a— 1) 2

BHEIIHOCTh NPAMOMN moaynonockl (puc. 93).

2) “TpeyronbHUK” ¢ OIHONH KOHEUHON BepINHON B Touke w = 0, ¢ yraoMm
7 U ABYMA BepHinHamMu B oo. [IBe cTOpoHbI “TpeyroibHUKa” MpeacTaBifaioT

Jy4H, BbIXOJOdAMNKe M3 Haydajda, TPpeTbA CTOPOHAa npAamMas, OoTCToAlas OT Ha-
sinB T'(a)T (8 + 1
yala Ha paccToAHUU h = 3 A (rz (8 3 ) (O BbrUMCIeHUU BenuuuHbI h cM.
a+

suury B. Konnengenbca n @. MMltaanmana, ykaszanuyio Ha c. 148, n. 13.2.) B
cnydae o = 1 momyuaercs nojioca mypuHoi m; B cnydae o + 3 =1 gBe cTopons!
napainnenbHsl U h = 7; B ciyvyae o = 2 nmonyvaeTcd NOIYNIOCKOCTh C PaspesoM

. . . sin 73
BOONAB NEVCTBUTEIBHOU MOMOMUTEIBHON NMONYOCHU U h=—— B YaCcTHOCTH,

BB+1)
h =4, ecau 8 = f%, uh=m, ecmn 3= -1 (cMm. puc. 93).

9.10. 1) Cm. puc. 94, 1); w1 = w(l) = —iw(1/2 — A); wr = w(A).
2) em. puc. 94, 2); wy = w(N).

9.11. 1) w = ; [arcsin /2 — (1 — 22)V/z — 27];
2)w= ; [arcsin /2 — vz — 22];
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3) u;f;(l :J:\[fQ\/_ (arth\/zf\/z);

4) w = 2h(arctg /z + arth /z — 2(72)/#; 5) w=1ia(—/z(z—3)/2 —1).

v

1) A<0 0<A<] A<i
M) NN \\\
X \ N\
\Q
2{)\<1 A>1
\\\\ %
O
0<A<1
\
wy
O
1 1
2 2
ANN
Puc. 94
2 g1
9.12.1)w:—;/m.EchG:Z,Towzigtgln(l—:’),
rnet:(z;l)uquf =™/ (,=0,1,..,q—1).
2)11)—:6:(22l)edz.EchG—Z,Tow—Z[H(f;pl)—}—iz;t,’ﬁln(l

t
) rue t v t, UMEIOT Te #e 3HAYeHUs, YTO U B 1. 1).
v

a 1 2t 1—1t z—1
9.13. w = — = - In —— =
v ¢’ rae ¢ ﬂ(17t2+n1+t)’

9.14. w = 2h/w(v/2?> — 1 + arcsin (1/2)).

z

— a—1 o
9.15. w = W/t (1—t2) ~dt.



278 Omeembl U peuleHus

9.16. 1) w = — (Harcth +harth— ) rue a—1+
a—z
H hf 214
2) w ( arcth 5 th art 4/a 72) +H?’

w = C/ Vi di roe C, a, b onpemelfdioTcsa U3 ypaBHEeHUN
1T—t)(t—a)(t+0b) T P yp

Cr . Cxfa . omb_
mfhl7 (a—1)(a+b) = ha, b+ 1)(a+b) = hs.
.. n [ _gn\—2/n g4,
9.17. 1) w = Bi/m, 172/71)/(1 t") dt;

3 (1 ¢n)=2n 27 */"nsin(nn)
2) w= C/idtﬁLl coi1=0C= Bijn+1/2,1/2)"

z
5.22/5 5\ —4/5 5\2/5
18. 1 —_ 2 (1= 5Y2/5 g1.
9.18. 1) w 3(1/10,1/5)0/( £ (1 + £9)°5 dt;
Y451 +t) 2/5 2-2/57(7/10)
= 1 1= =
w= c/ R

9.19. Ha MHOrOyTolbHYIO 3B€31y C yriamMu ™ — 2w/n — Am U ™ + Am nome-
pPeMeHHO, C HeHTPOM B Hayale KOOPAWHAT U OJHON M3 BEpHIMH MEepBOr0 BHIA

yrijiaoB B TOUYRKe
1-x 1 142 14
iy F(—77>F( + >sin”( +X)
ay= 20" 2 n 2 2

w

n sin ©
n
z m—1 —2/n
9.20. w = CC(]/ z (22 —tggﬂ—k) dz, ecm n = 2m, n
.1" ot n
z m —2/n
k
=CC1/ zH(z —tg”r) dz, ecm n =2m+1, rme C =
n
i k=1
" Co = —2i(2n)"Y"e"™/" u Oy = —2i-27%/".

" B(1/n,1—2/n)’

9.21. TlapameTpbl onpenelnsiioTCs ¢ NOMOWLIO ypaBHenus (3) nns by, us
paBeucts |f(br)| =1 (k=1,2,...,n) 1 HanpaBlIeHNs OXHON U3 CTOPOH 3BE3bI.
OnHo 3HavyeHUe aj BbIGHMpaeTCA MPOU3ROIBHO.

C(z —1)?(z 4 1)% 2 h _, 3
( it ) , O ==a (1 —a)> 2
z 4

9.24. Mapametps! onpenenaooTca us auavennii |f(b;)|, |f(ds)|, n3BecTHBIX
u3 sagauusa P u HanpaBieHus onHoit usz ctopon P. Tpu napamerpa (ax, b;,
¢j, ds) BBIGUpAIOTCH NpoUaR0OaILHO. Ecnn o 13 napaMeTpoR ay WK ¢; paBeH
oo, To (4) n (5) ocrawoTed B culle, ecny 0TGPOCUTb MHOMUTENb U cllaraeMoe ¢
»TUM niapamerpom. Ecan ogun u3 napametrpoB b; uin ds pasen oo, To (4) u (5)
0CTaloOTCA B cUlle 6€3 U3MEHEeHU .

9.22. w =
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9.26. w=C(z+1)""(z—1)*?, C=h(b+1)"""(b-1)""2 b= ——

22 — a? h
—_— =+VhH, a=4/—.
1 —a222’ ¢ 4 V H

. b

9.28. w = Cz' (2" — 1)°,

9.29. w = \/h_H(f:aaZ)al ( 2o b )02, roe a u b onpengensioTca U3 cUC-
1/a —a) = a2(1/b—b).

[(z4+V2=1)"+(z—V22—1)"] —

9.27. w=C

=]
]
£
=
2
el
o
es)
o
©
jas]
=
=¢
2
2

=
o>
2

M

I
%
=
2
=
_ o~

9.30. 1) w=[T,(2)]"/™, roe T (2) =
nonvHoMbl YeGbllieBa;

2) w= [MT/H.

n
9.31. Mapametrpsl onpenensiiorcs ua 3navenuit Re f(b;) u Re f(ds), nzsect-
HBIX U3 3aganusa P u nonojenus ogHoi uz cropou P. Tpu napamerpa (a, bi,
¢j, ds) BBIGUpAIOTCA MPOU3BOAbLHO. Ecliv oUH U3 mapaMeTpoB aj WU ¢; PaBeH
oo, To (6) u (7) ocTaloTca B cuie, ecnu 0TGPOCUTE COOTBETCTRBYIOLINE clarae-
Mble. Ecnu onun us napameTpoB b; unu ds paBen oo, To (6) u (7) ocraioTcs B
cuie 6e3 namenenns (cM. OTBeT k 3anade 9.24).

N |

9.32. Ilapametpsl onpenensiorces us sunavenuii Re f(b;), Re f(ds). Tpu na-
pamerpa ag, b;, ¢;j, ds BeIGUpaioTca nponsBonkHo. B ¢opmyne (10) nra napa-
MeTpa ay, bi, ¢j, ds BLIBUPAIOTCA NPOUBBOJILHO.

9.33. Tlapamerpsl onpepensiores n3 snavennii Re f(b;) u nonoxenus ogHoi
u3 ctopoH P. [IBa napameTpa BbIOMpalOTCA NPOU3BOILHO.

9.34. Tlapamerps! onpegensorca us snauennii Re f(b;) u Re f(ds) n no-
noyeHuss ofHO#M u3 ctopon P. Tpu mapamerpa BbIGMPAIOTCA MPOU3BONLHO. B
¢dopmyae (11) nBa napameTpa, COOTBETCTRYIOLINE BEPHIMHAM, BRIGMPAIOTCA NPO-
U3BOILHO.

9.35. 1) w:ﬁln(z—i—l)—i—ﬁln(z—l)—kc,
m w

hy ha hi — ha
=" Ip+1)- ZIn(1--b), b= ;
C=-—In(b+1) - —In( ) o h

Z)w:@ln(zg—l)—i-ﬁlnz—i-c,
w m

C=-"ma-p)y-"mp o=,/ "
b T 2h1 + ha

z — a»

3) w:h—]ln Z+am +@ln

T 1+ a2z T 1—asz
CUCTEMbI ypaBHEHUIA: a{”ag? =e 7, hi(l/ar —a1) = ha(1/a2 — a2);

. [lapameTptl a1, as onpenensioTcd U3

4) w= f[%(z—f- %)], rae f(z) — oToGpamenue u3 m. 3;

h
5) w= —1InT,(z), roe T, (z) — nonmuuomel YeOblmena (cM. 0TBeT K 3aia-
™

ue 9.30);
6) w= E[ln(z — 1)+ z];
T
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roe b onpepgeisgeTca U3 ypaBHEHUSA

7) w:lnz+1+Az, A=

1-z b2 —1
b+1 2b
In 2L —d;
Y1t ¢
8) w=1In(z+1) — Az> — 2 + const, rne A = 1/(2a) u a onpenenserca us
ypaBuenus Ina + 1/2(a — 1/a) +d = 0. B uacthocTu, eciu d = 0, 10 a = 1;

)

h C h h ;
Yw==-In(z—a)+ —— + Az+const,rne A=—,C=—(1—-a")m
T z—a 2ma 2ma
—a 2 wd
a onpejenseTcsA U3 ypaBHeHUd In T + == W B uwactrocTy, ecin h = 0, To
a a L

a=0,A=C=d/4
9.36. CooTBeTCTBUE MeKAYy MIOCKOCTAMU u, 2z U ¢ NMOKazaHo Ha puc. 95,

® ;7 7@ @
_ ur _—— H/ D DD
iK' - 7
m [pZuzc AV c' /c
————— /7//%7 N\ % %
v |AZ1ZR D c| B A7 BZYC D B' |A B
-K K _%g -1 1 %c ~ & 5
—iK!
Puc. 95
D", D'
iK' @ @
W C D" m i¥le m
I v
//’ #
A v B Al D" A’ 0 1 D’
o K 2K pr 1 B //A 75 D
I 1 ¥ / /
D D" v k91
—iK' / /
p"lp %
Puc. 96
, T . 14k
Adourcnl Touek C' u C' B MI0CKOCTU ¢ paBHbl +— +iln . HITpuxoBomy

0Tpe3Ky B MIOCKOCTHU % COOTBETCTBYET IITPUXOBAf MONYOKPY#HHOCTh pagmny-
ca l/ﬁ B miockocTu z (cM., Hanpumep, kuury [. Beilitmena u A. dpneiin,
yKasauHyio Ha ¢. 162, m. 13.25).

z
9.37. w= )\/ =sn (%, k), rae A u k onpegnensiorca
0

! b
13 COOTHOIIEHUH =0 AK.
a

9.38. Cm. puc. 96. ‘9.39. CwMm. puc. 97.
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TaGaupa T

ky l h

k E K' — E

% L ki %(E—k?K’)
K E' K-E

1 1 . 1 .
o E(EI k’K") E(Efk’zK)
% l l(K’ _ E’)
K K K

1

i lE’ l(K, E)

~1)K + E=(E0* —1)(K +iK') + E+i(K' —

3) w(b) — w(1) = ih.

9.40. OtobOpameHue z-miuoc-
KOCTU Ha TIOCKOCTH % TIOKA3aHo Ha
puc. 98 (I/IMEIOIIIEIHCH Ha 3TOM ke
PUCYHEE ¥U-TIOCKOCTh OTHOCUTCHA K
oTBeTy 3amaun 9.41).

9.41. CooTBeTCTBUE MeERIY
NIOCKOCTAMM 2z W ¥ TOKazaHo Ha
puc. 98. Bripaskenus nnsa [ u h yka-
3anbl B Tabn. 1.

9.42. Pemenue. [nsa omnpe-
nenenusa napametrpor Ci, k u b
UMeeM TpHU CIeIYIOUUX YypaBHe-
HUS:

1) w(l)
1)K + E] = a;

2) w(l) = w(1/k) wumn (k°b*—

a umn Ci[(k’b? —

E") (cm. yrazanue & 3agaue 9.41);

1 !
U3 ypaBuenus (2) umeem b = RV loncrasasaa B ypaBuenue (1),
1) @
@ @ il v
/, gt
" T E77
! D777 C
/f/ 7 '/%/, i o LY h/f g
AP MPBAZC D A ntB A A M
ot AL § ol | K 2
mr'voI o v 1r
2) 7750
. |
v 7/;/ i
‘h//
7
AT IV C//D
, 11T ] |
of + ik o 1 ¥ g
I mrnv 1
I
Puc. 99
E'K - KK' + EK' 2aK'’
nonyunm C| [ P + ] =a,T.e. C) = ¢ (eM. dpopmymy (10). na

c. 165). Torga pas onpenenenus k nonydaem U3 3) TpaHCleHIeHTHOE ypaBHeHUe

1

E’ L (1 JECN w,
k,/ﬁ,k) +KU(W/F,1¢) = T(a+ih).

(E' — Kl)u(i,
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HMonpoGHocTy pemeHusa U rpabUKU 1A onpeleleHUA NapaMeTpoB CM. B KHUTe:
Betz A. Konforme Abbildung.— Berlin, 1948.

9.44. Cnyuaii 1), 2), 3) u 4) usoOpaxenbl COOTBETCTBEHHO Ha puc. 99,
100. Bo Bcex cnyuasx sl CpaBHEHUA NPUBEIEHO 0TOGpaMeHne Ha u-MI0CKOCTh
C MOMOWBIO HOPMAaILHOrO 3MIMNTUYECKOro muTerpana 1-ro poma. [Ipomonase-
HUEe 0TOGpaKeHNs NepPBOro KBagpanTa I z-MIoCKOCTH N0 MPUHIUIY CUMMETPUU
NPUBOAUT B w-TIOCKOCTH K TONOCE C MPAMOYTOALHOW BhleMKoil (cM. o6aac-
™™ I+ ITwua puc. 99, 1), 2)), &k nonoce ¢ NPAMOYTOALHBIM BhICTYNOM (cM. ofaac-
tu [+ IT na puc. 100, 1), 2)), a Takxe K ApyruM o6aacTAM (HEKOTOPbIE U3 HUX
nokazanel Ha pucyHkax). OCHOBHbIe BOZHMKalOmMe npu 3Tom pasvepbt H, [, h

TaGauna I1

v H* H l h

<-1|Z lv] K (v, k') M (v, k) H* —H

v< — — — v —T1 (v —
o\ w+1v+k2 | K2+v e

“l<v<|Z M I (v, k) il’h(u’,k’) H*— H
< k2| 2V v+ 1y +E E+v

k2< | Z lv] . _,kz (v, k') I (v, k) H— H*

<v<<0] 2 v+ 1||v + k?| k2 + v

vso | T ) My (v, k) K ', k) | H-H*

2 v+ 1||v + k2| k2+v

1

2 (EI*
kl_
—k2K")

v =k — oE (K E) —

lTpumeuanne. Bcronbue “/” nHTErpanbl MOHUMAIOTCA B CMhbICHe MABHOI0 3Ha-

2 2
uvenud. Beanuuna v/ = —vk'” k% + v.

cM. B Tab6n. II. 3ametum, uto BTOpOIt cnyyait MPUBOAMTCH K MEPROMY, a YeTRep-

5 o 2 2 5.2
ThIi K TpeTheMy 3aMeHoii z Ha t: k*2* + k'*t* = 1. Tlpu aTom BMecTO v, k B
v 2
ciydanx 2) u 4) BO3ZHUKAIOT 3HaYeHud v’ = Ean k', k' u coorBercTByIOmUE
- 14
w-(Urypbl MONYyYaloTCA U3 w-GUTyp I caydaeB 1) u 3) MOCPeICTBOM LENIbIX
o o (dl.)g k.z + v
JAUHEHHBIX Npeofpa3oBaHuil ¢ K03 QUUNEeHTaMU PaCTANEHUA ) == —m
)1 =

dl)s K +v

() = (unpekc ywaswiBaer ciayuait). [lna cnydaer v = —1 u v = —k’
)3 -
Ha puc. 101 mpuBegeHO COOTBETCTBUE MEKIY U u- U w-MI0CKocTAMU. Bocnoab-
3oBaBmuck Tab6a. I, nonyuum gna v = —1

1 /2 snu.dnu:| 7 ( , 1)

w=—|k'"u— E(u — | = ——FE\ik'u, —
k,’g[ ( )+ cnu k' "k)’
1 2 1 .
1= —(E—K’K), h=—(E — KK
5 kl— kl—
nnav = —k”
_ 1 ssnucnu _ 1 , , _ 1
w = W{E(u)—k W]’ Z_W(K —EY, H_WE'
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|74 C'A v =t
P Ay 1 @] 1 K
oo &
MM
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9.45. Pemenue. U3 ycaoBusa A > 0 ciaenyet, UTo e;, es, €3 BellleCTBEHHBI
U pasnuuHel U go > (0. Bynmem cuuraTtk e > e» > e3. Bepxusasa nmoaynnockocTh
Imz > 0 oroBpamaeTca Ha MPAMOYToARHUE ¢ BepmuHamu 0, w, w —w', —w'
(npunaTo Imw'/w > 0), COOTBETCTBYIOMUMU TOUKAM OO, €1, €2, €3. CpeaHUM

AUHUAM MOPAMOYTONBHUKA COOTBETCTBYIOT OBe HOAyoKpy:HocTH (puc. 102):

w

Py -f-P._z

NBNCN\D
1

1
k

S 0

1
B

nepBas C HEHTPOM B TOUYKE €3, OTHOCUTENLHO KOTOPOH €2 U €1 CUMMETPUIHEI
(cnemoBartensno, ee paguyc +/(e1 — e3)(e2 — e3)), U BTopas c LEHTPOM B TOUKe

Puc. 102

€1, 0THOCUTENILHO KOTOPO CUMMETPUUHBI €2, e3 (ee pannyc v/ (e1 — e2)(e1 — e3)).

[Ipomonkasn oTobpazenue @(w) M0 IPUHIUIY CUMMETPUN, HAXOAUM MONYTEepU-
ofibl w, w' ATOH PyHKIUN:

dx

_ 7 dx
w_é[men(mez)(mes)

e3
O/c Vier —m)(es —a)(e —x)

r__ -
, w =1

W3 paccmorpenus puc. 102 HaXxoIUM COOTHOIIEHUS
e — ey 2 ex—e3
sn?(Kw/w, k)’ e1 — ez
Ecin gz >0, Toes<e» <0< e nw < |w'| (mbo k < k', cnenoratensno, K < K');
ecn g3 < 0, To e3 < 0 < e < e, cenoBaTenbHo, w > |w'|. Ecan g3 =0, To €2 =0,
es = —e; u w = |w'|. B 3ToM ciryuae oTo6pasenne CUMMETPUUHO ellle 0THOCH-
TeIbHO BepPTUKANbHON ocu. Bceil z-miockocTu ¢ paspesamu (—oo,es], [e1, 00),
[0, i00) cooTReTcTRYeT Tpeyroabuuk (0, 2w, 2w’), cocTaRIAIOMNI NONOBUHY Na-
pannenorpamma nepuonos (Temnephb aTo kBagpat) (puc. 103). 3ameTum eme, 4To
B cilyuae MPOUBBOILHBIX €1, €2, e3 (e1 + e2 + e3 = () M0J0BUHE Mapannenor paMmma
MEePUONIOB COOTBETCTBYET 2-MIOCKOCTh C pazpe3aMu, BOoGIIe KPUBOJIMHEAHBIMHU,
BBIXOAAIIMMU U3 €1, €2, €3 U UAYIUMH B 0o (CM. cxeMaTuuecknii puc. 104).
9.46. Pemenue. OcHoBuoe oTo6paskenue nokasano Ha puc. 105. Ono no-
JydaeTcs ¢ MOMOIIbIO MPUHIKNA CUMMETPUU U3 oToOpameHusa moaykpyra II.

p(w) =es +
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Puc. 105
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3ameuvan, duTto dw = — dz u Gepa Arg(—1) = =+,

V(z—e)(z — e2)(2 — e3)
umeem Argdw = +mw+ Argdz —

3
1
- > Arg(z — ex), otryma cre-
k=1

nyet, uto Arg dw Ha cTopoHax “ge-
Teipexyroabauka” PBMC umeet
COOTBETCTBEHHO 3HAa4YeHUA —7/2,
0, m/2, —m, 4TO MPUBOAUT K yKa- c
3aHHoMmy Ha puc. 105 nToﬁpaﬂf— ez P&'

uuto. Tar, nanpumep, na nyre PB
umeeM (puc. 106) argdw = — w +
+ (2 + 7/2) — (— a1 + a2 +
+a3)/2=—7r/2+(a1 + ar — €3
—a3)/2=—7/2urT. 0
Jlna  onpeneleHus KOMIJIEKC-
HO COMpPAMEHHBIX TMOJYTIepUOI0R Puc. 106
w, w' $yusnun p(w) umeem

dz

f s dx
+w' = :
cre / Vo — e — )@ — )

B 2.0/0 Vier —a)(ez (e )

w—w

Eciu go = 0, To e1, €2, e3 ARIAIOTCA BepHIMHAMU TMPaBUILHOTO TPeyToibHUKA
U mapaiielorpaMM IMepHoIoB uMeeT (opMy pomba c yriaom 60° B myme, ec-
au g3 < 0 (torma e; < 0), u yraom 120° B uyne, eciu gs > 0 (torma e; > 0).

Puc. 107

B ofoux ciydaax MNOJOBMHA mNapamlelorpamMma TMepHoIoB COOTRETCTRYET
2-TIOCKOCTU C CUMMETPUUHBIMU JIYyUYeBbLIMU pPa3dpe3aMU, BbIXOAAMMMU U3 TO-
uer er, e, eg (puc. 107, 108).

9.47. 1) w = —[p(2)/e1]?, monynepuonnt w, iw;

—im /6

2) w = p'(2)/2le2*?, monymepuomsr w = he ,w = he™% rpe h =

=aV3/2;
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3) w= p'g(z)/4eg7 NONYyTEePUobl Te e, UYTO B 1. 2.

9.48. 1) z =sn(u, k), w = e /K Inp = 21K /K'; [Reu| < K, [Imu| < K';

A\f;/’ <6

Puc. 108

2) orobpamaromasa (GyHRUUs Tame, uyTto U B m. 1), Tomeko 0 < Reu <
K
<K, |Imu|< K',Inp = T
3) ceoguTcA K 1. 1) ¢ MOMOIIBIO TUHEHHOTO Npeo6pasoBanufA; Npu 3ToM k =

VA=V

rune A = (a, b, ¢,d) — aurapMoHUYeCKOe OTHOIIEHUE YKa3aHHbIX

A+ T
TOuek;
4) ceoguTca & 1. 3) ¢ noMomkio otobpaxenns t = /22 + h?;
. K’
5) z=sn(u, k), w = jei™/(K), Inp= 27 —3K<Reu< K,0<Imu< K';

6) cBOOUTCA K M. 5) ¢ MOMOIIbIO oToGpaskenus t = /1 + z2; npu satom k =
= Cos o
7) orobpaaiomas (GyHKIUA Ta ke, YTO B M. 5), TOmbKO oguu pa3 0 <

<Imu < %K', a apyroi %K' <Imu< K';lnpy= 1K

D . K/
8) z = ksn’(u, k), w=e /K Inp = T Reu| < K, 0 < ITmu < K';

9) oToGpaskaiomas GYHKRINA Ta e, YTO B 1. §8), ToAbKO oauH pa3 0 < Imu <

1 1 ™ K’
< =K' roii paz —K' <Imu < K'; Inpy = ——;
SR apy p D) 3 1 2K’
z+1
10) cBoguTCA K 1. 8) ¢ MOMOIIKLIO OTOOpameHua t — : IPU 3TOM k =
) ) P e P

=1/(V1+p);
11) cBoguTeA K m. 7) ¢ MOMOILILIO O0TOOpameHus ¢t = ;72 npu 3ToM k =
z
= sin(a/2);
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12) cBoouTesa K m. 2) ¢ MOMOIIBIO OTOGpaMenus £ = —isin z, Ipu 3ToM k =
— (sh Hy)/(sh Ho);

13) cBoouTca K m. 7) ¢ mOMOIIBIO OTOGpaMeHus ¢ = sin z; Npu 3ToM k =
=costh H;

14) CBOJOUTCA K II. 5) Cc ToMoIbio oToGpaxseHud ¢ = sinz U NOCIenylo-

mero nuHeiiHoro mnpeoGpas3oBaHUA; NMpPU 3TOM k = M roe A =
peonp P T AT
_ (1 +sinB)(1 —sina)
" 9(sinf—sina)
dnucnu Ciun/K K’
15) z=C|Z(u) + ——— |, w=e ,In =27 — ruge k onpenensiercs
snu K
uz ypasHennii Z () tga = T dn’g = E
3YPp ga = oK’ K
1—cnu o o tia
9.49.t = ——— . Bepumnbl K £4K', —K £ iK' nepexonfaT B ToukMd e '“,
i snu
—e* rne cosa = k.

2K .
9.50. Conutca k 3agaude 9.49 c momolbio oToGparkeHUsd . = —— arcsin z.
™

—nK' /K —

[Ipu aTtom k ompenendercsa U3 ypaBHeHUA ¢ = e roe b=

(a? 4+ b2)’
=+va? —1.

9.51. t = 1-dnu
ksnu

k uMeeT To ke 3HauveHUe, UTO U B oTBeTe K 3amaue 9.50. Dorycwl z = %1

2K .
, Tne u = — arcsin z, |[Reu| < K, |Im| < K'. TlapameTp
m

nepexogaT B TOUKU +

T+ kK

9.52. 1)z=C[Z(u)+M],t:ﬂ;
snu snu

U 1+cnu
2) z=C|Z(u | =
)2 C[ (7l)+2KK’:|’ snu
3) z= hik {E(u) +i(E' —KK') — k' u+ cnudnul g onpe/eieHnuy NoCTo-

LK snu

AHHBIX CM. KHUT'Y, YKa3aHHYIO B OTBeTe K 3agaue 9.41.

I'masa X

10.1. MocTtynaTenrHoe nBuasenue co ckopocthio V. = a —i3. Ha oo —
OUNONbL ¢ MOMEeHTOM p = 27c. Jlunun toka Sz + ay = C; 3KBUNOTEeHNHANbHbIE
auann ax — By = C.

10.2. B Touke z=0  KpuTHUYecKas TOUKa (TOUKa pa3BETBIEHUS), HA OO
MyIbTUNONL TOpsaka 2n (Takke Touka pasBeTBIeHUdA); 1" CosSny =

= C — sKBUNOTEHIUaNLHbIe AUHUU, 7" sinny = C — auanun Toka (z = re'?);
sn—1
V =nz""".

10.3. Btoukax z=0u z =00  Buxpeucrounusu: (0; Q, '), (cc; —Q, —T);

Inr = -Tp/Q + C — sxBunorennuansuele muuny; Inr = Qp/T' + C — nunun
Toka. O6a cemeiicTBa nMuHUII — norapugmMmuueckue cnupany; B cayvaax [ = (
nm @ = 0 ogHO U3 3TUX CeMeiCcTB orpy:HuocTtn r = C, npyroe Iy4u

‘r + ZQ‘ ei(apfar(‘tp,(Q/l—)wLw/?) (

2z =re'?).
2mr

¢ = C. Cropocte V =
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10.4. B Toukax a, b Buxpeuctounuru: (a; Q,T'), (b; —Q,T); muuun mno-

Puc. 110 Pue. 111
s JAorapudMuUecKre Cnupamd BOKPYT Touek a u b (puc. 109); Inp =
I
= 7664—0 3KBUNOTEHIUalbHble auHUU; lnp = %9—}—0 ITUHUN

ToKa (ﬂ = peig). Cropocte V = F—zQ - 117—713 -
b —2mi (z—a)(z—b

10.5. B Touke z = 0 OUNOAb ¢ MOMeHTOM p = 27; r = C'cos ¢ 3KBU-
: 2 2
noreHnuanbHeie nuauy; r = C'sin g aunun toka. V = —e7¥ /17, Vo =
B Tourax 2 + i ckopocTh paBHa —(3 =+ 44)/25.

=

2
10.6. 1) n 2) B roukax 0 m co  aunoau ¢ MmoMenTamu £27R° u 27 (Bepx-
HUi 3HAK OTHocUTCA K 1. 1), HukHMA — & 0. 2)). JIuaun nona — Kpursie 3-ro

RQI R
——— =C  5KBUNOTEHUHANbHble IMHUU, Y F — Y s =C
z? + 2 , =ty
RL

auHuM Toka; V = 1 F —aezi"’, Vo =1. Toukn z = R nasa n. 1) u z = +iR
2

nopAnka r +

nas n. 2) kputudeckue (puc. 110 u 111).
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10.7. B Touke z =0 KBaapy-

moak; 72 = C'cos2p — SKBUNOTEHIN-
aneuble gunun; 12 = C'sin 2¢p -
nun Towa; Vo= —2"¢ /' V=0
(puc. 112)'9).

10.8. B Tourax =a UCTOU-

HUKW OOUIbHOCTU 27T, HA OO0 — WC-
TOUHUK OOWUIBHOCTH —4mw. IJKBUIO-

opaunat); V

TEeHIMANbHbIe TUHUM — JEeMHUCKATHI
B Hauale KOOPAMHAT M MPOXONAIINE %
.
KpuTHYecKkas Touxa (puc. 113). nvza
+Ca’r cos2¢ +a* =0 (IC| > 2) —
4az’

>,

7

l,-
/

»

|2? — a’| = C, nuuun Tona runep-
. .‘0
R _9 S 74’ / \.\
uepez Touku +a; V = 2z/(z° —a’), : _’/./-/‘./_/' : //
7)) Z//
10.9. B Toukax +a, *ai — wuc-
AKBUNOTEHNMANLHBIE TUHUM (K HUM NpUHALIeAaT Takie NpaAMble y = +);
3+ Voo = 0, Touna z = 0 Kputuueckas (puc. 114).
a
1/
7%
O

6onet 2° — 22y/C — y* = a” ¢ uenTpom / . Wil - //
Vi, = +i/a; wauvamo woopaunat ' \,-
tounuky: (=a;2n), (dai; —2m); r' + Pue. 112
'+ Ca’r’sin2¢ — a’ = 0 — nunuu Toka (k HUM MPUHAINEKAT TAKHE OCH KO-
e
.\1%

Puc. 113 Puc. 114

10.10. B tourax +1, 0 u va oc — ucrounnkn: (+1;Q), (0; —Q), (oc; —Q);
r?+1/r" = C+2cos2p (C > 0) SKBUNOTEHNHANbHbIe TUHUN (npu GOnb-
mx anadvernax C muunn 6anzkn & okpymuoctam 1 =/C ur =1//C); r =

[C+1t
= % — JIUHUKM TOKa (R HUM NpuHanilexaT TaKk#e O0CU KoopanHaT u
— gy

B}
okpysuocte 7 = 1), V = Q[ SRR ], Vo = 0. Toukn +i — wpuTnueckue
2 Lz(2%2 — 1)
(puc. 115).
10.11. B tourax =i, 0 — uctounusn: (+i; 27), (0; —4x); Cr' — 2r° cos 2¢ —
—1 =0 (C > —1) — sxBunorenunainkubie auann (npu C = 0 — runepbona

y* — 2% =1/2); r = \/Csin2p — cos2p nuann tora (mpu C = 0 1em-
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HUCKaTa BepHymmu), K KOTOpbIM NpUHA;IeMaT Takie ocu KoopauuHat V =

-2 V.=0 (puc. 116).
2(22+ 1)

10.12. B Tounax +1 +i/v/2  HCTOUHMKM 0GUIBLHOCTH 27, B TOUKe 2 = ()
HHHHHHH 6unbHOCTH —47, Ha 00 — MCTOUHMK obunbHocTH —4m; 1t 4

+1/r' = C —2cosdp (C > 0) SKBUIOTEHIMANbHBIE HI/IH(;C: (Hpn Ay
------- vy
.

H/{/f//%

Z,
N

. 7

\
7|

4% X
\|//-
Y /’./n////?i%/f/

Puc. 115

‘ 1
=C— T mmmn Toka (K HMM mpUHALTEKAT TaKMKe 0CU KOOPAUHAT, GUCCEK-
T
2t —1
TPUCHI KOOPAUHATHBIX YIIIOB U OKpYHOCTE 7 = 1); V =2 EEil Vo =0.
zZ\z

Touku +1, i  wpuTuveckue (puc. 117).
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10.13. B Touke z uctounuk (0; QQ), B Touke 2z = 00 IUINOJIb U UCTOY-

s (o0;—Q); y° = eim(Cman)/Q _ 42 (B HNONAPHBIX KOOPAUHATAX: ar cos ¢ +

Q C — Qp/2n

? Inr = C) — JKBUNIOTEeHIHWalbHbI€ TUHUWN, ' = ———— —— JUHUUN TO-
¥
Y

+ -
asin @
Ka; JMHUU TOKa UMeIOT FOPU30HTAalIbHbIe aCUMITOTLL: Yr 400 —> —, Yz —0c —
a

_ ip
LOQR L, e

a 27r

10.14. B touke z =0  Buxpb (0;I'), Ha co  aumons u Buxps (oc; —1I');

, Voo = a; KpuTuyeckas Touka z = —QQ (puc. 118).
a

)
C—Typ/(2 ; ;
€= Lp/m) SKBUMOTEHIMANbHbIe duHun; ° = e TV = /T _ 42
acos ¢
. Tl r . ;
(ar sin ¢ — o C) — munnm toka; V = a+ — '@V = a; spu-
2 2mr

~ (puc. 119).
Ta
10.15. MuakocTts o6TekaeT okpy#HocTh panuyca R; Vo, = a, unpryns-

T
THU4YeCKad To4YKa 2 = 5

!
; ’
/ _;'
4 ;
/i /
Puc. 118 Puc. 119
1 .
nusa [; KpUTUYecKMe TOUKHU ONpeNelfAloTCA PaBeHCTBOM 2, = 4—(F1,:i:
Ta

+V167%a?R? — I'?). Eciu I’ < 4waR, 10 |21,| = R, T. . 06e KPUTUUIECKUE TOIKU
neykaT Ha ORPYMHOCTH |z| = R; eciu I' = 4wa R, To KpUTHYECKUE TOUKU CINBa-
foTcA B oguy; ecnnt I' > 4dwaR, To |2:| > R (BTopas KpuTHYecKas TOUKA IEKUT
B 3TOM cllydae BHYTPH OKpY#HOCTH |z| = R). CMm., nanpumep [3, ra. 111, o. 49].

n
i r ]
10.16. w(z) = Ve ’/”’z—}—z%@“ln(zfak). Ha oo IUNONb
i n
. k—1
¢ momeHTOM 27Ve '® M BUXPEHUCTOUHUEK C OOMIBHOCTBIO Qo = ZQk u
k=1

n
WUHTEHCUBHOCTLIO [ = — E T.
k=1

10.17. 1) Her; 2) ma; 3) na (Hanplxn\/[ep7 TeueHNe W = l—i—;lnz
2 i

numMeeT JMHUU TOKa, BBIXOOAINIME N3 Haydajaa KOOpI[I/IHaT).
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10.18. [Ipu ogHOIUCTHOM KOH()OPMHOM OTOGpa*KeHUU BUXPEUCTOUHUR Tie-
PEXOAUT B BUXPEUCTOUHUK TOH #e 00MILHOCTH U MHTEHCUBHOCTU. MynbTUNONE
nepexonuT B HaGOp MYIbTUNOJEH 10 TOrO ke MOpsAAKa BRIOYUTedbHO. [Junons
NepexoAuT B AUMOIb CO CIeAYIOMNM 3aKOHOM M3MeHeHUf MOMEeHTa:

1) (a;p) = (ayper);  2) (005p) = (a;pe-1);
3) (a;p) = (00;p/c—1),  4) (o05p) = (c0ip/er).

10.19. IIpu n-nmuctHOM KOH(GOPMHOM O0TOGpaMEeHUN BUXPEUCTOUHUK Nepe-
XOOUT B BUXPEUCTOYHUK C 0OUIBHOCTBIO U MHTEHCHBHOCTBIO, YMEHbIIEeHHbIMU
B n pas.

10.20. 3akoH u3MeHeHUs BUXpeucTouHuKa (a TOUKa, CUMMeTpUYHasag
touke a): (a; Q,T) = (a”; Q,-T) — B cayuvae auuum ToKa, (a; Q,T') —
= (a”; —Q,T) B cayyae 5KBUNOTEHNUANBHON TUHUN. 3aKOH U3MEHEHUs [U-
nonsa oiee cloxsHbli. B ciyuae npamonuneiinoit nunuu Toka: (a;p) — (a*;p’),
rlle BeKTOpbI p, p’, TPOBeJleHHble COOTBETCTBEHHO Yepe3 a U a*, CUMMeTPUIHbBI
OTHOCHUTENLHO IMHUN TOKa. B ciyvae kpyrosoit nuuun Toka [z| = R: (a;p) —
— (a™; —R*p/a?), eciu a # 0, u (a; p) — (co; p/R?), ecnu a = 0. B cnyuae npsamo-
NAUHEHHON U KPYTOBOM SKBUIOTEHIUANLHBIX TUHUIA NPU TeX e 0603HaYeHUAX
coormercThenno: (a;p) — (a%; —p'); (a;p) — (a°; B'p/a’), (0;p) — (o0; —p/R).

10.21. 1) Bo Bcex cayudasx 0COGEHHOCTU TeUEHUs NOIKHBI GbITH PacIoio-
MEHBI CUMMETPUYHO OTHOCUTENLHO OKPY:kHOCTH |2| = R (cm. 3agauy 10.20). B
YaCTHOCTU, OCU IUMNONEH, PaCIOI0KEHHBIX Ha HTON OKPYHOCTH, TOJMKHBI GbITH
KacaTenbHbIMU K Heil. CymMma 06MIBHOCTEH N0MHa PABHATRLCA HYIO, IIA Yero

1
E Qr + 5 E Q; =0, rae Qr — 0BUILHOCTH UCTOUHUKOB BHYTPH |zl = R n
Q)  oOMIBHOCTU MCTOUHMKOB Ha |z| = R. Buxpeit na |z| = R He I0MKHO GbITH;

2) Oco6EHHOCTU TE€YEHUS TOJMHBI ObITH PACION0KEHBl CUMMETPUUHO OTHO-
CUTEIbHO OKPYMMHOCTHU |2| = R. B wacTHOCTH, OCH OUNONEH, pACIONOMEHHBIX Ha
|z| = R, monmusl GbITh K Hell oproronanbubl. CyMMa MHTEHCHBHOCTEH DOIH-

1
Ha PaBHATHCA Hymo, Ans dero » Ty + 2 > T} =0, rae Ty — MHTEHCUBHOCTH
Buxpeil BHyTpy |2| = R u I'; — nunTencuBHocTH BUXpeil Ha |2| = R; NCTOUHNKOR
Ha |z| = R He NONMHO GBITh.
r z—a
10.22. 1) w = Vz + ¢ (¢ — nocroannas); 2) w = o In — +¢;

™ zZ—a

3) w= 22 In[(z —a)(z — a)] + ¢ (na co ucTounuk o6unsHOCTU —2Q));
m

1 p 1
4)w:p + 2 —+c

2m z —a 2mz —a

L [Tg +1iQ Ty +1iQ _ p 1
5)wZZ[%ln(z—ak)—F%ln(z—a@]+527a
k=1

L +Vz+e (Ha 0O UCTOYHUK 0OMIBHOCTU — ZQk);
2Tz —a
k=1
6) Teuenue BoaMo#HO Toabko npu I' = 0, Imp = 0; Torma w = QL
Tz

Q
*3

v

Inz+ec.
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10.23. 1) w = ——In =~—° 4o 2) w= LI S +¢, ecan
mi R? 2z —a 27 z — a*
a;ré()(a*—R2 *——E’) I/Iw———kiz—i-c ecnu a = U( —£)
TP T Tak) 2rz 27 - R2)’
10.24. 1) w—z n[(z —ap)(R® — axz)] + ¢, ecim > Qk =0;
k- k=1
2) w= Z%ln[(zfak)(Rgfﬁ,kz)} +iQ—Iiln(zf(1'—)+c eciu
Pl i 2T 1 ’
n 1 m ,
— ; =0,
r z—a EQk+2;QZ
10.25. 1) w= —1In — + ¢

271 R? — az
*

p 1 pr 1 ( ? )
2y w= "~ + — 4+cla"="—,

2m 2z —a 27rz7a a
3) w=Ve ®z +R_V +e 4 w=Ve +RV +—ln2+(‘
2mi
10.26. w = Llnw fe
2w (z +ia)(az — 1)

10.27. w= <1 (z°4+a’) +¢c  10.28.w = 9 (2 1) +ec.
27 27

2 _
10.29.1)11):%1n;+1+c; 2)11):%1n(1+%)+c.

10.30. w = Z [Mln(zf(lk) + Mln(zfﬁ,k)} + 2 !

2mi 2mi 2m 2z —a
k=1

P

n
™
+ Ve "z 4+ c. Teuenue BoamomkHO, ecnn o = +— (EC.HI/I E Ty #0,
orz-a n 2 Pt

TO HA OO — BUXPh C MHTEHCUBHOCTHIO —2 E Fk)

k=1
n T . T — 3 .
10.31. w=>)_ [m In(z — ak)—i—kiZka In (R — ékz)] +Ve "z
P 2me 2mi
R?Vel® S 20 ia
— + c. Teuenvie BO3MOKHO, ecau ka =0,a=0,up=—-2rR Ve
k=1
10.32. Tycrs t = f(z) ®oHpopMHO oroOpamaer D Ha eIMHUYHBIN

kpyr |t| < 1. Torga w = ®[f(2)], rme

<I>(t):2[Mln(t—tk)+wln(l—{kt) e

2mi 2mi

tr, = f(ax), IpU HEMpPEMEHHOM YCIOBUU ZQk =0.
k=1
10.33. Ilycts ¢t = f(z) woudopmuo oToGpaxaer D wHa oBmacts |t| > 1

¢ HopMupoBKoit  f(co) = oo, f'(co) > 0. Torma mpm ycrnosun ZQk =0
k=1
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w = ®[f(z)], rme

(ﬁ(t):Vei"’t +Z|:Fk+7Qk ll’l( fk)+

J'(c0) [
o —T'p +iQ In (1
271

4 —tit)| +e, i = f(ax).

10.34. B o6o3nauenusnx zagaun 10.33. w = ®[f(z)], roe

Ve io Veie T
d(t) = t —Int o
O= 5ot Foog i Tam e

Ilpu I'=0 w(z) oTo6panaer BuemnocTs C Ha BHemHOCTEL oTpeska [—2V / f'(00),
2V /f'(oc)] meficTBUTENbHON 0CM wW-MIOCKOCTM C HOPMHUPOBKOH w(oc) = oc,

w'(co0) = Ve @,

10.35. 1) w(z) = %[(nz —bV/22 — ) cosa +i(bz — a/z? — c?)sinal +
+const (Voo = Ve, ¢ = Va2 —1?); 2) w(z) = %[(az —bV/22 —?)cosa +
+i(bz —aV/z? — %) sina] + QLm In (z + V2% = ¢2) + const .

10.36. 1) w(z) = V(zcosa — iv/z? — Zsina) + const (Voo = Ve');

2) w(z) = V(zcosa — iv/z22 — sina) + QLm In (z 4 V2% — ) + const, rue

I' = —2mcVsina (¢ — Touka cxona).

10.37. [Iycte npodune fyKoBCcKOro moryvaercd Npu 0TOGpameHNU z =

1 1 ,
- §(§+ E) oxpymnoctn [ — (| =1 =G| =R >1, { =1—Re " (0 <

<A< g) Torna npu unpryaauun I' u Vo, = Ve'®

_ N - .
w(z) = @(—Z Gfva -1 e "+
2 R
Reic
+ — ) ln z—Co+ V22 —1)+¢,
z—Co+ V2 S 2
npudem I' = —27 RV sin(a + 3) (T onpenensierca us ycaosus w' (1) = 0 B coor-

BeTCTRUI ¢ noctynarom fykorckoro—Yanasiruua).

10.38. w(z) = \/z — p/2 + ¢ — o6Texanune napaGoibl U3BHE;

w(z) = ich 2\;p — o6Texanue napaGoibl U3HYTPU.
10.39. w(z) = f[(z + \/7)’7/ gime/2
_ T = @)/CBima/28)] 4 const
ofTeKkaHue MpaBoil BETBU rMnepﬁoan u3BHE ( g =rT—a, c=

1
=+Va2 + bz) I/I’IU(Z) — ﬁ[(z + 22 — Cz)rr/(?a) + (Z /2 = c_)ﬂ'/ 20)] + const
o6TekaHue NpaBoil BeTBU runepHoibl U3HYTPU.

10.40. w(z) onpenmenserca na ypapuenns z = e™%/Y 4 qw/v (3navenus
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(GyHKOMM ToKa Ha OOTEKaeMbIX MONYNPAMBIX
B3fITHI PaBHBIMU +v).

10.41. w = Archz = In (2 + v/2? — 1) (3na-
yeHUA (PYHKINUU TOKA Ha 0GTEKaeMbIX MOMYTpPH-
MBIX B3AThI paBHbIMU () U 7).

10.42. 1) Teuenue ¢ MepUOJOM T; B TOY-
kax km (K memoe)  UCTOYHUKU OGUILHOCTH
Q; Touku w/2 + k7 — kputuueckne. CKopocTh
Ha oo B momoce nepuonoB Vo, = V(z Fioco) =
= +Qi/(2m). JIluHUM TOKa W SKBUNOTEHINANb-
Hble TMHUM cM. Ha puc. 120.

2) To ke, TOJNbKO BMECTO HCTOYHUKOB B
Toukax km — Buxpu obuawnoctn I' u V (z + Puc. 120
+oc) = FI'/(2w). [Ins mocTpoeHus mons cie-
oyeT IUHUM TOKa U 3KBUIOTEHIMaNbHbIe TUHNN Ha puc. 120 IOMeHATHb poaAMHu.

10.43. Teuenue c mepuonoM m; B Toukax km OUNOAU C MOMEHTOM pP;
P=0 Pp=0
L
Y
=5
argp=’—£ 0< argp(%
Puc. 121
ckopocth  V(z +ico) = 0. Jlummm Toka npuBemennl Ha puc. 121,

10.44. Pemenue Bo3MoskHo pu Vi =V — Q/w;

T+ . — —T+i . a .
w = +Z_ansmﬂ(z a)—+- +_ZQ lnsmm—i—z(V—g)z—kc.
2me 2w 2me 2w 2w

w(z + @)

10.45. w = 2£ ctg me—a) P ctg +iVz+e.
T

2w 2
10.46. Ilycts t = f(z) KoHpOpMHO oTOGpazaer S Ha MPAMOTUHEHHYIO TO-
nocy Si, npuuem 2, 2> mepexoafaT B GeckoHevYHO yaaneHHble Toukn Sy. Ecin
CYIIeCTBYIOT He paBHble Hymio mpousBonnbie f (), f'(Q), ckopoctu Vi, V4
KacaloTCA rpaHuilbl S Ha 0O U MPOU3ROILHO 3aaHa OlHa U3 HUX, TO ana Sy 3ana-

20 JI.. BoakoBhICKHUi#t 1 1p.
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V p ¢ 2 p g
i 5 A 5 A
A B % A B %
ol =——— C e
C<ey g C=e3 A
) p ¢ Y bp ¢

[
(o]
Q
‘UU
Il‘»
S
luy]

i

ESQC‘C =5}

C= =]

5 p ¢ 6 p ¢ D C

PN
=y
o
Q
Hm
o=
o
&
5y
.

C=¢e, A
62{04 ey A
7" b ¢ D C
B A
A B
e;<C<oo A
Puc. 122

uya npuRonuTcAa k 3agauam 10.44, 10.45; pelrenue cymecTRyeT U e[UHCTBEHHO.

10.47. 1) Heo6xonumo u moctaTouyno, uTo6ul yuciaa M u C 6b1l1n O1eicTBU-
TenbHBIMU. B 3TOM e cnyuvae nunun Rew = tw ARnAIOTCA 3KRUNOTEHIUANE-
HpiMu nuHuAMU. Ha puc. 122 mnokaszano oto6pasenue t = f(u) = ((u) + Cu
npu paznuuueix geiictRuTensueix C. Puc. 122 cooTrBercTRyer ciyuao w >
> |u)'|. CornacHo pemenuto 3agauu 9.45 npustom ez < 0 < ex < ey u B> 1/2.
M 9((u — 0)/(2w)

2) f(u) = e 91 (u — ) /(2)) +c. lna o =0 u M = 2w oToGpasenue t =
!
= f(u) = ((u) — Ty = 1 9y(u/2w) nokasaHo Ha puc. 123 (SaMETI/IM7 uTo e3 <
w 2w Y1 (u/2w)
< —njw < 62).

10.51. f(u) = 2%((71, —a)+ g{(u — ) 4+ Cu + c. Ytober pyuruus f(u)

M
GbliIa AN TUYECKO, OHa Hoa#Ha UMeTh Bun f(u) = g[C(u —a)—C(u—08)] +

+c. Ecnu Imu = 4+ Im w' — nunuu toka, To M 10m#H0 6bITh JeficTBUTENLHBIM,
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7 ra )

a eciy 3KBUINOTEHNUANbHBIE U-
HUM, TO — YNUCTO MHUMBIM. [ns
a U [3 BO3MOMKHBI TOJbLKO 3HAUe-
ous 0, wy (kK =1,2,3).

Oaa a=0, B=wr, M =27

fu) = () = ((u —wi) =

T p'(u)
=Mk — = =
2 p(u) — ek
AL
a(u)oy (u)
(i,7,k — mnepecranoBka uz 1,

2, 3). Tousu u = %(modw,w')

KpUTUYecKue, T. e. B Hux [ (u) =
= 0. OcHORHBIE 0TOGpAMKEHUA CM.
Ha puc. 124. YKa3aHHbIe TaMm Npsf-
MOYTOIRHUKM 0TOGpPamaTcsa Ha
MONYNI0CKOCTh, OrpPaHUYEHHYIO
ropusoHTanbHoOi mpamon (k =
= 1), NONYNIOCKOCTH OrpaHu-
YEeHHYIO BepPTHKAIbHON NpAMOi
(k = 2), n wHa [BYIHUCTHBIR
KBaIpaHT C IUHHEH CKIenBa-
HUf, NpPEACTABIAIOMEN! FOPU30H-
TalbHYIO0 MONYNPAMYIO, COOTBET-
CTRYIOLLYIO IITPUXOROI TUHUU Ha
npaMoyroneauke (k = 3). 3rtn
oToGpameHns OPOIOIAKAIOTCA M0
NPUHLNIY CUMMETpPUN.

10.52. llepuonab! Teuenus 4K
n 2iK', punomm 2mK + (2n+
+1)iK’ c MOMeHTaMu
2w (—1/k)™, KpUTUYECKNE TOYKU
2m+ 1)K +niK' (m, n 1e-
neie uncna). OToGpamenne cM. Ha
puc. 125.

20*

B A

i
AN

0

=Ro!

Puc. 123

=) A
L

(C 7
D/

4
4

Puc. 124
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iC' 1B'K]1

—KC/B
a0
G

EELd

[

[ S PR S N . .

Puc. 127

10.53. Hepuone Teyenus 4K u 2K + 2iK’, nunonu Te e, uyTo U B 3aja-
,1)n+m

ye 10.52 ¢ MomeHTammu 27 , wputnueckue Tousu 2mK + 2niK'

)
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u (2m+ 1)K + (2n + 1)iK' (puc. 126).

10.54. Mepuonst Tevenus 2K u 4iK’', nunomu Te #e, uto B 3agade 10.52
¢ momentamu 27(—1)"*""4 wpurtuueckue Touru mK + 2mK OcHOBHBIE 0TO-
HpaskeHusa cM. Ha puc. 127.

L+iQ In olu—0) + Cu + c. Buactaoctu, nnsa a =0, w, w +
2mi o(u — f) I +iQ

10.55. f(u) =

+w' u B =uw', onyckas aiIMTUBHYIO NOCTOAHHYIO U MHOMUTENb , MeHss
iy
C u npeoGpasys o-byHRIUY, HoaydaeM In (( )) +Cu, E ; ((")) +
_ _T+iQ  di((u )/ (Qw))
+Cu. Ecmn f(u+2w) = f(u), 10 f(u) = i In 91 ((a ﬂ)/( ))

\\C’B’k"l
C" DWC k” CB A
/' s, /" 4
7

B!
—-K

Puc. 128

10.56. 1), 2), 3) [BoskonepuoindYeckre TE€YEHUA C MCTOYHUKAMU OGUIb-
HOCTH 27 ¥ —27 B HYIfIX U nodiocax GyHRUMI snu, cnu, dnwu (puc. 128).
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10.57. [IBosikomepuoanveckoe TedyeHHe € KBaAPYNOIAAMH B HyaAX ¢(u)
(puc. 129).

10.58. Ilepronuueckue TeueHUs ¢ mepuoaoM 2w (meproa CKOpoCTH), C UC-
TouHuKaMu obuibHocTu 27 B Hyaax Y (v) (pue. 130, 1) mna Y4 u pna s

_ \d |
R ,

s [

L

TSR %“\\
AN
(O A 4 /'
-

_ €34 %2 | €1
= N NN NN
M RN
NN N §
. NIz
Vg \_\ N SUNY AU NN AN
o
Puc. 129
1 Y, i i !
N\
i ‘o,;r,/ i o
WONNT A/ o
WA/
%% 2/
894 7//

e

&

.

s

AN

e
ce

<S5
AN

TS

e S

npu casure Bnpaso Ha 1/2; puc. 130, 2) nas 91 u 1as ) Opu CABUTE BIOPaBo
Ha 1/2).

10.59. 1) f(z) =T/2mi)Inz + ¢

2) f(z) =T/(2mi)Int(z) + ¢, Toe t(z) oTo6GpaskaeT obaactb D Ha Kpyro-
BOE KOJbLO TaK, 4TO COXPaHAIOTCA HanpaBleHus 06xo1a FPaHUYHbIX KOHTYPOB;
3) f(z) =T/(27i)In((z — z1)/(z — 22)) + ¢, e z1, 22 B3aUMHO CUMMeTpUU-
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HbI OTHOCUTENLHO KajkIoW U3 OKPYMMHOCTEH (T. e. ABIAIOTCA TOYKaMU mepece-
YeHUA OKPYMHOCTH, OPTOTOHANLHON K IBYM DaHHBIM, C TTPAMOH, COe IMHAIOIEH
UX [EHTPBI), MIPUUEM TOUKA zi JIEKUT BHYTPU OKPYHHOCTU C HUpPRyIsnuei [
4) f(z) =T/(2mwi)Int(2) + ¢, roe pyurnus t(z) oroGpamaer obnacte D Ha
KOJIBIIO C COXpaHeHNeM HampaBieHus 06Xo1a KOHTypa ¢ uupryasauueit I
10.60. f(z) = ®(w/(wi)Inz), roe
by = L [p ) A @) ey,
Am2a [ 91((u — a)/(2w)) D ((u + a)/(2w)) i

Oyuruua f(z) orobpasiaeTr R Ha BHENIHOCTH ABYX NapalllelbHbIX OTPE3KOB,

\\\‘ NS . ®
e o

|Reip|
OTCTOAMMX APYT OT Ipyra Ha pacCTOAHUU ora (puc. 131). Kouubl oTpe3koB
ma
onpenensioTca ua ycaorua & (u) = 0.

10.61. f(z) = ®[u(2)], roe
Ve B = 0)/(29)) | i 940 — 0)/(29))
(u) [ke =) T w0 o)

au(z)=a+k/z+ .. — pyuruua, oTo6pamaoman o6racTe D Ha IpAMOyToib-
HUK.

2w

+c,

10.62. f(z) = @(ilnz), roe ®(u) = Ap(u) + B 03 (u/(2w)) +c A=

R . i 2w 91 (u/(2w))
c_ow? iw

= -0, = —(c_2 — c_1). 3amaua BO3MONHE, €CIN C_y — NEeHCTRUTENb-
™

HOE UNCI0, 8 Pa3HOCTh C_s — ¢c_1 — 4KicTO MEUMasn. Ecan A # (0, To pyHKOUA
f(z) orobpamaer R Ha BHENTHOCTE TOPU30HTANBLHOTO JyUa U MapalelbHOro eMy
0Tpe3Ka, OTCTOAINIEro OT HEero Ha paccTOAHUM |c—» — c—1|/2. Konusl oTpeska u
Havano nyda onpenensiorcsa uz yenosua &' (u) = 0 (puc. 132, 1); na puc. 132, 2)
nso6pazen cnyuaii B = 0). Ecau me A = 0, T. e. UMeeTCsl TONbKO IUNONb, TO
R orofpamaercs Ha MONYMIOCKOCTh, ONPaHUUYEHHYIO TOPU30HTANLHON MpAMOR
U MMEIOIIYIO padpes BAOAb FOPU30HTAILHOTO 0OTPe3Ka, OTCTOAIIEr0 OT MPAMOK
Ha paccroauun [c—1|/2 (puc. 132, 3)).

10.63. 1) Pemenue Bo3moskHo, ecnu [y — [y = I'; npu atom yenosun f(z) =
= ®(w/(wi)Inz), roe
B(a) = L D= 0)/(2)

+ FQu—i—c a="2lna
2mi i ((u+ a)/(2w)) 2w ’ o

iy
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V1(u—a)/(2w))
D1((u+ @)/ (2w))
auu u ot 0 1o 2w paBHO 27, a IPU U3MeHeHUU u 0T 2w + iw’ 10 iw’ pasHO 0).
Kputudeckre TOUKU TeueHUs ONpeensloTCA U3 YpaBHEHUSA

1 ' ()

pu) = p(a) +

2 [¢(a) — na/w] + N[((w') — nw' /w]’
roe A = I'»/I', u pacnonaraioTcsi Ha CTOpOHAX MPAMOYTONLHUKA ¢ BepIIMHAMU
(0, w, w+ w', W) ¥ IPAMOYTONLHUKOR, CUMMETPUUHBIX ¢ HUM. B ciyuae 'y =

1) ©) @® ®

(Heo6x0aMMO UMeTh B BUAY, UTO IHpupalienue In npu u3MeHe-

Puc. 132

= 0 ¢gyuruua Z(z) orobpamaer R Ha KPyr C paspe3oM M0 Ayre OKPYHHOCTU
(puc. 133; T > 0). B cayuae I'y = —T'y = —I'/2 ¢pyurnua Z{z) orobpamaer R na
IBYJIUCTHYTO 061aCTh, 06pazoBaHHYI0 CKIenBaHeM BHemHocTel KpyTon | 2] > 1
u |Z] > p/a® moonw pazpezor ot —oo g0 2 = —e'™0/T rpe ¢y — amauve-
HUe 1) B KpuTuueckoii Touke. Oyuknusa s(.%) orobpamaer 3Ty OBYJIUCTHYIO 06-

T
1acTh Ha BHENIHOCTh ABYX JeMHUCKAT, U f(z) = i In[(s(z) — s0)(s(2) + s0)]
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Py
Py

|
1

L o ¢
4

@ ®

<

5
(puc. 134, T > 0, a” < p; NOIYTOAOCHI B {-MIOCKOCTU HYMHO CKICUTH BAOIb 00-
wero paspesa). B o6mem ciyuae @) = () Ha HUHHEM OCHOBaHUN MPAMOYTONBHUKA
B u-IIJIOCKOCTU U (¢ U3MEHAETCA 0T fF/2 o F/2 + I's, a Ha BepXHEM OCHOBaHUU

)= Llnl—i— Elnl u ¢ uzmensercs ot 0 go Iy (I' > 0).
21 a 2 p

2) £(2) = ®[u(2)], rae

) * 2O

au(z) =a+k/z+ .. oro6pamaer o6aacts D Ha KpyroBoe KOJIbIO.

—ia 97 ((u

10.64. u = az — By, v = Bx + ay, E = —ic; nunoas (co; —ic).
1 2q ;

10.65. u=2qp,v=2qIn—; E = i e'?; Toueunsle 3apansl (a; 2q) u (oo;—2q).
T T

z—0b

— 2
10.66. u = 2qarg 71):2qln‘z Z‘; E=_"1° 9 .

z —

TOYeYHbIe
zZ—a

sapansl (b; 2q) u (a; —2q).
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10.67. v = —2qarg (2* —a%), v = 2qln|2? —ad?|; E = —4qz/(z* —a%);
Toueunwle 3apagel  (a;—2q), (—a;—2q) wu (oco;4q) (cm. pue.  113).

Puc. 135
Na; asa

Puc. 136

10.68. u = |p|/rsin(¢ — @), v = |p|/rcos(p — a); E = |p|le’®*~*) /r?, u-
mone (0;p) (puc. 135). R -
10.69. u = (r+ —)cosp, v = (r+ —)sing; E = —i(1Fe"* =),
T T =
munoau (0; FiR?) u (co; —i) (cm. puc. 110, 111).
10.70. u = —py + 2qp, v = px + 2¢In(1/7); E = —p + 2¢e’® /r; Toueunsie
sapansl (0;2q) u (oc; —2q); nunoas (oo;p) (cp. ¢ puc. 118).
10.71. u = — 2 = px 2qx In —, B = — etk
u py+g Ui, v pT+g g In =, p+grkr’ ;
rie z — ap = re'?*; ToueuHble HCTOUHUERN (ay; 2qx); Aumoasb (oo;p) (puc. 136).
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10.72. 1) Benruunna TOYeUHOro 3apsaa COXPaHAeTCs; 3aK0H U3MEHEeHUs MO-
MeHTa JUNOoJA TOT ke, 4To B 3agayve 10.18;

2) 3Hak 3apsjga MeHAeTCA Ha MPOTUBONOMOAHBIN; 38KOH U3MEHEeHUA MOMEeH-
Ta JUIOIA TOT ke, 4To B 3ajgauve 10.20 npu npopoma:keHUM depe3 TUHUIO TOKa.

10.73. v = 2gg(z,a). 10.74. w =2giln = 4 ¢
z = 20
. R? — 202
10.75. 1) n2) w=2giIn ———= +c.
R(z — z0)
1 — v/ 2 — 4.2 b b b
10.76. w = 2qi lnm + const, rme f(z) = %, & =ad -1
2 o
1 _\/22 _ R2
10.77. w =2qi In —— + ¢, roe f(z)= u
f(2) R
1
10.78. w = 2qi In m, roe t = f(z) ompenmensieTcsi U3 ypaBHEHUA z =
= 1/2 3/4 / df —' (cM. zapauy 9.17 nna n = 4 u 9.52).

. 1—cn(Kz/a,k)
10.79. w = 2qi In —— =\
w =i e e f(2) = TR
uz ypasuenua K'/K = b/a (cm. sanauy 9.49).

10.80. w = 2qi In L +ec, toe f(z) = ::Egz — Z];;Ej ;;::jggz : Z;;Eiz
i

u k onpenenaeTrcHd

a )
f(z) a )
nw = 2(1,, u)' = 21’)7 zZ1 = (4(1 — .’I,‘n) —+ iyn, Zy = (4(1 — ’I‘n) =+ (4b — yn), zZ3 = Xy =+

? “i R? R*p pi

1081.w=—"_ 4+ ' +C(ao¢0 at=—p = )p, =P pi

z—a z-— @ a2 R
+c(a=0),c— ,Z[EI/ICTBI/ITE.HI:HOE ypncno. CpaBHUTE ¢ 3amaderi 2 , 2).

zZ+

2

L.{.pl

*

10.82. w = I?:p =
a

+c(ag7’:oo,a*=

zZ—a z —
f%z + ¢ (a = c0). CMm. zagauy 10.25, 2).
10.83. w = p(zcosa + isin /2% — R?) + const.
10.84. w = ﬁ[(nz — V22 — ) cosa — i(bz — a\/z? — ¢2) sin a] + const,

2 2 2
roec =a —b".

!
10.85. w = ﬂ(cosa + i sina cnu), rome u = KouK _1 (cM. zana-
2snu a K a
ay 10.79).
10.86. 1) Eciu pi = pe'®, To
1 1 .
f(z) = pt'(a) = { [— + t(z)] cosa + 1 [— — t(z)] sma} + ¢
t(2) t(2)

2) f(z) =pit(z) — %—Fc = p{ [t(z) + %] cosa+i [t(z) — %] sina}—i—

+ ¢, roe pi = pe'®. @yHKUINM B KBAAPATHBIX CKOGKAX OCYLUECTRIAIOT HOPMHUPO-
BaHHble KOH(OpMHble 0Tobpasenua D Ha BHEMIHOCTb FOPU30HTaNbHOr0, COOT-
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BETCTBEHHO BepTHKANLHOTO, 0TPe3KoB ).
n 1 p

10.87. w= 2qrtIn _—

2 F(zan) f(z.a)

u f(z,a) woudpopmHO oToOpamaior [ Ha eAMHUUHBIH KpPyr C HOPMUPOBKOMR
flar,ax) = f(a,a) =0, f'(a,a) > 0 u ¢ — peficTRUTENLHOE YNCIO.

+if'(a,a) —pf(z,0)| + ¢, rae (2 an)

—In %, ecan Imz > 0,
10.89. v(z,a) = E 1 al
—In— ecmun Imz < 0;
|z —af
1 15} . .
paa) ==t L a=atip)
10.90. 1) BuyTpu kpyra
S , ! la|
U(z,a)zln‘R —az| _ ln‘27R2/a‘+lnR , ecin a # 0,
R InR, ecmu a = 0.
Bue kpyra v(z,a) = —In | B [I10THOCTD
zZ—a
1 R?> —|al?

(a = |ale’).

Re' o) = ——
i ) 27 R R? — 2R |a|cos (0 — @) + |a|?

1
B HYaCcTHOCTU, OO a = () oHa MMeeT MOCTOAHHOE 3HaYeHUe _ﬁ n co3gaeT

™
noreHuMan 00I0MeHN, UMEIOWNH T0CTOAHHOe 3Hauenue In R BHYTpu Kpyra u
3Hauenue In |z| BHe Kpyra.

In |R? — az|

R 0 # 00, 2| Z R, In|z|, |z| 2 R,
2) v(z,0) = i v(z,00) =
*lnﬁa a# oo, |2| <R InR, |z| < B;
zZ—a
1 la]> — R?

(a = lale’ n a # co). Bemu a =

Re.a)=———
P ) 27 R R?> — 2R |a|cos (0 — @) + |a|?
= 00, TO MHAYNUPYETCA TOT jke MOTeHIUan, YTO B NpeIbIIyIIeM clydae
s a = 0.

|2 + V22 — R?| 1
10.91. v(z,¢c) = ln —4m———, r,00) = ——— (|| < R).
(20) L o) = 5 (el < B)
Vs
10.92. v(z,00) = lnwz# BHe amunca, v(z,o0) = —In2(a — )
BHYTpU annunca. IlnoTHocTh p(z,00) = —17' (¢ — ma snmunce, ¢ =
2 2 ‘CQ - (32‘
—a’ ).
L 9g(¢, 00) 1
10.93. = ———= 10.94. = —.
p(Q) =~ P =5 4
1
10.95. p(z) = ——— (|= R).
p() 2V R — 2 (2] < R)
1
10.96. p(¢) = ———— (* =a” — b%). 10.97. R.
2 /[

1]) Cp. npunosenue II. [ludbdepa B kuure: Ky pauT P. llpunnun /Ilupuxne, KoH-
¢ opmHBIE oTOOpameHuda U MUHUMaNbHble moBepxHocTtu.  M.: UTJI, 1953. §1,m 2,
ocobeHHO c. 242, 243.
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10.98. 1/(2R). 10.99. 1/(2(a —b)). 10.100. a.

10.103. Ecim w(z;A) — rapmonundeckas Mepa MHTepBana A neiicTBU-
TEIbHONH OCH B TOYKE z OTHOCUTEILHO BepXHeH MomymiockocTu: w(z;A) =

1 1
=— /3 In dt (cm. sagaun 7.58 n 10.102), To (omyckaeTcs neHCTBUTENb-
w) On  |t— z|
A

Haf afINTUBHAA NOCTOAHHAA):
1) w= ?In (z—a), v=ypw(z;A), A= (-0c,a);
T

z
2) w=%1In
T z—a

s U= WW(Z;A)a A= ((I,,b);

Z—anp

3)w=l gmln(z—a])—i—cp-glnz
™

az
“+ ..+ pnln
ay

2 —an—1
n
v = Z(pkw(z;Ak), Ay = (ag_1,ar), a—1 = —oc;
k=1
4) w u v NOAyYaIOTCA U3 BhIpa#eHNii, yKazaHHbIX B OTBETE K 1. 3), 3aMeH0i
Ok Ha @k — o, NoOaBIeHUeM ipy K w U @y K v. lloTeHIuan MOMHO Takie
n

MpeicTaBuTh B BUE Zcpkw(z; Ag), Ay = (ag, o).
k=0
id d r
10.104. 1) w(z) = — In z + const, v(z) = — Inr + const, rue p = —;
Inp Inp 1
2) w(z) = ]l—d Int(z) + const, v(z) = ]i In |t(2)| + const, rme . Momymb
npu nuy
o6nactu D (cM. c. 35) u t(z) KoHdopMHO 0TOGpaskaeT D Ha KPYroBoe KOMBIO.
10.106. w(z) onpenenserca GpopmyJIoi, yKasaHHoii B TekcTe 3agaun 10.105,
roe:
2z — Va2 — R? a a\?
Ditz)=b——=—, h=+ (*) -1
z+Va>— R? R R
2 — T R—x
2 3) t = -
yua) ) =i = (

’ _
R — x5
2 2 2
— R —a”

HeHI/IH.’I)Z—}—T_ a +.’I,‘+R2:0(.’131<.’L‘2);

a
D)=V, w= = vE R

5) t = e K/K s —an(u k), p= KK (Reu| < K, [Imu| < K'; em.
zagauy 9.48, 1);

) , 1, T2 ONpenenarOTCAa U3 ypaB-

, roe k onpene-

s =

’ 2Kh dnucnu )
6) t = em(K+u)/K L z= " Z(u) + dnucnu u= 2 K/K
™ snu

aseTcs u3 yparuenuit: KZ(pu) = g—h, dn’g = % (em. 3agauy 9.48, 15).
a

! 1
10.108. 1) wi(z) = 1 — 2L (5 = L
Inp Inp
S ma [ =1, 1
PI(C) = —Pz(C) = 7'I'H1 npu P11 = P2 = —Pi2 = —P21 = ]77
‘Z‘ :)U‘7 npu
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2) u)1(2) =1 7@2(2)7 wg(z) _ lnl\rf(;)‘;
i((f; ﬁ ua I, 1
pl(() = ?(C) B tl(C) 17 wa T, P11 =pp = —pi2 = —pa = Ha
t(¢) Inp

rae t(z) koHpopMHO oToGpasaeT D Ha Koabuo 1 < |t| < p, npuuem Koutyp I'y
IepexoJuT B OKPY#HHOCTE [t = 1.

10.110. v(z) =Im f(z) — Zakwk(z), rae f(z) kondopmuo oToGpaxaer D
k-1

Ha NI0OCKOCTE C TOPU30HTalIbHBIMU paspe3aMu, npuiyem

£lz) = ija—i—..., ecnu a # oo,
piz + ..., ecln a = 00.
10.111. v(2) = 2qg(z,a) + > _ apwi(2), wi(z) = _ L [89(C2) ds.
P 27rF on,
. k

10.112. Ecan f(a) = oc, To mone o6pazoBano aunoaeM (a;p), e p onpeje-
aseTcs u3 paznomenns f(z) BOAM3M TOUKM a:
pi

f(z)=9q z-a

Pz + ..., €CIU a = 0O.

+ ..., ecnmn a # oo,

10.113. 1) Ecau f(a) =0, f(b) = oo, To noje 06pa3oBaHO TOUEYHBIMU 3apHi-
namu (a; 2q), (b; —2q), npUYeM MOTOK BEKTOpa HATPSKEHHOCTU Yepe3 KaikIbli
rpaHUUHbIA KOHTYp paBeH HyJIo;

2) ecan f(a) = 0, To mone 06pa3oBaHO TOUEUHBIM 3apAnoM (a;2q), IprUUeM
MOTOK BEKTOpPA HANPAMEHHOCTU uepe3 FPaHUYHbIA KOHTYP, COOTBETCTBY IOIUH
OKPY#HOCTU, B HampaBleHUUd HOpMalu, BHemHeil k ob6macTu D, pamen 4mq, a
yepes KamIblil IPYroi KOHTYP paBeH HYIIO;

3) noae Bciony peryasapHoe. [[0TOK BeKTOpa HANPAXEHHOCTH Yepes rpaHnud-
Hble KOHTYPbI, MEPEeXOAAIINe B OKPY#HOCTH, B HallpaBJIeHUN HOpMalu, BHeIIHe
k D, paBen +4mq (+ 141 KOHTYpa, NepexXoAslIero BO BHEMIHIOW OKPYHHOCTS),
a Jyepes Kamblil Ipyrofi KOHTYp paBeH HYJIO.

10.114. Cm. 3agaun 10.61 u 10.63.
n—1

10.115. 1) v(z) = > apwi(2) + ¢, TIe o) OIHOBHAUHO OMpPEIENAIOTCA U3
k-1

cUCTeMBbI
n—I1
Zpik(lk =2¢ (i=1,2,..,n—1)
k=1

(em. zamauy 7.70) M ¢ — TpOMBBOARHOE NeHCTBATENLHOE YMCIO. 3ajaua SKBU-
BajleHTHa MOCTPOEHUIO TedeHUA B D, ofTekaiomero rpaHuyHble KOHTYpbI [y
¢ nupkyasauuamu 4rq, (k = 1,2,...,n), ecin oo € D, u uupryasuuamu 4mqy
(k=1,2,...,n—1), —47qy,, ecin oc € D (T';, — BHemwHn KOHTYP).
2) v(z) = vo(2) — 2q9(2,a), npuuem v(2) onpenensiercs, Kak B m. 1), 1o
e} )
sapsanam obnomenus 2qy + 2qh, rae g, = — / 99(C,2) ds.

o on
1y
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2 2
10.116. v(z) = 2q1 In ﬁ +¢, eecm g=0, n v(z)=2(q —Ag)In ﬁ —
z z

—2qg(z,a) + ¢, Toe
=8 za) = |2 In
Inp

P1((Inz +1na)/(2ni))
J1((Inz —Ina)/(27i))

1
npu 7 = n—?, npuueM p < a < 1, ecim g # 0 (B o6o3navenusnx sagaun 10.63
i

¢yuruusa Ppuna g(z,a) = Im @ (i In z) npu I' = 27 u I'y = —2m; nocnennee
e
u3 ycnoBus ¢ = (0 Ha rpaHune Kolbla).

10.117. Ucrounuk (a;q) nepexoauT B uctounuk (a*; —q), roe a* — Touka,
cummMerpuuHas a. DyHKUIUsA

u=gq/(2m) n(1/[f(z, a)]) + ¢,
rae f(z,a) koHGopmHO oToOpamaeT odaacTh D Ha eIMHUYHBIA KpyT (37€ck U B
nankHeimeM KoadGUIMEHT TemIoNnpOBOAHOCTH k NPUHAT paBHbIM 1).

_ 2 -
10118, u= L | 4 10119, u= L | B2
2m z—a 27 R(z — a)
10.120. u = 9 | | $n(72/(20)) +ish (xh/(2a)) ‘ te
2m sin(mz/(2a)) —ish (wh/(2a))
10.121.u= L In ‘M‘ +c¢,t=sn [E(z + ib) u] rae k onpenenseTca
. . o i _ Z/\/E 3 @ 3 )

K’ 2b

13 COOTHOIIEHUA — = —.
K a

10.122. 1) ®dyukumio I'puna g(z,a) odaactu D Mo#HO paccMaTpUBaTh Kak

TeMIepaTypy, co3naBaeMyio B D ucTouHnKOM Temnna (a; 27), KOraa Ha rpaHuie

TeMmIepaTypa paBHa HYIIO; ,
2) u(z) = Qig(z,a) + Zukwk(z), rue wg(z) — rapmonndeckas mepa .
m
k=1

10.128. u = 21 g(z,a) + 12 ;Z“ In|z|/r1 + ui, roe g(z,a)  dyuxuwusa ['pu-
m 1 =

8
ua (cM. oTBeT K 3agade 10.116).

I'nasa XI
11.3.1),2) A= % [(ar + bs) +ias —by)], B= % [(a1 — bo) +i(as + b)),
C=ci+icy; A= i [(a1 +b2) + i(b1 — a)],
Bl = i [(bs —a1) —i(az + b)), Ci= % [(e2b1 — e1bo) + i(craz — caan)].

4) Orob6pasenue (2) CBOOUTCA K TPOSKTUPOBAHUIO 2-TOUEK Ha NPAMYIO w =
= pelP=)/? (—o0o < p < 00), MOBOPOTY BOKpPYT Havala Ha yroa (3 u mpeodpa-
30BaHUIO N0H06uUsA ¢ Koapdunuentom |A|. Besi z-ninockocTh npeo6pasyeTcs npu
aToM B mpaMyo w = Ae' @/ (oo < A < o).

11.13. MokHO NOCTPOUTE MCKOMOE KBa3MKOH(OPMHOe mnpeolpa3oBaHUe C
xapakTepucturoii p < (R + |a|)/(R — |al).
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11.14. u =z /cosa, v =y —xtga, p = (1 + sina)/cos a.

b’ (3mauenus z = a
u z = b coorBercTBYIOT ToukaM A u B) KoHQOPMHO oToOpaxaem 3amaHHbINA
IBYYTOIBHURK Ha MOJ0CY MUPHUHEI T + (Jy. TY MONOCY C:KUMaeM [0 MOJ0CHI MIK-
punoit 7 (KBasuKOH(pOpPMHOE 0ToGpaMeHue ¢ xapakTepucTuroit p = 1+ By/m)
U, monb3yscb o6paTHO# GyHkuueit z(¢), oToGpamaeM MOCIEAHIO MONOCY Ha
” , nonocy mwupunoit w. Ilpu satom nmy-
7 Z i
ra AM (puc. 137) nnuusl s 3aiimeT
Y, nonomenue orpeska AM' pnuumb x;
4 Touka M mnepemeliaeTcs Mo OKpY#Hi-
HOCTU ANOJIOHUA OTHOCHUTENbHO TO-
yek A n B (nokasaHo mTpuxoBoit nu-

11.14. Pemewnue. [Ipu nomomu ¢pyusnun ( = In

zZ—a
z

(@ HUEH) npudyem
2
Puc. 137 s cosB2)

(moxazaTn!). B momyuyeHHOH MOMYTMIOCKOCTH pacliupAeM BepTUKalbHYIO M01y-
noJjocy, onmuparomyiocs Ha oTpe3ok AB 1o nnuHbl nyru AB, U NPUTOM Tak,

4TOGBI B pe3ynbTaTe COXPAaHUTh ANUHBI Bcioay Ha nyre AB. Peaynbrupyiomee
KBa3uKoH(oOpMHOe oTobpaskeHne UMeeT XapaKTepPUCTURY

p < (1+ Bo/m) sec®(Bu/2).
11.17. A— i[(a —d)+i(c+b)], B= i[(a +d)+i(c—b), F= %(f +ig).

11.18. b = ¢2(2)a unu b = a/q2(z). B wacTHOCTH, MOMHO B3ATE W = w +
+ q2(2)w. llpeo6pasoBanne w = aw + b HeBbIpOMAEHHOE, ecnu |q2(z)] # 1.

11.19. b= )@, rae ) onpenensercs ua ypasuenus @A — (1 + || —|qi|”) +
+qg=0umm (A —@)(1/X — @) = | |>. Ipeo6pazoBanie HEBLIPOH ISHHOE, €CIU
@] +lge| <1 [[qi] —[gef| > 1.

11.20. Crapmue 4jenbl yparRHeHUd 3a0aun ONpeleNaioT KRazuKkoHGopMHOoe
oToOpaieHue ¢ IByMs mapaMu xapaktepuctuk (p,6), (pi,61), 3aBucAmNUMU OT
q1(z) u g2(2). Mpeo6pazoBanne ((z) ecTb KBa3UKOH(GOPMHOE OTOOpazeHUe C

. . e p=1 9 o p1—1 9
OIHOV Mapoii XapaKkTepucTus p, 0; qf = ot B = e T
au 11.7 u 11.9). ? .

11.28. F(z) = —2zInln(1/r) + 2zInIn(1/R);

CcM. 3aja-

iy
6—F:f2lnln1—f2w—{—2lnln1—,
ox r Inr R
P o
O 9inin L — 2775 | oiinin L,
6% 17' 11117" 1 r
— = -2Inln- —In-+2Inln —,
0z o r R
OF _ = &
0z =® - Int/r’






