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These notes are an introduction to basic concepts and tools in group represen-
tation theory, both commutative and noncommutative, that are fundamental for the
analysis of radar and sonar imaging. Several symmetry groups of physical interest
are treated (circle, line, rotation, ax + b, Heisenberg, etc.) together with their asso-
ciated transforms and representation theories (DFT, Fourier transform, expansions
in spherical harmonics, wavelets, etc.). Through the unifying concepts of group
representation theory, familiar tools for commutative groups, such as the Fourier
transform on the line, extend to transforms for the noncommutative groups which
arise in radar-sonar. The insight and results obtained will are related directly to

objects of interest in radar-sonar, such as the ambiguity function. The material is
presented with many examples and should be easily comprehensible by engineers
and physicists, as well as mathematicians.
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0.1 INTRODUCTION
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These notes are intended as an introduction to those basic concepts and tools in
group representation theory, both commutative and noncommutative, that are fun-
damental for the analysis of radar and sonar imaging. Several symmetry groups of
physical interest will be studied (circle, line, rotation, Heisenberg, affine, etc.) to-
gether with their associated transforms and representation theories (DFT, Fourier



transforms, expansions in spherical harmonics, Weyl-Heisenberg frames, wavelets,
etc.) Through the unifying concepts of group representation theory, familiar tools
for commutative groups, such as the Fourier transform on the line, extend to trans-
forms for the noncommutative groups which arise in radar and sonar.

The insights and results obtained will be related directly to objects of interest
in radar-sonar, in particular, the ambiguity and cross-ambiguity functions. (We
will not, however, take up the study of tomography, even though this field has
group-theoretic roots.) The material is presented with many examples and should
be easily comprehensible by engineers and physicists, as well as mathematicians.

The main emphasis in these notes is on the matrix elements of irreducible
representations of the Heisenberg and affine groups, i.c., the narrow and wide
band ambiguity and cross-ambiguity functions of radar and sonar. In Chapter
2 we introduce the ambiguity functions in connection with the Doppler effect.
Chapters 3 and 4 constitute a minicourse in the representation theory of groups.
(Much of the material in these chapters is adapted from the author’s textbook
[[79]] .) Chapters 5 and 6 specialize these ideas to the Heisenberg and affine
groups. Chapters 7 and 8 are devoted to frames associated with the Heisenberg
group. (Weyl-Heisenberg) and with the affine group (wavelets). We conclude with
a chapter touching on the Schrédinger group and the metaplectic formula.

It is assumed that the reader is proficient in linear algebra and advanced cal-
culus, and some concepts in functional analysis (including the basic properties of
countable Hilbert spaces) are used frequently. (References such as [[1]], [[63]],
[[71]], [[86]] and [[95]] contain all the necessary background information.) The
theory presented here is largely algebraic and (sometimes) formal so as not to ob-
scure the clarity of the ideas and to keep the notes short. However, the needed
rigor can be supplied. (The knowledgeable reader can invoke Fubini’s theorem
when we interchange the order of integration, the Lebesgue dominated conver-
gence theorem when we pass to a limit under the integral sign, etc.)

Finally, the author (who is not an expert on radar or sonar) wishes to thank
the experts whose writings form the core of these notes, e.g., [[6]], [[8]], [[32]],

[[4311, [[5511, [[8411, [[9811, [[113]].



Chapter 1
THE DOPPLER EFFECT

1.1 Wideband and narrow-band echos

We begin by reviewing the Doppler effect as it relates to radar and sonar. Consider
a stationary transmitter/detector and a moving (point) target located at a distance
R(t) from the transmitter at time ¢. We assume that the distance from the trans-
mitter to the target changes linearly with time,

R(t) = r + vt.

Now suppose that the transmitter emits an electromagnetic pulse s(t). The pulse
is transmitted at a constant speed c¢ in the ambient medium (e.g., air or water)
impinges the target, and is reflected back to the transmitter/receiver where it is
detected as the echo e, ,(t). (We assume ¢ > |v|.) Let A, ,(¢) be the time delay
experienced by the pulse which is received as an echo at time ¢. (Thus this pulse
is emitted at time ¢ — A and travels a distance cA before it is received as an echo
at time £.) It follows that the pulse impinges the target at time ¢ — A/2 and we
have the identity

cA =2R(t— A/2) =2r +2(t — A/2)v.
Thus

2v 2r
Ary(t) = C+Ut+ P

The echo e, , (%) is proportional to the signal at time ¢ — A, , (¢):

ery(t) = _\/:-78 (t [Z:—Z] - c?:v) ' (12
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Here the —1 factor in the amplitude of the echo is based on the boundary condi-
tions for the normal component of the electric field at the surface of a (conducting)
target, [[57]]. The factor 4 /Z—Z is needed if we require that the energy of the pulse

is conserved: o o
/ I5(t)[2dt = / le(t)[2dt.

Changing notation, we write the echo as

ez y(t) = —/ys(y[t + z]) (1.3)

where y = (¢ — v)/(c +v) and z = —2r/(c — v). Note that the transformation
(z,y) = (r,v) is one-to-one. The result (1.2) is the exact (wideband) solution
for the given assumptions.

It is very common to approximate the wideband solution under the assumption
that |v| < cand t is small (of the order of /c¢) over the period of observation. (See
[[28]] and [[104]] for careful analyses of the relationship between the wideband
solution and the narrow-band approximation.) One writes the signal in the form

s(t) = a(t)e*™ot

where a(t) is assumed to be a slowly varying complex function of ¢ (the envelope
of the waveform) with respect to the exponential factor.
Then we have

eay(t) = —/ga(y[t + z])eiltralo

or,sincey &~ 1 — 28, yz =~ —(2r/c)(1 — ) where 8 = v/c, we have
€0, (1) & —a(t — 2r /) e2iwoli1-26)=2(r/c)(1-P)]

~ _6—47riﬂwo[r/c]8(t _ 2T/C)e—4wiﬂwo[t—2r/c]_ (14)

This is called the narrow-band approximation of the Doppler effect. (Generally
speaking, the narrow-band approximation is usually adequate for radar applica-
tions but is less appropriate for sonar.) NOTE: We will see that the constant factor
of modulus one, —e~*"#wolr/cl can be ignored, because it factors out of all in-
tegrals and, ultimately, we will be interested only in the absolute values of the
correlation integrals.

To see the significance of this approximation, consider the Fourier transform
of the signal and the echo:

S(w) = / 7 s(t)e 2oty (1.5)

—00
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where, [[39]],

s(t) = / S(w)e2 ™ tdy, (1.6)
Then .
S(w) = E(w) = —S(w + 2Buwg)e ™/ (1.7)
in the narrow-band approximation, whereas the exact result is
1 .
S(w) = E(w) = ——8 (9> 2T (1.8)
VY \Y

Clearly (1.7) is a good approximation to (1.8) if the support of S(w) lies in a
narrow band around wy. In the narrow-band approximation the signal is delayed
by the time interval 2r /c and the frequency changes by 2wqv/c.

1.2 Ambiguity functions

To determine the position and velocity of a target from a narrow-band echo (1.4)
one computes the inner product (cross-correlation) of the echo with a test signal

’ c ?

oo
<e7‘,v7 3r’,v’> = / €ru (t)gr’,v’ (t)dt
—00

Amiwg M_ﬂ oo 2 ! TiW '
=e ° [” ”]/ s(t—2r/c)s (t—i> e~ e 2l ~0)t gy

oo c

Considering | (e, s »»)| as a function of 7', v, one tries to maximize this function
for a signal s(t) € Lo(R), the square integrable functions on the real line. Assume
that s is normalized to have unit energy: ||s||? = (s, s,) = 1. Then by the Schwarz
inequality we have

[(erws 80| < lerp]| - [[8r 0[] = 1.

Furthermore the maximum is assumed for e, , = eiasTI,U: where « is a real con-
stant. Hence, the maximum is assumed if and only if v’ = r,v' = v.
We can simplify the notation by remarking that

I(u, w) = [{erp, sp0)|* = [As(u0 — 1, wo — w)[*

7



where

— oo _E = E dmitw
As(u,w) = /oo (t 2)8(t+2)6 dt

— / (w + ’LU) 27rzwudw,
2r' Wov wo'
Uy = _7 U=— W=—7 W= .
(& (& (& (&

Here, A;(u, w) is known as the radar (self-) ambiguity function.
To determine the velocity from the ambiguity function one typically chooses
a single-frequency signal of the form s(t) = xr(t)e?™™°t where T > w; " and

{1 f-T<t<T
XT) =19 0 otherwise.

It can be shown in this case that as a function of v’ the ambiguity function has
a sharp peak about v’ = v, whereas it is relatively insensitive to changes in 7.
To estimate the range one typically chooses s(t) = Gy (t)e* ot where G, (t)
is a very peaked Gaussian wave function, centered at £ = 0 and with standard
deviation G < 1. This gives an ambiguity function with a sharp peak about
r’ = r, but which is relatively insensitive to changes in v'.

Now we consider the wideband case and generalize to allow a distribution of
moving targets with density function D(z,y), where the support of this function
is contained in the set {(z,y) : y > 0}. Then from (1.3) the echo from the signal

s(t) is
:/0 /_oo VIs(ylt + z]) D (=, y)dzdy. (1.9)

Correlating the echo with a “test” echo €'(t) generated from the signal s(¢) and
the “test” density function D'(z, y) we obtain

//// A(z,y,%,§)D(z,y)D'(E, §)dedydidj  (1.10)

where
Alz,y,Z,7) / \/7 [t + z))s(g[t + Z])dt (1.11)

is the radar (self-) ambiguity function in the wideband case. (A very similar
construction of a moving target distribution can be carried out in the narrow-band
case.) Note that if D'(Z,9) = 6(Z — z1,§ — y1) and D(z,y) = 6(z — 2o,y — Yo)
then

(e, 6’) ($0,y0,$1,’yl) = A($0,yo,$1,y1)- (1.12)
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As with the narrow-band ambiguity function, if we normalize the signal s to have
unit energy, then by the Schwarz inequality

|Alz,y,2,9)] < [[s]] - [[s]| =1 (1.13)

and the maximum is assumed for y = 4,z = Z. Note also that
. e Y
Alz,y,%,9)=A ((z - )y, 2,0, 1) :
Y
Thus to study the ambiguity function one can restrict to the case

Alz,y) = A(z,y,0,1) = \/ﬂ/_o:o s(y[t + z])s(t)dt. (1.14)

Suppose {s,} is a basis for Ly(R), the standard space of square integrable
functions on the real line. Then we can consider the cross-correlation of s, with
the echo e,, from s,,:

Aun(2,9) = (ens 5m) = Vi | °:o sn(ylt + 2])3m(2)dL. (1.15)

We call 4,,,, the cross-ambiguity function of s,, and s,,. Similarly the
(narrow-band) cross-ambiguity function is

'(/}nm(uyw) = /_o:o Sn (t — g) Sm (t + g) etmitw 1p

The ambiguity and cross-ambiguity functions are of fundamental importance
in the theory of radar/sonar. The use of the ambiguity function to estimate the
range and velocity of point targets and, more generally, of the cross-ambiguity
function to estimate target distribution functions in both the wideband and narrow
band cases is basic to the theory.

In these lectures we shall summarize and elucidate this theory by exploiting
the intimate relationship between the cross-ambiguity functions defined above and
the theory of group representations. In particular the wide-band cross-ambiguity
functions can be interpreted as matrix elements of unitary irreducible represen-
tations of the two-dimensional affine group; the narrow-band cross-ambiguity
functions are matrix elements of unitary irreducible representations of the three-
dimensional Heisenberg group. The basic properties of these functions thus emerge
as consequences of analysis on affine and Heisenberg groups.



1.3 Exercises

1.

Consider the Gaussian pulse

() = (g

1 —#2/T24973
)46 t2/ —I—mwot,

normalized to have unit energy. Verify that the ambiguity function is given
by

1(u2 2,272
— 5| sy HaTiw T) oo
As(u,w) =€ *\7 e~ 2miwou,

Describe the level curves |Ag(u, w)| = k in the u — w plane. Discuss the
effect of varying the pulse length 7" on the problem of estimating the range
and velocity of the target.

Show that the area enclosed by a level curve |A,;(u, w)| = k in Exercise 2.1
is independent of 7T'.

. Consider the normalized frequency modulated pulse

2
T2

) }Te—tz/T2 +ami(wot+yt?) )

s(t) = (
The ambiguity function is given by

As (u, w) _ e—% [(1+16772'72T4)%—8#27T2wu+4w2w2T2] 6_27Tiw0u.
Describe the level curves |A(u,w)| = k in the u — w plane. Discuss
the effect of varying the pulse length 7' and the “compression ratio” m =
/1 + 167242T* on the problem of estimating the range and velocity of the

target.

. Consider the rectangular pulse with unit energy

1

S(t) \/ﬁXT(t)

e27riwo t

where

1 if —-T<t<T
XT(t)={ i<

0 otherwise.
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Show that the ambiguity function is

_ | sin[(1 = B (4rwT)] /4rwT if [u| < 2T
Ao, w) = { 0 if u| > 2T.

(This isn’t easy.) Describe the level curves |A(u,w)| = k in the u — w
plane. Show that for kK = 1 — ¢? with ¢ very close to zero, the level curves

can be approximated by % + %WQwQTQ = 2
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Chapter 2
A GROUP THEORY PRIMER

2.1 Definitions and examples

A group is an abstract mathematical entity which expresses the intuitive concept
of symmetry.

Definition 1 A group G is a set of objects {g, h, k,- - -} (not necessarily count-
able) together with a binary operation which associates to any ordered pair of
elements g, h in G a third element gh. the binary operation (called group multi-
plication) is subject to the following requirements:

1. There exists an element e in G called the identity element such that ge =
eg = g forall g € G.

2. Forevery g € G there exists in G an inverse element g~ such that gg~' =

g lg=e
3. Associative law. The identity (gh)k = g(hk) is satisfied for all g, h, k € G.

Any set together with a binary operation which satisfies conditions (1) - (3)
is called a group. If gh = hg we say that the elements g and h commute. If all
elements of G commute then GG is a commutative or abelian group. If G has
a finite number n(G) of elements it has finite order; otherwise G has infinite
order.

A subgroup H of G is a subset which is itself a group under the group multi-
plication defined in G. The subgroups G and {e} are called improper subgroups
of G; all other subgroups are proper. It can be shown that the identity element e

is unique. Also, every element g of G has a unique inverse g~
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Examples 1 1. The real numbers R with addition as the group product. The
productof x1,xe € R is their sum x1+x2. The identity is 0 and the inverse of
z is —x. Here, R is an infinite abelian group. Among the proper subgroups
of R are the integers and the even integers.

2. The nonzero real numbers in R with multiplication of real numbers as the
(commutative) group product. The identity is 1 and the inverse of © is 1/x.
The positive real numbers form a proper subgroup.

(3 1) wer

with matrix multiplication as the group product. The identity element is the
identity matrix. Here,

1 = 1 20\ (1 zi+2
0 1 01/ \o0 1

so the one-to-one mapping

3. The set of matrices

z(—)r(z)z((l) gf)eR’

relating the group element x in R to r in R’ takes products to products. (A
one-to-one mapping from a group G onto a group G' which takes products
to products is called a group isomorphism. We can identify the two groups
in the sense that they have the same multiplication table.) Thus R and R’
are isomorphic groups.

More generally we define a homomorphism i : G — G’ as a mapping
from the group G into a group G' which transforms products into products.
Thus to every g € G there is associated (g) € G' such that p(g192) =
w(g1)1u(ge) for all g1,92 € G. (It follows that i(e) = ¢ where € is the
identity element in G', and u(g=") = u(g)~'.) If u is one-to-one and onto
(i.e. if W(G) = G') then p is an isomorphism of G and G'.

4. The symmetric group S,. Let n be a positive integer. A permutation s
of n objects (say the set X = {1,2,---,n}) is a one-to-one mapping of X
onto itself. We can write such a permutation as

s=(1 2 - ”) 2.1)
Pr P2 - Dn
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where 1 is mapped into py, 2 into pa, + - -, 1 into p,. The numbers p, -+, pn
are a reordering of 1,2,---,n, and no two of the p; are the same. The
order in which the columns of (2.1) are written is unimportant. The inverse
permutation s~ is given by

sl = D1 P2 -+ Dn
1 2 .- n

and the product of two permutations s and

t: ql q2 ... qn

st — g g2 - (n _
Pr P2 - Pn
(Here we read the product from right to left: t maps q; to 1 and s maps 1 to
D;, S0 st maps q; to p;.) The identity permutation is

{12 ... n )

It is straightforward to show that the permutations of n objects form a group
Sy, of finite order n(S,,) = nl. Forn > 2, .S, is not commutative.

is the permutation

. The real general linear group GL(n, R). The group elements A are non-
singular n X n matrices with real coefficients:

GL(’R, R) = {A = (Aij), 1< i,j <n: Aij € Rand det A 75 0}

Group multiplication is ordinary matrix multiplication. The identity element
is the identity matrix E = (6;;) where &;; is the Kronecker delta. The inverse
of an element A is its matrix inverse. This group is infinite and for n > 2
it is non-abelian. Among the subgroups of GL(n, R) are the real special
linear group

SL(n,R) ={A € GL(n,R) : det A =1}
and the orthogonal group

O(n)={A € GL(n,R) : AA* = E}

14



where A* = (Aj;) is the transpose of the n x n matrix A = (4;;).
Similarly the complex general linear group
GL(’R, C) = {A = (Aij), 1<,5<n: Aij € Cand det A 75 0},

where C' is the field of complex numbers, is a group under matrix multipli-
cation. Among its subgroups are the complex special linear group

SL(n,C)={A € GL(n,C) :det A =1},
and the unitary group
U(n) = {A € GL(n,C) : AL’ = E}
where A = {A;;} is the complex conjugate of A = {A;;}. Forn = 1,
U(1) = {z: |z| = 1} is the circle group.

It is not difficult to show that every finite group is isomorphic to a subgroup
of S,. Furthermore, every finite group is isomorphic to a (finite) subgroup
of GL(n, R).

. The group Z,. This is the finite abelian group whose elements are the in-
tegers 0,1,2,---,n — 1 for fixed n > 1, and group multiplication is ad-
dition mod n. Thus 0 is the identity element and n — k is the inverse of
k =1,...,n— 1. This group is isomorphic to the multiplicative group of
1 x 1 matrices

C, = {exp(2mik/n): k=0,1,---,n — 1},
where

k «— exp(2mik/n)

is the isomorphism.
. The affine or ax+b group. The affine group G 4 is the subgroup of GL(n, R)
consisting of matrices

(a,b)z(g l{), a,be R, a> 0.

Clearly the group product is

by +b
(ahbl) ' (a27b2) = ( aloa2 “ 21+ ' )

15



= (a1a2, a1b2 + b1),
the identity element is (1,0), and the inverse of (a,b) is (1/a,—b/a).

. The (three-dimensional real) Heisenberg group

1 Iy I3
Hr=<(z1,20,23)=| 0 1 zo |:2; €ER
0 0 1

This is a subgroup of GL(3, R) with group product
(21, T2, 23) - (Y1, Y2, ¥3) = (T1 + Y1, T2 + Yo, T3 + Y3 + T1Ya2).

The identity element is the identity matrix (0,0,0) and (z1,To,T3)"' =
(—z1, —To, T1Z2 — x3). Note that Hg is non abelian. The center of Hpg,
i.e., the subgroup Cg of all elements which commute with every element of
Hp,

Cr=1{h € Hg: hg=gh,Vg € Hg}

consists of the elements (0,0, z3), x5 € R. A finite analog of Hy is

1 ap das
H, = 01 ay |:a;€24,;,
0 0 1

a finite group under matrix multiplication where addition and multiplication
of the number a; is carried out mod n.

. Let V be a finite dimensional vector space, real or complex, and denote
by GL(V') the set of all invertible linear transformations of T of V onto
V. Then GL(V) is a group with the product of T1, Ty € GL(V') given by
T Ty where (T Ty)v = T (Tov) foreachv € V, i.e., T\ Ty is the usual
product of linear transformations. The identity element is the operator e
such that ev = v for all v € G. The inverse of T € GL(V) is the inverse
linear operator T=' where Tv = w forv,w € V ifand only if T"'w = v.
Suppose dimV = n and let v{,---,vy, be a basis for V. The matrix
of the operator T with respect to the basis is T = (T;;) where Tv; =
Y1 Tijvi, 1 < j < n. Itis easy to see that this correspondence defines an
isomorphism between the group GL(V') and GL(n).

Many of the most important applications of groups to the sciences are ex-
pressed in terms of the group representation, to which we now turn.

16



2.2 Group representations

Definition 2 A representation (rep) of a group G with representation space V'
is a homomorphism T : g — T(g) of G into GL(V). The dimension of the
representation is the dimension of V.

It follows from this definition that

T(91)T(g2) = T(g192), T(9)"' =T(g7"),

T(e) = E7 g1,82,8 € G7 (22)

(Initially we shall consider only finite-dimensional reps of groups on complex rep
spaces. Later we will lift these finiteness restrictions.)

Definition 3 An n-dimensional matrix rep of G is a homomorphism T : g —
T(g) of G into GL(n,C).

The n x n matrices T'(g), g9 € G, satisfy multiplication properties analogous
to (2.2). Any group rep T of GG with rep space V defines many matrix reps, since
if {vy,--+, vy} is a basis of V, the matrices T'(g) = (T'(g)x;) defined by

T(g)vi=>_ T(g)jwvj, 1<k<n (2.3)
j=1

form an n-dimensional matrix rep of G. Every choice of basis for V' yields a
new matrix rep of G defined by T. However, any two such matrix reps T, T" are
equivalent in the sense that there exists a matrix S € GL(n, C) such that

T'(g) = ST(g)S™" (24)

for all ¢ € G. Indeed, if T, T" correspond to the bases {v;}, {v}} respectively,
then for S we can take the matrix (S;;) defined by

V; ZZS]'Z'V;, 1= 1,"',’11. (25)
j=1

Definition 4 Two complex n-dimensional matrix reps T and T' are equivalent
(T =~ T") if there exists an S € GL(n, C) such that (2.4) holds.
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Thus equivalent matrix reps can be viewed as arising from the same operator
rep. Conversely, given an n-dimensional matrix rep 7'(g) we can define many 7-
dimensional operator reps of G. If V' is an n-dimensional vector space with basis
{v;} we can define the group rep T by (2.3), i.c., we define the operator T(g) by
the right-hand side of (2.3). Every choice of a vector space V' and a basis {v;}
for V' yields a new operator rep defined by 7. However, if V, V' are two such
n-dimensional vector spaces with bases {v;}, {vi} respectively, then the reps T
and T' are related by

T'(g) = ST(g)S™", (2.6)

where S is an invertible operator from V' onto V' defined by
Sv, =v; 1<i<n.

Definition 5 Two n-dimensional group reps T, TV of G on the spaces V, V' are
equivalent (T = T') if there exists an invertible linear transformation S of V/
onto V' such that (2.6) holds.

Clearly, there is a one-to-one correspondence between classes of equivalent
operator reps and classes of equivalent matrix reps. In order to determine all
possible reps of a group G it is enough to find one rep T in each equivalence
class. It is a matter of choice whether we study operator reps or matrix reps.

Examples 2 1. The matrix groups GL(n,C), SL(n, C) are n-dimensional ma-
trix reps of themselves.

2. Let G be a finite group of order n. We formally define an n-dimensional
vector space Rg consisting of all elements of the form

Y z(g)-9, z(g)eC.

geqG

Two vectors 3 x(g) - g and Y- y(g) - g are equal if and only if x(g) = y(g)
for all g € G. The sum of two vectors and the scalar multiple of a vector

are defined by
Yz(g)-9+Xy(g)- 9 =Xlzlg) +yl9)] 9, 27
aXz(g)-g =Y az(g)-g9, a€C. '

The zero vector of Rg is 8 = >0 - g. The vectors 1 - gy, g0 € G, form a
natural basis for Rg. (From now on, we make the identification1-qg = g €
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Rg.) We define the product of two elementsx = > x(g)-g, y =Y y(h)-h
in a natural manner:
vy =(Z2(g9) 9)(Zy(h)-h) = Egnecz(9)y(h) - gh 2.8)
= Yrec vy(k) - K, .

where
zy(k) = Y o(h)y(h™'k). (2.9)

heG
(Here xy(g) is called the convolution of the functions x(g), y(g).) It is easy
to verify the following relations:

(x+y)z=2z2+yz, z(ly+z2) =zy+z2, z,9,2€ Rg,
(zy)z = z(yz), olzy) = (ez)y = z(ay), (2.10)
ex=ze=2z, «a¢€C,

where e is the identity element of G. Thus Rg is an algebra, called the
group ring of G.
The mapping L of G into GL(Rg) given by

L(g)r =gz, z € Rg (2.11)

defines an n-dimensional rep of G, the (left) regular rep. Indeed,

L(g192)z = 91922 = L(g1)g20 = L(g1)L(g2)2
Le)r =ex =1z

and the L(g) are linear operators. Similarly, the (right) regular rep of G
is defined by
R(g)z=1zg"', z€Rg g€q. (2.12)
Let T be a rep of the finite group G on a finite-dimensional inner product
space V. The rep T is unitary if forallg € G

(T(g)v, T(g)w) = (v,w), v,weV, (2.13)

i.e., if the operators T(g) are unitary. Recall that an orthonormal (ON) basis for
the n-dimensional space V' is a basis {vy, - -, v, } such that (v;, v;) = d;;, where
(+,-) is the inner product on V. The matrices T'(g) of the operators T(g) with
respect to an ON basis {v;} are unitary matrices

mji = T(g_l)ij = [T(g)_l]ij-

Hence, they form a unitary matrix rep of G. The following theorem shows that
for finite groups at least, we can always restrict ourselves to unitary reps.
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Theorem 1 Let T be a rep of G on the inner product space V.. Then T is equiv-
alent to a unitary rep on'V.

PROOF: First we define a new inner product (-,-) on V with respect to which T
is unitary. For u,v € V let

(u,v) = —— > (T(g)u, T(g)v). (2.14)

(Thus (u,v) is an average of the numbers (T(g)u, T(g)v) taken over the group.)
It is casy to check that (-, -) is an inner product on V. Furthermore,

(T(h)w, T(R)v) = ;g Zeea{T(gh)u, T(gh)v)
= wie Leea{T(9)u, T(g")v)
= (u,v),

where the next to last equality follows from the fact that if g runs through the
elements of G exactly once, then so does gh. Clearly, T is unitary with respect
to the inner product (-,-). Now let {u;} be an ON basis of V' with respect to
(+,-) and let {v;} be an ON basis with respect to (,-). Define the nonsingular
linear operator S : V. — V by Su; = v;,1 < ¢ < n. Then forw = Y o;u; and
x = ) Bju; we find

(SW, SX) = Zi,j aL,B_j(Sui, Su]'>
=2 b = (W, x)

s0 (w,x) = (S™'w, S7!x) and
(ST(9)S~'w,ST(9)S™'x) = (T(9)S~'w,T(9)S 'x
1
Thus, the rep T’(g) = ST(g)S™! is unitary on V. Q.E.D.
It follows that we can always assume that arep T on V' is unitary.

Now we study the decomposition of a finite-dimensional rep of a finite group
G into irreducible components.

Definition 6 A subspace W of V is invariant under T if T(g)w € W for every
geG, weW.
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If W is invariant we can define a rep TV = T|W of G on W by
T'(9)w = T(g)w, weW.
This rep is called the restriction of T to W. If T is unitary so is T".

Definition 7 The rep T is reducible if there is a proper subspace W of V which
is invariant under T. Otherwise, T is irreducible (irred).

A rep is irred if the only invariant subspaces of V' are {6}, the zero vector, and
V itself.

Every reducible rep T can be decomposed into irred reps in an almost unique
manner. In proving this, we can assume that T is unitary.

If W is a proper subspace of the inner product space V' and

Wt={veV:{(v,w)=0, alweW} (2.15)

is the subspace of all vectors perpendicular to W, it is easy to show that V =
W @ W+, (V is the direct sum of W and W+ ). That is, every v € V can be
written uniquely in the form

v=w+w, welW, weWh

Theorem 2 IfT is a reducible unitary rep of G on'V and W is a proper invariant
subspace of W, then W+ is also a proper invariant subspace of V.. In this case we
write T = T & T" and say that T is the direct sum of T and T", where T', T"
are the (unitary) restrictions of T to W, W+, respectively.

PROOF: We must show T(g)u € W+ forevery g € G,u € W+, Now for every
weWw,
(T(g)u, w) = (u, T(g™)w) = 0

since T(g~')w € W. The first equality follows from (3.13) and unitarity. Thus
T(g)u € W. QE.D.

Suppose T is reducible and V] is a proper invariant subspace of V' of smallest
dimension. Then, necessarily, the restriction T of T to V) is irred and we have
the direct sum decomposition V = V; & V;1, where V;t is invariant under T. If
V1 is not irred we can find a proper irred subspace V, of smallest dimension such
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that Vit = Vo, @ Vi, by repeating the above argument. We continue in this fashion
until eventually we obtain the direct sum decomposition

V=VieV,e---0V, or T=T,@eT,®---0Ty

where the V; are mutually orthogonal proper invariant subspaces of V' which trans-
form irreducibly under the restrictions T'; of T to V;. (The decomposition process
comes to an end after a finite number of steps because V' is finite-dimensional.)
Some of the T; may be equivalent. If a, of the reps T; are equivalent to T, ay to

Ty, - -,a;to Ty and T4, - - -, Ty are pairwise nonequivalent, we write
k
T =) &q;T;. (2.16)
j=1

Theorem 3 Every finite-dimensional unitary rep of a finite group can be decom-
posed into a direct sum of irred unitary reps

The above decomposition is not unique since the irred subspaces Vy,---,V;
are not uniquely determined. However, it can be shown that the integers a; in
(2.16) are uniquely determined, [[20]], [[43]], [[79]].

2.3 Schur’s lemmas

The following two theorems (Schur’s lemmas) are crucial for the analysis of irred
reps.

Theorem 4 Let T, T' be irred reps of the group G on the finite-dimensional vec-
tor spaces V, V' respectively and let A be a nonzero linear transformation map-
ping V into V', such that

T'(g)A = AT(g) (2.17)

forall g € G. Then A is a nonsingular linear transformation of V onto V', so T
and T' are equivalent.

PROOF: Let N be the null space and R4 the range of A:
Na={veV:Av=0}, Rs={v'eV':v =Avforsomev eV}

The subspace N4 of V' is invariant under T since AT (g)v = T'(g9)Av = 0 for
all g € G,v € Ny. Since T is irred, Na is either V or {#}. The first possibility
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implies A is the zero operator, which contradicts the hypothesis. Therefore, Ny =
{6}. The subspace Ra of V' is invariant under T because T'(g)Av = AT(g)v €
Ry forall v € V. But TV is irred so Ry is either V' or {8}. If Ry = {6} then A
is the zero operator, which is impossible. Therefore Ry = V' which implies that
T and T' are equivalent. Q.E.D.

Corollary 1 Let T, T be nonequivalent finite-dimensional irred reps of G. If A
is a linear transformation from 'V to V' which satisfies (2.17) for all g € G, then
A is the zero operator.

While Theorems 1 — 4 and Corollary 1 apply also for real vector spaces, the
following results are true only for complex reps.

Theorem 5 Let T be a rep of the group G on the finite-dimensional complex vec-
tor space V, (diim V' > 1). Then T is irred if and only if the only transformations
A :V — V such that

T(g9)A = AT(g) (2.18)

forall g € G are A = \e where A € C and e is the identity operatoron V.

PROOF: It is well known that a linear operator on a finite-dimensional complex
vector space always has at least one eigenvalue. Let A be an eigenvalue of an
operator A which satisfies (2.18) and define the eigenspace C), by

Cr={veV:Av=)\v}]

Clearly C' is a subspace of V and dim C'y, > 0. Furthermore, C) is invariant
under T because
AT(g)v = T(g9)Av = AT(g)v

forve Cy, g € G,s0T(g)v € Cy. If T is irred then Cy, = V and Av = Av for
allveV.

Conversely, suppose T is reducible. Then there exists a proper invariant
subspace Vi of V' and by Theorem 2, a proper invariant subspace V2 such that
V=V, ®Ve. Any v € V can be written uniquely as v = vy + vy with
v; € V;. We define the projection operator P on V by Pv = v; € V;. Then
PT(g9)v = T(g9)Pv = T(g)v; (verify this), and P is clearly not a multiple of e.
Q.E.D.

Choosing a basis for V and a basis for V' we can immediately translate Schur’s
lemmas into statements about irred matrix reps
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Corollary 2 Let T and T' be n X n and m X m complex irred matrix reps of the
group G, and let A be an m X m matrix such that

T'(g)A = AT (g) (2.19)

forall g € G. If T and T' are nonequivalent then A equals the zero matrix. (In
particular, this is true forn # m.) If T = T' then A = AE,, where A € C and E,,
is the n X n identity matrix.

Note that the proofs of Schur’s lemmas use only the concept of irreducibil-
ity and the fact that the rep spaces are finite-dimensional. The homomorphism
property of reps and the fact that G is finite are not needed.

Example 1 D,, the symmetry group of the square. Consider the square [A, B, C, D]
with center at the origin of the x — y plane and vertices with coordinates

A(-1,1),B(1,1),C(1,-1),D(-1,-1).

There are precisely 8 Euclidean transformations (rotations and reflections) that
map the square to itself. These are the congruences of euclidean geometry. Since
the square is uniquely determined by the location of its vertices, we can describe
the transformations as permutations of the vertices. Thus D4 can be considered
as a subgroup of the symmetric group on 4 letters. The symmetries are:

j g g g ) =e identity

g g g Z =T 90° clockwise rotation

é IB; i 133 =r%  180° clockwise rotation
g i g g =r%  270° clockwise rotation
g g g Z =h  reflection in x axis

g i g g = hr? reflection in y axis

j IB; g 133 = hr?® reflection in diagonal AC
é g i g = hr reflection in diagonal BD.
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It is straightforward to check that these transformations satisfy the group axioms.
Recall that the tranformations are applied from right to left. Thus a 90° clockwise
rotation followed by a reflection in the x axis is

h_ABCD A B CDY (ABCOCD
"“\bpcB A)\BCcDA)T\CBAD)
the reflection in the diagonal BD.
This realization of D4 as a group of transformations in the plane automatically

gives us a 2-dimensional representation of Dy. Indeed the 90° rotation v and the
reflection h correspond to the operators T (r), T(h) in the plane such that

(r): 21 :: —€2 , T(h) : € = e_1
2 € €y — —€y

?

where ey, e, are the unit vectors (1,0), (0,1) in the x and y directions, respec-
tively. Since r, h generate the full group action, the remaining operators can be
constructed by taking appropriate products of these. Using this ON basis we ob-
tain the unitary matrix representation T' of D, generated by the matrices

=5 5) To=(% %)

Now let us consider this matrix representation to be defined over the complex
field, and check to see if it is reducible. If

=)

AT (g) =T(g9)A, forall g € Dy

then we will have

if and only if
AT (r) =T(r)A, AT (h) = T(h)A.

The first of these condition implies a = d,b = —c, and the second implies b =
¢ = 0. Thus A must have the form

1 0
A—a(o 1)
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and T is irreducible.

Now consider the rotation subgroup Cy = {e,r,7%, 13} of Dy. If we restrict
our representation T to this subgroup we get a matrix representation of Cy gener-
ated by the matrix T (r). This representation will be irreducible provided the only
matrix A that commutes with T'(r) is a multiple of the identity. However, we see
from our above computation that AT (r) = T(r)A for any

= (4 0)

where a, b are arbitrary. Thus this representation is reducible. In particular the
one-dimensional subspace with basis (i,1), where i = /—1, is invariant under
T(r).

2.4 Orthogonality relations for finite group repre-
sentations

Now let G be a finite group again and select one irred rep T® of G in each
equivalence class of irred reps Then every irred rep is equivalent to some T®) and
the reps T, T#2) are nonequivalent if y; # po. The parameter i indexes the
equivalence classes of irred reps. (We will soon show that there are only a finite
number of these classes.) Introduction of a basis in each rep space V* leads to a
matrix rep T®. The T®W form a complete set of irred n, X 7, matrix reps of G,
one from each equivalence class. Here n, = dim V) 1If we wish, we can choose
the T to be unitary.

The following procedure leads to an extremely useful set of relations in rep
theory, the orthogonality relations. Given two irred matrix reps T, T® of G
choose an arbitrary n,, X n, matrix B and form the n, X n, matrix

A=N71S TW(g)BT™(g7") (2.20)

geG

where N = n(G). (Here, A is just the average of the matrices TW (g) BT®)(g™!)
over the group G.) We will show that A satisfies

T®W(h)A = AT® (k) (2.21)

26



for all h € (. Indeed,

TWRA =N ,eq TW(R)TW (g)BT(”’ (9‘1)

= N- deaT“(hg)BT )((hg)™")T®)(h)
= ATO)(h).

We have used the fact that as g runs over each of the elements of G exactly once,
so does ¢ = hg. This result and Corollary 1 imply that if 4 # v then A is the
zero matrix, whereas if 4 = v then A = )\En# for some A € C. Hence, A =
A, B)dy, Er,, where 4y, is the Kronecker delta, and the coefficient A depends on
wand B.

To derive all possible consequences of this identity it is enough to let B run
through the n, x n, matrices B¢™ = (Biy™), where

BSY™ = 60m, 1< 4 b<m,, 1<km<n,.

Making these substitutions, we obtain

ST QTG = NAGWbis, 1<6,6<m,, 1<m,s<mn, (222
geG

Here, A may depend on p, £ and m, but not on ¢ or s. To evaluate A, setv = u, s =
1, and sum on ¢ to obtain

M N = Y ea Tr T (9T (9) = Teee T (€)
- N(sz

since N = n(G) and T2¥(€) = 6,i. Therefore, A = by /m,. We can simplify
(2.22) slightly if we assume (as we can) that all of the matrix reps T®*)(g) are
unitary. Then

T® (g = T)(g)

ms sm

and (2.22) reduces to
(v N
S TP @) Tem(9) = —BisBtmbpn- (2.23)
geG Ty

Expressions (2.22), (2.23) are the orthogonality relations for matrix elements of
irred reps of G. We can write these relations in a basis-free manner. Suppose
the irred unitary reps T, T% act on the rep spaces V™ V) with ON bases
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{v#¥}, {v{)}, respectively. Then we have TV (g) = (T®(g)vi, vi¥) with a
similar expression for T), Expanding arbitrary vectors f,h € V(¥ in the basis
{v{¥Y and £, 1’ € V® in the basis {v{")} and using (2.23) we find

S (T (), Y (E, T () = (£, B (E W6, (2.24)

g9eG w

That is, the left hand side of (2.24) vanishes unless p = v, in which case the inner
products on the right hand side correspond to the space V® = V),

To better understand the orthogonality relations it is convenient to consider
the elements z of the group ring R as complex-valued functions z(g) on the
group GG. The relation between this approach and the definition of Rg as given in
example is provided by the correspondence

z =) x(g) g+ z(g)- (2.25)

geqG

The elements of the N-tuple (z(g1),---,z(gn)), where g; ranges over G, can
be regarded as the components of £ € Rg in the natural basis provided by the
elements of (G. Furthermore the one-to-one mapping (2.25) leads to the relations

z+y o z(9)+ylg), az e azx(g)

gy o aylg) =Y ,ecz(d)ylg l9) (2:26)

where the expression defining zy(g) is called the convolution product of z(g)
and y(g). The ring of functions just constructed is algebraically isomorphic to
R¢ with the isomorphism given by (2.26). Under this isomorphism the element
h =1-h € Rg is mapped into the function

1 ifg=nh
hig) = { 0 otherwise.

Now consider the right regular rep on Rg. Writing

R(h)z = ) [R(h)z](9) -g=zh™" =) _x(gh)-g,

geG g

we obtain
[R(h)z](g) = z(gh), he€QG, (2.27)
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as the action of R(h) on our new model of Rg. From Theorem 1, there is an inner
product on the N-dimensional vector space R¢ with respect to which the right
regular rep R is unitary. Indeed, the following inner product works:

= N3 z(9)y(g), =,y € Rq. (2.28)

geG

Now note that for fixed p,4,j with 1 < 4,5 < n, the matrix element ﬂ(j“ ) (9)
defines a function on G, hence an element of Rg. Furthermore, comparing (2.28)
with (2.23), we see that the functions

0 (g) = nl* T (g), 1<i,5 <y, (2.29)

where p ranges over all equivalence classes of irred reps of G, form an ON set
in Rg. Since R is N-dimensional the ON set can contain at most N elements.
Thus there are only a finite number, say &, of nonequivalent irred reps of G. Each
irred matrix rep p yields n?, vectors of the form (2.29). The full ON set {gog‘ )}
spans a subspace of Rg of dimension

n: +ng+---+ng < N. (2.30)

The inequality (2.30) is a strong restriction on the possible number and dimensions
of irred reps of G. This result can be further strengthened by showing that the ON
set {gog‘ )} is actually a basis for R¢. Since the dimension N of R is equal to the
number of basis vectors, we obtain the equality

ny+ns+---+ni=N. (2.31)

To prove this result, let V' be the subspace of Rg spanned by the ON set {gog‘ )}.
From (2.29) and the homomorphism property of the matrices T (g) there follows

[R(h)e1(g) = o ( ZT,W ot (g) e V. (2.32)

Thus V is invariant under R. According to Theorem 2, VL is also invariant under
Rand Rg = V @ V*. (Here V+ is defined with respect to the inner product
(2.28).) It VL # {#} then it contains a subspace W transforming under some
irred rep T® of G. Thus, there exists an ON basis z, - - -, z,,, for W such that

[R(g)z;](h) = z;(hg) = Z 1<i<n,. (2.33)
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Setting h = e in (2.33) we find
Z LE] Z z] go]z 1/27

sox; € V. Thus W C V N V<. This is possible only if W = {6}. Therefore,
L ={6}and V = Rg.

Theorem 6 The functions

{9055)(9)}7 :u:17"'7§7 1S’i,j§'flu,

form an ON basis for Rg. Every function t € Rg can be written uniquely in the
form

9) =Y diel(9), al = (3,0 (234)
050
The series (2 34) is the “generalized Fourier expansion” for the functions x €
R¢ and the a are the “generalized Fourier coefficients”. Furthermore we have
the “generalzzed Plancherel formula”

(z,9) = Y. (2,00 (0l ). (2.35)
050
We can also write expansion (2.34) in a basis-free form through the use of (2.29)
and the homomorphism property of the matrices T# (9):

©(9) = Tigw (e )T 0)
= N Zz,],u Ty 2oheG z(h)T
= N Zz,],u Ty ZhEG ib(h)T i
= & Y zhegu )7 ><h 'g
=2, T, .7.7 ( ))
= Y mu(, tr TW(g7"))

Here tr T (h) is the trace of the matrix T™™ (h).

Relation (2.35) can be written in the basis-free form
z,y) = Zn“(sg“),y)
"
where sW (h) = (z, tr T® (h~1.)).
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2.5 Representations of Abelian groups

The representation theory of Abelian (not necessarily finite) groups is especially
simple.

Lemma 1 Let G be an Abelian group and let T be a finite-dimensional irred rep
of G on a complex vector space V. Then T, hence V, is one-dimensional.

PROOF: Suppose T is irred on V' and dimV > 1. There must exista g € G
such that T'(g) is not a multiple of the identity operator, for otherwise V' would be
reducible. Let A be an eigenvalue of T(g) and let C), be the eigenspace

Cr={veV:T(g)v=Av}
Clearly, C'y is a proper subspace of V. If h € G and w € C), then
T(g)(T(h)w) = T(h)(T(9)w) = A(T(h)w),

since G is Abelian, so C), is invariant under the operator T'(h). Therefore, T is
reducible. Contradiction! Q.E.D.

Example2 Zy, N > 1

This is the Abelian group of order N, example (6) in §2.1, with addition of
integers mod N as group multiplication. Since n; = 1 for each irred rep of Zy,
it follows from (2.31) that Z y has exactly & = N distinct irred reps. Since the N
elements of Zy can be represented as g, k = 0,1,2,--- N — 1 where g} = e,
we have [TW® (go)]V = TW (gY) = TW(e) = 1 for each irred rep T™. Thus
TW (go) is an Nth root of unity and it uniquely determines T (g) forall g € Zy.
Since there are exactly N such roots, which we label as

T®)(go) = exp(2mip/N), p=0,1,---,N -1,
the possible irred reps are
TW (g8 = exp(2miku/N) k,p=0,1,---, N —1. (2.36)
It follows from Theorem 6 that every function x € Ryz, has the finite Fourier

expansion
N—1

z(k) = Y &(p) exp(2mikp/N) (2.37)

u=0
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where
1 N-1

i(p) = (z, 7™ —Z ) exp(—2milu/N).

Furthermore, the orthogonality relations are
1 N-1
(TW, T7W) =4, = v S exp[2mil(v — p)/N)] (2.38)
and the Plancherel formula reads
~ 2 2(B)F(k) = > 2(W)y(n), =,y € Rz,.

Since finite non-Abelian groups do not occur in the sequel, we refer the reader
to standard textbooks for examples of unitary irred reps of these groups, [[20]],
[[79]].

2.6 Exercises
1. The center of a group G is the subgroup
C=1{he€G:hg=gh, Vg€ G}.

Compute the center of the Heisenberg group Hy and the center of the affine
group G 4.

2. Let V be an n-dimensional complex vector space with basis {vy,---,v,}.
The matrix of the operator T € GL(V) with respect to this basis is T =
(T;;) where Tv; = 3%, T;;v;, 1 < j < n. Verify that the correspondence
T + T is an isomorphism of the groups GL(V') and GL(n).

3. Show that the map ¢ — R(g) is a rep of the group G on the group ring R
where R(g)z = zg~ ' forg € G, z € Rg.

4. Verify explicitly that the Hermitian form (u,v), (3.14), defines an inner
product on the vector space V. (Among other things, you must show that
(u,u) = 0ifand only if u = 6.)
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5. Let T1(g) and T5(g) be n x n matrix reps of the group G with real ma-
trix elements. These reps are real equivalent if there is a real nonsingular
matrix S such that T1(g)S = STs(g) for all g € G. Show that 77 and T3
are complex equivalent if and only if they are real equivalent. (Hint: Write
S = A +iB, where A and B are real, and show that A 4+ ¢B is invertible
for some real number £.)

6. Show that the matrix elements of two real irred reps of a group GG which are
not real equivalent satisfy an orthogonality relation. Show that every real
irred rep is real equivalent to a rep by real orthogonal matrices.
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Chapter 3

REPRESENTATION THEORY
FOR INFINITE GROUPS

3.1 Linear Lie groups

We will now indicate how some of the basic results in the rep theory of finite
groups can be extended to infinite groups. A fundamental tool in the rep theory of
finite groups is the averaging of a function or operator over the group by taking a
sum. We will now introduce a new class of groups, the linear Lie groups, in which
one can (explicitly) integrate over the group manifold and, at least for compact
linear Lie groups, can prove close analogs of Theorems 1-5.

Let W be an open connected set containing e = (0, - - -, 0) in the space F;, of
all (real or complex) n-tuples g = (g1, - -, gs)- (The reader can assume W is an
open sphere with center e.)

Definition 8 An n-dimensional local linear Lie group G is a set of m X m non-
singular matrices A(g) = A(g1,- - -, gn), defined for each g € W, such that

1. A(e) = Ey, (the identity matrix)

2. The matrix elements of A(g) are analytic functions of the parameters

g1, ", gn and the map g — A(g) is one-to-one.
3. The n matrices ﬂggjﬁ, j = 1,---,n, are linearly independent for each

g € W. That is, these matrices span an n-dimensional subspace of the
m2-dimensional space of all m x m matrices.
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4. There exists a neighborhood W' of e in F,,, W' C W, with the property that
for every pair of n-tuples g, h in W' there is an n-tuple k in W satisfying

A(g)A(h) = A(k) (3.1)
where the operation on the left is matrix multiplication.

From the implicit function theorem one can show that (4) implies that there
exists a nonzero neighborhood V' of e such that k = ¢(g,h) for all g,h € V
where ¢ is an analytic vector-valued function of its an arguments and g, h, k are
related by (3.1), [[52]], [[96]].

Let G be alocal linear group of m X m matrices. We will now construct a (con-
nected, global) linear Lie group G containing G. Algebraically, G is the abstract
subgroup of GL(m, C) generated by the matrices of G. That is, G consists of all
possible products of finite sequences of elements in G. In addition, the elements
of G can be parametrized analytically. If B € G we can introduce coordinates
in a neighborhood of B by means of the map g — BA(g) where g ranges over
a suitably small neighborhood Z of e in F,,. In particular, the coordinates of B
will be e = (0,---,0). Proceeding in this way for cach B € G we can cover G
with local coordinate systems as “coordinate patches”. The same group element
C will have many different sets of coordinates, depending on which coordinate
patch containing C' we happen to consider. Suppose C' lies in the intersection of
coordinate patches around B; and Bs, respectively. Then C' will have coordinates
g1, 8o respectively, where C = By A(g1) = B2 A(ge). Since

A(g1) = Bi'BA(gs), Alg:) = B;'B1A(g1)

it follows that in a suitably small neighborhood of e: (a) the coordinates go are
analytic functions go = p(g;) of the coordinates g;, (b) p is one-to-one, and (c)
the Jacobian of the coordinate transformation is nonzero. This makes G into an
analytic manifold. (In addition to the coordinate neighborhoods described above,
we can always add more coordinate neighborhoods to G provided they satisfy
conditions (a) — (¢) on the overlap with any of the original coordinate systems.)
We leave it to the reader to show that G is connected. That is, any two elements
A, B in G can be connected by an analytic curve C(t) lying entirely in G.

In general an n-dimensional (global) linear Lie group K is an abstract matrix
group which is also an n-dimensional local linear group G. Clearly, K 2 G.
Indeed, G is the connected component of K containing the identity matrix. The
group K need not be connected.
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Examples (3), (5) (GL(n, R), SL(n, R), O(n), GL(n,C), SL(n,C), U(n)),
(7), (8) (Hg) from §2.1 are all linear Lie groups. To illustrate, we can write A €
GL(n, R) for A “close” to the identity matrix as A = dx + gjx, 1 < 4,k < m,
and verify that conditions (1) — (4) of the definition of a local linear Lie group are
satisfied for the coordinates g = {g;x} € Rp2. It follows that GL(n, R) is a real
global n?-dimensional linear Lie group.

3.2 Invariant measures on Lie groups

Let G be a real n-dimensional global Lie group of m X m matrices. A function
f(B) on G is continuous at B € G if itis a continuous function of the parameters
(g1, -, gn) in a local coordinate system for G at B. (Clearly, if f is continuous
with respect to one local coordinate system at B it is continuous with respect to
all coordinate systems.) If f is continuous at every B € G then it is a continuous
function on G. We shall show how to define an infinitesimal volume element d A
in G with respect to which the associated integral over the group is left-invariant,
ie.,

/ F(BAYdA = / f(A)d4, BeG, (3.2)
G G
where f is a continuous function on G such that either of the integrals converges.
In terms of local coordinates g = (g1, -, g,) at A,

dA = w(g)dg: - - dgn = w(g)dg, (3.3)
where the positive continuous function w is called a weight function. If k =
(k1, - -+, ky) is another set of local coordinates at A then,

dA = G(K)dk, -+ - dkn, (k) = w(g(k))| det(dg;/Ok;)],

where the determinant is the Jacobian of the coordinate transformation. (For a
precise definition of integrals on manifolds see [[101]].)

Two examples of left-invariant integrals are well known. The group R’ (exam-
ple (3) in §2.1) with elements

A(@:(éf), zER (3.4)

is isomorphic to the real line. The continuous functions on R’ are just the contin-
uous functions f(x) on the real line. Here, dz is a left-invariant measure. Indeed
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by a simple change of variable we have

/oo f(y-i—z)dz:/oo f(z)dz, ye€R

—00 —0o0

where f is any continuous function on R such that the integral converges. Since
R is Abelian, dz is also right-invariant.

A second example is the circle group U(1) = {e*®}, the Abelian group of 1 x 1
unitary matrices. The continuous functions on U(1) can be written f(¢), where
f is continuous for 0 < ¢ < 27 and periodic with period 27. The measure d¢ is
left-invariant (right invariant) since

27

[ @+ aas= [ o),

We now show how to construct a left-invariant measure for the n-dimensional
real linear Lie group G. Let A(g) be a parametrization of G in a neighborhood of
the identity element and chosen such that A(f) = Ep,. SetC; = 0, A(g)|g=9, 1<
J < mn. Then by property (3) of a local linear Lie group, the m x m matrices {C;}
are linearly independent. Given any other parametrization A’(h) near the identity
and such that A’(h°) = E,, we have A'(h) = A(g(h)) for some analytic function
g(h) and C; = Oy, A'(h)|n=po = 37, 05, A(8)[g=0 (%(ho)) = Y= agj)ce-
Here the {C’} must be linearly independent so det(ag] )) # 0. In other words, the
tangent space at the identity element of GG is n-dimensional and once we chose a
fixed basis {C; } for the tangent space, any coordinate system in a neighborhood of
E,, will determine n linearly independent n-tuples oV, - - -, o™ which generate
a parallelepiped with volume

V =|det(a)] > 0

in the tangent space. Now suppose A'(h) is a parametrization of G in a neighbor-
hood of the group element Ay and such that A'(h%) = A,. Then the matrices C; =
On; A'(h)|p=po, j =1,---,n, are linearly independent. Furthermore, the matri-
ces in a neighborhood of E,, € G can be represented as A;'A'(h) = A(g(h)).
Differentiating this expression with respect to A, and setting h = h°® we find

A7k =Y o,
=1

for n linearly independent n-tuples (Y, - - - (™. This defines a parallelepiped in
the tangent space to G at Ay as the volume of its image in the tangent space at
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E,.:

VAO | det(af)| > 0.
By construction, our volume element is left-invariant. Indeed if B € G then
0 1
(BAg)™! oh; ——[BAy(h)][neno = Ag'B™'BC; = A;'C} = Zae C,

s0 Vpa, = V4,. We define the measure d;A on G by
deA = Va(g)dgy - - - dgp. (3.5)

Expression (3.5) actually makes sense independent of local coordinates. If k =
(ki,- - -, ky) is another local coordinate system at A then

0g,; 0g,;
11 J J _7
ake %:A 5 ok, ]Z;ake
SO
Va(k) = | det (Z 99; (])) — | det (%> |- | det(a?)|
’ Ok Ok b
Thus

Va(k)dk, - - - dk, = Va(g)|det(8g;/0ks)|dk, - - - dks,

= Va(g)dg: -~ dgr. 6

This shows that the integral

| fAded= [ f(g1,--,92)ValE)dgs - - dga
is well-defined, provided it converges. Furthermore,

Jo F(BA)deA = [ [(BA(g))Va(g)dg = Jo /(BA(g))Valg)dg (54
= Jo F(A)Va(g)dg = [ F(A)deA, '

where the third equality follows from the fact that BA runs over G if A does.
By analogous procedures one can also define a right-invariant measure d, A in
G. Writing

(0A/09;)A™ = B; = Y B¢,
k

we define .
Wa(g) = |det(8D)|, drA =Wa(g)dg: - - dgn. (3.8)
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The reader can verify that d, A is right-invariant on G.
Since A(A™'0A/dg;) A~ = (0A/Dg;) A", we have

Wa(g) = |det A| - Va(g), (3.9)

where A is the automorphism C — ACA™! of the tangent space at the identity.
(That is, we consider A as an n X n matrix acting on the n-dimensional tangent
space.) Thus, if det A =1 then dyA = d, A and there exists a two-sided invariant
measure on G.

It can be shown that a much larger class of groups (the locally compact topo-
logical (groups) possesses left-invariant (right-invariant) measures. Furthermore,
the left-invariant (right-invariant) measure of a group is unique up to a constant
factor. That is, if A and ¢’ A are left-invariant measures on G then there exists a
constant ¢ > 0 such that 64 = ¢8’A, [[43]], [[83]].

To illustrate our construction consider the Heisenberg matrix group Hpg, ex-
ample (8) in §2.1. Here Hp is a 3-dimensional Lie group which can be covered
by a single coordinate patch x = (zy, z, z3).

1 T I3
A(X)Z 0 1 TI9
0 0 1
Clearly, the matrices
010 0 00 001
Ci=|000|,6b=[0D01],C5=]000
0 00 0 00 0 00

form a basis for the tangent space at the identity element of Hg. Now

0 dlEl d1E3 — iﬂldiﬂg
AldA =0 0 dz,y
0 0 0
= C1d£E1 + (CQ - £E1C3)d$2 + C3d£E3

where dA is the differential of A(x). Thus,
0

10
Vax)=|det| 0 1 —z; [|=1
00 1
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and dyA = dz1dxadxs. Similarly,

0 dz
(dA)A‘1 =10 O dxo
0 0 0

= (C1 - £E2C3)d$1 + ngiﬂg + C3d£E3,

— Ty
0 |=1
1
and d,-A = d$1d$2d$3.
The affine group G 4, example (7) of §2.1 is 2-dimensional and can again be
covered by a single coordinate patch:

d 1 —1E2d$1 +d£E3 )

SO

o O =
o = O

Wa(x) = | det (

A(a,b):(g i’) a> 0.

A basis for the tangent space at the identity is

1 0 01
Cl_(o 0)7 C2_(0 0)7

and
ATdA = ( da/a db/a ) _ l(Clda + Cydb).
0 0 a
Therefore
0 1
VA(a7b):|det 0 % |:?

and dyA = dadb/a?. On the other hand,

(dA)A-! = dcg/a —bda/oa—i-db

= al(Cl - ng)da + ngb

Therefore
Wa(a,b) = | det (

Oe =
—_
o o
~——
Q|

and d, A = dadb/a. In this case the left- and right-invariant measures are distinct.
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3.3 Orthogonality relations for compact Lie groups

Now we are ready to extend the orthogonality relations to representations of a
larger class of groups, the compact linear Lie groups. We say that a sequence of
m x m complex matrices { AU} is a Cauchy sequence if each of the sequences of
matrix elements {A%)}, 1 <1,k < mis Cauchy. Clearly, every Cauchy sequence
of matrices converges to a unique matrix A = (Ay), Aix = lim;j_,0 A%). A set
U of m x m matrices is bounded if there exists a constant K > 0 such that
|Aix] < K forl <i,k <mandall A€ U. The set U is closed provided every

Cauchy sequence in U converges to a matrix in U.

Definition 9 A (global) group of m X m matrices is compact if it is a bounded,
closed subset of the set of all m X m matrices.

As an example we show that the orthogonal group O(3, R) is compact. If
A€ O(3,R) then A'A = E3, i.e.,

3
D AjeAjp = Ogg.

=1

Setting £ = k we obtain 3";(Ai)? = 1, so |Aw| < 1 for all i, k. Thus the matrix
elements of A are bounded. Let {AU)} be a Cauchy sequence in O(3, R) with
limit A. Then E3 = lim; (A AW = A*A 50 A € O(3,R) and O(3, R) is
compact.

Now suppose G is a real, compact, linear Lie group of dimension n. It follows
from the Heine-Borel Theorem [[96]] that the group manifold of G can be cov-
ered by a finite number of bounded coordinate patches. Thus, for any continuous
function f(A) on G, the integral

Li@dA= [ [(A)Vie)de

will converge (since the domain of integration is bounded.) In particular the inte-
gral

Vg = /G 1d,4, (3.10)

called the volume of G, converges. The preceding remarks also hold for the right-
invariant measure d,A. Moreover, we can show d;A = d, A for compact groups.

Theorem 7 If G is a compact linear Lie group then d;A = d, A.
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PROOF: By (3.9), d, A = | det A|d,A, where A is the mapping C — ACA™" of
the tangent space at the identity of G. (We can think of A as an m? x m? matrix
rep of G.) Since G is compact the matrices A, A~! € G are uniformly bounded.

Thus Ehe matrices A are bounded and there exists a constant M > 0 such that
|det A| < M forall A € G. Now fix A and suppose |det A| = s # 1. Then

|det A7| = |det A =7, j=041,%2,---.

Choosing j appropriately we get s7 > M, which is impossible. Therefore s = 1
forall A € Gand d,A = d,A. QE.D.

For G compact we write dA = dyA = d, A where the measure d A is both left-
and right-invariant.

Using the invariant measure for compact groups we can mimic the proofs of
most of the results for finite groups obtained in Chapter 2. In particular we can
show that any finite-dimensional rep of a compact group can be decomposed into
a direct sum of irred reps and can obtain orthogonality relations for the matrix
clements.

For finite groups K these results were proved using the average of a function
over K. If f is a function on K then the average of f over K is

1
AVIR) = s 3 TB)
If h € K then
AV(f(hk)) = AV(f(kh)) = AV(f(k)). (3.11)
Furthermore

AV(ay f1(k) + agfa(k)) = a1t AV(f1(k)) + a2 AV (f2(k)), AV(1) =1. (3.12)

Properties (3.11) and (3.12) are sufficient to prove most of the fundamental results
on the reps of finite groups. Now let G be a compact linear Lie group and let f be
a continuous function on G. We define

AV(f(4)) = Vi [ rayaa= [ saa (3.13)

where dA is the invariant measure on G, Vg = [, 1dA is the volume of G, and
6A = V;'dA is the normalized invariant measure. Then

AV(f(BA)) = J¢ f(BA)SA = [ f(A)0A = AV(f(4)),

AV(F(AB)) = AV(f(4)), AV()= [,64=1, Beq. 1P
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since 6 A is both left- and right-invariant. Thus, AV(f(A)) also satisfies properties
(3.11), (3.12).

In order to mimic the finite group constructions we need to limit ourselves to
continuous reps of G, i.e., reps T such that the operators T(A) are continuous
functions of the group parameters of A € G.

Theorem 8 Let T be a continuous rep of the compact linear Lie group G on the
finite-dimensional inner product space V. Then 'T is equivalent to a unitary rep
onV.

PROOF: Let (-,-) be the inner product on V. We define another inner product
(+,+) on V, with respect to which T is unitary. For u,v € V define

(u,v) = /G (T(A)u, T(A)V)6A = AV[(T(A)u, T(A)V)]. (3.15)

(The integral converges since the integrand is continuous and the domain of in-
tegration is finite.) It is straightforward to check that (-,-) is an inner product.
In particular, the positive definite property follows from the fact that the weight
function is strictly positive (except possibly on a set of Lebesgue measure 0.) Now

(T(B)u, T(B)v) = AV(T(AB)u, T(AB)v)] = AV(T(A)u, T(A)v)] = (u,v),

so T is unitary with respect to (-, -). The remainder of the proof is identical with
that of Theorem 1. Q.E.D.

Thus with no loss of generality, we can restrict ourselves to the study of unitary
reps.

Theorem 9 If T is a unitary rep of G on V and W is an invariant subspace of V
then W+ is also an invariant subspace under T.

Theorem 10 Every finite-dimensional, continuous, unitary rep of a compact lin-
ear Lie group can be decomposed into a direct sum of irred unitary reps.

The proofs of these theorems are identical with corresponding proofs for finite
groups.

Let {T®)} be a complete set of nonequivalent finite-dimensional unitary irred
reps of G, labeled by the parameter p. (Here we consider only reps of G on
complex vector spaces.) Initially we have no way of telling how many distinct
values p can take. (It will turn out that p takes on a countably infinite number of
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values, so that we can choose p = 1,2,---) We introduce an ON basis in each
rep space V® to obtain a unitary Ny X n, matrix rep T® of G.

Now we mimic the construction of the orthogonality relations for finite groups.
Given the matrix reps T(“), T® choose an arbitrary n,, X n, matrix C' and form
the n, X n, matrix

D = AV[T®W (40T (A7Y)] = /G TW(A)OT™ (A 1)5A.

Just as in the corresponding construction for finite groups, one can easily verify
that
T®(BYD = DT (B)

for all B € GG. Recall that the Schur lemmas are valid for finite-dimensional reps
of all groups, not just finite groups. Thus if p # v, i.c., T™ not equivalent to
T™, then D is the zero matrix. If g = v then D = AE,,, for some A € C:

D(C, p,v) = M, C)oEnp,.

Letting C run over all n,, X n, matrices, we obtain the independent identities
/ T (AT (A~)8A = Ay, £, k)80, (3.16)

for the matrix elements Ti(e“ ) (A). To evaluate A we set v = p, s = 4 and sum on é:

S A=nd= [ 3 TEAYTE(A)5A = 5
i=1 Gi=1
Therefore A = Oz / ny. Since the matrices Tw (A) are unitary, (3.16) becomes
/ (A)5A = (655/1) 000, 1 < 6,6 <1y, 1 < 8,k < mye (3.17)

These are the orthogonality relations for matrix elements of irred reps of G.

3.4 The Peter-Weyl theorem

In the case of finite groups K we were able to relate the orthogonality relations to
an inner product on the group ring Rx. We can consider Rg as the space of all
functions f(k) on K. Then

(o ) = sy X itk

keK
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defines an inner product on Rg with respect to which the functions {n)/ 270 (9)}
form an ON basis. We extend this idea to a compact linear Lie group G as fol-
lows: Let Ly(G) be the space of all functions on G which are (Lebesgue) square-
integrable:

Lo(G) = {£(4): [ |F(4)64 < oo}. (3.18)

With respect to the inner product

(i £ = [ A(ATA(4)54, (3.19)

L,(G) is a Hilbert space, [[43]], [[83]]. Note that every continuous function on G
belongs to Ly (G). Let
) (4) = nPTH (A). (3.20)

It follows from (3.17) and (3.19) that {go%‘)}, where 1 < 4,5 < n, and y ranges
over all equivalence classes of irred reps, forms an ON set in Ly (G).

For finite groups we know that the set {gog‘ )} is an ON basis for the group ring,
and every function f on the group can be written as a unique linear combination
of these basis functions. Similarly one can show that for G compact the set {gog‘ )}
is an ON basis for Ly(G). Thus, every f € Ly(G) can be expanded uniquely in
the (generalized) Fourier series

nu
A~ Y3 el (4) (3.21)
B oik=1
where
= (f, o). (3.22)

Furthermore we have the Plancherel equality

f17f2 Z Z Czk Czk .

uoik=1

(For f1 = f, this is called Parseval’s equality.) Convergence of the right-hand
side of (3.21) to the left-hand side is meant in the sense of the Hilbert space norm.
We will not here take up the question of pointwise convergence. See, however,

[[38]11, [[3911, [16311, [1921].

Theorem 11 (Peter-Weyl). If G is a compact linear Lie group, the set {gog‘ )} is
an ON basis for Ly(Q).

45



The proof of this thcorem depends heavily on facts about symmetric com-
pletely continuous operators in Hilbert space and will not be given here. For the
details see [[43]] or [[83]].

Corollary 3 A compact linear Lie group G has a countably infinite (not finite)
number of equivalence classes of irred reps {T(“)}. Thus, we can label the reps
sothatpp=1,2,---.

PROOF: The functions {gog’,:)} form an ON basis for Ly(G). Since Lo(G) is a
separable, infinite-dimensional Hilbert space there are a countably infinite number
of basis vectors [[43]], [[83]]. Q.E.D.

We illustrate the Peter-Weyl theorem for an important example, the circle
group U(1), example 5 in §2.1. Since U(1) = {e*¢}, (i = +/—1), is compact
and Abelian its irred matrix reps are continuous functions z(¢) such that

(1 + ¢2) = z(d1)z(P2), ¢1,62 € R, (3.23)

and z(¢ + 1) = z(¢). The functional equation (3.23) has only the solutions
z(¢) = e and the periodicity of z implies a = 2wim, where m is an integer.
Therefore, there are an infinite number of irreducible unitary representations of
U(l):

T (@) = ™™ m =0,41,42,---.

The normalized invariant measure on U(1) is d¢. The space Lo (U(1)) is just the
space Lo ([0,1]) consisting of all measurable functions f(¢) with period 1 such
that [, |f(¢)|?d¢ < oo. By the Peter-Weyl theorem the functions {e?™™?} form
an ON basis for Ly ([0, 1]). Every f € L,([0, 1]) can be expressed uniquely in the
form - )

F9)~ Y me™™, cn= [ f(g)emdp, (3.24)

Furthermore,
oo

/()llf(¢)l2d¢= > el (3.25)

m=—0oC

Here (3.24) is the well-known Fourier series expansion of a periodic function and
(3.25) is Parseval’s equality.
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3.5 The rotation group and spherical harmonics

A second very important example of the orthogonality relations for compact linear
Lie groups and the Peter-Weyl theorem in the rotation group SO(3) = SO(3, R).
Here we will give some basic facts about the irreducible representations of SO(3)
and refer to the literature for most of the proofs, [[20]], [[45]], [[791], [[107]].
Recall that SO(3) has a convenient realization as the group of all 3 x 3 real
matrices A such that A’!A = E5 and det A = 1, example 5, §2.1. This is the
natural realization of SO(3) as the group of all rotations in Rs which leave the
origin fixed. One convenient parametrization of SO(3) is in terms of the Euler
angles. Recall that a rotation through angle ¢ about the z axis is given by

cosyp —sing 0
R.(p)=| sinp cose 0 | € SO(3)
0 0 1

and rotations through angle ¢ about the x and y axis are given by

1 0 0
Ry(p) =] 0 cosp —sinp | € SO(3),
0 singp cosgp
cosep 0 sing
R,(p) = 0 1 0 € SO(3),
—sing 0 cosy

respectively. Differentiating each of these curves in SO(3) with respect to ¢ and
setting ¢ = 0 we find the following linearly independent matrices in the tangent
space at the identity:

0 -1 0 00 O 0 0 1
L,=|1 0 0, Le=|00 -1, L,=| 0 00
0 0 0 01 0 ~1.0 0

(3.26)
One can check from the definition A*A = Fj5 that the tangent space at the identity
is at most three-dimensional, so the matrices (3.26) form a basis for this space.
The Euler angles ¢, 8,1 for A € SO(3) are given by

Ap,0,v9) = R.(¢)R;(0)R.(¢)) = (3.27)

cos p cosy — sin psinyY cosf —cospsiny —sinpcosycosh sinpsinh
sin ¢ cos Y + cos psinycosf —sinpsiny + cospcosycosh —cosysind
sin 1) sin 6 cos ¢ sin 6 cos 6
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It can be shown that every A € SO(3) can be represented in the form (3.27) where
the Euler angles run over the domain

0<p<2r, 0<0<m, 059 <27m. (3.28)

The representation of A by Euler angles is unique except for the cases § = 0,7
where only the sum ¢ + 1 is determined by A, but this exceptional set is only
one-dimensional and doesn’t contribute to an integral over the group manifold.
The invariant measure on SO(3) can be computed directly from the formulas of
§3.2. Let A(y, 0,v) € SO(3). Then

AL g‘; = sinysinfL, + cos ¥ sin 0L, + cos 0L,
AT = cosyL, —sinyL,,

AL gA — 'Cz
Thus,
sinysinf cosysinf cosfh
Valp,0,v) = | det cos —sin 0 | =siné
0 0 1
and
dA = sin 0dpdfdiy. (3.29)

Since SO(3) is compact, dA is both left- and right-invariant. The volume of
SO(3) is

27 2w s
— — : _ 2
Vso) = /50(3) dA —/0 dz/J/O dgo/o sin fdf = 8x2. (3.30)

The irred unitary reps of SO(3) are denoted T®), £ = 0, 1,2, - - -, where dim T =
2 + 1. (In particular T (A) = 1 and T )(A) Al Expressed in terms of an
ON basis for the rep space V' consisting of simultancous eigenfunctions for the
operators TY(R,(¢)), the matrix elements are
¢ _ jhom [(Erm)(e-k)] /2
Tim (0, 0,9) =i [W] X
gilkp+mp) [sin0]"‘—’°El—|—cos0)“"“"12}7,1 —{—k m—1 ) M)

2T (m—k+1) m—k+1 ? cos O+1

L4+m)(£— k'1/2 m —k,m
- [gei_ku_L] gilkotmy) pkm (cog0)

ym < £
(3.31)
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Here o F7 (CL b ,z) is the Gaussian hypergeometric function and I'(2) is the

gamma function [[40]], [[107]], [[110]]. A generating function for the matrix
clements is

(Bz + @)™ (az — B)H™ (—1)k-m btk

A, z) = = T (A
942 = T mypE 2, e @ B
where
a = el?T¥)/2 cos g, B = ie!®=¥)/ 2 gin g
The group property
T! (A Ag) = Z TE(A)TE(Ay)
j=—£

defines an addition theorem obeyed by the matrix elements. The unitary property
of the operator T®) (A) implies

Tén(A™) = T1u(4),

or in Euler angles,

(£+B)NE—m). P, ™ (cos 6).

(=" E P e0s0) = (g e+ my

Also, [T{.(4)| < 1or

£+ k)0 - m)!] 12

[P (cos )] < @+ m) k)

The matrix elements T (¢, 6,), are proportional to the spherical harmonics
Y;™(6,). Indeed

T e

where the P[”(cos 6) are the associated Legendre functions [[40]], [[45]], [[78]],
[[79]]. Moreover,

Toeo(go7 07 '(/}) = PZ(COS 0)
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where P;(cos ) is the Legendre polynomial.
According to the general theory of §3.3, the matrix elements 7%, (A) satisfy
the orthogonality relations

872
20+1

Thus

2 87'('2
/ d¢/ dgo/ A9 Ty (19,0, 0) Ty (910, 5in0 = 57— O S B
The 1 and ¢ integrations are trivial, while the # integration gives
2 L=k L—-m)
2W+1(+E)NC+m)”

/ i P}™(cos B) Pi™(cos ) sin 6d =
0

For £ = m = 0 these are the orthogonality relations for the Legendre polynomials.
(Note: By definition, P)" ™ (cos§) = Py*(cos ), P,°(cos#) = P;(cosf), where
P, Py are Legendre functions.)

By the Peter-Weyl theorem, the functions

—0<km<¢l £=0,1,2,---

constitute an ON basis for Ly (SO(3)). If f € Lo(SO(3)) then

flp,0,9) = Z Z U Pl (0,0, 7)) (3.33)

=0 kmnm=—{¢

where
Uy = (F, Ohom) = gz Jo A J3T dip f dB x

xf(@? 07 '(/})onm(@, 0, '(/1) sin 6.

Some particular cases of (3.33) are of special interest. Suppose f(6,) € L2(SO(3))
is independent of the variable ¢. If we think of (6, ) as latitude and longitude,
we can consider f as a function on the unit sphere Sy =2 SO(3)/U(1), square-
integrable with respect to the area measure on Sy. Since the ¢-dependence of
ot (,0,9) is %, it follows from (3.34) that a%,, = 0 unless k& = 0; the only
possible nonzero coefficients are af,,. Now

O (0,0,0) = (47)PY(0,1))

(3.34)
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where Y™ is a spherical harmonic. Thus,
fO0) =3 > an¥0v) (335)
£=0 m=-o0

where
‘ 2w s _ . '
¢t = / dy / dOF (0, )T (0,9)sin, (Y;", Y7%) = Se06m-
0 0

This is the expansion of a function on the sphere as a linecar combination of spheri-
cal harmonics. Again, (3.35) converges in the norm of L (SO(3)), not necessarily
pointwise.

If f(0) € Ly(SO(3)) is a function of § alone then the coefficients af, . are zero
unless k = m = 0. Here,

@ﬁo(@707¢) = (2£+1)1/2P€(C0S0)7 £:071727"'

where

(4+1 -0 1—2 14+ 2z\¢ 4 01—z
Pe(m):2F1( 1 9 >=<—2 >2F1( 1 —z—|—1>

is a Legendre polynomial of order £. The coefficient of z¢ in the expansion of
Py(x) is nonzero and P(1) = 1. The expansion of f(#) becomes

f(68) = X2, cePi(cosb),

ce = 2(20+ 1) [ £(8) Py(cos ) sin 0d6), (3.36)
J5 Po(cos ) Py, (cos 0) sin 0df = 2225%.

3.6 Fourier transforms and their relation to Fourier
series

Abelian groups G, (not necessarily compact) are another class of groups concern-
ing which one can make general statements about the decomposition of Ly (G) in
terms of unitary representations [[20]], [[39]], [[431], [[631], [[831], [[92]], [[107]].
We will not go into this theory but consider only a single, very important, example
where the results are familiar to everyone: The group R of real numbers ¢ with
addition of numbers as group multiplication. Here R is isomorphic to the matrix
group R', examples (1) and (3), Section §2.1, and dt is the invariant measure. The
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unitary irred reps of R are one-dimensional, hence continuous functions x(¢) such
that

X(tl + tg) = X(tl)X(tg), 11,10 € R. (337)

This functional equation has only the solutions x(t) = € and the unitarity re-
quirement implies ¢ = 2miw where w is real. Given a function s € Lo(R) we

have o
s(t) = / S (w)e2™ ™t dy
where the Fourier coefficients S(w) are defined by

S(w) = [, s(t)e 2wty
= (37 Xw)a

and x,,(t) = €™ is the irred rep. Parseval’s equality is

[ lsPdt= [ |S()dw.

Formally, the orthogonality relations are

(Xw» Xw') = /oo exp[2mit(w — w')]|dt = §(w — w')
where 6(w) is the Dirac delta function. Note that the sum over irred reps, familiar
for compact groups, is here replaced by an integral over irred reps.

It is illuminating to compare the Fourier transform on R with the correspond-
ing results for U(1) and Z,. Assume that f € Lo(R) belongs to the Schwartz
class, i.e., f is in C*°(R) and there exist constants C,, , (depending on f) such
that [t* £ f| < C,, , on R for each n,q = 0, 1,2, - - -. Then the projection operator

dt
P maps f to a continuous function in Ly([0, 1]) with period one:

Pifliz)= > flz+m) (3.38)
Expanding P[f](z) into a Fourier series we find
P[f] (ib) — _Z Cne27rinz

where

o= [ PlA@e ™z = [ [ de = fn)

—00
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and f(w) is the Fourier transform of f(z). Thus,

Z flz+n) Z f(n)e*mne, (3.39)

n=—00 n=—00

and we see that P[f](z) tells us the value of f at the integer points w = n, but
not in general at the non-integer points. (For z = 0, equation (3.39) is known as
the Poisson summation formula, [[39]]. If we think of f as a signal, we see that
periodization (3.38) of f results in a loss of information. However, if f vanishes
outside of [0, 1) then P[f](z) = f(z) for0 <z < 1 and

=Y f(n)e*me, 0<z<1 (3.40)

without error. Now suppose (3.40) holds, so that there is no periodization error.
For an integer N > 1 we sample the signal at the pointsa/N,a = 0,1,---, N—1:

f (%) - Xn:f(n)e”""“/”, 0<a<N. (3.41)

From the Euclidean algorithm we have n = b+ ¢N where 0 < b < N and b, ¢ are
integers. Thus

N-1
¥ (1) =Y [Z flo+ cN)] e?mab/N )< a<N. (3.42)
N b=0 £

Note that the quantity in brackets is the projection of f at integer points to a
periodic function of period N. Furthermore, the expansion (3.42) is essentially
the finite Fourier expansion (2.37). However, simply sampling the signal at the
points a/N tells us only 3, f(b + ¢N) not (in general) f(b). This is known as
aliasing error.

Although we will not work out the details in these notes, a similar approach
to the foregoing (with periodizing and aliasing error) is appropriate and useful for
Fourier analysis on the Heisenberg and affine groups.

3.7 Exercises

1. Construct a real irred two-dimensional rep of the circle group U(1).
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. Show how to decompose any real finite-dimensional rep of U(1) as a direct
sum of real irred reps.

. Verify that the measure d, A, (4.8), is right-invariant on the group G.

. Prove: If G is a compact linear Lie group then d(A™") = d4, i.e., [ f(A™')dA =
Jo f(B)dA. Hint: Show that V4-1(g) = |det(—A)|Va(g) where A is the
automorphism A — AAA~! of n X n matrices A.

. Assuming that x(¢) is a continuously differentiable function of ¢, use a dif-
ferential equations argument to show that the only nonzero solutions of the
functional equation

x(t1 +t2) = x(t)x(t2), ti,t2€ R
are x(t) = e, where a is a constant.

. Assuming only that that x(t) is a real continuous function of ¢, show that
the only nonzero solutions of the functional equation

x(t +12) = x(t)x(t2), t,t2€R

are x(t) = e, where a is a constant. Hint: Set x(¢) = e*® so that ¢(¢; +
t2) = ¢(t1) + ¢(t2). Then determine ¢(t) for ¢ rational from ¢(1).

2
. Use the Poisson summation formula for the Gauss kernel f(z) = (2nt) ze™ %

to derive the identity

= Z e—’;—t: Z 6—271'27121&.
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Chapter 4

REPRESENTATIONS OF THE
HEISENBERG GROUP

4.1 Induced representations of Hp

Recall that the Heisenberg group Hg can be realized as the linear Lie group of
matrices

1 Iy I3
AX)=|0 1 =z (4.1)
0 0 1

with group product

(21, T2, 3) * (Y1, Y2, ¥3) = (T1 + Y1, Ta + Yo, T3 + Y3 + T1Y2),

and invariant measure
dgA = d,-A = diﬂldiﬂgdlﬂg,.

To motivate the construction of the unitary irred reps of Hr we review the
essentials of the Frobenius construction of induced representations. Let G be a
linear Lie group and H a linear Lie subgroup of G. If T is a rep of G on the
vector space W we can obtain a rep Ty of H by restricting T to H,

Ty(B)=T(B), BE¢€H.

On the other hand the method of Frobenius allows one to construct a rep of G from
arep of H. Let T be a finite-dimensional unitary rep of H on the inner product
space V. Denote by U® the vector space of all functions f(A4) with domain G and
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range contained in V' where addition and scalar multiplication of functions are the
vector operations. Here, for a fixed A € G, f(A4) is a vectorin V. Let V¢ be the
subspace of U defined by

Ve ={fcU%:f(BA) = T(B)f(A) forall B € H,A € G}. (4.2)
We define a rep T¢ of G on V¢ by
[TY(A)f(A") =f(4'4), A,A G, feVC (4.3)

It is clear that V@ is invariant under G and the operators T¢(A) satisfy the ho-
momorphism property. Here, T is called an induced representation. If (-, -) is
the inner product on V' and H is compact we can initially define the inner product
<'7 > on V¢ by

(£, ) = [ (£1(4), £(4))dr A

where d, A is the right-invariant measure on G. Then we restrict the operators T¢
to the subspace V'¢ C V& of functions f such that (f,f) < co. If A’ € G and
f € V' we have

(TC(ANE, TO(A)E) = [o(fi(AA"), £:(AA"))d, A
= Jo(f1(A), £2(A))d, A = (£, )

so T¢ is unitary. However, note from (4.2) that (f; (BA), f2(BA)) = (f1(A), f2(4))
forall B € H,i.e., the inner product (-, -) is constant on the right cosets HA. Thus
if H is noncompact the above integral will be undefined (or V'€ will contain only
the zero function). If the coset space X = H\G admits a G-invariant measure,
i.e., a measure du(z) such that du(zA) = du(z) forallz € X, A € G, then we
can define the inner product on V'€ as

(£1,8) = [ ((2), £(0))du(a) @4

and the operators TC : f(z) — T(B)f(zA) will still be unitary. Here, we choose
an A, € G ineachright coset HA' <> z,sothat A/ A = BA! , and f(z) = f(A}).
(Note: It is always possible to find local coordinates f = (gq,-- -, ¢g,) on G such
thath = (g1, -+, gm), m < m, are local coordinates on H and X = (g1, Gn)
are local coordinates on X.) In general, no such invariant measure dy exists, but
it does exist in many cases. In particular, if both G and H are unimodular, i.c.,
if the left-invariant and right-invariant measures for each of these groups are the
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same, and H is a closed subgroup of G then it can be shown that an (unique up to
a constant multiplier) invariant measure dy exists and that in local coordinates

dA =Vz(g)dgr---dgn,, A€G
dB =Vg(h)dg,---dgm, B€H

and
d,u(x) = Vz(x)dgm-l-l e dgn
where dA = dudB. Thus V,(x) = V(g)/Vi(h).

4.2 The Schrodinger representation

Let us consider the case where G = Hp and H is the subgroup of matrices
{A(0, z9,z3)}. Since A(0, z9, 23) A(0, 24, z%) = A(0, zo + x4, 3 + ) it is clear
that H is Abelian and that the operators
T\[A(0, zo, z3)] = €™ define a one-dimensional unitary irred rep of H. Fur-
thermore the left-invariant and right-invariant measure on H is dzedzs. Since

A(zly T2, £E3) = A(07 T2, 1[3)14(1[1, 07 0)

itis clear that the coset space H\G can be parametrized by the coordinate z; = %,
and the (scalar) functions in V' can be taken as f(t). If A(z, 2, x3) acts on this
function, it transforms to

f(t+ 21,29, 23 + txy) = TA(B) f(t +241)

where B = A(0, z9, z3 + tx2), (4.2). Thus the action of Hp, restricted to the coset
space is

THA(x))f(t) = Tz1, 3o, 33 f(t) = XN f (3 L 7)), (4.5)
One can verify directly that T is a rep, i.e.,
TA (AI)TA (AQ) - TA(AIAQ)

and that it is unitary with respect to the inner product

ik = [ RO 46)
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For A = 0 this rep is reducible but (as we will show later) for A # 0 itis irred in the
sense that there is no nontrivial closed subspace of Lo(R) which is invariant under
the operators T*(A), A € Hp. This rep is called the Schriodinger representation
of the Heisenberg group.

Note that the mapping

A(zb Ta, 1E3) _p) (zh z2)

is a homomorphism of Hg onto the Abelian group Ry : (21, Zo) - (y1,%2) = (21 +
Y1, T2 + y2). The unitary irred reps of R, are clearly of the form X, o, (21, Z2) =
e?rilerzitea®s) for real constants v, as. It follows that the matrices 72192 (A(x)) =
e?mile1zi+a222) define one-dimensional unitary irred reps of Hp. It can be shown
that T* and T2 are the only irred unitary reps of Hg, [[98]].

4.3 Square integrable representations

Assuming for the time being that T? is irred for real A # 0 let us see if there
is an analog for Hg of the orthogonality and completeness relations for matrix
clements which hold for linear compact Lie groups, and for compact topological
groups in general. Noncompact groups G can have infinite dimensional irred
unitary reps. That is, the rep space is a separable infinite dimensional Hilbert
space H with inner product (-,-). The rep operators T(g),g € G arc unitary
i.e., each T(g) is a lincar mapping of H onto itself which preserves inner product:
(T(g9) f1, T(g)fo) = (fi1, fo), for all fi, fo € H. The rep is irreducible if there is
no proper closed subspace of H which is invariant under the operator T(g), g € G.
The reps T, TV of G on the Hilbert spaces H,, H', respectively, are equivalent if
there is a bounded invertible linear operator S : H — H' such that ST(g) =
T'(g)S forall g € G, i.e., ST(g)S™' = T'(g).

With these definitions the analog of Theorems 2, 4 are true and can be proven
with ease. Moreover, the following analog of Theorem 5 holds:

Theorem 12 Let T be a unitary rep of the group G on the separable Hilbert space
H. Then T is irred if and only if the only bounded operator S on H satisfying

T(g)S = ST(g) (4.7)

is S = \e where e is the identity operator on H.
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SKETCH OF PROOQOF: Part of this result is easy to prove. Suppose S = e is
the only solution of (4.7) and let M be a closed subspace of ‘H which is invariant
under T : T(g)f € M forall g € G,f € M. Then M+ is also invariant under
T and H = M @ M. Thus for every f € H we have the unique decomposition
f=f+f,, fieM, f,e M!whereT(g)f, € M andT(g)f, € M*. Now
define the projection operator P by Pf = f;. Clearly P is a bounded operator
on H and T(g)P = PT(g) for all ¢ € G. By hypothesis, P = Xe. If A = 0
then M is the zero subspace; if A # 0 then A = 1 and M = H. Thus M is not a
proper invariant subspace and T is irred.

The converse is somewhat more difficult. Suppose T is irred and S is a
bounded linear operator satistying (4.7). Then the adjoint S* of S also satisfies
(4.7) so, without loss of generality, one can assume that S is self-adjoint. Then,
by the spectral theorem for self-adjoint operators [[1]], [[2]], [[43]], [[83]], [[951],
the projection operators P in the spectral family associated with S must all com-
mute with each T(g). By hypothesis then, each P, is either the zero operator or
the identity operator. Hence S = Ae for some real number A. Q.E.D.

Note: At this point it is appropriate to mention that if the unitary irred reps
T, T of a group G are equivalent, then they arc unitary equivalent, i.c., there
is a unitary operator u such that uT(g) = T'(g)u for all ¢ € G. (Here u
maps the Hilbert space H onto the Hilbert space H' and preserves inner product:
(uf;, ufy) = (f,f,) for all f|,f, € #. In particular, this means that u* = u™!
where the adjoint S* : H' — #H of a bounded operator S : H — H' is de-
fined by (Sf,f) = (f,S*f') for all f € H,f € #H') Indeed, if T ~ T
then there is a nonzero bounded invertible operator S : H — H' such that
ST(g) = T(g)S. Taking the adjoint of both sides of this equation and using the
fact that T*(g) = T~'(g), T*(9) = T ~'(g) we have S*T'~!(g9) = T~'(g)S*.
Eliminating T'(g) from the two equations we find ST(g)S™! = S*~'T(g)S* or
(S*S)T(g9) = T(g)(S*S). Since T is irred it follows from Theorem 12 that
S*S = ae where e is the identity operator and « is a constant. Since «|f||? =
(S*Sf,f) = (Sf,Sf) = ||Sf||? > 0 for f # 6, then o = 2% is a positive con-
stant. Setting u = B7!'S we have u*u = o !'S*S = e, so u is unitary and
uT(g) = T'(g)u.

Based on these results we can mimic the proof of the orthogonality relations
(3.17) for any linear Lie group which is unimodular, i.e., such that d,A = d,A.
There are two differences, however: (1) In order that the integrals (3.17) exist we
must limit ourselves to those irred reps T of G’ whose matrix elements T](,’: ) (A)
are square integrable. (2) We cannot normalize the measure in general, since the
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volume of G may be infinite. Thus we obtain the result

5is
/T’zé s )dA— d('u)(sék(s;w (48)

where Ti(e“ ) (A) are the matrix elements of T®) with respect to some ON basis and
T®_ T® are unitary irred reps of G whose matrix elements are square integrable.
The constant d(p) > 0 is called the degree of T, (It can be shown that if
one matrix element TZ(] )(A) of T® is square 1ntegrable, then all possible matrix
elements (T\# (A)f, g) are square integrable.) Furthermore, (4.8) can be written
in a basis-free form analogous to (2.24).

Theorem 13 For )\ # 0 the representation T* of Hg on Lo(R) is irreducible.

PROQOF: We will present the basic ideas of the proof, omitting some of the tech-
nical details. Our aim will be to show that if L is a bounded operator on Lo (R)
which commutes with the operators T*(A) for some A # 0 and all A € Hp, then
L = ke for some constant k, where e is the identity operator. (It follows from
this that R, is irred, for if M were a proper closed subspace of Ly(R), invariant
under T, then the self-adjoint projection operator P on M would commute with
the operators T*(A). This is impossible since P could not be a scalar multiple of
e.)
Suppose the bounded operator L satisfies

LTA[iﬂl, Ta, £E3] = TA[£E1, T, £E3]L

for all real z;. First consider the case ;1 = 23 = 0: L commutes with the
operation of multiplication by functions of the form e** for real b. Clearly L
must also commute with multiplication by finite sums of the form 3=, c;e*™*%"
and, by using the well-known fact that trigonometric polynomials are dense in
the space of measurable functions, L must commute with multiplication by any
bounded function f(t) on (—o0, 00). Now let @) be a bounded closed internal in
(—o0,00) and let xg € Lo(R) be the characteristic function of Q:

)1 ifteq
XQ(t)_{o ift¢ Q.

Let fo € Ly(R) be the function fo = Lxg. Since x = xq we have fp(t) =
Lxo(t) = Lxj(t) = xo(t)Lxe(t) = xo(t)fe(t) so fo is nonzero only for
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t € Q. Furthermore, if @)’ is a closed interval with ' C @ and fo = Ly then
fo(t) = Lxgxq(t) = xq (t)Lixq(t) = x¢ (t) fo(t) so fo (t) = fo(t) fort € Q'
and fo(t) = 0fort ¢ . It follows that there is a unique function f(t) such that
xgf € L2(R) and x4(t)f(t) = Lxg(t) for any closed bounded interval Q in
(=00, 00). Now let ¢ be a C* function which is zero in the exterior of Q. Then
Lo(t) = Lpxg(t) = e(0)Lixs(t) = 0(@)f(H)xs(t) = f()e(t), so L acts on ¢
by multiplication by the function f(t). Since as Q@ runs over all finite subintervals
of (—o0, 00) the functions ¢ are dense in Ly (R), it follows that L = f(t)e.

Now we use the hypothesis that LT[z, 0, 0]¢(t) = T*[z;, 0, 0]Le(¢) for all
z1and ¢ € Lo(R) : f(t)p(t + 1) = f(t + z1)p(t + z1). Thus f(t) = f(t + z1)
almost everywhere, which implies that f(¢) is a constant. Q.E.D.

4.4 Orthogonality of radar cross-ambiguity functions

The results of §4.3 do not directly apply to the unitary rep T? of Hy because
this rep fails to be square integrable. Indeed it is evident from (4.5) that the x3-
dependence of the matrix element (T*(x)fi, fo) is of the form €273 5o the
integral

///<T/\(x)f17f2><T/\(x)f3,f4)d$1dz2dz3

will diverge. All is not lost because we can factor out the center of Hg and
consider only the factor space. The center C consists of all elements of Hg which
commute with every element of Hp. Clearly

C = {A(0,0,z3) = A(zs), x3 € R}.

Now T* is irred and T (z3)T*(x) = T*(x)T*(z3) for all A(x). From Theorem
12, T*(z3) must be a multiple of the identity operator on Ly (R). Indeed we know
that T*(z3) = e?™%3e, Now

A(x) = A(z1, T2,0) A(z3),

and since T is irred, the unitary operators T*(zy,z5,0), 21,72 € R, must act
irreducibly on Lo(R). Furthermore the measure dz;dz, is (two-sided) invariant
under the action of Hg. Thus we can repeat the arguments leading to (4.8) for reps
T® = T®) = T* and measure dz;dz, to obtain (with the assumption, correct as
we shall see, that the matrix elements T]’\k(A) are square integrable):

5_7' s 5€k

/—OO /—OO E@(zly z27 O)T—l:;c(zl, $2, O)dzlsz — d()\)

(4.9)
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In fact, the structure of Hpg is so simple that one can use ordinary Fourier
analysis to evaluate the left-hand side of (4.9) for arbitrary matrix elements. The
result is

/—o:o /—o:o dz1doy(T (1, 22) fr, £2)(f1, T (21, 22) f5) = (1, F5)(fa, fo) (4.10)

where

(TH(z1,22) f1, fo) = /00 ¥ £ (¢ 4 1) fo(2)dt.

—0C

(This shows explicitly that the matrix elements (T*(x1, z2) f1, f2) are square in-
tegrable.

At this point we recall that the narrow-band cross-ambiguity function can be
written in the form

Y (=1, /2) = €172 / Fult + o) f, (e 24t (4.11)
so that the cross-ambiguity function differs from the matrix element
(TY(z1, T9,0) fu, fn) of Hg by the simple multiplicative factor e™*1%2, Thus the
results of group representation theory can be brought to bear on the radar ambi-
guity function. (For the purposes of computation of the ambiguity function,
the phase factor € %122 is of no concern and we henceforth will identify the
matrix element itself with the ambiguity function.)
Note the special case of (4.10) where f; = f and ||f|| = 1:

/_o:o /_o:o daydas| (T (21, 22) f, I = 1. (4.12)

For A = 1 this is the radar uncertainty relation. (The maximum of | <
Tz, 72)f, f > |is 1 and occurs for z; = z, = 0. However, in view of (4.12)
the graph of this function cannot be too “peaked” around the maximum.)

From (4.10) we see that if { f,, n =0,1,2---} isan ON basis for Ly(R) then
the matrix elements {{T*(z1, Z2) fu, frm)} form an ON set in Ly(R?). This set
is actually an ON basis for Ly(R?), see Exercise 5.2. This allows us to expand
a moving target distribution function in the narrow-band case as a series in
this ON basis, [[113]].
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4.5 The Heisenberg commutation relations

To motivate our next example we make a brief digression to study the Heisenberg
commutation relations of quantum mechanics. Recall that the matrices

010 00 0 001
G=|0001|, G=l001]|, C=|000
00 0 00 0 00 0

form a basis for the tangent space at the identity element of Hgr. Defining the
commutator [-, -] of two 3 x 3 matrices A and B by [A, B] = AB — BA, we see
that

[C1,Co) =C3, [C1,C5]=0O, [C2,C3] =0 (4.13)

where O is the zero matrix. (Indeed, one can show that the tangent space at the
identity for any local linear Lie group G is closed under the commutator operation:
if A and B belong to the tangent space, then so does [A, B]. The tangent space
equipped with the commutator operation is called the Lie algebra of G. The Lie
algebra contains essential information about G. Indeed one can reconstruct the
connected component of the identity element in G just from a knowledge of the
Lie algebra. The lack of commutivity in the group operations corresponds to the
nonvanishing of the Lie algebra commutators. For more details on the relationship
between Lie groups and Lie algebras see [[43]], [[52]], [[78]], [[79]].)

Recall that C; = 8, A(x)|x=¢. Corresponding to the representation T* of Hg
we can define the analogous operators C; where

C;if(t) = 05, TXx) f () x=p; J = 1,2,3
and f € Ly(R) is a C*™ function with compact support. From (4.5) we see that
d
dt’
Defining the commutator of operators A, B by [A,B] = AB — BA we verify
that

C, = Cy =21, C;=2miA. (4.14)

[Cl, Cg] = [%,27”)\4 = 2miA\ = C3,

[01,03] = [%,27”)\] = O, (415)

[CQ, C3] = [27T’L)\t, 27T’L)\:| = O,
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where O is the zero operator, in analogy with (4.13). Applying these operators
on the domain D of C* functions with compact support, a dense subdomain of
L,(R), we see that they are skew-adjoint; i.e., C: = —-C;,j =1,2,3, where the
adjoint C* of C is defined by

(Cfif2) = [ (CH®) Ralt)dt = (£1,C" ) 4.16)
for all f1, fo € D. (In the case of C; we have to integrate by parts.)
The skew-adjoint operators

Co = 2miM, Cj = 2mi) 4.17)

satisfy the Heisenberg commutation relations (4.15) and are reminiscent of the
annihilation and creation operators for bosons, familiar from quantum theory.
In this theory there is a separable Hilbert space #, an annihilation operator a
and its adjoint the creation operator a* such that

[a*,a] = —e (4.18)

where e is the identity operator on H. Here a and a*, and the relation (4.18) are
well-defined on some dense subspace D of ‘H and map D into itself. It is further
assumed that the equation ay = 6, 1y € H, has a unique solution in D, up to a
multiplicative factor. The normalized solution )y, ||1|| = 1 is called the vacuum
state. Finally it is assumed that the closure of the subspace generated by applying
a and a* to ¥y recursively, is H itself. With these assumptions one can construct
explicitly an ON basis for H, a basis of eigenvectors of the number of particles
operator N = a*a.

To make the commutation relations of the C-operators agree with (4.18) and
to assure that a* is the adjoint of a we have, in essence, only one choice:

at =L %—t)z%(cl"‘ﬁ(j?)

TR R QO R
(& = —ﬁC;),

To find the vacuum state 1)y (t) we solve the equation ayyy = 6. The solution of
this first order differential equation is easily seen to be

do(t) = n e/
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where the constant factor is chosen so |[¢|| = 1. Since

1d* # 1
N=aa=—-—-——+——- 4.20
re= w2 (420
we have Ntjy = 0. (We can take D to be the space of all functions p(t)e~*"/?
where p is a polynomial.) Now let ¥ be a normalized eigenvector of N with
eigenvalue p. The commutation relations (4.18) imply

N(a*y) = (u+1)a*y,
N(ap) = (u-1)ap. (4.21)

Thus a* and a are raising and lowering operators: Given an eigenvector with
eigenvalue y we can obtain a ladder of eigenvectors with eigenvalues p + 7, » an
integer. Now

(@™, a™)) = (aa"),9) = ((@’a+e)y,¥) = p + 1. (4.22)

Thus for p > 0, ||a*y|| = v/ + 1 > 0, so the process of constructing eigenvec-
tors of N by applying recursively the creation operator to the vacuum state can be
continued indefinitely. Indeed from (4.21) and (4.22) we can define normalized
eigenvectors 1, with eigenvalues n recursively by

a*thy = (n+ 1)1, n=0,1,2,- . (4.23)
The commutation relations imply the formulas

Nty = nth,  athy = 0", . (4.24)

Substituting expressions (4.19) into (4.23) and (4.24), we obtain a second-order
differential equation and two recurrence formulas for the special functions v, (%).
We can obtain a generating function for the 9, from the first-order operator a* =

73 (éi_t - t)~ Note thata* = %etz/ 2 (j—t) e~"/2. Hence by Taylor’s theorem,

k
oa* oo af o 00 % ko _
e P(t) = T2 fr(@)t =P E, ( ,f!) (%) le™y)]
_ et2/2e—(t+%)2/2¢(t +271/2g)
= exp(—2 — 27 2at)(t + 27 a)

for any analytic function 1. On the other hand, from (4.23) we have

g (t) = 3 [(” i k)!]m 2 (1)

b k!

n!
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Comparing these equations, we find the identity

2 o0 k 1/2 o
ow (<5 - at) 45 =3 [P TR0 @

k=0

In the special case n = 0, the generating function yields

oo ok/2 3k
Y4 exp (_52 — 28t — %ﬁ) = Z %%(t)- (4.26)
k=0 \~:

Comparing this with the well-known generating function

00 k

exp(—02 +25t) = 3 L Hi(1)
k=0

for the Hermite polynomials Hy(t), [[401], [[7811, [[79]], [[8011, [[107]], [[110]],
we obtain
Pi(t) = w4 (RN T2 (=1)k2 ke 2 (1), (4.27)

The above series converge for all ¢ and §. Since the {¢,(¢)} form an ON set in
Ly(R) we easily obtain the formula

/ H, () Hy(t)eF dt = /227016,
We sketch a proof of the fact that the {1, (¢)} form an ON basis for Ly (R). It

is enough to show that this set is dense in Ly(R), i.e., if
< g ¥n>=0, forge Ly(R), n=0,1,2,-, (4.28)

then g(t) = 0 almost everywhere. Since H,(t) is a polynomial of order 7 in ¢
with the coefficient of t™ nonzero, conditions (4.28) are equivalent to

o 2
/ e_%t"g(t) dt=0, n=0,1,2,---.

—00

Now consider the function
oo . 2
G(z) = / e*te™ 7 g(t) dt.

Since g € Ly(R), G(%) is an (entire) analytic function of z and its derivatives can
be obtained by differentiating under the integral sign:

d"G S 2

"Gz) _ G™(z) = z"/ e*tihe™ T g(t) dt.

dz" —00
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Now
el (0)

n!

0.

G(z) =) 2"
n=0
2
Since G(z) is the Fourier transform of e~ g(¢), it follows that g(t) = 0 almost
everywhere.

4.6 The Bargmann-Segal Hilbert space

Our next task is to compute the matrix elements T3 (A) = (T*(A)ix, ;) with
respect to this basis. However, a computation of these matrix elements using the
direct evaluation of the integral is not very enlightening. A better approach is to
use a simpler model of the representation T = T*, motivated by another solution
of the Heisenberg commutation relations [a*, a] = —e. Rather than the solution

(4.19) we can try
d

a*=z a=—. (4.29)
dz

This will work provided we can define a Hilbert space F on which a and a*
act and such that a* is the adjoint of a. (We will construct an ON basis {j,}
for F corresponding to the basis {¢,}.) Since ajo(z) = 0 implies that jo(2) is
constant, in order to mimic successfully the construction (5.22), (5.23) we see
that the j, must be proportional to z", so the elements of F must be functions
j(z). If z were a real variable it would not be possible to find an inner prod-
uct (f,£:) = [fi(2)f(2)p(2)dz with respect to which a* is the adjoint of a.
However, if we take z to be a complex variable and search for an inner prod-
uct of the form (f1, f5) = [ [ £1(2)f2(2)p(z, Z)dz dy we will be successful.
(Here 2 = x + 7y and the region of integration is the plane R,. We assume
that the weight function p is nonnegative.) Integrating by parts in the formula
(f;, afy) = (a*f;, fy), assuming that the boundary terms vanish and that the for-
mula holds identically in f;,f; we obtain the condition —0;p(z,Z) = zp(z, Z).
Thus p(z, Z) = 7~ 'e** where we have chosen the constant 7! so that (1,1) = 1.
It follows from the analogs of (4.23), (4.24) that

ajn = \/ﬁjn—la a*jn =vn+ ]-jn-i—l,

n,m =20,1,2-...
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where j_; = 6 and

in(z) = jﬁ n=01,2--. 4.31)
For any two functions f(z) = Y22, a2 and h(z) = Y52, bx2* in F we find
(£,h) = 3" Kl (4.32)
k=0
and .
I£I* = (£, ) =kZOk!|ak|2. (4.33)

From (4.33), f belongs to the Hilbert space F if and only if 352, k!|ag|*> < oo.
Clearly if f € F then there is a constant C' > 0 such that |az| < C/VE! for all
k. By the ratio test, the series 3", 2% /v/k! converges for all complex z, so f is
an entire function, i.e., the power series expansion for f has an infinite radius of
convergence.

The space F was introduced by Segal and studied in detail by Bargmann
[[13]]. We mention here some of the special properties of F.

Define the function e, € F for some complex constant b by e;(z) = exp(bz) =
% o (02)F /k!. Tt follows from (4.32) that for any f € F,

(f7 eb) = 2keo akb’f = f(b)7
(eb, eb) = eb(b) = ebb.
Thus e, € F acts like a delta function! .

From the Schwarz inequality, |£(b)| = | (£, )| < ||es||-||f]] = €/2||f||. Thus,
if f,h € F, then |£(b) — h(b)| < e/?||f — h|| which shows that convergence in
the norm of F implies pointwise convergence, uniform on any compact set in C'.

Now we construct a representation of Hyr on F, using the annihilation and
creation operators (4.29). Comparing with (4.19) we see that the standard basis
for the Lie algebra of Hpg is

0 = e =)= (o= )
C, = —2\77%’ (a* +a) = —2\77%’ (z + d%) (4.34)
C3 = 2w \ie

Mimicking the derivation of (4.25) by exponentiating these operators, we obtain
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the following candidates for operators defining a unitary rep of Hgr on JF:

T'(z1,0,0)f(z) =exp —% + 2_1/2z1z) f(z — 27Y21)),
T'(0, 72, 0)f(2) = exp (—m2\2z3 — 21/27J7r)\z2z) f(z — 2Y/%irAzy), (4.35)
T'(0,0,z3)f(2) = e¥™o3f(z).

Since A(x) = A(0,z9,0)A(z1,0,0)A(0,0,23) we construct the operators
T'(x) = T'(A(x)) by

T'(x)f(z) = [T'(0,22,0)T'(z1,0,0)T'(0,0, z3)f](2)
— exp [—(zfﬂfvzg) + (m=2imdzy)

Z — ITAL1Z2 + 2z'7r)\z3] X

(4.36)
It is straightforward to check that the operators T’(x) define a unitary rep of Hg on
F. As one would expect, this rep is equivalent to the rep T = T* of Hg on Ly(R).
To establish the equivalence we construct the unitary operator A : Lo(R) — F
which maps the ON basis vector 1 (t) of Lo(R), (4.27), to the ON basis vector
jr(2) = 2% /Vk! of F:

AV)E) = [ Al ()it € Ly(R), s
A(z,t) =0 dn(2)¥(t) = 771" exp[— (2 + ¢7)/2 — V/221]. '
The last identity follows from (4.26) with z = v/23. Since A(z,-) € Ly(R) for
cach z € C the integral in (4.37) is always defined. Now if ¢ € Lo(R) then
it can be expanded uniquely in the form ¥ = 77, cp9,. From (4.37) and the
orthogonality of the basis {1y} for Lo(R) we have

f=Ay=> cin€F

n=0

where the {ji} form an ON basis for F. Clearly the operator A is unitary. A
correct expression for A=! : F — Ly(R) is a bit more involved:

AH(t)= lim A(pz, ) (2)p(z, Z)dzdy,

p—1, p<l

see [[13]], [[78]]. (It is necessary to insert the parameter u < 1 because A(z,t)
for fixed ¢ does not belong to F.)
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Now we can verify explicitly the relations

T’(£E1,U,U)A :AT(iﬂl,U,U),
T'(0,72,0)A = AT(0, z5,0),
T/(0,0,z5)A = AT(0,0, z3),

where T = T is given by (4.5). Since A is invertible, it follows that T'(x) =
AT(x)A™', so T' is equivalent to T.

Since our chosen O N basis for F consists simply of powers of 2, itis relatively
easy to compute the matrix elements Ty,(x) = (T'(x)j¢, ji)- (It is immediate that
(T'(x)je, jx) = (T(z)e, 1) so these matrix elements are exactly the same as
those which could be computed using the ON basis {1y} for Lo(R).) We define
the generating function

o] m,n

G(x;u,v) = (T'(x)eg, e,) = T (X)jm, jn LY 4.38
( ) =(T'(x) )WX;O(()JJ)W (4.38)
Due to the delta function property of e; we obtain
(T'(x)ewe) = [T(ed() |
= exp [— (w1+472 Aea) 4 (“_2”2)‘”2)1) — TAIT 1T + 27r)\7lz3]
X exp [u (v - 7[z1+f}7§>‘iw2])] .
(4.39)

Introducing polar coordinates
1 =71cosl, 2mAxr,=rsinf

and equating coefficients of u™v™ in (4.38) and (4.39) we obtain the explicit ex-
pression

Tie(x) = exp[2n iz + i(k — £)0 — TAiz zy] e /4 (e,)l/2 X
r -k _(p_
) Ly D(%/2)

where Léa) (z) is the associated Laguerre polynomial [[40]], [[77]], [[78]]. An
alternate expression is

(4.40)

Tie(x) = [27r)\zz3 +i(k — 0)0 — Tiz zy] e/ (k,)1/2 X
( ) L)
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Note that the skew adjoint operator —iN = —iz-% is well defined on F and

dz

can be exponentiated to yield the unitary operator u’(c):

u'(a)f(z) = exp (—iaz%) f(z) = f(e7®2), feF. (4.42)

Here the eigenvectors of u acting on F are just the ON basis vectors j,:
' (@)jn = e, (4.43)

(One can extend the rep T of the three parameter group Hpy to the four-parameter
oscillator group generated by T'(x) and u(c«). See [[77]], [[78]] for the details.)
Using the unitary transformation A one can transform the u’(«) to unitary opera-
tors on Lo (R):

u(a)y(t) =limpoeo 7, %x (4.44)

exp [i cot a(t? + 72)/2 — it7/ sin o] Y(7)dT.
Here, u(a) = A™'u'(e)A and o = 2k7 + €03, k an integer, e = £1,0 < 8 < .
(See [[13]] for details.) Note that u(w/2) is just the (ordinary) Fourier transform
on Ly(R). Thus, the Fourier transform is embedded in a one parameter group
of transformations. the infinitesimal generator of this one-parameter group is the
second-order differential operator

Furthermore, u(a), = e~ ™),

It follows from the orthogonality relations (4.10) that the matrix elements
(4.40) form an ON set in Ly(R?). (See [[77]] or [[78]] for a direct proof of
this fact.) These orthogonality relations reduce to the following orthogonality re-
lations for associated Laguerre polynomials:

o0 2 !
J P e Pt A st (4.45)
0 7.

valid for all integers m,n > 0 and all integers k such thatn +k > 0,m + &k >
0. (By switching between (4.40) and (4.41) depending on whether £ — £ < 0
or k — ¢ > 0 we can always take £ > 0 in (4.45).) Since for each £k > 0
the associated Laguerre polynomials are known to be complete in Ly(0, 00) with
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weight function e 726+1 it follows that the matrix elements {7}y, } form an ON

basis for L2(R2), with the usual Lebesgue weight function 1. (Indeed, this follows
from Exercise 5.2, without any knowledge of the completeness properties of the
Laguerre polynomials.) Thus, the matrix elements of T with respect to any ON
basis for Ly(R) will form an ON basis for Ly(R?). (In other words, the cross-
ambiguity functions with respect to an ON basis of signals {s;} form an ON
basis for Ly(R?).)

4.7 'The lattice representation of Hp

There is another realization of the irred unitary rep T that we shall find useful:
an induced rep of Hy from the subgroup H' where

I a ys
HI = A(al,ag,yg,) = 0 1 (45} y
0 0 1

a1, ay are integers and y3 € R. Note that the operators Ty(ay, ap,y3) = e*ms
define a one-dimensional unitary rep of H'. (Here, the fact that ay, aq are integers
is crucial in verifying that Ty is a rep of H'.) We will study the rep T of Hg
induced from the rep Ty of H', (4.2)-(4.4). Here T is defined on the space V of
functions f on Hg, such that f(BA) = To(B)f(A) forall B € H',A € Hg,i.e.,

(a1 + 21, a2 + T2, Ys + T3 + a132) = €7 (21, 35, 3). (4.46)
The operators T(A), A € Hp act on V according to
[T(A)f](A") = f(A'A). (4.47)

We sce from (4.46) that for any A(xy,x2, x3) we can always choose B(ay, az, ys)
such that BA = A'(x!,z4,0) where 0 < 2} < 1,0 < 24, < 1. Thus f can be
restricted to X = H'\ Hg with coordinates (z,z},0). Moreover, setting 3 =
0,ys = —a,x2 in (4.46) we have the periodicity condition

olar + T1, a + T9) = e 2MNR2 (3 1) (4.48)

where ¢(z1,22) = f(x1,22,0). Conversely, given ¢ satisfying (4.48) we can
define a unique f satisfying (4.46) by

f(zb Za, 153) = QO(.'El, z2)6271'i:1:3.

72



The Hg-invariant inner product on X is dz;dxs:

1 1
(o1, 2) = /0 /0 01(31, 72) P2 (21, 32)dy ds, (4.49)

and the operator T[y] = T(A(y1, y2, ys)) acts on these functions by

(Tlyle)(z1, 22) = exp27i(ys + z1y2)]@(T1 + Y1, T2 + 12). (4.50)

To recapitulate, we have defined a unitary rep T of Hy on the Hilbert space
V' of all functions ¢ satisfying (4.48) and of finite norm with respect to the inner
product (4.49). This is known as the lattice representation of Hp.

The lattice rep is equivalent to the irred Schrodinger rep T, (4.5). To see this
consider the periodizing operator (Weil-Brezin-Zak isomorphism)

P, 22, 73) = Lpe oo(T 21, 22, 23]90) (n)

— e27riz3 Z?LOZ—OO e27rinz2,(/}(,n + $1)

(4.51)

which is well defined for any ¢ € Lo(R) which belongs to the Schwartz space. It
is straightforward to verify that f = P satisfies the periodicity condition (4.46),
hence f belongs to V. Now

<P1/}(770)7P1/}I(770)> )
= Jy dz1 fy doa X000 €T TR (0 + 20y (m + )
= Jo dur 5232 oo b(n + w)i (n + 20) = [ (0P (2) dt
= (¥, 9")

so P can be extended to an inner product preserving mapping of Ly (R) into V.

It is clear from (4.51) that if p(x,x2) = Py(z1,z2,0) then we can recover
¥(z1) by integrating with respect to o : 1(z1) = f ¢(z1,y)dy. Thus we define
the mapping P* of V' into Lo(R) by

1
Pro(t) = | plty)dy, peV' (452)

Since ¢ € V' we have

1 .
P*o(t +a) = /0 o(t,y)e T Wdy = _ (1)

for a an integer. (Here ¢, (1) is the nth Fourier coefficient of ¢ (¢, y).) The Parseval
formula then yields

o0

1
[ lewnPdy = 3 [Pl +a)?

a=—00
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SO
(or0) = Iy Jo lo(t,y)Pdtdy = f3 TF_ [P*o(t + a)|?dt
= [, [P*o(t)[2dt = (P*p, P*p).
and P* is an inner product preserving mapping of V' into Lo(R). Moreover, it is
casy to verify that

(P, ) = (¢, P*p)

fory € Ly(R), p € V', i.e., P* is the adjoint of P. Since P*P = e on Ly(R) it
follows that P is a unitary operator mapping Ly(R) onto V' and P* = Pl isa
unitary operator mapping V' onto Lo (R).

Finally,

(PT![y]y)(x)

— e2mi(w3tys+aiyz) ;0:_00 e2win(w2+y2),¢}(n + 1z + y1)
= (Tly[Py)(x)

s0 PT'[y] = T[y]P and the unitary reps T and T are equivalent.

4.8 Functions of positive type

Let G be a group. A complex function p on G is said to be of positive type

provided for every finite set g1, - - -, gx, Of elements of G and every set of complex
numbers A, - - -, Ak, the inequality
> plg; ' ge)Ajre > 0 (4.53)
at

holds. If u is a unitary rep of G on the Hilbert space H then the inner product
p(g) = (u(g)f,f) is of positive type on G for every f € H. Indeed,

Y595 90 MAe = 250 (ulg;  ge)f, £) A
= ;0{ulge)f, u(g;) ) A (4.54)
= (X Aeu(ge)f, X Aeu(gy)f) > 0.

It follows from this construction, in the case where G = Hpg, that narrow band
ambiguity functions are of positive type on Hp.

It is an important result of abstract harmonic analysis that all functions of
positive type on a group arise as diagonal matrix elements of unitary reps, exactly
as in the construction (4.54). This result, whose proof we now sketch, sheds light
on the structure of the set of ambiguity functions.
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Note first that the inequality (4.53) implies that the ko X ko matrix with ele-
ments Hj; = p(g; 'g¢) is Hermitian (Hj;, = Hy;) and nonnegative. Thus the ko
eigenvalues of this matrix are nonnegative; hence the determinant is also nonneg-
ative.

Lemma 2 Let p be a function of positive type on the group G. Then
1) p(g™) = plg)
2) p(e) = |p(g)|

foreach g € G.

PROOF: For ky = 1, the inequality (4.53) yields p(e) > 0. Now take ky = 2,

g1 =e, go = g. Then () ()
_( ple) plg
(Hie) = ( plg™") ple) )

Since Hi = Hoy we have p(g) = p(g—1). Further, det H = p(e)2—p(g)p(g~") >
0. Q.E.D.

Theorem 14 Let p be a function of positive type on G. Then there is a unitary
representation u of G on a Hilbert space H such that p(g) = (u(g)f, £) for some
f € H. Furthermore the span of the set {u(g)f : g € G} is dense in H.

PROQOF: We will use the computation (4.54) as a motivation for the construction
of H and u. Let L be the subspace of the group ring Rg consisting of those
clements £ which take on only a finite number of nonzero values:

£E=Z£Ei'gi.
i

(Alternatively we can consider z as a function z : G — C which is zero except at
a finite number of points g;.) The inner product of two vectors in L is defined as

(Y, z) =>_ plg; " 9;) Ty
2]

where we sum over all points g, such that either z(g¢) or y(ge) is nonzero. It is
evident that (-, -) is linear in its first argument and from Lemma 2 that (y, z) =
(z,y) and (z,z) > 0.

Thus, (-, -) satisfies all requirements for an inner product, except that we might
have (z,z) = 0 with z # 6. It follows from this result that the Cauchy-Schwarz
inequality is valid: |{z, ¥)|* < (z,z){y, y).

75



We use a standard construction to convert (-, -) to a true inner product.
Let N = {z € L: (z,z) = 0}. Then N is a subspace of L. From the
Cauchy-Schwarz inequality we have (z,y) = 0forz € N,y € L. Thus

(y1 + 21, Yo + z2) = (Y1, Y2) (4.55)

for y; € L,z; € N. We can now define (:,-) on the factor space L/N whose
clements are the setsy = y+ N = {y +z : z € N}. Thesetd = 6§ + N
corresponds to the zero vector. From (4.55) we see that the definition

(Y1, ¥2) = (1 + N, y2 + N) = (41, ¥2)

is unambiguous. Furthermore (y,y) = O only ify = § + N, i.c.,y = 6. Thus
(-, -) is a true inner product on L/N. Now by taking all Cauchy sequences in L/N
we can complete L/N to a Hilbert space H.

Given h € G,z = Y, z; - g; € L we define the linear operator u(h) : L — L
by u(h)xz =3, x; - hg;. Then

(u(h)y,u(h)z) =¥, plg;i 'h~'hg;)Ziz;

= Y 0095 '95)Tiy; = (y, )
so u(h) is an isometry on L. Furthermore, u(h™")[u(h)z] = z forall z € L, so
u(h) is invertible, hence unitary on L. Also, u(hiho)z = u(hi)[u(he)z] so u is
a unitary rep of G on L. Clearly, the operators u(h) extend uniquely to a unitary
rep of G on H.

Let f = 1-e € L. Then the vector {u(g)f} span L, forifz = >, z; - g;
we have z = Y, z;u(g;) f. Moreover, (u(g)f, f) = p(g). In the extension of
L/N to H, f maps to f € H such that the span of {u(g)f} is dense in H and
(u(g)f, f) = p(g). QE.D.

If GG is a linear Lie group, one can show that the function p is continuous on G
if and only if u is a continuous rep of G, [[43]], [[83]].

The unitary rep u constructed in Theorem 14 is unique up to equivalence.
Indeed, suppose there are unitary reps uy, ug on Hilbert spaces H;, Ha such that
(ui(g)f1, f1)1 = (u2(g)fy, f2)2 where the spans of {u;(g)f;} are dense in H,;.
Define the map S : H; — Hq by

S Mm(gif) =3 Aiua(gi)fo (4.56)
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for all finite sums f] = 3; \;u;(g;)fi. In particular Sf; = f,. This mapping is
well defined because if f{ = 0 and Sf] = f; then

(£, £5)2 =X j(Aua(gi)fa, Ajua(g;)fa)2
= Zi,j<u2(gj_lgi)f2a f2>2)\ j
Aid; = (f], 1)1

A
=3 i{uy (gj_lgi)fla £1)1 A
0,

)
)

so fj = 6. (Furthermore this same calculation shows that S is an isometry.) Thus,
S extends to a unitary transformation from H; onto Ho. Finally Su,(g)f] =
us(g)fy = up(g)St] for all finite sums f], so Su;(g) = ua(g)S, and the reps u;
and u, are equivalent.

Corollary 4 Let u be a unitary irred rep of the group G on the Hilbert space 'H
such that

(u(g)fi, 1) = (u(g)fe, f2)

for all g € G, where £,y are nonzero elements of H. Then £ = M, for some
A€ Cwith |\ =1

PROOF: Since u is irred, the spans of {u(g)f;} are dense in . From the con-
struction (4.56) with H; = H» and u,(g) = u2(g) we sce that there is a unitary
operator S : H — H such that Su(g) = u(g)S for all ¢ € G and Sf;, = .
Since u is irred it follows from Theorem 12 that S = Ae, where |A| = 1 since S
is unitary. Thus, Mf; = f,. Q.E.D.

Note that the corollary implies that two signals correspond to the same
ambiguity function if and only if they differ by a constant factor of absolute
value one.

Next we will characterize those functions of positive type on a topological
group G that correspond to irred unitary reps of G. Consider functions py, ps of
positive type on G. We say that p; dominates p, if p; — p, is of positive type on G
(so that p; = pa+ (p1 — p2) is @ sum of two functions of positive type). A function
p of positive type on G is indecomposable if the only functions of positive type
dominated by p are scalar multiples of p. (Clearly, the multiples must be of the
form ap where 0 < a < 1.)

Theorem 15 The function p of positive type on the topological group G is inde-
composable if and only if

p(g) = (u(g)f, f) (4.57)
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for all g € G where u is a unitary irred rep of G on some Hilbert space 'H and
feH

PROQF: Suppose p is indecomposable. By Theorem 14 there is a unitary rep u
of G on the Hilbert space H and a vector f € # such that the span of {u(g)f}
is dense in #, and p(g) = (u(g)f, ). Let K be a nonzero subspace of H which
is invariant under u : u(g)KX C K for all ¢ € G. Then K= is also invariant
under u (see Theorem 9), and we have the unique decomposition f = f; + f;
with f; € K, f, € K. It follows easily that p(g) = (u(g)f,f) = (u(g9)f;,f,) +
(u(g)fs, £2) = p1(g) +p2(9)- Since {u(g)fi} is dense in K, p1(g) = (u(g)fi, f1) is
a function of positive type and p dominates p;. Hence p; = ap for some constant
a 74 0, so <u(g)f17f1> = <u(g)f7 fl) = <u(g)f7 af) or,

(u(g)f,f, — af) =0 (4.58)

forall g € G. It follows that f; = af so f € K, hence X = H and u is irred.

Conversely, suppose there is a unitary irred rep u of G on ‘H such that (4.57)
holds for some f € H. Let p; be a function of positive type on G that is dominated
by p. Without loss of generality we can assume that u is obtained from p and
the space L/N according to the construction given in the proof of Theorem 14.
On this same space we can construct the inner product (-, -); associated with the
function p,. Since p; is dominated by p, the Cauchy-Schwarz inequality implies
Kz, u)1|* < (z,2)1(y,y)1 < ||z||*||ly||? for all z,y € L/N. Thus (-,-); extends
to a positive definite Hermitian form on ‘H such that

[(ler, o)1 [* < e 7] ool |* < e |2 (4.59)
This means that there exists a bounded self-adjoint operator A on H such that
(ki, ko)1 = (ki, Aky) (4.60)

for all ki,ky € H. (Indeed, it follows from (4.59) that for fixed ko, (ki,ks); is
a bounded linear functional H. By the Riesz representation theorem [[95]] there
exists a vector sy € H for all k € H such that (k;,k); = (ky,sk). Clearly, the
map k — sy is linear, so there exists a linear operator A : H — H such that
sk = Ak. Since |(ki, Aky)|? = [(ky, ko)1 |? < ||k1]|?||k2||?, we have in the case
k, = Ak, the inequality ||Aks||* < ||Aky|[?||ks||? or ||Aks||? < ||ko|[% Thus,
A is a bounded operator. Furthermore, (ki, Aky) = (ki, ko)1 = (ko ki) =
(ka, Ak;) = (Aky, ko), so A is self-adjoint. Since (k, Ak) = (k,k); > 0, A is
nonnegative.)
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By construction of (-, -); through the completion of L/N we have (u(g)k, u(g)ks); =
(k1, ko) forall g € G. Hence, (u(g)ki, Au(g)ks) = (ki, Ak) andu(g)~'Au(g) =
A, which implies Au(g) = u(g)A for all g € G. Since u is irreducible, we have
A = qge for some positive constant a. Thus p;(g) = (u(g)f,f); = (u(g)f, Af) =
a{u(g)f,f) = ap(g), so p is indecomposable. Q.E.D.

Corollary 5 Let u be an irred unitary rep of G on 'H, and suppose fy, £, {5 are
nonzero elements of H such that

(u(g)fo, fo) = (u(g)fi, fi) + (u(g)fz, f2) (4.61)

forall g € G. Then f|, = rfy, k € C.

PROOF: The functions of positive type p;(g) = (u(g)f;,f;) satisfy po(g) =
p1(g9) + p2(g), so py dominates p; and p,. Since u is irred, p is indecompos-
able. Thus py = cip; = cape where ¢y, ¢z are positive constants. Setting f; = c,f,
£ =1,2 we have

(u(g)fo, fo) = (u(g)fif]) = (u(g)f;, f3).

By Corollary 4, f{ = M}. Hence f; = &f, for k = Aca/ci. Q.E.D.

Note that Corollary 5 implies that the sum of two ambiguity functions
corresponding to nonzero signals s, s, is again an ambiguity function if and
only if s; = As,.

4.9 Exercises

1. Verify explicitly equation (4.10).

2. Show thatif {f,, n =0,1,2,---} is an ON basis for Ly(R) then the matrix
elements {< T*(z1, o) fn, frm >} form an ON basis for Ly(R?). Hint:
From exercise 5.1, the matrix elements form an ON set. Hence to show
that they form a basis it is enough to prove that if

//_00 d$1d$2 < TA($17$2)fmfm > g(zhz?) =0

for g € Ly(R?) and all n, m, then g = 0 almost everywhere. This shows
that the ON set is also dense in Ly(R?), hence is a basis.
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. Set B(f,9) =< T*(z1,22)f, g > for f,g € Ly(R) and B(f) = B(f, f).
Show that

) +B(f,9) + B(g, ) + B(g),
B(g, f) —iB(f, 9) + B(g).

. Prove that the ambiguity functions < T*(zy,z2)f, f > for all f € Ly(R)
span a dense subspace of Lo (R?).

. Suppose f € Lo(R) such that fp # 0 almost everywhere. Prove that the
set {2milmizrtmaes) £ /| fol my, my = +£1,42,-- -} is an ON basis for the
lattice Hilbert space V. Find an explicit expression for the corresponding
ON basis of Ly(R) obtained from the mapping P,

. Show that the rep T* of Hp, is continuous in the sense that
||T>‘(£E1,£E2,£E3)f—f|| — U, as (£E1,£E2,£E3) — (U,U,U)
for each f € Lyo(R).

. Show that the ambiguity and cross-ambiguity functions < T*(z1, z2) f, g >
are continuous functions of (zy, z2).

. Construct the unitary rep T, of Hy induced by the one-dimensional rep
T% (a1, as, y3) = e2™™s of the subgroup H', where 7 is an integer (not nec-
essarily positive). Determine the action of Hg on the rep space, in analogy
with (4.50). Under what conditions on n is ’fn irred? Show that the rep
space contains |n| linearly independent ground state wave functions.
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Chapter 5

REPRESENTATIONS OF THE
AFFINE GROUP

5.1 Induced irreducible representations of GG 4

Recall that the affine group G 4 is the matrix group with elements

A(a,b):(g ;’) a>0 (5.1)

and multiplication rule
(a,b)(d,b") = (ad',ab’ +b).

Even though this is a 2 X 2 matrix group with a very simple structure, there are
some difficulties in developing its rep theory in accordance with the general results
presented in Chapters 1-3. An indication of the complications appeared already in
Chapter 3 where we showed that G 4 is not unimodular, i.e., dgA # d,A. Indeed

da db dTA:dadb. (52)

a? ’ a

deA =

We begin by deriving the irred unitary reps of G 4. One family of such reps
is evident: x,[a,b] = a*, p real. We use the method of induced reps to derive
several forms of the remaining irred unitary reps.

Consider the subgroup H; = R of elements of the form A(1,b), b € R. The
unitary irred reps of H; take the form £,(b) = €***. We now construct the unitary
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rep of G 4 induced by the rep &, of H;. The rep is defined on a space of functions
f(a,b) on G 4 such that

f(BA) = &\(B)f(4), B e H, Ac Gy,

ie.,
f(a,b+b) = e f(a,b) (5.3)

Thus f(a,b) = €**f(a,0) = e**p(a) where ¢ is defined on the coset space
X1 & Hi\G4 & H, and H, is the subgroup of clements A(a,0),a > 0. The
action of G4 in the induced rep is given by

[RA(A](A") = £(A'4), A A eG4
or, restricted to the functions ¢:
(Rala, blg) (z) = e*¢p(az) (5.4)

where A’ = A'(z,y). The right-invariant measure on X is du(z) = dz/z, so the
inner product (-, -); with respect to which the operators R [a, b] are unitary, is

00 dz
(ol = [ o1@)pa(a) (55)
The elements of the Hilbert space ‘H; with the inner product are Lebesgue mea-
surable functions ¢(z) such that ||¢||? = (@, ¢)1 < oc. The rep Ry is reducible.
However, we have

Theorem 16 For A # 0 the representation Ry, of G 4 is irreducible.

PROOF: This demonstration is very similar to that of Theorem 13. For complete-
ness we repeat the basic ideas of the proof, omitting some of the technical details.
Our aim will be to show that if L is a bounded operator on ‘H; which commutes
with the operators R (A) for all A € G4 then L = ke for some constant x, where
e is the identity operator. (It follows from this that R is irred, for if M were a
proper closed subspace of ‘H;, invariant under Ry, then the self-adjoint projection
operator P on M would commute with the operators R (A). This is impossible
since P could not be a scalar multiple of e.)
Suppose the bounded operator L satisfies

LR)\[a, b] = R)\[a, b]L
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for all real a, b with @ > 0. First consider the case ¢ = 1: L commutes with the
operation of multiplication by the function e***®. Clearly L must also commute
with multiplication by finite sums of the form 3=, ¢;¢"*%* and, by using the well-
known fact that trigonometric polynomials are dense in the space of measurable
functions, L must commute with multiplication by any bounded function f(x) on
(0, 00). Now let @ be a bounded closed internal in (0, 00) and let xg € H; be the
characteristic function of ():

1 ifzeq
Xd@_{OiM¢Q.

Let fo € M, be the function fo = Lxg. Since x5 = xq we have fo(z) =
Lxo(z) = Lxg(z) = xo(z)Lxg(z) = xo(z)fe(z) so fq is nonzero only for
z € Q. Furthermore, if @)’ is a closed interval with @' C @) and fp = Ly then
fo(2) = Lxqxq(2) = xe(2)Lxg(z) = xq(2)Fy(2) so fo(z) = fo(x) for
z € Q and fo(z) = 0for z ¢ Q'. It follows that there is a unique function f(z)
such that x4 f € Hi and x4(z)f(z) = Lxg(z) for any closed bounded interval

Q in (0,00). Now let ¢ be a C* function which is zero in the exterior of Q.
Then Ly(z) = L(pxg(z)) = ¢(z)Lxg(z) = ¢(2)f(z)xg(z) = f(@)e(z), so
L acts on ¢ by multiplication by the function f(x). Since as Q@ runs over all finite
subintervals of (0, 0o) the functions ¢ are dense in H;, it follows that L = f(z)e.

Now we use the hypothesis that LR [a, 0]p(z) = Ry[a, 0]Lp(z) foralla > 0
andp € Hy : f(z)p(ax) = f(az)p(az). Thus f(x) = f(ax) almost everywhere,
which implies that f(x) is a constant. Q.E.D.

Lemma 3 For 7 > 0 the reps Ry, and R, are equivalent.

PROOF: Let S, : Ho — H, be the linear unitary operator S;¢(z) = ¢(7z). Then
S-! =8S,-1 and R.,[a, b]S, = S,;R,[a, b]. Q.E.D.

It follows that there are just two distinct irred reps in the family R,. We
choose these reps in the normalized form A = £1. Thus we have constructed the
following irred unitary reps of G4 : x,, (—00 < p < 00); Ry and R_ where

X,la, b] = af”
Rila,b) p(z) = ep(az), (5.6)
R_[a,0]p(z) = e p(az),

and ¢ € H;. It can be shown [[67]] that these are the only unitary irred reps of
Gy4.
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5.2 The wideband cross-ambiguity functions

Another important class of unitary reps of G4 can be induced from the subgroup
H, = R* of elements of the form A(a,0),a > 0. Consider the irred reps 7, of
Hy: n5(a) = a°, o complex. We construct the rep L!, of G 4 induced by 7,. It is
defined on a space of functions f(a, b) on G4 such that

f(BA) =n,(B)f(A), B € H,, A€ Gy,

ie.,
f(d'a,d'd) = (a')f(a,b). (5.7)

Thus f(a,b) = a’f(1,b/a) = a’p(b/a) where ¢ is defined on the coset space
Xo =2 Hy\ G4 = H;. The action of G4 in the induced rep is given by

[Lo (A)f](AT) = £(A'4), A,A"€ Gy,

or, restricted to the functions ¢:

(L0, blo)(0) = % (t : b) . (58

a

There is no right-invariant measure on X,. However, dp(t) = dt goes to a multiple
of itself, so an inner product (-, -)o with respect to which the operators L! [a, b] are
unitary is

o0

N ©1(t)pa(t)dt, (5.9)

(p1,p2)2 = /

provided o = iy — % where p is real. The elements of the Hilbert space Ho =
Ly(R) with this inner product are Lebesgue measurable functions ¢(t) such that
l|ol3 = (p, )2 < oco. Since we will be restricting to the case of unitary reps, we
introduce the notation L, = L;“_ L
t+b
a

(Lo, Bo) (1) = 0¥ b ( ) | pe L), (5.10

The rep Ly, is reducible. Indeed let us consider the Fourier transform F as a
unitary map from Ly (R) to Lo(R):

1 00 ;
o) = = [ e vt = Foly) (511)
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Then ) -
1) = F_l A1) = ~ ityd
olt) = F 90 = o [ elw)edy

and the action f;“ of G 4 on the function ¢ corresponding to the action L, on ¢ 1s

f‘#[a7 b]@(y) = F(L#[aﬂ b]@) (1y) )
= e i () e 512
— aiu+1/2eiby¢(ay)_

Now consider the map S,, : Ly(R) — Hi @ H; defined by

S.o(y) = ly[*2p(y); y #0.

and let X )
¢ (y) = 8.p(y) € Hif fory >0
9 (2) =8,p(y) € Hy forz=—y > 0.

Then the action induced on ¢+ € H{ by L,[a, b] is
R, [a, 0] (y) = ¢ (ay)
and the action induced on ¢~ € H; is
R_[a,8]¢7 (2) = e7"¢ (az).

(Here, the spaces H, Hi consist of functions ¥ (y), %~ (2) on the positive real
line with weight functions dy/y, dz/z, respectively. The operator S,, is responsi-
ble for the change in weight function.) As the reader can easily verify, we have
the “Plancherel formula™

(Lu[a7 b]% ¢>2 = <R+ [a7 b]<P+7 ¢+>1 + (R— [a7 b]w_v 1/1_>1 (513)

where

Vi) =SuTY(y), y>0, (5.14)

v (z) =8 FYly), y=-2<0. '
Thus the rep L, decomposes as the direct sum of the irred reps R, and R._;
the Fourier component ¢(y) of ¢ corresponds to R for positive y and to R_
for negative y. (If, however, we restrict the rep L¥* to those ¢ € Lo(R) whose
Fourier transform ¢(y) has support on the positive reals, then Ly, is irreducible
and equivalent to R_.)
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Note that the matrix element (Lo[a, b]sy, $m)2 coincides with the wideband
cross-ambiguity function (1.15) with y = a=!, 2 = b/a. Formula (5.13) suggests
that, for computational simplicity, in selecting a basis for Ly(R) in which to deter-
mine the cross-ambiguity function, one should choose the union of a basis on the
subspace transforming according to R, and a basis on the subspace transforming
according to R_.

5.3 Decomposition of the regular representation

Even though G 4 has a very simple structure, the decomposition of the regular
rep of G 4 and expansion formulas for functions on G4 in terms of the matrix
clements of irred reps are not trivial consequences of the general theory worked
out in the earlier chapters. In particular, G4 is not unimodular, i.c., d, A # d,A.
(The machinery developed in Chapter 3 for averaging over a group assumed that
the group is unimodular.) Choosing the measure d, A to be definite and assuming
that the functions @;(z) € H; are C* with compact support in (0, cc) to avoid
convergence problems, we can verify directly that

/ / d0db g (0, tlr, o2 B Blpn i =0, (5.15)

in accordance with the earlier theory, but

S [, 1@ (R [a, by, po)1 (Re[a, bgs, pa (5.16)
= 27 (1, ©3)1{(P1, Ph)1

where ) (t) = po(t)/t. To investigate the problem in more detail we will decom-
pose explicitly the right regular rep of G 4 into irred reps of G 4, [V].

Recall that the right regular rep of G 4 is defined on the Hilbert space Hg of
measurable functions f (A(a, b)) = f(a,b), square integrable with respect to the
measure d,A = dadb/a. The inner product is

(fi, fo) = / / dadbflab)fg(a D), (5.17)

and G 4 acts on this space in terms of the unitary operators R(A’):
R(A)f(A) = f(A4). (5.18)

To decompose ‘Hp into irreducible components we project out subspaces of func-
tions which transform irreducibly under the left action of the subgroup H, =
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{C(c) = A(c,0)}. (Since the left action of G 4 commutes with the right action,
it follows that these subspaces will be invariant under the operators R(A’).) The
function x,(C(c)) = ¢**+'/2 i € R, defines a one-dimensional rep of Hy. Now
consider the map f — f* where f € Hg, given by

A= J(CA(C)dC (5.19)

where dC(c) = dc/c is the two-sided invariant measure on Hy. Note that f*
satisfies f*(C'A) = (c/)#~1/2 f#(A). In terms of coordinates we have

f“(aﬂ b) = fOoo f(Ta7 Tb)’r_i“_lﬂd’r:

fH(ca,cb) = Y2 fr(a,b). (5:20)

Note also that the map f — f* is invertible:

1 00 X
— n in—1/2
f(ra,7b) - /_oof (a,b)T dps.

(This is just the inverse formula for the Mellin transform, a variant of the Fourier
transform, [[41]], [[107]].)

Now (5.20) agrees with (5.7) with ¢ = iy — 1/2, so the action of G4 on
the functions f# induced by the operator R(A) is just L or in terms of the

in—1/2°
functions ¢(t) where g
F*(a,b) = a2 pH (g) : (5.21)
it reads 5
(Lyfa, Blg*) (8) = @™~/ (t Z ) : (5:22)

in agreement with (5.10). Furthermore, we have the decomposition formula

/ / dadbf1 (a,b) f2(a,b) = / d,u/ Ot ()b (t)dt (5.23)

where the ¢% € Ly(R) are related to f; € Hp via (5.20) and (5.21). On each
space of square integrable functions ¢*, —oo < p < oo, the rep L, decomposes
into the direct sum of the irred reps R, and R._, (5.12) and (5.13). Thus the right
regular rep R decomposes into a direct integral (rather than a direct sum) of a
continuous number of copies of the irred reps Ry and R_. (The one-dimensional
unitary reps x,[a, b] = a® do not appear in the decomposition of R.)
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As we have shown

F(a,6) = Grars [2% din %5, dy € [y| 112

{o* (ay)x(¥) + ¢* (—ay)x(—y)}dy (5.24)

where
1 ify>0
x(v) _{ 0 ify<O0.

We can express these results in another form by choosing an explicit ON basis
{SF(y)} for # in the reps R. Then

e (y) = > kST (y) (5.25)
n=0
where i
wt = [Tt w)STw Y. (5.26)
0 Yy

Substituting (5.25) and (5.26) into (5.24), using (5.20) and (5.14) to express the
expansion in terms of {S;F } and f alone, and making appropriate interchanges of
integration and summation orders, we arrive at the formula

fla,b) = 3 302 ((F(f)t o Sy (1), Ro[a, b]S; (D))
HET(f)to 57 (2), Rila, bS] (1)) (5.27)
= 5; L tr(Ri[a, b F=(f) o t).

Here [t o S,|(t) = tS,(%),

and F*(f) is the operator

o _dadb
FE(f) = /A o FARLAGA, dpA =T (5.28)

(Since the bases { ST} are the same for all u, dependence on this parameter dis-
appears from the final result.)
Similarly, the Parseval formula

% roo da db 1 oo e _
LR @) = o [ dn (s k)

a 2m =0
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yields
[ =R enr = o S a6 o VITIFEEN o Vi) (5:29)

where 6 f(a,b) = a'/2f(a,b). (The simple derivation of (5.27) and (5.29) given
here is motivated by Vilenkin’s treatment of the affine group, [[107]]. It is not
our purpose here to give a rigorous derivation with precise convergence criteria.
Rather, we want to demonstrate simply how group theory concepts lead to the
correct expansion formulas. A rigorous, but much more complicated, derivation
was given by Khalil [[66]], and the relevance of these expansions to the radar
ambiguity function was pointed out by Naparst [[84]].)

The expansion (5.27) has been expressed in terms of the inner product on
the Hilbert space H, and the operators R.. It is enlightening to re-express it
in terms of the operators Ly, (5.10) and the Hilbert space Ly(R). For this we set
{SF(t) = V1S, *(t)} where {S,} and {S;L_} are each ON bases for Lo(R). Now
let

st(r) = FLS(r / et S (1)dt
H0) =S = =
and
sp(r) = FS(r / e S () dt,
2(r) = - -)
i.e., s are the inverse Fourier transforms of S *. (Recall from the discussion

following (5.12) that S, corresponds to a Fourier transform with support on the
positive ¢ axis and S~ corresponds to a Fourier transform with support on the
negative ¢ axis.) Further let §3(7) = F~'t o S;*(t)](7) with the same support
conventions as for s=. Then we can write (5.27) in the form

o0

f(a7 b) = Z((Fl(f)§;7 LO[a7 b]'s;)? + (Fl(f)'g:? LO[a7 b]87—11—>2) (530)

n=0

where (-, )9 is the usual Lo (R) inner product, and

Lola, bjsE(r) = a~/2s (i’) |

while
F'(f)8n(7) =fGAf(a b’)Lo[ b')5n (()de)A
_f_ a bl) § : dadb’
—f_() Dis, ol £ ahdy s O
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where D(z,y) = f(d',b') withy = 1/d',z = '. Comparing (5.31) with (1.9) we
sec that F'(f)8,(7) = é,(7) is just the echo generated at time 7 from the signal
3n(7) and the target position-velocity distribution D(z, y). Each inner product on
the right-hand side of (5.30) is the correlation function between the echo éff and a
test signal Ly|a, b]s:

D(X,Y) = S (6, Lola, 0ls2)s + (&5, Lofa, Bjst)s)  (5.32)

n=0

where X = b,Y = a~!. Note that (5.32) provides a scheme for determining the
distribution D(X,Y’) experimentally: we can send out signals 3, measure the
echos X and then cross-correlate these echos with the test signals Lg|a, b)sE to
construct D.

5.4 KExercises

1. Show that the representation Ry of the affine group G4 is reducible.
2. Verity directly equation (5.15).
3. Verity directly equation (5.16).
4. Show that the rep R, of G 4 is continuous in the sense that
IRa(a,0)¢ — @[ = 0, as(a,b) = (1,0)
for each ¢ € H;.

5. Show that the ambiguity and cross-ambiguity functions < Lyla, blp, ¥ >
are continuous functions of (a, b).
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Chapter 6
WEYL-HEISENBERG FRAMES

6.1 Windowed Fourier transforms

In this and the next chapter we introduce and study two procedures for the analysis
of time-dependent signals, locally in both frequency and time. The first procedure,
the “windowed Fourier transform” is associated with the Heisenberg group while
the second, the “wavelet transform” is associated with the affine group.
Let g € Lo(R) with ||g|| = 1 and define the time-frequency translation of g
by
glevel(t) = 2™t g(t 4 1)) = Tz, 2, 0]g(2) (6.1)

where T! is the unitary irred rep (4.5) of the Heisenberg group Hg with A =
1. Now suppose g is centered about the point (g, wp) in phase (time-frequency)
space, i.¢., suppose

o] o]
[ temPat=to, [ wlgw) e = wo
—00 —00
where g(w) = [°° g(t)e~?™*dt is the Fourier transform of g(¢). Then

/ t|g[z1,z2] (t)|2dt =ty — 1, / w|g[z1,z2] (t)|2dw = Wy + T2

so gl#122l ig centered about (¢, — x1,wy + ) in phase space. To analyze an
arbitrary function f(t) in Lo(R) we compute the inner product

o0

Floy,os) = (f,g9) = [~ pe)g==I(t)dt

—00
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with the idea that F'(zy, z2) is sampling the behavior of f in a neighborhood of
the point (fy — x1,wp + Z2) in phase space. As zy, zo range over all real numbers
the samples F'(z1,z2) give us enough information to reconstruct f(¢). Indeed,
since T is an irred rep of Hg the functions T[z, x5, 0]g = gl*1®] are dense in
Ly(R) as [z1, Ty] runs over R?. Furthermore, f € Ly(R) is uniquely determined
by the inner products (f, gl*®2l), —0o < 1,33 < oo. (Suppose (fi, gl*1-22l) =
{f2, g2} for f1, fo € La(R) and all z,,z,. Then with f = f; — f, we have
(f, gl*=2ly = 0, so f is orthogonal to the closed subspace of Ly(R) generated by
the gl*1-®2], Since T! is irreducible this closed subspace is Ly(R). Hence f = 0
and fi = f3.)

However, the set of basis states gl122] is overcomplete: the coefficients (f, gl*122])
are not independent of one another, i.e., in general there is no f € Ly(R) such that
(f, gl*v=2ly = F(zxy,x,) for an arbitrary F' € Ly(R?). The gl*1*2] are examples
of coherent states, continuous overcomplete Hilbert space bases which are of in-
terest in quantum optics, quantum field theory, group representation theory, etc.,
[[69]].

As an important example we consider the case g = ¥(t) = «
(4.27), the ground state. (Recall that aip = 0 where a is the annihilation operator
for bosons (4.19). This property uniquely determines the ground state.) Since g
is essentially its own Fourier transform, (4.44), we see that g = ), is centered
about (g, wp) = (0, 0) in phase space. Thus

_ _ 42
g—t2/2.

g[zl,zz] (t) — 7T—1/4627Titz26—(t+z1)2/2 (62)

is centered about (—zy, z2). It is very instructive to map these vectors in Lo(R)
with inner product (-, -) to the Bargmann-Segal Hilbert space F with inner product
(+,+), (4.32), via the unitary operator A, (4.37). In F the ground state is jo(z) = 1.
Thus the corresponding coherent states are

Ag[m,wz](z) = Tl[:ltl, :Ez] _]o(Z) = jg)whzz](?) )
= exp [—(of + af) 4+ r5ie); — inn] ¢

= exp[— (2} + 3)/4 — i2122/2]e(;, 1 in)/va(2)

where e;(z) = exp(bz) € F is the “delta function” with the property (f,ep) =
f(b) for each f € F. Clearly

<g[$lyw2], g[yl,y2]> — (j%wlywz],jgyhyz])
= exp[— (2% + 12 + v + ¥2) /4 — iz1T2 + 1y2] X (6.4)

. -
exp [§y1 +iy2 )2(961 izs)

92



so the gl®122] are not mutually orthogonal. Moreover, given f € Lo(R) with
f=Af € F wehave

{f, g[zl,zz]> — (f,jgm,wz]) — exp[—(zf + m%)/él + Z'zle]f (M) . (6.5
V2
Expression (6.5) displays clearly the overcompleteness of the coherent states.
Since f is an entire function, it is uniquely determined by its values in an open
set of the complex plane (or a line segment or even on a discrete set of points
in C which have a limit point). Thus the values (f, g!*'*2) cannot be prescribed
arbitrarily. However, from the “delta function” property

£(b) = (f, &)

we can easily expand f € F as a double integral over the coherent states j%”“’”],

hence we can expand f = A7'f € Ly(R) as the corresponding double integral
over the coherent states gl®1:%2].

There are two features of the foregoing discussion that are worth special em-
phasis. First there is the great flexibility in the coherent function approach due
to the fact that the function g € Lo(R) can be chosen to fit the problem at hand.
Second 1is the fact that coherent states are always overcomplete. Thus it isn’t
necessary to compute the inner products {f, gi*1*2l) = F(z,, z,) for every point
in phase space. In the windowed Fourier approach one typically samples F' at
the lattice points (x1,x2) = (ma,nb) where a, b are fixed positive numbers and
m, n range over the integers. Here, a, b and g(¢) must be chosen so that the map
f = {F(ma,nb)} is one-to-one; then f can be recovered from the lattice point
values F'(ma, nb).

Example 3 Given the function

the set {g™™} is an ON basis for L?(—o0, o). Here, m, n run over the integers.
Thus gi®*2 js overcomplete.

6.2 The Weil-Brezin-Zak transform

The Weil-Brezin transform (earlier used in radar theory by Zak, so also called
the Zak transform) (4.51) between the Schrodinger rep T! of Hg on Ly(R) and
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the lattice rep T, (4.48)-(4.50), is very useful in studying the lattice sampling
problem, particularly in the case a = b = 1. Restricting to this case for the time
being, we let ¢ € Ly(R). Then

o0

Yp(z1, 32) = PY(z1,2,,0) = Z ek 24 (21 + k) (6.6)

k=—oc

satisfies .
1/1P(k1 + 21,k + $2) = 6_27”]01”1/@ ($1, z2)

for integers kq, ko. (Here (6.6) is meaningful if ¢ belongs to, say, the Schwartz
class. Otherwise Py = lim,_,; Py, where ¢y = lim,_,1, and the 1, are
Schwartz class functions. The limit is taken with respect to the Hilbert space
norm.) Furthermore

[Tl[’yh Y2, 0]1/1];: ($1, Za, 0) T[”Jh Y2, 0]1/1P ($1, $2)

= exp[2miz1y2)¥p (z1 + Y1, T2 + Ya)-
Hence if ¢ = g[™" = T'[m, n]g we have

[mvn] (

gp (T1,T2) = exp27i(z1n — Tom)]gp(T1, T2). (6.7)

Thus in the lattice rep, the functions ggn ] differ from gp simply by the multi-
plicative factor e?"i(#in—®2m) = e __ (7, 1,), and as n, m range over the integers

the e, ,, form an ON basis for the Hilbert space of the lattice rep:

1 1 _
(901,902)=/0 /0 ©1(21, To)pa (@1, T2)dz1ds. (6.8)

Theorem 17 For (a,b) = (1,1) and g € Ly(R) the transforms {g™™ : m,n =
0+1,+2,---} span Ly(R) if and only if Pg(z1, z2,0) = gp(z1,z2) # 0 a.e..

PROOF: Let M be the closed linear subspace of Ly(R) spanned by the {gl™m™}.
Clearly M = Lo(R) iff f = 0 a.e. is the only solution of {f, g™") = 0 for all
integers m and n. Applying the Weyl-Brezin -Zak isomorphism P we have
[m,n] —
(f,g™™) = (Pf,enmPyg) 6.9)

= ([Pf] [Pg]7 en,m) = (ngPy en,m)-

Since the functions ey, ,, form an ON basis for the Hilbert space (6.8) it follows
that {f, g™™) = 0 for all integers m,n iff fp(z1,z2)gp(z1,22) = 0, ae.. If
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gp # 0,ac. then fp = f = 0and M = Ly(R). If gp = 0 on a set S of positive

measure on the unit square, then the characteristic function xs = Pf = fp

satisfies fpgp = xsgp = 0 a.e., hence (f, g™™) = 0 and M # Ly(R). QE.D.
In the case g(t) = 7~ /4e~**/? one finds that

gP(fE1,$2) — 7T_1/4 Z 627Tik$2—(w1+k)2/2. (610)

k=—00

Asis well-known, [[40]], [[110]], the series (6.10) defines a Jacobi Theta function.
Using complex variable techniques it can be shown that this function vanishes at
the single point (3, 1) in the square 0 < z; < 1,0 < zp < 1, [[110]]. Thus
gp # 0 a.e. and the functions {gl™™} span Ly(R). (However, the expansion of
an Ly(R) function in terms of this set is not unique and the {g™™} do not form a
frame in the sense of §6.4.)

Corollary 6 For (a,b) = (1,1) and g € Ly(R) the transforms {gI™™ : m,n =
0,%1,---} form an ON basis for Ly(R) iff |gp (21, 22)| = 1, a.e.

PROOF: We have

(Smm/ (Snn/ = <g[myn], g[m’,n’]) = (En,mgP7 En’,m’ gP)
= (|gP 27 En’—n,m’—m)

iff |gp|? = 1, a.e. Q.E.D.
As an example, let g = x[o,1) where

{1 ifost<1
XD\ =Y 0 otherwise.

Then it is easy to see that |gp(z1,22)| = 1. Thus {gl™"} is an ON basis for
Ly(R).

Theorem 18 For (a,b) = (1,1) and g € Lo(R), suppose there are constants
A, B such that
0< A< |gp(z1,72)? < B< oo

almost everywhere in the square 0 < x1,zo < 1. Then {g[m’"]} is a basis
for Ly(R), i.e., each f € Lo(R) can be expanded uniquely in the form f =
> m,n Gmn g™, Indeed,

amn = (fo, 95" /|ge[*) = (fo /9P, Engm)
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PROOF: By hypothesis |gp| ™! is a bounded function on the domain 0 < z1,z2 <
1. Hence fp/gp is square integrable on this domain and, from the periodic-
ity properties of elements in the lattice Hilbert space, g—;(zl + n,ze +m) =

fe (z1, ). It follows that

g Ji
P
- = Z amnEn,m
gp
where amn, = (fe/g9p, Enm), 0 fp = 3 GmnEnmgp. This last expression im-
plies f = Y @mng™™. Conversely, given f = ¥ amng™™ we can reverse the

steps in the preceding argument to obtain @y, = (fp/gp, Enm). QE.D.

6.3 Windowed transforms and ambiguity functions

We can relate these expansions to radar cross-ambiguity functions as follows. The
expansion f = Y apmng™™ is equivalent to the lattice Hilbert space expansion
fP = amnEn,mgP or

ngP = Z(amnEn,m)|gP|2 (611)

Now if gp is a bounded function then fpgp(z1,2) and |gp|? both belong to the
lattice Hilbert space and are periodic functions in z; and x, with period 1. Hence,

ngP = bmnEn,m
|gP|2 = ZcmnEn,m
with
bmn = (ngPyEn,m) = (fP:gPEn,m) = <f7 g[m,n]> = <f7 Tl[m7'n:|g>7
Cmn = (ngPyEn,m) = <g,g[m,n]> = <g7T1[m7'n]g>-
Thus (6.11) gives the Fourier series expansion for fpgp as the product of two
other Fourier series expansions. (We consider the functions f, g, hence fp, gp as

known.) The Fourier coefficients in the expansions of fpgp and |gp|? are cross-
ambiguity functions. If |gp|? never vanishes we can solve for the a,,, directly:

Z amnEn,m = (Z bmnEn,m) (Z ClmnEn,m)-

where the ¢}, are the Fourier coefficients of |gp| 2. However, if |gp|? vanishes at
some point then the best we can do is obtain the convolution equations b = a * c,
Le.,

bmn = Z akl%g,. (612)
k+k'=m+f'=n
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(Auslander and Tolimieri [[10]] have shown how to approximate the coefficients
axe even in the cases where |gp|? vanishes at some points. The basic idea is to
truncate - Gy oy 1 10 a finite number of nonzero terms and to sample equation
(6.11), making sure that |gp|(z1, z2) is nonzero at each sample point. The @,
can then be computed by using the inverse finite Fourier transform (2.37).)

The problem of |gp| vanishing at a point is not confined to an isolated example,
such as (6.10). Indeed it can be shown that if gp is an everywhere continuous
function in the lattice Hilbert space then it must vanish at at least one point, [[55]].

6.4 Frames

To understand the nature of the complete sets {gl™™} it is useful to broaden our
perspective and introduce the idea of a frame in an arbitrary Hilbert space H.
In this more general point of view we are given a sequence {f,} of elements of
H and we want to find conditions on {f,} so that we can recover an arbitrary
f € H from the inner products (f,f,) on H. Let Ly(Z) be the Hilbert space of
countable sequences {&, } with inner product (£,1) = 3, &u7n- (A sequence {&,}
belongs to Ly (Z) provided Y, £,€n < 00.) Now let T : H — Lo(Z) be the linear
mapping defined by

(Tf), = (f,1f,). (6.13)

We require that T is a bounded operator from H to Ly(Z), i.e., that there is a finite
B > 0 such that 3, [{f, £,)|*> < B||f||%. In order to recover f from the (f, f,) we
want T to be invertible with T=! : Ry — H where R is the range TH of
T in Lo(Z). Moreover, for numerical stability in the computation of f from the
(f,£,) we want T~! to be bounded. (In other words we want to require that a
“small” change in the data (f, f,,) leads to a “small” change in f.) This means that
there is a finite A > 0 such that 3, |(f,£,)|*> > A[|f||>. (Note that T~'¢ = f if
&, = (f,£,).) If these conditions are satisfied, i.e., if there exist positive constants
A, B such that

AJIF[[* < D O[E £)* < BJIf]? (6.14)

for all f € H, we say that the sequence {f,} is a frame for H and that A and B
are frame bounds.

The adjoint T* of T is the linear mapping T* : Ly(Z) — H defined by

(T7¢,f) = (¢, T1)
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forall £ € Lo(Z), f € H. A simple computation yields
T =3 &of,. (6.15)

(Since T is bounded, so is T* and the right-hand side of (6.15) is well-defined for
all £ € Ly(Z).) Now the bounded self-adjoint operator S = T*T : H — #H is
given by

Sf =T*Tf = Z(f, £.)f,, (6.16)

n

and we can rewrite the defining inequality (6.14) for the frame as
Al[f|]? < (T*Tf, ) < B|f||*. (6.17)

Since A > 0, if T*Tf = 0 thenf = @, so S is one-to-one, hence invertible.
Furthermore, the range SH of S is H. Indeed, if SH is a proper subspace of
H then we can find a nonzero vector g in (SH)L : (Sf,g) = 0 forall f € H.
However, (Sf,g) = (T*Tf,g) = (Tf,Tg) = > (f,f.)(f,,g). Scttingf = g

we obtain
Z |<g7fn>|2 =0.

By (6.14) we have g = 6, a contradiction. thus SH = H and the inverse operator
S~ exists and has domain H.

Since SS~If = S~ISf = f for all f € H, we immediately obtain two expan-
sions for f from (6.16):

a) f =Y ,(S7U, ), = S, (F, S,
B f =Y. (f,£.)SIE,.

(The second equality in (6.18) follows from the identity (S™'f, f,) = (f,S7'f,),
which holds since S~! is self-adjoint.)

Recall that for a positive operator S, i.e., an operator such that (Sf, f) > 0 for
all f € H the inequalities

(6.18)

Al[f|[? < (sf,f) < BJ|f|]”
for A, B > 0 are equivalent to the inequalities
Allf]] < [|sf]| < BJ|f]], (6.19)

see [[95]] or [[38]].
An examination of equations (6.18) suggests that if the {f,,} form a frame then
so do the {S™'f,}.
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Theorem 19 Suppose {f,} is a frame with frame bounds A, B and let S = T*T.
Then {S™'f,} is also a frame, called the dual frame of {£,}, with frame bounds
B~1 AL

PROOF: Setting f = S~'g in (7.19) we have B7!||g|| < [|S7'g|| < A7'||g]|-
Since S is self-adjoint, this implies B™!||g||?> < (S7'g,g) < A7!||g||?. From
the last equation (6.18) we have S™'g = 3, (S7'g,£,)S7'f, so (S7'g,g) =
Ya(S7lg, £.)(S7H,, g) = 3, (g, S7'E,)|?. Hence {S7'f,} is a frame with
frame bounds B~!, A~'. Q.E.D.

We say that {f, } is a tight frame if A = B.

Corollary 7 If {f,} is a tight frame then every £ € H can be expanded in the
form

f =AY (£,

PROOF: Since {f,} is a tight frame we have A||f||* = (Sf,f) or ((S— Ae)f,f) =
0 where e is the identity operator ef = f. Since S — Ae is a self-adjoint operator
we have ||(S — Ae)f|| = 0 for all f € H. Thus S = Ae. However, from (6.18),
Sf =3, (f, f,)f,. QE.D.

6.5 Framesof W — H type

We can now relate frames with the Heisenberg group lattice construction (6.6).
Theorem 20 For (a,b) = (1,1) and g € Lo(R), we have
0< A< |gplr,22))? < B< oo (6.20)

almost everywhere in the square 0 < xz1,z0 < 1 iff {g["“"]} is a frame for
L?(R) with frame bounds A, B. (By Theorem 18 this frame is actually a basis
for Ly(R).).

PROQF: If (6.20) holds then gp is a bounded function on the square. Hence for
any f € Lo(R), fpgp is a periodic function, in x1, zo on the square. Thus

Soeneoo [(fs g )P =30 o |(fes Enmge)?
= Z?r?,n:—oo |(ngP7 En,m)|2 = ||fP.GP||2 (621)
= fol fol |fP|2|gP|2d~'E1d~'E2-
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(Here we have used the Plancherel theorem for the exponentials Ey, ,,) It follows
from (6.20) that

AlfIF< S (g™ 2 < BlIfIP, (6.22)

m,n=—o00

so {g™™} is a frame.
Conversely, if {gl™™} is a frame with frame bounds A, B, it follows from
(6.22) and the computation (6.21) that

1 r1
AlfelP < [ [ 1fel?loePdeidz, < B\ fel

for an arbitrary fp in the lattice Hilbert space. (Here we have used the fact that
||fIl = ||fel], since P is a unitary transformation.) Thus the inequalities (6.20)
hold almost everywhere. Q.E.D.

Frames of the form {g™@™1} are called Weyl-Heisenberg (or W-H) frames.
The Weyl-Brezin-Zak transform is not so useful for the study of W-H frames with
general frame parameters (a, b). (Note from (6.1) that it is only the product ab that
is of significance for the W-H frame parameters. Indeed, the change of variable
t' = t/a in (6.1) converts the frame parameters (a, b) to (a’,¥’) = (1,ab).) An
easy consequence of the general definition of frames is the following:

Theorem 21 Let g € Ly(R) and a,b, A, B > 0 such that

1. 0<A<¥Y,lg(z+ma)* <B<oo,ae,

2. g has support contained in an interval I where I has length b=
Then the {g™*™} are a W-H frame for Ly(R) with frame bounds b=*A,b~' B,
PROOF: For fixed m and arbitrary f € Lo(R) the function Fy,(t) = f(t)g(t + ma)
has support in the interval I,,, = {t+ma : z € I} of length b~!. Thus F},,(¢) can be

expanded in a Fourier series with respect to the basis exponentials F;(t) = e27#mt
on I,,,. Using the Plancherel formula for this expansion we have

Limn

<f7 g[ma’nb]> |2 = Zm,n |<Fm7 Enb>|2
=+ X [(Fy F)| = 5 T J1, [F @) P |g(t + ma)|?dt
= 3 [0 [F O 0 |9(t + ma) *dt.
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From property 1) we have then
A ma,n B
ZlAP < S g2 < S [IF1P,

so {glmentl} is a W-H frame. Q.E.D.

There are no W-H frames with frame parameters (a,b) such that ab > 1,
[[14]], [[94]]. For some insight into this case we consider the example (a, b) =
(N,1),N > 1, N an integer. Let g € Lo(R). There are two distinct possibilities:

1. There is a constant A > 0 such that A < |gp(z1, )| almost everywhere.
2. There is no such A > 0.

Let M be the closed subspace of Ly(R) spanned by the functions {g™N-", m, n =
0+1,£2,---} and suppose f € Ly(R). Then

(£, g™ = (fp, Bpmnge) = (fode, Enmn)-

If possibility 1) holds, we set fp = g;lEnoyl. Then fp belongs to the lattice
Hilbert space and 0 = (Ep, 1, Enmn) = (fedp Enmn) = (£, g™V™) so f € M+
and {gl™M"} is not a frame. Now suppose possibility 2) holds. Then according
to the proof of Theorem 7.4, g cannot generate a frame {gI™™} with frame pa-
rameters (1, 1) because there is no A > 0 such that A[|f]|? < 3, [(f, g™ 2.
Since the {gI™V"} corresponding to frame parameters (1, N) is a proper subset
of {gi™m}, it follows that {gi™"]} cannot be a frame either.

For frame parameters (a, b) with 0 < ab < 1 itis not difficult to construct W-H
frames {gl™®™I} such that g € Ly(R) is a smooth function [[33]], [[56]], [[55]].
Taking the case a = 1,b = %, for example, let v be an infinitely differentiable
function on R such that

0 ifz<0
o) = {

1 ifz>1
and 0 < v(z) < 1if0 <z < 1. Let

D=

w(z) = [-1v*(z — 1)]

and set
0, z<0
) ou(z), 0<z<1
9} = wia), 1<z<2 (6.23)
0, 2<z
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Then g € Lo(R) is infinitely differentiable and with support contained in the in-
terval [0, 2]. Moreover, ||g||> = 1and ¥, |g(z+m)|* = 1. It follows immediately
from Theorem 21 that {g™"/4} is a W-H frame with frame bounds A = B = 2.

We conclude this section by deriving some identities related to cross-ambiguity
functions evaluated on lattices of the Heisenberg group.

Theorem 22 [[97]], [[98]] Let f,g € Lo(R) such that | fe(z1,z2)| |gp(21, 22)|
are bounded almost everywhere. Then

S gt P = 3 fm) (gt g).

m,n

PROOF: Since (f, ¢™™) = (fp, Enmgr) = (fpgp, Enm) we have the Fourier
series expansion

fP(ﬂEh $2)9P($1, $2) = Z(ﬂ g[m’n]>En,m($1, $2)- (6.24)

m,n

Since |fp|, |gp| are bounded, fpgp is square integrable with respect to the measure
dzidz, on the square 0 < z1,z9 < 1. From the Plancherel formula for double
Fourier series, we obtain the identity

1 rl
[ [ 176 PlgPdzidz, = 3 1(F, g™ . (625)

Similarly, we can obtain expansions of the form (6.25) for fp fp and gpgp. Ap-
plying the Plancherel formula to these two functions we find

1 rl
| 1felge Pdziday = S (F, £ (g, g). (626)

m,n

Q.E.D.

6.6 Exercises

1. Verify thatif g € La(R), ||g|| = 1 and g is centered about (%g, wp) in phase
space, then gl®1:72l is centered about (t; — 1, wq + T2).

2. Given the function | | .
_) L [t <
g(t)_{ 0, [t|> 1

show that the set {g(™™} is an ON basis for Ly(R).
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Chapter 7

AFFINE FRAMES AND
WAVELETS

7.1 Continuous wavelets

Here we work out the analog for the affine group of the Weyl-Heisenberg frame
for the Heisenberg group. Let ¢ € Lo(R) with ||g|| = 1 and define the affine
translation of g by

g @D(1) = a~M2g (#) = Ly[a, b]g(t) (7.1)

where a > 0 and Ly is the unitary rep (5.10) of the affine group. Recall that
Ly ~ R, + R_ is reducible. Indeed Ly(R) = HT™ @© H~ where H' con-
sists of the functions f, such that the Fourier transform F f, (y) has support on
the positive y-axis and the functions f_ in ‘H~ have Fourier transform with sup-
port on the negative y-axis. Thus the functions {g(®¥} will not necessarily span
Lo(R). However, if we choose two functions g+ € H* with ||g+|| = 1 then
the functions { gSf D gl g > 0} will span Ly(R). By translation in ¢ if nec-
essary, we can assume that [*° t|g+(t)|?dt = 0. Let ky = [3°y|Fg.(y)|*dy,
k_ = J° _y|Fg_(y)|’dy. Then g, are centered about the origin in position space
and about k£ in momentum space. It follows that

[ etV OFd = -b, [T yiFed @)y = ok

To define a lattice in the affine group space we choose two nonzero real numbers
ag, by > 0 with ap # 1. Then the lattice points are @ = af*,b = nboal’, m,n =
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0,£1,---,s0
g (t) = g8 098 (1) = a5 ™% g(ag ™t + nbo). (7.2)

Thus ¢ is centered about —nbyaf* in position space and about a; ™k in mo-
mentum space. Note that if g has support contained in an interval of length £
then the support of g™ is contained in an interval of length ay™¢. Similarly, if
F g has support contained in an interval of length L then the support of F¢™" is
contained in an interval of length ai*L. (Note that this behavior is very different
from the behavior of the Heisenberg translates g{™®™, In the Heisenberg case the
support of g in either position or momentum space is the same as the support of
glmem™] Tn the affine case the sampling of position-momentum space is on a loga-
rithmic scale. There is the possibility, through the choice of m and n, of sampling
in smaller and smaller neighborhoods of a fixed point in position space, [[26]],
[[321].)

The affine translates gﬁf Y are called (continuous) wavelets and cach of the
functions g4 is a mother wavelet. The map T : f — (f, g7") is the wavelet
transform

NOTE: There is another way to get around the fact that the representation
Ly =~ R, + R_ is reducible, and that avoids using two continuous wavelets. Let
g € Ly(R) with ||g|| = 1 and define the (extended) affine translations of g by

910) = ol g () =Ll a0 13)

where a # 0. Here L'y defines a unitary rep of the extended affine group G'4. This
is the matrix group with elements

A(a,b)z(g i’) a0 (7.4)

and multiplication rule
(a,b)(a’,') = (ad', ab + b).
Here, G4 contains G 4 as the subgroup of elements with a > 0. As a manifold

it has two connected components G, = G4 U G4 where G is the set (not a
subgroup) of elements of G’y with a < 0.
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Theorem 23 Let L' be the representation of G'y on Ly(R) defined by operators
L'o[a, b] such that
t+b
Lalo, ) = a2 (40
forany f(t) € Ly(R) and A(a,b) € G'y. Then L'y is a unitary irred rep of G'4.

The proof is almost immediate from the proof of Theorem 16. Indeed the
induced action of the operators L'q[a, b] on the space of Fourier transforms f(z)
agrees with the action of the operators R [a, b] in the proof of that theorem, except
that here a can take negative values and the functions f (z) are defined on the real
axis, not just the half-axis z > 0.

It follows from this theorem the functions {g(¢?} for any g with ||g|| # 0
will necessarily span Lo (R), as (a, b) runs over G',, although if we restrict to the
subgroup G 4 spanning may not be possible:

L,0|GA ~ R_|_ +R_.

7.2 Affine frames

The general definitions and analysis of frames presented in Chapter 6 clearly apply
to wavelets. However, there is no affine analog of the Weil-Brezin-Zak transform
which was so useful for Weyl-Heisenberg frames. Nonetheless we can prove the
following result directly.

Lemma 4 [[33]] Let g € Ly(R) such that the support of Fgq is contained in the

interval [, L] where 0 < £ < L < 0o, and let ag > 1,by > 0 with (L — £)by < 1.
Suppose also that

0<A<Y |Fglagy)]? < B < oo
foralmostally > 0. Then {g™"} is a frame for H* with frame bounds A /by, B /by.

PROOF: The demonstration is analogous to that of Theorem 21. Let f € H* and
note that ¢ € H*. For fixed m the support of F f(af'y)F¢(y) is contained in the
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interval £ < y < £+ 1/by (of length 1/by). Then

(g™ =ZCmu(FLFF™

= Ymn o™ [ F fag™y) Fg(y)e ™ ovdyl”
(Planchereltheorem) 37, % 2 Hl/bo | Fflag™y) Fg(y)|2dy
LS I 1F £ (9) Folagy) Pdy
= 3 o NFF WP (Zm |Folagy) ) dy.

Since ||f||? = J5° |Ff(y)|*dy for f € H™T, the result

AllFIF < 221K, 9™ < BlIFII?

m,n

Limn

follows. Q.E.D.

A very similar result characterizes a frame for H~. (Just let y run from —oo
to 0.) Furthermore, if {g7*"}, {g™"} are frames for H*, "™, respectively, corre-
sponding to lattice parameters ag, by, then {g7", g™} is a frame for L,(R)

Examples 3 1. For lattice parameters ay = 2,by = 1, choose g, = x[1,2) and
g— = X(—2,-1)- Then g, generates a tight frame for H* with A = B =1
and g_ generates a tight frame for H~ with A = B = 1. Thus {g"" jh nogm}
is a tight frame for Lo(R). (Indeed, one can verify directly that {gT"} is an
ON basis for Ly(R).

2. Let g be the function such that

0 ify</?¢
F 1 sin § (eye) iff<y<al
g(y)— Vina | cosZ (ae(aa1) ifal <y < a?t
0 if a2 <y

where v(z) is defined as in (6.23). Then {g™"} is a tight frame for H with
A = B = gi—. Furthermore, if g, = g and g_ = g then {gT™} is a tight
frame for Ly(R).

Suppose g € Ly(R) such that Fg(y) is bounded almost everywhere and has

support in the interval [ % 2b] Then for any f € Lo(R) the function

ay ™2 F f(ag™y) Fg(y)
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has support in this same interval and is square integrable. Thus
Zomn (s grn) = o [0 "2 [0, Fflag™y) Fgly)e mvtody|?
= by X S%50 a0 ™ | F (a5 ™y) Fo(y) Pdy
= 30 Jooo | FF W) [? L [ Fg(ag'y) [Pdy
ti5 Jo- |FF W) Lo | Fg(afy) Pdy.
It follows from the computation that if there exist constants A, B > 0 such that
A< Y |Folagy)l < B

for almost all y, then the single mother wavelet g generates an affine frame.

We conclude this section with two examples of wavelets whose properties do
not follow directly from the preceding theory. The first is the Haar basis generated
by the mother wavelet

0 ift<0
)1 ifo<i<y
9t =9 ifl<t<1
0 ifl <t

where @ = 2,b = 1. One can check directly that {g™"} is not only a frame, it is
an ON basis for Ly(R).

The Haar wavelets have discontinuities. However, Y. Meyer discovered an
ON basis for Ly(R) whose mother wavelet g is an infinitely differential function
such that F ¢ has compact support. The lattice is @ = 2, b = 1. The Meyer wavelet
is defined by Fg(y) = €¥/%w(|y|) where

0 ifygé
sinZv(3y —1) ifi<y<?
w(lyl) = 2 1 s d
cosgv(gy—l) iff <y<3

0 if%gy

and v is defined as in (6.23), except that in addition we require v(y) + v(1 — y) =
1 for 0 < y < 1. One can check that ||g||> = 1 and ¥, |[Fg(2™y)|> = 1.
Moreover, it can be shown that g generates a tight frame for Lo(R) with frame
bounds A = B = 1, and, indeed, that {g™"} is an ON basis for Ly(R). Then
Ingrid Daudechies, in 1989, went on to find an infinite family of ON bases for
L,(R) whose mother wavelets have differentiability of arbitrarily high order.

A theory which “explains” the orthogonality found in these last examples is
multiresolution analysis [[S5]], [[73]], [[30]]; it is the subject of another set of
notes.
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7.3 Exercises

1. Suppose g € Lo(R) with ||g|]| = 1 and g is centered about (0, k) in the
position-momentum space. Show that g(®* is centered about (—b, a~'k).

2. Prove directly that the Haar basis is an ON basis for Ly (R).

3. For g(t) = e~*, show that the functions g are dense in Ly(R).
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Chapter 8
THE SCHRODINGER GROUP

8.1 Automorphisms of Hp

We have already seen that the infinite-dimensional irred unitary reps T of the
Heisenberg group Hp extend naturally to irred reps of the four-parameter oscil-
lator group and that a study of the oscillator group reps provides insight into the
behavior of the Hg reps, §4.7. In fact, the Hg reps extend to reps of the six-
parameter Schrodinger group. An understanding of the action of the Schrodinger
group provides an explanation for a number of the “deep” transformation proper-
ties of objects such as radar ambiguity functions and Jacobi Theta functions.

We start by searching for automorphisms of Hg, i.e. one-to-one maps p of
Hp, onto itself such that p(AB) = p(A)p(B) for A, B € Hg. Using the usual
coordinate representation

1 =z 2
Alz,y,2) = 0 1 y (8.1)
0 01
for Hg, so that the group product is
Az, y,2)A(d", v, 7)) = Alz + 2,y + v, 2 + 2 + zv/),
we can write
p(A) (£E, Y, Z) = A(p1 (£E, Y, Z), pg(iﬂ, Y, Z), p3($, Y, Z)) (82)
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where
a) pile+2"y+y,2+2 +zy) =p
b) plz+a,y+y,z+2 +ay) =p
¢) ps(e+a,y+y,z+7+zy) =p

£y
2(2, Y, 2) + pa(2', Y, 2
3(z,y,z) +p3(zl7yl7zl) (83)
+p1(z,y, 2)p2 (2, 4, 7).
Under the assumption that the p; are continuously differentiable functions, we
shall determine all such automorphisms.
Before proceeding with this task, let us see why it could be relevant to radar
and sonar. The radar cross-ambiguity function takes the form F(z,y, z) = (T'[z,y, 2] f, g)
(up to a harmless exponential factor arising from the z coordinate) where f, g €
Ly(R) and T'[z,y,z] = T'(A(z,y,2)) is the irred rep (4.5) of Hg. If p is
an automorphism of Hg then T'(p(A)(x,y,2)) = T,[z,y,2] also defines an
irred unitary rep of Hr on Lo(R). (A rep since p preserves the group mul-
tiplication property and irreducible since the operators T}, are just a reorder-
ing of the operators T'.) Thus T}, is equivalent, hence unitary equivalent, to
one of the standard unitary irred reps T* of Hp that we have already studied.
Suppose this rep is T itself, i.c., suppose there is a unitary operator u such
that Thz,y,2] = u~"T'{z,y, 2Ju. Then (T'(p(4))f,9) = (T}[z,v,2]/,9) =
(0 'Tz,y, 2luf, g) = (TYz,y, z]uf,ug) = F'(z,y, z), which is again an am-
biguity function. Thus if F'(z, y, z) is an ambiguity function, then so is F'(p; (x), pa(x), p3(x)).
Now we compute the possible automorphisms p. Differentiating (8.3a) with
respect to 2’ we find

+p
+p

oprz+2,y+y,z+2 +zy)=0p (2, Y, ).

Since the right-hand side of this equation is independent of z, y, z, we have 9 p; (z, y, 2)
= «, a constant. Similarly, differentiating (8.3a) with respect to y we have
Oop1(z,y, z) = (. Differentiating (8.3a) with respect to = yields

a+y'osp(z+a,y+y,2+2 +2y) =

Since this equation holds for general z’, 4/, 2, it follows that dsp; (z,y, z) = 0.
Thus pi(z,y, z) = az+ By +k where £ is a constant. Substituting this expression
back into (8.3a) we see that k£ = 0. Similarly, equation (8.3b) has only the solution
p2(z,y,2) = yx + dy where vy, are constants. The computation for equation
(8.3¢) is just as straightforward, although the details are a bit more complicated.
The final result is

pl(zyy7z) =ar + By7 p2(z7y7z) =7z + 6y7
p3(2,y,2) = az +by + 5(ax + By)(vz + 8y) + (ad — ) (2 — 32v).
(8.4)
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Here, a, 8,7, 6, a, b are real constants such that «d — v # 0, so that pis 1-1.

Some of the automorphisms of Hg are inner automorphisms. These are the
automorphisms of the form pg(A) = B~'AB for A € Hpg, where B is a fixed
member of Hg. (Clearly, pp maps Hp onto itself and is one-to-one. Furthermore
pB(A1A2) = B_IAIAQB = (B_IAIB)(B_IAQB) = ,OB(AI),OB(A2), SO pB is a
group homomorphism.) If B = B(d’, ¥, ¢’) then

so the transformations

pl(z7y7z) =z, P2($77Jaz):y (85)
,03(1E,’IJ,Z) :blz_aly+z .

correspond to inner automorphisms. We are not very interested in inner automor-
phisms because they can casily be understood in terms of the Heisenberg group
itself. Thus we set @ = b = 0 in (8.4) and concentrate on the outer automor-
phisms

p1(z,y,2) = ax + By, pa(z,y,2) = vz +dy, 8.6)
ps(,y,2) = (e + By)(vz + dy) — (ad + B7) (2 — j2y). '

Recall that the infinite-dimensional irred unitary reps T of Hp, take the form,
4.5), .
T[z,y, 2)f(t) = ™1t + o)

for f € Lo(R), where X is a nonzero real constant. Note that the operators
corresponding to the center C of Hg are just multiples of the identity operator:
T*0,0, z] = e*™**e. Since T)[0,0, z] = e*™A(*~F"7¢ the irred rep T can pos-
sibly be equivalent to T only if ad — By = 1, so we now restrict our attention to
this case.

With this restriction T must be equivalent to T*. Indeed, the reps T, T co-
incide on the center C. Furthermore, the matrix elements T}, x|z, y, 0] are square
integrable with respect to the measure dx dy in the plane. (In fact, these ma-
trix elements differ from T]’\k [z,y,0] only by a factor of absolute value 1 and a
change of variables with Jacobian ad — By = 1.) Thus, if T;} is not equiva-
lent to T* we can use Corollary 1 and repeat the arguments leading to (4.8) for
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T® = T, T® = T), u # v, and measure dz dy to obtain

/ / sz y,0 sk[ﬂU y,0ldzdy = 0

for all j,4, s, k. Thus the matrix elements of T;} are orthogonal to those of T*
in Ly(R?). However, as we have shown in §4.6, the matrix elements T}, (z, y, 0)
form a basis for L,(R?). This contradiction proves that T = T*, hence that there
exist unitary operators u(z, y) such that

Tf,‘[z,y,z] _uBlTA[z Y2 ]
=T [az + By, 73 + 6y, H(ow + By) (12 + 69) + 2 — Lay]

= exp [1i) ((ez + By) ('Yz +8y) — zy)] Tax + By, vz + 0y, 2]
(8.7)

where D = ( : ’g ) anddet D = ad — By = 1.
Theorem 24 Suppose F*(z,vy, 2) is a matrix element of the irred unitary rep T*
of Hg. Then

Gp(z,y,2) = exp[mid ((ez + By)(yz + dy) — zy)] x (8.8)
FMaz + By, vz + 8y, 2) :

is also a matrix element of T* for any D = ( : ’g ) withdet D = ad — 3y = 1.

PROOF: Suppose FA(z,y,2) = (THz,y, 2]fi,f;) for fi,f, € Ly(R). Setting
g; = uf;, j = 1,2, we obtain (8.8) from (8.7) with G*(z, y, 2) = (T*[z, y, 2]g1, &2)-
Q.E.D.

Note that (8.8) gives us information about the structure of the set of am-
biguity and of cross-ambiguity functions.

8.2 The metaplectic representation

Next we turn to the problem of actually computing the operators up. First of
all, note from (8.7) that for any phase factor e*(P) (with |¢!¢| = 1) the unitary
operators u, = e*“up also satisfy (8.7). Indeed, a simple argument using Theo-
rem 12 shows that the operators up are uniquely determined up to a phase factor.
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We shall find that it is possible to choose the operators up such that the mapping
f — upf is continuous in the norm as a function of the local parameters «, 3, v, ¢
forevery f € Ly(R).

It is no accident that we have arranged the parameters «, 3,7,  in the form of
the matrix D € SL(2, R), since det D = 1. Indeed, it is straightforward to check
that if

T;‘[X] = uBlTA[x]uD, T;‘, [X] = UBIITA [x]uD:

for automorphisms p and p’ of Hg, then the automorphism pp’ : x — p(p'(x))
corresponds to the matrix DD’ € SL(2, R), (matrix product). However,

T),[x] = TXp(p'(x)] = T} (x)] = up T (x)]up
= uBlT;}, [x]up = up'Up! T x]upup
= [upup] ' TA[x](upup),

SO

¥(D',D)

Upp = e Up/up (89)

for some phase factor e¥(P>P), (Note the reversal of order in (8.9).) It fol-
lows from (8.9) that the operators up determine a projective representation of
SL(2,R),i.e., arep up to a phase factor.

It is easy to verify the operator identity

R(a)"'T*[z,y, 2]R(a) = T}, (a)[z,y, ] (8.10)

1 0
Dy(a) = ( a 1 )
and R(a)f(t) = ™ £ (¢).
Furthermore, defining the unitary operator v(b) by

where

v(b)f(t) = bY%€(t), fe Ly(R), b>0,

we find
v (D) Tz, y, 2]v(b) = T by, b~ 'y, 2] = T>b2(b) [x] (8.11)

Dﬂb):(ﬁ bﬂ).

Matrices of the form D (a), D2(b) generate a two-dimensional subgroup of
SL(2,R). To generate the full group we need a third one-parameter subgroup.

where
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We have already derived such operators, the u(«) in (4.44). However, from the
form (4.44) it is not easy to verify relations (8.7). It is much casier to use the
unitary transformation A : Ly(R) — F to realize the rep T on the Bargmann-
Segal Hilbert space F. Recall that u’(a) = Au(a) A" takes the form (4.42):

u'(a)f(w) = f(ew), feF.
The action of T* on F is given by (4.36):

!

TAMx)f(w) =exp

—1(z? + 4r?X%y?) + 272 (3 — 2mhiy)w
—mhizy + 27r)\iz] f(w — 27Y2[z + 27 \iy]).

Now it is easy to verify the identity

u'(—e) T?[z,y,zu'(a)

= T’\[zcosa—i-?w)\ysma ~sina + ycos a,

» 2mX
z + 2(z cos a + 2wy sin @) (

= T’D>\3()\,a) [X]

1
o Asma-l—ycosa) — 3Ty

(8.12)
where

Ds(), @) = ( cos & 27r)\s1na>.

—sina/2n1A  cosa

Transforming back to Ly ( R) we see that the operators u(«) in (4.44) must satisfy

u(a) " T xu(a) = Thy 4 [x].

Since

b 0 cosa sinq bt 0\ cos & b?sin «
0 bt —sina cos« 0 b/ \ —b2%sina cosa |’

setting b = v/ 27 A in the case where A > 0 we find the operator

w(a) = v (Vam}) u(a)v ( \/217T_A>

\/7 /" e~<(i-%) exp | hi(cot ) 2+ 77\ mhitr £(r)d
a, (|sin )1/ praneeta 2 sinee |~ 00
(8.13)
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where o = 2km + €, k an integer, e = +1,0 < f < 7w and f € Ly(R). Here

w () satisfies
w (=) T[x]w(c) = Tp g [x]

Ds(a) = ( cosa  sina )

—SsSimnma Cos

where

NOTE: The operators e2™%* v (b) and w(c) do not generate a rep of SL(2, R)
but the first two types of operators and the operators w'(a) = w(a)e /2 do
generate a rep of a two-fold covering group SL@/, R) of SL(2, R). This rep is
called the metaplectic representation. Sce [[80]] and [[98]] for MOIC « details.
For 27\ = 1 the rep T? of Hp, together with the metaplectic rep of SL(2, R) ex-
tends uniquely to an irred unitary rep of the 6-parameter Schrédinger group, the
semi-direct product of Hg and SL(2, R). The Schridinger group is the symmetry
group of the time-dependent Schridinger equations for each of the free-particle,
the harmonic oscillator and the linear potential in two-dimensional space time.
See [[80]] for a detailed analysis.

The formula

1 0 cosf sinf 1/cosf O _ (1 cosfsinf
tanf 1 —sinf cosf 0 cosf ;  \ 0 1

shows that the unitary operator Z(7) corresponding to the matrix D = ( (1) I )

can be defined (unique to within a phase factor) by

Z(r)f(z) = (grg) W (O)R(tan )£ (2)
—\/7 limy, 00 /™ exp[ ”’\Qt”y) ]f(y)dy

where 7 = sin f cos 6. Clearly this operator is well defined and unitary for |7| < 1,
since it is a product of unitary operators. Indeed Z(7) is well defined and unitary
for all real 7. To show this we use the fact that the family of all functions of
the form f(z) = e~%@=9)” for b > 0 and a real, spans Lo(R), i.e., the set of all
dilations and translations of e~ spans Lo(R). (See [[62], page 494 ] and Exercise
8.3) Now the integral

M2 () dy (8.14)

N
\]
SN—
=
8
N—
I
.‘y
—
8
®



is well-defined for all 7 and agrees with the preceding integral for |7| < 1. An
explicit evaluation of the integral yields

Z()E(z) = — e Me—a?/(1+55) (8.15)

(Z(T)f, Z(7)fy) = (B, £) = \/ge_blbz(al—azﬁ/(bwbz).
1+ be

(Here the parameters a;, b; correspond to the functions f;.) Furthermore,

SO

2(r)[Z(m) fl(z) = [1+ 2nm]

= Z(n + 1) f (@),

SO

exp [—b(z —a)?/ (1 + L(Z;’Tz))]

Z(1)Z(1e) = Z(11 + T2)

for all 71, 7o. Since Z(7) is unitary for |7| < 1 it follows easily that Z(7) is unitary
for all 7. Note also that Z(0) = e.
~ By explicit differentiation in (8.15) we see that for g(z, 7) = Z(7)f(z), 0-g =

55028, &(,0) = £(z). Thus, Z(7)f(x) gives the unique solution of the Cauchy

problem for the time dependent free particle Schridinger equation. In particular

Z(7)f(z) = e2x%=f(x)
where e/ is the unitary operator generated by the self-adjoint operator h via the
spectral theorem, [[62]]. In [[80]] it is shown that the Schrédinger group acts
as the symmetry group of the time dependent Schrédinger equation, i.e., it maps
solutions into solutions of this equation, and that the possible solutions which are
obtainable by separation of variables can be characterized by the group action.
Similarly, the operator w'(7) satisfies the equation

:E2
a"l’g - ﬁ (azz + Z) g, g(iE,O) - f(z)

where g(z,7) = w'(7)f(z). Thus, g is the unique solution of the Cauchy problem
for the time dependent Schrodinger equation equation with a harmonic oscillator
potential, [[80]]. Such considerations are beyond the scope of these notes.
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8.3 Theta functions and the lattice Hilbert space

For another application of the use of the metaplectic formula (8.6) let us reconsider
our construction of the lattice representation of Hg. According to (4.46) this rep
is defined on functions f[x] = f(A(x)) on Hp such that

fa1 + 1,09 + T2, Y3 + T3 + a172) = €7V (x1, 29, 3) (8.16)

where a1, ay are integers. For p an automorphism (8.6) of Hg, withad — 8y =1,
it is natural to look for the conditions such that f,(x) = f(p(x)) belongs to the
lattice Hilbert space for every f belonging to this Hilbert space. If p corresponds

to the matrix
a B _
( ,Y 5 ) ) CY(S - B’Y - 17

the conditions are

f(azl + Bxo + aay + Bag, vz + 62 + yay + day,
Y3 + T3 + a1 + %(azl + Bxo + aay + Bag)(yx1 + 022 + Yar + das)
—Lay +21) (a2 + zQ))
= e2miysf (azl + Bxa, yT1 + 02,23 + %(azl + Bxo)(yz1 + dx2) — %iﬂliﬂg) )
(8.1

Since f satisfies only (8.16) we see that «, 3, v, d must be integers. Then (8.16)
implies

f ([CM:El + ,BLEQ] + [aa1 + ,Bag], [’)’iﬂl + (SLEQ] + [’yal + 5a2], ’Ij3 + ii3

L - 8.18
+aay + Bas][yzy + 6z2]) = ¥ f (axy + BTo, YT + 0T, T3). (8.18)

Setting T3 = z3+ %[azl + Bxo)[yx1+022) — %lﬂllﬂg, U3 = T3+ % (aay+Baz)(var +
dag)— %alag in (8.18), we recover (8.17) provided (aa;+8as) (ya1+daz)—arae =
aya? + 2Bva,ay + Béa2 is an even integer for all integers ay, as. This will be the
case if and only if

oy = 66 = 0mod 2, (8.19)

i.e., ary and 6 must be even integers.
Thus we see that if D = ( : ’g ) € SL(2,Z),i.e.,if D € SL(2, R) and the

matrix elements of D are integers, and if conditions (8.19) are satisfied, then f,,
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belongs to the lattice Hilbert space whenever f so belongs. Reduced to the space
of functions ¢(x1, T2) where (1, T, 3) = (1, T2)€>™®3, so that

—27ia1 2o

oz + a1, 22+ a2) =€ o(x1, x2) (8.20)

for a1, as € Z, the action is
Oop (X1, T2) = az) + Brg, v + xg)em oo Hhz)lyartdaz)—amza] (g 1)

The action of SL(2,Z) on the lattice Hilbert space will lead us to a number of
interesting transformation formulas for Theta functions.

As we showed earlier, (6.10), the ground state wave function ¥y(t) =
7~ /%e=%*/2 ¢ L,(R) is mapped by the Weil-Brezin-Zak transform to

’iiEl 7

P — —-1/4 —z2/2 it 22
Y(1,20) = 7 /e 205(wy + o 27T) (8.22)
where 65 is the Jacobi theta function, [[40]], [[110]],

O3(z | 7) = > exp[mirn® + 2minz). (8.23)

Here for 7 such that Im7 > 0, 65 is an entire function of z. Moreover, the function
O7(t) = ™™ € L,(R), with Im7 > 0 is mapped to

O (31, 22) = PO (z1,T3) = €™ 105(z,7 + 75 | T) (8.24)

in the lattice Hilbert space. An elementary complex variable argument [[110]]
shows that @7 (z1, z,) vanishes precisely once in the square 0 < z; < 1,0 <

T2 < 1, with a simple zero at the point (%, %) Thus by Theorem 17 the functions

O7 (z1, zp)e2milmiertmaza) . m, € Z, span the lattice Hilbert space. Another
way to state this is to say that every element in the lattice Hilbert space can be
written in the form ©7 (z1, x5)h(z1, z5) where h is a periodic function in z; and
Ty 1 h(z1 + a1, 22 + a2) = h(z1,z,) for integers a1, as. Since O belongs to
the lattice Hilbert space, so does C:);D where D € SL(2, Z), and satisfies (8.19).
Thus A - ,

O] (x) =07 (x)h" (x) (8.25)

for some periodic function hT. Expression (8.25) describes the framework for a
family of transformation formulas obeyed by the Theta functions. Note that 7/
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need not be the same as 7. In the derivations to follow we will choose 7/ so that
the expressions for h™ are as simple as possible.

1 )
As a nontrivial example we take the case D = ( 0 ) , see Exercise 9.3.

-1 0
The result is

. I
o . o _:Tey ] A 1

e AT ML ) (poT — 31 |T) = €77 \[ = 0s (—— + 2o | — —) -
T T T

(We have chosen 7/ = —1/7. ) This is equivalent to the transformation for-
mula
1 ;2 z, —1
0 =/ —e ™= Th5 (2 | ). 8.26
5(z] 7) f s 1) (826)
10
As a second example we take D = 9 1 | Then
é);D (x) = €2Wiw%€7rimfes($17' + 221 + 29 | 7)

. 2 . 2 . 2 .
— e27rzzlem‘rz1 Zn eimTn +2min(z17+221 +22)

_ 2omiz? inT(ntz1)2+27in(221+1/2) _ in(t+2)(n+xz1)2 2winzs
= i} Y ginrlnter) @oit1/2) — Y giml(r2)(nta)?,

e
= TRy (T'zy +xy | ), T =742

Thus,
O3(2 | 7) =65(2 | T+ 2). (8.27)
Even in the cases where the parity conditions (8.19) don’t hold, we get useful
information. For example, consider the case D = ( } (1) . With this automor-

phism we are replacing the function ¢(z1, z2)

o(x1, 20 + 1) = p(x1,22), @(x1+1,20) = e_QWizzgo(zl,zg) (8.28)

in the lattice Hilbert space by the function
wizf

n(x1, x2) = p(z1, 21 + x2)e

Now it is easy to check that

—2mwixzo

n(xy,xe + 1) =n(z1,z2), 1z +1,22) = —e n(z1, z2), (8.29)

so i doesn’t belong to the lattice Hilbert space. However it is straightforward
to show that O7(z,z2) = O7 (£E1,£E2 + %) transforms according to (8.29). It
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follows from this remark that any square integrable (on the unit square) function

n satisfying (8.29) can be written in the form ©7 (zl, To + %) h™ (1, Ts) where

! . . . .
h™ is periodic in x1, x5. Indeed we find
A . 2 . 2 . 2 . 2 . 2 .
@;D (X) — emzlem‘rzl 03(1517— + z + £E2| ,7_) — emzlem‘rzl 22 eZTl"TTL +27rzn(z17'+z1+z2)
_ miz? inT(ntz1)2+2min(z1+z2) in(t+1)(n+z1)? 27in zo+1
= emind 3 gint(nton) (21422) = y°  gin(r+1)(ntan)? g2min(a2+3)
. ! 2
= "7 10, (le’ +To+ 3 | 7") , T =1+1.

(Here we have used the fact that e~ = '™ for any integer n.) Thus we have
the transformation formula

B3 (2|7) = 65 (z 4 % 7+ 1) . (8.30)

Note that by using (8.30) twice we get (8.27), in accordance with the fact that

(5] -(0)

Note: The other three basic Jacobi Theta functions 61, 6, and 64 (or 6y) can casily
be expressed in terms of 65, [[40]], [[110]].
Since the modular group elements

(10)
(50)

generate SL(2, Z), see for example [[56], pages 168-171], it follows that all the
SL(2,Z) transformation formulas can be derived by repeated use of (8.26) and
(8.30). See [[6]] and [[40]] for details. It is worth remarking that the appropriate

7' corresponding to each ( : b ) € SL(2,7) s

and

)

o 57’+’y.
BT+«

In the preceding discussion we have been concerned with nonorthogonal bases
for the lattice Hilbert space. For completeness we also compute the ON basis

@n(z17$2) :P’(/}n(zlazQ)y 7120,1,2,"'
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corresponding, via the Weyl-Brezin-Zak transform, to the ON basis (4.27) for
LQ(R): ,
'(/Jn(t) — 7T_1/4(n!)_1/2(—1)n2_n/26_t /2Hn(t),

where H,,(t) is a Hermite polynomial. We have already seen that the ground state
wave function 1o (¢) = 74~/ maps to, (8.22),

= _1/4 —1:%/20 Zz_l i
wo(z1,22) =7 "€ e,(schr27T 5

)-

Applying the transform P to both sides of the generating function (5.25) for the
¥, (t) and using the fact that

1 ? 1
Pf(z1,35) = m /e P ~2Pm—atig (zz + 5o+ 28] | ﬂ)

for £(t) = m~'/* exp(—B% — 28t — 11?), we obtain

a4 exp(—p% — 2Bz, — %zf)ﬁg,(zg + i[zl + 28] | i)
_ ) 2n/2ﬂn
- n=0 (p!)1/2 Qon(zth)-

The left-hand side of this expression is an entire function of 3.

With this brief look at the Schrédinger group, an interesting group for future
study which contains both Hg and the affine group as subgroups, we conclude
these notes.

8.4 KExercises

1. Compute the automorphism group of G4. Does G4 have any outer auto-
morphisms?

2. For v > 0 verify the identity

(o BN o 1 4]
=2 ) =Dl -PrIDE).

Find a similar factorization for v < 0 and v = 0. Show that the automor-
phisms of Hp, are generated by D1 (), D3(5=, —Z), and Dy(7).
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0 1
-1 0
the lattice Hilbert space to derive the formula

. I
o . _.mef g T 1

e AT ML ) (poT — 31 |T) = €77 \[ = 0s (—— + 2o | — —) -
T T T

3. Apply the automorphism D = to the Theta function (8.24) in

4. Show that the functions €™7%% 0y (17 + x, | 7)e2mMe1+m232) form an ON
basis for the lattice Hilbert space. What is the corresponding ON basis for
Ly(R) under the inverse Weil-Brezin-Zak transform?

5. Express the relation, Exercise 4.7,

1 00 2 00

— Z e—’;—t: _Z 6—271'27121&

as a Theta function identity. Compare with equation (8.26).
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