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Preface

This is a beginning graduate level textbook on applied group theory. Only
those aspects of group theory are treated which are useful in the physical
sciences, but the mathematical apparatus underlying the applications is pre-
sented with a high degree of rigor.

The principal characters in this book are symmetry groups of mathematical
physics. The first four chapters are primarily concerned with finite or discrete
symmetry groups, e.g., the point, space, and permutation groups. The last
six chapters are devoted to Lie groups.

The theory presented here is largely algebraic in nature; the more com-
plicated global topological problems are avoided. Thus topics such as the
representation theory of Euclidean, Poincaré, and space groups are omitted.
(These topics will be included in a projected second volume by the author
which will be primarily devoted to topological aspects of applied group
theory.) It is assumed that the reader is proficient in linear algebra and
advanced calculus. Such concepts as finite-dimensional vector spaces, linear
operators, and Jacobians are used without prior definition. An appendix on
Hilbert space lists all the information the reader needs on that topic. There
are a few places where greater mathematical sophistication is needed. In
Chapter 5 the existence and uniqueness theorem for solutions of ordinary dif-
ferential equations and some simple properties of power series are employed.
In Chapter 6 the Peter—Weyl theorem is stated but not proved.

Most of the theory presented here is applied to quantum mechanics. Thus,
it is desirable, though not essential, for the reader to be familiar with the basic

X



X PREFACE

concepts of quantum theory, particularly the probabilistic and physical
interpretations. To make the applications clearer and to avoid unnecessary
detail, the version of quantum theory presented here is slightly oversimplified.
(In particular, only a qualitative perturbation theory of energy eigenvalues of
the Hamiltonian is presented, and the physical interpretation in terms of
spectral lines is omitted.) The author hopes in this way to explain some of the
beautiful applications of group theory in atomic and nuclear physics to
mathematics students unfamiliar with the physical literature.

There are several features which together differentiate this book from prior
works on applications of group theory: (1) A rigorous derivation of point
and space groups including a derivation of the fourteen Bravais lattices. (2) A
simplified but rigorous presentation of the theory of local linear Lie groups.
{3) A construction of the representations of the classical groups using both
weights and Young diagrams. (4) An integrated theory which includes ap-
plications not only to classical and quantum physics but also to geometry
and special function theory.

Finally, the author wishes to acknowledge his debt to those mathema-
ticians and physicists whose writings form the main content of this volume,
especially H. Boerner, I. Gel'fand, S. Lie, G. Liubarskii, M. Naimark,
N. Vilenkin, H. Weyl, and E. Wigner. (In particular, Chapter 9 is adapted
from Weyl’s Princeton lecture notes [2].)



Chapter 1

Elementary Group Theory

1.1 Abstract Groups

A group is an abstract mathematical entity which expresses the intuitive
concept of symmetry.

Defintion. A group G is a set of objects {g, &, k, . . .} (not necessarily count-
able) together with a binary operation which associates with any ordered
pair of elements g, /1 in G a third element gh. The binary operation (called
group multiplication) is subject to the following requirements:

(1) There exists an element ¢ in G called the identity element such that
ge —eg =g forall g e G

(2) For every g = G there exists in G an inverse element ¢~ ! such that
gg™ —g g =e

(3) Associative law. The identity (gh)k = g(hk) is satisfled for all
g hk e G

Thus, any set together with a binary operation which satisfies conditions
(1)-(3) is called a group. If ghh - /1g we say that the elements g and /1 commute.
If all elements of G commute then G is a commutative or abelian group. If
G has a finite number of elements it has finite order n(G), where n(G) is the
number of elements. Otherwise, G has infinite order.

A subgroup H of G is a subset which is itself a group under the group
multiplication defined in G. The subgroups G and {e} are called improper
subgroups of G. All other subgroups are proper.
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Theorem 1.1. A nonempty subset H of a group G is a subgroup if and only
if the following two conditions hold:

(1) Ifh k e Hthen hk ¢ H.
(2) Ifhe Hthenh™! € H.

Proof. 1f His a subgroup then (1) and (2) clearly hold. Conversely, suppose
these conditions hold. We show that H satisfies the requirements for a group.
The associative law holds since it holds for G. There exists some h € H
since H is nonempty and by (2) we have ™! € H. By (1), hh"' =e € H,
so H has an identity. Q.E.D.

The 1dentity element e of a group is unique: Suppose ¢’ € G such that
e'g =ge =g for all g € G. Setting g = ¢, we find ee’ = ¢e'e = e. But
e'e = ¢’ since e is an identity element. Therefore, ¢’ = e.

A similar proof shows that the inverse element g~! of g is unique. Suppose
g’ € G such that gg' = e. Multiplying on the left by g™! and using the
associative law, we get g7! =g le =g (gg) =(g7'g)g' = ¢eg' = ¢'.

The following examples indicate the variety of mathematical objects which
have the structure of groups. (For most groups in this book the associative
law will be trivial to verify. We shall specifically verify the law only in those
cases where it is not obvious.)

Example 1. The real numbers R with addition as the group product. The
product of two elements r,, 7, is their sum r, + r,. The identity is 0 and the
inverse of an element is its negative. R is an infinite abelian group. Among the
subgroups of R are the integers, the even integers, and the group consisting
of the element zero alone.

Example 2. The nonzero real numbers in R with multiplication of real
numbers as the group product. The identity is 1 and the inverse of r € R
is 1/r. Group multiplication is again commutative. One of the subgroups is
the group of positive numbers.

Example 3. The group containing two elements {0, 1} with group multipli-
cation given by 0-0 =0, 0-1 = (-0 = I, -1 = 0. The identity element is
0. This is an abelian group of order two. It has only two subgroups, {0} and
{0, 1}.

Example 4. The complex general linear group GL(n, ¢). Here n is a positive
integer. The group elements 4 are nonsingular # X n matrices with complex
coefficients:

(1.1) GL(n,@)={A4=(4;), 1 <ij<n:A4,c ¢ and detA 0]
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Group multiplication is ordinary matrix multiplication. The identity element
is the identity matrix £ = (6,,), where d,, is the Kronecker delta, (see the
Symbol Index). The inverse of an element A is its matrix inverse, which exists
since A is nonsingular. Clearly GL(n, @) s infinite and nonabelian. Among its
subgroups are the real general linear group GL(n, R) which consists of the
real » X n nonsingular matrices, the complex special linear group

(1.2) SL(n,8) ={A4 « GL(n,8): det A = 1},
and the real special linear group
(1.3) SL(n,R) ={4 € GL(n, R): det A = 1}.

Example 5. The symmetric group S,. Let » be a positive integer. A permuta-
tion of n objects (say the set X = {1, 2,...,n})is a 1-1 mapping of X onto
itself. Such a permutation s is written

1 2 ... n
(1.4) s = (

Pir P2 " Pa
and we say: 1 is mapped into p,,2 into p,,...,n into p,. The numbers
Pyr...,p,areareorderingof 1,2, ..., nand no two of the p, are the same.

The order in which the columns of (7.4) are written is unimportant. The
inverse permutation s~! is given by

. (pl Py v pn)
g h— .
1 2 ... n
The product of two permutations s and 1,
. (q. 4 - qn),
| 2 N n
is given by the permutation
(ql qZ e qn)
st - ,
Py Py - Pa

where the product is read from right to left. That is, the integer g, is mapped to
i by r and / is mapped to p, by s, so ¢, is mapped to p, by st. The identity

permutation is
(l 2 ... n)
e - .
1 2 -+ n

With these definitions it is easy to show that the permutations of » objects
form a group S, called the symmetric group. S, has order n!.

Instead of (1.4) we will often use the convenient cycle notation, which is
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best explained by an example. Consider the permutation
_(l 2 3 45 6 7 8)
"5 1674328

Starting with the symbol 1, we see that s maps 1 into 5, 5 into 4, 4 into 7,
7 into 2, and 2 into 1, closing a cycle. We write (15472). We now chose a
symbol in the top line which is not in the first cycle, say 3. The permutation
generates a second cycle (36). The only remaining symbol in the top row is 8,
which is mapped into itself and generates the cycle (8). Finally we write

s = (15472)(36)(8) = (15472)(36),

where in the second expression we have omitted the unpermuted symbol.
(This last simplification can only be used if we keep in mind the number of
elements permuted.) In writing an individual cycle it makes no difference
where we start. Thus, (36) = (63) and (15472) = (21547) = (72154) =
(47215) = (54721). Furthermore, it makes no difference in which order we
write the cycles in a given permutation as long as the cycles contain no com-
mon elements, e.g., (15472)(36) = (36)(15472). We present a final example
showing the computation of a product of permutations in S, with the cycle
notation: (872)(34)(432) = (2387).

1.2 Subgroups and Cosets

Let H be a subgroup of the group G and g € G. The set
gH ={gh: h ¢ H}

is called a left coset of H. There is a similar definition for right cosets. Every
element g in G is contained in some left coset of H. In particular, g = ge €
gH. Furthermore, two left cosets are either identical or have no element in
common. To see this, assume the cosets gH and kH have at least one element
@ in common. Thus, a = gh, = kh, with h ,6 h, € H, which implies g —
khhi' € kH and gH < kH. Similarly, k = ghh;' € gH and kH < gH.
We conclude that g = kH, i.e., the sets gH and k H have the same elements.

Suppose G is a finite group of order n(G). Then the subgroup H is also
finite and it is easy to show that each left coset gH contains exactly n(H)
distinct elements. As we have seen, it is possible to partition the elements of
G into a finite number of disjoint left cosets g, H, g,H, . .., g, H. That is,
every element of G lies in exactly one of the cosets g,H. Since there are m
cosets and each coset contains #(H ) elements, it follows that n(G) = m-n(H).
The integer m = n(G)/n(H) is called the index of H in G. We have proved
the following theorem due to Lagrange.
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Theorem 1.2. The order of a subgroup of a finite group divides the order
of the group.

Lagrange’s theorem severely restricts the possible orders of subgroups.
Thus, a group G of order 15 can have at most subgroups of order 1, 3, 5, or
15. The subgroup of order 15 is G itself, the group of order 1 is {e}, while the
other possibilities lead to proper subgroups of G. A group of order p, where
p is prime, has no proper subgroups.

By using left (or right) cosets we have partitioned the elements of G into
disjoint sets. Another way to partition G is by means of conjugacy classes.
A group element / is said to be conjugate to the group element k, h ~ k,
if there exists a g € G such that k = ghg™'. It is easy to show that conjugacy
is an equivalence relation, i.e., (1) i ~ h (reflexive), (2) A ~ k implies k ~ h
(symmetric), and (3) 7 ~ k, k ~ j implies & ~ j (transitive). Thus, the ele-
ments of G can be divided into conjugacy classes of mutually conjugate ele-
ments. The class containing e consists of just one element since geg™' = ¢
for allg € G. Different conjugacy classes do not necessarily contain the same
number of elements. We will study specific examples of conjugacy classes
later where it will become apparent that such classes have simple geometrical
interpretations.

If G is finite the number of elements in each conjugacy class is a factor of
n(G). To see this, choose some g € G and consider the set

He ={h e G: hgh™' =gl

Hz# is clearly a subgroup of G. The number of elements conjugate to g is equal
to the number of distinct elements kgk ' which can be formed by letting &
run over G. We show that this is just the number of left cosets of H#, a factor
of n(G). Indeed, if k,gkT' = k,gk;", then (k7'k,)glki'k,) ' =g,s0kitk, =
He#ork, ¢ k H®. Conversely,ifk, € k,H®then k,gki' =k,gk;'. Q.E.D.

The subgroup H of G is said to be conjugate to the subgroup K if there is
a g € Gsuch that K = gHg ! as sets, i.e., Kg = gH. Note that gHg ' is a
subgroup of G for any g € G. Just as above, we can use this notion to parti-
tion the subgroups of G into conjugacy classes. A subgroup N is normal
(invariant, self-conjugate) if gNg~' - - N for all g « G. Equivalently, N is nor-
mal if and only if gN = Ng forall g € G.

If NV is a normal subgroup we can construct a group from the cosets of
N, called the factor group G/N. The elements of G/N are the cosets gN, g = G.
Of course two cosets g, g’ N containing the same elements of G define the
same element of G/N: gN = g’'N. Since N is normal it follows that (g, N)(g,N)
= (g,N)(Ng,) = g,Ng, = g,8,N as sets. (Note that NN = N as sets.) There-
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fore, we define group multiplication in G/N by

(g|N)(g2N) - g1g2N~

If G is finite, the order of G/N is clearly the index of N in G.
Corresponding to any element g of G we define the group element g”, n
an integer, by

e if n=0
gn—=34gg - g (ntimes) if n>0
glgt ... gt (—ntimes) if n<O.

The reader can easily verify that g"*™ = g"g™ and g"g ™" = e.

Suppose § ={g, /,...} is an arbitrary subset of G. Consider the set
G consisting of all finite products of the form g7'g% - - g%, whereg,, ..., g,
= S,n,,...,n, run over the integers, and j runs over the positive integers.
Under the group product inherited from G, G4 is a subgroup called the
subgroup generated by the set S. Here G, can be characterized as follows:
If H is a subgroup of G and S € H then Gy = H. That is, G, is the smallest
subgroup of G containing S. If a group H is generated by S = {g}, i.e., ifevery
h = H can be written in the form /1 :— g7, then H is cyclic.

The order of an element g = G is the order of the cyclic subgroup gen-
erated by {g}, i.e., the smallest positive integer m such that g =e. By
Theorem 1.2, m divides the order of G.

Theorem 1.3. If G is a finite group of order 2n and N is a subgroup of order
n then N is normal and the factor group G/N is cyclic of order two.

Proof. Since 2n(N) = n(G) there are only two left cosets in G: eN = N and
gN, where g ¢ N. Similarly, there are only two right cosets N and Ng. Since
every element of G is contained in exactly one left coset and exactly one right
coset, we must havegN . Ngforallg € G,g ¢ N. This last relation is also
true if g = N. Therefore, N is normal. The relations NN = N, N(gN) —
(gN)N — gN, and (gN)(gN) = N, g ¢ N, imply G/N is cyclic of order two
The last relation follows from the fact that g> = N. For, if g2 = gN then
g < N, a contradiction. Q.E.D.

1.3 Homomorphisms, Isomorphisms, and Automorphisms

A homomorphism g is & mapping from a group G into a group G’ which
transforms products into products. Thus, to every g = G there is associated
u(g) = G' such that u(g,g,) - ulg)ulg,) forall g,, g, = G. Let e, ¢ be the
identity elements of G, G', respectively. Then ule) — ulee) — u(e)uie),
which implies u(e) —= ¢’ by multiplication on the right with ufe)™' = G".
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Thus, x maps the identity element of G into the identity element of G'. A
similar argument shows u(g™') = u(g)™!, i.e., x maps inverses into inverses.

Homomorphisms are important because they are exactly the maps from
one group to another that preserve group structure. They are the group anal-
ogy of linear transformations on vector spaces. Here we discuss homomorph-
isms from an abstract viewpoint, but in the following sections we will return
to this topic and stress its geometrical aspects.

A homomorphism g from G to G’ is often designated by u: G — G'.
The domain of y is G, the range of uis u(G) = {u(g) € G': g € G}. Clearly,
H(G) is a subgroup of G'. If u(G) = G’ then u is said to be onto. In case
u(g) = u(g,) whenever g, # g, we say g is I-1. A homomorphism which is
1-1 and onto is an isomorphism. If 4 is an isomorphism then it can be inverted
in an obvious manner to define an isomorphism z ! of G" onto G. From the
point of view of abstract group theory, isomorphic groups can be identified.
In particular, isomorphic groups have identical multiplication tables.
However, for the purposes of physical and geometrical applications it is fre-
quently useful to distinguish between groups which are abstractly isomorphic.
We shall return to this point in Section 1.4.

The above concepts are obvious analogies for groups of concepts related
to a linear mapping of one vector space into another. We continue this
analogy by defining the kernel K of 4 as the set

K={ge G u@g=e¢}

The kernel of g is the analogy of the null space of a linear transformation.
Theorem 1.4. K is a normal subgroup of G.

Proof. Ifk,,k, € Kthen utk k,) — utk ) utk,) =e'e =¢e',sokk, e K.
Furthermore, if k € K then u(k ') = pk) ' = ()" =¢', 50 k™' € K,
By Theorem 1.1, Kis a subgroup of G. To prove that K is normal it is enough
to show gkg™! < K for all k € K, g € G. This follows from u(gkg™') =

w@putkpu(g) = u(gle'u(g)' =¢. QED.

All elements in a left coset gK are mapped into the same element u(g)
in G’ since u(gk) == u(g)u(k) = u(g) for all k = K. Furthermore, two
elements with the same image under g lie in the same left coset. Indeed, if
u(g,) = pu(g,) then pu(gi'g,) = €', which implies gi'g, € Kor g, € g,K.
This argument leads to several important results. First of all, g is 1-1 if and
only if the kernel consists of the identity element alone. Second, the fact that
M 1s constant on left cosets of K means that we can define a transformation
4 G/K - u(G) mapping the factor space G/K (which makes sense since
K is normal) onto the subgroup u(G) of G'. This map is defined by u'(gK) =
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u(g), g € G. The above argument shows g’ is 1-1 and onto. It is a homo-

morphism  since  u'[(g,K)(g,K)] = u'[g,£.K] = u(g.g.) = nlg)ulg,) =
u'(g K)u'(g,K).

Theorem 1.5. Let K be the kernel of the homomorphism x: G — G’. Then
u(G) is isomorphic to the factor group G/K.

An 1somorphism v: G — G of a group G onto itself is called an auto-
morphism. For fixed # € G the map v,(g) = Agh™! is an automorphism, since
vi(8:18,) = hg,g,h™! = (hgh™"Yhgh™') = v(g)vi(g,) and v, is clearly 1-1
and onto. The mappings v,, # € G, are called inner antomorphisms. It is not
necessarily true that all automorphisms of a group are inner. The set of all
automorphisms of G itself forms a group A(G), the automorphism group.
The product v,v, of two automorphisms is defined by v,v,(g) = »,(v,(g)),
g € G, and the identity automorphism is the identity map of G onto itself.
The set I1(G) of inner automorphisms of G forms a subgroup of A(G).

1.4 Transformation Groups

Up to now our presentation of group theory has been entirely abstract
and there has been little apparent connection with the study of symmetry.
The missing link between abstract group theory and the notion of symmetry
is the transformation group.

Definition. A permutation of a nonempty set X is a -1 mapping of X onto
itself.

Thus, if the elements of X are denoted x, y,z, ... a permutation ¢
is a map from X to X such that (1) a(x) = &(y) if and only if x = y and (2)
forevery z € X there exists an x € X such that ¢(x) = z. One such permuta-
tion is the identity permutation 1(x) = x for all x € X. The set S, of all per-
mutations of X forms a group, the full symmetric group on X. The product
61 of two permutations 6, T € Sy is given by 61(x) = ¢(t(x)) for all x € X.
clearly ot is again a permutation of X. The identity element of Sy is 1 and the
inverse ¢! of ¢ is defined by the requirement ¢ !(x) = y if and only if
o(y) = x. Elements of S, are said to act or operate on elements of X.

The set X may have an infinite number of elements, e.g., it may consist
of all the points in the plane. If X is infinite then S, is an infinite group. If
X has a finite number of elements, say #, then we can identify S, with the
symmetric group S, defined in Section 1.1. In other words, the groups S,
and S, are isomorphic in case X has » elements. Recall that S, has order n!.

Definition. A transformation (permutation) group on X is a subgroup of S,.
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If G is a transformation group on X then the elements g of G define per-
mutations g(x) of X. (Henceforth we will drop the parentheses and write
gx for these mappings. This should not result in any confusion.) These
permutations can be used to decompose X into mutually disjoint subsets.
Letx,y € X.

Definition. We say x is G-equivalent to y (x ~ y)if gx = y for some g € G.

Let us show that ~ is an equivalence relation. Now 1x = x implies
x ~ x. Furthermore, if gx = y then x =g 'gx =g 'y, so x ~ y implies
y ~ x. Suppose x ~ y and y ~ z. Then there exist elements g, , g, in G such
that g,x =y, g,y = 2. But (2,8 )x = g,y = 2,50 x ~ z and ~ is an equiva-
lence relation.

Definition. The equivalence classes of X under the equivalence relation
~ are called G-orbits or just orbits.

Thus x and y belong to the same orbit if and only if y = gx for some
g € G. The orbit containing x is the set {gx: g € G}. If there is only one
G-orbit in X we say G is transitive. [n this case for every pair of points x, y
in X there is a g € G such that y — gx.

Example. Introduce a rectangular coordinate system (x,, x,) in the Eucli-
dean plane X and let G be the set of all rotations about the origin. The
elements g, of G are labeled by the continuous parameter @, which is the angle
of rotation in radians measured from the positive x,-axis. If x € X has co-
ordinates (x,, x,) then y = g,x has coordinates

(y,) _ (cosgp —sin (p) (xl)

V2 ~ \sin 7 cos ¢/ \x,
Note that g, = g,,,, since both group elements lead to the same trans-
formation of the plane. The elements g, clearly form a group since g,g, =

g,.,. The orbits are concentric circles about the origin. The rotation group
in two-space is clearly isomorphic to the matrix group SO(2, R),

(cos ¢ —sing
sin ¢ cos ¢

)» 0<¢p<2n
called the real special orthogonal group in two-space.
If Yis a subset of X and g ¢ G, we denote by g(Y) the set {gy:y = Y}

Definition. A subset Y of X is G-invariant or just invariant if g(Y) < Y for
allg € G.
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In particular, the subset {x} of X is invariant if and only if gx = x for all
g € G, i.e., if and only if the G-orbit containing x consists of x alone. In the
above example the only invariant point is the origin. A general invariant set
is formed by taking arbitrary unions of concentric circles about the origin.

We are now in a position to state a major theme of this book. Given a
transformation group G we can look for all G-invariant subsets ¥ of X.
The group G is an invariance or symmetry group of the objects Y. As in
the example given above, such subsets often have geometrical significance.
They can always be expressed as unions of orbits. Similarly, given an arbitrary
subset Y of X we can find a subgroup

K={ge G:g(Y)<= Y}.

It is easy to show that Kis itself a transformation group and Yis a K-invariant
subset of X. Frequently we shall refer to K as the G-symmetry or symmetry
group of the object Y. This simple relationship between objects and their
symmetry groups provides us with a means of applying group-theoretic
concepts to geometrical problems.

Example. The symmetries of the square.

Let X be the Euclidean plane and G the group O(2) of all rotations and
reflections in the plane which leave a fixed point p invariant. [We will explicitly
define the orthogonal group O(2) later. Its exact definition is not important
for our example.]

Consider the square 4BC D with center p as pictured in Fig. 1.1. We look
for all rotations and reflections in O(2) which map the square onto itself.
There are eight such symmetries of the square: the identity permutation 1,
the 90° clockwise rotation r, clockwise rotations r? and r® through 180° and

A . 8

\ % /

N

m N\ : //n

N
N i 4
AN | 7
N /
N ] /
NI

h N

________ ¥p—— — — — —
7 1\
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FIGURE 1.1
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270°, respectively, and four reflections h, v, m, and n about horizontal,
vertical, major diagonal, and minor diagonal axes, respectively. A con-
venient way to list these symmetries is by means of the cycle notation for the
permutation of the vertices induced by each symmetry. Thus, we can write
r — (A4BCD),r* = (AC)(BD),r* — (ADCB),h = (AD)BC), v == (AB)(CD),
m = (BD), and n = (AC). These eight symmetries form the group D,, the
dihedral group of order eight. Indeed 1 « D, and the inverse of each g = D,
isin D,,e.g.,h"' =h,r! = r3. Furthermore, the product of two symmetries
is again a symmetry. Thus nh = (4C)(4D)(BC) = (ADCB) =3, or the re-
sult of reflecting the square about the horizontal axis followed by a reflection
about the minor axis is equivalent to a clockwise rotation of 270°. Recall
that the group operations are performed from right to left. (The reader would
do well to work out the complete multiplication table for D, to be sure he
understands this important exampie.) Note that D, is isomorphic to a sub-
group of S, and our realization of D, by permutations constitutes a 1-I
homomorphism of D, into S,.

The conjugacy classes of D, can contain possibly one, two, or four ele-
ments since those are the factors of eight. (No conjugacy class can contain
eight elements since {1} is always a class by itself.) A simple computation
shows that there are five classes, {1}, {r, r3}, {r?}, {h, v}, and {m, n}. Note that 1
and r> commute with all g € D, and thus lie in classes containing only one
element. The conjugacy classes have a simple geometrical interpretation.
They correspond to rotations through 0°, 90°, and 180°, respectively, and re-
flections about an axis through either the midpoints of opposite sides or two
opposite vertices. Note that a clockwise rotation of 270° leads to the same re-
sult as a counterclockwise rotation through 90°. A conjugacy relation
such as rhr™! = vcan be interpreted as follows: To perform a reflection about
the vertical axis, rotate the square counterclockwise 90°, reflect in the hori-
zontal axis, and then rotate back 90° in the clockwise direction.

We now return to a general discussion of the transformation group G
on X. For any x € X the group

G ={ge G:gx =x}]

is called the isotropy subgroup of G at x. It contains those elements of G that
leave x invariant.

Theorem 1.6. Each left coset of G* consists of all elements of G that map x
to a specific point y. Thus there is a 1-1 relationship between the points in the
G-orbit containing x and the left cosets of G*. If G is finite, the G-orbit
containing x consists of n(G)/n(G*) points, a factor of n(G).

Proof. The last statement is immediate once we establish the 1-1 relation-
ship between points in the G-orbit through x and left cosets of G*. Lety € X
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such that x ~ y,i.e., thereisag € Gsuch thaty = gx. Then ghx = gx = y
for all h € G*, so all elements in the coset gG* map x onto y. Conversely,
ify =kx forsome k € G thengx = kx or x = g 'kx, so g"'k € G*, which
implies k € gG*. Q.E.D.

This theorem provides an important connection between the algebraic
notion of coset and the geometrical notion of orbit.

It is sometimes helpful to view a transformation group G as an abstract
group G together with a 1-1 homomorphism g of G into the group S, of
permutations of X. Then, u(G) = G is isomorphic to G. Here we are distin-
guishing between the abstract multiplicative structure G and the transforma-
tion group G on X. Clearly the same abstract group can have many different
realizations as a transformation group. We will usually distinguish between
two abstractly isomorphic transformation groups if they correspond to phy-
sically distinct types of transformations. For example, the cyclic group of
order two consists of the elements {e, g} with g2 = ¢. This group can be
realized as a transformation group in the plane where g corresponds to a 180°
rotation about a point p, e.g., g = r? in our last example. Another realization
is obtained by letting g correspond to a reflection about a line in the plane,
e.g., g = v in the last example. These groups are isomorphic, but for the
purposes of applications to physics and geometry we usually distinguish
between them. Nevertheless, we will often use the same symbol G to describe
both an abstract group and any transformation group obtained from it.

Any abstract group G can be realized as a transformation group acting
on itself. Indeed the mapping L: G — G, called the left regular representation
of G and defined by L{a)g = ag,a,g € G, is easily shown to be a 1-1
homomorphism of G into S;. That is, L{ab) = L{a)L(b) for a, b € G, each
L(a) is a permutation of G, and L(a) = 1 if and only if a = e. This proves
Cayley’s theorem, which is as follows.

Theorem 1.7. Any group G is isomorphic to a subgroup of the full permuta-
tion group S;. In particular, any finite group of order # is isomorphic to a
subgroup of S, .

Note that the left regular representation is transitive. However, if we re-
strict L to a proper subgroup H of G, thus.defining H as a transformation
group on G, the space G = X splits up into orbits which are exactly the right
cosets Hg of H.

As a final remark we clarify the meaning of conjugacy in a transformation
group. Let G be a transformation group actingon X, g, h € Gand x,y € X.

Theorem 1.8. (1) The permutation g sends x into y if and only if hgh~! sends
hx into hy.
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(2) The point x is invariant under g if and only if hx is invariant under
hgh™!.

(3) If G* is the isotropy group of x and h sends x into y, then hG*h™ "=
G?, i.e., points in the same G-orbit have conjuate, hence isomorphic, isotropy
groups.

Proof. (1) gx = y if and only if (hgh™hx = y. (2) gx = x if and only if
(hgh~Hhx = hx. (3) Follows from (2). Q.E.D.

1.5 New Groups from Old Ones

Given the groups G and G, we discuss two different ways to construct
new groups which contain subgroups isomorphic to G and G'.

Definition. The direct product G x G’ is the group consisting of all ordered
pairs (g, g’) with g € G and g’ € G'. The product of two group elements

is given by (g,, 8,82, 8) = (2,82 8:'82)

It is easy to show that G x G’ is a group with identity element (e, ')
where e, ¢’ are the identity elements of G, G’, respectively. Indeed (g, g')"' =
(g7',g'~") and the associative law is trivial to verify. The subgroup G X
{e'} =1{(g,€): g € G} of G x G’ is isomorphic to G with the ismorphism
given by (g, ¢’) <> g. Similarly the subgroup {e} x G’ is isomorphic to G'.
Since (g, €')e, g') = (e, g')(g, €') = (g, g’) it follows that (1) the elements of
G x {e'} commute with the elements of {e} X G’ and (2) every element of
G X G'can be written uniquely as a product of an element in G x {¢'}and an
element in {e} X G’. Frequently one identifies the isomorphic groups G X
{e'} and G as well as {e} X G’ and G’, and writes (g,e’) =g, (e, g') =g/,
(g, 8) =gg =g'gforg € G, g’ < G'. This point of view leads to the fol-
lowing definition.

Definition. A group G is the direct product of its subgroups H and K
(G=HXxK)if 1) hk =khforall he H k€ K, and 2 everyg € G
can be expressed uniquely in the form g = hk, h € H,k € K. The subgroups
H and K are said to be direct factors of G.

It follows from (2) that H and K have only the identity element in com-
mon. For, if g €¢ H N Kthen g = ge = eg and by uniqueness we must have
g = e. Furthermore, the reader can show that H and K are normal subgroups
of G.

The above definitions can easily be extended to define direct products
G, X G, X -+ X G, of n groups. Furthermore, if the G, have finite order it
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is clear that the order of the direct product is the product of the orders of the
direct factors.

As an example we use the first definition to construct the direct product
G x G’ of the cyclic group of order two, G = {e, a}, @ = e, and the cyclic
group of order three, G' = {e', b, b*}, b*> = ¢'. The group G X G’ has order
six and contains the element j = (q, b) of order six. Thus, G x G’ is the cyclic
group of order six generated by .

A more general, but more complicated, method of building a new group
from two old ones is the semidirect product.

Definition. Let H and K be groups and let the map k — v, be a homo-
morphism of K into the automorphism group A(H) of H. Then the set of all
ordered pairs <h, k>, h € H, k € K, forms a group, the semidirect product
of H and K, with group multiplication

(5.1) Chy kYR Ky = v (), k.

It is necessary to verify that this definition makes sense. First-of all, the
map v, is an automorphism of H for each k € K. Furthermore, v, = 1,
the identity automorphism, and v,..(h) = v, [v. (B} forallk, k' € K, h « H.
To show that the binary relation (5.1) defines a group, we check the standard
group definition in Section 1.1. The associative law follows from

(5.2) (Khys b p<hys kp)hys ki = Chve (o), ko ko y<hy,s ks
= (i ()i (hs)s K koks)
and
(5.3) Chys bk O(Chyy kyy<hy, k) = Chys kD<), Kok
= (i (v (hy)), kikoky)
= (i (Vi (B3), koK oky).
The identity element is {e, e> since
<h’ k><e’ e> = <hvk(e)a k> = <h’ k>
Ce, ep<hy ky = (v(h), k) = <h, k.
It is left as an exercise to verify that the element inverse to <k, k) is
P, k.
If v, =1 for all kK € K then the semidirect product reduces to the direct
product. Just as with the direct product, we can identify the groups (H, e
and H using the map (i, e) < h as well as the groups {e, K> and K. Thus we

can write any element g of the semidirect product G uniquely in the form
g = <{h, k» = hk and group multiplication becomes

(5.5) (hyk Yhok,) = (hyvy (h))k k).

(5.4)
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From this identification it follows that H N K = {e}, K is a subgroup of G,
and H is a normal subgroup of G. Indeed, if kK € Kand 2 € H then

(5.6) khk ' = (e, k)X h k™' = v, (h),
soforg =hk € G, W € H, we have
5.7 gh'g™' = (W' (k*h™') = Wkh'k~ )™t € H,

and H is normal.

As an example we note that the dihedral group D, is isomorphic to a
semidirect product of the cyclic group H of order four and the cyclic group
K of order two. If h, k are the generators of H, K respectively, then the
automorphism v, of H is defined by v (h) =h™' = k3, e, khk™' = h™".
We shall see later that the Euclidean and Poincaré groups can also be expres-
sed as semidirect products of simpler groups.

Problems

1.1 Prove: A group G has no proper subgroups if and only if the order of G is finite and
prime.

1.2 Let G be a finite group and S a nonempty subset of G such that gh € S for all g,
h € 8. Prove that S is a subgroup. What if G is an infinite group ?

1.3 Prove: If the group G has exactly one element 4 of order two then gh = hg for every
g e G.

1.4 Show that there are exactly two groups of order four, one of which is cyclic. Find all
groups of order six.

1.5 Construct a homomorphism of D4 onto the cyclic group of order two.
1.6 Determine all subgroups of §4 and sort them into classes of conjugate subgroups.

1.7 Show that the symmetry group of a regular hexagon consists of 12 elements and
determine the conjugacy classes.
1.8 The commutator subgroup G. is the subgroup of G generated by all elements of the

form ghg=th=1, g, h € G. Prove that G, is a normal subgroup of G and G/G. is commuta-
tive.

1.9 Let g, h, k be elements of the group G. Prove that ghk, hkg, and kgh have the same
order.



Chapter 2

The Crystaliographic Groups

2.1 The Orthogonal Group in Three-Space

Let R, be three-dimensional real Euclidean space. We erect a cartesian
coordinate system with origin C in this space and associate with each point
P in R, a unique triple of real numbers (x,, x,, x;,), the projections of P on
the three mutually perpendicular coordinate axes. It is useful to think of
R, as a three-dimensional vector space with elements x = (x,, x,, x;) =

3., x;, where e, e,, and e, are unit vectors along the coordinate axes. As
is well known, the bilinear form

3
(1.1 <X, y>: ;_lxzyi’ X, ¥ € R,
defines an inner product on this space. The norm || x|| = {x, x>'/? is the
Euclidean length of the vector x and
(1.2) cos g = {x, ¥/l x|t yll

is the cosine of the angle ¢ between the vectors x and y.

We look for all linear transformations Q: R; — R, which preserve length,
i.e., all linear transformations O such that (Ox, Ox)> = (x, x> for all x €
R;. Because of the identity

(1.3) Kx,y) =X+ y,x+ty —{Xx—Y,x—y
it follows that
(14) <0X, Oy> = <X, Y>

16
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and the transformation O also preserves angle. That is, the angle between the
vectors x and y is equal to the angle between vectors Ox and Oy.

To compute the possible length-preserving transformations O we pass to
matrices. Recall that the matrix 7 of a linear transformation T: R; — R,
with respect to the basis e, e,, e, is defined by T = (T)), 1 <i,j<3,
where

(1.5) Te, = 3 Tie..

The identity operator Ex = x has the matrix E; = (J,;), where §,; is the
Kronecker delta. The product TQ of two transformations defined by TQx =
T(Qx) corresponds to the matrix product 7Q where (TQ),; = >, T, Oy;-
Furthermore, the inverse T~! of an invertible operator T corresponds to the
inverse matrix 7! of the nonsingular matrix 7.

Using the fact that Ox = Y, ; O,,x,e; and writing the equation {Ox, Oy>
= (X, y> in component form, we obtain the result

3
(1-6) Z Oijoik - 5jk
it

or 0'0 = E; in terms of matrix multiplication. Here, O* is the transpose of
the matrix O, O, = O,. Thus O* = O~' is a necessary and sufficient condi-
tion that the operators O preserve inner product. Let O(3) = {3 X 3 matrices
0: 0'0 = E;}. Clearly the matrices in O(3) are all nonsingular. Now,
(0,0,(0,0,) = 0,)0,.'0,0, = 0,0, = E,if 0,,0, € 0(3),50 0,0, <
O(3). Furthermore, E; € O(3) and (O;")'07' = 0,07 = E,, so O7' €
O(3). Thus, O(3) is a group, the real orthogonal group in three-space. The
operators O also form a group and the correspondence O < O defines an
isomorphism between the two groups. Both groups are usually called O(3).
Any abstract group-theoretic property which holds for one realization of
O(3) automatically holds for the other. We shall sometimes use the operator
form of the group and at other times use the matrix form.

Lemma 2.1. det O = 41 if O € 0OQ3).

Proof. Since 0'0 = E, it follows that det(0*0) = 1. But, det(0'0) =
(det 0Y)-(det O) = (det 0)>.

Both signs of the determinant occur. Indeed, E, and I, = —E, are ele-
ments of O(3) with det E, = | and det I, = — . The operator I with matrix
I, is defined by Ix = —x, all x € R,, and called the inversion operator.
Note that I> = E. Since det(0,0,) = (det 0,)-(det 0,) it follows that the set

(1.7 SO3) ={0 € 0(3):det0 = +1}
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forms a subgroup of O(3), called the special orthogonal group (proper ortho-
gonal group) in three-space or just the rotation group. The map O — det O
defines a homomorphism of O(3) onto the cyclic group of order two with
elements 1 = e and —1. The kernel of this homomorphism is SO(3), which
implies that SO(3) is a normal subgroup of O(3). Furthermore, by Theorem
1.5 there are exactly two SO(3)-cosets in O(3): SO(3) and 1,-SO(3). The
elements of the first coset are all proper orthogonal (rotation) matrices and
the elements of the second coset are all improper, i.e., they have negative
determinants. Thus, every improper element O’ can be written uniquely in
the form O’ = 1,0, a rotation followed by inversion.

The groups O(3) and SO(3) have now been realized as transformation
groups on the set R,. We will show that the elements of SO(3) are exactly
the possible geometrical rotations about all axes in R, passing through the
origin, while O(3) consists of all possible geometrical rotations and rotation-
inversions in R; that fix the origin.

Theorem 2.1. Let O € SO(3). Then there is a vector f; € R,, ||f;]| =1,
such that Of, = f,. If O -« E the axis designated by +f, is called the axis
of rotation.

Proof. The theorem asserts that the operator O has a unit eigenvector
f, with eigenvalue A = 1. This is equivalent to the assertion that A =1 is
a solution of the characteristic equation det(O — AE;) = 0. Butdet(0O — E,)
= det(0* — E;}) =det(O™! — E;) = (det O7')-[det(—E,)]-det(O — E;) =
—det(O — E,). Therefore, det(O — E;) =0 and A =1 is an eigenvalue of
O. Thus, a desired vector f, exists, though it is not unique.

Now choose unit vectors f, and f, so that {f , f,, f,} is an orthonormal
basis for R;, i.e., {f;, f,> = §;,. We will compute the matrix 0 of O with
respect to this basis. The relations (Of;, Of > = {f;,f,> =9, lead to

Ofl :“1f1 +ﬂ1f25 00,00y {._ ﬂlﬂz:o

(1.8) Of, — af, + Bof,. a4 B2 =1
of, — f,, 0+ By = 1.
These equations have the unique solution (det 0 = 1)
(1.9) o, = f,=rcosé, B, = —a, =siné, 0<0 < 2m,

so that the matrix of O in the f-basis is
cos@ —sinf@ O
(1.10) O =|sinf cos® O
0 0 1
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It follows from (1.10) and elementary analytic geometry that O can be inter-
preted as a counterclockwise rotation through the angle 8 about the axis of
rotation f;. We adopt the notation O = C,(#), where k = f; is the axis of
rotation and @ is the rotation angle. Note that

(1.11) C@ + 9) = Cu(0)Cu(9),
where we assume Cy (a0 + 27) = Cy(e). Furthermore, both k and —k serve
to define the same axis of rotation so

(1.12) Cu(0) = C_.(2n — ).

Since O and O are matrices of the same transformation O viewed in different
basis systems, these matrices must be similar, i.e., O = QOQ~!, where Q
is'the orthogonal matrix denoting the change of basis. Thus, O and O have
the same determinant and trace. In particular,

(1.13) rO0=30,=10 =1+ 2cos.
=

The improper rotations also have a simple geometrical interpretation.
An improper rotation O’ can be written uniquely in the form

(1.14) 0" = I,G(n + 8) = I,G(n)Cu(0) = 0.Ci(0),

where o, = I;C(n) is the reflection in the plane through the origin of R,
perpendicular to k. Thus, any improper rotation (rotation-inversion) is
equal to a rotation about some axis k followed by a refiection in the plane
perpendicular to k. We write S,(8) = g, C,(8).

The conjugacy classes in O(3) and SO(3) have a simple physical signifi-
cance. The relation

(1.15) OC(0)0 ' = Cou(8), O = SOQ)

shows that all rotations through the angle 8 about any axis lie in the same
conjugacy class of SO(3). Thus the conjugacy classes can be labled by the
rotation angle 8, 0 << 8 < n. To prove (1.15) we chose an orthonormal basis
{f;} for R, corresponding to C,(f), just as in (1.8). In particular, f; = k.
Then {Of,, Of,, Of;} is also an orthonormal basis and the matrix of
OC, ()0 ! in this new basis is just (1.10) again. Thus OC(#)O! is a rota-
tion of angle @ about the axis Ok.
It is left to the reader to verify the following:

(1.16)  OC (O ' = C.on(8), O0S, (8071 == S.ok(0), 0 = 003,
where € = det O, which show that the conjugacy classes of O(3) fall into two
types. One type consists of all rotations through a fixed angle §, 0 << § < =,
and the other consists of all rotation-inversions through a fixed angle
6,0<0 <=
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2.2 The Euclidean Group

We now seek all transformations T of R, onto R, that preserve the dis-
tance between any pair of points, i.e.,

2.1 Tx — Ty|j=1lx —yl, X ¥y€R,.

Such transformations are called isometries. We do not assume that the trans-
formations T are linear. It may be helpful to think of T as a permutation of
the elements of R, which also preserves distance. Let E(3) be the set of all
isometries.

Theorem 2.2. FE(3) is a group, the Euclidean group in three-space.

Proof. The identity mapping E is clearly in E(3). If T € E(3)and Tx = Ty
then by (2.1),|/x — y|| = Oor x = y. Therefore, T is invertible. Correspond-
ing to any two vectors w, z in R, there exist unique vectors x, y such that
Tx =w and Ty =z. Thus ||[T 'w— T 'z|| =||x —y|| =] Tx — Tyl|
= ||w — z||, where we have made use of (2.1) again, and T™' € E(3). It is
an elementary argument to show that the product T, T,x = T,(T,x) of
T,, T, € E(3)is again in E(3). Q.E.D.

As its name suggests, the Euclidean group is basic to the study of Eucli-
dean geometry. In Euclidean geometry, two subsets S, S” of R, are said to
be congruent if there is a T € E(3) such that §' = TS, i.e., if the points of
S can be made coincident with the points of S’ by a distance-preserving
transformation. Since congruent triangles have corresponding angles equal,
it is easy to show that each T € E(3) also preserves the angle between inter-
secting straight lines.

Among the elements of E(3) the easiest to construct are the translations
T,,a € R;:

2.2) T,x = x + a, X € R;.

Under T, each point of R, is displaced by a. The set T(3) of all translations of
three-space forms a subgroup of E(3). This subgroup is abelian since

(23) TaTb = Tan - T(H—b) .

Let T be an arbitrary element of E(3) and suppose T@ — a, where 0 =
(0,0, 0) is the origin. Then T_,T@ = 0, so T_,T = O is an element of E(3)
which leaves the origin invariant. Now it is clear that all O € O(3), as con-
structed in the preceding section, are elements of E(3) which leave the origin
invariant. In fact O(3) is a subgroup of E(3). However, it is not so obvious
that the elements of O(3) are the only isometries that fix 0. In particular it is
not obvious (but true) that every distance-preserving transformation of
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R, that fixes 0 is necessarily a linear transformation, hence an element of
O(3). We assume this fact here and refer the reader to Yale [!] for a proof.
Thus, every T  E(3) can be written uniquely in the form

(2.4) T == T,0 = {a, O}. 0 < 0(3).
Conversely, every product of the form (2.4) defines an element of E(3). Note

that T, = {a, E} and O = {0, O}. The action of the elements of E(3) on R,
is given by

(2.5) {a, O}x = Ox ! a, X € Ry,
and the product rule is
(2.6) {a;, 0}{a,, 0,} = {a, | O,a,,0,0,}.

Comparing this expression with (5.1) of Chapter 1, we see that E(3) is a semi-
direct product of 7(3) and O(3). Indeed, the map O — vy, where v5(a) =
Oa, is a homomorphism of O(3) into the automorphism group of 7(3). One
consequence of this result is that 7(3) is a normal subgroup of E(3). The
factor group E(3)/T(3) is 1somorphic to O(3).

Suppose T € E(3) leaves a point a invariant, i.e., T(a) = a. Then T; 'TT,
== leaves 0 invariant, so

Q2.7 T =T,0T;', O e 0Q3).
Conversely, any group element of the form T,OT; ! leaves a invariant. The
reader should have no trouble in verifying that the elements (2.7) are rotations

or rotation-inversions about axes through a. All such elements clearly form
a subgroup O,(3), the orthogonal group at a. From (2.7) we have

(2.8) 0,(3) = T,03)T; .

The subgroup of rotations and rotation-inversions about a is conjugate,
hence isomorphic, to O(3). A slight extension of this argument shows that all
rotations by a fixed angle 8,0 < 8 <<z, through any axis in R, form a
single conjugacy class in E(3). The same holds for all rotation-inversions by
a fixed angle §'.

We now give a geometrical interpretation of the elements of E(3). First,
consider the element {a, C,(8)}, where 8 = 0 and <{a, k> =0, i.e., a is per-
pendicular to the axis of rotation. This transformation has a fixed point b.
Indeed, the formula

T;'{a, OiT, = {a — b - Ob, O}
and the remarks preceding (2.7) show that {a, C,(8)} leaves b invariant if
(2.9) b— C ()b = a.

Looking at a plane through a and perpendicular to k we have the situation
shown in Fig. 2.1. There are an infinite number of solutions b forming an axis



22 2 THE CRYSTALLOGRAPHIC GROUPS

FIGURE 2.1

parallel to k. Thus, {a, C,(6)} corresponds to a rotation through the angle 8
about this invariant axis.

If a is an arbitrary vector, we can write a = a, + a, uniquely, where a,
is parallel to k and a, is perpendicular to k. Then

(210) {aa Ck(a)} = Tn{az’ Ck(a)}

The transformation (2.10) is called a screw displacement, a rotation through
an angle 8 about the screw axis, followed by a translation along the axis by
a distance ||a, ||. (If we think of the rotation and translation as being per-
formed simultaneously we get a right-handed screwing motion, which justifies
the name.)

A similar analysis shows that the isometry

(2.11) {a, Su(0)} = {a, 04}
is the product of the reflection in a plane perpendicular to k, the glide plane,

and a translation in this plane. This transformation is called a glide reflection.
Finally, the isometry

(2.12) {a,S,0)}, 0 2mn,

represents a rotation-inversion about some point. To see this we introduce
a new rectangular coordinate system for R, centered at the origin and such
that the vector k points along the 3-axis. The transformation (2.12) maps the
point x = (x,, x,, Xx,) into (x, cos@ —x,sin @ + a,, x, sin@ + x, cos §
+ a,, a, — x;). The reader can verify that this transformation has a unique
fixed point x, for 0 < @ < 2z. Thus, (2.12) must either be a rotation or a
rotation-inversion about X, and it is easy to show that it cannot be a rotation.

We have given geometrical interpretations for all elements of £(3). The
Euclidean group is made up of translations, rotations, rotation-inversions,
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screw displacements, and glide reflections. (There is a slight overlap in this
classification since, for example, there are degenerate screw displacements
which are also rotations.) From another point of view, the above constitutes
a list of conjugacy classes of E(3). The reader should have no difficulty in
showing that all translations through a distance 4 form a single conjugacy
class, all screw displacements with angle 8 and translation distance  form
a single conjugacy class, and so on,

The map {a, O} — det O defines a homomorphism of E(3) onto the cyclic
group of order two. The kernel of this homomorphism is E*(3), the proper
Euclidean group in three-space or the group of rigid motions. Clearly, £*(3)
is a normal subgroup of E(3) and consists of all translations, rotations, and
screw displacements. The elements of E*(3) are also called direct isometries
or direct symmetries.

2.3 Symmetry and the Discrete Subgroups of E(3)

Let S be a subset of the space R, and define
G=(Te E3): TS =S8},

the group of all elements of £(3) that map S onto itself. We call G the complete
symmetry group of S. Any subgroup of G is called a symmetry group of S.
It is not required that any point of S be fixed under T, merely that T act as
a permutation of the points of S. For example, the complete symmetry group
of R, is E(3). The complete symmetry group of a sphere with center at 8 is
0O(3). A right-pyramid-shaped figure with base given by Fig. 2.2 has C,, the

|

[ P

FIGURE 2.2

cyclic group of order two, as complete symmetry group. The elements of C,
are the identity and a rotation of 180° about the axis through P perpendicu-
lar to the base. Of course, many subsets § are without symmetry, i.e., their
complete symmetry groups consist of the identity element alone.

To find all possible symmetry groups it is necessary to classify all sub-
groups of E(3). This is an extremely difficult problem! Fortunately, only two
types of symmetry groups occur with much frequency in the physical sciences:
discrete groups and Lie groups. These two types are easy to handle mathe-
matically, which is one reason why they occur in applications. However,
there are also good geometrical and physical reasons for limiting ourselves
to such groups.
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The groups E(3), O(3), T(3), and C., {the group of all rotations about
a fixed axis, isomorphic to SO(2)] are examples of Lie groups. They will be
studied in detail in subsequent chapters.

Definition. A discrete group G is a subgroup of the transformation group
E(3) such that for any x € R, and any sphere B, = {y € R,:|ly]| < r}
there are only a finite number of points in the G-orbit of x that are contained
in B,.

If G is a discrete group then the points Gx = {y = gx: g € G} are dis-
tributed in R, so that only a finite number of them are contained in each
bounded subset of R,. Clearly, every finite subgroup of E(3) is discrete since
every G-orbit of a finite group contains only a finite number of elements.
The group of all translations {T,} where
3.DH a=aqae, |+ ae, + a,e;
and a,, a,, and a, are integers is an infinite discrete group. On the other hand
the group of all translations {7,} where a takes the form (3.1) with a,, a,,
and a, rational is neither a Lie group or a discrete group. Another infinite
nondiscrete group is generated by a rotation through the angle 2z/a about
an axis, where a is not a rational number. (Prove it!)

Let us search for the possible discrete symmetry groups of objects (or
sets) of finite extent, i.e., objects which can be wholly cor:tained inside some
sufficiently large sphere B,. Clearly such symmetry groups cannot contain
nontrivial translations, screw displacements, or glide reflections since one of
these transformations indefinitely repeated would map the object outside of
the bounding sphere. Thus, the only allowable symmetry operations are
rotations and rotation-inversions. It follows that every symmetry of a finite
object has at least one fixed point. However, it is not so obvious that the
symmetries have a common fixed point.

Theorem 2.3. Let S be a nonempty set of finite extent and let G be a discrete
symmetry group of S. Then there is at least one point y € R, which is fixed
byallg € G.

Proof. Since S is bounded it can be enclosed inside some sphere B,. Let
x € S and consider the G-orbit containing x. All points in this G-orbit must
be in S, hence in B,. Since G is discrete it follows that the orbit is finite:

GX ={X, = X, X5,...,X,}.

Let
(3.2) y = ('Z::l x,.>/n
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be the centroid of Gx. Since the action of an element of E(3) on R, is given by
(2.5) it follows easily that

3.3) gy = (z:]l gx,.),/n, gc G,

i.e., the centroid of the finite set {x,} is mapped onto the centroid of {gx,}
for any g € G. On the other hand, the transformation g merely permutes the
elements of the G-orbit through x. Thus, the terms on the right-hand sides
of (3.2) and (3.3) are equal except for order, and the sums are the same. We
conclude that gy =y, so the centroid y is a common fixed point for all sym-
metries of S.

Corollary 2.1. The elements of a finite subgroup of E(3) have a common
fixed point.

Theorem 2.4. Let G be a discrete subgroup of E(3) whose elements have a
common fixed point y. Then G is a finite subgroup of the orthogonal group
O(3) of rotations and rotation-inversions about y.

Proof. Let x,,....x, be four noncoplanar points lying within a sphere
B, with center y. Since ||gx, — y|| =||gx, — g¥|| =||x, — yl|, the orbits
{Gx,} all lie inside B,. Since G is discrete, there are only a finite number of
points in these G-orbits. Now the transformation g € G is uniquely deter-
mined by the four noncoplanar points {gx,}. For, if gx, = g'x,, | <<i <4,
then the {x,} are invariant under g~'g’, so g"'g’ = E, the identity operator.
[An element of E(3) is uniquely determined by its action on the {x,}.] Hence,
g’ = g and our argument shows that G is a finite group. Q.E.D.

Thus, a discrete symmetry group of a body § of finite extent is always
a finite group G of rotations and rotation-inversions about some fixed point
y. If we consider O(3) as the orthogonal group with fixed point 0, it is clear
that G is conjugate to the finite subgroup T,'GT, = K of 0(3), and K is a
symmetry group of T,'S. Similarly, if T € E(3) with T =y then TKT™!
is a finite group of rotations and rotation-inversions with fixed point y. To
simplify the classification of symmetry groups we will identify conjugate sub-
groups of E(3). Conjugate symmetry groups are physically indistinguishable.
Our listing of symmetry groups will really be a listing of equivalence classes
of conjugate subgroups.

In abstract group theory, one identifies two groups if they are isomorphic,
i.e., if they have the same multiplication table. This is not the same as the
classification into conjugate subgroups of E(3). Conjugate subgroups are
isomorphic, but isomorphic subgroups of E(3) need not be conjugate. For
example, the cyclic groups of order two generated by a rotation of 180° about
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an axis and a reflection in a plane, respectively, are isomorphic but not con-
jugate.

To recapitulate, the problem of classifying all discrete symmetry groups
of objects of finite extent reduces to the problem of listing all finite subgroups
of O(3). [It is obvious that each finite subgroup of O(3) is the symmetry
group of some object.] Subgroups of the transformation group O(3) are
called point groups since they always have a fixed point. (Without loss of
generality we can assume that this fixed point is 0.) These groups are of two
types: point groups of the first kind, which contain only rotations, and point
groups of the second kind, which also contain rotation-inversions.

To a great extent the problem of classifying point groups can be reduced
to the problem of classifying point groups of the first kind. Let G be a finite
point group and consider the homomorphism g — det g, g € G which maps
G into the cyclic group of order two, i.e., g maps to +1 if it is a rotation and
to —1 if it is a rotation-inversion. If the kernel of this homomorphism is
G then G is a point group of the first kind. If the kernel is K, a proper sub-
group of G, then by Theorems 1.4 and 1.5, K is a normal subgroup with half
as many elements as G. Furthermore, the coset decomposition of G is {K,
g,K = Kg,}. The elements of K are rotations and the elements of g,X, in-
cluding g, itself, are rotation-inversions. There are two possibilities: either
G contains the inversion I = —E or it does not. If I € G then I € g/k, so
IK = g,Kand we can take g, = I. Conversely, if K is a finite rotation group
then the set {K, IK} forms a point group of the second kind. If I ¢ G then
the description of G becomes a little more complicated. Let

K ={Ig.ge G, g¢ K}

It is easy to check that (1) the set K* consists of proper rotations, (2) K* N
Kisempty, and (3) K* and K contain the same number of elements. In partic-
ular, (2) follows from the fact that I ¢ G. Now let G* = K U K*. We
will show that G* is a point group of the first kind isomorphic to G. The
isomorphism is the identity on K and maps g ¢ K into Ig € K*. This map is
a homomorphism because I commutes with all group elements. Indeed the
elements of G* can be written in the form I*g for g € G, where ¢ =0 if
gec Kande =11if g ¢ K Then

(I2g,)I=g,) = I"*=g.g,,

where I*¢: = E if g,g, € K, and is equal to I otherwise; which proves that
the map is a homomorphism. Note that K is a normal subgroup of G* of
index two. We have proved the following result.

Theorem 2.5. Let G be a finite subgroup of O(3) and let K = G N SO(3),
the subgroup of rotations in (. There are exactly three possibilities: (1)
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G=K (2G=KUIK, (3) G+ K,1¢ G.Inthe last case G is isomorphic
to the group of rotations G* = K U K*.

Theorem 2.5 tells us how to construct all point groups of the second kind
once we are given all point groups of the first kind. The only nontrivial con-
structions are in class (3), where we have to determine all point groups of the
first kind G* that contain a normal subgroup K of index two. The point
group G is then defined by means of the isomorphism discussed in the proof
of the theorem.

2.4 Point Groups of the First Kind

Let G be a finite subgroup of SO(3) with order n(G) > 2. Then G acts
as a transformation group in Euclidean space whose elements have the origin
8 as a common fixed point. Let B, be a sphere in R, with center at the origin
and radius r > 0. The elements of G clearly map the surface S, of the sphere
onto itself. A point x on S, is said to be a pole if gx = x for some g € G,
not the identity element. That is, a pole is a point of intersection of S, and the
axis of a nontrivial rotation in G. Clearly, each element of G except the identi-
ty is associated with two poles. The transformation group G maps poles into
poles. Indeed, if x is a pole associated with g, then g,x is a pole associated
with g,g,g,*. It follows that the set of poles on S, is partitioned into G-orbits.
According to Theorem 1.6 the number of poles in the orbit containing x is
p = n(G)/n(G*), where G* is the isotropy subgroup of G corresponding to
X, i.e.,, G* is the subgroup of all rotations with pole x. Suppose there are k&
orbits. Choosing a point x, in each orbit we see that the number of nontrivial
rotations with pole x, is n, — | = —1 4 n/p,, where n = n(G), n, = n(G*®),
and p, is the number of poles in the ith orbit. {Recall that », is the same for all
points in the ith orbit.). We have subtracted 1 since the identity element in
G* is a trivial rotation. The total number of rotations leaving some pole in
the ith orbit fixed is thus p{n, — 1). Summing over the orbits, we find that
the total number of rotations leaving some pole fixed is Y., p{n, — I).

Since each rotation is associated with two poles this sum equals 2(n — 1),
i.e., each nontrivial rotation is counted twice. Thus we have the identity
k
.1y 20— 1) = 3 (0 — 1/n),
i=1

where n > n, >> 2. This equation can be solved only if 2 << k < 3.If k =2
then (4.1) becomes

4.2) 2/n = l/n, -|- 1/n,.

Furthermore, (4.2) can be solved if and only it n, =n, =n,n =2,3,...
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Thus, the finite rotation groups G with two orbits are associated with two
poles, each pole fixed by all elements of G. There is only one axis of rotation.

The cyclic groups C, of order n (n = 2, 3,...) generated by a rotation
through the angle 2z/n about a fixed axis clearly satisfy the above require-
ments. We shall show that these are the only point groups of the first kind
whose poles can be partitioned into two orbits.

Lemma 2.2. Let G be a group of order n >> 2 consisting of rotations about
a fixed axis. Then G = C,,

Proof. The nelementse,g,,...,g, , of Gcorrespond to rotations through
the angles 0,8,, ..., 8,_, about the fixed axis, where 0 corresponds to the
identity element. We can assume 0 << 8, < 2%, 1 <{i <\ n — 1, if the rotation
angles are expressed in radians, and renumber the elements of G so that
0, is the smallest positive rotation angle. Using the Euclidean algorithm we
see that for each 6,, 2 <C i < n — 1, there is an integer m, such that

6, = mb, + g, 0<g <86,

But gg;™ < G, so g, is the rotation angle of some element of G. Since 6,
is the smallest positive rotation angle, the only possibility is ¢, = 0. Thus
G is a cyclic group generated by g, . Since G has order n it follows that §, =
2n/n. Q.E.D.

We now return to the solution of (4.1) for k = 3,
4.3) 1 +2/n=1/n, + 1/n, + 1/n,, n>n > 2.

1t can be assumed that #, < n, << n;. Clearly, there is no solution for 3 <{n,
since in that case

1 +2/n>1>1/n + 1/n, + Un,.
Therefore n, = 2. If n, == 2 we get the unique solution
(a) n =n, =2, n, =n/2, n even, n> 4.
If n, > 4 there is no solution since
1 4+2/n>1>%14+ 1+ 1/n,, n, > 4.
Thus, the only remaining possibility is n, = 3:
1/6 - 2/n = 1/n,, n>n, >3, 6> n,.
The possible solutions are
(b) n, =2, n, == n, =3, n =12,
(©) n =2, n, =3, n, =4, n =24,
(d) =2, i, =3, Hny =5, n = 60.
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This exhausts the solutions of (4.1). We will show that each of the solutions
(a)-(d) uniquely defines a point group of the first kind.

In solution (a) set » = 2m, m > 2 an integer. There is a rotation axis
corresponding to a rotation subgroup of order m. It follows from Lemma
2.2 that this subgroup is C,, and is generated by the rotation through the
angle 2n/m about the fixed axis L. We say L is an m-fold axis. The poles of
L lie in the same orbit. We have now determined m elements of the point
group. To get the remaining elements, note that there are m twofold axes
of rotation, /,, ..., !, whose poles are divided into two orbits of m poles
each. Since the two poles of L form a single orbit, each of the rotations by
n radians about a twofold axis /, must interchange the poles. Thus the two-
fold axes are perpendicular to L. A rotation by 2a/m about L maps the /,
into themselves. By considering rotations about twofold axes we can easily
show that the angle between two adjacent /, in the plane perpendicular to L
is a fixed constant. Thus, the angle between any two adjacent /, must be n/m.

The abstract structure of the transformation group corresponding to (a)
is now uniquely determined. Let C be the rotation of 2a/m about L and let
7 be a rotation by n about one of the twofold axes. Since the cyclic group
C,, generated by C has order m, it follows that the elements of G can be
divided into two cosets C,, and tC,,. The m elements in the second coset are

of order two since they interchange the poles of L. Thus, 1! =t and (1C)?> —
e, or
4.4) tC=C'1

Any element g of G can be written uniquely in the form
4.5 g = v°C*, e =01, k=0,1,...,m—1.

The multiplication of two group elements is then uniquely determined by
(4.4). For example,

(4.6) (1C*)(1CH?) = Cheky (tCF)(CHs) = gChut ke,

The abstract group defined by these rules is denoted D,,, the dihedral group
of order 2m.

We will list the conjugacy classes of D,, since they are of importance for
representation theory. The details in the straightforward proofs will be left
to the reader. Because of the presence of rotations which interchange the
poles of L, the rotations C¥x and C** = C" %, k —I,...,m-- I, are con-
jugate. (The axis L is called two-sided because both poles of L lie in the same
orbit.) Since C,, is a normal subgroup of D,, the conjugacy classes {C*, C™*]
contain no elements not in C,,. There are 1 ++ (m/2) such classes if m is even
and (m + 1)/2 classes if m is odd. The m rotations t,, . . ., t,, about the two-
fold axes form a single conjugacy class if m is odd and two classes if m is
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even. Thus D, has a total of (3 -+ m)/2 classes for odd m and 3 + (m/2)
classes for even m.

For each m we shall exhibit a solid with D, as its largest point symmetry
group of the first kind. An m-prism is a right cylinder with base a regular
m-sided polygon and height not equal to one side of the polygon. In the case
m = 2 we define a regular two-sided polygon as a plane figure looking as
shown in Fig. 2.3. The reader can check that D, is a symmetry group of the

FIGURE 2.3

m-prism. In particular the axis L of the m-prism is the m-fold axis and the
midpoint of L is invariant under all elements of D,_. Similarly, it is easy to
show that C,, is the maximal direct symmetry group of an m-pyramid. An
m-pyramid is a right pyramid with base a regular m-sided polygon such that
the distance from the vertex of the pyramid to a vertex of the base is not equal
to one side of the polygon.

Next we consider solution (b) of (4.1). There are four threefold axes
L,,...,L, three twofold axes /,, /,, /,. Let {x,, ..., x,} be the poles in
one of the orbits which contains four elements. The elements of G permute
these poles transitively and effectively (since a nontrivial rotation can fix at
most two poles). Any pole x,, say, is fixed by a cyclic subgroup C, of order
three. It follows that for 2 <C i < j <C 4 there exists g € C, such that gx, =
x,, gx, = X;. Therefore, for distinct i, j, k there is a g € G such that
gx, = X;, 8X; = X,, i.e., the line segment [x,, x,] is mapped onto [x,, x,]
by the rotation g. Thus, the poles x,, . . ., x, are spaced equidistant from one
another on the sphere S, and the tetrahedron with these poles as vertices
admits G as a symmetry group. Clearly, G is a subgroup of the tetrahedral
group T of all direct symmetries of the tetrahedron. However, n(T) = 12,
so G =T, Indeed, every symmetry of the tetrahedron can be represented
uniquely as a permutation of the four vertices x,, ..., x,. Out of the 24
possible permutations in S, the reader can easily verify that only a subgroup
of order 12, the even permutations, correspond to direct symmetries of the
tetrahedron. The four threefold axes pass through the four vertices of the
tetrahedron, while the three twofold axes join the midpoints of nonintersect-
ing edges. There are four conjugacy classes: the identity, four rotations by
120°, four rotations by 240°, and three rotations by 180",

Solution (c) of (4.1) corresponds to three fourfold axes L,, L,, and L,,
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four threefold axes, and six twofold axes. All axes are two-sided. Consider
the orbit with six poles (the poles of the L, axes). G acts transitively and
effectively on the poles of this orbit. Exactly two of the poles, say x, and x,,
are fixed under the subgroup C, of rotations about the axis L, containing
x, and x,. The four remaining poles are permuted by the elements of C,.
Since C, contains an element of order four it follows that for 3 </ <(j <6
there is a g € C, such that gx, — x,, kK == 1, 2, and gx;, = x;. Thus g maps
the line segments [x,, x] and [x,, x,] onto [X,, X;] and [x,, x;], respectively.
The distance between any two poles not on the same axis is a fixed constant,
so the three L-axes are mutually orthogonal. Thus, we can construct a cube
€ such that the six poles form the midpoints of the six faces of €. The group
G is obviously a subgroup of the octahedral group O, the direct symmetry
group of €. The reader can verify that n(O) = 24, so G = O. As we have
mentioned, the three fourfold axes pass through the midpoints of the faces of
€. The four threefold axes pass through the vertices of € and the six twofold
axes pass through the midpoints of the edges of €. The octahedral group
contains five conjugacy classes. Since all axes are two-sided, the three rota-
tions of 90° and the three rotations of 270° about the L, form a single class,
as do the four rotations of 120 and four rotations of 240° about the three-
fold axes. The remaining classes contain the identity, the three rotations of
180° about the L, and the six rotations of 180° about the twofold axes, re-
spectively.

The octahedral group O is also the direct symmetry group of the octahe-
dron, a figure formed by connecting the midpoints of adjacent faces of € with
straight lines. The octahedron is a regular polyhedron with 8 triangular faces,
12 edges, and 6 vertices.

Solution (d) of (4.1) corresponds to six fivefold axes L, ..., L,, ten three-
fold axes, and fifteen twofold axes. All axes are two-sided. The 12 poles of the
L, axes lie in a single orbit. The transformation group G permutes these poles
transitively and effectively. Let us choose an axis L, with poles x,, x,. The
subgroup of rotations that fix each of x,, x, is isomorphic to C,. In particular
the rotation g through the angle 72° about L, is an element of order five.
The action of g on the orbit can thus be represented by the permutation
4.7 (X3X, o X ) (XpXg -0 X))
if the poles are suitably labeled. This is the only possibility since g must have
order five and leave none of the poles x,, . . . , X,, fixed. Therefore, under the
action of C, the single G-orbit splits into four C;-orbits: two fixed poles and
two orbits containing five poles each.

Think of x, and x, as the north and south poles of the sphere B,. The
remaining poles x,, ..., X,, cannot all lie on the equator since then a rota-
tion through 72° about one of the axes L, 2 < i <C 6, would map some of the
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X, into points which are neither on the equator or at the north or south poles.
This is impossible because the G-orbit contains only 12 elements. Therefore,
without loss of generality we can assume that x; is in the northern hemi-
sphere. There must then be five poles in the northern hemisphere since rota-
tions by 72° about L, map x, into x,, . . . , X,, successively. The five remain-
ing poles are in the southern hemisphere since they lie on the other ends of
axes through the poles x,, ..., Xx,. Our original choice of the axis L, was
arbitrary, so we have established that each pole has five nearest-neighbor
poles, five distant poles, and its antipode. The distance between nearest-
neighbor poles is a fixed constant.

Now draw straight lines connecting each pole to its five nearest neighbors.
The figure thus formed, assuming it exists, is a regular polyhedron with 12
vertices (the poles), 30 edges, and 20 faces. (Prove it!) The faces are equi-
lateral triangles.

Such a regular polyhedron does exist. It is called the icosahedron and the
dubious reader can construct it by gluing 20 congruent equilateral iriangles
together along the edges. The direct symmetry group of the icosahedron is
the icosahedral group Y. Clearly G is a subgroup of Y. It is easy to enumerate
the possible direct symmetries of the icosahedron. The only possible axes are:
6 fivefold axes through pairs of opposite vertices, 10 threefold axes through
the midpoints of opposite faces, and 15 twofold axes through the midpoints
of opposite edges. Thus Y contains a total of 60 elements. Since #n(G) = 60
it follows that G = Y.

There are five conjugacy classes in Y: the class of the identity element,
the class containing 15 rotations of 180°, the class containing 10 rotations of
120° and 10 rotations of 240°, the class containing 6 rotations of 72° and 6
rotations of 288°, and the class containing 6 rotations of 144° and 6 rotations
of 216°.

The icosahedral group is also the direct symmetry group of the dodecahed-
ron. This regular polyhedron can be obtained by joining with straight lines
the midpoints of adjacent faces of the icosahedron. The dodecahedron has
20 vertices and 30 edges. Its 12 faces are regular pentagons.

We have shown that a complete list of point groups of the first kind
is given by the cyclic groups C, , the dihedral groups D,,, m >> 2, the tetrahed-
ral group 7, the octahedral group O, and the icosahedral group Y. No two
groups in this list are isomorphic.

2.5 Point Groups of the Second Kind

A list of point groups of the second kind can be obtained from Theorem
2.5 and results of the last section. First we list all groups generated by the
inversion I and a point group of the first kind K. Clearly n(G) = 2n(K). As
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an abstract group G is isomorphic to the direct product K x H = K U IK,
where H is the group with two elements {E, I}. Thus, the multiplication table
for G can be obtained in an obvious way from the multiplication table for
K. The number of conjugacy classes for G is just twice the number for K.
The list is as follows:

(1) C,wIC,. This is an abelian group of order 2n consisting of all
rotations through multiples of the angle 2z/n about a fixed axis and all such
rotations followed by an inversion. The group has 2 conjugacy classes,
each class containing one element. For n odd there is an isomorphism C,, =
C, U IC,. However, these two groups are not conjugate subgroups of E(3).
Also, D, = C, U IC,, but again the two subgroups are not conjugate.

(2) D,ulD,,n>2. This group of order 4n has 3 + n conjugacy
classes if n is odd and 6 + # if n is even. For odd n > 3 there is an isomor-
phism D, U ID, = D, _, but the two subgroups are not conjugate.

(3) T UIT =T, The group T, is of order 24 and contains 8 conjugacy
classes.

4) O U110 = 0,. The group O, is the complete symmetry group of
the cube. It has order 48 and contains 12 conjugacy classes.

(5) YUIlY =Y,. This is the complete symmetry group of the icosa-
hedron. It contains 120 elements divided into 10 conjugacy classes.

Next we construct the groups mentioned in part (3) of Theorem 2.6.
We look for all point groups G* of the first kind such that G* contains a
subgroup K of index two. With G* = KU K* it follows that G = K UIK* is
a point group of the second kind isomorphic (but not conjugate) to G*.
Examining our list of point groups of the first kind we find the possibilities
given in Table 2.1. Perhaps the easiest way to obtain these results is to search

TABLE 2.1
Number of

G* K Order of G conjugacy classes

(6) Can Cu 2n 2n
(3 + n)/2, n odd
n ny 2>

" b Cryn =2 2n {3 + (n/2), n even
(®) D, D,,n=2 4n 3+n
)] o T 24 5

for all homomorphisms of G* onto the cyclic group of order two. An element
of odd order in G* is necessarily in the kernel K of each homomorphism.
Only the elements of even order have to be examined with special care.
Since G = G*, the multiplication table and the number of conjugacy
classes for G are the same as for G*. However, G and G* act differently as
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transformation groups because one group contains rotation-inversions and
the other does not.

The group of type (9) is usually denoted as T, in Schoenflies notation
(Hamermesh [1]). T, contains T as a normal subgroup and is the complete
symmetry group of the tetrahedron. The groups of type (7) are denoted
C.,.n=273,.... The C, group is the complete symmetry group of an
n-pyramid. It contains the subgroup C, of rotations about the vertical n-fold
axis of the pyramid as well as reflections in n vertical planes passing through
this axis.

The groups of types (1), (2), (6), and (8) are classified in a different manner
by Schoenflies. The type (1) group for odd » and the type (6) group for even
n are lumped together to form the cyclic group S,, of order 2n. A generator
of §,, is given by the rotation-inversion S(z/n), i.e., a rotation of 7/n about
an axis followed by reflection in a plane perpendicular to the axis. The even
powers of S(z/n) form the subgroup C,. The type (1) group for even n and the
type (6) group for odd n are combined to form the abelian group C,,, which
consists of the 2n rotations and rotation-inversions about a fixed axis by all
multiples of 27/x.

The type (2) group for even n and the type (8) group for odd » form D,,,
the complete symmetry group of the n-prism. This group of order 4n contains
C,, as a subgroup of order 2n. The type (2) group for odd » and the type (8)
group for even n form D, of order 4n. The group D, is the complete sym-
metry group of a twisted n-prism, obtained by joining together two n-prisms
at their bases in such a way that the prisms are rotated relative to one another
by the angle z/n. Here, D, contains S,, as a subgroup.

We have not listed solids whose complete symmetry groups are T, S,,,
and C,,. Such solids are not difficult to construct, however, and we refer the
interested reader to Yale [1].

2.6 Lattice Groups

A lattice group G is a nontrivial discrete subgroup of T(3), the transla-
tion group in three-space. By nontrivial we mean that G is not just the identity
element. Since the elements T, of 7(3) are completely determined by the
3-vectors a = a,e, + e, + &,e,, we can think of G as a group of 3-vectors
a whose law of group multiplication is vector addition:

TllTl| == Tll'*lz'
If the vector group G contains three linearly independent vectors it is said
to be three-dimensional. If G contains only two linearly independent vectors,

i.e., if all the vectors lie in a plane through 0, then G is two-dimensional. If
all the vectors lie on a line through 0, then G is one-dimensional. Ifa,, ..., a,
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are linearly independent vectors in a k-dimensional lattice group then every
a ¢ G can be written uniquely in the form

6.1) a=gqo,a + - + o,a,
where the @, are real numbers. We shall be primarily concerned with three-
dimensional lattice groups and we shall always consider G as a group of vec-
tors under addition. In this way we obtain a geometrical model of each lattice
group.

Two linearly independent vectors a, and a, in a lattice group determine
a parallelogram with vertices 0, a,,a,, and a, + a, (all in G) (Fig. 2.4).

FIGURE 2.4

Similarly, three linearly independent vectors a, , a,, and a, determine a paral-
lelepiped with vertices 0,a,,a,,a,, a, -+ a,,a, 4+ a,,a, + a,, and a, +
a, + a, in G (Fig. 2.5).

The following theorem exhibits the structure of three-dimensional lattice
groups and justifies the term “lattice.” If a,, a,, and a, are linearly independ-
ent then the set {«,a, + a,a, -- a,a,;}, where the o, run over all possible
integers, is clearly a subgroup of G. We show it is possible to choose the a,
so this set is all of G.

Theorem 2.6. Let G be a three-dimensional lattice group. Then there exist
linearly independent vectors b,,b,, b, in G such that every a & G can be
written uniquely in the form

(6.2) a=nb, | nb, -+ nb,
where the #, are integers.

Proof. Let a,, a,, a, be linearly independent vectors in G and let P be the
cell in R, determined by these vectors. (We think of P as consisting of the
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interior of the parallelepiped as well as its boundary faces, edges, and vertices.)
There are only a finite number of elements of the discrete group G in P. Let
b, be the shortest nonzero vector in G M P that is parallel to a,. That is, on
the edge of P with endpoints @ and a, we choose the element b, = 0 of G
closest to 8. Now let b, be an element of G in the parallelogram generated by
a,, a, such that the parallelogram generated by b, , b, has the smallest possible
nonzero area. Finally, choose b; € G M P such that the parallelepiped Q
generated by b,, b,, b, has the smallest possible nonzero volume. We show
that the b, have property (6.2). Clearly, these vectors are linearly independent.
Given any a € G there exist unique real numbers &, such that

a=aoab, + a,b, + o;b;.
Let n, be the largest integer in «,. Then

(6.3) a—3 nb—3pb—b

i=1 i=1
with 0 < B, < 1. The vector b defined by (7.3) is clearly an element of G " Q.
We will show that b = 6.

Suppose 0 << B, < 1. Then the volume V(Q’) of the parallelepiped Q'
generated by by, b,, b is strictly less than the volume V(Q). In fact V(Q') =
B,V (Q), but if b € P this is impossible since it contradicts our choice of b,.
If b ¢ P we can find integers m,, m, such that b =b -4- m,a, + m,a, € P
and the parallelepiped Q' generated by b,,b,,b” has volume V(Q") =
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B,V (Q) < V(Q). This is impossible! Thus #; =0 and b lies in the plane
spanned by a, and a,. If 0 < 8, <C I then the area of the parallelogram gener-
ated by b,, b is B, times the area of the parallelogram generated by b,, b,,
which contradicts the choice of b, if b € P. If b ¢ P then there is an integer
m such thatb” =b + ma, € Pand the area of the parallelogram generated
by b,, b is f, times the area of the parallelogram generated by b,, b,. This is
impossible! Thus f, =0 and b = f,b,. If 0 < 8, < 1 then b is closer to
0 than is b, . This is impossible, so b = 0. Q.E.D.

Now we return to the idea of the lattice group as a transformation group
on R,. Suppose the elements b,, b,, b, in G satisfy property (6.2). We call
such a triple basic vectors. Let x € R,. Applying to x those transformations
in G corresponding tob ,b,,b,, b, +b,, b, + b;, b, + by, and b, + b, +
b,, we get a parallelepiped in R, called a primitive cell or basic parallelepiped.
By applying all elements of G to x, i.e., by constructing the G-orbit containing
x, we form a geometrical lattice of points in R,. Indeed, it follows from
Theorem 2.6 that this lattice is just what we would get by stacking together
copies of the primitive cell so that they fill all of R,. The lattice points are the
vertices of the primitive cells. If the b, were linearly independent but did not
satisfy (6.2) we could still carry out the above construction and fill R, with
cells constructed on x. However, the vertices of these cells would not exhaust
the points in the G-orbii containing x.

We can construct a lattice containing any point x. Two points lie on the
same lattice if and only if they are in the same G-orbit. The totality of all
lattices, 1.e., all G-orbits, is called the crystal lattice or space lattice. Ordinarily
it is most convenient to discuss lattices based on x = 0.

By suitably eliminating certain faces, edges, and vertices from a primitive
cell we can construct a fundamental domain for G, i.e., a subset D of R, such
that any point X € R, lies in the same G-orbit as some y € D and no two
points in D lie in the same G-orbit. Thus, D consists of exactly one point
from each G-orbit of R;.

The proof of Theorem 2.6 shows that even though the crystal lattice of
G 1s uniquely determined by G, the primitive cell is not. In fact, there are an
infinite number of possible basic vectors b,.

Corollary 2.2. Corresponding to any two linearly independent vectors
a,, a, = G there exists a primitive cell Q with an edge directed along a, and
a face in the plane spanned by a, and a,. (We assume x = 0.)

The primitive cells of G can be characterized as the cells with smallest
volume. Let b,,b,, b, be basic vectors with primitive cell Q of volume
V(Q) and let a,,a,,a, be three linearly independent vectors in G with
cell P.
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Theorem 2.7. V(Q) << V(P).

Proof. In terms of the standard orthonormal basis vectors e,, e,, e, the
a, and b, can be represented as

(6.4) a, — il ae, b, = j} be,  hk=1,23,
where the 3 X 3 matrices
A = (g, B =1(b,)
are nonsingular, Similarly,
(6.5) a, — kjl by, i=1,2,3,
and the nonsingular matrix
C = (cu)

has integer matrix elements, since the b, are basic vectors. It follows from
(6.4) and (6.5) that 4 == BC in terms of matrix multiplication. Furthermore,

(6.6) V(P)=|a,-(a, x a;)| = [det 4]
Thus,
(6.7) V(P) = |det BC| = |det C|-|det B| = |det C|- V(Q),

and | det C| > | since C has integer matrix elements. Q.E.D.
In particular, V(P) is an integral multiple of V(Q).

Corollary 2.3. A primitive cell of G 1s a cell with minimum nonzero volume.
The volumes of any two primitive cells are equal.

Corollary 2.4. If the vectors a, in G are related to the basic vectors b, by
(6.5) then the a, are basic vectors if and only if det C = 4-1.

2.7 Crystallographic Point Groups

Let H be a three-dimensional lattice group and consider the lattice L
formed by the action of H on a given point X € R;. For convenience we
assume x = 0. Since L is a (unbounded) point set in R;, it has a complete
symmetry group G. We will soon see that G is discrete. Clearly, H is a transla-
tion subgroup of G since the elements of H map L onto itself.

Suppose t is an element of G N T(3), i.e., t is a translation in G. Then
t8 = b is a lattice point of L. If b, , b,, b, are basic vectors for H there exist
unique integers », such that

b=nb, + nb, 4+ n;b,.
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Since t is a translation it maps any y € R, onto y - #,b, + n,b, + n;b;.
Thus,t € Hand H = G N T(3).

Now if g € G then g@ = b is a lattice point of L. If t € H is the lattice
translation that maps 0@ into b then t~'g0 = 0, i.e., the transformation f =
t™!'g € G leaves the point 0 fixed. Thus, every element g of G can be written
uniquely in the form g = tf, where t € H and f leaves 0 fixed. Denoting by
F the subgroup of G fixing 8, we see that G = HF and G is the semidirect
product of H and F. In particular the product of two elements t,f, and t.f,
in G is given by

(7-1) (tlfl)(t?.f?.) = tl(fltzfl_l)(flfz)’

since f,t,f;' € G N T(3) = H. Furthermore, the elements of G preserve
distance and there are only a finite number of lattice points inside any sphere
centered at @, so F must be a finite point group. As a consequence, G is neces-
sarily discrete. Any two three-dimensional lattice groups H,, H, are clearly
isomorphic. Thus to compute all complete symmetry groups of lattices up
to isomorphism (hence to classify all lattices by symmetry type) it is enough
to compute all possible point groups F. An arbitrary symmetry group of L,
not necessarily the complete group of symmetries, is an arbitrary subgroup
G’ of G.

Definition. A subgroup of E(3) which fixes a point x and maps a three-
dimensional lattice L containing x into itself is called a crystallographic
point group. The largest crystallographic point group F at x is called the
holohedry of L at x.

We have shown that a crystallographic point group is necessarily finite.
Furthermore, if x and y are points contained in the same lattice L then the
holohedries fixing x and y, respectively, are conjugate subgroups of E(3).
The crystallographic point groups are just the subgroups of the holohedries.

Not all point groups are crystallographic point groups. The requirement
that a point group leave a lattice invariant is a strong restriction on the ele-
ments of the group.

Theorem 2.8. (The crystallographic restriction). Let K be a crystallographic
point group. If g € K is a nontrivial rotation then g is of order two, three,
four, or six. If g = Ik is a rotation-inversion in K then the rotation k is of
order one, two, three, four, or six.

Proof. Let b,,b,, b, be basic vectors for the lattice L on which K acts.
Writing

(7.2) gb, = 5:: ¢b;
i=1
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we see that

C= (cij)
is the matrix of the transformation g in the basis {b}. Recall that the trace
of a matrix is invariant under similarity transformations, i.e., the trace of
g is independent of basis. Since the b, are basic vectors of L it follows that the
¢,;; are integers, so tr C is an integer. However, from (1.10), we see that for
an orthonormal basis with one basis vector along the axis of rotation, the

trace is +(1 + 2 cos g), where ¢ is the rotation angle corresponding to g.
The minus sign applies to rotation-inversions. Thus,

(7.3) trC = 4-(1 + 2cos ¢)
and the only way this can be an integer is for ¢ = #/2, 37/2, nn/3, with
n=20,1,...,5 (Note that necessarily |[tr C| < 3.) Q.E.D.

This theorem shows that no point group which contains elements with
rotational parts of order five or greater than six can be a crystallographic
point group. It follows from our classification of point groups in Sections
2.4 and 2.5 that all but 32 point groups can be eliminated as candidates for
crystallographic groups. The possible point groups of the first kind are the
cyclic groups C,,C,,C;,C,, Cq, the dihedral groups D,, D,, D,, D,
the tetrahedral group 7, and the octahedral group O. The possible point
groups of the second kind are S,,S,, S Ciss Can> Cin> Cans Cons Cans
Ci,, Cirs Cors Doy Dy, T, Ty, Dy, Dy,y Dy, Dy, and O,. We will show
that each member of this list is in fact a symmetry group of some lattice, and
we will relate these groups to the study of crystal structure in physics.

We first classify the holohedries (or maximal crystallographic point
groups) of lattices.

Definition. Two lattices L, L’ are in the same crystal system if their holo-
hedries F, F' are conjugate subgroups of E(3).

We know that all lattices of a lattice group H lie in the same crystal sys-
tem, so it also makes sense to speak of a classification of lattice groups into
crystal systems.

The possible holohedries can be obtained from our list of the 32 possible
crystallographic point groups. However, the following theorems show that
there are at most seven holohedries. Let L be a lattice which for convenience
we assume based at x = 0 and let F be its holohedry at x.

Theorem 2.9. The inversion I is an element of F.

Proof. 1Ifb,,b,, b, are basic vectors for L, the lattice points of L are exactly
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the points
b = n,b, 4+ n,b, + n3by, n,, Hy, ; Integers.

It follows from this representation that —b < L whenever b € L. Thus
I F QED.

We conclude that holohedries are necessarily point groups of the second
kind containing 1.

Theorem 2.10. If F contains the cyclic subgroup C,,n = 3,4, 6, then F
contains C,,.

Proof. We have to show that if F contains an n-fold rotation axis / then it
also contains a reflection plane P in which / lies. (The reflection and C, gener-
ate C,,.) Let C € F be a rotation about / with rotation angle 27/n and let
Q be the plane through x = @ perpendicular to /. If y is a lattice point of L
not on / then Cy — y is a nonzero lattice point lying in Q. Therefore, Q M L
contains nonzero vectors. Let b, be a nonzero vector of minimum length in
Q N L. According to Theorem 2.6 and its corollary we can embed b, in a
system of basic vectors b,, b,, b; for L such that b, lies in Q. In fact we can
set b, = Cb, (Fig 2.6), for if there is an a € Q M L in the interior of the
parallelogram generated by b, and Cb, then at least one of the lattice vectors
Cb, —a,Cb, +- b, —a, b, — a,a is shorter than b,. This is impossible,
so b, = Cb,. All we know about by initially is that it is not in Q. We can
write it uniquely in the form

(7.4) b, =u—+v

where the vector u points along / and v lies in Q. (Here, u and v are just the
projections of b; on / and Q: they are not necessarily lattice vectors.) Since

FIGURE 2.6
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Cb, — b, € L N Q and Cu = u, there exist integers n,, #, such that
(7.5) Cb, — b; = Cv — v = n;b, + n,Ch,.

Multiplying both sides of this expression by C~' and then subtracting from
(7.5) we get

Cv+ C'v — 2v=n,Cb, — n,C'b, + (n, — n,)b,.
A little trigonometry yields (Fig. 2.7)
Cv | C v = 2 cos(2n/n)v,
Cb, + C'b, = 2 cos(2zn/n)b, .

Cv -
~
l ~
~
| ~
~
~ ~
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| —~
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FIGURE 2.7

Thus,
(7.6)  2[cosm/n) — 1]v = (n, -{- ny)b, + [n, — n, — 2n cos(2m/n)lb, .

Let o be the reflection in the plane P containing / and perpendicular to b, .
Clearly, 6b, = —b,, ou = u. If we can show that eb, and ob; are lattice points
it will follow that ¢ € F.

For n = 3 we have ¢b, =b, +b, € L: for n =4,6b, =b, € L; and
for n = 6,6b, = b, — b, € L. In each case, (7.4) and (7.6) yield

eb,—-ufov=u+v i (n —n)b, =b;+ (n, —nyb, € L. QE.D.
From our list of 32 possible crystallographic point groups only 7 satisfy

the conditions imposed by Theorems 2.9 and 2.10. They are S,, C,,, D,;,
D,,, D,,, Dg,, and O,. Thus there are at most 7 holohedries.

2.8 The Bravais Lattices

We shall verify that the seven groups S,, C,,, D,,, Dy, Dy, Dg,, and
0, are holohedries by explicitly constructing all lattices L for which they are
maximal crystallographic point groups. To avoid overly complicated calcula-
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tions it is necessary to choose basic vectors for L in a convenient manner.
For this, Theorem 2.6 and its corollary will prove useful.

Two lattices (or lattice groups) L,, L, belonging to the same holohedry
F are of the same type if one of them can be obtained from the other by a
continuous lattice deformation L,, 0 <C ¢ << 1, in such a way that during the
deformation process the holohedry F, contains F. As we shall see, two lattices
belonging to the same holohedry need not have isomorphic complete sym-
metry groups. However, two lattices belonging to the same type necessarily
have isomorphic complete symmetry groups. The seven crystal systems will
subdivide into 14 lattice types, the 14 Bravais lattices. Every lattice belongs
to exactly one lattice type and this type determines the complete symmetry
group of the lattice, up to isomorphism.

Our candidates for holohedries satisfy the subgroup relations given by
Fig. 2.8. In particular, S, = {E, I} is contained in all these groups. As we have
seen in Theorem 2.9 every lattice admits S, as a crystallographic point group.

S, cCpc Dy Dy =0,
M M
Dy = De,

FIGURE 2.8

Except for S, these groups contain an n-fold rotation axis /(n = 2, 4, or
6) and a reflection o, in the plane P through @ perpendicular to this axis.
Let C be a rotation through the angle 2z/n about /. We will determine the
restrictions on a lattice L in order that it admit C and o, as symmetries. [t
is always possible to choose basic vectors b,, b,, b, for L such thatb, and b,
lie in P. Indeed, if a, and a, are any two lattice points not lying in the same
plane containing / then a, + o,a, and a, + ¢,a, are linearly independent
lattice vectors in P. By Corollary 2.2 we can choose b, and b, in P. We write
the third basic vector uniquely in the form

8.1) b,=u-v
where ulies along /and v lies in P. Notice that the volume of the cell generated

by b,,b,, b, is the same as the volume of the cell generated by b,, b,, b,’,
where

(8.2) b, =b, + mb, + m,b,
and m,, m, are integers. Thus b, , b,, b," are also basic vectors. We will use this

freedom to vary b, in the computations to follow.
Since Cu = u it follows that

(8.3) Cb, b, =Cv—v=nb, +nb,cLNP

Relation (8.3) will enable us to compute v, hence to enumerate the possibilities
for b,. This enumeration depends on the value of n. If n = 2 then Cv = —v.
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Solving for v in (8.3) and substituting into (8.1), we get
(8.4) b; =u+ inb, 4+ inb,.
Using the freedom of (8.2 )in selecting b,, we can add arbitrary integer mul-

tiples of b, and b, to (8.4). Thus, we can choose b, such that n,, n, =0, 1.
There are four possibilities:

(1) bz =u (2) bz =u-+ %bu

(3) by=u+ %bz’ 4) b,=u+ %b! -+ %bZ'
Only in case (1) is b, perpendicular to the plane P. Since b, and b, have not
been uniquely specified, these four cases are not all distinct. Under an inter-
change of b, and b,, (2) and (3) coincide. Furthermore, if b, and b, are re-
placed by the new basic vectors b, and b, + b, then (3) (4) coincide. However,
the same lattice cannot have a primitive cell of the form (1) and a primitive
cell of the form (2), (3), or (4).

The cases n = 4, 6 follow from the proof of Theorem 2.10. It was shown

that we can choose b, as the shortest nonzero vectorin P M Land b, = Cb,.
Then the expression for v is given by (7.6). If n = 4 then

b, = u -+ 4(n, — n)b, — X(n, + nb,.

Now n, -+ n, are simultaneously odd or even integers. Thus, addition of
integer multiples of b, and b, reduces b, to two normal forms:

(8.6) (1) by=u, (2) b,=u+4b 1b,.
If n =6, (7.6) yields

(8.5)

by =u+ n,b, — (1, 4 n,)b,.
Addition of (n, + n,)b, — n,b, reduces this to
(8.7) b, = u.

Thus, b, can always be chosen perpendicular to b, and b, = Cb,.
Armed with this information, we examine the holohedries one at a time
and determine the lattice types which correspond to them.

The cubic holohedry O,. Let / be one of the fourfold axes of the group
O, and consider a lattice L with primitive cell corresponding to the choice
(1) of (8.6). Thus, the basic vectors are chosen so that (1) they are mutually
perpendicular, (2) b, lies on /, and (3) b, and b, have the same {minimal}
length. Now O, has four rotation axes through @ evenly spaced in the plane
P spanned by b, and b,, so at least one of these axes /, lies between b, and b,
(Fig. 2.9). The axis /, is at least twofold. Let R be the rotation through z
about /,. Then Rb, and Rb, must lie in L N P. However, L N P is a square
grid, so /, must be at an angle of #/4 with both b, and b,. Now /; cannot
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FiGURe 2.9

be a fourfold axis since a rotation of #/2 about /, maps b, and b, into points
not in L. Thus, /, is a twofold axis and the two fourfold axes in P (which
form an angle of #/4 with /,) must lie along b, and b,, respectively. A rotation
of /2 about the axis through b, necessarily maps b, onto b, or —b,. There-
fore, ||b, || = ||b, || and the three basic vectors have the same length. (Fig.
2.10). The primitive cell is a cube I',. [t is now clear from the definition of O,
that a lattice of type I'_ admits O, as its holohedry. All such lattices can be
designated by a single parameter, the length of one side of the primitive cell.

A second possibility is that the primitive cell of the lattice L about the
fourfold axis / takes the form (2) in expression (8.6). Thus, (1) b, [ b,, (2)
the basic vectors b,, b, are perpendicular to / and have minimal length in
the set of such lattice vectors, (3)||b, || = ||b, |, and (4)b, = u + b, 4 ib,,

by

b,

b,

FIGURE 2.10. Here,br | bz | b3 L by;llbiil =I{lb2]l = Ilbsll.
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where u lies along /. It follows that the lattice vector b, = 2b, — b, — b,
liecs on /. Thus, b, 1 b, | b, | b,. Just as above, we see that the twofold
or fourfold axis /, perpendicular to / makes an angle z/4 with b, and b,.

Suppose /, is a fourfold axis. From (4), b, lies in the plane through /
and /,, so a rotation through the angle n/2 about /, must map b, into either
b, or b,. We conclude that all of the basic vectors have the same length and
lIb |l = A/ 2 || b, || The positions of the basic vectors b, , b,, b, and the orien-
tation of the axes of O, have now been completely determined. In particular,
the vectors b, and b, lie on twofold axes. We need only verify that the lattice
L with these basic vectors actually admits 0, as a symmetry group. However,
the symmetry properties of this primitive cell are not easy to visualize. It
would be helpful if we could construct a cell all of whose vertices were on
fourfold axes. This can be achieved by using the lattice vectors b, + b,,
b, —b,, and b, to generate a cube I' /. (Note that b, 4 b, lies on /, and
b, — b, lies on another fourfold axis.) The lattice pointsb;, b, —b,, b, + b,
and b, + b, — b, are the midpoints of the four vertical faces of I' /, b,
is the midpoint of the bottom face, and b, + b, is the midpoint of the top
face. All of the remaining lattice points in I' 7 lie at the vertices. It is now easy
to check that a lattice built from cells of type I',/ admits O, as a symmetry
group. Lattices with type I' ./ symmetry are called face-centered cubic. The
cell T',7 is not primitive since its volume is four times that of a primitive cell.
However, in practice the face-centered cubic cell is often preferable to a
primitive cell since it exhibits O, symmetry in a very explicit form. All lattices
of type I'.7 can be described by a single parameter, the length of one side of
the face-centered cube.

The only remaining possibility is that /, is a twofold axis. In this case
fourfold axes lie along b, and b, and the lattice point b, = 2b; — b, — b,
lies on /. It is easy to show that the lattice points on / consist of all integer
multiples of a single lattice point a. Here, a = m b, 4+ m,b, + m;b, is char-
acterized by the fact that 4-a are the lattice points on /closest to 8. The proof
uses the Euclidean algorithm and is almost a copy of the proof of Lemma 2.2.
Since the coefficients of b, have no common integer divisor other than +1
it follows that b, = -+-a. Therefore, there is no lattice point on / between
0 and b, . As a consequence, a rotation through n/2 radians about the four-
fold axis b, must map b, into either b, or —b,. Hence, ||b, || = |{b,[| = ||b,||
and the positions of the basic vectors b,, b,, b, are uniquely determined. Just
as in the previous case, the symmetry properties of the primitive cell are not
easy to visualize. To remedy this we consider the cube I',” generated by
b,,b,, b,. The lattice point b, lies at the center of I',” and the remaining
lattice points inI" ? lie at the vertices. It is now easy to check that a lattice con-
structed from type —TI".* cells actually admits O, as a symmetry group. Such
lattices are called body-centered cubic. The volume of a I'.* cell is twice that
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of a primitive cell. All lattices of type I'." can be described uniquely in terms
of the length of one side of a body-centered cell.

We have shown that the crystal system with cubic holohedry O, divides
into three lattice types: primitive I',, face-centered I" 7, and body-centered
re.

The hexagonal holohedry D, . Let / be the sixfold axis of D, and con-
sider a lattice L admitting Dy, as a symmetry group. Since D, is not a
proper subgroup of any possible holohedry, it must be the holohedry of L.
According to (8.7) we can find vectors b,, b,, b, for L such that (1) the angle
between b, and b, is #/3, (2) b, | b, | b,, and (3) b, and b, have the same
(minimal) length and lie in the plane P through @ and perpendicular to /.
Conversely, it is straightforward to show that a lattice L with basic vectors
satisfying (1)-(3) actually admits D,, as a symmetry group. The primitive
cell just constructed is denoted I",. Lattices of type I', are uniquely deter-
mined by two parameters: || b, || and || b, ||.

The tetragonal holohedry D,,. Let / be the fourfold axis of D,, and L
a lattice with primitive cell corresponding to choice (1) of (8.6). Then (I}
b, I b, 1 b, | b, and (2) b, and b, have the same (minimal) length both
lying in the plane P through 8 perpendicular to /. Conversely, it is easy to
show that any lattice with primitive cell satisfying (I) and (2) admits D,,
as a symmetry group. In order that D,, qualify as the holohedry of L it is
necessary to require || b, || # {| b;||. Otherwise L would have O, as holohedry.
The primitive cell just constructed is denoted I',. Lattices of type I', are
determined by the two parameters || b, || and || b, ||.

Now suppose the primitive cell of L about the fourfold axis / takes the
form (2) of expression (8.6). Then (1) b, and b, are vectors of minimal length
in the plane P perpendicular to / and passing through 0, (2) b, | b,, (3)
lIb |l = |Ib,||, and (4) b; = u -- ib, + 1b,, where u lies on /. Clearly, the
lattice vector b, = 2u = 2b; — b, — b, also lies on /, and there is no lattice
vector on / between b, and 8. The vectors b,, b,, b, are mutually orthogonal.
The group D,, has four twofold axes lying in P and it is obvious that one
axis lies along b, one axis lies along b,, and a third axis makes an angle of
nf/4 with b, and b,. Let I" ¥ be the rectangular parallelepiped (box) generated
by b, b,, b,. The lattice point b, lies at the center of I',” but all other lattice
points are located at the vertices. Clearly, a lattice constructed from I"f
cells admits D,, as a symmetry group. However, D,, is the holohedry only
if || b, || ¢ ||b, |}, since otherwise the holohedry would be O,. Note that I,
has twice the volume of a primitive cell. A lattice of type I' * is called body-
centered. All lattices of type I',* can be described by the two parameters
I1b, [l and |ib, .
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We have shown that the crystal system with tetragonal holohedry contains
two lattice types: primitive I', and body-centered IT";’.

The rhombohedral holohedry D,,. Let / be the threefold axis of D;, and let
P be the plane through @ perpendicular to /. Suppose C is a rotation through
the angle 27/3 about /. Then we can choose basic vectors b,, b,, b, (Fig.
2.11) for L such that b, has minimal nonzero length in L ™ P and b, = Cb, .

b

FIGURE 2.11

Write b, = u + v, where u lies along / and v lies ir P. Let S € D,, be the
rotation through the angle /3 about / followed by a reflection in P. Clearly,
Su = —u, Sb, = b, +b,, and Sb, = —b,, In particular,

(8.8) Sb, +b,=Sv+v=nb, +nb,ec LNP
where n,, n, are integers. Multiplying both sides of (8.8) by S7!, we obtain
(8.9) v+ S'v =(n, — n)b, + n,b,.
Addition of (8.8) and (8.9) yields

Sv + S~y + 2v = (n, + n,)b, + (2n, — n))b,.
A computation exactly like that following (7.5) shows that the left-hand side
is 3v. Thus,
(8.10) b, = u + 4(n, 4- ny)b, + 42n, — n))b,.
As usual, we can subtract arbitrary integer multiples of b, and b, from b,
and still maintain a primitive cell. There are only three distinct possibilities:
(8.11)
(1) b, =nu, (2) b;=u+ b, — b, (3) by =u— (b, —b,).
Case (1) is ruled out. For, if b, = u it is easy to see that the primitive cell

generated by b, , b, -+ b,, b, isjustT',, so L has holokedry Dy,. Furthermore,
cases (2) and (3) are really the same since the lattice does not furnish us with
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an orientation with which to tell b, and b, apart. We choose (2) as our normal
form. Note that the lattice point 3u = 3b, — b, + b, lies on / and there are
no lattice points on / between 3u and 0. 1t is left to the reader to verify that the
three twofold axes of D,, must lie along b,,b, - b,, and b,, respectively,
and the three vertical reflection planes bisect the angles between adjacent
twofold axes. The primitive cell generated by b,,b,, b, is denoted I, [t is
now straightforward to check that a lattice of type I',, does indeed have D,
as its holohedry. All lattices of type T",, are uniquely described by the two
parameters ||b, || and |jufl.

The orthorhombic holohedry D,,. Let / be a twofold axis of D,,. Using
Corollary 2.2, we choose a primitive cell for L such that b, , b, lie in the plane
P through 6, perpendicular to /. Assume the lattice corresponds to choice (1)
of (8.5) and recall that D,, has two perpendicular twofold axes /,, /, in the
plane P and two vertical reflection planes each containing / with one of the
/.. Itis an elementary computation to show that there are only two possibil-
ities: either (1) the /, lie along b, and b,, or (2) ||b, || = ||b, || and the /, are
the two perpendicular bisectors of the angles between the vectors b, b, in
P. In the first case the b, are mutually orthogonal and generate a primitive
right parallelepiped I',. In order that D,, be the holohedry of a lattice con-
structed from type I, cells it is necessary and sufficient that the lengths of no
two sides of the primitive cell be equal. The type-I', lattices are determined
by three parameters.

Since ||b, || = ||b, || in case (2), it is clear that the lattice vectors b, -+ b,
and b, generate a right parallelepiped I' > The lattice point b, is the midpoint
of the base and b, -+ b, is the midpoint of the top of I',>. The only remaining
lattice points in this cell are the vertices. For this reason I’ ? is called base-
centered. The volume of I',? is twice the volume of a primitive cell. Clearly,
a type-I' ? lattice admits D,, as a symmetry group, but D,, is the holohedry
of the lattice only if the angle between b, and b, is not #/2 or n/3. The type-
TI',? lattices are determined by three parameters: ||b, ||, {|b, ||, and the angle
between b, and b,.

As remarked in the discussion following expressions (8.5), the choices
{2)—(4) for b, are not distinct. For normalization purposes we choose b, -
u + 1b, + 1b,. Again there are two possibilities: either (1) the mutually
orthogonal twofold axes /,, /, in Plie alongb, and b,, or (2) the /, are bisectors
of the angles between b, , b,, and || b, || = || b, |j. Incase (1) we see that b,, b,,
and 2u = 2b, — b, — b, are mutually orthogonal lattice vectors which
generate a right parallelepiped I' ¥, The only lattice point in I',* other than
the vertices is b,, the midpoint of I',". The cell ') is called body-centered.
It is now easy to check that a lattice constructed from type-I' " cells admits
D,, as a symmetry group. However, D,, is a holohedry of such a lattice only
if ||b, || = || b, ]|, since otherwise D,, would be a symmetry of the lattice. The
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volume of T, is twice the volume of a primitive cell. The type-I",” lattices can
be described by three parameters, the dimensions of the body-centered cell.

Corresponding to possibility (2) above we see that b, 4+~ b,,b, —b,,
and 2u = 2b, — b, — b, are mutually orthogonal and generate a right paral-
lelepiped I',7. This cell clearly contains lattice points only at its vertices and
at the midpoints of each of its six faces. For obvious reasons I',7 is called
face-centered. Type I’/ lattices clearly admit D,, as a symmetry group.
However, D,, is the holohedry of such lattices only if the base of I',” is not
square. The volume of the face-centered cell is four times the volume of a
primitive cell. The possible type I', lattices are determined by three param-
eters, the dimensions of I, 7.

The crystal system with holohedry D,, thus contains four lattice types:
primitive I, base-centered I',?, body-centered I',*, and face-centered I',”.

The monoclinic holohedry C,,. Let / be the twofold axis of C,,. We can
choose basic vectors for the lattice L such that b,, b, are vectors of minimal
length in the plane P perpendicular to L and, by (8.5), we can assume that
either b, =u or b, = u 4 Jb,. If b, = u then b, is perpendicular to b, b,
and the basic vectors generate a primitive cell I' . It is obvious that type
I, lattices admit C,, as a symmetry group. However, C,, is a holohedry
only if the T, cell does not coincide with I',, I",,, T, or I',. The type-T’,,
lattices are determined by four parameters: ||b, ||, ||b, ]}, ||b,|], and the angle
between b, and b, .

Ifb, =u+ }b, thenb, = 2b, — b, lies on /. The lattice vectors b,, b,, b,
generate the base-centered cell I',°. This cell contains only the lattice point
b, as the center of one face and b, + b, as the center of the opposite face,
in addition to the vertices. A type I',,? lattice admits C,* as a symmetry group,
but C,, is the holohedry of such a lattice only if b, is not perpendicular to
b, or b, + b,. The type I",? lattices can be determined by four parameters:
(b, 1, by f, [Iby]l, and the angle between b, and b,. (If we had chosen b,
in the form b, = u + }b, + 1b, we would have been led naturally to a body-
centered cell. The choice of T, ? rather than a body-centered cell to designate
this lattice type is a matter of custom rather than logical necessity.)

We have shown that the monoclinic crystal system contains two lattice
types: primitive I',, and base-centered I",,°.

The triclinic holohedry S,. Since every lattice admits S, as a symmetry
group, S, is the holohedry for all lattices which do not fall into one of the
thirteen lattice types classified above. We can uniquely define basic vectors
for such a lattice by requiring b,, b,, b, not all lying in the same plane, to
have minimal nonzero distance from 0. (A precise definition of the b, to
obtain uniqueness is a matter of taste.) The basic vectors generate a primitive
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lattice T',. The lattices of type I', can be designated by six parameters: the
lengths of the three basic vectors and the three angles between pairs of basic
vectors.

In conclusion, we have verified our list of 7 holohedries or crystal systems
and have shown that there exist 14 lattice types (Bravais lattices).

The crystallographic point groups are just the possible subgroups of the
7 holohedries. It was shown in Section 2.7 that there are at most 32 such
groups. Furthermore, it is easy to check that each of the 32 groups is a sub-
group of at least one holohedry. Therefore, there are exactly 32 crystallo-
graphic point groups. Crystallographers say that there are 32 crystal classes.

TABLE 2.2 THE BRAVAIS LATTICES

Bravais lattice Crystal classes Basic vectors by, by, bs
1. Triclinic S2 S2, C, = {E}
I, primitive Arbitrary
2. Monoclinic Cas Ca, C2, Cri
I, primitive b, 1 by | by
I",,> base-centered by 1.bz | (2bs — b3) | by
3. Orthorhombic Dy, Dyp, Dy, Ca,
T, primitive by L by | by I b,
I',» base-centered bs L (by +bs) L (by —bs) | bs,
liby{} = {Ib2 ||
I',» body-centered by L by | (2by —b; —by) | by,
ibull = b2l
I',f face-centered (b; +b3) L (by —by)
1. (2by — by — b2) L (by + b)
4. Tetragonal Dy, Dyn, Da, Cay, Can,
T, primitive Cy, Dra, S4 by L bz L bs L by,|{bi] =Ibz]l
I',» body-centered by L 2bs — b1 — b2) 1_by | by,
[Iby]l = lIb2 |l
5. Rhombohedral ng D3d, DJ s Ciu,
T, 4 primitive S6, Cs by I (2bs — by + ba) L by,
[Iby ][ = [Iby |, £biby; = 2r/3
6. Hexagonal Dy, Dey, Con,s Coo,s
I'x primitive D3y, C3p, Cs, D by L b3 1 by, [|by || = {[bz]],
£biby = n/3
7. Cubic O 0,,0,T, Ty, T
I'. primitive by L bs I by | by,
{ibil = {ib2{l = {ibs|i
I'.» body-centered by L by | by L by,
lIbyl] = I1b2 il = lIbg]l,
by = 2b3; —b; — b;
I'.f face-centered by I b2 | ba | by,

byl = 1ibz |l = (1/+~/2) |Iba i,
bs = 2bs — b,
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A crystal class or point group K is said to belong to a crystal system with
holohedry Fif F is the smallest holohedry containing K. The distribution
of crystal classes among the crystal systems is indicated in Table 2.2.

2.9 Crystal Structure

In this section the use of the term “crystal,” introduced earlier, will be
given a physical justification.

First we justify our restriction to discrete (even finite) point groups to
describe the symmetries of a body S of finite extent. If we believe the atomic
theory we can assume S is made up of n atoms. (For the purposes of this
discussion think of an atom as a tiny billiard ball.) Every Euclidean sym-
metry of S must then induce a permutation of these n atoms. If the atoms do
not all lie in a single plane then the symmetry g of S is uniquely determined
by the permutation it induces. Since there are at most n! permutations of the
n atoms, the complete symmetry group G of § must be finite with order
dividing n!.

If the atoms of S lie in a plane P but not along a single line then a sym-
metry g is determined by the permutation it induces, up to a possible reflec-
tion in P. The order of the complete symmetry group G of S is a divisor of
2n!. The order of G is twice the order of the plane symmetry group obtained
by considering S as a subset of R,.

If the atoms of S lie on a single axis / then the symmetry group will no
longer be discrete. Indeed, if S consists of a single atom the complete sym-
metry group is the orthogonal group O(3). If S contains more than one atom
strung along / then S admits the nondiscrete symmetry group C., consisting
of all rotations about / and reflections in all planes passing through /. If in
addition S admits a reflection ¢ in a plane P perpendicular to /then D , —
C., ¥ {E, ¢} is the complete symmetry group of S. If S does not admit a
reflection ¢ then C., is the complete symmetry group. This concludes our
catalog of possible point groups.

Next we discuss the relationship between physical crystals and the lattice
groups and crystallographic point groups introduced in the preceding sections.
We first assume that the crystal occupies all space. (In this way we can avoid
the consideration of the crystal boundary.) Roughly speaking, we can think
of a crystal as formed by stacking together identical copies of a unit cell C
so as to fill all space. The unit cell contains some given distribution of atoms,
all atoms vibrating about equilibrium points in the crystal.

Two points x and y in a crystal are said to be equivalent if all of the (time-
averaged) physical properties of the crystal are identical at x and y. In other
words x and y are equivalent points if there is no operational! way of distin-
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guishing between them. The crystal as viewed by an observer at x appears
identical to that as viewed by an observer at y. Only time-averaged properties
are considered so as to avoid asymmetries due to the fluctuations of the atoms
alone. (We can think of the atoms as frozen at their points of equilibrium.)
It is clear that the point x is equivalent to at least all points of the form x +
nb, -+ n,b, + n;b,, where n, n,, n, are arbitrary integers and b, b,, b,
are the vectors generating C.

We define the complete symmetry group of a crystal as the subgroup of
E(3) consisting of those Euclidean motions that map each point x in the
crystal onto a point y equivalent to x. Clearly, in our model the lattice group

9.1) H = {T,:a-=nb, | nb, | nb,}

is a subgroup of the complete symmetry group. Now we forget about our
hypothetical model and simply define an ideal crystal as a solid (filling all
space) which satisfies the lattice postulate: There exist noncoplanar vectors
b,,b,. b, such that any point x is equivalent to all points

(9.2) X - n,b, |- n,b, -|- n;by, n,,n,,n, integers.

The lattice postulate amounts to the requirement that the lattice group H
given by (9.1) is a symmetry group of the crystal. In addition we require that
H is the maximal lattice symmetry group of the crystal, i.e., if T is a transla-
tional symmetry then T = H.

Let G be the complete symmetry group of a crystal. Clearly, H is a sub-
group of G in fact we shall see that it is a normal subgroup. G is called a
crystal group or space group. A list of the possible isomorphism classes of
space groups serves as a list of possible symmetry types of ideal crystals.
Such a list is important because it serves as a classification scheme (some-
thing like the periodic table of the elements) into which all crystals can be
fit. Furthermore, to a considerable extent the symmetry of a crystal serves
to determine the physical propeties of the crystal.

Before proceeding to an analysis of the possible space groups G it is useful
to clarify the meaning of some of the statements made above. First of all we
shall be dealing exclusively with ideal crystals, i.e., crystals which satisfy the
lattice postulate. The extent to which real crystals satisfy the lattice postulate
is a matter for the physicist or crystallographer to determine. Although there
is a great deal of evidence to support such a postulate, in the final analysis
the validity of this postulate depends on experimental verification (and on
the physicists definition of a crystal). We do not wish to claim that the possible
crystal structures are determined a priori by group theory.

The H-orbit of every point x in a crystal is a Bravais lattice L, (9.2).
However, it is not true that the crystal can be identified with L. In particular,
the elements of the holohedry F of L may not be elements of the space group
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G. To understand this, think of a model of a crystal formed by placing an
identical pattern of atoms about each vertex in a lattice L. The translational
symmetry is completely determined by the lattice. However, the total sym-
metry group G is also dependent on the pattern of atoms about each lattice
point. [Some of the crystal symmetries may be of the form g = {a, O}, where
O c 0O(3)is not the identity and a ¢ H. Such symmetries are screw displace-
ments or glide reflections.]

We examine the space group G of an ideal crystal in more detail. Every
g € G can be written uniquely in the form

9.3) g = {a, 0} = T,0,
where O ¢ O(3), the orthogonal group about 8. If O = E then {a, E} =

T, € H, i.e., a can be written in the form (9.1). Since T(3) is a normal sub-
group of E(3),

9.4 gTg ' € T3) N G=H,

so His normalin G. Let K be the set of all O € O(3) that occur in expression
(9.3) as g runs over the elements of G. The relation

9.5) g.g, = {a,,0,}{a,,0,} ={a, + 0,a,,0,0,}

forg,, g, € G proves that K is a group. (However, K may not be a subgroup
of G since a, and a, are not necessarily in the lattice group #.) Furthermore,
the identity

(9.6) gTyg ! ={Ob,E} =T, € H

valid for bin H and g € G given by (9.3), shows that O € K maps any
lattice vector b in H into another lattice vector. This proves that K is one of
the 32 crystallographic point groups. Thus, to each ideal crystal we can
uniquely assign a crystallographic point group K.

The group K is isomorphic to the factor group G/H. Indeed, each (left
or right) H-coset of G consists of all elements of the form {a, O} for some fixed
O ¢ K. Furthermore, if g, = {a,, O} and g, = {a,, O} are in G then

0.7 g.g:' =f{a, —a,,E} € H,

so g, and g, are contained in the same coset. As a unique representative in
each coset we can choose the element

9.8) fa’, O}, a’'=ab, + a,b, + a;b,,

where the a, are real numbers such that 0 < a, < 1. If &, =a, =a, =0
then O € G N K; otherwise O ¢ G. Note that the representative of the coset
HisE ={8,E}.

Remark. Since K= G/H is a finite group and H is discrete it follows that
G is discrete. Therefore, every space group is discrete.
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In a real crystal the lengths of the basic vectors b, are of the order of the
distance between neighboring atoms of the crystal since unit cells contain
comparatively few atoms. These lengths are so small that they cannot be
detected by macroscopic observations. To the macroscopic observer the
translational symmetry group of the crystal appears to be 7(3). That is,
the physical properties of the crystal appear to be invariant under any trans-
lation. (Recall that we are neglecting boundary effects by assuming that the
crystal occupies all space.) Similarly the vectors a’ in (9.8) appear to the macro-
scopic observer to be @, so the elements of K = G/H appear to form the point
symmetry group of the crystal. The complete symmetry group of the crystal
appears to be the semidirect product of K and 7'(3). Thus, as far as macro-
scopic observations are concerned, every crystal falls into exactly one of 32
possible crystal classes determined by the crystallographic point group K.

It is only when we carry out microscopic observations which can detect
the existence of a primitive cell that the space group of the crystal becomes
important. In particular, microscopic observations may show that K is nor
a symmetry group of the crystal.

Two crystals belonging to the same (macroscopic) crystal class may not
have isomorphic space groups. In fact, it can be shown that the 32 crystal
classes break up into 219 isomorphism classes of space groups. In the next
section we shall indicate how these results are obtained.

The reader may be wondering why we classified point groups in conjugacy
classes and then switched to the (cruder) cataloging of space groups in 1so-
morphism classes. The reason is a practical one. Consider those space groups
which are just lattice groups, i.e., K = {E}. There are already a continuum
number of conjugacy classes of lattice groups, so a listing of conjugacy classes
of space groups is out of the question. On the other hand, all three-dimen-
sional lattice groups form a single isomorphism class.

2.10 Space Groups

Definition. A crystallographic space group (space group) G is a discrete sub-
group of E(3) such that H = G n T(3) is a three-dimensional lattice group.

According to Eq. (9.3)-(9.6) the space group G is a symmetry group of
some ideal crystal. That is, the definition of space group given above is equiva-
lent to the more intuitive definition of a symmetry group of an ideal crystal.

It is a tedious exercise to determine all isomorphism classes of space
groups. Here we discuss only the basic ideas involved in such a classification.

Every space group G belongs to one of 14 lattice types and one of 32
crystal classes determined by the lattice group H and the crystallographic
point group K = G/H. Recall from Table 2.2 that the lattice type severely
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restricts the possible crystal classes. In particular, a crystal class K is assigned
to the lattice type with smallest holohedry F containing K. We shall examine
the significance of this assignment shortly.

Given a lattice type H and crystal class K which leaves H invariant, we
look for all space groups G with lattice subgroup H such that G/H =~ K.
Clearly one such group is the semidirect product of K and H:

(10.1) G=1{hk:he H, ke K}

(10.2) (h.k,)(h;k;) = h,(k,h;ki )k k,) € G.

In this case the point group K is actually a subgroup of G. Space groups of
the form (10.1) are called symmorphic groups. There are 73 isomorphism
classes of symmorphic groups.

Indeed, referring to Table 2.2, we see that the triclinic crystal system has
one lattice type and two crystal classes, which yields a total of two symmor-
phic groups. The monoclinic system has three classes and two types, which
yields six symmorphic groups, etc. Proceeding in this way, we get a total of
61 symmorphic groups. To find the remaining 12 groups, we must examine
our procedure more carefully.

First we consider the reasoning behind the assignment of a crystal class
K to the type with the smallest holohedry containing K. Suppose F and F’
are holohedries such that F > F’ = K. The reader can verify that (with one
exception) a lattice type belonging to the holohedry F can always be changed
to a lattice type belonging to F’ by an arbitrarily small deformation of the
basic lattice vectors. Thus, the semidirect product of F’ and K must be isomor-
phic to the semidirect product of F and K, and we get no new isomorphism
classes of symmorphic space groups by associating K with lattice types belong-
ing to F. The single exception occurs in the case F = Dg,, F' = D,,, where
. the lattice type I', cannot be changed to type I',, by an arbitrarily small
deformation. In this case the five crystal classes belonging to the rhombohe-
dral system can be combined with the hexagonal lattice group to yield five
new isomorphism classes of symmorphic groups.

In certain cases the group K may act as a symmetry group of a lattice
H in two physically distinct ways. This can occur if the smallest holohedry
F containing K also contains another subgroup K’ which is isomorphic but
not conjugate to K. Then the semidirect product of K and H may not be
isomorphic to the semidirect product of K’ and H. For example the crystal
class C,, in the orthorhombic system can act on the base-centered cell I',®
in two distinct ways depending on whether the twofold axis of C,, is parallel
or perpendicular to the lattice vector b,. Thus, there are two symmorphic
space groups G of type I',* and crystal class C,,. In the tetragonal system
D, is the only crystal class without a fourfold axis. It is not difficult to show
that D,, can operate on each of the lattice types I', and I',” in two distinct



2,10  Space Groups 57

ways, yielding two more symmorphic groups. Finally each of the crystal
classes C,,, D,, D,y, and D,, acts on the primitive hexagonal lattice T,
in two distinct ways. This yields four more groups, for a total of 61 4 5 +
I + 2 + 4 = 73 symmorphic groups.

The nonsymmorphic space groups G have the property that they contain
elements of the form (9.8) with a’ == @. In particular the crystal class K of

G is not a subgroup of G. Let O, .. ., O, be an enumeration of the elements
of K. To find all space groups G with crystal class K and lattice group H it
is enough to find all sets of vectors a,’, . .., a,’ such that the product of any
two group elements

(10.3) {a,; 0} ..., {a,/,0,}

can be written as the product of an element of H and some one of these group
elements. [The a,” are subject to the restriction (9.8). If all the a," are zero
vectors then G is symmorphic. The nonsymmorphic space groups contain
nontrivial screw displacements and glide reflections.] Once all such groups
are determined it is necessary to sort them into isomorphism classes. It turns
out that there are 146 isomorphism classes of nonsymmorphic space groups.
This gives us a total of 219 space groups. (In particular there are only a finite
number of space groups. For a proof see Burckhardt [1].)

To illustrate the methods used in this classification we will compute all
space groups belonging to the crystal class C,. Such groups must necessarily
belong to the tetragonal crystal system, so the possible lattice types are primi-
tive (I',) or body-centered (I",*).

First we compute the groups of type I',. Recall that the basic vectors b,
b,, b, of I, are mutually orthogonal, ||b, || = [|b, ||, and the fourfold axis
/ of C, lies along b,. Let C be a rotation through the angle -7/2 about /.
According to the remarks following (10.3) we must find all possible triples
of vectors a,, a,, a, with

3
(10.4) a, =Y ab, 0<a, <, i=12,3
it1

such that the product of any two of
(10.5) {6,E}, f{a,,C}, {a,,C?, {a,,C%

is equal to the product of an element of the lattice group H and some one
of the elements (10.5). (In fact, {a,, C} and H generate the entire space group
G.) Once the possible space groups have been determined they must be split
into isomorphism classes.

The equation to be solved for the a, reads

(10.6) (a. C}{a,, C'} = {h,;, E}{a,, C*7},

ij

where h; € H, k = i+ j(mod 4), and a, = 0. Carrying out the indicated
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multiplications in (10.6), we find

(10.7) a, +C4a, —a, cH, 0<i,j<3.

Set a, = u, + v,, where u, lies along / and v, is perpendicular to /. Since
Cu, = u,, Eq. (10.7) split into

(10.8a) ut+u —u cH

(10.8b) v, + Cv, — v, € H

In particular expression (10.8a) is an integer multiple of b, and (10.8b) is an

integral linear combination of b, and b,. Since {a,, C}* ¢ H we have 4u, =
nb, € H. Therefore, there are four possibilities,

(10.9) u =dnb,, n=0,1,2,3,

and the rest of the u, can be determined uniquely from u, and (10.8a). Expres-
sions (10.8b) are not so easy to solve. However, by making use of the fact
that C?v, = —v, we can check that these expressions are equivalent to

(10.10) v, —v,—Cv, € H, v, — Cv, € H.

Expressions (10.8b) have an infinite number of solutions, since v, can be cho-
sen arbitrarily, in which case v, and v, are determined by (10.4) and (10.10).

Let G be the space group corresponding to a particular choice of v,.
Note that for any T, € T(3) the group G’ = T,GT;"' is conjugate, hence
isomorphic to G. Since T,hT;' = hforh € H, G and G’ have the same lattice
groups. Moreover,

(10.11) Tfa,,CiT,' = {a, — Ca | a,C} = {a,’,C}.
Writing a,” = u,” -+ v,’, we find
(10.12) u’'=u, v'=v, —Ca+a

An appropriate choice of a yields v," = @ [set a = —4(v, + Cv,]. Thus, G
is conjugate to a space group with v, = 0. Furthermore, (10.10) implies
v, = v, = 8. We conclude that there are at most four isomorphism classes
of space groups of type I', and crystal class C,. For each of these groups

CJ,j=1,...,4,welist the element {a,, C} which, together with H, gener-
ates the group:
(10.13)

C,: {6,C}, C2: {}b,,Cl, CJ: {4b,,Cl, C,: {3b,,C}

The group C,' is symmorphic, while the other groups contain nontrivial
screw displacements. Instead of the generator we chose for C,* we could
have chosen {1b,, C'}. This is called a left-handed screw displacement, just
as the generator {{b,, C} of C,? is called a right-handed screw displacement.
It is clear that C,? and C,* differ only the winding-sense along their respective
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screw axes. In particular C,2 and C,* are isomorphic groups. The isomor-
phism acts like the identity on H and takes {}b,, C™'} into {1b,, C}. Isomor-
phic pairs of space groups differing only in their winding-sense are called
enantiomorphic. There are 11 pairs of enantiomorphic space groups. These
pairs are distinguished by crystallographers because enantiomorphic crystals
turn out to have physically very different properties. Thus, crystallo-
graphers recognize 230 space groups even through there are only 219
isomorphism classes (Burckhardt [1]).

We now pass to the determination of class C, space groups of type I',’.
Recall that the basic vectors b, , b, b, for a lattice of type I * are chosen such
that b, and b, are perpendicular to the fourfold axis/of C,,b, | b,,||b,||=
|Ib,]], and 2b, — b, — b, lies along /. We consider the elements (10.4) and
(10.5) now adapted to the lattice type I',”. Then fa,, C}* = {(E + C 4 C* +
C%a,, E} € H. Furthermore, Ch, = b,, Cb, = —b,, Cb, = b, —b,. Thus,
ifa, = a,b, + a,b, + a;b, we find

(E - C + C + C¥a, = 20,(2b, — b, — b,) € H.

The only possibilities are a; = 0 or a; = 4. We can map G onto a conjugate
space group G’ = T,GT, ' such that the image {a,’, C} of {a,, C} is given by
(10.14) a'=a —Ca-|a—a'b | a’b, + ab,.

By choosing a € R, appropriately we can require that a,” and a,’ take any
desired values. [Note that (a — Ca) | /] In the case a;, = 0 we choose
o, = a,” = 0 and obtain the symmorphic group

(10.15) c,: {0,ClL

In the case a; = 1 it is most convenient to choose &, = a,’ = —4 soa,’ —
ib,, where b, = 2b, — b, — b,. It is trivial to verify that {}b,, C} and H
generate the space group

(10.16) C,°: {ib,, Cl

We have shown that there are six space groups of crystal class C, (five isomor-

phism classes). The techniques used to derive these results are typical of those
used to obtain the complete list of space groups.

Problems

2.1  Using only the definition (2.1), show that an isometry T maps a line segment with
endpoints x;, x; onto a line segment with endpoints Tx,, Tx,. Then show that T maps
planes onto planes.

2.2 Prove: An isometry which fixes four noncoplanar points is the identity transforma-
tion.

2.3 Compute ail point groups in two-dimensional space. (Answer: C,, D,,n =
1,2,.... )
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2.4 Show that there are exactly two space groups belonging to crystal class Cgy.
2.5 Show that there are exactly four space groups belonging to crystal class Ds,.

The next three problems concern two-dirnensional lattices and space groups. They are
much simpler than the corresponding problems in three-space.

2.6  Prove that there are ten crystallographic point groups in the plane.

2.7  Verify that there are four holohedries C;, Dy, D4, and Ds and six two-dimensional
lattice types.

2.8 Verify the existence of exactly 13 isomorphism classes of symmorphic two-
dimensional space groups and 4 nonsymmorphic groups.

29 Let 0'(3) = 0(3) x {E,R}, where R2 = E and E is the identity operator. A
magnetic symmetry group (color group) is a finite subgroup G of O(3) such that O = 0(3)
satisfies the crystallographic restriction foreachg = O ¥ Eorg = O ¥ Rin G. Using the
proof of Theorem 2.5, show that the magnetic symmetry groups G fall into three classes:
(1) the 32 crystallographic point groups, 1.e., G = O(3);(2) the 32 groups K » {E, R}, where
K is a crystallographic point group, i.e., R € G; (3) groups G such that R ¢ G but
G ¢ 0(3). Show how to determine (in principle) all 58 groups in class (3). What is the
physical significance of these groups? (See Hamermesh [1].)

2.10 Explain the rationale behind the Schoenflies notation for point groups, cspecially
the meaning of the subscripts 4, #, and n.

2.11 Prove Corollaries 2.3 and 2.4.



Chapter 3

Group Representation Theory

3.1 A Group Representation

Let ¥ be a vector space, real or complex, and denote by GL(V') the group
of all nonsingular linear transformations of V onto itself.

Definition. A representation (rep) of a group G with representation space V
is a homomorphism T: g - — T(g) of G into GL(V). The dimension of the
representation is the dimension of V.

As a consequence of this definition we have the following:
(L.1)
Tg)T(gy) = T(g.g,), Ty ' - T(g™'), Tle)=E. g,8,8c0.
where E is the identity operator on V. Unless otherwise specified, only finite-
dimensional reps of finite groups will be studied in the present chapter. This

finiteness restriction will be lifted later. It will also be assumed unless other-
wise mentioned that V is defined over the complex field ¢.

Definition. An n-dimensional matrix rep of G is a homomorphism T
g — T(g) of G into GL(n, €) [or GL(n, R)].

The n % n matrices T(g), g € G, satisfy multiplication properties analo-
gous to (I.1). Any group rep T of G with rep space V' defines many matrix
reps. For, if {v,, ..., v} is a basis of V¥, the matrices T(g) = (T(g),,) defined

61
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by
(1.2) Ty = 3 Ty,  1<k<n

form an n-dimensional matrix rep of G. Every choice of a basis for V yields
a new matrix rep of G defined by T. However, any two such matrix reps
T, T’ are equivalent in the sense that there exists a matrix S € GL(n, €) such
that

(1.3) T'(g) = ST()S™!
for all g € G. In fact if T, T’ correspond to the bases {v,}, {v,'} respectively,
then for S we can take the matrix (S,;) defined by

(1.4) Vv, = iSﬁV/, i=1,...,n
J=1

Definition. Two complex n-dimensional matrix reps T and T” are equivalent
(T = T") if there exists an S € GL(n, €) such that (1.3) holds.

Equivalent matrix reps can be viewed as arising from the same operator
rep.

Conversely, given an n-dimensional matrix rep 7(g) we can define many
n-dimensional operator reps of G. If V is an n-dimensional vector space with
basis {v,} we can define the group rep T by expression (1.2), i.e., we define the
operator T(g) by the right-hand side of (1.2). Every choice of a vector space
V and a basis {v;} for V yields a new operator rep defined by 7. However,
if ¥, V' are two such n-dimensional vector spaces with bases {v,}, {v,'} respec-
tively, then the reps T and T’ are related by

(1.5) T'(g) = ST(g)S7H,
where S is an invertible operator from ¥V onto V' defined by
Sv, =v,, 1<i<n.

i i

Definition. Two n-dimensional group reps T, T' of G on the spaces V, V’
are equivalent (T = T') if there exists an invertible linear transformation S
of V onto V' such that expression (1.5) holds.

The reader can easily check that equivalent operator reps correspond to
equivalent matrix reps, i.e., there is a 1-1 correspondence between classes of
equivalent operator reps and classes of equivalent matrix reps. (Note: The
above definitions can be modified in an obvious manner to yield definitions
of equivalence classes of real operator and matrix reps and to establish their
1-1 correspondence.)

In order to determine all possible reps of a group G it is enough to find one
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rep T in each equivalence class. The remaining reps T" in each class are given
by (1.5), where S runs over all invertible operators from ¥ to V" and V'’ runs
over all n-dimensional vector spaces. 1t is a matter of choice whether we study
operator reps or matrix reps. For theoretical purposes the operator reps are
usually more convenient, while matrix reps are more useful for computations.

Most applications of groups to the physical sciences occur via representa-
tion theory. Group reps appear naturally in the study of physical problems
with inherent symmetry and analysis of the reps aids the solution of these
problems. We present some examples of group reps.

Example 1. The matrix groups GL(n, §), SL(n, &), O(n), etc. are n-dimen-
sional matrix reps of themselves.

Example 2. Any group of operators on a vector space is a rep of itself.
In particular, the point groups considered as linear operators on the vector
space R, define three-dimensional reps of themselves.

Example 3. Let G be a group of order n. We formally define an #-dimen-
tional vector space Rg consisting of all elements of the form
(1.6) Xg x(g) g,  x(g)= C.

ge
Two vectors Y, x(g)-g and ) y(g)-g are equal if and only if x(g) = y(g)
forallg € G. The sum of two vectors and the scalar multiple of a vector are
defined by

2 x(g)gi 2ngrg - 2xg) + wgl-g
a2 x(g)rg—= 2 ax(g)g
The zero vector of Ry is 8§ = 3 0-g. Furthermore, the vectors 1-g, g £ G,
form a natural basis for R;. (From now on we write |.g =g = R;.) We

define the product of two elements x = Y x(g)+g, ¥y = >, y(h)-h in a natural
manner:

1.7)

(1.8) xy = (3 x(g)-8) 2 phy-h — 2. x(g)y(h)-gh
= 2 xyk) k.
where

xy(g) == 3, x(h)y(h™'g).

heG
It is easy to verify the following relations:
(1.9)
(x + v)z = xz 4 yz, x(p |- z) = xy |- xz, x,y,z € Rg,

(x)z — x(y2),  alxy) = (ax)y = x(ay), ex=xe—x, a=C(,
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where e is the identity element of G. Thus, Rg is an algebra, called the group
algebra or group ring of G. The mapping L of G into GL(R;) given by

(1.10) L(g)x = gx, x € Rg,
defines an n-dimensional rep of G, the (left) regular rep. In fact,
L(g,g)x = £,8,x = L(g,)8.x = L(g,)L(g,)x

and the L(g) are linear operators.

This example provides us with a rep of any finite group, and 1s of great
importance for theoretical purposes. Another natural rep of G on R; is the
(right) regular rep defined by

(1.11) R(g)x = xg', xeRs, ged.
[Check that g ! is needed on the right-hand side of (1.11) to make R a rep.]

Example 4. Consider the Helmholtz equation

(1.12) Au(x) + k*u(x) = 0,
where x = (x, x,, x,) € R;, kK >0, and
A 3 (92

The set of all solutions u(x) of (1.12) (defined for all x € R;) forms an
infinite-dimensional vector space V. In particular, any finite linear combina-
tion of solutions of (1.12) is a solution. We show that the operators T(g),
g € E(3), given by
(1.13) [T(gu](x) = u(g"'x),
where
gx = {a, O}x = Ox + a, 0 = 0(3), a € T(3),

define an (infinite-dimensional) rep of E(3) on V,. The homomorphism
property follows from

[T(g,8,)ul(x) = u(gz'gi'x) = [T(g)ul(g: 'x) = [T(g,)T(g ul(x).

Note that T(g)u is a function whose value at x is the value of u at g"'x. The
reader should check that use of gx on the right-hand side of (1.13) would not
lead to a homomorphism.

In order to prove our assertion we must show that V, is invariant under
the operators T(g). Write x" = g 'x. Since

gl ={—-0",0'}, O0ec003)

a simple computation gives
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Therefore,

1.14 A= ¥ 00,9 > A
( . ) - I,i;'zl Haadi 7} d.xi, dxjr = le a(xi,)z =

since O is an orthogonal matrix. If v € V, then
A[T(gu](x) = Alu(x)] = A'u(x) = —k*u(x") = —k*[T(Qu](x),

so T(g)u « V,. The existence of this group rep has important consequences
in the study of the solutions of the Helmholtz equation. These consequences
will be explored in Chapter 8.

Example 5. The square integrable solutions W(x) of the Schrodinger equa-
tion

(1.15) —_g"in A¥(x) -+ V(x)¥(x) = E¥(x)

describing a particle of mass m and energy E subject to the potential field
V(x), form a vector space W,.. Suppose V(x) is invariant under the action
of some subgroup G of O(3):

Vigx) =V(x), geG.
[For example, if V(x) has rotational symmetry, G may be O(3). Another
possibility is a point group.] Then the operators
[Te¥1x) = ¥(@'x), gecg,

satisfy the homomorphism property and map solutions of (1.15) into other
solutions. Furthermore, for ¥ € W,

(1.16) JR [P (g 'x)|? d’x = JR |W(x)|* d’x << oo, d’% = dx, dx,dx,,

since the Jacobian of the coordinate transformation is +1. Therefore,
T(g)¥ € W and the operators T(g) define a length-preserving rep of G on
W, where the inner product (-, > is given by

¥ WS = J ¥ 0T dx.

It is easy to verify that

(T(@¥,, T(g¥,> =¥, ¥, gecG.

Thus, the operators T(g) are unitary with respect to (-, - and they define a
unitary rep of G on W;,. In most quantum mechanical problems the eigen-
spaces W, are zero-dimensional except for a countable number of values
E, (the bound-state energy levels) where they have finite nonzero dimension.
We shall show later that a knowledge of the symmetry group of Schrédinger’s
equation furnishes us with important information about the eigenspaces
W, even in cases where (1.15) cannot be explicitly solved.
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Let T be a rep of the finite group G on a finite-dimensional inner product
space V. The rep T is said to be unitary if forallg € G

(1.17) Ty, T(wy =<v,w),  V,weV,
i.e., if the operators T(g) are unitary. Recall that an orthonormal (ON) basis
for the n-dimensional space V is a basis {v,,...,v,} such that {v,v,> =

d,,, where (-, —> is the inner product on V. The matrices T'(g) of the operators
T(g) with respect to an ON basis {v,} are unitary matrices

T_(éjfi = T(g—l)ij = [T(g)_l]sj'

Hence, they form a unitary matrix rep of G. Unitary operator and matrix
reps have useful properties which make them desirable in both theoretical
and computational problems. The following theorem shows that for finite
groups at least, we can always restrict ourselves to unitary reps.

Theorem 3.1. Let T be a rep of G on the inner product space V. Then T
is equivalent to a unitary rep on V.

Proof. First we define a new inner product (-, —) on ¥ with respect to which
T is unitary. For u,v € V let

(1.18) (w,v) = %G) Ea (T(g)u, T(g)v).

[Note that (u, v) is an average of the numbers (T(g)u, T(g)v) taken over the
group.] It is easy to check that (—, —) is an inner product on V. Furthermore,

(T, ThW) = s 3% CMghm, T(ghy)

- ;1% 2 <T@, T(ghv) = @, v),

where the next to last equality follows from the fact that if g runs through the
elements of G exactly once, then so does gh. Now T is unitary with respect
to the new inner product, but not the old one. Let {u,} be an ON basis of V
with respect to (-, -) and let {v,} be an ON basis with respect to (—, —». Define
the nonsingular linear operator S: ¥V — ¥V by Su, =v,. Then for w =
3 au and x = 3 Bu, we find

{Sw, Sx> = .E al‘Bi<Sui’ S“j> = E aiﬁi = (W, X),
S0 0 |
(ST(g)S™'w, ST(g)S™'x) = (T(g)S™'w, T()S™'x)
= (S7'w, S71x) = (W, x).
Thus, the rep T'(g) = ST(g)S™! is unitary on V. Q.E.D.
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We can always assume that a rep T on V is unitary. Indeed, we can always
define an inner product on ¥ with respect to which T is unitary. Moreover,
if ¥ is already equipped with a given inner product (-, -> then we can find a
unitary rep (with respect to (-, —>) which is equivalent to T.

Theorem 3.1 and its proof are also valid for reps on a real vector space
V. In this case we can find an inner product on ¥V with respect to which the
operators T(g) are orthogonal.

3.2 Reducible Representations

In this section T will be a finite-dimensional rep of a finite group G acting
on the (real or complex) vector space V.

Definition. A subspace W of V is invariant under T if T(g)w € W for every
ge G,we W

If W is invariant under T we can definearep T' =T | W of Gon W by
2. T'(gw = T(gw, we W
This rep is called the restriction of T to W. If T is unitary so is T".

Definition. The rep T is reducible if there is a proper subspace W of ¥ which
is invariant under T. Otherwise, T is irreducible (irred).

A rep is irred if the only invariant subspaces of V are {8} and V itself.
One-dimensional and zero-dimensional reps are necessarily irred. However,
the trivial zero-dimensional rep will be ignored in all the material to follow.

We now give a matrix interpretation of reducibility. Suppose T is reducible
and W is a proper invariant subspace of V. If dim W =k and dim V =n
we can find a basis v, ..., v, for Vsuch thatv,,...,v,, 1 <k <n, form
a basis for W. Then the matrices of the operators T(g) with respect to this
basis take the form

k n—k
k (T'(g) *okk )
n—k z T'(g)

The k X k matrices T'(g) and the (n — k) X (n — k) matrices T"'(g) separately
define matrix reps of G. In particular 77(g) is the matrix of the rep T'(g),
(2.1), with respect to the basis v, . . ., v, of W. Here Z is the zero matrix.
Every reducible rep can be decomposed into irred reps in an almost unique
manner. Thus the problem of constructing all reps of G simplifies to the prob-
lem of constructing all irred reps. The irred reps emerge as fundamental
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building blocks for the theory of reps of finite groups. To prove these state-
ments in the simplest fashion we assume, as we can, that T is unitary.
If W is a proper subspace of the inner product space ¥ and

(2.2) Wl={ve V:i{v,w>=20, all we W}

is the subspace of all vectors perpendicular to W, it is an easy exercise in
linear algebra to prove that V = W @ W+ (V is the direct sum of W and
W), That is, every v € ¥ can be written uniquely in the form

V=w 4+ W, wew, w e Wi,

Theorem 3.2. If T is a reducible unitary rep of G on V and W is a proper
invariant subspace of V, then W+ is also a proper invariant subspace of V.
In this case we write T =T' @@ T and say that T is the direct sum of T’
and T", where T’, T"' are the (unitary) restrictions of T to W, W<, respect-
ively.

Proof. We must show T(gu € W for every g € G, u € WL Now for
everyw € W,

{T(gu, wy — (u, T(g Hw> = 0

since T(g !)w € W. The first equality follows from (1.17) and unitarity.
Thus, T(gu € W-L. Q.E.D.

Suppose T is reducible and ¥V, is a proper invariant subspace of V of
smallest dimension. Then, necessarily, the restriction T, of T to V| is irred
and we have the direct sum decomposition V =V, @ V -+, where V * is
invariant under T. If ¥, is not irred we can find a proper irred subspace V,
of smallest dimension such that V,+ =V, ® V,- by repeating the above
argument. We continue in this fashion until eventually we obtain the direct
sum decomposition

Q3 V=V, @V, ---®DV, or T=T,PT, D ---PT,

where the V, are mutually orthogonal proper invariant subspaces of V
which transform irreducibly under the restrictions T, of T to V,. The decom-
position process comes to an end after a finite number of steps because V'

is finite-dimensional. Some of the T, may be equivalent. If a, of the reps

T, are equivalent to T,, a,to T,, ..., a, to T, and T,, . . ., T, are pairwise
nonequivalent, we write

k
2.9 T = Zl@ajTj.

Jj=
With this notation we are identifying equivalent reps. It is a straightforward
exercise to show that, given a; copies of T,, 1 <C j < k, one can construct
a rep of G equivalent to T.
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Theorem 3.3. Every finite-dimensional unitary rep of a finite group can be
decomposed into a direct sum of irred unitary reps.

The above decomposition is not unique since the irred subspaces V. . . .,
V, are not uniquely determined. However, it will be shown in the next section
that the integers a; in (2.4) are uniquely determined. Thus, up to equivalence
we can determine uniquely how many times a particular irred rep of G occurs
in the decomposition of T. The integer a, is called the multiplicity of T, in T.

It follows from Theorem 3.1 that the statement of Theorem 3.3 still
holds when the word “unitary” is deleted. To get a matrix interpretation of
Theorem 3.3 choose a basis for V' by combining bases {v\'}, j =1,...,/,
forV,,V,,...,and V., Interms of this basis the matrix 7(g) of T(g) is given
by
T,(g)

T(9 7

Z

(2.5)

T(g)
where n, = dim V; and T,(g) is the matrix of T (g) with respect to the basis
L L < i<,

3.3 Irreducible Representations

The fundamental problem in the representation theory of a finite group
is the construction of a complete set of nonequivalent irred reps. A secondary
problem is the determination of a practical method for decomposing a
reducible rep into irred reps. The following two theorems (Shur’s lemmas)
are crucial.

Theorem 3.4. Let T, T be irred reps of the group G on the finite-dimensional
vector spaces V, V', respectively and let A be a nonzero linear transformation
mapping V into V' such that

(3.1 T'(9)A = AT(g)

for all g € G. Then A is a nonsingular linear transformation of V onto V',
so T and T’ are equivalent.

Proof. let N, be the null space and R, the range of A:
Nyo={ve V:Av=10} Ry,={v e V':v =Av forsome ve V}§

The subspace N, of V is invariant under T since AT(g)v = T'(g)Av =8
forallg € G, v € V. Since T is irred, N, is either V or {8}. The first pos-
sibility implies A = Z, the zero operator, which is impossible. Therefore,
N, = {0}. The subspace R, of V' is invariant under T’ because T'(g)Av =
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AT(g)v € R, forallv € V. But T’ is irred so R, is either ¥’ or {8}. If R, =
{0} then A = Z, which is impossible. Therefore R, = V' which implies that
T and T’ are equivalent. Q.E.D.

Corollary 3.1. Let T, T' be nonequivalent finite-dimensional irred reps of
G. If A is a linear transformation from V to ¥’ which satisfies (3.1) for all
g e GthenA =Z.

The results in the remainder of this section apply only to complex reps.

Theorem 3.5. Let T be a rep of the group G on the finite-dimensional com-
plex vector space V. Then T is irred if and only if the only transforma-
tions A: ¥V — ¥ such that

(3.2 T(g)A = AT(g)
forallg € Gare A = AE, where A € € and E is the identity operator on V.

Proof. 1t is well known that a linear operator on a finite-dimensional
complex vector space always has at least one eigenvalue. (This statement is
false for a real vector space.) Let A be an eigenvalue of an operator A which
satisfies (3.2) and define the eigenspace C, by

C,={veV:Av= v}

Clearly C, is a subspace of ¥ and dim C, > 0. Furthermore, C, is invariant
under T because

AT(g)v = T(g)Av = AT(g)v

forve C,ge G,s0 T(glv e C,. If T is irred then C, = ¥V and Av = Av
forallv e V.

Conversely, suppose T is reducible. Then there exists a proper invariant
subspace V', of ¥V and by Theorem 3.2, a proper invariant subspace V', such
that V=V, @ V,. Any v € V can be written uniquely as v = v, + v, with
v, € V,. We define the projection operator P on V by Pv=v, € V.
Then PT(g)v = T(g)Pv = T(g)v, (verify this), and P is clearly not a multiple
of E. Q.E.D.

Choosing a basis for ¥ and a basis for ¥’ we can immediately translate
Shur’s lemmas into statements about irred matrix reps.

Corollary 3.2. Let T and T’ be n X n and m X m complex irred matrix
reps of the group G, and let 4 be an m X » matrix such that
(3.3) T'(g)4 = AT(g)

for all g € G. If T and 7" are nonequivalent then A = Z, the zero matrix.
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(In particular, this is true if n = m) If T = T' then A = AE,, where A € @
and E, is the n X n identity matrix.

Note that the proofs of Shur’s lemmas use only the concept of irreduc-
ibility and the fact that the rep spaces are finite-dimensional. The homo-
morphism property of reps and the fact that G is finite are not needed.

Theorem 3.5 is extremely useful because it yields a practical method for
determining if a group rep is irred. The original definition of irreducibility,
while useful for theoretical purposes, is too complicated to verify directly
in most practical problems. Theorem 3.5 can easily be translated to a theorem
about matrix reps, whose obvious statement and proof are left to the reader.

Let G be a finite group and select one irred rep T of G in each equiva-
lence class of irred reps. Then every irred rep is equivalent to some T and
the reps T®", T2 are nonequivalent if x, = u,. The parameter u indexes
the equivalence classes of irred reps. (We will soon show that there are only
a finite number of these classes.) Introduction of a basis in each rep space
V@ leads to a matrix rep T*. The T form a complete set of irred
n, X n, matrix reps of G, one from each equivalence class. Here n, =
dim V@, If we wish, we can choose the T to be unitary.

The following trick leads to an extremely useful set of relations in rep
theory, the orthogonality relations. Given two irred matrix reps T«, T®
of G, choose an arbitrary #n, X n, matrix B and form the n, X n, matrix

(3.4) A=N"' T TW(EBT(g")

ri3¢

where N = n(G). Here, A is just the average of the matrices T*“(g)BT “ (g™ ')
over the group G. We will show that A satisfies

(3.5) TW(h)A = AT(h)

for all 2 € G. This result and Corollary 3.2 imply that if g = vthen 4 = Z,
whereas if u = v then 4 = AE, for some A € €. The verification of (3.5)
follows from

TW(h)A=N" 3 TWRT (BT (g

€

= N1 Y TW(hg)BT((hg) VT (k) = AT (h).

<

£y
Q

o
Q

We have used the fact that as g runs over each of the elements of G exactly
once, so does g’ = hg. Applying Corollary 3.2, we obtain the result 4 =
Mu, B)S ,E,, where 6,, is the Kronecker delta, and the constant 4 € €
depends on u and B. To derive all possible consequences of this identity it
is enough to let B run through the n, X n, matrices B*™ = (BY;™), where

1 if j=1 k=m, 1<j<n, 1<k<n,

3.6 By =
(3:6) 7 {O otherwise.
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Making these substitutions, we obtain
G7 X TP@@Tu(g')= N0, 1<il<n, 1<ms<n,

gEG

Here, 2 may depend on g, /, and m, but not on { or s. To evaluate 4, set
v = u, s =i, and sum on i to obtain
My

nNi= 3, 1 TW(g VT (g) = HXE]GT We) = N

g€G i=

since N = n(G). Therefore, 1 = §,,n,'. We can simplify (3.7) slightly if we
assume (as we can) that all of the matrix reps T"(g) are unitary. Then

TW(g™) = Tig)
and (3.7) reduces to
(3.8) S TTE) = (N/1)8,, 01y Oy

2EG

Equations (3.7) and (3.8) are called the orthogonality relations for the matrix
elements of irred reps of G. We have derived these remarkable relations with-
out any detailed knowledge of the structure of G.

To better understand the orthogonality relations it is convenient to con-
sider the elements x of the group ring R; as complex-valued functions x(g)
on the group G. The relation between this approach and the definition of R,
as given in Example 3, Section 3.1, is provided by the correspondence

(3.9) x = 3 x(g)-g<>x(g).
g2€G
The elements of the N-tuple (x(g,), ..., x(gv)), where g, ranges over G,

can be regarded as the components of x € R; in the natural basis provided
by the elements of G. Furthermore the 1-1 mapping (3.9) leads to the relations
x +y<->x(g) +pg),  ax<—>ax(g),

xy <> xy(g) = 2 x(h)y(h 'g)

heG

(3.10)

where the expression defining xy(g) is called the convolution product of
x(g) and y(g). Thus, we can consider R as the ring of all complex-valued func-
tions x(g) on G where addition, scalar multiplication, and convolution
product are defined by (3.10). Indeed, the ring of functions just constructed
is algebraically isomorphic to R, with the isomorphism given by (3.9). Under
this isomorphism the element # = 1-h ¢ R; is mapped into the function

hg) = 1 if g=nh
& 0 otherwise.

Now consider the right regular rep on R;. Writing
(.11 Rh)x = ZG [R(A)x)(g)-g = xh™' = X x(gh)-g  x € R,
g€ 4
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we obtain
(3.12) [R(M)x)(g)= x(gh), h e G,

as the action of R(#) on our new model of R;. From Theorem 3.1, there
exists an inner product on the N-dimensional vector space R; with respect
to which the right regular rep R is unitary. In particular, the following inner
product works:

(3.13) Goyy =N 3 x(eye),  x.y @R

The reader can easily verify that this is an inner product and that the R(A)
operators are unitary with respect to it. Now note that for fixed g4, i, j with
1 < i, j < n, the matrix element 7{#(g) defines a function on G, hence an
element of R;. Furthermore, comparing (3.13) with (3.8), we see that the
functions

(3.14) p#(g) = ny TP (g), 1 <i,j<n,

where u ranges over all equivalence classes of irred reps of G, form an ON
set in R;. Since R; is N-dimensional the ON set can contain at most N ele-
ments. Thus there are only a finite number, say «, of nonequivalent irred
reps of G. Each irred matrix rep g yields n,2 vectors of the form (3.14). The
full ON set {p{#'} spans a subspace of R; of dimension

(3.15) n24+nr+ - 4+ n2*<<N.

The inequality (3.15) is a strong restriction on the possible number and
dimensions of irred reps of G. This result can be strengthened even more by
showing that the ON set {@#’} is actually a basis for R,. Since the dimension
N of R; is equal to the number of basis vectors, we obtain the equality

(3.16) T S

To prove this result, let ¥ be the subspace of R, spanned by the ON set
{9}, From (3.14) and the homomorphism property of the matrices 7(g)
there follows

G17 [R(Pe) ~ oip(eh) = 3 Tkl < V.

Thus, V is invariant under R. According to Theorem 3.2, V- is also invariant
under R and R; = V@ VL. Here, V' is defined with respect to the inner
product (3.13). If V- == {8} then it contains a subspace W transforming under
some irred rep T of G. Thus, there exists an ON basis x,, ..., x,, for W
such that

3.18)  [R(@x](h) = x(hg) = S TP(@)x,(h), 1<i<n,.
j=1
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Setting 4 = e in (3.18) and letting g run over G, we find
x(8) = 12 x[(e)T(g) = Z, x (e (g)/n 2,

so x, € V. Thus, W = V' n VL. This is possible only if W = {8}. Therefore,
Vi ={8}and V = R;.

Theorem 3.6. The functions

@), wu=1L...,a 1<ij<n,

form an ON basis for R;. Every function x € R; can be written uniquely
in the form

x(g) = 3 atoi¥(e),  aty = {x,0f>.
Htou

Relation (3.17) also yields the interesting fact that for fixed g and |,
1 < i< n,, then,vectors {p{#': 1 < j << n,}form an ON basis for a subspace
Vi of R, which transforms under the irred rep T of G. Thus,
GZZGBVI(#)’ lgﬂgaa lgign;n
i
and the rep T occurs with multiplicity #,, in the right regular rep R.

@

(3.19) R=Y @®nTw,

p=1

3.4 Group Characters

The orthogonality relations and decomposition theorems of the preceding
section suffer from the defect that they are basis-dependent. To determine
in what sense our results are unique we free them from a dependence on the
choice of basis vectors for V.

Let T be a rep of the finite group G on the n-dimensional vector space V.
With respect to some fixed basis in ¥ the operators T(g) define a matrix rep
in terms of n X #n matrices T(g). We define the character of T as the function

(4.1) x(g) =T, geC.
Since the trace satisfies
tr(4B) = tr(BA)
for any two n X n matrices, we find
(4.2) tr(ST(g)S™") = tre(T(g)S™'S) = tr(T(g))

for all nonsingular # X » matrices S. Thus, equivalent matrix reps have the
same character and y(g) is independent of basis. Furthermore, we will soon
show that two reps with equal characters are equivalent. Thus, there is a 1-1
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relationship between equivalence classes of reps of G and group characters
on G. If y isthe character of an irred rep it is called simple; if the rep is reduc-
ible, ¥ is a compound character.

The orthogonality relations for matrix elements immediately lead to
orthogonality relations for characters. Let y*’ be the character of the irred

rep T, u=1,...,a. Setting / =/ and m = s in (3.7) and summing {
from 1 to n,, and m from 1 to n,, we obtain
(4.3) }% x“(gx" (g ') = No,,.

g€

If we assume, as we can, that the matrix rep T(g) is unitary then

4.4 X(g) =trT(g') = tr T(gf = tr T(g) = X(g),

a result which is now seen to be valid independent of basis. Substituting this
result into (4.3), we obtain the orthogonality relations

4.5 ™, XD = 0, 1 <u,v<a,

where the inner product is defined by (3.17). Thus, simple characters of G
form an ON set in R;.

Now let T(g) be an arbitrary rep with character y(g). 1t follows from (2.4)
and (2.5) that with respect to one basis at least, we can write

(4.6) 1(® = ¥ a,0"(®)

where a* is the multiplicity of T in T. However, the orthogonality relations
(4.5) imply

(4.7) Qx> =a, 1<p<a

Since the left-hand side of (4.7) is basis-independent, so is the right-hand side.

Theorem 3.7. The multiplicity a, of the irred rep T* in T is given by
(4.7). Since reps with the same multiplicities are equivalent, reps with equal
characters are equivalent.

Thus, the multiplicities @, are unique even though the exact decomposi-
tion of the rep space into irred subspaces may be nonunique.

Corollary 3.3. Let y(g) be a group character of G. Then (¥, x> is a nonnega-
tive integer and y{g) corresponds to an irred rep if and only if {y, x> — I.

Proof. We can write y as a unique sum of simple characters:

o

x(®) = X a,x*(g).

-1
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Since the x*’ form an ON set there follows

(4.8) =3 a

The right-hand side equals one if and only if one of the a, is one and the
rest are zero. Q.E.D.

We list a few additional properties of characters. If T is an #-dimensional
rep with character y then
4.9) x(e) =trE, =n,
Thus y(e) is always equal to the dimension of the rep. Furthermore,
(4.10)  x(hgh™") = tu[TT()THh) ' =tr T(g) =X(g), & h € G,

s0 y is constant on each conjugacy class of G. Suppose G has k conjugacy

classes containing m, ..., m, elements, respectively, with m, + --- + m,
= N. Then the orthogonality relations (4.5) read

k —
@.11) NT'Y W xPm, =6,

i=1

where y{ is the value of y“(g) with g in the /th conjugacy class. Relations
of the form (4.11) are not as esthetically pleasing as (4.5) but they are useful
for practical computations.

Let us examine the relationship between group characters and the sub-
space F of R; consisting of all functions w(g) such that

wlhgh ) =y(g), &hegC,
ie., all functions which are constant on conjugacy classes. Each y € F
is uniquely determined by k£ complex numbers, the value assumed by y on
the k conjugacy classes of G. Thus F is k-dimensional. Clearly, the & simple

characters of G form an ON set in F with respect to the inner product {-, —).
In fact, @ = k and these characters form an ON basis for F.

Theorem 3.8. The number & of nonequivalent irred reps of G is equal to the
number of conjugacy classes in G.

Proof. lety < F.Since F = R; we can expand y in the form
w(g) = 20 ayTi¥(g)
Mty )

where the T{#/(g) are the matrix elements of a complete set of nonequivalent
unitary irred reps of G. Since (summing over repeated indices)

we) =N 3 wlheh™) = N' R asTi(WT (TR (h™)

h

= apTEN e T, T = 32 (ak/n)x“(g),
ip
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w(g) i1s a linear combination of simple characters. Therefore, the simple
characters form an ON basis for F. Q.E.D.

In terms of the & X o« matrix 4 with elements
A, = (m[N)' 2xi#, 1 <i,u<a,

the first orthogonality relation (4.11) reads A4’ = E,. Thus, & = A~! and
AA =E,, or

(4.12) 3 A = (Nfm)sy, 1 <ij<a

This is known as the second orthogonality relation for characters.

As an example of character methods we verify expression (3.19) for the
decomposition of the right regular rep R into irred reps. We begin by comput-
ing the character y of R in the natural basis for R; provided by the group
elements. Now,

R(hg =gh', hge G,

so R(h) acts on the natural basis by permuting the basis vectors. If & == ¢
then no basis vector is left fixed under R(/). Thus, the matrix of R(/) in the
natural basis has matrix elements which are zeros and ones, and if 1 = ¢
the diagonal matrix elements are all zero:

N if h=e
x(h) = 4
0 if h=+e.
Writing
X = i anX(“)
-1
we obtain

a, = x> = x"Ne) = n,.
Therefore, the multiplicity of T in R equals the dimension of T*. (The
results for the decomposition of the left regular rep L are the same, so R and
L are equivalent reps.)

Later we shall present a detailed derivation of the simple characters for
the crystallographic point groups and the symmetric groups. Here we consider
only the simple case where G is an abelian group of order N. Then G contains
N conjugacy classes with one element each. Thus « = N and the relation

A4 n2 A4 oo gt =N

implies n, = .-+ = ny = 1. The N nonequivalent irred reps of G are one-
dimensional. In this special case the simple characters y*(g) coincide with
the irreducible 1 x | matrix reps. Thus, the characters satisfy the homo-
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morphism property

(4.13) x“(g)x'(gy) = x*“(g,8,)-
Since gV = e for every g € G there follows

x*“(@IY = x*“(g") = x“(e) = L,
so y“(g) is an Nth root of unity. In order to explicitly list the simple charac-
ters for any abelian group it would be necessary to study the structure theory
of such groups. However, if G is cyclic it is easy to give complete results.
Let g, be an element of order ¥ which generates G. Then

(4.14) [ (o))" = 1

for each of the N simple characters of G. Furthermore, the numbers y'*'(g,)
uniquely determine y*’, so these N numbers must be distinct. The equation
w” =1 has exactly N solutions,

w, = expriu/N), u=01,..., N—1
Thus, the simple characters can be uniquely defined by
(4.15) 1 (gy") = expRainu/N), u,n=01,...,N — 1.

The reader should understand that the above discussion applies only to
complex reps of a group G. Character arguments can be applied to real reps
only with special care. To understand the difficulties involved here, consider
a real irred matrix rep 7 of G. We can also consider T as a complex matrix
rep 7¢ of G. However, T° may not be irred. For example, in an appropriate
basis the generator C(r/2) of the cyclic group C,, considered as a transforma-
‘tion group in the plane, corresponds to the matrix

ol
1 0
The two dimensional real rep generated by this matrix is irred since the
matrix has complex eigenvalues 4/ and cannot be diagonalized by a real

similarity transformation. However, considered as a complex matrix rep it
is reducible. ‘

3.5 New Representations from Old Ones

Let G be a group of order N. We discuss some methods for using known
reps of G to construct new reps. The right and left regular reps and the
identity rep are already familiar. (The identity representation of G is the irred
one-dimensional rep defined by mapping each g € G into 1.) Furthermore,
if G is defined as a matrix group, this matrix realization automatically yields
a rep. To construct more reps we will probably have to rely on one of the
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methods presented below. Ultimately, we want to explicitly construct all
irred reps of G (or at least their characters) and to explicitly decompose an
arbitrary rep of G into irred reps.

First we review two techniques which have been studied earlier. If T,, T,
are reps of G on the vector spaces V', V,, respectively, the direct sum T, P T,
is a rep acting on V', @ V, (vector space direct sum) and defined by

(5.1 [T, DTV, B v, = Ti(g)v; D T,(g)v,, vel.
It is easy to show that the character y of this rep is x(g) = x,(g) + x.(g),
where x,, x, are the characters of T,, T,, respectively. This procedure can

easily be extended to define the direct sum of any finite number of reps. We
know already that every rep T is equivalent to a rep

z“: @a, T
#=1

where the T are a complete set of nonequivalent irred reps of G and the
multiplicities a, are uniquely determined.

If T has rep space V and W is a proper invariant subspace of V then the
rep T' =T| W on W defined by

(5.2) T (g)w = T(gw, g G, we W

1s called the restriction of T to W. We have seen that every reducible rep of
G can be written as a direct sum of certain of its irred restrictions.

Let ¥V and V' be vector spaces of dimensions #, #', respectively and let
{v},{v,’} be bases for these spaces. We define V' X V’, the tensor product
of ¥ and V’, as the nn'-dimensional space with basis {v, Q& v,’}, 1 <<i<n,
| < j<<n' Thus,anyw ¢ V(&) V' can be written uniquely in the form

(5.3) W=V,
i
If v=>3 av, and v = 3] B,v/ we define the vector viy)v' € VQ V' by

n n

(5.9 VRV =3 > afv, v,

i=t j-1
If w € VX V'’ can be written in the form w = v (X v’ then w is said to be
indecomposable. The example w =v, Q v, + v, X v,” shows that if »,
n’ > 2 not every w is indecomposable. As a consequence of definition (5.4)
it is easy to verify the following properties:

(5.5a) UV V) = (av) XV = v (av), e,
(5.5b) M+ VYRV =0V +vRYV, wnvelbl,
(5.5¢) VRM@ + V) =vXn +vRYV, w,v e V.

Although our definition of tensor product appears to depend on the choice
of bases {v,} and {v,’} it is actually independent of this choice. For, let {n},
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{u,'] be new bases related to the old bases by

n
’ 7 1
v, = 2; A, Yy = ZlAfkuf
“ &=

where the matrices 4 and 4’ are nonsingular. From relatjons (5.5a)—(5.5¢c)
the basis vectors v, (X) v,.’ can all be expressed as linear combinations of the
nn' vectors u, @ u,’. Since V(X V' is nn'-dimensional it follows that the set
{u; ®u,’} is also a basis for V(X V’. This shows that the definition of
V& V' is independent of basis. The definition of an indecomposable vector
is also independent of basis.

Suppose T, T" are reps of G on the spaces V, V', respectively. The
tensor product T (X) T’ is the rep of G on V' (X) V’ defined by

(5.6) [TRT@IvRV =TV TV, ge=G,

and linearity of the operator T (X) T'(g). It is straightforward to verify the rep
property of these operators. Let {v,}, {v,’} be bases of V, V', and let T(g),
T'(g) be the corresponding matrix reps of T, T’. Then the matrix rep of
T & T with respect to {v, ® v,'} is defined by

.7 TRTEN®RY = 3 ¥ TUeTifem @ v
or

[T @ T (s = Ti(&) Tk (8)-
(Note the double-suffix notation.) The character y X x'(g) is

n n

(5.8) XX x( =2 . T Twlg) = x(x' ().

-1 k=
Thus, the character of the tensor product is the product of the characters of
the factors. As an immediate consequence of this result we see that the reps
T& T and T' X T are equivalent.

The above definitions have obvious generalizations to define n-fold
tensor products V' () --- X V' and tensor product reps TV &) - -+ (X
T™ of the reps T on V. The dimension of the tensor product space is the
product of the dimensions of the factor spaces V.

Let {T*}, 1 << u < a, be a complete set of nonequivalent irred reps of
G. We can form tensor product reps T &) T, 1 << u, v < &, with charac-
ters ¥ X x"(g) = x“(g)x"(g). These reps can then be decomposed into

irred reps
(5.9) TW ® T =~ i @ a,T®
&=1

where
a, = <X(u)x(v), X(5)>_
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The expansion (5.9) is called a Clebsch-Gordan series. Many important prob-
lems in mathematical physics reduce to the computation of the multiplicities
a.. Suppose we have agreed on a complete set of nonequivalent irred matrix
reps T(g) of G. Let {v{#}, {v{""} be bases of V®, V) whose associated
matrix reps of T®, T are T, T™, respectively. The set {v\# X v{"}
clearly defines a basis of V'# (x) V. On the other hand, by (5.9) there exists
another basis {wi*}, 1 < ¢ <<a, | <5 <aq,, for V¥ & ¥V such that for
fixed & and s, the vectors {wf*, | </ < n,}form a basis for an irred subspace
transforming under T® and inducing the matrix rep T%. (We have by no
means uniquely defined the basis {wf{*}. For practical computations it is
necessary to be explicit as to how each basis vector is chosen. This matter
will be taken up later.) In terms of the “natural basis” {v{*' (X) v{"'} the tensor
product induces the n,n,-dimensional matrix rep

(5.10) [T“ & TNy = THNETL)(Q)
while in terms of the {w{:*} basis the matrix rep is

T(I)(g\
zZ

’ T(l)(g)

) a;
(5.11) . TN
. T(u)(gx

’ Tt g)

These two bases are related by expressions of the form
(5.12) Wi = 3 (uh, v | Eshvi? (X) v,

i
The expansion coefficients (uf, vj|&sl) are called Clebsch-Gordan (CG)
coefficients. These coefficients form an n,n, X n,, matrix. This matrix
is clearly invertible with inverse matrix elements defined by

(5.13) v Qv = S (st i, vi)wEs, | <<i<nm, 1<j<in,.
§ki
As an immediate consequence we have the relations
3 i, vj | SISt | i V') == 848,
(5.14) . N ol £
20 (&I i, vi )i, i1 €8T = 8OO
ij

Furthermore, if we assume, as we can, that the 7(g) are unitary matrices
and the above bases are ON with respect to an inner product (-, - on
VW & ¥V then the matrix formed by the CG coefficients is unitary, i.e.,

(5.15) (8] pi, vj) = (ui, vjlEsD).
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Although the “natural basis” is the easiest to compute it is the w-basis which
1s the most useful in applications, since this basis explicitly exhibits the
decomposition of T ) T® into irred reps. By (5.12), to obtain this new
basis from {v{* (X v{"} it is sufficient to know the CG coefficients. For this
reason much effort has been expended in the compilation of CG coefficients.
We will return to this problem later.

If T, and T, are reps of the groups G, and G,, respectively, we can define
arep T of the direct product group G, X G,on V, XV, by

(5.16) T(g,g,)v, ®v, = T (g)v, ¥ Ty(g,)v, g <G, vV,

i - H
If T, is n,-dimensional and T, is »n,-dimensional then T is n,n,-dimensional.

Furthermore, an elementary computation similar to (5.8) shows that the
character y of T is

(5.17) ‘ x(g.8:) = x.(&)x:(82)
where y, is the character of T;. If T, and T, are irred then

o X066 = X1 X176 K20 X2vo, = 1
so y 1sirred. Let y, 1 << u << &,, be the simple characters of G, corres-
ponding to reps of dimension »!"’. Let x4, 1 << v < a,, and n{*’ be similar
quantities for G, . Then the characters ¥ (g,g,) = x*(g,)x¥(g,) belong to
oo, nonequivalent irred reps T+ of G, x G,, since

/oyl v) (u' v ) —
X “v s X “ >G.xGe — 61414'5vV"

Now G, has &, conjugacy classes and G, has a, conjugacy classes, so G, x G,
must have exactly a,o, conjugacy classes. Thus, every irred rep of G, X G,
is equivalent to exactly one of the irred reps T, We have shown that a
knowledge of the irred characters and reps of the factors G,, G, immediately
yields the irred characters and reps of G, X G,.

If Tis arep of G on V we can obtain a rep T, of any subgroup H of G
by restricting T to H,

(5.18) T, (h) = T(h), he H.
We sometimes write T,, = T| H. The character y, = y|H of this rep is
given by xu(h) = x(h).

On the other hand, there is a method due to Frobenius for constructing
a rep of G from a rep of the subgroup H. Let T be a rep of H on the space V.
Denote by U the vector space of all functions f(g) with domain G and range
contained in ¥ where addition and scalar multiplication of functions are the
vector operations. Here, fora fixed g € G, f(g)is a vector in V. Let V¢ be the
subspace of V¢ defined by

(5.19) V9 ={f € V:f(hg) = T()f(g) forall he H, g= G}
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We define a rep T¢ of G on V¢ by

(5.20) [T(g)fi(g) = f(g'g), g8 G, feVe

It is clear that V¢ is invariant under G and the operators T%g) satisfy the
homomorphism property. Here, T is called an induced representation. Let

Hg,,...,Hg,, n(G) = m-n(H)
be the distinct right cosets of H, where g, =e. Any f € V¢ is uniquely
determined by the mvectorsf(g,), . . ., f(g,,) since for g = hg, in the right coset

Hg, we have

fg) = flhg,) = T(hf(g,).
Let {v,}, | <<j < d, be a basis for V and define elements e;*(g) of V¢ by
(5.21) ef(g) = 0,v,, l<ik<m, 1<j<d

The functions {e *} form a basis for ¥'¢, so the induced rep is md-dimensional.
Let T(#) be the matrix of T(h) relative to the {v,} basis. We will use T(k) to
compute the matrix rep of G defined by T relative to the {e*] basis:

(T(g)e*1(8,) = e*(g.8) = e/ “(hg,) = T(h)e/ ()
= 5 Tmer() = X T ez

where g, and g, are the representatives of the right cosets containing g.g
and g,g”!, respectively. From (5.21) we have h = gggi' for s =1/, ie
r = k. We conclude that

d .
(5.22) TG(g)e/k = :21 Tij(h)ei, = 21 Tij(glgg;l)eil
where
, T, if e H
(5.23) T A8 U8
0 if g¢ H

If we order the basis {e,*} in the sequence

2 m m
el ...,em .., 8

el ...,el, e .
then the matrix of T%g) with respect to this basis is
T(g.ggr') -+ T(gigen")
(5.24) T%g) —=

gmggl) o T(gngen")

That is, the md x md matrix TS(g) is partitioned into an m X m array of
d % d matrix blocks. The block in the jth row and &th column of the array
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is T(g,gg:")- The character is clearly

(5.25) x°(g) = g]} Edll T(geg8c") = kE':Jl 1(g.88ct)

where y(h) is the character of T and

. x(8) if ge H
5.26 -
(5.26) (€3] { 0 it g H.

We can write (5.25) in a more convenient form by noting that

1(hgg(hg)™ ") = x(giggi')s he H.
Therefore,

(5.27) X%(g) = [n(HI"* 35 qlrgt™).

To recapitulate, given the character y corresponding to a rep T of H, we can
define the character x° of the induced rep T° by expression (5.27). One of the
most useful induced reps is that obtained from the one-dimensional identity
rep of H. Then y(h) = 1 forall 4 € H and
ooy — MG) m,

(5.28) x1°(g) = Z(—I‘T)n_g
where n, is the number of elements in G conjugate to g and m, is the number
of elements in H M G conjugate to g. (Prove it})

An important result on induced reps is the Frobenius reciprocity theorem.
Let H be a subgroup of G and let T, Q be irred reps of H and G with charac-
ters yx, W, respectively.

Theorem 3.9. The multiplicity of the irred rep Q in TC is equal to the
multiplicity of the irred rep T in Q| H = Q,,.

Proof. 1t is enough to show that

(5.29) x5 W6 =X Wuon

since the left-hand side is the multiplicity of Q in T® and the right-hand side
is the muitiplicity of T in Q. Using (5.26) and (5.27) we have

X6 woe = [n(G)]! g;c 15w (g)
= [n(G)n(H)] ™! E;JG 2(sgs™ W (g).

Since w(sgs™!) = w(g) and sgs™!' ranges over G as g does for fixed s € G,
there follows

X We = DI T, 4OF()
= [(H) ' B 2O = tYurn. QED.
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The Frobenius reciprocity theorem is important because it enables
one to decompose any induced rep into a direct sum of irred reps.

3.6 Character Tables

We now apply the results of the preceding sections to compute the simple
characters and reps of the crystallographic point groups. For many applica-
tions only the simple characters are needed, not the rep matrices themselves.
Furthermore, a simple character yields much information about its cor-
responding group rep and it is often possible to construct the group rep rather
easily once the character is known. Although we study primarily the crystal-
lographic point groups, the techniques used in the construction are applicable
to any finite group.

Let G be a finite group of order ¥ and T, ..., T**) a complete set of
nonequivalent irred reps with dimensions #,, ..., n,. The group G has a con-
jugacy classes and
(6.1) n24n? oy 4on == N,

Furthermore, the characters y‘“' obey the orthogonality relations

(6.2)  (xW, x> =N mywy® =6, 1<uv<a,

i

and
(6.3) 21 19AP = 8 NIm,,  1<ij<a,
where y* is the value of y'*(g) for g an element of the ith conjugacy class
X, and m, is the number of elements in X,. We assume X, — {e}and m, — 1.
Thus, ¥’ = x*“(e) = n,. A character table for G is a table of the form
X, mK, - mX,

X(l) X<11) XE"I) X(l)
(64) X(Z) X(]Z) X(ZZ) e XLZ)

X(a) X(lnt) X(Za) R XL&)

listing all simple characters of G. We already know x‘'(g) = 1 forall g £ G,
the character of the one-dimensional rep in which T(g) = E. To obtain the
rest of the table we use the orthogonality relations and various devices for
constructing reps which were discussed in the previous section. We always
assume the characters are ordered so that | =—=n, <n, << -+« < n,.
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It is worth noting that isomorphic groups have the same reps. The rep
theory of a group is determined by its abstract group structure alone. Thus,
the isomorphic groups D, and C,, have the same character tables even though
these groups are not conjugate subgroups of E(3). Similarly, the following
pairs of isomorphic groups have the same character tables:

(65) Sln = C2n9 C2h = D2’ Td = 0’ Dan = D4n‘

A number of the crystallographic point groups can be expressed as direct
products of groups of lower order:

Ci=C, xC,, C.=C, xC,, D,=D,xC,

nh —
(6.6) Dipit,g = Dapiy X Cy, T, =T xCy, 0,=0 % G,
D,=C, xC,, Ds=D, x C,.

According to the discussion following expression (5.16) the simple characters
of each of the direct product groups can be obtained by forming all possible
products of simple characters belonging to the factors. Thus, to derive
character tables for each of the 32 crystallographic point groups it is enough
to study the groups C,,C,,C,, D,, D,, T, O.

The character tables of the cyclic groups C, follow from Eq. (4.15). Let
g be a generator of C,, g? = e. Then the conjugacy classes of C, are

(6.7) 8 =1{e}, ©€,={g}
and the character table reads
C, I & €,
(6.8) PaL 11
P I -
Let g be a generator of C,, g* = e. The conjugacy classes are
(6:9) g~fel, € (g € (g

and we obtain

C; | & € e

(6.10) X bl 1 ¢ = exp(2mi/3).
X(Z) 1 I3 82
X(]) l 82 e

Finally, let g be a generator of C,, g* = e. The conjugacy classes are

(6.11) 8=1{e}, €,={g, €’2={g ©C’={¢]
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and the character table is

C, & €, ¢ ¢}
x'" | 1 { 1
(6.12) x® | i U
P | D B
x 1 i =1 i

The group D, (of order six) is not quite so easy to handle. The elements
g, h with g* = h? = e and hgh - g ' generate D,. The conjugacy classes are

(6.13) & = {el, e, = {g g%, e, = {h, gh, g*h}.
Thus, there are three irred reps of dimensions #,, n,,n, with n, =1 (the
identity rep) and

n*4+ nmr4+n? =6
The only possible solution is #n, = n, == I, n, = 2. There is another one-
dimensional rep in addition to the identity rep. This can easily be found by

inspection: y*®(g) =1, x*¥(h) = —1.
To obtain the third character we use the orthogonality relations

0= 6™, x5 =24 28 4 3y
0= 6™, ¥ = 2+ 20 — 3p,

Solving these equations simultaneously, we find %’ = —1, y{¥ = 0. The
complete table is

D, | & 2, 3e

xt 1 )| 1
x® | 1 —1
x'® 2 —1 0

(6.14)

The two-dimensional rep T® is equivalent to the 2 X 2 matrix rep one
obtains by considering D, as a transformation group in the plane, i.e., as
the symmetry group of an equilateral triangle. Indeed, with respect to the
basis pictured in Fig. 3.1, we can associate the matrices

_1 1 1 0
(6.15) g~( o W?), hN( )
Thus, the character y satisfies y(e) = ¥, =2, x(g) =y, = —1, x(h) = x,
=0,s0 x = x".
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FIGURE 3.1

The group D, of order eight is generated by elements g, # such that
g* = h* = e and (gh)* = e. This group has five conjugacy classes:

8={e}, e€72={g¥, €,={g2g%,

(6.16) ,

e, =1{hg*h}, €, ={gh g*h}
Thus, there are five irred reps of dimensions #, =1 << n, < --- < n, such
that

nlz + nzz —+ n32 -+ n42 + nSZ = 8.

The only possibility is n, = n, =n, = n, = 1, ny = 2. The one-dimensional
reps can be determined by inspection. Thus,

D, | &8 ez 2, 20, 2,
AL (R T CR S B
6.17) P'CC20 N TR N N Q|
P'ASLJ I TS IS R R
9 11 1 =1 —1 1
X(S) 2 X(ZS) X(35) X‘(‘S) X(SS)

The orthogonality relations (¥, "> =0, j=1,2,3,4, imply yx{ =
=2, ¥ = x = x{* = 0. The reader can explicitly constructa 2 X 2 irred
matrix rep 7' in a manner similar to (6.15). One realization of T is
generated by

(6.18) T‘”(g)—‘(i)] (])) Tm(h)z((l) —01>'
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The tetrahedral group T contains 12 elements. Realizing the elements of
T as permutations of the four vertices of a tetrahedron, we obtain the four
conjugacy classes

(6.19)

X, ={1}, X,= {234, (13)(24), (14)(23)}

X, = {(123), (142), (134), (243)}, X, = {(132),(124), (143), (234)}.

There are four irred reps of dimensions n, =1 < n, < ... < n, such that
n?r+n?+n?4+n2=12
The only possible solution is n, —n, = n, — 1, n, = 3. Note that the sub-
group
D = {1, (12)(34), (13)(24), (14)(23)}

(the identity element and the three rotations of 180°) is normal in 7. There-
fore, the factor group 7/ D is cyclic of order three and has three one-dimen-
sional nonequivalent irred reps given by (6.10). These reps T, i =1, 2, 3,

are defined by mapping a generator g of C; into 1, ¢, or €2, respectively, where
& = exp{2zi/3). The combined homomorphisms

Gy
T— ~T|D—>G

yield three one-dimensional nonequivalent reps of 7 such that D is mapped
into the identity operator. These reps are necessarily irred and they exhaust
the possible one-dimensional reps of 7. A simple computation gives the
character table

T | %, 3%, 4K, 4%,

x" 1 1 ] 1
(6.20) @ ] 1 ¢ g2
' 1 1 g €

(

O B CRPT
The fourth line of the table can be obtained from the orthogonality relations
™, x5 =0, =1,2, 3, which have the solution y{* = —1, y{¥ = ¢ =0.
Note that a rep of the form

T=a,TV | a,T? | a,T®

has the property that T(g,) and T(g,) commute for all g,, g, in the tetrahedral
group. Indeed, the reps T, i — 1, 2, 3, are one-dimensional so that with
respect to a suitable basis the matrices of the operators can be simultaneously
diagonalized. The natural three-dimensional rep of the tetrahedral group as



90 3 GROUP REPRESENTATION THEORY

a transformation group on R, is not commutative. Therefore, this natural
rep must be T,

The octahedral group O, the direct symmetry group of the cube, contains
24 elements in five conjugacy classes. They are

& = {e}, €,? = {three rotations of 180° about fourfold axes}
€, = {six rotations of 180° about twofold axes}

(6.21) €, = {three rotations of 90° and three rotations
' of 270° about fourfold axes}

€, = {four rotations of 120” and four rotations
of 240° about threefold axes}.

There are five irred reps of dimensions 1 << n, << n, < --- < ng such that
n? 4 o+ ngt =24,
The only possibility isn, = n, = 1, n, = 2, n, = ny = 3. It is clear from the

drawing of a cube in Fig. 3.2 that points ABCD are the vertices of a tetra-

I3 B
|
| /
V7,
! vy
A >{F
N | /
\ I 4
\ Ve
NN
\
372 W S
7 \\
/
/ S
/ N
G D
FIGURE 3.2

hedron. Every direct symmetry of the tetrahedron is also a direct symmetry of
the cube. Thus O must contain the tetrahedral group T as a subgroup of index
24/12 = 2. By Theorem 1.3, T is a normal subgroup of O and O/T is cyclic
of order two. Now O/T has two one-dimensional reps given by (6.8). Just as
in the preceding example, we can use these reps to obtain two one-dimension-
al irred reps of O such that T'is mapped into the identity operator:

0 | & 2 e, 6e, e,

1 1 1 1
¥ 11 =1 =1 1
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Next we construct the two-dimensional irred rep T®. Consider the simple
character y'® of T, table (6.20). The corresponding induced character x© is
associated with a two-dimensional rep of O and is easily shown to be given by

0 | & 3e;: 6e; 6e, se,

x° ’ 2 2 0 0 -1
[See expression (5.27) defining an induced character.] Now
cx% x°) = (1/24)2-2 - 3:2.2 | 6-0 : 6-0 | 8-(—1)-(—1)) =1

so x° is simple. Since there is only one irred rep of dimension two we must
have y° == y**'. By means of (5.24) we could explicitly construct the irred rep
T(3).

The natural rep of O as a transformation group on R; must be irred since
its restriction to T is the irred rep whose character is given by the bottom row
of table (6.20). It follows that the character y'* of this rep is

0 | & 32 6e, 6e, s

X(d) ’ 3 —1 X(}d) X‘(‘“ 0

The values %, x$* are not immediately determined since no elements of T
lie in €, or €,. To obtain these elements note that in suitable coordinate sys-
tems, a rotation of 180° about a twofold axis and a rotation of 90° about a
fourfold axis can be represented by the matrices

1 0 0 610
(0 —1 0), (l 0 0),
0 0 —1 0 0 I,

respectively. Taking traces we obtain y{* - —1, ¥ = L.

There remains only a single irred rep of dimension three. We could obtain
the character of this rep by using the orthogonality relations. However, it is
more informative to consider the tensor product T®® = T ) T, This is
a three-dimensional rep with character y'*(g) - - x**(g)x'*(g). Thus,

0 | & el 6e, 6e, 8e

X ) 3 —1 1 -1 0
Since
S xS = (1)24)9 + 3464+ 6+ 0) —= 1

it follows that y* is a simple character distinct from x*. The complete
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character table is therefore
0 & 3e,? 6C, 6, Se,

J7ZAL S S I IS T B

622) 2 11 =1 =1
12 2 0o 0o —1

¢ |3 —1 —1 1 0

2 |3 -1 1 —1 0

The above results enable us to compute the simple characters and reps for
each of the crystallographic point groups. Similar techniques yield the irred
reps of any finite group, although in practice the required computations may
be extremely difficult.

3.7 The Method of Projection Operators

Let G be a finite group and T a reducible unitary rep of G on the vector
space V. Suppose TV, ..., T* are a complete set of nonequivalent irred
unitary reps of G. Then V can be decomposed into a direct sum of invariant
subspaces

(7.1 v=3 S @rw

where the restriction of T to V¥ is equivalent to the irred rep T'“. Here a,
is the multiplicity of T* in T. In this section we study a method which allows
us to explicitly perform the decomposition (7.1). Furthermore, we examine
the subspaces V{# and determine to what extent they are unique.

Let A be a linear operator on the finite-dimensional inner product space
V. Recall that A*, the adjoint of A4, is the linear operator on V uniquely de-
fined by

(7.2) (Au, vy = {u, A¥v)
for all w,v € V, where (-, -> is the inner product. With respect to an ON
basis for V the matrix for A* is the conjugate transpose of the matrix for A,
The operator A is self-adjoint if A —= A* If A*> = A then A is a projection
operator. The range R, and the null space N, of a linear transformation are
the V subspaces
(7.3)
R,={we V:w=Av forsome ve Vi Ny={ve V:Av =0}

Let P be a projection operator on ¥V and let W — Rp. Any v € V can be

written uniquely in the form

v=Pv4+- (E—P)v=w-4Ww
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where w e W, w € W' = Rg_p. In particular, Pw =Py =Pv =w
forwe Wand Pw =P(E —P)vy =0forw ¢ W'.Ifu €¢ Wn W, then
Pu = usince u € Wand Pu=0 sinceu € W’ Thus, W W’ = {0} and

(1.4) V=W@W.

We have shown that the projection P induces a direct sum decomposition of
V. Conversely, if Wand W' are subspaces of V such that (7.4) is valid, then
the assignment Pv = w defined by the decomposition

V=w-+4 w, ve V, we W, w e W

determines a projection operator on V. Indeed, Pw = w so P2v = Pw =
w = Pv and P? = P. Different choices of the supplementary space ¥’
lead to different projection operators P. If W’ = WL, then the corresponding
projection operator is self-adjoint.

Theorem 3.10. There is a 1-1 relationship between subspaces W of V and
self-adjoint projection operators P on V, given by W = Ry, W' = Np.

Proof. The decomposition V = W @ W' defines a projection P with
W = Rp, WLt =Np. If v,,v, € V with
v, =W+ W/, w, e W, w' e Wi i=12,
then
PV, V0 =W, W, + W, > =W, + W, w,> = v, Py,
so P* = P.

Conversely, suppose P is a self-adjoint projection operator on V and set
W = Rp. Since E =P + (E — P) we can write

(7.5) v=Py+(E—Pyv=w-+w, ve V.

By definition Py € W, while for any vector Pu,u € V, in W we obtain
(1.6)  <(Pu, (E — P)v> = u, P(E — P)¥> = <u, (P — P)v) =0

so (E—P)y € WL Thus Np = Rg ) = W+, Q.E.D.

Theorem 3.11. Let T be a finite-dimensional rep of G on the inner product

space V. If V can be decomposed in the form V = W, @ W,, where W,
and W,.are invariant under T then the projection operator P on V defined by

1.7 Pv=w, for v=w +w,, welW
satisfies
(7.8) T(g)P = PT(g) forall g e G.

Conversely, if P is a projection operator on V satisfying (7.8) then V' = W,
@ W,, where W, = Rp and W, = N, are invariant under T.
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Proof. Suppose W, W, are invariant under T and V=W, P W,.
Then any v € V can be written uniquely in the form v=w, + w,,
w, € W,, and

PT(g)lv = P(T(g)w, + T(g)w,) = T(g)w, = T(g)Py,
where P is defined by (7.7). Conversely, if P is a projection operator satisfying
(7.8) and w, € W, = Rp, then

T(g)w, = T(g)Pw, = PT(g)w, € Re
so W, is invariant under T. Similarly, if w, € W, = Np, then
PT(g)w, = T(g)Pw, =0

so Np is invariant under T(g). Q.E.D.

This theorem establishes a 1-1 relationship between decompositions of
V into a direct sum of two invariant subspaces and projection operators on
V which commute with the operators T(g). We now determine which opera-
tors correspond to subspaces which transform irreducibly under T. Let
P(T) be the set of all projection operators on ¥ which commute with T(g)
forallg € G and let IP(T) be the set of all P & P(T) which cannot be written
in the form

(1.9)
P=P,+P,, P ecPT, PP,=PP =Z P, P,=1Z,

where Z is the zero operator on V.

Theorem 3.12. Let W be a proper invariant subspace of ¥ and P € P(T)
a projection operator on W. Then Wis irred under T if and only if P € IP(T).

Proof. Suppose W is reducible under T. Then W contains proper invariant
subspaces W, and W, such that W = W, @ W,. Also, the invariant subspace
W' = Np satisfies

V=WOW =W, OW,dW.
Defining the projection operators P,, P, € P(T) by
Pv=w,, P,v =w,,

where v=w, +w, +-w, with w, e W,, w € W, we obtain P =
P, + P,. Furthermore, PP, =P,P, =Z, since W, N W, = {8}.

Conversely, suppose P =P, + P,, with P, P, € P(T), P,P, = P,P,
=Z,and P,P,,P, = Z. Then

P: — (P, +P): =P>+PP,+ PP, +P2>—P, +P,=P
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soP e P(T). Set W =R, W, = Rp,, W, = Rp,. Foranyw ¢ W,
w=Pw=Pw+Pw=w +w,

with w, =Pw ¢ W, . If w e W, 1 W, then w = P,P,w = 0 since P,P,

—Z. Thus W =W, ® W,, where W, W, , W, are nonzero invariant sub-

spaces of V. Q.E.D.

We now return to the decomposition (7.1) of V into irred subspaces under
the action of the operators T(g). Let T'¥(g), | < u < «, be a complete set
of nonequivalent unitary matrix reps of G corresponding to the operator
reps T, We can find an ON basis {v/#, | <{j < n,} for each irred subspace
V) such that

(1.10) Ty = 3 TEEvw, 1 <j<n,
k-1

Corresponding to each simple character y' of G we define the linear
operator P, on V by

(1.11) P

p n(G) Z X (T(g).

Since hg = h(gh)h ', for g, h € G, i.e., the elements gh and Ag lie in the same
conjugacy class of G, it follows easily that P, commutes with the operators
T(#). Now

112) Ry - RS 3 B THETREW — 8.,

where we have used (7.10), (7.11), and the orthogonality relations for matrix
elements. It follows from this result and Theorems 3.10 and 3.11, that
P, « P(T) is the self-adjoint projection operator on the invariant subspace

(7.13) v — @ yw,
i=1

In general the spaces V{# occurring in the decomposition (7.1) are not uni-
quely determined. However, since the definition of the projection operators
P, is basis-independent, the spaces V* are uniquely determined. The ambi-
guity occurs in the decomposition of each V' into irreducible subspaces.
If a, > 1 there is no unique way to perform the decomposition (7.13).

To carry out this nonunique decomposition we define operators

(7.14) pi¥ Lk=1,...,n,.
gEG
Since
(1.15) P = S TOTPRVE = 5.0,
n( gEG m— 1
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it follows that P’¥ is the self-adjoint projection operator on the a,-dimensional

space W spanned by the ON basis vectors {v¥%’, i =1,..., a,}. Further-
more, the relations
(7.16) PUPLY = 4,,0,PF, (PX)* = P¥,
Bu
(7.17) P,= Y P«

k=1
follow easily from (7.15).
If v € V such that for some L k, 4 we have P*v = w, 5= 0, then the
n, vectors w; = Pi*y = Piw,, 1 <<j<n,, are all nonzero and span an
invariant subspace of ¥ which transforms irreducibly according to the rep
T®, Indeed, if

V=3 afviy
vim
then

au
— iky —
= Piv =3 vy

and
T(g)w, = 2 apT(gviy = ﬁ TH/(g)w,.

Furthermore, if v, v € ¥ are such that the vectors w, = PX%v and w, = Piv’
are orthogonal for some fixed /, k, i then

(7.18) (Piky, Piky'> = (PiP%v, PiPXv"
= (Piw, Piw,/> = 3, w;, w,/'> =0
sow, | w'forl </ j<n,.
From the above considerations we can decompose V into irred subspaces
as follows: For each g = 1,..., a apply the projection operator P.' to V
and let W be the range of this operator. Choose an ON basis {w{t’, 1 <
I <a,} for the a,-dimensional space W{~. Then the vectors {wi’, 1 <j

< n,}, where w{¥ = P/'w{#, form an ON basis for an invariant subspace
Vi of ¥ such that the restriction of T to ¥V{# is equivalent to T%. In fact,

T(gwip = E TH@@wy, 1<j<n,.

Furthermore,
(7.19) v=% ﬁ DV

pu=11-
and the V{* are mutually orthogonal. The totality of ON vectors {w/*’} form
a basis for ¥ since the number of elements in this set is equal to the dimension
of V. Since this decomposition depends on the choice of basis vectors
{wi#} for W and matrix reps T*)(g), it is not unique.
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An interesting special case occurs when T is the left regular rep L of G
on the group ring R;. We can use the convolution structure on R; to derive
additional information about the projection operators and irred subspaces.
Recall that the action of L on R; is given by

L{g)x = gx, x € R;, geG.

We can consider L as a unitary rep on R; with inner product defined by
(3.13). The multiplicity of the irred rep T in L is n,. All of our results
concerning projection operators can immediately be specialized to R;. For
example the projection operators P,, (7.11), become

(720) Pyx - (G) Z X(A)(g)L(g)x - p;: X € RG’

where

Pu= (G) Z Xu‘)(g) ‘g € Rg.

However, we can analyze such operators in another manner.

Let W be an invariant subspace of R; and let P be a projection operator
determined by the decomposition R; = W @ W' with W' also invariant
under L, i.e., W = Rp, W' == Np. Then P commutes with L(g) and

2(Px) = P(gx), x e R;, ged.

Let e’ = Pe, where e is the identity element of R;. Then forany x = > x(g)-g
we have

(7.21) Px = 3 x(g)-Pg =Y x(g)-gPe = Y x(g)-ge’ = xe'.

Furthermore, P2x = P(xe’) = x(e')? = Px = xe’ and setting x =e¢ we
obtain

(1.22) (e)2 =¢

so ¢’ is an idempotent. (An element y of Ry is called an idempotent if y* =
yy =y.) Note that W =={xe': x € Rg]. Conversely, if ¢ ¢ R, satisfies
(7.22) it is easy to verify that P defined by

Px = xe, x € Rg

is a projection operator which commutes with left multiplication by elements
of G. It follows that there is a 1-1 correspondence between idempotents
e’ and projections P commuting with L. The idempotent e is associated with
the operator E. If the idempotents e,, ¢, are associated with projection
operators P, and P, := E — P,, respectively, then the relation E = P, + P,
implies e = ¢, + e,. Furthermore, the relation PP, = Z implies e,e, =0
since

0 =P, Pe = (Pe)e, =ee,e, = e,e,.
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Proceeding in this manner we see that properties of projection operators
P on R, which commute with left multiplication can be translated into
properties of the corresponding generating idempotents e¢’. For example,
Theorem 3.12 yields the following theorem.

Theorem 3.13. Let W be a subspace of R; invariant under L and let P be
a projection operator on R; such that W = R, and Px = xe’, all x € R,.
Then W is irred if and only if there do not exist elements e, , e, of R such that

(7.23)

e =e, + e,, e?=e #0, e, =e,#0, ee, =e,e, =0.

An idempotent e’ is called primitive if there exists no decomposition
of the form (7.23). Thus, if e’ is primitive then the set

W ={xe': x € Rg}

is an irred subspace of R; under L. Conversely, if W is irred then every
idempotent that generates W is primitive.

We shall now give another criterion for a primitive idempotent which
is frequently simpler to verify than (7.23). If ¢’ is an idempotent and Px =
xe’ is the corresponding projection operator then we can write R; = W, @
W,, where the invariant subspaces W, and W, can be characterized by

W, = Rp = {xe': x € Rg}, W, = Np={x(e — e'): x € Rg}.

Furthermore xe’ = x for all x € W,, and ye’ =0 for all y € W,.

Theorem 3.14. If ¢’ is a primitive idempotent then e'xe’ = 4,¢', 4, € &,
for each x € R,;. Conversely, if e’ is idempotent and e'xe’ = A,e’ for each
x € R then €' is primitive.

Proof. Suppose e’ is a primitive idempotent. Then for any x € R; the
operator A defined by

Ay = ye'xe’, y € Rg

commutes with the L{g). Furthermore, Ay ¢ W, for y € W, and Ay =0
for y € W,. Thus A,, the restriction of A to W,, commutes with the L(g)
and maps the irred space W, into itself. Theorem 3.5 implies A, = 1.E,,
for some A, € €. Thus A = A,P or e'xe’ = 4.¢". .

Conversely, suppose e’ is idempotent and e’xe’ = A,e’ for each x € R;.
Let € = e, + e,, wWith e,2 =e,, e, =e,, e;e, = e,e, = 0. Then e'e;e’ =
(e, + ey)e,(e; + e,) =e,, so e, = Ae’. Since e, and ¢’ are idempotent it
follows that A2 = A or A =0, 1. Thus, there exists no decomposition of
e’ for which e, e, are both nonzero and €' is primitive. Q.E.D.
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Theorem 3.14 will prove very useful in Chapter 4 when we discuss the rep
theory of the symmetric groups.

Suppose W, and W, are invariant subspaces of R; which define equivalent
reps of G. Then there exists an invertible transformation S from W, onto
W, such that gSw = Sgw for all g € G, w € W,. Furthermore xSw =
S(xw) for all x € Ry. Let e,, e, be generating idempotents for W, and W ,,
respectively, and set ¢ = Se, € W,. Then for any w € W, we have Sw =
Swe, = wSe, = we. Therefore, any equivalence mapping S from W, to W,
is given in terms of right multiplication by a ring element ¢. Since ¢ = W,
we have ¢ = ce,. Furthermore ¢ =Se, = See, = ¢,Se, = ¢e,c, 80 ¢ =
e,ce,. Thus we can assume that the equivalence is given by a nonzero ele-
ment of the form e, xe,, x € R;. If W, and W, are irred we can say more.

Theorem 3.15. Two irred subspaces W,, W, with primitive idempotents
e,, e, define equivalent reps if and only if there exist nonzero elements
e,xe,, X € R;. Each such element defines an equivalence mapping S from
W, to W,.

Proof. If W, and W, define equivalent reps, then by the argument in the
preceding paragraph, e,ce, # 0, where ¢ = Se,. Conversely, if e xe, % 0
then Sw = we xe,, w € W, is a nonzero mapping from W into W, which
commutes with the operators L(g). By Theorem 3.4 and the hypothesis of
irreducibility, W, and W, define equivalent reps. Q.E.D.

The subspaces W of R; which are invariant under the left regular rep are
called left ideals.

Definition. A left ideal W is a subspace of R; such that xw € W for all
x € Rg,we W.

If ¢ € R; the set
(7.24) : Roe = {xc: x € R}

is clearly a left ideal. Moreover, we have shown that every left ideal can be
obtained in this form. A left ideal W is said to be minimal if it contains no
proper left ideal, i.e., if W is irred under the left regular rep. There is a
similar definition of right ideals, which are just the subspaces of R invariant
under the right regular rep.

A two-sided ideal is a subspace of R; which is invariant under both the
left and the right regular reps.

Definition. A two-sided ideal U is a subspace of R such that xuy € U for
allx,y € Rgj,u e U.
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Let n be the multiplicity of the irred rep T in L. Then there exist » linearly
independent irred subspaces W;,1 <j<(n, each transforming under T
so that the space

U = Wl @ Tt @ Wn
contains all irred subspaces W of R, such that L|W is equivalent to T.
We have shown above that U is independent of the choice of the W,. We will
now show that U is a two-sided ideal. Let u € U. Then

u=u, + - t+u, u, € W,

If y € R, it follows from Theorem 3.15 that u,y is either zero or an element
of a left ideal equivalent to W,. In either case, u,y € U for 1 << i <n. Thus
uy € Uforallu € U, y € R;. This proves that U is a right ideal. On the
other hand, U is a left ideal since each of the W, is a left ideal.

Finally, we will show that U is a mimimal two-sided ideal. That is, U
contains no proper two-sided ideal U’. For, if U" < U and U’ % {0} then
U’ contains a minimal left ideal W. By Theorem 3.15 there exist ring elements
€y« ., C, such that W, = We,, 1 < i< n. Since U’ is a right ideal, W, =
U’. Therefore, U =U".

Let U, be the minimal two-sided ideal corresponding to the irred rep
T®. [Note that U, = V¥, (7.13), in the case V' = R;.] Then

(7.25) Ro=U D - DU,
and U,U, = {0} for u - v. Indeed, the first expression follows from (7.13)
and (7.19). To prove the second formula note that U, U, = U, N U, = {0}

since U, and U, are disjoint two-sided ideals. A proof of the relation U, U, =
U, is left to the reader.

3.8 Applications

We now study several applications of the rep theory of finite groups to
problems in theoretical physics. These examples have been selected so that
they can be understood without an extensive knowledge of physics. Some of
the most important applications which require a knowledge of the rep theory
of certain Lie groups, particularly of the group SO(3), will be discussed in
later chapters.

Our first application concerns the use of symmetry groups to determine
the structure of tensors occurring in physical theories. We start by defining a
tensor.

Let ¥ be an m-dimensional vector space, real or complex, and consider
the n-fold tensor product

8.1 Ve = VRV -+ XV (ntimes).
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If {v;, 1 <<j<Umj} is a basis for V then the mn vectors {v,, ® -+ @ v,,
1 <j,...,J, < m} form a basis for V®", The elements of V®" are called
(contravariant) tensors of rank n. Every tensor a can be written uniquely in
the form

(8.2) a— Z a;.¥; XXV,
Jicdn

In terms of a new basis {v,'} for V related to {v,} by

(83) v, = Zl gkjvk,5 1 g.]g m,
=

we find

8.4 a— kzk a',“u.,‘"\”,(l R RV,

where the tensor components a and &’ are related by
(8.5) Ay, = Z A 8riis " Bkaine
Juia

The matrices g = (g,,) are nonsingular and any nonsingular matrix defines
a change of basis. One should carefully distinguish between the tensor a
and the tensor components a;,...;,. The components of a fixed tensor depend
on the basis chosen in V*"

Let G be a group of linear transformations g on V. (We do not require that
G be finite.) Then, as discussed in Section 3.5, we can define a rep T*" of G
on Ve by

(8.6) T@w, KW, X -+ QW =gw, X gW, X -+ X gW,, gc G,
forallw,,...,w, € V. As usual, we choose a basis {v,} for V and define the
matrix (g, ;) corresponding to each g € G by

8.7 gy, = é:} 8iiVi» | <j<m.

Then the tensor a, Eq. (8.2) is transformed into the tensor T**(g)a, where
(8.8) T®(g)a = k.zk" Qe x Ve, R - R Ve,

(8.9) — lej“ ;. .8k Bk

Expressions (8.5) and (8.9) are identical, but their interpretations are different.
In the first case (passive) the tensor is fixed and the basis is changed. In the
second case (active) the basis remains fixed while the tensor a is mapped into
a new tensor by the operator T**(g). For the present we consider only the
active case and fix the basis {v,}. Then every tensor a is uniquely determined
by its components a; ... ;, with respect to the basis and we can consider the rep
T*" to be defined by (8.9). Another useful rep of G is obtained by forming the
tensor product Q X T*" where Q is the one-dimensional rep Q(g) = det g.
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(Recall that the value of the determinant is independent of basis in V.) The
basis space for this rep is ¥®" again and g € G acts on the tensor a with
components q;...; to transform it into a tensor with components

(8.10) ipien = CUQ) 30 @) ju8uss *** B
Jidn

Frequently the above reps occur in physical theories where V is a real
three-dimensional inner product space and G = O(3), the group of all
length-preserving linear transformations on V. Then with respect to an ON
basis v,, v,, v, for ¥, the matrix O of each O € O(3) is orthogonal: O' =
O~!. The tensors a € V®" which transform according to the rep T®",

3

(8.11) Qepdn= 2 45,00, -+ Oy,

Jiia=1

are called polar tensors of rank n. Those which transform according to

3
(8-12) a',“...k" == det 0 Z a’;,.“’;nokm ‘st Okujn

Jirja=1
are called axial tensors of rank ». Note that det O = +1.

We give some familiar examples of polar and axial tensors. The action
of O(3) as a transformation group on R,, considered in Chapter 2, defines a
rep of O(3) in which each v € R, transforms as a polar vector (polar tensor of
rank 1). The well-known vector product or cross product u X v of two polar
vectors transforms as an axial vector. In particular, under the inversion
operator I € O(3), u— —u, v— —v,and u X v — (—uw) X (—V) =u X
v. The scalar product of two polar vectors transforms as a scalar (polar tensor
of rank zero), while the scalar product of a polar vector and an axial vector
transforms as a pseudoscalar (axial tensor of rank zero).

Let S be some physical system (molecule, crystal, garbage truck, etc.)
in three-dimensional space R,. We choose an arbitrary point, say 0, as the
origin in R, and construct an orthogonal coordinate system at @ with ON
basis vectors v ,v,, v, pointing along the coordinate axes. We position
ourselves at the point @ and measure various physical properties of the
system S. These measurements are performed very rapidly; so fast that they
all take place in a single instant of time ¢,. (We will be concerned with deter-
mining the properties of the system at a given instant of time and not with
the time evolution of the system.) Once we have measured some physical
property p of S with respect to the ON basis {v,} we can perform an orthogo-
nal transformation O on R, and then measure the same physical property of
the system OS with respect to {v,}. Hopefully, there will be some functional
relationship Op = f(O, p) between the new measurement Op and the old one
x. Indeed, the measurable quantities p frequently transform as components of
an axial or polar tensor. We mention some examples, at least a few of which
should be familiar to the reader. The temperature at 0 is a scalar, while the
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rotary power of an optically active crystal is a pseudoscalar. The electric
field and the current density are polar vectors, while the magnetic field is an
axial vector. The resistivity and moment of inertia tensors are polar tensors
of rank two, as are the stress and strain tensors. The optical gyration tensor
is axial of rank two.

Let G be the point symmetry group of the physical system S. (This means
that S and gS are physically indistinguishable for all g in the point group
G.)if a € V®"is any tensor describing a physical property of S it necessarily
follows that T*"(g)a = a. In terms of tensor components this relation becomes

(8.13) Aieyooky = Z Ay e " kuino k,=1,2,3,
Juotn

valid for all g € G, where g, are the matrix elements of g with respect
to the v, basis of R;. [Equation (8.13) is valid for polar tensors of rank n.
The results are modified in an obvious manner if a is an axial tensor.] This
relation places a restriction on the tensor components of a. If G = {e} and the
tensor components are subject to no symmetry requirements then the nth-
rank tensors have 3" independent components. However, if G is a nontrivial
symmetry group then by (8.13) the 3" components are not all independent.
We can use the symmetry group to determine the maximal number of linearly
independent components of an nth-rank tensor, hence the number of para-
meters needed to uniquely determine a physical property of S associated with
the tensor.

As an example of the restrictions provided by the symmetries of S, sup-
pose G contains the inversion I. Then (8.13) with g = [ yields

Qegey == (D)@, ke,
which shows that all polar tensors of odd rank are identically zero. Thus if
some physical property of S is described by a polar tensor of odd rank, it
follows from symmetry conditions alone that this tensor is identically zero.
Similarly, if I € G then all axial tensors of even rank are zero.

The most common method used for computing the possible tensors in-
variant under G is the brute force method. One chooses a set g, ..., g
whose elements generate G and then substitutes each of these elements into
(8.13) to obtain a system of identities relating the tensor components of a.
These identities must then be solved to determine the number of linearly
independent components of a and the dependence of all components on a
suitably chosen set of independent ones. If the components of a satisfy Eq.
(8.13) for the generators of G then the components will automatically satisfy
these equations forany g < G.

We can develop more sophisticated methods to solve this problem by not-
ing that the solutions a € V** of the equation

T?"(g)a == a, all g = G,
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form a subspace V"’ which is invariant under T®". Let dim V") = ¢ and let
a,,...,a, beabasisfor V" Then each of the a, generates a one-dimensional
invariant subspace W, of ¥’ such that the action of T®* on W, is equivalent
to the irred identity rep T!":

V=W @ - - W,
Thus, g is the multiplicity of the identity rep of G in T®" and the number of

linearly independent tensor components for solutions a of (8.13). To find V'V
we can make use of the projection operator P, of Section 3.7:

(8.14) P, =165 3 A@TE) = e 33 T(g).
Then

(8.15) VO - (Pb:b e V&)

or ¥ is the space of all solutions a of the equation

(8.16) Pa=a.

We can use the orthogonality relations for characters to obtain a simple
expression for g. Let y be the character of the natural three-dimensional rep
T of G as a transformation group on R,,

x(g) =trg, geG.
It follows from (1.13), Section 2.1, that

(8.17) x(@ =14+ 2cosyp
forg = C,(p) € G and
(8.18) x(@ = —1-+2cosyp

for g = S,(p) € G, so the character y is immediately determined from a
description of the action of each g. Since T® is the tensor product of n copies
of T, the character " of this rep is

(8.19) 18 = [x(@r.

[This result is correct for polar tensors of rank #n. For axial tensors of rank n
the character is

(8.20) 18 = €. x"(8)
where ¢, = 1 if g € G M SO(3) and ¢, = —1 if g is an improper rotation.]
Then we have
p— n (N
(8.21) g =<1 = n(G) 2. [x(8)l-

The reader may be wondering why we have applied character theory to
the real rep T®" since we emphasized earlier that this theory applies only to
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complex reps. To verify that Eq. (8.21) is valid we formally define the complex
m-dimensional vector space V. by

V,={v, +ivyev,,v, € V]

Then every element a of the 3”-dimensional tensor product space V%" can be
written uniquely in the form

(8.22) a=b, - ib,, b,b,c Vo
We define the complex rep T®” of G on V%" by
(8.23) T2(g)a = T*"(g)b, - iT*(g)b,.

If {v,} is an ON basis for V then it is also an ON basis for V. and the set
{v;, ® --- ®v,}is an ON basis for ¥¥". In terms of tensor components the
action of T®"(g) is given by relations (8.7)—(8.9) where now the components
a;..; take complex values. The multiplicity of the identity rep T in
T®* is now given by the right-hand side of (8.21). Let this multiplicity be r.
Then we can find a basis a,, ..., a, for the subspace V" consisting of all
elements of V®" which are fixed under T®". By definition

(8.24) TP "(ga = T¥(g)a

where a =b, — /b, and a = b, + i/b,. Thus, if a € V(" then & ¢ V{".
Clearly, the 2r real tensors
(8.25) Y@, +4), fia,—a), 1<j<r
span V(" and also lie in V. Among these 2r real tensors there must be r
which form a basis for V{". Thus, r <q. However V' = V(¥ g0 r =gq.
This justifies our use of characters to compute g.

As an example we compute the dimension g of the space V") of polar
tensors of rank two, invariant under C,,. Since C,, = D, we can use the
characters and conjugacy classes (6.16) of D, to perform the computation.

From (8.17) and (8.18) the character y of the natural rep of C,, as a trans-
formation group on R, is

& ez 2e, 2, 2e,

(8.26)
3 —1 o 1

Thus
g=<x"=14% 2}_]) x:g) =2.
8Dy

Tensors describing physical phenomena frequently possess internal
symmetry properties which are independent of their external point symmetry
properties. For example, the moment of inertia and stress and strain tensors
are all symmetric polar tensors of rank two, i.e., a;,, = a,, for | <j, k < 3.
Other physically interesting tensors of rank two are skew-symmetric, q,, =
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—a,; for 1 < j, k < 3. Here'we consider only polar tensors of rank two. The
procedure needed to extend our results to tensors of higher order should be
clear after an examination of this simple case.

It follows easily from the transformation law (8.11) that every symmetric
tensora € V®%is mapped into a symmetric tensor T®?(O)a by any O € O(3).
Similarly, a skew-symmetric tensor is mapped into a skew-symmetric tensor.
If the tensor

3
a= Z a,v; v,
k=1

is both symmetric and skew symmetric then

a,.k = Ay, =

j akizo

so a = 0. Given any a € V®? we can construct a symmetric tensor a¥ with
components

a3 = %(ajk + a;)
and a skew-symmetric tensor a* with components

ap = %(ajk — a;),

so a = a5 + a“?. This shows that
Ver — s @ wH

where WS and W* are the invariant subspaces of all symmetric and skew-
symmetric tensors, respectively. Here dim W* = 6, dim W4 = 3. (Prove it!)
The character y2 of the rep T®? acting on ¥®2 can be written
(8.27) xg) = x°(8) + x*(g),
where x* is the character of T®?| WS and y“ is the character of T®*| W4,
The symmetric tensors which are fixed under G form a subspace V¢’ of
WS, while the skew-symmetric tensors fixed by G form a subspace V" of
WA4. If g5 = dim V§', g, = dim V", then g5 + q, = g and

qs = <x5 20 qu=<x4 2D
We will compute the character x°® directly. It is easy to show that the set of
SiX symmetric tensors

v, @v, +v,®v, 1<j<k<3}
is a basis for WS. Then
T2V, @ Vi + Ve @ v) = F 2 (T(@)Tul8) + Tul&)T0(&)
X (v, @V, + v, X V).
Taking the trace of this transformation, we find
(8.28) x%g) = %; (Ti(@T (e -1 T;(@)T . (8) == F(X*() 1 x(8%))-



3.8 Applications 107

Furthermore,

(8.29) x4(8) = x*(@) — x°(8) = 1(x*(&) — x(2*)-
We apply these results to compute the dimension g5 of the space V("

of symmetric polar tensors of rank two which are invariant under C,,.
From (8.26) and (6.16) we find

& €, 2, 20, 2e,

(8.30) x? 9 1 1 1
x5 6 2 0 2 2
x4 3 —1 -1 —1
Thus,

gs =<5 1" =2 q,=0

Since g4 = g = 2 it follows that all second-rank polar tensors fixed under
C,, are symmetric. A skew-symmetric tensor of this type describing a
physical property of a system with C,, symmetry is zero. One physical conse-
quence of this computation is that all solids with C,, symmetry have moment
of inertia tensors which are determined by two parameters. The homogeneous
four-pyramid is such a solid. (In this special case we found g = g5. However,
this equality is the exception rather than the rule.)

Our next application of group rep theory pertains to perturbation theory
in quantum mechanics. So as not to interrupt the continuity of our presenta-
tion we assume that the reader understands a few basic facts about Hilbert
space, Lebesgue integration, and the Hamiltonian operator in quantum
mechanics. The relevant definitions are presented in the appendix. We
concentrate on algebraic and group-theoretic questions and ignore certain
analytic difficulties pertaining to unbounded operators in Hilbert space.

Consider a nonrelativistic quantum mechanical system consisting of k
particles with masses m,, ..., m,, respectively. We suppose that the interac-
tion between the particles is described by a real-valued potential function
V(x,,...,X,), where x, € R, refers to the coordinates of the jth particle.
The possible (pure) states of this sytem are elements of the Hilbert space
JC consisting of all complex valued functions

Y(X,,...,X,),
such that

J |W(x,,....x)2d°%x, -+ d’x, < oo.

(Ra)*

The inner product (-, -) on 3C is defined by

(8.31) (¥, D) = Yix,,....xJ®X,,...,x,)d>x, - d’x,.

(Rs)*
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The Hamiltonian operator H of this system is defined by

k 2
(8.32) H¥(x,, ... %) = — 3 2’,‘”A;{l(x,,...,xk)
+ V(x,, ..., x)¥(x,,...x,)
where
59
T T

and 4 = 2rh is Planck’s constant. In the remainder of this book we choose
units such that A = 1.

Note. The Hamiltonian operator is not defined for all ¥ = JC. Expression
(8.32) defines an element of 3C only if the function HY is square integrable.
A precise definition of the domain of H is difficult and we refer the interested
reader to Helwig [1]. For most potential functions V(x,,..., x,) which
occur in quantum mechanics it is possible to define the Hamiltonian in a
satisfactory manner such that the domain of H is dense in 3. Furthermore,
it can be shown that H is a symmetric operator, i.e.,

(8.33) (¥, HD) = (HY, )

for all ¥, @ in the domain of H. Equation (8.33) is easy to obtain formally
but difficult to prove by a rigorous computation. In some of the following
arguments we shall also proceed formally, as do almost all textbooks on
applications of group theory to quantum mechanics. The needed rigor can
be supplied by Helwig [1] and Kato [1].

In analogy with Example 5 of Section 3.1 we define a unitary rep of
E(3) on I by

(8.34)

T(W¥(x,,...,x,) =Y 'x,,..., g7 'x), g = {a, O} € E(3).
The relation
(8.35) (T(g)¥, T(9)®) = (¥, D), Y.0 3

follows from (8.31) and a simple change of variable. Let G be any subgroup
of E(3) consisting of transformations g such that

Vigx,,...,gx,) = V(x,,...,Xx,), all x;, € R;.

7
Then by an elementary computation similar to that carried out in Examples
4 and 5 of Section 3.1 we can show

T(eHY = HT(g)¥, g<G,

for all vectors ¥ in the domain of H. Thus, the operators T(g) define a unitary
rep of G on 3 and these operators commute with H. The group G is called a
symmetry group of the Hamiltonian.
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The fundamental problem for this quantum mechanical system is the
determination of the eigenvalues and eigenvectors of H, i.e., the solutions
of the eigenvalue problem

(8.36) HY == 1Y, Y e 3.

(We study only the point spectrum of H. Group-theoretic methods also apply
to the continuous spectrum but such a treatment is beyond the scope of this
book.) Equation (8.36) is called the (time-independent) Schridinger equation.
Since H is symmetric the eigenvalues are real. Indeed, suppose A is an
eigenvalue of H with eigenvector ¥. We can normalize ¥ so that (¥, V) =
1. Then

l=(HY,¥) = (¥Y,HY) =1
so 4 is real. Furthermore, if 1, u are eigenvalues of H with corresponding
eigenvectors ¥, @ then

ALY, D) = (HY, ®) = (¥, HD) = u(¥, ®)
so (W, ®) =0, if 1 = u.
Let A be an eigenvalue of H and define the eigenspace W, < 3C by

W, ={¥ < 3&: HY = 1¥}.
If g ¢ G we have
(8.37) HT(g)¥ — T(gHY = AT(g)¥

for all ¥ < W,. Therefore T(g)¥ = W, and W, is invariant under the
unitary rep T of the symmetry group G. Suppose W, is finite-dimensional and
G is a point group. Then we can decompose W, into a direct sum of subspaces
which transform irreducibly under G:

W, S5 @we

a=14i-1
Here, the restriction of T to W{# is equivalent to the irred rep T* of G
and a, is the multiplicity of T* in T. The reps T*", ..., T form a complete
set of nonequivalent irred unitary reps of G. If TV, ..., T'* are a corre-
sponding complete set of unitary matrix reps we can find an ON basis
{wi#, 1 << j < n,} for each space W* such that

T(gwir - - ;: Ti(gWy.

Then the complete set of symmetry-adapted basis vectors {w{#’} forms an ON
basis for W,. In this way we use the irred reps of G to label the eigenvectors of
H.

The complete symmetry group of the Hamiltonian H is the group K of
all unitary operators U on JC such that

(8.38) UH = HU.
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Since the elements of K are unitary operators, K defines a unitary rep of itself.
Just as in (8.37), we can show that W, is invariant (even irred) under K, so
the reps of K can be used to label the elements of W,. However, it may be very
difficult to determine all elements of K. Thus we usually restrict ourselves
to consideration of the subgroup G’ consisting of all symmetries of H taking
the form (8.34). The symmetry group G’ can be determined by inspection.
(Later we shall include in G’ spin transformations and permutations of
indistinguishable particles when this is appropriate.)

The eigenspace W, is usually irred under G'. The degeneracy of the eigen-
value 4, i.e., the dimension of W,, is then equal to the dimension of some
irred rep of G’. For certain specially chosen potential functions V(x, ..., x,)
it is possible to find eigenvalues A of H for which W, is not irred, but this
is rare. In such a case the eigenvalue A has an accidental degeneracy, i.c., a
degeneracy which does not follow from the symmetry of the Hamiltonian.
(See the discussion of the hydrogen atom, Section 9.7.) Accidental degeneracy
can be removed by a slight alteration of the potential function which does not
change the symmetry group of the Hamiltonian.

If a point symmetry group G is a proper subgroup of G' then W, need not
transform irreducibly under G and in general W, will break up into a direct
sum of irred reps of G. In practice, if a physicist finds that W, is not irred
under the action of G he has strong reason for suspecting the existence of a
larger symmetry group. Thus, he is likely to search for additional symmetries
of H.

The eigenvalue equation

(8.39) HY = ¥

has been solved exactly for only a few simple Hamiltonians. The
Hamiltonians H for which (8.39) can be solved usually correspond to physical
systems which exhibit a high degree of symmetry. The two most important
examples are the hydrogen atom and the harmonic oscillator, which will be
discussed in later chapters. For systems with lower symmetry, Eq. (8.39)
usually cannot be solved explicitly and some sort of approximation has to be
employed. Group-theoretic methods are of the utmost importance here be-
cause they yield information about the multiplicities of the eigenvalues even
in those cases where (8.39) cannot be solved exactly.

As an example, suppose H admits the point group G as a symmetry group
and suppose we can find an eigenvector W of H with eigenvalue 4. Further-
more, suppose W is an element of a subspace V@ of 3C such that the action
of G on V™ is equivalent to the irred rep 7. Then the nonzero subspace
VW n W, is invariant under G. Since V* is irred it follows that V& =
Vw A W,,s0 V@ = W,anddim W, > n, = dim T'“. Thus, the eigenvalue
2 has multiplicity at least #,,. The reader should be able to construct an ON
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set of n, eigenvectors by a judicious application of the projection operators
Pk, (7.14), to .
Consider a physical system with Hamiltonian

(8.40) H=H, +H,
where
LA
(841) H, = —jZ::l 2m.Ai + V(X X, H, = V,(x,, .., X,)

7

and suppose the eigenvalue equation
(8.42) H,¥Y =¥

‘

can be solved explicitly. We think of the physical system with Hamiltonian
H as obtained from the system with Hamiltonian H, by the addition of a
“small” perturbing potential V. If the perturbation is not too large we would
expect the eigenvalues and eigenfunctions of the Hamiltonian H to be
“close” to those of H,. Proceeding formally, let us consider a family of Hamil-
tonians

(8.43) H(:) = H, - tH,

where the real parameter ¢ runs from 0 to 1. Then H(0) = H,, H(l) = H.
If the perturbing potential is not too big it is reasonable to suppose that
the eigenvalues and eigenfunctions of H(7) will be continuous functions of z.
To be more precise, let 4, be any isolated eigenvalue of H, with finite multi-

plicity m. Then we suppose there exist m continuous functions 4,(), . . ., 4,.(¢)
and m eigenvectors ¥, ..., ¥,, in 3C which are continuous functions of ¢
(in the norm || - |]) and satisfy

(8.44) HNOY, = 4,0, 0<:<1, 1</<m

It is assumed that the set {¥,} is ON for each ¢t and 1(0) = 4,. It can be
shown (Kato [1]) that for a wide variety of perturbing potentials V', the above
suppositions are correct and in fact, the A(f) can be expanded in power
series in f. Physicists commonly employ a perturbation theory to compute the
first few terms in the power series and get an approximation for the desired
eigenvalues A,(1). One of the most important problems is to determine
the multiplicities of the eigenvalues 1,(1) of H, that is, to determine how the
m-fold degenerate eigenvalue 4, of H, splits into eigenvalues A1) as the
perturbing potential ¥, is turned on. Group theory yields exact information
about this splitting.

Suppose the point group G is a symmetry group of both Hamiltonians
H, and H. Then the operators T(g) will commute with both H, and H,, so
G will be a symmetry of H(r) for all ¢. Let W, be the eigenspace of H, corres-
ponding to eigenvalue 4,. Then the restriction of T to W, can be decomposed
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into irred reps,
(8.45) T|W,= 3 @ a,T®,
u=1

where a,° is the multiplicity of T in T| W . For each r between 0 and 1 the
eigenvectors {¥,} form an ON basis for the direct sum W, of the eigenspaces
of H(z) corresponding to the eigenvalues 4,(¢), ..., 4,(t). Thus W, is invari-
ant under T and we have the decomposition

(8.46) T|W, = 3 @ a,T®.
Pryl

The integers a,” must remain fixed as ¢ varies from 0 to 1. To see this we
compute the character y,(g) of T|W,. Since the ON basis vectors {¥,} are
continuous in ¢ the matrix elements

{T(g)¥., \le> = T;'l(g)

are continuous functions of ¢ for fixed g. Thus the character y,(g) is con-
tinuous in ¢, as is @,/ = {x,, ). Since g, is an integer it must remain
constant: a,’ = a,° = a,,.

Therefore, the reps T | W, and T| W, are equivalent. This result shows that
the perturbation V, splits the m-fold degenerate eigenspace W, of H, into

a, + --- -+ a, eigenspaces of H. There are a, eigenvalues of H, each with
multiplicity n,,...,and a, eigenvalues of H, each with multiplicity n,.
At most a, + --- + a, of these eigenvalues are distinct, i.e., some of them

may be equal. If the original rep T| W, is irred then T | W, is also irred and the
m-fold eigenvalue 4, of H, is perturbed to an m-fold eigenvalue 4, of H.

Now suppose G, is the largest point symmetry group of H,. Let 4,
be an eigenvalue of H, and suppose the corresponding m-dimensional
eigenspace transforms according to the irred rep Q of G,. Furthermore,
suppose H, does not admit G, as a symmetry group but only a proper sub-
group G of G,. Then G is the maximal point symmetry group of H(r) =
H, + tH,. The restriction of Q to the subgroup G splits into a direct sum of
irred reps T of G:

a

(8.47) QIG=3 ®a,Tw.

a=1
It follows from the analysis of expression (8.45) that the m-fold eigenvalue
A, of H, splits into a, eigenvalues of H, each of multiplicity n,, .. ., and q,
eigenvalues of H, each of multiplicity #,. Unless there is accidental degen-
eracy, there will be a, - --- -+ a, distinct eigenvalues.

As an example, consider the case where H, has octahedral symmetry O
while the perturbing potential H, has only tetragonal symmetry D,, a sub-
group of O. (There are several subgroups of O which are isomorphic to
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D,, but any two of these subgroups are conjugate, so it makes no difference
which one we choose.) The character tables of D, and O are given in (6.17)
and (6.22). We denote the irred reps of D, by T, ..., T and those of O
by Q! ..., Q'*®. Since O has irred reps of dimensions one, two, and three,
these are the possible multiplicities for eigenvalues of H,. To determine the
manner in which each eigenspace of H, splits into eigenspaces of H we must
determine the multiplicities a, of T in Q| D,. These multiplicities can
easily be computed from the character tables. We have

QVID, =T, n =1 QPD,=T® n,=I;

Q®|D, =TV @D T®, no=n, =1;

Q¥ D, =TT, n,=1, n,=2;

Q¥ D, =T®PT®, n, =1, ns=2
For example, the character y of Q'® restricted to D, is

& €. 2e, 2¢, 2C,

(8.48)

3 -1 -1 —1

From (6.17) we obtain y(g) = x¥*“(g) + x“*'(g), which yields the last line
in (8.48). These results show that under the perturbing potential an eigen-
value of multiplicity two splits into two simple eigenvalues, while an eigen-
value of multiplicity three splits into an eigenvalue of multiplicity two and
a simple eigenvalue. We can reduce these degeneracies still further by adding
to the Hamiltonian a perturbation H, with lower symmetry D,. Then the
restrictions of the reps T to D, will split into direct sums of irred reps
S®, 8@ §3) 8§W of D,. In fact,

T(l) I D2 ~ S(l), T(Z) ] DZ;S(S), T(3) | D2 ~ S(l)
’I’(4) I D2 ~ S(B), T(S) | D2 =~ S(Z) @ S(4)

where the character of S is y¥'. The S*” is one-dimensional, so each of the
multiply degenerate eigenvalues of H, is split into simple eigenvalues of
H' =H, + H, + H,. The only possible degeneracies of eigenvalues of H’'
are accidental. The introduction of symmetry group lattices such as O o
D, o D, is very useful in quantum mechanics for predicting the distribution
of eigenvalues. For instance if the perturbation H, is small with respect to
H, then one can predict that a triply degenerate eigenvalue of H, will split
into three simple eigenvalues, but that two of these eigenvalues will lie very
close together in relation to the third.

The above ideas relating symmetry to perturbation theory are applicable
to any symmetry group of the Hamiltonian, not only to the point groups.
Indeed, the results which are of most importance in quantum theory relate

(8.49)
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to the rotation group SO(3) and the symmetric group S, whose reps will be
studied later. In Chapter 7 we will return to the study of symmetry in pertur-
bation theory.

The routine proofs of the following statements are omitted. Let W, be
an eigenspace of the Hamiltonian (8.32). Since the potential V is real, the
complex conjugate function ¥(x,, ..., x,) € W, for all ¥(x,,...,X,) €
W,.If V¥ is a subspace of W, transforming under the irred rep T of the
symmetry group G then the complex conjugate space ¥® = W, transforms
under the irred rep T, If the simple character y* is real-valued then
T is equivalent to T*. However, if y = 7 then T® and T* are
nonequivalent irred reps and the eigenspace W, is not irred. This degeneracy
is due to the fact that the (nonlinear} complex-conjugation operator com-
mutes with H, and is not considered accidental. Reps of G with complex
characters always occur in complex conjugate pairs. (However, a rep with a
real character need not be real; see Hamermesh [1, p. 138].)

Problems

3.1 Let T be an irred matrix rep of the finite group G and let C be a conjugacy class in G.
Show that 3 <c T(g) is a multiple of the identity matrix.

3.2 Let G be a finite group with commutator subgroup Gc. (See Problem 1.8.) Show that
the number of one-dimensional reps of G is equal to the index of G¢ in G.

33 Let T;, T/, (j=1,2) be reps of the groups G such that T;=T,. Show that
T, OT:=T,/ DT,

34 Let T, T be unitary reps of G on the inner product spaces V, V', respectively.
If {~, >, {~, =" are the inner products on ¥, ¥’ show that (W@ u’, v Q v') = <{u, vpu', vy’
defines an inner product on ¥ ® ¥V’ with respect to which T @ T’ is unitary.

3.5 Prove: If Tis an irred rep and Q a one-dimensional rep of G then T @ Q is irred.
3.6 LetT;, T, beirred reps of the finite group G with dimensions d; > d>. Show that
T1 ® T, contains no irred rep T3 with d3 < dy/d,.

3.7 Compute the character table of the icosahedral group Y.

3.8 Prove: The dimensions #; of the irred reps of the finite group G are divisors of n(G).
(This is a difficult theorem. See Hall [1, Section 16.8].)

3.9 Determine the dimensions of the following subspaces of second-rank tensors which
are fixed under Y: (a) polar, (b) symmetric polar, (c) axial, (d) symmetric axial. Repeat for
the group C,,.

3.10 Consider a quantum mechanical system with octahedral symmetry O. Suppose a
perturbation is applied which reduces the symmetry to (a) 7, (b) D3, (¢) C4. In each case
determine how the possible energy levels of the original system are split by the perturbation.
3.11 Let K be a subgroup of H and H a subgroup of the finite group G. Prove the following
properties of induced reps: (a) If T is a rep of K then (T#)G = TG, (b) If R is a rep of H
and Sarepof Gthen RCRQ S = (R K (S| H))S.

3.12 LetG bea groupof order ¥ and x(g) a character of G. Prove that Nt 3 . [2(g)]"
is a nonnegative integer for eachn = 1,2,....
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3.13 Let T1(g)and T,(g) be n x n matrix reps of G with real matrix elements. These reps
are real equivalent if there is a real nonsingular matrix S such that T(g)S = ST,(g) for all
g € G.Show that Ty and T, are complex equivalent if and only if they are real equivalent.
(Hint: Write S = A4 + iB, where A and B are real, and show that 4 -+ rB is invertible
for some real number ¢.)

3.14 Show that the matrix elements of two real irred reps of a group G which are not

real equivalent satisfy an orthogonality relation. Show that every real irred rep is real
equivalent to a rep by real orthogonal matrices.



Chapter 4

Representations of the Symmetric Groups

4.1 Conjugacy Classes in S,

The symmetric groups occur as symmetry groups of quantum mechanical
systems which contain # identical particles. Furthermore, the irred reps of
S, are intimately bound up with the irred reps of certain Lie groups, most
notably GL(n, §) and O(n, ©). (See Section 4.3, where we discuss the relation
between S, and symmetry classes of tensors.) For these reasons a knowledge
of the rep theory of S, is indispensable for an understanding of the role of
groups in modern physical theories.

For low values of n, say n <C 5, we could use the methods of Section 3.6
to compute the character tables and rep matrices of S,. For example S, is
isomorphic to the octahedral group O and has the character table (6.22).
(Every g € O is uniquely determined by a permutation of the four threefold
axes.) However, the construction of character tables becomes rapidly more
difficult as # increases.

To obtain the irred reps of S, for all n simultaneously, we develop new
tools which exploit the structure of these groups. In distinction to the general
methods of Chapter 3, the methods introduced in this chapter apply to the
symmetric groups alone. Furthermore, the proofs of the basic facts about the
rep theory of S, are somewhat complicated, although the final results are not
difficult to state. We will not give a complete coverage of the symmetric
groups, but merely determine the primitive idempotents in the group ring of
S,, compute the simple characters, and study the relation between S, and

116
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symmetry classes of tensors. The principal omissions, which the reader can
fill in by consulting Boerner [1], Hamermesh [1], Robinson [1], or Rutherford
[1], are a construction of the matrix elements of irred reps and a detailed
study of the computational problems involved in construction and decompo-
sition of reps. The theory developed here is sufficient for all subsequent
applications of S, which occur in this book and for the majority of applica-
tions to modern physical theories.

To begin we investigate the structure of S, in more detail. We will use the
notation for permutations introduced in Example 5, Section 1.1. Let

1 2 . n
(1.1) s = ( >
sy s2) --- s(w
be an element of S, and
(1.2) hx) = ] (x, - x.), X=Xy Xn)s

1Zu<vin

where the x; are arbitrary variables. If f is any function of x we define the
new function T f by

(]'3) T:f(x) - f(xs)’ xs - (x:(l)? AR ] xs(n))‘
This mapping satisfies the homomorphism property since
(1.4) (T, /1x) = f(x,) = {T [T, f]}ix)

for s, t = S,. Indeed s[t(i)] = st(iy and [T, f1(x,) = [T.fI(y) == f(y,) = f(x,)
since y, = x,;, and y,,, = x,.,,. Now [T /h}(x) = +h(x), for every s € S,
where / is the function (1.2). That is, an arbitrary permutation of the indices
of x either leaves / fixed or changes its sign. The restriction of the operators
T, to the one-dimensional vector space generated by / yields an irred rep of
S, called the alternating rep. We can regard this rep as a homomorphism g
of S, into the cyclic group of order two containing the elements {4-1}. The
permutation s is even if 4 maps s into +1 and odd if s is mapped into —1.
The reader can verify that the permutation s = (12) in cycle notation is odd.
This proves that g is onto for n > 2. Let A4, be the kernel of 4, i.e., the set of
even permutations. By Theorem 1.3, 4, is a normal subgroup of index two in
S,. Thus {4,, (12)4,} is a coset decomposition of S,.

A two- cycle (i, i,) € S, is called a transpesition. If s is the permutation
(1.1) then s(12)s7! = (s(1), 5(2)). Thus, any two transpositions in S, are
conjugate. Since (12) ¢ A, all transpositions are odd. It follows that a prod-
uct of an odd number of transpositions is odd while a product of an even
number of transpositions is even. Every permutation s is a product of
transpositions. Indeed s is a product of cycles and any cycle

(]'5) (iliZ T ij) - (’.1’.2)(’.2’.3) . , 1 ])
is a product of transpositions. A permutation can be written as a product
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of transpositions in many ways but the number of factors is always even or
odd depending on the parity of the permutation.
The conjugacy classes of S, are easily described. If s, # ¢ S, then

[sts71)(s(J)) = sts™'s(j) = s[«( )], 1 <j<n,

SO
s s@ s

(1.6) Sts _(st(l) st2) .- st(n))

Thus sts™! is obtained from ¢ by applying s to the numbers in the two rows of

. ( 1 2 n )
IRV R ()
In terms of cycle notation the results are even more transparent. For example,
if t = (13642)(57)(8) < S, and s is given by (1.1) with n = 8, then
(1.7) StSTY = (5753565,5,)(5557)(55)s s(j) = s,
Two elements of S, are conjugate if and only if they have the same cycle
structure. Furthermore, the elements of a conjugacy class are either all
even or all odd.
As an illustration we list the five conjugacy classes of S, :
{e},  {(12),(13), (14), (23), (24), (34)},
{(12)(34), (13)(24), (14)(23)},
{(123), (124), (132), (134), (142), (143), (234), (243)}
{(1234), (1243), (1324), (1342), (1423), (1432)}.

To each set of nonnegative integers (v,, v,, ..., v,) such that

(1.8) n=v,+2v,+ --- + ny,

there corresponds a conjugacy class in S,. This class consists of those ele-
ments with v, one-cycles, v, two-cycles, . .., and v, n-cycles. According to

Section 1.2, the number of elements in the conjugacy class (v,) is m, = nl/n,,
where n, is the order of the group

H:={t e S, tst7! = s}

and s is an element in the conjugacy class (v,). We compute the number of
possible permutations f. Any cycle of length / in s remains invariant under
any one of the i cyclic permutations of its digits. Each of the v, i-cycles can
be acted on independently in this fashion and the /-cycles can also be per-
muted among themselves. Thus, there are a total of i*v,! permutations which
preserve the cycles of length 7 in s. Since cycles of different length can be
considered independently, we find

(1.9) n,= Py 1220 ... o L, m, = nl/n,.
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The number of conjugacy classes in S,, hence the number of nonequiva-
lent irred reps is just the number of sets of nonnegative integers (v,) satisfying
(1.8). The structure of such solutions (v,) is more easily comprehended in
terms of the nonnegative integers ,,

Ay=V, + v+ + v,
Ay=Vv, +vs+ -+,
(1.10) ba=vsdved et
A”l:v’l
Clearly,

(L11) A, 4+ A, + -+ A =n A, >2,> - >1,>0.

The integers {4,} satisfying (1.11) are said to form a partition of n. We have
shown that each conjugacy class (v,) corresponds to a partition of n. Con-
versely if {4,, ..., 4,} form a partition of n then the integers

(1.12) v, = A — Ay l<i<n—1, v,=124,
determine a conjugacy class (v,) in S,. Thus the number of conjugacy classes
of S, is equal to the number of partitions (1.11) of n.

Ordinarily a partition {1,,...,4,,0,...,0}of mis written {4,,...,4,},
i.e., we leave out the A, that are 0. Also, if several of the 4, are equal we use
exponents to shorten the notation. Thus, the partitions {22100}, {21110},
{31100} of 5 are usually written in the abbreviated forms

{2213, {217, {313
respectively. The cycle structure of the conjugacy classes corresponding to
{2} can be recovered from (1.12). As an example we list the five partitions of
4, or what is the same thing, the five conjugacy classes of S,:
{4}, {31} {22} {21%, {14}

In this example as in the rest of this chapter we adopt a dictionary ordering

of partitions. That is, the partition {4,, ..., A } precedes (or is greater than)
the partition {1,',...,4,’} if the first nonzero difference 4, — 4,/, i/ ==
l,...,n, is positive.

4.2 Young Tableaux

We now proceed to determine the irred reps of S, by the method of Young
as simplified by Von Neumann (Boerner [1], Weyl [3]). In this approach one
computes the primitive idempotents in the group ring. As we have shown in
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Section 3.7 each such idempotent generates an irred rep of S,. We will obtain
the simple characters indirectly via an examination of symmetry classes of
tensors.

There is another approach to this theory, due to Frobenius, in which
the method of induced reps is employed to compute the simple characters
directly. The primitive idempotents and matrix elements of irred reps are
then derived from the characters. See Hamermesh [1] and Littlewood [1]
for an exposition of this method.

Let R, = R, be the group ring of S,. Every x € R, can be written
uniquely in the form x = ) x(s)-s, where s runs over the n! elements of S,.
According to the results of Section 3.7 any primitive idempotent in R, gen-
erates an irred rep of S, and every irred rep can be so generated. We already
know two irred reps: the one-dimensional identity and alternating reps. Each
of these reps is contained exactly once in the decomposition of the left regular
rep L of S, on R,. The corresponding idempotents are easily constructed.
Consider the element ¢ = (n!)~! 3 s, where the sum extends over S,. Clearly,
sc = c¢s = cforalls € §,. It follows that ¢* = ¢, so c is idempotent. Further-
more, ¢ is primitive idempotent because the invariant subspace it generates
consists of the elements Ac, A € €. Since L(s)c = sc = c, the restriction of L
to {Ac} is equivalent to the identity rep of S,.

Similarly the element ¢’ = (n!)"! 3 .5, where §, = +1 if s is even and
d, = —1ifsis odd, satisfies s¢’ = ¢'s = d,c' foralls € S,. Thus, (¢')? = ¢’
and ¢’ is idempotent. The reader can check that ¢’ generates an invariant sub-
space under L which transforms according to the alternating rep of S,.

Unfortunately the remaining idempotents are not so easy to find. To
simplify our discussion slightly we introduce the concept of essential idem-
potence. An element ¢ is essentially idempotent if there exists a nonzero
constant A such that ¢ = Ac. If c is essentially idempotent then ¢’ = 47 '¢
is idempotent since (¢')2 = 4A72¢* = A7 'c = ¢’. We shall find it convenient
to work with essential idempotents ¢ and there is no loss of generality in doing
so since ¢ can be normalized to an idempotent element.

There are exactly as many irred reps of S, as there are partitions {1,} of
mAi+d,+ - 4+, =ni =2 > -->2,>0, so it seems reason-
able that each partition should be related to an irred rep. We shall describe
this relationship first and then verify its validity.

Consider the partition {4} of n with 4, > 4,>--- >4,>0,4,,, =

4., = --- =2, = 0. To this partition we associate a frame consisting of
squares arranged in r rows. The first row consists of 4, squares, the second of
A, squares, ..., and the rth of A, squares. For example the partition

{3,23,1} =1{3,2,2,1,0,0,0, 0} of » = 8 is associated with the frame shown
in Fig. 4.1. A Young tableau is obtained by filling in the n squares of the frame
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L]

FIGURE 4.1

with the digits 1, 2, . . ., n taken in any order. Each digit is used exactly once.
As an example Fig. 4.2 shows two tableaux each of whose frame is that of
Fig. 4.1. Clearly, there are n! tableaux associated with the frame {4 }.

i

11213 1146
415 b 215
4 T6[7 - 38
8] 7]
FIGURE 4.2

Given a tableau T we define two sets of permutations R(T) and C(T).
Here R(T) consists of all p ¢ S, that permute the digits in each row of T
among themselves without altering the row in which a digit lies. The elements
p are called row permutations. The set C(T') consists of allg < S, that permute
the digits in each column of T. The g4 are called column permutations. It is
easy to verify that R(7") and C(T) are subgroups of S,.

For example, the tableau shown in Fig. 4.3 is associated with
R(T) = {(146), (164), (14), (16), (46), (1), (146)(25), (164)(25),
(14)(25), (16)(25), (46)(25), (25)}
C(T) = {(123), (132), (12), (13), (23), (1), (123)(45), (132)(45),
(12)(45), (13)(45), (23)(45), (45)}.

T4]6]
203
El

FIGURE 4.3

Corresponding to the tableau T we construct the elements
.1 P= 3 p Q= 3 09

PER(T) q€C(T)

in the group ring R,, where d, = +1 if ¢ is even and —1 if ¢ is odd.

Theorem 4.1. The ring element ¢ = PQ is essentially idempotent and the
invariant subspace R,c determines an irred rep of S,. Reps determined by
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different tableaux with the same frame are equivalent, while those determined
by tableaux with different frames are nonequivalent.

According to this theorem there is a 1-1 correspondence between irred
reps of S, and frames {4 }. The proof is complicated and relies heavily on the
methods of Section 3.7. We verify the theorem through a series of lemmas.

Note that R(T) N C(T) = {e} since only the identity element is simul-
taneously a row and a column permutation. If pg = p'q’, where p,p’ €
R(T) and 9,9 € C(T), then g(g'y ' =p~'p' =e, 509 =4, p = p'. Thus,
each of the terms pg in

2.2) cz%@m

is a distinct element of S,, so ¢ = 0.

If Tis a tableau and s € §,, let T’ = sT be the tableau obtained by
applying s to the digits of T. Thus, if 7 is the tableau pictured in Fig. 4.2(b)
and s = (257)(34)(16), then we have the situation shown in Fig. 4.4.

6311
IRE
ST =773
2]
FIGURE 4.4

We say that a digit m is at position (i, j) in T if m lies in the ith row and
jth column of 7. In Figure 4.3, 4 is in position (1, 2) and 5 is in position
2,2).

Lemma 4.1. Let r,s € S, and T’ = sT. If the digit m at position (/, ) in
T lies at position (i,, j,) in rT then the digit s(m) at position (i, j) in T" lies at
position (i, j,) in r'T’, where r' = srs~'. We say that r’ is the permutation
corresponding to r for T'.

Proof. 1f the digit m lies at position (i, j) in T and (¢, j,) in rT then the digit
k at ({,,j,) in T satisfies r(k) = m. Therefore, the digit at position (i, j,)
of r'T" = (srs™")sTis srs™' - s(k) = s{r(k)] = s(m), which is the digit at position
(;,j)of T'. Q.E.D.

Example. Let s = (257)(34)(16), r = (135) and let T be the tableau in Fig.
4.2(b). Then r’' = srs™' = (647).

46 37476
273 Al
T=m131 ° "T=3 ’
7] 7]
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~3 W

T =sT= » r’'T = srT =

Oo| O\ W2

EREE
oo
EEEE

Now the digit 3 at position (3, 1) of T goes to position (1, 1) of rT, while the
digit 4 = s(3) at position (3, 1) of T’ goes to position (1, 1) of 'T". Similarly,
the reader can check the validity of the lemma for all entries of 7.

Corollary 4.1. If T’ = sT then R(T')=sR(T)s', C(T') = sC(T)s !,
P =5sPs™', Q =sQs !, ¢’ = scs™.

Proof. By the lemma, if p is a row permutation of T then p’ = sps™! is a
row permutation of 7. Similarly, if ¢ € C(T) then ¢’ =sgs™' € C(T").
The corollary follows easily from these remarks and the elementary fact that

6, =26, QED.

Lemma 4.2. An element s of S, can be written s = pg, where p, g are row
and column permutations of the tableau 7, if and only if no two digits in the
same row of T lie in the same column of T’ = sT.

Proof. Suppose s = pg and m,, m, are distinct digits in the ith row of T.
Then sT = (pgp )pT = q'pT. According to Lemma 4.1 we can obtain the
tableau s7 from 7T by performing a row permutation p on 7 followed by a
column permutation ¢’ = pgp~' on the resultant tableau pT. Clearly, m,
and m, are still in the ith row of pT, so they must lie in different columns of
q'pT.

Note. The tableau pgT may not be obtained by applying a row permutation
to g7. The element p is a row permutation of 7 but not necessarily an element
of R(qT).

Conversely, suppose no two digits in the same row of T lie in the same
column of T'. Then the digits in the first column of 7" lie in different rows of
T. Applying a suitable row permutation to T we can move these digits into the
first column. Leaving the first column fixed, we can apply the same procedure
to the second column, and so on. Thus thereis a p € R(T) such that the digits
in each column of T’ are the same as the digits in the corresponding column
of pT, though not necessarily in the same order. Finally we can apply a col-
umn permutation ¢’ to pT such that 7' = ¢'pT. Writing ¢ = p~'4'p we note
from Corollary 4.1 that ¢ € C(T). Therefore, T' = pgT. Q.E.D.

Example. The permutation s = (257)(34)(16) is not a pg for the tableau
of Fig. 4.2(b) since the digits 2, 5 which lie in row two of T also lie in column
one of sT (Fig. 4.4).
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Lemma 4.3. If T belongs to the frame {4} and T belongs to the frame {4}
with {4} > {4,'}, then there exist two digits which lie in the same row of T
and the same column of T

Proof. If such a pair of digits did not exist then the 4, digits in the first row
of T would lie in different columns of T'. Thus, 4, > 4, but since {1} >
{4,'} it follows that A," = A,. By means of a column permutation of 7’ we
can transform 7" to a tableau T’ with the same first row as 7. Since this per-
mutation does not change the distribution of digits among the columns, we
can repeat our argument on the second row of 7'’ to obtain 4," = 4,. Simi-
larly A/ = 4, for all jand {4,'} = {4,}, which is impossible. Q.E.D.

Let Tand 7' be two tableaux associated with S, not necessarily with the
same frame. Let P, O, c, respectively P’, Q’, ¢’, be the ring elements defined
by (2.1) and (2.2).

Lemma 4.4. If there exist two digits which lie in one row of T and one col-
umn of 7' then ¢'c = 0.

Proof. First we remark that
2.3) pP=Pp="P, q0=0Qq=050
(24) peq = pPQq = d,c
forall p € R(T) and g € C(T). The occurrence of the parity J, follows from
6n:2 = 6:16:;'

By hypothesis there exist two digits m, k such that the transposition
t = (mk) € R(T) N C(T"). Thus, Q'P = Q't-tP= —Q'P, so Q'P =0,
since 1 = ¢ and 6, = —1. Therefore ¢'c = P'Q'PQ = 0. Q.E.D.

We shall now show that property (2.4) characterizes ¢ up to a scalar mul-
tiple.

Lemma 4.5. If x € R, such that pxq = J,x for all p € R(T) and g € C(T")
then x = Ac for some A € @.
Proof. Let x =3 x(s):s. Then
x=20,p'xqg ' =0,> x(s):p'sq! =9, x(psq)-s
80
(2.5) x(s) = 0,x(psq)
for every s € S,,p € R(T), q € C(T). Setting s = e we see that x(pg) =

0,A, where 4 = x(e). A comparison of this result with (2.2) shows that the
lemma is true provided we can show x(s) = 0 whenever s is not a pq.
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If 5 is not a pg there exist two digits in the same row of 7 and the same
column of s7. The transposition p of these digits belongs to R(T) N C(sT).
Similarly the transposition ¢~' = s 'ps € C(T) by Corollary 4.1. Thus
s = psq and x(s5) = x(psq) = —x(s) by (2.5), so x(s) = 0. Q.E.D.

Lemma 4.6. The ring element ¢ = PQ corresponding to the tableau T
is essentially idempotent, and the invariant subspace R, ¢ yields an irred rep
of S, whose degree divides n!l.

Proof. Since pcq = pceqg = 6,¢* for all p € R(T), g € C(T), it follows
from Lemma 4.5 that ¢ = Ac for some 4 € @. Thus, ¢ is essentially idem-
potent if A == 0. [Since the coefficients ¢(pq) of ¢ are +1 it follows that A is
an integer.]

Consider the linear transformation A on R, defined by Ax = x¢, x € R,.
We will compute the trace of A in the natural basis {5} of elements of S,.
Writing ¢ = Y7L, ¢(s))+s, = D] J,-pgq, we find

[As;](s)) = [s,el(s)) = c(e) = 1, 1 <j<nl
Therefore the trace of the matrix describing A is n!.
Next we compute the trace of A with respect to a basis v,,..., ¥,
where v, ..., v, form a basis for the f-dimensional space R,c. If x = yc

R,c then Ax = xc = yc? = Ayc = Ax, s0 Av, = Av;, 1 <j < f. Further-
more v; ¢ Rcforf+ 1 <j<n'!and Av; € R, for all j. Thus the trace of
A in the v-basis is 1f. We conclude that 1 = n!/f > 0. Since 1 is an integer,
£ divides n!.

By Theorem 3.14, to show that 17 !¢ is a primitive idempotent, it is enough
to verify that X = cxc is a multiple of ¢ for every x € R,. Forany p € R(T)
and g € C(T) we have

pxq = pexeq = 0, cxc = J,X.

Therefore, by Lemma 4.5, X is a multiple of ¢. Q.E.D.

Lemma 4.7. Tableaux corresponding to different frames yield nonequiva-
lent reps of S,, while those corresponding to the same frame yield equivalent
reps.

Proof. Suppose T'is a tableau with frame {4,} and 7" is a tableau with differ-
ent frame {1,'}. Without loss of generality we can assume {1,} > {4,'}. By
Theorem 3.15, to prove that the reps determined by T and 7' are nonequiva-
lent it is enough to show ¢'xc = O for all x € R,. From Lemmas 4.3 and 4.4
there follows ¢’c = 0. Furthermore s7 has the same frame as 7" and essential
idempotent ses™! for each s € S,. Thus, ¢'ses™! = 0 or ¢'s¢ = 0 for all
s € S,. Therefore ¢’xc = ) x(s)-¢'sc = O for all x € R,.

If T and T' have the same frame then 7' = sT for some s € S, and
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¢’ = scs™!. Thus ¢'sc = (scs™')sc = s¢* = Asc # 0 since Ac # 0. By Theo-
rem 3.15, c and ¢’ generate equivalent reps of S,. Q.E.D.

Lemmas 4.1-4.7 constitute a proof of Theorem 4.1. Note that the identity
rep of S, corresponds to the frame {n}, i.e., the frame with one row of n
squares. The alternating rep corresponds to the frame {17}, i.e., the frame with
one column of n squares.

Since there are n! tableaux with the same frame, Theorem 4.1 enables
us to construct 7! subspaces in the n!-dimensional space R, which transform
under a given f~dimensional irred rep of S,. The multiplicity of this irred rep
in R, is only f, so these subspaces are not all independent of one another.
We shall show that it is possible to select f generating idempotents c,, ..., ¢,
corresponding to the given frame such that R,,,..., R,c, are linearly
independent. Then, according to the general theory of Section 3.7, every
irred subspace R,c corresponding to this frame is a subspace of

Re @ - DRy
As an example, we already know that the one-dimensional identity rep

has multiplicity one in R,. Therefore, the n! generating idempotents c; cor-
responding to the frame {#} must all generate the same one-dimensional sub-

space of R,. The reader can easily showthatc, =c, = -+ = Cu.
Let {A4,,...,4,} be a frame with corresponding (essential) generating
idempotents ¢, ..., ¢,. We shall first show that the n! left ideals R,c,

span the minimal two sided ideal U which contains all left ideals transforming
under the irred rep {4,}.

Lemma 4.8. Let Rc be an irred subspace of R, transforming according
to the irred rep {4,} under L. Then

R"C < R,,Cl + R,.Cz ’l7 ce + Rncn!’

i.e., each x € R,cis a linear combination of elements in the R.c;.

Proof. Since Rc and R,c, correspond to equivalent reps of S, under L
it follows from Theorem 3.15 that there exists y € R, such that R,c = R,c,y
(as vector spaces). Now y = 37 y(s)+s, so the lemma will be proved if we can
show that for each s, R,c,;s = R,c,, where c; is one of the generating idem-
potents. If T, is the tableau with idempotent ¢, then s 'T| = T, is a tableau
with the same frame corresponding to the idempotent (say) c,. Thus ¢, =
s7'e;s, so xc,s = xs¢; = R, for all x € R,. Since both Rc,s and R,c;
are minimal left ideals it follows that R.c;s = Rc;. Q.E.D.

The left ideals R,c; span the two-sided ideal U but they are not linearly
independent. We can obtain a linearly independent set of left ideals which
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span U by considering the standard tableaux. A tableau T is called a standard
tableau if the digits in each row of T increase from left to right and the digits
in each column increase from top to bottom. For example, the tableaux in
Fig. 4.2 and 4.3 are standard, while the tableau in Fig. 4.4 is not.

We have already defined a dictionary ordering for frames. Similarly we
can define a dictionary ordering for the standard tableaux belonging to a
given frame. Given two such tableaux 7, T’ we compare their corresponding
digits, starting at the left end of the first row and going from left to right. If
the first nonzero difference m — m’ is positive for corresponding digits m
inTand m' in T' wesay T > T'. If all corresponding digits in the first row are
equal we compare digits in the second row, etc. As an example we list the
standard tableaux in increasing order of the frame {3, 13}:

123 124 125 134 135 145
4 3 3 2 2 2
5 5 4 5 4 3

Theorem 4.2. The dimension f of the irred rep corresponding to the frame
{A;}is equal to the number of standard tableaux T, . . ., T, belonging to this
frame.

A proof of this theorem will be given in Section 4.4. The theorem implies,
for example, that the dimension of the rep {3, 12} is six. More important,
it says that the multiplicity of the rep {4} is equal to the number f of standard
tableaux belonging to the frame {4,}. We shall show that the generating idem-
potents c,, ..., ¢, of the standard tableaux generate linearly independent
left ideals R,c,, ..., R.c,.

Lemma 4.9. If 7, < T, then ¢,c;, = 0.

Proof. By Lemma 4.4 it is enough to show that there exist two digits in the
same row of 7, and the same column of 7,. Consider the first space (j, k)
(row j, column k) which is occupied by different digits, m in 7, and m" in T;.
Clearly, m" > msince T, > T,. If k = 1 then the entry at (j, 1) is the smallest
integer not in the first j — 1 rows. Thus the entries m, m’ at (j, 1) would be
the same for the two tableaux, which is impossible. Thus, kK > 1. The digit
m lies at (j, k) in T,. We will determine the position (a, b) of m in 7. Since
m < m’ we cannot have a > jand b > k, i.e., m cannot lie below and to the
right of (j, k). Also, by definition of (j, k), m cannot lie at a position which
comes before (j, k) in the dictionary ordering. Thus the only possibility is
a < j, b < k;so mlies below and to the left of (j, k) (Fig. 4.5). The position
(j, b) comes before (j, k) in the dictionary ordering, so the digit g at this
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bk bk
] l
J q|m J qim
a a, |m
T, T,
FIGURE 4.5

position is the same for both T; and T,. Thus, the digits ¢, m lie in the jth row
of T, and the bth column of 7,. Q.E.D.

Theorem 4.3. The left ideals R,c,, ..., R,c, corresponding to the standard
tableaux are linearly independent and

U=Re @+ DRe,.
Proof. By Theorem 4.2 it is enough to show that if
(2.6) xey 4 -0 - xpe, =0, Xx; € R,,
then each term x,c, = 0. If we multiply on the right by ¢,, then Lemma
4.9 implies that all terms ¢,c, are zero unless j = |. Thus x,c,> = 0 or Ax,c,
= 0, with A == 0. Similarly, multiplication of (2.6) on the right by c, yields

x,¢, = 0. Continuing in this way, we can show that x,c; =0, 1 <j<{f.
Q.E.D.

4.3 Symmetry Classes of Tensors

An important application of S, rep theory to physics is in the con-
struction of symmetry classes of tensors. As we shall see, this subject is closely
related to the rep theory of the general linear groups. A formula for the simple
characters of S, will arise as a by-product of our analysis.

Let V be a complex m-dimensional vector space and consider the rep
defined on V by the group GL(m, &) of all invertible linear operators,
g:V— V. In terms of a basis {v,} for V the rep matrices g = (g/) are
defined by

3.1 gy, = }’i‘ g[jvj’ I <i<m.
Fea

(It will prove convenient to adopt this superscript—subscript notation for
indices.) As g runs over the group of invertible operators on ¥, g runs over
the group of complex m X m nonsingular matrices. We will refer to either
of these isomorphic groups as GL(m, ).

Consider the tensor product rep T of GL(m, €) on V®* defined by

(3.2) T@W, ® - QW] =gw, ® - D gW,
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for any w, € V (see Section 3.5). In terms of the basis {v,} for V,

(3.3) W= 3 @, R @, € Vo
J Te=1

(3.4) Tw= 3 I[T@al" v & - & Vi

(3.5) [Tl == 31 a/orgl - gt

We can view this rep either as acting on tensors of rank a [Eq. (3.2)], or on
the tensor components [Eq. (3.5)]. It will be convenient to shift back and forth
between these equivalent interpretations.

The definitions of reducible and irred reps given in Chapter 3 hold for
the infinite groups GL(m, €) as well as for finite groups. Also, the Schur
lemmas are immediately applicable to infinite groups. However, those
results which explicitly use the finiteness property of a group, such as the
character theory, cannot be directly applied to GL(m, §). Indeed, Theorem
3.3, which states that any rep of a finite group can be decomposed into a
direct sum of irred reps, is not true for GL(m, §). Fortunately, we can show
that the tensor product rep T of GL(m, €) = G, on V®* is decomposable into
a direct sum of irred reps. The symmetric group S, figures strongly in this
decomposition.

To clarify the relationship between S, and G,, = GL(m, §) we define a
rep of S, on ¥®* Foranys € S,,

1 e o
(.6) 5= ( )
sy - s(@)
let s be the linear operator on V®* defined by
SW =W,y Q)+ - Q) Weg

forw=w, ® --- ® w, any indecomposable element of ¥®*. These opera-
tors are well-defined and yield a rep of S,. If an arbitrary tensor w is given
by (3.3) then the action of s on the tensor components a’+ /= of w is

(3.7) (Sa)fl“‘ja j— afun ‘j'(u)‘
(Verify this.) For example, if a =4, s = (12)(34), then (sa)??3! = a32'3,
(sa)!'1! = g1 If s = (123) then (sa)?**! = 4332!. The reader should check

these examples carefully to make sure he understands Eq. (3.7).

The symmetric tensors are those w € V®* such that sw = w for all
s € §,. Clearly, these tensors form a subspace § of V®2. It follows from (3.7)
that with respect to the fixed basis {v; &) --- & v,}, the elements of § are
those tensors w whose components differing only in the order of the indices
are equal. Thus w € § is uniquely determined by the independent com-
ponents a’t"J« with j, < j, < --- <j,. To compute the dimension of §
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note that the integers j,,j, +1,/j, +2,...,j, +a — 1 are o distinct
numbers chosen from 1,2,...,m + a — 1, and every such choice labels
a component. Therefore dim § = (m + o — 1)Y/[a!(m — 1)!], the number
of combinations of m 4+ & — 1 objects taken & at a time.

The tensors v Y vX) --- @ v, v € V, obviously lie in §. We shall show
that every w € § is a linear combination of such tensors.

Lemma 4.10. The set of all tensors v ® v (X} -- - X v spans §.

Proof. Ifv=3 a'v,thenv ) --- K v has tensor components a’'a’* - - . a'=,
By symmetry we can restrict ourselves to the components for which 1 <
J1 < ji < - < j, < m. If the set of all such tensors does not span § then
there must exist constants C; .. ;,, not ail zero, such that

(3.8) C..;alr---a~=0

NS w

for all numbers a/, 1 <{ j < m. (Prove it!) In each term a’* - - - @/~ let k, be
the number of j, equal to one, k, the number of j, equal to two, etc., and write
alt .- al = (a') -+ (@™, Ciiija=Critne

Then (3.8) becomes
B9 B Cenpl@ - (@)n=0, kit tk,=a

It is a well-known result from algebra (Van der Waerden [1]) that this
homogeneous polynomial of degree o can be identically zero for all a!,
...,a" only if all the coefficients C,,. .. = 0. Q.E.D.

Expression (3.2) for the operators T(g) makes sense for all linear operators
g on V, invertible or not. Furthermore, the homomorphism property T(g, g,)
= T(g,)T(g,) holds even if g,, g, are not invertible. The set G, of all linear
operators on V is said to form a semigroup, that is, G, satisfies the group
axioms except that an element of G,, need not have an inverse. Thus, we can
define a rep of G, on ¥ by means of the operators T(g).

Note that sT(g)w = T(g)sw forall s € S,, g € G,,, w € V®, i, the
operators s and T(g) always commute. The proof follows from

G10) STV, @ -+ @Vl = X &} - 8RViny @ -+ @ Vi

R

= X g g Qv

and
(311) T(g)s[vin ® D ® vjaz] = ‘_Z;i gijl;-l(l) et gf./u;-l(a)vh ® e ® Vie
= T g N ® - OV

fyocie
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We now determine the largest set A, of linear operators on V®* which
commute with all permutations s. Each such operator @ has matrix elements
defined by

(3.12) Qlv;, @ - @Vl = X QLR Y,® - ® V.

™

The requirement s@ = @s for all s € S, implies
(3.13) @ e = @R
as the reader can verify. The elements of A, are called bisymmetric trans-
formations. Clearly, the operators T(g) are elements of A4, . It is evident that
A, is a vector space since linear combinations of bisymmetric transformations
are bisymmetric. Moreover, A4, is an algebra, i.e,, if @ B € 4, then @8
A,

We now show that the relation between V'®* and the symmetric tensors
provided by Lemma 4.10 is analogous to the relation between the bisymmetric
transformations and the operators T(g).

Theorem 4.4. The set of all operators T(g), g € G,,, spans 4,.

Proof. Designate the matrix elements of @ € 4, by @) 7s =@, .
where the pair of indices (7, , j,) is considered as a single index g, which takes
m? values. According to (3.13) we can consider 4, as the subspace of all
symmetric tensors in W®* where dim W = m?. The totality of all operators
T(g) forms a subset of 4, with matrix elements g% --- gi= = g,. '+ 8u0>
where the m? values g, range over all complex numbers. By Lemma 4.10 the
tensors g,, - -+ g,. span the subspace of symmetric tensors in W®= Hence,

they span 4,. Q.E.D.

We have shown that the algebra of bisymmetric transformations 4, is
generated by the operators T(g), g € G,,. Similarly, we can consider the
algebra B, of operators x generated by the permutations s:

(3.14) W= Y x(s)-sw, x5y c €, we Ve

SESa
Clearly, B, is a homomorphic image of the group ring R,. The mapping
x = 3, x(5):8§ —> X

is not only a vector space homomorphism, but a ring homomorphism. That
is, the product transformation x(yw) = (xy)w corresponds to the convolution
product for x, y'e R,. The mapping may not be an isomorphism since a
nonzero element x in R, may be mapped into the zero operator on V®=.

Any operator on V®* which commutes with all permutations s must
commute with every element of B,. This proves the following theorem.

Theorem 4.5. The linear operator C on ¥ ®* commutes with all elements of
B, if and only if C € 4,.
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Let A be an associative algebra with multiplicative identity e and let
W be a complex vector space. A representation T of 4 on W is determined
by a set of linear operators T(a) on W such that

(1) T(ya + ub) = yT(a) + uT(b), a,be A, y,uct;
(2) T(ab) = T(a)T(b);
(3) T(e) = E.

The notions of reducibility, irreducibility, and equivalence of reps of 4 are
analogous to those for group reps.

The rep of S, on ¥®* defined by the operators s induces a rep of the group
ring R, by the operators in B,. We know that V'®2 can be decomposed into a
direct sum of subspaces such that each subspace is irred under S,,.

The reader can verify the following facts: (1) Every rep T of S, deter-
mines a rep T of R,. [Set T(x) = 3 x(s)T(s).] (2) Every rep of R, determines
a rep of S,. [Restrict the operators T(x) to x = 1.s.] (3) Equivalent reps
T, T' of S, correspond to equivalent reps of R,. [UT(x)U"! = T'(x) for all
x = 3, x(s)-sif and only if UT(s)U™! = T'(s) for all s € S, .]

According to the above remarks, the rep of R, provided by the operators
in B, can also be decomposed into a direct sum of irred reps. The irred
subspaces of ¥®* under R, are just the irred subspaces under S,. We will
show that this decomposition of ¥®* into a direct sum of irred subspaces
induces a similar decomposition for the rep of the algebra A, defined by
(3.12).

Let DV, ..., D" be a complete set of nonequivalent irred matrix reps
of S,. Then with respect to a suitable basis for ¥®* the m* x m* matrix
corresponding to each permutation s is

(D(l)(sN
' z

b(l)(s)

D(z)(sN
(3.15) . b‘”(s)
V4 DW(N

'D(,u)(s)/
That is, the permutation rep decomposes into a direct sum of irred reps,
ale @ asz @ . @ auD(‘”.

The matrices corresponding to A4, are just those which commute with the
matrices (3.15) for all s € S, . It is instructive to work out a simple example.
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Suppose the matrices (3.15) take the form

n, n, n,
DV(s)  Z z n,
(3.16) 5 = ( Z D¥s) Z n,
z Z  D¥s) n,

with n, = dim D'V, n, = n, = dim D'®. The matrix of a bisymmetric
transformation @ can be written

a, @, @;
3.17) @=|q; &,, Q,
@, @y, Qyy

where @,, is an n; x n, matrix. The condition & € 4, is just that the
matrices @ and s commute for all s € S,. Now

@,,DV(s) @, D¥(s) @,,D(s)
Qs = | @, D''(s) @,;,D'P(s) @y, D'*(s)

@,,D(s) @,;,D%(s) @;;D(s)

DV(s)&;, DV(s)@,, D&,
@ = | DV()@,, D)@, DH()A,s

D (s5)@,, D¥(s)@;, D®(s)@,,
The requirement @s = s@ leads to a series of relations of the type

@, DV(s) = D'"(s)&;,.  @;,D(s) = DV,

Since D'V and D'® are nonequivalent irred reps of S,, the Schur lemmas,
Section 3.3, imply @,, =Z and @,, = 1,,E,, where 1, is any complex

number and E,, is the n, x n, identity matrix. These considerations lead to
the result

(3.18)

ALE, Z Z
(3.19) @=| Z  AnE, AsE,| A, eG.
Z lJZEnz lJJEnq

A simple rearrangement of rows and columns yields the matrix realization
/ll 1 mny
o 7z

(3.20) Q=
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We shall see that (3.20) is an explicit decomposition of the rep of 4, on V@2
into irred reps. Note that the multiplicities #»,, #n, of the matrix blocks in
(3.20) are just the dimensions of D'’ and D'®, while the multiplicities 1, 2
of D and D'® are the dimensions of the matrix blocks in {3.20).

The general case is now clear. If the permutation rep of S, decomposes
in the form (3.15),

s ~aDVs)D - D a,Ds),
where a; is the multiplicity of D and n; = dim D', then the elements of
A, are all those of the form

3.21) @~nCV@ @ - @n,CwQ)

where C*(®) runs over all @, X a, matrices as @ runs over 4,. The matrix
block C*(®) occurs #, times along the diagonal in the matrix expression for
@ analogous to (3.20). Evidently, each of the matrix blocks C*® is itself a
matrix rep of A, . Furthermore, this rep is irred. Indeed any @, x a, matrix B
with the property BC*(@) = C**(@)B for all @ € A, must be a multiple of
E,,, since the C**(@) run over all a, X a, matrices.

The irred reps C”, C® for j # k must be nonequivalent because C/(®)
and C**(®) run over allag; x a,and @, X a, matrices completely independent
of one another.

Theorem 4.6. The algebra 4, of bisymmetric transformations acting on
V®= can be decomposed into the direct sum (3.21) of irred reps C .

According to Theorem 4.4 the irred matrix reps C*% (@) must remain
irred when @ is restricted to elements of the form T(g),g = Gm. This is
because an arbitrary @ € A, can be written in the form @ = 3 8,T(g),
g, € G, If the restriction of C*’ to G,, were reducible then the property
C¥(@) = 3 B.C*®(g) would imply that C* was itself reducible. [For
simplicity we write C*(g) for C**(T(g)).]

If there were a nonsingular matrix B such that C*(g) = BC(g)B™!
for some j k and all g € G,,, then by the argument in the preceding
paragraph, C** and C*” would be equivalent reps of A, . Since this is false,
the restrictions of the C® to G, remain nonequivalent. Finally, we can
restrict the C* to G,, = GL(m, §), or more precisely to the elements T(g),
g € G,,. The matrix elements of C'*'(g) are homogeneous polynomials of
order « in the g7. Let B be an @, X a, matrix such that BC*(g) = C**(g)B
for all g € G,,. This relation leads to a number of identities between the
matrix elements of C*(g) which remain valid for singular matrices g € G,,.
However, the restriction of C% to G, is irred, so B is a multiple of the identity
and the C'*(g) define an irred rep of G,,. A similar argument shows that
Cc, ..., C* yield nonequivalent irred reps of G,,.
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Theorem 4.7. Therep T of GL(m, §) on V®* can be decomposed into a direct
sum of irred reps

(3.22) T=nCV® - - PnlC»
analogous to the decomposition
aDVP . - Pa,D®

of the permutation rep of S, on V¥*. Here a, = dim C*’ and n, = dim D,

It will be shown in Chapter 9 that the decomposition (3.22) is essentially
unique, i.e., the irred reps C%*’ occurring in the decompositon and their
multiplicities are uniquely determined. This does not follow from the results
of Chapter 3, since GL(m, &} is not a finite group. We could prove the unique-
ness directly at this point by making use of the rep theory of complete matrix
algebras, but the proof will be deferred to save space.

A proof of the following theorem will also be deferred to Section 9.1.
(See Boerner [1, p. 137] for a direct proof.)

Theorem 4.8. Let W be a subspace of ¥®* which is invariant under the rep
T of G,,. Then there exists an invariant subspace W’ such that V** = W&
w'

It is clear that A, consists of all linear transformations that commute with
every X € B,. On the other hand, we have the following resulit.

Theorem 4.9. B, consists of all linear transformations on ¥** that commute
with each @ € 4,.

The major steps in the proof of this theorem are provided by the fol-
lowing lemmas, which are of independent interest.

Lemma 4.11. Let D be an irred n X n matrix rep of the finite group H.
Then the matrices D(h), h € H, span the n?-dimensional space of all n x n
matrices, i.e., every matrix can be expressed as a linear combination of the
matrices D(h).

Proof. If the matrices D(h) do not span an n*-dimensional space there
must exist a relation

(3.23) S e, D=0, all ke H,

Wi=1

among the matrix elements of D(/) which is satisfied for constants ¢,; not all
zero. However, the orthogonality relations (3.7), Section 3.3, and (3.23)
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lead to
0 = n(H)>1 Z Z Cu 11(h) Dz’m(h I) = Cmé‘/n
soc,,=0formI=1,...,n QE.D.

According to this result the matrix rep of the group ring R, determined by
D has the property that D(x) runs over al/ n X n matrices as x = >, x(h)-h
runs over R,. Indeed, D(x) = > x(h)D(h) and the x(h) range over all
complex numbers as x runs over R,,.

Let H be a finite group and

RH:Ul@Uz@"'@Uy
the decomposition of R, into minimal two-sided ideals as described at the end
of Section 3.7. The ideal U, corresponds to the irred rep D™ of H. Indeed,
under the left regular rep, U, decomposes into a direct sum of n, left ideals,
each left ideal transforming according to D, Let D be a rep of R,; on the
vector space W and let W, be an irred subspace of W such that D| W, =~ D*.
(Recall that every irred rep of R, remains irred when restricted to H.)

Lemma 4.12. If v = yu, thenD(y)w =0 forallw ¢ W,and all y € U,.

Proof. Let W, be the subspace of W, spanned by all vectors of the form
D(x)w, x € U,, w € W,. Since W, is irred, either W, = {8} or W, = W,.
We shall show W,” == {0}.

From Section 3.7, P,w = wforallw = W,, where the projection operator
is

(3.24) P, = T 3 3V0) D) = D(p,),
(3.25) P = i 3 XV0)-h € Ry

If we assume that the matrices D™’ (4) are unitary, the relation
R(g)DG(h) = DR(hg™") = Z D)(g)Dy(hy

implies that the ring elements DY = 3 DY(h)-h for | <1 < n, and fixed
j form a basis for the rep D*. Thus each of these ring elements lies in U,
and it follows that p, € U,. Therefore, W,/ = W,.

Ifye U,, u#v,and x € U, then yx € U, N U, = {0}, so D(y)D(x)w
= D(yx)w = 0 for allw € W¥,. But then D(y)w’ = 0 for allw’ ¢ W, since w’
can be expressed as a finite linear combination of elements of the form

D(x)w. Q.E.D.
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Now we turn to the proof of Theorem 4.9. To clarify the argument we
consider the example given by expressions (3.17)-(3.20). Suppose the bisym-
metric transformations have the matrix realization (3.19). To find all opera-
tors which commute with every element of 4, it is enough to determine those
matrices B that commute with all matrices (3.19). The result is easily shown
to be

n, n, n,
‘B Z 4 n,
(3.26) B=|\2Z B® Z n,

" Z Z B® n,

where B!’ and B‘?’ independently range over all », X », matrices, n, X n,
matrices, respectively. Comparing (3.26) with (3.17) and using the lemmas
we see that each matrix B corresponds to an element of B,. Indeed as x =
3 x(s)-s ranges over R, the matrices D'“(x) = 3 x(s)D'*(s), i = 1, 2, range
over all n, X n, matrices B'”. Moreover, according to Lemma 4.12 the matrices
BV and B‘® are independent. That is, given any two matrices B'"’ and B»
there is an x € R, with D'V(x) = B’ and D?(x) = B®. Thus the matrix
B, (3.26), corresponds to an element of B,. The argument for the general case
proceeds exactly as in our example. Q.E.D.

We now resume the analysis of the rep T of G, = GL{m, §) on V&
Our previous results have shown that T can be decomposed into a direct
sum of irred reps and that this decomposition is closely related to the decom-
position of ¥®* into subspaces irred under the permutation rep of S,. How-
ever, these results are of a theoretical character and do not lend themselves
to a practical method for decomposing tensor reps of G_,.

Theorem 4.9 provides us with the proper tool to obtain such a practical
decomposition. Let W, be a subspace of ¥®* which is invariant under T.
According to Theorem 4.8 there exists a T-invariant subspace W, of V®*
such that V®* = W, @ W,. Let P be the projection operator on W, defined
by Rp = W,, Ny = W,. From the results of Section 3.7, T(g)P = PT(g)
for all g € G,,, hence P commutes with all elements of 4,. Theorem 4.9
yields the important conclusion: P € B,.

We can immediately apply Theorems 3.10-3.12 to the rep T. Let P(T)
be the set of all projection operators on ¥®* that commute with the operators
T(g).

Theorem 4.10. (1) There is a 1-1 relationship between projections P in P(T)
and decompositions V® = W, @ W, into T-invariant subspaces, given by
Ry =W, Ny =W,.
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2) If P € P(T) then P € B,. Conversely, if Q € B, and Q* = Q= Z
then Q € P(T).

(3) Let W, be a T-invariant subspace of ¥®* and let P € P(T) be a pro-
jection operator on W,. Then W, is irred if and only if there do not exist
nonzero operators P,, P, € P(T) such that P=P, + P, and PP, =
P,P, = Z. [Recall that the projection operators P corresponding to irred
subspaces W, are the elements of the set IP(T).]

This theorem implies that any T-irred subspace W of V®4 is given by
(3.27) W ={xv:v e V®}

where x is a primitive idempotent in the algebra B, . (Usually x is not uniquely
determined by W.) Conversely, each primitive idempotent x in B, uniquely
determines a T-irred subspace W by (3.27).

Next we investigate the relationship between B, and the group ring R, .
To clarify the discussion we introduce the notation D(x) = x, x € R,,
for the elements (3.14) of B,. The D(x) define a rep of R, which may not be
faithful. That is, we may have D(x) = D(y) for x = y. Let 0, be the set of all
x € R, such that D(x) = Z.

Lemma 4.13. 0, is a two-sided ideal in R,. There exists a two-sided ideal
®, in R, such that
(3.28) R, =®,DO,,

and the map x — D(x) of ®, into B, is 1-1 and onto.

Proof. If x € 0,, y € R,, then
D(yx) = D(y)D(x) = Z,  D(xy) = D(x)D(y) = Z

since D(x) = Z. Thus yx, xy € 0, and 9, is a two-sided ideal.
According to the results at the end of Section 3.7 the group ring can
be expressed as a direct sum of minimal two-sided ideals

(3.29) R,=U D DU,
where k is the number of conjugacy classes in S, and the number of parti-
tions (frames) {4,, ..., 4,} of «. Taking the frames {4 } in dictionary order,

we label the two-sided ideals such that U, consists of those minimal left
ideals (irred subspaces under L) that correspond to the ith frame. The ideal
0, can be written as a direct sum of minimal left ideals. It follows from the
last paragraph of Section 3.7 that if ©, contains a minimal left ideal cor-
responding to the /th frame then O, contains all minimal left ideals corre-

sponding to the ith frame, i.e., U, < 0,. Thus,

]

(3-30) 0, = Uj; @ Uiz @ te @ U,,
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where | <j, <j, < --- <j,<<k. Choosing integers j,,, < --- < j,
such that {j,,...,/j,} is a permutation of {I,..., k} we see

Ra:(Uh@'-'@Ujr)@(UiluGB @Uik)ZGaC_D(Ra

where

(3.31) &=V, ® DU,

is a two-sided ideal.

Let x,,x, € &, such that D(x,) = D(x,). Then D(x, — x,) = Z so
X, —x, € 0,. Thus, x;, — x, € 9, N R, = {0} or x, = x,. This proves that
the map x — D(x) is an isomorphism of ®, and B,. Q.E.D.

Because of the isomorphism between ®, and B, we can identify the
operator D(x) € B, with x € ®,. Thus, there is a 1-1 correspondence be-
tween projection operators P € IP(T) and primitive idempotents ¢ in ®,,
given by P = D(c). In the previous section we have already discussed the
determination of primitive idempotents in R,. Our analysis of symmetry
classes of tensors will be complete if we can develop a practical method for
determining ®, and for decomposing V' ® into a direct sum of T-irred sub-
spaces W,

Ve — W D DW,.

The basic problem remaining to be solved is this: How do we choose the

primitive idempotents ¢; € ®, such that W, = {D(c)w: w € F%*}? A clue

to the solution of this problem is the observation that there is a 1-1 relation-

ship between T-invariant subspaces W of V®* and right ideals 9 in ® .
Indeed, let W be a nontrivial T-invariant subspace and let

(3.32) Iy ={x e R,:xve W forall ve Ve}

[Recall that D(x)v = xv.] If x € g, and y € ®, then (Xy)v = x(yv) ¢ W
forallv,so xy € 4, and 9 is a right ideal. Moreover, if P =D(2),z ¢ ®,,
is a projection operator on W which commutes with the T(g) operators,
then z € 4,,, so 9, = {0}.

On the other hand, given a nontrivial right ideal 9 in ®, we can define a
T-invariant subspace W, of V®* generated by all elements of the form
Xv,x € 9, ve VO

Before proceeding with this analysis we remark that the basic facts
concerning left ideals proved in Section 3.7 have an obvious modification
for right ideals in a group ring R;. A right ideal is just an invariant subspace
of the group ring under the right regular rep. If x € R; then the set xR;
is a right ideal. Conversely, every right ideal is of this form. If 4 is a right
ideal then there is a generating idempotent ¢ = R; (not unique) such that
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9 = ¢Rg. Also, d is a minimal right ideal if and only if ¢ is a primitive idem-
potent.
Let 9 be a right ideal in ®, and W a T-invariant subspace of V=,

Theorem 4.11. (1) W ., = W.

(2) Sy = 9.

That is, the relation between right ideals and T-invariant subspaces
defined above is 1-1.

(3) Let 9 = 4,,. Then 9 is minimal if and only if Wis T-irred.

4) Let § =4, 9" = 4d,,.. Then g and 9’ are equivalent right ideals in
@, if and only if the T-invariant subspaces W and W’ define equivalent reps
of G,.

Proof. (1) Let ¢ be the generating idempotent of 9,,. Then W = cV**
since every x € 9, can be written x = cx. Now W, , is the space generated
by all elements of the form xv = cxv, x € 9, v € V% which is obviously
cV e

(2) If ¢ is a generating idempotent of 4, then W, = ¢V If x ¢ 4,
v € V& then xv = (ex)v = ¢(xv) € W,, 509 < 9,,,. Conversely, suppose
Y € 9wy Thenyv € W,, soyv = c(yv) = (cy)vforallv € V®* This shows
y=cy € 9,8 9= 9y,.

(3) This follows immediately from Theorem 3.13 and the fact that D(c)
is a projection on a T-irred subspace W if and only if ¢ is a primitive idem-
potent.

(4) By property (3) it is sufficient to prove this assertion for primitive
right ideals 9, 9’. Suppose 9 and 9’ are equivalent ideals with primitive
generating idempotents ¢, ¢’. Then there is a nonzero x = ¢’xc € 9’ such that
9 =x9 =x®,. Thus, W =¢cV® and W’ = 'V = xV® = xcV® =
D(x)W. Since W and W’ are T-irred and the nonzero operator D(x) from W
to W’ commutes with the T(g), W and W’ define equivalent reps. Conversely,
if Wis equivalent to W’ there is a nonzero mapping A of W onto W’ which
commutes with the T(g). Let W' be a T-invariant subspace such that V®* =
W@ W”. We can extend A to V3 by requiring A(w + w") = Aw for all
we W, w' e W”. Clearly, the extended operator A commutes with the
T(g), so A € B, and A = D(x), x € ®,. This shows that W’ = AW = xW.
Since d = {y € ®,: yV® < W} with a similar definition for ¢’, it follows
that {0} = x9 = ¢’. But 9 and 4’ are minimal, so 9’ = x9 and the ideals are
equivalent. Q.E.D.

We can now explicitly decompose ¥®= into T-irred subspaces. Let ®, =
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Then

(3.34) Ve =W, & - - DW,

where W, = ¢, V®~ is a T-irred subspace. Indeed it is evident from Theorem
4,10 that the sum W, @ --- @ W, is direct. The spaces W,,..., W,

span V** since the identity operator E belongs to B, = ®,. Thus, E =
D(x), x € ®,, where x has the unique decomposition

X =X, 4 o X, =0 X A Xy,
x; = 9. If ve V&, then
v=Ev=xv—c(x,v)-} - 4+ clx,V)

where ¢/(x;v) € W,. The T-irred subspaces W are called symmetry classes
of tensors.

To conclude our analysis we determine the relationship between Theorems
4.7 and 4.11. The first of these theorems decomposes T in terms of minimal
left ideals of R,, while the latter decomposition is in terms of minimal right
ideals. In particular the T-irred subspaces W, are not in general invariant
under the operators D(s), s € S,.

Let us fix our attention on one of the T-irred subspaces W, = ¢, J/®=
in (3.34). According to Theorem 4.7 the restriction of T to W, is equivalent
to the irred rep C» of G,,. Let D'” be the corresponding rep of S, deter-
mined by this theorem and let U, be the minimal two-sided ideal in R, con-
sisting of all minimal left ideals (L-irred subspaces) that transform according
to D”. By Lemma 4.12, D(x)w — @ forall x = U,, v f,and allw € W,.
Let ¢ be the minimal right ideal in &, associated with W :

g={xec ®R:xve W, foral ve V=]

Clearly, xW; #* {8} for nonzero x < 4, so the minimal two-sided ideal in
®, containing 9 must be U,. Thus, the minimal left and right ideals associated
with W, lie in the same two-sided ideal U,.

Let D be a unitary matrix rep corresponding to the operator rep
D, Then the matrix elements Dgi’(s) considered as element of R, satisfy
the relations

- — "B -
(3.35)  L(HDW(sy = DB(t71s) = 121 DP(DE(s), 1< j, k < ng.

Thus, the ring elements D% = 37 D%)(s).s for fixed k generate a minimal
left ideal in U,, and the totality of these n,> elements form a basis for U,.
The minimal right ideals in U, all transform irreducibly under the right
regular rep R, and the irred reps determined by these right ideals are equiv-
alent. We will identify this irred rep. A simple computation yields

- — s —
(3.36)  R(DRAs) = Df(st) = 3, DRWDP(s), 1< jok <y
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Thus, for fixed j the ring elements DY form a basis for a right ideal trans-
forming according to D, i.e., the matrices of this rep are the complex
conjugates D(¢). The character 7%’ of this rep is the complex conjugate of
the simple character y. Since {(F#, 7#> = 1 it follows that 7 is also a
simple character.

The computations in the preceding paragraph are valid for any finite
group H. In the following section we will explicitly compute the simple
characters of S, and show that they are all real. That is, ¥#(s) = x'#(s)
for s € S,. Anticipating this result we see that the minimal left and right
ideals in U, all define irred reps of S, equivalent to D,

To clarify the relation between minimal left and right ideals in U, con-
sider the mapping x — £ of R, onto R, defined by
(3.37) = zs: x(8)es7 =3 x(s7)+s

SESx 5

where x = Y x(s):s. This transformation is a vector space isomorphism.
(Prove it.) However, it is not a homomorphlsm of the group ring onto itself

since xy = y%. In particular st =(st) ! =t s =i for s,t € §,. Such
a map is sometimes called an inverted isomorphism, since it inverts the order
of ring multiplication. It is clear that each left ideal is transformed into a
right ideal by this mapping. Since (£)" = x it also follows that each right
ideal is the image of some left ideal. The left ideal R,c with generating
idempotent ¢ is mapped onto the right ideal #éR, = ¢R, with generating
idempotent ¢. {Note that ¢2 = (¢?)" = ¢é.] The idempotent ¢ is primitive if and
only if ¢ is primitive.

Let £ be a minimal left ideal in U,. There exists a basis {x;} for £ such that

(3.38) sx = 3 DP(s)x,, 1 <i<n,
=

Under the transformation x — £, £ is mapped onto a minimal right ideal
&£ with basis {£,} such that

(3.39) sl = ,ZBI D(s)%;,

[obtained by applying the inverted isomorphism to (3.38)]. Since the right
ideal £ yields the irred rep D’ it follows that £c U,. Thus, x — X maps the
two-sided ideal U, onto itself.

According to Section 4.2, the irred rep D% of S, corresponds to a

partition {A,,...,A,} of a. Recall that 4, >4, > --- >4, >0 and
A+ -+ + A, = . We use the same notation {1,,..., 4,} to denote the
frame corresponding to this partition. Let T,,..., T, be the f standard
tableaux of the frame in dictionary order, and let ¢, .. ., ¢, be the corre-

sponding essential idempotents. According to Theorem 4.3,
Ug= R, D -+ DRyey
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is a decomposition of Uy as a direct sum of minimal left ideals. Applying the
inverted isomorphism we immediately conclude that

U/;: élka@ @éfRa

is a decomposition of U, into a direct sum of minimal right ideals. Thus,
W,=¢,V®, | <j<f, are T-irred subspaces of ¥V®* all transforming
according to equivalent reps of G, . Applying this process to each minimal
two-sided ideal in R,, we obtain a decomposition of ¥®= into a direct sum of
T-irred subspaces. (Note that an essential idempotent determines the same
T-invariant subspace as does the corresponding idempotent.)

Let T be a standard tableau belonging to the frame {4,, ..., 1,} and let

¢ be the essential idempotent corresponding to 7. From Theorem 4.1,
¢ = PQ, where

PZZP, Qizéqq'

PER(T) geC(T)

— QP, where
g =%p. 0-364-Xdg
However, p~! ranges over R(]:) as p does, g~ ! ranges over C(T) as q does,
and §,. = 4§,. Thus, P=P, Q0 = Q, and
(3.40) ¢ =QP-— qz!; d,qp.

It follows tha

The essential idempotent ¢ is obtained from ¢ = PQ by interchanging the ring
elements P and Q.

Finally, we note from Theorem 4.7 that there is a |-1 relationship
between frames {4,,...,4,}, 4, + --- 4+ 4, = &, and equivalence classes
of irred reps of G,,. Therefore, we can use the frames to label the tensor
irred reps of G,,.

Examples. Consider the case o = 2, m > 2. There are two frames cor-

responding to S,:

ie., {2,0} = {2} and {l, }. The only standard tableaux are

7 1
r-[m. =l
so each frame defines a one-dimensional rep of S,. The corresponding
essential idempotents are
C=0P=c¢le i (12)] =e - (12), '=QP =e— (12)]le = e — (12).

The space of second-rank tensors is decomposed into two T-irred subspaces
W, = &V® and W, = &V®2, Introducing a basis {v,} for ¥ and {v, ® v,}
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for V% we see from (3.7) that the elements of W, are those tensors b whose
components can be represented in the form

bi.iQ — aiu’g + al'zl'l
where the a"* are arbitrary, i.e., the symmetric tensors. The elements of
W, are tensors b whose components take the form

bir = givs — gien,
the skew-symmetric tensors. (It is convenient to arrange the superscripts
in the shape of the frame.) We have shown that V®* = W, ® W,, which
we already knew, and that these two subspaces define irred reps of G,,.
Now consider the less trivial case @ = 3, m > 2. There are three frames
corresponding to & = 3: {3}, {2, 1}, {13}. The frames {3}, {1°} have one
standard tableau each:

T2, T=[2].

The frame {2, 1} has two standard tableaux:

, 112 113
ro [ -
L1

The essential idempotents are
¢=re+ (12) + (13) -+ (23) + (123) + (132)

& =e— (12) — (13) — (23) 4+ (123) + (132)

é'=e+ (12) — (13) — (13)(12), ¢, =e— (12) + (13) — (12)(13)
Thus,
(3.41) VO = Ve PE, VS e,V peve
is a decomposition of ¥®? into T-irred subspaces. The subspace correspond-
ing to frame {3} consists of those tensors whose tensor components
(3.42) biriais
are completely symmetric with respect to the interchange of any two indices.

Furthermore the subspace corresponding to {13} consists of the completely
skew-symmetric tensors

(3.43) bt

which change sign upon the transposition of any pair of indices. There are
two subspaces corresponding to the frame {2, 1}. One space consists of all
tensors of the form

(3.44) bi-;" — ghiris | githis _ gisily _ givisii a'’*  arbitrary,
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and the other consists of all tensors

(345) (b'):‘z‘” — ai;iyi; . al‘u‘;i; F aiu’gi; _ ai‘}ixi?'

Note that both of these tensor classes are skew-symmetric with respect
to the transposition of indices in the same column. However, they are not
symmetric with respect to the transposition of indices in the same row.

If m > 3 it is easy to see that each of the subspaces in the decomposition
(3.41) is nonzero. Thus, ®, = R,, 9, = {0} and we have decomposed the
tensor rep T of G,, on V®3 into three irred reps, one with multiplicity two.
The corresponding tensor subspaces are called symmetry classes of tensors.

However, if m = 2, the tensors (3.43) are identically zero. Indeed, any
tensor component must have at least two equal indices. A transposition of
these indices obviously leads to the same component. On the other hand
such a transposition changes the sign of the component since the tensors
are completely skew-symmetric. Thus, the tensors (3.43) are identically zero
and é”R, < 0,. The reader can easily check that the other symmetry classes
of tensors are nonzero, so ¢”R, = 0, and

(Rs = (R, @ élle @ éles

for the case m = 2.
How do we determine the two-sided ideals 0, and ®,, in the general case?

Let 7 be a Young tableau with frame {4,,..., 4,} and Young operator
¢ = QP,

JIkT-T- 1]
(3.46) T =

]

Then the elements b of €¥®* have tensor components

(347) bl = bil — QP(I'.“.”""'“

Since qQ = 6,0 for any ¢ € C(T) we have gb = qQPa = §,QPa = J b.
In particular, the tensor components of b change sign whenever two indices
in the same column of J are transposed. The tensors b are skew-symmetric
in the columns of J. In general, the tensors b are not symmetric in the rows of
J unless J has only one row.

These remarks enable us to determine 0, and ®,, for the representation T
of G,,on V®=* with dim V' = m. Each minimal two-sided ideal U, in the group
ring R, is uniquely associated with a frame {4,,...,4,}Jand R, = ®, @ 0,.
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Theorem 4.12. The two-sided ideals U, corresponding to frames with
rrows, r > m,liein 0,. If r < m then Uy = R, . Thus, the decomposition of
V®= into T-irred subspaces is determined by those frames of S, with r << m
TOWS.

Proof. Let b be a tensor corresponding to a tableau 7, (3.46), with r > m
rows. Then each tensor component &’, (3.47), of b has r > m indices in the
first column of J and at least two of these indices must be equal. A trans-
position g € C(T) of two equal indices obviously leaves b’ fixed, gb’ = &’.
On the other hand gb’ = —b’ since b’ is skew-symmetric in the columns of
J. Therefore, ' = 0.

Now suppose the tableau has r << m rows and consider the tensor a €
V® with components ¢’ =

and ¢’ = 0 for all indices J 7 J,. (Here we arrange the indices in the shape
of the tableau 7.) We will show that éa = QPa = 0, where € is the Young
operator corresponding to 7. This proves U, = R, . Clearly, (Pa)* = n > 0,
where 7 is the order of R(T) and (Pa)y’ = 0,J % J,. Thus, Pa = na, so ¢a =
nQa =n Y, 6,qa. The reader can easily check that each tensor qa has exactly
one nonzero component and qa, ¢'a have the same nonzero component if and
only if ¢ = ¢'. This follows from the fact that r << m. Thus, the sum Y J qa
is nonzero and ¢a % 0. Q.E.D.

In summary, we have the following result.

Theorem 4.13. Let T be a tableau of .S, with » < m rows. Then the subspace
€, V®* transforms according to an irred rep of G,,, where ¢, = QP and Q, P
are obtained from 7 by (2.1). Tableaux 7 and 7’ determine equivalent reps of
G,, if and only if they belong to the same frame {4,}. Furthermore,

ver = ¥ @& ver
T

where T runs over all standard tableaux of S, with r << m rows. The
multiplicity of the irred rep {4,} of G, in T | V®* is equal to the number of
standard tableaux with frame {4 }.

We shall examine this construction from another point of view in Chapter
9, where we study the irred reps of G, by Lie theory methods.
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4.4 The Simple Characters of S,

We now use the results of Section 4.3 to compute the simple characters
of S,. As usual we consider the reps T of G,, and D of S, on V®= defined by
(3.2)-(3.7). The irred reps C*! of G,, and D" of §, that occur with nonzero
multiplicty in T and D are labeled by those frames {4,, ..., 4,} of S, that
have r << m rows. According to Theorem 4.7, the multiplicity of C*! in T
is equal to dim D' and the multiplicity of D} in D is equal to dim C'*,

According to (3.10) and (3.11), sT(g) = T(g)s forall g € G, s € S,.
Thus we can define a rep T’ of the direct product group S, X G, on V& by

T'(sg) = sT(g).
In terms of a basis {v,: | <<j < m} for V we have

@1 STV, ® - Rv,l= 2 BT gV, ® - X vy,

[see (3.10)]. We will compute the character y of T’ in two different ways.
First it follows from the proof of Theorem 4.7 that if 4 = dim D'*!

and ¢ = dim C"*’ then there exist ¢d linearly independent tensors

4.2) vel<k<d 1<!/<c}

such that

c d
(4.3) T(gv* = 1; Ciyigwt,  svf = k; D,

where the matrix reps C*!, D' correspond to the operator reps C'*
D3, Choosing vectors {v/*} for each frame {4,, ..., 4.} of r << m rows we
get a total of m* linearly independent vectors, which form a basis for ¥ ®=,

We compute the trace of the operator T'(sg) restricted to the subspace
Wt spanned by the basis vectors (4.2). Since

< d
ST = 33 3 CHI(@DRs

we find

(44) ST = 33 CPE@DE() = oM (KM (5)

where g™, ¥'* are the characters of C'*! and D", respectively. Thus,
(4.5) x(sg) = tr[sT(g)] = 20 o™ (&)x'*(s)

where the sum is taken over all partitions {4,,...,4,} with 4, + --- + 1

=gand A, >, >..-->1,>0.
Now we compute y(sg) another way. From (4.1) there follows

(4.6) x(g)= X ghv - gn

Ji T
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We know that y depends only on the conjugacy class in which s lies, not on
s itself. Suppose s belongs to the conjugacy class (v,,v,,...,v,), i.e.,, v,
one-cycles, v, two-cycles, etc. Clearly, to each g-cycle (kip - - - z) in s there
corresponds a closed sum
4.7) X elhghel o gh=t(g) =0,

Jrrrrde=

Therefore,

x(sg) = (a.)(a2)" - - - (6,)"
where o, is the trace of the matrix g#. We have derived the formula

(48) @)@ - @y = T g™ (s)

Another identity is obtained by using the orthogonality relations for the
characters y*1. By (1.9) the conjugacy class (v, ..., v,) contains

m, = a!/(1"v, ! o, !)
elements. Taking the inner product of (4.8) with y'*I(s) we obtain

(4.9) p(g) = X o L (6*11) o (%)

vy Vit oo v,,!
where the sum goes over all conjugacy classes (v) = (v,,...,v,) in S, and
x'#" is the value of the simple character y!(s} for s in the conjugacy class
(v).

From (4.9) the simple character ¢'*}(g) is a generating function for the
characters y!*! of S,. In Section 9.2 we shall compute ¢'*/(g) by a method en-
tirely distinct from that used here. The result is as follows: Lete,,..., ¢
be the eigenvalues of g € G,,. Then

m

et .., e g
4.10 Wie ... g )= | L) > >
( ) e, , s Em) |6nA1,6n—2,.”’6’]|’

where [, = A, +m—j,j=1,...,m, and

6111 611-2 . eflm

ey & .- er
4.11) g, ..., g = det

€ & - &R

with a similar interpretation of the denominator in (4.10).
Thus (4.8) implies

(412) oy - o-;alem*l’ - 6 1 I = E XiM lella v ,elml’
12,1

(4.13) o,=tr(g")=¢* +&*+ -+ &,*
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There is a similar formula for (4.9). These results are correct whether or not
g can be diagonalized.

The expressions (4.12) can be used to compute the characters y™/
directly. Indeed, as g ranges over G, the e, . . ., £, independently range over
all nonzero complex numbers, so the coefficients y** on the right-hand side
of (4.12) are uniquely determined. It is evident from an examination of this
expression that the characters of S, are real. In fact the characters take on
only integer values. Although y!*! can be computed directly from (4.12) by
expanding in powers of the ¢, this process is difficult even for low values of
m and a. In practice the characters are usually determined by graphical

-procedures or recursion relations which are derived from (4.12).

As an example we show how to compute the dimension of the irred rep
{4,} of S,. This number is equal to x'*'(s) for s = e in the conjugacy class
(«,0,...,0), ie., v, =a, v, = --- = v, = 0. Therefore, the dimension
NW s determined by

(@14) (o e)len e = SNV e e

[In order that the coefficient N'*! appear in (4.14) it is necessary that all but
thefirstmterms 4,,...,4, of {1,,...,4,} be zero. Otherwise, the value of
m i1s immaterial. To be definite we can choose m = a.] The determinant
|em=t, ..., 1] changes sign under the interchange of two rows. Thus, the
left-hand side of (4.14) is a skew-symmetric function of the ¢,, i.e., it changes
sign under the interchange of any two of these variables. If we expand
o,°|e” !, ...,¢& 1| as a sum of monomials

(4.15) ehghr ... ghn

no terms with B, = B, for i % j can occur with nonzero coefficient in the
expansion. Indeed if the variables ¢, ¢; are raised to equal powers then the
term is invariant under an interchange of ¢, and ¢, while ¢ ,*{e™"!, ..., 1]
changes sign, so the offending term must have zero coefficient. Furthermore,
by skew-symmetry the occurrence of the monomial (4.15) on the right-hand
side with coefficient ¢ implies the occurrence of each of the monomials

0.8l el - - -
with coefficient ¢, where ¢ is any permutation of the integers 1, ..., m and
9, is the parity of t.
The right-hand side of (4.14) reads

fas} A —-1pla+tm=-2 Am
;:s N ’ E 5181(‘l+)”l 8!(22)’" T et(m))
As

eS8y
so N js the coefficient of the term
(4.16) giitm-lghim-2 . gl

in which the highest power comes first, the next highest power comes second,
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and so on. The coefficients of the terms which are not in the ordered form
(4.16) are obtained from the skew-symmetry.

To obtain N we multiply
4.17) lem i, . e 1= 3 0&nnens? - Eum-ny-1

(ESn

o times by ¢, = &, + - -+ + ¢, and compute the coefficient of (4.16) in the
resulting expression. The only term in (4.17) which contributes to the result
is the ordered term

(4.18) enlem-2...8,. -1

since at some stage of the multiplication process each of the other monomials
would have two variables raised to the same power. Thus, NI is equal to
the total number of ways we can obtain (4.16) from (4.18) by means of o
successive multiplications by the variables €,, making sure that at each step
no two variables are raised to the same power. Clearly, the number of times
we multiply by €, is greater than or equal to the number of times we multiply
by €,, etc.

An example should clarify the situation. Let us compute the dimension
of the rep {2, 13} of ;. For m = a = 5, (4.18) becomes ¢&,%¢,%¢,%¢, . We must
end up with ¢,%¢,%¢,%,2, Eq. (4.16), by multiplying by one variable ¢, at a
time, making sure that at each step the exponents of no two variables are
equal. The possibilities are as follows:

4.19) (1) e,658,8.8,(8,%¢,°85%¢,), (2) e.e,8.858,(¢,%8,%;%,)
( ‘ (3) 8481838281(814823832_84)9 (4) 8184838281(81482383284)‘
We conclude that the dimension of {2, 1%} is four.

Our method has a graphical interpretation. From our rule for obtaining
NI this integer is just the number of distinct ways we can fill in the frame of
{A,, ..., A} successively with & dots, making sure that at each step every row
in the frame has at least as many dots as the rows below it. The dots are filled
in from left to right in any given row. Multiplication by &, corresponds to
the application of a dot in row /. As an example we again consider the frame
{2, 13}. If we number the dots from 1 to 5 in the order of their application we
obtain the results

(h [1]2] @ [1[3] O [1]4] @ [1]5]
5] E 5] 4]

which correspond exactly to the expressions (1)—(4) of (4.19). Note that the
tableaux (4.20) are just the standard tableaux associated with the frame
{2, 1’}
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The reader should now recognize that the number of ways we can fill
in a frame {4} with dots satisfying the above rules is exactly the number of
standard tableaux associated with {4,}. This proves Theorem 4.2,

Similar but more complicated graphical methods can be used to compute
the characters y*! (see Hamermesh [1], Boerner [1], Murnaghan [I]).

Problems

4.1 Compute the conjugacy classes of S and the number of elements in each class.

4.2 Apply the methods of Chapter 3 to deduce the character tables of S3, S4, and Ss.
Hint: Use formula (5.27), Section 3.5, to derive characters of S, from the simple characters
of S,,_l o S,,.

4.3 List the possible frames of Ss and the standard tableaux corresponding to each
frame.

4.4 Let ¢ be an essential idempotent corresponding to the frame {2, 1}. Determine the
invariant subspace Rjc directly and use it to compute a matrix rep of S; equivalent to
{2, 1.

4.5 Construct the ring element ¢ = PQ corresponding to the tableau of Fig. 4.3 and
verify directly that c is an essential idempotent. What is the dimension of the irred rep of
Ss determined by ¢?

4.6 Compute the dimension of the rep {4, 3, 1, 1} of Ss.

4.7 Decompose the space V'®4 into subspaces irred under GL(m, @), dim V = m > 2,
4.8 Use formula (4.12) to obtain the character tables for S3 and S4.

4.9 Let G be a group, not necessarily finite,and let 7D, . . ., T{") be irred nonequivalent
matrix reps of G. Show that the matrix elements {T{¥(g)} (1 < i, j<<me; | <k =<r) are
linearly independent functions on G. (This is not easy. See Curtisand Reiner [1, Chapter 1V].)



Chapter 5

Lie Groups and Lie Algebras

5.1 The Exponential of a Matrix

Let A be a linear operator on the n-dimensional inner product space V.
The norm |[ A || of A is defined by the expression
(1.h) [|All=max {||Av]]}.

vev,ilvll=1
[Recall that the norm of a vector is || v|| = (v, v)!2.] To see that this defini-
tion makes sense choose an ON basis {v,} for V' with respect to which A has
matrix elements 4;, and v has vector components a,. Then
(1.2) I[A]l = ‘ max [EIZA”(IAZ]IZ
a 1=

WTbowlaniz=t i=1

This maximum clearly exists, so || A || is well-defined. (We have assumed that
V is complex in this computation. There is an analogous result for V real.)

If vis a nonzero element of V' then v/|| v}| = w has norm one. Thus ||Aw]|
<Z||A|| from (1.1), so
(1.3) HAVI[ <IIAl [ ¥]],

where we have used the fact ||av|| = a||v|| for & > 0. Expression (1.3) is
also valid for v = 0.

Lemma 5.1. Let A and B be linear operators on V. Then ||[AB|| <||A{| -
1B

152
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Proof. Let v € V with ||v|| = 1. By (1.3), ||(ABWw || =||ABY) || < ||A]|
(IBv{ < [[A[[+ [[B]. Therefore [|AB|[<<[|A]i+{/B{. Q.E.D.

Corollary 5.1. [|A"|| <||Al", m=1,2,....
Proof. Lemma 5.1 with A = B, and induction on m.

Lemma 5.2. Let A and B be linear operators on V. Then ||aA|| = a || Al
foralle > Oand [[A + B|| <||A]|+ {[B]L.

Proof. These results follow directly from the definition (1.1) and the rela-
tions |jatAv|| = a|[Av|| and ||Av + Bv|| <{[Av]| + || Bv|L.

We can define the matrix norm || A{| of an n X n matrix 4 = (4;;) by
[| 41| =11A]l, where A is the linear operator on ¥ determined by 4 and the ON
basis {v,}. In particular, || 41| is given explicitly by (1.2). Thus, the results
proved above for operator norms hold as well for matrix norms.

Recall that a sequence of complex numbers {«;} is a Cauchy sequence
if for any & > 0 there is an integer N, > 0 such that |a, — a;| < & for all
i,j > N.,. Every Cauchy sequence converges, i.e., if {&,} is Cauchy then there
isan & € € such that &, -— «. A sequence {4,} of n X n matrices is said to

be a Cauchy sequence in the norm || - || if for every &€ > O there is an integer
N, > 0 such that ||4, — A,|| < & for all i,j> N, The sequence {4,} is
Cauchy inthe norm if and only if foreach i, j = 1, ..., nthe matrix elements

{A:;, k= 1,2,...}in the ith row and jth column form a Cauchy sequence
of numbers. (Prove it.) Thus, if {4,} is a Cauchy sequence of matrices, the
limits 4;; = lim,_., A, ,; exist and A4, -+ A with 4 = (A4,;). Then for any
€ > 0 there is an integer M, > 0 such that ||4 — A,|| < & whenever k >
M.,. We have sketched a proof of the fact that every Cauchy sequence of
matrices converges. Passing from matrices to linear operators, we immediately
obtain the result that every Cauchy sequence of operators converges. Most of
the results obtained in this section are valid for both operators and matrices,
but the formulation of the corresponding operator results is left to the reader.
The exponential exp A of an n x n matrix A is defined by the sum

o i
(1.4) exp A = 3 =

=
where A° = E, (the n X nidentity matrix). To justify this definition consider
the finite sums
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which are well-defined » x n matrices. For k > m we have

k

s —s.i=| 3, %<, &, 4k

+1 ]'
Since

oAl — i oo,

then for any &> 0 there is an mteger N, >0 with the property
Sl 41V/j) < e for every ¢ > N,. This proves that the sequence of
matrices {S,} is Cauchy and exp 4 = lim,, ... S,, exists.

Theorem 5.1. If A and B are # X n matrices and B is nonsingular then
exp (BAB™') = B(exp A)B~!.

Proof.

exp(BAB™ ') = = B(exp A)B~!,

E (BAB Y _ § BAB

since
|| BS.B™' — Blexp A)B* || < || BI[-|| %, — exp A[[-[|B~![|—> 0
asm— oo. Q.E.D.

We review a few basic facts about the eigenvalues of matrices. Let
A, ..., A, be the eigenvalues of the n X n matrix 4, each eigenvalue re-
peated a number of times equal to its multiplicity. The 4; are the solutions
of the characteristic equation

PA) = det(4 — AE,) = 0.

If the matrix C is similar to 4, i.e., if there exists a nonsingular n X n matrix
B such that C = BAB™ !, then

P(A) = det(BAB™! — ABE,B™') = (det B) det(4 — AE,) detB™!
— det(4 — AE,) = P,2).
Thus, similar matrices have the same eigenvalues. The eigenvalues of a diago-
nal matrix are just the diagonal elements. We say that a matrix 4 can be dia-
gonalized by similarity transformations if A is similar to a diagonal matrix

D. The diagonal elements of D are just the eigenvalues of 4.
Not all » X n matrices can be diagonalized. For example the matrix

0 1)
A=
(0 0
has eigenvalues 4, = 4, = 0. Since 4 is obviously not similar to the zero

matrix, it cannot be diagonalized. It is true that every complex matrix
A is similar to a matrix C in upper triangular form. Ann X n matrix C is upper
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triangular if C;,, = 0 for all 1 < j < i <n, i.e, if all matrix elements below
the main diagonal are zero. The eigenvalues of a upper triangular matrix
are just the diagonal elements:

A x ok ok
A, * %
(1.5) C=
*
Z
A

Theorem 5.2. Let 4 be a complex n X n matrix with eigenvalues 4,, ..., 4,.
Then A is similar to an upper triangular matrix C with diagonal elements
..., A,

Proof. Induction on n. The theorem is obvious for # = 1. Assume it is
true for all (n — 1) x (7 — 1) matrices and let A be a matrix of degree n.
Since 4, is an eigenvalue of A there is a nonzero column vector v =
(v;,...,9,) such that Av = 4,9, ie, Y., A,v;, = 4,v,. Let e, be the
column vector defined by the n-tuple (1,0,...,0). Clearly, there exists
an n X nnonsingular matrix B, such that B,» = e,. Then the matrix B, 4B7'
1s similar to 4 and takes the form

l‘ * . e *
0
B ABy' = | - ;

0
where 4’ is an (n — 1) X (n — 1) matrix. Indeed, B,ABi'e, = B,Av =
ABwv=2e,. Since det(d — AE,) = det(B,AB;' — AE)={(4; — ) X
det(4' — AE,_,), the numbers 4,, ..., 4, are the eigenvalues of A’. Further-
more, by the induction hypothesis there exists an (n — 1) X (n — 1) non-

singular matrix B,’ such that B,"A'(B,")"! is upper triangular. Defining the
n X n matrix

0 .--- 0

0
we find B,(B,AB7")B;' = C, where C is an #n X n upper triangular matrix,
Eq. (1.5). Thus BAB™!' = C, where B = B,B,. Q.E.D.
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Corollary 5.2. Let A be an n X n matrix with eigenvalues 4,,...,4
Then exp A4 has eigenvalues e, .. ., e*.

n*

Proof. The matrix A4 is similar to an upper triangular matrix C [Eq.
(1.5)]. An elementary computation yields

A * k%

Thus the eigenvalues of exp C are e, . . ., e*. Since 4 and C are similar there
exists a nonsingular matrix B such that BAB~' = C. By Theorem 5.1,
B(exp A)B™ ' = exp(BAB™ ') =expC, so expA4 and exp C are similar.
Similar matrices have the same eigenvalues. Q.E.D.

Corollary 5.3. det(exp A) = exp(tr 4) = e*"4, In particular, exp A4 is a
nonsingular matrix.

Proof. The determinant and trace of a matrix are the product and sum of
its eigenvalues. By Theorem 5.2, det(exp 4) = exp(d, + - + 41,) =
exp(tr 4). Q.E.D.

We know from complex variable theory that corresponding to any power
series

(1.6) f(z) = 20 e,y ¢, e 6,

there is associated a number r > 0, the radius of convergence, such that the
power series converges absolutely if |z| < r and diverges if |z} > r. In case
the power series converges for all z, we set r = +oo (see Ahlfors (1].) By
convergence of the power series for fixed z we mean that the partial sums

(1.7) S(z)=Y ez, m=01,...,
=o

form a Cauchy sequence of complex numbers. The limit of this Cauchy
sequence is f(z). The only properties of the absolute value needed to prove
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these results are
(1.8)  la+bi<lal+|b, |aa|=alal, |abl<|al-|b],

fora,b € €, & > 0. Since the matrix norm || 4 || shares these properties we
can immediately carry over the fundamental results on power series of com-
plex numbers to power series of matrices. Thus, if f(z) is the power series
(1.6) and 4 is an n X n matrix we define the matrix power series

(1.92) f(4) = f,; ¢, .

This series converges to an n X n matrix provided the partial sums

(1.9b) S.A) =S4, m=012...,
i=0
form a Cauchy sequence with respect to the matrix norm || - ||. Then

f(A) = lim S,(4).

It follows from the above remarks that there exists a nonegative number
r such that (1.8) converges if || 4 || < r and diverges if || 4 || > r. For example.
the power series defining exp A corresponds to » = +oco.
If fi(z) = X a,2/, f,(z) = 3] b,z* have radii of convergence r,, r,, re-
spectively, then
L@ () = (X a,e )X bz*) = X e, |zi<r,

where
1
¢ = 2% ab, r = min{r,, r,}.
b=

The proof of this result uses only the properties (1.8) (Ahlfors [1]), hence it
carries over immediately to matrix functions f,(A4) f,(4). For example, the
identity e ?e* = 1 for all z leads to the identity

(1.10) exp(—A) exp(A) = E,

for all n x n matrices A. Similarly, the identity (¢¥)" = e™, m =0, £1, ...,
leads to [exp A]™ = exp(mA).

Since In(l + z) = X 7., (—1)/*'z//j converges for |z| < 1 we can define
the n X n matrix

(1.11) In(E, + A) — g(—l)fﬂ"% Al < 1.

Furthermore, the formulas

exp[ln(l + 2)] =1+ 2z, |z| <1, In(expz) =2z, |z|<In2,
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which are proved by power series expansion, immediately lead to
(1.12)
explln(E, + A)] =E, + 4, ||A||<; In(exp Ay = A4, ||A||<In2.

Let L, be the space of all n X n matrices, either real or complex, and let
G, be the group of all nonsingular matrices in L,.

Theorem 5.3. The exponential mapping 4 — exp A transforms L, into
G,. There exist positive constants € d < | such that the neighborhood @ of
the zero matrix in L, is mapped 1-1 onto the neighborhood ® of the identity
matrix E, in G,. Here

A={4e L,||A|l <eé&} ®={Be L,:||B— E,|| <l

Furthermore the mapping 4 — exp 4, 4 € @, and its inverse B — In B,
B = ®, are analytic, i.e,. the matrix elements of exp 4 and In B are analytic
functions of the matrix elements of 4 and B, respectively.

The proof is immediate from identities (1.12). The theorem shows that
any matrix B € G, in a sufficiently small neighborhood of E, can be written
uniquely in the form B = exp 4, with A4 in a sufficiently small neighborhood
of Z.

Let ¢ be a parameter, real or complex. We write A(¢) to denote ann X n
matrix whose components 4, ,(¢) are functions of ¢. If each of the matrix com-
ponents is differentiable we say that the matrix A(¢) is differentiable with
derivative A(f) = dA(¢)/dt, the matrix with components A4, (¢). If 4(¢) and
B(¢) are differentiable n X n matrices, the identities
(d/dt)aA(t) + BB()] = ad(r) + BB(r)

(d/dO)][ A1) B(@)] = A(0)B(r) + A(D)B()
hold, as the reader can easily prove.
If the power series f(z) = 3 c¢,z’ has radius of convergence » > 0 then

f(2) is differentiable and f'(z) is obtained by differentiating the power series
for f(z) term by term:

fm:mmwzgmfu lz] <r.

Since the proof of this result employs only the properties (1.8) it can easily
be extended to compute the derivative of the matrix function exp(t4), 4 a
constant matrix. Thus,

(1.14) adTexp(tA) }3( 1)'

We can use this differential formula to derive other interesting properties of
the exponential function. Note that the general solution of the matrix differ-

(1.13)

Al = Aexp(tA) = [exp(zA)]A.
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ential equation A(7) = Z (the zero matrix) is A(r) = A,, where A, is any
constant matrix. To show the utility of this remark we will use it to find the
general solution of the equation A(f) = AA(r), where A is a constant matrix.
Suppose A(t) is a solution and consider the matrix B(r) = [exp(—1A4)]A(r).
From (1.13) and (1.14), we have

B(t) = —[exp(—tA)]AA(t) |- [exp(—tA)AA(t) = Z

so B(r) is a constant matrix 4, = B(0). Thus A(7) = [exp(t4)]4,. Conversely,
itis easy to show that A(r) = [exp(r4)]A4, satisfies the equation for all matrices
A,.

It is an elementary exercise to show that B(exp 4) = (exp A)B for any
n X n matrices such that AB = BA.

Theorem 5.4. If AB = BA then exp(4 + B) = (exp A)exp B).

Proof. We could obtain this result by explicit power series expansion. A
more elegant proof is obtained from a consideration of the matrix function

C(t) = exp[—t(A4 1 B)](exp tA)(exp tB).
From (1.14) we have
C(t) = {exp[—1(A -|- B)J(—A — B 4- A + B)exptA)exptB = Z.
Therefore, C() is a constant matrix. Since C(0) = E, we find {exp[—#(A4 +

B)]} (exptAd) exptB = E, or (exptA) exp tB = exp[t(A + B)] for all .
Q.E.D.

If the matrices 4 and B do not commute then Theorem 5.4 is no longer
valid and the simple analogy between the matrix exponential and the usual
exponential breaks down. However, from Theorem 5.3, if 4 and B are
sufficiently close to Z then there must exist a unique matrix C sufficiently
close to Z such that (exp A) exp B = exp C. If A and B commute then C =
A - B, but in the general case C is a complicated function C(A4, B) of A and
B. There is an explicit formula for C(A4, B) called the Campbell-Baker-
Hausdorfl formula, which we will derive by means of several lemmas, some
of which are useful in their own right.

Let L, be the n*-dimensional space of all complex n x n matrices. For
A € L, we define the linear transformation Ad 4 on L, by

(1.15) Ad A(B) == [A, B],
where
(1.16) [4, B] — AB — BA

is the commutator bracket. The matrix of Ad 4 with respect to a basis for L,
is n2 x n?. Clearly Ad A is the zero operator if and only if 4 commutes with
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all B € L,. By (Ad A)" we mean the operator
(Ad A)"(B) = [A4,[A,...,[4,B]),...] (m times).

We will frequently write e for exp 4.
Lemma 5.3. Let 4, B = L,. Then
e'Be™t = (exp(Ad A)B = 32 (j1)(Ad A)(B)
CE, LA B YA 4B e

Proof. Set B(1) = e'"Be ', Clearly B(0) = B and the matrix elements of
B(r) are entire functions of r. Thus, there exist matrices C, € L, such that
B(r) = 3 C;t/, where

c.—B C-1%p 1,2
o — 9 17FW (t)‘:o’ J 3 Ly e

Now
B(t) = Ae"Be 4 — e'1Be 14 — [A, B(1)] = Ad A(B(1))
and by induction on j,
d’B(r)/dt’ = (Ad AY(B(2)).
We conclude that C, = ()" '(Ad 4)’B. Q.E.D.

Lemma 5.4. Let A(r) € L, such that each of the matrix elements A4,(r)
is an analytic function of the parameter ¢ and let

72

s 1
===+ g +5+ -,

(an entire-function of z). Then
(1.17) eAv de A0 dt = — f(Ad A(1))(A(1)).

Recall that we can consider Ad A(t) as an n? X n? matrix.

Proof. Set B(s, 1) = ¢4 d(e *4")/dt. Since B(s, t) is an entire function of
s it can be written in the form

2 ; 1
B(s, t) = ;0 C1)s, Ci) = T 35 B(s, t) :

=0
Now
(1.18)
0B/ds = A()B(s, t) — B(s, ) A(r) — A(t) == (Ad A(1))B(s, 1) — A(1).
Differentiating this expression successively with respect to s we find
3B(s, 1)/ds’ = (Ad A(1)YB(s, 1) — (Ad A()y 1 A(1), j=1,2,....
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Since B(0, ) = 0 we have
Cot) =Z,  CL)=(=1/"Ad @)Y 14(r), j=1,2,....
Thus,

, de~s4® = (Ad A(ED
esA()eT _ _J; s’(—j!—))A(t).

Setting s = 1 we obtain (1.17). Q.E.D.

If A, B € L, have sufficiently small norms there exists a unique C € L,
sufficiently close to Z such that e4e? = e, or C = In(e?e?), where the loga-
rithm is defined by (1.11). That C must lie sufficiently close to Z for unique-
ness follows from the identity exp(C + 2ziD) = exp C, where D is any
diagonal matrix with integer coefficients. The logarithm exists provided
||ete? — E,|| << 1. The function

g(z):zlnz :i(l‘~z)i:1+%(l_z)+%(l_2)2_1_,,,

is analytic for |1 — z| < 1. Thus the expression
g(F)=E, + }(E, — F) + }(E, — F)* + -+~
defines a matrix for any & X k matrix F with || E, — F||< 1.

Theorem 5.5 (Campbell-Baker-Hausdorff). For 4, B in a sufficiently small
neighborhood of Z in L, and C = In(e“e?), then

(1.19) C—B+ j; glexp(t Ad A) exp(Ad B))(4) dr.
Indeed,
(1200 C= A+ B+ 4[4, B + 4[4, [4, B]] — %[B,[B, A}} + ---
and the matrix elements of C are analytic functions of the matrix elements
of 4 and B.
Proof. We will derive a differential equation for C(¢) = In(e“e?), where
0 <t < 1. Now, ¢e?= ¢ and from Lemma 5.3,

{exp[Ad C(¢)]JH = e'4(e®He B)e 4 = [exp(Ad tA4))(exp Ad B)H
forany H € L,. Thus
(1.21) exp[Ad C(r)] = [exp(Ad t4)] exp(Ad B),

and for 4, B such that || [exp(Ad r4)]exp(Ad B) — E,.|| < 1 forall 0 <r <
1, then

(1.22) Ad C(r) = In{[exp(Ad rA4)} exp Ad B}.



162 5 LIE GROUPS AND LIE ALGEBRAS

By definition of C(z),

eV de CVdt = —e'dePe e A = —A.
Lemma 5.4 implies
(1.23) f(Ad C()C(r) = 4,

where f(z) = (¢ — 1)/z. We can solve this expression for C(r) by noting that
fUn2)g(z) =1 for |1 — z| < 1. Thus, f(In F)g(F) = E,. for any n* X n?
matrix F with || E,. — F|| < 1. In particular, g(F) = f(In F)~'. Setting F =
[exp(Ad tA4)] exp(Ad B) and using (1.22), we see that (1.23) becomes

(1.24) C(t) — gllexp(Ad t4)] exp(Ad B))(4)
or
(125) Cty — jo gilexp(Ad t4)] exp(Ad B)Y(A) dt + C,,

where C, is a constant matrix. Since C(0) = In e® = B, C, = B. Expression
(1.19) follows from (1.25) by setting t = 1. Expression (1.20) is obtained by
writing out the power series expansion of the integrand in (1.19) and integrat-
ing term by term. Q.E.D.

The preceding theorem will prove to be of great importance in the theory
of Lie groups.

5.2 Local Lie Groups

Roughly speaking, a Lie group is an infinite group whose elements can be
parametrized analytically. Thus, any group element g can be denoted g(4,,

., A,) in terms of parameters 4,, ..., 4,. The parameters of the product
gg’ are analytic functions of the parameters of g and g’. Using the notion of
Lie group one can apply both calculus and algebra to group theory and obtain
many results which neither discipline alone yields.

We denote by F the field of either the real numbers R or complex numbers
@. Let F, be the vector space of n-tuples g = (g,,...,8&,), & € F, and let
e=(0,...,0) be the zero vector in F,. Suppose V is an open set in F, con-
taining e. (We adopt the usual topology for n-tuples. The reader can choose
V as an open sphere in n-space.)

Definition. An n-dimensional local Lie group G in the neighborhood V <
F, is determined by a function (g, h) with the following properties:

(1) o(g,h) € F,forallg,h ¢ V.
(2) o(g, h) is an analytic function of each of its 2» arguments.

(3) If o(g, h) € V and @(h, k) € V then @(9(g, h), k) = 9(g, o(h, k)).
4) ofe,g) = o(g,e) =gforallg c V.
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To make the above definition more palatable we write @(g, h) = gh.
[We interpret @(g, h) as the product of the group elements g and h.] Then
property (3) is easily recognized as the associative law (gh)k = g(hk). Prop-
erty {(4) becomes eg = ge = g and shows that e is the identity element for
group multiplication.

We have not required the existence of an inverse for a group element.
However, this fact follows from properties (2)-(4). An inverse for g € V
would be a group element x such that (g, x) = gx = e. Let ¢,(g, x) be the
components of the n-tuple @(g, x). Then from property (4) we have [dp,/
ox(e, X)]|,-, = &;;. It follows that the Jacobian det[dp/dx (e, e)] = 1.
Therefore the inverse function theorem (Apostol [1]) guarantees the existence
of a unique solution x € V of the equation @(g, x) = e for all g in some open
set V,, (e € V, = V). Furthermore the components of x are analytic func-
tions of the parameters of g. This proves the existence of a right inverse x, of
g for g € V,. Similarly, we could find a unique left inverse x, for each
g € V,, an open set containing e. Let ¥~! — ¥, N V,. Then V"' is an open
set containing e and for each g € V™! we have

X, = X = x/(gX,) = (X,g)X, = exX, = X,

so the left and right inverses coincide. We write x, = x, =g~ '.

By the implicit function theorem for h € V the mapping x — hx, x €
U, is a homeomorphism of a suitably small neighborhood U of e onto a
neighborhood U’ of h. Indeed U’ = hU.

A local Lie group G is not necessarily a group in the sense of Chapter 1.
Indeed the group axioms are satisfied only for elements in a sufficiently small
neighborhood of e. It may not even make sense to write gh for n-tuples g, h
not both in V. Furthermore an n-tuple g € V will not in general have a unique
inverse unless g € V' < V. It is useful (and correct) to think of a local Lie
group as a neighborhood of the identity element of a (global) group.

If F = R, then G is a real local Lie group; if F = €, G is a complex group.
For the time being we shall develop the theory of real and complex Lie groups
simultaneously.

As an example of a local Lie group consider the matrix group GL(m, €).
We can uniquely write any m x m matrix g in the form

g = (gij) = (5,‘] + xij)’ 1 <i,j<m
where 9, is the Kronecker delta. For all (x,;) in a suitably small neighborhood
of the zero matrix, det(d,; + x,,) = 0, so g € GL(m, §) and we can para-
metrize the group using the m? parameters x,;. It is easy to find a smaller
neighborhood ¥V of the zero matrix such that for (x;;), (x;;) € V the matrix
product g(x;,)g'(x;;) can be expressed as g''(x}}), where the parameters x}}
are analytic functions of x;; and x{;. Finally, the identity element e of
GL(m, ) corresponds to the parameters x;; == 0. Thus, GL(m, §) is an
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m?-dimensional complex local Lie group in the neighborhood V. Similarly,
GL(m, R) is a real local Lie group.

Our definition of GL(m, &) as a local Lie group depends on the selection
of coordinates x,; and neighborhood V. If we adopt different coordinates or
choose a different neighborhood then we obtain a different local Lie group.
However, we will show that all such local Lie groups are essentially the same,
i.e., they are locally isomorphic. For this reason it makes sense to speak of
the local Lie group GL(m,§) without explicitly mentioning the choice of
local coordinates.

Most of the local Lie groups encountered in applications are groups of
matrices. It is convenient, therefore, to introduce the concept of a local linear
Lie group. Let W be an open, connected set containing e in the space F, of
all n-tuples g = (g, . . ., g,). (Without loss of generality the reader can as-
sume W is an open sphere with center e.)

Definition. An n-dimensiona! local linear Lie group G is a set of m x m
nonsingular matrices A(g) = A(g,, ..., g,), defined for each g ¢ W, such
that

(1) A(e) = E,, (the identity matrix).

(2) The matrix elements of A(g) are analytic functions of the parameters
g --.,8,and the map g — A(g) is 1-1.

(3) The n matrices d4(g)/dg;, j =1, ..., n, are linearly independent
for each g € W. That is, these matrices span an n-dimensional sub-
space of the m?-dimensional space of all m X m matrices.

(4) There exists a neighborhood W' of ein F,, W' = W, with the prop-
erty that for every pair of n-tuples g, h in W’ there is an n-tuple k
in W satisfying

@b A(@)A(h) = A(k)

where the operation on the left is matrix multiplication.

Every local linear Lie group G defines a local Lie group. Indeed we can
identify the matrix A(g) with the group element g. It follows from (2), (3),
and the implicit function theorem that the parameters g, are analytic functions
of the matrix elements of A(g). Then (4) implies that there exists a nonzero
neighborhood ¥ of e such that k = ¢@(g, h) for all g,h € V where ¢ is an
analytic vector-valued function of its 2n arguments and g, h, k are related
by (2.1). (Clearly we can assume ¥ < W'.) Thus,

22) A(g)A(h) = A(9(g, h)).

Since matrix multiplication is associative, @(g, h) satisfies the associative law.
Finally, A(e) = E,_, so ¢(e, g) = ¢(g, e) = g for all g € V. This proves that
an n-dimensional local linear Lie group is an n-dimensional local Lie group.
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It is now apparent that GL(m, €) 1s an m?-dimensional local linear Lie
group. However, GL(m, §) is not only a local Lie group, it is also a group
in the abstract sense of Section 1.1, i.e., it is a global group. This remark leads
us to the notion of a Lie group. A (global) Lie group G is (1) an abstract group
and (2) an analytic manifold such that (3) group multiplication and group
inversion are analytic with respect to the manifold structure. Unfortunately,
it would take many pages to clarify this definition, particularly property (2).
Rather than embark on such a topological digression, we refer the interested
‘reader to Helgason [1] or Hausner and Schwartz[1], and merely show how one
can construct a (global) linear Lie group from a local linear Lie group. Since
the vast majority of Lie groups occurring in physics are linear Lie groups this
simplification of the theory is worthwhile.

Let G be a local linear Lie group consisting of m X m matrices. We will
define the (connected) global linear Lie group G containing G. Algebraically,
G is the abstract subgroup of GL(m, §) generated by the matrices of G. That
is, G consists of all possible products of finite sequences of elements in G.
In addition, the elements of G can be parametrized analytically. If B € G
we can introduce coordinates in a neighborhood of B by means of the map
g — BA(g) where g ranges over a suitably small neighborhood Z of e in F,.
[n particular, the coordinates of B will be e = (0, . . ., 0). Proceeding in this
way for each B € G we can cover G with local coordinate systems or “coordi-
nate patches.” The same group element C will have many different sets of
coordinates depending on which coordinate patch containing C we happen
to consider. Suppose C lies in the intersection of coordinate patches around
B, and B,, respectively. Then C will have coordinates g,, g,, respectively,
where C = B,A(g,) = B,A(g,). Since

Alg,) — Bi'B,A(g,), A(g,) = B;'B,A(g))

it follows that in a suitably small neighborhood of e the coordinates g, are
analytic functions g, = p(g,) of the coordinates g,, p is 1-1, and the Jacobian
of the coordinate transformation is nonzero (Freudenthal and De Vries
[1], Cohn [1]). Thus, every element of G is covered by coordinate neighbor-
hoods and the transformation relating any two overlapping neighborhoods
is (a) 1-1, (b) analytic, and (c) has a nonzero Jacobian. This makes G into an
analytic manifold. In addition to the coordinate neighborhoods described
above we can always add more coordinate neighborhoods to G provided
they satisfy conditions (a)-(c) on the overlap with any of the original coordi-
nate systems. We leave it to the reader to show that the Lie group G is con-
nected. That is, any two elements A, Bin G can be connected by an analytic
curve C(1) lying entirely in G. Here # is a real parameter, 0 << 1 <~ 1, C(0) = A,

C(1) = B, and whenever C(t) = G lies in a coordinate patch, its coordinates
g(t) are analytic functions of 1. (It is enough to show that any element 4 in
G can be connected to the identity by an analytic curve in G. For, if 4 is
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connected to E,, and E,, is connected to B, then the composite curve connects
Ato B)

In general an n-dimensional (global) linear Lie group K is an abstract
matrix group which is also an »#-dimensional local linear group. A linear
Lie group need not be connected. Clearly GL(m, €) is an m?-dimensional
Lie group. A single coordinate patch suffices to cover GL(m, €), but this is
not true for other Lie groups such as O(m). Furthermore, we shall show later
that GL(m, €) is connected, but O(m) is not.

5.3 Lie Algebras

Let G be a local Lie group defined in the neighborhood V < F,. An
analytic curve through the identity on G is a mapping ¢t — g(t) = (g,(),

., &) of a neighborhood of 0 € F into V such that g(0) = e and the
g,(¢) are analytic in 7. The tangent vector to g(¢) at e is the vector

3.1 o = [dg()/di]|—o = (£,0), ..., £,(0)) € F,.

Every vector in F, is the tangent vector at e for some analytic curve. Indeed,
the curve

3.2) or = (06, 0oty ..., 01)

clearly has the tangent vector o = (a,,...,a,) at e, so we can identify
the set of tangent vectors with F,. In particular the tangent vectors at e form
an n-dimensional vector space.

For g, h € V we have gh = ¢(g, h), where @ is an analytic vector-valued
function of its 2n arguments. Thus, the components (gh), = ¢,(g, h) can be
expressed as Taylor series in g,, 4, about g = h = e. Since (e, g) = ¢(g, €)
= g there follows

(33) (oj(g5 h) - gj + hj + ﬂl Cj,lsglhs + rj(g; h);

Ls=

where r, consists of terms of order greater than two in g,, #, and

G4 Cjis = (0%/080h,)p (8, 1) g-n-..

We now examine the relationship between analytic curves through e
and vector space operations on tangent vectors. Let g(¢), h(z) be analytic
curves through e with tangent vectors «, f, respectively. Then for any con-
stants a, b € F, k(r) = g(at)h(br) = @(g(ar), h(bt)) is also an analytic curve
through e. The tangent vector y = k(0) can be obtained by differentiating
both sides of (3.3): y = aat + bf. [Note that only the first two terms on the
right-hand side of (3.3) contribute to the result.] Here the plus sign (4)
refers to vector addition in F,.

The curve e(f) = e obviously has tangent vector 8 = (0,...,0) at e.
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Let a’ be the tangent vector at e of the analytic curve g~ '(¢). Since e(r) =
g()g '(z) it follows that @ = &« -+ &', or &' = —a1.

The preceding results use only the first-order terms in the expansion for
¢(g, h). We now introduce an operation on tangent vectors at e which depends
on the second-order terms. With g(r), h(r) as given above, we define the
commutator [, f] of & and f as the tangent vector at e of the curve

(3.5) k() = g(th(z)g ' (h (), =12
Thus,
(3.6) [o, B] = [d/d(z?)]g(Dh(T)g ' (Dh™ (1) .o,

or more precisely, [a, f] is the coefficient of 72 in the Taylor series expansion
for k. (This definition makes sense even if k is not an analytic function of
72, because the coefficient of 7 is zero.)

Theorem 5.6. [o, f1;, = 37, o, 1 <j<n, where ¢ =c¢;;, —¢; .

Proof. We write g/(1), h,(7), k (1) as Taylor series,
gt) =+ b+ .-, hit) =Bt +cr2+ -,
k()=p7 +az*+ -,

where the omitted terms are of order greater than two. Clearly [a, f], = a,
if p, = 0. We will verify that p, = 0. Since k(r)h(r)g(t) = g(t)h(r) we find
by (3.3)

(pj + ﬂj + “]-)T + [aj + Cj + bj + E cj,ls(ﬂl“s + pl“s + plﬂs)]rz
=B, +ay + (c; 4 b; + X2 ¢; ,008,)%,

where only the terms of order less than three are written explicitly. Comparing
first-order terms in 7 on both sides of the identity, we obtain p, = 0. A com-
parison of second-order terms yields a, = 3 (¢, ,, — ¢, ,Jaf,. Q.E.D.

The c¥ are called the structure constants of G. A knowledge of the struc-
ture constants yields information about the second-order terms in the expan-
sion of ¢(g, h). It is, however, a remarkable fact that one can essentially
determine the function @(g, h) from the structure constants, i.e., all informa-
tion conveyed by the local Lie group G is already contained in the ¢*. For
example, if G is abelian (gh = hg for all g, h € V) then it follows from (3.6)
that [, f] = 0 for all tangent vectors a, # at e, and the structure constants
are all zero. Conversely, we shall show that if the structure constants are
zero then G is necessarily abelian.

The basic properties of the commutator are given by the following theo-
rem.
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Theorem 5.7. Leta, B,y « F,anda,b ¢ F.

(N [a’ ﬂ]: _[ﬂ’ a]-
(2) [ao + b, y] = ala, y] + BB, 7],
(3) [[a’ ﬂ]’ J’] + [[y’ a]’ ﬂ] + [[ﬂ’ J’]’ a] =46 (JaCObi equalitY)'

Proof. Properties (1) and (2) follow directly from the expression for the
commutator in Theorem 5.6. The Jacobi equality is an expression of the
associative law (gh)k = g(hk) for local Lie groups. It is an identity for
the structure constants which is obtained by substituting (3.3) into the associ-
ative law and equating terms of the same order. Q.E.D.

Definition. The Lie algebra L(G) of a local Lie group G is the set of all tan-
gent vectors at e equipped with the operations of scalar multiplication, vector
addition, and commutator product.

Definition. An abstract Lie algebra G over F'is a vector space over F together
with a product [a, f] € G defined for all a, § € G such that for all a, 3,
y € Ganda,b € F (0 is the zero vector):

(1) [a’ ﬂ] = _[ﬂ’ a]-
(2) [ao + BB, 7] = ala, y] + B[S, 7.
(3) [, BL ¥1+ [ly, al, B1 + [[B, 71, ] = 6.

Property (1) expresses the skew-symmetry of the commutator, while (1)
and (2) imply that [e, 8] is bilinear. The identity (3) is again called the Jacobi
equality. We will always assume that G is a finite-dimensional vector space.
" Clearly, L(G) is an abstract Lie algebra. It is not clear (but true) that any
abstract Lie algebra is in fact the Lie algebra of some local Lie group. The
exact meaning of this statement will be clarified later.

The significance of our results concerning Lie algebras and commutators
becomes much clearer when we consider linear Lie groups. Let G be an
n-dimensional local linear Lie group of m X m matrices and let A(¢) = A{g(®)),
A(0) = E,, be an analytic curve through the identity. We can identify the
tangent vector o at e with the matrix

6N e=LAro)| =57 A0 0

2 d
= ,21 Ca ¢, = dg; A(g) e
Thus, we identify the tangent space at e with the space of all m X m matrices
of the form (3.7). From the definition of linear Lie groups, the set (€} is
linearly independent and spans an n-dimensional subspace of the space of
all m x m matrices. Since the vectors o are arbitrary we see again that the

tangent space i1s n-dimensional.
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Many of the properties which were obtained for general local Lie groups
are much simpler to verify for local linear Lie groups. For example, let
A(1), B(1) be analytic curves in G with tangent matrices @, ® at the identity.
Since

(3.8) (d|dt)(A(1)B(2)) = A(1)B(1) 4 A(1)B(1)
and A4(0) = B(0) = E,,, it follows that A(z)B(r) is an analytic curve with
tangent matrix @ + ® at E,,.

With A(r), B(r) as above we define the commutator of the tangent matrices
@, ® by
(3.9) (@, ®B] = (d/d)[A(T)B(T)A"(T)B™ ' (1)].-0,
where 1 = 172, i.e,. [@, ®] is the tangent matrix at the identity of the curve
C(1) = A(1)B(r)A™'(1)B (7).

Theorem 5.8. [@, B] = AR — BRA < L(G).

Progf. We copy the proof of Theorem 5.6 taking advantage of the simplifica-
tions afforded by matrix groups. Expanding A(1), B(1), and C(¢) as Taylor
series in 7 we find

AR)=E, + @t @12+ .-+, B(t)=E, +®t + ®7> 4 .-,
Cty=F, + €1 4 C'12 -
We will show that € = Z, so (3.9) is weli-defined and €' = [@, ®]. Since
C(1)B(1)A(1) = A(t)B(1) there follows the identity
E,+@+®+Cr+(@ & +¢C - &+ CRHCAy> | ---
—E, 4+ @+ ®y + (@ 1 ® -+ CBY + - .
Equating terms in 7 and 72 we find € = Z and €' = @® — ®a@. Q.E.D.

Clearly, L(G) cannot be an arbitrary subspace of matrices, for we must
have [@, ®] = L(G) for all @, & < L(G). This requirement greatly restricts
the possibilities for matrix Lie algebras.

Using Theorem 5.6 and (3.7), we can relate the structure constants ¢
of G to the matrix commutator:

(3.10) [e,e]= 3 cke,, 1<Is<n
=1

It follows directly from Theorem 5.7 that the matrix commutator is skew-
symmetric, bilinear, and satisfies the Jacobi equality. However, it is worth-
while to verify these properties directly from the definition [@, ®] = @B —
®a. Skew-symmetry and bilinearity are trivial to check. Moreover, as the
reader can easily show, the matrix commutator automatically satisfies the
Jacobi equality. Thus, a set G of m x m matrices which is closed under addi-
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tion of matrices, scalar multiplication, and matrix commutation is necessarily
a Lie algebra. It is not necessary to check the Jacobi equality. (Note: We do
not yet know that G is actually the Lie algebra of some local Lie group.)
This fact makes matrix algebras much easier to study than general abstract
Lie algebras.

Fortunately, we can restrict ourselves to the study of matrix Lie algebras
with no loss of generality. To show this we need the concepts of homomor-
phism and isomorphism of Lie algebras. Let G, G’ be abstract Lie algebras
over F with operations +, [-, -] and +’, [-, -]’, respectively.

Definition. A hemomorphism from G to G’ is a map 7: G — G’ such that

(1) t(ao + bf) = at(a) + br(B).
2 e, ) = [t@), 7B, abec F, a,fe§.

A Lie algebra homomorphism which is a I1-1 map of G onto G’ is an isomor-
phism. An isomorphism of G onto G is an automorphism.

Note that a homomorphism 7 is a linear mapping of G into G’ which
preserves commutators. We can identify isomorphic Lie algebras G, G since
they have the same structure as abstract Lie algebras.

Theorem 5.9 (Ado). Every abstract Lie algebra is isomorphic to a matrix
Lie algebra.

The proof of Ado’s Theorem is difficult and will not be given here (see
Jacobson [1]). Moreover, there is no known general method to construct
a matrix Lie algebra isomorphic to any given abstract Lie algebra, even
though such a matrix algebra must exist. We quote Ado’s theorem as moral
support. Even though we limit ourselves to matrix Lie algebras in the follow-
ing sections, we will actually be studying all Lie algebras (up to isomorphism).

Definition. A (local) analytic homomorphism of a local Lie group G into a
local Lie group G’ is a map u: G — G’, where u(g) is defined for g in a sui-
tably small neighborhood W of e such that

3.1 u(gh) = u(g)u(h), g, h,gh c G,

and u is an analytic function of the coordinates of G. The group multiplica-
tion on the right-hand side of (3.11) takes place in G". If 4 ts a 1-1 homo-
morphism of G onto a neighborhood of e in G’ such that the mapping
1 ': G' — G is analytic, then y is called an isomorphism and G is (locally)
isomorphic to G'. An isomorphism of G onto G is an automorphism.

It follows from (3.11) that u(e) = e¢’, where e’ is the identity element of
G',and u(g™') = u(g)"' for g in a suitably small neighborhood of e. Note
that u is purely local. Even if G and G’ are (global) Lie groups, it is not



5.4 The Classical Groups 171

necessary that g be defined on all of G. Furthermore, x4 need not be an
abstract group homomorphism of G in the sense of Chapter 1, since (3.11) is
required to hold only in a neighborhood of e. As usual, we identify isomor-
phic local Lie groups.

In Section 5.5 it will be shown that two local Lie groups are isomorphic
if and only if they have isomorphic Lie algebras.

5.4 The Classical Groups

Here we introduce the classical groups, a family of linear Lie groups which
is of fundamental importance in physics and geometry. The reader should
note the significant role of Theorem 5.3 in the following analysis. Among the
classical groups are the following.

G, = GL(m, €). We have already seen that G,, is an m?*-dimensional com-
plex Lie group. (If we write the complex coordinates as sums of real and
imaginary parts we can also consider G, as a 2m?*-dimensional real Lie group.)
The Lie algebra of this group consists of all matrices of the form

@ = (d/d)A(t)]..o,  AQ0) = E,,

where A(r) is an analytic curve in G,,. Clearly @ isan m X m matrix. Converse-
ly, if @ is any m X m matrix then A(f) = exp t@ is an analytic curve in G,
with tangent matrix @. [See expression (1.14).] Thus, L{(G ) is the m?-dimen-
sional space of all m x m matrices. There is an analogous result for the real
Lie group GL{m, R).

SL(m) = SL(m, €). The special linear group
SL(m)=1{A = GL{(m,¢):det 4 = 1}

is an (m* — l)-dimensional complex Lie group. Indeed, by Theorem 5.3
and Corollary 5.3, every A © SL(m) sufficiently close to the identity can be
written uniquely in the form 4 = exp @, where @ is an m X m matrix with
tr @ = 0. It is easy to see that @ has m* — | independent parameters which
can be used as local coordinates for SL(m). With these coordinates SL(m)
is a complex linear Lie group. [If we write the matrix elements of @ in terms
of real and imaginary parts we can also consider SL(m) as a 2(m* — 1)-
dimensional real Lie group.]

Theorem 5.10. The Lie algebra of SL(m) is the space of ail m < m matrices
of trace zero.

Proof. Let A(t), A(0) = E,, be an analytic curve in SL(m). For ¢ sufficiently
close to zero we can write A(t) = exp @(r), @(0) = Z, where Q(¢) is an analytic
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curve in the space of traceless matrices. Let ® = @(0). Since djdr(tr @(1)) =
tr @(r) we have tr & = 0. A simple computation shows that ® is the tangent
matrix to A(t) at E,.

Conversely, let ® be an m X m matrix with tr & = 0 and consider the
analytic curve A(t) = exp ®. Since det A(t) = exp (tr r®) = 1, the curve
A(r) lies in SL(m). Furthermore A(0) = E,, and the tangent matrix to A(r)
at E, is A(0) = ®, so ® is an element of the Lie algebra. Q.E.D.

There is a similar result for the real Lie groups SL(m, R).

O(m) = O(m, €). Recall that O(m) is the group of all complex matrices

A such that A'4 = E,. For each A € O(m) sufficiently close to E,, we can

find a unique matrix @ sufficiently close to Z such that 4 = exp @. Since

A € O(m), we have (exp @)(exp @) = E,, = exp Z. For @ sufficiently close

to Z this is possible only if @ + @ = Z, i.e,, only if @ is skew-symmetric.
Conversely, if @ is skew-symmetric and 4 = exp @ then A'4 = exp @'

exp@ = E_, so A € O(m). We can use the independent matrix elements of
@ as local coordinates for O(m). As the reader can check, there are m(m — 1)/2

independent matrix elements in an m X m skew-symmetric matrix, so

O(m) is an m(m — 1)/2-dimensional complex Lie group, [or an (m?> — m)-

dimensional real Lie group].

Theorem 5.11. The Lie algebra of O(m) is the space of all m X m skew-
symmetric matrices.

Proof. Let A(r), A(0) = E,, be an analytic curve in O(m) with tangent
matrix @ at the identity. Differentiating the expression A(r)A(¢+) = E,, and
setting = 0 we find @ + @ = Z. Thus, the elements of the Lie algebra are
skew-symmetric matrices.

Conversely, let @ be a skew-symmetric matrix. Then A(f) = exp 1@ is
an analytic curve in O(m) with tangent matrix A(0) = @, so @ € L(O(m)).
Q.E.D.

There is a similar result for O(m, R).

Note that the elements of O{m) which lie in a small neighborhood of the
identity all have determinant +1. Indeed if 4 = exp @ with @' = —Q@ then
det 4 = exp(tr @) = +1 since the trace of a skew-symmetric matrix is zero.
Thus, the Lie algebra of O(m) is exactly the same as the Lie algebra of SO(m)
= SO(m, §):

SO(m) = {A € O(m):det 4 = +1}.
We shall see later that SO(m) is a connected Lie group. In particular, every
A € SO(m) can be connected to the identity by an analytic curve A(2),
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A(0) = E,_, A(]) = 4,0 <t < 1, which lies entirely in SO(m). However,
O(m) is not connected. If it were, we could find an analytic curve A(f) in
O(m) such that A(0) = E,, and A(l1) = —E,. Then for m odd, det A(¢)
would be an analytic function of ¢ taking only the values 41 with det 4(0)
= —det A(1) = 1. No such function exists. Thus, O(m) consists of two con-
nected components, the cosets SO(m) and —E,, -SO(m). We leave to the
reader a verification that O(m) also has two connected components for m
even.

U(m). The unitary group is the set
Um) = {4 € GL(m,8): A4 = E,}

of all m x m unitary matrices. Given 4 & U(m) in a sufficiently small neigh-
borhood of E,, we can find a unique matrix @ in a sufficiently small neighbor-
hood of Z such that A = exp @. The requirement A'4 = E, implies exp
@ exp @ = E,, or exp @ = exp(—@). For @ sufficiently close to Z this implies
Gt = —@, i.e., @ is skew-Hermitian. On the other hand if @ is a skew-Her-
mitian matrix and 4 = exp @ then A'4A — exp@exp @ = E,,,s0 4 = U(m).
Thus we can use the matrix elements of G to provide local coordinates in
U(m). As the reader can check, an m x m skew-Hermitian matrix has m?
real independent parameters. (Write the matrix elements of @ in terms of
real and imaginary parts.) Using these parameters as local coordinates we
see that U(m) is an m?-dimensional real Lie group. Here U(m) is a real Lie
group even though it consists of complex matrices.

Theorem 5.12. The Lie algebra of U(m) is the space of all m x m skew-
Hermitian matrices.

Proof. Analogous to Theorem 5.11.

If @ is skew-Hermitian then the matrix 3¢ = —i@ is Hermitian, i.e.,

3¢ = 3C. Thus, any unitary matrix A sufficiently close to the identity can be
expressed 4 = exp (i3C), where 3C is Hermitian. It is of considerable interest
that such an expression is valid for all unitary matrices A, not just those
sufficiently close to the identity.

Theorem 5.13. If A € U(m) there exists a Hermitian matrix 3C (not unique)
such that A = exp(iiC).

Proof. We know from linear algebra that the eigenvalues ¢; of A4 take the
form ¢, = et Hj real, j = 1,...,m, and that 4 can be diagonalized by a
unitary similarity transformation. Thus there exists B € U(m) and a diagonal
matrix D with diagonal entries, €, ..., ¢~ such that B4B™! = D (Fink-
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beiner [1]). Clearly, D = exp (iD), where D is the diagonal matrix with matrix
elements 6,,...,0, down the diagonal. Thus 4 = B~ !DB = exp(iiC),
where 3¢ = B~ 'DB. The matrix 3¢ is Hermitian because 3¢t = B*DY(BY)"!
=B 'DB=%. Q.ED.

We can use the above result to show that U(m) is connected. Indeed, for
any A € U(m) the matrix function 4(z) = exp(itdC), A(1) = 4,0 <<t < 1,
defines an analytic curve in U(m) connecting 4 to E,,.

SU(m). The special unitary group is the set
SUm) ={A4 € Um):det 4 = 41},

a subgroup of U(m). Recall that |det A| = 1 for A € U(m). It is left to the
reader to show that SU(m) is an (m?* — 1)-dimensional real Lie group whose
Lie algebra consists of all skew-Hermitian matrices with trace zero.

Sp(m). LetJ be the 2m X 2m skew-symmetric matrix

4.1 J:(:; ?7

Definition. A symplectic matrix is a 2m x 2m complex matrix A such that
A'JA = J. The symplectic group Sp(m) = Sp(m, §€) is the set of all 2m x
2m symplectic matrices.

Theorem 5.14. Sp(m) is a matrix group.

Proof. Clearly the identity matrix belongs to Sp{(m). Suppose A4, B €
Sp(m). Then (AB)J(AB) = BYA'JA)B = B'JB = J, so AB e Sp(m).
Thus, we need only show that 4~! belongs to Sp(m) for each 4 € Sp(m).
Taking the determinant of both sides of the identity 4*J4 = J and using the
factdetJ = 1, we obtain (det 4)? = I, so 4 and A4*are invertible. Then (4~')*
JA™' = (A) (A'"JA)A™ ' =J and A7' € Sp(m). Q.E.D.

Since J-! = —J the relation A4 = J implies A '= —JAY.

For A € Sp(m) in a sufficiently small neighborhood of E,, we can find
a unique matrix @ in a sufficiently small neighborhood of Z such that 4 =
exp @. Since A™! =J 14V it follows that exp(—@) = J ™ !(exp @*)J = exp
(J'aJ), or —@ = J '@ for @ in a sufficiently small neighborhood of Z.
This result is usually expressed in the form J& + @J = Z. Conversely, if
A = exp @, where @ satisfies the preceding equality, then it is easy to show
that 4 € Sp(m). Thus, Sp(m) is a complex Lie group with the independ-
ent matrix elements of @ as parameters. As the reader can check, there are
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2m? + m independent parameters. Note that we can also consider Sp(m)
as a (4m? 4 2m)-dimensional real Lie group.

Theorem 5.15. The Lie algebra of Sp(m) is the space of all 2m x 2m
matrices @ such thatJ@ + @'J = Z.

Proof. Analogous to Theorem 5.11.

In each of the above examples, every element A of the Lie group G suf-
ficiently close to the identity can be expressed uniquely in the form 4 = exp
@, where @ is an element of the corresponding Lie algebra L(G) sufficiently
close to Z. Thus the structure of G as a local Lie group is uniquely determined
by L(G). In the next section we shall show that this is a general property of
local Lie groups: G is uniquely determined by L(G). Thus, all questions
concerning the structure of G can be reduced to purely algebraic questions
about the structure of the Lie algebra L(G).

5.5 The Exponential Map of a Lie Algebra
Let G be a local Lie group, not necessarily a matrix group. If g,h € V
then
gh = o(g, h) = (p,(g,h),..., 0 h)
is an analytic function of g and h. For fixed h we expand this function in a
Taylor series about g = e:
¢i(g, h) = h.- -+ 121 ngf/(h) + -,

Fi/'(h) = [dop.(g, h)/ag;] lg=e>
where the omitted terms are of order two or more in the g;. By the associative

law, g(hk) = (gh)k for g, h,k = V sufficiently close to e. Expanding each
side of this equality about g = e, we find

(5.1)

(5.2) p.(g, hk) = g(h, k) + 2 g,F, (hK) + - - -,
(5.3) p.(gh, k) = ¢, g, h), k) = p(h, + /i:,l g;Fh) + . k)

= p(h k) + ,-7"4:'1 [09,(h, K)/ORF,(h)g, + - .

A comparison of first order terms in g, leads to the identity

n

(5.4) Fi(hk) = 3 [dp,(h, k)/0h,]F,(h)

for the functions F;,(h).
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Let g(r) be the analytic curve in G defined in some neighborhood W of
0 € Fsuch that g(0) = e and

(5.5) gs)g) = o(g(s), g =gls + 1), st,s+t1e W
Such a curve is called a one-parameter subgroup of G. Suppose o < L(G)

is the tangent vector to g(¢) at e. Differentiating (5.5) with respect to s, setting
s = 0 and making use of (5.1), we obtain the system of differential equations

(5.6) dg(t)/dt = Zl oF (@), i=1--,n

Thus, g(z) is a solution of the differential system (5.6) such that g(0) = e,
ie., g,(0) =0.

Now (5.6) is a system of first-order analytic ordinary differential equa-
tions. There is a standard existence and uniqueness theorem for such systems
which states that for given constants a = (¢,, ..., qa,) in V, Eq. (5.6) have
one and only one solution g(z) with g(0) = a. This solution is defined and
analytic for all |#]| < ¢, where ¢ > 0 depends on the F,; but not on a (see
Ince [1]).

We derived (5.6) by assuming g(f) was a one-parameter subgroup with
tangent vector &. Now we choose an arbitrary & € L(G), and look for a
solution g(r) of (5.6) such that g(0) = e. [Recall that the functions F,,(g)
are known.] By the theorem quoted above, there exists a unique solution,
defined and analytic for |1| < &. We write g(¢) = exp af.

Theorem 5.16. The integral curve g(¢) = exp af is a one-parameter subgroup
of G with tangent vector « at e. In particular, exp a(s + 1) = (exp as)(exp ar)
for suitably small values of |s], | ¢].

Proof. We have shown that expaf is an analytic curve in G such that
exp &0 = e. By (5.1), F,;(e) = J,,. Setting t = O in (5.6) we find £,(0) = «,,
1 <<i<n,so o is the tangent vector to exp af at e. Let h(t) = g(s + 1) =
exp ofs -+ ¢) for fixed s sufficiently close to zero. Then

D A= BEED SR 0@, hO) = g,

as follows easily from (5.6). On the other hand the function k(¢) = g(r)g(s)
satisfies
(5.8) k(1) = dp(8(1), 8(s)) __ _2"—: dp.(8(2), 8(5)) o,F,,(8()

di i oh,

= P aF k), kO = 8.

Here we have made use of (5.4) and (5.6). The expressions dg,/dh, refer to
the derivatives of ¢, with respect to its first # arguments. Thus h(t) and k()
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satisfy the same differential system and have the same value at = 0. Accord-
ing to the uniqueness theorem these solutions must be equal: h(r) = k(z).
Therefore, (exp as)(exp at) = exp als + #). Q.E.D.

This proof shows that for each & = L(G) there is a unique one-parameter
subgroup with tangent vector a at the identity. Furthermore, every one-
parameter subgroup (5.5) is of the form g(t) = exp at. Our notation suggests
the relation

(5.9) exp (aa)t = exp afar)

for a € F,a € L(G), and sufficiently small values of [¢]|. That is, if g (t) =
exp at then (5.9) asserts g,,(r) = g,(ar). The reader can check this equality by
verifying that both sides of (5.9) are one-parameter subgroups of G with
tangent vector aa at e.

It follows that we can extend the definition of exp af to all a € L(G)
and 7 € Fin such a way that

(5.10) (exp as)(exp at) = exp a(s + 1).

Indeed exp at is originally defined for |¢| < e and all a. If || > & we define
exp ar = exp aa(t/a), where a is any constant such that |t/a| < e&. The
reader can verify that this definition is independent of @ and leads to an entire
function of ¢ satisfying the group property (5.10).

For fixed ¢, g(r) = exp at is an entire function of a,, ..., a,. To see this
we expand g(r) in a Taylor series about ¢t = 0:

ORI T N
Now g,(0) = a,, and in general g{™(0) is a homogeneous polynomial of
ordermina,,...,a,. [This follows from (5.6), the chain rule, and a simple
induction argument.] Since for suitably small fixed 7 == 0 the Taylor series
converges forall a,, ..., «, it follows that g(¢) is an entire function of these
variables.

Now set t = 1 and consider the exponential map o — exp a(l) = exp «a.
If G 1s a global Lie group then exp & maps all of L(G) into G. If G is only
local then exp o maps a neighborhood of 8 in L(G) into G. The n coordinates
o, of & can be used to parametrize a neighborhood of ein G. Indeed, by (5.1),
F.(e) = d,;. It follows from (5.6) that

(0/det;)exp )|, -6 — Ji;,

so the Jacobian of the transformation & --» exp & = g is nonzero in a neigh-
borhood of 8 € L(G). Therefore, by the inverse function theorem the ex-
ponential map defines an analytic coordinate transformation on some
neighborhood of e. We can use a neighborhood of the zero vector in L(G)
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to parametrize the local Lie group G. The coordinates « are called canonical
coordinates of the first kind or just canonical coordinates (Pontrjagin [1]).
In canonical coordinates the one-parameter subgroups are the straight lines
ot through 8. Group multiplication in a one-parameter subgroup is given
by at + as = a(t + s), i.e., by vector addition. Note, however, that it is
in general not true that (exp a)exp f) = exp(a + ) if « and B are linearly
independent vectors.

In the special case where G is a local linear Lie group of m x m matrices
the above analysis becomes much more transparent, From (5.5) a one-
parameter subgroup of G is an analytic curve A(¢) such that

(5.11) A()A(t) = A(s + 1)

for sufficiently small values of [s], |¢|. Differentiating this expression with
respect to s and setting s = 0, we obtain the matrix equation

(5.12) dA()ldt = GA(),  AQ) = E,,

where @ € L(G) is the tangent matrix to A(¢) at the identity. Clearly, (5.12)
is the analogy of (5.6) for matrix groups. It is a consequence of our general
theory that the solutions of (5.12) define the exponential mapping of L{G)
into G, as @ ranges over L(G). We have already seen that (5.6) always has
a unique solution exp af for each & € L(G). However, since we did not know
the functions F,;(g) explicitly we were not able to write down the general
form of the solution. In the special case where G is a linear group, however,
this difficulty vanishes. Indeed from the remarks following (1.14), (5.12)
has the unique solution

(5.13) A(f) = exp @t = 3. @Iri/j!,
=0

so the exponential map for linear Lie groups is the ordinary matrix expo-
nential. Thus the transformation

@ —>expQ, a € L(G),

is a 1-1 analytic map of a neighborhood of Z in L(G) onto a neighborhood
of E, in G. We can introduce canonical coordinates in G by choosing a basis
{®;} for L(G). If @ € L(G), @ = X a,®,, then the transformation & —
exp(} &,®)) defines canonical coordinates in G. Every one-parameter sub-
group in G is of the form exp @¢, @ = L(G).

5.6 Local Homomorphisms and Isomorphisms

In Section 5.3 we defined local analytic homomorphisms of Lie groups
and homomorphisms of Lie algebras. Here we study the relationship between
these two concepts.
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Let G, G’ be local Lie groups of dimensions # and #’, respectively, with
corresponding Lie algebras L(G), L(G'). Suppose y is an analytic homomor-
phism of G into G'. We will show that g induces a homomorphism yg* of
L(G) into L(G").

Theorem 5.17. An analytic homomorphism g: G — G’ induces a Lie
algebra homomorphism g*: L(G) — L(G") defined by

(6.1) wH (o) = (dfd)u(g() -0
where g(r) is an analytic curve in G with tangent vector « at e The u* is an
isomorphism (automorphism) if g is an isomorphism (automorphism).

Proof. First, we show that the right-hand side of (6.1) is well-defined, i.e.,
that it depends only on a € L(G), not on the particular curve g(¢). Since
w(@) = (u,(g), ..., u,lg) is analytic with u(e) = e’, we have the Taylor
series expansion

ﬂf(g):_}]xﬂ.-’g,-—{ 1 <i<n,
~

where only the first-order term in g; has been given explicitly. Now g(0) = e
and g(0) = a, so (6.1) yields

(6.2) pX@ = 3 g, L<i<n
j=1

where u*(a) = (u,*(x), . . ., u¥(a)) and the constants u/ are determined
completely by g. Thus (6.1) is well-defined. It is clear from (6.2) that u* is
linear, i.e.,

u¥ao - bP) = au®(@) + bu*(f), o, B L(G), a,b e F.

If @ € L{G) then by (6.1) and the definition of u, u(exp «z) is the one-param-
eter subgroup of G with tangent vector u*(a). Thus,

(6.3) ulexp at) = exp(u*(a)t).

Suppose 4 is an isomorphism of G onto G'. If a % @ then u(exp o) will be a
nontrivial one-parameter subgroup of G', i.e., u(exp ar) Z e’. If u*(a) = 8’
then by (6.3) we would have u(exp ar) = e’, a contradiction. Therefore
u* is 1-1. Furthermore, u* is onto because for each a’ = L(G') there is a
unique one-parameter subgroup exp af in G such that u(exp ar) = expa's.
According to (6.3), &’ = u*(a).

Now assume only that g4 is a homomorphism. Let g(¢) = exp(at) exp(87)
exp(—art) exp(— B1), t = 1%, with a, f ¢ L(G). Then

(6.4)  u(g() = exp(u*(a)r) exp(u*(B)7) exp(— u*(a)r) exp(— u*(B)r),

where we have used (6.3) and the homomorphism property of u. According
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to (3.6) the tangent vector to g(z) at e is [&, B]. Thus, differentiating both sides
of (6.4) with respect to ¢ and setting + = 0, we obtain

u*([e, BY) = [u*(@), u*(B)Y

where the primed commutator refers to L(G’). Q.E.D.

We now prove the converse of this theorem for local linear Lie groups.

Theorem 5.18. Let G, G’ be local linear Lie groups and p: L(G) — L(G")
a Lie algebra homomorphism. There exists a unique local analytic homomor-
phism u of G into G’ such that u* = p. If p is an isomorphism (automor-
phism) then u is an isomorphism (automorphism).

Proof. By the preceding theorem, if u exists then
(6.5) u(exp @) = exp p(@), a < L(G),

where exp is the matrix exponential. Since @ — exp @ is a |- analytic map-
ping of a neighborhood of Z in L(G) onto a neighborhood of E,, in G, expres-
sion (6.5) uniquely determines g. Just as in the computation of (6.2), we can
show that u* as defined by

#¥(@) = (dldD)p(AD) -0,  A0) = @,

depends only on @, not on the particular analytic curve A(f). Then, a direct
computation with 4(f) = exp t@Q yields
w0 = L pexpra)| = Lexprp@)| = p(@),
dt =D dt =0
so u* = p.
We now show that u is a local homomorphism. From Theorem 5.5,
for @, ® < L(G) sufficiently close to Z we have (exp @)(exp 8) = exp €, where

(6.6) e’ ®) =® + j " g(exp(r Ad @) exp(Ad ®))G. dt.

Since the integral on the right-hand side of (6.6) is a convergent sum of
commutators of elements in L(G) and L(G) is finite-dimensional, it follows
that @ € L(G). (Prove it!) Furthermore € is an analytic function of the coordi-
nates of @ and ®. By definition, (Ad @)® = [@, ®] = @B — BR. Now p
is a homomorphism, so

P(Ad B)®) = p([@, B]) = [p(@), p(®)] = (Ad p(@))p(B®).

Applying p to both sides of (6.6) and expanding the integral in a power
series, we find p(C(Q, ®)) = C(p(Q), p(B)) € L(G'). (Note that p can be
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applied term-by-term in the infinite series.) Thus,
u(exp @)u(exp ) = exp p(Q) exp p(®) = exp C(p(Q), p(®))
= exp p(C(Q®, B)) = u(exp €) = u(exp & exp ®),
so u is a local homomorphism. Q.E.D.

Corollary 54. Let G and G’ be local Linear Lie groups. Then L(G) is iso-
morphic to L(G’) if and only if G is locally isomorphic to G'.

Even though the above results were proved only for linear groups they
are actually true for any local Lie groups G and G'. One can show that the
Campbell-Baker-Hausdorff formula (1.19) is valid for any local Lie group,
not just for matrix groups (see Hausner and Schwartz [1]). Once this formula
is established, the proof of Theorem 5.18 for general Lie groups follows
almost exactly as we have given it.

We know that every local Lie group uniquely defines a Lie algebra. Now
suppose G is an abstract Lie algebra. Does there exist a local Lie group G
such that L(G) = G [or such that L(G) is isomorphic to G]? We establish the
affirmative answer to this question in two steps. First we show rigorously
that every matrix Lie algebra G is the Lie algebra L(G) of a local linear Lie
group. Then we note by Ado’s theorem that any abstract Lie algebra G is

isomorphic to a matrix Lie algebra G. Thus, G is 1somorphic to the Lie
algebra G = L(G) of the local Lie group G.

Theorem 5.19. Let § be a matrix Lie algebra. There exists a local linear
Lie group G such that L(G) = g

Proof. The obvious candidate for G is the set of matrices exp Q, where
@ runs over § Let the matrices {®;:j =1, ... , n} form a basis for § We
introduce coordinates a,, ..., ®, in G by writing A(¢) = exp(}; «,8,) and
letting o run over a sufficiently small neighborhood of @ such that the mapping
o — A(a) is 1-1. From the Campbell-Baker-Hausdorff formula (1.19),

exp(2 @;®)) exp(R Bi®B) = exp(X /&),

where the y, are analytic functions of «,, 8, for a, g sufficiently close to 8.
Thus G is a local linear Lie group. It is easy to verify that L(G) = ¢ Q.E.D.

Let H be a local Lie group with Lie algebra L(H). By Ado’s theorem,
L(H) is isomorphic to a matrix Lie algebra G. By Theorem 5.18, § = L(G),
where G is a local linear Lie group. Finally, by the extension of Theorem
5.18 to all local Lie groups, we see that H is isomorphic to G. Thus, every
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local Lie group is isomorphic to a local linear Lie group! (There do exist
global Lie groups which are not globally isomorphic to linear groups.) In the
remainder of this book we study only local linear Lie groups, but this restric-
tion leads to no loss of generality.

Theorem 5.18 is valid only for local groups. For example, the one-dimen-
sional real Lie groups

R=1{x:—00o <x < +oo}, U(l) =1{e"*:x € R}
have isomorphic Lie algebras, so they are locally isomorphic. Indeed the
isomorphism is given by x — e*. However, this isomorphism cannot be
extended to a global isomorphism since the distinct elements x and x + 27

of R are mapped into the same element of U(1). Note that R is isomorphic
to the linear Lie group of matrices

1 x R
(0 ]), x € R.

Since every local Lie group is uniquely determined by its corresponding
Lie algebra, to compute all local Lie groups up to isomorphism one need only
compute all Lie algebras up to isomorphism. This latter problem is purely
algebraic and for low-dimensional Lie algebras at least, it can be solved
explicitly (see Jacobson [1]). In general, any problem concerning the structure
of a local group G can be reduced to a purely algebraic problem concerning
the structure of L(G).

As an example of this relationship recall that if G is commutative then
[@, B] = Z for all @, B € L(G), i.e., the Lie algebra L(G) is commutative.
Conversely, if L(G) is commutative it follows immediately from the Campbell-
Baker—Hausdorff formula that

exp(@ + ®) = exp@exp® = expB exp @
for all @, ® = L(G), i.e., G is commutative. Thus G is commutative if and
only if L(G) is commutative. An n-dimensional commutative local Lie group
is locally isomorphic to F,.

We now examine some special automorphisms of a local linear Lie
group G of m X m matrices. [Since any local linear Lie group can be uniquely
extended to a global group, one can assume without loss of generality that
G is a (global) Lie group.] For fixed B = G, the map u,,

ulAd)=BAB™', A <G,

is clearly an automorphism of G, an inner automorphism. The set G of all
inner automorphisms of G is itself a group since

6.7) Upp(A) = B(ByAB;")Bi' = tp pip(A), HeA) = A
Moreover, G is a linear group, the adjoint group of G. Indeed we can think
of the elements of G as m* X m? matrices acting on an m?*-dimensional vector
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space. The map u: G — G given by A — u, defines an analytic homomor-
phism from G onto G.

By Theorem 5.17, for fixed B € G the inner automorphism u, of G
induces an automorphism u,* of L(G):

U5 (@) = (dldt)py(exp t@)].,.

Thus,
(6.8) us*(@) = (d/dt)[B(exp t@)B™']|,-o = B&B™".
It is easy to check that u% = u}ud, and u}. = (uz*)"', so the operators
u,* form a linear group, also called the adjoint group G. (This makes sense
because the two adjoint groups introduced above are locally isomorphic.)
We will show that G is a local linear Lie group by explicitly introducing
canonical coordinates. Think of L(G) as an n-dimensional vector space on
which the n? X n? matrices u,* are acting. Let B(r) be an analytic curve
in G with tangent matrix ® at the identity. We define the linear operator
Ad ®: L(G) — L(G) as follows:

(69)  AdG(®) = L uju@)| — S B0eB 0| —[8.al

I~
The operators {Ad ®: ® < L(G)} form a Lie algebra L(G), the adjoint Lie
algebra, and the map Ad: ® - Ad ® is a homomorphism of L(G) onto

I~
L(G). Indeed

(6.10)

Ad(a@ + b®) =a Ad@ | bAd®, Ad([e, ®]) = [Ad @, Ad ®)].
The kernel of the map Ad, i.e., the set of ® € L(G) such that [®,Q] = Z
for all @ € L(G) is called the center of L(G). Clearly, the center is a commu-
tative Lie algebra.

For any ® € L(G) we can consider Ad ® as an n X » matrix acting on
the n-dimensional space L(G). Then by Lemma 5.3 we have

(6.11) (exp(Ad B))@ = (exp B)G(exp B) ' = BGB ',

~ Y~
where B = exp ® = G, so we can identify G with exp L(G) in a neighbor-
hood of the identity matrix E,. This shows that G is a local linear Lie group

. . /\/ . . . /\_/
with Lie algebra L(G). If the center of L(G) has dimension »’ then dim L(G)
—n —n' and G is an (n — n')-dimensional Lie group.

5.7 Subgroups and Subalgebras

Let G be an n-dimensional local Lie group with elements g = (g,,. . .,
g,) defined in some connected neighborhood V € F, of e =(0,...,0).
Suppose H is an m-dimensional local Lie group over F with elements h =
(h,,...,h,)and identity ¢’ = (0, ..., 0).
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Definition. H is a local Lie subgroup of G if there is an analytic homomor-
phism u: H— G such that (1) u(h) is locally 1-1; (2) the vectors {du(h)/
0h; |y, 1 < j << m} are linearly independent.

We can consider the subgroup H as embedded in G. Indeed the image
u(H) < Gisitself a local Lie group which is isomorphic to H. It is clear that
the tangent vectors at the identity of analytic curves in u(H) are contained
in L(G). Every such analytic curve with tangent vector f is of the form u(h(?)),
where h(r) is an analytic curve through e’ in H. Furthermore, if h(z) has tan-
gent vector o at e’ then f = u*(a) by (6.1). Since u* is a homomorphism,
for every f = u*(a), ' = p*(a’), we have

(B, B'] = [*(a), uH(a)] = p*([a, @]
Thus the tangent vectors at e to analytic curves in u(H) form a Lie algebra
L(u(H)) contained in L(G). Furthermore, L(u(H)) is isomorphic to L(H)
since u* is 1-1.

Definition. Let G be a Lie algebra and X a subset of G. We say X is a subal-
gebra of G if X is itself a Lie algebra under the operations in G, i.e., if X is
a vector subspace which is closed under the commutator operation.

Since L(H) is isomorphic to the subalgebra L(u(H)), we can consider
L(H) as a subalgebra of L(G).

Theorem 5.20. If H is a Lie subgroup of the local Lie group G then L(H)
is a Lie subalgebra of L(G).

Theorem 5.21. Let G be a local linear Lie group and let 3C be a subalgebra
of L(G). There exists a unique local Lie subgroup H of G such that L(H) =
3.

Proof. Let {8}, 1 <j<n, be a basis for L(G) such that {® ], 1 <<j<m,
is a basis for 3C. (Note that m < n.) By Theorem 5.18 the map

7.1 (o), ...,00,) —> exp(i a®)ec G
j=1

defines canonical coordinates on G. Furthermore, by Theorem 5.19 the map

(1.2) @,,....q,) — exp(ﬁ,l o,®)

defines coordinates in a local linear Lie group (which we call H)as («,, ...,
a,,) ranges over a suitably small neighborhood of @ in F,. Clearly, L(H) = &
and H is a local Lie subgroup of G. (Here we are considering H as embedded
in G). Indeed, in the canonical coordinate system we have chosen, the ele-
ments of G that lie in H are just those with coordinates (a,, ..., a,,0,...,
0).
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If H' is a Lie subgroup of G with L(H') = 3C, then H’ can be described
locally by the exponential mapping (7.2). Thus " = H. Q.E.D.

Even though we have proved the above result only for local linear Lie
groups it is valid for all local Lie groups. The preceding theorems establish
a 1-1 correspondence between Lie subgroups of G and Lie subalgebras of
L(G). Any question involving the structure of local Lie subgroups can be
reduced to a purely algebraic problem concerning Lie subalgebras.

As an example we work out the relationship between normal subgroups
of G and ideals in L(G).

Definition. A local Lie subgroup H of G is a normal subgroup if there exists
a neighborhood ¥V of the identity in G such that ghg™! € H forallh € H N
Vandge GN V.

This definition of normal subgroup agrees with that given in Chapter 1,
except that here the normality property is only local.

Definition. A subalgebra 3C of the Lie algebra G is an ideal if [a, §] € &
foralla € G, B = 3C. We write [G, ] = .

Theorem 5.22. Let H be a local Lie subgroup of the local linear Lie group
G. Then H is normal if and only if L(H) is an ideal.

Proof. Suppose H is a normal subgroup. Given ® < L(H), we have
A(expt®)4~!' « H for all 4 € G sufficiently close to the identity and all
t € F sufficiently close to zero. Since

(d/dt) A(exp ®)A™ |, = ARA™!

it follows that ABA4A™' € L(H). Given @ < L(G), let A(s) = exp sQ. Since
A(s)BA~'(s) is an analytic curve in L(H) and L(H) is finite-dimensional we
have

(@, B] = (d/ds)(exp(s@)-B-exp(—sR))|,-, € L(H),

so L(H) is an ideal.

Conversely, if L(H) is an ideal and ® < L(H), @ ¢ L(G) are chosen in
suitably small neighborhoods of Z then B(r) = exp @ exp r® exp(—@) is a
one-parameter subgroup of G with tangent matrix (exp @)®(exp —Q@) at the
identity. However, from Lemma 5.3,

(exp Q)B(exp —@) = 3. (Ad @)Y®/j! & L(H)
j=o

since L(H) is an ideal. Thus B(¢) € H for sufficiently small r and H is normal.
Q.E.D.
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As usual, the above result holds for all local Lie groups, not just linear
groups.

5.8 Representations of Lie Groups

We have seen that any local linear Lie group can be uniquely extended
to a connected (global) linear Lie group. Here we assume this has been done,
so G is not only a local linear Lie group, but also a matrix group in the
abstract sense.

Let V be a finite-dimensional vector space over F and let GL(V) be the
group of all nonsingular linear transformations of ¥ onto V.

Definition. A representation of a linear Lie group G with representation
space V is an analytic homomorphism T: A — T(A) of G into GL(V).

By an analytic homomorphism we mean a homomorphism such that the
matrix elements T,,(A) with respect to any basis in ¥ are analytic functions
of the local coordinates of A in G. (If the matrix elements are analytic with
respect to one basis then they will be analytic with respect to every basis.)
This definition agrees with that of Section 3.1 except for the analyticity re-
quirement, which is added so that we can take advantage of the Lie structure
of G. Note that GL(V) is isomorphic to GL(m, F) where m = dim ¥ and an
isomorphism is defined by choosing a basis for V.

For every @ < L(G) we define the infinitesimal operator @ on V by

(8.1 G = (d/dO)T(A(1)) ;o>

where A(¢) is an analytic curve in G with tangent matrix @ at the identity.
Since T is an analytic homomorphism, @ depends on @ alone, not on the
particular curve A(¢). Furthermore, the operators @ form a Lie algebra which
is a homomorphic image of L(G).

Definition. A representation of a Lie algebra § with representation space
V is a map p from G to the space of all linear operators on ¥ such that
(a,bc Fanda,f € G):

(1) plax + bB) = ap(a) + bp(B).

(2) p(lx, B1) = p(2)p(B) — p(B)p(ex) = [p(x), p(B)].

The operators @ = p(@) define a rep of L(G) on V, so every rep of G
induces a rep of L(G). Conversely, suppose p is a rep of L(G) on V. Set
p(@) = @ and define the map T by

(8.2) T(exp @) = exp @, @ € L(G),

where @ ranges over a suitably small neighborhood U of Z. By Theorem
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5.18, T is a local analytic homomorphism of G into GL(V). We refer to T
as a local rep of G since it is defined only in some neighborhood of the identity
element. If p is the Lie algebra rep induced from a (global) rep T’ of G it
follows from Theorem 5.18 and (8.2) that T(4) = T'(A) for all A4 in a suitably
small neighborhood of the identity. Furthermore, if G is connected then any
A € G can be written as a finite chain

A=-¢expQ,exp@, ---expQ,, a U,
S0
T'(A)=T(exp@®,) --- T'(exp@,) = exp®, -- - exp ®,

and T’ is uniquely determined by p. Thus, any rep of a connected linear Lie
group is uniquely determined by its associated Lie algebra rep. If G is not
connected, e.g., G = O(m, R), then only the action of the rep in the connected
component containing the identity is determined by the Lie algebra rep.

Warning. 1f p is an arbitrary Lie algebra rep it may not be possible to ex-
tend the local rep (8.2) of G to a global rep. For example, let {@,} be a basis
for the one-dimensional Lie algebra of U(1) = {¢*}. The choice p(@,) = |
defines a one-dimensional rep of L(U(1)). From (8.2) we get T(e'*) = e*.
Since exp i(x + 2m) = exp ix this local rep does not extend globally.

Thus the correspondence between (global) group reps and Lie algebra
reps is not 1-1. It is possible to make the correspondence 1-1 by considering
only simply connected Lie groups. However, the study of such groups leads
to topological complications beyond the scope of this book. The interested
reader can find relevant material in the work of Pontrjagin [1] or Hausner
and Schwartz [1].

The definitions of invariant and irred subspaces as well as the Schur lem-
mas given in Sections 3.1-3.3 carry over immediately to reps of Lie groups
and algebras.

Theorem 5.23. Let T be a rep of the connected linear Lie group G on the
vector space V and let p be the associated rep of L(G). Suppose W is a sub-
space of V. Then, (1) W is T-invariant if and only if it is p-invariant; (2)
W is T-irred if and only if it is p-irred.

Proaf. A straightforward exercise for the reader.

Thus, the problem of computing all reps (irred reps) T of G is equivalent
to the purely algebraic problem of computing all reps (irred reps) p of L(G)
except that we must check every algebra rep p to see that it actually deter-
mines a global group rep. In the following chapters we shall usually deter-
mine the reps p first and then obtain the group reps T by exponentiation.
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5.9 Local Transformation Groups

A knowledge of abstract group theory is not sufficient for the application
of group-theoretic methods to physics. In physical problems the groups usual-
ly occur as transformation groups acting on some mathematical structure.
Here we study the important case of a local Lie group acting on a coordinate
manifold. The following definitions and theorems will be stated for complex
groups acting on complex manifolds, but the results for real groups acting
on real or complex manifolds are completely analogous.

Let U be an open connected set in §,,. Any x € U can be designated by
its coordinates X = (x,, .. .., x,), X; € €. Let G be an n-dimensional local
Lie group defined in some connected neighborhood of e = (0,...,0) in
&,. Finally let Q be a mapping which associates to each pair (x, g), x € U,
g € G, an element Q(x, g) in €,,. We write Q(x,g) =xg = €,,.

Definition. G acts on the manifold U as a local Lie transformation group
if Q satisfies the following properties:

(1) xg is analytic in the #» + m coordinates of x and g;
2) xe=x,allx € U;
(3) ifxg € Uthen (xg)h = x(gh), g, h,gh e G.

With the exception of the identity e the elements of G are printed in
lightface type to distinguish them from elements of U. Conditions (2) and (3)
express the transformation group property of G. Condition (1) is necessary
if we are to make use of the analyticity of G. Note that the group operates
on the right (xg) rather than the left (gx) as in Chapter 1. The reason for this
notational change will become apparent later.

If x « U and g is in a sufficiently small neighborhood of e, properties
(2) and (3) imply (xg)g~! = xe = x. Thus the map x — xg is locally analytic
and 1-1 for fixed g, and the inverse mapping is also analytic.

Let expat, o = L(G), be a one-parameter subgroup of G. For fixed
x® ¢ U we call the curve x(f) = x° exp a¢ € U the trajectory of x° under
exp at. [Clearly, x(?) is defined for sufficiently small values of |z |.] The vector-
valued function x(z) can be expanded in a Taylor series in ¢ about ¢ = 0:

X,-(t) = xio + I(OQ;'/OI)(XO’ exXp at) I:=0 + -
or
o1 () =x0+ 1 PO, -, 1<i<m,
j=1

where

92 P (x°) = (3Q,/92,)(X°, &) ;-
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and Q =(Q,,..., Q,) Thus, x(0) is tangent to the trajectory of exp ar
through x°.

If f(x) is analytic in a neighborhood of x° we can define analytic functions
[(exp at)f1(x) = f(x exp ar) for o € L(G) and suitably small values of |[z].
More generally, let @, be the space of all functions f analytic in a neighbor-
hood of x°, where the neighborhood is allowed to vary with the function.
We define operators T(g): @,, — @, by

(9.3) [T(g) f1x) = f(xg), xe U, ged.

For a given f € @, the right-hand side will be well-defined for x suitably
close to x° and g suitably close to e. We say that (9.3) holds locally. Since G
1s a local transformation group, we have

(9:4) [T(g,8)/1(x) = f(x(g:£,)) = {T(g)[T(g,) /T}(x),

so T(g,g,) = T(g)T(g,) for g,, g, € G. Again the homomorphism property
(9.4) holds locally. (If we let G act on U to the left, x — gx, then to obtain
the homomorphism property for T-operators we have to set [T(g) f](x) =
f(g7'x). To avoid the inverse we have written x — xg.)

The operators T(g) define a local rep of G on the infinite-dimensional
vector space @,.. In analogy with (8.1) we can define infinitesimal operators
corresponding to this rep.

Definition. The Lie derivative L, f of an analytic function f € @, is

L,f(x) = (d/dt) f (xg(1) |:-o.

where g(¢) is an analytic curve in G with tangent vector o at e.
A direct computation yields
LS = 32 3 @f(0/dx)P,(X)a,,
i-1 j=

where P, (x) is given by (9.2). In other words, we have

m n

9.5) L= 3 P x)a,0/dx,).

i=1 j=1

It is clear from this expression that L, depends only on &, not on the particular
analytic curve g{z).

Example 1. Let G be the real line R, a one-dimensional real Lie group.
For a € R the mapping x — x + a for all x € R defines an action of R
as a transformation group onitself. Then [T(a) f1(x) = f(x + a). The constant
1 forms a basis for the one-dimensional Lie algebra L(R). Since g(t) = ¢
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is an analytic curve in R with tangent vector 1 we have

L, f(x) = (dldt) f(x + D)]i=o = df(x)]dx,
orL,=dldx. If &« = a-1 € L(R) for &« < R then L, = a d/dx.

Example 2. The proper Euclidean group in the plane E*(25 has the matrix
realization

cosg —sing x,
9.6) g(x,,x,,p)=|sing cosg x,l X, XxX,,¢ €R
0 0 I

where ¢ is determined up to a multiple of 2z. The group multiplication rule
is
(97) g(xl E] xza ¢)g(x1’a xzr’ ¢’) = g(X]’ cos ¢ - xZ’ Sin ¢ JV xl ’

x, sing + x,’ cosg + x,, 0 + ¢).
Thus a = (x,, x,) and

cos —sin
o (20
sing cosg

where a and O are analogous to (2.4), Section 2.2. We can consider E*(2)
as a transformation group in the plane R,, where the group action is

9.8) (yis¥) —>((y, — x)cosg + (y, — x;)sing,
—(yy — x,)sing + (¥, — x,) cos g),
y=(,¥,) € R,.
In terms of the action of E*(2) as a transformation group defined as in
Section 2.2, this reads
y—{a,0}'y={-0"a,0"}y.

It follows that E*(2) is a two-dimensional real Lie group which acts as a Lie
transformation group on R,. As the reader can check, L(E*(2)) is the Lie
algebra of all matrices

0 —¢ a
9.9) Ha,b,c)=1c 0 b}, a,b,c € R.
0 0 O

A basis is provided by the matrices (1, 0,0) = §,, (0, 1,0) = g,, §(0,0, 1)
= g,, with commutation relations

[gxa gz]:Z’ [g:wcgl]:gz’ [gzﬁgz]: _(gl-
Note that expd,t = g(1,0,0), exp g,t=g(0,10), expd,r=g(@,0,1).
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The Lie derivatives are

L f(y) = (d/d)f(yexp §Dli-o,  k=1,2,3,
or

(9.10) L, = —d/dy,, L, = —0d/dy,, Ly = y,(d/dy,) — Y,(0/dy,).

The Lie derivative corresponding to the Lie algebra element g(a, b, c) As
just aL, 4 bL, + cL,. Note that

(L, Lo)f () =0, [Ly, LIf(Y) = Lof (), Ly, L)S(Y) = —L f(¥)s

where [L,,Lg = L,L, — L,L, is the commutator of the Lie derivatives
L,,Ls. Thus the L, satisfy the same commutations relations as the generators
of L(E*(2)). In particular the Lie derivatives themselves form a Lie algebra.

Returning to the study of a general transformation group G, we let x° <
U. Then for & € L(G) and sufficiently small values of |¢|,|s|, x(t 4+ §) =
x°-exp a(t + 5) = (x° exp at) exp as = Q(x(¢), exp as). Differentiating this
expression with respect to s and setting s = 0, we find

1) (ddnx(n) = ¥ Px,, 1 <i<n  x(0)=x,

where we have used (9.1) and (9.2). From (9.5) this system can be rewritten as
x(t) = L.x,, or

(9.12) dx/dt = L., x(0) = x°.

According to the fundamental existence and uniqueness theorem for differ-
ential equations, system (9.12) has a unique solution x(¢). Clearly, this solu-
tion is x(r) = x° exp at. Since every g € G sufficiently close to e lies on a
one-parameter subgroup exp af, the action of G on U is uniquely determined
by the solutions of (9.12). Thus a knowledge of the Lie derivatives L, deter-
mines the action of G.

Theorem 5.24. The unique solution of (9.12) is the trajectory x(t) =
x°-exp az. The Lie derivatives L, uniquely determine the local Lie trans-
formation group G.

If f € G, and x(t) = x° exp af then f(x(¢)) satisfies the differential equa-
tion

]

4 o) = 3, 9% 32 3 9 p o,

9’I\,

or

(9.13) —f(X(t)) L.f(x(n),  f(x(0) = f(x°).
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Again we conclude from the existence and uniqueness theorem that (9.13)
has a unique solution f(x(7)) = f(x° exp az) analytic in ¢. Since L, f(x(?)) is
itself an analytic function of x(¢) it follows that (d/di)(L,[f(x(1))) =
L,(L.f(x(1))) = L2 f(x(1)). Similarly

(dldtyf(x(1)) = L/f(x(1)), j=12,..,

Now f(x(2)) has a Taylor series expansion in ¢ about ¢t = 0:

foxo) = 55 () Fxisn| = 3 @onen)
= (exp L) (X°),

where exp tL, is defined by its formal power series expansion.
Theorem 5.25. f(x exp at) = (exp tL,) f(X) = 3 5.0 (¢/[jHL, f(x).
Corollary 5.5. x exp oz = (exp tL,)X.

We apply these results to the Lie derivative L, = d/dx of Example 1.
Equation (9.12) becomes

dxldt = 1, x(0) = x°,

or x(t) = x° + ¢, so the action of R as a transformation group on itself is
just x — x 4 t. Furthermore, by Theorem 5.25, if fis analytic near x then

oo

foxexp 1) = fGx + 1) = (exp 1)) = 35 L0 70(),

which is the usual Taylor series expansion.

In Examples 1 and 2 the Lie derivatives themselves form a Lie algebra.
In particular the commutator [L,, L,] is again a Lie derivative. We show that
this is true in general.

Theorem 5.26. The set of all Lie derivatives of a local Lie transformation
group G forms a Lie algebra which is a homomorphic image of L(G). In fact,
(1) Lgasspy = aL,+ bLy; (2) Ly, = L, L, — LyL, = [L,, L] for all a,b
€ Canda, 8 € L(G).

Proof. Property (1) follows from expression (9.5) for L,. Property (2) is a
little more complicated. Using Corollary 5.5 we can copy the proof of the
analogous result for local linear Lie groups. Let g(t) = (exp ar)(exp B7)
(exp —at)(exp — f7), where 1 = 72. Then g(z) is a curve in G with tangent
vector [a, §] at e. Thus, for any f € @, we have

9.14) L pf(x) = (d]dr) f(Xg(t)) ]~ -
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However,
f(xg(n) = {(exp TL,)exp tLy)exp —TL,)exp —tLy)} f(X)
=+ 7*[L,, L] + -+ ) f (%)
It follows from this result and (9.14) that L, 5, = [L., L;]. Q.E.D.

The reader should verify explicitly from (9.5) that [L,, L] is a first-order
differential operator even though L,L,and L,L, are second-order operators.

Two differential operators L,, L, are equal on U, L, = L,,if L, f=L,f
for all analytic functions fon U. Aset {L,, ..., L,} of differential operators
is linearly dependent on U if there exist constants 2, € € not all zero such
that 3] a,L,f = O for all analytic functions fon U. If the set {L }is not linearly
dependent then it is linearly independent.

With these definitions, we can discuss the structure of the Lie algebra
£(G) formed by the Lie derivatives {L,}. The map ¢ — L, is a homomor-
phism of L(G) onto £(G). If this mapping is an isomorphism, i.e., if dim
L(G) = dim £(G), we say G acts effectively as a transformation group.

Every local Lie group G acts effectively as a transformation group on
itself: g — g,8, g,, 2 € G. Indeed it follows from Section 5.2 that the Lie
derivatives corresponding to this action are

3y d _ dofg. )
9.15) L, = ;; ;;1 Rr;(g)“;a’ R,(8) = T oo
Since R,;(e) = J,,themapa — L, isanisomorphism. We can now use Theo-
rem 5.25 to gain some insight into the exponential mapping:

o0

(5.16) gexpat = (exptL,)g = Y (Y[jHL.'s, geG.

j=0

Suppose G is a local Lie transformation group which does not act effec-
tively, i.e., the map & — L, is not 1-1. Let

L' ={a € L(G): L, =0}.

Then L’ is a nontrivial subspace of L(G). Furthermore, if & € L' and f§ €
L(G), then

L[z,ﬂ] = [sz Lﬁ] - [07 Lﬁ] = 0,

so [&, f] € L'. This shows that L’ is an ideal in L(G). Thus if G does not act
effectively then L(G) contains a proper ideal. If a local Lie group G has a
Lie algebra L(G) with no proper ideals then G must always act effectively.

The following result is of basic importance for applications of Lie theory.
It states that any Lie algebra of differential operators is the algebra of Lie
derivatives of a local Lie transformation group.
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Theorem 5.27. Let
(9.17) L,= Z_,: P, (x)(d/dx,), j=1 - ,n,

be n linearly independent differential operators defined and analytic in a
connected open set U < &, If there exist constants ¢/, such that

9.18) (L L= LiLe — Ll = S culsy  1<jk<n,

then the n-dimensional Lie algebra G generated by the L, is the algebra of
Lie derivatives of a local Lie transformation group G acting effectively on
U. The action of G on x° € U is obtained by solving the equations

(9.19) dxjdt = (X a,L)x,  x(0) =X’
j=1
Indeed the unique solution of these equations is x° exp &z = Q(x°, exp ar).

Proof. By (9.18), the L, form a basis for an n-dimensional Lie algebra G.
Any element a in G can be written uniquely as L, = Y «,L,, where & = (a,,

., a,). (Note: The Jacobi equality is automatically satisfied by any set of
linear operators, so § is indeed a Lie algebra.) By Theorems 5.9 and 5.19,
G is the Lie algebra of some local Lie group G, unique up to isomorphism.
We label the elements of G by means of the exponential mapping: g = exp a,
o € G, l.e., we use canonical coordinates in G.

By Theorem 5.24, the action x(g)=x exp & = Q(X, exp a) of G on U must
be given by the solutions of (9.19). We need only verify that G is a transfor-
mation group on U, i.e., that (xg)h = x(gh), where g = expaand & = exp f.

Let

¥(#) = (xg)h(t) = Q(xg, h(t)) = exp tL,(xg)
z(r) = x(gh(?)) = Q(x, gh(?)),
where A(f) = exp Bt and (xk), = Q,(x,, ..., Xp; k;, ..., k,) We will show

that y(#) = z(#). The proof of this fact is not trivial and will be accomplished
through a chain of lemmas.

(9.20)

Lemma 5.5. Let G be an n-dimensional local Lie transformation group
acting on U. Denote the action of G on U by xg = Q(x, g). Then the function
Q(x, g) satisfies the identity

o ¥ "—Q(% Rug) = Pu(xg) = Pu(Q), l<i<m, l<s<n
=1 J
where
R O

=8 s
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Proof. This result follows from the identity Q/(x, gexp at) = Q.(xg,
exp at) by differentiating with respect to ¢ and setting ¢t = 0 exactly as in the
derivation of (5.4) and (5.6). Q.E.D.

Since R, (e) = d,,, the matrix (R, (g)) is invertible for all g in a suitably
small neighborhood of e. Denoting the inverse matrix by S(g), we can write
(9.21) in the form

(922)  90(x, 9)dg, = 3 Pu@Sife)  1<i<m 1<j<n.

Lemma 5.6. Let P(x) be an analytic m X n matrix of rank » and S(g) =
R™'(g) an analytic n X n matrix with the properties S(e) = E, and

(9.23)

i(Pij%—ka%§11> Ec/kPln lglgm, lgj’k£n$

020 3 (R, g, IRy _ SR, 1<jki<n
i=1 (9 (9g, r=1

where the %, are constants. Then (9.22), regarded as a system of equations for

Q.(x, g), has a unique solution satisfying the initial condition Q(x, e) = x.

Proof. According to the fundamental existence and uniqueness theorem
for first-order systems of partial differential equations, the system (9.22)
has a unique solution Q such that Q(x, e) = x provided the integrability
conditions 0,,d,, 0, = d,,d,, Q;, or

0§ 8- r g 5l %)

are satisfied (Cohen [, Pontrjagm [1]). It follows from (9.23) and the assump-
tion rank P = » that the integrability conditions become

< _0as, 08y,
9.26 kg ¢ — 0Pm j.
( ) r.szzl Crsdrids 6g] 6g1
Now RS = E, (matrix multiplication), so
R 0S oR 0S
S+R— = or - = —R+—R.
dg, dg; dg; dg;

Substituting this identity into (9.24), we find (9.24) is equivalent to (9.26).
Therefore, the integrability conditions (9.25) are satisfied. Q.E.D.

Now we return to the proof of the theorem. If the function Q(x, g) defines
the action of a local transformation group on U then it satisfies the system
(9.22). Thus, we will construct Q(x, g) by requiring that it be a solution of
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(9.22) satisfying the initial condition Q(x, e) = x. The matrix functions P
and S = R™!are already determined since Pis given by (9.17) and Ris obtain-
ed from G. Furthermore, it follows from (9.15) and (9.18) that P and R
satisfy conditions (9.23) and (9.24), where the ¢, are the structure constants
of G. By Lemma 5.6 there is a unique solution Q(x, g) of (9.22). This is the
same solution we would get by solving (9.19), Indeed x(r) = Q(x°, exp a¢)
satisfies the conditions x(0) = x° and

x,(1) = 2; an R;(exp at)a, = 2‘1 P, (x(1))S,(exp at)R; (exp at)e,

= ,Z Px()y, 1<i<m.
=1
At this point we can verify the equality y(¢) = z(¢) in (9.20). Indeed
) = Lyy: = Z P(y)B,

0 - 9205 fhm) a%(g}z,h(t)) ROV,

qlj

= 5 PuS. (SR, (ehiDB; = 3 Pj)f,
and y(0) = z(0) = x° exp a. [We have used the identity

3 2481 R, (h) — R (8h)

g=1
whose derivation is analogous to (5.4).] Since y(¢) and z(r) satisfy the same
system of equations and the same initial conditions, we have y(r) = z(¢).
Setting ¢ = 1 we conclude that x°(exp a exp ) = (x° exp a) exp f. Finally
the reader can verify from Theorem 5.25 that Q(x, g) is analytic inits m + »
arguments. Q.E.D.

Thus, the study of local Lie transformation groups is completely equiva-
lent to the study of Lie algebras of differential operators. We shall need a
slight extension of the above result: the equivalence of local multiplier reps
and Lie algebras of generalized Lie derivatives.

Let L,, 1 < j < n, be linearly independent differential operators defined
on the neighborhood U < €,,,, and such that [L;, L,] = 3] ciL; for i, k =
1,...,n, where the ¢}, are constants, Suppose also that

[a/ame’Lj]:O’ 1<j<n,
ie., (0/0x,, )P (x) =0for 1 <j<n 1 <i<m-+ 1, where
m+1
= i=21 P‘J(x)(a/dx.)

We emphasize the distinction between x,,,, and the remaining coefficients of
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x by writing x = (x’, w), where x’ = (x,, ..., x,,), w = X, ;. Theorem 5.27
states that the L, generate a Lie algebra which is the algebra of Lie derivatives
of a local group G acting on U. The action of G is given by integration of the
differential system

9.27)
5(0) = B PO R = 3 P KOy, X(0) = X,

We write P,,(x) = P,,(x’) since the P;; are independent of w. The right-hand
sides of Eq. (9.27) are independent of w, so the solution takes the form x(z) =
x exp ot = (x’ exp at, g(x’, exp at) + w), where g is an analytic scalar-valued
function of its m + » arguments. The action of G on U is completely deter-
mined by the one-parameter subgroups

(9.28) xg = (x'g, q(x', &) + w), ge<G.
If xg, € Uand g, € G, then (xg,)g, = x(g,g,), which leads to

(x'g,)g, = X'(g:8,),  q(x',8:8) = qx', g) + q(X'g,, &),
or

(9.29) v(X', 8:8,) = V(X' g)V(X'g,, &),
where v(x', g) = expg(x,g). If g = e then g(x’,e) =0 and v(x',e) =1
forall x € U.

Let @, be the set of all functions f(x) on §&,,. ,, analytic in a neighborhood
of x® € U and such that f(x) = e*h(x’), i.e., e *f(x) is independent of w.
Without loss of generality we can assume x° = 0. Given g € G, we define
operators T, ¢ on @, by

T, f(x) = fixg), fea,.
By (9.28), T,2f € @, and these operators define a local rep of G on @,,.
Let @ be the set of all functions f{(x’) on &, analytic in some neighborhood
of @ =(0,...,0). Thereis a -] mapping p of @ onto @, given by p: f(X')
— e*f(x"). Since this mapping is invertible, the operators T, on &, induce
operators T¢# = p~'T,¢p on @ with the properties
() [TfIx') = v(x', g) f(x'g)
(9.30) () [Tflx) = f(x)
() [Tf)x) = [T(T)x)
valid forall f e @,x' € §,,, and g,, g, € G such that both sides of expres-
sions (9.30) make sense. The T# define a local rep of G on Q.

Definition. Let G be a local Lie transformation group acting on a neighbor-
hood U = §,,x° € U, and let @ be the set of all functions analytic in a
neighborhood of x°. A (local) multiplier representation T of G on @ with
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multiplier v consists of a mapping T(g) of @ onto @ defined for g € G and
fe @by

[T(g)f1(x) = w(x, &) f(xg).
Here v(x, g) is a scalar-valued function analytic in x and g such that (1)
v(x,e) =1 and (2) v(x, §,8,) = v(x, g, )v(xg,, &2)-

Property (2) is equivalent to (3) of expressions (9.30). The mappings (9.30)
define a multiplier rep and every multiplier rep can be so obtained. Indeed,
if T is a multiplier rep of G on U = §,, we can define an action of G as a
transformation group on a neighborhood of €,,, by (x, w) — (xg, w +
In[v(x, g)]), where x € U and w € @. The mapping T#, (9.30), induced by
this action is just T(g).

Let T be a multiplier rep of G, f € @, and a € L(G).

Definition. The generalized Lie derivative D, f of f under the one-parameter

group exp at is the analytic function

(9:31) D, f(x) = (d/dt)[T(exp 0:t) f1(X) |r-o-

For v = 1 the generalized Lie derivative becomes the ordinary Lie deriva-
tive L,.
Direct computation from (9.31) yields

9.32) D.f0) = £ 3 Px 3L + 35 a,Px)f (),
where the analytic functions P, (x) are defined by (9.2) and
j_znjl o, P(x) = (d/dt)v(x, exp at)},,.

Multiplier reps are a particular type of ordinary local reps, so Theorems 5.24—
5.27 have immediate analogies for multiplier reps and generalized Lie deriva-
tives. The elementary proofs of the following results are left to the reader.

Theorem 5.28. The generalized Lie derivatives of a local multiplier rep form
a Lie algebra under the operations of addition of derivatives and Lie bracket

[D,,Dgl = D,Dy — DyD,.
This algebra is a homomorphic image of L(G):
Daa+bﬂ:aDa +bDﬁ’ D[a,ﬂ]:[Das Dﬁ]

Definition. A Lie group G acts effectively in a local muitiplier rep T if L(G)
is isomorphic to the algebra of generalized Lie derivatives.

Theorem 5.29. A local multiplier rep is completely determined by its
generalized Lie derivatives.
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Theorem 5.30. [T(exp at)f1(x) = Y 7= (/DD f(X) = exp(tD,) f(X).
Theorem 5.31. Let
D, = ¥ P(0@IOx) + Po, =1, m,

be n linearly independent differential operators defined and analytic in an
open set U < €. If there exist constants ¢/, such that

[Dj’Dk]:IZZICGkDIa lgjakgn?

then the D, form a basis for a Lie algebra which is the algebra of generalized
Lie derivatives of an effective local multiplier rep T. The action of the group
G is obtained by integration of the equations

(9.33) %) = zl Px()a,,  (dldr) InwX°, exp ar) = 21 o,P(X(1)),

where x(0) = x°%, v(x%, ) = I, x(¢1) =x"expat, and | < i< m.

5.10 Examples of Transformation Groups

Consider the group SL(2) = SL(2,€) of all 2 x 2 complex matrices
(10.1) _ (a b)
AU 8= ¢ d

with det g = 1. As we showed in Section 5.4, the Lie algebra s/(2) of SL(2)
is the three-dimensional space of all 2 X 2 complex matrices a with tr & = 0:

o, o,
(10.2) @ = ( )
a; —o

The elements

Gos g - (° *1) /0 0) C 0)
) ‘9*(0 0/ éj*(—1 0/ S*(o —

define a basis for s/(2) with commutation relations

(104) [(939 St] - j:SLa [S+9 S_] = 2(93
An explicit computation shows that §*, §° generate one-parameter subgroups
(10.5)

oxp ag’ (e“ 0 ) o0 8- (1 ~b) . ( I 0)
X = ’ X - B e = .
pa 0 o2 P 0 1 pe e

In terms of canonical coordinates we can write every g € SL(2) uniquely
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in the form

g = exp(ad® + bgd" + c§7)
for g sufficiently close to the identity. However, we shall adopt another meth-
od of parametrizing SL(2). Note that

(10.6)
expit’ Xl + b'c’) —b'exp —i1
@ pgxerp g eprgr = (PN 1T P )
—c'exp it exp —47

Thus, if g € SL(2), (10.1), is sufficiently close to the identity we can write
it uniquely in the form
(10.7) g = (expb'g*)expc'd )exp r'y’,
where exp 47’ = d™ ', b’ = —b/d, and ¢’ = —cd.

Consider the differential operators
(10.8) J* = —2uz + z3(d/dz), J = —dldz, J'= —u + z(d/dz)
acting on a neighborhood of 0 € §. Here 2u is a complex number. These
operators satisfy the commutation relations
(10.9) [J3, 5] = +J7, [J*,J7]=2J%

Comparing these relations with (10.4), we see that the J-operators generate
a Lie algebra isomorphic to s/(2). Hence the J-operators are generalized
Lie derivatives corresponding to a local multiplier rep of SL(2) on €. We will
use Theorem 5.31 to compute this multiplier rep.

According to (9.33) the action of the one-parameter subgroup exp 743
on ¢ is obtained by integration of the equations

(10.10)
dz
Frid

The solution is

%1“ v(z% exptd’) = —u,  2(0) ==z° w(%e) =L

2(t) = z%", v(z°% exp 7d%) = e™*,

so if fis analytic in a neighborhood of z° € § then

(10.11) [T(exp td) f1(z°) = e *f(2%€").
To compute the action of exp bg* we must integrate the equations
(10.12)
dz _ 2 g0 expbgt) = —2uz,  2(0)=z°, w(z% e) = I.
db db

The solution is
z2(b) = z°(1 — bz°)71, Wz exp bg*) = (1 — bz0)*, |bz%| < 1.
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Thus,
(10.13) [T(exp d")f1(z>) = (1 — bz“)“f(lj—obzo>, |bz°| < 1.

A similar computation yields

(10.14) [T(exp ¢§ ) f1(z°) = f(z° — ).

Note. This action of SL(2) is purely local. Unless 2u is a nonnegative integer,
it is not possible to extend our local multiplier rep to a global rep of SL(2).
To give a precise meaning to Eqs. (10.11), (10.13), and (10.14) it would be
necessary to state explicitly the values of 7, b, ¢, and z° and the functions f
for which the equations are defined. However, these values are easily deter-
mined by inspection once the domain of fis given, so ordinarily we will not
bother to list them. Similar remarks hold for all computations in this book
involving local transformation groups.

We can now determine the local multiplier rep T(g) defined by the gener-
alized Lie derivatives (10.8). Expressing g by (10.7) we have

[T(g)f)(z) = [T(exp b'g")T(exp c'g ) T(exp ') f1(2)

= (exp —ut')(1 - b'z)Zuf(Z(eXp 7')(1 l+_c Z,); c’expt )

— (bz + d)“f(Zj ;}P-‘ 2)

Thus, if g € SL(2), (10.1), then zg = (az + ¢)/(bz + d), v(z, g) = (bz + d)*,
and

(10.15) [T(8)/1(2) = (bz - d)*f (ZZZ :[ 2)

for g in a sufficiently small neighborhood of e. The operators (10.8) are the
generalized Lie derivatives of (10.15). For example, by (10.5),

(10.16)

Jf(z) — d—‘ZT(exp bINVF()| = 2uzfz) 4 2 %f(z).

b0
Our general theory shows that the operators (10.15) define a local multiplier
rep of SL(2): T(g,)T(g,) = T(g,g,) for g,, g, in a sufficiently small neighbor-
hood of e, a fact which the reader can also verify directly.

There is one case in which this local rep can actually be extended to a
global group rep of SL(2). Suppose 2u is a nonnegative integer and let V%
be the (2u 4 1)-dimensional vector space consisting of all polynomials

2u
S(z) = X ezl
i-0
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Now UV® is invariant under the operators T(g) for all g = SL(2) since by
(10.15) each such operator maps a polynomial of order 2u into a polynomial
of order 2u. Furthermore, it is easy to check that on U® the group property
is valid for all g € SL(2). Indeed, if g, g’ € SL(2) then

(10.17)  T()T(g")f2) = (T(gg") f1(2)

= (B'a + b2z + (e + P (G

where

, (a b) a b aa’ + bc’', ab’ + bd
e = (1) )=( )

c di\e’ d ca’ +dc', b + dd
Thus, we have obtained a class of finite-dimensional reps D®, 2y = 0, 1, 2,
..., of the global group SL(2), i.e., reps in the sense of Section 5.8.

Let us show that the reps D are irred. By Theorem 5.23 it is enough to
show that the induced Lie algebra reps (which we also denote D*’) are irred.

Choose the natural basis h(z) = 2z/,j =0, 1,..., 2u, for V“. The action
of the generalized Lie derivatives on this basis is
(10.18)
d\_; ; _ dz’ .
J3hi=(—“+z;1—z)z’=(j—u)hj, Jh, = _d_zz:_fhi—v

Jth, = (—Zuz + z? %)zi =(j— 2u)hj+1.

This action defines the Lie algebra rep D™ of s/(2). We will use one of the
Schur lemmas to prove that D® is irred. (Note the remarks at the end of
Section 5.8). Let A be a linear operator on U* which commutes with J°,
J3. Then A must commute with all of the J-operators in the rep D*. Now
J3Ah; = AJ*h; = (j — u)Ah;,, so Ah; is a multiple of h;: Ah, = a;h,,

a, € €. (Each eigenvalue u — j of J* has multiplicity one.) Furthermore,
J*Ah; = (j— 22wa;hy. AJ*h, = (j— 2w, hy,

soo; = &;.,;,0=<Cj<C2u — I. Setting &, = & we obtain Ah, = ah; or A =
oE, where E is the identity operator. Therefore, D is irred. We will see later
that the {D™} constitute a complete set of nonequivalent irred reps of the
complex Lie group SL(2).

Now that we have constructed the reps D™ let us examine their relation-
ship to special function theory. The matrix elements D, (g) of T(g) with
respect to the basis {4} are defined by

(1019) (Ml = ¥ Du@hz).  g< SLO. 0=k <2u,
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or explicitly,

(10.20) (az + cY(bz | dy* — ,i:, D, (2)7".

Since T(g,g,) = T(g,)T(g,) the matrix elements satisfy the addition theorems
(1021)  Dy(g.8,) = 22;) D(g)Du(g). Lk=01,... 2u

Formula (10.20) is a genmerating function for the matrix elements. Using
the binomial theorem to expand the left-hand side of this expression we
find that the matrix elements are given by

(10.22)
a'd* <k k| I . be
Wzﬂ( I, —2u — ki k 1+1,a_d)
Qu>k>1>0,
2F,<—k,—2u+l;l~k+l;l;—fi>’

u>1>k >0,

where the ,F, are hypergeometric polynomials. (See the Symbol Index.)
Relations (10.21) yield addition theorems for the ,F, which are not easy to
prove directly. We shall show that this relation between group reps and spe-
cial functions occurs frequently: Many special functions appear as matrix
elements of Lie group reps and the group property leads to addition theorems
obeyed by the functions.

We return to the case where 2u is an arbitrary complex number, not a
nonnegative integer. Then (10.15) and (10.17) make sense only for group
elements in a small neighborhood of the identity and functions f analytic
in a neighborhood of z = 0. Since 2u is not a nonnegative integer, the multi-
plier v(z, g) = (bz + d)** is defined by its power series expansion in z about
z = 0. This series converges only if | bz/d| < 1. Furthermore if / is analytic
near zero then f(zg) is analytic near zero only if (az + ¢)/(bz + d) is in the
domain of fand | az/c| < 1 and | bz/d| < 1. Let @ be the space of all functions
f analytic in a neighborhood of zero. There is now no finite-dimensional
subspace of @ which is invariant under the operators T(g), (10.15). However,
@ itself is invariant since if f € @ we have T(g)f € @ for g is sufficiently close
to the identity. Since the elements of @ are just those functions with conver-
gent power series expansions about z = 0, the action of T(g) on @ can be
determined from a knowledge of T(g) on the basis functions h(z) = 2/,
1=0,1,2,.... We define the matrix elements B, (g) by

(10.23) [T(g)h,)2) = 2 Bu(hi(z), k=0,1,2,...,

D,(g)= akdz“"b""(2u — k)

Qu — DY — k)!
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or
(10.24) (az + f(bz + dy=* = ; Bu(g)7.

Since T is a multiplier rep we have

(10.25) Bi(g.8,) = j;) Blj(gl)Bjk(gz)a Lk=0,1, 2, cae

for g,, g, in a sufficiently small neighborhood of e. Thus, (10.24) is a generat-
ing function and (10.25) is an addition theorem for the special functions
B,.(g). Computing the coefficient of z’ in (10.24) we find

(10.26)
aleu—kck—lk!
Mk — D!
B, (g) = qa*d* 'V *TQu — k + 1)
TQu — 1+ DU — &)

JF(—1, ~2u + ki k — I+ 1; befad), k=>1>0,

JF(—k, —2u+ I;1 — k + 1; be/ad),

1 >k=>0,

where I'(z) is the gamma function (see the Symbol Index). Such local group
reps are of importance in special function theory, as we shall see.

There are exactly three local transformation groups on the line. The cor-
responding algebras of differential operators are as follows:

(10.27)
(1) L,=d/dz, one-dimensional,
(2) L,=dldz, L,=:zdldz, [L,,L,)=L,, two-dimensional
(3) L_=dldz, L,=:zdldz, L, =:z*dldz, three-dimensional
(Ly,L.)=+L., [L,,L]=2L,.

Any local group on the (real or complex) line can be transformed to one
of these three by an analytic change of variable. Note that the operators
(3) define the action of SL(2) as a transformation group on the line. Any
one-parameter group can always be expressed in the form (1) by a change
of variable. For a proof of this classification see Lie [1] or Campbell [1].

The classification of local multiplier reps on the line is more complicated.
Here it is necessary to classify the Lie algebras of generalized Lie derivatives
in one complex variable, e.g., (10.8). There are an infinite number of such
algebras. They are listed in the work of Miller [1].

Lie [1] has classified ali local transformation groups in the plane. Again
there are an infinite number of such groups. Some results on multiplier reps in
the plane are given by Miller [1].
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Problems

5.1 Let B be an n X n matrix with distinct eigenvalues A, ..., 4,. Show that Ad B
acting on the space of all # x n complex matrices has the n? eigenvalues 1; — 4;, 1 <C/,
Jj=<n.

5.2 Verify directly that the matrix commutator satisfies the Jacobi identity.

5.3 Verify that the set of all real matrices

1 a b
( 0 ¢ d ), c>0,

0 0 1
forms a Lie group, and compute the associated Lie algebra. In particular, determine the
commutation relations.
5.4 Show that the following spaces of m X m matrices form Lie algebras: (a) all upper
triangular matrices; (b) all upper triangular matrices with trace zero; (c) all upper triangular
matrices with diagonal elements zero. Determine the corresponding Lie groups.
5.5 Compute all real Lie algebras of dimensions one and two (identifying isomorphic
algebras). For each algebra compute the associated local linear Lie group.
5.6 Repeat Problem 5.5 for all complex Lie algebras of dimension three (see Jacobson
[1, Chapter 1]).
5.7 Show that the element

(”0) 0, a+1
0 g ) @0 aFd,

of GL(2, R) cannot be expressed as exp @ for any @ € g/(2, R). Thus the exponential
mapping may not cover a Lie group.

58 Let #: G — G’ be an analytic homomorphism of local Lie groups. Show that, in
terms of canonical coordinates in G and G’, u is a linear mapping.

5.9 Let G be alinear Lie group with Lie algebra §. Let G’ be the subspace of § spanned
by all elements of the form [@, ®], @, B € G. Show that §" is a Lie algebra, the derived
algebra of G, and that §’ = L(G,), where G, is the commutator subgroup of G.

5.10 Verify that L, = zd, + yd;, L» = xd, + zdx, and L3 = yd, — xd,, x, y, z real,
generate the algebra of Lie derivatives of a local Lie transformation group G. Compute the
action of G on Rj.

5.11 Forj =1, 2 let T; be an analytic rep of the Lie group G on the vector space V; with
associated Lie algebra rep p;. Show that the Lie algebra rep corresponding to T1 & T2
takes the form pi(a) Q E; + E; @ p2(a) on Vi @ V; where E; is the identity operator
on V;and a € L(G).

5.12 Let G be a local transformation group acting on a neighborhood of x% € F,,. A
function fanalytic near X9 is an invariant of G if f(xg) = f(x) for each x sufficiently close to
x% and g € G. Prove: A function f'is an invariant of G if and only if Lf{(x) = 0 for all Lie
derivatives L of G.

5.13 Compute the invariants of E*(2), (9.10), and of the group in Problem 5.10.



Chapter 6

Compact Lie Groups

6.1 Invariant Measures on Lie Groups

Let G be a real n-dimensional global Lie group of m x m matrices. A
function f(B) on G is continuous at B ¢ G if it is a continuous function of
the parameters (g,, ..., g,) in a local coordinate system for G at B. Clearly
if f'is continuous with respect to one local coordinate system at B it is continu-
ous with respect to all coordinate systems. If fis continuous at every B € G
then it is a continuous function on G. We shall show how to define an infinitesi-
mal volume element dA in G with respect to which the associated integral
over the group is left-invariant, i.e.,

(1.1 | rBa)d = | fya4, Beg,
G G
where f is any continuous function on G such that either of the integrals
converges. In terms of local coordinates g = (g,, ..., g,) at 4,
(1.2) d4 = w(g)dg, -- - dg, = w(g) dg,

where the continuous function w is called a weight function. If k =
(k,,...,k,) is another set of local coordinates at A then,

dA=wk)dk, --- dk,,  wk)= w(gk)|det(dg,/dk,)I,

where the determinant is the Jacobian of the coordinate transformation.
(For a precise definition of integrals on manifolds see Spivak [1].)
Two examples of such left-invariant measures are well known. We can

206
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identify R with the group of 2 x 2 matrices

1 x
(1.3) Ax:< ) x € R.

0 1
The continuous functions on this group are just the continuous functions
f(x) on the real line. Here, dx is a left-invariant measure. Indeed by a simple
change of variable we have

Ji:f(erx)d"‘:flf(x)dx, y€ R

where f is any continuous function on R such that the integrals converge.
Since R is abelian, dx is also right-invariant.

Consider the group U(l) = {e®}. The continuous functions on U(l)
can be written f(f), where fis continuous for 0 < 8 <C 2z and periodic with
period 2z. The measure df is left-invariant (right-invariant) since

f; fp + 6)do = jz 1(6) db.

We now show how to construct a left-invariant measure for the n-dimen-
sional real linear Lie group G. Let {€,, 1 <C j <Un} be a basis for L(G). We can
introduce an inner product on L(G) with respect to which this basis is ON.

Associate the n-tuple & = (¢, . .., a,) with 3] &€, € L{G). Now n linearly
independent vectors a''’, ..., " in L(G) generate a parallelepiped in L(G)
with volume

(1.4) V = |det(a{”)| > 0.

Expression (1.4) defines volume in the tangent space of the identity element.

Let A(r) be an analytic curve in G such that A(0) — A. We call A(0) = Q@
the tangent matrix to A(f) at A. The set of all matrices Q as A(?) runs over
all analytic curves through A4 forms a vector space T, called the tangent space
at A. If A(¢) is an analytic curve through A then A~ ! A(¢) is an analytic curve
through E,,. Thus (d/dt)[A~ ' A(#)]],., = @ € L(G), or A '@ = @. Conversely,
if @ € L(G) then A(t) = Aexpt@ is an analytic curve through A4 with

tangent matrix @ = AQ at A. Thus every tangent matrix @ at A4 can be written
uniquely as

(1.5) @=Aq, @ c LG).
Letg =(g,,...,g,) belocal coordinates at 4. Without loss of generality
we can assume A(e) = A. The matrix functions A(Q,...,0, 8i»--+>0

are analytic curves through A4, so dA4/dg,(e) = é] e T,. We will define the
volume V', of the parallelepiped in T, generated by the n tangent vectors

éj. We do this by mapping T, back to T = L(G). According to (1.5) there
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exist matrices @, € L{G) such that
A}, =, j=1,...,n

Writing @, = 3 a{’C,, we define the volume of the parallelepiped in T,
as the volume of its image in L(G):

V.{(8) = |det(a”)| > 0.
By construction, our volume element is left-invariant. Indeed if B € G then
(BA)"(3/9g)[BA®))ly-. = A'B7'B&, = 4G, — @,
so V,, = V,. We define the measure d,4 on G by
(1.6) dA= V(g dg, - dg,.

Expression (1.6) is actually independent of local coordinates. If k =
(k,,...,k,)is another local coordinate system at 4 then

-1 0_/4 ___ -1@ (& _ % )
A 0;(1_;/1 ajak14 8 aklas es’
$0
_ 98; ‘_’ dg, )
V (k) — ‘det(zj: 7 a;) - det(a—k) | det(@) .
Thus,
(L.7) Vk)dk, --- dk, =V (g)|det(dg,;/dk,)|dk, - - dk,

=V g dg ---dg,.
We have shown that the integral

[ rvaa=] fe.....8)V .0 de

is well-defined provided it converges. Furthermore,
18 [ fBAYGA = [ [(BARYV.(2)dg = [ SBARV2e)de
= [ v dg = | fada,

where the third equality follows from the fact that B4 runs over G if A does.
By an analogous procedure one can also define a right-invariant measure

in G. Indeed the tangent matrices at 4 can be written uniquely as Q = R4,
® < L(G). Writing

(04/dg)A = ®, = T e,
we define

(1.9) W (g) = |det(f1, d.A = W,g)dg - dg,.
The reader can verify that d, 4 is a right-invariant measure on G.
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Since A(A7'0A/dg)A™' = (0A/dg)A™", we have
(1.10) W () = |det 4|V (2),

where A is the automorphism @ — AGA~! of L(G). Thus, if det 4 = 1
forall A € G then d,A = d.A and there exists a two-sided invariant measure
on G. In the next section we find sufficient conditions for the existence of a
two-sided invariant measure.

[t can be shown that a much larger class of groups (the locally compact
topological groups) possesses left-invariant (right-invariant) measures. Fur-
thermore, the left-invariant (right-invariant) measure of a group is unique
up to a constant factor. That is, if d4 and 84 are left-invariant measures on
G then there exists a constant ¢ > 0 such that d4 = ¢ 64 (Naimark [l],
Pontrjagin [1}).

To illustrate our construction, consider the matrix group (1.3). The
matrix A, — E, is a basis for the one-dimensional Lie algebra. Let A, € R.

Then
1 — 0 1 0 1
A;ldAx:( x)( ):( )_AI*—EZ
dx 0 1/\0 0 0 0

and V (x) = 1. Thus, d,4 = dx. Similarly d,4 = dx.

Now consider GL(m, R). We can choose as parameters for 4 the m?
matrix elements A4,,. The matrix d4/d4,; has a one in the ith row and jth
column, and zeros every place else. A straightforward computation shows
that the m? x m? matrix (&) looks like

A*l

z
A*l
(i) =

z e

if we suitably rearrange rows and columns. (This rearrangement does not
affect the value of | det(et{”)|.) Thus,

V,=|det(a{*))| = |det A| ™™
and

(1.11) dA = |det 4| [] da,,
fk—=1

It is obvious from the symmetrical form of (1.11) that 4,4 = d,4.
As a final example consider the real group

G_la_(¢°® beR
- *(0 1)’ 40c
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Clearly, G acts as a transformation group on the real line: x — e*x + b.

The matrices
1 0 01
e (o o) =[5 o
00 00

form a basis for L(G). Now

A_xy:(e‘“ —e“"b)(e" 0)2(1 0):@
da 0 1 0 0 00 "

_. A e ® —e b\ (0 l) 0 e"’) _
AV = = = ¢™oC, .
3b (o 1 )(0 0 (o 0) "¢

(1.12) V (a, b) =

Thus,

i 0
det( )' =e°, d,A = e *dadb.
0 e

On the other hand

(?A_,_l_b__ 0A_,_01_
24 —(0 0 =C, — bC,, EA =lo o =G,

SO

(1.13) W (a, b) =

1 —b
det( ) =1, d,A = da db.
0 1

The right and left-invariant measures of G are distinct.

6.2 Compact Linear Lie Groups

In Section 5.1 we defined the norm || A || of an m x m matrix 4 and saw
that every Cauchy sequence in the norm {4} converges to a unique matrix
A. Furthermore, 4,, =lim; ... A}, where 4 =(A4,;). Indeed {4} is a Cauchy
sequence of matrices if and only if each of the sequences of matrix elements
{AP), 1 < i, k < m, is Cauchy.

The following result is easy to prove from these remarks.

Lemma 6.1. Let {4} and {B“’} be Cauchy sequences of m X m matrices
with limits 4 and B. Then {4/ B} is a Cauchy sequence with lim,_,, A’B%
= AB. Furthermore, if 4 is nonsingular for all j and 4 is nonsingular then
{AP-1} is a Cauchy sequence with limit 471,

In particular, multiplication and inversion in a linear Lie group are contin-
uous with respect to the norm.
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A set of m x m matrices U is bounded if there exists a constant M > 0
such that || 4|| << M for all A  U. Thus, U is bounded if and only if there
exists a constant K > Osuch that |4, | << Kforl <i,k <<mandall4 € U.
(Proveit.) The set U is closed provided every Cauchy sequence in U converges
to an element of U.

A subset S of the real line is compact if each countable sequence {a,},
a; € S, contains a subsequence converging to a point in S. Here, S is compact
if and only if it is a closed, bounded subset of R (Rudin [1]).

Definition. A (global) group of m x m matrices is compact if it is a bounded,
closed subset of the set L, of all m X m matrices.

A group G is closed provided every Cauchy sequence {4’} in G converges
to an element of G.

The classical groups O(m, R), SO(m, R), U(m), SU(m), and USp(m) are
compact. We verify this fact only for O(m, R) since the other proofs are
similar.

If A € O(m, R) then A'A = E_, or

;1 AilAik - 511:-

Setting / = k, we obtain Y, (4,,)> = 1, so |4,,| < 1 for all i, k. Thus, the
matrix elements of 4 are bounded. Let {4’} be a Cauchy sequence in
O(m, R) with limit A. Then
E, = lim (AP} 4D = A4,
Joeo
So A & O(m, R) and O(m, R) is compact.

Suppose G is a real, compact, linear Lie group of dimension ». It follows
from the Heine-Borel Theorem (Rudin [1]) that the group manifold of G can
be covered by a finite number of bounded coordinate patches. Thus, for any
continuous function f(4) on G, the integral

@.1) [ rvda= | sy dg

will converge (since the domain of integration is bounded.) In particular the
integral

(2.2) V, = f _lda,

called the volume of G, converges. If G is not compact the integrals (2.1) and
(2.2) may not converge. Indeed, if G = R, the real line, then (2.2) diverges.

The above remarks also hold for the right-invariant measure d,4. More-
over, we can show d;4 = d,A for compact groups.

Theorem 6.1. If G is a compact linear Lie group then d,4 = d, 4.
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Proof. By (1.10), d,A = |det A|d,A, where 4 is the inner automorphism
@ — A@A™! of L(G). We can think of 4 as an m?* X m? matrix rep of G.
Since G is compact the matrices 4, A~! ¢ G are uniformly bounded.
Thus the matrices 4 are bounded and there exists a constant M > 0 such
that |det 4| << M for all A € G. Now fix 4 and suppose [det 4| =5 > 1.
Then

[det 47| =|det A} =5/, j=1,2,....

Choosing j sufficiently large we get s/ > M, which is impossible. Thus s <Z 1.
If s < I then

|det At =|detA| ' =51 > 1
which is impossible. Therefore s = 1 forall4 € Gand d,4A = d,A. Q.E.D.

For G compact we write d4 = d,A = d, A, where the measure dA4 is both
left- and right-invariant.

Using the invariant measure for compact groups, we can mimic the proofs
of most of the results for finite groups obtained in Sections 3.1-3.3. In
particular, we will show that any finite-dimensional rep of a compact group
can be decomposed into a direct sum of irred reps and we will obtain orthogo-
nality relations for the matrix elements and characters of irred reps.

For finite groups K these results were proved using the average of a func-
tion over K. If fis a function on K then the average of f over K is

@.3) av(/ (k) = [1/n(K)] 3 f(k).

If h € Kthen

(2.4) Qv(f(hk)) = Qu(f(kh)) = QY(f(k)).
Furthermore,

(2.5) @¥(a,f(k) + a,fy(k)) = a,@¥(f (k) + a,0¥(f3(k)), av(l)= L.
Properties (2.4) and (2.5) are sufficient to prove most of the fundamental

results on the reps of finite groups. Now let G be a compact linear Lie group
and let f be a continuous function on G. We define

2.6) Qv(f(4) = (Vo) [ f(a)da = [ f(4)oa

where dA is the invariant measure on G, V,; = IG 1 dA is the volume of G,
and 64 = V5! dA is the normalized invariant measure. Then
Qv(f(BA) = [ f(BA)SA = [_f(4)54=av(f(4),

Q.7
Qv(f(AB)) = Qv(f(4)), Gv(l) = jG SA—1, Beg,
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since 04 is both left- and right-invariant. Thus, Q¥(f(A4)) also satisfies prop-
erties (2.4) and (2.5).

We now study the continuous reps of G, i.e., reps T such that the operators
T(A) are continuous functions of the group parameters of 4 € G.

Theorem 6.2. Let T be a continuous rep of the compact linear Lie group G
on the finite-dimensional inner product space V. Then T is equivalent to a
unitary rep on V.

Proof. Let {-,~> be the inner product on V. We define an inner product
(-, =) on V with respect to which T is unitary. Foru, v € V define

(2.8) (u, v) = j CT(Au, T(AWY 54 = QY[<CT(A)u, T(AW).

(The integral converges since the integrand is continuous and the domain
of integration is finite.) It is straightforward to check that (-, -) is an inner
product. In particular the positive-definite property follows from the fact
that the weight function is strictly positive. Now

(T(B)u, T(B)V) = Q¥[{T(AB)u, T(AB)V)]
= QY[{T(Au, T(A)v)] = (u,v),

so T is unitary with respect to (-, —). The remainder of the proof is identical
with that of Theorem 3.1. Q.E.D.

The theorem shows that we can restrict ourselves to the study of unitary
reps T with no loss of generality.

Theorem 6.3. If T is a unitary rep of G on ¥ and W is an invariant subspace
of V then W is also an invariant subspace under T.

Theorem 6.4. Every finite-dimensional, continuous, unitary rep of a compact
linear Lie group can be decomposed into a direct sum of irred unitary reps.

The proofs of these theorems are identical with the corresponding proofs
for finite groups.

Let {T“’} be a complete set of nonequivalent unitary irred reps of G,
labeled by the parameter u. (Here we consider only reps of G on complex
vector spaces.) Initially we have no way of telling how many distinct values
M can take. (It will turn out that u takes on a countably infinite number of
values, so that we can choose g = 1,2,....) We introduce an ON basis
in each rep space V'* to obtain a unitary n, X n, matrix rep T of G.

Now we mimic the construction of the orthogonality relations for finite
groups. Given the matrix reps 7%, T, choose an arbitrary », X n, matrix
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C and form the n, X n, matrix
2.9) D = QY[T“(ACT"“ (A )] = J' TW(ACT (A ') 6A.
G
Just as in the corresponding construction for finite groups, one can easily
verify that
(2.10) T“(B)D = DT"™(B)

for all B = G. Recall that the Schur lemmas are valid for finite-dimensional
reps of all groups, not just finite groups. Thus if g = v, i.e., T* not equiva-
lentto 7%, then D = Z. If 4 = vthen D = AE, forsome i € C.

D(C, u,v) = Au,C)Id,.E,,.

Letting C run over all n, X n, matrices, we obtain the independent identities
.11 | TR 64 = A, 1,406, 8.,,
G

for the matrix elements T#(A4). To evaluate A weset v = g and s = i and
sum on 7:

21 A=nA= L 5_‘,1 TW(A-)TW(A) 54 — 6,

Therefore A = d,,/n,. Since the matrices T“(A) are unitary, (2.11) becomes
(2.12)

J' Tl(lu)(A)Ti‘;t)(A) 5A - (5“/"“) 511{ 5av’ 1 g i’ l g nus 1 g S, k _<_ n,.
G

These are the orthogonality relations for matrix elements of irred reps of G.

In the case of finite groups K we were able to relate the orthogonality
relations to an inner product on the group ring R,. We can consider R, as
the space of all functions f(k) on K. Then

s f> = [N B S00FR)

defines an inner product on R, with respect to which the functions {n} 2T $# (k)}
form an ON basis. We extend this idea to compact linear Lie groups G as
follows: Let L,(G) be the space of all functions on G which are (Lebesgue)
square-integrable:

@13 Ly(©) = {74 [ 17()P 64 < oo}
With respect to the inner product
@14) St = [ SN 84,

L,(G) is a Hilbert space (see the Appendix). Note that every continuous func-
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tion on G belongs to L,(G). Let
(2.15) 9i(A) = n,2TiP(A).

It follows from (2.12) and (2.14) that {p{+'}, where 1 < i,j <n, and u ranges
over all equivalence classes of irred reps, forms an ON set in L,(G).

For finite groups we know that the set {¢{#'} is an ON basis for the group
ring and every function f on the group can be written as a unique linear com-
bination of these basis functions. Similarly one can show that for G compact
the set {p{'} is an ON basis for L,(G). Thus, every f € L,(G) can be expanded
uniquely in the (generalized) Fourier series

(2.16) f(A) ~ 2] kzl choi(A),
where
(2.17) cte =1, ol ).

Furthermore, we have the Parseval equality

Sfr= 3 B len

[We use ~ rather than = in (2.16) to denote that fand 3 c£¢{ are the same
Hilbert space vector. We do nor claim that the two sides of the equality are
necessarily pointwise equal.]

We illustrate this result, the celebrated Peter-Weyl theorem, for an impor-
tant example, the circle group U(l).

Lemma 6.2. Let G be an abelian group (not necessarily a Lie group) and let
T be a finite-dimensional irred rep of G on a complex vector space V. Then
T is one-dimensional.

Proaf. Suppose T is irred on V¥ and dim ¥ > 1. There mustexista g € G
such that T(g) is not a multiple of the identity operator on V, for otherwise
V would be reducible. Let A be a eigenvalue of T(g) and let C, be the eigen-
space
C,={ve V:T(gv=Av}.
Clearly C, is a proper subspace of V. If # € G and w € C, then
T(g)(T(h)w) = T(AXT(g)w) = A(T(h)w)

since G is abelian, so C, is invariant under the operator T(#). Therefore, T
is reducible. Impossible! Q.E.D.

Although all complex irred reps of an abelian group are one-dimensional,
the lemma is false for real reps (see Problem 6.8).
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The circle group U(l) = {e®} is compact and abelian. Hence its irred
matrix reps are continuous functions y(#) such that

(2.18) x@, +8,) = x0)x0,), 6,0, ¢cR,

and (6 + 2n) = x(#). The functional equation (2.18) has only the solutions
x(@) = e*® and the periodicity of y implies @ = im, where m is an integer.
Therefore, there are an infinite number of irreducible unitary representations
of U(1):

Xa0) =€  m=0,+1,42,....

The invariant measure on U{1) is df. The space L,(U(1)) is just the space
L,[0, 2x] consisting of all functions f(f) with period 2z such that j:" | £CO)* dB

< oo, By the Peter-Weyl theorem the functions {¢"*} form an ON basis for
L,[0, 2x). Every f € L,[0, 2rn] can be expressed uniquely in the form

@19)  fO ~ 5 e e =01 [ SO db.

Furthermore,

(2.20) 12w [T 17O = % e, P,

Here (2.19) is the well-known Fourier series expansion of a periodic function
and (2.20) is Parseval’s equality. It is clear from this example that the Peter-
Weyl theorem is a group-theoretic generalization of classical Fourier series
analysis. Furthermore, we see that the classical theory has a group-theoretic
structure.

Theorem 6.5 (Peter-Weyl). If G is a compact linear Lie group, the set {p{*'}
is an ON basis for L,(G).

The proof of this theorem depends heavily on facts about symmetric
completely continuous operators in Hilbert space and will not be given here.
For the details see Chevalley [1] or Naimark [1].

Corollary 6.1. A compact linear Lie group G has a countably infinite (not
finite) number of equivalence classes of irred reps {T'¥}. Thus, we can label
the reps sothat g =1,2,....

Proof. The functions {p'4'} form an ON basis for L,(G). Since L,(G) is a
separable, infinite-dimensional Hilbert space there are a countably infinite
number of basis vectors (Helwig [1]). Q.E.D.

Corollary 6.2. Let G, H be compact linear Lie groups with equivalence
classes of irred reps {T*}, (U™}, respectively, Then {T* ) U’} is the com-
plete set of equivalence classes of irred reps for the compact group G x H.
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The proof, which is left to the reader, consists in showing that the func-
tions (n,n,) 2T¥W(A)UP(B) form an ON basis for L,(G x H).

The Peter-Weyl theorem refers to continuous reps of the real compact
Lie group G, while the Lie-theoretic methods of Chapter 5 apply only to
analytic reps. The possibility arises that there may be continuous reps of G
which are not analytic. For such reps, Lie-algebraic methods make no sense.
Fortunately, the following result eliminates this possibility.

Theorem 6.6. Let T be a finite-dimensional continuous rep of the real com-
pact linear Lie group G on the inner product space V. Then T is analytic
(with respect to suitable coordinates for G) (see Naimark [2]).

6.3 Group Characters and Representations

The theory of characters for compact Lie groups is almost identical with
the character theory for finite groups presented in Section 3.4. The principal
difference is that the sum over a finite group is replaced by an integral.

Let T be a rep of the compact linear Lie group G on the m-dimensional
vector space V. With respect to a fixed basis in ¥ the operators T(4) define
a matrix rep 7(A4). The character of T is the function

x(A) = tr T(A).

Since tr(ST(A)S ~') = tr T(A) the character is independent of basis in ¥ and
equivalent reps have the same character. The character of an irred rep is
simple, while the character of a reducible rep is compound. If T is unitary
then its corresponding character satisfies the relation y(4) = y(4 '). How-
ever, every rep is equivalent to a unitary rep, so the preceding identity is satis-
fied by all characters. Every character is a continuous function on G.

Let {T“} be a complete set of nonequivalent unitary irred reps of G and
let { ¥} be the corresponding simple characters. The orthogonality relations
(2.12) for matrix elements imply the following orthogonality relations for
characters:

Gy (W, x™) :f YOATTAD A =6,  pv=12.. ..
G

The proof is identical with that for finite groups.
Let T be a finite-dimensional unitary rep of G with character y. By
Theorem 6.4 we can decompose T into a direct sum of irred reps,

(3.2) T=73 ®a,T%.

Here the integer a, denotes the multiplicity of T in T. Only a finite number
of the {a,} are nonzero. We shall show that the multiplicities a, are uniquely
determined by T, ie., they are independent of the method by which T is
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decomposed into irred reps, From (3.2), the character of T can be expressed
in the form

(3.3) X = i a, .
u=1

According to the orthogonality relations
(3.4) (1 x™) = 3 a,(x™, 1) = a,,  v=1,2 ..
u=1

Since (3.4) is independent of basis, the multiplicities @, must be uniquely
determined.

Theorem 6.7. Let T be a rep of G with character y. The multiplicity a,, of
T in T is given by (x, y*} = a,. Two reps with the same character are
equivalent.

Corollary 6.3. The rep T is irred if and only if (x, x) = 1.

Example. The simple characters of the circle group U(l) are just y(§) =
e n=20,+1,....(Hereitis more convenient to let the index of the irred
reps run over all integers rather than over the nonnegative integers.) The
orthogonality relations are

(x™, x™) = (1)27) r" eltromo g — §
0

In Section 3.7 we used the method of projection operators to explicitly
decompose a rep into a direct sum of irred reps. These methods carry over to
compact Lie groups virtuaily unchanged. Thus we present the results without
detailed proof.

Let T be a unitary rep of the compact linear Lie group G on the inner
product space V. Corresponding to the decomposition

T % @ar
u=1
of T there is a decomposition
(3.5) V=S @ve, ve=3@ve,
u=1 i=1

where T | V{# is equivalent to T, These spaces V' {# are not uniquely deter-
mined. Define the linear operators P, on V by

(3.6) P, — nﬂf YPATA) 4, u=1,2,....
G

To make sense of (3.6) choose a basis {v,} for V" with respect to which 7(4)
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is the matrix of T(A4). Then P, is the operator on ¥ whose matrix is
P, = n,,j YP(AT(A) S A.
G

It follows from (3.6) that T(B)P, = P, T(B) for all B € G. Furthermore,
P,2=P,and P,* = P,. Thus, P, is a self-adjoint projection operator on V.

Let {T*'} be a complete set of nonequivalent irred unitary matrix reps of
G and choose a basis {v{?'} in each subspace ¥ {* such that

G.7) TN = > TelAvy,  1<j<n,.
k=1

Then, just as in (7.12). Section 3.7, one can prove
(3.8) Py =4,vY, wv=12 ... 1<i<a, l<j<n,.
Thus P, projects onto the invariant subspace ¥ ‘. Since the definition of

P, is basis-independent, ¥ is uniquely determined. To find the V{* we
define operators

(3.9) P = n, f TEATA) 64, 1 <Lk<n,,
G

which are easily shown to have the properties

(3.10) Py =, 0, VY,
(B.11)  P¥PI¥ =5, .5, P¥,  (PR* =P¥, P, — kzl PX¥,

Thus P* is the self-adjoint projection operator on the a,-dimensional space
W ¥ spanned by the ON basis vectors {v{f’: 1 < i< a,]. The remaining
details for the construction of the spaces V{* are identical with those for
finite groups.

We now extend the concept of group rep from finite-dimensional inner
product spaces to Hilbert spaces. Let 3C be a Hilbert space and G a (global)
linear Lie group of m X m matrices.

Definition. A (bounded) representation T of G on 3C is a correspondence
which assigns to each A € G a bounded linear operator T(A4) on 3C such that

(3.12) T(AT(B) = T(AB), T(E,) = E,
where 4, B € G and E is the identity operator on 3.

Note that T(A) is invertible and T(4)"' = T(4~'). The rep T is irreducible
if 3C contains no proper closed subspace (closed in the norm) which is invari-
ant under T. Otherwise T is reducible. Every finite-dimensional subspace of
a Hilbert space is closed. (Prove it.) Thus for finite-dimensional reps the above
definition of irreducibility coincides with that given in Chapter 3.
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Suppose ‘W is an invariant subspace of JC. Since T(4) is bounded, the
closure W is invariant under T(A) for all A € G. (Prove it.) Thus W is also
an invariant subspace of 3C. Since we can always close an invariant subspace,
we restrict ourselves to closed invariant subspaces in the definition of irreduci-
bility.

A rep T is unitary if each operator T(4) is unitary for all 4, and contin-
uous if {T(A)v, w) is a continuous function of 4 for each v, w € 3C. Here
{-,~) is the inner product on JC. Unless otherwise stated, we consider only
continuous reps.

For G compact we can carry over many of our results for finite-dimen-
sional unitary reps to Hilbert space reps. Let T be a unitary rep of G on the
separable Hilbert space JC. We define operators P, P/¥ on JC by

(3.13) P, = n,,f FOAT(A) 5(4), Pk =n, f T(A)T(A) S A.

To make sense of these expressions choose an ON basis {v;} for 3¢ and let
T(A4) be the (possibly infinite) matrix corresponding to T(4):

(3.14) T(Ay, = 3 T,(Ay,, i=12....
=1

Since T is continuous the matrix elements 77,(4) are continuous functions
on G. By P, we mean the linear operator on JC whose matrix with respect
to {v,}is

P, =n, j F9(A)T(A) 6A.

There is a similar definition for P%*. It can be shown that the properties (3.11)
which were valid for 3C finite-dimensional are true in general. In fact we have
the following result.

Theorem 6.8. A unitary rep T of a compact Lie group G on 3 can be decom-
posed into a direct sum of unitary irred reps T : T = Y5, ® a, T*. Indeed
there exist mutually orthogonal subspaces U,”, m =1, ..., a,, of 3 such
that 3¢ = Y, , @ U, and T|{V,” = T™®. The V," are not unique but the
multiplicity a, = 0, 1, 2, . . ., oo is unique, as is the space 3¢, = >, ® V"
If dim 3C, = #,, is finite then a, = &,/n,.

The proof of this theorem makes use of the Peter-Weyl theorem (Nai-
mark [2] or Talman [1]). The proof is constructive in the sense that one can
use the method discussed following Eq. (7.18), Section 3.7, to explicitly
decompose 3C. The only difference is that the multiplicity a, may be coun-
tably infinite.
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Problems

6.1 Compute the invariant measure on U(2).
6.2 Compute the left- and right-invariant measures on SL{n, R).

JGf(B) dB. [Hint: Show that V- (g) == |det(— A4)| V.4g), where A is the automorphism
@ — A@A~1 of L(G), and use the proof of Theorem 6.1.]

6.4 Prove that the identity rep is contained in the tensor product T; & T of two irred
reps of a compact Lie group G if and only if Ty = T,.
6.5 Prove Corollary 6.3.

6.6 Let G be a compact Lie group with simple characters {y(#)(4)}. Show that the
{x‘#¥(A4)}, suitably renormalized, form an ON basis for the subspace of L,(G) consisting of
all functions constant on conjugacy classes.

6.7  Prove relations (3.11) directly from the definition (3.9) of the P'*. Do not use the
auxiliary relations (3.10).

6.3 Prove: If G is a compact linear Lie group then d(4-1) = dA, i.e., fc f(A=1)dA =

6.8 Construct a real irred two-dimensional rep of the circle group U(1).

6.9 Show how to decompose any real finite-dimensional rep of U(1) as a direct sum of
real irred reps.



Chapter 7

The Rotation Group and Its Representations

7.1 The Groups SO(3) and SU(2)

The rotation group SO(3) is of fundamental importance in modern
physical theories. Many physical systems admit SO(3) as a symmetry group,
a fact which is related to the conservation of angular momentum for such
systems. Moreover, the theory of spin and isotopic spin of particles is inti-
mately related to the rep theory of SO(3) and its locally isomorphic compan-
ion SU(2). The theory of hypergeometric functions is associated with the
study of the Lie algebra of SO(3). Finally, a knowledge of the rep theory of
the rotation group and its Lie algebra is indispensible for an understanding
of the more complicated rep theory of the classical groups.

Recall that SO(3) = SO(3, R) is the group of all 3 x 3 real matrices
such that 4'4 = E; and det 4 = +1 (see Section 2.1). This is the natural
realization of SO(3) as a transformation group on R;. We have shown that
SO(3) is a three-parameter Lie group whose Lie algebra so(3) consists of all
3 X 3 real matrices @ such that @ = —@. As a convenient basis for so(3)
we choose three tangent matrices to the one-parameter groups of rotations
about the x, y, and z axes, respectively. The rotations about the z axis are

‘cosp —sing 0
(1.1 singp cosgp O]
0 0 1

222
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This is a one-parameter subgroup of SO(3) with tangent matrix

0 —1 0
(1.2) g,=[1 0 0
0O 0 O
at the identity. Similarly
00 O 0 0 1
(1.3) g, =00 -1 £,=[0 00
0 1 0 —1 0 0

are tangent matrices to one-parameter subgroups of rotations about the x
and y axes, respectively. We have

1 0 0 cospg O sing
(14) exppL, =0 cosp —singl> expol,= 0 1 0
0 sinp cosg —sing 0 cosg

Since these three tangent matrices are linearly independent, they form a
basis for so(3). As the reader can easily verify, the commutation relations
of the basis vectors are

(1.5) (£, L£,]=4L,, {£,,£]=4&,, [£,,L£,]=4L,.

In Section 5.4 we showed that SU(2) was also a three-parameter real Lie
group. As the reader can easily verify, every 4 € SU(2) can be written in the

form
a« B

(1.6) A—(_ﬁ_ &)

where |a | +|fPP = 1. If A, 4,, 4, € SU(2) then

A — At — (&_ _ﬁ), A A, = ( & — ﬁl_ﬁ_i’ “1_,82 + ﬁl—&i )
B« —Bo, — &, —B.B, + &4,
The Lie algebra su(2) = L(SU(2)) consists of all 2 x 2 complex skew-
Hermitian matrices @ of trace zero:

(L.7) a:( Has _x2+ix'), x, € R
' X, +ix,, —ix, / '

As a basis for su(2) we choose the elements
is g i/2) g ( 0 —1/2) g (i/2 0 )
‘ ‘_(i/z 0/ 2=\ o o —ip2

A direct computation shows that these matrices satisfy the commutation
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relations (1.5). Thus so(3) and su(2) are isomorphic Lie algebras, so SO(3)
and SU(2) are locally isomorphic Lie groups. However, this isomorphism is
not global.

To exhibit explicitly the relation between SO(3) and SU(2), consider the
adjoint rep of SU(2) on its Lie algebra:

(19) @—>®=ACA' € su(2), @ < su2), Ae SUQ).

(See Section 5.6.)

Now det ® = det (4@A47') = det @. Therefore, writing
(1.10) (B:( Vs _y2+iy‘)
Yy iy, —iy,

we find
(.11 p24-p,2 + y,2 =det® = det @ = x,* + x,2 + x,%

According to (1.9) the y; are linear combinations of the x,:
3
(1.12) y, = k; R(A)ux,, j=12,3.

Since (1.9) defines a rep of SU(2) the 3 x 3 matrices R(A) satisfy R(AB) =
R(A)R(B) for all A, B € SU(2). Moreover, from (1.11) and (1.12), R(A)*R(A)
= E;,i.e., R(A) € O(3). The rep A — R(A) is continuous and SU(2) is con-
nected. Thus det R(A) is a continuous function of A4, and since R(E,) = E,,
we conclude that det R(4) = +1 for all 4 € SU(2). We have shown that
R(A) € SO@3) and A — R(A) is a homomorphism of SU(2) into SO(3).

We now verify that this homomorphism covers SO(3). Let R € SO(3)
and set y, = Y, R, x,. Defining @, & € su(2) by (1.7) and (1.10) we find
tr@=tr® =0, det@ = det ® = x,?2 4 x,% + x;% = g2, so the Hermitian
matrices i@ and i® have the same eigenvalues, +ig. Therefore, i@ and i®
are similar and there exists a unitary matrix B such that & = B&B™'. Now
|det B| = 1 for B unitary, so B = ¢”A, where ¢*® = det Band 4 € SU(2).
Thus 8 = AGA ', so R = R(A) and the homomorphism 4 — R(A) maps
SU(2) onto SO(3). Finally, the relation

(—A)R(—A)' = AQA™!

shows that R(4) = R(— A), so two elements of SU(2) map onto a single ele-
ment of SO(3). Note: The matrix —A4 € SUQR) if 4 € SU{(2).

The reader can check that R(4) = E, if and only if 4 = +E,. Thus,
SO(3) is isomorphic to the factor group SU(2)/{ £ E,}. Exactly two elements of
SU(2) map onto one element of SO(3). (Since — A4 is far from E, when A4 is
close to E, it is clear that this map is locally an isomorphism.)

Writing & = a + ib, B = ¢+ id, a, b, ¢, d € R, in {1.6) we see that the
only restriction on these four real parameters is a> + 6% + ¢ +d? = L.
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Topologically, SU(2) is homeomorphic to the unit sphere S, in four-dimen-
sional space. If 4 € SU(2) is a point on this sphere then — A is the point on
the other end of the diameter of S, passing through 4. Topologically, SO(3)
is homeomorphic to the projective space obtained by identifying opposite
ends of each diameter in S,. We say that SU(2) is a covering group of SO(3)
and that it covers SO(3) twice. (For a more geometrical derivation of the
relationship between SU(2) and SO(3) see Gel'fand et al, [1].)

The Euler angles (g, 0,) form a convenient coordinate system for
SU(2). Consider the product

(1.13)  A(p, 0, w) = (exp ¢d;)(exp 8d,)(exp v J;)

B (e"""’2 0 ) (cos 16  isin %0) (e"""'2 0 )
N0 e/ \isinif cosif/\ 0 e w2

N (_“B 5)

( e'@*¥)/2 cos 10 ie'*~¥)/? sin %0)
ie’v=92sin 1 e~i**¥) cos 40
It follows that any 4 € SU(2) is determined by Euler angles (g, 8, ), where
(1.14)  |a|=cosd0, arga=4p+vy), argf=14%p—y+n),
(1.15)  cos3f =|al, sin 40 = | B, ¢ = arga + arg f — im,

w =arga —arg f + im, lafB| == 0.
If we restrict the Euler angles to the domain
(1.16) 0 < ¢ < 2gm, 0<O<nm, —2r <y < 2m,

then for |af| # 0, (g, 6, ) are uniquely determined. (Recall that the argu-
ment of a complex number is determined only up to an integer multiple of
27r.) However, if |aff| = 0, an infinite number of Euler angles describe the
same group element. The Euler angles are coordinates on the sphere S,
somewhat analogous to the coordinates latitude and longitude on the sphere
S, in three-space. All points on S; have unique values of latitude and longi-
tude except the poles, where the longitude becomes indeterminant. The
Euler angles are still very useful despite this drawback because the set on
which they are indeterminant has lower dimension than three. Thus, if we
integrate a function over SU(2) using the invariant measure, the behavior of
the function on this set will have no effect on the integral.

Clearly, the Euler angles of the product of two group elements can be
expressed as analytic functions of the Euler angles of the factors. The results
are given by expressions (2.16).
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The invariant measure on SU(2) can be computed directly from the for-
mulas of Section 6.1. Let A(g, 8, w) € SU(2). Then

94 Jicos@ —le¥sin 0) _ .
A | S — 0 SI
op (%e"“’ sin@ —}icos@ (siny sin 6)9,
+ (cos y sin 8)9, + (cos 6)9,
04 _ (0 diemvy o
A 30 = Jiew 0 = (cos p)d, — (sin y)9,
i 0
A“lg_‘A:(zl 1.):63_
4 0 —3i
Thus
sinysin@ cosysinf cos 6
Vie,0,y) = det( oS Y —sin y 0 ||=sinf
0 0 1
and

(117) dA=sinOdpdldy, O0<e<2n 0<O0<n, —2n<y<2n

Since SU(2) is compact, dA is both left- and right-invariant. The volume of
the group is

(1.18) V= fm)dA = jzz dy f: do fo sin 9 d6 = 16n>.

Note that the Euler angles ¢, i are indeterminant only for 8 = 0, m and these
points make no contribution to the integral.

Now that we have successfully parameterized SU(2) we use the homo-
morphism 4 — R(A) to parametrize SO(3). The one-parameter group
exp 14, in SU(2) maps onto the one-parameter group R(exp td,) in SO(3).
Thus R induces a Lie algebra isomorphism which maps §, to £," =
(dfdt)R(exp t§,) |-, - By direct computation from (1.9) and (1.12) we see that
£, = £,. Similarly, g, maps to £, and g, maps to £,.

Thus

(1.19) R(A) = R(exp 9d;)R(exp 69,)R(exp v 3,)
= (exp 9L£,)(exp 0L, )(exp yL,),

or from (1.1) and (1.4),

(1.20)

cospcosy — sinpsiny cosf, —cosgsiny —singcosy cosf, singsinf
R(A) = (sin @ cosy -+ cosgsiny cos 8, —singsiny + cos ¢ cos ¥ cos §, —cos @sin 0)-

sin y sin @, cos y sin 4, cos 8
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Since R(4) = R(— A), two different sets of Euler angles determine the same
rotation matrix. Indeed it is easy to check from (1.20) that R(A(g, 8, w)) =
R(A(p, 0, w + 2x)). Thus, to uniquely associate a rotation matrix R(gp, 8, w)
with each set of Euler angles it is enough to restrict the angles to the domain

(1.21) 0< g < 2m, 0<h<m, 0 <y < 2m,

i.e., ¥ now runs over a domain of 2z rather than 4n radians. In the cases
8 = 0, n only the sum ¢ - y is determined by R, but this exceptional set is
of lower dimension than three.

Since SO(3) and SU(2) are locally isomorphic, the invariant measure on
SO(3) must be given by (1.17), again except that the domain of the variables
¢, 0,y is given by (1.21) rather than by (1.16). Thus the volume of SO(3)
is 872, half that of SU(2).

Let T be a rep of SO(3) by operators T(R). Then the operators T'(4) =
T(R(A)), A € SU(Q2), define a rep of SU(2) such that T'(—A4) = T'(A).
Conversely, if Sis a rep of SU(2) such that S(—A4) = S(4) forall 4 € SU(2)
then the operators S'(R(A)) = S(A4) define a rep of SO(3). Thus, there is a
1-1 relationship between reps of SO(3) and those reps S of SU(2) such that
S(—A) = S(A), i.e,, such that S(— E,) is the identity operator.

Since SU(2) and SO(3) are compact groups, the problem of constructing
all reps of these groups reduces to the problem of constructing all finite-
dimensional unitary irred reps. Suppose S is a unitary irred rep of SU(2)
on an m-dimensional vector space. Now —E, € SU(2) commutes with all
A e SU(2), so S(—E,) commutes with all operators S(4). But S is irred, so
by the Schur lemmas, S(—E,) = «E, where E is the identity operator. Since
(—E,)* = E, we have a? = |, or & = 4-1. Thus, S(—E,) = +E. If the plus
sign occurs then S is called integral and it defines an irred rep of SO(3).
However, if the minus sign occurs then S does not define a single-valued rep
of SO(3). [It is frequently stated that S defines a double-valued rep of SO(3),
i.e., two operators are associated with a single group element.] We shall call
these reps half-integral.

In quantum mechanics the haif-integral reps of SU(2) appear even though
one is initially concerned only with the rotation group SO(3). The reason for
this is that the states of a quantum mechanical system are given by rays in
Hilbert space rather than by vectors. Thus the vectors e?v, 0 <y << 2m,
all correspond to the same state for fixed v in the Hilbert space 3C. A rotation
R of 27 radians about the z axis will transform this state into itself. However,
Rv need not be v. In fact if Rv = e”v then the state will be mapped into itself.
It is possible to show that for any action of SO(3) as a continuous transforma-
tion group on the states of JC we can always choose the state vectors v so y
is either 0 or = (Wigner [1]). The case y = = actually occurs, e.g., the electron
wave functions, so we are led to consider double-valued reps of SO(3).
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Let G be a real n-dimensional matrix Lie algebra. The complexification
G. of G is the complex n-dimensional Lie algebra consisting of all complex
linear combinations of elements in the real algebra G. It is easy to check that
isomorphic real Lie algebras have isomorphic complexifications. Let X be
a complex n-dimensional matrix Lie algebra. A subset X, is a real form of
X if X, is a real n-dimensional Lie algebra. A given complex Lie algebra may
have several nonisomorphic real forms. If X, is a real form of X, then (X,),
is an n-dimensional complex Lie algebra and (&,), < X. Since X is #n-dimen-
sional, (X,), = X. Conversely, if G, is the complexification of G it is obvious
that G is a real form of G, .

Now s/(2) = sl(2, €) is the complexification of su(2). Indeed, if we set

(1.22) g =19, +i9, § = —ig,,

where i = ,/—1 and the g, are given by (1.8), we find that §*, §° form a
basis for a three-dimensional complex Lie algebra with commutation
relations

(1.23) [, 8 1= x4 [9°,.971=28

Comparing these relations with (10.9), Section 5.10, we see s/(2) = (su(2)),.
Furthermore, su(2) is a real form of s/(2).

It is clear from these remarks that any rep T of su(2) on a complex vector
space V induces a rep of s/(2). Indeed, T(g*) = +T(4,) + iT(9,), T(g*) =
—iT(g,). Conversely, any rep of s/(2) on ¥ induces a rep of su(2) by restric-
tion. One of these reps is irred if and only if the other is irred.

Thus, to find the finite-dimensional irred reps of su(2) it is enough to
compute the finite-dimensional irred reps of s/(2) and restrict these reps to
su(2). Then the results can be exponentiated to obtain irred reps of SU(2).

7.2 Irreducible Representations of SU(2)

In Section 5.10 we constructed a family of finite-dimensional irred reps of
SL(2). The rep D®, 2y = 0,1, 2, ..., is defined by operators

@ (TA)12) = (b2 + dyr(E5).

b
A= (” )e SL(2), fe VW,
¢ d
acting on the (2u +- 1)-dimensional space of polynomials of order 2u. The
corresponding rep of s/(2) is given by
2.2) J2h; = (j — uwh, Jthy = (j — 2uh, Johy = —jh;_,,

where h,(z) = z/, 0 < j < 2u, is a basis for U“. By the remarks at the end
of the preceding section, (2.2) also defines an irred rep of su(2). We need only
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express the Lie derivatives J,, k = 1, 2, 3, corresponding to J, in terms of
J*,J3%and use (2.2) to compute the action of J, on a basis for V*. In partic-
ular,

(2.3) Jr=4+J, + i, JP= —il,.
We now exponentiate each rep of su(2) to see if it defines a global irred
rep of SU(2).

If we consider SL(2) as a real Lie group of dimension six then SU(2) is
a connected Lie subgroup. Thus, to obtain the group reps of SU(2) induced
by the reps of su(2) we restrict the operators T(4), (2.1),t0 4 € SU(2), (1.6):
24 = gymf(%2—P ﬂ) YW,
(24) MAf)) = Bz + apf(Fet) fe
We shall again denote these (2v 4 1)-dimensional reps of SU(2) by the sym-
bol D The D™ are irred because their associated Lie algebra reps are irred.

Note that
(2.5 [T(—E,)fKz) = (—D*f(2),
or T(—E,) = (—1)*E. Thus, for u=0,1,2,... the reps are integral
and define irred reps of SO(3). On the other hand, for v = 4,3, ... the
D™ are half-integral and yield double-valued reps of SO(3). We shall show
later that the D constitute all the irred reps of SU(2) and the D™ for u an
integer constitute all the irred reps of SO(3).

Since SU(2) is compact there must exist an inner product (—, —) on V%
with respect to which D* is unitary. Thus,

(2.6) (T(A S, T(Ah) = ([, h), A4 e SUQ2)
for all £, h € V™. Let exp tJ, = T(exp tg,), where the g, form a basis for
su(2). Substituting into (2.6), differentiating with respect to f, and setting
t = 0, we find
(2.7) e fs ) = —([, J,h), k=123,
ie., J,* = —J,. Thus the operators J, are skew-Hermitian. Stated another
way, the operators iJ, are Hermitian, i = ./ —1. It follows from (2.3) that
IYr=J", (J)y*=J", and (J3)* =J>.

The relations

(‘Ishjyhk) :(hj"IShk)y (‘I+hj’hk) :(hj"lihk)

together with (2.2) imply
(2.8) (h;, h) =0, JjZ k,
@29)  Qu— Pl P =G+ DR =01, 2u— 1.
Thus the basis vectors 4,(z) = z7 are mutually orthogonal. Expression (2.9)

shows the relationship between the norms of the basis vectors. We can
normalize the inner product by choosing || #,|| arbitrarily. Then (2.9) will
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fix the remaining norms. We now choose an ON basis { f, } for V. The basis
vectors will be labeled by the eigenvalue m = j — u of f,,, with respect to
J3, rather then the parameter j. Normalizing /y(z) = I by || A,|]? = (2u)!
we obtain the relation || 4, [|> = (2u — j)! j!. Therefore, the vectors

e (—opm
R S (721 1) L (7prm e )
m=—u,—u-t+1,...,u— 1, u,

form an ON basis for V«. It follows from (2.2) that
@1y Pfo=mf,, Jf.=[utm+ DuFm]f ..

The matrix elements of the rep D™ with respect to the ON basis { £}
are

Th(A) = (T(A) fr, 1)

or

[FAf,)2) = 3 Tl Dfi(2) —u<m<u

n=—u

Thus,
(2.12)

- (BZ ‘JF &)u—m(az . B)wrm - L ; (~1)n—mzu+n .
D = M mr T 2T e

Equating powers of z on both sides of this expression, we obtain

. i (ll -+ m)! (u _ n)! 1.2 au+n&u*nﬂ_m~n
(2]3) Tnm(A) - [(M + n)' (u — m)':‘ r(,n —n + 1)

)

XZF,(—u—n,m—u;m—nqu;—‘g

In terms of the Euler angles (1.13) this reads

(2.14)
. | (U m) (u— n)!T)2 e mei(sin @) (1 + cos B)<rrm
Tinle, 0,y) = [(u 4+ )l (u — m)!] 2I'm —n4- D
X 2Iﬂ(—u —nm—u,m—n+ 1;%%)

— € neost)

(see the Symbol Index). By suitably manipulating these formulas we could
obtain many other expressions for the matrix elements. Note the simple
dependence of T, on ¢ and y. The group property

.15 Tin(Aids) = 3 T4(A)T%n(42)
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defines an addition theorem obeyed by the matrix elements. To apply the
addition theorem when the 7%,(4) are parametrized by the Euler angles
it is necessary to compute the Euler-angles (¢, 8, w) of a product A(p, 8, y) =
Ap,,0,,w)A,(p,,0,,w,). A straightforward though tedious computation
yields

cos f = cos @, cos 8, — sin 8, sin 8, cos(p, + ¥ ,),
e'* = (e /sin B)(sin , cos 8, + cos 8, sin B, cos(p, + W)
(2.16) + isin @, sin(p, -+ w))),
e'lorv) 2 — (ellortw) 2cos JB)(cos 46, cos 48, ety 2
— sin 40, sin 40, e~/er v 2),

and the addition theorems are obtained by substituting (2.14) and (2.16) into
(2.15). The unitary property of the operators T(A4) implies

(2.17) Ti(47") = Th(A),

or in Euler angles,

m-n n,m (u+n) (u_m) —m.n
(—1y""P; (cosG)f(u T T m),P,, (cos ).

Also, | T%,.(4)| < 1 or
—nm (u -+ n)!(u—m)!]”’
[P, (0050)|§[(u+m)!(u‘n)! 0<<f<nm.
We can obtain an integral expression for the matrix elements by setting
z = €7 in (2.12), multiplying by e *“'"?, and integrating both sides of the
resulting expression from 0 to 2z:
u ;(—l)""”[(u—n)!(u -)rn)!]”
(2]8) Tum(¢5 05 'I/) * 271: (u _ m)' (u ,Jr, m)‘
2n L. 0 ; 0 u—m
X Jo (! sm—z—N =+ 0057)

'05_,'. 9u+m ~iy(utn)
X(cosie" | tsm7> e’ dy.

The matrix elements T5,(¢, 8, w), /, m, integers, are proportional to the
spherical harmonics Y,”(f, w). Indeed

(2.19)

Tl()m(%o,lll):i'"(%)lZyzm(o,lll)lit ’")'] P(cos B)em,

0+
where the P/"(cos @) are the associated Legendre functions. Moreover,
(2.20) Tho(p, 0, w) == P(cos 8),

where P/(cos ) is the /th Legendre polynomial.
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According to the general theory of Section 6.2, the matrix elements
T, (A) satisfy the orthogonality relations

“ T 4 . Lo’
@2) [ T (AT dA = 3 8 G B

Thus,
2z 2z n —
[ aw] do [ b Titnlo, 0,75 (0 8 )sin 0
~2n 0 0

__ lén?
T 2u, + 1

The y and ¢ integrations are trivial, while the @ integration gives

6’!1"1 5"11’"2 6“1’41 °

” n,m n,m 4 . 2 (u—_ n)'(u_m)'
J_o Prm(cos )Pnm(cos 6) sin 0 df = T T T m (T )] 0.,
For n = m = 0 these are the orthogonality relations for the Legendre poly-
nomials. Note: By definition,

2.22) P ~m(cos B) = P,"(cos ), P2 %cos §) = P,(cos 8),

where P,™, P, are Legendre functions. At this point we know only that the
functions {(2u + 1)!/2T%,(A4)} form an ON set in L,(SU(2)), but later we will
show that they form a basis, i.e., the D% constitute a complete set of irred
reps of SU(2).

We now compute the character y“(4) of D®. By definition,

(2.23) 1A = B ThalA).

This expression is too complicated to compute easily. On the other hand we
know T“(BAB~') =T%(A4) for all A4, B € SU(2). From elementary
matrix theory, every A € SU(2) can be diagonalized by a unitary similarity
transformation. Indeed, there exists a number 7, —27 < T < 2m, and a

B € SU(2) such that
eir/Z 0
BAB™! = ( )

0 e—ir,/'Z

Therefore, the conjugacy classes in SU(2) are labeled by the parameter 7.
Passing from SU(2) to SO(3) by the usual homomorphism we see that 4
represents a rotation through angle 7 about a fixed axis. [In SO(3), two rota-
tions about distinct axes are conjugate if and only if they have the same
rotation angle.]

We have shown that A4 is conjugate to the group element C with Euler
parameters (0, 0, 1), or & = €2, § = 0. By (2.12), T%,.(C) = ™. Thus,

(), — S imt ei(‘”—l)r e eA“” — Sin[(u + ‘%)T],
(2.24) XA = m;u T T ETT T T sin@rR)
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where we have used the formula for the L ium of a geometric series. It is not
difficult to express y*“(A) directly in terms of the parameters of 4, but the
expression is not very enlightening. For u =1/=0,1, 2, ... the formula
XP(R(A4)) = sin[(! + })t]/sin(7/2) gives the character of the rep D* of
SO(3) where R(A) is a rotation through the angle 7 about a fixed axis. In this
case T + 27 yield the same value as 7.

Let D*, D® be irred reps of SU(2) and consider the tensor product
D™ & D™, This rep 1s Qu + 1)(2v + 1)-dimensional and its character is
1Y RQ x(A) = x*(A)x(4). We can determine the decomposition of
D™ ) D" into a direct sum of irred reps of SU(2) by expressing y™ & y’
as a sum of simple characters. Now

X(u) ® X(v)(A) — i i el'(m+n)t — lij ki eik'( — MIZU lX(W)(A)9
where we have assumed u > v. [Note: The term ¢** occurs min(# + v 4+ 1
— | k|, 2v + 1) times in the above expansion.] In general

2.25) 1R = S ).
w=[i—v|
Therefore,
(2.26) D® ® D ~ Dty @ Dute-1 @ - @ D(Iu—vlJ.

This expression is known as the Clebsch-Gordan series. Note that each
irred rep which occurs on the right-hand side of (2.26) has multiplicity one.
Thus, the decomposition of the rep space into irred subspaces is unique and
independent of basis. In Section 7.7 we discuss this decomposition in detail.

7.3 Irreducible Representations of s/(2)

In Section 7.1, we showed that s/(2) is the complexification of the real Lie
algebra su(2) = so(3). Therefore, there is a 1-1 relationship between irred
reps of s/(2) and irred reps of su(2). To determine all finite-dimensional irred
reps p of these Lie algebras it is enough to classify (up to isomorphism) all
finite-dimensional complex vector spaces V and operators J*, J* on ¥ satisfy-
ing the commutation relations
@3.1) [J3,J5] = 4+J7, [V, 0] =2J3,
such that V is irred under the J-operators. Here J? = —iJ;, J* = +J, +
iJy, and J, = p(gi)- The operators (3.1) will prove to be much more conveni-
ent for computations than the J,.

The following computation should be familiar to those readers who have
studied quantum mechanics. A good understanding of this procedure is es-
sential since similar methods will be used to construct the irred reps of all
the classical groups.
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Let p be a finite-dimensional irred rep of s/(2) on V. As the reader can
verify, the Casimir operator

(3.2) C=—(U)P =) — () =J"I +JJ? —J}
commutes with J*, J3. By the Schur lemmas, C must be a multiple of the
identity operator on ¥, C = AE.

Let h, € V be an eigenvector of J* with eigenvalue g: J3h, = gh,. Now
[J3,J*h, = J*h,, or J*(J*h,) = (g + 1)J*h,. Thus, either J*h, = @ or J*h,
is an eigenvector of J* with eigenvalue ¢ 4 1. Similarly the commutation
relation [J*,J~] = —J~ implies that J~h, = 0 or Jh, is an eigenvector of J*
with eigenvalue g — 1. By a simple induction argument
J3JYh, = (g + kI )b, JJIYh, =(q— k(I ) h, k=0,1,....
Since V is finite-dimensional there exists an integer r > 0 such that (J*)"h,
0 and (J*y*'h, = 0. Set (J*yh, = f,, where u = g + r. Then J*f, = uf,.
Similarly there is an integer s > 0 such that (/7)'f, = 0, (/7)**'f, = 0. We
will show that the eigenvectors f,,, m =u,u — 1,...,u — s, where f, =
(J)f, form a basis for V.

Now Cf, = Af,. On the other hand, by (3.1) and (3.2),

Cf, = (J-J* + J3J% L JHE, = J-J*, + u(u + DA,.
Since J*f, = @ we obtain A = u(u + 1). Applying C to £, _, we find
Cf_,=uu+ Df,_, =T +13—=JIN,_.=@W@—s)u—s— Df,_,,

since J f,_, = 0. Thus, u(u + 1) = (u — s)(u — s — 1) or s = 2u. It follows
that 2u is a nonnegative integer. Since J3f,, = mf,,, —u << m < u, we obtain

Cf, = u(u + Df, = (J*J~ + J3J> — I, = I, + m(m — Df,,

orJ*f, = (u—mu-+m-+ 1)f,.,,u—1>m> —u We have shown that
the 2u + 1)-dimensional subspace of V spanned by the {f,} is invariant and
irred under p. Since p is irred, this subspace must be V itself. The rep p is
now completely determined:

33) JH,=mf,, Jf, =f,_,, JE, = w—mu+m+ Df,.,,
—u<m<u.

(On the right-hand sides of these expressions we adopt the convention:
f, = 0 if m is not an eigenvalue of J3.) Conversely, if 2u is a nonnegative
integer then the operators J*, J? defined by (3.3) determine an irred rep
D® of s/(2). If u = v then D* is not equivalent to D*’ since the two reps have
different dimensions.

The rep D" uniquely determines and is determined by the eigenvalues
—u, ..., +uof J% However, the basis vectors are not uniquely determined.
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If {y,: —u<m <u}is a set of nonzero complex constants then the eigenvec-
tors {f,,” = 7,.f.} also form a basis for V. If the constants are chosen such
that y,,, /7 = [(u +m -+ D(u — m)]' 2, —u << m << u — 1, then relations
(3.3) become

J, =mf,, Jf, ={uT m¥u+tm+ DIVA,.,,,

cf, = u(u + DS,

(3.4)

where we have omitted the prime on f,’. Note that expressions (3.4) and
(2.11) are identical. Thus the reps D, 2u =0, 1,2, ..., of SU(2) con-
structed in the preceding section constitute all the bounded irred reps of
SU(2), up to equivalence. [Furthermore, the reps of SL(2) constructed
in Section 5.10 constitute all finite-dimensional irred reps of SL(2) as a com-
plex Lie group.]

Another useful basis for V is obtained by setting y, . /¥, = —(u + m +
1). Relations (3.3) become
(3.5 Jf,=mf,, JH, = (—u -t mf,., Cf, = u(u + f,.

Although we have confined ourselves to a search for finite-dimensional
reps, expressions (3.5) can also be used to construct infinite-dimensional
irred reps of s/(2). (Here we mean V is infinite-dimensional in the algebraic
sense. We do not consider V as a Hilbert space.) Indeed if 2u is a complex
number, not a nonnegative integer, and V is a vector space generated by the
vectors {f,}, m = —u, —u + 1, —u + 2,..., then expressions (3.5) define
anirred rep 1, of s/(2) on V, as the reader can verify. Since J f_, = 0 the oper-
ator J3 has a lowest eigenvalue —u, i.e., an eigenvalue whose real part is
least. However, J3 has no highest eigenvalue. The rep 7, is said to be bounded
below. The reps D™ are bounded both below and above. Using similar tech-
niques one can use expressions (3.5) to construct infinite-dimensional reps
which are bounded above but not below or which are bounded neither above
nor below. A systematic study of such reps is undertaken by Miller [1].

We have already seen the infinite-dimensional reps 1,. In Section 5.10
we constructed the local multiplier rep

_ C naepfAz c>,

(6 M) = bz + D¥f(§5) A€ SLQ)

of SL(2) on the space @ of all functions analytic in a neighborhood of z = 0.
Here 2u 1s not a nonnegative integer. As a basis for @ we choose the functions
hf{z) =2/,j=0,1,.... The Lie derivatives associated with (3.6) are easily
computed to be

3.7 J*= —2uz + z¥d/dz), J = —djdz, J3 = —u + z(d/dz).
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Setting f, (2} = h(z) = z/, whére m + u = j, we find
Jrf, = (=2uz + ¥ dldz)z™" = (m — w)f,,\»
(3.8) Jf, = —dz™dz = —(m + w)f,,_,, Jf,=0,
J3f = (—u + zdldz)z™"* = mf,, )
m=—u,—u-+1,—-u—+2,....

Thus the local multiplier rep (3.6) induces the irred rep 1, of s/(2). Conversely,
the infinite-dimensional rep 1, induces the local multiplier rep (3.6), which we
will also call T,. Note that the group rep 1, is purely local.

7.4 Expansion Theorems for Functions on SU(2)

We have shown that the (2u 4 1)-dimensional reps D, 24 =0, 1, 2,

., constitute a complete set of nonequivalent irred unitary reps of
SU(2). Thus, by the Peter-Weyl theorem, the functions ¢%,(p, 0, w) =
Qu 4+ DNVY2T (0,0, w), —u<<m, n<u, 2u=0,1,..., constitute an ON
basis for L,(SU(2)). [Here we use Euler coordinates on SU(2) for the matrix
elements (2.14).] The matrix elements satisfy orthogonality relations (2.21).
Furthermore, if f € L,(SU(2)) then
4.1 f(¢’ 6, '//) ~ ZMZD 2 . a:m¢:m(¢’ 6, '//)’

where
4.2)

‘ : L™ iy (" dp [ d81(p, 8, w)oinip, B, w) sin 8
Apm = (f; ¢nm) - 1—6_712 f—Zn d'// fo ¢ JO d f(¢’ 3 V/)¢nm(¢’ 3 '//) sin .
The Parseval equality reads

(4.3) (LN =3 3 lamk

With simple modifications these results apply to functions in L,(SO(3)).
The modifications are (1) u takes only integral values, (2) the volume of
SOQ3) is 8a? rather than 1672, and (3) the variable y runs over the range
0 < w < 2z rather than —2z <<y < 2=m.

Some particular cases of (4.1) are of special interest. Suppose f(0, ) <
L,(SO(3)) is independent of the variable ¢. If we think of (8, w) as latitude
and longtitude, we can consider f as a function on the unit sphere S,, square-
integrable with respect to the area measure on S,. Since the ¢-depen-
dence of ¢%,.(¢, 8, ) is e, it follows from (4.2) that a, = 0 unless n = 0.
The only possible nonzero coefficients are a4, whereu =/=20,1,2,....
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By (2.19)
(4.4) Pon(@; 0, ¥) = (4m)V'2Y (0, v),
where Y,” is a spherical harmonic. Thus,

oo 1
(45) (6 '//) ; ;1 clelm(oa '//)5
where

27 3 R —
“6) e = [ "y [ d6JO6.Y)YTO Y sin6, (Y7 YE) = S S

This is the expansion of a function on the sphere as a linear combination of
spherical harmonics. As usual, (4.5) converges in the norm of L,(SO(3)),
not necessarily pointwise.

If f(8) € L,(SOQ)) is a function of @ alone then the coefficients a%,, are
zero unless # = m = 0. From (2.20),

@.7) 0o, 0, w) = (21 + 1)V2P(cos 6), 1=01,2,...,
where
4.8)

Px) = 2Fl(l +1,—,0 - ") =271 + x)’2F1<—l, 1 1;?(_:)

is a Legendre polynomial of order /. The coefficient of x' in the expansion of
P(x) is nonzero and P,(1) = 1. The expansion of f(8) becomes

£(6) ~ ,i cP(cos®), ¢, = H2I+ 1) j ® £(8)P(cos 6) sin 6 d6,
(4.9) - 0
f Pycos 8)P,(cos ) sin 8 df = 26,,/(2] + 1).
[+

Expressions (4.9) can be simplified by introduction of the new variable
x=-cosf,0<0<nm.

The reader can construct some examples of the above expansions by
considering the generating function (2.12) and the addition theorem (2.15).
Other examples can be obtained by manipulation of the integral expression
(2.18) for the matrix elements. If n = m = 0, u = [/, (2.18) becomes

(4.10) P(cos 8) = (1/2n) rn (cos 8 + isin @ cos y)Y dy.

0
Setting z = ¢, we can write this last equation as a contour integral
(4.11) P(cos 8) — ﬂ:cose—l- sin(z | z ')]

where the contour is a simple closed curve surrounding the origin. The change
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of wvariable z=1[r — cos8 + (t* — 2tcos 8 + 1)' 2)/(isin @) transforms
(4.11) into

tdt ,
— 2tcos B 4 1)t ?

P(cos B) = 2]? fﬁ -

where the contour can be chosen as the circle [¢| = r > 1. Setting s = ¢!,
we find

s!i"lds ,
— 2scos B + 1)t 2

|s|=r".

(4.12)  Pfcos ) = sz § =

The analytic function (s* — 2scos@ + 1)"12 = 3 ¢, 5" possesses a power
series expansion convergent for |s| <C 1. It follows from (4.12) and the
Cauchy integral theorem that ¢, = P,(cos 8):

(413) h(s,x)=(s* —2x + 1)1 2= sP(x), —l<x<]I.

n=0
One can check that A(s, cos 8) € L,(SO(3)) for|s| < 1, so this is an example
of the expansion (4.9). This generating function is often used to define the
Legendre polynomials. Let P '(x) = (d/dx)P(x).

Theorem 7.1.
(@) P()=1;
&) P(=1)= (=D
() (2n+ DxP[x) = (n + )P, (x) — nP,_,(x);
(d) (0 —x»)P,/(x) + nxP,(x) = nP,_,(x);
(&) (1 —x¥)P/(x) —(n-+ DxP(x)= —(n+ DP,, ,(x);
f) [ —=x»)P'x)] +~nn+ HP(x)=0,n=0,1,2,....

Proof. These results follow from (4.13). (a) A(s, 1) = (1 —s5)™' =Y s
) his, =) =045 =D (—5)" (c) (s* — 2sx + 1) dhjds = (5 — x)h.
Now compare coefficients of s” on both sides of this equality. (d) Follows from
the identity (1 — x*)(dh/dx) + xs(dh/ds) = s:(dh/ds) + sh. (¢) Follows from
the identity (1 — x%)(dh/dx) — xs(dh/ds) — xh = —dh/ds. (f) An easy
consequence of (d) and (¢). Q.E.D.

Any identity we can obtain for the generating function implies an identity
for the Legendre polynomials. Thus, the identity s dh/ds = (x — s5) dh/dx
implies
(4.14) nP(x) = xP,/(x) — P,_,(x).

Identities such as (c)-(e) which relate different Legendre polynomials
are called recurrence formulas. The differential equation (f) is the Legendre
equation. Here we have derived these results by manipulation of the generat-
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ing function A(s, x), but we shall see that all these identities, including the
generating function, have a simple group-theoretic interpretation.

7.5 New Realizations of the Irreducible Representations

From an abstract point of view we have completely classified the irred
reps of SU(2) and SO(3). We have obtained simple realizations or models
of these reps in which the underlying vector spaces consist of polynomials
in one complex variable. In actual physical or geometrical systems, however,
the group action may appear far different from that in our models. In other
words, even though two group reps are abstractly equivalent they may appear
physically or geometrically quite different. For this reason it is useful to
survey some of the distinct realizations of the reps D™ which appear in
mathematical physics.

For our first model we consider the natural action of SO(3) as a trans-
formation group on R;:

(5.1 X —> A7'x, 4 € SO(3), x =(x,»2) € R,.

(The inverse is necessary to conform to the definition of a Lie transformation
group as given in Section 5.9.) Using the basis £,, £,, £, for so(3) as defined
by (1.1)—(1.3) and computing the corresponding Lie derivatives we find

I 0 0 _,0 _d
(5.2) L1—za—)‘) J’E 9 Zax J—yax xw

As guaranteed by the general theory, these Lie derivatives satisfy the com-
mutation relations

(5.3) [L,, L,]=L,, [L,,L,]-L,, [L;, L]=L,

and generate a Lie algebra isomorphic to so(3). The Lie derivatives (5.2)
are essentially the angular momentum operators of quantum mechanics.
We shall construct models of the reps D where the action of the group and
Lie algebra is given by (5.1) and (5.2), and the underlying vector space
consists of functions on R,.

First of all we define operators

(5.4) © L, iL,, L}=iL,,

L, —=x L

which satisfy the commutation relations (1.23) and form a basis for the com-
plex Lie algebra si(2). [Note: These operators are not identical with (2.3).
Nevertheless they satisfy the same commutation relations:

(L% L*] = 4 L*, [L*, L] = 2L,

The choice (5.4) is more convenient for the computation to follow.] The
action (5.1) of SO(3) on R, is not transitive. In particular x? 4- y* + z?% is
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invariant under the group. Any sphere of radius r and center at @ is mapped
into itself. To exploit this property we introduce spherical coordinates
r, 0, ¢:

(5.5) x = rsin @ cos ¢, ¥ = rsin O sin ¢, z=rcosf,

r>0, 0<0<n, 0<¢p<2m
Then the L-operators become

(5.6) L* = ei”’(:i:ado + zcotOg ) L} = —z%a

independent of r. We now look for realizations of D™ such that the basis
space VU™ is a space of analytic functions of 8, ¢ and the operators L*, L’
are given by (5.6). According to expressions (3.4) we must find basis functions
1.0, 9) = Y, "8, p) for V* such that

LY, =mY,",  L*Y," = [(u F m)u + m+ Djv2yre,
CY,” = (L*L~ + L’L3 — LYY, — u(u + 1)Y,"
Since L? = —id/dp we have
—idY,"/dp = mY,",  Y,™0, 9) = Q," (0™,
where Q,"(0) is yet to be determined. The equation L*Y * = 0 becomes
(d/do)yQ* — ucot@Qr =

d

(5.7)

whose solution is
0. = ¢, sin* @ = ¢ (1 — cos? §)2,

where c, is an arbitrary nonzero constant. We can now use the “lowering
operator” L~ to obtain the functions Q,™ recursively from Q,*:

(5.8)  —(d/dd)Qr*! — (m + D)(cot )0+ = [(u + m + D(u — m)}'/2Q,".

A straightforward induction argument and (5.8) yield the explicit expressions

(59 0:0) = e prig M | (1 ooy gt

—u<m<u.
The equation L™ Y * = 0 appiied to (5.9) yields the condition

1 — 2
o )'(l — cos? 0)(u+1)/2 d(E:los O;SEIO)"EO
This condition can be satisfied only if # = /is an integer. Foru = 4,3, ...,
our construction fails. This is not surprising since the angular momentum
operators (5.2) were obtained from an action of SO(3) as a transformation
group. For u = /, however, we have found a highest weight vector Y/ and a
lowest weight vector ¥;*. By copying the construction of the reps D? in

dQ + u(cot )05+ =
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Section 7.3, the reader can check that the functions Y, ™ satisfy all the relations
(5.7):

20 — mcot 60 = [(1F m) &+ m + D]2Qp,

(5.10)

2
gap(snodor) [+ v Tglor —0, —1=m<i,

where the last expression is obtained by writing CY,” = /({ 4+ 1)Y,™ in terms
of differential operators.
The constant ¢, is usually fixed by the requirement

f“ j | YXO, 9)|? sin 6 d dp = |
0 0
or

_ ey
(5.11) Cl—TqT[TJ 5

where the phase factor (—1) is introduced to conform to convention.

The basis functions Y,"(f, p) are just the spherical harmonics. To show
this explicitly we obtain some new expressions for the matrix elements
T%.(A) derived in Section 7.2. From (2.12). T%.(A) is, to within a constant
factor, the coefficient of z**" in the Taylor series expansion of g(4, z). Thus,

ran = o[l e

In terms of the functions P%»™(cos 6), (2.14), this reads
(5.12)
jp—m du+n

—am i
Pu ' (COSG)—WW

X [(z‘z sin % -+ cos %)uim(z cosg- + isin %)uml:o.

Setting y = (izsin @ + cos § — 1)/2, we find dy = }isin @ dz and

z=0

(5.13) P »m(cos @) = 2—“((#?}'—:57 (1 — cos @)=™72(1 + cos @)n+m:2

« d“*"[(1 — cos @)*™(1 + cos ) ]
d(cos @)“**

In particular, from (2.14), (2.16), (2.19), and (2.22) we obtain the expressions

(5.14)  Pp(cos @) =AM (o2 gy 2 @7 — o5 BY

T—m' 7T d(cos B "
for the associated Legendre functions and
m . (21 ‘{— 1)(1 _ m)! 172 m im _
(5]5) YI (0, ¢) == [m)—'—:[ Pl (COS 0)8 ‘ lg m g 1,
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for the spherical harmonics. This last expression agrees with (5.9) and (5.11),
so the basis functions for the realization (5.7) are just spherical harmonics.

We have already seen that special functions appear in Lie theory as
matrix elements of group reps. The above example shows that they also
appear as basis functions in the underlying vector space of a group rep.

Now that we have found realizations for the reps D of so(3) we can
determine the action of SO(3) on these realizations. Indeed SO(3) acts on
R, according to (5.1). It is not difficult to show that the resulting identity is

(5.16) T4(AB) = 3 Th(B)Th.(4),

a special case of (2.15). Recall that

172
To(A(g.0.9) = i"(572=) " Y16, 9)

Since r2 = x% 4 y* -+ z? is invariant under the action of SO(3) the set
{f(Y ™0, ¢): —! < m <!} forms a basis for a realization of the irred rep
D®. Here f(r) is an arbitrary nonzero function. It follows that L,(R,), the
Hilbert space of all Lebesgue square-integrable functions on R,, decom-
poses into a direct sum of irred reps D, each D"’ with infinite multiplicity.

An important special case of these considerations is the space ‘W' of all
homogeneous polynomials u(x, y, z) with degree / in x, y, z which satisfy
Laplace’s equation:

02
2

(5.17) Viu = de —|- dy2 uy P =0.

It is easy to show that under the action (5.1) of SO(3) any solution of La-
place’s equation is mapped into another solution. Furthermore, any homo-
geneous polynomial of degree / is mapped into another homogeneous
polynomial of degree /. Thus, W' is a finite-dimensional space invariant
under the action of SO(3). We shall decompose W' into a direct sum of irred
subspaces. Introducing the change of variable & = x + iy, # = x — iy, we
see that every u € ‘W' can be written uniquely in the form

U= 3 a, &,
where
4(9*u/d¢ dn) + (9*u/dz?) = 0
and s, m run over all nonnegative integers such that 0 << n + m < /. Thus
Zmam[4nm§"‘1ﬂ""lz""“"‘ +(U—n—m—n—m— Dyrzd-rm2=0,
or
S8 4n+ )Ym+ Da,yy ey +—m—n)}l—m—n—1a,,=0.
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It follows from this expression that once values are prescribed for the 2/ + 1
independent constants a, ,, 0 <m </, and a, ,, | << n </, the remaining
constants are uniquely determined. Thus W' is (2/ + 1)-dimensional. It is
clear that the polynomial '
-~ 1172 (1 AE!
16 ) — [ L D0 e
belongs to W'. Now W' is invariant under the operators L*, L3, expressions
(5.6). From (5.7) we see that the 2/ 4+ | linearly independent functions
Y @, 9), — <m <1 all liec in W Since W is (2/ + I)-dimensional it
transforms irreducibly under the rep D.
A well-known model of the rep D® of SL(2) is defined on the (2u + 1)-
dimensional space ®* of homogeneous polynomials of degree 2u in the
complex variables z,, z,. The group action is

B

(519) (z,,2,) —>(z,,2)A = (z,,zz)(a
y 0

>, A e SL(2).

Thus,
(520)  [T(ApNz,,2,) = plaz, + yz,, Bz, + 0z,),  p e P

To see the connection between this expression and our previous models, set
w = z,/z,. Thenany p € ®*can be written uniquely as p(z,, z,) = z5*p(w, 1},
where p(w, 1) = h(w) is a polynomial in w of order at most 2u. We can
factor z%* from both sides of (5.20) to obtain the result

(5.21) [T(Ak)w) — (Bw -+ am(%%g)-
This expression is identical with the model (2.1) of D*. Restricting (5.20)
to the subgroup SU(2), we get a model of the rep D for this subgroup.
We have seen (5.20) before. Indeed, if we let V be the two-dimensional
space V = {az, + bz,:a, b € §} then & can be identified with the 2u -+ 1)-
dimensional subspace of completely symmetric tensors in V®2#, This subspace
is determined by the Young frame [2u], i.e., the frame with one row and 2u
columns. The action (5.20) of SL(2) on this subspace is induced by the action
(5.19) of SL(2) on V. In Section 4.3 we showed that [2u] determined an irred
rep of GL{(2). Now we see that the restriction of this rep to SL(2) and then to
SU(2) remains irred. The other irred reps [f,, f,], fi = f,, of GL(2) also
restrict to irred reps of SL(2). However, as we shall show later, on restriction
to SL{2) we have the equivalences [f,,f,] =[f, — f,,0], so the frames
[fi1=1/1,0], f, =0,1,2,...,exhaust the irred reps of SL(2). In Chapter
9 we will study the irred reps of SL(#) and SU(#n), and demonstrate the
relationship between these reps and Young diagrams.
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For our next example we construct a model of the infinite-dimensional
local rep 1_,,, of SL(2). Consider the operators

(5.22) Jﬁ:tt‘((xz—l)g—xixt£+%), J3=t%,

acting on a space of analytic functions of x and ¢. These operators satisfy the
commutation relations
[J3,J*] = +J", [(J*,J°1=2J°
of sI(2). In order to construct a model of {_,,, we must find functions f, (x, 7)
= g, ()T gk =0,1,2,..., such that
(5-23) Jka:(k + %)fk’ J+fk:(k+ l)fk+1’ J_fk: _kfk—n
[see (3.6) and (3.8)]. It follows that the functions g,(x) satisfy the recurrence
relations
(x% — l)gk, + (k + l)xgk = (k + Dges1>
(x* — 1)g," — kxg, = —kg,_,.
Furthermore the relation (J*J~ + J3J3 — J3)f, = —1f, implies that the
8,(x) satisfy the second-order differential equation
(5.25) [(x* — 1)(d*/dx?) 4 2x(d[dx) — k(k + 1)]g,(x) =0,
k=0,1,2,....
Expressions (5.24) determine the g,(x) up to a multiplicative constant. Indeed
the relation J~f, = 0 implies g,'(x) = 0, or g,(x} = c. If we set ¢ = 1 we can
uniquely determine the remaining g,(x) from the first of the recurrence for-
mulas (5.24). The second recurrence formula and the differential equation
(5.25) are consequences of the commutation relations and do not have to be

verified explicitly for the g,(x). Rather then determine the g,(x) recursively
we compare our recurrence formulas with Theorem 7.1 to obtain

(5.26) &(x) = P(x),  filx, 1) = P(x)kr /2,
Thus the Legendre polynomials define a model of {_,,. The operators
(5.22) determine a local Lie multiplier rep T of SL(2). In particular,

T(exp ag®) f(x, 1) = f(x, te*)
— Byt _
Texp f5°)1 (x, 1) = Q4 (S B 10112,
Q. = fr's — 2fxrst 4 1.
Just as in (10.22), Section 5.10, we could use these results to compute T(A4)
for any 4 € SL(2). However, we shall not do this here. The matrix

elements B,.(4), (10.26), of the operators T(A4) with respect to the basis
f, are model-independent. That is, they are completely determined by the

(5.24)
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relations (5.23) and are independent of our particular realization of this rep.
We have

(5.27)
TA, = % B, k=012.... A= (j 3) e SL(2).

For certain group elements 4 the functions B, (A4) are very simple. For
example,

(—bY Ykt {d — k)Y, [ >k,
0, I <k,
KN (k— D), k>
0, k<l

[Note: The reader can obtain these results directly from relations (5.23).]
Substituting (5.26) and (5.28) into (5.27) and simplifying, we obtain

(5.30)
_ o Il4k
(1 + b2 — 2bx)“"*”/2Pk( x — b ) > b’( + )PH,(x),

(5.28) B..(exp(—bgh)) = {

(529)  Bu(exp(—cg) = {

T 567 —26x)7) /= i

()

m

is the binomial coefficient. This expression makes sense for |b| <<|x &
(x2 — 1)¥2). For k = 0, (5.30) reduces to the standard generating function

where

(1 + b* — 2bx) 12 = 3 B'P(x).
i=0

Similarly, by substituting (5.26) and (5.29) into (5.27) we obtain

L k [k

(531 (I+c*+ 2cx)"/2Pk((l T 3 T C2€x)“2) = Iz;)( | )C’P,(x).
The point of this example is that identities such as (5.30) and (5.31) have a
group-theoretic interpretation. Using the same operators (5.22) we could
construct models of each of the irred reps 1,. The basis functions are essential-
ly the Gegenbauer polynomials C;*(x) and our method yields generating
functions and relations for the C;“(x).

Another interesting model of 1, is obtained from a consideration of the
operators

(5.32)

J'*’:t(zgz—kt(%——z—u), J'f-t"(zg——ti*u), J’zti,
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acting on a space of analytic functions of the complex variables z, . As the
reader can easily verify, these operators satisfy the commutation relations of
sl(2). To construct a realization of t, we must find functions f, (z,1) =
g.(2)t™*** such that

Sfw=mf,  Jfn=(—utmf,.,,

Cf, =T + I =T, = uu-+ 1)f,.
Thus the special functions g,(z) satisfy
(534) zg/' +(k —2u— g, = (k — 2u)g.,» zg, — kg, = —kg._,,
(5.35) zgi — Qu + 2)g’ + kg, = 0, k=0,1,2,....
The functions g,(z) are determined to within a multiplicative constant by
these relations. Indeed the relation Jf, = 0 implies g, = 0 or g4(z) = c.

Setting ¢ = 1 we can then uniquely determine all of the g,(z) recursively
from the first formula (5.34). The solutions are

(5.33)

_ T(=2wk! o aueyy —
(5.36) 8(0) = pr g L@, k=012,
where L{*(z) is a generalized Laguerre polynomial of order k and I'(2) is the
gamma function (see the Symbol Index). Recall that 2u==0,1,.... The

function L,(z) = L{®(z) is an (ordinary) Laguerre polynomial. The L, 2~ *)(z)
satisfy the Laguerre differential equation (5.35).

A direct computation shows that the operators (5.32) determine a local
multiplier rep T of SL(2) given by

(5.37)
T(A)f(zs t) = ((l’ + bt)“(a -+ C/l)" exp<d b_:tbt)
2t at + ¢ c bt
Xf((at+c)(bt+d),bl+d), at <1, ‘7’<1

The matrix elements B,,(A4) of the T(4) with respect to the basis f,_,(z, 1)
are given by (10.26), Section 5.10. Substituting these expressions into

TA)fiu = 3 Bl

and simplifying, we obtain identities for the Laguerre polynomials. For
example, from (5.28) there follows

_ o (I k
(5.38) (1—b)“"‘exp(lfzb)L‘kz“‘”(l—iB)zz_,;(—}; )b'LS;’,"‘”(z),
6] < 1.

For k =0, L{®(z) =1 and this expression simplifies to a well-known
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generating function for the Laguerre polynomials:

(539) (1 by exp< lffzb) _ Iz;) BLEw(z), b < 1.

Similarly, the matrix elements (5.29) yield the identity

k- 2u—1
oY F{=2u-1) Z _ < PF(-2u—1)
(1 -\ c)*L§ (—] T c) :Z,o( / )ch_, (2).

It is shown by Vilenkin [1] and Miller [1] that all hypergeometric and
confluent hypergeometric functions can be obtained as basis functions in
models of irred reps of s/(2). Furthermore, in the work of Miller[1]it is shown
how to derive such models in a systematic fashion.

7.6 Applications to Physics

Here we present a few of the many applications of the rep theory of
SO(3) and SU(2) to problems in mathematical physics. In Section 3.8 we
studied the relationship between symmetry and perturbation theory in quan-
tum mechanics. Though our discussion was limited to finite symmetry groups
it carries over without change to compact Lie symmetry groups.

Recal! that the Hamiltonian H of a nonrelativistic quantum mechanical

system containing k particles with masses m,, ..., m, is

k
(6.1) H= _EI(—I/ij)Aj + V(X505 %),

Fe
where V(x,,...,Xx,) is the potential function and X; € R, designates the
coordinates of the jth particle. (We are using units in which A = 1.) The
Hilbert space IC consists of all Lebesgue square-integrable functions ¥(x,,
ey X))

e = f IW(x,, ..., x)Pdx < oo, dx=d - d?.
Rs*

The inner product on I is
(¢, Q) = JN‘P(X,, AU xk)a)(x,, co X)) dx.

We can define a unitary rep T of SO(3) on IC by
(6.2) [T(AYP](X,,---,%X) =F(4'x,,...,A7'X,), A € SO(3),
It is an elementary computation to verify T(4B) = T(4A)T(B) and (T(A)Y¥,
T(A)D) = (¥, ®) for all 4, B € SO3) and ¥, ® .

Now SO(3) is a symmetry group of H provided T(4)H = HT(4) for all
A e SO(3), ie., provided V(4x,,..., Ax,) = V(x,,...,x,). If SO(3)
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is a symmetry group and 4 is an eigenvalue of H then the eigenspace
(6.3) ,={¥ € X: HY = AY}

is invariant under T. By the results of Section 3.7, we can decompose W,
into a direct sum of subspaces irred under T:

W, =3 S ow.
i=0 i=1

Here T| W is equivalent to the irred rep D and g, is the multiplicity of
D® in T. For simplicity we assume dim W, << co, though this assumption
could be removed with a little care. Then, only a finite number of the g,
-are nonzero. Furthermore, if SO(3) is a maximal symmetry group and there
is no accidental degeneracy then only one of the g, is nonzero.

The most important (and common) case in which SO(3) appears as a
symmetry group is the one where the potential takes the form

(6-4) V= V(Hx[_ XjH’“Xl“)-

That is, V depends only on the mutual distances between particles and/or
their distances from a common point. A special case is V(x) = V(|| x|)),
a single-particle, radially symmetric potential. These potentials admit the
larger symmetry group O(3). Indeed V{(4x,, ..., Ax,) = V(x,,..., Xx,) for
all 4 € 0(3).

The irred reps of the compact group O(3) can easily be obtained from
those of SO(3). Indeed SO(3) is a normal subgroup of index two in O(3).
The left coset decomposition of O(3) is

0(3) = {SO(3), I-S0(3)},

where the inversion / = —E,. Let D be an irred unitary rep of O(3). Since /
commutes with all elements of O(3), D(/) must be a multiple aE of the
identity operator. But D(/)? = D(I?) = D(E,) =E, so &« = +1. Since D
is irred and D(/) = +E it follows that D|SO(3) is still irred. Therefore

D|{SO3)=D®,1=0,1,2,.... We conclude that there are two families
D%, DY of irred reps of O(3). Their definitions are

(6.5) DY(14) = DP(4) = DV(A),

(6.6) DY(14) = —D¥(4) = —D®(A), A € SOQ3).

The DY are called positive reps and the DY negative reps. Here dim DY =
20 + 1.

Returning to the study of a system with potential (6.4), we see that each
irred subspace W of W, will transform according to D?. In a one-particle
system with central potential V(||x|]) we can say more. The space W
consists of functions ¥(x) = W(x, y, z) transforming irreducibly under
DY, hence under the rep D of SO(3). Thus, we can find a basis for W
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of the form f,.(x) = j(r) Y"(8, ¢), —! << m < I, where the Y,” are spherical
harmonics and r, 8, ¢ are spherical coordinates. The inversion / maps X to
—x, or in terms of spherical coordinates, (r,8, ¢) to (r,z — 0,7 + ¢). In
our study of Laplace’s equation (5.17) we showed that /' ¥;"(8, ¢) is a homo-
geneous polynomial of degree / in x, y, and z. Thus, under inversion Y,"(8, ¢)
— Y"(r—0, %+ ¢) =(—1)Y"(@,¢) If[is even then W transforms
under the representation D% of O(3); if / is odd then W transforms under
D®. The sign of (—1) is sometimes called the parity of the rep. In this
example the symmetry of the Schrédinger equation under rotations has
completely determined the angular dependence of the eigenfunctions. Only
the radial dependence j(r) remains to be determined from the dynamics
of the problem. The well-known separation of variables method applied to
the Schridinger equation yields a second-order ordinary differential equation
for j,(r):

67 LAl ] D v i) = 20,

r

The permissible solutions of this equation are those such that j(r)Y,"(8, ¢) <
¥, ie., J: 1j(r}{2 r¥ dr << oo. Only for certain values of 4, the eigenvalues,

do there exist solutions belonging to IC.
The characters of DY are easily obtained from the characters of the reps
D% of SO(3). If R is a rotation through the angle 7 about some axis then

(6.8) 2P(R) = x(R) = {sin[(/ 4 })t]}/sin }7.

In the limit as T — O we get y¥(E,) = 2/ + 1. If S is a rotation through the
angle 7 followed by an inversion, then

(6.9) 2(8) = —x(S) = {sin(/ + Hrlysin Jz.

Suppose the k-particle system with Hamiltonian (6.1) is an atom or molecule.
If this system is put into a crystal the new Hamiltonian is

k
(6.10) H, = El (—1/2m)) A V(X X)) VX, X)),

where V| is the potential due to the crystal. Let G be the maximal point sym-
metry group of this crystal. Note that G is a finite subgroup of O(3). Thus,
the symmetry of the system is reduced from O(3) to G under the perturbing
potential I/,. If A is an eigenvalue of H whose eigenspace transforms accord-
ing to the (2/ 4+ 1)-dimensional rep D% (or D%) then under the perturbing
potential this degenerate energy level splits into energy levels whose eigen-
spaces transform according to irred reps of G. We can determine this splitting
directly from the simple characters of O(3) and G.

Suppose the eigenspace W, of H transforms according to DY’. Then the
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restriction of DY to the subgroup G splits into a direct sum of irred reps
of G:

DY G= 3 @ a,Tw.
w=1

The character y(A4) of D |G is obtained from y%(A) by restricting 4 to G.
Since G is a crystallographic point group it contains only rotations or
rotation-inversions through the angles 0, +-n/3, £=n/2, +27/3, and 7. Now
from (6.8)

wf 1+ 2r\ _ sin[2zlin) + (r/n)] .
611) (i7> _ sl n=23.4.6,

For fixed » this expression is periodic in / with period »n. Thus, to evaluate
v, for any G it is enough to compute (6.11) for 0 <</ < n.

For example, suppose G = O, the octahedral group. The conjugacy
classesare E,€,2,C,,€,, €,, so O contains only twofold, threefold, and four-
fold rotation axes. We compute y, on these conjugacy classes for 0 <{/ < §:

! E 3C,42 6C, 6C,y 8¢C;

i 1 i i
—1 —1 i 0
1 i —1 —1
—1 —1 -1 i
i i i
-1 —1 1 —1

BN =D
— D ~J W

1

Indeed, y*(E;) =2{+ 1, x“(n) = (—1), and so on. Using the character
table of O, (6.22) of Section 3.6, we can write w, = 3, a’ ¥ and compute
the multiplicity a{ of T* in DY | 0. The resuits are

(6.12)
v, = 1, v, = x%, v, — x¥ + x®, W, = x® + 'Y+ 9,
We=x" + X+ ¥+ x%, W, = x4+ 22 + x5,

The interpretation of the expansion for y,, for example, is that a ninefold
degenerate energy level of H splits into four energy levels under the per-
turbation, one of the split levels is nondegenerate, one is twofold degenerate,
and two are threefold degenerate. We can continue in this fashion to compute
the splitting of an arbitrary (2/ + 1)-fold energy level under a perturbation
with octahedral symmetry. Since O contains only proper rotations the split-
ting for D% | O is exactly the same as the splitting for D¢ | O.

If G contains rotation-inversions the determination of the splitting of the
energy levels is analogous to that given above except that the results for
D¥| G differ from those for DY | G.
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Some Lie subgroups of O(3) are of importance for perturbation theory
calculations. Suppose we break the symmetry of a rotationally symmetric
system by introducing a perturbing potential which transforms like the z
component of an axial vector in xyz space. Then the symmetry group of the
perturbed Hamiltonian will be C.., = C.. X {E, I'l, where C.. = U(l}) is the
group of all rotations about the z axis and {E, /} consists of the identity ele-
ment and the inversion /. (The choice of the z axis is arbitrary. Any other axis
of symmetry would do.) As an example of such a perturbation consider an
electron in a spherically symmetric field. If a uniform magnetic field parallel
to the z axis is applied to this system, the perturbed system has symmetry
C..,. (We are ignoring the spin of the electron. This complication will be
considered in Section 7.8).

Since C.,, is abelian its irred reps are one-dimensional. Furthermore, since
I?* = E and I commutes with all elements of C.., it follows that T(/) = +1
for any irred rep T. We already know the irred reps of C... They are denoted
by the integer m: y ™ (C(@)) = ¢%, m =0, +1, ..., where C(f) is a rotation
through the angle 8 about the z axis. It follows that the irred reps of C.., are
p™, where

(6.13)  wi(C(B)) = e,  yrCO)) = +e™ m=0,-+1,....

Suppose the eigenspace W, of the unperturbed Hamiltonian transforms
according to the irred rep DY with character y'”, (6.8) and (6.9). Now
DY | C.., has character y?(C(@)) = yP(C@O) = D _ ™ =33 ., wi(0).
Therefore, under the perturbing potential the degenerate energy level splits
completely into 2/ 4+ | simple sublevels, each with parity 1. Similarly
DY [C.., has character y|C.., = 3}, ., w'™, so the degenerate energy level
splits into 2/ -+ 1 simple sublevels with parity —1. In the case where the
perturbing potential is a magnetic field this splitting of energy levels is called
the Zeeman effect.

It was shown 1n Section 2.9 that a molecule whose atoms all lie on a single
line L possesses the symmetry group C.., consisting of all rotations about L
and reflections in all planes in which L lies. Furthermore, if the molecule is
also invariant with respect to the reflection ¢ in a plane perpendicular to L
then the symmetry group is D.., - C., % {E, ¢}. This occurs if the molecule
is symmetric about its center of mass.

If L is the z axis then C., is generated by the rotations C(g) and the
reflection o, in the xz plane. It is easy to verify that this group has a 2 = 2

matrix realization
C()(e"“’ 0) B 0
70 e ”"’(l 0)

Note that C{g)o, =6,C(—¢) and 6, = E,. Therotations C(-{-¢) form a con-
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jugacy class and every reflection is conjugate to o,. Let T be a unitary irred
rep of C.., on V. Then T|C,, splits into a direct sum of irred reps y™(p) =
e of C.,. Suppose the nonzero vector f,, in V transforms according to y™:
T(C(p))f,, = e™*f,,. Then T(C(p))T(c )£, = T(c )T(C(— @), = e ™ T(c )f,.
Thus T(c ), = f_,, is a nonzero vector transforming according to y'"™ and
T )f . = T*(o, ), =f,.. Since V is irred under C., it follows that f,,
generate V. If m 5= 0 then V is two-dimensional and with respect to the
basis {f.,.} we obtain the matrix reps E,,:

fm@ 1

e 0 0
(6.14) T(C(p)) = ( 0 e_’,mw)’ T(o,) = (1 0)’ m=1,2,3,....

The characters are y™(p) =2 cos mp, ¥ (o,) =0. If m =0, then the
irreducibility of T and the property T?(s,) = E imply V is one-dimensional,
T(C(p)) = 1 and T(s,) = +1. Thus, we get two one-dimensional reps

6.15) A TC@) =1, Te) =1, A TC) =1, T(a,) = —1.

The E,_, A,, A, are a complete set of irred reps of C..,. The character table is

C.. ‘ Clop) o,
(6.16) 4, ! !
4, T

E 2cosmp O

m

Now suppose the eigenspace W, of a Hamiltonian with spherical sym-
metry transforms according to DY, and introduce a perturbing potential
with symmetry C.,. Then the character of D{¥|C., becomes x(p) =

sin(/ + $)g/sin (¢/2) and x(o,) = x(n) = (—1)". Clearly,

(6.17) DY|C.,=E®E_,®---DE DA,

where k = 1if /is even and k = 2 if [ is odd. Thus, the (2/ + 1)-degenerate
eigenvalue A splits into / eigenvalues with multiplicity two and one single

eigenvalue. Similarly if W, transforms according to D a simple computation
yields

(6.18) D(—I)lcwv:El@El—l@"'@EI@AJ"

where j = 1 if /is odd and j = 2 if [ is even. In the case where our system
contains only one particle the parity is (—1)', so we always get the identity
rep A, in (6.17) and (6.18).

We can achieve C.., symmetry by introducing into a spherically symmetric
system a perturbing potential which transforms like the z component of a
polar vector in xyz space, e.g., an electron in a uniform electric field parallel
to the z axis. The splitting of the energy levels due to this-perturbation is called
the Stark effect.
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The group D.., can be written as the direct product D_,, = C.., X {E, I}.
Thus, the irred reps can be obtained almost immediately from (6.16). The
conjugacy classes are determined by the elements C(49),0,, I, C(+¢)l,
o,l. If T is an irred rep of D., then T(/) = +E. The character table is

D., Clg) o, 1 o)t ol
A 1 11 1 1
A" 1 1 -1 —1 —1
(6.19) At 1 —1 1 1 —1
A, 1 —1 —1 —1 1
E,* 2cosmp O 1 2 cos me 0
E, 2cosmp 0 —1 —2cosmp O

Here D.., has four one-dimensional reps and two infinite families E,,* of
two-dimensional reps. The determination of the splitting of D{’| D, is left
to the reader.

The use of irred reps of symmetry groups to label the state vectors is of
much more importance than perturbation theory alone would indicate.
Suppose a quantum mechanical system is in the state ¥ < 3C at time ¢t = 0.
Then at any other time ¢ the system is in the state ¥(r), where W(¢) is the
unique solution of the (time-dependent) Schrédinger equation

(6.20) i 0¥ (n)/or = HY(1), Y(0) =Y.

Formally, the solution is W¥(r) = [exp (—itH)]¥. Since exp (—itH) is a
unitary operator, the norm ||W(¢)|| is independent of . To make precise
sense out of these statements we would have to employ some sophisticated
techniques from functional analysis. (In particular we would need Stone’s
theorem; see Riesz—Sz.-Nagy [1].) Expression (6.20) is not always well-
defined since there exist vectors ¥ ¢ 3C such that H¥Y has no meaning.
Nevertheless, one can show that for the usual Hamiltonians of quantum
mechanics there is a dense subspace of 3C on which (6.20) does make sense
and on which the formal computations to follow can be rigorously justified.

Suppose T is a unitary rep of SO(3) on 3C such that T(4)H = HT(A)
for all A € SO(3). Let W be an invariant subspace of 3C such that T|W
transforms according to the irred rep D. Then there is an ON basis {'¥{}
for W such that T(AYY =3, D, (AYY, where {D,,(4)} is a unitary
matrix realization of D¥. Let W¥(r) be solutions of (6.20) such that ¥?(0) =
Y, Since H commutes with the operators T(A) it follows that T(A)¥Y(¢)
— 3 D, (APP(t) = B(r) is a solution of (6.20) with initial condition
®(0) = 0. Thus, ®(¢) = 0 and the vectors {¥¥(¢)} form an ON basis for the
rep D at any time t. We conclude that / and m are good quantum numbers
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for the system. A state W(r) which transforms like the mth basis vector in a
realization of D at one instant of time transforms like the mth basis vector
in D® at any time. Physicists refer to this as the conservation of angular
momentum. Although this analysis applies only to SO(3), similar results can
be easily obtained for any compact symmetry group of H.

It is worthwhile to point out the connection between the time-dependent
and time-independent Schridinger equations. Suppose ¥ € 3 is a nonzero
solution of the Schrodinger equation HY = A¥. (We assume H is indepen-
dent of #.) Then ¥ is an eigenvector of H with eigenvalue A. Furthermore, the
one-parameter family W(¢) = ¢ “*¥ is the unique solution of the Schrodinger
equation

i0W(0)/dt = HY(r), Y(0) = V.
Since the vectors e ¥ belong to the same ray in 3 for all #, it follows that
any eigenstate of H remains fixed with passage of time.

As a final application we investigate the quantum mechanical interpreta-
tion of the Lie algebra so(3) = su(2). As usual we consider the unitary rep
T, (6.2), of SO(3) on 3C. Then T induces a rep (also called T) of so(3) on 3C:

(6.21) T(®) = (d/dt)T(exp t@)|.,, @ € 50(3).

In particular, the operators T(£;) = £, are

e=$i(ol-nd) a=H(nd -ad)

(6.22) ":‘

£ :i(ymi—x.—a—>’ X =(x,¥;2,)

3 “~ dej Jayj i FARA B Ead
where the £, are given by (1.2) and (1.3). As the reader can easily verify, the
£, satisfy the commutation relations (1.5) of so(3) and they form a basis for
the Lie algebra of operators T(@). Proceeding formally by differentiating the
identity
(T(exp t@)¥, T(exp 1)) = (¥, D), Y, 0 c X,

with respect to 7 we obtain
(6.23) (T(@)Y, @) + (¥, T(@)D) =0

at + = 0. Thus T*(@) == —T(Q) and the operators /T(®), i = ./—]1, are
symmetric. In particular the operators L, = i€; are symmetric and satisfy
the commutation relations

(6.24) [L,, L,] = iL,, [L;,L,} =iL,, [L,,L,} =iL,.

The L, are called the angular momentum operators. If the Hamiltonian H
commutes with the operators T(4), 4 = SO(3), then by differentiating the
identity T(exp t@)H = HT(exp t@) at t — 0 we find T(@)H = HT(®) for all
@ € s5o(3). In particular the angular momentum operators commute with
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H. Conversely, if the angular momentum operators commute with H then the
operators T(A4), A € SO(3), commute with H.

Unfortunately the above computations are merely formal. The operators
L, and H are not defined on all of ¥. For instance if H is given formally by
(6.1) then H¥(x) makes sense only if W(x) can be differentiated twice in
each variable. Furthermore the function H¥(x) must belong to I, i.e,
||HY¥ || << oo. Since many functions in 3 are not differentiable it is clear that
Dy cannot be all of 3. The problem of defining explicitly the domain of H,
or any unbounded operator in quantum mechanics, is outside the scope of
this book (see Helwig [1]). It can be shown that each of these operators can
be defined on a dense (not necessarily closed) subspace of 3C. However, the
subspace varies with the operator. The angular momentum operators make
sense only when applied to differentiable functions ¥(x) such that L, ¥(x)
is square-integrable. Furthermore, the meaning of a commutation relation
such as [L,, L,] = /L, is not completely clear since the domains of the left-
and right-hand sides may not be the same.

However, it can be shown (Helgason [1, p. 440]) that there exists a dense
subspace D of JC which is contained in the domains of all the operators H
and L,. Furthermore D is invariant under the restrictions of H, L;, T(4)
to D and has the property that all of the above formal computations are
rigorously correct for these restricted operators. Thus, the relation

(ocrﬁ) v

(6.25) T(exp al ¥ f;

is valid for ¥ € D. If we accept the fact that D exists we can use Lie algebra
computations to derive results about infinite-dimensional Lie group reps.
Note that the unitary operators T(4), 4 € SO(3), are uniquely determined
by the symmetric operators L. Indeed T(A4) is uniquely defined on D by
(6.25). Since D is dense in 3¢ and T(A) is bounded it follows from a standard
Hilbert-space argument that T(A4) is uniquely determined on 3C (Naimark
{2, p. 100]). With these remarks in mind we shall henceforth ignore problems
concerning the domains of unbounded operators.

The angular momentum operators can be used to compute the matrix
elements of H with respect to an ON basis of 3C. Consider again the unitary
rep T of SO(3) on 3C. From the results of Section 6.3 we know that T =
> @ aD?, ie., ¥ can be decomposed into a direct sum of subspaces irred
under T. (In general the multiplicities a, will be infinite.) Thus, there is an
ON basis {¥¥)} for & such that T(A)¥Y, =3 DO(APY and 1 <j < q,.
We have shown in Section 6.3 how such a basis can be constructed without
any knowledge of the Hamiltonian H.

Since H commutes with the T(A) it also commutes with the operators
L* =+&,+ i€, and L* = —ig,. Here (L*)* =L~ and (L3* = L3,
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The ON basis vectors W{, can be chosen such that

(6.26)
YR =m¥f, LY =+ m+ DUF m]2¥H.,
LeL¥Y =i/ + P2, LeL=L'L" + Ll — L5 — —2331 £,
Now
(HLYH, () = (LHYS,, ¥§)) = (HY],, L’¥{)),
so (m — m)(HWYY,, P¢)) =0 and the matrix element is zero unless

= m’. Similarly the relation
(HL « LYY, W8y = (HPY, L « LYY),

jm> jm>
shows that the matrix element is zero unless / = /. The identity
(HL*¥S,, ¥9,.,) = (HY{, LY. )

yields (H¥YQ,,, Y9 . ) =MHYY,, PY¥,), ie, the matrix elements are
independent of m. Thus

(6.27) HYE,, ¥ = 0y O AL, ), J'),

where A(J, j,j') is independent of m and m’'. In Section 7.8 this result will be
generalized to obtain information about the matrix elements of operators
which do not necessarily commute with the action of SO(3) on JC.

7.7 The Clebsch-Gordan Coefficients

In Section 7.2 we derived the Clebsch—Gordan series

(7‘1) D(u) ® D{v) — u;*:‘} @ D(W)
w=|u—2|

for the tensor product of two irred reps of SU(2). Recall that we also used the
symbol D™ to denote the (2u + 1)-dimensional irred rep of SL(2). Since there
is a -1 relationship between complex reps of s/(2) and su(2) it follows that
expression (7.1) is also valid for SL(2). Furthermore, this same argument
shows that any finite-dimensional analytic rep of SL(2) as a complex Lie
group can be decomposed into a direct sum of irred reps.

In the following we shall consider (7.1) as a rep of SL(2), but all our
results will remain valid on restriction to SU(2). If D®, D™ are defined on
inner product spaces V), ¥ then D™ (X D is defined on the (2u + 1)(2v
+ 1)-dimensional space V® & V. As a convenient ON basis for the rep
space we choose {f* @ f¥: —u <m <u, —v <n < v}, where {f¥} is a
basis for ¥ such that

(12) MY = mi, T = [k m e D T ),
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and {f{’} is defined similarly. [In the future we will call any ON basis {f,}
satisfying (7.2) a canonical basis.] Though {f% ) "} is well adapted to show
the tensor product character of our rep, it does not clearly exhibit the
decomposition of D* (X) D’ into irred reps. From the right-hand side of
(7.1) it follows that V® X ¥ contains an ON basis of the form

h:w=u+v,utv—1,...,.lu—v|, —w<k<w}
such that
(71.3)  Jh =khp, TR = [(w £ k + D)(w F k)]V2hY,,

where the J-operators are now those determined by the action of SL(2)
on V™ & V%, For fixed w the vectors {h{’} are determined up to a phase
factor by (7.3). They form an ON basis for the invariant subspace which
transforms according to D™, The two sets of basis vectors are related by the
Clebsch-Gordan (CG) coefficients:

(7.4 hi =3 Clu, m; v, n|w, K)fP @Y,
lu —v|<w<utov, —w<k<w,
(7.5) Clu, m;v,n|w, k) = (h{, £ Q ),

where (-, -) is the inner product on ¥* ) ¥, Since {h{"'} and {f¥ &) £}
are ON, the matrix formed by the CG coefficients is unitary. Indeed from
(1.5)

(7.6) f@O QfY =Y Clw, k|u, m; v, HhY,
w, Kk

where

(7.7 Clw, k|u, m; v,n) = Clu, m; v, n|w, k).

Later we shall see that it is possible to choose {h{"} such that the CG coeffi-
cients are real.

The matrix elements of D® (X D™ with respect to the {f* &) £’} basis
are T%,.(A)T:,.(A), where 4 € SL(2) and the T,.(A) are the matrix elements
of D™ with respect to {f%}. On the other hand, the matrix elements with
respect to the {h{*'} basis are T%,.(A). The matrix of T® ) T*’(A4) in one basis
is unitary equivalent to the matrix in the other basis. A straightforward
computation yields the identity

(1.8) To DT (A) = 3. Clu,m;v, n|w, k)C(u, m'; v, n'|w, k)Tt A),
w k, k'

expressing the product of two matrix elements as a sum of matrix elements.
Since in appropriate parameters 7% ,.(A4) is essentially a Jacobi polynomial,
(7.8) can be viewed as an identity expanding the product of two Jacobi poly-
nomials as a sum of Jacobi polynomials. If we restrict 4 to the subgroup
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SU(2) then the matrix elements are given by (2.13) and (2.14). Applying the
orthogonality relations (2.21), we find

2w+ 1
1622 Jsv
= C(u, m;v,n|w, k)Clu,m’; v,n'|w, k')
This expression can be used to explicitly compute the CG coefficients (Wigner
[2]). However, we shall adopt another approach which leads to a generating

function for the coefficients and yields an independent proof of (7.1).
Consider the model of D® on the vector space U™ with ON basis

(7.9) T AT ol AT 34 A) dA

u+m

(7.10) fn(2) = [ — "E;E')‘ + m)!]l/?-’

[see (2.10)]. The action of SL(2) on V™ is

—u<<m<u,

[T(A)f)z) = (bz + dy“f (,‘jj i;) fe U, A4e SLQ).

The matrix elements of T(A4) with respect to this basis are

TAf, = 3 il A,

p=-u
or

Os(4) =[BT | P17

where D, (A) is given by (10.22) of Section 5.10. The matrix elements have
the symmetric generating function

(7.1 (12ul)i(bz + d) + ylaz + O = pX:]_ufm(y)Q';m(A)fp(Z)-

In this model the action of the generalized Lie derivatives J*, J* on the basis
is described by (7.2).

We can realize D (X D’ on the (2u + 1)(2v + 1)-dimensional space
V@ ® V¥ with ON basis

(112) R Q[0 = (u(: Zm)u) vm((v —i);)n' @ —m7

—u<m<u —vn<v.
The action of SL{2) is defined by operators S(4) such that

. vp(@z+c ay+c
(7.13)  [S(A)f)z y) = (bz + d)*(by + d*'f (b Td by d)
for f € V™ (R V™.



7.7 The Clebsch-Gordan Coefficients 259

The generalized Lie derivatives J*, J* corresponding to (7.13) are easily
computed to be

_ d d
J3_—u—v+za +y6y
(.19 d d d d
+ 2 2 - — .
J _—2uz—2vy+za+yay J = 3z d

We will decompose V™ (¥ V™ into irred subspaces by explicitly computing
the ON bases {4}, (7.3), of these subspaces. The lowest weight vectors
h™) satisfy J~h™) =0, J3h™) = —wh™). We will use this property to compute
the A™) explicitly and then use relations (7.3) to obtain a set of vectors
(h), —w <k <w, |u—v|<w<u -+ v. By showing that these vectors
form an ON basis in VU (X) U we can verify (7.1) independently. More-
over, our explicit expressions for the A(z, y) will enable us to compute the
CG coefficients.
The general solution of J f = —(d/dz + d/dy)f(z,¥) =0 is f(z,y) =
*a,a,(z — y)*, where the a, are arbitrary constants and ¢ = min(u, ).
A basis for the g-dimensional solution space is given by the vectors.

h%(z,y) = N, (z — yy=7~, lu —v|<w<<u-+o,
where the N, are nonzero constants. Indeed
(7.15) IR = —wh®),  Jh") = 0.

Let (-, —) be the inner product on V* X) V" with respect to which the
basis { % &) f} is ON. It is easy to check that (J3)* =J3 and (J*)* =J"
for this inner product. We will choose the constants N, such that || 2| = 1.
Thus,

w2 — P ol oo @u D@ —u 4wt
H = VRS ot o i
Making use of the identity
(7.16)

SOtk Pl I (m+ Kl
Tk — )1 =T &

JFi(—k,n41; —m — k3 1)

_minl(mtnt k41!

Kl(n+ m+ 1!
(see Lebedev [1, p. 243] for a proof), we obtain

() (2w + D! vr
Ny =D [(u—{—v—w)!(u—v+w)!(v~u+w)!(u+v+w+1)]

where the phase factor has been added to conform to convention.
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Now we define vectors

(117 bz, y) = [ — =L 12 ooz ) <k <
' A5 Y —[(w+k)!(2w)!] s V) w=Esw
where J* is given by (7.14). It follows immediately that J*hY =
[(w+ &k + 1)(w— k)]V2h), inagreement with (7.3). Also, from the proof of
relations (3.3) we see that (J*)***'h%) =J*h? = 0. Each A{'(z,y) is a
homogeneous polynomial of order ¥ + # + k in z and y, and there are a
total of (2u + 1)(2v + 1) such polynomials. We will show that the {A{"}
form an ON basis for V™ ) V™,

Lemma 7.1 (a) J*hY = [(w+ &+ Dw — K]VheY s (b) JhY —
[0 — k + Dw + KA, (€) J3h — khip.

Proof. Identity (a) follows directly from (7.17). Identity (c) follows from
J3A®) = —wh™) and the fact that J3(J*f) = (kK + DI *f) if J3f = kf. We
prove (b) by induction on k. Since J “A") — O the equation holds for k = —w.

Assume (b) is valid for k < / where —w </ << w. Then
IR = {w -+ 1+ Dw — D]V2I T
from (a). Since J°J* = J*J~ — 2J? we have
JIR = (J*]~ — 200K = (w + [ + 1)w — DA™
by the induction hypotheses. Therefore, (b) follows for k =/—+ 1. Q.E.D.

Thus, for fixed w the vectors {A{*'} form a basis for a subspace of V% &
UV which transforms irreducibly under the rep D™’. Furthermore, by com-
putations analogous to (2.7)-(2.10) we see that the {#{*’} are ON. The Casimir
operator C =J*J~ + J3J? — J® is symmetric since J* is symmetric and
JJf,8) =010 8 = (f,J'J g).Since Ch» = w(w + 1)h* we obtain

ww + 1A, hg) = (Ch, by = (h?, ChY) = w'(w’ + 1YY, h)),

so (hY, h") = 8,. Our, 1.€., the (AL} form an ON set. Since the cardinality
of this set is equal to the dimension of U™ ® V™ we conclude that {4}
is an ON basis. This proves the validity of the Clebsch-Gordan series (7.1)
from a Lie-algebraic viewpoint.

We can use our model to obtain an explicit expression for the coefficients.
Since the {4y} for fixed w form a basis for D we have the identity

(7.18) T = 3 Qu(DhY, A e SL2),

D —-w
where the matrix elements are given by (7.11). In the case where 4 =
exp(—bg*) and m = —w, (7.18) is especially easy to evaluate. Indeed A*)(z, v)

—w
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= Nu(z —yyvand @y _.(4) = (=6 {2w)Y/[(w + p)!(w — p)!]}*/. Thus
(7.19)
N (bz + 1) by + 1)**v7¥(z — ypyte»
_ (Zw)! ]”

B p;wrg[(w +p)tw —p)tw + mlwu—mt@+ mlv —n)!

X Cu, m; v, n|w, p) X (—zy*"(—y)""(—b)*?,
where we have used (7.4} and (7.10). Since #$")(z, y) is homogeneous of order
u+ v+ pin z and y it follows that C(u, m; v, n|w, p) is nonzero only if
m - n =p.

Expression (7.19) is a generating function for the CG coefficients. We can
write this expression in a more symmetric form by choosing b = x3' and
introducing the 3-j coefficients

Jvo Jr s (—1ysms . .
="t C(j,,m; j,, my|j;, —m;).
ml mz m3) (2_/3 { 1)1,2 (./] 1 ./2 2|./3 3)

w

(7.20) (

In terms of these quantities, (7.19) becomes
(72]) (X3 . x])il‘fz*i:(xz _ x3)*jl*i2+i3(xl _ xz)h*fa*iz

X [(.Il 4 jz - j3)! (fl 41'2 “+ j3)!

PO Gt P S PR P L OV P S P ol PR ol D)

= JE {x{‘'""xéz”’"x’i’“’”(j1 /2 j3)

ms = m, m, m,

X[+ m) G, + m) (G A my)!

X Gy = m)EG, — m)l (s — my)!]712
(We have set z = —x,, y = —x, in this expression.) Since the left-hand side
is homogeneous of degree j, + j, + j, in x,, x,, x,, so is the right-hand
side. Thus, the 3-j coefficients are zero unless m, + m, + m, = 0. Further-
more, it follows from the CG series (7.1) that these coefficients are zero unless
Ji +J; +J; and j, 4+ m, are integers, and —j, <<m, <<j, i=1,2,3. The
3-j coefficients have a high degree of symmetry, as is evident from (7.21).

Indeed the left-hand side of (7.21) is fixed under an even permutation of the
integers 1, 2, 3. As a consequence

(7.22) (/1 J2 jJ)i;(jJ I jz)(jz J3 11)
m, m, m, m; m, m, m, m; m,
The left-hand side changes by a phase factor under an odd permutation:

(7.23) (11 J2 13)(__1),.”].“,.3(12 )i J3)
3

m, m;, m m, m, my
:(._,_l)j.ojth(jl J3 fz).

m, m; m,
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If we make the substitution x; — x;! and multiply by x3/:x3/2x%/s the
generating function changes by the factor (—1)/*/+*/:, There follows the
identity

(.2 (jl i s ) (e ( A A A )
m, m, my -my, —m, —my
If we multiply both sides of (7.21) by
(jl +]2 +Ja -+ 1)1/2a—h+iz+iaﬁi1—]z+iayil+iz—ix .
(=i +n+iD G — 50U+ — G2
and sum over all j, for which (7.21) makes sense, we obtain the new generat-
ing function
(7.25)
expla(x, — x;) + Blx; — x) + px, — x,)]

> Ji e e
— E E {(./1 +j2 +./3 + 1)1/2a—j.+J:+Jaﬁu—u+u},u+u—n

Ji+iat+is=0 mi=—J:

% x{**"“xg"“’“xf;“"“(j’ Jo T )
m, m, m,
X [(_j1 +Jy Iy =y NGy = GGy A+ my)!
X (Jp + mM (s + m) (G, — m)V(jy, — my)! (J; — my)![712).
A still higher degree of symmetry can be obtained by making the replacements

X, = X,fViy &> Y, Y30, B — 33,8, ¥ — y,y,y in (7.25). Then this expres-
sion takes the form

(726) exp(det B) — i i b(ji9 ml_)a—i1+j2+i3ﬂf1—js+13yil+jz‘jx

Jitje+is=0 ms=—j;

X xll"1+m1yjl'|—m1x12':+sz£z—mzx13'3+MJyja'u—M3(jl J2 3 ),
m, m, my

where b(j,, m,) is completely symmetric under a permutation of the integers

1, 2, 3. Here B is the matrix

« B 7
X X3 X3
Yi Y2 Vs

It is now evident that the symmetries (7.22) and (7.23) correspond to per-
mutations of the columns of B. Under an even permutation det B remains
invariant, while under an odd permutation it changes sign. The identity
(7.24) follows from the fact that det B changes sign under a transposition
of the second and third rows of B. Note that a change in sign of det B is
equivalent to multiplication of the right-hand side of (7.26) by (—1)/t+/2* />,
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In addition to these symmetries we see that arbitrary permutations of
the rows of B lead to new symmetries. Furthermore, since det B* = det B
we can obtain a new symmetry by interchanging rows and columns of B.
The six column permutations, six row permutations, and the transpose
generate a group of 6 X 6 x 2 = 72 symmetries of the 3-j coefficients.
This symmetry group was discovered by Regge [l]. The symmetries (7.22)~
(7.24) generate a subgroup of order 12.

Substituting (7.20) in the above formulas we can obtain corresponding
formulas for the CG coeflicients. The most frequently used CG coefficients
C(j,, m; j,, my|j,, my) are those for which j, = 4 or 1. We can easily com-
pute these special cases from (7.21). For j, = 4 the coefficients are zero
unless j; = j, &+ 4 and m; = m, + m,. The nonzero coefficients are given by

m, = —14 m, =4
L] Ji +m3+%}1’z _I:jl‘m3+%}”z
P : 1 Ji— my ’F'%I/Z [/1 +m3+%:‘1/z
Si=Ji 11 [ 27, + 1 27, + 1

For j, = 1 the coefficients are zero unless j; = j,, j, = 1, and my; = m, +
m,. The nonzero coefficients C(j,, m,; 1, m,|i,, m;) are

(728) my; = ~1 my; =0 my =1

=j -1 ((il + ms - DGy - m:))”z B ((f) — m3)(Jj, + ’"J))”z <(f| —my)(J, —my + l))”l
! 2i2hHh + 1 H2j+ D 2/ + D

= ((11 — my)(jy +m; + 1))1/1 i3 4((1‘1 4 ma)jy — my + ]))”/Z
! 2L + D [/ + D12 2j,U, + 1)

=/ +1 ((fl(z_jlm_?_)(l.l;l(zyl”ij;)‘ 1))“2 (L *(';'jal ++ ll))((fj,] + s + 1))'“ ((f,(;:_lmixli).(;lnr; l))"z .

It is not difficult to obtain an explicit expression for an arbitrary CG
coefficient. Indeed one can expand one of the generating functions in powers
of the independent variables and equate coefficients of like powers. However,
the resulting expressions are very complicated (see Hamermesh [I]). For
practical (computer) computations it is usually more convenient to use
recurrence relations for the CG coefficients. Such relations can be easily
derived by differentiating the generating functions with respect to some of the_
independent variables (Bargmann [2]).

7.8 Applications of the Clebsch—Gordan Series

We return to the study of a k-particle quantum mechanical system as des-
cribed in Section 7.6. Suppose the Hamiltonian is given by

@&.0 H=H, +H,{ - --- +H,
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where
(8.2) H, = —(/2m) A+ Vi(x), 1 <j<k,

ie., H is a sum of single-particle Hamiltonians. Furthermore, suppose
V(Ax;) =V (x,) for all A € SO(3), so that each potential function V (x,)
is invariant under SO(3). This system admits the compact symmetry group
G = SO(3) x SO(3) x --- x SO(3) {k times). Indeed, we can define a
unitary rep S of G on & by

(8.3) [S(A,,..., ADFIX,,. ... %) = V(AT X, ..., 47'%,),
A, € SO(3), Y e XK.

It is easy to check that these operators commute with H.

From Corollary 6.2 it follows that the irred unitary reps of G are products
of k unitary irred reps of SO(3). Indeed, the irred reps of G can be denoted
D¢ where

(8.4) Dt (4, 0 A) =DW(A) R - RQDW(A,)

and DY is an irred rep of SO(3).

Suppose A is an eigenvalue of H and W, is the corresponding eigenspace.
If W, transforms irreducibly under G according to D% the multiplicity
of Ais g = dim DY»-% = (2f, 4+ 1)2l, + 1) --- (2], + 1). The functions
WL(x,) - - Whix), —1;, < m; </ form an ON basis for W, where ¥}, (x;)
for fixed j is a canonical ON basis for the rep D and W%, is an eigenvector
of H,. As we have seen earlier ¥4 (x) = h,(r)Y (0, p) in spherical coordi-
nates, so the angular dependence of the wave functions is determined. The
radial dependence can be obtained only by solving the Schrédinger equation.,

In the above system the k particles do not interact with one another.
We now consider an interacting system obtained by adding a perturbing
potential V' to H:

(8.5) H = H+ V(X,,...,%)

We further assume that ¥’ is invariant under the action T, (6.2), of SO(3) on
JC but not under the action S of G, i.e., the equality

ViA,x,,..., 4x) =V (x;,...,X,)

holds in general only if 4, = ... = 4, = A € SO(3). Thus the symmetry
group of the perturbed Hamiltonian H' will be the subgroup of G consisting
of all diagonal elements 4 X 4 X --- X A. This subgroup is obviously
isomorphic to SO(3). To determine the splitting of the eigenvalue A under the
perturbation we need only express DV | SO(3) as a direct sum of irred
reps of SO(3).



7.8 Applications of the Clebsch-Gordan Series 265

From (8.4) it is clear that this restricted rep is isomorphic to the k-fold
tensor product

(8.6) DY | SO3) = DY @ DY ® - - - @ DU,

We can use the CG series to decompose (8.6) into a direct sum of irred reps

and thereby obtain the splitting of the energy levels. For example we could use

the CG series to decompose D9 (X) D¥2, tensor the resulting irred reps with

DY?, and apply the CG series again, etc. (In case W, is not irred under G we

can decompose W, into a direct sum of G-irred reps and proceed as above.)
In the simplest case kK = 2 and

(87) D(l:,la) lS0(3) -~ D(Ix) ® D) ~ D) @ DUt-1) @ e @ DD,

Here the (2/, 4+ 1)(2/, + 1)-degenerate energy level A splits into 2min(/,, /,)
+ 1 levels and the energy level corresponding to D is (2/ 4+ 1)-degenerate.
We can use the CG coefficients to decompose W, into a direct sum of sub-
spaces transforming under the irred reps of SO(3) given by the right-hand
side of (8.7). Indeed a canonical basis for the subspace transforming according
to D is given by

(8.8) ha(x,, %) = 3 CUy, my; L, my |1, m)Ph (x )P, (x2),

—l<<m<l
As we have shown in Section 7.6, the computation of matrix elements of H’
with respect to the canonical basis {/,/} is relatively simple because SO(3)
is a symmetry group of H'. This basis is far superior to {W¥! W%} since it
explicitly exhibits the SO(3) symmetry. The matrix elements of H" are needed
in quantum mechanical perturbation theory to compute the perturbed
eigenvalues (Schiff [1], Landau and Lifshitz [2]).
The decomposition (8.7)—(8.8) is also of great importance in the study of
time-varying systems. We look for solutions ¥ of the Schrodinger equation

(8.9) i0W(x,,X,, )0t = HY(X,, X,, 1),

where W(x,, x,,t) € 3C for each 1. Suppose the functions ¥ /(x,, x,, )
are solutions of (8.9) such that ¥ '(x,,x,,0) = h,'(x,, x,), expression
(8.8). Then at t = 0 the ¥/, —! << m <C I, form a canonical basis for the
irred rep D”. According to the results of Section 7.6, the functions ¥, (x,,
X,, t) form a canonical basis for D’ at every time t. In particular

(8.10) LY, ' =mY,/, L.L¥Y,/ =1+ DY,
for all r. Thus the quantum numbers / and m are conserved under the inter-
action.

To see the physical significance of this analysis we consider an (oversimpli-
fied) example. Suppose the perturbing potential is a function of time, V’
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= V'(x,, X,, 1), such that for all #, ¥’ is SO(3)-invariant but not necessarily
G-invariant. Furthermore suppose V' =0 fort << 0Oand ¢ > 7 > 0, where 7
is some fixed time. Thus the perturbing potential acts only in the time interval
(0, 7). At all other times H' = H.

Let W, be the eigenspace of H corresponding to eigenvalue A. The space
W, transforms irreducibly under G:

(8.11) S|W, = D"
and has the ON basis
(W (x WP (x,): — 1, < m; <1}

Now suppose ¥ is a solution of (8.9) such that W¥(x,,x,,0) =
Wi (x,)Wi,(x,) € W,, i.e., the first particle has quantum numbers /,, m,
and the second has quantum numbers /,, m,. As ¢ increases, the particles be-
gin to interact. We assume the interaction is elastic, i.e., we end up with the
same two particles and energy is conserved. No particles are created or
destroyed by the interaction.
After time ¢ = 7 the particles are again noninteracting. By conservation
of energy, W(7) must have energy A. Thus ¥(1) €¢ W,, or
(8.12) W(x,, Xz, 7) = 3 a0, Vo (x,)P0A(X,)
and we can describe the interaction by computing a,,,: | a,., |* is the prob-
ability that a system in the state W) W% at 1 =0 ends up in the state
YiW: at t = 1. Since SO(3) X SO(3) is not a symmetry group of H', m,
and m, are not conserved by the interaction. Thus, if particle one starts out
in the state W, there is no reason to assume that it will end up in this state.
On the other hand, SO(3) is a symmetry group of H'. If the system is in
the state 2,' at ¢t = 0 then it must be in the state 4, at ¢ = 7. Note that the
vectors

8.13)  h,l(x,,x,), H —Li<I<Il + 1, —l<m<]|,

form an ON basis for W,. Thus, if W(0) = 4! then by conservation of
angular momentum

(8.14) ¥(1) = bh,'.

Since W(7) is a unit vector we must have |5,| =1, or b, = &%, 0 < 8, < 2x.
Just as in Section 7.6 we can easily show that 8, is independent of m. The basis
{h '} is clearly more convenient for W, than the basis {¥ W%} On the
strength of conservation of angular momentum alone we have proved that
h,! is merely multiplied by a phase factor ¢®. The results of the scattering
experiment are determined by the scattering angles 8, |/, — I,| < /<!, +
1,, which must be computed from the dynamical equations.
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Now that we know how the {#,} transform we can use the CG coefficients
to determine how the basis {¥% W } transforms. A straightforward com-
putation yields
(8.15) Wha Wt — > C(l,,my; 1y, my|l, mye®Cl,, ny;ly, ny |1, m)PLWPe.

Inins

Thus the probability that a system in the state W W% at ¢t = 0 will be found
in the state W2W% at 1 =1 is

1+,
(8.16) 2 Clyymys Ly, my|l, me®C,, ny;ly, ny|l, m) g
|

I={li—1y

If the system has k > 2 particles a similar but more complicated analysis
can be used to decompose W, into a direct sum of irred subspaces under
SO(3). The principal complications arise from the fact that a given irred rep
may occur with multiplicity greater than one. Then there is no unique way to
decompose W, and it may be necessary to relate the various possible decom-
positions by Racah coefficients (Liubarskii [1]).

In the preceding discussion we have ignored the possibility of spin.
However, for many particles such as the electron, the proton and the neutron,
physical observations do not agree with the predictions of our theory. To
obtain predictions in agreement with experiment it is necessary to postulate
more complicated transformation properties of the particle state functions.
Intuitively, one may think of a particle with spin, say an orbital electron
in an atom, as a billiard ball spinning about its own axis. In addition to
its orbital angular momentum the billiard ball possesses an intrinsic spin
angular momentum,

To make the discussion concrete we construct the state space of a single

nonrelativistic particle with spin s, 25 == 0, 1, 2, . ... The Hilbert space JC,
consists of vector valued functions

¥, (x)

¥, (x)
(8.17) YO =| = X e,

¥ (x)

where e, is the column vector with a one in row z and zeros everywhere
else. The vector ¥(x) € IC, if

[ wo®xax = [ 3 1¥,00Pdx < oo
Rs u=-9s
and the inner product is

(8.18) (©, ¥) :j O (x)F(X) dx = j Z 0,(x)T.(x) dx.
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We define a unitary rep T of SU(2) on IC, by
[TCA)¥)(x) = T(A)¥(R(A™")x),
or in components

(819)  [TA¥LX) = 3 TuWERAX), s <p<s,

Here R(4) € SOQ3) is defined by (1.12) and (1.20) and the matrix elements
T:,(A) by (2.14). Since the matrices T°(A4) are unitary and satisfy the homo-
morphism property T#(4 B) = T*(A)T*(B), the operators T(A) are unitary in
JC, and satisfy T(4B) = T(4)T(B). Any vector-valued function ¥(x) which
transforms under the action of SU(2) according to (8.19) is called a spinor
field of weight s. (A spinor field need not belong to 3C,.) It follows from Sec-
tion 7.2 that if s is an integer, T defines a single-valued rep of SO(3), while if
s is half-integral, T is double-valued on SO(3).

In nonrelativistic quantum mechanics it is postulated that the state
vectors of the electron, proton, and neutron transform under rotations as
spinor fields of weight }. There are mesons and baryons with spins 0, 1,
and 3. The photon in relativistic quantum mechanics has spin one, while
the nuclei of various atoms can have spins greater than 1.

We have postulated that the state vectors of a particle with spin belong to
3, and transform under rotations of space by (8.19). If s is half-integral this
postulate seems ambiguous because T is a double-valued rep of SO(3).
Indeed if R € SO(3) there exists A € SU(2) such that R = R(+A4) and
T(—A)Y = —T(A)¥ for ¥ € 3C,. However £ T(A)¥ both define the same
state (ray) in 3C,, so there is no physical contradiction.

In a manner similar to the above construction we can define state spaces
for systems containing several particles. As an example we construct the
state space for a system containing two electrons. The Hilbert space 3,,, ®
JC,,, consists of all tensor-valued functions ¥(x,, x,) with components
Y, ..(X1s X)), 4y, 4, = £4, such that

1/2
[ 3 ¥ X dx, dx; < oo

Ri? pipa=—1/

The inner product is

820  ©@,¥) = [ ¥ 0,,x,x)¥,.x, %) dx, dx,.

Rs? pipy
Here the spinor indices and spatial coordinates corresponding to particles
one and two are u,,x, and u,, x,, respectively. [Actually, by the Pauli
exclusion principle the state space is the proper closed subspace of ¥,,, &
JC,,, consisting of vectors ¥ such that ¥, . (x;, x;) + ¥,,.(x5, x,) = 0.
Thus, not all elements of 3C,,, X IC, , have physical significance (see Section
9.8).] In a similar manner one can construct state spaces for systems contain-
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ing an arbitrary (finite) number of particles with arbitrary spin. A state vector

¥(x,,...,X,) in a k-particle system has components ¥, .. (x,,..., X,).

If the jth particle has spin s, then the index y; takes values —s,, —s, + 1,
.., §;. Under a rotation R(A) the state vector ¥ is transformed to

8.21)  [T(AP,,.. (X1, .« %)
= 3T (A) e T (AW, (RATX,, ..., RIAX,).

Hivy
vi=—35)

The rep T is single-valued on SO(3) if an even number of spins s, are half-
integral. Otherwise, T is double-valued.

The rep T of SU(2) induces a corresponding rep of su(2) defined by opera-
tors

g = (dld)T(exp1J)}|,-o, & € su(2).

We choose the basis §,, §,, J;, {1.8), and compuie the operators §,, 9,, g
in the case where T acts on JC, according to (8.19):

(8.22) g,=8,+%£, =123,
where §, is a (25 + 1) x (25 + 1) matrix

gj = (d/df)T’(exp t(gj) -0
acting on spinor components and £ is the differential operator (6.22), (k = 1).
[If s = 4 then T'%(4) = 4 and §, = §,, see (1.8). These three matrices are
called the Pauli spin matrices.] The action of the spin matrices on the spinors
e, is given by
(8.23) S%e, = pue,,  S*e,=I[(s+ u+ (s F W',

’ S+Se, —(S;S;, + 5,8, +8;S))e, = s(s + De,,, —s<u<s,
where S* = 4+iS, + S, =F§, +i8, and 83 = —8; = —i§,. Since T
is unitary the operators J, = i g, are symmetric on JC, and satisfy the usual
commutation relations

(8.24) [J,,Jd,] =id;, [J;,J,]=1iJ,, [J,,d;]1=iJ,.

[Compare with (6.24).] In quantum theory the J; are called total angular
momentum operators. Here J, = S, + L,, where the self-adjoint matrices
S, = i§, are spin angular momentum operators and the symmetric operators
L, = i£, are orbital angular momentum operators. Note that the S, and
L, operators commute with one another since the first acts on the spinor in-
duces alone, while the second acts on the coordinates x alone.

In case T acts on a k-particle state space according to (8.21), an analogous
computation yields

k
(825) Jj = C=Z] (S}C) + L(jc)), ] = ls 29 3a
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where S is a (25, + 1) X (25, + 1) matrix acting on the spinor indices g,
and L = i8{ is the differential operator (6.22) acting on the coordinates
x,. The commutation relations are again (8.24).

To investigate some of the physical consequences of this formalism we
consider a system containing a single electron (s = }). Suppose the Hamil-
tonian K on 3C,,, takes the form

(8.26) K‘P—(H 0)('{’”2) L IR0
' o w/\w_,, & Sz

where H = (—1/2m)A + V(x), m is the mass of the electron, and V(x) is
rotationally invariant. We are assuming that K is spin-independent, i.e.,
it does not depend on the spinor index u. Let 4 be an eigenvalue of H acting
on the Hilbert space 3 (no spin), and assume that the eigenspace W, in 3
transforms according to the (2/ 4- 1)-dimensional irred rep D* of SO(3).
Here the action of SO(3) on ¥ is given by ¥(x) — W(R!x), R € SO(3).
An ON basis for W, is {j(r)Y,"(0, ¢): —] << m < I}, where j(r) is determined
from the solution of H¥ = AW. It is obvious from (8.26) that the eigenspace
W, of 3,,, corresponding to eigenvalue A is 2(2/ 4- 1)-dimensional and
has an ON basis

Y6, 0
(8.27) j(r)( (0 "’)), j(r)(Ym( p ¢))’ —l<m<l

Thus the degeneracy of A is twice that in a spinless theory. It is easy to check
that both the spin operators S, and the angular momentum operators L,
commute with K. Thus K admits the six-dimensional symmetry group SU(2)
x SU(2) obtained by letting SU(2) act on the spin indices and spatial co-
ordinates independently in (8.19). Clearly, W,  transforms according to the
irred rep DV/2:0 of SU(2) x SU(2).

Now we introduce a spin-dependent perturbing (matrix) potential V’
such that the perturbed Hamiltonian K’ = K + V" is still rotationally invari-
ant, i.e., such that K’ commutes with the operators (8.19). Then K’ will
no longer commute with all the spin operators S, and orbital angular mo-
mentum operators L;, but will still commute with the operators J, = S; +
L,;. The symmetry group of K’ is the diagonal subgroup of SU(2) x SU(2)
consisting of those elements (4, B) such that A = B. Clearly, this subgroup
is isomorphic to SU(2). Since

(8.28)

D@+11/2D (@ pu-tv2n, I=1.2....
/2,0 —~ S~ s L ’

D(l 2,1 |SU(2) st D(I/Z) ® D(l) ~ {D“/z), l _ 0,

as follows from (8.19) and the CG series, we see that for / >> 1 the perturba-

tion splits the 2(2/ + 1)-degenerate eigenvalue A into two eigenvalues of

degeneracy 2/ + 2 and 2/, respectively. For / = 0 the twofold eigenvalue does
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not split. These predictions are dramatically different than the corresponding
predictions for spinless particles, and their experimental verification provides
a justification for the introduction of spinor fields into quantum theory.
We can use the CG coefficients to construct a canonical basis for 3C, ,
corresponding to the decomposition (8.28). Indeed the vectors

Bt — () 2 CU ms g, pll b 3, n)Y™O, pe,,
RV =y 3 CU my k, wll— 5, mY, ™0, pe,,

form canonical bases for D*''"'2V and D¥-'* 2V respectively. This basis is
very important in scattering problems involving spin-dependent forces. In
such problems spin and orbital angular momentum are not separately
conserved but only total angular momentum. Thus s, g, /, m are not good
quantum numbers and only the eigenvalues of J* and J « J are conserved.

The decomposition of energy eigenstates of a system containing & par-
ticles with spins s,, ..., s, into eigenstates of total angular momentum is
analogous to that above.

7.9 Double-Valued Representations of the Crystallographic Groups

We have seen that in a physical system containing particles with spin
it is possible that an energy eigenspace W, of the rotationally invariant,
spin-dependent Hamiltonian H transforms under a half-integral irred rep
D™ of SU(2). For example, from (8.21) and the CG series, the eigenspaces
of systems containing an odd number of electrons transform under half-
integral reps. [Those with an even number of electrons transform under
integral (single-valued) reps of SO(3).]

Suppose W, is such an eigenspace of H in the Hilbert space 3C correspond-
ing to a k-particle system. Now suppose we embed our system in an infinite
crystal with crystallographic point symmetry group G (of the first kind).

That is, we add to H the perturbing potential ¥'(x,, . .., X,) with symmetry
group G:
9.1) H=H}tV, V(Rx,...,Rx)=V(x,...,X,), RecG.

We assume V' is spin-independent, i.e., ¥’ is a function and does not affect
the spinor indices.

Let G’ be the set of all A € SU(2) such that R(4) € G, where R(A)
is defined by (1.20). Since R(—A) = R(A), then A € G’ implies —A4 ¢ G'.
In particular / = —E, € G'. Clearly, G' is a group. Since the mapping 4 —
R(A) is 2-1, the order of G’ is twice that of G. Furthermore, {E,, I} is a
normal subgroup of G such that G'/{E,, I} = G. According to (9.1), T(A) V"’
= V'T(A) for A € G’ and T(A) given by (8.21). Thus T(A)H' = H'T(A)
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for A € G'and G’ is a symmetry group of H'. If G is the largest point group
fixing V', then G’ is the largest subgroup of SU(2) which is a symmetry group
of H'.

To analyze the splitting of the (2u - 1)-degenerate energy level 4 under
the perturbing potential V' we must decompose the restricted rep D“ |G’
into a direct sum of irred reps of G". If R(g, 8, ) € G has Euler coordinates
@, 0,  then the corresponding elements of G’ are A(gp, 0, ), (1.13), and
—A = JA. Since I commutes with the elements of G’ and 12 = E, it follows
that Q(/) = 4+ E for any unitary irred rep Q of G'. If Q(J) is the identity
operator then Q(A4) = Q(— A4) and the Q induces a single-valued irred rep of
the factor group G'/{E,, 1} = G. We say Q is integral. On the other hand, if
Q(/) = —E then Q(—A4) = —Q(A) and Q induces a double-valued rep of
G. We say Q is half-integral. The relationship between G and G’ is analogous
to that between SO(3) and SU(2).

If u is an integer then the operator T(/) corresponding to the rep D*
of SU(2) is the identity. Thus, D“ |G’ splits into a direct sum of integral
irred reps of G’. We get the same splitting as by restricting the single-valued
rep D™ of SO(3) to G.

However, if u is half-integral (which is the case which concerns us here)
then T(/) = —E and D™ | G’ splits into a direct sum of half-integral irred
reps of G’ (double-valued reps of G).

To determine this splitting we must find the character table for G'.
This is a straightforward computation. Given G of order n we express its
elements in terms of Euler angles and determine the group G’ of order 2n.
Then we use the techniques of Section 3.6 to compute the character table.
The integral characters are easy to find since there is a 1-1 relationship
between reps of G and integral reps of G'. If y is a simple character of G
then the corresponding integral simple character of G" is y'(4) = y'(—A) =
X(R(A)), A € G'. Thus it only remains to compute the half-integral charac-
ters of G'. Complete tables of these characters are presented by Hamermesh
[1] and Liubarskii [1]. Here, we present without proof the table of simple
half-integral characters for O’ where O is the octahedral group.

If R € O with Euler angles ¢, 8, y we denote by R* the corresponding
element in O’ with the same Euler angles and set R~ = —R* < O'. Now O
contains 24 elements in five conjugacy classes: £, €, 2(3), €,(6), C,(6), C,(8).
On the other hand, O’ contains 48 elements in eight conjugacy classes:
E, I, {€,(4),€°@), (€'@), e @), (€, (), ()} (€,7(6), &, (6)),
{€3*(3), €,7(3)}, {€3"(3), €37(3)}. Thus, O’ has eight irred reps of dimensions
n,,...,Hg such that n,2 4+ ... 4 ny* = 48. However, in Section 3.6 we
already found five irred reps of O (the integral reps of O’) with dimensions
I,1,2,3,3. Thus there are three half-integral reps of O’ with dimensions
ng, n,, ng, where ng> + n,2 4+ ny* = 24. The only solution with ng; < n, <
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ngis ng = n, = 2, ny = 4. The character table can be shown to be

(9.2

e;*(4) C3'4) e, (3) ei*(d) ei'(3) e, (6)
o' E I €4 € (4 €3 e (3 e ¢c(5

(x)® 2 -2 1 —1 2 =2 0 0
()™ 2 =2 1 1 -2 JZ 0 0
xH® 4 —4 ] 1 0 0 0 0

We can use this table to compute the splitting of a (2u 4 1)-degenerate
eigenvalue A corresponding to the half-integral rep D™ of SU(2) under a
perturbation with O’ symmetry. If 4 € SU(2) is similar to A(0, 0, 7) then
the character x“(A4) = [sin(u + })]/sin(7/2). Moreover, x*“(A4l) =
—x“(A4). With this information we can easily compute the character of
Dw| 0’

(9.3)
C;"(4) €3'(4) €,°(3) €i'(3) ei'(d) C,%(6)
X" E I &4 e @4 €73 e (3 e (d) c(o
X 2 2 1 /2 -JZ 0 0
X3 4 4 1 0 0 0 0
x5 6 6 0 0 VI /2 0 0
X g 8 I —1 0 0 0 0
¥ | 10 10 —1 I VT —JZ 0 0

Writing x| O’ as a linear combination of simple characters, we obtain
the results:

9.4)

L g L [ O R [ S PO
X710 = () O () X0 = () + 2.

for u =}, ..., % For example, under the perturbation a sixfold eigenvalue
(v = 3) splits into one twofold and one fourfold eigenvalue. Notice that

x"2 10" and 3 »| 0" are simple, so twofold and fourfold eigenvalues do
not split.

7.10 The Wigner—Eckart Theorem and Its Applications

Let T be a unitary rep of SU(2) on the Hilbert space 3. The mapping
Q — T(A)QT '(A) defines a rep of SU(2) on the space B(I) of all bounded
linear operators Q on 3. We could introduce an inner product on B(JC)
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with respect to which this rep is unitary and then decompose the rep into a
direct sum of irred reps D*. Rather than carry out such a decomposition we
shall merely investigate the irred subspaces of operators.

Let W™ be an irred subspace of ®(3C) transforming according to D¥
Then there exists a canonical basis {Q,,: —u# < m < y} for ‘W™ such that

(10.1) TAQT™ (4) = 3 Tin(AQ-

Operators with transformation properties (10.1) are called spherical tensors
of rank u. We shall compute the matrix elements (Q,f%, gi?), where f
and gi belong to canonical ON sets in JC transforming irreducibly under T:
(10.2) Ty~ 3 Tiafy,  Tagr — 35 Tugs
Our considerations will also apply to unbounded operators Q,, on 3C provided
there is a dense subspace Z of 3C such that (a) the domain of each of the Q,,
contains Z, (b) Z is invariant under the T(4), and (c) (10.1) holds on Z.
The group rep (10.1) induces a Lie algebra rep of su(2). Indeed if J =
(d/dD)T(exp t9)|,-p» § € su(2), then by setting A = exp 14 in (10.1) and dif-
ferentiating with respect to r at + = O we obtain the Lie algebra rep
(10.3) Q.—[/,Q,]1=JQ,—Q,J.

Since the Q,, form a canonical basis we find

(104) [J°,Q,1=mQ,, [J*Q,l=[uxm+ DuFml?Q,.,,
where
(10.5) Jr=4+J,+1iJ,, J3=—il,.

Spherical tensors appear frequently in quantum mechanics. For example
a Hamiltonian H which commutes with the T(A) is a spherical tensor of rank
zero. As another example we set 3& = L,(R;) and let [T(4)¥](x) = ¥{4 'x)
for A € SO(3), ¥ € 3C. Then for fixed integer / the multiplicative operators
(10.6) Q.'¥(r,0,9) = r'Y ™6, p)¥(r, 0, 0)

are spherical tensors of rank /. Here, the Y,"(0, ¢) are spherical harmonics
expressed in spherical coordinates. To verify this we will check the relations
(10.4). From (5.4), (5.6), and (10.5) we find

(10.7) It em’(¥% T z‘cotog—‘o)’ J? = i:—‘o-

Furthermore, from (5.7)

(10.8) J3Y; ™" =mY;", JEY =+ m + DUF m)zym=b,
Since the J operators are differential and Q,, = /Y ;™ is multiplicative we find
(10.9) I, Q,1¥ = J(WY ™) — r'Y;"(JW¥) = [J(r'Y ™}Y.
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Together (10.8) and (10.9) yield (10.4) for u = /. [Actually the above result
is valid for Q,, = f(r)Y;™(8, p), where f(r) is arbitrary.]
Let us consider the special case / = 1. The canonical basis vectors are

- 3 1,2 . 3 1,2
f,! =rYy! :(E) (x —iy), fl‘]:rYlO:(E) Z,
(10.10)

£ = —~(ge) x + )

Multiplying all vectors by (47/3)'/%, we see that the vectors

(10.11) M/ 2Xx —iy), z, —(1x/2)x + iy)
form a canonical basis for D‘’. Note that x, y, z does nof transform as a
canonical basis. Here, the multiplicative operators Q, = x, Q, = », Q
are the position operators of quantum theory.

A similar computation using the same J-operators shows that the differ-
ential operators

_ L (9 _ -i), _9, fd;(i -i)
(10.12) 4, “ﬂ(ax in) %= = zlntiy
also transform as spherical tensors of rank one. Note that the d; are closely
related to the linear momentum operators in quantum theory:

P_= —ig/dx, P, = —id/dy, P, = —io0/dz.

y

Z:z

We will compute the matrix elements (Q,f%, gi) for a set of spherical
tensors of rank . From (10.1) and (10.2) we obtain

(10.13)
(Qnfy, gi) = (T(A)Q.f4, T(A)gy) = (T(4)Q, T '(A)T(A, T(A)gs:

= Zk: T DT (AT 5(ANQ,f3, 8.
Multiplying the left- and right-hand sides of this equality by dA4, integrating
over SU(2), and making use of the identity (7.9), we find

(10.14) (Qnf, gir) = Clu, m;uy, jlus, HN,

J— 1 . ) UFl
N = m‘;: Clu, n; u, kluy, s)Q.fy, git).
Theorem 7.1 (Wigner-Eckart). [f{Q,} is a set of spherical tensors of rank u
then (10.14) holds where N depends on u, u,, u, but not on m, j, and /.

The point of this theorem is that the dependence of the matrix element
on m,Jj, and / is completely determined by the CG coefficient. If for fixed
u,u,, and u, we are able to compute one of the nonzero matrix elements
(10.14) then we can solve for N and (10.14) will tell us the values of all the
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matrix elements. The constant N is sometimes called a reduced matrix
element. From the known properties of the CG coefficients we see that the
left-hand side of (10.14) will be zero unless m + j =4 and u, = |u — u,|,
lu—u |+ 1,...,u+ u,.

We have stated the Wigner—Eckart theorem for reps of SU(2), but actually
it holds for reps of any finite group or compact Lie group G. Indeed if we
denote by T* a complete set of nonequivalent irred unitary reps of G then
we can define by (10.1) the operators of rank u# where now 4 < G. Expression
(10.13) is unaltered by our generalization. We can integrate (10.13) over G
with respect to the invariant measure dA4 if G is a Lie group or sum over the
group if G is finite. Similarly, expression (7.9) is valid for G provided the
factor 2w + 1)/1672 is replaced by n,/V, where n,, is the dimension of T,
In particular we can define CG coefficients for G in analogy with those for
SU(2). (There is one possible complication here. It may be that T™ occurs
more than once in the decomposition of T® (X) T®. In this case the CG
coefficients will need an extra parameter to denote which of the T™’-subspaces
is under consideration.)

We can get a better understanding of the Wigner-Eckart theorem by
recalling the discussion of invariant tensors in Section 3.8. Expression (10.13)
shows that the tensor a with components a,,, = (Q.f%, g¢*) is an invariant in
a tensor space transforming under the rep

(10.15) T® @ T4 & T#

of G, where T®’ is the rep whose matrix elements are T%(4). Since a is in-
variant it must transform according to the identity rep T'®. Let g be the mul-
tiplicity of T in (10.15) and let ¥*® be the subspace of invariant tensors in
the tensor space V. Theng = dim V' and a € V'? is nonzero only if g > 0.
Furthermore, exactly ¢ parameters are needed to uniquely determine a. Let
x™, ¥, x* be the characters of T®, T®?, T®, respectively. Then y*“’(A4)
is the character of T“. Since the character of T® is y'@(4) = 1 and the
character of (10.15) is ¥ y“?x™" we find from the orthogonality relations
that ¢ is given by

(10.16)
g = J‘G 2 (A) (A y™(A) 64 = <X(R)X(M1)W’ 1> = g™, x>,

On the other hand, the right-hand side of (10.16) is just the multiplicity of
T* in the tensor product T* & T*v. Thus, we can obtain g from a knowl-
edge of the CG series for irred reps of G. In particular, if T*” does not appear
in the CG series for T% ) T*” then g = 0.

In the special case where G = SU(2) the series is

(10‘17) D® ® D& ~ Dwrun @ D@t @ Ny | » RERCIER
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sog =1ifu, ==u+u,...,|u—u/; otherwise ¢ = 0. In the cases where
g = 1 the space of invariant tensors is one-dimensional and can be deter-
mined by specifying a single constant V.

We now give some applications of these results to quantum mechanics.
Let 3¢ be the usual Hilbert space corresponding to a k-particle system
(without spin) and let the action of SO(3) on 3 be given by (6.2). Consider
the position operators Q. =x,;, s=1,2,3 [X; = (xy;, Xq;, X3,) =
(x;,¥;,2,)], of the jth particle. We will compute the matrix elements
(10.18) (Qu¥4, ¥i) = [ xWh(xi o x5 (x . %) dx,

where the W%, transform as canonical basis vectors under the representations
D% of SO(3). According to (10.11) the operators Q'’ = 2"/ Q,, — iQ,)),

Q? =Q,, Q""" = -2""¥Q,;, + iQ,,) determine a spherical tensor of
rank one. We first compute the matrix elements
(10.19) QWL W), s=1,0—1, —I,<m,<]I,

It is obvious that the matrix elements (10.18) can be determined immediately
from (10.19). Since DV X D" =D"* P D ED" Y if [, > 1 and
D@ D@ =~ D", it follows from our above analysis that for /, > 1 the
matrix elements are nonzero only if /[, =1/, + 1,/,, or/, — 1, while for /, =
0 the matrix elements are zero unless /, = 1. An explicit expression for the
matrix elements is given by (10.14).

If the system contains particles with half-integral spin we can form expres-
sions (10.19) where the /, take half-integral values. The above analysis is
unchanged except for the special case D'V & D'V = D2 @ D"/2
which implies that for /, = } the matrix elements are zero unless /, = 3 or 3.

Now suppose the group acting on JC (no spins) is O(3). Recall that the
irred reps of O(3) are D¥, where the sign denotes parity, (6.5), (6.6). The
Q™ transform like polar vectors under O(3), hence like D' It is easy to
verify the CG series

Dg-ﬂ)@Dg)@Dg_l), l_>_l’

(10.20) DY QDY = {Dgl), =0,

The selection rules for the matrix elements follow immediately from (10.20).
Again the nonzero matrix elements are given explicitly by (10.14).

We see from these results that (10.19) is always zero if ¥’ and W%,
have the same parity. An interesting special case of our analysis occurs
for one-particle systems (k = 1). In this case Wk (x) = j,(r)Y (8, @), where
the Y (8, ) are spherical harmonics. Recall that {¥,"} transforms according
to DY if /is even and D if / is odd. Thus (Q”W, , ¥4, is nonzero only if

I/, =1, + 1. Parity considerations have eliminated the possibility /, = /,.
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In case the system contains particles of half-integral spin we have to
perform our analysis using the group SU(2) x {E, I} rather than O(3), but
this changes the above results in no essential manner.

In quantum theory the matrix elements (10.14) may have interpretations
other than those given here. For example, expressions of the form (10.19)
occur in the study of emission and absorption of light by atoms (Liubarskii
[1]). In this case these expressions are related to the lowest-order (dipole)
approximation of the transition probability from one state to another.
Our results stating that only certain special matrix elements are nonzero
are called selection rules in this theory. Similarly, the quadrapole approxima-
tion of quantum perturbation theory corresponds to the approximation of a
set of operators by spherical tensors of rank two and use of the Wigner-
Eckart theorem to simplify the matrix element computation.

7.11 Spinor Fields and Invariant Equations

The Euclidean group E*(3) frequently appears as a symmetry group in
classical and quantum physics. Suppose for example that 3C is the Hilbert
space of a k-particle system (Section 7.6). Then the operators T(a, O) given by

(11.1) [T(a, O¥P)x,,...,x,) =¥O (x, —a),..., 0 (x, — a)),
a € R,, 0 = S0Q3), ¥Y e X,
define a unitary rep of £*(3) on 3. Note that the restriction of T to SO(3)

yields the usual action of SO(3) on 3C, while the restriction of T to the
translation subgroup R, yields

(11.2) [T(a, E)¥I(x,,...,x,) = ¥(x, — a,...,X, — a).

If E*(3) is a symmetry group of the system then the T-operators commute
with the Hamiltonian H:

(11.3) T(a, O)H = HT(a, O).

For a = 0 we have seen that (11.3) signifies the conservation of angular
momentum. On the other hand, if we set O = E in (11.3), differentiate both
sides of the equation with respect to a;, and set a = @ we find P,H = HP,,
where, (10.18),

k
(11.4) P, — «i(g ﬁ/dx,,,)’ i=1,2,3,

is a linear momentum operator. Thus, E*(3) symmetry of a system implies
conservation of angular and linear momentum. Conversely, conservation of
angular and linear momentum implies E*(3) symmetry. (In the standard
quantum mechanics texts it is shown that conservation of linear momentum
implies the Schrodinger wave functions can be factored into two parts. One
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part describes the motion of the center of mass as a free particle and the other
describes the relative motion of the system with respect to the center of mass.)

If the system contains particles with spin the proper symmetry group is
&"(3), consisting of pairs {a, A}, a € R;, A € SU(2), such that

(11.5) {a,, A {a,, A,} = {a, + R(4))a,, A,4,},

where R(4,) = SO(3) is given by (1.20). Here, §*(3) and E*(3) are six-dimen-
sional locally isomorphic groups (they have isomorphic Lie algebras). The
map

{a, A} —> {a, R(A)}

is a homomorphism of &§*(3) onto E*(3) which covers each element of £7(3)
exactly twice.

The elements of IC are spinor-valued functions ¥ = {¥(x,, ..., x)}
4 =1,...,q. (If there are several spin indices we combine them into one in-
dex of larger domain.) The action of €*(3) on I is

(11.6) [T(a, HAY](x,,...,Xx,)
— 2: T,,v(A)‘Pv(R(A")(x, —a),..., RLA)x, — a)),

where the matrices 7(A) define a unitary rep of SU(2), not necessarily irred.
It is straightforward to check that T is a unitary rep of &*(3) with respect to
the inner product

q —_
(¥, ®) = '[R . MEI Y. (x,,. .., x)®,(x,,...,X,.)dx.
As before, if the T(a, 4) commute with H then total angular momentum and
linear momentum are conserved.

Although we have been led to expression (11.6) through Hilbert-space
considerations, this expression makes sense independent of Hilbert space.
In general any spinor-valued function which transforms under §*(3) by (11.6)
is called a spinor field. If the matrices T(A) satisfy T(4) = T(— A4) then the
operators T define a single-valued rep of E *(3). In this case the function ¥
is usually called a tensor field. Tensor fields abound in classical physics. For
example the electromagnetic field E(x), j = 1, 2, 3, transforms under E£~(3)
as a tensor field of rank one, i.e., the matrices 7(A4) define a rep equivalent to
D, Similarly, magnetic fields, elasticity tensors, current tensors, and
moment-of-intertia tensors all transform as tensor fields under £%(3). True
spinor fields occur primarily in quantum mechanics and relativistic physics.
The best known example is the Dirac electron field where g = 4 and T(A)
defines a rep equivalent to D' 2’ (H D'~ 2.

Let W, (x,#) be a spinor field transforming according to (11.6) with
k = 1. Suppose Y ,(x, ¢) describes some physical quantity which is a solution
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of a system of ¢ linear differential equations

ok dj+s+h+p|l’(x, t)

(L7 2 B D e — 9

where the B/**? are g X g matrix functions, ¥(x, t) is a | X g column vector,
and @ is the zero vector. Assuming the isotropy of space-time we see that
Eq. (11.7) can be physically meaningful only if they assume the same form in
every cartesian coordinate system: If we replace x by x' = R(A4)x + a,
tbyt' =t+e¢ and P, (x,7) by P,/ x", 1) =X T, (AHP.(x, 1) in (11.7),
then the resulting system of equations should be equivalent to (11.7), i.e.,
the primed equations should be linear combinations of the unprimed equa-
tions and conversely. We shall classify all such Euclidean invariant equations
(under certain restrictions). The dynamical equations of any physical theory
which admits £*(3) as a symmetry group, via the rep (11.6), will be found
in our classification. Qur analysis will provide a group-theoretic framework
within which all Euclidean invariant physical theories can be described and
compared.

Note first that Eq. (11.7) are invariant under all translations in space and
time if and only if the matrices B/**? are independent of x and . Now we
dispense with translation invariance and restrict our attention to invariance
under the operators T(4) = T(0, 4), which form a rep of SU(2). Further-
more, we can eliminate dependence on ¢ in (11.7) by considering only solu-
tions of the form ¥(x, t) = ¥(x)e’. Then ¢/d¢ is replaced by iw. (This
amounts to taking the Fourier transform in 7.)

We can always write (11.7) as a system of first-order differential equa-
tions by introducing new components ¥ ,(x), 4 > ¢. This will be shown later
when we consider specific examples. Thus, we can reduce (11.7) to a system of
! equations

d d d
(11.8) <Bl§;+329;+335;
where B,, B,, B,, C are constant / x r matrices, ¥(x) = (¥, (x)) isa l x r
column vector and the action of SU(2) on ¥(x) is

4 C)‘l’(x) —9,

(11.9)  [T(A¥](x) = 21 S(APRAYXY),  pu=1,...,r.

Here r = g and S(A) is a matrix rep of SU(2).

For the present we assume C is a nonsingular r X r matrix. Then mul-
tiplying (11.8) on the left by C™! we see that this system of equations is
equivalent to a system of the form

(11.10) (L J Lzaiy

t9x

L, 20 — k%),
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where the L; are r X r matrices and x = 0 is a constant. (We could take
x = —1 but it is convenient to leave it arbitrary.)

By passing to a new basis if necessary we can assume that the matrices
S(A4) take the form

(T(U)(A)‘ o,
‘T(‘”(A)‘ z
(111D S(4) = ‘T(u)(A) o, ’
z -
T(“’(A)‘ J

where T™(A4) is a matrix realization of D" and «, is the multiplicity of D%
in S(4). In other words we have decomposed the action S of SU(2) on the
components of ¥ into a direct sum of irred reps. In this new basis we relabel
the components of ¥ as W, the component of the mth canonical basis
vector in the nth occurrence of D* in (11.11). Here —u <<m <<w and 1 <
n < a,. In terms of the new basis, the system of equations still takes the form
(11.10).

We can express the partial derivatives on the left-hand side of our equa-
tions as linear combinations of d,, d,, d_,, (10.12), which form a canonical
basis for D'’ Thus, the left-hand side is a linear combination of terms
d,¥7., 3,¥2, d_,¥2,. For fixed v and », and p ranging over —v, —v + 1,
..., v these 3(2v + 1) quantities transform according to D'V () D =
DU D™ P D ), Thus the new basis functions

h:’:';m = Z C(l,j; v, pl ul7 m’) 0,-‘1’5,.
IZ]

(1.12) v+ 1,v,v— 1, if v>1,
u' = 43,4, if v=14, —u' <m <u,
1, if »=0,

transform irreducibly under D*’. Since the CG coefficients are unitary we
can express each of the terms ¢, %2, on the left-hand side in (11.10) as a linear
combination of the A7, and rewrite (11.10) as

(11.13) > Bh = K.

Consider the subsystem of 2u + | equations (11.13) for which # and n
are fixed, and —u <<m < w. Now ¥.7(x") = X T%,.(A)¥:(x) and h2(X)
= 3 T%.(A)hi,.(X)so this subsystem will be invariant under SU(2) if and
only if the left-hand side of the subsystem transforms like a canonical basis
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for D®. From (11.12) we see that any invariant system must take the form

(11.14) > B, X i o' |u, md ¥, = K,
wn' pi
where the sum is taken over ' =u + l,u,u — 1 and n' =1, ..., a,.

The constants B, are completely arbitrary and there is one equation for
each component W7, of W. Note that integral values of u are never coupled
with half-integral values of « in (11.14), If both values occur, the system
breaks up into two independent subsystems, one coupling integral and the
other coupling half-integra! values.

The case where the matrix C is singular or not square is more complicat-
ed. Suppose C = Z. Equations (11.14) with k¥ = 0 clearly fall under this
case and in general all invariant equations take roughly this form. However,
it is not easy to decide if two systems of equations are equivalent, i.e., there
is no simple canonical form for such equations. For x 54 0 this difficulty
does not occur: Two systems of equations for the ¥~ are equivalent if and
only if the constants B, agree for the two systems.

If Cis a singular matrix or is not square then the system of equations can
be put in the general form (11.14) where x = 0 for some equations and
x = 0 for others. The number of equations is not necessarily equal to the
number of components of ¥ and there is no simple canonical form. For-
tunately, in the equations of mathematical physics it is usually true that C
is nonsingular.

Our analysis of invariant equations follows Liubarskii [1]. There is another
approach to this theory, due to Gel'fand and Shapiro, which is based on Lie
algebras. The Lie-algebraic method is much more complicated than that
given above but it extends rather easily to the case where the matrices L,
L,,L, in (11.10) act on infinite-dimensional spaces (Gel'fand et al. [1],
Naimark [2]).

For equations invariant under the full orthogonal group O(3) these results
have to be slightly modified. The components of ¥ are labeled ¥7. , corre-
sponding to the reps D%, u an integer. The differential operators d..,, d,
form a canonical basis for D". It follows from the identities

(11.15) D (® DY = D% ¢ DWW P D"

that the invariant equations take the form (11.14) except that the components

of ¥ on the left- and right-hand sides of these equations have opposite parity.
We consider some examples. The simplest 8*(3)-invariant equations

are those in which the components of ¥ transform according to the single

irred rep D%. Denoting the 2u + 1 components of ¥ by W, ™ we obtain the
system of equations

(11.16) a > C(,j;u,m |u,m)d¥,~ = k¥, —u<m<u.
Jtm'=m

There is a single arbitrary constant a. This system is not E(3)-invariant since
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the parity of the left-hand side is opposite that on the right. For E(3)-
invariant equations the action of O(3) on the indices of ¥ must be reducible.

Consider the manifestly E(3)-invariant equation

9* 9? )

1 — ,
(11.17) (53 + 337 + 972)V 0 =KV
where V(x) i1s a scalar D'”’. We shall write (11.17) as a system of first-order
equations by introducing three new components V,(x) = 0,V (x), j = +1, 0.
Clearly the V,(x) form a canonical basis for D'”. The system (11.17) is
equivalent to

(11.18) —9,V_, +d,V,—d_V, =kV, aV=r, j=+1,0.
Without loss of generality we can assume x = 1. The indices of the column
vector (V, V|, V,, V_,) transform according to D\» @ D'". By our theory
the most general E(3)-invariant system with these transformation properties
1s
]
(1.19) a 3 CQ,j;1, —jjo,00d,V_, =V, bC1,1;0,0[1,)aV =V,
==
[=0,+41.

It follows from the table (7.28) that (11.19) is identical with (11.18) provided
a=—/3,b=1

Another important example is given by two of Maxwell’s equations for
an electromagnetic field in a vacuum:

1 gH 14
(11.20) V x E+—W 0, VxH -
Here E(x, 1) =(E,, E,, E,) is a vector field transforming according to the rep
D" of O(3) and H(x, ¢) is a vector field transforming according to D'". We
are using Gaussian units. If we consider solutions of frequency w, E(x, 1) =

E(x)e’, H(x, t} = H(x)e™’, then the equations become

=

= 0.

DB

t

(11.21) (iclw)V x E = H, —(icJw) Y x H = E.

Expressed in terms of canonical basis vectors d.,,0d,, E., = 27V2(+E,

—iE), E, =E, H,, =2"Y*(4+H, —iH), and H, = H,, (11.21) reads
(c/w)dE, — 0,E))=H,, —(c/lw)d,H, — d,H,)) = E,

(11.22) (c/w)d_,E, —d,E_,)=H,, —(c/w)d_H, —d,H_|) =E
(c/w)d_E, — d,E_))=H_,, —(clwXd_ H, — d,H_))=E_

By our theory the most general O(3)-invariant system of equations with
C nonsingular and indices transforming according to D @ D' is

aZC(lj,lm—me)d ., =H,,

(11.23) o
by Ccl,j;l,m—jll,mdH, =E,, m=10, —1.
=

m
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It follows from (7.28) that (11.22) is the special case of (11.23) such that
a=—/2clw, b =./2c/w. The other two Maxwell equations V « E =0,
V. H =0, correspond to the case where C is singular.

Problems

7.1 Compute the Clebsch—-Gordan coefficients for all tensor products of irred reps of
Csy.

7.2 Determine how the energy levels of an SO(3)-symmetric quantum mechanical
system split under the influence of a perturbation with Dg symmetry.

7.3 Compute the level splitting of an O(3)-symmetric system under a perturbation with
D3, symmetry.

7.4  Prove identity (7.16).

7.5 Determine the double-valued irred reps of the point groups C3 and D3.

7.6 Compute the double-valued irred reps of Dg.

7.7 Compute the splitting of levels transforming according to double-valued irred reps
of $O(3) under a perturbation with D; symmetry.

7.8 Show that the prescription R(r,u) = exp(ru - L) € SO(3) defines a system of
coordinates on SO(3) and determine the geometrical significance of these coordinates. Here
u is a unit vectorandu - L = uy Ly + u3 Ly + usL;. Compute the invariant measure in
(z, u) coordinates and verify explicitly that the simple characters of SO(3) form an or-
thogonal set.

7.9 Consider a spherical tensor of rank one which transforms as a polar vector under
O(3). Determine the selection rules for matrix elements of the tensor between states trans-
forming as irred reps of Dap.

7.10 Repeat the previous problem for a tensor transforming as an axial vector under O(3).



Chapter 8

The Lorentz Group and Its Representations

8.1 The Homogeneous Lorentz Group

The homogeneous Lorentz group in four-space L(4) is the set of all 4 x4
real matrices A such that A'GA = G, where

(1.1) G =

It is straightforward to verify that L(4) satisfies the group axioms. In par-
ticular, if A € L(4) then A™' = GA'G < L(4). Also, E and G belong to
L@4). If A € L(4) thensois —A and A* = GA™'G.

If x=(x,,....,x,)and y= (y,,...,»,) are column four-vectors such
that y = Ax, A € L(4), then

¥t 4 vt — 2 = 36y = (Ax)GEAX) = XMA'GA)x = x'Gx.

Thus the form x'Gx is invariant under the action of A. Conversely, if A is
a 4 x 4 real matrix such that (Ax)G(Ax) = x*Gx for all real four-vectors
x, then A € L(4). By the methods of Section 5.4 it is easy to show that L(4)
is a linear Lie group with Lie algebra

(1.2) so(3,1) ={a:a" = —GAaG},
[see (10.4), Section 9.10]. Note that G> = E. Any element of so(3, ) can be

285
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written in the form
0 —a; o, B

o 0 —a; B,
(1.3) Q@ = 4, a 0 B, )
B, B. B, O

where the real parameters «,, f8, are arbitrary. Thus so(3, 1) is six-dimen-
sional and L(4) is a six-parameter Lie group. The exponential mapping @ —
exp @ maps so(3, 1) homeomorphically onto a neighborhood of the identity
in L(4).

As a basis for so(3, 1) we choose the matrices £,/ = 1, 2, 3, defined by
setting &, = 1 and all other parameters zero, and the matrices &,, j = 1, 2, 3,
defined by setting f, = | and all other parameters zero. The commutation
relations are

(£, £/] = Zk: fuk£k’ &, £/] = Zk:frjk&k

®,8]=—3 €uLis P<i, j<3,
%

(1.4)

where €,,, is the completely skew-symmetric tensor such that €,,; = +1.
Note that £,, £,, £, form a basis for a subalgebra of so(3, 1) isomorphic
to so(3). Furthermore, the matrices

(1.5)

0

R 0
o] Re00).
1

0 00
form a Lie subgroup of L(4) isomorphic to O(3). For convenience we identify
this subgroup with O(3). The corresponding subalgebra is spanned by the
matrices £;.

The one-parameter subgroups exp ¢, all belong to SO(3) [see (1.4),
Chapter 7]. On the other hand, a simple computation yields

1 0 0 0

0 1 0

0 O coshb sinhb
0 O sinhé coshb

(1.6) exp b®, = e L(4),

with similar results for ®, and ®,. Since the matrix elements of (1.6) are not
bounded it follows that L(4) is not a compact group.
We will find it convenient to complexify the Lie algebra. A useful basis
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for the complexified algebra is
L =48, +iL,, £ = —iL,,
® — 4®, + i®, B = iR,
The commutation relations are
(1.8)
[L4, 8] =283, [£3,8']= +&, [£%®]=+®,
L5, ®) = —®", [£,8]=®", [&, ®]=[®",L]=28,
[er, B = [£7, 8] = [&, %] = Z,
[®:, ®*] = TL£*,  [®RY,® ] = —28°.
Note that £*, £° form a basis for the subalgebra s/(2) of the complexified

Lie algebra.
A third useful basis is obtained by choosing

e = HL* +i®Y), D = (&L — i®),
€ = (L) 4 i®Y), DI — AL — i®).
Then the commutation relations become

(e, e = +¢7, [e*,e] = 2e3,

[D3, D] = 4+D*, [D,D]=2D°, [e, D=2,
i.e., any € matrix commutes with any D matrix. It follows from (1.10) that
s0(3, 1) = 51(2) @ si(2). This result holds only for the complexified Lie
algebra. It is #ot true that so(3, 1) is the direct sum of two nontrivial real Lie
algebras.

Let us return to an examination of the group L(4). If A = L(4) then
A'GA = G. Taking the determinant of this expression we find (det A)2 = 1,
or det A = 4 1. Both signs are possible since E, G € L(4), with det E =
—det G = 1.

In terms of components, A = (A,,) € L{4) provided

(1.7

(1.9

(1.10)

4
(1-”) Z AthhhAhl - Gjla 1 <jl< 4.
=1
For j = | = 4 this reads
3
(1.12) STAL — Al = —1L.
h-1

(Also 3 A%, — Al, = —1 since At € L(4). Thus [A,, > 1, s0 A, => |
orA,, < —1.If A, > 1, then A is forward-timelike, otherwise A is backward-
timelike. Since E is forward-timelike and G is backward-timelike it is clear
that both cases occur. The forward-timelike matrices form a subgroup
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of L(4). Indeed, if A and A’ are forward-timelike then (AA'),, =

251 A4,~A/ja + ANy >0 since |3 A4JA/1‘4| <X Aij DAL

[(AZ, — IAG — D]V? << A, A}, Similarly it is easy to check that the inverse

A~ = GA'G of a forward-timelike transformation is forward-timelike.
Using these results we can separate L(4) into four components:

(1.13)
L' :Ay>1, detA=+1 L'7:A,,>1, detA= —1,
L'V A, < —1, detA = +1 L't A< —1, detA = —1.

Every element of L(4) lies in a unique component. It is easy to show that the
components are disconnected in the sense that no analytic curve in L(4) can
connect two distinct components. The component L'* is itself a group, the
proper Lorentz group. It is clear that L'* contains the connected component
of the identity in L(4).

Lemma 8.1.
(@ L'"=S8L'*=L"S, where § = —G.
(b) L'* = (—E)L'"
(¢) L'~ =GL'* = L'*G.

Proof. (a) Clearly S= —G « L'". If A € L"* then det(SA) = det(AS)
=det S = —1 and (SA),, = (AS),s = A,y > 1, 50 SA and AS belong to
L'~ Thus L'~ 2 SL'*, L'~ = L'*S. Conversely if A € L'~ then SA and
AS belong to L', Setting SA = A,, AS = A, and using the relation §% =
E, we obtain A =SA, = A,S. Therefore, L'~ = SL' = L™S. Parts
(b) and (c) are proved in the same manner. Q.E.D.

The matrices S, —E and G are of special importance in the theory of L(4).
Here S is called space inversion, G is time inversion, and —F = SG = GS
is total inversion. We will discuss the physical significance of these names in
the next section.

It follows from the lemma that a parametrization of the whole group can
be obtained directly from a parametrization of the propzr Lorentz group
L'*. We can choose local coordinates for L'* by merely selecting six inde-
pendent matrix elements, However, the following construction yields a more
useful coordinate system.

Lemma 8.2. Let A  L'*. Then A € SO(3) if and only if A,, = +1.
Proof. From (1.12), X} Ak =3 A}y = A} — 1. Since Ae L™

we have A,, > 1. Thus A,, = A,,=0,1 <h<3,ifand onlyif A,, = 1.
By (1.11), A,, = 1 if and only if A takes the form (1.5). Q.E.D.
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Lemma 8.3. Let A, A’ € L'* and suppose Ae = A’e, where
0

0
1o
1
Then there exists a unique R € SO(3) such that A = A’R. Conversely, if

A’ € L'*and R € SO(3) such that A = A'R then Ae = A’e. We are con-
sidering SO(3) as the subgroup of matrices (1.5).

Proof. 1IfAe= A'eforA,A’ ¢ L'*thenR= (A")"'A € L"" and Re = e.
Thus R,, =0 for 1 << h < 3 and R,, = 1. By the preceding lemma, R €
SO(3).

Conversely, if A’ € L' and R € SO(3) then Re = ¢ and A'Re = A'e.
Q.ED.

Theorem 8.1. Every A € L' can be represented in the form
A = R,(exp b®,)R,, R,, R, € SO(3).

Proof. 1t is obvious that all elements of the form R,(exp b®;)R, lie in L.
We will show that such elements exhaust L'*. Suppose A € L'*. Then

0 A14

Ae=A 0| | A A, >
0 Ayl o=
1 A44

If A,, = 1 then A € SO(3) by Lemma 8.2 and the theorem follows with
b=0.1If A,, > 1 then

(1.14) A+ AL AL =AL - 1=r>0,

where we assume r > 0. Since A1, — r2 = | there exists a unique number
b>0such that r =sinh &, A,, = cosh b. Indeed, b = In[A,, + (Ai, — 1)!/2].
Then (1.6) implies

0

(exp b®,)e =

A44
According to (1.14) there exist spherical coordinates r, f,, ¢,, such that

A,=rsinf, cosp,, A,, =rsinf, sing,, A,y =rcosf,.
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It follows from (1.20), Chapter 7, that the matrix R, = R(p, + #/2,0,,0)
(Euler parameters) satisfies

-

A
A,
A

A44 A44

Clearly, R, exp b®, = L'* and R,(exp b®,)e = Ae. By Lemma 8.3 there
exists a unique R, € SO(3) such that A = R, (exp b®B;)R,. Q.E.D.

If A is not an element of SO(3) then the preceding factorization is unique.
If the Euler parameters of R, are ¢,, 8,, ¥, we have

(1.15) A =R(p, + %7!, 01, 0)(exp b&;)R,(p,, 0, v,)

and the six parameters ¢,,8,, b, p,,0,, ¥, serve as coordinates for A. If
f,,6, = 0, m these coordinates are not 1-1. Similarly, if A € SO(3) then
b = 0 and only the product R, R, is prescribed, not the individual factors.
However, those points at which the coordinates are not 1-1 form a lower-
dimensional manifold on the group and do not affect the invariant measure.

It follows from (1.15) that any A € L'* can be connected to the identity
element by an analytic curve lying entirely in L' *. Indeed we can choose the
curve (tg,,...,tw,), 0 <t <1 Thus L'* coincides with the connected
component containing the identity in L(4). This proves that L(4) consists of
four connected components. The Lie algebra yields information only about
L'*. To study the other three connected components we make use of Lemma
8.1.

In Section 7.1 we showed that SU(2) was a double covering group of
SO(3). There is a similar relationship between SL(2) = SL(2, €) and L'*.
Indeed, s/(2) considered as a six-dimensional real Lie algebra is isomorphic
to so(3, 1). Thus, the real Lie groups SL(2) and L'* are locally isomorphic.
To show this we recall that s/(2) consists of all 2 x 2 complex matrices @
with trace zero:

(1.16) @ = (Z‘ o ) z, € 6.
z; —z,

Writing z, = x; + iy;, we see that s/(2) is a six-dimensional Lie algebra
over the reals. As a basis for s/(2) we shoose the matrices 9,, 9,, 9; [(1.8),
Chapter 7] and

0 —1 0 —4i 40
.1 = S: = — .
I e A A B P

These matrices satisfy the commutation relations (1.4), with £, replaced
by 9,and ®, by F,.
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To explicitly exhibit the global relationship between SL(2) and L'* we
consider the four-dimensional space S of all 2 x 2 skew-Hermitian matrices

§ = —8§. Each such matrix can be uniquely written as

(1.18) g - (l(x4 — X3) —x, -+ ix,

= . . s x, real
X, +ix, ix, + x,)) !

[These matrices form the Lie algebra of U/(2).] The mapping
- a b
(1.19) S — &K = 484, A= (C d) e SL(2),
is a rep of SL(2) on S. Indeed X' — A§'A' = —ASA' = —K, so X € S.

The homomorphism property is just as obvious. Now det X = det(48A4")
= det §, so, writing

(V. — — i
(1.20) % (t(y4 ‘y,) . yy + yx)
Yo Hiy, {ys+ys)
we obtain
(1.21)

Y24yl y?t—yi=detX =det§ = x,% 4 x,2 + x,° — x,%

From (1.19), the y; are linear combinations of the x, :
4

(1.22) yi= X L(A);x s I<j<4
k=1

From (1.21) and the remarks following (1.1) we conclude that L(4) < L(4).
Furthermore, since (1.19) defines a rep of SL(2) we have the group property
L(AB) = L(A)L(B), A, B ¢ SL(2).

The map A — L(A) is continuous in the parameters of 4 and SL(2)
is connected. Therefore, L(4) must lie in L'*, the connected component
of the identity in L(4). We have established the existence of a real analytic
homomorphism A4 — L{(4) of SL(2) into L'*. Clearly the kernel of this
homomorphism 1s {4 E,}. Thus, L(4) = L(—A) and exactly two elements
of SL(2) map onto each element in the range of the homomorphism.

Suppose 4 = SU(2), a real subgroup of SL(2). Then A' = A"! and a
comparison of (1.9), Chapter 7, with (1.19) shows that L(4) = R(A)
SO(3), where R(A) is defined by (1.12), Chapter 7 (y, = x,). Thus the homo-
morphism maps the subgroup SU(2) 2-1 onto the subgroup SO(3) of L'*.
We will use this result to show that 4 — L(A) is a homomorphism of SL(2)
onto L'*.

Let us compute L(exp bF,) where F, € s/(2) is given by (1.17). Clearly

et 0
(1.23) exp bF, == ( 0 e”"’-)
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e 0 \[fi(x, —x;) —x,+ix\[fe¥ O
( 0 e‘“)( x, +ix,  i(x, + x3) )( 0 em)

- (i(y:t —)) =y, + iyl)’

B Vot iy iy +y3)
where y, = Xx,,y, = X,,y; = x;coshb + x,sinhb,and y, = x, sinh b
+ x, cosh b, so L(exp bF,) = exp b®, [expression (1.6)]. Now suppose
A € L' is given by (1.15). If A, = A(p, + ©/2,6,,0) and 4, = A(p,,
8,,y,) are elements of SU(2) expressed in Euler coordinates, we have

L(A,(exp bF;)A4,) = L(A,)L(exp bF;)L(4,) = R,(exp b&,)R, = A,

so the map A — L(A) covers L'*. We can also use the parameters ¢,, §,,
b,p,,8,,w, as coordinates on SL(2), where

(1.24)
0£¢!’¢2<2ns Ogol,ozgn, OSb, —2ﬂ£y/2<2ﬂ.

The parameters of —A are the same as those of 4 except that y, is replaced
by w, + 2x. On L'* the parameters range over the same values except that
w, is restricted to 0 < y, < 2m.

Since our group homomorphism is locally 1-1 it induces a Lie algebra
isomorphism @ — L(®) of s/(2) onto so(3, 1). It is straightforward to check
that L() = L£,,L(F) =8, 1 <j<3.

If T is a rep of the proper Lorentz group by operators T(A) then the
operators T'(4) = T(L(A4)) define a rep of SL(2) such that T'(—A4) = T'(A4).
On the other hand, if S is a rep of SL(2) such that S(4) = S(—A4) then the
operators S'(L(A4)) = S(A4) define a rep of L'*. Thus, there is a 1-1 corre-
spondence between single-valued reps of L'+ and reps S of SL(2) such that
S(—E,) is the identity operator.

Since SL(2) and L(4) are not compact, the results of Chapter 6 do not
hold for these groups. In particular a finite-dimensional rep of SL(2) is not
necessarily equivalent to a unitary rep. For example the matrices L(4),
A € SL(2), define a four-dimensional irred rep of SL(2). Since the matrix
elements of L(A) are unbounded this rep cannot be equivalent to a unitary
matrix rep.

Furthermore, we shall see that SL(2) has infinite-dimensional unitary
irred reps, which is not possible for compact groups. An arbitrary rep of
SL(2) cannot necessarily be decomposed into a direct sum of irred reps.

Suppose S is a finite-dimensional irred rep of SL(2). Since — E, commutes
with all elements of SL(2), the operator S(—E,) commutes with all S(4).
By the Schur lemmas, S(—E,) = «E, where E is the identity operator.
Furthermore, [S(—E,)]>? =S(E,)=E, so a>=1 and &« = +41. Thus,

and
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S(—E;) = +E. If ¢ = +1 then S defines a single-valued irred rep of L'+,
However, if ¢ = —1 then S(—A) = —S(A4) and S determines a double-valued
rep of L'*. These are the only possibilities.

In quantum mechanics the double-valued reps appear naturally for the
same reasons that double-valued reps of SO(3) appear. Thus SL(2) is the
group to study for quantum mechanical Lorentz invariance.

8.2 The Physical Significance of Lorentz Invariance

We briefly discuss a realization of the Lorentz group which appears in
Einstein’s special theory of relativity. In this theory space-time is viewed as
a four-dimensional real manifold called Minkowski space. The elements or
points of this space are events. In Minkowski space we distinguish a family
of coordinate systems called inertial frames or observers. With respect to an
inertial frame the coordinates of an event are denoted x = (x,, x,, x;, X,)
= (x, x,), where the cartesian coordinates x = (x,, x,, x,) are the spatial
coordinates of the event and x, = ct, where ¢ is the time coordinate of the
event. Here c is the velocity of light in a vacuum. The points of Minkowski
space are swept out as the x; range over all real numbers.

Let 9 be an inertial frame and let p, g be events with coordinates x, y in
4. Here x and y are column 4-vectors. We define the squared space-time
distance between these two events by

Q@ fx—ylp= 2 (5, — ¥ — (xs — y2)* = (x — YYG(x — p),

where G is given by (1.1). Now suppose 9° is another coordinate system with
respect to which the events p, g have coordinates x’, y’, respectively. We
postulate that 9' is an inertial frame (with respect to 9) provided

(2:2) lx —plF =1Ix" =P

for all pairs of events p, g, i.e., provided the space-time distance between
events is preserved. By a computation analogous to that carried out in Section
2.2 one can show that if 4’ is inertial then the relationship between the coordi-
nates of the event p in 9 and 9" is

4
(2.3) X = YA ba, =4

where A € L(4) and a = (a,,...,a,) is a real four-tuple. Conversely, if
9 is inertial and 9’ is a coordinate system related to 9 by (2.3) then 9’ is iner-
tial. (For a proof that the coordinate transformation must be linear see
the work of Réitz [1].)

1t is clear from definition (2.2) that the inertial frames form an equivalence
class. That is, (a) 9 is inertial with respect to 4, (b) if 4" is inertial with respect
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to 9 then 9 is inertial with respect to 4’, and (c) if 9’ is inertial with respect
to 9 and 9" is inertial with respect to 9’ then 9" is inertial with respect to 4.
Once one inertial frame is chosen it is easy to obtain the rest.

Let p be an event with coordinates x, x’, x"" in the inertial frames 4, 9’
9", Then the relations between these coordinates are given by

1y x,/'= ; Ayx, + a,.

@ x' =X Axta.

3) x/ — S;A};xk Ldl, AN,A e L@).
From (1) and (2) we have

X = S AADY + DAL + a

A comparison of this expression with (3) yields
(24) A" = AA, a’'=ANa-a'.
It follows that the set of all pairs {a, A} forms a group with product
2.5 {a',A'l{a,A} ={A'a -+ d',A'A}, AN € L4), a,a = R,.

This is a ten-parameter Lie group called the Poincaré or inhomogeneous
Lorentz group P. There is a 1-1 relationship between inertial frames and
elements of P.

In the theory of special relativity it is postulated that the laws of physics
must take the same form in any inertial frame. Since the elements of P deter-
mine the coordinate changes from one inertial frame to another, this means
the dynamical equations of physics must be invariant under the Poincaré
group. For differential equations we mean this invariance in the same sense
as Euclidean invariance in Section 7.11. From (2.5) the set of all elements
{b,R}, R € O(3),b = (a,,a,,a,;,0), forms a subgroup of P isomorphic
to E(3). Thus, Poincaré-invariant equations are autornatically Euclidean-
invariant. We shall determine the possible Poincaré-invariant equations in
Section 8.5.

Let p be an event and consider the set i, of all inertial frames in which the
coordinates of p are (0, 0, 0, 0), i.e., the inertial frames whose origin of coordi-
nates is p. Let us fix a system 9 € i,. Then if 9" € i, there is a {a, A} € P
such that the coordinates x in 9 and x' in 9" are related by x," = Y A, .x, +
a.. This equation must hold for x = x’ = (0, 0, 0, 0), so a is the zero vector.
Similarly if 9" is a coordinate system related to 9 by x,/ = Y}, A . x,, A €
L(4), then 9’ € i,. Thus there is a 1-1 correspondence between elements of
i, and elements of L(4) a subgroup of P. In the following we restrict ourselves
to inertial frames in /.

We now investigate the physical significance of Lorentz transformations.
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Let x be a column four-vector with spatial components X = (x,, x,, X,)
and time component x, = ct. Under space inversion Sx = (—Xx, x,), under
time inversion Gx = (x, —x,), and under total inversion SGx = —x, so
the meaning of these coordinate transformations is clear. According to
Lemma 8.1 we need only determine the physical significance of transforma-
tions in L'*. To do this we prove a variant of Theorem 8.1.

Theorem 8.2. Every A € L'* can be represented uniquely in the form
A = V(b)R, where R € SO(3) and
V(b) = exp(b,8; + b,®, +- b,8,).

The group elements V(b) are called velocity transformations.

Proof. By Theorem 8§.1.

A=R(p, + ’}Z”, 6, 0)(exp b®;)R,(p,, 0,, v,),
where
26) A,,=rsinf, cosgp,, A,, = rsinf sing, Ay =rcosf,
and r = sinh b, b > 0. Suppose r > 0, in which case this factorization is
unique. Now A = R (exp b&,)R;'(R,R;). The matrices B() = R, X
(exp th®,)R;' form a one-parameter subgroup of L'* as ¢ runs over all

real numbers, and the tangent matrix at the identity is bR, ®,R;'. A direct
computation gives

R,®,R;! = (cos p, sin §,)®, + (sin g, sin 8,)®, + (cos §,)®,.

Since the tangent matrix completely determines the one-parameter subgroup
we have

()] R (exp th®)R;' = exp(t[b, B, -+ b,B, 4 b,B,]) = V(th),

where

2.8) = (bcosp, sinf,, bsing, sinfd, bcosb,), r = sinh b.

Setting 1 = 1, we obtain A = V(b)R, where R = R|R, € SO(3). By con-
struction this factorization is unique if r > 0, i.e., if A ¢ SO(3). However,

if r =0 then b = 0 and A € SO(3). In this case V(b) = Eand A = R, s0
again the factorization is unique. Q.E.D.

Since the ®, are symmetric matrices it follows that ¥(b) is a positive-
definite symmetric matrix. Thus the product A = V(b)R is just the well-
known polar decomposition of a real nonsingular matrix into the product
of a positive-definite symmetric matrix and an orthogonal matrix.

Let 9" be the inertial frame related to g by the velocity transformation
x" = V(b)x. In frame ¢ the origin of spatial coordinates at time ¢ has coordi-
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nates x = (0, 0, 0, ¢t). In frame 9’ this event has coordinates

29 x"=Vbd)x
= ct(sinh bsin @, cos ¢, , sinh b sin @, sin ¢,, sinh b cos §,, cosh b)
= (x, ct').

Thus, in 9" the coordinates of the event are related by the equations

(2.10) X' =vt', v= —Z—(tanh B)b = (1—+mr2—)wi”

where b is a unit three-vector in the direction of b. The spatial origin of coordi-

nates in system 4 is moving with uniform velocity v with respect to the spatial
origin of coordinates in 4’. Note that

. _ v/c — L
smhb—mm- COShb_(T:W’

From the definition of V' (b) it is easy to show that this velocity transformation
leaves invariant any vector x = (X, 0) such that x-v=0, i.e, x-b=0.

Indeed
X ] 0
5,®, + b,®, + b3633)( 0) _ (b_x) _ (0 )

In the special case where the velocity v is in the direction of the positive
z axis then

v = [vi}

1 0 0 0
VO ={0 o 1 ol 7=y,
0 0 1y 9oy
0 0 wyc lfy
and the coordinate transformation becomes
’ ’ ’ z + vt
X =X, y =7 z = (—1‘_?}272)1,‘2’
(2.11) + zofer
’ t zZv/C
4 :mcm, X = (x, 5, z).

Equations (2.11) are the usual Lorentz transformations discussed in text-
books on special relativity. The physical significance of R € SO(3) is obvious,
so a Lorentz transformation A = V(b)R can be interpreted as a rotation of
spatial coordinates followed by a velocity transformation.

Warning. The velocity transformations do not form a subgroup of L'+
because the product of two velocity transformations is not necessary a veloc-
ity transformation.
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In the above discussion we have given a passive interpretation of Lorentz
transformations: The space remains fixed and the observers (inertial frames)
transform under L(4). Alternatively, we could adopt the active interpretation:
There is one fixed coordinate system and the Lorentz group transforms the
points of Minkowski space. In the active interpretation a velocity transforma-
tion maps a state in which a particle is at rest into a state where the particle
has velocity v.

8.3 Representations of the Lorentz Group

To find the analytic irred reps of L'+ we compute the analytic irred reps
T of SL(2) considered as a real Lie group and determine which of these
reps satisfy T(—E,) = E. We have already computed the irred reps D® of
SL(2) which are analytic functions of the complex group parameters. If
D®(A) is a matrix realization of D then the complex conjugate matrices
D%(A) also define an irred rep of SL(2) which is analytic in the real group
parameters but not in the complex group parameters (Prove it!) Since any
rep equivalent to a complex analytic rep is complex analytic it follows that
D® and D“ are nonequivalent irred reps.

As a convenient basis for the real six-dimensional Lie algebra s/(2) =~
so0(3, 1) we choose the matrices J;, F;, = ig;, 1 <j <3, where the g, are
defined by (1.8), Chapter 7. These matrices satisfy the commutation rela-
tions (1.4) with £, replaced by §, and ®, by §F,. Now we forget the origin
of our basis as a set of matrices and merely consider the abstract Lie algebra
5/{2) spanned by linearly independent basis elements §;, F, with commuta-
tion relations (1.4). From (1.9) we see that s/(2)°, the complexification of our
real Lie algebra, has a basis €,, D, with commutation relations

3.1) [e,,D,1=0, [e,,el= ; €81, D;,,D]= ; €D,

where €, = (§; — i5))/2, D, = (J, + iF,)/2. The Lie algebra of the group
SUQ2) x SU(2) = G is another real form of the complex algebra (3.1). Since
G is compact we know that its global irred reps are just D" = D%® () D,
2u,2v = 0,1, 2,.... Therefore, the possible irred finite-dimensional reps
of .L(G) are just the Lie algebra reps induced by D®®. Since there is a 1-1
correspondence between reps of a complex Lie algebra and reps of any of
its real forms we conclude the the irred reps of s/(2) and s/(2) are D™,
Indeed if we denote the operators corresponding to such a rep by C;, = T(€)),
D, = T(D,) and set

C*t=4C, +iC,, C' =-—iC,, D*=+D,+iD,, D= —iD,,

then there exists a basis {f{%"} for the rep space V** corresponding to the

4+~
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(2u + 1)(2v -+ 1)-dimensional rep D“? such that
COfud = mfed,  Cfud = (wd m -+ D F m)fi,
(3.2) Difoy = nfu, Difi? = [(vtn-+ DT mj2fu,
—C-Cf 2 =u(u + Df?,  —=D-Dfu” = v+ 1)fn2.

[We call a basis satisfying (3.2) canonical.] The operators C-C = C,C, +
C,C, + C,C, and D- D commute with the C; and D;, so they must be mul-
tiples of the identity operator for any irred rep of s/(2).

Now we will show that the Lie algebra reps D“*’ induce global reps of
SL(2). To begin we consider the complex analytic rep D™ of SL(2) deter-
mined in Chapter 7. Clearly, the induced Lie algebra rep has the property
F,=1iJ,,1<{j<3.Thus C* =J*, C* = J?, and the D-operators are zero.
We conclude that D™ is equivalent to the rep D®. On the other hand the
Lie algebra rep induced by D® has the property F,= —iJ,. Hence D* =
J=, D* = J*, and the C-operators are zero. This shows that D is equivalent
to D-*. Similarly, if we compute the Lie algebra rep induced by the group
rep D@ ® DY of SL(2) on U™ R V™ we get exactly the results (3.2), by
making the identification f%¥ = f% &) g, where {f“} and {g{"} are cano-
nical bases for U™ and U, respectively.

To sum up, we have shown that a complete set of finite-dimensional
analytic irred reps of the real Lie group SL(2) is given by D®? 2u, 2v =
0,1,2,.... The matrix elements of these reps with respect to a suitable
(not canonical) basis are

(3.3) T = 3 3 TO(ATAAIE.

m'=—un'=—

Note: If the vectors f{ form a canonical basis for D* it is not true that
the complex conjugate vectors f% form a canonical basis for D®. To see
this, choose a matrix realization of D™ so that the £ are (2u + 1)-compo-
nent column vectors. This group rep induces a matrix Lie algebra rep of
5{(2). The matrices F;, J, satisfy the properties

(34) Cf=mf,  CHW=[utmd DuFm)2fi,,
t=D'=Z,

where the C and D matrices are defined by the expression following (3.1).

Now denote the corresponding matrices induced from the complex conjugate

matrix rep D* with stars. Then J,* = J,, F,* = F;, so

C*x=(*—iF¥2=D, DX=U*+iF9H2=C,.

Thus '
C*t = C% == Z, D*t == _C—‘i, D¥3 = (3,
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Substituting these results in (3.4), we find
C* = C*! = Z, D*zf::) — ~CW — _mfs:)’
D*+fip = —CFR = [ F m + Dl £ m) 2,
This shows that the vectors g = (—1)*""f*, form a canonical basis for
D®.
With respect to a canonical basis the matrix elements of D® are

T)gy = 3 (DT (g,

where the T¢2(A4) are the matrix elements of D™ in a canonical basis. It
follows immediately from (3.4) that T(—E,) = (—1)2“*”E, so D*“* deter-
mines a single-valued rep of the Lorentz group if and only if u + v is an
integer.

By construction D*» =~ D* ) D®. Taking the complex conjugate of

D® ® D(u’) ~ "i';‘, @ D™
w=lu—u'|

we obtain an analogous relation for D“ (X) D, [Note: Even though we
have defined D by taking the complex conjugate of a matrix realization of
D™ with respect to a fixed basis, it is easy to show that D*® is basis-indepen-
dent. Indeed, one merely verifies that two matrix reps 7(4), 7'(A) are equiva-
lent if and only if T(A4) and T'(A) are equivalent.] Thus

(3.5) D« ® D) =~ (D® ® D?) ® (D« ® D)
~ (D(u) ® D“‘") ® (f)(v) ® ﬁ(v’))

= W:§M’I zZIUZ—v’I @ D=

is the CG series for irred reps of SL(2). Note that each irred rep D™ * occur-
ring in the decomposition of D** (X) D*“-*” has multiplicity one. Therefore,
it is easy to project out the subspace W™= of V™ () VU« which trans-
forms irreducibly under D™ #. Indeed from (3.3) and the results of Section
7.7 a canonical basis for ‘W™ is given by the vectors

(3.6) hp? = 3 Clum;u',m'|w, k)C(o,n; ', n"| 2, ) f12 R fie,

mnm’n

—w<k<w, —z<Il<z

where the C(-|-)are the CG coefficients (7.21), Chapter 7. The coefficients
for the real Lie group SL(2) are products of the coefficients for the complex
group SL(2).

If we restrict the rep D*” of SL(2) to the subgroup SU(2) it decomposes
into a direct sum of irred reps of SU(2). To determine the decomposition we
note the rep D® of SU(2) is equivalent to D*. Indeed D™ is irred and every
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irred rep of SU(2) is equivalent to some D®. Since dim D® = 2y + 1 we
must have D = D*. Alternatively, the character y* of D is real, so D%
and D* have the same character. Using this result we obtain

(3_7) D(u,v) | SU(Z) -~ D(u) ® D(v) ~ lﬁ} ’ @ D(w)‘

Note the special cases D*®| SU(2) = D | SU(2) = D®.

Although the canonical basis { f%*} is very convenient for computational
purposes, it does not clearly exhibit the decomposition (3.7) when the Lie
algebra s/(2) is restricted to su(2). According to (3.7) there exists an ON basis
{(f@  lu—v|<w<ut+v —w<k<w} for O such that

B8 L=k, TSR =1w Lk + D F OISR

Recall that the J-operators satisfy the commutation relations of su(2). We
could use CG coefficients to express the {f{*'} basis in terms of the { f&”
basis. However, it is more instructive to compute the action of the Lie algebra
on the { £} basis directly.

For this purpose we choose the operators J*, J3, F*, F? with commuta-
tion relations (1.8), (J/ = £, F = ®), as the generators of our rep. The action
of the J-operators on f{* is given by (3.8). To determine the action of the
F-operators we note from (1.8) that the operators Q, = —F*, Q, = /2 F?,
and Q_, = F~ transform as a spherical tensor of rank one under the action
of SU(2). According to the Wigner-Eckart theorem (10.14), Chapter 7,

(F=f, £ = FNw,w)C(Q, £1; w, k|w', k),

(F3f ), £y =27Y2N(w, w)C(,0; w, k| w', k').
In particular, these matrix elements are zero unless w' = w -+ 1, w. Explicit
expressions for the CG coefficients are given in (7.28), Chapter 7, so we need

only compute the constants N. These constants can be obtained from the
remaining commutation relations

(3.10) [F3, Ff] = F+ J*&, [F*, F7] = —2J3.
It follows from (3.9) that
(B.Al)  FH = x[w F )w F k — D]V24, fir50
—[w = k + L)Yw F K)]'2B, 12,
+ [(w 4 k 4+ D)(w £ k + 2]2C,,, f0,
(3.12) P = [(w — k)w + k)24, fir Y
— kB, f — [(w + k + D(w — k + D]'2C,, fiY,

where the constants 4,,, B,,, C, depend only on w. We can simplify the above
formulas by renormalizing the vectors f{*. If we introduce new basis vectors

(3.9)
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& = a,fi¥, where the a, are nonzero complex numbers, then Eq. (3.8) will
remain unchanged in the primed basis while (3.11) and (3.12) will maintain
the same form with 4,, B,, C, replaced by

(3]3) Aw, = (aw/aw—l)Anw Bwl - Bw’ Cw, = (aWAl/aw)Cw‘

The new basis vectors [ will be orthogonal but not necessarily of length
one. Note the product 4,'C,” = A,C, is invariant under renormalization and
must be nonzero for |y — v|+ | < w < u + v since D®* is irred. Thus we
can choose the constants a, so A, = C,. We will suppose that this is the case
in expressions (3.11) and (3.12).

Now we use the commutation relations (3.10) to compute 4, and B,.
Substituting (3.8), (3.11), and (3.12) in [F*, F3]f» = J*f and equating
coefficients of 7{*’ on both sides of the resulting relations, we find

(3.14) [(w+ DB, —(w—DB,_]4, =[(w + 2)B,., — wB,]A4,,, =0,
(3.15) Q2w — DA — 2w + DNA:,, — B2 =1.
The other two equations (3.10) lead to the same results. Since A4, %= 0 it
follows from (3.14) that

B,., = wB,[/(w 4- 2), w=|u—v...,u-o.
The solution is
(3.16) B, — Buwo(wy -+ Diww + 1)] = iwgw,/lw(w + D],

where iw, = B, (w, + 1), w, =|u — v|. We will determine the constant
w, later. Substituting (3.16) into (3.15), we get a recurrence relation for 4,%:

GIT) Qe DA - Qw o A, = e

w=wg...,u +v— 1L

Since ¢~ does not belong to V™” we must require A4,, = 0. With this
restriction Eq. (3.17) determine A4,2. The solution is

(W 7W2(W2’*W2) 1/2
(3.18) ) v ]
(By choosing the normalization factors a, appropriately we can always
assume |arg 4, | < 7/2.)

To determine w, we note from (3.11) that A,.,,, = O since f{*'**" does
not belong to V“*. Therefore, (3.18) implies w,2 = (u + v + 1)?, or w, =
+(u + v + 1). To determine the proper sign we must distinguish between
D™ and D“’"“’.

It follows from (3.2) that —C-C = u(u + 1)E and —D-D = v(v + 1)E
for the rep D“*. If we express the C; and D, in terms of the operators (3.11)
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and (3.12) and use (3.16 )and (3.18) we find
—C.C= l(wo + w, + 1)(Wo + w, -+ 3)E1
—D-D =%(w, — w, + )(w, —w, | 3)E.
Thus, if we allow w, to be negative we can make the unique assignment
(3.20) Wo = U — 9, w,=u+v+ L.
This is permissible since expressions (3.11), (3.12), (3.16), and (3.18) depend
only on w,2, w2, and wow,. In particular the rep defined by the pair (w,, w,)
is equivalent to the rep (—w,, —w,). Here 2w,, 2w, and w, 4- w, are integers
with [wy| < |w,|.
Summing up, there is a basis {f{*'} for the rep space of D** such that
(321) I =[wx k4 Dw F O R T =k,
(322)  FEff = £l F K F k — DI"2A, fie)
—[(w £ k + D(w F k)]'"2B, f
+[w Lk + Dw Lk + 2124, f",
(3.23) P = — K24, — KBS
— [(W + 1)2 _ k2]1’2Aw+lf;‘w+x)

(3.19)

w=]wellwe|+ 1,....[w.] —w<k<w,
where

__iwgw, _ _[_‘:(w2 — wy(w? — w,’-)]”2
(3.24) B, w{w + 1) A, w 4w? — ]

andw,=u—v,w, =u-+v+ 1.

In many respects the basis { f{*’} is more convenient than the basis { f{%”}.
This is particularly true in problems where one is interested in the restriction
of a rep of SL(2) to the subgroup SU(2).

The noncompact group SL(2) also has bounded infinite-dimensional
irred reps. If T is such a rep, a slight extension of the results of Section 6.3
shows that T| SU(2) decomposes into a direct sum of irred reps of the com-
pact group SU(2):

~

(3.25) TISUQ = ¥ ®aD>.

=0
For the present we assume that the multiplicity a, of D’ is either zero or
one, i.e., each rep D™ appears at most once in the decomposition. Further-
more, we assume that the usual relationships between the bounded operators
T(A), A € SUQ2), andJ*,J?, F*, F3 hold for these infinite-dimensional reps.
Let 7 be the set of all w such that D™’ is contained in the decomposition
of T|SU(2). There exists a basis { f{: w € I, —w <k <<w} for the rep space
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such that Eq. (3.8) are satisfied. Indeed for fixed w, { "'} is a canonical basis
for D™. Applying the Wigner—Eckart theorem, we see that the operators
F*, F? satisfy Eq. (3.11) and (3.12) exactly as in the finite-dimensional case.
Let w, be the smallest number in the index set 1. It follows from (3.11),
(3.12), and the irreducibility of T that / = {w, +n:n=20,1,2,...}. Thus

T|SUQ) = 3 @ D+,
n=0

(There can be no gaps in the sequence of D™ since T is irred. If the sequence
is finite then T is isomorphic to one of the finite-dimensional reps D
which we have already classified.)

The computation of relations (3.21)—(3.24) is exactly the same for T as
for finite-dimensional reps. The only difference is that w, is no longer an
integer or half-integer such that w, = w, 4+ k for some integer k > 0; other-
wise T would be finite-dimensional. Thus, w, is an arbitrary complex number
not satisfying the above requirement. We conclude that the infinite-dimen-
sional irred reps of SL(2) can be labeled by the parameters (w,, w,) where
2w, is a nonnegative integer and w, is a complex number such that w, #
w, + k,k=20,1,2,.... However, it is not clear that each of these Lie
algebra reps can be exponentiated to a global irred rep of SL(2). Naimark [2]
proves that there is in fact a global group rep corresponding to each of
our Lie algebra reps. Furthermore, Naimark shows that any irred rep T of
SL(2) when restricted to SU(2) contains each D® at most once.

Let us check to see which of our reps are unitary. If T is unitary a simple
computation (which should be familiar to the reader by now) shows that

(3.26)  (3H*=J3,  (H*=J", (F)*=F3, (F')*=F".
Just as in Section 7.7 we can use the requirements on the J-operators to prove

(fi, £i£) = O unless w = w" and k = k’. Furthermore || /(| = || £l
—w << k,j < w. Since F? is symmetric we have

(F.?f;cw), f;cw’)) — (f;cw)’ F3f;cw'))’
Substituting (3.23) into this expression, we find
(3.27) B, =B,  AJfr V= =4,
The relation (F*)* = F~ yields no additional constraints. By (3.24), B, is
real if and only if (a) w, = ic, c real, or (b) w, = 0.

Writing A, = R, + il, in terms of real and imaginary parts, we see that
the second relation (3.27) implies R, = 0,1} || = || £ V1l Since all of
the basis vectors have the same length we can normalize themso || £ [ = 1.
By (3.24) the requirement R, = O is identically satisfied in case (a) since
—w,2 =¢*>0. In case (b) this requirement will be satisfied provided
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w* —wA)/@w: —1)>0forw=20,1,2,.... This is possible if and only
if0<w,?2<1.Thus —1 <w, <1

This discussion shows that the unitary irred reps (w,, w,) of SL(2) fall
into two classes:

(3.28) The principai series: w, pure imaginary.

(3.29) The complementary series: w, =0, w, real, |w,|<C1.

The only finite-dimensional unitary rep is the identity rep (0, 1) = D*%.9,
We now construct models of the corresponding Lie group reps, starting

with the finite-dimensional reps D®*. From (2.1), Section 7.2, we know

D“9 = D% 2u=0,1,2,..., has a model in terms of operators

(330) [T = bz + (2 = ). AesLa.

acting on the (2u + 1)-dimensional space U“ of polynomials with order
2u in z. The vectors f% = (—z)**"/[(u 4+ m)!(u — m)!]*/2 form a canonical
basis.

It follows that D = D has the model

3.31 T(4)£1) = (bz T dy»f(22EE

(3:31) TA)116) = G2+ 0/ (7777)

on the Qu -+ 1)—dimensiona}1 space V® of polynomials with order 2v in Z.
The vectors g = (— 1)~ = (@) "/[(v + n)!(v — n)!]'/? form a canonical
basis.

According to (3.5), D®» = D% ® D®_ Thus b** has a model defined
by operators

5 T 2w az+c,dz'+c')

(30 [T/ 2) = Gz + ez T D (55 02

acting on the (2u -+ 1)(2v + 1)-dimensional space of polynomials with order
2uin z and 2v in Z.

It is clear from (3.32) that D®» = D, Only the diagonal reps D“® are
equivalent to their own complex conjugates. Such reps are called real.

It is easy to find a model of the unitary reps in the principal series (w,, ic),
(3.28). Indeed by comparing the eigenvalues of the invariant operators
C-C and D-D in the { %"} and {f{} bases we have concluded that w, =
u — v, w, = u+ v+ 1. This suggests that the action of (w,, ic) can be ob-
tained from (3.32) by setting 2u = w, - ic — 1 and 20 = —w, + ic — 1:

(3.33) [T(A)f1(2) = |bz + d| 72"+ 2(bz + d)™f (“—Zﬁ i fz)‘

Here we regard f(z) = f(x, y) as a function of the two real variables x, y,
where z = x + iy, and we suppress the argument z. If the operators T(A)
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act on the Hilbert space L,(R,),

(o f = [ fe)ey) dxdy,

then one can show that they define a global irred unitary rep of SL(2) whose
induced Lie algebra rep is equivalent to (wg, ic), 2w, = 0,1,2, ..., c real
{Naimark [2]).

It is just as easy to formally compute the action of the unitary reps from
the complementary series. However, in this case there is some difficulty in
determining the proper Hilbert space on which the rep acts. Naimark works
out the details.

The computation of the infinitesimal generators {generalized Lie deriva-
tives) for all of the above models is straightforward but will not be carried
out here. Furthermore, we will now limit ourselves to finite-dimensional
reps. The infinite-dimensional unitary reps of the homogeneous Lorentz
group seem to be of less importance for physical applications (see, however,
Ruhl {1}).

Because of the isomorphism between the Lie algebras s/(2) and su(2)
@ su(2) we can conclude that any finite-dimensional rep of SL(2) or L'*
can be decomposed into a direct sum of irred reps D“*., (This is false for
infinite-dimensional reps.) We shall use this fact to compute the (finite-
dimensional) irred reps of the general Lorentz group L(4). We shall also
compute the irred reps of the complete Lorentz group L' = {SL'*, L'*}
obtained by adding the space reflection S to the proper Lorentz group.

Let T be an irred rep of L' and let S = T(S). Since S commutes with all
rotations [see (1.5)] it follows that

SJ=S§"t =J*~, SJ3S ! = J3, S=S8"1,
On the other hand, by (1.3)

SB*S™' = —B*, SB3S™! = — B3,
In terms of the C- and D-operators [(1.9)] these results become
(3.34) SC*S™! = D*, SC3S™! = D3,

Suppose the rep D*“* is contained in T|L"*. Then there exist vectors { £
—u<m<u, —v<n< v} spanning a subspace V*“* of the rep space
U which transform under the C- and D-operators according to (3.2). Define

vectors giv® € U by giz® = S, Then by (3.34) and (3.2)
(3.35)  Cgi¥ =ngiv,  Crgi? =[(v+n+ 1) Fn) gy,

with similar results for the D-operators. Thus the vectors {g{%*} span a sub-
space V¥# of U which transforms under D**, Since S* = E we have
Sglw = Sif v = W Furthermore, the space V“» - U is invariant
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under T. Since T is irred this space must coincide with U itself. There are two
possibilities depending on whether or not u = ». If u = v the set { f 2, g}
is linearly independent and U = V% P V**. We designate the 2(2u + 1)
X (2v 4+ 1)-dimensional rep by

(3.36) DY DO,y £

Conversely, it is easy to show that each pair of reps of L' taking the form
(3.36) does define an irred rep of L'.

Now suppose u = v and define new vectors A%, = f%9 4 glu¥. The

{h:,} span a subspace V", while the {4,,} span V~’. Here

Chpy = m(f ¥ £ go) = mhy,,  D’hy,, = nhy,
(3.37) Chyn = [(u + m + u — m)]""2h; .,

D*hd, = [+ 1+ D — m)] e,
with similar results for C~ and D~. Also,
(3.38) Shyw = Sfi? £ Sgm? = guw &+ fuu = Lhom.
As a consequence, both VU and U™’ are invariant under T. Since T is irred,
either U = V™ and V™ = {#} or U = V" and V™™’ = {@}. If the first case
holds then h,, = @, so f4* = gluw = §f%w and S transposes the lower
indices of the basis vectors f%* for U. We denote the corresponding irred
rep by D®“. If the second case holds then 4}, = @ and Sf» = —fu».
We denote this rep by D**. Here dim D%* = dim D** = 2u + 1)

Thus the possible irred reps of L' are D®® & D**, u > v, and D%*,
D  Only those reps such that ¥ - v is an integer are single-valued on
L'. The remaining reps are double-valued on L' but they are single-valued
reps of the group generated by S and SL(2).

We can obtain the irred reps of L(4) by noting that L(4) = {L',I-L'},
where / = —E is the total inversion operation. Since / commutes with all
elements of L{4) and I* = E it follows that T(I) = +E for each irred rep
T. Thus, to each irred rep of L' there correspond exactly two reps of L(4).
In one rep T(I) = E and in the other T(I) = —E. If u + v is not an integer
then these reps are double-valued on L(4) but single-valued on the group
generated by S, 7, and SL(2).

We mention some of the simplest examples of our reps. The usual 4 x 4
matrix realization (1.1) of L'* is equivalent to the real rep D1/2.1/2) of SL(2).
The usual 2 X 2 matrix realization is equivalent to D//2:9, The matrices
A, A € SL(2), define the rep D®:'/, The usual 4 X 4 realization of L' is
equivalent to DY/2.1/2 A quantity transforming under L' according to
D9 js called a scalar; one transforming according to D*® is a pseudo-
scalar. Vectors and pseudovectors transform according to D%/2/2) and
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D422 respectively. Finally the usual 4 x 4 realization of L(4) is equiva-
lent to D/21/2) with T(I) = —E.

8.4 Models of the Representations

Let ¥ be a complex two-dimensional vector space with basis {v,, v,}.
We define a model of the rep D2 of SL(2) on V by

2
4.1) Av, =S Ay, A= (4) € SLQ).

The vectors f{'}? = v, and f{2) = v, form a canonical basis.
Similarly we can define a model of the rep D®-1/2> =~ D'2:9 on the two-
dimensional vector space W with basis {w,, w,}:

- 2

4.2) Aw, = ,Z. Aw,.

The vectors gi'4* = w, and g''{3} = —w, form a canonical basis.
Now consider a rep of SL(2) on the 2***-dimensional space V' ®? (X) W &q
defined by

(43) A(val®“'®vmp®wﬁl®“'®wﬁu
2 - -
- a ’;21 Afll'dl o A!llfanAﬁl'ﬁl o Aﬂu'ﬂuvmx' ® e ® wﬁq"
The elements a of this space are called spiners of rank p + ¢. In terms of the

components g***#*#* of a with respect to the basis v,,, X - - - X w,, the
group action (4.3) reads

(4.4) Agri- s e — ;; IAaum’ R

[t is evident that the spinors of rank p 4 g transform according to the rep
(DY12:0%%r Q) (D0-1'2® We can use the Clebsch-Gordan series (3.5) re-
peatedly to decompose this rep into irred reps D®* but the resulting expres-
sion is complicated. However, it is easy to verify that D242 is the irred
rep of highest weight contained in the reducible rep and its multiplicity is
exactly one. We show how to determine the subspace transforming under
D(p 2.4 2).

Let §° be the subspace of completely symmetric spinors in V®?. The
elements of §” are symmetric in the spinor indices a* " *. As shown in
Section 4.3, dim§” =p + 1 and a € §”° is uniquely determined by the
independent components a''*"1:22'% = g’ where s is the number of twos
and p — s the number of ones, s =0, I, . . ., p. Furthermore, § is invariant
under the induced action of SL(2) on V“?. We have shown earlier that §”
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transforms irreducibly under the rep [p, 0] = [p] of GL(2) {Section 4.3]. We
will now show that §° remains irred when GL(2) is restricted to the subgroup
SL(2). Let a* be the element of §7 such that a*’ = 1 and all independent
components of a® are zero. Clearly, the tensors a°, a', . .., a” form a basis
for $7. Furthermore a direct computation from (4.4) with ¢ = 0 shows

(exp tC*)a* = (exp tJ3)a" = exp[t(p — s5y)Ja™.

Recall that the D-operators are zero for this rep. It follows that the highest
weight vector in §” with respect to C3 has eigenvalue p/2. Thus § must con-
tain a subspace transforming according to D29, Since dim D29 = p
| = dim §7, §¢ is irred.

An exactly similar argument shows that the subspace $¢ of completely
symmetric spinors in W® transforms according to D®¢2 Now the sub-
space $7 (X §7of V'®7 ) W®4 consists of spinors g*~*#*5 symmetric in the
indicese,, . . ., &, andin theindices f,,. .., B, simultaneously. Furthermore,

$? ) §¢ transforms under D29 (%) D42 = D»/2.4'2), This shows that

$7 (X §7 is the subspace of ¥ ®? () W® which carries the rep D#/24/)_ Letting
p and g range over all nonnegative integers we can obtain models of all reps
D®“* of SL(2).

The use of spinors to provide models of SL(2) reps is very popular in
mathematical physics. An extensive spinor calculus has been evolved which
enables one to perform operations on spinors to yield new spinors. For
example, if a*"*# is a spinor of rank p + ¢ and b*"*"#'is a spinor of rank
p' - ¢, then the quantity with components g* *#b*" 4 transforms as a
spinor of rank (p + p’) + (¢ + ¢’). For more details on the spinor calculus
see the work of Gel'fand et al. [1].

Let V be a four-dimensional real vector space with basis {v,,...,Vv,}
and define a rep of L'* on V by

(4.5) AV, =S Ay, AclL'"
=1

This rep is clearly irred; in fact it is equivalent to D'*/2.1/2 We will verify
this explicitly.

If we restrict the rep (4.5) to the subgroup SO(3) then v, remains fixed
and v,, v,, v, transform under the vector rep D''’. The only four-dimensional
irred reps of L'+ are D'3/2.9 P03/ P12/ and the first two of these
reps remain irred when restricted to SO(3). However,

(46) D(l/2,l,’2) I 50(3) ~ D(l) @ D(O)’

in agreement with our comments above, so (4.5) defines a rep equivalent to
D¢/2.1/2_ One can verify from (1.3) that the vectors

@) = (W INEY, — ), B =V, 1 = iy,
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form a canonical basis which exhibits the decomposition (4.6). Furthermore
from (1.9) the vectors

(4.8) OB, = v dv,, 02103, = £v, —iv,
form a canonical basis satisfying relations (3.2).

We can extend the action (4.5) to the space V%", If a € V'®" with tensor
components g~ 1 < i, < 4, then the action of L'* on V@ is given by
A, gl

it injn

(4.9) Agvn— 3 A

P
Clearly this rep is equivalent to (D**/2-1'2)®" and the Clebsch-Gordan series
(3.5) can be used to decompose it into irred reps. Note that every irred part
of (D/2:1/2)&n is a single-valued rep of L' and every single-valued irred
rep can be so obtained. The elements of ¥'®" are called tensors in distinction
to the spinors (4.4) which lead to double-valued reps.

The Lorentz group acts as a natural transformation group on Minkowski
space according to the formula

(4.10) x—> A'x, Ac L,

where x = (x, y, z, ct) is a column four-vector. The Lie derivatives corres-
ponding to this action are

4.11)
9 8 Y a4
L Zay yo—z, L2 = XE ZE, L3 = yﬁ XE,
T T Y ) Y Y
Bl* ta; xEt—, BZ; taj} yat, BJ_ taz ZE-.

In these equations and for the computations to follow, we choose units in
which ¢ = 1.

The components x, y, z, t form a basis for a realization of D''/2:1/2) ynder
the action (4.10). Indeed, comparing (4.11) with (3.21)-(3.24) we see that a
canonical basis exhibiting the decomposition (4.6) is given by

(4.12) =02 Etx —iy), [fP=2z, [P =i.
Furthermore, the vectors

(4.13) Wl =zF 1, WYY, = £x — iy
form a canonical basis satisfying relations (3.2).

Another model of D'/2:1/2) which will prove useful is obtained by using
(4.10) to induce a group rep on the four-dimensional space © spanned by
the derivatives d/dx;, j=1,...,4, where x = (x,,...,x,) = (x,),2,1).
Indeed if x," = 3] (A“)j,x, then x, = X A;;x; and
4 0x, ¢ 0
R

!
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The derivatives

(4-14) 011/2,11/2 - ‘% + gt_’ arn/z,rl,’z = i% - i‘%}

form a canonical basis satisfying relations (3.2) foru = v = }.

At this point it is convenient to describe the relationship between energy
and momentum of a particle in the theory of special relativity. Let 4 be an
inertial frame with coordinates x = (x,, ..., x,) = (x, ¥, z, f). We describe
the path of a particle with mass m in this frame using the parametric equa-
tions x, = /,(s), | <<j <4, where the parameter s is determined by

(4.15) ds = [1 — (dx/dt)* — (dy/dt)* — (dz)dt)?]" *dt
= £[dr? —dx* — dy* —dz?]'"? = (1 — v-v)! 2 dt

and v is the velocity of the particle at time ¢. [The sign on the right-hand side
of (4.15) is the sign of d¢.] Since no massive particle can have a velocity as
great as the velocity of light (¢ = 1 in this case), ds is always real. The world
time between two events ¢, and ¢, with coordinates x'"’ = (x'", tV), x» =
(X2, 12y, 11 £ ¢ which lie on the path of the particle is

Fxill

(4.16) §, — 8§, = ds,

il

where the integral is taken along the particle path from x‘*’ to x‘?’. Note that
s, and s, are not uniquely determined by (4.16) but only their difference
§, — §,. The expression dt? — dx? — dy* — dz? is obviously invariant under
the Lorentz group, so the world time between two events q,, ¢, is the same for
all inertial frames 9’ related to 9 by an element of L'. However, if 4’ is
related to 9 by an element of L‘* or L'~ then dt and dt’ have opposite signs
and ds = —ds’. In particular, under time inversion (dx, dy, dz, dt) — (dx,
dy, dz, —dt). In this case the magnitude of the world time between two
events is conserved but the sign is reversed.

If the particle is moving with uniform velocity v (with resepct to 9) then
the frame 9’ with spatial axes parallel to the spatial axes of 9 and spatial
origin of coordinates embedded in the particle is also an inertial frame. In
g’ the world time difference between ¢, and g, is just the ordinary time inter-
val between the two events as determined by a clock fixed in the particle.

The momentum p of the particle is defined as

@.17 p = (mdx/ds, m dy/ds, m dz/ds),

where x(s), y(s), z(s) are the spatial coordinates of the particle with respect
to 9. The total energy is given by

(4.18) E=(p-p+ m»)'"?
and the four-vector momentum by
(4.19) p=0E)= (P PP Po)
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Note that
(4.20) pl—p—pr—plr=mk

Now ds is Lorentz-invariant and (dx, dy, dz) transforms under the Lorentz
group exactly as (x, y, z). Let x = (x, y, z, t) = (X, t) be the coordinates in
4 of an event g such that t > 0 and 1> — x> — y* — z2 = m? > 0. Then we
can write

4.21) x = (X, 1) = (X, (XX + m?)1"?).

Comparing (4.19) and (4.21), we see that both of these vectors must transform
in exactly the same manner under L'. (Here we are assuming that the mass
of a particle is the same in all inertial frames.) Since x transforms according
to D/2.1/2) g0 does p. In particular the expression for the four-momentum
of a particle takes the same form in all inertial systems, as it must in order
to be physicaily meaningful. This shows that expression (4.20) is also Lorentz-
invariant. Note, however, that x and p do not transform in the same way
under time inversion G. Under G, x goes to (x, —f) and p goes to (—p, E).

In relativistic quantum physics the states of a one-particle system at time
t are given by spinor-valued functions ¥ ={¥ ,(x)}, u = 1,...,¢q, where
x = (x, y, z, ). The action of the Poincaré group ® on these state functions
is given by

(4.22) [Ta, AY¥L(x) = 3 T AVRLA N ~ a)),

ac R, A e SL(2),

where L(4) € L™* is given by (1.18)—(1.22) and T(A4) is a ¢ X ¢ matrix rep
of SL(2). Here @ is the set of all pairs {a, 4} with group product

(4.23) {a,, A4, }a,, 4.} = {a, + L(4,)a,, A, 4,}.
The map
{a, A} —>{a, L(4)}

is a homomorphism of ® onto the ordinary Poincaré group P, (2.5), which
covers each element of P exactly twice.

The construction of state functions for relativistic k-particle systems is
analogous to that discussed in (11.6), Chapter 7, and is left to the reader.
Furthermore, we shall be concerned only with the group-theoretic properties
of the transformation (4.22) and shall omit any discussion of Hilbert spaces
containing the state vectors W. For such a discussion see the work of Schwe-
ber [1].

In general, functions ¥ which transform under ® by (4.22) are called
spinor fields, If 7(4) = T(— A) for all A € SL(2) then (4.22) defines a single-
valued rep of P and the functions are called tensor fields. Among the impor-
tant tensor and spinor fields of relativistic physics are the four-momentum
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and the vector four-potential, T = D22 and the Dirac electron field,
T = D"/2.9 G D@1/2 (Roman [1], Landau and Lifshitz [3]).

If we set @ = @ in expression (4.22) we obtain a rep of SL(2). The Lie
algebra rep of s/(2) induced by this group action takes the form

(4'24) 81:5;+L,9 (B;:M_,"’_B; ]: ]’2;39

where the Lie derivatives L,, B, are given by (4.11) and the matrices

(4.25) S, = %T(exp t9) s K, = (%T(exp 1®),-0,
(gj, (Bj € 31(2),

act on the spinor indices of W. Suppose we restrict the group rep T(4) =
T(@, A) to the subgroup SU(2). Then the matrix rep T(A4) will decompose
into a direct sum of irred reps D* of SU(2). The spinor components of ¥
can always be chosen so that T(A4)|SU(2) explicitly exhibits this direct sum
decomposition:

Tw(A) z
T(4) = - , A€ SUQ).

z Tw“(4)

Thus, on restriction to SU(2) the field ¥ transforms as a sum of spinor fields
of weights s = u,, . .., u, with respect to SU(2). This last statement is meant
in the sense of (8.19), Chapter 7. The above remarks constitute the relativistic
interpretation of spin. If a particle state function transforms according to
(4.22) with T= D“* in a relativistic theory then the formula

(426) D(u,v) |SU(2) ~ D(u+v) @ D(u+u—ll @ R @ D([u*vl)

shows that this particle can havespins s =u +v,u +v — 1,...,|lu — v|
However, there is no known particle with more than one spin. For particles
transforming according to D" or D‘°* this restriction to one spin is achiev-
ed automatically: s = u. However, for particles which transform according
to D™ with u, v > 0 it is necessary to subject the spinor function ¥ to
certain additional constraints which, in a fixed inertial coordinate system,
require that all components ¥, of W are zero except those transforming ac-
cording to a single rep D' of SU(2).

For example, the photon transforms according to the four-dimensional
representation D1/2.1/2 Since D/2.1/2) |SUQ2) = DV @ D@ we would
expect the photon to have spins one and zero. However, the system of equa-
tions obeyed by the photon includes a supplementary condition which sup-
presses the component transforming according to D® and we say that the
photon has spin one (see the work of Jauch and Rohrlich {1]). The Dirac
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electron field transforms according to D/2:9 5 D-¥/2), On restriction to
SU(2) we obtain D2’ (p DV/2’, so the electron has the single spin 4, even
though D'/® occurs with multiplicity two.

8.5 Lorentz-Invariant Equations

In Section 8.2 we enunciated the basic principle of relativistic physics:
The equations and laws of a physical theory must have the same form in any
inertial coordinate system. Stated another way, the equations of a physical
theory must maintain their form under the action of the Poincaré group.
We shall use this principle to classify, under suitable conditions, the possible
linear differential equations which can appear in a relativistic theory. Qur
analysis will be analogous to that for the Euclidean-invariant equations in
Section 7.11.

Let W ,(x) be a g-component spinor field transforming according to the
rule (4.22) under the Poincaré group. We suppose that the components ¥,
satisfy a system of ¢ linear partial differential equations in the independent
variables x = (x, y, z, ). By introducing new components if necessary we can
assume the system takes the form

d

(5.1 (c,g_x+c d 1 c,9 + €3+ DY¥) = O,

23y 397
where C, and D are g X g matrix functions of x and ¥(x) = (¥,(x)) isa
g-component column vector. We will investigate the conditions under which
the system (5.1) maintains its form under the action (4.22) of ®@. First, it is
clear that (5.1) is invariant under all translations of coordinates if and only
if the matrices C, and D are constant. Assuming these matrices constant we
reduce the problem to one of invariance under SL(2) (the homogeneous
Lorentz group):

(5.2 [TAELR) = B,/(x) = 3 T ALALA)),
or
(5.3) ¥() = ST, X = L),

where T(A) is a g x g matrix rep of SL(2). Lorentz invariance of (5.1) means
exactly that if we replace x by x’ and ¥ (x) by ¥,’(x’) then the resulting sys-
tem of equations is equivalent to the original system, i.e., the primed equa-
tions are linear combinations of the unprimed equations and conversely.

To simplify the discussion we assume D is nonsingular. Then multiplying
(5.1) on the left by D~! we obtain the equivalent system

9 9 9 3\ _
(5.4) (L. + Ligs+ Lags + Log)¥ = K¥,
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where x is a nonzero constant. (We could choose k = — 1 but it is preferable
to leave it arbitrary.)

We may assume without loss of generality that the matrix rep 7(A4) has
already been decomposed into a direct sum of irred reps:

(5.5)
rD((),O)(A) aoo
- D-9(4) V4
T(A) = ' D(u,v)(A) o, ’
VA .
D(u.v)(A)

where D™¥(A4) is a matrix realization of D“* and a,, is the multiplicity of
D« in T(A). We can label the components of W as W2, ., the spin component
corresponding to the canonical basis vector % in the kth occurrence of
D®“* in (5.5). Here we are using the basis (3.2). Thus,

(56)  [T(A)PEmA(e) = 30 30 Db (APt l(L(47)x).

The partial derivatives on the left-hand side of (5.4) can be expressed as
linear combinations of the derivatives d., , ., 5, (4.14), which form a canoni-
cal basis for a realization of D‘''2-12), Thus the left-hand side of (5.4) is a
linear combination of terms d., 5 .,,,¥%., . Forfixed u, v, and k, and m’, »’
ranging over —u < m' < u, —v < n' < v, these 4(2u -+ 1)(2v + 1) quanti-
ties form a basis for the rep
(57) D(]/Z,l,'Z) ® D(u,v) ; D(u+1. 2,0+ 1.2} @ D(lﬂ'l,'?..v—l, 2)

PDutzeri D Pt 2ot D)

If either u or v is zero, this expression has an obvious modification. By (5.7)
and (3.6), the new basis functions

(5.8)  herduv, k)= 3, C, jiu,m|u', m)CE, v, n|v', n)0, W%,
mn jl

transform irreducibly according to D*-*". Here ' = u 4+ 4 and v' = v + 1
for u, v > 0. Again the results must be slightly modified if either ¥ = O or
v =0,

Due to the unitarity of the CG coefficients we can uniquely express each
of the terms o, %, , on the left-hand side of (5.4) as linear combinations of
the h%¥ (uv, k). The resulting system takes the form
(5.9) ) 'kE Aumvv;,u;r':’,r’l’k(ulvl’ kR (uw,, k) = k¥ ..

We consider a subsystem of (2u + 1)(2v + 1) equations (5.9) for which
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u, v, k are fixed and —u < m < u, —v < n < v From (5.3) and (5.6) we
obtain
(5.10) \Il/'frf}.,k(x/) = 2[: Do WA (X)),

J
(5.11) Bty KXY = 35 DA (AR o, )

J
If follows that our subsystem will maintain its form under the action of SL(2)
if and only if the left-hand side of the subsystem also transforms according
to D“*. The necessary and sufficient condition for invariance is that all
constants A4“** are zero except those for which u =u', v =v', m = m’,
and n = n’. Furthermore, the nonzero constants must be independent of
the spin indices m and »n. Thus, any invariant system takes the form
(5.12) oAk ke uw k) = kP, k=100,

vk

where /1%, is given by (5.8) and the pair (u, v) ranges over all irred reps in
T(A). The constants 4%,%, are arbitrary and there is one equation for each
component of ¥. We see from this analysis that the component ¥¥, , on the
right is coupled with those components W4, . on the left such that

(5.13)

u -
U, — !

bu—14 if u>0 v+ de— 4 if »>0
. v, -
. if u=0, !

s it v =0

Note that there are no nontrivial invariant equations in which the spinor
indices transform according to a single irred rep D**. With a single D*“*
we could not achieve a coupling (5.13).

In case the matrix D in (5.1) is singular or not square the analogous dis-
cussion in Section 7.11 is applicable. If D — Z we can construct invariant
equations of the form (5.12) with ¥ = 0 although the number of such equa-
tions need not be equal to the number of components of ¥. In this case it is
possible to construct invariant equations in which the spinor indices trans-
form according to a single irred rep D*". For an arbitrary singular matrix
D one can construct systems of the form (5.12) in which x is zero for some
equations and nonzero for others in the system.

Naimark [2] presents a complicated derivation of results equivalent to
Eq. (5.12) based on computations using the Lie algebra of the Lorentz group.
His derivation has the useful feature that it generalizes to the case where the
matrices L, in (5.4) are infinite. In this case the infinite-dimensional irred reps
of the Lorentz group may appear.

It is worth mentioning that all Lorentz-invariant equations are auto-
matically Euclidean-invariant since §*(3) is a subgroup of ®. Thus the Lor-
entz-invariant equations are already contained in the analysis of Section 7.11.
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Our results must be modified if we demand invariance under the complete
Lorentz group L' obtained by adding space reflection S to the proper Lorentz
group. In Section 4.3 we showed that the irred reps of L' were

(5.14) Dun @D, w>v  SfEY = fi,
(5.15) ) [ S = L. s,

where S is the operator corresponding to space reflection in each rep space.
It follows from (4.14) that d,, — —@, , under space reflection, so the d,,
form a canonical basis for the rep D/2.1/2 of LT,

Suppose ¥ = {¥,(x)} is a spinor field transforming under L'. In addition
to the transformation equations (5.2) we have

(5.16) [T(SP].(x) =T, (x) = vz::l T, (SYF,(S 'x),

where the matrices 7(4), T(S) generate a rep of L' (possibly double-valued).
Here 7(S)? = E. The matrix rep can be decomposed into a direct sum of
irred reps of L'. (Prove it!) Thus, each component ¥, ., u = v, is associated
with a component W% , such that

(5.17) T(S)¥im o(x) = ¥im o(x),  x' = Sx,
—u<m<u —v<n<o.

For u = v there are possible components ¥%*, and W4, such that

(5.18) T(S¥mi(x") = £¥um(x).

We assume W satisfies the equations (5.4) with x % 0 and require that
this system is L'-invariant. Clearly, the system is L'* invariant so it can be
expressed in the form (5.12). To guarantee L' -invariance we need only deter-
mine the requirements on the constants A%;*, in order that the system of
equations remains invariant under space inversion.

Choose one of the equations (5.12) and replace x by x' = Sx and W¥2, ,.(x)
by T(S)¥4r. ,.(x’) on both sides of the equation. If u % v then the right-hand
side becomes x¥¥* ,, while the vectors 4%, (u,v,, k,) become

(5.19)
—hmuy, k) if u # o,
T(S)h=, s k)= .
( ) mn(ulvl 1) {;hvmu"(ulit,kl) lf u1 — ’01 and ‘I“:r::)r:hkn — \}Ium;i

LOLI T

Here we have used (5.8), (5.17), (5.18), and the fact that ), — —d, ;. If the
system is L'-invariant then this transformed equation must be identical with
the original equation for the component kW%, . But from (5.19) this is pos-
sible if and only if

— Ak for u, #v
(5.20) Aiix, = { o Y -
' F Ak, for u, =wv,, parity .

If the term on the right-hand side is ¥¥%*% then under space inversion it
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is mapped to +xW¥44%. Again, for L'-invariance the transformed equation
must be the same as the original equation for the component kW=, . This
is possible if and only if

F AR for u, =wv,,
(5.21) ALk, ={FAuik, for w, =wv,, positive parity,

R b for u, = w,, negative parity,
as can be shown by a proof similar to that of (5.20). Expressions (5.20) and
(5.21) are necessary and sufficient for L'-invariance of the system (5.12).

One of the simplest examples of an L'*-invariant equation is the Klein-
Gordon Equation

2 2 2 2
(5-22) (%+%+%~%Mwmww>
Here ¢(x) transforms as a scalar field under @:

(5.23) [T(a, A)pl(x) = p(A™'(x — a)).

In relativistic physics this equation describes fields corresponding to particles
with mass m,. Since the spin index of ¢ transforms according to D®? and
D0 | SO(3) = D%, these particles must have spin zero.

To see the connection between the Klein—-Gordon equation and ele-
mentary particles recall that in classical relativistic physics the relation be-
tween momentum and energy of a particle with mass m, is

(5.24) E? —pt—p)t - st = m,

[Eq. (4.20)]. In quantum physics we associate the classical momenta and
energy with differential operators according to the rule

p<>idldx =P, p, <> idldy =P,

p,<—>idldz =P,, E<->jdjdr = H.

From (5.24) and the usual correspondence principle between classical and
quantum physics we see that the state function p(x, ¢) describing a particle
of mass m, satisfies the equation

(5.26) (H? — P2 —P,2 —P,YHo(x,1) = m2e(x, 1).

Making the substitutions (5.25), we obtain the Klein-Gordon equation.

Let us write (5.22) in the canonical form (5.12). We introduce four new
components ¢, (x) =0, ,9(x), m,n = +}, which form a canonical basis
for DU/2.V2 & PW0.0 = D1/2.172 From (4.14), the Klein—-Gordon equation
is equivalent to the system

(5.25)

0m,n¢ = ¢m,n’ m’ n= :t%
1(__
H=010,020 a2+ O 2@ a2 + 0-y2,120002,- 1.2

— 0_1/5,-12012,112) = M p.

(5.27)
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The indices of the spinor field ® = (g,, ,, p) transform according to D*!/2:1/2)
@ D9, Now the most general L' *-invariant system of equations for such
a field takes the form

1/2
a ¥ C4ji0.04 mC 150,014, 1)0,,0 = Ky
(5.28) o

1/2

b > C3ji4m0,00CH, 15 4,n,10,0)0,,0n, = Kp.

Aminy=-1/2

According to table (7.27), Section 7.7 these two systems are identical provided
Kk =1,a=1,b=—1/my? [Recall thatC(%, j;0,0|4, m) =4,, ]

Now consider the behavior of (5.22) under space inversion. Under the
group L', ¢ transforms as D*® or D je., as a scalar or a pseudoscalar.
Thus [T(S)p](x) = +@(Sx). Ineither case it is obvious that the Klein-Gordon
equation remains invariant under space inversion. However, it is instructive
to verify this result for the system (5.28). If ¢ is a scalar then ® = (p,, .. 9)
transforms as D22 (@ D9, It then follows from (5.21) that the system
is L'-invariant. Similarly, if ¢ is pseudoscalar then @ transforms as D{!/% */2)
@ DY and (5.28) is L'-invariant.

Note that (5.27) is Lorentz-invariant even if m, = 0, in which case it
corresponds to the system (5.1) with D singular.

We cannot write a nontrivial first-order system of equations for a spinor
field transforming as D°:?’, The next simplest possibility is D29, A particle
described by such a spinor field would have spin 4. As we have already re-
marked, this field cannot satisfy a system of the form (5.12) with ¥ £ 0
since D/2:9 cannot couple with itself. However, for x = 0 the relation
D/2.1/2) ® D2 ~ DU 1/2) @ DO:1/2) guggests the system

1/2
C(%’ j; %9 _jloa 0) aj,l\p~j =0, = :[Z‘%,

j==1/2

or
(5-29) o1/z,l\p—1/2 - 0—1/2,1\P1/2 =0, = Zl:%-

The left-hand side of this system transforms as D'%1/2", (We reject a system
whose left-hand side transforms according to D!:1/2 since it would subject
the two spinor components to six conditions). Expression (5.29) is the equa-
tion of the two-component neutrino. This equation cannot possibly be invari-
ant under space reflection because ¥ transforms as D¢'/2:9’, Thus T(S)¥
transforms as D°-1/? and the system does not admit S as a symmetry. It is
easy to verify the formulas

92 d? d? 92
(W + d_yz 92 W)‘Ptl/z(x) =0

from (5.29), so each component of the field is a solution of the Klein-Gordon
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equation with m, = 0. We conclude that the neutrino has spin 4, mass zero,
and does not conserve parity, i.e., does not transform according to a rep of
the complete Lorentz group.

From experimental results the electron is known to have spin 4, nonzero
mass, and to conserve parity in those reactions in which it takes part. Thus we
would expect a spinor field ¥ corresponding to an electron to have spin 1
and to satisfy an L'-invariant first-order system. The simplest possibility is
that ¥ transforms as D/2:9 (p DV under L'. Then Eq. (5.12) take the
form
a3 QW14 —110,00, % = k¥,

(5.30)

1/2
b Z/ZC(%,j; 4 —jl0,0)d, ¥ ;' = k¥, m= 414,
==
where ¥ = {¥,,*, ¥,,"} is a four-component spinor, {¥,,* } forms a canonical
basis for D*/2:®_and {¥, "} forms a canonical basis for D‘®-/2". Under space
inversion W, goes to ¥,,” and ¥,,~ goes to ¥,,*. Thus the system (5.30)
is invariant under space inversion if and only if a = —b. If we choose a =

—b =,/2, (5.30) becomes
(5.31) d”"”z\P:lr'?- - dm,- ¥, =x"¥,",
—0y,5,, VL + d-l/z,».\yf/z =kY¥, ,

or in matrix form

J J J I \w .
(5.32) (Llﬁ + Ligy + Ligz + L4d—t)‘l’ —m¥, ix=m,,

where
0 0 0 1 0 00 —;
0 0 10 0 0i 0
=ity 100 2o 70 of
1 0 00 i 00 0
0 0 —1 0 0 0 —1 0
o o o 1 0 0 0 —I
(5.33) L3:11 0 o ol L, =i 1 0 0
0 -1 0 0 0 —1 0 0
i
o |
¥i,
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Note that the matrices L, satisfy the relations

(5.34) LL,+ LL,=2G,,
Where G = (G,,) is the matrix (1.1).
From (5.32)
4 2
(5.35) ( YL a/ax,.) ¥ — 2.
=&

On the other hand, we can use (5.34) to evaluate the left side of this expres-
sion:

4 I\ ¢ L 2 # 9
(5.36) (J; Lj(7x_,> o j,k2=1 LjL"(?xj ox, 0x2 - ay? Tz o

Thus, (5.35) becomes
92 92 92 P\ __

(537) (7o + g+ 52— ¥ = mo'®,
so each component of ¥ satisfies the Klein-Gordon equation. The system
(5.32) is one form of the Dirac electron equation. A solution of this equation
corresponds to a particle of mass m, and spin 1 which conserves parity. We
will investigate other possible forms of the Dirac equation in Section 9.6.

Maxwell’s equations for an electromagnetic field in a vacuum provide

another important example of a Lorentz-invariant system. See the work of
Gel'fand et al. [1] for the details.

Problems

8.1 Let y be afour-vector such that y*Gy = —m? < 0 and y4 > 0. (We say y is forward-
timelike.) Show that there exists a A € L'+ such that x = Ay where x; = x; = x3 =0,
X4 = M.

8.2  Use the polar decomposition to obtain an alternate proof of Theorem 8.2.

8.3 Let D™ be a finite-dimensional irred rep of the real Lie group SL(2, §). Express the
{41 basis in terms of the { £§} basis (Section 8.3).

8.4 Verify directly that the operators (3.33) define a global irred unitary rep of SL(2)
on L2(R;) whose induced Lie algebra rep is equivalent to (wo, ic).

8.5 Decompose the reps (D'{!/2 1/2))®s and (D1/2-1/2)®s of L' into irred reps for n =
2,3,4,5.

8.6 Discuss the Lorentz invariance of Maxwell’s equations using the methods of Section
8.5. Include a discussion of invariance under space inversion. (See Landau and Lifshitz [3]
for the relativistic transformation properties of Maxwell’s equations.)

8.7 Discuss the simplest relativistic equations suitable for describing a particle with
spin 3. Which equations are invariant under space inversion?

8.8 Answer Problem 8.7 for particles with spin one.



Chapter 9

Representations of the Classical Groups

9.1 Representations of the General Linear Groups

In Section 4.3 we computed all the tensor irred reps of the general linear
groups GL(m) = GL(m, ¢). The reps were determined by Young frames.
Here we use Lie-algebraic methods to determine all analytic irred finite-
dimensional reps of GL(m). A comparison of the Lie-algebraic method with
the method based on Young symmetrizers will yield results which are not
easily obtainable from either method alone. The Lie-algebraic approach to
the rep theory of GL(m) is patterned closely after the corresponding treat-
ment of SL(2) and SU(2) in Section 7.3.

Recall that GL(m) is an m?-dimensional complex Lie group. Its Lie algebra
g/(m) consists of all m X m complex matrices. The unimodular group SL(n2)
= SL(m, €) is an (m* — 1)-dimensional subgroup of GL(m) with Lie algebra
sl(m) consisting of all m x m complex matrices of trace zero.

As a basis for gl(m) we choose the matrices &,;, 1 << h,j < m, where
&, is the matrix with a one for the entry in row /, column j, and zeros every-
where else. 1t is easy to verify the commutation relations

(L.1) [8hj= 8kl] = 5jk8h1 - 51;.8/(;'

Denote the diagonal elements of the basis by ¥, — &, h=1,...,m.
The set #,, of all diagonal matrices

A
m },2
(1.2) r =Y1K, — .
i=t

m

321
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forms an m-dimensional commutative subalgebra of gi(m). From (1.1)
(13)  [3,8,] =, — A8, [, H]1=2Z, 3,5 ch,.

It is easy to show from (1.3} that &, is a maximal commutative subalgebra
of gl(m), i.e., if & is a commutative subalgebra of g/(m) and & = #,_ then
h=h,.

From now on we use the notation &, only for k == [/ and reserve I, ¥,
to denote elements of %,,. The mapping 3¢ — ad 3C, where

(1.4) ad ¥¢(@) = [, a], @ < gl(m),

defines a rep of #,, on g/(m), the adjoint representation, as we saw in Section
5.6. According to (1.3) the element &, is a simultaneous eigenvector for all
operators ad JC(4,,...,4,) and corresponds to the eigenvalue 4, — 4,.
The nonzero elements of #,, are eigenvectors corresponding to the eigenvalue
Z€ero.

Note that the eigenvalues 4, — A, = a(3C) are linear functionals on the
elements 3¢ = 3 4,3, of &,. These m(m — 1) distinct functionals for
k == [ are called roots. The eigenvector §,, is called the branch belonging to
theroot 4, — 1, = a. We will sometimes write §,, = &, to denote this branch.
Furthermore, we define 3, =3, — 3, fora = 4, — 4,.

Lemma 9.1,
(a) If ais a root then —a is a root.
(b) [8,,8..] =%, =Z
(c) [8.,85] =Zifa+ Bisnotarootand a = —f.
(d) [8,,84 = £8,.,if a + Bisaroot.
(C) (3, 81:] = a(gc)gaa [C,, 8::] = 28,.

Proof. (a) If & = A, — A, is a root then —a = A, — A, is a root. (b) [&,,
8] =[8,8,] =%, — 3, =3,. (c) fa=A4,—4, and =1, — 4,
and « + B = 4, + 4, — 4, — A, is not a root or zero, then j =k, h =,
and [§,,, &,] = Z by (1.1). (d) If @ 4- B is a root then from (c) either j =k,
in which case (§,,, §,,] = 8§, = 8&,.,, or!/ = h, in whichcase [§,,,8,] = —§,,
= —8&,,5. (e) This follows directly from (1.3). Q.E.D.

Let p be a rep of gi(m) by operators p(®@), @ € gl(m), on the complex
vector space V. Setting p(8,) = E,, p(3¢) = H = Y A,H,, we obtain the
relations

H, if a4+ B=0,

[E,, E;] =10 if a«-- B is nonzero and not a root,
+E,.; if a- B isaroot.

[H, E,] = «(X)E,, [H,H] =0, 1 <j<m.

(1.5)
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where « = A, — 4, and f§ = 4, — A, are roots and [4, B] = AB — BA for
linear operators 4, B on ¥, To determine the reps of gl(m) it is enough to
determine the possible operators {E,, H,] which satisfy the commutation
relations (1.5).

If p is a rep of gi/(m) on the n-dimensional space V' then V has a basis of
simultaneous eigenvectors of the operators H = p(3C), 3 < #,,. A vector
v # 0 is a simultaneous eigenvector if there exist constants ¢, . .., ¢, such
that Hv = ¢y, 1 <<j<m. Then

(1.6) Hv =A@y, A=Y ci,
=

for H =3 A,H,. The linear functional A(JC) on #,, is called a weight and v
is a weight vector. Before proving the existence of a basis of weight vectors we
note that in the special case where ¥V = gl(m) and p is the adjoint rep of g/(m)
acting on itself, the weights are just the m(m— 1) roots & = A, — A, plus
the zero weight. The weight vectors {8,, 3C ] form a basis for the rep space.

Lemma 9.2. If pis a rep of gl(m) on V" then it contains at least one weight.

Proof. Since V is complex the operator H, = p(3C,) has a least one eigen-
value ¢, . Let W, be the nonzero eigenspace of ¥ corresponding to eigenvalue
;. ifve Withen H(Hy)=H/Hy ) =cHy,soHyve W, for 2<j<m.
Since W, is invariant under H,, H, | W, has an eigenvalue ¢,. Let W, < W,
be the corresponding nonzero eigenspace. Then H,v = ¢,v,k =1, 2, for
v € W,. Continuing in this manner, we finally obtain a nonzero vector
w € W, such that Hw = c¢w, 1 <j<<m. Clearly, A = 3 A,c, is a weight.
Q.E.D.

Note. The above proof merely demonstrates that a set of commuting
operators on a finite-dimensional vector space has a simultaneous eigenvector.

The next result shows that by applying the operator £, to a weight vector
we may be able to generate a new weight.

Lemma 9.3. Let v be a weight vector with weight A. If & is a root and
E.v # 0 then A + o is a weight with weight vector E,v.

Proof. If Hv = Avthen H(E,v) = E,Hv + aE,v = (A + a)E,v, as follows
from the second relation (1.5). Thus A + a is a weight if E,v = 0. Q.E.D.

Theorem 9.1. If pis an irred rep of g/(m) on V then V contains a basis of
weight vectors.
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Proof. By Lemma 9.2 there is a weight vector v 7= 0 in V' with weight A.
Consider the set W of all vectors of the form

v, E,v, E,E,v,..., E, - E.v,...,

where the &, run over all roots of g/(m). By Lemma 9.3, each nonzero element
E, --- E,v of W is a weight vector with weight A + &, + --- 4+ «,. Let
W be the subspace of ¥ spanned by the elements of W. By construction W
is invariant under all operators £, and H. Hence the nonzero subspace W
is invariant under p. Since p isirred, W = V. Now choose a maximal linearly
independent set of vectors from W. This set is clearly a basis of weight vectors
for V. Q.E.D.

The proof of this theorem is valid only for irred reps. However, we will
show later that every finite-dimensional rep of g/(m) can be decomposed into
a direct sum of irred reps. Thus, Theorem 9.1 is true for all reps.

Let p beanirred rep of gl(m) and let{v,:j = 1, ..., n} be a basis of weight
vectors from p with weights A,. Then every weight A of p is one of the A .
Indeed if A = A, for any j then there exists an ¥€ € #&,, such that A(3C)
# A(3C), 1 <j < n. This means that the nonzero eigenspace of H = p(3C)
corresponding to eigenvalue A(3C) is linearly independent of the eigenspaces
corresponding to the eigenvalues A, (3C). However, the latter eigenspaces
span V by Theorem 9.1. This is a contradiction, so no such weight A exists.

Corollary 9.1. If p is an n-dimensional rep of gi(m) there are at most n
distinct weights.

Let « be a root. Since the rep p has only a finite number of weights there
must exist a weight A* such that A* + « is not a weight. Let v, be a weight
vector corresponding to A¥, so

(1.7) Hv, = A*(XC)v,, E,v,=180

by Lemma 9.3. We define a sequence of weight vectors recursively by
(1.8) E_ v,=v,,, i=0,1,2,....

By Lemma 9.3,

(1.9) Hv, = (A* — ja)3C)v,,

so either v; =0 or v, is a weight vector with weight A* — ja. Since p is finite-
dimensional there must exist a positive integer ¢ such that v, 2= 0@ and v,
= 0. The ¢ + 1 weight vectors v,, ..., v, are called an «-ladder of ladder
length q. The corresponding weights A*, A* — a, ..., A* — ga also consti-
tute an a-ladder. According to (1.8) we can move down the ladder by applying
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the operator E_,. On the other hand, using
(1.10) [E..E.,]=H,,

we can show that application of E, enables us to move up the a-ladder. For
convenience we set A¥(3,) = A%

Lemma 94. Eyv,=ryv,,,j=0,1,...,9+ 1, where r, =jA* —
35 — Da,.

Proof. Induction on j. According to (1.7), r, = 0. Suppose the lemma is
valid for j << k << g. We must verify the result for j = k£ 4 1. From (1.10)
and the induction hypothesis,

(lll) Euvk S Ea.E—ncvk - (E—aEa i Ha)vk = (rk + Am* - kaa)vk

= Fry1 Ve

Thus r,,s = re + AX — ko, = (k + DA — 3k + Dka,. Q.E.D.

From the first equality in (1.11) we have r,,, = 0, since £_,v, = 0. Thus
(g + DA — 3(g + Dga, = 0.

Lemma 9.5. g = 2A,*/a,.

Remark. From the commutation relations [H,, E,,] = +a.E.,, [E,, E_,]
= H,, it follows that the operators E,,, H, form a basis for a subalgebra
of gl(m) isomorphic to s/(2). Thus the construction of the a-ladder of weights
containing A* is essentially the same as the construction of the irred reps of
sl(2) in Section 7.6.

As we have shown earlier, a, = a(3,) = 2 for gl(m) since 0 = 4, — A,
and ¥, =3, — X,. Thus g = A, * for gl(m). However, it is convenient to
use the notation a, because with its use we can verify Lemma 9.5 for other
classical groups.

Now let A be any weight and consider the linear functionals A, A + a,
A + 2a, . ... There will be a smallest nonegative integer / such that A + /o
is a weight but A + (4 + 1)a is not a weight. Then A* = A + ho is a maxi-
mal weight in the sense of (1.7) and there exists an a-ladder

(1.12) A*, A* —a, A¥ —2a,..., A* —(2A, % a)a,

with ladder length 2A */a, = 2A,/a, + 2h. Since the ladder length is a non-
negative integer it follows that 2A,/a, is an integer. Furthermore, in terms of
A the a-ladder (1.12) is

(1.13) A+ho, A+ h—Da,..., A—I[2A/a,) + Ala.
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The midpoint of this ladder is H[A + ha] + [A — 2(A,/a,)a — ha]} =
A — (A, /o). (The midpointis a weight on the ladder if and only if the ladder
contains an odd number of weights.) Similarly we can find a smallest nonnega-
tive integer k such that A — ka = A** is a weight but A** — a is not a
weight. In analogy with Lemma 9.4 it is easy to show that A** is the lowest
rung on an a-ladder of length ¢ = —2A**/a, = —2A,/a,"+ 2k. The mid-
point of this ladder is again A — (A,/a,)a. (Prove it!) Since both ladders
have the same midpoints and no gaps. they must necessarily coincide. [For
example, if the first ladder were longer than the second the weight A* —
2(A*/a)o would lie lower than A**, which is impossible.] Thus there is
only one ladder (1.13) and A belongs to it. Note that A lies a distance (A, /a,)a
from the midpoint of the ladder. Hence if we reflect the a-ladder in its mid-
point, A will be mapped into the functional A — 2(A,/a,)x which is the
same distance from the midpoint but on the opposite side. In particular
A — 2(A,/a)a is a weight. We have proved the following result.

Theorem 9.2. If A is a weight and « is a root then 2A,/a, is an integer and
A — 2(A, /o) is a weight.

Corollary 9.2. The weights of the form A + ja belonging to p are just
those for which j = —k, —k +1,...,h — 1 h where A* = A + ha is
maximal and A** = A — ka is minimal, i.e., there are no gaps in the a-
ladder. Here, k — h = 2A,/a,.

Proof. Suppose A* = A + ha is the maximal weight constructed in the
proof of the theorem and let p be the largest integer such that (A*)" = A* +
pa is a weight. Suppose p > 0. Then (A*)’ is maximal and S*(A*)" = (A*) —
2[(A*) Ja,Ja = A* — 2(A*/a, ) — pa is also a weight which lies lower on
the a-ladder than A*, since A, * > 0. According to the proof of the theorem,
all functionals on the a-ladder between S*(A*) and (A*) are weights, so
A* is not maximal. This contradiction shows that p = 0.

Similarly there is no weight on the a-ladder below S*A* = A — ka.
By Lemma 9.5 the length of the a-ladder is & + k& = 2A, */a, = 2(A,/a,) +
2hso 2A, /e, = k — h. Q.E.D.

The map S°A = A — 2(A,/a,)a of the weights of p onto themselves is
called a Weyl reflection. Each Weyl reflection permutes the weights. Hence
the totality of reflections S as a runs over the roots generates a group of
permutations of the weights, called the Weyl group. As we have shown,
S*A is the reflection of A with respect to the midpoint of the a-ladder on
which A lies. In particular if A is the highest weight on the ladder then S*A
is the lowest weight.
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Theorem 9.2 greatly restricts the possible weights A = 3 c,A,. The
requirement that 2A,/a, be an integer for all roots & = 1, — 1, implies
A, = c, — ¢, is an integer for all k = [. _

If pisirred and v = Vis a-weight vector with weight A then from Theo-
rem 9.1 the possible weights of p are all of the form

A+oa, +oa,+ - +a, 0. .., & TOOts.

7

Thus the difference A — A’ of any two weights of p can be expressed as a
sum of roots &, = A, — 4,.

Definition. A linear functional 6,4, + 6,4, + --- + b4, on A, is real
if all the constants b, are real. A real functional is positive if the first nonzero
b, is positive, reading from left to right. A (possibly complex) linear functional
A is greater than another functional A" if A — A’ is a real positive functional.

Since a sum of roots is always a real functional it follows that the differ-
ence of any two weights of pis real. Thus the above definition defines a lexico-
graphic ordering of the weights of p. We say A =3 ¢,4, is greater than
A =73 ¢/A, (A > A’) provided the first nonzero difference ¢, — ¢, is posi-
tive. With this total ordering it makes sense to speak of the highest weight
of p. (Note that the roots & = 1, — A, are positive provided k < /. If & > 0
then —a is negative. Since the roots and zero are the weights of the adjoint
rep, the highest weight of the adjoint repis 4, — 4,,.)

If A is the highest weight of the irred rep p then A + « cannot be a weight
for any positive root «, since A + a > A. Thus, if v is a weight vector with
weight A then E,v = 0 for all @ > 0. A basis of weight vectors for ¥V can be
selected from the set of all vectors of the form

(1.14) E,E, - E.v, k=12...

If k =1, the vectors E_ v are zero unless &, << 0. For kK = 2 the vectors
E, E,yv are zero unless &, < 0. If ¢, < 0 and o, > O then

() E,E,.v =(E,E, +E,.,.)v=+E, ...vif a, +a,# 0is a root.
(2) E,E.v=E_FE,v=0ifa, + a, = 0is not a root.
() ELE v = (E L E, + H)v = A,v.

We have used the commutation relations (1.5) to derive these results. Pro-

ceeding in this way, we see that all weight vectors (1.14) can be written as
linear combinations of weight vectors

(1.15) E E - E,v, B,>0, j=1,.1

Furthermore, we can express the vectors (1.14) as linear combinations of the
vectors (1.13) by a procedure which depends only on the commutation rela-
tions (1.5), not on p or V.

—ay
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Clearly we can choose a subset of the vectors (1.15) as a basis for V. Each
such basis vector corresponds to the weight A — 3% _, B, with f, > 0. The
only possible basis vector (1.15) with highest weight A is v itself. This proves
the first statement in the following theorem.

Theorem 9.3. The weight space belonging to the highest weight A in an
irred rep p is one-dimensional. Two irred reps with the same highest weight
are equivalent.

Proof. Suppose p and p’ are irred reps of gl(m) on V and V', respectively,
with the same highest weight A. Let v and v’ be weight vectors belonging to
Ain V and V'. Weight vectors of the form )

(1.16) w=E_ E ;- E_,v, W =E_,E , - - E_ v,
B, > 0, span V and V’'. We define a mapping S from ¥V to V' by

(1.17) S(ZP: akwk> = Zp: aw,’, p=12..., a, <G,
k=1 k=1

where corresponding vectors w, € V,w,” € V' are of the form (1.16) and
belong to the same weight. It is not clear that this mapping is well-defined.
Assuming this for the present, it follows that S is a linear mapping of V onto
V’. Furthermore, the vectors E,w, and E,'w,’ for any root & can be written
as linear combinations of corresponding weight vectors w, and w,’ by a proce-
dure based solely on the commutation relations. The expansion coefficients
in the primed and unprimed spaces will be the same. Similarly H,w, =
A—=3 Bpuw,, H'w, = (A =3 B).w, where A — 3 B, is the weight
to which w, and w,’ belong. As a consequence,

(1.18) E.,'S=SE,, H/S=SH,,

for all roots a. Since S is nonzero it follows from (1.18) and the Schur lemmas
that p and p’ are equivalent reps.

To finish the proof we must verify that S is well-defined, i.e., that whenever
St aw, =0in ¥, then S a,w,) = X2., a,w,” =0"in V'. Consider the
set W' of all vectors z’ = Y a,w,” such that z = Y} a,w, = 0 in V. Clearly
W' is a subspace of V’. Furthermore, by (1.18), E,'z’ = E,'Sz = SE,z, where
Ez=3% aEw, =0,s0 E,/z’ = W’ for any root «. Similarly, H,’z2’ ¢ W".
Thus W’ is invariant under p'. Since p’ is irred, either W' = V' or W’ = {8}.
But v ¢ W'. For, if > a,w, =0 and } a,w,’ =V, each of the w,” with
nonzero coefficient a, must be a multiple b,v' of v’ since v’ is a highest weight
vector. We can assume that each w, is a multiple b,v of v and Y} a,w,’
=Y aby =v.Thus Y ab, =1and } aw, = a,b,v=v==0. This
contradiction shows that W’ = {0} and S is well-defined. Q.E.D.
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Corollary 9.3. If A is a weight such that A + « is not a weight for all roots
o > 0 then A is the highest weight.

According to this theorem each irred rep p is uniquely determined by
its highest weight A. In particular the highest weights can be used to label
the irred reps. Let us determine the possible highest weights

A=cd +cdy+ - +c,d,.

In order that A be a weight it is necessary that the differences ¢, — ¢, be
integers for all & = [. If A is a highest weight then A + a is not a weight for
all @ > 0, so A is the maximal weight on each a-ladder containing it. From
Lemma 9.5 we have 2A,/a, = A, > 0. The positive roots are & =1, — 4,,
k < 1,50 A, = ¢, — ¢, > 0. These are the only restrictions on highest weights
if we consider Lie algebra reps alone. However, if we restrict ourselves to reps
of gi(m) which extend to glebal reps of GL(m) we get an additional require-
menton A. Let 3 = 3 1,3C; € 4, and suppose v is a highest weight vector.
Setting H = p(3C), we have Hv = A(3)v. Then
et
er z

(1.19) exp I = . € GL(m),

A T

e}.m

(1.20) (exp H)v = e*®y = exp(c, 4, + -+ -+ . d )V

It is clear that the addition of any integer multiple of 27i to a A, leaves the
group element exp JC unchanged. Thus, if the Lie algebra rep induces a global
group rep, the addition of an integer multiple of 2zi to a 4, must leave (1.20)
unchanged. This is possible only if the ¢, are integers.

We conclude that the possible highest weights are

(1.2D) A*=pd +pd, + - +p,A, p; integer,
(1.22) Pi=Py = =Py

The corresponding irred reps p will be denoted (p,, . .., p,). We shall show
that there exists an irred rep of GL(m) corresponding to each such set of
integers p;.

Since GL(m) is not compact we cannot directly apply the theory of Chapter
6 to show that every rep of GL(m) decomposes into a direct sum of irred reps.
However, using a technique (the unitary trick) from Chapter 7 we can relate
the reps of GL(m) to those of the (compact) unitary group U(m). The real
Lie algebra u(m) of U(m) consists of all m X m matrices i®, where ® is self-
adjoint. Now every @ < gl(m) can be expressed uniquely in the form

Q=8 +ic, ®=1(@+ay, e = —}ia — @),
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where ® and € are self-adjoint. Thus u(m) is a real form of gi/(m) and there is
a 1-1 relationship between complex reps p of gl(m) and p’ of u(m). In partic-
ular, p’ is the restriction of p to the subalgebra u(m) and p is the extension of
p’ to the complexified algebra u(m)° = gl(m). The reps p and p’ are simul-
taneously reducible or irred and a decomposition of one rep into irred com-
ponents induces a decomposition of the other. From Section 5.8, this 1-1
relationship also holds between the finite-dimensional analytic reps of GL(m)
and their restrictions to U(m). Since U(m) is compact we deduce that every
finite-dimensional analytic rep of GL(m) [or g/(m)] can be decomposed into
a direct sum of irred reps (This result is false if the rep is infinite-dimensional
or if it is not analytic.)

Now we begin the construction of all analytic irred reps p of GL(m).
The one-dimensional reps

(1.23) A —> (det A)?, A € GL(m), p an integer,
are clearly analytic and irred. It follows from Corollary 5.3 that the induced
rep of gl(m) is

a — ptr(@), a c gl(m).

Choosing 3¢ = #%,, as in (1.2) we see that each of these reps has a single weight
(1.24) A=p, + A+ -+,
Thus, we have constructed the reps (p,...,p),p =0, +1,....

Let p, p’ be reps of a Lie algebra G on the vector spaces V, V', respectively.
We define the tensor product representation p (X) p’ of Gon V& V' by

(1.25) PRPEOYRV) = (V) XV + v (p'(a)),

6eq velV, vVeVv.

It is straightforward to verify that p (X) p’ is indeed a rep of G. In fact it is
just the Lie algebra rep induced by the corresponding tensor product of
group reps.

Lemma 9.6. Let p, p’ be reps of gl(m) on V and V’. The weights of p ) p’
are all functionals of the form A + A’, where A is a weight of p and A’ is
a weight of p'.

Proof. Let {v;} be a basis of weight vectors for ¥ and {v,'} a basis of weight
vectors for V. Then Hv;, = A (K)v, and H'v,” = A,/(X)v,’, where A, A,
are the weights of p and p’, respectively. Choose the vectors {v, @ v,'} as a
basis for V(X V'. The action of p X p'(30) = H + H’ on this basis is

(1.26) PRPENV, XV, =Hv)RXV 4 v,QH'Y,)
= (A30) + A/ (B0, Q v,
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Thus {v; ®v,'} is a weight basis with weights A, + A,’. By the remarks
preceding Corollary 9.1 these are the only weights of p&® p’. Q.E.D.

Now suppose p is the irred rep (p,, .. ., Pu)s Py > P2 = -+ = Pm, and
p is the irred rep(p,’, . . ., p,,’). Furthermore, suppose both p and p’ induce
global irred reps of GL(m) on V and V'. Then p ) p’ determines a rep of
gl(m) which extends to GL(m). It follows easily from the preceding lemma that
the highest weight in p X p’ is

127y A*=(p, + pV + 0y + PV + -+ 4 (Pu+ P Yo

i.e., the sum of the highest weights in p and p’. Furthermore, the weightspace
of A* has dimension one. Now p (X p’ can be decomposed into irred reps
and the weight A* must belong to exactly one of the irred pieces. Since A*
is the maximal weight of p (X p’ this irred piece must be the rep

(1.28) (P, + P e s P+ D)

Thus the existence of (p,, ..., p,)and (p,’, ..., p, ) implies the existence of
the rep (1.28). We shall use this method to prove the existence of the irred
reps (p,,...,p. for all integers p, > p, > --- > p,.. Unfortunately our
procedure only proves existence. To obtain explicit expressions for the reps
we fall must back on Young symmetrizer methods developed in Section 4.3.

Consider the tensor product of p = (p,, - . ., p..) and the one-dimensional
rep p' = (p,p,...,p). In this specialcase p p' = (p, +p.. .., P + D)
is irred. (Prove it!) The group operators of p X) p" are

(1.29) (det A)*T(4),

where the T(A4) are the operators of p. Thus we can limit ourselves to the
construction of reps for which p, > p, > --- > p,. > 0. The remaining
reps can be obtained from (1.29).

In Section 4.3 we determined all tensor irred reps of GL(m). Each such
rep was determined by the Young frame [f,, fo, .- ., [, [i = fo > -0 2>
/. = 0. We will now explore the relationship between these reps and the reps
(Pys- s Pm)-

Let us first consider the reps

(1.30) 1] =1[1,1,...,1,0,...,0], s=1,2,...,m,
of GL(m). Here the rep space consists of completely skew-symmetric tensors
(1.3D) ahiy 1 <i, <m.

This space is ( )-dlmensmnal since the ( ) independent components for
s

K
which i, < i, < --- < i, completely determine the tensors. The group ac-
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tion is
(132)  [T(A)al= S A, - A,a"" A e GL(m).
et
As a basis for the rep space we choose the tensors a(k, - - - k), 1 <k, <k, <
<+« <k, <m. Here a(k, --- k,) is the skew-symmetric tensor with compo-

nent g*%* =1 and all linearly independent components zero. It follows
immediately from (1.32) and (1.19) that the a(k, - - - k,) form a weight basis
for the rep. Indeed

(1.33) Hak, --- k) = (A, + Ay + -+ + L)alk, -~ - k),

so the (m) weights of [1¢] are
s

(1.34) Aoy 4+ Aoy + -0 =+ Ag,s 1<k, <k, < - <k, <m
Each weight has multiplicity one and the highest weight is
(1.35) A+ A+ o0+ A,

so[l)l=(,...,1,0,...,0) = (1%).

In the above discussion we have used facts about Young frames to con-
clude that [1°]is irred. However, we can give an independent proof of irreduci-
bility based on Theorem 9.2. Let

(1.36) A=nd, 4+ - +nl,+ - 4+ni+ - +n,i,

be a weight belonging to an irred rep p and let « = A, — A, be aroot. Then
S*A = A — A, is also a weight. A simple computation gives
(137)  S*A=A—(n, —n)A, — 1)
:n111+ +”k}~1+ +"1)~k+ +nm1m,

i.e., S*A is obtained from A by interchanging 4, and A,. Thus the group
generated by the Weyl reflections is the group S,, of all permutations of
A,..., 4, If Ais a weight belonging to p then every linear functional
obtained from A by permuting 4,, ..., 4, is also a weight belonging to p.

Let us apply this result to show that [1°] is irred. By (1.35), the highest
weight of [1°] is A* =4, + A4, + -+ + 4,4+ 04,,, + --- + 04,, so the
m) distinct
s
weights (1.35) obtained by applying all permutations of 4,,..., 4, to A*
However, dim[1°] = (m) so [1°] = (1¥).

s

rep space contains the irred rep (1¢). Now (1°) must contain the (

It is now simple to prove the existence of irred reps (p,, ..., p,,) for all
integers p, > p, > - -- > p,.. Consider the rep

(1.38) IS @R @ - @178 = p,
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where k., . . ., k,, are nonnegative integers. Using an obvious generalization
of Lemma 9.6 we see that the highest weight of pis A* =p A, + p,4, + - --
+ P A, Where

po=kid ki kg

P = ky+ o+ ky
(1.39)

pm~l = km—l _‘}- km

pm - km‘
Clearly p, > p, > --- > p,, > 0. Since A* occurs in p with multiplicity
one it follows that the irred rep (p,, - . . , p,,) of GL(m) is contained in p with
multiplicity one. We can obtain all reps (p,, . . ., p,,) withp_ > 0 by choosing
the integers k,, =p,., Kppey =Pm-s1 —Pms---2 ks =Dy — P53,k =p, — p,.
Then using (1.29) we can relax the requirement p,, > 0.

Let us now determine which rep (p,,. .., p,) is equivalent to the irred
tensor rep with Young frame [f,, . .., f,]. The elements of the rep space of
[f,,..../,] are tensors

i i,

jl Tt jf2
(1.40) P, B-— .

Z[ LIS zf—m N

with f, + f, + --- -+ f,, indices, each index taking the values one to m.
These tensors are defined in terms of a Young symmetrizer by (3.47), Section
4.3. The action of the induced Lie algebra rep on each tensor component
F? is easily shown to be

(1.41) (HF)" = (&, + - 4 Ay Ay b oo 4, )P

Since the tensors F? are skew-symmetric with respect to interchange of indices
in the same column of B, the highest possible weight vector is the tensor with
component F® =1 and all linearly independent components zero. where

I 1--- I

(1.42) B, = -
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(see the discussion of FZ at the end of Section 4.3). Clearly, this weight vector
corresponds to the highest weight A* = f,4, + f,4, + --- + f,4... Thus,
[fis- s ful = (f,s-..,f). This completes the construction of irred reps of
the complex Lie group GL(m).

Since u(m) is a real form of gi(m) and U(m) is a connected subgroup of
the connected group GL(m) it follows that there is a 1-1 relationship between
finite-dimensional analytic reps of U(m) and GL(m). In particular every rep
of GL(m) restricts to a rep of U(m) and every rep of U(m) extendsto a unique
rep of GL(m). One of these reps is irred if and only if the other is. Hence, the
irred reps of U(m) are also denoted [f,,...,f,.fi =/, = - > f,., where
we allow the f; to be negative.

The real Lie group GL(m) = GL(m, €) is 2m?-dimensional. As a basis
for the real Lie algebra we choose the elements &,, and i§,;, where &,, is the
m X m matrix with a one in row k, column / and zeros everywhere else. Let
p be a complex rep of gl(m) and set p(8,,) = E,;, p(i8,,) = F,,. If we introduce
a new basis C,, = $(E,, — iF,), D,, = §(E,, + iF,;) for the complexified
Lie algebra the commutation relations become

I.Cku Ck’l’] - 6lk*Ckl’ - 6s'kck't
[Dkl: Dk’l’] = 61k’Dkl’ - 61’ka'h [Ckn Dk’l’] = 0.

Thus, if we denote the real Lie algebra gi(m) by gl,(m), relations (1.43)
show [gl (m)]° = gl(m) @ gi(m). Hence the irred reps of [gl,(m)]° can be
expressed as products p’ & p' of irred reps of gl(m).

Suppose the reps p’, p”’ of gl(m) induce matrix reps p’(4), p'(A) of GL(m).
Then reasoning exactly as in (3.3), Section 8.3, we see that p’ ¥ p" induces
the matrix rep p’ (A)p’'(A) = (p'(A)p” (A)wr) of GL,(m). Even if p’ and p”
do not induce global reps of GL(m), p’ X p'" may induce a global rep. Indeed
the reps 4 — (det 4)* and 4 — (det A)* are only local for arbitrary & € @.
but their product 4 — (det 4)*(det 4)* = |det A [** is global. We conclude
that the analytic irred reps of the real Lie group GL,(m) are

(144) |detA|c'[f1’f25'"’fm]®[f1l’f2,""5fml]5
where f, > f, > - > f,.f ' =fi'=>--=f . ceC.

(1.43)

9.2 Character Formulas

Since U(m) is a compact group we can use the techniques of Chapter 6
to deduce its simple characters and their orthogonality relations. The follow-
ing results are due essentially to Weyl [3].

The matrices 3C,, k = 1, ..., m, (1.2), form a basis for the abelian sub-
algebra %, of g/(m). Similarly the matrices i3C, form a basis for the real
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abelian subalgebra /%m of u(m):

i,
-~ " ‘ Z m
2.1 h, = . =Y ipJdC,:p, realy-
Z . k=1
o
Here /%m is the Lie algebra of the abelian subgroup A,, of U(m):
el
A
(2.2) A, = : = V.
A .
ei%n

Since a unitary matrix can be diagonalized by a unitary similarity trans-
formation, every 4 € U(m)is unitary similartoa @ € A,,, where the e are
the eigenvalues of 4:

(2.3) A=UOU"', Ue Um).

Thus A4 is conjugate to an element of A,,. Furthermore, distinct ®, ®" < A,
are conjugate if and only if they have the same diagonal elements (in a differ-
ent order). Thus we can use the parameters ¢,,...,9,, 0 <gp, <2n of
® to denote the conjugacy classes of U(m). Since a character y is constant
on conjugacy classes we can write y = x(¢,, ..., 9,), where y is a symmetric
function of its m arguments.

To compute the simple characters we choose parameters on U(m) as
follows: The first m parameters ¢,, . .., ¢, pick out the conjugacy class in
which an element lies and the remaining m? — m parametrize the elements
in a fixed conjugacy class.

Given A € U(m) we assign the parameters ¢,, ..., ¢, from (2.3). For
definiteness we assume @, < ¢, << --- << @,. We can obtain all elements
in the conjugacy class of 4 by forming U®U ' and letting U run over U(m).
This suggests that the elements in the conjugacy class can be parametrized
by the matrices U. However, U is described by m? real parameters, so we
would obtain m? + m parameters for 4 € U(m). Since U(m) is m?-dimen-
sional, some of these parameters must be redundant.

The redundancy occurs in the choice of U. Suppose the eigenvalues of
@ are distinct. Then UDU™' - VOV~ for U, V = U(m) if and only if
U=V® for & = A, . The m parameters of @  are redundant so the ele-
ments of a conjugacy class are uniquely determined by m? — m local param-
eters whose exact choice need not concern us. If two eigenvalues of @ are
identical then m 4 2 parameters of U are redundant. (Prove it!) Since ¢ has
m — | independent eigenvalues in this case, a matrix 4 with two eigenvalues
identical is determined by (m* — m — 2) + (m — 1) = m?* — 3 parameters.
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Thus the submanifold of such matrices has three dimensions less than the
manifold; it does not affect the invariant measure.

Let us assume that in some neighborhood W of 4, € U(m) we have
(2.4) A=UDU !, Acw,

where U = U(b,, ..., b,:_,), ® = P(p,, ..., 9p,), and the p, are distinct.
The ¢, and b, define local coordinates for 4. To determine the invariant
measure on U(m) with respect to this coordinate system we choose a real
analytic curve A(r) in ‘W and compute A~'A € u(m). The parameters b (1),
@,(¢) are analytic functions of ¢, so from (2.4) we obtain

(2.5) ATA = U UM UDU™ + UDU ' — UDU-IUU™),

or

2.6) U NATTAU =0 (U 'U)D — U'U + 0.

Here A"'4 =@, U"'U =4, and & '® = & are elements of u(m), ie.,
these matrices are skew-Hermitian. Furthermore, U ' (4" 'A)U — B 'B —
® < u(m), where B(t) = U 'A(r)U € U(m). Writing (2.6) in terms of matrix
elements, we obtain

(2-7) (B,-k = [(Ej/fk) - l]cu'jk + i(b/‘s/k,

where €, = ¢, Thus,

(2-8) (Bik = [(Ej/fk) - l]cuik’ J# k, (Bii = i(bi'

A convenient basis for u(m) is given by i3, , k =1, ...,m, and §;, —
8 (8, +8,), k#j, k,j=1,...,m From Section 6.1, if U(m) has
local coordinates 7,, ..., t,. then the invariant measure on U(m) is given
(up to a multiplicative constant) by .

dA=V,(t,... . t,e)dt ... dt,.,
where
(2.9 V= |det(a*)], A1 0A/0r, = Zk: @ a,
and {@,} is the basis for u(m) given above. Furthermore, since U is unitary
and B'B = U~'(4 'A)U it follows from the proof of Theorem 6.1 that
V.= |det (f )], where
(2.10) ® = B ' 9Bjor, = 3 fa,.

Using the parameters¢,, ..., ¢,.b,,...,b,._, as well as expressions (2.8)
and (2.10) it is straightforward to verify the formula

(211 dA = 1] I(e,fe,) — 1] dew, dyp, - dp,,

where
do,= W(b,,...,b

depends only on the b-parameters.

-m)db, - db,._,

m?
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Since [(1 — €,/e,)(1 — €,/€,)| = (€, — €,)(€, — €,), We can write

|]];L [(Gj/ek) - 1]| = AE

where
(2.12) A, ... €)= Hk(ej—ek)
]
is skew-symmetric in its m arguments.
Consider a continuous function f(g,, . . ., p,) on U(m) which is constant
on conjugacy classes. Performing the b-integration, we find
(2.13) fdA= jdw,,ijAdgo, . d,
U(m)

= IZ"---Iznf(qop---,qom)A!Sd(ol o dy,,

where the measure dw, has been normalized so that { dw, = 1. Thus, the
inner product on L,(U(m)) of two functions f, g constant on conjugacy
classes is

2x in —
214y (f,gg=V" fo fﬂ fon 0080, .., 0,)AAdp, - dp,,,

2n 7w _
where V = j jz AAdy, --- dp,. [Note: the integral in (2.14) gives
1] 1]

an answer m! times too big since a conjugacy class is determined by ¢, >
@, > -+ > ¢, and fand g are symmetric. However, V' is also m! times too
large, so the factor m! cancels.]

Since the characters of U(m) are constant on conjugacy classes we can
use (2.14) to compute the inner product of two characters. Let y be a simple

characterandletv,, ..., v, be a basis of weight vectors for the corresponding
rep, with weights A, ..., A,, respectively. In terms of this basis the matrix
p(@) of Dlp,, ..., 0,) (2.2),is
ei/\:iw)
Z
2.15) P(D) =
ei/\;((»)

Here expliAfg,,...,9,)] =€ .- €i, where A, =p,p, + -+ + p,0,.
By definition,

(2.16) 2@, 0, =t p( @)= Y, €0 - €57,
2,

where the integer c,,.., is the multiplicity of the corresponding weight in
the rep. Since y is a symmetric function of ¢, ..., ¢, the integers c,....,.
are symmetricinp,, ..., p,. Thus a weight A’ obtained from A by permut-
ing the coefficients p,, . . ., p,, has the same multiplicity as A. Recalling the
definition of the Weyl reflection S* we find the following result.
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Lemma 9.7. If A is a weight and A’ = S*A for some root « then Aand A’
have the same multiplicity.

If y is the character of therep (f,, ..., [, f1 = f, > --- > f,, then the
term of highest weight on the right-hand side of (2.16) is €{' - - - €/~ and the
coefficient of this term is ¢,,...;, = 1.

Now consider the product & = yA. Since y is symmetric and A is skew-
symmetric, ¢ is a skew-symmetric function of €,...,¢€,. Furthermore,
& is a finite sum

(217) é = Z dq!“‘quqll <o €9, €, = eiw’
where the d,...,. are integers. The highest-order term in (2.17) is clearly
L-eftm=tefrm=2 ... elnytieln = €€y -+ ex, where |, =f,+ m—j and
l,>1,> --->1, Since & is skew-symmetric and contains € --- € it
must also contain the terms
(2.18) E(ly ..., 1)= > 0,€%, - €ny =16 ..., €]

SESH

where &, is the parity of the permutation s € S,, and |¢e", ..., €] is the
determinant of

6111 6112 - Ellm

EIZ‘ 6122 e Elzm
(2.19) :

7 €

Note that A(e,,...,€,)=&m —1,m—2,...,1,0.1fE=EU,, ..., 1),
then & — &(/,, . . ., /) is skew-symmetric and contains a highest-order term
cey e 1> 1> - > (Note that the skew-symmetry of £ guaran-
tees that any term €' - - - €5 - - - €f* - - - €4~ with p, = p, has coefficient zero.)
Hence, &€ — &(,, ..., 1) =c¢&l,/,..., 1, )+ ---. Since £ is a finite sum
of terms, this process must end eventually and we obtain
(220) &=¢&U, .. L)+ U L) U L)
Now
2z 2r _—
Jo N JO €8 ... gPmed ... € d¢] PN d¢m = (23)’"5‘9qu e 6;,.,(],,.

and it follows easily from {2.18) that

in 2m =z, ,
.21 J7 e ey L do, - dg,
= (27[)’"m' 51111, .. 61”.[,"».
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In particular

2n 2z
Ve [T [TlEm = tm =2, 1,00 dp, -+ dp,, = Qaym!
0 0

and

in 2n
(2.22) G =V [T [TxARdp, - - dp,

0 0

=124+ -

where we have used (2.20) and the relation & = yA. Since y is a simple char-
acter, (y,y) =land ¢ =¢" = ... =0.
Theorem 9.4. The character of the irred rep [f,, . . ., f,,] of U(m) is
(2.23) xfo (e, oL, )=|€ . . € lem, L e, 1] = EJA,

where [, = f; + m — j.

Expression (2.23) makes sense only if no two of the €; are equal, since
otherwise both the numerator and denominator are zero. However, from
(2.16) we see that y is defined and continuous for all €,, . . . , €,, on the unit
circle. Thus, we can compute the character for equal €, by taking an appro-
priate limit in expression (2.23).

For example, the dimension N(f,, ..., f )of therep[f,,...,f,]is just
x{i2In,. To obtain this value of the character we set €, = €™/ in (2.23)
and pass to the limit as € — 1. Then

228)  N(fir..o\ fo) = lim{[g (€ — e ]/[Hk (i — EM)]}

e—1
=Al,...,.[)JAlm — 1, m—2,...,1,0)
since € — € = e — ¥ — (I, — 1, )p as ¢ — 0. Note that N(f, + p,
wosfw+ p)=N(f,,....f,) for any integer p. This is in agreement with
the observation

it o S+ PIZ IR - L)

where [ p™] is one-dimensional.

If the requirement that |¢,| = 1 is relaxed, expression (2.23) also defines
the character of the irred rep [ f}, . . ., f,,] of GL(m). Indeed, if 4 € GL(m)
has m distinct eigenvalues €, . . ., €,, then there exists B € GL(m) such that

El
(2.25) A= B . B ' = BD(e)B™1.
€

Thus the conjugacy class to which 4 belongs can be described by the param-
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eters €,. If p is a matrix realization of [f,, .. ., f,] then
(226)  xPim(e,, ... €,y =tr p(A)y = tr p(D) =3 c,..., €0 - - €27,
P,

where c,,...,, is the multiplicity of the weight A = Y p,4,. This expression
is exactly the same as (2.16) except that the €, need not have modulus one.
Thus, formula (2.23) must be valid for y/ - /=(¢,, .. ., €,). If the eigenvalues
of A are not all distinct it may not be possible to diagonalize A by similarity
transformations. However, we can always find a sequence of matrices {A"™
€ GL(m),n =1,2,...} such that each A" has m distinct eigenvalues
€M, 1 <j<m,and A — A, € — €, as n — oo. Since ¥/~ is continu-
ous we have y//»(4) =lim, ., " (A™) = lim,.. ¢/ (™, . ...,
€") and the character is given by an appropriate limiting form of (2.23) even
if the eigenvalues of A are not distinct.

9.3 The Irreducible Representations of GL(m, R), SL(m, €), and SU(m)

Since gl(m, R) is a real form of gl(m, €) thereis a 1-1 relationship between
reps of these two Lie algebras. Every analytic rep of the complex Lie group
GL(m) restricts to an analytic rep of the real Lie group GL(m, R). Conversely,
an analytic rep of GL(m, R) uniquely extends to an analytic rep of the com-
plex Lie group GL(m). Thus, the irred reps of GL(m, R) can be denoted

(3-1) [fli""fm]’ lefZZme

These are the restrictions of the corresponding reps of GL(m) to GL(m, R).
Every finite-dimensional analytic rep of GL(m, R) can be decomposed into
a direct sum of irred reps.

The rep theory of the group

(3.2 GL(m, R)* ={A € GL(m, R): det A > 0}

is slightly different because some Lie algebra reps of gl/(m, R) induce global
reps of GL(m, R)* which do not extend to GL(», R). Indeed, the irred reps
of GL(m, R)* are of the form

(3.3) det A R[f1s...» [, c¢=C, 0<Ree<l.

Next we consider SL(m) = SL(m, ), where m > 2. The restriction of
thetensorrep T =[f,,..., .. i>f, > - > f. >0, 0of GL(m) to SL(m)
yields a matrix rep of SL(m) whose matrix elements are homogeneous poly-
nomials of order f; + --- + f,, = s in the matrix elements of 4 € SL(m).
If T' = T'|SL(m) then for any B € GL(m) we have T(B) = (det B)*"T’'(A),
where B = (det B)'/"A. Note that det 4 =1, so 4 € SL(m). Since T is irred,
it follows from the Schur lemmas that 7’ is irred. Thus, the tensor reps
[fis .-, f) of SL(m) are irred.
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However, these reps are no longer pairwise nonequivalent. Indeed we have
shown earlier that

(3.4) Ui bps L+ PIZ IR LS55 [l

for GL(m), where [p™] is the rep

(3.5) [p™]: B —— (det B)?, B € GL(m),

and p is an integer. Clearly, on restriction to B € SL(m) we have [p™] = [0].
Thus, the reps with signatures [f, +p,....f,. + pland[f,,...,[,] are
equivalent for all integers p. By choosing p = —f we can always assume
that the irred reps take the form[g,,...,8,..,,0L, g, > g > - > g,., >

0. We shall adopt a Lie-algebraic approach to verify that these are the only
analyticirred reps of the complex Lie group SL(m) and that they are pairwise
nonequivalent. .

The rep theory of the Lie algebra s/(m) is almost identical to the theory
for gl(m) developed in Section 9.1. As we mentioned earlier, s/(m) is the
(m? — 1)-dimensional Lie algebra of all m X m complex matrices with trace
zero. The set of all diagonal matrices

4
m - Z
(3.6) I}C:jzllj(}CJ: Z' , A+ - +4,=0,
A

forms an (m — 1)-dimensional maximal commutative subalgebra &_,_, of
sli(m). Let &,, be the m x m matrix with a one in row A, column j and
zeros everywhere else. The m* — | matrices §,,, 1 << h, j <<m, h+j, and
X, —-%,,j=12,...,m— 1, form a basis for si(m). We easily obtain the
commutation relations

[ghj’ 8“] - ‘Sjkgm - 51h8kj~ [SC, SC’] = Z,

3.7 ,
[3€C, 8,.) — (lk — A8, X, K ch

m-1

Just as in Section 9.1, we consider the adjoint rep 3¢ — ad 3C of 4,,_, on
sl(m). According to the second of expressions (3.7) the element §,, is a simul-
taneous eigenvector for all operators ad 3C(4,,..., 4,) with eigenvalue
a(I) = A, - 4,. As before we call the linear functional a(3C) a root and the
corresponding eigenvector &,, = &, the branch belonging to root o. Set
X, =¥, —K, ch, ,fora =2, — 4, Then the &, and 3, span s/(m)
as o runs over the m(m — 1) distinct roots.

Lemma 9.8.
(a) Ifaisarootthen —a is a root.
(b) [81’8_11 :Scd iz'
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() [8,,85] =Zifoe + fisnotarootand a = —f.
(d) [8,,85] = +8,:51f @ + Bisaroot.
() [, 8,] = a(30)8,, [XC,, 8,] = 28,.

This lemma and its proof are identical with Lemma 9.1. The only differ-
ence between these results and the corresponding results for gi(m) is that
A, + -+ + 4, =0in(3.6). We can consider 4,, ..., 4,_, as independent
variables while 4, = —4, — --- — 4,,_,.

Let p be a finite-dimensional rep of s/(m) on the vector space V and set
p(3) = H, p(8,) = E,. Then the operators {H, E,} satisfy the commutation
relations given above. Furthermore, the proof of Theorem 9.1 shows that V
has a basis of weight vectors. The construction of a-ladders of weights and
Theorems 9.2 and 9.3 carry over immediately to reps of si(m). In particular
each irred rep p is uniquely determined by its highest weight A*(4,,.. .,
A,,_,) which has multiplicity one. (We write each weight in the unique form
A=qg, 4+ - +¢,_,A,_, and adopt the usual lexicographic ordering.)

Let us determine the possible weights

m m—1
» A(:}C)Zlgl DiAh; = 1:21 qu'j’ q; =P; — Pm>
(3.8) " 1
=Y A,.SC,. =Y A,.(SC]. —X,)eh,,.
=i =

If A is a weight then 2A,/a, is an integer for each root & = A, — 4,, where
A, =A)=p, —p,a,=2. For 1 <k, I<m—1 we find p, — p,
=g, —q, is an integer. However,ifk =1,...,m — 1,/ = m then p, —
P. = 4, is an integer. Thus, the possible weights take the form A =3 ¢,4,,
where the g, are integers.

Now supppose A* = 3 ¢,4; is a highest weight vector. Then A,* > 0
for all positive roots a. The positive roots are & = 4, — 4,, 1 <k <[I<
m—1l,ande =4, — A, =4, + A4, + -+ 4,_,. Thus, if A* is maximal
then q, —q, >0 for k<! and q, >0, ie., 9, >q,> --- >g¢q, > 0.
We shall show that each such linear form actually is the maximal weight of
an irred rep p of si(m) which defines a global rep of SL(m).

Consider the irred rep [ f,, . . . , f,.] of GL(m). Its highest weight is A* =
fiA, + -+ f.A,. Itis characterized by the fact that A* + o is not a weight
for any root & > 0. If we restrict the rep to SL(m) the weights A = p 4, +
-+ pnh, on A, will restrict to weights A" =(p, — p)A, + --- +
(Pm-\ — P)An-, ON A, _, . Furthermore, the positive roots a of g/(m) restrict
to the positive roots of s/(m). Thus, (A)* + « is not a weight for any root
o > 0 of si(m) and

(3-9) (Al)* = (f1 ;fm)ll + -+ (fm»x ~fm)j'm—l
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is the maximal weight belonging to [f,, ..., f,]| SL(m). Since this rep is
irred we see again that

2RI ) == SR SODRINY M Y
andgq,d, + --- +gq,_,4,_, for integers ¢, >¢q, > .-+ >¢q,_, > 0 is the
highest weight of the rep [g,, ..., ¢,_., 0]

The Lie algebra su(m) is a real form of s/(m) and there is a 1-1 relationship
between analytic reps of the complex group SL(m) and those of SU(m). Since
SU(m) is compact we can use the unitary trick to conclude thatevery rep of
SL(m) can be decomposed into a direct sum of irred reps. Furthermore, the

irred reps of SU(m) are just the restrictions of the reps [f,, ..., f,._,,0] to
SU(m).

The simple characters y/""*/~ of SU(m) are the restrictions of the charac-
ters (2.23) to SU(m), i.e., /= = ¢/~ with €6, ---¢,, = 1. It follows

from remarks made above that w/~/» =y »/=*» For example, we
compute the simple characters y/'/: of SU(2). Here ¢ = ¢, = ¢3" and

PZARREr 2L e 1
fife
(3.10) v =l f‘,z»/f1 1’
— (f(}'l*fc-*l) _ f-(fx—fz*l))/(f _ fil)

= {sin[(f, - - f, -+ D7/2]}/sin(7/2),

where € = ¢'* 2. This is in agreement with (2.24), Section 7.2, and shows that

(3.11) Uy LIZ 1S, — f3, 0] = DA 2

We can also consider SL(m) as a real 2(m* — 1)-dimensional Lie group.
In analogy with the theory of the real group GL(m) one can easily show that
the analytic irred reps of the real group SL(m) are

(3.12) fiseoos fu-ts VR (810 815 O]
Finally we note a general method for decomposing reps of the complex
group SL(m) into irred parts. Let p be an analytic rep of SL(m) such that

(313) pP= al[flw v ’fm—l’ol@az[gw e ’gm—l‘o]@) T

where the reps on the right-hand side are listed in lexicographic order. Then
p contains the highest weight f 4, + --- + f,,_,4,_, with multiplicity a, .
Suppose we have a list of the weights of p, each weight listed as many times
as its multiplicity in p. Remove all the weights corresponding to a, copies

of [f,y-..,fn_1>0] from the list. Then the highest weight remaining will be
g4, + - +g,.,4,-, with multiplicity &, . Next remove all weights corres-
ponding to a, copies of [g,,...,g,-,»0]. We can continue in this manner

until all the weights of p have been removed. The process is useful when we
know the weights of p and want to derive the decomposition (3.13).
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As an example we rederive the Clebsch—Gordan series for reps of SL(2).
The weights of [ f,, 0 arend, 4 (f, — mA, =2n— f)A,,n=0,1,..., 1,
as we see from (1.41) and 4, + 4, = 0. By Lemma 9.6, the weights of p =~
[fi,00R[g,,00are2n+2p—f, —g)A,,n=0,1,....f,,p=0,1,...,g,.
Assuming f, > g, we see that the weight 2s — f, — g, has multiplicity s + 1
if0<s<g,g, +1lifg, +1<s<f,andf +g, +1—siffi+1<
s <<f, + g,. The highest weight of this rep is (f, + g,)4, with multiplicity
one. Thus, p contains [ f, + g,, 0]. If we remove the weights of [ f, + g,, 0]
the highest remaining weight is (f, + g, — 2)4, with multiplicity one. Thus
p contains [ f, + g, — 2, 0]. Continuing in this manner we obtain the reps
[f, + g, — 2k, 0], 0 << k < g,, each with multiplicity one. At this point all
weights of p are used and the process ends. Thus

LA
(3.14) [/, 0® (e, 0= 2 DS, + & - 2,0},
which is the Clebsch-Gordan series (2.26), Chapter 7.

9.4 The Symplectic Groups and Their Representations

Recall that the symplectic group Sp(m) consists of all 2m X 2m complex
matrices 4 such that

4.1 AJA =J,

where J is the skew-symmetric matrix (4.1), Section 5.4. (More generally,

we can consider Sp(m) as the set of all linear operators A on a 2m-dimensional

complex vector space V such that (Au, Av) = {u, v) for all u,v € V, where

{-, > is a nonsingular skew-symmetric bilinear form on V: see Weyl [3].)
From Theorem 5.15, the Lie algebra sp(m) of Sp(m) is the space of all

2m X 2m complex matrices @ such that

(4.2) @ = JaJ.

Setting
a_ (& az) J:( z Em),
e, &,/ —E, Z

where the @, are m X m matrices, we find
el=—-a, @'=@, @=a,.

Thus, sp(m) is (2m? + m)-dimensional. Denoting by &, the matrix with a
one in row j, column k and zeros everywhere else we obtain the basis

(4~3) gjk - 8k+m,j+m’ 8j,k+m + 8k,j+m’ 8j+m,k + 8k+m,j=

1 <j, k<m.
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The set %4, of all diagonal matrices
(4.4) H(A,, ..., 4, = _El 2,3,
£
forms a maximal abelian subalgebra of sp(m). Here 3¢, = &,, — &, ...
The adjoint rep of &, on sp(m) is
[3C’ gjk - 8k+m,j+m] = (}‘j - }‘k)(gjk - gk+m,j+m)
(4-5) ['}C’ 8j,k+m +- gk.j rm] = (A; + }“k)(gj.kﬂn + 8k,j+m)
[3C’ gj+m,k + 8k+m,i] = (411 - }‘k)(ngrm,k =+ 8k+m,j)'
Thus the roots are & = A, — 4, (j # k) with branches &, =&, — &, ;ims
@« =2; + 4, (j < k) with branches §, =&, ,,, + &, ,,, and & = —1, —
A, (j < k) with branches &, = §&,,,,, + 8., ;. There are 2m? distinct roots
o=+t 2, j<k, o= £24,.
By tedious computations we can verify the relations
['}C’ '}CI] - Z’ ['}C’ ga] = a(i}c)ga’

(4.6) z if a4+ f is nonzero and not a root,
' [6,,85] = N, .., if a+ B#0 isaroot,
3, if o= —4.

Here N,, is a nonzero constant depending on ¢ and £, and
+3, £+ 3, if o= =+4,+4,, j<k
+3; if = +24,.

It follows from (4.6) that the proofs of Theorems 9.1-9.3 go through
virtually unchanged for reps p of sp(m). If A =3 p;A, is a weight then
il a8 if o=4+4,+4,, j<k
+p, if o= 424,

(4.7) e, = {

48) A, — A@,) — {

In particular,
(4.9) o, = a(3,) =2
for all roots a.

If A is a weight then 2A,/a, is an integer and S*A = A — (2A,/a,)a is
a weight. Writing A =Y p,4,, we see 2A, /e, = A, and from (4.8) the
p,; must be integers. Furthermore, S*A = 3] p, 4, — (£ p; = p)(+4;, = 1)),
so S*A is obtained from A by interchanging 1, and 4, if « = 4, — 4, or by
replacing 1; with —2, and 4, with —21,if « = +(4, 4+ 4,), j < k. If & =
+22; then S*A =3 pA, — 2p;A,, so S*A is obtained from A by replacing
4, with —A4,. The Weyl group has order m!2".

From Theorem 9.3 an irred rep p of sp(m) is uniquely determined by its
highest weight A* which occurs with multiplicity one. Furthermore, A,* >0
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for all positive roots &. With the usual lexicographic ordering, the positive
rootsare A, — A,, A, + 4,,j < k,and 21,. From (4.8), A*is a highest weight
only if p, >p, > -+ > p, = 0. Thus, the possible irred reps of sp(m)
can be denoted

(4.10) (Pise-sPmd Pr = Zpp=0.

We will show that there exists an irred rep corresponding to each signature
(4.10). Furthermore, we will show that each Lie algebra rep induces a global
group rep of Sp(m).

Since Sp(m) is a subgroup GL(2m), we can construct therep [f,, .. ., f5.]
of Sp(m) by restriction from the corresponding rep of GL(2m). However,
the restricted reps may not be irred.

First we consider the natural action of Sp(m) on the 2m-dimensional vector
space V, i.e., the rep [1]. The weights of this rep are easily see to be 4-1,,
1 < j << m, each with multiplicity one, and the highest weight is 1,." This
rep is irred since, applying the Weyl reflections S* to 1,, we get all of the
weights +4,. Thus, (1,0,...,0) = (1) = [1]. Similarly, it follows from (4.4),

2
(1.19), and (1.33) that the ( lm)-dimensional rep [,/ =1,2,...,m, has

weights

@41y A+ AL+ e+ A 1 <i, <iy < o0 < i< 2m,

each with multiplicity one. Here 4, = —4, if i, =m + k, k> 0. The
highest weight is clearly

4.12) Aot 2d, 4+ -+ 4,

At this point we assume that every finite-dimensional analytic rep of
Sp(m) can be decomposed into a direct sum of irred reps. (We will prove
this later.) Then from (4.12) there exist irred reps of Sp(m) with signature
(19, 1 < I < m. (Note that we use the reps [1'] of GL(2m) only for 1 <</ <
m. The reps for m + 1 </ <C 2m have been omitted.)

Now consider the rep

(4.13) [P @ [IPP & - - Q@[ = p,

where k,, ..., k, are nonnegative integers. The highest wéight of pisp, A, +
<+« +p.A,, where

py=k +k,+ - 4k,
po= ke k,

(4.14)

Pp-y = k’"‘l + k”‘
pm = km’
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and this weight occurs with multiplicity one. We can construct the irred rep
with signature (p,,...,p,) by choosing k, =p, —p,, k, =p, — p,,

ok =Pn-i — Pm> kn = P Thus all our candidates for highest weights
actually occur in the irred reps of Sp(m).

Our construction has several gaps. We have not shown that every rep of
Sp(m) can be decomposed into a direct sum of irred reps. Second, using
Lie-algebraic methods we have computed only reps of the connected compo-
nent of the identity in Sp(m). If Sp(m) has more than one component [like
O(m) or L(4)] then there are more irred reps than those we have listed.

If A € Sp(m) then A'J4 = J. Taking the determinant of both sides of
this equation, we have (det A)> = 1, or det 4 = 1. If there exist group
elements for which det 4 = —1 then such elements are not in the connected
component of the identity. We will show that Sp(m) is connected and det A4
= +1 always.

The group USp(m) = Sp(m) N U(2m) is a subgroup of Sp(m). Further-
more, as the reader can verify, its Lie algebra usp(m) is a real (2m? + m)-
dimensional subalgebra of sp(m). Thus, usp(m) is a real form of sp(m) and
there is a 1-1 correspondence between complex reps of these Lie algebras.
It follows that the irred reps (p,, . . . , p,,) of Sp(m) constructed above, restrict
to irred reps of USp(m). We will soon show that USp(m) is connected, so its
irred reps are uniquely determined by the irred reps if usp(m). Since USp(m)
is compact, every analytic rep of this group or every finite-dimensional com-
plex rep of its Lie algebra decomposes into a direct sum of irred reps. This
proves that every rep of sp(m) decomposes into irred reps.

We now examine the structure of USp(m). The elements A of this group
are both symplectic and unitary. Thus A4 preserves the forms

(4.15) yIx, »'x

simultaneously, where x is the column vector (x,, ..., X,, X,'s..., X, ).
Indeed (Ay)J(Ax) = y(A'JA)x = y'Jx with a similar proof for y'x. Since
A is unitary, it has 2m eigenvalues €, . .., ¢€,, each of modulus one. Let

x be an eigenvector of 4 with eigepvalue €: Ax = ex. Now (47 ")/ = J4
since 4 is symplectic and (47')" = A4 since A is unitary. Thus, AJ = JA4 and
JAx = eJx = AJx. Taking the complex conjugate, we obtain

(4.16) AJR) = E(JX).

Thus, if x is an eigenvector of 4 with eigenvalue € then Jx is an eigenvector
with eigenvalue €.

Let x*, ..., x” be an ON basis for the eigenspace €, of 4 (usual scalar
product [x7]'x*> = §,,). Then the Jx'”, 1 <{j <[, form an ON set in €,
since (JXU)(JXH) = —[XV]J2xH = [£]'x* = §,,. Similarly, an ON
basis {7} of €, is mapped into an ON set {J7'/'} in €,. It follows that dim
€, = dim €, =/ and {Jx"} is an ON basis for €,.
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If € 1s a complex eigenvalue then € # €, {x'7’}, | <<j </, is an ON basis
of €, and {Jx"’} is an ON basis of €,. Now suppose € 1s real, i.e., e = +1.
Let x*’ be an element of @, with length one. Then Jx'!’ is a unit vector in €,
which is perpendicular to x*. Indeed (xV)(Jx'V) = (x'V’)Jx"’ = 0 since J
is skew-symmetric. Thus {x*!', J¥"’} is an ON setin €, If this set is not a basis
we can find a unit vector x'® € €, orthogonal to the above set. A simple
computation shows that JX/®' is also a unit vector in @, and {x'V, Jx'/: j =
1, 2} is an ON set. Continuing in this fashion we eventually obtain an ON
basis {x7, JxU:j=1,...,1} for €,. In particular, the dimension of €,
is even for € real.

Lemma 9.9. The 2m eigenvalues of 4 & USp(m) occur in pairs: €,,.. .,
€,5€.s...,€,. There exists a corresponding ON basis x', ..., x™™,
Jx, L, JX™ of eigenvectors.

Let f,, f be the vectors in ¥ with components x’, —Jx’, respectively,

for 1 <<j <m. Then the {f;, £’} form an ON basis for ¥ with respect to the
usual inner product, and

(x ) = () {TER) = 0
(4.17) (—JxPYH(—Jx®) = (xPYJx® = 0
(xWI(—JxH*) = (xI)rER = 6.
It follows from this that the 2m x 2m matrix U with columns (x'*’, .. .,
xm —Jx® 0, —Jx™) satisfies UJU =J and U'U =E,,, ie., U <

USp(m). With this matrix and relations (4.17) it is straightforward to verify
the following result.

Theorem 9.5. If A4 € USp(m) then there exists U = USp(m) such that

€

U~'AU = D(€) = €n e USp(m).

6”1

This shows that every 4 € USp(m) is conjugate in the group to a diagonal
matrix D(€). Since A = UD(e)U ! it is clear that A can be connected to the
identity element by an analytic curve A(¢) in USp(m) with A(l) = A4, A(0) =
E,,,. [Let the eigenvalues €(¢) approach +1 as t — 0.] Thus USp(m) is con-
nected.
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We now sketch a proof of the fact that Sp(m) is connected, leaving many
of the details to the reader. As a byproduct we obtain a parametrization of
Sp(m).

Any nonsingular matrix 4 can be written uniquely in the form 4 = HU
where H is a positive-definite Hermitian matrix and U is unitary. (This is
the polar decomposition of 4; see Lancaster [1]). Here H? = AA* and H is
the unique positive-definite square root of AA4*.

If A = Sp(m) then A* = A* = Sp(m) and AA* = Sp(m). Since the Her-
mitian matrix A4A*¥ = H? is positive-definite it can be diagonalized by a
unitary similarity transformation. Furthermore, the eigenvalues of H? are
positive. Let € be an eigenvalue of H? with eigenvector x. Now H?x = €x
and H 2Jx = (H %)4Jx = JH*x = eJx since H* € Sp(m) and (H?)* = H?.
Thus.

(4.18) H*(J%) = € '(J%)

and JX is an eigenvector of H? with eigenvalue € !. Proceeding almost ex-
actly as in the proof of Theorem 9.5, we can show that the eigenvalues of H?
take the form €,,...,¢€,,€',...,€,', €, > 0. Furthermore, there exists
W < USp(m) such that

E!
z
(4.19)  H? . A4* -~ W s W' e Sp(m).
1
z
e
It is clear that the matrix H is given by
E}/Z
' z
’ 1/2
(4200 H-—=W Em J Wt = WD(e)W .
1
z
’ 6;11/2

Since D(€) belongs to Sp(m) we have H = Sp(m). Hence U = H 'A =
Sp(m) N U(2m) = USp(m). so every A < Sp(m) can be written uniquely
in the form A = HU, where H is given by (4.20) and U  USp(m). Since
USp(m) is connected, so is Sp(m). In particular det 4 = + 1, as follows direct-
ly from det 4 = det H det U and Theorem 9.5.

We have shown that the irred reps (p,, ..., p,) of Sp(m)are all tensor
reps. For an explicit description of the irred tensor spaces see Weyl (2, 3].
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The construction of simple characters for USp(m) is analogous to that
for U(2m) so we present only the results. From Theorem 9.5 the conjugacy

class in which A € USp(m) lies is determined by the eigenvalues €,, ..., €,
€,,...,€, (€, =¢€;") of A. Writing €, = exp(ip,), —n < ¢; <7, we see
that a character y of USp(m) can be written x(gp,, . . . , ¢,,). Here y is invari-

ant under any permutation of the ¢, and the transformations ¢, — —g,
for any k, i.e., under the Weyl group. In analogy with (2.14), the simple
characters satisfy the orthogonality relations

(4.21) (p7veom, y9im) = J_ - J_ (e, .., 0,)
X ZU(@s .. 9,) ADdy, - - - dy,

= 5pm o 5qum’
where
422)  A@y,....0)=T1E —€) T (€+e’—e—e¥).
J=1 1<j<k<m

Now A is skew-symmetric with respect to the Weyl group, so & = YA is
skew-symmetric, i.e., £ changes sign under a transposition €, < €, and under
the exchange €, <— €;' for fixed j. Proceeding as in (2.17), we find the possible
choices for & which give simple y are

(4.23) Ely, ..., )=|€"—€" .. .,6"— €|
where the integers /; satisfy /, >/, > --- > > 0, and the determinant
|- |is defined by (2.19). In particular

Em,m—1,...,2,1)=A.
The ratio y = &/A is a finite sum of terms € - - - €jr. The term with highest
weight is €} meh~m*! ... el»~1 and it occurs with multiplicity one. Thus
pi=L—m+j—1

Theorem 9.6.
o € — €T L — T - .
X = [e" —e ™ ...,e—¢€ ']’ L=ptm—j+l
1 <j<m.
Corollary 9.4. The dimension of (p,,...,p,)is
N(py.oosp) =P, ..., I )P(mim—1,...,1),
P(ly,....L)y= TI &, 1] z2—1H.
1<j<m 1<j<k<m

We can use the characters of USp(m) to determine how a symmetry class
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of tensors [f,, . .., f;.] of GL(2m) decomposes into irred reps (p,, ..., p,)
when GL(2m) is restricted to Sp(m) or USp(m). One need only restrict the
character y’v7 of U(2m), (2.23), to USp(m) and then write it as a sum of
simple characters of USp(m). See Weyl [3] for more details.

The reader can check that the analytic irred reps of Sp(m, R) are just the
restrictions of the reps (p,, ..., p,) of Sp(m) to Sp(m, R). Furthermore, the
analytic irred reps of the real 2(2m?* + m)-dimensional Lie group Sp(m, §)
are (p,, -, p)R(p s P

9.5 The Orthogonal Groups and Their Representations

The usual realization of the complex orthogonal group O(m, §) 1s the set
of all m X m complex matrices 4 such that

(5.1) A'A = E,,.

However, we can also consider O(m, () as the set of all linear operators A
on an sm-dimensional complex vector space V such that (An, Av) = (u, v)
forallu,v € V, where (-, -) is a nondegenerate symmetric bilinear form on
V. There always exists a basis f,, ..., f, for V such that

(5.2) (. 1) =, 1) =3d,, 1 <jk<m,
(see the book of Cullen [1]). Writingu = 3 uf,, v =3 v f, we find

i

m

(, vy — X up,.

71
Furthermore, if 4 is the matrix of A in the f-basis a simple computation yields
A € O(m,€)if and only if A'A = E,_.

The realization (5.1) is not very convenient for a study of the irred reps
of O(m, ©) via the Lie algebra route, for the Lie algebra o(m) in this realiza-
tion consists of skew-symmetric matrices. Such matrices have all zeros on the
diagonal and this is inconvenient since we have become accustomed to the
use of a maximal abelian subalgebra %, of diagonal matrices. We get around
this difficulty by choosing a new basis for V.

Ifm=2nn=1,2,..., weset
(53) e, =2"v%f + i), e/ =271xf, —if ), 1 < j<n.
Then
(5.4) (e;,e,) = (e, e,)) =0, (e;,€/)=0,
and if w =3 (ue, +u/e/) and v =3 (v,e;, + v/e/) we find

(5.5) (,v) = 3 (up, + u,/v).

Jj-1
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Ifm=2n+1,n=12,..., we define e, e/, 1 <j<'n, by (53) and
set e, =1f,,,,. Thenif v = 3 (vje; -+ v,'e;') + v,e, we find

(5.6) (u, v) = E: W, | u;'v;) + ugv,.
£
From (5.5) the matrices A of orthogonal transformations A € O(2n, €)
with respect to the {e;, e,'} basis are those which satisfy
Z’l E’l)
E’l Z’l

where E, is the n x r identity matrix and Z, is the » X n zero matrix.
Similarly the matrices A of operators A € O(2rn + 1, §) must satisfy

(5.7 AKA=K, K= (

1 0 0
0

(5.8) AKA=K, K=\ Z, E|,
0

where K is a (27 -+ 1) X (2n + 1) matrix. Clearly our new realizations of
O(2n, @) and O(2n + 1, §) are isomorphic (even unitary equivalent) to the
old ones. The justification for handling odd m and even m differently is that
the rep theory for these two classes is distinctly different.

In our new realization the Lie algebra o(m) is the space of m X m complex
matrices @ such that
(5.9) K +Ka=2Z,.

We consider the case m = 2n first. Writing

a:(a‘ ‘12),
e, a,

where the @, are n X n matrices, we obtain

(5.10) = —Q, Q= @, Q'=—@,.

It follows that the dimension of o(2n) is 2n* — n. Denoting by &, the matrix
with a one in row j, column k and zeros elsewhere, we find the basis

8k — Sptmjin Sk=1...,n,

5.11
(5.11) o

k+n,j° sj,kn. _sk,j+m J¢k'

itn,k

The set %, of all diagonal matrices
(5.12) B(Ay, ... A) =3 A3C,
i=1

is a maximal abelian subalgebra of o(2n), where 3, =&, — &, ...
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A straightforward computation shows that the adjoint rep of A, on o(2n)
is given by
(3,8, — &prmyinl = (A; — 2 )(E50 — 81y jun)
(5-13) [Jc$sj+n,k - 8k+n.j] = (—lj - lk)(8j+n,k — skm,/‘)
(38, hin — Epjinl = (A, + ANE; 4sy — B jan)s
where j = k and 1 <{j, k <<n. Note the close relationship between (4.5)

and (5.13). Clearly the rootsare 0 = 4, — 4., j =k, 0 = — 1, — 4,,j < k,
and @ = A, 4+ 4,/ < k. There are 2n(n — 1) distinct roots:

o=+, + 4, J<k.

By straightforward computation one can verify the formulas (4.6) and (4.7).
If m =2n 4+ 1 then @ € 0o(2n + 1) takes the form

0 —a,t —a
@=|a, @ @, |
a, @, Q,
where @, and @, are n X | matrices and @ , . . ., @, satisfy (5.10). Thus, the

dimension of o(2n + 1)1s 2n* + n. If we consider the top row of @ as row zero
and the left-hand column as column zero then a basis for o(2n + 1) is given
by the matrices (5.11) plus the matrices

(5.14) 8io — Soxins 8ox — Siinos k=1,...,n
The set &,' of diagonal matrices
(5.15) KAy, d) = 3 AR,
i=1

is a maximal abelian subalgebra of o(2n + 1).

The adjoint rep of &," on o(2n + 1) is given by expressions (5.13) plus
(3, &0 — 80,k+n] - lk(sko - 80,k+n)
[JC’ Sor — 8k+n,0] = *lk(sw — 8k+n,0)‘
Thus o(2n + 1) has the same roots and branches as 0o(2n) plus the simple

roots 41, with corresponding branches. In summary, the roots of o(2n 4 1)
are

(5.17) A+ A, <k, +4.
Again formulas (4.6) and (4.7) can be verified by direct computation.
It follows that the proofs of Theorems 9.1-9.3 apply to reps p of o(2n)
and o(2n + 1). Here
R:{i:fcjj;:}ck if o=+, &4, j<k
¢ 13, if a=+£1,.

(5.16)

(5.18)
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For example, if @ = 1, then —a = — 1, and

[6,,8.,] =&, — & 3, = ic

Jtn,j+n T i o

If A =3 p,4;is a weight of p then

+p,4p I a=4A,+1, j<k
+p; if o= +4,;.

In particular &, = 2if ¢ = +4, + A, anda, = 1 if @ = 4-1,. Note that the
latter case occurs only for m = 2n + 1.

By Theorem 9.2, 2A,/a, is an integer for every root & of o{m) and S*A =
A — 2A,/a)a is a weight of p. Thus +p; 4 p,,Jj < k, are integers for all
o(m) and 42p; are integers for m = 2n 4 1. If A is a weight then the p; are
either all integers of all half integers. If p is irred then the weights of p either
have all integer coefficients or all half-integer coefficients, since any weight
A’ of p can be obtained from a single weight A by adding suitable sums of
roots, A’ = A 4 a, + - -- -+ a,. The roots are weights with integer coeffi-
cients.

Let A* =3 p,4, be the highest weight of p. Then A, * > 0 for all roots
o > 0. The positive roots of o(m) are 4,4+ 4., 4, —4,,1 <j<k <n,
and 4; (if mis odd). Thus p, + p, = 0 forj < k, and p;, > 0 (if m is odd).
The possible highest weights satisfy

(519) A, =A@, = {

P =pr> o = pay = p,ds m = 2n

(5.20)
plzpzzu.zp”'l—anzO’ m:2n+-1,

where the p; are either all integral or all half-integral. In the case m = 2n
we have implicitly assumed n > 2 and omitted the abelian algebra o(2).
Note that p, need not be positive for even m.

We will show that each signature (5.20) does correspond to the highest
weight of an irred rep of o(m). However, we will have some difficulty in using
these results to determine the irred reps of O(m, €). First of all, O(m, B)
is not connected. Indeed one can easily prove from the defining relations
(5.7) and (5.8) that if 4 € O(m, @) then (det 4)> = 1| or det 4 = 4 1. Fur-
thermore, both signs occur. Thus O{m, €) has at least two connected com-
ponents. (We will prove that there are only two.) The Lie algebra o(m) only
furnishes us with information about the connected component of the identity
SO(m, ). Therefore, we have to look at more than the Lie algebra to deter-
mine the rep theory of O(m, €). The examples O(3) and SO(3) which we have
treated earlier illustrate the problem to be solved here.

A more serious difficulty is that the half-integral Lie aigebra reps do not
induce global group reps of SO(m, §). Indeed, the matrix 3¢ € 4,, (5.12)
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or (5.15), exponentiates to (in case m = 2n + 1, say)

1 0. .. 0
0 e*
: V4
(5.21) e —| "o e SO(m, ).
. e“)l
V4
\ 0 : .e""

If pis irred, then in a weight basis the matrices p(e®) of the induced local
group rep take the form

’e/\l(JC)
. VA
(5.22) ple®) - : ;
" phad0)
where A, ..., A, are the weights of p. If we replace 4, by 4, + 27/ in (5.21)

then e* remains unchanged. However, if we make these replacements in
(5.22) for each j, p(e*) will remain unchanged only if the weights A, all have
integer coefficients. If the weights have half-integer coefficients then p does
not induce a single-valued rep of SO(m. §). If we replace 4, by 4; + 4ni,
however, then p(¢*) remains unchanged even for half-integral p. This suggests
that such p define double-valued reps of SO(m, §). We will see that there is
a group Spin(m), locally isomorphic to SO(m, ) and a homomorphism
v: Spin(m) — SO(m, §) which covers SO(m, §) exactly twice. The double-
valued reps of SO(m, &) are single-valued reps of Spin(m).

Keeping these difficulties in mind, we return to the construction of the
irred reps of o(m). Since O(m, §) is a subgroup of GL(m) we obtain reps
[fis-. ., f] of O(m, ) by restriction of the corresponding irred reps of
GL(m). Most of these reps will no longer be irred, however.

The rep belonging to the symmetry class [1] is just the natural action of
O(m, §) on an m-dimensional vector space. We see immediately from (5.12)
and (5.15) that the weights of the induced Lie algebra rep are +4,, 1 << j <<
n, each with multiplicity one, plus the simple weight zero if m is odd. The
highest weight is clearly 4,,s0p, =1,p, =0,2 < k < n. This rep is irred,
as the reader can easily check. Thus, [{] = (1).

The weights of the Lie algebra reps induced by the symmetry classes
[, 1 <I<m—1,are

(5.23) Af' 41'2) S Aim Ogi1<i2<---<i,£m,
where 4, =0 (m =2n + 1) and 4, = — A, if i; = n + k, k > 0. The high-
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est weight of this rep is
(5.24) A+, 4+ + 4

Assuming that every rep of o(m) can be decomposed into a direct sum of
irred reps (which will be proved later) we have shown the existence of irred
reps of o(m) with signature (1%, ie., p, =p, =--- =p, =L, p, ., =
= pn = 0

Now suppose m = 2n + 1. In Section 9.6 we will construct a spinor rep
of o(2n + 1) with signature (}"). Then the highest weight of the rep

(5.25) (PR R )P ® -+ @ (1 )okr @ (J)°
is p,A, + --- + p,A, with multiplicity one, where

n—1
(5.26) p=%k,+ Xk, 1<j<n—1, p, =ik,
h=Jj

Here the p, are integral or half-integral depending on whether %, is even or
odd. We can obtain any highest weight (5.20) by choosing the integers X,
such that k, =2p,.k, , =p,  —Pys-... ky =p, — D3, ks =p, — P;.
Thus we can find an irred rep of o(2n + 1) for each set of integers or half-
integers p, satisfying (5.20).

In the next section we will show that o(2n) has irred spinor reps with signa-
tures (4”) and (377!, —4). The highest weight of the rep

(527) (R UH+R - @ (") Q) ()% ® (,}"-1, —3)%k
is p,4, + --- + p,4, with multiplicity one, where
py=k;+ky+ -+ k,» + %(kn—l + k),
(5.28) I=12,...,n—2,
pn—l - %(kn—l + kn)’ pn = %(kn—l - kn)‘
The p, are all integral or half-integral depending on whether k,_, + &, is
even or odd. We can obtain any highest weight (5.20) with the choice
(5.29) ky=DPp 1 —DPns Kooy =Duoy + Do K;=DP; — Piirs
j=1...,n—2

The group SO(m, R) = SO(m, &) N U(m) is a compact subgroup of
SO(m, €). In the realization (5.1) of O(m, &) this is the group of real ortho-
gonal matrices with determinant -+ 1. In the realization (5.7) or (5.8) the mat-
rices of SO(m, R) are unitary equivalent to real orthogonal matrices with
determinant -1 where the unitary equivalence is determined by (5.3). In the
following we use the second realization of SO(m, R). It is easy to verify that
the real Lie algebra o(m, R) is a real form of o(m, €).
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Theorem 9.7. If 4 € SO(m, R) then there exists U = SO(m, R) such that

1o .- 0
0 ¢
0 z
U™ AU = D(e) =| . €, € SO(m, R), |e;|=1.
éT1
7 :
0 €

The first row and column occur only for m = 2n + 1.

The proof of this theorem is analogous to that of Lemma 9.9 and theorem
9.5, so we omit it. Since 4 = UD(e)U ! it is clear, by the same argument
as used for USp(m), that A can be connected to E,, by an analytic curve in

SO(m, R). Thus, SO(m, R) is connected.
' To show that SO(m, €) is connected we mimic the corresponding proof
for Sp(m), leaving the details to the reader. If 4 € SO(m, ¢) then by the
polar decomposition, 4 = HU, Where H is Hermitian and positive-definite,
and Uis unitary. Now H is the unique positive-definite solution of H* — 4 4*
< SO(m, §). Since H? is Hermitian it can be diagonalized within SO(m, §):

1 0. - - 0
0 €
0 z
H*=V|. e, Vol = VC(eVT, Ve SO(m, ().
€}
. Z .
0 -6;1

The eigenvalues €, are positive, and the first row and column occur only if
m = 2n + 1. It follows that H is given by

(5.30) H=VCe")V' & SO(m, ).

Thus, U=H '4 € SO(m, ) N Um) = SO(m, R). Since SO(m, R) is
connected and H is given by (5.30) we see that SO(m, §) is connected. Thus
any group rep of SO(m, ) or SO(m, R) is uniquely determined by its induced
Lie algebra rep of o(m). Furthermore, since SO(, R) is compact and o(m, R)
is a real form of o(m) every finite-dimensional analytic rep of SO(m, ()
[and of O(m, )] can be decomposed into a direct sum of irred reps.

We have seen earlier that some of the irred reps{p,. ..., p,) of SO(m, )
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and o(m) can be obtained from tensor reps. We clearly cannot obtain the
(double-valued) half-integral reps in this way, but we can obtain all of the
integral reps. In the case m = 2n + | the rep [17] has highest weight 4, +
-+ + A, [see (5.24)]. It is easy to verify that the rep (p,, ..., p,), integral p,,
is contained in the tensor rep

(5.31) (PR @ (1920 0 - (9 (177155 6 (1y*

exactly once, where k, = p,, k,_, =p,., —Pn».. -, ky =p, — p,. Asimilar
argument shows (p,, ..., p,) is contained in the symmetryclass(p,,..., p,]
exactly once.

For m = 2n the highest weight of [[*] isstill A = A, + --- 4+ 4,. From
(523, A=A+ 24, + -+ 4,., — A, is also a weight of [17] and occurs
with multiplicity one. Furthermore, if a is a positive root 4, + 4, or 4; —
A, 1 <j <k <n, then A" + a is not a weight of [I”]. (This is false for
m = 2n + 1.) Thus A’ must be the highest weight of the irred rep (17!, — 1)
contained in [1%] with multiplicity one. This shows that (1*) and (1"!, —1)
are tensor reps. Finally the integralrep (p,, ..., p,) is contained in the tensor
rep
(5‘32) (I)®k’ ® (12)@-/(2 ® R ® (ln—l)@)k,,.. ® (1n~1’ _ 1)69k,. ® (ln)®kn+1
with multiplicity one, where k, = p, — p;,,, 1 <j<n — 2, and

kn*l:pnfl_pn’ kn:O’ an:pn lf pnzo
kn*! :pn*l +pn’ kn: —_pn’ kn+l :0 lf pn<0
By counting dimensions one can show
M=ah, 1<i<n—1,

(5.34) o (1 if m=2n-+1
(= {(1»)@(1»-1, —1)  if m=2n

We have now determined all single-valued irred reps of SO(m, €). For
m odd it is easy to extend these results to compute the irred reps of O(m, €).
Indeed, if m =2n 4+ 1 then —E, € O(m, €) and det(—E,) = —1. Thus,
O(m, §) has the coset decomposition {SO(m, €), —E, - SO(m, §)}.

Let T be an irred rep of O(m, €). Since —E,, commutes with all elements
of O(m, §) it follows from the Schur lemmas that T(—E,) = AE. The
property (—E,)* = E, implies A = + 1. Thus T | SO(m, €) must still be irred.
The irred reps of O(2n + 1, §) are

(pys.---»p)s TW—E,) =E;
(pys---sp))"s T(—E) = —E.

For reps of O(2n, §) the situation is somewhat more complicated. In
this case det(—E,) = +1, so —E,, belongs to the connected component of

(5.33)

(5.35)
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the identity. We choose the element
0 0

(536) S=|0---0-- . 1| detS=—1, S*=E,.

\O - - -1 -..0

Clearly, S and SO(2n, ) generate O(2n, §). Let T be an irred rep of O(2n, &)
and set S = T(S). Then T' = T |SO(2n, §) decomposes into a direct sum of
irred reps. Let W be a subspace of the rep space V transforming irreducibly
under T'. Then the subspace SW also transforms irreducibly under T'. Indeed
if w* =Sw c SW and 4 ¢ SO(2n,E) then S 'AS = SO(2n, §) [since
det(S"'A4S) = +1]and

T(A)w* = SST!'T(A)Sw = S(T(S" 1 AS)w) = SW,

so SW is invariant under T'. If W’ is a nonzero invariant subspace of SW
then SW' is a nonzero invariant subspace of S(SW) = W. Since W is irred,
SW’ —= W,so W' =SW and SW is irred.

The space W 4 SW is invariant under T and nonzero. Thus W + SW
is the entire rep space V.

From (5.12) and (5.36) we have

By dy RS - SH(A,s. s A —A)  ES — SE,
(5.37) & =pi + o Py b DA
a:plll P A Puihy — Pahye

If wis a weight vector in W with weight A =p, 4, + --- + p,4, then Sw
is a weight vector in SW with weight A" =p, A, + --- + p,_A,_, — P,
It follows that the weights of W and SW are related by a change of sign in
A,.Lletpd,+ - +p,_4,_, + p,A,bethe highest weightof W, p, > ---
> p, , =>|p,) 1t is straightforward to show that p 4, +--- + p,_,4,_,
p.A, is the highest weight of SW. If p, = 0 then W and SW are linearly inde-
pendent and

(5.38) T=(pys. . P)P(Ps e s Puys — P

Note that W and SW have the same dimension. If p, = 0 we define h* =
w 4+ Sw,h™ = w — Sw, where w is the highest weight vector of W. Note
that Sw is the highest weight vector of SW and w, Sw correspond to the same
weight A*=p A, +---+p, 4, ,. Now Sh* = +h*. 1t follows from (5.37)

n—1%n-1"

and (1.14) that the spaces H* spanned by all vectors of the form E

o ar
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E_h* are invariant under T. Since T is irred, either H* = V, H~ = {6} or
H* = {0}, H- = V. In the first case we denote the rep by

(5.39)
(Pyse-sPptis O, Sw=w, T|S02n, €)= (p,,...,p,-1,0)
and in the second case by
(5.40)
(PiseevsDars O, Sw= —w, T[|SO2n, €)= (p,s..., p,_;,0).

This completes our catalog of irred reps of O(2n, §).

We have mentioned earlier that the Lie algebra of the compact group
SO(m, R) is a real form of the complex Lie algebra o(m). Thus there is a
1-1 relationship between reps of SO(m, €) and SO(m, R). Using the same
techniques as in Section 9.2 we construct the characters for the irred reps
(py5...,p,) of SO(m, R). We assume that the p; are integral, although the
results are virtually unchanged for half-integral p,. Most results will be
given without their straight-forward proofs.

From Theorem 9.7 a character y of SO(2n + 1, R) can be considered
as a function x(¢,,...,9).€, —e® —n<g, <m If {v,,...,v} is a
weight basis for the corresponding rep and the weights are A, ..., A, then

5
(541) X = tr[eili(m,-.-,gn)] — Zl el‘A;(w) — E cq‘---q,.fqll R EZn,
j= q1°*qn

where A; =q,0, +--- + ¢,9, and ¢,,...,. is the multiplicity of this weight.
Since y is defined on conjugacy classes it follows from Theorem 9.7 that we
can permute the ¢, or replace any subset of the ¢, by —¢, without changing
the value of the character. Thus the character admits a symmetry group of
order 2"n!. This is just the Weyl group. From (5.41) we see that the weights
A and S*A must have the same multiplicity for each root «.

The inner product on L,(O(2n + 1, R)) for functions constant on con-
jugacy classes is

G4 (Lo=V[" [ fon. 0. 0) AR dp, - dy,
where
V:J'_: J'_: AAdy, - - dy,
and
(543 Ao oe) =11 €2~ JI_ 6+ €' — e — &),

Here A is skew-symmetric in its arguments and double-valued (due to the
occurrence of €}/?). Thus if y is the character of (p,, ..., p,), the function
¢ = xA is skew-symmetric and double-valued. Furthermore, the substitution
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@, — —o, for a single j causes £ to change sign. Note that £ is a finite sum of
the form (2.17) whose highest-order term is

(5'44) 1.E€.+n~(1/2)612>2+n—(3/2) .. 6,{"*“"2).

Because of the symmetry properties, since the sum for & contains (5.44) it
must also contain

(5.45) Edy,. .. iy =" —¢€" . e — e
where |- is defined similarly to (2.19) and /, = p, 4+ n — j 4+ 4. Here,
Ay, ...,6)=Em—4n—3, ...,

Continuing in this fashion we obtain the expansion & = &(/,,...,1)
+ &, ..., 1))+ ---. However, the requirement (¥, y) =1 implies
=1+ + -,s0¢ =---=0and & =¢&(/,,...,1).

Theorem 9.8. The character of the rep (p,,...,p,) of SO2n + 1, R)is

[eh — el e — €]
e — e, .. e — e

Xpl‘“p"(fl L En) =

where I, =p, +n—j+ 4, 1° =n-— j+ L The dimension of this rep is

N(pys.oop) = QUyae L )OS, - L0,
where
ouy,....L)= TI dr—1iH111.
Ui k<n i=1

If m =- 2n then (5.42) holds with
(5.46) A= l</]]';]k/n (€, 1 €;' — €, — €Y.
Here A is skew-symmetric and single-valued. If x is the character of (p,, . . .,
p.) then & = yA is skew-symmetric and invariant under an even number of
sign changes ¢, - —¢,. Indeed from Theorem 9.7 it follows that we can
perform an arbitrary permutation of ¢,, . . ., ¢, in D(e™) and still get a dia-
gonal matrix in the same conjugacy class of SO(2x, R). Furthermore, if we
make the replacement ¢, — --¢, for an even number of angles we stay in
the same conjugacy class. However, as the reader can check, the diagonal
matrix obtained from an odd number of replacements ¢, — —¢, is not
conjugate to D(e*®) in SO(2n, R), although it is conjugate in O(2n, R). We
see that Lemma 9.7 holds also for o(2#) since from (5.19) the above symme-
tries generate the Weyl group of order 27 'n!,

The term of highest weight belonging to & is

].E;!zlln—lflzz-_:9n- 2., f,‘l:“.
The symmetry requirements and the condition (y, x) = | yield

28 — e e e e e e e — e
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Theorem 9.9. The character of the rep (p,, ..., p,) of SO(2n, R) is

e et e e € e e —
)= € + € ., € 4 e

xXPUr(e ..., €,

where I, = p, + n — j,{,° = n — j. The dimension is

_ R, L) - : 72
N(pl,...,p,,)f————R(llu"”,lnu), R(/,,...,1)= I/J-szn(lf 1.2).
Note that the reps (p,, ..., p,-,,» & p,) have the same dimension. This is

also a consequence of the remark following (5.38).
For more detailed proofs of the above theorems see the work of Boerner
[1] or Weyl [3].

9.6 Dirac Matrices and the Spin Representations
of the Orthogonal Groups

In an attempt to formulate a relativistic theory describing electrons Dirac
considered systems of equations of the form

d i) i) d _
(6.1) (LIﬁ + Ligy + Ligz + LW)\P _ XY,
where the L; are square matrices, x is a constant, and ¥ is a spinor field. He
required that this system be compatible with the Klein-Gordon equation

(5.37), Section 8.5. Using the same notation as in Section 8.5, we see from
(6.1) that

6.2 L9 ) = op
©2) (% Ligy) ¥ =xr.
If we choose k¥ = m,, the mass of the electron, then (6.2) becomes
; ik SRR
(6.3) j,;l LfL"t?xj 7 my*W.
This is equivalent to the Klein-Gordon equation
0? 0? 0? 0? o,

(ax—,z P P o L
provided
(6.4) LL +LL,=2G,, |<jk<4,

where G is given by (1.1), Section 8.1. We have already seen that the 4 X 4
matrices (5.33) Section 8.5, are solutions of (6.4). There are many other solu-
tions and we shall compute all of them.

For convenience we modify (6.4) by defining matrices &, such that

o, =L,, j=12,3 o, = iL,, i=./—1
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Then the relations become

(6.5) o0 -1oa, == 26,

lLe.,

(6.6) =1 ox = —aa if j=k.

Finally we generalize our problem by allowing the indices j and k£ to run
from 1 to m. The associative algebra generated by «,, ..., a, is called the
Clifford algebra C,. We shall not study C,, but rather the multiplicative
group G, generated by +landa,, ..., «,. A general element of G, has the
form

(67) j:ajlafe e a/u'

Making use of (6.6), we can always write this element in the standard form
(6.8) doy,0, -0 0, << --o<l, s<m.

Indeed the relation & &, = —a, 0, k % j, permits a reordering of the factors

of (6.7) in the normal form (6.8). If two factors in (6.7) are equal one simply
reorders the terms such that the two factors are adjacent and then uses o> =
1 to reduce the length of the group element by two factors. Note that no ele-
ment in standard form can have more than m factors since then two factors
would have to be equal. Furthermore, the only elements with m factors in
standard form are +a,a, - - - &,,. Thus the distinct elements in G,, are

(6.9) 1, a;,, a0, ..., 0,08 -0, P<ji<jp<- <Jp

and their negatives. The order of the group is

R e

It is obvious that every matrix rep of (6.5) determines a matrix rep of G,,.
Furthermore every matrix rep T of G, such that 7(1) = Fand T(—1) = —E,
where E is the identity matrix, determines a solution of (6.5). Thus our prob-
lem reduces to the determination of the irred reps T of G,, such that T(41) =
4+ E. Every rep with this property will be a direct sum of such irred reps.

The number of irred reps is equal to the number of conjugacy classes
in G,,. It is straightforward to check that for m even, the classes {41}, {—1}
contain one element each, while the remaining classes are of the form {+a,
.- -0, } and contain two elements each, Thus the total number of conjugacy
classes is [(2™*! — 2)/2) + 2 = 2™ 4- 1. For odd m the results are the same
except that the two elements with m factors each determine a conjugacy class
with one element:

{alal T am}’ {_a!aZ T am}'

Thus the total number of conjugacy classes is 2™ + 2.
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The elements 1 form a normal subgroup of G,,. Furthermore the factor
group G, = G, /{£1} of order 2™ is abelian since @&, — —a,a;, and 41
correspond to the identity element in G,’. Thus G,’ has 2" irred reps T,
all one-dimensional. The composed mappings

G,—> G, 5
determine 2™ equivalence classes of one-dimensional irred reps of G,,.

Consider the case where m = 2n is even. Here G, has 2™ + 1irred reps of
which 2™ are one-dimensional. Since the sum of the squares of the dimensions
of the irred reps equals 2™*! == N; we have

2in p g2 o2 Qnt1 or g=2"=2m2
where g is the dimension of the remaining irred rep T. The one-dimensional
reps map =+ | to the identity operator, so they are not acceptable as solutions
of (6.5).

We will construct an explicit matrix realization of T. Suppose first that
m = 2, so0 T is two-dimensional. The matrices

0 1 0 i
“‘:(1 0)’ “2:(—1' 0)

satisfy the relations &> = 1, &0, = —a,a, 7 0. Thus, these matrices neces-
sarily determine a two-dimensional irred rep of G, equivalent to T.
In the general case for m = 2n we form the 2" X 2" matrices

=y %o nly *)sl Yol Yool )
j—1 n—j
wr=lo )mmly )8 g)sly o)z sl; )
ji—1 n—Jj
1 <j<n.

It is straightforward to check that these matrices satisfy relations (6.5). Since
the matrices do not commute they cannot be obtained as a direct sum of one-
dimensional reps of G,,. Thus, (6.10) defines a matrix rep equivalent to T.
It is easy to verify that T is a [-] rep of G,,.

Remark. Recall that if A, B are m X m, n X n matrices, respectively, then
C = AR B is the mn X mn matrix with matrix elements

Cjk,ls - AjIBks'
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It is easy to verify the relations
(4, ® B, X4, ®Bz) = 4,4, @Ble

for m X m matrices 4; and »n x n matrices B,. Furthermore,

(AR B) = (cA) R B = AR (cB).

for any scalar ¢. These relations are easily extended to C, X -+ X C,..

Using the basic theorems on the rep theory of finite groups we can say
more about the matrix realizations of (6.5) for even m. First, every irred
matrix realization has dimension 2™ 2 and any two such realizations «;, &
are equivalent, i.e., there exists a nonsingular matrix Ssuchthata,” = S 'a,S,
1 << j <{ m. In particular, every realization is equivalent to (6.10). Further-
more, if the o; form a realization and S is nonsingular then the $™'¢;S form
an equivalent realization. All reducible realizations are direct sums of copies
of the single irred rep.

Taking m = 4 we obtain all solutions of (6.4) which lead to the Dirac
equation. The only irred realizations are in terms of 4 X 4 matrices and all
such realizations are equivalent. All reducible realizations are given by
4k x 4k matrices, where &k > 2.

The case m = 2n + 1 is a little more complicated. There are 2*""' < 2
equivalence classes of irred reps. Furthermore, since G, /{!, —1} is abelian
of order 22"*! there are 22"*! one-dimensional reps. This leaves two irred reps
of dimensions ¢, and ¢, . Since the sum of the squares of the dimensions equals
22n*2 we have

22 g2 gyt =200 or g,* -+ g,r =2

A solution of this diophantine equation is ¢, = ¢, = 2". Indeed, we can ex-
hibit two nonequivalent irred reps of dimension 2. For n = | the matrices

(6.11) o f:(] 0>' “2""(_,‘ o)’ “3j'(0 -1>

satisfy (6.5). (These are the Pauli spin matrices.) One can use the Schur lemmas

to check the irreducibility. A second irred rep is &, -~ —a;, j=1,2,3,
where the «; are defined by (6.11). These reps cannot be equivalent because
io,a,00, = E, = 1for (6.11), while i, '¢,'a,” = —E, = —1. This also shows

that neither of these reps is faithful (1-1), although their direct sum is faithful.
For general m = 2n + 1 the 2" x 2" matrices a;, ,.;, | << j <C n, defined
by (6.10) and the matrix

1 0 I 0
6.12) T IN) RN TN

satisfy relations (6.5) and, by Schur's lemmas, define an irred rep of G,,. ;.
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Furthermore, the matrices a,” = —a,, 1 << k < m, where the a, are given
by (6.10) and (6.12), also define an irred rep of G,,.,. These reps are not
equivalent because i*a, - -+ &, = E,. for the first representation, while i"a,’

’

-+a, = —E,» for the second. Neither rep is faithful, but their direct sum
is faithful. These results suffice to describe all realizations of relations (6.5)
by matrices.

We have related the Clifford algebra C,, to the reps of a finite group G,,.
We shall now show that C,, is also related to the reps of a Lie group. Suppose

the quantities &, satisfy the relations
o0, + 0,0 = 20, | <j k<m.
We define elements &, ,j # k, 1 <j, k <m + 1, by
20,0, if j#£k, 1<jk<m,

(6.13) O = 0 if j=m+1, 1<k<m,
—a, if k=m+1, 1<j<m
Furthermore, we set a;; = 0. It follows that &, = —a,; and there are

m(m + 1)/2 independent quantities a,,, j << k. The {a,;} form a Lie algebra
under the commutator bracket

(00> Opr] = 0,00, — 000k -
Indeed a straightforward computation yields

PN ) - A (s 1,100 Cad = 404 i%msr s — 4041000 s1 45
(6.14) lo;e, @] = 4(5““,'1 + 5,-1“10- - 51(1“,-;1 - 5]/:“/:1)’
1<jk,hi<m
Relations (6.14) are the commutation relations of an m(m + 1)/2-dimensional
Lie algebra.

Let us compare these results with the commutation relations of the Lie
algebra so(m + 1). It will be convenient to consider so(m + 1) as the space
of all (m+ 1) x (m+ 1) skew-symmetric matrices. Then a basis for so(m 4 1)
is provided by the matrices @, =8, — &, | <j <k <m+ 1. Taking

account of the rules @, = —@Q,; for all j, k we easily derive the commutation
relations
(6.15)

[@s Gl = 0,4@)1 + 0,80 — 02 — 9, Qs I <j kbl <m+ I
Setting &, = 1o, and @, ,,, = —}ia; .., = }in, we see that relations

(6.14) and (6.15) coincide. Thus, the {&, } span a Lie algebra isomorphic to
so(m + 1), so any matrix realization of (6.5) determines a rep of so(m + 1)
via the relations (6.14). Furthermore, the nontrivial irred reps of G,, computed
above determine irred reps of so(m + ). We can determine which irred reps
of so(m + 1) we have obtained by computing the highest weights.
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The maximal abelian subalgebra &, of so(m 4 1) obtained from (5.12)
by the change of basis (5.3) can be chosen to take the form

( i, . 0
Z: .
iA,
6.16) | i, Lo omr =254 1,
| z,
—il,
0 - 0
in the space of skew-symmetric matrices, where the last row and column are
missing if m + | = 2s. A basis for 4, is given by 3¢, = i@, ., =i§,,,, —

i€, 1 <j<s
Now consider the rep of G,, or so(2n + 1) given by (6,10). The corres-
ponding operators H are

Hj - Zl'iaj,ij = %l‘ajmn+js 1 <j<n,

or

I 0 N
(6.17) Hj:%E2®"'®E2®(O 71)®E2®"‘®E2'
i "
The eigenvalues of the H; are 4 4. In particular, a weight basis for the rep
is given by

(6.18) e(k, .'.kn):ek|®ekz®'..®ekn! k,:j:%,

where
1 0
(i) ()
Clearly,
He(k, -~ k; -+ k)=kelk, -k, - k,),
and e(k, --- k,) is a weight vector with weight 3 k4, since

H,...,4)= ¥ AH,.
=

The highest weight is 2 37 4, so we have constructed a realization of the
fundamental spin rep (3") of so(2n + 1).

Next we consider the rep of G,,_, = G,,_,,,, or so(2n) determined by
(6.10) and (6.12). The operators H, are

Hj = %i“j,(n‘l)+jkl7 lg.lg n - l’ Hrl = ian,Zn = ——%“(n—l)+l
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or
H=3E,Q  KRERXS,¥S,RVE,Q - RE,
h—\,—/ _—,__/
Jj—1 n—j—2
(6.19)

0 —i
H=1S0RG - ®E  S=(, )
y

Since the matrix S, has eigenvalues +1 we can perform a unitary similarity
transformation on the H, to obtain

n=ine ey el C)eEs ek
neily )eE® 0k

Again these matrices have eigenvalues 44 and the e(k, ---k,_)), k, = L4,
form a weight basis. We have
Hje(kl n 1) - 2k j|1 (kl kn—l)*
(6.20) l<j<n—1, k,=4%
Hne(kl ot kn*l) - kle(kl ot kn—l)'
We get the highest weight vector for k, = --- =k, | = 4. Thus the above

construction yields a model of the spin rep (1) of so(2n).

A second model is obtained by making the replacements o, — —a,,
I <j<n— 1. This leaves the operators H,, 1 <<j<{n — I, unchanged
but causes H, to be replaced by —H,. Again we get the highest weight vector
for k, = -+- =k,_, = 4, but this time the highest weight is }(4, + --- +
A,_, — 4,). Thus we have constructed a model of the spin rep (47!, —4).

As we demonstrated in the preceding section, the spin reps of so(m) do
not extend to single-valued reps of SO(m, ). It is shown explicitly by Boerner
[1] and Freudentha! and De Vries [1] that these reps exponentiate to single-
valued reps of a compact Lie group Spin(m). Here, Spin(m) is locally
isomorphic to SO(m, &) and there is a 2-1 analytic homomorphism of
Spin(m) onto SO(m, ©).

9.7 Examples and Applications

We present several examples showing how the classical groups appear in
physical theories.

Consider a family of linear operators a,,a* 1 <j < m, on an inner
product space V, satisfying the commutation relations

(7.1 [aj7 ak] - [aj*’ ak*] =0, [aj’ ak*] — 5jkE’
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where E is the identity operator. [Such operators appear in the method of
second quantization in quantum mechanics where they are defined on a Hil-
bert space 3C. There a,* is called a creation operator for bosons and its adjoint
a, is called an annihilation operator. These operators are closely related to the
harmonic oscillator problem in quantum mechanics and will be treated in
detail in Chapter 10. Here, we consider only the abstract commutation rela-
tions (7.1).]

Now V must be infinite-dimensional for (7.1) to hold. For, if 4 and B
are matrices such that [4, B] = AE then tr([4, B]) = Oimplies A =0. If V
consists of analytic functions in m variables z,, . . ., z, then a realization of
(7.1) is provided by the assignment

(7.2) a, = 0/dz,, a* =z,
It follows directly from the commutation relations (7.1) that the operators

E, = a *a, satisfy relations

(7.3) [Ei> Eul = 6E; — 6,Eu, 1 <jik,hl<m,

in agreement with (1.1). Thus, making the identification E,, < &, one can
easily construct reps of each of the classical Lie algebras in terms of annihila-
tion and creation operators for bosons. Furthermore one can use the models
to decompose V into subspaces transforming irreducibly under these reps.

For our next example we consider a family of operatorsa;, a* 1 <j < n,
on a finite-dimensional vector space V satisfying the anticommutation rela-
tions

(74) [aj’ ak]+ - [aj*’ ak*]+ - 0’ [a}., ak*]+ = 6/kE’ l S}s k S n,
where [a, b], = ab + ba. Setting

(7.5) a; = %(aj - ian+j)’ aj* = %(aj + ian+])’
we obtain the relations
(7.6) o0, + o0, = 20,.E, 1 <j, k <2n

Conversely, if the a, satisfy (7.6) and a,, a * are defined by (7.5) then the anti-
commutation relations (7.4) hold. Operators satisfying (7.4) are called annihi-
lation and creation operators for fermions.

It follows from the preceding section that ¥ can be decomposed into a
direct sum of irred subspaces under the a; and a,*, each subspace trans-
forming as the 2"-dimensional rep (3”) of so(2n + 1). A basis is given by (6.18)
which we rewrite as

(1.1 |p1 "'pn>:fp.®"'®fpn’ pj:()’]’

where
1 0
fo:(o)’ fxz(l)'
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Then from (6.10) and (7.5) we obtain

apyop py = (S py e py— L py
a*[p,-oopee Py = (=Dyprton(] — plp o p, 1 po
The physical interpretation of these relations will be given in the next section.

It has been found experimentally that for many nuclear interactions (the
strong interactions) one can consider the proton p and the neutron # as two
states of the same particle. In particular the masses of p and » are approxi-
mately equal. Of course there is a small mass difference and p has charge -1
while n has charge zero. However, the mass and charge differences can be
ascribed to so-called electromagnetic and weak interactions, which are con-
sidered as perturbations of the charge-independent strong interactions.

In the theory of strong interactions one considers p and n as two states of
the nucleon N described by the state space X = 3,,, ¥ 9,. Here 3, , is the
state space for a particle with spin } as described in Sections 7.8 or 8.4 (for a
relativistic theory) and 4, is a two-dimensional space with basis

1 0
(7.9 en/z:l’:(o , e_”:n:(l),

called isobaric spin space. A general element of ¥ can be written uniquely
in the form

(1.8)

¥Y=¥,0p+Y¥ &n,

where ¥, ¥, are themselves two-component spinors. Here ¥, ) p is a pure
proton state and ¥, (X n is a pure neutron state. In general, ¥ is a superposi-
tion of proton and neutron states. The inner product in X is given by

(7.10) ¥V, WDy = ¥, W e, + CHR, Wik e,
The state space for k nucleons is

K = (3, & 9,)% = (3, )¥* R (9,)%*.
An element ¥ of X% is determined by the spinor
.10 WX a5 X)), 5, =4, 1, =41

Here x,, . . ., x, are the position coordinates of the k particles, the s, are the
ordinary spin indices, and the ¢, are isobaric spin indices. For example, if
all components of ¥ are zero except that component for which s, = - .-
=s, = —%ands =-.. =1 =1, then ¥ is a state of k protons each with
3-component of ordinary spin equal to —1.

If this k-particle system interacts with itself we demand as usual that the
interaction admit the symmetry &,, (8.21), Section 7.8, where the group
acts on the position vectors X; and the spin indices s, . {In a relativistic theory
we demand that the interaction admit ® as a symmetry group, (4.22), Section
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8.4.] Furthermore, for strong interactions we also require that the operators
I(4), A = SU(2), commute with the interaction Hamiltonian, where

(7.12)
[I(A)lP]:w--.w,1.---u(x1 EICIEILN ) xk) == , Zr , Am,’ e Amk’lP:,---:;,,n’---lk'(xla cees Xk).

Note that I(4) acts only on the isobaric spin space 9, and does not affect
the position vectors or ordinary spin indices. Thus for a relativistic theory of
strong interactions the symmetry group is assumed to be & x SU(2). (Actual-
ly one also requires invariance under space and time inversion, but we will
not discuss this here.) Since we have already examined the implications of
invariance with respect to symmetry groups acting on the position vectors
and ordinary spin indices, we restrict the following discussion to the rep
(7.12) of SU(2) acting on the isobaric spin indices. Under this action (9,)®*
transforms according to the rep (D 2)¥*, We can use the CG series, Section
7.7, to decompose this rep into irred components. If the system is in a state
transforming as the canonical basis vector % of D™ in isobaric spin space
at some time ¢,, then the isobaric spin invariance of the system implies that
at any later time ¢ the system still transforms as f{**, The mathematical analysis
which exploits this invariance is similar to that leading up to expression
(8.10) in Section 7.8, but the physical interpretation is different. As an example
we consider an interacting two-nucleon system such that the result of the
interaction is again a two-nucleon system. The isobaric spin space 9, ) 9,
for this problem transforms as D/2’ (X D'’ = D'V’ (¥ D under SU(2).
The canonical basis vectors are

fi'=p®p, fP=2""@pXn+n®p), =nIn,
f =27"*(p®n —np)

Since isobaric spin is conserved by the interaction a p—p system ends up as
a p—p system and, similarly, an rn-» system ends up as an n-n system. Further-
more, the transition probabilities between corresponding eigenstates of
orbital and spin angular momentum are exactly the same for p—p and n-n
systems. Both of these systems belong to D', while a mixed system belongs
to both D'’ and D*®.

The Hamiltonian describing strong interactions between the two nucleons
commutes with the action of the isospin group. However, if one takes into
account the electromagnetic interaction between nucleons the perturbed
Hamiltonian no longer commutes with the isospin operators and it becomes
possible to distinguish between p and n. Thus the electromagnetic interaction
breaks isospin symmetry.

The concept of isospin symmetry can be applied to other elementary
particles. As an example we consider a family of eight baryons, all with

(7.13)
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(ordinary) spin } and approximately the same mass. Two of these particles
are p and n which transform as a canonical basis for the rep D2 in isospace.
The sigma hyperons 3", 3°° 37~ have charges +1,0, —1, respectively,
and transform as a canonical basis f{V, f{V, f) for D'’ in isospace. (Thus
the Hilbert space describing a single sigma hyperon takes the form 3¢,,, &
4., where 4, is the rep space for D''’.) The A® hyperon has charge zero and
transforms as a scalar D'® under isospin. Finally, the cascade particles E°,
EZ~ have charges 0, — 1, respectively, and transform as the canonical basis
£, f(_ll//zz) of D{1/2),

1t is required that the isospin group SU(2) be an invariance group for the
strong interactions of these particles. Thus for nucleon-sigma hyperon scat-
tering the isospin space transforms as D'''? ) D'V = D“? @ D"/?’, and
the isospin space has a basis consisting of a canonical basis for D*'?’ and
a canonical basis for D2, The basis vectors can be determined from the
CG series, e.g., fi?9¥ = p ® T*. Isospin invariance implies that a system
transforming as £\ before the scattering must transform the same way after
the scattering even if particles are created or destroyed by the interaction.
This leads to selection rules and conservation laws in analogy with those
derived in Section 7.8. Again, electromagnetic effects break the isospin
symmetry, so the conservation laws are only approximately correct. For a
detailed examination of these rules and their physical significance or validity
see the standard textbooks in elementary particle physics.

We now introduce one more concept important in the theory of strong
interactions: the hypercharge Y. Let /=, I? be the generators of isospin satisfy-
ing relations (1.23), Section 7.1. (We use the notation [ rather than J to dis-
tinguish isospin from angular momentum.) The eight elementary particles
listed above correspond to eigenvectors of I and the eigenvalues of I® are
conserved by strong interactions. We know that the charge of a quantum
mechanical system is conserved under strong interactions, and each of the
canonical basis vectors for isospin space listed above has definite charge.
Thus we can uniquely define a charge operator Q by

(7.14) Or = qr,

where ¢ is the charge of the particle r and r runs over a canonical basis for
isospin space. For example,

(7.15) On =0, Op=p
for the nucleon pair #n and p. We define the hypercharge operator Y by
(7.16) g=1I"+1Y or Y =2(Q — IY).

it follows easily from (7.9) and (7.15) that Y = 1 for the pair », p. A similar
computation shows that the hypercharge of the Z-triplet and A°-singlet is
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Y = 0 and the hypercharge of the cascade doublet is Y = —1. Thus there is
a close relation between the charge and the third component of isotopic
spin, and this exact relation is determined by the hypercharge. Since charge
and the eigenvalues of /* are additive quantum numbers conserved by strong
interactions, hypercharge must also be an additive conserved quantity. (By
additive we mean that a two-particle system consisting of particle a with
hypercharge Y, and particle b with hypercharge Y, has total hypercharge
Y, + Y, The sum Y, + Y, is conserved under strong interactions, though
not Y, or Y, separately.)

With the success of the concept of isospin in providing some order in
elementary particle physics, attempts were made to find a larger symmetry
group G for strong interactions which included the isospin group SU(2)
as a proper subgroup. The most successful attempt to date is the “eightfold
way” of Gell-Man and Ne’eman [1], in which the symmetry group is SU(3).

Before describing this theory we discuss the irred reps of SU(3). These
reps can be denoted [f,, f,] = [}, /2, 0, where f, > f, > O are integers. The
simple characters are given by Theorem 9.4 and the dimensions by

(1.17) N(fs ) =3 — fo + DU+ D0, + 1)
We list some of the irred reps of low dimension.
i, /2] NCFL D) Ufi. £ NS

1 [0,0] 1 8 [2,1] 8

3 1,0 3 10 [3,0] 10
(7.18) _ —

3 [1,1] 3 10 [3,3] 10

6 [2,0] 6 27 [4,2] 27

6 [2,2] 6

Here, we have adopted the notation in elementary particle physics where a
rep is denoted by its dimension. (Using Young symmetrizers the reader
should be able to show that 3,6, and 10 are the complex conjugate reps
of 3, 6, and 10, respectively.)

Clearly, 3 is the usual matrix realization of SU(3). The weights are
Ay, Ay, 43 = —A, — A,. The rep 3 is defined by the matrices 4, 4 € SU(3).
The weights are —4,, —A,, —4, == 4, + 4,. The rep 8 == [2, 1] is just the
adjoint rep of SU(3) acting on su(3). Indeed, su(3) is eight-dimensional and
the weights of the adjoint rep are just the roots of su(3) plus the weight zero
with multiplicity two. Thus the nonzero weights are 4-(4, — 4,), +(4, —
) = +Q4A, + 4y, +{A, — 4;) = +(4, + 24,). The highest weight is
24, + A,, so the adjoint rep contains {2, 1]. Since dim [2, 1] = 8 it follows
that the adjoint rep is irred.
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We can identify SU(2) with the subgroup

sUQ)

0 0 ]

of SU(3). Clearly [f,, f,]1SU(2) decomposes into a direct sum of irred reps.
We determine this decomposition for [2, 1]. On restriction to SU(2), we find
A, + 4, =0=24,. Thus, the weights of p=8|SU(2) are +24,,£41,
(multiplicity two), and 0 (multiplicity two). The highest weight is 24,,s0 p
contains [2] = D", (Recall [2u] = D*.) Removing the weights +21,,0
of [2] we see that 4, (multiplicity two) is the highest remaining weight. There-
fore, p contains [1] @ [1]. Removing the four weights +-4,, + 1, correspond-
ing to these reps we are left with the single weight 0. Thus,

(7.19) 8|SUQ2) =DV @ 2D" 2 @ D = [2] ® 2[1] D [0].

In the eightfold way the eight baryons introduced above are identified
with a basis for 8 which is canonical with respect to the decomposition (7.19).
The Z-triplet with hypercharge Y = 0 forms a canonical basis for [2], the
two doublets with hypercharge Y =1 and Y = —1 form canonical bases
for the two occurrences of [1], and the A° with hypercharge ¥ = O belongs
to [0]. The assignment

(7.20) H(A,,4,) = 2,0 1 2,(Y — Q)

defines the eight baryons as a weight basis for 8. We shall not be concerned
with the exact normalization of this basis.

Now consider these eight baryons as distinct states of a single particle
with spin 1. The Hilbert space describing such a single-particle system takes
the form 3, , X V4, where Uy is the eight-dimensional rep space for 8 con-
structed above. For very strong interactions involving this particle it is requir-
ed that the interaction Hamiltonian commute with the action of SU(3). Since
the isospin group SU(2) is identified as a subgroup of SU(3), this requirement
implies conservation of isospin, However, SU(3) invariance clearly leads to
additional selection rules and conservation laws. These rules can be obtained
from the Wigner—Eckart theorem.

Other particle multiplets can be fitted with irred reps of SU(3). In addi-
tion to the baryon octet there is an octet of pseudoscalar mesons which also
transforms according to 8. There is also a baryon decouplet transforming
according to 10. For very strong interactions involving a particle from the
baryon octet and a particle from the pseudoscalar meson octet the space
on which SU(3) acts transforms according to 8 () 8. To make full use of the
SU(3) symmetry it is necessary to decompose 8 (X) 8 into irred reps. The result is

(7.21) 8RE=271Q10DT0D 28D 1.
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If the system is in one of the irred subspaces on the right-hand side of (7.21)
before the interaction, it will lie in the same subspace after the interaction.
The analysis is very similar to that given in Section 7.6. The weight vectors
corresponding to irred reps on the right-hand side of (7.21) can themselves
be considered as particles or “resonances.” If such a resonance decays into
a baryon and a meson the possible decay modes and their relative probabil-
ities are given by expressing the resonance as a linear combination of weight
vectors from the “natural” baryon-meson basis for 8 (X) 8 via the Clebsch-
Gordan coefficients. The Clebsch-Gordan coefficients for SU(3) have not
been computed in the general case. The'principal difficulty is that the tensor
products may contain an irred rep with multiplicity greater than one, as
illustrated by (7.21). However, the CG coefficients have been tabulated
for all tensor products of importance in the eightfold way model, such
as (7.21) (Dyson [1]).

The eightfold way model is presumed to be exact only for extremely strong
interactions. The other possible interactions between particles are considered
as perturbations which break the SU(3) symmetry. We can imagine turning
on these perturbations in sequence. First we reduce the symmetry from SU(3)
to SU(2), the isospin group. This causes the baryon octet to split into a triplet,
two doublets, and a singlet via (7.19). At this point we still have isospin
symmetry. Now we turn on the electromagnetic and weak interactions to
break the SU(2) symmetry. The electromagnetic interactions conserve /3
and Q, but the weak interactions conserve only Q. If the perturbing interac-
tions are “small” with respect to the very strong interactions then we expect
this model to yield experimental predictions which are at least qualitatively
correct. Furthermore, we expect to explain the observed mass differences of
the particles in the baryon octet in terms of the perturbing interactions. In
fact, there is a great deal of experimental evidence validating the predictions
of this model and the observed mass differences can be explained rather well
by the Gell-Mann-Okubo mass formula (Dyson [1]). The model has no firm
theoretical basis and may be disgarded in time, but it is certainly a useful
means of classifying elementary particles and a beautiful application of sym-
metry groups.

The classical groups have been used extensively in atomic spectroscopy
and nuclear physics. For a detailed study of these applications see the work of
Hamermesh [1], Loebl [1, 2], or Tinkham [1]. In many cases the mathematical
content of the application is the determination of multiplicities of irred reps
T’ belonging to a subgroup K of G in the restricted rep T| K. Here T is an
irred rep of G. The formulas for the multiplicities are called branching laws.
Throughout this book we have computed branching laws for various groups
of physical interest. Some of the most important laws for the classical groups
are given by Boerner [1].
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The group SO(4, R) is of special importance in physics because of its
relationship to the hydrogen atom. For a (spinless) particle in a spherically
symmetric field the Hamiltonian takes the form

H=—(2mA+ V), r=[x+y + 2]
For most choices of the potential V' the (connected) symmetry group of H

1s just SC(3). However, outside of the trivial case ¥ a constant, there are
two cases where the connected symmetry group of H is larger than SO(3):

(7.22) V(r)=c/r, V(r) = cr?, ¢ a constant.

The hydrogen atom (a single particle in an attractive Coulomb field) corre-
sponds to such a potential. Using appropriate units we can choose

(1.23) H=—LA— (1/r).

It can be shown that the eigenvalues of H are all negative (the boundstate
energy levels) (Helwig [1]). Let 1 be an eigenvalue of H and €, the correspond-
ing eigenspace. We look for symmetric operators on €, which commute with
H. Since r7! is spherically symmetric the angular momentum operators L =
(L,, L,, L) [(6.24), Section 7.6} commute with H. Furthermore, a tedious
computation shows that the operators A = (4,, 4,, 4,),

- 1 - 2r\
(7.24) A—W(pr p><L+7>
are also symmetric and commute with H. Here p = (—id,, — id,, — id,),
r = (x, y, z), and L x P is the cross-product. For the physical significance of
A (the Runge-Lenz vector) see the book by Pollard [1]. Note that A depends

on A. The six operators L and A satisfy the commutation relations
[Ll.,Lk]zi};fj“L,, [L;, 4,] :i;qk,A,,

(7.25) ]
[Aj,Ak]zt‘Vljfjk,L,, 1 <j, k, 1 <3,

where €,,, is the completely skew-symmetric tensor such that €,,; = +1.
These commutation relations are valid only on the domain €,. Setting

C,=—3iL;+ A), D, = —}i(L, — A4)), j=12,3,
we obtain
(7.26) [C,,C.] =3 €,.0C, [D,, D] =3 €,.D, [C;,D,] =0.

Clearly the complexification of the Lie algebra generated by the operators
(7.25) is isomorphic to sI(2) X si(2). In particular, the commutation relations
(7.26) and (3.1), Section 8.3, are identical. Thus the irred reps of the Lie
algebra (7.25) can be denoted D®®, The reps are defined by (3.2) and (3.3),
Section 8.3. In particular, C-C = u(u + 1), D-D = »(v + 1), and dim
D®* = (2u + 1)(2v + 1). It follows directly from (7.24) that A.-L = L-A
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=0 and L-L + A-A = —[1 + (1/24)}. Thus

(727) C.C=D-D = }(L-L * A-A) = —3[1 -+ (1/20)] = u(u - 1),

so the possible irred reps on €, obtainable from our model (7.24) are D,
where

(7.28) A = —1/2Q2u + 1)? == —1/2n%, n=2u-+1=12....

The possible energy eigenvalues are given by the Balmer series 4, = —1/2x?
and the degeneracy of the eigenvalues 4, is n2. Just as in Section 8.3, the

restriction of this Lie algebra to the subalgebra su(2) generated by the angular
momentum operators L, L,, L, yields

(‘729) D(u,u) |Su(2) ; D(u) ® D(u) ; D(Zu) @ . @ D(l) @ D(O).

The eigenspace corresponding to 4, is not irred under the angular momentum
operators but decomposes into a direct sum of the irred reps D, 0 <1 <

n — 1, each rep with multiplicity one. It follows from (7.29) that we can
choose n? vectors ¥, as a basis for €, , where/ =0,1,...,n — 1, -/ <
m <

The skew-Hermitian operators iL,, i4,, 1 <j <3, generate a real Lie
algebra 1somorphic to so(4, R). Furthermore, the Lie algebra rep D“* on
©,, exponentiates to the irred rep (2u, 0) of SO(4, R). Note that so(4, R) and
s0(3, 1) are both real forms of s/(2) @ s/(2) = so(4). The action of SO(4, R)
on the coordinate space is rather difficult to compute because the A4, are
second-order differential operators (Kursunoglu {1}).

The harmonic oscillator in three dimensions corresponds to the potential

kr?, k > 0. The symmetry group of the Hamiltonian is SU(3). We will
study this example in Chapter 10. Outside of these two cases no examples of
rotationally symmetric Hamiltonians with connected symmetry group larger
than SO(3) are known. The high degree of symmetry of these two examples
enables one to find the bound-state energy levels and their multiplicities from
group theory alone.

In conclusion, we note that the noncompact classical groups also have
infinite-dimensional irred reps. These reps can be constructed using Lie
algebras and weight vectors (Sherman [1]) or using the method of induced
reps (Gel'fand and Naimark [1]).

9.8 The Pauli Exclusion Principie and the Periodic Table

Consider a Hilbert space 3C*¥ corresponding to a physical system of N
indistinguishable particles (say electrons) with spin s and mass m. A typical
Hamiltonian for this system is

(8.1) H;—Zl(l/bn)A, T V(X X)W,
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where x; is the position coordinate of particle j, ¥ is a potential function, and
W = (W8 (X, oe s Xy))

H1 N

is a spin-dependent interaction term. The Hilbert space consists of wave
functions ¥ = 2 W, ..(X,, ..., Xp)e & -+ - X e*~, where 4, is the spin
index of the jth particle (see Section 7.8) and the e~ form a canonical basis
in spin space. Here

(8.2)
(W), Xy oo, Xy) = Z: Wotm (X, e XWXy s ooy Xp).

vi=—

Let o be a permutation of the integers 1, .. ., N and define the permutation
operator ¢ on JC®" by

(83) (cq’)m--vuy(xl LRI} XN) = Tu,—l(” ,,,,, uﬂ-|(N)(xa"(l), LEEAEEE ) xa"(N))'

Here ¢ is a self-adjoint operator on JC®¥, as can be seen from the inner product
(8.20), Section 7.8. The indistinguishability requirement for the N particles
means that H is symmetric in the coordinates of these particles, i.e.,

(8.4) oH = Ho

for all ¢ € Sy. Thus the permutation group S, is a symmetry group of H.
To see the implications of this fact let A be an eigenvalue of H and W, the
corresponding finite-dimensional eigenspace. If ¥ € W, we have ¥ € W,
for each ¢ € Sy . Thus we can decompose W, into a direct sum of subspaces,
each subspace transforming irreducibly under S, . This decomposition was
studied in Sections 3.7 and 4.2, and the irred reps were labeled by Young
frames {f,,...., fu}

It has been found experimentally that not all eigenvectors ¥ in W, are
physically meaningful. In particular, if the spin s is half-integral, the eigen-
vectors of H with eigenvalue A (corresponding to a physical system) can
occupy only that subspace of W, belonging to the rep {17} of . Indeed, the
only allowed states W permitted to such a system are completely skew-sym-
metric:

(8.5) o¥ =4,¥.
(Here 8, is the parity of ¢ € Sy.) Particles with half-integral spins =4, 3, . . .
are called fermions.

If s is an integer, the eigenvectors corresponding to a physical system can

occupy only that subspace of W, belonging to the completely symmetric rep
{N}. Thus, the allowed eigenfunctions ¥ must satisfy

(8.6) oY =V%

for all ¢ € S,. Particles with integral spin are called bosons.
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All known elementary particles are either fermions or bosons. In the
following discussion we consider only fermions.
If the Hamiltonian is a sum of single-particle Hamiltonians

3.7) H=3H, H - —(2mA + V()

then the eigenspace W, is spanned by tensor products of single-particle eigen-
functions,

(88) W(X,,...,Xy) =PUX)® - QFM(xy), HPD = 1 ¥,

where A =4, + --- + Ay. If ¥ € W, then ¢¥ ¢ W, for each ¢ ¢ S.
The vectors 6'¥ span a subspace with dimension N! if the {¥"’} are linearly
independent. However, only the one-dimensional subspace consisting of skew-
symmetric tensors

(8.9) ¥ T ) R e QN ()

is physically meaningful. Thus, for a system of N identical noninteracting
fermions the skew-symmetry requirement allows us to discard all but one of
our N! linearly independent mathematical eigenfunctions. Furthermore, if
two of the single-particle eigenfunctions ¥, ¥'®, j # k, are linearly depen-
dent then W = @ in (8.9) and there are no permissible eigenfunctions. This
yields the Pauli principle: A system of identical fermions cannot exist in a
state in which two of the fermions are in the same single-particle state. The
Pauli principle is a special case of (8.5) since it applies only to noninteracting
systems.

To show the significance of the Pauli principle we discuss the N-electron
atom. (Electrons are fermions since they have spin 1.) By neglecting the mo-
tion of the (relatively) heavy nucleus we can consider an atom as a system of
N electrons in a Coulomb field centered at x = 0. The Hamiltonian is

(8.10) H—=H® + H" + H?,

where

@10 HO = JUH,  HY = 5 V(x, — x).
i=1 i<k

Here the H; are single-particle Hamiltonians
(8.12) H, = —(1/2m)A;, — Ng*/|x,]|

and m, g are the mass and charge of the electron, respectively. The V{(|x, —
X, ) is the potential due to the Coulomb interaction between a pair of electrons
and H'® denotes the interaction between the spin and orbital angular mo-
mentum of the electrons. Only H'?’ acts on the spin indices of the state func-
tions.
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We present a group-theoretic discussion of this system under the assump-
tion that H'" is “small ”in comparison to H'® and H®’ is “small” in compari-
son to H*’. The perturbation theory built on this assumption is called the
Russell-Saunders approximation. It leads to useful results for most atoms,
particularly the lighter ones.

To a first approximation the system is described by the Hamiitonian
H'®, i.e., the electrons do not interact with each other, but only with the
nucleus. Since H® is a sum of single-particle Hamiltonians its eigenfunctions
are tensor products of single-particle eigenfunctions. Furthermore, the single-
particle Hamiltonian H, is exactly that of the hydrogen atom. Omitting spin
considerations for a moment, we see from (7.29) that the single-particle eigen-
functions can be labeled ¥ ,,(x), where the principal quantum number takes
the value n =1, 2, ..., the orbital quantum number takes the values / =
0,1,...,n—1l,andm= —1I,—{+1,...,1 For fixed » and / the 2/ + |
vectors {¥,,,,} correspond to an energy level n/ of the hydrogen atom. The
energy levels increase with increasing n. In the nonrelativistic idealized hydro-
gen atom, levels n/ and n/’ have the same energy for / = /. However, with a
more realistic model of the atom it can be shown that this degeneracy is par-
tially removed and the energy levels increase slightly with increasing /. Thus
we can label the distinct energy levels by #/ and each such level has multiplicity
2/'+ 1. In atomic spectroscopy the orbital quantum numbers / =0, 1, 2, 3,

. are denoted s, p, d, f, g, . . . . Hence, the levels of hydrogen in order of
increasing energy are ls, 2s, 2p, 35, 3p, 4s, . . ..

We have not yet taken the electron spin into account. The spin space of
the electron is two-dimensional and the single-particle Hamiltonian does
not act on the spin indices. Thus, to each ¥, (x) there correspond two eigen-
vectors W, (x)e!’? and ¥, (x)e” "2, We conclude that the multiplicity of the
level nl is 2(2/ + 1).

Now we show that even in the rough first-order approximation where the
electrons are noninteracting we can get useful qualitative information. In
nature most atoms are found in the ground state (lowest energy state) rather
than in some excited state. Using our model of the atom with Hamiltonian
H© we will explicitly compute the ground state for each N.

For hydrogen, N = 1, the single electron must be in a ls state. For the
helium atom, N = 2, the lowest energy level is obtained by choosing both
electrons in a ls state. In the case of lithium, N = 3, it is tempting to choose
all three electrons in a ls state, but this is forbidden by the Pauli principle
since there are only two ls states. Thus, the lowest energy level of lithium is
obtained by choosing two electrons in 1s states and the third electron in a 2s
state. For N = 4 the ground state is formed by two electrons in 1s states and
two electrons in 2s states. Since there are only two 2s states the next electron
must be in a 2p state to obtain the lowest energy level for N = 5. We can

alm
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continue adding electrons one at a time until the six 2p states are filled. This
occurs for N = 10 (neon). For N = 11 (sodium) the added electron must
liein a 3s state. We can continue in this manner adding electrons one at a time
in the lowest possible eigenstates consistent with the Pauli principle.

It follows from our construction that electrons in an atom fall into electron
shells labeled by the principal quantum number #. Electrons in the same shell
have approximately the same energy, while the energy difference of electrons
in different shells is relatively large.

The first five experimentally observed shells ordered in terms cf increasing
energy are listed in Table 9.1.

TABLE 9.1

Shell number Electron states Number of states in filled shell

1 ls 2
2 2s,2p 8
3 3s, 3p 8
4 4s, 3d, 4p 18
5 5s, 4d, S5p 18

The observed composition of the first two shells is just as our simple model
predicts. We would expect that the third shell would contain the ten 34 state
as well as the eight 35 and 3p states. However, it has been found experi-
mentally that in a complex atom the 3d states have higher energy than the
4s states and fall in the fourth shell. Similarly the 44 states lie in the fifth shell.
{Our theoretical model ignores the mutual interaction between electrons.
However, as the number of atomic electrons increases so does the electron
interaction, so we would expect the model to be less accurate for many-elec-
tron atoms.)

As we have seen, for helium the first electron shell is filled, and neon
contains exactly two filled shells. Similarly, exactly three, four, and five shells
are filled for argon, krypton, and xenon, respectively. These atoms with
filled shells all correspond to inert gases. On the other hand, the atoms of the
alkali metals, lithium, sodium, potassium, and rubidium, consist of filled
shells together with one electron in an s state of the next higher shell. Again
these elements are observed to have similar chemical properties. Using the
above ideas it is possible to divide the known elements into families with
similar chemical properties, based on the structure of the electron shells. This
theory provides a quantum mechanical derivation of Mendeleev's periodic
table of the elements. Indeed the nth row of the periodic table corresponds
exactly to the nth electron shell. For more details the reader should consult
standard texts in atomic physics.
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We now turn to the problem of analyzing the multiplicity structure of the
eigenvalues of the Hamiltonian H, (8.10)—(8.12), corresponding to an N-
electron atom. Following the usual perturbation theory technique we first
consider the Hamiltonian H'®, a sum of single-particle Hamiltonians. It is
clear that S, [whose action is described by (8.3)] is a symmetry group of H®.
Furthermore, the group [SO(3)]Y = SO(3) X --- x SO(3) (N times) defined
by (8.3), Section 7.8, is a symmetry group since each single-particle Hamilto-
nian H; separately commutes with the action of SO(3).[Actually H,commutes
with O(3) but parity conservation contributes little to the following analy-
sis.] Finally, since H® does not act on the spin indices any unitary transfor-
mation in spin space commutes with H'®’, The spin space of an N-electron
system is 2¥-dimensional, so the spin transformations form a symmetry
group isomorphic to U(2¥). By forming all possible products of symmetries
corresponding to Sy, [SO(3)]", and U(2V) we can generate a larger symmetry
group G,. Unfortunately the structure of G, is so complicated that it is not
very useful for perturbation theory. (Note that symmetries from S, and
[SO(3)]¥ may not commute.) Therefore, we temporarily restrict our attention
to the direct product K = [SO(3)]¥ x U(2"), a proper subgroup of the
maximal unitary symmetry group.

Let A be an eigenvalue of H® and W, the corresponding finite-dimen-
sional eigenspace. Since K is compact, W, can be decomposed into a direct
sum of K-irred subspaces. Each such subspace transforms according to an
irred rep of the form

(8.13) D™ X DU X ..o DU (1],

where D is the (2/ + 1)-dimensional irred rep of SO(3) and [1] is the 2V-
dimensional rep of U(2¥) equivalent to the usual 2¥ x 2¥ matrix realization
of this group. Note that such an irred subspace is of the form

(814) V(ll"'IN) ® Z@N’

where Z®" is the 2"-dimensional spin space with basis {ex' X) - - X e*~],
p@oia s the (21, + 1) - -+ (21, + 1)-dimensional space of scalar functions
with basis

(815) ‘ilmllmA(x]) te ‘ilanNmN(xN), —lj g mj g [ja

and \¥,,,, is the hydrogen atom wave function with quantum numbers #, /, m.
The group U(2") acts on Z®" irreducibly and [SO(3)]" acts on V! jrre-
ducibly. The dimension of this rep is

(8.16) Q- 1) - (2 1 12N,
The numbers (8.16) give information concerning the degeneracies of eigenval-

ues of H™, although, since K is not maximal, several irred subspaces corre-
spond to the same eigenvalue.
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Next we consider the effect of the perturbing potential H'"’, (8.11). Clearly
the action of 4, X --- X Ay € [SO(3)]" on configuration space commutes
with HV if and only if 4, = --- = A,. These “diagonal” elements generate
a subgroup of [SO(3)]V isomorphic to SO(3). The permutation group Sy
and U(2") acting on the spin’indices are still symmetry groups of H'. We
can generate a much larger symmetry group G, by forming all possible finite
products of symmetries associated with SO(3), S, and U(2"). However, the
symmetries from Sy and U(2¥) do not commute in general so the structure of
this group is very complicated. To get more useful results we consider a sub-
group of G,. The set of all matrices

B
VA4
e U2,
VA4 .
B
where B € U(2), forms a group isomorphic to U(2). Under the action of
this group each of the spin indices of ¥ is transformed identically under the
usual two-dimensional realization of U(2). [If we restrict further to the sub-
group SU(2) we get the usual action of SU(2) in spin space.] It is easy to verify
that the actions of S, and U(2) mutually commute. Thus, the symmetry group
of H'"’ generated by SO(3), Sy, and U(2) is the direct product group

(8.17) K, = 50(3) x Sy x U(2).

The irred reps of K, are of the form

(8.18) D® X A fyyooo s fud < (815 &l

where D’ is the (2L + 1)-dimensional rep of SO(3), the Young frame
{fis o fub fi + - fy = N, denotes an irred rep of Sy as determined in

Section 4.2, and the Young frame [g,, g,] denotes an irred rep of U(2). Thus
each eigenspace of the Hamiltonian H'® 4 H’ decomposes into a direct
sum of subspaces, each transforming according to reps (8.18). However, the
only subspaces of physical interest are those for which { f,, ..., fy} = {1}
Furthermore, the rep [g,, g,] on restriction to SU(2) is equivalent to [g, —

g,,0] = DUe:—e2 2 We conclude that each irred subspace of physical interest
is of the form

(8.19) DV % {I¥ < [M | S,M — S],

where M and S are both integral or both half-integral. The dimension of this
space is (2L + 1)(25 + 1) and the action of the subgroup SO(3) x SU(2)
on it yields the irred rep D’ x D'S’. Such a space is called a term and desig-
nated by the symbol 2*!L in spectroscopic notation. Each wave function in
the space has orbital angular momentum L and spin angular momentum
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S. (Recall that spin and orbital angular momentum are not coupled at this
state of our perturbation procedure.)

Our derivation of (8.19) is not constructive since it does not show how to
actually compute such reps for a given physical system. We analyze this prob-
lem in more detail by considering a configuration in which the N electrons
are in states n,/,, ..., n,l,. Ignoring spin for the moment, we see that the
space Y% of all possible coordinate wave functions describing this system
is invariant under the group SO(3) x S¢, where SO(3) is related to orbital
angular momentum and S§’ denotes the action of the permutation group on
the spatial coordinates x; of the wave functions ¥(x,, ..., x,). Similarly
the 2¥-dimensional spin space Z®" is invariant under U(2) x S¢¥, where
U(2) [and its subgroup SU(2)] are related to spin angular momentum, and
S refers to the action of the permutation group on spin indices. Clearly,
the elements of W, = Y% ) Z® form an eigenspace of the unperturbed
Hamiltonian H® corresponding to some eigenvalue A. (Here, W, may only
be a proper subspace of the total eigenspace W,.)

We will decompose W,” into terms by first decomposing Y ¢~ into
irred subspaces under SO(3) x S§’ and Z®V into irred subspaces under

U(2) x §§. For Y% the results depend strongly on/,, ..., [,. All we
can say in general is that the irred subspaces are of the form
(8.20) DV {fi,....fil i+ -+ fu=N.

Important special cases of this decomposition are treated by Hamermesh
[1]and Lomont [1]. For Z®¥, on the other hand, we can proceed with complete
generality. It follows from the results of Section 4.3 and Section 9.1 that
Z®N decomposes under U(2) x S’ into a direct sum of subspaces of the form

(8.21) lg). 8] % (8.8} & +t&=N
Indeed the U(2)-irred subspaces of Z®¥ consist of symmetry classes of tensors,
each class belonging to a two-rowed Young tableau with N boxes. The space
(8.21) is that spanned by all symmetry classes of tensors corresponding to a
single frame [g,,g,]. The dimension of this space is (g, — g, -+ 1)-dim
{g,,8,}, where dim {g,, g,}1s given by Theorem 4.2. Note that the multiplicity
of the rep {g,,g,} of S in Z%¥ is g, — g, + 1. Since [g,, g,]| SUQ) =
[g, — g,, 0] the action of SU(2) x S§' on Z*¥ decomposes into irred reps
(8.22) DS X (AN + S5,4N — S}, DS =125,0],
where S =0,1,,..,N/2if Nisevenand S = },3,..., N2 if Nis odd.
Each irred rep occurs with multiplicity one.

Thus, we can decompose Y ) () Z®N into a direct sum of irred reps

(8.23) DB X DS X {fi,.. .., fn} Xx UN + S, IN — S}
under the action of the group
(8.24) S50(3) x SUQ2) x S x S
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At this point we couple the actions of S, on the spatial coordinates and the
spin indices, i.e., we restrict S§’ > S§’ to the diagonal subgroup {o X o:
o ¢ S,}, isomorphic to S,. Then the action of the symmetry group

(8.25) SO3) < SU(2) x Sy =K,
on (8.23) is
(8.26) D® X DS X ({fio..., AIQEN + S, 4N — S},

The only possible term in (8.26) is 25*'L and the multiplicity of this term is
equal to the multiplicity of the alternating rep {I¥} in the tensor product

(8.27) {fl’st}®{%N -+ S’%N*S}

Let{g,, ..., g} be the Young frame obtained by interchanging rows and
columns in the Young frame {g,, ..., g,}. In the next section we will show
that the multiplicity of {1} in (8.27) is zero unless

(8.28) (i oS} =N + S, 4N — S} = 2 275 18],

in which case the multiplicity is one.

Thus the only symmetry classes (8.20) that satisfy the Pauli principle are
those whose Young frames consist of two columns. The space transforming
according to (8.26) contains one or zero terms depending on whether or not
(8.28) is satisfied. An explicit construction of the states in 25*!L requires a
knowledge of the Clebsch-Gordan coefficients for {1*} in the tensor product
(8.27), but this explicit construction is seldom necessary in physical problems.

To recapitulate, our method of term analysis is to decompose the orbital
and spin wave functions separately into symmetry classes. The terms are
formed from tensor products of these two classes that satisfy the Pauli
principle.

We are now ready to consider the effect of the spin—orbit interaction
H‘¥. We assume that H®> does not commute with the orbital angular mo-
mentum operators L, or the spin angular momentum operators S, but that
it does commute with the operators J, — L, + S, of total angular momen-
tum. Thus, H® couples the actions of SO(3) and SU(2) on the orbital and
spin indices. (Compare the analogous discussion in Section 7.8.)

Let 25*'L be a term corresponding to a given energy level of H® + H"".
This space has dimension (2S5 + 1)(2L + 1) and transforms according to the
irred rep D'’ x D' x {1¥} of the symmetry group K, = SO(3) x SU(2) x
S, . The symmetry group of H?’ is the subgroup
(8.29) K, =SU2) x §,,
where the action of SU(2) is defined as in (8.21), Chapter 7. Decomposing
the term 2S*!'L into subspaces irred under K,, we find

+L

(8.30) DS % DV x (IM|K, = 3 @ (DY x {I¥)).

J=[S-L|
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The (2J + 1)-dimensional subspace transforming according to DY’ x {I¥}
is called a multiplet and denoted 25*!'L,. Thus, under a perturbing potential
H® the term 25*!L splits into 2K + 1 multiplet levels where K = min (S, L).
This completes our analysis of the Hamiltonian H = H'® + H"?’ + H?
on the basis of Russell-Saunders perturbation theory. This method is based
on the chain of groups G, o K, o K,. Although K, is uniquely determined
as the symmetry group of H and G, as the symmetry group of a non-
interacting system, the intermediate group K, is a function of our perturba-
tion assumptions. Different perturbation schemes lead to different chains of
symmetry groups G, o - - - © G,. For some examples see the work of Hamer-
mesh [1] or Loebl [1].

As the simplest nontrivial example of the Russell-Saunders scheme we
consider a configuration of two electrons in an np state. Here N =2,/ =
I, = 1, and the space Y is nine-dimensional. Since the spin space Z®? is
four-dimensional there are 36 possible states belonging to this configuration.
However, applying the Pauli principle we see that only

HE

of these states can be occupied by a physical system. (Note that a single np
electron can occupy 3 x 2 = 6 states.) We will decompose this configuration
into terms. Under the action of SO(3), Y*'"’ transforms according to D*' (X
DV D', We want to reduce Y“" into irred subspaces under SO(3) x
S, To do this we first split up the space into symmetry classes of tensors,
i.e., irred subspaces under the action T of U(3) x S [or GL(3) x S{V].
According to the results of Section 4.3,

(8.31) T=[20] % (2,00 ®[1?] x {12}.

Thus, Y is decomposed into spaces of symmetric tensors (dimension
six) and skew-symmetric tensors which carry the reps [2, 0] and [12] of U(3),
respectively. It is easy to check that [12]]SO(3) = D'V, so we must have
[2,0]|SO3) = D ¢ D®. Thus

(8.32) T|SO@3) x S = (D x {2,0}) (D™ x {2,0}) D (D x {12}).
According to our general analysis, the action of SU(2) x §¢ on Z®? leads to
(8.33) (DO x {12) P (DP x {2,0}).

Now {12} = {2, 0} and {2, 0}* = {12}, so the possible terms *$*!L transform-
ing according to D¥ x D x {12} are 'S, 'D, P, each term occurring
once (we use spectroscopic notation for the value of L). The total number
of states in the three termsis 1 + 5 + 9 = 15, in agreement with our earlier
result. The decomposition of each term into multiplets follows directly

from (8.30). For more complicated examples of term analysis see the work
of Hamermesh [1], Lomont [1], or Wybourne [1].
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9.9 The Group Ring Revisited

Here we derive some theoretical results of great utility in atomic and nu-
clear physics. Most of these results are related to the group ring of the sym-
metric group S,.

We start by proving a theorem used in the previous section. Let {4},
{4,'} be Young frames with n boxes and let (o), x'(¢) be the corresponding
simple characters of S,. The rep {1"} & {4,} of S, has character yx(g) =
w(o)x(c), where w(o) = 4, and 4, is the parity of ¢ € S,.

Lemma 9.10. The rep {17} & {4,} is irred.

Proof. We usg the results of Section 3.4 on group characters. By the Corol-
lary to Theorem 3.7 a character p of S, is simple if and only if {p, p> =1,
where

.1 4> X2 = (1/nY) Z; X:1(@)x,(0)

for characters x,, x,. Anelementary computation yields wy, wx> = {x, x>
= 1 since y is simple. Therefore, ¥y is a simple character. Q.E.D.

Denote the rep {1} & {4,} by {Ij}.

Lemma 9.11. The multiplicity m of the alternating rep {I"} in {1} ® {4,'}
is one if {1,'} = {4,}; otherwise m = 0.

Proof. We know m = {yy', ¥>. Since the characters of S, are all real,
(9.1) implies {yx',w> = {x', x¥>. The characters ¥’ and yy are simple,
so by the orthogonality relations for characters, {x’, y> = | if and only
if ¥’ = yw. Otherwise {y’, yw> =0. Q.E.D.

Since the rep {Zj} is irred, it must correspond to some Young frame
{u,;} of S,. To identify this frame we need a few facts relating characters to
the structure of the group ring of S,. These facts turn out to be valid for all
finite groups. Thus we consider an arbitrary finite group G with group ring
R;. The following discussion is based on results derived in Section 3.7.

Let W be a subspace of R, invariant under the left regular rep L: L(g)x
=gx,g € G,x € R;. Wis a left ideal of R; and there exists an idempotent
¢ in Rg such that W = R;c, ¢ = c. Let x(g) be the character of L | W. Clearly,
x(g) is uniquely determined once ¢ is known. We shall derive an expression
defining x(g) in terms of c¢. [Recall that every simple character y(g) can be
obtained in this way from some primitive left ideal W.]

Lemma 9.12. x(g) = 3 ,cq c(h™'g™'h), where ¢ = D, c(h)-h.
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Proof. let ¢ = e — ¢, where ¢ is the identity element of R;. Then ¢’ is
idempotent and R; = W @ W', where W’ = Ry’ is a left ideal. By defini-
tion, y(g) = tr (L(g) | W), where L(g)| W is the restriction of L(g) to W. Let
P be the projection operator Px = xc, x € R;. Then Pw =w for w e W
and Pw’ =8 for w € W’'. Clearly L(g)Px = L(g)w for x =w + w' € R;.
Thus x(g) = tr (L{g)P), where L(g)P is defined on R;. We compute this trace
using the natural basis {k: & € G} for R;. We have

9.2) L(g)Pk — gkc — 3] c(h)-gkh = 3, c(k™'g " h)-h,

heG heG

so the c(k~'g~1h) are the matrix elements of L(g)P in the natural basis. Sum-
ming the diagonal elements we obtain the lemma. Q.E.D.

We apply this result to S,. Let 7 be a Young tableau corresponding to
the Young frame {4,}. Then T defines a primitive idempotent

(9.3) ¢ =2 0,p4;
p.4q

where p runs over all row permutations of 7T and ¢ runs over all column
permutations. Thus, ¢ = 37 ¢(s)-s, where ¢(pq) = J, and c(s) = 0 if sis not
a pq. Let T be the tableau obtained from T by interchanging rows and
columns (see Fig. 9.1).

1356] 124]

21718 317

4] 58
T 6 T
FIGURE 9.1

Clearly, the row permutations p of T are the column permutations § of 7 and
the column permutations g of 7 are the row permutations g of 7. Thus the
essential idempotent ¢ corresponding to 7 is

(9.4) ¢ =Y 0:p0 = X 0,qp = L as)-s.
p.q p.q 3

If s =pgthen s™' =¢q 'p~',d, , =4d,, and &s™') =4,. If 5 is not a pg
then é(s~!) = 0. This proves the following:
(9.5) o(s) = 6,8,0(s™") = 6,6(s*)
foralls € S,. (Note that §,6, = &, if s = pq.)

If T is a standard tableau with frame {4} then T is a standard tableau
with frame {4} and this is a 1-1 relationship between standard tableaux
corresponding to these two frames. Hence, by Theorem 4.2 the reps {4}

and {Ij} have the same dimension /. By Lemma 4.6 the Young elements
fe/nt and fé/n! are generating idempotents for the reps {4,} and {4}, respec-
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tively. Applying Lemma 9.12 we obtain

0.6 xo) = T g0 =g = L s,

A17vst) = O,,,0(t7 s )
for the characters of these reps. But d,-,, = d,, so
9.7) 7(s) = 8,X(s).
This proves {):j} = {1" ® {4,}.
Theorem 9.10. The multiplicity of the alternating rep {17} in {4,} & {x,} is
zero unless {g,} = {4,}, in which case the multiplicity is one. Here {4} is
the frame obtained from {4,} by interchanging rows and columns.

The frames {4}, {11.} are said to be conjugate and their corresponding reps
are conjugate reps. If {4,] = {4} then {4} is self-conjugate.

Lemma 9.12, relating an idempotent in the group ring to the character
of the group rep it generates, is very useful in applied problems. To illustrate
this we reexamine the meaning of an induced rep of a finite group G as de-
fined in Section 3.5. If H is a proper subgroup of G we can regard R, asa
subspace (not a subalgebra) of the group ring R,. Let ¢ be a primitive idem-
potent in R,,. Then under the action of the left regular rep of H the subspace
R, ¢ of R, determines an irred rep T of H with character
(9.8) x(h)y= Y etk th k), ¢ —= 3 clh)-h

keH heH
All simple characters of H can be so obtained. Now ¢ is also an idempotent
in R, though not necessarily primitive. Thus, under the action of the left
regular rep of G the left ideal R,c determines a rep T’ of G with character

(9.9) xX(g) — Zaé(t*’g*‘t),
where ¢(t) = c(r)if t € Hand ¢(t) =0if t ¢ H. Let
g H, gH .... g.H n(G)~=m-n(H),

be the distinct left cosets of H in G, where g, = e. Then any ¢t = G can be
written uniquely in the form ¢ - g/ for some i/ & H. Thus from (9.8),

x'(g) — Zml hZ dhnlgilgT g h) — Zmll x(g7'gg)

Jj-1 hEH

.10 i xg if g H

28 = 0 otherwise.
Now x(h'gh) = y(g) forall h = H, so

Zh) XChig; gg ) - n(H)x(g;'gg;)
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and
| . _
9.11 (g) = —— !
9.11) 1 (g n(H)t;Gx(tgt )s
where t~! = g h. This expression for y'(g) is identical with expression (5.27),

Section 3.5, for the induced character y¢. Thus the rep of G defined by the
primitive idempotent ¢ in R,, is equivalent to the induced rep T°.

Certain induced reps of the symmetric groups are of great importance in
atomic physics. We can consider the direct product group S, x S, as a sub-
group of S,,,. (If we think of §,., as the permutation group on n + m
letters, then S, permutes the first # letters alone and S,, permutes the last m
letters). The irred reps of S, x S, are of the form {1,} x {u,}, where {1},
{u,}areirredrepsof S, S,,, respectively. The rep {1,} [x] {x,} of S, ,, induced
in the sense of Frobenius from {4,} x {u,} is called the outer product of
{A,} and {u,} (Hamermesh [1]). Theorem 3.9 yields the following result.

Lemma 9.13. The multiplicity of the rep {p,} of S,,,. in the outer product

{4} [X]{u.} equals the multiplicity of {1,} x {u,} in the restriction of {p,}
to the subgroup S, x §,,.

Simple algorithms have been developed which enable one to decompose
any outer product {4} [x] {4,]} into a direct sum of irred reps of S,,,,. For a
discussion of these procedures see the work of Littlewood [1] or Hamermesh
[1]. Here we merely show the importance of outer products for quantum
mechanics.

Outer products allow us to decompose a tensor product of irred reps of
U(k) [or GL(k) or SU(k)] into a direct sum of irred reps, i.e., they enable us
to determine the Clebsch—Gordan series for U(k). Consider the irred reps
[A,s..., A and [u,, ..., u)of Uk), where A, + -+ + A, =nand u, +
v+ + u, = m. We can regard the tensor product rep [1,] ® [u,] of U(k)
as defined on a subspace W of V®=tm ~ p® ) Vem where V is a k-dimen-
sional vector space. Here W = W, (X W,, W, is a symmetry class of tensors
in V" corresponding to a tableau with frame {4}, and W, is a symmetry class
of tensors in ¥*™ corresponding to a tableau with frame {u }. It is a conse-
quence of Theorem 4.11 that W, = ¢, V&, W, = ¢,V*" where c,, ¢, are the
Young symmetrizers corresponding to {4} and {u}, respectively. (We can
assume that the c, are primitive idempotents.) Now ¢, belongs to the group
ring R, of S, and ¢, belongs to the group ring R,, of S,.. Since S, X S, is a
subgroup of S,,,. we can also regard c¢,, ¢, as commuting idempotents in
R..,.. Thus, (c,c,;)? = ¢,%c,? = c,c, and c¢,c, is an idempotent in R, .
This proves W = c,c,V®"*™ and associates the U(k)-invariant space of
tensors W uniquely with the right ideal 4 = ¢,¢,R,,,. By Theorem 4.11
again, the decomposition of W into U(k)-irred subspaces is equivalent to
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the decomposition of 4 into a direct sum of primitive right ideals in R, ,.
We have observed above that g transforms under the right regular rep of
S,. . as the outer product {4} [<]{x,}. (Our switch from left regular to right
regular rep in no way changes this result.) Thus there is a 1-1 correspondence
between irred reps {p,} of S,,,, occurring in the outer product and U(k)-irred
subspaces of W transforming according to [p,]. (To this assertion we must
add the proviso that {p,} contain at most k rows since otherwise the tensors
in the symmetry class [p,] will all be zero.)

Theorem 9.11. The U(k)-irred reps occurring in the tensor product [4;] X
(i), 2 A, = n, X2 u; = m, are of the form [p,] where 3 p, = n 4 m. The
multiplicity of [p,] in [4,] & [x,;] equals the multiplicity of the rep {p,} of
S..n in the outer product {1} [x]{x,}.

Corollary 9.5. The multiplicity of [p ] in [4] & [x,] equals the multiplicity
oftherep {4} x {u,}of S, X S, in{p}|S, x §,,.

Proof. Immediate from Lemma 9.13.

The above theorem and its corollary demonstrate the importance of the
outer product in atomic and elementary particle physics. Use of the outer
product enables one to work out the Clebsch-Gordan series for GL(k),
Utk), and SU(k) in a straightforward manner. For details concerning the
applications see the work of Hamermesh [1] or Wybourne [I].

9.10 Semisimple Lie Algebras

In this chapter we have investigated the rep theory of the classical groups
and their Lie algebras. The classical Lie algebras belong to a larger family
of Lie algebras called semisimple. Semisimple Lie algebras have been widely
studied and there is a vast mathematical literature on their structure and reps.
Here we present a number of definitions and results, mostly without proof,
to show the relationship between the theory of the classical Lie algebras as
presented in this book and the more general theory of semisimple Lie algebras.
All of these results are proved in detail in the textbooks by Freudenthal and
De Vries [1], Hausner and Schwartz [1], and Jacobson [1]. With the orienta-
tion provided here the reader should have no trouble understanding these
texts.

Let G be a Lie algebra. We define a sequence {G™} of ideals in G inductively
by GV =G, gl = [G™, G"],n =1,2,.... Clearly, g™V < g™ We
say G is solvable if G = {8} for » sufficiently large. We say G is semisimple
if it contains no proper solvable ideals and dim G > 1. (An ideal is itself a
Lie algebra.) G is simple (dim G > 1) if it contains no proper ideals. Clearly,
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if G is simple then it is semisimple. On the other hand, we have the following
result.

Theorem 9.12. A Lie algebra G is semisimple if and only if it can be expressed
as a direct sum of simple Lie algebras:

g:gl®gz@"'@gk’ gi Simple-

Simple Lie algebras are the building blocks out of which the semisimple
Lie algebras are constructed. Another characterization of semisimple algebras
is as follows.

Theorem 9.13 (Cartan’s criterion). Lety,, ..., v, beabasis for G and define
the structure constants cf; by
(10.1) [y: 7/] = IE] dj?l-

Then G is semisimple if and only if det F 3= 0, where § is the matrix with
components §, =377, ciicly = T,

It is straightforward to determine which of the Lie algebras of the complex
classical groups are simple or semisimple. The algebra gi(m, €), m > 1,
is not semisimple, because the set of all multiples of the identity matrix forms
a proper solvable ideal. However, the algebras si(m, €), m > 2, are simple,
as are sp(m, §), m > 1. The one-dimensional algebra so(2, §) is abelian, but
so(m, §) is simple for m > 3 with the exception of so(4, €) = si(2, ) ®
sI(2, @), which is semisimple, In the mathematical literature the simple classi-
cal Lie algebras are denoted 4,,, B,,, C,,, D,, according to the following list

slim 4+ 1, 6) Anm m>=1 m(m + 2)

so(2m + 1, 6) B m>2 m(2m + 1)

sp(m, €) Cn m=3  m2m +1)

so(2m, @) D, m>4 m(2m — 1),
The last number in each row is the dimension of the corresponding Lie alge-
bra. The algebras B, C,, C,, D, are also simple, but due to the isomorphisms
B, =C,=4,,C,=B,, D, = A,, they are already included on our list.
No two algebras in the above list are isomorphic.

The (complex) simple Lie algebras can be classified up to isomorphism.

In addition to the four infinite families A,, — D, there are exactly five simple
algebras E,, E,, E, of dimensions 52, 78, and 133, respectively, F, of dimen-
sion 52, and G, of dimension 14. Thus, with the exception of these five alge-
bras, the exceptional algebras, we have already studied all complex simple
Lie algebras. The construction of the exceptional Lie algebras is by no means
a trivial matter, but these algebras are rarely used in theoretical physics, so we
omit their definition and rep theory. {The exceptional algebra G, has been
applied in atomic spectroscopy, see the work of Racah [1]).
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It is an elementary consequence of the Cartan criterion that any real form
of a complex semisimple Lie algebra is itself semisimple. Furthermore, the
complexification of any real semisimple algebra is also semisimple. By Theo-
rem 9.12 any real semisimple Lie algebra can be expressed as a direct sum of
real simple Lie algebras. The real simple algebras have been classified up to
isomorphism. They are of two types. Each real algebra of the first type is
obtained by considering a complex simple algebra with dimension » as a
real algebra with dimension 2n. Thus every complex simple algebra 4, --
D ,E. E, E, F,,G, is a real simple algebra of twice the dimension. The
real simple algebras of the second type are real forms of the complex simple
algebras. The Lie algebras of the groups given in Table 9.2 constitute all
algebras of type two which are real forms of the classical complex algebras.

TABLE 9.2
Complex form Dimension » Real forms
Am m(m |- 2) SU(m - 1)
m>=>1 SUm +1—q,q9),g=1,..., [(m -i- 1)/2]

SLim - 1, R), m > 1
SU*(m + 1), m + 1 even

B, m(2m + 1) SO(2m - 1)
m>2 SoQ2m -1 —qg,9),g=1,..., m
C m2m i 1) USp(m)
m>3 Spim — q,9),qg = 1,...,[m/2]
Sp(m, R)
Dy, m2m — 1) SO@2m)
m=>4 SO2m —q,4),qg = 1,...,m
SO*(2m)

aSee Egs. (10.2)-(10.6).

In Table 9.2
SU(p,q) =1{4 € SL(p | q,0): A4'G*4 — G},
(10.2) Gr — { 0 1 <Ci ii/p.
—0,, pll=<i<p-+tyq;

_ Z K
(10.3)  SU*2n) ={A € SL(2n,8): AJ — JA}, J = (—E Z);

(10.4)  SO(p,q)=1{4 € SO(p | ¢q,R): AG"A = G*};
(105  Sp(p.q)={A e Sp(p i q,8): A'H?4~ H"};

;Ep
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(10.6)  SO*(2n) = {A € SO(2n,C): AJA = J}.

The symbol [k] is the largest integer < k.

No two algebras in the above list are isomorphic. In addition to the classi-
cal algebras of type two there are 17 more algebras which are real forms of
the exceptional Lie algebras.

A Lie group G is locally simple if it contains no proper normal local Lie
subgroups. The commutator subgroup G’ of G is the group generated by
all elements of the form ghg 'h™', g, h € G. Here GV’ is a Lie subgroup of
G with Lie algebra GV =[G, G]. We define groups G inductively by G** 1’
= (G™)". Then L(G"*V) = GV =[G, G™]. The group G is solvable
if G = {e} for n sufficiently large. A Lie group is semisimple if it has no pro-
per solvable normal Lie subgroup.

Theorem 9.14. A Lie group G is locally simple (semisimple, solvable) if and
only if § = L(G) is simple (semisimple, solvable).

According to this result, Theorem 9.12, and our list of simple Lie algebras,
the semisimple Lie groups can be classified completely, at least in a neighbor-
hood of the identity. Moreover, use of topological methods enables one to
list all global connected semisimple Lie groups.

The real simple Lie algebras su(m + 1) (m > 1), so(2m + 1) (m > 2),
usp(m) (m > 3), and so(2m) (m > 4) are called compact since the global
connected Lie groups associated with these algebras are all compact. The
groups associated with all other real classical simple Lie algebras are non-
compact. Each simple algebra A, — D, , E, E,, E;, F,, G, has exactly one
compact real form.

As a final comment on the theory we mention the Casimir operator C.
Let G be a simisimple Lie algebra of matrices with basis @,,..., @, and let
T be a finite-dimensional rep of G. If the {@ } satisfy the commutation rela-
tions (10.1) then so do the operators T, = T(@Q,). The Casimir operator as-
sociated with T is

(10.7) C= 3 & "),T,T,,
J k=1
where & is the symmetric nonsingular matrix defined in Theorem 9.13. To
demonstrate the significance of C we introduce the Killing form for G,
(10.8) @ ®) = trf(AdRAd®), @ ®<G,

where (Ad @)(€) = [@, €] is a linear operator on § (see Section 5.6). It is
easy to show that (@,, @,) = F,,, so by Theorem 9.13 the Killing form of
G is nondegenerate. Furthermore,

([a,®),€) + (&, [@,€e]) =0,
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or, exponentiating,
(10.9) (e%Re %, e®Ce %) = (exp(Ad @)®, exp(Ad @)C) = (&, @)

forall@, ®,€ < G.

We leave it to the reader to show that C is defined independent of the
basis in G, i.e., if we introduce a new basis {®,}, B, = 3> h,,@,, )y = (®,,
®,), and compute Y (571, T(®)T(®,) we get C again. Now set B, = exp
(Ad r@)@,;, where € € G. The elements {® } form a basis for G and

(1010) gi/k - ((Bjs (Bk) - (&AJ‘, &‘k) = Eij, T((B]) — eIT(e)Tje—ﬂ*(e)
by (10.9). Thus,
C = ,Zk (F71),, 7T Ty @ = T Ce T

Differentiating with respect to 7 and setting t = 0 we find
(10.11) T(€)C = CT(€)

forall @ € G. Thus if Tis irred, C must be a multiple of the identity operator,
C = qE. The value of a is a function of T and can be used to label the rep.
We have already observed the utility of Casimir operators for the semisimple
algebras s/(2) [(3.2), Section 7.3] and so(3, 1) [(3.2), Section 8.3].

The algebras 4,, — D,, are said to be of rank m and the irred reps of these
algebras are designated by m integers [4,,..., 4,]. It can be shown that
corresponding to each simple algebra of rank m one can find m independent
invariant operators C; = C,C,,...,C, such that T(®)C, = C,1(@) for
each rep T of G and such that the values of the C, for each irred T completely
determine 4,, ..., 4, (Racah [2]).

Problems

9.1 Fill in the details of the proof in the text that Sp(m) is connected.
9.2 Prove Theorem 9.7.
9.3 Prove Theorem 9.8 in detail.

9.4 Using weights, decompose the reps 3 ® 3,3® 3,3 ® 3, and 8 ® 8 of SU(3) into
irred reps.

9.5 Consider the electromagnetic interaction as an operator proportional to /3 which
perturbs the strong interactions. Derive the selection rules 7 — F, I + 1 for the matrix
elements of this operator relating states of different isobaric spin. This theory predicts that
to a first approximation, electromagnetic interactions permit transitions only between states
whose isobaric spins differ by zero or one.

9.6 Compute the possible terms for the following configurations: (1) two electrons in
an nd state, (2) three electrons in an np state, (3) one electron in an ns state and one electron
in an n'p state.

9.7 Prove: The adjoint rep of a semisimple Lie algebra is faithful. The adjoint rep of a
simple Lie algebra is irred.
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9.8 Prove: A real compact semisimple Lie algebra has a negative-definite Killing form.
(Conversely, a real Lie algebra with negative-definite Killing form is compact, but the
verification is more difficult; see the work of Helgason (1, p. 122].)

9.9 Show that the matrix rep
l In
ICI), ¢c#0, cel,

glc) = (0 |

of GL(1) cannot be expressed as a direct sum of irred reps. Does this example contradict
the results of Section 9.1?

9.10 Let [fi,...,f,] be an irred rep of U(m) with character x(¢;,...,€m) given by
Theorem 9.4. We can consider U(m — 1) as the subgroup of U(m) such that the character
of [fy,....fmllU(m —1) is x(€1,...,€m-1,1). Derive the branching law {f1,...,
SullUm — D=3 @i, ke, ..., hao]. where the direct sum is taken over all integers

hi such that fi>h = =h=f1> - =fu1 =1 =fm (see the work of
Boerner [1]).



Chapter 10

The Harmonic Oscillator Group

10.1 The Harmonic Oscillator

The two most important nonrelativistic systems whose Schrodinger
equations can be completely solved are the hydrogen atom and the harmonic
oscillator. We have seen that the tractability of the hydrogen atom is related
to its high degree of symmetry and we shall reach similar conclusions for the
harmonic oscillator.

We start with a system in one-dimensional space. In suitable units the
Hamiltonian for a spinless particle subject to a harmonic oscillator potential
is
lax

2dxt 2
The Hilbert space JC consists of functions W(x) square-integrable on the real
line. The inner product is

(L.1) H=

(1.2) (P, @) — [ P)B(x) dx.
Although the eigenvalue problem
(1.3) HY = ¥

can be solved with special function theory, we can achieve greater insight by
adopting a formal Lie-algebraic approach. (Our approach can be made rigor-
ous by careful attention to the domains of definition of H and other un-

397
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bounded operators on 3 which we shall define shortly; Helwig [1].)
Consider the operators

(1.4) Jt — :}:%(%?x)

on JC. It is straightforward to verify the commutation relations
(1.5) (3,35 ] = £J*, [J*,J7] = —E,
where E is the identity operator and

(1.6) J: =H.

Furthermore, from the abstract relations (1.5) alone we can check that the
operator

(1.7) C=JJ —E}=JJ" —E—EJ

commutes with J* and J3. Thus J*, J® and E form a basis for a four-
dimensional complex Lie algebra G and C is an invariant operator for G
(analogous to the Casimir operator for semisimple algebras). Corresponding
to an irred rep of G we expect C to be a multiple of the identity operator.
In fact for the model of G defined by (1.1) and (1.4) we find

(1.8) C=—1E

Under the assumption that W(x), ®(x), and their first derivatives vanish
as | x| — oo, the formal relations
(1.9) (¥, J:@) = (J*Y, @), (P,J°0) = (J ¥, Q)
can easily be verified. (Integrate by parts.) Let ¥ be a normalized eigenvector
of J3 = H with eigenvalue 1. The commutation relations (1.5) imply
(1.10) J3(J=P) = (1 + HI*Y,
so J* are raising and lowering operators in the usual sense. Given an eigen-
vector W with eigenvalue 1 we can obtain a ladder of eigenvectors with
eigenvalues A + n. We assume the vectors J*W still belong to 3C. Then
L1y (Y, YY) = J Y, Y = (P +HIEMY. P =14 1.
Similarly,

(1.12) O<||IPIP=2—1.
It follows that A > 1, so the eigenvalues of J* are bounded below.

If 2, is the lowest eigenvalue of J* and ¥, is a corresponding eigenvector
then JW, = 0, since 4, — | is not an eigenvalue. By (1.12), 2, = }. Using
(1.4) we can solve this first-order differential equation for ¥, and obtain
(1.13) Yo (x) = Y exp(—x?/2),

where the factor z~'/* is chosen so || ¥, || = 1. From (1.7) and (1.8), J*'¥¢, =
(J*J- 4+ JE)¥, = 1¥,. so J* has a lowest eigenvalue 4 with multiplicity
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one. From (1.10) and (1.11) we can define normalized eigenvectors ¥, with
eigenvalues n + 1 recursively by

(1.14) FY -+ D)"Y, n=0,1,2....

Thus we use the raising operator J* to move up the ladder of eigenvalues.
According to (1.11), ]|J*¥, | =n + 1 > 0, so this process never ends.
Furthermore, the commutation relations imply the formulas

(1.15) PY, =0+ PY,, TY, =nr¥_,

We have shown that H has eigenvalues n + 4, n =0, 1, .. .. It is left
to the reader to verify that there are no other eigenvalues and each eigenspace
is one-dimensional.

Substituting the operators (1.1) and (1.4) into (1.14) and (1.15), we obtain
a second-order differential equation and two recurrence formulas for the
special functions W, (x). We can obtain a generating function from the first-
order operator J*. A simple computation using Theorem 5.31 yields

[(exp ad*)¥](x) = exp(—}a? — 27" 2ax)¥(x + 27V 2a).
On the other hand, (1.14) implies

lexp a3 J0) = 3[R L, 0,

Comparing these equations, we have the identity (f = 27'/%a)

(116) [exo(—E — px) o, + py = 5 [FEART By )

In the special case n = 0, (1.13) yields
(1.17) w4 exp(—B? — 2Bx — §x?) = 2"/2/3" (k1) 2%, (x),

a simple generating function for the ‘Pk(x). Comparmg this with the well-
known generating function

exp(— B + 28x) = 3 BHH,(x)/k!
For the Hermite polynomials H,(x) (Erdélyi et al. [2, p. 194]) we obtain
(1.18) W (x) = =4k 1) VA(— 1) 27+ [exp(—x2/2)]H (x).

The above series converge for all x and f. Since the {¥ (x)} form an ON
set in JC we easily obtain the formula

(1.19) j " H(0)H,(x) exp(—x*) dx = 22!,

Our Lie-algebraic analysis of the harmonic oscillator problem has not
only determined the eigenvalues of H but also enabled us to derive the
eigenfunctions and a number of their properties in a very simple manner.
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The generalized Lie derivatives (1.1) and (1.4) determine the action of a
connected four-parameter Lie group G on ¥ called the harmonic oscillator
group. Here G is nor a symmetry group of the Hamiltonian since J* do not
commute with H. However, a knowledge of the rep theory of G enables us
to determine not only the multiplicities of the eigenvalues but aiso the
eigenvalues themselves. Such a group G is cailed a dynamical symmetry
group of the quantum mechanical system. [To be more precise, we are
actually interested in the real Lie aigebra G’ generated by the skew-Hermitian
operators

(1.20) 33, E, 3T —J3-, id I

These operators determine a unitary irred rep of the real dynamical symmetry
group G" on &, where L(G") = G'. However, for Lie-algebraic purposes it
1s more convenient to work with the complexified algebra G determined by
(1.5).]

The above analysis shows that the harmonic oscillator system in one
dimension forms a model of an irred rep of G. (The proof of irreducibility
is left to the reader.) Another model of this same rep is provided by the
annihilation and creation operators for bosons. In this model the annihilation
operator a and the creation operator a* act on a Hilbert space JC and satisfy
the commutation relations

(1.21) [a* a] = —E.

Furthermore the number-of-particles operator N = a*a satisfies the com-
mutation relations
(1.22) [N, a*] = a*, [N,a] = —a.
There is an ON basis {{#n>, n = 0, 1,2, .. .} for 3 such that
aln> = n¥tn — 1, a*|n>=(n-+ D"2|n-+ 1
(1.23) |ny | > [ny = ( )2 P
N|ny = n|n).

The eigenstates |#> of N are considered to be states of n bosons, which
explains the names for a, a*, and N. Clearly, the operators a, a*, N, and E
generate the Lie algebra G and expressions (1.23) determine an irred rep of
G equivalent to that of the one-dimensional harmonic oscillator.
The harmonic oscillator in three-space has Hamiltonian
. 1 rr 1 ¢ d? 5
(1.24) Hff7A+7*7;< +x2):

- 2
dx;

We can view this system as composed of three one-dimensional noninteract-
ing harmonic oscillators. Thus the eigenfunctons of H are of the form

(1 25) l},nmgm('x) - l},m(x])l},ng(xl)l},m(XS)
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with eigenvalue Ay =n, +n,+n,+3=N-+3 n,=0,1,.... The
multiplicity of A, is equal to the number of ways we can select nonnegative
integers n; such that n, 4 n, + n; = N. A simple combinatorial argument
gives the multiplicity (N + )N + 2)/2. Here G X G x G is a dynamical
symmetry group for this system, which enables us to compute the eigenvalues
and their multiplicities. However, to get a better understanding of the
multiplicities it is useful to compute the ordinary symmetry group of H.
From (1.24) it is clear that the angular momentum operators commute with
H, so SO(3) [or SU(2)] is a symmetry group. However, the dimensions of the
reps D do not coincide with the multiplicities (N + 1)(N + 2)/2. This sug-
gests the existence of a larger symmetry group.

To investigate this group we consider the annihilation and creation
operators
(126) a, = f2~1/2(_d— 4 x.)» a* 2~!/2(i — x.>’ 1<j<3,

dx]- J £l 7

dx;

with commutation relations

(127) [aj’ ak*] = 5jkEa [aja ak] = [aj*’ ak*] = 0

From (1.24)

(1.28) H=1 za:(al.*a,. +aa’*) = 23: a*a, + 3E.
= i=1

It is easy to verify that the nine operators E, = a*a, commute with H
and satisfy the commutation relations

(1.29) [E;e» En]l = 0,,E; — 6,E,,

[see (7.3), Section 9.7]. (Note that the E,, preserve N, while operators such
as aa, do not.) Clearly, the E,, generate a complex Lie algebra isomorphic
to gI(3, @). The skew-Hermitian operators in this algebra form a real Lie
algebra isomorphic to u(3). A basis for u(3) is given by

(130) iE, +E,), E,—E,, k=#j iE, jk=12.3

i’
The angular momentum operators, given by E,, — E, ., k % j, generate a
subalgebra isomorphic to so(3).

Under the action of the E,, the eigenspace of H corresponding to eigen-
value A, is decomposed into a direct sum of u(3)-irred subspaces. Using the
results of Section 9.1 we can explicitly carry out this decomposition. The
highest weight vector is easily shown to be the eigenfunction with n, = N,
n, =n; = 0. Thus, the rep [N, 0, 0] of u(3) occurs exactly once. Moreover,
from (2.24), Section 9.2, dim[N, 0, 0] = (N + 1)(N + 2)/2, which is the
multiplicity of 4,,. Thus, the eigenspace of 1, transforms as [N, 0, 0]. As we
have seen, the angular momentum operators generate a subalgebra so(3)
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of u(3). To determine the branching rule for the subalgebra of angular

momentum operators we could compute the weight vectors corresponding to

the generator L* = E,, — E,, (this is not easy). The results are

N/2

> @D N even

J=0

(N~1
2,

j=0

(1.31) [N, 0, 0]|s0(3) = )

@b, N odd.

Thus, for N even the reps D occur with /even. An alternate proof of (1.31)
can be obtained from the character formula for U(3). The subgroup SO(3)
is embedded in U(3) in the natural way and it is straightforward to expand
%N SO(3) as a sum of simple characters of SO(3).

We say that U(3) is the symmetry group of the three-dimensional harmo-
nic oscillator. The global action of U(3) on IC is fairly difficult to determine
in this case since the E, are second-order partial differential operators to
which local Lie theory does not apply. The group action is expressable in
terms of integral operators. For details see the work of Bargmann [I] or
Miller [1]. These references also give the action of the harmonic oscillator
group on XC.

10.2 Representations of the Harmonic Oscillator Group

The Lie algebra G of the complex harmonic oscillator group G is defined
by the commutation relations

(21) [53’ gi] = :i:gtv [g+a g‘] = —§, [8a g:] = [8a 83] =0.

We present a brief survey of irred reps of G which occur in physical theories.
Let p be a rep of G on a complex vector space V and set

2.2) Jt=p(@*), I =p@), 1= p8).
These operators satisfy relations (2.1) again.
The faithful irred reps of § are all infinite-dimensional. Indeed, if p is

irred and finite-dimensional then 7 must be a multiple #E of the identity
operator on V, since / commutes with p(a) for all @ € G. Thus

(2.3) tr([J*,J]) = tr(uE) = pdim V

and g = 0 because the trace of a commutator is zero. Hence, 7/ = 0 and p
is not faithful. (A rep p of a Lie algebra G is faithful if p(«) == O for every
«#0inG.)

We make no attempt to classify all irred reps of G and simply examine a
few reps of particular importance. An easy way to construct such reps of G
is via realizations in terms of generalized Lie derivatives in one complex
variable. [We tried this same approach for s/(2) in Section 5.10.] Clearly, the
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generalized Lie derivatives

s a, v -_ ¢ . 4 _
I R - e e
satisfy the commutation relations (2.1) for all constants 4, u, and &.
For an arbitrary rep p the operator

2.5 C=J' —1J

commutes with all p(a), & € G, as the reader can check. If p is irred we
expect that C is a multiple wE of the identity operator on V. (However, we
have not proved this since Theorem 3.5 applies only to finite-dimensional
reps.) For our model (2.4) we find C = u(& — 4).

The operators (2.4) determine a local multiplier rep of G. To compute this
rep we need an explicit definition of G. Recall that G is only determined local-
ly by G. Among the linear Lie groups with Lie algebra G we select the one,
unique up to isomorphism, which is simply connected.

Definition. The complex harmonic oscillator group G consists of all matrices

l cer a 7
(2.6) g(abcr)~0 ¢ bO, a,b,c,t e @
Tl 010 '

0 0 01

Here G is a four-parameter complex linear Lie group. In terms of the
parameters,

2.7
gla, b, c,t)gla’, b, c',t')=gla+ a + cbe, b+ be,ct ce",1+1)
g Ya, b,c,t) = glbc — a, —be ", —ce*, —1).
The matrices §*, §°, & defined by
(2.8) g(a, b, e, 7) = (exp bg*)exp ¢~ Nexp t9°)exp a8)
form a basis for G satisfying the commutation relations (2.1).
Let T be the local multiplier rep of G determined by the generalized Lie
derivatives (2.4). The group identity (2.8) implies
(2.9) T(g) = (exp bJ ¥ )(exp ¢J )(exp J3)(exp al)
for |b],|cl, |zl |a| sufficiently small. For simplicity we choose 1 = —a,

& = 0in (2.4). Applying local Lie theory to compute the factors of (2.9) and
composing the result, we find

(2.10) [T(g)f1(z) = explu(bz + a) — wr]f(e°z + ec)
for f(z) analytic in some neighborhood of z = 0. [Compare the analogous
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computation for SL(2) in Section 5.10.] Since T is a local rep we have

(2.11) T(gg)f = T(gIT(g')f]

for g and g’ in a suitably small neighborhood of the identity. Moreover; if
we resirict f to the space @ of entire functions then (2.10) is defined for all
g € Gand T(g)f € Q. In this case the identity (2.11) holds for all g, g’ € G,
as the reader can prove directly from (2.7) and (2.10).

Every f ¢ @ has a unique power series expansion

@ =X az

which converges for all z € €. Thus the functions /,(z) = z", n >0, form
a basis for @. With respect to this basis we define matrix elements T, (g) by

(2.12) [T@h)z) = 3 Tu@h(z,  k=01...;

213 fexplu(bz + @) + (k — @)z + OF = ¥ T (8)7.

The group property (2.11) yields the addition theorem

(2.14) T,(g8) = EO T,9T,(g) &¢g <.

e
We can obtain the matrix elements explicitly by expanding the left-hand side
of (2.13) in a power series and computing the coefficient of z':

(215 Tile) = fexplua -+ (k — @)luby * 3 ST,

where the sum is taken over all integers s such that the summand is defined.
From Erdélyi ef al. (1, p. 268] we find

(2.16) T,(8) = lexplua + (k — @)elict~'L¥D(— ube),
where L{(x) is an associated Laguerre polynomial. Substituting this result
into (2.13) we obtain the generating function

(2.17) etz |+ k=3 LED(b)2.
izo

Furthermore, the addition theorem (2.14) yields
(2.18)
e=¥(c + YL + b)e + <)) = X LY Ifbe ) ey LY )
j o
where the integers /, [ -+ n are nonnegative and b, 5", ¢, ¢’ € €.

To exhibit the rep 1,,, of G induced by T we label the basis vectors in
terms of their eigenvalues with respect to J?3:

(2.19) Sa(2) = h(2) = 27, m=n— .
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Then
220y J? = —w + z{d/dz), Jt = uz, J- =djd:z, I=pu,

and direct computation yields

(22]) JSfm:m m* ‘]+fm;)ufm+19 ‘]Afm:(w 7L n1)fm—l’
‘ Ifm:)ufm’ Cfm:luwfm’
wherem = —w +n,n=20,1,...,and u, w < & with g # 0. As the reader

can verify, the Lie algebra rep 1, , is irred on the infinite-dimensional vector
space of all finite linear combinations of the basis vectors { f, }.

The rep T, , corresponds to the harmonic oscillator problem in one
dimension. Indeed, setting w = 0, 4 = 1, and |n)> = f,(z)(n!)" '/ we obtain

(2.22)
Py =nim, I = 0 E )20 Dy I =

in agreement with (1.23). [We have normalized our basis vectors {f,,} so no
square roots appear in (2.21).]

We have defined a class 1, , of irred reps of G and used a simple model to
compute the matrix elements 7,,(g) of this rep extended to G. These matrix
elements are uniquely determined by expressions (2.21) and are model-
independent. Thus, the model of 1, , provided by the operators (i.4), (1.6),
and basis vectors

(2.23) flx) = (—=1)y272(exp —}x*)H (x)
must have matrix elements (2.16). From (1.4) we find .
2.24)

[T(g)fXx) = {exp[{(c* — b*> — 2bc) — 27" 2x(b + )} flx + (b — )27""%)
for g(0, b, ¢, 0) = (exp bg*) exp ¢g~. Substituting (2.16), (2.23), and (2.24)
into
(2.25) T(e)fe = 3 Tule),

we obtain (after some simplification)

(2.26)  [exp(—bh* — 2bx)|H,(x | b ¢) = E *TIL D(be)H (x).

I-0

This expression converges for all b, ¢, and x.

Problems

10.1  Prove (1.31).

10.2 Show that the 4 x 4 matrices (2.6) define a rep of the harmonic oscillator group
which cannot be expressed as a direct sum of irred reps.
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10.3  Compute the recurrence relations and differential equation for Hermite polynomials
which result on application of the operators J*, J3, C (Section 10.1) to ¥,

10.4 Show that E*(2), the proper Euclidean group in the plane, is isomorphic to the
group of matrices

cosd —sinf x
glx,»,0) = (sin 8 cosh y)-
0 0 1

Check that these matrices define a rep of E+(2) which cannot be expressed as a direct sum of
irred reps.

10.5 Show that the generalized Lie derivatives
Jy = ip cos &, J, = ipsina, J, = —d/oa,

p a nonzero real constant, i = ' —1,0 < & < 2z (mod 2#x), span a Lie algebra isomorphic
to L{E*(2)). Compute the operators T(g) of the multiplier rep of E*(2) determined by the J, .
[Use the coordinates g[r, ¢, 8] = g(x, y, 8), where x + iy = reie, r =0, ¢ real.]

10.6  Verify that the T(g) computed in the preceding problem define a unitary rep of £ *(2)
on the Hilbert space L1[0, 27] (see Section 6.2). Compute the matrix elements Ty {g) =
{T(g)m,s f»y with respect to the ON basis fm(a) = eime, m =90, +1, +2,..., and show
that these elements can be expressed in terms of Bessel functions. What properties of Bessel
functions follow from the unitarity of the T(g) and the group property T(g,)T(g,) =
T(g,82)?



Appendix

Hilbert Space

We present some basic ideas and definitions from Hilbert space theory.
For a more detailed exposition see the work of Korevaar [1] or Naylor and
Sell [1]. All vector spaces will be assumed complex, although the facts for real
spaces are essentially the same.

Definition. A vector space U is an inner product space (pre-Hilbert space)
with inner product (-, -) if (u, v) € € for each u, v « U and

() (W, v) =, u).

(b) (am, + ayu,,v) =a,(u;,v) 4 a,(u,,v),q, € C,u,ve U

() (u,u) >0and (u,u) =0 onlyifu=20.

We define the length (norm) of a vector by ||ull = [(u, u)]'/2. Clearly,
|[u]| > 0 and ||u|| =0 if and only if u =8.

Lemma Al (Schwarz inequality). If u,v € U then |(u, v)| << ||ul|-{|v]]
Equality is obtained if and only if u and v are linearly dependent.

Lemma A2 (Triangle inequality). If u,v ¢ U then |ju + v{| <||u|[ 4+ || v]|.

Every finite-dimensional vector space with an inner product is a pre-
Hilbert space. We examine some examples of pre-Hilbert spaces which are
not finite-dimensional.

Example 1. By /, we mean the set of all sequences x = (x,, x,,...) of

complex numbers x, such that 337, | x;|? << oo. Here /, is a vector space with

407
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operations
(A.l)  ax = (ax,,ax,,...), X+y=,+y,.x,+r,. )

where x =(x,,X%,,...), Y=,V -..). Indeed, Yi2,ix,+ y? <
Zolx P Iy P+ 2 xp) <238, (|xi|2_+ |y:P) < oo for x,y € /.

Here we have used the property (@ — b)? = a*> + b* — 2ab > 0 for all real

numbers a, b. The space /, is a pre-Hilbert space with inner product

(A.2) (x,y) = ; Xy,
Indeed, the series for (x, y) converges for allx,y € /,.
Example 2. Let [a, b], a < b, be a closed interval on the real line and let

Cla, b] be the set of all functions f(x) which are defined and continuous on
[a, b]. Then C[a, b] is a vector space with operations

(af)x) = af(x), ael

(A.3)
(f "‘f g)(x) :f(x) % g(x)’ fs 8 € C[as b]

The expression

(A4) (fr9)= | f0RG) dx

defines an inner product on Cla, b].

Example 3. Let 97 be a closed bounded connected subset of R,, whose
boundary is piecewise smooth and let C(9M) be the set of all functions
f(x), x € R, which are defined and continuous on M. Using the definitions
(A.3) we can make C(9) into a vector space. Furthermore if w € C(9M)
and w(x) > O for all x ¢ I then the expression

(AS)  (f®=]_ fEGwx)dx,  dr=dx, - dx,
defines an inner product on C(9M). Here w(x) is a weight function.

Example 4. Let G be a compact linear Lie group and let C(G) be the vector
space of all continuous functions on G. Then C(G) is a pre-Hilbert space
with respect to the inner product

(A6) (fr9)= [ f(gDs4.  fgeCG),
where 04 is the normalized invariant measure on G.

Example 5. Let C%(R,) be the set of all functions f(x) defined and continu-
ous in R,, and such that

me

fk | f(xX)[Pdx < oo,  dx=dx, - dx
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(Note that continuous functions on R,, need not be bounded.) Then C%(R,)
is a vector space under the usual operations (A.3). Indeed, |2ab| < a* + b?,
for a, b real, so

A7 2] |f@e@ldx <[ 1f@Pdx+ [ |g@)Pdx < oo

for f,g € C*(R,,). Thus the integrals fR fgdx and JR | fg|dx converge.
This shows that ’ ’

[ 1)+ g@Pdx < [ (P + 21 f(x)g(x)] + | g(x) ) dx < o0
and f+ g € C%*(R,). Furthermore, by (A.7) the expression

(A3) (£ = |, Sl dx
defines an inner product on C%(R,,).

Definition. The pre-Hilbert spaces U, W are isomorphic (as pre-Hilbert
spaces) if there is a vector space isomorphism T: U — W such that (v,, v,)
= (Tv,, Tv,) for all v,, v, € U. Here the first inner product belongs to U
and the second to W.

Example. Every m-dimensional pre-Hilbert space U, is isomorphic to ¢,,.
(Choose an ON basis for U,,.)

Let {v;},j=1,2,..., be a sequence of vectors in the pre-Hilbert space
V. The sequence {v,} is said to be Cauchy if for every € > 0 there exists a
positive integer N, with the property ||v, — v;|| < € whenever k,j > N.,.
A Cauchy sequence converges in case there is a v € U such that lim, ., ||v —
v,|| = 0. If a Cauchy sequence converges to both v and w then |[|v — w|| =
v —v, +v,—wl|<l|{v—v{[+]lv, —w|| -0 as j— oo, sO v=w
Thus the limit of a convergent Cauchy sequence is unique. If a sequence
{v,} converges to v, lim;_[|v, — v|[| =0, then {v;} is Cauchy. Indeed,

ij_ka :ij_v+ V_VkHEHVj*VH‘H\V—V;(H*’OaSj»k“’OO-

Definition. A pre-Hilbert space 3C is a Hilbert space if every Cauchy
sequence {v,} in 3C converges to an element of 3C.

Example 1. Every finite-dimensional pre-Hilbert space is a Hilbert space.
(Prove it!)

Example 2. The space /, is a Hilbert space.

Example 3. The pre-Hilbert spaces C(910), C(G) and C?*(R,) are not Hilbert
spaces. In each case it is easy to construct a Cauchy sequence of continuous
functions which do not converge to an element of the pre-Hilbert space.
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The inner product in a pre-Hilbert space is continuous in its two argu-
ments.

Lemma A3. Let {u}, {v,} be convergent Cauchy sequences in the pre-Hilbert
space V. If v, — v,u, — u as j — co then lim,_, (u;, v,) = (u, v).

In case u; = v;, Lemma A3 yields lim,_.. [{v,[| = [v]|, i.e., the norm is
continuous with respect to convergence in U.

Let § be a subset of the Hilbert space JC. The subset § is dense in 3C
if for every u € JC there exists a Cauchy sequence {u;}in § such that u; — u.
Example. The set of all x = (x,, x,,...) in [/, with only finitely many
nonzero components x, is dense in /,.

A subspace ‘W of the Hilbert space JC is closed in JC if every Cauchy se-
quence in W converges to an element of W. The closure of a possibly non-
closed subspace ‘W is the smallest closed subspace of JC containing ‘W. (We
order the subspaces by inclusion.)

Lemma Ad4. Let W be the subset of 3¢ consisting of all u € 3¢ such that

there exists a Cauchy sequence {u,} in ‘W with u; — u. Then W is the closure
of ‘W.

Theorem Al. Let W be a pre-Hilbert space. Then there exists a Hilbert
space JC (unique up to isomorphism) such that W is dense in JC. Indeed
L =W.

The proof of this theorem is not obvious since we do not know a priori
that there exists a Hilbert space containing W as a subspace. Until 3 is

constructed the meaning of W is not clear. To construct 3¢ one considers
the Cauchy sequences {u,} in ‘W which do not converge. Then one adds new
elements u to ‘W so that u, — u. If {v,} is a Cauchy sequence in ‘W such that
llw; — v,|| — O then also v, — u. It can be shown that ‘W together with the
ideal elements {u} forms a Hilbert space JC. See books by Korevaar [1] or
Helwig [1] for the details.

By Theorem Al we can always assume we are dealing with a Hilbert space.
(If ‘W is not a Hilbert space we merely close it to obtain the Hilbert space W.)
This is fortunate because Hilbert spaces have many nice features not shared
by pre-Hilbert spaces.

As stated earlier, C(9) is not a Hilbert space. However, by the preceding
theorem C(91) is dense in a Hilbert space denoted L,(91). It can be shown that
to each element f in the closure of C(9M) we can associate a function f(x)
on M. Here f(x) is in general not continuous. If f(x), g(x) are in L,(9M) then
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there exist Cauchy sequences {f,}, {g;} in C(IM) such that f, — f, g, — g
in the norm. We define the integral J(mfg dx by

(A9) [ fx)gR)dx = (f,8) = lim(f,,g) = lim | fx)gfx) dx.

The integral Jm S8 dx is called the Lebesgue integral and L,(9M) is the space
of Lebesgue square-integrable functions on M. If f(x) and g(x) are functions
on M such that the Riemann integrals Jm | f1* dx and Jimlgl2 dx converge,

then f, g € L,(9M)and (A.9) is just the ordinary Riemann integral. However,
there exist functions in L,(9M) which are so discontinuous that they are not
Riemann square-integrable. The spaces of continuous and of Riemann
square-integrable functions on 9 form pre-Hilbert but not Hilbert spaces.
However, the closure of each of these pre-Hilbert spaces is the Hilbert space
L,(9M).

Note: Actually the elements of L,(917) are not functions but equivalence
classes of functions. We say that two Lebesgue square-integrable functions

f, g are equivalent if Lm | f(x) — g(x)|*> dx = 0. Equivalent functions cor-

respond to the same Hilbert space element. This distinction does not arise
on the subspace C(9M) since if fand g are equivalent continuous functions on
M then f(x) = g(x) for all x ¢ M.

The reader unfamiliar with Lebesgue integration need not despair. Since
C(M) is dense in L,(9M) we will ordinarily be able to restrict our computa-
tions to C(9M).

In complete analogy with the above discussion, the closures of the pre-
Hilbert spaces C(G) and C*(R,) are L,(G) and L,(R,,), the Hilbert spaces of
Lebesgue square-integrable functions on G and R,,, respectively.
Definition. A Hilbert space JC is separable if it contains a countable dense
subset {u,, u,,...}.

Example. The space /, is separable. Consider the subset § of all x =
{x,,x,, ...} such that each x; = a, + ib;, where the real numbers a;, b,
are rational, and only a finite number of the x; are nonzero. The set § is
countable and dense in /,.

It can be shown that L,(3), L,(G), and L,(R,) are separable. In fact
every Hilbert space studied in this book is separable. Therefore, from now on,
“Hilbert space” means “separable Hilbert space.”

Let I be a subspace of 3C. Then the set

Mt ={ue H:(q,v)=0 forall ve M}
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is clearly a subspace of 3C. Moreover, 911t is closed in JC since if {u;} is a
Cauchy sequence in 9! with u, —u and v € 9N we have (u,v) =
lim__ (u,v) =0, so u e ML

Theorem A2. Let 9 be a closed subspace of the Hilbert space 3C. Then
X =M PML, ie, every u € I can be written uniquely in the form
u=v+wwithved,we ML

For X finite-dimensional this theorem can be proved easily by introducing
an appropriate ON basis. In the infinite-dimensional case the proof is not so
obvious. The theorem is not true unless M is closed. (A finite-dimensional
subspace of 3C is always closed.)

Definition. A countable set {u,,u,,...} in 3 is orthonormal (ON) if
(w,uw) =96,,,k=1,2,.... For any u € J€ the numbers a, = (u, u)
are the Fourier coefficients of u with respect to the set {u,, u,, .. .}.

Definition. Let {v,,v,,...} be a countable set in 3C. We say 3 7., v, con-
verges in JC if the partial sums s, = Y %_,v,,k =1,2,... form a Cauchy
sequence in JC. The sum s of the convergent series is the limit of the Cauchy
sequence {s,}.

Theorem A3. Let {u;} be an ON set in € and let a, € €, j =1,2,....
Then 3 5., a;u; converges in 3C if and only if 377 |q;|* < co.

This theorem is not true for pre-Hilbert spaces because there the partial
sums of 3 7., a,u, may form a Cauchy sequence which does not converge.

Definition. An ON sequence {u ;] in 3 is an orthonormal basis (ON basis)

if every u ¢ X can be expressed as u = 37, au, for some constants a;
g.

If {u,} is an ON basis then the constants a; in the expansion of u € 3C are
uniquely determined. Indeed

k
(w,u) = le (:—21 au, uj> =lima; = a,,

so a; = (u, u;), the Fourier coefficient of u with respect to u;. Thus,

(A.10) u= i (u, u,)u,.
Furthermore,
(A1) ul = tim || 33 @ wpm, || = 1w 0P

This is the Parseval equality.
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Theorem A4. An ON sequence {u,} is an ON basis for 3C if and only if the
only vector v € JC such that (v,u)) =0,/=1,2,...,isv=260.

Theorem AS. Every separable Hilbert space JC has an ON basis.
Indeed 3C has an infinite number of ON bases if dim 3 > 0.

Definition. Let 3C,, j =1,2,..., be Hilbert spaces, where j runs over a
finite or countably infinite number of values. Let 3¢ = 3 5., @ 3, be the
set of all sequences

X=(X,,X5,...,%;,...), x, e ¥,,

such that > 7., || x;[[* < oo, where ||x;[| is the norm of x, in JC,. Then
JC is an inner product space with operations

ax = (ax;,...,ax,...), a, € G,

X+y=& +¥,..,%+Y¥,...) X,y € &,
(x’ Y): 2:1(’(,-,)'1'),
e

where (x;, y,) is the inner product in 3C,. Here JC is called the direct sum
of the Hilbert spaces 3C,,...,3C,, .. ..

The verification that 3C is an inner product space under the above opera-
tions is similar to the corresponding proof for /,. Moreover, by mimicking
the completeness proof for /, one can show that 3 @ 3¢, is a Hilbert space.

Let 3C be a Hilbert space. A linear operator T: JC — JC is bounded if

(A.12) ITH = sup [[Tulj < o,

i.e., if the least upper bound of the set {||Tul|: ||u]{ = 1} is finite. If T is
bounded the number || T|} is called the norm of T. The sum, product, and
scalar multiplication of bounded operators are defined exactly as in the
finite-dimensional case.

Lemma AS. Let S, T be bounded operators on 3. Then (1) |[|Tul|| <
HTH-Null, we 3¢5 (2) 1IS+ T <IiS{ + Tl 3) ST <IISI-ITI;
4) ||aT|| = |a|||T|, a € €. In particular the sum and product of two
bounded operators are bounded operators.

The proof of these results is identical with the proof in Section 5.1 of
the corresponding results for operators on finite-dimensional spaces.

Lemma A6, Ifs = > v,, where 3 v, is a convergent series in 3 and T
is a bounded operator, then Ts = 3 Tv,.
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A bounded operator T from 3 onto JC is unitary if (Tu, Tv) = (u, v),
all u,v € &, i.e., T preserves inner product. The operator T is symmetric
or self-adjoint if (Tu, v) = (u, Tv) for all u,v € JC.

The matrix 7 = (T, ;) of a bounded operator T with respect to the ON
basis {u } is defined by

(A13) T = T, T,=Ta,uw), k=12

To the sum of two operators S - T corresponds the sum of their matrices
and to the product ST corresponds the matrix product:

(A.14) S+ Thy =Sy + Ty (SThy = X SuTy-

The adjoint T* of the bounded operator T is defined by the relation
(A.15) (Tu, v) = (u, T*v), all u,ve 3.
In particular, if T, ; are the matrix elements of T with respect to an ON basis
{u,} then the corresponding matrix elements of T* are

(T*)kj = Tjki T*uj — k‘;{ Tjkllk.

Thus T* is a uniquely determined linear operator on JC. Moreover, T* is
bounded and || T|| = || T*||. Note that T is self-adjoint if and only if T = T*.
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Symbol Index

This index lists symbols used frequently in the text, followed by the sections in which
they first appear.

e Absolute value, 5.1.

A* Adjoint of the operator 4, 3.7.

Ad 4, Ad« Adjoint rep operators, 5.1, 5.6.

B, Algebra of permutation operators, 4.3.

a, a* Annihilation and creation operators, 9.7.
A(G) Automorphism group of G, 1.3.

g*, 9°,9%orJ*,J,J3 Basis for a rep of s/(2), 5.10.

L£1,£2,L; Basis for so(3), 7.1.

Jlz) = [(z/2)7(n!] B e_o [(—22/4)%[(n + 1)4k!],n = 0,1, ..., Bessel function, 10.2.
Ay Bisymmetric transformations, set of, 4.3.
8ty Ea Branch, 9.1.

r,, Tm Bravais lattices, 2.8.

hm Cartan subalgebra of a classical group, 9.1.
x(g),ge G Character of the group G, 3.4.

C, U(1), SO(2) Circle group, 2.3.

CG Clebsch-Gordan, 3.5.

(ui,vj|ésl) Clebsch-Gordan (CG) coefficients, 3.5.
C(u, m; v, niw, k) Clebsch-Gordan coefficients for SU(2), 7.7.
o; Clifford algebra, elements of, 9.6.

C(T) Column permutations of a Young tableau, 4.2.
[4, B), [«, £l Commutator bracket, 5.1, 5.3.

& _ Complex numbers, 1.1.

A = (A;;) Complex conjugate matrix, 3.1.

Cp Conjugacy class in a point group, 3.6.
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uxy Cross product, 3.8.

Cn Cyclic group of order n, 2.4.

Cop, Coons Symmetry groups, 2.9, 7.6.

Aler, ..., €m) = [1on (ej — €1, 9:2.

fx),f(0 Derivative of a function, 5.1.

A Derivative of a matrix-valued function, 5.1.
det A Determinant of matrix 4, 2.1.

leh, ..., em| = ¢ 8:€%,, - €,,, Determinant, 4.4, 9.2.

D, Dihedral group, 2.4.

dim V Dimension of vector space V, 3.2.

G X H Direct product of groups, 1.5.

T T2 Direct sum of reps Ty and T,, 3.2, 3.5.
Ve w Direct sum of vector spaces ¥ and W, 3.2, 3.5.
Docp Symmetry group, 2.9.

T=T Equivalence of reps, 3.1.

E(n), (E*(m) Euclidean group in n-space (proper Euclidean group), 2.2.
{a, O} Euclidean group element, 2.2.

(9,0, w) Euler angles, 7.1.

expa:-G— G Exponential mapping, 5.5, 5.9.

expA = ed = E‘}‘;o AJ[j! Exponential of a square matrix, 5.1.

G/N Factor group, 1.2.

T() = limpae (0! 07[(2)gs1], T(z + 1) = 2T'(2), T(n + 1) = nl,n=0,1,2,...,
Gamma function, 7.5.
GL(n, 6), GL(n, R), GL(n) General linear groups, 1.1, 5.4.

G Group, 1.1.

Rg Group algebra (ring) of the group G, 3.1, 3.3.
X = Dizcax(@)g Group algebra element, 3.1.

o(g, h) Group product in local Lie group, 5.2.

T(g), T(A) Group rep matrices, 3.1.

T(g), T(A4) Group rep operators, 3.1.

H Hamiltonian operator, 3.8.

Hy(x) = (—1) exp(x2)(d»/dx»)y exp(—x2),n = 0, 1,2, ..., Hermite polynomials, 10.1.
3 Hilbert space, 3.8, Appendix.

u:G— G Homomorphism of groups, 1.3.

1:6— G’ Homomorphism of Lie algebras, 5.3.

2Fi(a, b: ¢ z) = 3,7 (@)a()nf(c)l(z7/nY), | 2| < 1, Hypergeometric series (see Poch-
hammer symbol), 7.2.

Y Icosohedral group, 2.4.

4 Ideal, 4.3.

04, R, Ideals in the group ring of §,, 4.3.
e Identity element in a group, 1.1.
E, Identity matrix, n x n, 2.1, 3.3,

E Identity operator, 2.1.

TG Induced rep, 3.5.

u, v, (u, v) Inner product, 2.1, Appendix.
-[f(x) dx Integral of f(x), 3.1, 3.8, Appendix.
dA, diA, d, A, 64 Invariant measures on a linear Lie group, 6.1.
1= —-E Inversion operator, 2.3.

Irred Irreducible (representation), 3.2.

Ti#) Irred rep of group G, indexed by the integer u, 3.3.
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[fi, oo fml Irred reps of GL(m), U(m), and SL(m), 9.1.

D) Irred rep of proper homogeneous Lorentz group, 8.3.
D, pWw.?) Irred reps of L1, 8.3.

DY, DY Irred reps of O(3), 7.6.

D) Irred reps of SU(2), SO@3, R), and SL(2, 6), 7.2, 7.3.
G=H Isomorphism of groups, 1.1, 2.4,

Gx Isotropy subgroup of G at x, 1.4,

o;;=1ifi=j,=0if i j; Kronecker delta, 1.1,
Li(z) = [F(e + n + D/T@ + Dn'} 5o (=my/@ + 1), 2j),n=0,1,2,...,
Laguerre polynomial, generalized, 7.5, 10.2.

A Laplacian, 3.1.

L,(G) Lebesgue square-integrable functions on the group G, 6.2,
Appendix.

L,(on) Lebesgue square-integrable functions on domain 917, Appendix.

L(g) Left regular rep, 1.4, 3.1.

P,m(cos 8) = P2 ~™(cos 8), Legendre function (associated), 7.2.

Pycos ) = ,Fy(n + 1, —n; 1; (1 — cosB)),n =0,1,2,..., Legendre polynomial, 7.2.

S Lie algebra, 5.3.

L(G) Lie algebra of local Lie group G, 5.3.

so(3,1) Lie algebra of homogeneous Lorentz group, 8.1, 9.10.

Ly, D, Lie derivatives, 5.9.

T:V—V Linear transformation, 2.1, 3.1.

In A Logarithm of a matrix, 5.1.

Lt Lorentz group (complete), 8.3.

L(4) Lorentz group (homogeneous), 8.1.

L+ Lorentz group {proper), 8.1.

T=(T:p Matrix, 2.1.

28+1[, Multiplet, 9.8.

v(X, g) Multiplier, 5.9.

[lall, J AL Norm of a vector (operator), 2.1, 5.1, Appendix.

Na Null space of linear operator A, 3.3.

(0] Octahedral group, 2.4.

n(G) Order of group G, 1.1.

wi Orthogonal complement of subspace W, 3.2.

O(n, 6), O(n, R), O(n) Orthogonal groups, 5.4.

{A3 ] (uxd Outer product of irred reps of S, and Sy, 9.9.

ds Parity of the permutation s, 4.1, 9.2.

3fidx, 81, fx Partial derivative, 3.1.

G+1/2,21/2 Partial derivatives, 8.4.

i, fn) Partition or frame, 4.1.

12 ...
( n),(Pr“'pj), o(x), Permutations, 1.1, 4.1.
p1p2 - Pn

1 Perpendicular, 2.8.
h = 2rh ~ 1.054 x 10-27 erg sec, Planck’s constant, 3.1, 3.8.
@,=ala+1)---(a+n—1)=T(a+ n)/T(a), Pochhammer’s symbol (see Bessel,
hypergeometric, and Laguerre functions).
P Poincaré group, 8.2.
@ Poincaré group (covering group of), 8 4.
Cnhx Cnv; Dm‘n Dnd,
Oh =0uU IO, SZn, Td)
T, =TuVIT, Yy = YU 1Y, Point groups, 2.5.
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P

Ra

R,

R

Oy

Rep

T\W

R(g)

a(3C)

Cu(®)

Sx(8) = oxCu(6),

R(T)

Spin(m)

SL(n, €), SL(n, R), SL(n)
[sl(n, B), sl(n, R), si(n)],

S0(n, ), SO(n, R), SO(n)
[so(n, ), so(n, R), so(n)],

SU(m) [so(m)]

SYMBOL INDEX

Projection operator, 3.3, 3.7.

Range of linear operator A, 3.3.

Real Euclidean n-space or group ring of S, 2.1, 4.2.
Real numbers, 1.1.

Reflection in plane perpendicular to k, 2.1.
Representation, 3.1.

Restriction of T to W, 3.2, 3.5.

Right regular rep, 3.1.

Root form, 9.1.

Rotation through angle 8 about axis k, 2.1.
Rotation-inversion, 2.1.

Row permutations of a Young tableau, 4.2.
Simply connected covering group of SO(m, €), 9.6.

Special linear groups (Lie algebras), 1.1, 5.4.

Special orthogonal groups (Lie algebras), 1.4.
Special unitary group (Lie algebra), 5.4.

Ym@, o) = (21 + D) — m)\/4n(l + m)1]V/2Pym(cos Deime, m = —1, —~1 +1,...,]1,

1=0,1,2,...,

Spherical harmonic, 7.4.

P ™"(cos ) = [(sin @yn="(1 + cos B)s*n-m/wT(m — n + VL Fi(—u — n,m — u;

m —n+ 1;[(cos 8 — 1)/(cos 8 + 1)]),

Sns S

Sx

Sp(m)

ajie o

T, Q T2 (TS
u@v

V@ w(yen
28+1],

T

(}'1 J2 }'3)
nty may ms

trd =37, Au

T,

T(n)

At

U(m), USp(2m), SU(m)
u,v, X

V,Ww

Ve

V@)

A(%)

SeA = A — 2(AL/o,)a
V4

VA

0

Spherical function (generalized), 7.2.
Symmetric group, 1.1, 4.4.

Symmetric group on set X, 1.4.

Symplectic group, 5.4, 9.4.

Tensor components, 3.8.

Tensor product of group reps (n-fold), 3.5 (3.8).
Tensor product of vectors, 3.5.

Tensor product of vector spaces (n-fold), 3.5 (3.8).
Term, 9.8.

Tetrahedral group, 2.4.

3-j coefficients, 7.7.

Trace of n X n matrix A4, 2.1.
Translation, 2.2.

Translation group in n-space, 2.2.
Transpose of matrix 4, 2.1.
Unitary classical groups, 5.4, 9.4.
Vectors, 2.1, 3.1.

Vector spaces, 3.1.

Volume of compact group G, 6.2.
Volume of parallelepiped Q, 2.6.
Weight, 9.1.

Wey! reflection, 9.1.

Zero matrix, 3.7.

Zero operator (Zv = 0), 3.7.
Zero vector, 2.2.
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Ado’s theorem, 170
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Analytic curve, 165, 166
Analytic manifold, 165
Angular momentum operators, 239, 254

orbital, 269

spin, 269

total, 269
Apostol, T., 163, 415
Annihilation operator, 369
Anticommutation relations, 369
Associative algebra, 132
Associative law, 1, 163
Automorphism

group, 8

inner, 8, 182

local analytic, 170

of groups, 6

of Lie algebras, 170

Average, 212
Axis of rotation, 18

B

Balmer series, 377
Bargmann, V., 263, 402, 415
Baryon, 268, 371
Basis, 17
canonical, 257, 298
orthonormal, 18, 66, 412
Bessel functions, 406, 421
Biedenharn, L. C., 415
Billings, A., 415
Bisymmetric transformations, 131
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Bounded operator, 413
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C

Campbell, 1., 204, 415
Campbell-Baker—Hausdorff formula, 161
Canonical coordinates, 178
Cartan’s criterion, 392
Cascade particle, 372
Casimir operator, 234, 260, 394
Cauchy sequence, 153, 210, 409
Cayley’s theorem, 12
Cell, primitive, 37
Center (Lie algebra), 183
Centroid, 25
Character, 74, 217,

compound, 75, 217

simple, 75, 217

table, 85
Charge, 372
Chevalley, C., 216, 415
Circle group, 215
Clebsch-Gordan coefficients, 81, 256
Clebsch-Gordan series, 81, 233
Clifford algebra, 363
Closed set, 211
Closed subspace, 219, 410
Cohen, A., 195, 415
Cohn, P., 416
Commutator bracket, 159, 167, 169, 191
Commutator subgroup, 205
Compact group, 206, 211
Compact set, 211
Complexification (Lie algebra), 228
Complementary series, 304
Congruent sets, 20
Conjugate reps, 389

self, 389
Conjugacy class, 5§
Continuous function, 206
Convergent sequence, 409
Convergent series, 412
Convolution product, 72
Cornwell, J., 416
Coset, 4
Cotton, F., 416
Courant, R., 416
Coxeter, H., 416
Creation operator, 369
Cross product, 102, 376
Crystal, 52

classes, 51
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ideal, 53

real, 53

system, 40
Crystallographic point group, 38
Crystallographic restriction, 39
Cube, 31, 90
Cullen, C., 351, 416
Curtis, C., 151, 416
Cycle notation, 3, 117

D

Davydov, A., 416

Degeneracy, 110, 114
accidental, 110, 114

Derived algebra, 205

Determinant, 2, 19

Dettman, J., 416

De Vries, H., 165, 368, 391, 416

Dihedral groups, 29

Dirac equation, 320, 365

Dirac matrices, 362

Direct product, 13, 216

Direct sum (reps), 68, 79

Direct sum (Hilbert spaces), 413

Dodecahedron, 32

Domain (of homomorphism), 7

Dynamical symmetry group, 400

Dyson, F., 375, 416

E

Eigenvalue, 18, 70, 109
Eigenvector, 18, 109
Eightfold way, 373
Eisenhart, L., 416
Elastic interaction, 266
Electron, 268, 319, 362

shell, 381
Energy, total, 310, 317
Equivalence classes, 5, 52, 71
Erdélyi, A., 399, 404, 416
Euclidean algorithm, 28
Euclidean group, 20, 190, 278
Euclidean space, 16
Euler angles, 225, 231
Event, 293
Exponential mapping, 175, 177
Exponential matrix, 152
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Fermion, 369, 378
Finkbeiner, D., 173, 416
Fourier coefficients, 412
Fourier series, 215
Fourier transform, 280
Frame
Young, 120
inertial, 293
conjugate, 389
Freudenthal, H., 165, 368, 391, 416
Frobenius reciprocity theorem, 84
Fundamental domain, 37

G

Gamma function, 204, 246, 422
Gaussian units, 283
Gegenbauer polynomials, 245
Gel'fand, 1., 282, 308, 320, 377, 416
Gell-Man, M., 373, 416
General linear group, 2, 128, 321
Generating function, 203
Glide reflection, 22
Groups, 1

abelian (commutative), 1

algebra (ring), 64, 120, 214, 387

character, 74

classical, 171

conjugate, 25

covering, 225, 290

crystal, 53

cyclic, 6

discrete, 24

factor, 5

isomorphic, 6, 25

lattice, 34

Lie, 162

nonsymmorphic, 57

space, 53, 55

symmorphic, 56
Guggenheimer, H., 416

H

Hall, M., 114, 416

Hamermesh, M., 34, 60, 114, 120, 151,
263, 272, 375, 384, 386, 390, 391,
416
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Hamiltonian operator, 108, 247
Harmonic oscillator, 110, 397
group, 397, 400, 403
Hausner, M., 165, 181, 187, 391, 417
Heine, V., 417
Heine—Borel theorem, 211
Helgason, S., 165, 255, 396, 417
Helmholtz equation, 64
Helwig, G., 108, 216, 255, 376, 398,
410, 417
Henry, N., 417
Hermitian matrix, 173
Hermite polynomials, 399, 422
Herzberg, G., 417
Hexagon, 15
Hilbert, D., 416
Hilbert space, 107, 214, 409
separable, 411
Holohedry, 39
cubic, 44, 51
hexagonal, 47, 51
monoclinic, 50, 51
orthorhombic, 49, Sl
rhombohedral, 48, 51
tetragonal, 47, 51
triclinic, 50, 51
Homomorphism
analytic, 186
group, 6
Lie algebra, 170, 178
local analytic, 170, 178
Hydrogen atom, 376
Hypercharge, 372
Hypergeometric functions, 203, 222, 422

1

Icosahedral group, 32, 114
Icosahedron, 32
Ideal
left, 99
Lie algebra, 185
minimal, 99, 100
right, 99
two-sided, 99
Idempotent, 97
essential, 120
generating, 139
primitive, 98
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Identity element
group, 1, 163
matrix, 3, 17
operator, 17, 20
Implicit function theorem, 163, 164
Ince, E., 176, 417
Indecomposable vector, 79, 129
Index (subgroup), 4
Infinitesimal operator, 186
Inner (scalar) product, 16, 66, 407
space (pre-Hilbert space), 66, 407
Integrability conditions, 195
Invariant
equations, 278, 294, 313
function, 205
measure, 206
normalized measure, 212
subset, 9
subspace, 67
Inverse
function theorem, 163, 177
group, 1, 163
matrix, 17
operator, 17
Inversion operator, 17, 26, 288
space, 288
time, 288
total, 288
Isobaric spin space, 370
Isometry, 20
Isomorphism
group, 6, 182
inverted, 142
Lie algebra, 170, 178
local analytic, 170, 178
pre-Hilbert space, 409

J

Jacobian, 163, 165, 177, 206

Jacobi equality, 168, 169

Tacobi polynomial, 257

Jacobson, N, 170, 182, 205, 391, 417
Jauch, J., 312, 417

Judd, B, 417

K

Kamimura, H., 479
Kato, T., 108,111, 417

Kernel of homomorphism, 7
Killing form, 394

Klein—-Gordon equation, 317, 362

Korevaar, J., 407, 410, 417
Kronecker delta, 3, 17, 423
Kursunoglu, B., 377, 4i7

L

Ladder (weight), 324, 342
Ladder length, 324
Lagrange’s theorem, 5
Laguerre polynomial, 246, 423
Lancaster, P., 349, 417
Landau, L., 265, 312, 320, 417
Laplace equation, 242, 249
Lattice, 37

base-centered, 49, 50

body-centered, 46, 47, 49

Bravais, 42, 5t

crystal, 37

face-centered, 46, 50

postulate, 53

primitive, 47, 48, 49

type, 43
Lebedev, N., 259, 417
Lebesgue integral, 214, 411
Legendre equation, 238
Legendre function, 231, 241, 423
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Legendre polynomial, 231, 237, 244, 423

Lie, S., 204, 417

Lie algebra, 168
abstract, 168, 181
commutative (abelian), 182
compact, 394
complexified, 184, 228
exceptional, 392
rank, 395
semisimple, 391
simple, 392
solvable, 391
subalgebra, 184

Lie derivatives, 189
equal, 193
generalized, 196, 198
linearly dependent, 193
linearly independent, 193

Lie groups, 162, 165
abelian, 167, 182
compact, 206
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complex, 163, 340
connected, 165
global, 165
linear, 165, 166
local, 162
local linear, 164, 180
locally isomorphic, 164
locally simple, 394
real, 163
semisimple, 394
simply connected, 187
solvable, 394
Lifshitz, E., 265, 312, 320, 417
Linear functional, 322
real, 327
positive, 327
Linear transformation, 17, 152
bounded, 219, 413
inverse, 17
product, 17
orthogonal, 67
symmetric, 414
unitary, 64, 414
Littlewood, D., 120, 390, 4717
Liubarskii, G., 267, 272, 278, 282, 417
Loebl, E., 375, 386, 418
Lomont, J., 384, 386, 418
Lonsdale, K., 417
Lorentz group, 284
complete, 305, 316
homogeneous, 285, 313
inhomogeneous, 294
proper, 288, 316

M

Magnetic symmetry group, 60
Magnus, W., 399, 404, 416
Matrix, 17, 414
elements, 202
Hermitian (self-adjoint), 173
inverse, 17
nonsingular, 17
product, 17
skew-Hermitian, 173
symplectic, 174, 347
transpose, 17
unitary, 66, 173
Maxwell’s equations, 283, 320
Meson, 268, 374
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Miller, W., 204, 235, 247, 402, 418
Minkowski space, 293, 309
Minlos, R., 282, 308, 320, 416

Momentum operators (linear), 275, 278,

310

four vector, 310
Muller, C., 418
Multiplet, 386
Multiplicity

of an eigenvalue, 110, 264

of a rep, 69, 75

of a weight, 337, 338
Multiplier, 198

rep, 235
Murnaghan, J., 151, 418

N

Naimark, M., 209, 216, 217, 220, 255,
282, 303, 305, 315, 377, 416, 418

Naylor, A., 407, 418

Ne’eman, Y., 373, 416

Negative reps, 248

Neutrino, 318

Neutron, 268, 370

Norm (vector), 16, 152, 407

Norm (operator), 152, 413

Nucleon, 370

Null space, 69, 92

Nussbaum, A., 418

Nye, J., 418

0

Oberhettinger, F., 399, 404, 416
Octahedral group, 31, 90
Octahedron, 31

Onto mapping, 7

Orbit, 9, 27

Order, of an element, 6

Order, of a group, 1

Orthogonal group, 16, 172, 351
Orthogonality relations, 72, 77, 214
Outer product, 390

P
Parallelepiped, 35, 207

basic, 37
Parity, 124, 249, 277
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Parseval equality, 215, 236, 412 Ray, 227, 254
Partition, 119 Real form (Lie algebra), 228, 287
Pauli exclusion principle, 268, 377, 379 Recurrence formulas, 238, 244
Pauli spin matrices, 269, 365 Reduced matrix element, 276
Periodic table, 377 Reflection, 19, 305, 316
Permutation, 3, 8, 117 Regge, T., 263, 418
column, 120, 123 Reiner, 1, 151, 416
corresponding, 122 Representation, algebra, 132
even, 117 Representation, group, 61, 219
odd, 117

alternating, 117

row, 1?0, 123 bounded, 219
Perturbations, 111, 249, 264 continuous, 213

Peter-Weyl theorem, 215, 216 dimension, 61
Petraschen, M., and Trifonov, E., 418 double-valued, 227, 293. 355
Photon, 268, 312 equivalent, 62

Planck’s constant, 108, 423 faithful, 365

Pochammer’s symbol, 423 half-integral, 227

Poincaré group, 294, 311, 313 identity, 78, 120

Point group induced, 83, 389
first kind, 26

? integral, 227

second kind, 26, 32 irreducible, 67, 219
Polar decomposition, 295, 349 left (right) regular, 64
Poles, 27 local, 187
Pollard, H., 376, 418 local multiplier, 197
Pontrjagin, L., 178, 187, 195, 209, 418

3 matrix, 61
Position operator, 275, 277 real. 62
Positive reps, 248 reducible, 67, 219

Potential function, 111, 247, 264, 271
Power series, 156

Principal series, 304

Prism, 30, 34

Projection operator, 92, 137, 218
Proton, 268, 370

Prugovecki, E., 418

Pseudoscalar, 102, 306, 318
Pseudovector, 306

Pyramid, 30, 107

space, 61, 186

unitary, 66, 220
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faithful, 402

space, 186
Restricted rep, 67, 79
Rohrlich, F., 312, 417
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Q Root, 322, 341, 345, 353
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R proper, 18, 222
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Racah, G., 393, 395, 418 Rudin, W, 211, 419
Racah coefficients, 267 Ruhl, W., 305, 419
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Range, 7, 69, 92 Russell-Saunders approximation, 380
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Scattering, 266
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nonsymmorphic, 57
symmorphic, 56
Special linear group, 3, 171, 340
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Special relativity, 294, 310
Special unitary group, 174, 222, 340
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Spherical tensor, 274, 284, 300
Spin, 267, 312
Spinor, 307
field, 268, 279, 311
rep, 356, 362, 367
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Stakgold, I., 419
Standard tableau, 127
Stark effect, 252
Steele, D., 479
Strong interactions, 370
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improper, 1
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local Lie, 184

normal, 5, 185

one-parameter, 176

proper, 1
Sugano, S., 419
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Symmetric tensor, 105, 129
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complete, 109
Symplectic group, 174, 344
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Tanabe, Y., 419
Tangent matrix, 168, 207
Tangent space, 207
Tangent vector, 166
Tensor, 128, 309
axial, 102
contravariant, 101
field, 279, 311
polar, 102, 252
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Tensor product of matrices, 364
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Term, 383
Tetrahedral group, 30, 86, 89
Tetrahedron, 30, 90
Three-/ coefficients, 261
Timelike vector, 287
backward, 287
forward, 287, 321
Tinkham, M., 375, 419
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Trajectory, 188
Transformation group, 8, 199
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focal Lie, 188
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Upper triangular matrix, 154
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Velocity transformation, 295
Vilenkin, N., 247, 419
Volume of a group, 211, 212

w

Weight, 323, 345, 354
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