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OI'VJTABJIEHUE

ITpenncioBue K TpeTbeMy U3IAHUIO
ITpenucioBue K IepBOMY U3JAHUIO .

I'mas

§ 1.

§ 2.

§ 3.
§ 4.

§ 5.

I'mas

§ 1.

wn won
w N

§ 4.

§ 5.

al. (DyHKI.[I/IOHaJIbeIe rocjie1oBaTeJIbHOCTU U pdAAdbl . .

Pasnomepnas cxogumocts

1. Tlomarume byHKIMOHAIBHON HOCJIe,HOBa.TeJleOCTI/I u (byHKuI/IO-
HanabpHOro paaa (13). 2. CxomuMocTs HYHKIMOHATIBHOM IOC/IE10-
BaTeJILHOCTH B TOuke u Ha MHOoxkectse (15). 3. Ilomsrme pas-
HOMepHOU cxozumoctu Ha MHOxkecrse (16). 4. Kpurepuit Ko-
mu (17). 5. JocrarouHble IpPU3HAKKA DABHOMEPHON CXOIMMO-
cru (19). 6. ITowrenHsiii nepexon k npezeny. HenpepsiBHOCTB
CYMMBI DsI/13 U IIPEIENIbHOI by HKImY nocsienoBaressHocTu (23).
ITounenHOe MHTErpUPOBAaHUE U NOMJIeHHOE TuddepeHIpoBaHue
(QYHKIMOHANBHBIX [I0C/IEI0BATEILHOCTEN U PSIOB

1. Iounennoe marerpuposarme (27). 2. Ilounennoe ,HI/I(b(bepeH-
muposarme (29). 3. CxomumocTs B cpemmem (34).

PaBHocTenennas HeIPepHIBHOCTL IOC/IEA0BATEILHOCTH (OYHKIINN.

Teopema Apuena

CreneHHsie psiapt e
1. Crenennoit panm u O6JIaCTI: ero CXO,HI/IMOCTI/I (41) 2. Hempe-
PBIBHOCTB CyMMBI CTE€NeHHOTO pama (45). 3. [lounennoe maTer-
pupoBaHue U nowieHHoe quddepeHIpoBaHNe CTEIEHHOIO Dsi-
ma (45).

Pasnoxkenne GyHKUMHA B CTENEHHBIE DSI/IBI e
1. Pasznoxenne byHKumy B creneHnoi psyg (47). 2. Pasnoxenue
HEKOTODBIX 3/1eMeHTapHBIX hyHKuuii B psas Teitopa (48). 3. Dure-
MEHTapHBIE IIPEICTABICHUS 0 DYHKIMAX KOMILIEKCHOM IIepeMeH-
woit  (50). 4. PaBHoMepHOEe TpubMKeHNE HETPEePHIBHON (hyHK-
uuu MHOrowreHamu (Teopema Bedtepmrpacca) (52).

a 2. JIBoiiHble U N-KPaTHbIE UHTETPATIBL .« « « « « « « « & .«

Ornpejiesienrie U CyIeCTBOBAHUE JBOWHOIO MHTErPAJIa

1. Onpesnesenue ABORHOIO UHTErPAJIA, JIJIsI IPSIMOYTOJIBHUKA (58)
2. CyumiecrBoBaHHMe [IBOMHOIO WHTErpaja IJjis IPSMOYTOJIbHU-
ka (59). 3. OupenesieHne u CynecTBOBaHUE JBOMHOIO MHTErPAJa
[1s1 Ipou3BosBbHOM obstactu (61). 4. Onpenesnerne 1BOAHOIO MH-
TerpaJia Ipu MOMOIIY TPOU3BO/ILHBIX Pa3bueHuii obiacTu (64).

. OCcHOBHBIE CBOCTBA IBOMHOIO MHTErPAJIA
. CBesieHrie ABOMHOTO MHTErpaJia K MOBTOPHOMY O,I[HOKpa.THOMy

1. Ciryuaii mpamoyromsauka (69). 2. Cyuait mpon3BoLHOI 061a-
cru (71).

Tpoiiasie n n-KpaTHBIE HHTEPAJIBI .

3aMeHa [epEMEHHBIX B N-KPATHOM I/IHTerpa,ne

Hononaenne. O npubINKEeHHOM BBIMUC/IEHUN N-KPATHBIX HHTErPAJIOB
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37
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OI'VIABJIEHUE

I'mas

§ 1.

§ 2.

I'mas

§ 1.
§ 2.

I'masa

§ 1.

§ 2.

§ 3.

I'nmas

§ 1.

§ 2.

1. ®opMyJiBl 4KMCIEHHOTO WHTErPHPOBAHUS, ONTHMAJIbHBIE /I
knaccoB dyaknuii (93). 2. O bopMysIax YUCIEHHOTO HHTErPAPO-
BaHWsl, ONTUMAJIBLHBIX JJls KaxK10i KOHKpeTHOH dynkuum (95).
3. I[Ipumep npubIMIKEHHOTO BEIMUC/IEHHST KDATHOTO uHTerpasa (97).

a 3. HecobGCTBEHHBIE MHTETPAIIBL  « « v « ¢ o v o o o o o o &

HecobcTBeHHbIE HHTErPAJIBL TEPBOTO POa (OJHOMEDPHBIH CJTyuaii)
1. Iorarme HecobeTBeHROrO MATErpasTa nepsoro poma (98). 2. Kpu-
tepuii Komm €xommmMocT HECOOCTBEHHOIO WHTErpaJia IMepBOro
pona. Jocrarounsie npusHaku cxogumoctu (100). 3. AGcomor-
Has U yCJIOBHAs CXOAMMOCTB HecobCTBeHHBIX nHTerpaaos (102).
4. 3ameHa IIEPEMEHHBIX 107, 3HAKOM HECOOCTBEHHOTO WHTErpaJia
u dbopmysia maTErpupoBanud mo yactam (104).

HecobcrBenHBIE MHTErPAIBL BTOPOrO poja (OZHOMEPHSBIA Ciryyaii)
1. ITousiTe HECOGCTBEHHOTO MHTErpaJjia BTOPOro posaa. Kpurepwmit
Kommu (106). 2. Bakmountenbusie 3ameqanus: (107).

. 'maBHOE 3HAueHNE HECOOCTBEHHOIO MHTErPaJIa
. Kparusie mecob6cTBeHHBIE HHTErPAJIBI

1. TlonsTre KpaTHBIX HECOOCTBEHHBIX I/IHTel"paIIOB (110) 2. He-
CoGCTBEHHBIE HHTErPAJIBL OT HeoTpuiaTe bHbx GyHkmmid (111).
3. HecobcrBennsle mHTErpajbl OT 3HAKOIEPEMEHHBIX (YHK-
mmii (114). 4. T'taBHOE 3HAUEHWE KPATHBIX HECOOCTBEHHBIX WH-
rerpasos (117).

a 4. KpUBOJIMHENHDBIE UHTETPAIIBL « « « « ¢ « o o o o o o o«

Onpenenenvs KpI/IBOJII/IHeI‘/’Ime HUHTErpajgoB U HUX (bI/IBI/I‘«IeCKI/Iﬁ
CMBICJI .

CymeCTBOBaHI/Ie KpI/IBOJII/IHeI/IHbIX I/IHTeI‘paJIOB u CBe,I[eHI/Ie ux K
OIlpe/ieIeHHBIM MHTerpaJjaM

5. IIoBEpXHOCTHBIE MHTETPAIIBL  « « « « ¢ « o o o o o o o &

ITonsarue mosepxuOCTH .
1. TTousiTHE IOBEPXHOCTH (127) 2. Perymapraa mosepxmocts (128).
3. 3aganne MOBEPXHOCTH € IIOMOMIBIO BEKTOPHBIX (yHKImi (131).
4. KacarenpHasi IJIOCKOCTB ¥ HOPMaJIb K moBepxHocTH. O HOCTO-
POHHHE U AByCTOpOHHMe moBepxHoctu (133). 5. Benomoraress-
Hble 1eMMbl (134).

ILmomanes moBepxHOCTH . e e e e e e e e
1. Tlouarue mwiomaam HOBerHOCTI/I (137). 2. Ksagpupyemocts
riagkux nosepxuocreit (138).

TToBepxHOCTHBIE MHTErDAJIBI

1. ITonsiTHSI TOBEPXHOCTHBIX I/IHTel"paIIOB nepBoro u BToporo po-
noB (142). 2. CymecTBOBaHME NOBEPXHOCTHBIX MHTETDAJIOB €D~
BOro u BToporo ponos (143). 3. IloBepXHOCTHBIE HHTEIPAJIBL BTO-
pOro poja, He 3aBUCAIINE OT BbIOOPA JEKAPTOBOI CHCTEMBI KO-
opmunar (147).

a 6. OcHOBHDBIE oriepanmum Teopuy I10J1dA © e e s e e e e e

IIpeo6pazoBanus 6a3ucos u koopauHaT. VIHBApHAHTHL

1. B3aumuble 6a3ucsl BeKTOpoB. KoBapuaHTHBIE U KOHTpaBapI/I-
aHTHBIE KOOPIUHATH BEKTOPOB (149). 2. IIpeobpasosanus 6a3uca
u xoopamuar (152). 3. lmBapuanTs! uHEHHOTO OomepaTopa. Jdu-
BEPTreHIMS U POTOP TUHEHHOTO oneparopa (153).

OCHOBHI:Ie TIOHATHUA W OIepalnuy, CBA3aHHBIE CO CKaJIAPDHBIM W
BEKTOPHBIM ITOJIEM
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109
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118

118
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156



OI'JTABJIEHUE

§ 3.

I'mas

§ 1.

§ 2.

§ 3.

§ 4.

1. [onarus ckangapHOTO 1 BeKTOpHOTO Touts (156). 2. Tuddepen-
nupyeMsble CKajaspHble mojsd. 'paguent ckanxspraoro moss. IIpo-
u3BogHas 110 Hanpasienuo (157). 3. duddepenuupyevbie Bek-
TOpHBIE 10Jisi. /IuBeprexus 1 porop BeKTOPHOro moJs. IIpons-
BOZIHAsI BEKTOPHOTO 1oJist 110 Hanpasseruto (160). 4. [Tosropasie
onepanuu Teopuu ojst (164).

BripakeHnue OCHOBHBIX OI€panyii TEOPHUU IIOJIsi B KPUBOJIMHEH-
HBIX KOODJMHATAX  « « « « « o o o e v e e e e e e e e e e e
1. Kpusosuneiinsie koopauaarsl (165). 2. Beipaskenue rpaauenTa
U IIPOU3BOAHOI IO HAIIPABJIEHUIO JJIf CKaJIAPHOIO IOJA B KpH-
BoMHeNAHBIX Koopauuarax (170). 3. BelpaxkeHue nusepreHuuw,
pOTOpA ¥ IPOU3BOAHON 110 HAIIPABJIEHUIO JJIsi BEKTOPHOTO IIOJISI
B KPUBOJIMHEHHBIX KoopauHarax (172). 4. BeipaxkeHue oneparopa
Jlamraca B KpUBOJIMHEHHBIX OPTOrOHAIBHBIX KoopauHaTax (174).
5. BelpaxkeHune OCHOBHBIX OIEPAINil TEOPUY IO/ B IUJINHIDAYE-
ckoii u chepuueckoii cucremax koopaunar (174).

a 7. ®opmyasl I'puna, Ctokca u OcTporpaackoro . . . .

Qopmyna I'puna . . . . . ..o oL
1. ®opmyupoBKa 0CHOBHOI Teopemsl (176). 2. JokazaTeancTso
dopmyasr I'puna muas cnenmansHOro kjacca obsaacreir (177).
3. NuBapuanTHas 3anucs dopmyssl 'puna (179). 4. Benomora-
resbHBIE TIpeasokenus (182). 5. CnenuasnsHoe pasbuerue obia-
ctu D ¢ kycouno-riazkoit rpanuneit L (185). 6. JJokasaTessCcTBO
Teopemst 7.1 (188).

Qopmyna CTOKCA . . v v v v v v v v v e
1. ®opmymmposka ocHOBHO# Teopembr (189). 2. Toka3areascTBo
dopmysisr CTokca JUTsi TJIAIKOM TOBEPXHOCTH, O/JHO3HAYHO IIPO-
enupylomeiicss Ha Tpu KoopauHaTHBE 1ockoctu (190). 3. Ma-
BapuaHTHas 3anuck dbopmynsl Crokca (192) 4. JokazarenscTBo
Teopemst 7.3 (193).

Oopmyna OCTPOrPAICKOTO .« « v v v v v v v v e e e e e e e
1. ®opmymposka ocHOBHO# Teopembr (195). 2. Joka3areascTBo
dopmysier OCTPOrpajckoro Ajsd CIEMUAJIBHOrO Kjacca o0jac-
reii (196). 3. UnBapmanthaa 3amuce Gopmynst OCTpOrpaacko-
ro (198). ce
Hekoropsie npuoxkenus dbopmyn I'puna, Crokca u Ocrporpan-
CKOTO  « « v v v e ettt et e e e e e e e e e
1. BeipaykeHue IJIOMAIN IJIOCKONH OOJACTH 4epe3 KPUBOJIMHEM-
weiit uarerpas (200). 2. Bruipaxkenue o6bema uepe3 MOBEPXHOCT-
woiit narerpart 201). 3. Yerosua, npu koropeix muddepennnans-
nmaa dopma P(z, y)dr+ Q(z, y) dy npencrasager coboi MOTHBIH
muddepermman (201). 4. IoTennuanbHbe W COMEHOUIATBHBIE
BeKTOpHBIE 1015 (206).

Hononuenne. Tuddepennmansnse GOpMbl B €BKINIOBOM ITPOCTPAH-

§ 1.

CTBE « « « v v vt ettt e e e e e e e e e e e e e
3HakonepeMeHHbIE [TOJIMJINHEAHbIEe POPMBL . . . . . . . . . . .
1. Jlumeiinsie dopmer (210). 2. Bumneiinsie dbopmsr (211).
3. Ionmmmneiinse dopmer (211). 4. BHakonepeMeHHBIE TIOIIIIU-
Heitable bopmel (212). 5. Baennee npousse/ieHre 3HAKOIIEDEMEH-
HeIx opm (212). 6. CpolicTBa BHENIHErOIPOU3BEIEHUS 3HAKOIIE-
pemennsx hopm (215). 7. Basuc B mpocTpaHCTBE 3HAKOIEPEMEH-
HeIX (dopm (216).

165

176
176

189

195

200

210
210



8 OI'JIABJIEHUE

§ 2. Juddepenumanbusie GOPMBL . . . . ...
1. Omnpenemenwa (217). 2. Buemmmit muddepenmmar (219).
3. Ceoticrsa BHentrero mud depernmana (219).

§ 3. Iuddepeniupyembie 0TOOPAKEHUST . . . . . . . « « . . . . .
1. Omnpenenenne muddepernupyembix orobpazkennii (221).
2. CeoiicTBa orobpaxkenust ¢~ (222).

§ 4. UnrerpupoBanue muddepenHimanbasix GOpM . . . . . . ...
1. Ompenmenenma (224). 2. Huddepenmupyemee menm (225).
3. ®opmyna Crokca (227). 4. IIpumepst (229).

I'maBa8 Mepau uuarerpaa Jlebera . . . . . .. .. ... ....

§ 1. O cIpyKType OTKPBITBIX U 3aMKHYTBIX MHOXKECTB . . . . . . .

§ 2. lI3MepHuMBIE MHOKECTBA . . .« « « « « o« o o v o o o oo
1. Buemmnsig Mepa MHOXKeCTBa 1 ee cBoicTBa (235). 2. Ismepumbie
MHOXKECTBA M UX CBOMCTBa (237).

§ 3. Usmepumble GyHKIAM . . . . . . ..o Lo
1. Ilonstue n3mepumoii dbyukuuu (243). 2. CsoiicTsa n3Mepu-
mbix bynrkmmii(245). 3. Apudmermueckme onepanum HAL ©3Me-
pumbivm byaknuavu (246). 4. Tlocie10BaTeIBHOCTH H3MEPAMBIX
dyukumii (248).

§ 4. Unrerpasn Jlebera . . . . . . . . ..o
1. Ilorsitne naTerpasa Jlebera or orpannyennoi dynkuun (251).
2. Knacc narerpupyemsix 1o Jlebery orpanmaenabx Gymkimii (255).
3. Ceoiicra maTerpana Jlebera or orpannaennoit Gynkmmm (256).
4. Nurerpas Jlebera or HEOTPUIIATEILHOM HEOTPDAHUIEHHOM Dy HK-
nmy u ero cBoiicTia (259). 5. Unrerpan Jlebera oT HEOrpannieH-
HO# dyHKuMM npousBoibHOrO 3Haka (263). 6. IlpemenbHbril me-
pexo| oz 3HakoM uHTerpasa Jlebera (265). 7. Kmaccer JleGera
L?(E) (270). 8. 3ak/ounrensHsle 3aMeqannst (273).

Honosiaenne 1. Heobxomaumoe u 10CTaTOMHOE YCIIOBAE UHTEIPUPYEMO-
crumo Pumanmy . . . . . ..o oo

Honosiaenune 2. Heobxomaumoe u 10CTaTOMHOE YCIOBUE UHTEIPUPYEMO-
¢ty orpannveHHoi GyHKuu 0o Jlebery . . . .. .. ...

I' 1 aBa9 HWMuTerpaspl, 3aBUCANINE OT IAPAMETPOB . . « . . . .

§ 1. CobcTBeHHBIE MHTErPAJIBI, 3aBUCAIINE OT Iapamerpa . . . . .
1. IlonsiTre uHTErpasa, 3aBUCAIIEro oT napamerpa (277). 2. Cpoii-
CTBA HEIPEPBIBHOCTH, UHTErpUpyeMocTH U JuddepeHmpyemMo-
CTHU MHTErpaJioB, 3aBucaimux ot napamerpa (278) 3. Ciyuaii, Kor-
J1a TIPEJIEITB THTErPUPOBAHUS 3aBUCAT OT mapamerpa (280).

§ 2. HecobGcTBeHHBIE MHTErpPAJIBI, 3aBUCSIIUE OT IapaMeTpa
1. Tlonsitue HECOOCTBEHHOI'O MHTErpaJia MEPBOTO POA, 3ABUCS-
mero or napamerpa. IloHsTre PaBHOMEPHON CXOAUMOCTH HECO0-
CTBEHHOI'O MHTErpaJia, 3aBUCAIIEro oT napamerpa (282). 2. Csoii-
CTBa HENPEPBIBHOCTH, MHTErpupyemMocTy u auddepeHnupyemMo-
CTH HECOOCTBEHHBIX MHTEIPAJIOB, 3aBUCAIIMX OT Hapamerpa (285).
3. HecobcTBentbie nHTErpaisl BTOPOro Poaa, 3aBUCAIINE OT IIa-
pamerpa (289). .

§ 3. [Ipumenenue TeOpUU WHTEIPAJIOB, 3aBHUCAILIMX OT [TapaMerpa K
BBIYUC/IEHUIO HECOOCTBEHHBIX MHTEIPAIOB . . . . « . . . . . .

§ 4. Unrerpassl DUmEPa . . . .« o . ot o e e e e e e

251

273

275
277
277

282



OI'JTABJIEHUE

won won
D ot

I'mas

§ 1.
§ 2.

§ 3.

§ 4.

§ 5.

§ 6.

§ 7.

1. O6nacts cxomumocTr maTErpasnos dinepa (294). 2. Henpepois-
HOCTBb MHTErpasoB Jitiepa (295). 3. Hekoropsie cBoiicTsa hyHK-
uun ['(p) (296). 4. Hekoropste cpoiicra dbyukuuu B(p, q) (298).
5. Ces13p Mex 1y 3iseposeiMu uaTerpaiamu (299). 6. Borauncie-
HHE OIPEIEIEHHBIX HHTErPAJIOB € IOMOLIBIO i/IEPOBBIX HHTErPa-
JsioB (300).

. @opmyna CTHPIMHIA . . . .« o v v v v v e e e e e e e e
. Kparusie unrerpasisl, 3aBucanye oT mapaMeTrpoB . . . . . . .

1. CobcTBeHHBIE KPATHBIE WHTErPAJIBI, 3aBUCALIME OT IIapaMer-
pos (306). 2. HecoGcTBeHHBIE KPATHBIE MHTETPAJIBI, 3ABUCIITAE
ot mapamerpos (307). 3. Ilpunoxkenne K TEOPUM HHIOTOHOBA TIO-
rernmaaa (309).

a 10. Pagpr u nuHTerpas ®ypbe . . . ..o .00 oo

Tlonsitne 06 OPTOHOPMHUPOBAHHBIX CHUCTEMaxX M 00 obmeM psize
DYPBE . o o i e e e e e e e e e e e e e
3aMKHYTBIE ¥ OJHBIE ODTOHOPDMHUPOBAHHBIE CHCTEMBL . . . . .
SaMKHyTOCTI: TpI/]TOHOMeTpPI‘{eCKOfI CHUCTEMBbI U CJIeCTBUA U3 HEe
1. PaBHOMepHOE IPpHUOINKEHNE HENTPEPBIBHON (DYHKIUN TPUTOHO-
MerpuueckuMu MHOrowieHamu (323). 2. [JoKa3aresanCTBO 3aMK-
HyTOCTH TPHUTOHOMETpHuecKoit cucremsr (326). 3. Caencrsus
3aMKHYTOCTH TPUIOHOMETPUYECKOM cucreMsl (328).

IIpocreiimue ycioBust paBHOMEPHON CXOIAMMOCTH U IIOYJIEHHOI'O
muddepeHIpoBaHUs TPUTOHOMETPUYIECKOro psia Pypoe

1. Beomuble 3ameuanus (329). 2. Ilpocreiimue yciosus abco-
JIFOTHOM ¥ PABHOMEPHOM CXOIMMOCTU TPUIOHOMETPHYECKOIO Psi-
ma @ypee (331). 3. IIpocretimme ycnoBus nowrerroro mudde-
PEHIIMPOBAHUS TPUTOHOMETPIU4ECKOro paga Dypoe (333).

Bosnee Tounsle ycsioBust paBHOMEPHOMN CXOIUMOCTH U YCJIOBUSL CXO-
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ITPE/INCJIOBUE K TPETBEMY N3JAHUWUIO

Bropas gacts «OCHOB MaTeMaTHIECKOTO aHAIN3ay ObLIA M37a-
Ha THPAYKOM, MEHBINUM, YeM TepBas 9acTh, U TPEBPATUIACEH B €IIe
OosbITyI0 OubIMOrpaduIecKyo PeaKoCTh.

Hecmotpsa Ha cpaBHUTEIBHO HEOOILINON 00bEM, KHUTA, TOJTHO-
CTHIO OXBATBHIBAET MaTEPUaJ, BXOISIINI B TPOTPAMMY BTOPOTO TO-
J1a 0byueHus CTYJIEHTOB CIEUAJTBHOCTEN «(DU3UKay U «IIPUKJIA]-
Hasg MaTeMaTHKa», U, KPOME TOTO, COTMEPKUT JIETKO OTIE/ISIEMBIE OT
OCHOBHOTO MaTepHaJIa TJIABbI, TIOCBSAIIEHHBIE TEOPUN MEPHI W WHTE-
rpaJsia Jlebera, Teopun rusbOEPTOBBIX MPOCTPAHCTB U BXOMMAIINE B
MporpaMMy TaK Ha3bIBAEMOTO «aHAJIN3a-3» YHUBEPCUTETCKUX KYyp-
COB.

Kuura mepen3aercss CTEPEOTHTTHO € TEKCTa BTOPOTO MBJAHUS,
VUIUTBHIBAOIIETO OTBIT YTEHWsT JIEKIWH He TOJBKO Ha (DUSUIECKOM
dakysipreTe, HO U Ha (DAKYIBTETE BBIYUCIUTETBHON MATEMATUKYU W
kubepHeTuKu MOCKOBCKOTO MOCYAapCTBEHHOI'O YHUBEPCUTETA.

Nronb 1998 1. B. A. Havun

INPEINCJIOBUE K IIEPBOMY U3JAHWNIO

B ocHOBY 3701t KHUTY [TOJIOXKEHBI JIEKITUU, YNTABIITAECS ABTOPAMU
B TedeHue psijia jieT B MOCKOBCKOM TOCY/IapCTBEHHOM YHUBEPCUATETE.

Kaxk u B mepBoit wacTu, aBTOPHI CTPEMUINCH K CHCTEMATUIHOCTH
MU3JI0KEHWS W K BBIJEICHUIO BAXKHEUIITNX MMOHSITUAN U TEOPEM.

Kpome ocHOBHONO pOrpaMMHOI0 MaTepuasia, KHUTa COMEPKUT
Psil AOMOJHUTEIBHBIX BOIPOCOB, UTPAIOIIUX BAXKHYIO POJh B Pas-
JINYHBIX pa3jesiaX COBPEMEHHOU MareMaTukyd U (DU3UKU: TEOPUEO
Mepbl U wHTerpas Jlebera, Teopuro rMaLOEPTOBBIX MPOCTPAHCTB W
JIMHEHHBIX CAMOCOIPSIKEHHBIX OMEPATOPOB B 3TUX MPOCTPAHCTBAX,
BOIIPOCHI peryaspusaruu psgoB Pypbe, Teopuio muddepeHimaib-
HBIX (POPM B €BKJIMJIOBBIX MIPOCTPAHCTBAX U Jp. P pa3neios Kyp-
ca W3JI0XKeH ¢ OOJIbIIel OOITHOCTHIO W MIPU MEHBINX, 9eM OOBIUHO,
orparmdennsax. Crofa OTHOCATCS, HAIPUMEDP, YCIOBHUS MTOUJIEHHO-
ro audepeHnupoBaHus U MOWIEHHOTO UHTErPUPOBAHUS (PYHKIIU-
OHAJILHBIX TIOCTEI0BATENILHOCTEH W PSIOB, TEOpeMa O 3aMeHe Tepe-
MEHHBIX B KPATHOM WHTerpaJie, popmyisl ['puna n Ctokca, HEOOXO0-
JIUMBIe YCIOBUST MHTETPUPYEMOCTH OTpaHndentoit ¢pyukiuu mo Pu-
Many u 1o Jlebery.
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Kaxk u B miepBoii 9acTu, B KHUTEe PACCMOTPEH PsiJi BOIPOCOB, CBsI-
3aHHBIX C BBIYUCIUTEILHON MaTeMaTukoi. B mepByio ouepeas cioma
OTHOCSITCST JIOTIOJIHEHUE K TJiaBe 2 0 TPUOJINKEHHOM BBIUYUCJICHUN
KPATHBIX WHTErPAJIOB U CIENUaTbHOE MPUJIOXKEHUE O BBIUUCICHUN
3HaUeHUN (PYHKIUU 110 MTPUOTHMKEHHO 33 JaHHBIM KO3 PUImeHTam
®ypbe (Meron peryasipuzaruu A. H. Tuxonosa).

Marepuas gaHHOW KHUTH BMECTE C MEPBOMl YacThbIO MOJTHOCTHIO
OXBaThIBAET YHUBEPCUTETCKUN KYypPC MaTEMATHIECKOTO AHAJIU3A.

OrmMernM, 9TO BCIOAY B TEKCTE TIpU OOpAIeHWY K TEepBON Ja-
CTH MBI HA3BIBAEM €€ «BBITycKoM 1». [logdepkHem Tak:ke, 9TO MpH
grenun 31oi kHuru riiasa 8 «Mepa u waTerpasn Jleberay, rmasa 11
«'mp0epTOBO TPOCTPAHCTBO» U BCE JOMOIHEHUST MOT'YT OBITH OIIy-
meHbl 6e3 ymepba I TOHNMAaHWs OCTATHFHOTO TEKCTa KHUTH.

BTOPBI KHUTH IIPUHOCAT TyHoKyio Oarogaprocts A. H. Tuxo-
moBy u A. I'. CBeImHUKOBY 3a MHOXKECTBO TIEHHBIX COBETOB 1 TTy0O-
kux 3amedanunii, [1I. A. AaumoBy, Tpy L KOTOPOro Ham 9TOH KHUTOi
BBITIENT 3a paMku pemaktuposanusd, JI. . Kymapssmesy u C. A. Jlo-
MOBY 3a OOJIBITIOE KOJMIECTBO TeHHbIX 3amedannii, [1. C. MomemnoBy
u 4. M. 2Kuneitkumy, mpeIoCTaBUBIINM MATEPUAJIBI 10 TEOPHUH TIOJIsT
7 TIPUOTMKEHHBIM METOIaM BBIYUCICHNUS KPATHBIX WHTErPAJIOB.

Jexabpb 1972 1. B. Uavun, 3. Iosuax



FrTABA 1

®YHKIIVMOHAJBHBIE ITOCJEJOBATEJIBHOCTHU
1 PAIBI

B sroit mmaBe OyayT u3ydeHBI TOCTEIOBATENHHOCTH W PSJIHI,
TTEHAMHU KOTOPBIX ABJIAIOTCS HE UUCTA, & (DYHKIINU, OMPEIeTeHHbIe
Ha HEKOTOPOM (PUKCHPOBAHHOM MHOXKeCTBe. Takwe Mmocie 0BaTe b
HOCTH W PSAMBI IITUPOKO UCTOTB3YIOTCS TS TTPEJICTABICHUS U TTPH-
OJTMKEHHOT0 BBIYUCTEHNsT (DYHKITHH.

§ 1. PaBHOMepHas CXOAUMOCTDH

1. lTousitue yHKIMOHAJIBHOII MOCIE/10BATEJIBHOCTU U
dyukuuonasbHoro psiga. Fcau dukrcuposaro mexomopoe MmHo-
oicecmeo {x} 1) u ecau wascdomy wucay n uz namypaivrozo pada
wucea 1,2, ..., n, ... cMasumMcsA 6 COOMBEMCMBUE NO ONPedenet-
HOMY 3aKOHY Hexomopas dynkyus fr(x), 3adannas na mroocecmese
{z}, mo mmnoorcecmeo sanymeposannvzr gynkuyud fi(z), fo(x), ...

o (), oo Mo u Gydem Hasvieamy PYHKUUOHAGABHOT N O-
caedosamensHocmbio.

Ornenbubie dyukuuu fp,(z) Byzem Ha3bBaThL Yo e HAM U WA
9JeMeHTaMHU PacCMaTPUBAEMOl OCTEI0BATETLHOCTH, 8 MHOYKECT-
BO{z} —06aCTHI0 ONpPeEeeHus ITON MOCIeJOBATETHHOCTH.

st obosnadenus (GhyHKIMOHAILHON IOCIEI0BATEILHOCTH OY-
JIeM UCIIONIBb30BaTh CUMBOJ fp ().

DopMasbHO HAUCAHHYIO CYMMY

Zun(x) =u(z) +uz(z) + ... +up(x) +... (1.1)
n=1

OECKOHEUHOI0 YUCIa WIEHOB (DYHKITMOHAJIBHON TOCIEI0BATETBHO-
ctu Uy (x) Oymem HasbBaTh GYHKIMUOHAJJBbHBIM P /10 M.
Ytenbl Uy () 9TOT0 psifia MpeCcTaBasioT coboi dhyHKIMM, ompe-
JleJIeHHble Ha HEKOTOPOM MHOXKecTBe {2}
YKazaHHOE MHOKECTBO {Z} Ha3BIBAETCA TP 9TOM 0 6 14 C T b 10
onpenenenusa GyHKIuoHaIbHOrO psiga (1.1).

') ox {x} MOXKHO MOHHMATE, B YACTHOCTH, KAK MHOXKECTBO TOYEK IIPSMOIi,
TaK U MHOXKECTBO TO9eK T = (L1, T2, ..., Tm) EBKIUAOBA IpocTpancTsa E™.
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Kak u jyist ciiygasi 9ucioBOro psijia, CyMMY HEPBBIX 7 9JICHOB
psima (1.1) Ha3BIBAKOT N~ 9aCTUYHONH CYyMMOMN 3TOro psja.

[MoguepkHeM, 9TO u3yueHue PYHKYUOHAALHOIT PAJOS COBEPULEH-
HO SKBUBAAEHIMHO USYHEHUIO PYHKUYUOHAALHBLEL NOCAEI0EAMEADHOC-
met, 60 KaxkaoMy yHKInOHaIbHOMY psigy (1.1) omHO3HAUHO CO-
oTBeTCTBYET (DYHKIMOHAIBbHAS TOCIEI0BATEIbHOCTD

Si(x), So(z), ..., Sp(z), ... (1.2)
ero 4acTUYHBIX CyMM H, Ha0OOPOT, KaxKI0i (DyHKIMOHATHHON MO-
ciaenoBarebHOCcTH (1.2) OMHO3HAYHO COOTBETCTBYET (OYHKI[MOHAIb-
welii psig (1.1) ¢ wienamu

ui(z) = S1(z), up(x) = Sp(z) — Sp—1(xz) 1wpum n > 2,

JIISE KOTOPOTO MOCIe0BATENbHOCTE (1.2) ABJIsIeTCs OCIe10BaTe b
HOCTBIO YaCTUYHBIX CYMM.
[Ipusenem npumepsl pYHKIIMOHAIBHBIX MOCIEI0BATEIBHOCTEN 1

PA/10B.

fi(x) fa(x) Jn()
1. 14 14

[
8y
o
L
8y

0 1 0 1/2
Puc. 1.1

1/n

ITpumep 1. Paccmorpum moc/ienoBaTelbHOCTD (DyHKITHI
{fn(2)}, xazknast u3 KoTOpHIX OnNpesenena Ha cermenre 0 < z < 1 u
AMEET BUJ

l1—nz mpm 0<z<1/n,

ute) = { 13)

0 mpu 1/n<z <1
Ha puc. 1.1 uzobpaxens rpabduku dbysxmuit fi(z), fa(z) u

fn(z).
[Ipumep 2. B xauectBe npumepa HYHKIMOHATBHOTO Psia
PACCMOTPUM CJIENYIOMIWH Pl 1O CTENEHIM I:

o0
ot z? z"
HZE_H:HEJF'"JFEJ“' (1.4)
k=1

Bamerum, uro (n+1)-a gacruanas cymma psaga (1.4) ormgaercs
oT pasjoxenusi e* mo ¢opmyse Makjopena TOJBKO Ha BEJUIUHY
ocTaTo9HOro “iena Ry i1(z).
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2. CxogumocTh (PYHKIIMOHAJIBHON IMOC/I€0BATEJIbHOCTU
B TOYKE U Ha MHOXKECTBE. [IpeanonokumM, 9o (hyHKIMOHATbHAA
[OC/IEJOBATEILHOCTD (MJIH Dsifi) ONpEeIesIeHbl Ha MHOXKecTBe {T}.
®urcupyem NPOU3BOJIBHYIO TOUKY Zo U3 MHOXKeCTBa {x} u paccmo-
TPUM BCE UJIeHbI TIOCIE0BATENLHOCTH (MK psiJia) B TOYKE Xg. [lpu
9TOM MOJIyIUM YUCIOBYIO MOCIEJI0BATETLHOCTD (U PSIJI).

Ecin ykazanuas 9ucioBast Mocae10BaTeIbHOCTD (MM PsJL) CXO-
JIUTCST, TO TOBOPSIT, 4TO (DYHKIUOHAJIbHASI OCIEI0BATEIbHOCTD (MU
psif) CXOAUTCHA B TOUKeE Ij.

MHOKeCTBO BCeX TOYEK Zg, B KOTOPHIX CXOIUTCs JaHHast (HPyHK-
[MOHAJIbHAS MOCIE0BATEIBLHOCTD (MM Psijl), HA3bIBAETCs O O J1 a-
CTHhIO CXOJZMMOCTH 3TOM MOCJIEIOBATEIBLHOCTH (UM PAIA).

B pasnm4HbIX KOHKPETHBIX CIyYastX 061acTh CXOAUMOCTH MOXKET
b0 COBMaIaTh C 06JIACTHIO OMpeeseHusl, JINO0 COCTABIATH YaCTh
obJtacTu orpejiesieHust, MO0 BOOOIIIE SIBASATHCS MyCTHIM MHOYKECTBOM.

CooTBeTCTBYIOIIME IPUMEDDI YUTATE/b HANIeT HUXKe.

[Tpeamonoxkum, 9To (DYHKIMOHATIBHAS TIOCIEI0BATEIHHOCTD

fn(xg} nMeer B KadecrBe 0B6IaCTH CXOAMMOCTH MHOXKECTBO {z}.

OBOKYITHOCTH TIPEJIEIOB, B3ATHIX g BCEX 3HAYEHUI T W3 MHOXKe-
crea {z}, obpasyer BunosHe onpejenennyio GyHkuuio f(x), Takxke
3aJIaHHYI0 Ha MHOXKeCTBe {T}.

OTy QYHKIUO HA3BIBAIOT MPpeneabHON (PYyHKIUEN Mo-
craeposarenbaoctu { fr(z)}.

CoBepIIeHHO aHAJIOTUIHO, ecu GhyHKIMOHATBHBIH psiz (1.1) cxo-
JUTCsI HA HEKOTOPOM MHOXKeCTBe {z}, TO Ha 3TOM MHOXKECTBE
onpezenena byukima S(x), ABISOMAACT )
IpeeabHON (DYHKIHEH OCIeN0BATEIbHO-
CTH €ro 4YaCTUYHBIX CyMM ¥ HasbiBaeMas 1 ®
CYMMOH 3TOr0 paja.

[MocnenosarensrocTs (1.3) w3 paccmo-
TPEHHOIO BBIIIE puMepa 1 crodumcs Ha
scem ceemenme 0 < x < 1.

B camom gene, f,(0) =1 aua Bcex Ho-
MepOB 7, T. €. B Touke x = 0 mocyegosa-
TeabHOCTD (1.3) CXOAUTCS K eIuHHUIIE. 0

Ecnn xe dpukcrpoBars 0boe T U3 110-
aycermenta 0 < z < 1, To Bce fp(z), Hauu-

Has ¢ HEKOTOPOro HOMepa (3aBUCAIIEro, KOHEYHO, OT I ), OyIyT pas-
wbl #Hya10. Ctasmo 6bITh, B 000# Touke % mosycermenTa 0 < x < 1
nocaeoBarebHocTh (1.3) cxomuTest K HYJIHO.

Urak, mocimenosarensrocts (1.3) cxoauTcss Ha BCEM CerMeHTe
0 < z < 1 k npegenbHoit dyukiwn f(z), nmeroreil Bus

(1 mpm =0,
fl@)= 0 mpm O0<x<1.
I'paduk sroit mpemesbHO QyHKIMK n300paken Ha puc. 1.2

Ay

i
8

Puc. 1.2
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[MomuepkueM, uTo 3Ta (DYHKIHUS HE SIBJISETCS HEIMPEPBIBHON Ha
cermenre 0 < z < 1 (ona paspsiBaa B Touke = 0).

O6parumcst Ternepb K GyHKIHoHAIBHOMY pay (1.4) u3 npumepa 2.

DTOT PAM CXOTUTCS B JIOHO0 TOUKE & OECKOHETHON TIPIMOii 1 eTo
cymma pasha e”. JIokazaTeabCTBO MOKHO HaiTh B 1. 13 Boim. 1 (cM.
mpuvep 3m3 . 1§ 1 rr. 13) 1).

3. IlonsaTne paBHOMEPHOI CXOAMMOCTUA HA MHOXKECTBE.
[Ipeamonoxum, ITO MOCTEIOBATETLHOCTD

fl(x)a f?(x)a R fn(x)7 (15)

cxomuresd Ha MHOXKecTBe {2} K mpeznesbuoit dyukmmu f(z).
Onpedenenue 1. Bydem 2080pumsv, 4mo nocaedo8amesbHOCTD
(1.5) cxodumes x pynrkyuu f(x) pasnomeprno Ha MHOOINUCe-

cmee {z}, ecau daa a0bozo € > 0 moorcho ykazamo makol Ho-
mep N(e), wmo npu n > N(g) daa ecex T u3 mnoowcecmea {x}
CNPaGcedIUco Hepasencmeo )

[fnz — f(z)] <e. (1.6)

SBameuganue 1. B srom onperenennn BecbMa CyIECTBEHHO
TO, 9T0 HOMEP N 3aBUCHT TOJBKO OT € W HE 3aBUCUT OT x. Takum
obpazom, Jist ioboro € > 0 waiigercst yausepcaababiii Homep N (g),
HAUMHAs C KOTOPOro HepaseHcTso (1.6) cipaBesinBo cpasy jjist Bcex
x u3 MHoxkectBa {x}.

SBameuanue 2. Uz cxodumocmu nocaedosamenbHocmu
{fn(2)} na mmoorcecmee {x} 6os6ce ne ewmexaem pasromepras cxo-
dumocmo ee na smom mroocecmse. Tak, nocnegosaresbHocTs (1.3)
13 PACCMOTPEHHOTO BBIIIE MpUMepa 1 CXOAUTCS Ha BCEM CErMEHTe
[0, 1] (9TO yCTAHOBJIEHO BBIIIE).

JlokazkeM, 9TO 3Ta MOCAEIOBATENHLHOCTH HE CLOOUMCHA PAGHO-
mepro na ceemenme [0, 1]. PaccmoTpum mocsieoBaTebHOCTh TO-
qek T, = 1/(2n) (n =1, 2, ...), npunajyexamux cermenty [0, 1].
B kax10i u3 91ux To4Yek (T. €. I KarxKJ0r0 HOMEpPA 1) ClpaBe/-
JBbI cooTHomenus fn(z,) = 1/2, f(z,) = 0. Takum obpazom, mis

JII060r0 HOMEpa 1
|fn(@n) — fzn)] = 1/2,

T e. ipu € < 1/2 mepasenctsy (1.6) Hesb3si yIOBIETBOPUTH CPa3y
JUIsl BCeX ToueK = u3 cermenta [0, 1] Hu npu KakoM HOMEpE M.

1) BupodeM, 3TO IOKA3aTENIbCTBO Cpa3y BHITEKaeT u3 (opmysasl MakaopeHa
O e U U3 TOro, 9TO OCTATOYHBIM YjieH B 3TOH (POpMyse CTPEMUTCA K HYJIIO
JTsl BCEX .

%) Ecoi oz, {} MOHMMATH MHOYKECTBO TOUYEK & = (L1, ..., Lm ) IPOCTPAHCTBA
E™, T0 MBI TIOJIly9uM ONPEJEIeHHEe PABHOMEDHON CXOJUMOCTHU TIOCTIEI0BATE b=
moctu frn(z) = fu(z1, 2, ..., Tm) GyHKUMI M TEPEMEHHBIX.
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SBameganue 3. Ormerum, 9TO0 paBHOMEpPHAas HAa MHOYKECT-
Be {z} cxogumocts dyHKIMOHAIBHOI nociegoBarenbaocru { fr(z)}
K dbyskiun f(z) 9KBUBAJIEHTHA CXOAUMOCTH YHUCIOBO MOCIEI0Ba~
TeNIbHOCTU {€p, }, WIEHBI €, KOTOPOW MPEICTABIAIT COOOW TOYHbIE
BepxHue rpanu dyukyn |fn(z) — f(x)| va MaoxecTBe {}.

Sameuanune 4. I3 onpenenenns 1 HEIOCPEICTBEHHO BbITE-
KaeT, 9TO eC/IH T0CIe/I0BATe/IbHOCTE { fr ()} paBHOMEPHO cxoamuTCst
K f(z) na Bcem muoxkectBe {z}, 10 {f,(z)} paBHOMEpHO cxOAUTCS
K f(x) n Ha r060it yacTn MHOKeCTBA {T}.

[Tpusesiem Teneph npumep GyHKIMOHATBLHOM MOCIEI0BATETHEHO-
CTH, PABHOMEPHO CXOJIneiicss Ha HeKkoTopoMm MHOxkectBe {z}. Pac-
CMOTPHUM BCe Ty ¥Ke TociegoBaresibHocTh (1.3), HO He Ha BceM cer-
menre [0, 1], a na cermenre [, 1], rae § — dbukcupoBaHHOE YUCIO U3
uarepBaia 0 < § < 1. aa moboro Takoro § Haiimercs HOMep, Hadn-
Hasl C KOTOPOTO BCE JIeMeHThI f, (2) paBHBI HYJII0 Ha cermente [0, 1].
Tak kak npenenbHas dyHKus f(r) TakKe paBHA HYJII0 HA CErMEH-
re [d, 1], To Ha Bcem aTOoM cermente HepasencTBo (1.6) Gyger cripa-
BeUTUBO Jjist j10boro € > 0, HadWHas ¢ yKa3aHHOTO HOMEpa. JTO
JIOKa3bIBAET PABHOMEPHYIO CXOAMMOCTE TocienoBaresbHoctu (1.3)
Ha cermenre [0, 1].

Onpedeaenue 2. QyuxyuoHasvhoili pad HA3BIGAEMCA D G 6 -
nomepno crodawumca ma mnoocecmee {x} Kk ceo-
et cymme S(z), ecau nocaedosamenvrocmsv {Sy(x)} ezo wacmuu-
HOLT CYMM CTOOUMCA PAGHOMEPHO Ha Mmuoocecmee {x} K npedenv-
noti pynryuu S(x).

Jokazxkure camu, 9o (BbyHKIMOHAIBHBIH psx (1.4) u3 paccMoT-
PEHHOTO BBIIIE IPUMEPa 2 CXOJUTCA K CBOEH cyMMe e paBHOMEPHO
Ha KaxXKJOM cermMenTe —r < ¢ < 1, T7e 7 — i000e (DUKCHPOBAHHOE
IIOJIOKUTETLHOe THCI0 1) .

4. Kpurepuit Komu. Crnpaseiussl CIenyIOMIKe TBE 0CHOG-
Hble TEOPEMBI.

Teopema 1.1. Jlaa mozo 4mobvs GyHKUUOHANDHAA NOCAEA0EG-
meavrnocms { frn(x)} pasnomepro na mnoowcecmse {x} crodusaco
K HeKomopotl npedeavnoti PyHruuu, Heodrodumo u JdocmamouHo,
wmobw, das mobozo € > 0 naweacs nomep N(g) marot, wmo

[frip(2) — ful(2)] <e (1.7)

') nst nmoxasaresibCTBa JOCTATOMHO OLEHHTH OCTATOUHBIN ujieH Rn41(r) B
dopmysie Maksopena myist GyHKIME €° . DTOT OCTATOYHBIA UJIEH, TPEICTABIISIIO-
mwmit co6oit pasuocTh € u (n + 1)-it 9acTUIHO| CyMMBI pama (1.45), cpasy njist
BCEX T U3 CeTMeHTa —r < & < I YyIOBJIETBOPHET HEPABEHCTBY

R < o
Bt (0] < Gy

(cm. BB 1, hopmymy (8.62)).
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dan ecex n > N(e), ecex namypasonoiz p (p =1, 2, ...) u 6cex x
u3 muoorcecmea {x}.
Teopema 1.2. Jlaa mozo wmobv, GyHKUUOHAALHOIT PAD

> ug() (1.8)
k=1

pasromepro na muooicecmee {x} croduascs x mexomopotl cymme,
Heobxodumo u docmamourno, 4mobwv. dasa awbozo € > 0 Hawesca
nomep N (g) maxot, wmo

n+p

> up(z)

k=n+1

<e (1.9

Oas ecex n = N(g), 6cex HAMYPANLHOLL P U 6CET T U3 MHOHCECTN-

6a {z}.

Teopewma 1.2 apstercs ciaeacTBueM TeopemMbr 1.1: 10CTaTOYHO 3a-
METHTh, 9TO B JIeBOil yacTu HepaseHcTBa (1.9) moj 3HaKOM MOYJIst
CTOHUT Pa3HOCTh Spip(z) — Sy (x) vacrudanbix cymm paga (1.8).

Hokaszarenbcrso rTeopemb 1.1. 1) Heob6xonu-
Mo ¢ T b. Ilycts mocinegoBarensaocts { fn(z)} cxomures paBHOMED-
HO Ha MHOXKecTBe {x} K HEKOTOPOW mupepesbHoil dyHKimn f(z).
®uxcupyem npoussoibHoe € > 0. st mosoKATeTHHOr0 9ucia € /2
Haiimercss HoMmep N Takoii, 9To 17 Bcex N > N U cpasy It BCeX &
u3 MHOXKecTBa {z}

|[fu(z) = f(2)] <e/2. (1.10)

Ecan p — m0b0e HaTypasbHOe 9ucio, TO aid 1 > N u 71 BCeX T
u3 MHOXKecTBa {x} Tem Bosiee CrpaBeIuBO HEPABEHCTBO

|[frip(z) — f(z)] < €/2. (1.11)

[TocKOIBKY MOJYJIb CYMMBI HE IPEBOCXOIUT CYMMbBI MOJYJI€ii, TO B
cuiy (1.10) u (1.11) momyanm

[frip(®) = fn (@) = [[fnsp(2) = f(@)] + [f(2) = fu(@)]] <
< fnip(2) = F(@)| + 1 (2) = fo(z)] <e

(nist Becex n > N, Bcex HATYpaJsIbHBIX P U BCEX T U3 MHOXKECTBA {1 }).
HeobxoaumocTs J0Ka3aHa.

2) HocrartoguocTtn. I3 nepasencrsa (1.7) u u3 kpurepus
Komm 19 9mcioBoii MOCIEN0BATENBHOCTH BBITEKAET CXOINMOCTD
nocsiegoBarenbaocTu { fr,(z)} npu siroboM GUKCHPOBAHHOM T U3 MHO-
xkectBa {2} u cymecrsoBanue npegenbuoit pynkuun f(z).

Tak kak uepasencTso (1.7) copaBemuBo 04 4106020 HAMYPAAD-
H020 P, TO, OCYIIECTBUB B 9TOM HEPABEHCTBE IPeeJbHbINA Mepexol
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npu p — oo (cM. Beim. 1, Teopemy 3.13), momyuum, 9T0 ISl BCEX
n > N u Bcex T U3 MHOXKECTBA {z} CIpaBeJInBO HEPABEHCTBO

[f(z) = fu(2)] < e

B cuny npowmsBosbHOCTH € > 0 IOCTATOYHOCTD JOKA3AHA.

5. locTtaTo4yHble IPU3HAKU PAaBHOMEPHOii cxonumocTtu. B
3aBUCAMOCTH OT yA00CcTBa OyaeM (hOpMyTUPOBATH TPU3HAKYE PABHO-
MEPHOHN CXOAUMOCTH JUOO B TEPMUHAX MOCTETOBATEILHOCTEIH, THOO
B TEPMUHAX PI0B 1) .

s popMyupoBKY TIEPBOTO MPU3HAKA BBEIEM HOBOE MOHSITHE.

Onpedeaenue. Ilocaedosamenvrocms dynruyud { fr(z)} nasv-
6AEMCA PAGBHOMEDPHO O02PAHUYEHHOTU HA MHODIICECM-
6 e {x}, ecau cywecmeyem maroe sewecmsennoe wucao A, wmo
das 6cex T u3 mHoocecmea {T} u 0k 6CET HOMEPOS T CNPABEAUBO
nepasencmeo |fn(x)| < A.

Teopema 1.3 (npusnax qupuxae—Abeasn). IIycmv dan
PYHKUUOHAALHBIG PAD

> uk(x) - v ().

k=1

Omom pad crodumca pasromepro na muooicecmee {T}, ecau 6vi-
noAreHs, caedyrouue 06a Yca08uA:

1) nocaedosameavrocmo vy (x) aeasemces nesodpacmaroweti Ha
muooicecmee {T} U PABHOMEPHO HA IMOM MHONHCECNBE CTOOUMCA K
HYAI0;

[ee]
2) pad Y ug(z) umeem pagHOMEPHO 02PANUNEHNYIO Ha MHOICE-
k=1

cmee {x} nocaedosamenvbrocms HACMUYHUE CYMM.
JloKazaTessbCTBO TOYTH TEKCTYaIbHO COBIAIAET C JTOKA3ATEhb-
CTBOM COOTBETCTBYIOIIEr0 MPU3HAKA CXOJUMOCTH YHUCJIOBBIX PAIOB
(cm. Boin. 1, 1. 13, § 5, n. 2). MbI npejjiaraem 9uTaTesito mpoBecTH
€ro CaMoMy.
[Tpumep 1. B kagecTtBe mpumepa W3yduM BOIPOC O PABHO-
MEPHOH CXOAUMOCTHU DAL

Cx} .
Z sin kx (1'12)

P
k=1

Tak kak mocienosaresbHoctb {1/k} (mas Beex ) He BO3pacraer
U PaBHOMEPHO CTPEMUTCS K HYJIFO, TO B CUJly npu3Haka Iupuxse—
Abens psg (1.12) paBHOMEPHO CXOAUTCS HA JIIOOOM MHOYKECTBE, Ha

1)B cuny ckasannoro B 1. 1 06e 311 hOPMYIHPOBKY 9KBUBAICHTHEL
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KOTOPOM DsiJ]
o0
Z sin kz (1.13)
k=1

obJiafjaeT paBHOMEPHO OTPAHUYEHHON IOC/IEI0BATEIHHOCTBIO Yac-
TUYHBIX CyMM. BBIUUCIMM ¥ OIEHUM N-10 9aCTUIHYIO0 cymmy Sy ()

psina (1.13).
CyMMupyst TOXKIECTBO

QSin% -sinkz = cos(k - %)x - cos(k + %)x
mo BceM k oT 1 10 1, TOIyInM
QSing < Sp(z) = cos% — cos(n + %)x

Orcrona

T 1
Ccos — —cos(n—l— —)x
2 2

Sn(x) =

.z
2sin —
2
Crasio 6BITH, ST BCEX HOMEPOB 7. CITPABEIJINBO HEPABEHCTBO

1
[Sn(@)] < sin(z/2)

U3 nepagencrsa (1.14) oueBu/IHO, UTO HOCTEI0BATEIBHOCTE { Sy () }
qacTUaHBbIX cyMM psizia (1.13) paBHOMEpPHO orpaHuvUeHa HA JHOGOM
(bUKCUPOBAHHOM CErMeHTe, He COAEPIKAIEM TOUYEK T, = 27m (m =
=0, £1, £2, ...), u6bo Ha s06OM TakOM cermenre |sin(z/2)| umeer
NOAOHCUMEADHYIO TOTHYIO HUKHIOIO TPAHb.

Urak, Mbl jgokazanu, aro psij (1.12) cxomurcs paBHOMEPHO Ha
JIIOOOM CerMeHTe, He COAEPKAIIEM TOUEK Ly, = 27m, Tae m =
=0, £1, +2, ...

Teopema 1.4 (npusnax Betiepwmpacca). Ecau dynryuo-
HAALHOIT PAd

(1.14)

> ug() (1.15)
k=1

onpedeser na mHoocecmee {x} u ecau cywecmsyem crodAuutics
o

wuca060t pad y . ¢, makol, wmo das 6cexr T u3 muoocecmsa {r} u
k=1
Oas 1106020 nomepa k cnpasedauso mepasencmeo

|uk(z)] < ck, (1.16)

mo pynryuonasvrot pad (1.15) cxodumes pasrnomepro na mrosce-
cmee {x}.
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Kpatkaga bopMyaupoBKa: pynkyuonasbuud pad cro-
OUMCA PABHOMEPHO 1A OGHHOM MHONCECTNBE, ECAU €20 MONHCHO MAIICO-
PUPOBAMH HA IMOM MHONACECMEE CTOOAUUMCH HYUCAOSHIM DAOOM.

HokazareanbcTBo. Coracao kpureputo Koru jjist aucio-
o0

BOTO psijia Y, Cp, AJist Jiroboro € > 0 maiigercs Homep N (€) Takoii,
k=1
9ro aas Bcex n > N (€) 1 1yt J1r060ro HaTypaIbHOrO P CIPABEINBO

HEPaBEHCTBO
n—+p

> o <e. (1.17)
k=n-+1
U3 wepasencrs (1.16) u (1.17) u u3 Toro, 9ro MOJY/Ib CyMMBbI He
MIPEBOCXOIUT CyMMBI MOJLYJIEH, TTOTY IiM
n—+p

> up(z)
k=n+1
(nist Becex n > N(g), Bcex HATYPadbHBIX P U BCEX I W3 MHOXKECT-
Ba {z}).
Cornacuo kpureputo Komn dyukmmonanbabiii ps (1.15) cxo-
JIUTCsi paBHOMepHO Ha MHOXKecTBe {x}. Teopema nokazama.
Mpumep 2. Pax

oo

Z sin kx e 6> 0,

kl+s ?
k=1
CXOIUTCSA PABHOMEPHO HA BCeil OECKOHEUHON MpsiMOoit, nbo Ha BCeit
IPAMON

<e€

1
\ma

sin kx
L1+6

1

75 P 0 > 0 cxomures (cm. Beim. 1, r1. 13).

o
a 4UCJIOBON paf, E
k=1

Bameuanue 1. IIpusnax Betiepuumpacca ne aeanemcs neob-
TOOUMDBIM.

B camom zieste, Beite ycranoBsieHo, uto psas (1.12) exoqurces pas-
HOMEDHO Ha JII0OOM CErMeHTe, He COJEPKAIIEM TOYEK Ty, = 27m
(m = 0, £1, £2, ...). B ugactHocru, psxa (1.12) cxomurcest paBHO-
MepHO Ha cermente [r/2,3m/2]. OgHako Ha yKa3aHHOM CEIMEHTE

| sin kx|
MoayJib k-ro wiena psaga (1.12) — UMMeeT TOUHYIO BEPXHIOKO

o
1 . . 1
TpaHb, PaBHYIO e T. €. Ma>KOPUPYIOIMIUN YHCIOBOU P E % npe-
k=1
CTaBJISIET CODOM 3aBEIOMO PACXOIANINICT TAPMOHUYECKUAN PSII.
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Teopema 1.5 (npusnax Juwu ') ). IIycmo nocaedosamens-
nocmo { fn(x)} ne yowsaem (uau ne sospacmaem) 6 kaostcdoti mou-
ke ceemenma [a, b] u crodumca na smom ceemenme ¥ npedesvrot
dynxyuu f(x). Tozda, ecau 6ce anemenmov, NOCAEIOBAMENALHOCTIU
fn(x) u npedeavras fynryus f(x) nenpepvishu na cezmernme [a, b,
mo cxodumocmv nocaedosamesvnocmu {frn(x)} acasemca pasro-
meproti wa cezmenme [a, b].

JokazarenbcTBO. Paaw ompene/sleHHOCTH MIPEIIOI0KIM
g0 TocsenoBaresbHocTh { fn(z)} He yObiBaer ma cermente |[a, b]

(coygait HeBO3pacTaloIeli Moc/ae 0BaTeTbHOCTH CBOJAUTCS K 3TOMY
CJIy9at0 TIOMHOYKEHUEM BCEX JIEMEHTOB TI0C/Ie0BATETLHOCTH Ha —1).

ITonoxxum
Tn(m) = f(:L‘) - fn(x)

[MocaenosarensrocTs {ry, () } 0bagaer cieayromumMu CBORCTBAMM :
1) Bce 7y (%) HEOTPHIIATEILHBI ¥ HEIIPEPBIBHBI HA cerMenTe [a, b;
2) {rp(z)} aBnserca weso3pacratomieil Ha cermente [a, bl;
3) B KaxJO#l TOYKE Z CcerMeHTa [a, b] cymiecrByer mpejes
lim r,(z) =0.
n—oo
Tpebyercs 10Ka3aTh, 9TO MOCTEA0BATEIBHOCTD {1y (2)} cxomut-
Csl K HYJIIO DABHOMEpPHO Ha cermente [a, b]. JloctaTouHo joka3ars,

qro gy gaoboro € > 0 Haiimerca xoms odur HOMED 71 TAKOii, UTO
rn(z) < € cpasy das ecex x u3 [a, b] (rorga B cuiIy HeBO3pacTa-
uust {ry, ()} HepaBeHcTBO Ty (7) < € ByJeT CrpaBeIUBO U JIJIs BCEX
MOC/IEYIOIIAX HOMEPOB).

[TpeamomoxkmM, 9TO 771 HEKOTOPOTOo £ > () He HalIeTcs HI OIHO-
ro HOMEpa 1 TAKOro, 9TO 1y, (z) < € cpasdy mis Beex z u3 [a, b]. Torma

1Utsi E060r0 HOMepa . HaiiieTcs ToYKa T, u3 [a, b] Takas, 4To
rn(zn) > €. (1.18)

U3 nocnenosarensuoct {x,} B cuiy Teopembl Bosbiiano—Beiiep-
MITPACCa MOXKHO BBIJEIUTH IIOANOCIEI0BATENbHOCTD {Zp, }, CXOIs-
IILYFOCs K HEKOTOPOii ToUKe o cermenTa [a, b] (cm. b, 1, oot 3, § 4).

Bee dyskmun rp,(z) (npu ar0b60oM HOMEpE M) HEmpepbiBHBbI B
Touke Zg. Craso ObITh, I JIF0O0T0 HOMEPa, 171

lm 7, (2n, ) = rm(z0). (1.19)
k—o0
C npyroit cTopoHbI, BHIOpAB [jist JIIOOOI0 (DUKCUPOBAHHOTO HOME-

pa m IPEBOCXOJAIINI €ro HOMED Nk, Mbl HOJIy4nuM (B CHIY HEBO3-
pacTaHus 10CJIeI0BATETHLHOCTH)

Tm(ZTng) = Ty, (Tn,)-

1) Viuce Muwu — urambsuckuii maremaruk (1845— 1918).
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Conocrapiisisi ocseanee vepasencTso ¢ (1.18), 6yzem uvers
Tm(Zny,) 2 € (1.20)
(nust 1106010 (PUKCUPOBAHHOIO M W MPEBOCXOJSIIEr0 €ro HOMe-
pa ng). Hakoner, u3 conocrasienus (1.19) u (1.20) monyanm

rm(z0) > €
(nuist r0GOTO HOMEpA ™).

[MocieHee HEPABEHCTBO MPOTUBOPEYHUT CXOAUMOCTH TTOCTEI0BA~
resbHOCTH {7y (2)} K HY/IHO B TOUKe Zg. [losmyuenHoe npoTuBopedne
JTOKA3BIBAET TEOPEMY.

SBameuganue 2. B Teopeme JIutu CyIecTBEHHO yCIOBAE M O-
HOTOHHOCTHU nocrenosarenbuocru {fn(x)} na cermenre [a, b,
b0 HEMOHOTOHHAsI Ha [a, b] TOC/IEI0BATEILHOCTD HEIPEPBIBHBIX HA
9TOM cermenTe (QYHKIUH MOXKET CXOIUTHCA B KaXKJIOH TOUKE Cer-
MeHTa [a, b] K HenpepbiBHOI Ha TOM cermente dyHKiwn f(z), HO
He CXOJIUTHCA K Hell paBHOMEPHO Ha [a, b].

[TpuMepoM MOKET CIYKHUTh MOCIEI0BATETLHOCTE (hyHKIuUi [, (1),
paBubix sinnz npu 0 < £ < 7/n ¥ paBHBIX HyJI0 Opu /N < £ < T
(n =1, 2,...). dra nocregoBaresbHOCTh cxoputrest K f(z) = 0 B
ka0 Touke [0, 7|, HO He cxoauTca paBHOMepHO Ha [0, 7|, nbo
| fr(xn) — f(zp)| =1 npu x, = 7/(2n) ansa écex HOMEPOB n.

SBameuganue 3. Chopmyaupyem teopemy Jlurnm B TepmuHax
PANOB: €CAU 6CE HAEHBL PAOG HENPEPLIEHDL U HEOMPUUATNEALHYL HA
cezmenme [a, b] u cymma amozo pada maroice HenpepuleHa Na Cee-
menme [a, b], mo yxazannwd pad cxodumes x ceoeli cymme pasHo-
mepHo na ceemenme [a, b].

Bavmeuanue 4. Teopema /Tutu u ee M0KA3aTEJIHCTBO COXPAHIIOT CUJLY,
€CJIM B 3TOM TeOpeMe BMECTO CerMeHTa [a, b] B3aTh /11060e OrpaHuIeHHOe 3aMKHY-

TO€ MHOXKECTBO {.’l)} Takoe MHOXKeCTBO OPUHATO Ha3bIBaATh KOMIIa K TH bl M.

IMIpuwmep 1. Iocrenosarensrocts {z™} cxoaures K HYIHO

1
PaBHOMEDPHO Ha CErMEHTE [O, 3

1
B camowm gene, 1) ays moboro © us [O, 5] 3Ta MOCTAE0BATEb-
HOCTb CXOAUTCS K HYJt0; 2) Bee dyHKiuu ™ u npejeabaas byHK-

1 n
U HYJIb HernpepbiBHbl Ha |0, ik 3) nocnenoBarenbHOCTh {2} He

1
BO3pacTaeT Ha CerMeHTe [0, 5].

Bce ycnoBusa Teopembl JInHu BBITIOTHEHBI.

6. ITounennplit mepexon k mnpegesry. HempepbiBHOCTH
CyMMBbI PS/1a U IIPeAeIbHON (DYyHKIINA MTOCJI€0BATEJIbHOCTH.
PaccMoTpuM nmpou3BOIbHYO0 TOUKY ¢ OECKOHETHON MPSIMOIi, U TyCTh
{z} — npousBosbHOE MHOXKECTBO, OBITH MOMKET, W HE COJEpIKallee
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TOYKY @, HO 0DJIaJ]A0IIee TeM CBOWCTBOM, UTO B JIFOOOI £-OKPECTHO-
CTH TOYKH @ CONEPIKATCS TOYKM STOTO MHOMKecTBa ) .
CrpaBesinBO CIenyIoliee yTBepK IeHue.
Teopema 1.6. Ilycmov Pynrxyuonasvruli pad

> up(z) (1.15)
k=1

cxodumces pasromepro wa muoocecmee {x} x cymme S(z). Hycmo
dasee 1y 6CeT UAEH06 IMO20 PAAA CYUW,LCMEYET, 6 TNOUKE G NPedend-
Hoe 3HaUeHUe

lim uy(z) = bg.
Tr—a

Tozda u ¢pynxyus S{zr} umeem 6 mouke a npedeavroe 3nauenue,
npuvem

lim S(z Z lim uy(x Z by, (1.21)

T—ra T—ra

m. €. CuMB0A npedesq (hm) U CUMBON CYMMUuPosarus () moocro
nepecmasasmo mecmamu (UAU, KK 2080DAM, K NPEIEAY MOHCHO
neperodums M o4 AeHHO).
HokazarenbcTBOo. IIpexksae Bcero mokakem, 9TO UUCTIO-
o0

BOit psag Y. by cxomurcs. B cuny kpurepus Ko, npuveneHHOro
k=1
K dynkuuonaabaomy pamy (1.15), mas moboro e > 0 Hafigercs HO-
mep N (g) Takoii, aro
Un+1(2) + unt2(2) + -+ + ungp()| <e (1.22)

s Beex n > N(€), Bcex HATYpPaJbHBIX P W BCEX T W3 MHOMKECT-
Ba {z}.

[Tepexoxs B Hepasenctse (1.22) x npegeny © — a 2) | momy<mm

|bn+1 +bn—|—2 +---+ bn+p| <e<2e
(nyist Bcex n > N (€) u BCcex HATyPaJbHBIX P).
o0

Crano ObITh, A1 YUCIOBOTO PAga Y by BBINOJHEH KpUTEpHit

k=1
Komm u 3ToT psij cxoaurcs.
o0
Ouennm Tenepb pasuocts S(x) — Y. by AJis 3HaUeHuit T U3 Ma-
k=1
J0i oKpectHOCTH TOUYKM a. Tak kak S(z) = Z k(x) masa Beex

1) Mspivum cioBamur, TOYKA a SBIATCS TPeIeTbHON TOUKOH {1 }.

2) Takoif [IpeeIbHBIA HePEeX0 MOXKHO OCYIECTBATH M0 KAKOH-160 mMoC/en0-
BaTEJIbHOCTH TOUEK {Zy, }, Cxoasimeiics K a.
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To4YeK MHOXKecTBa {Z}, TO 115 106010 HOMEpa N CIPaBeJInBO TOXK-
J1eCTBO

S(.’L‘)—ZbkE [Zuk(.’lf)—Zbk] + Z uk(x)— Z bk.
k=1 k=1 k=1

k=n+1 k=n+1

U3 sroro Toxgecrsa st Beex £ u3 {x} mosydaeM HEPABEHCTBO

o n n o o0
)= Y0 < [Se) - Yol 4| O wa)|+| 3
k=1 k=1 k=1 k=n+1 k=n+1

(1.23)

o
®uxcupyem npoussosnbHoe € > 0. Tak kak pag », by cxogur-
k=1
cst, a pan (1.15) cxopurest paBHOMEPHO Ha MHOXKecTBe {X}, TO 1JIsi
GbUKCHPOBAHHOTO HAMU € HaieTCHd HOMED 7. TaKOW, YTO JJisi BCEX
TOYeK I u3 MHOXKecTBa {x}

[ee] [ee]
€ €
k=n+1 k=n+1

ITockobKy mpeses KOHEYHONH CyMMBI PaBeH CyMMeE IPeJIeoB Ciia-
raeMbIX, TO Jjis (PUKCHPOBAHHOTO HaMu € > 0 ¥ BBIOPAHHOTO HOME-
pa n MOXKHO ykazarh ¢ > 0 Takoe, 4TO

n n
D u(@) =D b
k=1 k=1
IUls BCEX TOYEK & MHOXKECTBA {Z}, YIOBIETBOPAIOMINX YCIOBHIO

0<|z—a|l <é.
Berasia (1.24) n (1.25) B npasyo gacrs (1.23), Mbl OKOHYA-

TEeJIbHO HOJIy‘II/IM, q9To
o
‘S(x) - b

k=1

< (1.25)

€
3

JUisi ToYek T MHOxKecTBa {x}, yjaomsiersopsomux yciosuio 0 <
< |z —a|] < 0. Tem cambiv gokazano, uro dyHkuus S(z) nmeer
B TOYKE I = @ TIPEJENbHOE 3HAYEHWE U CIPABEITNBO PABEHCTBO
(1.21). Teopema jgokazana.

Cdopmynupyem teopemy 1.6 B Tepmunax GpyHKIMOHATBHBIX MO~
CIe10BATEJIbHOCTEN.

Ecau gynruyuonasvhas nocaedosameavrocms { fr(z)} cxooum-
ca pasromepro na muooicecmese {x} x npedeavnoti pynxyuu f(z) u
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ECAU 8CE INEMEHMDBL IMOTE NOCAEO08AMENBHOCTNY UMEIOM, 8 MOUKE G
npedeavhoe 3nauenue, mo u npedeavras Pynxyus f(x) umeem 6
MouKe G NPEGEALHOE SHAUEHUE, NPUHEM

Jim f(2) = fim (Jimf(x))

m. e. cumeon lim npedesa nocaedosamesvrocmu u cumeos lim
n—oo r—a

NPedenbHo20 3HAEHUA PYHKUUU MOACHO NEPECTNABAANY MECTNAMU
(uau, kax 2060pam, K npedesy npu T — @ MONHCHO NEPETOOUMD
NOY%AEHHO).

Sameuganue K Teopeme 1.6. Ecnu B yemoBusax Teopembr 1.6
JOIOJIHUTEIHHO MOTPEO0BaTh, YTOOBI TOUYKA ¢ MPHHAJIEXKATa MHO-
xkectBy {x} m 94robbI Bee wienbl ug(z) pspa (1.15) Gbuim Hempe-
DBIBHBI B TOUKe @ (UJIM COOTBETCTBEHHO HENPEPBLIBHBI B 9TOH TOUKe
crpaBa Wim ciesa), To u cymma S(x) psga (1.15) 6ymer Henpepbis-
Ha B TOYKE a (MM COOTBETCTBEHHO HENPEPBLIBHA B TOYKE @ CIPABA
WU CJIeBA).

B camom gene, B atom ciyuae by = ug(a) u pasencrso (1.21)
OPUHUMAET BU/L

m (Jm ).

=l
n—oo

o0

lim S(z) =) up(a) = S(a),
k=1

9TO U 03HAUAET HENpepbIBHOCTD (hyHKiuu S(x) B Touke a (uiu, ecou

CTpeMJIEHHE T K ¢ OJHOCTOPOHHEE, TO HermpepbiBHOCTHL S () B 91O

TOYKE COOTBETCTBEHHO CIIPABA WUJIU CJIEBA).

[Tpumensisi ykazaHHOe 3aMedaHue K KaxKJI0H TOYKe HEKOTOPOro
cermenTa [a, b], MbI IpuIeM K cyeyiolielt 0cHoeHotG Teopeme.

Teopema 1.7. Ecau sce uaenv Gynruuonasvnozo pada (@yrs-
YUOHAALHOT NOCACI0BAMENDHOCTNU) HENPEPBIGHDL HA, ceemenme [a, D]
u ecau yxazarnol pad (YKa3annas nocaedosamesbHocmy) crooum-
CA PABHOMEPHO Ha cezmenme [a, b] , mo u cymma 3mozo pada (npe-
deavran Gyrnkyus 5moti nocaedosamesbHoCmu) HenpepvieHa Ha cee-
menme [a, b].

Bameuanus kK Teopeme 1.7. 1) B teopeme 1.7 BmecTo
cerMeHTa [a, b] MOXKHO B3Tb WHTEPBAJ, OJYCEIMEHT, MOJIYIIPsi-
My0, 6ECKOHEYHYIO TIPAMYIO W BOODIIE JII000E TIJI0THOE B cebe MHO-
xectBo {z}. 2) B Teopeme 1.7 cymecrBento tpeboBanue p a B H O-
MepHOHN CXOOUMOCTH, ubO HEPABHOMEPHO CXOJLAINALACH ITOCIIE-
JIOBATEJIbHOCTh HEMPEPBIBHBIX (DYHKIIMI MOXKET CXOAUThCS K pas-
poiBHO# dyuKiuu (cMm. mpumep (1) uz nn. 1-3 Hacrosiero mapar-
pada).

BakgwUuTeNAbHOE 3aMedaHue. Bee TeOpeMbl 9TOrO ma-
parpada crpaBeIuBbl s 0Cae0BaTeIbHOCTEeH (DyHKITHIL, 3a1aH-
HBIX Ha MHOXKecTBe {z} mpocrpancrsa E™.
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§ 2. IlouJieHHOE MHTErpUPOBaHNE U MOYJICHHOE
nuddepernupoBanne pyHKINOHATIBHBIX
IOCJIeIOBATEIbHOCTEH U Psi10B

1. ITounrenHoe MHTErpmpoBaHmMe. VMeeT MeCTo CIeayromas
0CHOGHAA TEOPEMA.

Teopema 1.8. Ecau Pynkyuonasvras nocaedosamesvHocms
{fn(2)} cxodumesa x npedeavroti pynryuu f(x) pasromepro na cee-
menme [a, b] u ecau kascdan pynwyus fr(x) unmezpupyema na cee-
menme [a, b] , mo u npedeavnas pynryua f(r) unmeepupyema na
cezmenme [a, b] , npunem YyKazanHYy0 NOCACA0EAMEABHOCTVD MOHCHO
unmezpuposams na ceemenme [a, bl nowaenno, m. e. npedea

i [ o
b
cywecmeyem u pasen, ff(x) dx.

a
HokazareabcTBo. Purcupyem npousposbuoe € > (. B cuy
PaBHOMEPHOM CXOAUMOCTH TIOCIeJ0BaTeabHOCTH { fn (2)} K f(x) miua
dbukcuposannoro € > 0 naitgerca somep N (&) Takoii, 9ro npu Beex
n > N(e) u npu Bcex T U3 cermMenTa [a, b| crpaBeyinBo HEPABEHCTBO

|[fu(z) — f2)] < (1.26)

€
2(b—a)’
Ecnu 6yner nmokazano, uto npenesbHas dbyHkius f(x) uaTerpupy-
eMa Ha cermenTe [a, b|, TO, UCTIOIBb3YsT U3BECTHDBIE OLEHKKM WHTErpa-
708 ') w HepaBeHCTBO (1.26), MBI mosyanm

b

b
[ fo(@)dz — [ f(z) dz| =

a

\

b
[1fn ()] dz

fn<x)—f(x>|dx<;fdx:g<g

<

8=

(nsg Becex m > N(e)).

) Mmetorcs B By CrieyioNHe ONEHKH WHTErPAJIOB, YCTAHOBJIEHHbIE B § 6
. 10 Boimn. 1: 1) ecom Gyrknua F(z) HHTerppreMa Ha cerMeHTe la, b], TO

u ¢ynxmus |F(z)| marerpupyema ma [a, b], mpuHem fF(a:) dz| < f |F(x)|dx;

a
2) ecim f(x) u g(z) obe mHTerpupyems! Ha [a, b] ¥ BCIOAY Ha TOM CermMeHTe

b b
f(z) < glz), o [ f(z)de < [ g(x)daz.
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b
Tem cambiv Oyger gokaszano, uro npegen lim [ f,(z) dz cyme-
n—oo
a

b
crByer u paser [ f(z)dzr, u Ham ocTaeTcs AOKA3aTh MHTEPHpYe-

a
mocth bysknuu f(z) Ha cermente [a, b].

[Moasepruys cerment [a, b] pasbueHuo pu MOMONM I P O U 3-
BOMNBHBIX TOUEK @ = 2o < 1 < ... < I, = b ma m gacrtuu-
HBIX CEIMEHTOB [Tk_1, Tg] (K = 1, 2, ..., m), qoroBopumcst 0603~
Hauath cumBoioM wg(f) (coorBercrBenno wg(fn)) Komebanue
Ha k-M YaCTHYIHOM CermeHTe [T_1, Tx| dyskuuu f(x) (coorBerct-

Benno fn(z)) 1).
Yoeaumcss B TOM, uUTO Jjst Joboro € > 0 um goboro k =

=1, 2, ..., m Haiigercsa JOCTATOYHO OOJBIIONH HOMEp 7, JJs KO-
TOPOT'O CIIPABEMTUBO HEPABEHCTBO
&€
wi(f) < wi(fn) + =—. (1.27)
2(b—a)

B camom nene, kKakoBbl 661 Hu Ol 2’ u 2" w3 cermenta [Tg_1, Tk,
CIIPaBEJINBO HEPABEHCTBO

f(a") = f(@")] < 1f (@) = fu(@)] + |fula") = fula")] +
+ [ fa(a") = f(2")]. (1.28)
B cuny pasromepnoii cxomumvoctu {fp(z)} k f(z) ans moboro
e > 0 maiizerca HOMED 1 TAaKoM, 4To 171d Beex z u3 [a, b] Gyaer cripa-
BeyinBo HepaBeHCTBO (1.26). Takum o6pasoM, [t 3TON0 HOMEpA 1,

7 = Fula) |+ 1fala") = F@")] < 5

u, crayo 6biTh, B cuy (1.28)
!/ " " 3
() = F@")] < fale) = fala)] + ==
13 mocienero HepaBeHCTBa W W3 MPOM3BOJILHOCTH Touek x’ u
cpa3y »Ke BBITEKAET CIPABEIUBOCTD [IIsi BHIOPAHHOTO HOMEpa 7
Hepasercrsa (1.27).

O6o3HaunM Temephb MJisT B3STOTO HAMHU MTPOU3BOJILHOTO paszbme-
HUsI cerMenTa [a, b] cumBoaMu S U § BEPXHIOI U HUIKHIOIO CYyMMBbI
dbyukiyn f(x), a cumBonamu Sy, U S, BEPXHIOI U HUZKHIOIO CYyMMBbI
bymea ().

Ywmuoxasi HepaseHcTso (1.27) Ha nimHy k-ro 9acTHYHOTO Cer-

MeHTa AT W IIOCTE 3TON0 CYMMHUDPYs ero 1mo Bcem k =1, 2, ..., m,
MbI TIOJIy9UM HEepaBEHCTBO
S—s< Sy —sp+e. (1.29)

) Hanomumm, uro KoneGanmenM (yHKIME HA JAHHOM CEIMEHTE HA3bIBA-
eTCsi pPa3HOCTHh MEXKJy TOYHON BEPXHEH W TOYHOM HUKHEH rpaHsMu 310N dYyHK-
U1 Ha JAaHHOM CErMeHTe.
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Hepagsencrso (1.29) ycraHOB/I€HO HAMU JIJIsl TIPOM3BOJILHOIO Pa3-
Ouenus cermenta [a, b]. B cuny unrerpupyemocru dbyukuuu fp(x)
Ha cermenre [a, b] Haiijercs pasbueHue ITOrO CerMeHTa, JIisi KOTO-
poro Sy —sp < € ') m, crano 6uTh, Ha ocoBanuu (1.29) S—s < 2.

Tak Kak € — IPOM3BOILHOE IMOJOKUTEJIBHOE YHUCI0, TO TOCIE -
HEee HEPABEHCTBO JI0KA3bIBAET WHTErPUPYEMOCTh f(Z) Ha cermenTe
[a, lz]J 2) . Teopema moKa3aHa.

dopmyupyem Teopemy 1.8 B TepMuHax (DyHKIMOHATBHBIX Psi-
JIOB:
Ecau gynxyuonarvnwd pad (1.15) crodumces ® ceoeti cymme
S(z) pasromepro na ceemenme [a, b] u ecau xKaxcowd waern 3mozo
pada uk(x) npedcmasasem coboli PynKyuI0, UNMELPUPYEMYIO Ha
cezmenme [a, b] , mo u cymma S(zr) unmezpupyema na ceemenme
[a, b] , npuvem yrazanmoil pAad MOHCHO UHMEZPUPOBAML HA CE2MEH-
me [a, b] nowaemnmno, m. e pad

X b
> [uk(z)ds
k=19
b
crodumcea u umeem ceoeti cymmoti [ S(z) dz.
a
Saveganne. B yduebHUKAX MO MATEMATHIECKOMY QHAJINUIY Te-
opema 1.8, Kak MpaBUJIO, JIOKA3BIBAETCS MTPU OOJIEe YKECTKOM TTPEJITIO-
JIOYKEHUH O TOM, 9TO KazKjas byHKIus fp, () HE TONbKO UHTErpupye-
Ma, HO ¥ HelpepbiBHA Ha cermente [a, b]. [Ipu srom momonHuTE b
HOM TIPEJIITOJIOKEHUN TIPUBEJICHHOE BBIIIE T0KA3aTeIbCTBO YIIPOIIa-
eTcst, OO JIsT JTOKA3aTETHCTBA HHTETPUPYEMOCTH TTPEIETBHON (PYHK-
mun f(z) Ha cermente [a, b] mocTaTouHO cocaTbest Ha TeopeMy 1.7.
2. ITounennoe nuddepenmnuposanune. Jlokaxxem ciaegayro-
MIYI0 0CHOBHYIO TEOPEMY.
Teopema 1.9. ITycmo xasrcdas Pynrkuus frn(x) umeem na cee-

menme [a, b] npoussodnyro f!(x) ), npuvem nocaedosamervrocmo
npouseodnuz {f)(x)} crodumesa pasnomepno na cezmenme [a, b] ,

1) B cuny teopemsr 10.1 u3 ra. 10 Bpmm. 1.

2)B cuity Teopembl 10.1 u3 Bein. 1 CymmecTBOBaHME NJIs IPOU3BOIBHOTO € > 0
pa3buenuss cerMenTa, s KOTOporo S—s < 2¢ aBageTcs HeOOXOAUMBIM U JOCTa~
TOYHBIM YCJIOBHEM UHTErPUPYEMOCTHU BCAKOM OTPDAaHUYEHHOMU Ha JAaHHOM
cermenre dyaknuu. OrpannuenHocts f(z) Ha cermenre [a, b] cpa3y BeITeKaer
u3 HepaseHcrsa (1.26) U U3 OrpaHUYEHHOCTH HHTErPUPYEMOIi Ha cermeHTe [a, b]
byskuyun f,(z).

3) IMox repmumom «byukmms f(z) MMeeT IPOU3BOIHYIO HA CermeHte [a, b]»
3/leCh M HUYKe TI0/Ipa3yMeBaeTcs CyNMeCTBOBAHHE TIPOu3BoAHON f'(x) B /06oi
BHyTpeHHeil Touke [a, b], mpasoii mpoussonmoit f'(a + 0) B Touke a u JeBoit
npoussozuoii f'(b— 0) B Touxke b.
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a cama nocaedosamenvrocmv { fn(x)} crodumca xoms 6w 6 0dnot
mouke xy ceemenma [a, b]. Toeda nocaedosameavrocmo {fn(z)}
crodumcsa x nexomopot npedeavhoti pynruuu f(x) pasnomepno na
scem cezmenme [a, b] , npuuem amy nocaedosamesbHOCMb MOACHO
duddpeperyuposams na cezmernme [a, b] now.aenno, m. e. 6crody
na ceemenme [a, b] npedesvnas dynryua f(r) umeem npouzeodnyio
f(x), asasowyroca npedeavrnoti dynryuet; nocaedosamenvrocmu
AN

Hokazarenbcrro. CHadana J0KazKeM, 9TO NOCAEIOGAMEN-
nocmo { fn(2)} crodumcsa pasromepro na ceemenme [a, b]. VI3 cxo-
JMMOCTH 9UCI0BO# mocaesoBareabrocTd { fn(z0)} u U3 paBHOMEp-
HoO# Ha [a, b] cxomamoctn { f) (z)} 3axmodaeM, 9T0 1S TPOU3BOITH-
Horo € > 0 maiinercss nomep N (g) Takoit, uro

[fp(20) = Fal@o)l < 2, |fngp(@) = Fal2)] < 2(b€—a)

s Beex n < N (€) Beex HATYypasbHBIX p U (9TO OTHOCUTCS KO BTO-
pomy HepasenctBy (1.30)) Bcex z u3 [a, b).

[Iycrb 2 —npou3BoOabHAS TOUKA cermenTa [a, b]. s dyHk-
it [ fr4p(t) — fr ()] mpu 11066IX GUKCHPOBAHHBIX N U P BLIIOIHEHDI
Ha cerMenTe [zg, | Bce ycroBust Teopembl Jlarpanka (M. Teopemy
8.12 u3 Bein. 1). ITo 910ii TeopeMe MexIy T U T Haiigercs Touka &
TaKast, 4To

[frsp(@)=fn(@)] = [frtp(z0)—fn(z0)] = [f14p(E) = fn(O)](z — z0).

U3 nocneanero pasencrsa u u3 HepapeHcTs (1.30) ¢ yderom Toro,
qr0 |z — x| < b — a, momyunm, 4To

|fn+p(x) - fn(x)l <eg

(nist iroboro x u3 [a, b], smoboro n > N(g) u 106010 HATYpaIh-
HOTO D).

Ho sro u ozmavaer, 4ro nocienoBareabuoctsb {fn(x)} pasHo-
MEPHO Ha cerMeHTe [a, b] CXOauTcsi K HeKOTOPO# IpeiesibHOi dyHK-
uan f(z) ).

Ocraercsa nokaszarb, 9T0 6 4 10 6 0 G mouke Ty cezmenma [a, b
npedeavhas Gynkyua f(x) umeem npoussodnyro u wmo ama npous-
600nas  Acasemcs npedesvholi  Pynryueld nocaedosamesbHo-
emu {f (%)}

®uxcupyem Ha cermente [a, bl TpOU3BOABHY IO TOUYKY I
U 10 Hell MOJIOKUTEILHOE YUCI0 § TAKOe, YTOOLI 0-OKPECTHOCTE TOY-
KI To LEIUKOM Ccojep:kaigach B [a, b] (B ciyuae, ecin g sABIsETCH

(1.30)

1)B cuny xpurepus Komu, 1. e. Teopemsr 1.1.



§2 I[IOYJIEHHOE MHTEI'PUPOBAHUWE U JUOPEPEHIIUPOBAHUE 31

IPAHUYHON TOUYKOH cermMenTa [a, b] Moz J-OKPEeCTHOCTBIO TOUKU T
MBI OyJIeM TIOIpa3yMeBaTh PABYIO MOMYOKPECTHOCT [a, @+ §) Tod-
K @ WIK COOTBETCTBEHHO JIEBYIO MOJIYOKPECTHOCTH (b — d, b] Toukw b).
O6o3znaunm cumBoioM {Az} MHOXKeCTBO Beex uucesa Az, yI0B-
aersopsiforux yeopuio 0 < |Az| < § nmpu a < zg < b, ycioBuio
0< Az < npuzg=amun ycaosuo —0 < Az < 0 npu zg = b, n
JIOKAzKEM, 9TO MOCJIET0BATETLHOCTE (hyHKIMI aprymenTa Ax

on(Az) = fn(zo + AAHB) — fn(®o)
T
CXO/IUTCSI PABHOMEDHO Ha yKa3aHHOM MHO)KecTBe {AT}.

st mpousBosbHOro € > (0 B Cusly PaBHOMEPHON CXOIWMOCTH
{f}(x)} maitnerca nomep N (g) Takoii, 4o

|[frip(@) — falz)| <e (1.31)

1Uist Beex = w3 [a, b], Bcex n > N(e) u Bcex HATYpAJIbHBIX P.
Bamerus 310, hukcupyem npoussosbHoe Ax w3 muO)KecTBa { Az}
u npuMennM K GyHRunn [ fr4p(t) — fr(t)] (mpu ar06bx Gukcuposan-
HBIX 1 U p) HA CerMeHTe [Tg, o+ Az Teopemy Jlarpamxa. ITo sroii
Teopeme Haiinercsa anciao 6 u3 uarepsasa 0 < 6 < 1 Ttakoe, 410

Pn+p(AT) — on(Az) =
[frtp(@o + Az) — fn (@0 + A2)] — [frip(@0) = fu(0)] _
Az
= frip(zo + 0Az) — f; (zo + 0A).

U3 nocneptero pasercTsa u u3 Hepasencrsa (1.31), cupaseiu-
BOIO /sl B CeX TOYeK I cerMenta [a, b], momydnm, 9T0

|<Pn+p(A5U) - ‘Pn(AwH <eg

st oboro Az uz {Az}, moboro n > N(e) n no6oro HaTypasb-
Horo p. Takum ob6paszom, nociemoBaresbHOCTb {@, (Az)} cxomures
paBHOMepHO Ha MHOXKecTBe { Az} (B cury kpurepust Komm). Ho sto
MO3BOJIIET TIPUMEHUTh K yKA3aHHON MOCIEeJ0BATETBHOCTH B TOYKE
Az = 0 Teopemy 1.6 o mownentnoMm mpeaenbHOM mepexomne. Corrac-

HO Teopenme 1.6 1) dynkims

f(xo + Azx) — f(xo)
Az ’

SIBJISIFOIIIASICST TIPEIesIbHOM yHKImeit mocenopareasHoctd {pn, (Az)},

H HUcnonb3yercst dopmynupoBka Teopemsl 1.6 B TepMuHax GyHKIIMOHAIBHBIX
IIOC/I€I0BATEIbHOCTEM.
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umeer ipu Az — 0 npejieibHOE 3HAUEHWe, TpuYeM
lim @+ Az) - f(zo) _

Az—0 Ax
= Jim | im ()] = fim | im0 ()] =

= lim [ lim f”(x0+Ax)_f"($°)] = lim f} (zq).
n—00 | Az—0 Az n—00
D10 u JoKasbiBaeT, uTo npousBogHas dbyHkuuu f(x) B TOUKe Iy
cymecrByer u pasaa lim f) (z). Teopema mokasana.
n—oo

[Tpusenem dopmyupoBky Teopembl 1.9 B TepMuHax GyHKIHO-
HaJIBHBIX PSIIOB.
Ecau kaorcdan dynruyua ug(z) umeem npouseoonyto na cezmen-
o0

me [a, b] u ecau pad us npouseodnvir kzl up(z) cxodumca pasho-

o0
mepHo Ha cezmenme [a, b, a cam pad > ug(z) cxodumes roms
k=1

o0
6w, 6 00noti mouke ceemenma [a, b], mo pad Y ug(z) cxodumcsa
k=1
PaAsHOMEPHO Ha 6cem ceemenme [a, b] x nexomopot cymme S(z),
npusem 3mom pad moscrno Juddepenyuposams wa cezmenme [a, b
nowaenno, m. e ez cymma S(z) umeem na cezmenme [a, b

o0
NPOU3E00HYI0, ABAAIOWYIOCA CYMMOT PAda U3 Npouseodnus Y, u)(z).
k=1

Sameuanune 1. Ilomuepkuem, uro B Teopeme 1.9 mpexamnosia-
raeTcs JIMIIh CyIIeCTBOBAHNE HA cerMeHTe [a, b] mpon3BOAHOI y KaxK-
noit dyukuuu fp,(z). Hu orpanuuennocts, Hu Tem 6osiee WHTErpu-
DYEMOCTh WJIM HEMPEPbIBHOCTH 3TOW MPOM3BOIHON HE Tpedyercs.
O6bIYHO B Kypcax MaTeMaTHYIecKOro aHaam3a Teopema 1.9 moka-
3BIBACTCS TIPU JIOTIOJTHUTETBHOM TIPE/IOIOKEHIN O HEITPEPBIBHOCTH
Kaxk 10t mpousBonHoil f) (x) na cermenre [a, bl.

SBameuanue 2. Ecim B Teopeme 1.9 qomosmurensHo moTpebo-
BaTh HEMPEPBIBHOCTH Ha CerMenTe [a, b| Kaxkmoi mpowssomanoit f) (1),
TO B cujly TeopeMbl 1.7 npousBoaHas npeaenbaoi dpyukuun f(z) Oy-
JleT TaKzKe HelpepbiBHa Ha cerMenTe [a, b).

Sameuvanue 3. Hnga cayuas dyHKIUE m mepeMEHHBIX TEO-
peva 1.9 mpunmmaer cieayioomumii Buj: ecim Kaxkjast (yHKIHsI
fu(z) = folz1, ..., Tm) UMeeT HA OrpaHUYEHHOM MHOXKeCTBE {z}
Touek E™ qacTHYI TPOU3BOIHYIO g% U eCJTU TIOC/IeI0BATETHHOCTh

k
Ofn

5 } CXO/INTCS PABHOMEDHO Ha {Z}, a cama I0C/Ie10BaTeIbHOCTD
T
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{fn(x)} cxomurcs B KaxkI0it TOuKe MHOXKecTBa {Z}, TO HOCIENIOBA-
renbHOCTD { fr (2)} MoxkHO nuddepeHmpoBaTh 10 epeMeHHON T,
Ha MHOXKeCTBe {} HmOYJIeHHO.

N3 teopembr 1.9 BhITEKAET CIIEyIOIIEE YTBEPK/IEHUE.

Teopema 1.10. Ecau waorcoasn dynkyusa fn(z) umeem nepso-
o6pasnyro na ceemenme [a, b] u ecau nocaedosameavrocmsv { fr(z)}
cxodumces pasHomepHo Ha ceemenme [a, b] & npedeavroti Gynryuu
f(x), mo u npedeavnas pynruyus f(r) umeem nepsoobpasryro Ha
cezmenme [a, b]. Boaee moezo, ecau xy — arobas mouxka [a, b] , mo
nocaedosamenvrocms nepsoobpasnur O (r) dynruud fn(x), yoo-
saemeopsrouur ycaosuto Pp(xg) = 0, crodumcs pasromepro Ha
cezmenme [a, b] x nepsoobpasnoti ®(x) npedeavrnot pynxyuu f(x),
ydosaemsoparoweti ycaosuro ®(xg) = 0.

HokazarenbcTBo. JlocTaTrodno 3aMeTHTh, UTO IS II0-
CIIeJI0BATEIHLHOCTH TIEPBOOOpasHbiX Py, (1), y10BIETBOPSIONIUX YCIO0-
Buto @, (zg) = 0 BbImOHEHBI BCe ycoBus TeopeMbl 1.9. Do obec-
[eYMBAET PABHOMEPHYIO Ha [a, b] CXOAMMOCTD MOCIEI0BATEILHOCTI
{®,(z)} x npegensroit pyukunm ®(z), y KOTOPOit B KayK 10 TOUKE
[a, b] cymecTByeT mpousBoHasi, paBHas npeaesabHoi GyHkiun f(z)
nocieposarenbuocru { fi(z)}.

Sameuanune 4. Ilomuepkaem, uro B Teopeme 1.10 me Tpe-
Oyercss HU OTPAHUYIEHHOCTH, HU TeM 00/1ee HHTErPUPYEMOCTH (DYHK-
muit fp(z) HA cermenre [a, b].

Marepuas nocaeHIX TPEX MyHKTOB TTO3BOJISET CIEIaTh CIEeIYI0-
Myt BaK HBI A B BI B O JI: PABHOMEDHAA CLOOUMOCTNG HE 6HLEOOUM.
u3 Kaacca Pynryul, umerwur npedeavroe snavenue (Teopema 1.6)
u3 Kaacca wenpepvishur Gynkyud (Teopema 1.7), us Kaacca unmee-
pupyemunx Pynryui (Teopema 1.8), us xaacca dynruud, umerouus
nepeoobpasnyto (teopema 1.10) u (6 cayuae pasromeproti cxodumo-
cmu npoudsoonnx) u3d kaacca Juddepenyupyemoir Gynryud (Teo-
pema 1.9).

B 3akJiouenune 3TOro MyHKTa IPUBEIeM OCHOBAHHBIN HA TeopeMe 1.9 mpumep
dbynkmuu f(x), npoussonHas f'(T) KOTOPO#H CymecTByeT BCIOLY Ha CerMeHTe
[0, 1], HO siBIsieTCst PA3PBHIBHOM B KayK/I0H PAIMOHAIBHON TOYKE 3TOr0 CErMEHTa.

ITycTn

o(z) = { z> cosi npu z #0,
0 opu z =0,
TaK IT0 DYyHKINI
.1 1
re.Nn_ ) sin—+2x-cos— mupu z#0,
¢'(z) = { T T
0 mpu x =20

SABJISETCA Pa3pbIBHOM Npu £ = ( UM HENIPEPBHIBHONU BO BCEX OCTAJIHBHBIX TOYKAX.
3aHymepyeMm Bce paloHasbHBIE TOUYKHU cermenTta [0, 1] B mocsiemoBaresbHOCTD

Z1, T2y .y Thy - .. (BOBMOXKHOCTH ITOTO MOKa3aHa B 1. 3 § 4 rr. 3 Beim. 1) m

2 B. A. Unbun u 3. T. Tlo3usaxk, yactsb 11
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1 ’ ]' ’
monoKuM Uk () = ﬁgo(a: — ). Torma kaxkmas npomssomnas uy, () = ﬁcp (z—
— T}) pa3pbIBHA B OTHOH TOYKE Tr U HENPEPBHIBHA BO BCEX OCTATbHBIX TOYKAX.
Tax Kak [ist Bcex ¢ u3 cermenrta [0, 1]

2
r—x 1
o — 2"

1+2)z—zk| _ 3
k2 k2’ S

Jug, ()] < B <

luk (z)| <

o0 OO
To oba pama Y. ux(r) u Y, uj(x) MAKOPUPYIOTCH CXOAATIMMCS THCIOBBIM Dsi-
k=1 k=1

> 1
gom 3- Y %2 ¥ TIOTOMY CXOISATCS Ha CermMenTe [0, 1] paBHOMepHO. ITo Teopeme
k=1

OO
1.9 cymma f(x) pama Y. uk(z) umeer wa cermente [0, 1] mpoussomayto f'(z),
k=1

o0

PaBHYIO CyMMe paga . uj(T) U UMEIOILyIo Pa3pblB B Kaxkoil Touke Tj (k =
k=1

=1,2, ...).

3. CxoaumocTs B cpeaHeM. Ilpenmomoxum, 9TO — KaxKaas
dbyukius fr(z) (n = 1,2, ...), a takxke dbynxnus f(z) uarerpu-
pyembl Ha cermente [a, b]. Torna (kak w3sectHo u3 1. 10 BBIN. 1) 1
dyHKIIMS

[fa(2) = f(2)] = fa(z) + f*(2) = 2fu(2) f(2)

TAKIKe sIBJISIETCsI MHTErpUpyeMoii Ha cerMenTe [a, D).
Beesem dbyHmamenTanbHoe TOHATHE CXOAUMOCTU B CPETHEM.
Onpedeaenue 1. osopsm, wmo nocaedosamenvrocms { fn(z)}
cxodumca 6 cpedunem x Pynkyuu f(x) na ceemenme [a, ]
ecau

b
lim [[fn(z) — f(z)]>dz = 0.

n—oo

Onpedenenue 2. losopam, umo Pynryuonasvhol pad c x o-
dumcsa 6 cpednem x Pynkyuu S(x) na ceemenme [Z, b], ecau
NOCAEI0BAMEALHOCTND HACTMUNHUE CYMM IMO20 PAOQ CTOOUMCH 6
cpednem x S(x) na smom cezmenme.

Bameuanue. U3 3Tux onpeesienuil BHITEKAET, 9TO €CJIU MO~
CIeJI0BATENHHOCTD (MM PsAJ]) CXOAUTCA B cpeaHeM K f(z) Ha Bcem
cermente [a, b], TO 9Ta MOCJIEIOBATEIBLHOCT (MM PsiJI) CXOTUTCS B
cpeaeM K f(z) u Ha so6om cermente [c, d], comepxainemcs B [a, b].

BoisicHEM BOIIPOC 0 CBA3M MEXKJY CXOJMMOCTBIO B CPEIHEM U
DPABHOMEPHON CXOIUMOCTBIO TTOCIEI0BATETHHOCTH.

Jokaxkem cHauasa, 9ro ecau nocaedosamenvnocmsv { fr(x)} cxo-
dumes k pynryuu f(z) pasnomepro na ceemenme [a, bl, mo { fn(z)}
cxodumcesa % f(z) u 6 cpednem na [a, b].

Qukcupyem npousBosibHOoe € > 0. I7g MOJOXKUTENTBHOTO HYHUC-

3 . o
jaa /m B CWJIY PAaBHOMEPHOI cxomumocTu Hafizercsa nomep N
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TaKO#, 4TO

3
|fn(z) = fl2)] < - (1.32)
npu Beex ¥ u3 [a, b] u Bcex n > N.
B cumy (1.32) nust Bcex n > N

b

b
/[fn(x) —f(:r)]de < ﬁ/ dx = % <e,

a

T. e. nocaeaoBarenbHocTh {fn(x)} cxomurea x f(x) wa cermente
[a, b] B cpeaneM.

V6emumcest Tenepb B TOM, YTO CZOOUMOCTIL NOCACIOBAMENLHO-
CMU Ha HEKOTNOPOM cezmenme 6 cpednem e eéaeuem 3a coboli ne
MOABEO PABHOMEPHOT HA IMOM Ce2MENME CTOOUMOCTNU, HO U CTO-
dumocmu zoms b6vi 6 00HOT MOUKe YKA3ANHO20 CE2MENMA.

Paccmorpum mociaegoparenbHocTh cermentoB i, Io, ..., mpu-

najiexkamux [0, 1] u umeromux cienyommuii Bu,;:
I, =]o0,1],

o1 1
-[2 = _07 5]7 I3:|:57 1]7

(L1 1 1 1 3 3
=gl s=[55l =53 m= 5]

[ 1 1 2 1
IZn:_o,z—n], 12n+1:[2_n,2_n],..., Iynir_ 1_[1—27 1],

Omnpenenum n-if wieH TOCTEI0BATENBHOCTH CJIEIYIOMNM 00pa-
30M:

fn(z) =

[TocTpoeHnast HAMU MOCTEAOBATEIBLHOCTD CTOOUMCA 6 CPeOHeM
k pynryuy f(r) =0 na ceemenme [0, 1].
B camom gzete,

1 wna cermente I,
0 B ocrasbHbIX TOukax [0, 1].

C—=

[fn(x) — de—ffn dx—fdx—

= nymnHe cermenta I, — 0 (mpu n — 00).

Bumecre ¢ TeM mOCTpOEHHAsT HAMYU MOC/IEJ0BATEIBHOCTD HE CLO-
dumca wu 6 00noti mouke ceemenma [0, 1].

2*
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B camom nene, kakyto Gbl TOUKy o u3 cermenta [0, 1] Mbl HE
duUKCHpOBaIN, CPEeIn Kak Y2000 O0ALWUL HOMEDPOB 1 HANTyTCs
KaK TaKue, JIJig KOTOPBIX cerMenT I, COMepKUT TOUKY Tg (/s 3Tux
HOMEpOB fy,(zg) = 1), Tak u Takue, A KOTOPBLIX CerMeHT I, He co-
JePXKUT TOUKY o (17151 9Tux HOMEPOB fn(zg) = 0). Takum o6pazom,
nocse0BarebHOCTh { fr (%o} comepkuT 6GeCKOHEUHO MHOTO UJI€HOB,
KaK PaBHBIX eJIMHUIE, TAK U PABHLIX HYJIIO, T. €. 9Ta IOCIeI0BATE b
HOCTb PAaCXOIUTCS.

OkasbiBaeTcst, CXOAUMOCTD nocaeoBareasbaocts { fr (o} K mpe-
neabroit dyukiwu f(z) na cermente [a, b] B cpeanem obecriednBaer
BO3MOXKHOCTD MOYJIEHHOTO MHTErPUPOBAHUS STOM TTOCTEI0BATENHHO-
CTH Ha yKa3aHHOM CErMEeHTe.

Teopema 1.11. Ecau nocaedosamenvnocmyv { fr(zo} cxodum-
ca 6 cpednem na ceemenme [a, b] ® dynryuu f(z), mo smy nocae-
006AMEABHOCTND MONACHO TOUAEHHO UHMEZDUPOSAMb HA CE2MEHME
[a, b], m. e. npedea

lim f folz

'Il—}OO

b
cywecmeyem u pasen [ f(z) dz
(]

[Ipex e Bcero mokaykeM CJIEIYIONIYIO JIEMMY.
Jdemma 1. Jas aobwx unmezpupyemos Ha cezmenme [a, b
Pynryud f(z) u g(z) cnpasedauso nepasercmso

b b
< \/f f(z)dz [ g*(z) dz, (1.33)

naszwvieaemoe Hepasencmeom Kowu-Bynaxoesckoeao.
HokaszarTenbcTBOo JdeMmMMbl 1. Paccmorpum cremyromiuit
KBaIPATHBIH TPEXUJIEH OTHOCUTEJHHO A:

x) dx

b

Jf(z) — Ag(2)]? dz =

a
—ff2 daz—2>\ff )d:z:+)\2fg )dz > 0.
Tak Kak 3T0T TpexX4djieH HeompuuyameneH, To OH He UMEEM pPas3au™-

MWL eewecmeennur kopret. Ho Torna ero muCKpuMUHAHT HEIIOJIO-
JKUTEJIEH, T. €.

b 2 b b
(f @) () dx) ey e(e) de <0

JlemMa gokaszaHa.
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( ,ZL)OKa?,a(Te)JIBCTBo Teopemsl 1.11. Mcronb3ys HeEpaBeHCTBO
1.33) mpu g(z) = 1, 6ymem umers

b b
[ ol dx—ff [Ufula) - f(a))da| <
\/f[fn )]defbdw= (6= a) [lfale) — F@)2dz = 0

(mpu n — o00). Teopema moka3zaHa.

§ 3. PaBHocTenneHHas HENMPEPBHIBHOCTH
nocsegoBaresapHocTu (pyHkruii. Teopema Apriesna

[Iycrs kaxkgas w3 dbyukuuii f,(z) onpesenena Ha HEKOTOPOM
cermenre [a, b].

Onpedenenue. Iocaedosamenvrnocms dynryud { fr(z)} naszvi-
BAEMCA PAGBHOCMENEHHO HENPEPLIEHOTU HA Ce2MeH-
m e la, b, ecau daa mobozo € > 0 natidemecsa § > 0 maxoe, wmo
HePasercmeo

|fn( )_ ( )<5

Cnpasediuco Oaa 6cex HOMEPOS N U Oad ecex mouek T u x' usz
ceemenma [a, b], c6A3ANHLT NEPABENCTNEOM
|z' — 2" < 4.

Bameuanne 1. HemocpeAcTBeHHO n3 3TOrO OmpejeaeHust
BBITEKAET, YTO eCJIU MOCIe0BaTeabHOCTh { fr(2)} paBHOCTENEHHO
HenpepbiBHA HA [a, b], TO u J0bast ee MOANOCIeI0BATEIBHOCTD PaB-
HOCTEIIeHHO HelpepbIBHA Ha [a, b].

Jlokazkem CrIeyionee 3aMedaTesbHOe yTBEPIK IeHHe.

Teopema 1.12 (meopema Apuena). Ecau nocaedosamenn-
nocmo gynruul { fr(z)} pasnocmenenno nenpepvista u pasromep-
no oepanuuena na cezmenme [a, bl, mo us smot nocaedosamenvro-
CINU MOACHO BbI0EAUMD NOONOCALOOBAMENDHOCTND, PAGHOMEPHO CLO-
dawyroca na ceemenme [a, b].

Hoxaszareancrpo. Paccmorpnm Ha cermenre [a, b] cremyro-
IIYIO0 MOCI€J0BATENbHOCTh TOUEK {Zy}: B KAUeCTBEe ] BO3BMEM Ty
TOYKY, KOTOpasi JeJUT CEerMeHT [a, b] Ha 1Be paBHbIE YacTH, B Ka-
YeCcTBe To U L3 BO3BMEM T€ JBE TOYKH, KOTOPBIE BMECTE C 1 JIeJIsIT
cerMeHT [a, b] Ha "erhpe paBHble yacTH (puc. 1.3), B KauecTBe Iy,
T, Tg U T7 , BO3bMEM Te 9eThIpe TOUKH, KOTOPbIe BMECTE C I1, T2 U
Z3 JeTAT cerMeHT [a, b] Ha Bocemb paBHbIX dacreii (puc. 1.3) u . .

[TocTpoennasi HAMU IOCTEA0BATEIBHOCTh {Z,} Obsagaer cie-
JYIOMUM CBOWCTBOM: Kakoe 661 § > 0 Mbl HU B3IH, A
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3TOro ¢ Halmercs HOMEp Ty TaKO, 4TO Ha JIOOOM IPUHAIJIEKA-
meM [a, b] cermeHTe JMHBL § JIEKUT XOTsi Obl OJMH W3 JEMEHTOB
1
Iy, xg,...,xno )
[Ipucrynim Teneps K BbIIETEHHIO U3 nocienopareabHoctu { fr (x) }
PaBHOMEPHO Ha cerMeHTe [a, b] CXOZsieics momnoceJ0BaTeIbHOCTH.
| | | | |

|
T
a L4 Xy X5 Xy XLe xr3 X b
Puc. 1.3

CHavaJsia pacCMOTPHM MOCIEN0BATENBHOCT { fn ()} B Touke x;. Ilo-
JAYIUM 02PaHU%eHHY0 TUCIOBYIO TocienoBarenbHocts { fr(x1)}, u3
KOTOPOii Ha OCHOBaHWM TeopeMbl Bosbuano-Beitepmrpacca (cwm.
BbIl. 1, m1. 3, § 4) MOXKHO BBIJIETUTH CXOJSAIIYIOCS MOJIIOCTEI0Ba~
TEIBHOCTh, KOTOPYIO Mbl 0003HAYMM TaK:

fuz),  fi2(@1), -, fin(), -

Hasee paccMorpuM (DyHKITMOHATBHYIO TOCTEI0BATETEHOCTD

fu(z), fio(x), ..., finlz), ...

B TOuKe Z9. Ilo Teopeme Boabrnano—BeitepmiTrpacca n3 Hee MOXKHO
BBIJIEJIATE CXOJSIITYFOCS TIOIIOC/IEI0OBATETFHOCTE, KOTOPYIO MbI 000-

3Ha4YUM TaK:
for(xa),  for(x2), ..., fon(a2), ...

Taxum obpazom, HyHKIIMOHAIBHAS TOCIEI0BATEILHOCTD

f21(£l?), fQQ(SU), ey fgn(:li), (134)

SABJISIETCA CXOMSIIENCT U B TOYKE T1, 1 B TOUKE T2.
Jaee paccmarpuBaeM (yHKIIMOHAILHYIO MOCTIET0BATEILHOCTD
(1.34) B TouKe T3 U BbLIEJsIEM U3 Hee CXOJAILYIOCs MONOCTe0Ba-

TEJIBHOCTH
f31(z3),  fa2(23), ..., fan(x3), ...

[Tpomomxkas aHAIOTHYHBIE PACCYKIEHUS, MBI MOJYYUM OECKO-
HeYHOe MHOXKeCTBO IOJIOC/Ie0BaTebHOCTEN

(), fielz), fis(z), ..., fin(®),
far(x),  folz), fa(z), ..., fonlx),
fa1(x),  faa(z), fas(z), ..., fan(2),
Fr@), Faa(@), Fas(@)s ooy fam(@), ..

) TIpo mocreoBaTebHOCTS, 0618 TAIONTYI0 TAKHM CBOHCTBOM, TOBODSIT, UTO
OHa sIBJIieTC BCIOJY IHJOTHON Ha cerMmexre [a, b].



§3 PABHOCTEIIEHHAA HEITPEPBIBHOCTBL. TEOPEMA APIIEJIA 39

npuyeM MOANOCIEI0BATE/IbHOCTD, CTOSAINAA B N-Ii CTPOKE, SBJISETCH
CXOIAIIENHCT B KaxKJI0U U3 TOYEK L1, L2, « .., Tn-

PaccmoTrpuMm Temepb Tak HAa3BIBAEMYIO «IMATOHAJIBHYIO» TIOCTIE-
J0BaTEJIbHOCTD

fu(@), felz), ..., fun(), ...

Jokaxkem, 94T0 9ma nocaedosamesbHOCMb PASHOMEPHO CTOOUM-
ca na cezmenme [a, bl.

Paau cokpamenns 3anucu GyiemM B JajbHedineM 0603Ha9aTh 9Ty
JMArOHAJIBHYO MOCIEI0BATEBHOCTE (KAK M UCXOIHYIO MOCIE0Ba-
TEJIBHOCTH) CUMBOJIOM

filz),  falz), ..., fulz), ...

(T. €. BMECTO CABOEHHOIO MHEKCA OyjeM MucaTh ojuHapHbIil). Puk-
cupyeM Tpom3BoJIbHOE £ > (.

Tak Kak AWATOHAIBHAS MOCTEIOBATEILHOCTD ABJISETCI PABHO-
CTEeIEeHHO HeNPepBIBHOl Ha cerMente [a, b], To g hUKCHPOBAHHOTO
e > 0 maiinercs § > 0 Takoe, 9T0, KAKOBBI Obl HU OBLIN JBE TOYKH
X U Ty, U3 cerMentTa [a, b], CBA3AHHBIE HEPABEHCTBOM |T — Zp,| < 0,
JIIsT BCEX HOMEPOB 1. CIIPABE/IJINBO HEPABEHCTBO

|fr(z) — folzm)| < % (1.35)
Bamerus 910, pa3obbeM cermMenT [a, b Ha KOHEYHOe YHCII0 OTPE3KOB
JnHbL, MeHbIeit §. 113 mocienosarensnoctu {x, } BbibepeM KoHed-
HOE YHCJIO 7 HEePBLIX YJIEHOB X1, L2, ..., Tp, HACTOJLKO OOJIBIIOE,
9TOOBI 6 KANHCOOM U3 YNOMAHYMBLL OMPE3KOE COOEPIHCAAACH TOMA
Ol 00HA U3 MOYEK L1, T2, ..., Tn,.
OueBnHO, TMATOHATBHAS MTOCTEIOBATETHHOCT CXOMUTCS B KaxK-
JIOit U3 TOYEK T, L2, ..., Tny. ILl09TOMY N8 DUKCHPOBAHHOTO BHIIIE
€ > 0 naiinerca vomep N Takoii, 4To

[ Ftp(@m) = folom)] < (1.36)

mig Bcex n > N, BcexX HATYPaJbHBIX P U Bcex m = 1, 2, ..., ng.

[Iycrs Teneph £ —TIpOM3BOJAbHAS TOYKA CEIMEHTA [a, D).
Dra TOYKa 003aTEJILHO JIEKUT B OJHOM U3 YIIOMSAHYTHIX BBIIIE OT-
PE3KOB JTUHBI, MeHbIe# §. [ToaroMmy jJist 9T0M TOYKHU X HalIeTcs
XOTh OJIHA TOYKA Ty, (M — OJUH U3 HOMEPOB, paBHbIX 1, 2, ..., ng),
YJOBJIETBOPSAIONIAS YCIOBHIO [T — Ty | < 6.

B cuty Toro, 9To MOLY/Ib CYyMMBI TPEX BEJIMYUH HE MPEBOCXOIAT
CYMMBI UX MOJIyJIeil, MOKEM 3ammcarhb

|fn+p(x) - fn(x)| < |fn+p(x) - fn-l—p(xm)l +
+ 1 fnap(@m) = fal@m)| + | frip(@m) — fal(z)]. (1.37)

Bropoii wien B npasoit yactu (1.37) omeHuM ¢ TIOMOIIBIO Hepa-
BercTBa (1.36), a /it OIEHKU IEPBOrO U TPETHETO YIEHOB B MPABOii
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gactu (1.37) yurem, 4ro |x — x| < 6, ¥ npuUBIEYEM HEPABEHCTBO
(1.35), cupasenguBoe Jisi i060ro HOMepa 1 (& CTajo ObITh, U JJIs
06010 1+ P).

OKOHYATEBHO TONYIUM, 9TO JJIsi POU3BONbLHOrO € > 0 Haii-
nerca nomep N Takoit, 4To

[fnip(z) = fu(z)] <e

it Beex n > N, Bcex HaTypaJsibHBIX p u 1000 Touku z u3 [a, b].
PaBrOMEpHAs CXOAMMOCTH JAMATOHAJBLHON TTOCTETOBATENTLHOCTH 10~
kazaHa. Teopema 1.12 mokazama.

Bameuanue 2. B Teopeme Apiiesa BMECTO pPaBHOMEPHOM
OrpaHUYEHHOCTH MocaenoBaTeabrocT { fr(z)} Ha cermente |a, b
JIOCTATOYHO TOTPE6OBATH OMPAHUYEHHOCTH 3TOH MOC/IE0BATETHHO-
ctm XoTsa OBl B OJHONW TOYKe 3TOro cerMenrta. B camom
JieJ1e, CIPaBeIJIMBO CJIEIYIOIIee YTBEPKICHUE: ECAU NOCACOOBAMEND-
nocmo { frn(x)} pasnocmenenno nenpepwena na cezmenme [a, b] u
oepanusena roma Ov, 6 00HOT MoYKe T 2M020 ce2merma, Mo Ima
nocAedoBaAMEALHOCTNG PABHOMEPHO 02PANUNMEHA Ha ceemenme [a, b].
Jng mokazaTesbeTBa 3TOr0 YTBEPK/ICHUs 3aMETHM UTO M0 OMPEIe-
JIEHUIO PABHOCTEIEHHON HeNpepbIBHOCTH it € = 1 maiinerca d > 0
Takoe, 4To KoJsebanue Joboit dyukuuu f,(x) Ha ar060M Ccer-
MEeHT€ JJINHDI, He MPEBBIMAONIEeH §, He MPEeBOCXOAUT duciaa € = 1.
Tak Kak BeCh CErMEHT [a, b] MOXKHO MOKPBITH KOHEUHBIM YHCJIOM T
CEerMeHTOB JJIHHBI, He TPeBBIIIaionie §, To Kosebamue Jo00il (hyHK-
wn fp,(z) Ha Bcem cermente [a, b] He npeBocxoauT uncia ng. Ho To-
rja u3 HepaBeHCTBA |fr (%0)| < A, BBIpaXkKaromero orpaHuyeHHOCThb
nocieposarenbuocru {fp(z)} B TOUKe T, BHITEKAET HEPABEHCTBO
|fn(z)|] < A+ ng, cupasenmBoe s ar060f TOUKH T M3 CErMEHTa
[a, b] n BbIpazkaioiee paBHOMEDPHYIO OIPAHUYEHHOCTH PACCMATPHU-
BaeMOH MOC/Ie0BATETLHOCTH Ha 3TOM CErMEHTE.

SBamedganue 3. YCTaHOBUM JOCTATOUYHBIH NpPpHU3HAK
PABHOCTENMEHHON HENPEPBIBHOCTM: ECAU NOCALIOGAMEND-
nocmo { fn ()} cocmoum us dupdepernyupyemvir na cezmenme [a, b]
Pynruut u ecau nocaedosamenvrocms npouseoonwz {f)(z)} pas-
HOMEPHO 0ZPAHUNEHA KA ITNOM CE2MEHME, O NOCACIOBATENHOCTIL
{fn(z)} pasnocmenenno nenpepwena na ceemenme [a, b.

Jist IoKa3aTebCTBa BO3bMEM Ha cerMente [a, b] e mpou3BosIb-
wele Toukn x' w " w 3ammmem s byukumw f,(z) Ha cermente
[/, "] dopmyny Jlarpanxa (cm. Beim. 1, r. 8, § 9).

Cormacao Teopeme Jlarpamnzka na cermenre [z', 2] maiimercs
Touka &, Takasl, 9T

|fn(2') = fu(2")] = fr(&n) - 12" — 2" (1.38)
[ToCcKOMTBbKY TOCTEMOBATENBHOCTH TPOU3BOAHBIX { f1 (%)} paBHOMED-
HO OIDaHMYeHa Ha cerMenTe [a, b], Haiimercs mocrosiHHast A Takas,



§ 4 CTEIIEHHBIE PAJIBI 41

9TO JJid BCEX HOMEPOB M CIIpaBedJ/INBO HEPAaBEHCTBO

|fn(&n)l < A (1.39)
Berasias (1.39) B (1.38), momyanm
|fn(2") = fu(z")| < Alz" — 2. (1.40)

®ukcupyem soboe € > 0. Torga, ecan B3aTh § = £/A u npusIeds
(1.40), TO MBI TOyYUM, YTO JJIS BCEX HOMEPOB M W Jis BCeex z' u

z" m3 [a, b], ceazannbIx yenosuewm |z’ — 2| < 4, Gyner cnpasenmeo
HepaBeHCTBO

[fu(a") = fu(z")| <e.

PaBHocrenennas HenpepbIBHOCTH nociegoarensbuocta { f(z)} no-
Ka3aHa.
sin nx

B kadecTBe mpuMmepa pacCMOTPHUM IIOCIEI0BATEIBHOCTH {—} Dta 1o-
n

CJIeI0BATEILHOCTD PABHOCTEIIEHHO HEIpPephIBHA Ha Ji06oM cermente [a, b], ubo
Ha J1060M cermeHTe [a, b] moC/IEI0BATEIBHOCTD U3 IPOU3BOAHBIX {COS nx} pas-
HOMEPHO OTPaHWYIeHa.

SBameuanue 4. [lonarne paBHOCTENEHHOW HEMPEPBHIBHOCTH
MOKHO (bOPMyYJINPOBATH HE TOJIHKO MO OTHOIIEHWIO K CErMEHTY [a, b,
HO ¥ TTO OTHOIIIEHWIO K WHTEPBAJTY, TTOJYCETMEHTY, MOTyTIPIMOii, Oec-
KOHETHOH MPSAMOM U BOODIIE O OTHOIIEHWIO K JI0OOMY TLIOTHOMY B

cebe muOkecTBY !). KpoMe TOro, 970 MOHATHE MOYKHO BBOJATH HE
HO OTHOIIEHUIO K TIOCIEI0BATETFHOCTH (PYHKITHI, & TI0 OTHOIIEHUTO
K JII0OOMYy OECKOHEIHOMY MHOYKECTBY (DYHKITHI.

§ 4. CreneHHble psbI

1. CrenteHHOM psa u 06JacTb ero cxogumoctu. Crere H-
HBIM D s$IJ10M Ha3biBaeTCs (PYHKIMOHAIBHBIN P/l BUIA

o0

ag + E arz® = ag+ a1z +agx® + ... fapz"+...,  (1.41)
k=1

rae ag, a1, a2, ... , Gp, ... — NOCTOAHHBIE BEIIECTBEHHBIE YUCIIA, Ha-

sbiBaeMble Kod G dunumenramu psaga (1.41). Iocrapaemcs
BBISICHUTE, KaK YCTPOEHA 064acmb cLO0UMOCTU JTIOOOTO CTETIEHHOTO
psna.

SameTnwm, 9To 6cakuti cmenennol pad cxodumcsa 6 mouke T =
= 0, mpuYeM CyIIeCTBYIOT CTEITEHHBIE PSAJIBI, CXOISAIIHECS TOJTHKO B

o0
9TOM TOYKE (HaHpI/IMep, pag Y k! xk)
k=1

1) IIpu sToM Teopema Aprieia 0CTaeTCs CIPABE I INBOMN, eCIIH B ee dopmympos-
Ke 3aMEHHUTDH CErMeHT [a, b] Jo6bIM OrpaHrYeHHBIM 3aMKHYTHIM MHOXKECTBOM.
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CocraBum ¢ IOMOIIBIO KO duinenTos a, pana (1.41) cremyro-
Y0 YUCIOBYIO MOCIEI0BATETbHOCTD:

{(V]aa]}  (n=1,2,...). (1.42)

Moryr npeacraBuThCsi JBa Caydas: 1) TOCTEI0BATENIbHOCTH
(1.42) siBsiercst neozparuyvernnoti; 2) nocaeoBaTeabHOCTh (1.42) aB-
JISIETCST 02PAHUYEHHOT.

B ciyuae 2) y nocnenosarensuoctu (1.42) cywecmeyem xoneu-
nouti eeprnuti npedea (em. Boi. 1, ri. 3, § 4, 1. 3), KOTOpBIii MbI 060-
zuauuM 4depe3 L. [loguepknem, uTo yKazaHHBIN Bepxuuii mpemea L
3aBeioMO Heompuyamener (MO0 BCe IEMEHTHI TTOCIeI0BATETbHO-
cru (1.42) HeoTpUIATE/NBHBI, & CTAJ0 ObITh, U Jt0bast npejeabHas
TOYKA ITOM TOCJIEJ0BATEIHLHOCTH HEOTPUIIATEHHA).

[MomBomst MTOT, MBI MPUXOAUM K BBIBOLY, UTO MOTYT TPEICTa-
BUTHCS CJIEIyIONHe Tpu ciaydas: 1) mocaenosareaboctsb (1.42) sB-
nsercss Heorpanwdennoii; II) nociegosarensrocts (1.42) apisercs
OrpaHuYeHHON 1 MMeeT KOHe4YHbIH Bepxuuii npegen L > 0; III) no-
caen0BaTebHOCTh (1.42) dBJisercs orpaHuyeHHON U UMeeT BepXHUi
npegen L = 0.

Jlokaxkem Temephb CIeIyIolIee 3aMedaTeTbHOE YTBEPK TCHHE.

Teopema 1.13 (Kowu—Adamapa).

I. Ecau nocaedosamensvrocms (1.42) wne ozpanuuena, mo cme-
newnoti pad (1.41) cxodumes auvwov npu x = 0.

II. Ecau nocaedosamesvrnocms (1.42) ozpanuuena u umeem
seprruti npedea L > 0, mo pad (1.41) abcomromno cxodumcs 0an
snavenuli ¢, ydosaemeopsrowur nepasencmey || < 1/L, u paczo-
dumes daa 3nanenuti T, yooeaemeopaowus nepasercmey x > 1/L.

III. Ecau nocaedosameavrocms (1.42) oepanuuena u ee eepr-

nuti npedea L = 0, mo pad (1.41) abcoaromno cxodumca Oas 6cex
3navenuld T.

Hoka3zaTeabCTBO.

L. TTycrs nocaenosarensuocTs (1.42) we orpanndena. Torma npu
z # 0 mocIen0BaTeIbHOCTE

2| V/lan| = V/]anz"|

TaK»Ke He OrpaHWYeHa, T. €. Yy ITOU IMOCIeI0BATETbHOCTA UMEIOTCS
WIEHBI CO CKOAb Y200HO OOABWUMU HOMEPAMU T, YIOBIETBOPSIIOIINE

HEPABEHCTBY
Vl]apz™| >1 wm  |apz"| > 1.

Ho s10 o3nauaer, uro mias psaga (1.41) (npu z # 0 ) mapyueno
HeobxoauMoe yeioBue cxomuMocTh (eMm. Bbim. 1, mr. 13, § 1, m. 2),
™. e psiz (1.41) pacxomures npu z # 0 .
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II. ITycrs mocinenoBarenbrocTh (1.42) orpannveHa u ee BepXHUA
npegen L > 0. dokaxkewm, 9o psiz (1.41) abcomoTHO cXOauTCst mpu
|z| < 1/L wn pacxogurest upu |z| > 1/L.

a) QukcupyeM cHadasa Jr060e T, YIOBJIETBOPSIONIEE HEPABEH-
crBy |z| < 1/L. Torga mainercsa € > 0 rakoe, uro |z| < 1/(L + ¢).

B cuuy cBoiicTB BepxHEro mpejiesia BCe JeMeHThl \/|ay,| , HaunHas
C HEKOTOPOTO HOMEpA, 7, YAOBIETBOPAIOT HEPABEHCTBY

Vlan| < L+ %

Takum obpasom, HAUYWHAS C YKA3aHHOIO HOMEPA 73, CIIPABEITHBO
HEPABEHCTBO

€
L+
n\/ |(1nfEn| = |[E| n\/ |(1n| < L—+Z < 1,

T. e. paj (1.41) abconrorao cxopuTes mo npusHaky Ko (eM. Bbi. 1,
ri. 13, § 2, o. 3).

6) @ukcupyeMm Terephb J60e I, YIAOBJIETBOPSIONIEe HEPABEHCTBY
|z| > 1/L.

Torpma naiinercs € > 0 Takoe, uro |z| > 1/(L — ¢). Ilo ompe-
JIEJIEHUI0 BEPXHEro Tmpejesa u3 nociaeaosaresbioctu (1.42) MOKHO
BBIJIETTATE TIO/TOCIEI0BATEIBHOCTh { "/ |ank|} (k=1,2,...), cxo-
nanryrocst K L.

Ho 10 o3mawaer, ¥To, HadnHasi ¢ HEKOTOPOTO HOMEpA k, CIipa-
BEJJINBO HEPABEHCTBO

L—e< "/lan,| <L+e.

Takum obpasom, HaUWHAS C YKA3aHHOTO HOMepa k, CIIpaBeIuBO

HEPaBEHCTBO
L—
nk\/ |ankxnk| = |z nk\/ |ank| > L—i =1

lan, ™| > 1,

njin

T. €. HapYyIIEHO HeoOXOAMMOoe yCaoBue cxoiumocTh psga (1.41), u
9TOT PSAJl PACXOIUTCS.

II1. ITycrs nmocenoBarenbHOCTD (1.42) orpannyeHa u ee BEpXHUA
npegen L = 0. dokaxkewm, 9o psiz (1.41) abcomoTHO ¢XOAUTCsT pu
JIIO00M .

®ukcupyem npoussosbhoe ¢ # 0 (npu z = 0 psg (1.41) 3aBe-
oMo abcostoTHo cxoauTes). TlockombKy Bepxuuii npegen L = 0 u
nocae10BaTebHOCTh (1.42) He MOXKET WMeTh OTPHUIATETHHBIX Mpe-
JEeJIbHBIX TOYeK, uncio L = 0 apusiercs eduncmeennoti mpeaesbHoOi
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TOYKOM, & CTaJI0 OBITh, SB/IAETCS IIPEIEIOM STOMH IOCIeI0BATEIBHO-
cru, T. e. nocegoparesbHOCTh (1.42) siBaisiercst 6eCKOHEYHO MaJIOi.

Ho rorpa muis nonoxkurensuoro yucaa 1/(2]z|) naitgerca Homep,

HAYMHAS C KOTOPOTO
1
Vlan| < ol

Crasio 6bITh, HAUMHAA C YKA3aHHOI'O HOMepa,
1
Vanz"| = |z| V/]an| < 3 <1,

™. e. psizt (1.41) abcomoTHo cxonuTces 1o npusHaky Komm (eM. Boim. 1,
o 13, § 2, . 3). Teopema MoJHOCTBIO JJOKA3aHA.

JokazaHHas TeopeMa HEmOCPEJACTBEHHO MPUBOAUT K CJIEILYFOTIE-
My DyHIAMEHTATBHOMY YTBEPZK ICHUIO.

Teopema 1.14. /laa xaoscdozo cmenennozo pada (1.41), ecau
OH HE ABAAENCA PAIOM, CTOOAUUMCA Auwb 6 mouke © = 0, cywe-
cmeyem noaosicumenvroe wucao R (803moorcho, pasroe beckonet-
Hocmu) makoe, 4mo amom pad abcosommno crodumcs npu |z| < R
u paczodumcsa npu || > R.

1o umcno R HaszbiBaeTCd pajuyCcoM CXOAMMOCTH pac-
CMaTPHUBAEMOr0O CTEIEHHOrO0 psijia, a uarepsasi (—R, R) nasbiBaercs
NPOMEXYTKOM CXOJUMOCTH 3TOro psijaa. s BoraucieHus
paJimyca CXOAMMOCTH CripaBeiuBa hopMyia

R=_—1 (1.43)

lim /an]
n—o0

(B crydae, Korjia 1@0 Ylan| =0, R= oo).

SBameganue 1. Ha KOHIAX TPOMENKYTKA CXOJUMOCTH, T. €.
B TouKax £ = —R u x = R, cTeneHHOl P MOXKeT ObITh KaK CXOJIsd-

MMUMCS, TaK U PACXOAATIIMCS B

[ee]
Tak ayst paga 1+ Y zk paauyc cxoanMmocTu R paBeH eauHuiie,
k=1
TPOMEKYTOK CXOUMOCTH uMmeeT BujL (—1, 1) 1 9TOT psiji pacxoanTcest
Ha KOHIIAX YKA3aHHOIO IIPOMEXKYTKA.
o0 k

T

Hng pama Y 7 TPOMEZKYTOK CXOZHMOCTH TOT e (—1, 1), mo
k=1

9TOT TOCTEJHHIN PsAJ CXOAUTCA Ha 000MX KOHIAX yKa3aHHOTO TIPO-

MEKyTKa.

1) Ormernm cenyomyio teopemy A6Gems: ecau cmenewnoti pad (1.41)

czodumes npu & = R, mo cymma ezo S(x) asasemes nenpepuenoti 6 mowxe R
caesa. Be3 orpammyennsi 0OITHOCTH MOYXKHO CUMTaTh, 9T0 R = 1, HO B TakOM
Buje Teopema Abess (hakTHUECKH yTBEPKIAIOIIAS PErYIsPHOCTD METOJA CYM-
vupoBaaus [lyaccoma—AGens) mokasana B qomosHenun 3 K rr. 13 Bem. 1.



§4 CTEIIEHHBIE PAJIBI 45

SBameuanue 2. Bce pe3yabrarbl HACTOSIIErO MyHKTa  CIIPa-
BeyuBbl st psiza (1.41); B KOTOPOM BeIeCTBEHHAs TIEPEMEHHAsT T
3aMeHeHa KOMILJIEKCHON mepeMeHHon z.

JL71st TAKOTO psifia yCTAHABIMBAETCS CYIIECTBOBAHUE TIOJTOKUATE -
Horo uncia R takoro, uro pgan abcosmoTHo cxoputcs npu |z| < R u
pacxoaurcs npu |z| > R.

Hng serancnenuss R cnpasennusa dopmyaa (1.43). Yucno R
HA3BIBAETC PAJUYCOM CXOJHUMOCTH, a obmacts |z| < R—
KPYrOM CXOJHMOCTH YKA3AHHOTO CTETIEHHOTO PSIA.

2. HenpepbIBHOCTb CyMMbI CTEEHHOTO psja. [Iycrs cre-
nennoit psg (1.41) umeer paguyc cxoguvoctu R > 0.

Jlemma 2. Kaxoso 6v, HU OBLAO NOAOAHCUMEADHOE YUCAO T, YOO~
saemeopsrouwee ycaosuto v < R, pad (1.41) pasromepro cxodumcs
na cezmenme [—r, ], m. e. npu |z| < r.

HokazarenbcrBo. B cuny reopembr 1.14 psi (1.41) abco-
JIIOTHO CXOJUTCS TIPU L = T, T. €. CXOJIUTCSA PsiJI

00
lag| + Z |ak|rk.
k=1

Ho nocsiesipmit 4ncioBoii psaj cory KUt MazKopanTHbIM 1j1st psizia (1.41)
npu Bcex x u3 cermenta |[—r, r]. Ha ocnoBanuu npusnaka Beii-
eprrrpacca psij (1.41) cxoaurest paBHOMEPHO Ha cermeHte [—r, 7).
JlemMa gokaszaHa.

Caedcmeue. B ycaosusr semmor 2 cymma pada (1.41) aeasn-
emca Pynryued, nenpepuenoti na ceemenme [—r, r] (B cuity Teope-
Mbl 1.7).

Teopema 1.15. Cymma cmenennozo pada 6nympu €20 npome-
ACYMEAQ CTOOUMOCTIU ABAAECMCA HENPEPLIGHOT PyHKyUed.

Hokazareabcrso. Ilycrs S(z) — cymma creneHHoro psija
(1.41), a R— ero paguyc cxogumoctu. Pukcupyem jr060€e & BHYTPH
NPOMEKYTKA CXOUMOCTH, T. €. Takoe, 9To0 |z| < R. Beerna maiimercs
qucao T Takoe, 4to |z| < r < R. B cuiy ciexcTBus u3 JeMMbl 2
dbyukiws S(z) HenpepbiBaa Ha cermente [—r, r]. Craso 6b1Th, S(x)
HelpepbIBHA U B TOoUYKe x. Teopema jokazaHa.

3.IlounenHoe nHTErpUpOBaHMe u noujieHHoe nuddepen-
MPOBaHNE CTEIIEHHOTO PsJa.

Teopema 1.16. Ecau R > 0 — paduyc crodumocmu cmenenmo-
20 pada (1.41), a x ydosaemsopaem ycaosuro |z| < R, mo pad (1.41)
MONHCHO NOYAEHHO uHMe2puposamv wa ceemenme [0, x]. IToayuen-
HoLll 6 PE3YALIMAME NOYNEHHO20 UHMEZDUPOSAHUA PAO UMEET, TMOM,
atce paduyc crodumocmu R, wmo u ucxodnwt pad.

HokazarenbcTBo. Jlig ar06010 T, YIOBIETBOPSIIOIIETO YC-
aouto |z| < R, maiigercss r takoe, uro |z| < r < R. CormacHo
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aemme 2 psit (1.41) cxogurest paBHOMEPHO Ha cermesre [—r, ), a
crasio 6biTh, n Ha cermenre [0, z]. Ho Torga B cumy teopems 1.8

9TOT Psiji MOYKHO MOYJIEHHO MHTErprpoBaTh Ha cermente [0, z].
B pesynbrare mo4yseHHOTO MHTEIPUPOBAHUS TIOJYUUTCA CTEIEH-
HOU pa

agx—i-%le—lr...—i-Mx”—i-...,
n

Paanyc CXOIUMOCTH KOTOPOTO, coryiacHo Teopeme 1.14, sBisiercs Be-
JIMIUHOM, 00PATHON BEPXHEMY MPeIey MOCIeI0BaTETbHOCTH,

pflensl _ Vo] (1.44)
Tak Kak BepxHuil mpenes nocaegosaresbHoctu (1.44) Tor ke, 4To

uy (1.42) '), To Teopema moxazama.

Teopema 1.17. Cmenennoti pad (1.41) enympu ezo npome-
AHCYMKG CTOOUMOCTIU MOHCHO JuddPepenyuposams nousenno. Pad,
NOAYUERNIT NOUAEHHBM JuPPepenyuposanuem, umeem mom e
paduyc cxodumocmu R, umo u ucxodumi pao.

Jdokasarenbcrso. Jdocrarouno (B cury Teopemb 1.9 u jiem-
MBI 2) JI0Ka3aTh JIMIIb BTOPOE YTBEPXKIEHNE TEOPEMBbI.

B pesyabrare nownentoro mauddepennuposanust (1.41) momy-
UM P

a+2-ay-x+... An-ay- 2" (1) an 2+,

paauyc cxoguMoctu R koroporo (corsacHo Teopeme 1.14) obparen
BEPXHEMY TIPEJIENTY TTOCIe0BATETHLHOCTH

{¥(n+1)|ans1]} (1.45)

Tak kak mocseoBaTeabHocTh (1.45) nMeer TOT ke BEPXHUIL Tpesed,

uro u (1.42) 2), To Teopema joKazama.
Caedcmeue. Cmenennoli pad 6Hympu €20 NpoMeNcymxa croou-
MOCTAU MOAHCHO QUPPEPEHUUPOBAMD NOYAEHHO CKOABKO Y200H0 PA3.
Pad, noayuernnviti n-xpamuovim nowaernsim udheperuuposar-
eM UCTOOH020 CMENEHH020 PAJG, UMEET MOM, dice Paduyc cToOUMOC-
mu, Ymo U UCToOHvLl pad.

DW6o lim ¥n=1, lim V]an—1|= Tim ""/]a.| =
n—oo n—oo n—oo

- Ty = ] )

n

Weo lim Yn+1=1, Im Y]ant1]| =
n—0o0 n—0o0

= T Y] = T [ lan]] " = [ el

n—oo
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§ 5. Pazjioxkenue (pyHkIuii B CTeI€HHbIE Psiabl

1. Pazioxxenue (pyHKIIUU B CTEIIEHHOUN PsiJI.

Onpedeaenue 1. Bydem 2060pumn, wmo pynxyus f(z) na un-
mepsase (—R, R) (na muoocecmee {x}) mooicem 6vimo pasaosicena
6 cmenennoti pad, ecau cywecmeyem cmenennoti pad, crodsuyutica
k f(r) na yxasannom unmepsase (YKa3annom MHodHCECMEE).

CripaBejiuBbI CJIIYIOIIE YTBEPK ICHUS.

1°. JTas mozo wmobw dynxyus f(z) mozaa 6oims pasaodicena 6
cmenennoti pad na unmepsane (—R, R), neobxodumo, wmobv, ama
PYHKUUA UMENQ HA YKAZAHHOM UHMEPSANE HENPEPLIEHBLE NPOUIBO0-

noe 1106020 nopadka L) .

B camom mese, cTemeHHoO# psif BHYTPH €r0 MTPOMEXKYTKA, CXOTH-
MOCTH, KOTODbI#i BO BCAKOM CIydae comepxut uarepsan (—R, R),
MOYKHO TIOWIEHHO Au(hDepeHiimpoBaTh CKOILKO YTOAHO pas3, TPHIeM
BCe TIOJIYIEHHDBIE TTPU 3TOM PSIIBI CXOIATCI BHYTPH TOTO YK€ TMPOMe-
XKyTKa cxopaumocTu (reopema 1.17).

Ho Torga cyMMBbl psifioB, TIOJIYYEHHBIX CKOJb YIOJHO KPATHBIM
muddepentrposatuem (B cuy TeopeMbl 1.15), mpejcraBisitor co-
60# pyHKIMN, HEMTPEPBIBHBIE BHYTPY YKA3AHHOTO TPOMEKYTKA CXO0-
JMMOCTH, & CTajio ObITh, HelmpepbiBHbIEe Ha uHTepBasie (—R, R).

2°. Ecau pynxyus f(z) moocem 6umov na unmepsane (—R, R)
PA3A0dICENA 6 CENEHHOT DAJ, MO AUUD eUHCTNEEHHBIM 00PA3OM.

B camom gesie, mycth dyHKIms f(2) MOXKeT ObIThH pasJioxkeHa Ha
uarepsane (—R, R) B crenennoii psiz (1.41).

Huddeperuupys ykazaHHBIH psijl TOUIEHHO 1 pa3 (4TO 3aBej10-
MO MOXKHO jleiaTh BHyTpu narepsasa (—R, R)), noaydaum

F™(@) =an '+ anpr - (n+ 1)z +...
Orciona npn x = 0 Haiftmem

F™(0) = ay, - n!
i o
ay = 1200 (1.46)
n!

Taxkum obpazom, koaddurpenTs! crenerntoro psiga (1.41), B ko-
TOpBIH MOXkKeT ObITh passoxkena (yukius f(x), 00nosnaurno onpe-
deasemcs gopmyaot (1.46).

) Ormerum, uro cymecrByor byHKIuU, uMenomue Ha uHTepsBase (—R, R)
HeIIpepHIBHBIE IIPON3BOIHBIE JIIO00T0 MMOPSIKA, HO HE PA3JIOXKUMbIE HA ITOM HH-
TepBaJie B creneHHoi psaxg. IIpuvepom Takoil GyHKIME MOXKET CIIyKUTH

_ [ e npu  x # 0,
f@) = { 0 opu z = 0.
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[Ipeanonoxum Tenepb, uro dbyHKius f () uMeer Ha HHTEpBAJe
(—R, R) HenpepbIBHBIE MTPOU3BOJHBIE JIIOOOTO MOPSIIKA.

Onpedenenue 2. Cmenennoti pad (1.41), xosdduyuenmou xo-
mopozo onpedeasromes dopmyaoti (1.46), nasweaemes padom Teti-
aopa pynkyuy f(x).

Vreepkaenre 2° MPUBOJUT HAC K CJIEAYIONIEMY YTBEPKJICHUIO.

3°. Ecau ¢pynxuyus f(x) moocem 6oimsd pasaodcena ma unmep-
sane (—R, R) 6 cmenennoti pad, mo smom pad ABAAEMCA PAOOM
Tetinopa pynryuu f(x).

B zaksrouenne chopmymupyeM Caegyoiee yTBepxK IeHne, Hero-
CpeCTBeHHO BhITeKaromee n3 § 14 . 8 Boim. 1.

4°. Jlas mozo umobw, dynruua f(x) mozaa 6wumsb pazaooicena 6
pad Tetinopa na unmepsase (—R, R) (na mmnooicecmse {z}), neob-
L00UMO U QOCTAMOUHO, ¥MOObE 0OCMaMOouHvL Ysen 6 popmyae Ma-
KAOPEHA OAA IMOT PYHKUUU CIPEMUACA K HYAIO0 HO YKA3AHHOM Ut~
mepsase (YKa3aHHOM MHOMHCECTNEE).

2. Pazyio>keHre HEKOTOPBIX JIEMEHTAPHBIX (DYHKIHUI B
psan Teiinopa. B Boimn. 1 (em. . 2 § 15 11.8) mokaszaHo, 4To ocra-
TOYHBbIE UjieHbI B (opmysie Makiopena st pyHKIui e¥ | cosz u
SN CTpeMsaTCS K HYJII0 Ha BCell OECKOHEUHOU MpsSMOi, a 0CTaTod-
HbIi wieH B popmysie Maksopena mis dyukuuu In(1+x) crpemurcs
K HyJIO Ha nogycermMente —1 < o < +1.

B cuny yTBepxaenus 4° u3 npeabIAyINero myHKTa 3TO TPUBOJINAT
HAC K CJIEIYIOIIAM Pa3I0KEHUIM:

n=1
io:( l)n 2n
cosz =1+ .
— (2n)!
00
. ( 1)n$2n+1
s1n:13—2 (2n+1)' s
n=0
> _1\n+1l,.n
ln(l-l-x)zz( DU
n
n=1

IlepBrie Tpu u3 ITUX PA3IOKEHHH CXONATCA /I BCEX 3HAUE-
HUi T, a ocaegHee — JJid 3HadeHnt ¢ u3 norycermenta —1 < z < 1.
OcraHoBUMCST TeNeph Ha PA3JIOKEHWN B CTENEHHON psiji PyHK-
mun (142)® uin Ha Tak Ha3bIBAEMOM OMHOMUAJTBHOM Dde.

Ecmn f(z) = (1 4+ 2)%, o
FfM@)=ale—)(a—2) ... (@—n+1)- (14+z)*™
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[TosTomy dhopmyna Makiopera ¢ octarouHbiM dieHoM B (popme Ko-
mm umeer B (eM. B 1, . 8, § 14)

(1+2)*=1 +Z a(a—l)(a—Z;'... (a—k+1)$k ¥ Ry (2),
k=1 ’
(1.47)

e

Ry () = B=Plan st 04D (0) =

(1-o)"
n! '

= (:;91) . (a—l)(a—j!) s (a=mn) Oz(l +9$)a—1 . gt (1.48)

"ol —1) ... (@—n)1+0z) " =

(0 — mexoropoe uncao u3 unrepsana 0 < 6 < 1).
Cragasa yoenumMcs B ToM, 9T0 npu « > 0 BCIOZY Ha WHTEpBAaJE
—1 < z < 1 ocrarounsrii wien R,ii(z) crpemurcs K HyJaO (npw

n — 00).

1—-6\"
B camom Jejie, BCe YJIeHbI II0C/IeA0BaTE/IbHOCTHU {(1+0 )
T
BCIOZIy Ha YKa3aHHOM HHTEPBaAJIE HE IIPEBOCXOJAT €JUHUIBI; TT0CIe-

(a=D(a=2)...(
n!

HoM o > 0 orpanmdena 1) ; 4mcmio a(1+0x)*~! onpeneneno mpn so-
b6om dukcupoanroM « > 0 um npum Jg060M T U3 WHTEpPBaJa
—1 < z < +1; Hakonern, mocrenosarenbHocTh {1} aBngercs
OeCKOHETHO MaJIoil Jjist J0boro x w3 naTepBaaa —1 < x < 1.

Takum o6pasom, B custy (1.48) ocrarounsiii wien Ry, 1(z) crpe-
MUTCA K HYJIIO JjIs 00010 pukcupoBanHoro « > 0 u jroboro x u3
nHTepBaTa —1 < < 1.

Craso 6b1Th, B cuay (1.47), npu a > 0 6crody na unmepsane
—1 <z <1 cnpasedauso padaooicenue

a—n
JI0BATEJILHOCTD { ) } Ip# JII000M (PUKCUPOBAH-

1

(1+x)a=1+;°‘(a‘1)(a‘2’1!"' (o= k+1) k. (1.49)

JoxkaxkeMm terepb, 4ro npu o > 0 pad, cmoawud 6 npasod wacmu (1.49),

pasnomepno cxodumesa x Pynkyuu (1 + )% na 3amrHymMoOM cezmenme
—1<z<1.

1) Bee snemenThi 910# TI0CIEI0BATETLHOCTH MO MOIY/TIO ODAHUHYEHb! THCIOM
(a—D(a—=2)... (a—[a])
[o]!

, The [a] — mestast 9acTh a.
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Bcrony ma yka3aHHOM CerMEHTE 3TOT P MaKOPHUPYETCs CJIeIyIOIIIM
YHCJIOBBIM DSIZIOM:

Z|a|-|1—a|...|k—1—a|. (1.50)
— k!

B cuny npusnaka Beifepurpacca miist ycraHOBJIEHUsI pABHOMEDHOI Ha cer-
vernre —1 < z < 1 cxomumocTn pama, croamero B mpasoil gactu (1.49), mocra-
TOYHO J0Ka3aTh CXOJUMOCTH Mazkopupyomero psaa (1.50).

O6o3maanm k-i1 winen pana (1.50) cumBosom py. Torma mia BCex T0CTATOYHO
6opmux K mosryanm

Pry1 _ k—a 1 1+«

_ = . (1.51)
Dk k+1 k+1
13 dopmynsr (1.51) BeiTeKaET, 9TO
lim k(l—-’ﬂ) —(4a) lim —— —14a>1,
k— o0 Dk k—oo k41
e. pax (1.50) cxomurca B cuny mpu3uaka Paabe (cm. Bom. 1, ron. 13,

T.
§ 2, m. 5).

Tem caMbIM JTOKa3aHO, 9TO ipw ¢ > 0 ps, cToammii B mpasoit vacta (1.49),
cxonutcs paBHOMepHO Ha cermenTe —1 < = < 1. Ocraerca moka3aTh, 9TO yKa-
3aHHBIA psg cxonurcsa Ha cermenre —1 < z < 1 x dysxkuuu (1 + z)<.

B cmny moka3aHHOTO BBITIE CyMMa yKa3aHHOTO pama S(x) m dbynkoua (1 +
+12)% cosnadarom scrody na unmepsase —1 < x < 1. Kpowme Toro, obe byHKIMM
S(z) m (1+z) nenpepuennv na ceemenme —1 < x < 1 (bynxmuma S(z) kak cym-
Ma PABHOMEPHO CXOJSIIIErOCs PsiIa U3 HEIIPEPHIBHBIX (DYHKIWI; HEIPEPBIBHOCTH
dyskuun (1 + 2)® opu a > 0 oueBnaHa).

Ho rorga 3navenus dyuxumit S(z) u (1 +2)® B roukax ¢ = —1luz =1
00s13aHbI COBIAAATH, T. €. pAJ, CToAmMI B mpasoi wactu (1.49), paBHOMEpPHO
cxomures K (1 4 2)® Ha 3amkHyTOM cermente —1 < z < 1.

3. DieMeHTapHbIE NIPEJICTABJIEHUA O (PYHKIIUSAX KOMII-
JIEKCHOI1 TlepeMeHHOi. Brime yxke oTMedasoch, 9TO Ha CIydait
CTEIICHHOI'O PAJa OTHOCUTEJIbHO KOMILJIEKCHOW IIePEeMEHHON 2

ao+arz+ a2+ .. Fans + ...
nepenocstest reopeMbl 1 u 1.14 (o cylmecTBoBaHWM U BeJIMYWHE Pa-
JUyCa CXOAUMOCTH). Psijibl TAKOTO THIIA UCIONB3YIOTCS Il OIPeie-
Jienns (DYHKIINM KOMILIEKCHOM TepeMeHHOH 2.
Oyuknmm e° | cos z 1 Sin 2z KOMILJIEKCHOHM TIepeMeHHOH z ompese-
JISIIOTCST KAK CyMMBI CJIEYIOIIUX PSI0B:

o
e’ :1+Z%, (1.52)
n=1
e 1 n,2n
cosz =1+ u, (1.53)
— (2n)!
> _1\n ,2n+1
sinz = e (1.54)

(2n+1)!
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Jlerko mpoBepuTh, YTO YKa3aHHBIE TPU Psijia abCOIIOTHO CXOISTCS
JUIsl BCeX 3HaueHwii z (MX pagmyc cxopumoctu R = 00).
YcraHOBUM Tenepb CBsA3b MeXK1y (DYHKIWMAMU € | coS z ¥ Sin 2.
Bamensst u popmyie (1.52) z Ha iz, moaydInm

eiz —14iz+ (iz)Q n (Zz)3 n (Zz)4 n (iz)s P
2! 3! 4! 5!
2 4 3 5
=(1-2 4+ - —I—i(z—%—i-%—...). (1.55)
Cornocrasisist npaByio 4acth pasencrsa (1.55) ¢ pasaoxkeHusMu
(1.53) u (1.54), upuzem K ciegyromeii 3amMedaresbHON hopmyie:

e = cosz +isinz. (1.56)

®opmya (1.56) urpaer dbyHmaMeHTaTbHYO POJIb B Teopun dyHK-
Uit KOMILIEKCHON TTepeMeHHoi 1 Ha3kiBaeTcst b opMyaoit D i
Jepa.

[Momarasg B dopmye Ditepa TMEpEeMEHHYIO z PABHON CHAYAIA
BeIIECTBEHHOMY YNC/IY T, & 3aTEM BEIECTBEHHOMY YUCJIY —, [TOJIY-
quM CJIeayionme aBe GopMyJIbL:

e’ =cosz +isinz, e ¥ =cosz—isinz.
CkuaipiBast M BbI9UTast 3TH JiBe POPMYJIBI, MBI HOMy M hOPMYJIBI,
BBIPAKAOIIMe COS X 1 Sin T Yepe3 MokasaTeabHyo MYHKIUO:

eim +e—im
CoOSL = ————,
. gie 2pmin (1.57)
smy = ——.
21

B 3akJioueHne 0CTaHOBUMCS Ha OIpeesieHnn JorapudMUIecKoi (yHKImu
w = In z KOMIJIEKCHOM IIePEeMEHHO z. DTy (DYHKIUIO eCTECTBEHHO OIPE/IE/IUTh
Kak (QYHKIUIO, 00paTHYIO [TOKA3aTe/IbHOM, T. €. u3 cooTHomenus z = e . Ilo-
Jarasi w = u + v, 2 = & + iy, IOCTaBUM Iiepe OGO 11eIb — BBIPA3UTh U U U
gepe3 z = T + Y.

13 coorHomenns

z=x4iy=e T

=e"(cosv +isinv)
TTOJTY IUM, WCTIO/IBb3Ysl MMOHATHS MOJYJIA W aPTyMEHTa KOMILUIEKCHOTO 9HCIa (CM.
dbopmyay (7.6) u3 b 1),

l2| = /32 +y2 =e", argz=v—2nk,

k=0,£1,£2, ...
U3 mocieqHUX paBEHCTB HAXOWM, 9TO

w=1Inlz| =In\/2? + y?,

v=argz 421k  (k=0,%1,£2,...)

rae
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HJIM OKOHYATEJIHHO
Inz=1n|z| +i(argz + 27k), rtme k=0,+1,£2, ... (1.58)

Dopmysa (1.58) nokaseiBaet, uro jgorapudmudeckas GYHKIHs B KOMILIEKC-
HOW 00JIACTH HE ABAAETNCA 00HO3HA4HOU: ee MHUMAs YaCTh JJIs OJHOTO U TOIO
JKe 3HaYeHUsl Zz UMeeT DeCUMCIIeHHOE MHOXKECTBO 3HAYEHUN, OTBEYAIOUINX Pa3-
guaasiM k = 0,+1,£2, ...

JIerko moHSATDH, 9TO AHAJIOTUIHAS CUTyalns OyIeT UMETh MECTO U IIPHU OIIpe-
JeJIEHUN B KOMILJIEKCHOM 06J1acTi 00pPaTHBIX TPUIOHOMETPUIECKUX (DyHKIUIA.

4. PaBHoMmepHOe npubJm>keHne HerpepbiBHOI yHKITUNT
MmHorouwienamu (reopema Beitepmirpacca). B arom mynkTe Mbl
IOoKakeM (PyHIAMEHTAIbHYI0 TeopeMy, MPUHAJIeXKAILyio Beiiep-
IITPacCy M YCTAHOBJEHHYIO UM B 1895 1.

Teopema 1.18 (meopema Betiepwmpacca). Ecau dynryus
f(z) nenpepuwena na ceemenme [a, b] mo cywecmeyem nocaedosa-
meavrocms muozonaenos { Py (x)}, pasnomepno na cezmenme [a, b
cxodawaaca ¥ f(x), m. e. daa awbozo € > 0 natidemes mrozouser
P,(z) ¢ nomepom n, sasucauum om € maxot, ¥mo

|Po(2) — f(2)] <e

cpa3y 0an 6cex T u3 ceemenma [a, b].
MubiMu cioBaMu, Henpepuienyto na ceemenme [a, b] dynryuto

f(z) moorcro pasromepro na smom cezmernme NPUBAUSUMD MHO20-
YACHOM ¢ Haneped 3a0annoti MmouwHoCmbIo €.

HokazarenbcTBo. He orpannyunBast OOIIHOCTH, MBI MOYXKEM
BMecTO cermenTa [a, b] paccmarpmpath cerment [0, 1] ). Kpowme
TOrO, JOCTATOYHO JOKA3aTh TEOPEMY Jisl HENPEpPBbIBHOH (dhyHKIun
f(z), obpamaromeiicss B HysIb Ha KoHIlax cermenta [0, 1], 1. e. yio-
Baersopsitorteit yerosuam f(0) = 0wu f(1) = 0. B camom nesie, ecn
Obl f(x) HEe yIOBIETBOPSIA STUM YCIOBUSIM, TO, MOJIOKHUB

g(x) = f(x) = £(0) — =[f (1) = f(O)],

MbI Oy 9rIu Obl HenpepbiBayio Ha cermente [0, 1] dyukuuio g(z),
yaosaersopsonryto yeaosusm g(0) = 0 u g(1) = 0, u u3 BO3MOKHO-
cru npejcraBienus g(z) B Buje mpejena PaBHOMEPHO CXOJIAIIEHCs
[0CJIeI0BATEIbHOCTH MHOTOYJIEHOB BbITEKaI0 Obl, uTo u f(z) mpes-
CTaBUMa B BUJE TIPEJENa PABHOMEPHO CXOJAIIEHCS MOCIEI0BATE -
HOCTH MHOTO4JIeHOB (160 pasHocTsb f(x)—g(x) sBsiercss MHOTOYIIE-
HOM TI€PBOM CTEIIeHH).

Urak, nycrs dbyukuus f(z) wenpepoisaa Ha cermente [0, 1] u
yaosaersopser ycaosusm f(0) = 0, f(1) = 0. Takywo dyakumo

1) Iockombk OIMH W3 3TUX CErMEHTOB IIpeobpa3yercsi B APYroil JIMHEHHOM
3ameHoit ¢ = (b — a)t + a.
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f(x) MBI MOKEM MPOJOJIZKUTH HA BCHO OECKOHEUHYIO MPSIMYIO, TI0JI0-
JKUB ee paBHO# Hys1i0 32 npejesnavu cermenta [0, 1], u yrBepxKaarh,
9TO TAK MPOIOIZKEeHHAs (DYHKIIUS ABAAEMCA PDAGHOMEDHO HENPEPDLE-
1ot na eceti beckonewnoti npamot.

Paccmorpum  cteyiolnyo  KOHKPETHYIO TIOCIe10BaATEIbHOCTD
HEOTPHIATE]bHBIX MHOTOUJIEHOB CTEIEHU 27

Qn(x) = Cn(l - x?)n (n = 17 27 s )7 (159)

¥ KazKJI0ro u3 KOTOPBIX TIOCTOAHHAA Cp BBI6paHa TaK, 9TO BBIIIOJI-
HAETCA PaBEHCTBO

[ Qun(z)dz =1 n=1,2,...). (1.60)
-1
He BBIUmMCAAS TOYHOTO 3HAYEHWS TMOCTOSHHONW Cjp, OTEHUM ee
CBEPXY.
st 9TOTO 3ameTum, 9TO Mid Jiroboro momepa n = 1,2, ... u

n71s Beex x u3 cermenta [0, 1] cnpaBeaiuBo HepaBencTso )
(1—23)" >1—na’ (1.61)

[Tpumenssa uepasernctso (1.61) u yuursisasg, aro 1/4/n < 1 npu
gobom n > 1, 6yaem umern

1 1 1/y/n
[A—z?)rdz=2[(1—2®)"dz>2 [ (1—-2z*)"dx >
-1 0 0

>2 [ 1-nz?)dr=-—>—. (1.62)
0

13 (1.59), (1.60) u (1.62) 3aka04uaeM, 4To JJisi BCEX HOMEDPOB
n =1, 2, ... copaBemuBa CAEAYIONIAs OIEHKA CBEPXY JJIid TOCTO-

SAHHOM Cp,:
cn < V/n. (1.63)

13 (1.63) u (1.59) BbiTekaer, uto npu joboM § > 0 st Beex &
u3 cerMenTa § < £ < 1 cIpaBeJInBO HEPABEHCTBO

0 < Qu(z) < Vn(l — )™ (1.64)

1) D10 HEPaBEHCTBO BEITEKAET U3 TOIO, UTO HPH JII060M 1 3> 1 dhyHKIus p(z) =

=(1—2>)" — (1 — na?) neompuyamenvna scrody na ceemenme 0 < z < 1, u6o
sta dyHKUMs obpamaercs B Hyab npu ¢ = 0 U UMeeT BCIOLY Ha yKa3aHHOM
CerMenTe HeOTPHUIATETBHYIO Tpou3Boauyo ¢ (1) = 2nz[l — (1 — )™ 1.
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U3 (1.64) crneayer, uro npu arwbom durcuposarrom 6 > 0 no-
CAe008aMENDPHOCTID HEOMPUUATNENLHHLT MHO204AeH06 {Qp (T)} cxo-

dumea % nyao pasromepro na ceemenme 6 <z <1 1).
[Tonoxxum Temeps myas jroboro x n3 cermenta 0 <z < 1

1
Py(z) = f flz+1)Qn(t) dt (1.65)
-1
u ybeaumcst B TOM, uTo Jjisi jtoboro no = 1, 2, ... byskuusa P, ()

ecTh MHOTOWIeH crenenu 2n, npudeM { P, (z)} u asagerca uckomoit
MOC/IEI0BATETHBHOCTBIO MHOTOYIEHOB, PABHOMEDHO CXOJSAIIEHC Ha
cermente 0 < z < 1 k dynkuun f(z).

Tak kak u3yuaemas yHkuus f(z) paBHa HYJIIO 32 IpejesaMu
cermenta [0, 1], To auist siroboro = u3 cermenta [0, 1] unrerpan (1.65)
MOYKHO 3alHCaTh B BUJE

1—x
Pn(x) = _f f(z + t)Qn(t) dt.

SaMeHsdast B TIOCTETHEM WHTErpaje MepeMeHHyo ¢t Ha ¢t — T, MBI
NpuaaJuM eMy B/

Pa(a) = Oflf(t)cznu o). (1.66)

13 (1.66) u (1.59) sacuo, uro dynkuus P, (x) npeacrasiasger co-
6ot MHOTOWIEH CTeneHu 2n.

Ocraercs JjoKa3aTh, 9T0 HocIea0BarenbHOCTb { Py (z)} cxoaurest
K f(x) pasaomepno Ha cermente 0 < z < 1.

Qukcupyem npousBosibHoe € > 0. Hust hbuKCupoBaHHOTO €, B CH-
JIy paBHOMepHO# HenpepbiBHOCTH f(x) Ha BCell GECKOHEUHOI mpsi-
Moii, Haiinercsa 6 > 0 Takoe, ITO

f@) = f) <5 mpu |z —y| <. (1.67)

Bamernm emie, uTo Tak Kak f(z) HenpepbiBaa Ha cermenre [0, 1],
TO OHA W OTPAHUYEHA HA ITOM CErMEHTEe, a CTAI0 ObITh, U BCIOJY
Ha 0ECKOHEUHOM MPAMON. DTO 03HAYUAET, UTO CYIIECTBYET MOCTOSH-
Hasg A Takas, 9TO JJIsl BCEX T

()] < Al (1.68)

1)B camoMm jese, DOCTATOYHO [OKA3aTh, UTO MOCIEJOBATETBHOCTH G =
= (1 —0*" - /n cXOmUTCE K HYJIO, a 9TO BHITEKAET, HAIPHMED, U3 TOrO, UTO

HIOCKOJIBKY . ” om) )
lim ,"/an:(l—é)nh_}n;on =(1-94")<1,

n—oo

OO0
pan Y. a, cxommrca mo npusHaky Komm (cM. Teopemy 13.6 u3 Bhim. 1).
n=1
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Ucnone3yst (1.60), (1.64), (1.67) u (1.68) u yunTbiBast HEOTPHU-
nareabHocTh (Q(x), onenum pasuocrs Py (z) — f(z).
st Bcex x u3 cermenTa 0 < z < 1 Oymem nmerh

1
Pa(e) = F@) =[S [F+ 1) = F@]Qn(e) ] <
1
<Je+d - folanta 2Aan )t +

/Qn dt+2A/Qn < 4AVn(l — 6" + =,

[\

g 3aBepiiieHusi J0Ka3aTe/bCTBA TEOPEMBI 3aMETUM, 4TO JIJis
BCEX JIOCTATOYHO OOIBIINX HOMEPOB 1 CIIPABEITMBO HEPABEHCTBO

4AVn(1 — %)™ < %

Caedcmeue. Ecau ne moavko cama dynrkyus f(x), o u ee
NPou3eoorvie 00 HEKOMOPO20 NOPAJKA K 6KAOUUMENDHO HETPEDDIG-
not na ceemenme [0, 1] 1), mo cywecmeyem nocaedosamenvrocmo
mrozounenos { Py (x)} makas, wmo xascdas us nocaedosamenvro-

o k
cmeti {Py(z)}, {P.(z)}, ..., {Pé )(x)} CTOOUMCA PABHOMEPHO HA
cezmenme [0, 1] coomeememsenmno % f(x), f'(x), ..., fE)(z).

B camowm siente, He orpannamBasi OOMIHOCTH, MbI MOYKEM CUUTATD,
uro Kaxgas u3 dyskmait f(z), f'(z), ..., f®)(z) obpamaercs B
mynb npu £ = 0 wnpu z = 1 2), a npu Takux ycioBuax (yHKIAO
f(z) MOXKHO TIPOIOIZKUTD Ha BCIO GECKOHEUHYIO MPIAMYI0, MOJIAras ee
pasHoii Hyst0 BHe [0, 1], Tak uTO npojoKeHHast PYHKIMS U BCE ee
IPOU3BBOJIHBIE JI0 MOPsijIKa k BKJIOUUTEIBHO OKAXKYTCH PAGHOMEPHO
HENPEPBIBHBIMU MG 8Cell beckoreurnot npamot.

Ho Torna, o6osunauas yepes Py, (z) Tor ke Muorowies (1.65), aro

U BBIIIE, U TTOBTOPSAA PACCYKJIeHUs, TPOBEIEHHbIE NIPU JI0KA3ATe b
cTBe TeopeMbl 1.18, MBI mOKazKeM, UTO KaKjas W3 pa3HoCTel

sIBJIIeTC OECKOHETHO MaJIOi, pABHOMEPHON OTHOCUTE/IHHO & Ha Cer-
mente 0 <z < 1.

SBameuanue 1. l3noxernnoe HaM# TOKA3ATETBCTBO JIETKO
obobiaercs Ha caydail GYHKIMU m nepeMeHHbix f(L1, Lo, ... , Tm),
HenpepbiBHOH B m-MeprHoMm Kybe 0 < z; < 1 (i=1, 2, ..., m).

!) Koneuno, smecro [0, 1] moxHO B3aTH [a, b].
%) Ecu 6o f(2) He y/IOBIETBODSIA STHM YCIOBHSIM, TO Mbl HAILIH GBI MHO-

rouen Py(x) cremenu 2k maxoit, uro mus dymxman g(z) = f(x) — Pr(z) stu
yCI0BYS OBLTU ObI BBITIOJTHEHBI.
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B moawmoit amamorun ¢ Tteopemoit 1.18 mokaspIBaeTCs, UTO st

Takoit pyukuuu f (L1, Ta, ... , L) CYMECTBYET PABHOMEPHO CXOJIsi-
mascsa K "Heil B m-MepHoM Ky0e 1MOCIe0BaTeIbHOCTh MHOTOYJIEHOB
OT " TIEPEMEHHBIX L1, L2, -+ , Ly

Bameuanue 2. 3amerum, uro durypupyomue B Teopeme 1.18 muOrO-
qJIeHBl MOYKHO 3aMeHUTh (YHKIHUAMU Oojiee 00IIeil IPUPO/BI, COXPAHss IIPU
9TOM yTBEDPXKJIEHHE O BO3MOKHOCTH PABHOMEDHOI'O IPUO/INKEHIS TAKUMU (DyHK-
upsMu J060# HenpepbBHON GyHKumy f.

JloroBopumcsi Ha3bIBATH MPOU3BOIBHYIO COBOKYIHOCTH A byHKImIA, omnpe-
JleJIEHHBIX Ha HEKOTOPOM MHOxkecTBe E, anre6poii , ecm 1) 1) f+g € A;
2) f-g€ A 3) a f € A upu npoussosnbhbix f € Au g € A u upu sobom
BEIIECTBEHHOM (.

MMubivu cioBamu, airebpa ecTh COBOKYIIHOCTh (DYHKIMIA, 3aMKHYTasl OTHO-
CHTEJIbHO CJIOKEHUS M yMHOXKeH!s (YHKINHM U yMHOXKeHns (DYHKIUHA Ha Bele-
CTBEHHBIE YHCIIA.

Ecnu nst kaxx7oft Touky & MHOXkecTBa E Haiinercs HekoTopast GyHKIMs
g € A rakas, uro g(z) # 0, To roBopsT, uro anre6pa A He mcdYeszaeT HU
B OJHOM TOYKe X MHoOX)ecTBa K.

ToBopsT, uro coBokynHOCTh A (hyHKIUHA, Onpene/leHHbIX Ha MHOXKeCTBe F,
pa3geasieT TOYKH MHOXecTBa F, ecnu misa mo0bIX IBYX PA3IMIHBIX
TOYEK I1 U T2 ITOrO MHOXKeCTBa Haiinercsa dynkums f u3 A takas, aro f(z1) #

# f(x2).

Mmeer MecTo ciemyroniee 3aMedaTeIbHOE YTBEPIKIEHUE, HA3IBAEMOE T € O-
pemoii BentepmrpaccaCroyma 2)

Hycmoe A — anzebpa nenpepwennis na xomnaxmmom °)  muooicecmee E
Pynryud, xomopas pasdeasem mouku muodxcecmea E u ne ucuesaem wu 6 00-
ot mouke amozo mroocecmsa. Toz2da KarcOaA HENPEPLIEHAA HA MHOHCECTNEE
E $ynxyua f(xz) moorcem 6wms npedcmasaena 6 sude npedesq pa6HOMEPHO
cxodawetica nocaedosamenvrocmy Pynryut aszebpo, A.

!) Haromumm, uro cumBon f € A o3Havaer npuHaIe:RHOCTD f K A.
2) M. CroyH — aMepUKAHCKHHA MaTeMATHK.

3) Ha,l'IOMHI/IM, YTO KOMITIAKTHBIM Ha3bIBaeTCdA 3aMKHYTO€ OI'DaHUYEHHOE MHO-
2KeCTBO.



F'TABA 2
JABOMNHBIE U n-KPATHBIE NHTETPAJIBI

B Brimycke 1 66118 paccMOTpEHbI (DUBUIECKIE U TEOMETPUIECKIEe
331291, TTPUBO/ISIIIE K TIOHITHAIO OJJHOKPATHOIO OMPEIeJIEHHOTO UH-
TerpaJa.

TunuysbiMu 33J@9aMy TAKOTO POJa SBJISIOTCS 3a7ada O BbI-
YUCJICHUU MaCChl HEOQHOPOJHOIO CTEPXKHA 110 U3BECTHON JIMHEHHOM’
IJIOTHOCTH 3TOI0 CTEPXKHsI U 33/1a49a O BBIYUCIEHUU TLIOIIAIN KPH-
BOMHENHHON Tpaneruu (T. €. NUIOMAAM, JexKaleil moja rpadukom
HeorpuiareabHol dbyukiuu y = f(z) Ha cermente [a, b]).

Jlerko ykasaTb aHAJOTMYHBIE «MHOTOMEPHBIE» 3aJa9H, ITPUBO-
Jdiye K [IOHATUIO JBOMHOIO WM TPOWHOI'0 MHTErpaJa.

Tak, 3aja4a 0 BBIYUCIEHUH MACChl HEOTHOPOJHOrO Teqa 1’ 1o
n3BecTHO 06beMHOi mrorHOCTH p(M) 9TOrO Tesa ecTecTBEHHBIM
00pazoM MPUBOJUT HAC K MOHSITUIO TPOHHOTO WHTErPaJa.

s BRIYMCIEHUST MACChl yKa3aHHOTO Tesa T’ pazobbeM ero Ha
IocTaTovHo MaJgbie yaactku 11, To, ..., T),. IlpubankeHHO MOXKHO
cantarh 00beMHYIO MI0THOCTE p(M) Kaxgoro yuacrka Ty 1mocTO-
auuoii u pasuoit p(My), rne My — Hekoropas Touka ydactka Tj.
B Takom ciayuae macca KaxkaIoro ydacTtka 1j Oyaer mpub/nzKeHHO
pasua p(My) - vy, rae vy —obbem yuactka Tk.

[TpubsmzxentHoe 3Hagenne Macch Bcero tea 1’ OyaeT paBHO CymMMe

> p(My) - v
k=1

Tounoe 3HaUeHE MACCH €CTECTBEHHO OIIpeIe/INTh KaK IIpeaesl YKa3aH-

HO#i CyMMBbI IIPU HEOIDAHNYEHHOM yMEHBIICHNN 1) KaKI0r0 yJact-
Ka Tj. DTOT Tpeses u MOKeT ObITh B3AT 3a ONpeeIeHne TPORHOTO
unrerpasna ot Gyukuun p(My) no rpexmepnoii obaacru T.
CoBepIIeHHO aHAJOIMYHO MOXKET ObITh PACCMOTPEHa TeOMETPH-
Yyeckas 3aJa4a 0 BBIYMCICHUH 00beMa TaK Ha3bIBA€MOIO KPUBOIOH-

) Koneuno, ciegyer yTouHNTS TEPMHUH «HEOIDAHUIEHHOE YMEHBIICHHE>.
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HOrO TanHIpa (T. e. 00beMa u300paxKeHHoro Ha, puc. 2.1 Tena, Je-
Karrero oz rpadpukoM HeoTpullareabHoil dyuknuun z = f(z, y)
B HEKOTOPOii jiByMepHOii obsiactu D). dra 3aa-
z=f(x,y) Y& NPUBOJUT K MOHATUIO JBOMHOrO MHTErpasa
or dbyukuuu f(x, y) 1m0 ABYMepHOit obaactu D.
B wnacrogmieit rnaBe wzsaraercd Teopusd
JIBOWHBIX, TPOWHBIX U BOOOIIE N-KPATHBIX WHTE-
rpaJioB.

Yy st 6oree 3¢ PEKTUBHOTO HCITOTH30BAHMST
AHAJIOTUHU C OJHOKPATHBIM WHTEI'PAJIOM MbI CHa-
4JaJjia BBEJIEM TIOHATHE JIBOWHOTO WHTErpaJa s
X MPSAMOYTOJbHUKA, & JIUIIb 3aT€M BBEIEM JIBOIi-
Puc. 2.1 HOIl WHTErpaJI Mo MPOU3BOILHON 00JACTH KakK C
MTOMOIIBIO MPAMOJIUHEHHOr0, TaK U C MTOMOIIIBIO

COBEPIIIEHHO TTPOU3BOIBLHOTO Pa3bueHust 9TOi 001aCTH.

Z A

§ 1. Ompesiesierine U CyIeCTBOBAHMUE JIBOMHOTO MHTErpasia

1. Onipesiesiervie ABOMHOTO MHTErPaJa JJisd MPSAMOYTOIb-
Huka. [lycrs npoussosibhas dynkuus f(x,y) omnpeneneHa BCIOLY
Ha npsamoyrosnbanke R = [a < z < b] X [¢ < y < d] (puc. 2.2).

Pazobrem cerment a < ¢ < b HA N YACTUIHBIX CEIMEHTOB IIPH
TTOMOIIHA TOYeK a = Ty < T < To < ... < x, = b, a cerMenT
¢ <y € d HA p JaCTUYIHBIX CEIMEHTOB IIPHU ITOMOIIHU TOUYEK ¢ = Yy <
<y <y2<...<yp,=d.

DToMy pa3bUEHUIO MPU MTOMOIIN MPSIMBIX, TAPAJLIETBHBIX OCSIM
Ox u Oy (puc. 2.2), cooTBeTCTBYET pasdueHue MpsAMOyroabHuKa R
Ha 7 - P 9ACTUYHBIX NPIMOYIOJIBHUKOB
Ry =zp1 <z <mp X[y <y<ul 4
(k=12,...,n;0=1,2,...,p). Yka-
3aHHOE pa3bueHue mpaMOyrojgbHuka R Y
obo3naunM cumBoSIOM T'. Y1

Bceiony B panpmeiinieM B 3TO# riaBe Y1
MOJT TEPMUHOM <«ITPAMOYTOJIBHUKY MBI Oy- €

JIeM [OHMMATh MPAMOYTOJILHUK CO CTOPO- e T
HAMM, Tapa/LIeIbHBIME  KOODAMHATHBIM Th-1 Tn-1
OCeAM. Puc. 2.2

Ha kak0M 9acTHYHOM TPSAMOYTOJTh-
uuke Ry Boibepem mpousBosibHyo T0UKy (k, 7). [lonoxus Azy =
= zp — ZTp_1, Dy = y; — Y1, obozHaumm uepes ARy, miromainb
npsMoyroiabanka Ry, OueBnnno, ARy = AzipAvy;.

Onpedeaenue 1. Hucro

=Y m) ARy (2.1)

k=11=1
HA3LBAEMCA UHMEZPAAbHOT cymmot dynkyuu f(z, y),
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coomeemcmeyroueti darromy pazbuenuro T npamoyzosvnurae R u
darromy 6v60py npomesrcymounux mouek (Ek, M) Ha YACMUYHHLET
npamoyeosvorurar pasbuenusa T

Huaronans \/(Azy)? + (Ay;)? Gyaem HasblBaTh 1HaMeTPOM
npamoyroabuuka Ry, CumBomom A obo3HaunM HAuOOIBIHN U3
JIIUAMETPOB BCEX YACTUUHBIX MPIMOYTOJIBHUKOB Ry;.

Onpedenenue 2. Yucao I nasweaemcs npedesom uH-
mezpaasvuur cymm (2.1) npu A — 0, ecau das 106020 no-
AOANCUMENDHO20 YUCAG € MOACHO YKA3AMB MAKOE NONOHCUMEABHOE
wucao 0, wmo npu A < § nezasucumo om ewvibopa mouex (E, n;) Ha
YACTNUNHDLE NPAMOY2OALHUKAT R 60INOANAEMCA HEPABEHCTNGO

lo —1I| <e.

Onpedenenue 3. Pynxyus f(r,y) Hasweaemca unme 2-
pupyemotd (no Pumany) na npamoyeosvnuke R, ecau cy-
wecmeyem konwewnwtl npedea I unmezpasorolr cymm smot dymk-
yuu npu A — 0.

Yrazannoi npedea I nasweaemes deotdnvm unmezpa-
A 0 mom Pynkyuy f(z, y) no npamoyzosvruky R u obosnauaemces
O0HUM U3 CAEIYOUWUL CUMBOAOS:

I=[[f(z,y)dzdy = [[ f(M)do
R R

SBaveuganne. Touno Tak XxKe, KaK U I OJHOKPATHOTO OTIpe-
nenenroro waTerpasa (cm. Buim. 1, mi. 10, § 1), ycranasiusaer-
cs, 9TO M106a4 UNHME2PUPYEMas HG Npamoyzosvrure R Pynxyus
f(z, y) asasemes ozpanunennot Ha SMOM NPAMOY2OLLHUKE.

DTO JaeT HAM OCHOBAaHWE PACCMATPUBATL B HAaTbHEHIEM JUIID
orpannvennsie dbyukuun f(z, y).

2. CyimecTBoBaHMEe JBOMHOINO WHTErpajia /JJjisd IIPAMO-
yroabHUKA. Teopusa lapOy, pazsutas B 1. 10 Beim. 1 jjist omHO-
KPaTHOTO OIPEJEJIEHHOI0 WHTErPasa, IMOJHOCTHIO TEPEHOCUTCA Ha
caydail IBOMHOTO MHTerpaJsa B npaMoyroiabiuke R. BBuay momuoit
AHAJIOTUU MBI OTPAHUYNMCS YKa3aHUEM ODIIEN CXeMbBI PACCY K IEHUIA.

IIycte My u my; — TOuHAs BEpXHSAA W TOYHAS HUMKHSAS IDAHU
dbyukiyun f(z, y) va yactuanom npsamoyroabauke Ry, . CocraBum
JUtst JanHoro paszbuenus 1 npgMoyroabHuka R J1Be CyMMBbI:

BEPXHIOK

n p
SZZZMM'ARM

k=11=1

1 HU2KHIOIO
n P

s = szkl . ARkl.

k=11=1
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CrupaBe/IuBbI CJIC/IYIOIIE yTBEPXKIEHUS (J0KA3aTeIhCTBA UX
MTOJTHOCTBIO AHAJIOTHYHBI JOKA3aTEIHCTBAM, IPUBEIEHHBIM B 1. 2 § 2
ri1. 10 Boim. 1).

1°. Jlasa arbozo durcuposannozo pasbuenus T u arboeo € > 0
npomescymourvie mouku (E, M) HA YACTNUNHBLE NPAMOY20NLHUKAT
Ry mooicho 6bvibpams mak, 4mo UHMe2PasvHaa cymma o b6ydem
ydosaemeopamov wepasencmeam 0 < S — o < e.

Touru (&, M) ModHCHO 6BIOPAMB U MAKUM 00PA3OM, YMO UH-
meepasvHas cymma 6ydem ydosaemsopams wepasencmeam 0 <
Lo—s<e.

Ecau pasbuenue T' npamoyzoavruxa R noayweno nymem
dobasaenus, HOBLLT NPAMBLT K MPAMDIM, npouseoﬁﬂw,um pas6ue-
nue T, mo eeprnas cymma S’ pas6uemm T ne 6oavwe seprred
cymmor S pas6uemm T, a nuoicnas cymma s pasbuernus T ne menn-
we HUdACHET CYMMDL S pa36uemm T, m. e.

s<s, §'<8S.

3°. Ilycmv T' u T" — mobvie dsa pasbuenus NPAMOY20ALHU-
ka R. Tozda nustcnan cymma 00nozo u3 smux pa36ueHuu ne npesoc-
zodum eeprniorn cymmy opyzozo. Umenno, ecau s', 8" u s”, S" —
COOMBEMCMBEHHO NUNCHUE U BEPTHUE CYMMDL pas6ueHuu " uT" ,

mo ! " n !
<85S, <SS

Mmnoocecmso {S} eeprrur cymm dannoti pynxyuu f(z, y)

OAA  BCEBOIMONCHUL pasbuenut npamoyzorvrurae R oepanuveno

crudy. Muooceemeo {s} nusrchuz cymm ozparuueno ceepry.
Taxum 0b6paszom, Cywecmsyom 4ucia

I =inf{S}, I=sup{s},
HA3BIBAEMDBIE COOMBEMCMBEHHO 6 EPLTHUM U HUNCHUM UH-
meepasamu Japby (om dynxyuu f(z,y) no npamoyzonv-
nuky R).

Jeexo ybedumoca, wmo I < 1.

5°. IIycmwv pazbuenue T' npamoyzosvhura R noayueno us pas-
6U6Hu.ﬂ T dobasaenuem ¥ nocaeonemy p HOGHLL NPAMDBIT, U NYCMH

'8 u s, S — coomeememeento nudcHue U 6EPTHUE CYMMDL Pa3-
6ueHuu T uT.

Tozda daa pasnocmeti S — S' u s’ — s mooicem Gvimod noayuena
OUEHKA, 3A8UCAULAA OM MAKCUMAALHO020 Juamempa A wacmuuHo-
20 npamoyeosvrura pasbuenua T, wucaa p d06ABAEHHBIT NPAMOIT,
mounoir epanett M u m pynrkyuu f(x, y) wa npamoyzosvhure R u

om duamempa d npamoyzosvrurae R.
Hmenno

s’ sé(M m)-p-A-d.
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6°. Bepxrnut u nuostcnuti unmezpanvs Japoy I u I om dpynxyuu
f(x, y) no npamoyzosvnury R asiaomes coomsememeenno npede-

AAMU BEPTHUT U HUNCHUT cymm npu A — 0 1) .

W3 croiicts 1°—6° BrITEKAET CAEAyIONIAs OCHOBHAS TEOPEMA.

Teopema 2.1. Jlasa moz20 4mobol 02PAHUMERHAA HG TPAMOY2O0ND-
nuke R Pynrxyua f(x, y) Oviaa unmezpupyema Ha 5MOM NPAMO-
Y20AbHUKE, HE0OT0OUMO U AOCTNAMOUHO, 4mobv, dan 4106020 € > 0
Hawaocy makoe pasbuenue T npamoyzoavnurae R, das xomopozo
S—s<e.

Kak n B r1. 10 BBIm. 1, Teopema 2.1 B coemunennn ¢ TeopeMoi 0
pPaBHOMEDHOIl HEMPEPBIBHOCTH (DYHKIINU MTO3BOJISET BbIIEIUTH BakK-
Helme KJIACChl HHTErPUPYEMbBIX (DYHKITHH.

Teopema 2.2. Jhobas nenpepvistas 6 npamoyzosvruke R dyn-
wua f(T, y) unmezpupyema na 3Mom NPAMOY2OALHUKE.

Onpedenaenue 1. Hasosem saemenmapnotd duaypod
MHOINHCECTNBO MOYUEK, NPEOCNABAAOUUL COOOT CYMMY KOHEWHO20 YUC-
AG NPAMOY20ALHUKOE (CO CMOPOHAMU, NAPAAAEALHUMY 0Cam O

u Oy) ?).

Onpedenenue 2. Bydem zosopumsv, wmo dpynxyus f(z, y) ob-
aadaem 6 npamoyzosvruke R (6 npoussosvnoti samxnymoti obaa-
cmu D) I-ceoticmeom, ecau: 1) f(x,y) oepanuvena 6 npsa-
moyzoavhure R (6 obaacmu D); 2) das aobozo € > 0 natidemcs

ANEMEHMAPHAA PULYDA, COOEPHCAUAA BCE MOYKY U AUHUY PA3DHIGA
dynryun f(z, y) u umerwas naowads, MEHLUYIO €.

Teopema 2.3. Ecau dynwyus f(x, y) obaadaem 6 npamoyzons-
nuxe R I-ceoticmeom, mo ona unme2pupyema Ha ImMom NPAMO-
YeorvHUKe.

okazarenbcTBO TeopeM 2.2 2.3 MOTHOCTBIO aHAJOTHIHO I0-
KazareanbcTBy TeopeM 10.3 n 10.4 u3 Boim. 1.

3. OnpeneneHue u CyIiecTBOBaHNE ABOWHOTO MHTErpaJia
JJ1 Tpon3BobHOM ob6sactu. B m. 1 § 2 1. 11 Beim. 1 6b1r BBE-
ACHBbI TTOHATUA KBaAPpUDPDYEMOCTHU U MJOU[aaAN ILJIOCKOM
durypsr Q). OTu noHsTHA 063 KaKuX-aub0 M3MEHEHUil MepeHoCaT-
¢ Ha CJIydail TpOM3BOJILHOIO OTPAHWYEHHOTO MHOXKeCTBa, () TOUeK
TLJTOCKOCTH.

1) ITonsarue npezaesia BEPXHUX UJIN HU2KHUX CYMM OIIPEe/IsAeTCd B TIOJTHOM aHa-

JIOTHH C TIOHSITUEM TTPEIEIA HHTETPATBHBIX CyMM. VIMEHHO, uncyio I Ha3bIBAETCs
npedesom eeprrux cymm S ipu A — 0, ecou fjig 1060ro € > 0 MOXKHO yKa3aTh
6 > 0 Takoe, uro |S —I| < ¢ upu A < 6.

2) BaMeTnM, UTO CyMMa KOHEYHOTO 9YHC/Ia COBEPIIEHHO POM3BOIBHBIX IPSIMO-
YT OJIBHUKOB (co croporamu, nmapasreabuabiva ocam Oz m Oy) mpencraBuma B
BHJIE CYMMBI TaK¥Ke KOHEUHOI'O UHCIA HE UMEUWUL 00UWUT SHYMPEHHUT MOo-
“ex IPAMOYTOJBHUKOB (CO CTOPOHAMH, HAaPAJIIEIbHBIMU YKA3aHHBIM 0CaM). 11o-
9TOMY B OIpeJeeHuH 1 MOKHO OpaTh IPAMOYTOJBHUKY, KaK MMeoLre obime
BHYTDEHHHME TOYKH, TAK W HE UMEIOIIHE UX.
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Bo Bcex ompeneneHusax U YTBEPXKICHUSX YKA3aHHOTO ITYHKTA
BMeCTO (GUTrypsbl () MOKHO OpaTh MPOU3BOIBEHOE OIPAHUYUEHHOE MHO-
KECTBO (.

B roMm ke myHKTe OBLIO JaHO ONpejesieHne KpuBoil (Wim rpaHu-
bl pUTyphl) maomagu HYJb: [ Ha3bIBaeTCsI KPUBOMW TIJ10-
mrajau HYJb, €CIu g jgoboro € > 0 HaliIercs MHOTOYTOJbHUK,
CoflepyKAIuil BCe TOUYKH |’ 1 MMEOIIuii TII011a b, MEHBIIYIO €.

OtrMmeTnM, 9T0 B 3TOM OIpPEJEeSeHUN TEPMUH «MHOTOYTOJTHHUK»
MOXKHO 3aMEHUTH TEPMUHOM <«3dJeMeHTapHasi GUrypar. 9To Caegayer
W3 TOrO, 94TO JI0bas djieMeHTapHast (GUTrypa sBJISIeTCs MHOTOYTOThb-
HUKOM, & JIF0OO! MHOTOYTOJBHUK C ILIONIAIRI0, MEHBIEH ducia €,
COZIEPXKUTCST B JIEMEHTAPHOU (urype, UMErOIeil MmI0Ialb, MeHb-

myto amcia 8e 1)

Jlerko moKa3aTh CIEAYIONeE YTBEP XK IEHUE .

Ecau T umeem naowads Hysd U eCAU NAOCKOCTID NOKPOIMG KEaA0-
pamuoti cemxoti ¢ wazom h, mo dasa awbozo € > 0 natidemesa h > 0
makoe, 4mo cymma naousadeti ecex umerowur obuyue mouwku ¢ I
K68adpamos MeHvuLe €.

B camowm nene, gng mioboro € > 0 MOKHO (DUKCHPOBATH HEKO-
TOPYIO 3jeMeHTapHyio durypy (), comepzkalnyo BHyTpu cebs ' u
UMEIOINYI0 TIIomaIb, Menblnyio €/4. Ilociae sroro ocraercsa 3ame-
TUTh, 9TO TPHU JIOCTATOYHO MAJIOM IIIare KBaJIpATHOW ceTKu h Bce
KBaJIpaThl, nMmerormue obmue ¢ ' Touxkm, comepKaTcs B d1eMeHTap-
HO# durype, moaydaroneiics 3aMeHoil KaxK0ro IpsaMOoyToNIbHIKa, ()
BJIBO€E OOJIBIITUM TIPSIMOYTOJILHUKOM C TEM K€ IEHTPOM.

[TomuepkHeM, 4TO KJ1acC KPUBBIX TJIOIIA/N HYJIh BECbMA IITUPOK.
DTOMY KJIaCCy TPUHAIEKNT, HATIPUMED, JTI00ast CipsaMIIsieMast Kpu-
Bag (cM. Teopemy 11.3 Bbim. 1).

[Tepeitmem Teneps K OMPEIEICHIIO JBOWHOTO WHTErPAJIA JJIsI TPO-
W3BOJIBLHOI ABYMepHOi obactu D.

[Iycts D —3aMkHyTast orpanuveHnas o06JacTb, rpanuna [ ko-
TOPOI MMeer MIomaab Hysb, a f(z, y) — npousBosibHas QyHKIWS,
ompeJiesieHHast U OorpaHudeHHas B obgactu D.

Ob6osnaunm uepe3 R 1060 NpsMOYTONIbHUK (CO CTOPOHAMH,
HapaJiyIeIbHBIME  KOOPAMHATHBIM 0OCsIM), comepxxamuil obaacts D

(puc. 2.3).

1) B camom nese: 1) MHOTOYIOJIBHUK PaBEH KOHEYHON CyMMe TDPEYTOIbHIKOB;
2) KaXKIplif TPEYTOJMBHUK PABEH CyMMe (WM PA3HOCTH) IBYX MPAMOYTOJIBHBIX TPE-
YTOJIBHUKOB; 3) IPSMOYTOJIBHBLI TPEYTOJIBHUK COAEPKUTCS B IIPSMOYTOJIBHUKE,
BIBOE GOMBbIIEM IO TLIOMAAY; 4) 060N TPAMOYTONHLHAK PABEH CyMMe KOHETHO-
r0 YMC/Ia KBAJPATOB U OJHOTO MPSIMOYTOJbLHUKA, OTHOIIEHNE CTOPOH KOTOPOTO
3aKTI09eH0 MexkAy 1 m 2; 5) mio60i KBaapaT COMEPKATCA BO BABOE GOIBIIEM 1m0
IJIOMIAM KBaJpaTe CO CTOPOHAMHU, mapasuienbHbivMu ocam Oz u Oy; 6) 6ot
IPAMOYTOJIBHUK C OTHOIIEHHWEM CTODOH, 3aKJ/IIOUEHHBIM MeXay 1 ¥ 2, MOXKeT
OBITH JTOTIOJIHEH [I0 KBAJPATa U IMMOTOMY COJIEPIKUTCS BO BUYETBEPO OOJIBIIEM TIO
IUIOIIA/ M KBaJparTe CO CTOPOHAMHU, napaJsenasbabivMu ocsam Oz u Oy.
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Omnpeneum B IPAMOYTOTbHUKE R CIEAYIONIYI0 (DYHKIINAO:

f(z,y) B TOuKax obmactu D,

F(fr,y)={ 0

Onpedenenue. Pynryuto f(x, y) bydem nazweamo uHm e e-

pupyemot 6 obaacmu D, ecau pynryus F(x, y) unmeepu-
pyema 8 npamoyzosvrure R.

pu srom uncno I = [[ F(z, y) dr vazoBem ABOHHBIM uHTEr-
R

(2.2)

B OCTaJ/IbHBIX TOYKax R.

pasom or dyukiuu f(z, y) mo obmactu D u Y
0003HAYUM CHUMBOJIOM R

I=[J ) drdy = [ 5 (M)dor

Sameuanwne 1. I3 »sroro ompeme-
JeHNsI Cpa3y JKe BbITE€KAeT, YTO WHTerpag | x
[[1-dzdy pasen naowadu obracmu D. B Puc. 2.3
D

caMoM Jiesie, TIoJBeprasg COOTBETCTBYIOIIUE MpsAMOYroabHUK R BCe
Hostee MeJIKUM PasbUeHUsAM, MBI TIOJIYYUM, YTO BEPXHUE CYMMBbI 3THX
pasbuenuit O6yyT paBHBI MJIOMIAIAM IEMEHTAPHBIX (DUTYD, COmEpP-
kampx D, a HUKHAE CyMMBbI — TIOIIAIAM 3JIEMEHTAPHBIX (DUryp,
comepxKamuxca B D.

Bameuanue 2. [Tyemv gynxyus f(z, y) unmezpupyema 6
oeparuvennoti xeadpupyemoti obaacmu D, naockocmv noxpuima

xeadpammnotl cemxol c wazom h, Cy, Cy, ..., Cyp) —Keadpamol

YKa3aHHOT  cemku, uyesukom codepacaujuecs 6 obaacmu D,

(&, MK) — npoussoavras mowka xeadpama Cl, my = iélff(x, y)
k

(k=1,2,...,n(h)). Toeda kasrcdas uz cymm

n(h)

n(h)
0 F ) B2 Y my - b
k=1 k=1

umeem npedea npu h — 0, paswud [[ f(z, y)dzdy.
D

st mokazaTesabCTBa, JOCTATOYHO 3aMETHTh, YTO YKA3AHHBIE CYM-
Mbl OTJIMYAIOTCsT OT OOBIYHON MHTErPabHON CyMMbI (COOTBETCTBEH-
HO OT HEKHell cymmbl) dbyukiuu f(z, y) B obaacru D ToIbKO OT-
CYTCTBHEM CJIATA€MBIX IO KBajpaTaM, WMEOIIUM O0IIrne TOYKHA C
rpanutieii I' obmactu D, npudem cyMMa BCEX OTCYTCTBYIOIIUX CIara-
eMBIX 110 MOJIYJIF0 MEHbIIe TIPOU3BEICHNs TOYHOI BepxHeit rpanun M
dbyukipm |f(x, y)| B obractu D Ha mromans S anemenrapHoil u-
I'YpbI, COCTOsIIEH 13 KBaIpaToB, uMeromux obmue Touku ¢ ['. Co-
IJIACHO JTOKA3aHHOMY BbIle yreepxkaenuto S — 0 npu h — 0.



64 JIBOVIHBIE U n-KPATHBIE UHTETPAJTHI TJI. 2

B oTHOImMEHUM JAHHONO HAME OMpPEIEeHUs] eCTECTBEHHO BO3HU-
KaeT BOIPOC, 3aBUCUT Jii (PaKT CYIIECTBOBAHUS JBOWHOTO MHTErpa-
Ja u ero sequauHa [ or 1) BBIGOpA HA TIOCKOCTH KOOPIAMHATHBIX
oceii Oz u Oy; 2) BeIGOpa TpAMOyroabHUKa R, HA KOTOPOM MbI
onpegensiem bysaximo F(z, y).

B criepryrorniem myHKTE MbI TaJIUM JIPYToe Olpejie/ieHne WHTerpr-
pyemoctu dyukiun f(z, y) ¥ JABONHONO WHTErpaJa, He 3aBUCSIILe
HU OT BbIOOpA KOOPAMHATHBIX OCEii, HU OT BBIOOpPA MPSAMOYTOJbHH-
Ka R, U JIOKaxKeM 3KBUBAJIEHTHOCTH 3TOTO ONPEJIEeHUsl TIPUBEIeH-
HOMY BBIIIIE.

[Toka ke MbI yKaxKeM CIEAYIONIYI0 0CHO8HYN TEOPEMY, TMOYTH
HETOCPEJICTBEHHO BBITEKAOILYIO 3 TEOPEMbI 2.3 U U3 JIAHHOIO BBIIIE
OITpe/IeIeH S

Teopema 2.). Ecau pynryus f(x, y) obaadaem 6 obaacmu D
I-ceoticmeom, mo ona unmezpupyema 6 obaacmu D.

Hokaszarenbcrso. [us rakoit dyukuun f(z, y) dysxius
F(z, y), onpenenennast dhopmysioii (2.2), 6yger obaagars [-coiict-
BOM B NPSMOYTOJNbHUKE R.

B camom gene, dyukiusa F(z, y) orpanndeHa B NpsAMOYTOJIbHUA-
Ke R ¥ BCe TOYKM ¥ JIMHUK PA3PbIBA 9T0M PYHKIUH JUOO COBIAAI0T
C COOTBETCTBYMOIIUMEU paspbiBaMu f(z, y), OO JieKaT HA rpaHU-
e I obsmactu D. [Tockosbky ' umeer miomaas HyJib, TEOpEMa, 0~
Ka3aHa.

Caedcmeue 1. Ecau pynryus f(z, y) oepanuuena 6 obaac-
mu D u umeem 6 amoti 064acmu paspuiBbl AUULD HA KOHEUHOM YUC-
ae cnpamasemuix aurud, mo f(x, y) unmezpupyema 6 obaacmu D.

Caedecmeue 2. Ecau f(x,y) unmezpupyema 6 obaacmu D, a
gz, y) oeparuvena u cosnadaem ¢ f(x, y) scrody 6 D, 3a uckarove-
HUEM MHONCECTBA MOYEK NAOWAOU HYAb, mo U g(x, y) unmezpu-
pyema 6 obaacmu D.

4. OnpenesieHre ABOWHOrO MHTErpaJsia MpPu MOMOIIH TPO-
U3BOJIBHBIX pa30ueHuii obsiactu. Boie Mbl onpegenuiy 1BOii-
HOUW WHTerpas, UCXoisd nu3 pas3bueHuss obJacTH MPAMBIMU JTAHUS-
MU Ha, KOHEYHOE YUCJI0 YACTHIHBIX TPSIMOYTOJILHUKOB. B 3TOM TIyHKTE
MBI CHOPMYJTUPYEM JPYTOE OMPEEIeHIe JBORHOT0 NHTErpaJia, OCHO-
BaHHOE Ha pasbuenun obgact D J0ObIMU KPUBLIMY TLIOMIAINA HYJTh
Ha KOHEYHOE YHC/IO YACTHYHBIX 00JIacTeil MpOM3BOJBLHOTO BUA, W
JIOKAZKEM, YTO 9TO ONpesesIeHIe SKBUBAJIEHTHO JAHHOMY BBIIIIE.

[Iycts D —3aMKHyTast orpaHudennas 00J1acTh, UMEIOIas Ipa-
wuiy [’ mwrormaau wyib. Pazobsem obacts D nipu moMoriu KOHETHO-
10 YHUC/Ia MPOU3BOIBHBIX KPUBLIX ILIOMIAIN HYJIb Ha KOHEYHOE YKC-
70 7 (He 00s13aTebHO CBSA3HBIX!) 3aMKHYTHIX YaCTUYHBIX OOJacTeil
Dy, Dy, ..., D,.

BameTnm, 9T0 Kaxaas obiacTs D; KBajpupyema, nbo TpaHWIa
ee wMeeT IIOMAAL HyJab (cM. Bein. 1, i 11, § 2) u oboznadum
cumBosoM AD; mnomans obsactu D;.
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B ka0t yactuuanoi obactu D; BeIOEpeM TPOU3BOIBHYIO TOY-
Ky Pi(&, ni)-
Onpedenenue 1. Yucao

5= f(P)-AD; (2.3)
i=1

Hasvieaemes unmezpaasvnol cymmod dynwyuu f(z, y),
coomeememeytoueti dannomy pazbuenuto obaacmu D wa wacmun-
noe obaacmu D; u darnnomy evbopy npomedcymounux mover P; 6
YACMUSHBL 00AGCTAL.

Hazoem nuamerpom ob6aactu D; TOYHYIO BEPXHIOWO
rpaHb PACCTOSTHUN MEXK/y JABYyMsi JIODBIMU TOYKAMHU ITOH 0bJacTu.

Cumsosiom A 0603HaUNM HauOOJIBINUN W3 JAAMETPOB YACTHIHBIX
obmacreit Dy, Ds, ..., D,.
Onpedeaenue 2. Yucro I nasweaemcs npedesom UH-

meepasvuvr cymm (2.3) npu A — 0, ecau das a106020 no-
AOHCUMEABHO20 YUCAG € MONCHO YKA3AMb MAKOE NOAOHCUMENDHOE

wucao §, umo npu A < § nezasucumo om ewbopa mouex P; 6 wac-
MUNHBLE 0baacmax D; evinoanaemcs nepasencmeo

lo —I] <e.

Onpedeaenue 3 (0bwee onpedenerue uHMEZPUPYEMOCTIU).
Qynxyus f(z, y) nasweaemes  unmeepupyemod (n o
Pumamny) 6 obaacmu D, ecau cyuecmeyem koneunwviti npedes I

uHmepasvHolL cymm o amot gynryuu npu A — 0. Yrazannwi
npedea Ha3vieaemcs 060UHM UHMEZPAAOM O0M PYHK-
yuu f(r,y) no obaacmu D.

JlokaxkeMm Caenyronyo GpyHIaMeHTAIbHYI0 TEOPEMY.

Teopema 2.5. Cpopmyasuposartoe obusee onpedenerue urmee-
PUPYEMOCTNU FKBUBANEHIMHO ONPEJEAEHUN), DGHHOMY 6 M. 3.

Hokazarenbcts o. OyeBuano, uro ecau yukiwsa f(z, y)
WHTErpupyeMa, COTJIaCHO ODIIEMY OTPEeIeIeHNI0 HHTErPUPYEMOCTH,
" ee JBOWHOW MHTErpaJi, CONIACHO 9TOMY ONPEJE/IEHHUIO0, paBeH I, To
9ra (QYHKIUS UHTErpUpPyeMa U, COTVIACHO OMPEIEICHITO II. 3, UMeeT,
COTJIACHO 3TOMY OIIPEeJeHUI0, TOT K& CaMbIil TBOHON wHTerpas I.

Ocraercs mokazarhb, uro ecau dbyukius f(z, y) uHTErpUpyeMa
B obsactu D, corsiacHO ompejeneHuto 1. 3, u I — npoiiHoit mHTEr-
pan or f(z,y) mo obaactu D, COrIACHO STOMY OIPEIETEHUI), TO
it byukuuu f(x, y) cymecrsyer paBubiil I 1peies MHTerpasbHbIX
cymm o ipu A — 0.

Ob6ozuaunm uepe3 M; u m; TOYHYIO BEPXHIOI W TOYHYIO HUZK-
uiot0 rpanu byskiun f(x, y) B yactuuHoii obsactu D u BBeJeM B

3 B. A. Unbun u 3. I. Tlo3usaxk, yactsb 11
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PacCMOTpEHNEe BEPXHIO U HUYKHIOIO CYMMBbI

T T
S:EZAQ¢M%11§:§2%VADb
=1 =1

Tax kak st Ji000r0 paszdbuenust

s<o<S,

TO JOCTATOYHO JOKa3aTh, YT0 06e CyMMbl S 1 § crpemarcs K I mpu

A — 0.
Tpebyerca mokazarh, 4To st Joboro € > 0 maiimerca § > 0

TaKoe, YTO KaxKjasd U3 CyMM S M § OTKJIOHSIETCA OT | MeHbIe 4eM

Ha € KaK TOIbKo A < 4.

Qukcupyem npoussosibHoe € > 0. Jlng sroro € Haiigercd p a 3-
buenue T coxepxarrero obsacts D npsmoyronbauka R Ha gac-
TUYHBIE TPAMOYTOIBHUKN Ry, Takoe, 9TO 771 HETO

S—s<§. (2.4)

O6o3naunm yepe3 My TouHyIO BepxHIO0 rpass |f(z, y)| B obma-
ctu D ¥ 3aK/II09MM BCE OTPE3KHU MPSIMBIX, TPOM3BOJISIINX pasbue-
wue T, u rpanuity I obstactu D BHY TP b 3/IEMEHTAPHON PUTYPHI,
IJIOINA/Ib KOTOPO#l MeHbIne uncia €/ (4My).

Torga 3aBeOMO CYIIECTBYET MOJOKHUTEJJbHAsT TOYHAS
HUKHsIS IPaHb 0 PACCTOAHUS MEXKIY JABYMsl TOYKAMHU, OJHA U3 KO-
TOPBIX TPUHAJJICKUT IPAHUIE YKA3AHHONW 7eMEeHTapHON (hbUrypsr,
a Jpyrasi— OTpe3KaM IPsIMbIX, TPOM3BOJLANINX pasouenue T, win

rpamnie I' obmacta D 1) .

Hokazkem, aro masg cymm S u § jioboro pasouernusi obaactu D,
YJIOBJIETBOPSIONIEro yCIoBUi0 A < §, CpaBe/JINBbI HEPABEHCTRA

§<S+§, (2.5)

s—§<§ (2.6)

1) B camom gerre, pacemoTpuM Ba MHOKecTBa: 1) MuOMKecTBO { P} BCex Towek
IDaHUILBl yKA3aHHON 37eMeHTapHOoN dburypsl u 2) muOK)ecTBO {Q} BCex Tovek
orpe3koB pasbuenust T u rpanunst I' obnactu D. O6a muoxecrsa {P} u {Q}
OIDAHMYEHBbL U 3aMKHYMb. [IPEIIONOKIM, 9TO TOYHAs HUKHSAsI TPaHb § pac-
crosaus p(P, Q) paBua Hymo. Torna HaliyTCs JBe TOCIEI0BATEIBHOCTH TOYEK
{Pn} u {Qn} rakue, aro p(Py, Qr) — 0. VI3 yKa3aHHBIX [OC/IE0BATEILHOCTEN
B cuity Teopembl Bosbnano—Beliepuirpacca MOXKHO BBILIEIUTH CXOASIAECS MO/
nocnenosarensuoct { Py, } u {Qr, }, npenesnst P u () KOTOpBIX (B CHILY 3aMKHY-
TocTn) npuHasexar coorsercrsento {P} u {Q}. Ho rorna p(P, Q) =0, . e.
rouku P u () coBuagaior, 4To HEBO3MOXKHO, 160 MHO)KeCTBO {()} jexuT crporo
BHYTDH 3J1eMeHTapHOI ¢urypsl u He uMeer obmux tovek ¢ {P}. Ilonydennoe
OPOTUBOPETINE JOKA3BIBAECT IIOJTOXKUTETIbHOCTDH 5
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OrpanuunmMcs JJOKa3aTebCTBOM HepaBeHCTBa (2.5), nb0 HepaBeH-
cTBO (2.6) JOKA3BIBAETCSA aHATIOTHIHO.

Vnanaum u3 cymmbl S Bee caaraembie M;-AD;, cCOOTBETCTBYIOIIHE
obmactaM Dj;, Kaxaas U3 KOTOPBIX HE ACHCUM UEAUKOM 6 OOHOM
YACMUNHOM NPpAMoy2osvrukre pasbuenus T. Bee takme obmactu D;
TPUHAIEKAT YKA3AHHON BBINIE AJeMEHTApHON (BUType, a MOITOMY
obmmast cymma nomniaedi rakux obacreit Menbre yucia €/ (4Mp).

Crajio 6bITh, CyMMa BCeX VAAJEeHHbIX caaraeMbix M;-AD;, MeHb-
e uncia €/4.

Takum o6pasom, ¢ ommbKOil, He mpeBbIIaIeh €/4, cupases-
JINBO PAaBEHCTBO

S=3""M;-AD, (2.7)

rae mrpux 0003HAYAET, ITO CyMMa PACIPOCTPAHEHA JIUIIH Ha 00J1a-
ctu Dy, yeaurom sescaujue 8 COOMBEMCMEYIOULUT NPAMOY20ADHU-
xax pazbuenusn T.

BamenuM Terneps B mpapoii yactu (2.7) Tounsle rpanu M; B 06J1a-
crax D;, copep:Kammxcs B 4aCTUYHOM TPAMOYTOIbHUKE Ry, TOUHOM
BepxHeil rpaubio My B mpamoyronbuuke Ry. Torma mosydnm

S M- AD; <Y My - ARy, (2.8)
k

rae ARy obozHauaer miomans obsactu Ry, paBHON CyMMe BCeX
obstacreit D;, TIeTUKOM CONEPKAIAXCA B IPAMOYTOIbHUKE Ry .

Bcee obmactun R — Ry npuHajiexKaT BHIOPAHHON BBIIIE JIeMEH-
Taproit purype. [TosTomy

s 3
", CTAJI0 OBITH,

‘S—ZMk~A1§k
k

ZMk(ARk - AE}C) < %
k

Takum o6pasom, ¢ omubKoii, He npeBblmaIeil £/4, cnpaBeIuBo
pPaBEHCTBO

> M- ARy = S. (2.9)
k

ConocrasJisisi cripaBe/iuBble ¢ OMubOKOM, He MpeBbIaoeii € /4, pa-
BercTBa (2.7) u (2.9) ¢ HepaBeHcTBOM (2.8), MBI TIOIy9NM HEpPaBEH-
crBo (2.5).

AnaoruuHo 10Ka3bIBAETCs HEpaBeHCTBO (2.6).

3*
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U3 (2.5) u (2.6) nomyuanm
s—§<§<§<5+§. (2.10)

Tak kak B cuny (2.4) xaxkgast u3 cymm § u S OTKJIOHsIETCST OT [

MeHbIIle YeM Ha €/2, To Kaxkjgas u3 cymm S u S B cuiy (2.10) or-
KJIoHsIeTCa oT I MenbIe yem Ha €. TeopeMa JoKa3aHa.

§ 2. OcHoBHBIE CBOCTBA JIBOMHOTIO MHTErpaJa

CaoiicrBa BOIHONO MHTErpasia (1 UX BBIBOJI) BIIOJIHE AHAJIOMUYHbBI
COOTBETCTBYIOIIUM CBOHCTBAM OJHOKPATHOIO OMPEIEIeHHOI0 WHTE-
rpasia. [Tosromy Mbl OrpaHuauMcss GOPMYJTUPOBKOi STUX CBOHCTB.

1°. AngurusuocTtsb Ecm dyukuus f(x, y) uarerpupyema
B obyractr D m ecau obsacts D mpu momormu KpuBoit ' mommaqn
HYJIb pa3bUBaeTcs Ha JBe CBS3HbIE W He MMEoIIne OOIUX BHYTPeH-
Hux Touek obsactu Dy u Do, To dyukuus f(z, y) unrerpupyema B
KaxKgoi n3 obsacreit D u Do, mpudem

[] [, y)ydedy = [[ f(z,y)dedy + [[ f(z, y)dzdy.
D D1 Do

2°. Tuneiinoe cpoiticrso. Eciu dynxiun f(z, y) u g(z, y)
uHTErpupyemsl B objact D, a « u [5— 1i00ble BeIeCTBEHHBIE
gqucaa, To byukuus [« - f(z, y) + - g(z, y)] Takxke unrTerpupye-
Ma B obsactu D, mpuuem

{)f[a'f(:r, y) +B- gz, y)]dedy =

=aoff f(z,y)dzdy + B [[ g(z, y) dz dy.
D D

3°. Ecu dbyukuuu f(z, y) u g(z, y) unrerpupyembl B 006Ja-
ctu D, To m mpousBesenne 3tux (pyHKIU mHTErpupyemMo B D.
4°. Ecu f(z, y) u g(z, y) obe unrerpupyemsl B obaactu D u

Bcrogty B 9roit obnacru f(z, y) < g(z, y), To

[f f(z, y)dzdy < [[ g(z, y) dz dy.
D D

5°. Eciin f(z, y) warerpupyema B obsactu D, 10 u dyHKIMs
|f(z, y)| narerpupyema B obnactu D, npuuaem

[f f(z, y)dzdy| < [[ f(z, y)dzdy.
D D

(Koneuno, w3 unrerpupyemoctu |f(x, y)| 8 D He BbITEKAaeT MHTEr-
pupyemocrs f(z, y) B D.)
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6°. Teopema o cpenmneMm 3HadYeHHUU Koim obe QyHK-
wuu f(z, y) u g(z, y) uarerpupyemsl B obnacru D, dbyuxius g(x, y)
HeoTpHIaTe bHa (HEOJIOKUTEeIbHA) BCIogy B 3Toil obmactu, M
U m — TOYHAs BEPXHsIsl U TOYHAsI HUKHsis Tpanu Gyukimu f(z, y) B
obnactu D, To HaiigeTcs YnCIO [, YAOBJIETBOPLIONIEe HEPABEHCTBY
m < p < M un takoe, 4To cpaBeiinBa popmysia

éf f(ZL‘, y)g(x, y) dx dy = M%f g(x, y) dx dy. (2.11)

B wacruoctu, ecim dyukums f(z, y) HenpepbisHa B D, a 06-
macte D cBs3HAa, TO B 9TOH 0bsacTi Hafifercs ') Takas TOUKA
(&, n), uro p = f(& n), u dbopmyna (2.11) npunumaer Bu

,}gf f(z, y)g(z, y) duvdy = f(& n) if)f g(z, y) dz dy.

7°.Baxuoe reomerpudeckoe cpoiicrso. [[1-dzdy
D

pasen momaau obsactu D. (DTo CBOWCTBO, KaK y¥Ke 0TMEeYajoch
BBITIIE, HEMTOCPEJCTBEHHO BBITEKALT W3 OTPEIETEHUsT HHTETPUPYEMO-
cru, jgaHoro B 1. 3 § 1.)

§ 3. CBegenne ABOITHOrO MHTErpaJia K IIOBTOPHOMY
OJHOKPATHOMY

W3znaraemoe B sToM maparpade cBemenne IBORHOTO WHTErpasa
K TIOBTOPHOMY OJHOKPATHOMY SIBJISIETCST OHUM 13 3(()PEKTUBHBIX
CTIOCODOB BBIYUCIEHNUST JIBONHOTO WHTETPAJTA.

1. Cuyuaii IpAMOYTOJbHUKA.
Teopema 2.6. ITycmo das pynruuu f(x, y) 6 npamoyzosvruke
R =[a <z < x][c<y <d cyweemsyem dsotinoti unmezpan

[ f(=z, y)ddy.
R

Hycmov danee dasa kaoscdozo T u3 ceamenma o < x < b cywe-
cmeyem 00HOKPAMHYILT, uHMe2pan

d
I(z) = [ flz, y)dy. (2.12)

c

Tozda cyuiecmeyem nosmMopHvil uHmezpan

[z, y)dy

—
=
&

U

8

I
—~

U

8

Ot—a

1) B cuny teopemsr 14.5 u3 o 1.
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u cnpaeeﬁ/zueo paseHcmeo

b d
[z, y)dedy = [ dz [ f(z,y)dy. (2.13)

R a c
HokazarenbcTBo. Kak u B § 1, pa3obbem mpsaMoOyrosib-
HUK R ¢ moMompio Touek a = g < o1 < T9 < ... < xp, = bu

c=1y <y1 <yY2<...<yp=dHan-pIACTUIHBIX IPAMOYTOJIb-
HUKOB
Ry = [zp—1 <z < 2p] X [yi-1 <y <yl
(k=1,2,...,n1l=1,2,...,p).

[Monoxum Azy = xp — Tp_1, Ay = y; — yi—1 ¥ 0003HAUNM Uepe3
My w my; Tounble rpanu dysxiuyu f(z, y) Ha 9aCTUIHOM TIPSIMO-
yronbuuke Ry Torna Bciomy Ha 3TOM NpAMOYTOJbHUKE

my < f(z,y) < M. (2.14)

[Tonoxkum B 9TOM HepaBeHCTBE T = & , T1€e £ — MTPOUBBOJIBHAST
TOYKA CErMEHTA [Tk_1, Tk), U HOCIE HTOrO npouHTerpupyem (2.14)
1o Yy B mpefenax oT y;—1 110 y;. [lomyaum

Y1
my - Ay < [ flér, y) dy < My - Ay, (2.15)
Yi—1

Cymmupys (2.15) mo Bcem [ or 1 10 p u ucnosnb3yst 0603HaYeHe
(2.12), 6ynem umers

p
D mp- Ay < I(&) <Y My - Ay (2.16)
=1 I=1

Hanee ymuoxum (2.16) va Axy u npocymmmpyem 1o seem k ot 1
o n. omygum

n p n p

n
Z kalekAyl < Z I(&) - Ay < My - Azy - Ay
=1 =1 k=1 k=1 1=1

(2.17)

[Tycts manbosbmmit nuamerp A YaCTUIHBIX TPAMOYTOILHUKOB
crpemuTcst K Hymo. Torma n Hanbosbias u3 minH Az CTPEMUTCS
K Hymo. Obpamasionie anensl B (2.17), npencrassormume coboi
HUYKHIOIO U BEPXHIOIO CYMMBI, CTPEMSTCS TIPX 9TOM K JBOWHOMY WH-

rerpany [[ f(z, y)dzdy.
R

Crajio ObITH, CylIecTByeT Opejen u cpeaHero uiena B (2.17),
PaBHBIl TOMY Ke caMOMy ABOWHOMY mHTerpaJy. Ho sror mpenesn mo
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OIIpede/ICHNIO OJHOKPATHOI'O MHTEr'PaJia paBEH

b b d
[I(z)dz = [ dz [ f(z, y) dy.

Tem cambiM JTOKA3aHO CYIIECTBOBAHNE MOBTOPHOIO WHTErPaAJia U pa-
BercTBO (2.13). Teopema gokazana.

Savmeuganune. B reopeme 2.6 MOXKHO TOMEHATD T U Y POTIAMHA,
T. €. MOYKHO IPEJINOIOKUTH CYIIIECTBOBAHUE JIBORHOINO WHTErpaja u
CyIIECTBOBAHME /I JTIOOOT0 iy 3 cermenTa ¢ < ¢y < d OJHOKPATHOTO
MHTErpaJa

b
K(y) = [ f(z, y)dz.

Torma Teopema Oy/ieT yTBEPXKIATH CYIIECTBOBAHUE TOBTOPHOIO WH-
TerpaJsa

d d b
K dy=[dy[f(z,y) ds
U PaBEHCTBO
d b
{2[ [z, y)dedy = [ dy [ f(z, y)dz. (2.18)

2. Cayuaii mTpon3BOJILHOI 00Js1acTH.

Teopema 2.7. Ilycmo svinoanenv, caedyrousue ycaosus: 1) 06-
aacmob D oepanuvena, 3amMEHYMa U MAKOBG, wMO A100GA NPAMAA,
napaaseavnas ocu Oy, nepecexa- y,
em epanuyy amot obaacmu we 60-
A€E YeM 6 J8YT TOUKAT, OPOUHAMLL Y2

komopwx cymo yi(x) u yo(x), 2de

y1(z) < ya(z) (puc. 2.4); 2) dynn- | D

yua f(x,y) donyckaem cywecmeo- Y1 1 :

sanue deotinoz0 unmezpana T T |
X1 X X9 X

[J £z, y) dzdy
D

Puc. 2.4
U cywecmaeosarue 8/»;1 /L706030 X OaHOKP(lmHOZO uHmezpPana

y2(z)
[ flz, y)dzdy.
y1(z)

Hpu IMUL YCAOBUAL CYULECTNBYETN noemopm;u’i uHmezpan

T2 y2()

[dx [ f(z,y)dzdy
T y1(x)
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(1 u To — HauMEH WA U HAUOOALWAH AOCUUCCH MOYeK 004G~
cmu D) u cnpasedauso pasencmeo

T2 y2(z)
fo fla, y)dedy = [ dz {) flz, y)dy. (2.19)
x y1(x

HokazarenbcTBo. Obo3HaunM depe3 R IPsiMOYTOJBHUK
CO CTOPOHAMH, TTAPAJLIETEHBIME KOOPIAUHATHBIM OCSIM, COEPIKAIITHIH
obaacre D, a uepes F(z, y) — dbyukiuto, copnagatiyio ¢ f(z, y)
B TOYKax objactu D u paBHYIO HYJIO B OCTAJbHBIX TOUKax R. s
dyukuun F(z, y) B npaMoyroibHUKe R BBITOJHEHBI BCE YCJIOBHUS
TeopeMbl 2.7, 1, crasio 6Tk, cipaseaua dhopmysa (2.13), koropas
(c yuerom Toro, uro F(z, y) pasHa HyJio
e D u cosnagaer ¢ f(z,y) B D) nepe-
xoaut B dopmyay (2.19). Teopema moka-
3aHa.
Saveuanune. B Teopeme 2.7 MOK-
HO MOMEHATH POJSIMH L W Y, T. €. MOXK-
HO MPEJINOJIOKUTh, YTO BBIOJHEHBI CJle-
aylone aBa ycaosus: 1) obaacrs D Ta-
KOBa, 4TO Jit0bas mpsiMasi, TapaJiiebHast
Puc. 2.5 ocu Ox, TiepecekaeT TPaHUIly 3TOH 0bJia-
cTu He DoJIee YeM B JIBYX TOUYKAX, abCIuc-
cbl KOoTopbix cyThb z1(y) u z2(y), toe z1(y) < z2(y) (puc. 2.5);
2) dyukuusa f(z, y) momyckaer cyinecrsoBatue 1o obactu D nBoii-
HOIO WHTErpaja u CyIecCTBOBaHUE JIJis JII0O0T0 Y OJHOKPATHOIO WH-
TerpaJa

Yy
Y2
Yy

Y1

(0] X1 Ty X

z2(y)

[ f(z, y)dz.

z1(y)

IIpu BBITTOJIHEHNIT 9TUX JABYX YCJOBUIl CYIIECTBYET TOBTODPHBIN
UHTErpaJl

Y2 z2(y)
[dy [ f(z,y)dx
Y1 z1(y)

(y1 ¥ Yo — HaMMeHbIAas W HAUOOJIbINAS OPJAMHATHI TOYEK ObJia-
cru D) u cupaBeiuBo PaBEHCTBO

Y2 z2(y)
[[ f(z,y)dedy= [ dy [ [f(z,y)dz. (2.19)
D Y1 z1(y)

HOpuwmep. Ilyers obmacts D —xpyr 22 + y? < R? (puc. 2.6),
a f(z,y) = 22(R? — y?)¥2. Jliobas npsivasi, napajienbHasi OCH
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Oz, nepecekaer rpanuity D He Oojiee 4eM B IBYX TOUYKAX, aOCIUCCHI

KOTOPBIX CyTh 21 = —y/R% —y? u 29 = /R? — y? (cm. puc. 2.6).

[Tostomy mpumensis dhopmyay (2.19'), nomydanm

R VRI—y?
[[f@,y)dedy= [ dy [ 2*(R2—y?)de =
D R R

R R2_y2

= /(RQ—yQ)?’/2 / i dz | dy =
—R —V/R*—y?
Sameuanue 2. B cayqaae, ecim obracts D He yaIoBAeTBOPSAET

TpeboBaHusIM TeopeMbl 2.7 uian 3aMedanus 1 K 9T0Oil TeopeMe, 4acTo
yaaerca pas3buTh 9Ty 00/1aCTh HA CyMMY KOHEYHOTO THCIa obJtacTeit

w N

R

2_,2\3 g _ 64 p7
[y = LR
-R

y Y

Puc. 2.6 Puc. 2.7

TAKOTO TUIIA, HE UMEFOIINX ODIINX BHYTPEHHUX TOYeK. Torma uHTer-
past o obsactu D, B cuity cBO#CTBA aiuTUBHOCTH (CM. CBOCTBO 1°
u3 § 2), paBeH CyMMe HHTErpaJioB 10 COOTBETCTBYIONMM 00JIACTSIM.
Tak, obsacts D, n3obpaxkeHHyio Ha puc. 2.7, yjaaercs pa3durh Ha
cymmy Tpex obmacreit Dy, Dy n D3, K KaxKI0# n3 KOTOPBIX IPUMe-
HUMa WM Teopema 2.7 wiau 3amedanue 1.

§ 4. Tpoiiubie U N-KpaTHbIE UHTETPAJIbI

N3noxkeHHast HAMU TEOPUsT IBOMHOTO WHTErpaJia 6e3 Kakux-1mbo
OCJIOKHEHUH ¥ HOBBIX MJe#l MepEeHOCUTCd Ha ciaydail TpoHHOTO
¥ BOODOIIE N-K paTHOT O uHTerpasa. OCTaHOBAMCS Ha OCHOBHBIX
MOMEHTAaX TEOPUU N-KPATHOI'O WHTErpaJia.

[Tpexkie BCero OroBOPUMCS CIUTATH, YTO O0BEM 7-MEPHOTO MPsI-
MOYTOJIBHOT'O TapaJIIeIENUIIe a 110 ONPEIETIEHII0 PABEH TPOU3BE/Ie-
HUO JIJINH BCEX €ro pedep, BBIXOMSIINX W3 OJIHOM BEpPIIUHBI.
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Jlasee 1OrOBOPUMCS HA3LIBATH MEMEHTAPHBIM TEJIOM MHOXKEC-
TBO TOYEK N-MEPHOTO MPOCTPAHCTBA, MPEACTABJIONIEe cOO0H CyM-
My KOHEYHOT'O YHCJIA N-MEPHBIX MPSIMOYTOIbHBIX TapaJsiiesenure-
JIOB, He MMEIOINX OOIMWX BHYTPEHHUX TOUYEK W UMEIoNnxX pebpa,
apaJiebHbIe OCIM KOODIUHAT.

O6bem J1I060r0 TEMEHTAPHOTO TeIa HAM M3BECTEH U PABEH CyM-
Me 00bEMOB COCTABJIAIONINX €T0 MAPAJLIEIETUTE0B.

IIyctes Teneps D — mpousBobHAS OrpaHWYeHHAs 00JACTh B
N-MEPHOM €BKJINJIOBOM IpocTpancTBe. HazoBeM HEUKHHUM 00 b
eM oM objsact D TOYHYIO BEPXHIO T'PaHb V. 00BEMOB BCEX CO-
JepKammuxcst B D 3jIeMEHTAPHBIX T€T, & BEPXHHUM 00beMOM

obnactu D — ToYHYIO0 HUKHIOIO I'panb V 00beMOB BCEX JEeMEHTAP-
HBIX TeJI, cofepxkammx obacts D.

Jlerko y6eaurbes B ToM, uto V. <V 1), .
Obnacre D naspiBaerca Ky Oupyewmoii, ecmn V. = V. [lpn

srom uncyio V =V = V nHa3biBaeTcd n-MepHBIM 0O6BbEMOM
obsactu D.

B mosmoit anajornu co ciydaeM II0CKON 00J1aCTh JOKA3BIBACTCSA
CJIeIYIONIEe YTBEPIK IEHNE.

Zlas mozo umobor n-mepras obaacmo D 6viaa xyoupyemoti, Heob-
L00UMO U JOCTNAMOYHO, UMOOVL OAf A100020 NOAOIHCUTNEALHO20 HUC-
AG € HAUAUCD 0BG IAEMERMAPHBIL TEAG, 00HO U3 KOMOPHIL COOED-
orcum D, a dpyeoe codeporcumes 6 D, paznocmv 065eM068 KOMOPHLT
N0 MOOYAI0 MEHLULE YUCAL €.

[MosepxHOCTHIO (MM MHOTOOOpPA3UEM) N-MepHO-
ro obbeMa HYJb JONOBOPUMCS HA3BIBATH 3aMKHYTOE MHOXKE-
CTBO, BCE TOYKHU KOTOPOI'O MPUHAIIEIKAT JIEMEHTAPHOMY TETy KaK
YTOJHO MaJIOr0 N-MEPHOTO 0ObeMa.

OueBniHO, 9TO N-MepHast obyractb D Kybupyema TOr1a 1 TOJIBKO
TODJA, KOT/Ia IPAHNIIA, 9TOH 00/IacTH MpeacTaBisgeT coboii MHOI000-
pasue n-MepHOTrO 00'beMa HYJIb.

Cragana n-KpaTHBII WHTErpaJ OT (DYHKIUU 7 TEPEMEeHHBIX
f(x1, o, ..., Ty) ONpEIETACTCA B N-MEPHOM MPSIMOYTOJBHOM Ia-
pasnenenunese R, pebpa KoToporo mapaJienbHbl 0CIM KOOPAUHAT.

C 3710l 11e/IbI0 MBI IIPOU3BOANM Pa3bueHne KaxKJIoro u3 n pebep
mapaJjiiesenunensa R Ha KOHeYHOe YHCIO YaCTUYIHBIX CErMEHTOB U
TaKUM IyTeM mosjydaeM pasbuenue T napasenenunena R Ha Ko-

HEYHOE HHC/I0 JACTHYHBIX N-MEPHBIX TMAPAJIETCIHIEN0B 2) .

st ykazamHOro pasbuenns T B MOTHONW aHAJOTHH CO CIyYaeM
n = 2 ONpPenessTiOTCs WHTerPabHAsl, BEPXHATA W HUYKHAA CYyMMBI
ar060it orpanuuentol dbyukimu f(x1, Lo, ... , Tp).

1) Hepaserctso V. < V I0Ka3bIBAETCS TOYHO TaK 7Ke, KaK HepaseHcTBo P < P
B 1§ 2 i 11 Bem. 1.

%) MoxHo ckazaTh, uro pastuenue T OCYIIECTBJIACTCA € TIOMOIIBIO KOHEYHOI'O
aucia (n — 1)-MEepHBIX TUIEPILIOCKOCTEH, MaPaJUTETbHBIX KOOPIUHATHBIM OCIM.
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n-kpaTHbiil uaTerpan ot dyukuuu f(x1, Lo, ... , Ty) MO MAPAT-
Jgenenuneny R onpejensercs Kak MpeJies HHTerpaabHbIX CYMM DU
CTPEMJIEHUH K HYJIFO JIJIMHBI HAnOOJIINEH W3 Juaronajeil 4acTHIHbIX
N-MEPHBIX TTapaJLIe/IENUIe 0B,

Kak u gna ciyuast n = 2, reopust lapby ycranasiuBaer Heob-
XOJUMOE ¥ JIOCTATOYHOE YCJIOBHE WHTETPUPYEMOCTH B CJIEIYIOIIEH
dopme: daa unmezpupyemocmu Gynkyuy f 6 napassesenunede R
HE0OTO0UMO U AOCTNAMOUHO, ¥MOObL OAA 4100020 € > ) HAUWLAOCH PA3-
buenue T napassesenuneda R, daa xomopozo pasnocmv eeprreti u
Huostcnet cymm OviAG MeHbUE €.

ITocse 3Tor0 JIETKO OMpEaenTh N-KPATHBIN HHTErpasa or QyHK-
nun f 10 IPOU3BOJIBHON 3aMKHYTOM OrpaHUYEeHHOM n-MepHOit 00J1a-
cru D, rpanuiia KOTOPOil UMeeT N-MepHBIH 00beM HYJIb.

DTOT WHTErpAJT OMPeNeIsdeTcss KAK WHTErPas M0 COJEPKAIIEMY
obsiactb D n-MepHOMY TpPSIMOYToJIbHOMY TapaJsuienenuneny R (c
pebpamu, mapaJjuie/IbHBIMU KOOPAUHATHBIM 0CsiM) oT byHKImu F
copmaaoteii ¢ f B obsactu D u paBuo#t Hyst0 BHE D.

st obo3HaveHus n-kKparHoro uaTerpasa or dyskiun f(z1,
Z9, ..., Tp) 00 obaactu D ecTecTBEHHO UCIOIB30BATH CUMBOJI

- [f(z1, 22, ..., zp) dzy dzs . .. dzy. (2.20)
D

OpHako [jist COKpAIEHUsT 3allUCH TaM, TIe 9TO He OyIeT BbI-
3BIBATH HEJOpa3yMeHuil, Mbl Oyjgem o0603Hauarh uHTerpaa (2.20)
KPaTKUM CHMBOJIOM

[ f(z)dz. (2.20")
D
I[Tpu kpatkoit 3amucu (2.20") o CAMBOJIOM T CT€yeT TOHIMATh
TOYKY & = (Z1, T2, ... , Ly) IpocTpancTBa E™ | mox cumsosaom dz —
npoussenenue dr = dzy drs ... dz, '), a mox 3HakoMm | — n-xpar-
D

HBI WHTErpaJI 1Mo n-MepHoi obysactu D.

Touno Tak XxKe, KAK U [JTsI CIyYas n = 2, JOKa3bIBAETCS WHTETPHU-
PYeMOCTh 110 n-MepHoit obmactu D nroboit pyukmun f, obagaromei
B obsmactu D I-csoiictBoMm (T. e. orpanndenHoii B obsacru D
GYHKITNM, BCE TOUKH Pa3PhiBa KOTOPOH TPUHAIIEKAT ITEMEHTAP-
HOMY TeJly KaK yTrOJHO MaJjioro n-MepHoro obbema). Boobie nsme-
HeHWe WHTerpupyemMoit (pyHKnun f Ha MHOXKECTBE TOUYEK N-MEPHOTO
obbemMa Hy/Ib He U3MEHsIeT BEJUIUHBI WHTErPaIa OT 3TOH PyHKITIN.

st ompeieienns N-KPaTHOTO WHTETPATA MOKHO UCIOJb30BATD
pasbuenme obsacty DD mpu MOMOINK KOHEYHOTO YHUC/IA ITPOU3BOJIb-
HBIX MHOTO0Opasmii o0bemMa HyJ b Ha KOHETHOE YUCI0 JaCTUIHBIX
obstacreit mpou3BOILHON (hopMmbl. B mosiHON aHasormn ¢ TeopemMoit
2.5 70Ka3bIBAETCs, UTO Takoe 00Iee OmpesiesieHre N-KPATHOTO WH-
Terpajia SKBUBAJIEHTHO YKA3aHHOMY BBIIIE OMPEIeTeHITO.

1) 910 npousse erTe OGHIMHO HABBIBAIOT TEMEHTOM 00beMa B pocTpancTse B™.
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B mosnoit anamorum ¢ teopemamu 2.6 u 2.7 yCTaHaBIUBAETCA
dopMysa MOBTOPHOTO HUHTETPUPOBAHUSA JJIsI UHTET-
pasa (2.20).

Hycmv n-mepraa obaacms Dy, obaadaem mem ceoticmeom, 4mo
A106a: npamas, napaasesvhas ocu Oy, nepecexaem ee 2paruyy He
bosaee wem 6 06YT MOYUKAT, NPOEKUUL KOMOPHL Ha ocy O cymo

a(zo, T3, ..., Tn) u b(xo, T3, ..., Tpn),
20e a(xg, 3, ..., Tpn) < b(T2, T3, ..., Tp).
IIyemw danee pynxyus f(x1, 9, ... ,x,) donyckaem cyuecmeso-

6aHUE N-KPATNHOZ0 UHMEZPANG
[ [f(z1, 22, ..., ) dzy das ... dzy,
Dy,

U CYWLLCMBOBAHUE OAA MOOVE Lo, T3, - . . , T OOHOKDAMHO20 UHME2-
pasra
b(x2,23,...,%n)
f(xla T2y +vvy 5577,) del.
(2,23, ..., Tn)

Tozda cywecmeyem (n — 1)-kpammuowd unmezpan

b(x2,23,...,%n)
[[...[dzodas... dzy S f(z1, To, ...y Ty) day
Dy a(z2,23,...,Tn)

no (n — 1)-mepnoti obaacmu Dy_1, asasmowetica npoexyuetd Dy na
Koopdunammuyro sunepnaockocms OTaTs . .. Ty U CNPaGEIAUsa dop-
MYAG TOBMOPHO20 UHMELPUPOBAIHUA

[ [flz1, 22, ..., zy)dz1das ... doy =
Dy,

b(x2,23,...,%n)
=[[...[dzydzs...dzy, S f(z1, mo, ...y zy)dzy. (2.21)
Dy a(x2,23,...,Tn)

Koneuno, B cchopMyIupoOBaHHOM YTBEPXKJIEHUN B POJIU L] MOXKET
BBICTYIIATH W JIFODAsT U3 MEPEMEHHBIX X2, L3, - .. , Lp.

MpbI 1oropopuMcst Ha3bIBaTh 001acTh D I P O C T 0 #, eciin Kax-
Jas IpsiMas, MapaJjuieabHas 00l KOOpAUHATHON ocu, b0 mepe-
CEeKaeT ee IpaHuUIly He Dojiee UeM B IBYX TOUKAX, JJUOO MMeeT Ha ITOi
I'PaHUlle LeJIbIi OTPE30K.

Jist mpocToit obsacTu pOpMyIy MOBTOPHOTO WHTETPUPOBAHUST
MOXKHO TIPUMEHATH M0 JII0OOH U3 MEPEMEHHBIX L1, L2, - .. , Lp.

[Tpumepom mpocToit 0061aCTH MOXKET CIYKUTh N-MEPHBIN Ipsi-
MOYTOJIBHBIN MapaJsienenumes (pedbpa Koroporo He 00s3aTeIbHO Ta-
paJLIeIbHBI KOOPIUHATHBIM OCSIM ).
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B zaksrouerune orMeTuM, 9TO JJIS N-KPATHOTO WHTErpPaJia OCTa-
FOTCsT CIpaBeIuBBIMEU CBolicTBa 1°—7°, cchopmynupoanubie B § 2
JUTsT CJTy9ast TBOMHOTO MHTErpaJia.

B wacrnocrn, [[ ... [1- dzidzy... dz, pasen n-mepHOMy 00b-

D

emy V(D) obmacru D.
Kpowme Toro, Kak u jjist Ciydast n = 2, ClpaBe/yIuBo CJIeyoIee
YTBepXKJeHHe.

IIyemv pynxyus f(z1, T2, ..., Tp) UHMEZPUPYEMA 6 02PAHU-
wennot xybupyemoti obaacmu D. Ilycms danee npocmparncmeo E™
nokpuimo cemxol n-mepuut £y6oe ¢ pebpom h; C1, Co, ..., Cppyy —
me kybv, yrazarrol cemru, Komopue yesukom codeporcamcs 6 D
( (k) §(k) (k)) o 6a Ch: _ }

15,& 7, ..., & pou3sosvras mouka rkyba Ck; my — moy
naa nwudtcuas epany gynkyuu f 6 wybe Cy (k = 1,2, ..., n(h)).

Tozda cymmot
n(h) ® 8 n(h)
DA (3 S A 35 Y A I N Ry
k=1 k=1

umerom npedea npu h — 0, pasrwviti

[ [f(z1, 22, ..., zp) dz1 das ... doy,.
D

§ 5. 3amena nepeMeHHBIX B N-KPaTHOM WHTErpajie

Hesibto macTositero nmaparpada ssisiercs 000CHOBaHMIE (HOPMY-
JIbl 3aMEHbI [IEPEMEHHBIX B N-KPATHOM WHTErpaJie.

Ycranasiauaemas GopMysia SIBISIETCS OJHUM U3 BarXKHEHIINX
CPEJICTB BBIYUCIEHUs] N-KPATHOIO WHTErpaJia.

[Ipeanonoxum, uro dbysriuus f(y1, Y2, --- , Yn) JAOIMYCKAET CY-
[IECTBOBAHKE N-KPATHOIO MHTErpaJa

if(y) dy = ff-D--ff(y1, Yoo ooy Yn)dyrdys ... dy,  (2.22)

110 HEKOTOPOi OrpaHWYEHHON 3aMKHyTON Kybumpyemoit obsactu D
B TIPOCTPAHCTBE TIEPEMEHHDBIX Y1, Y2, - .. , Yn. IIPEATOTOKIM TasTee,
YTO OT MEPEMEHHBIX Y1, Y9, - - - , Yp MBI MEPEXOJAUM K HOBBIM I€pe-
MEHHBIM X1, L9, ... , Lp, T. €. COBEPIIaeM Ipeobpa3oBaHUe

Y1 = /‘/)1(3;17 Lo, ..., .iI?n),

Yo = '(/)2(5!71, L2y +vvy fEn), (223)

Yn = ’(/)n(:lil, Ty v vv y xn)
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Kparko npeobpaszosatue (2.23) 6ygem 0603HAUATH CUMBOJIOM

y = (x),
MOHUMAsI TIOJT & U Y TOYKU N-MEPHOro MpocTpancTa & = (1, Lo, . ..

s Zn)y Y = (Y1, Y2, -+ 5 Yn), @ TOJ CHMBOJOM 1) — COBOKYITHO-

CTH T beHKHHﬁ ,(/)17 ,(/)27 R I,(/)n'
O6o3uaunm cumsosiom D' Ty 0671aCTh B TPOCTPAHCTBE TIEPEMEH-
HBIX T1, L2, ... , Lpn, KOTOpas 1pHu 1npeobpazosanun (2.23) mepexo-

aut B D, 7. e. momoxmm, uro D = p(D') 1).

Msr gokaxem, uro ecau dynkimu (2.23) umetor B obractu D’
HEIPEPbIBHBIE YACTHBIE IPON3BO/HBIE TIEPBOTO MOPSIJIKA U €CIIH STKO-
buan

D(y) — D(y1, y2, -, Yn) (224)
D(z) D(z1, T2y ..., Tn)

ormmuen B obmactu D' ot myng, To mis uaTerpata (2.22) cnpases-
JuBa ciaeayiomas GopMysa 3aMeHB epeMeHHBblX:

/ fly) dy = / fba))| 2@
D D’

D(x)
B noapobuoit 3amucu dbopmyia (2.25) uMeer ciaeayomumii Bu:

Jf - S yes oo s yn) dyrdya - dyy =
D

=//m/f[1/)1($1,362,~~afﬂn)a ooy n(zy, B2y o, )] X
o

D(y1, Y2, -+, Yn)
D(z1, z2, ..., Tn)

da. (2.25)

X dzidzs...dz,. (2.25)

Taxkum 06pa3omM, MBI JOKaKEM CAEAYIONIYI0 0CHO8HYIO TEOPEMY.

Teopema 2.8. Ecau npeobpasosanue (2.23) nepesodum obaacmo
D' 6 D u asasemca 63aumno 00HO3HAuHbM U ecat ynryuy (2.23)
umerom 6 obaacmu D' nenpepwsnvie wacmmuvie npouseoonvie nep-
6020 NOPAOKA U OMAUNHBTG om hyaa arxobuan (2.24) 2) . mo npu
YCAOBUY, CYULECTNB08aHUA unmezpaaa (2.22) cnpasedausa popmyaa
samenvr nepemennuir (2.25').

1) IIpu 9T0M MBI IIpemOIaraeM, 9To npeobpasosanue (2.23) Homyckaer o6paT-
moe u uro D' =~ (D).

%) BameruM, 9TO IpM BHIIOIHEHHH yCIOBHE TeopeMsl 2.8 ypasmenms (2.23)
MOXKHO Pa3peliuTh OTHOCUTEBHO L1, T2, ... , Ln, IPHUEM IOJYyIEHHOE HA STOM
myT obparHoe mpeobpasopamme x = 9~ '(y) Gymer B cumay TeopeMer 14.2 m3
Bbil. 1 mmers B obacTi D HenpepbiBHBIE YaCTHBIE IPOU3BOHBIE IIEPBOrO M0~
PAIKa U OTIMYHBIN oT Hy/s akobuan D(z)/D(y).
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JlokazaTenbcTBO TeopeMbl 2.8 He siBjisgeTcs 3jieMeHTapHbiM. Oc-
HOBHAS WJies] TPUBOIMMOTO HAMU JIOKA3aTEIbCTBA COCTOUT B TOM,
9TO Mbl CHa4asa jaeM obocHoBaHue opmysbl (2.25) s ciayuas,
Korza mpeobpasoBanue (2.23) sdBisercsa J M H e HBI M, a 3aTeM
CBOJIUM K 9TOMY CjIydaro obriee npeobpasosanue (2.23).

Pamn ynobcTBa, MBI OyaeM mOapasaeaTh J10KA3aTeTbCTBO TEO-
peMbl 2.8 Ha OTHeJbHbIE TyHKTHI.

HNokazareabcTBO Teopemnbl 2.8.

. Jdemma 1. Ecau npeobpasosanue z = (x) asasemcs cy-
nepnosuyuet; (uau, Kax 06bMHO 2080pam, NPOU36edeHUeM)

dsyx npeobpaszosanut y = YP1(x) u z = Pa(y), mo axobuan ZDDEZ))’
T
Y Y 0 0 0 0
e3amuiti 6 410600 mouke T = (xl, Ty «ve xn), pasen npouseede-
nuto axobuanos 2H) 4 %, B3AMBIL COOMBEMCMEEHHO 68 MOYKAL
0 0 0 D(gz) OD(y) 0 0 0 0 0
= (21, T2, ..., Zn) wy= (Y1, Y2, --- » Yp), 20e y =91 (z), m. e.
D(z) — D() . D(y). (2.26)
D(x) D(y) D(z)
B nozgpo6uroit 3ammcu dbopmyna (2.26) BBINISIANT TaK:
D(z1, 22y -« 4 2n) _ D(z1, 22y -« 4 2n) ) D(y1, y2, -« s Yn) (2 26,)

D(x1, T2, ..., Tn) D(yi, y2, --- » Yn) D(x1, 22, ..., Ty)
Joka3aTeabCTBO JeMMBbl 1. DJeMEHT, CTOSIIMA Ha, I1e-
D(z) 0z
—Z paBeH ——,
D(z) Oxy,

0
npuYeM yKa3zaHHasg dacTHas TPOm3BomHas Oeperca B Touke . Ilo
npasuty auddepeniupoBanus CIoxKHON dyukiun (M. § 7 . 14
BBII. 1), 9TOT 9JIeMEHT paBeH

9z _ Z Oz Oyt (2.27)

dy Oz’

peceuennn i-ii cTpoku U k-ro cTosbia sIKoOHaHa,

. oy
npudeM B npasoil dacru (2.27) Bce 9acTHbBIE TPOM3BOJIHBIE Dur e-
T

0 0z
pyTCd B TOYKE T, & BCE YACTHbIE TPOU3BOJHBIE — — B COOTBETCT-
Oy
. 0 0
ByIOITeH TOUKE y = 11 (x)

W3 cupasequBbix mpu jitobeix ¢ =1, 2, ... ,nuk=1,2, ..., n
pasencTs (2.27) u u3 Teopembl 00 OmpeIesuTe e MPOU3BEIEHUST TBY X
matputt (M. Boin. 4 «JIunefinas aarebpas) HEMOCPEICTBEHHO BbITE-
kaer dopmy.a (2.26).

Jlemma 1 mokaszana.
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2°. TIpexe yeM hopMyIMPOBATE CAEAYIONLYTO JIEMMY, HATOMHUAM
onpesiesieHe JUHEHHOTO TpeobpaszoBaHUSA KOOPAUHAT.

Jurnetinoem npeobpaszocanuem HAZLIBAEMNCA NPEOD-
pasosarue 6uda

Y1 = a1121 +a1222 + ... + a1pTn,
= a91x1 + a9x9 + ...+ asx
Y2 2121 2222 2nTn, (2.28)

Yn = Gp1T1 + Ap2%2 + ... + Appy,

B KOTOpOM ajk, (1 = 1,2, ... ,n; k=1,2, ..., n) CyTh IPOU3BOJIb-
HBIE OCTOAHHbIE YHCIA.
Kparko nuneiinoe npeotpazosanue (2.28) mbl 6yem 0603HaYATH

cumBosioM y = Tz, noHUMAasl O/ & W Y TOUYKK T = (Z1, T2, ... , Tp)
uy=(y, Y2, --. , Yn) npocrpancrea E", a nog T —marpuiy T =
=llagl t=1,2,...,nk=1,2,...,n).

Marpurty 7' 0OBIYHO HA3BIBAIOT MATPHUIleNd JHUHENHOTO
npeobpa3soBaHU .

Ecnn onpeneurens MaTpuiibl IuHeHOTO mpeobpaszopanusd det T'
OTJINYEH OT HYJis, TO JMHeiHoe rpeobpa3oBanue y = Tz HA3bIBaET-
ci HEeBBI POXKJJeHHBb M. /Ing Takoro mpeobpa3oBaHus B CHITY
teopembl Kpamepa ') ypasrenus (2.28) MOXKHO pasperuTh OTHO-
CUTEJIbHO L1, L2, ... , Ty, U YTBEPXKIATH CYIIECTBOBAHUE 00PATHOIO
npeobpazosanus x = T~ 'y, KOTOpoe TakKe ABJILETCA IUHEHHBIM I
HEBBIPOXK IEHHBIM.

Bamernm ere, 94ro JiIs JUHEHHOTO npeobpasosanus (2.28) sKo-

D(y)
ouan Do) COBITQJIAET C OIpeJeuTe/IeM MaTpuikl 1 yKa3aHHOTO
T
npeobpazoBaHusd, T. €.
D(y) d
=det T. 2.29
P — € (2.29)

OcCHOBHOI! TIETHI0 HACTOSIIETO MYHKTA U CIYIONINX IBYX TTYHK-
TOB SIBJISETCS JIOKA3ATETHCTBO TOTO, UTO JIJTsT TIPOU3BOJIBHOTO JTHETH-
HOTO HEBBIPOXKJIEHHOrO npeobpaszosanus (2.28) cupaseniusa GHop-

MyJia 3aMeHbl nepeMenHoii (2.25). B cuiny coorHomenust (2.29), no-
CTATOYHO J0KA3aTh, YTO JJId JIOOOr0 JUHEHHOTO HEBBIPOXK JEHHOTO
npeobpazosanusd y = Tz cupaseaauba GhoOpMyJIa

[f)dy= [ f(T2)detT|dz (2.30)
D T-1D

(mpu yc10BUHM, YTO CYIIECTBYET MHTErpas B JIEBOI dacTu 31oii hop-
MYJIBI).

1) Teopemy Kpamepa cu. B BoiL 4 «JIuneiinas aareGpas.
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B nacrosimem myHkTe Mbl gokaxkeMm, 9to dopmysa (2.30) cropa-
BeJINBA JIJIsT IBYX CIENUaIbHBIX TUIIOB JIMHEHHBIX TPeo0pa30BaHMii:
1) nwmueiinoro mpeobpasoBamust Ti)‘, 3aKJIFOYAIONIErOCd B TOM, YUTO
i-s1 KOOp/IMHATA YMHOYXKAETCsl Ha BellecTBeHHOe ynciao A # 0, a Bce
OCTA/TbHBIE KOOPJAMHATHI He M3MEHAIOTCS '), u 2) JUHEHOro mpe-
obpaszosanus Tjj, 3aKii09aloerocs B TOM, 4TO K i-if KOOpAUHATE
nobaBisteTcs j-d KOOPAWHATA, & BCe KOOPAMHATHI, KpoMe i-#, He u3-
MEHSTIOTCS 2

Jdemma 2. Ecau dynxyus f(y) unmezpupyema 6 obaacmu D,
mo 0Af KaxHcA020 u3 npeodpasosanuli Tf‘ u Tjj cnpasedausa popmy-
aa samenvi nepemennnz (2.30).

HoxkaszareabcTBo JgeMMbl 2. ObozHaunm yepes R n-mep-
HBIIl TPSIMOYTOJIbHBIN TapaJsIesenuriesl, cojepxammii obaacts D,
a uepe3 F'— ¢dyukiuio, pasayro f B obsactu D U paBHYIO HYJIFO
B R — D. /loctarouHo Jg0Ka3aTh, 9TO JJsi KaxKJIOr0 U3 Ipeodpaso-

BaHUU Ti)‘ u T;j cnpaseayusa gopmyJia

[F(y)dy= [ [f(Tz)detT|dz, (2.31)
R T-'R

B KOTOpO# cumBosjoMm 1’ 0003HAYEHO OFHO M3 Mpeobpas3oBaHMit Ti)‘

nmm Tj;.
DJIeMEHTAPHBIA OICYeT IOKA3LIBAET, YTO

detT) =X, detT;; = 1. (2.32)

Kpowme Toro, oueBuiHo, uTo eciu R — npsaMoyrosibHbBIN napaJiie-
nemanes ap < yr < by (k=1,2, ..., n), ro [T] 'R npeacrasnser
co00i1 TPAMOYTOJBHBIN TapaJLIeIeITIIIe]T

ap < zp < by mpu k #1,

a;

A

(2.33)

//\
//\

xb_
N

a [T;;]~ 'R npencrasiser coboil 3aBesioMo KyGupyemyto 061acTh

ak \bk apu k?é’i,

2.34
ai—xjéxl by — x;. ( )

1) CuMBoOIIYIECKH 9TO IIPEOBPA3OBAHIE MOKHO 3AINCATH TAK:
(z1, T2, ..., Tp) = (T1, oy Tic1, ATi, Tig1, «v .y Tn)-
2) CHMBOTMYECKY 9TO MPeoGpa30BaAHTe MOKHO 3aIlMCATh TaK:
(121, T2, ..., .’L‘n) — (121, ey Ti—1, T+ X, Tigl, ..., .'L‘n)
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Ha ocuosaruu dhopmyiibl IOBTOPHOrO nHTErprpoBanus (2.21)

bi—1 bix1 by,
[ F(y)dy = f [ [ fdyr...dyiadyiya ... dy, ¥
R a;—1 Qi1 an

b;
a;

[Mpumensist K OMHOKPATHOMY WHTETPAJTY IO TIEPEMEHHO 1; (op-
MYJTy 3aMeHBI MEPEMEHHOM i; = AT; I CIydasi Tpeodpa3oBaHmst
TZ)‘ U y; = ; + x; Qg ciydad npeobpasosanud Tj; (em. § 7 i, 10
BBII. 1) MBI TOXy9HM:

a) ayia crydas mpeobpaszopanms T)

b;
fF(yla ey yn)dyz =
a;
bi/A
f F(y17 sy Ui, )‘xia Yit1, -« - yn))\d% npn A> 07
a; /A
a; /A
[ Flyi, - Yim1s AZiy Yig1s -5 yn)(=A) dz; mpu A < 0;
bi/A
(2.36)
6) nms cry4as npeobpasosanus Tj;
i bi—x;
fF(yb <oy Un dyl f F Z/l, sy Yi1, ZCz—F,’I}], Yitl, --- yn) dxz
a; a;—x;
(2.37)

Bcerasasa (2.36) B (2.35), emre pas npuMensist GOPMYyJITy TOBTOD-
HOro mHTerpupoBanus (2.21) u yuuTbiBag paBeHCTBO Yy = Ty IIPU
k # i, Bun (2.33) obsmactu [TZ-’\]’lR U nepBoe paBeHCTBO (2.32), Mbl
nomyany opumyty (2.31) aast crydaas npeobpazosanma T3

Awnamoruano, Berasiss (2.37) B (2.35), npumensst hbopMmyty mo-
BTOPHOTO WHTEIPUPOBAHUSI U YYUTHIBAsl PABEHCTBA Yr = L HPH
k # i, Bun (2.34) obnactu [T;;]7 'R u Bropoe pasencrso (2.32), Mbl

nomyanm dopmyrty (2.31) mms cryuas npeobpasosanus Tj;. Jlem-
Ma 2 JIoKa3aHa.

3°. Jlemma 3. Bcearoe neswvipoorcdentoe aunetinoe npeobpaso-
sanue T npedcmasumo 6 6ude CYnepno3uYUY KOHEHHO20 HUCAL AU-

HetUHBT NPeobpasosaHuti muna Ti’\ u Tjj.
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HokazaTteabcTBO jJeMMmbl 3. Ilpexnae Bcero mposepuw,
4T0 MHeltHoe peobpazosanue 1", 3aKTI09A0IIEECs B IEPECTAHOBKE
K&KI/IX-J’II/I6O ABYX KOOpJZMHAT, IMPpeACTaBUMO B BUAE CYIIEPIIO3UIINU

mrecTu mpeobpa3oBaHmii THUIIA Ti)‘ u Tj;. B camom pnese, mycrs T

3aK/I0YaeTCs B 00MeHe MectaMu i-if U j-il KoopauHaT (OCTaIbHbIE

KOODJIMHATBHI [IPU 9TOM He M3MEeHsIoTCs1). Torma JIerko mpoBepuTh,
9To 1)

1 _ =l =1 =1

T = T VT T3 T3 Ty (2.39)

3aMeTuM Telepb, 9YTO COBEPIIEHHO IPOU3BOJILHOE JIMHEHHOE HEBLI-

pPOXKIeHHOE TIpeobpazoBanue T’ myTeM KOHEYHOI'O YMC/Ia TePECTaHO-

BOK ABYX CTPOK U ABYX CTOJI6HOB MOXKHO IIPDHBECTH K JII/IHefIHOMy

npeobpasosanuio (2.28) ¢ marpurieii ||a;k||, y Koropoit orimdHb 0T

HYJIS BCE TaK Ha3biBaeMble TJIaBHBI€ MU HODP BI, T. €. BCE Olpe-
JeTuTeNnn

ailr ... Qig
Ap=1{ ... .... (k=1,2,...,n). (2.39)
a1 ... Qg
Ocraercs j0Ka3aTh, 4TO TOC/IEIHEE JUHEIHOe peobpa3oBaHme
MPEJICTABUMO B BUJIE CYNEPIIO3UIINN KOHEYHOTO YUC/Ia TPpeobpa3oBa-
HUHN TUNIa Ti)‘ u Tj;.
JloKazKeM 3TO 0 WHIYKITHH.
Taxk kak A; = a1 # 0, To ¢ noMoIBIO npeobpasosanus 17
MBI TONYyIuM (L1, T2, ... , Tpn) —> (@1121, T2, ... , Tp).
[TpesnooskuM Terephb, 9To MyTeM CYEPIIO3UIN KOHEYHOTO YHCIa
mpeobpa3oBaHmil THITA, Ti)‘ u T;; HaM yJIaJloCh TPUBECTH UCXOJHYTO
[OC/IE/IOBATEIBHOCTE KOOPAUHAT (L1, L2, ... , Tp) K BUILY

(auxl + ...t a1kTE, ..., Q1T oo+ QTR Tht1, e e :l?n)
(2.40)

Jna 3aBepiiienusi WHAYKIMA JTOCTATOYHO JI0KA3aTh, UYTO IIYTEM
CYIEPIIO3UIUN KOHEYHOTO YUCIa Npeodpa3oBaHuil THIa Tf‘ u T
MOZKHO TIPHBECTHU OCI€0BATENbHOCTh KoopauHar (2.40) K Bumy
(@171 + o + Q1) Tht1s « -+ QRITL + -+ oo + Qp(hg ) Tht 1,

A(p+1)1T1 + oo+ Q1) (h4+1) Th+15 Th425 -+ - 5 ZTn). (2.41)

Cragaja Mbl s KayKIOrO HOMepa ¢, JJsd KOTOPOro OTJIMYEH
OT HYJIsL SJIEMEHT (k4 1), TPOU3BEIEM IOCIESOBATENBHO APy IIpe-

a; .
obpa3zoBanmii Ti(kH)Tkﬁ“) (nma Tex 4, 1A KOTOPBIX aj(k41) = 0,

1) B camom Jese, COXpaHdd IIPHU 3aIlUCH TOIBKO ¢-10 U j-10 KOOPAWHATEI, MBI II0-
JIy"MM, TIPOM3Be LENoUKy npeobpasosanuii (2.38): (x4, x;) — (zi+j, ;) —
= (=@ —zj, xj) = (=@ — 2, —2) = (—wi —xj, @) = (=), ©1) = (25, ).
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COOTBETCTBYIOIIYIO apy npeobpasosanuii He npoussoaum). Cymnep-
MO3UINS BCEX YKA3aHHBIX Map MpeoOpa30BaHUl MPUBOIUT TOCIEI0-
BaresibHOCTD (2.40) K BHIY

(T4 ..o+ a1 1) Tht 15 -+ 5 A1T1+ - -
oot O(k+1)Th+1s Thtly Tht2y - 5 xn) (2.42)

Hasee 3amernm, 910 OCKOILKY MUHOD (2.39) oTsinden or Hys,
TO OTJINYEH OT HYJIS U PABHBIM €My OINpeJeTUTeTb

ailr ... Q1 G1(k+1)
g1 ---  Qkg Of(k+1)|° (2.43)
0o ... 0 1

Ho rtorma maiimyTca Takue BeIIECTBEHHBIE UUCTA Al, ... , Ak,

Ak+1, 9TO JMHeltHast KOMOUHAIMS CTPOK onpejaesnuTens (2.43) ¢ 91u-
ME 9HCIAME paBHA 1)

Ay 1)Ly - Okt 1)ky  O(k41)(k+1)- (2.44)

DTO O3HAYAET, ITO €CJIU MBI I KayKI0T0 HOMepa j = 1, 2, ...
...,k +1, ana xoroporo A; # 0, mpomsBeseM MOCTEI0BATEIHHO Ma-
py mpeobpa3oBaHmii T(,H_l)jTj)‘j (st Tex j, muist KOTOpBIX Aj = 0,
COOTBETCTBYIOIIYIO Tapy peodpa3oBaHuii He TPOU3BOAUM), TO CYy-
MEPIIO3UINs BCEX MPOM3BEJEHHBIX Hap Mpeobpa3oBaHuii mepeseer
nocyegoparesbHOCTh (2.42) B (2.41). Tem caMbiM MHIYKIWS 3aBEp-
IeHa, u JjeMMa 3 J0Ka3aHa.

4°, Jlemma 4. i npoudsosvHozo AUHETH020 HEGBIPOICIEH-
H020 npeobpasosanus (2.28) npu Ycao8uU CYUWELCMEOBAHUA UHME2-
pasa, cmoawezo 6 aesoli wacmu (2.30), cnpasedausa dopmysa 3a-
menv, nepementmr (2.30).

st JOoKa3aTe/IbCTBa JIeMMbI 4 TOCTATOYHO 3aMETUTh, 9T0 (POp-
mysa (2.30) copaseuBa st KaxKJ0ro u3 mpeodpasoBaHuii TUia
Ti’\ u T;; (JeMma 2) u 9TO IPOU3BOIBHOE JIMHEHHOE HEBBIPOXKIEH-
Hoe TpeobpasoBanue (2.28) npeacTaBUMO B BUJE CYNEPIO3UIIUE KO-
HewHOTO WmcTa mpeobpasosanmit Tuma T u Tj; (memva 3), pudem
TIPU CYTIEPTIO3UTINN JTHHEHHBIX TTPEOOPA30BAHNI TTPOUCXOIUT TIepe-
MHOKEHHEe COOTBETCTBYIONINX siKoOnanos (siemMma 1).

Caedcmeue u3 aemmot 4. Fcau G —npoussosvnan xyou-
pyemas obaacmov 6 npocmpancmee E", T —npoussoavroe Heawi-
poorcdentoe aunetinoe npeobpasosarue, mo n-meprvil obsem V(Q)

1) [lotst moKa3aTeIHCTBA ITOTO OCTATOMHO TOGABUTD K MATDHUITE OTPEIe AT st
(2.43) crpoky (2.44) m mpuMmeHHTH TeopeMy O 06a3MCHOM MHUHOpPE (CM. BBIIL 4
«JIuneiinas amrebpas ).
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obaacmu G u n-mepnwt obsem V(TG) obpaza TG smoti obaacmu
CBA3AHDL PABEHCTNEOM

V(TG) = |det T| - V(G). (2.45)

g mokazaresbCTBa JOCTATOYHO MONOKUTH B paseHcrse (2.30)
f=1,D=TG u yuecrs, uro npu 3tom T 'D = G.

5°. Tlepexoaum Ternepb K 000CHOBaHUIO (DOPMYJIBI 3aMEHBI I1e-
peMeHHBIX (2.25) 115t COBEPIEeHHO MTPOU3BOIBHOIO Peobpa3oBaHust
y = 1(x), yIOBJIETBOPSIOIErO YCIOBUIM TeopeMbl 2.8.

Crenyer mog4epKHYTH, 9TO TIPYU BBIOJHEHUU YCIOBUAN TEOPEMbI
2.8 cymecTByoT 00a MHTErpaJsa, CTOSIIWE B JIEBOM W MpaBoil |a-
crax (2.25), Tak 4TO HAM CJIEJlyer JI0Ka3aTh TOJBKO PABEHCTBO ITUX
WHTErpaJioB.

Jorosopumcst 0603HAYATH CUMBOJIOM J; f(:r) 37IeEMEHTHI MATPHUIIBI

SIkobun ﬂ (1=1,2,...,n;5=1,2, n), B3ATBIE B TOYKE T =
Ox;
(:l?l, Ly o vv s xn)
Camy marpuny fAxobu ||J;;(z)|| Gymem o6o3nagars CHMBOTOM
Ty ().
Y106HO BBECTH MOHATHST HOPMBI TOYKHU T = (Z1, Lo, ...
,Zp) m HOPpMB MaTpuuns A = |a;| (i=1,2,...,n;
j=1,2,...,n).
Hopmotd mouxu x = (z1, T2, ..., Tp) HA306EM HUCAO,
oboznanaemoe cumsorom ||z|| u pasroe . ;.
) 7n
Hopmotd mampuyw A= ||azj|| HA306eM “UCA0, 0603HA-
n
waemoe cumeosom ||A|l u pasnoe max > laijl
i=1,2,...,n| iZ

BaMeTI/IM, 9TO IIPHU TaKOM OIIPpEAC/JICHHH HOPM TOYKH W MaTPHIIbI
"3 paBeHCTBa Y = Az BbBITEKaeT, 9TO

lyll < Al - ]l - (2.46)

Kpowme Toro, jilerko mpoBepuThb, 9TO JJIs €IUHUIHON MAaTPHUILl £
crpaseuuBo pasencrso ||E| = 1.

B sroM myHKTE MBI TOKAXKEM CJIEIYIOIIYIO JIEMMY.

Jemma 5. Ecau svinoanens, ycarosus me opemvi 2.8 u ecau C —
n-meproili KYyb, npunadiescauyuti obaacmu D', mo n-mepnvie 065-
emv, kyba C u ez2o obpasa Y(C') ceasanwv HepaeeHcmGOM

V((C)) < [rgleaglle(w)ll]n -V(0O). (2.47)

HokazarenbcTBo. Ilycts C'— n-mepHbIil Ky C EHTPOM B
0 0 0 0
TOUKE T = (xl, To, ..., xn) u ¢ pebpom 2s. Torma xky6 C MOXKHO
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OIpEIeTIUTH HEPABEHCTBOM
Hx—aOcH < s. (2.48)

B cuny dbopmyasr Teitiopa mast hyHKIMU n nepeMeHHbIxX 1h; ()
(cm. 1. 3 § 5 r1. 14 Bein. 1), maitnercsa uucio 6; u3 uarepsana 0 <
< 0; < 1 takoe, 9TO

hi(z) — i (@) = Zjij(f% +0(z — 2)) (2 — 7).

U3 nocsieiHero paseHcTsa u u3 coorHouenus (2.46) 3akiodaeM,
9TO

[6@) — v @) < maxl@l -2 -] (@249

[Monaras y = 1(z), y = 1/)(5%), nosnyunm u3 (2.49) u (2.48)

<s- J .
<s rgeagll w() |

Takum 06pazoM, nNpu USMEHEHUU MOYKU T 6 NPedessr N-mep-
n020 kyba C ¢ pebpom 2s 0bpas y mouku T He urodum 3a npedens
n-meprozo kyba, pebpo Komopozo pasro 25 - max | Sy ()]

[AS

Orcrozia cpasy ke BbITeKaeT Kybupyemocts 00pasa 1 (G) ao6oro
Kybupyemoro muoxkecrsa G 1) (B wacrrocTH, KyGupyemocts 1)(C'))
U BBITEKaeT HepaseHCTBO (2.47). Jlemma 5 jgokaszasa.

6°. Jlemma 6. Ilycmov 6uinosHenv, ycaosus meopemvt 2.8 u

nycmv G — npouseoavroe kybupyemoe nodmnoscecmeo D'. Tozda
oas n-mephozo obsema obpasa P(G) mnoocecmea G cnpasediuso

HEPABEHCIM GO 2)
V(@) < ({ | det Jy ()] da. (2.50)

HokazareabcTBo aemMmbl 6. [Ipexae Bcero jgokaxkem,
9TO I JTF0O0TO HEBBIPOXK TEHHOTO JIMHENHOTO HpeO6PaBOBaHI/IH Tnu
nuts roboro n-meproro Kyba C, comepzkarerocst B D', cipasemuBo
HEPABEHCTBO

V((0)) < |det T| - [Igleaéc \\T—1J¢(x)\\]" V(©). (2.51)

1) B camom zete, rpaHumna 106000 KyGHpyeMoro MHOXKeCTBa, (F SIBJISIETCS MHO-
JKeCTBOM N-MEPHOr0 06beMa HyJIb, & TAKOe MHOYKECTBO, COIVIACHO JTOKA3aHHOMY
YTBEPKIEHUIO, IIpeobpa3yercs B MHOXKECTBO, N-MEPHBIN 00beM KOTOPOro TaKXKe
PaBeH HYJIIO.

%) Cam dakr KybupyemocTu 06pasa 1)(G) BbITEKAET U3 yTBEPIHKICHUS, [OKA-
3aHHOTO B IpeAbIIyIIell eMme.
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B cuny cnencreusg u3 semmbl 4 miist 1000T0 KyOUPYyeMOro MHO-

skectBa G U /s JuHEHOTO peobpasosanus 1! cripaBennBo pa-
BEHCTBO

V(T7'G) = |det T7Y - V(G).
Takum obpasom, ectn G = (C), To 1)
VOp(C)) = | deb T) - V(T '9(C)). (252)

[Ipasyio gacts (2.52) omenum ¢ moMorpio HepasencTsa (2.47),
B398 (2.47) e mug npeobpazoBanus 1), a JJist CyNepIO3UIUN TPe0d-
pazosanuii T~ 14). [Toayanm

V($(C)) < | det T - [rgeag ||JT_1¢(;L~)H]" V(O). (2.53)

YaureiBag, 4To MaTpuiia Axobu JuHEHHOTO NTpeodpazoBaHU
COBITQIAET C MATPUIEH ITOTO MPeobpa30BaHUs, MBI B CUJIY JIEMMBbI 1
MOy 9UM, UTO

Jr-14(z) =T~ Jy ().

Ho 310 u o3nauaer, uro HepaBeHCTBO (2.53) MoOxkKeT ObITH mepe-
nucano B Buje (2.51).

Tem cambim HepaBeHcTBO (2.51) mokaszaHo.

Temeps 719 MOKa3aTETHCTBA JIEMMBI 6 TTOKPOEM TTPOCTPAHCTBO
E™ cetko#t n-mepubix Ky6oB ¢ pebpom h, m mycts Cp, Co, ...

-y Cp(n) — me u3 3Tux Ky0bOB, KOTOPbIE NEJIUKOM cojiepkarca B G,

a cuMmBOa (G, 0603HATAET CYyMMY BCEX YKA3AHHBIX KyOOB.

Bribpas B kaxxmoMm Kyde C; TPOU3BONBHYIO TOUKY &; SaIUATIEM
711 Hero HepaseHcTBO (2.51), momaras mpu atom T = Jy(z;). Ilo-
JIydUM

V0E(C) < [det Iy (e - {max [y (@)] ™ - Ju(@)[} - V(C).

Cymmupyst TocesiHee HEpaBeHCTBO IO BCeM HoMepam % oT 1
1o n(h), noaydum

n(h) n
V(G < Y Idet gy ()] - {ma |17 o)) - Ju@)]| - V(C).
i=1 ‘

(2.54)

I[TockombKy ameMenTsl MaTpuilsl SIko6u Jy () sB/sgroTCS Hempe-
PBIBHBIMU (DYHKIUAMEU TOUKH X BO Beeit obmactu D' u Tem Gonee B G

1) Mt yunrsiBaem npu stom, uro T - T~ ! = E, rax uro detT - det T~ = 1.
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u npoussesnenue [Jy(z)] ! - Jy(z) npeacrasnser coboit eauHIUHYO
MaTpHIly, HOpMa KOTOPO paBHA €IWHUIIE, TO

I{l_r)%géax ([ (20)] -t Jy(z)|| = 1.

Ho rmorga uz yrBepxkienus, chopMmyaupoBaHHOro B KoHIle § 4
9TOll TIaBhI, ceayeT, uTo npenaena npu h — 0 Bceit npapoii yacTu

(2.54) cymecrByer u paBen g | det Jy (z)| dz.

U3 Toro xe yreepxuenusi cieayer, uro lim G = G, Tak 49To
h—0

B npegesie ipu h — 0 mbl notyanm u3 (2.54) mepasencrso (2.50).
Jlemma 6 moxazama.

7°. Jlemma 7. [ycmo svinoanenss sce ycaosus meopemos 2.8 u,
Kpome mozo, donoanumenvno npednosazaemca, wmo gynryui f(y)
neompuyamesvha 6 obaacmu D. Toeda cnpasedausa popmysra 3a-
menol nepementuis (2.25).

HokazareanscTBo. [lokpoem mpocrpanctBo E" cerkoit
n-MepHbIX Ky6oB ¢ pebpom h, u nycrs Ci, Cs, ..., Cpp)—Te u3
3TUX KyDOB, KOTOpBIE TEeIUKOM cojepxkarcda B obsactu D. Ilycts
nanee G; = 1~ 1(C;). BanuceBag amsa Kaxkaoit obmactu G mepa-
BercTBO (2.50), Oymem nmerhb

V(C;) < [ |det Jy(z)| da. (2.55)
G

[Tycts Tenepwb m; — TOUHAS HUXKH#AS TpaHb pyHKuuu f(y) HA
kybe C; (mam, 910 TO Ke caMoe, TOYHAsl HUXKHASA MPaHb (DyHKIIHH
flY(z)] B Gi). Ymuo)kasa obe wactu (2.55) Ha m; U cymmupyst 1o
BceM ¢ ot 1 70 n(h), OGymem nmersb

n

n(h)
Z m;V Z m; f | det Jy ()| d. (2.56)
i=1 Gi

B cuny yrBepkaenus, chopMyaupoBaHHOIO B KOHIE § 4 3T0ii
IaBbl, JeBag dacth (2.56) mmeer mpemen npu h — 0, paBHBII

[ f(y) dy. Tlockonmbky cymma Beex obmacreit Gy conepxures B D' 1)

u bysknuss f HeoTpHUIAaTesJbHa, Mpaasd Jacth (2.56) mpu
JgtobomM h > 0 He TTPEBOCXOUT WHTErpasa

bf, flp(x)] - | det Jy ()] de.

n(h)
1) B cuy rtoro, uro Y. C; comepxurcs B D, D' =~ 1(D), G; = v~ (Ch).

=1
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Taxkum obpasom, B npegene npu h — 0 Mbl nomydum u3 (2.56)
HEPABEHCTBO

gf(y) f flib(x)] - | det Jy (z)| dz. (2.57)

B NPOBE/ICHHBIX HAMU DACCY XK ICHHSX MOMKHO IOMEHSITD POJISIMI
obnactu D u D' u BMeCTO dyHKIIHI f (y) B obsiacTu D paccmoTpersb
dbyukiuio g(z) = f[y(z)]- | det Jy(x)| B o6racru D'. IIpu stom, nc-
nosib3yst jieMMy 1 u Teopemy 00 onpejiesuTesie IPOU3BEICHUS TBYX
MATPHIl, MbI TIOJIyYUM MTPOTHBONOIOKHOE HEPABEHCTBO

L{f[w(w)]-ldew )| dx < ff (2.58)

U3 (2.57) u (2.58) BbITekaer dhopmyJia 3aMeHbI TIepeMEHHbIX (2.25).
Jlemma 7 mokaszama.

8°. Hawm ocraercst 3aBepIinTh J0Ka3aTEIbCTBO TEOPEMBI 2.8, T. €.
n30aBUTHCSA OT HAJIOXKEHHOTO B JIeMMe 7 JIOTIOJIHUTETFHOTO TPeboBa-
Hus HeoTpuilaresbaocTu Gyuxmyun f(y).

[Tycts f(y) — coBepieHHO MPOU3BOJIbHAS MHTErPUPYeMas 110 06~
gactu D dbyskms, ancio M — TouHas BepxHsis I'DaHb (DYHKIUH
|f(y)| B o6nactu D 1).

CUJTy JIEeMMBI 7 JJI KayKJIOW W3 HEOTPUTIATENHHBIX (DYHKIHH
fily) = M u fo(y) = M — f(y) cupaBegyusa dbopmysia 3aMeHbl
nepeMeHHbIX (2.25).

Ho Torma w3 suHEHHOTO CBOMCTBa WHTErpaJja BBITEKAET CIPa-
BeLTMBOCTE popmydibl (2.25) u auist pasuocru fi(y) — fa(y) = f(y).
Teopema 2.8 MOTHOCTHIO JOKA3aHA.

Sameuganue 1. B ycrmoBusgx Teopembr 2.8 MOXKHO JOMYCTUTD
obpaienve B HyIbh skoOuana (2.24) Ha HEKOTOPOM TPHHAIEXKA-
mem D' MHOXKeCTBe TOUYeK S, MMEIIeM 7n-MepHBIil 06beM HyJb.
B camom gesne, MHOXKECTBO S JIEXKUT BHYTPH 3JEMEHTAPHON (ury-
po1 C Kak yrofHo MaJIoi TIOMIA/IN, TPUIEeM, COTVIACHO JOKA3aHHOMY
BBIIITE, CIIPABEJINBA (POPMYJIa

f f()dy: [ flp(@)] - | det Jy(z)| dz. (2.59)
W(D'— D'—C

Ocymecrsigs B dopmyre (2.59) npenesabHblii mepexos Mo mo-
craegoBarTeabHOCTH deMenTapHbiX duryp {Cg}, n-mMepHbIit 06beMm
V(Ck) KOTOPBIX CTPEMUTCS K HYJIIO, Mbl yOEAUMCs B CIIPABE/JINBO-
cru dopmysibl (2.25) 1 I PACCMaTPUBAEMOrO CJIydasi.

!) HaromummM, uro u3 uarerpupyemoctu f(y) B obnacti D BeITeKaeT orpaHu-
wenrnocThb f(y) B D m cymecTBOBaHWE TOYHBIX TDAHEH.
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Sameuganwue 2. I[lockonbKy uHTErpas
I=[[...[ldyidys...dy, (2.60)
D

paseH n-mMepHomy o6bemy V(D) obractu D, To Besqwunny dyidys . . .
...dy, ecTecTBEHHO HA3BaThb dJIeMeHTOM O0O0beMa B paccMa-
TpuBaeMoil 1ekapToBoit cucreme KoopauHaT OY1Ys . . . Y.

C nomorpio mpeobpazosanus (2.23) Mbl TIEPEXOAUM OT JEKap-
TOBBIX KOODIUHAT Y1, Y2, - .. , Yp K HOBBIM, BOODIIE TOBOPs, KPUBO-
JINHERHBIM KOODJIMHATAM T1, 2, ... , Tn. IlOCKOIBKY TIPU TAKOM IT€-
pexozie (cormacHo dopmysie 3aMeHbl epeMeHHbIX (2.25)) uHTerpas

(2.60) npeobpasyercs B
I = ‘D(ylﬁyQ””’yn)
D(x1, T2y -+, Tn)
D

TO BEJIMYUHY

d:l?l d:lZQ e dﬁcn,

D(y1> Y2, .- yn)

dridzsy...dx
D(x1, T2y ., Tn) Lt "

€CTeCTBEHHO HAa3BaTh 3/I€MEHTOM 00'beMa BKPUBOJIUHEHHON
cucTeMe KOOPIUHAT T1X3 . . . L.

Crano ObITb, MOJYJIb SIKOOMAaHA XapaKTEePU3YeT <«PACTIKEHUE»
(nm «cxkarue») obbeMa MpPU TEPEXojie OT JEKAPTOBBIX KOOPIUHAT
Y1, Y2, « - - 5 Yn K KPUBOJUHEHHBIM KOODIUHATAM L1, L2, - .- 5 Ln-

[Togcunraem siaemenT obbema B cHEpUIECKUX W IUIAHIAPHIE-
CKHUX KOOPJWHATAX.

1°. Jnst cpepraeckux KOOpAUHAT (B TPEXMEPHOM MTPOCTPAHCTBE )

T =1 Ccospsind,
y =rsinpsin, (r>0,0<0<m0<¢<2n).
z=rcosf

dxobuan nMmeer BUJ

cospsinf —rsinpsind rcosycos
= |sinpsinf rcospsinf rsingcosf| = r?sind.
cos 6 0 —rsinf

D(z, y, 2)
D(r, ¢, 6)

Craso GBITh, ameMenT obbema pasen 2 sin 6 dr df de.
2°. Jlyist QUIMHAPUYECKUX KOOPAUHAT (B TPEXMEPHOM IMPOCTPAH-

crae)
T =T oS,
y = rsinp, (r>=0,0<¢<2m).
z=1z
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dAxobran nMeer BUI
cosep —rsing 0

Dz, y, 2) _ sing rcosp 0| =r.
D(r, ¢, 2) 0 0 1

Crasno 6bITh, yteMenT obbema paseH 7 dr dy dz.

B wacTHOCTH, /T8 TTOASIPHBIX KOOPAWHAT HA TIOCKOCTH 3JIEMEHT
IoIa M paBen 7 dr dg.

3°. B n-meprOM npocTpancTBe chepudecKkre KOOPAUHATHI Olpe-

OCJIAI0TCA paBEeHCTBaMU 1)

1 =rsinfysinbs ... sinf,_1,
n—1

Ty =7C080p—1 [] sinfy mpu m=2,3, ..., n—1,
k=m

Ty =1C080p, 1,

B KOTOPBIX cdeprudecKuil paauyc r u cepudeckue yrisl 01, 0o, ...
., 0,1 m3menstiorest B nmpegenax v > 0, 0 <01 < 2w, 0< 60, <7
npum=2,3,...,n—1.
MoxkHO yOeIuThCs, UYTO B 3TOM CIydae iKOOUMAH UMEET BUT

n—1
D . — . k—
(@1, 22 o @) _ -t H sin"~1 gy..
k=1

D(T, 91, ceey Gn_l)
Taxum o6pazoM, 3jieMeHT 00beMa B N-MEPHBIX C(hepUIecKuX KOOp-

n—1
nunarax pasen r"ldr [ sin®*~! 6y dby.
k=1
IIpuwmeps. 1. Borauciuts 06beMm Teaa, OTPAHUYEHHOTO TO-
BEPXHOCTHIO

(2% +y* + 22)? = a3z, (2.61)

e a > 0.
TeJIO CUMMETPHUYIHO OTHOCHUTE/IbHO KOOPAMHATHBIX ILJIOCKOCTeH
Oyz u Ozz v pacnosoxkeno BBepx oT mrockoctu Oxy. Crano ObITh,
JIOCTATOYHO BBIUYUCUTH 00HEM UETBEPTH TEJIa, JieXKAIlelh B IepBoOM

OKTaHTE.
ITepexons k cdepudeckumM KOOpAUHATAM, IPUBEIEM YPABHEHUE

(2.61) x Bugy
r = avcos .

1) O6parHbe GOPMYIIBI, BEIPAKAOWTE n-MepHBIE ChHEPUIeCKIe KOODPIAHATDI
qepe3 JeKapTOBBI, UMEIOT BT

. T'm Tm+1
r=4/x2+...+22, sinb, = , €080, = —""—,

Tm41 Tm41

e rm =v/x2+...+22, (m=1,2,...,n—1).
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Tak Kax MepBbIil OKTAHT XapaKTePU3yeTCs: HePaBEHCTBAMU
™

0<0<7, 0<e<y,

TO YYUTBHIBAs BBIPAXKEHUE i JIeMeHTa o0beMa B CcheprudecKkux
KOODAWHATAX, TOJYIUM, 9TO UCKOMBII 00beM V' paBen

/2 /2 a¥cosd
V=4 [dp [do [ r2 sin @ dr.
0 0 0

Taxum obpaszom,
/2
3
V=243 / sinfcosfdf = TL.
3 3
0

2. Berauncauts mo0Ima1b (burypsl, OrpaHnaeHHON KPUBO
2

2
r .,y ¥
+ h+k (2.62)
(rme h >0,k >0,a>0,b>0).

s BBIYMCITIEHW ITOM IO YA00HO MepeiiTu K Tak Ha3bl-
BaeMbIM 060G e HHBIM TOJSIPHBIM KOOPAMHATAM

T = ar cos g,
y =brsing
VYpasuenue (2.62) npuarMaeT B
r= % cos ¢ + % sin ¢, (2.63)

npuyeM, MOCKOJIbKY JieBas 4acTh (2.63) HeoTpuuaresbHa, CIeLyer
Oparh JHIIb TaKKe 3HAYEHUsI , JJisl KOTOPBIX TpaBas 9acThb (2.63)
SIBJISIETCS HEOTPUIATETHHOIA.

a’? b?

YMHOXKUB U pa3jenuB npasyio dacth (2.63) Ha W + = Y
OIIPEJIENIUB (P U3 COOTHOIICHMI
. a/h b/k
Sin g = ————, COS Py = ——t——0,
a b a b
w e w e
Mbl mpuseneM (2.63) k Bugy
_Ja? b? . ,
r= ﬁJrﬁsm((p—i-goo). (2.63")

U3 ycnosust HeoTpuiaTebHOCTH npasoii gactu (2.63") naxomn,
aro 0 <o+ <, T €. —po < p < T — ¢p.
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D(z, y)

D(r, ¢)
MCKOMO# TLIOIaIu S CJIeIYIOIIee BhIpaXKEeHUE:

a? b2
T—p0 \/ h_2+lc_2 sin(¢+¢o)

VaursiBas, 9T0 AKOOUAH paBeH abr, MbI TOJIyIUM JIJIsT

S= [ dy S abrdr =
—%o 0
T—%0
_ab(a Y [ g _n(s, 1)
_2<h2+k2> /sm(go+<p0)d<p— Tzt E)
—®o

SaMernM B 3aKJII0UEHHE, YTO JJIsl BHIUHNCIEHNsT PsIa ILIOMIa el
ya006eH HEeCKObKO Oostee oOImmil BrI 00ODIIEHHBIX MOISIPHBIX KOOP-
JVHAT

T = ar cos® @,

y = brsin® .

Jlerko ybemuThes, 9TO IJid 3TUX KOOPAUHAT

D y) — aabr cos® L sin® ! .
D(r, @)
JOIIOJIHEHINE
O MPUBJIN2KEHHOM BBIYNCJIEHN n-KPATHBIX
NMHTETPAJIOB

Saimemcs BOIIPOCOM O HpI/I6JII/I}KeHHOM BBIYUCJIEHUU N-KPATHOTO UHTErpaJjIa

ff...ff(:tl,:m,...,xn)dxld:m...dxn (2.64)
Gn

110 HEKOTOPOit ob1actu Gy, B mpocTpancrse E™, mpuyem caavasia 6yemM CIuTaTh,
9T0 9Ta 00/1aCTh MPECTaBIsAeT CODOM N-MEPHBIA KyO.

IIpeamonaras cymecTsoBanue maTerpasa (2.64), 6ymemM paccMaTpuBaTh BO-
npoc 06 ONTHMAIBHBIX CHOCO0AX YMUCIEHHOTO MHTErPUPOBAHUS.

Dror BONpOC MMeeT ABa actekTa: 1) mocrpoerne GoOpMys1 UUCIEHHOTO WH-
TErpUPOBAHUS, ONTUMAJIBHBIX Ha 3G0GHHLLET KAGCCAT Pynkyul; 2) mMOCTpoeHne
b opMyJT YUCTIEHHOTO MHTErPUPOBAHUST, ONTUMAJBHBIX 044 KaHCA0l KoHKpemHot
Pynryuy u3 3adanno20 KAACCA.

PaCCMOTpI/IM Ka,}KﬂbIﬁ N3 3TUX ACIIEKTOB B OTJEJIbHOCTH.

1. ®opMyJibl YMCJIEHHOTO WHTErPUPOBaHMs, ONTUMAJIbHbIE Jis
kJiaccoB ¢yukuuii. Ilycrs G, —enuanunbiii n-mepusiii ky6 0 < zp < 1,
k=1,2,..., n.

Bymem rosoputh, uto dyukuus f(z1, ..., Tn) npuHAmIERUT B Kyoe G
kaaccy Dy (M) (coorBercrBenno kmaccy Hy (M)), eciu nipu ycaoBuu cyiue-
CTBOBaHHUS BCeX (DUIYPHUPYIOUUX HUXKE IIPOM3BOJHBIX CIIPABE/JINBHI HEDABEH-
cTBa

9% f

~ a1~ on ~X b)
Ozt ... Oz
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B KOTOPBIX
n

ﬂZE ar < an, o an
k=1

(coorBercrBenHO O < ).
Bynem naspiBath ky6aTypHON GOpPMyJIoi BbIpaXKeHUE BHIA

//.../f(xl, L ma)dzs . dzn = I (f) + B (f, In), (2.65)
Gn

B KOTOPOM
N
_ (k) (k)
= E Crf(zy”, ..., zy").
k=1
k
IIpu sToM TOYKH (a:i o el )) HA3BIBAIOTCA y3aaMu, a uacna Cp —B e-

¢ aMu JaHHol Kybaryproit hopmysl, a emmamaa Ry (f, Iv) —ee moT p e m-
HOCTH IO.

Harmeit nesipio sBiIsieTcst mocrpoerue Kyb6arTypHbBIX (DOPMYJI C OIEHKOM mO-
TPEITHOCTH, TOYHOH TI0 MOPAIKY OTHOCHTEHLHO MaJtoi Besmannbt 1/N, rome N —
YHCII0 Y3JI0B KyOaTypHOU (DOPMYJIBL.

H. C. BaxsanoBeiM 65110 mokazano 1), uro xax Ha kiaaccax D2 (M), tak
u Ha kjaccax Hy (M) nenb3s nocrpouts KybGaryphyto dbopmyay (2.65) ¢ ouen-
kot morpemroctu Ry (f, In) myameit, wem C(a, n) - M - N~%, rme C(a, n) —
HEKOTOpasi MOCTOsIHHAS, 3aBUCALIAL OT ¢ U M.

Ha knaccax Hy (M) yka3amnas OueHKa mOCTUTAETCA (TI0 MOPAIKY OTHOCH-
renpHo 1/N), ecsiu B kadectBe [y B3sTh IPOU3BEIEHUE OJHOMEDHBIX KBaApa-
TYPHBIX (GOPMYJI, TOUHBIX JJIsl AJreOpanvecKux MHOIOYWIEHOB CTerneHu an — 1.

TIpeamonarasi, uro uucao y3aoB N pasao N = m", roe m — uesoe, Mbl
MOXKeM IIOJIOKUTD

m

roe {zk,, Cr, }, v = 1, 2, ..., M, —y3JBl U BECa OJHOMEDPHOW KBaAPATYPHOMN

GOpMYyJTBI, TOYHOM HA aIreOpPaAnICCKUX MHOTOUTIEHAX 2).
st norpenrocty Ky6aryproit popmyiist ¢ [y, onpeessieMbIM PABEHCTBOM
(2.66), cipaBeyiuBa acuMnToTHYecKas (T. e CIpaBeIuBas [Jisl JOCTA-
TOUHO GosbImx 3HavMeHuit N) omeHka
Ci(a, n)M

RN(f7 lN)'FU Ne )

B kK0TOopoit C1 (@, n) — HEKOTOPAs MOCTOAHHAS, 3aBACAIIAA OT O U N.

Ha knaccax Hy (M) Takxe cymecrsyer KybarypHas dopmMyJia, 6u3Kast 1o
NOPSIIKY BEJWYMHBI IOTPEIIHOCTH K ONTHMAajbHOHU. TakoBoil dopmytoit

oo Cron [ (@hoyy oy Ty )y (2.66)

||P13

(2.67)

)H. C. BaxBanos. O npub/umKeHHOM BBHIUUCICHAN KPATHBIX MHTEIPa-
smoB// Becramk MI'Y: Cepusa maremaruku, dusukwm, actporomun. 1959. Ne 4

C. 3-18.

%) TakoBbIME #BJSIOTCS, HAmpuMep, Tak HasbiBaeMas ¢opmyma Laycca
nmn dopmyna Heorona—Koreca (cm., mampumep, xkypc U. C. Bepesuna u
H. II. 2Kuzaxosa «MeToabl BHIYUCTCHWI ).
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sABJsgeTcs Teoperuko-uncaoas popmynaa H. M. Kopobosa Y

N
1 kay ka, , (ka1 , (kan

In = — [Ta(—),...,Ta(—)]Ta(—)...Ta( ), 2.68

TN ; N N N N (2.68)

B KOTOPOIi a1, ... , G, — HeJIble YHUC/Ia — TaK HA3BIBAEMbIE 0NMUMAAbHBE K0ID-

Puyuenmo, no modyato N, a 7o () — HEKOTODPBIE CIIENUATHHBIE MHOTOMIEHBI CTE-
nenn « + 1. g norpemHocty Ky6arypHoit dopmysibl ¢ [y, OmpemessieMbIM
paBeHcTBOM (2.68), CripaBeyinBa OLEHKA

(B (f, )] < 20

(C2(a, n) m f—nocrosiHHbBIe, 3aBUCAIIIE TOIBKO OT o U n). Ouenka (2.69) or-

JIMYaeTCd OT HeyJlydllaeMOMl II0 HOPAAKY OLEHKU TOJIbKO MHOMKUTEeJIeM In® N.

Takum ob6pazoM, Ha KaxjaoMm u3 kiaccos Dy (M) u HY (M) cymecrByor
JOCTATOYHO XOopouiue KybarypHbie pOpMYIIbL.

Pazymeercs, mpu mpak THIeCKOM HUCIIOIB30BAHUY ITUX (DOPMYJI CII€IyeT yIu-
THIBATh UX JOCTOMHCTBA U HEJIOCTATKH, BBISBJISIOIINECS B KOHKPETHBIX CATYa-
mUAX. TaK, caenayeTr NmMOMHHUTH, 9YTO IIPU BBIYUC/JIEHUUW WHTErPaJioB C IIOMOINBIO
dbopmynsr (2.66) wucno ysnos N He mpowm3BonbHO, a paBro m”. Hampmmep,
mag n =10 u dyakuun f(z1, ..., Tpn), IPUMEPHO «OIUHAKOBO» Beyllel cebs
10 BCEM HaIIPpAaBJIECHUAM, MUHUMAJIBHBIM PAa3yMHBIM YHC/IOM Y3JI0B 6yﬂeT N =
= 2'0 = 1024. TIpu KeJTAHUE YBEIUYUTH TOYHOCTH MOYKHO B3ATH UHCIO Y3JI0B
pasaeiM N1 = 3'° = 59049, HO 910 IpUBeET K yBEINUEHMIO BBHIYHACIHTEILHOI
paborser moaru B 60 pas.

CHeﬂyeT TaKzKe€ YIUTBhIBATH, 9YTO IIPU «MAJIOM» U «CPEIHEM» YUCJIE y3JI0B N
[OrPeIIHOCTh Ky0aTypHO# opMysibl, mOoIydeHHOM ¢ nmoMombo (2.66), mMoxer
CHJTBHO OTJIMYATHCS OT MpaBoit gactu (2.67) 2).

C mpyro# cTOpOHBI, UCHOIb30BaHue (HopmyJibl (2.66) Gosiee BBITOIHO TIPHU
BBIYUCICHUY OOJIBIINX CEPUl MHTErPAJIOB, a TaKKe IPU BBIYUC/IEHUN UHTErpa-
JIOB OT (byHKI.[HfI, COIEePzKaIIuX BBbIPDAXKEHUH, 3aBUCAIINE OT MEHbIIETrOo 4YucjiIia
[IEPEMEHHBIX YeM 7.

Ky6arypnbie dhopmybl, momyaerHusie ¢ moMonibio (2.68), cBobomHbL OT HEZO-
cTaTKa, CBA3aHHOIO C BBIGOPOM yuciaa y3710B N. D1u HOpMyJIbl 11e1ec006pa3Ho
HCIIOJIb30BATH [IJIsi HEJOCTATOYHO IJIaJAKkuX GyHKIui f u npu GosbuioM 3HaME-
HUUM 9ucaa nepeMenHbrx n (Aagwnas ¢ n = 10). OmEako cremyer 3aMeTHTD,
9TO JJIs MOrPEIIHOCTH KybarypHOH GopMyIIsl, IOIyIeHHOH ¢ nomoupio (2.68),
HeJIb3sl BBIAEHUTDH [VIABHOT'O HJIEHA, IT0I00HOI0 TOMY, KOTODBIH CTOUT B IIPABOM
qactu (2.67). D10 06CTOATETHCTBO 3aTPYAHAET KaK OIEHKY MOIPENTHOCTH IIPU
NIPOBEIEHUH BBIYHUCJIEHUHN, TaK U IPOrHO3UPOBaHKE Ynuciaa y310B N, TpebyemMoro
IJIsT TOCTUZKEHUs 33 JAHHONH TOYHOCTH.

2. O popMmyIax YMCIEHHOIO MHTETPUPOBaHUs, ONTUMAIbHBIX JIJIs
KaXk10i1 KoHKpeTHOI dyHkuuu. Cpasy Ke 0OTMETHM, YTO BOIPOC O TAKHX
dopmysiax SBIISETCS CJIOXKHBIM M MaJIO Pa3pabOTaHHBIM.

N (2.69)

1)H. M. Ko p 06 0B5. TeOpeTUKO-IHCIOBbIE METONB! B IIPUO/IMKEHHOM aHA-
mm3e. — M.: @uzmarrus. 1963.

2) Tax npu mcnonb3oBanuu mua (2.66) kBagparypuoit dbopmyasr HpioTona—
Koreca npasas gacts (2.67) 6su3ka K jesoii, Haunnag ¢ N = (an)™ (manpumep,
mpu o = 1 u n = 10, maunmas ¢ N = 10'°, a npu ucmoms3osammu aus (2.66)
dbopmynsr Naycca npasas gacts (2.67) 6uuska K s1eBoit, Haaunas ¢ N = (an/2)"
(r. e. mpu & = 1 u n = 10, maummag ¢ N &~ 107 ). Taxum 06pa3oM, IpH IOCTPO-

ennn Kyb6arypHbIX dhopmya ¢ [y, onpeaenseMbix paBeHcTBOM (2.66), dbopmyna
laycca npeamoururenbree popmyast Herorora—Koreca.
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Haunem ¢ yroumenus moctaHoBKH m3ydaeMmoro Bompoca. lIpenmomoxmM,
uro nanHas Gysakums f(x1, T2, ... , Tn) IPUHAIJIEKUT HEKOTOPOMY Kjaccy Ap
U 9TO 33[aHO MHOXKECTBO CIIOCO0OB UHC/IEHHOIO MHTErpupoBaHusi {py} 3roi
dyukun f.

Byzsem uckaTh B 9TOM MHOMKECTBE TaKOH CIOCO0 IHCIEHHOTO MHTErPUPOBa-
HUA Py, morpemnocTs Ry (f, py) KOTOpOro mpeacrapiasgeT coboi TOTHYIO HIXK-
HIOO IpaHb norpemHocreit Ry (f, py) Ha MHOXKecTBe {pN } BCex crnocoGoB uuc-
JIEHHOTO MHTErpUpOBaHUs IaHHOU dyHKumu f.

VHbIMU CI0BaMM, MBI UIEM HAWIYUIIYIO KyBaTypHYIO DOpMYJy I JaH-
HOI KOHKpeTHOHN dbyHKuuu f, a He s BCero Kjiacca Ay, KOTOPOMY IIPUHAJIJIe-

KUT 3Ta QyHKIUS

Bosbmem B KadecTBe Kiacca A, MHOX)ecTBO (DyHKIUH, 6GecKOHEUHO mud-
depernupyemMbIx BCIOAY B OCHOBHOM Ky6e G, 3a MCKJIIOYEHUEM, ObITh MOYXKET,
HEKOTOPOH TOBepXHOCTH S pa3zMmepHocTH k < n, Ha KOTOPOH 3T (GyHKIHUNA MO-
ryr ofpamarscs B GeCKOHEYHOCTh KakK 1/r], , Ille Tpy — PACCTOSIHEE MeXKIy
Toukoit ¢ = (x1, T2, ..., Ty ) W TOUKOH HA TOBEPXHOCTA Y = (Y1, Y2, -- - , Yn), &
y<n—k-—1

MHOXKeCTBO CIIOCOG0B UUCAEHHOIO MHTErPUPOBAHUS {pN } OIpemesuM ciie-
AyIomuM 00pa3oM.

s ka0 Ky6arypHOil GOPMYJIbL 0y, TOYHOM HA AJIrebpandecKux MHO-
ro4IeHaX CTEIeH: M — 1, OIpenesuM 3JIeMeHT py MHOXKecTBa {py} Kak Kyba-
TYpHYIO HOPMYILy, IOy YaloNyocs pa3bueHneM 0CHOBHOro Ky6a G, Ha IpsMo-
YIOJIbHBIE TTaPAJIJIeJIENIUIe bl U IIPUMEHEHNEM Ha KarXK/I0M TaKOM I1apaJijiesierv-
nege bOpMyIbl Oy, ¢ YCAOBHEM, 9TOOBI O0IIEe YHCIO y3JI0B BO BeeM Kybe Gy,
661710 paBHO IN.

EcTecTBeHHO 0XKUIATH, YTO y3JIbI IOy Y€HHOM TAKUM CITIOCOO0M KyOaTypHOIT
dopMyTBI Oy Ay T PACIpe/Ie/IeHbl ONITUMAIBHO IIPU YCAOBUH, YTO IMIOTPEITHOCTH HA
KaKJ0M TapaJuieJienuese IOCTOsIHHA.

B Burancimressrom riearpe MI'Y O6bL1H cOCTaB/IEHBI CTAHIAPTHBIE TPOTPAM-
MBI BBIYKCJIEHUS JBOWHBIX U TPONRHBIX MHTEIPAJIOB, PEAIU3yIONe aBTOMaTHIe-
ckoe JpobsieHue objacTeil MHTErpUpOBaHus. B OCHOBY 3TuxX mporpamm ObLia
ToJIOXKeHa Iapa KybaTypHBIX GOPMYIL 0y U Oy, IPH M1 > M.

B kauecTBe oneHKM norpemrHoctTu GOpPMyJIbl Oy, Opajiach BeJIUYUHA p =
= |0'm — Omy |

Ecnu € —3a1aHHasi TOYHOCTH BBIYUCIEHUH, TO TIpH p < € (1715 BCEro 0CHOB-
mHoro Kyb6a G,) B KagecTBe MPUOJMKEHHOTO 3HAYECHWS WHTErpasa Gepercs To,
KOTODPOE OIIPEIeIsAeTcss (GPOPMYJIOH 0y, , & IPU p > € Kyb apoburca va 2" 4ga-
cTell M 14 KaXXI0U M3 3TUX JacTel IIPOoIlecC MOBTOPAETCA CHadasIa.

VKa3aHHBI MeTOH J1aeT XOPOIIWE Pe3yJIbTaThl [IJIsi BHIYUCICHUS JBOMHBIX
¥ TPOMHBIX wHTerpaiaoB. OQHAKO [IPU YBEJIMYEHUN YUCIa U3MEPEHUN N IIpuMe-
HEHUE YKA3aHHOI'O0 METO/Ia HATAJKMBAETCS HA CYIIECTBEHHBIE TPYIHOCTHU, CBs-
3aHHBIE C T€M, YTO IPU (PUKCUPOBAHHBIX M W M| C YBEJIUYEHUEM N CUJIBHO
BO3PACTAET CJIOKHOCTH Opm U Oy, & IPH YMEHBIIEHWH M U M1 C POCTOM 7
CHJIBHO BO3PACTALT YUCJIO JPOOJICHMUIA.

B 3aKJ/II0Y€HUEe OTMETUM, YTO IIPU BBIYUCJICHUU N-KPATHOTO MHTErpaJia He
o n-mepaoMmy Kyby G, a o nmpou3BOIbHON ob1acTu B mpocTpancrse E™ cie-
JyeT CHavaJIa C/IeJaTh Ipeobpa3oBaHue, IepeBo/isiiee 3Ty 001aCTh B N-MEPHBIH
ky6. Kpome toro, cymectByor KybaTypHble (GOPMYJIBI 11T HEKOTOPBHIX 00a-

creil cienmanbHOro Buja (map, chepa u . m1.) 2).

1) ®opmyna, mamnyumas mus kiaacca GyHKIuiE, rpy60 roBOpS, SBILETCS HaK-
JIydnIei st CaMoil «IJIoXoiy (YHKIMU M3 STOr0 KJIACCA.

%) Tax kyGaTypHbie GOpMyIbl Ha chepe n3yuanuch B paboTax COBETCKOTO Ma-
remaruka C. JI. CoboneBa u ero y4eHHKOB.
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3. IIpuMep npubIM>KEHHOTO BbIYNCJIEHHUS KpPaTHOro HMHTerpaJa.
PaccmorpuM BOIIPOC O BBIYHC/IEHUU YeTBIPEXKPATHOTO MHTErpaJia

F(R, L, H)—frdrfpded¢f[H+P +77 = 2prcos (¢ — )]~ dy

C HEKOTOPOI TOYHOCTHIO € JjTsi 3HAYEHUN TTapaMeTpOB
R =1; 1,25; 1,5; 1,75; 2; 2,25; 2,5; 2,75; 3; L =0,8; H = 1.
CrenaB 3aMeHy IEpPEMEHHBIX, 0TOOPAZKAIONLYI0 00/IaCTh WHTEIPUPOBAHUS B
eIMHUIHBIN Ky0, MbI IIPUBE/IEM STOT WHTETPAJ K BUIY

1111
F(R, L, H)= (2n)> - R*- L* [[[[{H? + L*p* + R*r* —
0000

— 2LRpr cos[2m(p — )]}~ Yrpdpdr dy de.

TToppiarerpanbaas GyHKUMS sBIsSeTCs TyIaaK0M. IloaTOMy ecrecTBeHHO rpu-
MEHUTH [IJTsT BEIYUC/IEHUH 9TOTO WHTETrpaJia KybaTypHyo (hOpMYy/Ty, OCHOBAHHY O
Ha (2.66). IIpu 3TOM MO KaxK 0¥ U3 MEPEMEHHBIX I' U p €CTECTBEHHO B3iThb (HOp-
myay Taycca (ommomepryio Gopmysty, TOTHYIO Ha anreGpamTaecKuX MHOTOHIIE-
Hax), a 10 MEPEMEHHBIM (¢ U 1) Jiydine B3saTh GhOpMysy Tpamenuii (cM. Bbir. 1,
1. 12), m6o mogpraTerpa baas GyHKINA IEPUOANTHA MO KAZKIOH X ITHX TIepe-
MEHHBIX, & I TTEPUOANIECKUX DYHKINHA HOPMyJIa TPAIEIH JaeT HATY YIie
pesyJsibrarbl. TakuM 06pa30M, MBI [TOJIYIUM

F(R, L, H)=

(27TRL) Z Z Z Z Ck1ck2$k11'k2 [H +L2$k2+R I'kl

k1=1ko=1kz=1kyg=1

— 2RLxy, Tk, COS (2#%)] -

(3mecn (w ku» C;c,,) — Y3Jbl 1 BeCa COOTBETCTBYIONIeN OTHOMEPHON KBaApaTy pPHOMU
dbopmymbr).

s Bbibopa 3HAYEHUN M, M1 U M2, 00ECIEeYUBAIIUX TPEOyeMyIo TOY-
HOCTb, NPOBOJAT OTJIAQJOYHBIE PACUETHI, [TOC/IEI0BATEIBHO YBEIUIUBAS UUCIIO
V3JI0B U CDABHUBAS IOJIyI€HHbIE De3yJIbTaThI.

4 B. A. Unbun u . I'. Tlo3usk, vyacts 11



Fr'TABA 3
HECOBCTBEHHBIE NMHTEI'PAJIBI

BBejiennblie panee TIOHATHS OMPEIeIeHHOr0 HHTerpasa (IipocTo-
IO W KPATHOTO) HE MPUTOJHBI Jijisi HeOTPAHUIEHHOH 06/1acTH MHTe-
TPUPOBAHWS U TPU HEOTPAHWIEHHOCTHU TIOABIHTErPATLHON (DYHKITUH.

B sroit itaBe 6ymer ykazaHno, KaKuM 00pPa3zoM MOKHO 0000IIUTD
TOHSITE WHTErpaJia Ha TU JIBA, CIyYas.

§ 1. Hecob6cTBeHHBbIE MHTErpaJibl TIEPBOTO POAA
(omHOMEDpHBII city4dail)

B srom maparpade 6ymer qano 06o0ienre MOHITHS OITPeIeseH-
HOI'O MHTErpaJia JJjid OJHOMEPHON HeOrpaHUYEHHOU CBA3HOU
00J1acTH WHTErPUPOBAHUSI.

1. llousitTue HeCOOCTBEHHOrO0 WHTErpaJjia MEepPBOro POa.
O THOMEPHBIME CBSI3HBIMY HEOTPAHUIEHHBIMEU 00JIACTIMU SIBJISTFOTCST
moaynpsaMble a < & < 400, —00 < & < b u beckoHedHAsT MPAMast
—00 < = < +00. Panu onpenesieHHOCTH PACCMOTPUM TOJTYIIPIMYIO
a<x<+4oo.

Bcrony B 3710i1 11aBe, He OroBapuBasi TOr0 B JAJbHENIIIEM 0C000,
MBI Gyjiem mpeznonarath, uro dbyakius f(z) onpenesena Ha mosy-
npamMoit a < ¢ < 400 u A4 Jr060ro R > a cyiiecTByeT onpeiesieH-

R
bt marerpan [ f(z) dz, koropstii Mbl 0603HauMM cumBoaoM F(R):
a

R
F(R) = [ f(z)duz. (3.1)

Wrak, mpu HAIWX TPEAIOI0KEHAAX HA MOIYyIpaMoit a < £ < +00
sajana dyukius F(R), onpenenenHas coorsomerueM (3.1). Uc-

cJIeJlyeM BOIPOC O npezesibHoM 3Hadennn dbyukiuu F(R) npu R —
— 400, T. €. BOIIPOC O CYIIEeCTBOBAHUU TIPEJesa

R
lim [ f(z)dz. (3.2)

R—+o0y

Hng seipazkerns (3.2) mMbl GyeM UCIONIB30BaTH 0603HAYEHNE

T f(z)dz. (3.3)
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B nanbueiiniem cuvBon (3.3) Mbl OyjieM HA3BIBATH HECOOCTNGEHHbIM
uHmezpasom TepBoro poja or dyHKImU f(Z) M0 MOTyIpAMOi
a <z < 4oo.

Eciu cymecryer npemen (3.2), To HeCOOCTBEHHBIH HHTErpas
(3.3) HasbIBaeTCH crodausumcs. o xKe 9TOT IIpesiest He CyIecTBy-
er, T0 HecOOCTBEHHBIN HHTErpas (3.3) HA3BIBACTCH PACTOOAULUMCA.

Bameuganue 1. Paccmorpum mecobcTBentbiii maTerpad (3.3).
Ecnu b > a, To HApsAAYy € 3TUM MHTETPAJIOM MOXKHO PACCMATPUBATH
o0

uHTerpaJl z) dz. O4eBUIHO, U3 CXOOAUMOCTH OJIHOI'O U3 YKa3aH-
p )
b

HBIX WHTETPaJIOB BBITEKACT CXOJUMOCTL JIPYTOro. HpI/I 9TOM HMeeT
MEeCTO cjieayroniee paBeHCTBO:

o) b 00
[ f(z)dz = [ f(z)dz + })ff(x) dz.

Ormernm, 94To PaCXOAUMOCTh OJIHOTO U3 YKA3AHHBIX HECOOCTBEHHBIX
UHTErpaJjioB BJIEYET PACXOAUMOCTH JIPYTOro.
Bameuanue 2. Ecm mecobcrBenubiiit unrerpasn (3.3) cxo-

JUTCsA, TO 3HaYeHue npejena (3.2) 0603HAUAeTCsI TeM YK€ CHMBOJIOM

(3.3). Takum obpaszom, B caydae cxogumoctu uHTerpana (3.3) wmc-
MOJIB3YETCA PABEHCTBO

00 R
[ flz)de =limp s o [ f(2)dz.

a
Bameuanue 3. Anasorndso HecobcrBeHHOMY nMHTErpasy (3.3)
b 400
onpeaensoTcs Hecobcrsennsle unrerpansl [ f(z)dzu [ f(z)dz.
—0o0

—0o0
IlepBblit U3 HUX CHUMBOIM3UPYET OMEPAIUIO IIPeeILHOTO IIePexoa
b R//
lim [ f(z)dz, asropoit— lim [ f(z)dz.
R—>—OOR R ——o00 R
R'"—+00

IT p u m e p. Paccmorpum Ha noaynpsamoit a < z < oo (a > 0)
dbyukimio f(z) = 1/zP, p = const. ra GyHKIMA HHTErpUpYEMa HA
JgroboM cermenTe a < & < R, mpudem

zl—p R Rl—p_al—p
R = npu p# 1,
/@ ) 1-pla 1—p
xP
a nz| =% mpu p=1.
a a

. Rdw al™?
Ouesunno, npu p > 1 npepen lim [ = cymecrsyer u pasen ,
R—ooy, P 1-—
a mpu p < 1 aror mpemen me cymectsyer. CrieoBaTebHO, HECOO-

4%
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o
crBeHHBIN mHTErpasn [ d—f CcxXoauTCs pu p > 1 U pacXoauTcs mpu
T
a
p < 1. Ormerum, uro mpu p > 1
o0

de _ a'"?

P 1—-p
a
2. Kpurepnuii Kormm cxoumMmocTit HeCOOCTBEHHOTO UHTET-
paJsa mepBoro poaa. locraTouyHble MPU3HAKU CXOJIUMOCTH.
Bompoc o cxogumocTr HECOOCTBEHHOI'O WHTerpaJa IEPBOTO POjia
9KBUBAJIECHTEH BOIIPOCY O CYHIIECTBOBAHUUN TIPEAC/JIBHOTO 3HAYCHUA

R
byskmmn F(R) = [ f(z)dz mpu R — +oo. Kak mssectno !),
a

JJIs CYIIeCTBOBAHUS MPEJenbHOro 3Hauenust (pyukuuu F(R) npu
R — 00 HE0OX0IMMO U TOCTATOYHO, YTODBI OHA YIOBJIETBOPSIA CJle-
nyrotemy ycaosuto Kowu: s jroboro € > 0 MOXKHO yKa3aTh TaKoe
A > 0, aro paa mobbix R u R”, npesocxopsmmux A, BbINOJIHAETCA

HEPABEHCTBO
R//

[ f(z)dx
R/

Takum 06pazoM, CIIPaBEJINBO CJAEIYIOIIEE YMBEPHCIEHUE.
Teopema 3.1 (kpumeputi Kowu crodumocmu necobcm-

6EHH020 UHME2PAAQ). [[Af CToOUMOCTIU HECOBCTMEEHH020 UHMEe-
epana (3.3) Heobzodumo u docmamouno, 4mobv, das at0bozo € > 0
MOdHCHO bwiao ykazamy maxoe A > 0, wmo daa mobwr R u R,
npesocrodauur A,

|F(R") — F(R)| = <e.

R//

f f(x)dx
R/

Samedanue OTMerum, 9TO U3 CXOAUMOCTU HECOOCTBEHHOIO
WHTErpaja He BBITEKAET Jayke OTPAHWIEHHOCTEH TONBIHTErPATLHOMN

<e.

o
byuxuun. Hanpumep, unrerpan [ f(z) dz, e dbyskius pasua Hy-
0

JTEO JITsT HENeJIBIX U PaBHA N Ipu £ = 1 (I[eJ10€ IHUCII0), O9eBH/THO,
CXOJIUTCSI, XOTS MOJBIHTErPAJIbHAsT (DYHKITAST He OTPAHUYEHA.
ITockonbky kputepuit Komu mano ymoben s MpakTUIECKUX
MPUMEHEHUIT, T1eJTeCO00PA3HO YKA3AThH PA3IUIHBIE JTOCTATOYHBIE TIPU-
3HAKU CXOJIMMOCTHU HECODOCTBEHHBIX WHTErDAJIOB.
B nasnbmeiimmem mbl Oygem cantarh, uto dynkuus f(z) 3amana
Ha moaynpaMmoit ¢ < x < oo u Aad Jwboro R > a cymiecrByer
R
o6ranerit nnrerpan [ f(z) dz.
a

1) Owm. Bem. 1, rw. 8, § 1.
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JlokaxkeM CJIeIYIONIYIO TEOPEMY.
Teopema 3.2 (obwuti npusnax cpasnerus). [Tycmo na no-
aynpamot a L < 00
|f ()| < g(a). (3.4)

o
Tozda us cxodumocmu unmeepana [ g(z)dz ewmexaem crodumocmo
a

o
unmeepasa [ f(z)dz.
a

o
Hokasareascrso. Ilyers [ g(z)dz cxogures. Torga, co-

a
riacuo Kpureputo Ko (cm. Teopemy 3.1), aist ro6oro € > 0 Haii-
nercst Takoe A > 0, uro q1a mo6eix R > Au R" > A, soimonnaerca

HEPABEHCTBO
R//

[ g(z)dz
R/

CorytacHO W3BECTHBIM HEPABEHCTBAM JJisi MHTETDAJIOB W HEPAaBEH-
crBy (3.4) mmeem
RII

[ f(z)dx
RI

Orcrona n u3 mepasencTsa (3.5) BoiTekaet, uto ais moobix R u R,
GonmbImux A, CIpaBeIMBO HEPABEHCTBO
R//

[ f(z)dz
R/

[ee]
Crenosarensho, narerpan [ f(z)dz cxopurcs.
a

Teopema 3.3 (wacmuwiii npasnax cpasnenus). I[ycmo wa
noaynpamoti 0 < a < x < 0o Pynryus f(x) ydosaemseopsem coom-

HOWEHUN ¢
@)l <<,
X

<e. (3.5)

R// R//
< [ 1f@)de < [ glo)da.
r R

< €.

o0
ede ¢ u p —nocmoanwwe, p > 1. Tozda uwmezpan [ f(z)dz cxo-
a
dumca. Ecau orce cyuwecmsyem makas nocmoannas ¢ > 0, wmo na
noaynpamot 0 < a < < 0o cnpasedauso coommowenue f(x) >

X
o0
> ip, 6 Komopom p < 1, mo unwmezpan [ f(z)dz paczodumcs.
T a

VTBepKIeHNEe 3TOH TEOPEMbI BHITEKAET U3 TEOPEMBI 3.2 U IPUMe-
pa, PACCMOTPEHHOTO B IIPEBIIYIIEM ITyHKTE (JOCTATOYHO MOJOKUTH

g(z) = c/aP).
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Caedcmeue (wacmuvili npusHar cpasHenus 6 npedens-
noti popme). Ecau npu p > 1 cywecmeyem konewnoe npedesvroe

o

snavenue lim |f(z)|z? = ¢, mo unmeepan [ f(z)dz czodumca.
T—>+00 p

Ecau oice npu p < 1 cywecmsyem noaoscumenvroe npedeavroe

o
snavenue lim f(z)zP? = ¢ > 0, mo unmezpan [ f(z)dz paczo-
T—r+00 P
dumca.

Vb6enumcs B CIIpaBeI/TUBOCTH TIEPBOit YacTu coeacTsus. s aTo-
ro 3aMeTHM, 4TO U3 CYIIECTBOBAHUA MpeJesa Ipu & — 400 BbITe-
kaeT orpanumdeHHocTb GyHkuun zP|f(z)|, 1. e. ¢ HEKOTOPOI TOCTO-
SHHON ¢g > () BBITIOTHSAETCS HEPABEHCTBO

[f (@) < cofa?.

[Tocsie sroro mpumensiercss mepsasi dacTb Teopembl 3.3. Cupa-
BEJIJIMBOCTH BTOPOY YaCTHU CJIEJCTBUS BhITEKAET U3 CJEAYIOIINX pac-
cyxaennii. Tak Kak ¢ > 0, TO MOXKHO yKa3aTh CTOJb MaJjoe € > 0,
gro ¢ — ¢ > 0. DTomy € orBevaeT Takoe A > 0, uro npu x > A BbI-
HOJIHSIETCsT HepaBeHCTBO ¢ — & < f(x)zP (910 HEpaBEeHCTBO Ciejyer

c—¢€
u3 onpesnesenus npegena). [losromy f(xz) > —— u B 9T0M Ciaydae
xP

JIeMCTBYEeT BTOpasd JacTh TEOPEMHBI J.3.

3. AGcosoTHas U YCJIOBHAA CXOAMMOCTH HECOOCTBEHHBIX
WHTErpaJioB. BsejeM MOHATHS abCOAOMMHOT U YCAOBHOT CXOIH-
MOCTH HECODCTBEHHBIX mHTerpasios. Ilycrs f(x) uaTerpupyema 1o
nrobomy cermenty [a, R] ).

o

Onpedenenue 1. Hecobemsennuiti unmezpan [ f(z) dz naswisa-

a
o0

emes abconromno cxrodawumca, ecau crooumea [ |f(z)|dz.
a

[e.e]
Onpedenenue 2. Hecobcmeennwd unmezpan [ f(z)dz naso-
a
6AEMCA  YCAOBHO CTOODAUUMCH, ECAU O CTOOUMCH, G UH-

o¢]
mezpan [ |f(z)|dz paczodumea.
a

Bawmeuanue. [onoxus B Teopeme 3.2 g(z) = |f(z)|, bl 10-
JIYYUM, 9TO U3 aOCOTOTHOM CXOIUMOCTH HECOOCTBEHHOTO WHTErPAIa
BBITEKAET €r0 CXOJINMOCTb.

Ormernm, 9T0 Teopembr 3.2 u 3.3 MO3BOAIOT YCTAHOBUTE JIUIID
abCOJTIOTHYIO0 CXOIMMOCTE UCCTIEIYEMbIX HECODCTBEHHBIX MHTETDAJIOB.

1) Torma u dyskuus |f(z)| uarerpupyema no mobomy cermenty [a, R].
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[TpuBeseM erre OMH JOCTATOYHBIN MTPU3HAK CXOIMMOCTH HECOOCT-
BEHHBIX WHTErPAJIOB, IPUTOHBIN U B CIyYae YCIOBHOM CXOIUMOCTH.

Teopema 3.4 (npusnax Jupuxae—Abeasn). ITycmo dyri-
yuu f(x) u g(x) onpedeaenv, na noaynpamot a < x < oo. Iycmo
dasee Ppynxuyus f(x) nenpepvisha na noaynpamold a < xr < 00 u
umeem, na amoti nosynpamoti ozpanusennyio nepsoobpasznyio F(x) 1) .

IIpednonostcum ewe, wmo Pynryus g(x), MOHOMOHHO HE 603-
pacmas Ha NOAYNPAMOT a < T < 00, CMPEMUMCA K HYAI0 NPU T —
— 400 u umeem npouszsoduyio g'(r), wenpepueny Ha NOAYNPi-
Mmoti a < © < 00. Ilpu amux ycaosuar crodumca nwecobecmeentoil

urmeezpan o
[ f(z)g(z) dw. (3.6)

HoxkazareabcTBO. Bocnonbsyemcsa kpurepuem Koru cxo-
JUMOCTH HECOOCTBEHHBIX MHTErpasioB. IIpeiBapuTe/bHO MPOBeaeM
R//
uHTerpupoBanue 1o dacram unrerpana [ f(z)g(z) dz ma npows-
R/
sosnbHOoM cermente [R', R"], R" > R', monynpsmoit a < z < oo.
[Tomyunm

Rr" R R
[ f(@)g(z)de = F(z)g(z)| — [ Flx)g'(v)d. (3.7)
R R R

ITo ycnosuto teopembl F(x) orpanuuena: |F(z)| < K. Tak kak
g(x) He BO3pacraeT u CTPEeMUTCs K HYJIIO pu & — +00, 10 g(z) > 0,
a g'(z) < 0. Taknm obpasom, omnenmBas cooTHomenue (3.7), MbI
HOJTy9MM CJIE/IYIOIIee HEPABEHCTBO:

R//

| f(x)g(x)dz
R

Tax Kak WHTErpaj B IIPaBOil YaCTH STOTO HEPABEHCTBA PaBeH
g(R") —g(R"), To, oueBnmno,%
R//

| f(z)g(z)dz
Rl

Ncnonp3yst 3T0 HEPABEHCTBO, HETPY/IHO 3aBEPIIUTH JOKA3ATE -
cTBO TeopeMbl. IlyCTh & — mpOM3BOILHOE MOJOKUTEJIBHOE YHUCIO.
Tak kak g(z) — 0 npu £ — 400, TO 110 JAHHOMY € MOXKHO BbIOpATH

A rak, uro npu R’ > A semonusiercs nepasencrso g(R') < ¢/(2K).

R
< Klg(R') + g(R")] +Kg (—g'(2)) da.

<2Kg(R). (3.8)

1) 9o o3mauaer, uTo mepBooGpasHas F (), KOTOPYIO MOMXKHO OIPENEIHTh KAK

x
J &) dt, ynosnersopsier maast Beex T > a mepasenctsy |F(z)| < K, tne K —

a
IIOCTOAHHAA.
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Orciona u u3 mepasencrsa (3.8) cienyer, aro maga mobeix R u R”,
6OJI]:>IHI/IX A, BBIIIOJITHACTCA HEPABEHCTBO

RII

[ f(z
®

KOTOPOE, COTJIacHO KpuTepnio Kormm, rapanTupyer CXOJUMOCTDb WH-
rerpaia (3.6). Teopema nokazama.

Saveuanne. Tpebosanme muddepeHupyeMocTn GOYHKITHH
g(z) B Teopeme 3.4 apagerca uznuiranm. Teopema 3.4 Moxker GBITH
JIOKA3aHa B TIPEJNOJIOKEHUN OJHON JIUITbL MOHOTOHHOCTH g ()
crpemienust g(x) K HYJII0 TpU & — +00, JJisl 9ero CJaeayer BOC-
[OJIb30BaThCst BTOpoit bopmysioit cpenrero 3uadenus (Hopmysioi
Bowune).

[Tpumep 1. Paccmorpum maTErpas

<e,

o0
/ L (> 0). (3.9)
J x

[Monarast f(z) = sinz, g(z) = 1/z%, nerko ybeaurbcs, 9T0 JjIsi

3TOr0 MHTErpaJia BBIOJTHEHB!I BCe ycyioBus TeopeMbl 3.4. Ilosromy
unrerpas (3.9) cxomurcs.

o
Opumep 2. Pacemorpum unrerpan ®penens ') f sinz? dz.

Cormacto 3aMeanI/Ho 1 m. 1 sToro Haparpacba 3 CXO,D;I/IMOCTI/I o1-

HOI'o us I/IHTeI‘paJ'IOB f sm 5!72 d[E u f SlIl 5!72 d:l? BBITEKaeT CXOAMUMOCTD
1

npyroro. [Tostomy MbI obpaTuMca KO BTOPOMY U3 9TUX HHTETPAJIOB.

neem

(o] (o]
. . 1
/51nx2dx = /x81nx2—d:r.
xr
1 1

[onaras f(z) = xsinz? n g(r) = 1/z, MBI Terko ybeammcs, 910
BBITIOJTHEHBI BCE YCJIOBHs TeopeMbl 3.4 1 mosTomy nHTerpas Opemnes
CXOJUTCS.

4. 3aMeHa mepeMeHHbBIX 10/, 3HAKOM HeCOOCTBEHHOI'O MH-
Terpajia u opMyJia MHTEIPUPOBAHUSA IO YacTdMm. B 3tom
MYyHKTE MBI CHOPMYJINPYEM YCIOBHUS, TPU KOTOPBIX JAeHCTBYIOT (hop-
MYJIBI 3aMEHbI TIEPEMEHHBIX W MHTEMPUPOBAHUS 110 YACTAM JIJIs HECOD-
CTBEHHBIX WHTErPAJIOB IIEPBOro poja. PaccMOTpuM CHadaJia BOIIPOC
0 3aMeHe IepeMeHHON 0 3HAKOM HeCOOCTBEHHOIO WHTErpaJia.

1) 0. 2K. ®penens — puimaromuiicss dpanmysckuit dusux (1788-1827).
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Mper Oyiem mpenoaraTh BHITOJTHEHHBIMU CAEAYIONINE YCIOBHS:

1) pynruua f(x) nenpepwiena na noayocu a < x < 00;

2) noayocv a < T < OO ABAACMNCA MHONCECTNEOM 3HAUEHUT
nexomopoti cmpozo mowomonnoti pynkyuu x = g(t), sadannoti na
noayocu a < t < 0o (uau —oo < t < @) u umerowetd na 2mot
NOAYOCU, HENPEPBIEHYIO NPOUIBOOHYIO;

3) gla) = a.

Ipu smux ycao8uax u3 crodumocmu 00H020 U3 CAEOYOUUL
HECOOCMBEHHBIT UHmeepa/zoe'

Tf( dr u ff )dt(mn ff (t)dt) (3.10)

svimeraem cxodu./wocmb dpYy2020 U PABEHCMBO HMUL UHMEZPANOG.

CdopmympoBanHOe YTBEPKACHNE YCTAHABIHUBACTCS € TIOMOIITHIO
CJICAYIOIINX PaCCY2KIeHUN.

Paccmorpum npousBosibHBIN cermenT [a, R]. Dromy cermeHTy
OTBEYAeT, COrIACHO CTPOroit MonoToHHOCTH (dbyHKIMHU g(t), CermeHT
[, p] (mm [p, @]) ocu ¢ rakoii, YTO NpM U3MEHEHUN ¢ HA CErMeHTe
[a, p| 3Hauenust hyukwn © = g(t) 3amonHsaoT cerment [a, R, npu-
yem g(p) = R. Takum obpazom, Jjisi yKA3aHHBIX CEMMEHTOB BBITIOJ-
HeHbl Bee yerosus 1. 3 § 7 r1. 10 BeIm. 1 3T0TO Kypca, TPH KOTOPBIX
nmeiictByer popMyJia 3aMeHbl TEPEeMEHHON 0 3HAKOM OIpPEeIe IeH-
HOTO I/IHTePpaJIa ITosTomy nmeer MecTo paBeHCTBO

R
[z dx—ff )dt(I/IJH/I— —ff (t)dt). (3.11)

B cuty crporoit MOHOTOHHOCTH (byHKILI/II/I z = g(t), R — oo upu
p — 00, u 0bpaTHO, p — oo pu R — oo (mam R — 0o mpu p — —00
u p — —oo npu R — o00). Ilosromy u3 dbopmysst (3.11) BeITekaer
CIIPABEJJIMBOCTD CHOPMYJTUPOBAHHOIO BBIIIE yTBEPK ICHUS.

[lepeiinem Tenepb K BOMPOCY 00 MHTErPUPOBAHUE 110 YACTIM
HECOOCTBEHHBIX WHTErPAJIOB TIEPBOTO POJIA.

JokazxkeMm ceayrolee yTBEPK ICHNE.

IIyemov pynryuu u(z) u v(z) umerom nenpepvisHve NPOU3EOO-
Hole Ha Noaynpamot a < T < 00 U, KPOME MO20, CYULECMEYem
npedeavroe 3nauenue

lim u(z)v(z) = A.

IIpu smux ycaosuax uaxc_z)vco)odumocmu 001020 U3 UHMEZPANOE
Tu(x)v’(x) dz n Tv(x)u’(x) dz (3.12)
8bIMEKAEM, cxoc?Zmocm'b dpyaoz0. Cn;aeeﬁﬂuea maxoice Popmyaa
Tu(x)v’(:p) dx = A — u(a)v(a) — Tv(:r)u’(:p) dx. (3.13)

a a
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st nokazarenbersa chOPMyYIUPOBAHHOTO YTBEPXKICHUS PACCMOT-
puM pou3BOIbHBINA cermeHT [a, R|. Ha sTom cermente neiicrByer
obbryHas GpopMy/ia HHTErPUPOBAHUS 110 YacTaM. IloaTomy

R R
[ u(@)!(z) de = [u(@)o(@)]E - [ v (z) dr.

Tak xax mpu R — oo seipaxkenue [u(z)v(z)]E crpemnrea x A —
—u(a)v(a), TO U3 NOCJIEHEr0 PABEHCTBA CJIe/IyeT OJHOBPEMEHHAs! CXO0-
JMMOCTH WJIM PACXOAUMOCThL uHTerpasios (3.12) u cnpaBemmBocTh
dopmysbt (3.13) B cayuae cXOQUMOCTH OHOTO U3 HHTErpasios (3.12).

§ 2. HecoGcTBenHbie nHTErpajibl BTOPOTO poaa
(omHOMEpHBII ciry4ait)

B sTom maparpade 6y1er narno 0600IIeHe TOHSITHST OTPE/IETEH-
HOTO WHTETrpaJja Ha Caydail HeOrpaHWIEeHHBIX (DYHKITHI.

1. ITousitne HECOOCTBEHHOTO WHTErpajia BTOPOTO POJA.
Kpurepuit Koum. Ilycrs Ha nomycermente [a, b) 3amana dbyHK-
s f(x). Touky b mbl GyjeMm HasbBaTL 000601, ecau MYHKIW HE
OrpaHuveHa Ha IOJIycerMeHtTe [a, b), HO orpaHuveHa Ha JFOOOM cer-
menTe [a, b— al, 3aka09enHoM B nosycermente [a, b). Byaem rakike
[peJIIosIaraTh, 9YT0 Ha JF0060M TakoM cermenre dyHKiws f(z) nare-
rpupyema.

[Tpn wamumx npeamnonoxenusx Ha noaycermente (0, b — a] 3a1a-
Ha (DYHKIUS apryMeHTa, (v, ONPeIeIeHHAsT COOTHOIIEHUEM

b—a
Flo)= [ f(z)dz.

Uccsemyem BOIpoc 0 IpaBoM npejienbioM 3Hadennn Gy F (o)
B Touke o = (, T. €. BOIIPOC O CYIECTBOBAHUN TIPE/IETA

lim [ f(z)dz. (3.14)

[Tpu sTom st BeIpaxkenwus (3.14) 6ymeM ucnonb30BaTh 0003HAYECHIE

b
[ f(z)dz. (3.15)

B nanbheiitnem cumoa (3.15) Oymem Ha3bIBATH HECOOCTNEEHHBIM UH-
mezpasom 6mopozo poda or dbyukuuu f(z) no noaycermenty [a, b).
Ecau cymecrsyer npezesn (3.14), o Hecobersenubiii unTerpad (3.15)
HA3BIBAETCA CLOOAUUMCA. Feu e 9TOT TIpeies He CymecTByeT, TO
HeCOOCTBEHHBIN MHTErpaJl Ha3bIBaeTCs pacrodsusumca. Ecau mecob-
crBeHHbIN wHTErpas (3.15) cxogures, To Besmunna npejena (3.14)
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obozrauaercs tem ke cuMBoioM (3.15). Takum obpasom, B ciaydae
cxopumocT uaTerpasa (3.15) ucnoab3yercs paBeHCTBO

b b—a
{f(x) dz = al—i&o af f(z)dx.

Sameuganue. [lonarne HeCOOCTBEHHOTO WHTETPAJa BTOPOTO
poJla JIErKO MEePeHOCUTCs Ha ciaydaii, korga dyukuus f(z) mveer
KOHEYHOE Y1CI0 0COOBIX TOYEK.

IIpumep. Paccmorpum Ha momycermente [a, b) dyHKuuo
1/(b—x)P, p > 0. flcHo, 4ro TouKa b sABIsIeTCS 0COGOI TOUKOM st
sroit pyukmuu. Kpome toro, oueBuano, 9To 318 (QyHKINA UHTETPU-
pyema Ha JI000M CerMeHTe fa, b — «a|, npuuem

B bh—a)lP|b—a b—a)l P —l-P
b/a dl’ _( 1 (—I)p a - ( a)]. 4 - HpI/I p ;é 1’
b—zx)P - b—a B
a =) —ln(b—x)a :lnbaa npu p=1.
0 i b]a dzx (b—a)t~?
YEBUHO, IIpemest EEO O CYIIECTBYeT U PaBeH S

mpu p < 1 u me cymecrsyer mpu p > 1. CremoBarenbHo, paccMar-
puBaeMbIii HeCOOCTBEHHBIN WHTErpaJjl CXOAUTCA Tpu p < 1 m pacxo-
muTed ipu p > 1.

Cohopmymupyem kputepnit Kormm cxoanMocTin HECOOCTBEHHOTO
WHTErpaga BToporo pojga. Ilpu a3rom Mbl OyjeM mpeanoararh, 9To
dbyukius f(z) 3amana wa nomycermente [a, b) u b— ocobas Touka
9TOM PYHKIINHA.

Teopema 3.5 (xpumeputi Kowuw). /lisa crodumocmu 1ecob-
cmeenno2o unmezpasa 6mopozo poda (3.15) neobxodumo u docma-
mouno, 4mobwv, 0aa a106020 € > 0 MOMCHO ObLAO YKA3AML MAKOE
0 > 0, ymo dan wmobwzx o u o, ydosaemesoparowur ycro6ul0
0 <’ <dad <4, evinoananrocy nepasencmeo

b_a//
[ f(z)dx
b—a’

CripaBeiyTMBOCTE 9TOH TEOPEMBI BHITEKAET U3 TOTO, UTO TIOHATHE
CXOMMOCTH WHTErpaja Mo OMPEIeIeHNI0 IKBUBAICHTHO TOHITHTO
CYIIECTBOBAHUS MIPeIeIbHOr0 3Hauenns dbyukiuu F (o), BBeJeHHON
B HavaJle 3TOTO MYyHKTA.

2. BakJjoynresibubie 3amedanud. Mbr He Oyiaem 1oIpoOHO
pa3BUBATH TEOPUIO HECOOCTBEHHBIX MWHTEIPAJIOB BTOPOI'O POJA. DTO
00BICHIETCS TE€M, YTO OCHOBHBIE BBIBOIBI M TEOPEMBI TIPELITYIIETO
naparpada 6e3 Tpyma MoryT ObITH epeHeCeHbl Ha CIydail mHTerpa-
JIOB BTOpOro poma. [103ToMy MBI OrpaHUIHMCS HEKOTOPBIMHU 3aMe-
JAHUSIMU.

< €.
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1°. TIpu HEKOTOPBIX OIPAHUYEHMAX HA MOJAbIHTErPaJbHbIC (DYHK-

UM MHTErpaJjbl BTOPOr0 POja CBOAATCA K MHTErpaJjaM IepBOro po-

na. Vmenno, nycrs dynkuus f(z) HenpepblBHA HA MOJTYyCErMEHTE

[a, b) u b—ocobast Touka 3ot Gynkuuu. [Ipu srux ycaosusx B
b—a

unrerpase [ f(z)dz MBI MOKeM IPOM3BECTH CJIEAYIONLYIO 3aMEHY

HepeMeHHbIXa: ) @ ) .
rEbmp d=h LSSy
B pesynbraTe 910l 3aMeHBI TEPEMEHHBIX MbI TIOJIYYUM PABEHCTBO
b—a 1/04
/ f () do = / F(o-2)Lar (3.16)
2 1/(b-a)

b
[ycrs uarerpan [ f(z)dz cxogures. DTo 03HAYAET, YTO CYIIECT-
a

b—a

BYyeT mpeJiest lim+0 [ f(z)dz. Obpamascs k pasercrsy (3.16), Ml
a— a

BUJIMM, UTO CyIIECTBYeT TaKKe W mpejen npu 1/a — 400 Bbipa-
xkenus B npasoii wactu (3.16). Tem cambiM j10Ka3aHa CXOAUMOCTD

HeCOOCTBEHHOTO WHTEIPAJIa MEPBOTO POJA
o0

/ f (b - l) L
t/)t2
1/(b—a)
b
1 paBeHCTBO 5Toro unrerpasna uarerpany [ f(z)dz. OueBuano, cxo-
a
JIUMOCTH TOJIBKO YTO yKA3aHHOTO HECOOCTBEHHOIO MHTErpaJia mepBo-
b

ro poza Bieder cxoqumocts unrerpana [ f(z)dz u pasencrso sTux

a
UHTErpaJjioB. I/ITaK, U3 CLoduUMOCMU 001020 U3 UHMEZPANOE
o

b
/f(:r)dx u / f(b— l)idt
t/t?
a 1/(b—a)

caedyem cxrooumocms 0py2020 U PAGEHCMBO IMUL UHMELDANOB.

2°. Jlyist HecobCTBEHHBIX MHTErPaJjioB BTOPOI'O POJIA JIETKO JTOKa-
3BIBAIOTCS YTBEPKICHUS, AaHAJOTUIHBIE YTBEPKIEHUSIM II. 2 ITPEIbI-
ayiero maparpada, KOTopble MOXKHO 00beJUHUTE OOIIINM HAMMEHO-
BaHWeM <«TpU3HAKU CpaBHeHUsi». OTMeTnM, 9T0 BO BeeX (DOPMYJIH-
poBkax hyHKIAA [ (.’Ijg)paCCManI/IBaeTCH Ha nosiycermente [a, b), e
b— ocobast Touka QYHKITUN.
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Yacrublil Tpu3Hak cpaBHEHUsT Oy1eT UMETh CJeYIONUi BUI.

Ecmn |f(z)| < ¢(b—2)7P, rue p < 1, T0 HecoGCTBEHHBIH HHTET-
pau (3.15) cxopurca. Eciu xe f(z) > c(b—z) P, rmeec>0up > 1,
T0 HecobcTBeHHbIN uHTErpasa (3.15) pacxomurcs. JlokasarenbeTBo
BBITEKAET U3 O0IIEro Mpu3HaKa CPABHEHUS W MPUMEPa, PACCMOTPEH-
HOTO B MPEJbIIAYIIEM ITyHKTE.

B nosroit anasorun ¢ n. 3 npeabiayiiero naparpada s Hecob-
CTBEHHBIX WHTErPAJIOB BTOPOIO pojia (hOPMYJIUPYIOTCS MPABUIA WH-
TErpUPOBAHUsS IIyTE€M 3aMeHbl TTEPEeMEHHOV ¥ WHTErPUPOBAHUS I10
YACTSM.

§ 3. ['taBHOe 3HaUYeHUE HECOOCTBEHHOIO0 MHTErpaJa

Onpedeaenue. ITycmov pynxyua f(xz) onpedesena na npamod
—00 < T < 00 U UHMEPUPYEME HA KAGHCIOM Ce2MeHme, NPUHA0-
aescawem 3moti npamoti. bBydem zosopumsv, wmo dynkyus f(x)
unwmezpupyema no Kowu, ecau cyuwecmeyem npedea

R

Imom npedes Mol 6Ydem HA3BIBAMH 24 A6 HBLM 3HAYEHUEM
necobemeennozo unmezpana om gynkyuyu f(z) 6 cmucae Kowu u

0603HaaAMY CUMGONOM 1) &
V.p. [ f(z)dz =limpis [ f(z)dz.
—0 _R

ITpuwmep 1. Haiimem rnaBHoe 3HaUEHME MHTErpajga OT Sin .
[TockonbKy, B CHUIy HEYETHOCTH Sin &,

R 00
[ sinzdz =0, 1o V.p. [ sinzdz=0.
—R —00
CrpaBesinBO CIenyioiee ymeeporcienue.
Ecau pynxyua f(z) nevemna, mo ona unmezpupyema no Kowu
U 2AG6HOE 3HAUEHUE UHMELPAAG O HEE PABHACTNCA HYAI0.
Ecau ¢ynryusa f(x) wemna, mo ona unmezpupyema no Kowu
moada u Moabko moezda, kKo2da cxodumcs HecobcmseeHHvll unmezpan

Zf (z) dz. (3.17)

[TepBag gacTh 9TOrO yTBEPKACHUSA ABJIAETCA OdeBUIHON. st mo-
Ka3aTebCTBA BTOPO JaCTH JTOCTATOTHO BOCTIOIB30BATHCS PABEHCTBOM

R R
[ f(z)dz =2 [ f(z)dz,
“Rr 0

1) V. p. — HagasbHble GyKBBI (HPAHIY3CKUX cI0B «Valeur principal», 06o3na-
YAIOIUX «IVIABHOE 3HAYEHUE».
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CIIPaBEIUBBIM JIJIs JIF0O0H 4eTHOH (DYyHKIMN, U OMPEIETIeHIEM CXO0-
JIUMOCTH HecoOCTBeHHOro nHTerpaaa (3.17).

[MTousitne narerpupyemoctu 1mo Kot MO>KHO BBECTH 1 J1JTsi HECOD-
CTBEHHBIX WHTErPAJIOB BTOPOTO POJa B CJIydae, Korjaa 0cobas TOUKa
SIBJISIETCA BHYTPEHHEH TOUYKOW CErMeHTa, 10 KOTOPOMY TTPOU3BOIHUT-
Csl MHTETPUPOBAHUE.

Onpedenenue. [Tycmo dynxyus f(x) onpedesena na cezmen-
me [a, b], xkpome, 6oimvb moorcem, mouku ¢, a < ¢ < b, u unmezpu-
pyema Ha A1060m cezmenme, ne codepoicauem c. Bydem 2080pumao,
um% Pynruua f(z) unmeepupyema no Kowu, ecau cywecmsyem
npeden

c—a b b
lim (f f(z)dz+ [ f(x)dx) =V.p. [ f(z)dz,

a—+0\ 3 cta
HA3BIBAEMDBIT 2 NGB HBIM 3HGYUEHUEM UHMEPAa 6 cmbicae Koww.
1
MMpumep 2. OyHKiuss —— HE UHTErPUPYEMa HA CECMEHTE
r —cC

[a, b], a < ¢ < b B HECOOCTBEHHOM CMBICJIE, OJIHAKO OHA WMHTEr-
pupyema mo Komwm. IIpu sTom
b

c—a b
V.p./ @ _ im (/ dx -I—/ du ):lnb_c.
xr—c a—+0 r—c xr—c c—a

a a cta

§ 4. KpaTrHble HecOOCTBEHHbIE MHTETPAJIbI

DToT naparpad MOCBLIIEH 0DODIIEHUIO MOHATHS KPATHOTO WH-
TerpaJia Ha Caydau HEeOTPAHUYEHHON 00JIaCTH WHTErPUPOBAHULA U
HEOTPAHUYEHHOCTH MOIBIHTErpaibHON (yHKIm. HamomumM, 9TO
UMEHHO 3TU CJIy4Yad UCKJIIOYaJIuCh HAMHU U3 PACCMOTPEHUd IIPU IO-
CTPOEHUN TEOPUM KPATHBIX WHTErPAJIOB.

OrvernM, 9TO MBI CHOPMYIUPYEM TIOHATHE HECOOCTBEHHOTO
KpPaTHOTO MHTerpaJa TakK, 94To OyyT OXBadeHbl KaK Ciaydail Heorpa-
HUYEeHHOM 00/1acTh MHTErPUPOBAHNS, TaK 1 CJIyIail HEOTPAHUIEHHO
GYHKITUN.

1. lTousiTue KPAaTHBIX HECOOCTBEHHBIX UHTErPaJIOB. [lycrh
D — oTKpBITOE MHOXKECTBO 1) M-MEPHOT0 €BKJIMJI0BA IIPOCTPAHCT-

Ba E™. Cumponom D mbl 6ynem o603HadaTh 3aMbikaaue [, KoTopoe
MOJIyYaerTcs IMyTeM IMpucoeanHennss K D ero rpanunbl. Ham mona-
n06uUTCst ToHsATHE noceaoBarebHocTd { Dy, } OTKPBITHIX MHOKECTB,
MOHOTOHHO HCYEPIIBIBAIONINX MHOMKECTBO D.

Bydem 2060pums, wmo nocaedosamenvrocms { Dy} omxpumuiz

MHONHCECTNE MOHOTMOHHO UCHEPTIDIBAETT, MHOINICECTNBO D, ECCAU: 1) ons

1) MHOKeCTBO HA3BIBAETCSI OTKPBITHIM, €CJHM OHO COCTOHT JIMIIb M3 BHYTDEH-
uux Touek. OTKPHITOE MHOXKECTBO HA3BIBAIOT TAK¥XKe 00JIaCThIO.
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mobozo n mmoocecmeo Dy, codepotcumesn 6 Dyi1; 2) obsedunenue

scex mmoocecms Dy, cosnadaem ¢ muoscecmeom D 1) .

Ormernm, uTo Kaz10e MaOXKecTBo Dy, nocseosarensaoctu { Dy, }
comepxkurca B D.

[Iycts Ha oTkpbITOM MHOXKecTBe D 3amana dyukuus f(z), © =
= (z1, T2, ..., Tpy), UHTErPUPYEMas 110 PuMany Ha JH060M 3aMKHY-
TOM KyOWpyeMOM IOAMHOXKecTBe MHOxkecTBa D). Bymem paccmar-
pHBaTh BCEBO3MOXKHBIE MOCTEA0BATENBHOCTH { Dy} OTKPBITBIX MHO-
YKEeCTB, MOHOTOHHO UCUEPIBIBAIOINTIX D w 0018 Jaf0THX TeM CBOHCT-
BOM, 4TO 3aMbikanue D, Kaxjoro muOxecrBa D, Kybupyemo (or-
CIO7Ia, B YaCTHOCTH, BBITEKAET, UTO KaXKj0e u3 MHOXKecTB D, orpa-
HUYEHO).

Ecau das o060t maxoti nocaedosamenvrnocmu { Dy, } cywecmey-
em npedes wuca080t NOCACIOBANEALHOCTIU { | f(z) dx} u aMmom

Dyn
npedesa we 3asucum om ewvibopa nocaedosamenvrocmu {Dy}, mo
amom npedes Ha3vl8AEMCA HECOOCMBEHHbIM UHMEZDANOM OM, PYHK-
yuu f(x) no muoocecmsy D u 0603navaemes 00HuM U3 CACOYIOULUT
CUMBON0G:

[ f@)dz, [[...[f(z1, 22y ..., Tp) dT1 do ... dTy,.  (3.18)
D D

IIpu smom necobemesennoti unmeepan (3.18) naswvieaemcs crods-
ULUMCA.

Ormernm, uro cumsos (3.18) ucnosnb3yercss u B caydae, KOrja
peJiesibl YKa3aHHBIX BBIIIE TTOCIEI0BATEILHOCTE HE CYIIECTBYIOT.
B srom ciayuae unrerpan (3.18) HasbiBaeTcst pacrodauyuMca.

2. HecobcTBeHHbIE WHTErpajibl OT HEOTPUIATEIbHBIX
dbyukmuii. /JokakeMm CIegyIonyo Teopemy.

Teopema 3.6. [ia crodumocmu necobCmeennozo uHmezpana
(3.18) om neompuyameavroti 6 obaacmu D dynkyuu f(x), neobro-
dumo u docmamouro, ¥mobv. Toms 6v. das 0dnoti nocaedosamenn-
nocmu kybupyemux obaacmetd { Dy}, Monomonno ucwepnwveaowus
obaacmov D, bvina o2panuventoti wuca06a4 nocaedo8amesbHoCmy

an=_f f(z)dz. (3.19)
Dy

JokazarenbcTBo. HeobXomuMOCTh YCJIOBHS TEOPEMBI OUe-
BUjHA: mocaenoBaTenbHocTh (3.19) — meybwiBatomias (D, comep-
xkurest B Dy u f(x) > 0), m mosTOoMy HEOOXOANMBIM YCJIOBHEM €e

1) O6benunennem Beex MHOKECTE D;, HAZBIBAETCS MHOKECTBO D, conepxariee

BCe TOYKHU KaXKJIOI0 W3 MHOXKecTB D), m Takoe, 4TO KaxKjaas Todka D mpuHai-
JIEXKUT II0 KpaiiHell Mepe OJHOMY U3 MHOXKeCTB D.
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CXOIMMOCTH SIBJISeTCs Or'paHHYeHHOCTh. llepelimem K mokasaTesib-
CTBY [IOCTATOYHOCTH YCJIOBHN TeopeMbl. Tak Kak I[OCIeI0BATE/Ib-
HocTh (3.19) orpannvena u He yObIBaeT, OHA CXOJUTCSH K HEKOTOPO-
my uncity I. Ocraerca gokas3arTh, 9To K 9TOMY ke uuciay I cxopures
I0C/IeI0BATEIbHOCTD
= [ f(z)da,
D,

rae {D!} — npousBosbHAst Apyras MOCIEI0BATETLHOCTD 00IaCTel,
MOHOTOHHO HCYEpIbIBAONIX 001acTh D. Pukcupyem Jt000# HOMED N1

- - -/
u paccmorpum obsiactb D). Haitnercst Homep ny takoii, aro D,, co-
Jepxured B Dy, 1. [Tosromy

agganl < 1.

Orcroa creyer, 9To moCIe0BATENLHOCTE {a), } CXOMUTC K HEKOTO-
pomy uncay I' < I. Menssa B HAIIUX PACCY K ACHASX TTOCIEI0BATE b
HOCTH @, U ay, Mbl npugeM K HepasenctBy I < I'. CrenosaresbHo,

I'=1 TeopeMa JIOKa3aHa.
[Ipumep. Paccmorpum muaTerpast

I=[f e~V dz dy, (3.20)
D

B3ATHI 110 Beeil maockoctu. B kadecrse cucremst obmacreit {Dy,},
MOHOTOHHO MCHEPIbIBAIONMX 00,1acTb D, BO3BMEM CIIEIYIOLIyI0 CH-
crTeMy KOHI[EHTPUYECKUX Kpyros Dy

2 + % < n?, n=1,2,

B kaxgom takom Kpyre D, mepeiimeM K MOJISIPHON CHCTEME KOOp-
auuar 1, . [Homyunm

2rn

ap = ff e =Y dg dy = f fe_r2r drdp =7m(1 — e_”Q).
Dn, 00

Orcrona ciaeayer, aro lim a, = 7. CorylacHO TOJIBKO YTO JTOKA3AH-
n—oo

Hoit Teopeme uaTerpan (3.20) cxomurcs u pased 7. OTmerum, 9To

1) Domyctum, uro 910 He Tak. Torma aus a060ro mesoro k MOXKHO yKa3aTh
=

Takyio Touky M} obnactu D,,, koropas me npunaniexur obaactu Dj. U3 To-
crenosarensHoctu { My} moxkuO (B cuiy Ba,MKHyTOCTI/I ¥ OTPAHUYEHHOCTH D, n)
BBIJIETUTH CXOMSATIYIOCT K HeKOTOpOI/I Touke M € D MOJIIOCIEI0BATEIBHOCTD.
Touka M BMecTe ¢ HEKOTOPOH OKDPECTHOCTHIO IIPUHAJJIEKUT OJTHOMY U3 MHO-
xects Dy, . Ho Torma sromy xe muoxkectBy Dy, u Bcem MHOXecTBaM Dy ¢
GOJIBIIMMY HOMEPaMu MpUHA/JIeXKaT ToUKu My, ¢ Kak yrogHo 6osbmuMu HOMe-
pamu. Ho sro mporusBopeunr Boibopy Touek My.
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urTerpa (3.20) MoxKeT 6BITH MpeCcTaB/IeH B caepyomeii popme 1) :
o0 2 o0 2 o0 2 2
I=[e%ds [ eV dy=| [ e ™ dz| .
—0o0 —0o0 — 00

W3 sroro npejicraByiennsi Mbl [IOJy4aeM 3HAYE€HNE WHTErPaJIa, Ha3bl-
BaeMoro maTerpaaom Ilyaccona: 2)

o0 2
[ e dz = /7.
—0o0

JloKarkeM CJIEIYIONMIYIO TEOPEMY.

Teopema 3.7 (obusuti npusnax cpasnenus). [lycmv neom-
puuameavrve dynryuu f(z) u g(r) 6crody 6 omrpumom mmooice-
cmee D ydosaemeopaom ycaosuro

flz) < glz).

Toz0a us cxodumocmu necobemeennozo unmezpaaa [ g(z)dz 6vi-
D
mexaem czodumocmy necobemeennozo unwmezpara [ f(z)dz.
D
Hoxazareawbcrpo. Ilycrs {D,} —nocrienoBaresbHOCTH 006-
JlacTel, MOHOTOHHO HCYepIbIiBarommx objacts D. U3 odeBuanbIx

HEPABEHCTB

an = [ f(z)dz < [ g(z)dz =b,
Dy, Dy,

CITEJTYET, 9TO OTPAHMIEHHOCTD TTOCTEI0BATEILHOCTH by, BII€UeT orpa-

HAYIEHHOCTH TIOCIEI0BATETEHOCTH Gy . OTCIOMA U U3 TEOPeMBI 3.6 BbI-

TEeKaeT CIIPABEJINBOCTH C(HOPMYTUPOBAHHON TEOPEMBI.

OO6BITHO TTPHU UCCTETOBAHUT HECOOCTBEHHBIX WHTEIPAJIOB HA, CXO-
JIUMOCTH UCIIOJIb3YIOTCS CTaHIapTHBIE (3TaaoHHble) (DYHKIUU CPaB-
HeHwus, Hanbosiee yrmoTpeOnTeHbHON N3 KOTOPBIX ABJAETC DYHKITHS
g(z) =lz|,p>07?).

Mpuwmep 1. Ilycts a > 0, D —1map paauyca a C IMEeHTPOM B
Hauase Koopaunar, g(z) = |z|7P. B kauecTBe mocienoBaTesbHOCTH
{Dy} obnacreii, MOHOTOHHO WCUepHBIBAIOIMX [, BO3bMEM CHCTE-
My KOHIIEHTPHYECKUX C10eB Dy, 06pa30BaHHBIX YIaJeHUEM U3 Ia-
pa D mapos paauyca 1/n ¢ neHTpoMm B Hauase KOOpAauHAT. Bomst

1) B BO3MOMKHOCTH TAKOTO IIPEICTAB/IEHNS JIETKO yOEIUThCsI, €C/TH B KAIeCTBE
HMCYEPIBIBAONIEH CUCTEMBI 00J1aCTel B3ATh CUCTEMY yBEIUINBAIOIINXCS KB IPa-
TOB C IIEHTPAMU B HaYaJ/Ie KOOPIMHAT U CO CTOPOHAMHU, MTAPAJICTHHBIMU OCSM, &
3aTeM PUMEHUTH (POPMYJIy ITOBTOPHOIO MHTErPUPOBAHUS 110 KAXKIOMY TAKOMY
KBaJpary.

%) C. Iyaccon — dpanuyackuii maremaTuk u dusux (1781-1840).

%) Ipu srom cumrator x| = /27 + 23 + ... + 22,.
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cdepuueckyto cucremy koopauHatr (cm. 1. 3° § 5 i, 2), mosyunm

a 2m T T /m—1
an = [g(z)dz = [r=PT™" dr [ db,[dbs .. f( sinf—! Qk) dbpy—_1.
Dy 1/n 0 0 0 \k=1

Ob6o3Hauasi CUMBOJIOM Wy, TOMOKUATEIbHYIO BETHINHY

™ /fm—

2w s 1
Wy, = f db fd92 ce f( H sinf—1 9k>d9m—17
0 0 0 \k=1

MBI MOZKEM 3allnuCaThb

[
an = wp [ rPTmldr,
1/n
Orcro/ia BBITEKAET, 9TO TOCIEI0BATETFHOCTE Ay OTPAHUYEHA W,
CJTEJIOBATETHHO, CXOANTCA TOTJAA W TOJBKO Torja, Korja p < m. B
custy reopembl 3.6 HecobeTBenHbIil nHTerpas ot dynkuun |z| P B
obmactu D cxomurcest Ipu p < M U PACXOJUTCs IIPH P = M.
Mpumep 2. Iycrs a > 0, D — BHEIMIHOCTD IIapa pajuyca a
C UeHTpPOM B Hauaje KoopauHat, g(z) = |z|P. B kauecrse mocie-
nosarenabroctu {D,} obnacreil, MOHOTOHHO ucUepHbIBAIOIMX D,
BO3HMEM CHCTEMY KOHIEHTPUYECKUX CJIOEB Dj,, COCTOAIIMX U3 BCEX
TOYeK T € E™ yI0BIETBOPSIONINX YCIOBHIO

a < |z| <n.
Bsojsi cchepuueckyro cucreMy KOOPIUHAT, TOJLY IUM

n
an [ g(z)dr = wy, [r7PT™ 1 dr,
Dy, a

W3 sToro paBeHcTBa M TEOPEMBI 3.6 BBITEKAET, YTO HECOOCTBEH-
ublil naTerpan or dbyukuun |z| P B ykazaunoit obsactu D cxomurces
pu p > M U PACXOAUTCH NIPU P < M.

3. HecobcTBeHHBbIE UHTErpajibl OT 3HAKOIEPEMEHHbIX
dyuknuii. B 9570M MyHKTE MBI BBISICHUM CBSI3b MEXKJIY CXOIUMO-
CTBIO ¥ abCOTIOTHON CXOAMMOCTBIO KPATHBIX HECOOCTBEHHDBIX WHTE-
rpajsoB. Ilpu TOM, Kak ¥ B OIHOMEDPHOM CIydae, HECOOCTBEHHBIN
unrerpan [ f(z)dz mpr GyseMm Ha3bIBATH abCOMIOTHO CXOASAIIMMCSL,

D
ecom exopurest uarerpar [ |f(z)] dz. Mer gokaszkem, 9To u3 abCoOT-
D

HO# CXOJMMOCTH WHTerpaJja BhITEKaeT oObIYHast cxomumocTs. Haw-
bosiee yAUBUTENLHBIM SIBJISETCH JIPYTOe CBOMCTBO KPATHBIX HECOO-
CTBEHHBIX MHTErpajoB, He HMeIolllee aHajaora B OJHOMEPHOM CJly-
Yyae U 3aK/I0YAIONIEeCss B TOM, YTO M3 CXOJUMOCTH HECOOCTBEHHOI'O
KPATHOT'O WHTerPajia BBITEKAET ero abCOMI0THAs CXOAUMOCTD. VHbI-
MU CJIOBAMU, MbI JOKAYKeM, UTO OAA HECOOCTNEEHHBIL KPATMHOIT UH-
Me2pasos NOHAMUA CTOOUMOCTU U aADCOAOMHOT CTOOUMOCTU %K~
6UBANEHIMHbL.
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IIpexxie yem nepeiiT K J10Ka3aTeIbCTBAM ITHX CBOWCTB, CleJa-
€M HECKOJIBKO IIPE/IBAPUTENIbHBIX 3aMedaHmil.

W3 ompenenenus HECOOCTBEHHOTO WHTETPAJIa CJIEAYET, UTO €C/IH
CXOIUTCA HECOOCTBEHHBIN mHTerpas mo obsactu D oT KaxKIoi u3
dyrkumit fi(z) u f_(x), TO cxomATCST MHTErpPABl OT CYyMMbBI HJIH
pa3HoCTH TUX DYHKITHIL.

PaccmoTpumMm crienytomive aBe HeOTpUIATEbHBIE (DYHKITNN:

filz) = |Jt(ﬂv)|2"‘f(95)7 fo(z) = |f($)|2—f($) (3.21)

VYkazauubie QYHKIUU MOTYT OBITh, OYEBUIHO, ONPEIEJICHDI
COOTHOIITEHUSMU

), ecsim z) = 0,

filz) = { f(O,) ecn ;Exg z 0,
(3.22)

f_(x) _ { _f(x)a ecin f(.’E) < 07

0, eciu  f(z) >0

OrmMeTnM TakzKe CIeyIONe OYeBHIHbIE COOTHOIIEHWsI, BbITEKAO-
e u3 oupejesnenus dysxumit fi(z) n f_(z):

0< fi(z) <[f(2)], 0< f-(z) <[f(=)], (3.23)

fa) = () = f-(2). (3.24)

[Tepetinem Temeps K M0KA3ATETLCTBY YKA3aHHBIX B HAYAIE ITOTO
IyHKTa YTBEPXKICHUIA.

Teopema 3.8. H3z abcoaromnoti cxodumocmu Kpammozo Hecob-

emeennozo unmezpana [ f(z)dz caedyem ezo obvrunas crodumocmso.
D

HokazarenbcrBo. OOpaTnMcs K TONBKO YTO BBEJIEHHBIM
dbyukumsam fi(z) u f_(x). U3 mwaTerpupyemoctu B COOCTBEHHOM
cvbice dyuakmun f(x) mo moboit Kybupyemoii mogobractu 06acTi
D Boitekaer unTerpupyemocts no D dyukuun |f(z)], a orciona n
u3 dopmya (3.21) crenyer, uro dyakuunu fi(z) u f_(z) Takxke wH-
Terpupyembl o JI060i Takoit mogobaactu. Menonb3ysa ¢XoamMocTh
unrerpana [ |f(z)|dz, Toabko uTo ykasaHHOe CBOHCTBO byHKImMit

D
f+(z) u f_(x), nepasencrsa (3.23) u Teopemy 3.7, jerko ybeurbes

B cxoguMocTu HecoGcrBenHbix uurerpanos [ fi(z)dz u [ f_(x)dz.
D D
Orcrona u u3 coorHomenus (3.24) ciegyer CXoQUMMOCTb WHTErpasa

f f(x)dz. Teopema nokazana.
D

JlokazkeM Terephb OOPATHYIO TEOPEMY.
Teopema 3.9. FEcau xpamuviti Hecobcmeenuvili unmepan

[ f(z)dz czodumea, mo on cxodumcea abecoarommo.
D
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JoxkazareabcTBo. JlOmycTuMm, 9To yTBEPKJIEHUE TEOPEMBI
uepepHo. Torma u3 TeopeMsbl 3.6 BHITEKAET, YTO MOCIEI0BATETLHOCTD
unrerpanos or |f(z)| mo 060l MOHOTOHHO HCUepIBIBAOIIEH 00-
JacTh nociegosarenbuocru obnacreir { Dy} Gyaer MOHOTOHHO BO3-
pacTarolreii 6eCKOHedIHO OOJIBIIOI IoCaes0BaTeIbHOCTRI0. OTCIona
CJIeJIyeT, 9TO MOCIe0BaTeNbHOCT { Dy} MOXKHO BbIOpATH TaK, 4TO

it jiroboro no = 1, 2, ... BBIIOJIHIETCS HEPABEHCTBO
[ |f(@)|dz >3 [ |f(z)|dz + 2n. (3.25)
5n-!—l 5n

O6o3zuauum vepes P, muoxecrso Dyy1 — D,. Torga uz (3.25) mo-
JIVIUM JJIs1 JII000T0 1

_f |f(:1c)|d:r>2_f |f(z)| dz + 2n. (3.26)
Py Dn
Tax xax |f(z)| = f1(z) + f-(z),
Tl = [ fi@yde s [ (3.27)
P Py P,

[Tycrs w3 aByx wHTErpasos B npasoil dactu (3.27) Goabiium Oy-
ner nepssiii. Torga w3 coornomennit (3.26) n (3.27) mosmyunm st

J1I060TO N
[ fi(@)de>2 [ |f(z)|dz +n. (3.28)
Pn Dn

Pazobrem obsacts P, Ha KOHEeYHOE 4ncyio obsacTeit P, Tak, 9To0BI

HIDKHsIA cymma Y, m; Aoy, dyukuuu fi () mag sroro pasbuenus
(2

CTOJIb MAJIO OTJIMYajach OT WHTErpasa ro P, ot 3Toit dyHKIWMH,
9TO P 3aMeHe B JieBoii yactu (3.28) uHTerpasna ykasaHHON HUKHEH
CYyMMOI#i MBI TIOJTyYUM CJIEJIYIOIIee HEPABEHCTBO:

ZmiAai >_f |f(z)|dz + n. (3.29)
; D

(2
Tak kak m; > 0, To B cymme Y m; Ac; MOXKHO OCTaBUTb JIUIIb T

(2
caraembie, st KOTOpeix m; > 0. O0bequHeHne COOTBETCTBY FOIITIX
obsacreit P, obosnadunm depes P,.

B obsracti ]Bn dbyukiys f(x) monoxureabHa, U MO3TOMY B TOi
obnacru f(z) = fi(z). Cregosarennho, cormacuo (3.29), nosydaem

HEPABEHCTBO

[ f(@)dz > [ |f(z)|dz + n. (3.30)
Py, D

Ob6oznaunm yepes D) obvenunenue D, u lsn Torpa, ckiagbiBas

HepaseHCTBO (3.30) ¢ OUEBUHBIM HEPABEHCTBOM

J f@)de > — [ [f(x)]de,
Dy,

Dy,
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Oy IUM

_f f(z)dz > n. (3.31)
o

n

OueBniHo, nocteoBaTebHOCTL obsacteit { D} MOHOTOHHO HCUep-

neiBaer obaacts D. Ho rorma, cornmacuo mepasenctsy (3.31), un-

rerpan [ f(z)dz pacxogures. Tak Kak [0 yCIOBHIO 3TOT HHTErpasl
D

CXOJIUTCS, TO TIPEJINOIOKEHIE, YTO YTBEPKIEHUE TEOPEMbI HEBEPHO,
He uMmeeT MecTa. Teopema jJoKa3aHa.

4. TnaBHOe 3HAYEHUE KPATHBIX HECOOCTBEHHbBIX MHTETPA-
JIOB.

Onpedenenue. [lycmo pynruyus f(x) onpedesena npu ecex x €
€ E™ u unmezpupyema 6 xasicdom wape Kgp paduyca R ¢ yenwm-
pom 6 nauase Koopdunam. Bydem zosopums, wmo dynruyus f(x)
unwmezpupyema no Kowu s E™, ecau cywecmsyem npeden

lim [ f(z)dz.
r—00

Imom npeden Mol 6YOeM HAZBIEAMD 240 6 H VLM 3 H Q%€ H U-
e m necobecmeennozo uwmezpaaa om Pynkyuu f(z) 6 cmucae Ko-
wu v 0603HAUAGMD

V.p. [ f(z)dz = lim [ f(z)dz.
Em R—)ooKR

IIpuwmep. Iycrs f(z) B cdepruuecknx KOOpAUHATAX UMEET BUL

f(z) =h(r)g(61, 02, ..., 1), tne dbyukuuu h u g HENpPepbLIBHBI,
npuyeM
2w s m m—1
f doq fd92 .. .fg(&l, 0o, ..., 0m_1)< H sinf—1 9k>d9m—1 =0.
0 0 0 k=1

Torna, oueBunno, f(x) unarerpupyema no Kormm u
Vop. [ f(z)dz =0.
Em

B gacrrocTu, npu m = 2 dyHKIMs ABYX nepeMeHHbX f(z,y) =
= h(r) cos ¢ unaTerpupyema no Koumm, u uarerpas oT Hee B CMbICIE
TVIABHOTO 3HAYEHUsT PABEH HYJIIO.

B cayugae, korna dyukuus f(z) numeer ocoGEHHOCTH B HEKOTO-
poit Touke xg obsactu D, muTerpas B cMbicie Kommm BBOIUTCS Kak

npeJet :
P V.p. [ f(z)dz =limp0o [ f(z)dz,
D Dr

rae Dr — MHOXKeCTBO, To/iydaemMoe yaajienneM u3 obsgactu D mapa
paanyca R ¢ 1IeHTpOM B TOYKE I.



Fr'TABA 4
KPUBOJIMHENHBIE NHTEI'PAJIBI

B sroit rmaBe Mbl iepeHeceM MOHSTHE OJTHOMEPHOI'O OIPE/IETEH-
HOT'O WHTErpaJia, B3ATOrO IO NPAMOJHMHEHAHOMY OTPE3Ky, Ha CIy-
4ail, Korja 00JIacTbI0 WHTEIPUPOBAHUS SBJISIETCH OTPE30K HEKOTO-
POl MJIOCKOH My IPOCTPAHCTBEHHON KPUBOI.

Taxoro posia wHTErpaJbl HA3LIBAIOTCId KPHUBOJJHUHE I HbBI M .
B nmpunoxkenusax mpUHATO PACCMATPUBATL KPUBOJUHEHHBIE WHTEr-
paJibl ABYX POJIOB (OT BhIPAXKEHUiT, NMEIOIIUX CKAIAPHBIH U BEKTOD-
HBIH cMBbICT). B 9T0# ryiaBe KpUBOJIMHEHHBIE WHTETPAJIBI TEPBOTO 1
BTOPOTO POJOB PACCMATPUABAIOTCA TaPaJIeIbHO.

§ 1. Omnpeiesiens KPUBOJIUHENHBIX UHTEIPAJIOB
U ux PU3NIECKUN CMBICT

Paccmorpum ma mmockoctu Oy HEKOTOPYIO CIIPAMITSIEMYTO KPH-
Byt0 L, He UMEIOIIYI0 TOYEK CaMOTIepeceYeHnsd U yYaCTKOB CaMOHa-
geranud. [IpeamnosoxumM, 4To0 KpUBas OMpPEeseTcs mapaMeTpude-
CKUMU YPaBHEHUAMU

z=p(t), y=14@) (a<t<h), (4.1)
u cHadana OyjeM CYUTATH ee He 3aMKHYTOH W OUDAHUYEHHO! TOY-

kamu A n B.
[Tpeamomoxum majee, 910

byuxuusa f(z, y) | ase dynkuun P(z, y) n Q(z, y)

OTIpe/Ie/IeHbl ¥ HelPephIBHBI BA0Ib Kpusoil L = AB 1) .

Pazobrem cerment a < ¢t < b mpu nomormu Touek a = ty <
<t <ty <...<t, =bHamn J4ACTUYHBIX CEIMEHTOB [t_1, ]
(k=1,2,...,n).

!) ®yukums f(z, y) HaspiBaeTCss HeNpepBHBHON BHOJAb KPUBOH L,
ecim i moboro € > 0 madinerca § > 0 Takoe, aro |f(z1, y1) — f(z2, y2)| < €
J1s JIIOOBIX ABYX Touek (T1, Y1) ¥ (T2, y2) KpUBOii L, yZAOBIETBOPSIOIMX YCI0-
BUIO \/ (1 — 22)? + (y1 — y2)? < §. DaKTUUECKH MBI OIIPE/IEJIUIU He HEIIPEPbIB-

HOCTb, & PABHOMEDHYIO HEMPEPBHIBHOCTH GyHKImH f(r, y) BAOIb KpuBoi L, HO
TaK KaK MHOXKECTBO BCEX TOUYEK KPUBOil L OrpaHUYeHO U 3aMKHYTO, TO 9TH IIO-
HATHUA COBIAIAIOT.
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Tax Kak KaxKJIOMy 3HAYEHUIO fj COOTBETCTBYET HA KPUBO L
onpezenennas Touka My (zg, yi) ¢ Koopaunaramu i = @(tg), yp =
= 1(tg), TO P yKa3zaHHOM pas3bueHun

cermenTa a < t < b Bea kpubaa L = Y
= AB pacnajaercd Ha n 9aCTHYIHBIX YT M,

, My,_1 M, (puc. 4.1).

MyM;, My M, ...

B=M,

My My

Bribepem ©Ha KaxkIO#l YacCTUYHOMI

nyre Mjy_1 My 1TpoOU3BONBHYIO

TOYKY A=My

Ny (&ky Mi), xoopauHaThl ), M) KOTOPOH O x

OTBEYAIOT HEKOTOPOMY 3HAYEHUIO Ty Ma-
pamerpa t, tak 4ro & = @(1x), Nk =

Puc. 4.1

= (1), npuuem t_1 < 7 < tg. JoroBopumest ob6o3HaUaTH CUMBO-
aom Al nnuny k-it wacruanoit gyru My 1My (k=1,2,...,n).

CocraBum
CyMMY

WHTETPAJIBHY IO

o1 = [ (& m) - Aly. (4.2)

k=1

Hazosem uncno [

CocraBuM JiBe WHTErpasib-
HBIE CYyMMBI

o9 = P(&k ) (21 — Tp1),

o (4.2)
o3 =3 Q& ) Wk — Yk—1)-
= (4.2")

NpejgesoM UHTErpalbHON CyMMbl 05 (§ =

=1, 2, 3) upu crpemsienuu K HyJI10 Haubobed usz auua Aly, eciu
st moboro € > 0 maitnerca § > 0 rakoe, uro |os — I| < €, Kak
TOJNBLKO HambosbIlad u3 JiuH Al MeHbIe 9.

OnpepnesneHus

Ecau  cywecmeyem npedes
UHMELPANDHOT CYMMDBL T1 NPU
CMPEMAEHUY K HYAI0 HAUOOAL-
wet us daun Alg, mo amom npe-
den HA3BIBAEMCA KPUGO A U-
HelHb M UHMEZDAAOM
nepeozo poda om Pynryuu
f(z, y) no xpusot L u obosna-
YACMCA CUMBOAOM

[ flz, y)di
L

nJI

[ f(z, y)dl. (4.3)
AB

Ecau  cywecmesyem npedea
UHME2PAALHOT  cymmo,  03[o3]
nPU CMPEMAEHUY K HYAIO HAU-
boavwet us daun Aly, mo smom
npedes HA3BIGACTNCA K P UG O -
AUHETGHDM UHMEZDAAOM
emopozo poda u 0bo3na-
YACMCA CUMBOAOM

[ P(z,y) dx[ [ Q(z, y) dy]~
AB AB

Cymmy

[ Pz, y)dz+ [ Q(z,y)dy
AB

AB
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Boigcuum b uszmuaeckwmit
BOJIMHENHBIX WHTETPAJIOB.

IIycrs Boonb kpuBoit L pac-
npejejieHa Macca C JIMHeHO#
miorHocrbio  f(z, y). dnst BbI-
YUCJICHUdA MacChl BCEil KpPUBOU
€CTECTBEHHO Pa30UTh 3Ty Kpu-
BYIO HA MaJible YYaCTKU W, CUU-
Tasg, YTO HA KAXKJOM yUIaCTKe
MJIOTHOCTH MEHSIETCST MAaJjio, TI0-
JIOXKUTb MAaCCy KarKJIOTO ydacT-
Ka MPUOJIMKEHHO PABHOU IPOU3-
BEJIEHUIO HEKOTOPOTO MPOMEXKY-
TOYHOTO 3HAYEHUS TIJIOTHOCTH HA
JIJTAHY 3TOTO yYIaCTKA.

B Tmakom ciyuae macca Bceit
KpUBOIl  NpUOIUKEHHO Oyjer
paBHAa WHTErpajbHON  CyMmMme
(4.2). Tounoe 3HavYeHWE Mac-
Chl  €CTECTBEHHO OIPEJEUTh
Kak mpegen cymmbl (4.2) mpwm
CTPEMJIEHUU K HYJIIO JIJINHBI
HauOOJIBIITEr0 yIaCTKA.

Takum obpazoMm, Kpusou-
Helnvll urmezpas nepeozo poda
(4.3) daem wmaccy xpusot, au-
HetHaA NAOMHOCMS 6004 KO-
mopoti pasna f(x, y).

HpI/IHHTO Ha3bIBaTh O6HLI/IM
KpHBOﬂHHefIHbIM nuHTEeI-
paJjJoM BTOpPOrOo pojga W
0003HaYaTHL CUMBOJIOM

[ P(z,y)dz + [ Q(z, y)dy.
AB AB
(4.3)

CMBICJI BBEAECHHBIX HaMW KPH-

Ilycrs wmaTepmasibnas ToOd-
Ka japmxkerca m3 A B B Bmomb
KpuBo#t L mom meficTBueM CHJIBI
F(z, y), nmeroreii KOMIOHEHTBI
P(z,y) u Q(z, y). Jnsa Bbrauc-
JleHusT PabOTHI IO TAKOMY TIepe-
MEIIIEHNI0 €CTeCTBEHHO pa3bnTh
KpuByIo L Ha Majble yIaCTKA U,
CUIMTAA, ITO HA KAKJOM yUIACT-
Ke CUJIa MEHSIeTCS MAaJo, TOJIO-
JKUTH paboTy HA KAZXKIOM yIaCT-
Ke TpUOJIMIKEHHO PABHOM CyMMe
TTPOMBBEJICHNH KOMITOHEHT CHUJTBI,
B3STHIX B HEKOTOPBIX MMPOMEKY-
TOYHBIX TOYKAX, HA KOMIOHEH-
THI BEKTOpa CMeIneHus. B Ta-
KOM CjIydYae TOoJHag pabora 1o
nepemernennio w3 A B B 0Oy-
JIerT TpUOJIMKEeHHO PaBHA CyMMe
(4.2") u (4.2"). Tounoe 3naueHue
9TOil pabOThI €CTECTBEHHO OIpe-
JEeJIUTh KakK IIpellesl YKa3aHHON
CYMMBI TIPU CTPEMJIEHUH K HYJIIO
JUTMHBI HAUOOJIBINIET0 yYacTKa.

Taxum obpazom, obuwsuti Kpu-
80AUHEUNBIT UHMeE2Pas 8mopo-
20 poda (4.3') daem pabomy
N0 NEPEMEWLEHUIO MAMEPUAAD-
noti mouwku uz A 6 B 6doav
xpueoti L nod deticmeuem cuno,
umeroweti Komnonermu, Pz, y)

u Q(z, y).

Bameuanne 1. U3z suga cymm (4.2), (4.2") u (4.2") oueua-
HO, YTO KPUBOJMHEHHBIH HHTErpaJl epBOro pojia He 3aBUCHT OT TO-
ro, B kKakoM Hanpasyeaun (ot A k B wau or B ¥ A) npoberaercs
kpuBasi L, a jjis KPUBOJIMHEHHOIO WHTErpasia BTOPOro pojia u3Me-
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HEHUE HalIpAaBJICHULA Ha KpI/IBOﬁ BeaeT K USMCHEHHUIO 3HaKa, T. €.

fP(SU, y)d:l?:—fp(:l?, y)da:? fQ(5U7 y)dyz—fQ(:B, y)dy'
AB BA AB BA

SBamMeuganue 2. [lig mpocTpaHCTBEHHONW KPUBOHM COBEPIIEH-
HO aHAJOTUYHO BBOJAWTCA KPUBOJWHEHHBIM WHTErpaJl IepBOr0 PO

f f(z, y, z) dl u Tpu KpuUBOIMHENRHBIX HHTErPAJIA BTOPOTO POJIA
f P 117, Y, Z) d:l?, f Q(‘f‘v? Y, Z) dy7 f R(‘T? Y, Z) dz.
AB AB AB

CyMMy Tpex MOCJIeIHNX WHTErpajoB IPUHSATO Ha3biBaTh O O I 1 M
KPHUBOJHHENHBM HMHTErpaJoM BTOPOIO pojga H
0003Ha4YaTh CUMBOJIOM

[ P(z,y, z)dz + Q(z, y, 2) dy + R(z, y, z) d=.
AB

§ 2. CymecTBOoBaHMe KPUBOJNHENHBIX UHTETPAJIOB
U CBeJ€eHNEe X K ONpe/ieJIeHHbIM MHTerpaJjiaM

JloroBopuMcst Ha3bIBaTh KpuUByI0 L Taa ko i, ecan pyHK-
i @(t) u 1(t) u3 onpesessoNuX ee napaMeTpUIecKux ypaBHeHuH
(4.1) obnamator Ha cermenTe [a, b] HEMPEPHIBHBIMU TTPOU3BOIAHBIMU
@)y my'(t) ).

Kpusyto L mbl Oy/1eM Ha3blBaTh KY COYHO-TJa KO, ecin
OHA HEMPEPBIBHA W PACMaJAeTCs Ha KOHETHOE UMCJIO HEe WMEFOITUX
00X BHYTPEHHUX TOYEK KYCKOB, KaXKJbIf M3 KOTOPBIX MPEICTaB-
JisgeT coboi TaIKyI0 KPUBYIO.

B coorBercTBUEM € 1OrOBOPEHHOCTHIO IPUHSATOM e11ie B ryiaBax 15
u 16 Boim. 1, MBI Oy/ieM HA3BIBATH 0COOBIMU TOYKaAMU KPUBOit L Tod-
KW, COOTBeTCTByIOH_[I/Ie TOMY 3HAUEHUIO TTapaMeTpa t, st KOTOPOTro
o6e npousBogubie ¢ (t) w 1 (t) obpamarTcea B HyIb.

IokazkeM, 910 ecau kpusas L = AB asasemcsa aaadkoti u we co-
deporcum ocobvir mouex u ecau pynrkyuu f(x, y), Pz, y) u Q(zx, y)
HENPEPbIEHYL 600Ab 9MOTl Kpusot, mo cnpasedausst caedyrousue dop-
MYABL, CEOOAULUE KPUBOAUHETHBIE UHMEZPAADL K 0ObINHBIM Onpede-
AEHHDIM uwmeepaﬂam:

b

f fla, y)dl = ff P(B)]x A{BP(% y)dz = [ Pp(t), $(t)]x

a

x VP O + W ()2 dt. (4.4) x ¢'(t)dt, (4.4)

1) Tlox sTem moapasymesaercs, uro mpoussousie ¢ (t) u ¢’ (t) HempepbIBHEL
B 11000/ BHYTDEHHEl TOUYKe cerMeHTa [a, b] u 06/1a1al0T KOHEUHBIMH TIPEIeIIb-
HBIMU 3HAYCHUAMHU B TOYKE a CIIpaBa U B TOYKeE b CJIeBa.
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foydy fQ P(t)] x
1/)()dt7 (4.4")

Odnospemenno 6ydem Joka3aHo CYULLCME06aHUE BCET PUYPu-
PYOWUT 8 IMUL HOPMYAAT KPUBOAUHETHHET UHMEZPANOS.

[Tpex e BCEro 3aMeTHM, YTO ONpPEJEJEHHBIE WHTErPasbl, CTO-
smpe B npaBbix dactax dopmyn (4.4), (4.4") u (4.4"), saBemomo
cymecTBytoT (16O MpH CIETAHHBIX HAMU MTPEIIOI0KEHUAX TTOIbIH-
TerpaabHble (DYHKINU B KAyKJIOM W3 9TUX WHTErPAJIOB HENPEPbIBHBI
Ha cermenTe a < t < b).

Jljist KpUBOJIMHEHOTO MHTErpajia BTOPOrO Poja Mbl OyjieM Bbl-
BoaUTH TOMBKO hopmyay (4.4") (uGo BeiBOA dbopmysbr (4.4") coep-
[IEHHO AHAJIONMYEH ).

Kak u B § 1, pazobbem cermenT a < t < b npu MOMOIIM TOYEK
a =ty <t <ty <...<t, =>buan JaCTUIHBIX CETMEHTOB U
COCTABMM MHTErpajbHble cyMMbl (4.2) u (4.2').

queM Terepb, 9To

Al = f VI @2+ [ ()] dt. ok = wp-1 = () — ‘{;Etk—l) =
[ ¢t dt

te—1

DTO MO3BOJIAET HAM CJIELYIOMUM 00PA30M IIEPENUCaTh BbIPAZKe-
HUs 11 HTerpaababix cymm (4.2) u (4.2):

n n

o =3 {rletm viml x| o= >{ Pliotm). wim) x

k 1 k=1

X f VI P2+ [ 1)) dt}. th@ go’(t)dt}. (4.5
(4.5) o

(Mbr yunu takxke, uro & = @(1), Nk = ¥(7), re T — HEKO-
TOpOEe 3HaUeHHue napameTpa t, yJOBJIETBOPSIONIEE YCIOBUIO tr_1 <
<1 S )

O6o3HaunM Ternephb ONpeie/IeHHbIE WHTErPAJIbI, CTOSIINE B IIpa-
BbIX yacTax gopmys (4.4) u (4.4'), coorBercrsento uepes Ki u Ko.
Pagbuas cerment a < t < b HA CyMMY N JaCTHYHBIX CETMEHTOB
[tk—1, tk], MBI MOXKeM CyieayromuM 006pa30oM 3alucaTh ONpe/IeIeH-
Hble uHTerpaabl K1 n Ks:

n

tg
= fle(t), (1)) LS
2, C k=Y [P, sl a

< VP OF + W OF dt. p=tf
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Paccmorpum u orieHrM pasHOCTH

— Kl — o9 — K2 =
L7 LA 73
= Zt I {fle(mr), ()] — = Zt [ {Plo(m), ()] —
k=1"-1 k=1tk—1
— f[ < > (]} x — Plp(t), p(0)]}¢ (1) dt.  (4.6")
< VI (t) "(6)]2 dt. (4.6)

Tax Kak (byHKILI/II/I z = (t) my = 1 (t) HeIpepBIBHBI HA CEIMEHTE
<t < b,adyukuun f(z, y) u P(z, y) HenpepbIBHbI BIIOJIb KPUBOH
L, To 1o TeopemMe O HEMpepbIBHOCTH CIOXKHON (yHKiuu (cM. § 3
. 14 Bein. 1) gynxyuu flo(t), ()] u Ple(t), 1(t)] nenpepouisro
na ceemenme a <t < b.
Bamerum Tenepn, 9TO NpPU CTPEMJICHUH K HyJIH0 Haubosbieil u3
JUIMH 9aCTUYHBIX ayT Al cTpeMuTcs K HyJai0 W HaubosblIas u3

pasHocredi (tg —tg_1) 1) . Ho orciona CJIeyeT, 9TO JJIst JTIOOOTO £ >
> 0 MOXKHO yKa3aTh d > 0 Takoe, ITO TIPH YCIOBUH, UTO HAMOOTHITIAS
n3 gumH Al MeHbIne §, Kaxaas u3 GUTYPHBIX CKOOOK B POpMYyIax
(4.6) u (4.6') menbe €. 'Crado OBITD, IPY YCIOBUH, 9TO HANOOJIBIIAS

u3 gayun Alg Menbine §, Mbl OAy4YuM s pasaocreit (4.6) u (4.6)
cneﬂyroume OIEHKH:
o1 — Ki| <

loo—Ko| < 52 f o' (8)| dt <

xZ | VTOPTOP it = w0
k=1tk—1 geMZfdtzeM(b—a),
b k—=1tk—1
— T2 (D2 di —
B 6{\/[(’0 OP+W' @ dt = el, rae M — MakcumasbHOe 3Have-
mue |¢'(t)| ma cermente a < t <

raie | — nnmna Kpusoit AB. < b. [Moguepknem, 9TO TpH BHI-
Bozie hopmyter (4. 4 ) HaM Tpe6y—
eTCsl JIUIIb HePEePBIBHOCTE ¢ (1)
U CHOPAMJIAEMOCTh KpUBOH L =
= AB (menpepsiBHOCTH 1)’ (1)
[IpH 9TOM He Tpebyercs).

1) B camom merme, Aly = f [ (O)]2+['(t)]? dt. Tax xax bymxmum ¢ (t) n

1’ (t) HenmpepwIBHLT Ha cermenTe a < t < b 1 He 06PAITATOTCSA B HYJTh OTHOBDEMEH-

Ho, To byurums +/[¢ (¢)]2 + [¢/(t)]? HenpepbiBHA M CTPOro IOJOKHUTEIbHA HA

cermente a < t < b. Ilosromy u MuHUMaIBbHOE 3HAYEHNE M TTOCAeAHEN DyHKIIH

k
Ha cermerTe ¢ < ¢ < b monoxkurensro. Ho rorma Aly 2 m [ dt = m(tp—tr—1),
tp—1

T. €. tp —tr—1 < (1/m)Alk.
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B cuy mpou3BoabHOCTH € MBI MOXKEM YTBEPXKIATb, 9TO MHTEr-
pajibHble CyMMbl 01 U 09 UMEIOT (DU CTPEMJIEHUM K HYJIIO Hau-
Gosbreit uz qymna Aly) npejesnbi, coorBercTBeHHO paBHblie K1 u Ko.
Tem camMbIM OHOBPEMEHHO JOKA3aHO CYIECTBOBAHWE KPUBOINHE-
HBIX MHTETPAJIOB, CTOANMINX B JEBBIX dacTax dopmyn (4.4) n (4.47),
¥ CTIPaBEJINBOCTD YKABAHHBIX (POPMYI.

Sameuganue 1. B cryyae Kycouno-riaaakoit kpusoit L Kpu-
BOJIMHEHHBbIe WHTErpaJsbl 10 3TOH KPUBOH €CTECTBEHHO OIpPEeNe/IuTh
KaK CyMMbBI COOTBETCTBYIOIINX KPUBOJUHEHHBIX NHTEIPAJIOB IO BCEM
TIQIKUM KyCKaM, cocTaBydmomuM KpuByio L. Takum obpasom, pa-
Bencrea (4.4), (4.4') u (4.4") okaspBalOTCA CpaBEIMBBIMA W JIJTSA
KYCOYHO-TJIQIKOM KPUBOH L. DTH paBeHCTBA CIIPABEIUBLI U B CIIY-
qae, koria hyukiyn f(x, y), Pz, y) u Q(z, y) aBAsiOTCS HE CTPOTO
HETPEPBIBHBIMHE, & JIUITh KYCOTHO-HETTPEPHIBHBIMY BJOIb KPUBOH L
(r. e. xorga KpuBas L pacnajaercs Ha KOHEYHOe YUCIO0 He MMero-
UX OOIMUX BHYTPEHHUX TOUEK KYCKOB, B0 KAXKIOTO W3 KOTOPBIX
yKasaHHble (DYHKIIUU HEPEPHIBHBI).

Sameuganue 2. CoBepuieHHO aHAJOTHIHBIE PE3YJIbTATHI H
dopMyIBI CIPABEATUBLI U I KPUBOJIUHENHBIX WHTErPAJIOB, B3d-
THIX TIO0 MPOCTPAHCTBeHHON KpuBoit L = AB, ompenensemMoii mapa-
METPUYECKUMU YPABHEHUSIMEI

=), y=v(t), z=x(t) (@ <t<D).
MBI orpaHuYUMCSI Wb HATUCAHUEM (DOPMYJT

ff(x7y7 Z)dl: fP(SU,y,Z)dSU:
AB AB b

b
= [ fle(t), (1), x(#)] x =/ Plo(t), ¥(t), $(®)]¢' (t) dt,

<V (0P (0P +1 (1) dt. Af Q(z, y, 2)dz =
B

b
=[ Qle(t), p(t), ()] (t) dt,

| R(z,y, z)dz =
AB

b
=[ Rlp(t), ¥(t), x(t)]X'(¢) dt.

SBamedganue 3. Boile Mbl yCTAHOBUIH, 9TO KPUBOJUHEAHBIH
MHTErpaJl BTOPOTO POMa 3aBUCUT OT HampaBseHus 00Xola KPUBOi
L = AB. Tlosromy ciiefiyer OpWHSTH OCOOYIO JTOTOBOPEHHOCTH O
TOM, 9YTO MBI IIOHHUMaeM I10J CHUMBOJIOM

{P(% y)dz + Q(z, y) dy (4.7)
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B caydae, Kora L—3aMKHY Tas Kpubag (T. €. B ciydae, KOrjaa
Touka B cosnajaer ¢ Toukoii A).

U3 aByX BO3MOXKHBIX HAPABIEHUH 00X0/1a 3aMKHYTOI0 KOHTYDPa
L bl HA30BEM TOJMOKMTEJbHBIM TO HalpasieHue o0Xo/a,
pU KOTOPOM 00/1aCTh, JleKallas BHYTPH .
9TOr0 KOHTYDA, OCTAETCA 10 JIEBYIO CTOPO-
Hy 110 OTHOIIEHUIO K TOYKEe, COBEPIIAIOIIEH I

obxox '). Ha puc. 4.2 nogoxKuTeIbHOE Ha-
mpaBJieHre 00x0/1a n300PaKEeHO CTPETKAMU.

Bbydem cuumamov, wmo 6 umnmezpase
(4.7) no samxnymomy wowmypy L smom
KOHMYp 6ce20a 06LO0UMCA 68 NOAOIHCUMEND- >
HOM HANPABAEHUL.

Bameuanue 4. Jlerko mokasars, 9To Puc. 4.2
Kpusosunetinve unmeepaiv, obaadarom me-
MU dce C8oUCMBAMU, MO U 06VYuHBIE OonpedescHHble UHME2PAAD
(IoKazaTesbCTBa AHAJOTHYHbI H3JI02KEHHBIM B § 5 1 6 ru1. 10 Bbim. 1)
Bupodem, ipu 60stee KECTKUX TPEITOTOKEHIAX YKAZAHHBIE CBOMC-
TBa cpasy BeITekaioT u3 dopmyn (4.4), (4.4") u (4.4").

[Tepeuncmm 9TH CBOWCTBA MTPUMEHUTENIHHO K KPUBOJIUHEHHBIM
WHTErpajgaM MepBoro poja.

1°. Jluneiinoe cBoiicTBO. Ecoin ana xaxoit u3 yHK-
wuit f(z, y) u gz, y) cymecrByer KpUBOIMHENHHbIH HHTErpas 1o
KpuBoit AB u ecii v 1 3 — Jit00ObIe TIOCTOSIHHBIE, TO st (DYHKITUH
[af (z, y)+ PBg(x, y)] Takxke cyrmecTByeT KpUBOJIUHENHBINH HHTETrPaJT
o Kpupoii AB, npuaem

[ laf(z, y)+Be(z, yldi=a [ flz,y)di+8 [ g(z,y)dl.
AB AB AB

2°. AagpgurusHocThb. Ecin gyra AB cocraBieHna u3 JByX
ayr AC w CB u ecu ayist dbyskiun f(x, y) CylmecrByer KpuBoJu-
HelHbIH uHTerpas mo ayre AB, To 1y 3T0# (PYHKIUK CYIIEeCTBYeT
KPUBOIUHEWHBIN wHTerpast mo Kaxmoi u3 ayr AC u C'B, npuaem

ffxydl ffxydl—i—ffxydl

3°. Omenmxa MOayJasa uWHTerpaJsga. Komm cymecTsyer
KPUBOMHENHHBIN uHTerpas no kpusoit AB ot dyukiuu f(z, y), 10
CYIIECTBYET W KPUBOJMHENHBINH HHTErpas mo KpuBoit AB ot dpyHK-

nun |f(5!3, y)|7 npuraeMm

[ fydi] < [ 15, )ld
AB AB

1) Takoe HampaBieHue JIBIKEHMS YCIOBHO MOYKHO Ha3BaTh «/IBUKEHHEM IIPO-
THUB YaCOBOH CTPEIKI».
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4°. Qopmyaa cpegHero 3HadYeHus. Eom QyHKIHS
f(x, y) wHempepwiBHa BAOAL Kpusoit AB, TO Ha 3TON KpUBOIi
Haiigercs Touka M™ Takasi, 4To

AB

rae | — nnuna Kpusoit AB.
IT pu M e p bl 1°. Beraucauts Maccy sanuica L, onpeenseMo-
10 MapaMeTPUIEeCKUMU YPABHEHUSIMU
x =acost, y=bsint (0 <t < 2n)
Mpy yCAOBUH, 9TO ¢ > b > 0 u uTO JUHeHas MIOTHOCTh PACIpeIe-
JIEHUST MacChl paBHA p = |y|.
3ajaua CBOAUTCS K BBIYUCIEHUIO KPUBOJMHEHHOTO WHTErpasa

nepsoro poxa [ |y|dl.
L

C nomomipio dhopmysbt (4.4) moaydum

27
[lyldl =b [ |sint|v/a?sin®t + b2 cos?t dt =
i 0

T 2w
= b[sin /a2 sin? 462 cos? ¢ dt — b [sin tv/ a2 sin? t4+b2 cos? ¢ dt =
0 s

= —b [ /a? — (a? — b?) cos?t d(cost) +
0

e

27
+ b/ Va2 — (a2 — b2) cos? t d(cost) = 2b(b+aM),
™

e e = Va2 —b2/a ').

2°. BeruncanTh KPUBOJIWHEHHBIM WHTErPaJ BTOPOTO POIA
I= f(x2 —2zy) dx + (y? — 2zy) dy,
L

B koTopoM L —mapabona y = z mpu —1 < z < 1. YkazanHymo
napaboay MOXKHO PacCMaTPUBATH KaK KPUBYIO, 33/IaBAEMYIO TTapa-
METPUYECCKUMU yPaBHEHUAMMN

=1,
y=1t> (-1<t<1).
[Tostomy ¢ momorpio dopmya (4.4") u (4.4") Mbl momyaum, aro

I= ‘}(tQ —283) dt + fl(t4 —21%)2t dt = —(14/15).
-1 -1

1) Ha,l'IOMHI/IM, YTO BEJIMYUHY € B AHAJTUTUYECKON reoMeTpHUH Ha3bIBaIOT
QKCOEHTPpUCHUTETOM.



FTABA 5
ITOBEPXHOCTHBIE NHTEI'PAJIBI

B sroit rmaBe Oyger paccMOTpeH BOIPOC 006 MHTEIPUPOBAHUU
dyHKIMIA, 3aJaHHBIX Ha TOBEPXHOCTSX. B ¢Bs3u ¢ 3TMM mnpejBa-
PUTEJBbHO UCCIEAYETCA BOIIPOC O MOHATHUN NMOBEPXHOCTU U IOHATHUN
TJIOTIAU TIOBEPXHOCTH.

§ 1. IloHsAATE MOBEPXHOCTHU

1. Ioustue nosepxuoctu. Orobpaxkenne f obmactn ') G ma
[IJIOCKOCTH Ha MHOXKeCTBO G* TPEeXMEpPHOr0 €BKJIMI0BA IPOCTPAH-
CTBA HA3LIBAETCSI TOMEOoMODP & HBI M, eCIU 9TO 0TOOparKeHne
[IpeJICTaBIgeT coDOM B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXKTY
roukamMu G w G, npu Koropom Jir000i CXOIAIIeiics MoCaenoBa-
renbHoctn { M} Todek u3 G COOTBETCTBYET CXOMSIIIASCI MOCTIE-
nosareabiocTh { M)} Todek w3 G* u KaxKION CXOAAIIEHCs oCIe-
nosaresbHocT ToUek { M)} u3 G* orBedaer CXOAAMIASCS IOCIE0-
BaresbHOCTE { M), } Touek u3z G. MubiMu cioBamu, romeoMopdHoe
orobpakenne obiactu G Ha MHOXKeCTBO GG* —9TO B3aMMHO OJHO-
3HAYHOE U B3aWMHO HEIpPepbIBHOE OTOOpaykKeHhe yKa3aHHBIX MHO-
kecTB. Mb1 Oyziem ToBopuTh, uTo G* aBagercas o6 pazowm G mpnu
romMeoMopdHOM 0TOOpazkKeHuu f.

Paccmorpuwm cienytormmit mpumep. [lycts G — obacTh Ha TI0C-
koctu Ozxy, (u, v) —kKoopauHaThl TOuek M 3Toit obmactu, z =
= z(M) — uenpepsisaas B G dyukiws, G* — rpaduk s1oi yHK-
mun. OdeBumano, orobpazkenne f obmactu G wa G, 3amaBaemoe co-
OTHOIIIEHUSIMU

r=u, y=v, z=2z(u,0v)

SIBJISIETCST TOMEOMOP(HBIM 0TOOpaYKEHNEM 3TOH 00JIACTH HA, MHOXKE-
crBo G*.
Beenem mousitue 3eMeHTApHON MOBEPXHOCTH.
Mmnooicecmeo @ mouex mpermeprozo Npocmparcmen Ha3veaemcs
IANEMEHMAPHOT MNOBEPTHOCMDHIO, ECAU IMO MHONHCECNEO

') HaromumM, 910 06/1aCThI0 HA3BIBAETCS MHOXKECTBO, KayKIas TOUKA
KOTOPOI'0 fABJIAETCA BHYTDEHHEMH.
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asasemea obpazom omrpuimozo kpyza G npu 20meomopPhrHom omo-

6pasicernuu G 6 npocmparncmeo *
C mOMOIIBIO TIOHATHS JTEMEHTAPHOM TTOBEPXHOCTH BBOIUTCS TIO-
HATHE TaK Ha3bIBaEeMON IIPOCTOW NMOBEPXHOCTH.
[IpenBapuTesbHO BBEIEM TOHATHE OKPECTHOCTH TOYKH MHOXKE-
crBa ® eBksnoBa mpocTpancrea E2.
OxkpecruHOoCcThI0O TOukH M mHOXKecTBa P HazbIBaeTCSA 00IIAS
qacTh MHOXKecTBa ® m mpocTpaHcTBEHHON OKpecTHOCTH TOUKM M.
Mmnoorcecmso ® mouex npocmpancmea nasvsaemcs npocmo

NOBEPTHOCbIO, ECAU IMNO MHOHCECTNBO CEAZHO 2) U A106aA
MOYUKA 9MO20 MHONCECMEE UMEEM, OKPECTNHOCTL, KOMOPASA ACAA-
EMCA INEMEHMAPHOT, NOBEPTHOCTNBIO.

OrmeruM, 9TO, JEeMEHTapPHAsT TOBEPXHOCTH SBJSETCS MPOCTOM
MTOBEPXHOCTBIO, HO MIPOCTAs MMOBEPXHOCTH, BOODIIE TOBOPsI, HE SIBJIsI-
ercst anmemenTapHoii. Hanmpumep, cdepa — mpocrasi, HO HesIeMeHTap-
Hasl TOBEPXHOCTb.

Cdopmynupyem morsgtue 06mieit TOBEPXHOCTU.

Orobpaxeunue [ npocroit moepxuocTu G HA30BEM JI O-
KaJlbHO-TOMEOMODP PHBIM, ec/in y Kaxkjaoii Touku G ecTb
OKPECTHOCTDH, KOTOPasi roMeoMOpdHO oToOparkaeTcs Ha ¢BOil obpas.

Mmnoocecmso ® mouex npocmparncmea nasvieaemcs 0 6 uj e
NOBEPTHOCMDB I, ECAU OHO ABAAEMCA 00PA30M NPOCMOT NOGEPT-

HOCMAU NPU  AOKAABHO-20MEOMOPPHHOM
ee omobpadicerul 8 NPOCMPAHCMBO.
SBameganue 1. Ormerum, 9TO
OKPECTHOCTH TOYEK Ha OOITel ToBepx-
HOCTH BBOJSITCS KaK 06pa3bl OKPECTHO-
CTell TOYeK TOU IIPOCTOI MOBEPXHOCTH,
06pa3oM KOTOPOIi ABJISIeTCS JaHHast 00-
At MOBEPXHOCTh.
Puc. 5.1 SBameuganue 2. Ilpocras mo-
BEPXHOCTh, OYEBUHO, SIBJISETCS I10-
BEPXHOCTHIO 0e3 camorepeceuernit u 6e3 camonaseranuii. Obrmas
TTOBEPXHOCTH MOKET UMETh CaMOIepecedenns u camonaeranms. Ha-
npumMep, n3o0pakeHHasi Ha PUc. 5.1 MOBEPXHOCTb MUMeeT CaMOIlepe-
CedeHns, HO ABJISETCS JIOKATHLHO-TOMEOMOPMHBIM 00pa30M TIHINH-
JIPUYIECKOTO TIOSICA U TIO3TOMY SIBJISIETCS ODOIIEH TOBEPXHOCTHIO.

2. PerysisipHag 1oBepXHOCTb. BBeneM moHsTHE PEry/sipHO

(k pas muddepeHnipyemoii) OBEPXHOCTH.

1) Mt paccMarpuBaeM TpeXMepHOe eBKJMIOBO HPOCTPAHCTBO, XOTHA MOXKHO
PaccMaTPUBATH €BKJINIOBO IIPOCTPAHCTBO JIIOOOT0 YUC/IA H3MEPEHUN U TOBODHUTH
0 ABYMEDHOIl IOBEPXHOCTU B 3TOM IIPOCTPAHCTBE.

2) Hamomanm, 9T0 MHOKECTBO HA3BIBAETCS C B 5 3 H BI M, €CJIX JIIOOBIE IBE €r0
TOYKHA MOXKHO CO€JUHUTH HEIIPEePBbIBHON KPUBOIi, IIEJIMKOM COCTOAIIel U3 TO4eK
9TOr0 MHOZKeCTBA.
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Hoseprnocmos @, mouku xomopoti umerom xoopdunamst z, Y, z,
nazweaemes peeyaapnot (k pas duddepenyupyemod),
ecau npu wexkomopom k = 1 y xaoscdot mouku ® ecmv oxpecm-
HOCDb, donyckarowas k pas duddepenuupyemyro napamempusauio.
DTO 03HAYAET, UTO KaXKJIasd YKa3aHHAS BBIIIE OKPECTHOCTD MPEeCTa-
BJsieT coboii romeoMopdHOEe 0TODparKeHre HEKOTOPOHl 3d1eMeHTap-

Hoit obmactn G 1) B maockocTH uv IIPU MIOMOIIU COOTHOIICHUNA
z=z(u,v), y=ylu,v), z=z(u,v), (5.1)

B KoTopbix dbyukuun z(u, v), y(u, v), z(u, v) asasgorca k pa3 gud-
depernupyembivu B obactu G.

Ecau k = 1, To OBEPXHOCTH OOBIYHO HA3BIBAETCS 24G0KO0T.

Mg 6y/1eM TakzKe FrOBOPUTH, UTO C TIOMOIILIO cooTHOIIeHnit (5.1)
B OKPECTHOCTH TOYKH Ha TTOBEPXHOCTU BBOJUTCS DE2YAADHAA NAPa-
MEMPUSAUUSA C TIOMOIIHIO TAPAMETPOB U U 0.

Sameuganwue 1. Ecmu Bea mosepxuocTs ® mpejcraBisier oTo-
6paxkenne obactu G npu nomoru cootHomernit (5.1), To mbl Gy1em
rOBOPHTH, 9TO Ha P BBEJEHA € MHasd mapaMeTpPH3allu 4.

Touka peryIsapHOii MOBEPXHOCTH HA3BIBAETCSA OOBLIKHOBEHHOI, eC-
JIM CYIIECTBYET TaKasd PEryJspHas MapaMeTpHu3alnus HEKOTOPOi ee
OKPECTHOCTH, YTO B 3TOH TOYKE PAHT MATPUIIBI

A= (G b (5.2)

Ty Yov 2o

paBen aByM. B mpoTwBHOM Ciydae TOUKA TOBEPXHOCTH HA3BIBAETCS
ocoboii.

Obmacts G ma mrockocTn Oy/eM HAa3LIBATH TP O CTO #, ecan
9Ta 00JIACTh MPEICTABIIET CODO0M MPOCTYIO TIOCKYIO TMOBEPXHOCT.
Hampumep, Koab110 6€3 rpaHuIlbl SIBJIAETCA MPOCTO 00IaCTHIO.

Bynem rosoputs, uro dyukuus f(u, v) npunaaiexut B G Kiac-
cy C*, ecim oma k pas muddepennupyema u BCe ee 4acTHBIE TPO-
M3BOJHbBIE ITOPsAAKa k HenpepbiBHBL B G.

CrpaseyinBa, CIeayIomas TeopeMa.

Teopema 5.1. Ilycmov 6 npocmoti obaacmu G wa naockocmu
uv sadanve dynxyuu z(u, v), y(u, v), z(u, v) Kiacca C*, k > 1,
npuvem pare mampuyos (5.2) pasen deym 6o scex mourar G. Tozda
coomnowenrus (5.1) onpedeasrom 6 npocmparcmee muoocecmso D,
Komopoe npedcmasasem coboli peeyrapnyio, k pas dugddepenyupy-
eMY10 00ULYI0 NOBEPTHOCTL 63 0COOBLT MOYEX.

HokazarenbcTBo.  OQueBHIHO, JOCTATOIHO yOEIWTHCSI B
TOM, 9TO C MOMOIIBI0 cooTHOIIEHHH (5.1) oCymiecTBageTCS JTOKATD-
Ho-romMeoMopdHoe oTobpaxkenne obmactn G Ha MHOXKeCTBO P.

1) O6nacts G Ha IIOCKOCTH HA3BIBAETCH 9 JI€MEH T a P HO i, eC/IH OHA sIBJIsi-
ercsi 06pa30M OTKPBITOrO KPyra IIpyu roMeoMOp(HOM 0TODpaXKEHUH ITOr0 KPpyra
Ha TJIOCKOCTb.

5 B. A. Unbun u . I. Tlo3usaxk, yactsb 11
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[Tycts My(z0, Yo, 20) — nt0bast hukCUpoBaHHAS TOUKA MHOKECT-
Ba @, orBevatomas 3navenusiM (ug, Vo) napamerpos (u, v) (puc. 5.2).
ITo ycnosuto panr marputpl A pasen AByM B Touke (ug, vg). IlycTs,
paJi ONpEeeHHOCTH, B 3TOM TOYKE OTJIMYEH OT HyJsd ONpPEeen-

Ty Y o
TeNb ‘ Ty 4y |MATPHALBL (A. 1)_[OCKOJ'II)Ky YKa3aHHbBINA OIpeIeInTeNb siB-
D(z, y

JISIETCs AKOOHAHOM Do) U OTJINYEH OT HyJs B TOuke (g, V), &
u, v

dyukumn z(u, v), y(u, v) UMEIOT HETPEPBIBHBIE YACTHBIE TIPOU3BO/I-

Hble B obsracTu (G, TO 1O TeopeMe O Pa3PEITUMOCTH CUCTEMBI (PYHK-

2z

>

[
Yy
W

Ty
Puc. 5.2

[MOHAJIbHBIX ypaBHenuii (cM. Teopemy 15.2 Bein. 1) Haiinercs takas
okpectHocTb H TOuRM (¢, Yo) Ha mtockocTr Oy, 9TO B Ipeaeiax
9TOW OKPECTHOCTH CYIIECTBYeT eNWHCTBeHHOe m k pa3 auddepen-
UpyeMOoe perieHne

u=u(z,y), v=uv=,y) (5.3)
CHCTEMBI
z(u,v) —x =0, ylu,v)—y=0.
3 mpoBesieHHbIX pacCy KIAEHUH BBITEKAET, YTO HEKOTOPas OKPECT-
vocts H rtouku (g, yg) npeacrasisier coboit romeomopdHoe 0TO-
6paskenne HEKOTOpoil okpectrocTH G TOUKH (g, Ug) C IOMOIIBIO
coorHomenuit £ = x(u, v), y = y(u, v) (obparnoe orobpaxenne H
wa G OCyTIeCTBIAETCS ¢ TOMOTIBIO cooTHomenwd (5.3)).
[Moncrapnsist Beipazkenus (5.3) i 4 ¥ U B COOTHOIICHUE Z =
= z(u, v), MBI ybeauMcs, Y9TO HEKOTOpasd OKPECTHOCTh ® TOYKH
My una muOxKecTBe @ damiserca rpacdukom k pas auddepeHupy-
emoit dbyukuuu z = z(u(z, y), v(z, y)) = z(z, y). Ho 310 o3nagaer,
9TO ¢ TOMOIIBI0 GyHKIUK 2(Z, Y) OCYIIEeCTBASIETCS FOMeOMOPQHOe
orobpazkenue okpecraoctu H rouku (zg, yo) miockocru Oy Ha
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VKa3aHHYI0 OKPeCcTHOCTh @ Touku My mHOxkectBa ®. OueBmiHO,
9T0 OKPECTHOCTH G TOUKH (Ug, V) TOMEOMOPGHO 0TODPAIKAETCST Ha,

okpectHoctb ® Toukn My Ha mMHOXKecTBEe D 1) . Mupivu CJIOBaMu,
® npeacrasisier coboii 06pas3 G npu JOKaJIbHO-IOMEOMOP(MOHOM OTO-
OpakeHnn B MPOCTPAHCTBO U SIBJISIETCS TIOTOMY ODIIEi MOBEPXHO-
creio. Teopema mokazaHa.

SBameuganue 2. B mporecce m10KazaTeabCTBa TEOPEMBI MbI
YCTAHOBUJIH, UTO Y Kaocdot mouku My noseprrocmu © 6e3 ocobvx
Mouex uMeemcs oxpecmuocms @, 00H03HAUHO NPOCUUPYIOWAACA HA
00HY U3 KOOPOUHAMHVET NAOCKOCMES U ABAAIOULGACH NOIMOMY 2P0~
Purom k pas dupdepenyupyemoti dynryuu (B 10Ka3aTETHCTBE TE-
opembl 910# dhyHKumeit 6eu1a bysxiys z(z, y)).

Ha puc. 5.2 yxazanbl Touku My u Ny, OKPECTHOCTU KOTOPBIX O
HO3HAYHO Mpoenupyorcs Ha miockoctr Oxy u Oz COOTBETCTBEHHO.

3. 3aaHue MMOBEPXHOCTHU C MTOMOIIbI0O BEKTOPHbIX (DyHK-
muii. PaccmoTpuM peryispayto moBepxHOCTH $. DTa MOBEPXHOCTD
npejicTaBager coboit HEeKOTOpoe MHOXKeCTBO Touek M mpocTpancTBa

Puc. 5.3

¢ Koopauuatamu (z, y, z) (puc. 5.3). O6oznaunm yepes r(M) Bek-
TOp, UAYIIAH 13 HAYaaa KoopauHaT B Touky M mosepxuOocTH. OUe-
suzHo, r(M) npeacraBiaser BeKTOPHYH GYHKIIUIO Tepe-
MerHo# Toukn M nosepxHocTH 2) . DTa ByHKIMA 0GBIYHO HA3BIBA-
eTcsT paguyCOM-BEKTODPOM TMOBepXHOCTH P.

Obpatumcs K Toit OKpecTHOCTH TOYKH M, KOTOpas TpeCTaBIs-
er coboit romeomopdHOE 0TOOparKEeHWEe HEKOTOPOH 3TeMEeHTapHON

1) MI)I BOCIIOJIb30BaJIUCH 31€Ch O9€BUAHBIM YTBEPXKIACHUEM O TOM, 9YTO IIOCJIe-
[OBATEIHLHOE MIPOBE/IeHHE TOMEOMODPMHBIX 0TOOPAYKEHUI 1aeT B PE3YJIbTATE TaK-
e ToMeoMop(dHOe 0TOOpaKeHwme.

2) BexTopuyio dyHKIMIO MOKHO pacCMaTpUBaTh KAaK COBOKYIIHOCTH TPEX CKa-
ssipabix dyuknmit. [Togpobubie cBeenust 0 BEKTOPHBIX QYHKIMAX Ja0Tcst B § 1
ra. 12. ITo mepe HamobHOCTH MBI Oy/1€M HCIIOIH30BATh 3TU CBEICHUS.

5*
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obmactu G ') npu momormu coornomenuii (5.1) (ma puc. 5.3 aTa
OKPeCTHOCTH 00BejieHa MTpUXoBoii smHueit). Tormga, oueBugIHO, KO-
opaunarsl z(u, v), y(u, v), z(u, v) Touku M FBISIOTCA KOODIUHA-
tamu BekTopa r(M ). dcho, uro B 910l OKpecTHOCTH DyHKIU (M)
byaer dyukuueit nepemensnbix u u v: (M) = r(u, v). Ilpu dukcu-
POBAHHOM 3HAYEHUM MEPEMEHHOl v KOHeI| pajuyca-BekTopa r(u, v)
ONKCBHIBAET B PACCMATPUBAEMON OKPECTHOCTH KPUBYTO, HA3BIBAEMYTO
aunueti u (nnm aunuetd v = const). Ipu dpukcupoBanHOM 3HAYEHUN
[epeMeHHON 1 KOHel| panyca-BeKTopa 7 (U, ) ONUCHIBAET AUHUI U
(Aunuro u = const). DTu JIUHUY U U UV HASBIBAIOTCS KOOPOUHATMHBLMU
AUHUAMUY Ha TIOBepxHOCTH P B paccMaTpuBaeMoil OKPeCTHOCTH.
Takwum 0b6pazoM, B HEKOTOPOH OKPECTHOCTH KaXKIOW TOYKHU TI0-
BepxHOCTH P MOXKET OBITH BBEJEHA CUCTEMA KOOPAMHATHBIX JIH-
HU ¢4 ¥ v. DTa CUCTEMA KOODAMHATHBIX JIMHAN HA3BIBAETCS TAKZKE

~
Ocobas mouxa Junus ocodbbLr mouex

Puc. 5.4

CUCTEMON KpUBOJUHEHAHBIX KOOpAMHAT Ha IOBeEpX-
HOCTu (TOYHEE —B PACCMATPUBAEMOIT OKPECTHOCTH ).

B § 1 rn. 12 ykazan reoMeTpUIecKuii CMBICT MTPOU3BOJIHBIX Ty U
7, BeKTOPHOI dbyHKIWMY 7 (U, v). DTU BEKTOPbI MPEJICTABISIOT COOO
BEKTOPBI KaCATEJbHBIX K KOOPAUHATHBIM JUHUSIM (CM. pucC. 5.3).

C 1OMOITBIO BEKTOPOB Ty, U T MOXKHO YSICHUTH MeOMeTPUIECK Ui
CMBICTT OOBIKHOBEHHOH 1 0c000#1 TOUEK PEryJasipHOil TOBEPXHOCTH.

Hamomuwum, uro Touka M MOBEPXHOCTH HA3BIBAETCS OOBIKHOBEH-
HOI, eciM B OKPECTHOCTH STON TOYKM MOXKHO BBECTH TaKyH Mapa-
METPHU3AINI0 ¢ NOMOINBI ypasaeruit (5.1), uro panr marpuipr A
(em. coorrommenwue (5.2)) B 910it Touke pasen 2. Tak Kak CTPOKH Ma-
TPHUIEI A COCTOAT W3 KOOPAUHAT BEKTOPOB Ty, U Ty U paHr A paBeH
JIByM, yKa3aHHbIE BEKTODBI JUHEHHO He3aBUCHMBI. VTak, 0OBIKHO-
BEeHHAs TOYKA XapaKTEPU3yeTCs TeM, 4TO B OKPECTHOCTH 3TOi TOY-
KU MOYKHO BBECTH TaKytO lapaMeTpU3aluio, 9TO BEKTOPHI Ty W Ty B
Touke M JMHEHHO HE3aBUCHMBI.

1) O6nacts G Ha mIOCKOCTH HA3BIBAETCS IEMEHTAPHOMN, €CIIH, OHA IIPeJCTAB-
sister coboit romeoMopdHBIii 06pa3 OTKPBITOrO Kpyra.
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Ha puc. 5.3 Touka M siBisiercst OOBIKHOBEHHOW TOYKOMN MOBEPX-
nocru ®. Ha puc. 5.4 n306pazkeHbl IOBEPXHOCTI C OCOOBIME TOYKAMHU.

4. KacarespHas MJIOCKOCTh M HOPMAaJib K ITOBEPXHOCTH.
OaHOCTOPOHHME U JIBYCTOPOHHUE MOBEepXHOCTU. MbI y2Ke BBe-
JI TIOHSATHE KACATEJbHON TJIOCKOCTH K TIOBEPXHOCTH, IPEICTABJISIIO-
wiedi coboii rpaduk auddepennupyemoit dbyukunu z = z(z, y) (cMm.
n. 2 § 4 . 14 Bein. 1). HanomuwM, 9ro KacaresapHasi IMJIOCKOCTH
B TOouke My Oompeesisijiach Kak IJIOCKOCTh, 00/Iaafo1as TeM CBOii-
CTBOM, 9TO YrOJI MEXK/y 9TOi MIOCKOCThIO U cekyrueit MoM (M —
IPOU3BOJIbHASI TOUKA TIOBEPXHOCTH) CTPEMUTCS K HYJIFO IPU CTPEM-
aenaun M x My. Mbi nokazanu, uro ecau z(z, y) — auddepeuupy-
emasi B Touke (g, yo) dyukims, To B Toure My(zo, Yo, 2(Z0, Yo))
MOBEPXHOCTHU CYIIECTBYET KacaTelbHasl TJIOCKOCTbD.

Yoeaumcst, 9To B J1060#1 OOBIKHOBEHHON TOYKE IVIJIKON IOBepX-
HOCTH CYIIECTBYeT KacaTejbHas IJIOCKOCTh. [l 3T0ro, oueBuiHO,
JIOCTATOYHO YCTAHOBUTH, 9TO HEKOTOpAasi OKPECTHOCTH OOBIKHOBEH-
HOIl TOYKHU IIOBEPXHOCTH IIPeicTaBjsgeT coboii rpaduk auddepen-
mupyemoii dyukuuu. Ho B . 2 sroro naparpada (cm. 3amevanue
YKa3aHHOTO MyHKTA) OBLIO JJOKA3aHO 9TO CBONCTBO Jist JIE000# 0ObIK-
HOBEHHOM TOYKM IIagkoil moBepxuocTu. ClegoBaTebHO, 6 410001
00bIKHOBEHHOT, MOYKE 2400KO0T NOBEPTHOCTIU CYWLECTNEYEM, KACAMEND-
HAA NAOCKOCTND.

SBameuanue 1. V3 ompenenenns KacaTeabHONW TIOCKOCTH K
nosepxuoctu @ ciaemyer, uTo KacarejibHas mpsaMas B Touke My K

JII0001 TJIaIKOM JTHHUN 1), PAaCHOIOZKEHHOU Ha IMOBEPXHOCTHU U IIPO-
xopsieit aepe3 My, JIEXKHUT B KacaTe/JbHOM TLJI0CKOCTH K P B TOUKe
My. Tak Kak BEKTODPBI Ty U T, SIBJISOTCI KAaCATEJTHHBIMU K JIMHU-
M U U v, TpoXoadaruM depe3 My, TO 3T BEKTOPBI PACIIOIATAIOTCS
K KacaTeJabHON IIockocTn B Touke M.

BBenem monstne wmopMmaam K moBepxuHocTu P B Touke M.

Hopwmansio x moBepxaoctu ® B Touxke My Ha3bIBAETCA IIPs-
Masi, TpoxXosinas yepe3 My u neprneHuKyJisipHasd K KacaTeJbHON
mrockocT B My. BeKTopoM HOpMaJau KIIOBEPXHOCTH B TOY-
ke My OymeM HA3bIBaTDL JII000M HEHYJIEBOW BEKTOD, KOJINHEAPHBIH
nopmaJsu B M.

IIycte My — 0OBIKHOBEHHAsT TOYKA TJIAAKON MOBEPXHOCTH P u

HEKOTOpasg OKPECTHOCTH ® 3TOi TOUKM OmpejiesieHa ¢ OMOIIBIO Ta-
KOit BeKTOPHOIN yHKIWU 7(u, V), YTO BEKTOPLI Ty U T B TOUKe M
He KOJITMHeapHbl. Torja, 04eBuIHO, BEKTOD

N = [ryry] (5.4)

1) Tunus L wasbiBaeTcd T J1 aIK O, ecii OHA MOXKeET ObITh 33/aHa C II0-
MOMIBIO BeKTOpHO# bynkimu 7(t) kmacca C', mas xoropoit ' (t) # 0 (Gomee
moapobuo cm. § 2 rr. 12).
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ABJIAETCA BEKTOPOM HOPMaJId K IIOBEPXHOCTH, a BEKTOP

n = Jrurel (5.5)
|[rurd]l
— eMHUYHBIM BEKTOPOM HOPMAJIM K TTOBEPXHOCTH.

SBameuganue 2. Tak KaK M0 YCIOBUIO TIOBEPXHOCTD SBJIAETCS
rrajikoit, To BekTopHasi dbyHKius N (u, v) U BeKTOpHAsT QyHKIIUS
n(u, v), ONpejeJIeHHbIE COOTBETCTBEHHO C MOMOIIBI) COOTHOIITEHM
(5.4) u (5.5), 6yayT HenpepbiBHBIME. Takum 06pazom, 6 HexKomopot
oKpecmHoCcMU KaHcdoth mouky 24a0%K00 NOBEPTHOCTU Cyulecmaeyem,
HENPEPHIBHOE BEKMOPHOE NoAe HOPMAAET.

EcTecTBeHHO BO3HWKAET BONPOC — HA BCAKOW JIM TJIAIKON IO-
BEPXHOCTH B I1€JIOM CYIIIECTBYET HEMPEPHIBHOE BEKTOPHOE MOJIE HOP-
mageit? Oka3biBaeTcsi, eCcTh I0-

r
B |B BEPXHOCTH, Ha KOTOPHIX HE Cy-
A A’ TIECTBYET B II€JIOM HEIPEPHIBHOIO
BEKTOPHOTO 1ojisd HopMmaJeit. [Tpu-
B, A’ MEpPOM TaKON IIOBEPXHOCTU MO-

” KeT CIYyKWATh TaK Ha3bIBAEMBIi
C . (Y3
@ et Mébuyca '), m306parkenHbIii
v Ha puc. 5.5. (Dra mosepxHOCTH

MOJy9aeTCsT W3 TIPIMOYTOTHHIKA

Puc. 5.5 ABB'A" nyrem ckneunsanus cro-

o pon AB n A’B’ takum obGpazom,

yTo npu 3ToMm cosmagalor Touku A m B', m touku A’ m B, cwm.
puc. 5.5).

[TosepxHOCTH, HA KOTOPBIX B IEJOM CYIIECTBYET HEIMPEPBIBHOE
BEKTOPHOE TI0JIe HOpMaJieii, Oy/1eM Ha3bIBaTh JBYCTOPOHH U M U.
[ToBepxHOCTH, HA KOTOPBIX B IEJIOM TAKOTO TIOJI HE CYIIECTBYET,
OysemM Ha3bBaTh OJJHOCTOPOHHU M H.

[TnockocTs, cdepa, MIUTCONT, OTHOTIOTOCTHBIN TUIEPOOTONT —
JIBYCTOPOHHHUE TIOBEPXHOCTH, JucT MEOUyca — OMHOCTOPOHHSIS TIO-
BEPXHOCTb.

B nmanwmeiiem Mbl OyieM paccMaTpuUBaTh JIUINE JBYCTOPOHHUE
MTOBEPXHOCTH.

5. BcriomorareJsibHbIE JIeMMbI. B 5TOM TIyHKTE Mbl JI0KaXKEM
HEKOTOPBIE HYKHBIE IS TATBHEHIIIEr0 yTBEPKICHMU .

Jemma 1. ITycmo My — obvikHosennas mouka 2aa0koti nosep-
nocmu ®. Toeda nexomopas oxpecmuocms mouku My 00no3Haumo
NPOCYUPYEMCA HA KACAMEABHYIO NAOCKOCMb, NPosedertyto 8 410001
mouke amoti OKPeCMHOCmU.

HokazareabcTBO. Y0enuMmcs, 9TO YKA3aHHBIM B JIEMME

cBO¥icTBOM 00JIa/IaeT, HampuMep, Ta OKpecTHocTh ® Toukm My, B
npejiesax KOTopoit HopMaJib B JTI000# TOUKe COCTABISET C HOPMAJIBIO

1) A. Mébuyc — memenxuii maremarux (1790-1868).
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B M) yros, MeHbuil 7/4, ¥ KOTOpast OJJHO3HAYHO [IPOCIUPYETCsT HA
HEKOTOPBIfl KPyr B OJHOI M3 KOOPJMHATHBIX IJIOCKOCTEH (Hampu-
Mep, Oxy) 1) . OrmernM, BO-TIEPBBIX, YTO HOPMAIH B JIOOBIX JIBYX
toukax ® obpasytor yrom, Menbmmii /2. Janee, mycts @ we ob1a-
aeT yKasaHHBIM cBoiicTBOoM. Torma JJIs1 HEKOTOPO#i TOYKM M uz @

MOKHO HajiT Takue Touku P u Q u3 ®, aro Xopaa PQ napasiensua,
Hopmanu ny B M (puc. 5.6). Paccuo-

TPUM JIMHUIO Tiepecedenus @ ¢ TIoC-
KOCTBIO, TTapasiesbHoit Oz u Tpoxo/is-
mieit uepes PQ). B cuity BeiOOpa oKpect-
voctu ® wacte PN »r1oit JjuHuUU
gdexkur B ® wm mpencraBiager coboit
rpacduk muddepentmpyemoii pyHKINAN,
3a/JlaHHOI Ha OTpPe3Ke, ABJAIIIEMC
npoeknueit P Ha miockocth Oxy.
ITo Teopeme Jlarpanska KacaTeabHas B
HEKOTOPOIt TouKe [N 9TOI YacTu napaJi-
JiesibHa xopae PQ) u, ciaemoBaTesbHO,
napaJsienbaa Hopmaan ny; B M. Ho Puc. 5.6

TOr/Ia HOpMaJb B IV, IEPIeH UKy IpHast YIOMSIHYTON KacaTeIbHO,
obpasyer yrosa 7/2 ¢ HopMaibio 8 M. Ho 5Toro e Moxker 6bITh, Tak
KaK HOpMaJiu B JIIOOBIX ABYX Toukax ® (B TOM umcie u B Toukax M
u N) obpasyior yrou, Menbiuii /2. Iloaydennoe npoTuBopedre
yOexk1aeT HAC B CITPABEJIMBOCTH JIEMMBI. JleMMma m1okazama.

Bsenem nmongaTtue 1o i H 0 # moBepxuoctu. [loseprrocms @ na-
3068aeMCA NOAHOT, eCAU A100aA PYHOAMEHMANDHAA NOCACIOBAMEND-
HOCMD MOYeK MOt NOBEPTHOCTU CTOOUMCA K HEKOMOPOT, mouke
noseprrocmu P.

[Lnockoctn, cdepa, /IUICON T, OMHOTIOIOCTHBIN TUIIepPOOIOn, T —
IPUMEPHI TTOTHBIX TToBepxHOCTel. Kpyr 6e3 rpanutibl, /110060e OTKPBI-
TO€ CBSI3HOE MHOYKECTBO Ha cdepe — Hemosiabie moBepxaocTu. Orpa-
HUYEHHBIE TIOJTHBIE TTOBEPXHOCTU U OTPAHUYEHHBIE 3aMKHYTHIE YaCTH
MTOJTHBIX TTOBEPXHOCTEN MbI OY/IEM B Ja/IbHENIIIEM HA3bIBATH OTPAHU-
YEHHBIMU MOJHBIMU TOBEPXHOCTSMHU.

Byaem rosoputh, uto 4acth ® uMeeT pasMepbl MEHbIIE 0, €Cu
9Ta YacTh MMOMEMIAETCS BHYTPU HEKOTOPOU cdepbhl, AuaMerp KOTO-
poil Menbiie 4.

1) Bo3MOXKHOCTD BBIGOPA TAKOH OKPECTHOCTH $ BHITEKAET U3 CJIELYIOLIIX CO-
obpakenwii. B mpempiaymemM MyHKTE MBI OTMETHIH (CM. 3aMe9IaHme 2), 9T
B HEKOTOPON OKPECTHOCTU OOBIKHOBEHHON TOYKU HA [MOBEPXHOCTH CYIIECTBYET
HeIIPpePHIBHOE BEKTOPHOe 11071e HopMasieit. [Toaromy B mocTaTotHo MasIoi oKpecT-
soctu Mo HOpMAJM COCTABIAIOT C HOpMabio B Mo yros, menbimii /4. Mbt
TaKKe YCTAHOBUJIM, 9TO HEKOTODPast OKPeCTHOCTb My OIHO3HAYHO IIPOEIUpPYeT-
Cd HAa KOOPAUHATHYIO IIOCKOCTH. OQ4YeBHIHO, B 3TOMW OKPECTHOCTH €CTh YaCTh,
[IPOEMPYIOIIAsICS HA HEKOTOPBIA KPYT' B KOOPAUHATHOMN ILJIOCKOCTH.
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CupaBeyinBa CJIEIYIOIIAsT JIEMMA.

Jemma 2. [lycmv ® — 2nadkas, oepaHutennas noiHas noeepr-
Hocmov 6e3 ocobur mouex. Cyuecmeyem maxoe 0 > 0, umo ar0bas
wacmo P, pasmepvt Komopoti menvue 0, 00HO3HAUHO NPOEUUPYEM-
CA HA KACAMEABHYIO NAOCKOCTND, NPOTOJAWYI “eped A0y MoKy
amot wacmu.

HokazarenbcTBo. JlomycTtum, 9T0 yTBEp:KIEHUE JIEMMbI
uesepro. Torma s iro6oro o, = 1/n,n =1, 2, ... MOXKHO yKa3aTh
gacth P, mosepxHocTH P, pazmMepbl KOTOPOH MeHbIIE d;, ¥ KOTOpas
HE MPOEIMPYETCs OJHO3HAYHO HA KACATEJBbHYI IJIOCKOCTH B HEKO-
TOpOit cBoeil Touke. Bribepem B Kaxk0it vactu P, Touky M, u BbI-
JeauM 13 nocaegosaresbaocty { M, } momnocie10BaTeIbHOCTh, CX0-

JSILYIOCs K HEKOTOpoil Touke My nosepxuoctun ® 1) . Pacemorpum
OKPECTHOCTHb TOYKU My, YIOBJIETBOPSIONIYI0 YCIOBUSM JEeMMBbI 1.
I[Ipu nocraToynHo OOJBIIIOM 7 3Ta OKPECTHOCTb OyJEeT COAEPKATh
Kaxkayto gactb ®,. Ho Torma 3ta dacTs J0/KHA TPOEIIUPOBATHCS
HA KaCaTEeJbHYIO IMJIOCKOCTh (B JII00O0N CBOEH TOUKE), a 9T0 MPOTH-
BopeuuT BBIOODPY uacteit ®y,. Jlemma mokazana.

CrpaBensivBa CIeAyIOIAs JEMMA.

Jemma 3. [lycmv ® — 2nadkas, oepaHutennas noaHas noeepr-
Hocmv 6e3 ocobur mouex. Cyuecmeyem maxoe 0 > 0, umo a0bas
yacmo P, pasmepv, Komopoli menvuse 6, 00H03HAYHO NPOCYUPYENCA
HA 00HY U3 KOOPOUHAMHBIT NAOCKOCME.

JlokazaTesbCTBO 9TOM JIEMMBI IPOBOJIATCS B TIOJHONW aHAJIOTHE C
JOKa3aTeIbCTBOM JIEMMBI 2.

Jemma 4. [lycmv ® —enadkan, oepanusvennan, noinai 06y-
CMOPOHHAA NOBEPTHOCTD be3 ocobvir mouex. Tozda das awbozo € > 0
MOJICHO YKazamb maxoe § > 0, umo dasa Kocunyca yeara y mesHcoy
eQUHUYHBMU 8EKMOPAMU HOPMAAET 8 MOOWT 08YLT MOUKAT NPOU3-

60AbHOT, wacmu ® noseprHocMU, PA3MEPDL KOMOPOT Merbe §, Cnpa-
6edauso npedcmasietue

cosy =1— agp, (5.6)

2de |ag| < e.

HokazarenbcTBo. Paccmorpum HenpepbiBHOe Ha P Bek-
TOpHOE ToJie eAuHnIHbIX HOpMmaseil n(M) (Takoe mose cyiiecrBy-
er, Tak Kak P JBYyCTOPOHHsIS TIOBEPXHOCTD). BekropHas (yHKIus
T ABJIAETCS PABHOMEPHO HEMPEPLIBHOM, MOCKOIBKY P — orpanutien-
Hasl MOJIHAS TOBEPXHOCTb W TTO3TOMY IPEICTaBJIsIeT COOON OrpaHu-
YeHHOe 3aMKHyToe MHOxkecTBO. [loaTromy misg moboro € > 0 mMox-
HO yKa3arb Takoe d > (0, 4TO 1jis TPOM3BOIBHBIX IBYX TOUYeK M)
u My nosepxaocTH P, paccTogHue MeXKJIY KOTOPBIMEH MEHbIIE J,

1) Tak kak & — Or'paHUYCHHAad I10JIHad IIOBEPXHOCTH, TO TaKYIO IIOAIIOCIE10Ba~
TEeJIbHOCTH BbI6paTb MOZKHO.
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BBIIIOJITHACTCA HEPABEHCTBO
[n(Ms) — n(M)| < V2. (5.7)

Tak kak
cosy=1-— %(n(Mg) — n(Ml))2 1,

TO, TIOJIaTast

ag = 5 (n(Mz) — n(My))?

U UCIOJIb3ysl HepaBeHCTBO (5.7), Mbl yOeauMCs B CIPaBEIINBOCTH
coornoenus (5.6). Jlemma gokazana.

§ 2. IIro1aap TOBEPXHOCTH

1. ITousitue mitomaau nosepxuoctu. Ilycrs & — orpanuyen-
Hasl MOJTHAsS IBYCTOPOHHSISI TOBEPXHOCTH. Pazobbem @ KycodaHo-IIaI-
KUMW KPUBBIMHU Ha KOHEUHOE UMCIO0 vacreit @, Kaxkaas u3 KOTO-
PBHIX OJHO3HAYHO IMPOENUPYETCS HA KACATETBHYIO TJIOCKOCTbH, TTPO-

XOZSITYI0 Uepe3 J06yio TouKy 91oif yactu 2) . OGo3naqnM depe3 A
MaKCHMAJIbHBIN U3 pazMepos dacreit @;, a yepes o; — MII0MIA/Ib TPO-
exinu P; Ha KacaTeapbHYIO MJIOCKOCTh B HEKOTOPOI ToukKe M; dacTu
®;. CocraBum Jajiee CyMMy Y, 0; BCEX YKA3aHHBIX IJIONIAJIE.
7

Ccdopmymupyem CIegyroniue oOnpeeeHns.

Onpedenenue 1. Hucao o na3visaemcs npedesom CYMM
> o; npu A — 0, ecau das w6020 € > 0 MmoocHO YKazams makoe

(2

0 > 0, wmo das ecex pasbuenutli D Kycouno-2Aa0KUMU KPUCHLMU HA
Konewnoe wucao wacmets ®;, daa womopwxr A < J, nesasucumo om
evoopa movex M; wa wacmazr ®; evinosnsemes HepaseHCMBO:

‘Xi:ai—a‘ <e. (5.8)

Onpedeaenue 2. Ecau daa noseprrocmu @ cywecmeyem npe-
dea o cymm Y o; npu A — 0, M0 NOGEPTHOCT® HAZBGAEMCA K 6 a4 O-
i
pupyemotd, a YUCAO 0 HAZBIBAETNCA NAOULAOBIO NOBEPTHOCTMIU.

1) MBI HCIOIB30BAMIH CIIEAYIONHe COOTHOMCHIS:
n’(M)) =1, n’(Mx) =1, n(M)n(M)) = cosn,

S(n(M2) = (M) = S(n* (M) — 2(Ma)n(Ms) + n* (M1).

2) BO3MOHOCTb TAKOTO PA3OHeHMs] TapPAHTUPYETCs JIEMMON 2 IIPEIbLIyIIero
IMYHKTA.
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Harrra 6simekaiitast 3aj1a4a COCTOUT B BBISICHEHUH JOCTATOYHBIX
YCJIOBUH KBaJPUPYEMOCTH MTOBEPXHOCTH. MBI TOKaXKeM, UTO TyIaIKue
OT'PAHUYEHHBIE MMOJIHbIE JBYCTOPOHHUE MOBEPXHOCTU KBAJIPUPYEMBI.
[TonyTHO MBI yKakeM BBIUYMCIUTEIbHBIN ammnapar, ¢ MOMOIIBIO KO-
TOPOT'O MOYKHO BBIYUCIIATD TIJIOIIAIN TTOBEPXHOCTE.

Ha nepssiii B3risi 66110 66 €CTECTBEHHO MOJOWTH K BOIPOCY O ILJIOLIA-
IV TIOBEPXHOCTH, UCHOJIb3Y S AIMIPOKCUMAIIAIO IIOBEPXHOCTH MHOTOIDAHHUKAMU.
OpHako 3TOT MyTh HE MPUBOAUT K mejau. Mbl yKaykeM MpUMEp, TIPUHAIIekKa-

wmii [Mlsapiy ') u mokaswiBarOmumil, 9TO IUIOMAIN BIMCAHHBIX B TIAJKYIO TI0-
BEPXHOCTH MHOTOTPAHHUKOB MOT'Yy T HEOTDAHWYEHHO BO3PACTATh IIPU YBEJIMYECHUN
YUC/Ia TPAHeR W YMEHBIIEHUH UX Pa3MepOB.

IIycres ® —nmnmuapuyaeckuii nosic (puc. 5.7). Pazobbem ® oKpy:KHOCTS-
MM, IapasyiebHbBIMU ocHOBaHuAM P, Ha n paBHbIX udacreit. Kaxkmayro n3 takux
OKPY2KHOCTeIi pPa3/ieJIuM Ha M PaBHBIX YacTeil Tak, KaK 9TO YKa3aHO Ha puc. 5.7.
Ha sTom ke pucynke n3o6pasker MHOTOrpaHHuK Py, , Buucauusiii 8 ®. [Ipu mo-
60M (PUKCHPOBAHHOM M ILJIOMIA/Ib YKA3AHHOI'O MHOIOIpaHHUKA P, OUEBHIHO,
[IPEBBINIAET YBEJIUYEHHYIO B N Pa3 IJIOMA/Ib IIPOEKIIUH ITOT0 MHOTOIDAHHHUKA
Ha IIJIOCKOCTHh OCHOBaHUA ITUJIUHIPA. TaK KaK 3Ta OPOEKINUAd HE 3aBUCUT OT 7N,

TO 3a CUeT yBeJINYICHUS N IIPY JII000M (PUKCHPOBAHHOM M
TLI0TIR/Th MHOTOTpAaHHUKA P,y ), MOXKET OBITH CresaHa
KaK yTroaHO O60JbIIoii.

V4
|
AV

2. KBagpupyeMocTh INIaJKUX [IOBEPX-
HocTel. /lokaxkeM CJIeayIolryio TeOpeMy.

Teopema 5.2. I'radxas oeparuuenHas nNoA-
HAA 0BYCTNOPOHHAA NOBEPTHOCTL 6e3 0CcobbLT
mouex Keadpupyema.

JoxkazarenncTtBo. Ilycts Ha moBepx-
noctu P mMokeT OBITH BBEIEHA eIUHAA PETYJIAP-
Has mapaMerpusais. B saroM ciydae paimyc-
BekTop r(M) nepemenuoit Touku ® moBepxHO-

cTu mpexcTasiser coboit dbyrkumo r(u, v) xkmacca C' %) 3aman-
HYI0 B HEKOTOPOIl 3aMKHYTOI orpaHudeHHoi ob6acTu §) II0OCKOCTH
[epeMeHHbIX U U v. JacTHbIe TPOU3BOIHbIE Ty 1 Ty DyHKINY T (U, V)
MPEJICTABIAIOT OO0 HEMPEPHIBHBIE BEKTOPHbIE (DYHKITH, HE 3aBU-
cdIme OT BbIOOpa JeKapTOBOil MPAMOYTOJIbHOM CUCTEMbBI KOOPIUHAT

B mpocrpancree. [losromy snauenne o unrerpana [ [ |[ry, vy]| dudv
)

7
O

)
A

7
A

>

Puc. 5.7

{

He 3aBUCHUT OT BHIOOPA IEKAPTOBOI CUCTEMbI KOOPJIMHAT B ITPOCTPAH-
crBe. MBI ToKaXKeM, UTO TOBEPXHOCTh P KBagpupyema u ee IiIomaib
paBHa O.

[Tycth € — mpou3BOBHOE TOJOKUTETBHOE YUCTI0, (DUKCUPOBaH-
HOe B JanbHeHux paccyxkaenusx. Ompegennm o atomy € > 0 amc-
a0 § > 0, ucxoas u3 caenyiommx Tpebosanuii: 1) mobas dacts Dy

DT A. IIBapi — HeMeIKHil MATEMATHK (1843-1921).
2) ITox 9TUM CJIe/yeT MOHUMATH, UTO KaXKJas KOMIIOHEHTa (pyHKuua 7 (u, v)
mpunaIexRuT Kaaccy CL.



§2 TIJIOIIA/IL TTIOBEPXHOCTU 139

nosepxHOCTH @, pasMepbl KOTOPOW MeHbINE §, MPOEIUPYETCs Ol
HO3HAYHO HA KACATEJIbHYIO IJIOCKOCTH B Ji000# Touke wactu P;;
2) KOCHHYC yTjia -y MEeXKJy €JMHUYHBIMU BEKTOPAMU HOpMaJiell B
JIFOOBIX JIBYX TOYKax dacTtu ®; MoKeT ObIThH MPECTABIEH B BUJE

cosy =1—ag,, (5.9)

rae |ag,| < e/o u |asg,| < 1. Boamoxuocts Takoro Beibopa § > 0
rapanTupyercs jgemmamu 2 u 4 1. 3 mpeapiymiero maparpada.

Paccmorpum mpoussosbHOe pazdumenume P KycoOUHO-TVIQAKHMU
KPUBLIMHU HA KOHETHOE IUCI0 dacTelt P;, MakcuMa hbHBIH pa3mep A
KOTOPBIX He TpeBbimaeT . Tak Kak #Ha P cymecTByeT equHas mapa-
MeTpu3alys, TO yKa3zanHoMy pasbmennio ¢ ma gactu P; orBeuaer
pasbuenue obsactu ) Ha gactu €2;,. Ha kaxkpoit wacru ®; Beibepem
MPOU3BOABHYIO TOUKY M; n 0003HAYUM [epe3 ¢; TIOMA]b MTPOeK-
umn gactu P; Ha KacaTeabHYO I0CKOCTb B M;. Jliis BRIYUCTIeHUS 0;
MOCTYIUM CJIeAyIonuM 00pa3oMm. Boibepem nekapToBYy CHCTEMY KO-
OpZMHAT TAaK, 9TO ee Hadaa0 coBnagaer ¢ M;, ocb Oz HAITpaBIeHa Mo
BEKTOpPY HOpMaJin K oBepxHocTu B M;, a ocu Ox u Oy pacroyioxe-
HBI B YIOMSAHYTOH KacaTeJbHOU IJIOCKOCTH. B ykazaHHOI cucTeme
KOODJIMHAT TIOBEPXHOCTH OIPEJIE/ISIeTCS MapaMeTPUIECKUMU YPaB-
Henusavu ¢ = z(u, v), y = y(u, v), 2 = 2(u, v), & BEKTOD [Ty 1]
nmeer koopaunatel {A, B, C'}, rie

Yu 2u
Yv 2y

2y Ty
Zy Ty

LTy Yu
Ty You

A= (5.10)

OrmernM, 9To st ToYeK yacTu ®;, BBUIAY BbIGOpa 0 ¥ OPUEHTAIIUN
ocu Oz, Bequunna C nojoxurenbaa, C > 0. Ormerum Tak:ke, 9T0
KOCUHYC YTJIa Yp; MEXKIy HOpMasabio B Touke M dgactu ®; u ocbio
Oz paBen

Cosyn = _C (5.11)

|[rury]|

$ICHO, YTO yTOJI Yy ABISETCS YTJIOM MEXKLy HOPMasIsIMK B Toukax M u
M; wactu ®;, u HOITOMY JIJIsl HEPO CIIPaBEIUBO TpecTasaerue (5.9).
O6parumcst k uurerpany [[ |[ryry]| dudv, xoTopsrt, ouesnaHo
i
He 3aBUCHUT OT BLIOOPA, JEKAPTOBBLIX KOOPAWHAT B IIPOCTpaHcTie. Mc-
HoJIB3Yst MONoKUTENbHOCTH C 1 TpeThio 13 dopmyJ (5.10), nomyaum

//| ryry)| dudy = // ‘[T“”’”

[Tpumensis K uHTEerpasy B npasoit gacru (5.12) nepsyto dopmyry

du dv. (5.12)

Ty
Ty
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CpeHero 3HadeHusi B 00001IeHHOM (hopMe, Oy IUM

4 |[rury]| dudv = ( LE’;UTU ) //‘ o

)| du dv, (5.13)

Ty

rme M — mekoropasi Touka dactu P;.

Tak Kak
(ururvn) _
Tu Yu CcoSs
Ty M ™

(. 5.10) u (5.11)) // (z, y;

(5.13) u npezcraBaenus (5 9) muist cos yys, Haiigem
oi = [[|[rury]|dudv — [[ as,|[ryry]| dudv. (5.14)
Q; Q;

dudv = o; '), To u3 dbopmyn!

Ckuagpisag pasencrsa (5.14) nyst Beex gacreit ®; u yaurbiBas, 910

> [ rury]|dudv = [ |[ryry]| dudv = o, noxyanm
e o)

Z oi=0— ng g, |[rurs]| dudv. (5.15)

Ouennm mocsiesinee ciaaraemoe B npasoit acru (5.15). Vmeem

|[rury]| dudv <

< SZ//Hmrdeudv = S.aza
(2 Qz
Orciona u u3 pasencrsa (5.15) nomyunm
‘Z 0 — U‘ < e.
7

Takum obpazom, moBepxHOCTH P KBaprpyema u ee TIOIMa b PABHA, O.
Mg paceMoTpesn crydaii, Koraa Ha moBepxHocTr P MoxkeT ObITh
BBEJIeHA, eIMHAs MTapaMeTpu3anus. B obinem ciaydae moBepXHOCTH P

1) Mt mcnons3osam GopMyILy mis IIOMAIM ILIOCKOH 0GIACTH IPU IEPeXo-
ze or KoopauHAT (T, ¥) K KoopauHaTaM (4, ¥) ¢ MOMOWIBIO COOTHOIIEHUH T =

= z(u, v), y = y(u, v).
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MOXKET OBITh pa3buTa Ha KOHEYHOE UMCI0 JacTell, B KaxK/I0# u3 Ko-

TOPBIX MOXKET ObITh BBeJeHA emuHas mapamerpmsamms ). Iocae
3TOTO TIOMIAh TTOBEPXHOCTH MOXKHO ONPENeTUTh KaK CyMMY IIIO-
maaeil ykasanubix dacreit. Teopema mokazama.

Sameuganue 1. Ilycte moBepxHOCTH @ KyCOUHO-TIIAIKAL,
T. €. COCTaBJEeHa U3 KOHEYHOTO YHUCJIA IVIQJIKNX OTPAHWYEHHBIX IOJ-
HBIX JIByCTOPOHHUX MoBepxHOCTel. O4YeBUIHO, 9TO MOBEPXHOCTH P
KBa/I[pupyeMa — ee IIJIONIA/Ib MOXKET OBITh OmpejesieHa KaK CyMMa
TJIOIIA/IEHl COCTABJISIONINX €€ TIOBEPXHOCTEN.

SBamMeuanue 2. B mporecce mokazareancTBa TEOPEMBI 5.2
MbI YCTAHOBWJIM, YTO €CJU Ha ToBepxHOocTu P Moxker ObITH BBe-
JleHA eJMHAs IMapaMerpu3alus 1 obJacTbio 3aJaHus PAJINYCa-BeK-
Topa 7(u, v) MoBepxXHOCTH P SBJIAETCS 3aMKHyTas OrpaHUYEHHASA
06acTh §) TIOCKOCTH %Y, TO TLIOMAAb 0 TIOBEPXHOCTA MOXKET OBITDH
Haitmena mo gopmysie

o= [[|[rury]| dudv. (5.16)
Q

Ecm z = z(u, v), y = y(u, v), 2 = 2z(u, v) — napamMeTpuIecKye
YDABHEHUs MOBEPXHOCTH, TO BEKTOD [PyPy] WMeeT KOODIMHATHI
{A, B, C}, onpeznensiembie coornomenusvu (5.10). TTockonbky

[[Pury]| = VA2 + B?2+ C? 10 dopmyna (5.16) moxker ObITh 3a-

rcaHa B cieayoreit dpopme:

o= £f VA? + B? 4+ C? dudv. (5.17)

Ecau Bocnonb3oBaThea 0003HAUYCHUAMU

r?L:E, rury = F, r%:G

u dopMyJIoit

[ruroll = Vrird — (rure)?,
To Bhipazkerue (5.16) aJis 10N TOBEPXHOCTH MOYXKHO 3aIUCATh
TakKe B cyienyromeit popme:

o= [[VEG— F?dudv. (5.18)
Q

Sameuanwne 3. I[Liomanb moBepxHoCTH 00/Ia13€T CBORCTBOM
AaqAUTHUBHOCTU: ecau nogeprrnocms ® pasbuma xycouno-zaao-
Kot Aunueti Ha He umeruue 0bWUT SHYMpPeHHux mover wacmu g
u Py, mo naowadv o noseprrnocmu P pasha cymme o1 + oo NAo-
wadett wacmeti @1 u Po. ITO CBOICTBO BHITEKAET U3 IIPEICTABICHUS
ILIOIMIAAM C IOMOIIBLIO HHTErpaia U aiIuTHBHOIO CBOMCTBA, HHTErPaJia.

1) Moxmo BOCHOJIb30BATHCS, HAIPUMED, JeMMOHN 3 H. 3 HmpeablAyIIero mapa-
rpada. Cormacuo sToit jemme  MOKHO pas3bUTh Ha KOHEYHOE UMCIIO YacTed,
KaK/asl M3 KOTOPBIX OJHO3HAYHO IIPOEIUPYETCs HA HEKOTOPYIO KOODAUHATHYIO
IUIOCKOCTD M TeM CaMbIM fBjsgercs rpadukom muddepernnupyemoit GyHKImH.
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§ 3. IloBepxHOCTHBIE UHTETPAJIbI

1. lloHsiTUS TTOBEPXHOCTHHIX NHTETPAJIOB IIEPBOT'O U BTO-
poro pozmos. Ilycte ® —rnaakasi, orpanuyveHHas TOJIHAS JIBYCTO-
POHHsIsI TOBEPXHOCTH. [lycTh Ha @ 3amana dyukuus f(M) rouku M
nosepxuoct ®. O6oznaunm 4yepes n(M) HeNpepbIBHOE BEKTOPHOE
roJie eJMHUYIHBIX HOpMasieil K .

Pazobbem moBepxHOCTH @ KyCOUHO-IVIAJKUMU KPUBBIMU HA Ya-
ctu ®; m HA KaxK 0% TaKo#l YacTu BbIOEpEM MPOU3BOIBLHO TOUKY M;.
Brenem ciesyronine obosHadenus: A — MaKCUMAIbLHBIA pa3Mep da-
creit ¥;; o; —mmomans ®;; X, Y, Z; — yribl, KoTopble cocTaBigeT
C OCSIME KOODJIMHAT BEKTOP 73(

CocraBuM CIeAyOIINe YeThIPE CYMMBbI:

I{®;, M;} = Zf o, (5.19)
I{®;, M;, Z;} = Z f(M;) cos Z;o;, (5.20)
I{®;, M;, Y;} = Zf ) cos Yoy, (5.21)
I{®;, M;, X;} = Z F(M;) cos X;0;. (5.22)

Jlyist KaxK10it U3 9THX CyMM BBO,Z[I/ITCH nougTue npejgena mpu A — 0.
Mper1 epopmyupyem 1o nousitre st cymm (5.19). st cymm (5.20),
(5.21) u (5.22) nonsarue npejena GoOpMyIUPYeETCs AHAJIOTUIHBIM 00-
pasoM.

Onpedenenue. Yucao I nasveaemca mnpedesom cymm
I{®;, M;} npu A — 0, ecau das a06020 € > 0 moocHo yrazamo
maxoe § > 0, umo das a0bux pazbuenutd noseprrocmu P Kycowro-
2AA0KUMU KPUBSHIMU HA KOHewHoe wucao yacmet ®;, maxcumasvrvii
pasmep Komopuix A menvue §, Hezasucumo om ewvibopa mover M;
Ha wacmaxr P; 6LNOAHACMCA HEPABEHCMBO

|I{(I)i, Ml} - Il <eE.

Mpenen I cymm I{®;, M;} npu A — 0 Ha3bIBaeTCS MO BED X-
HOCTHBIM HHTETrpajoOM NEepBOTro poga oT (GYHKIUU
f (M) 1o nosepxuocTu ® u 0603HAYAETCHA CAELYIOMUM 00PABOM:

I= {)f F(M) do. (5.23)

Ecn (z, y, z) —koopaunarel Touku M ua nosepxuoctu ®, To st
f (M) moxHO ucnonb3osarh oboznadenue f(z, y, z). B arom ciaydae
dbopmyy (5.23) MOXKHO 3anucaTh B BUJIE

I= gf flz,y, z)do. (5.24)
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pepenst cymm I{®;, M;, Z;}, I{®;, M;, Y;} w I{®;, M;, X;}
opu A — 0 HA3BIBAIOTCA HNOBEPXHOCTHLIMM HHTErpajlaMu
Broporo poga ot ¢dyukuuu f(M) no nosepxuocru P.
JIjist STUX MHTErPaJoB COOTBETCTBEHHO MCIOIB3YIOTC 0003HAYEHUST

[[f(M)cosZdo, [[f(M)cosY do, [[f(M)cosX do
® ® ®

win 0603HaYeHNs, aHAIOrnIHble 0003HadeHno (5.24).

Sameuganue 1. U3 onpenenenusi mOBePXHOCTHOTO WHTErPa-
Jia TIEPBOTO POJIa CJIEAYET HE3AGUCUMOCTI IMO20 UHMELPAAL OM,
86100P0 OPUEHMAYUL 8EKMOPHO20 NOAA COUHUNHBL HOPMAEl K No-
8EPTHOCMAU WU, KAK TOBODST, 0M 66100pa CMOPOHv: NOGEPLHOCTI.

SBameuanue 2. [logeprrocmuwili unmezpas 6mopozo pooda
3a8ucum om eubopa cMOPOHbL NOBEPTHOCMAU: TP U3MEHEHUN OPU-
EHTATINY BEKTOPHOTO TOJS €IWHUIHBIX HOpMaJel Ha TPOTUBOIO-
JIO)KHYTO BCE TPU TIOBEPXHOCTHBIX WHTETPAJIa BTOPOTO PO MEHSIOT
3HAK HA TMPOTHUBOTONOKHEIN. ITO OODACHIETCS T€M, ITO B KAXKIOM
u3 cymm (5.20), (5.21) u (5.22) snavenus f(M;) u 0; He MEHAIOTCH
TpU M3MEHEHWN OPUEHTAINW, a 3HAYEHUs] KOCHHYCOB YTJIOB, KOTO-
pble cocrapssier HopMmasib 1 (M;) ¢ 0CsIMU KOODIUHAT, MEHSIIOT 3HAK
Ha IPOTUBOIOJIOXKHBINA.

SBameuganue 3. Ilocie BeiOOpa ONpeneeHHON CTOPOHBI TO-
BEPXHOCTH TIOBEPXHOCTHBIE WHTETPAJBI BTOPOTO POJA MOTYT, OUe-
BUJIHO, PACCMATPUBATHCA KaK MOBEPXHOCTHBIE MHTEIPAJIBI TIEPBOTO
pojia 1o nosepxuocTr P coorercreenno ot dyukuwit f (M) cos Z(M),
f(M)cosY (M), f(M)cosX(M). HeiicrBuresbHo, mocie BbIGOpa
OTIpEeJIeIEHHON CTOPOHBI TTOBEPXHOCTH €OS 4, cos Y, cos X mpejcTa-
BJISIOT coO0ii (pyHKIuu Touku M mosepxuocTu P.

2. CyurecTBOBaHME TTOBEPXHOCTHBIX MHTErPaJIOB MEPBO-
ro 1 BTOPOro PooB. Ilycts moBepxHOCTh @ yIoBIETBOPSAET YyCIO-
BUAM, CPOPMYINPOBAHHBIM B Hadaje 1. 1 sToro maparpada. Beibe-
pem Ha ¢ ompezenenuyo cTopory. COrTacHO 3aMeYannio 3 TMpeibl-
JIYTIEro TyHKTA TOCTe BEIO0Opa OTMPEeIeIEHHON CTOPOHDBI TIOBEPXHOCTH
® MOBEPXHOCTHBIE MHTETPAJTBI BTOPOTO POJA MOTYT PACCMATPUBATE-
cs KaK WHTErpasIbl mepBoro poja. [losToMy mocraTodnbie yCIOBUs
CYTIECTBOBAHUS MBI Oy/1eM (DOPMyNIUpPOBATH JIUIIE JJIsT HHTETPAIOB
TIEPBOTO POJIA.

CrpaBemyinBa CeyIomias TeOpeMa.

Teopema 5.3. Ilycmo na noseprrocmu @ mooicno esecmu edu-
HYI0 NAPAMEMPUIAGUUIO NOCPEICNEOM PYHKUUL

z=xz(u,v), y=yu,v), z=zu,v)), (5.25)

3a0anHOIT 6 o2panuentol 3amrrymot obaacmu 0 naockocmu uv
u npunadaescauuz kaaccy C' 6 amoti obaracmu. Ecau dymnkyus
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f(M) = f(x, y, z) nenpepuisna na noseprrocmu ® 1), mo nosepa-
HOCTHILT UNMEZPAA NEP6o20 poda om Mot PYHKUUL N0 NOGEPTHO-
cmu @ cywecmeyem u mooicem Obimb 6LMUCAEH N0 POPMYAE

I=£ff(M)da=£ff(:1:(u, v),y(u, v), 2(u, V))VEG — F2dudv ?
(5.26)

HokazarenbcTBo. Hawm Tpebyerca mokaz3arh, 9TO I JIIOO0-
ro € > 0 MOKHO yKazaTh Takoe d > 0, 4To J14 jr060ro pazduenns P
KYCOYHO-TJIQJIKAMA KPUBBIMU HA KOHEYHOE dncyo dacteit ®;, mis
KoTOporo A < ¢, He3aBUCHMO OT BbIOOpa Touek M; na wgactax P;
OyIeT BBITOTHATHCA HEPABEHCTBO

I{®;, Ml}—éff(x(u, v),y(u, v),2(u, vV))VEG — F2dudv| < e.
(5.27)

[Iycts € — nroboe buKCHpPOBAHHOE TTOJTOKHUTETBHOE YHCI0. Bribepem
o atomy € > 0 umcio 6* > 0 Tak, 9TOOBI BHIMTOMHINCEH CIIETYIOTIHE
JIBa, YCJIOBUSI:

1) nyst m06bIx ABYX TO4eK (U;, U;) U (ug, v;) obaacru 2, HAXO-
JISITIAXCST Ha, PACCTOSTHUY, MEHBITIEM ¢, BBITTOIHSIOCH HEPABEHCTBO

|\/E(ﬂl, ’171)G(172, @)—F2 Ug, ’Ul \/E U,Z, U; G(U,Z, ’UZ')—FQ(UZ', ’Ui)|<
€
< AP’ (5.28)
rie A — MoJIOKUTETHHOE YHUCTI0, TPEBOCXOISINEe MaKCUMyM (DYyHK-
wun |f(M)|, a P— nnomans obaacru 2,

2) mist io6oro paszbuenus ) KyCOYHO-IJIQJIKUME KPUBBIMU Ha
KOHEYHOe YnCI0 dacreil (;, pasMep KOTOPBIX MEHbBINE 0%, U JJIst
ar060ro BeIGOpa TOUEK (u;, ;) B Npejaesax Kaxaoil gactu (); BbI-
MTOJIHSIJIOCh HEPABEHCTBO

D @i, vi), y (i, v3), 2(ws,03))VE (i, 03) G ui, v5) = F2(ui, 0) 07—
>

- // F(@(u, 0),y(w, ), 2(u, ) VEG — F2dudv| < £, (529)
Q

B KOTOPOM 0 — IJIOIaau Jacreif €2;.

) Housrue menpepsisrocTy byHKmuE Touky M, 3a0aHHOR Ha HEKOTOPOM
mHoxkectse {M} B npocrpancrse, copmyamposano B 1. 1 § 3 1. 14 gactu 1.
B paccmarpusaemom ciydae posnb MHOxkecTBa {M } urpaer nosepxHocTh P.

2) f(z(u, v),y(u, v), z(u, v)) — GYHKIHS, HOIYyYeHHAS IOCPEICTBOM CYIIEPIIO-
summn Gyakuwit f(z, y, z) u x = z(u, v), y = y(u, v), z = 2(u, v). B cany
TeOpeMbl O HEIPEPBIBHOCTH CJIOKHOM (yHKIMU 3Ta (DPYHKIMS HENPEPHIBHA B
obactu 2
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BosmoxkHOCTE HY>KHOTO BbIOOpa §* rapaHTHPYeTCss CBOHCTBOM
PAaBHOMEPHON HENPEPBIBHOCTU HEINIPEPBIBHON B OIPAHUYEHHON 3aMK-

nyroit obracru Q dyukiun vV EG—F? u ¢cBoiicTBOM HHTErpUpyeMOC-
TH HenpepbiBHOI B obsactu Q) dyukunn f(x(u,v),y(u,v), z(u,v))x
xVEG — F2.

Ompenenum o 6* > 0 gucmo § > 0 Tak, 9T00BI JOO6OMY paz-
OreHmIo MOBEPXHOCTH P KYCOUHO-TIIAIKAMU KPUBBIMYA HA KOHETHOE
qncyao dacreit O;, pazMepbl KOTOPBIX MEHBIIE §, OTBEYaI0 Obl pa30u-
enne obsracty ) Ha KOHEUHOE YHCI0 dacTeil §2;, pasMepbl KOTOPBIX
MeHbIe §*. Bo3aMOXKXKHOCTE BBIOOpa TAKOTO § TapaHTHPYETCS TEM, ITO
moBepxHOCTh P mpeacrasiser coboit romeomopdHOe 0TOOpaKeHHe
obnactu {2, W MOITOMY KaxKkKJOMy pasbuenuio ® KyCOUHO-TJIaTKH-
MU KPUBBIMU Ha KOHEUHOE Yucji0 dacreii ®; orBedaer paszbuenue )
KYCOYHO-TJIAJKUMU KPUBBIMEU Ha KOHEUHOe uucyio dacreit ;. [lpu
9TOM eC/ii MaKCUMaJbHBIH pasmep dacreit ®; crpemMurcs K HyJHO,
TO U MAaKCUMAJIbHBIN pasmep dacTeil {); TakKe CTPEMUTCS K HYJIO.

Paccmorpum Temepnh paszduenne P KycOUHO-IIAIKUMU KPUBBI-
MH Ha KOHEeUYHOe uncao dacreit ®;, MakcuMa/bHBIN pa3dMep KOTO-
PBIX yj0BJIeTBOpsieT HepaBeHCTBY A < §, tiae § > 0 BeiOpano 1o §*
yKa3aHHBIM BbIlie 00pa3oM. CocTaBuM 1 9TOTO Pa3OUEHUsT CyMMY
I{®;, M;}, BocionbzoBasumichk ee popazkenneM (5.19). Tax kax rio-

wane o; dacru P; pasua [[ VEG — F? dudv, To, 0603nadas KOOp-
Q,

1
muHaTel Touku M; B wactu ®; wepes (z(uj, v;), y(ug, vi), z(ui, vi)),
HOJTy91M

I(®;, Mz):Zf(:B(U@, v;), y(ug, v;), 2 (ug, Ui))gf\/EG_FQ du dv.

Ucnosib3yst TeopeMmy O cpefHeMm Ijis WHTErpaJjioB B MPaBoil dacTu
MTOCJIETHETO COOTHOIIEHUS, Mbl MOXKEM, OUYEBUIHO, CJIETYIOITUM 00-
pa3oM mpeobpazoBaTh 3TO COOTHOIIEHHUE:

I{®;, M;} — £ff(x(u, v),y(u, v),z(u, v))VEG — F?dudv =
= [Z fla(ui, vi),y(uis vi), 2(ui, v;)) x

X/ E(u;, ;)G (ui, v;) —F2(u;, 5;) o) — {sz(m(u, v),y(u,v), z(u,v))x

x VEG — F? dUdv] + Zf(ﬂU(Uz', vi), y(ui, vi), 2(ui, v;)) X

X [VE (ti, 03) G (i, ;) —F2 (Ui, 0) — /B (ui, v;) G (ug, vi) —F2 (ug, v)] 07

U3 nocseqaero paBeHCcTBa ¢ moMolpio HepaseHeTs (5.28) u (5.29)
MbI JIETKO MojtyduM HepaBeHCTBO (5.27). Teopema mokaszaHa.
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Bameuanue 1. OueBHIHO, UTO J/I BEIYUCICHAS TOBEPXHOCT-
HOro maTerpana sroporo poxa [[ f(z, y, z) cos Z do nocne sbiGopa
)

OTIPEeAEICHHOM CTOPOHBI TTIOBEPXHOCTH P MOKHO HCIIOIB30BATDL CJle-
AYIOy1o hopmyy:

fff:z: Yy, z) cos Z do =

= ,gf Fla(u, v), y(u, v), 2(u, v))VEG — F2dudv. (5.30)

Amnasornanbie GOPMYIBI CIIPABEIUBEI JIJIsT JBYX APYTUX TTOBEPX-
HOCTHBIX WHTErPAJIOB BTOPOTO POJA.

SBameuganue 2. Ilycrs noBepxuocTs @ gamisiercsa rpadukom
dbyukumn z = z(z, y), npunagnexkameil 8 obsactu D cBoero 3aa-

Hnsa knaccy C. Beibepem Ha nosepxaoct ® Ty CTOPOHY, 1715 KOTO-
poit exuHUuHBI BeKTOp HOpMaau 1 (M) MOBEPXHOCTH COCTABJISIET

¢ ocpio Oz octperit yron. B atom ciyuae cos Z = 1/4/1 4+ p? + ¢2,

rnep = a—, q= % [Tycts na moBepxuOoCcTH ® 3a/1aHa HempepbIBHAA

(byHKL[I/IH R(x, y, z). Torga, yauThiBas, 9T0 B KA4eCTBE TTapaMeTpoB
u ¥ v Ha mOoBepxHOCTH Oepyres — u y (moBepxHocTh $ onpesensier-
Csl TTapaMeTpPUYecKUMU ypaBHeHUsMU T = T, y = y, z = z(z, y),

u VEG — F? = \/1+ p?+ ¢?), mbl MoxkeM nepenucarh GopMyJLy

(5.30) coemyromum 06pazom:

ffo Yy, 7 codea—ffo y, 2(z, y))\/ 1+ p% + ¢% x

1
X s W= //R(% y, 2(z, y)) du dy.
D

OTo 3aMedaHne PA3bACHAET CAeAyolnee 00O3HAUEHHUe s I10-
BEPXHOCTHOT'O WHTErpPaJjia BTOPOTO POJA:

if R(z, vy, 2)cos Z do = if R(z, y, z) dz dy. (5.31)

Ormernm, uro obosuadenue (5.31) ucnoab3yercss u B Ciydae, KOr-
na @ ne apnsiercs rpadukom byukimu 2z = 2(x, y).

Mgl GyeM paccMaTpuBaTh MOBEPXHOCTHBIE HWHTEIPAJIbl BTOPOIO
pOJia CIEYIOMIEro BUIA:

[[(PcosX +QcosY + Rcos Z) do.
®
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Taxkwue uaTErpasibl Mbl OyeM 0003HAYATH TAKYKE CJIEIYIONUM 00pa-
30M:

[[Pdydz+ Qdzdz + Rdz dy.
)

SBamMeuganue 3. [louaTns MOBEPXHOCTHBIX WHTETPAJIOB TI€D-
BOTO W BTOPOTO POJIOB €CTECTBEHHO PACITPOCTPAHSIOTCA Ha CIydai,
KOT/Ta TOBEPXHOCTH P SIBIISIETCST KYCOUHO-TIaAKOM. [l Takux 1mo-
BEPXHOCTEH, OYEBUIHO, TaKXKe CIpPaBeINBa JOKa3aHHAd B ITOM
TYHKTE TeOpeMa CyIeCTBOBAHUS.

3. IloBepxHOCTHBIE MHTErPAJIHI BTOPOT'O PO/ia, HE 3aBUCSI-
e OT BbIOOpAa AeKapTOBOI cucTeMbl KOOpauHAT. 13 onpene-
JIEHUsI TIOBEPXHOCTHBIX WHTEI'PAJIOB TIEPBOT0 U BTOPOTO POJIOB CJIE/TY-
€T, YTO WHTErpaJs MepBoro pojia He 3aBUCHAT OT BBIOOPA JEKAPTOBOM
CUCTEMBI KOOPJWHAT B MIPOCTPAHCTBE, TOT/Ia KAK WHTEIPAJIbl BTOPO-
0 POJia 3aBUCSIT OT €€ BhIOOpa, b0 Mpu U3MEHEHUN CUCTEMbI KOOP-
JUHAT MEHSIFOTCS 3HAYEHNs KOCUHYCOB YIJIOB, KOTOPBIE COCTABJISET
HopMmasib n(M) ¢ ocsiMu KOOpDJMHAT.

B ciy4ae, korga Ha MOBEPXHOCTH 33aHa BEKTOPHAdA (DYyHKIIHS,
MOYKHO yKa3aThb 6osee OOIIHiT TOAXOM K MOHITHIO TTOBEPXHOCTHOTO
WHTErpajga BTOPOTO POJIa, TIO3BOISIONIAN B OMPEIETEHHOM CMBICTE
TOBOPHUTDH O HE3ABUCHMOCTH 3HAYEHWS ITOTO WHTErpaja 0T BhIOOpA
JTIEKApTOBO¥ CUCTEMBI KOODJAWHAT B TIPOCTPAHCTBE.

Wrak, mycTsh Ha TJIaAKONW OTPAHWYEHHON MOJTHON IBYXCTOPOHHEIH
nosepxuocT ¢ 3ajaHa HenpepbiBHAsT BekTOpHas (yHKIiws r(M).
Boibepem na ® onpenesentyto cTopory u obo3Haunm depe3 n(M)
BEKTOPHOE T0JI€ eJIMHUYHBIX HOpMaJeil K .

Ouesnno, crassipHoe npoussegenne r(M)n (M) npeacrasiser
coboit HEMPEPBIBHYIO CKAISIPHYIO (DYHKIINIO, 33JaHHYI0 Ha MOBEPX-
HOoCTH @ U MOITOMY HE BABUCSIIYIO OT BHIOOPA EKAPTOBOM CHCTEMBI
KoopAuHAT B ipocTparcTie. CireqoBaTeIbHO, MTOBEPXHOCTHBIN WHTE-
TpaJt TIepBOTO posia 0T ITOH MDYHKITHH

éfr(M)n(M) do

HE 3aBUCUT OT BbIOOPA JE€KAPTOBOI CHCTEMbI KOOPJIMHAT B TPOCTPAH-
ctBe. ObpaTUMCsT K KOOPAWHATHON 3AIUCH CKAJIAPHOTO TTPOU3BEIE-
wust 7(M)n(M), cauras npu sToM, uro BekTOp T(M) MMmeer Ko-
opauaarel P, @, R. Tak kak koopauHarbl BekTopa (M) pasHbi
cos X, cosY, cos Z, To

r(M)n(M) =Pcos X +QcosY + Rcos Z
7 TTO3TOMY

ff da—ff PcosX + QcosY + Rcos Z) do.
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NrTerpan B IpaBoiil 4acTH MOCAEHEr0 PABEHCTBA IIPECTABIIEeT CO-

60it CyMMy Tpex HOBEPXHOCTHBLIX HHTETPaJIOB BTOPOTO POJa 1 O0bIU-

HO Ha3bIBaeTCd OOM UM NOBEPXHOCTHLIM HHTETPAaJJIOM

Broporo poaa. Cuenosarensuo, unrerpan [[r(M)n(M)do
)

TaKKe MOXKHO HA3bIBATH ODOIIUM MOBEPXHOCTHBIM HHTEI'PAJIOM BTO-
poro poJa.
SBameuanue 1. Ecimn ma moBepxuoctu ® 337aHBI TPU CKa-
nsapusle Gynxuun P, Q, R, o unrerpany [[(PcosX + QcosY +
®

+ Rcos Z) do MOXKHO NpHUIATh WHBAPUAHTHBIN (He 3aBUCAIIMil) OT
cucTeMbl KOOpAWHAT Buj, cuntas P, (), R KoopauHaTamMu HEKOTO-
poit BekTopHO# dyHKuuu (M), 3aJaHHON HA MOBEPXHOCTH, W 3a-

nuceiBag sror unrerpan s popme [[ r(M)n(M)do. Orvernm, ato
k)

TEM CaMbIM MbI HABA3BIBAEM OMPEIEJIEHHBIN 3aKOH TPeodpa3oBaHmst
MTOJBIHTErPAJBLHOT0 BBIPAXKEHUS TIPU TIEPEX0ie K HOBOM JeKapTOBOM
cucreme KoopauHat. B 3TOoM ciaydae Mbl IOJy9UM HOBBIE KOOPJIMHA-
bl BeKTOpa (M), KOTOpbIe BBIYUCISIIOTCS 0 M3BECTHBIM U3 aHa-
JIUTAYIECKON reoMeTpuu mnpasuiaaM. OJHAKO TaKol WHBAPWAHTHBIN
BUJI 3aIIUCH TIOBEPXHOCTHOTO MHTErpaJia 0O4eHb yA00eH B PA3JIUYHbBIX
TIPUIOKEHUIX.

SBameganue 2. Ormerum, 9rT0 OOMIMIT TOBEPXHOCTHBIN WH-
rerpas sroporo poga [[ r(M)n(M)do uncienno pasen senuvume,

P

HasbiBaeMoli B dusuke nomokom sBekropa r (M) yepes nosepxHocTh P.



F'TABA 6
OCHOBHBIE OITEPAIIVIN TEOPHNN I10JIA

B sT0i1 1ytaBe paccMaTpuBalOTCs CKaJIsiDHBIE U BEKTOPHBIE TIOJIS.
Uccnenyrorcsi ocCHOBHBIE OTIEPAIUN TEOPHUU TTOJIS.

§ 1. IIpeobpa3oBanus 6a3ucoB u koopauHat. VIHBapuaHTbhI

1. Bzaumubie 6a3ucbl BekTopoB. KoBapuaHTHbIE U KOH-
TpaBapMaHTHbIE KOOPAWMHATHI BeKTOPOB. [lycTs 7, 1=1, 2, 3, —
6a3IC BEKTOPOB TPEXMEPHOTO IPOCTPAHCTBA, 1) (117151 IIOCKOCTH MH-
JIeKC 4 mpuHuMaeT 3Hadenus 1 u 2). Basuc rk k=1, 2, 3, nasbiBaer-
s 630UMNbLM JIsT GA3MCA T, €CIIA BBINOTHSIOTCS COOTHOIICHHST 2)

rirk = oF = { (1); Z;Z i k=1,2,3. (6.1)

CumBon 5f HasbIBaETCs cuMBOJIoM Kpomekepa 3) .
BoszuukaeTr Bompoc 0 CyINeCTBOBAHUM U €IMHCTBEHHOCTH B3aWM-

Horo Gaszuca. OTBET HA TOT BONPOC YTBEPIAUTEIbHBIN: 044 daHH020

6asuca T; cywecmeyem eduncmeennvidi saaummoti 6azuc .

Y6eaumMcs, HATpIMep, UTO BEKTOP 7! ONpe/essercs euHCTBeH-
ubiM 06pazom. CorsracHo (6.1) 9T0T BEKTOpP OPTOrOHAJIEH BEKTOPAM
o W 3. DTUM OJHO3HAYHO OINPEEsIAETC JTUHUS JeHCTBUS BEKTO-
pa 1. 3arem u3 ycaoBug 17" = 1 eMHCTBEHHBIM 06pPa30M OIpeie-
JsieTcss caM BeKTOp r'. AHAJIOIMYHO OJHO3HAUHO CTPOSTCS BEKTO-
pot 2 u 3. Urobe! ybeaurscst, uro BekTophl r!, 2, 73 ob6pasyior

6asuc, J0CTATOYHO J0Ka3arh, uto rlr2rd # 0. CoracHo Teopeme
0 TIPOUBBEJICHUN OIPEIeTUTE e

rirt rir? orrd 1 0 0
(rirors) (r're?) = |ror! ror? rerd| =0 1 0] =1. (6.2)
7'3’!'1 rsr 7'3’!'3 001

1) HamoMHMM, 9TO BEKTOPBI 71, T'2, '3 0GPa3yIOT GA3KC, €C/IM OHYM HEKOMILIA-
HapPHBI, T. €. €CJIM UX CMEIIAHHOE IPOU3BEJICHUE T'1 T2 '3 HE PABHO HYJIIO.

2) Beromy B 9TOH rIaBe cAMBOIOM ab 0G03HAMAETCH CKATAPHOE TIPOM3BEICHIE
BEKTOPOB @ u b, cumBoioM abc — cMemanHoe Tpou3BeaeHNe BEKTOPOB a, b u ¢,
cuMBOsIOM [ab] — BeKTOpHOE poM3BeeHIe BEKTOPOB a U b.

%) J1. Kponekep — nemernkuit maremaruk (1823-1891).
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Tak kak r1ror3 # 0 (BeKTOpHI 71, 9, T3 06pa3ytoT 6a3uc), To
u3 coorromenns (6.2) BeITexaet, uTo u rlrrd £ 0.
Sameuanwne 1. Eciambasuc r; oproHOPMUPOBAHHBIN, TO B3a-

uMHBI 6asuc rF copnagaer ¢ naHEBIM 6a3uCcoOM 7.

Jlerko ybenuThes, 4TO BEKTOPHI r* BzammmoOro Gasmca B Tpex-
MEPHOM TIPOCTPAHCTBE MOTYT OBITH HAMJIEHBI C MOMOIIBI COOTHO-
IIIeHn M’

ror r3r r1i7r
1_ [roms] L2 [rema] 3 _ [rare]

r 9 9
717273 T17T273 r17T27T3

[ycts rj, r* — B3anMubIe 6a3UCH, a & — TPOM3BOIBHBI BEKTOP.
Pazmarast BekTop & 10 6A3UCHBIM BEKTOPAM, Oy INM

3

x =7 4+ zor? + 2373, = z'r) + 2%ry + 2303, (6.3)

YHucia I1, T2, £3 HA3BIBAOTCA KOBAPUAHMHBIMU KOOPDAUHATAMN

BeKTOpA X, a x', 12, 2> — KoNmpasapuanmMHbLMU KOOPINHATAME .

OTH HAUMEHOBAHUS OYJIyT PA3bsiCHEHBI B CJIEIYIOIIEM ITYHKTE.

Ilnsa cokpartnenust 3amucu (popMyJsi, B KOTOPBIX (DUTYPUPYIOT OJI-
HOTHUIIHBIE CaraeMblie (IIPUMEPOM Takux (hOPMYJT MOIYT CIYKHUTh
coorHormenus (6.3)), Mbl OyjeM IOIB30BATHCS B JAJTbHEHIIEM CO-
IJTAIIeHNeM O CYMMWPOBAHUHT, KOTOPOE 3aKJII0YAETCd B CJIETYIOIIEM.
[TycTs mMmeeTcst BhIpaskeHue, COCTABJIEHHOE U3 COMHOXKUTE e, Kemn
B 9TOM BBIDAXKEHWH UMEFOTCS JBA OJIMHAKOBBIX OYKBEHHBIX HHJIEKCA,
U3 KOTOPBIX OAWH BepXHUil, a Apyroil HUKHUN, TO CYUTAIOT, YTO IO
ITUM WHJEKCAM TPOU3BOJAUTCS CYMMUPOBAHUE: WHIEKCAM TOCIEI0-
BaTEIbHO JatoTcd 3HadueHus 1, 2, 3, a 3aTeM CKJIAJIBIBAIOTCS TTOIY-
YeHHbIe ciaaraembie. Hampumep,

zirt = 2t + zor? + z313, 0 = 6% + 6% + 6%,

kﬂU z ) (ng«’BQ«Tk) (g3k$3$k)
gnz'z! +g12$ 2+ gizxta®) +

gikxi = (g
(
+ (g1 2zt 4 goor’as? + gozr?a®) +
+ (g2t 4 gaoada? + gyzada?).

C nomotpio coryalenusi 0 cyMmmupoBanuu dhopmysibl (6.3) 3anuchi-
BAIOTCS CJIEAYIOMAM KOMIAKTHBIM 06pa30M

x=zir', x==a'r. (6.4)

SBamMeuanue 2. Bepxume n HUKHIE OTUHAKOBBIE HHIEKCHI, O
KOTOPBIX TOBOPUJIOCH B COTJIAIIIEHUN O CYMMHUPOBAHUH, OOBITHO Ha-
3BIBAIOTCS WHAEKCAME CYMMHUPOBaHWA. ZICHO, UTO WHIEKCHI CYMMU-
poBamus MOTYT 0003HAUATHCS JIOOBIMU OyKBaMM; IIPHU ITOM BBIpA-
JKEHUsI, B KOTOPBIX OHU (PUTYPUPYIOT, He M3MeHsoTcsa. Hampumep,

zir' u zr* npencrasisier co6oi OJHO U TO JKe BBIPAXKEHHUE.
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Bameuganue 3. Beepaccyx)aeHus 9T0T0 MyHKTa OTHOCUIUCH
K CIy4Yal0 TPEXMEPHOro MpoCTpaHcTBa. B aBymepHoMm ciydae 6yK-
BEHHBIE WHIEKCHI MPUHUMAIOT 3HAYEHUsT 1 U 2.

[TonyunM siBHOE BbIparkeHne KOBaPHAHTHBIX W KOHTPABAPHAHT-
HBIX KOOPAUHAT BEKTOpA. JJIsl 9TOT0 YMHOMKUM CKaJISIPHO IIEPBOE U3
pasencts (6.4) Ha ), a Bropoe Ha rF. YuursBas 3aTeM COOTHOIIE-
Hug (6.1), Haitgem
(2

zry, = z;(r'ry) = 1,0}, = i,

xrt = 2 (rirk) = 2108 = 2k,
Urak, . .
x; =xr;, ' =xr. (6.5)
C nomorpio coorHomtenunii (6.5) 3amuimem dhopmyast (6.4) B cie-
JYIOIIEM BUJIE:
z = (xr)r', x=(xr)r. (6.6)
Coorromenus (6.6) nazeisarorcs dpopmytamu ['ub6ea 1) . O6parmv-
Cs elme pas K BOMPOCY O MOCTPOCHNM B3AMMHBIX GA3UCOB.
C nomorpto dopmy (6.6) mosyunm
v = (P e, e = (rpro)r (6.7)
Bsenem obo3nagenus . .
gri = T, g¥ = vkl (6.8)

C nomotpio 3Tux 0bo3HaYeHuit nepenuriem coorHorrerust (6.7) cire-
JIYOIITUM 00pa3oM:

k

rh =gk, 1y = gr'. (6.9)

Urak, mst mocTpoennst 6asuca 7F mo 6asucy r; 10CTATOMHO 3HATH

marpuny (g¥)), a s nocrpoenus 6asuca ry mo G6asucy ' mocra-
TOYHO 3HATH MATPUILY (gk;). JloKazxkeM, 4To 9TU MaTPUIBI B3aAUMHO
obparubl. s g0Ka3aTeqbCTBa YMHOKUM MepBoe u3 paseHcrs (6.9)
CKAJISIPHO Ha 7. YuuThiBas coorHommenns (6.1), momydmm

ki k 1, 7=k,

DT COOTHONIEHN: MOKa3bBaioT, uro Mmarpuibl (g¥') u (gr;) B3a-

“MHO 00paTHbI. Tak Kak 3/meMeHThl 00paTHON! MATPHUIIBI MOTYT OBITH

BBIUNCIEHBI Yepe3 IeMEHTHI JaHHOI MaTPHIIBI, TO SICHO, 9TO C TIOMO-

1611510 coorHomenuii (6.9) perraercst BOIPOC O MOCTPOEHUH B3AUMHBIX
A3UCOB.

1) . V. Tu66c — amepukanckuii pusuk-reoperux (1839-1903).
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2. IIpeobpa3oBanusi 6a3uca u Koop,zmHaT. Iycrs 7; u 7',

1 =1, 2, 3, — B3auMHbIe 6A3UCHI, & Ty U T’ — HOBBLIE B3aWMHbIE 6a—
3HCHL

Ucriosib3yst coryiaienne 0 CyMMUPOBAHUY, 3aMUIIEM (HOPMYJIbI
npeobpaszoBanusi OHA3UCHBIX BEKTOPOB. MMmeem:

1) dopwmyasl nepexoma or craporo Gasuca r; K HOBOMY T U
dopMyIbl 0OPATHOTO TTEPEXOIA:

ro = b, ri=blry, i =1,2,3 (6.10)

: -/
2) dopmysibl Tepexoga OT cTaporo 6asuca r' K HOBOMY 7' U
dopmysibl 00PATHOTO TTEpexoIa:

' ~i ; ~s sl .
=br', r=0bir", i1 =1,2,3. (6.11)
Tak kak npeobpaszosanust (6.10) B3auMHO 0OPATHBI, TO MATPUIIBI

; ]
(b%) m (b)) B3ammmo obparHbl. Ilo aHATOrMYHBIM COOOPAKEHHSIM
74! 70
B3aMMHO 06paTHbI # MaTpuifs (b. ) u (bl).

Hokazkewm, aro marpuist (bl,) u (b)) copmagator. Tem cameim Oy-

] )
JeT nokazaHo cosmnagenue Marpur (b)) u (b} ). s nokasarenascrsa

YMHOMKEM CKAJISIPHO TepBoe u3 pasexcts (6.10) ma r*, a Bropoe u3

pasencts (6.11) Ha 7. YunreiBas 3arem coorHorrenus (6.1), waii-
JIeM k 0 sk k
ryT bzl ('r@ ) = b,lL/ 62 = bi”
: o~
'rl'f’k/ :b;/ ('rl 'rk/) = b;/ (5}2/ = b;{:l
U3 9THX COOTHOIIEHNUIT Oy ITHM

/L: = rilri, (612)

5
bl = ryrt. (6.13)
[MockonbKy mpaBble gactu coorromrennii (6.12) u (6.13) pasubl, TO
pasibl 1 jesble. Mubivu cropamu, b, = gﬁ,, a 9TO U O3HAYAET COB-
nagenne marput (b)) u (E;,) Ormerum, 4To 91eMentTsl bl, MaTpuibl
(b%)) MoryT 6BITH BRIUHCEHD! TIO hopmyTam (6.12).

Mb1 MozKeM Tenepnb yTBEPAKAATE, UTO JIs IEPEXOA OT Gasuca r;,
P’ k Gasucy ry, v’ 10CTATOUHO 3HATHL UL MaTpuly (bl ) mepexona
or 6azuca r; K basucy ry (Marpura (bz ) BBIYHCIISIETCST 10 MATPHIIE
(b5))-

[TpuBenem mosHy0 CBOAKY dopMy.JT mpeobpaszoBannit 6a3UCHBIX
BEKTOPOB: . §

1= bz,ri, r; = b% Ty,

b i s ug (6.14)
rt=bir', r=0br".
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[Tepeitmem Kk BBIBOAY (hOPMYJT TPeOdpPA30BAHUS KOOPAUHAT BEK-
TOpa TPHU TEpPexoe K HOBOMY Oa3ucy.

Ni
[Tycts x; — KOBapuaHTHBIE KOOpAUHATH & B Hasuce ry, v’ . To-
raa, corsacio (6.5), umeem

Ty = Ty,

HO,HCT&BJ'IEIH B IIPpAaBYIO 9aCThb 9TOT'O COOTHOIIEHUA BbIpazKeHue Jjid
ry w3 dopmya (6.14), waiigem

Ty =& (b;:/'ri) = b;:/ (:I:’I’Z) = bglfzi-

Wrak, dhopmysibl mpeodpa3oBaHus KOBAPUAHTHBIX KOOPAWHAT BEK-
TOpa TIpU TIepexoie K HOBOMY 0a3ucy WMEIOT BUT

Ty = bz, (6.14")

Mps1 BUAMM, 9TO TIPH TIEPEXO/ie K HOBOMY 0a3ucy KOBapHUaHTHBIE KO-

OPJIMHATBI BEKTOPA L TPEOOPasyroTcs € IIOMOIIBI0 MATPHIILL ( 2,)

TPAMOTO TMEPEXOA OT CTApOTo HA3NCA K HOBOMY. DTO COTTIACOBAHNE
npeobpazoBanuii 1 OObACHIET HANMEHOBAHIE <KOBAPUAHTHBIE )
KOOPJIHHATRI BEKTOPA. HO,B;CT&BJIHH B TIPABYIO 9aCTh COOTHOIIIEHUST

¥ = zr’ Bepaxkenne s ¢ uz (6.14), nomyuum mocsie peobpa-
30BaHU CJIeAyroIne (DOPMYJIbL:

= bl z (6.15)

Mps1 BuiuM, 9TO TIPU TIEPEX0/ie K HOBOMY 0a3UCy KOHTPaBapUAHTHBIE

!
KOOPAMHATHI BEKTOPA & MPeobpaszyioTcs ¢ MOMOIIb0 Marpuist (b )
006PATHOTO MEPEX0/1a OT HOBOTO 6a31ca K CTApOMY. DTO HECOTIaCOBa-

HIe peo6pa3oBaHmil 1 O0bSICHIET TEPMUH «KOHTPABAPHAHTHBIE 2)
KOODJAMHATHI BEKTOPAY.

3. lnBapuaHThI JINHEITHOrO onepaTopa. JluBepreHiyus u
poTop JmHeiiHOro oreparopa. Mbr OyneM Ha3bIBATH UHEAPUAH-
Mamu BBIPAYKEHUsI, He 3aBUCAIINE OT BbIOOpa Oaszmca. Hampuwmep,
3HAYEHUE CKAJISAPHOU (DYHKINU B JAHHONW TOYKE MPEICTABJSIET CO-
0ot napapuanT. THBaApHAHTOM SIBJSIETCS BEKTOP-00HEKT, HE 3aBUCS-
it oT BeIOOpa 6azuca. CKaIIpHOEe TPON3BEIEHNEe BEKTOPOB TAKKe
npejicTaBisger coboii HBAPUAHT.

B sTOM myHKTE MBI MO3HAKOMHUMCSI C HEKOTOPBIMU WHBApPUAH-
TaMu JinHeitHoro oneparopa. Ilycrh A — MpPOU3BOIBHBIN JTUHEAHBIH
oTIepaTop, OMpPeIeIEHHBIN Ha BEKTOPAaX TPEXMEPHOI'O €BKJIMJIOBA, TTPO-
crpanctsa (1. e. A(lax + fy) = aAx + SAy niasa a00bIX BEKTOPOB

Y KoBapuanTHbIit — COrIaCOBAHHO M3MEHSIOMIUHCS.
2) KonrpaBaprauTHBI — IPOTUBOIOI0KHO U3MEHSIOIIUHCS.
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& 1 Y u JII0OBIX BEIeCTBeHHbIX uncea o u [3). Jlokazkem, 910 BbIpa-
JKEHUe ) )
r'Ar; = r;Art 1) (6.16)
npeJicTaBJisier cobol WHBapPUAHT.
Hawm my>)HO 10Ka3aTh, 9TO IpHU Mepexojie K Apyromy d6asucy r;,
Ni
r’ Oyner cnpaBeJInBO PABEHCTBO

riAr; =" Ary. (6.17)

S :
¥ —moBbit 6asuc u (bl,) — Marpuma mepexosga or 6azuca

IIycts vy, r
r;, v K Gasucy Ty, r' . Vmeem
r; = bfri:, ri = bfc,rk’.

ITocTaBisst 9TH 3HAMEHNSI U1 7 1 1! B BhIpaskerne 1 Ar; momy<anm

riAr; = (bﬁ,bi,) rF Arg. (6.18)
Tak xax (b bL,) = 5}:,, To u3 (6.18) mosmyuaem

riAr; = 6,’;,,rk/ArZ~/ = ri,Ari/.

Urak, pasencrso (6.17) noxasamno, a c1e0BaTebHO, TOKa3aHa U

WHBapPUAHTHOCTH BhIpaskeHust r*Ar;.

WupapuanTt r'Ar; nunelinoro omeparopa A Mbl OyjaeM Has3bl-
BaTh dusepeenyueli 3TOro oneparopa u OyjeM 0003HAYATH CHMBO-
gom div A. Takum obpaszom,

div A = v’ Ar; = r;Ar'. (6.19)

SamMeuanue. B mannom 6azuce r;, r' IUHEHHBIH OmepaTop
MOYKeT OBITH 33J]aH C MOMOIIBI0 MATPHUITEI, HA3BIBAEMON MaTpHIle

JIUHEHHOTO OTlepaTopa. JTa MaTPHUIA TPEICTABIsIeT coboi MaTpu-
1y koaddurinenTon af pas/ioKeHust BEKTOPOB Ar; 10 Hasucy 7
(MOXKHO, KOHEYHO, PACCMATPUBATL MATPUIly Ko3(hdUIHEHTOB pas-
noxkennst BekTopos Art no 6azucy rF):

Ar; = afrk; a{ = vl Ar;. (6.20)
Jusepreniyst Marpurpl A MOKeT ObITH BbIpaXkKeHa depe3 JIeMeHTh
varpuret (a¥). Mmenno

divA = a! = al +d3+a}. (6.21)

1)B cupasennmBoctu paBencTsa 1 Ar; = 7 Ar' MoxHO yOEUTHCS CIIETYTO-
muM obpason. Mmeen, cormacuo (6.9), 78 = g'*ry, r; = gyr!. IlosToMy, yauTe-
Bas, aro Marpumpl (g°%) u (gi;) B3AMMHO OBPATHBI M CHMMETPITHBI, TIOJTY HM

riAr; = gFguriAr' = 8fr Art = APt = AP
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Yrobbl yoeauThbes B cipaseaauBoctu dhopmyiibl (6.21), mocraTodno

nojcrasuth Beipaxkenue (6.20) miag Ar; B Bblpa}KeHI/Ie (6 19) mis

JWBEPreHIINY W BOCIIOJIH30BATHCS COOTHOIIEHUEM 11y = 6’
HokaxkeM, UTO BbIpaskKeHne

[r;Ar'] = [r'Ar;] ) (6.22)

TaKXKe TpejicTaBaser coboit napapuanT. Ham Hy»KHO JOKa3aTh, YTO
Ni

Mpu Tepexojie K Jpyromy 6asucy 7, v’ OyIeT cupaBeJInBO paBeH-

CTBO

[riAr?] = [rg Ar?). (6.23)

, .
ITycts 7y, " — noBerit 6asuc u (b}, ) — Marpuia mepexoga o 6a3mca

. -/
ri, r* K 6azucy ry, r* . Umeem

-/ - - ’

r; = b} ry, r' = b}c/rk

[Moncrasssis 9TH 3HAYEHUs] JJist T; U ° B BhIpaxkenue [r; Ar'], momry-
UM

[r; Ari] = (bgi’ k) [y Ar¥']. (6.24)
Tak Kak (bfb@) = 0%, o u3 (6.24) momyuaem

[riArt] = 60 [ry ArF'] = [ry Ar?).

Urak, pasencrso (6.23) moKazaHo, a CIeJOBATENIbHO, JOKA3aHa U
MHBApUAHTHOCTH BbIpaxkeHust [r; Ar'].
Wusapuant [r;Ar'] suneiinoro omeparopa A Mbl OyneMm Ha3bl-

BaTh POMOPOM ITOTO OTlepaTopa u 0bo3HayaTh cumBosoM rot A. Ta-
KHM 00pas3oM,

rot A = [r; Ar'] = [r1Art] + [ro Ar?] + [r3 Ar3]. (6.25)

VKaxkeM BbIpaXkKeHue JJjisd JUBEPreHINr ¥ POTOPa JIMHEHHOTO
omeparopa A g ciydasg OpTOHOPDMHUPOBAHHOTO 0asmnca
%, 7, k. Tak Kak B 9TOM CjIy4ae B3aMMHBIH 0a3uc COBIAIaeT C 3a-
JQHHBIM, TO, coriacHo ¢dbopmyaam (6.20), S7€MEHTE @;j MATPHUILHI

') B cropasemymBoctu pasencrsa [r; Ar'] = [r’Am] MOXKHO y6€,I[I/ITbC$I cite-
nyomum obpasom. meem, cornacuo (6.9), ' = g b, 1o = gzl'r Tloaromy,
HCIIONBb3Y s B3AMMHYIO 0BPATHOCTh U cuMMeTpuaHocTh Marpwat: (g%) u (gi), mmo-
JLy UM

[r' Ar;] = g gu[ri Ar'] = 6/ [re Ar'] = [rrAr*] = [ri Ar').
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oreparopa A MOTYT OBITH HaWIEHBI 0 (hOPMyTaM
aj] = ZA’I,, a|p = ZA], a13 = ’I,Ak,
ag1 = JAL, an =jAj, axs =jAk, (6.26)
azy — kA’l,, azp = kA], aszs — kAk

(B orrume 0T O6IIEro CIydast, Mbl 0003HAUUIIN JIEMEHThl MATPHUIIbI
omeparopa A CHMBOJIAMHA Gy, BMECTO a]).

Jlist IuBepreHIy orepaTopa A TOIydYuM CIeayolnee Bhipaske-
HUe:

3
divA = Z i = a11 + a99 + azz = 1At + JA7 + kKAk. (6.27)
i=1

Haiinem Beipazkenwe mjst poropa omeparopa A. Tak kKak B ciydae
OPTOHOPMHUPOBAHHOTO 6a3Wca B3aWMHBIE 0A3WCHI COBIIAIAIOT, TO W3
(6.25) mas rot A mosygaem

rot A = [1A3] + [jAj] + [RAE]. (6.28)

Beruuncsnnm nepsoe Bekroproe npoussesenue [t Ai]. Ilockonbky As =
=a1t+ a213 + ask, To

[’iA'i] = an[ii] + a9 [’L]] + as1 [’Lk] = —a3z1] + a21k.
CoBepIlleHHO aHAJIOTUIHO MTOIYYAI0TCA POPMYJIbI
[jAJ] = 0321: — a12k, [kAk] = —a23i + a13j.

C nomotnpo nosydeHHbix Gopmyst u coorHouienus (6.28) mis rot A
HaliaeM

rot A = (a32 — a23)i + (a13 — a31)j + (a21 — alg)k. (6.29)

§ 2. OcHOBHbDbIE TIOHATHUA U OTIEPAINN, CBA3AHHDBIE
CO CKAJISIPHBIM U BEKTOPHBIM MOJIEM

1. IToHsATHA CKAJIIPHOTO U BEKTOPHOTO moJis. [lycts ) —
006J1aCTh Ha MJIOCKOCTU WJIA B MIPOCTPAHCTBE.

Tosopsr, uto 6 obaacmu ) 3adano CKaAAPHOE NOAE, ECAU KAHC-
doti mouxe M u3 Q cmasumca 6 coomeemcmeue no U3GeCMHOMY
saxony nexomopoe wucao u(M).

OTMernM, 94TO MOHATHS CKAJSPHOTO TOJIst ¥ (DYHKITHH, 38 JaHHOM
B obnacru (2, coBnagaroT. OOBIYHO UCTOIB3YETCS CIeAYIONIAs Tep-
MUHOJIOTUST: CKAAAPHOE NOAE 3a0AENCA ¢ NOMOWLI0 Pynruuy u(M).

[ToHsiTHe BEKTOPHOIO TIOJIsi BBOJUTCS B TIOJHON AHAIOIHMU C T10-
HSITHEM CKaJISIDHOTO TIOJIS: eCAl Kaotcdot moyuke M obaacmu ) cma-
BUMCA 68 COOMBEMCMBUE NO U3BECMHOMY 3AKOHY HEKOMOPWIL GeK-
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mop p(M), mo 2060pam, wmo 6 obaacmu S 3adano sexmoproe nose.
Mgt Oy1eM UCTIOTB30BATH TEPMUHOIOTHUIO: 6EKMOPHOE NOAE 3a00eM-
ca ¢ nomouvto eexmophoti gynryuu p(M).

[Tose TemmepaTyp BHYTPH HATPETOTO TEJA, TIOI€ TIOTHOCTHA MAaC-
Chl — MIPUMEPHI CKaJIApHBIX rtosiedt. [lose ckopocTeit ycTaHOBUBIIIETO-
Cs1 TIOTOKA YKUJKOCTH, TIOJIe MATHUTHOMW HANPSIXKEHHOCTH — ITPUMEPBI
BEKTOPHBIX II0JICH.

2. Inddepennupyembie cKajisspHbie noud. I['pajgueHTt
ckaJsisipHoro noJisi. IlpousBogHas no HanpaBjaeHUO. Mol yxke
OTMETHUJIN, YTO NOHATHs CKajagpuoro mnoisa u(M) B obmacru Q u
byHKINN, 33 JaHHON B 9TOH 00/1acTH, coBmaaaioT. [losTomMy MBI MO-
JKEM OIpeAeuTh AudOepeHImpyeMoCcTh CKAJISIPHOTO IO KakK -
depeniupyeMocTs (GYHKINHU, 3a1aroreii aro noje. st ymobersa
MBI chopMmysipyeM ToHsITHE Tu(OEPEHITUPYEMOCTH OIS, UCIIOIb-
3ysl TEPMHUHOJIOTHIO, HECKOJIBKO OTJIUYHYIO OT OOBITHOIA.

Bynem nazeiBarb auueiiuno#t dopwmoit  f(Ar) orHocu-
TEeIBbHO BeKTOpa AT CKajJspHOE MPOM3BEJCHUE HTOr0 BEKTODA Ha
HEKOTOpPBIH, He 3aBucAiuil oT Ar BeKTOp g. ByseMm Tak>ke MCHOh-
30BaTh 00O3HAUEHNS:

p = p(M, M'") — paccrostuue mexay roukamu M u M’,

Ar =MM — BEKTOp, coeaunstomuii Toukn M n M,

Au = u(M') — u(M) — npupamenue nosist B Touke M.

Cdopmynupyem cienyroiiee onpedeaerue.

Onpedenenue 1. Craasproe noae u(M) nasveaemes 0 u ¢-
pepenyupyemosm 6 mowke M obaacmu Q, ecau npupawenue
zwm Au 6 mouke M moorcem Guimov npedcmasaeno 6 caedyrouseti

opme:

Au = f(Ar) + o(p), (6.30)

2de f(Ar) npedcmasasem coboti aunelinyto Gopmy omuocumesvHo
sexmopa Ar.

Coornorenre (6.30) mMbl Oymem HasbBaThL ycaosuem Jugdeperi-
yupyemocmu tions u(M) B Touke M.

Bameuganue 1. Tak kak suneiinas dpopma f(Ar) npencras-
JsieT coboit craIgpHoe MpousBeierne g - Ar, e g — He 3aBUCSIINH
or Ar sekrop, 10 yciosue (6.30) auddepeHupyeMocTu CKaIsp-
Horo nosst u(M) B Touke M MOXKeT GBbITH 3alMCAHO B CJELYIONIEM
BUIE:

Au =g - Ar+o(p). (6.31)

Hokazkem, uro eciu ckangpuoe nose u(M) auddepennupyemo

B Touke M, To npeacrasienue (6.30) (nim (6.31)) st npuparenus
Aw storo monst B Touke M enuucreenHo. Ilycrs

Au=g-Ar+o01(p) u Au=h-Ar + o0y(p) (6.32)
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— nBa mpejcTaBiaeHus npupaiieans Au B Touke M. U3 dopmyn
(6.32) ayist Ar # 0 mosrydaem COOTHOIIEHUE

(g —hle= olp) , (6.33)
|Ar|
Ar "
B KOTOPOM € = ] — eJIMHUYHBINH BEKTOD, a 0(p) = 02(p) — 01(p).
r
o(p) _ olp)

Tak kax — OeCcKOHEUHO MaJiasi BeauduHa npu p — 0, To

|Ar|
u3 (6.33) caenyer, uro (g — h)e = 0 musa jwboro e, 1. e. g = h.
Enuncreennocts npencrasienus (6.30) mokazana.

Mb1 Gyzsem roBopuTh, 4TO ckaasphoe nose u(M), sadannoe 6
obaacmu 2, dupdepenyupyemo 6 amoti obaacmu, ecau ono dugdgpe-
peHuuPyemo 6 kastcdoti mouke obaacmu ).

Onpedenenue 2. I'paduenmom 6 mouke M Jduppepen-
yupyemozo 6 amoti mouke ckarsprozo noas u(M) nasvieaemcs eex-
mop g, onpedeaennwili coomnowernuem (6.31).

O6o3na4uaercst TPAINEHT CKAJISPHOTO MO CUMBOJIOM grad .

SBameuganue 2. ChopMyaupoBaHHOE BBIIE OIpeJeIeHre
nudHEpEHITUPYEMOCTH CKAITSIPHOTO MO/ YI00HO TeM, 4TO OHO MMe-
€T WHBApWAHTHBIN, He 3aBUCAIIHH OT BHIOOPA CHCTEMBI KOODIHHAT
xapakTep. [losromy epaduenm cxaaraprozo noas npedcmasasem co-
601 uHBaAPUAHM IMO20 NOAA.

SBameganue 3. OrMmerum ciieyromiee BaskHOE OOCTOSITENb-
cTBO: ecau craaaproe nose u(M), sadannoe 6 obaacmu €, Jugh-
pepenyupyemo 6 amot obaacmu, mo 2paduenm grad u amozo noas
onpedeser 6 Kascdoti mouke  u, owesudho, npedcmasaisem coboti
sexmoproe nose, aadannoe 6 ).

SBameuanue 4. JIgga cKaagpHOTO TOJST BBOAUTCS TOHATHE
noseprrocmu yposHs (AUHUY YPOSHA IS TIJIOCKOTO MOJisi), KOTO-
past mpejcTaBIsieT cobo MHOXKECTBO TOUEK, Ha KOTOPOM 3HATEHWS
nossa u(M) onunakosel. I'paguent noss B Touke M oproronajeHn
TTOBEPXHOCTH YPOBHS B 9TOH TOUKe. JuTaTes b Jerko yOennTes cam
B CIPABEITUBOCTH ITOTO 3AMETAHUS.

Ucnonwsys obosuayenne grad u s rpaueHTa CKaJgpHOTO Mo-
Jis1, epenuieM coorHorrenue (6.31) B caemyromeii hopme:

Au = grad u - Ar + o(p). (6.34)

Ormernm, ato craraemoe grad u - Ar oObIYHO Ha3bIBAETCH Jud-
Pepenyuasom du ckassipaoro moss. Takum ob6pasoM,

du = gradu - Ar. (6.35)

JloroopuMca HazbiBaTh auddepentraaom dr npupaiienne Ar
pagmyca-Bektopa r = OM, Ar = OM' — OM. Torma dopmy-
aa (6.35) g quddepennuana du CKaJIpHOTO MOJsST MOXKET OBIThH

3alliCaHa B BUJEC
du = grad u - dr. (6.36)



§2 OCHOBHBIE ITIOHATHA 1 OIIEPATIN 159

[Tycre B obacru §2 3aganbl asa auddepernupyeMbix o u( M)
u v(M). CupaBeyiuBbI CJI€/IyIOIINE COOTHOIIEHWSI:

grad(u +v) = grad u + grad v,
grad(uv) = ugrad v 4+ v grad u, (6.37)

vgradu — ugradwv

U
grad — =
v v?

(mpu v # 0). Eciu F — nuddepennupyemast GbyHKIuUs, TO
grad F(u) = F'(u) grad u. (6.38)
Briog dopmya (6.37) u (6.38) ommorunen. st mpumepa y6e-
IUMCsL B cripaBeyiuBocTu BTopoit u3 dopmyn (6.37). Nmeem, uc-
nosb3yst dopmyay (6.34) u menpepsisHocTs dyukmu u(M),

A(uv) = u(M"v(M') — u(M)v(M) =
= u(M")Av + v(M)Au =
= (u(M) gradv + v(M) grad u) Ar + o(p).

N3 s1ux coorHomenuit BoiTekaer, 4To npuparierue A(uv) mMoxer
6Tk mpezcTasiaeno B gopme (6.31). Tosromy uv — nuddeperin-
pyemast dyukuus u grad(uv) = ugrad v+ v grad u. Bropas u3 dbop-
My (6.37) mokasaHa.

Brenem mouaTue npoudsodnoti no HanpasaeHuto it CKaIIPHOTO
OIS

[Iycrs none (M) 3amano B obaacru §2, M — HeKOTOpasi TOUKa
), e — eIUHUYHBII BEKTOP, YKA3BIBAIOIINI HApaB/ieHue B Touke M.
[Tycrs pnanee M’ — nobas Touka us €, ormuanag or M u Takas, 4To
BekTOp M M’ Konnuneapen BekTopy e. Paccrosnue mexay M u M’
obo3HAaYNM HYepe3 p.

Ecau cyuecmeyem npeden

. Au

lim —

p=0 p
(Au = u(M')—u(M)), mo amom npedea naswvieaemca npouseoonol
noas u 6 mowke M no nanpasaenuio € u 0603HAHAEMCA CUMBONOM

g—u. Takum obpaszom,

e
9u _ Yy B, (6.39)
de  p—0 p

CripaBe yiiBO CJIEJIYIOIIEe YTBEPKICHUE.
ITyemo noae u(M) dupgepenyupyemo 6 mowxe M. Tozda npo-

Ju .
USGOaHG.ﬂ 6_ noaA U 6 3mou moyvke no ./L‘}060My HanpasAecHUN €
e

cywecmeyem u moocem 6vimod Hatidena no Popmyse
ou _ gradu - e. (6.40)
Oe
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JlokaKeM 9TO yTBEPKJICHUE. HyCTb e — jitoboe (huKCupoBaHHOE
HaHpaBJIeHI/Ie u nyctb Touka M’ Oepercs Tak, uTO BeKTOp Ar =

= MM KosmmHeapeH e. fcuo, ato Ar = pe. [lofacrasias 3Hadenne
Ar B coornoutenne (6.34), naiizem

Au = (gradu - €)p + o(p).

Orcroma nostyuaem GopMysTy

Au _ gradu - e + olp) (6.41)
p p

N3 coornomrennit (6.39) u (6.41) Beirekaer dopmyna (6.40). Y-
BEpKJIEHUE JIOKABAHO.

Haiiiem Beipakenue rpajueHTa TudepeHIimpyeMoro CKaIsipHOro
MOJIst, CYNTasi, YTO B TPOCTPAHCTBE BHIOPAH OPTOHOPMUPOBAHHBIN
6azuc ¢, 7, k, ¢ KOTOPBIM CBsI3aHA JEKAPTOBA
NpAMOYTOIbHAsA cucrema Koopauuar Ozyz
Tak xak gradu = t(grad u-7)+j(grad u-j +

_ Ou

ou 8u au 8u 8u
k duk)n = = =
th(graduk) w2 = =%, = = o0 o0 = o0

TO ¢ ToMoIIB0 cooTHotenus (6.40) momyanm

au .au au
Puc. 6.1 gradu_za +‘78_y+ka_

C nomormipto Beipakenus (6.40) jis nTpOU3BOAHON MO HAPaB-
JIEHUTO TIOJTYYaeM CJIeIyIOILYI0 HATJIAIHYI0 KAPTUHY PACIPeIeeHus
3HAYEHUi MPOM3BOJHBIX M0 HAmpasjaeHuto 1moias u(M) B MI0CKOi
obsiactu € B ganuoit rouke M. Ilycrs grad u # 0 (ecom grad u = 0,

u
o u3 (6.40) BbiTekaer, uro — = 0 ms Jgroboro e). Ha Bexrope

e
grad u kak guamerpe (puc. 6.1) mocrpoum okpyzxkuocts C'. TTocrpo-
UM Tak»ke OKpyKHocTh C* ) paBuyto C' 1 KacarIytocs ee B Touke M.
[Iycts e — mpousBosbHOe Hampasaenue. [Iposemem dyepes M mosry-
MPSMYTO TI0 HAITPABJIEHUIO BEKTOPa €. e 9ra moynpsiMast KacaerT-

cst okpyzkuocreii C'u C*, 1o g—z = 0 (BekTop e oproronasen grad u).

ou
Ecnu ke sTa nonynpsivas nepecekaer C' wiu C* B Touke N, 10O %%
(]

pasuo goure M N, B3saTOM co 3HAKOM +, Korma N jexut #Ha C| u
co 3uakoMm —, Korma N gexwut wa C*. Jlng monas B mpocTpaHcTBe
okpyxuocTr C' n C* moMmKHBI OBITH 3aMeHEHBI Chepamu.

3. Iuddpepernnupyembie BeKTOpHbIE nToJid. JluBepreHiusi
U POTOP BEKTOPHOTrO 1osid. [Ipou3BogHasi BEKTOPHOTO TOJIS
mo HarpasJeHuto. [lycts B obacTu () TPEXMEPHOTO EBKJIUI0HA
IPOCTPAHCTBA 3aaH0 BeKTOpHOE 1o1e p(M). B nanbHeiinem 6ygem

ycnonb3oBaTh o6osuavenus: Ar = MM, Ap = p(M') — p(M).
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Cdopmynupyem craeayroiiee ompeseieHue.

Onpedeaenue 3. Bexmopnoe nose p(M) nasweaemcs 0 u ¢p-
pepenyupyemoum 6 mouxe M obaacmu Q, ecau npupa-
wenue noas Ap 6 mowke M moorcem 6vmsd npedcmasieHo 6 cae-

dyroweti popme:
yrouett gop Ap = AAr + o|Ar]), (6.42)

20e A — aunetinvi onepamop, we sasucawut om Ar (ne 3asucausud
om ewbopa mouxy M').

Coornorenne (6.42) mbl Oynem HasbBaThL ycaosuem Jugdeper-
yupyemocmu noas p(M) 6 moure M.

Hokaxkem, uto eciu Bekroproe none p(M) nuddepenimpyemo
B Touke M, 1o npezcrasienue (6.42) masg npupaiienus Ap 3Toro
nonst B Touke M eJMHCTBEHHO.

[Iycts

Ap = AAr + o, (|Ar|) u Ap = BAr + os(|Ar|) (6.43)

— nBa mpejcTaBiaenus npupainennss Ap B rouke M. U3 dopmyn
(6.43) npu Ar # 0 nosiydaem COOTHOIIEHUE

(A—B)e = %, (6.44)

ﬁ — equHUYHEIT BekTOp, O(|Ar|) = 01 (|Ar|) —
”

—02(|Ar|). Tax kak oar)

|Ar|
— 0, a € — IPOU3BOJIbHBIN eUHUYHBIN BeKTOD, TO U3 (6.44) ciemy-
er, uro (A — B)e = 0 ayis ro6oro e, 1. e. A = B. EauncreensocTs
npejicrasienus (6.42) mokasana.

Byuewm rosoputh, uro sexmoproe nose p(M), sadannoe 6 obaa-
cmu ), duddepenyupyemo 6 amoti obaacmu, ecau ono Judpepen-
yupyemo 6 kastcdoti mouke obaacmu 2.

Beegem nonamue npoussodnoti no nanpasaenuto 0as 8eKmMoOpHo-
20 noas p(M).

[Iycrs none p(M) 3amano B obaacru 2, M — HeKOTOpasi TOUKa
Q, € — eIMHUYHBIN BEKTOD, YKA3bIBAIOIIHI HATpaBieHue B Touke M.
[Tycrs pnanee M’ — nobas Touka us €, ormuanag or M u Takas, 4To

!
BekTOop MM KomtmHeapeHn BekTopy e. PaccTosHue mexy TOUKa-
vu M u M’ o6oznaunm gepes p.
Ecau cyuecmeyem npeden

B KOTOPOM € =

— BECKOHEYHO MaJIblii BeKTOp Tpu Ar —

lim 2P
p—0 p
(Ap = p(M') — p(M)), mo amom npedes Ha3u6aEMCA NPOUIEO]-
noti noas p(M) 6 mouxe M no nanpasienuio € u 0603na4%aeMCA
cumsonom 2P
Oe

6 B. A. Unbun u . I. Tlo3usaxk, yactsb 11
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Taxum obpazom, 5 A
P — lim 2P, (6.45)
de  p—0 p
CrpaseyuBo ciieyiorree yreepxaenue. ITycmo nose p(M) dugde-
penyupyemo 6 mouke M obaacmu 2. Tozda npouseodnasn ? noas P
€
8 9MOTi MouKe No A0O0MY HANPABACHUIO € CYUWECMBYEM U MOHCEM,
bvms natidena no dopmyae
9P _ e, (6.46)
Oe
2de A — aunetinod onepamop, onpedesentv coomuowernuem (6.42).
Jokaxxem 310 yTBep:kaenue. Ilycts e — a0boe hbUKCHPOBAHHOE
HalpaBJIeHne U ImycTh Touka M’ Gepercs Tak, 9To BekTOp Ar = pe
u |Ar| = p. Ioacrasisia 510 3Hadenue Ar B coorHouenue (6.42) n
HUCIOJIb3ys CBOMCTBA JIMHEHHOI'O oleparopa, HaljaeM
Ap = pAe + o(p).
Orcrona nostyuaem opMysTy

AP _ pe 4 2), (6.47)

p p
U3 coorromennit (6.45) u (6.47) Borrekaer dopmysa (6.46). Yreep-
JKJIEHTEe TOKA3AHO.

[Iycrs p(M ) — nuddepennupyemoe B Touke M obracru € node.

Torna
Ap = AAr + o(|Ar|).

Haiiem maTpuily jusedHoro omeparopa A s Ciaydas OpTO-
HOPMUPOBAHHOTO Ha3uca ¢, J, k. Mbl Oyzem caurarsh, 9T0 ¢ 9TUM Oa-
3UCOM CBsi3aHA JIEKAPTOBA, MPSIMOYIOJbHAs CHCTEMA KOOPIH-
war Ozyz.

O6o3naunm uepes P, Q u R koopauHaThl BEKTOPHOTO 110151 (M)
B Gasuce ¢, j, k. Ouesunno, cormacuo dbopmyse (6.46),

O _0p_ g B_0p_ g5 _0_

ot oz 0j oy ok 0z
U3 srux dopmyst u u3 coorrommenuii (6.26) ais MaTpuiibi koo durm-
€HTOB JIMHEHHOTO oTiepaTopa B OPTOHOPMHPOBAHHOM basmuce t, 3, k

cJIelyeT, 9TO MaTpHIa A paccMaTpuBaeMoro omeparopa A umeer
BUJL

op op oP
or OJy 0z
1 |99 9@ 9Q
A= dr Oy 0z (6.48)
OR OR OR
ox 0Oy Oz

Beenem nonsitue dugepzenyuu u pomopa nuddepeHiupyemMoro
B obsactu ) BekTOopHOTO Mosist P(M), T. e. TAKOro TOJsl, MpHUpa-
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menne Ap KoToporo B Kaxkuoi Touke M obmactu §2 MOxKeT OLITDh
MPEJICTABIEHO B BUE

Ap = AAr + o(|Ar|),

npudeMm omepatop A, BoobIme TOBOpS, MEHSETCS TPU MEPEeXOie OT
oJHOM TouKM objacTu ) K Apyroii. MHEIME cIoBaMu, OIepaTop 3a-
BUCHT OT TOUKYM M u He 3aBUCHT, KOHETHO, OT Ar.

Hasosem dusepzenuyuet u pomopom noas p(M) e mouxe M
obaacmu ) dusepzenyuto u pomop aunetinozo onepamopa A. Taxum
06pa3om, no onpedeseruio

divp=divA, rotp =rotA. (6.49)

SamMeuanue. [Ipy HAUX TPEaTOTOKEHUAX O UMD DEPEHTIN-
pyemocru noss p(M) B obractu Q nuseprennus div p u porop rot p
orpejiesieHbl B Kaxk 101 Touke ). [ToCKOMbKY 9T 0OBEKTHI STBISTIOT-
csl MHBapuaHTaMu (HE 3aBUCAT OT BbIOOpa 0asmca), TO, 0YEBUIHO,
div p npencrasiisier coboil CKaasIpHOE 1I0JI€e, 8 rot P — BEKTOPHOE I10-
Je B obaactu §2.

Haiinem BBIpakeHuwsi QUBEPrEHIINE, POTOPA W IIPOU3BOIHONI IO
Hanpasyenuio st auddepernupyemMoro BekTopHoro moss p(M),
CYUTasi, YTO B MPOCTPAHCTBE BbIOPAH OPTOHOPMWPOBAHHBIN Ga3uC
%, j, k, C KOTOpBIM CBsi3aHa [I€KAPTOBA IPSAMOYTOJIbHAS CHCTEMA
xoopauaaT Oxyz. [Ipu 3T0oM, Kak ¥ BIIeE, OyAeM CINTATH, ITO TOJe
p(M) umeer koopauuarsl P, ), R B 6asuce 1, j, k.

[¢]

Tax xkax Marpuna A JmueiiHoro omeparopa A ompegensercsa B
paccmaTpuBaeMoM ciydae coorHorreruem (6.48) u mo onpeesieHuto
divp = div A, rotp = rot A (cm. (6.49)), o, cornacuo dbopmynam
(6.27) n (6.29), noayunm

op | 0@
lep— + B + o1 8z (6.50)
_(0R _8Q\. , (9P OR\.,K (8Q 0P
rotp = (83/ 8z>z + (873 81:)‘7 + (ax 8y)k' (6.51)

st Bbraucienus: mpousBoaHON BekTopHOro mnosist p(M) mo Hamnpas-
JIEHWIO € BOCIOo/Ib3yeMcsi (popmysioit (6.46) 1 cBoiicTBaMu JIMHEHHOTO
oreparopa.

Iycts e = i cosa+jcos f+kcosy ). Torma, cornmacuo (6.46),
HOJTy9UM
op _
Oe 5 5
Op Op Jp Jp P P
= COSQ — +COSP — +COSy —=— = COS™x — + COSp — + COoSy —
@ Heoshy 7 ok * o Bo, TEos75

= Ae =cosa At + cos S Aj + cosy Ak =

1)":[‘ZI.K KaK e—e,[[I/IHI/I‘{HI)II/I BEKTOpP, TO €ro KOOPpAWHATHI HWMEKT BHUI
{cos a, cos B, cosv}, rme a, U v — yIibl, KOTOPble COCTABJAET ITOT BEKTOD
¢ ocavmu Oz, Oy u 0z coorsercTaento.

6*
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0
Taxum obpazom, TPOU3BOTHAS a—p MOXKeT OBITh BBIYUCIEHA JUOO 110
e

dopmye

9 _ cosa 2P cosﬁ 6” + cos7 (6.52)
Oe Oz
anbo, yuurhiBasi, 9to P, (), R — KOOpIAuHATHI p(M ), o dopmyie
op _ <8P osoz—i—a—Pcosﬂ—i-a—Pcos*)')i—l—
Oe or oy

0Q

0Q
By cosﬁ + =

+ (ZQ cosa + — cos7>,7+

+ (8_R cos o + 6_R cos f +9R cosq/)k (6.53)
0 Jy

4. IToBTOpHBIE Ollepaluy TEOPUU II0JIsI. Byaem cuuTaTh,
410 B 061acTn §) €BKJINI0BA IPOCTPAHCTBA F° 3a/1aHbI CKAJIAPHOE
nore u(M) xmacca C? 1) u Bexroproe none p(M) kmacca C2.

[Ipu stux npegnonoxenusix grad u npeacrasisier coboii qudde-
peHImpyeMoe BeKTopHoe 1osie B §2, div p — muddepenimpyemoe cka-
JIApHOE TIoNie, a rot p — muddepeniupyemoe BekToproe mose. Ilo-
9TOMY BO3MOXKHBI CJIEIYIOIINE TIOBTOPHBIE OMEPATIHH:

rotgradu, divgradu, graddivp, divrotp, rotrotp.
JlokaxkeMm, 4TO
rotgradu =0, divrotp = 0. (6.54)

Hna noxazarenbcrBa Bbhiuncaum rot gradu u divrot p B gexapro-

BOH MPSAMOYTOJBHOM cHCTEMe KOOpAWHAT. Tak Kak B 3TOM CIydae

Ou Ou Ou
KoopauHaThl grad u paBHbBI —,

—, —, TO H& OCHOBAaHUU (POPMYJIBI
oxr’ Oy 0z

(6.51) mosryanm

2 2 2 2
rotgradu=<au—au>i+(au—au)j—i-
0ydz 0z0y 0z0x  0Ox0z

2 2
i (3_“ _ ‘9_“) k—0.
Ooxdy  Oyox
Takum 06pas3om, nepsoe u3 paseHcTs (6.54) crpaBeuBo s JeKap-
TOBOH CUCTEMBI KOOpAHHAT. B CUJIy UHBAPUAHTHOCTHU BbIDa2KEHUA
rot grad u, nepsoe u3 pasencts (6.54) mokazano. Ilepeiimem k jo-

KazaTeabCTBy BTOporo pasencrsa (6.54). O6parmmcs onarb K jie-
KapToBOii cucreme KoopauHaT. B sroii cucreme, cormacho (6.51),

1) ®yukunsa npusagmexut kaaccy CF B o6macTu 2, eciu BCe ee YaCTHBIE TIPO-
WU3BOAHBIE MOPSAIKA k HEIPepHIBHBIL.



§ 3 BBIPAYKEHUE OIIEPAIIUY B KPUBOJIMHENHBIX KOOPJIUHATAX 165

<8R 6Q) (ap 6R)

BEKTOPHOE T0JIe IOt P uMeeT KOOpAUHATH | — — —%

dy 0z 0z ox

(ZQ ap) rae P, @, R— koopaunarsl Bektopa p. Coracuo (6.50)
€T Y

JUBEpre’iud BeKTOPHOTO o4 rot p B AeKapTOBOI NPAMOYTOIbHON
CUCTeMe KOOpAWHAT paBHA CyMMe IIPOU3BOAHBLIX KOMIIOHEHT 3TOIO
MOJIst TTI0 OJTHOMMEHHBIM KoopawHaTtaMm. Takum obpazom,

o (OR 0Q oP OR 0 (0Q 0P
vy = S(8-2) 80290 220 98) o
vIotp ox \ dy 0z o oy \ 0z oz + 0z \ Oz dy 0

Takum obpasom, Bropoe u3 paseHcTs (6.54) crnpaseniuBo st je-
KapTOBO# CHCTEMBI KOODJAWHAT. B CHy MHBAPUAHTHOCTU BbIpaXKe-
uust divrot p, Bropoe u3 pasencts (6.54) cnpaseuBo B 110601t cu-
cTeMe KOOPIIHAT.

OHoit M3 OCHOBHBIX TTOBTOPHBIX OTMEPAITHl TEOPUH TIOJIST SIBJIsI-
ercs omeparus div grad u. Kpatko sty omeparuio obosunagaor Au,
mpirdeM cuMBOI A 0GBIYHO Ha3BIBAIOT omepaTopoM Jlamraca ') . Ta-
KUM 00pa3om,

Au = divgrad u. (6.55)

Berancaum oneparop Jlammaca B J€KapTOBOM MPsiMOYTOJIBHOM

cucreme KoopauHat. B Takoii cucreme BekTophoe mose grad u ume-
ou Ou Ou

eT KOOPJAUHATHI 9’ oy 92 . O6pamasice k Bhipazkernio (6.50) mis
IUBEPreHIUA BEKTOPHOTO IMOJId, TTOTYIUM
pum Oy O O
ox?  0y? 022
[Tosropubie oneparuu grad div p u rot rot p cBA3aHBI COOTHOIIIEHUEM
rotrot p = grad divp — Ap, (6.57)

rae Ap npeacrasiager coboil BEKTOP, KOOPAMHATH KOTOPOro B 6asu-
cet, 3, k pasast AP, AQ, AR (P, (), R— KOOpJMHATHI BEKTOPHOTO
nosg p B 6asuce ¢, J, k). B cupasegnusoctu coornommenus (6.57)
YUTATEND JIETKO YOEIUTCA CAMOCTOATENBHO.

(6.56)

§ 3. BeipakeHue OCHOBHBIX ONepaIii TEOPUMN IO
B KPUBOJIMHEMHBIX KOOPAMHATAX

1. KpuBosmmueiinpie KoopaumHaTbl. Ilycts () — obmacTh eB-
KJIMJI0BA TIpoCTpancTBa F3; T, Y, 2 — JeKapTOBbI KOOPAUHATEI B 3TOM
npocrpanctse. ITycrs nanee, {2 — ob1acTh €BKIMI0Ba TPOCTPAHCTBA
E3; ', 22, 2% — nexaproBsl koopauHaTh B F°.

1) II. C. Jlamnac — sbigarommiicss hpaHIy3CKUH aCTPOHOM, MATEMATUK ¥ (u-
3uk (1749-1827).
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Pa.CCMOTpI/IM B3aMMHO OJHO3HAYHOE€ MW B3aHMMHO HEIIPEPBLIBHOE

orobpazkenne obaactu ) Ha 06gacTh {2, KOTOPOE OCYIIECTBIISIETCS
TOCPeACTBOM (DYHKITHH

1 2 3)
9

r=zx(z, z°, x y=ylz, 22, %), 2=zt 2% 2%). (6.58)

C moMoIIb0 yKa3aHHOro 0TobparKeHust B obyiactu ) BBOASATCS KPU-

BOJIMHENHBIE KOOPpAWHATBI ZIJI, $2, 1173. CMBICJI 9TOr0 HAMMEHOBAHUSA

JIETKO Y{CHHUTDb U3 CIAEAYIONUX paccyxkaenuii. Bo-mepBoix, Kaxkmoit

Toure M (x, y, z) obmactu §) conocTapagroTcs Tpu unca b, 12, 13

Bostee Touno, Touka M ompesensiercss Tpoiikoii umcen x!, x?, x3.

OTUM OOBICHSAETCS HAMMEHOBAHWE <«KOOPAUHATHI» TOUKM M mjis

ancen z', 22, z°. Bo-BTOpBIX, €C/IH B IIPABBIX YaCTAX COOTHOIICHM

(6.58) dbukcupoBanbl jJBe Kakue-jub0 KOOPAMHATHI, HAIPUMED z?

U 23, TO TIPU EePeMeHHOM &' 5TH COOTHOIIEHNS ONPEIEISIOT B 00/1a-

ctr ) HEKOTOPYIO JIMHUIO, OTJIUIHYIO, BOOOIIE TOBOPSI, OT TIPSIMOI.

DTy JWHUI €CTeCTBEHHO HA3BIBATH KOOP-

dunamunoti aunued ', nomguepkuBasg TeMm
b

CaMbIM, YTO B TO4YKaX yKa3a.HHOI71 JIMHUN

MEHAETCd JIMIIb KOOpAUHAaTA fEl. B nmosnnoit

AHaJIOTUK OIIPEeAe/IAI0TCAd KOOPAWHATHBLIC

auann 2 u x>, Boobie ToBOps, KOOpIH-

HaTHBIC JIMHUN IL’l, IL’Q n IL’3 HE 6y,I[yT Ips-

MBIMU. DTUM U O0'bSICHSIIETCS TEPMUH «KPU-
BOJIMHEHHBIE KOOPAUHATHI».

Mpr BbIsicHWIM, YTO dYepe3 KAayKIyio
Touky M objactu () MpOXOAST TPU KOOP-
Puc. 6.2 nunareeie guann b, 22, 23 (puc. 6.2). Ilo-

crpouM B Touke M 6asuc r;, r’, ecreCTBEHHBIM 00pa30M CBA3AHHBIA
C KOOPAWHATHBIMU JIMHUSMU, TPOXOAIIUMEA depe3 3Ty Touky. [Ipu
9TOM MBI BOCIIOIb3yeMcs coorHomenusMu (6.58). OdeBusno, 1mpo-

ox Oy 0z
W3BOJIHbIE —— BBIYUCTIEHHBIE B TOUKe M, IpeacTaBIsdioT

dz'’ Ozl dxt’
coboit KOOpANHATEI BEKTOPA KacaTe/NTbHON K JTMHUN z' B 3rT0it TOUKe.

Mpu1 0603HAUNM, 3TOT BEKTOP Yepe3 7'1. AHAIOIHIHBIM CIIOCOBOM MbI

CTPOUM BEKTOPEI 179 U "3 KaCaTE/JIbHbIX K JIMHUAM 5!72 n 5!73 COOTBET-

crBerHO. Takum oOpasoM,

pp— {0z Oy 02 } k=1,2 3. (6.59)

~ Laeh’ 9at’ aak

s Toro 9Tobbl BEKTOPBI 71, To, T3 00pa3oBaiu 6a3ucC, HYK-
HO HOTpe6OBaTI:> HEKOMIIJIAHAPHOCTH 93THUX BEKTOPOB. ,H‘OCTELTO'{HBIM
yciaoBueM Jid BBIIIOJIHEHUA 3TOI'O Tpe6OBa.HI/IH ABJIAETCA, O4YEeBUIHO,
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ycaoBre HeoOpallieHnst B HYJIb KOOUaHa

dx Oy 0z

dx'  0z'  dxt

D(z,y,z) _ | Ox oy 0z
D(z!, a2, z%) 02 0x2 0a?|’

or Oy 0z

dz8  9x3  0x?

160 TOT TKOOMAH PABEH CMEIIAHHOMY IIPOU3BEICHUI0 BEKTOPOB 71,
ry, 3. C MOMOMIBIO TOCTPOEHHOTO bas3uca 1, ra, T3 CTAHIAPTHBIM
06pazoM CTPOUTCS B3aWMHBIT 6a3uc r', r2, r3.
rak, ecsm B obsacty ) BBeIeHbl KPUBOJIMHEHHBIE KOOPIHHATHI L,
x2, x3, TO C KaxKJ0# Toukoit M 3Toil 00J1aCTH ecTeCTBEHHBIM 00pa-
30M CBSI3BIBAIOTCS OA3MCHBIE BEKTOPH 77, 7. PaccMorpum mpuMepsr.
1°. Huaundpuseckaa cucmema Koopounam. ITa CUCTEMa KOOP-

JUHAT BBOJAUTCA C ITIOMOIIIBIO COOTHOIIIEHU I
T =pcosp, y=psing, z=2z. (6.60)
Taxum obpazom, £' = p, 2 = ¢, 3 = z. I3BecTHO, UTO yKA3aHHbIE
KOODJMHATHL p, ¢, z (Win, 4To TO ¥Ke, z!', 22, :133) U3MEHSIOTCA B
CIIeJIYIONIAX Tpejeax ) :
0<p<<+oo, 0K p<2m, —oo<2z<o00.
OTH HEPABEHCTBA OIPEIE/SIOT B eBKJ'II/I,ILOBOM IIPOCTPAHCTBE KOOp-

amHaTamu p, o, z (mmm z', 22, 2%) Geckoneunyio obmacTh Q E3 ¢

n3obpaxkenuyt Ha puc. 6.3. Mb1 MoxkeM, cieg0BaTENbHO, PACCMAT-

Junus ¢

Jlunus z

Puc. 6.3
pUBaTh BBeJIEHUE MUJINHAPUIECKUX KOOPANHAT B €BKJIMIOBOM ITPO-
crparcTBe E° kak pesynbrar oTobpaskeHms o6aacTh Q TPOCTpAaH-
crea B3 B npoctpancrso B3 ¢ nomompio gopmya (6.60).

M. BBII 3 «AHaJuTHYecKasd TeOMeTpHS» HACTOAIIETO KYPCa.
BYe 3 «A biiy y
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OueBuIHO, KOOpAUHATHLIC uHuK p (miu ausum z') npejacras-
JISTEIOT cODO0It TIpSIMBbIE, TTPOXO/Isiie Yepe3 ocb Oz, MePIEHIUKYISIPHO

9TOM OCH, KOOPIMHATHBIE JINHWUH (0 (JIMHUN :132) — OKPY2KHOCTH C II€HT-
pamu Ha ocu Oz, MJIOCKOCTH KOTOPBIX Mapasie bHb! miockoctu Oxy.

Koopaunaruele uauy 2 (IMHAK 2°) — OpAMBbIe, TaPAJLIeIbHbIE OCH

Oz (cum. puc. 6.3). Haiinem BexTope! 71, 7o, 3 u !, r2, r3. NMeem
Jr dy 0z } .
ry = — » = {cos ¢, sing, 0
1 (9p (9p ap { ©s ©s }7

_ 9y az}: o
ro = {acp 2’ B { psm @, pCos g, 0}7

3_{8w Jy Bz} {0 0, 1}

[Toguepkrem, 9TO BbIpakeHUs B (PUTYPHBIX CKOOKAX TTPEICTAB-
JIAIOT cO0OM JIeKApPTOBBI KOOPJIUHATHI OA3UCHBIX BEKTOPOB T'1, T2
u r3. HemocpencrBenno MOXKHO yOeqWThCdA, 9TO Oa3uc ri, To, T3
OpPTOTOHATBHBIH. [l BRIAUCTEHNS «B3aMMHOTO 6A3MCa BOCIOIB3Y-
emcst (popmysamu, mpuBegeHabiMu B 1. 1 § 1 970it rassl. Umeem

cose sinp 0
rirory = |psing pcosp 0| = p,
0 0 1

[rars] = {pcos p, psine, 0},
[rsr1] = {—siny, cosp, 0},
[r1r2] = {07 0, p}'

[Tosromy
pl = [rers] _ {cos ¢, sing, 0},
r1i7rars
7’2 = —[‘T'?,'T'l] = {—lSID‘p, lCOS ‘2 O}’
r1i7rars P P
3 _ [rmra] _ 1
r T17T273 {07 07 }

2°. Cpepuneckasn cucmema K00pdunam. dTa CUCTEMA KOOPAUHAT
BBOJITCS C MOMOIIIBIO COOTHOIIIEHUT
x = psinfcosp, y=psinfsing, 2z= pcosb. (6.61)

Taxum obpazom, z' = p, 2 = ¢, 3 = . II3BecTHO, UTO yKa3aHHbIE

KOOpJAMHATHL p, @, 6§ (mwiu, aro To *Ke, z!, 22, x3) U3MEHSIOTCS B
CITeTYTOMINX TTPeJIeax:

0<p<+oo, 0<p<2r, 00 (6.62)
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Hepagencrsa (6.62) onpeenstor B eBKJIMIOBOM IIPOCTPAHCTBE B3

¢ xoopaunaTamu p, @, O (wm ', 2, 23) 6eckoneunyio obmacTs €2,

n3obpakenuyio Ha puc. 6.4. Mbl MoXKeM MMO3TOMY paccMaTpuBaTh
BBejIeHne c(hepUIeCKUX KOOPAMHAT B €BKJIMI0BOM IIpoCTpancTse K3

Puc. 6.4

KaK Pe3y/bTaT orTobpazkenus obsactu () mpocrpancrsa FE° B mpo-
crpanctso B3 ¢ momorpio dopmya (6.61).

OueBnHO, KOOPMHATHBIE JINHUU P (JTUHUA xl) PEJCTABIIAIOT CO-
60it JIydn, BBIXO/ISAINNE U3 HAYAJIA KOOD/IUHAT; KOODIUHATHBIE JIMHUN

(mwanm 22) — oKpy»KHOCTH ¢ MenTpamu Ha ocn Oz, TIOCKOCTH KOTO-
PBIX TapasIebabl 1ockoctu Oy, KOOpAuHATHBIE Juaun O (JuHun
23) — MOTYOKPY’KHOCTH, TEeHTPHI KOTOPHIX HAXOJATCS B Havaje KOop-

JUHAT U TJIOCKOCTH KOTOPBIX MPOXOAT Yepe3 ock Oz (cm. puc. 6.4).

Haiiiem BeKTOPBI 71, T2, 3 1 71, 2, 73. Meem

ry =4 sinfcosp, sinfsingp, cosh },
ro = { —psinfsiny, psinfcosp, 0 },
rs = {pcosfcosep, pcoshsing, —psinf }.

HemocpeacrBenno M0xKHO yOeauThCsA, 9TO 6a3uc r1, T2, T3 OPTOTO-
HaJIbHBIA. 1 Beraucienus B3anMHOTO 0a31ca BOCITOIb3yeMcsa (hop-
MyJIaMi, mpuBegeHHbIME B 1. 1 § 1 970i1 rnaser. Mmeem

sinfcosep  sinflsing  cosf
r1rory = |—psinfsing psinfcosp 0 = —p’sinb,

pcosBcosy pcosfsing —psind

[rors]={ —p?sin®@cosy, —p?sin®fsinp, —p?sinfcosh },
[r3r1]={ psinp, p cos p, 0 2
[riro]={ —pcos@sinfcosyp, —pcosfsinfsinp, psin?f  }.
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IIosTomy
pl = Irersl _ { sinfcosp, sinfsing, cosb 1},
T1i7T27T3
r2— [rari] { _lsing _lcosy 0 }
- - . ? . ? ?
TIT2T3 p siné p sinf

rd = rare] _ { lcochosgp, lcos@simgo, —Lging }
T1T2T3 P P P
3°. Opmozonaavnaa KPUSOAUHETHAA CUCTIEMA KOOPOUHAM.
Kpuponuneitayto cucremy KOOpPIAHHAT MbI OyjeM Ha3bIBATH OPMO-
20HaAbHOT, ecIM B KaskI0i Touke objactu ) Gasuc r;, ompenes-
emblii pasercTsoM (6.59), siBasgieTCst OPTOrOHAIbHBIM. TOJBKO dUTO
PacCMOTPEHHBIE ITUINHIPUIECKas 1 cheprudecKasi CUCTEMbI KOOI~
HAT MPEICTABJSIOT COOON TPUMEPBI OPTOTOHAJIBHBIX KPUBOJIUHE-
HBIX KOODJMHAT.
[Tonyunm BBIpakeHWe [ig BEKTOPOB ' B3amMHOTO 6a3umca s
ciiydast OPTOTOHAJIBHON CHUCTEMBI KOODIMHAT.
Bsenewm ciemyrome 0603HaUEHUS:

Hy =|ri|, Hy=|ro|, Hjz=|rs|
Benwaunsr Hy, Hy, H3 00BIMHO HA3LIBAIOTCSA KOIPGHUUUEHMAMU HITH

napamempamu Jdame ).
Tak xKak cucTeMa KOOPAUHAT OPTOTOHATBHAS W TPOHKA BEKTOPOB

r1, T2, T3 IIpaBad, TO
riror3 = HiHyHs,
HsH,
™1 r3ri| =
L s = 22
Wcnonn3ysa st cooTHOMEHna U (hOPMYJIbI, BHIPAKAIOININE BEKTOPHI

B3aMMHOrO 6asuca vepe3 BeKTOpbl r; (cM. 1. 1 § 1 3roif riaser),
MTOJTy YUM

H>

H. H
i o, [7’17’2] = ;I—s’l’g.

it
[rors] = =

1 1
rl=_—pr, 7r’= — T, T —r
H2 H3

2. BoipakeHue rpajJueHTa U IIPOU3BOAHOI 110 HaIpaB-
JIEHUNIO [IJIsl CKAJISIPHOTO TOJIsI B KPUBOJMHEWHBIX KOOPAN-

Hartax. Ilycrs B obsactu €2, B KOTOpOI BBEJEHBI KPHUBOJIHHEHHBIE

koopamHaTH £, 2, 23, 3a1aH0 AuddepentpyeMoe CKaTSIPHOE 0-

ae u(M). Ilpu stux ycnoBusx grad u onpejesen B KaxJIo0il ToUke
1 B Kaxka0i Touke ) 1Mo JI000MY HAIPABJIEHHIO € MOXKET OBITh

1-

ou
BEIMHC/ICHA NPOUSBOAHAA ——. Kak rpagment gradw, Tak u mpouns-
e

BOJIHYIO 1O HaIPaBJIEHWIO B JaHHOl Touke M MbI OygeMm OTHOCHTD
K 6asucy r;, ** B 9T0i TOUKe, TOCTPOEHNE KOTOPOTO OTMCAHO B TIpe-
JBITYIIEM TTyHKTE.

1°. Bupaoicenue epaduenma CKAAAPHO20 NOAA 8 KPUBOAUHETHBIL
xoopdunamaz. Ilocne BBemenus B obsactu () KPUBOIUHEHHBIX KO-

1)T. Jlame — dppanmysckuii maremaruk (1795-1870).
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opmunar z', 2, 23 ckanaproe noe v GyaeT, oueBHAHO, YHKIHEI

nepemennnix z!, 22, 13

u=u(x", x°, x
Drta GYHKIM MOKET PACCMATPUBATHC KAK PE3Y/IBTAT CYIEePIIO3U-
uu pysKuun u(z, Y, z) nepeMeHHbIX T, y, z u dyukiuii (6.58). ITo-

1 2 3).

u
9TOMY [IJid BBIYUCJICHUA TTPOU3BOAHBIX 6_ MBI MOZKEM TIPpUMEHUTDH
:BZ

. Oou
npasuio guddepeHnupoBanus CI0KHON dyHKimu. Obo3Hauas p
xr

qepe3 U;, MOy IUM

= 2u 0w 4 Qudy | Oudz (6.63)
Ox 0xt Oy dx' 0z Oxt
T ou Ou Ou ..
aK KaKk —, —, — — KoOp/anHaThl BeKTopa grad u B 6a3uce 2, 7, k,
Oxr’ Oy 0z
. ox 0Oy 0z
CBSIBAHHOM C cucreMoit Ozyz, a 52"’ ol 5yt KCOPAUHATDI BEKTO-
* * Tt
pa 7, TO, OUeBUIHO, cooTHorIeHne (6.63) Moxker ObIThH MepenucaHo
B caenyromeit popme:
u; = r;grad u. (6.64)

Ucnonb3yst dopmysnbr T'ubbca (em. dbopmysbr (6.6)) mas BekTopa
grad u u dbopmysnsl (6.64), moxyunm

gradu = (r; grad u)r! = u;r'.

Urak, rpaiueHT CKaJsipHOTO TOJIsI ¥ B KPUBOJMHENHBIX KOOPJMHA-
TaX BBIPAXKAETCS CJEIYIOITUM 06pa3oM:

grad u = u;r’ (uz = au,). (6.65)
ox?
Ha npakTuke 9acTo BCTpedaercs Ciydail OpTOroHaJIbHON KPUBOJIH-
HEHHOM crucTeMbl KOOPAUHAT. B mpeblIymien myHKTe Mbl IOy 9i/Ix
(M. 1. 3° TpenbIayIIero MyHKTa) BHIPAsKEHUE /I BEKTOPOB T’ B3a-
UMHOTO Oasuca I OPTOrOHAIBHON crcTeMbl. VCnonb3ysa 3T BbI-
paxenust u dhopmyy (6.65), naiigem misa grad u B OPTOrOHAIBHBIX
KOOpJMHATAX CJAEAYIONLYI0 (hOpMYyIy:
gradu = La—url + Lﬁ7'2 + Lﬁ’l’& (6.66)
H? dx! HZ 9z H2 o3
Hapsmy ¢ oproromanbHBIM 6a3uMcOM 7; PACCMATPUBAIOT OPTOHOP-
MupoBaHHbIi Gazuc e; = r;/H;. Jlerko Bumgers, uro B Gasuce e;
BhIpazkenue s grad u nmeer Bu

1 Ou 1 Ou 1 Ou
radu = ——e ——e ——e3. 6.67
g H1 8351 ! + H2 8352 2 + H3 a.'l}?’ 3 ( )
2°. Bwipasicenue npouseodnoti cxasaprnozo noas u(M) no na-

npasieHulo € 6 Kpusosunetinur xoopdunamaz. Ilycts e — xonTpa-
BapHAHTHLIE KOOPAUHATHI €IUHUYHOIO BEKTOpa € B basuce r;, Tak

qTO k
€ =¢e7Trg.
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. Ou .
st mpon3BogHOM e MBI TIOIY9uJIn B 1. 2 § 2 3TOM TJIABBI CIEIYIO-
e

yto dpopmyiy:
ou
de
(cm. dopmyny (6.40)). Iloacrasnsis B 9Ty DOpMyJTy BBIpayKeHUE
s e B 6asuce r; u dopmyay (6.65) masa grad u, moayaum

k

=e-gradu

du : : : :
30 = (") (uir?) = eFui(rpr’) = eFudl, = use'.

€
Takum 06pa3oM, TPOM3BOJHAS CKAJSPHOIO MOIA U MO HAmpaBjie-
HUIO € BbIPpaXKaeTCd B KpI/IBOJII/IHQfIHbIX KOOpAnHaTax CAeAYIOIIUM

obpazom:

Jdu i

= = y,e". (6.68)

de

3. BeIparkeHue nuBEpPreHNn, poTopa u HpOHBB?,Z[HOﬁ no
HAINPaBJIEHUIO JIJISI BEKTOPHOTO II0JIS B KPUBOJINHEWHBIX KO-
opaunartax. Ilycrte B obsractu (), B KOTOpOIi BBEIEHBI KPUBOJIHU-
HelHbIe KOOPAWHATHI, 331aH0 nuddepeHiiupyeMoe BEKTOPHOE T0JIe
p(M). Tlpu 9TUX YCIOBUAX JAMBEPrEHIMS U POTOP IO P OIPEJIe-
JIEHBI B KaXK70i Touke objractu (), u B Kaxk10#i Touke ) 10 J060My
19}
HAIPABJIEHUIO € MOXKET OBITh BBIUUC/IEHA TPOU3BOIHAS a—p. Jusep-
e

PEHITUIO, POTOP W MPOW3BOJHYIO 0 HAINPABIEHUIO B JaHHON TOY-
ke M wmb1 O6ynem oTHOCUTDH K 0Oazucy r;, r' B 9TOH TOUKeE.
1°. Bwipasicenue dusepzenyuu 86eKmopHo2o noia 8 kpusosumed-

Hux Koopdurnamaz. Ilocne BBemenus B obyractu ) KPUBOJMHEHHBIX

koopaunaT x', 2, 3 BexTOpHOE HONIE P ByHeT, oueBUAHO, byHKIMELT

nepeMeHHbIX T, 22, 13:

1 2 3
p = p(x 9 T ? x ).
Drta QYHKIUSA MOXKET PACCMATPUBATHLCA KaK PE3yJIbTaT CyeprHo3u-
uu pyuknmn p(z, y, z) u Gyaxmumit (6.58). TTosromy s BbIUMCTE-
HUS TTPOU3BOIHBIX 8_p MBI MOYKEM TIPUMEHHATH Tpasuio auddepen-

1-7,
. op
uupoBanud ciokHoi dyakunn. Obo3Havyas 5ai 1EPe3 Pi; MOy UM
pi

__ Op Oz Op Oy Op 0z 6.69

b Oz Ox' + Oy Oz’ + 9z Ozt ( ' )

Tax xak o _ Az, 9 _ Aj, op _ Ak, tne A — nuHeiiHBI Ome-
ozx Jy 0z

paTop, onpejenennsiii paperctsom Ap = AAr + o(|Ar|) (cm. m. 3
§ 2 9roit TaBsl), TO U3 coorTHoIeHnit (6.69) u cBoiicTB JMHEHHOTO
OTIePATOPA TIOTYIHM

(B gy o) gy,
D; A(awiz—l—aﬂg—i—axi Ar;. (6.70)
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ITo ompenenennto divp = div A = r* Ar;. Tlostomy, corsacuo dhop-
myse (6.70), B KpUBOIMHENHHON cucTeMe KOODAWHAT IMBEPTeHIUs
BekTopHOro nosist p(M) Moxer GbITH BbrUucIeHa 10 (hopMyIie
divp = rip; (pi - ‘9”,). (6.71)
ox?
Haiiem BuIparkenue I JUBEPreHITAN s CIydas OPTOTOHATBLHON
KPHUBOJUHEHHOM CHCTEMBI KOOpAUHAT. VICTONMb3ys BhIpaXKEHWUE s
BEKTOPOB 7** B3AUMHOTO GA3MCA JIJIsT OPTOTOHAJIBHBIX KPUBOJUHEH-
HBIX KoopauHaT u dbopmyay (6.71), moayanm
divp = Hilzplrl + Higpy'g + Higp:),r;», ( i 8:) (6.72)

1

®opwmyia (6.72) 3anuceiBaeTcst Takzke u ApyruMm crnocobom. O6o3na-
yuM depe3 P! KoopAauHATHI 10/t P B OPTOHOPMHUPOBAHHOM Oasuce
e = % 1) . Torga nocie psga mpeoGpazosanuii Beipazkenue (6.72)
aist div p npuMer cieay oIl BUI;:
1 [8(P1H2H3) n O(P?H3H;y) n O(P*H, H>)
H1H2H3 oxt ox? ox3
2°. Buipasicerue pomopa 6eKmopHo20 NoAs 6 KPUGOAUHETIHBLT KO-
opdunamaz. Tlo onpenenenuio rotp = rot A = [r’Ar;]. [Tosromy,
cortacHo opmyiie (6.70), momydanm 5
rotp = [r'p;] p; = 85)’ (6.74)
Haiinem BhIpazkenme poTopa B OPTOrOHAJILHOM KPUBOJIMHENHOW CH-
cremMe KoopauHAaT. VCrmoab3yst BbIpasKeHue sl BEKTOPOB T B3aWM-
Horo Gaszuca JJist OpTOFOHaJIbHOfl cucrembl u popmyaty (6.74), momy-
UM

w0ip = Hmpil + gl + glrpsl (= 5E). (679)

7

divp =

]. (6.73)

B opronopmupoBanHoMm basuce e; = Fl POTOP BEKTOPHOTO TIOJIsT P
HUMeeT KOOPIMHATHI '

{ 1 [8(P3H3) _ 8(P2H2)] 1 [8(P1H1) B 8(P3H3)]
H>Hs ox? ox3 " H3H, ox3 oxt ’
1 [8(P2H2) _ 8(P1H1)]} (6.76)
Hng 61;1 62)‘2 ) ’

3°. Buipasicenue 0aa npouseodnoti 6eKmopHo2o noas no Hanpas-
AEHUIO 8 KPUBOAUHETHDIT moopc?uwamax Bocmonbzyemes dopmysioit

ae = Ae, (6.46)

1) B mpapoit gacTu 910 dopMyJIBI CyMMHUPOBaHME II0 UHIEKCY § He IIPOU3BO-
JTATCH.



174 OCHOBHBIE OIIEPAIINN TEOPUN I10JIA I'JI. 6

nosyuenHoil Hamu B 1. 3 § 2 9Toii riaskl. Iycrs e = e'r;. Torga u3
dopmyaibt (6.46) 1 CBOICTB JIMHEHHOTO OMEpaTOpa MOy IUM

9 _ el Ar;.
e

Tak xkak Ar; = p;, 11e p; = a—pi, TO JI7I TTPOU3BOJIHOM BEKTOPHOTO
[IOJISL P 10 HANIPABJICHUIO € IONYUiM CIeoyIONIee BHIPAKEHHUe:
9P _ cip., (6.77)
Oe
4. Beipaxkenue oneparopa Jlamsaca B KPpUBOJIMHEHBIX
OPTOrOHAJIBHBIX KOOPAUHATAX. MbI ompejennin oneparop Jla-
mraca Ay Kax mosTopuyto omeparmio div grad u. Vcmons3yst BbIpa-
xkenus (6.67) u (6.73) n1s1 rpauienTa U JUBEPreHIIny B KPUBOJIUHET-
HBIX OPTOTOHAJBHBIX KOODAMHATAX, Mbl MMOJIYYUM BBIDAXKEHUE JIJIsd
orteparopa Jlammaca.
B paccmarpuBaeMom ciiytuae BEKTOPHBIM ITOJIEM P, IUBEPTEHITHIO
KOTOPOTO HYKHO BBIYUCIUTD, sBisercs mose gradw. IlomcraBnss

(6.67) B (6.73), momyunm

Bum L[ (Hfsu), 0 (HHOu), 0 (M ou)]
H1H2H3 8.’131 H1 81'1 81'2 H2 8$2 8.’t3 H3 8.’t3
(6.78)

5. BeIpakeHre OCHOBHBIX OTlepaluil TEOPUU HOJS B IU-
JUHIAPUIECKO 1 chepuuecKoil cucreMax KOOPAMUHAT.

1°. Huaundpuyeckasn cucmema xoopdunam. B cuty pe3ysibraTos
B 1° m. 1 § 3 mapamerpsr Jlame /s MUIMHAPUYECKUX KOOPIUHAT
AMEIOT BUJI

H1=1, H2=p, H3=1.

B takom cayuae uz dopmya (6.67), (6.73), (6.76) u (6.78) BoiTekaioT
CIETY IO PABEHCTBA!

ou 1 0u Ju
adu = —e ——e —e
gracu dp p+p8<p w+8z =
. 10 1 0P, OP,
divp= 2% (pp) 4+ 29 4 0=
wvp pap(p /7) + p 630 + 9z )

rot p = (l@_é‘m)eﬁ (%_@>e n (la(pr)_1%>ez,

p Op 0z 0z  Op p Op p Op
Au= L2 (,00) 10 o
pOp \' Op p2op? 922

2°. Cepuneckan cucmema woopdunam. B sTom ciydae mapa-
MeTpbl Jlame umeroT Bu

lel, ngpsine, H3:p.
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CienoBaTesbHO,
ou 1 Ou 10u
radu = —e ————e ~—e
& ap p+psin98<p v p 00 0
. 1 0,9 1 0P, 1 90,.
divp = =—(p°P, —£ —(sin O P,
p p? ap(p p) + psin @ Oy psin @ 89( 0);

1 (9(sin6P,) apg)
tp = ( ) _ 0Py
POYP = e\ T ae 95 ) T
1 1 P, 1 P 1 0P,
( P, __6(;) w))ee_i_ (_6(;) %) __a p)ew’

psinGE p Op p Op p 00

2
p? Op Op p?sinf 06 00 p?sin” 6 0p?
B 3aksitouenue 310l TIaBbl IPUBEIEM CBOJKY (DOPMYJI, CBSA3bI-

BAIOIIUX ONEPALMH B3ATUAA IPAJAUEHTA, JUBEPreHIMA U POTOPA C aJl-
reOparvYecKuMU OIEPALMSIMU:

1°. grad(u + v) = grad u + grad v.
2°. grad(u - v) = ugrad v + v grad u.
o w) _ vgradu — ugradwv
3°. grad(v> (v #0).

’112
4°. div(p + q) = divp £ divg.
5°. div(up) = pgrad u + u div p.
6°. div[pg] = grotp — protgq.
7°. rot[p £ q] = rotp £ rotq.
8°. rot(up) = urot p — [pgrad u].

B copasegnmuBocTr 31X HOPMYJT 9ATATENH JIETKO yOEIUTCA Ca-
MOCTOSTETBHO.

SakMIOIYUTETbHBE 3aMedaHnus.BaToil rrase Mbl mMo-
3HAKOMUJIUCH C OCHOBHBIME OlepaliusiMu Teopuu nosisd. [lpu srowm
MbI HE OMUPAJKUCH HA KaKue-Tnbo pusnydeckue rnpeicTaBIeHus, mo-
CKOJTBKY HAIIEH MEIbI0 SBJSIOCH IIOCTPOEHNE MATEMATUIECKOTO all-
mapara Teopuu. B ciaeayrormneit ryiaBe MbI MOJYUUM Psii Ba’KHBIX
WHTErpajbHbIX COOTHOIIEHU, CBI3BIBAIOIINX HEKOTOPBIE OMEpPAINN
TEOPUHU TOJIsI. DTU COOTHOIIEHUS TO3BOIAT HAM yKa3arh (pusnde-
CKYIO WHTEPIIPETAINIO TOHATUI U Omeparuii, BBEJIEHHBIX B HACTOS-
el rJIaBe.



Fr'TABA 7

®OPMVYJIbI I'PUHA, CTOKCA 1N
OCTPOI'PAICKOTO

B sT0it rmaBe Mbl motydnM BaxKHBIE (DOPMYJIBI, UTPAoIIre 60/b-
Y10 POTh B PA3MUYIHBIX MPUIOKEHUAX W, B YACTHOCTH, B TEOPHUN
ToJTst. DTH (POPMYJIBI B OTTPEIETEHHOM CMBICE TIPEICTABISIIOT COOOM
000011TIeHsT Ha, MHOTOMEpHbIH cirydait popmysbl Herorona--Jleiibraura
JITsT OMHOMEPHBIX WHTETPAJIOB.

§ 1. ®opmyna I'puna ')

1. PopmyaupoBKa OCHOBHOIT Teopembl. [lycts D — koneu-
Hast, BOODIIE TOBOPsi, MHOT'OCBsI3HAsT 00J1acTh Ha, miockoctu Ozy ¢
KycodaHo-rma Koii rpammmeii L 2). O6macts D ¢ mprcoe mHEHHOM
rpanuneii L Ml Oymem obosnadars D. CopapeminBa Caeayiomiast
0CHOBHAA TEOPEMA.

Teopema 7.1. ITycmo pynxyuu Pz, y) u Q(x, y) nenpepois-
Hor 6 D U umeom Henpepuienve uacmmbie npoussodHvle nepeozo
nopadka 6 D. Ecau cyuecmeyiom necobcmeennvie uHmezpaivt no
obaacmu D om kasrcdoti us wacmmwx npouseodnur dynxyut Pz, y)

uQ(z, y) ), mo cnpaeec%meo COOMHOWEHUE

// y)d dy_fpdeery, (7.1)
L

HA3DIBAEMOE dﬁ opmyaot I'pumna. Ilpu smom cmoswuti 6 npa-
6oti wacmu (7.1) unmezpas npedcmasasem coboti cymmy urmezpa-
N08 MO CBAZHBIM KOMNOHEHMAM eparuubl L, Ha xKomopur yraszano
maxoe nanpasaerue obxroda, npu Komopom obaacmoe D ocmaemca
CAEBQ.

b k. I'pun — anrymiickuit maremaruk (1793-1841).

2) Ppannria L Ha36IBAETCS KYCOTHO-TIIA KON, €CITH OHa COCTABJICHA U3 KOHETHO-
r0 9nCyIa IVIAAKUX KpuBbX. Eciu rpamuma L coOCTOUT 13 KOHETHOTO YHCIIa 3aMK-
HYTBIX KYCOYHO-IVIAJKUX KPUBBIX L;, TO cBA3HYI0 001acTh D 00BIYHO HA3BIBAIOT
MHO20C6A3HO0T, & KPUBBIE L; HA3BIBAIOT CE6A3IHLIMU KOMNONEHMAMY TDAHUIIBL.

%) Tax kak uacrubre npoussonubie Gyuxuuit P(z, y) u Q(z, y) cymecrByior
JIMIIb B OTKPBITOi 06sactu D, TO yHOMsIHYThIE HHTEIDAJIBL SIBJISIIOTCSL HECOOCT-
BEeHHBIMH. 11pH JOMOTHUTETHHOM TIPEATIONOKEHUH O HEMTPEPHIBHOCTH Y KA3AHHBIX

YaCTHBIX IIPOU3BOAHBIX B D yIOMSHYTbIE HHTErPAJIBL IEPEXOAAT B COOCTBEHHEIE.
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Mps1 gokaxkem caadajia (opmyay I'puna 1jid crienuaabHOTO, HO
JMIOCTATOYHO IIUPOKOTO KJracca 00JiacTeit. 3areM Mbl YCTAHOBUM PsI
BCIIOMOTATE/IbHBIX YTBEPKI€HU, KOTOPhIE MOHAT00STCS [JIsT JOKa-
3aTeBCTBA CHOPMYJIUPOBAHHON TEOPEMBI.

2. loka3areabcTBO (hbopmysibl I'puna niis crienmuajabHOTO
KJiacca obsacreii. [lycrs D — onHocBs3Has KOHEYHAst 06J1aCThb C
KycouHo-TyiagKoit rpauutieii L. Byjaem cantarh, uTo KaxKmas mps-
Mas, rmapaJiiesbHas JIF000# KOOPIMHATHON OCH, TEPECeKaeT TPaHU-
ny L e 6osee uem B AByx TouKax. Takwme obyractu OyaeM HA3LIBATH
obaacmamu muna K.

ITo npesmosoykeHno, CyIIECTBYIOT HECODCTBEHHBIE WHTEIDAJIBI
0T YacTHBIX Tpou3Boaubix dbyukiuii Pz, y) u Q(x, y). D10 03HAa-
qaer, 94To Jyist JiIoOoi cucreMbl obaacreii { Dy}, MOHOTOHHO HcYep-
MIBIBAIOIIUX 00/1acTh D, CripaBe/InBO, HAPUMEDP, COOTHOIIEHNE

lim /a—dedy://a—dedy
n—00 ox ox
D, D

(aHAIOrMYHbBIE COOTHOIIEHWS! CIPABE/JIUBLI U JJI APYTUX YaCTHBIX
npoussojnbix byukiuii P(z, y) u Q(z, y)).

OmmieM moctpoenne crenuanbHoit cucremsl obmacreit {Dy,},
MOHOTOHHO HCYEPIBIBAIOMNX 00acTh Thna K. dra cucrema mona-
J100UTCH HaM TpPH  J0KA3aTeThCTBE
dopwmyset ['puna gaa obsacreit yKa- y
3aHHOTO THIIA. I

IIycte cerment [a, ] ocm Ox Y2~ &nf
PEJCTABIAET COOOM TTPOEKINIO HA
a1y ock obsactu D (puc. 7.1). TIpo-
BEJIEM 4epe3 TOYKU ¢ U b mpsiMble,
napasuiesibubie ocu Oy. Kaxnas us
9TUX JBYX HPAMBIX MEPECEKACTCS C
rpanutieit L aumbe B OZHON TOUKeE.
Otu e Touku A um B mepeceue-
HUA YKa3aHHBIX NPAMBIX C I'DAHU- Puc. 7.1
neit L pasnensor L wa nBe KpuBbIE
L' n L", koTopble, 04eBUIHO, IIPEICTABILAIOT C000i rpaduKy Hempe-
PBIBHBIX 1 KycouHO-auddepeHnupyembix Ha cermenre [a, b] dbyHK-
it yi(x) u yz2(x) coorsercrBerno. Ormerum (cMm. puc. 7.1), 4To
y1(x) < y2(z) (paBeHCTBO MMeeT MECTO JIUIIb IPU T = a U T = b).

Paccmorpum asee mocie10BaTeibHOCTb CEMMEHTOB [ay, by] Ta-
KuX, 910 a < an < b, < b, ap, — a, b, = b upu n — oo. Ilycrs,
KpPOMeE TOrO, TIpH JIDOOM 1 CEPMEHT [y, by ] comepxkuTcs B cermenTe
[@n+1, bpt1]. Beibepem amcno e, > 0 tak, urobw! rpadukn L), n L!!
dbyukiwmit yi(z) + €, u ya2(z) — €y, 6N pacnonoxkeHs! B obsact D
U He TePeCeKanuCh.

Y1 + Enp — =N
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I'panuneit obnactu D,, aBiasgercsa KpuBasd, COCTABACHHAA U3 JIU-
uuit L, u L 1 0Tpe3KOB BEPTUKAIBHBIX TIPSIMBIX, TTPOXOJSIINX Ye-
pe3 Touku a, u b, (cm. puc. 7.1). Obaacrsb ﬁn+]_ CTPOUTCS aHa-
JIOTUYHBIM 00pa30M, TOJBKO BMECTO CEIrMeHTa [ayn, by] Gepercs cer-
MEHT [Gp+1, Opt1], @ aucio e,41 > 0 BEIOMpPAETCS MEHBIINM YHUCIA
epn. OueBngHO, 9TO eciu &, — 0, TO IOCTPOEHHAs crcTeMa obaacTeit
{D,,} monoronno ucuepmeiBaer obsacts D.

IlokazkeMm ciefyroriee ymeepotcderue.

Teopema 7.2. IIyemo 6 obaacmu D muna K dynruuu P(z, y)
u Q(x,y) ydosaemsoparom ycaosusam meopemui 7.1. Tozda das smot
obaacmu u das pynkyuld Pz, y) u Q(z, y) cnpasedausa popmyaa
I'puna.

HokazarenbcTBOo. JlocTtarouro ybenuThes B CIIPaBeIinBO-
CTU PaBEHCTB

//anxdy—j{Qdy, // dxdy—de:B (7.2)

Tak Kak yka3aHHbIE paBeHCTBa JI0Ka3bIBAIOTCS O,D;HOTI/IHHO, MBI IIPO-
BejleM JI0Ka3aTeJIbCTBO BTOPOTo m3 Hux. PaccmMoTpum ABOIHON WH-

Terpa
/ — dx dy. (7.3)

s obnact D, u Aas TOABIHTErPATLHON (DYHKIIN Z—P B WHTe-
Y

rpasie (7.3) BBINOJHSIIOTCS BCE YCIOBHs, IPU KOTOPBIX JEHCTBYET
dopmyna mosroproro waTerpuposanusd. 1o aroit dhopmyne nmeem

n y?(z)_

b En
//—dxdy—/dac / a—de=
dy
a

n Y1 ((E)+En

bn br,
= | Pz, ya(2) — en)dz — [ P(x, yi(z) +en) dx (7.4)

Jlesast wactb coorromenuii (7.4) mpu n — 00 UMeeT npejies, paBHbIi

WHTETPAJTY / Z—Pd:r dy. B cuny paBHOMEpPHOI HENPEPBIBHOCTU
Y

D —
dyukuu P(z, y) B 3aMKHYTOI obsiacTu D, KaxKjioe U3 claraeMbix
B npaBoit yactu (7. 4) umeer npu n — 0O TpeJIes1, PABHBIH s 1ep-

b
Boro caraemoro [ P(z, ya(z))dz u ana sroporo [ P(z, yi(z)) dz.
a a
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[TepBbiit U3 9TUX ABYX MHTEIPAJIOB MPEACTABISET CODOI MPU yKa-
3aHHOM Ha puc. 7.1 HaTpaBJIeHnn 00X0/1a TPAHUIIBI KPUBOJIUHENHBI

uHTerpaJl
- f P(‘CU? y) d!l?,
L//
a BTOPOM MHTErpaJl — KPUBOJIUHENHDBIN MHTErPaJl
J P(z, y) dz.
LI

Mb1 BuguM, 9TO TpaBasi 4acTh coorHoinenuit (7.4) mpu n — 00
uMeeT Ipenes, paBHbIA
— [ P(z, y) dz.
L

Takum obpazom, Bropast u3 dopmyn (7.2) nokazana. Crpasemiu-
BOCTB T1€pBOit u3 dopmyt (7.2) ycraHABIMBAETCS AHAJIOTUYHO (HY K-
HO crpoermpoBaTh D Ha ock Oy ¥ TOBTOPUTH MPOBEIECHHBIE PACCY-
xkyenust). Teopema JroKa3aHa.

3. UnBapuanTHas 3anuck popmyJibl I'puna. Ilycts dhynk-
wun P(z, y) u Q(z, y) yIOBIETBOPSIOT YCJAOBHUIM TeOpeMbl 7.1 B KO-
HEYHON CBsI3HOM obmactu D ¢ Kycouno-Tiaakoit rpanunteit L. Ompe-
neauMm B obnactu D = D + L BekTOpHOE 10Jie P, KOOPJAUHATHI KO-
TOPOr'0 B JIaHHON NEKAPTOBON IIPAMOYIOJIBHOR CUCTEeMEe KOOPAUHAT
pasubl P(x, y) u Q(z, y). OueBuano, Ipu yCIOBUAX, HAJIOKEHHBIX
na byukiuuu P(z, y) u Q(x, y), nose p 6yaer HenpepbIBHBIM B 00J1a~
ctu D u wenpepwiBHO-IuddepernupyembiM B D. Haiigem potop
9TOr0 BEKTOPHOrO ToJisi. VICmoib3ysi BbIpazkKeHue rot p B OpTOHOD-
MUpOBaHHOM baszwuce ¢, J, k, moayaum

rotp = (8—Q — 8—P)k.

oz oy
W3 9T0T0 COOTHOIIEHUS TTOJIY IUM
2Q oP
= — — =krotp. 7.5
5 By P (7.5)

SBameuganue 1. Ilepeiigem B mnockoctu Oy K HOBOMY Op-
ToHOpMEUpPOBaHHOMY Gaszucy 4', j' u K HOBOil JeKapTOBOil cucTeMe
koopaunar Oz'y’, cea3annoii ¢ 3TUM 6a3uCcoM. H}lCTb BEKTOPHOE T10-
JIe p UMeeT B 3ToM HOBOM Oazuce koopaunarel P u QQ'. OueBunno, B
HOBOI1 cucreme koopaunar dbyukuuu P u Q' yaosnersopsior ycio-
BuaM Teopembl 7.1. Kpome Toro, Tak Kak B HOBOM 0a3uce rotp =

/ !
— (@ _ @) k, 10

ox' oy’

Q' 9P
oz’ oy’

= krot p. (7.6)
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Tax kak ckajsgpHoe mpoussejenue krot p npeacrapiser coboil nH-
9Q P

BapuaHT, 10 u3 (7.5) u (7.6) cieayer, uTo BBIparKeHUe W  or
T Yy

MEHsIET HU 3HAYEHUsI, Hi (POPMBI [IPU TIepexXojie K HOBOMY OPTOHOP-
MUPOBAHHOMY 0a3MCy, T. €. TAKXKe IIPeJICTABIsIeT CODOl MHBAPUAHT.
C moMOIIbIO 3TOr0 3aMedaHust Mbl MOYKEM CIeJIaTh CJIeIyONTnit
BaXKHBIN BBIBOMI: UHMEZPAA, HATOOAWUTCA 8 AEBOT 4acmi HOPMYAL
Tpuna (7.1), umeem unsapuanmmuwnl Tapaxmep — e20 3HAMEHUE U
Ppopma He menames npu nepexode K 1o8ol dexapmosoti cucmeme
xKoopdunam. JIeficTBUTEILHO, TIPU TaKOM TTPeodpa30BaHUN KOOP/IU-
HaT abCOJIOTHAS BeJIMYMHA sIKOOWaHa mpeoOpa3oBaHus pPaBHA €JU-
auite. COTJIaCHO YKe 3aMEYaHUI0, MOJBIHTErPATEHOE BbIPAXKEHUE HE
MeHsIeT HU 3HadeHusi, Hu (popmbl. OOpaTUMCs Ternepb K UHTErPATY

§ Pdz + Qdy, (7.7)
L

HE

HaXOJANIEMYCsl B TIpaBoii yacTu dpopMmyabl ['pura. Ybeaumcs, 9To
IMOM UKHME2PAA MAKICE UMEEM UHBAPUAHMHHIT Tapaxmep — e20
3HAYEHUE U POPMA HE MEHANMCA NPU neperode ¥ Ho60T dexapmo-
6011 cucmeme KoopouHam.

[Tycts t— enuHUYHBIN BEKTOP KacaTeThHONW B TOYKAX TDAHU-
1Bl L, HampaBjenne KOTOPOTO COTJIACOBAHO C HATpaBIeHNEM 00X0/1a
na L, cos a un sin @ — koopannaTel BekTopa t. Beibepem B KadecTse
mapamerpa Ha L aauHy ayru [, mpudeM Ha KayKION CBI3HON KOM-
TTOHEHTE T'PAHUIIHI BO3PACTAHWE TapaMerpa | COTIacoOBaHO C HATPAB-
JeHreM 00X0/1a Ha 9TOM KoMmoneHTe. [Ipn yeIoBusAX, HATOKEHHBIX
na L, byunxius (1) 6yner kycouno-nenpepbisroit. [Ipu cdhopmynn-
POBAHHBIX BBIIIE YCJIOBUAX BEKTOPHOE TOJe P OyIeT HempepBhIBHBIM
na L, a ero koopauaatsl P u () IpeacTaB/IsgioT coboil HelpephIBHEIE
dbyuKIUT OT .

SaMeTnM, 94TO mMocsae BHIOOpA HATIPABICHHS 00X0/Ia U TTapaMeTpa
Ha KpUBOH L KpUBOJMHENHHBIH WHTErpaJs Broporo poaa (7.7) mpeob-
pasyercs B KPUBOJTMHENRHBIN MHTErpaJl mepsoro poja. [lpu srom P u
Q@ Beraucasrorcs B Toukax L, a dxr = cosadl, dy = sina dl. Takum
obpazom,

$Pdr+Qdy= §(Pcosa+ Qsina)dl = ¢ ptd. (7.8)
L L L

Coornomtenne (7.8) mokassiBaer, 4To nHrerpas (7.7) meiicTBuTeib-
HO MMeeT WHBAPUAHTHBIN XapakTep: CKaJspHOe npousseeHue pt—
WHBAPUAHT, MAPAMETPU3AIUS C TIOMOIIbIO JIJIMHBI JIyTH HE CBA3AHA
¢ cucTeMoit KoopanHat. KpoMe Toro, B HOBOIl J1eKapTOBO# cucTeme
koopaunar Ox'y' umeem

ptdl = (P cosd’ +Q'sind)dl = P'de’ + Q' dy/,
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" TIO9TOMY
Pdr+ Qdy = P'dx' +Q' dy'.

Urak, mbl ybeauauch, 4ro uaTerpasa (7.7) umeer WHBApUAHTHBIN
XapakTep — ero 3HadeHue u (HpopMa He MEHSTIOTCS TPU Tepexone K
HOBO! J1€KapTOBOM CUCTEeMe KOOPAUHAT.

[TpoBenenmubIe BBIIE PACCY K IEHUS TTO3BOIAIOT TIPUIATE POPMY-
qe puna (7.1) caeayroniyo uHeapuaHmmyo Gopmy:

£fkrotpda = {gpt dl. (7.9)

[Tpu sTom do o3magaer aseMenT oA obsactu D.
SBameganue 2. O6bIYHO WHTErpPAT

$ptdl
L

HA3bIBAIOT YUPKYAAYUET BEKMOPHO20 NOAA P NO kpueol L.

W3 Tteopembl 7.2 m BBIBOJIOB OTOTO TIYHKTA MBI MOXKEM W3BJIEYD
BayKHOE CJIE/ICTBUE.

Caedcmeue. ITycmo pynxyuu P(z, y) u Q(z, y) ydosaemso-
paom ycaosuam meopemuv, 7.1 6 xoneunotd obaacmu D c xycou-
Ho-24a0K0U eparuuetd L. Ecau obaacmo D mo-
otcem 6vimb pazbuma Ha KOHEYHOE “YUCAO 00AG-
cmeti Dy ¢ xycouno-enadxumu epanuvyamy Ly
(puc. 7.2) u npu smom xadxcdas u3 Dy npeo-
cmasazem cobot obaacms muna K no ommnowe-
HUI0 K Hekomopoti dexapmosoti cucmeme KOOp-
dunam, mo das obaacmu D u pynruyuid Pz, y)
u Q(z, y) cnpasedausa dopmyaa I'puna.

CrpaBelyIMBOCTE  CJIEJICTBUS BBITEKALT W3
CeayIommux paccyxaeruii. Zlcuo, aro dpopmysta
['puna cmpapeguBa mia Kaxkgon u3 obsacteit
Dy.. 910 crenyer W3 MHBAPUAHTHOTO XapakTepa (pOPMYJIbI U U3 Te-
opembl 7.2 (B HekoTOpOil cucreme Koopauuar Dy Oyaer 06JacTbio
tuna K).

or

o ) dx dy

Hasee, 04eBUHO, YTO CyMMa WHTEDAJIOB / / (Z—Q -
X

Dy,
B JieBbIX dacTax popmys ['puna mo obractsam Dy mpecTaBiisier co-

6ot mHTErpas / / (Z—Q — Z—P> dr dy. Cymma xKe KPUBOTMHEHHBIX
x y
D
unrerpanos § Pdz + Qdy B npasbix wacrax dopmyn I'puna no

Ly
rpanuuaM Ly obnacreit Dy macr unrerpan § Pdz + Q dy, uGo un-
L

TerpaJibl 1o OOIIUM yaacTKaM IpaHutibl obracreii Dy cokpaTsiTes —
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9THU yYaCTKU B coceqHux obsactax Dy 00XomgaTcs B MPOTUBOIIOIOK-
HBIX HANPABJICHUSIX (J1J1sI OSICHEHWsI MOYKHO 0OPATUThCsI K puc. 7.2).

SBameuganue 3. [Ipon3BoabHYyIO KOHETHYIO CBABHYIO 00JIACTH
D c xycouno-raaxo# rparutieii L Heb3s1, BOODIIE roBOPs, Pa3duTh
Ha KOHEYHOe 4ucjao objacreil Dy ykaszaHHoro Bbilie Buma. OgHa-
KO U3 KayKJI0i KOHeuHo# obsracty D ¢ KyCOUHO-TJIAIKOM TpaHuIei
MOXKHO YJIQJIUTh TAKy KaK yrOJHO MAaJIYI0 YaCTh, YTO OCTABIIAICH
0bJ1acTh MOXKET OBITH PazdbuTa HYKHBIM 00pazoMm. IIpu aTom BRI
B IIpaByIo U JieByto yactu dpopmysibl ['prna, orBevaroniuii yaaeHHol
gactu obactu D, 6yaeT COOTBETCTBEHHO KaK YTOIHO MaJT. DTa UIaest
JIEXKUT B OCHOBe J0Ka3aTe bcTBa (popmyanl ['puna B 0bmmem caydae.

B criemytorem myHKTE MBI JOKaXKEM PSIJT BCIIOMOTATETBHBIX TIPEI-
JIOXKEHUH, C MTOMOIIBI0 KOTOPBIX YKA3aHHBIM CIIOCOOOM Oyier ycra-
HosJieHa opmysa ['puna B 0bmem ciydae.

4. BcriomoraresibHble npejioykenud. [lycts L — kycodno-
TIaIKas IJIOCKas KpuBasg 6e3 caMolepecedeHuil, Ha KOTOPOil B Ka-
qecTBe MapaMerpa BbIOpaHa AauHa AyTH [.

Oxpecmnocmuvro enympennett mouwku P wa kpuBoit L wmbr Oy-
JleM Ha3bIBaTh J1000€, He COBIIQIAOIIEe CO BCelt KpuBoil L cBsi3HOE
OTKPBITOE MHOXKECTBO TOYEK 3ITOW KPHUBOIi, cojeprkariee TOUKy P.

Jas epanuunoti mowsu L BBOZUTCS TIOHATHE noAyoxpecmmocmu b) .
Jmuny OKpecTHOCTH (M TIOJYOKPECTHOCTH) Oy-
JIeM HA3bIBATH €€ PA3ZMEPOM.

Buyrpennsasa touka P kpusoii L pasbusaer
KaXKJIyI0 CBOIO OKPECTHOCTH Ha JBE TOJTYOKPECT-
moctrn. OKpecTHOCTH Touku P OyaeM Ha3bIBATDH
A-OKPECTHOCTBHIO, eI KarXK1as U3 MOJTyOKPECTHO-
cTeil MeeT JINHY .

Jdemma 1. Ilycmv L — zaadkasn xonewnas
L kpusas 6e3 camonepecenenut, A u B — epanu-

Puc. 7.3 Hble mouky omot kpueol, L — ceazwas wacmo
xkpueoti L, xomopas emecme co c80UMU KOHUAMU

A u B ueaukom cocmoum u3 enympennusr mouex xpueoti L (puc.

7.3) 2). Mooicro yxasams 06a MaxuL NOAOHCUMENLHVLT “VUCAL N U
0, 4MO MOYHAA BEPTHAA 2PAHD Y2A06, KOMOPbIE COCMABAAIOM KACA-

meabbie 6 Moukax A-okpecmuocmu w060t mowku P kpueot L )

P

!)Ecnu P — rpanndsas Touka Kpusoil L, a Q — mobas ee ApyTas TOYKa, TO
MHOYKECTBO BCEX TOYEK KpuBOM L, 3ak/oueHHbIX Mexay P u (), Bk/odaionee
Touky P u me Bk/ouaiomee T09Ky (), Mbl HA30BEM TOJIYOKPECTHOCTDH IO
Touku P.

%) Kpusast MoxeT GBITH U 3aMKHYTOit. B aT0M cityuae L Moxer copmazarh ¢ L.
Ecmu L — 3aMKHyTas KPUBas C OJHOM YIVIOBOH TOUKOM, TO L — m06ast 3aMKHY-
Tasl CBA3HAs 9acTb L, He comeprKaInasi 3Ty yIVIOBYIO TOUKY.

3) OxpecrHOCTh TOUKM KpHBOii L DAaCCMATPHBAETCS KAK OKPECTHOCTH ITOIL
TOYKH Ha KpUBOH L.
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¢ kacameavnoli 6 mouke P menvwe /8, a paccmoanus om mou-
xu P do mouex xpueoti L, pacnoaoscennvix 6He A-0Kpecmuocmu,

ne menvuwe § L) .

JlokazaTeabCcTBO. Ybedumca, 4mMo MOHCHO YKA3AMb A >
> 0, ydosaemeopsatousee YcaosuAM Aemmbi. BO-IEPBBIX, OTMETHM,
uro muig oboro >0 mad KaxKa0# Touku P MOXKHO yKazaTh
TaKyI0 A-OKpecTHOCTh (A > 0), B mpejiesiax KOTOpOil BEPXHsisl TPaHb
YIJIOB, KOTOPBIE COCTAB/ISIIOT KacaTeIbHbIe B TOYKAX 9TONW A-OKpPECT-
HOCTH C KacaTeJbHON B TOUKe P MeHbIe o. D10 cIeayer U3 Hempe-
PLIBHOCTH KaCaTeIbHBIX K KPUBOH L.

Peun nger 06 yHUBEpPCATHEHOM A, TPUTOJHOM JIJIsT BCEX TOYEK
KpuBoit L.

Jomycrum, uto Her A > 0, yJIOBJIETBOPSIONIETO YCIOBUAM JIEMMBI.
Torma gy mo6oro A\, = 1/n wa L waiigyrcsa rakue Touku Pp n @y,
uro gnuHa ayru P,(Q), MeHbme \,, a yroJ MeXIy KacaTeJbHbIMA
B 9THUX TOYKAX HE MeHbIle (DUKCUPOBAHHOTO v < /8. Boigenum u3
nocaegosarensuocru {P,} nogmocnenosarenbuocts {P,, }, cxomng-

mytocad K Touke P kpuBoit L. O4ueBuHO, TOAIOCTEI0BATEIHHOCTD
{Qn,} makxke cxomures k P. Paccmorpum 1y A-OKpecTHOCTH TOU-
ku P, B KOTOpPO#l TOUHAsT BEPXHSIS TPAHb YIVIOB MEXKJY KaCaTeThbHbI-
MM B TOYKAaX OKPECTHOCTH ¥ B TOUke P menbine o /2.

flcHo, 9TO Yyros MeXJy KacaTeabHBIMU B JIOOBIX JIBYX TOYKAX
yKa3aHHOI A-OKpecTHOCTH TOuku P wmenbine «. [lpu mocrarouno
bombIioM ny, Touku P, u @, monaayT B BRIOPAHHYIO A-OKpecT-
HOCTBb TOYKM P, 1 TI09TOMY YToJI MEXK/y KacaTebHbBIMU B 9TUX TOU-
KaX JOJI?KEeH OBITh MEHBIIIE (v, TOT/Ia KAK 110 BHIOOPY ITUX TOUEK ITOT
YTOJI JOJIZKEH ObITH OOJIBbIE WM PABEH (. DTO MPOTUBOPETNE OIIPO-
BEpraeT CAeaHHoe JOMyIIeHrne O HecymecTBoBaHuu A > 0, ymoBie-
TBOPSIOIIETO YCIOBUAM JIeMMbl. OTMETHM, 9TO TpebyemMoe A MEHBIIE
Kazk 01 u3 nyr AA u BB.

Loxaoscem menepov, wmo moocho yxazams 6 > 0, ydosaemeo-
PANULEE YCAOBUAM AEMMDBL.

Homyctum, aro HeT 0 > 0, yIOBIETBOPSIOIIETO YCIOBUSM JIEM-
mbl. Torma agist 060ro 6, = 1/n MoxkHO yKazaTh Ha L Takyio TOUKY
P, v na L makyt TOUKY @y, uT0 jymna ayru P, Q, 6obIine win pas-
Ha A %), Torma Kak xopaa P, Q, uMeeT JIuHy MeHbIIe §,. Bbieanm
u3 nocsegoBaresbHocTr { Py} MOAmocaejoBaTeIbHOCTh, CXOMSIILY 0~
cg K Touke P KpuBoil L m paccMOTPUM COOTBETCTBYIOIIYIO MOJIIO-
CJIeI0BATEIBHOCTD HocIeoBaTensuoctu {Qy . 113 sroit mocienmeit
HOATIOC/IEJ0BATEILHOCTH BBIEINM MOIOCTEI0BATEIBHOCTE {Qp, |,
CXOAAIIyocs K Touke () KpuBoil L. flcHo, 9TO mOAmoCaes0BaTe  b-

1) Ouesuaso, A > 6.

%) CyuecTBoBaHme TAKOro A y»Ke€ yCTAHOBJIEHO B IIEPBOIl UACTH JOKA3ATEIlb-
CTBa JIEMMBI.
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Hocth { P, } cxomurea xk P. Tak kax mo BbiGopy Touexk P, u Qp,
nmuaa gyra B, Qn, Oombine nim paBHa A, To n gjmHA gyrn PQ
bonbire uau pasHa A. Ilockonbky amuabl Xopg P, Qp, crpemsarca
K HYJII0, TO JJTUHA X0pasl P() pasHa HyJi0, T. . Touka P coBmagaer
¢ TOUKOM () U SABJISIETCS MTO3TOMY TOUYKOI CaMOIEepecevueHnst KPUBOii
L 6e3 camonepecedenuit. [lomyuennoe mpoTuBopeyne moATBEPK AT
BO3MOXKHOCTH BBIOOpa Tpedyemoro ¢ > 0. JlokazaTeabCTBO JIEMMbI
3aBEPIIEHO.

Caedcmeue 1. Ilycmo xpuswe L u L ydossemeopatom ycio-
suam aemmuv, 1. Tozda MoocHO YKa3aMb MAKOE HUCAO 2N, 4MO A10-

6aa dyza wpuecoti L daunve menvuie 2X 00HO3HAMHO NPOCUUPYEMCA
Ha 00HY U3 KoopAUHAMHLLEL oceli Pukcuposartotli dexapmosoti nps-
MOY20AbHOT, cucmemvs Koopdunam Oxy.

JleficTBUTENBHO, BO3bMEM B KAUECTBE A YHCJI0, YKA3aHHOE B JIEM-
me 1. Jlwobag nyra KpuBoii L mHbl MeHblme 2\ CONEPKHUTCH B

A-OKpecTHOCTH HEeKoTOpoit Touku P xkpusoit L. KacarenbHas B T09-
ke P cocrasnsier ¢ omuoit n3 oceit Oz nin Oy yrosi, MEHBIHN Wi
pasubiit w/4. Torma, oyeBnaHO, KacareabHasd B JIIO00H TOYKe pac-
CMaTPUBAEMOM JyI'M COCTABJISAET C ITOW OChIO Yroy, menvwud m/2,
7 TIO3TOMY 3Ta JIyTa OJHO3HAYHO MPOEIUPYETCS HA YKA3aHHYIO OCh
(Ipu HEOJHO3HAYHOM MPOENUPOBAHUN ObLIM Obl KacaTeJbHBIE, CO-
CTaBJISIIOIINE C YKA3AHHOW OCBIO yroJi, paBHbIA 7/2).

Caedcmeue 2. Ilycmo xpuswe L u L ydossemesoparom ycao-
suam semmor 1. Tozda moorcno yrazamo maxoe wucao 2\ > 0, umo

ar0baa dyea kpusoti L daunv, menvwe 2\ 00H03HAWHO NPOECUUPY-
emeca Ha 00e KoOPOUHAMHLE OCU CREYUAALHO 8BOPAHHOT OAf% 2MOT
dyeu dexapmosoti npamoy20abHot cucmemvs kKoopdunam Oxy.
Bozbmem B kKadecTBe A\ umcsio ykazanHoe B jemwme. Jliobas my-
ra, KpuBOil L MeHbIe 2\ COMEPKUTCA B A-OKPECTHOCTH HEKOTOPOif

Touku P xpusoit L. Beibepem mexkapToBYy NpsiMOYTOJBHYIO CHCTe-
My KOODJWHAT TaK, 4TOOBI KacaTejbHas B P ¢ ee 0CIMU COCTABJISIIA
yros 7/4. Torna xkacaresbHas B 1H060i TOUYKe yKa3aHHOi gy Oyer
COCTABJIATDH C Kaxk0ii u3 oceit Ox u Oy yros, Menbinuii 7/2, u no-
9TOMY 3Ta JIyra OyaerT OIHO3HAYHO IPOEIHPOBATHCA Ha KAaXKIYI0 U3
oceit. OTMeTHM, UTO MaJIble H3MEHEHUs BHIOPAHHONH CHCTEMBI KOOP-
JUHAT HE BJMSAIOT Ha BO3MOXKHOCTH OJHOZHAYHOTO MTPOEMUPOBAHIS
JIyTU Ha 006€ KOOPAUHATHBIE OCH.

Jdemma 2. Ilycmov QQ —xeadpam, R — yeon ¢ eepwunoti 6 yen-
mpe P xeadpama Q) u ¢ pacmeopom 2a < w/4. Obosnarwum wepes T’
wacmo epanuybe keadpama Q, 3axarouennyro 6 yeae R. Tozda yaon
meotcdy moboti zopdoti aunuu T (npamas, coedunsaowan dée mou-
ku I') u 6uccexmpucoti yeaa R ne menvwe o.

Buny smementapnoctu He OyneM MPUBOIUTH ITOKA3aTEIBCTBO
39TOH JIEMMBI.
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Jdemma 3. Ilycmv QQ —xeadpam, L — zaadkas kpusas 6e3 ca-
Mmonepeceuerudi, evrodawas uz uenmpa P weadpama Q. Ilycmo
MOYHAA BEPTHAA 2PAHD Y2408, KOTOPHIE COCMAGAAIONM KACAGMEND-
nwe ® L ¢ noaykacameavnoti ¥ L 6 mouke P, pasna & < 7/8. Tozda
L nepecexaem epanuyy xeadpama QQ we 6oaee wem 6 00HOT mouke.

HokazareabcTBo. Ilocrpoum yrom R ¢ pactBopoMm 2,
2a < 2a < w/4, GucceKTPUCOt KOTOPOTO SIBJISIETCSI TIOJTYKACATE b
mag Kk L B Touke P, a mepmmmuoit —ientp P xsamgparta. O6o3-
HaunM depe3 [ 9acTh rpaHuibl KBagpaTa (), 3aKIIOYEHHYIO0 B yT-
ge R. Odgesumno, kpusast L pacmonoxena BuyTpu yria R (ecim
on1 L mepecekasa cropony yria R B Touke, ommdHOMi oT P, TO Ha-
LI1ach ObI KacaTesbHas, MapaJiiejibHas 3TO CTOPOHE U YKa3aHHAS
KacaTeJgbHas COCTaBJsiIa Obl C TosykacaTenbHoit Kk L B Touke P
yTOJI, PaBHbI > @&, 4TO OPOTHBOpeUnT yCaosuio). Ilycrs L me-
pecekaer I' B nByx Toukax M u N. Torga wa L Hamuiack Obl TOY-
Ka, KacaTejabHasl B KOTOPO# mapaJienbHa xopae M N u, coriacHo
JleMMe 3, 9Ta KacaTeJbHas COCTaBJIsaa Obl C MosiyKacaTeJbHol K L
B P yros He MeHbIN v > @, & 9TO NMPOTUBOPEYUT yCaoBuio. Jlemma
JIOKa3aHa.

Caedcmeue u3 aemm 1 u 3. ycmo xpuswve L u L ydosae-
meopaom ycaosuam semmos 1 u 6 > 0 —wucao, yxazannoe 6 amot

aemme. Toeda kpusas L nepecexaem epanuyy at06020 xeadpama @
C UEHMPoOM 8 NPou3eosvHoti mouke P amot kpusoti u co cmoponod,

MeHbUuLet \/55, He bosee wem 6 J8YT MouKaL.
Voemumcs B cipaBeyinBocTu cyiencreus. Ilycrs P — nmpousBoss-

Hasg Todka kKpuBoit L m A > 0—wuwncno, ykazawuoe B Jiemme 1.
Obpatumcs Kk A-okpectaocT Touku P. Obe TpanudHble TOYKA ITOMH

OKPECTHOCTH W YacThb L, pacmoioXKeHHas BHE A\-OKPECTHOCTH, CO-
rJacHO JiemMe 1, jieykar BHE JIFOO0OTO KBaJpara ¢ IeHTpoM B P u

co cTopomoit, Menbireii v/28. ITosToMy paccmarpuBaeMast A-OKpecT-

HOCTH (M TOIBKO OHA) IHepeceKaeTcss ¢ rpamumeil kBagpara @ ).
Tax Kak KaxK1as U3 MOJIYyOKPECTHOCTEN paccMaTpuBaeMoil Ad-OKpecT-
HOCTHM TOYKM P yHOBIETBOPSET YCIOBUAM JIEMMBI 3, TO $ICHO, YTO
A-OKPECTHOCTB Iepecever rpanuily KBajapara () He 6osiee 4eMm B IByX
TOYKAX.

5. CnenuanbHoe pa3dueHune obsiactu D ¢ KyCOYHO-TJIAI-
kot rpanuneit L. Ilycte D — mHOroCBsi3Hass KOHEYIHas 00J1acTh,
rpauuta L KOTOpO# COCTOWT M3 KOHETHOTO UHCIa 3aMKHYTBIX KY-
COYHO-TJIQAKUX KpuBbIX; Pi, Py, ..., P, — yrjioBble TOYKH TpaHU
bl L. Bygem canrtarh, 9TO Ha IJI0OCKOCTH BBIOpAHA JEKAPTOBA, IPS-
MOyTOJIbHAs cucrema KoopauHatr Ozy.

1) Bnecs ucnosiblyercss Teopema 2KopraHa, yTBepKIAIOas, 9TO eCIH [IBe
TOYKHU HENPEPBIBHON KPHUBOl L SBJIAIOTCS BHYTPEHHEH M BHENIHEH TOYKAMU
obiactu D, To L mepecekaer rpanumy D.
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Mpr yxaxkeM crmocod crenuajbHoOro pasbuenus obsactu D nHa
nogobaacru. Takue pasbueHus: MOHALO0SITCI HAM IIPU JTOKA3ATEIb-
CTBE TeopeMbl 1.

1°. Y6enumcs, uro gjst jrodoro € > 0 MOXKHO Tak BbIOpaTh KBa-
apatbl Q1, Q2, ..., Qp C IEHTpaMu B yIJIOBBIX TOYKAX IPAHUIBl L 1
CO CTOPOHAMU, MapaslelbHbIMu ocaM O
u Oy (puc. 7.4), uro GyayT BBIIOJHEHBI
CITETYTOTIINE YCAOBUA:

1) Tpanuna moboro ksajgparta ();
neHTpoM B P; TiepecekaeTcs ¢ KayKIoh u3
JBYX BeTBeil rpaHuiel L, HCXondamux us

P; 1) poBHO B ommHO# TOUKe (CM. puc. 7.4).
VKa3zaHHBIC TOYKHU SBJISAIOTCS €IUHCTBEH-
HBIMKM OOLIMMHU TOYKAMU I'PAHULLI KBa/l-
para (Q; ¢ rpanuneii L.
2) Cymma miomageil KBaaparos @
OyleT MeHbIIIe €; CyMMa, JJINH JacTeil rpa-
Prc. 7.4 Bl L, Haxoggdmmxcs B KBajparax (),
TakxKe Oyjger Menbire €. OUeBUIHO, IPKU 3TOM CYyMMa MEPUMETPOB

KBaJpaToB (); He mpessbiaer Ae, riae A — HeKOTOpast KOHCTAHTA.

Bo3mokHOCTh yKa3aHHOTO BbIIE BHIOOpA KBAPATOB (); BbITE-
KaeT U3 CIeAYIONUX PACCY2KICHNN.

PaccvoTrpum A-okpecTHOCTH YTJIOBBIX TOYEK, MO TINHEHHBIE TPE-
OoBaHUAM:

1. 9T A-0KpeCcTHOCTH He TTePeCceKaAr0TCs.

2. Cymma JTuH BCeX A-OKPECTHOCTEH MEHBIIE €.

3. Tounas BepxHsAd T'PaHb YIVIOB, KOTOPbIE COCTABJISIOT Kaca-
TeJbHBbIE KaXK/IOU M3 IMOJTYOKPECTHOCTEH A-OKPECTHOCTH C COOTBET-
CTBYIOIIEl TOyKacaTeIbHOW B YIVIOBOW TOUYKe MeHbIme @ < /8.
BosmoxkmocTs BeIOOpa TaKUX A-OKPECTHOCTEN YTJIOBBIX TOYEK Ode-
pugHa. OTMETHM, UTO KaxKjiasl U3 TOJTYOKPECTHOCTEH BBIOPAHHBIX
A-OKPECTHOCTeN yI0BAETBOPSET yCIoBUdIM JeMMbl 3. IloaToMy KaxK-
Jlas U3 9TUX TOJIYOKPECTHOCTEN mepecekaeTcs: He Hosiee YeM B OJTHOI
TOYKe C IpaHutieii JIFO0ro KBajapara ¢ IEHTPOM B COOTBETCTBYIOIIEH
YIJI0BO# TOYKe.

Jlnst kaxk 101t yriosoit Touku P; onpesenum yuciao 6 > 0, paBHoe
TOYHON HUKHeHN rpanu pacctogauuit or P; mo wactu L, mosydeHHOM
yranenuem u3 L A-okpecrrHocTn Touku ;.

O6o3znaunm 0 = min {0y, d2, ..., dp}. fcHo, yT0 MHOGOIH KBA-

par Q; ¢ menrpoM B P, jIuHA CTOPOHBI KOTOPOIO MeHbINE /24,
yJIOBJIETBOpsieT chOPMYJIUPOBAHHOMY Bbillle ycaosuto 1), ubo mpu

YKa3aHHOM BBIOODE KBaIpaTa (); /I KarK/I0i U3 MOIyOKPEeCTHOCTEH

Y

By

(6]

1) DoctaTouno Mamas A-OKPECTHOCTD YIVIOBOI TOUKH P; COCTOUT U3 IBYX ITIa-
KUX BeTBell, NCXOOANIUX U3 ITON TOUKU.
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TouKU P; BBITOJHEHBI YCIOBUS JIEeMMbI 4 U, KDOME TOr0, TPAHUY-
HBIE TOYKHU TIOJyOKPECTHOCTH JIe’KaT BHE KBajpara (); (9t obec-
MEYUBAECTCS €IMHCTBEHHOCTDh TOYKU MEPECEUEHUs] TTOTyOKPECTHOCTH
¢ TpaHuliell KBajapaTa). ZCHO Tak:Ke, YTO 33 CUET YMEHbBIIEHUS CTO-
POH KBaJpaTOB MOXKHO JTOOUTHCs, 9TO0BI CYMMa, UX IO el ObLIa
MenbIre €. O9eBUIHO, CyMMa JJTHH 9acTel TPAHUTB L, HaXOIAIINX-
ca B KBajipaTax (Q;, Gy/ieT MeHbIe € 3a CUeT CIeNuaIbHOro BR6opa
A-OKpecTHOCTel yriaoBbix To9eK. Takum 06pasoM, yeaogue 2) Takxke
BBITIOHSAETCS TIPY YKA3AHHOM BBIOOpE KBAIPATOB ();.

2°. ¥Yaamum w3 L Te dacTu, KOTOpbIE HAXOMATCI B KBaJIpaTax
Q. Ocraprmagca mocie yaanenns 4actb L npeacTapiager coboii Ha-
60p TVIAJKNX KPUBBIX L; 6€3 0OIINX TOUEK; IPU ITOM HEKOTOPHIE
u3 L; npeacTaB/asior coboil TagKie 3aMKHy Thie KpuBble. OTMeTHM,
UTO KaXK/as He3aMKHyTasi KpuBast L; COCTOUT U3 BHYTPEHHUX TOUYEK
DJIAIKON KPpUBOH L, TPAHUYHBIMU TOYKAMHU KOTOPOH OYIyT yIJIOBBIE
roukn L (cm. puc. 7.4).

Jlnst KaskI0H U3 KPUBBIX L; BOCIOIB3yeMCsl j1eMMOit 1 mpessl-
aymero myakTa. Ilycrs \; u 6 — uucra, rapanTuposasuble st L;
970it temmoit. IIpu 9TOM 4meI0 6 MBI IOZYUHUM eI OJHOMY Tpe-
OoBaHMIO — OyeM CUUTATh, 9TO J; MEHBIIE HIKHEl IDaHu PaccTo-
gHnit OT TOYeK L; 10 OCTaJbHBIX KPHUBBIX L. I[aﬂee 0603HaHI/IM
A=min{A;, Ay, ..., Ay} 1 0 < & < min{d], d5, ..., 0y}, 0F <
< /26, tne 6 — aucro, BoiGpammoe B 1°. OgeBnmno, A > 0*.

Pazobbem Kazk1yio KpUBYIO L; Ha KOHEUHOe YHUC/I0 dacTeil /-
bl Menbire §*. [TocTponmm KBampaThl (Q;, TMEHTPHI KOTOPBIX HAXO-
JATCS B TOYKAX pa3bueHmsi KPUBOH L;, CO CTOPOHAME JJIHHBI 0%,
napasienbabiMu ocsaim Oz u Oy.

3°. C nomompio KBagpaToB Q; u (); mocrpouM Tpebyemoe pas-
buenue obmactu D.

1) Yaamam us D gacu, obmue D u kajgpatam Q. Ocrasuryiocs
qacTth D 0603HAUMM depes DE, a rpannny D, —depe3 L.. I'pann-
na L, cocTouT u3 KPUBBIX L; U OTPE3KOB MPSIMBIX, MAPAJLIeIbHBIX
KOODJAMHATHBIM OCSIM.

2) O6ozHaumm vepe3 Ql 061y1o yacTs Kpajpara (Q; u obmactu Dy.
Obnactu QZ pasbuBaoT 061acTh D, HA OQHOCBSI3HBIC YacTu D; 1),
IPAaHNIA, KaXKJI0H W3 KOTOPBIX COCTOUT M3 IPSIMOJIMHEHHBIX OTpPEe3-
KOB, TapaJuiebHBIX KOODAUHATHBIM OCSIM ¥, OBITH MOXKET, OJHOTO
KPUBOJUHEHHOTO OTPE3KA, COMEPIKAIIErOCT B OHON U3 KPUBBIX L; 1
UMeroIIero JinHy MeHbire 0. Tak Kak yKaszaHHBIN KPUBOJIUHEHHBIIH

1) O6macts D Ha3bIBAETCS OJHOCBSA3HOM, €C/u M06ast KyCOUHO-TJIAIKAs, HeCar-
MOTIEPECEKAIOIAACA 3aMKHyTas KPUBas, PACIONOXKeHHad B D, orpaHuYuBaer
061aCTh, BCe TOYKHM KOTOPOH mpuHaexar D.
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OTPE30K MPOEINUPYETCs OJHOZHATHO HA OJHY U3 KOOPANHATHBIX OCeH
(IMHA KAXKJIOr0 TaKoro OTpe3Ka MeHbIne 0¥ < A, a B 9TOM CJIy-
Yae, COTJIACHO cjencTBuio 1 wm3 JjeMMmbl 1,
9TOT OTPE30K OJHO3HAYHO IPOEIUPYETC Ha,
OJIHYy W3 KOODJMHATHBIX OCeii), TO, ouesudho,

a0bas obaacmsy D; mooicem 6wimb  pasbuma

D;  NPAMBIMU, NAPAALEADHBMYU 00HOT U3 K0OPOU-

HAMHVT oceti Ha KoHewHoe wucao wacmeti Dy,

Kaotcdas u3 Komopwux npedcmasasem coboti su-

> 00 NPAMOYLOALHUK, AUDO KPUBOAUHETHYO MPa-

neywo ), GBITH MOKET, BEIPOAMBIIYIOCS B KPH-
Puc. 7.5 BOJIMHENWHBIH TPEYTOJTHHUK.

Ha pwuc.7.5 nokazana onna u3 obnacreit D;. Illtpuxobivu Ju-
HUAMEU TIOKa3aHo pazduenue D; na gactu Dy.

6. /lokazatenbcTBO Teopembl 7.1. Mbl Tonbko uro ybesau-
JIUCh, YTO TOCTe ynaJjenud u3 D gacrell, HAXOAAIUXCI B KBaJIpa-

tax @Q;, monyuaercs obaacts D, 2) ¢ rpanuneii L., KOTOpasg MOKeT
OBITH pa30WTa HA KOHEYHOE UHC/IO CIEIHAILHOTO Buaa obsacreit Dy.

Hoxkaxkem, uro mst obmactu D, cupasemimsa dopmyaa 'puna.
CormacHo cIeCcTBAIO B TI. 3 JAHHOTO maparpada g 9TOTO JT0CTa-
TOYHO yOennThCs, UTO KaxK7aad n3 objacteit Dy 10 OTHOIIEHUIO K
HEKOTOPOI CHeNuaIbHO N30PAHHON JeKapTOBOH CrCTeMe KOOPIUHAT
Oymer obsacTeio Tuma K.

Ecnn Dy — npsaMoyrombHuK, TO TpedyeMo#l CHCTeMOil SIBJIAeTCH,
HaIPUMED, CUCTEMa KOOPJUHAT, OJHA U3 OCeil KOTOPOii napaJsiiesbHa
JMaroHaJIM 3TOr0 TpAMOyroibHuKa. 1lycrs Dy sBaseTcda KpuBOJIU-
HEWHOI Tpamelueil nin KPUBOJIUHEHHBIM TpeyroabHuKoM. W3 cro-
coba moctpoenus obsiacteit Dy cienyer, 4TO KpuBas CTOPOHA T'Pa-
uutibl Dy yIOBJIETBOPSET ycaoBuaAM JieMMbl 1 1. 4 3TOr0 maparpa-
da 1 mo3TOMY, COTVIACHO CJIEJCTBUIO 2 W3 3TOI JIEMMBbI, OTHO3ZHATHO
npoenupyercs Ha 06e KOODJIUHATHBIE OCH CIEIUAJIBHO BBIOPAHHOM
IEKapTOBOM MPsIMOYTOJbHONW CUCTEMBbI KOODAWHAT. Tak Kak MaJsible
M3MEHEHUsI BbIOOPA 9TOM CUCTEMBI HE HAPYIIAT YKA3aHHOTO CBOIi-
CTBa, TO, OYEBUIHO, MBI MOYKEM BBIOPATH TAKYIO CUCTEMY KOODIH-
HaT, Ha 00€ 0CU KOTOPO#l OJHO3HAYHO MPOEIUPYIOTCS U MTPAMOJINHET-
wble yactu rpanuiibl Dy. ITo oTHOIIIEHNIO K 9TO# crucTeMe KOOPIUHAT
Dy, 6yner obnacreio Tuna K. Urak, nusa obmactu D, cupaseninba

yl

Y HanomuuMm, aTo KpuBOaMHEHHON Tpamenyeil Ha3biBaeTcs GuUrypa, OCHOBa-
HHASL KOTOPOH MapaJsiyie/IbHbI OJHON M3 KOODAMHATHBIX OCEH, OZHA 13 OOKOBBIX
CTOPOH NapaJljiebHas JAPpYroil KOOPAMHATHON OCHA U Ha 3Ty IIOCJICIHIOI OCh O1-
HO3HAYHO NPOENUPYETCS KPUBasi O0KOBas CTOPOHA TPAIIeIIVH.

2) HanmoMHuM, 94TO KBAIPaThl (); BBIOMPAIOTCS IO JI060MY TAHHOMY IIOJIOXKU-
TeJIbHOMY € TaK, 9TOObI CyMMa UX IUIOIReil Oblja MeHbIIe € M CyMMa JJIMH
gacTeil rpaHuIpl L, pacnosokeHHBIX B ();, OblIa TakyKe MeHbIIe €. fIcHO, UTO

npu € — 0 o6mactu D. ucdepubBaor obaacts D.
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dopmyna [puna

// 99 _9oP d dy—deHQdy (7.10)

W3 crocoba HOCTpoeHI/IH obnacreit D cne;[yeT, gto nipu € — () sieBag
u HpaBaﬂ qacTu cbopMyﬂH (7.10) uMeT COOTBETCTBEHHO MPEIEIIbI

/ / d:z: dy n / Pdx + Qdy. Teopema 7.1 nokazana.

§ 2. ®opmysa Crokca ')

1. ®opMyanpoOBKa OCHOBHOIT Teopemsbl. Ilycrs S — orpanu-
JeHHasl, TOJHAs, KYCOUHO-TJIaIKas, ABYCTOPOHHSIS IIOBEPXHOCTH C
KYCOUHO-TJTa KoM rpamumeii [ 2

Oxpecmrnocmaio IOBEpXHOCTH S OyeM Ha3bIBATE JI0H0€ OTKPDI-
TOe MHOXKeCTBO §), cozmepzKaiiee S.

CupaBeyinBa CJIEIYIOIIAsT OCHOBHAA TEOPEMA.

Teopema 7.3. Ilycmv 6 nexomopoti oxpecmHocmu NoGePLHO-
cmu S ¢pynruuu Pz, y, 2), Q(z, y, z) u R(x, y, z) nenpepusvy
U UMENM HENDEPBIGHBLE YACTHBLE, NPOU3COTHBIE NEPBO20 NOPAJKA.
Tozda umeem mecmo caedyrousee COOMHOULEHUE:

opP Q OP
// d+(8z 8w)dd+(6w 8y)ddy_
=¢Pdz+Qdy+ Rdz, (7.11)
r

nasveaemoe Gopmysot Cmoxca. pu smom cmoawud 6
nPasoTi Wacmu uHMe2pas NPedcmasasem coboti Cymmy Urnme2panos
N0 CEAZHBIM KOMNOHEHMAM epanuybs 1) Ha Komopur yxazarno ma-
Koe Hanpasaerue 006xoda, NP KOMOPOM, € Y4emom 6u60pa CMOPOHDL
NOBEPTHOCTAU, NOBEPTHOCTDL S 0CMaAEMCA CAEEA.

Ucnonb3ys 3amedanue 2 m. 2 § 3 1. 4 o popme 3anmcu moBepx-
HOCTHBIX WHTErpaJjioB BTOPOro poja u obosnauenus X, Y, Z s
YIJIOB, KOTOpPBIE 00Pa3yioT HOPMaJb K MOBEPXHOCTH C OCIMHU KO-
opauHaT, MOXKHO Tepenucarh gopmyay Crokca (7.11) caegyronm
obpazom:

// 8R 8Q cosX—l—(aP 8R)cosY—i—(aQ aP)COSZ]dO’—
oy 0z 0z Oz or Oy

=§Pdr+Qdy+ Rdz. (7.12)
r

1) Ix. T. Crokc — usBecTHbL# anrmuiickuii dusuk u Maremaruk (1819-1903).
2) OrMeTM, 9TO 3AMKHYTas! HOBEPXHOCTD HE MMEET IPAHULIBL.
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B ciemyronmx mMyHKTaxX Mbl JIOKAyKeM PsJl MPEIIOKEHUH, KO-
TOpbIE TIOHAA0OSATCS HAM s JI0KA3aTeIbCTBA C(DOPMYIUPOBAHHOM
TEOPEMBI.

2. loka3areabcTBO dopmyJsibl CTokca IJjis TVIAJIKOI mo-
BEPXHOCTH, OJ{HO3HAYHO MPOEIUPYIOINeiicss Ha TPU KOOPIu-
HaTHbIe ITLIOCKOCTU. ClpaBeinBa CAeAyolnas TEOPEMA.

Teopema 7.4. Ilycmov S — oepanuvennas, noAHaA, 2A00KAA,
d8YCcMopoHHnAA, 00HOCBAZHAA NOBEPTHOCMY C KYCOUHO-2A00K0T 2pa-
nuyeti I'. Bydem cuumamo, wmo S 00H03HA%HO NPOCUUPYEMCA Ha
Kaotcoyro u3 Koopournamuvx naockocmeti cucmemv, Oxyz. [lycmo 6
Hnexomopoti oxpecmuocmu S 3adanvr pynryuu P, Q u R, nenpepuis-
Hble 8 IMOT OKPECMHOCTNU U UMENWUE 8 Hell HENPEPLIGHBLE HACTT-
Hble NPOU36odHbIE NEP8ozo nopadka. Tozda cnpasediusa Popmyaa
Cmorxca (7.11).

HoxkazarenbcTBo. [las mokasaresbcTBa 0OpaTuMca K op-
me (7.12) zanucu dopmyssr Crokca. [Ipu 9ToM Gymem cantars, 9T0
eJMHIYHbIE BEKTOPBI HOPMaJIX 00pa3yioT OCTPhIe YIJIBI C OCAMU KO-
OpJIHAT.

OueBuyiHo, Teopema OyIeT JoKa3aHa, ecau OyayT JTOKa3aHbl pa-

BEHCTBA,
// —cosY— Z—PCOSZ>dO' = %Pd:p,
Y

r
2Q
// == cos Z — 5, 08 X) do = f@dy, (7.13)
r
// a—RcosX — @COSY)dO' = %Rdz.
dy Ox
f r

[TockobKy coorHorenust (7.13) 10Ka3bIBAIOTCS OJHOTUIIHO, OC-
TAHOBUMCS Ha JIOKA3aTeIbCTBE [EPBOTO U3 HUX.
Ob6osnaunm 4vepe3 I wHTErpaj B JIEBOW YaCTU IIEPBOIO U3 pa-

sercrs (7.13):
// —cosY— 9P o8 Z) do. (7.14)
Jy

ITo ycioButo HOBerHOCTb S aBJISIETCS TJIAJKOW W OIHO3HATHO
npoerupyercs Ha 1miockoctb Ozy. [losTomy S mpeacrasisger coboi
rpaduk auddepentupyemoii dyuknun z = z(x, y). B srom cuy-
9ae ¢ y9eTOM OPHMEHTAINN eIWHUIHBIX HopMaJe K S cosY u cos Z
MOT'YT OBITH HailIeHbI 110 (POPMYIaM

— 1
cosY = S — COS L = ——— 7.15
/1+p2+q2, /1+p2+q2’ ( )
0z _ 0z

Fﬂepza,Q—a—y-
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C nomourpto dopmyr (7.15) coornommenne (7.14) moxer GbITH
[EPEIUCAHO CIIE/LYFOIIIM 06pa30M'

I= / or 4 q— cos Z do. (7.16)

Tak kak Ha noBepxHocTu S 3Hauenus dyukuuu P(z, y, z) pas-
uel P(z, y, z(x, y)), To, ucnonbsys npasuio auddepeHnnpoBaHmst
CJI0KHOM (PYHKIMN, MOy IAM

3P oP
)l =—-+

0
—[P(.’E, Yy, z ( (9 qaz

[Tosromy coorHomenue (7.16) npumer Bu

I= // P(z, vy, z(z, y))] cos Z do. (7.17)

ITycts D — npoeknust Ha miockocTb Oxy nosepxuoctu S, a L —
MPOEKINS HA ITY IJIOCKOCTH I'paHulibl ' 91oit mosepxuoct. OueBu/I-
HO, TIOBEPXHOCTHBI MHTErpas B mpasoii yactu (7.17) pasen aBoiino-

My HHTErpay // ai[P(.’L‘, y, z(z, y))] dz dy (cm. 3ameqanue 2 1. 2
Yy

§ 3 1. 5), u mosTOMY
1= [[ 2P, v. sto, ) ds dy (7.18)
D

[Tpumenss K unrerpasy B npasoii gactu (7.18) dopmyay I'puna,
TTOJTY THM

// G%[P(x’ Y, z(z, y))] de dy = —fP(x, y, z(z, y))dz. (7.19)
b i3

[Tycrs Touka M (x,y, z) kpusoii I' npoerupyercst 8 Touky N (z,y)
kpusoii L. Torma, ouesnno, 3uavenne dbyuxuun P(z, y, z) B Touke M

kpusoii I’ copnagaer co suadennem dbyuxuuu P(z, y, z(z, y)) B TO4-
ke N xpusoit L. IlosTomy cripaBesnBoO paBeHCTBO

fP(LI}, Y, z(z, y)) de = fP(:I}, Y, z) dz. (720)
L r

Ouesnno, 3 coorromenwuit (7.14), (7.18)—(7.20) BeiTekaer mep-
Boe u3 pasencTs (7.13). JlokazaTesbCTBO BTOPOIO U TPETHErO W3
9TUX PABEHCTB IPOBOAUTCA aHAJIOI'MYHO, TOJIBKO IPU 3TOM HYXKHO
paccmarpuBarhk mpoekiuu S Ha miaockoctu Oyz u Orz cOOTBET-
crBerHo. Teopema Jg0Ka3aHa.
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3. UuBapuanTHag 3anuck dopmysbl Crokca. [lycts hynk-
wan P(z, y, z), Q(z, y, z) u R(x, y, z) HENpepbIBHbI U UMEIOT He-
MPEPBIBHBIE YaCTHBIE TPOU3BOJHBIE TIEPBOIO TOPSIIKA B HEKOTOPOIA
okpecrHocTr ) mosepxHoctu S. Oupenenum B {2 BEKTOpPHOE IIO-
Je p, KOOpAUHATBI KOTOPOT'O B AAHHOI IeKapTOBOIl HpAMOYIrOJIb-
HO#T cucreme koopauHat paBabl P, (), R. OueBuiHO, Ipu yCIOBUSIX,
HaJIOXKeHHbIX Ha ¢yHKiuu P, (), R, nose p 6yaer HempepbIBHBIM
u guddepennupyembim B 2. Haiizem porop storo nons. Ucmoms-
3ys BBIpaXkKeHue Jjisd rot p B OpTOHOPMHUpOBaHHOM Oaswuce 4, 7, k,
TTOJTY THM

o= (28 80)e (8- 90)5 (2 s

Bribepem Ha mopepxHOCTH S ONpEIETEHHYIO CTOPOHY, T. €. YKaXKeM
Ha S HeIpepbLIBHOE II0JIe eJMHUYHBIX HOopMmaJseil nm. Obpamasch K
Bbipazkenuto (7.21) s rot p U UCHIONB3ys CTaHIapTHOE 06O3HAYE-
Hue cos X, cosY, cos Z st KOOPAUHAT eJUHUIHOTO BEKTOPa HOPMa-
JIX v K IIOBEPXHOCTHU S, TIOJTyYUM

_ 8R_6Q> X (8P_8R) v
nrotp (—ay B cos X + % Bz cosY +
8Q_8P)
+(_6a; B cosZ. (7.22)

U3 coornomenns (7.22) ciaemyer, 94To WHTErpaJ, CTOSIIAN B Jie-
Boit wactu dopmyssl Crokca (7.12), MoxkeT ObITH 3aMUCaH B BUJE

J[ nrotpdo. (7.23)
S

Urak, waxopsimuiicss B Jesoit dactu dopmyasl (7.12) umaTerpan
mocie BBIOOPA OTPEIETEHHOW CTOPOHBI TOBEPXHOCTH MOXKHO pac-
CMaTpUBATh KaK IMOBEPXHOCTHBIN nHTErpas nepsoro poaa (7.23) or
dyuKIIM N rot P, 3a7aHHON Ha ToBepxHOCTH S. Tak Kak cKaJIgpHOe
TPOMBBEJIEHNE 1 TOt P U JTEMEHT TIOIMAIN do TOBEpXHOCTH S He 3a-
BUCSIT OT BbIOOpA IEKAPTOBON MPSIMOYTOJIBHON CUCTEMBI KOOPIUHAT
B IIPOCTPAHCTBE, TO IPU MTEPEX0Ie K HOBOMY OPTOHOPMUPOBAHHOMY
basucy 4, ', k' nepas wacts dopmynsl (7.12) He U3MEHHUT CBOEro
3HaYeHNsT ¥ (POPMBI, T. €. 9Ta JieBasg JaCTh UHBAPUAHMHG OTHOCH-
TEJILHO BBIOOPA JIEKAPTOBOH TTPAMOYTOIBHON CHCTEMBI KOOPINHAT B
MIPOCTPAHCTRE.
Obparumcst Teneps K WHTErPasy

§ Pdz + Qdy + Rdz, (7.24)
r

HaXOISIEMYCs B IpaBoil wactu ¢gopmysibl CTOKCA.

Voenumcs, 9T0 9MOM uHMe2Pas MaKHce UMEem UHBAPUGHMHHLT
rapaxmep — ero 3Hadenue u (GopMa He MEHSIOTCS TPH Tepexone K
HOBOII JIEKAPTOBOI CUCTEME KOODIUHAT.
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[Tycts t — e uHUYHBIM BEKTOP KACATEJbHONH B TOYKAX MDAHUIIHI
I' moBepxurOCTH S, HapaB/IeHHE KOTOPOI'O COIJIACOBAHO C HAIpPaB-
JierneM o6xoja Ha Iy cos a, cos 3, cosy — KoopauHaThkl BekTOpa .
Bribepewm 3a mapamerp Ha [ gusay myru [, mpuyem Ha KaXK a0 CBsi3-
HO# KOMIIOHEHTEe TPAHUIbI BO3PACTAHUE TapaMeTpa COIVIACOBAHO C
HampaBJjieHreM 006Xoja Ha 3ToM KoMmmoHeHTe. [Ipu ycioBusx, Haio-
keuubix Ha ') dyukuus ¢(1) 6ymer Kycouno-HenpepbiBHOit. Tak Kak
ToJie P HEMPEPBIBHO Ha [, TO ero KOOPAMHATH! PEJICTABISIOT COHO0it
ma ' mempepbiBHbIEe QyHKIMNA OT [. 3aMeTwM, 94TO MOCTEe BHIOOpA
HampaBJieHnsa 00X0ma W mapamMerpa Ha Kpuboit I KpuBosmHEHAHDII
uHTerpas Broporo poga (7.24) mpeobpasyercs B KPUBOJIUHEHHBII
uaTerpaa mepsoro pona. Ipm atom P, Q) u R BBIUUCIAIOTCS B TOU-
xax ', a dx = cosadl, dy = cos Bdl, dz = cosy dl. Takum obpazom,

$Pdr+ Qdy+ Rdz =¢(Pcosa+ Qcos 8+ Rcosy)dl =§ptdi.
r r r
(7.25)

Coornomtennst (7.25) mokassiBator, uTo uHTerpasn (7.24) neiicrsu-
TeJIbHO MMEeT WHBAPUAHTHBI XapakTep: CKAIAPHOe MPOU3BEIEHUE
pt — MHBAPUAHT, MapaMeTPU3AIUs ¢ TOMOIIBIO JJIUHBI YT HE CBsi-
3aHa C CUCTEeMOH KOOpAWUHAT.

B nogoit gekapTopoii cucreme koopauaar Oz'y'z' uveem

ptdl = (P cosa’+ Q' cos '+ R cosv') dl = P'dz'+ Q' dy'+ R' d7'".
ITosTomy
Pdz +Qdy+ Rdz=P'de’' + Q' dy' + R d?'.

OrmernM, 94TO WHTETrpAJ

$ptdl
r

OOBIYHO HA3BIBAETCS YUPKYAAUUET 8eKMOPHO20 NoAs P no kpueot .
[TpoBeeHtbIe pacCyKAEHUS MO3BOMISIOT TPHIATh dhopmysie CToK-
ca (7.11) (wau (7.12)) caeayrouny0 MHBADUAHTHYIO (DOPMY:

[[nrotpdo = § ptdl. (7.26)
s r

4. /Toka3zareabcTBO TeopeMbl 7.3. Jlokaxem cremyroree
BCIIOMOTATE/JIbHOE yTBEPXKICHUE.

Jemma. [lycmov S — ozpanuvennad, noanai, 08YCMOPOHHAA,
2AA0KAA NOBEPTHOCTG ¢ KYcouHo-2aa0K0l eparuyet T 1) . Cywecm-
syem maxoe & > 0, 4mo 410604 C8A3HAA HACMb NOGEPTHOCMU S,

pasmepv. Komopoli menvwe 0 2), 00HOZHAMHO NPOCUUPYETNCA HA

1) OTMeTI/IM, 9TO 3aMKHYTad IIOBEPXHOCTH HE MMEET I'PDAHUIIBI.
2) Takast 9acTb MOBEPXHOCTH MOKET GBITH PACIIONOXKeHa B chepe pagmyca d.

7 B. A. Unbun u . I. Tlo3usaxk, yactsb 11
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KaoHCOY10 U3 KoopAUHAGMHUT nAocKocmed nexomopoti dexapmosoti
cuCmemb, KoopouHam.

HokazareabcTBO. YbeaumMcsd cHadanaa, dYTO HEKOTODPAas
OKPECTHOCTH KaXKI0H TOUKN M Takoit TOBEPXHOCTH OTHO3HATHO TIPO-
eTUpPyeTcs Ha KAXKIYI0 W3 KOOPAWHATHBIX TIOCKOCTEH HEKOTOPOi
JTIEKAPTOBOI CUCTEMBI KOODJWHAT.

[lycts Mps — BEKTOp €IMHUYIHON HOPMAJH TMOBEPXHOCTH B TOU-
ke M. Beibepem mexapToBy cucrtemy koopawHaT Ozyz Tak, ITOOBI
BEKTOP My COCTABJIAT OCTphbie yribl ¢ ocamu Ox, Oy u Oz. Torma,
OYEBUIHO, B 3TON CHCTEME KOODIWHAT OMPEIeTUTENN

Yu 2u
Yo 2y

2y Ty
Zy Ty

‘xu Yu
’ Ty You

OT/INYHBI OT HYJIS JJIs 3HAYEHUNH U U U, ONPEAETIIONuX T0UKky M,
¥ B CWIY TJIQJIKOCTH S OTJIMIHBI OT HYJIS B HEKOTOPOH OKPECTHOCTH
TOYKHU (};, v) (3TH ompeseUTe M TPOMOPIUOHAIBHBI KOOPAUHATAM
eIMHUYHOTO BEKTOpa HOpMaJsu K nosepxuocTh). Obpamiasach K J10-
Ka3aTesIbCTBY TeopeMbl 5.1 1 K 3aMeYanuio K 910ii reopeme (CM. 1. 2
§ 1 1. 5), Mbl yGeauMcst, 9TO HEKOTOPas OKPECTHOCTH TOYKU OJTHO-
3HAYHO MPOETUPYETC HA KaKAYI0 W3 KOOPAWHATHBIX IIJIOCKOCTEH
BBIOpaHHOH crucTeMbl KoopawHaT OTyz.

JlomycTum, 910 yTBEpPKICHHUE JIEMMbI HeBepHO. Torma /jisi Kax-
noro 6 =1/n,n =1, 2, ..., MOXHO yKa3aTb 4acTb Sy, IIOBEPXHOCTH
S, pazMepbl KOTOPOI MEHBIIE § U KOTOpas He MPOEIUPYETCs OJIHO-
3HAYHO HA TPYU KOOPJAMHATHBIE TIJIOCKOCTH JIF0OO0# 1eKapTOBOil CUCTe-
MBI KOOpAuHaT. BeibepeM B Kaxkoii uactu S, T0Uky M, , 3aTtem u3
nocsegoparesbaocT { My, } BeIGEPEM MOIIOCIEI0BATEIBHOCTD, CXO-
JSIyTocst K HeKoTopoit Touke M mosepxuoctu S. Paccmorpum Ty
OKPECTHOCTH TOUKHU M, KOTOpasi OJHOZHAYMHO MTPOEIUPYETCS Ha KayK-
AVIO U3 KOOPAVHATHBIX IIJIOCKOCTEH HEKOTOPO# 1eKapTOBOHU CUCTEMBbI
koopauaaT Oxyz. DTa OKPECTHOCTH COJEPYKUT OJHY W3 dacTeir Sy,
KOTOpas TakxkKe Oyjer ONHO3HAYHO MPOEIUPOBATHCA HA TPU KOOP-
JUHATHBIE TJI0CKOCTH cucTeMbl Ozyz. A 9T0 IpoTUBOPEYUT BHIOOPY
vacreit Sy,. TakuMm 06pa3oM, NPesnoaIoKeHne 0 HECIPABEIINBOCTH
YTBEPXKIEHUsT JIEMMbI BEJIET K MPOTUBOpPEYNio. JleMma moka3aHa.

[Tepeitaem Tenepsb K dokaszameavcmey meopemoi 7.3. Pazobbem S
KYCOYHO-TJIIKUMHU KPUBBIMY Ha, KOHEUHOE UHCJI0 TIAJIKUX dacTeit S,
pasMep Kazkoi 13 KOTOPBIX MEHBINME J, YKA3aHHOTO B TOJBKO UTO
nokasarHoit jsiemme. Ilpu 9TOM K 4mMCay KpPUBBIX, pasbuBarmOmux S,
npucoenvauM U pebpa mopepxHocTH. Tak Kak dacTb S; mpoenupy-
eTCsI OHO3HAYHO HA TPU KOOPJAWHATHBIE IJIOCKOCTU HEKOTOPOM Je-
KapTOBO# CHUCTEMBI KOODJAWHAT, TO B CHJIy WHBAPUAHTHOCTH (HOp-
mysbl Crokca (cMm. m. 3 9Toro maparpada) U BBIBOJOB M. 2 9TOTO
maparpada ¢dopmyna Crokca Bepra ajis dactu S;. IIpocymmupy-
eM Terephb JieBble U mpasbie uactu (opmys Crokca jajisa dacreit S;.
OueBuiHO, CyMMa JIEBBIX YaCTeil 3THX (DOPMYJI IPeICTaBIseT coboit
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apoitnoit uarerpan [[ nrotpdo, a B npasoit wacrtu Gyger cToATH
S

cymma unrerpanos § ptdl no rpamuuam I'; wacreit S;. flcno, uro
I

WHTErPaIbl O OOIMIMM yJacTKaM TPAHUIBI dacTeil S; COKpaTITCHd,

100 3TH yIacTKU 00XOAATCA B IIPOTUBOIIO-

JIOXKHBIX HAMpPaBJIEHUAX (715 TTOSCHEHMUST

MOXKHO 00paTuThes K puc. 7.6). Tlosromy 4__5\

yKa3aHHas BBINE CyMMa KPUBOJTWHENHBIX
WHTErpajoB PaBHA KPUBOJUHEHHOMY WH-
TerpaJy o rpanutie ' mosepxuoctu S. U3 ?

HaIIUX PACCYKJIEHUI BBITEKAET CIPABE-
JITBOCTH (DOPMYJIBI
T R

[[nrotpdo = § ptdl, Puc. 7.6
S r

KoTopas u sBJsiercst hopmyiioit Crokca. Teopema 7.3 mokazana.
§ 3. ®opmysna Ocrporpaackoro

1. PopmyaupoBKa OCHOBHOIT Teopemsbl. [lycts V — koneu-
Hasl, BOOOIIE TOBOPsT, MHOTOCBsI3HAs 00/1acTh B pocTpancTee Oryz
¢ Kycouno-ria koii rpanumeii S 1) . O6macts V ¢ mpucoe mHeHHOI
rpamureit Oymem obozuadaTh depes V. CropaseiiwBa CIeayromiast
0CHOBHAA TEOPEMA.

Teopema 7.5. Ilycmo  dynxyuu P(x,y, 2z), Qz,y,z) wu
R(z, y, z) nenpepuisno, 6 V u umerom HENPepuieHbie YacmHble npo-
u3600HbBIEe NEPB020 nopadka 6 V. Ecau cyuecmeyiom necobemeen-
Hble UHMEZPaAbl no obaacmu V. om xascdoti u3 4acmubx npouseod-
nox pynxyutd P, Q u R, mo cnpagediuso coommouwenue

oP L 0Q | OR -
///((%Jray#—azdxdydz
\%4
= [[Pdydz+ Qdzdzx + Rdzdy, (7.27)
S

nasweaemoe PGopmyaotd Ocmpoepadckozo. Ipu smom
cmoawutt 6 npacot wacmu unmezpaa npedcmasaaem coboti cymmy
UHMEZPANOE NO CEAZHBIM KOMNOHEHAM 2PAHULDLL S, HA KOMOPHIL
BbIOPAHA BHEUHAA O OMHOWEHUIW K V CcMopoHa.

!) Ppanuma S HasbiBaeTCs KyCOUHO-IJIAIKOI, €CIM OHA COCTABIICHA M3 KOHEU-
HOTO 4HCJIa IVIAJKUX [OBEPXHOCTEH, MIPUMBIKAIOIINX APYT K APYTY IO TJIAIKUM
KpUBBIM — pebpam noBepxHOCTH. Eciu rpasuna S COCTOUT M3 KOHEYHOIO YhC-
Jla 3aMKHYTBIX KYCOYHO-IVIAIKUX IOBEPXHOCTEH S;, TO S; HA3BIBAIOT CEA3HbBIMU
Komnornenmamu S, a CBA3HYIO 00/1aCTh V — MH020¢64310G.

7*



196 DOOPMVYJIBI 'PUHA, CTOKCA 1 OCTPOI'PAJICKOI'O IJI. 7

Mp&1 orpannanMcs J0Ka3aTeabCTBOM (hopmysibl OCTporpajickoro
JIUIIE [l CIEIAaJILHOTO KJjiacca 00/1acTei.

OrmerumM, 9T0 TeopeMa 7.5 MOXKeT ObITH JI0Ka3aHa MmyTeM 0000-
IEHUsT METO/[a, KOTOPhIi ObLT ucrmosb30BaH B § 1 3T0ii TyiaBbl IpU
nokasareabcree popmysibl ['puna.

2. oka3areabcTBO (popmysibl OcTporpaickoro AJis crie-
MUAJIBHOTO KJiacca obsacreii. OJHOCBI3HYI0 KOHETHYIO 00IaCTD
V' ¢ xycouHo-raakoit rpanuteit S OymeM Ha3bIBATH 004GCMbI0 MU~
ne K, ecmm Kaxkaas mpsaMasi, mapaJiieabHas J00i KOOPIUHATHON
ocH, TiepecekaeT rparuily S obsactu V He Gosiee geM B IBYX TOUKAX.

Jnst obnactu tuma K OyayT mcmonn3o-

z48" . BaHBI CIeHaJbHbIe CUCTeMbl HCUEPIbIBAO-

mux obmacreit {V,}. Onuimem nocrpoenune

TAKOTO TUMA CUCTEM.

IIycte obmacts D ma mmockoctu Ozy

\ MpPEJICTABJISIET CODON MPOEKIWIO Ha 3Ty

| mIockoCcTh objiactu V. Yepes rpaHuvHbIe

: _ Toukum obaactu D mpoBemeM MpsiMble, Ia-
|

I | Y  pajrenbubie ocu Oz. Kaxgas u3 9Tux mpsi-
a MBIX TIE€peceKaeTcs ¢ rpanwuteii S objacTu
D V nwme B omHoit Touke. MHOXKECTBO 3THX

Touek pasgenser S ma ase gactu S’ n S”
Puc. 7.7 (puc. 7.7), KOTOpBIE TPEICTABJSIOT CODOIt
rpacduku HenpepbiBHBIX B D u KycouHo-guddepeniiupyembix 8 D
dbyukumit z1(z, y) u z9(z, y). Ormerum, uro z1(z, y) < 22(z, y)
(paBEHCTBO MMeeT MeCTO JIMIIh B TOYKAX TpaHulbl obaactu D).

PaccmoTpuM mponsBOJIBHYO MOCIIEI0BATEIBHOCTD obacreii { Dy},
MOHOTOHHO ucuepnbiBaonmx obaacts D. IIycrs S, n S)! — rpadu-
ki byHKIWit 21 (2, y) + €, 1 22(2, Y) — €, 3aMaHHBIX HA D, (9HCTO
€, BBIOMPAETCsI CTOJIb MAJIbIM, 9TOOBI MOBEPXHOCTH S), 1 S;{ He TIe-
PECEKAIHCH).

I'panurneit obactu V,, sBjisieTcst TOBEPXHOCTH, COCTABJIEHHAS U3
nosepxHocTeit S;, u S W YACTU [UANHIPUYECKON MOBEPXHOCTH, €
obpazytorumu, mapajieababivu ocu Oz. Ilpu 3rom Hampassio-
1ieft MUIMHIPUYECKOl MOBEPXHOCTH CIyKUT rpanutia obaactu Dy,.
Obnacro Vn+1 CTPOUTCST AHAJOIMYHBIM 00pa30M, TOJBKO BMECTO
obmactu D,, 6epercs 061aCTh Dn+1 U €p41 BHIOMPAETCS MEHBIIIE €p.
OuesnHO, 9T0 TP €, — 0 cucrema {V,,} MOHOTOHHO HCHEPILIBAET
obnacte V.

JlokazkeM cremytoriee ymeeprcoeHue.

Teopema 7.6. Ilycmv 6 obaacmu V. muna K dynxyuu
P(z,y, z), Q(z,y, z) u R(:l:(3 Y, z) ydosaemeopstom YCAOBUAM
meopemuv, 7.5. Tozda daa amoti obaacmu u daa dynkyut P, Q u
R cnpasedausa dopmyasa Ocmpoepadcrozo.
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HokazareabctBo. OueBUIHO, AOCTATOTHO YOETUTHCS B
CIIPaBEIJINBOCTU PAaBEHCTB

// —dxdydz—//dedz,
/// oe d:z:dydz—/ Qdz da, (7.28)
// —dxdydz—é/Rdxdy.

Tax kak sTu paBeHCTBa JOKa3bIBAIOTCS OAHOTUIIHO, MBI IIPOBE-
JeM JI0Ka3aTeJbCTBO i TPEThEro U3 HUX.
Paccmorpum TpoitHOI nHTErpas

/ OR 1 dy dz. (7.29)
0z
Va
Jlnga obmactu V, U AI8 TIOABIHTErPATBHON (DyHKIINT Z—R B HWHTE-
z

rpasie (7.29) BBINOJHSAIOTCS BCE YCJAOBHS, MPU KOTOPBIX JEHCTBYET
dopmya TOBTOPHOTO I/IHTGI‘pI/IpOBaHI/IH. [To sroit dhopmyae nmeem

—€n

// —dxdydz—// dx dy / Z—Rdz:
z

7y)+8”l
= ffR Z,Y, z2($7 y)_gn) d[Edy - ffR(‘CU? Y, Zl(x7 y)+5n) d[Edy
D, D,

(7.30)
Jlesas yacrs coornomenus (7.30) pu n — 00 UMeeT mpejes, pas-

HBI / / Ok 1y dy dz. B cumy paBHOMEpPHO HEITPEPBIBHOCTHU (DYHK-

n R(x, Yy, z) B 3aMKHyTOi# obsacTé V Kax<joe 3 CIaraeMbIX B

npasoii yactu (7.30) umeer pu n — 0O MpeIes1, PABHBIN JIJIs IEPBO-

ro craraemoro [[ R(z, y, z2(z, y)) dz dy u aust BToporo ciaraemMoro
D

—[[ R(z, y, z1(z, y)) dz dy. Ilepsbiii u3 TOTLKO YTO yKA3AHHBIX WH-
D

TerpaJjioB MpeJCcTaB/isieT coOOil mpu BBIOOPE BHEIHEH CTOPOHBI TIO-
sepxuocru S uurerpan [[ R(z, y, z) dz dy, a Bropoit (¢ yaerom cro-
S/I
SIIEro Iepej HuM 3HaKa «MuHyC») unrerpan [[ R(z,y, z)dzdy.
SI
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Urak, npasas yacth coorHomenuii (7.30) umeer npu n — 0o mpe-
nen, pasubiit [[ R(z, y, z) dz dy. Crenosarensto, Tperbs u3 $hop-
S

Myt (7.28) mokasaHa.

Hokazarenscrso nepsoit u Bropoii u3 dbopmys (7.28) nposoaut-
Csl aHAJIONMYHO (HY’KHO DPACCMOTPETh TMpOeKIuu V Ha MJIOCKOCTH
Oyz n Oxz COOTBETCTBEHHO W TIOBTOPUTH MPOBEICHHBIE PACCY K Ie-
nus). Teopema mokasana.

3. NuBapuanTHaa 3anuch opmyabst OcTporpaiackoro.
Iycrs dyskumu P, Q u R ynoBAETBOPSIOT YCIOBUSIM TEOPEMbI 7.5
B KOHEYHON CBsi3HOU objacTu V' ¢ KyCOUHO-TVIAJKON rpanutei S.
Omnpenenum B V BEKTOpHOE TI0JIE P, KOOPJAUHATH KOTOPOI'O B JTaH-
HO#I mekaproBoil cucreme Koopauuar Ozyz pasubl P, @, R. Oue-
BUJIHO, [TPU YCJIOBUSIX, HAJIOXKEHHBIX Ha 9TH (DyHKIUH, moJ1e P Oyaer
HernpepbiBHBIM B V' u auddepentupyembim B V.

Haiinem museprennuto mosist p. Vlcronb3ysi BbIpasKeHue Jijist Ju-
BEPreHIuy oI P B OpTOHOpMI/IpOBaHHOM 6a31/1ce %, J, k, moayaum
divp = + 9Q + .

Jy az

SBamMeuanmue. HepefmeM K HOBOI/I JEeKapTOBOM cucreme Ko-
opamHAT B TIpocTpancrse. Ilycrs 4, ', k'—opTOHopMI/IpOBaHHLH/I
0a3uc, CBSI3aHHBIN C 3TOM CUCTEMOM, AP Q R ~~ KOODZIHHATBI 110-
Jst p B 3ToM 6aszuce. OdeBugHO, (byHKLU/H/I ', Q', R' nenpepbIBHbI
B V u nuddepenuupyemsr 8 V (311 cbyHKuI/H/I MIPEICTABJIAIOT CODO

JnuHeitHble Kombunaryn Gyukuuii P, @, R).
Taxk kak B HOBO# cucTeMe KOODIUHAT
8P’ 2Q' | OR
oy’ 9z’
TO B CUJTY I/IHBapI/IaHTHOCTI/I AHBepreHuHI/I CIIPABEIMBO PABEHCTBO
OR _ oP' | 0Q" |, OR
9@ L ok _ 0P | 0Q .
890 oy 0z oz’ oy’ 9z
Taxum obpazom, eciu P, Q, R paCCManI/IBaTb KaK KOOPJIMHA~

divp =

Thl BEKTOPHOT'O IOJIS P, TO BbIpaKeHUE 8_ + ZQ + 8_ HE MEHdAEeT
Y z
HU 3HaYEHUs], HU (OPMBI IIPH IIepexojie K HOBOM JeKapTOBOH IpsMOo-
YLOJBLHOHM CHCTeMe KOOPOUHAT, T. €. IIPeJICTaB/IsIeT CO0O HHBAPUAHT.
MBI MOXKEM TIO3TOMY CAENaTh CAEAYIOIIUH BaXKHBINH BBHIBOJ: UH-
meezpan, naxodaugutica 6 aesoti wacmu dopmyasve Ocmpozpadcrozo
(7.27), umeem unsapuanmmuli Tapaxmep — e20 3nauenue u Hopma
HE MEHANOMCA NPU neperode ¥ oot dekapmosoti cucmeme K0opou-
nam. JlefcTBUTENHHO, TIPYU TAKOM TIPeodPa30BaHUN KOOPAUHAT abCo-
JIIOTHOE 3HaMeHune sKoOmaHa mpeodbpasoBanus pasHo emgunwuie. Co-
IJTACHO K€ 3aMEYaHUIO TTOJIBIHTErPATHHOE BHIPAYKEHNE HE MEHSIET HE
3HaYeHust, HU POPMBI TIPU TAKOM TPE0OPA3OBAHUN KOOPMHAT.
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ObparumMcst Tenepb K WHTErPaJy
[[ Pdydz + Qdzdz + Rdx dy, (7.31)
S

HaXOJdAIIeMycs B npasoii yactu dbopmyns Ocrporpajckoro (7.27).
Voenumcsi, 94TO 2MOM UHMEZPAA TAKICE UMEEM UHBAPUAHMHbLT
TAPAKMEDP — €20 3HAUEHUE U POPMA NOOLIHMEZPAALHOZ0 GUPAANCEHUA
HE MEHANMCA NPU neperode ¥ Hosot dexapmosoti cucmeme K0op-
dunam.

Ucnons3ys 3amedanne 2 m. 2 § 3 1. 5 0 dpopme 3amucn moBepx-
HOCTHOT'O HWHTErpaJjia BTOPOro poga u obosuadennsa X, Y, Z mis
YIJIOB, KOTOpPBIE 00pa3yeT HOPMaJb 7 K TIOBEPXHOCTH C OCSIMU KOOP-
JMHAT, MOXKHO nepenucarh uarerpas (7.31) ciaeayrommm obpasom:

[[(PcosX +QcosY + Rcos Z) do. (7.32)
S

[MogpraTerpanbHoe BblpaxkeHue B uHTerpaste (7.32) mpeacrasiser
coboii ckajsipHOe Tpou3BeJeHre Mp, u no3romy uHTerpan (7.32)
(nnm, uro To ke, uurerpan (7.31)) moxker OBITH 3amUCAH B Cle-
JYIOIIEM UHBAPUAHTHOM GUJE:

gf npdo.

OrMernM, 9TO 9TOT MOCHETHUN WHTErpa 0OBIYHO HA3BIBAETCS NO-
MOKOM B8EKMOPHO20 NOASA P TePe3 TIOBEPXHOCTL .

Ob6parmasice K unBapuanTHol (opme 3anucu nnrerpana (7.31),
MBI BUJIFM, 9TO B HOBO¥ CHCTEME ITEeKAPTOBBIX KOOPAWHAT 3TOT WH-
Terpaj mMeeT BUT

[[P'dy dz' + Q' dZ' d2’ + R' dz' dy'.
S

[TpoBenenuble B 9TOM TYHKTE PACCYKICHUST MO3BOJSIIOT 3aTTH-
carb dopmyrny Ocrporpaickoro (7.27) B cieayiomeM WHBaApUAHT-

HOM BHJE:
[[[ divpdv = [[ npdo. (7.33)
v S

B sroit dpopme uepes dv obo3naden snement obbema obaactu V.

W3 Teopembl 7.6 1 BBIBOLOB 3TOr0 IIYHKTa MBI MOXKEM H3BJIE€UYDL
BayKHOE CJIeJICTBUE.

Caedcmeue. Ilyemv  Pynxyuu Pz, y, 2), Qz,vy, z) u
R(z, y, z) ydosaemeopsatom ycaosusm meopemvl 7.5 6 Koneunoti 06-
aacmu V¢ kycouno-aaadkoti epanuuet S. Ecau obaacmv V' moocem
bvms pa3buma Ha KoHewHoe wucao obaacmeti Vi ¢ xycowno-2aa0-
KUMU 2panuami Sy u npu amom kaxcdas u3 Vi npedcmasasem,
coboti obaacms muna K no omuowenuto ¥ nexomopot dexapmosoti
cucmeme Koopdunam, mo oas obaacmu V u dynkyuti P, Q u R
cnpasedausa popmysa Ocmpoepadckozo.
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CrpaBelJIMBOCTD CIEICTBUS BBITEKAET U3 CJIEIYIONIUX PACCy K-
nenuit. fcuno, uro dopmyaa OcTporpajckoro CrpaBeminBa st
KaxKI0it w3 objracreit Vi. D10 cieyer u3 WHBAPUAHTHOTO Xapak-
Tepa HhOPMYJIbl U U3 TeopeMbl 7.6 (B HEKOTOPOii cucreMe KOOPIUHAT
Vi G6yner O6JI&CTBIO tuna K). Jlajgee o4eBuIHO, 9TO CyMMa WHTET-

paJjioB / / / + —) dx dy dz w3 neBbix gacreit dpopmys
Z

OCTpOPpa,D;CKOI‘O Jutsi obnacreii Vi mpencraBisier coboil mHTErpadi

(8_P + % 6R) dx dy dz. Cymma ke TOBEPXHOCTHBIX WH-
oz oy 0

¥4

v
rerpanos [[ Pdydz + Qdzdz + Rdzdy B npasbix wacrsix $hop-
Sk
My OcTporpajckoro mo rpanutiam Sy obsacreit Vi mact mHTErpads
[[ Pdydz+ Qdzdx + Rdz dy, nbo nnrerpanst 1o obmum y4act-
S

KaM TpaHuilbl obsacreit Vi COKparsiTCs —3TU Y9aCTKU B COCETHUX
obnactsix Vi opueHTUpOBaHBI TPOTHUBOIIOIOKHBIM 00Pa30M.

§ 4. Hekoropnie npusoxkeuus ¢popmys I'puna, Crokca
u Ocrporpasckoro

1. BeiparkeHue IJIomiaay MJIOCKOH objslacTu 4depe3 Kpu-
BosimHelTHbIN nHTerpas. Ilycrs D — KoHeuHas IJIOCKAs CBA3HAs
00J1aCTh C KyCOYHO-IIaIKOil rpanurneit L. CopaBemuBo ciepyromee

ymeepotcdenue.
Haowads o obaacmu D moocem 6vimsd 8bHUCAEHE TLO POPMYAE
o= %fxdy—ydx, (7.34)
L

6 Komopotll KpusosuneldHvll unmeepan npedcmasasem coboti cym-
MY UHMEZPAAOE NO CBAZHBIM KOMNOHEHRMaM 2paruybt L, npuvem na
Kaotcdoti U3 IMUL KOMNOHER YKA3aHO MaKoe nanpasaenue 06xoda,
npu xomopom obaacmo D ocmaemcs caesa.

Jlist moKa3aTebCTBA yTBEP:KIeHUA paccMoTpuM B D dyHKINN

P(:l?, y) =Y Q(5U7 y) =

OueBnano, 3t (HYHKINU yAOBIETBOPAIOT B D BCEM yCJIOBUSM,
npu KOTopbix crnpaseyusa dopmysa I'puna (7.1). Ilo sroit dopmy-
JIe IMeeM

// M - y)>dwdy_j{(_y)d$+($)dy.

L
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JlBoitHolt wHTErpas B mocaemHeir (opmysie paBeH 20, a KPUBOJIU-
ueiinplit narerpan pasen ¢ zdy — ydz. Takum ob6pasom, dopmyna
L

(7.34) nokasaHa.

2. Beipakenue ob6'bema yepe3 NOBEePXHOCTHBIN MHTErPaJl.
[Tycts V — koHeuHas cBsi3HAs 00J1aCTh B MPOCTPAHCTBE C KYCOTHO-
IaIKON rpanumeii S.

CripaBeiJIUBO CJIEIYIOIIEE YMBEPHCIEHUE.

Obsem v obaacmu V. moorcem bbuims evivucaer no dopmyae

v=%//xdydz+ydzdx+zdxdy, (7.35)

6 Komopoti noseprHocmHuul unmezpan npedcmasasem coboti cym-
MY UHMELPAAOE NO CEAZHBIM KOMNOHEHMAM 2PAHUYDL S, NPUEM Ha
KaoHcAot U3 dIMUL KOMNOHEHM GblOPAHA BHEWHAA NO OMHOUEHUIO
x V cmopona.

Il mokasaTenbCTBa YTBEPXKIEHUsT pacCMOTpuM B V' DyHKITHH

P(ZIJ, Y, z) =, Q(xa Y, z) =Y, R(.’I?, Y, Z) =z

OueBuyiHO, 31U QYHKIUU YIOBJIETBOPSIOT YCJIOBUSIM, MIPU KOTO-
pbix copaseguBa dopmyaa Octporpajckoro. Ilo 3roit dopmyite
nMeeM

/// (2 _i_%)dxdydz://xdydz—l-ydzdx—l—zdxdy.
z
S

TpOI/IHOI/I uHTerpas B nocienneit dopmyse paser 3o. [Toaromy us
nociaenneit hbopmybl BoiTekaer coorHorrerne (7.35). Yreepxaenue
JTOKA3aHO.

3. YcioBug, nipu kKoTopbix auddepennuaabuas popma
P(z, y)dz+ Q(x, y) dy npeacraBisier co6oii nonubrii qud-
depenruas. B 97oM TyHKTE MBI yKaXKEM DT YCTIOBUT, TIPY BBITION-
HeHun KOoTopbix guddepentmanbhas dbopma Pz, y) dz + Q(z, y) dy,
3aJaHHast B CBA3HOHN obstactu D mpencrasiiger coboit moaHbIit aud-
dbepennman vekoropoit dyukimn u(zx, y).

JlokarkeM CJIEIYIONIYIO TEOPEMY.

Teopema 7.7. ITycmov pynxyuu Pz, y) u Q(x, y) nenpepois-
now 6 obaacmu D. Tozda caedyrousue mpu ycao8usn sK6UBANEHTIbE.

1. Jas 060t samxnymoti (603moocno camonepecerarouetics)
KYcouno-24a0k01 xpueoti L, pacnosoocennoti 6 D,

$ Pdz+Qdy=0.
L
2. Jas mobwz deyx mouex A u B obaacmu D snavenue unmee-

pa.aa
[ Pdz+Qdy
AB
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—_—

He 3a6UCUM 0M KYCOuro0-2a0K0t kpusoti AB, coedunarouseti mowku
A u B u pacnoaoocennoti 6 D.

3. Jupdepenyuarvras dopma P(z, y) dx+Q(x, y) dy npedcmas-
asem coboti noanvti duddepenyuan. Unvimu caosamu, 6 D 3adana
maxas Pynkyus u(M) = u(z, y), wmo

du = Pdx + Q dy. (7.36)

B amom cayuae oas mobwx movex A u B us obaacmu D u das
npouseoavnoti Kycouno-zaadxoti xkpusoti AB, coedunaroweti smu
mouku U pacnososicennoti 6 D,

[ Pdz+ Qdy = u(B) — u(A). (7.37)
AB
Taxum obpazom, euinoarenue xazrcdozo us yeaosuti 1, 2, 3 neobxo-

JuMO U JOCTNAMOYHO OAA BHINOAHEHUA KANHCO020 U3 08YT OCTMANDHDIL.
HokaszarenancTso. [IpoBegem m0Ka3aTeILCTBO TIO CXEME:

1

3‘\/2
T. €. JOKaXKeM, YTO W3 NEPBOr0 YCJIOBUS CJIEyeT BTOPOE, U3 BTOPO-
T'0 — TpeThe, u3 TpeTbero — mneppoe. OUeBUIHO, YTO TPU ITOM OyIer
JOKa3aHa SKBUBAJEHTHOCTH ycaoBuii 1, 2. 3.
B Mepeoiit mar: 1 — 2. [lyctrb A u B —
c MPOM3BOIbHBIE (DUKCUPOBAHHBIE TOUYKKA 0OOJACTH

~ — e
C D, ACB u AC'B— nmiobble JBe KyCOUHO-IJIa/I-
KM€ KPUBBIE, COEITUHAIONINE YKA3aHHBIE TOYKH U
A pacronioxkentsle B D (puc. 7.8). O6benunenue
Puc. 7.8 9TUX KPUBBIX MPEJCTABIAET COOON KyCOTHO-TIIa,I-
KyI0 (BO3MOXKHO CaMOIIEPECEKATOITYTOCs) 3aMKHY-
~ —~ S~———

ryto kpusyio L = ACB + BC'A, pacnonoxennyio B D. Tax Kak

ycroBue 1 mpesnosaraeTcss BBITOJTHEHHBIM, TO

$ Pdz+Qdy = 0.
L

~ — e
I3 sroro pasencrsa, yuutbiBas, uto L = ACB + BC'A u uto npu
M3MEHEHWN HANPABJIeHUs 00X0/1a KPUBOIMHEHHBIN HHTErPAI MEHAET
3HAK, MOJYYUM COOTHOIIEHHE
[ Pdz+Qdy= [ Pdz+Qdy.
S—— S———

ACB AC'B
CrenoBaTebHO, YCIOBUE 2 BBITTOJHSIETCS.
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Bropoi#t mar: 2 — 3. Ilycte My — dpukcupoBanHast TOUKa,

—
a M(xz, y) —npousBonbhast Touka obaactu D, MyM — nobast Ky-
COYHO-TJIaIKasT KpuBas, coemquusitonias Toukn My u M u pacmoso-
JKenHast B D.

B cuny yciosust 2 BhIpakeHue

u(M)= [ Pdz+Qdy (7.38)

MoM
~——
He 3aBucHuT 0T KpuBoit MyM u nosTomy npezacTtasiisger coboit dhyHK-
nwio, 3agannyo B D. Jlokaxkem, 9To B Kaxkjo# Touke M obsac-

T D CyIIecTByIOT YaCTHBIE TPOU3BOIHBIE

ou _ Ou
— U — , IpuYeM
or Oy

&= Pla,y), ZE=Qz.y). (7:39)
T dy
Tak kak P(z,y) u Q(z,y) HENpPEpbIBHBI B
D, 10 u3 nocsieIHUX COOTHOMIEHUT CIeLy-
er muddepennupyeMocTs QYHKIUN ¢ U ¢ o
pasenctBo (7.36). Tem cambiv Gyger jo-
KazaH BTOpOii mar 2 — 3. Puc. 7.9
JlokazaTebCTBO CYIECTBOBAHNS YACTHBIX MPOU3BOIHBIX (DYHK-
mun u(z, y) u pasencrs (7.39) npoBogurcs opHOBpeMeHHO. JloKa-

4

ou
JKeM, HallpuMep, CYIIeCTBOBAaHUE 7 - nepsoe u3 paseHcts (7.39).
T

®uxcupyem Touky M (z, y). [Ipugaaum apryMeHTy - HACTOIBKO Ma-
Jjoe npupaitenne Az, 4rodbnl oTpe3ok M N, coemIuHAOmuil TOYKI
M(z, y) u N(z + Az, y), pacnomaranca 8 D 1) (puc. 7.9). meem

= [ Pdr+Qdy— [ Pdz+Qdy= [ Pdz+Qdy.

MoMN MM MN
Ha orpeske M N BeanduHa y MMeeT HOCTOAHHOE 3HAUECHNE, U 09TO-
My [ Qdy = 0. CnenosarensHo,
MN
z+Ax
Au= [ Pdz= [ P(t y)di.
MN x
IIpumensasa K mocaegHeMy MHTErPALy TEOPEMY O CPETHEM, MOJIYInM

Au = P(x + Az, y)Az, 0<60<1,

1) Tak kax D — 06/1aCTh, T. €. MHOMECTBO, COCTOSIIIEE JIAIIb U3 BHYTPEHHAX
TOYEK, TO TAKOH BHIOOP AL BO3MOMKEH.
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OTKyZIa
%:P(:p+9Az,y), 0<6<1.
Az

B cuny menpepbisaoctu P(z, y), paBasi 4acTh IOCIEIHET0 pa-
BeHCTBa uMmeer npeest npu Az — 0, paBHBIN 3HAYEHUIO 9TOW (HYHK-
un B rouke M (z, y). CiaegoBaresbHo, U J€Bast 4aCTh UMEET TOT XKe

. . . Ou
HpeJest, PABHBLI 10 ONPE/IEICHITIO TACTHON NPOH3BOAHON ——. Taxum
x

0bpa3oM, CyIecTBOBaHNE JaCTHON MPOW3BOIHON U CITPABEITHBOCTD
nepsoro pasencrsa (7.39) nokaszana. CyiecTBoBanue 4acTHOI 1pO-

. Ou
W3BOTHOM 7 E CIIpaBe/InBOCTL BTOPOro pasencTsa (7.39) mokas3bi-

BaETCsT AHAJTOTUIHO.
Hokazxkem Teneps coornomenue (7.37). Ilycts A u B — mobbie

—_—

Toukn u3 D, AB —mpou3BosibHast KyCOUHO-TJIaJKasi KpHUBasl, CO-
eIMHSAIONIAS 9TH TOUKW W PACTOIOXKeHHast B DD. DTa KpuBas ompe-
JeJIFeTCs mapaMeTpuueckumMu ypasuenuavu ¢ = xz(t), y = y(t),
a < t < b. Ucnoms3yst TpaBuIo BHIYUCTEHIS KPUBOJTHHEHHBIX WHTE-
TPAJIOB, TTOTYTHM

b
i Pdz+Qdy = [{P(x(t), y(t))z'(t) + Q(x(t), y(t))y'(t)}dt =
AB N

b
= [updt = u(z(b), y(b)) — u(z(a), y(a)) = u(B) — u(A).

Taxkum obpaszom, dopmyna (7.37) mokasaHa.

Tperuit mar: 3 — 1. D10 yTBepKIACHUE CaemyeT u3 Gop-
vyt (7.37). B camom gene, nyist 3aMkHyTOl Kpuboit L HauambHast
TOUYKA COBIAZAET ¢ KOHEUHOIt, u mosTomy no dopmyse (7.37) umeem

$ Pdz + Qdy = u(A) —u(A) = 0.
L

Teopema nokazana.

SBameuganue. Mo ormeuanu, aro ycrnosus 1, 2, 3 Teope-
MbI 7.7 PABHOCUJIbHBI, ¥ [T0O3TOMY, B 9aCTHOCTH, yCJIOBUE 3 MIPEJCTA-
BJISIET COOOM HEOOXOAMMOe W JIOCTATOYHOE YCJIOBHE, TTPH KOTOPOM
kpusosuHeitnslit uarerpan [ Pdz + Qdy ve 3aBucur or BbIGOpA

L
kpuBoii L, coenunsiomeii todble nanabie Toukn A u B obnactu D.

JIyit OAHOCBS3HBIX ObMacTedl 1) MbI yKazKeM yaoGHOe st Tpu-

JIOXKEHUH HeO0OXOAMMOe 11 TOCTATOYHOE YCI0OBUE TOTO, YTO0B! nudde-

) Hamomunm, ato ob1acts D Ha3bIBaeTCS OTHOCBI3HOM, eciin JI0bas Kycod-
HO-TJIa/IKasl, HeCAMOIIEPeCeKAIOIAsCHd 3aMKHY Tasi KpUBasi, PACIoyioKeHHast B D,
OrpaHUYINBaeT 00/I1aCTh, BCe TOUKM KOTOPOH mpuHaziexar D.
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pentmanbHasi popma P dr + Q) dy 6bi1a momabiM JTuddepeHnaiom
HEKOTOPOi (DYHKITHH.
Ecrecrenno, 310 ycioBue Oyner HEOOXOIUMBIM U JIOCTATOUHBIM
a5t Hesapucumocry uurerpana [ Pdz+ Q dy or Bei6opa kpusoit L,
L

coeuHsroNIel mro0ble gannble Toukn A n B obnactu D.

Teopema 7.8. ITycmo dynryuu P(z, y) v Q(z, y) v ur wacm-
HOIE NPOUIBOOHBIE HENPEPHIEHY, 6 001 O0C8A3H 0T o0bsacmu D.
Tozda xaoccdoe us mpex ycaosudi 1, 2, 3 meopemui 7.7 sx6usasrenm-
HO caedyrouemy (Hemseepmomy) Yyeaosuro

1 or _ 09
' dy Oz
HokazarenbcTBo. IIpumennm cxemy:

/"
N\

Mpgr yxke mokazanu yrBepxkaenus 1 — 2 — 3. dokaxkewm, uro 3 — 4
nudd—1.

[Mepsorit mar 3—4. I[lycrs B obiactu D cymeCTByeT dyHK-

6 D.

st u(z, y) rakag, aro du = P dz+Q dy. Torna g— =P, —=qQ
a_Pzg(@>_a(au) 2Q
dy oy \ 0z ox \ Oy oz

Takum obpazom, ycaosue 4 Boimonneno. OTMETHM, 9TO JJisd J0-
Ka3aTeabcTBa mara 3 — 4 He TpebyeTcs YCIOBUS OIHOCBA3ZHOCTU
obnactu D.

Bropoi#t mar: 4 — 1. Ilycts Bermosmeno yciosue 4. Torma B
KaxK0# Touke objactu D crpaBeinBO PaBEHCTBO

9@ _ 9P _ ), (7.40)

oz dy

Ecnmu L — pacnonoxennas B D 3aMKHyTasg KyCOUHO-TVIAIKAd

KpuBasi 6e3 camornepeceuenuii, orpanuunBaonias obaacrs D* (06-

JgacTb D OHOCBSI3HA, W MOITOMY KaxKjas Touka objacru D* mpu-

naggiexxkur D), To, npumensis popmysy I'puna k obsactu D* u uc-
nosb3yst (7.40), nosyaum

?{Pdaz+Qdy—// —= - = d dy = 0.

B cinyuae, korna L mMeer KOHEYHOE UHUCIO TOYEK CAMOIIEPECE-
YeHud U 9BJIIeTCd JIOMAHOH C KOHEYHBIM YUCJIOM 3BE€HbEB, TO AJidA
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KaKI01 TTeT/in L Kpusoit L cupasennuso pasercrso ¢ Pdz+Q dy =

L
= 0, u mo3romy A7 L cripaBesjimBO paBEeHCTBO

$ Pdz+Qdy =0.
L

[TIycrs L — npousBosibHAS 3aMKHYTas KyCOUHO-TVIQIKAA KPUBAA.
Bueibepem g L uncio A > 0 Tak, kKak 310 yKazano B jemme 1. Pa-
300beM L Ha wactw Ly OJIUHBI MEHBIITE A

(k ToukaM pasbueHusi OTHOCATCS W yTJIO-

Bble TOUKM KpuBoii L, cm. puc. 7.10). Co-

Ny IJIACHO YIIOMSTHYTOU JIeMMe KacaTe/bHbIe

L% £ B KoHmax My m N xaxkmgonr dactu Ly
cocraiisitor yroa, menwiuii 7/8. Torxa,

OYEBHU/IHO, [T IOCTATOYHO MaJIOr0 A KpH-
BosinHeHHbIN TpeyronbHuk My NiCy (3roT
TPEYTOJIBHUK 3aIITPpUXOBaH Ha puc. 7.10),
Puc. 7.10 B kKoTopoM M} C coctaBiisier yroj MeHb-

mmit 7/8 ¢ kacarenpuol B My, a NiCjy —

HOpMaJb K L B Touke Ni, IIeTMKOM pacoaoxkeHn B D u peacTaBisier
c0o00it 3aMKHYTYIO KYCOUYHO-IVIQJIKYI0 KPUBYIO 0€3 CaMOIIepecedeHuit.

ITosTomy
$ Pdr+Qdy=0.
My Ny Cy,
S~———
Orcroma cirefryer, uTo KpUBOJIHHEHHBIN wHTerpas mo ayre My Ny
paBeH KpuBOJUHEHOMY mHTErpaJy mo jiomauoit MyCyNg:

[ Pdr+Qdy= [ Pdr+Qdy.
~— My N Cy,
My, Ny,

[TpoBoas anaoruyuHbIe pacCyKAeHUS JJid J1000i yacTu Ly, MbI
MOIYYUM B Pe3yJabTaTe PacHooXKeHHYI0 B [ 3aMKHYTYIO JiOMa-

Hyto L, 11s KoTopoit

$Pdr+Qdy= ¢ Pdz+Qdy. (7.41)
7 L

Boire MBI OTMedYasin, 9TO M 3aMKHYTOH, pacIoNOKEeHHO
B D nomanoit L, uarerpan ¢ Pdz + Qdy = 0. Orciona u u3 (7.41)
L

$ Pdz+Qdy = 0.
L

oy daeM

Teopema mokazana.
4. TToTeHUMAJIbHbIE U COJIEHOUJAJIbHbIE BEKTODHBIE I10-
gasi. Havu 6buin panee (em. m. 3 § 1, m. 3 § 2 w n. 3 § 3) BBeensbl
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MTOHATHS IUPKYJIAIUA U TTOTOKA BEKTOPHOTO 1ossd. Hamomuum 3Tm
TTOHSTHSI.

[Tycts B HEKOTOPOIT ObsTacTu D 3a7aHO HEMPEPBIBHOE BEKTOPHOE
none p(M) = p(z, y, z).

Onpedenenue 1. [upkysrayuetdi 6eKMOPHO20 NOAA P TO 3AMK-
Hymot xKycouro-anadkoti xpusoti L, pacnoaoscennoti 6 obaacmu D,
HA3DIBAETNCA UHME2DAA

$ ptdl,
L

6 xomopom t — edunuunnli sexmop kacameavrnoti ¥ L, a dl — dudgp-
Pepenyuan daunsve dyau xpusoti L.

Onpedenenue 2. Ilomokom 6eKMOPHO20 NOAA P “Hepe3 OPueH-
MUPOBAHNYIO KYCOUHO-2AA0KYI0 NOBEPTHOCTG S, PACTIOAOHCEHHYIO 6
obaacmu D, naszvieaemcsa unmezpan

[[ pndo,
5

68 KOMOPOM T — eOUHUYHDIT GEKMOP HOPMAAU K NOBEPTHOCTU S,
YKa3uv6a0wul ee opuermayuto, ¢ do — saemMenm niowadu noeepr-
nocmu S.

Beenem MOHATHST NOMEHUUAABHO20 T COAEHOUIAADHOZ20 BEKTOP-
HOT'O ITOJIA.

Onpedeaenue 3. Bexmoproe nose p HA3BGAEMCA T O M € H-
YUuasovHom 6obaacmu D, ecau yupkysayus 9mMozo noas no i1o-
001 3amrrymoti KYcouwHo-24a0K0% KPUGOT, PACNos0AHCEHHOT 6 00.Aa-
cmu D, pasna nyato.

Onpedenenue 4. Bexmopnoe nose p Ha3bi6aemcsa €04 € H O-
udaavrum 6 obaacmu D, ecau nomox 3mozo nois “epes Aro-
6Y10 KYCOUHO-2A00KY10 HECAMONEPECEKAIOULYIOCA NOSEPTHOCTL, DAC-
noaootcennyro 6 D u npedecmasasrowyro coboti eparuy Hexomopot
oeparuerHoti nodobaacmu obaacmu D, pasen nyat.

s menpepbIBHO 1 depeHITUPYyEeMbIX BEKTOPHBIX MTOJIEl U CIie-
MUAJTBHOTO KJIacca 00JacTell Mbl JOKAYKeM TEOPEMY, COIEepIKAaIlyro
HEOOXOIMMbBIE U JOCTATOYHBIE YCJIOBUST TIOTEHIIMAIBHOCTH TIOJIS.

[IpenBapuresHO MBI BBEJIEM TIOHSITHE MPETMEPHOTE NOBEPLHOCT-
HO-00H0C8A3HOU 0baacmu.

Tpexmepras obsracts D Ha3BIBAETCS N0BEPLHOCTNHO-00HOCEAS-
Hot, ecii T JI000# KyCOYHO-TJIa KON 3aMKHYTOW KpuBoit L, pac-
TTOJIOYKEeHHOM B D, MOXKHO yKa3aTh TAaKyI0 OPUEHTUPYEMYIO KyCOUHO-
TIAIKYI0 TIOBEPXHOCTD S, PACTIONOKEHHYIO B D, TpaHute KOTOpoii
sasgercsa L. OTMeTuM, 9T0 I yIOMSHYTON TTOBEPXHOCTH S CIipa-
BemmBa popmyaa CTokca.

Wmeer MecTo ciaemyromas TeopemMa.

Teopema 7.9. Ilycmov 6 nogeprrnocmmo-o0HoC6A310T 00AaCMAU
D 3adano menpepvieno duddepenyupyemoe eKmoproe nose p =
={P, Q, R}. Tozda sKsusarenmnv caedyroujue mpu ycao6Uus:
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1. Bexmopmoe nose p = p(M) asasemca nomenuyuaibHbiM.
2. B obaacmu D cywecmeyem nomenyuasvras dynryus uw(M),
m. e. maxas Pyuxyua, vmo p = grad u, uau, ¥mo mo oce,

du = Pdx + Qdy + Rdz.

B asmom cayuae daa aobvix movex A u B us obaacmu D u das
nPou3soALHOl KYcouwHo-2aa0k0t Kpueol AB, coedunsrouseti smu
MoUKU U pacnososcennot 6 D,

[ ptdl =u(B) — u(A)
AB

(3decv t — edunuunwnd sexmop racameavrot x xpusot AB, a dl —
Jupeperyuan dyau).

3. Bexmopmnoe nose p = p(M) asaaemcs 6e36uULpesvuim, m. e.
rotp=0se6D.

Ouesudno, ycaosue 3 IKEUBAACHMHO COOMHOULEHUAM

or _9Q  0Q _0R 0R _ 0P

oy or’ 0z oy’  Ox oz
Taxum obpasom, xascdoe u3d ycaosuti 2 u 3 npedcmasasem cobot
HeobToduMoe U JOCTNAMOYHOE YCAOBUE NOMEHUUAALHOCTIU Judde-
DPERUUPYEMO20 BEKMOPHO20 NOAA P.
HokazarenbcTBo. IIpumennm cxemy:

1

3\_/2
Vreepxkaenus 1 — 2 u 2 — 3 crupaBenyiuBbl 0€3 IPEIIIOI0KEHIS
MTOBEPXHOCTHOM OHOCBA3HOCTU 00s1acTy [ U TOKA3LIBAIOTCS B MOJI-
HOIl aHAJOTUU C COOTBETCTBYIOIIUMHU YTBEPKIEHUSAMU TeopeMm 7.7
u 7.8.

Hoxkaxkxem yTBepxkaenue 3 — 1.

IIycrs L —3aMKHYTas KyCOUHO-TVIQIKas KPHUBAas, PACIIOJIOXKEH-
nadg B D. Ilo npennonoxkenuto, D — moBEPXHOCTHO-OIHOCBA3HAS 00-
gactb. [losromy B D cyiiecTByeT Takas KyCOYHO-TJIAIKAs TOBEPX-
HOCTh S, rpanutieit Koropoii ssisercs L. ITo popmysie Crokca (7.26)
nMeeM

$ptdl = [[nrotpdo.
L

D
Orcioma u u3 ycaosus rot p = 0 moaydaem
f ptdl =0,
L

T. €. II0JIE P ABJIdeTCd IIOTCHIUAJIbHbIM. TeopeMa JOKa3aHa.
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B sakstouenne 9Toro myHKTa JTOKAXKEM TEOPeMY 0 HEOOXOAMMBIX
U JOCTATOYHBIX YCJIOBHUSX COJIEHOUIAJBHOCTH BEKTOPHOIO IOJIsT B
TaK HA3BIBAEMBIX 006eMHO-00HOCEA3HLL obaacmaz. Ilpu sToM Tpo-
cTpaHcTBeHHAs 00/1acTh D HAa3bIBAETCsT 00bEMHO-0IHOCBSI3HOI, ec/in
JI00ast 3aMKHYTasl, KYCOTHO-TJIAIKAsT, HECAMOTIEPECEKAIOIIASICS OPH-
eHTHUpyeMasi TTOBEPXHOCT, PACIIOI0KEHHAS B [ sIBJIsT€TCS TPDAHUTIEH
obJytacTu, Tak»Ke PacIonaoKeHHoi B D.

Teopema 7.10. Jlrs moz2o wmobu, nenpepwvieho duddeperyupy-
emMoe 8eKMOPHOe Noae P Obia0 CONEHOUIAADHUM 6 00BeMHO-00HO-
c8asznot obaacmu D, neobrodumo u docmamouro, 4mobv. 60 6cex
moukax D 6unoanasoch pasencmeo

divp = 0.

Hoxkaszareabcrso. 1) Heobxodumocms. Ilycts M — npo-
u3BO/IbHAsT TOUKa obsractu D. Paccmorpum Jrobyro cdepy S ¢ 1ien-
TpoMm B M, nesukoMm pacnosiokenuyio B D. [Ipumenas k mapy Dg
¢ rpanuteii S dopmyay Ocrporpasckoro (7.33), moaydum

[[[ divpdv = [[ npdo. (7.42)
Dg S

Tak Kax mose p sABJseTCs coleHouganbabM, T0 [[mpdo = 0, n
S

nosromy, cornactuo (7.42), [[[ divpdv = 0. Ilpumenss k nociaesne-
Dg

My WHTETpajy TeOPEMY O CPeTHEM, MBI YOeIuMCs, ITO B HEKOTOPOH

touke 1mapa Dg divp = 0. B cuny npousBosbHOCTH 3TOrO I1apa u

HEMPEePBIBHOCTH TIOJIA P OTCIOA ciieayeT obparnenue B Hy b divp B

Touke M. Takum 06pazoM, HEOOXOAUMOCTD YCIOBHI TEOPEMBI JOKA-

3aHa.

2) Jlocmamounocmo. Ilycrh S — mobast 3aMKHYyTast, KyCOYHO-
TJIaKast, HECaMOTIEePeCeKAIIasICsa, OPUEHTHPYyeMast TOBEPXHOCTD,
pacmostoxkennad B D. Tak kaxk D — o00beMHO 0HOCBsA3HAS 00/1aCTh,
T0 S dBagercsd rpanutei obmactu Dg, TaKKe pacmosokentHo B D.
[Mpumensisi kK Dg u BekTOpHOMY TOTI0 P dopmyny OcTporpaacko-
ro (7.33), nosyuum coorHomenue (7.42), w3 KOTOPOro U U3 yCIOBUS
divp = 0 cnenyer cooTHOIIEHHE

[[npdo = 0.
s

Tak kax S — TPOM3BONBbHAS 3aMKHYTAsI, KyCOTHO-TJIAIKAS, HECAMO-
MTEPECEKAIONIAsiCs, OPUEHTHPYEMasi ITOBEPXHOCTH, PACIIOJIOXKEHHAS
B D, TO mocjieHee PaBeHCTBO, COMJIACHO OIIPEesIEHHI0, O3HAYAeT
cosleHOUJAIBHOCTD ToNist p B D. Teopema moxkasaHa.
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JOIIOJITHEHUE

ANOPEPEHIINAJIBHBIE ®OPMBI B EBKJINTIOBOM
ITPOCTPAHCTBE

§ 1. 3HaKoNepeMeHHbIE HNOJINJINHEHHbIE (POPMBI

1. JIuueitabie dopmsbl. [Iycrts V — npousBosibHOE n-MepHOE BEKTOPHOE
MPOCTPAHCTBO, 3JIEMEHTHI KOTOPOro Oyaem o0o3HadaTh cumBogamu &, 1, ...
TIpeamerom Hamero usydenus 6yayT dbYHKIMNA, COMOCTABISIONIIE KAKIOMY /1€~
MeHTy € € V HEKOTOpOe BeleCTBEHHOE YUCIIO.

Onpedeaenue 1. Pynryus a(€) nasmseaemes aunetinotd dopmod,
ecau das mobwx € € V, n € V u 4106020 6eueCMBEHNH020 HUCAG X GOINOAHAIOMCA
pasercmea

1) a(§+mn) = a(€) +a(n),

2) a(Ag) = Aa(§).

Onpedenenue 2. Cymmot deyr auneldnmr Gopm a u b nazosem suned-
Hy dopmy c, komopas Kaxcdomy eexmopy & € V' conocmasasem wucao

c(§) = a(§) +b(§).
IIpoussedenuem aunetinot Gopmv, 4 HG BEULLCTNEEHHOE HUCAO A HA306EM
aunetnyro gopmy b, xomopas xascdomy eexmopy € € V. conocmasasem wucao

b(§) = Aa(§).
Takum 06pa3oM, MHOXKECTBO BCEX JIMHEHHBIX (opM 00pa3yer BEeKTOPHOEe
[IPOCTPAHCTBO, KOTOPOe MbI 0603uauum cumsotom L(V) 1) . Haiigem npencras-
JieHue JiMHelHO# dbopMbl a B KakoM-subo Gasuce {e;}i—;. Ilycrp

£=) e,
i=1

rae uncna £ onpenessirorest oqHO3HaYHO. Ecnu 0603HauunTh a; = a(e;), To uc-
KOMOE€ TIp€e/ICTaB/IeHre OyaeT UMeTh BU

a(§) =3 ¢

Joxkaxkem, uto pasmepHocts dim L(V') nuneitroro npocrpancrsa L(V') pas-
Ha n. Jjs 9TOro KocTaTovHo yKasaTh Kakoii-nmbo 6asuc B L(V'), coneprkaruii
TOYHO 7 3JIEMEHTOB, T. €. N JTUHEHHBIX (popM. PUKCHpPyeM IIPOU3BOILHBIN HA3MC
{er} npocrpancrea V' u paccmoTpuM cieayomye JuHeiHbie GopMbir:

ek (e) =¢* (k=1,2,...,n),

e {€¥} — xosddummenTr paznoxkenus BekTopa £ 10 sMeMenTaM Gasuca {ey }.

Vnaue rosopsi, suHeiiHas dopma e’ neficrsyer ma snements Gasuca {ei} no
IIPaBHUILY

kN_ s _J 1 mpm i=k,
e(el)_(s’k_{() npu i # k.

B rakom ciyuae B manHoM Gasuce {e;} suneiinas ¢popMa a umeeT B

a(§) = Zaiei(é), a; = a(ei),

1) IIpocrpancTso L(V) 0603Ha4aIOT TaKKe CUMBOJIOM V™ M HAa3BIBAIOT CONPA-
orcermvim (Mmu dyaavroim) X V.
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. e. mumeiinse dopumsr e (£), e2(£), ..., e"(£) obpasymor Gasuc B L(V). dror
6a3uc HA3BIBAIOT conpAdicernbim (& TaKKe 63aUMNbLM UK 0YasbHbim) K 6asu-
cy {ei}.

2. Bununetinbie dopmbl. O6o3naunv depe3 V' X V' MHOXKeCTBO Bcex
yuopsinouenubix nap (&, €,), toe &, € V, €, € V, u paccmorpum dyHKImu
a(€,, €,), conocTaBagoIpe KaxK oMy teMenTy u3 V X V (1. e. KaxkJpIM AByM
snementam €; € V u €, € V) HEKOTOPOE BEIECTBEHHOE FUCIIO.

Onpedenenue. DPynxyua a(€,, €,) nasweaemes 6uaunetinod ¢op-
M 0 U, ecau npu KaAHcOOM GUKCUPOBAHHOM 3HA%EHUY 00HO020 GP2YMENMA OHG
ABAAEMCA Aunelnol Gopmot omrocumenvo dpyz020 apeymernma.

Iuadqe rosops, 1jist j1100bIX BEKTOPOB &, €5, 1, 1), U JIOOBIX BEIIECTBEHHBIX
quces A1, A2, {1, {42 BBIIIOJIHSETCS PABEHCTBO

a(Agy + pang, Aoy + pamy) =

= Aaa(€y, &) + Apza(€y, my) + pea(ng, &) + ppza(ng, m,).
MHoxkecTBO BCexX GHIMHEHHBIX (GOPM JIETKO NIPEBPATHTH B JIMHEHHOE IIpOo-
CTPAHCTBO, BBOJsI B HEM €CTECTBEHHBIM O0DA30M OIEpALUM CJIOXKEHUs U YMHO-
JKeHUs Ha BellecTBeHHoe Iuciio. Ilonydennoe mpocrpascTBo GumnHeiHbIX hopM
o6o3nauuM cumBosiom L (V).
Haitnem npecrasienne 6umuneiinoii popmer a(€,, €,) B kakom-mbo 6asuce
n

{ei}1—, mpocrpancrea V. Tlycts &, = 3 &le;, k = 1, 2. Tlonoxuu a(e;, e;) =

j=1
= ai]‘ U TIOJIyYIUM HCKOMOE€ IIpeaCTaBJICHUEe

n n
a6, &) = Y aikiée.
i=1 j=1
Jljist TOro 9TO6BI OMPEAETATH Pa3MepPHOCTD mpocTpancTsa Lo (V'), obpasyem
¢ momompio smHeHHEBIX hopM e’ (€), cocraBmaiomux B L(V') 6a3uc, conpsizKeHHbIi
K Gasucy {e;}, cienyomue GunuHeiinbie Gopmbr:
e” (&1, &) = e'(&1)e' (&)
Torna mpoussosibHas bunmHelinast popma OygeT 0IHO3HAYHO IPEJCTABUMOIL
B BUE

n n
a(€y, &) = Zzaije” (€1, &2)-
i=1j=1

dro o3nagaer, uro dopmer e (€, €,) obpasytor 6azuc B L2 (V) u, creno-
BaTesIbHO, pa3mepHocTh Lo(V') paBra n”.

3. Monunuueiiabie popmsbl. IIycts p — HaTypanbroe yrcno. O6o3HaurM
cuvBosioM VP =V x V X ... X V MHOXeCTBO BCeX YIODPsIOYEHHBIX HAOOPOB
(&, &, ..., Ep) "3 p BEKTOPOB, KaxK/Iblii M3 KOTOPBIX MPUHAIIEKUT V|, U pac-
cMoTpuM (DYHKIIUH, COMOCTABISAIONIE KayKIOMy TaKOMy HabOPYy HEKOTOPOe Be-
[ECTBEHHOE YUCIIO.

Onpedenenue. Pynryusa(€y, &, ..., §,) nasvieaemea noauaun e i-
noti popmod cmenenu p (uau p-opmo ), ecau ona ABAACTNCA AU-
netinot Popmoti no Kaxrcdomy apeymenmy npu PUKCUPOBAHHHL 3HAMEHUAL 0C-
MANLHOLT.

BBozms B MHOXKecTBe Bcex p-popM JmHEHHBIE OIepAIyy, Mbl IOIYSIHM JIU-
HelHOe [IPOCTPAHCTBO, KOTOpoe 0603HaunM cuMBosioM Ly, (V).

Haiinem npeacrasiesue Ipou3BoIbHOM mounHedHoi dopmsl a(€, &, ...

., &,) B karom-/mbo 6azuce {e;};—; npocrpancrsa V. O6oznauum

Aiyig...ip = a(eil, €iny ooy eip).
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i .
Torna, ecrm €, = Y, §rei, k=1,2, ..., p, 10
i=1

P

p
ally, € €)= DY i i 616G

i1=1  ip=1

Ecnu e*(€) ecrs 6asuc B L(V), conpsikennsiii k {e;}, To, oueBmmno, p-dop-

MBI
iqin...i _n in i
e p(£1,£27...,£p)—€ (&1)6 (&2)"'61)(&;7)

obpasytor 6asuc B L,(V') u, takum o6pazom, L,(V) umeer pasmeprocts nP.

4. 3HaKoIlepeMeHHbIe MoJINJINHelHbIe (POPMBI.

Onpedenenue. [losuruneinaa dopma a(€, &, ..., €,) nasueaemea
anaKonepemennold, ecau NPu NEPECMAHOBKe AWOKT JBYL aAP2YMEHMOB
ona menaem 3nax ') . Huave 2o6opa,

a(£17 527 7&17 7£j7"' 7£p)=_a(£17£27"' 7£j7"' 7£i7 "'7£p)'

OueBUIHO, MHOXKECTBO BCEX IOJUIHHERHBIX 3HAKOIEPeMEeHHbIX (hOpM CTe-
neHu p o6pasyer MOANPOCTPAHCTBO JuHEiHOrO mpocrpancrsa L, (V'), koropoe

MBI o6ozaasuM civBooM A, (V) 2). Dmements mpocrpamctsa A, (V) Mbr Gy-
Aem obosragaTh cuMBoiom w = w(€y, &y, ..., &)

Samernm, 4ro eciu {e; } — npousBosbHbL 6asuc B V u
P P ,
— g ip
w = E E Wiy.ipglt &
i1=1  ip=1

TO Y9uCJIa wiliQ,_,ip
KaeT U3 TOro, 4ro

MEHAI0T 3HaK IIPpU NMEePEeCTaHOBKE ABYX WHIEKCOB. 9TO BBHITE-

Wiy ip = w(€iy, ..., €i).

EcrecrBenno cuurars, aro A1 (V) = L1(V), a Ao(V) cocrour u3 Bcex mo-
CTOAHHBIX, T. €. COBIIaJaeT C YUC/IOBOU NIPAMOU.

5. BHelIHee npousBeieHNe 3HaKoIllepeMeHHbIX (opM. Paccmorpum
nBe 3uaxonepemensse Gopmer w? € A,(V) u w? € Ay,(V). B sToM myHKTE MBI
BBEJIEM OCHOBHYIO OIIEDALI0 B TEOPHU 3HAKOIEPEMEHHBIX (HOPM — OIEPALUIO
BHEUSHEZO YMHOINCEHUA.

IIycrs

wp:wp(nl”’IQ,“’ ,np), "heV,
wq=wq(<.17 C27 7<p)7 C] GV
Pacemorpum caenyouryo nomuuaeiinyo dopmy a = Lytq(V):

a(£17 627 Tt gp-ﬁ-q) = wp(£17 Tt gp) ' wq(£p+17 L) £p+q)' (743)

d1a dpopma, Boobiie TOBOPsI, He sABJISETCS 3HaAKOmepeMeHHOH. VIMeHHO, Tpu
nepectaHoske aprymenTos §; n §;, rne 1 <i<pup+1<j<p+g, dopma
(7.43) MoxkeT He M3MEHUTH 3HAKA. DTUM OOCTOATESHCTBOM ¥ BbI3BaHA HEOOXO-
JWMOCTD BBE/IEHHs BHEIIHErO IIPOU3BEIEHNUS.

s Toro wToObI BBECTH BHEIIHEE IIPOM3BEIEHNE, HaM IIOHAI00ITCS HEKO-
TOpbIe DAKTHI U3 TEOPUH IIEPECTAHOBOK.

Y 3HaKomepeMeHHbIe noJIMIMHeHbIe dopmer Ha3bIBAIOT TaKzXKe
AHTMUCUMMEMPUYECKUMU, KOCOCUMMEMPUHECKUMU, KOCOLMU, EHEUHUM.

2) 910 IPOCTPAHCTBO 0BO3HAUAIOT TaKKe CHMBOIOM APV u HasbBaoT p-if
BHEITHEA CTENEeHbI0 MPOCTpaHcTBa V™.
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Hanomuum, uro nepecmanoskot auces {1, 2, ... , m} Ha3bBaOT QYHKIMO
o = o(k), onpenesieHHYI0 Ha THX YHCJIAX, U OTOOPAYKANIIYI UX B3aWMHO
OIHO3HATHO Ha ceOsi. MHOXKECTBO BCEX TAKUX MEPECTAHOBOK 0003HATAETCS CHM-
BOJIOM Yy, OUeBUIHO, CYIIECTBYET BCErO m! PA3IUIHBIX TIEPECTAHOBOK U3 Yy, .
I IBYyX LepecTaHoBOK o € X, U T € X, eCTECTBEHHBIM 00Pa30M OIIpeiesisi-

ercst Cyneprosunusi 0T € YNp,. Ilepecranoska o~ ! HaspBaercss oGpaTHO K o,

ecnn 0 'o = 00! = ¢, rme € — ToxmecTBennas mepecranoBka (T. e. e(k) = k,

k=1,2,..., m).

TlepecTaHOBKa 0 HA3BIBAETCS MPAHCNO3ULUET, €CIA OHA TIEPECTABJIAET IBA
YUCTa, OCTABJASA APYTHE HA CBOeM MecTe. IHade roBops, CymeCTBYeT rmapa 9u-
cenznj(1<z<m 1< j<m,i#j) rakas, qToa()—j,U(])—zna(k)—k
nna k #iu k # j. OueBugHO, €c/in 0 — TPAHCIO3UIUA, TO 0~ =0 U 0 0 = €.

3BeCTHO, 9TO BCAKAs IEPECTAHOBKA 0 PA3JIAraeTCs B CyTIEPIIO3UIINIO TPAHC-
TTO3UIHH, TIEPECTABIAIONNAX YUCIA C COCETHAMH HOMEPAMH, TIPHYEM HYETHOCTH
YKCJIa TPAHCIIO3UIIMIA B TAKOM Pa3JI0XKE€HUU He 3aBUCUT OT e€ro BbIOOpa W Ha3bI-
BaeTCs Y€THOCTHIO IEPECTAHOBKH O .

Bsenem cremyiomnee obo3nadenHme:

1

€CJ/IM IIePeCTaHOBKa 0 9eTHA,
sgno =
& —1, ec/iu mepecTaHOBKA 0 HEYETHA.

)

Bamernm, uro dopma a € L,(V) npunammexur A,(V), eciu nyst nro6oit
TIEPECTAHOBKH 0 € X

a(Eo’(l)’ 50'(2)’ B} Eo'(p)) =Ssgno - a(&l’ 52’ SR €p)

Paccmorpum cHoBa nosmnuaeiinyo dbopmy (7.43). dus mo6oit nepectaHoB-
KU 0 € Xptg TOTOKUM

Ua’(El’ LR £p+q) = a’(éa’(l)’ et éa’(p+q)) (744)

HerpyaHo y6eauThest B TOM, 9TO €CIHU T € Ypiq U 0 € Ypyq, TO (TO)a =
= 7(0a). Beemem cremyromee ompenesienne.
Onpedesnenue. Brhewnum npouseedenuem popmu w? € Ay(V)

u Ppopmos w? € Ag(V) nasweaemca dopma w € Apyq(V), onpedeasemasn pasen-
cmeom

W€y, oy €pry) ngna ca, (7.45)

2de cymma bepemca no 6cem NEPecmanoskam o € Xpiq, YIOBAEMEOPAIOULUM
YCAOBUID

c(l)<o(2)<...<0o(p), op+1)<...<o(p+q), (7.46)

a seaununa oa onpedeasemcea pasencmeamu (7.43) u (7.44).

Buemree npousseenne dbopm w? u w? obo3Hagaercs cHMBOIOM

w=wl AWl

IIpowutiocTpupyem Ha IprMepe, Kak AeHCTBYeT IePECTAHOBKA O, y/IOBJIET-
Boparomas ycnouio (7.46). IIpenmonoxkum, 9T0 MO HEKOTOPOH mOpPOTe mapas-
JIEJIBHO JBUXKYTCs /1B KOJIOHHBI aBTOMOOGMJIEH, B IEPBO# M3 KOTOPBIX P, & BO
BTOpO# ¢ MamuH. Uepe3 HEKOTOPOE BpeMs JI0POra CYKaeTcss M 00e KOJIOHHBI
Ha XOJy II€PeCTPAMBAIOTC B OnHY. Ilpy 5TOM aBTOMOOUIHN IEPBOI KOJIOHHBI 3a-
HUMAIOT MeCTa [/Ie-TO CPey aBTOMOGHIIE BTOPOH, OHAKO HOPSIA0K CJIeJOBAHMS
aBTOMODOWMIIEH BHYTPH KaKI0¥ KOJIOHHBI COXPaHAETCs. B pe3ysbrare Mbl IOy IaeM
[IEPECTAHOBKY, YAOBIETBOPSAIOMLYIO yc1oBuio (7.46). Jlerko BumeTs, 4To u obpar-
HO, BCSIKasl TaKas [MEPECTAHOBKA MOXKET ObITh PeaJnu30BaHa Ha HAUIEH MOIENIH.

ist Toro 9T00BI yOEIUTHCS, ITO TAHHOE HAMU OITPEe/IeHUe SBIISeTCS KOP-
PEeKTHBIM, HE0OX0IuMO J0Ka3aTh, 9T0 w = wP A w? € Ayy,(V). OueBumno, B
JOKa3aTeIbCTBE HYK/IAeTCA TOJHKO 3HAKOIIEPEMEHHOCTb (DOPMBL W.
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IlokarkeMm, 9TO mpu mepecTaHOBKe ABYX aprymeHToB &; u &;41 dopma w
mensier 3uaK. OTComa jerko Oyzmer cremoBaTh, UTo w € Apiq(V). Ilycts 7 €
€ Yp4q ABISAETCS TAKOHM IIEPECTAHOBKOM. YO0enuMcs B TOM, 9TO

Tw=—w = (sgn 7)w. (7.47)

U3 pasencrsa (7.45) noaydnm

Tw = Z(sgn o) (ro)a.

o

Pazobbem 3Ty cymmy Ha aBe:

Tw = Z,(sgn o)(ro)a+ Z,,(sgn o)(ro)a. (7.48)

o

K nepsoti cymme OTHECEM Te IEePECTAHOBKE 0, IS KOTOPHIX b0 o (1) <
<p, o7 (i+1) <pmubo o7 (4) = p+1, 07 (i+1) > p+1. dna kaxoi Taxoi
IEPECTAHOBKH

(ro)a = —oa.

st TOTO 9TOOBI CAEIATH ITO yTBEPXKIACHUE 6OIEe OUEBUIHBIM, OOO3HATAM
k=010, l=0"1G+1), rei=0c(k),i+1=0c(l). Dopma oa mpeacraBuser
coboii mpoussesenue dbopm w? u w?, npuyem aprymMmenTamu w? sBIISIIOTCS BEKTO-

q __
pot &, (1), €52)5 - -+ 5 Eo(p)> @ APTYMEHTAMHU W! — BEKTOPHIL {a(p+1), s € oty
Ecmk < pul <p 10§ =&, 1€y = &) ABIAOTCA apryMeHTaMu
dbopmbr WP, KoTOpas MO ycnoBmO 3HaKomepeMenHa. CiieIOBATENBHO, TIPH ITe-
pecranoske §; u &,,,, dbopma w”, a 3HAYUT M 0a, MEHFAET 3HAK. AHAJOTHIHO

paccmaTpuBaercs ciayd4ait, korga k > p+ 1 u l > p + 1. Urak, s nepsoit
CYMMBI BBITIO/THAETCA PAaBEHCTBO

Z,(sgn o)(ro)a=— Z,(sgn o)oa. (7.49)

Ko 6mopoti cymme OTHECeM Te MePeCTAHOBKH 0, IJIs KOTOPHIX 160 o~ ' (i) <
<p,o ' (i+1)2p+1mbo o7 '(@) =p+1, 07 (i +1) < p. Hoxaxewm, aro
MHOKECTBO IIE€DECTAHOBOK {0}, yIOBJIETBOPSIONINX ITOMY YCJIOBUIO (a Takke,
pasymeercs, yenosuio (7.46)), coBmazaer ¢ MHOKECTBOM TIEPECTAHOBOK BUIA TJ,
rae o € {o}. OGparumMcs K Hameii MOmeU ¢ IByMsl KOJOHHAMH aBTOMOOUJIE.
YTBepxKAeHNE IPUMET CJIeIYIOMHI OYeBUTHBIA BUI.

Ecmn npu xakom-ub60 mepecTpoeHnr aBTOMOOHMJIbL C HOMEPOM k u3 Iep-
BOI KOJIOHHBI OKaXKeTCsl HEIIOCPEJACTBEHHO Iepe s aBroMobusieM ¢ Homepom [ u3
BTOPO# KOJIOHHBI, TO JIEFKO MOYXKHO yKa3aTh APYroe MepecTpPOeHue, B Pe3yIbTa-
T€ KOTOPOrO 3TU aBTOMOOHJ/IM HOMEHSIIOTCS MEeCTaMU, B TO BPeMs KaK IOPSII0K
ABUZKEHUA OCTAJIbHBIX COXPAaHUTCH.

Takwum 06pa30M, TOCKOIBKY SgN TO = — SgN O
" " "
Z (sgno)(ro)a = — Z (sgnto)(ro)a=— Z (sgno)oa. (7.50)

Tloncrapass (7.49) u (7.50) B (7.48), Mb1 nomyunm (7.47).
IIpumep 1. Paccmorpum ase mmueiinne dopmbr f(€) € A1(V) u g(€) €
€ A1(V). BremnuM npousseenuem Oyer siBsiThCs OnmHelHas GopMa

FAg=) (sgno)of(&)eg(és) = f(€))g(€s) — 8(£))f (&)

o

Mpusep 2 Iyers f(€) € Ai(V), g€y, &y, ... ,€,) € Ay(V). Brem-
HUM mpom3BeneHmeM w = f A g Oymer g+1-dbopma, apryMeHTEI KOTOPO MbI
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obosmaamm epes &g, &, ... , €,

w= (sgno)of(&)g(&r, & - 1 €,) =

o

q
= Z(_l)lf(éi)g(ém ki gy -5 €Y
i=0
6. CpolicTBa BHEIIHEro NMpou3BeleHNs 3HAKOIlepeMeHHbIX (opM.
1) O4eBHAHBIM CBOWCTBOM BHEINHErO IPOU3BEIEHUS ABJISETCS JI U H € fi-
HOCTB:
a) ecmn w? € A,(V), w? € Ag(V), To nyist m060ro BEIECTBEHHOTO YHCIa A

AWP) Aw? =wP A Q) = A(w? Aw?);
6) ecmn wi € Ap(V), wh € Ap(V) mw? € Ay(V), To
(W + W) Aw! =wl Aw? + wh Aw?.
2) AutTukomMmmMmyTaTuBHOCTBH. Ecmm w? € A,(V) nw? € Ay(V), To
WP Aw? = (=1)Pw? AWP.
HoxaszareabcTso. IlycTts

wp /\wq =w= w(£17 &27 R £p+q)'
Jlerko BUAETH, UTO
wq /\wp = W(£p+1, £p+27 R £p+qa glv R £p)
Y6emumce B ToM, 4T0 mepecTatoBKY (&, 1, €405 -+ 5 Epigs &1 - - 5 &) MOKEM
nosmyauTh w3 BeKTopos (&1, &y, ..., §,,,) C TOMONIBLIO Pg TIOC/IEIOBATETBHBIX

Tpancrnosunuit. BexTop £, ; MOXKHO NEPeBUHYTL Ha TEPBOE MECTO, MCIOJIb-
3ysl p TPAHCIO3UIUI. 3aTeM C IOMOIIHI0 TAKOIO YKe YNC/Ia TPAHCIO3UIHI 1epe-
MIBUHEM Ha BTOPOE MeCTO BeKTOp &, U T. /. Bcero Mbl mepesiunem g BeKTOPOB,
UCIHONb3yd KaKAbIA pa3 p TPAHCIO3UIIUI, T. €. YUCJI0 BCeX TPAHCIO3UIIMIT PABHO
pq. B TakoM ciiyuae aHTUKOMMYTaTUBHOCTD OYIeT CIe10BaTh U3 3HAKOIIEPEMEH-
HOCTHW BHENIHET'O IIPOU3BEICHUIA.

3) AcconmarusuocTb. Eam w? € Ap(V), w? € Ay(V), w" € A, (V),
TO

(WPAW) A" =P A (W Aw").

HokaszareansbcTtso. Ilycre 0 € ¥y ¢4r. PaccMoTpum crienyromnyio se-

JIMYIUHY:

W= Z(sgn)a[wp(él, cee Ep)wq(£p+1? cee €p+q)wr(£p+q+l’ cee £p+q+7‘)'

o
(7.51)

Cymma (7.51) Gyner pasra (wP Aw?) Aw", ecitu BHAUATIE IPOU3BECTH CYyMMU-
POBaHMe TI0 BCEM MEPECTAHOBKAM, OCTABJIAIONIM (€3 n3MeHeHus Tncaa p+q+ 1,
p+q+2, ..., p+q+r u ysosnersopaomum ycaosuio (7.46), a 3aTem mpo-
CYyMMHUDPOBATh 110 BCEM II€PECTAHOBKAM, COXPAHSONIMM IOy YIMBIIUIICS TOPSI 0K
HEepBBIX P + ¢ apPTYMEHTOB M MOPAIOK apTYMEHTOB &, o115 -+ s Eppgise

AHaJIOrMIHO MOXKHO TOyIuTh Besmauny w? A (w? Aw").

ITokazkem, 9TO B 060X CIydasiX IMOTYIAETCSI CyMMa, IO BCEM IIePECTAHOBKAM,
Y/IOBJIETBOPSIIOIIUM YCIOBHSIM

oc(l)<o(2)<...<0a(p),
cp+1)<o(p+2)<...<a(p+q), (7.52)
olp+g+l)<...<o(p+q+r).



216 DOOPMVYJIBI 'PUHA, CTOKCA 1 OCTPOI'PAJICKOI'O IJI. 7

st 5TOTO 0OpaTUMCA CHOBA K HAIIEHl MOIETN C KOJTOHHAMU aBTOMOOMITEH.
TIpeanonoxum, 9To 1O JOPOre IBUKYTCs TPU KOJOHHBI aBTOMOOUIIEH, B IEPBOM
73 KOTOPBIX P, BO BTOPOiA ¢, a a Tperbeit r mamua. OamH u3 cnoco60B mepecTpo-
€HMs STWX TPEX KOJOHH B OJHY 3AK/IIOYAETCA B TOM, 9TO BHAYAJIE CIMBAIOTCS
nepBasi ¥ BTOpasi KOJIOHHBI, 8 3aTeM IOJydYeHHas COeUHIETCs ¢ TpeTbei. [lpn
ApyroM crocobe BHaYAje CIMBAIOTCS BTOPAasi M TPEThs KOJIOHHBI, & K HUM IIPU-
coepunsieTcs: nieppas. OUEBUIHO, TIEPECTAHOBKA 0, MOJydaeMasi B DE3yJbTaTe
JII06OT0 W3 ITUX TEePeCTPOeHnH, yaoBaeTBopsier ycaosuto (7.52) u, Ha0GOPOT,
mo6as MePeCTAHOBKA, yIOBAETBOPAIONaa yCaoBuio (7.52), MOKeT ObITh TIOTyHe-
Ha KaK C TIOMOIIbBIO IIEPBOT0, TaK U C TIOMOIIBI BTOPOTO CIOCOBa TIEPECTPOEHU .
dro u o3nauaer copnazgenue (w? Aw?) Aw” nw? A (w? Aw").

AcconmaTUBHOCTh BHEITHENO0 YMHOXKEHUs AT BO3MOXKHOCTH DPAaCCMaTpH-
BaTh J1000€ KOHEYHOE IIPOU3BEIEeHIE

wi Awz A... Awm, TOe w; € Ay, (V).

Ipuwmep 1. Iycrs ai(€), ax(f), ..., am (&) —muneiinse dbopmbr. Torma
arAas A...Nam = (sgno)ofai(€,),as(&y), .. ,am(E,)], (7.53)

o
rie CyMMUDPOBaHHE TPOU3BOIUTCH TI0 BCEM TIEPECTAHOBKAM 0 € Y.

PaBeHCTBO 3TO JIETKO MPOBEPAETCA € TMOMOUIBIO WHAYKIIUH. 3aMETHUM, 9TO
ecnu Bectr Marpuiy {a;(§;)}, To paBencTBo (7.53) MOKHO HepenucaTh B cie-
JIyIOIEeM BHIE:

(a1 Naz A ANap)(€y, &y, -5 €,) = det {ai(§;)]- (7.54)

7. Basuc B mpocTpaHCTBe 3HakoliepeMeHHbIx ¢dopm. Boibepem ka-
Koi-mbo 6asuc {e;}7—; B mpoctpamncTe V u obo3manmm wepes {e'}l comps-
JKeHHbIit K Hemy 6asuc B mpocrpanctse L(V). Hamomumm, wro e’ (€) ects mmmeit-
Has bopma, KOTOpas Ha dTemMenTax 6asuca {e;} mpummmaer 3matenwe e'(e;) =

i)) . 3 Mbl TIOKa3aJId, 9TO BCEBO3MOXKHbBIE IIPDOU3BEICHUA

i1 io i
e (&)e? (&) €7 (§),)
obpasytor 6asuc B Ly(V). Ilockombky A,(V) C Lp(V), To xaxkmaa 3HaKomepe-
MeHHas p-PopMa MOKET OBITh PA3JIOKEHA €UHCTBEHHBIM 00pa30M B JIMHEHHY IO
KOMOWHAITUIO yKa3aHHBIX ITpousBenenuit. OqHAKO 9TU npou3Be/ieHus He 06pasy-
ot 6asuca B Ap(V'), HOCKONBbKY OHU HE ABIAIOTCA 3HAKOTIEPEMEHHbIMU P-hopMa-

mu, T. e. He npuHasgexar A, (V). Tem He MeHee U3 HUX MOYKHO CKOHCTPYUDPOBATH
€ HOMOIIBIO BHeIHero yMHoxkerus 6asuc B Ap(V).

Teopema 7.11. IIyemo {e;}i—; — 6asuc 6 npocmpancmee V, {e'}7—; — co-
npasicennniti 6asuc 6 npocmpancmee L(V). Jhobaa snaxonepemenas p-@hopma
w € Ap(V) moorcem 6ums npedcmasaena v npumom eOuHCMEERHbM 06Pa30M
6 6ude

w = E Wiyig..ip€  NeZ AL Ne™. (7.55)
1<i1 <. <ip<n

Kaoicdoe caazaemoe cymmu, 6 npasoti wacmu (7.55) npedcmasasem cobot
NPOUIBEIEHUE NOCTNOAHHOT Wiy is.. iy HA 3HAKONEPEMENHYIO D-Popmy €' TN 2N . ..
L ANEr,

okazaTesnbcTBO. B cumy pe3ynbraros . 4 MBI MOXKEM 3aIIACATH

P

n

w=y_ .. Xn: Wiyig.ipe'te ... e, (7.56)

i1=1  ip=1

TOe 9GMCTIa Wiyiy..q, = w(e't, e'2, ..., e'?) ompemeseHbl OQHO3HATHO.
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Tax xak dopma w(;, &,, ..., §,) 3HAKOTEpeMeHHA, TO I JII060H mepe-
CTaHOBKH 0 € X,

w(£J(1)7 60(2)7 et £cr(p)) = (Sgna)w(glv 527 tr gp)

CiremoBaTeIbHO,

Wiy (1)ig(2) - io(p) — (sgn o)wiyiy. iy - (7.57)
Crpynmmpyem cnaraembie B cymme (7.56), oTim9arommecs nepecTaHOBKON
WHIEKCOB i1, 92, ... , ip, ¥ BOCIOIb3yeMCs paBeHcTBOM (7.57). Ilosyunm

w= Z Zwia(l)...io(me“’“) el =

i1<iz<..<ip ©

= ) Wi [Z(sgn o)ele el |, (7.58)
i1 <ig<...<ip o

B cuny mpumepa u3 m. 6 cymma, cTosdimas B KBAaJPAaTHBIX CKOOKaX, €CTb
et Ae2 A ... Ae'?. Teopema moKazaHa.

Caedcmeue 1. Saemenmo, et Ae2 A, ANe'? (1< iy < iz <...<ip<n)
obpasyrom 6asuc e npocmpancmee Ap(V). Omom 6asuc nycm dasa p > n u
cocmoum u3 00H020 INEMEHMA, ECAL P = N.

Caedcmeue 2. Pasmeprocms npocmparcmea Ap(V') pasna CF.

B nasbHeiieM, Kak mpaBuiio, Mbl Oy/IeM CYUTaTh, YTO BbIOpAHHBIN Oa3uc
€1, es, ..., e, HaMM 3adUKCHpPOBAH u juHeiiHbE GopMbl ' (£) GyaeM 0603HA-
ware cumBosom e (€) = &', Torma mobas dopma w € A, (V) npumer Bux

Wy, &y €)= D wi i, £ AN (7.59)
1< <ip

IIpumep 1.

ENE = (e NN, &) = ) (sgno)ole (§)e’(€2)] =

o

= 61(51)62@2) - 61(52)62(51) = 5%53 - 555%,
e & ects j-it koabdumment B pastoxennn sexropa &, Mo 6azucy {e;}.
IIpumep 2. _
ENE N NE =det {€]},

n .
rae §; = 3 e
i=1

§ 2. Iuddepennmanbabie (popmMbL

1. Onpenenenusi. PaccMoTpyM TPOM3BOIBHYIO OTKPBITYIO obsacth G
n-MepHOro eBKJuIoBa npocrpancrea E". Touku obnactu G 6ymem o603HaIaTH

— 1 2 n — 1 2 n
cmmBostavu x = (x4, 2%, ..., z"), y=(y",y°, ...,y")ur m
Onpedenenue. ,ZZug’iG@epeHu,ua/szoﬁ popmotld cmenenu p,
onpedeaennoti 6 obaacmu G, 6ydem nasmweamo dynxyuro w(z, &, &y, ..., §,),

KOMopaa npu kadtcoom durcuposanrnom r € G npedcmasasem cobotl 3naxone-
pemennyro p-opmy u3 Ap(E™)

MsuoxectBo Bcex muddepenimaabubix p-popm B obmactu G 06o3HAUMM
uepes Q,(G) = Qp(G, E %)

Mpt Oymem c4UTaTh, 9TO OPKU PUKCUPOBAHHBIX &1, ... , §, € E" p-bopma w
npecTaBiseT coboit beckoneuHo muddepenimpyemyo B G (byHKH‘I/IIO. I/ICHOJ'H)3y$I
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pe3yabTaThl § 1, MBI MOXKeM KaxkIyio p-hOpMy w 3alicaTh B BUIE

w= > wi AL AL (7.60)

i1<...<ip
Berony B masbreiimem sextop € Gymem o6osHauars cumsosom dz = (dz?,
dz?, ..., dz"™), a Bexropw &, — cumpomamu dpx = (dpz’, drz?, ..., dpz™). B
kagecre Gasuca B E™ BoiGepem Bekropst e, = {0, 0, ..., 1,0, ..., 0}, rue enu-

HUIA CTOUT Ha K-M MecTe. DJIeMEHTAME COIPSKEHHOro 6azuca O6yayT dbyHKIHHI
ek (&) = e¥(dx), onpenensiemere pasencrBamu
¥ (dx) = da®
Torma nmuddepentmanpaas Gopma (7.60) mpumer Bu
w(z, diz, ..., dpx) = Z wil,,,ipdﬂl A...Adz'.
i1<...<ip
IIpuwmep 1. Juddepennmanbuas 0-dopma — 3o j0bast dyHKIUs, OIpe-
nenennas B obsactu G (u, B CWITy HAIIKUX TTPEITIONOKEHMH, Geckonedrno mudde-

penuupyemas B G).
IIpumep 2. ,Z[H(b(bepeHuHa,anaﬂ 1-dbopma nmeer Buz

w(z, dzx) Zwk z)dz".

B wactrocTH, KOTHA N = 1, w(z, da:) = f dx. Juddepennmanbayio dhopmy
cTemenn 1 HA3BIBAIOT TAKYKE JTMHEHOMN nuddepennuaabHOl HopMOii.
IIpumep 3. duddepennnanpaas 2-bopma nmeeT BUL,

w(z, diz, dox) = Zwi’“ dz’ A da®.
i<k
ITo ompenenenuto
dz' Adz® = (ei A ek)(dlx, dax) =
= e'(diz)e" (dox) — ' (daz)e” (dyz) =
dll'i dll'k

= d11'1d21'k — d21’ld1$k = i k
d21’ dQl’

B gactHOCTH, TpU N = 2 mOTyUaeM

d1$1 d1z2

UJ(IB, dlilT, dQ‘T) = f((l?) del d2$2

Onpesienuresib paBeH 3J€MEHTY ILIOIA/H, COOTBETCTBYIOIIEMY BeKTopaMm diz
nu d2.73.

B cnyuae, korma n = 3, obo3nadas wiz = R, wes = P, w1z = —Q), noayunm
P Q R
= dll' L d1 1’2 d1.’I?3
dz.l‘l dz.’lj2 dza:?’

IIpuwmep 4. Auddepennmanbuas 3-¢popmMa B TPEXMEPHOM TPOCTPAHCTBE
WMeeT BUT

w = Pdz® Adz® — Qdz' A dz® + Rdaz* A da?

dll'l d1.’I?2 d1.’I?3
w(z, diz, dox, dsz) = f(z)da* Adz’® Ada® = f(z) |dea’  doz?  doz®
d31’1 d3.’132 d3.’133

Onpereuresib paBeH sjieMeHTy obbeMa, orBedaioneMy Bekropam dix, dex, dsx.
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2. Buemnuit qudgdpepenmuadi.

Onpedeaenue. Bhnewnum duddepenyuanom p-aunetdnot oug-
peperyuanvrnoti opmo. w € Qp(G) 6ydem nasvsamov gopmy dw € Qpi1(G),
ONPEOENACMYIO COOMHOULEHUEM

dw = E dwiy..ip Ndz™ N .. AN da'™?,
1< <ip
20e N
Owiy . i
1.t
dwiy..i, = Tt gk
i Ok
k=1
Takum obpaszom, eciau
w= Z Wiy.ipdet AL AN da'P,
i1<...<ip
TO

n
Owiy...iy | 4 i1 i
dw=z Z de ANdz™ AL Adx'P.
k=1i1<...<ip
IIpuwmep 1. dubdepenuman bopmbr crenenn myb (T. €. bynkmmnu f(z))

UMeeT BUJIL
L Af
d = E ——dz".
f(z) Pt ozxk v

IIpuwmep 2. Boruncaum auddepennman ot auHEHHON GHOpMBI
n
w=w(z, dr) = sz(z) da’.

TTomyamm

dw = dw(z, diz, dax) = ZZ Ouwi(z) dz" A da'.
Ok

k=11i=1
Tax xak dz® A de® = —dz' A de® u de® A dz* =0, 10

dW:Zgwl dz* A dz! +Zgwl dz* Adzt =
.’lf

k<i i<k

—Za“”d /\d’—z(?;;kd Adz' =

it 0 k<i
= Z(awl &%) dz"® A dz’.
oxzk  Oxt
B uacrrOCTH, KOrga 1 = 2, mosyunM yist w = Pdz! + Qdx?
dw = (% ap)d A da’.

or Oy
3. CsoiicTrBa BHelHero auddepennmasa. HemocpeacrseHHo U3 ompe-
JI€TIEHUST BBITEKAIOT CJIEIYIONIME CBOMCTBA:
1) ecmn w1 € Qp(G), w2 € Qp(G), 10 d(w1 + w2) = dwr + dws;
2) ecsn w € Q,(G) m A — BemectBenHOE TMCTO, TO d(Aw) = Adw;
3) ecin w1 € Qp(G), w2 € Qy(G), 10

d(wi Aw2) = dwi Awa + (—1)Pw1 A dws.
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Hoxaxkem csoiicreo 3). Ilycrs
w= E Wiy.ip dz™ AL A dR'P.
i1<...<ip
Bsenem ciemyromiee obo3nadeHue:
ow Z 8w11 ¥ )
z i1<...<ip z
Torna dw MOXKHO 3amKcaTh B BUJIEC

~ ow
dw = dz® A ==
kzzl ozk

Bcoomanm, uTo
w=wi Awz = (—1)"ws Aws.

e 0o dwr O B
w w1 (] W1 W2
M=a—k/\b-12+0-11/\8—k=81Jc w2 + (= l)pqak/\wL
Torma
Ow1
dw—zdw/\ —Ed /\8—/\w2+

)”‘IZd /\ /\wl—dwll\w2+( 1P dws A wy.

TTockombky dws ecthb (g + 1)- (bopMa, TO

dws Nwi = (—l)p(q+1)w1 A dws.

Orciona dw = dwi A wz + (—1)Pw1 A dws.
CrpaBeyIUBO CIeAyIONmee 6aicHoe CBOWCTBO nuddepentmaria.
Ocnosnoe csoticmeo snewnezo duddeperyuana:
d(dw) = 0.
HoxaszaTeasbcTso. [Ipeamnonoxum BHAYUAIE, 9TO w €CTh (GOpMa cTere-
uu 0, T. e. w(z) = f(z). Torzga
3f ~ _f
d(df)y=d d = — L _da* Adat
Z kZ D Gerom
i=1
Tax xak dz® A de® = —da: /\ dz", 5To PABEHCTBO MOXKHO HEpEIICATD B BHIE

d(df)=Z( ’f _ an,)dwi/\dw’“,
i<k

Ozidzk  Ozkdx?
orkyna caenyer, uro d(df) = 0.

ITycTts Tenmeps
Z wil,,,ipdxil A...Adz'.
1< <ip
Torma n
dw = Z Z dwi,..ip N dz' A ... Adz'P.
k=11i1<...<ip
3ameruM, YTO KazKIbIA YJIeH CYMMBI IIPE/ICTaBseT CO00M BHEIIHEe TPOM3Be-
nenne nuddepenuanos Gpopm crenenn 0, nMeHHO, GOPM Wi, ...i, (T), el (dz), ...

€'? (dzx). Ocraercst IPUMEHHUTD CBOMCTBO 3) U BOCIIOIB30BATHCS TEM, UTO JJIs
dopwmbr crenern ) OCHOBHOE CBOMCTBO JOKA3aHO.
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§ 3. Juddepenmpyembie oTOGpa>keHusI

1. Onpenenenne nuddepeHpyeMbix oTobparkeHuii. Paccmorpum
IPOU3BOIBHYI0 M-MepHYI0 obsactb D eBkanzoBa npocrpanctsa E™ u n-mep-
nyto obsiactb G C E™. Touku obsactu D Oynem 0003HAa4aTh CUMBOTIAMH t =

= (¢!, ¢3 ..., t™), a Touku obmactu G cumsomamu z = (z', 2%, ..., z").
Bynewm rosopurs, uro ¢ orobpaxaer D B G, eciu
_ 1 2 n
90_{90 ’90""’90 }’

rme F (t) onpenenens B obmacti D, a BekTOpBI = ¢ KoopauaaTamu ¥ = ¢F (t)
siexkar B obmactu G.

Omnpenenum orobpaxenue p*, koropoe nepesomut 2, (G) B Qp (D) nua to-
6oro p, 0 < p < n. Ilpu 3TroM MBI Oy/IeM CUIATATH, YTO KAXKAAsd KOMITOHEHTA
<pk(t) orobpakeHus @ siBjIsieTCst OeCKOHEYHO AuddepeHpyemMoit.

Onpedenenue. Iycmov p —omobpasicenue D C E™ ¢ G C E™. Ob6osna-
wum wepes ©* omobpasicenue, xomopoe daa ecex 0 < p < n deticmseyem u3
2, (GQ) 6 Qp(D) no caedyrowemy npasuy: ecau

i1<...<ip
P = Y wii, (p0)T () AL AT (da™),
i1<...<ip
2de "o
* i 4 k
p (dz") = ; Wdt .

IIpumep 1. Ilycre w— dopma crenenu 0, T. e. w = f(x). Torma

@™ (f) = fle(t).
IIpumep 2. Ilycrs ¢ orobpaxkaer n-mepHyio obmacts D C E™ B n-mep-
Hyto obsacte G C E", u nycrb w — cienyionas n-popma:

w=dz' Adz® A... Ndz".

Torma
x Ok 09"
w) = ———dt"* | AN St =
Fw@={ 3 g5 2 o
1= T
n n 1 n
-y Y 5SZ maL;dt‘“/\.../\dt’“" =
k1=1kn=1 oth Ot
B! O™
— 1 n Al
=dt- N...Ndt ;(Sgng) 9to () e oto(n)
=dt1/\.../\dt”det{a(p. }
ot
Takum obpazom,
D(¢", 9% ..., ¢")

O (de" Adz® AL Nda™) = dt' Adt® AL A dE

D(t, 2, ..., t")

Bameuanue. Dopmy ¢”(w) HaseBatoT mubdepenumanbaOl GoOpMOi,
nostydaionieiicsa u3 GOPMBI w MPH MOMOIIHA 3aMEHBI TEPEMEHHBIX (.
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2. CBOMCTBa orobpaxkenus *. CrnpasemuBbI CJIEIYIOIIE CBOKCTBA

0T06pa}KeHI/Iﬂ P
. Ecm wi € Q,(G), we € Qq(G), T

P (Wi Aw2) = (wl)/\w*(w2)~
HoxaszarenbcTBo. Ilycts

w1 = Z ail,,,ip(:t)d:cil A A d:ti",
i1 <...<ip
wy = Z bkl,,,kq(w)dwkl A Ndaba.
k1<...<kq
Torma
w1 Awa = Z Z iy ...ip (a:)bkl,,,;cq (a;) X
1< <ip k1 <...<kg

x dz't AL Adz® Ada AL A dzhe
U, CIes0BaTe bHo,

P (@1 Awr) = 33 ailp()br(p(t)e" (da') A A" (date) =
i k
=D ai(@)e’ () A A (dr') A [Z be()p" (@) A A7 (da*n)] =

=" (W1) A" (w2).
2. Ecm w € Q,(G), 1o
¢ (dw) = dp™ (w).
Hoxa3arenbcTso. JJokaxeMm BHa4UasIe 3TO paBeHCTBO Ayd p = 0, T. e.
g w = f(z). [lonyaum

wo=3 0 gh', 1w = st

d(p*(w)—zai)k o(t))dt* Zzgig‘; _;;j o (da') = " (dw).

k=11i=1

JIJ1s1 IPOM3BOILHOTO P MPOBEJEM JI0KA3aTeIbCTBO M0 nHLyKuud. Ilycrs w =

= fiy..ip(®)dz™t A ... Ade'?. Torpa dw = dfiy. i, Adz™ A ... Adz*?. TIo cBoii-
CTBY 1 M TOJTbKO ITO ITOKA3aHHOMY COOTHOIIEHHIO

O (dw) = @*(df) A @™ (dz ) A ... A o™ (dz'P).
C apyro# CTOpOHSI,
de™ (w) = d™ [(fdz"™ A...Adz'P=') Ada™?] =
=d[p" (fdz™ A...Adz'P=1) AT (dz™?)].
Hasiee B cuity cBoiicTBa 3 BHemrHero nuddepennpasia
dp™(w) = do” (fd:ti1 A A dxip‘l) A" (d:ti") +
+ (=1)P 7 " (fdz™ AL A de YY) Adp” (da'P).
Bamerny, ato ¢ (dz'?) = dy”(z7) B cumy TOIBKO WTO J0KA3AHHOTO, a
TOrIa 0 OCHOBHOMY CBO¥CTBY BHemHero muddepennpana do” (dwi") =0.
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HO IPEOITIoJIOKEHUIO UHAYKIIUW, CIIPAaBEAJIMBOMY IJId D — 17
de"™ (fdz™ A...Adz'P=') = " (df Adz™ A... Ada'P?).
B pesysbraTe nomydum
do™(w) = " (df A dz'' AL A d:ti”‘l) A" (dxi”),
a 10 CBOUCTBY 1
do" (w) = " (df Adz VAL d:ti").

Culeyromee BaxKHOe CBONCTBO HA3BIBAIOT MPAHIUMUEHOCTILIO.

3. Paccmorpum orkpsirsie obmacru U C E', V. ¢ E™, W C E", rouku
KoTophIx coorsercreerno u = (u', w? ... ), v = (0! 0% ..., 0™), w =
= (w', w?, ..., w"). HycTs ¢ orobpaxaer U — V, a ¢ orobpamxaer V — W.
Yepes 1) o p 0603HaIMM 0TOOpaYKeHNe, HA3BIBAEMOE KOMIIO3UIIUE, KOTOPOe meii-
CTBYET II0 IIPABUILY

(W p)(u) = ¥lp(u)]

AHa,JIoquHo BBEJIEM KOMITO3UIMIO (™o)™, KoTOpasi AJjis JII000r0 p MEPEeBOIUT

Qp,(W) B Qp(U), T e.
(7o) (W) = ¢ [¢" (w)]-
CrpaBeyIuBO CJleyIOIIee PABEHCTBO:
(o) = o™
HoxazaTteabcTo. Ob6o3naunm f = op. D10 03Ha4aer, 4ro 3 =
:(ﬂl’lg2""’ﬂn)’rrzle k k 1 5
m
B =9 (e, 7 s ™).
TIpoBeneM CHaYA/Ia JOKA3ATENbCTBO JJIst JUHEeRHOM dopmbl dw® C Qi (W).
TTomyamm

l
B (dw*) = dB" (w") = dB* (u) =Zﬁ ZZW %

7 J i
— Ou == 0w au

Hautee

(¢7o ") (dw") = " [¥" (dw")] = p"[dy" (w")] = w*(dw) =

o (dv') = dg” () = Z a‘” 92 g
¥ TOTOa

(o) = 3y 80

j=11i=1

¥ paBeHCTBO JoKa3aHo. OTCoa cileyeT CIpaBe1/InBOCTh CBORCTBA 3 114 JIF000
snmHelino# ¢opmsrl. [Jatee mokasareabCcTBO IpoBeseM no wHaykimu. [lycts

w=f(w)dw™ A...Adw"™ € Qy(W).
Torma

B (w) = B (fdw™ A...Adw'P=) A" (dw'?) =
= (¢ o) (fdw™ A...Adw'*=) A (¢ o) (dw') =
= (¢ ") (fdw' AL Adw'®) = (90 ") ().
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§ 4. arerpupoBanue auddepeHnnaibHbIX (popm

1. Onpenenenuns. O6o3uaunm 4vepe3 I™ enuHUYIHBIN Ky6 B €BKJIAIOBOM

npocrpaucree E™:
m={te E",0<t'<1,i=1,2,...,m}.

Ilon orobpaxkenuem ¢ xkyba I™ B n-mepnyio obmactb G C E™ mbl 6yzem
noHMMaTh orobpaxkenune B G HekoTOpoii obnactu D C E™, comepxaieii BHy-
Tpu ceba I™. Amamormuno muddepenuuanbuoi p-bopMoii w, ONpeneaeHHol
B I™, Gynem Ha3bBaTh p-HOPMY, ONPEIEIEHHY 0 B HEKOTOPOii obmactu D C E™
comepxameit 1™

Onpedenenue 1. Humezpasrom om p-¢pop ma

= f&)dt" Adt> A ... AditP,
onpedeaennot 6 kybe IP ) no xyby IP 6ydem Hasvieams GeAUNUNY

fw:fl...flf(t)dtldt2...dt”
Ip 0 0

Hameit 6mkaiiieil 1mesibio ABIsETCs ONpeeeHne HHTerpasia or audde-
peHuuaabHoM GOpMBI 110 J1I060# ToBepXHOCTH. ECTECTBEHHO, UTO IIPU 9TOM CTe-
neHb (HopMbI OyIeT COBIAIATH C PA3MEpPHOCTHIO moBepxHOCTH. Ilos moBepxHo-
CTBIO MbL Oy/ieM P STOM IOHMMATh OTOOpaXKEHWe eIUHUIHOro Kyba TOi XKe
pasMepHOCTH (HATIOMHHM, 9TO TOHATHE OTOODAXKEHWsS BKJIOYAET B Ce0s Kak
o6JlacTh 3HAUEHWil, TAK W 3aKOH COOTBETCTBUs). Bnpouem, mHOrma Mol Gymem
Ha3bIBATh [TOBEPXHOCTHIO TOJILKO JIUIIb 06pa3 Kyba.

Onpedenenue 2. Hazosem m-MePpHBM CUHZYAAPHBLM KYOOM
6 npocmpancmee E™ (m < n) Ougﬁgﬁepenuupyemoe omobpasicernue kyba I™ ¢ E™.
Taxum 06pasom, 0603navas cunzyaapruoit ky6 wepes C, Mol MOICEM 3GNUCAGTND

C=¢p: I"— E".
Mur 6y;LeM TOBOPHTH, 4TO CUHTYIsApHBIH Ky6 C conepxurca B G C E™ | ecin
p(I™) C G

Tenepb MBI MOYKEM OIIPEENTh HHTerpaJt oT jito6oii p-bopmbl w € Q,(G)
10 JitobomMy p-mepHOMY cunHryagpHOMy Kyby C' C G.

Onpedeaenue 8. Hnmezpaaom om Gopmu wC Qp(G) no cun-
ayaapromy kyby C = ¢: IP — E™ codeporcawemycs 6 G, na3oeem 6EAUNUNY
Jo=[¢ W)

c v

Y6enuMmcst B TOM, YTO HHTEIPAJL OT P-POPMBI W II0 P-MEPHOMY CHHIYJISIPHO-
My Kyby C 3aBucur jmmb oT o6pas3a ¢(IF), a He OT 3aKOHA COOTBETCTBUS .

IIpex e BCero paccMOTpUM TOAPOOHEE OIpPe/eIeHHe WHTerpajga OT w II0
cuHryasipaomy kyoy C.

IIycrs w € Q,(G) umveer Bug w = f(z)dz'* A ... Adz'?, Torma ¢*(w) =
= fle®)]e" (dz* A ... Adz'?). B cuy npumepa 2xm1§3

o) = flpl DL #)

D(t!, t2, ..., tr)
CrnenoBaTebHO,

/w—/f[SO D(t17... tp))dt AL ANdE.

Onpede./zenue 4. ITyemo C1 = p1: IP — E" w Cy = po: IP - E™ —
dsa curzyaapnux kyba. Bydem zosopumov, wmo Ci1 = Ca, ecau cywecmsyem

dt* AP AL N dEP.
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683auMH0 00HO3HAUHOE omobpadicenue T kyba IP na ceba maxoe, wmo
1) 1(t) = p2[r(t)];
) D(r', 72, ..., 7P)

> 0.
D(t!, 82, ..., tr)

dcuo, aro eciiu C1 = Ca, to u Co = C1, tak kKak obparHoe orToOpaxke-

Hue 771 GyZeT yI0BIeTBOPATH HEOOXOMMMBIM TPEOOBAHMSIM.

Msr 6yem rosoputs, uro C; = —Chy, ecau B ycaoBun 2 (GyHKINOHAJIBHBII
OTIpeNIeINTENb BCIOMy MeHbIne Hyas (oueBumno, nmpu 3tom Co = —C4). Unorma
B 9TOM ciiydae roBopat, yro C1 u Ca OTIMYAI0TCS OPUEHTAITNEH.

CupaseyiuBo ciepyomee yrBepxkaenne: ecau Ch1 = Ca, mo

[w= [ w
4 Ca
Hoxa3aTeabcTBO . Mbl IpoBeIeM I0KA3ATETHCTBO s CIydasi, KOTIA
1 2
w= f(x)dx" ANdz" A...NdxP.
ITo ompenenenuto

(90%7 90%7 sy 90123) 1
= dt- A ... AdEP.
/w /f[(p( D, t2, ..., tr)

Tlo ycnosuio cymecrByer orobpaxkenue 7 Kyba IP Ha cebs, yI0BIETBOPSIO-
miee ycaoBusaM 1 u 2

Cpenmaem B maTerpase 3ameny mepemennoit ¢ = 7(s), s € IP. Iomyunm
©2(t) = pa[r(s)] = p1(s),
1 2 D 1
S D oo, TP
/w_/f[cp ()] Dlps @3y ) DO 20 70) v g2 g gt —
D@, 2, ..., tr) D(s',s2 ..., sP)

/f[gol(s (@2"”’(‘0)dsl/\.../\dsp=/w.

D(s', ..., s?
C1
AHaJIOrMYHO MOYXKHO MOKa3aTh, uTo eciu C7 = —Cs, TO
Jw=—fw
C1 Co

2. Iuddepennupyemslie nienu. Ham mouHamobaTcs moBepxXHOCTH, KOTO-
Pble PACIaaloTCs Ha HECKOJIBKO KYCKOB, KayKIbIi M3 KOTOPBIX sIBJIsieTCs 0Opa-
30M HEKOTOPOro m-MepHOro kyba. IIpummepom Takoit IOBEPXHOCTH MOXKET CIIy-
JKUTh COCTOSNIAs M3 JBYX OKDYXKHOCTEH I'DAHMIIA KOJIBLA, JIEKANIEr0 Ha JIBY-
MepHO# TockocTh. IIpu 3TOM MBI OyIeM pa3IudaTh OPUEHTAIMHA 3THX OKPY K-
HOCTEH. B CB43H1 C 3THUM Be€CbMa IIOJIE3HBIM OKa3bIBa€TCd BBEIACHHE JIMHEHMHBIX
KOMOMHAIMN CUHTYJISIDHBIX KyOOB C BEeleCTBEHHBIMU KO3(hdUIIMEHTAMY.

Onpedenenue 1. Bydem nasveamvp-meprotd vyenvio C npoussosno-
HoLth Habop

{1, A2, ooy A, C1, Cay oo, Cilhy
2de A; — sewecmeennvie wucaa, a C; —p-meprvie cutnzyaaproie Kybou. IIpu smom
bydem ucnoav3osams 0603naveHue
C=M\C1+...+ XCh.

Bynem rosoputs, uro C npunagnexur G, ecim Bce C; npunagnexar G.

MHOKeCTBO p-MEpHBIX Ieneil 06pa3yer JIMHEHHOe IPOCTPAHCTBO, €CIIH BBe-
CTH €CTEeCTBEHHBIM 00pPAa30M OIEPAIUyU CJIOKEHUs] U YMHOXKEHUsI HA BeleCTBeH-
HbIC 9uCJIa.

8 B. A. Unbun u 3. I. Tlo3usaxk, yacts 11
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Onpedeanenue 2. Uumezpaasom @Gopmo wno p-meprod uye-
nu C, codepocawetica 6 G, nasosem 6eAUNUHY
fwz)\l fw—!—)\g fw+...+/\k fw.
c C1 Co Cr
Tenepb Mbl MOYKEM OIIPEEJUTH MPAHUILY TTPOU3BOJIBHOIO CUHTYJISIPHOTO KY-
6a. s 3TOr0 ompemesimM BHAUAJIEe TPAHUILY €IUHUTIHOIO Kyba.
Onpedeaenue 3. 'panuvyetd xybalP nasosem (p —1)-mepuyro yens
P
orr =3 (-1)'[Ig() - 17 (i),

i=1

20e I%(i) ecmwv nepecenenue xy6a IP ¢ eunepnaockocmoio z* = a (o = 0,1).
Jlyist TOro 9TOBBI 3TO OIpeIe/IeHre OBIII0 KOPPEKTHBIM, HEOOXOUMO Pa3bac-
HHUTb, KAKOH CMBICJI MBI BKJIQIBIBAJIU B yTBEpKIeHUE 0 TOM, uTo IX (i) siBnsierca

(p — 1)-MepHBIM CHHTYIAPHBIM KyOOM.
TlocTpouM KaHOHHUYeCK 0 e oTobpaxkenue ¢ = @ xkyba IP~! ma IE(4).

Tycrs s = (s', %, ..., sP71) € IP™!. TTomoxum
s* ecn 1<k<i,
Fs) =< a, ecmn k=1,
s*71 ecmm i< k < p.

Ouesnmmo, § = (§°, @2, ..., @F) oTobpaxaer B3aMMHO OHO3HATHO [P~ !
na I%(i). B wacrtHocTH, 1prt @ = 0 1 § = p 0OTOGPAKEHUE (O SIBJISIETCS CyKEHHEM
ua I§(p — 1) ToxzaecrBennoro oroGpaskenus: npocrpancrsa EP Ha cebs.

Onpedenenue 4. 'panuyed p-meprozo cuneyaapnozo kyba C = @:
I — E™ nasosem (p — 1)-mepryro uens

P
o0 = (=1)'[p(15(@) — (17 ()]-
i=1
Taxum obpaszom, rpanuta obpasa kyba IP ects o6pa3 rpanunst IP ¢ ecre-

CTBEHHOI OpHeHTaIueNn.

IDpumep 1. Pacemorpum ma mmockocts ksagpar I2. OgeBmmmo, sTOT
KBa/IpAT MBI MOXKEM DPACCMATPUBATH KaK CUHIYJISPHBII Ky0, B35IB B Ka4eCTBE

2 r x?

1%(0) \
A

{601 IS S § 18
K ¢
2 t /

Puc. 7.11 Puc. 7.12

ToxaecrBenHoe orobpaxkenne. Ha puc. 7.11 ykasawa rpanuia 3Toro KBaipa-
Ta, IPUYeM HAIIPABJIEHHE CTPEJIOK COBIQIAET C HAIIPABJIEHUEM BO3DACTAHUS Ia-
pameTpa t*, 10 KOTOPOMY HPOM3BOAMTCS HHTErPUPOBAHKE, B CAy<ae, €CIH ITa
CTOPOHA KBaJpaTa BXOAUT B memb O CO 3HAKOM +, M HAIIPABJICHHE CTPE/IOK
ABIAeTCAd IPOTUBOIIOJIOXKHBIM, €CJIU CTOPOHA 6epeTc5[ CO 3HAKOM —. MI)I BUOIUM,
9TO HAIle COIVIAIIEHUE O 3HAKAX IIPUBOIUT K OOBIMHOMY 00X0/1y I'PDAHMUIIBI IIPOTUB
YaCOBOI CTPEJIKH.
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IMpumep 2. Pacemorpum cumryaspubii ky6 C = ¢: I7 — R?, tme ¢
UMeeT BH/L ) L )

¢ = (a+ Rt )cos2mt”,
©® = (a+ Rt")sin 2mt>.

Jlerko Buzmers, uto ¢(I?) ecTh KOBIO, TPAHMIA KOTOPOTO 06PA30BAHA OK-
PYKHOCTAMU PAaAuycoB a u a + R. BeisicauMm, 4T0 siB/IsSleTCcs rpaHumeil CHHTY-
napuoro xKyba C. Ouesuamo, p(I3(1)) ecth OKpPyRHOCTD

901 = acos 27rt2,
©° = asin 2rt®.

Tanee, o(I£(1)) —3T0 okpyxmHocTh paauyca a + R. Haxomen, ¢(IZ(2)) n
@(I7(2)) —aro orpesok 22 =0, a < z* <a+R.

Ha puc. 7.12 crpenkaMu yka3aHO HampasjeHnue obxozia rpanuisl 0C, eciau
06xos rpamumsr 012 coBepimaeTcs IPOTHUB YACOBOH CTPEIKH.

Mockombry @(I12(2)) — p(I2(2)) = 0, MBI MOXKEM CUHTATH, UTO

2 2
9C = ¢(I1(1)) — (1 (1)),
9TO COBIAJAET C OOBIYHBIM IIOHUMAHMEM I'DAHULBI KOJIbIIA.

BoisicHuM, KakuM 00pa3oM CBsA3aHBI MHTErpaJbl OT (POPMBI W IO TPAHUIE
ky6a C u dbopmbl ¢*(w) mo rpamume IP.

Ymeepowcdenue. IIycmv C = ¢: IP — E" — npouseoavruil cuneysapHoid
xy0, codeporcawutica 6 G, u nyemv w € Qp_1(G). Cnpasedauso paserncmeo

Jw= [ ¢"(Ww).
ac are

Hoka3zareubcTBo. OueBuIHO, B CUILY OIIPEIEJI€HUs] HHTEIPAJIA 10 1ie-
U JOCTATOYHO JIO0KA3aTh PABEHCTBO

J o w= [ ¢ W)
e(zw)  1a®

PaccMorpum KaHOHHHecKoe orobpawernme @ = 0P : P71 — I2(j). Tlo

OIIpeIeSIEHUIO
[ o w= [ &l W)
IE (i) p-1

B cuany cBotictsa 3 quddeperuupyempbix orobpaxenuii (cm. m. 2 § 3)
o = (pod)
Taxkum obpazom,
[ ow= [ (ped) = [ w= [ w

15 et (pop)(17-1) o(12)

nockonbky (o @) (IP71) = (15 (i)).

3. ®opmyaa Crokca.

Ocnosnasn meopema. Ilyemv C = ¢: IP — E" —npouseosvhoili cum-
eyaapunii xyb, codeporcawutica ¢ G, u nycmv w € Qp_1(G). Cnpasedausa
popmyaa Cmoxca

Jdw= [ w.
c ac

Hoxkaxem ¢dopmyny CTokca cHaYaa B CIEAYIONEM YaCTHOM CJIydae.
ITycrs w — qudpdepenrmanbuas dopma crenenu p — 1, onpenenennas B 1.
Torma cripaBeTMBO paBEHCTBO
Jdw= [ w. (7.61)
I» arr

8*
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Hokazareanctso. Ilycts w = f(t)dt> A ... AdtP. Tlo ompenenenuio

Je=snev( g g )

Berauncanm ciemyromuit uHTErpast:
J w, tme i=1,2,...,p,a=0,L1
18 (9)

PaccMorpum KamoHIIecKoe orobpazkernue & : [P~ — I2(i). B cumy pesyss-
TaToB 1. 1 3T0TO Maparpada

/w— / fl@(s)] D(l ::'sp_l))ds AL AdsPTh

IE (4)
ITo ompeneseHnIo KAHOHIMIECKOrO oTo0pakenns ;7 axoOuaH mMeeT BHL,
2 i-1 i p—1
J_D(s,...s ,Q, 8, ...,8 )_O
- - Y
D(s?, 82, ..., sP71)
ecmm i # 1, u L L
p—
_D(s', s L8P 1
- - ’
D(s?, 82, ..., sP71)

ecmm i = 1. tak, OTITMIHBIME OT HyJist MOTYT GBITH TOTBKO mHTErpasst mo 15 (1):

fw:(—l)( J ow—f w>= JfQa, st 8%, sP T ds AL A dsPT -

orr 1469 IP(1) Ip—1
J of0, s oo sPTdst AL A dsPT
1

TTo onpee/enuio uHTerpaia mo Ky6y 177!

Jw= f1~~~J1“[f(17 s sPTY = F(0, 81, L., P )] dstds? L dsP T =

orIp 0

://.../ﬂdsodsl...dsp—l 9r ds® A ... AdsPT
" 0s0 630

C apyroit cTOpoHSBI,

dw = 6)—fdtl/\dt?/\.../\dtf".
ot!

Crajo 6bITH

/dw— fdt A AdEP.

Pasenctso (7.61) mokazamo.
HoxkazareanbcTBo Teopemsbl Croxkca. ITo onpenenenuto narerpa-
JIa TI0 CHHTYJISIPHOMY KyOy

Jdw= [ ¢ (dw).
c r
B cuny ceoiicrBa 2 auddepenuupyembix orobpaxkenuii (cm. 1. 2 § 3)
J ¢ (dw) = [ de™(w)
P Ip



§ 4 JIOTIOJIHEHUE 229

HHasiee Bocnomb3yemcs yxke nokasanuoi ¢popmymnoit Crokca mis kyba IP
Jdo"(w) = [ ¢ ().
» arrp

OcraeTcs 3aMeTUTh, 9TO 110 CBOMCTBY MHTEIPAJIOB 110 TPAHUIE CUHTYJIISPHO-
ro ky6a (cM. komer 1. 2 HacTosero maparpada)

[ ¢ W)= [(w)
arp ac
TeopeMa MOMHOCTHIO JOKA3AHA.
4. IIpumepsi. 1. Paccmorpum ciaydait p = 1. OQHOMEpHBIH CHHIYJISPHBINA

ky6 C B E™ —HekoTOpasi KpuBasi, KOHIBI KOTODPOH 0603Ha4YnM 4epe3 a u b.
®@opmyna Crokca npuobperaer BU

gdf=8fcf=f(b) - f(a).
B gactaOCTH, KOTZA N = 1, IOsTygaem dhopmyny Heorona—Jlefibauma
b
[ f'(@)dz = f(b) - f(a).

2. ITycre Teneps p = 2. JIByMepHBIH CUHTYJIsIpHBIA Ky0 C' —3T0 AByMepHast
IOBEPXHOCTH, (hopMma w € {21 umeer BuL

n
w= E Wk dz*.
k=1

Ucnonp3ys npumep 2 1. 2 § 2, nosryuum

8w _ ek
x)d Adz! /dew.

ac k=t

Ecim n = 2, T0, 0603Hauast w = P dr' + Q dz?, nonmyunm dbopmymny I'puna:

0Q 0P 1 2 1 2
/(%—ﬁ)dw A da _/sz +Qda.
C acC

Ecnu n = 3, To nosy4nm o6branyio dopmyny Crokca.
3. ITyctb p = n. Torma w € Q1 uMeeT BH,

n
w=Zwkdz1/\.../\da:k_l/\dwk"'l/\.../\da:”.

Hamnee

dw= ZZ—dw ANdz' A Ada" —Z( 1)k 18w dx Adz® A .. A dz".
k=1i=1
B gactaOCTH, TpH N = 3
w=Pdw2/\dz3—dell\dz3+Rdz1/\dw2,
or | 0Q
d + —
e (81’ 0x?

u Mbl nosty4daeMm (opmysty OcTporpaiackoro.

+(9 3)dw A dz? /\dw



FrTABA 8
MEPA 11 THTEI'PAJI JIEBETA

B 1. 10 Beim. 1 7 B 1VI. 2 HACTOSIIETO BBIMTYCKA OBLT U3YU€H NHTE-
rpaia Pumana or GyHKIINT OZHON U COOTBETCTBEHHO N TEPEMEHHBIX.
[Tousarue waTerpasa Pumana oxsarbiBajo Kjacc (yHKIui, 1160
CTPOTO HEMPEPBIBHBIX B PACCMATPUBAEMOi 001acTh, 00 OTU3KUX K
HEMPePBIBHLIM (MHOYKECTBO TOYEK PA3PhIBA KOTOPHIX MMEET DABHbIM
HYJTIO N-MepHBIH 00beM). DTOTO MOHATHST OKA3bIBALTCS HEJT0CTATOY-
HO B psijie (pyHJAMEHTATBHBIX Pa3/1eJI0B COBPEMEHHON MaTeMaTHuKu
(B Teopuu 0606IIEHHBIX (DYHKIWI, B COBDEMEHHO TEOpUH ypaBHEe-
HU C 9ACTHBIMU TPOU3BOJHBIMU U B JAPYIHX).

B nacrosmmeit rimaBe uzmaraercs Teopusa 0osee 00IIEro mHTErpa-

JTa— TaK HA3bIBAEMOro mHTerpasa JlebGera '), s gero mpes-
BapUTEJbHO PA3BUBAETCS TEOPUS MEPHI U TAK HA3BIBAEMBIX U 3 M €-
PUMBIX (QYHKIUINA (SBIAOMIUXCS IUPOKUM 0B0OIIEHIEM Helpe-
PBIBHBIX (DYHKITHIT).

OcHoBHast uaest naTerpaJa Jlebera, oTanyaomass ero 0T WHTET-
pana Puwmama, 3ak/09aeTcs B TOM, UTO IPU COCTABJIEHHUHU Jiebe-
TOBCKO# MHTErpaJIbHON CyMMBbI TOYKH O0bEINHSIOTCS B OTIEbHBIE
cjlaraeMble He TI0 MPUHINTY OJIM30CTH ITUX TOYEK B 00JIACTH WH-
TerpupoBanus (Kak 3T0 ObLIO B PUMAHOBOI MHTErpasibHOM cyMMe),
a 10 MPUHINIY OJN30CTH B 9TUX TOYKAX 3HAYEHWUI WHTErPUPYEMOt
byHKIIN. DTa Waed W TO3BOJAET PACTPOCTPAHUTH TOHATHE WHTET-
paJjia Ha BeCbMAa MUPOKU KJace (pyHKIHH.

Cremyer OTMETHTDH, UTO MHOTHE MaTeMaTHIECKHe TEOPUH, T0-
MyCKaoIie OHNMaHue WHTerpaaa B CMbicae Pumana, mpuHUMA0T
Hosiee 3aKOHUYEHHBIH XapaKTep MPU UCIIOIb30Banny nurerpasa Jlebe-
ra. [Ipumepom Takoit TeOprUn MOXKET CIYKUATH Teopusd psamoB Pypoe,
n3JjaraeMas ¢ MOHUMaHUEM WHTerpasa B cmbicie Pumana B ri1. 10 u
¢ mpuBJedYeHueM uHrerpaJa Jlebera B ri. 11.

Bce uznoxkenve B HaCTOSINEI IJIaBe BEIETCs I/l CIydasi OHOM
repeMeHHo, HO 6e3 KaKux- b0 3aTPyIHEHUN IEPEHOCUTCA Ha, CITY-
gaii J0b0ro Yucaa 1 MepeMeHHBIX (COOTBETCTBYIOINEe 3aMevaHue
C/IeJIaHO B KOHIIE TJIABBI).

1) Anpu Jle6er — dpannysckuii maremarux (1875-1941).
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§ 1. O cTpyKType OTKPBITBIX U 3aMKHYTBIX MHOXKECTB

Byaem paccmarpuBaTh mpou3BOIbHOE MHOXKECTBO F Touek Oec-
KOHEYHOI TpsiMoii (—00, 00).

HazoBem pgomonHeHmemM MHOXKecTBa F MHOXKECTBO,
obozuagaemoe cumBoioM C'E u paBHOE COBOKYITHOCTH TE€X TOYEK
6eCKOHEeYHOl MpsMOoii (—00, 00), KOTOPBIE HE TPUHA/IIEKAT MHOXKE-
ctBy E.

Ecau nasears pa3HoCTb 0 MHOXKeCTB A U B COBOKYITHOCTH
TeX TOYeK MHOXKECTBA A, KOTOpbIe He TPUHAJIEKAT MHOKECTRY B3,
n 0603HaYNTH pa3HOCTh MHOXKeCTB A u B cumsonom A\ B, 1o m0-
nosinenne C'FE MHOMKecTBa F MOXKHO HMPEICTaBATH B BHJIE

CE = (0, ) \ E.

HanovmuanM HEKOTOPBIE OMpejiesieHrs, BBEJEHHbBIE eIle B BbIM. 1.

1°. Touka x HasbiBaeTcsd BHYTpEeHHEN TOUYKON MHOKe-
crea E, ecam Haiijgercs HEKOTOpas OKPECTHOCTh TOYKH Z (T. €. MH-
TepBaJI, COMEPKAIIMI 3Ty TOUKY), HMEJUKOM NPUHAIEKAIIAS MHO-
xecTBy K.

B nasbHeifitieM mpon3BOIbHYI0 OKPECTHOCTD TOYKU T MBI Oy/ieM
0603HaUATH CUMBOIOM V().

2°. Touka x Ha3bIBaeTCd NpPeneNbHONW TOUYKON MHOXKE-
crBa E, eciu B 11060# OKpecTHOCTH v(X) TOYKHU & HAfimeTcs XOTs
6bl oiHa TOUKa x! MHOXKecTBa E, OTIMYHAS OT .

3°. MuoxkecTBO (G HA3BIBAETCA O T K P BI T bI M, €CJTH BCE TOUKH
9TOI0 MHOYKECTBA ABJSIOTCS BHYTPEHHUMHU.

4°. MuoxkectBo F' Ha3bIBaeTCd 3 aMKHY T bl M, €CIH OHO CO-
JIEPIKHUT BCE CBOM TIPEJeIbHBIE TOYKH 1) .

COBOKYTTHOCTD BCEX TPEIETBHBIX TOUEK TTPOM3BOJIHHOTO MHOKE-
crBa B nmorosopumcsa obosHadaTh cumsosoM B, a cy MMy, niam
obbequHEeHUE JIBYX MHOXKeCTB A u B Oyjem 0003HAUaThL CHM-
Bosiom A + B um A|JB %) . Jlorosopumvcs nanee HashBaTh 3 a-
MBI KAQHUEM TPOU3BOIHLHOIO MHOXKeCTBa F MHOXKECTBO, 0003Ha~
qaemoe cumBosioM E u pasuoe cymme E + E'.

OueBnHO, 9TO 715 JOOGOTO 3AMKHYTOTO MHOXKECTBa, F' cripaBe;i-
JIUBO paBeHcTBO F' = F.

COBOKYTTHOCTD BCEX BHYTPEHHUX TOUEK MTPOU3BOJBHOTO MHOZKE-

crBa E Gynem 0603mHadarsh cuMBosioM int F 3) .

B FaCTHOCTH, MHOKECTBO, HEe UMEIOIIEE MPEIETbHBIX TOYEK, 3aMKHYTO (160
IyCTOE MHOYKECTBO COJIEPKUTCS B JIIOOOM MHOMKECTBE).

2)CyMMoOii wim 06beHHEeHEM MHOXKECTB A i B Ha3bIBAETCS MHO-
xecTBo C, COCTOsAIIEe U3 TOYEK, IPUHAJIEKANIUX XOT ObI OJHOMY U3 MHOYKECTB
A uma B

3) Cumson int o6pasosad oT (PAHIY3CKOrO C0Ba intérieur (BHyTpeHHss
YaCTh).
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OueBuiHO, 9TO M5 JIIOOOI0 OTKPBITOrO MHOXKecTBa (G CripaBes-
JIMBO paBenctso int G = G,
st coBepIieHHO TTPOM3BOIBLHON0 MHOXKECTBa, F MHOXKecTBO int

SIBJISIETCST OTKPBITBIM, 8 MHOYXKECTBO F — 3aMKHYTHIM.
Sameuganue Moxno mokaszarh, 9To int K aBjsgerca cymMMoi
BCEX COJIEpKAIMMXCsT B I OTKPBITBIX MHOXKECTB, a F sBisiercs rie-

peceveHuem 1) Bcex conepxkarux F 3aMKHYTBIX MHOXKeCTB. Takum
obpazom, int I/ sinsitercss Han OO bIMI UM cojepxkammMmcs B B

OTKPBITHIM MHOYKECTBOM, & F sBjisieTcds Ha UM e H b I U M COJEP-
KamuM E 3aMKHYTBIM MHOXKECTBOM.

OcTramoBUMCS HA TPOCTENTINX CBOUCTBAX OTKPBITHIX W 3AMKHY-
THIX MHOYKECTB.

1°. Ecau mmooicecmseo F 3amxnymo, mo ezo donoanenue CF
OMEPHIMO.

HlokazarenbcTBo. Jlobas rouka x muoxkectsa CF He mpu-
nvayexkur F u (B cuny 3amkuyToctu F') He IPUHAIEKUT MHOXKE-
crBy F' npegenbnbix Touek F. Ho sro o3madyaer, 4To HeKOTOpas
OKPECTHOCTH ¥(X) TOYKM T HE NPUHAIIEKUT F ¥ 109TOMY TIpUHA/I-
gexur CF.

2°. Ecau mnoocecmso G omxpwmo, mo ez2o donoanenue CG
3AMEHYMO.

HokaszareuabcTso. Jliobas mpegeabHas TOYKA £ MHOXKECT-
Ba C'G 3aBeIOMO TIPUHAIIEKUT ITOMY MHOXKECTBY, W00 B MPOTHB-
HOM cjiyuae T mpuHajex)aia 0bl G, a MOCKOIBKY (G — OTKPBITOE
MHOYKECTBO, TO U HEKOTOPas OKPECTHOCTh ¥ (&) TOUKHU X MPUHAIe-
kaJta 661 G u me mpuHaIIekaaa 661 CGE, T. e. TOUKA X HE ABJIAIACDH
661 TpemepHON Toukoit CG.

3°. Cymma 4106020 “UCAG OMEPOIMBIL MHONCECNE ABAAELMCA
OMEPHIMBIM MHOHNCECTVEOM.

HokazarenbcTBo. Ilycrs MHOXKecTBO E npejcrasiser co-
6ol CyMMy KakKOro yTOJHO HUMCIA OTKPBITHIX MHOXKeCTB G, (uH-
JIEKC (v, BOODIIIE TOBOPSI, HE SBJISIETCS HOMEPOM ), U MyCTh & — MIPOU3-
BosbHag Touyka F. Torma (1o ompenesieHuio CyMMbl MHOXKECTB) I
TPUHAIIEKUT XOTsI ObI OTHOMY U3 MHOXKECTB (I, M TIOCKOIBKY KaK-
106 MHOXKECTBO (G, SIBJISIETCST OTKPBITBIM, TO HANIETCI HEKOTOPAs
OKPECTHOCTH ¥(Z) TOUKH &, TaKyKe TMPUHAJIEKAINAS YKA3AHHOMY
MHOXKeCTBY G, & CTA0 OBITH, 1 MHOXKECTBY F.

4°. [lepeceuenue 4100020 KOHEUHO20 YUCAG OMKEDPIMBLL MHONCECNE
ABAACTNCA OMEPOIMBIM MHONHCECTNEOM.

HoxkazarenbcTBo. Ilycrs MmuoxkecTBO F aBiserca mepece-
YeHUeM OTKPBITHIX MHOXKeCTB G1, Go, ... , Gy, U ycTh T — stobas
rouka F. Torma mnga moboro k (k =1, 2, ..., n) Touyka & TpuHAJI-

DIlepeceuenmem MHOKeCTB A 1 B HA3BIBAETCS MHOKECTBO TOYUEK, TIPH-
Haggexamux u A, u B.
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aexutr Gp, U moTOMy HalieTcsi HEKOTOpasi OKPECTHOCTh v (r) =
= (¢ — e, T+ €k), € > 0, TOUKN z, Tak)Ke mpuHALIEKAAA Gj.
Ecim e = min{ey, €9, ..., €5}, T0 OKpecTHOCTb ¥(Z) = (T—€, T+€)
TOYKHU & TPUHAIIEKUT BeeM (Gf U BCIEJCTBUE 9TOIO MPUHAIEKUT F.

5°. Ilepeceuenue 2106020 HUCAA 3AMEHYMBIL MHOACECTNE ACA-
EMCA 3AMEHYMBLM MHOHCECTEOM.

HokazareabcTBo. Ilycrs MHOXKecTBO E npejcraBiser co-
boii mepecevueHre KAKOTO YIOIHO YMCIA 3aMKHYTBIX MHOXKECTB Fj,
(uHzIEKC v, BOODIIE TOBOPSI, HE SIBJSETCSI HOMEPOM). 3aMeTuM, 4To
nonoaerne C'E npesacrasiisier coboit cymmy Beex gononaennii C'Fy,,
KaxK0e m3 KOTOPBIX, COIJIACHO 1°, mpeicTaBjisgeT CODOM OTKPBITOE
MHOYKECTBO.

Cormacuo 3° mmuoxkectBo C'E aBIAETCA OTKPBITHIM, a MOITOMY
Ha OCHOBaHUU 2° MHOYKECTBO F ABJIsI€TCS 3aMKHYTBIM.

6°. Cymma KOHEUH020 YUCAG 3AMEHYMBLT MHOHCECTE ABAAET-
CA BAMEHYMBIM MHONCECTNBOM.

HoxkazarennbcTBo. Ilycts E mpencrasasger coboit cymmy
3aMKHYTBIX MHOXKECTB F, Fy, ..., F,. Torna C'E npencrasiser co-
6ot mepecedenne muoxkects CFy, CFy, ..., CF,, Kax10€ u3 KOTO-
puix B cuy 1° aBngerca oTkpwIThiM. Coracuo 4° muOXKecTBO C'E
SIBJISIETCST OTKPBITHIM, & TOITOMY Ha OCHOBaHUU 2° MHOXKECTBO F
SIBJTISIETCST 3AMKHYTHIM.

7°. Ecau mmooicecmeo F zamxnymo, a muoocecmeo G omxpoi-
mo, mo mnoocecmeo F'\ G samrnymo, a mmnoocecmeo G\ F' om-
KPOImo.

HokaszarennbcTso. JoctaTodHo 3aMeTHTh, UTO MHOMKECT-
Bo F'\ G aBigercsa mepecedenHreM 3aMKHYThIX MHOXKecTB F' u CG,
a mHOkecTBO G \ F' sBiisercs nepecevdeHneM OTKDPBITBIX MHOXKECTB
GuCF.

C moMOIITBI0 YCTAHOBJIEHHBIX CBONCTB JIOKAXKEM TEOPEMY O CTPYK-
Type MPOU3BOJHHOTO OTKPBITOTO MHOXKECTBA TOUEK HECKOHETHOMN Mpsi-
MOIi.

Jozosopumca 6crody wuoce 8 amoti 2aa6e HA3HIGAMD U H M € P-
68 G AO0M AI000E CBAZHOE OMEDHIMOE MHOHCECTNBO MOYEK beCkoHe -
noti npamoti (ne obasamenvho oepanuyennoe). VIHBIMEU cJTOBAMU, UH-
TepBaJ — 3TO JUOO OTKPBITHI OTpe3oK a < x < b, mbo oxHa n3
OTKPBITBIX MOAYTIPAMBIX ¢ < £ < 00 wian —oo < ¢ < b, mubo Best
OecKoHeYHas mpsaMas —o0 < x < 00.

Teopema 8.1. Jhoboe omkpwvimoe MHOHCECTBO MOueK becko-
Heunoti npamoti npedcmasasem coboti CYmMmy KOHEUH020 UAY CHEM-

HO20 1) HYUCAA NONAPHO HENEPECEKANOULULCA UHIMEPBANOE.

1) HamoMumM, 9TO CUeTHBI M HA3BIBACTCH GECKOHEUHOE MHOXKECTBO, jle-
MEHTBI KOTOPOI'O MOXKHO IIepeHyMepOBaTh, T. €. IOCTAaBUTHh BO B3AWMHO OJHO-
3HAYHOE COOTBETCTBHE C HATYPATbHBIM pamoMm wmces 1, 2, 3, ... (cm. Bomm. 1,

. 3, § 4, . 6).
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HokazareanbcTBo. Ilycts G— 11060€ OTKPBITOE MHOXKECT-
BO, & T — IpOU3BOJIbHAs (dukcupoBanHas Touka G. Tak kak G aB-
JISIETCsl OTKPBITBIM, TO HaliJeTcss HeKoTopas cojepxamiasca B G
okpectHOCTh v(x) Touku . Cymmy BCex cojepxamuxcs B G OKpecT-
Hocreil v(x) maHHOM PUKCHpOBAHHON TOUKN = 0603HaIMM [depe3 I ().
Hoxkaxewm, aro I(x) npeacrasisger coboii HHTE P B a JI.

O6o3HaunM 4Yepe3 ¢ TOYHYIO HUKHIO I'PaHb MHOMKECTBA BCEX
rouek I(x) (B ciaydae, ecim MHOXKeCTBO Beex Touek I(z) me orpa-
HUYEHO CHM3Y, MBI TOJOXKUM G = —00), & 9epe3 b TOUHYyI Bepx-
HIOIO TPaHb MHOXKeCTBaA Beex To4ek [ (x) (B ciydae, eciu MHOXKECTBO
Bcex Touek I(x) He orpaHUUeHO CBEPXY, Mbl mosoxkuM b = 0o). o-
CTATOYHO JI0KAa3aTh, YTO MPOU3BOJIbHASA TOYKA Yy wHTEpBaia (a, b)
npusagiexur I(z). Ilycrs y — npoussosbaast Touka (a, b). Paan
onpejiesieHHoCTH OyaeM caurarh, 9ro a < y < ¢ (cayuait £ < y < b
paccMaTpUBaeTCsi COBEPINeHHO anaaoruvuo). [lo onpesenenuto Tou-
HOIT HUZKHEH Tpanu Halinerca npunaanexamas I (x) Touka y' Takas,
aro a < y' < y. Ho 310 03Ha4aer, uTo Haiigercs HEKOTOpas OKpeCT-
HOCTD v(z) PUKCUPOBAHHON HAMEU TOYKHU I, COAEpPIKAIIAA TOUKY 1.
B cuny mepasenctsa y' < y < T 9Ta )Ke OKpeCTHOCTH v(x) comep-
KUT 1 104Ky y. Orciona caepyer, aro u I(x) comepKutT y, u 10Ka3a-
TebCTBO TOrO, uTo I(x) —mHTEpBas, 3aBeprreHo. MOXKHO CKa3aTh,
aro I(z) npeacraBiger coboit Hamb 0 b I Uil WHTEPBAJ, COED-
JKallii TOUKY o u cojep:karuiics B G.

Y6enumcs renepb B TOM, 9To ecau uHTepBadbl I(x1) n I(xy)
[IOCTPOEHBI /IS BYX Pa3JUYHbIX (DUKCUPOBAHHBIX TOYEK X1 U I
MHOXKecTBa (G, TO 9TH WHTEPBAIbI AUOO HE UMEIOM 00UWUT MOYEK,
Aub0 cosnadarom meoscdy coboli. B camom gese, ecam Obl HHTEP-
Basiel I(x1) u I(z2) comepkaau oOIIyI0 TOUKY &, TO OHH 00a COep-
Kaauch 0b1 B I(x) m moromy coBmagasn Obl.

[ocTpous mjist Kaxk10i ToYKM 2 CBOM uuTepBas I(x), Mbl 0TOE-
peM Terepb WHTEPBAJIbl, He cojepKaliue obImux Touek (T. e. momnap-
HO Herepecekarommuecs). KaxKaplit Takoii nHTEpBa COAEPKUT XOTS
Obl OJIHY PAIMOHAJIBHYIO TOUKY (9T0 W3BeCTHO u3 1. 2 Bhim. 1). ITo-
CKOJTBKY MHOKECTBO BCEX PaIMOHAJBHBIX TOUYEK CYeTHO (CM. BBIIL. 1,
. 3, § 4, m. 6), TO YMCIO BCEX MOMAPHO HEMEePECeKArONUXCs WH-
repsasioB I (z) He Gosee yem cuerno. Tak Kak cymMma BCEX TaKHUX
WHTEPBAJIOB COCTABJISET MHOXKeCTBO (7, TO TeopeMa JOKa3aHa.

Caedcmeue. Beakxoe 3aMEHYMOE MHONCECTNBO MOYEK DECKOHE -
Hot npamoti noayuaemcs yoarernuem u3 beckoneunot npamot Konew-
HO20 UAU CHETNHOZ0 YUCAG NONAPHO HENEPECEKAOULULCHA UHMEPBEANOS.
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§ 2. IamepuMble MHOXKECTBA

1. BHeniHsis Mepa MHOXKeCTBa u ee cBoiicTBa. Bca uzia-
raeMasi B 9ToM maparpade teopus npunaaiexxkur A. Jlebery. Ormnpas-
HBIM IIyHKTOM 3TOi T€OPUHU SIBJISIETCS MPUBJIEYEHNE B KAYECTBE OCHOB-
HOrO (HCXOZHOr0) MHOXKeCTBa uHTepBaaa A = (a, b), aiuHa uau me-
pa KOTOPOTO CYUTAETCS U3BECTHON 1 paBHoOil uncay |A| =b—a > 0.

[Iycts E — npou3BoibHOE MHOXKECTBO HA YUCIOBON MPIAMOI.

Mokpeiruem S=S(E) vuoxkecrsa E HA30BeM BCAKYIO KO-
HEYHYTO WM CYETHYIO cucTeMy MHTepBasoB {A,}, cymMa KOTOPbIX
cogepxkur MHOKecTBO E. Cymmy juina Beex uarepsaioB {A,}, co-
crapistonyx nokpeitie S = S(E), obosnaunm cumposom o(.S).

Nrax,
o(S) = |An| < oo
n

Onpedenenue. Brnewnetd mepot muoncecmsa E nasoi-
8aEMCA MOUHAA HUNCHAA 2pans o(S) Ha MHOdMCECTNBE 8CET NOKDPDI-
muti S = S(E) mnoocecmesa E.

Buemnutoo mepy muOXKecTBa F Oyiaem 00603Ha4YaTH CHUMBO-
aoMm |E|*. Urak, 1o ompepesieHuio

|E|* = inf o(S).
S(E)

OueBnHO, BHEIIHSAS Mepa JI000ro HHTEPBaJa COBIAIAET C ATHHOM
3TOr0 WHTEPBAJIA.

BoisicauM OCHOBHBIE CBOYICTBA BHEITHEH MephI.

1°. Ecau mmooicecmeo Ey codeporcumes 6 Ey V), mo | Ey[*<|Es|*.

Ilis moKa3aTebCTBa JOCTATOYHO 3aMETUTh, 9TO JIH0H0e MOKPbI-
tne Fy aBjsercs ogHOBPEMEHHO MOKpbITHEM U K.

2°. Ecau mmoocecmeo E npedcmasasem coboli cymmy Koneu-
1020 UAU cuemnozo wucaa muodcecms {Ei} (cumsosuvecku E =

x
= U Ek), mo
k=1 o)
Bl < | B (8.1)
k=1

HokazareabcTBo. Dukcupyem npoumsBoabaoe € > 0. Ilo
onpesiesiennio Mepbl |Eg|* kak ToYHON HYZKHEH IpaHu, I KarxkKo-
ro Homepa k Haiinercss nokpsitue Si(Ey) muOXKecTBa F) cucremoii

unrepsanos {AF} (n =1, 2, ...) Takoe, uro
o
Solak] < Bl + £ (5.2
k=1

1) Cumsomuaecku ToT BhaxT, 9To MHOKeCTBO E comepxkurcs B E, 0603Haua-
erca Tak: B1 C Es.
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Ob6o3nauynm yepe3 S moKpoiTHE Beero F, oObeauHsonmee BCe I10-

kpoitasa Sy (k= 1, 2, ...) u cocrosmiee n3 Beex naTeppanos {AF}
(k=1,2,...;n=1,2,. ) TaK Kak S sBjsgercs nmokpbitnem F,
ro |B]* < o(S), 10 o(S) = 3 3 |AK].

k=1n=1

U3 mocneaaux aByx cooTHomeHuit n u3 (8.2) momydnm

Bl <3 (1Bl + 2) - Z|Ek| +e.

k=1

Hepasencrso (8.1) nokaszaso.

JloroBopuMCst Ha3bIBATH PACCTOSTHUEM MKy MHOXKecTBamu Fj
n Eo TOUHYI0 HUXKHIOIO IDaHb PACCTOSHUN MEXK/y IBYMsI TOUKAMHU
MHOXKecTB I 1 E9 cOOTBETCTBEHHO.

Byaem obosnauars paccrosinme Mexay MHoxkectBamu Fy u Fo
cumBosiom p(Eq, Eg).

3°. Ecau p(El, EQ) > 0, mo |E1 UE2|* = |E1|* + |E2|*

HdokasarenbcrTso. [Tonoxkum § = %p(El, Es). dnga npo-

u3BosbHOrO € > 0 u BbIOpaHHOro Hamu 0 > ( HaligerTcs MOKPBITHE
S(E) mmoxectsa E = By |J F2 takoe, uro o(S) < |E|* + € n nomua
KasK/I0r0 MHTEepBaJa MOKpeITus |A,| Menbme d 1) . OueBuano, uro
WHTEepBaJbl A, TOKPLIBAIOIIKE TOYKU F, He cojepsKaT ToYeK Fo
u, HA0OOPOT, WHTEPBAJIBI, TOKPBIBAIOIIHE TOUYKKA Foy, He comepzKar
royek FEy. Uubivu cioBamu, B3sitoe nHamu nokpeitue S(E) pacna-
naercs Ha cymmy nByx nokpbituii S(E) = S1(Eq) + So(Es), nepsoe
u3 KOTOpbIX S1 moKphiBaeT Ky, a Bropoe Sy nokpoiBaer Fo. Urtax,
MBI TIOJIy9aeM, 9TO

Sy (E]_)+SQ EQ |E|*+€

Orcrona crnenyer, uro |Ey|* +|Ea|* < |E|* +¢ u, crano 6bITh (B cuity
npoussoiabaoctu €), |E|* + |Eq|* < |E|*. Tak xaxk Ha oCHOBaHHU
ceoiicrBa 2° crnpaseuBo u obparHoe Hepasencrso |E|* < |Fql*
+ |Ea|*, To |E|* = |E1|* + | E2|*. CsoiictBo 3° nokazamo.

B uactHocTH, cBoiictBo 3° cnpaBeaiuBo, ecnu ) u Ey orpanu-
YeHbl, 3AMKHYTHI U HE COEPKAT OOIIUX TOUYEK.

1) 310 BHITEKAET U3 TOrO, 9TO Jisi TPOU3BOABbHBIX € >0ud > 0 cyme-
crByer nokpeitue S(E) MHOKecTBa E Takoe, 410 o(S) < |El"+eun |l <6

(mra kaxkmoro maTepBana A, mokpbrtug S). YTobbl ybemmThCa B 9TOM, J0CTa-
€
ToYHO, B3aB MOKpwITHE S, Ang Kotoporo o(S') < |E|* + 2’ Pa3IeuTh Kaxk-

JBI MHTEPBAJ HOKPHITUs S’ Ha MHTEPBAJIbI JJIMHBI, MEHbIIEH §, U KOHIBI 9TUX
HOCJIEZHUX MHTEPBAJIOB MOKPHITH MHTEPBAJIaMH, 00Wast CyMMa IJIHH KOTOPBIX
MeHblIIe €/2.
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4°. JIaa npoudsosvrozo muooicecmea E u npoussosvrozo wuc-
a6 € > 0 natidemea omxpvimoe muoocecmeo G, codeporcawee E u
makoe, wmo |G|* < |E|* + ¢.

HoxkazareabcTBo. Jocrarouno B34Th B KadecTBe G CyMMy
BCEX WMHTEPBAJIOB, cocTapisionux mokpeitue S(E) muoxkecrBa F,
nast koroporo o(S) < |E|* + €.

2. I3amepuMbie MHOXKECTBA U UX CBOICTBA.

Onpedenenue 1. Mnosicecmeo E nazvieaemesa U3 mep u M bl M,
€CAU OAA N106020 NOAOHCUMENDHO20 YUCAQ € HAlIdemca omEpPvIMOoe
Mmuoorcecmeo G, codeporcausee EE v maxoe, wmo enewnas mepa pas-
rwocmu G\ E menvwe €.

Brewmnioro mepy usmepumoeo muoocecmea B nasosem me p o i
9MO20 MHOIICECTNBA U 0603HANUM CUMBOAOM |E|.

W3 sroro ompejienerns cieayeT, 4To Mepa MHOKecTBa F pasHa
HYJII0O TOTJIa M TOJBKO TOT/A, KOTJa PaBHA HYJII0 BHEITHAS Mepa
9TOTO MHOYKECTBA.

JlokaxkeMm psiji yTBEPKICHWH, BBISCHSIIONINX OCHOBHBIE CBOWCTBA
U3MEPUMBIX MHOYKECTB.

Teopema 8.2. Bearxoe omypbimoe MHONCECMBO USMEPUMO, NPU-
YeM Mepa €20 PasHa CYMMe OAUH COCMABAANOUUL €20 NONAPHO He
NEPECEKAIOUULCA UHMEPBAAOS.

JokazaTeabcTBO OYEBUIHO (JOCTATOYHO B ONPEJIEJEHUN U3Me-
pumvoctr B39Th G = E ¥ 3aMeTuTh, UTO TOYHASI HUKHASI TDAHD
o(S) nocruraercsa Ha TOKpbITHE S, coBIagaIeM ¢ pasbuennem F
HA CyMMY TIOTIAPHO HENEePECEeKAOIINXC sl HHTEPBAJIOR ).

Teopema 8.3. Cymma KOHEUHO20 UAU CHEMHO20 HUCAL USME-

PUMDBLT MHOHCECTNE ABAACTNCA USMEPUMDIM MHOHCECTNEOM.
(e}

Hokazareascrso. llycrs B = |J E,, npudem kaxoe E,
n=1
u3mepumo. GukcupyeMm mpousBosibHOe € > (. JLma KaxKa0ro MHOXKe-
crBa F, Haiifercs cojepKaliee ero OTKpbIToe MHOXKeCTBO (), Takoe,
910

|Gn \ Epl* <e-27". (8.3)
o0
Monoxue G = |J Gy, 3amerum, uro MmHOKecTBO F conepxurcs B G
=1
" o
u 4uro pasnoctb G\ E conepxkurca B cymme |J (Gp \ Ey). Ho To-
n=1
rja u3 cBoiicra 2° BHeIIHel Mepbl (CM. TIPeIbI YNNI yHKT) U U3
HepaBeHCTBa (4.3) mOIyInM

&) o0
IG\E[* <Y |Gu\En" <) 27" =e.
n=1 n=1

Teopema nokazana.
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Teopema 8.4. Bcaxoe zamrnymoe mmoorcecmso F uzmepumo.

HokaszartennbctTso. [IpoBegem 10Ka3aTeIbCTBO B B IIATA.

1°. Cragasa TpemooKnM, IT0 MHOXKECTBO F' orpaHUIeHO.

Qurcupyem mpoussoabHoe € > (0. CormacHo coiicTBy 4° BHerTHElH

Mepbl (CM. IPeAbLLYIHi MyHKT) HafiIeTcst OTKPBITOE MHOKECTBO G,
comepzxartee F' un takoe, 9To

|G|* < |F|" +e. (8.4)

Cornacuo csoficty 7° u3 § 1 muoxkectBo G\ F' ABIS€TCA OTKPBITBIM.
[osromy, cormacao Teopeme 8.1, muoxkecrso G\ F' npejcraBumo B

o0
suzie cymmpbl G\ F = |J A, monapHo He mepecekaronuxcs WHTep-

n=1
BasioB A,. Teopema Oyner jgoKa3aHa, €CJIU Mbl YCTAHOBUM, YTO
o
IG\F|" =) |A| <e. (8:5)
n=1

Hast kaxkporo uaTepsata A = (a, b) u 1y KaxKJI0ro 4ucaa o u3

b—a
naTepBaTa 0 < a < —,— ZOroBopIMC obozHaIaTh CUMBOJIOM AY

unrepsan A® = (a + a, b — @), a cumBonom A® cerment A =
=la+ o, b—a]. Eun xe a > b_Ta, T0 A% Oyzer 0603HAYATD ITy-

CTOe MHOXKECTBO, Jyist Koroporo |A%| = 0. g kaxK 1010 HOMEpa n
n

n
nonoxkum EY = |J AY. Ouesuznno, uro B[ = |J |Af|. Muoxe-
_ k=1 k=1
crBo EY, cormacuo cBoiictBy 6° u3 § 1, aiBiserca 3aMKHyThIM. Tak
KaK 9TO MHOKECTBO HE MMeeT OOIIMX TOYEK C 3aMKHYTHIM MHOXKEC-
tBoM F', 10 (B cuiy cpoiicTBa 3° BHeIIHell Mephl)

B+ FI" = [ELl" + |F". (8.6)
C ppyroit CTOPOHBI, MOCKOJBKY MHOXKECTBO Fz + F (upu Jro-

oM « > 0 m st BCex HOMepoB n) compep:xkurcsa B G, 1o (B cuity
cpoiicrea 1° BHemHeil Mepbl)

Be+ Pl < |Gl (5.7)
U3 (8.4), (8.6) u (8.7) mosyumm, ato
Enl" +|F" < |F[" +e (8.8)

(mg Becex o > 0 m Bcex HOMepoB n). Tak Kak MHOkecTBO F' orpa-
HUYEHO ¥ €ro BHemnHss Mepa |F|* < oo, u3 (8.8) momyumnm, 4ro

E2* <e (8.9)
(st Becex v > 0 m Bcex HOMepoB n). Ilepexonst B (8.9) k mpese-
ay cuadana npu o — 0+ 0, a 3arem npu n — 00, MblI MOJTYYUM



§2 N3MEPUMBIE MHOXKECTBA 239

HepaBercTBo (8.5). Tem cambiM j1jist Crydasi OPPAHUYEHHOTO MHOYKE-
crBa F' Teopema nokazaHa.

2°. Ecim 3aMkHyTOE MHOKECTBO F', BOOOIIE TOBOPSI, HE SIBJISIETCS
o

OrpaHuYeHHbIM, TO Mbl pejcrasum F' B Buge cymmbl F' = | Fy,

n=1
rae Fy, —nepecedenne 3aMKHyTHIX MHOKecTB F' u [—n, n]. CoracHo
JOKA3aHHOMY B MEpPBOM miare Kaxaoe Fj, uamepumo (160 OHO 3aM-
KHYTO ¥ OIDAHUYEHO), & TI09TOMY B CUJIy T€OPEMbI 8.3 U3MEepUMO U
MHOXKecTBO F'. Teopema mOIHOCTBIO JOKA3aHA.

Teopema 8.5. Ecau mmnooicecmeo E usmepumo, mo u €20 do-
noanenue C'E usmepumo.

HoxkazarenbcTBo. [loompemenennio n3MEPUMOCTH MHOXKE-
crBa E nis aoboro HoMepa n HaiineTcs copepxKaiiee F oTKpbITOe
MHOXKecTBO (G, IJIsT KOTOPOIo

G, \ EI* < L. (8.10)
n

[Iycrs F,, = CGy,. Hockonbky CEy \ CEy = Ey \ Ey nis io0bix
muoxkects Fy u By (nmposepsbre 3ro camu), o CE\CG,, = G, \ E u,

crasno 6eith, CE\ F,, = Gy, \ E. U3 nociiennero paBeHCTBa CIEyer,
9T0 I JIFOOOTO HOMEpPA 71

CE\ kﬁ_‘jl F, C G, \ E. (8.11)

(Hanmomunaem, uro 3amuch Fy C Fs, osuadaer, uro E; npunase-
xKut Fs.)

13 (8.11) u u3 cpoiicrBa 1° BHEIIHEl MepbI MOIYYUM, YTO JIJIs
J11060r0 HOMEpa 1
*

‘CE\ U Fr| <|Gn\ El*,
k=1

a u3 mocsenHero Hepasencrsa u 13 (8.10) momygum, uTo

00 *
1
CE\|JF| <=
n
k=1
(ns siro6oro HOomepa n). Ho 910 o3Havaer, 4ro BHEIIHsIS Mepa, a

o
crasio 6biTh, u Mepa muoxkectsa By = CE\ |J Fy pasua nyJio, T. e.

k=1
o0
muokecTBo C'E paBHO cymMe m3aMepuMbix MHOXKecTB Fo u |J Fy
k=1

(mocieiHee MHOXKECTBO u3MepuMo B custy Teopem 8.4 u 8.3). Teope-
Ma, I0Ka3aHa.
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Caedcmeue. Jlas mozo umobv. mroocecmeo E 6vti0 usmepumo,
He00L0dUMO U Jdocmamouro, 4¥mobv, s A106020 MOAOHCUMEALHO-
20 MUCAG € HAULAOCH 3aMEHYMOE MHodcecmeo F, codeporcaweecs 6
E u maxoe, wmo enewmnas mepa paswocmu E\ F menvwe €.

HokaszarennbcTso. I3mepumocth MHOXKecTBA F SKBUBaA-
aenraa usmepumoctu C'E (teopema 8.5), T. €. SKBUBAJIEHTHA TPe-
HoBaHuIO, YTOOBI I JII0O0TO € > () HALIOCH OTKPBLITOE MHOYKECT-
B0 G, conepxkariee CE u takoe, uro |G\ CE|* < e. Ho ykazannoe
rpebosanue (B cuny Toxgecrsa CE; \ CEy = Fy \ Ep) skBuBa-
JIEHTHO TPpeOOBAHUIO, 9TO0BI [T JI000r0 £ > () HAILIOCh 3aMKHYTOE
muoxkectso F' = CG, conepxkameecs B E u takoe, uro |[E\ F|* =
= |CF\ CE|* = |G\ CE|* < e. Cneacraue 10Ka3aHo.

SBameuganue 1. ComepxKallieecss B TOJBKO UTO JTOKAZAHHOM
CJIEICTBUU YCJIOBHE M3MEPHUMOCTH MOXKET OBITh IMPHHSITO 3a HOBOE
olpeie/ieHne M3MEPUMOCTH, SKBHUBAJEHTHOE OIIpeIeseHnio, c¢hop-
MYJIHPOBAaHHOMY B HadaJjle 9TOT0 IIyHKTA.

Teopema 8.6. Ilepeceuenue KOHEUH020 UAU CHEMHO20 HYUCAG
UBMEPUMDBLE MHONCECTNG ABAAECTNCA USMEPUMBIM MHOICECTNEOM.

HokazartennbcTBo. Bygem obo3Hadars mepecedeHne MHO-
[e.e] o

xects Fy, Ey, ... cumsonom (| E,. B cuny roxnecrsa () E, =
0o n=1 n=1

= C[ U C’En] (mIpoBepbTE TO TOXKIECTBO CaMH) JOKA3bIBaeMast
n=1

TeopeMa €pa3y BBITEKaeT 13 TeopeM 8.3 u 8.5.

Teopema 8.7. Pasrocmdv 08YT UMEPUMBLL MHOHNCECTNG ACAA-
EMCA USMEPUMbBIM MHOIHCECTNEOM.

HdokaszareabcTBO BbiTekaer u3 toxzaecrsa A \ B =
= A()(CB) u u3 reopem 8.5 u 8.6.

[Tepexoaum Termeph K JOKA3aTEIHCTBY OCHOBHOW TEOPEMbI TEO-
pUU MEpHI.

Teopema 8.8. Mepa cymmovr KOHEUHO20 UAU CHEMHO20 YUCAG
NONAPHO HENEPECEKAOULULCA USMEPUMDBIL MHONHCECTNE PAGHE CYMME
MEDP IMUT MHONCECTNS.

[e.o]

Hokazareanscrso. llycre E = |J E,, npuueM MHOXKeCT-

n=1
Ba Fy, m3MepuMbl 1 TOTIAPHO He epecekatoTcs. PaccMoTpuM oTaeb-
HO JBa CaAydasd.

1) Cuauasra mpejmmonoxRum, 9ro Bce F, orpaHuveHbl. 3a-
METUM, UTO I CIydas, KOTaa Bce F, 3aMKHYTBHl W WX — KOHEI-
HOE UHCJI0, TOKA3BIBAEMas TEOPeMa Cpa3y BBITEKAET W3 CBOHCTBA 3°
BHerHell Mepbl (cM. 11. 1 9Toro maparpada).

[Tycts Temeps E, — TpoW3BOIbHBIE OTPAHUIEHHBIE TTOTTAPHO He-
TTePECeKAIONTHECST MHOYKECTBA.

B cuny cnencreus u3 Teopembl 8.5 s a060ro € > 0 u aj1a Kaxk-
JIOTO HOMEPa N HAlIeTCs 3aMKHYTOe MHOXKeCTBO F),, comeprkarieecs
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n

€
B E, u Takoe, uro ') |E, \ F,| < > Tak Kax BCe MHOXKECTBA,

F, orpanuyeHnbl, 3aMKHYThI ¥ TIONAPHO HE TEPECEKAIOTCS, TO s
JIt060I0 KOHEYHOTO 1M B CUJLY C/I€JIAHHOT'O BBIIIE 3aMeYaHUs

o0 m
U =) IFl (8.12)
n=1 n=1

C apyroii croponsl, u3 paseucrsa B, = (E, \ F,)JF, Bbirekaer
(B cuty cBoiicTsa 2° BHemnel mepsl), uro |Ey,| < |Ey \ Fp| + || <

< |Fp|+ 2%, TaK 4To

m m
Y IE <D Pl +e (8.13)
n=1 n=1

(s mro6oro kornegroro m). 113 (8.12) u (8.13) 3ak/rogaem, 4ro jijis
J1000T0 KOHEYHOTO 1M

m
D 1B <
n=1

Ydarem Temephb, YTO CyMMa BCeX MHOXKeCTB Fj, comepxkutrcd B F.
Orcroona caemyer, 94To s Jiroboro HoMepa 1M

m
U Fa
n=1

Tak 4T0 (B cuiy (8.14)) ans mo6oro HOMepa M

+e. (8.14)

m
U Fa
n=1

< |E],

m

> |Eu < |E| +e. (8.15)

n=1

ITepexozst B (8.15) K mpejiesty mpu m — 00, MbI TIOIYIUM, 9TO
o
ST 1EN < |B| +e,
n=1

", CTAJ0 OBITH, HA OCHOBAHUU MPOU3BOILHOCTH € > ()

o0

> B < B (8.16)

n=1

1) Tak xax U3MEPUMOCTh BCEX (DUTYyPHUPYIOUIUX B JOKA3ATE/JIHCTBE MHOXKECTB
HaM# yKe yCTaHOBJIEHa, TO Mbl MOXKEM BCIOJy BMECTO BEDXHeil Mepbl IHCaTh
IpPOCTO Mepy.
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o0
Tenepsb ocraercs 3aMeTuTh, 9TO U3 pasencrsa cymmbl |J E, MHO-
n=1
)kectBy E m u3 cpoiicTtBa 2° BHeIIHeNl Mephl BhITEKaeT 0oOpaTHOe
HEPABEHCTBO

o
1B <Y |El. (8.17)
n=1
U3 nepasencrs (8.16) u (8.17) BbITeKaeT yTBEpIK/IEHUE JI0KA3BIBAC-
MO# TeopeMbl ([yist Crydast OrPaHIIEHHBIX MHOKECTB Ey ).

2) Tlycrs Tenepb mMuHOXKecTBa E, He saBaAsitoTCs, BOOO-
me roBOpPs, OFPAHKUYEHHbBI MU Torna Mbl 0003HAYNM CHM-

k ko
sosiom EF orpannmuennoe muoxkecrso EY = E, (k-1 < |z] < k)
(HAITOMHEM, 9TO 3HAK | O3HAYAET [EPECEUECHHE).

[© olENNe o]
U3 pasencrsa E = |J |J EF u us pacemorpennoro sbime ciy-

Jagd CAeJyeT, YTO n=th=l
[CSINee) 00
Bl =3 |BE =) Bl
n=1k=1 n=1

Teopema MOJHOCTHIO TOKA3AHA.

SBameuganue 2. OynmameHTaJbHOE CBONCTBO MeEpHI, yCTa-
HaBJIWBaeMoe TeopeMmoil 8.8, Ha3bBaeTCsd 0-a IAUTHUBHOCT b IO
MepBbI.

Ilas Toro 4Tobbl cOPMYIUPOBATH €Ie OJHO CBONHCTBO MEpHI,
BBEJIEM HOBOE IIOHSITHE.

Onpedeaenue 2. Hasosem mmoocecmeo £ mmnoocecmeom
muna Gy, ecau B npedcmasumo 6 sude nepecenenus CUemmozo
YUCAG OMEDLIMBLE MHOoHcecme Gp, U MHONCECMEOM MU-
n a Fy, ecau E npedcmasumo 6 sude cymmvt CHemHoz20 4ucia 3a.m-
KHYMoOIX MHoocecms F, .

Teopema 8.9. Ecau mmnoocecmeo E usmepumo, mo natidymea
mroorcecmeo B muna Fy, codeporcaweeca 6 E, u muooicecmso Eoy
muna Gg, codeporcawsee E, dan komopux |Ei| = |E| = |Eyl.

HokazarenbcTBO. B cumy udmepumoctu E u ciaeacTBud u3
TeopeMbl 8.5 11s1 10000 HOMEPA 1 HAHYTCSI OTKPBITOE MHOMKECTBO
G, comep:kaitee F, 1 3aMKHYTOe MHOXKECTBO Fj,, cojep:kaleecs B
E, takwue, uTo

[B\F.| <=, |Gu\E|<-. (8.18)

oo oo
Honoxkum By = |J Fp, B2 = () Gp. Tak kak s 1106010 HoMepa n

E\EICE\FTH E?\ECGTL\E7
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T0 B cuity (8.18) u cBoiicTea 1° BHEIIHEH MepbI
1 1
|[E\ Ei| <=, |E2\E|<-.

n n

B cuty npousBosibHOCTH HOMEpa 1 0TCIOa caeayer, uto |[E\ Ei| = 0
u |Es \ E| = 0. Teopema joka3aHa.

SBamMeuganue 3. OT™MernMm, 9TO CYMIECTBYIOT HE U 3 M € P U-
M Bl € MHOXKECTBa. JIJIg WX MOCTPOeHWs JOCTATOYHO MPHUHATH BO
BHUMAHME, 9TO HA €AUHUYIHON OKPYKHOCTH CYIIECTBYET CYeTHOe

YHCII0 TIOMAPHO HEMePeceKaoNMIXCsl i KOHIPYIHTHBIX 1) IpyT Ipy-
'y MHOXKECTB, 00'be/INHEHNE KOTOPBIX PABHO MHOYKECTBY BCEX TOUEK
9TOl OKPYKHOCTU. TAKOBBIMU SIBJITFOTCST MHOXKECTBO Fj BCEX TOUEK
OKPY2KHOCTH, JIIOOBIE JBE W3 KOTOPBIX HEJIb3sl COBMECTHTBH JPYT C
JIPYTOM MTOBOPOTOM HA YTOJ N - ¢, TJIe n — Jitoboe 11esioe, a o — Puk-
CUPOBAHHOE MPPAINMUOHAJDHOE UYUCIO, U BCe MHOXKeCTBA Fy,
KOTOPBIe moaydaroTcd u3 Fy moBoporoMm Ha yroa n - «. Ecan 061 Ey
OBLIO U3MEPUMO, TO ObLIN ObI M3MEPUMBI U BCe MHOXKeCTBa ), , mpu-

yem |E,| = |Ep| ans Beex neasix n. Ho Torma B cusy Teopembr 8.8
o0
MBI IOLy9u/In Obl, 910 27 = » . |Ey|, 9r0 HEBO3MOXKHO HU IpH
n=-—oo

KakKoM 3HaueHuu F,.
§ 3. Usmepumbie byHKIHNN

1. llousitue uamepumoii pyukiuu. loroBopumcst Ha3bIBATH
pacmupeHHON UUCIOBON TPAMOI OOBIYHYIO UNCIOBYIO IIPS-
Myl0 —00 < z < 00 C 100aBJIE€HUEM JBYX HOBBIX JIEMEHTOB —OO
un 4o0. Hust pacnpocrpanenns apudMerndecKux ornepaiuii Ha pac-
HIUPEHHYO YUCJIOBYIO MPSIMYIO JIONOBOPUMCS CIUTATh, 9TO a+(400) =

= 400, a + (—00) = —o0 (masa g0HOro KoHeuHoro a); (400)+
+ (+00) = +00, (—00) + (—00) = —00; (+00) —a = 400, (—00) —
—a = —o0 (mag Jjoboro KoHeyHoro a), (+o00) — (— ) +oo

— (+00) = —00; a - (+00) = +oo npu a > 0, 0- (+00) =0, ax
X(4+00) = —oo mpu a < 0; (+ )(+oo)=—|—oo (+ ) (= )=
= —00, (—o0) - (—o0) = 400, 0 (—00) =0, a - = —o0 npu

QIH@,

a>0,a-(—00) =400 npu a < 0; i——(:l:oo) nmpu JTI060M
a

a
KoHedHOM a # 0, prvwd 0 mpu a1060M KOHEYHOM @.
oo

HeonpenenenubiMu 0CTaIOTCA TOJABKO CJIEAYIONINE OTEPAIIHH:
+ oo

(+00) + (=00), (+00) = (+0), (=00) = (=00), £=.

1) oz TEePMUHOM «KOHI'DYSHTHBIE» B JAHHOM CJIydae HyKHO INOHUMATb MHO-
JKeCTBA, OJHO M3 KOTOPBIX MOXKET ObITh COBMEIIEHO C APYIUM IIOCPEIACTBOM I10-
BOPOTa B ILJIOCKOCTH OKPYKHOCTH Ha HEKOTOPBIA yTroOJ.
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Bcrony B masnbaelinem B 3TOM riaBe MbI OyjeM pacCMaTpUBATh
dyHKIINHT, ONpe/Ie/IeHHbIE HA, W3 M € P U M bl X MHOXKECTBaX 0 0 bl 9
H O i YKCI0BOU NPAMON M NPUHUMAIOIINE 3HAYEHUS, IPUHAIJIeXKa-
mue pacCHIUuPEeHHON YKUCITOBON NPAMOI.

[Tpumepom Takoit PYHKIIUKA MOMKET CJIYKUTH

—oo mpu < —1,
fl#)=4 0 mpn —-1<z<],
400 mpu x> 1.

JloroBopuMCsl BCIOZY B JaJjibHElIeM 0003HAYATH CHUMBOJIOM
E [f ynoierBopsier ycioBuio A| MHOXKECTBO BCEX HMPUHA/IEXKAIIIX
E suavennuii x, nyist Koropeix f(x) yaosnersopsier ycaosuio A.

Hanpuwmep, E [f > a] — MHOx)KecTBO Tex npuHaiexaimux F 3Ha-
YyeHwii x, Jyisi KOTOpbiX f(x) > a.

Onpedenenue. Pynryus f(x), onpedesernan Ha UIMEPUMOM
muooicecmee B, nasweaemes u3zmepumot Ha 9MOM MHOdICE-
cmee, ecau Oaf A100020 BEUWECTMBEHH020 “UCAG G MHOHCECMEO
E[f > a] usmepumo.

Teopema 8.10. [z usmepumocmu dynkyuy f(x) na muoorce-
cmee E neobrodumo u docmamouno, wmobv, 000 U3 CAeOYOUUT
Mpexr MHOACECTE

Elf>a], E[f<al, E[f<ad] (8.19)
ObIAO UBMEPUMO NPU AI0OOM BEULLCTNEEHHOM .
Hoxazareanbcrso. 1) U3 onpenenenns usmepumoctu dyHK-
muu f(x) U3 37eMEeHTAPHBIX COOTHOIICHU
o
E(f>d=JE[f>a+1],
n=1 "
o
E(f>a=()E[f>a-1]
n=1 "
u u3 reopeM 8.3 u 8.6 BBITEKAET, YTO U3MEPUMOCTDH (IIPH JIFOOOM Be-
IIeCTBEHHOM @) MHOXKecTBa E [f > a| sBisiercst HeOOXOAUMBIM U 10C-
TATOYHBIM ycJIoBUeM u3MepumMocTi dyukimy f(x) Ha muOKecTBe F.

2) U3 coornommenus E [f < a] = E\ E[f > a] u u3 reopem 8.3
u 8.7 BBITEKAET, YTO M3MEPUMOCTH (IIPHU JIFOOOM BEHIECTBEHHOM @)
muoxkectBa E [f < a] aBigerca HeOOXOAUMBIM ¥ JI0OCTATOYHBIM YCII0-
BueMm m3mepumMocTu dyskimn f(x) Ha mHOKecTBEe E.

3) Haxkowuer, u3 cooruomenus E [f < a] = E\ E[f > a], u3 rex
ke TeopeM 8.3 u 8.7 u U3 OKA3aHHOTO B 1) BBITEKAET, YTO U3MEPH-
MOCTb (mpu J11060M BernecTBeHHOM @) MHOXKecTBa F [f < a] aBiser-
sl HEOOXOIMMBIM U JJOCTATOYHBIM YCJIOBUEM U3MEPUMOCTH (DYHKITHN
f(x) na muoxkecrse E. Teopema soka3aHa.
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Bameuanwue. B cumy reopembr 8.10 usmepumocts (mpu Jito-
foM BelecTBeHHOM @) JIF060ro m3 Tpex MHOKecTB (8.19) MOXKHO
OPUHATH 33 HOBOE ompejeeHne uamepuMoctu (yukuuu f(x) Ha
MHOXKeCTBe F| 9KBUBAJEHTHOE OTPEIETEHUI0, CPOPMYTUPOBAHHOMY
BBIIIIE.

2. CsoiicTBa nu3amMepumbix (QyHKIIUIA.

1°. Ecau dynryus f(z) usmepuma na mmoscecmse E, mo ona
usMepuMa U Ha 410600 usmepumoti wacmu Ey mmoocecmea E.

JlokazaTembCTBO HETMOCPEJICTBEHHO BBITEKAET M3 TOMXKIECTBA
E\[f > al = E1(NE[f > a] n u3 Teopembi 8.6.

2°. Ecau mmooicecmeo E npedcmasasem coboti woneuwnyro uiu
CUEMHYIO CYMMY UMEPUMBLE MHodcecms Ey u ecau pynxyua f(x)
usmepuma Ha Kacdom mmoscecmee Ey, mo f(x) usmepuma u na
mrooicecmee B.

,ZLOKasaTeJILCTBo HETIOCPEICTBEHHO BBITEKAET W3 TOXKIECTBA

Elf >2a]= U E,[f > a] u u3 Teopemsr 8.3.

3°. Jho6aﬂ gﬁymsuwz f(z) usmepuma na mmoorcecmee E mepou
HYAD.

B camom gnese, r060€ TTOIMHOXKECTBO MHOXKECTBA, MEPbI HYJIb
M3MEPHUMO W UMEET Mepy HyJIb.

Onpedenenue 1. Jlse onpedesennvie Ha USMEPUMOM MHONCE-
cmee E dynrxuuu f(x) u g(r) naswearomes sK6u6asenm-
Wbl M U MG IMOM MHodicecmee, ecau muoocecmeo E[f # g| ume-
em mepy HYyab.

st 0603HaYeHnsT SKBUBAIEHTHBIX (Ha MHOXKecTBe F) dyHKImii
f(x) u g(z) gacro ucnonb3yT cuMBOUKY f & g

4°. Ecau dynryuu f(z) u g(x) sxeusarenmmo na mmoocecnee E
u pynrxyus f(x) usmepuma na E, mo u pynxyus g(x) usmepuma
na B

Hoxazareascrpo. Ilomoxum Ey = E|[f # g|, E1 = E\ Ep.
Tak kak wa Ey dyuakuusa g(x) cosnagaer ¢ f(x), To (B cuny cBoii-
cra 1°) g(z) usmepuma na Ej. Cornacuo csoiictey 3° g(z) usme-
pumva u Ha Ey, a mosTomy, coracHo coiictBy 2°, g(r) uamepuma u
na E.

Onpedenenue 2. Mu 6ydem 2080pumsb, 4mo Hexkomopoe ceoti-
cmeo A cnpasedauso noumu 6cwdy Ha MHoocecmee B,
ecau MHootcecmeo moser E, wa komopom amo ceolicmeo necnpaseo-
AUBO, UMEET, MEPY HYAD.

Caedcmeue u3 ceoticmea 4°. Ecau dynxuyua f(x) menpe-
PUBHA NOYMU 6CIOY Ha usmepumom muoocecmee B, mo f(x) us-
mepuma 1o E.

JlokazaTeabcTBO. 3aMETUM CHadaja, 9T0 €I (DyHKIUS
f(x) menpepbiBaa Ha 3aMKHYyTOM MHOXKecTBe F'| 10 f(2) uzmepuma
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uHa F, ubo muoxecrso F'[f > a] npu 11060M BelecTBEHHOM a 3a-
MKHYTO, @ CTaJjio ObiTh, U uzMepumo. IIpeamnonoxum, uaro f(x) me-
[pepbIBHA Ha TPOU3BOJBHOM M3MEPUMOM MHOXKeCTBe F mouru BCio-
1y u 0603HaunM depe3 R 1moaMHOXKeCTBO Beex Tovek paspbia f (),
UMeroIee Mepy HyJIb.

B cuity cBoitcrs 2° 1 3° 10CTATOYHO J0KA3aTH U3MEPUMOCTH f ()
na muaOokectBe B = E \ R. CormacHo Teopeme 8.9 Haiimercs MHO-
xkecrBo FEy tuna F, (cm. m. 2 § 2), comepxkameecs B Fq u takoe,
uro |Eg| = |Ey| = |E|. B cuny Tex xe cpoiicrs 2° u 3° j10cTaToqHO
noKazarTh, uro f(z) mamepuma na MHoxectse Fo. Ho Eo (kak MHO-
xKecTBO THna Fj;) nmpejcraBuMo B B CYETHON CyMMBbI 3aMKHYTHIX
MHOKeCTB F),, Ha KaxKJ0M U3 KOTOPHIX f(Z) HENPEPbIBHA U MOTOMY
(B cuyty CIeJIAaHHOTO BBIIIE 3aMeYaHus) u3Mepuma. A Torjga B CULy
ceoiicrBa 2° dbyukius f(x) usmepuma Ha Fo.

Bameuanue. [loguepkHem, dYTO HENPEPLIBHOCTL (YyHK-
muu f(x) mourn BCogy Ha MHOXKecTBe F Cilejyer oTamudarh OT 9K-
pusasientHocTu f(z) na Muoxecrse E wenpepwishoii dyukunu. Tak
dyukuus dupuxie f(x) = 1, ecan x panmonasnbuo, u f(x) = 0, ec-
JIU & UPPAIMOHAIBHO, HE ABJISIETCsSl HElTPEPbIBHOM HI B OJIHON TOUYKe
cermerta [0, 1] (em. i 4 Beim. 1), ogHako 91a (DYyHKINSA SKBHBA-
nenrTaa #a cermente [0, 1] menpepeiBHoit dyukimu g(z) = 0, ubo
f(z) # g(z) TonbKO HA MHOYXKECTBE BCEX PAIMOHATBHBIX TOYEK Cer-
menTa [0, 1], KOTOpOe CYETHO 1 TIOTOMY MMeeT Mepy Hyib 1) .

3. ApudmMeruveckue orepanuu HaJ U3BMEPUMbIMHY (PYHK-
uusaimu. [Ipexie BCero jokazxkeM CIEAYIONLY0 JeMMY.

Jdemma 1. 1) Ecau dynrkyus f(x) usmepuma na mmoorcecm-
ee E, mo u gynwyus | f ()| usmepuma na smom mmnoorcecmse. 2) Ec-
au f(z) usmepuma na muoocecmse E, a C — arobas nocmosnnas,
mo kaorcoan u3 gynrkyud f(z) + C u C - f(z) usmepuma na mHo-
owcecmee E. 3) Ecau f(x) u g(z) usmepumos na muosrcecmse E, mo
mnooicecmeo E [f > g] usmepumo.

Hdokasarenbcrso. 1) Jocrarodno yuects, 9To jijist J060r0
HEOTPUIATEHHOTO G

Ellfl > al=E[f ZaUE[f < —d]

u npusieds Teopemy 8.3. Ecim xe a < 0, To E[|f| > a] coBnanaer
¢ E v takxke n3mepumo.
2) loctaTo9HOo Jjist JIFOOOr0 BEMECTBEHHOTO ¢ BOCIOIB30BATHCS

1) Tor dakT, ITO CIeTHOE MHOXKECTBO TOUEK MMEeT MepPY, PABHYIO HYJIIO, BbI-
TeKaeT U3 TeopeMbl 8.8 M U3 TOro, YTO MEpPa MHOYKECTBA, COCTOSIIEr0 U3 OIHOMI
TOYKH, pPaBHA HYJIIO.
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COOTHOIIICHUAMUA

Elf+C>2a]l=FE[f>a-C],

E
E[C-f> {E

Ecim ke C =0, 1o C - f(z) =0 u takxke usmepuma.
3) Ilycrs {ry} — BCe panmonaabHbIe TOUKH HECKOHETHOMN IPSIMOi
(—00, 00). JdocraTodno yuecTsb, 4ro

l_|

2—] npu C >0,

l_|

<5] upu C > 0.

Elf >gl = U(Elf >l Elg <)),

k=1

¥ BOCIIOJIB30BaThbCa Teopemamu 8.3 u 8.6. Jlemma mokazana.

Ounupasich Ha jemMmy 1 JOKaXKeM CJIeIYOILY 0 TEOPEMY.

Teopema 8.11. Ecau ¢ynruuu f(z) u g(z) npunumarom na
mHooicecmee B KoHeunbie 3HaUeHUA U USMEPUMbBL HA ITNOM MHOHCEC-
mee, mo xascdan us pynxyud f(z)—g(z), f(z)+g(z), f(z)-g(z) u
f(z)/g(z) (daa wacmmnozo f(z)/g(x) donoanumenvro mpebyemcs,
umobwl 6ce 3navenus g(x) ObaL OMAUNHYL O HYAR) USMEPUMAE HA
mrooicecmee B.

Hokazarenbcrso. 1) [Ing mokazaresbCTBa U3MEPUMOCTH
pasnocru f(z) — g(z) mocraTodHO 3aMeTHTDH, YTO Jyist JIOGOTO Be-
IECTBEHHOTO a MHOXKecTBO E [f — g > a] coBnazaer ¢ uamepumbim
(B cuy semmbr 1) muOX)ecTBOM E [f > g + al.

2) [Ins nokazarenbeTBa n3mepuMoctu cymmbl f(z)+g(z) mocra-
TOYHO y4ecThb, uro f+g = f—(—g) u uro hyukuus g(x) usmepuma
COTJIacHO JieMMe 1.

3) Yrobbl j0Ka3aTh U3MEPUMOCTH IPOU3BEIEHHUs] JIBYX U3MEpPH-
MBIX (byHKIMi, ybenuMmca cHada a, 9TO KBaIpaT U3MepUMOn (pyHK-
MK BJIgeTCsa u3Mmepumoit dyukimeit. B camom mese, ecmm a < 0, To

muoxectBo E [f2 > a] cosnanaer ¢ E u motomy usmepumo. Ecm xe
a > 0, To vEOKecTBO E [f? > a] coBmamaer ¢ mamepmMbiv (cormac-

Ho niemme 1) muoxecrsom E [|f| > v/a]. VI3 m3mepumocru kBajpara
n3MepnMoii PYHKIME U U3 M3MEPUMOCTH CyMMBI i DA3HOCTH H3Me-

PUMBIX DYHKIWIA, B CHIy COOTHOIICHH f-g = i(f—l—g)2 - i(f —g)?,
BbITEKAeT U3MEepUMOCTh tipoussenenus f(x)g(x).
4) B cu/ty M3MepuMOCTH MPOU3BEICHNS IBYX U3MEPUMBIX (DYHK-

[yt JJist 10KA3aTebCTBA UW3MEPUMOCTH YacTHOTO f/g mocTaTodHo
JIOKa3aTh U3MEpUMOCTh 1/g, HO OHa BbITekaer u3 Teopem 8.3 u 8.6
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U U3 COOTHOLICHUS
E[g>0]ﬂE[g<é] npu a > 0,

E[l>a]: Elg > 0] npu a =0,
E[g>0]UE[g<%] npu a < 0.

Teopema MOJHOCTBIO JJOKA3AHA.

4. IlociegoBaTesibHOCTU N3MEPUMBbIX QyHKIUi. /lokakem
HECKOJIBKO BazKHBIX yTBEDIK/IEHMUIT, OTHOCAIIMXCS K MOCTEI0BATEN b
HOCTSIM U3MEPUMBbIX (DYHKIIHIA.

Teopema 8.12. Ecau {f,(z)} — nocaedosamesvrnocmo usmepu-
Moz na mnoscecmee B dynryudi, mo kax nustcnud, max u eeprrud

npedeavi 9MOti NOCACIOBAMEALHOCIU 1) ABAAIOMCA USMEPUMBLMU
na mrootcecmee B pynrwyuamu.

HokazarenbcTBo. CHauana ydeaumMcs B TOM, 9TO €CIU IM0-
cIeI0BaTeIbHOCTD {gp ()} cocTonT U3 m3MepuMbIX Ha MHOXKeCTBE F

byskumit, To kaxkas u3 bynxmuii 2) @(z) = inf g, (z) u P(z) =
n

= sup g, (z) aBusierca mamepumoii Ha mMuHOXkectBe F. Jlocrarouno

NIPUHATH BO BHUMAHIE COOTHOIICHHS

Elp<al=U Elg, <al,

B> = U Elg>d

¥ UCHOJB30BaTh TeopeMmy 8.3.
O6o3naunM Termepb HUMKHUM W BEPXHUI MPEIEsbl TOCTeI0Ba-

renbrocTn { fn(x)} coorsercrenno uepes f(z) u f(z). Jna noka-

sarenbcTBa uamepumoctu f(x) u f(x) na muoxkecrse E 1octaTodHo
3aMEeTHTD, 9TO

f(@) = sup {inf (o)}, Flw) = inf {sup () },
n>2l “k>n n>1 “k>n

U BOCITOJIb30BAaTHCA JOKa3aHHBIM BBIIIE YTBEP2KIACHUEM. TeopeMa 0~
Ka3aHa.

1)B rn. 3 Beim. 1 [0Ka3aHO CyLIECTBOBAHIE HUKHETO U BEPXHEIO IIPEIEIOB
y 11060i1 OrpaHUYeHHO TOCIeI0BATEIbHOCTH. 31eCh MBI JOIOBAPUBAEMCSI CUU-
TaTh, 9TO €CJIU MOCJIEIOBATETLHOCTD He ABIAETCA OTPAHMIEHHOM CHI3Y (CBEPXY ),

TO ee HUXKHUIK (BepXHUI) Mpejes paseH —oo (+00).
%) Bamuch ¢(z) = inf g, (x) o3mauaer, ¥To B KaKI0H TOUke  3HAYeHHe V()
n

ABJISIETCsl TOYHON HUKHEH TIpaHbi0 3Ha4YeHWil B 310N Touke g1(z), g2(z), ...
Amamoruarbiii cMbICT IMeeT 3armuch Y (x) = sup gn ().
n
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Teopema 8.13. Eciu nocaedosamesvbHOCMb USMEPUMDBIET HA
mnooicecmee E- dynwyut {fn(r)} cxodumesa nowmu ecrody na E
k pynryuu f(z), mo dynxyus f(x) usmepuma na muoocecmese E.

HokazaTreabcTBO. B caydae, Korma mociaenoBaTebHOCTh
{fn(z)} cxommrcs x f(x) we mourw BCrOAy, a BCc 1y Ha E,| yr-
BepK/IeHre TeopeMbl 00 uzMepumocTu f () cpa3y BbITEKAeT U3 Teo-
pembl 8.12. Ecim xe {f,(z)} cxogures x f(z) Beiony na E, Kpome
muOXKecTBa Fy Mepbl Hysb, 10 f(z) uamepuma Ha E \ Ey B cuity
Teopembl 8.12 m u3mepuma Ha F(y Kak Ha MHOXKECTBE MEPHI HYJb
(coiicrBo 3° w3 m. 2), U mOTOMY M3MepuUMa Ha MHOXKecTBe F =
= (E\ Ey) U Eo (8 cuny croiicrsa 2° u3 n. 2). Teopema nokazana.

Beeziem Ternepb BayKHOE TOHITHE CXOAMMOCTH MOC/IEI0BATETHHO-
CTM 1O Mepe Ha JAHHOM MHOYKECTBE.

Onpedeaenue. Ilycmov pynxuyuu fr(z)(n =1,2,...) u f(z)
uamepumol Ha muoscecmee B u npunumarom nouwmu ecrody wa E
Koneunvle snauenusn. Tosopam, wmo nocaedosameavrocms { fr(z)}
crodumea  f(x) mno mepe na mnoocecmee E, ecau das 106020
NOAOAHCUMEADHOL0 YUCAA E

lim [E[f ~ fal > €] =0, (8.20)

T. €. ewIn Jisi JIIOObIX MOJOXKHUTEIbHBIX € U 0 Hafigercs nomep N
Takoif, uro ipu n > N cnpasenmuso HepaseHcTso |E [|f—fn] > €]| < 0.

A. Jleber mokazas CieIyonLyio TEOpeMy.

Teopema 8.14. Ilycmv E — u3mepumoe MHOICECBO KOHEUHOT
mepui, u nyemsv gynkyun frn(x) (n =1, 2, ...) u f(x) usmepumo, na
mnooicecmee E u npunumarom noumu ectody na E koneunvie 3naue-
nus.  Toeda wus  crodumocmu nocaedosameavnocmu o fn(z)}
k f(x) nowmu ecrody na E ewmexaem crodumocmo {fn(x)} % f(z)
u no mepe 1wa muoocecmese E.

Hokaszarenncrro. [Honoxkum A = E||f| = +o0], Ay, =
o

=E||fa] =+, B=E\E|[lim f,=f],C=A+B+ | 4.
Nn—00 ne1l

Torpma mo ycnosuto teopembl |C| = 0 u Bctony BHe MHOXKecTBa C

nocyegosarebHOCTh { fr ()} cxonures K f(x) n Bece byukumu fr ()
u f(z) uMeroT KOHEYHbIe 3HAUCHUS.
Hng npowssosibroro € > 0 monoxkum E, = E[|f — fu| = €],
o0

R, = |J Ej. Torga, nockonbky E, conepxurcs B Ry, cipaseiu-
BO HepaBeHCTBO |Ey| < |Ry|, u miaa nokaszaresnscrsa (8.20) docma-
mouno doxazamsv, ¥mo |Ry| — 0 npu n — oo.

Ob6o3naunm uepe3 R mepeceuenue Bcex MHOXKeCTB Ry, Ro, ...
u ybenmmvest B tom, uro |R,| — |R| npu n — oo. Ilo mocrpoe-
o Ry, 11 comepxkurces B Ry, 1is KaxK 010 HOMEpa 1 1, CTajio ObITh,
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I KaXKI0r0 HOMepa N

o
Ry \R= U (R \ R11),
k=n
npu4veM MHOXKECTBA, CTOSIINE 10, 3HAKOM CYMMBI, IIOIIAPHO He IIepe-
cekatorcs. Ho Torga, B cuty Teopembl 8.8, mjis KaxKa0ro HOMepa n

[e 0]
|Ro \ Rl =) |Ri \ Ryl (8.21)
k=n

", B CWJIYy CXOJAUMOCTHU PAIa

o
[Ri\ Rl =) |Ri\ Risl,
k=1
ocraTok 31oro psiza (8.21) crpemurcs K Hyso npu n — 0o. Vraxk,
Ry, \ R| = 0 mpu n — oo. Ho 310 B cuy coorHomenus |R,| =
= |R, \ R| + |R| o3navaer, uro |R,| — |R| upu n — oc.

Teneps st mokazareancrsa (8.20) HAM OCTAeTCs 10KA3ATH, Y4TO
|[R| = 0. Jaa sroro B cBOW o4epelsb docmamouno doka3amo,
ymo R codeporcumesn 6 C'.

[Mycts 2o — mrobast Touka, ne mpunaiexarias C. Torma mis
GUKCHPOBAHHOTO HaMU TPOU3BOJbHOrO € > ( Hailizercs HOMEp
N(zg, €) rakoit, aro |fy(zo) — f(zo)| < € npu n > N(zg, €). Ho
910 o3Havaer, 9o npu n > N(xg, €) ToUKa x( HE npUHAITEKRUT F)
u Tem bosee He MPUHAIEKUT R, U MHOXKeCTBY R, SBJISIFOIIEMYCS
nepecevuennemM Bcex R,.

Wrak, Beskast Touka xg, He mpuHaexkarias C, He TpuHAIIe-
xut u R. Ho 910 u o3nagaer, uro R comepxurcsa B C. Teopema
JTOKa3aHa.

Sameuganue. [lomruepkaeM, 9TO U3 CXOIUMOCTH TOCTEI0OBA~
resbHocTd { f(z)} x dynkunu f(x) na muOKecTBe F 10 Mepe He
BBITEKAET He TOJILKO cxoauMocTh { fr(z)} k f(z) mouru Berony Ha E,
HO Jaxke cxoauMocThb { fr ()} K f(x) xoTa 661 B O qHON TOY-
K € MHOxkecTBa F. JocTaTovyHo paccMOTpeTh TpuMep, MOCTPOEHHbIH
B 1. 3 § 2 1. 1. IlocTpoennast B 9TOM MpUMepe MOCIeI0BATETLHOCTD
{fn(x)} pacxomurca B Kaxkm0it Touke cermenta [0, 1], HO TOCKONBKY
kaxaass Gyakuus f,(z) ormmaHa oT HyJIS TONLKO Ha cermedTe I,
JITAHA KOTOPOTO CTPEMUTCS K HYJIIO TIPY N, — 00, TO TIOCTET0BATEb-
Hoctb {fr(x)} cxomures k dyukuuu f(x) = 0 no mMepe Ha cermeH-
e [0, 1].

Tem me menee ®@. Pucc ) nokasas ceiyolyo Teopemy.

Teopema 8.15. Ilycmov E — usmepumoe mHodicecmso xorneurot
mepul, u nyemv pynkyuy fr(z)(n = 1,2, ...) u f(z) usmepu-

1) ®. Pucc — Benrepcxuit maremarux (1880-1956).
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Mol 1a muooicecmee B u npunumarom nowmu ecrody na E wonew-
noe anauenus. Tozda, ecau nocaedosamesvrocmo { fr(z)} crodum-
ca ® f(x) no mepe na mmoocecmse E, mo us smoti nocaedosa-
MEADHOCTNU MOIHCHO BBLOCAUND NOCAEAOEAMENDHOCTND, CLOOAULYIOCH
k f(x) nowmu ectody na E.

HokazarenabcTso. HeorpanunuauBas 0OIIHOCTH, MBI MOXKEM
PEAIONOKUTH, 9T0 byHKINu fr(z) u f(x) npuEMMarOT KOHEYHbIE
3HAUEHWs HE TOYTH BCIOAY, a BCIOAYy Ha F (B NPOTUBHOM CIydae
MBI BBEJIA OBI T€ JKe MHOXKeCTBa A m A, 9TO U Ipu JOKa3aTeJILCTBE
[peabIayIeii TeopeMbl, 1 TPOBOAUIIN Obl BCE PACCY XK JICHUsI 11 MHO-

o.¢]

xecrea B\ A\ U An). N3 cxogumoctu { fr(x)} x f(z) no mepe Ha
n=1

MHOXKecTBe F BBITEKaer, 9To [id JI000ro HoMepa k Haiimercs HO-
Mep ny, Takoif, 9To aas Mepsl MHOKectBa By = E[|f — fn,| > 1/k]

cripase B0 HepasencTso | Ey| < 1/2F. TTonoxumM, kak u npu joKa-

oo oo
3aTenbCcTBe npeablayieit reopemsl, R, = |J Ex, R = (] R,. Tor-
k=n n=1

o0
na B cuily cBoiicTBa BHemmHeit Mepsl (cM. 1. 1 § 2) |R,| < Y |Exl,
k=n

o0
max uto |Ry| < 30 1/2F = 1/2"~1. Takum obpasowm, |R,| — 0 mpu
k=n
n — oo. Kak u B npejpiaytieii Teopeme, n10Ka3biBaeTcs, 9to | Ry | —
— |R| mpu n — oo. Tem cambiv MbI nosygaem, urto |R| = 0.
Ocraercsa noKa3aTh, 9TO BCIOAY BHe R ITOAIIOCTEI0BATENLHOCTD
{fn,(z)} cxomures x f(x). Ilycrs & — npouwssosbras touka E \ R.
Torna z me nmpunamnexur mMuoxkectBy Ry npu #exkoropom N =
= N(z). Ho 310 o3navaer, uro z He npunaiexur By npu k >
> N(z). Unbivu cnosamu, |f(z) — fo,(2)] < 1/k npu k > N(z).
Teopema nmokazana.

§ 4. NnTerpaa Jlebera

1. llousitue naTerpasia Jlebera or orpannyeHHON PyHK-
nuu. Hazoeem pas3bueHunemM U3MEPUMOro MHOXKeCTBa, F Besskoe
cemeticTBo 1 KOHEIHOr0 YHCIa W3MEPUMbBIX K MOMApPHO Herepece-
Kalomnxcd mogMuoxects Fy, Ey, ..., B, vHOoXkectBa FE, cocras-
JISTIOTIUX B CyMMe MHOYKeCTBO K.

Jlist obo3madenus pas3buenns MHOXKecTBA F OymeM HCIIOIB30-
Barh cumBon 1 = {E})_, wm 6oree kparkmit cumson T = {Ey}.

Paccmorpum Ha m3MepuMoM MHOKECTBE F/ KOHEUIHON MephI ITPOo-
U3BOJIbHYIO orpanndennyio dyukiuio f(z). s mpousBOJLHOTO
pasbuenuss T = {Ej} muoxkecrsa E o6osxaunm cumsosavu My,
7 My, COOTBETCTBEHHO TOYHYIO BEPXHIO W TOUHYIO HUKHIOI TPAHN
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dbyukipn f(x) Ha wacTuaHOM MHOXKecTBe Ej M BBEJEM B paccmo-
TPEHUE JIBE CYyMMBbI

n n
ST = E MklEk| n sr= E mk|Ek|,
Ha3bIBaeMble COOTBETCTBEHHO BepXHell ¥ HUKHeHl cymmamu
pasbuenuss T = {Ej}.

Cpasy xe ormernm, 4T0 Jyist aoboro pasbuenns T' = {Ej}

ST S ST. (8.22)

st 1r000# orpaHWYeHHON Ha MHOXKECTBE KOHEYHOH Mephl F
dbyukiyn f(z) kak MHOXKeCTBO Beex BepxHuX cymm {St}, Tak u
MHOXKECTBO BCEX HIKHUX CyMM {S7} (OTBEYAIOMUX BCEBO3MOKHBIM
pasbuenusim T = {Ej} muoxecrsa E) orpanuueno. [Tosromy cy-
[IECTBYET TOYHAs HUXKHss IPaHb MHOXKecTBa {ST}, KOTOPYIO MBI
obo3HaunM cuMBOIOM I M Ha30BeM BEPXHHUM HUHTETPAJJTOM
Jleb6era, u Tounasi BepXHsis 'PaHb MHOYKECTBA {S7}, KOTOPYO MBI
00603HAYMM CHMBOJIOM | W HA30BEM HU K HUM HUHTETPAaJJoOM
Jlebera.

Onpedenenue. Ozpanunennas Ha MHOMHCECNEE KOHEYHOU Me-
po B pynxyua f(z) nasweaemes unmezpupyemod (no Jle-
6ezy) na smom muoocecmse, ecau I = I, m. e. ecau seprnul u
Huotchutt unmezpaan, Jebeza smot pynryuu cosnadarom.

IIpu smom wucao I =1 mnaszweaemca unmezpasom Jle-
6eza om pynrkyuu f(x) no muoocecmsy E u obosnavwaemes cum-

60.40M
[ f(z)daz.
E

OcTaHoBUMCsT HA HEKOTOPBIX CBOWCTBAX BEPXHUX W HUKHUX CYyMM
¥ BEPXHUX U HUXKHUX MHTErpajos Jlebera.
Horosopumcst zaszbiBars pasbuenue T = {Ef}™, u3menb-

genuewm pasbuenus T = {Ep}}_,, ecin s a000ro HOMEPA 6
(i =1,2,...,m) naiinercs sHomep v(i), yZOBIETBOPAIOIINIT HEPa-
BercTBaM 1 < v(7) < n u Takoif, uro E comepxkurcs B By .-
Howmep v(i) MOKeT 0KazaThCsl OMHUM U TeM ¥Ke JIJIsi PA3JIUIHbIX
HOMEpPOB %, IPHYeM CyMMa MHOXkKecTB E 1o BceM HOMepaM %, JJid
KOTODBIX V(1) PaBHSIETCs OJHOMY W TOMY Ke HOMepy k, paBHa, Oue-
BUIHO, MHOXKeCTBY Fj, T. €.
[o—
U E! =E;. (8.23)
v(i)=k

Jastee IOTOBOpHMCS HA3HIBATH pasouerme 1T = {E;} npomus-
Benenuewm pasbuennit T} = {E,(,l)} uly = {E(g?)}, ecmn T
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COCTOUT U3 MHOXKECTB F;, TpeICTaBaIONInX co0O0ii mepecevueHus Bee-

1 2
BO3MOXKHBIX IIap MHOXKECTB E;,(, ) u E(g ), T. e. ecaiu Kaxkjoe E; pas-

1 2
HO E,(, ) N Eé ) , TIprdeM TIepeduparoTCs BCEBOBMOXKHBIE KOMOMHAIIAYT
HOMEpPOB P H (.
OuesBunno, npoussenenne T nByx pasbumenuit T u Ty siBiser-
Csl M3MeJTbYeHneM Kazkaoro u3 pasouenuit T u Th (mpuyem Jioboe
npyroe pasbuenne T, aBjsdioneecd u3MeabdernemM Kax 17, Tak u 1T,

camo siBjsiercst u3Mesibaenuem T').

CrpaBeyiuBbl CIEAYIONIME CBOWCTBA BEPXHUX U HUKHUX CYMM
U BEPXHUX U HUKHUX WHTErPAJIOB.

1°. Ecau pasbuenue T asasemcs usmesvuenuem pasbuernusn T,
mo st < S+, S+ < S7.

HoxkaszareabcTBo. IIpoBeseM m0Ka3aTeNBCTBO JIJIS B € P X
Hu X cymm (ubo /i HUZKHUX cyMM OHO TPOBOAMUTCS COBEPILEHHO
anasornano). Iycre T*={Ef}" | aBisercs n3MesasaeHneM pa3oue-
s T'={Ey}}_,, w nycrs M — Toumas Bepxnss rpanb f () Ha MHO-
xecrse B (i =1,2,...,m), a M — rounas Bepxusisg rpanb f(x)
Ha MHoxkectse By (k=1,2, ..., n).

[To onpenesneHuio u3MesbdeHUs sl KaXK10ro Homepa i (i =
=1, 2, m) Haligercs orBevaronuii eMmy Homep (i), yJI0BIeTBO-
pHIOH_H/II/I HepaBeHCTBaM 1 < v(i) < n n Taxoit, uro E COZIePKHUTCS
B E,;), npuaem cymma MHOXKeCTB EJ 1o BCem mOMEpam i, Jid KO-
TOpLIX V(1) PaBHO OJHOMY W TOMY ¥Ke HOMepy k, YAOBJIETBODSIET
pasencTBy (8.23). TobaBuM K 9TOMY, 4TO Jjisi BCEX HOMEPOB 4, JJisi
KOTODBIX V(%) pABHAETCSA OHOMY U TOMY YK€ HOMepY k, ClipaBeinBo
HEPaBEHCTBO

M < M, (8.24)

(160 TOuHAsT BEPXHsisl TPAHb HA [IOJMHOKECTBE HE IIPEBOCXOJUT TOY-
HYIO BEPXHIOIO TDaHb Ha BCEM MHOMKECTBE).
U3 onpenenenusi BepxHed cyMMbl # U3 cooTHOIIeHuil (8.23) u

(8.24) mp1 moTyamM, uTo 1)

Sy = iMﬂEﬂ = Z[ > M*|E*]

i=1 k=1"v(i)=

n
< ZMk[ > |E;|] = My|E| = Sr.
k=1

v(i)=k k=1

1) Mut yumTbiBaeM, 4ro u3 (8.23) u u3 roro, uyro MHOXkecTBa E; momapHo He
[IePECEeKaIOTCs, B CULy TeopeMbl 8.8 BeiTekaer, uro ., |E]| = |Ek|.
v(i)=k
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2°. Jlaa deyx cosepwenno npoudsoavhoix pazbuenutd T1 u Th
CNpasedsuso HepaseHcmseo s, < St,.

HokaszartenncTso. Ilycts T'— npoussenenne pazbuenmii T

nTy. Tak xak T siBAsiercd n3Me/IbYeHrueM Kayk0ro u3 pasouenuii T
u T5, T0 B cuity cBoiicTBa 1° criipaBei/inBbl HEPABEHCTBA

sy < S5 S,f < St (8.25)

U3 nepasencts (8.25) u (8.22) BbITekaer, uTo s7y < STy.

3°. Bepznutl u nuscruti unmeepasve Jlebeaa ceaszanv, coommo-
wenuem I < 1.

HokazartenbcTBo. PukcupyeM TPOU3BOJBHOE pas-
6uenne Ty. Tak kak s o6oro pasbuenns T (B cuiy cBoiictsa 2°)
CIIPaBE/JTMBO HEPABEHCTBO ST, < STy, TO 4UCI0 ST,, ABIAETCI O [

H 0 ii W3 BepXHUX rpaHeil MHOXKecTBa {S7, } BCEX HUZKHUX CYMM, H,

cTajo ObITh, TOYH a s BEPXHsdA IPaHb | YKA3aHHOTO MHOYKECTBA
ynosyierBopsier HepasencTBy I < St,. Tak Kak nociennee HepaBeH-
CTBO CIIPABEIJIMBO I MPOMU3BOILHOIO paszbuenus Ty, To uncao [
ABJIFETCS O JI H O #i W3 HUKHUX IpaHeil MHOXKecTBa { ST, } BCcex Bepx-

HUX CYMM, W, CTaJO ObITh, TOYHAsS HUKHSAA I'paHb | yKa3aHHOTO
MHOYKECTBa, yaoBersopser yeiosuio 1 < 1.

Caedcmeue. Beaxaa gynkuyua, unmezpupyemasn no Pumany,
asasemca unmezpupyemot no Jlebeey, npuvem urmeepanv, Jlebeza
u Pumana om maxot gynxyuu cosnadarom.

Hoxazareanbcrpo. Ilycrs f(z) unrerpupyema na E = [a, b]
no Pumany (a crano 6biTh, u orpanudena Ha 3rom cermente). O6o-
3HAYMB A Takoil (yHKimu cumBonamu I w I HUXKHUN U Bepx-
Huil unaTerpassl Jlebera u cumsonamu Ip u TR HUXKHUNA 1 BepXHUH
urarerpasibl Jap6y (cm. i 10 Bein. 1), Mbl TOdyYuM Cieayiomiue

HepaBeHcTBa |
I,<I<T<Tn (8.26)

Ecrn dbynxmmsa naTerpupyema 1o Puvary, To mig nee I, = I, a
crano 66Tk, B cuy (8.26) I = I, 1. e. 3Ta DyHKIUA HHTErPUPYeMa
o Jle6ery. Bomee Toro, iput I = I g w3 (8.26) BBITEKATOT paBeHCTBA,
Ip=1= T = TR, T. e. BLITEKAET COBIAJEHHE MHTErpasioB Pumarna
u Jle6era, n6o TePBHIT W3 STHX WHTErpasnos pasen wncty Ip = Ip,
a BTopoit —uucay I = 1.

B ciemytorem myHKTE MBI TOKAXKEM, 9TO KJjiacCe (DYHKIUI, HHTe-
rpupyembix 1o Jlebery, siByisiercss HoJiee TMUPOKUM, YeM KJIacC PyHK-

1) W60 moboe pasbuenme E =[a, b] Ha GacTHYHBIE CEIMEHTHI BKIOYACTCS B
KJacc pa3bmennit MmHOXKecTBa E B cmbice Jlebera.
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nwmii, uaTerpupyembix 1mo Pumvany. [Ipu 310M BBISICHUTCS 11€71€C000-
Pa3HOCTH BBEJEHUS U3MEPUMBIX (DYHKITUIA.

2. Kuytacc uHTerpupyembix 1o Jlebery orpaHmYeHHBIX
dbyukumii. Jokaxkem CIeIyOIIYI0 0CHOGHYI0 TEOPEMY.

Teopema 8.16. Kaxoso b6vi Hu b6bLa0 usmepumoe muodicecmeo E
KOHEUHOU Mepbl, BCAKAA 02DAHUMEHHAA U USMEPUMAA HA MHONCE-
cmee E dynxyus f(x) unmezpupyema na smom mmodrcecmee.

HokaszartennctTso. [locrponm crenuanbHoe pa3duenne MHO-
»)kecrBa F, HaspiBaemoe jaeberosckuM. Obosnauns vepes M
u m Tounble rpanu f(z) Ha MHOXKecTBe F, pazobbem cerMenT [I;n M)
C IIOMOIIILIO TOYEK M = Yo < Y1 < yQ < ... < yp = M Ha YaCTHIHBIE
cerMenThl [yr_1, yk| (k =1, 2, , ) U  0BO3HAMIM yepes 0 JIJIIHY
HAHGOTBIITEro M3 STHX TACTHTHBIX CErMEHTOB, T. €. TIOJIOKUM

o= f {naX (Y& — Yk—1)-

=1ly4y.00y

JleberoBckumM pazbuennem MHOKecTBa F HazoBeMm pasbuenue
T = {Ey}}_,, B xotopom 1 = Efyo < f < y1], By = Elyp—1 <
<f<ypupuk=2,3,...,n.

IIycte ST u sp— BepxHsisi W HUXKHSISI CyMMBI, OTBEUYAOIIHE
JieberockoMy pasbuenuto T u Ha3biBaeMble JTeHETrO0OBCKUMHU
BepxHel M HUMXKHENH CyMMaMu 3aMeTUM, 9TO JJIst JIF000-
ro nomepa k (k=1,2, ..., n) cupaBeJjiuBbl HEPABEHCTBA

Yk—1 < my < My < yg, (8.27)

B KOTOpBIX udepe3 My u my obo3Hadenbl Tounble Tpanu f(x) Ha
YacTUIHOM MHOXKecTBe Fji. YMHOkKas HepasencTBa (8.27) Ha wme-
py |Eg| muoxecrBa Ej u 10csI€ 9TOr0 CyMMUDPYs MX [0 BCEM HOME-
pam k=1, 2, ..., n, bygem umern

n n
> yk-1|Brl <0< St <> ykl Byl
k=1 k=1

W3 nonydyeHHBIX HEPABEHCTB 3aKJIOUAEM, YTO

<ST—ST<

ZyklEk| Zyk 1| Bx| = Z(yk — yr-1)| B[ <9|E|. (8.28)

k=1
TaK KaK IS JIIO6OI‘O pasbuenusa T crpaBeinBbl HEPABEHCTBA
st <I<T< S, o us (8.28) momyumm, uTo
0<1—-1I<4|E| (8.29)
[ockonbky ¢ > 0 MoxkeT ObITh (DUKCUPOBAHO TPOM3BOJILHO MaJIbIM,
To u3 (8.29) caenyer, uro I = I. Teopema nokazana.
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SBameuganue 1. B gonosmaenun 2 K 3T0ii rjiaBe Mbl JIOKAKEM,
YTO W3MEPUMOCTH OIPAHUYEHHON HA M3MEPpUMOM MHOXKecTBe F
dyukuun f(x) gBasiercs He TONBKO JOCTATOYHBIM, HO W HEOOXO-
IUMBIM yCJIOBHEM WHTEerpupyemoctu 31oil dyukiuu mo Jlebery Ha
MHOXKecTBe F.

Bameuwanune 2. Ilycrs & (K = 1,2, ..., n) — npousBoib-
HBI SJEMEHT YaCTUIHOrO0 MHOXKecTBa Fj jeberosckoro paszdme-

n
wust T. Cymmy op(€k, f) = Y. f(&k) - | Ek| Oynem nasoisars e 6 e
k=1

roBCKOW wmHTerpanbHo#i cymmoi dyskiuu f(z). Tax
KaK NP IPOU3BOJLHOM BbIOOpE TodeK & Ha MHOXKecTBax Fj sTa
CyMMa 3aK/II0ueHa MeXKIy HIKHEH W BepXHeil CyMMaMu COOTBeT-
cTBytOIIEro Jieberosckoro pasbuenus T, To u3 HepaBeHcTBa (8.28)

ciaenyer, uro op(&, f) (BMecre ¢ S u sp) crpemurcst npu 6 — 0 K

unrerpaiy Jlebera I =1 = [ f(z)dz.
E

3. CsoiicTBa unTerpaJja Jlebera or orpannyeHHoi pyHk-
AN,

1°. [1dz = |E|.
E

s mokazaresbcTBa JOCTATOYHO 3aMETUTH, UTO s (DYHKITUH
f(xz) =1 kak BepxHsisl, TAK ¥ HUKHsIA CyMMa Ji06oro pasouenns T
muoxkectBa E pasna |E|.

2°. Ecau pynxuyua f(x) ozpanuuena u unmezpupyema Ha MHO-
oicecmee E koneunot mepor u o — 41060€ GeULECTNEEHHOE HUCAO, TO
u Ppynkyua (o - f(z)] unmeepupyema na mmoocecmee E, npunem

[le- f(@)]de = - [ f(z)dz. (8.30)
E E

HokazarennbcTBo. J[ma mpoussonbHOro paszbuwenusa 1T =
= {E;} muoxectBa E 0003HaYMM BEPXHIOI U HUMKHIOI CYyMMBbI
dyukuun f(x) cumBosramu ST U ST, & BEPXHIOI 1 HUXKHIOK CYMMbI

5l (@

dbynkumn [« - f(x)] cumBomamu Sy’ u sy . Torma, oueBmHO,
gl@) _ aSr mupu « >0, () _ J «-sT mpm a >0,
T asp upu «a <0, T a-Sp mpn a<0.
(8.31)
Eciit 0603naunTh vepe3 I u I BepxHUil 1 HUXKHIH HHTErpasbl (byHK-
uun f(z), a gepes N I(®) pepxuuit u HuKHEAI HHTErpaIb DYHK-
mun [a - f(z)], To u3 (8.31) cienyer, 4ro
T(a): a-1 mpu  « = 0, (@) _ 04‘% npu  «a 2> 0,
I mpm a <0, a-1
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B cuny unTerpupyemoctu f () cnpaBeiiMBO paBEHCTBO
I= f f(ZII) dz,
E
a moroMmy u3 HepaseHCTB (8.32) ciemyer, uTo mpu JHOOOM

7 = [ =« [ f(z)ds
E

Do u 03HAYAET, UTO WHTErpan B Jesoii yactu (8.30) cymecrsyer u
9TO crpaBeuBo pasercTso (8.30).

3°. Ecau xkaorcdas us dynwuui fr(x) u fo(r) ozpanuuena u umn-
mezpupyema Ha MHOAHCECEE Koneunotl mepvl B, mo u cymma smuz
dynruud [fi(x)+ fo(z)] unmeepupyema na mmoocecmee E, npuuem

gumw+h ]M—fﬁ_cm+fh (8.33)

JoKa3zaTeabCTBoO. HOJIO}KI/IM flz ) = f1(z)+f2(z), n nycrn
T = {Ey} —npoussonbuoe paszbuenue Mmuoxkecrsa E. O6o3maunm

nuist bysakuun f(x) TouHbIe IPaHK HA YACTUYIHOM MHOXKecTBe Fj te-
pe3 My m my, BEPXHIOI W HUXKHIOW CyMMBI pastuenus T wepe3 St

U ST, BepXHUil U HIKHUH uHTerpassl Jlebera wepes I u I. Anaso-
rudHble Beauannbl At pyukuuit f1(x) u fo(z) 0bo3Haunm Temu xe

cumBosiamu, uto u aaga f(z), vHo ¢ ungekcamu (1) u (2) coorser-
CTBEHHO.

BameTnm, 9To MouHaA 6EPIHAA (TMOYHAA HUNCHAA) 2DAND CYM-
Mol He boavuwie (He Menble) CYMMbL MOYHLEL 6ePTHUL (MOUHBIT
nustcnux) epaneti caazaemvir. OTCIONA CIeLyeT, 9To Jis JH060T0
nomepa k

mg +m? <mp < My < MY + M
1, CTaJI0 OBITh, Jjis Joboro pasbuenus T
@)+ 58 < sp < Sr < S + S,
3 nocieHUX HEPABEHCTB B CBOIO OYepelb CIEIyeT, 4To
IW 41 <1 <T<TY 4+ TP, (8.34)
Tak kak (B cusy unrerpupyemocru fi(z) u fo(z))

V=TV = [ fiw)da, 1 =T = [ fa(a
E

To n3 (8.34) momyunm, 4TO

I= I—fﬁ ¢m+fb

Ho 310 u o3magaer, 4yTo unTerpas B jesoii yacru (8.33) cymecrsyer
U 4TO CHpaBeiuBO paBeHcTBO (8.33).

9 B. A. Unbun u 3. I. Tlo3usaxk, yactsb 11
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Caedecmeue. Henocpencrsenno n3 2° m 3° BBITEKaeT JI U-
HellHOE CBOUCTBO MHTETrpAda: eCAU KaHCOaA U3 PyHk-
wuti fi(z) u fo(x) ozpanuuena u unwmezpupyema wa MmHodcecmese
Koneunol mepvr B u ecau a u B — npousosvhvie seusecmseenbie
wucaa, mo pynkyua [afi(z) + Bf2(z)] unmeepupyema na mrooice-
cmee E, npuvem

f[afl )+ B fa(x) di'?—affl d:B-l-ﬁffz

4°. Ecau gynrxyus f(r) ozpanuyuena u unmezpupyema na KaxHc-
JOM U3 HENEPECEKAOUWUTCA MHONHCECTNE Koneunot mepor F1 u Fo,
mo f(x) unmezpupyema u na cymme E mnoocecme Ey u Eo, npu-
yem

[f@)de = [ f(z)dz+ [ f(z)dz. (8.35)
E Eq E,

DTO CBOMCTBO OOBITHO HA3BIBAIOT & A AU TUBHOCT b [0 WHTET-
paJa.

JlokazaTeabcTBO. 3aMETUM, UYTO OObEUHEHNIE TPOU3BOTh-
HOTO pasbuenus T mHOXKecTBa K1 n mpousBossHOrO paszduenus Th
muOXKecTBa Fy obpasyer pasbuenwe T muoxkectsa B = FEj | Es.
O6o3nauum Bepxuue cymmbl f(z), orBevarommue pasbuenusm 17, Th
u T, coorBercrBenHo 4depe3 St,, St, u St, a HuxkHUE cyMMBbl f (),
orseuaromue pasdouenusam Ty, To u T, COOTBETCTBEHHO uepe3 St ,
st, u s. Torna, oueBuHO,

St = ST1 + ST27 ST = S1y + ST+ (8.36)
O6o3naunm BepxHuil u HUKHUI wHTErpasbl byHKIWMY () HA MHO-

xectBe Fp uepes T(l) ul (1), Ha MHOXKecTBe Fy depes T(Q) ul S
Ha MHOKecTBe F wepes I u I.

13 pasencts (8.36) u u3 TOro, 4To TOYHAST BEPXHsisd (TOYHAS
HUKHSI) TPaHb CyMMbI HE GOJibllie (He MeHbINe) CyMMbl TOYHBIX
BEPXHUX (TOYHBIX HUYKHUX) TPAHEN ClIaraeMbiX, 3aK/IH0UAeM, YTO

IO 41 <1 <T<TV 479, (8.37)
Tax kak (B cuny unrerpupyemoctu f(z) ma Fi u na Ep) I =
) = [ f(z)dz, I® = % = f f(z) dz, To n3 (8.37) nomyunm,

Eq

q9T0o

I=1= [ f( d:I:—i—ff
B

Ho 310 u o3nauaer, 4ro uaTerpas, crosmmii B jesoit yacru (8.35),
CYIIECTBYET M YTO CIIPABEIINBO paBeHCTBO (8.35).
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5°. Ecau kaorcdas us gynwuut fi(x) u folzr) ozpanuuena u un-
mezpupyema na muootcecmee koneunotl mepu F u ecau 6crody wa
amom mnooicecmee fi(x) > fo(z), mo

[ fi(z)dz > [ fo(z) dz. (8.38)
E E

HoxazarTeabcTBo. Tak KaK BCe HUKHUE CYMMbI (DyHKIIAN
F(z) = fi(x) — fo(z) meorpunarensusi, To I > 0. Orciona cieayer,
aro [F(z)dz = [ fi(z)dz — [ fo(z)dz > 0 (cymecrBoBanue sToro

E E E

WHTErpaJja U HAIUCAHHOE HAMU PABEHCTBO BBHITEKAIOT U3 yIXKe J0Ka-
3aHHOIO HAMU JIMHEHHOTro cBoiicTBa). Tem cambim (8.38) pokazaHo.

4. Nurerpas Jlebera or HeoTpUIATEJIHbHOI HEOTPAHNYEH-
HOW (DYHKIUU U €ro CBOMCTBA. Ternepb MblI MEPEXOJAUM K OIpe-
JleJIeHUI0 uHTerpaJia Jlebera mjist ciydasi, KOrjga u3Mepumas QpyHK-
must f(x) He gBisgerca orpanmdensoil. Cuavana 6ydem cuumamo,
umo f(x) > 0 6cr00y na mmoorcecmee Koneurnoti mepu E.

Hnst mroboro N > 0 mogoKuM

(f)n(z) =min{N, f(z)}, (8.39)
In(f) =b[(f)N($) dz. (8.40)

Samernm, uTO jisi Jir0boi m3Mepumoil Ha MHOXkecTBe F QyHK-
unn f(z) dysxnus (8.39) Takxe sBiseTcs m3mMepmMmoi ) u mo-
romy unaTerpas (8.40) cymecrsyer. Ormerum Takxke, uro u3 (8.39)
u (8.40) Beirekaer, uro In(f) 6ospacmaem c yseaunernuem N.

Onpedenenue. Ecau cywecmeyem ronewnwiti npedea In(f)
npu N — oo, mo Pynxyua f(x) nasweaemes cymmupyemod
(no Jlebezy) na mmoocecmse E, a yrazannviid npedea nazveaemcs
urwmezpaaom om dynkyuu f(z) no mmoocecney E u 0b03na-
waemea cumeonom [ f(z)dz.

E
Urak, mo ompeeneHnio

[J)dz = tim Iv(f)

Voenumcss B TOM, YTO €CAU HEOMPUUAMEALHAA HA MHodcecmee B
Pynruus f(z) cymmupyema na smom mmoocecmse, mo f(x) mo-
arcem obpawamvbea 6 +00 Moavbko Ha nodmmoscecmee B, umerowem
mepy wyav. B camom geme, nonokum Fy = E[f = +0o] u yurewm,

1) 60 myst s11060r0 BEIIECTBEHHOTO @ SBJIAETCS W3MEPUMBIM MHOXKECTBO

_J E[f >a]upua < N,
El(f)n >ad]= { IycToe MHOXKecTBO mpu a > N.

9*
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gro u3 (8.40) u (8.39) (B cuay cpoiicte 4° u 5° u3 npegBIAYIIErO
[IyHKTA) BBITEKAET IEMOYKa HEPABEHCTB

In(f) =£(f)N(«T) dz > [ (f)n(z)dz >Ef Ndz > N|Ep|.

Eo
Ho w3 nepasencrsa In(f) > N|Ep| cremyer, 4To mpennonoxeHue
|Ep| > 0 nmpusesio 661 K TOMY, 4TO A}im In(f) 6bu1 661 paBer +oo.
— 00

Hobasum K sromy, 9T0 6cakan Pynkuyus f(r) cymmupyema na
MHOoICECTNGE MePbL HYAb. (DTOT haKkT OUeBHIEeH. )

ITepexosis K BBISICHEHUIO OOIIMX CBOWCTB CyMMUPYEMBIX (DYHK-
Ui, TPeXKIe BCEr0 OTMETUM, UTO JAA HEOMPUUAMENLHOIT CYMMU-
pyemur Pynryul cnpasedausvr ceoticmea 2°-5°, ycmanosaenHvie
6 npedvidyusem nyrKEme OAf 02PAHUMEHHBLT UHMEZPUPYEMBLL PYHK-
yui

B kagectBe mpumepa mpuBeieM JI0Ka3aTehCTBO cBoficTBa 3°. 13
(8.39) cpasy ke BHITEKAIOT CJIEIYIONINE HEPABEHCTBA:

(fU)ws2(@) + (f2)n2(2) < (fi + f)n(z) < (fi)n(T) + (f2)n(2),

cupaseiBbie pu Jirobom N > 0 B 110000 TouKe T MHOXKecTBa, F.

UaTerpnpys 3TH HepaBeHCTBa 1o MHOKecTBY F 2) | Mbl 1T ycTamoBmm
cBoiicTBO 3° M1 MPOM3BOIBHBEIX HEOTPHUIATEBHBIX CYMMHUPYEMBIX
bynxumit fi u fo.

JlokazaTesbCTBO JJid TakuX PyHKIINE OCTATBHBIX CBOCTB 2°—5°
IIPeIOCTaBUM YUTATeJIO.

[Tepeitmem K BBIACHEHUIO elle ABYX QyHIaMEHTAJIbHBIX CBOHCTB
ITPOM3BOJIBHBIX HEOTPUIATEIbHBIX CyMMHUPYEMBIX (DYHKITHIA.

Teopema 8.17 (ceoticmeo noanoti addumuernocmu ). [Tycmo
mHooicecmeo E npedcmasasem coboli cymmy CHemMHO20 “UCAG NO-
NAPHO HENEPECEeKAOUUTCA USMEPUMBT MHodicecms Ey, m. e. B =

0]

= | Ek. Tozda cnpasedausvi caedyrousue 06a ymeepiHcoerus.
k=1
L. Ecau neompuyamenvrasn pynxyus f(x) cymmupyema na mHo-
orcecmee E, mo f(x) cymmupyema u na xagxrcdom mmoocecmee Ej,
nPUYEM CNPABEIAUBO PAGEHCTNEO

b[f(x) dx = § [ f(z)d=. (8.41)

kZIEk

II. Ecau neompuyamesvnas nwa muoocecmee E dynwyus f(x)
CYMMUPYEMA Ha KaHcAom mHoocecmee By u ecau pad 6 npasoti ua-
cmu (8.41) cxodumes, mo dynryus f(r) cymmupyema u na MHO-

owcecmee B u dasn nee cnpasedauso pasencmeso (8.41).

1) Mocrostaaas o B cBOMCTBE 2° MOMKHA GBITH IIPH 3TOM HEOTPULATETHHOMN.

2) IIpu 5TOM MBI HCIIOIB3yeM CBOiCTBa 5° U 3° IS OrPAHMYEHHBIX MHTErPH-
PyeMBIX OYyHKITHIA.
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Hoxkaszareabcrso. 1) Crauana mokaxem teopembl 1 u II
Ul OTPpAaHUYeHHON HEOTPUIATEJBHON UHTErpupyeMoil pyHK-

muu f(z). Ilycrs cymecrByer nocrosiias M takas, aro f(x) < M
o0

seiopy Ha E. TMonoxkum R, = |J Ej u 3amerum, 9to B CHJIY
k=n+1
o
reopembl 8.8 |R,| = >, |Ex| — 0 (npu n — o0). Ho Torma na

k=n+1
ocHoBaumu csoitcTs 4°, 5° n 1°

[ dx—Z [ f@)dz = [ f(z)de <M [ do=M|R,| =0

=1Fy Ry Ry

(mpu n — o0). Ilocnennee coorHomIEHNE JOKA3bIBAET TEOpeMbl | u
Il g cayydas orpaHUYeHHON WHTErPUpPyeMoit MyHKITNH.

2) Hokaxkem Tenepb Teopemy I jist IPOM3BOIBHOM HEOTPHIATE b
HO#t cymmupyemoii dyukiuu. Cymmupyemocts f(z) Ha Ka}K,Z[OM Ey,

cpasy e Bbitekaer u3 mepasencrsa [ (f)y(z)dz < f x)dz
Ey,

n n3 HeybbBanma mo N wmuTerpasa B JeBoil ero wactu. Ocraer-

cs Jokasarh paseHcTBo (8.41). C momoIpio 10Ka3aHHOTO B 11. 1)

u HepasenctBa (f)n(z) < f(x) nomyuum
J(f)n(z dw—Zf fo (8.42)
[Tepexons B mocmeaneM HepaBeHCTBe K mpeaeay upu N — 0o, bymem
UMeTh -
[f@)de < S [ fla)da. (8.43)
E k=1E,

C nmpyroii CTOpOHBI, B CHJIy CBOWCTB, JIOKA3aHHBIX B MPEIbIIYIIEM
MyHKTE, JJId JI000ro HoMepa m

ﬂn<m-2f Dz >3 [ (o) d,
k=11,

B =1E,

7 yCTPeMJIsAs B TIOCIEeTHEM HEPABEHCTBE cHavasIa [N K 00, a YK 3aTeM
m K 0O, MBI IMOJTYYUM HEPABEHCTBO

J f(x)dz fo
E

=1FE,

KoTOpoe B coeuuennu ¢ (8.43) mokasbiBaer (8.41).
3) Hokaxkem, nakorer, Teopemy Il s mpousBOIbHON HEOTPU-
naTeabHON CcymMMupyemoil (yHKIMH. 3aMeTuM, UTO JOCTATOUHO
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JIOKa3aTh TOJBKO cymmupyemoctThb f(z) na muoxectse E (ubo pa-
BeHcTBO (8.41) Gy/er mpu 9TOM BBITEKATH U3 y2Ke J0KA3aHHON HAMU
Teopemsl ).

Ho cymmupyemocts f(x) Ha E cpasy ke BbITEKAeT 13 HEPABEHCT-
Ba (8.42) 1 U3 CXOAMMOCTH PsiJIa B IPABOI 9aCTH ITOrO HEPABEHCTBA.
Teopema MOJIHOCTBIO TOKA3aHA.

Teopema 8.18 (ceoticmeo abcoarommnoti HenpepueHocmy
unwmeezpana). Ecau gynryus f(x) neompuyamesvna u cymmupy-
ema Ha muoocecmee B, mo das a106020 noaoscumenvrozo € nati-
0eMCA NOAOAHCUMEABHOE YUCAO § MAKOE, YUMo, KaK080 Ob HU OBIAO
uamepumoe nodmmoscecmeo e muoocecmsa E ¢ mepot |e|, menv-
wetl 6, cnpasediuso HEPABEHCNEO

[ f(z)dz <e.

Hoxkaszareanbcrpo. 1) Ilyers cravana HeoTpuraTebHast
dbyukius f(z) orpammuena, T. e. Hajfigercs M Takoe, d9TO
f(x) < M. Torpa (Ha ocHOBaHUYM CBOHCTB yCTAHOBJIEHHBIX B ITPEIbI-
JIYIIEM TTYHKTE)

/f(x)dxéM/dx:M|e|<M5<5 pu 5<%.
e e

2) JTokazkem Terepb TeopeMy Jjisi TPOU3BOJILHON HEOTPUIATE b
HOit cymmupyemoii dyukimu f(z). PukcupoBas MpoU3BOJIBbHOE € >
> 0, MBI (Ha OCHOBAHWH OIPEJIEJCHUST CYMMUPYEMOCTH) MOXKEM Bbl-
6pare N = N(e) rakoe, 4T0

/ F(@) — () (a)] de <

E

(8.44)

N | ™

C nomomrpio (8.44) u mepasencrsa (f)y(z) < N, noaydum

Jt@ o= [11@) - v@lds+ [(1ne)do < &+ N [ao =

e e

=§+N-|e|<§+Na<e,

eci ToabKO 0 < €/(2N (€)). Teopema okazana.
B szak/iouenune ykaxkem eIme JBa CBOHCTBA, CHPABEJIUBLIE HC-
KJIIOUATE/ILHO JIJIsl HEOTPUIATETBHBIX CYMMUPYEMbIX (DYHKI[HIA.
YcnoBue 3KBUBAJEHTHOCTU HYJIO HEOTDPHUIA-
TeabHONH cymMmmupyemoit dyuxiuuun Ecau pynryua f(x)
HEOMPUUATNEALHA, USMEPUMA U CYMMUPYEMA Ha mHoxcecmee B u
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ecau unmeepan [ f(z)dz pasen nymo, mo dynxyua f(z) oxsusa-
E

ACHMHA TOACOECMEEHHOMY HYAO Ha mHuodcecmee F.
HoxkazaTteabcTBo. JocraTrouHo g0Ka3aThb, 9TO MEpPa MHO-

xecrBa E [f > 0] paBra mymo. Y6enuMcs cHadata B TOM, 9TO JIJIs

a0 6oro a > 0 pasaa Hymo mepa muoxkectsa E, = E[f > al.

B camowm gene, ecim 661 Mepa |E,| Oblia mosoKuTeapHa, TO MOJTY-

aunn Gbl mepasenctso [ f(z)dz > [ f(z)dz > aE, > 0, nporuso-

E a
pedamee ycnosuto [ f(z)dz = 0. Tenepb ocraercss 3aMeTuth, 4TO
E

o
crpaseauBo pasenctso E[f > 0] = |J E[f > 1/k], u3 xoroporo
k=1

o)
crenyer, uro |E[f > 0] < kz |Ef >1/k]| =
=1
MaxXoOpaHTHBIH NpPpHU3HAK CYMMUDPYEMOCTH He-
oTpHIaTENbHONU wm3MepumMoit Gyuruuu. Ecau Gymk-
yusa f1(x) neompuyamenvra v usmepuma na mroocecmse E., a dyms-
yus fo(x) cymmupyema na E u ecau 6crody na E cnpasedauso nepa-
sencmeo f1(x) < fa(x), mo u pynkyus fi(x) cymmupyema na mro-
oicecmee
HokazaTeabCcTBO. ,ZLOCTaTquo 3aMETUTh, UTO

b[(fl)N( ) d f(fz ffz

M y9IeCTh, ITO WHTETPAJI, CTOANIAN B JIEBOM YACTH TTOCTEIHETO HEPa-
BEHCTBA, ABJsIeTCd HeyObiBaromeir dyukimeir V.

5. Nuarerpan Jlebera or HeorpanunyveHHoi pyHKIUA TPO-
M3BOJIBHOTO 3HAKA. [IpenonoKkum Terneps, 910 n3mMmepumast (pyHK-
s f(z) He saBJsgercs, BOOOINE rOBOPsi, O'PAHUYEHHON HA MHOXKE-
crBe F u mpuHUMAaeT Ha 3TOM MHOXKECTBE 3HAUEHUsI JIFOObIX 3HAKOB.

Brenem B paCCMOTpeHI/Ie JIBE TTHEOTPUIATENbHBIE (DYHKITHH

fi=) = If( I+ f@) m [ )——(If z)| = f(=)),

neppast u3 Kotopeix f1(z) copnanaer ¢ f(x) na muoxecrse E[f >
0] u paBna mysro Ha MHOXkectBe F [f < 0], a Bropast f~(x) coBna-
naer ¢ — f(x) na muoxkectse E [f < 0] u paBHa HYJII0 HA MHOYXKECTBE
E[f > 0]. Ouesnano, f¥(z) + f~(z) = |f(z)], fT(z) — f(2) =
= ).

Onpedenenue. Dynxyus f(r) Hasvieaemes cymmupye-
M 0 G na muoocecmee E| ecau na smom mmooicecmee cymmupye-
MA@ KAHCOAA U3 HEOMPUUATNEALHWL HYHKUUL f+( ) u f(z). pu

omom pasnocmv unmezpanos [ fT(z)dz — f f~(z) dz naswseaemcs
E
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unmeepasom Jlebeea om pynkyuu f(x) no muoocecmsy E
u obosnauaemca cumeoaom [ f(z)dz.
E
Wrak, mo ompemerennio

[ f@)de = [T (z)dx — [ [ (z)dz. (8.45)
B B B

BumecTo Tepmuna «cymMmupyemasi (pyHKIUsS» 9aCTO yrooTped.is-
0T TEPMUH «MHTErpupyeMas PyHKIIU».

COBOKYIIHOCTH BCEX CyMMUPYEMBIX Ha MHOXKecTBe F QyHKIHi
06bran0 obozHawator cumbonom L(E) wim LY'(E). 3amucs f(z) €
€ L(E) o3nauaer, uro f(z) npunannexur kiaccy L(E), 1. e. apis-
eTCsl U3MEPUMOI U CyMMHUPYyeMOii Ha MHOXKecTBe I dyHKImeii.

[MomuepkHeM, 9T0 usmepumas wa muoscecmse B dynxyua f(x)
cymmupyema Ha I mozda u moavko moada, kozda cymmupyema
na E pynryua | f(z)|.

B camom zenie, ecin f (z) cymmupyema Ha F, TO 10 OnpesiesieHuto
Kaxkaag u3 bynkuuit fT(z) u f~(z) cymvmupyema na E, a crao
OBITH, 1 CyMMa yKazanubix dbynkmuit f1(z)+ f~(x), pasnas |f(z)],
cymmvmmpyema Ha FE. Ecan ke cymmmpyema ua mHOXkecTBe F (byHK-
nus | f(z)|, To uz usmepumocru na E kaxnoit uz dyuknuit f1(z)
u f~(z) u uz mepasencrs f1(z) < |f(z)], f~(z) < |f(x)|, B cuny
MayKOPaHTHOIO MPU3HAKA CYMMUPYEMOCTH HEOTPHUIIATEbHON M3Me-
puMoit byHKIMK (CM. KOHEIl IPEbIIYIIEro MyHKTA), BBITEKAET, 9TO
Kaxkaag u3 bynakuuit fT(x) u f~(z) cymmupyema na E, a 310 u
oznaudaer, yTo Gynkuus f(z) cymmmpyema Ha MHOXKecTBe F.

Takum obpaszowm, Jyis urTerpania Jlebera (B OTindne oT WHTErpa-
na Pumana) unrerpupyemocts dbyHkiun f(2) SKBUBAIEHTHA WHTET-
pupyemocru |f(z)].

ITepeitmem kK BOmpocy 0 CBO# CTBAaX MNPOU3BOIBLHBIX CYMMHU-
pPyeMbIx QyHKITHIL.

Cpazy ke OTMETHM, UTO JIJId MPOUIBOJIBHBIX CYMMHUPYEMBIX
dyHKIM cTpaBeyinBbl CBO¥CTBA 2°—5°, yCTAHOBJEHHBIE B I1. 3 I
OTPAHUYIEHHBIX WHTETPUPYEMBIX (DYHKIWE W B 1. 4 JJIsT HEOTPH-
TATENBHBIX CyMMUpPYeMbIX pyuKIwii. CIpaBe TnBOCTh YKAZAHHBIX
CBOMCTB 71T TIPOM3BOJIHLHBIX CYyMMUPYEMbIX (DYHKITHI Cpasy Ke BhITe-
KaeT u3 papeHcrsa (8.45) u U3 ClpaBeIMBOCTH YKA3aHHBIX CBOMCTB
JUTSI HEOTPUITATEIBHBIX CYMMUPYEMBIX (DYHKITHIA.

Haxowerr, st IpOM3BOJIBHBIX CYMMUPYEMBIX (DYHKIIUH OCTAIOT-
Csl CIIPaBEINBBIMU CBOICTBA, MOJTHOM aJIMTUBHOCTH 1 abCOTOTHOM
HerpepbiBHOCTH MHTerpasa Jlebera (10Ka3aTebCTBO 3TUX CBONCTB
JIIST HEOTPUIATEIbHBIX CYMMUPYEMbIX (DYHKIHH COCTABIISIO COIEP-
kauue teopem 8.17 u 8.18 m3 mpeabiaymero myHkTa). [pusegem
GopMyIUPOBKY ¥ KpaTKWe yKa3aHWs 110 MOBOJY JI0KA3aTeIbCTBA
39TUX CBOWUCTB.
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Teopema 8.17* (ceolicmeo noanoti addumueHnocmu).
ITyemo mnooicecmeo E npedcmasasem coboti cymmy cuemmnozo wuc-
AQ NONAPHO HENEPECEKAOUUTCA USMEPUMBIT MHodtcecms Ey, m. e.

o

E = | Ej. Tozda cnpasedausni caedyrouue 06a ymeepocoenus.
k=1
I. Ecau ¢pynruyua f(x) cymmupyema na muoocecmee E, mo f(x)
CYMMUPYEMA U 1A Kaocdom mnoocecmee By, npuvem cnpasediuso
pasencmeo (8.41).
II. Ecau gynxyus f(T) usmepuma u cymmupyema ma Karcoom
Mmroorcecmee By, u ecau cxodumes pad

Zf|f )| dz,

k=1Er

mo f(x) cymmupyema na mmoocecmee E u cnpasediuso paser-
cmeo (8.41).

st nokazaTenbCTBa TeopeMbl I JOCTaTOYHO MPUMEHUTH TEOpe-
My 8.17, I k neorpunarensbiv gynkiuam f(z) u f~(z) u Boc-
[OJIb30BaThCs paBeHCTBOM (8.45).

Jlist mokasaresbeTBa TeopeMbl 11 10CTaTO9HO yY4ecTh, 9TO B CH-
ay Teopembl 8.17, IT dyukius |f(x)| cymmupyema na E. Ho Ttorma
u f(z) cymmmpyema wa E u B cuty yxe gokasaHnoit teopembr |
cripaBeInBo paBeHCTBO (8.41).

Teopema 8.18* (ceoticmeo abcoarommoti HenpepwvierHocmu
unmeepana). Ecau gynryus f(x) cymmupyema na mmoocecmese
E, mo das 2106020 1n0A0ACUMEABHO020 € HAGICTNCA NONOAHCUMEN-
HOe wucA0 § makoe, ¥mo Kaxkoso Ovi Hu OBLAO UBMEPUMOE NOOMHO-
orcecmeo e mnooicecmea E ¢ mepoti |e|, menvwed d, cnpasedauso

[ f(z) dx‘ <e.

€
st MoKa3aTesbCTBa JOCTATOYHO MPUMEHUTH TeopeMy 8.18 k
HeoTpuiaTeapHoN dyHKIMu |f(Z)| 1 BOCIONB30BATHCS HEPABEHCT-

< J1f(@)] d.

6. IIpenenpHblii nepexos noa 3HakoM nHTerpaJsia Jlebera.
Onpedeaenue. Bydem 2060pumv, 4mo nocaedosamesbHOCMb
cymmupyemo na muooicecmse E - dpynwyud {fn(z)} cxodumea x

cymmupyemoti na amom oice mmuoocecmee dynkuyuu f(z) 6 L(E),
ecau

HEPABEHCIM GO

BOM

lim [|fn(z) — f(z)|dz =0. (8.46)

n—)oo

Cxonumocts nocienoarensaocti { fr(z)} 8 L(E) obecnieunBa-
€T BO3MOXKHOCTH IIOYJICHHOI'0O HHTEI'PUPOBAHMA IIOC/IE€O0BATE/IHLHO-
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cru {fn(z )} HA MHO}KeCTBe E, ubo w3 (8.46) BBITEKAET, YTO

hmffn d:l:—ff

SaMeTI/IM 9TO emu noCAC0GAMENBHOCTND USMEDUMDIT U CYM-
mupyemuix wa muoocecmese E dynryud { fr(z)} cxodumes x usme-
pumoti u cymmupyemoti na E dynwyuu f(z) 6 L(E), mo {fn(z)}
crodumesa % f(x) u no mepe na E.

B camom nese, dpukcupoBas npousBosibHoe € > 0 u 0603HaYUB
gepe3 By, muoxecrso E[|f — f,| > €], 6yaem umers

g:lfn(x)_ |dx f |fn _f(x)|dx>5|En|7

Tak 4To u3 (8.46) ciexyer, 4o |En| — 0 mpu n — oo.

Taxum obpazom, cxonuMoCTh 10 Mepe Ha F aBadercsa 6osee ciia-
6oit, vem cxomumocts B L(E) (u, Kak yKe yCTaHOBJIEHO Bblile, GoJiee
caboit, YeM CXOAMMOCTh MoYTH BCroy Ha F).

JlokazkeM, OJIHAKO, YTO TP JIOMOJHATEIbLHBIX TPENOTOKEHUSIX
u3 cxomumocTu no Mepe Ha F Gyner ciegosars cxomumocts B L(E).

Teopema 8.19 (meopema Jlebeza). Ecau nocaedosamenn-
HOCMb UMEPUMBLL Ha mHoocecmee E dynxuyud { fn(x)} cxodumes
Kk usmepumoti na E dynxyuu f () no mepe na E u ecau cywecmey-
em cymmupyemas na muoocecmee B pynryua F(x) makas, wmo
oas 6cex nomepos m u noumu ecex mouek E cnpasedauso nepasen-
cmeo | fn(z)| < F(z), mo nocaedosamenvrocmsv { frn(x)} cxodumes

k f(z) 6 L(E).

HokazarensbcTBo. CHagana ybeauMmcs, 9TO Tpeje/ibHAs
dbynkius f(x) cama ymosiaersopsier mouTH BCogy Ha F Hepaben-
crBy |f(z)] < F(z). I3 reopembr 8.15 BbITE€KaeT, 4To U3 ITOC/IE-
nosateabHocTH { fr(2)} MOXKHO BBIIEIUTD MOANOCTEI0BATETHHOCTD
{fu, (@)} (k=1,2,...), cxoggamytocst Kk f(x) mourn BCrogy Ha F.
[Tepexonsg B HepaseHcTBe |fp,(2)] < F(r) x npegeny mpu k —
— 00, Mbl 1 ostyanM, 9to |f(z)| < F(z) aaa mouru Beex Tovek E.
3 10Ka3aHHOrO0 HAMHU HEPABEHCTBA W U3 MAyKOPAHTHOTO MPU3HAKA
CYyMMUPYEMOCTH HEOTPHIATEeHHON u3MepuMoit dynkuun (cM. Ko-
Her n. 4) caenyer, uro f(z) cymmupyema Ha E.

QurcupoBas npousBoiabHOe € > 0 u 0603HaunB depe3d ), MHO-

wectso E[|f — fa| > €], 6ynem umers ')

E[If(x)—fn(x)ldx=Ef [f (@)= fu(@)[dz+ [ |f(z)=fu(2)ldz <

E\E,
< [ F(z)dz +¢|E|.
En

1) Mot yanrsisaem mpu stom, |to | fa(x) — f(z)| < 2F(x) noutu Beony Ha E.
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W3 sToro HepaBeHCTBa W U3 MPOU3BOIBbHOCTU £ > () BBITEKAET, UTO
qutst ycranossienust cxopumocts { fr(z)} k¥ f(z) B L(E) nocratouno
nokazare, uro lim [ F(z)dz = 0, HO 9T0 cpa3y BHITEKAET U3 TEO-
n—oo En
peMbl 8.18% 06 abcomoTHON HENPEepBIBHOCTH WHTErpaja U U3 TOrOo,
qro 1o yeaosuio |Ey,| — 0 npu n — oco. Teopema nokazana.
Caedcmeue (meopema Jlebeza o npedeavrom nepexode
nod snaxom unmeezpaaa). Ecau nocaedosamenvrocms usmepu-
Moz ma muooicecmse E- pynxuyud { fr(z)} crodumea nowmu ecrody
na E ® npedeavnoti pynxyuu f(r) u ecau cywecmeyem cymmupye-
mas na mroocecmee E dynwyus F(x) makas, wmo das ecex nome-
pos n u nowmu ecex moyex E cnpasedauso nepaserncmeo |frn(x)| <
< F(z), mo f(x) cymmupyema na E u

nlggoffn(x) de = [ f(z)dz. (8.47)
E E

HokazareanbcTBOo. U3 Teopembr 8.13 BhITEKAaeT u3Mepu-
mocth f(x) Ha mMHOkectBe E. Ilocsie 9T0ro 10CTaTOYHO 3aMETUTH,
9TO U3 CXOAMMOCTH MOYTH BCIOAy Ha F BbITeKaer (B CHly T€OpeMbl
8.14) cxopumocts 1o Mepe Ha E, u npussieds teopemy 8.19.

Teopema 8.20 (meopema B. Jlesu). [Tycmw xasicdan Pyrik-
yus fn(x) usmepuma u cymmupyema wa mmoscecmse E,| u nycmo
OAA BCEX HOMEPOB N U OASA NOWMU 6Cex Mmoder muoocecmsa E cnpa-
sedauso nepasercmeo fn(x) < fni1(z). ITyems danee cywecmey-
em nocmoannaa M maxas, 4mo 0as 6Cer HOMEPOS N CNPAGEOAUBO

HEPABEHCMBO ‘ffn(:c) dx‘ < M. Tozda 0as nowmu ecex mouex T u3
E

mnoorcecmsa E cywecmeyem xoneunwoid npedea lim f(x) = f(z),
n—oo

npuvem npedeavran Gynkyus f(x) cymmupyema na mnoocecmee E
u cnpasedauso pasencmeo (8.47).

HokazarenbcTBo. He orpanwumpasi OOITHOCTH, MOXKHO
cuuTaTh, 9YTO BCE fr(Z) HEOTpU I ATE b H Bl TI0YTH BCIOLY HA F
(unage BMecto fp(z) Mbl B3siim Obl HEOTpULATEIbHBIE (DYHKIUH
gn(z) = fulz) — fi(x)). Tak xak nociaenoBarensrocTsb {frn(x)} He
yObIBAaeT TOYTH BCIOAY Ha F, TO OYTH BO BCeX TOUKaX F ompenese-
Ha npejenbHas GyHKIus f(x), KOTOpas NPUHAMAET B 9TUX TOUKAX
b0 KOHEUYHbIE 3HAYEHWUs, MO0 3HAUYeHUsI, paBHble +00. Eciu Mbr
JIOKazKeM, 9TO 9Ta npejesbHas QYHKIUS CyMMUPyeMa Ha MHOMKE-
cree E, To u3 aroro 6yaer cieposarh, uto f(x) nourn scogy Ha F
uMeeT K O H e U H bl € 3HAYeHUsd, T. €. OyJIeT CIe/0BaTh CXOJAUMOCTD
nocieposarenbuoctu {fp(z)} xk f(x) mourwm Bcroay ua E, a
orctona u u3 HepasencrBa fp(z) < f(z) (mourm Bcroogy Ha E), B
CHJTY CJIEICTBUSI M3 TIPEJBIAYINEH TeOpeMbl, Oy/IeT BBITEKATh DABEH-
creo (8.47).
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Urak, 1jis 10Ka3aTEIBCTBA TEOPEMbI JIOCTATOYHO YCTAHOBUTH
CYyMMUPYEMOCTh npeebuoit dynknuu f(z) na muoxkecrse E.
Bamernm, uro mist ao6oro N > (0 [OCIe10BATEILHOCTL )
{(fn)n(z)} cxomures x (f)n(x) nourn Berogy wa E, npudem orpa-
unuennas dyuxiys (f)y(z) cymmmupyema va E u s Bcex HOMe-
POB M ¥ TIOYTH BCex Touek F cupaseminBo HepaseHCTBO (fp)n(z) <
< (f)n ().
TOo obecrednBaer MPUMEHMMOCTH K  II0CJIEJ0BATEILHOCTH
{(fn)~N(z)} ciiencrBus u3 npeapLLyIieil TEOPEMbI, B CHIIy KOTOPOTO

lim [ (fu)n(2)dz = [(f)x(x) do.

13 9T0r0 COOTHOIICHUS U U3 HEPABEHCTBA 2)
E E

3aKJIF0YAEM, 9TO

lim ffn /g(f)N(x)dxa

TL—)OO

1 n0ckoneKy [ fr(z)dz < M pist Bcex HOMEPOB 1, TO U
E

Ef(f)zv(x) dz < M. (8.48)

U3 uepasencrsa (8.48) u u3 neybbiBanus no N uHTErpasa B JEBOi
9aCTH 9TOTO PABEHCTBA BBITEKAET cymeCTBOBaHI/Ie pejesa

hm f x)dzx,

KOTOpOEe U 03HauaeT cymmupyemoctsb f(z) na muoxecrse E. Teope-
Ma JoKa3aHa.

Cohopmymupyem Temeph Teopemy 8.20 B TepMmHAX (DYHKIHO-
HAJBHOrO Psijia (B TAKOM BHUJE 3Ta TeOpeMa MMeeT IUPOKOe MpPHU-
MEHEHMUE).

Ecau kaorcdas dynryus u, () neompuyamesvra nowmu 6crody
Ha muoolcecmee E. usmepuma u cymmupyema Ha 2mom MmHoxHce-
cmee U ecal crodumcs pad

Z J un(z) dx
n=1F

1) Haromumm, uro mist mo6oro N > 0 u aist moGoit dyskiun F(z) Ml mosa-
raeM (F)n(z) = min {N, F(z)}.
Do HepaBeHCTBO ciaenyer u3 Toro, 4ro (fr)n(z) = min {N, f,(z)}.
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mo nowmu 6ctody na E cxodumca pad

> un(x), (8.49)
n=1

npuuem cymma S(x) pada (8.49) cymmupyema na muoocecmee E u
ydosaemeopaem Ycro6ul0

[ S(z)dzx = ioj [ un(z) dz
B

n=1F

Teopema 8.21 (meopema @amy). Ecau nocaedosamenn-
HOCTND USMEDUMBLE U CYMMUPYEMBIT Ha mhodtcecmee B dynxyud
{fn(2z)} cxodumea nowmu ecrody na E % npedeavroti pynxuyuu f(z)
U ECAU CYWECMBYEM NOCMOANHAA A maKas, 4mo 0is 6cex Home-

po6 n cnpasedauco nepasercmeo [ | fn(z |d:1: < A, mo npedeavran
E

Pynryua f(r) cymmupyema na muoscecmese E u das nee cnpased-

auso nepasencmeo [ |f(z)|dz < A.
E
HokazarenbcTBO. BBegem B paccmorperue QyHKIUH

gn(z) = Ii1>1f Ifx(z)] V) u samermm, uro Kawmmas dbynKuus gy (z)
>n

HEOTpHUTATETbHA W W3MEepHMa 2) Ha MHO¥KecTBe E W 9To Tocyieio-
BaresibHOCTh {g,(2)} ybbiBaeT Ha MHOXKecTBe F U Jjist IOYTH BCEX

rouek F cxomures K |f(z)]. Kpome roro, jmist soboro HOMepa n
BCIOJly Ha MHOXKeCTBe £ cripaBejinBo HEPaBEHCTBO

z) < | ful2)], (8.50)

U3 KOTOPOro (B CHJIy MaXKOPAHTHOIO MPU3HAKA CYyMMUPYEMOCTH He-
OTPUIIATEIbHON u3MepuMoil (pyHKuuu, cM. KoHer| 1. 4) BbITeKaer
CyMMUDYEMOCTh gy, (x) Ha muOkecTBe F. IlpuMenss kK nociemnoBa-
resibHOCTH {gn ()} Teopemy 8.20, MBI TIOTyYnM, YTO

lim fgn )dz = f|f )| da. (8.51)

Tak kak jus joboro womepa n, B cuiay (8.50), f gn(z)dz <
f|fn )dz < A, to us (8.51) momydnm, uro f|f )dz < A.
E

TeopeMa JOKa3aHa.

1) D1a 3amuck o3HAUAET, YTO IS KAZKIOTO & SHAYCHHE gy (L) ABIACTCS TOUHOM
HuzkHEH rpadbo 3Hadenuit |fr ()|, |fot1(2)], - ..

2) Vismepumocts gn(z) Ha E BbITEeKaer u3 TeopeMbl 8.12 mpeaplayiero mapa-
rpada.
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7. Knaccesr Jlebera LP(E). Hanomuum, 4ro JjmHeiiHOE PO-
crpaHcTBO R Ha3biBaeTCss HOPM U POBAHHBIM, €CIU BbINOJ-
HEHbBI CIeyIone 1Ba TpeboBaHus: 1) U3BECTHO MPABUIIO, MOCPE-
CTBOM KOTOPOI'O KazKJIOMYy 37eMeHTy f mpocrpaHcTBa R craBurcst
B COOTBETCTBHE BEIIECTBEHHOE YHCJIO, HA3BIBAEMOE HOPMOW 3TOr0
S/1eMeHTa U 0003HAYAEMOE CUMBOJIOM “ fllgs 2) yKa3aHHOe IpaBUIO
YJIOBJIETBOPSIET CJIEIYIOMIUM TPEM aKCHOMAM:

1. | ll > 0, ecan £ £0 1), [|f]l =0, ecn f = 0.

2° IMfllg = |- | fIl g st soBoro smementa f u siroGoro Bere-
CTBEHHOI'O YHCTIA A.

3°. Jlist ToBbIX IBYX 97EMEHTOB f W g CIPaBeJTMBO TAaK HA3DLI-
BaeMoe HepaBeHCTBO TpeyroabuuKa ||f+gllgz <|fllp+
+ ligllr-

Byaem paccmarpuBarh B JIMHEHHOM HOPMUPOBAHHOM IIPOCTPAH-
crBe R mPOM3BOILHYIO IOCAEL0BATEILHOCTD 9/1eMEeHTOB { fp }.

Onpedenenue 1. Ilocaedosamenvrocms {fn} saemenmos au-
Hetino20 HOPMUPOBArH020 npocmpancmes R nasvieaemes ¢ y 1-
damenmaanvnod, ecau

li — =0.
n—00

Onpedenenue 2. Tosopam, wmo nocaedosamesvrocmo { fn}
INEMEHMOB AUHETHO20 HOPMUPOBAHH020 npocmpancmea R ¢ x o-
dumca 6 R xaremenmy amozo npocmpancmea f, ecau

Tim [ fn = fllp = 0.

Takoro poja CXOIUMOCTH HA3BIBAIOT €I CX O TUMOCTHIO IO
HOpMe WM CUJAbHON cxoammMocThio B R.

Jlerko mokazaTh, 9TO 6cakaA crodsujaacs 6 R nocaedosamens-
nocmo aaemenmos {fn} 6cezda aeasemca @Pyndamenmanrvrot. B
CaMOM Jiejle, eCJI CYIIeCTBYyeT HEKOTOPbIN 3aeMeHT [ Takoii, 4To
| fn — fllg = 0 mpu n — 0o, TO U3 HepaBeHCTBA TPEYTOTLHIKA

[fm = Fallg < fm = fllg +1f = fallg

cpazy Ke CJIeJyer, 4To

lim || fm — fallp = 0.
T [~ fulln
n—oo
EcrecTBeHHO BOZHUKAET BOIIPOC O TOM, ABJIAETCA JIU BCAKas DyH-

JaMEeHTaJ IbHas TI0C/Ie/I0BATEIbHOCTE 31eMeHToB {fn} cxomsiueiics
B R K HEKOTOpOMY 3jieMeHTy f mpocrpaHcTBa R.

1) 0 oGo3mauaer HyseBoi daeMeHT HHEAHOrO IpocTpancTBa R
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Onpedeaenue 3. Jlunetinoe nopmuposannoe npocmpancmeo R
HA3BIBAEMNCA N O A W b M, €CAU BCAKAA PYHIGMEHMAALHAA NOCAE-
dosamenvrocms aaemenmos { frn} npocmpancmea R cxodumcs 6 R
K HeKomopomy asemenmy f amozo npocmparcmsa.

B macrositieM TyHKTE MBI PACCMOTPWUM BaXKHBIN KJIacC JIMHET-
HBIX HOPMHUPOBAHHBIX TPOCTPAHCTB, BBEJIEHHBIX Jleberom, m mToKa-
JKeM TIOJTHOTY 3THX TPOCTPAHCTB.

[TycTh BemecTBEHHOE YUCIO P YAOBAETBOPSIET YCIOBHIO p > 1.

Onpedenenue 4. Bydem zosopumv, umo dynxyua f(x) n p u-
nadaeocum Kaaccy (uau npocmpancmey) LP(E), ec-
au pynryus f(z) usmepuma na mmoocecmee E, a dynwyus |f(x)|P

CYMMUPYEMA 1A IMOoM MHodcecmee L) .

Jlerko yGeauthes, uro npu gobom p > 1 kinacc LP(E) asaser-
csl IUHEHHBIM HOPMUPOBAHHBIM TTPOCTPAHCTBOM, €CJIU B HEM BBECTH
HOPMY C TIOMOIITBI0 COOTHOTITEHUST

/
sty = Wl = (J @)

JIMHeAHOCTL TAKOro MPOCTPAHCTBA, OYeBUIHA. JIErKO IPOBEPUTE CIIPa-
BeIJIMBOCTL aKCuOM 1°-3° u3 ompeneseHuss HOPMUPOBAHHOIO IIPO-
crpancTBa. Akcroma 1° cpasy BBITEKAET M3 YCJIOBUS IKBUBAJIEHT-
HOCTH HYJII0 HEOTPUIATEJbHON cymMMupyemoit dbyHKImu (M. KOHer
n. 4). Akcuoma 2° cosepiieHHO odeBuaHa. Akcnoma 3° mpu p = 1
OuYeBHIHA, & TIPU P > | BHITEKAET U3 YCTAHOBJEHHOTO B JIOMOJIHE-

1 K 1. 10 Beim. 1 HepaBencTBa MUHKOBCKOTO 2)
1/p 1/p 1/p
(J17@) +g@pdz) " < ([1f@Pd) "+ ([ gt dz) "
E E E

JlokazkeM Telepb CIEAYIONLYIO 0CHO6HYI0 TeOpeMy °) .
Teopema 8.22. IIpu mobom p > 1 npocmpancmeo LP(E) se-
AAEMCA NOAHDIM.

1) IIpu sToM MBI He OymemM pa3ndaTh IKBUBAJIEHTHBIX Ha MHOKeCTBE E byHK-
1uif, paccMaTpuBas UX Kak oquH snement LP(E).

2)B yka3aHHOM MIONOIHEHHH HEPABEHCTBO MUHKOBCKOIO yCTAHOBJIEHO AJIsl
ciay4as uHTerpasa Pumana. B ciydae mnTerpasna Jlebera 10CTaToOYHO yCTaHO-
BUTH TO HEPABEHCTBO JIWIID JJisi OrpaHudeHnbrx Gyuakumii f(x) u g(x), a mna
Takux QYHKIUN JOKA3ATEIHCTBO €r0 IPOBOAUTCS II0 TOW K€ CXeMe, UTO U JJIs
maTerpana Pumana (nocrarouno paccmorperh me6erosckKoe p a3 0 u-
e HUue MHOXKecTBa E ).

®)B crienmasbHON dopme (OTHOCAIENCS K TaK Ha3bIBAEMON TPUTOHOMETpHYe-
CKOI cucreme) 3Ta Teopema 6buta mokazana B 1907 r. @. Puccom n mHezaBucumo
ot mero Pumepom. B 1909 r. Beitsis 3ameTnii, ITO CBA3b C TPUTOHOMETPUIECKOM
CHCTEMOI HECYIIIECTBEHHA U /1]l [IPUBOAUMY IO HaMu Gostee 0611y io hopMyIMpoB-
Ky (ona p = 2).
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Hoxkazareascrso. Ilycrs { f,(z)} — npoussosnbras dysma-
MeHTaTbHAsI [0CIe0BATeIbHOCTD 37eMeHToB npocrpancrsa LP(E).
[Tosnoxxum

E€p = SUp ||fm - fn”p

m2>n

(Tounas epxmss rpanb Beauanubl || fm — foll, Geperca mo MmozKe-

CTBY BCEX M, yJOBJETBOPSIONINX HEpaBeHCTBY m > n). U3 ycio-
Bus byHIAMEHTATLHOCTU MOCTe0BATEbHOCTH { f,} BbITEKaeT, 4To
en — 0 mpu n — oo. Orcroga ciaemyer, 9T0 MOXKHO BbIOpATh MOJI-
[OC/IE/IOBATEIHHOCTE HOMEPOB Ny (k =1, 2, ...) Takyto, 4T0o Oymer

CXOIUTHCA PALL 1)
o0
> en (8.52)
k=1

N3 ycranosnennoro B ponosaennn 1 k 1. 10 Boirn. 1 HepaBeHCTBA
Ténpaepa 2)

[\ g do < ({17 as) " ([ e ds)

(p >1,q= Ll) BBITEKAET, YTO Tpu p > 1

/
S nes @) = Fon D] o < [| s (2) = ()], (E[lqu)“’g

—1

p—2
<€nlcll” P

a U3 MOCIeHEr0 HEPABEHCTBA U U3 CXOAMMOCTH psja (8.52) Bbire-
KaeT CXOJUMOCTh PAia 3)

3 / P (@) — Fu ()] (8.53)

k=17

1) MocTarouso B3aTh Nj, TAKAM, 9TOOBI BBITIONHAIOCH HEPABEHCTBO &5, < 27 .

2) B yKa3aHHOM JIONOJIHEHNN HEPABEHCTBO [€/IbIepa YCTAHOBIIEHO Jijisl MHTEr-
pama Pumana. B ciyaae maTerpasna Jlebera m0cTaToO9HO yCTAHOBUTEH 3TO HEpa-
BEHCTBO JIMIIb 715 OrpaawaeHnabix Gyakmmit f(z) u g(z), no s takmx GyHK-
1Mt 3TO JI0OKA3aTeJIbCTBO IIPOBOJIUTCS IO TON JKe CXeMe, 4TO U JIJIsi MHTerpaJia
Pumana (mocraTroaso paccMorperh me6eToBCKOE pa3bue e MHO-
xectBa E).

3)Ipu p = 1 mepasencrso [éibaepa NPUMEHATH He HyKHO, 160 pazx (8.53)
coBmagaer ¢ (8.52).
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13 cxomumoctu psiga (8.53) u u3 reopembr 8.20 (cm. hOpMYTUPOBKY
9TOIf TEOPEMBI B TEDMUHAX Psijia) 3aK/II0YaeM, 9TO TOYTH BCIOTY Ha
FE cxomurcs psin

Z | Frign () = frp ()],

a CTajIo OBITH, W PSIIT

fnl +Z|f7lk+1 fnk( )|

Ho 970 03Ha9aer, 4To k-si 9acTUUHAS] CyMMa YKA3aHHOIO Psijia, PaB-
Hag fp, ., (r) cxommres mourm Berogy Ha F K HEKoTOpoit hyHK-

wun f(z). Hanee, nockonsky || fm(z) — fn, (2)ll, < em npu mobom
HOMepe m u JI00OM Ny > M U TMOCKONBKY [fm(z) — fn,(2)] —
= [fm(z) — f(z)] npu k —> 00 TIOYTH BCIO,Z[y Ha F, T0 mo Teope-
me Qary 8.21 [|fn(z) — f(z)l, < em (mpm mobom womepe m), a

9TO U O3HAYAET CXO,ZLI/IMOCTB nocieposarensbuoctu { fr,(z)} 8 LP(E)
Kk f(z). Teopema mokazaua.

8. BakJrounTesibHbIe 3aMmevyanud. [lenTpasbHBIM MOMEHTOM
Teopun Jlebera ABIAETCA 3aMKHYMOCTL OMHOCUMENLHO ONEPALUL
npedeavroz0 neperoda U B TEOPUU U3MEPUMBIX MHOYKECTB (TeopeMbl
8.3 u 8.8), u B Teopun mamepumbix (yukuuii (reopema 8.13), u B
Teopur uHTErpasa (reopema 8.22).

MbI TPOBOHIIN BCE M3JI0KEHUE JIJIsl CTydasi OIHOM MepeMeHHoi.
B ciyuae n mepeMeHHBIX CXeMa MOCTPOEHUS] TEOPUU OCTAETCs TOM
JKe caMmoii, HO 3a MCxojHoe (OCHOBHOE) MHOXKECTBO BMECTO WHTED-
Basa (a, b) ciemyer B3ATh OTKPBITHIH N-MEPHBIH TTapasiIe/enuIIe]

n

[T (ak < z < bg) (mast amcen ay AOMYCKAIOTCS 3HAYEHUS —00, &
k=1

Iyt auces by — 3Hadenus +o00). B n-MepHOM Cydae KauecTBEHHO
HOBBIM MOMEHTOM TEOPHU ABJIAETCA TOJIBKO TaK Ha3bIBacMad TEOpe-
va OybuHu 0 CBeleHUN N-KPaTHOro nHTerpasa Jlebera K moBTOPHO-
My WHTErpasay MeHbIe# KpaTHocTH. Mbl He Oy1eM OCTaHABIUBATHCS
Ha 9TOI TeopeMe.

JOIIOJIHEHUE 1

HEOBXOJAVMOE I JTJOCTATOYHOE YCJIOBUE
VMHTETPUPYEMOCTU I10 PUMAHY
He orpanuusas obmuocry, Gy/em paccMaTpuBaTh (yHKINH, OIPe/ieseH-
uble Ha cermente [0, 1]. s xaxmoit Takoit dyukimu f(x) BBEJeM Tak Ha3bl-

Baemble Gyukuuu Bapa m(z)u M(z), aprsromuecs B KaKI0H TOUKe CO-
OTBETCTBEHHO BEPXHUM W HUXKHUM IIpeaeIaMUu B 3TOM TOYUKE pa.CCManI/IBa,eMOfl



274 MEPA U UHTEI'PAJI JIEBET'A I'JI. 8

bysxmun f(z) 1) . Wrax, no onpenenenuo
m(z) = lim f(y),  M(z)=lim f(y).
y—a y—e

3amernM, uro dyHKIUKA Bopa MOXKHO OmpenesuTh U 10 JIPyroMy:

m(x) = lim | inf M(x)= lim |su

(@)= tim [ 1) 2=t [sp )]

TIe vs (wé) — 0-OKPECTHOCTH TOUKHM & (B CiIydae, ecyid & — rpanndHas Touka [0, 1],
BMECTO 0-OKPECTHOCTH CJIeyeT GpaTh COOTBETCIBEHHO MPABYIO UJIH JIEBYIO 0-TI0-
JIyOKPECTHOCTH TOYKH ).

Ouesunno, Pynkyus f(x) nenpepwena 6 mowke To mozda u Moavko mozda,
xo02da f(xo) = m(xo) = M(xo).
Teopema 8.23. Jas mozo wmobu ozparusennan na ceemenme [0, 1] pynx-

yua f(z) Ovaa unmeepupyema no Pumany wa smom cezmenme, HEOOTOOUMO U
docmamouno, wmobv, ama PyHKUUA Obiaa Henpepuenotl nowmuy 6cody Ha cez-
menme [0, 1].

Hoxazarenbcrso. [us moboro HoMepa n pasobbem cerment [0, 1]

k-1 k
Ha 2" WHTEpPBAJIOB A,(cn) = (2—n, 2—n) (k=1,2,3,...,2") u BBeaeM B pac-
cMOTpeHue zBe crymneHdarble GyHKuun ¢n(r) u ®,(x), nomaras Ha KaxIoM
WHTEpBAJIe A;c") dyukuun p,(z) 1 ®,(x) COOTBETCTBEHHO PABHBIMU iI(lf) fly)
AL
u sup f(y), a B roukax k/2" (k=1,2,...,2") obe dynkiun ¢, (z) u ®,(x)
(n)
Ak

pasubiMu Hy/mo. Torma mjig kaxnoit Touku ¢ # k/2", B34B CTArMBAIOLLYIOCS
K & IIOCIEJ0BATENbHOCTh HHTEPBAJIOB AEC"), MBI [IOJIy9¥M, 9TO

lim @, (z) = m(z), lim ®,(z) = M(z). (8.54)

n— o0 n—0o0

Takum 06pa3om, cxoauMOCTh (8.54) UMeeT MECTO MO YT W B CI0 [y HA CETMEH-
re [0, 1]. Tak kak crynenuarsie byHKuUn @, (z) u P, () 3aBe10MO U3MEPUMBL
ua [0, 1], To u3 (8.54) u u3 Teopemsr 8.13 cienyer, uro u ¢pyukuuu Bapa m(z)
u M (x) uamepumsr Ha [0, 1].

13 (8.54) mony4mm, uro nouru Beroay Ha [0, 1]

lim (@, () — pn ()] = M(x) — m(2).

13 mociremero coorHoOIIeHNs B CUILy CIeACTBUS U3 TeopeMsl 8.19 BrITekaer,
uro 2)
1 1
nan;O {[@n(z) — pn(z)]dz = Of[M(w) — m(z)]dz. (8.55)

Ocraercs 3aMeTHTD, YTO

f{)n (z)dx = Sy, fgon (z)dz = sn, (8.56)
0 0

1) B ciyuae, eciiu B IpOM3BOJIBHO MAJION OKpecTHOCTH TOUKHM & byHKIms f(1)
HE OrpaHWYeHa CHu3y (CBEpPXY), Mbl TIOJIATaeM HUKHWH (BepxHUit) mpenen f(z)
B 9TO TOYKe PaBHBIM —00 (400).

2) B nasbHeiimem Bee WHTErpaJibl B JIOMOTHEHUHU 1 TTOHUMAIOTCS B CMbICTe Jle-
bera.
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rae Sy, U $p, — COOTBETCTBEHHO BEDPXHsASA U HUXKHsAA cyMMbl Japby, oTBegyatoniue
pasbuenuio {A;c”)} (k=1,2,3,...,2").
13 (8.55) u (8.56) cieayer, arTo
1
lim (Sp, — s,) = [[M(z) — m(z)]dz,
n— o0 0

Tak 910 (B cmiay i 10 Bbur 1) HeoGxoauMOe U JJOCTATOYHOE YC/IOBHE HMHTE-
1

rpupyemocta o Pumany mpusomurcs k pasencrsy [[M(z) — m(z)]dz = 0.
0

Ho nocmemnee paBeHCTBO B CHJLy YCIOBHs SKBHBAJIECHTHOCTH HYJIO HEOTPHUIIA-

TeJIbHOW m3MepuMoit u cymmupyemoit dyukiuu (cm. m. 4 § 4) o3Hauaer, 91O
M(z) — m(z) = 0 mouru Bcrony Ha [0, 1]. Teopema goka3aHa.

JOIIOJIHEHUE 2

HEOBXOJMNMOE 11 JOCTATOYHOE YCJIOBHUE

VMHTETPUPYEMOCTU OTPAHUYEHHOU ®YHKIITNN
II0 JIEBET'Y

Teopema 8.24. [as mozo wmobv, 02paHUMEHHGA HA USMEDUMOM MHOMHCE-
cmee E gynwyua f(r) asaasacy unmezpupyemoti 1a 3mom MHOICECTNEE TO
Jebezy, neobrodumo u docmamourno, 4mobv. 3ma GYHKUUA ObLAG USMEDPUMA HG
mroorcecmee E .

Jdoka3zareubcTBo. JJoKa3aTeJbCTBO JOCTATOYHOCTH COCTABJISIET CO-
nepxkanve TeopeMbl 8.16, OTOMY B JI0KA3aTE/JHCTBE HYKIAETCs JIUIIb HEOO-
XOIUMOCTb.

IIycrs dbynkuua f(x) orpanmvena m maTerpupyema mo Jlebery ma mamepn-
MOM MHOXKecTBe F. DT0 03HAYAET, 9TO BEPXHUI U HUKHUM HHTErpaJibl Jlebera
OT 3TON (QYHKIUU PABHBI APYT APYTY, U, CTAJIO OBITH, CYIIECTBYET IOCJIEI0BA~
TEeJILHOCTH pa3duenwnit T, = {E,gn)} MHOXKecTBa F Takas, 94TO COOTBETCTBYIO-
IIye IOC/IeJOBATeIbHOCTH BepXHUX { Sy, } ¥ HIKHUX {S, } CYMM yIOBIETBOPSIOT
ycioBuio Sy, — sp, < 1/n, npuuem xaxgoe nocienyoee pasbuenue T, = {E,(C")}

-1
SIBJISIETCS M3MeJIBIeHIeM IIpeablayero pasbuenns 1,1 = {E,(c" )}. (s mo-

CTPOEHMS TAKOM II0CJIEI0BATEIBHOCTH PA30UEeHMIT I0CTATOYHO TaM, TIe 3TO Heob-
X0IMMO, GpaTh MPOU3BEJEHNE BBOAUMBIX Da30WEHMI. )
Hamomuanm, 9ro 110 onpeiesieHuio

S =ZM£H),|EI(CH)|’ sn=zm£n),|El(cn)|’
k &
rme MM (n) _
e k n mk COOTBETCTBEHHO TOYHAd BEPXHAA U TOYHAA HUXKHAA T'Das
mn f(z) ma mmoxectse B\,
Omnpesesm fBe nocenosarensroctd gyrxmuit {f, (z)} u { [ (z)}, mo-
noxus dyukmmo f, (x) pasmoit M, ,i") Ha MHOYKECTBE E,En), a Qynkumo f (z)

,(c") Ha MHOXKECTBE E,E").

paBHOIT M
OueBnIHO, YTO MIst KAsKI0T0 HOMepa n obe bynkuuu f, (z) u in(l') usme-
pumbl Ha MEOKECTBE E (160 5T DyHKIMI ABAAIOTCS JTMHEAHBIMA KOMOMHAITA-
SIMH XapaKTePUCTUIECKUX (DYHKIMH U3MEPUMBIX MHOMKECTB E,(c")).
Kpome TOro, 09eBmIHO, UTO IHOCTIENOBaTeTbHOCTs {f, (z)} He BO3pacTa-

eT, a H0C/IeI0BATEIBHOCTD { f, (z)} me ybbiBaer na MHOXecTBe E, mputdem s
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J1060ro HOMepa 1 B KayKI0i TOYKe MHOXKeCTBa E cripaBes MBI HEPABEHCTBA
[, (@) < f(2) < F(2). (8.57)
Monoxum f(x) = nh_)rgo Folx), flx) = nlgr;o £, (x). Us (8.57) sakmouaem, aro B
KaXKJI0M TOYKE T
f(@) < f(2) < o), (8.58)
npudeM B cuily TeopeMmsl 8.13 dynkimm ?(x) uf (z) namepumbl Ha MHOXKecTBe E.

13 teopemsr B. Jlesu 8.20 momydum, 9T0

nlgr{)log[fn(x) —in(:t)] dx = J![7(310) —i(x)] dx. (8.59)

U3 onpesenenms bywkiii £, (2) uf () BbITexaer, 1o J [?n(z)—in(a:)] dr=
E
= S, — $p, upudem 1o nocrpoenuto lim (S, — s,) = 0. B cuny (8.59) aro
n—0o0
npusozut K pasenctsy [ [ f(z) — i(z)] dr = 0.
E

U3 moc/ieTHero paBeHCTBa W U3 HEOTPUIATEIbHOCTH U U3MEPUMOCTH (hyHK-
umn [ f(z) —i(x)] B cuny 1. 4 § 4 momyaum, uro f(x) — f(x) = 0 mouTu Bcroay

ma E. Crenosarensio, B cuny (8.58) f(x) = f(x) = f(x) mouru sciony na E,

U TI0CKONbKY byHKImn f () 1 f(x) m3mepuver Ha MuOKeCTBE E, TO TIO CBOMCT-

By 4° m3 . 2 § 3 m bynkmma f(x) Takxke mamepuma ma muOKecTBe F. Teopema
JIOKa3aHa.



Fr'TABA 9
NMHTET'PAJIBI, SABUCAIIINE OT ITAPAMETPOB

B 3T0i1 ri1aBe MBI M3yUNM CHENUAJIBHBIN KJtace (pyHKIW, KOTO-
pBIif XapakTepu3yeTcs OOIMUM HANMEHOBAHWEM «HWHTErDAJILI, 3aBHU-
camue oT mapamerpay. IIpencrasierne 06 3Tux QYyHKITHIX MOKHO
MOJIYIUTh, €CJIA TPOUHTEIPUPOBATH TI0 I MPU KaXKI0M (PUKCHPOBaH-
HOM ¥y (PYHKIMIO JIBYX TIEPEMEHHBIX T U Y. B pesyabprare, oueBuiHO,
nostyauTcs (PYyHKIUS, 3aBUCAIIAS OT TTapaMerpa y.

EcrecTBeHHO BO3HUKAIOT BOIPOCHI O HEIPEPBIBHOCTH, UWHTEIPHU-
pyemocty u nudpepeHImpyeMocT TakuxX (DyHKIUH. DT BOTPOCHI
OyyT U3yUEHBbI B HACTOSIIEH ryIaBe.

CoBepIleHHO SICHO, YTO WHTErPUPOBAHUE [0 apryMeHTy I He
00s13aTeIbHO JOPKHO ObITH COOCTBEHHBIM — €CJIi 00JIaCTh, B KOTO-
poit 3anana dyukims f(x, y), asasgercs 6eckonednoit mosocoit I1 =
={a <z < o0, ¢ < y < d}, To uHTErPUPOBaHUE TIO X TP (PUKCUPO-
BaHHOM ¥ OyIeT MPOW3BOIUTHCS MO TIOMYTPIMO, W MOITOMY COOT-
BETCTBYIONINN WHTErpas 0 TEePEeMEeHHO| & OymeT HeCcOOCTBEHHBIM.
Takum 06pa3oM, BO3HMKAET MOHSTHE HECOOCTBEHHBIX WHTEIDAJIOB,
3aBUCAIINX OT TapameTrpa. B sToit ryiaBe 6yayT n3ydeHbl CBONCTBA
TaKWX UHTEPAJIOB.

ITomuepkHeM, 9T0 BCIOY B 3TOI IJIaBe U3yJat0TCst PYHKIIAN, UH-
Terpupyembie o Pumany, a we no Jlebery, u Bce uaTerpasibl, cobcT-
BEeHHBIE WU HECOOCTBEHHBIE, TIOHUMAIOTCS B CMbICIe PuMana.

§ 1. CoGcTBeHHbIE MHTETPAJIbl, 3aBUCSIIE OT TTaApaMeTpa

1. TTousiTMe MHTErpasia, 3aBUCAIIEr0 OT Mapamerpa. [lycrs
B npsivoyrosbauke II = {a <z < b, ¢ < y < d} onpenenena dyHk-
mus f(x, y), uATErpEpyeMasi MO I Ha cerMenTe ¢ < £ < b mpu
JI060M (PUKCHPOBAHHOM ¥ W3 cerMenTa ¢ < Yy < d. B aTom ciydae
Ha cermenTe ¢ K Yy < d onpejesena (pyHKIHs

1) = [ £z, y) da. 0.1)

Ha3BIBACMAA UHMEZPAAOM, 3A6UCAUUM oM napamempa y. PyHK-
must f(z, y) Moxker ObITh 3ajaHa W Ha MHOXKeCTBe Gosiee 0BIIEro
Buga. Hampumep, obiacrbio 3aganus f(x, y) MOXKET CIyKUThb CJie-
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aytomee muoxecrso D = {a(y) < = < b(y), ¢ < y < d}. B srom
caydae Ha cermente [¢, d] onpezenena (DyHKIMsI OT Y C HOMOIIBIO
coorromenus (9.1), HO Tpejesbl UHTErpUpoBanus a u b OyayT 3a-
BUCETH OT Y. Mbl U3y4nM CHavasa Caydail, KOrJaa Mpeaesbl HHTer-
PUPOBAHUS TOCTOSHHBI.

2. CBoiicTBa HENIPEPBIBHOCTH, MHTErPUPYEMOCTHU U JTu-
depeHInpyeMoCT NHTErPajioB, 3aBUCAIIAX OT MapaMeTrpa.
Cuienyromue TeopeMbl Jaf0T OTBET Ha MEPEeYUCIeHHbIe BOIPOCHL. B
3TuX TeopeMax cuMBosioM II MbI 6ymeM 0603HAYATEH MPSIMOYTOJILHUK
{a<z<b c<y<d}.

Teopema 9.1. Ecau dpynxyua f(x, y) nenpepwisna 6 npamoy-
2oavruke I1, mo dynxyus I(y), onpedesennas coommowenuem (9.1),
Henpepusna na cezmenme [c, d.

Hoxkaszarenbcrso. U3 dopmyist (9.1) BerTekaer, 4ro npu-
pamenune Al = I(y + Ay) — I(y) dynkuun I(y) pasuo

b

ITockonbky 110 Teopeme Kanropa dyukuus f(z, y) paBHOMEPHO He-
npepbiBHa B npsMoyroibhuke II, o mo ganuomy € > 0 MOXKHO
ykazarb takoe 0 > 0, 4ro mpu Bcex = u3 [a, b] u Bcex y u (y +
+ Ay) u3 [¢, d] Takux, uro |Ay| < §, BHIIONHSAETCS HEPABEHCTBO

|f(z, y + Ay) — f(z, y)| < ﬁ Ho Torma u3 coornomenust (9.2)

BbITeKaeT, uto npu |Ay| < § BbimosnHsiercst HepaseHcTBo |Al| < €,
KOTOpOE 03HaYaeT HenpepbiBHOCTH dyukiun I(y) B KazK 101t TOUKe y
cermenta [c, d]. Teopema mokaszana.

Teopema 9.2. Ecau pynxyus f(z,y) nenpepwena 6 npamo-

yeonvruke I1, mo pynxyua I(y) unmezpupyema na ceemernme [c, d).
Kpome moeo, cnpasedausa hopmyaa

d dr b b d
[1(y)dy = f[f flz,y) dw] dy = [ da [ f(z,y)dy.  (9.3)

c

VHbIMI C/IOBaMHM, B YCIOBUAX TEOPEMbI UHTErPAJ, 3a6UCAULUTE
0Mm NAPAMEMPA, MONACHO UNMEZPUPOSATDL NO NAPAMEMPY N0 3Ha-
KOM UHMEZPAAQ.

Hokazareancrso. Cornacao teopeve 9.1 dbyukuusa I(y)
HeNpepbIBHA Ha cermMeHTe [¢, d] u 1m09TOMYy WHTEerpupyemMa Ha 3TOM
cermente. CrpasemuBoctb opmysibl (9.3) cienyer u3 paBeHCTBA
[MOBTOPHBIX UHTErPaIoB, (purypupytomux B coorromennu (9.3) (aru
uHTerpasbl pasHbl asofinomy uurerpaty [[ f(z, y) dz dy. Teopema

il

IIOKa3aHa.
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Bameuanue. B coorromennn (9.3) BMECTO BEpXHEro mpejie-
Ja d MHTErprpOBaHUS MO Y MBI MOXKEM IIOCTABUTH JIOOOE YUCIIO U3
cermenra [c, d].

Teopema 9.3. Ecau gynxyus f(x, y) u ee wacmnas npouseoo-

of

Haf - HENPEPHIGHDL 6 NPAMOY20AbHUKE I1, mo ¢pynryua I1(y) dugp-
Y

dI
pepenyupyema na ceemenme [c, d| u ee npoussodnas 5 Moorcem
Y
bvms natidena no dopmyae
b
ar _ of (x
= Y) 4o (9.4)
dy oy
a
WHbIMU cTOBaMU, B YCIOBUIX TEOPEMBI UHMEZPAA, 3A6UCAUUL 0m
napaMempa, MOHCHO JuPPePeHUUPOBamMsd NO NAPAMEMPY N0 3HG-
KOM UHMEPANG.
HokazaTeabCTBO. PacCMOTPUM CJIEIYIOIIYIO BCIIOMOTATE b~

HYT0 DYHKITHIO: ,

gly) = / %y’y)dx. (9.5)

a

of

Tax kak — HempepwIBHA B npamoyroabHuke 11, To mo Teopeme 9.1
8 Y

dbyukiws g(y) HenpepblBHA Ha cermeHTe [¢, d| U WHTErpasa or IToi
dbyukimu no cermenty [¢, y] Moxker GbITh HaifijgeH 1m0 dhopMmyse uH-
TErPUPOBAHMUS TIO]T 3HAKOM HHTerpasia. COTIacHo 3aMeIaHnio K TEO-
peme 9.2 mosyanm

/yg(t) dt:/bdx/y%dt:/bf(x, y) dx—/bf(x, ¢)dz. (9.6)

HOCKOJH)Kyff:Byd:B—I ffxc dx = I(c), To u3 coot-

Horerust (9. 6) [OJTy YaeM c.ne;:gyfomee npeacrasienue st 1(y):
f g(t)dt + I(c). (9.7)

Kak w3BecrtHo, mpousBojHas WHTerpaja C MEePEMEHHBIM BEPXHUM
IPEJIeJIOM OT HETMpepbIBHOW hyHKIWN g () CyIIecTByeT n paBHa 3Ha-
yenuto 1ol pynkuuu B Touke y. [losromy dyukms I(y) mud-

depeniupyemMa u ee MpOU3BOIHAS ? pasra g(y). Obpamascs K
Y

dbopmyaie (9.5) anst g(y), Mbl yGeaumces B CIpaBeyInBOCTU COOTHO-
menns (9.4). Teopema nokasana.
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3. Cayuaii, KOrJa npeaesbl UHTErPUPOBAHUS 3aBUCAT OT
nmapaMerpa. Mbl yKe rOBOPU/IN, 9TO BO3MOXKEH CIydail, KOra mpe-
JleJIbl THTErPUPOBaHKsA 3aBUCAT OT apamMerpa. Byaem caurars, 9To
dbyukmus f(z, y) 3agana B npsvoyrosbauke 11, KoTopbiit 3akmouaer B
cebe obsactsh D, onpenenennyio coornomenusivu {a(y) < z < b(y),
¢ <y < d} (puc. 9.1). Ecau npu mo6om dbuKcupoBaHHOM Y U3
cermenTa [¢, d| dyukuus f(z, y) wHTErpUpyeMa 10 T HA CEIMEHTe
[a(y), b(y)], To, oueBmamo, Ha cer-

?cJ:l MeHTe [¢, d] ompenesiena Ceyromnast
B ) I dyHKIITS:
Y4 — b(y)
! Ity) = [ f(=z,y)dz, (9.8)
: y a(y)
‘o | . [peCTaBIIomast  coboit  unmezpas,
O a ay by) b =z 3asucawut om napamempa, y Komopo-

20 npedevt UHMELPUPOBAHUL MAKIHCE
Puc. 9.1 3A6UCAM OM NAPAMEMPA.

Mpr nccmeyeM HEPepbIBHOCTD U AudhepeHnupyeMoCcTh 10 mMa-
pamerpy Takux wHTErpasos. Cieayromnime TeopeMbl TaloT OTBET Ha
TIePEednCIeHHbIE BOTIPOCHT.

Teopema 9.4. ITycmo dynkuyus f(x, y) nenpepuena 6 npamo-
yeoavnuke I, a dynxyuu a(y) u b(y) nenpepwvienvr Ha cezmenme
[c, d]. Toeda ¢ynruyua I(y), onpedeaennas coommowenuem (9.8),
Henpepusna na cezmenme [c, d.

JlokazaTeabcTBO. 3aduKCHpyeM TPOU3BOTHHOE Yy U3 CET-
menTa [¢, d] u npeacrasum I(y) B coenyiomeit dbopme:

b(yo) b(y) a(y)
Iy)= [ flz,y)de+ [ flz,y)dz— [ f(z,y)dz. (9.9)
a(yo) b(yo) a(yo)

Tak kak nepsbiit uHTErpas B npasoit yactu (9.9) npeacrasiser co-
6oit mHTErpaJs, 3aBUCSIIUI OT TTapaMeTpa Y, ¢ MOCTOSHHBIME MTPe/Te-
JIaMU WHTErPUPOBAHUS U C HEIPEPBIBHON TOJLIHTErPAJBHON (DYHK-
1ueit, To B ClIy TeopeMbl 9.1 3TOT UHTErpaJl siBJAIeTC s HeITPEPLIBHOM
dyuKIMEdt 0T y U nosTOMY TIpH Y — Yo cTpemurcs K I(yg). dus asyx
IPYTUX UHTETPAJIOB MOJIYyYaeM CJIEIYIONIre OIeHKN:

b(y)
[ [z, y)dz| <M|b(y) — b(yo)],

b(yo)
a(y)

[ flz,y)de

a(yo)
roe M = SIﬁp| flz,y) | W3 mocjieHIX HEPABeHCTB U U3 HEIIPEPLIBHO-

<Ma(y) — alyo)l,

cru byukumii a(y) u b(y) caeayer, aro npu y — Yo 00a MOCTEIHIX
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uHTerpasa B mpasoit wacrtu (9.9) crpemsites K nHysto. Takum 06-
pasom, npejen npasoi gacru (9.9) npu y — yo CymecrByer u pa-
Ber I(yo). Urak, dyukius I(y) sHenpepbiBHa B 10000 TOUKE Yo Cer-
MeHTa [c, d], T. e. HEpepbIBHA HA TOM cermenTe. Teopema J0Ka3aHa.
Hokazxkem Teopemy o auddepennupyemoctu uarerpaia I(y) mo
apaMeTpy.
Teopema 9.5. ITycmov pynxuyus f(x, y) u ee npoussodnasn ?

Y
nenpepvihv, 6 npamoyzosvruke 1. ITycmo dasee dynrwuyuu a(y)

b(y) dupdpeperyupyemv na ceemenme [c, d]. Tozda dynwyus I(y),
onpedeaennas coommnowenuem (9.8), dudpepenyupyema na cezmers-

me [c, d] u ee npoussodnas I'(y) moocem 6vims svivucaera no dop-
MYAE
b(y)

1) = [ Lo+ ¥w)f00), 1) - W ) v (©0.10)

a(y)

HlokazareabcTBO. 3aduKCUpyeM TPOU3BOJBHOE Yy U3 Cer-
menTa [¢, d] u npencrasum I(y) B dopme (9.9). Ilepsriit maTErpaI
B npaBoii actu (9.9) siBisiercst MHTErpaaoM, 3aBUCSIIUM OT T1apa-
MeTpa Y, C TOCTOSHHBIMU TIPejieslaMy MHTerpupoBanus. Tak Kak 1o

yeaosuio f(z, y) u g—f HenpepsiBHLL B 11, TO, cornacuo teopeme 9.3,
Y

MepBOe CJlaraeMoe TIpeJicTaBser coboit quddeperupyeMyo QyHK-
1110 B TOqu Yo U TPOU3BOJHAS YKA3AHHON (DYHKIUU B 3TOH TOUKE
)
of(x

paBHa f fa_yo)

a(yo) y
gacru (9.9) umeer MPOU3BOIHYIO B TOUKE ¥g. IIOCKOIBKY 9TO BTOpOE
caraeMoe obpalaercss B HYJIb [IPU ¢ = Yo, JOCTATOYHO YOEIUTHCS
B CyIIECTBOBAHUU CJIEIYIOIIETO TIPeIesia;

dx. TokazkeMm, 9TO BTOpOE CIaraeMoe B ITPaBoit

b(y)

J flz,y)dz
lim 2 (9.11)
Y—Yo Y —Yo ’

KOTOPBIX 110 OIIPEAE/ICHUIO U PABEH MCKOMOM IIPOU3BOLHOM.
[Ipeo6paszyem unrerpas B gucaurene Gopmyst (9.11). Io dop-
MyJi€ CPeJHETO 3HA4YCHUS NMeeM

b(y)

[ fl@,y)dz = f(Z, y)(by) — blyo)), (9.12)

b(yo)

npudem T 3akitoueno mexay b(yo) u b(y). Hoacrasiass Beipaxkenue
urrerpasa u3 dopmyist (9.12) B uncinrens oipaxkenus (9.11) u
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yuuThiBasg, 9ro B cuiay Henpepsisaoctu f(Z, y) — f(b(yo), yo) npu
b(y)—b

¥ — yo, a 28 = blyo)
Y=Y

cyrommit nac npegen (9.11) cymectsyer n pasen b (o) f(b(yo), o).
Paccyxmast coBepireHHO aHAJIOTHYHO, yOEeIWMCs, 9TO TPeThe CJa-
raemoe B rpaBoii yactu (9.9) Takyke UMeer MpOU3BOIHYIO B TOYKE Yo,
pasnyio a’(yo) f (a(yo), yo)-

Urak, mbl gokazamu, uro dyukuus I(y) muddepennupyema B
NPOM3BOIBHOI TOUKe Yo cermeHta [¢, d] u ee mpoussognas I'(yo)
MOKeT ObITh Bhiuucyena 1o dbopmyse (9.10). Teopema gokazana.

Saveuganne. Teopembr 9.4 u 9.5 BepHBI U B CIydae, KOTIa
dbyukius f(z, y) 3agana jgumb B obsactu D u yI0BIeTBOPSIET B
9T0it 00/1aCTH TAKUM Ke TpPeOOBAHUIM, KaK 1 B MpsiMoyrojibauke 11.

— V' (yo) npu y — yo, yGemumcst, 9T0 nHTEpE-

§ 2. HecoGcTBeHHBIE MHTErPAJIbl, 3aBUCHIIIE OT MapaMeTrpa

1. ITousitTue HECOOCTBEHHOTO WHTErpaJjia IepBOro poja,
3aBucsInero or napamerpa. IlousitTue paBHOMepHOiT cxoau-
MOCTU HEeCOGCTBEHHOr0 WHTErpaJjia, 3aBUCHILNEro OT Mapa-
merpa. Cumvsosnom Il Mbl Gyzmem ob6osHadars mosymnosnocy {a <
<z < oo, c<y<d}

[Tycrs B momynomnoce Il 3amana dyukuus f(z, y), uHTerpupye-
Masl TI0 Z B HECOOCTBEHHOM CMBIC/IE Ha MOMTYyIpaMOii a < 2 < 00 1pu
ar06om ukcupoBaHHoM y u3 cermenta [c¢, d|. Ilpu srux ycaosusx
Ha cerMentTe [c, d] onpenesena byHKIMs

I(y) = [ f(z. ) da, (9.13)

HA3LIBAEMAST HECOOCTNEEHHBIM UHMEZPAAOM NEPE020 POJa, 306UCA-
wum om napamempa y. Ipu 5T70M roBOpsAT, uro MHTerpas (9.13)
cxodumca Ha cerMente ¢, d).

B Teopuu HecOOCTBEHHBIX MHTETPAJIOB, 3aBUCSIINX OT TAaPaMeTpPa,
BaXKHYIO POJIb UT'PAET MOHATHE PasHoMephoti cxodumocmu. Chop-
MYJIUPYEM 3TO MOHSITHE.

Onpedenernue. Hecobecmeennviti unmezpan (9.13) naswsaemcs
PAGEHOMEDHO CTOJAUWUMCA NO NADAMEMPY Y HA CE2MEH-
me [c, d], ecau on cxodumcs na ceemenme [c, d] u ecau das aro-
6oz0 € > 0 mooicno yrazamov maxoe A = a, 3a6ucawee moavko
om €, wmo dasa mobozo R > A u daa ecex y us ceemenma [c, d]
BHNOAHACTNCA HEPABEHCTMEO

[ £, y) de
R

Cdopmynupyem kpurepuit Kotin paBHOMEPHOI CXOIUMOCTH HECO0-
CTBEHHBIX WHTEI'PAJIOB, 3aBUCSIIUX OT apaMeTpa.

<e. (9.14)
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Teopema 9.6. las mozo wmobv, Hecobcmeentvili urnmeapan
(9.13) pasnomepro cxoduacsa no napamempy y na cezmenme [c, d],
HEe0OLO00UMO U AOCTAMOUHO, YMobv, dad 4100020 € > 0 MOHICHO 6BLAO
YKA3AMD YUCAO0 A = @, 346UCAUEE MOADKO OM € U MAKOE, MO OAA
mobvir R u R, 6oavwux A, u dan 6cex y us cezmenma [c, d
R//

[ flz,y)dx
Rl

CrpaBeyInBOCTh 9TOI0 KPUTEPUsI BBHITEKAET HEMOCPEJCTBEHHO W3
OIpeie/IeH s PABHOMEPHOH CXOIUMOCTH.

s mpuaoykeHuit 11e71ecoodpa3Ho yKa3aTh PAM J0CTATOYHBIX
[IPU3HAKOB PABHOMEPHON CXOAUMOCTH HECOOCTBEHHBIX WHTErDAJIOB,
3aBUCAIINAX OT MapaMeTpa.

Teopema 9.7 (npusnax Beliepwmpacca). ITycmo dynx-
yus f(x, y) onpedeaena 6 noaynosoce Iy, u das xascdozo y u3
cezmenma [c, d| unmezpupyema no x Ha awbom cezmenme [a, R].
ITycmwb danee das ecex mouex noaynosocu o 6vinosnsemes mepa-

genemeo 1/ (z, y)| < g(x). (9.15)

o
Tozda u3 crodumocmu uHMEPaAG f g(x) dx swmexaem pasromep-

<e.

a
Has crodumocmsv no Yy na cezmenme [c, d] unmeezpasa (9.13).
JokazarenncTtBo. B cuny xpurepusa Ko cxoammocTu

urrerpasia or dyukipn g(x) (cm. reopemy 3.1) muas moboro € > 0
MOXKHO yKazaTh A > a Takoe, uro npu Becex R” > R’ > A Bbmon-
HSETCS HEPABEHCTBO

RI/

[ g(z)dz < e.

R/

[Tpumenss wepaperctso (9.15), momyanm

RI/ R/I

J f@,y)dz| < [ g(z)dz <e
R R

1Tl BCEX Y U3 CerMentTa [c, d.
D70 1 0O3HAUAET BBINOIHEHNE KpuTepust Kot paBHOMEpPHOIT ¢Xo-
auvocTu uaTerpasaa (9.13).

Caedcmeue. Ilyemv pynruus o(z, y), onpedesernan 6 nosy-
noaoce Iy, o2panuuena 6 smoti noaynosoce u npu KaHcoom y €
€ [c, d] unmezpupyema no x na mobom cezmenme [a, R]. Tozda,
ECAU CTOOUMCA UHMELPAN

o
J |h(=@)] dz,
a
mo crodumcsa pagHOMEPHO Mo Yy Ha cezmenme [c, d] u unmezpas

Tgp(x, y)h(x) dx.
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st moKazaTesabcTBa JOCTATOYHO B Teopeme 9.7 MmomoXuTh
f(z,y) = p(z, yh(z), g(z)=Mlh(z)], rae M = %uplw(:v, y)l-

Bamernm, 9To pU3HaK BefieprTpacca aBALETCS JTOCTATOYHBIM
NPU3HAKOM PABHOMEPHON CXOJUMOCTU HECOOCTBEHHBIX MHTErPAJIOB,
3aBUCSIIAX OT MapaMeTrpa, FapaHTUPYIONMM U abCOTIOTHY CXO-
JIUMOCTh. AHAJIOTUYIHO TOMY, KaK 9TO OBLIO CIETaHO TPU JO0Ka3a-
TEJLCTBE TEOPeMBI 3.4, MOYKHO YCTAHOBUTD CJIEIYIOMINN TOCTATOY-
HBII IIPU3HAK PABHOMEPHON CXOAUMOCTH, IIPUMEHUMBIN U K YCJIOBHO
cxopgauMcst narerpagaMm. CpaBeinBo CIeIyIONee ymeeporcienue
(npusnax Jupuzse—Abeas).

ITIyemo pynryus f(x, y) onpedeaena 6 noaynosoce s, npu
Kaotcdom y € [c, d] unmezpupyema no x na sobom ceemenme [a, R]
u ¢ wexomopoti nocmoannot M > 0 ydosaemeopaem yc.aosuro

ff(m Y) dt‘ < M.

IIpednonaootcum maxoce, wmo dynrkyus g(zx), onpedesernas
npu T = a, MOHOMOHHO HE 603PACTNAA, CMPEMUMCA K HYAO NPU
T — 400. Toeda necobemsennviti unmezpas

[ £, v)g(a) de

CTOOUNCA PABHOMEPHO MO Y Ha ceemenme [c, d).

Chnenyromuii npu3HaK paBHOMEPHOI CXOAMMOCTH OTHOCHUTCA K
WHTerpajgaM OT HEeOTPUIATEIbHBIX (PYHKIIUIA.

Teopema 9.8 (npusnax Junu). ITycmov @ynryus f(z, y)
HENPEPLIGHA U Heompuuamesvua 6 noaynosoce s, u nycmov oaa
kaotcdozo y € [c, d] cxodumca necobemeennvili unmezpan

I(y) = [ f(z, y)da.

IIyemwv danee dpynxyus I(y) nenpepwiena wa cezmenme [c, d).
Tozda unmezpan (9.13) cxodumcesa pasHoMEPHO NO Y HA IMOM Cee-
Menme.

JokazarenbCcTBO. PaccMoTpmM IMOC/IEI0BATEBHOCTE (PYHK-

nu
f a+n

I(y) = [ flz,y)dz,

KasKJas M3 KOTOPBIX B CHJIy Teopembl 9.1 HempepblBHA Ha CerMEeHTe
[c, d]. TlockombKy mogpiaTerpasbhas dbyukuus f(z, y) HeoTpura-
resibHa, TO I, () MOHOTOHHO He yObIBasi, CXOIATC HA CerMeHTe [¢, d]
Kk HenpepbiBHoil dyukiuu I(y). CiaenosarensHo, o teopeme 1.5
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(npusnak Tunu nys HyHKIMOHATBHBIX TOCTEI0BATEILHOCTE!) MO~
crnenosarenbaocTh I (y) cxoqures k I(y) pasaoMepHo Ha [¢, d]. D10
03HAYAEeT, UTO st Joboro € > 0 maitgerca momep N Taxoii, 9To

o0
Iy) —In(y) = [ flz,y)dz <e
a+N
cpasy Jyist Bcex y cermenta [c, d]. I3 meorpunarensaoctu f(z, y)
BBITEKAET, 4To s jitoboro R > N + a u mwoboro y € [c, d]

0< [ flz,y)dz <e.
R

DT0 U 03HAYAET PABHOMEPHYIO CXOAMMOCTH uHTerpasa (9.13).
Teopema nokazana,

2. CsoiicTBa HEIPEPBHIBHOCTU, UHTErPUpPyeMocTu u aud-
depeHiupyeMocT HeCOOCTBEHHBIX WHTErPaJjioB, 3aBUCSH-
mux oT napamerpa. CrpaBenBbl CIEAYIONIHE TBE TEOPEMBI.

Teopema 9.9. ITycmo pynxyua f(x, y) nenpepwvieha 6 noayno-
aoce Iy, a unmeepan (9.13) cxodumces pasromepro Ha cezmenme
[c, d]. Tozda smom unmeezpas seanemcs nenpepvienoti dynryued y
na cezmenme [c, dJ.

JokazaTreabCcTBO. PaccMoTpuM moc/ienoBaTebHOCTh PYyHK-

nun a+n

I(y) = [ flz,y)dz,

KaxKJlasi U3 KOTOPBIX B CHJly TeopeMbl 9.1 HempepbiBHA Ha CerMeH-
e [¢, d]. OueBniHO, U3 PABHOMEPHOI cxoauMocTH nHTerpaia (9.13)
BBITEKAET PaBHOMEpPHasi cXOauMocThb K I(y) byHKIMOHAIBHON 10-
crnenosarensaoctu I, (y). B Takom caydae HenpepbIBHOCTH (ByHK-
wuu I(y) cnemyer u3 Teopembr 1.7.

Teopema 9.10. ITycmo pynruus f(x, y) u ee wacmuas npous-

of

600HGA a— HENPEPLIGHDL 6 NOAYTOAOCE Hoo Hycmb dasee dns HeKomo-
Y

o0
pozo y uz cezmenma [c, d] cxodumes unmeepan I(y) = [ f(z, y) dz,
a
oo

a unmeepaﬂ/g—f dx cxodumcesa pasromepro no y na ceemenme [c, d).
Y

a
IIpu omuzx yeaosuazr dynrkuus 1(y) duddepenyupyema na ceamerme

[c, d] u ee npoussodnas I'(y) moorcem Goums natidena no dopmyae
o

I'ty) :/g_;dx. (9.16)

a
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WNupivMu ciioBaMu, TPU YCIOBUSIX TEOPEMBI JudPepenuuposarue
nO NAPAMEMPY MOAHCEM NPOUIBOOUMBCA NO0 3HAKOM HECOOCMBEEH-
HO20 UHMERPAAL, 3ABUCAUEL20 OM NAPAMEMPA.

HlokazarenbcTBO. Paccmorpum mocsenoBaTesibHOCTE DYHK-
mi

a+n

[ f(z,y)dx

ITo Teopeme 9.3 kaxnas u3 dyukuumii I, (y) muddepenuupyema
Ha cerMenTe [¢, d] ¥ CpaBeIMBO PaBEHCTBO

a+n
I'(y) = / w dz. (9.17)
Y
a
W3 ycnoBusi TeopeMbl BBITEKAET, UTO ITOCJIE[0BATETHLHOCTH HHTET-
paJioB, crosiux B npasoii yactu (9.17), cxogurcs paBHOMEPHO HA
[c, d]. CnieoBaTesibHO, K TOM Ke IMpeesbHOil QyHKINE PaBHOMED-
HO CXOZIUTCSI TIOCITE0BATENBHOCTE npou3Boanbix I (y). Ipuvenss
reopemy 1.9, Mbl mosrygaem pasercTso (9.16).
JlokaxkeM TeopeMy O cOOCMEEHHOM UHMEZPUPosaruL Hecobem-
BEHNH020 UNHMERPAAG, 3ABUCAWL20 OM NAPAMETDG.
Teopema 9.11. Ecau ewvinosnensvt ycaosus meopemsvt 9.9, mo
unmeezpas (9.13) moorcro unmezpuposams no napamempy y Ha cez-
menme [c, d], npusem

o0

d d 00 d
[Iw)dy=[dy [ f(z,y)de= [ dz [ f(z,y)dy. (9.18)

a

WubiMu cioBaMu, B YCJIOBUSX TEOPEMbI HecobCmeennul unmee-
PaA, 36$6UCAUWUT OM NAPAMEMPA, MOHCHO UHMEZPUPOSANH NO NAPA-
MeEMPY N00 3HAKOM HECOOCTNEEHHO20 UHMEZPANG.

HokazarenbcrTBo. Tak Kak BBIIOJHEHBI YCIOBUSA TEOPEMbI
9.9, To dyukums I(y) HenpepbiBHA Ha cermeHte [c, d| u, ciemoBa-
TeJIbHO, HHTErpUpyeMa Ha 3TOM cermente. Ilepeiizem K mokazaresib-
crBy coorrorennii (9.18).

Ucnonb3ysi CBORCTBO paBHOMEpPHO# cxoumocT uarerpasa (9.13),
MBI MOXKeM 110 Jannomy € > 0 ykazats Takoe A > a, atompu R > A
1Tl BCEX Y U3 CerMenTa [¢, d] crpaBejinBo HEPABEHCTBO

/ z, y)dr| < —— (9.19)
d ¢
R

Cunras panee R > A u ucnonb3yst BOSMOXKHOCTD TIEPECTAHOBKH T10-
PslIKa, MHTEIPUPOBAHUS /I COOCTBEHHBIX MHTEIPAJIOB, 3aBHCSIINX
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OT TIapaMeTpa, 00pPaTUMCT K CAEIYIONIUM OYEeBUIHBIM PABEHCTBAM:

d dl R fe's)
J 1) dy = f[ff(x, s+ ] foy da:] dy =

C :fdx[fﬂx, ) dy| +fdy[zof(m7 y)da).

13 s1ux coorHomennit u wepasencrsa (9.19) BbiTekaer ciepyroree
HEPAaBEHCTBO, CIpaBeINBoe s Beex R > A:

d R d
Cff(y)dyafdﬂc[cff(% y)dy”< €,

%] d
KOTOpOe o3Hadaer, 4ro Hecobcrsennsiit nurerpan [ dz [ f(z, y) dy
a C

d
10 mepeMeHHOR % cxopurcs u pasen uucity [ I(y)dy. Teopema mo-

c
Ka3aHa.

Bameganune. OuesugHo, B coornomenun (9.18) BmecTo Bepx-
HeTo Tpejiea d HHTETPUPOBAHUS 10 i MBI MOYKEM MTOCTABUTH JIIOOOE
IHCI0 U3 CeTMeHTa, [¢, d].

Caedcmeue. Ecau pynxyua f(z, y) nenpepwiena u neompuya-
meavha 6 noaynoaoce Ll u unmeepan (9.13) asasemca nenpepwis-
noti pynryued na ceemenme [c, d], mo cnpasedausa gopmyaa (9.18).

B camom gene, pm chopMyIHpPOBAHHBIX TPEOOBAHUIX BBITTOJ-
HEHBI BCE YCIOBUs Tpu3Haka JlwHM paBHOMEpHOW CXOAWMOCTH WH-
rerpana (9.13) (cm. teopemy 9.8). Takum obpazom, yTBepKaeHue
CITEJICTBUS CITPABEJIINBO.

JloKaxkeM TeopeMy 0 HecoBCTEEHHOM UHTNE2PUPOSAHUL HECODCT -
B6EHHO20 UHMELPAAG, 3ACUCAWE20 OM NAPLMEMPA.

Teopema 9.12. Hycmb Pynryus f(x, y) Heompuyamesvra u
Henpepuena npu T = a u y = c. [ycmo dasee unmezpanvs

ffxydqu ffxydy

HENPEPHIEHDL COOMBEMCMEEHHO NPU Y = ¢ U T = a. Toada u3 cxo-
dumocmu 00H020 U3 CACOYOUUT I8YT HECODCMBEHHBIT UHMELPAN0G

Tf(y)dy: Tdyjof(:z, y)dr wu TK(x)dac: de}of(x, y) dy

BHIMEKAET, CLOOUMOCTND IPY2020 U PABEHCMEO IMUL UHMELPAAOS.
Hoka3zaTeabCcTBO. JomycTuM, 9TO CXOJUTCS WHTErpaul

e.0) e.0)
J I(y) dy. Haum my>xu0 nokasars, uro unrerpan [ K(z)dz cxopurcs
a
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1 paBeH f I(y) dy. NapiMu cioBaMu, HY?KHO JIOKA3aTh, YTO JIJIsT JIEO-

boro € > O MOYKHO HaiiTi Takoe A > a, uro npu R > A BBITIOIHSIETCSI
HEPABEHCTBO

00 R
JI(y)dy — [ K(z)dz| < e. (9.20)

W3 ycioBuit TeopeMbl BBITEKAET, UTO MpH JIOO0M (DUKCHPOBAHHOM
R > a nna dyskmuu f(z, y) B motynosoce {a <z<Rc<y<
< oo} BBITIOJIHEHBI YCI0BUS caeacTBus u3 Teopembl 9.11. IToaTomy
ng m060ro R > a cripaBeimBbl COOTHOIICHUS

R R 0 0 R
[K(z)de = [dz [ f(z,y)dy = [ dy [ f(z, y)dx
a a (4 C a
[ee]
Ucnonbsyst 9tu paseHcTBa U cxopumocts uarerpana [ I(y) dy npe-
C
obpasyeM pa3HOCTh, HAXOAAILYIOCA 110/ 3HAKOM abCOMIOTHON BeJIH-

gunbl B Hepasencrse (9.20). Hus sroboro R, mpeBocxopsimero c,
3AITAIIIEM PABEHCTBO

fI(y)dy—fK(a:)dx=fdyff(:1:yd:z:—fd [ fz,y)dz =
C a C a a
o oo oo o ﬁ o
=[dy [ f(z,y)de = [dy [ f(z,y)dx+ [dy [ f(z,y)dz.
¢ R R R ¢ R
(9.21)
[Tepeiisiem K OleHKE MOCTEAHUX WHTErpasioB B coorHomenun (9.21).

o
Tak xak no ycnosuio [ I(y)dy cxomuress, To no nansomy € > 0
c

MOXKHO yKa3aTb Takoe R > ¢, uro BeinosHsiiorcs HepaBercTsa (0 <
o0

< [I(y)dy < €/2 '). Bavensas B sTux Hepasencrsax I(y) ero

R
BbIpasKE€HUEM uepe3 MHTerpaJ, IOoJIy4uM CjlelyIollre HepaBeHCTBa:

[ee] o0

0< [dy[f(z,y)dz < &/2. Orcrona u U3 HEOTPULATENBHOCTH
R a B

f(x, y) 3akmouaem, uro npu BeIGpanHoM R > ¢ u jwo6om R > a

1) JleBoe u3 THX HepaBeHCTB CileyeT U3 HeoTpuuaTenbHOCTH byHKIIHA f (I, )
opuc >2auy>c
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CIIpaBeaJInBa OILICHKaA

0< [ dy [ f(z,y)dx < e/2. (9.22)

ll—g
=l =g

Badukcupyem renepb R Tax, Kak yKa3aHO BbIIIe, 1 BOCIOIb3YeMCs

POM3BOSIBHOCTHIO BBIGOpa, R. B mosymosoce {a T <00, c< R}
dyuxusa f(z, y) yIoBIETBOPAET BCEM YCIOBHIM HpI/ISHaKa I[I/IHI/I
PABHOMEPHOI CXOIMMOCTH HECOOCTBEHHBIX MHTErPAJIOB (CM. Teope-
my 9.8). Ilosromy no manuomy & > 0 MoxkHO BbIOparh A > a Taxk,

9To A7 moboro R > A w ajia Beex y U3 cermenTa [¢, R BBITOTHA-
torcs mepasencrsa 0 < [ f(z, y)dz < —— . U3 KOTOPBIX TOJIY-
V] 2(R—c)

R —C
HaeTCd CJIeAyIOoTasd OIEHKa:

0< yff z,y)dr < e/2. (9.23)

o \:UII

Obpamniasch K BBIPAKEHUIO (9.21) u K onenkam (9.22) u (9.23) mo-
CJIEIHUX WHTErPaJIOB B 9TOM BBIPAYKEHWUH, Mbl BUJIUM, YTO JIJIsI TIPO-
n3BosbHOrO € > (0 MOXKHO BbIOpaTh A > @ Tak, 4TO AJs JIHO60ro
R > A semommserca nepasenctso (9.20). JokasaTenrbcTBO Teope-
MBI 3aBEPIIEHO.

3. HecoGcTBEeHHBIE MHTErPAJIbl BTOPOrO PO/Ia, 3aBUCAIIIE
oT mapamMmerpa. Bsejem noHsaTre HeCOOCTBEHHBIX HHTEIPAIOB BTO-
POro poja, 3aBucsnmx or mapamerpa. Illycrs dyukuus f(x, y) 3ana-
Ha B MOJIyOTKPBITOM npsiMoyroabauke 11 = {a <z < b, ¢ < y < d}.
Homnycrum, aro npu j06oM GUKCHPOBAHHOM Y W3 CerMeHTa [c, d]

b
HECOOCTBEHHBII nHrerpan sroporo poaa [ f(z, y) dz cxogurcs. Ipu

(]
9THUX YCJIOBHSIX Ha cermenre [c¢, d| onpejesena (yHKIMs

b
= ff(:l:, y) dz, (9.24)

Ha3bIBaEMas HECOOCMBEHHBM UHMEZPAAOM 6MOPO20 POJa, 3G6UCH-
WuM om napamempa y.

B Teopun Takux HHTErPAJIOB BAYKHYIO POJIb UT'PAET HOHATHE Pas-
Homeprot crodumocmu. ChHopMyupyeM 3TO MOHSATHE.

Onpedenenue. Hecobecmeennviti unmezpan (9.24) naswsaemcs
PABHOMEPHO CTOJAWUMCA NO NAPAMEMDPY Y HA
cezmenme [c, d], ecau on crodumcsa Oas KadHcA020 Yy u3 cezmenma
[c, d] u daa mobozo € > 0 mooicno ykasamo makoe 6 > 0, 3a6ucauee

10 B. A. Nabun u 3. I. Tlo3uak, gactsb 11
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mMoAbKO 0m €, ¥mo O A106020 a u3 unmepsars 0 < o < § u dan
6cer y u3 ceemenma [c, d| 6bNoOAHAEMCA HEPABEHCTNGO

b

[ flz, y)de

b—a

<e.

s HeCOOCTBEHHBIX WHTEIPAJIOB BTOPOTO poma 6e3 Tpyaa dbopmy-
JINPYIOTCST W JIOKA3BIBAIOTCS TEOPEMbI O HEIPEPBIBHOCTU, WHTEIDHU-
pyemocty u audHEepeHnupyeMoCTH M0 TapaMerpy.

OrMeTnM, 9TO ¢ TIOMOIIIBIO TTPEobpa30BaHUs IEPEMEHHON &, yKar-
3aHHBIX B 1. 2 § 2 1. 3, HECOOCTBEHHBIE MHTErPAJIBI BTOPOIO POJIA,
3aBUCAIINE OT MAapaMeTpa ¥, CBOAATCS K 3aBUCSIIUM OT MapaMeTpa
HECOOCTBEHHBIM HHTErpaJjiaM MEePBOTO POJIA.

§ 3. lIpumeneHre TeopUM MHTETrPAJIOB, 3ABUCHIIIUX
OT TapamMeTpa K BbIUUCJIEHUI0 HECOOCTBEHHBIX MHTErPAJIOB

Omneparnuu HaJT HECOOCTBEHHBIMY WHTErPAIAMU, 3aBUCSIITAMHI OT
napamerpa, 060CHOBAaHHBIE B TIPEBIAYIEM maparpade, mo3BOIIOT
BBIUUC/SITH PA3JIAIHbIE HECOOCTBEHHBIE WHTETPAJIHI.

PaccmoTpum mpuMephbl BRIYUCTEHUS U UCCIETOBAHIS CBOVWCTB Ta-
KUX WHTErPAJIOB.

1°. HokarkeMm, 9TO WHTErpaJ

I{a) = /e“’“ﬂ dz, (9.25)

nojbIHTerpaibHas MYHKIMS KOToporo B Touke £ = ( 1o ompe/e-
JIEHUIO PaBHA €UHUIE, CXOJINTCS PABHOMEPHO OTHOCHUTEIHHO ( HA
nostynipstmoii 0 < a0 < 0o. Mbl nmostyunsM cHavuaJ1a HEKOTOPbIE OIEHKH.
3aMeTnM, BO-TIEPBBIX, UTO

/6_0”C sing dz = £(asnT + cosz) +C = ®(a, z) + C.
1+a?

Ouesugno, ipu « > 0 u z > 0 dynkunsa P(a, z) (apagomascs
nepBoobpazuoit mis dbyukuun e~ “F sinx) orpaHuyeHa:

14+«
1+ a2

®(er, 3)] < 15 <2, (9.26)

OneHnM CJIenyIONIUI HHTErPaJI:

T

o0
/e_owCM dx (R>0).
R
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Wurerpupys mo gactsam mpu jaroboM pukcupoBaruoM « > 0, Halizem

o0 o

/e_ax sin de| = [@(a, x)]oo+/<1>(a, z) dz| <
z T R x?
R R 0
< |<I>(a, R)l _l_/(I)(a’ 1.) dx.
R 2
R

U3 s1oro HepasencTBa u HepaBeHCTB (9.26) momydyaeM CJIeIyoILy o
OLICHKY:

o0 o0
—agz Sinx 2 dz 4
—dr|<=+2 | = =—=. 2
/e —dz \R—i- /a;i’ = (9.27)
R R

U3 9101 OIEHKM BBITEKAET PABHOMEPHAS CXOUMOCThH WHTErPaJIa
(9.25) mo « ma nosynpsimoit 0 < a < 0o. [eiicTBuTesibHO, MyCTh € —
[IPOM3BOIBHOE MOJOKUTETBHOE Y10, BhiGepem mo s1oMy € 4mciio
A > 0 tak, 9T06BI BBHITIOJHSIIOCH HEPABEHCTBO

4
— <e&.
A
flcno, uro Torga pu R > A, B cuny onenku (9.27), anst Beex a = 0
CIIPaBeIJINBO COOTHOIIIEHNE
[ee]
_ag Sinx
e 2 dx| < e,
x
R
O3HAJAOIIEee PABHOMEPHYIO CXOAWMOCTbH TI0 (¢ HA MOJYIPSIMON
0 < a < oo uccnegayemoro unrerpasa (9.25).
2°. Hcnonb3yeM TOIBLKO YTO IMOJYUYEHHBIE BBIBOIALI JIJIST BBHIUHC-

JIEHUA WHTEerpaJia 1)
o

I= / 02 dx. (9.28)
xr
0
OTMernM, BO-TIEPBBIX, 9TO YKA3aHHBIA MHTErPaJ IPEACTABIAET COOOM
npejesbHoe 3Hadenue npu o — 040 dyuxiun I (a), onpeereHHoi
coorromiennem (9.25). JeficTBuTebHO, MOABIHTErPAbHAST (DYHK-
st B uaTerpase (9.25) nenpepsisaa npu « > 0u z > 0 (npu z =0

91a QYHKIMsS CIUTAETCA PaBHOI exuuuIe), a uarerpan (9.25) pas-
HOMEPHO cxoauTed 1o « Ha noaynpamoi 0 < a < oo. IlosTomy,

1) CxomuMocTh paccMaTpHBAEMOro MHTErpaja GblIa yCTAHOBIEHa B L 2 § 1
. 3.

10%*



292 NHTETI'PAJIBL, SABUCHAIIUE OT ITAPAMETPOB IJI. 9

coryiacHo Teopeme 9.9, unrerpan (9.25) npegcrasasier coboil Hempe-

peiBHYTO byHKINIO (¢ Ha moaynpsamoit « > 0. Orcioga ciegyer, 4To
o

1m_m@=fzfﬂﬂwm (9.29)
a—0+0 T
0

Mebr nonyuum gias dbysxiun (@) crenuasbHOe MPeJCTaBIeHue, ¢
MOMOIIBI KOTOPOro Oyjer HaiijeHo 3Hauenue npenena (9.29). dro
NpeICTABIEHHE MOy IaeTCA U3 BhIpazkeHnud it npon3soauoit I ().
IlosToMy cHawvasa MBI JOMKHBI yOEAUTHCST B BO3MOXKHOCTH Jwd-
dbepennmposanus unrerpasa (9.25) mo mapamerpy « moj 3HAKOM
naTerpasa. g 9Toit 1esm mpoBepuM BBITIOTHEHUE YCJIOBUI Teope-
Mol 9.10 npumennTensro K uarerpasy (9.25). OueBuHbl HeNpPepbIB-
HOCTH TOALIHTErpaabHON (DYHKIINA U ee JaCTHON MPOM3BOIHON IO
mapamerpy a pu & = 0 u z > 0. O6paTmmcs Ternephb K BBISCHEHUTO
BOIIPOCa O PABHOMEPHON CXOJUMOCTH TI0 (¥ MHTErPaja

o

— [ e *sinzdz (9.30)

0
OT YaCTHO# MPOU3BOJIHON MobIHTerpaibHoil dyHkImY B (9.25). Ouk-
cupyem Jio6oe A > 0. Tak kax mpu Bcex « > A CripaBeInBO Hepa-

o

—ax —A

1 TaK Kak uHrerpan [ e~ A7 dg cxonur-
0

cst, O mo npusHaky Beitepmrpacca (teopema 9.7) unrerpas (9.30)

cxonuTes pasHOMepHO 1o « nipu « = A. Tlockonbky A — mo6oe

MOJIOXKUTEIBHOE YUCTI0, Mbl MOXKeM U depeHupoBaTh WHTErPAJ

(9.25) moy 3HAKOM WHTErpaJsa 1o napamerpy « mnpu Jjrobom a > 0.

Wrak, npu o > 0

BeHCTBO |~ ** sinz| < e

o

I'(oz)=—/e_‘msinxdx:— L
14+a?

0
Wurerpupys JeBYIO W TIPABYI0 9aCTH MOCTETHAX COOTHOIIEHUM, TT0-
Jgyanm mpu « > 0

H@z—/lﬁﬁ:—wma+a (9.31)

sin ¢

Haiinem mocrosmmyo C. Tak kak < 1 opu z > 0, To u3

T
Bbipazkenus (9.25) npu « > 0 mOayIMM HEPABEHCTBO

o0
_ 1
()] < /e 0r gy = L
(e}
0
us3 KOTOpOFO B])ITeKaeT, qgTO

lim |I(a)] =0,

a— 00
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7 CTAJIO OBITH,
lim I(a) = 0. (9.32)

a—r00
Tak kax 1i_>m arctg o = /2, ro u3 (9.31) u (9.32) naxomum, uro C' =
a— 00

= 7 /2. Urak, npu a > 0 dyukwst I () MoxKer OBITH IpPeICTABICHA
B caepyromeit popme:
I{a) = g — arctg a.

Orcrona u u3 dopmysbt (9.29) nonydaem 3uadenne uarerpasa (9.28):
o
/ ST gy = T (9.33)
x 2
0
Sameuanue. Paccmorpum maTETpa
o

sin ax
K(a) = / dx. (9.34)
T
0
Haiinem 3Hagenue 3Toro wHTErpasa [y pa3JiudHbIX 3HAYEHUN (.
ITpu @ > 0 B unrerpade (9.34) npousseiem 3aMeHy I€PEMEHHbBIX,
nosarasg ax = y. Torma

o o
K(a) = sin o de — sinyd -
(@)= [ 2eras— [ g, 7
0 0
I[Ipn a < 0 nmpowsBeseM 3aMeHy MEPEMEHHBIX, TOjaras ar = —y
(y > 0). Torna -

K(a) = _/ﬂdy: _T.
Y 2
0
ITpu « = 0 unrerpan (9.34), ouesuano, pasen Hysto. VTax,

0 w/2 mpu «a >0,
K(a):/Mda}: 0 wpu a=0,
5" —7/2 upu «a <O0.

Paccmorpennbiit wHTErpas OOBLITHO HA3BIBACTCS PA3PLIGHBIM MHO-
alcumenem Jlupuzaie.

C moMoIIpI0 pa3phIBHOIO MHOXKUTEJs1 Jlupuxje moaydaem cje-
JIYIOTIIee aHAJTUTUYECKOE MTPEJICTABIeHNE N3BECTHON (DYHKIHH SgNn «,

HMEHYeMOi OOBITHO TEPMUHOM «3HAK (v 1) :
o0

sgn(a) = %/M dz.

T
0

1) 910 HamMeHOBaHME CBS3AHO C TeM, UTO 3HAYEHMS sgn o mpu « > 0, o = 0
u « < 0 paBHBI cooTBeTcTBeHHO 1, 0, —1.
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§ 4. NnTerpans! Diiaepa

B srom maparpade Mbl O3HAKOMUMCST ¢ HEKOTOPBIMU CBOHCT-
BaMU BayKHBIX HEdJIEMEHTAPHBIX (DYHKINI, HA3BIBAEMbIX WHTEIPa-
Jlamu iitepa DR

DiTepOBBIM WHTETPAJIOM TIEPBOTO pojia mwin «beta-byHKIHers
HA3bIBAIOT WHTETPAJT

B(p, q) = flx”_l(l — )7 da. (9.35)
0

B sTtom mnTErpase p m ¢ cumrarorcd mapamerpamu. Ecam oTtm
TTapaMeTphl YIOBJIETBOPAIOT yciaoBusaM p < 1 mw ¢ < 1, To mHTeET-
pas (9.35) Gyger HECOOCTBEHHBIM WHTETrPAJIOM, 3aBUCSIIUM OT Ia-
pPaMeTpoOB p U ¢, TPUYEM 0COOBIMU TOYKAMU STOr0 WHTErpasa bymayT
Tourn ¢ =0 m o = 1.

DiLIepOBLIM HHTErPAJIOM BTOPOTO PO MK «raMMa-@dyHKIIeH»
MPUHSATO HA3bIBATH HECOOCTBEHHBIN WHTErDaJI

o
[(p) = [e %z~ dx. (9.36)
0
Ormernm, uto B uarerpase (9.36) uMmerorcs asa TUa 0COOEHHOCTEI:
1) marerpuposanue no noaynpsamoii 0 < z < oo; 2) mpu p < 1
Touka £ = (0 gBJIsieTcss 0cob0il TOYKOI MOIBIHTErPATHHON (DYHKITUH
(moppraTErpabHas GyHKIMs 00paInaercss B 6eCKOHEIHOCTS ).

B mporiecce paccykienuii Mbl 6yeM yIUTHIBATH YKA3aHHbBIE BbI-
re ocobennocru yukimit B(p, ¢) u I'(p). Huxe mbl ybeaumcest, 9o
unrerpasst (9.35) u (9.36) cxongarcst ais 3wadennii p > 0 u g > 0.

1. Ob6sacTh CXOAMMOCTH WHTErpasioB diijiepa. Jlokaxkem,
uro dbyukiusa B(p, ¢) onpeesiena st BCEX MOJOKUTEIbHBIX 3HAUE-
HUi mapaMerpos p u ¢, a dbyakius I'(p) aist BCex MoNoKUTeTbHBIX
3HQUEHUN p.

Baitmemcs cnavana dyukuueit B(p, ¢). llpu p > 1 u g > 1
nojibiHTerpaibias GyHkiws B coorHomenun (9.35) HenpepbisHa, u
03TOMY MHTerpaJs B npapoii gactu (9.35) saBisgercs cOGCTBEHHbBIM.
[Mosromy dbyukuusa B(p, q) onpenesena st Bcex OTMEYEHHBIX 3Ha-
genuit p u q. OOpaTuMcs Temeph K CIyYaio, KOT/IA BBITOJHIIOTCST
OJTHO Wi 00a U3 CAEAYIONINX HEPABEHCTB:

0<p<l, 0<g<l. (9.37)

B arom cnydae ogna nin obe u3 touek £ = 0 u = 1 ABAAIOTCA OCO-
OEHHBIMU TOYKAMU MOABIHTErpaIbHON dyHKINN. VMes 9T0 B Buy,

1) Honpobusie csesenms 06 unTerpanax iliepa UUTATENb MOMXKET HANTH B
kuure . I Yurrekepa u Ixxk. H. Barcona «Kypc coBpemenHoro anasmsas,
T. II. — M.: ®usmarrus, 1963.
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npeacrasum B(p, q) B ciaeytomeit dopme:

1/2 1
B(p,q)= [ 2P ' (1—2)" de+ [ 2P (1 —2)"  de =
0 1/2

= Ii(p, q) + L(p, q).

Ouesuyno, Kax bl u3 uarerpanos Iy (p, q) u Iy (p, q) umeer nuib
OJIHY OCOOYIO TOYKY.
1/2
Hng unrerpana Iy (p, q) = [ 2?~1(1 — )7~ dz ocoboii Toukoii
0

Oyner Touka x = 0. Bameuas, uyro Ha cermenre [0, 1/2] dynkims
(1— )7 ! menmpepwIBHA U TTOSTOMY OTpaHWYEHa HEKOTOPOil KOHCTaH-
toit C, nerxko ybemurhest, uro dynknus CazP~! 6yner MazkopanToii
I ToAbIHTerpasibuoil pyukuuu unarerpana I1(p, q). Orcioga ce-
ayer, uro warerpas I (p, q) cxomures npu 0 < p < 1 u yiobom q.
Paccyxas ananorudso, jerko ybeaurthbest, uro unrerpana Is(p, q)
cxonguresa ipu 0 < ¢ < 1 u JyiroboMm p.

Urak, MBI yOEIUINCH, 9TO B CIydae, KOTJA BBITIOTHAIOTCS HEpa-
gerctBa p > 0 u ¢ > 0 unrerpan (9.35) cxoguresi, T. e. PyrKyus
B(p, q) onpedesena das 6cex noaoscumensvuor 3navenut p u q.

[Tepeiinem temneps K dyukipn ['(p). Mbl yxke ormedanu, 9To
urTerpas (9.36) umeer aBa TUA 0COOEHHOCTENH — MHTErPUPOBAHUE
o mosynpsmoir u ocobyio Touky z = (. Urobbl pasmenntsb 31U
ocobeHHOCTH, Pa3obbeM 001aCTh MHTEIPUPOBAHUS HA IBE JaCTH TaK,
9TO0OBI Ha KaXKI0# JacTh HaOII01aIach JUIIb OfHA N3 OTMETEHHBIX
ocobennocreii. Hanpumep, moxuo npeacrasuth ['(p) ciaegyionmm
obpazom:

1 00
D(p)= [e*zPlde+ [ e 2P~ dz = I1(p) + L2(p).
0 1

Tax xak |e *xP~!| < #P~! mpm 2 > 0, To, COTIACHO YaCTHOMY TIpH-
3HaKy cpasHenus, uarerpan Ii(p) cxomurcsa npu p > 0. Uarerpas
I5(p) rakxke cxomurcs nipu p > 0. UT06bl yOEAUTHCS B 9TOM, MOXKHO
BOCIIOJIB30BATHCS YACTHBIM TIPU3HAKOM CPaBHEHWS] B TPEIETLHOMN
(bopMe:zEal_loo e 2" = 0 npm gwbom r. Tak, Mbl JOKazajiu, 4TO

obacTeio onpezenenus dyukiwu I'(p) apiasgercs noynpsamast p > 0.

2. HemnpepbiBHOCTh uHTerpason diisiepa. [lokaxkem, 4To
dbyuxius B(p, q) nenpepbisaa B kBaapante p > 0, ¢ > 0, a GyHk-
nusi ['(p) nenpepbisaa Ha nomynpsivoi p > 0. Baiimemcst cragasna
dyukumeit B(p, ¢q). s nokasarenbcrsa HenpepbiHocT B(p, q) B
kBagpanTe p > 0, ¢ > 0, 09eBUIHO, TOCTATOIHO YOEIUTHCSA B PABHO-
MepHO#i cxopumocTu uHTerpasa (9.35) OTHOCHTENIbHO MapaMeTpoB P
uqupup = pg > 0uq > qe > 0 s 006X (PUKCUPOBAHHBIX TT0JI0-
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JKUTeIbHBIX 3HaUeHn# po u qo. Tak kKak po—1 < p—1,q0—1 < g¢—1,
1o ipu 0 < z < 1 cnpaBe/IMBLI HEPABEHCTBA

P71 — )07t L gPom (1 — )L,

1
Orcrona n w3 cxoqumocty uarerpata [zP0~1(1—z)®~1 dr prrrexa-
0
eT B CuJly Ipu3HaKa Beiiepmrpacca paBHOMEpHas CXOAMMOCTH HMH-
rerpaia (9.35) auist ykasaHHBIX 3HadYeHuit p u q. Takum obpaszom,
nenpepbiBHOCTh B(p, ¢) ipu p > 0 u ¢ > 0 nokazana.

s nokazarenberBa HenpepbiBHOCTH 1'(p) Ha mostynpsivoit p > 0,
OYEBUIHO, JOCTATOYHO YCTAHOBUTH PABHOMEPHYIO CXOIMMOCTEH MHTET-
pana (9.36) ornocurenpro mapamerpa p upu 0 < pg < p < Py
I JTIOOBIX (DUKCHPOBAHHBIX 3HAYEHUI Py U P1, yAOBIETBOPAIONIAX
yeaosuio 0 < pg < pp. Tak Kak npu yKa3aHHBIX 3HAYEHUSIX P, Po U P1
u npu x > 0 CIpaBeI/IMBO HEPABEHCTBO

e TPl g e_m[:rpo_l + :rpl_l],

TO U3 CXOJUMOCTHU HHTErpaJa
o
[ e ®zPomt + 2P~ dg
0

cremyer B cuiy npu3Haka BeiieprTpacca paBHOMEpHAs CXOIUMOCTD
urTerpasa (9.36) st ykazauubix 3Havenuii p. Takum o6pazom, He-
npepbiBaocTh ['(p) npu p > 0 nokazana.

3. Hekoropsle cBoiictBa dyukimu I'(p). B arom nynkre Mbl
JIOKazKeM CYIIeCTBOBaHWE MPOM3BOIHOMN J1I000r0 Topsiaka y (hyHK-
mun ['(p). Kpowme Toro, nyst sroit dynkuuu Gyaer nomydena dhop-
MyJia, HasbiBaeMas Popmysoti npusederus.

Huddepennupys I'(p) mo napamerpy 1moj 3HAKOM HWHTErpaJa,
MOy YUM CJIEYIOIIUNA HHTErPAJL:

o
[ zP~le % Inz dx, (9.38)
0

KOTOPBIfl CXOIUTCS PABHOMEPHO IO MapameTpy p Ha JIIoboM cer-
vernTe 0 < py < p < p1. B camom gmese, abcosroTHast BeIUYUNHA
nojabIHTerpaabHoil dbyHukiuu B uarerpase (9.38) ymoBiersopsier Ha
norynpamoit 0 < x < 0o HEPaBEHCTBY

|zP e P Inz| < e %) Ing| (2P0t 4 2P 1),

Orciosia U3 CXOAMMOCTH HHTETpasa
o0
[ e | Inz|(zPo~t 4 2P1 1) dx
0

CrIejlyer, COracHo npusHaky Bedieprirpacca, paBHOMEPHAs CXO/H-
mocth uHTerpasa (9.38). D10 06CTOATEHCTBO U HENPEPHIBHOCTD
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nopIETerpatbHoi dyskiun B maTerpase (9.38) 1) mpu 0 < z < oo,
0 < p < 00 WO3BOJISIET CHENaTh BBIBOJ O BO3MOXKHOCTH audde-
penruposanus ['(p) mo mapamerpy 1o 3HaKOM uHTerpasa. Mrak,
npouseodnas I'(p) cywecmeyem u pasha eévipasicenuro (9.38).

Paccyxkast aHamoru4ano, Jjerko yoeaurbes, uro dyukims ['(p)
MMEET TPOU3BOIHYIO JIIOOOTO TIOPSIIKA W 9Ta TPOU3BOIHAS MOXKET
OBITEH HalieHa TOCPeACTBOM MM EPEHITUPOBAHNS 10 TTAPAMETPY P
10J1 3HaKOM WHTerpasa B Beipaxkenun (9.36) mia I'(p).

[lepeiinem Kk BoIBOMY hopmyan, npusedenus njst pyukuuu [(p).

[Mpumensisi popMysry MHTErPUPOBAHUS M0 9aCTAM i (PYHK-
uu I'(p + 1) opu p > 0, nosmyaum

o0

o
D(p+1)= [aPePdr = [—zPe | +p [ 2P Le " dz = pI'(p).
0 0

Wrak, pans gwoboro p > 0 cupasemyinBa popmyia
C(p+1) = pl(p). (9.39)

[Mocnenosarenbuo npumenss hopmy.y (9.39) ast moboro p > n—1
7 JII000r0 HATYPAILHOTO 1, Oy IHM

Fp+1)=pp—1)...p—n+1T'(p—n+1). (9.40)

Coornomtenne (9.40) nHazbiBaercs gopmyaot npusedenus nyst PyHK-

i I'(p). C momorbio popmyast (9.40) ramma-dbyHKIus fJ1s 3HAUE-

Huil aprymenTa, OOJbIINX eAUMHANBI, <IIPUBOJUTCA» K TaMMa-(PyHK-

TIAW [T 3HAYEHWH apTyMeHTa, 3aKII0UeHHBIX MEXK Ty HYJIeM U €Jd-
o

nuneit. Tak xax ['(1) = [ e ®dz = 1, ro, nonaras 5 (9.40) p = n,
MOJTY YUM 0

F'n+1l)=nn-1)...2-1=n!
Ota dopmysa HUKE OyIeT UCIOTH30BAHA HAME [IJisl BBIBOJA TaK

HazeBaeMoii popmyasr CTupiuara 2) | maromeil aCHMITOTHYECKOe
npejcrapienne ajst nl.

[Mosyuennsie ceegenus o Gyukiuun ['(p) mo3BOMISIOT JaTh Kavdec-
TBEHHYIO XapaKTePUCTUKY rpaduka 31oil dpyukiun. Mbl mpuegem
reomerpuyeckoe ucciaegaosanue rpaduka [(p), cienys B oCHOBHOM
cxeme, U3JI0KeHHo# B § 6 1. 9 BBIT. 1 9TOTO Kypca.

MpbI ycranoBu/Iu, 910 061aCTHIO 3a4anust ['(p) cryKuT nosaynpsi-
mag 0 < p < oo. Ha sroit nomynpsimoit I'(p) wenpepsisra u audde-
peHImpyeMa J000e YUCI0 pa3, IpuydeM Jito0as TPOU3BOIHAS MOYXKET
Ok Haligena auddepentuposannem Boipaxkenus (9.36) mua I'(p)

1) Dra QpysKIms npecTaBusieT cO60M YACTHYIO MPOU3BOJHYIO IO TAPAMETDY P
nogpIHTErpaTbaON dyuky B Boipakennn (9.36) musa I'(p).

2) Cruprwsr — mormanacKmii Matematuk (1692-1770).
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110 1IapaMeTpy p MOJ| 3HAKOM HHTErpasia. B wacTHOCTH, BTOpad npo-
ussonnag I (p) pasua

o0
I'"(p) = [ 2P~ (Inz)%e 2 dx.
0

Tak kak I''(p) > 0, To mepsag mpomssognas 1'(p) MoxeT nmeTh

TOBKO OuH HyJb. Ilockombky I'(1) = T'(2) 1), 1o, cormacmo Teope-
me Posung, sror mysb npoussoanoit IV (p) cymectsyer u pacnonoxen
na uarepsase (1, 2). Iockomeky I (p) > 0, To B Touke, rae IV(p)
obparaercst B HyJib, byHKius ['(p) umeer muauMym. OTMerum Tax-
ke, uro rpabduk I'(p) obparen BuinykaocThio BHE3. ['paduk GyHK-
mun ['(p) nmeer Beprukanbayo acumnrory B Touke p = 0. B camom

Fp+1)

nene, rak Kak ['(1) =1 u I'(p) = , T0 U3 HerpepbiBaocTH ['(p)

B Touke 1 cnexyer, uro I'(p) — +oo mpu p — 0 + 0. OuesumHo,
['(p) — +4oo mpu p — +o0o0. OrmernM Ge3 J0KA3ATENLCTBA, YTO
rpaduk dbyskimn I'(p) He nMeeT HAKJIOHHBIX ACHMIITOT.

4. Hekoropsie cBoiictBa dyukuuu B(p, q). B s10M nyHk-
Te MblI YCTAHOBUM CBOHCTBO cummerpun dyukimu B(p, ¢) u dopmy-

gy npusenenus nis droit dbysknuu. Caenaem B unrerpase (9.35)
3aMeHy mepemenHoil, momarag ¢ = 1 — t. IIpogenas meobxomguMbIe
BBIYMCIEHUS, Mbl YO€INMCS B CIIPABE/JINBOCTU PABEHCTBA

B(p, ¢) = B(q; p), (9.41)
KOTOPOEe BbIpaxKaeT c6oticmeo cummempuu dynkuyuu B(p, q).
Yeranosum mas dyukuun B(p, q) dopmysasl npusenenus. s

s1oit nesm obparumcst k dbyukiuu B(p, ¢ + 1), npudem Gygem cuu-
TaTh P U ¢ MOJIOKUTETBHBIMU. [IpUMEHsIS MHTErpUpOBAHIE 110 Yac-

ram u popmyay zP = 2P~ — zP~1(1 — z), nonyunm

1
B(p, g+ 1) = [2P7 (1 —z)ldx =
0

1) 310 cremyer u3 coorromrernus (9.39).
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U3 3Trx cOOTHOIEHUTT TOTyIaeM CIeAyIONLyo hopMyJIy:
B(p, ¢+ 1) = —B(p, q). (9.42)
p+q

Coseprrrenno anasiorngao npu p > 0 u ¢ > 0, nonxydaem COOTHO-
eHne

B(p+1,q) = z%qB(p, q). (9.43)

Dopmyist (9.42) u (9.43) nazsiBaroTcs bOPMyIaAME IPUBEEHUS JIJTsT
dyukuun B(p, q). MocienosarensHoe npumenenue 31ux (hopMmyt
cBoiuT Bhiunciaerne B(p, ¢) 1y MPOM3BONBHBIX TIOJOKHUTENTbHBIX
3HAYEHUH apryMEHTOB K BBIYHC/IEHUIO 9TON (DYHKIINN 11 3HAYCHU N
apryMeHTOB 3 MoyoTKpbITOoro kBagpara 0 < p <1, 0 < g < 1.

5. CBe3b Mexkay 3iyiepoBbiMu uHTEerpasiamu. CrenaeMm B

" 1
unrTerpase (9.35) 3aMeHy mepeMeHHOit, noarasi T = = B pesyib-

Tare nosyunm s B(p, q) ciaenyroniee BbipaKeHue:
o

B(p, q) = / (tq—_ldt. (9.44)

1+ t)p+q
0

Ucnonwzyst dopmyay (9.41), nonyuanm Hapsagy c (9.44) caenyromiee
BeIpazkenue s B(p, q)
o

B(p, q) — / (tp—_ldt. (9.45)

1+ t)p+q
0

O6parumcst Teneph K Bbipaxkenuto (9.36) myas I'(p). C momorpio
noAcTaHoBku T = ty, t > 0, mpeodpasyem 3TO BbIpaKeHUe K BUIY

o
F:f) = /e_tyyp_l dy. (9.46)
0
Samenus B 910 dopmyne p Ha p+ q u t Ha 1 + ¢, Moy ImM
o0
Fp+a) _ —(14+t)y, p+q—1
(1+t)pta /e v @y

0

VMHOKIM 06e JacTH HOC/IeIHero paBeHcTsa ua P~ u mpounTerpu-
pyem 1o t or 0 1o oo. OueBugno, cormacHo coorrorrenuto (9.45),
oIy IuM POPMYJTY

oo oo
L(p+q)B(p,g) = [ dt [yrTo 1 p—te (v gy, (9.47)
0 0
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Ecin B npaoii wactu coorHomenus (9.47) MOXKHO HOMEHATH Me-

craMu TIOpSJKU WHTErpupoBaHus mo t u y, To, yuantbiBas (9.46),
[IOJIy YUM

o o
T(p+q) Blp,g) = [yPHi e Vdy [P e Wdt =
0 0

o0 o

= /y”*q_le_yif) dy = I'(p) /yq‘le‘y dy =T'(p)l'(q),
Y
0 0
T. e. OyJZleT JoKa3aHa CIPaBEIIUBOCTE (DOPMYJThI

_ I I
B(p,q) = =L —2, 9.48
(prq) = S (9.48)

Yb6enumcs Terepb B BO3MOXKHOCTYA U3MEHEHUS MTOPsi/IKa, MHTEIPUPO-
BaHus B npasoii yacru (9.47). st 3T0ro Hy>KHO IPOBEPUTH BHITIOJ-
nenune yciaosuit reopembr 9.12. [lycrs cravana p > 1 u g > 1. Torna,
OYEeBU/IHO, BBHIMOJHEHBI ycjioBusi Teopembl 9.12. B camom gene:

1) dyskmus f(t, y) = P~ 1ypta-le=(4Y georpunarensua u
HernpepbiBHa B kKBaspante t > 0, y > 0.

o 1, pa—1,—(14t) Lp+a)t!
— 4p— pTrq—1,— Y = —
2) arerpan Off(t, y)dy =t ,Of?/ e dy (11 t)r+a

ecTb HenpepbiBHAA dyHKIuA or ¢ pu t > 0.
o 0]
3) Unrerpan [f(t, y)dt = yPT9 e v [tP~le W dt = T'(p)y? e ¥
0 0
eCcTb HenpepbiBHas dyHKIiusg oT y npu y = 0.
o o¢]

4) Cxommmocts unrerpana [ dy [ f(¢, y) dt ycranosnena nemo-

0 0
CpeaACTBEHHBIM BBIYUCJICHUEM.

Urak, mpu p > 1 u g > 1 dopmyna (9.48) cupasennusa. Ecin
JKe BBITIOJTHEHBI JIUIIEL ycaoBud p > 0 m ¢ > 0, To o moka3zaHHOMY
cripaBemBa (hopmysia

P(p+ 1 (¢g+1)
Tp+q+2)

W3 sroit hopmybl ¢ ToMOIIbIo (hOpMyJT IPUBEAeHUA i By HKITAT
B(p, q) u I'(p) monyuum onsrs dhopmysry (9.48).

6. BoiuucjeHue onpegesieHHbIX MHTErPaJiOB C MOMOIIbIO
3i1JIePOBBIX MHTErpajioB. JWIEPOBbI WHTETPAJIBI TPEICTABISIOT
coboit XOPOIIIO N3yUeHHbIE HeTeMEHTAPHbIE (DYHKIUU. 3a/1ada CUu-
TAETCs PEIEHHOMN, eCTU OHA TTPUBOUTCST K BHIYUCJIEHUIO STIEPOBBIX
WHTErpaJos.

[Ipueenem mpuMepbl BBIYHUCICHUS OOBITHBIX W HECOOCTBEHHBIX
WHTErpaJjioB IMyTeM CBEJIEHUs MX K MIEPOBBIM WHTEIDAJIAM.

Blp+1,¢g+1) =
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1. Beraucium mHTErpas
I= 70:131/4(1 + z) "2 dx.
O6parmasics K dopmyiam E9.44) u (9.48), 09eBUIHO, TOSYIUM
r=n(3.3) =0 = () 0)

2. Boramncanm wHTErpas
/2
I= [ sinP~tpcosi™t pdep.
0

[onaras & = sin? ¢, moyanm

Ucnonb3yst pe3ynbrar, MOMyUeHHbI B puMepe 2 (HaJ 0 MOI0KHUTH
g = 1), naiinem

" s op—1 1+(1 F(g)
/ sinP ™ pdp = EP(5> Ty (9.49)
0 r(*)

o

[‘(l):]o—zdl’ 9 [ o~ (V2)? dVz.
0

2
0

Nmeem magee

[Monarast /= = t u 3amMedasi, 4TO f e~ dt pasen 5 f e~ dt, momy-
—00

YUM, COTJIACHO IIPUMEDY, paCCMOTpeHHOMy B 1. 2 § 4 r1. 3 (uHTErpas

[Tyaccona)

r(;) =v=

2
[Mosromy dbopmyaa (9.49) npumer Bu
/2 P
r(
It = / sin? L pdip = i# (9.50)

; r(4)
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§ 5. ®opmysia CtupsamHra

Dopmyioit CTup/MHTa HA3BIBAIOT CJEAYIOIIYI0 ACHMITOTUIECKY O
bopmyuy:
n!=vV2mnn"e (14 ), (9.51)
e oy — 0 mpu n — oo.
B srom maparpade Mol gokazkem 6osiee 00Iy0 OPMYILy, CKOJIb
YTO/IHO TOYHO OIUCHIBAIONIYIO TTOBEEHNE TIPU OOJIBIINX 3HAYEHUSX

apryMenTa ramMMma-(yHKIIN Jitaepa
o0
LA +1) = [thetdt. (9.52)
0
JI7ist 3TOr0 MBI BOCIIOJIB3YEMCsI TaK Ha3BIBAEMBIM M € T O J1 O M
Jlamac a, onuparmonmmes Ha CIeyfolee yTBepK IeHre.
Jdemma 1. ITycmo dynxyus f(t), unmezpupyemas npu Hexo-
mopom a > 0 Ha ceemenme [—a, a], npedcmasuma 6 eude
2n—1
f) =" ath + 0. (9.53)
k=0
Toz0a umeem mecmo cAedyoULas ACUMNIMOMUYECKAA POPMYAA:

[ e wlor(me)  oq
/ e M) dt = com 2+ 0N (9.54)

A P

“a m=0

Hoxkazarenscrso. [logcrasum coornomenue (9.53) B uH-
rerpaJi, crodmuii B Jiegoit wactu dbopmysasl (9.54), u ydrem, 9to
WHTErPAJIbl, OTBEYAIOINTNE HETeTHBIM CTETEHIM ¢, 00paTATCS B HYJIb.
JL1sT OTIEHKY OCTABIINXCS MHTETPATIOB TOCTATOUYHO YOEIUTHCS B CIIPa-
BemuBOoCTH Tipu m > 0 CITeyIONIero paBeHcTBa:

i 2 1 F(m + l) 2
/ e M gt =2~ 22 4 O(eM). (9.55)
2 \mt3
0
[Ipencrasum urTErpas B jepoit gacru (9.55) B ciegyromeM Buje:

a o oo
[2me N gt = [ $2me= M g — [ §2me=A g, (9.56)
0 0 a

B nepsom unTerpase B npasoii vacru (9.56) npoussegem 3ameHy
x = M? u nonyunm
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Hamee zamerum, ato pu A > 1 u ¢ > a cupaBeinBO CIeyOIIee
HEPaBEHCTBO:

22 _(X_1)p2 _+2
e e~ (Ae? =t

[Tpumensis 3T0 HEPABEHCTEO, OLEHUM BTOPOI HHTErpas B MpaBoi
gacru (9.56)

00 o0
[ e et < e=(A-1e? [ 2me=t gt = cem A, (9.58)

a a

U3 pasencts (9.56), (9.57) u onenku (9.58) BbiTekaeT Tpebyemast
dbopmyna (9.55). Jlemma gokazana.

Jst Toro 9ol IPUMEHUTE 9TY JIEMMY, MPOU3BEIEM B MHTEr-
pane (9.52) sameny t = A(1 + z). B pesysbrare 3roT mHTErpas
IPUMET BUJ

o0
T+ 1) = WHe™ [ emAle-In(42)] gy, (9.59)
-1

O6o3naunm vepe3 g(z) ciaeayionryo byHKIUIO, OMPeIeTeHHY 0
Ha TTOMyTpsMoit © > —1:

g(x) =sgnz-y/x—1In(l+z). (9.60)
Torpa pasencrso (9.59) MOXKHO TIE€penucarh B BUJIE
o
T+ 1) = W™ [ e 28%@) gy, (9.61)
—1
Harrreit mienbio siBisiercst n3ydeHrne acUMIITOTHYECKOTO TIOBE/IE-
HUS IPA A — +00 CJIeIyIOIIEro HHTErpaJa:
o
I\ = [ e 8@ gy, (9.62)
—1

st aT0T0 paccmorpuM mogapodbuee dyHKIu0 g(x), onpeaeieH-
uyio pasercrsom (9.60). ITockoabKy

Lg%(@) = Ll —In(l+2) = (9.63)

1o dbyukiusa g?(z) crporo yésaer npu —1 < x < 0 1 CTPOro Bo3-

pacraer npu z > 0. Orciona Beirekaer, 9to dbyHukuusa g(z) cTporo
BO3pacTaeT Ha NOAyIpsAMoil & > —1, npudem 06J1aCThIO ee 3HAYEHMI

ABJIAeTCA BCA umcioBasg mpaMas. aree, Tak xak dynkuus g2 (z)
MMeeT B OKPECTHOCTH TOUKM = = () pa3iokenme

glz)=z—In(l+z)=x— (x—%2+0(x3)> =%2+O(x3),
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TO CYIIECTBYET CTPOrO MOJIOKUTEeIbHAs pu & > —1 dyukuus h(z)
TaKad, 4TO CIpaBelIMBO PABEHCTBO

2 2
g°(z) = z°h(z).

®Oyukuus h(z) ssasiercss 6eckoneuno auddepennupyemoii mpu
z > —1, cienoBarensHo, beckoneuno nuddepentupyemoit Oyaer u
dbyuriys g(z) = x/h(z).

VUuThIBasT BBIMIEHATTHCAHHOE, MOYKHO YTBEPKIATH, UTO Jist (DYHK-
wun y = g(z), onpenenennoit pasencrsom (9.60), cymecrsyer obpar-
Hasg dyskiua x = g~ '(y), cTporo Bo3pacrarom@as 1 6ECKOHEUHO
nuddepeHiupyeMast Ha, BCEll UUCIOBOM MPSIMO# U yJIOBJIETBOPSIFO-
mag yeaosuo g~ H(0) = 0.

O6o3naunm a1y obparHyio dbyHKIu0 cuMBosiom x = @(y). Uc-
TOB3YsT YKa3aHHBIE BHIE ee CBOMCTBA, HaliieM aCHMIITOTUKY WH-
rerpasa (9.62). Cupasequsa ciejiyiomas TeopeMa.

Teopema 9.13. Ilycmo pynxyus © = @(y) asasemca obpam-
not ® Pynxyuu y = g(z), onpedeaennoti pasencmeom (9.60). Tozda
das unmezpasa (9.62) npu arwbom durcuposarrom Homepe n cnpa-
6€0AUBA CAEOYIOULAA ACUMNIMOMUYECKAA POPMYAQ:

I F(’”* %) o(1)
I(\) = 2_:0 B e (9.64)

HokazareabcTBo. Duxcupyem mpoU3BOJILHOE MTOTOKUTETh-
HOE YuCao a u noaoxkuMm b = p(—a), ¢ = p(a). 1o o3HauaeT, 4To
a = g(c) = —g(b), u, cnenosareasro, —1 <b < 0wuc> 0.

OrneHnM clieIyIoue aBa HHTErpaJa;

b
L) = [ e @dg, L) = [e @ dg. (9.65)
1

(‘3\8

s orieHKY 1MepBOro WHTErpaJia 3amMeruM, 9ro npu —1 <z < b

BBITOJTHACTCS HepaBeHcTBo g(x) < —a, T. e. g%(x) > a? n, cienosa-
TEJILHO,

e? a2
e N8 (@) £ g

B Taxowm ciyuae

b
2
L) <e™ [ dz=(1—|b])e . (9.66)
1
Amnanornuno onenuBaerca unrerpan Ip(A). Ilpu z > ¢ BbInOI-
Hsercs Hepasencrso g(z) > a, 1. e. g?(x) > a?. CrenosarensHo,
npu A > 1 1 x > ¢ uMeer MecTo OIeHKa,

e AE2(@) — (A= 1)g2(@) —g2(2) < o~ (A-1)a? —g(x)
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Orcioma MB!I IOTydaeM

o0
I(\) < e~(A-1a? i e 8" (@) dy = c1e A", (9.67)
[
U3 onernok (9.66) u (9.67), KOTOPBIM YOBIETBOPAIOT UHTEIPAIIHI
(9.65), mbI nosrygaem agist unterpasa (9.62) cieayromee COOTHOIEHHE:

I\ = [e 8@ dg 4 O(e"), (9.68)
b

[Tpoussenem B unrerpase (9.68) sameny nepemenuoit t = g(z),
T. e. x = (t). B pesyabrare mogydnm

a
IN) = [ e () dt + O(e ). (9.69)
—a
[TockonbKy dbynkims @' (t) aeasgerca 6eckonedrno auddepennu-
pPyemoii, BOCIIOIb30BABIINCH opMy 10l MakIopena, mpeacTaBuM ee
B BUjE
2n—1
(k+1)
) — " (0) 4k 2n
)= et O(E™).
k=0
Hng nonyuenus: popmyast (9.64) ocraercst IPUMEHATH JeMMY K
byukun f(t) = ¢'(t). Teopema 9.13 nokazana.
3aKJIOUEHEe 3TOro maparpada yKaskeM CIeIyIOmui mpoCcToi
croco6 Berancienns npoussomubix ¢*)(0). 113 pasencrsa (9.63) Mol
Oy JaeM

9p . ol = & o)
g8 z+1  p(t)+1

13 sroro PaBEHCTBa BbITEKaeT COOTHOIICHUE

(1) = L 2 9plt e _ o 1+e(t)
o= =% o)
Taxum 06pa3oM, MBI TTOIyYaeM CIEIYIONee PABEHCTBO:
o(t)' (t) = 2t + 2tp(t). (9.70)

[ocrenoparensHo muddepeHImpyst 310 paBeHCTBO u mojarasi t =0,
Mb1 onpegenny Bee mpomssogueie p*)(0). Haiigem mis mpuMepa
3HAYEHUs TEPBBIX TPEX MPOU3BOAHBIX (BYHKIWI ¢(t) B Hye.

[Ipoauddepentmposas (9.70), moayaum

[0 (D] + @) (t) = 2+ 2(t' (1) + (1)) (9.71)
Ionoxuy t = 0 u yurem, uto (0) = 0. Torma ¢'*(0) = 2, = e.

¢'(0) = V2.
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[Mocne auddepennuposanus paserctsa (9.71) momydnm
3(,0/ . (pll + (p . (plll — 2(t(p” + 2@1)‘
Hpupasuss t wymo, nonyanm 3v/2¢"(0) = 4v/2, m. e. ¢"(0) = 4/3.
AHaJOruyHO U3 PABEHCTBA
3(10//2 +4‘,01 . <‘0/// +p- (,OIV — 2(ttpl” + 3(10//).
nomyaum ™" (0) = v/2/3.

Cnenosaresnbro dbopmysy (9.64) MoxkHO 3anmucarTh B Buje

I =2 (;/_2) + {Fﬁ’ﬁ) + O(\})_ (9.72)

[Moacrasum pasencrso (9.72) B (9.61) u yurewm, uro I'(1/2) =
= /m, I'(3/2) = (1/2)I'(1/2) = /7 /2. B pesynbrare momydum
PO+ 1) = Vama e (14 — + 21, (9.73)
BeinumieM mepBbie M4Th YJI€HOB aCHMITOTHYECKOIO Pa3JIOZKEeHHUs
ramma-byHKImn Jitnepa:
P(M1) = VIR Ve (1 1,1 139 5T 0(1)>.
+ +12)\+288)\2 5184013 2488 320)\4+ A5

OrmeruMm 6e3 J10Ka3aTETBCTBA, 9TO OCTATOK aCHMITOTHIECKOTO
pslla He MPEeBOCXOIUT MOCTETHETO YAEPKUBAEMOTO CJIAraeMOro.

§ 6. Kparubie uaTerpaJibl, 3aBUCHIIIE OT ITAPAMETPOB

1. CobGcTBeHHbIE KPATHBIE MHTETPaJibl, 3ABUCHIIINE OT I1a-
pamerpos. Ilycrsz = (21, T9, ... , T;p) — TPOU3BOJIBHAS TOUKA, 00~
aacrtu D m-mepHoro eskimiosa npocrpanctsa E™ ay = (y1, yo, ...

., 1) — Touka obmactu € mpocrpamcrea E!. OGo3HaumM CHMBO-
aom D x Q nopmuoxkecTBo (I 4+ m)-MepHOTO eBKJINI0BA MPOCTPAH-
CTBa, COCTOMAIIEE U3 BCEX TOYEK 2z = (21, 22, ... , Zmti) TAKHUX, UTO
TouKa (21, 22, - .. , Zy) NpUHAIIEKUT D, a TOUKA (241, Zm42, - - -

y Zmy) npunaggexur Q. IIpu sroM Mbl OyjeM YacTo UCIOJIb-
30BaTh obosHavenne z = (z, y) € D x Q. Sambikanue obsacta D
MbI 6y1eM 0603HaYaTh CHMBOJIOM D). JIerko BHIETh, YTO 3aMbIKAHIE
D x Q cosmamaer ¢ D x ).

[Mycrs f(x, y) — dyuruus, onpegenentas B D X Q, nmpudem st
a060ro yo € Q byukiua f(z, y) uarerpupyeMa 1o x B obsactu D.
Torga dysKIMO

= [ f(=, y)dz, (9.74)
D

ompeniesieHHyt0 B obstactu (), OymeM Ha3bIBaTh WHTETPAJIOM, 3aBU-
CAIUM OT MapaMerpa Y. 3aMeTuM, UTO HapaMeTp ¥ SBJISeTCs
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[-MEepHBIM BEKTOPOM H, CJIEI0BATEIbHO, uHTerpas (9.74) 3aBucur or
| 9MCIOBBIX MAPAMETPOB Y1, Y2, - - . , Y.

B monnoit ananoruu ¢ Teopemamu 9.9-9.12 mokaswiBaroTcs cie-
JIYFOIIIE TEOPEMBI.

Teopema 9.14 (o nenpepwviernocmu unmezpana (9.74) no
napamempy). Ecau dynxyua f(x, y) nenpepusna no cosokynmocmu
apeymenmos 6 samrnymot obaacmu D x , mo unmeepas (9.74)
npedcmasaaem coboti HeNPePueHYI0 PYHKUUIO NAPAMEMPA Y 6 00Aa-
cmu €.

Teopema 9.15 (06 unmezpuposaruu urwmezpana (9.74)
no napamempy). Ecau dynxyua f(z, y) nenpepusha no cosokynmo-
cmu apeymenmos 6 samrnymoti obaacmu D X Q, mo dynryuro
(9.74) moorcno urnmezpuposamsv no Napamempy nod 3HAKOM uHmees-
PaAG, M. €. CNPasediuso PaGeHCmeo

[I(y)dy = [ dz [ f(z,y)dy.
Q D Q

Teopema 9.16 (o dupgepenyupyemocmu urnmezpasa (9.74)
no napamempy). Ecau pynxuyus f(z, y) u ee wacmuas npoussoo-
HAA g—f nenpepovienv, 6 D x 1, mo unmeepan (9.74) umeem 6 obaac-

Yk
mu 0 HenPePuIeHYI0 YACTHYIO NPOUIEOOHYIO 68_[’ npuuem cnpageo-
Yk

AUBO PAGEHCIMB0
o1 _ / of (@, y) g

Ok Oyx
D

2. HecobcTBeHHbIE KpaTHbIE MHTErpaJjibl, 3aBUCSIINE OT
napaMeTpoB. [lomsaTue HeCOOCTBEHHOTO KPATHOIO WHTErpasa, 3a-
BUCHIIET0 OT TTapaMeTpoB, MOXKHO ObLIO ObI BBECTH TaK Ke, Kak
U B TPENBIIYINEM IyHKTe, JJs CJIydasi, KOIJ/a TMOJbIHTerpabHasd
byukuus f(z, y) onpenenena 8 D x Q , rne D ¢ E™ u Q C E'.
OpnHako HaUOOMBIMHIHI WHTEPEC MpecTaBasger caydait D = ), Koro-
pblit u 6yzer HaMu ulyder. Kpome Toro, Mbl OyJaeM mpesnogararTh,
aro f(z,y) = F(z, y)g(z), rae F(z, y) nenpepbisna npu z # y
B D X D, a dynkuua g(z) orpannuena B D. Takum 06pazom, Mbl
paccMaTprUBaeM WHTErPAJIbl BUIA

V(y) ng(% y)g(z) d, (9.75)

T7e TOABIHTeTpaIbHasd (DYHKINS MOXKET WMETh OCOOEHHOCTH JIUIIh
npu x = y. Hac 6yaer naTepecoBaTh BOMPOC O HENMPEPBIBHOCTH WH-
rerpasios Buga (9.75) o mapamerpy y. B ¢Bsi3u ¢ 3Tum BBEsIEM CIie-
JyIOIIlee OTIpe/iesieHre pagHomephoti crodumocmu unmezpasa (9.75)
6 mouke. CumBosiom K (yg, 0) Mbl Oysem 0603HaYaTh MIap pajgnyca o
C TIEHTPOM B TOYKE Y.
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Onpedenenue. Hrumeepaa (9.75) nasosem ¢ x 00 au,umcsi
pasnomepno no mapamempy y 6 mouxe Yy € D, ecau
das a106020 € > 0 moorcno ykazamsv § > 0 maxoe, wmo K (yo, 6) C D

u das a0bot kKybupyemoti obaacmu w C K (yo, 0) u ecex mouex y €
€ K(yo, 0) 6vinoanaemeca nepasencmeo

‘fF(x, y)g(z)dz| < e.

Teopema 9.17. Ecau unmezpas (9.75) cxodumes pasromepro
no y 6 mouke yo € D, mo on nenpepuser 6 mouxe yq.

HokaszarennbcTBo. Tpedbyerca mokazarh, 9To s J000TO
e > 0 maiigercss 0 > 0 Takoe, uyTo npu |y — yo| < § BBITOTHSIETCS
nepasenctso |V (y) — V(yo)| < e. U3 onpenesnenus paBHOMEPHOi
CXOMMOCTH B TOYKE CJIeIyeT CyIecTBoBaHme Takoro 1 > 0, 94To
K (yo, 61) C D nnpn y € K(yo, 01)

uF(w, y)g(x) dw‘ <ef3. (9.76)

ITonoxxum

Vily) = [ F(z, y)g(z) dz,
K

Valy) = [ Fl(z, y)g(x)dz.
D\K

(9.77)

U3 mepasencrsa (9.76) ciaeyer, uro npu |y — yo| < §1
Vi(y)| < /3. (9.78)

Hanee zamernm, uro npu z € D\ K(yo, 61) u y € K(yg, 61/2)
dbyukius F(x, y) Oyaer paBHOMEPHO HENPEPBIBHON 110 COBOKYITHO-
ctu aprymenTon. ClenoBaTebHO, HAMJETCs MOJ0KUTEIBLHOE YIC-
70 0 < 91/2 Takoe, uro mpH |y — yo| < 0 OymeT BBHIIOJHATHCS HEpa-
BEHCTBO

|F(.’£, yO) - F("B7 y)| < 5/(3M|D|)7

rjae M — koHcTanTa, orpannudnBaomas GyHKuuo g, u | D] — obbem
obmactn D. B takom ciygae, npu |y — yo| < &

Valy) = Va(wo)l <M [ |F(z, yo) — F(z, y)|dz < ¢/3.
D\K(yO)él)
(9.79)

U3 coornomennit (9.77)—(9.79) caexyer, uro npu |y — yo| < d

V() = Viyo)l < Vi)l + [Vi(yo)| + [Va(y) — Va(yo)| <e.
Teopema nokazana.
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VKa)KeM OJIHO JOCTATOYHOE YCJIOBUE PABHOMEPHOW CXOIMMOCTH
WHTErpajia B TOUKe, HanOOJIee JacTo BCTPEYAIONIEECs B TPUIOYKEHUSIX.
Teopema 9.18. ITycmov Pynxuyus F(x, y) nenpepwena 6 D x D
npu T # vy, a Pynxyua g(x) pasnomepro oepanusena ¢ D. IIpedno-

AOHCUM, 4MO cywecmeyrom nocmoannsvie A, 0 < A < m, uc >0
maxue, 4mo oas ecex x € D, y € D swinoanaemca mepasencmeo

|F(z, y)| < cJlz —y| (9.80)

Tozda unmezpaa (9.75) crodumcsa pasHomepro no y 6 KaxHcAot
mouke Yo € D.

HokazarenbcTBo. Ilycrs yg — npousBosbHag TOYKa 00714~
cru D. Tpebyercs pokazarh, 4To st jaoboro € > 0 maiigercs § > 0
Takoe, 4To st 060l Kybupyemoit obiaactu w C K (yg, §) u Bcex
y € K(yo, §) BBITIOJIHSAETCS HEPABEHCTBO

‘U{F(:ﬂ, y)g(x) dw‘ <e. (9.81)

[Mpuvenss (9.80) u ucnonb3ysi ycjaosue orpaHudeHHocTu g(z),
TOJTY IAM

‘IF(:B, y)g(x) d:l?‘ <a [z -y ds.
w w

@ukcupyem Touky y € K(yg, §) u 3amerum, 4ro u3 yCIOBUsI
w C K(yo, 0) BoiTekaer Brmovenne w C K (y, 20). Caemosaresbho,

‘ [ F(z, y)g(x) dw‘ <a [ |z—y| P da (9.82)
w K(y,29)

[Tepexoznst B unTerpaie B npasoii vactu (9.82) k cdepuueckum
KOOD/IMHATAM C IIEHTPOM B TouKe y (cM. i 2, § 5, m. 3°), mosyunm

20

- 2mN _
<02/7’m1/\d7’262 Aam )\cham )\‘
m —

[ P st ds

w

0
Orcroma ceyer, 90, BHIOPAB § JOCTATOYHO MAJIBIM, MBI TTOLY IHM
Hepasenctso (9.81). Teopema mokazana.

3. IIpniioxkeHune K TeOpUM HBIOTOHOBA MTOTeHIuasa. [Iycrs
B HEKOTOPO# Touke Py(x, y, z) nomerena macca myg. I1o 3akony Bee-
MUPHOIO TATOTEHUS HA MACCy M, HOMeIeHHyto B Touky M (&, n, (),
JeHCTBYET CHIa

_ mmo—
F_ 7 R2 T,

rae R = p(Py, M) = \/(z — ) + (y —n)? + (2 — ()% v — rpasura-
[MOHHAsI TTIOCTOsIHHAsl, T = R/R — elIuHUYHBI{ BEKTOD, HAIIPABJICHUE
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KOTOPOTO COBIaaeT ¢ HampasiaerauneMm sexkropa PoM . Cuntas v =1
u Maccy m = 1, moay4YuM CuIy TATOTEHUsI

X =- @(ﬁ—x),

R3
Y=—%(7l—y)7
Z=—%(C—z).

O‘IGBI/I,ZLHO, YTO IIOTEHIHMAJI CHJIbl TAT'OTCHUA, onpegeﬂﬂeMmﬁ KaK

ckajsgpHas QyHKImMs u Takasi, 9To F = grad u, paBen
m
u= .
R

Ecau macca cocpenorodena ve 8 Touke Py(z, y, z), a pacnpejenena

no obaacru D ¢ mI0THOCTBIO p(Z, Y, Z), TO JJId HOTEHI[UAIA CUJIbI
U AJisd KOMIIOHEHT CHJIbI MBI IIOJIYYUM CJI€YIOMNE BbIPDaKeHUd:

u(€, n, ¢ / / / P& 9, 2) g dy dz, (9.83)
///p(z %2 (¢ — x) dx dy dz,
/// Het 2y~ y) dody dz (0.84)
/// P 2) (¢ _ ) du dy d.

Herpyaso nokasars, uro uaTerpaabl (9.84) npeacraBisgor co-
6oit gactable poussoanble norernuana (9.83). ITockoabKy 10/bIH-
rerpaibHbie dyHKImn B naTerpaiax (9.83) u (9.84) MmakopupyroTcs

dyukneit %, riae A = 1 aya uarerpana (9.83) u A = 2 nua unrer-

pasos (9.84), o B cuiy Teopembl 9.18 ykazaHHBIE MHTErpAJbl CXO-
JISITCsT paBHOMEpHO B Kaxk10it Touke M (€, n, (). CinenoBaresibHo, 110
Teopeme 9.17 9Tu MHTErpaJibl MPEJCTABIAIOT CODON HEPEPHIBHBIE

dyuxmuu rouku M (&, n, ().



F'TABA 10
PAAbI I THTEI'PAJI ®YPBLE

W3 kypca guHeiiHoit anredOpbl W3BECTHO, 9TO €CJM BHIOpATH B
JIMHEHOM NPOCTPAHCTBE KOHEYHONW pPa3MEpPHOCTHU HEKO-
TOPBIH Oa3uc, TO OO0 IEMEHT YKA3aHHOTO JTUHENHOTO TPOCTPAH-
CTBa MOXKET ObITh PA3JIOKEH 110 9TOMY 6a3ucy (U IPUTOM €JUHCTBEH-
HBIM CIIOCOOOM).

Hecpasrerno 60see CI0XKHBIM SIBJISIETCS BOIIPOC O BbIOOpe Hasu-
ca W O Pa3JIOKEHWH 10 0a3uCy /Jid Caydasd OEeCKOHEedIHOMe pP-
HOT O IPOCTPAHCTBA.

B nacrosmieit riaBe 3TOT BOIPOC M3yYaeTCs [JIsd CIy4das Tak Ha-
3bIBAEMbBIX €BKJIMJIOBHIX ODECKOHEYHOMEPHBI X IIPOCTPAHCTB
u it 6a3MCOB CIENUATBHOIO BHIa (TaK Ha3bIBAEMBIX O P T O H O P-
MUDOBAaHHBIX 0a3ucos).

Ocobo obcrosTesbHO U3ydaeTcs Oas3uc, 00pPa30BAHHBIA B MPO-
CTPAHCTBE BCEX KYCOUHO-HEMPEPBIBHBIX (DYHKITUHI TaK HA3BIBAEMON
TPUTOHOMETPHUUYECKOHN CUCTEMOM.

O6obmennem ujgen passioxkeHus QYHKIUU 110 OA3UCY SBISTETCS
n3ydaeMoe B HACTOMINEH IJIaBe pasjiokeHue (PYHKIUU B TaK HA3bI-

BaeMblii mnrTerpans Pypbe 1),
Bcroay B manmoit riaBe WHTErpasT MOHAMAETCST B CMBICTe PrMana.

§ 1. ITousitue 06 OPTOHOPMUPOBAHHBIX CUCTEMAX
u 00 obiiem psizie Pypoe

B macrosmem maparpade Mbl OyieM paccMaTpUBAThL ITPOU3BOJIb-

HOE €BKJIMI0BO MPOCTPAHCTBO 6 €CKOHEYHOH PasMEPHOCTH 2).
Pamgu ynobcrBa uTeHus mpuBeneM OIpeiesieHre eBKIUI0BA MPOCT-
paHCTBA.
Onpedeaenue 1. Jlunetinoe npocmparncmeo R naswvisaemcs
€68 K AUDOE BLM, ECAU BBNOAHEHDL Caedyousue 06a MpPebosaHUA:
1) wssecmno npasuao, nocpedcmeom Komopozo a00vM 06YM
anemenmam f u g npocmpancmea R cmasumca 6 coomsemcemaue

1) 2K. ®ypoe — dpaniy3ckuii MaTeMaTHK (1772-1837).

2) loBopar, 4ro jMHEHHOE HPOCTPAHCTBO ABJILETCS 6€CKOHETHOME P-
H bl M, €CJIH B 3TOM IIPOCTPAHCTBE Haiifercs J0boe HAlepe B3STOe YUCIIO JIH-
HENHO He3aBUCUMBIX JJIEMEHTOB.
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YUCAO, HABBIBAEMOE CKAAADPHUM TNPOU3EEIEHUEM IMUT
aaemenmos u obosnanaemoe cumsosom (f, g);
2) yKxasanmoe npasuao YooBAEMBOPACT, CACOYIOULUM AKCUOMAM:
1°. (f, g) = (g, f) — nepemecmumenvroe ceolicmeo.
2°. (f+g, h) = (f, h)+(g, h) — pacnpedesumenvnoe ceoticmao.
3°. (Af, 8) = Alf, g) 0aa arbo20 seusecmeennozo wucaa .

4°. (fa f)>07 ecau f#0 1)7 (f, f) =0, ecau f = 0.

Krnaccnaeckum mpuMepoM 6€CKOHEIHOMEPHOTO €BKJIMI0BA ITPO-
CTPAHCTBA SIBJISIETCST MPOCTPAHCTBO BCEX KYyCOUYHO-HeEe-
MPEepPBIBHBIX HA HEKOTOPOM cermMente a¢ < ¢ < b
b yHKI U .

[Tpu sTOM MBI JTOTOBOPUMCST BCIOJY B JNTAaHHON TJIaBe MOHUMATH
0J1 KYCOYHO-HENPEPBIBHOI Ha cermente [a, b] dyukimeit f(z) Ta-
KyI0 QYHKIIMIO, KOTOpasi HelPEPbIBHA BCIOLY Ha cerMente [a, b], 3a
UCKJTFOUEHreM, ObITh MOXKET, KOHEYHOro Jucia Touek ; (1 = 1, 2, ...

., M), B KOTOPBIX OHA MMeEeT Pa3pblB MEPBOTO POJA, NMPUYEM B
KaXK 0 TOUKe pa3phiBa T; 3Ta PYHKIWA YI0BIETBOPSAET YCIOBUIO

flz) = L0 2 I@x D), (10.1)
Taxum 06pa3oM, BCIOAY B 9TOI T/iaBe MBI TpeOyeM, ITOOBI KYCOUHO-
nenpepwshas Pynryua f () 6 Kasrcdol mouke paspwiea x; yoosaem-
sopasa yeaosuto (10.1), m. e. bviaa pasra noaycymme npasozo u ae-
6020 npedesvrvir 3navenut. OTMeTHM, 9TO B KaXK/I0i TOYKE Herpe-
peiBHocTH byHKmu f(x) yerosue tuna (10.1) aBromaruyecku crpa-
BEJIJTNBO.
CkassipHoe mpousBejieHne IByX Ji00bIxX sseMentos f(x) u g(x)
MMPOCTPAHCTBA BCEX KYCOUHO-HEIIPEPBHIBHBIX HA CErMeHTe a < T < b
GYHKIUN OIpeaeuM CAeayIONuM 00pa30M:

b
(f, 8) = [ f(x)g(x) du. (10.2)

Cymecrsosanue unrerpasna (10.2) or npoussesenus AByX KyCOIHO-
HEeNnpepbIBHbIX (DYHKINI HE BbI3bIBAET COMHEHUN. JIerko mpoBepuTh
CHPaBETINBOCTD JI7Tsi CKasisiproro npoussegenns (10.2) akcrmom 1°—4°.
CrpaBeymmBocTh akcnoMbl 1° ouesmaaa. CpaBe imBOCTL aKCHOM 2°
n 3° BbITEKAET U3 JIMHEWHDBIX CBOHCTB MHTEIrPAJIa.

OcTramoBUMCS HA TOKA3ATEMbCTBE CIPABEIIUBOCTA aKCHOMBI 4°.

b
IockoabKy ouesusno, uto seeraa (f, f) = [ f2(z)dz > 0, To nocra-
(]

b

TOUHO Jl0KazaTh, uto u3 pasercrsa (f, f) = [ f2(z) dz = 0 soiTexaer,
a

1) 0 0Go3mauaer Hy/eBOM /EMEHT JIMHEHHOTO IPOCTPAHCTBA.
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qro f(x) =0, 1. e. ABIAETCS HYJIEBBIM 3JIEMEHTOM H3Y4aeMOro Ipoc-
rpancTia. Tak Kak f(z) Kycouno-HenpepbiBHa Ha cermente [a, b], To
9TOT CEMEHT PAaclaJaeTcd Ha KOHEYHOe YHCI0 YaCTHYHBIX CerMeH-

TOB [T;_1, ;], HA KazKJI0M n3 KOTOPHIX f(x) HempepsiBHa ).

I3 pasencrsa | f?(z)dz = 0 BbITeKaeT, 9TO M AT KazKJIOTO
a
YACTUIHOTO CErMEHTA [Ti_1, Tj]

I ) de =0, (10.3)

T
Ho u3 pasencrsa (10.3) u m3 menpepeisrocT f2(7) Ha cermenTe
[z;_1, ;] cneayer, uro f(z) =0 wa [z, 1, z;] 2).

aK Kak TOC/IeIHee PABEHCTBO OTHOCUTCS K KayKJIOMY YaCTHUIHOMY
CerMeHTY M B TOYKaX paspbiBa crpaseiyuso coorroinenue (10.1),
to f(z) =0 na Bcem cermenre [a, b]. CrnpaseuBocTh akCHOMBI 4°
YCTAHOBJIEHA.

Tem caMbIM JIOKA3aHO, YTO TTPOCTPAHCTBO BCEX KYCOYHO-HENpe-
DBIBHBIX Ha cermeHte [a, b] dyHKuuil siByisieTcst €BKJINI0BBIM [IPOCT-
PaAHCTBOM CO CKaJsgpHbIM Tpoussenenuem (10.2).

VcramnoBuM creyoiiee 0bIIee CBOWCTBO JI0O0r0 €BKINI0BA ITPO-
CTpPaHCTBA.

Teopema 10.1. Bo scarxom e8KAUOB0M NPOCMPAHCMEE OASA NIO-
o d8Yx asemenmos f u g cnpasedauso caedyrousee HEPaBEHCMEO:

(f, 8)* < (f. ) (g &), (10.4)

Hasveaemoe Hepasencmeom Kowu-Bynaxosckoeao.
HokaszareabcTBO. Jljas a1060r0 BEIECTBEHHOIO YHCIA, A

B cunry akcmom 1°—4° mocseamnee HEPABEHCTBO MOYKHO MEPENHUCATE B

BHUIE

HeO6XO,ZLI/IMI:>IM U JOCTATOYHBLIM YCJIOBUEM HEOTPULATEJTIBHOCTHU I10-
CJIeJHEr0 KBaJApPaTHOI'O TpeX4JICHa ABJIAETCA HEIIOJIOXKHUTE/JIbHOCTDb
€ro JUCKpUMHHAHTa, T. €. HEPaBEHCTBO

(f, 8)* = (f. ) (g, 8) <O (10.5)

13 (10.5) mememuenno caeayer (10.4). Teopema mokazana.

1) Ipu sToM 3uauenus f(z) B rPAHIYHBIX TOYKAX L 1 U &; KAXKIOIO CErMEH-
Ta [Ti—1, ;| MBI [I0JIATA€M COOTBETCTBEHHO DABHBIMU IIPEIE/IbHBIM 3HAYEHHUSIM
flxic1 +0) u f(z; —0).

2) 1160 B § 6 ru1. 10 BbiL. 1 goKa3aHO, 4TO eciu (HYHKIMS HEIPEPHIBHA, HEOTPH-
LaTesJibHA W HE PaBHA TOXKIECTBEHHO HYJ/IIO HA JAHHOM CErMEHTE, TO MHTErpaJl
0T 3TOM (DYHKIMH 10 JAHHOMY CErMeHTY OoJIblie HyJIs.
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Hama ouepennasi 3a/jada — BBECTH B H3YYa€MOM €BKJIHJIOBOM
MPOCTPAHCTBE TIOHATHE H O P M bl KayKJ0TO SJIEMEHTA.

Ho mpezkjie Bcero HamoMHUM OIpe/ieIeHre JIMHEHHOTO HOPMUPO-
BAHHOI'O TIPOCTPAHCTBA.

Onpedenenue 2. Jlunetinoe npocmpancmeo R nasweaemcs
HODMUPOBEGHH LM, ECAU BBNOAHEHD, Caedytoujue d8a Mpebosa-
HUA:

1) ussecmno npasu.no, nocpedcmeom KomMopoz2o KaHcAomy aje-
menwmy [ npocmpancmea R cmasumecesa 6 coomeemcemeue seulecm-
BEHHOE HUCAO, HAZLIBAEMOE HOPMOT YKA3AHHO20 IAEMEHMA U 0603~
navaemoe cumsoaom || fl|;

2) yKkazarnoe npasuao YooBAEMEOPAETN CACOYOULUM AKCUOMAM:

12,/ £1] > 0, ecau f # 0, ||f]l = 0, ecau f = 0.

2° A f] = A1 f]l Qas arob020 saemenma | u arobozo sewecm-
BEHH020 YUCAAQ .

3°. Jlaa a0bwx dsyx saemenmos f u g cnpasedauso caedyiousee

HePAGeHCMEO:
If+ sl <+ gl (10.6)

HA3LIBAEMOE HEPABEHCMEOM MPpeyzoabruka (uiu H e-
pasencmeom Munroeckozo).

Teopema 10.2. Bcaxoe e6xaudo8o npocmpaHcmeo AGAACMCA
HOPMUPOSAHHBIM, €CAU 6 HEM HOPMY 4106020 ssemenma f onpede-

AUMD PABEHCIMEOM
£l =~/ (fs f)- (10.7)

HoxkazareabcTBo. Jlocrarouno ybenuTbCs, YTO MJid HOP-
MbI, OompejeseHHol coorromenunem (10.7); cnpaBejiuBbl aKCHOMbI
1°-3° u3 onpenesnenus 2.

CrpaBesiuBOCTh akCHOMBI 1° cpa3y BBITEKAeT U3 aKCHOMBI 4°
I cKassgpHoro mpoussenenns. CrpaBeinBOCTh aKCHOMBI 2° Tak-
JKe TIOUTH HEOCPEICTBEHHO BBITEKAET U3 akcuoMbl 1° u 3° s cKa-
JIIPHOTO TTPOU3BEIEHUSI.

Ocraercst yoenuThcs B CIIPABEIJIMBOCTYA aKCHOMBI 3°, T. €. Hepa-
sercTBa (10.6). Byaem onuparbes Ha aHepasencTBo Koumm—ByHsakos-
ckoro (10.4), KoTopoe nepemnuiem B Buje

C moMOIIIBIO TIOCTEIHETN0 HEPABEHCTBA, akcuoM 1° —4° 1jist ckassp-
HOTO TIPOM3BE/IeHUsI U onpejeserns Hopmbl (10.7) mosyunm

If+el=V(f+g f+8) =V, /+2f, g +(g g <
< \/(f, N+2V( 1) -V(g g) + (g g) =
:\/[\/(fa N+Vg ol =V D+Ve g =Ifl +llell -

Teopema nokazana.
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Bameuanune. KoHeuHO, B KaXKI0M €BKJIUIOBOM IPOCTPAHCTBE
CKaJIsIPHOE TIpou3BejieHre (M HOPMY) MOXKHO BBECTH HE €JMHCTBEH-
HBIM criocobom. [ljist Hac B JajbHEIIeM JOCTaTOUHO, YTO B PAcCMaT-
PUBAEMOM €BKJIUJOBOM MPOCTPAHCTBE CYIIECTBYET XOTsl Obl OJMH
crioco6 BBEJIEHUST CKAJISIPHOTO npon3Beiernsi. DUKCUPOBAB 3TOT CIIO-
cob, MbI BCErJIa B JajibHEeM Oy1eM Omnpe/ie/isiTh HOPMY paccMar-
PHBAEMOr0O €BKJIMI0BA TpocTpaHcTBa coorHomennem (10.7). Tak, B
[IPOCTPAHCTBE BCEX KYCOUHO-HEIPEPLIBHBIX Ha cerMente [a, b] dyHK-
it (B coorsercrsum ¢ (10.2)) HOpMa ONpeeaseTcs PaBeHCTBOM

b
£l =/ [ £*(z) d, (10.8)

a HepaBeHCTBO TpeyrouabHuka (10.6) umeer Buj

f[f()+g( dﬂv<\/ff2 da:+\/fg . (10.9)

Beenem Temeph NoOHATHE O P TOT O H & JI b H bl X JIEMEHTOB JIAH-
HOT'O €BKJIUZ0BA MPOCTPAHCTHA.

Onpedeaenue 3. Jlea saemenma eskaudosa npocmpancmsa f
U g HA3BIBAIOMCA OPMO20HGADH MU, CCAU CKAAAPHOE NPO-
useedenue (f, g) aMUT dAEMEHMOB PAGHO HYAIO.

PaccMmoTpuM B IpOM3BOIBLHOM OECKOHEYHOMEPHOM EBKJIMZOBOM
MpocTpaHcTBe R HEKOTOPYIO TOCIEI0BATEILHOCTD 3JIEMEHTOB

/‘/)17 /‘/)27 SRR /‘/)nv oo (1010)

Onpedenenue 4. Iocaedosamesvrnocms (10.10) naswvisaemcs
OPMONOPMUPOBANHOT cucmemol, ecau 6rodausue 6 Imy
NOCACIOBAMENABHOCTID IACMEHMDL NONAPHO OPMO2OHANLHDL U UME-
10M HOPMY, PABHYIO eOUHUE.

Krnaccnyeckum mpumMepoM OpTOHOPMUPOBAHHON CHCTEMBI B TIPO-
CTPAHCTBE BCEX KYCOYHO-HEIPEPLIBHBIX HA CEIMEHTe —7 K & < 7T
dyHKIHiT sIBASETCA TaK HA3bIBa€Masi TPUTOHOMETPUIECK A A
cucrema

1 COSx Smx cosSnr S ne (10 1 1)

Vor o ym o ovw T ym T Jm
Yuraresb jerko nposeput, 4ro Bee dyuknuu (10.11) nonapuo
OPTOrOHAJBHBI (B CMBICJIE CKaIsgpHOro npoussenenus (10.2), B3sro-

ro npu ¢ = —m, b = 7) ¥ 9TO HOpPMaA KaxKJOH m3 3TuX QyHKIHiT
(ompenensiemast paserctsom (10.7) mpu @ = —w, b = 7) paBHa eu-
HUTIE.

B maremarvke u B ee MPUIOKEHUSX YACTO BCTPEUAIOTCSI Pa3-
JIMYHBIE OPTOHOPMUPOBAHHBIE (HA COOTBETCTBYOIIUX MHOXKECTBAX)
CUCTEeMBI (DYHKIIHI.
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IIpuBenem HEKOTOPBIE IPUMEPHI TAKUX CHCTEM.
1°. MHoOro4/1eHsl, onpeaeaseMble PaBEHCTBOM
1 d*[(z* - 1)
27 - nl dz™
MPUHATO Ha3plBaTh IMOJMHOMAaMu JlexaHIpa.
Herpynno ybemurbest, uro 06pa30BaHHbBIE C MOMOIIBIO ITHX MHOIOYJIEHOB

byHKIIN

P,(z) = (n=0,1,2,...),

n (z) = 2n2—|—1

o6pasyroT opToHOpMUPOBaHHYIO (Ha cermenTe —1 < ¢ < 1) cucremy dbyHKIMIA.

2°. Muorousensl, onpeaeasembie pasercrsamu To(z) = 1, Ty (z) = 217" x
x cosn(arccosz) mpu n = 1, 2, ..., Ha3pBAIOTCA MOJMmHOMaMu eb bi-
mesa. Cpean BceX MHOTOYWIEHOB n-ii crenenu ¢ kodddunumenrom npu
paBHBIM equHULE, HoAuHOM ebbimesa T, () UMeeT HAUMEHBIINA Ha CErMeHTe
—1 < z £ 1 makcumyM Moznyis. MOXKHO J10Ka3aTh, YTO IIOJIYIEeHHbBIE C IIOMOIIBIO
nosmuaOMOB YebbimeBa (yHKIII

- Py(z) (n=0,1,2,...)

_ 1 2" Ty (x) B
Yo(z) = NIk ¢"($)_—ﬁ~m (n=1,2,...)

06pa39710T OPTOHOPMUPOBAHHYIO Ha cermenTe —1 < & < 1 cucremy.
3°. B Teopuu BepoOATHOCTEH JAaCTO IIPUMEHSIETCS TaK HAa3bIBaeMas CH C T e-

Ma Pa;LeMaxepa,1
Yn(@) = 92" z) (n=0,1,2,...),

rae o(t) = sgn(sin 2mt).
,ZgOKaSbIBaeTCH, YTO 3TA CUCTEMA OPTOHOPMHUPOBaHa Ha cermMenTe 0 < x < 1.
4°. B pane ucciaenoBanmii 10 Teoprun (HYHKIMA HAXOAUT IIPHMEHEHHE TaK

HaspiBaeMask cucTeMa Xaapa 2), ABISIONASCS OPTOHOPMHPOBAHHON HA
. k
cermernTe 0 < z < 1. DyieMeHTHI 9TOH CHUCTEMBI X,(T )(x) OIPedesISIIOTCs [JIsi BCeX

n=0,1, ... u msa Bcex k, npuanMaromux 3uadenud 1, 2,4, ... 2", Ouu umeror
BUJ,
2k — 2 2k — 1
\/2" HpHWgIB<W,
k) () = 2k —1 2
O SV T G

on+1 TS on+1’
0 B OCTaJIbHBIX TO4Kax [0, 1].

Kaxnas ¢pynxinus Xaapa npeacTaBiseT coboil CTYNeHbKY TaKOro ¥Ke BUA,
kak bynkms /27 sgn z ma cermente [—27 "+ 2= (D] g kaxoro duk-
CUPOBAaHHOI'O HOMEpa 1 IIPU yBEJINYEHUU 3HAYCHU A k 9Ta CTYIIEHbKa CABUTAECTCA
BrpaBo. BCiomy BHE COOTBETCTBYIONIEH CTYMEHbKU KaK1asd GYHKIMA Xaapa To-
JKIECTBEHHO paBHa HYJIIO.

[TycTs B pou3BOIbHOM OECKOHETHOMEPHOM EBKJIMIOBOM MTPOCT-
paHcTBe R 337aHa IPOU3BOIbHAS OPTOHOPMUPOBAHHAS CHCTEMA, JJ1e-
menToB {1y }. Paccmorpum Kakoii yrogHo snement f npocrpancTsa R.

1) Pamemaxep — HEMEIKHil MATEMATHK (pozm. 1892 r.).
2) Xaap — nemenxuii maremarux (1885-1933).
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Onpedenenue 5. Haszosem padom Dypwve asemenma f
no opmonopmuposarnot cucmeme {y} pad euda

> futbes (10.12)
k=1

6 Komopom wepe3 f 0603Ha%eHb NOCTMOAHHBIE YUCAL, HA3BIEAEMBLE
kospPpuuuenmamu DPypove saemenma f u onpedessemoie
PABEHCTBAMU

fk:(fvz:bk)v k=1727

EcrecTBeHHO Ha3BaTh KOHEYHYIO CYMMY
n
Sn = frthk (10.13)
k=1

n-it vactuauoit cymmoii psama @ypre (10.12).

Paccmorpum Hapsiny ¢ n-it yacruasoii cymmoii (10.13) mpowus-
BOJIBHYIO JINHEHYI0O KOMOWHAIMIO TIEPBBIX 7 9JIEMEHTOB OPTOHOD-
MUpPOBaHHO# cucremsl {1y }

> Crtr (10.14)
k=1

€ KAKUMU yTOaHO TocTosgHuabiMu anciamu Cp, Coy, ..., Cp.

BbisicHuM, 9TO0 OTJIMYaer n-10 4acTudHyio cymmy psga Pypbe
(10.13) ot Beex apyrux cymm (10.14).

Horosopumcs HasbiBaTh, Bermandy ||f — g|| orknonenunem g
or f (0 HOpMe JIAHHOTO eBKJINIOBA TPOCTPAHCTBA).

Nmeer MecTo ciieayrommas 0ocho6Has TeOpeMa.

Teopema 10.3. Cpedu scex cymm suda (10.14) naumenvwee
OMEKEAOHEHUE OM dAeMEHMA [ NO HOpME JaHH020 €68KAUOBA NPOCTN-
parcmea umeem n-a wacmusnas cymma (10.13) pada Pypve sae-
menma f.

JdokaszarenbcTBO. YUnTbiBas OPTOHOPMUPOBAHHOCTH CHC-
reMbl {1) } ¥ HOJIB3ysICh AKCHOMAaMU CKAJISIPHOTO TIPOU3BEICHHsT, MO-
JKEeM 3aIncaTh

n 2 n n
Hzokwk—f = (Y Cek =1, Crpr—f | =
k=1 k=1 k=1

=" Cilthr, k) =2 Crlf o) + (f, f) =
k=1 k=1

=Y CP=2> Crfu+IfIP =D (Ch — fi)* = e+
k=1 k=1 k=1

k=1
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Urak,

n 2 n n
S Chk—f| =D (Cr—f P =D f2 (10.15)

k=1 k=1 k=1
B sesoii wactu (10.15) crout kBajpar ork/IoHeHust cymmbl (10.14)
or snevenTa f (10 HOpMeE JAHHOTO €BKJIMJOBA MPOCTpaHcTBa). M3
Buga npasoit yacru (10.15), ciemyer, 9To yKa3aHHbBIH KBajgpaT OT-
KJIOHeHus siBjisgercs HaumenbiuM ipu Cy = fi (160 mpu 3ToM 11ep-
Basi cymma B npasoii actu (10.15) obpairaercss B HyJib, & OCTAJIb-

Hble ctaraembie B mpasoit yactu (10.15) or Cy, ve 3aBucsr). Teopema
JOKa3aHa.

Caedcmeue 1. /laa npouseosvnozo ssemenma f dannozo esx-
audosa npocmpancmsa u 410607 opmoropmuposarnoti cucmemos {1y, }
npU NPoudsosvrom svbope nocmoannur Cy daa 4106020 HoMePa N

cnpaeec%tueo HEPABEHCIMEBO
2

AP =" 2 < |D Cuvoie — £ - (10.16)
k=1 k=1

Hepagencrso (10.16) siBjisieTcsi HEMOCPECTBEHHBIM CJI€ICTBUEM
roxgecrsa (10.15).

Caedcmeue 2. Jlaa npouseosvnozo ssemenma f dannozo esr-
Audosa npocmparcmsa, 400010 opmoHopmuposarot, cucmemvs {1y }

U 2106020 HOMEPA N CNPABEIAUBO PABEHCTMEO
2

Mo fe—f| =12 =0 17 (10.17)
k=1 k=1

wacmo nasweaemoe moocdecmeom Becceaa V).

Hnst nokazarenbersa pasencrsa (10.17) 10CTaTOYHO MOJOKUTH
B (10.15) Ck = f%.-

Teopema 10.4. Jrs a06020 saemenma f dannozo eskaudosa
npocmpancmea u 1060t opmoropmuposanroti cucmemuvi {1} cnpa-
8€0AUBO CAEYNWUEE HEPABEHCTNGO:

SR <P, (10.18)
k=1

HA3BIBAEMOE HEPABBEHCIBOM Becceaa.

HokaszarenabcTBo. W3 HeorpumareabHOCTH JIEBON YacTh
(10.17) cmenyer, uro gyt 110 60T 0 HOMEpA N

> fE <A (10.19)
k=1

1) ®. Beccemns — nemenkuii acrponom u Maremaruk (1784-1846).
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Ho sTo o3navaer, 4To psij U3 HEOTPHUIATEIbHBIX YJIEHOB, CTOS-
mwmit B Jsieoit yactu (10.18), obiagaer orpaHUYEHHON MOCTEI0BA~
TEJILHOCTBHIO YaCTHYHBIX CYMM W TO3TOMY CXOAnUTCA. Ilepexojs B
nepasercrse (10.19) k npeneny npu n — 0o (cm. Teopemy 3.13 u3
BbIm. 1), Mbl osryanm HepasercTBo (10.18). Teopema mokasana.

B kagecTBe mprMepa oOpaTuMCcd K MPOCTPAHCTBY BCEX KYCOUHO-
HETPEPHIBHBIX HA CerMeHTe —7 < & < M (YHKIUN W B 9TOM TTPOCT-
pancrBe K psgy Dypbe 10 Tpuronomerpudeckoii cucreme (10.11)
(9TOT psiji IPUHATO HA3BIBATH TPUTOHOMETPUYECKUM D -
aom @ y pbe). Jdng noboit KycOUHO-HEPEPBIBHON Ha cermMeHTe
—m < z < w dbyskiun f(x) ykazauneiii psag Pypbe uveer Bujy

- 1 N (= coskx | F sinkx
foE+k§:jl(fk T, (10.20)

e kosdbduruenter Dyphe f) u f) onpenensiorcs bopMyTaMi

fo= e [1@) s

fe= ﬁ_};f( ) cos kz d, 71: = %_};f(x) sinkzxdx (k=1,2,...).

HepagerncrBo Beccens, cupasemimBoe mjsd J000# KyCOIHO-HEIIpe-
PBIBHO# Ha cermenTe —7 < z < 7 dbyukuuun f(z), umeer Buj

RS F4T < [ ) de (10.21)
k=1 -

Orknonenne f(z) or g(z) 1m0 HOpME B ITOM CJIydae PAaBHO TaK Ha-
3BIBAEMOMY CpeJHEeMY KBaJpaTHIHOMY OTKJIOHEHHIO

If —ell = f (2)]? dz. (10.22)

Brpouem, B Teopun TpUroHoMeTpuuecKux psaaos @ypbe npuHs-
Ta, HECKOJIbKO uHas dhopma 3amnucu Kak camoro psga Oypwe (10.20),
Tak u HepapeHncTBa Beccesst (10.21). VIMeHHO TPUTOHOMETPUYECK U
psii @ypre (10.20) 06bIYHO 3aMUCHIBAIOT B BUE

o
a2—0 + ;(ak cos kx + by sinkz), (10.20")
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re
w=20 =1 ] jwn
a =% _ i_f; F(@) cos kz dz, (10.23)
by =% = i_f; f(z) sinkz dx
(k=12 ...).

[Tpu Takoit hbopme 3anmcu HepasercTso Beccenst (10.21) npunumaer
BIT

> X T
DY @b < %_f F2(z) da. (10.21')
k=1

Bameuanune. U3 Hepasencrsa Beccens (10.21") Bbrrekaer, uro
Jtst TF000# KyCOUHO-HENPEPBIBHON Ha cerMenTe —7 < & < 7 (PYHK-
mun f(x) Beuuunbl ap u by (Ha3bIBaeMble TPUTOHOMETD H-
yeckumu kodddunuenravmu Pypoe dbbyukuun f(z)),
cTpeMsTcs K Hymo mpu k — oo (B cuily HEOOXOAUMOrO YCIOBHS
cxomuMocTH psiia B sieoit wactu (10.217)).

§ 2. 3aMKHYTbhIE U MOJHbIE OPTOHOPMUPOBAHHBIE CUCTEMbI

Kak u B npegpiaymem maparpade, OyaeM paccMaTpuBaTh IPO-
M3BOJIbHYIO OPTOHOPMHPOBAaHHYIO cucreMy {1} B KakOM yTOIHO
HeCKOHEYHOMEPHOM €BKJIMI0OBOM MpocTpaHcTee R.

Onpedeaernue 1. Opmonopmuposarnas cucmema {g} Hasoi-
saemcs 3aMKEHY MO, ecau 0aa a06020 snemenma [ darnozo
eskAaudosa npocmparncmea R u das 4106020 noaoscumenvrozo «u-
caa € natddemes maxas aunetnan wombunayua (10.14) xoneuno-
20 wucaa aaemenmos {Py}, omxaonernue Komopotd om f (no nopme
npocmpancmesa R) menvwe .

Wubivin ciioBamu, cucrema {1} Ha3bIBaeTCA 3aMKHYTOMN, ecin
JIE000# 371eMenT f MTaHHOTO eBKJIMI0BA TTPOCTPAHCTBA R MOXKHO mpu-
6JIUBUTD 1T0 HOPME TOTO MPOCTPAHCTBA C JIOOOH CTEMEHBI0 TOUHO-
CTU JIMHEHHBIMU KOMOMHAIMSMI KOHEYHOTO YNC/Ia JIEMEHTOB {1 }.

SBameganue 1. Mbl omyckaeM BOIPOC O TOM, BO BCSIKOM JIH
€BKJIMJIOBOM MPOCTPAHCTBE CYIECTBYIOT 3aMKHYTHIE OPTOHOPMUPO-
BaHHbIe cucTembl. OTMerum, 9To B 1. 11 m3ydaercs BasKHBIN O
KJIACC €BKJIMJIOBBIX MMPOCTPAHCTB — TaK Ha3bIBaeMble T HUJIbO e p-
T O B bl IPOCTPAHCTBA — W YCTAHABIUBAETCSI CYIIIECTBOBAHNE B KaK-
JIOM TaKOM IPOCTPAHCTBE 3aAMKHYThIX OPTOHOPMUPOBAHHBIX CUCTEM.
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Teopema 10.5. Ecau opmonopmuposarnas cucmema {1y} A6-
AAEMCA 3AMEHYMOT, MO 0As 4106020 aaemenma [ paccmampusae-
MO20 eskaudosa npocmpancmea nepagencmeo Becceas (10.18) ne-
pexodum 8 mouHoe pageHcmeo

S =117, (10.24)
k=1

nasvieaemoe pacencmeom Iapcesansa ').

HoxkazareabcTBo. DuUKCHUpyeM TPOU3BOIHHBIN 7EeMEHT f
pPacCMaTpUBAEMOTO  €BKJIMJIOBA TPOCTPAHCTBA U MTPOU3BOJLHOE
HOIOKUTEIbHOE ducio €. Tak Kak cucrema {1y} ABIseTCS 3aMKHY-
TOM, TO Haiigercs Takoi Homep n u Takue yuciaa Ci, Co, ..., Cy,
9TO KBaJpaT HOPMbI, CTosimuii B mpasoii yactu (10.16), 6yaer MeHb-
me e. B cuny (10.16) 510 03HAaYaeT, 94TO [ HPOM3BOIBHOIO € > 0
HaleTcd HOMED 1, JJ1d KOTOPOIr'o

IFI2 =Y 17 <e. (10.25)
k=1

JI1st Beex HOMEPOB, MPEBOCXOSNIMX YKA3aHHBI HOMED 7, HEPpABEHCT-
B0 (10.25) Gymer Tem Gosee crpaseuBo, ubO NPU BOZPACTAHUU T
cymMma, crosimasi B jgeBoit gactu (10.25) MoKeT TONIBKO BO3PaCTH.
Wrak, Mbl g0Ka3aju, 9TO JJIsI TPOU3BOABHOTO £ > 0 Haligerca
HOMED M, HAYMHAs C KOTOPOTo CrpaBejanBo HepasencTso (10.25).
B coenmuennn ¢ mepaBencrsom (10.19) sro o3magaer, 9To psij

o
2

> f? cxomurest x cymme || f]|°. Teopema jokazana.
k=1

Teopema 10.6. Ecau opmonopmuposarnas cucmema {1y} A6-
AgeMeA 3amrHYymMot, mo, xKaxos ov, Hu 6via snemenm f, pad Pypoe
2MO20 INEMEHMG CTOOUMCA K HEMY NO HOPME PACCMAMPUBLEMO20
€6KAUI0BA NPOCTPAHCTNEG, M. €.

lim_ > futpr — f|| = 0. (10.26)
k=1

JokazarTeabCcTBO. YTBEDPKJIEHHUE ITOI TEOPEMBI HETIOCPEICT-
BEHHO BbITeKaer u3 pasencrsa (10.17) u u3 npeabiayiieii Teopembi.

SamMeuganume 2. B mpocTpancTBe BCex KyCOUHO-HENPEPHIB-
HBIX Ha cerMenTe —7 < & < 7 QYHKIUH CXOZUMOCTH II0 HOPME
(10.26) mepexomuT B CXOAMMOCTH Ha TOM CEIMEHTE B Cp e IH e M
(cm. . 3 § 2 rn. 1). Takum obpasom, ecau Oyjer jgoKa3aHa 3aMK-
HYTOCTh TpuroHomerpudeckoii cucrembr (10.11), To Teopema 10.6

1) M. ITapcesans — dpaniysckuii MareMaTuk, ymepmmii 8 1836 .

11 B. A. Nabun u 3. I. Tlo3usak, gactsb 11
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6y/eT yTBepKAaTh, UTO JIJist JIOOO0H KYyCOYHO-HEpPEPBIBHOH Ha, cer-
menre —7 < & < 7 dyskiun f(x) rpuronomerpudeckuii psag Oypoe
9T0% (PYHKIMK CXOJAUTCA K Hel Ha YKa3aHHOM CEIMEHTE B CPEIHEM.

Onpedenenue 2. Opmonopmuposarnas cucmema {g} nasoi-
6AEMCA N 0 A H O U, ECAU, KPOME HYACBO20 IAEMEHMA, HE CYULCTNEY-
em HUKaK020 Opy2020 ssemenma f danHn020 e6KAUI06A NPOCTPAHCT-
8a, KOmMopwil Ovia Dbl OPMO2OHANEH KO BCEM IAEMEHMAM Yy, CuCme-
Mol {1}

Nupivm cioBamu, cucreMa {1y } Ha3bIBAETCst IIOIHOM, €Cn BCst-
Kuit ameMenT f, OPTOTOHAJBHBIN KO BCEM SJIEMEHTAM 1) CHCTEMBI
{1k}, siBAIsIETCS HYJIEBBIM SJIEMEHTOM.

Teopema 10.7. Bcaxaa 3aMEHYMAA OPMOHOPMUPOSAHHAA CU-
cmema {1} asazsemca noanod.

Hoxkazarensbcrso. Ilycrs cucrema {1y} siBsiercs 3aMkHy-
TOM, u ycThb f — JI000i 3/IeMEHT JAHHOTO €BKJIU0BA ITPOCTPAHCTBA,
OPTOrOHAJBHBIH KO BCEM 3jeMeHTaM 1) cucrembl {1y }.

Toraa Bee koadbdurmentor Pypoe fi anemenra f no cucreme {1y }
PaBHbBI HYJIIO, U, CTaJ0 ObITh, B cuily pasencrsa Ilapcesass (10.24)
u || f|| = 0. Ilociieguee paBercTBo (B Cruly akCHOMBI 1° j1/1st HOPMBI)
ozuagaet, uto f = 0. Teopema mokazana.

SBameganue 3. Mbl oKa3a/iu, 9TO B MPOU3BOIHLHOM €BKJIU-
JIOBOM MTPOCTPAHCTBE U3 3aMKHYTOCTH OPTOHOPMHUPOBAHHOW CHCTE-
MBI BBITEKAET ee MOaHOTa. B . 11 Oyzer mpuBemeH mpuMmep, To-
Ka3bIBAIOMINH, 9TO B TPOU3BOJBHOM €BKJINIOBOM MPOCTPAHCTBE U3
MOMHOTHI OPTOHOPMUPOBAHHON CUCTEMBI, BOODIIE TOBOPS, HE BHITE-
KaeT 3aMKHYTOCTD 9TO# cucTeMbl. Tam ke Oyer J0Ka3aHo, 9To s
BEChbMa BAYKHOTO KJIACCA €BKJIMIOBBIX TPOCTPAHCTB — TaK HAZBIBA-
eMBIX MHILOEPTOBBIX MPOCTPAHCTB — MOJHOTa OPTOHOPMUPOBAHHOMN
CUCTEMBI SKBUBAJEHTHA €€ 3aMKHYTOCTH.

Teopema 10.8. /s 6caxoti noanot (u mem 6oaee oan 6caroti
samrrymot) opmonopmuposarnoti cucmemovs {1} dsa pasauunois
anemenma f u g pacemampusaemozo eskAsudosa npocmpaHcmen e
MO2Ym umemd 00unarosvie padv Dypve.

HokazarenbcTBo. Ecmm 661 Bce Koappunmentor Oyphe
a71eMeHToB f u g comamasu, To Bce Koadduimentol Pypre pas-
moctr f — g ObLH OBI pABHBI HYJIO, T. €. PA3HOCTH f — g Oblia OB
OPTOrOHAJIbHA KO BCEM JIEMEHTaM 1), MOJIHOM cucreMbl {1y }. Ho sTo
03HAYAI0 Obl, 9TO PA3HOCTb f — g SBJSETCS HYJIEBBIM JIEMEHTOM,
T. . 03Ha4Yas0 OB coBMaIeHue dmemenToB f u g. Teopema mokazama.

Ha sTom mbI 3akamunBaem paccmorpenne obiero psaga Pypobe mo
[IPOUBBOILHON OPTOHOPMUPOBAHHOM CHCTEME B JIIOOOM €BKJIMIOBOM
TTPOCTPAHCTBE.

Harmra ouepennas 1ens — getasibHoe n3ydenue psina Pypbe 1mo
TpuroroMerpryeckoii cucreme (10.11).
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§ 3. 3aMKHYTOCTb TPUTOHOMETPUUYECKOUH CUCTEMBI
U CJIeACTBUS U3 Hee

1. PaBHoMepHOe nipubJimkKeHne HenpepbIBHON (pyHKIINU
TPUTOHOMETPUYECKNMU MHOTO4YJeHaMu. B stom maparpade
OyJer ycraHOBJI€Ha 3aMKHYTOCTb (a CTaao ObITh, U TOJHOTA) TPHU-
roHomerpuueckoii cucrembr (10.11) B mpocTpaHCTBe BCEX KyCOYHO-
HEMPepBIBHBIX Ha cermenTe —7 < o < 7 dyukuuii. Ho npex e uem
OPUCTYIUTH K J0KA3ATEIbCTBY 3aMKHYTOCTH TPUIOHOMETPHUECKOM
CHCTEMbI, Mbl YCTAHOBUM BaXKHYIO TEOPEMY O PABHOMEDHOM TTpUb./IU-
JKEHWU HENpPEPBIBHON (DYHKIINKM TAK HA3BIBAEMBIMU TPUTOHOMETPHU-
YECKUMU MHOTOUJIEHAMH.

Byjem Ha3biBaTh TPUTOHOMETPHUUYECKHUM MHOTOUJIe-
H O M MPOU3BOJBHYIO JUHEHHYIO KOMOMHAIIMIO JIOO0T0 KOHETHOTO
9uC/Ia 3€MEHTOB TpUroHOMeTpudeckoii cucremsl (10.11), 1. e. BbI-
pakeHue BUJIA

n
T(z) = Co+ 2(6’“ coskz + Cy sinkz),
k=1

rae n— 06oit Homep, a O u Cf (K =1, 2, ..., n) — 0pousBoJb-
HbBIE TIOCTOSIHHBIE BEIECTBEHHbIE YUCIIA.

OrmMeTnM JiBa COBEPIIEHHO SJIEMEHTAPHBIX Y TB €D XK Jl € H U 5

1°. Ecau P(z) — kaxoti y200no aszebpauueckuli mmozouier npo-
u360avH0l cmenenu n, mo P(cosz) u P(sinz) cymo mpuzoromem-
PUMECKUE MHOZOUACHDL.

2°. Ecau T (z) — mpuzoromempureckutdi Mro204aeH, Mo Kastcdoe

us evipasicenuti T(x) - sinz u T(x) - sin? x maxorce npedcmasasem
€000t MPUOHOMEMPUYECKUT, MHO20OYNEN.

Oba yTBepkKeHus BLITEKAIOT W3 TOTO, YTO MTPOU3BEICHUE IBYX
(a moTOMY M JIFODOOrO0 KOHEYHOIO YUCJIA) TPUTOHOMETPUIECKUX (DYHK-

nui 1) or apryMeHTa T MPUBOANTCA K JIMHEHHONW KOMOWHAITMH KO-
HEYHOTO YHCIA TPUTOHOMETPUIECKUX (DYHKIWH OT apryMeHTOB TH-
na kz (ybemurech B 3TOM caMu).

B Teopum tpuronomerpmueckux psimoB Pypbe BaKHYIO POJIb
WUTPAET TIOHATHE TMEePUOaANIeCK O yHKInm.

Qynryus f(x) nasweaemes nepuoduveck ol dynkyued c
nepuodom T, ecau: 1) f(x) onpedesena dan 6cex sewsecmeennns x;

2) Oas 2100020 BEUWLCNEENHO20 T CNPABEOAUBO PABEHCTNEO

fla+T) = f(z).
DTO0 PABEHCTBO OOBIYHO HA3BIBAIOT Y CJIOBUEM MEPU O U F
H 0 ¢ T u. K paccMoTpenunto nepuogndeckux (pyHKIUN IPUBOIUT U3Y-
YeHUe PA3TUIHBIX KOJe0aTeIbHBIX MTPOIECCOB.

1) HO,Z[ TPUTOHOMETPUYICCKUMU (byHKI.lI/IﬂMI/I B JaHHOM CJ/ly4dae IIOHUMaIOTCHd KO-
CHUHYC U CUHYC.

11%
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BameTum, 4TO BCE HJIEMEHTHI TPUTOHOMETPUUECKON CHUCTEeMBI
(10.11) stBstrOTCS TIEPHOAMYECKAME (DYHKIUSIMU C [EPHOIOM 27.

CupaseyiuBa CJIeIYIOMAs 0CHOGHAA TEOPEMA.

Teopema 10.9 (meopema Betiepwmpacca). Ecau @ynk-
yusa f(z) nenpepwiena na ceemenme [—m, | u ydosaemeopaem ycao-
suto f(—m) = f(m), mo amy PYHKUUWO MONHCHO PABHOMEPHO HA
YKA3AHHOM ce2MeHmMe NPUOAUSUMD MPULOHOMEMPUHECKUMYU MHO-
20uneHaMmu, T. €. g 1ol dbyakumu f(x) u aas J060ro moIoKu-
TeJILHOTO YUC/IA € Hafiiercss TpuroHoMerpuydeckuii muorodaen T'(x)
TAaKoii, YTO Cpasdy Jis BCEX I M3 CerMeHTa [—, 7| CIpaBejInBO
HEPABEHCTBO

|f(z) —T(x)] <e. (10.27)

HokazarenbcTBOo. Pamm ynobcrBa pa3obbem T0Ka3aTeTh-
CTBO HA JIBA IYHKTA.

1°. Cuauasia TONONHUTEIHEHO TPEANOIoKUM, 4To dbyHKIw f ()
ABJIFETCS YeTHOM, T. €. s JI060ro & u3 cerMentTa [—m, 7| yaoBJer-
Bopsier yciosuto f(—xz) = f(z).

B cuay Teopembl 0 HEMpPEpPLIBHOCTH CIOXKHON (PYHKIUA y =
= f(x), rme x = arccost (cMm. Boim. 1, ti. 4, § 7) bdyukuusa F(t) =
= f(arccost) gaBisiercsa HenpepbiBHOI (byHKIMeN aprymenta ¢ Ha
cermenre —1 < t < 1. Cramo ObiTh, O Teopeme Beitepmrrpac-
ca Jisi asrebpandecknx MHOrowieHoB (cM. Teopemy 1.18 u3 i 1)
s roboro € > 0 Haiigercs anrebpandeckuit MmaorouseH P(t) Ta-
Koit, uro |f(arccost) — P(t)| < € cpa3y s Bcex ¢ W3 CerMeH-
ma —1<t< 1.

[TonoxkuB t = COS T, Mbl TIOJYIUM, ITO

|f(z) — P(cosz)| <& (10.28)

cpa3y oaa ecex T u3 ceamenma 0 < x < 7.

Tak kak o6e dyukiwn f(z) u P(cosT) gABASIOTCA 9 e T H bl M U,
To HepaseHcTBo (10.28) crpaBeimBo W I BCEX I W3 CETMEHTA
—7 < z < 0. Takum ob6paszom, mepaserctso (10.28) crnpaseimuBo
JJIsl BCEX X U3 CerMeHTa —7 < & < 7, U MOCKOJIbKY (B CHIY yKa-
3aHHOTO BbIlIE yTBep:KjaeHus 1°) P(cosz) siBiisiercst TpUrOHOMET-
PUYECKUM MHOTOYJIEHOM, TO Jyisi 4eTHol dyukiuu f(x) Teopema
JOKA3aHA.

Bamerum renepsb, uro GyHKIHo f (), yA0BIETBOPSIONIYO YCI0-
BUSM JIOKA3bIBAEMOI TEOpPeMbl, MOYKHO MEPUOSMUECKU C ITEPHOI0M
27 TPOJOJIZKUTH HA BCIO DECKOHEUHYO MPAMYI0 —00 < & < 00, TaK
YTO TPOJOJIKEHHAst (PyHKIMs OyJeT HempepblBHA B KaxKJO# TOY-
ke = Beckoneunoit npsamoii. Ecin dyukuus f(z) npogonxkena Takum
o6pa3oM, To, MOCKOJIbKY P(C0Sx) Tak¥Ke sBJISeTCs TePUOIUIECKOl
dyHKIMEH Tepuoga 27, MBI MOJIYIUM, 9TO OAA % €M H 0 U PyHnk-
yuu f(z) nepasencmeo (10.28) cnpasedauso 6crody na beckoneunot
npamoti —oo < T < 0Q.
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2°. Ilycrs reneph f () — COBEPIIEHHO MPOU3BOJIbHAS (DYHKIIUS,
VOBJIETBOPSIOIIAsT YCJIOBUSIM JTOKA3BIBAEMON TEOPEMBI. ITY (DYHK-
U0 MBI TTEPUONYECKN C TIEPUOJOM 27 MPOJOIKUM Ha, BCIO OECKO-
HEUYHYIO TIPSIMYEO U COCTABUM C ITOMOIIBIO 9TOH (DYHKIUY CJIETYOIITNE
JiBe deTHbIE (DYHKIUU:

filz) = LD IED, (10.29)
folz) = w sin z. (10.30)

ITo nokazanuomy B 1. 1° mjst siroboro € > 0 HallyTCS TPUTOHOMET-
puueckue mMHorounensl T (z) u Toh(x) Takue, 9To BCOAy Ha Gecko-
HEYHOU IPAMOit

[fi(z) = Th(z)] <e/4, |[falz) —Ta(z)] <e/4,
U TI03TOMY
|f1(z) sin? & — T (z) sin® z| < /4,
| fo(z) sinz — To(x)sinz| < /4.
CkyaapiBast MOCTENHNE JIBA HEPABEHCTBA, YUUTBHIBAsS, ITO MOJYJIb
CYMMBI JIBYX BEJIMYMH HE MPEBOCXOAUT CyMMbI MX MOJLYJIEH, U TIPH-

HUMas Bo BHUMaHue pasercTsa (10.29) u (10.30), Mbl mosydnm, 9410
BCIOZY HA GECKOHEYHOI MPSIMOii CIIPaBEINBO HEPABEHCTBO

|f (z) sin® 2 — Ts(z)| < €/2, (10.31)

B KOoTOpOM uepe3 T3(x) 0603HAYEH TPUTOHOMETPHYECKHUI MHOIO-
wnen, papubiii T3(z) = Ty (z) sin? z + T (z) sin z.

B mpoBejsieHHBIX HaMM paccyKieHusax Bmecto (yHKiwn f(z)
MO2KHO B3aTh bynkmmio f(z+7/2) 1) . B nonoit amanoruu ¢ (10.31)
MBI TostyauM, 4910 Jist dbyHkiuun f(z + 7/2) Haiigercs TpUroHO-
merpudeckuii Muorownen Ty(x) Takoif, 4To BCIOAY Ha HGECKOHEYHOM
IPSAMOit

|f(z+7/2) sian—T4(:1:)| <e/2. (10.32)

Bamenss B (10.32) z vHa x — /2 n oboznavast gepes Ts(z) TpuroHo-
merpudeckuii muorouner suga Ts(x) = Ty(x — m/2), Mbl oMy UMM,
9TO BCIOJLy Ha GECKOHEYHOI MPSIMOi CIpaBe/[InBO HEPABEHCTBO

|f(z) cos® x — Ts(z)| < /2. (10.33)

Hakoner, ckirangpisas Hepasencrsa (10.31) u (10.33) u obo3unauast
gepe3 T'(x) Tpuronomerpuuecknuii muorousex suga T'(xz) = Ty(z) +
+ T5(z), MBI mosydnM, 9TO BCIOAY Ta GECKOHEUHO TpsMoii crpa-
BeyiuBo HepaseHcTBo (10.27). Teopema nokasaHa.

1) 60 s1a dyHKIMS yI0BIETBOPSIET TEM YKe YCAOBUSIM, UTO M IOJLYYeHHAs
nocste mpomokenusa byuakuua f ().
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Bameuanune. Kaxmgoe us yciosuit 1) aenpepbisaoctu f(z)
Ha cermenTe [—, m|; 2) pasencTBa 3Hauenuii f(—m) u f(w) aBis-
erTcas HeOoO X O M MBI M YCIOBHEM JIJIT PABHOMEPHOTO Ha CETMEH-
re — < = < 7 npubsnuxkenusi byukuuy f () TPUTOHOMETPUIECKH-
MH MHOTOYJIEHAMH.

Wapivu cioBamu, Teopemy BeitepmTpacca MoXKHO mepedopmy-
JIUPOBATh CJIEAYIONIMM 06pa3oM: das mozo uwmobwvs dynryuto f(x)
MONHCHO GVLAO PABHOMEPHO HA cezmenme [—T, T| npubausums mpu-
20HOMEMPUHECKUMU MHOZOYUNEHAMU, HEOOTOOUMO U OCMATNOYUHO,
umobwv pynkyus f(x) Ovaa nenpepvienot na ceemenme [—m, 7| u
ydosaemsopana ycaosuro f(—n) = f(n).

HocTaTO4YHOCTbDb coOCTaBJgeT cojepxkanue Teopembr 10.9.

OcTanoBrMCs Ha I0KA3aTeIbCTBE He 00 X0 qu Mo cTu. [lycrs
CYIIECTBYET MOCTIEA0BATEIbHOCTh TPUTOHOMETPUIECKUX MHOTOU/IE-
Hos {T},(z)}, paBHOMEpHO Ha cermenTe [—7, 7| cxoAsmasics K byHK-
mun f(x). Tak kak kaxmgas dbyskiusa Ty, (x) HenpepbiBHA Ha cer-
menTe [—m, 7], T0 110 Teopeme 1.8 u dyukims f(z) HenpepbiBHA HA
cermenre [—m, w]. dus moboro € > 0 maiigercs muorowrten Ty (x)
takoit, uro |f(z) — T (z)| < €/2 nns Bcex x u3 cermenta [—m, 7).
Crano 6BITH,

FCm) — Tu(=m)| < 2/2, 1£(x) = Tu(m)] < /2
N3 mocmeanux AByX HEPABEHCTB W W3 BBITEKAIOIIETO W3 YCIOBHUS
nepuogunanocT (¢ nepuogom 27) pasercrsa Ty (—m) = T, (7) 3a-
kiogaem, 9to |f(—m) — f(7)| < €, orkyna f(—n) = f(n) (B cuny
npousBobHOCTH € > ().

2. Jloka3aTejbCTBO 3aMKHYTOCTH TPUTOHOMETPUYECKON
cuctembl. Onupasicb Ha Teopemy BeiiepinTpacca, JTOKaXKeM Cjie-
JYIOILY IO OCHOGHYI0 TEOPEMY.

Teopema 10.10. Tpuzonomempuueckasn cucmema (10.11) asan-
emca samknymot 1), m. e. daa w0601 Kycouno-nenpepuieHoti na
cezmenme [—m, w| gynrkyuu f(z) u a0bozo noaoscumenvrozo “uc-
aa € natidemes mpuzonomempuueckuti muozounen T'(x) makot, wmo

1f(2) = T(z)]| = f [f (@) = T(2)]* dz < e. (10.34)

Jloka3zaTeabCTBO. Hpemge BCEro 3aMeTuM, 9TO [T JIF000it
KyCOYHO-HENPepbIBHON Ha cermente [—m, w] dbyukuuu f(z) u mis
moboro € > 0 Haiimerca HenmpepbIBHAS HA 9TOM CerMeHTe (QyHKIs
F(z), ynosaersopsitomas ycnosuto F(—m) = F(7) n takas, ato

1f(2) = F(a)]| = f [f () = F(2)]? do < /2. (10.35)

) A crao 66rth (B crty Teopemsr 10.7) m 1m0 /T H O if.
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B camom gmene, mocrarouno B3aTh dyukimoo F(x) coBmamaro-
wiedt ¢ f(z) Bciomy, KpoMe JOCTATOYHO MAJIBIX OKPECTHOCTeH Touek
paspeiBa dbyHkimu f(x) U TOYKU T = T, a B YKA3aHHBIX OKPECTHO-
crax B3aTh F'(z) nuneiinoilt dynkuumei taxk, yrobel F(x) sBisiiach
HENPEPLIBHON Ha BCEM CerMeHTe [—m, 7| U yJOBIeTBOPSJIA YCIOBHIO
F(—7)=F(n).

Tak Kak KyCOYHO-HenpepbiBHAs (DYHKIIUS U CPE3AIOIIAsT €€ JIU-
HeliHas (DYHKIUS SIBJISIIOTCS OTPAHUYEHHBIME, TO, BBIOUPast yKa3aH-
HBbIE OKPECTHOCTH TOYEK PaspbiBa f(Z) ¥ TOYKM & = T JOCTATOYHO
MaJIbIMF, MBI obecriednM BhIToHeHHe HepaBeHcTsa (10.35).

ITo Teopeme Beiieprpacca 10.9 nnga dyukiun F(z) naiigercs
TpuroHoMerpuydeckuii Maorowien 1'(x) Takoii, 94TO NIA BCEX T U3
cerMenTa [—, 7| ClpaBeyInBO HEPABEHCTBO

|F(z) — T(z)| < e/(2V2m). (10.36)

13 (10.36) 3akaouaeM, 4ro

IF@) - T@) = [ [ F@) - T@Pde <2 (1030)

13 (10.35) u (10.37) u u3 HepaBeHCTBA TPEYTOJbHUKA, JJisi HOPM

1f(2) =T @) < [If(2) = F2)|| + [[F(z) = T(2)]|

BoiTekaer HepaseHcTBo (10.34). Teopema mokazana.
SBameuganume 1. U3 Teopem 10.10 u 10.7 cpaldy ke BHITEKAET,
910 mpuzonomempuyeckas cucmema (10.11) asasemea noanoti. Or-

2 .
CIoga B CBOIO O4Y€pENb BBLITEKAECT, YTO CUCTMEMA {\/jsmnx} (n =
™

=1, 2, ...) asaaemcsa noanoti na mmodicecmee ecex Pynruul, Ky-
couno-nenpepvenus na ceemenme [0, 7| (uau coomeememeenno na
cezmenme [—m, 0]). B camom zese, Besikas KyCOYHO-HENPEPbIBHAS
Ha cermente [0, 7] dyukims f(z), OpTOroHaIbHAS HA 9TOM CErMEH-

2 .
T€ BCEM dJIEMEHTaM CHCTEMbI { — Sin TLIB}, II0CJIe HEYETHOI'O IIPO-
™

JO/KeHns Ha cerMeHT [—r, 0] OKa3blBaeTCst OPTOrOHAJIBHON Ha cer-
MeHTe [—7, 7] BCeM 3JIeMeHTaM TPUIOHOMETPHYECKON CHCTEMBI
(10.11). B cuury monuots! cucremsr (10.11) sra dyHKIMs paBHA HYJTIO
Ha [—7, 7|, a cTasno 6birh, u Ha [0, 7]. CoBepLIEHHO aHAIOTHYIHO JI0-

1 2
Ka3blBaeTCs, ITO CUCTEMA 7 \/j cosnz (n=1, 2, ...) asasem-
™ ™

cA noanoti na muooicecmee 6cer PynKuUL, KYCOUHO-NENPEPOIGHHLT

na cezmenme [0, w] (nnm coorBercTBeHHO Ha cermente [—m, 0]).
BamMeuanue 2. MOXKHO IOKA3aTh, 9TO CPEIU OPTOHOPMUPOBAHHBIX CHC-

TeM, yKasaHHBIX B § 1, cucTeMbl, 0Opa3OBaHHBIE C ITOMOUIHIO ITOJTUHOMOB
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Jlexamapa, mosmaoMoB UebbimmeBa u dyukiumit Xaapa, sSBIAIOTCH 3aMKHYTHI-
MH, a cucreMa Pasemaxepa 3aMKHYTOI He SIBISETCS.

3. CaencrBusi 3aMKHYTOCTH TPUTOHOMETPUYECKOil cuc-
TE€MBI.

Caedcmeue 1. Jlaa 2110600 Kycouno-Henpepuierot Ha cezmer-
me [—7, ©| pynxyuu f(z) cnpasedauso paeencmeo Iapce-
8 a4 A

a

e

k=1

LS = L [ )i (10.38)

(BbITeKAeT M3 Teopembl 10.5).

Caedcmeue 2. Tpuzonomempuueckuti pad Pypve a10601 xy-
couno-nenpepulenoti na ceemenme |[—m, 7| gynrkyuu f(r) crodumea
K omoti GyHKUUU HA YKA3aHHOM cezmenme 6 c¢pednem (BbITe-
kaeT u3 reopembl 10.6 u 3ameuanus 2 K 9TOi Teopeme).

Caedcmeue 3. Tpuzonomempuueckuti pad Pypve 410600 Ky-
couno-nenpepvlenoti na ceemenme [—m, | dynryuu f(z) moorcro
NOUNEHHO UHMEZPUPOSAMD NG IMOM cezmenme (BbITEKAeT U3 mpe-
JIBIIYIIEro CIeJCTBYs ¥ u3 TeopeMbl 1.11 mir. 1).

Caedcmeue 4. Ecau 08e KYycouno-HenpepuiéHvie Ha Ce2meH-
me [—7, ©| Ppynwyuu f(x) u g(z) umerom odunaroswe mpuzoro-
mempuseckue padv, Pypve, mo amu Pynryuu coenadarom 6crody
na amom ceemenme (BeiTeKaeT u3 Teopembl 10.8).

Caedcmeue 5. Ecau mpuzonomempuueckuti pad Oypove xycoy-
Ho-nenpepvisnoti na ceemenme [—m, 7| Pynryuu f(z) crodumca pas-
HOMEPHO HA HEKOMOPOM codeporcauemcs 6 [—m, 71| ceemenme [a, b),
mo on cxodumcs na ceemenme [a, bl umenno x dynryuu f(z).

Hokazareanbcrso. Ilycrs F(z)—ra dbyskius, K KOTOPOii
CXO/IUTCSA PABHOMEPHO Ha [a, b] TpuroHoMerpuueckuit psig Dypbe
dyukuun f(z). Hokaxem, uro F(z) = f(x) BClomy Ha cermenTe
[a, b]. Tak kKak W3 paBHOMEPHON CXOJMMOCTH Ha cerMeHTe [a, b] BbI-
TeKaeT CXOAUMOCTH B CpejHeM Ha 3ToMm cermente (cm. . 1, § 2,
. 3), To TpuroHomerpuueckuii psaa Pypue byukipun f () cxomqurcs
K dyukuuyn F(x) Ha cermente [a, b] B cpegaeM. DT0 03HAYAET, YTO
JI TPOU3BOJIbHOTO € > () HalimeTca HOMep M, HAUWHAS C KOTOPO-
ro M-s1 9aCTUYHAsI CyMMa TPUrOHOMeTpryecKoro psiia Oypoe Sy ()
Y/IOBJIETBOPSAET HEPABEHCTBY

b
|1F(2) — Sn(x)|| = \/f[F(x) — Sp(2)]? dz < /2. (10.39)

C nmpyroit CTOPOHBI, B CHIy CIEACTBUS 2 TTOCTEN0BATEIBHOCTH
Sp(z) cxopures K f(z) B cpenHeM Ha BceM cerMenTe [—, 7|, a cTa-
70 OBITH, ¥ Ha cerMeHTe [a, b], T. e. mis PUKCUPOBAHHOTO HAMU
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Mmpou3BObHOrO € > (0 HaiifeTcss HOMED Mo, HAYUHAS ¢ KOTOPOTO

150 (z) = f(2)]| = \/f[S — f(@)Pdz <e/2. (10.40)

13 (10.39) u (10.40) u u3 HepaBeHCTBA TPEYTOJIbHUKA

1E(z) — f(@)]| <|[F(2) = Sn()l| + [|Sn(z) — f(2)]]

BoITeKaer, uro ||F(xz) — f(z)|| < e. U3 nocnennero HepaBeHcTBA 1
u3 npousBoiabHOCTH € > 0 cieayer, uro ||F(z) — f(x)|| = 0, a o1-
CIOJIa Ha, OCHOBAHWHM TEPBO aKCHOMBI JIjIsi HOPMBI 3aKJII0YaEM, YTO
F(z)— f(z)ectb HyneBO# 91eMeHT NPOCTPAHCTBA KyCOU-
HO-HENPEPBIBHBIX Ha [a, b] dyHKIwmii, T. e. GyHKINS, TOXKIECTBEHHO
paBHasi HyJIt0 Ha cermente [a, b]. CriegcrBue 5 g0Ka3aHo.

Bameuanne 1. Koneuno, B cienersum 5 cerment [a, b] mo-
JKeT COBIIAJIaTh CO BCEM CEIMEHTOM [—T, 7|, T. €. U3 pasHomepHot
cxodumocmu pada Pypve dynxyuu f(x) na ecem ceemenme [—m, 7]
caedyem, 4mo smom pad cTOOUMCA Ha YKAZAHHOM CE2MEHME UMEH-
no ® Ppynkyuu f(x).

Baveuanue 2. CoOBEPIIEHHO aHAJIOTUYHBIE CJIEICTBUA OYIyT CIPaBEI-
auBbL 1 4714 psaga Pypwe mo 11060i 1pyroit 3aMKHY TOM OPTOHOPMHUPOBAHHOM CH-
CTeMe B IIPOCTPAHCTBE KyCOYHO-HEIIPEPIBHBIX HA IIPOU3BOJIBHOM CerMeHTe [a, b)
dbyrkmmit co ckamapubiv ponsseaerneM (10.2) w mopmoit (10.8). IIpumepavu
TaKUX CHCTEM MOTYT CJIyKUTh yKa3aHHbIE B § 1 OPTOHODMHUPOBAHHBIE CHCTEMBI,
CBsI3aHHBIE C TToMHOMaMHu Jlexanapa n UebbireBa, u cucreMa Xaapa.

§ 4. IIpocreiiliive ycjoBUsi PABHOMEPHON CXOAUMOCTHU U
no4eHHOro auddepeHINPOBaHsl TPUTOHOMETPUUECKOTO
pana @ypbe

1. BBoaubie 3ameuanus. B maremarndeckoii (pusnke u B psije
JIPYTUX Pa3/eJIOB MATEMATUKU CYIIECTBEHHYIO POJIb UTPAET BOIPOC
00 yCIOBUAX, IPH BBIIOJHEHUH KOTOPHIX TPUTOHOMETPUIECKUIT Psij
®ypoe byurmun f(x) cxomurest (K 910t GyHKINN) B TAaHHON TOUKE T
cermenTa [—m, 7.

Emie B KoHIIE mpOILIOro Beka ObLIO W3BECTHO, UTO CYIIECTBY-
10T HempepbIBHbIE HA cerMenTe [—7, 7| yHKIUK, YI0BJIETBOPSIO-
mwme yenosuto f(—m) = f(w), Tpuronomerpudeckue psiyibi Pypbe
KOTODBIX PaCXOJsITCsl B HAIEpe]| 33 JaHHOf TOYKe cerMeHTa [—, 7]
(nnm maxke pacxoaarcs Ha GECKOHEYHOM MHOYXKECTBE TOUEK CerMeH-

Ta [—m, 7], BCIOLY TIOTHOM Ha 3TOM cermente) !) .

1) Iepssiit 1puMep Takoi ByHKIHA GBI HOCTPOEH (HPAHILY3CKAM MATEMATH-
koM [0 Bya Paiimonom B 1876 1.
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Takum 00pazoM, OJHA HENPEepLIBHOCTL (pyHKuuu f(z) Ha cer-
MeHTe [—7r, 7] 6e3 JOMOTHAUTENBbHBIX yCIOBUi He obecriednBaeT He
TOJBKO PABHOMEDHON CXOJMMOCTH TPUTOHOMETPUYECKOTO  psijia
Dypbe 9710l DYHKINU, HO j1azke CXOAUMOCTH 9TOrO pPsJjla B HAIEPel
3a/]aHHOM TOYKe YKa3aHHOIO CEI'MEHTA.

B sToMm u B crienyromem naparpadax Mbl BbIICHUM, KaKue Tpe-
foBanus ciaepyer n00aBuTh K HenpepbiBHOCTH dyHkimn f(z) (nau
BBECTH B3aMeH HerpepbiBHOCTH f(z)) asist obecmedeHns CXOInMOC-
TH TPUTOHOMETPUIECKOTO psiga Pypbe 5Toil DYyHKINU B 3aaHHON
TOUKe, & TaKxXKe I 0DecrevdeHusi paBHOMEDPHON CXOJUMOCTH yKa-
3aHHOIO Dsijla Ha BCEM CEerMeHTe [—m, m] Win Ha Kakoil-mbo ero
qacTu.

[Tpu u3yueHnM CXOAMMOCTU TPUTOHOMETPUYIECKOrO psifa Dyphe
BO3HMKAET U JIPYTOfi BOIPOC: JOJIZKEH JIM TPUTOHOMETPUIECKU sy
Dypbe 11060# KyCOUHO-HENMPEPBIBHON (UM JazKe CTPOro HelpepbIB-
HO¥T) Ha cermenTe [—m, 7| byskmuu f(z) cxoguTbest x0T OBl B
ONHOHM TOYKeE 3TOro cermMenTa’

ITonokuTEMBHBIN OTBET 1A TOT BONPOC OBLI TOIYYEH TOJIBKO
B 1966 1.

DTOT OTBET SABJISETCS CIeACTBUEM (PYHIAMEHTAJIBHON TeOpeMbl,

nokazanHoit B 1966 1. JI. Kapiecomom ') u permsiieil 3HaMeHn-
tyio mpobremy H. H. Jlysuma 2), mocrasiennyio eme B 1914 r.:

mpuzonomempuueckuti pad Pypve a0bol dynkyuu f(z), daa xo-
mopol cywecmeyem nonumaemuili 6 cmoicae Jlebeza unmezpan
T

[ f2(z)dz, czodumca x smoti Pynryuu nowmu 6c10dy na cee-
—T

menme [—m, w] 3).

N3 Teopembl Kapitecona BwITeKaeT, 9To pas Pypbe HE TOTHKO
JII0001 KyCOIHO-HEIIPEPHIBHOM, HO U JIFOOO MHTErpUpyeMOil Ha cer-
MeHTe [—7, 7| B cobcTBeHHOM CcMBIcTe Pumana dbyukimun f(x) cxo-
JATCsT K 910 DYHKIMY [I09TH BCIOy Ha cermente [—m, ] (nbo s

7T

taxoit gynkiunu cymecrsyer unrerpan [ f?(z)dz B cvbicie Puva-
—T
HA, a cTajo ObITh, U B cMbIcte Jlebera).

DL Kapnecon — coBpemennnrii mBenackuii mareMaTuk. [loaHoe mokasareinnb-
cTBO TeopeMmbl KapsiecoHa MOXKHO HaiTh B COOpHHKE IMEPEeBOAHBIX cTaTei: «Ma-
Temarukay. 1967. T. I, Ne 4. C. 113-132.

2) Huxomait Hukomaesma JIy3uH — coBeTCKMII MAaTeMaTHUK, OCHOBATEb COBPe-
MEHHOH MOCKOBCKOW MaTeMaTHIeCKOH mKoJTbl 1o Teopun (byrkmmii (1883-1950).
ITocranosky mpobsemsr Jly3una, pemernoit Kapsmeconom, u apyrux ero mpobiem
moxkuO HaviTu B kuure H. H. Jly3una «/HTerpas u TpuroHOMeTpUIECKUil PAIy.
M.; JI.: Tocrexuzmar, 1951.

3) Onpenesnenye mHTErpana B CMBICTE JIefera 1 CXOIMMOCTH TOUTH BCIOLY HA
JAHHOM CETMEHTE CM. B TJI. 8 9TOH KHUTH.
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Bamerum, uro eciu dynkuus f(r) uHTErpUpyeMa HA CErMeHTe
[—7, 7] He B cMbiciae Pumana, a Tosbko B cMbicie Jlebera, To Tpu-
roroMmerpudeckuit psin @ypoe 310l QYHKIUT MOKET HE CXOMUTHCS
HU B OIHOI Touke cermenta [—, 7. IlepBbiii mpumep uHTErpUpYe-
Moii Ha cermenTe [—7, 7| B cmbicie Jlebera dbyukuun f(z) co Beomy
PACXOIAMINMCS TPUTOHOMETpUIecKUM psifioM Pypbe ObLT TOCTpoeH
B 1923 1. coBerckum marematukom A. H. Kommoroposwsim

2. Ilpocreiinine ycjioBus abCOJIOTHONW W PABHOMEPHOMN
CXO/IUMOCTH TPUTOHOMETpUYUecKoro psana Pypse. loroso-
puMCd O CJIeayIONed TePMUHOIOTUH.

Onpedeaernue 1. Bydem 206opumn, wmo dynxyus f(x) umeem
na ceamenme [a, bl Kycouno-Henpepuenyw NPou3eod-
n Yy 10, ecau npouseoonas f'(x) cywecmeyem u nenpepvisha 6crody
na ceemenme [a, b, 3a uckaouenuem, 6oimo MOHCEM, KOHEUHO20
wucaa mouex, 6 kascdotl uz xomopwx Pynxuyus f'(x) umeem ro-
HewHbLe NPAGOE U NEE0E NPEICALHDLE ZHAMEHUA 2

Onpedenenue 2. Bydem 2060pumsv, wmo dynruua f(x) umeem
Ha cezmenme [a, b] Kycouno-Henpepuenyw NPou3eod-
HYyt nopadra n > 1, ecau Pynryus f("_l)(ac) uMeem Ha IMoM
ceamenme KYycowHo-HenpepuisHyto npouseoonyio 6 cmulcie onpedese-
HuAa 1.

CripaBeyinBa CJIEAYIOIIASA 0CHO6HAA TEOPEMA.

Teopema 10.11. Ecau pynxuyus f(x) nenpepwiena na cezmemn-
me [—7, 7], umeem 1a IMOM cezmenme KYCOUHO-HENDEPLIEHYIO NPO-
u3600nYy10 U Yydosaemsopaem ycaosuro f(—m) = f(m), mo mpuzoro-
mempuueckuti pad Pypve pynryuu f(x) crodumes x amot Pynk-
Yuu pasromepno na ceemenme [—m, w|. Boaee moezo, pad, cocmas-
AEHHBT U3 MOOYAel wAEH08 Mmpuzonomempuyueckozo pada Dypve
Pynryuu f(z), crodumca pasromepno na ceemenme [—m, 7.

HoxkazarenbcTBO. JOCTATOYHO I0KA3ATH, 9TO Psi/l, COCTAB-
JIEHHBI 13 MOJyJIell YJeHOB TPUTOHOMETPpUYIecKoro psijga Dypbe

dynkumm f (),

o
laol +Z{|ak cos kx| + |by sinkz| } (10.41)

S
CXOIUTCSL PABHOMEDHO Ha cerMeHtTe [—m, 7|, u6o orcroga Gyer Bbl-
TeKaTh KaK PaBHOMEPHasl Ha CErMeHTe [—7, 7| CXOJMMOCTb CaMOro

1) Hocrpoenue nmpumepa A. H. Koamoroposa Moxuo Haiitu Ha c. 412-421 xuu-
ru H. K. Bapu «Tpuronomerpuueckue psjbiy. M.: @Pusmarrus, 1961.

%) IIpu srom dbyukms f' () MOXKeT OKa3aThCs HE OIPEIEeIeHHON B KOHEUHOM
4HCIe TOYeK cerMenTa [a, b]. B 9Tux ToYKax MbL ZOOIPEAEIINM €€ IPOU3BOIEHBIM
obpasoM (HapuMep, MOJIOKUM PABHON TIOJIyCyMMe IIPABOTO U JIEBOTO TIPE/IETh-
HBIX 3HAYEHUI).
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TpuroHomerpudeckoro psiia ®@ypwe byukiuu f(z), Tak U cxouu-
MOCTB 9TOT0 Psijia (B cuity caeactsust 5 u3 . 3 § 3) umenno K dbyHK-
nun f(z).

B cuny mpushaka Beitepmrpacca (cm. Teopemy 1.4 u3 . 1)
JUTsI TOKA3aTeIbCTBA PABHOMEPHO! Ha cerMenTe [—, 7| CX0AuMocTh
paga (10.41) mocraTodHO JOKA3aTh CXOAUMOCTH MAarXKOPHUPYIOIIEro
€ro 4UCI0BOrO Psijia

> {laxl + [b]}- (10.42)
k=1

Ob6o3maunm 4gepe3 qp 7 [f TPUTOHOMETPUYIECKHE KOIDMOUITHEHTHI
®ypoe dbyukuun f'(z), moonpenenns 3Ty GyHKIHIO TPOU3BOILHBIM
00pa30oM B KOHETHOM UHUCTE TOUEK, B KOTOPHIX HE CYITIECTBYET TIPO-
ussoznas dbynkuun f(z) ).

ITpousBoast HHTErPUPOBAHKE 10 YACTSAM U YUUTHIBAS, 4TO (DYHK-
uust f(r) HenmpepbiBHA HA BCEM CEIMEHTE [—7, ] ¥ yJOBJIETBODSET
coornomenuam f(—m) = f(7), Mbl mOTyYnM CIEIYIONIE COOTHO-
IITeHWs, CBA3LIBAONINE TPUTOHOMeTpuueckue Kodddumumerntor Py-

pwe bynxmun f'(x) n camoit bynxman f(z) ?):

ak=i/f’(:r)coskxd:r=k~i/f(:r)sinkxdx:k-bk,

™ ™
By = i/f’(:r) sinkz dr = —k - %/f(x) coskrdr = —k - ag.
Taxum obpaszom,
Jar| + bl = 12 4 12,

U s J10Ka3aTeIbeTBa cxoquMocT psaga (10.42) nocrarouHo qoKa-

3aTh CXOOUMOCTDL pdaa
o0

Z{lo;—k' + Ii_kl} (10.43)

k=1

1) Hanpumep, moxkHO mosoxuth dbyakmuio f () B yKa3aHHBIX TOUKAX PABHOM
MOJIyCyMM€ TPABOTO U JIEBOTO TIPEJIEIbHBIX 3HAYCHUIA.

2) TIpu MHTErpUPOBAHEN M0 YACTSM CJIeLyeT PasbuTh cerMenT [—, 7] Ha Ko-
HEYHOe YMCI0 He MMEIOMUX OOMUX BHYTPEHHUX TOYEK YACTHIHBIX CETMEHTOB,
Ha KaXKJIOM U3 KOTOPbIX TIponsBojnas f (x) HempepbiBHa, U, 6epsa HOpMyJTy HH-
TerpupoBaHUs TIO JACTAM JJid KaxKJA0TO U3 STUX YaCTUIHBIX CEPMEHTOB, yUeCTh,
YTO TIPU CYMMHUPOBAHUYM WHTETPAJIOB [0 BCEM YACTUYHBIM CEIMEHTaM BCE MOJI-
CTAHOBKM 06pATATCA B HyJb (BCIEICTBUE HEMTPEPLIBHOCTH f () Ha BCeM CerMeHTe

[, w] u yenosuit f(—m) = f()).
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Cxopumocts psiza (10.43) BeITEKAET U3 37EMEHTAPHBIX HEPABEHCTB 1)

2+ 1),

k
% < (ﬁk + ) (10.44)
U U3 CXOOUMOCTHU PSIOB
(o] (o]
S (a2 + 82, % (10.45)
k=1 k=1

MEPBbIN U3 KOTOPBIX CXOJIUTCH B CHIly DABEHCTB [TapceBansa miist Ky-
couno-HenpepbiBHOi dbyukunn f'(z), a BTOpoii — B Crly MHTErpaib-
Horo npustaaka Komm—Maxkmopena (eMm. oin. 1, ir. 13, § 2). Teopema
JIOKa3aHa.

Bameuanue. Ecau dyukuuio f(z), yI0BI€TBOPSIONLYIO YCI0-
BusiM Teopembl 10.11, nepuogndecku (¢ mepruogoM 27) MPOIOIKUATE
Ha BCIO OECKOHETHYIO TPsiMyto, TO Teopema 10.11 Oymer yreepxaaTh
CXOIUMOCTH TpUroHOMeTpuyueckoro psaaa Pypbe K Tak MPOIOIKEH-
HOH (DYHKITHH, PABHOMEPHYI HG 6ceti beckoneunot npamot.

3. Ilpocreiimmue ycioBusag no4jaeHHOro guddepeHnmnpo-
BaHUA TPUroHoMerpuyeckoro psga Pypswe. [Ipexie Bcero mo-
KayKeM CJIEYIOIIYIO JIEMMY O TIOPSIKE TPUTOHOMETPUYECKUX KO-
durmentos Pypoe.

Jdemma 1. ITycmov Pynkyua f(x) u 6ce ee npoussoduvie Ao
HeKomopo2o nopadka m (M — ueaoe HeOMPUUAMEADPHOE HUCAO) He-
npepueny. Ha ceemenme [—T, T| u YooeAEMBOPAIOM YCAOBUAM

f(_ﬂ-) = f(ﬂ-)v
fl(=m) = f'(m), (10.46)

............

FU (=m) = fO ().
IIyemw, kpome mozo, dynruus f(x) umeem wa cezmenme [—m, 7|

KYCOuHo-Henpepusryto npouseodnyto nopadka (m + 1). Toeda cxo-
dumcs caedyrouwuti pao:

o0
> k™ {Jag| + [bel}, (10.47)
k=1
6 KOMOpoMm aj U by cymv mpuzonomempuueckue Kodpduyuermo.
Dypve pynryuu f(z).

1
) Mbr mcxommam w3 semenTaproro Hepasenctsa |af - [b] < E(GQ + b?), BbITE-

KAIOMEro u3 HeoTpuraTepuocTn semannst (|a| — [b])2.
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HoxazareabcrBo. Ob6o3naunm uepes a u Py TPUTOHOMET-
pudeckue Koddduiumentol Pypre GyHkun f ("H'l)(x), Jootpeae-
JIUB 3Ty (DYHKIHIO MPOW3BOJBLHBIM 00pPAa30M B KOHETHOM YUUCJIE TO-
YeK, B KOTOPBIX He CYIIECTBYeT IPOU3BOHOI opsaka (m+1) dyHk-
muu f(x). Uarerpupys Boipazkenusi mis oy u S (m + 1) pas no
9acTAM W yUUTHIBasi HEIPEPHIBHOCTH HA BCEM CerMeHTe [—m, 7| ca-
moit dyukimu f(z) u BCex ee MPOU3BOJHBIX 0 MOPSIJIKA 17, & TAKIKe
yunrbiBas coorHorrerust (10.46), Mbl yCTAHOBUM CJIEIYFOIIYIO CBSI3b
MeXK Iy TpuroHomerpudeckumu Koaddurmerramu Oypoe yHKIINT

fm+) (z) u camoit byuxmun f(z) 1) :
|| + || = k™ {]ax| + [bk] }-

Taxum obpaszom,
K™ {lag] + el } = 1920+ L,

u cxopumocTh psizia (10.47) BeITEKaeT U3 IeMEeHTAPHBIX HEPABEHCTB
(10.44) w n3 cxogumoctn psagos (10.45), mepBbIil 13 KOTOPHIX CXOIUT-
ca B CUTy paBercTBa [lapceBass qid KyCOUHO-HEMPEPHIBHOM dyHK-
wan "D (), a sropoit —B cumny npussaka Koum-Makiopena.
JlemMa gokaszaHa.

HenocpecTBeHHBIM ClIEACTBUEM JIEMMBbI 1 SBJISIETCA CIIeLy FOTIast
TeopeMa.

Teopema 10.12. IIycmo dynwyus f(x) ydosaemeopsem mem
atce Yeaosuam, wmo u 6 semme 1, npuvem m = 1. Toeda mpuzono-
mempuseckul pad Pypve dynkyuu f(x) moocho m pas nowseHHO
dupdpepernyuposams na ceemenme [—m, ).

HoxkazarenbcTBo. Ilycrs s—oboe u3 uncen 1, 2, ..., m.
B pesysbrare s-kparHOro mowdsieHHOro gudhepeHnupoBaHua TPHU-
ronomerpuueckoro psga Pypve dyukiun f(z) nomydaercsa ps

i ks{ak coS (k:r — ?) + by Siﬁ(kx — ?) } (10.48)

k=1

BameTnm, 4TO I/ BCEX T W3 CErMEHTA [—7, 7] KaK UCXOJHBINH TpH-
ronomerpuueckuii psg ®@ypoe, Tak u pag (10.48) (¢ mobbim s =
= 1,2,...,m) MaxOpPUPYETCs CXOILAIMMCS YHUCIOBBIM DsIJIOM
(10.47). Tlo npusuaxy Beiiepmrpacca (cm. Teopemy 1.4 u3 . 1)
KaK HCXOAHBIN TpuroHoMeTpudeckmii psim Pypbe, Tak U KaKIBIT
u3 psyios (10.48) (nmpu s = 1, 2, ..., M) CXOAUTCS PABHOMEPHO Ha

1) Ilpu METErpUpPOBAHMY [0 YACTIM CErMEHT [—m, 7] cnenyer pa3burb HA KO-
HEYHOE YHCJI0 HE UMEIOIMMX OOIIMX BHYTPEHHHX TOYEK YaCTUYIHBIX CEIMEHTOB,
Ha KaxK/IOM U3 KOTOPBIX f (m“)(a:) HEIIPEPHIBHA, U Y4eCThb, 9TO IIPU CYMMHPOBa-
HHUH MHTET'PAJIOB II0 BCeM YAaCTHYIHBIM CeTMEHTaM BCe IIOJICTAHOBKH MAIOT HYJIb.
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cermenre [—m, 7], a 910 (B cuiy Teopemsbl 1.9 u3 1. 1) obecneun-
BAeT BO3MOXKHOCTH 1M-KPATHOTO MOWIEHHOTO JTudOepeHImpoBaHust
ucxoguoro pana @ypoe. Teopema moxazana.

§ 5. Bosiee ToyHBbIE YCJI0OBUST PABHOMEPHOU CXOAUMOCTU
W yCJIOBUA CXOJAUMOCTH B JAHHOI TOYKE

1. Monaysbs uenpepbiBHocTu dyHkiuu. Kmaacesr I'énbe-
pa. Mbl HAYHEM C BbISCHEHWS TOHSTHI, XapaKTepU3yIOIuX [Ia/l-
KOCTh M3y4daeMblx DYHKIH, U C OIPesesieHnsi KJIaccoB PyHKIUM, B
TEPMUHAX KOTOPBIX OYAYT chHOPMYyJIUPOBAHBI YCIOBUA CXOAUMOCTH
Tpuronomerpudeckoro psana Dypoe.

[Iycrs dyukuus f(x) onpenesena u HenmpepbiBHA Ha CErMeH-

re [a, b].

Onpedenenue 1. Jlaa xascdozo § > 0 nazosem mody.sem
nenpepuwernocmu Pyukyuyu f(x) na ceemenme [a, b] mounyro
sepxHI0t0 2pant modyaa pasnocmu |f(z') — f(2")] na mmoorcecmee
scex ' u x| npunadsescawuz ceemenmy [a, b] u ydosaemesopsaro-
wuzx yeaosuro |z’ — | < 6.

Bynem obosnavars Moaysb HempepbiBHOCTH (yHKImU f(x) Ha
cermenre [a, b] cumBonom w(6, f). Urax, no onpeaenenuio 1)

w(@, f)=sup |f(z') = f(a")].
la' =z | <6
z',z'" €a,b]

Henocpencreenno u3 reopembl Kanropa (cm. Bbim. 1, Teopemy
10.2) BeiTeKaAET, YTO MOYAL Henpepvishocmu w(d, f) aobot nenpe-
puenoti na ceemenme [a, b] pynxyuu f(r) cmpemumesn x nyaro npu
§—072).

OnHaKo /st TIPOM3BOIBLHOM TONBKO HENPEPLIBHONH Ha CerMeH-
re [a, b] dyukiun f(z) Heab3st, BoOOIIE TOBOPsi, HUYETO CKAa3aTh
0O MOpsaIKe ee MOmyJs HempepbiBHOCTH w(d, f) OTHOCHTEIBHO
MAaJIoro 4.

IMokazkem Tenepb, uro ecau Pynryus f(x) Jupdepenyupyema
na ceemenme [a, b] u ee npouseéodnasa f'(x) ozpanuuena na smom
cezmenme, mo mooyav nenpepwerocmu gynruuu f(r) va yrxazan-

nom cezmenme w(0, f) umeem nopadox w(s, f) = 0(8) 3).

I)Ha.HOMHI/IM, 9TO CHMBOJI € O3HA4YaeT <«IPUHAMIEKHUT», TaK UTO 3aIHUCh
x', 2" € [a, b] osmauaer, uro Touxku ' u x’ mpuHaIExKAT cermenty [a, b].

2) W60 (8 cumy reopemsr Kanropa) mus moboro € > 0 maiizercs § > 0 Taxoe,
aro |f(x') - f (x::)| < & nng Beex *' u 2" w3 cermenra [a, b], y10BIETBODATOITIX
yeaosuio |z’ — x| < 4.

%) Haromnnwm, uaro cumson a = O(8) Gbut BBesen B riapax 3 u 4 Boim. 1 u
0603HaIaeT CyleCTBOBaHUe MOCTOAHHON M Takoit, €ro |a| < M.
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B camom Jese, u3 TeopeMbl Jlarpamka ') BBITEKAeT, UTO st
06X Toyek ' u 2" cermenta [a, b] Halimercs Touka &, 3aKJIHOUEH-

nag Mexxay ¢’ u ¢’ u Takas, uro

[f(a") = £ =1 (O] -]|2" —2"|. (10.49)

Tak kak mponssonnas f'(z) orpanmdena na cermente [a, b], To Haii-
Jercd TocTosHHag M Takad, 9TO I BCEX T W3 3TOTO CErMEHTa
|f'(z)] < M n, crano 6uite, |f'(€)| < M. U3 nocnenuaero Hepasen-

cra u u3 (10.49) sakmouaem, aro |f(z') — f(z")] < M nna Beex
2’ n x" us [a, b], ynosaersopstomux ycaosuto |z’ — x| < §. Ho sto0
u o3nauaer, uro w(d, f) < Md, 1. e. w(d, f) = O(0).

IIycts o — 10060€ BerecTBeHHOE YHCIO U3 TojycermenTa 0 <
<a<l.

Onpedeaenue 2. Bydem z2060pumsv, wmo dynxyus f(x) npu-
nadaesrcum na ceemenme [a, b) kaaccy I'éavdepa C* ¢ noka-
samesem a (0 < a < 1), ecau modyav nenpepvisHocmu GyYHKLUL
f(z) na ceemenme [a, b] umeem nopadox w(d, f) = O(6*).

st obosnauenuss Toro, uro dbyHkiws f(x) NpUHAIIEKUAT HA
cermenre [a, b] knaccy énbaepa C%, 06bI9HO yIOTPEOIAIOT CHMBO-
muky: f(z) € Ca, b)].

Cpa3sy ke ormerum, uro eciu byukius f () quddepernupyema
Ha cermenTe [a, b] u ee IpOM3BOIHAS OIPpAHUYEHA HA ITOM CETMEHTe,
T0 9Ta QYHKIUS 3aBeJIOMO [IPUHA/IEKUT Ha cerMeHTe [a, b] Kiaaccy
Ténpaepa C 2) (910 yTBep K eHIE HEIOCPEICTBEHHO BHITEKACT U3
JIOKa3aHHOTrO BhIIe coorHomrenus w(d, f) = O(9)).

Bameuanue. Ilycrs f(z) € C%a, b]. Toumyio BepxHIOO rpaHb

|f (") — f")]

Ha MHOKecTBe Bcex 7' m x', mpunasiexKammx
|:B/ — :l://|06

apobu

cerMeHTy [a, b] U HE paBHBIX JPYT APYrY, HA3BIBAIOT KOHCT & H-
roit Téanbgepa (wm kosddbuunumenrom 'énnbmepa)
dbyukipn f(z) (ma cermenre [a, b]). Cymmy KoHCTanTHl [ésbIepa
dynkuun f(z) na cervenre [a, b] n rounoii Bepxueii rpanu | f (z)| na
9TOM CErMEHTE HA3bIBAIOT I'E€JIbJepPOBOH HOPMON (byHKIHN
f(z) na cermente [a, b] u 0603HAYAIOT CUMBOIOM F | fll g, b-
Ipuwmep. @yukups f(z) = \/z upusaaiexur Ha cermenre [0, 1]
knaccy CV/2, ubo st mo6wix ' w2’ u3 [0, 1], CBA3aHHBIX yeIOBHEM
' > 2, cnpaseamuso mepasencrso |f(z') — f(z")] = Vo' — 2" x

\/a:—a:” 7 T "
< Va'— 2" (npu stom kKoucranTa ['énbuepa,
1/ +1/

1) Om. Teopemy 8.12 u3 Bemm 1.

2) Knace Témpaepa C', orBedaromuii 3HAYEHHMIO o = 1, YaCTO HA3BIBAIOT
KJgaccoM Jlwmmmuira.
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Vi —a”
Va' + /2"
paBHa eJVMHUIE, & TENbJEepOBa HOPMa paBHA JIBYM).

2. BoIipaxkeHue Jjisi YaCTUYHOI CyMMBbI TPUTOHOMETPHU-
4qeckoro psaga @ypwe. [Tycrs f(x) — npoussosbHAsT KyCOYHO-T/IAI-
Kast Ha cermenTe [—m, m] dbyHKIus. DTy DYHKIHMIO MbI TI€PUOJTTE-
CKH (C IePHOIOM 27) MPOIO/IKIM Ha BCIO OECKOHEUHYO IPIMYIO 1) .
O6o3naunm uepes Sy (r, f) 4JaCTUUHYIO CYyMMY TPUTOHOMETPUYIECKO-
ro psiia @ypre dyuxiun f(x) B TOUKe Z, paBHYTO

ABJISAIOIIAACH TOYHOI BEpXHEN I'PaHbIO HA [0, 1] pobu

n
Sn(z, f) = (12—0 + Z(ak cos kx + by sinkx). (10.50)
k=1

BeraBnsis B8 mpasyto wacrb (10.50) 3Hauenus koddbdunuenTon
Dypoe 2)

Gozi/f(y)dy,

o=t [fcoskydy, =1 [ wysinkydy (=1,2,..)
“r -

M YYUTBHIBAs JIMHEHHBIE CBOWCTBA WHTErPasia, Mbl TIOJIYYUM, 9TO s
JII0001 TOUYKYU T OECKOHEUHOI MPIMOii

Sp(z, f) = % / f(y) [% + Z(COS ky cos kz + sin ky sinkx)] dy =
s k=1

= %_Z f(y) [% + é cos k(y — w)] dy.

1) Io porosopennocru, npuHaToil eme B § 1, KycOuHO-HempepbiBHAsL (YHK-
uust f(z) B KaxK0ii TOUKe T 06A3aHA UMETh 3HAYEHHEe, DABHOE MOJIyCyMMe IpPa-
BOI'O W JIEBOTO HNPEAEJIbHBIX 3HadeHuil. UToObl 3TO CBOMCTBO HMEJIO MECTO 1
mas byskuun f(z), nepuonudecku (¢ meproOAOM 27) IPOJOIKEHHON Ha BCHO
GECKOHEUHYIO TIPSMYIO, Mbl JIOJIZKHBI TOTPeGOBATH, YTOOBI JJisl IPOIOXKEHHON
dbyHsKuun nMesio Mecto cootnomenue f(m) = f(—m) = $[f(—m +0) + f(r —0)].
WMupivu citoBaMu, MBI HA30BEM OIPEEICHHYIO HA OECKOHETHON mpsaMoil dyHK-
o f(2) TepUOAUIECKUM IPOJOJKEHHUEM KyCOUHO-HEIIPEPBIBHOMN
Ha cermenre [—7, 7] Gyukuun f(x), ecim 06e 9ty GyHKIUM COBIAAAIOT HA UH-
TepBasie — < & < T W €CJIU OIpEJeJIeHHas Ha OECKOHEYHOH IpsaMoil (yHK-
uust f(z) yaosnersopser ycaosuto nepuonuanocru f(z +27) = f(z) u ycaoeuto

f(m) = f(=m) = §[f(=m +0) + f(x = 0)].
2) Cm. dopmyasr (10.23).
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CrenaB B mocieHeM WHTerpaJje 3aMeHy HepeMeHHoit y = t + x,
MPUIEM K CJIEIYIONIEMY BBIPAXKEHUIO:

Sz, f) = i / flz+1) [% + Xn:cos kt] dt. (10.51)
—T—x k=1

BameruM Tenepb, YTO TAaK Kak Kaxkgad w3z yHkumit f(x + t) u

n
B + Y cos kt] SIBJIAETCS TTepuoinyeckoil pyHkimeil mepemenHoi ¢
k=1

C mepuojioM 27, TO Bes nojbiaTerpasbiasa dyuknuga B (10.51) (06o3-
HA4YMM ee KpaTko depe3 F(t)) siBisiercs nepuouaeckoil byHkumeit ¢
¢ nepuogoMm 2m. 3amerum Takxke, uro uHrerpuposanue B (10.51)
UJIET 110 CErMEHTY [—7 — z, T — Z|, UMeIoLeMy JIINHY, PaBHYIO 27,
T. €. PaABHYIO MEPHUOJy TOAbIHTErpaabHOil dyHKInu. Bocmonb3yem-
Csl CJIEIYFOLIMM 3JIEMEHTAPHBIM Y TBe P XK e Hu e M: ecau F(t) —
UNMEPUPYEMAA NO NI0OOMY KOHEUHOMY CE2MEHMY NEPUOIUMECKAA
Pynryus nepuoda 27, mo 6ce unmMezPabL 0m Mot GYHKUUU NO A10-
6OMY U3 CE2MERMOB, UMEIOULUT OAUHY, PABHYN NEPuody 2T, PasHbi
Mmeoncdy cobotl, m. e. dasa 4106020 x

Wf_x F(t)dt = fF(t) dt '), (10.52)

—TT—T —T

Pagerncrso (10.52) mo3Bosisier HaM CJIe Iy OIIM 00pa3oM TepenucaThb
dbopmyy (10.51)
m n
Sp(z, f) = 1 /f(x +1) [l + Z cos kt] dt. (10.53)
T 2 P

Boruuciaum cymmy, crosiyio 8 (10.53) B kBagpaTHbix ckobkax. s
9TOr0 3aMeTWM, 9TO [jisi JF060Tr0 HOMepa k u Jr000T0 3HadeHust t

1) lnst moKA3aTeIbCTBA STOTO yTBEPAKACHHSA JOCTATOUHO, ONb3YACh CBORCT-
™=
BOM aJIUTUBHOCTH, NpeACcTaBuTh uuTerpan | F(t)dt B Bume cymmsl Tpex
—TmT—x
WHTErpaJjoB

f F(t) dt+fF(t )dt + f F(t)dt
—TmT—x —Tm
U 3aMETUTh, U4TO C IOMOLIBIO yCI0BuUs epuoananoctu F(t) = F(t+ 2m) u 3ame-

HBI IePEMEHHOM ¢ = Yy — 27 IePBBI U3 YKA3aHHBIX TPEX UHTEI'PAJIOB IIPUBOIUTCS
K TPeTheMy, B3ITOMY CO 3HAKOM MHHYC. [leficTBUTEIHHO,

_fw F(t)dt = f F(t+2m)dt = f F(y)dy = —ﬂfgCF(y)dy.

—T— —T— T s
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CIIPaBEJIJINBO PABEHCTBO
2sin % cos kt = sin(k + %)t — sin(k - %)t
CyMMupyst 9TO PABEHCTBO TIO BCeM HOMepaM k, paBHbIM 1, 2, ..., n,
TTOTY TUM "
.t . 1 .t
2sin - - coskt=sm<n —)t—sm—.
2 2_: T3 2

Orcroga "
.t L 1
2s1n5 [5 + ;coskt] = s1n(n + 2)1&
", CTAJI0 OBITH, 1
sm(n+ )t
— 27 (10.54)

[ + Z cos kt]

[Moncrasnsis (10.54) B (10.53), MBI OKOHYATEJILHO MOy IUM CJIeYI0-
I1ee BBIPAYKEHUE JIJIs 9aCTHIHON CYMMBI TPUTOHOMETPHYECKOTO Psi-
na Dypoe:

2sin —
2

S /fx+t sin(n 5t dt, (10.55)

2s1n -
2

CIIpaBEINBOE B JIIO00M TOUKe & OECKOHETHOMN MTPSIMOii.

Bameuganune. U3 bopmynsr (10.55) u u3 Toro, 4ro BCe 4a-
cruanbie cymmbl Sy (z, 1) dynknun f(z) = 1 pasub eaunune ),
BBITEKAET CJIe/IyTOIee PaBEHCTBO:

s 1
sin|n+ = |t
1=1 / (—t?)dt. (10.56)

™ 2sin —
2

3. NnrerpanbHbiii MOAYJIb HEIPEPbIBHOCTU (YHKIUN.
[Iycrs dyukiws f(z) uarerpupyema (B cMbicje COGCTBEHHOTO HHTE-
rpana Pumana) wa cermenre [—m, 7). D1y dYHKIUIO MBI TI€PUOIA-
4ecKu (C epuoioM 27) TPOJOIKNAM Ha BCIO OECKOHEUHYIO MPAMYTO.

Onpedenenue. s ao6ozo § us nosyceamenma 0 < § < 2w
HA306EM UHMEZPAADHOM MOOYAEM HENPEPLLEHOCMU
Pynryuu f(r) na ceemenme [—m, T MOUNYI0 6EPTHION 2PaANDL UN-
mezpasa

Flst ) - rola

Ha MHONHCECTNBE BCET UUCEA U, YOOBAEMBOPAIOUWUT YCA08UI0 |u| < &

) U60 semmamna (10.55) mns bymkuum f(z) = 1 pasma cymme (10.50), B
KOTOpOit ag =2, ap, = by, =0mpu k=1, 2, ...
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Byaem o603nauaTh HHTErPABHBIA MOJLY/Ib HEIPEPHIBHOCTH DyHK-
mun f(x) Ha cermenre [—7, | cumBosom I(4, f).
Urak, mo ompeneneHnto

I(5, f) = sup f|f (t+ u) (t)] dt.
lu|<d —m

CrpaBesinBO CenyIoliee yTBepK IeHue.

Jdemma 2. Ecau Pynxyus f(z) wycouno-nenpepuwsna na cee-
menme [—7, w| u nepuodunecku (¢ nepuodom 2m) npodoasicena Ha
8CH0 OECKOHEUHYIO NPAMYIO, MO UHMEZPAALHYIT MOOYAD HENPEPDLG-
nocmu 3moti Pynkyuu na ykazarnom ceemenme I(8, f) empemum-
ca % nyao npu § — 0.

HokazarenbcTBo. @Pukcupyem npoussosbaoe € > 0. Co-
riacuo reopeme 10.10 (0 3aMKHYTOCTH TPUTOHOMETPUYECKOH CHC-
rembl) aas yHkiwn f(x) HalijgeTcs TPUrOHOMETPUYECKHUH MHOIO-
wien T'(z) Takoit, 4To

If =Tl = f T(®)*dt <e/(3v2r),

U TIOTOMY Ha OCHOBaHn# Hepasercrsa Kommi-Bymnskosckoro 1)

™

[ 1@ =T dt < f[f CTWRdt [ dt<e/3. (1057)

-

U3 wepasencrsa (10.57) u u3 roro, uro f(t) u T(t) aBasgtorcs nepuo-
JUYECKUMU (DYHKIUSMU [EPUOa 27, 3aKTH0UAEM, 9TO JIJis JIO0ro
qucIa U

™

JIft+uw) —T(t+u)|dt <e/3. (10.58)

-

[TockombKy MOy b CYyMMBI TPEX BEJUYUH HE TPEBOCXOIUT CYMMBI
MOJyJIel STUX BEJIMYWH, TO JJIs JIFOOOTO YKCIa U CIPaBEIJINBO HEPa-
BEHCTBO

™

TR+~ FO1de < J 15+ 0) — T+ )+

+ [T ) — T |dt+f|T — f(t)]dt. (10.59)

-

Temnepb ocraercss 3aMeTHTb, YTO B CUJY HENPEPBIBHOCTA TPUTOHO-
METPUIECKOr0 MHOroUjIeHa u Teopembl Kanropa (cm. Teopemy 10.2

1) Cum. mepasencrso (1.33).



§5 BOJIEE TOYHBIE YCJIOBUA PABHOMEPHOU CXOANMOCTU 341

u3 Bbit. 1) ays ukcuposanaoro namu € > 0 Haiigercs § > 0 takoe,
410 K |u| < § u npw Beex t u3 [—m, 7|

Tt +u) —T(t)] <e/(6m),
U OTOMY

™

[T (t+u) —T(t)|dt < e/3. (10.60)

—T

Conocrasigs uepasercTso (10.59) ¢ mepasencrsamu (10.57),
(10.58) u (10.60), momyqwm, 4To

Flst+w) - folar< e (10.61)

JUTsl BCEX U, JIIst KOTOPBIX |u| < 0. Jlemma nokasaHa.

Bameuanue kK gmemme 2. Jlerko y6eauTnes, 9To cmpemaenue K Hy-
A0 UHNE2PAALH020 M0OYas nenpepuienocmu I(8, f) npu § — 0 umeem mecmo
HE MOALKO 04A 060 KYCOUHO-Henpepsierotl, Ho U dad 110600 unmezpupyemod
(6 cobecmeennom cmvicae Pumana) na ceemenme [—m, w| dynxyuu f(z). dusa
JI0KA3aTeIbCTBA 9TOr0 (PUKCUPYEM IPOU3BOJILHOE € > () U 3aMEeTHM, 9TO B CHILY
unrerpupyemoctu f(t) Ha cermenre —w < t < 7 Haiimerca o > 0 Takoe, 9TO
g a1 60ro pasbueHus cerMeHTa [—m, | HA YACTUYHBIE CEIMEHTHI JJIU-
HBI, MeHbIIel do, PA3HOCTh MeXK/y BepXHeil u HukHel cymmavu dyakuun f(t)
Gyner menbine ¢/4. @ukcupyem Hekoropoe pasbuenue T cermenra [—m, 7| Ha
YACTUIHBIE CECMEHTBI P & B H O it qymnet § < do. VI3 Toro, uro f(t) — nepuomn-
ugeckast QYHKIUs, BBITEKAET, 9TO s jo6oro |u| < § u gns dbukcupoBaHHOrO
Hamu pasbuenus 1 cermenTa —7 < ¢ < 7 PAa3HOCTH MEXKIY BEPXHEH U HUIKHEHR
cymmamu byukmun f(t+ u) (mpm goctaroaro Mamom §) Gymer o KpaitHeit Mepe
menbmre €/2. Ho orcroga ciemyer, aTo npu dbukcupoBanHOM Hamu pa3buenun T
Pa3HOCTb MexX/y BepxHeil u HuxkHed cymmamu yukuuu [f(t + u) — f(¢)] npu

e €
moboM |u| € & Gyzmer MenbIne 1 + 3= 1% O60o3HaunM 11t PUKCHPOBAHHOTO

Hamu pas3buenusi T BEPXHIOO U HIKHIO cyMMbl dyukimu [f(t 4+ u) — f(t)] co-
OTBETCTBEHHO 4epe3 S U §, a BEPXHIOI U HIKHIO cyMMbl dbyuxmu | f(t + u)—
—f(t)| coorsercTBenmo wepes S u 5. B § 5 r1. 10 Boim. 1 ycraHoB/IeHO, UTO JTs
J11060r0 pa3bueHus BEpXHsS U HUKHsAS CYMMBL S U § caMOil QyHKIVY U BEPXHSS
M HUJKHSAS CyMMBI S ¥ 5 MOJIYJI 9TOi (DYHKIIHH CBS33HBI COOTHONICHHEM S —
—35 < S—s. Takum ob6pazom, juist huUKCUpOBAHHOrO HaMu pa3buenus: T’ cripaBei-
JIMBO HepaBeHcTBo S —3 < 3¢/4. Ho 310 o3madaet, 410 /s BUKCHPOBAHHOTO Ha-
Mu pasbuenus T pa3HOCTH MeXKIAy J110 6 0 i MHTErpaJbHON CyMMON (yHKIMH
™

|f(t+u)—f(t)| mmarerpamom [ |f(t+u)—f(t)| dt menpme uncra 3e /4. Ecma mbt

BBIOEPEM B ITOM HMHTErPAILHOM CyMMe BCE IIPOMEXKYTOUHbIE TOUKHU &) B IEHTPE
COOTBETCTBYHOIUX YaCTUYIHBIX CEIMEHTOB IJINHBL (S u IIOTpe6yeM7 qTO6I)I Y9HUCIIO
4 yJOBJIETBOPSJIO HepaBeHCTBY |u| < §/2, To obe Touku & u &k + u OyayT npu-
HaJJIeXKaTh k-My YaCTUYHOMY CEIMEHTY, X HOTOMY PasHocTsb | f(&x +u) — f(&r)|
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me Gymer mpesocxomuThb Komebanus My, — my byrkmum f(t) ma k-M gacTraHOM
cermente ). Ho Torga Best yYKa3aHHas WHTErpajbHas CyMMa He OyIeT mTpeBoc-
xomuTh cymmbr (M — my)Aty, paBHOH DPA3HOCTH BEPXHEH W HWKHEH CyMM
dyskuun f(t) nusa pasbuenus T, T. e. He Gyner npeBocxomuts uucaa €/4. Or-

coma crenyer, aro upw |u| < §/2 marerpan [ |f(t+u)— f(t)| dt Be mpeBocxomuT
9uCIa €, 9TO M AoKasbiBaer crpemsenue I(§, f) x mymo mpu § — 0.

3Briedem Tenephb u3 JEeMMbI 2 Pl BAXKHBIX JJI JTaabHENero
CJIeJICTBAMA.

Caedecmeue 1. Ecau pynruyus f(t) wycouno-nenpepwviena ma
cezmenme [—m, 7| u nepuodunecku (¢ nepuodom 2m) npodosdicena
HA 6C10 OECKOHEUHYIO NPAMYIO, G T — A100a4 HUKCUPOBAHHAA TNOUKA
cezmenma [—m, w|, mo dasn 06020 € > 0 natidemes 6 > 0 maxoe,

umo
us

JIfz+t+u)—flz+it)|dt<e (10.62)
-7
npu |u] < 9.
Hokasareabcrro. Cphenas B mHTErpase, CTOSIIEM B JI€BOIi
gactu (10.62), 3ameHy nepeMeHHON T = x + t:

™ T+x
S @ tttu) = fle+t)di =_f+ |f (T +u) — f(r)|dr

u 3aMeTuB, uTo (B cuiy pasercrsa (10.52))
T+T

| 1+ = g@)ldr = [ 1£6+u) - Sl dr,

-4z

MbI yOeauMcst B ToM, uro HepaseHcTso (10.62) saBisercs ciegcrBueM
(10.61).
Caedcmeue 2. Ecau xascdas us dynkuud f(t) u g(t) xycouno-

nenpepuena na ceemenme [—m, T| u nepuodusecku (¢ nepuodom 2m)
NPOYOAINCENA HA 6CI0 OECKOHEUHYIO NPAMYIO, MO OYHKUUA

1) = [ S+ 1)g00)de

ABAAEMCA HeNPePuerol Pynkyuet x Ha ceamenme —T < T < .

HokazarenbcTrBo. llycth 1z —Jr0b0ast TOYKA CErMeHTa
[—m, w]. Torga

@+ u) — I(z) = _f [F(z 4 +u) — flz+D)]a(t) dt,

1)T—Iepe3 My m mj Mbl 0603HAYAEM TOYHYIO BEPXHIOID U TOYHYIO HUKHIOIO
r'paHn HKITUIA Ha K-M 9aCTHUYHOM CEerMeHTe.
YHKIT, t k
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U IHOCKOJIBKY KyCOYHO-HEIpepbIBHAs Ha cermente [—m, m] dyHK-
st g(t) yOOBIETBOpsieT HA STOM CErMEHTe YCIOBHUIO OrpDaHHveH-
nocru |g(t)| < M, to

(@ +u) — I(@)| <M [ |f(z+1t+u)— flo+0)|de

—T
u noromy B cuiy (10.62) mua mo6oro € > 0
[I(z4+u)—I(z)] <e mpu |u] <d(e).

Henpepsigaocts I(x) B TOUKe 2 10Ka3aHa.

Caedcmeue 3. Ecau xasrcdas us dynkuud f(t) u g(t) xycouno-
nenpepusna 1a ceemenme [—m, T| u nepuodusecku (¢ nepuodom 2m)
NPOOAACENE HA BCIO BECKOHEUHYIO NPAMYIO, MO MPULOHOMEMPUYE-
crkue Koappuyuernmu Pypve pynxyuu F(z, t) = f(z + t)g(t) npu
DA3NOHCEHUY €€ No nepemertot 1

an(z) = % / Flz +1)g(t) cosntdt, (10.63)
bp(z) = % / flx+1t)g(t) sinntdt (10.64)

cxodames K Hyao (npu n — 00) PABHOMEPHO OMHOCUMENDHO T HA
cezmenme [—m, 7| (@ cmaao 6imov, u na eceti beckorewnot npamot).

HokazarenbcTBo. Jlaa soboit pUKCHpOBAHHON TOUKHU I
cermenta [—7, w| dbyukuus F(z, t) = f(x + t)g(t) asagerca Ky-
COYHO-HENPEPBIBHO (QyHKIMel aprymenTta t Ha cermeHTe [—m, 7|
1, CTaJI0 ObITH, JJTst 3TOU (DYHKIUU CIIpaBeJInBo paBeHcTBO [lapce-

BaJIs 1)

a%;x) +§:[ai(3€) + b2 ()] = i/f2(:1:+t)g2(t) dt.  (10.65)
k=1 s

U3 pasencrsa (10.65) BhITEKAET CXOAUMOCTD DS, CTOSIIETO B JIEBOM
ero 4acTu, B KaxK/0i (DUKCUPOBAHHON TOYKe ¥ cerMenTta [—r, ).

Tak KaK yKa3aHHBIN PsiJl COCTOUT U3 HEOTPU I AT E€J b H bl X UJjie-

HOB, TO B cuiy Teopembl Junu 2) j171s 0OKA3aTeIbCTBA PABHOMED-

HOI Ha CerMeHTe [—m, 7| CXOAUMOCTH YKa3aHHOIO Psi/ia JOCTATOYHO

1) Om. coepcrsme 1 w3 m. 3 § 3 910it roassL.
2) Cm. Teopemy 1.5 (hOpMY/IHPOBKY B TEPMUHAX PSIOB).



344 PAABI 1 NTHTEI'PAJI ®YPHE I'JI. 10

JOKA3aTh, YTO KaK KaxKjast byHKuus ap(z) u by(x), Tak u cym-
s

ma psiga (10.65) 1 [ f2(z + t)g%(t) dt sBasoTca HENpPEpPLIBHBIMU
T _x

dbyHKIWMSIME T HA cerMeHTe [—7, 7|, HO 9TO Cpa3y BBITEKAET U3 IIpe-
JBIIYIIErO CAeJCTBUA (J0CTATOYHO Y9YeCTh, 4TO KBaApaT KyCOUHO-
HENPEPBIBHON (DYHKIIUY SIBISETCS KYCOYHO-HEPEPBIBHON (hyHKIIN-
eft m 9T0 cosnt w sinnt Tpu KaxkA0M (DUKCHPOBAHHOM HOMEpE 7
SIBJIAIOTCS HEITPEPBIBHBIMU (DYHKITHSAMHE).

Caedcmeue 4. Ecau xascdas us dynkuud f(t) u g(t) xycouno-

nenpepuena Ha ceemenme [—m, T| u nepuodusecku (¢ nepuodom 2m)
nPodosdcena Ha 6C10 GECKOMEMHYIO NPAMYIO, MO NOCACIOEAMEND-
HOCT

en() = i /f(:r +)g(t) sin(n + %)tdt (10.66)

CTOOUMCA K HYMO DABHOMEDPHO OMHOCUMEABHO T HA CE2MEHME
[—m, 7] (@ ecmaso 6wmov, u Ha eceti beckornewnot nPamot).
HokazareabcTBOo. JlocTaTOYHO yUeCTh, UTO

Sin<n + %)t =cosnt - Sin% + sinnt - cos %,

U IpUMEHUTh npejpiayiee ciegcrsue, bepsa B (10.63) smecro g(t)
dbyukmmio g(t) - sin %, a B (10.64) Bmecto g(t) dynkmumio g(t) - cos %

4. ITpuHIMT JOKAIU3AUU. B 95TOM IyHKTE MbI JJOKAXKEM, ITO
BOITPOC O TOM, CXOJINTCS UJIA PACXOJUTCA TPUTOHOMETPUIECKHN P
Dypbe KyCOUHO-HENPEPBIBHOM HA CerMeHTe [—m, 7| u mepuogndec-
Kot (¢ mepuogom 27) dyukiwu f(x) B 1aHHON TOYKe ¢, PeIaeTcs
AUWD KA 0CHOBaHUL nosedenus dynkuyuu f(x) 6 kak yzo0no ma-
40T OKPECMHOCIU MOYKYU, To. DTO 3aMedaTeTbHOE CBOWCTBO TpH-
rOHOMEeTpHUYECKOro paga Pypbe NPUHATO Ha3bIBATh I P M HII -
HOM JOKAaJHW3alluHu.

Haunem ¢ mokasarebcTBa BayKHOI JEMMBI.

Jdemma 3 (aemma Pumana). Ecau dynwyus f(z) xycouno-
nenpepusna Ha ceezmenme [—m, T| u nepuodusecku (¢ nepuodom 2m)
NPOOANCEHE HA BCI0 DECKOHEUHYIO NPAMYIO U ECAU IMA PYHKUUA

obpawaemca 6 nyav 1a nexomopom cezmenme [a, b 1), mo das aro-
b—a
6020 NOAOHCUMEADBHO20 YUCAQ (5, MEHDUILE20 T, mpuzornomempu-

weckuti pad Pypve Pynkyuu f(x) pasHomepro Ha cezmenme
[a + 6, b— 0] cxodumea x nyao.

') Cerment [a, b] siBIsIeTCS COBEPIIEHHO MPOM3BOIBHBIM. B ¥acTHOCTH, 3TOT
CerMeHT MOXKeT He CONEPIKATHCS LEeIUKOM B [—, 7).
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JlokazareabcTBO. IlycTh & — IPOU3BOIBHOE TIOJOKUTE -
b—a
HOE€ YMCJIO, MEHBIIIEe T . Hacruunasa CyMMa TpUTrOHOMEeTpu4vec-

koro psiga @ypre dbyukuuu f(z) B mpousBOILHON TOUYKe I GECKO-
HeYHON mpsiMoit onpezessiercst pasencreoM (10.55). Tlonaras

- npu 6 <[t <,
g(t) =4 253 (10.67)
0 npu |t| <o

U yuuTbiBasi, 910 f(z + t) paBHAETCa HyJIO OPU YCIOBUW, YTO I
IPUHATIEKAT CerMeHTy [a + d, b — 0], a ¢ IpUHAJIEKAT CerMeHTy
[t] <6 1), MBI MOYKEM CIeIyIONTIM 06PA30M IePenucaTh PABEHCTBO
(10.55) nos kaxkio0it ToukM  cermentTa [a + 0, b — 4]

Sule, ) =1 / fla+ )g()sin(n -+ )t

OcraeTcs TPUHATL BO BHUMAHWE, ITO TOCTEI0BATETHHOCTD, CTOSI-
Mast B TPABOM JaCTH TTOCTETHETO PABEHCTBA, B CUJIY CIEICTBUA 4 n3
. 3 CXOUTCS K HYJTI0 PABHOMEPHO OTHOCUTETHHO & Ha BCell GecKo-
HeYHOI npsamoii. Jlemma jokazana.

HemocpencTBeHHBIMU  CTIEACTBUAMY JOKA3AHHON JIEMMBI SBJIS-
TOTCS CIEIYIOTINE TBE TEOPEMBI.

Teopema 10.13. Iycmov pynryus f(r) Kycouwno-wenpepvisHa
na ceemenme [—m, 7| u nepuodunecku (¢ nepuodom 2m) npodosice-
Ha Ha 8CH0 OECKOHEYHYI0 NPAMYIO, U nycmb [a, b] — nexomopwd cee-
menm. Jasa mozo umobv, mpuzonomempuueckuti pad Oypve Pymi-

b—a
yuu f(z) npu arwbom noasodrcumesvHom 0, MmeHvUEM — - c%o-

duacsa (x smot pynryuu) pasromepno na ceemenme [a + 6, b — 4],
docmamouto, wmobvl CYULLCME06aid KYCOYHO-HENPEPLIEHAA HA Ce2-
menme [—7, w| u nepuoduueckan (¢ nepuodom 2m) pynryus g(x),
064a0a10UWaA PABHOMEPHO CTOOAUUMCA Ha cezmenme [a, b] mpuzo-
nomempuseckum padom Dypve u cosnadarowan na cezmenme [a, b
¢ pynryued f(z).

Hoxazareanbcrpo. Ilpumenss semmy 3 k pasuocru [f(z)—

— g(z)], Ml momyunm, uTo Tpuronomerpuueckuii psi ypne pas-
b—a

Hocru [f(z) — g(x)] npm mobom § m3 marepBada 0 < 0 <

CXOIUTCSL K HYJIFO PABHOMEPHO Ha cermente [a + d, b — §], a orciona

1) B cumy toro, uro dyukmus f(x) paBHa Hy/TIO Ha BCeM cermente [a, b].
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U 13 PAaBHOMEDHOI Ha CerMeHTe [a, b] CXOIMMOCTH TPUTOHOMETpHYe-
ckoro psiia @ypoe dynkuun g(z) BoITEKaeT paBHOMEPHAs HaA Cer-
mente [a + d, b— d] cxogumocTs TpuroHomerpudeckoro psjga Pypbe
dyukuun f(z). Tor dakr, 9To moceAHUI PsIjl CXOAUTCST HA CETMEH-
e [a+0,b—0] umenno kK dyuHkuuu f(z)HemocpeacTrBeHHO
BBITEKaeT u3 ciaefcTBud H m. 3 § 3 aroit rmassl. Teopema gokazama.
Teopema 10.14. ITycmv pynryus f(r) Kycouwno-wenpepvisHa
na cezmenme [—7, w| u nepuoduuecku (¢ nepuodom 2m) npodossice-
HA HA BCI0 BECKOHEUHYIO NPAMYIO, U NYCMb Tg — HEKOMOPAA MOYKA
beckoneunoti npamoti. Jas mozo wmobv, mpuzornomempuseckuti pad
Dypve Ppynxyuu f(r) cxoduacs 6 mouke Tg, docmamouno, wmobo
CYWECMBOBANG KYCOUHO-HENPEPLIBHAA HA ceemenme [—T, T| u ne-
puoduneckan (¢ nepuodom 2) Pynruyus g(x), obaadarowasn crods-
WUMCA 68 MoYuKe To Mpu2ornomempuveckum padom Pypve u cosna-
darowan ¢ f(x) 6 Kax yeodno maroti -oxkpecmmocmu Mouky xg.
HokazareabcTBo. JlocTaTrovyHO NIPUMEHUTH JIEMMY 3 K pas-

wocru [f(z) — g(z)] mo cermenty [wo — g, xo + g] U y4ecThb, 9To

13 CXOAUMOCTH B TOYKE Lo TPUIOHOMETPUYECKUX PAIOB (DyHKITHiT
[f(z) — g(z)] u g(z) BbITEKAET CXOAUMOCTH B 9TOH TOYKE W TPHUIO-
HOMeTpuaeckoro psjaa @ypee dyukiun f(z). Teopema mokazana.

Teopema 10.14 He ycraHaBIuBaeT KOHKPETHOI'O BUA YCJIOBUIA,
00€eCTIeYMBAIOIINX CXOJAUMOCTH TPUTOHOMETPUYECKOro psiia Pypbe
dbyukiyun f(z) B Touke xg. OHa JaUIIb TOKA3BIBAET, YTO ITU YCIIO-
BUSI ONPEJIEJIATCS TOJIBKO moBejerneM f(x) B Kak yrojHO MaJioit
OKPECTHOCTH TOYKHM Lo (T. €. UMEIOT JTOK aJi b H bl i XapakTep).

5. PaBHOMepHasi CXOAUMOCTb TPUTOHOMETPUYECKOTO Psi-
na Pypee aasa pysknuu n3 Kjaacca Léabaepa. B stom u B
CJIEJIYIOIIEM yHKTAX Mbl 3afiMeMCsl yTOYHEHHeM YCJI0Buii, obecre-
YMBAOIIUX PABHOMEPHYIO CXOJUMOCTD U CXOJUMOCTh B JIAHHOM TOU-
Ke TpUroHOMeTpudeckoro psiga Pypobe.

JlokazkeM CJIeIyIOILy 0 OCHOBHYIO T€OpEeMy.

Teopema 10.15. Ecau dpynxuyus f(z) npunadiescum wa cee-
menme [—7, w| Kaaccy Iéavdepa C ¢ Karum y200Ho nososcumens-
nowm nokasamesem (0 < a < 1) u ecau, kpome moeo, f(—m) =
= f(n), mo mpueonomempuuecxuii pad Pypve dynruuu f(x) cxo-
dumes (k omoti Gynkyuu) pasnomepro na ceemenme [—m, 7).

HokazarenbcTBo. Kak 06br9HO0, OyaeM CIUTATD, 9TO (DyHK-
nust f(z) nepuoguuecku (¢ mepuogoM 27) TPOJIOIZKeHa Ha BCIO Hec-
KOHEUHYIO TpgMyt0. Yerosue f(—7) = f(7) obecnednBaer npuna,i-
JIEXKHOCTH TaK TPOJOXKeHHO# dyrkmmu Kiaccy lénpmnepa C Ha
BCeii DECKOHEUHOM MPSIMOIA.

[Iycrs z — robast Touka cermeHTa [—m, 7). YMHOXKast 06e dac-
tu pasercrBa (10.56) Ha f(z) m BbIUUTAs] TOJTYYEHHOE [IPU FTOM
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pasencTBo u3 (10.55), MbI MOJyYUM PABEHCTBO

1
sm(n+ ) J

2sin —
2

Sula, ) — Q/ff (1) — flo)—— 2Lt (10.68)

U3 yenosus npunagiexuaoctu f(x) knaccy Téabaepa C* BoiTekaer
CyIIECTBOBaHME TTOCTOAHHONW M Tako#, 94To

|flx+1) = fla)| < M -t° (10.69)

BO BCSIKOM CJIydae Jijisl BCeX T M BCeX t U3 cerMeHTa [—m, 7).
@ukcupyem nponsBosibHOe € > 0 u o Hemy 6 > 0, yZ0BIETBO-
psifolTiee HEPABEHCTBY

M 5o < (10.70)
«

w|m

Pasbusasg cerment [—, 7] Ha cymmy orpeska |t| < § u MHOXKecTBa
0 < |t| < m, mbl npugaaum pasenctsy (10.68) crepyrormuii Bu:

sin <n+ )t
Saw )= 1@ = [ o+ 0 - f@)——2dr+
2sin —
|t|<5 2
n(n+3) n(n+3)
sin{n+—-]t sin|{n+— |t
/ flz+1) 2/ g 19 / — 2 at.
2sin — “ 2sin —
N 2 NI 2
(10.71)

st onleHKM mepBoro u3 mHTerpasos B npasoi yactu (10.71) Boc-
— < — T LIS
2‘sm ‘ 2|t|
2

Beex t u3 cermenta [—m, ] ). Mbl nogyumm, uTo ajs mo60ro

nosib3yemcs HepasercrsoM (10.69) u yurewm, uro

1 sinx
) Vkazannoe HEPABEHCTBO CPa3y BBITEKAET W3 TOTO, UTO (PYHKIUSI npu

sin «

m3menennn x ot 0 10 w/2 y6eiBaet ot 1 mo 2/7. @akT yObiBanna GyHKIAMA

cos ¥
x z?

mpu 0 < z < 7/2,u60 z < tgz upu 0 < z < w/2 (cm. . 6 § 5 r1. 4 BeII. 1).

sin x
B CBOIO OY€pEIb BHITEKAET U3 TOrO, UTO (—) = (z — tgx) < 0 BCIOMY
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HOMEpa 7 U JIF0OOro T U3 CerMeHTa [—m, 7]

sin(n+l)t
/[f(w+t)—f(w)]—2dt <
It 2sm§
‘sin(n—l—l)t‘
< [ 10 - sl <
2‘sin—|
[t]<0 2
)
< / |t|a—1dt:M7r/ta—1dt:@-5a.
[0
[t]<o 0

Orcrona wa ocwoBauun (10.70) mas soboro Homepa n u JOOOTO T
U3 cerMeHTa [—m, 7|

/ [f(@+1) — f(x)] ™ (n+t2> dt| < 2. (10.72)

2sin —
|t|<<5 2

Bropoit u3 unrerpanos B npasoii gacru (10.71) ¢ momouso Kycou-

HO-HeNpepbIBHOI Ha cermente [—m, 7] dyukiwun (10.67) 3anucbisa-
ercsa B BHJIE

/ flo+t)——27 sm(n+ /f i)g sm(n+ )tdt

2 sm —
5<|t|<7r
B cuny cnencrBus 4 u3 n. 3 npaBas 4acThb IOCJIEIHEIN0 PABEHCTBA
CXOJUTCS K HYJIIO ([IPH 7 — 00) PABHOMEPHO OTHOCUTEJBLHO T Ha
cermenre [—7, 7]. Ilosromy mus dukcuposanHoro wamu € > 0 Haii-
nerca nomep Nj Takoii, 4uTo

sm( + 2>t
flz+t)———"—dt <§ (10.73)

2sin —
0| t|<m

1utst Bcex m > N U BCexX T M3 cerMeHTa [—m, 7.
st onieHKM nmocsenHero uaTerpasia B npasoi wacru (10.71) 3a-

MeTHM, 9TO C TOMOIIBLI0 KyCOUHO-HenpepbiBHO# dbyukiuu (10.67)
9TOT WHTErPAJI 3AIMUCHIBAETCA B BUJE

1 T

sin<n+—)t

1) / _gdtzw/g@)sm(ml)tdt.

m 2sin — g 2
o<t 2 -
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WaTerpan, crodmuilt B mpaBoil YacTU MOCJIEIHEr0 PABEHCTBA, CXO-
JUTCsT K HYJIRO0 (IpU 1 — 00) B CUJIy BCE TOTO Ke ciaeicTBus 4 u3
m. 3 (,B;OCT&TO‘{HO MPUMEHNTH 9TO CJIeACTBUE K MyHKInn f (x) = 1).
VaurbiBasg TakxKe, 9T0 (HYHKIHS f(x) BO BCSKOM CjIy4yae OI'PaHU-
YyeHa Ha CerMeHTe [—7r, 7r], MBI TIOJIy9UM, UTO Jijist (PUKCHPOBAHHOTO
HaMU TPOU3BOABHOTO £ > 0 Haiigercss Homep Ny Takoil, UTo

sin (n + l) t
@) / — 2 g <t (10.74)
” 2sin = 3

NI 2
nuist Bcex n > Ny U BCex T W3 cerMenTa [—m, 7.

O6o03nauns yepe3 N wanboabimit n3 qyx HoMepoB N1 u No, MBI
noyanm B cuty (10.71)—(10.74), uro masg (PUKCHPOBAHHOIO HAMU
npousBobHOTO € > 0 Haiigercs Homep N Takoil, 4TO

1Sn(z, f) = f(z)| <e

nuist Bcex n > N u Beex x u3 cermenta [—m, 7). Teopema mokazana.
SBameganue 1. OueBunno, uro B ycaousx teopembr 10.15
Tpuronomerpuyeckuil psag Oypbe CXOAUTCS PABHOMEDPHO HE TOJBKO
Ha CerMeHTe [—7, 7], HO U pasnomepro na 6celi beckoneuwnoti npa-
Mot (k dbyukunu, sprsiomeiics nepuogumdeckum (¢ mepuogom 27)
npogoszkenreM f(x) Ha BCIO GECKOHEUHYTO TPAMYTO).
Bameuanue 2. Ormernm, uro npu orerke uarerpasos (10.73)
u (10.74) MBI WCHOJB30BAIM JIMIIL KYCOYHYIO HEIPEPBIBHOCTL (1
BBITEKAOIIYI0 U3 Hee OrpaHuYeHHOCTh) dyHkimu f() Ha cerMenTe
[—7, m] (npunaanexuocts f(x) knaccy [énbaepa npu oreHKe 3Tux

UHTErpaJjioB He WCIOJIb30BAIACH).

Bameuanue 3. EcrecTBeHHO BO3HHMKAaeT BOIPOC O TOM, MOXKHO JIA B
reopeme 10.15 ociabure TpeboBanue ruagkocru Ha dyHKumoO f(z), coxpaHss
YTBEDXKAEHUE TOH TEOPEMBL 0 PABHOMEDHON HA CerMeHTe [—7, 7| CXOAUMOCTHI
TpuroHoMeTpudeckoro psaga Pypee byuxuun f(z).

Hanomuum, uro npunagiexsocts f(z) Ha cermenre [—m, 7| kiaccy [émb-
nepa C' 10 OIpeesIeHUIO 03HAYAET, YTO MOJLYJ/Ib, HenpepbiBHOCTH f () Ha 3TOM
CerMeHTe MMeeT TOPSI0K

w(d, f) = O(6%).
OrmernMm 6Ge3 10Ka3aTeIHCTBA TaK Ha3biBaeMyio Teopewmy JduHu-JI un-
Il ¥ 1 &, KOTOpasl YTBEPKIAET, YTO OAA PAGHOMEPHOT Ha cezmenme [—m, ]
crodumocmu mpuzonomempueckozo pada Pypve dynkyuu f(x) docmamoumno,
wmobu, ama Pynkyus yoosaemsopsaaa yeaosuro f(—m) = f(m) u wmobw ee mo-
OYAb HENPEPHLEHOCTNU Ha cezmenme [—T, T| umes nopador

1
w(d = o(—).
6.9 =o(575
T. €. sABJIsLIICS GecKoHevHO MaJsioii mpu § — 0 BesimunHO# GoJ1ee BHICOKOIO IIOPSiJI-
ka, geM 1/(In1/4).
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Teopema Juaw—/Inmmuma COMEPKAT OKOHIATETHHOE (B TEPMHHAX MOLYJIS
HENPEPBIBHOCTH (DYHKIMHU) YCIOBAE PABHOMEPHOW CXOMUMOCTH TPUTOHOMETDH-
aeckoro paga Pypne s1oit byrkmmm, nb6o MOkHO mocTpouth Gyrkmm©oO f(T),
YAOBJIETBOPAIONIYTO yciaoBuio f(—m) = f(7) ¢ MOIy/IeM HENPEPBIBHOCTH, NUMEIO-
mum Ha cermenre [—m, 7] mopsiaok O(1/(In1/§)) u ¢ Tpuronomerpuyeckum psi-
Jd0M @ypbe, pacxoodmuMCcd Ha MHOZXKECTBE TOY€K, BCIOAY IIJIOTHOM Ha CErMEHTe
[—m, 7] 1)

B ycmosusx reopembt 10.15 mocsie mepuoguueckoro (¢ mepuo-
oM 27) npogokenust hyHKiws f(2) OKa3bIBAIACH TPUHAJIEKAIIEH
riaccy [énpaepa C% wa eceli beckoneunoti npamoti. EcrectBenHo
BO3HUKAET BOIIPOC O MOBEIEHUU TPUTOHOMETPUIECKOTO psifia Pyphe
dyukuun f(x), npunannexameit kinaccy Iénpaepa C% moavko Ha
Hexomopom cezmenme [a, b], a BCIOLY BHE 3TOr0 CErMeHTa yI0BJIeT-
BOPSIIOIIIEl JINIIb OOBLIMHOMY TPEOOBAHUIO KYCOUHON HEIPEPHIBHOCTH.

OTBeT Ha 9TOT BOMPOC JAET CAEAYIOIMIAs TEOPEMA.

Teopema 10.16. ITycmov pynryus f(r) Kycouwno-wenpepvisHa
na cezmenme [—7, w| u nepuoduuecku (¢ nepuodom 2m) npodossice-
Ha HA 8CH0 beckoneunyto npamyro. Ilycme dasee na wexomopom cee-
menme [a, b], umerowem dauny, menvwyro 2w, ama GYHKYUL NPu-
nadaestcum xaaccy Iéavdepa C ¢ npoussosbHBIM NOAOAHCUMEND-
nom nokazamenem o (0 < a < 1). Toeda das aobozo § us unmepsa-

a0 0 < 4§ < b_Ta mpuzonomempuseckul pad Pypve dynryuu f(x)

cxodumes (% amoti Pynkyuu) pasnomepro na ceemenme [a+3d, b—14].

Hokazarenbcrso. I[locrpoum dyskimo g(r), KoTopas Ha
cermente |[a, b] cosnamaer c¢ f(x), na cermenre [b, a + 27| sBys-
ercs JImHEeHHON yHKIMeNH BUIA
Az + B, obpamaommeiica B f(b)
npu z = bwu B f(a) npu z = a +
+ 27 2), m KoTOpas TEpUOIUe-
CKHU (C MEepHoJoM 27) TPOJIOJIZKE-
Ha C CerMEHTa [a, ¢ + 27| Ha BCIO
GecKOHeYHYI0 TpsiMyt0 (HA pPHC.
10.1 xupHasi JmHUA U300paXKaer
rpaduk Gynkuun f(x), a mrpuxoBas JUHUA — rpadUK MOCTPOEH-
HOit 1o Heli dbyHKUKM g(T)).

Puc. 10.1

1) Dokazarenscrso Teopembl Junu—JIMIIINNA H HOCTPOEHHE TOTBKO UTO YKa-
3aHHOIO IPHMepa MOXKHO HaiTw, HanpuMmep, B Kaure A. Surmysga «Tpurono-
Merpuueckue psiabi». T. I.—M.: Mup. 1965, c. 108 u 477.

%) Yenosue obpamenus dbynkiun Az + B 5 f(b) npu x = b u B f(a) npu

— f(b
T = a + 27 ogHO3HAYHO omnpenesnger mocrosuube A u B 1 A = %,
a+ 2w —
5 (a+2m70) - bf(a)
a+27—b '
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OueBuniHO, 4TO TOCTPOEHHAs Hamu (DyHKIus g(x) yI0BIETBO-
psier ycnosuto g(—m) = g(m) u npunamiexkur kiaaccy [énbnepa
C® (c meMm ke TIOJIOKUTEJBHBIM IOKazaTeseM «, 9ro u f(z)) Ha
BCeii GeckomeuHoit mpamoit ') . B cuiy Teopemsr 10.15 u 3ameda-
Hus 1 Tpuronomerpudeckuit psiz @ypoe dyuximun g(r) cxomuTcs
PaBHOMEpPHO Ha Bceli OECKOHEYHOH MPAMOii, & MOITOMY B CUJIY T€O-
pembr 10.13 Tpuronomerpuueckuit psi @ypbe dbyuxiun f(z) npu

JgoboM § u3 narepsata 0 < § < b-a cxoaurces (K 3Toi (DyHKINY)

paBHOMEpHO Ha cermente [a + 0, b — §]. Teopema nokasana.
SBameuganue 4. Yreepxkaenne Teopemsr 10.16 octaerca crpa-
BEJIJIMBBIM U JIJIsl CEIMeHTa [a, b, uMerotero jiuHy, p aBHY 10 27
(1. e. qis caydasg b = a 4 27), HO B 9TOM CJIydae IPHU JIOKA3ATE b
CTBE TeOpeMbl ciiejyer, (UKCUPOBAB MTPOM3BOJIBHOE 0 M3 WHTEPBAJIA
0 <0 < 7, B3arh byukuuo g(x) copnagatomeii ¢ f(z) Ha cermeH-

TE [a-i—g, a+2m— g] , TUHEWHOM Ha CerMeHTe [a+27r— g, a+27r+g]
U Tepuoauyuecku (C MepuojioM 27) MPOJIOJZKEHHOW € CerMeHTa
[a + g, a+27+ g] Ha BCIO beckoHeUHYT0 psMyto. Ecin xke cermenT

[a, b] umeeT quMHY, TPEBOCX O ALY 0 27, TO U3 TIPUHAIIIEIK-
vocru f(x) xaaccy [énbaepa C'® Ha TaKOM CermMeHTE U U3 yCJIOBUS
nepuoguanoctr f(z) (¢ mepuomom 2m) BuiTeKaer, uTo f(x) npuHAI-
smexuT Kaaccy C'* Ha Bceit OeCKOHETHON TIPSIMOIA, T. €. B 9TOM CIydae
MBI TTpuxonuM K Teopeme 10.15.

6. O cxXO0AUMOCTHU TPUTOHOMETPUUIECKOTO psijia Pypbe Ky-
COYHO-TEJIbIEPOBOIT DYHKIINU.

Onpedenenue 1. Bydem naswsams dynxyuto f(r) €y c o no-
2éavdeposotd na ceemenme [a, b], ecau ama dynryua Kycouno-
Henpepuwsra Ha cezmenme [a, bl u ecau ceemenm [a, b] npu nomo-
WU KOHEUHO20 “UCAG Mouek a = To < T < Tog < ... < Tp = b
pasbusaemcsa na wacmuwnwe ceemenmot [Tp—1, o] (B = 1,2, ...
cee, M), HA KAHCOOM U3 KOMOPBLT 9MA PYHKUUA NPUHAOAEHCUN, KAAC-
cy Téavdepa C* ¢ HEKOMOPHIM NONONACUMEALHBLM NOKAZAMEAEM (L,
(0 < a < 1), npuuem npu onpedeaenuu Kaacca Iéavdepa na wac-
MmuuHOM ceemenme [Tr_1, Tg] 6 Kawecmee 3nauenuti GyrnKyuu Ha
KoHuax ceemenma caedyem bpamo npedeavrvie snavenus f(xg_1 + 0)

u f(z, —0) 2).

1) Hocrarouno yuecrs, aro g(z) Bcromy HenpepbIBHA U YTO JIMHeHHAs DYHKIHSs
HMMeeT OIPAHMYEHHYIO IIPOU3BOIHYIO U IIOTOMY NPUHAIJIEXKUT Kjaaccy lenbuepa
C* mpu mo6om o < 1.

%) Kax Yy BCHKON KYCOUHO-HEIPEPHIBHON (DYHKIMH, Yy KyCOYHO-TE€IbIePOBOL
byHKINN 3HAYEHUS B KaXK/I0M TOYKe Xj 00s3aHBI OBITH PABHBI IOLyCYMME IIPa-
BOTO ¥ JIEBOTO IIPEEIbHBIX 3HAUEHUN B ITON TOUKe, T. €. JOJIKHO OBITH CIpa-

BegyBo paserctBo f(xr) = (1/2)[f(zx — 0) + f(xr + 0)].
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WNupivu cioBamu, 00/1aCTh 3aaHusi BCIKOW KYCOYHO-TETBIIEPO-
BOI (pyHKIMK PACHaJaeTcsd Ha KOHEUHOe YNCI0 He UMEIOIIHUX 00X
BHYTPEHHHUX TOYEK CErMEHTOB, Ha KasKJIOM M3 KOTOPBIX 3Ta (DYHK-
Ul TIPUHAIIEKUT Kaaccy [ebrepa ¢ HEKOTOPBIM MOJI0KUTETHHBIM
nokazareaeMm. KayKaplii U3 9TUX CErMEHTOB MbI Oy/eM Ha3bIBaTh
Yy4aCTKOM TJAaAKOCTH (DYHKIWN.

Onpedenenue 2. Bydem naswsamsv dynxyuto f(r) €y c o no-
2aadx ol na ceemenme [a, b], ecau oma Pynryus Kycouno-nenpe-
poleHa Ha ceemenme [a, b] u umeem na smom cezmenme KYcowno-
nenpepuiety1o npoussodnyro V), m. e. ecau dynxyua f(z) wycourno-
nenpepuena na ceemenme [a, b u ee npoussoonan f'(xr) cywecmeyem
U HENPEPHLIEHA 6CI00Y HA IMOM CE2MEHME, 34 UCKAIOUEHUEM, ODIMY
MOHCEM,, KOHEUHO20 YUCAAL MOYEK, 6 KaAHCIOT U3 KOMOPHLL HYHKUUA
f'(z) umeem xoneunvie npasoe u Ae60€ NPEIEALHYIE ZHAMEHUSA.

flcHo, uTO BCsIKast KYCOUHO-TIaIKast Ha cerMente [a, b] dyHkuus
SIBJISIETCST KYCOYHO-TEJIbIEPOBOI HA, 9TOM CErMeHTe.

WmeeT MecTo caenyiomas 0cHo8HaA TEOPeMa.

Teopema 10.17. Ilycmv wycouno-zéavdeposas wa ceameHnme
[—m, m] pynxyus f(z) nepuoduyecku (¢ nepuodom 21) npodoasice-
Ha MG 6C10 beckoneunyro npamyro. Toeda mpuzonomempuneckudi pad
Dypve Ppynxyuu f(x) cxodumea 6 kascdoli mouke x Geckonewnotl
npamoti x snavenuto f(z) = (1/2)[f(z — 0) + f(xz + 0)], npuuem
CLOOUMOCTIIL IMO20 PAOA ABAAECTNCA PABHOMEDPHOUT HaA KaHCOOM Puk-
CUPOBAHHOM CE2MEHME, AEHCAUECM GHYMPU YUACTMKG 2AG0KOCTU
Pynrxyuu f(z).

HokazaTeabCcTBO. YTBEPXKIEHHE TEOPEMbI B PaBHOMEpP-
HO# CXOIMMOCTH Ha KaxKJI0M (DUKCHPOBAHHOM CEIMEHTE, JIeXKAIeM
BHYTPH Yy4YacTKa IJIQJKOCTH, Cpa3y BbITekaeT n3 Teopembl 10.16.
Orcrosia »Ke BBITEKAET W CXOJAMMOCTH TPUTOHOMETPUIECKOTO Psiia
®ypbe bysxiyn f(r) B KAKI0H BHYTpPpeHHENH TOYKe ydacT-
ka raagkoctu yaknuu f(x) 2) . Ocraercs JI0Ka3aTh CXOLUMOCTb
Tpuronomerpuyaeckoro psiia ypoe dyukiwn f(z) B Kaxk10il ToUKe
COEIMHEHNUS IBYX YIACTKOB TIAJIKOCTH.

PukcupyeMm OHy U3 TAKHX TOUEK U 0003HAYINM ee uepe3 x. Torma
Haiiayrcs nocrogauubie My u Mo Takme, 9TO pu JTFOOOM JOCTATOTHO
MaJIOM TIOJIOKUTETHFHOM ¢ CITPABEIJINBO HEPABEHCTBO

f(z+1) — flz+0)| <Mt (0<ay <1), (10.75)

a mpu JII0OOM JOCTATOYHO MAJIOM OTPHUIATENLHOM t CIIPaBEITHBO
HEPABEHCTBO

[fx+1) = flz -0 < M- [ (0<a2<1).  (10.76)

1) COm. onpenenenne 1 u3 1. 2 § 4 970ii T1aBbL.

%) 1160 KazK/1yio BHYTDEHHIOI TOUKY YUACTKA TIAIKOCTH MOXKHO OXBATHTE CEr-
MEHTOM, JIeXKAIIUM BHYTPH 3TOr'0 yIacTKa.
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Ob6osnaunm yepe3d M nHambosbiiee u3 yucen My u Mo, a yepe3 «
HauMeHbIIIee U3 9ucea ap U ag. Torma mpu || < 1 B npasoit wacru
Kazkjoro n3 HepasencTs (10.75) u (10.76) moxuo tmcars M - | t]*.

Qurcupyem Terneps mpous3BoabHOE € > 0 u mo Hemy § > 0, yio-
BJaerBopsitoiee HepagercTBy (10.70) n HACTONBLKO MaJioe, 4TO Mpu
| t]| < d cupaBemmBbl 06a Hepasercrsa (10.75) u (10.76) u B mpaBoit
YACTH 9TUX HEPABEHCTB MOXKHO Oparh uncio M|t |*. [Tosropsis pac-
CYKJIeHUsI, TTPOBEJIEHHBIE TIPU J0Ka3aTeabcTBe TeopeMbl 10.15, Mbl
npujeM kK pasenctBy (10.71) u ayist gokaszareabCTBa TEOPEMbI HAM
ocTaeTcst yoeauThes, 9To B (DUKCUPOBAHHON HAME TOYKE X CIIPABE/I-
muBbl onenku (10.72), (10.73) u (10.74). B 3amevanun 2 m. 5 Mbl
ormerusu, uro ouenku (10.73) u (10.74) cupaseayusbl ms a060i
MOADKO KYCOUHO-HENPEPuIeHoti u nepuoduseckoti (¢ nepuodom 27)
Pynryuu. OcraeTca 10Ka3aTh CIPABEIJIUBOCTD st BCEX HOMEPOB 1
onenkn (10.72).

mes B By, uro f(z) = (1/2)[f(z —0) + f(z +0)] u uro !)

5sin(n+l>t Esin<n+l)t Osin(n—t—l)t
1/—2dt:/—2dt:/—2dt,
2 2s,inE 2sinE 2sinE

_5 9 0 2 —é 2

MBI MOXKEM CJIEYIOIIMM 00pa3oM MepernucaTh HHTerpaJl, CTOSIIUI B
nesoit wacru (10.72):

/[fx-l—t ()]Sm(M}> dt =

2sin —
|t|<6
§

:i/[f(x—i-t)—f(x—i-())]@dt—i-
0 sy
+ l/o[f(x+t) —f(x—O)]m dt. (10.77)

7r—6 2sin 5

sin(n + 1/2)t
2sin(t/2)
T. e. g Jsoboro ¢ ymosserBopsier yeiosuio @(—t) = p(t). Jlerko ybeamurhcs,
0

B cuiy Toro, aro dyukums p(t) = ABJACTCA YeTHOH,

s

4ro s takont dymxumn [ o(t)dt = [ o(t)dt (mocraTodHO B OmHOM M3 STHX
0 s

MHTETPaJIOB CIeNaTh 3aMeHy ¢ = —7), B IO3TOMY

1 ) ) 0
3 Jedt=[e@)di = [ o(t)dt.
-4 0

12 B. A. Nabun u 3. I'. Tlo3uak, gactsb 11
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JJ1st OlleHKYM MHTErpaJioB, CToAmuX B npasoii yactu (10.77), Boc-
noab3yemcs HepasencrBamu (10.75) u (10.76), Geps B mpaBoii wacTn
9TUX HepaBeHCTB 4uca0 M|t |*. YuurTeiBas yKe IPUMEHSBIIYIOCHT

" (upu

npu JoKazarenbcrBe Teopembl 10.15 orenky ;t‘ < o0

2‘sin—
2

|t| < m) u mepasencrso (10.70), 6ygem mmers

. 1
sin{n+ -]t
! /[f(:v+t)—f(w)]#dt <
ti<s 2sm5
) 0

gﬁ[/ta—ldt+/|t|a—1dt] =M o cf
2 «@ 3
0

Ouenka (10.72), a ¢ Heli 1 Teopema JTOKA3aHbI.

Caedcmeue 1. Ymeepocdenue meopemos 10.17 6ydem mem 60-
A€E CNPABEJAUBO, ECAU 6 €€ POPMYAUPOSKE BMECTNO KYCOUHO-2EAbJe-
posoti 63amu Kycouwno-2aadkyto (na [—m, T|) dynryuto, nepuoduse-
cku (¢ nepuodom 21) npodoaNCEHHYI0 Ha BCIO BECKOHEUHYIO NPAMYIO.

st bopMyIMpOBKY €I1e OJHOTO CEJICTBUS BBEIEM HOBOE II0-
warue. [lycts 0 < a < 1.

Onpedenenue 3. Bydem 2o6opumv, wmo dynruyus f(x) ydoe-
aemeopaem 6 dannol moukxe x cnpasa (caesa)
ycaosut I'éavdepa mnopadka a, ecau Pynkyus f(z) ume-
em 6 mouke T npasoe (A€60€) NPEIeAbHOE 3HAUENHUE U ECAU CYULE-
cmeyem maxas nocmoannas M, wmo daa ecex docmamouno Masvls
NOAOHCUMENLHUT (OMPUUAMEALHBIT) T CNPABEOAUBO HEPABEHCTNEO

|flz+t) — flz+0)]| |f(x+1t) — flz—0)]|
te sM ( [t]e S M)'

OueBngno, uro ecau yHKIWs f(Z) UMeeT B JAHHONH TOYKE T

mpaByto  (JIEBYIO) NPOU3BOJHYIO, MOHUMAEMYIO KakK IpeJest
lim f@+0=fz+0) ( lim 'f(z+t)_'f(z_o)),TO(i)yHKLII/IHf(.%)

t—0+0 t t—0—0 t

3aBEJIOMO YJIOBJIETBOPSET B ITOH TOUKe I crpasa (CJeBa) yCJIOBHIO

[l'énbaepa sroboro mopsinka o < 1.

Caedcmeue 2 (ycaosue crodumocmu mpuzoHoMempu-
yeckoz20 pada Pypve 6 dannoti mouxe). s mozo 4mobv. mpu-
20nomempuyeckuti pad Oypve Kycouno-Henpepuenot u nepuoduec-
kot (¢ nepuodom 27) dynryuu f(x) cxoduscs 6 dannol mouke
beckonewnoti npamot, docmamouno, wmobwvs Pynryus f(x) ydosae-
MBOPAAG 6 MOUKe T CNpasa Ycaosuro L eéavdepa kaxo20-Aubo noso-
ACUMENDHO20 NOPAJKA (1] U 6 MowKke T cAeea ycaosuto [éavdepa
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KaK020-AU60 NOAOAHCUMENLHO20 NOPAdKA o (4 mem boaee docma-
mouno, umobv, Pynryus f(r) umera 8 mouke T npasyo U ALY
nPou3eoorvie).

HokazarenabcTBo. JocTaToyHo 3aMETUTDH, YTO U3 TOTO, YTO
dbyukius f(z) yaosnersopser B TOUKe I cnpasa (CaeBa) yCJIOBHIO
Ténpuepa nopsizika < (MOpsijiKa (rg), BBITEKAET CYIIECTBOBAHUE IO~
crosiuuoit My, (mocrosimuoit Ms) Takoit, 4To Jjis BCEX JOCTATOY-
HO MAaJIbIX TTOJIOXKHUTEIBHBIX (OTPHUIIATEIbHBIX) ¢ CIIPABEJINBO HEpa-
Berctso (10.75) (mepasencrso (10.76)). Ho m3noxennoe HaMu JJoKa-
3aTesibeTBO TeopeMbl 10.17 ucnonbsyer suimb HepasercTsa (10.75)
u (10.76) 1 KyCOUHYIO HENPEPLIBHOCTH W MEPUOIUIHOCTD [ ().

[Tpumep. He perauciss koaddunuenroB Pypbe GyHKIIUN

cosx mpu —w<Lx<0,
flz) = 1/2  upm z=0
Ve upn 0<z<m,

MBI MOYKEM YTBEPXKJIaTh, 9TO TpUroHoMeTpudeckuil ps @ypbe 31oik
dyukumn cxopurest B Touke £ = 0 K 3Havenuto 1/2, ubo yukuus
f(z) nmeer B 9T0# TOUKE JIEBYIO MPOU3BOJHYIO U YJOBIETBOPSIET B
9TO0ii TOUKe crpasa ycioBuio [ébaepa nopsaka ag = 1/2.

7. CyMMUpYeMOCTb TPUTOHOMeTpUiecKoro psaga Pypbe HenmpepoIB-
HOIl (PYHKIIMHM MeTOOOM cpegHUux apudmerudeckux. Mer yxe ormeda,
9TO TpUroHOMeTpHrUecKnii psiz Dypbe BCIO/y HENPEePHIBHON 1 ePHOAMIECKOi (¢
neprogom 27) GyHKIIM MOKeT GbITh pacxogammmcs (cum. 1. 1). Tokaxkem, 910
STOT ps#JI TeM HE MeHee BCerja cymMmupyeM (DAaBHOMEDHO Ha BCel GeCKOHEUHOi
npsiMoii) Merozom Yesapo (mmm Merozom cpemaux apudmernuecknx) 1) .

Teopema. 10.18 (meopema Petiepa *)). Ecau dynryua f(x) nenpepois-
Ha Ha cezmenme [—m, T] u ydosaemeopaem ycaosuro f(—m) = f(m), mo cpednue
APUPMEMUHECKUE YACTRUNHYET CYMM €€ mpuzonomempuieckozo pada Pypve

oniz, f) = 2@ D+ 8@t + Snr(@, )

n
czodumes (x amot Pynrxuyuu) pasromeprno wa ceemenme [—m, 7] (a 6 cayuae,
ecau PyrnKyua ¢ nepuodom 2T NPodosdCENa Ha 6CI10 BECKOHENHYIO NPAMYIO, PAG-
Homepro 1a eceti beckonennoti npamot).
Hoxazareabcrso. U3 pasencrsa (10.55) mua Sy, (z, f) momyqmm, aro

onlz, f) = - [ f(””_“Ltt) [ni sin (k + %) t] dt. (10.78)

mT_W 2sin — Lk=o0
2

1) Cwm. nonoaHenue 3 K . 13 Beim. 1.

2) JI. ®eiiep mokasas CBOIO Teopemy B 1904 r. JI. @eitep — BeHTepCKUil MaTe-
maruk (1880-1959).

12%
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s Berawcnenus: cymmbr, crosmeit B (10.78) B KBaApaTHBIX CKOOKaX, TPOCYM-
MUDYeM TOXKJIECTBO

2sin%sin (k+%>t:coskt—cos(k+1)t

mo Bcem k=0, 1, ..., n— 1. B pesynbrare momyamm
n—1
. t
2s1n— Zsm <k+ ) t=1—cosnt = 2sin’ —.
25 :
C nmomompio moceanero pasescrsa (10.78) HpI/IBO,Z[I/ITCH K BUIY
sin? —
on(z / flz+1t) 2 dt. (10.79)
nmw 2 sin?

3 (10.79) B CBOIO OYepesb HEMEIJIEHHO CJIEAYeT, 9TO

nt
T 2

SlIl —_—
1

- —Zt dt =1, (10.80)
T J 2sin? =

u6o nesas gacts (10.80) paBHa cpesHeMy apudMeTHIECKOMY YACTUUHBIX CYyMM
TpuronoMeTpuaeckoro paga @ypee dbynknmu f(x) = 1, a BCe yKa3aHHBIE TaC-
TUYHBIE CYMMBbI TOXKIECTBEHHO PaBHbI enunune (cM. m. 2).

Oukcupyem mpoussoibuoe € > 0. CormacHo Teopeme Beitepmrpacca 10.9
HaiineTcs TpuroHoMerpudeckuii maorowren 1'(x) Takoi, 9To

|f(z) = T(x)| < /2 (10.81)
1718 BCeX T u3 OeckoHedHO# npsimoii. B cuty mmmeitHoCTH cpenmux apudmern-
ueckux on(z, f) = on(z, f —T+)on(z, T), Tax uro

|U"($> f) - T(.’t)l < |0’n($, f - Tl + |0’n($, T) - T(.’E)l (1082)
Bammcas pasercrso (10.79) s dyskuuu [f(x)—T(z)], MblL Oy IUM, yauTHIBAS
sin® nt
HEOTPHULIATEIbHOCTD Ha3biBaeMolh s npoM Peiie pa GyHkumm —=- u
2sin? 3
nucnonb3ys ouenky (10.81) u pasencrso (10.80),
|J"(zv f - Tl <
o nit x .2t
sin? — e 1 sin® = R
—/|fx+t) T(x +t)|—= 2 dt< = — —tdt:_' (10.83)
2 sm2 2 mn 2sin? = 2

Hepasenctso (10.83) cnpaBeanmmBo mjis J060T0 HOMEPA 7. 3aMETUM TETEPh, ITO
rTpuroHoMeTpudckuil psig Pypee muorowrena 1'(z) cosnadaem ¢ smum mnozo-
waenom. OTCIOIA CIIeIyeT, 9To BCe 9acTHIHbIE CyMMbI Sy, (x, T'), HaanHas ¢ HEKO-
TOpOro Homepa ng, pasabl T'(x). Ho 310 mospossier Ham 115 (DUKCUPOBAHHOTO
BBIIIE IIPOM3BOILHOTO € > 0 oTbICKaTh HOMED [N TaKOil, ITO

lon(z, T) = T(z)| < €/2 (10.84)
npu Bcex n > N u Bcex .
U3 mepasencts (10.82), (10.83) u (10.84) sakmouaewm, uro |0y (z, f)—f(z)] <
< ¢ ipu Bcex n > N u Bcex x. Teopema mokazana.
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8. BakirouyuresibHble 3amedaHus. 1°. [lpu pemenun psiga
KOHKPETHBIX 3a/a4 IIPUXOJUTCH PACKJIaIbIBaTh (OYHKIMIO B TPUIO-
HoMeTpudeckuii psj Pypbe He HA cerMeHTe [—7, 7], a Ha cerMeHTe
[—1, {], tne | — npousBoIBHOE TOMOKHUTENIbHOE YUCIO0. s mepexo-
J1a K TAKOMY CJIy9aio JIOCTATOYHO BO BCEX MPOBEJEHHBIX BBIIIE PaC-

™ o
CYyK/I€HUAX 3aMEHUTh IIePEMEHHYIO T Ha Tx. Koneuno, npu Takoit

JIMHEHHOU 3aMeHe IIePEMEeHHOI OCTaHyTCA CIIPaBeIJIMBBIMU BCE yCTa-
HOBJIEHHBIE HAMHU PE3yJIbTATHI. ITHU PE3YTHTATHI OYIyT OTHOCHTHCS
K Tpuronomerpudeckomy psay Pypbe

o
ao T .
5 + kg_l (ak cos Tkx + by, sin Tkx) (10.85)

CO CJIEIYIOIITUMU BhIpaXKeHusMu Jjis Ko3ddunmentoB Pypbe

1 !
== t) dt,
0 lifzf() (10.86)
l

l
ay = 1 J f(t)cos %ktdt, by = % J f(t)sin ?ktdt
-l -l

l
(k=1,2,...).

Mper He Gyem 3aHOBO (DOPMYJIUPOBATH BCE YCTAHOBJICHHBIE TEOPE-
MBI, & JINIIB OTMETHM, 9TO BO BCeX (DOPMYJIMPOBKAX CEIMEHT [—T, 7|
ceayer 3aMeHuTh cermentom [—l, I], a mepuon 27 nepuogom 21.

2°. Hanomanwm, uro dbyskims f(z) Ha3plBaeTcsa | e T H 0 if, ecm
oHa yzoseTBopsier yciosuto f(—z) = f(z), n HedeTHOI, ecau
oHa yzosserBopsier ycaosuio f(—z) = —f(z).

13 Buga (10.86) Tpuronomerpuyeckux Koddduinuenros Oypne
BBITEKAET, UTO jijist YeTHON dynkuun f(z) paBHbl HyI0 Bee Koadbdu-
et by (kK = 1,2, ...), a qus wedernoit dyukuun f(x) paBHbI
Hyst0 Bce Koadpdunuentor ar (K = 0, 1, 2, ...). Takum obpaszom,
wemnas Pynryus f(x) packaadveaemes 6 mpuzoromempuyeckud
pad Qypve Moavko no KOCUHYCaAM

o
aop s
5 + kg 1 ag COS Tkx,

a newemman Pynryus f(r) packiadvieaemcs 6 mpu2oromempue-
ckuti pad Oypve Moavko No curycam

o0
Z by, sin ?kx
k=1

3°. IlpuBesiem BecbMa, 9aCTO yHOTPEOJISIEMYI0 KO MIIJI€ K C H Y FO
dbopmy 3anucu TpuroHomerpuueckoro psiga Pypne (10.85).
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Ucnonb3ysa cooTHOIIEHMST )

™ i
—i—kx . i—kx L
e | =cos ?kx—zsm%kx, el =cos ?kx—i—zsm%kx,

JIErKO yOeuThCst B TOM, 4TO Tpuronomerpuyeckuii psi @ypoe (10.85)
¢ koadunmentamu Pypoe (10.86) npusoguTcsa K BULY

o) K

—i—kx
E cke 1 (10.87)
k=—o00

B KOTOPOM KOMILJIEKCHBIE KOIDDUITHEHTHI ¢, UMEIOT BHUJL

! s

i —kt

cp = 2ll/f(t)e’z dt (10.88)
21

u BhIpaxkarorcs depe3 koddduimentsr (10.86) mo dopmysam

=2 =i o Gt ity (k=1,2,...).

g0 ChT T T T

4°. UpesBbIuaiino BaykKHOMN I MPUJIOKEHWH ABJISIETCS 33714498, O
BBIYUCICHUN 3HAUEHNY (DYHKIIAN TI0 TPUOJINZKEHHO 38 JaHHBIM KOd(g-
durmentam Pypoe sToit GyHkimn. Pemenne 3To# 3amadu mpu mo-
MOIITA TaK HA3BbIBAEMOTO M ETOJa PeTyJAAPHU3AMUN MPUBO-
JINTCSA B TMPUJIOKEHUN B KOHIE HACTOSIIETO BBIMTYCKA.

§ 6. Uurerpan ®@ypbe

B ciyuae, korga dyukuus f(z) 3amana Ha Beeil 6ecKOHEIHOM
TpAMOH U He ABJISETCA TEPUOTUIECKON HU C KAKUM KOHEUHDBIM TTe-
promoM, 3Ty (DYHKIIUIO €CTECTBEHHO PAaCKJ/Ia/IbIBATH HE B TPUTOHO-
METPUYECKUH psijl, & B TaK Has3biBaeMblii muHTerpas DPypbe.

N3zyuenunto Takoro passoKeHWsl U TOCBSIEH HACTOSIIWI mapa-
rpad. Berogy B sTom maparpade mbl nogunauM dyHKIuo f(x)
TpeboBaHU abCOTIOTHON WHTErPUPYEMOCTU Ha OECKOHEUHOI Mpsi-
Moit (—00, 00), T. e. morpebyeM, 4TOObI CyIIECTBOBAT HECOOCTBEH-

HbIIl MHTErpaJ
[e.e]

[ 1f(z)|dz. (10.89)
—0o0
JloroBopuMcs 0 CIEIYIONIe TEPMUHOJIOTUN.
Onpedenernue. Bydem 2060pumo, wmo dynruyus f(x) npunad-
aeocum na 6eckoneunod npamotd (—oo, 00)kaaccy

1) DTi COOTHONIEHNS SBIISIOTCS HEIOCPEICTBEHHBIMU CIEACTBIAMA (POPMYIIBI
Ditnepa, ycraHoBjieHHoM B 1. 3 § 5 . 1
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Ly u nucams f(x) € L1(—o0, 0), ecau dpynxyua f(z) unmezpupy-
ema (6 cobemeenrnom cmvicae Pumana) na arobom cezmenme u ecau
crodumesa necobemeaennonti unmezpas (10.89).

1. O6pa3 Pypbe U ero NpocTeiiime cBONCTBA.

Jdemma 4. Ecau f(x) € Li(—00, 00), mo das a10600 mouku y
beckoneunotli npamoti —oo < y < 00 Cywecmsyem Hecobcmeentvil

unmezpan ) R o
f(y)=_f e f(z) de, (10.90)

Hasvieaemviti 0 6paszom (usu npeobpasosanuem Pypove

dynxyuu f(z). Boaee mozo, pynruus f(y) nenpepwsna no y 6
Kaotcdoti mouke beckoneunoti NPAMOt U CMPEMUMCA K HYA0 NPU

y — 00, m. e. .
lim |f(y)| =0. (10.91)
|yl =00 .
Hoxazareawbcrso. U3 pasencrsa | f(z)| = |f(z)], u3

cxomumoctu uHTerpasia (10.89) u us npusnaka Beiiepirpacca (cum.
reopemy 9.7) BbITEKaeT pABHOMEDHAs 10 Y CXOAUMOCTb MHTErpaJa
(10.90) Ha KazKJOM cermMeHTe GECKOHEYHOW MHpSMOM, a OTCIOAA, B
ity HenpepbiBHOCTH byHKIHA €Y 110 1y, 3 Teopems! 9.9 ciemyer
HenpepbiBHOCTH HHTEerpasa (10.90) mo y (Ha KaxK10M cermentTe, T. e.
B KaxKJI0# TOYKe OECKOHEYHO! TPsAMOii).

Ocraerca mokaszars coorHomenue (10.91). ®@ukcupyem mpowns-
BobHOE € > (. B cuny cxogumoctu unrerpana (10.89) moxHO duk-
cupoBats A > 0 Takoe, 4TO

—A 9]
_f |f(x)|dx+{|f(x)|dx <e/3. (10.92)

[Tpu tax dukcuposannom A (B cumy (10.92)) 6yzer cupaseniuso
HEepPaBeHCTBO

00 A
/eixyf(:p) dz| < /eixyf(:r) dx —i—%, (10.93)
—00 —A

u i JokasarenbcrBa coornomienust (10.91) mam ocraercs jgoKa-
" " 2
3aTh, UTO UHTErpaJl, crodiuii B npasoii yactu (10.93), meHbIne 56

Il BCEX JOCTATOYHO GosbIux |y

1) Kommrekcnyto dyrxmmo f(y) = u(y) + 1v(y) BEIECTBEHHOIO apPTyMeHTa Y
MBI PACCMATPUBAEM KaK Mapy BemecTBeHabix Gynkmmit u(y) u v(y). Henmpepois-

~

HOCTh f(y) B JAHHOH TOUKE Yy MOHMMAETCS KaK HEIPEPBIBHOCTH B ITOH TOUKE
kax 10 u3 dbysxkumit u(y) u v(y).
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Tak kak ¢yskuus f(x) maTerpupyema na cermente [—A, A],
T0 MOKHO (bUKCHpOBaThH Takoe pasbuenue T cermenta [—A, A], aro
JI BEPXHEH CyMMbl ST 3TOro pasbuenus OyeT CIpaBeInBo Hepa-

BEHCTBO 1)

A
0<Sr— [ flz)dz <e/3. (10.94)
—A
[Ipeanomoxkum, uTo 310 paszbuerue T TPOU3BOAUTCS MPU TTOMOIIN
ToueK —A = 29 < 21 < 9 < ... < xp, = A u uyro M), — Tounaga
BepXHss TpaHb QyHKIWK f(x) HA 9aCTHIHOM CerMeHTe [Tg_1, Tk
(k=1,2,...,n). Beegem dynkimto
72(2) My, upn zp_q <z < xg (k=0,1,2,...,n),
T =
0 mpu z=uxy (k=0,1,2,...,n).

HOCKOJ’II)Ky HHTEr'paJl HEe 3aBHCHUT OT 3HAa4YCHUA HO,ZLBIHTePpaJ'II)HOfl
(byHKILI/II/I B KOHEYHOM 4YHCJI€ TO4YEK, TO OY€BHIAHO, 9YTO

f fr(z d5U—ZMk T — Tp—1) = St
k=1
Tak uro B cuity (10.94)

A A
_fA [fr(z) = f(2)|dz = _fA [fr(z) — f(z)]dz <e/3.  (10.95)

Omnmpasch na wepasenctso (10.95) u yuutbiBas, uto Y| = 1 u

T .
[ ey dx‘ < 2/|y|, 6ynem nmers

i S () da| = | [ 1) = Frle) + Trla))de| <
“”yf “[Fp(x) — f(2)] di| <
s ;'MH mkf 1 ¢ da| + f Fr(z) — f(a)] dz <
_ \3H|Mk|+§<§e,

JlemMa mokazaHa.

eCIl TOIBKO |y| > = [Z | Mg |-
k=1

Yem §2 w3 o 10 o 1.
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Caedcmeue. Ecau f(z) € Li(—o0, 00), mo

o [e.e]
lim [ cosAz- f(z)dz =0, lim [ sinAz-f(z)dz =0.
A—00 g A—00 g

2. YcoBusg pa3iiokuMocTu (pyHKInu B uHTerpai @ypse.
Onpedenenue. Jlaa wancdoli Pynkyuu f(zr) us Kaacca
Ly (—o00, 00) nazosem npeden

lim - /A e f(y) dy = lim - /A [ feiyw—x) f(u) du] dy

A—00 27 A—00 2T
- -

—0o0

(npu yeaosuu, wmo smom npeden CYwECmeyem) P a 3 A4 0 HC e H U e M
amoti pynruyuu 6 unmezpas Pypove.

JlokaxkeM CIeIyoIIy0 0CHOGHY0 TEOPEeMY.

Teopema 10.19 (ycaosue pasioscumocmu GYHKUUU 6
dannoti mouxe 6 unmezpan Pypwve). Ecau f(x) € Li(—o0, 00)
u ecau Pynkyua f(x) ydosaemeopsem 6 dannol mowke T cnpasa
yeaosuro I'éavdepa karo2o-aubo nososcumenvhozo nopadka cy (0 <
< a1 < 1), a caesa — ycaosuro I'éavdepa kaxo20-4ub0 nosodcumens-

no2o nopadka as (0 < as < 1), mo 6 amoti mouke & cnpasediugo
pasercmseo

A
A—00 21 2
-

Bameuganue 1. B kaxoii rouke z, 3Hauenne f(x) B KOTO-
POl paBHO MOJIyCyMMe [IPAaBOro ¥ JIEBOIO HPeJeIbHBIX 3HaUeHnil (B
YaCTHOCTH, B KaxKJ0i TouKe HenpepbiBHOCTH f(z)) B mpasoii wactn
(10.96) moxHO mucars f(x).

HNokazareabcrBo Teopemnb 10.19. Tak kak obpaz Dy-

pee f(y) (B cuny semmbl 4) sBisercs HenpepbiBHON (yHKIMEd ¥,
TO TIpK JIFOOOM MO OXKUTEAbHOM A CYINIECTBYET HHTETPAJ

j e f(y) dy = j e—il’y[ fei“y F(u) du] dy. (10.97)

- - —00

B unrerpase, crosimiem B mpasoii gactu (10.97), MoxkHO TEpe-
MEHHUTH MOPHAJOK UHTErPUPOBAHUST OTHOCUTENBLHO Y W U (TaK Kak
BHYTPEHHUI HHTErpaj CXOJUTCS PABHOMEDHO OTHOCUTENLHO Y HA
mobom cermente [—A, A].
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Memsist TOPSAIOK MHTETPUPOBAHUS OTHOCUTEIBHO Y U U, TIOJIB3YICh
paBeHCTBaMU

W= — cosy(u — x) +isiny(u — ),

fcosy(u—ac)dy=M fsiny(u—x)dy=0
Y 2(u — =) ’ Y

U Jiejiasd TOJACTAHOBKY 4 = & + &, Oy/1eM mMeTh

A 00
L [emfwa=L [ / - ’”)dy]f(U)duz
o 2T
A —00 -\
o0 o
:l/ sin)\(u—a:)f(u)du: l/ Sin)\tf(:l:—i—t)dt.
s u—T U t
—00 —0o0

Wrak, mpu /11060M TOTOKUTETHHOM A
A 0

o0
Lfemiay=1 [ 20 sgas ! [ 220 g
0

on
Y —o0
(10.98)
Tereps yurem, 4To mpHu JOOOM MTOJOKUATETHHOM A CIIPABEITHBO Pa-

BEHCTBO 1

—0
W3 mocieHux JBYX PABEHCTB BLITEKAET, UTO MTPH JIIOOOM MTOJIOKH-
TEeJIbHOM A

x—!—O) /f +0) sm/\t (10.99)

f(”” —0) _ / £z — 0)SBAL gy (10.100)

)Om. . 9, § 3.
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Berawras w3 (10.98) pasencrsa (10.99) u (10.100), nmosyuwm, 9to
pu JIFOOOM TTOJIOKUTETHHOM A

A

1 —za:y f(w+0)+f(rc—0)_

Flwdy SCEUE

271'
—A

o0

/[f(x + 1) — f(z +0)] s”;*t dt +

0

3=

0
1

+—/[f(x+t)—f(x—0)] A gt (10.101)

i
—0o0

Tak kak dyHKIws f(x) yI0BIETBOPAET B TOUKE X ClIpaBa yCJI0-
Buio ['€baepa mopsaka i U CaeBa yeaoBuio [ €baepa mopsagka ao,
TO CYIIECTBYIOT mHocTosiHHble My m My Takue, 9TO JJis BCeX IO-
CTATOYHO MAJIBIX IOJOKUTEIBHBIX ¢ OyIeT CIPaBeIINBO HEPABEHCT-
o (10.75), a jyist BCeX JOCTATOYHO MAJIBIX OTPHIATENbHBIX ¢ Oymer
cupaseauBo HepasercTso (10.76). Ecau mbl 0o603Haunm uepes M
nambosbiiee w3 uucen My u Ms, a depe3 o HauMeHbIIee U3 UU-
cell aq M g, TO B mpaBbiX acTax (10.75) u (10.76) MoxKHO mucaTh
M| t|*, npuaeM 511 HepaBeHCTBaA Oy/IyT CIPABEJINBBI JJIsl BCEX IIO-
JIOKUTETBHBIX (COOTBETCTBEHHO OTPUIATETHHBIX ) 3HAYEHU ¢, Y08~
JIETBOPSIIOIIUX YCI0BUIO || < 0, Te § — Mpou3BOIBHOE JJOCTATOUHO

MaJIo€ TIOJIOKUTETbHOE THUCTIO.

Tenepb MBI MOXKEM CIEAYIOMUM 00PA30M MEPEIUCATH COOTHOLIIE-
uue (10.101):

A
1 —izy f(1'+0)+f(x_0)_
L [evfiy) dy =0

—-A
]

/[f(x +t) — flz +0)] S“;M dt +

0

0
—i—%/[f(x—i—t)—f(x—O)]sm’\tdt—l—— / flz +t)s‘1;”dt—
—0

|t]>0

3=

-4

f(a;+0)/sill)\tdt_f(w—0) / Si‘:’\tdt, (10.102)
T

s

—0
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@ukcupyem npousBojibHOe € > 0 u 1o Hemy d > 0 HACTOIBKO
MaJIbIM, 9TO0BI OBLIO CIIPABEIINBO HEPABEHCTBO
Mo e (10.103)

TQ 4

OuennBas nepsble j1Ba nHTerpasa B npasoii yacru (10.102) ¢ momo-
mpio Hepaserers (10.75) n (10.76) (¢ Besmunuoit M| t|* B mpaBbix
YaCTSAX ITUX HEPABEHCTB), Oy/1eM MMeTh

)

<t [lf@ro-sarol <
0

0
‘%/[f(x+t) — fla+0)) 222 gy

t

0

ixe%

)
M - Ms*
<—/t“ Vat = =2
us
0

1 COBEPIIEHHO aHAJIOIMYHO

0

<L I fa-0L <

=

t

0
1 sin At
‘?{U@+O_f@_m] dt

0
< %/|t|a—1dt:M_‘5a.
T ixe?
=5

U3 nocaenaux ayx Hepasencrs u u3 (10.103) momyunm

+

0
‘ t

LU = s 022 a

0

+ < % (10.104)

0
1 sin At
aéww+w—fw—m]t di

Hns onenku Tperbero maTerpasa B npasoii gactu (10.102) Bre-
neM (QyHKIIUIO

™ t

0 npu |t < 0.

g(t):{ pu [t] =9,
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Tak kak g(t) € Li(—00, 00), TO B CHIIY CJIICTBUS U3 JI€MMBbI 4
o.¢]

lim g(t)sin At dt = hm = / flz+1) sin M dt =0,

A—00 A—00 T
—o0 [t]>6

HO 3TO O3HAYAET, 4TO A1 (PUKCHPOBAHHOIO HAMM ITPOU3BOILHOTO
e > 0 maiinerca A Takoe, 4To

- / flz+1) S“;” dt <§ (mpu A > Ay). (10.105)
[t]>0
Hakonern, 3amerum, 910
—0 00 00
/ SiI;)\tdt:/ sm)\tdt /Si:TdT—>O
—00 § A0

mpu A — oo. OTciofa caenyer, 9To s (GUKCHPOBAHHOTO HAMU TTPO-
n3BOABHOTO € > () U paccMaTpuBaeMoi TOUKHT & Halimercs Ay Takoe,

q9To
00 —0
f(a:—l—O)/sin)\tdt 4 |{E=0 / sin Xt .
T t ™ t
[ —00
(10.106)

O6o3nagum uvepe3 A naubosbiee u3 yucena A u As. VI3 coornore-

muit (10.102), (10.104)—(10.106) 3akm09aem, 910

A

1 —izy _f(x+0)+f(1'_0)
27r/ f() 2

< i (mpu A > As).

<e (mpum A > A).

-\

Teopema mokazana.
Caedcmeue. Pasencmeo (10.96) 6ydem mem 6oaee cnpasedau-

60, ecau () € L1(—00, 00) u ecau Ppynkyus f(x) umeem 6 darnod

MoYKe T NPasyo U ALY NPOU3BOOHBLE, NOHUMAEMbBIE KK NPedenbl

ommowenut, lim LEFY—Ff@+0) ( lim f(x+t)_f(x_0)>.

t—0+0 t t—0—0 t

Bameuanue 2. [Ipexen, crosmmii B jesoit gacru (10.96),

MOKHO 3allMChIBATh B BUJe HECOOCTBEHHOIO WHTErpasa

o0
. / e (y) dy, (10.107)
2T
—00
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HO CJIEAYEeT MOMHUTH, YTO 3TOT HECOOCTBEHHBIN WHTErPas cxodumcsa
6 CMDBICAE 2AA6HO20 3HAYEHUSA, T. €. ABJISIETCS IIPEJEJIOM COOTBET-
CTBYIOIIEr0 COOCTBEHHOTO WHTErPaJIa JIUIIh TPHU YCIOBUU, UTO TIPe-
JleJIbl MHTErPUPOBAHHUA B 3TOM COOCTBEHHOM UHTETDAJIE AGAANOM-
CA CUMMEMPUUYHBIMY OMHOCUMEALHO HYafs “ucaamu. Henbds mo-
HuMarh HecobeTBennbiilt naTerpas (10.107) kak npezgen

A//
: 1 —izy T
lim = [ e f(y)dy
N ——oc0 2w
N —+00 N
npu Heszapucumom crpemsennu X Kk —oo n A k +o00. B ciaenyromem
nyHKTe Mbl Oyjem nucarb BMecto npezena (10.96) mecoberBeHHBII
urarerpasn (10.107), Beaxuii pa3 moHMMasi ero B yKa3aHHOM HaMu
CMBICJIE.

3. IlousatTune o mpsMoM M OOpaTHOM NpeoOpa30OBaHUAX
®ypbe. 3anuceiBasi Jjepylo dactb (10.96) B BUIE HECOOGCTBEHHO-
ro unrerpana (10.107) u cuwuras, yro 3uauenue byuxiuu f(x) B
JIAHHOI TOYKE T PABHO MOJyCyMMe TPABOTO H JIEBOTO TPEIETbHBIX
3HAYEHUHN, MBI TOJYIUM PABEHCTBO

f0 =& [ e Fw (10.108)

~

nossosisitorniee Haiitu dyukimio f(z) no ee oopazy @ypwe f(y) u gac-
TO Ha3biBaeMoe obOpaTHbIM npeobpaszoBanumem Pyphe.
ITo orHOmenuto K ToMy paseHcrBy dopmyay (10.90), ¢ momorpo

~

koropoit 06pa3 @ypoe f(y) Beipaxkaercs yepes camy byskuumio f(z),
9aCcTO HA3LIBAIOT MPAMBIM npeobpasoBanuem DPypbe.
[TpoBojs anajoruio ¢ TpUroHOMeTpUIeCKUM psaoM Dypbe, Mbl
MPHUAEM K BBIBOIY, 9TO 00pa3 Pypbe dBjgerca aHaaorom kodddu-
muenta @ypre, a obparHoe npeobpasosanre Pypre (10.108) apis-
((egcsf AHAJIOTOM pa3/IoKeHUs (DYHKIUKM B TPUTOHOMETPUIECKUIN Py
be.
y%aCCMOTpI/IM npsiMoe u obparHoe mpeobpasoBamus Pypwe ms
JBYX BayKHBIX YaCTHBIX CIydaes: 1) Jjs ciaydasi, Korjga (QyHKIUs
f(z) apngerca weruoi (1 e. ymosrersopsier yciosuio f(—z) =
= f(z)) u 2) naua cayvas, korga dyakuus f(x) apisiercs He 9 e T
H Ot (T e. ynosrersopsier yciosuio f(—xz) = —f(x)).
1) Ecin f(z) —gernas dyukiust, 1o u3 dopmy.st (10.90) ¢ mo-
Motbio popMyel Ditnepa €Y = cos zy + ¢ sin xy moayuIuM

fly) = T coszyf(z)dr =2 Tf(:r) cos zy dz. (10.109)
—00 0
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13 dopmyast (10.109) B cBoro ovepens caemyer, uro obpas Pypbe

f(y) raxxke sBasierca gerHoi dyukiwmeii y. [Tosromy obparHoe mpe-
obpasosanue Pypwe (10.108) npuaumaer Bu

f(z) = % / f(y) cosyx dy = %/f(y) cosyx dy. (10.110)
—00 0

®opmyay (10.109) gacTo Ha3BIBAIOT NTPAMBIM KOCHHY C-
npeobpasosanuem DPypsbe, adopmyny (10.110) — o6 p a1
HbIM KOocuHyc-npeobpasoBaunuem DPyphe.

2) Eciu f(z) — meuernast GyHKIUS, TO COBEPIIEHHO AaHATOTUIHO
u3 dopmyn (10.90) u (10.108) Mbl mosmyunm HpssMOe CUHY C-
npeobpaszoBanue Pypbe

Fly) =2 :fo £ () sinzy dz

n obparHoe cunyc-npeobpasosanne Pypne

o0

/ fly) sinyz dy.
0

Ha mpakTuke J0BOJIBHO 9aCTO BCTPEUIAECTCA CIydaii, Koraa yHK-
wust f(x) 3amana moavko na noaynpamoti 0 < < oo. B arom ciy-
qae Mbl MOZKEM TI0 HAIIIEMY YKEJIAHWIO TTPOOIKUTH 3Ty DYHKITHIO Ha,
nostynpsmyto —oo < ¢ < 0 simbo yeTHbIM, 00 HEYETHBIM 00pa3oM
7 TTOTb30BATHCS I 9TON MYHKINN OO0 KOCHHYC-TIPEoOPa30BaHN-
em @ypoe, mubo curyc-mipeodpasosannem Pypne.

[Ipumep. Paccmorpum ma momynpsmvoit 0 < & < 00 QyHKIUIO
f(z) = e % tue a > 0. Ilpomonxkas 31y QyHKIMIO YeTHBIM 06pa-
30M Ha moJynpamy —oo < x < (0, mosyuuMm npsMoe u 00paTHOe
KocuHyc-ipeodpasoBamns Pypwe

oo

oy — _ 2a 1
f(y)—2/e amcos:l?ydm—a2+y2 )
0

fz) =

3=

~

(f(y) unorma HaseiBaloT Kocuuyc-ob6paszom DPyphbe),
o
flz) = 24 [ Losuz dy=e " (z>0).
T a? +y?
0

1) HamomsmmM, 4To HHTErpas J €%* cos zy dx snemMeHTapHO BBIYHC/IAETCS JABY-

KPATHBIM WHTETPUPOBAHUEM TI0 9acTaM (CM. BT 1, rir. 6).
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[Ipomonxkas Ty ke DYHKIINIO HA MOAyIpamMyo —oo < x < 0 mever-
HBIM 00Pa30M, T. €. moJiaras

e mpu z > 0,
flx)y=< 0 mpu  x =0,
—e 9l ppu oz <0,

MBI TTOJIy9IHM TIpAMOe u obparHoe cuHyc-mipeobpazopannsa Pypbe

o0
f(y) = 2/6_‘”5 sinzy dx = a22_fy2 1)
0

~

(f(y) mnorga waspiBator cuuyc-o6pazom DPypbe),
o0

i T >0,
f(.’I?) _ g/ysmya: dy:{ € mpu T

m ) a?+y? 0 npu x = 0.

4. HekoTopble [OMNOJHUTEJIbHbIE CBOMcTBa Ipeobpa3oBanus Py-
pbe. B 9TOM IMYHKTE Mbl OCTAHOBUMCA Ha HEKOTOPBIX JOIIOJTHUTE/TIBHBIX CBOMCT-
Bax mpeobpazoBanus Pypbe, TOBOJTHHO YACTO BCTPEIAIOIINXCS B TPUIOKEHIIX.

Jdemma 5. ITycmv npu HeKomopom Uesom HEOMPUUAMEALHOM ywucae k
dymryua (1 + |z))* - f(z) € Li(—o0,00). Tozda obpas Pypve (10.90) Pymnx-
yuu f(z) duddepenyupyem k pas no nepemernnot y, npusem npoussoonylo no

y arboz20 nopadka m (m=1,2, ... k) moorcno swnucaams duddeperyuposa-
nuem nod snaxom unmeezpaaa (10.90), m. e. no dopmyae
" T
d—mf(y) = / eV (iz)™ - f(z)dx (m=1,2,...,k). (10.111)
y —o0
HokazaTennbcrso. U3 cnpasemymsoro mus moborom (m =1, 2, ..., k)
HEPaBEHCTBA,

S @) = e )" @) < (04 [ 152

o0
1 u3 cxoamMocTH Hecobersernoro unterpana | (1+|z))*| f(z)| dz B cuny npus-
— 00
maka Beitepmrrpacca (T. €. Teopembr 9.7) BhITEKaeT paBHOMEpHAs MO Y (Ha KaK-
JIOM CErMeHTe) CXOAMMOCTb MHTErpaJia, CTosAIero u mpasoit wactu (10.111), as
gioboro m = 0, 1, ..., k. B cuty Teopemsr 9.10 310 obecrreunBaeT CymiecTBO-
BaHMe TTPOU3BOIHOMN 110 Y JF000ro mopsiaka m = 1, 2, ... | k u cripaBeJIIMBOCTD
dopmymer (10.111). Jlemma moka3ana.
Jdemma 6. Iycmo dynxyua f(z) umeem 6 xascdotli mowke T 6ce npous-
60dnwie do nopadka k > 1 exarouumenvro, npusem cama dynruua f(x) u npo-
u3600HaA NOPAdKa k abcoatommuo unmezpupyemss Ha beckoneurnot npamot u das

aobozo m=0,1, ..., (k—1) cnpasedauso coommnowerue
lim [w] =0. (10.112)
lz] ool dgm™

1) Om. mpemsLaymyio cHOCKY.
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~

Tozda dan mpeobpaszosarus Pypve f(y) dynryuu f(z) npu |y| = oo cnpaseo-
AUBE OUEHKA

IF )l = o(lyl™*). (10.113)

HoxazartearcTtBo. Paccmorpum myist moboro A > 0 maTErpast

A
ok
/ezmyd f((l?) dr.
8 dxk

Uurerpupys ero k pa3 mo 9acTsiM, MBI TTOIY9IUM (DOPMYJTY

/ E10) 4, _ [rd 00
Y

) k—2 A
dxk dxk-1 -

— I:Zy.e d$k_2
SN
A

Y (L / eV f(x) dz.
oY

VerpeMisist B IOJIyY€HHOM PABEHCTBE A K OO M yUHMTHIBast, 4T0 B cuiy (10.112)
BCe IIOJICTAHOBKM OOPAINAIOTCS B HyJIb, IIOIY UM

(oo} k (oo}

J el =it [ e pwan = i o)
— 00 v — 00

YuursiBasi, YTO UHTErPaJj, CTOSIIMIA B JIEBOM YaCTH IIOC/IEJIHEr0 DPABEHCTBA, B

CHULY JIEMMBI 4 CTPEMUTCS K HyJIIO IIpH |y| — 00, MBI ¥ Io/Ly9uM orerKy (10.113).

Jlemma ngoka3aHa.

Teopema 10.20. Ilyemv dpynxyus f(x) u ee emopas npoussodnas abco-
MOMKO UHMELPUPYEMBL 1A OecKonewnol npamot (—oo, 00), npuyem cama Gyrk-
yua f(z) u ee nepsas npoussodnas cmpemamca K nyao npu |z| — co. IHyemo
danee Ppynryua g(x) abcoarommo ummezpupyema Ha Oeckoneuroli npamot
(—00, 00). Tozda cnpasedauso caedyroujee PaGeHCMBo:

[ s@s@ds= - [ fuz w i, (10.114)

nasvieaemoe 06obuennnm pasencmeom Ilapcecans uru pasen-
emeom Haanwepean *). (B arom pasercrse f(y) u g(y) cyrs 06passl
Dypbe dbynkuumit f(z) u g(z) coorBercrBenno, a g” (y) 0603HAUAET BEIMUHHY,
KOMILJIEKCHO-COLPSIZKeHHY 0 g (Y).)
HoxkazareabcTtBo. B cumy teopemsr 10.19 B Kaxk10i1 TOUKe & CIIpaBe-
JIMBO PABEHCTBO
o0

/ eV ly) dy, (10.115)

— 00

f(=)

T oor

IpUdeM B Cuity JTeMMel 6 cipaseusa onenka |f(y)| < C(1+ |y|) ™2, obecreun-
BaoIas abCoOMIOTHYIO U PABHOMEPHYIO (OTHOCHTEIHHO ) CXOJMMOCTL WHTErPa~
J1a, crosmero B nmpaoit gactu (10.115), Ha BCelt GeCKOHEUHON MPIMONA.

1) M. ILnanurepess — dpariysckuii MaTemMaruk (pog. B 1885 r.).
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VYmuoxas o6e wacrtu (10.115) ma g(z) u uHTErpupys IO T B Ipeesax
or —A 10 A, Gyzem mMmeThb

A 1 A 0 NS
J f(@)g(z)dz = . S g(w)[ J eV f(y) dy] dzx. (10.116)
—A ™) —oo

B cmmy oTMedeHHO# B pAaBHOMEPHOH 1Mo & cxomumocTn maTerpana (10.115),
B npasoii vactu (10.116) MOXKHO W3MEHUTH MOPsIAOK WHTErPUPOBAHUS OTHOCH-
T€JIbHO T U Y, U MBI IIOJIYIUM

A 1 o A *
Ji@s@an= = T | ergwyad] fan (0117)

By
(3Be31OUKa 03HAYAET KOMILJIEKCHOE COIIPSI?KEHUE).
B cuny mepasencrsa

[ 1 e as] |17 < T lstoas-ca+ 1

n npusHaka Befiepmrpacca maTErpas, croammii B mpasoit wactu (10.117), cxo-
JUTCS PABHOMEPHO OTHOCHTE/JHHO A HAa OECKOHEYIHOH mpsamoil —oo < A < 0o.
Cramo 66rrh B (10.117) MOXKHO TEpeHTH K TIPEAeTy Tpu A — 00, OCYUIECTBJISAS
B mpasoit wactu (10.117) mepexom K mpemery Tom 3HAKOM mHTErpasa. Teopema
OKA3aHA.

§ 7. KpaTrubie TPUTOHOMETPUYUECKUE PAIbI
1 uHTerpajbl Pypbe

1. ITousitTne KpaTHOrO TPUIOHOMETPUYECKOrO Psiaa
Dypbe U ero NpsAiMOYTroJIbHbIX U CHPEPUUYECKUX YACTUIHBIX
cymm. Ilycrs dyukuma N nepemenusix f(z1, Tg, ..., TN) OIpe-
nejiena u wHTerpupyema B N-mepuoMm kybe —m < 1z < 7w (B =
=1,2,..., N). 9ror Kyb6 ™Mbl 0o603HauuM cumsosiom I1. Kparwbrit
TPUTOHOMETPUYECKUIi P TaKOi (DYHKIMK YI00HO 3alTUChIBATH Cpa-
3y B KOMILJIEKCHOM (DOpPMe, MCIOIb3ys Jjisi COKPAIIEHUs 3aluCH 10~
HSTHE CKaJIFPHOrO Mpou3Beerus ABYX N-MEPHbBIX BEKTOPOB.

[ycrs @ = (21, T9, ... , TN) — BEKTOP C IPOU3BOJIBHBIMU BEITIECT-
BEHHBIMU KOODJIMHATAMY T, L2, ... , TN, a N = (N1, Na, ... , NN) —
BEKTOP C 1[€JIOYMCJAEeHHB MU KOOPAUHATAMU M1, N2, ... , LN

Kpartasim Tpuromomerpuueckum psagom DPypowe
byuruuu f(z)=f(x1, z2, ..., Ty) HA3BIBALTCA PAJ] BUJIA

o0 o0 N )
YooY faeim, (10.118)
ny=—00 ny=—0o0

B KOTOPOM YHCHa fp, Ha3bBaeMble K03 b dunuenramu Pyphbe,
OTIPEJIENTSIOTCS PABEHCTBAMU

~ ~
fn = fnlng...nN =

= @) N[ [f e, yn)e @bty gy dy
1 (10.119)
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a cuMBOJI (&) 0003HAUAET CKAJISPHOE IPOU3BEJIEHIE BEKTOPOB & U
n, paBHOE 1M1 + ... + TNNN.

Koneuno, kparubiii Tpuronomerpudeckuii psa @ypoe (10.118)
MOYXKHO paccMarpuBaTh Kak pajg Pypbe M0 OPTOHOPMUPOBAHHOMN

(8 N-meprom ky6e IT) cucreme 1), o6pasoBanmoOil ¢ TOMOIIBIO BCe-
BO3MOXKHBIX ITPOU3BEICHUN JIEMEHTOB OJJHOMEPHON TPUTOHOMETPH-
YEeCKON CUCTEeMBl, B3ATBIX OT IIEPEMEHHBIX T1, £2, ... , TN COOTBET-
CTBEHHO. ITy OPTOHOPMHUPOBAHHYIO CHUCTEMY NPHUHATO HA3BIBATDH
KPaTHOW TPUTOHOMETPUUYECKON cucTeMOI.

Kak u g1 BCAIKON OPpTOHOPMUPOBAHHON CHCTEMBI, s KPaT-
HOM TPUTOHOMETPHUUECKON CHCTEMBI CIPABEIJINBO HEPABEHCTB O
b eccena, kotopoe nmeer BuI

Z Z |fn|2 (2m) Nf fo (1, ..., zN)dzy ... dzy,

1o nvETeo (10.120)
rae f(x1, ..., zy)—aobas wenpepbiBHas B N-mepHom kybGe II
dYyHKITHIS.

PaccvoTpuM BOIpoC 0 CXOAUMOCTH KPATHOTO TPUTOHOMETPUYE-
ckoro pana Pypwe. Ecam 10T paa He CXOAMUTCHA B JAHHON
rouke & = (%1, ..., ZN) abBCOJ O THO, TO BOIPOC O €ro CXOJIU-
moctH (B cmiy Teopembl Prumana 13.10 u3 Bbin. 1) 3aBucur or mo-
PAIKA CIeJJOBAHUs €r0 WIEHOB (UJIM, 9TO TO YK€ CaMOe, 3aBUCHUT OT
HOPSAJIKA CYMMUPOBAHUS 110 UHIEKCAM M1, N, ... , NN ).

[MIupoxo pacmpocTpaHeHbl IBa CIOCO0a CYMMHUPOBAHHUST KPaT-
HOTO TPHUTOHOMETpHUuYIecKoro pana Pyppe — chepudeckuit u
OPpAMOYTOJbHBI M.

ChepuueckuMu YaCTUUYHBIMU CYMMAaMU KPATHOTO
rTpuronomerpudeckoro psiga @ypwe (10.118) HasbBaroTCS CyMMbI

BUIA
Sa@, f) =D fne @),

In|<A

B34THIE TI0 BCEM IEJIOUNCTEHHBIM 3HAYEHUAM N, N9, ... , NN, VIO-

BJIETBOPSIONIUM YCJIOBUIO |1| = \/ n?4+n3+...+n3 <A

T'osopam, wmo wpammuvit mpuzonomempuyeckut pad Pypve
(10.118) cymmupyem 6 dannoti mouke T cihepuueckum memodom,
ECAU 8 IMOT, MOouKe Cyuecmsayem npedea )\lim Sx(z, f).

— 00

[IpaMOyronbHBIMU YaCTUYHBIMHU CyMMaMu KpaT-
HOro TpuroHoMerpudeckoro psiga Pypee (10.118) HazbIBAOTCS CYyMMBbI

1) IIpu 9T0M CKAIApHOE MPOU3BENEHNE NBYX MOGHIX (DYHKIHA OIpeIesIseTcs
KaK WHTErpaJl OT MPOou3BeeHus 3TuxX GyHkIimii mo kyoy [1
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BUIA m

mpy "N
Sm1m2...mN (m7 f) = Z A Z fne_Z(wn)'
nyi=—mi nN=—mymy
Tosopam, wmo xpamuul mpuzonomempuseckuti pad DPypove
(10.118) cymmupyem 6 dannoli mouke T NPAMOY20NLHBM MEMO-
dom (uau memodom Ipunceetima), ecau 6 amoti mouke cyuecmey-
em npeoden

m]iiI—I)IOO Smlmz...mN (mﬂ f)

mo—00

mpy— o0
(npu cmpemaenuu K beckorewnocmu Kadcdozo undexca my, ma, . ..
., MN).

Ob6a MeTo7a CyMMUPOBAHUsT UMEIOT CBOM MPEUMYIIECTBA U CBOU
HejocTaTKU. IIpM paccMOTpEHUH KPaTHOTO TPUTOHOMETPUYECKOTO
pana @ypwe Kak pana Oypbe M0 OPTOHOPMUPOBAHHON CHCTEME €CTeCT-
BEHHO PACIO/IAraTh €ro “WIEHB! B MOPSIKe BO3PACTAHUA |n| I UMEThH
J1e10 co chpepuIeCKUMU JaCTUIHBIMUA CYMMAaMH.

IIpaMoyronbHbIE YacTUYHBIE CYyMMBI TPUMEHSIOTCS TIPU UCCIIe-
JIOBAHUU TIOBEJIEHUs] KPATHBIX CTEMEHHBIX PS0B OKOJO TPAHUIIBI
obsiactu cxopumoctu. Crieyer OTMETHTD, 9TO OMPeIeeHIe CYyMMbI
psifia Kak Tpejiesia MPsIMOYTOIbHBIX CyMM (B IMTPOTHBOIMOIOXKHOCTH
ONPEJIEJIEHUIO, OMUPAIOIIEMYCsd Ha TIpejiest CheprUuecKux CyMM) He
HaKJIa/IbIBaeT HUKAKWX OTPAHWYEHWH Ha OECKOHEYHOE MHOXKECTBO
YACTUYHBIX CYMM 9TOrO PAJIA.

[Ipexge vem GopMysMpoOBaTh YCJIOBUST CXOAMMOCTH KPATHOTO
TPUTOHOMETPUYECKOTO psifia Pypbe, OmpeiesinM HEKOTOPbIe Xapak-
TEPUCTUKHU IIaJAKOCTH (DyHKIUH N IIepeMeHHbIX.

2. Moaysnp HenpepbIBHOCTH u KJaccbkl ['é€nbaepa mjis
dbyukuuu N nepemenubix. Ilycts dyuxmua N mepeMeHHBIX
flx) = f(x1, 22, ..., xN) onpenenena u nenpepbiBHa B N-MepHOi
obnactu D.

Onpedenenue 1. /laa xascdozo § > 0 nazosem modysem
nenpepuwenocmu dynkyuu f(x) 6 obaascmu D mounyro eepr-
nrot0 2pans modyas pasnocmu | f (') — f(2")| na mnoowcecmese scex
mouex €' u ", Komopwe npunadaescam obaacmu D u paccmoarue
p(x', ") meorcdy xomopumu menvuwe 6.

Bynem obosnadars Moysb HempepbiBHOCTH (yHKumu f(x) B
obractu D cumsosom w(d, f).

Onpedeaenue 2. Jlaa 1106020 3 u3 noayceemenma 0 < 3 < 1
bydem 2o6opumsb, wmo dynkyus f(x) npunadaescum 6 obaacmu D

kaaccy ['éavdepa C* ¢ nokazamesem s, u nucamo f(x) €
€ C*(D), ecau modyav nenpepushocmu dyrkuuu f(x) 6 obaacmu D
umeem nopadox w(d, f) = o0(6*) npu 0 < 3r <1 v w(f, f) = O(6*)
npu »x = 1.
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[Iycts Teneps a— 1106 0 e (He 06s3aTEIBHO 1EJI0e) 1T 0 JI O-
KUTEJJbHOE YUCIO: 0 = T+ 3¢, TJIe I — TEJI0€, a ¢ TPUHAJICKUT
nostycermenty 0 < s < 1.

Onpedenenue 3. Bydem 206opumsv, wmo pynkuyusa f(x) npu-
nadaeorcum 6 obaacmu D xaaccy T'éavdepa C% ¢ nokxasa-
meaem o > 0, u nucamo f(x) € C*(D), ecau 6ce wacmuvie npo-
uzeodnwie dynkyuu f(x) nopadka r nenpepuenv. 6 obaacmu D u
KaoHCOaA “aCMHAA NPOU3BOOHAA NOPAOKG T NPUHAOAEHCUM, KAACCY
C*(D), ssedenromy 6 onpedeaenuu, 2.

3. YciioBusi CXOAMMOCTY KPATHOT'O TPUTOHOMETPUYIECKO-
ro psaaa ®ypse. Hagrem c ycranoB/ieHMsa TPOCTEHAIITHX YCIOBHH
abCoTIOTHON ¥ PaBHOMEPHON CXOAUMOCTH KPATHOIO TPUTOHOMETPH-
geckoro psana Pypbe.

Teopema 10.21. Ecau dynxyua f(x) nepuoduuecku (¢ nepu-
000M 2T 10 KaHCAOT U3 NEPEMEHHBIT) NPOJOAINCENA HA 6CE NPOCTN-

parnemeo EN u o6aadaem 6 EN nenpepuisoimu npoussoonvimu no-
padka s = [N/2]+1, 2de [N/2] — yeaan wacmo wucaa N /2, mo xpam-
noili mpuzonomempuueckuti pad DPypve dynryuu f(x) crodumcs
(x amoti pynKyuu) A6CONOMHO U PABHOMEDPHO B0 BCEM NPOCTPAHCI-
se BNV,

HokaszareuabcTBo. Jorosopumca 0003HA4YaTh CHMBOJIOM
<8L> ko3 duriment Oypbe TPOU3BOTHOMN Z—f C HOMEPOM T =
n

m

Oz z]
= (n1, ng, ..., ny). IIpousBoas MHTErpUPOBAHUE 110 YACTSIM, T10-
0 .
JIy9HM, 9TO ) = g frn (g moboro k=1, 2, ..., N), tak
T
n

= |fn|(|n1| + ...+ |nn|) u, crano GuiTs,

of
oz ) '
®opmya (10.121) cnpaseniuBa He TOJIBKO i (DYHKIUU f, HO

7 JUTS KaxK IO 9acTHOM MpOu3BOAHOM (MYHKIHE [ 10 HOPSIIKa (3— 1)
BKJIOUnTEIbHO. OTCI0a Cpa3y Ke BLITEKAET COOTHOIIEHNE

q9T0o

N 5}- )
kzzjl (awk n

N
[fnl = (Il + ...+ Inw ) (10.121)
k=1

~ _ 57
<+t ionh) ™ 5| () | 10222
s1+..4sy=s L PN /o
CyMMa B IPaBOil YaCTH KOTOPOTO OEPETCs MO BCEM TIEbIM HEOTPUIIa-
TEJIBbHLIM S1, ... , SN, YAOBJIETBOPAIOIIUM YCAOBUIO S1+...+SNy = S

(Tak 9TO YMCIO CaaraeMbiX B 310l cymme pasHo N¥). 13 (10.122) B
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_rF
oxy .oy ),

(10.123

CBOIO Odepeb cieayer )

N 1 —2s N°?
[l < SUnil+ o+l + == Y
$1+...+sny=s

2

bl

~—

N
VaursiBag, 910 § = 5 + ¢, rme € = 1 gaa gernoro N u € =

N | =

nyig HederHoro N, u 9To

(1| + ...+ |ny]) "% = (In1|+ ... + |ny]) V2 <
2e 2e

_1-= .
<|n1| N|nN| N

bl
Mbl toayunM u3 (10.123)
1 —1—2—5 —1—2—8 N
[l 5l Ny N+ YT
51+...+SN:5

5;7‘ 2
Ozt ..oz ). '
(10.124)

Jl1st aDCOMIOTHOM W PABHOMEPHON CXOAUMOCTH KPATHOTO TPUTO-
Homerpudeckoro psaa @ypee (10.118) mocrarouno (B cuiy mpus-

Haka Beiiepmrrpacca) joka3aTh CXOAUMOCTH MayKOPUPYIOIIEro ero

YUCI0BOTO PAIA
o0 o0
> 2 Ul
o

ny=—00 nN=—

HO (B cuty HepaserncTBa (10.124)) ¢XOAUMOCTD MOCJEIHErO Psijia, B-

JISIETCS MIPSIMBIM CJIEJICTBHEM CXOAUMOCTH JJIsl JI000ro k 4mucioBoro
~ 2

psaga Y. |ngl N U CXOOUMOCTU JJId JIIOOBIX S1, 82, ... , SN

Ne=—00

paIa

00 00 — 2

‘ < o )
A s1 A s~ 9
Z Z Ozt ..oz ),

ny=—00 nN=—00

BbITeKatIeil u3 Hepasencrsa Beccens (10.120), 3anucanHoro st
o°f
drst ... 9z
Tor dakrt, aTo KparHBI TpuUroHoMerpudeckuit pam Pypbe
(10.118) cxoaurcs mmenHo K dyHKIuK f (&), BHITEKAET U3 HOTHOTHI

HEIMPEPBIBHOM (DYHKITHH

2 2
b
1) Mbr momb3yemcst nepasencramu |a| - |b] < 42y (lar| + ... 4 |ap])? <

2
<pal+...+a}).
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KPaTHON TPUTIOHOMETPUYECKOHR CUCTEMbI 1) . B camom nejie, ecaiu Obl
psan (10.118) paBrOMEpPHO CXOAUIICH K HEKOTOPOit byHKInu g(x), T0
73 BO3MOXKHOCTH ITOYJIEHHOTO MHTErPUPOBAHUS TAKOTO Psiia BHITE-
KaJ10 6b1, uT0 Bee kKoadbdurmentsr Dypbe dyHKIUM g(L) COBIATAIOT
¢ coorsercrytonmmu koaddunnentamu Pypoe dyukiwu f(x). Ho
rorga pasHocts [f () —g(x)] Gplma 661 OpTOrOHATBHA BCEM SIEMEH-
TaM KPATHON TPUIOHOMETPUUYECKOH CHUCTEMBI U (B CHJIY MOJHOTHI
9TOM cucTeMbl) paBHsAIACh Obl Hyst0. Teopema mokasana.
SBameganue 1. Teopema 10.21 moxker 6bITH yrOuHeHa. Cripa-
BEJUIHBO CJIEAyIONee yTBEepIK ZeHue 2): ecau dynsuyus f(z)
nepuoduuna no KaHcdotl uz nepemennuir (¢ nepuodom 27) u npu-
nadaesicum 6 EN xaaccy Teéavdepa C% npu o > N/2, mo wpam-
noili mpuzonomempuyeckuti pad Dypve f(x) crodumces (x smot
dynxuuu) abeorromno u pashomepro 6o ecem npocmpancmee EV.
Beisicnenue ycinoBuit HeabCOJM IO THO Il CXOAMMOCTHA KPATHO-
10 TPUTOHOMETPUUECKOTO psifia Tpedyer mpuBjedeHus 60iee TOHKOM

TEeXHUKU.
Cdopmynupyem 6e3 T0KA3ATEIBCTBA YCJIOBHS CYyMMHDPYEMOCTH KDPATHOTO
TPUrOHOMETPHUIeCKOro psana Pypre cheputeckuM U IPIMOYTOIHHBIM METOIOM.
Teopema 10.22. Ecau ¢pynwxuyus N > 2 nepemennnz f(z1, T2, ..., TN)
nepuoduuna no Kaxncdot nepementot (¢ nepuodom 2m) u npuradaescum 6 npo-

empancemee BN xaaccy Téavdepa C% npu o > , Mo cepuneckue Pyrk-

yuu f(x1, T2, ..., TN) czodamea K 5mol GYHKUUY PAEHOMEDPHO 60 6CEM NPO-
empancmee EN
N-1
Teopema 10.23. Jlasa 2106020 NOAOHCUMEADHOZ0 O, MEHDULEZO , U

ar060ti mouku xo N-mepnozo xyba I1 cywecmeyem dynxuyus N > 2 nepe-
mennnt f(r1, T2, ..., TN), nepuoduseckas no kaxcdot nepemennot (¢ nepuo-
dom 27), npunadaesicawsan 6 EYN gaacey C, 06pauarowaaca 6 Hyab 6 HeKOMo-
potl §-0KpecmHOCTNY MOYKY To U MAKAA, YN0 CPEPUHECKUE HACTNULHBLE CYMMDBL
KPAMH020 mpuzonomempuieckozo pada Dypve smold Gynryuu we umerom npe-

desaa 68 mouke To 4)

1) HonmmoTa KpaTHOH TPUrOHOMETPIYECKOI CUCTEMBI CPa3y BHITEKAET U3 IOJ-
HOTBI COCTaBJAIOIINX €€ OJHOMEDPHBIX TPUTOHOMETPUYECKUX CUCTEM, IIPOU3BE-
JIEHUEeM KOTOPBIX OHA, SABJISAETCH.

2) 910 yTBEPKIEHNE BECHMA [IPOCTO MOLYIAeTCS U3 JIeMMBI 3.1, IOKa3aHHOM B
pabore B. A. Unbuna u I1I. A. Anumosa «YCI0BUS CXOIUMOCTHU CIIEKTPAJTBHBIX
PA3JIOXKEHMI, OTBEYAIONINX CAMOCOIIPSIYKEHHBIM PACIIMPEHVAM JLIHIITHIECKIX OITe-
paropos, I» (// Juddepennuansubie ypapuenus. 1971. T. 7, N4. C. 670-710).

3) Dra Teopema BHITEKaeT U3 Goee OOIMX yTBEPIKIEHUH, JOKASAHHBIX B Pa-
6ore B. A. Uibuna «IIpobaembl jiokam3amuu u cxoauMocTu psaaos Oypbe 1mo
dbyunamenTanbHbIM cucTeMaM QyHKIMA oneparopa Jlamracay (// Ycuexu ma-
remarudeckux Hayk. 1968. T. 23. Bom. 2. C. 61-120) u B pabore B. A. Unbuna
u III. A. AyiuvoBa, yOMaHYTOM B IIPEIbIAYIIEH CHOCKE.

4) D1a Teopema sBISETCSH YACTHBIM CiIyuaeM Gosee OBIIEro yTBepK ICHHS, 10-
Ka3aHHOTO B 1. 3 paborsr B. A. WnbuHa, yKa3aHHON B IIPeablAyIIeil CHOCKE.
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Teopemsr 10.22 u 10.23 ycTaHaBIMBAIOT OKOHYATEAbHBIE (B KIacCax

Ténpnepa C%) ycioBusi CXOAUMOCTH CHEPUUECKUX JACTUIHBIX CYyMM TEPUOIH-
N -1

ueckoil dyukuum f(z1, ..., zn). CorsacHo 3TUM TeopemaMm IpU o >

UMeeT MeCTO PABHOMEPHAsI CXOZUMOCTH CPEPUTIECKUX JACTUIHBIX CYMM, a IPHU

a < O chepruuecKuX YaCTUIHBIX CYMM HECIIPAaBeIJIUB [Iaxke IIPUH-

nun JoKamm3anun (CKOb OBl TIAAKOM HU ABIAIach GyHKIUS f B OKPECTHOCTH

TOUKE X0, IPHHALIERKHOCT 3T0H bynkimu ktaccy C° (EV) mpu a < 5
He 06ecrednBaeT CXOAUMOCTH C(PEPUIECKUX YaCTUIHBIX CYMM 3TOH (DyHKIUU B
TOYKE &o).

Oxonuaresbable (B kiaccax [énpmepa C) ycioBUs CXOAMMOCTH MIPSIMO-
YTOJBHBIX 9aCTUYIHBIX CYyMM KPaTHOTO TPUrOHOMeTpudeckoro psama @ypoe ycra-

HoBsiewsl 1 pabore JI. B. 2Kuxwnanrsuim b,
Teopema 10.24. Ecau ¢pynryus N nepemennwz f(x1, ..., Tn) nepuo-
Junna no kascdol uz nepemennnx (¢ nepuodom 27) u npunadsescum 6 EN

xaaccy C% npu awbom o > 0, M0 NPAMOY2OALHBLE UACTNUNHDLE CYMMDBL KPAM-
1020 mpuzonomempuseckozo pada Dypve Pynxyuu f(x1, ..., TN) cxodamca

(x amoti pynryuu) pasnomepro e EY .
Bameuanue 2. Ormermm, uro eme B 1928 r. JI. Toneanu 2) Gbuio ycra-
HOBJIEHO, 9ITO OIHA HENpephBHOCTH GyHkmmm N > 2 mepevennbix f(zi, ...
., TN) He 06eCTeInBaeT He TOMHKO PABHOMEDPHOH CXOMUMOCTH, HO W TIPUHIIA-
ra JIOKaJU3aliy OIPSMOYTOJIbHBIX YaCTUYHBIX CYMM €€ KPATHOIO TPUIOHOMET-
pudgeckoro paga Pypwe (CymecTByeT nmepuoamIecKas o KazK a0 mepeMennoit (¢
nepuogom 27) dbyskims, HenpepeBHas B B | o6paimaomasics B HyJIb B HEKOTO-
POit 0-OKPECTHOCTH JAHHOM TOUKHU Lo U TaKasl, 9TO IPSIMOYTOJbHbIE TACTUIHbIE
CyMMBI 9TOH (DYHKIUHE PACXOATCH B Lo).

4. O pa3noxkeuuu pyuknun B IN-kpaTHblii uHTEerpasa @y-

poe. Ilycrs dyukuua N > 2 nepemenunix f(z1, ..., zy) = f(x)
JIOTTyCKaeT CyIeCTBOBaHNE HECOGCTBEHHOTO WHTETPaJIa
[ ff(z1, ..., zn)dz ... dzy. (10.125)
EN

Haszosem o6pasowm (mwmm npeobpasosanuem) @ypbe
Takoil (PYHKIUN BEJTUIHHY

~

flyr, ooy yn) :f(y) :f...fei(wy)f(xl, co.yxzN)dry ... dry.
EN

~

B nosiHoit anasorun ¢ emmoit 4 jokassiBaercs, 9To f(y) sBs-
eTcs HenpepwIBHOI dbymKIHeH y Beiony B BN u crpemuTes k myso

mpu [y = /yf + ... + Y} — 0.

1) JI. B. 2Kuxnamsuan. O CONpsizKeHHbIX (HYHKIUAX I TPUTOHOMETPUUECKIX
pamax. lokropckas muccepranms, Mocksa, MIY, 1967.

2) JI. Towemmu — urampsuckuii MmaTemaruk (1885-1946).



§ TKPATHBIE TPUTOHOMETPUYECKUE PAIBI U UHTETPAJIBI ®YPLE 377

IIpenen
lim f...ff(yl, o yn)e @ dyy o dyy (10.126)
A0yl

(Ipu yCJIOBUM, 9TO TOT TPEJE CYIIeCTBYET) HA3BIBAETCA P a 3-
noxenuneMm byuknuu f(z)B N-KkpaTHbI#i nuHTETpAad
Ddypnoe.

CripaBeIyIuBbI CIIEIYIONINE [[BA, YTBEPKACHM ) .

1°. Eciin dyskuust N > 2 nepemennbix f(z1, ..., £n) oOpamaercs B HyJIb
BHE HEKOTOPOIl OPAHITIeHHON 06/IACTH ¥ MPUHAJIEXKAT BO BCeM npocrpancTse B

kiaccy Ténpaepa C npu o > , TO pa3Jjioxkenue 1o ¢pyukiuu B N-Kpart-

ubiii uarerpan @ypoe (10.126) cxomures ( 910i DyHKIMN) PABHOMEPHO BO BCEM
mpocrpanctse BV,

2°. Jng mo6oro moIOKATEIHHOTO (v, MEHBIIETO , ¥ JII000I TOYKHA To

cymecrByer dbyukuus N > 2 nepemeHsbix f(z1, ..., Tn), OTJIMYHASA OT HyJIst

TOJILKO B OFpaHMYeHHO} objacTu, npuHaaaexamas 8 B kmaccy C%, obpama-
I0IAACA B HyJb B HEKOTOPO J-OKPECTHOCTH TOYKH To U TaKas, 9TO JIs ITOMH
dbyrxmum mpemen (10.126) B ToUKe T HE CYIMECTBYET.

Vreepxaenus 1° m 2° yCTaHABIMBAIOT OKOHYATEIbHBIE (B Kaaccax Lémb-
nepa C%) ycnoBus cxomuMocTh pasnoxkenus B N-kparnbii maTerpan Oypbe
1060it GyHKINN, PABHON HYJII0O BHE HEKOTOPOH OTrPAHHYEHHOIH 00J/IaCTH IIPO-

crpancrBa EV. COrIaCHO STUM yTBEDKIEHMSM IPH O > UMeeT Me-

cTo paBHOMEpHas (B 060 OrpaHUIEHHON O0OJACTH) CXOAMMOCTD PA3IOKEHUS

B N-parusriit narerpan @ypre, a mpu a < I pasyoxenus B N-Kpat-

Hblil uHTerpan Oyphe HECIpaBe/INB [aXKe IPUHOMII JOKAIu3auuu (CKOJIb Obl
IJIAJIKON HU SABJsIach PyHKIMs f B OKPECTHOCTU TOYKH Lo, IPUHAJIEKHOCTH

sroit dbyukmuu Bo scem EY xmaccy C® npu o < He 00eCIIenBaET CXOIH-

MOCTH B TOYKE Lo Pa3noxkeHus 3Toi dbyuknun B N-kparubrii naterpan Oypne).

1) O6a yTBep2x aeHMs BRITEKAIOT 13 60see 0BIINX yTBEPIK AeHNH, JOKA3AHHBIX B
pabore I1I. A. Anumosa u B. A. Wiibuaa «YCI0BUS CXOIUMOCTH CIIEKTPAJIBHBIX
PA3JI0KEHNA, OTBEYAIOIIIX CAMOCOIPSIYKEHHBIM PACIIUPEHHUAM JUIMITHUECKUX Olle-
paropos. II» (// duddepenumansune ypasaeaua. 1971. T. 7, N 5. C. 851-882.)
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I'nJIbBEPTOBO ITPOCTPAHCTBO

B sT0i1 rtaBe m3yvaercst BaXKHBIN TOAKIACC DECKOHETHOMEPHBIX
€BKJINJIOBBIX POCTPAHCTB — TaK HA3bIBAEMBbIE T UJIbOEPTO BB
TPOCTPAHCTBA.

Mper1 ycranaBirBaeM BayKHOE 71t TPUJIOZKEHWI CIIEIUAIBHOE TTPE/I-
CTaBJIEHNE BCSKOM JIMHEHHOW (DYHKIIMKM OT 3JE€MEHTOB TaKOr0 ITPO-
crpadcTBa (Takyo (DYHKIUIO MPUHATO HA3BIBATH JI W H e il H bl M
byHKIHOHATOM), a TaKXKe, YTO U3 BCAKOIO ONPAHUYEHHOTO
1Mo HOopMe OECKOHEYHOTI'0 MHOYKECTBA 3JEMEHTOB THMJILOEPTOBA TPO-
CTPAHCTBA MOXKHO BBIJIEIUTDH TOIMOC/IEI0BATEIHHOCTD, CXOIAIITYIOCS
B HEKOTOPOM CJIabOM CMbICTE (3TO CBONCTBO Ha3biBalOT C€J1ab o it
KOMOAKTHOCTHIO MIapa B r’UIb6EPTOBOM MPOCTPAHCTBE).

Ocoboe BHUMAHUE yAETIETCS W3YIEHUIO OPTOHOPMUPOBAHHBIX
CUCTEM 3JIEMEHTOB I'MJIbOEPTOBA TPOCTPAHCTBA. Mbl yCTaHAB/IUBAEM
9KBUBAJIEHTHOCTD [IJIsl TAKUX CUCTEM, BBEJEHHBIX B § 2 1. 10 moHs-
TU#l 3aMKHYTOCTH ¥ TOJHOTBHI, U JOKa3bIBAEM 3HAMEHUTYIO Teope-
My Pucca—®@uiepa, corjiacHO KOTOPOIt Jitobast MOC/IeI0BaTEeTHbHOCTD
YUCeJI, PAll U3 KBaJIPATOB KOTOPBIX CXOIUTCH, TPEICTABIIeT coboit
MOC/IEI0BATENBHOCTE K03 uiinenToB @ypbe HEKOTOPOTO dJIEMEHTa
ruibbepTOBa MPOCTPAHCTBA B PA3JIOKEHUM II0 Hamepes, 3aJaHHOMN
OPTOHOPMUPOBAHHOM CHCTEME 3JEMEHTOB TOTO TPOCTPaHCTBa. B
rocjieIHeM Taparpade T0Ka3bIBaeTCs CYIEeCTBOBAHNE COOCTBEHHBIX
3HAYEHUH y TaK HA3bIBAEMBIX BIOJIHE HEMPEPBIBHBIX Ca-
MOCONPSAXKEHHBIX OINMEpaTop o B AHCTBYIOIINX B THIBOED-
TOBOM TIPOCTPAHCTBE.

§ 1. IIpocrpancrso 2
1. Iousitne npocrpancrsa 12, PaccMOTpUM MHOKECTBO, 716-
MEHTaMU KOTOPOTO SBJISIOTCS BCEBO3MOYXKHBIE TOCIEI0BATEILHOCTH

BEIECTBEHHBIX YHUCE (L1, T2, ... , T, ... ) TAKUE, YTO Psifl, COCTAB-
JIEHHBIH U3 KBAJPaTOB STUX YHCEJI

o
> (11.1)
k=1

SIBJISIETCST CXOSIIAMCS. DJIEMEHThI TaKOTO MHOXKECTBa OyeM 000-
3HAYaTh (KAK BEKTOPBI) TIOAYKUDHBIMU JIATHHCKUMEU OyKBaMu:
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x = (r1, %2 o Tpy--- ), Y= (Y1, 92, -+, Yn, ...) u T. 1. Huc-
T T1y Ty vy Tpy oe- 6y,ILeM Ha3bIBATH KOOp,lII/IHaTaMI/I SJIEMEHTa
Tr = (:l?l, L2y vvv s Ty « v

Omnpefeum orepanuy CJI0XKEHUsT SJIEMEHTOB W yMHOXKEHUST 3J1e-
MEHTOB Ha BelecTBeHHble uncia. Cy M MO JIBYX 3/IEMEHTOB

x=(x1, 29, ... , Ty, ...) 0y = (Y1, Y2, -+ 5 Yn, -..) HA3BIBACTCH
sneMenT 2 = (1 +y1, Lo+ Y2, - s Tn+Yn, -..) 1) . DTOT 31eMEHT
MbI Oyz1eM 0603HaUaTh CUMBOJIOM 2 = € +Yy. [Ipoussenenunem
snementa © = (L1, %9, ..., Tp,...) HA BEIIECTBEHHOE
YU CJO0 A HA30BEM DJIEMEHT, 0D03HAYAEMBII CHUMBOJIOM AZL WIH LA
u paBHbiil (AT1, A\Zg, ..., ATy, ... ). JIerko npoBepuTh, 4To Onpee-

JIEHHOE HAaMU MHOXKECTBO SBJISETCA JUHEWHBIM 1T pocCcTpaH-
CTBOM,T. €. IPDOBEPUTDH BBIIIOJIHEHUE BCEX aKCHOM, OTHOCAIINXCA K
CJIOZKEHUIO JIEMEHTOB U K YMHO2KEHUTIO 9JIEMEHTOB Ha BEIIECTBEHHbIE

gnca 2) .

BBesem Teneph B yKazsaHHOM MHOXKECTBE CKAJISPHOE TTPOU3BE-
JIeHWE JIBYX JIIOOBIX 37EMEHTOB & = (Z1, L2y ... ), Ty, .. ) U Y =
= (Y1, Y2, -+ » Yn, ... ), ONPEICJNB €r0 KaK CyMMYy psaa °)

o
E TrYk-
k=1
o0
Urak, Mbl ioaraem (&, Yy) = ., TgYk. JIerKO MPOBEPUTH BHITIOJIHE-
k=1

HUE BCEX YeThIPEX aKCHOM CKaJISIPHOIO mpoussenenus. (Dru akcuo-
MbI MOKHO HaiiTu B § 1 1. 10, a TpOBEpKY WX CHPAaBEJIUBOCTH I
U3y9aeMoro HaM¥ MPOCTPAHCTBA MPEJIOCTABIISIEM YUTATEIIO).

Taxwum 00pazoM, BBEJIEHHOE HAMHW MHOXKECTBO SIBJISIETCS € B K-
JUTOBBIM TPOCTPAHCTBOM. DTO MHOKECTBO MBI, CIEIys
YCTAHOBHBIIIEHCS] TPAIMINT, 0G0O3HAUNM CHMBOJIOM [2.

Kak 1 BO BCSIKOM €BKJIMIOBOM IIPOCTPAHCTBE, BBEAEM B [2 HOPMY
KazKJI0T0 3jeMenta € = (1, o, ... , Tn, ... ), TOJOXKHUB €€ PABHOM

lzl| = v/ (@, z) = (11.2)

o0
1) CxomumocTs psina S (xk + yr)? cpasy BbITekaeT u3 HepaseHcTBa (Ty -+
k=1

o0 o0
+yr)? < 22} + y? u u3 cxomuMoCTH pPANOB Y. T U Y. Yi.
k=1 k=1
%) ®opMyIMPOBKY AKCHOM JMHEHHOro IIPOCTPAHCTBA MOXKHO HANTH B JI0GOM
KypcCe JIMHEHHON aareOpsl.
3) CxomuMOCTh  YKA3aHHOTO DA BHITEKACT W3 HepaBeHCTBA |Tryk| <

1 0 o]
< 5(9:% + y}?) ¥ U3 CXOAMMOCTH PANOB Y. Ti U Y. Yi.
k=1 k=1
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(Tak kak psj (11.1) gBjsieTcst CXOASIIIUMCS, TO TAKOE OMPEIeIeHUe
UMeeT CMBICT).

Kak 0o6BIYHO, HA30BEM JIBa 3€MEHTA |2 OpPTOrOHAIBHBIME, €CIIH
CKaJIIPHOE TTPOU3BEIEHUE ITUX SJIEMEHTOB PABHO HYJIO.

HamoMuuM, 9T0 OPTOHOPMUPOBAHHONW CUCTEMON B
MTPOU3BOJIBHOM €BKJIMI0BOM MPOCTPAHCTBE HA3BIBAETCS MOCIEIOBA-
TeJIbHOCTD 3JIEMEHTOB { ey } 9T0ro NpOCTPAHCTBA, YI0BIETBOPSIOIIAs
aByM TpeboBaHusaM: 1) sioOble Ba dJIEMEHTa STON MOCIeI0BATE b
HOCTH OPTOTOHAJIBHBI; 2) HOPMa KaXK/I0T0 JIeMEeHTa PaBHA eUHHUIIE.

JloKkazkeM, 9TO B IIPOCTPAHCTBE [2 CyImecTByer 3aMKHY T a o
(a craso 6biTh, cornmacuo Teopeme 10.7, 1 1O JIH a 1) OPTOHOPMU-

poBaHHasg CHCTEMA 1. Ybequmcst, 9TO TAKOW CHUCTEMON SIBIISIETCSI
IIOCIEI0BATEIBHOCTD JIEMEHTOB

61:(1, 0, 0, ...,0, ),
es=(0,1,0,...,0,...),

e3=(0,0,1,...,0,...), (11.3)

To, uT0 312 CUCTEMa ABJISETCS OPTOHOPMHUPOBAHHOM, OUeBUIHO (HOP-
ma (11.2) jyisi KaxKI0ro 37eMeHTa € PAaBHA eJIUMHUIE, CKAJISIPHOE
MpOU3BeeHNE JIIOOBIX JBYX 3JIEMEHTOB MpeJCTaB/isieT coboii Hec-
KOHEYHYI0 CyMMY TPOM3BEIEHUI, KaxK/J10€ U3 KOTOPHIX PABHO HYy-
a10). st jokazaresbeTBa 3aMKHYTOCTH OPTOHOPMUPOBAHHOM CHC-
rembl (11.3) mocraTodno j0Ka3arTh, 9TO JJIsi JHOOOTO, 37€MEHTa & =
= (21, T2, ... , T, ... ) mpocrpancTa I2 psg ypee 3TOro meMenTa
no cucreme (11.3) cxomuTcst K 9TOMY 3JEMEHTY TI0 HOPME MPOCT-
pamcTBa 2 2),

Tak kak ko3 dunnentsl Pypbe (T, €y) s7eMeHTa & COBIaIa0T
C KOOPAMHATAMHU I STOTO 3JEMEHTA, TO N-1 YaCTUIHAS CyMMa PAIa

n
Dyphe s1eMeHTa & paBHA Y |, Tr€g U HAM JOCTATOUHO JI0KA3ATH, YTO
k=1

n—oo

n
lim Zxkek —z| =0. (11.4)
k=1

Ho wu3 onpegnenenns nopmbr (11.2), u3 0OpTOHOPMUPOBAHHOCTH
cucrembl {ey} U U3 CBOJCTB CKAJSIPHOIO [IPOU3BE/IEHNUST BBITEKAET,

') Oupesesenus MOMHOTH ¥ 3aMKHYTOCTH OPTOHOPMHPOBAHHON CHCTEMEL
cM. B § 2 rur. 10.

2) 60 Torma moGoii IeMEHT € IPOCTPAHCTBA |2 MOXKHO CKOIb YTOJHO TOUHO
npuGAI3UTS 00 HOpMe [2 9acTHYHBIME CyMMaME yKa3aHHOTO pana Oypbe.
p P y y j et yp
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qTo

n 2 n n
Zxkek—a} = Zxkek—a},z:rkek—:c =
n

n n
=Y 2p—2) zler @) + ||’ = lz|* =) a3
k=1 k=1

k=1

o n o
I D S
k=1 k=1 k=n+1
Tak 4ro coorHomenue (11.4) Berrekaer u3 cxopumoctu psiga (11.1).

2. O6muii Bua auHeiiHOro pyHKIIMOHAIA B 2. Mo Oymem
paccMaTpuBaTh (DYHKIWN, aPTYMEHTAMA KOTOPBIX CIYZKAT 7TeMeH-
ThI [2, a 3HAUEHMSMM — BeIIeCTBEHHBIE unc/aa. Takoro poga (yHK-
[IU¥ TIPUHATO Ha3biBaTh (P YHKI U OHAJaMU (ONpejeeHHbIMI
B IpocTpancTse 2).

Tounee, HaIell TEJIBIO SBJISIETCS JI€TAIBHOE U3YUYEHUE MPOCTEli-
1mero (byHKIMOHA/IA, OIPEIEJCHHOr0 B IPOCTPAHCTBE |2, Tak Ha3bI-
BaeMoOro JUHEeHHOT O (DYHKIMOHAIA.

Onpedeaenue 1. Dynxyuonas l(x), onpedesennwid 6 npocm-
pancmee 12, Hasul6aemca A U e G 1 vl M, eCAU OAA MOOBIT dACMEN-

Mmo6 T U Y NPocmpancmea l> u aobuT 6eULCMEENHbIT YUces o U 3
CNPABEIAUBO PABEHCNEO

lax + By) = al(z) + Bl(y).

[IycTh &g — IPOU3BOIBHBIA daeMenT mpoctpancTsa [2. C 1esbio
reoMeTpPHU3aIlii TEPMUHOJOTHH MBI 9acTO OyAeM Ha3bIBATH 9TOT 3JIe-
MEHT £y TO YK O mpocrpaHcTsa 2.

Onpedenenue 2. IIpoussosvnuti gynryuonan l(x), onpedesen-
noli 6 npocmpancmee 12, HA3LIGAEMCA HENDPEPBLEH b M 6
mowke Ty npocmpancmea 12, ecau daa 110600 nocaedosamenn-
nocmu aaemenmos {x,} npocmpancmea 12, crodawetica no nopme
npocmparcmsa 1> K snemenmy g, 4UCA068AA NOCALO0BAMENLHOCTID
l(x,) cxodumes x 1(x).

Onpedeaenue 3. Dynxyuonas l(x) naswieaemcs Henp e-
Dol 8 H2 bl M, ECAU OH HENpEPueeH 6 Kancdoli mouke T NPocmpaH-
cmea 1°.

Cpa3sy ke 3aMeTuM, 910 6 cAy4ae Aunelinozo gynryuonana l(x)
HENPEPLIGHOCL TOMA Obl 6 00HOT MouKe Ty BAeuem 3a c0b0l Henpe-

puierocmy 6 kasicdoti mowuke T npocmpancmea 2. B camom je-
Jie, TIyCTh JIMHEHHBIN (DYHKIMOHAJ HENPEPHIBEH B TOYKE Ly U T —

TPOM3BOIbHASA TOUKa TTpocTpancTsa [2. O6ozradmM cuMBosiom {2, }
IIPOU3BOJILHYIO TOCIEI0BATEIHHOCTD 3IEMEHTOB |2, CXOISAIILYIOCs 110
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nopme [? k . Tora mocaeoBaTebHOCTD {0 + X, — X} cxoaUTCS
o HopMe [? K @y U u3 HempephlBHOCTH (BYHKIMOHAIA B TOUYKE X
cJIejIyer, 9To

l(xg+xy —x) = (X)) TPH N — O0. (11.5)

Ho u3 simneiinoctn dyHkinonasa BpITekaer, 9o [(xo+x, —x) =
= l(xg) + l(xy,) — l(x). I3 sroro pasencrsa u u3 (11.5) momydum,
yro l(x,) — l(x) npu n — 00, YUTO W O3HAYAET HENPEPHIBHOCTH
byHKIIMOHATA B TOYKE &.

Onpedenenue 4. Pynxyuonan l(x) nasweaemcs o2pam u-
YeHnH b M, ecau cyuiecmeyem nocmoanwnas C makas, 4mo 0ia
6CET INEMENNOE T NPOCPANCMEa 12 CNpacediueo nepasencmeso

l(z)| < Ozl (11.6)

Teopema 11.1. s mozo wmobo, aunelinmd dynxyuonan l(x)

ObLA HENPEPBIGHBIM, HEODTOOUMO U JOCTNAMOYHO, %I O0bYL OH ObiA 02Pa-
HUYEHHDLM.

HoxkazarenbcTtBo. 1. Heobxoaguwmoc s Ilycts uneii-
ubiit dynkunonasn [(x) nenpepbised. [Ipeanonokum, 4To MOCTOSH-

noit C, obecneunBatommeii nepaserctso (11.6), ne cymecrsyer. Tor-

J1a HaIeTCsT TIOC/IeI0BATeIbHOCTD HEHYJIEBBIX JIEMEHTOB &, |) Ta-
1

—Tp.
nllea] "

ly, — Ol = lly,|l = % — 0 mpu n — 00, TO B CHJIY HENIPEPHIBHOCTH

kasd, 910 |[(x,)| = n?||zy,|. Honoxum y, = Tak kak

dyukiwonana [(y,,) — {(0) = 0 npu n — 00, & 370 HPOTUBOPEUNT

HepaseHcTBY [(y,,) = ml (zr,) > n. HeobxopumocTs oKa3ana.

2. JocratoguocTh. Ilycrs nuneitasiii dbyukuuonan [(x)
OTpaHWYeH, T. €. CYIIEeCTByeT mocTogunas C' Takas, 9TO JJis BCEX
9JIeMeHTOB @ cnpaseauBo Hepasencrso (11.6). Ilycrs nasee @y —
npomsBobHas Touka [2, {x,} — Mpom3BOIBHAS TIOCIETOBATETLHOCT

smeMenToB 12, cxomsmasics o HopMme [2 K . Toraa B cuity JuHeiiHo-
cru dbyuakmmonana [(x,) —I(xy) = l(x, —x0), TaK 9T0 HA OCHOBAHWU
Hepasenctsa (11.6) |[(x,) —l(xzo)| = [[(zn—x0)| < C ||z), — xo]|. U3
HOC/IEeIHEr0 HepaBeHcTBa, ciaenyer, aro [(x,) — [(xg) nmpu n — oo.
HocraTouHocTh JTOKa3aHa.

JlokazanHas TeopeMa MO3BOJISIET HaM BBECTH HOPMY JIMHEAHOTO
HENpePBIBHOrO (DyHKIMOHATIA.

Onpedenenue 5. H o p m o G aunetinozo Henpepuerozo Gymi-
()]

llll

UUuorHaAq l(a: ) HaA3vl6AEMCA MOYHAA BEPTHAA 2PAHD OTMHOULEHUA

HA MHOINCECTBE BCEL INEMEHMOB T NPOCMPAHCMEq l2.

V) Dnst Hysesoro siementa 0 nepasencreo (11.6) cmpasemyueo npu 060
nocrosanoi C, nbo B cary mmueinocTr Gynkmmonana [(0) = [(0x) = 0-1(x) = 0.
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Hopwmy nuneiinoro HenpepbiBHOro (yHkimonada [ (x) 6ymsem 060-
saavarh cumsosoM ||I]]. Urak, mo onpeenenuio

1] = sup 1@ (11.7)
ecrz |zl
CropaseJyinBa CIeLyIomas 0CHOGHAA TEOPeMa.
Teopema 11.2 (meopema Pucca). /lia xasrcdozo aunetino-
20 menpepuienozo dynryuonasa [(T) cywecmeyem odun u MoOALKO
odumn aaemenm a npocmpancmea 12 maxot, wmo oas ecex snemen-
moe T npocmpancmea 1> cnpasediuso pasercmeso

l(z) = (a, x), (11.8)

npunem |[I]| = llal|.

Hoxazareanscrpo. Ilycrs {ey} —3amkHyTas oproHOpMHU-
posanHas cucrema (11.3), ap = l(eg) (k =1, 2, ...). Ybeunmcs B
TOM, 9TO TIOCJIEI0BATEIHLHOCTD BEIIECTBEHHBIX Yuces (a1, ag, ... , dp)
[IpeICTABIISIeT CODOM AIEMEHT IPOCTPAHCTBA [2, T. €. yOe iMcs B CXO0-

o
JMMOCTH pPsijia » a%.

k=1
n

Hng moboro vHomepa n nonoxum S, = Y. ageg. Torna B cumy
k=1
JAHEHHOCTH (DYHKIMOHATA

)= arller) = aj = [Sal. (11.9)
k=1 k=1

C npyroii croponsl, u3 Teopembl 11.1 u U3 onpeeeHnst HOPMBbI
JIMHEHHOro HenpepbiBHOrO dbyHKimonana (11.7) caemyer, uaro

1L(Sn)l < [l - [1Snll- (11.10)

3 (11.9) u (11.10) momyunwm, uro ||Sy,|| < ||| nam, aro o xe
camoe,

Zak N2 . (11.11)

[Tocnenmee mepaBeHCTBO, CIpaBeiIuBOe s JI0OOTO HOMEpa 7,
o)

JIOKA3bIBAET CXOJUMOCTD Psijia y az, T. €. TOKa3bIBAET, YTO MTOCTIEN0-

k=1
BaTEIBHOCTD (A1, A2, ... , Ap, ... ) OPEACTABIIET COOON HEKOTOPDIiL
seMenT [, KOTOpBIil MbI 0603HAYNM Uepe3 a.
[Iycrs reneps @ = (21, T2, ... , T, ... ) — IPOU3BOJILHBIIH 3716~

ment (2. Toraa B CHIy 3aMKHYTOCTH OPTOHOPMEUPOBAHHOM CHCTEMBbI



384 I'MJIBEEPTOBO ITPOCTPAHCTBO IJI 11

n
(11.3) wacruunast cymma psina Pypee > xper CXOIUTCs 110 HOpMe
k=1
K @ npu n — o0. B cuny mempepwuiBHOCTH (DyHKIIMOHAIA OTCIOIa,
CITeTyeT, ITO

l2

n
l(Z xkek> —Il(x) nmpu n — oo.
k=1

Ho u3 smneitnocru dbyHKImMoHana 1 U3 pasencrsa ay = l(ey)
BBITEKAET, ITO

n n n
Z(Z xkek> = Z :rkl(ek) = Z Trpaf.
k=1 k=1 k=1
CraJio ObITh, MBI JIOKA3aJIM, 9TO

n
lim Zxkak = l(a:),
k=1

n—oo

HO 9TO W O3HAaJYaer, YTO HaMK yCTaHOBJeHO paseHcrso (11.8) ¢
ONHO3HAYHO ONPEIEJEHHBIM JIEMEHTOM @, KOOPIAWHATHI KOTO-
poro pasbl [(ey).

Ocraercs yoeanroes B Tom, 4ro ||I|| = |lal|. U3 cnpasegnmsoro
s ioboro Homepa n HepasercTBa (11.11) cpasy ke ciemyer, 94To
lall < 2] (11.12)

C apyroii cTOpoHBI, U3 yKe J0Ka3aHHOTO Hamu paseHcTsa (11.8) ¢
nomorbio Hepasencrsa Komu-Bynskosckoro ') |(a, )| < |la|| x
X ||| momyaum, uro |l(x)| < ||a||-||z||, orkyna B cuny onpesenerus
HOopMB! (11.7) BBITEKAET, YTO

1 < llafl- (11.13)

Uz (11.12) u (11.13) saksutouaem, qro ||l|| = |la||. Teopema mos-
HOCTBIO JIOKa3aHa.

JlokazaHnHast TeopeMa yCTaHABJIWBAET OOIIMiT BUJ BCSIKOTO JIW-
HEIHOTI0 HeIpepLIBHOTO (bYHKIMOHAIA B IPOCTpaHCTBe [2.

3. O cs1a60ii KOMIIAKTHOCTY OTPAHUYEHHOrO 10 HOpMe [2
MHO>K€CTBA.

Onpedeaenue 1. Mnoosicecmso E osnemenmos 12 nasvsaemcs
o2paHuveHHUM (UAU O02PAHUYEHHBM NO HOPME),
ecau cywecmsyem nocmosnnas M maxas, wmo ||z|| < M das scex
anemenmos & muoocecmaa E.

1) Cormacuo Teopeme 10.1 HepaBeHCTBO Komn-ByHAKOBCKOTO CIpaBeiyinBoO
AJIsd J'IIO6I)IX ABYX 3JIEMEHTOB BCAKOI'O €BKJ/INIO0BaA IIPOCTPAHCTBA.
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Onpedenenue 2. Beckonewnoe muoocecmeo E snemenmos 12
HA3BIBAEMNCA K O M N G K M H b M, €CAU U3 410001 npuradisescauseti
mnoorcecmsy E nocaedosamenvrocmu saemenmos {xy} mooicno 6vi-
deaumn cxodaugyrocs no nopme 12 nodnocaedosamenvrocmv { Ty, }.

OueBugHO, wmo 6cakxoe Komnarmmoe muooicecmeo E anemen-
moe 12 aeasemcsa ozpanudenivim ) .

B eBKIMIOBOM TPOCTPAHCTBE KOHEUYHOTO YHUCIA U3MEpe-
HUN BEPHO W 00paTHOE YTBEPKICHWE: GCAKOE codepoicaujee 6ecko-
HEUHOE YUCAO INEMEHMOE 02PaHUYEHHOE MHoocecmeo E asaaemcsa
Komnaxmuwum (Teopema Bonbnano—Beiiepmrpacca). HoB 6 e ¢k o-

He4YHOMEpHOM IPOCTPAHCTBE, KAKOBLIM dABJdeTcd [2, U3 orpa-
HUYEHHOCTH OECKOHEYHOTO MHOYKECTBA JIEMEHTOB F yiKe He BbITe-
KaeT KOMITaKTHOCTb 9TOTO MHOYKECTBA.

Hanpumep, maOXKeCTBO {€j} BCEX 9/1eMEHTOB OPTOHOPMUPOBAH-
Hoit cuctemsl (11.3) siBiisieTcst orpaHndeHHBIM (160 HOPMBI BCEX JJie-
MEHTOB PaBHbI €JMHUIIE), HO HE SIBJISAETCS KOMIAKTHBIM (U060 ijist
CXOZIMMOCTH MOC/IEI0BATEILHOCTH 3JIeMEHTOB 110 HOpMe [2 Heobxoau-
MO, d9TOOBI HOPMa PA3HOCTH JBYX 9JEMEHTOB C HOMepamu k
u k + 1 crpemusiach K HyJ0 npu k — 00, a /i JitobOH 1o/mocie-

) 2
JIOBAaTEIBHOCTH, COCTaBIeHHON n3 s1ementos (11.3), |lex —e||” =
2 2
= |lex]|” + |leil|” = 2 ana mo6bix k u 1, He paBHBIX APYT APYTY).
CTE€CTBECHHO IIOIIBITATHCA BBECTHU IIOHATHE KOMIIAKTHOCTU MHO-
KecTBa B Gosiee ¢iaboM (UeM B OmpeJiesieHun 2) CMBICHIE, C TeM, YTO-

b1 s11060€ (cozepzKaliee 6eCKOHEUHOE YHUCIIO0 IEMEHTOB) OrPaAHNIEH-
HOE MHOXKECTBO OKA3aJI0Ch KOMIAKTHBIM B TAKOM CIabOM CMBICTE.

Onpedenenue 3. Iocaedosamesvrnocms {x,} osemenmos

npocmpancmea 12 nasweaemea caabo crodauetica % sre-
MEHMY Ty 9MO20 NPOCMPAHCMEA, €CAU OAL A106020 IAEMERMA

npocmpancmea 1> cnpasedaueo coommouwenue
(€n, a) = (zg, a) npu n — oo.

BaMeTnM, 9To W3 CXOAMMOCTH {&, } K ¢ mo Hopme [2 n n3 nepa-
gercTBa Koumn—ByHSIKOBCKOTO BbITeKaeT ciadasi CXoauMocThb {a, }
K &g, 160 |(zn, @) — (2o, @)| = |(zn — @0, )| < V/[[&n — 2ol - [|a]|
nuist ioboro anementa a. Cnabast cxomuMocTsb {@,} K &g, BooOIIE
rOBOPA, He BJIeYeT 3a coboil cxoamMocTh {&, } K &g 1o nopme 2. Ha-
npuMep, MOCIeJ0BATEIbHOCTD { €k} BCeX 3IeMEeHTOB OPTOHOPMUPO-
BaHHO#t cucrembr (11.3) ciabo cxopures K HyieBomy ssiemenTy 0, 160
715 TI060T0 37IEMEHTa @ TPOCTPAHCTBA [2 ClIpaBeINBO HEPABEHCTBO

1)B camoM gesie, U3 HEOIDAHHYIEHHOCTH MHOXKECTBa F BBITEKAIO Gbl cyte-
CTBOBaHUE TOC/IEI0BATEJIbHOCTH MPUHAAIeKAIIUX E 3/1eMeHTOB, [j1d KOTOPbhIX
IOC/IeI0BATEIHHOCTD HOPM SIBJIsieTCS OECKOHedHO Oosbimoit. Jliobas mommoce-
IOBATEIBHOCTD TAKOM TIOCIEIOBATEIFHOCTH PACKXOIUTCS IO HOpMe [2, 910 mIpo-
TI/IBOpe‘{I/IT yCJ'IOBI/IIO KOMITAKTHOCTU MHOXKeECTBa E

13 B. A. Uabun u 3. I. Tlo3uak, yactsb 11
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o
Beccenst 1) S (ex, @) < |lal?, cornacuo xoropomy (e, a) —
k=1
— (0,a) = 0 npu n — oo. Bmecre ¢ Tem BbIle J0KA3aHO, YTO
TIOCIeIOBATETLHOCT {€y} He cxomuTest o Hopwme [2.

Cxommvocts 1o Hopme 2 (B oTmame oT c1aboit CXOIEMOCTH)
9aCTO HA3BIBAIOT CHJIBbHONH CXOJZUMOCTH IO.

Onpedeaenue 4. Becroneunoe mmoocecmeo E snemenmos 12
HA3BIBAEMCA CAG OO KOMMN G KMH M, eCAlU U3 410001 NpuHad-
aescaweti muoorceemey E nocaedosameavrocmu saemenmos {xy, }
MOHCHO BBLICAUMD CAGOO CLOOAULYIOCA NOONOCAEIOBAMENLHOCTD.

CupasemyinBa ciieyormast pyHIaAMEHTAIbHAS TEOPeMa.

Teopema 11.3. Bceaxoe cocmosuiee u3 6eCKOHEUHO20 HUCAG INE-
MEHMOG 02PANUMEHHOE MHONCECTE0 6 12 Aeaaemca caabo Kom-
NAKMHHLM.

HokazareabcTBo. Ilycts E — npou3BOIbHOE OTpAHUYEH-
HOE MOJMHOZKECTBO [2, coepzKaliee 6ECKOHEYHOE YHCIIO SIEMEHTOB,
{z,,} —npousBobHAs TOCTEA0BATEIBHOCTD d1eMeHTOB E. Yeiosue
OrPAaHUYEHHOCTH MHOXKeCTBa F mo3Bo/ser yTBepKAaTh, 9T |2, || <
< M, rme M — nekoropasi moctognHasi. Ho Torma w3 COOTHOTEHS

o0
2
|zn|° = Y 22, BBITEKAET OrpaHHYEHHOCTH JIst I060ro HOMepa k

YUCTOBON TTOCTETOBATELHOCTH k-X KOOPAUHAT Xpk JTEMEHTOB ILj,.
Crano 6bTh, B cuity Teopembl Bosbiiano—Beiiepirpacca (cum. Teope-

My 3.3 u3 BbIN. 1) U3 mocie10BaTeIbHOCTH {Ty, } MOXKHO BBIIEIATH

1
MIOJII0CIEJ0BATEIbHOCTD /IEMEHTOB {:cgl )} TaKyl0, YTO IepBble KO-
OP/IMHATHI ITUX IEMEHTOB 0OPA3YIOT CXOMUMAIIYIOCH YUCIOBYIO I0-

(1)

CJIeJI0BATEIHHOCTD, 3aTeM U3 {a&y, '} MOXKHO BBIIEJUTH MOIIOCIEI0-

2
BaTETLHOCTD JIEMEHTOR {:135Z )} TaKyto, YTO KaK MepBbIe, TaK U BTO-

pbl€ KOOPJIMHATHI ITUX JIEMEHTOB 00pPa3y0T CXOMSANINECT TUCTOBbIE
[IOCJIeIOBATEILHOCTH U T. 1. [locse k maros Mbl BBIIEIAM IOIIOCIIE-

k .
J10BaTEeJIbHOCTD 3JIeMEHTOB {:c% ) }, ¥ KOTOpO#t Kaxkjiasi U3 mepBbIx k
KOODAMHAT 00pa3yer CXOAAIILYIOCA YUCIOBYIO MOCIEI0BATETBHOCTb.

[Monoxum y,, = 2" Ouesuano, uro {y,} aBaserca nogmoce-
JIOBATEIHHOCTHIO UCXOHOI TTOCIEJ0BATEIFHOCTH SJIEMEHTOB { &y } 1
YTO IOCIEI0BATEILHOCTL, 0bpa3oBaHHas J 10 60 KoopauHATOM
SJIEMEHTOB Y,,, SABJISAETCA CXOLSIIENRCs YUCI0BON IOC/IeS0BATE/IHLHO-

CTBIO, T. €. eCl Y,, = (Ynls Yn2s -+ » Ynks - -+ ), TO JLIST KAKJIOTO K
MOCJIEIOBATENBHOCTD Yk CXOAUTCA mpu 1 —  00. Obo3Haumm

1) Cormacuo Teopeme 10.4 HepasercTBO Beccens CrpaBemmBo IUIsi KazK OO0
JTEMEHTA U JII000H OPTOHOPMUPOBAHHON CHCTEMBI B TIPOU3BOIHHOM €BKJIHI0BOM
IIPOCTPAHCTBE.
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uepes & TpEee MOC/Te0BATEIBHOCTH k-X KOOPAMHAT 3JIEMEHTOB

Y,, T. €. MOIOKUM & = nll)rgo Ynk (E=1,2,...) n ybeaumvcs B TOM,
9T0 nocyenoBareabHocTs (&1, &g, ...y &k, ... ) IpeacTasaser coboii
HeKOTOpBIﬁ 37IeMeHT MPOCTpancTBa [2, T. e. yGeamMes B CXOIMMOCTH
psizia Z 2. Tax xak ||y, | < M s Bcex HOMEPOB 7, TO [/Ist BCex
HOMepOB n -
Sy < M (11.14)
k=1

u TeM bosiee N
> u < M2 (1L15)
k=1

(nist 1106 01 0 durcupoBaHHOro HoMepa N 1 J1J1s BCEX HOMEDOB 7).

N IMepexonst B8 (11.15) k mpezey npu 1 — 00, Mbl HOJYYUM, UTO
> 52 < M? gna mo6oro nomepa N, a, 5T0 U 03HAYAET, UTO IIO-

crnenoBarenbuoctsb (&1, &2, ..., &g,y ... ) TpeacTaBageT coboi HeKo-

TOPBI 37eMeHT 12, KOTOPBIH MBI 0003HAUNM Uepes3
Ocraercs 10Ka3aTh, 9TO MOCIEI0BATEIBHOCTL {Y,} crabo cxo-
JIUTCS K 9TOMY d7eMeHTy &, T. €. T0Ka3aTh, YTO JIJist JI0OOTO TeMeH-

ta a = (a1, ag, ... , G, ... ) OIPOCTPAHCTBA [ CIPaBeIMBO COOTHO-
wenne lim (y,,, a) = (€, a) WM, 9TO TO YK€ CaMOe, COOTHOIIEHNE
n—oo

Jim Z YnkQk = Z €k

B cuny Toro, uro lim ynk = ¢, U B cnﬂy TeoOpeMbl 0 MOUJIEHHOM
n—oo

nepexozie K mnpezeny (em. reopeMy 1.6) 70CTaTOYHO TOKA3ATE, YTO P
Zynk'ak (11.16)
k=1

CXOOUTCA PaBHOMEPHO OTHOCHUTEJIbHO BCEX HOMEPOB 7. q)I/IKCI/IpyeM
o0

npoussosibHoe € > 0. 13 cxopumocTu psaja y az BBITEKAET CYIIECT-

BOBaHKE TAKOI'0 HOMEpa Mg, YTO k=t
m-—+p
> a < (11.17)
k=m+1
JJIsE BCEX M, > Mg U BCeX HaTypayabHbix p(p=1,2,...).

13*
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[Tpumensiss ¥k ocrarky psazna (11.16) nepasercrso Komu-Bywsi-

KOBCKOI'O JJI<d CyMM 1)
m+p m+p 1/2
2 2

m-+p
k=m+1 k=m+1

Z YnkOf

k=m+1

u ucnosb3ys nepasencrsa (11.14) u (11.17), Mbl nomy4guMm, 910
m—+p

Z YnkOk

k=m+1
IUIS BCEX M > Mg, BCeX HATyPaJbHBIX p W CPasy s BCEX HOME-
pos n. Ho 910 u o3nauaer, uro psiy (11.16) cxomurest paBHOMEPHO
OTHOCHUTEJILHO BCeX HOMepoB n. Teopema mokasaHa.

JlokazaHHas TeopeMa HAaXOAUT MHOIOYUC/ICHHBIC IIPAMEHCHIS.
B uwacTHOCTH, OHA HIMPOKO IPUMEHSETCA B TEOPUU BaPHALMOHHBIX
METOJI0B PEIICHHUs 33,29 MAaTeMaTHIeCKOH (DU3UKY.

<e€

§ 2. IIpocrpancrso L2

1. IIpocreiimue cBoiicTBa IMPOCTPAHCTBA L%. C MTPOCTPaH-
crBoM L? MBI yrKe 3HAKOMBI U3 1. 7 § 4 V1. 8, IOCBSIIEHHOTO U3y de-
Huto kjaccos LP mpu sirobom p > 1.

Hanomuuwm, uro npocrpancrsom L?(E) HazelBaercs MHOMKECTBO
Beex dyukuuii {f(z)} takux, aro xaxgaa yuxiys f(x) usmepn-
Ma Ha MHOXKecTBe F, a xaxmas dbynxmus f2(z) cymmupyema (T. e.
uHTerpupyema B cmbicae Jlebera) va muoxkectse F. Ilpu 9T70M MBI
He pa3andaeM SKBUBAJTEHTHBIX HA MHOXKecTBe F dyHkmit, paccma-
TpuBag WX Kak oauH snement L2(E).

Kparko nmassBator L?>(E) npocrpancrTBoM GyHKI T
c cymmupyembl M (Ha MHOXKecTBe F) KBagpaToM.

Cpasy ke OTMeTHM, 9TO BCe WHTETPAJBI B 3TOM Taparpade mo-
HuMaloTCcd B cMmbicsie Jlebera, a mox MuoxecTtBoM FE monummaercs
U3MEPUMOe MHOYKECTBO TTOJOKUTETHHON KOHEYHOW Mephl Ha GecKo-
HEIHON TPSAMOit, XOTs BCA M3JIaraeMasi HAMU Teopus 0e3 KaKuX-Ji-
00 OCJTOKHEHUIT TIePEeHOCUTCS Ha, CIydaii TPOU3BOILHOTO MHOXKECTBA,
TTOJIOKUTETBbHON Mepbl F B TIpOoCTpaHCTBE JIFOOOTO YNCIa 1 W3Mepe-
HU.

B m 7§ 4 . 8 6suio yeranoBaeno, aro mpoctpancTtso L2 (F)
SIBJISIETCST JIMHEHHBIM HOPMUPOBAHHBIM TPOCTPAHCTBOM € HOPMOit
aroboro ssementa f(x) Buga

1511 = (f £ dr) ™ (11

1) Bro HEPABEHCTBO yCTAHOBJIEHO B momoyiHeHuu 1 K rii. 10 BoIm. 1.
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Ipocrpancrso L?(E) cymecTBeHHO OTIMYAETCS OT BCEX APYTHX
npocrpancts LP(E) Tlpu p # 2, tem, uto L?(E) aBnsgerca eBK/Im-
JOBBIM MIPOCTPAHCTBOM CO CKAJISIPHBIM TIPOU3BEIEHUEM JIIO0BIX JABYX
snementos f(z) u g(z) Buga ')

(f; &) =b[f(x)g($) dz. (11.19)

Crpasemmsocts B L2 (E) Beex 9eThipex aKCHOM CKalIgpHOTO MTPON3Be-
JeHns 2) JIerKo ciefyeT u3 He3aBUCHMOCTH mpoussenenus f(z)g(x)
OT MOpAAKa COMHOXKUTEJICH, u3 JMHEHHBIX CBOWCTB HMHTerpajga u
U3 YCIOBUsl S9KBUBAJEHTHOCTU HYJIIO M3MEPUMOi, CyMMUPYeMOi u
HeoTpuarenbHoil bynkuun f2(z).

Bamernwm eme, uro u3 (11.18) u (11.19) BeiTekaer, uro (Kak u
BO BCAKOM €BKJIMJOBOM MPOCTPAHCTBE) HOPMa W CKAJISIPHOE TIPOM3-
Besierne B L2 CBA3aHBI COOTHOIIEHHTEM

1= V(5 £)-

Haxower, namomanm, ato B M. 7 § 4 T1. 8 70Ka3aHO, ITO TPO-
crpancteo L?(E) apasercs mommbiv °) .

[Tepeiimem Termepb K BhISICHEHUO Oojiee TUIyOOKUX CBOMCTB TIPO-
crpancrsa L?(E).

2. CenapabesibHocTh npocrpancrsa L2. Pacemorpum ca-
vaJia POU3BOJIbHOE JIUHEIHOe HOPMUPOBAHHOE MMPOCTPAHCTBO R.

Onpedenenue 1. Mrnooicecmseo M ssemenmos aunetinozo HOpMuU-
posanHoz0 npocmparncmea R naszvieaemes 6 c1ody n.aommH v M
(uru naommuwm 6 R), ecau das 06020 saemenma f npo-
cmpanemsa R uz mnoocecmea M moocro evdeaums nocaedosa-
meavrocmy aaemenmos { fn}, cxodawyrocsa no nopme R % f.

Onpedeaenue 2. Jlunetinoe nopmuposannoe npocmpancmeo R
HA3BIBAEMCA CENAP QO EeNDbH LM, ECAU 8 HEM CYULCNEYEM CUem-
HOE 6C100Y NAOMHOE MHOIHCECTNEO daemernmos M .

Hennio HACTOAIIETO MYHKTA SBIASETCS TOKA3ATETHLCTBO CeTapa-
GesbHOCTH mpocTpaHcTa L2,

Teopema 11.4. Mnooicecmso nenpepusnox na B dynxyud ae-
asemes 6100y naomnvim 6 L2 (E).

1) Oupezesenie eBKINI0BA IPOCTPAHCTBA M CKAJISPHOIO IPOU3BEIEHHI CM. B
§ 1 . 10.

2) AKCHOMBI CKAJISIPHOTO IIPOU3BEIEHIs MOXKHO HANTH B § 1 rur. 10.

3) HaroMHuM, 9TO JMHEHHOe HOPMHPOBAHHOE IIPOCTPAHCTBO R HA3BIBAETCS
I1 O JI H bl M, €C/IH AJ1s J11060i1 pyHnaMeHTaIbHOM nocegoBaTeabaocTu { fr, } ame-
MEHTOB 9TOT0 IPOCTPAHCTBA (T. €. 1JIst moc/ieoBareabHoctu { frn }, m1s koropoit

lim sup ||fm — fnl| =0, cymecrsyer snement f npocrpancrsa R, Kk Koropomy
n— o0 m?n

CXOOUTCA B R 3Ta II0C/I€J0BATEJIbHOCTD.
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Hokazarenbcrso. Ilycrs f(z)—npousBonbHas GyHKIMsI
w3 L?(E). He orpanmampas OGITHOCTH, MBI MOYKEM CUHTATh, 9TO
f(x) > 0. deiictBuTenbHo, BBOIS JBE HEOTPHUIIATEIbHbBIE (DYHKIUU

Fr@) = 20f @)+ @) f @) = 2(f @) f(@)),

JIErKO yOeJMThCS B CIIPABEIUBOCTH TEOPEMBbI JI/Is JII000H hyHKInN
f € Lo npm ycnoBum, 9TO /T HEOTPHIATETLHBIX (DYHKIMI OHA
JOKA3aHA.

Kpome Toro, Mbl MOXKEM MPEANOI0KATE, 9TO f(Z) BCIOMY Npu-
HUMaeT KoHeuHble 3Hauenus. Urak, nycrs f(z) € Lo(E) u 0 <
< flz) < o0.

PaccMoTpuM TSt KazKJ0TO HOMEPa 7 OCTeI0BATETBHOCTE HeTle-
PEPECEKAIOIINXCST MHOKECTB )

k k k+1
En:E[2—n < fl@) < 2E | =012
Torpma, oueBuano, mas Jjoboro womepa n(n = 1,2, ...) cymma
yKa3aHHBIX MHOXKecTB 1m0 Bcem k = 0, 1, ... maer MHOXKeCTBO F,
o
re E=J Er
k=0

ITocrpoum nocsenoBarensHoCTh { fr ()} dyuKImii, onpeneneHHbx
Ha MHOXkecTBe E, juia Kaxkjoro Homepa n moiaoxus fp(x) = k/2"
I 2, TPUHAIIEKAIIEr0 Eﬁ Takum obpazom, Kaxjgast PYHKIIUS
fn(x) npencrasmsier coboii «crynenvaryio» Ha MHOXKeCTBe F dyHK-

o (IPUHUMAIOINLYTO He Goslee 4eM CYeTHOe YUCII0 3HAUeHuiH).
Jlasiee 04eBUIHO, UTO JIJIsi BCEX HOMEDPOB 7 U BCEX TOYEK T MHO-
’)kecTBa F cripaBeyinBO HEPaBEHCTBO

0< f(z) = falz) <1/2%,

U3 KOTOPOTO CJIEAYET, 94TO ToCae0BaTeabHOCTh { fr(z)} cxommres
k f(z) pasHomepno ua wmmuoxectBe FE. Tlomoxum W,(z) =

Kaxnas dyukius W, (z) npuanvaer #a muoxkectse E swmmb
KOHEYHO e YUCIO 3HAUeHNH, TIpUdeM Moc/ienoBarenboctsb { Wy, (z)}
cxomures K f(z) Bcwo qy Ha F. Tak Kak, Kpome TOro, BCIOIY Ha
muoxkecTBe F crnpasegyuso vepaserctso 0 < f(z) — U, (z) < f(2),
u3 Kotoporo creayer, uto [f(z) — ¥, (x)]? < f%(x) Berogy na E,
TO B CUJIy CJIeJCTBUsS U3 Teopembl 8.19 mocienosarensocTs [f(x) —
— U, (2)]? cxomurea k mymo B LY(E), T. e. mocieaoBaTenbHOCTD
U, (z) cxomarea x f(z) B L2(E).

!) Haromumm, uro cumpon E [f yaoenersopsier yenopmio A] o6o3nauaer MHO-
KECTBO BCex ToueK E, must koropbix dynkmus f(x) yaosnersopser ycaosuio A.
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Ocraercs moka3arh, 4To KaxKayto dyaxinuo W, (1) MOKHO Tpu-
6mzuTh 110 HopMe L2 (E) menpepniBHOit byHKIHMEl ¢ mo6oii cTere-
HBbIO TouHOCTH. Hanmomuuwm, uro Kaxkpas dbyskuusg W, () npuau-

MaeT JIMIb KOHEYHOEe YHUCJI0 3HadeHuii, T. e. umeer sun W, (z) =
m

= > apwi(x), toe a (k = 1,2, ..., m)—HOCTOSIHHbIE YUCIIA, &
k=1
wi () — Tak Ha3BIBaEMble XaPAKTEPHUCTHUUECK U e (QYHKIUU
MHOXKeCTB Fl:
() 1 wa muoxectBe Ej,
Wl lr) =
0 Bue mHOXKecCTBa FJ.
Takum obpasom, s 3aBEpPIIEHNs J0KA3aTeJThCTBA TEOPEMBI,
JOCTATOYHO MOCTPOUTD IIOCIEA0BATEILHOCTh HEIPEPLIBHLIX (DYHK-
nwit, cxonsmytocs B L?(E) x dyukmun w(z) Buga

(2) 1 wa muoxectBe Ejy,
w(x) =
0 BHe MHOXKecTBa Fj,

riae Ey — HekoTopoe conep:kaiieecs B F n3aMepumoe MHOXKECTBO.
st mEOXKecTBa, Fy u 171 J11060T0 HOMEPa 1 HalIyTCA COMepIKa-
mee Ky orkpeiToe MHOXKECTBO (), U cojiepxKaiiieecs B Fg 3aMKHYTOE

MHOKecTBO F), Takue, uto mepa pasuoctu G, — Fy, menpme 1/n 1)
O6o3uaunM cumBojioM F),, nomnonumenue MHO:KecTBa (G, U IOJIOXKUM

_ pla, Fr)
pla, Fu) + pla, Fn)’

rie cumBoa p(x, F') obo3Hadaer paccrosiiie OT TOYKU X JI0 MHO-
xkecrBa F.
OueBnHo, uro Kaxaasa byHKIUs @y, () HenpepbiBHa Ha F, pas-

on (T

Ha equnune Ha F,, pasHa ny/o Ha Fy, 1 BCloy y10BIeTBOPseT yCIo-
Buio 0 < o, (z) < 1. Orcioga aast HOpMBI pazHoCTU @y (2) — w(T)
MBI TIOJIYYUM CJIeIYIONLyI0 OIeHKY:

lion = w72 = [lgn(@) —w(@)2ds < [ do<, (11.20)
E G \Fn "

KOTOpasi 3aBepllaeT J0Ka3aTeJbCTBO TEOPEMBI.

JlokazkeM Tenephb CJIEAYIONLYI0 0CHO8HY TEOPEMY.

Teopema 11.5. /las 4106020 02paHUYEHHO020 USMEDPUMOZ0 MHO-
sicecmea E npocmpancmeo L?(E) cenapabeaviio.

HokazarenbcTBo. CHavuaa MPOBEIEM TOKA3ATETBCTBO JIJIsT
caydasi, Korja MHOX)ecTBo E mpejcrapisier coboii cerment [a, b).

1) B cuity onpe/ie/iesus n13MepUMOCTH MHOXKeCTBa Fo 1 Clle/[cTBHS 13 TeOpeMBI
8.5 (em. m. 2 § 2 ot 8).
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JlokazkeM, 4TO B 9TOM CJIydae B KaueCTBe CHETHOTO BCIOJY IIOTHOTO
muoxectBa B L2[a, b] MOXKHO B3aTh MHOKECTBO M BCEX MHOTOMUTC-

HOB C palliOHAIbHBIME Kodbdummentamn 1) .
Cormacro Teopeme 11.4 mo6yto dbymkmmro f(x) us L% ([a, b)) mox-

HO TIpUOM3UTL ¢ MoGoil crenenbio Tounoctu no Hopme L2([a, b))
HenpepwiBHOM (dyHKIme#. Jlamee, cortacao Teopeme Beitepmrrpac-
ca 1.18, BCSIKYO HENPEPBLIBHYIO Ha cerMeHTe [a, b] DYHKIMI MOXKHO

PaBHOMEDHO Ha 3TOM cerMenTe (a cTaso 66ITh, 1 110 Hopme L2 ([a, b]))
MpubJU3UTL C JTI0O0I CTENeHbI0 TOIHOCTH AJTe0PANnIeCKUM MHOTO-
9JIEHOM C BEIIeCTBEHHBIME KO3 (DUIIMEHTaAMH.

Hakoner, ogeBuamo, 90 ajredpamdecKuii MHOTOUIEH C BEIIle-
cTBeHHBIMY K09 dUImeHTaMu MOXKHO PABHOMEPHO Ha [a, b], a cTano
6biTh, 1 10 HopMe L2([a, b)) mpubmmsuTh ¢ J1060i CTEnenbio Tou-
HOCTU MHOT'OYJIEHOM C PaImoHabHbIMU KOdhurmerTamu. Tem ca-
MBIM JIJIsI CJTydasi, KOT/Ia MHOYXKECTBO F mpesicTaBsier coboii cerMenT
[a, b] TOKA3aTENBCTBO TEOPEMBI 3aBEPIICHO.

IIycts Temepsr FE — NpOM3BOILHOE OTPAHUYEHHOE W3MEPUMOE
MHOXKeCcTBO. Tak Kak MHOXKecTBO F orpanuveHo, To HaiiieTcs: cer-
MeHT [a, b], comepxKamii MHOKecTBO E.

[ycts f(z) — mpomssombras dbynxmas us L2(E). Ipomomkmu
9Ty (DYHKIMIO Ha CErMEHT [a, b], mOJIOKUB ee paBHOIl Hys0 BHE F.
Ocraercst 3aMeTUTh, 94TO TaK NPOJOJzKeHHasi (GyHKuus f(z) mpu-
magresxnt kaaccy L2([a, b)), W mO3TOMY, COTTACHO JOKA3AHHOMY
BBIIIE, MOXKET OBITh MPHUOJIMKEHa, C JII000H CTENeHbI0 TOYHOCTHU TI0
nopme L2([a, b]) (n Tem Gomee mo nopme L2(E)) Mmorouienamu c
parumoHabHbIMU KoddduimenTamu. Crajo ObITh, U B 3TOM CIydae
MHOTOYJIEHBI C PAIMOHAIBHBIMU KO(DDUITHEHTAME 00PABYIOT BCIOILY
niornoe B L?(E) muoxkectso. Teopema MOTHOCTBIO JOKA3aHA.

3. CymecrBoBanne B L? 3aMKHyTOI OpPTOHOPMIPOBaH-
HOIl CHCTeMBbl, COCTOAINEell U3 CUETHOTO YNCJIa 3JI€eMEeHTOB.
st mocTpoernsi B L? 3aMKHYTOII OPTOHOPMHPOBAHHON CHCTEMBI
571eMeHTOB 6yIeM HCXOMUTh U3 CylnecTBoBanus B L2 cyerHoro Bcio-
JIy TLJIOTHOTO MHOXKECTBa 3JIeMEHTOB f1, fo, ..., fn, - .-

Mg moKaxkeM, 9T0 3aMKHYTast OPTOHOPMUPOBAHHAS CHCTEMA MO-
JKeT OBITh MOCTPOEHA C TIOMOIIBI0 KOHEUHBIX JIMHEHHBIX KOMOWHA-
it 2) 9/IeMEHTOB BCIOLY [UIOTHOTO MHOMKECTBA f1, f2, -+ s fry «o-

Taxoit crrocob oCTpoeHusT OPTOHOPMUPOBAHHONW CUCTEMBI O0BIY-
HO Ha3BIBAIOT MPOIMECCOM OpPTOTOHAJJHU3AIlHUMN.

1) To, 4ro Takoe MHOKeCTBO M CUETHO, BHITEKAET U3 CUETHOCTH BCEX pammo-
HAJIbHBIX YUCEJI U U3 CUETHOCTU YKCJIa BCEX MHOI'OYJIEHOB PA3JIMYHON CTEIIeHHU.

2)POBopﬂT, qr0o 3memeHT U, sdBJISIeTCS JMHEHHON KOMOWHAIMel 3JIeMEeHTOB
fi, fo, .y fm, €cauw HaWAYTCS BEIIECTBEHHBIE YUCAA (1, (U2, ..., Oy, TAKHE,
aro ¥, = a1 fi +asfo+ ... 4+ amfm.
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Byngem cuwrtars, uro cpenu snementoB fi, fo, ..., fn, ... HET
JIMHEHAHO 3aBUCHMEIX ) 37€eMeHTOB (MHAYE IPU TI0CIEI0BATETHHOM

YBEJIMYEHUN HOMepa 7 Mbl y1aIu/an Obl U3 COBOKYITHOCTH { fp } KazK-
JIBIit 9JIEMEHT f,, SIBJISTFOIITUICS JINHEHHOW KOMOMHAIIMEH 971eMEeHTOB

f17 f27 cee s f'll—l)'

[TocTpoum cucremy MOTAPHO OPTOrOHAJIBHBIX HEHYJEBBIX 3jI€-
mernToB Wy, Wy, ..., U, ... TAKUX, 9TO JJIsI JJFOOOrO HOMEPA, 1 KarK-
aplit u3 anementoB Wi, Wy, ..., W, gBjisgercd JUHEHHONH KOMOMHA-
nueit anemerTos fi, fo, ..., fn 1, HAOOOPOT, KAXKIBII U3 9JIEMEHTOB
fi, fo, ..., fn daBIsieTCS JiMHEHHOW ~KOMOWHAIMEN 3/IEMEHTOB
Uy, Uy, ..., 0, 2).

JlokarkeM MeTOI0M MATeMaTHIEeCKON WHIYKIUU, ITO yKa3AHHAS
cucrema saemenToB Wy, Wo, ..., U, ... MOXKeT OBITH ITOC/IEI0BA~
TEJBLHO OIpeseseHa ¢ IOMOIIBI0 COOTHOIIEHU

Uy = fi, (11.21)

(flv \Ijl) (fla ‘112) (flv \IJTL—l) N
U, = 2, 01) (f2r ¥2) oo (2 Tnt) S npu n > 2.
(far ®1) (fn, O2) oo (fas Wnr) S (11.22)

dcuo, uro snement Wi, onpenensiembiii coorHorenunem (11.21),
SIBJISIETCST HEHYJIeBbIM (MO0 B IPOTUBHOM CJIydae Jist JIF000ro HoMepa n

OKa3aJUCh JINHEIHO 3aBUCUMBIMU 7eMeHTh f1, fa, ..., fn.
Takum 06pas3om, mpu n = 1 BBITOJIHEHLI BCE YKA3aHHBIE BBIIIE
TpeboBanus. [Ipenmnonoxkum Tenepnb, uro cucrema Wy, Wo, ..., Wy _q,

MOCTPOEHHAsI C TIOMOIIIbI0 cooTHormenwii (11.21), (11.22), yaosaerso-
psieT BCEM YKA3aHHBIM BbIlIe TPeOOBaHUSAM, U yOeMMCs, 4TO TOrIa
9TUM TPeGOBAHUSIM YIOBJIETBOPSET U MOCTPOEHHAs C MOMOIIBIO TEX

»ke cooTHorneruit cucrema Wi, Wy, ..., Uy,
U3 (11.22) sacuHo, uro snement W, mnpejcrasiser coboi HEKOTO-
PYIO JIHHEHHY 0 KOMOMHAINIO 3JIEMEHTOB f1, fo, ..., fn U, TAKHM 00-

pa30M, SBJISIETCSI HEHYJIEBbIM (MHAUE Obl OKA3a/1aCh HYJIEBBIM 3JIEMEH-
TOM yKa3aHHas JIMHEWHAas KOMOWHAIUsI, T. €. 3jIeMeHThl f1, fa, ...
.+, fn OKa3aIMUCH OBl JIMHEHHO 3aBUCUMBIMU).

Jlasiee, OCKOBKY yieMeHThl f1, fo, ..., fp_1 JIMHENHHO BbIpa-
xarored depe3 Wi, Uy, ..., U, U MOCKOJIBKY MUHOD CTOSIIETO B
npaBoM HUKHEM yriry onpenesautesns (11.22) snementa f, pasen

1) Bro osHauaer, 4TO HE ONUH W3 JIEMEHTOB f, COBOKYIHOCTH {fx} He sBisi-
ercst TUHENHHON KoMOWHAIMEN KOHEYHOT0 YHC/Ia APYTUX HJTEMEHTOB dTOH COBO-
KYIHOCTH.

%) Ha s3bike juueiinoil aareGpsl 9T0 03HAYAET, UTO JUHEHHAS OBOIOUKA, Ha-

TsiHyTast Ha dneMenTsl Vi, W, ... U, coBmajaer c JuHEHHONH 000I049KOM, Ha-
TAHYTON Ha 7aeMeHTHl f1, fo, ..., fn.
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[T, 1]l ') u nosTomy orimuen or myss, u3 pasencrsa (11.22) cie-
JLyeT, 9TO U JIEMEHT f,, JHeiHO Bhipakaercs deped Wy, Wy, ... W,,.

Haxkonerr, u3 (11.22) cpa3dy BbiTekaer, 9To 37emeHT W, opToro-
HaJsieH Kaxkjaomy u3 sjgementoB Ui, Wy, ... U, ;. B camom nere,
ecyin k — yiroboii u3 Homepos 1, 2, ..., n — 1, To, ymMHOXKas1 0be ga-
cru (11.22) ckansipro wa Wy, MbI TOJyYdM B MPaBoil 4acTu ompe-
nenuTenb, k-it u n-it cToabibl KOTOPOro onuHAKOBLIL. V3 paBeHCTBA
HYJIIO Takoro onpezeauresns cieayer, aro (W, Ur) = 0 mus Beex
k=1,2,...,n—1

Tem campiM wmHOyKIWA 3aBepineHa, u cucrema Wi, Usy, ...

.y Uy, ..., YIOBJETBOPSIONIAs YKA3aHHBIM TPEOOBAHUSIM, TTOCTPO-
eHa.
[MosiokuB Tenepb st KaxKa0ro HoMepa 1 ¢n, = Wy /|| U, ||, Mbl
Oy IUM OPTOHOPMUPOBAHHYIO CHCTEMY D1, 92, « .. 5 Pp, - -

3aMKHYTOCTH MOCTPOEHHON HAMM CHCTEMBI { @, } Cpa3y BbITEKa-

er 13 TOro, YTO KaXK/blIil 9JIeMEHT BCIOAy IJIOTHOrO MHOXKecTBa { fp, }

ABJIAETCS JUHEHHON KoMOMHAIME!l KOHEYHOI0 YNC/Ia JIEMEHTOB CH-
creMsl {¢p, }.

W3 cgerHOCTH BCIOMY IJIOTHOI'O MHOYKECTBA 3JieMeHTOB f1, fo, ...

.y fn, - .. BBITEKAET, YTO TOCTPOEHHAS] HAMY 3aMKHYTasi OPTOHOP-

MUPOBAaHHAS CUCTEMA COIEPXKUT He H0ACE YeMm CUeMmHOe TUCTIO dTe-

MenToB. Ho 9mcio 9/1eMeHTOB 3T0i CUCTEMBI He MOXHCEm bbb Ko-

HewHbM, TO0 TO 03HAYAIO GBI, UTO TIPOCTPAHCTBO L2 aBjIseTcs Ko-

HEYHOMEPHBIM 2) .

Tem caMbIM Mbl OKOHYATEIHHO JOKAa3aJH CyliecTBoBanue B L2
3aMKHYTOU OPTOHOPMUPOBAHHON CUCTEMBI, COCTOAIICH U3 CHYETHOI'O
9UCITIa 3JIEMEHTOB.

SaMeTnuM B 3aKJIIOYEHHE, ITO 3aAMKHYTYIO OPTOHOPMUPOBAHHYTO

cucreMy saeMeHToB L2 9acTo HA3BIBAIOT OPTOHOPMUP OB a H-
HBIM 6Gaszucowm 5).

4. Nzomopdusm npocrparcts L? u 12 u cuencrBusi u3
Hero. B mnpocrpancrse L?(E), ToYHO TaK e, KAK ¥ B IPOCTPAH-

crBe 12, BBOASATCH TOHATHS C1aboil CXOAMMOCTH ITOCTIEI0BATEIBHO-
CTH 9J€MEHTOB ¥ CJIab0i KOMIAKTHOCTH MHOXKECTBA, 3JIEMEHTOB.

) st TOro 9T00B yOequThCA B 9TOM, JOCTATOMHO 3aIUCaTh paBercTso (11.22)
st HoMepa, (n — 1) ¥ yMHOXKUTH ero cKajaspHo Ha W, _1.

2) To 4T0 Pa3MEPHOCTH MPOCTPAHCTBA, L?(E) paBHa 6eCKOHEYHOCTH, CPA3Y BbI-
TEeKaeT U3 TOr0, 9TO /I JI000ro Harepes 33 IaHHOr0 HOMEPa 1 B 3TOM IIPOCTPAH-

CTBE CyNIECTBYET N JIAHEIHO He3aBUCHMBIX d1ementon 1, o, x2, ..., " L
%) Cucrema snementos {p,} HaspBaercs 6a3mcowm mpocrpanctsa L2(E),
ecu moGomy anementy f npocrpanctsa L’ (E) 0HO3HAMHO COOTBETCTBYET Pas3-
OO

JIOYKEHHE ITOrO JIEMEHTA B DALl Y Cn(Pn C MOCTOSTHHBIME KO3 DUIMEHTAMY Cyy
. n=1 2
cxongammiics K sneMenTy f 1o Hopme mpocrpancTsa L7 (F).
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Onpedenenue 1. Iocaedosamervrnocms {fn(x)} 2nemenmos
npocmpancmea L?(E) nasweaemea caabo crodawetica %
anemenmy f(x) amozo npocmpancmea, ecau 0as 4106020 sAeMENMA
g(x) npocmpancmea L*(E) cnpasedauso coommowenue

(fn, &) — (f,g8) npu n — oo,
UAU, 4O O IHCE CAMOE,

[ folx)g(z)de — [ f(z)g(z)dz npu n — .
E E

Tax »Ke 37€MEHTAPHO, KAaK U /s CIydas 12, T0KA3bIBAETCS, U9TO
u3 exomumoctu {f,(z)} x f(z) mo mopme L?(E) BoiTekaer crabas
cxopumocth { fr(z)} x f(z). Koneuno, ciabast cX0AuMOCTh 3/1€MEH-
toB L2(E) ue Bieuer 3a coboit cxomumoctu 1o nopme L2 (E) (npume-
POM MOKET CJIYKUTh JiE00asi OPTOHOPMUPOBAHHAA MOCIEI0BATE b
HOCTD 37emenToB npoctpanctsa L2(E)).

Onpedenenue 2. Beckonewnoe mmoocecmeo M oaemernmos

npocmpancmea L2(E) nasweaemca caab0 KOMMTa K mH oM,
ecau u3 a060t npunadiescawets mmoocecmsy M nocaedosamens-
nocmu aaemenmos { fr(x)} mooicno evdeaums caabo crodsuwyrocs
nodnocaedosamesvbHoCms.

B mosmoit anasorum ¢ TeM, Kak 9T0 OBLIO CAEIAHO /T TPOCTPAH-
cra [?, B mpocrpancTe L? BBOAUTCA TOHATHE JMHENHOTO HEIpe-
PBIBHOTO DYHKIIMOHATIA.

Onpedenenue 3. Qynuxyuonan l(f), onpedeaenrvili na ssemen-
mazx f npocmpancmea L?(E), nasvieaemcs A un e 6w ot M, eCAu
ona mobux dsyx saemenmos f u g npocmpancmea L2(E) u dasn
A00BLT BEULLCMBERHVLT wucen & u 3 cnpasedauso pasercmso l(af +
+ Bg) = al(f) + Bl(g).

JloroBopuMcs TaM, TIe 3T0 OyaeT yI00HO0, HA3hIBAThH JIEMEHTHI f
npocrpancta L2(E) TOYKaM# 3TOTO TTPOCTPAHCTBA.

Onpedenenue 4. Pynryuonanl(f), onpedeaenmoiti na saemer-
maz f npocmpancmea L%(E), nasvieaemcs nenpepv v m 6
mouwxe fo amozo npocmparcmea, ecau daa 1060t nocaedosa-
meavnocmu { f} saemenmos L2(E), cxodawetica no nopme L?(E)
K aaemenmy fo, wucaosas nocaedosamesvrnocms l(fy) cxodumes

% 1(fo)-

Onpedenenue 5. Pynxyuonan l(f) nasveaemes npocmo w e-
npepov6H M, ECAU OH HENPEPBGEH 6 Kadicdoli mouke [ npo-

cmpancmea L?(E).

Kak u ays cayuas (%, Jerko 0Ka3aTh, 9TO €CJIH JIMHEHHbIH
dbynxmmonan B L?(E) nenpepbisen xota 661 B ofHoit Touke L2(E),
10 oH Henpepbisen Bciofy Ha L2(E), T. e. IPOCTO HElpephIBeH.
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ECTeCTBeHHO BOSHUKAET BONPOC O NEPEHECEHNN Ha caygait mpo-
crpancrsa L2(E) nokasaHHbIX s mpocTpascTsa 2 Teopembr 11.2
00 001IIeM BHjIe JIMHEHHOTO HEMTPEPBIBHOTO (PYHKIIMOHAIA U TEOPEMbI
11.3 o c1aboii KOMIAKTHOCTH BCAKOIO OTPAHMYEHHOrO (IO HOpME)
MHOXKECTBA.

MbI ycraHOBUM TiIyGOKYIO CBSI3b MKy mHpocTpasHcTBamu L2
u [2, KoTopast MO3BO/INT HAM CPa3y Ke YCTAHOBHTH CIPABE/TMBOCTD
JUTst TPOCTPaHCTBa, L° TOJBKO 9TO YIOMSIHYTBIX TEOPEM.

Beenem ciaemyroriee dpyHIaMeHTAIBHOE TOHATHE.

Onpedenenue 6. Jl6a npoussosvHbix e6KAUIOBDIT NPOCNPAH-
cmea R u R nasviearomesa w3 om0 p ¢ H v MU, ecau Mencoy dae-
MEHMAMY IMUL NPOCTNPAHCTNE MONHCHO YCMAHOBUMD 83GUMHO 00-
HO3HAYHOE COOMBEMCMEUE TAK, YN0 NPU YCAOBUU, MO INEMEH-
mo ' u y' npocmpancmea R’ asasomcea obpasamu sasemenmos
T u Yy npocmpancmsa R, swnoanaomes caedyrowue mpebosaHus:
1) anemenm x'+y' npocmpancmea R' aeasemca obpasom saemenma
x4y npocmpancmea R; 2) npu arobom eeuecmeennom X saemenm
Az’ npocmpancmea R’ asaaemcea 0bpazom ssemenma AT npocmpan-
cmea R; 3) cxaaapnvie npoussedenus (z', y') u (x, y) pasuwv dpye
dpyey.

B kypce aumneiinoit agre0phbl yCTAHABIMBAETCA, ITO BCE N-MEpP-
HBIE eBKJIWIOBBI TTPOCTPAHCTBA M30MOPMHBI MEXKIy coboit u m30-
MopdHBI TTpocTpancTsy E™.

[naBHoit 1MeIBI0 HACTOMAIIETO TYHKTA SIBJISETCS YCTAHOBJICHHUE
n3oMopdu3Ma 6eCKOHETHOMEPHBIX eBKINI0BBIX pocTpancTs L2 (F)
u [?. Ho mpesKjie BCero Mbl JOKaKeM C/IeLyIONLyi0 3aMedaTebHyo
Teopemy.

Teopema 11.6 (meopema Pucca—Puwepa). [Tycmo {pp} —
npoussoAbHas opmonopmuposantas cucmema ¢ L*(E) 1), Toeda
0as A10607 NOCAEA0BAMENDPHOCTIU BEULCTNEEHHHT Yuces (¢1, Cay - . .

o0

Yy Cny + ), YdoGAEMGOPAIOWEL YCAO6UIO Y Ch < 00, M. €. AGAA-
k=1

rowetica snemenmom 1> natidemea u npumom eduncmeenmasn dymr-

yua f (:p) us npocmpancmea L?(E) maxas, wmo c, = (f, on) =

—ff )d:BUZCk—IIfII E[fQ(x dx

n
Hoxazareawbcrpo. IHonoxum f, = > cppp. Hocnenosa-
k=1
TeabHOCTH { f,} dyHAaMEHTATbHA, TAK KAK TIPU 71 2> N CHPABEINBO

1) Hu MOJ/IHOTA, HU TeM 6osee 3aMKHYTOCTHb 9TOU CUCTEMBI HE mnpearnojaraeTcd.
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m o
paBeuctso || fm — full> = €2 1 10 yCIOBHIO PSLI Y € CXOIUT-
k=n+1 k=1
2 ,
cst. Ho Torga B cuty nosaorsl npocrpatcrsa L2 (E) (ycraHoBieHHOM
eme B . 7 § 4 r1. 8), maitnerca snement f mpocrpancrsa L2(E) Ta-
KO, 4TO

lim ||f, — f]| = lim =0. (11.23)
n—oo n—oo

U3 nocresrero cooTHorenus u u3 Toxkaectsa beccens (10.17),
ycranosiennoro B § 1 . 10 1) | Berrexaer, uro

n [ee)

. 2 2

Jim Y k=117, e Yo ="
k=1 k=1

Hoxkaxem, uro (f, ¢r) = ¢ aas aroboro Homepa k. s sToro
3aMeTHM, 9TO B CHJIy OPTOHOPMHUPOBAHHOCTH cHCTeMbl {@g} mpu
BCeX 1 > k CIIpaBeIjInBO PaBEHCTBO

n

(fns %) (Zcm, ‘Pk) =" aler, er) = ck, (11.24)

=1

U yuTeM, 4To B cuiy HepapeHcTBa Komu-ByHrsakoBckoro

|(fns k) — (f5 i)l = [(fo = f5 wr)| <
<V = FIl- el = VI fn = £l

u B cuity (11.23) cupaBeyinBo COOTHOIIEHUE

(fn, o) = (f, ¢x) mpm n — oo. (11.25)

U3 (11.24) u (11.25) momyvaem, aro (f, k) = ¢k AJist 106010 HO-
Mepa k.
Ocraercst 10Ka3aTh, 4To f ABJISIETCS € M HCTBEHH bl M 3JIe-

verroM L2 (E), ya0BIeTBOPAIONIM BCEM YCIOBUSAM TeopeMbL. [IycTsb
g — mmoboit gpyroit snement L2(E), yI0BIeTBOPAIONTHIT BCEM yCTOBH-
sim Teopembl. 13 Hepasencrsa Komm-Bynsikosckoro |(fn, — f, g)] <

< VIfn = £ Vgl m s (11.23) creayer, uro
(fn—1f,8) =0 mpu n— oco. (11.26)

1) Vkasannoe ToxmecTBo Beccess cipaBemmBo 11t 060 OPTOHOPMUPOBAH-
HOM CHCTEMBbI B IIPOU3BOJIBHOM €BKJIUIOBOM IIPOCTPAHCTBE.
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Ho u3 pasencrsa (g, @) = ¢k U U3 aKCHOM CKAJIFPHOTO IPOU3BEIe-
HH1A BBITCKAET, 9TO

U= to9) = (Yan-1¢) -
k=1
:ch(g’ (pk) - (f? g) :ZC%_ (f7 g)7
k=1

k=1
Tak 4To B cuy (11.26)

S = (. g). (11.27)

k=1

o o
U3 (11.27) u u3 cooTHOmeHUH Y. ¢f = K = lgll* momy-
9UM, 9TO k=1 k=1
2 2
If—el=(—g f—g) =" =-2(s, )+ llgl” = 0.
Ho 370 o3mawaer, 9to pa3nocts f — g mpeacTaBiasger coboit HyIeBoi
snement L2(E), 1. e. f = g. Teopema TOIHOCTBIO JOKA3aHA.

Bameuanue. Ecau opronopmuposannas cucrema {@p} 3a-
MKHYyTa WU XOTs OBl MOJHA, TO eIMHCTBEHHOCTH djieMeHTa [ Oymer
o0

uMeTh MecTo u 6e3 Tpebopanust ¥ i = | f |? (cm. 1o sTOMY HOBOMLY
k=1
reopemy 10.8).
Ommpasicy na Teopemy Pucca—@uimepa, q0KaKeM CIeTYOIYTO
OCHOBHYI0 TEOPEMY.
Teopema 11.7. IIpocmpancmea L?(E) u 1?2 uzomopgdriv.

JoxasatenbcTBo. Bribepem B mpocrpanctse L2(F) 3aMk-
HYTYI0 OPTOHOPMHUPOBAHHYIO cucreMy {@g} U OCTaBUM B COOTBET-
cTBHe KaxuoMy ssementy f mnpocrpancrsa L?(E) sinement ¢ =
= (c1, €2, .., Cpy -..) IIPOCTPAHCTBA [?, KOOPAMHATEI Cj KOTOPOIO
umeror Bun ¢, = (f, ¢r) (k=1,2, ...). B cuny reopemsbr 11.6 Takoe
COOTBETCTBUE ABJISIETCS B3AUMHO-OJHO3HAYHBIM.

Ocraercss 10Ka3aTh, 94TO €CJU IeMeHTaM f U g IPOCTPAHCTBA

L?(E) oTBeYaroT COOTBETCTBEHHO EMEHTHI € = (C1, €2, -+ , Cny + -+ )
ud=(d,dy,...,dy, ...)npocrpancrsa [, 10 1) snemenry f + g
orseuaer seMenT ¢ +d = (¢1 +dy, co+da, ..., ¢y +dy, ... ); 2)
pu JIFOOOM BEIIECTBEHHOM A 37ieMeHTy Af OTBedaeT 3/IeMeHT AC =
= (Ac1, Aoy o.oy ACp, .. ); 3) CIPABEJINBO PABEHCTBO
o0
(f,8)=(c.d) =) cydy, (11.28)
k=1

Has3bIBaeMoOe OObIYHO 0000IeHHBIM paBeHcTBOM Ilap-
ceBaJs.
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1) u 2) cpasdy BBITEKAOT W3 CBOMCTB CKAJSIPHOIO MPOU3BE/e-
uus 1) . Joxaxewm pasencrso (11.28). B cuty 3aMKHYTOCTH CHCTEMBbI

{@r} nna kaxpoit us dynukuuii f, g u f+g cupaBeIMBbI paBEHCTBA
ITapcesass

(f7 f) :Zczv (ga g) =Zdza (11'29)
k=1 -~ k=1
(f+g f+8) =) (e +dp)* (11.30)
k=1

Boranrag (11.29) u3 (11.30), momy v

2, 8) =2 crdy.
k=1

Teopema MOJHOCTBIO TOKA3AHA.

JloKa3aHHasT TEOPEMa TTO3BOJISIET PACCMATPUBATE |2 KaK KOOP/IH-
HaTHYyTo (DOPMY 3armmcy meMenToB npoctpanctsa L2 (E). DTa Teope-
Ma mo3Bosiger nepenecty Ha L2(E) Bce yTBEp:KIEHNS, YCTAHOBICH-
ueie 1714 12, u naobopor. B wactHocTH, M3 Teopembl 11.7 BRITEKaOT
CITETYTOINE YTBEPK TeHNUS.

1°. TIpocrpancTBo [? SBJISETCS TIOTHBIM.

2°. JIio6oe orpanmyennoe no mopme L2?(E) MHOXKeCTBO, comep-
arree 6eckorednoe uncyo snementos L2(E), apnsgerca ciabo Kom-
TTAKTHBIM.

3°. st Kaxka0ro JuHeifHoro enpepbisHOro dyukiwonasa I(f),
OIpeIeIeHHOT0 Ha, daeMenTax f npocrpancrsa L2(E), cymecTByer
OJIMH W TOJBKO OWH 3MeMeHT g mpoctpanctsa L2(E) Taxoii, 910
n1s Beex ssementos f mpocrpancrsa L?(E) cupaBemiuBo paBen-
creo I(f) = (f, g), mpudem

j = sup KDL gy,
rerzm) N7l

C Touku 3peHUsi KBAaHTOBOW MexaHWKW Teopema 11.7 siBiser-
cA MaTeMaTUYeCKNM ODOCHOBAHUEM SKBHUBAIEHTHOCTH «MATPUYHON
Mexanuku» leiizenbepra u «BosHOBON Mexanukuy» Ilpemwnrepa,
repBas 3 KOTOPBIX MCIIOJIB30BaJIa B KAYECTBE MATEMATHYECKOTO all-
napaTa KOOPAMHATHOE IPOCTPAHCTBO [2, a BTOpas — IPOCTPAHCTBO
byHKImii ¢ uETErpHpyeMbIM KBagparom L2,

Teopema (11.7) ecrecTBeHHO, HABOJAUT HA MBICAL O TOM, YTO

oba mpocTpancTsa [? 1 L? SBIISIOTCS JTUITb BYMST PA3INIHBIME KOH-

) Tak, nas mokasarembcrsa 1) mocrarouso 3ameruts, urto (f 4 g, @r) =
= (f, o) + (8 ¢r) = cr +di.
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KPETHBIMH ~PEeAJIM3AIUsAME  OJHOI'0 M TOr0 K€ abCTPaKTHOIO
MPOCTPAHCTBA, K PACCMOTPEHUIO KOTOPOT'O MBI TEMEPh U IMEPEXOTUM.

§ 3. Ab6crpakTHOE TMJIBOEPTOBO ITPOCTPAHCTBO

1. IlousiTue abCTPAKTHOrO ruJibOEPTOBa MPOCTPAHCTBA.
lNunsbeproBo mpocTpancTBO H, ¢ KOTOPBIM MBI YK€ MO3HAKOMU-
JINCHh B BUJE JBYX €ro KOHKPETHBIX peasmsaruii 2 u L2, BBoguTCS
aKCHMOMAaTUYeCKM KaK COBOKYITHOCTD yieMeHTOB X, Y, Z, ... jroboit
MIPUPOJIBI, YAOBJIETBOPSIONINX OMPEIEIEHHON CUCTEME AKCUOM.

[Tepeuncnnm Bce akCHOMBI, KOTOPBIM JOJIXKHBI YIOBJIETBOPSATH
37IeMEeHThI abCTPAKTHOIO TUIbbepTOBa mpocTpancTsa H.

I. a) AkcroMa O CyHIeCTBOBAHUE TpPaBHUJIA, TOCPEICTBOM KOTO-
poro JirobbpiM AByM dementam X u Y mpocrpancTtBa H craBuTCs
B COOTBETCTBUE JIEMEHT TOT0 MPOCTPAHCTBA 7, HA3BIBAEMBIil CyM-
Mot X mY.

6) AkcroMa O CyIIeCTBOBAHUN TIPABKIIA, TIOCPEJICTBOM KOTOPOTO
sgrobomy amementy X mpocTpaHcTBa H u 1000My BelecTBEHHOMY
YUCTY A CTABUTCS B COOTBETCTBHUE 3JeMeHT npocTpancrsa H, Ha3bl-
BaeMblil mpouspegeHueM X Ha .

B) Bocemb aKcmoOM JHHEHHOTO MPOCTpaHCTBA, ) .

II. a) Akcrnoma o CyIecTBOBaHWM MpaBUJa, MOCPEJCTBOM KOTO-
poro JirobbiM aByM semenTtaM X u Y mpocrpancrBa H craBurca B
COOTBETCTBUE YHCJIO, HA3bIBAEMOE CKAJSAPHBIM TPOU3BEIEHUEM ITHX
9J1eMenToB 1 obo3nadaemoe cumsosiom (X, Y).

6) UYeThIpe aKCHOMBI CKAJISIPHOTO TIPOU3BECHNs 2)

1) YkazaHHBIE BOCEMb AKCHOM MOMKHO HANHTH B JHOGOM Kypce JIMHEHHO ajre6-
pol. Pagu yoobcrBa mepednciuM 3TH aKCHOMBI.

1°. X +Y =Y + X (mua mobbrx snementos X u Y).

2°. X+ Y +2)=(X+4Y)+ Z (nnsa 10661x s1ementos X, Y u Z).

3°. Cymecrsyer asement 0 takoit, uro X + 0 = X jjia sr06oro snementa X.

4°. Iyis xaxk0ro sjementa X cymectsyeT anemenT X' Taxoit, uro X + X' =

5°. a(BX) = (af)-X nns moboro smeMenta X u JIIOOBIX BEIECTBEHHBIX YUCE]T
awuf.
6°. 1- X = X ana moboro snemenTta X.
7°. (a4 B)X = aX + BX nyst moboro snemenTa X u IOGBIX BEIECTBEHHBIX
quces @ u 3.

8°. a(X +Y) = aX + oY ans mobbix sementoB X u Y u yo6oro seme-
CTBEHHOTI'O YHCJIA (.

2) AKCHOMBI CKAJSPHOTO IPOU3BEICHUS MOKHO HAWTH B § 1 r. 10. Pagm
yI00CTBA TTEPEIUCTUM STH AKCUOMBI.

1°. (X, Y) = (Y, X) ans m06bix snemenTos X un Y.

2°. (X +4Y, Z)=(X, Z)+ (Y, Z) pns mob6bix siementoB X, Y u Z.

3°. (aX,Y) = a(X, Y) nna mobbix smementoB X u Y u jyist mo6oro seme-
CTBEHHOTI'O YHCJIA (.

4°. (X, X) > 0 mgya Bcakoro memysaesoro smementa X, (0, 0) = 0.



§3 ABCTPAKTHOE I'lJIbLBEPTOBO ITPOCTPAHCTBO 401

ITI. Akcroma o mosiHOTE TpoCTpaHcTBa, H OTHOCHTENHLHO HOPMBI,

onpeensemoit pasencrsom || X || = /(X, X) 1).

IV. Akcruoma o cymectBoBanuu B H Ji000T0 Hamepes, B3siTOTO
YUC/IA JTUHEHHO HE3aBUCUMBIX 3JIEMEHTOB.

V. Akcroma 0 cymiecTBoBaHuM B H CYETHOr0 BCIOLY TJIOTHOTO
(B cmbIicie HOpMbI H) MHOXKECTBA 97I€MEHTOB.

WubiMu cioBaMu, 2uAb0epmosvmM NPOCMPAHCMEOM
H mnasweaemcsa ecaroe aunetinoe e8KAudo60 NoAHOE OECKOHEUHO-
MepPHOE cenapabenbHoe NPoCmpaHcmeo.

B rusns6eprosom npocrpancrse H BBoAsATCA: 1) NOHATHS CXO/IU-
MOCTH TIOC/IEJOBATEIHLHOCTH 3JIEMEHTOB IO HOpMe u caaboil
cxopgumMocTu (roBopsr, YTO TOCTIEJ0BATEILHOCTD deMeHToB { X, }
c1abo cxoauTCs K 37eMenTy X, ecyid Jjis JF000T0 sjieMenTa Y crpa-
BeBo coorrorenne (X,, Y) — (X, Y) upu n — 00); 2) nousrue
cnaboil kKoMmakTHOCTHU MHOXKectBa M snementos H (koro-
pOe OmpeIensieTcst Kak BO3MOYKHOCTD BBIJIEIEHUs U3 JII000I ocIeno-
BaTeJIbHOCTH 3aeMeHTOB M c1abo cXomsimeiics IOAII0CIeI0BaTe b
HOCTH); 3) IOHSATHsI TUHEHHOIO0 W HENpPEepb BHOTO (DYHK-
mnonasos [(X), onpesenentbix Ha 3neMenTax X mpocrpancrBa H
(dynkumonan [(X) HaspiBaercs 1w H e il H bl M, ecn [(aX +0Y) =
= al(X) + BUY) mna mobbix snemento X n Y npocrpancrsa H
u JII00BIX BEIeCTBeHHBIX uncesa « u [3; dyukunonan [(X) nasbisa-
ercs HenpepBIBHBIM B «T04Ke» Xg, eciu (X)) — 1(Xo)
nuist m060it moceposarensaoctu { X, } asnementos H, s KOTOPOit
| Xy, — Xo|| = O0; npocto HenpepbIBHB M Ha3biBaeTcs (HyHK-
mwonast [(X), HenpepwiBHBIH B Kaxk10it Touke X mpocrpancTsa H).

B nosHo# aHaOr®MH ¢ TeM, KaK 3T0 OBLIO CAEJaHo B IT. 3 § 2 mjis
npocrpancTsa L2, 11st abcTpakTHOrO THiibbepToBa mpocTpancTsa H
JIOKa3bIBAETCS CYIIECTBOBAHNE 3aMKHY TONH OPTOHOPMUP O
BaHHON cucrembl 3aementoB {®,} (mia sroro npousso-
JIATCsI TIPOIECC OPTOTOHAJMBAIMKA CIETHOIO BCIOJY TIOTHOTO MHO-
JKecTBa 1emMeHTo H ).

Hnst aberpakThoro ruabbeprosa npocrpancTea H (Tak xe, Kak u
nna L?) cnpasenymsa Teopema Pucca-®umurepa: ecm {®,} —
IPOM3BOJIbHAsT OPTOHOpMUpOBaHHasi cucrema B H, a (c1, co, ...

. Cpy « .. ) — MPOU3BOJIbHAS TIOCIEJOBATEIBHOCT BEIIECTBEHHbBIX

o0

qHCesl, y0BIeTBOPSIONUX yCIOBAIO Y, ¢2 < 00, To B H maiijercs
k=1

U OPUTOM eJUHCTBEeHHBIH 31emenT X Takoi, uto ¢ = (X, ®f) u

00 9 9
> ¢ = I X]I%.
k=1

1) Oupesesenie HOMHOTHL IMHEAHOrO HOPMEPOBAHHOIO IIPOCTPAHCTBA CM. B
m 7§48
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JlokazaTeibCTBO 9TOM TEOPEMBI OTJIUYAETCS OT JI0KA3ATEIbCTBA
TeopeMbl 11.6 TOTBKO TeM, UTO BO BCeX PACCYXKIEHUAX BMECTO 3JjIe-
MeHTOB TipocTpancTsa L2 cieayer 6parh smemenTsl H.

Teopema Pucca—®urepa mO3BOJISIET YCTAHOBUTH CJIEIYIOIILY IO
dyHIAMEHTATHHYIO TEOPEMY.

Teopema 11.8. Bce 2uavbepmoss, npocmpancmea u3omop@hHol
dpye dpyay.

JlocTaTovHo 0Ka3aTh, ITO BCAKOE THILOEPTOBO MpocTpancTso H
w30MOPGHO TPOCTPAHCTBY (2, & /I STOTO JOCTATOYHO MOBTOPUTH
JI0Ka3aTeIbCTBO TeopeMbl 11.7, 3aMeHsis BO BCEX PACCY K IEHUSX 3jTe-
mentsl L2 snementamu H.

N3 teopembr 11.8 cpady 2Ke BBITEKAIOT CIEAYIONINE Y T B € P K-
JTeHW’ .

1°. Jhoboe oepanuuennoe no wopme H mmoosicecmeo, codepoica-
wee beckoneunoe wucao ssemenmos H, aeasemea caabo xomnarm-
HOLM.

2°. Jlas kaocdozo aunelinozo nenpepwvienozo gynryuonana [(X),
onpedenennozo na sremenmar H e2usvbepmosa npocmparncmea H,
cyulecmeyem 00ur u MOALKO 00ur saemenm Y 2mozo npocmpancmea
maxoti, 4¥mo daa ecex saemenmos X npocmpancmea H cnpasedauso
pasencmeo I(X) = (X, Y), npunem ||l|| = sup UC.9) [IY].

xer IXI

Sameuganne. MOXKHO J0Ka3aTh, YTO BCIKOE C1aD0 KOMIIAKT-
Hoe MHOXKecTBO M OecKOHEYHOro umncsiaa yieMeHToB H sBisiercs
orpannvennbiM (o Hopme H). VlHbIME clIOBaMU, MOXKHO J0Ka3aTh,
YMO 02PAHUMEHHOCTND CO0EPAHCAULE20 DECKOHEUHOE YUCAO INEMEH-
mos nodmmoocecmsa M npocmpancmea H sasasemca neobxodu-
MM U JOCTNAMOYHBM YCA0BUEM CAGDOT KOMNAKMHOCMU 5MO020
NOOMHOIHCECTNEA.

2. DKBUBAJEHTHOCTDH MOHATUH MMOJTHOTHI U 3AMKHYTOCTH
OPTOHOPMUPOBAHHON CUCTEMBbI B rMjibOEPTOBOM MPOCTPAaH-
crBe. Cornacuo Teopeme 10.7 B jir0bOM €BKJIMIOBOM TPOCTPAHCTBE
(a craso GbITh, U B J1060M THILGEPTOBOM TIPOCTPAHCTBE) BCSIKAsA
3aMKHyTasg OPTOHOPMWPOBAHHAsT CHUCTeMa sBisercs mosaoit. Ceii-
YaC Mbl JJOKAXKEM, 9TO B IHJIbOEPTOBOM MPOCTPAHCTBE CIPABEIJINBO
u 0OpaTHOEe yTBEpKIEeHNE.

Teopema 11.9. Bcecaxas nosnas opmoHOPMUPOSAHHAA CUCTE-
MG IAEMEHMOE NPOUIBOALHOZ0 2UALDEPMOBA NPOCMPAHCMEL AG-
AAEMCA 3AMEHYMOTU.

Hoxkazarenscrso. Ilycrs {®,} — npoussoibhas noanas
OPTOHOPMHUpPOBaHHAA cucTeMa 3memenToB H, a W — oboit ate-
mvenT H. JloctaTodno q0Ka3aTh, 9T0 N-1 YACTHIHAS CyMMa Sy, psiaa
®ypre ssementa ¥ o cucreme { @, } cxonures k sromy snementy W
o Hopme H.
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n o
_ _ 2
Mycrs ¢ = (U, ), Sp = Y cx®Pp. Tax xax pan ) ¢ cxo-
k=1 k=1
aurcss ') u Tak Kak (B CHIy AKCHOM CKAJISPHOTO MPOM3BEICHMS I
OPTOHOPMUPOBAHHOCTH cucTeMbl { P, }) npu mobom m > n

m m m m
1Sm = Sall = || D erll=| D W > ali] = D

k=n+1 k=n+1 k=n+1 k=n+1

TO TIOCJIEIOBATEIBLHOCTE {Sy, } siBisiercs: dbyHJaMeHTaIbHOIA.
Ho torma B cuay nmonnoTsl mpocrpancTsa H Haiizercd speMeHT
3Toro mpocrpanctsa Wy Takoit, 4To

IS — Yol = 0 mpu n — co. (11.31)

Ocraercsa mokasarh, uro Vg = W. [ist 3T0r0 J0CTaTOYHO JOKA3ATh,
aro snementsl ¥ u Wy mMmeroT oamHakoBble Kodddummentor Dy-

poe 2). @ukcupyem mpousBONbHBIT HOMep k. IIpu mo6om n > k B
CUJTy OPTOHOPMHUPOBaHHOCTH cucTeMbl { P} 1 akcoM CKaJIgpHOrO
TTPOVBBEICHIST

n

n
(Sns @) = | D a®i, @ | = al(®y, Bp) = ¢ (11.32)
=1 =

C npyroit cTOpoHBI, TaK KaK HAa OCHOBAHWU HepaseHCTBa Kormm—
Byusakosckoro

(S, @k) — (W0, Pk)| = [(Sn — Wo, Pp)| <

< VIS = ol - [|24]l = VIS — T,

ro u3 (11.31) BeITEKAET, 9TO
(STU q)k) — (\1]07 q)k) opu 1 — Q0.

U3 storo coorrommenns u u3 (11.32) nomyuawnm, aro (Vg, Pk) = ¢ =
= (U, ®;). Teopema nokazana.
Caedcmeue. B 2uavbepmosom npocmpancmee H noanoma
OPMOHOPMUPOBAHHOT, CUCTNEMDL IKGUBAACHMHA €€ 3AMKHYMOCTMA.
Sameuanwne. Jlag HEMOJHOTO €BKIUI0BA TPOCTPAHCTBA TEO-
pema 11.9, Boobiie roBopsi, HeCIIpABEITUBA.

1) CxomumocTs 9TOT0 PsiJa BBITEKAeT, HAlIpUMep, U3 HepaBeHCTBa Beccess (cm.
Teopemy 10.10).
2) B camom nese, coBmaienne Bcex kodddurmentos Pypbe amemento ¥ u Uy

o3Ha4as0 Obl, uTo 3meMeHT ¥ — W oproroHajeH Ko scem P, u, crajo ObITh, B
CHJIY TTOJTHOTBI CUCTEMBbIL Qn ABJIAEeTCA HY J1 € B bl M.
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10T (haKT MBI IPOJEMOHCTPUPYEM CIEAYIOMIIM IPAMEPOM ) .

Paccmorpum eBknnoso mpocrpamctso C? Bcex H e p e p bl B-
H bl X Ha cermenTe [—m, 7] dbyHkuumii f() cO CKATAPHBIM IPOU3BE-
JIEHUEM, OTIPEIesIsieMbIM PABEHCTBOM

(f, g) = _f f(z)g(z) dz.

KoHeuHO, 5TO MPOCTPAHCTBO HE SBISECTCS HOMHBIM 2) (2 CTaI0 GBITh,
u ruibOeproBbiM). [TocTpouM B 9TOM HMPOCTPAHCTBE MOJHYIO OPTO-
HOPMUPOBAHHYIO CHCTEMY 3JIEMEHTOB, He SBJISIFOILYIOCA 3aMKHYTOiA.
[Tporecc mocTpoenus 3TO¥ CUCTEMBI TIPOBEJEM B JBA IIAra.

1°. Cuauasa JoKakeM, 9TO B THILOEPTOBOM TIPOCTPAHCTBE
L?[—m, 7] cymecTByeT mosiHast OPTOHOPMEAPOBAHHAS CHCTEMA ©g, P1,
©2, oot s Ppy ... TaKasi, 9T0 MYHKIWA ©o(T) gBAsIeTC P a3 p bl B-
H Ol Ha cermenre [—m, 7|, a Bce dyHKIMU op(z), n = 1,2, ...,
SIBJISIIOTCS. HET P epP bl BHBI MU Ha 9TOM cerMenTe. [Tomoxum

L mpu 0Lz <,

Yo(z) = V7 (11.33)
0 mpu —7w<z<O0,
_ V2cosnz _
Uop(z) = 7 n=1,2,...),
V2 sin nz
I~ npm —rm <z <0,
Won—1(z) = VT P

0 mpu 0<z<wm (n=12...).

Cpa3sy xke 3amernm, 9o (yukiust Wo(x) sBasgercs p a3 p bl B-
H 0 ii Ha cermente [—, 7], a Bce octanbhble dbyakunn ¥, (z) (n =

= 1,2, ...) HeNpepbIBHBI Ha 3TOM cermenTe. Kpome TOro, JIerko
npoBepuTh, uTo dbyukius ¥o(x) oproronaabHa Ha cerMente [—, ]
kaxoit u3 byukuuit ¥, (z) (npu Bcex n =1, 2, ...).

Yoéequmcst B Tom, uro cucrema {¥,(z)} (n =0,1,2,...) xora

W He ABIAeTCA OpTOHOpMUpoBamHOi B L2[—7, 7] cmcremoit, Tem me
MeHee SABJISIeTCsI MOJIHON B TOM CMBIC/Te, 4TO Jit000i siement f(x)

1) Dror npmvep Ham coobmm I11. A. Ammmos.

2) Mocrarodso (PUKCHPOBATH KAKYIO-THG0 KyCOUHO-HEIPEPHIBHYIO (m0 me
CTPOrO HenpepbiBHYI0) Ha cermente [—m, | dyukuuo fo(z) u 3amernts, 910
(B cmty cnencreus 2 w3 . 3 § 3 1. 10) moc/Ie0BaTETbHOCTD YACTHIHBIX CyMM
TpuroHoMeTpudeckoro psana Pypoe dynkuun fo(z) cxogures K 31oi byHKIMU
o nopme L2[—, 7]. Ha ocroBanmm momsoTsr mpoctpasctsa L2 [—m, 7] ykazam-
Hasl TI0CJIE/IOBATE/IBHOCTD YACTUYHBIX CYMM sIBJIsieTCsl (OYHIaMEHTAIbHON. XOTs
KaK bl JIeMEHT yKa3aHHOMN II0CJIeI0BATEIbHOCTHU IIPEICTaBisier coboil Herpe-

PLIBHYIO Ha cermente [—m, w] dymkmmo, npexen ee B L[—m, n] — byuxmnus
fo(z) — me mpurammexur C°.
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npocrpancrsa L2[—m, 7], oproronanbubiii Ko Beem Wy, (z) (mpu n =

=0, 1, 2,...), 9KBUBAJEHTEH TOXKJIECTBEHHOMY HYJIIO.

B camom gene, mycrb f(x)— 060t 9eMeHT TPOCTPAHCTBA
L?[—n, ], oproromambubiit Ko Beem W, (z) (n =0, 1,2, ...).

U3 oproronansroctu f(z) ko Bcem anementam {Wo,_1(z)} (n =
= 1,2, ...) BeiTekaer, uro Ha cermenre [—7, 0] byskuus f(x)
OPTOTOHAJbHA CHUCTEME {% (n=1,2,...), u, craso GbITh,

B CHJIy IOJIHOTHI 9TON cucreMbl Ha [—m, 0] (ycraHoBieHHON B 3a-
mevgannu 1 . 2 § 3 . 10) dbyskius f(z) SKBUBaJEHTHA HYJIIO
Ha [—m, 0].

B TakoMm ciaydae w3 oproroHanabHOCTH f(Z) BCEM aaeMeHTaM
Uon(z) (n =0, 1,2, ...) BoiTekaer, uro Ha cermente [0, m| dyHK-
%, —ﬁ\c/o;nw (n=1,2,...),uB
CHJTy TIOJTHOTBI yKa3aHHOH cucrembl Ha cermente [0, 7] (ycTaHoBeH-
HOIT B TOM ke camoMm 3amedanun 1 . 2 § 3 mi. 10) dyuxus f(x)
SKBHBAJIEHTHA HyJI0 1 Ha cermente [0, 7.

Takum obpazom, dyHKIws f() SKBUBATEHTHA HYJIO Ha BCEM
cermenre [—m, 7.

Urak, cucrema {U,(z)} (n = 0,1, 2, ...) sBiserca mosHON
B L?[—m, 7]. IIpumenss npormecc opToroHa n3anuy K cucreme Wy,
Uy, U, ..., U, ..., Mbl HOJyYnM OPTOrOHATLHYIO ciucTemy Wo, Uy,
Wy, ..., ¥, ... Ocraercs HOPMHPOBATH Ty MOCIEIHION CHCTEMY,

nust f(z) oproroHasbHA cCUCTEME

T. e. monoxuTh 1) o = Vo, ¢, = ”;—"” (mpun=1,2,...).

MBI Oy 9MM TIOJTHY 0 OPTOHOPMUPOBAHHYTO cucTeMy {¢n} (n =
=0,1,2,...), HyJaeBoii semeHT KOTOpoii @o(r) = Wo(z) ompeme-
nstercs opmysoit (11.33) u npexcrasisier coboii paspbIBHYIO Ha
cermenTe [—m, 7] (YHKIHMIO, & BCE OCTAIBHbBIE JIEMEHTBI KOTODOI,
Oy Lyun JUHEHAHBIMI KOMOMHAIUSMI HEIPEPbIBHBIX (QyHKIW, ABJIs-
FOTCSI HEIIPEPBIBHBIMK HA [—7, 7).

2°. BosspaTmmcs Temepb K paccMoTpenuio mpocrpancrsa CC
BCEX HENMPEPBIBHBIX HA CETMEHTE F—ﬂ', 7| dyHKumMii u qoKaKeM, 4TO

CUCTEMA V1, P2, -« ,Pn, ... SBJIAETCS B 9TOM TIPOCTPAHCTBE TIOJ-
HOI, HO He ABJIFeTCd B Cc° 3aMKHYTOM.

Cuauana ybexumcst B ToM, 4910 cucreMa {¢n,} (n = 1,2, ...)
nonua B CO. Ilycrs W — npoussonbaeii snement CV) opToroHasn-
HBI KO BCeM @, pu n =1, 2, ..., T. €. TaKOii, 4TO

(U, ) =0 mpu n=1,2, ... (11.34)

1) Mt yunrsiBaem, uro ||¥ol| = 1.
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Torna dyuxims

f="—=0o(¥, ¢o) (11.35)

apsercs sneventoM L2[—m, 7] u ynosneTsopser yenosmam )
(f, on) =0 mpu Bcex n =0, 1, 2, ... (11.36)
B cury momHoTs cuctembl {@,} (n =0, 1,2, ...) B L[, 7] u3

(11.36) BbITekaer, uto f — HysieBoit smement, a Torga us (11.35) u u3
roro, uro dbyukiusa V(x) wenpepbisaa, a dyHKIWA ©o(x) paspbiB-
Ha Ha [—7, 7], BeITeKaer, 4To (U, ¢o9) = 0. ITocmenuee paBeHCTBO
B coepunenun ¢ (11.34) osmauaer, yro W — HyJI€BOI SJIEMEHT, T. €.

nokazpiBaer momHory B CV cucremsr {p,} (n=1,2,...).
Hokaxem Ternepsb, uro cucrema {¢,} (n =1, 2, ...) He sBisier-
n
ca zamkmyToit B CV. Ilycts P — momanom Buga P = Y agpy, ¢ co-
k=1
BEPIIIEHHO NPOU3BOIbHbIMU Koaddutmentamu ay (k =1, 2, ..., n).
B cuny opronopmuposanuoctr cucremsl {@n,} (n=0,1,2,...) n

B CUJIy aKCHOM CKAJIAPHOTO TTPOU3BEIEHUST

lleo = Pll = v/(po = P, 9o — P) = \/llwol” + | P|* > 1. (11.37)

Tak Kak MHOXKECTBO HENpPEephIBHBIX (DYHKIWMH BCIOLY MOIHO B
L?[—7, 7], TO 77 S7MeMenTa (py HaiijeTcs HempephiBHas (ByHKIusA
f(z) Takast, aro

lleo = fII < 1/2. (11.38)
Ho n3 (11.37) u (11.38) BeITekaer, uro ||f — P|| > 1/2 ana cosep-
[IEHHO MPOU3BOJILHOIO TorHOMa P (¢ sitobbivu koadduiimenTamu),
a 9TO0 ¥ 03HAUAET, 4To 3meMenT f npocrpancTsa CO Henb3sg npubm-
3uTh 110 HOopMe L2[—7, 7] mumeiinoit komMbuHammeil snemMenTos {p;, }
(n=1,2,...), n. e. 03Hauaer, 4ro cucrema {¢,} (n =1, 2, ...) He
apngercs 3aMkuyToi B C0.

§ 4. Boostiie HemIpepbIBHBIE CAMOCOTPSI2KEHHbBIE
oneparopbl B TMJIbOEPTOBOM MPOCTPAHCTBE

1. IlousiTtue muHeliHoro HerrpepbIBHOTO orieparopa. [lycrs
H — mpowusposbHOE THALOEPTOBO MPOCTPAHCTBO. Paan ymobcrsa Oy-
J1eM 0003HATATH TEMEHTRI 3TOTO TTPOCTPAHCTBA MATBIMU JTATHHCKH-
MU OyKBaMu T, Y, Z, - ..

Ecnu uzBecTHO MpaBUIo, MOCPEICTBOM KOTOPOTO KaXKIOMY 3JIe-
MEHTY I TpocTpaHcTBa H CTaBUTCS B COOTBETCTBHE HEKOTOPBIN

1) B camom gmeme, mpun = 1, 2, ... (11.36) cpasy Berrexaer u3 (11.34) u u3 op-
TOrOHAJILHOCTH (g KO BCeM p, (n =1, 2, ...). Pasencrro (f, po) = 0 BbITEKaeT
u3 (11.35), U3 aKCHOM CKaJISIPHOIO NPOM3BEIEHHs U U3 TOro, 410 (@Yo, po) = 1.
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9JIEMEHT 3TOT0 MPOCTPAHCTBA ¥, TO TOBOPAT, uTo B H ompenenen
oneparop A, aeiicreyronmit s H 8 H, u numyt, uro y = Azx.
Onpedenenue 1. Onepamop A nasweaemca AU H € T H b M,
ecat Ons MOOBIT daemenmos T u Yy npocmpancmea H u das o6z
BEULECTMBEHHBLL HUCEA (L U B CNPasediuso paseHcmeo

Alaz + By) =a- Az + - Ay.

Kak u ans cayvas dyHKIpoHasa, Mbl (Tam, Tje 310 yA00HO)
Oy/leM Ha3bIBaTh JEMEHThI MpocTpancTBa H TOYKa MU 3TOro
IPOCTPAHCTBA.

Onpedeaenue 2. I[Ipoussoavunidi deticmeyrowuti us H ¢ H one-
pamop A Ha3b6AEMCA HEMPEPHLLEHBM 6 MOUKE Ty NPo-
cmpancmea H, ecau dasn aoboti nocaedosamenvrocmu {Ty} anre-
menmos H, cxodawetica no nopme H ¥ saemenmy xg, coomeem-
cmeyrowan nocaedosamenvrocms {Ary} cxodumes no nopme H %
anemenmy Axg.

Onpedenenue 3. Onepamop A nasvieaemca Henpep vl G-
H bl M, €CAU OH HENPEPUBEH 8 Kaotcdol mouke x npocmparcmea H.

Onpedeaenue 4. I[Ipoussosvrnidi deticmeyrowuti us H 6 H one-
pamop A HaA3BIBAEMCA 02D G H U Y €N H bl M, ECAU CYULECTNEYEM NO-
cmoannas C' maxas, wmo 0af 6CEx IneMeENMO8 T npocmpancmea H
cnpasedauso nepasencmeo ||Azl < C|z].

ChopmynnpoBanmubie HaMU ompesenenns 1—4 TOTHOCTBIO aHa-
JIOPHYHBI COOTBETCTBYIOIIUM OmpeieienusaM 1—4 st pyHKImoHama,
chOpMySIUPOBAHHBIM B II. 2 § 1 3T0ii TUIaBhI.

Dra aHaJIOTHs TO3BOJseT HaM TPUBECTH 0e3 J10Ka3aTe/bCTBa
crenyiolnee yreep:xkaenne: deticmsyrowut us H 6 H aunetinvid one-
pamop A ABAAEMCA HENPEPVIGHBIM 0200 U MOAbKO mozda, Ko2da
OH ABAAEMCA 02DAHUYEHHHIM.

JlokazaTeibCTBO 3TOTO YTBEPXK IeHUsT AOCOTFOTHO UAEHTUIHO J0-
KazaTeJbCTBY Teopembl 11.1.

st munedinoro wenpepbisaoro oneparopa A (Tak ke, Kak st
JMHERHOrO  HEmpepbIBHOrO (DYHKIMOHATA) BBOAUTCA [OHATHE
HODP M B

Onpedenenue 5. Hopm ot aunelinozo Henpepusrozo onepa-
mopa A nazweaemcsa mownaa 6eprrAA epany omnowenus | Az|| / ||z|]
Ha MHoocecmee 6cex saemenmos r 7 0 npocmpancmea H (uau
(4TO TO KE camMmoe) MouHaA GEPTHAA 2DaHb seausuns ||Ax|| na mro-
orcecmee 6eex anemenmos T npocmparcmea H, nopma ||z|| xomopwx
pasHa eduruye).

Hopwmy smneiinoro menpepbisHOro omeparopa A Gymem o603Ha-
gars cumsosioM ||Al|. Urak, o onpenenenuto

|A|| = sup ||Az]|. (11.39)

=1
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Bcerony B ganbheiinenm B 3ToMm naparpade paccMaTpUBaOTC Jid-
HeliHble HelpepbIBHBIC OIIEPATOPHI.

[TpuBegeM mpuMep JUHEHHOTO HEIPEPHIBHOTO OIEPATOPa, B TH/Ih-
6epTOBOM ITPOCTPAHCTBE.

Pacemorpum runb6eproso mpocrpanctso L2[a < t < b] u npen-
MOJIOXKMM, YTO HaM 3aJaHa HeKoTopas (DYHKIMS ABYX IIePEMEHHBIX
K(t, s), onpenenennas u HenpepbiBHas B kBagpare [a < ¢ < b] x
X [a < s < b]. Jokaxkem, uTo uHTErpaJabHbIi onepaTop A, onpese-
nseMbIif Ha snemenTax ¢ (t) mpocrpancta L2[a < t < b] pasencTsom

Azx(t) = fbK(t, s)x(s) ds, (11.40)

SABJISETCS JIMHEWHBIM ¥ HENPEPBIBHBIM. JIMHEHHOCTH 9TOr0 Oneparo-
pa HENOCPE/ICTBEHHO BBITEKAET M3 JIMHEHHOTO CBOWCTBA WHTErpaJa.
st nokasarenberBa HenpepbiBHOCTH orneparopa (11.40) mocra-
TOYHO JJ0Ka3aTh €r0 OIPAHUYEHHOCTD, JIJIA Y€ero JI0CTATOYHO yCTAHO-
BUTH KOHEYHOCTH ero HopMbl (11.39). O6o3naunm wepes M wuciio

b b 1/2
M = |[ [K3(t, s)dtds (11.41)
a a
u ybeaumcst B oM, uro |Al| < M. B cuny uepasencrsa Komm—

Byngakosckoro u OHpe,ZLeJIeHI/IH HOprI
|Az(t) fKQtsdsfx )ds = ||z fKQts)d

HpOI/IHTePpI/IPOBaB HoCJIe/IHee HEPABEHCTBO 110 ¢ B Ipejesax OT @ J0
b u Bocnonb3oBasiuch obosuadennem (11.41), Gymem umers

[Az| < M |||

Ho 910 1 03Ha9aeT orpaHnYeHHOCTh OTlepaTopa A u cipaBeyInBOCTh
1utst ero HopMbl HepasercTsa || A|| < M. Ormernwm, 9To jyist HEKOTO-
pbIX uHTErpasbubix oneparopos (11.40) ||A|| B Tounocru pasua M.

2. IlousiTue comMpsA>KEHHOr0 oreparopa. Bsenem Ternepb
BayKHOE MOHATHE CONPSIKEHHOT O Oleparopa.

[Ipeamosioxkum, aro B rusbbeproBoM mpocTpancTBe H 3agan
MPOU3BOJIbHBIN neticTBytomuit u3 H B H jvHeHbI! HenpephIBHbIN
oreparop A.

QukcrpyeMm MPOU3BOIBHBIN 371eMeHT y mpocTpancTBa H u pac-
cMorpuM (OIpeJieJIeHHBIN Ha BCEX 3eMeHTax & npocrpancrsa H)
dbynxumonan f(z) = fy(z) = (Az, y). OgeBnamno, aTo sroT HyHK-
TIHOHAJT SIBJSETCS JUHEHHBIM W HermpepbiBHBIM. 1o Teopeme Pucca
06 obriem Bue JTHHEHHOTO BDYHKIINOHAIA HAWIETCA €IMHCTBEHHBIH
anemenT h = hy npocrpancTsa H Taxoii, 4To /1 BCEX 3/1IeMEHTOB T
npocrpancrBa H crnpaseniuso pasenctso f(x) = (z, h).
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CraJio OBITH, KaXKJIOMY JIEMEHTY Y mpocTpancTBa H Mbl mocTa-
BWJIM B COOTBETCTBHE OJIUH U TOJHKO OJUH 3JIEMEHT 3TOTO TPOCTPaH-
crBa h Takoit, uro fy(x) = (z, h), 7. e. Mb1 onpenesnuan 8 H HeKOTO-
poiit omeparop A* Takoit, ato h = A*y. Ykazauubiit omepatop A* u
HA3LIBAIOT ONMEPATOPOM, CONPAKEHHBIM K ONEpPAaTo-
py A

VBbIMEU CIOBAMM, MBI IIPAXOAAM K CIEIYIOIIEMY OIPEIEIEHNUIO.

Onpedenenue 1. Onepamop A* nasvieaemca ¢ onpa o e H-
v MK deticmeyrowemy usd H 6 H onepamopy A, ecau das 4106b1x
anemenmos T u y npocmpancmea H cnpasedauso pasercmeo

(Az, y) = (z, A*y). (11.42)

U3 mpuBeeHHBIX HAMYW PACCYXKICHUN CIETYeT, 9TO I KaiK-
JTOTO JIMHEHHOTO HEMPEPBIBHOTO OMEpaTopa A CyIecTBYeT W MPUTOM
TOJIBKO OJIMH COIPsI?KEHHBIN omepaTop A*.

Hemnocpencrento u3 onpejesnenns 1 BBITEKAET, 9TO €CIU s
oneparopa A* cymiectByer conpsixkenubiii onepatop (A*)*, o crpa-
BeJLIMBO paBeHcTBO (A*)* = A.

Mpur ceiiuac ybeaumMcesa B TOM, 9TO JJId CIydas, KOTaa orneparop A
SIBJISIETCs JIMHEHHBIM ¥ HEMTPEPBIBHBIM, OTIEpaTop A* TakKe siBJIsieT-
Csl JINHEHHBIM U HelmpepbiBHBIM (a mosromy s A* cymecrsyer co-
[PSZKEHHBIN OTIepaTop U CpaBeinBo pasencrso (A*)* = A, nosso-
JIATOIIee Ha3bIBaTh onepaTopbl A m A¥ B3aUMHO COIPsKeH-
H bl M ).

Teopema 11.10. Onepamop A*, conpasicennoiti % Aunetinomy
HENPEPHIEHOMY ONEPAMOPY A, MaKce ABAACMCA AUHETHHM U He-
NPEPVGHBIM, NPUUEM HOPMDL onepamopos A* u A ceasanv, coommo-
weHUeM

1A = [l - (11.43)

JlokazareabcTBo. JluHeiiHocTh oneparopa A* cpasy Bbi-
rekaer u3 coorHomenuii (11.42) u w3 aKCHOM CKaJISIDHOTO TIPOM3-
Bejtennst. OcTaeTcs JoKa3aTh OrPaHUYeHHOCTH oneparopa A* u pa-
BercTBo (11.43). B cuny pasencrsa (11.42), coornomenus ||Ay|| <
<Al llyll V) u nepasencrsa Ko ByHAKOBCKOro a/1st TOBHIX 3J16-
MEHTOB I 1 y TpocrpancTBa H cripaBejinBO HEPABEHCTBO

(A2, y)| = [(z, Ay)| < |lz| - [|Ay[l < (Al - [l - 1yl -

B3sB B 9TOM HepaBeHCTBE B KAYECTBE Y JIEMEHT A*Z, MBI mOJTY-
9uM, 9TO [Jiss J110 0 0T 0 sjementa x mpocTpancTBa H crmpasen-
JINBO HEPABEHCTBO

1A% = (A2, A*a) <Al [lo]] - [ A*2]
wn (| A%z || < [ A} - ]

1) Vka3aHHOE COOTHOLIEHNE, CIIPABEIINBOE 15T JIIOGOTO JIEMEHTA 4 IPOCTPAH-
crBa H, BoiTeKaer u3 onpeiesieHns HOPpMbI JIMHEHHOIO HEIPEPHIBHOTO orepaTopa A.
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[Mocnentee HepaBeHCTBO O3HAYAET, 4TO omeparop A* sBmisercs

OrpaHUYeHHBIM 1 4TO ero Hopma ||A*|| yrosiaersopsier ycioButo

4™ < [IA]l.- (11.44)
Jokazanuble HAMU JIMHEHHOCTH ¥ OIPAHUYEHHOCTD (HUJIH, YTO TO XKe
caMoe, HEeIPEPLIBHOCTE) omneparopa A* obecrednBaioT CyIecTBoBa-
HIE CONpsIZKeHHOro K Hemy oneparopa (A*)* = A. Tlosropsig mis
9TOrO OTepaTOpa TMPOBEIEHHbIE BBINIE PACCYKIEHUsI, Mbl Oy IHM
BMmecTo (11.44) HepaBeHCTBO

Al < 1A (11.45)
U3 (11.44) u (11.45) Berrekaer pasercrso (11.43). Teopema nokazana.

Onpedenenue 2. IIpoussosvruti deticmsyrouwuti us H 6 H one-
pamop A HA3BIBAEMCA CA MO CONP AN EHH DM, ECAU 0d A cy-
wecmeyem conpascennuili onepamop A*, cosnadarowuti ¢ onepamo-
pom A (m. e. ecau dan A106wx daemenmos T u Yy npocmparcmea H
cnpasedauso pasencmeso (Azx, y) = (z, Ay)).

B kadecTBe mpuMepa CHOBAa PACCMOTPUM HHTErDAIbHBIN Orepa-
Top (11.40) ¢ HekoTOpOil HempephIBHOW Ha KBajpare [a < t < b] X
X [a < s < b] dyukuneit K (t, s) (3ry dyHKIUIO IPUHATO HA3LIBATD
s p oM mHTEerpajsbHoro omneparopa (11.40)).

Vbeaumvcsa B TOM, YTO CONpPsZKEHHBIM K orepartopy A, ompese-
asemoMy paseHcrBoM (11.40), sBiisiercss WHTErpasbHBIA Olepa-
Top A*, onpejiesisieMblii paBeHCTBOM

A*z(t) = fbK(s, t)z(s)ds (11.46)

(mom K (s, t) B (11.46) cieayer nmoHUMAaTh TY Ke (DYHKIHIO, 9TO U B
(11.40), o B (11.46), B oTstErame ot (11.40), sra dbyHKIUA HHTErPH-
PYETCst TI0 TIEPBOMY apryMeHTY ).

U3 (11.40) u (11.46) BbITEKaer, 9ro jijist JOOBIX 91eMeHTOB ()
u y(t) mpocrpancrsa L%[a, b] cipaBeamBLI paBencTBa

b/b
(Az, y) :f< K(t, s)z(s) ds) y(t) dt, (11.47)

a \a
b

b
(z, A*y) =f< K(t, s)y(t) dt):z:(s) ds. (11.48)

a a

[Ipasbie wactu pasencrs (11.47) u (11.48) ommygarTcs TOJIBKO TO-
PSIZIKOM MHTEIPUPOBAHUSI 110 MEPEMEHHBIM ¢ U § U TI09TOMY COBIIa-

nator 1) . CTamo 6BIT, COBNATAIOT U JieBble qacTh papercts (11.47)

1)B camom nesie, Juisi HenpepbiBHBIX GyHkumit z(t) u y(t) pasencrBo npa-
Bbix ugacreit (11.47) u (11.48) ogesunuo. Ho rtorma, B cumy Teopemsr 11.4 u
HepaBeHcTBa Kommn-ByHAKOBCKOro, yKa3aHHOE DPABEHCTBO CIIPABEJIMBO U JIJISI

MPOM3BOMBHEIX dmemenTos z(t) u y(t) mpocrpamcrsa L[a, b].
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u (11.48), a 10 u o03HAuUaer, uro oneparop A*, onpezpensiembrii pa-
BeHcTBOM (11.46), siB/IsieTcsl CONpPsIZKEHHBIM K ornepaTtopy A, ompe-
nensiemoMmy pasercTsom (11.40).

U3 coornomennit (11.40) u (11.46) ceayer, 9To MHTErpasbHBII
oneparop A, onpezensiembiii pasencrsom (11.40), sBasiercsa camo-
COMPSIZKEHHBIM TOTJIA W TOJIBKO TOTJA, KOrJa Jjisi BCeX t U § W3
[a, b] cnipaBemyuBo pasencrso K(t, s) = K(s, t). dupo K(t, s),
YJOBJIETBOPSIONIEE YKA3AHHOMY DABEHCTBY, HA3BIBAETCA C U M M € T-
D ¥ 9 HBI M.

JokazkeM Ternepb CJeIyIomee yTBepKIeHue.

Teopema 11.11. Hopma || Al aunetinozo nenpepvisnozo camo-
conpagicennozo onepamopa A npedcmasasem coboti mounyo eep-
n1010 epans seaununt |(Ax, T)| Ha mMHodcecmee 6Cex IAEMENMOB T
npocmpancmea H, umerowus pasryro edunuye nopmy, m. e. nopma A
onpedeasemca paseHcmeom

|A]l = sup [(Az, z)|. (11.49)
llzf|=1
reEH

HokazarenbcTBo. O603HAUNM Uepe3 [t BEJIWUHHY, CTOSI-
uyto B npasoii wactu (11.49) (cymecrBoBanue yKa3aHHON TOYHOM
BepxXHell TpaHu He BBhI3bIBAET COMHEHHit). UTo0bl J0Ka3aTh, 9TO [ =
= ||A||, mocrarouno mokazars aBa HepasencTsa 4 < ||Al np = ||A].

[TepBoe U3 TUX HEPABEHCTB CpPa3y BLITEKAET U3 TOTO, YTO HA
OCHOBAHUU ONPEJEICHNsT HOPMbI OlepaTopa u HepasencTsa Kormm—
ByHAKOBCKOrO /1 BCEX 37EMEHTOB T NpocTpancTBa H, ajis KOTo-
poix [zf| = 1,

((Az, 2)| < |Az| - [le]| = [[A=]| < [|A]l.

Ocraercs jokasars HepaseHcTBO 1 > ||All. Tak kax omeparop A
ABJISIETCS JTMHEHHBIM, TO JJIs1 KazKJI0T0 3IeMeHTa T TpocTpancTsa H

CIIpaBEeAJINBO HEPAaBEHCTBO 1)
(A, 2)| < po- || (11.50)

Jasee n3 aKCHOM CKaJIIPHOTO TPOU3BEICHHS U U3 CAMOCOIPSAZKEHHO-
cru smHeitHoro oneparopa A (1. e. u3 pasencrsa (Az, y) = (z, Ay))
BBITEKAET, UTO [/ JTIOOBIX 3JIEMEHTOB T W Yy mpocTpancTsa H crpa-
BEJIJTABO PABEHCTBO

4(Az, y) = (Alz +y), z+y) — (Alz —y), z —y).
U3 sroro pasercrsa u n3 (11.50) BeITEKaET, 9TO

2 2 2 2
4(Az, y)| < p-llz +yll” + plle = ylI* = 2plz]” + lyl")-

1) W60 muist KaxKI0TO STeMeHTa To = - T, IMEIOIero HOPMY, PABHYIO eIIu-

1
||
HUILIE, CIPaBeIuBo HepaseHcTBo |(Azo, zo)| < p.
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13 mocsieiHero HEpaBeHCTBA CJIEIYET, YTO JJIsi TPOU3BOIBHBIX
9JIEMEHTOB & ¥ y npoctpancrea H, nia koropwix ||z|| = ||yl = 1,

|(Az, y)| < p. (11.51)

[Momoxue B (11.51) y = Az/ | Az||, noayuum, aro st BCex 3iie-
MEHTOB Z, Jyisi KOTopwix ||z|| = 1, cnpasenimBo HeEpaBeHCTBO
(Az, Az)/||Az|| < p, a cramo 6eiTh, u HepaBeHcTBO ||Az| < .
Tem cambim ||A|| < p. Teopema nokazana.

3. ITonsiTHe BIIOJIHE HENIPEPBHIBHOI'O OMEPAaTOpa.

Onpedenenue. Jeticmeyrowuti uz H 6 H onepamop A naswi-
6AEMCA 6N OANE NENDEPbLEHDL M, ECAU ON OTNOGPAACAET, KadIC-
doe ozpanuvennoe (no nopme) mmoscecmso snemenmos H 6 xom-
NAKMHOE MHOICECTNEO.

Wubivu cioBamu, orneparop A Ha3bIBAETCS BIIOIHE HEIPEPHIB-
HBIM, €CJIu st J1t000ii mociejoBaresbHocT {xy, } snemenros H ta-
Koit, uro ||z,| < C = const, Haiigercsa MoAmOCIEI0BATETHHOCTD

T, } (k=1,2,...) rakas, 970 COOTBETCTBYIOIIAs TOJIOCTEI0BA-
TeabHOCTD { A%y, } cxoguTes mo Hopme H.

Hamomuwm, 910 JimHeRHbIH oriepaTop A fB/sgeTcs HelpepbIBHbIM
TOTZa W TOJIBKO TOTJA, KOUJa OH SIBJIS€TCS OrDaHUYEHHbLIM, T. €.
TOrJa W TOABKO TOrJA, KOTJla OH BCSAKOE OrpaHddYeHHoe (1o HOp-
mMe H) MHOXKeCTBO 0TOOpazKaeT CHOBA B OrpaHudeHHOe. [10CKOIBKY

KOMIIAKTHOE MHOKECTBO SIBJISIETCSI OTPAHMYEHHBIM ), TO BCSKMIt
BIIOJIHE HEMPEPBIBHBIN OTepaTop ABJIAETCA HeNpepbiBHbIM. K 3ToMy
crenyer n00ABUTH, YTO HE BCAKUIN HENMPEPLIBHBIN JUHEHHBIN Oomepa-
TOP SBJISIETCSI BIOJTHE HENPEPBIBHBIM. Harmpumep, TOXKIeCTBEHHBIN
oneparop E Buna Fr = r 9BIg€TCA HEMPEPHIBHLIM, HO HE SIBJISET-
Csl BIIOJIHE HEMPEPBIBHBIM: JJOCTATOYHO PACCMOTPETH OTOOpaKEHMe
OTPAHUYEHHOTO MHOYXKECTBA, HE SIBJISIIOIIEr0CS KOMIAKTHBIM.

JloKazkeM CIeyIoNIyIo JeMMY.

Jemma. [Tycmv A — deticmeyrowuti us H ¢ H aunetinwi enoa-
ne nenpepwuienuit onepamop. Iyemo dasee {xy,} — npoussosvran no-
caedosamenvrocmy anemernmos H, caabo cxodawaaca x snemenmy T
u makas, wmo ||x,|]| = 1 das ecex nomepos n. Tozda nocaedosa-
meavrnocms {Azy} crodumcea x saemenmy Axg no nopme H.

JoxkazarenbcrTBo. Tak kKak omeparop A sBjisercs JuHel-
HBIM 1 BIIOJTHE HEIPEPBIBHBIM 2) , TO, COTVIACHO MPEIBIIYIIEMY MyHK-
Ty, CYIIECTBYET COTPSZKEHHBIN omeparop A* m st Kaxjaoro aie-
MEHTA T W MPOU3BOILHOTO JIEMEHTa Y CIPABEIJINBO DPABEHCTBO
(Azy, y) = (zn, A*y). U3 sroro paBeHcrsa u u3 ciaboil CXOaAUMO-
cru {z,} K xo mosydaeM, 9To NpH N — 00 Jis J060r0 SMeMeHTa Y

Om o 3§ 1.
2) A cTano 6EITh, U HEIpPEPHIBHBIM.
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npocrpaucrea H (Az,, y) — (zo, A*y) = (Axg, y), a 370 03HAUACT,
YTO MOCIEI0BATENIbHOCTD {Zy, } c1abo cxomuTes K aemMenty Axg.

Jokaxkem memepb, 4To mociegoaresbHOCTh {Ax,} cxopuTes
K Azg u no nopme H.

[peanonoxum, uro {Az,} He cxomgurcs kK Azg mo Hopme H.
Torma maitmerca € > 0 Takoe, 9TO JjId HEKOTOPOH IMOIIOC/IEI0BA~
TEJIBHOCTH 371eMeHTOB {Zy, } (K = 1,2, ...) Oyzmer cupaBeaanBo
HEPaBeHCTBO

| Az, — Axo|| > €. (11.51")

B cusy Toro, uro omeparop A sBJSIETCsI BIOJHE HEMPEPBIBHBIM U
B cuity ycaosus ||zy| = 1 u3 mocieqoBaTebHOCTH {Zp,, } MOMXKHO
BBIJICJIUTH HOAIOCIEA0BATEILHOCTL {2y, } (p = 1, 2, ...) Takyo,
YTO COOTBETCTBYIOIIAS IIOJIOCIEN0BATENBHOCTE {AZy, } cxomuTCs
o wopme H. Tax kak B Cusly ITOKA3aHHOT'O BBIIIE IOMMOCTET0BA-
TenbHOCTh { ATy, } cnabo cxomures K snementy Azg, TO 3Ta 1OATIO-
CJIEJIOBATETHHOCTD 1 110 HOpMe H cxomuTcest Takke K jemMenty Azg.
Ho sromy nporusopeunt nepasencrso (11.51'), cupasegnusoe s
BCEX HOMEPOB My, (1 TeM bojee [ BCEX HOMEPOB Ny ).

[Tosry9eHHOe TPOTUBOPEYHE JTOKA3LIBAET JIEMMY.

SBaveuanne. Jlokazannas jgeMMa SBISETCA CAEICTBHEM 00-
Jiee obrero yreepxkaenus: deticmeyrwwut us H ¢ H onepamop A
ABNACTNCA 6TIONHE HENPEPLIGHBIM MO204 U MOALKO M020a, %0204 OH
0010 caabo cxodsugyrocs nocaedosamenvhocms {xy,} anemenmos H
omobpasicaem 6 nocaedosamenvrocms { Az, }, cxodaugyrocs no nop-
me H.

JloKazaTebeTBO 9TOTO YTBEPXKAEHUS Mbl IPUBOJAUTL HE OyseM.

YVbenumcsa Temepb B TOM, 9TO WHTETPATLHBIN omepaTop A, ompe-
nensemblii  pasencrsoM  (11.40) (c HempepbIBHBIM B KBajpare
[a <t<b xla<s<b agpom K(t, s)) sapisiercst BIOJHE Helpe-
DBIBHBIM OIIEPATOPOM.

IIycrs {2y (t)} — npomsBosbHAs MOCIEA0BATEIHLHOCTD SJIEMEHTOB

L?[a, b], orparmmuennas o nopme L2[a, b, T. e. Taxas, 9T0 17151 BCex
HOMEpPOB 7

lzn ()]l < C. (11.52)

JlocTaTouno 0Ka3aTh, YTO COOTBETCTBYIOIIAS MTOCTEI0BATEILHOCTD
dyukumit y, (t) = Az, (t) aBagercs paBHOMEPHO OMPAHUYEHHON U
PaBHOCTEINeHHO HenpepbiBHOH Ha [a, b]. (Torga u3 sroit nocaenosa-
TeJIbHOCTH, B CHJIy TeopeMbl Apiiesa 1.12, MOXKHO BBIJIEJNTH ITOIIIO-
CJIeJI0BATEIHLHOCTD, CXOJAILYIOCS PABHOMEDHO Ha [a, b] u Tem Gosee
no wopme L2[a, b]). Uz (11.52) u u3 mepasencrsa Komu-Bynakos-
CKOT'O BBITEKAET HEPABEHCTBO

b b 1/2
()] = | [ K(t, s)an(s) ds < [f K21, 5) ds] Jaall,
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JIOKA3bIBAIOIIEE PABHOMEPHYIO OMPAHUYEHHOCTH MOCIEI0BATETHHO-
ctu {y, (1)} ma [a, b] ).
ajiee 3aMeTHM, YTO W3 HENPEPHIBHOCTH U BBITEKAIOMIEH 13 Hee
paBHOMepHoﬁ HenpepbisrocTr gapa K (¢, s) na ksaapare [a < ¢ < b]x
x [a < s < b] caepyer, uro ana npomssonbrHOro € > 0
Haiinerca 5 > ( Taxoe, 4TO
K(t, s) — K(ts, )| < o 11.53
| ( 1y ) ( 25 )| cVb-a ( )
npu Beex s u3 [a, b] u Bcex ¢ u ty u3 [a, b] Takux, uro |t; — ta| < 6.
N3 (11.52) u (11.53) u u3 nepasencrsa Komm—ByHsakosckoro

MOJIyYUM, UTO
b

() — i (00)] < [ 1K (12, ) — K (tr, 8)] - 2 (s)] ds <
a
c b
W_/m ) ds < il ds =

npu Beex ty u ty u3 [a, b] TaKuX, 910 |t — o] < 4.

[Mocnentee HEpaBEHCTBO MTOKA3LIBAET PABHOCTEIIEHHYIO HETpe-
peIBHOCTB TocsienoBarenbHoctu {y,(t)} Ha [a, b] u B cuuy ckasaH-
HOTO BBIIIIE 3aBEPINAET J0Ka3aTeabCTBO TOT0, 9To oneparop (11.40)
SIBJTISIETCST BIIOJTHE HETPEPBIBHBIM.

4. CymiecTBOBaHNE COOCTBEHHBIX 3HAYEHUI Y JIMHEITHOTO
BIIOJIHE HENIPEPBHIBHOTO CAMOCOIIPSI?)KEHHOT'O OIeparopa.

Onpedenenue. Bewecmeennoe wucao A wadvisaemcsa ¢ o 6 -
CMEEHHBLM 3HAGYEHUEM onepamopa A, ecau cyuecmaeyem
Henyaesoti snemenm x npocmpancmea H, ydosaemesoparowut ycao-
suto Ax = Ax.

Ipu amom Yra3anHviti IAeMenm T HA3BIBAEMCA € 06 C M 6 € H-
HUWM S4EMEHMOM ONEPAMOPa A, omeeuarouum cobcmsenHo-
MY BHAYEHUIO A.

Ecsin oneparop A sBiisieTcst IUHEHHBIM, TO U3 YCJIOBHS, 9TO T
SIBJISIETCS COOCTBEHHBIM JIEMEHTOM A, OTBEYAIONIUM COOCTBEHHOMY
3HAYEHUIO A\, BLITEKAET, UTO, KAKOBO ObI HU OBLIO OTJIUIHOE OT HYJIS
BEIIECTBEHHOE YUCIIO (v, HIEMEHT QX TaKXKe sIBJISIeTCSI COOCTBEHHBIM
snmeMeHTOM A, orBedaroruM cobcTBeHHOMY 3HadeHuio A. [losromy
BCe COOCTBEHHBIE SJIEMEHTHI JIMHEHOrO oneparopa A ecTeCTBeHHO
CIUTATH HOPMHUPOBAHHDBIMH, T. €. YIOBJIETBOPIOIIUMHA YCIIO-
Buto ||z]| = 1.

BaxkaocTh MOHATHS COOCTBEHHBIX JIEMEHTOB 3aK/IIOUAETCS B TOM,
9TO JIEHCTBYE Ha HUX OMEpaTopa CBOAWTCI K YMHOKEHHUIO Ha HEKO-
TOPYIO TIOCTOSTHHYTIO .

1) Mocrarouno sameruts, uto sapo K (t, s) HenmpepwiBHO Ha KBajparte [a <
<t x[a<s<h.
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He y kaxjoro omeparopa A CymecTByOT COOCTBEHHBIE 3HAUE-
Hus ).

JlokaxkeMm CIeyIOIyI0 0CHO8HY0 TEOPEMY.

Teopema 11.12. YV scaxozo deticmsyroweeo us H ¢ H auned-
HO20 CAMOCONPAINCENH020 GNOAHE HENPEPLIEHO20 onepamopa A cy-
wecmeyem xoma v, 00HO0 cOOBCMEEHHOE 3HAYEHUE A, ydoeﬂemeo—
parowee ycaosuro |A| = ||All. Cpedu scex cobemeentmz sHavenul
onepamopa A 9mo cob6CMEEHHOE 3HAMENUE ABAALMCA HAUOOALUUM
no MooYa0.

HokazarenbcTBo. Obozuauanm gepe3 M u m COOTBETCTBEH-
HO TOYHYIO BEPXHIOI0 W TOTHYIO HUKHIOIO TPAHN CKAJISPHOTO TTPOU3-
Bejienus (Az, T) Ha MHOXKECTBE BCeX 3JIeMEHTOB & npocTpancrsa H,

YJOBJIETBOPSIOMINX yCioBuio ||z]| = 1, 1. e. mosoxum
M = sup (Az, z), m = inf (Az, z). (11.54)
|lz||=1 llz||=1
reH zeH

Panu onpenenennoctu Gymem paccMarpusarh caydait [M| > |m)|
(ciyuait | M| < |m| paccmarpuBaercsi COBEpIIEHHO aHAJIOIMYHO).

Tax xak |M| > |m|, to M > 0. dokaxewm, 910 uucio A = M
SBJIAETCS COOCTBEHHBIM 3Ha4YeHueM oreparopa A.

ITo ompemenennto TOYHON BepxHel TpaHyW HaAMJIETCA MOCTIEI0Ba~
TeNIbHOCTD {Zy } snementos H rtakasi, 910 (AZp, ) = A u ||z,]| =
= 1. Tak kak nocienoBaTesbHOCTD {Z, } orpanundena (mo sopme H),
TO B CUJLy TEOPEMBI 0 C1ab0il KOMITAKTHOCTH JIF0O0I0 OrPAHUYEHHOTO
(no vopme H) 6eCKOHEYHOTO MHOXKECTBA HAIETCS MOANOCTIeI0Ba-
TEJILHOCTD MOCIEN0BATETBHOCTH { Ly, }, C1A00 CXOMAMIAACT K HEKOTO-
POMY 3JIEMEHTY Zo TpocTpaHcTBa H. DTy MOAIOCIe10BATETHHOCTD

1) Hampumep, narerpambabiii onepatop (11.40) mpu a = 0, b = m, K(z, s) =
o0

= > 27"sin(n + 1)zsinns He uMeer HU OJHOrO COOCTBEHHOIO 3HAYEHMUS.
n=1

B camom gneme, mycth ¢(x) — npoussosbrbil anement L2[0, 7], aas koToporo

J K(z, s)p(s)ds = Ap(z), m mycts {bn } — k09bdurmenTsr @ypbe B pasioxe-
0

HUM ©(T) IO MO HO N OPTOHOPMUPOBaHHOH Ha [0, ] cucTeme

ﬁsinnx
(L)

o0

Ecau A = 0, To u3 0606mennoro pasercrsa Ilapcesans Y, 27 "b, sin (n+ 1)z =
n=1

= 0, orkyga cremyer, uto Bce b, = 0 u p(z) = 0. Ecom ke A # 0, To u3

pPaBeHCTBa fK(x, s)p(s)ds = Ap(z) n u3 cpoiicts aapa K(z, s), obecnieunsa-
IO]J_{I/IX paBHOMepHon CXO,HI/IMOCTI) pama DPypbe byakumu @(x), MBI TOTYIHM,
9T0 Z 27", sin(n+ 1)z = A E bn sinnz. Tak kak A # 0, TO U3 HOC/IEAHErO

n=1 n=1
PaBeHCTBa BbITEKAET, 4TO Bee b, = 0 u ¢p(z) = 0.
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MBI [IEPEHYMEpYeM 3aHOBO, T. €. CHOBa 0003HaumM ee depe3 {zn}.
Urak, {z,} crabo cxomurcs K amementy zg npocrpancrsa H. Ho
rorga (B CHIY JIeMMbI U3 NPEJALIAYINEro MyHKTA) MOCTEI0BATE b-
Hocth { Az, } cxomurcsa Kk Axg mo Hopme H.

Tax kKak omeparop A ABIAETCS CaMOCONPSAMKEHHBIM, TO CIpa-
BeIUBO PaBeHCTBO (AZy, o) = (T, Azo), U3 KOTOPOrO BBITEKAET
COOTHOLICHHE

(Azn, Tp) — (Ao, 20) = (A(zn — 20), (Tn + 20))- (11.55)
[Tpumenss nepaserncTso Kommn—Byusikosckoro, nomyunm u3 (11.55)
[(Azp, z) — (Azg, zo)| < ||z + zo]| - ||Azy, — Azo|| — O
(n6o mocmenosarensbHocts {Azy,} cxomurea k Azg mo mopme H,

* ||:§fla!|I{IZM1)O'6paBOM, MBI JIOKA3aJIA, ITO
(Azyp, z,) — (Azg, x0). (11.56)
13 (11.56) u u3 Toro, uro (Azy, Tn) — A, BbITEKAET, 4TO
(Azg, o) = A (11.57)

Y6exnmcs Tenepb B ToM, uto |20l = 1. B cuny mepasencrsa
Komu—BynakoBckoro s Jirob0TO 37I€MeHTa, i CIIPaBeIInBO Hepa-
BeHCTBO |(Zn, ¥)| < ||znll - |ly]] = |ly||. Tlepexonst B aToM HepaseH-
CTBE K IpeJiesly TIPH 1 — 00 U YUUThIBas C1abyro CXOAUMOCTh {zp, }
K g, noay4num, 9ro |(zo, y) < ||y|| (ans nwoboro smementa y). U3
[OCJIeIHEr0 HEPABEHCTBA NPU § = o noaydnM, 4to ||zgl| < 1. Yro-
Obl sokazarh, uTo ||zg|| = 1, gocrarouHo yOGEAUTHCS B TOM, UTO
npeanooxkenne o BomosHernn Hepasencrsa 0 < ||zl < 1 Beger
POTUBOPEYHIO.

IIycrs 0 < ||@o|| < 1. Homoxkum yo = xo/ ||zol|. Torma ||yl =1
U B cuily JuHeifHoCTH omeparopa u coorHomrenus (11.57

1
(Ay07 yO) = —2(A$07 :BO) = Lz > >‘7
llzol| llzoll

a 910 (B cuay moro, uro A = M) nporusopeunr (11.54). Mraxk,
ol = 1.

JlokarkeMm Ternephb, 9TO L) — COOCTBEHHBIN JIEMEHT, OTBEUAIOIITAI
COOCTBEHHOMY 3HAYEHUIO A.

[Tonmb3ysich ompejeieHneM HOPMBI SJIEMEHTa, AKCHOMaMHU CKa-
JSPHOrO mpousseenusi, papencrsoMm (11.57) u onpejesnennem HOP-
MBI OTIEpPaTOpa, OyIeM WMeTh

||A.’L‘0 - )\ZII0||2 = (A.’L‘O - )\.’Ifo, ALIJO — )\1170) =
= || Azo||* — 2M(Azo, z0) + N [|zol* = [|A]]* — A%,
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B cuny reopemsbr 11.11 npaBas (a crano ObITh, U JieBas) 9acTh MO~
CJIeJTHEr0 COOTHOIIeHMs paBHa Hy.1t0. Ho 310 u o3Hauaer, uro Azxg =
= A\Zg, T. €. O3HAYAET, YTO T( SBJSIETCS COOCTBEHHBIM 3JIEMEHTOM
oneparopa A, OTBEYAIOIINM COOCTBEHHOMY 3HAYEHUIO A.

B cnyuae |M| < |m| paccykaenust aHaJOTUYHBL, HO A CJIELyeT
[OJIOKUTH PABHBIM 1.

Hawm ere ocraercst 1oKa3aTh, 9T0 €C/IU CYIIECTBYIOT APyTHe CO0-
CTBEHHbIE 3HAUYEHMsI, TO COOCTBEHHOE 3HAYEHHUE \, YOBJIETBOPSIOIIEE
yeaosuio [A| = ||A|, aBagerca manbonbmm cpey HAX M0 MOJLYJIIO.
[Tycts Ay — kakoe-mbo apyroe coOCTBEHHOE 3HAYEHUE W T'] — OTBE-
JaoIIil eMy HOPMUPOBAHHBIN cOOCTBEHHBIN 3/1eMenT. Torma Ary =
= A1 u, crano 6biTh, (Az1, £1) = A\1. Ho mpu aT0OM 13 coorHore-
Hus 1)

Al = sup |(Az, z)|
llz(|=1
zeH
cpasy ke BBITEKaeT, 9To |A| > |A1]. Teopema momHoCTHIO qOKA3aHA.

C moMOIIIBIO TOKA3aHHON TEOPEMbI PACCMOTPHM TaK Ha3bIBAEMOE
nHTerpasbHoe ypaBunenue DPpegrosbmMa BTOPOTO
P O a, T. e. COOTHOIIIEHHEe

b
z(t) = p [ K(t, s)z(s)ds, (11.58)

13 KOTOpOro mpu 3ajganuoM siipe K (t, s) omnpenesnsercs oTaudHast
OT TOXKJIECTBEHHOrO HyJisi (DyHKIUs Z(t) U Te 3HAYEHUs IUCIOBOTO
napameTpa [, TP KOTOPBIX Takas (byHKIHs cyiiecTByeT. Te 3naqe-
HUS YUCJTOBOTO TTAPAMETPA [4, JJisT KOTOPBIX CYIIECTBYIOT HEPAaBHBIE
TOXKJIECTBEHHOMY HYJItO perenus x(t) MHTerpajgbHOr0 ypaBHEHUsI
(11.58), HasbiBalOTCd COOCTBEHHBIMHU 3HAYEHW I MU STOTO
ypasuenus. [Ipu 3ToM Kakmoe OTBEYaroInee JAHHOMY COOCTBEHHO-
My 3HAYEHUIO HEHyJeBoe pelienne ypapuenus (11.58) HaswiBaercs
cobcrBenHON GyHKIOUEN 5TOr0 ypaBHEHUS.

Benuunnel, obpaTHbie COOCTBEHHBIM 3HAYEHUSIM WHTEIDPATBLHOTO
ypasuenust (11.58), npuHsTO Ha3bIBATH XaPAKTEPUCTHUYEC-
KUMU YHUCJAAMU ITOTO YPABHEHUS.

OueBugHO, €CM BBECTH B PACCMOTPEHNE WHTErPATbHBIN onepa-
Top A, onpejensiembii paseractsoMm (11.40), To cobeTBeHHbBIE 3HAUE-
HUS 3TOTO oreparopa A SBISIOTCS XapaKTePUCTUIECKUMU TUCTAMU
uHTerpasbHoro ypastaenus (11.58), a orBevaromiue 3TuM cOOGCTBEH-
HBIM 3HAYEHUSIM COOCTBEHHBIE SJIEMEHTHI oreparopa A sBaSrOTCS
cobCcTBeHHBIMU (DYHKIMSMU UHTErpajbHoro ypasaenus (11.58).

B nm. 1-3 nokazano, uro eciu siipo K (¢, s) HENpepbIBHO B KBa-
apare [a < t < bl x[a < s < b] u cummerpuano, To oneparop (11.40)
SIBJISIETCST TMHEHHBIM CAMOCOTIPSI?KEHHBIM W BITOJHE HETTPEPBIBHBIM.

') 1o coornomrenue Burrexaer u3 (11.54) u us Toro, uro A = M npu | M| > |m|
u A =m upu |M| < |m|.

14 B. A. Nabun u 3. I. Tlo3uak, gactsb 11
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ITo Teopeme 11.12 wmuTerpasbHoe ypashenue (11.58) ¢ Takum
anapom K (t, s) uMeer xorst Gbl OJHO XapaKTEPUCTUUECKOE UHUCIIO.
Yrobbl yKa3aHHOE WHTErpajbHOe ypaBHEHWE WMEIO0 XOTs Obl OIHO
cobcTBeHHOE BHAYEHHUE, CleAyeT MOTpedOBATH, ITOOBI OHO
UMeJIO XOTsI OBl OIHO OTJAMYIHOE OT HYJsd XapaKTePUCTUIEC-
KO€ IUCJIO0, JIJIsT 9eT0 K TPeOOBAHWSIM HEMPEPBIBHOCTA W CHMMETPUY-
Hoctu siapa K (&, s) ciepyer mpucoeIuHUTh yCIOBUE HEOOpalleHust
anpa K (t, s) B ToKaecTBeHHbIH HYIb 1) .

Wtak, MBI IPUXOIM K CJIEAYIOMEMY (DYHIAMEHTATEHOMY Y T B € P-
K aeHwuio: ecau adpo K(t, s) unmeezpasvrozo ypasnerus Ppeo-
20avma 6mopozo poda (11.58) nenpepuero 6 keadpame [a < t < b] X
x [a < s < b], cummempuuno u ne pasro moscdecmeenno 1Y, Mo
MO YpasHerue umeem Tomsa v 00Ho cobcmeertoe 3Haverue.

Sameuganne. MoxHO ObLIO OBl JTOKA3aTh, 9TO CHOPMYJIU-
pOBaHHOE YTBEDPXKJIEHWE CIPABEIIUBO W MPU 3aMeHe TPeOOBAHUS
nenpepsisrocTy siipa K (t, s) na kBagpare [a <t < b x [a < s < b
bosiee crabbiM TpeOOBAHUEM CYIIECTBOBAHWMS KOHEUHOTO WHTErPAJIa

K(t, s)dtds.

R

/

(Jdocrarouno y6eauThCst, 9TO MPU BBHINOJHEHUH 3TOrO 6osiee CJia-
6oro TpeboBaHus WHTErpasbHbIil omeparop (11.40), meiicrByrormmit
s L%[a, b] B L%[a, b], mpogonKaeT ocTaBaThCs BIIOJHE HETPEPHIB-
HBIM).

5. OcHOBHBIE CBOICTBa COOCTBEHHBIX 3HAYEHU M COO-
CTBEHHbBIX 3JIEMEHTOB JIMHEWHOT0 BIIOJIHE HEIPEPBIBHOTO Ca-
MOCOIIPS>KEHHOT'0 Oomeparopa. B 3ak/oyenrne BBIICHUM OCHOB-
HbIE CBONCTBa COOCTBEHHBIX 3HAUYEHWH W COOCTBEHHBIX 3JIEMEHTOB
MPOU3BOILHOTO JelicTytomero u3 H B H nuHeiiHOro BIoJiHE Hempe-
PBIBHOTO CAMOCOTIPSXKEHHOTO OMEPaTOPa.

1°. Cobcmsentvie anemenmot T1 U Ta, OMEEUAOUUE 06YM D a4 3-
AUYH DM CODCMBENHDIM 3HAUEHUAM A1 U A2, OPMOZOHANDHDL.

1) Yenosue Heobpamenus HenpepuiBHOTO aapa K (¢, $) B TOXKIECTBEHHBIN HYJTb
ABJIdeTCd HeO6XO,I[I/IMI)IM H OOCTATOYHBIM YC/JIOBUEM CYIIECTBOBAHUA Yy HWHTEr-
paJsibHOTO Omeparopa A, ompenensemoro pasencTtsoM (11.40), HeHyJIe BB X

cobcrBeHHBIX 3HadeHni. B camom neste, B cuity Teopemsr 11.12 ||A|| = A, roe A —
HaunbosIbIee 0 MOAYJII0 cOOCTBEHHOE 3HaYeHue oreparopa A, Tax 410 nocTa-
TOYHO JOKa3arb, 910 ||A|| = 0 Torma u TosbKO TOrma, KOrga K (t, s) me pasHO
roxzaectsenno Hyao. Ecm K(¢, s) = 0, To sacuo, uro ||A|| = 0. Ecm xe, Hao-
6opor, ||A|| = 0, To omeparop A, OHpe,HeJIHeMbIﬁ paserctBom (11.40), 0T06pa-
JAET B HYJIEBOH JTEMEHT BCE HEHYyJIeBbIe dMeMeHThl mpocTpanctsa L[a, b] u, B
YaCTHOCTH, OTOOPAzKaeT B TOXKIECTBEHHbIH HyJIb BCe IeMeHTsl {Zy (¢)} Kaxoit-
6o Mo HO# oproHopMmupoBanHOit cucrembl B L2[a, b]. Ho 370 u o3Hawaer
aro K(t, s) = 0.
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B camom mese, Ha OCHOBaHHWHU CBOMCTB CKAJISAPHOIO IIPOU3BEIE-
Hud, paBencrs Ary = A\ir1, ATo = AiT9 U CBONWCTBA CAMOCOIpS-
JKEHHOCTH otieparopa A, mosydum

(A1 = A2) (w1 — 22) = (M1w1, 32) — (71, Aow2) =
= (Az1, z2) — (71, Aza) = 0.

Tak xKak Ay # A9, TO U3 IMOJYYEHHOTO PABEHCTBA CJIEAYET, UTO
(.’L‘l, .’L‘Q) = 0.

2°. OmHOMY ¥ TOMY YK€ COOCTBEHHOMY 3HAUEHUIO A MOXKET OTBE-
JaTh HECKOJBbKO COOCTBEHHBIX 9JIeMeHTOB oreparopa A. JlokazkeM,
OJTHAKO, UTO A1000MY HEHYAEBOMY CODCMBEHHOMY 3HAUEHUIO
A MODICEM OMBEYAMD AUWD KO HEY HOE YUCAO AUHETHO HE3AE8U-
CUMBLE COOCTNBEHHDIT IAEMEHMOB

Ipeamonoxum, yro HEKOTOpOMy A # (0 oTBeYaeT GECKOHEUHOE
YUCI0 JIMHEHHO HE3aBUCUMBIX CODCTBEHHBIX 3j1eMeHTOB. [Ipon3Bo-
Jisi TIPOTIECC OPTOTOHAJIN3AINNA ¥ HOPMUPOBKHU ITUX DJIEMEHTOB, MbI
MoJIyIuM OECKOHEUHYI0 OPTOHOPMUPOBAHHYI) CHCTEMY SJIEMEHTOB
{xni npocTpancTBa H, KaXKIbIl U3 KOTOPBIX SIBJISIETCS COOCTBEH-
HBIM 3JIEMEHTOM OTiepaTopa A, OTBEYAIONIMM COOCTBEHHOMY 3HaUE-
auio A # 0. Tak kax jist 106010 9s1emenTa y mpocTpancTsa H crpa-

o
BeauBo Hepaserctso Beccenst Y (2, y)2 < |yl ro lim (z,, y) =
n=1 n—oo
=0 = (0, y), T. e. MOCIEIOBATETHLHOCTh COOCTBEHHBIX 3JIEMEHTOB
{z,} cnabo cxogures k Hysnesomy snementy 0. Ho nmpu arom u3 ycio-
BUsl BIIOJIHE HEMPEPBIBHOCTH omeparopa A u U3 JIeMMBbI 1. 3 BbITe-
KaeT, 4TO COOTBETCTBYIOIIAs mocienoBaresbHocTb { Az, } cxoqures
o HopMme H k snementy AO = 0. B cusy coornomenust Ax, = Az,
MBI ostyauM, 91o || = || Az, || = 0 (mpu n — o), a 910 03HAUAeT,
aro |A| = 0 u mporusopeunt ycimosuio A # 0. [lomyuennoe mporu-
BOpEeYHe U JIOKA3BIBAET, 9TO KaXKJIOMY A 7 0 MOXKET OTBEYaTh JIUIIIb
KOHEYHOE YUCI0 COOCTBEHHBIX 3JIeMEHTOB.

[TpoBesienHble HAMU PACCYZK/IEHUsI TOKA3BIBAIOT TaAK¥XKe, YTO 6Ce
cobemeentvie asemenmot (KaK OTBEYAOIe OJHOMY U TOMY Ke CO0-
CTBEHHOMY 3HAYEHUIO \, TAK ¥ OTBEYAIOIINE DABJIUIHBIM ) MOHCHO
CUUMAMB NONAPHO OPMOLOHANLHYMY (U UMENULUMU HOPMbL, PAG-
Hole eQUHUYE).

3°. Jlokazkem Temeph, 9To ecau onepamop A umeem Geckoneu-
HO MH020 COOCTNEEHHHT 3HAMEHUT, MO 110644 BbIOEAEHHAA U3 COO-
cmeennur 3naserutli nocaedosamenvrocms { Ay} asasemes becko-
HEUHO MaA0U.

1) Hynesomy coberBennoMy 3maueHmio A = ( MOXKET OTBEYATh M GECKOHEd-
HOe YMCJI0 COBCTBEHHBIX 3IeMeHTOB. Halpumep, y MHTErpajibHOIO OLEpaTopa
(11.40) ¢ sxpom K(t, s), TOXK/IECTBEHHO PABHBIM HyJIIO, KarKAbLi JIEMEHT Ka-

KOM-/1160 OPTOHOPMUPOBAHHOM cucTemb {2, (t)} smementos L*[a, b] anmserca
COOCTBEHHBIM 3JIEMEHTOM, OTBEYAIONUM COOCTBEHHOMY 3HadeHWiO A = (.

14%*
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ITycts {Ap} — s06ast mOCIE40BATENIBHOCT COOCTBEHHBIX 3HAYE-
uuit, {x,} — cooTBeTCTBYIONAs TTOCIEI0BATENLHOCTE COOCTBEHHBIX
9JIEMEHTOB, KOTOPYIO MbI (B CHJLy PACCyKJeHuii, TIPOBEJIEHHbBIX TIPU
JIOKA3aTEe/ILCTBE CBOHCTBA 2°) MOXKEM CYMTATh OPTOHOPMUPOBAHHOIA.
BanuceiBas Jd 10000 9JI€MeHTa, y IpocTpancTsa H HepaBeHcTBO
Beccenst o cucreme {zy}, Mbl ybeanMcst, 94TO MOCTIEA0BATEIBHOCTD
{z,} cnabo cxomures K Hynesomy snementy. Tak kak omeparop A
ABJISIETCS BIIOJIHE HETPEPLIBHBIM, TO W3 JIEMMBI II. 3 BBITEKAET, U4TO
[OCJIeI0BATEIbHOCTD { ALy, } CXOANTCS K HyJIEBOMY 3JIEMEHTY 110 HOP-
Me H. Ho rorma pasenctBo Az, = A,T, Bjeder 3a cobOii COOTHO-
IeHune

[An| = ||Azy|| — 0 (mpu n — 00).

JlokazaHHoe CBONCTBO TO3BOJISIET YTBEPKIATh, 9TO COOCMEEH-
Hble 3HAYEHUS AUHETH020 BNOAHE HENPEPBLEHO20 CAMOCONDANCEHHO-
20 OMEPAMOPA, KPOME MOYUKYU HYAb, HE UMENM HA YUCA080T ocu Ipy-
2uT npedeatbnur movex ).

DTO 03HAYAET, UTO 6CE COOCMEEHHDIE 3HAUEHUA MONHCHO 3AHYME-
posamsv 6 nopadke HeBO3PACMAHUA UL MOJYsel, max wmo 6ydym
CNPABEOAUBDE HEPABEHCTNGA

A=A Z A3l 2 .2 Al > ...,

npudeM |A,| — 0 mpu n — oo.

B wacrrOCTH, BCE yCTAHOBIIEHHDbIE HAMU CBOMCTBA CIPABEIINBBL
11t COOCTBEHHBIX (DYHKIMMIT ¥ XapaKTePUCTUIECKUX HHCEeJ HHTer-
panbHoro ypasuenuss ®@penronbma Broporo poga (11.58) ¢ memnpe-
puIBHBIM Ha KBagpare [a < t < b] X [a < s < b] u cuMMerpudHBIM
sapom K (t, s).

1) ITist moGoro & > 0 BHe HHTepBAIA (—¢, €) MOXKeT J1eXkaTh JUIIb KOHEYHOE
YUCJIO0 COOCTBEHHBIX 3HAYEHMIA.



FrTABA 12
OCHOBBI TEOPUU KPUBKIX U IIOBEPXHOCTEN

B aroit raBe OyyT n3/10KEHBI BaXKHBIE [IJIsi TPUJIOKEHUH CBe-
JleHUsd O KPUBBIX U IIOBEPXHOCTSX.

§ 1. Bekropubie byHKINN

1. ITousiTue BekTopHOI byukmu ') . Beegem nonsTue Bek-
TOPHOU (DYHKIUH 17 TIEPEMEHHbIX.

Ecau waoicdoti mouxe M us mnooicecmsea {M} mouex m-mep-
Ho20 eskAudosa npocmpancmea E™ cmasumcea 6 coomeemcmeue
no useecmmoMy 3aKOHY Hexomopuili eexmop T 2), mo z06opam,
wmo na muoocecmee { M} 3adana sexmopnas dynkyus r = r(M).
ITpu sToM MHOKecTBO { M } Ha3bIBaeTCss 06MaCTHI0 3aLaHUS
dbyukipn r = r(M). Eciu p = m, 1o, Kak u B caydae m = 2 win
m =3 (cm. m. 1 § 2 1. 6), roBopsiT, 4o Ha MHOKecTBE { M } 3a;aH0
BEKTOPHOE T0JIe, ONpeiesisieMoe BeKTOpHOi dbyukiueit r(M).

Bekrop r(M), coorsercrBytonmii ganuoi Touke M u3 MHOKe-
crea {M}, Gyjgem Ha3plBaThb YaCTHBIM 3HAYEHUEM BEK-
Topuoit dbyukuuum B ToukKe M. COBOKYNMHOCTH BCEX HACT-
HbIX 3HaYeHnil QyHKIwN r(M) Ha3bIBaeTCd MHOXKECTBOM 3Ha-
YeH U ITON DyHKIUM.

Ecin { M} — MHOXKeCTBO TOUYEK Ha JIAHHOMN MpsiMoit 1 {u} — MHO-
JKECTBO KOOPJIMHAT ITUX TOYEK, TO BeKTOpHas dbyHKius r(M) mo-
JKeT, 0YEBUJIHO, PACCMATPUBATHCS KaK BEKTODHAsT (DYHKIHMsT OHOI
CKaJIAPHON IIepeMeHHOol u:

r=r(u).
Ecim ke {M} — MHOXKeCTBO TOYEK mM-MEPHOIO MPOCTPAHCTBA 1
(w1, ug, ..., Up) —KoopauuaTsl Touku M, o (M) npencrasiser
€o00#1 BEKTOPHYIO (DYHKITNIO CKAIAPHBIX APTYMEHTOB U1, U2, - - - 5 Um:

r=r(ul, Uz, ..., Upy).

1) Hexoropsle cBeaeHus 0 BeKTOPHBIX (yHKIUIX GbLm JaHpl B 1. 6 § 1 v 5
BBII. 1 9TOr0O Kypca.

%) BeKkTop T NPUHAIIEKHT, BOOGIIIE TOBOPSI, P-MEPHOMY €BKJIHOBY MPOCTDAH-
crBy EP| mosTOMYy OnpemessieTcss p KOOPAUHATAMU T'1, T2, ... , T'p.
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Bamewanune. Ilycrs {ri, re, ..., rp} — KOOPAUHATEI BEKTOPA
r(M). Ouesuno, 3ajanue BeKTOpHO#H dynkunu r(M) SKBUBaIEHT-
HO 3a/IaHUI0 P CKAIAPHBIX (yrkimit r1 (M), ro(M), ..., rp(M).

[Iycrs BekTopbl 7(M) npuHAIIERAT €BKJIUIOBY MPOCTPAHCTBY
EP. Bynem cumrarh, 9TO HAYaJ A BCEX ITHUX BEKTOPOB COBIIALAIOT
¢ HagasioM BoiOpanHoit B EP mexkaprToBoil cucrembl Koopamnar. B
9TOM CJIydae TOYedHOe MHOKECTBO KOHIIOB BeKTOPOB (M) HasbiBa-
ot rogorpadowm bdyukuuu r(M). Tonorpad BekropHOit dbyHK-
WY OTHOM CKAJIIPHON TTepeMeHHOil TIpeacTaBisieT coboit, BOoOIe ro-
BOpst, auunio. ['ogorpadom BeKTOPHON (hyHKIMH ABYX IMEePEMEHHBIX
Oyaer MOBEpXHOCTb.

2. IlpenenpHoOe 3HaYeHUE BeKTOPHOU dyukiuu. Hempe-
PBIBHOCTB. B nosiHoii ananorun ¢ 06bI9HBIMEI (DYHKIUSMU 15 BEK-
TOPHBIX (DYHKIMHA BBOASTCS MOHATHS TPEJETHFHOr0 3HAYEHUS W He-
MPEPBHIBHOCTH.

[IpenBapuTenbHO BBE/IEM MOHATHS CXOJSIIEHCS TTOCTEI0BATE b
HOCTH U TIPEJIesIa TMOCAeI0BATETHLHOCTH BEKTOPOB.

ITocaedosamenvrocmov {an} nasweaemes crodawetica «
8EKMOPY @, ecAU OAf 406020 € > 0 MoocHO yKazams makoti nomep N,
wmo npun = N evnoinaemcsa nepasencmeo )

lan, —al < e.
Ipu amom sexmop a Hasvieaemca npedenom NOCACIOBAMEND-
nocmu {an}.

CuMBOMYECKY CYIECTBOBAHME TIPEENA @ TIOCTe0BATETHHOCTH
{a,} 3amuceBaercs crepyomum 06pa3om:

lim a, = a.
n—oo

Bameuanue. Ecmm {aipn, aon, ..., apnfufai, ag, ..., ap} —
COOTBETCTBEHHO KOOPJMHATHI BEKTOPOB Gy U @, TO U3 CXOAUMO-
CTH HOC/IEIOBATEILHOCTH {@p} K @ BBITEKAET CXOAUMOCTDH YUCIIO-
BBIX TOCTIenoBaresbHocTedl {aipn}, {aon}, ..., {ap,} coorBercrBen-
HO K 9HCIAM a1, G2, ... , Gp. OTMETHM TaK’Ke, 9TO U3 CXOAUMOCTH
YKa3aHHbIX YHCIOBBIX [TOCIEI0BATEIBHOCTEH COOTBETCTBEHHO K UHC-
JqaM @y, ag, ... , Gp CIEAYeT CXOANMOCTH IIOCTEI0BATEILHOCTH { @y, }

BEKTOPOB C KOOPIUHATAME {G1pn, G2, - - » Gpp} K BEKTOPY @ C KOOP-
auHaTaMu {aj, as, ... , ap}. CupaBeyIHBOCTD 3aMeYaHNsT BHITEKAET
U3 CTEIYIONINX OYeBHIHBIX HEPABEHCTB 2) :
lagn — ak| < lap — al < |ai, — a1 + |agn — az] + ... + |apn — apl.
Paccmorpum BekTophyto dyukuuio r = (M), onpeneneHnyo
Ha MHOXKecTBe {M } TOYeK m-MepHOro eBKJIMI0BA MIPOCTPAHCTBA, 1

DMonynewn |a| BekTopa a ¢ koopamHaTamu {a1, az, ... , ap} Ha3BIBACTCS
qucno /a2 + a3+ ... +al.
2) BekTop a, — a umeer KoopauHaThl {1y, — G1, G2n — G2, ... , Gpn — Ap -
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To4YKy A, OBITH MOXKET, W He IPHHAJJIeXKAILY0 MHOX)ecTBY {M },
HO 00JIaJIAIONIYI0 TeM CBOUCTBOM, 4TO B JHOOON OKPECTHOCTH 3TO
TOYKHU COEPAKUTCS XOTst Obl 0JjHA TOUKa MHOKecTBa { M }, oTimanast
or A

Onpedenenue 1. Bexmop b nasweaemcas npedendvh v m
snavwenuem sexkmophol gpynryuu r(M) 6 mouke A (uau n p e-
deaom r(M) npu M — A), ecau das aoboti crodawetica x A
nocaedosamenvrocmu My, Ma, ..., My, ... movek muoocecmea { M},
anemenmor M, xomopoti omauwms, om A V) (M, # A), coomeem-
cmeyrowan nocaedosamenvrocmo (M), r(Ms), ..., r(My,), ...
anauenuti gynrxyuu r(M) crodumes x eexmopy b.

st o6o3Hauenus npeaeabHoro 3uadenus b dyukuu r = r(M)
B TOUKe A MCIIONB3YeTCs CIeLYIoMast CAMBOINKA:

lim »(M) = i lim =
M—>Ar( ) b - Ul —a1 'I’(Ul, Uz, ’ um) b’
uU2—a2
Um —>m
rae a1, a9, ... , Gy — KOOPAMHATLI TOYKHA A.

Mper He HyjeM MPUBOIUTDL OMPEAEIEHUs TPEEJbHOTO 3HAUYECHUS
BEKTOPHON (DYHKIINU Ha SA3BIKE «£ — 0%, HE OyJeM NPHUBOJANUTH €ro
" A caydag, Korga Touka M cTpeMuTcs K GECKOHEYHOCTH. DTH
ompesiesieHuss (hOPMYJTUPYIOTCS B TIOMHOM aHAJIOTHH C COOTBETCT-
BYIOIITUME OTIPEIETEHUSIMU JIJTsT CKATSIPHBIX (DYHKITAH.

[Tycts Touka A TpWUHAIIEKUT K 00JACTH 3aJaHUST BEKTOPHOM
dbyukipu r = r(M) u 1:06ast OKPECTHOCTH ITON TOUKHU COJEPIKUT
oTmaHbIe 0T A TOUYKHK 00/1acTH 3aJaHus (PYHKIIUHN.

Onpedenenue 2. Bexkmopnas dpynxyus r = r(M) nasvieaemcs
nenpepwuénot 6 mouke A, ecau npedeavroe 3navenue smoti dymr-
yuu 6 mouke A cywecmeyem u pasro wacmmomy snavernuro r(A).

Bekrophast dyukuus r = r(M) Ha3bIBaeTCsd HENPEPLIBHONH HA
muoxkecTBe { M}, ecin oHa HENpepbIBHA B KaXK 107 TOYKe 3T0r0 MHO-
JKeCTBa.

3. IlpousBonuasa BekTopHOi dbyHKmuu. B § 1 r1. 5 Boim. 1
9TOr0 Kypca rOBOPUJIOCH O TIPOU3BOIHOM BEKTOPHOM (DYHKITUHU OIHO
CKaJIAIpHON niepemennoii. st ynobersa erre pa3 cpopMyaupyem 3To
MOHATHE.

[Tycts r = r(u) — BekTOpHAst DYHKIMsI CKAISIPHON MEepeMEeHHOM
u. 3adukcupyem 3HaYEHWE ¢ ApryMEHTa W MPUIAIUM apTyMEeHTY U
Takoe Mpoms3BoiabHOe mpupatierre Au # 0, uto Bennunna u + Au
NPUHAJIEKUAT 00aacTh 3adaHus PyHKIME. PaccMoTpuM BEKTOD

Ar =r(u+ Au) — r(u).

1) D10 Tpebosarme 0GbACHSETC, B YACTHOCTH, TeM, uTo (yukuus (M ) Mo-
2KeT ObITh He OIpeseeHa B Touke A.
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Ha puc. 12.1 sTtor BekTOop coBmanaer ¢ BekTopoM M P. YMHOXKUB
BeKTOp Ar Ha ynciao 1/Awu, MBI MOJyIUM HOBbIH BEKTOD

Ar 1
N A [r(u+ Au) — r(u)], (12.1)
KoJUTMHeapHbI npexkaemy. Bekrop (12.1) npencrasisier coboit cpes-
HIOK CKOPOCTBb M3MEHEHUsI BEKTOPHON (DYHKIMN HA CerMeHTe [u, U+

+ Aul.
IIpouseodnotd eexkmopnol dpynkyuu r = r(u) 6 dannod
Purcuposannoti mouke u Hasvisaemca npedea npu Au — 0 pas-
nocmuozo omuowenus (12.1) (?IpI/I

YCJIOBUU, YTO MPEJEJT CYIIEeCTBYeT).
Ar [IpousBognas BEKTOPHOM (hDyHKIINN

Aar T
Au obosnauaercs cumBoaoM 7' (u) uiu T
u

N3 reomerpuueckux coobpake-

HEil ') BHIHO, 9TO MPOM3BOLHAS BEK-

Puc. 12.1 TopHO# dyHkIMu * = (1) NpegcTaB-

JigeT coboit BEKTOP, KacaTeIbHBIN K T0-

norpady sroit dyskiur. BeiSCHUM CBsi3b TPOU3BOIHON BEKTOD-

HOM (DYHKIIMU C TPOMBBOIHBIME ee KoopawHat. Jlis mpocToTsi

OrPaHUYMMCS CJIydaeM, Korja 3Hadedust T(u) BEKTOPHON (DyHKIMN

MIPEJICTABIAIOT COOOM BEKTOPHI TPEXMEPHOTO MpocTpancTsa. Ilycrs

{z(u), y(u), z(u)} —roopauHaTel BekTOPHOH dyHKIWU T(u). OUe-
BUJIHO, KOOPJMHATHI PA3HOCTHOrO oTHOIIeHus (12.1) paBHbI

z(u+ Au) — z(u) y(u+ Au) — y(u) 2(u+ Au) — z(u)
Au ’ Au ’ Au '

CorjiacHO 3aMeYaHuIo II. 2 3TOro naparpa(ba, KOOPJIMHATHI TIPO-
ussonHoit 7'(u) pasubl npoussomabiM ' (u), y'(u), 2’'(u) Koopmu-
nar dysaxiun r(u). [losroMy BeIYUCIEHEE TPOU3BOAHON BEKTOPHOI
GYHKIUY CBOAUTCST K BHIYUC/IEHUIO TPOU3BOIHBIX €€ KOOPIUHAT.

Bameuanue 1. Bekropuas dbyHKIims r(u) IpeacTaBaser co-
60ii 3aKOH JBMXKEHUS MaTepHUaJbHON TOUkM 10 rogorpady L 3Toii
dyHKINUY, €CTU TTPU ITOM NEPEMEHHYIO U PACCMATPHBATD KAK Bpe-
M. TTosromy npoussojnas ' (u) paBHa CKOPOCTH JBUYKEHUs] TOUKH
1Mo KpuBoit L.

SBameganue 2. Ormerum, uro npasuia guddepeHiupoBa-
HUS PA3IMYHBIX TPOU3BEICHUT BEKTOPHBIX (BYHKIHUI (CKaISIPHOrO,
BEKTOPHOI0, CMEIIAHHOr0) WAEHTUYHBI npasuiaM muddepeniupo-
BaHUsS TPOU3BEACHUN OOBLITHBIX (DYHKIUN. DTO BHITEKAET U3 TOTO,
9TO KOOP/JMHATHI IPOU3BO/IHOM BEKTOPHON (DYHKIMU PABHbBI TPOU3-
BOJHBIM KOODAMHAT CaMoO#l (PYHKIIMM W U3 BBIPAXKEHUS YKA3AHHBIX
NPOU3BE/IEHNN Yepe3 KOOPAUHATHl COMHOXKUTEJIEH.

1) 9t CcO00pazKeHusl MOITBEPKIAIOTCH YTBEPKIEHUEM B 1. 2 § 2 3T0ii rIaBbl.
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[Mpueenem npasuia auddepeHIMpoOBaHus TPOU3BEIEHNN BEK-
TOPHBIX (DYHKITHI:

{r(u)s(w)} = r'(u)s(u) +7(u)s'(u),
{[r(u)s(w)]} = [r'(u)s(u)] + [r(u)s' (u)],
{r(u)s(u)t(u)} =r'(v)s(u)t(u) + r(u)s' (u)t(u) + r(uv)s(u)t' (u).

[Tepeitmem Temepb K BOmpocy 0 AudHEpeHIMpPOBAHUN BEKTOP-
HBIX PYHKIWH HECKOMBKUX CKAJISIPHBIX TIEPEMEHHBIX. TaK Kak B Jajlb-
HeiitreM HaM¥u OYAyT HCIONB30BATHCS BEKTOPHBIE (DYHKIIUU JIBYX
CKAJISIPHBIX MEPEMEHHBIX U W U, TO Mbl OIPAHUYMMCS JIAIIb ITUM
CITYIAEM.

[Tycts BekTOpHasi dbyHKuusg r = r(u, v) 3a7aHa B HEKOTOPOI
okpecrroctu G touku My (ug, vg) (puc. 12.2). Paccmorpum B muioc-
KOCTH 40 HEKOTOPOE HAIIPABJICHUE, OMPEIEIIeMOe eIMHNIHBIM BEK-
TOPOM @ C KOODJIMHATAMU COS(, Sina.
[Tposemem vepes Touky My ock I, Hampas- ¢
JIEHWEe KOTOPOIi COBIA/IAeT C HAIPABJICHU-
€M BEKTODA @, BO3bMEM Ha, 9TON OCH TOUKH
M(u, v) u obosHauum uepes | BeTUUUHY
HampasJieHHOro orpe3ka MoM ykazaHHOI
ocu. Koopauuarer (u, v) Touku M ompe-
JIEJISTFOTCST PABEHCTBAMU

u=1ug+Ilcosa, v=wvy+sina.

Uy u
Ha ykazamnoit ocu l (byskimus r =
= r(u, v), OUEBUIHO, SIBJIAETCS BEKTOD-
HO pyHKIHEN 0/IHOI TIepeMeHHo# Beauaunsbl [. Feau ama ynrxuyus
umeem 6 mouke | = 0 npoudsodnyro no nepemennot I, mo ama
nPou3eOONAA HA3BIBAEMCA NPOUZE0IHOT MO HANPAGAE-
wuto L om dynkyuu r = r(u, v) 6 mouxe My(ug, vg) u 0603HaYa-

Puc. 12.2

T
emca CumMe0A0M E

SBamMeuanue 3. Ecir manpasimerne I coBmagaer ¢ HATTpaBJIe-
HEUEM KOOpAuHATHO ocu u (ocu v) (Ha puc. 12.2 9Tu HanpasJeHws

YKa3aHbl IITPUXOBBIMU JTUHUSIMHE ), TO COOTBETCTBYIOIIAS TPOU3BOI-
Hagd 110 HAIIPaBJIEHUIO Ha3bIBaeTCd YaCTHON IPOU3BOJHON BEKTOD-

. or or
HOi (yHKIWMK (U, v) U 0003HAYAETCS CHMBOJIOM T
u v

or
Oou
Kax HeKOoTopoii okpectHocTH Touku M (u, v), TO OHA MpeCTaBJITET
co60# B 3TOH OKPECTHOCTH BEKTOPHYIO (DYHKINTO. DTa (DYHKITHS MO-
JKeT UMEeTh B CBOIO 0Yepeb TaCTHYIO MPOM3BOMHYIO, HATIPUMED, 0

aprymenTy u. EcTecTBEHHO 5Ty YaCTHYIO MPOM3BOJHYIO HA3BIBATH
2

. . . o°r
BTOPO# YaCTHON MPOM3BOMHON IO apryMeHTy U U 0003HAIATH Fel

U rv). Ecnm wacrras npousBomnast OTIpejiesieHa BO BCEX TOU-



426 OCHOBBI TEOPUU KPUBHIX U TIOBEPXHOCTE IJIL 12

(Mm Py ). AHAJIOTHYHO OTIPENENISIOTCS APYTUE JaCTHBIE TPOU3BOJI-
HbIE PA3JIUIHBIX TOPAIKOB.

TeomeTpudecknit CMBICT TPOU3BOAHON M0 HANPABIEHUIO BbIsIC-
HSIETCSI U3 CJIEYIONTNX paccykaenuii. 'omorpad oM BeKTOpHON (DyHK-
wuu r = r(u, v) Oyzaer, BooOIIE TOBOPs, ToBepxHOCTL S (puc. 12.3).
Korma Touka M (u, v) nepemernnaercst mo ocu [, 7o Kouer, P BeKTO-
pa r(u, v) onuchIBaeT Ha MOBEPXHOCTH S JUHWUIO L, KOTOpas MOKeT
paccMaTprUBaTLCI KaK romorpad BEeKTOPHONW (DYHKIIMH OTHON mepe-

o T
vennoit [. ITosromy mpousBomHast 5 110 HANPAB/IEHNIO l mpencras-

JigeT coboit BEKTOP, KacaTebHbIH K L B Touke Fj.

Ecnn nanpasienune | coBmagaer ¢ HaIpaBIeHuEM KOOPIWNHATHOMN
OCH U, TO TIPU TEpeMeIennn TOUKu M 10 COOTBeTCTBYIOMmEeH ocu,
npoxogsieii  yepes My, Komer, BekTopa 7(u, v) ONUCHIBAET
Ha TOBEPXHOCTH S JMHUIO, HA3BIBAEMYIO K00pduHammol aunued u
(na puc. 12.3 obosnavena mrpuxoBoii junueit). Takum o6pazom,

r(u,v)

Puc. 12.3

ar "
JacTHas TPOU3BOIHAST Fu MIPeJICTaBJIsIeT CODOM BEKTOP, KacaTeslb-

or

Ov
JiseT coDOi BEKTOP, KacaTeJ bHbIH K KOOPOUHATHON JIMHAK .

4. IuddepennupyeMocTh BeKTOPHOI dyHKIuu. Byrem
Ha3biBaTh NpHUpalleHueM (WMWiK HOJHBIM NpHUPaAIILe-

H ¥ e M) BeKTopHOH dyHkimu r = r(u, v) B Touke M (u, v) (co-
OTBETCTBYIOIIUM TpupatieHusM Ay u Av apryMeHToB) CIeyoree
BbIDAYKEHUE:

HBIN K KOOPAMHATHON JUHUK 1. HacTHAS TPON3BOIHAS — ITPEICTAB-

Ar =r(u+ Au, v + Av) — r(u, v).

Bexmopnas pynryus r = r(u, v) nazmweaemea 0u @ Pep e n-
yupyemotd e mouke M(u,v), ecau ee noanoe npupauenue 6
amoti mouke moorcem boimb NPedcmasieHo 6 6ude

Ar = aAu + bAv + aAu + BAwv, (12.2)
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rae a u b— nekoroprie He 3apucamme oT Au u Av BEKTODHI, a &
n 3 — 6eckoneuno manbie ipu Au — 0 u Av — 0 BekTOpHBIE PYHK-
mpn 1), paBble mymo mpr Au = Av =0 2).

Bameuanue 1. Eciu Bekropruas dbyukius r = r(u, v) aud-
depennupyema B Touke M (u, v), TO, OUEBUIHO, BEKTOPLI @ 1 b pas-

or _ oOr .
HBI COOTBETCTBEHHO YaCTHBIM TTPOU3BOIHBIM 52 " 30 B JAHHOIT TOUKE.
u v

Bameuanue 2. [lycrs BekrOpHast dyskius r = r(u, v)
muddepentupyema B Touke M (u, v) u | — HekoTopast 0Ch, TIPOXO-
ndiag yepe3 M B IJIOCKOCTH 4¥ W COCTABJSIONIAS YTOJI (¢ C OCBIO U.

or
Torga mpowusBomHasS ¥ 10 HAIpAaBJIEHUIO | CyIecTByeT W MOXKeT

OBITH Haitmena 1o dhopmyie

or or

T =T osa+ Lsina. 12.3

ol ou + v ( )
B camom zene, gyia nanpasienns [ mmeem Au = [ cosa, Av = [sin«
(puc. 12.4). ToxcraBass st 3Hadenuss Au u Av B COOTHOIIEHUE

(12.2) u ucnonab3yst COOTHOIIEHUE

or Ar
5= hng ybenumcs B cripase;i- v l
JITBOCTH cbopMyﬂH (12.3). vHAD [—— —— = (utAu, v+Av)
Bamewganne 3. Mur ybeau- M(u, v)! a:Au

JINCh, 9TO B ciaydae auddepenim- v | Au |
pyemoctu dyukiuu r = r(u, v) L
crpaseguiusa dbopmyna (12.3). U3 : :
9TOi cbophiyﬂbl ClIeJIyeT, 9TO BCE P —.
BEKTOPBI — PACIIOIOKEHBI B ILITOC-

ol

or or Puc. 12.4

KOCTH BEKTOPOB —- M —-. ILnoc-
KOCTh, TIPOXOJIAIILYT0 depe3 TouKy rogorpada dyukimn r(u, v), oT-
Bevaioniyto Touke M (u, v), U mapajIebHyI0 BEKTOPaM Z_Z n %

€CTEeCTBEHHO HAa3BaTh KaCaTeJbHON NHJOCKOCTBHIO K IO-
BepXHOCTH S, IpeacTaBisionieii coboit rogorpad. Ha puc. 12.3 mwioc-
KOCTh 7T TIPEJCTABJIsIET CODOI KacaTeIbHYIO IJIOCKOCTh K MTOBEPXHO-
cru S B Touke Fy.

5. ®opmyna Teiiopa ajisi BekKTOpHBbIX dyHKIMit. Pop-
myna Teitnopa ana dyukuuu r = 7(u, v) € UEHTPOM pPaA3JIOKEHUsI

1) Bexropuas dynxumus a(Au, Av) Ha3bBaeTCs GECKOHEUHO MAJIOH, €CIIH ee
npenen ipu Au — 0 u Av — 0 paBen Hy/ 10 (Hy/I€EBOMY BEKTODY ).

2) Mol me mpuBomuM onpeaeenne nuddepeHupyeMocT BeKTOPHON (yHK-
MU OMHON CKaJgpHOUN repemerHoi. OHO MOXkKeT ObITh C(POPMYTUPOBAHO B MOJI-
HOIM aHAJIOTUU C COOTBETCTBYIOUIUM OIpeesIeHUeM s CKAJISPHBIX (yHKIHi
OIHOIT IepeMeHHOMH.
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B Touke M (u, v) u ¢ ocrarounbim wieHoMm B ¢opme Ileano mveer
CJICAYIOIIUHA BUL:

'r’(u+Au, ’U+AU) :r(u’ ’U) +WAU+ 3?‘(;, U)AU+
U v

1 8%r(u, v) 2, 9*r(u, v) 8%r(u, v) 2
o (P A 4 D) Ay a4 DT D p2) o

2! Oou? u Ov

1 9"r(u, U)A n 0" r(u, U)A n—1A 0"r(u, U)A n)
”+n!< oun Y +n8u”—18v Y vk o™ vi)t

+ Ry (Au, Av), (12.4)

e ocratounblii wien Ry, (Au, Av) npeacrasmsier coboit BEKTOp, MO-

PSIOK MAJIOCTH KOTOporo Bhimme ueM p” (p = vAu2 + Av2 1),

B copasenmmBoctu opmysibl (12.4) MOKHO yOemauThCst, mpe-
CTaBJIsis KaxK/Iyt0 U3 KOOpauHaT BekTopa 7(u, v) no dhopmyse Teii-
Jiopa C OCTaTO4YHBIM uieHOM B (opme Ileamo m 3ammchiBast 3aTem
Beipazkenue s r(u + Au, v + Av) ¢ TOMOILIBIO PA3IOKEHU 10
GazucHbIM BeKTOpaM (K03 duimeHTaMu pasiokenus u OyIyT Ko-
OPJMHATHI 3TOr0 BEKTOPA).

6. nterpansr or BeKTOpHbIX PyHKIuii. Mbr yxKe ormeda-
JI, ITO BEKTOPHAs PYHKIINS OMPEEISIETCS CBOMMY KOOPINHATAMU,
KOTOPBIE MPEJICTABAAIOT cO00# CKaIIpHBIE (DYHKIUU. DTO MO3BOJISI-
€T TIePEHECTH Ha CJyYail BEKTOPHBIX (DYHKIINN OMEPAIHI0 WHTErPH-
poBaHUsI.

[Tycts, Hanpumep, BeKTopHas byHKIMs () 3aaHa HA CerMeH-
re [a, b], u mycrs ee xkoopauHaTel T1(u), ro(u), r3(u) npeacraBis-
10T cobofi mHTerpupyembie Ha cermente [a, b] dyukuuun. Ecm ey,
€y, e3 — b6a3uCHbIe BEKTOPBI, TO €CTECTBEHHO TOJIOXKUTH TI0 OTPEIe-
JIEHUTO

b b b b
Jr(u)du=-e [ri(u)du+ ez [ro(u)du+ es [r3(u)du.

a

Ormernm, uTo uaTerpast st GyHKmu r(u) MoKeT ObITh OIpeIeIeH
¥ HEMOCPEJCTBEHHO, KAaK Mpee] WHTErPAJILHBIX CYMM s (YHK-
i 7 (u).

B nonHo#t anasoruu ¢ pacCMOTPEHHBIM CIyYaeM MOTYT OBITD
BBe/IEHBI ¥ KPATHBIE HHTEIPAJIBI OT BEKTOPHBIX DYHKINH. 3aMeTnM,
YTO OCHOBHBIE (DOPMYJIBI U TPABHUJIA WHTETPUPOBAHUS CKAJSIPHBIX
dysKIHUE MOTYT OLITH IIEpeHeceHbl Ha CJIydail HHTErpaJoB OT BEK-
TOPHBIX DYHKITAN.

1) ITopsimok MasIocTH BEKTODA OIPENENsieTCsl KaK MOPAZ0K MAJOCTH €ro Mo-
IyJId.
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§ 2. Hekoroppbie cBejieHUS U3 TEOPUUN KPUBBIX

1. Peryngapsabie kpusbie. B § 1 . 11 Boin. 1 3Toro Kypca ro-
BOPWJIOCH O MOHSITUU KPUBOM ¥ 0 criocobax ee 3ajanusi. OqHUM U3
crocobOB 3a/aHus KPWBOI OBLIT yKa3aH MapaMeTPUUECKuil crocoo,
3aKJIFOYAOIIUNCT B TOM, UTO KOODIAUHATHI MEPEMEHHON TOUYKU KPH-
BOIl 3371af0TCsT KaK (DYHKITUMY CKAJASPHON TepeMeHHON — mapaMerpa.
Cuurast 9Tv KOOPAUHATE KOOPAWHATAMU BEKTODA, BEYIIEro U3 Ha-
JaJjia KOOPAWHAT B TOYKY KPWBOM, MBI TTOJYyYNM BEKTOPHYIO (DYHK-
HI0, TOIOrPadOM KOTOPOIi SABJIAETCA JaHHasd KpuBas. Takum obpa-
30M, MBI MOXKEM 33J]aBaTh KPUBYIO TPU TTOMOIIH BEKTOPHOH (DYHK-
WY OJIHOM CKAJIIPHON MepeMeHHO, U 9TOT Crocod paBHO3HAYEH ITa-
paMeTpUIecKOMY CIOCO0y 3aaHusa KPUBOI.

[Tycrs kpuBasi L 3asaercs mocpecTBOM BeKTOPHOH (hyHKINMM 1 =
=r(t) '). Jomycrum, 9ro mapaMeTp ¢ ¢ IOMOIIBIO COOTHOIIEHNS =
= f(u), tae f(u)— crporo Bo3pacTaioniasi U HeNpepbIBHAs (DYHKIH,
3aMEHSIeTCsl APYyTUM mapaMerpoM u. Ilpu srom dyukims r = r(t)
npespaiaerca B HoByo dyukuuio r = r(f(u)) mapamerpa wu.
Takum 06pa3zoM, MOKHO TIOYIUTh PA3TUIHBIE TAPAMETPUBATIAN O]
HOM W TOM Ke KPUBOA.

Bynem wasbiBarh kpusyto L peryasapuoii (k pa3 audde-
PeHIpyeMoii) 6e3 0CcoOBIX TOYEK, €U 9Ta KPUBAs JOMYCKAeT Ta-
KYI0 MapaMeTpu3alldio C MOMOIBIO MmapaMerpa ¢, 9TO BEKTOpPHAs
dyukuga r = r(t) maas Hekoroporo menoro k > 1 k pa3 auddepen-
nupyema u 7' (t) # 0 s Beex 3uadenuit mapamerpa t. [lpu k = 1
KpUBasi HA3bIBAETCST T JI1a JIK O .

B 31o0it rmaBe MBI OyZieM paccMaTpUBATH PETYJSPHBIE KPUBBIE
6e3 0COOBIX TOYEK U Te MapaMeTPU3AlUU ITUX KPUBBIX, JJIsI KOTO-
poix r'(t) # 0.

2. KacaresibHas K kpuBoii. [lycrs L — kpusas u P — dukcu-
poBanHas Touka Ha Heil (puc. 12.5). IIposexem xopay PM kpusoii.

Ipsmas PQ, k koropoii crpemutcst xopaa PM 2) npu M — P,
Ha3bIBaeTCd KacaTeabHOU K L B Touke P.

CrpaBesinBO CIenyIoliee yTBepK IeHue.

I'aadkas xpusas L 6e3 ocobvir mouex umeem 6 xascdoti movke P
KAcamenoHy1o.

JlokaxkeM, 9T0 KacaTeJbHoil Oyper npsamast P(Q), Tpoxosinast ue-
pe3 Touky P mapasnensno sektopy 7' (t) (manomumnm, uro v (t) # 0).

B caMoM Jielie, BEKTOP —= napaJiesen xopae PM (cum. puc. 12.5) u
npu A — 0 crpemures K 7' (t). OTCI01a BBITEKAET, UTO YO MEXK Y

!) Bekropuas dbyuxmus © = (t) Ha3pBaeTCs OGBMHO D a 4 H y C O M-B € K-
TOpoOM Kpupoil L.

2) Byzem rosopurs, uro upsmas PM crpemurcs k npsvoi PQ mpu M — P,
€CJIA YIOJI MeXK/ly STUMU IPSMBIMH CTPEMUTCS K HYJIIO.
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npsimoit PM u nipsimoit PQ) crpemurcs K mysto pu M — P. Ilosro-
My mpsimast P(@) siBisiercst KacaTeabHOU K KpuBoii L. YTBepKaeHme
JIOKA3aHO.

Puc. 12.5 Puc. 12.6

BbiBeieM BEKTOPHOE ypaBHEHUE KaCATeJIbHON K KpuBoil L B TOY-
ke P. Ilycts r — paanyc-BeKTOp repeMeHHol Touky () Ha KacaTeb-
Hoii B Touxe P. Bextop PQ = R —r(t) xonuneapen sextopy 7' (1),
u nostomy R—7(t) = ur'(t). Orcrona MbI nOTy9aeM HCKOMOE ypaB-
HEHUe KacaTebHOM

R =r(t) + ur'(t), (12.5)

B KOTOPOM POJIb TIApAMeTpa WrpaeT BeJWYnHa U, a t— QUKCHPO-
BaHHOE 3HAYEHHUE MMapaMerpa Ha Kpuoit L, ompenensatomiee TOUKy P.

3. Comnpukacaroiiasicsi mJa0CKOCTh KpuBoii. [lycre P(Q) —
KacaresbHast B Touke P k kpusoii L (puc. 12.6). Hepes kacarebHy0
PQ u touky M xpusoii mposejem miockocts PQM . Ilnockocts T,

K KOTOpO# crpemutcst miockocts PQM 1) npu M — P, nasbisa-
ercs CoOmpuKacawmIeicd MNJAOCKOCTbIO K KpuUBOH L
B TOuKe P.

CripaBelsiuBO CIenyIOIIee YTBEPKIEHNE.

Pezyanpras (no xpaiined mepe dsasrcov, duddepernyupyemasn) kpu-
6asa L 6e3 ocobuir mouex umeem conpuracaiowytoca naockocms 6
Kaotcdoti mouke, 6 Komopoti eexmopuy ' (t) u r" (t) ne KoasureapmoL.

JlokarkeMm, dUTO COIPHUKACAIOMIENCS IIJIOCKOCTBIO Oyaer ILIoc-
KOCTh T, MPOXOISIIAs depe3 KacaTeJbHyo P() mapaireasHo Bek-
topy 7" (t). O4esugnHo, BEKTOD

n = [r'(t)r"(t)] (12.6)
OyaeT BEKTOPOM HOPMAJIH K ILJIOCKOCTH 7, 8 BEKTOP
m =2 [r'()Ar], Ar=r(t+ At)—r(t), (12.7)

At?

1)By;LeM rOBOPUTDH, |UTO IUIOCKOCTH PQM crpemMuTcsi K IUIOCKOCTH 7 IIPU
M — P, eciu yrost MeXay STUMU IIJIOCKOCTSME CTPEMUTCS K HYJIIO.
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(cm. puc. 12.6) 6yaer BekropoM HOpMauu K miaockocru PQM. Tak
Kak Kpubas L mBaxker auddepeniupyema, 1o o (opmyste Teitaopa

Ar =7/ (t) At + %r"(t)AtQ TN (12.8)

e a — Oeckoneuno Masias pu At — 0 BekTopHasa pyHKIwms. U3
dbopmyn (12.6)-(12.8) BeITeKaeT, 4To

m = [r'(t)r"(t)] + 2[r'(t)a] = n + B, (12.9)

rne B = 2[r'(t)a] — Geckoneuno mamas mpu At — 0 BeKTOpHAS
dyukuums. 3 coornomenus (12.9) ciaemyer, aro npu M — P Bek-
TOp MM CTPEMUTCA K 7¥, & CJIeI0BATEIBHO, CTPEMUTCA K HYJI0 U
yron ¢ mexay mirockoctamu PQM u w. Ilostomy miockocTs
SABJISIETCS COMPUKACAIONIENCA IJIOCKOCTHIO K KPUBOH B Touke P.
VTBepxKaeHue JOKA3ZAHO.

BriBesiem BeKTOpHOE ypaBHEHHE CONPUKACAIOMIENHCHA TIJIOCKOCTH.
[Mycts R — paguyc-BeKTOp MEPEMEHHON TOYKH S 3TOH TIOCKOCTH.

Bekroper PS = R — r(t), r'(t) u »"(t) mapanrensubr conpukacaro-
mieficst wiockocru u nosromy R — r(t) = ur'(t) + vr”(t). Orcona
MBI TIOJIy98€M HCKOMOE YPABHEHUE COIMPHKACAIOMEHCs MI0CKOCTH

R =1r(t) +ur'(t) +vr"(t), (12.10)

B KOTOPOM % W ¥ — apryMeHThl BeKTOpHOM dyrKimu R, a t — duk-
CUPOBAHHOE 3HAYMEHWe TapaMeTpa Ha KpuBoit L, ompesesnsioriee
Touky P.

[omyunm ypaBHeHHE COMPUKACAIONIEHCS TIIOCKOCTH B JIPYTOi
dbopue. Tak kak Bexkropsl R — 7(t), r'(t), " (t) kommianapusr, To
BekTOp R yroBaeTBOpseT CaeAyoIeMy ypaBHEHHIO:

(R—r(t))r'(t)r"(t) = 0. (12.11)

Ecnu X, Y, Z — koopaunarsl BekTopa R (KOOpAMHATEI NepeMeHHO
rouku S mockoctu 7), a z(t), y(t), z(t) —KoopaUHATBEI BEKTOPA
r(t), To B KoopauHaTHOi dhopme ypasrenune (12.11) zanuimercs: cie-
IYIOIIIM 00Pa30oM:

X —z(t) Y—yt) Z-=z()
x'(t) y'(t) Z'(t) | =0. (12.12)
z"(t) y" () Z"(t)

Ypasuenue (12.12), oueBusno, npeacrasiaser coboii ypasHeHue Co-
NPUKACAIOIIENHCS JIOCKOCTH.

Sameuanue. Conprkacaromascs ILJIOCKOCTH OIIPeIe/eHa Ha-
MU TEOMETPUYECKH C MOMOIIBIO MPEJEJHHOTO TEPEX0/ia, W MOITOMY
B CJIy4ae ee CyIecTBOBaHWs oHa Oyzer eauHcTserHa. OTciona u u3
JA0Ka3aHHOTO B 3TOM IIYHKTE YTBEP2K/IEHUA BBITEKAET, 9YTO €C/IU B
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JAHHOI TOYKe T KPUBOH CyIIECTBYeT COIIPUKACAIOIIAACH IIJIOCKOCTD,
To npu J1060# mapamerpuzanuu Kpusoit Bekrop 7’ (t) mapasienen
sroii miockoctu. Ecmm paccmarpuBarh mapamMerp t Kak BpeMsd,
to r"(t) Byzer BeKTOPOM yCKOpeHWs MpU JIBU-
JKEHUM TOYKM 110 KpuBoit L 1o 3akouy r(t). Ta-
KM 00pas3oMm, mpu Jir0060M crocobe IBUKEHUS 110
KPUBOI BEKTOP YCKOPEHUA B JaHHOA TOYKe pac-
TTOJTOYKEH B COMPUKACAOIEHCS TLIOCKOCTH KPH-
BOIt B 9T0it Touke. [ToaToMy compuKacaromnyocs
MJIOCKOCTD HA3BIBAIOT TAKKE NAOCKOCTbIO YCKO-
perud.

IIpamas, npoxonsimas depe3 Touky P kpu-
BOIt L TeprneHAuKYyJIAPHO KaCATeIbHOW B ITOM
TOYKe, HA3BIBAETCI HOpMaavto. Hopmanb, pac-
TTOJTOYKEHHAsT B COMPUKACAIONIEHCS TLITOCKOCTH,

Puc. 12.7 Ha3bIBAETCS TJABHOW HOPMAaJbI KpuU-

BOi, a HOpMaJib, MEPIEHIUKYJISPHAS COMPUKA-

caroIeiicss TI0CKOCTH, — O MW H O p M aJi b 10 KpuBoii. BeiBog ypas-
HEHUI 9TUX MPSIMBIX TPEIOCTABIISIETCS IUTATEIIO.

4. KpuBusna kpwusnoii. Ilycts P — npousBosbHas (bukcupo-
BaHHAsI TOYKA PEryJIApHON KpuBoi L 6e3 ocobbix Touek u M — To4-
Ka 9ToH KpuBoii, ormaHast or P. O6o3HaIMM depes3 ¢ yroa MeKIy

KacaTeabHBIME B Toukax P u M, a gepe3 | — gauny gyru PM 1)
(puc. 12.7).

Kpususuoit k; kpusoii L B Touke P Ha3bIBaeTCs Tpemes
orHomenust ¢/l ipu l — 0 (1. e. npu M — P).

CrpaBelJInBO CJIEIYIOIIEE YMBEPHCIEHUE.

Pezyaspnas (dsasrcow dupdepernyupyeman) kpusas L 6e3 oco-
0BT Moner umeem 6 KaxHcAoti mouke ONPedeseHHY0 Kpususny ki.

[Mepeiigem K J0Ka3aTEIHLCTBY 9TOTO YTBEPKIACHU. [1yCTh TOUKM
P u M kpupoii 0TBEYAIOT COOTBETCTBEHHO 3HaueHWsM t u t + At
mapamerpa.

Borancomu sin g u [. Tak kak kpusas L perynapra, o v/ (t) # 0
B J1I000# TOuke L, m mosaTomy

I () (¢ + A
[ (Ol (£ + AD)|

sin ¢ (12.13)
t+AL
L= [ |P'(7)|dr = |r'(7%)|At = |r'(t)|At + AL, (12.14)
t

e 6 — 0 mpu At — 0.

OrmernM, 9T0 TpK TPeodPA3OBAHUSIX BhIPAYKEHU 175 | MbI BOC-
[OJIB30BATUCH (HOPMYJIONH CPEJIHEr0 BHAUCHUS LIS MHTEIPANA U He-
npepbiBHOCTBIO hyHKImu 7' (t).

!) Tak xak kpusas L perynspua, 10 mobas ee gyra PM copsmisema.
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[TpeoGpasyem soipaxkenue (12.13) st sing. ITo dhopmyse Teii-
Jopa

v (t+ At) = 7' (t) + " (t) At + aAt, a—0 npu At— 0.

C nomotpio 31oii dopmysibl Beipaxkenue (12.13) mis sing npunu-
MaeT CIeLYIOIIUi BUI:

o = OOl +8

rne B — 0wuy— 0npu At — 0.
Obpammasice k dopmysam (12.14) u (12.15) u ucnonb3ys npu
 # 0 TOKIECTBO

Y _ sin @
l sing [

(HpI/I ¢ = 0 oTHOIIEHNE % paBHO Hymo), MIOJIy YUM

e _ e [IMO"®+8 (12.16)
l sing PP +p

rae B u p crpemsarcs K myio mpu At — 0. Tak kak ¢ — 0 npu At —
— 0, T0 ﬁ — 1 npu At — 0. IlosTomy u3 coornomenus (12.16)

cremyert, ato ipu At — 0, T. e. mpu M — P, mpenen % CylIeCcTByeT
|[r' @®)r" O
| ()[?
Wrak, mpu ycIoBUsIX yTBEpXKIEHUSI KPUBU3HA k1 CYIIECTBYeT W
MOXKeT ObITH HaligeHa 1mo gpopmyJie

U paBeH . YTBep:KAeHne T0Ka3aHO.

_rer ol
ki = 12—~~~ 0 12.17
! P (12.17)

Sameuanue. Ecau B KagecTBe mapamMerpa Ha KPUBOit BI)I6,PEL—
Ha gimuaa gyru [, tak aro » = r(l), o |r'(I)| = 1 u Bexrop 7" (1)
oproronasen sexTopy (1) 1) . B srom ciayuae, ouesnno, hopmya
(12.17) npumer crepyromuii By

k= 7" (D). (12.18)

VEcim pauma gyru seasercs mapamerpoM, To u3  (opmyant Al =
1+Al
= [ |r'(r)|dr B cuny npomssonsroctu | u Al cneayer, uro |r'(l)] = 1 B
{

moGoit Touke kpusoil. Jduddepenmupys coornomenue r'2(l) = 1, momyumm

27" (1)r"" (1) = 0, 1. e. BexTop '’ (I) oproronamen sexropy ' (I).
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5. Kpyuyenune kpusoii. Ilycrs P — npousBosbHas (HBUKCHPO-
BaHHAs TOYKA PEryJisipHoit KpuBoii L 6e3 ocobbix Touek u M — Tou-
Ka 9To#t KpuBoii, orinyaHasg ot P. O003HAYNM Yepes3 ¢ yroa MexIy
COIPUKACAIOMMMUCS ILJIOCKOCTIMKU B Toukax P u M, a uepes [ —
qumny ayru PM.

Abcorommuvm xpywenuem |ko| kpusoit L B Touke P
HasbIBaeTCs npejes orHorenust @/l npu [ — 0 (1. e. uipu M — P).

CrpaBeiJInBO CJIEYIOIIEE YMEEPHCIEHUE.

Pezyaspnas (mpuotcow dugpdepernyupyeman) kpusas L 6es oco-
Ovx mouek umeem 8 KaHcAOU Mmouke, 20e KPUGUIHA OMAUYHG OM
HYAA, onpedesennoe abCOMOMHOE KPYIeHUE.

[epeitmem K 10Ka3aTENBCTBY TOIO YTBEPIKIEHUSI.

IIycts Toukn P u M kpusoit L orBedaloT COOTBETCTBEHHO 3Ha-
yernaMm t u £+ At napamerpa. Hopmanm K cOMpUKaCaONUMCs TLI0C-
koctam B P u M ompenenstorca sextopavu [r'r”|p u [r'r!]y !
ITo dhopmyae Teitnopa ¢ yuerom pasercrsa [r'r"] = 0 nosydnm

['r" Iy = [P'r"]p + ([r'r"]) pAt + aAt =
= [r'r"]p + [r'r"|pAt + aAt, (12.19)
roe a — 0 mpu At — 0.

Hnst Beraucienns npegena @/l npu | — 0 HamM 1mOHAIOOUTCS
3HAYEHNE CUHYCA YTJIa (0 MEXKJY HOPMAaJSMU K CONPUKACAIOIINMCS
rtockocTsaM B Toukax P u M. Jlnsa 970l nesin HaiigeM MOIy/Ib BeK-
topuoro npoussenenus [r'r"]p u [r'r"])y v nponssenenune momy.eit
stux BekTopos. C momomipio (12.19) momyuwm

[n o2 ar] = [ (12" + 5"} + @D
Orciofa, UCrnob3ys PacpeieUTeLHOE CBONCTBO BEKTOPHOTO MTPO-
u3Bejlenust 1 u3BecTHyto dopmyay [albe]] = blac)—c(ab) nus nBoii-
HOTO BEKTOPHOTO TIPOU3BE/ICHNs, Hall1em

[[r/ ”]p[’l’, ”]M] _ ’I’P(’l"l’l"”’l"”l)pAt +ﬂAt,
rae B = [[r'r"]pa], n nosromy B — 0 npu At — 0. VI3 mocnenuero
Beipazkerus 1ist [[r'r"]p[r'r"] )] nomywaem caenyromyro dopmyy:
([ ]plr'r"Iu]l = Irpll(r'r"r™) p| AL + AL, (12.20)

rne v — 0 mpu At — 0.
[Tyrem aHATOTHYHBIX PACCYKICHNUIT TTIOIYIAeTCS TAKKe CIEIYI0-

mag dpopmysia;
7" p| - " |ar]] = [r'r II] + pAt, (12.21)
e p — 0 mpu At — 0.

') Bripawenus [r'r"]p u [r'r"]y o3mawaor, ¥T0 BeKTOpHOE MpPOM3BEIEHUE

[r'7"] BbrumMCcaeno B Toukax P u M cooTBeTCTBEHHO.
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U3 dopmyn (12.20) u (12.21) mosydaem HY:KHOE HAM BBIPAZKe-
HUe 14 Sin @:
(r'[- 1" r™) | + y) At

[r'r"]2 + pAt
OtrmMeTnM, 9T0 B 9TOM BBIPAYKEHUY 3HAYECHUS [IPOU3BOJHBIX BEKTOD-
HO¥t DyHKIWN () BHIYUCIEHB! B TOYKe P.

O6parmasics K Beipazkenuto (12.14) mis [, uCmonb3ysi TOJIHKO 9TO

MOJIyYe€HHY O (DOPMYJTY LISt Sin (0 U U3BECTHBIN MTPEJIEST ch — 1 mpm

sing =

i — 0, MBI yOegumcst, 9TO Tpeses 7 npu [ — 0 cyiiecTByeT u paBeH
|(r/r//r///)|
[,,,/,,,//]2
Urak, B ycI0BUSX yTBEpXKIeHus abCOMIOTHOE Kpydenue |ka| cy-

IIIECTBYET U MOXKET OBITH Haﬁ;[eHo o dopmye
I II III)l

- 12.22
|ka| = [r TF ( )

Omnpenenmnm xpywenue ko KpI/IBoﬁ ¢ TIOMOIIBIO PABEHCTBA,
ky = + 07T (12.23)

[ ! //]2
Hokazxkem, 910 xpyuenue ko He 3asucum om 6u60pa NAPAMEMPUIG-
YUY KPUBOT U NOIMOMY ABAAECMCA ONPEJeAEHHOT 260MEMPUYECKOT
Tapaxmepucmuroti dannoti xKpueot 1.

[Tepeiinem kK Apyroit mapaMeTpu3anuu KPUBOH MPU MTOMOIIY TTa-
pameTrpa T.

Ob6o3nauast nuddepeHIupoBanre 1Mo napamMeTpy 7 TOYKOM, mMo-
JIYIUM TI0 TpaButy auddepeHIupoBanmsi CI0XKHOM (DYHKIUK CJie-
nytorye (OPMYJIbL:

r =1,
no_ e g2 . .
r=r7 + {qﬂeHm, JINHENHO BBIPAZKAIOIINEC Yepes r},

e 3 . .
r" = 77" 4+ {wiensl, quneiino BbIpakatomuecs yepes © u i .

W3 stux hopMys BHITEKAIOT COOTHOIIEHMST
...\ 4B 6
(r/rllrlll) — (7’7’7’)7-’ , [ ! Il]2 [ ] ! .
Taxkum obpaszom,
k _ (’I"/’I’”’I’/”) _ (’l"’l"l‘)
2 [7,/7,//]2 ['r'r] 2
Mu1 ybeauauch, 9ro ko He 3aBHCAT OT BLIOOpa IapaMeTpU3aIin
y ) p p p
KPUBOHA.

1) AGcomornas Bemmunma |k2| onpeenena reomerprecki. [109TOMy OT mapa-
1o
(r'r" ")

METPpHU3allU MOXKET 3aBUCETH JIUIIb 3HAK BbIPDAXKECHUA —[ 7 ,,]2
rr
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6. ®opmysbl Ppene. HarypanbHble ypaBHEHUSA KPUBOIA.
B 1. 3 sroro maparpada Mbl BBETM TOHSITHSI HOPMAJIA ¥ OWHOpMa-
JIM KPUBO. DTU TPsIMbIE BMECTE C KaCATEJThHON SIBJISIIOTCS pebpa-
MU TPEXTPAHHOTO yIJia, HA3bIBAEMOTO €CTECTBEHHBIM TP €X-
TPAaHHUKOM. HyCTb mapamerpom [ Ha KpuBoil L sBisieTcs mjiv-
na ayru. Torga r'(l) = t— exunuaneiil BekTOp Kacarenbuoit K L.
Bribepem emuHuYHBIN BEKTOP 70 IVIABHOW HOPMAJU KOJLJIMHEAPHBIM

sektopy 7"(I) 1), a B KavecTBe eUHWYHOrO BEKTOpA GHHOPMAIM
BO3HMEM BEKTOD

b = [tn]. (12.24)
Taxum obpazom, BekTophl t, n, b 006pa3yT TpaByw TPOHKY, T. €.
(tnb) > 0. Bekropsl ¢, n u b sBasoTCSH d)yHKuHﬂMI/I JUIMHBL Ty-

ru. Haiinem pazmoxemnns TPOU3BO/IHBIX t, n b oTuX QYHKIINHA 110
BekTopam ¢, n u b. Tak kak t = r/(I), To Y= "(1). TIosTomy Bex-

Top t' KonuHeapen mn:

t' =an.
Cormacro 3amedanuto 1. 4 sroro naparpaba o = k; (a = || =
= |r"(l)| = k1), n nosTomy

t' =kn. (12.25)

Obpatumcs Terepsb K BeKTOpy b. Tak Kak 9TOT BEKTOD €INHUIHBIIN,
To BekTop b oproromanen b. Jlokaskem, 4ro BeKTOp b’ oproroma-
aen takxke u t. duddepennupys roxaecrso (bt) = 0, nomydum

(b't) + (bt') = 0. Tax xak, cormacuo (12.25), (bt') = ki(bn) =
=0, To (b't) = 0, a 310 U o3HAuaeT, uTo BeKTOP b’ OpTOTOHANEH t.
113 mpOBeIeHHBIX PACCY KICHHUH BBITEKAeT, 9To BeKTop b’ KosamHe-
apeH n, T. e

= fn. (12.26)

Jokaxewm, ato f = —ky. IlycTh ¢ — yroa MexIy COmpuKacaio-
MAMUCS TJIOCKOCTAME KPUBOM B TOYKAX, OTBEYAIOMINX 3HATECHUSIM
napamerpa | u | + Al. Ouesumgno, yroa mexay sekropamu b(l) u
b(l 4 Al) Takke paBeH @, TIOCKOJIBKY BEKTOD b OpTOPOHaJIeH conpu-

Kacatomeiica mrockocTu. [loaTomy, yuuTsiBasg, 4TO hm Kl = ko,
TTOJTY YAM
I I+ Al ({1 .
)= li M‘ hm‘i‘=|k2|.
Al—)O Al—0l Al
Caeoatenbho, Tak kax || = |b'|, cnpasepnuso coornomenwue || =

|ko|. Tycrs BekTopel b’ 1 m onunakoBo Hanpas/enst. 13 hopmyibl

1) Cormacuo 3ameuanuo 11. 4 910ro maparpada BEeKTOp 7'’ (I) opToronasien Bex-
TOpY t M JIEKUT B COIIPUKACAIONIENCH IIJIOCKOCTH KPHUBOMU.
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(12.26) cnenyer, uro B 3Tom ciayuae B = |b/|, T e. || > 0. SIcno, uro
B srom cayugae Bektoper 7/(1), r”(l) wm r"(l) obpasyror
TPOMKY IIPOTUBOIIOJIOXK-

HOT'O CMBICJIA TI0 OTHOTIIIE- b < Conpuxacarowyasncs
HUIO K Tpoiike t, m, b b maockocmy

(puc. 12.8), m mosTomy t=r'(l)
(r'r'"r") < 0, 1. e ko <

< 0. Tak xax f > 0

W 1B = Ikl 10 B = o
= —ko. B cnyuae, xor-
na BexkTopsl b’ u m mpo-
TUBOIOJIOKHO HaIpaBJIe-

ITogopom 6uHOpMasu
npu gospacmaruu l

Boapacmanue 1

ITogopom 2naenotl
HOPMAAU NPU 603~

HBI, PAaCCyXJasd aHaJ0- pacmanuy |
TUYHO, JIEFKO yOeIUuThCH, Puc. 12.8
gro 5 < 0,a ky > 0. Tax
Kak || = |ka|, To u B 9TOM Cityuae f = —ko. B ciyuae, eciu =0,
paBencTBo 3 = —ko oueBuaHO. MTaK, Mbl JOKA3aIH, YTO
B = —ks. (12.27)

U3 dbopmyan (12.26) u (12.27) BEITEKAET HYZKHOE HAM BbIDAXKEHIE
s b
b = —kon. (12.28)
Haiinem Teneps Beipazkenne gjg n'. Mcnonbsys npasuino audde-
DEHIMPOBaHUs BEKTOPHOro mnpoussenenus u dopmyss (12.25) u
(12.28), momyuwnm

n' = [bt] = [b't] + [bt'] = —ko[nt] + ki[bn] = —kit + kob.

O6beuusst B oxny Tabuuiy dopmyssr (12.25), (12.28) u Tonbko
9TO HalIEHHOE BbIpazKeHue 1yis i, mostyanm cieyronme hopMysl,
HaspiBaeMbie bopmysamu ®Ppemnel):

t, = ]ﬁn,
n = —kqit + kob, (12.29)
bl = —kgn.

Qopmynasr PpeHe HAZBIBAIOT TaKyKe OCHOBHBIMU (OPMYyJIaMu
TEOPUU KPUBBIX.

N3 dpopmyn @pene ciaemyer, 9T0 €C/iv U3BECTHBI KPUBU3HA ki U
Kpyuenue ko KpuBoit L, ToO MOTYT OBITH HaliIEHBI TPOU3BOIHBIE BEK-
TopHbIX dyHKIWHA ¢, n u b (T. e. cKOpocTH M3MeHeHUsT ITUX (DYHK-
i), DT0, eCTeCTBEHHO, HABOJUT HA MBICJIL O TOM, YTO KPUBU3HA U
KpYU€eHHUE ONPeesisatoT KPUBYIO L, 94T0 MefiCTBUTEIEHO UMEET MECTO.
Uwmenno, cnipaBeainBo CaeayioIiee yTBEPKICHTE.

1) 2Kau ®pene — dppanuysckuii maremaruk (1801-1880).
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ITyemo ki (1) u ko (1) — mobuie duddeperyupyemvie Pyrryuu, npu-
wem ki(1) > 0. Tozda cywecmsyem eduncmeennas ¢ mouHOCMb10 00
NOAOAHCERUA 6 npocmpancmee kpusas, oas xomopot ki(l) u ko(l)
ABAAIOMCA COOMBEMCMBEHHO KPUSUIHOT U KPYUEHUEM.

Mgl He OyaeM J10Ka3biBaTh 9TO yTBep:KaeHne. OTMETHM JIHIIIb,
9YTO JIOKA3aTEIHLCTBO OCHOBBIBAETCS Ha TEOPEMe CYIIeCTBOBAHUS W
€IMHCTBEHHOCTH PEeIeHusI CHUCTEeMbI OOBIKHOBEHHBIX maudhepeHiin-
AJIbHBIX yPaBHEHUN.

Tax kak, coriacao chOPMYJIUPOBAHHOMY YTBEPKICHUIO, KPHU-
susHa k1 (l) u kpyuenne kg(l) HOTHOCTBHIO ONMPEAENSIIOT KPUBYIO, TO
CUCTEMy ypaBHeHUM

ki =ki(l), ko =kal)

OOBIYHO HA3BIBAIOT HATYPAaAbHBI MU (GHYMPEHHUMY) Y D & B-
HEHUAdMU KPUBOH.

§ 3. HekoTophie cBesieHUs U3 TEOPUU MTOBEPXHOCTEMN

B r1. 5 MBI TIOBHAKOMUIUCH C PSAOM BaXKHBIX CBEJEHUEN O IMO-
BEPXHOCTSIX: HAM¥ OBbLJIO BBEJEHO IMOHSITHE MMOBEPXHOCTHU, MOHATUE
PEeTyIApHON ¥ TJIaJKON TOBEPXHOCTH 0e3 0COOBIX TOUYEK, TOHATHS
KacaTeTbHON TIOCKOCTH W HOPMAJIH K TTOBEPXHOCTH.

B srom maparpade Mbl yKazkeMm elne psj BayKHBIX CBOMCTB pe-
TYJISIPHBIX TIOBEPXHOCTEH.

1. llepBasi kBaaparuyHas ¢opma noBepxHoctu. V3me-
penuns Ha nmoBepxHOCTHU. [lycTs ® — perysspHasi TOBEpXHOCTH 6e3
0COo0BIX TOUEK, (U, V) — pajuyCc-BeKTOP 3T0# nosepxHocTu. Kax us-
BECTHO, B 9TOM Ciiydae [r,7y] # 0.

ITepsoit kBagparuanoit dhopmoit I moBepxmocTn ® HazwpIBaETCA
BBIpaKEHMe

I = dr. (12.30)

HaumenoBanue «kBajgparudnas (popMay CBsI3aHO C T€M, UTO BbI-
paskeHue

I=dr?= (rydu+r,dv)? =72 du® + 2r,r, dudv + 2 dv?

npejcTaBiaser coboii xeadpamuunyo gopmy om Juddepenyuanos
du u dv.

Ilepsaa keadpamusnas opma ABAAECMNCA NOAONHCUMEALHO ONPe-
deaennoli Popmoti: oHa obpaIaeTcs B HyJIb TOJILKO IpHu du = dv =
= 0, a ay1g ocTasbHbIX 3Ha4YeHUil du u dv nonoxurenbua. eficTBu-
respHO, ecmu dr? = 0, 1o dr = v, du + r, dv = 0. [TosTomy, eciiu
du n dv omHOBpEeMEHHO He O0OpaITaloTCsd B HyJb, TO W3 PABEHCTBA
ry du+ 1y dv = 0 ciegyer, 910 Ty U Ty KOJIUHEADHDI, T. €. [Py Ty] =
= 0, a 9T0r0 He MOXKeT OBITh, TaK KaK IO YCJIOBUIO [ryTy] # 0.
s k03 punreHToB mepBoit KBaAPATUIHON (DOPMBI UCIIOIB3YOTCS
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obo3HaYeHN
r’=FE, ru,=F r=0G. (12.31)

u v

C nomormpio s1ux o6o3nadeHnit Beipaxkenue (12.30) st neppoii KBa-
IpaTUYHOM (DOPMBI MOXKET OBIThH 3aMUCAHO B CIEAYIONIEM BUJIE:

I=dr? = Edu®+2F dudv + G dv*. (12.32)

Urak, na peeyasproti noseprnocmu @, onpedessemoti paduycom-
sexmopom T = r(u, v), onpedeaena nepsas keadpamuunai Gopma 1
nocpedcmeom coomuowernus (12.32). Tlpu srom KodhduUIHEHTHI

ykazauHoit GopMbl MOTYT ObITH Bhraucierbl no gopmyaam (12.31).
C' nomowvto nepsoti K6adpamuunoti GopmovL MONCHO NPOBOAUMD
UBMEPEHUA HA NOBEPTHOCTNU: GUMUCAAND OAUHDL OY2 AUNHUT U Y2abl
MeAHCOY AUHUAMU, USMEDAMD NAOUWAIYU 0b6Aacmed.
IIycts L — perynspras aunng Ha moBepxHoctr P, ompemesse-

Masl MapaMeTPHYeCKUME yPABHEHHSME )
u=u(t), v=uv(t), to<t<t, (12.33)

npudeM u(t) u v(t) — nuddepernupyembie GYHKIUU ¢ HETPEPHIB-
HBIMU [TPOU3BOJIHBIMU.

UsBectro, uro jymHa | ayru KpuBoi L, onpejensemoii pajuy-
com-BekTopom r = 7(u(t), v(t)), Mmoxker ObITH HaiigeHa 110 hopMyJIe

I = ff|r'(t)| dt (12.34)

(cm. dopmyay (11.21) BeIm. 1).
Tak xax |r'(t)| dt = r'(u(t), v(t)) dt = |dr(u, v)|, To u3 bopmy-
abl (12.34) nosyvaem

t1
l=[|r'|dt= [|dr(u,v)|=[VdrZ=[VI (12.35)
to L L L
(nocnepnune Tpu mnaTerpasna B (12.35) npencrasnsior coboii KpuBoO-

JINHEHbIe MHTErpaJibl MepBoro poja). Mrak, 3uas mepByto KBaJpa-
TUYHYIO (POPMY, MOKHO BBIYUCIISITE € TTIOMOIIBI0 (12.35) muHbL.

1) SIcno, uro 3amanue uw u v B Bume dynkuuii (12.33) HekoTOpOro mapamer-
pa t ompeesisier Ha IIOBEPXHOCTH KPUBYIO, 33/1aBa€MyI0 BEKTOPHON (yHKIHe
r(u(t), v(t)). Bonpoc o Towm, mobast am raankas guaus L #Ha nosepxHoctu P
MOKeT OBITh 33/IaHa TAapPaMETPUIECKUMY ypaBHeHuamMu B (12.33), penraercs
YTBEPAUTENHHO, HAIIPUMED, cireayromum obpasom. Ilycrs z(t), y(t), z(t) —mapa-
merpudeckre ypasuerus L. Torga u u v xak dynknum napamerpa ¢ MOryT ObITH
omnpeziesiensl u3 ypasaennii z(t) = z(u, v), y(%,) = y(u, v), 2(t) = z(u, v). Pe-
menue Buzna (12.33) rapantupyercs yciaoBueM [r,7,] # 0, u3 KOTOpOro ciremyer:
Ty Lo

. # 0. ITocsieiuee ycioBue rapaHTUpPyeT Pa3pemnMoCcThb
cucremsl z(t) = z(u, v), y(¢t) = y(u, v) oTHOCUTEIBHO U U V.

HAIIpUMED, 9TO
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[Mepeiigem Temepb K M3MEPEHUSAM yTJIOB HA TMOBEPXHOCTH.

IMycrs mosepxuocTh P 3aj1aHa MOCPEACTBOM BEKTOPHON (DYyHK-
wu r = r(u, v).

Hanpasmenue du : dv Ha nosepxuoctu ® B ee Touke P
ompeAesaeTcs Kak HallpaBaeHne BeKTopa dr = rydu + r,dv B 9T0it

Touke ).

Paccmorpum B Touke P maBa Hampasaerusa du @ dv u du @ dv. YTou
© MEXKJy 9THUMU HAIPaBIEHUSIMU OIPEJIeIsdeTcs M0 U3BeCTHON u3
AHATUTHIECKON reoMeTpuu (hOpMyJie Jjisi KOCHHYCa YIJIa (0 MEKIy
BekTOpaMu dr = r,du + r,dv u ér = rydu + ryov:

_ (dr-dr)
SO Jamvore

U3 sroii hopmysibl, yaursias coorroinenns (12.31), nomyuaem st
COS (o CJIeJIyIONIee BhIPaKEHME:

Edudu+ F(dudv + dvdu) + Gdvdv
VEdu? +2F dudv + G dvivVE du? + 2F dudv + G ov?

Vron mexay kpuBbimu L1 u Lo Ha noBepxHocTu P, mepecexaroniu-
MUCS B TOYKe P, ompeensercs Kak yroa MeXKIy HampaBIeHUIMA
KacaTeabHbIX K L1 u Lo B Touke P. OTMETHM, 9TO €Civ KPUBas HA
TTOBEPXHOCTH OTPENesIeTcs TapaMeTPUIeCKUMU YPABHEHUSIMA U =
= u(t), v = v(t), o nanpasienune du : dv B TOYKe ITOH KPUBO
OTIPEJIETSIETCS BEKTOPOM

cosp =

(12.36)

dr = rydu + rydv = (r,u’ + ry0')dt.

Utak, 3nas mepBy0 KBaAPATUIHYIO POPMY, MOXKHO C TTOMOIIIHIO
(12.36) BBIUUCIATE yIVIBI MEXK/Iy HAIIPABJICHUSIME HA TIOBEPXHOCTH.

Bompoc 06 n3mepennn miommaaeit obacTeil Ha MOBEpXHOCTH OBLIT
MoIpOOHO PACCMOTPEH HAMU B TJI. J.

Hamomuwnm, aTo ecu obstacts 11 Ha moBepxHOCTH ONpeeisaeTcsa
TTOCPEICTBOM 33/IaHUs TTapaMeTpoB u U v B obiacTu ) X m3MeHe-
HUSA, TO TWIOMAAEL o obactu I MoxkeT OBITH BhIUncIeHa 10 hOopMyIe

o= [[VEG— F?dudv.
0

(cm. dopmyay (5.18)).

Taxwum 0bpazom, 3HAsT MEPBYIO KBAAPATHIHYIO (POPMY, MOKHO
U3MEPSATH MJIOMIAAN 0bJIacTell Ha TTOBEPXHOCTH.

Bce daxThl, KOTOpBIE MOTYT OBITH MTOJIY9EHBI IIyTEM U3MEPEHMIA
Ha, TIOBEPXHOCTH C MTOMOIIBIO0 MEPBON KBAAPATHIHON (POPMBI OTHO-
CATCs K TaK HA3BIBAEMOH 6HYymMpenHetl 2eomempuu noseprrocmed.

JlBe pa3udHbIe TOBEPXHOCTH MOT'YT UMETh OIHY U TY YK€ BHYT-
peHHO0 reomerputo. [Ipocreiimm npuMepoM TaKuX MOBEPXHOCTEH

1) OueBnamO, 3TOT BEKTOP PACIONONKEH B KACATEIbHOI ILJIOCKOCTH B TOUKe P.
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MOXKET CJIYKUTh IJIOCKOCTH U MapabomaecKuil UInHAp. 3aMeTuM,
YTO TIOBEPXHOCTH, UMEOIINE OJIMHAKOBYIO BHY TPEHHIOI I€OMETPHUIO,
HA3BIBAIOTC U3OMEMPULHHLMU.

2. Bropag kBajiparudHasi opma noBepxHocTu. [Iycts ¢ —
perysipHas MOBEpXHOCTD, ONpee/sieMast PAInyCOM-BEKTOPOM T =
= r(u, v), an(u, v) —eIUHAYHBI BEKTOP HOPMAJN K ITOM MOBEPX-
HOCTH, OTIPEIeSISIEMBIH COOTHOIIIEHUEM

_ drer] _ [rem]
n= = e ). (12.37)
Bropoit kBagparuunoit popmoit 11 moBepxHOCTH HABBIBAETCS BbI-
pazkenwve
II = —drdn. (12.38)
Tak xax dr -m =0 2), 10 d(dr -n) =0, 1. e. d®r-n=—drdn, n

MO3TOMY BTOpasi KBajparudHas (popMa MOXKET OBITh TaK¥XKe OIpe-
JleJIeHa, C TIOMOIIIBIO COOTHOIIEHU S

II = d?r - n. (12.39)

HockombKy d?r = 7y du® + 27y, dudv + 74, dv?, 10, cormacHo
(12.39), Bropasi (hopma MOZKET ObITh 3AIUCAHA CJIEYFOIIUM 00PA30M:

II = (ryun) du? + 2(ryyn) dudv + (ryyn) dv. (12.40)
st kKoabpurmeHToB BTOPOit (hOPMBI UCIOIB3YIOTCsT 0003HATEHMST
ryn ==L, ryun=M r,n=N. (12.41)

O6parmasice K Bbipaxkeruto (12.37) mas m, MOIYYUM C MOMOIIBIO
(12.41) caenyrormue dhopmysibl ajis K03 dUIneHToB Bropoit hopmbi:

L — ruururv , M — ruvrurv , L — rvvrurv A (12'42)
VvVEG — F? VvVEG — F? VvVEG — F?

3. Krnaccudukanusa ToOUYeK peryJjasgpHOil ITOBEPXHOCTH.
Uccrenyem Bompoc 06 OTKJIOHEHWH TOBEPXHOCTH OT KaCATEJTbHOHN
ILTOCKOCTH B JJAHHOU TOYKE.

[Iycrs ® — perynsipras (aBazxapt auddeperimpyeMast) moBepx-
HOCTh, T = 7(u, v) — onpejendamuii ee paguyc-sekTop, n(u, v) —
eluHUYHBI BeKTOp HOpMasu, P(u, v) — dukcuposanHas TOYKaA

MOBEPXHOCTH, M p — BeKTOP N(u, v) B Touke P 3), M — Touxa mo-
BEPXHOCTH, OTBEYAIOIIAA 3HAYCHUAM IapaMeTpos u + Au, v + Av
(puc. 12.9).

D) Tak xak |[ror]| = /7272 — (ru70)2, 10, cormacuo dbopmymam (12.31),
[rurs]| = VEG — F2.

2) Bektop dr TeXHUT B KACATEJIBHON ILIOCKOCTH K HOBEPXHOCTH K IIOSTOMY
dr-n=0.

3)B pmasnbHeiimenm HiKHMI nHIEKC P BexTOpa GyIer 03HAYATH, YTO BEKTOD
6epercd B Touke P.
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[Iyctes N — ocHOBaHMe TEPHEHIUKYIIPA, OMyIIieHHoro u3 M Ha
KacaTeJbHYI0 MJIOCKOCTh T B Touke P, h— Besndanna, abCOTOTHOE
3HaUEHNEe KOTOPOi paBHO paccrosituto oT M mo . [lpu 3rom 3Hak h
TTOJIOYKUTEJIEH, €CTH HAITPABJIEHUT BEKTO-
poB NM u mp cOBIajaiT, U OTPUIIATE-
JIEH B IIPOTHUBOIOIOKHOM ciaydae. Oue-
BUIHO,

h=Ar-np, (12.43)
rae Ar = r(u+ Au, v+ Av) —r(u, v) =
= PM. Tak Kak u um v — HE3aBUCUMBIE

Puc. 12.9 epeMeHHble, TO MOXKHO cunTaTh Ay =
= du, Av = dv, u nosromy, ucnonb3yst (opmyny Teiiopa (cM.
dbopmyny (12.4)), noayaum

Ar = (dr)p + %(dQT’)P +Ry. (12.44)

B srom coorHotenuu auddepeHiiuaibl BBIYACIEHBl B TOUKe P,

a Ry — BexTop, nmeromuii nopsaaok o(p?), tue p = v/ du? + dv?. U3
dopmyi (12.43) u (12.44) nosnyuaem s h ciepyroinee BbipaKeHue:

h = %dQ”'P'nP—FRQ ‘np. (12.45)

Tax kak d?rp - np npeacrapiser coboil BTOPYIO KBaIPATHIHYIO
dopmy 1lp, Beramcnennyio B Touke P, a Ronp = o(p?), 10 coorHo-
urerne (12.45) MoxkeT GbITH TEPENUCAHO CIIEIYIOMUM 06pa3oM:

h = %HP +o(p?). (12.46)

Obpamasice k dopmyse (12.46), MOXKHO CeaaTh TPEITOIOKE-
HHE, 9TO IVIaBHOE€ BJIMAHHNE Ha BeJII/IqI/IHy h OKa3bIBa€T II€PBOE CJla-

1
raemoe §H P, ¥ TI09TOMY MIPOCTPAHCTBEHHOE CTPOEHUE TIOBEPXHOCTH

BOJIM3U PETYJAPHON TOUYKHU OMPEIESIeTCS BTOPOM KBaJIPATUUHOMN
dopMoit B 9TOI TOUKE.

Cremytorme paccyKaeHUs TTOATBEPKIAIOT ITO MPETIONIOKEHTE.

1°. Bropas kBagparuunas dopma llp asasercsa suarxoonpede-
aennoti (LN — M? > 0).

B srom caydae 1) )

[IIp| > Ap°, A > 0.

Orcrona n u3 coornoutenusi (12.46) Beirekaer, 4ro Besmauua h co-
XpaHseT ONpeIeJEeHHBIN 3HAK I BCEX MOCTATOYHO MAJIBIX 3HAUE-

1) V6emuThes B CIIpaBeyIMBOCTY HEPABEHCTBA 1Ip| > Ap? MoxkHO, HATIPEMED,
cremyromam obpazom. Unmeen: |11p| = |L du® +2M dudv + N dv’| = |Lcos® a +
+ 2M cos asin a + N sin? a|p?, rae cosa = du/p, sina = dv/p. Tax xax 11p —
3HakoonpeenenHas hopma, To Boipazkenue | L cos® a+2M cos asin a+ N sin® o
uMeer TonoKuTeMbHE MurEMyM A, T. e. [IIp| > Ap®.
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HUI P, ¥ TIOSTOMY B OKPECTHOCTH TOYKH P MOBEPXHOCTH pacojiara-
€TCsI TI0 OJIHY CTOPOHY OT KaCaTeJbHOU IJIOCKOCTH Tp B 9TOM TOUKE
(puc. 12.10).

Touka P moBepxXHOCTU HA3LIBAETCA B 3TOM CIydae 3 JIJ U I T U-
4eCKOoi.

Cdepa, samumcons;, JIANTHYECKAN MapabOTIOn] — MPUMepPbI
MTOBEPXHOCTEH, KaXkK1ash TOUKA KOTOPBIX JLIUIMITUIECKASI.

2°. Bropas kBajgparuunas dpopma llp apasercs suarxonepemen-
noti (LN — M? < 0). B sToM ciyuae B Touke P Ha IOBEPXHOCTH
MOXKHO YKa3aTh JIBA TAKUX PA3JUIHBIX Ha-
npasjenust du : dv w du : dv, 94TO JIA
3HadeHuii auddepeHnuaaos nepeMeHHbIX
U U U, ONPEJETSIONNX STU HAIPABJIECHUS,
BrOopasa ¢opma obpalmaercd B HyJb, BCE %
JKe OCTaJbHBIE HATPABICHWS Pa3IeIAr0T- i
cs IByMsl YKAa3aHHBIMH Ha JBa KJIacCa.
s mudbdepentmanos du n dv, oTHOIIE- Puc. 12.10
are du : dv KOTOPBIX OIpeIe/saeT HAIIPaB-
JIeHWe TPpUHAJIeKAINee OJHOMY W3 STHX KJIaCCOB, BTOpas dopma
TTOJTOKUTETHHA, [T OTHOMIEHWH du @ dv, OTpeIeTIouX HaTTpaBJIe-
HUsI IPYTOTO KJIACCa, — OTpHUIaTe hHa. [109TOMY TOBEpXHOCTH BOJIH-
3 TOUYKM P pacrmosaraeTcs Mo pa3Hble CTOPOHBI OT KACATETLHOMN
JIOCKOCTH TTp B 310l Touke (puc. 12.11).

Touka P mOBEepXHOCTH HA3LIBAETCS B 9TOM CJiydae rumep b o-
JUYEeCKO.

Kazxmas Touka 0gHOMOIOCTHOTO THIEPOOIONIa U Tuiepbomde-
CKOTO0 TTapabosionia, SIBIAETCA TUTIEPOOTNIECKO.

3°. Bropas kBajgparuunas ¢dopma llp ssisiercs keasusnaro-
onpedenennoti (LN — M? = 0). B satom ciydae B Touke P Ha mo-
BEPXHOCTH MOYKHO YKa3aTh OJHO TaKOe HampasjieHue du : dv, 9To

Puc. 12.11 Puc. 12.12

st 3HadveHni auddepeHuansos du u dv, OIpeaesomyuX 9T0 Har
npagJjenue, Bropas ¢gopma obpamaerca B HyJab. s Bcex ocTasb-

HBIX 3HaueHni auddepennnanos sropas ¢popMa COXpaHsier 3HaK )
(puc. 12.12).

1) B sToM ciryuae Bropas dbopma MOxKeT GhITh IIPECTABICHA B BHIE KBAIPATA
HEKOTOpPO# juHeHHo# dopmer auddepennuanos du u dv.
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Touka P mOBEPXHOCTH HA3BIBAETCS B 3TOM cjydae map ab o-
JUYECKO M.

Kazxaast Touka MuMHIPUIECKOil TOBEPXHOCTH — TapabOUIeCKasl.

4°. Bropas kBagparudnasi (popma Ilp pasua Hymto B Touke P
(L=M = N =0). Touka P Ha3bIBaeTCs B 3TOM CIydae T O YK O i
ynaomenunsda. Ha puc. 12.13 uzso-
OparkeHa MOBEPXHOCTH C TOYKOW YILTO-
IIEHUS.

JIrobast TOYKa MJIOCKOCTH SIBJISIETCS
Toukoil ynsomieHus. [Ipumepom wu3o-
JINPOBAHHON TOYKM YILJIONIEHUS MO-
JKET CJYKUTh TOYKA C KOODJUHATA-

Puc. 12.13 mu (0, 0, 0) moBepxHOCTH, 3a/1aBAEMOI
yPaBHEHUEM 2 = ot + y4.

OTrMeTuM, 9T0 €M BCE TOUKHU MOBEPXHOCTH SIBJISTFOTCST TOUKAMU
VILIOMIEHHSI, TO MOBEPXHOCTH SIBJISIETCS TLIOCKOCTBIO.

4. KpuBu3Ha KpuBoii Ha MOBepXHOCTHU. IIycTh perysspras
moBepxHOCTh P 3ajaHa MOCPEICTBOM BEKTOPHONW QYHKINU T =
= r(u, v), n —eauHUYHLIA BeKTOp HOpMasan K P, L — peryasgpuas
kpuBas Ha @, umeromas B Touke P(u, v) Hanpasaenue du : dv.

Bribepem B kauecrBe mapamerpa Ha L jumHy [, TaK 9TO T =
= r(u(l), v(l)) = r(l) Buoas L. B n. 6
MPEIBIAYIIEr0 naparpa(ba MBI YCTaHO- M
Busn, 9To BekTop () Hampas/eHn no T
IJIaBHON HOpMaau my K KpuBoii L B
Touke P m Moaysb 9TOro BeKTOpa pa-

BeH KpuBu3He k KpuBoii L B Touke P.

[Tosromy -
r"'n = kcos ¢, (12.47) o
rge @ —yroja MexKJy IJIaBHOW HOp- -

MaJIbIo My, KPuBOit L 1 HOPMAJIBIO T4 K
nosepxuoctu (puc. 12.14). TTo npasury
nuddepeHIupoBanust CIOXKHON (DYHKITUN TMeeM

Puc. 12.14

" (1) = ryu? + 2ru'v' + v F e e’
Tak Kak BEKTOP T OPTOTOHAJIEH BEKTOPAM Ty U Ty, TO, TIOJCTABIISASL
naiinennoe soipazkenne v’ (1) B neyio wacrs (12.47) u yuwurbisas
dbopmysr (12.41), nomyaum

r'"'n = (ry,n)u? + 2(ry,n)u'v’ + (ry,n)v? =

= Lu? + 2Mu'v' + Nv'?. (12.48)

12 du 12 dv o
[Tockombky u' = =0V = 7 1 Ha KpuBoii L cripaBeiuBO paBeHCTBO

di?> = Edu® + 2F dudv + G dv?, To u3 (12.47) n (12.48) crenyer
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COOTHOIIIECHUE

b oS — Ldu® +2M dudv+ Ndv® _ 11 (12.49)
Y= Fde t2Fdudvt Gd? T '

[Tpasas wacrs (12.49) 3aBucut Tosbko OT oTHOIIEHHS du : dv, T. €.
TOJIBKO OT HampasjeHus du : dv. Ilostromy dasa ecex xpusvir L wa
noseprrocmu ©, nporodawux wepez mouky P 6 dannom nanpasie-
nuu du : dv, evipasicerue k cos @ pasro nexomopoti nocmosnHot ky:

k cos ¢ = ky, = const. (12.50)

B uwacrrocTH, eciu kpuBas L mpencraBisier coboit Tak HA3bIBAEMOe
HopMaJbHOe ceuenwue L, noBepxuoctu ¢ B HampaBIeHuUU
du : dv, T. e. TUHUIO TTepecevIeHns] MOBEPXHOCTH P C MI0CKOCTHIO,
MPOXOJISAIell Yepe3 HOpMaJib T U Hanpasjienue du : dv, 1o ¢ = 0,
cos p = 1, u nosromy hopmyma (12.50) npumver Buj

k= ky.

Taxum obpasom, BesnunHa k, TpeaCcTaBaseT coOON KPUBU3HY HOP-
MaJIbHOI'O CEYEHHs ITOBEPXHOCTU B HAIIPABICHUU du : dv M MOXKET
OBITH BBIYUC/IEHA 110 (DOPMYJIE

2 2
k, = Ldu” +2M dudv + N dv :E. (12'51)
Edu? + 2F dudv + G dv? I
Benwawuny k,, Ha3bIBalOT Tak»Ke HOPMAJBHONW KPUBU3HON juHuEN L.
Ormernm, uro pasercTso (12.60) BeipaykaerT cojepaHue meo-

pemve Menve 1) .

5. CnernuajbHble JIMHUU HA TIOBEPXHOCTH.

1°. Acumnroruveckue naunuu. Hanpasimenue du : dv
Ha peryssipHoii mosepxuoctn ® B Touke P Ha3bIBAETCA a C U M II-
TOTHYeCKHU M, eCJIH HOpMaJibHasi KPUBU3HA B 9TOM HAIIPABJICHIN
paBHA HYJIIO.

U3 coornomenus (12.51) cienyer, uro nampasiaenue du : dv 6y-
JIET AaCUMIITOTUYECKUM TOJIBKO TOT/IA, KO/l sl 9TOT0 HAIPABJICHMS
BBITIOJTHSIETCS YCTIOBHUE

Ldu® + 2M dudv + N dv* = 0. (12.52)

Tak kak BTOpag ¢dpopma o0paImaercs B HyJIb B THIIEPOOTAIECKAX
TOYKAX, MapabOIUIeCKuX TOUKAX W TOUKAX YILIOMIEHUS TTOBEPXHO-
CTH, TO TOJBKO B 3TUX TOYKAX UMEIOTCS ACHMIITOTHIECKIE HATPAB-
JIEHUsT: B TUMEPOOTHIECKON TOUYKE JBA ACUMITOTHIECKUX HATPAB-
JIEHUST, B TapabOTMIECKON TOUKE OHO ACUMIITOTHIECKOE HATTPABJIE-
HUEe, B TOUYKE YIJIOIIEHUS JIF000e HATPABJIEHUE SIBJISIETCS aCHMIITO-
THIECKUM.

1) Menbe — dppanmysckuii maremaruk (1754-1799).
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Beenem moHsTHE ACUMNMOMUYECKOT AUHUL.

AcuMnroruuyeckoil AUHHENH HA IOBEPXHOCTH HA3LIBA-
eTcsl KpHuBasl, HAMPABIEHUE KOTOPOW B KaXKJOW TOUYKE SIBJISIETCS
ACUMIITOTHIECKIAM.

Ecnu perynsipaasi moBEpXHOCTH COCTOUT W3 THIEPOOTHIECKUAX
TOYEK, TO OHA MOKPHITA JIBYMS CEMEHCTBAMY aCUMITOTUIECKUX JIU-
HUT.

Hanpumep, aBa cemeiicTBa TPSAMOJUHENHBIX OOPA3YIONIUX O-
HOTIOJIOCTHOTO TUTIEPOOJIONA SBISIOTCS ACUMITOTHYECKUMU JINHU-
SIMU.

Ecnu ma moBepxHOCTHM MMEIOTCA JIBA CEMENHCTBA aCHUMITOTHYE-
CKUX JIMHWII, TO UX MOYKHO BBIOpaTh, BOOOIIE TOBOPS, 33 KOODIH-
HaTHBIE JIMHUKA U U . B 3TOM CjIydae BJOJb JUHUU U, HAIIPUMED,
HE MEHSeTCs MapaMerTp v, ¥ T09TOMY Ha 3TOi JMHUK BTOpas dhopma
mveer Buj 11 = L du?. Tak Kak B aCHMITOTHYECKOM HAIPABICHUH
IT = 0 (cm. coornomenue (12.52)), To L = 0. AHAJOTHYHO MOXK-
"o ybeaurnesa, aro N = 0. Utax, ecau acumnmomuseckue AUHUY
NOBEPTHOCTNY ABAAIOMCA KOOPOUHAMHMU AUHUAMU, MO GMOPAA
Ppopma umeem sud

II = 2M du dv.

2°. 'naBubie HanpaBJgeHus. JIUHUM KPUBUIHBI.
13 dopmynsr (12.51) Bugro, uro HOpMasbHAs KPUBU3HA B JAHHOMN
TOYKE TIpeacTaBsier coboit pyHkmuio ot du n dv, ToO9HEee, OT OTHO-
mennst du/dv, T. e. or Hanpasienusa du : dv B JAHHON TOUKe.

DKCTpeMaTbHble 3HAYEHUST HOPMAILHONW KPWBW3HBI B JTAHHOM
TOYKE HA3BIBAIOTCS TJAABHBIMHU KPWUBU3HAMMU, & COOTBETCT-
BYIOIITFE HAMPABJICHAS — P'JIABHBIMU HAaTPaBIECHUIMH.

Ybenumcsi, 9T0 B JAHHON TOYKE PEryJIAPHOIl MOBEPXHOCTH BCE-
T/Ia WMEIOTCsI TVIABHbIE HATPABJICHNUS.

ITonaraa
d—u = COS ¥ d—v = sina
Vdu? + dov? T Vdu® ¥ d? ’

npeobpasyem Bbipaxkenue (12.51) anst ky K Bugy

ko — Lcos® a+ 2M cosasina + Nsin® a
n =

Ecos?a + 2F cosasina + Gsin? o

Taxum oOpazoMm, B JaHHON TOYKE HOpPMaJbHAasl KpWUBHU3HA kK, Mpe-
crapisier coboit muddepennupyemyo OYHKIIAIO apryMeHTa <, 3a-
nanHyo Ha cermente [0, 27| ¥ NPUHUMAOIILYIO OJMHAKOBbIE 3HAUE-
mug npu « = 0 u o = 27. IlosToOMy B HEKOTOPOIT BHYTPEHHEHN TOUKE <
9TOr0 CerMeHTa, k;,, WMeeT JIOKAJbHBIN IKCTpEeMyM. Y Ka3aHHOMY 3Ha-
YEHWI0 (¢ OTBEYAET Hampapsienue du : dv Ha TOBEPXHOCTH, KOTO-
poOe, eCTeCTBEHHO, SBJISETCsI TVIABHBIM. K/ BECTH OTCUET YTJIOB (v
OT 9TOTO IJIABHOI'O HAIMPABJIEHUS, TO, PACCYXKIAsi AHAJOTUIHO, MBI
ybenuMcst, 9TO MO KpaiiHell Mepe eme Jjis OJHOTO HAIPABJICHUS
du : dv mocTHTaeTCsS SKCTPEMYM HOPMAJIbHON KPUBUBHBI.
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Urak, 6 xaorcdoti mouke pe2ysapHoti noseprHoOCMY UMEEMCA NO
Menvuwelth mepe 084 PA3AUNHLLT 2AAEHULT HANPABAECHUS.

VKaxkeM criocod BeIUUCIEHUS IJIABHBIX KPUBU3H B JJAHHON TOUKE.
Cuwras ky, dyukimeii ot du u dv, mosyunm u3 coorrorrerus (12.51),
CJIEIYIOIIEE TOXKIECTBO OTHOCUTEIBHO du U dv

(L — kpE) du® + 2(M — kn,F) dudv + (N — k,G) dv? = 0.

Huddepernupyst 970 TOKAECTBO 1O du ¥ 10 dv U yIUTHIBAsI, UTO
OPOM3BOAHAA HOPMAJILHON KPUBHU3HBI IJIs IJIABHOIO HAIIPAB/ICHIS
paBHa HYJIIO, TOAYYuM st du v dv, OTIPEJIeAIONINX JII000e TIaBHOE
HaIpaBJ/IeHne, COOTHOIICHNUS

(L—kiE)du+ (M — k;F)dv =0,
(M — k;F)du+ (N — k;G) dv =0,
B KOTOPBIX k; — 3HAYEHWe IJIAaBHON KPUBU3HBI B HAIpaBaeHun du : dv.
Tak Kak B KaKJIOif TOYKE UMEIOTCS IVIABHBIE HAIIPABJIEHUsI, TO CHU-
crema (12.53) umeer orHOCuTENbHO du U dv HEHYJIEBbIE PEIICHUS.

CrenoBareibHO, JTOJI2KEH OBITH PAaBEH HYJIIO OMPEIETUTENb ITOMW CH-
CTEeMBI:

(12.53)

L—-kE M—kF
M—kF N-kG|

U3 ypasrenus (12.54) MoryT GbITh ONpejesieHbl TJIaBHbIE KPUBU3-
HBI kj, a 3aTeM u3 coorHomienuit (12.53) — riiaBHbIe HALIPABJICHUS.

Vpasuenne (12.54) apysiercss KBaIpaTHBIM YPABHEHUEM OTHOCH-
TEJbHO k;, BEIECTBEHHBIMUA KOPHSIMU KOTOPOTO SIBJISTIOTCS TJIABHBIE
KpuBH3HEL. [103TOMYy MOTYT TIPECTABUTHCS B CITydast:

1°. Ypasuenue (12.54) umeer jBa pasaudHbIX KOpHS k1 ¥ Ko.

2°. Kopuu k; ypasuenns (12.54) ogunakossl. Paccmorpum stu
CITy9Ian OTIETHHO.

1°. Vpasuenue (12.54) umeem dea pasauununx xopna: ki u ko,
k1 # ko. DTUM KOPHAM OTBEYAIOT JBA PA3TUIHBIX TJIABHBIX HATPAB-
JIeHUsT. YOeIUMCs, ITO €CAU HANPABAEHUA KOOPOUHAMHBL AUHUT U
u v 6 dannotl Mmouke coenadaom ¢ eAaGHbLMU, MO 6 IMOT Mmouke
F=0uM=0. Ommemum, vmo obpawerue F 6 nysv o3nauaem
OPMO20HANDHOCTND 2AAGBHHLL HAMPABACHUI.

Urtak, mycTsh HATPABIEHUSA KOOPIMHATHBIX JUHUH 4 U ¥ B TAHHOM
TOYKE COBMAIAIOT C TVIABHBIME HATPABIEHUSIMHU. DTO O3HATAET, UTO
manpasyenust du : 0, 0 : dv gBIATOTCA TIABHBIMU, W TIOITOMY U3
coorromenuii (12.53) BBITEKAIOT paBEHCTBA

L—ki =0, M—kF=0,
M—kF =0, N—kG=0.

Tax kak ki # ko, 10, ouesugro, M = 0, F' = 0. Ormerum, 9T0 npu
YKa3aHHOM BBIOOpDE KOOPAWHATHBIX JIMHUN TJIABHbIE KPUBU3HBI ki

(12.54)
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" kg MOTYT OBITH Hali/IEHBI U3 COOTHOIIEHMI

k=L .
E G

2°. Ypasnenue (12.54) umeem dea odunakoswr kopna: ky = kg =
= k. VY6edumca, umo 6 amom cayuae a10boe nanpasierue 8 dannot
mouke ABAAEMCA 2a08HuM. Ecau xoopdunammve aunuu 6 danHot
moukKe 0pmo20nasbHsl, mo 6 amoti mouke F' =0 u M = 0.

Mpr yKe oTMedasv, 9TO B KaxKI0f TOYKe MMEIOTCA 110 KpaifHeit
Mepe 084 PA3AUNHLT 2AG6HHLLT HANpasseHuA. B paccMarpuBaeMom
cilydae KaxKJIOMy W3 9TUX TVIABHBIX HAINPABJIEHUI OTBEYAET OJHO W
TOXKe 3HaveHue k TaBHo# KpuBU3HbL. Ho Torma momKHbl 00paTuTh-
cst B HyJsib Koo dunuents cucrembr (12.53), 1. e.

L—-kE=0, M—kF=0, N-—kG=0.

W3 51X paBeHCTB CIeAyeT, 9TO B TaHHON TOUKe KO3 PUITHEHTHI
BTOPOii (hpOpMBI MPOTOPIIMOHAIBLHBI KO3 DuUImeHTaM nepsoit ¢pop-
MBI

L=kE, M=FkF, N =kG.

[Moncrasnsig 9tu 3uavenust L, M u N B dopmyay (12.51), mbr y6e-
JIAMCST, 9TO B JAHHON TOYKE KPUBUIHBI HOPMATBHBIX CEUCHUH B JTIO-
6om Hampasaernn du @ dv OMWHAKOBBI W paBHbBI k. CiieoBaTebHO,
sroboe Hampassienune du : dv B JAHHON TOYKE ABJISI€TCS TJIABHBIM.

Ecnmn koopauHaTHBIE JUHUE B JAHHONW TOYKE OPTOTOHAJIBLHBI, TO
F =0, a rorna uz coornomenuss M —kF = 0 cnenyer, urou M = 0.

Urak, MbI MOXKEM CeTaTh CICAYIONNN BBIBOI: 6 KaxHcdoti moy-
Ke NOBEPTHOCU UMEIOMCA OPMOLOHAALHLE 2AGEHBE HANPABACHUSA.
Ecau nanpassenua woopounammuunr sunutl coénadaiom ¢ amumu
2AA6HBMU HANPABAEHUAMU, MO 6 smoti mouke F = 0u M = 0.

Beenem moHsTe TUHU YW KPWBWUS3HBL

Junueld Kpusu3mnov HE NOBEPTHOCTIU HA3BIBALMCA KPU-
804, HANPABAEHUE KOMOPOLT 6 KadHcIOl Mmouke ABAACMCH 2AGBHBIM.

Ha jit060it perysisipaoii MOBEPXHOCTH MMeEETCsi, BOOOIIE TOBOpS,
JIBA PA3IMYHBIX CEMENHCTBA JIMHUI KPUBU3HBI (BbIIIE Mbl YKA3bIBAJIH,
UTO B KAXKJI0¥ TOUKE UMEIOTCS [BA PA3JUUHBIX IVIABHBIX HAIPaBJIE-
HUA).

OrmMmeTnM, 9TO €M B KaUeCcTBe KOOPAWHATHBIX JUHUI BHIOPATH
JIMHUY KPWUBU3HBI, TO MEPBas u BTOpas (popMa MOBEPXHOCTH OYIYT
UMEeTh BUI:

I=Edu®+ G dv?,
I1 = Ldu? + Ndv?,

nockosbKy F'=0u M = 0.

3°. 'eomesmuyeckue nuauu. eomesmdeckKoir Jau-
Huei Ha IIOBEPXHOCTH HA3bIBACTCA KpHBagd, IVIaBHAad HOPMaJb B
KaK/I0# TOYKEe KOTOPO# COBIAIAET C HOPMAJIBIO K TOBEPXHOCTH.
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JIBe 100bIe TOYKU PEryJaspPHON MOTHOM TTOBEPXHOCTH MOYXKHO CO-
eJIMHATD Te0Ae3ndecKoil uaneii. Ecim 3Tu Toukn gocTaTodso 6/1m3-
KW, TO COEIUHSIONIAsI WX Te0le3ndecKasi Oyaer u Kpardairieii ju-
Hueit — jirobast Jpyrasi JUHUS Ha MOBEPXHOCTH, COSIUHSIONIAS ITH
TOYKH, OyZeT UMEeTH OOJBINYIO JJIUHY.

OTMeruM, 4TO JBHKEHHE TOYKH 110 ITOBEPXHOCTU Oe3 BO3eiicT-
BUd BHEIIHMX CHUJI IIPOUCXOOUT II0 PeO,ZLeSI/I‘IeCKOﬁ JIMHUN.

6. ®opmysna diinepa. Cpenrsisi U TaycCOBA KPUBU3HA MO-
BepxHoctu. Teopema l'aycca. IIycrs P — dukcupoBamHas TOUKa
peryasapuoit mosepxuoctu ®. Bymem cumTarh, 9TO KOOPAWHATHDLIE
JIMHUU U U U OPTOT'OHAJIbBHBI B ,Z[aHHOfI TOYKE W HalIPABJIEHUA ITUX
JINHIH] COBIIAAAIOT C IVIaBHBIMHK HaIIPaBJICHUAMU. B 1. 5 sroro na-
parpada Mbl YCTAHOBUJIM, 9TO MPU TAKOM BBIOOPE KOODPIUHATHBIX
JUHUN B rZLELHHOI‘/}I TOYKE BBIITOJIHAKOTCA COOTHOIIICHU A

F=0, M=0, L-kE=0, N-—kG=0.

C momorpo 31ux coorrornenuit opmysa (12.51) st Hopmasb-
HOM KPUBU3HBI k;, TIPUMET BH]I

b — kL E du® + k2 G dv®

n —

Edu? + G dv?
Ecnu nonmoxurs
cos p = ﬂ, singp = ﬂ, (12.55)
VE du? + G dv? VE du? + G dv?

TO, OYEBUJIHO, TOAYUUM CJIEIYIONIYyI0 (DOPMYJTY MJisT HOPMAILHOMN
KPUBU3HBL:

Ky, = ky cos? 0+ ko sin? ©. (12.56)

®opmyaa (12.56) nassiBaercs gopmyaot Idaepa. C OMOIIBIO 3TOM
dopMyJsIBl HOpMaJIbHAS KPUBU3HA k,, B HampaBaeHun du : dv MOXKeT
OBITH BBIYUC/IEHA Uepe3 IVIaBHbIe KPUBU3HBI k1 U ko.

Ouesnno, dopmysaa Jitnepa u dhopmyna (12.50) nator nonyio
MHMOPMAIUIO O pACIpee/IeHN KPUBU3H JIMHUN Ha, MOBEPXHOCTH.

SBameganue 1. Yroa @ B dopmyse Diijepa, 3HaAUEHNE KO-
TOPOro MOXKET ObITH HAMIEHO NPU 3aJaHHOM HaIpaB/eHuu du : dv
no dopmynam (12.55), npezgcrasssier coboii TOT yroJ, KOTOPbIH COC-
TaBJIgeT Hampasjenne du : dv ¢ HaIpaBIeHueM KOOPIUHATHON Jin-
HUW U.

Yrobbl yoeauTbess B 3T0M, Bbraucaum 1o dopmysie (12.36) ko-
CUHYC yIJIa MEXJy HampaBjienueMm du : dv u HampasiaerueM du : 0
muann u. Ilonaras B dopmyse (12.36) du = du, dv = 0, mony-

\/Edu
VEdu® + Gdv?’

COBIIAJIAET C BBIPAYKEHUEM JIJISI COS (0, ONPEJICJICHHBIM 10 [EePBOii 13
dbopmy (12.55).

UM JJId UCKOMOI'O KOCHHYCa BBIDA2KEHUE!: KOTOpOE

15 B. A. Nabun u 3. I'. Ilo3uak, gactsb 11
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B Teopuu moBepxHOCTEH MIUPOKO UCHIOJIB3YIOTCS TMOHATHS Cpeod-
Hetl U 2ayccosoli Kpueu3Hs, TTOBEPXHOCTUA B JAHHON TOUKE.
Cpedneti xpueusmnod H noseprrocmu Ha3ueaemecs noay-

1 o .
CYMMA, 5(11:1 + k) enasnoir kpususn. I'ayccosotd kpususnold K

NOBEPTHOCTNYU HA3BIBAEMCA npouseedenue kiky 2Aa6HBT KPUBUIH.

O6parmasice K ypasueruto (12.54) s riaBHbBIX KPUBU3H U UC-
MOJIb3ys CBOMCTBA KOPHEH KBaPATHOI'O yPaBHEHWs, MMOJIYUYUM CJie-
nyrormue dopmystetl aia H n K:

H = LE AP, (12.57)
2
K= % (12.58)

Bameuanue 2.3 seipakenus (12.58) st rayccoBoii Kpu-
BU3HBI CJIE/IyeT, 9TO ee 3HaK COBMAAET CO 3HAKOM JUCKPUMUHAHTA
LN — M? sropoit kBagparuanoit bopmsl (auckpumunant EG — F?
epBoit GOPMBI BCETA TIOJOKATEIEH, TaK KaK mepBas (popma moJI0-
KUTEJIHHO onpejesiertas). [loaromMy rayccoBa KpUBU3HA B JIIUIITH-
YeCKUX TOUKAX TOJOKUTENbHA, B TUTIEPOOTUIECKUX OTPHUIATETHHA
¥ paBHA HYJI0 B TTapabOJNIecKuX TOUKAX U TOTKAX YILIOMICHWUS.

Ha mepBoiit B3M/IsI] CO3maeTcs BIEYATIEHNE, UTO TAYCCOBA KPHU-
Bu3Ha K TOBEPXHOCTH MOXKeT OBITH HafijleHa JIWIIb B CIydae, KOT-
Jla U3BECTHBI MIEPBast U BTOPasi KBaIpATUIHbIE (POPMBbI TTIOBEPXHOCTH
(cm. bopmyay (12.58)).

Ha camom ke pesie, rayccoBa KpPUBU3HA MOYKET OBITH BbIpaXKe-
Ha, TOJIBLKO 4epe3 KoM UIIMEHTH! [IepBOil KBaApaTUIHONH (HOpMbI U
MMO3TOMY TPEJICTABAAET cOD0# O0OBLEKT BHYTPEHHEH INeOMeTPHH II0-
BEPXHOCTH. DTOT 3aMevaTe/bHbIN pe3ysabTar ObL1 yecTaHosaen Layc-

coM ') B MaTeMaTHUYECKO# IUTEPATYPE HASBIBACTCS «3HAMEHUMOT]
meopemoti Taycca». JlokaxkeMm 3Ty Teopemy.

Teopema I'aycca. [ayccosa xpususna K noseprrocmu moocem
b6vmb svipasicena wepes Kospduyuenmot nepsoti xeadpamuunoti gop-
MbL NOBEPTHOCTU U UL NPOU3BOOHDIE.

Hoxazareanbcrso. Obpamascs k dhopmyrne (12.58) s
rayccoBoit KpususHbl K 1 ucnosb3yst eipaxkenus (12.42) st koad-
GUIMEeHTOB BTOPOH KBaJIpATUUIHONW (DOPMBI, JErKo yOeauThCs, 9To
JI7IS TOKA3aTeIbCTBA TEOPEMBI JOCTATOYHO BBIPA3UTH depe3 KOod(d-
GUIMEeHTHI TIEPBOt KBAAPATUIHON (HOPMBI U UX MTPOU3BOIHBIE CJle-
JIyIOTIIee BhIPaXKeHMe:

A= (ruururv)<rvvrurv) - (ruvrurv)2-

1) K. @. Maycc — BeLiaOmuiics HeMENKIi MaTeMaTHK (1777-1855).
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D10 BBIpAKEHHE JIETKO Peobpasyercss K BULY 1)

TuuTov — 7'12“} TuuTy TuuTov 0 TuTy TuvTo
A= PuTlow FE F | —|ryruw E F
TyToyv F G TyTuy F G
(12.59)

Huddepernupys M0 ¢ 1 v BIPAXKEHUS

2 _ _ 2 _
r,=E, r2o,=F 1r,=0G,

[IOJIy YUM

1 1 1
PuuTu = =By, TuTy = Ey, TyTy = =Gy,

2 2 2

1 1 1
TuvTv = EGua TuuTo = Fy — EEU’ TPy = Fy — EGu

HuddepeHnupyst BRIPAKEHUE JJIST Ty Ty TI0 U, & BEIPAKEHUE Ty Ty
10 % ¥ BBIYUTAs MOJyUYeHHBIE PE3YJIbTAThI, HallemM

uv

2 1 1
TuuTov — Pyy = _EGuu + Fyp — EEvv-

[ToncraBnasa HalieHHOE BHIpAYKEHUE W BHIPAXKEHUS I CKAJISIPHBIX
npou3BeIeHnii TPOM3BOHBIX B IpaByto 4acThb (12.59), Mbl ybeaumcst
B CIIPABEIIUBOCTH TEOPEMHBI.

B zaksiouenve mpuBeneM BbIPaXKEHUE s TayCCOBOM KPUBU3-
wbl K depe3 k03 puiineHThl MEepBO KBaAPATUIHON (POPMBI U UX
MIPOU3BBOHBIE:

1

(3G + Fuv = 3Bw) 3Bu (Fu—35)

2
1 1
T (EG-F?) (F“ - EG“) E F B
%Gv F G
1 1

0 EEU EGU

- g E F

(EG — F?)? |2
%Gu F G

1) IIpu npeoGpasoBaHum UCIOMb3YETCs CIIEAYIONIEE TOKIECTBO:
aiax aiby aic
(a1bicr)(azbzes) = [biaz  biby  bica|.
ciaz ciby cier

15%



NPUJJTOXKEHUE

O BBIYMCJIEHUUN 3HAYEHUN ®YHKIINU
I1O ITPNBJIN2KEHHO 3AIAHHBIM
KO PUIINMEHTAM ®YPLE

1. 3as1a4a 0 CyMMUPOBAHUY TPUTOHOMETPUAUECKOTO PAIA
dypbe ¢ NPUBIMKEHHO 33J]aHHBIMU KO3d(ddunmeHTamn
®ypsoe. [Ipeanonoxum caadasa, aro dbyHkuus f(z) yaoBaerBops-
eT yCJIOBUSM, 00EeCTIETMBAIINM PABHOMEPHYIO CXOJIUMOCTDb €€ TPH-
ronomerpudeckoro paiaa @ypbe

o
42 .
?0 + E (ay cos kz + by sinkx) (I1.1)
k=1
Ha BceM cermenTe [—m, 7). IIpeamonoxum nanee, 4To BMECTO TOY-
HOTO 3HAYEHUs] TPUTOHOMETpUYECKuX Ko3pdurmenTos Pypbe ay
u by 3roit (DYHKIMM HAM W3BECTHBI JIUIIh MPUOIMKEHHBIE 3HAUE-
HUs ap 1 by ykazaHHbIX Ko unmenTos Pypwe. VIMeHHo 3T0T CTy-
Yail BEChbMa YacTO BCTPEYAETCH B MPUKJIAIHBIX 331a49aX.

Byaem cuurarh, 4TO OMIMOKY TPU 33/ 1aHUK TPUOINKEHHOTO 3HA~
YeHWs TPUTOHOMETpUYECKUX K03 duimerToB Oyphe MajIbl B CMBIC-
e HOpMBI mpocrpancrsa [2 1) . Dro 03HAUAET, UTO CIPABELIHBO
HEPABEHCTBO

~ \2 e ~
M + > (ak — @) + (b — by)* <07, (I1.2)
k=1
rjie 6 — J0CTaTOYHO MAJIOe TOJOKUTETBHOE YHUCI0, KOTOPOE MbI Oy 1eM
Ha3bIBATH MOTPEIIHOCTH I B 3amannu Koaddurmento Oypre.
EcrecrBeHHO BO3HUKAET BaxKHAasl Jjid MPUIOKEHWH 3ajada: 1o
npubanKeHHbIM 3HadeHnAM Ko3ddunmentos Oypoe ay u by, BoccTa-
HOBUTH B JaHHO¥ dbukcupoBanHoii Touke z dyukuuio f(z) ¢ omub-
Kot £(0), crpemsiieiics K HyJo ipu § — 0.
[Toxazxem, 910 mpsaMbiM cymmupoBanueM psaaa Oypwe ¢ mpubn-
JKEHHO 3aJaHHbIMu Ko durmentamu Pypobe

- o
aop ~ T .
5 kg_l(ak cos kx + by sinkx), (I1.3)

1) Onpenenenue mpocTpancTsa 12 1 HOPMEI €ro smeMenTos cu. B 1. 1 § 1 ror. 11.
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BOODIIE TOBOPsSI, HEBO3MOYKHO JOOUTHCSI BOCCTAHOBJIEHUS (DYHKITUH
f(x) B naHHOl TOUKe T HU C KAKOW CTEIEHBIO TOYHOCTH.
Dukcupyem TPOU3BOJBHO MaJyHO MOMPErHOCTh § > 0 u 1moso-
o0

1
xum C = [ Y = ITpeanonokuM, 9T0 MOIPENIHOCTH B 3 aHUK
k=1
K03 purmentoB Pypbe UMEIOT CIEAYIONNI KOHKPETHBIN BUI:

5O—a0=0,ak—'dk=bk—gk= opu k=1,2,...

4
kCV?2
JIist 3aJaHHBIX ¢ TAKUME MOTNPEIHOCTIME Koddg dunmeHTos Pyphe,
oueBuIHO, Oyer crpaseyuso coorHomenune (I1.2) co 3HakoM Tou-
HOTO paBeHCTBa. BmecTe ¢ TeM TpH 3aMeHe TOYHOro psajga Pypbe
(T1.1) psagom @Pypbe ¢ TpUOIUKEHHO 33 JaHHbIME KO3(bDdDUIMEHTAMI
(T1.3) MBI coBepinM ONIMOKY, PABHYIO CyMMe DPsijia

o
Z[('dk — ay) cos kx + (b — bg) sin kz].
k=1
B Touke z = 0 sra omubKa paBHa CyMMe psia
o

Z(ak—ak):%ﬂ;%:m

k=1

(ckosib GBI MasIOH MblI He DUKCHPOBAJU MOTPerHoCcTh § > 0).

Taxwum 06pazom, CKOIb ObI OBICTPO HU CXOIMJICS TOYHBIN TPUTO-
nomerpudeckuii psi @ypoe (I1.1) x dbysxmun f(x) n kak 661 Maia
Hu Obl1a norpemsocTs § B coorromennn (I1.2), 3amatomen cremneHb
OTKJIOHEHUsI MPUOINKEeHHBIX K03 duiimenToB Pyphe 0T TOUHBIX,
MpSIMbIM CyMMUpOBaHueM psifa Oypbe ¢ NpubIMKEHHO 33 IaHHBIME
ko3 durmenramu Pypoe (11.3) HEBO3ZMOXKHO BOCCTAHOBUTH (DYHK-
o f(x) B 3aJaHHON TOYKE CErMEeHTa [—T, | HE C KAKOil CTENeHbIO
TOYHOCTH.

DakTUYECKH MbI JIOKA3aJIM, YTO KaK ObI MaJIO HU OBLIO YHUCIO0 § >
> 0, xapakTepusyloliee yKJIOHeHre aApyr oT japyra B cMbiciae (I1.2)

nByX coBokymHocreii koaddunuento Pypoe {ay, by} un {Eik, bk},
OTBEYAOIIAE STUM JIByM COBOKYITHOCTSIM HPSIMBIE CYMMBI TPHIOHO-
merpuyeckux psiio Pypee (I1.1) u (I1.3) Moryr Kak yrogaHo CuibHO
OTJINYATHCS JIPYT OT JPYTa.

Takoro poja 3aja4n, jJis KOTOPBIX KaK YIOJHO MaJsioe yKJIOHE-
HUE B 3a/IaHUV MCXOAHBIX JAHHBIX (B PACCMOTPEHHOM HaMMU CJIydae
TaKMMU MCXOAHBIMU JIAHHBIMU SIBJISIETCS COBOKYIHOCTH K03bduIim-
enToB Pypbe) MOKET BBI3BATH KaK yTOJHO OOJIBIIOE YKIOHEHHE OT-
BEYAIINX TUM HCXOJHbIM JaHHBIM pelleHuil (B PaccMOTPEHHOM
HAMU CJIyd9ae 0] PelleHreM MOHUMAETCs MpsiMasi CyMMa, TPUTOHO-
MeTpuyeckoro psja Pypbe), 9acTo BCTPEYANTCS B MaTeMaTHKe 1
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B MPUJIOKEHUAX U HA3BIBAIOTCA HEKOPPEKTHO IOCTAaBJIeH-
HBIMH 3a/1advaMu.

WabiMu cioBaMu, pacCMOTPEHHAS HAMU 33/1a9a O TPIMOM CyM-
MHUPOBAHUU TPUTOHOMETPUYECKOTO psina DPypbe sBIIETCS HEKOP-
PEKTHO MOCTABJAEHHOM].

O061mit MeTo | perieHust MUPOKOr0 KJIACCa HEKOPPEKTHO TIOCTAB-
JIGHHBLIX 33724 paspaboran coperckuMm MaremMaTukoM A. H. Tuxono-

BBIM ¥ HA3BIBAETCSI METOJLOM PeTryasapH3amuu b).

3/1ech MBI OCTAHOBUMCST Ha METOJIE PETyISApU3AIlnu JIUITh MTPH-
MEHUTEJIbHO K PACCMOTPEHHON HAMU 3ajade 0 CYMMUPOBAHUHU TPH-
roHoMmeTprdeckoro psaa Pypoe.

2. Meron peryJasgpusanuu JAJjis 334241 0 CyMMHPOBaHUU
TpUroHoMerpudeckoro psaa ®ypne. B npumenenun k 3amade o
CYMMUPOBAHUHU TPUTOHOMETPUIECKOTO psifia Pypbe ¢ mpubIHKEHHO
3asanabiMu Kodddurmentamu Pypbe MeTon peryiasgapu3aliui mpu-
BOJUT K aJTOPUTMY, 3aKIIOYAIOIIEMYCsS B PACCMOTPEHNHT B KaUeCTBe
npubsimzkeHHoro 3uadenus yukuun f(z) ve cymmbl psiga (11.3), a
CYMMBI Psiia

1

+ Z ay cos kx + bk sin k:z:) o

k=1

(IL.4)

[OJIYYAOIIerocsi MOCPeJICTBOM yMHOKeHust k-ro diena psiga (I1.3)

Ha <«PeryJsapu3upyromuiiy MHOXKUTETb , B KOTOPOM Tapa-

1+ k2«
METp TPEeJCTABIAET COOOM BENIMYUHY TOTO K€ TOPSIKA MAJOCTH,
9TO U mOrpentHocTh 0 B coorrorrennu (I1.2), 3amaioniem ykiaonenue
k03 purmentos Pypne.

st 060CHOBaHWST YKA3aHHOTO AJTOPUTMA MBI JOKAXKEM CJIEITy-
TOTIYI0 OCHOBHYIO TEOPEMY.

Teopema A. H. Tuzxownosa. [Tycmo dynxyus f(r) npunad-

aesrcam waaccy L2[—m, 1] u nenpepvieha 6 dannoti dukcuposarmori
mouke x ceemenma [—m, w|. Toeda daa wascdozo § > 0 u daa «,
UMENULE20 O dHCE NOPAOK MAAOCTIU, MO U 0, cymma pada (11.4)
¢ woapuyuenmamu a u by, Y006AEMGOPAIOUUMU COOMHOULEHUIO
(I1.2), cosnadaem 6 dannoti purcuposarnoti mouke x ¢ f(x) ¢ owuod-
Koti (), cmpemawetica x nymo npu 6 — 0 2).
HoxkazarenbcTBo. He orpanmamsas obimHOCTH, OyIeM can-
TaTh, 9T0 o = 0 (u6o cayvait « = C(0) -0, rne 0 < C; < C(4) < Cy,
paccMaTpUBaeTCsi COBEPIIEHHO aHAIOrUYHO). JlocTaTouHOo JoKA3aTh,
g0 quist moboro € > 0 maiinerca dp(e) > 0 rakoe, 4To B JaHHOMN

1)3a OUKJI paboT, IIOCBANIEHHBIX PENIeHHIO0 HEKOPPEKTHO ITOCTABJICHHBIX 3a-
naq, akagemuk A. H. Tuxonos ymocroen B 1966 r. JIeHMHCKO# mipeMun.

%) CopMyImMpoBaHHAs TeOpeMa sBJISIETCS YACTHBIM CIydaeM JIOKA3AHHOTO
A. H. TuXOHOBBIM 3HAYNUTEIBHO 60JIee OBIIEr0 yTBEPKICHHS.
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PUKCUPOBAHHON TOYKE I TPHU BCEX MOMOKHUTEIBHBIX §, YIOBIETBO-
paromux yeaosuio 0 < dg, COPaBeIMBO HEPABEHCTBO

a
=2 >+ E Gy, cos kz + by sin kx]
k=1
QukcupyeMm mpousBosibHOe € > (. Ybenumca cHaya a B TOM, UYTO
17151 UKCUPOBAHHOIO HaMu € Haiijercs ducio 01(e) > 0 takoe, 9To

JJIsl BCEX MOJIOZKUTETBHBIX 0, yYI0BJIETBOPSIONIUX yeaoBuio § < 01(g),
CIIpaBeIJInBO HepaBeHCTBo

— f(@)| <e. (IL.5)

k26

a —a e
02 0 —i—; ak—ak) cos kx + (k—bk smk:z:] k25 < T
(11.6)

Hng ycranosnenns (I1.6) nocrarodno y6eauThCst B TOM, 9TO CyMMa,
crosimas B jesoit gactu (I1.6), crpemurest Kk Hysmo npu 6 — 0 + 0.
Pasbusast cymmy, crosmiyto B aesoii uactu (I1.6), Ha nBe cywm-
MBI, B [IEPBYIO U3 KOTOPBIX BXOJAT CjaraeMble ¢ HomMepaMu k, ya10B-
JIETBOPSIIOIUME yeioButo k < 1/, a BO BTOpyt — BCe OCTAIbHbBIE
claraeMble, W NMPUMeHsIs K KayKJ0#H M3 9TUX JIBYX CYyMM HEpaBeH-

crBo Komu-ByusgkoBckoro, Oynem uMmeTh

_ oo
B [ = ) cosa + (B — b smka] - 1

2 pt 1+ k26
< (“0‘“0) + 3 [(@ —ar)® + (b — br)?] O(%) +
k<1/6
+ Z [(Eik — ak)Q + (gk — bk)Q] . Z k4162' (H.7)
k>1/6 k>1/8

YunteiBast coorromenue (I1.2) u npuanmas Bo BHEMaHME, 9TO
1
E : = =0(8%)
k4
k>1/0
(nampuMep, B cuily umHTerpasbHOro npusnaka Kommm—Makiaopena,
cM. sepasercTBo (13.38) w3 . 13 Bbim. 1), MBI TOAyYHMM, 9TO B

npasoii yacru (I1.7) crour semmanna O(vVd) + O(5%/2).
Tem cambim HepaeHcTBO (I1.6) MOXKHO cuuTaTh JOKA3AHHBIM, U
s yeranossienusi Hepapencrsa (I1.5) maM gocraTodHo Jgo0Ka3aTh,

1
) IIpu sTOM MBI Tak’ke ydIuTBIBAEM, ITO <1 < —.

1
1+k25 7 14Kk26 k25
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g0 Jyisi (pukcupoBaHHoro Hamu € > 0 Haiigercss wmcno do(e) >
> 0 Takoe, 4TO I BCEX IOJOKUTEJNbHBIX 0, YIOBJIETBOPSIONIINX
YCI0BHUIO § < 52( ), ClIpaBeJINBO HEPABEHCTBO
42
= >+ E ay, cos kx + by sin kx) —f(z)] < 46. (11.8)
k=1
Tak kak 1o yciaosuto (yHkius f(2) HempepbIiBHA B JaHHON (HUK-
CUPOBAHHON TOYKE I, TO jjist (PUKCUPOBAHHOIO Hamu € > () MOXKHO
dukcuposarsb 1 > 0 Takoe, UTO IJisi BCEX 3HAYEHUN Y, YIOBJIETBO-
PSIFOIIUX YCIOBUIO |y — | < 71, GyJer CupaBeiiBo HEPABEHCTBO

)~ F) < & (11.9)

[Mosnoxum remeps vy = 1/ V6 u pacemorpuM st hUKCHPOBAHHOIN
HaM¥ TOYKM x U bukcupoBanHoro uuciaa 1 > 0 dyukmuo v, (y),
OTIPEJIEJIEHHYIO HA TIOyCcerMenTe © — N < y < & — 1) + 27 paBeH-

CTBOM 1)

k26

IT o=vlz—yl —

e upu  r <y<z+mn,

v(y) =< 2 P TeyseT (T1.10)
0 umpu r+nNLyY<LT—n+2w

¥ TIEePUOUIECKU C MEPUOTOM 27 TPOJOTKEHHYIO HA BCIO DECKOHEU-
HYIO IpAMy0 —o0 < ¢y < +00.

[Topcunraem TpuroHoMerpudeckue KodhdumuenTsl Oypre Ay
u By dysaxiuum vy (y).

U3 pasencrsa (I1.10) u u3 ycioBust NepuoANIHOCTH Vg (Yy) C 116

PHUOIOM 27 MBI TIOJTYYIUM, YTO 2)

z+n T+n
Ay = 1 / vy (y) cosky dy = g / e MYl cos by dy =
™
-7 —n
U U]
= ;/e Nl cos k(t + z) dt = Ecoskx/e_7|t|cosktdt—
- -
/ "
- %sinkcc/e‘”'t| sinktdt = ycoskz [ e 7 cos kt dt.
0
-

) He orpanmumsas OBLHOCTH, MBI CIHTAEM, GTO n<m.

2) IIpu 3TOM MBI yunTBIBaEM, ITO BCe MHTErPAJIBL OT IEPUOANIECKO DyHKIUI
IO OTPEe3KaM, MMEIONMM JJINHY, DABHYIO €€ [EePHO/Y, COBIIAAIOT MeXK 1y coboii,
JenaeM 3aMeHy nepeMeHHOU y = t + £ U IPUHIMaeM BO BHUMAHHE, 9TO

7
f e 7|t|cosktdt—2fe"’tcosktdt [ e Mtlsinktdt = 0.

-n -n
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Iasee, TOCKOJIBKY

1

—t _ . t:n
e cos kt dt — [e ( 'ycc;skt;l—ksmkt) _ Q'y 2_1_0_777.0]“
kZ+v t=0 k%Z+~
0
rie
o = —'ycoskn—l—ksmkn’ (H.ll)

k2 +~2

TO, YUUTEIBAS, 4TO § = 1 /42, MbI HOJIYUHM CIIEIYIONICE BHIPASKCHIE
anst koadpdunmenta Dypoe Ay:

__ coskx
= —

- oy
BT +e "coskx -y - o. (T1.12)

COBepH_IeHHO AHAJIOTUYHO yCTaHaBJIUBAECTCA, YTO

By = sin kx

=71 g oy
= 1+k26+e sinkx -y - 0. (I1.13)

Tak kak 1o ycinouto dbyHKuus f(y) NPUHAIEKUT KIACCY
L?[—m, 7] u Tak Kak byHKIMA vy (y) TPHHAIIEKAT TOMY ¥Ke KIaCCy

1
npu obom 6 = — > 0, To copasenuBo 0000IIEHHOE PABEHCTBO
Y

[Mapcesass (cum. pasercrso (11.28))

s

L[ or ) dy =22 4 S Ay + B b ([L14

o k=1

U3 coornomenwmit (I1.12), (I1.13) u (I1.14) BeITEKAET, 9TO 15T JO-
kazaresbcTBa HepapeHcTsa (I1.8) mocTarodno ycTaHOBUTH, UTO /17Tt

BCEX JOCTATOYHO MAJIBIX ITOJIOZKUTEJIBbHBIX 0 CITpaBEJINBBI HEPABEH-
CTBa

™

1
! [owstdy - 1)) < (I1.15)
B o0
(;—06_7"700 +e My I; o (ag cos kx + by sinkzx)| < i. (I1.16)

[Mpomomkum dyukuuio f(y) mepuoguyecku ¢ mepuojoM 27w Ha
BCIO DECKOHEUTHYIO TIPSAMYIO.
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Hns nokazarenscra Hepasencrsa (I1.15) 3amernm, uro B cu-
ay 2m-nepuoguanoctu byskuuit v, (y) u f(z) u B cuny paBeHcTBa
(I1.10) umeem

T T—n+27 T+n
i/vx(y)f(y)dy=i / vm(y)f(y)dy=%/e‘”'“"y'f(y)dy=
- T+n o z+n o
—j@?2 [ e llay+ 2 [ () - e dy. (man)
T—n x—n

YuuTbiBas, 94T0 1)

z+n n n
il / e Mevlgy =2 /e—wltl dt = 7/6—7t dt =1—e MM
2 2 ’
T—n —-n 0

U YUYUTBIBAsi, 9TO st 0600 Y M3 CerMeHTa [x — 1), - + 1] cupase/-
o HepaeHCTBO (I1.9), MBI MOJyYMM € MOMOIIBIO COOTHOIIEHUSI
(I1.17), gro

s

L [owsdy - 1(a)| <

—T

<eMf@)|+ S - e <) +

Tax Kak mId KaxK7a0# (PUKCHPOBAHHON TOUKH X # I (PUKCHPO-
BaHHBIX HaMmu 4ucesa € > 0 u n > 0 Opu Bcex JOCTATOYHO MaJIbIX

§ = 1/? cnpaseammso mepasernctso e 1| f(z)| < €/4, To coorHo-
menne (I1.15) nokasawno.

Ocraercst pokaszars HepasencTso (I1.16). U3 (I1.11) ouesnzHo,
9TO I BEJIUYUH O NPH BcexX k = 1, 2, ... cIpaBeiInBa OIEHKA

lok| < 2/k. (IL.18)

g semmuamnnt og w3 (I1.11) mpw Beex gocTaTouno Maabx 0 = 1/
[OJTy MM OIIEHKY

ool < 1/7 < 1. (IL19)

1) Ilpu BBIMMCIEHNN YKA3AHHOINO MHTEIPAJIA MBI JeIaeM 3aMeHy HepPeMEeHHOI
y=t+zx.
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[Tpumensis K cymme, crosimeii B Jjieoit yactu (I1.16), HepaBeHCTBO
Komm-Bynskosckoro u ucnonbsys ounenku (I1.18) u (I1.19), Mbr mo-
myamm )

[ee]
(12—06_7"700 +e My Z o(ag coskx + by sinkz)| <
k=1

1/2 1/2

o0 [ee]
- ao Z 2 2 Z 1
< 2e fyn’}’ 7 + k_l(ak + bk) 1 + £ ﬁ . (H20)

O6e cymwmsbl, crositnue B mpasoii wactu (11.20) B KBagpaTHBIX CKOO-
KaX, OrpaHWYeHbl MOCTOAHHON (He 3aBucdamed or §). OrpanndeH-
HOCTB TEPBOil U3 YKa3aHHBIX CYMM CpPa3y BBITEKAET W3 HEPABEHCTBA
Beccenst, a orpannyeHHOCTb BTOPOii U3 yKA3aHHBIX CYMM JOKa3aHa
B /1. 13 BBITI. 1.
[Mockompky mpu a060M dukcrpoBanHoM 7 > 0 %in(l] e MMy =
—)

n
= lime ¢*

0—0
poBanHOro Hamu € > ( MeHblle ducia €/4 npu BCEX JOCTATOUHO
MaJTBIX TTOJTOKHUTENBHBIX 0. Teopema gokazama.

3. 3akJIIoYuTeSIbHbIE 3aMeYaHNs O 3HAUYEHUN MeTOoaa pe-
ryngpusanun. [Ipemioxkennnbiii A. H. TuXoHOBBIM MeTO | peryJisi-
pusaiuu nMeeT OOJBINOE eCTECTBEHHOHAYYHOE 3HAYEHNE.

[TpemomoxuM, 9T0 ¢ TOMOIIIBIO KAKOr0-/TM00 TPUdOpa MBI H3Me-
pseM YacTOTHBIE XapaKTEPUCTUKU WHTEPECYIOIIEro HaC (pU3nIecKo-
ro mporecca. 3-3a HecoBepiiencTBa npubOpa Mbl U3MEPSEM YKa-
3aHHBIE YACTOTHBIE XAPAKTEPUCTUKH C HEKOTOPOU OITHOKOA.

EcrecrBenno BozauKaer nmpobJseMa; JOSKHBI JIK Mbl, YKeJias I10-
JIy9UTh KaK MO2KHO HoJsiee TOUHOE TTpejiCTaBIeHe 00 HHTEePeCyoIeM
Hac (GU3UIECKOM IPOIIECCE, HEOTPAHUYEHHO COBEPIIIEHCTBOBATEH TOY-
HOCTB NMpubOpa WK My Th K ITOMY JIEKUT Yepe3 PA3BUTHE TAKUX Ma-
TEMATUIYECKUX MEeTO/I0B 00paboTKu pe3yJsibTaTOB M3MEpPEHUil, KOTO-
pbl€e TIO3BOISIOT MPU UMEOIENCAd TOYHOCTU U3MEPEHUS YAaCTOTHBIX
XapaKTePUCTUK M3BJIEYb MAaKCUMAJbHYIO nHMOPMAIUIO 00 n3ydae-
MOM (DPUBUIECKOM ITPOIECCE.

Meron peryJsipuzaliuy yKa3blBaeT MyTh K TAKOW MaTeMaTHdec-
KOii 00paboTKe Pe3yIbTaTOB U3MEPEHUH YACTOTHBIX XaPaKTEPUCTUK
(1. e. koapduimenros Dypbe), TpU KOTOPOH MBI MOTydaeM WH-
dbopmarmio 06 uzyuaemom busndeckoM gpiaenun (T. e. 06 UCKOMO
dyukumn f(x)) ¢ ommbKoii, COOTBETCTBYIOIIEH ONMOKE B PE3y/IbTa-
TaxX W3MEPEHWH YaCTOTHBIX XapPaKTEPUCTUK.

61_2 = 0, To mpasas gacrs (I1.20) amsa moboro durcn-

1) IIpu sToM MBI MazkopupyeM equuunei Momyau (yHknumii cos ke u sin k.
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AbGens—/Iupuxiie IpuU3HAK PaBHOMEP-
HOI CXOAUMOCTH HECOOCTBEHHOI'O
uHTerpaga 284

————— pama 19

— — — CXOAUMOCTH
unaTerpaita 103

A6comroTHas HENPEPHIBHOCTb HHTEr-
pana Jlebera 262, 265

— CXOIMMOCTh HECOOCTBEHHBIX WHTET-
paJsios 102

A6comoTHoe Kpyuenue 434

AbGcrpakTHOE THIBOEPTOBO MPOCTPAH-

crso 400

A amapa—Kommu Teopema 42

AIMTUBHOCTH [BORHOIO HWHTErpaJia

HECOOCTBEHHOI'O

— mnaTerpasna Jlebera 258

— mom@aay moBepxuocTu 141
Asrebpa dynkmuit 56

Apuena Teopema 37
Acumnrornueckas juaus 446
Acumnrornyueckoe Hanpasienne 445

Basuc conpsixkennnrit 211

Bessuxpesoe BekTOpHOE 11051e 208

BeckoneunomepHoe mHENRHOE MIPOCT-
pascTBo 311

Beccens 318

Beccenst nepasernctso 318

— ToxaecTBo 318

Bera-dyukmnua 294

— dopmyuisl mpusenenus: 299

Bumuneitnas ¢gopwma 211

Bunopmasns 432

Beiiepuirpacca npusHak paBHOMEp-
HOI CXOOUMOCTH HECOOCTBEHHOI'O
uHTerpasta 283

————paza 20

— TeopeMa I aaredpamvdecKux IIo-
JIMHOMOB 52

— — — TPUTOHOMETPUYECKUX ITOJIUHO-
MOB 324

Beitepuirpacca—Croyna teopema 56

BexTop HOpMamm 133

Bekropuast dynkims 421

BexToproe none 157

— — nmuddepennupyemoe 161

Bekropnoit dyukimn auddepennu-
pyemoctb 426

— — HeIpepbIBHOCTH 423

— — mpezesbHOe 3HaveHue 423

— — npown3BonHas 424

— — — 10 HampasjeHuio 425

Bepxwuuii unrerpas Jlebera 252
Bepxuasa cymma 59, 66, 252

— — sieberosckast 255

Bremzee npoussenernue 213
Buemmnuit nuddepennman 219
Bremnsasa mepa 235

Buyrpennsas Touka 231

Brionme merrpepbiBHBIH oniepaTop 412

T'amma-dyukmua 294

—, dopmyna npusenenus: 296

TFaycc 450

laycca Teopema 450

Ténpaepa kaacc C* 336

— KOHCTaHTa 336

— HepaBeHCTBO 272

—HopMa 336

— yc0BHe OAHOCTOpOHHEe 354

Teonesuueckast uaus 448

I'ub6c 151

I'u66ca dopmyasr 151

T'unpbeproso npocrpancTso 401

lNunepbonmaeckas Totuka 443

I'maBrHas HopMams 432

['naBHOe 3HavYeHWe HECOOCTBEHHOIO
uaTerpana B cMbiciae Kommu 109,
117

— Hanpasienue 446

I'maBubre kpusBu3Hbr 446

I'magkas nmosBepxHOCTH 129

Tlomorpad 422

Tomeomopdroe orobpaxkenue 127

I'pagment cxassiproro moms 158

I'panuna xyba 226

— CHHTYJISIPHOTO Ky6a 226

I'pun 176

I'puna dbopmyna 176

Hapby nurerpas Bepxuuit 60

— — umxHui 60

JBoitHoit mHTErpas 58

— —, AAJIUTUBHOCTH 68

— — , JINHeHOoe CBOUCTBO 68

— —, CBeJleHUEe K ITOBTOpPHOMY 69

— —, TeopeMa 0 cpegHeM 69

Huamerp obnactu 65

JluBeprenmnust BEKTOPHOTo mostst 163

— omepaTopa 154

Huun 22

— IPU3HAK PABHOMEDPHOH CXOIUMOCTH
HECOOCTBEHHOrO MHTerpasa 284

— ———panma 22

Huuan-Jlunmuma reopema 349

Hupuxie pa3pbIBHbIN MHOXKUTETH 293
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Hupuxne-AGesss IpU3HAK paBHOMED-
HOM CXOJMMOCTH HECOOCTBEHHOTO
naTerpasia 284

————— pama 19

Huddepennumas ckassipaoro moss 158

Huddepennmanbuasa dopma 217

Huddepennmpyemast nosepxuocts 129

Hononuenue mHOXKeECTBA 231

Eskinnoso npocrpancrso 311

3aMeHa MEePeMEeHHBIX B N-KPATHOM
uHTerpanue 77
3aMKHyTas OPTOHOPMUDOBAHHAS CHC-

Tema 320
3aMKHyTOEe MHOXKeCTBO 231
3aMKHYTOCTh ~ TPHUTOHOMETDPUYECKOMN

cucTeMsl 323
3aMblKaHue MHOKecTBa 231
3nakonepeMenHas MoUINHEHHA A

dopma 210

WM3menbuenne pazbuenus 252

W3mepumas byukums 244

W3mepumoe mHOXKECTBO 237

M3omerpuanbie mosepxuocTr 441

30mopdHbIE €BKJINIOBBI IIPOCTPAH-
crBa 396

NuBapuantuas
I'puna 179

— — — Ocrporpazckoro 198

— — — Crokca 192

VuBapuanThl JIMHEHHOTO OIEpaTOpa
153

Wurerpasn asoitHoit 58

— , 3aBUCATIAN OT TTapaMeTrpa, HeCob-
CTBEHHBIH BTOPOro poma 289

— ,———,—1epBoro poja 282

— ,—— —, cobcrBenHsrit 277

— KpaTHBIN 73

— —, 3aBUCAIIUI OT IapaMeTpa, He-
cobcrBenusbiit 307

— — ,—— —, cobcreennsbiit 306

— KPHUBO/IMHEHHBI  BTODPOI'O
119

— ———obmwmit 120, 121

— mepBoro poma 119

— Jlebera 252, 259, 264

—or guddepeHnraIbHON

224,
226

— IIOBEPXHOCTHBIN BTOPOro poma 143

— — — —obmmuii 148

— — mepBoro poza 142

NMurerpanpuas cymma 58, 65

— — jieberosckast 255

Wurerpanbubiit oneparop 408

WMurerpupyemast B obsracru dyHKUIUs
63, 65

dopma  dopmysist

poaa

dopmbL

Murerpupyemasi Ha IPAMOYTOJbLHUKE
dynkuusa 59

— o Komn ¢ynxkmua 109, 117

— — Jlebery dyuknums 252, 264

Kapiecon 330

Kacarespaas x xpusoit 429

— IJI0CKOCTH 427

Ksanparuanas dopma Bropas 441

— — — 3HaKoompeeentas 442

— — — 3HaKomepeMmernHas 443

— — — KBa3wW3HaKoompeaeaennas 443

— —nepBas 438

KBagpupyemas moBepxaocts 137

Kanacc T'énnaepa C* 336

— Jlebera L, 271

KoBapuanrasre koopauaars: 150, 153

KommakTHOE MHOXKeCTBO 23, 385

KourpasapuanTtable KoopauHaTh! 150,
1

Koopaunarnas nuausa 166, 426
Koopaunarer kpusosmneiinsie 165
Kocunyc-npeodpazosanue @ypne 367
Kormmm kpurepuit paBHOMEPHOM CXO-
AUMOCTH HeCOGCTBeHHOI‘O HUHTEer-
pama 282
— — — — psga, mocaeaoBaTebHOCTH 17
— — CXOZUMOCTH HEeCOOCTBEHHOTO WH-
TerpaJia Broporo poza 107
————— nepsBoro posaa 100
Komu—Anamapa reopema 42

Komn-ByHAKOBCKOTO ~ HEPaBEHCTBO
36, 313

KparHast TpuUroHOMeTpHYecKas CHC-
Tema 371

Kparusrit uarerpan @ypoe 376

Kpusasa rnagkas 121

— KyCO9HO-TyIanKad 121

— IJIOUIAIM HYJIb 62

— perynsapHas 429

Kpusuzna 432

—rayccosa 450

— HopmaJsbHasg 445

— cpemassa 450

KpuBonuHeiinbiit uHTErpaj BTOPOTO
poxa 119

—— — —obmmuii 121

— —mepsoro poza 119

— — ——, QAIUTUBHOCTH 125

— — — —, JIUHelHoe CBOMCTBO 125

—— 2—, dopMysa cpeHero 3HaYEHU s

Kponekep 149
Kponekepa cumsosr 149
Kpyr cxogumoctu 45
Kpyuenwne 435

— abcommioTHOE 434
Ky6arypras dbopmyna 94
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Ky6arypnoit dpopmysr Beca 94

— — morpenrsoctsb 94

— —y3asL 94

Kycouno-rénpaepoBas dyukusa 351

Kycouno-rmankas dysxnms 352

Kyco4no-HenpepbiBHAsT TTPOM3BOIHAS
331

— dbyurnna 312

Jlame 170

— napameTrpst 170

Jlammac 165

Jlamtaca merom 302

— omrepaTop 165

Jleber 230

Jlebera wHTErpas OT OrpaHUYEHHON
dbyrrnun 252

— — — IOJOXKUTEeIbHON pyHKIIN 259

— — — dyukimu g060ro 3HaKa 263

— mHTerpaJi, abCo/IIOTHAs HelpepbIB-
HOCTB 262, 265

— —, QJIUTUBHOCTH 258

— — , IUHEHHOe CBOMCTBO 258

— —, TIOJTHAA QaauTUBHOCTE 260, 265

— kuace L, 271

— TeopeMa 266

JleBu Teopema 267

Jlexanmapa momuaOMBL 316

Jluneitnas dopma 210

Jluneitnoe npeobpa3oBaHMe KOODIU-
"at 80

JIuneiinsiit oneparop 407

— dyuxumonan 381

Jluansa kpuBnu3us 448

— yposHs 158

JIunmmaia kace 336

Jlunmuna - Juau treopema 349

Jlokanuzaruu npunnun 344

JlokampHO-rOMeOMOpdHOE 0TOOpaKe-
Hue 128

JLy3uu 330

Marpuna JuHEHHOro 1peobpa3oBa-
g 80

Mébuyc 134

Mébuyca suct 134

Memnbe 445

— Teopema 445

Mepa Bremnsasa 235

— MHOXKeCTBa 237

Mepwt o-anmuruBHOCTD 242

Meron perynapusamun 454

Munkosckoro Hepasenctso 271, 314

MmozkecTBo BCIOAy noTHOE 389

— 3aMKHyTOE 231

— u3mepumoe 237

MuoxecTBo Henzmepumoe 243

— oTKpbIiTOE 231

Mmuoxecteo Tuna F,, Gs 242
Monyns menpepsiBHOCTH 335, 372
— — UHTerpaJIbHbIH 349

Hamnpasnenne na mosepxuoctu 440

Harypaspuble ypaBHeHUs KpuBoit 438

HeK405I:leeKTHO IIOCTaBJICHHbIE 3aJaY9n

HepasencTBo TpeyrosipauKa 314

HecobcTBenmblit  umTErpajl BTOPOTO

poxa 106

— ———, 3aBHCAIIUI OT mapamerpa
289

— — mepBoro poxa 99

— ———, 3aBHCAIIUI OT mapamerpa
282

— KpaTHbIi uaTerpasa 110

— — —, 3aBHUCAIM oT mapamerpa 307

Huxuwnit uarerpas Jlebera 252

Hixusas cymma 252

— — jieberosckast 255

Hopwma 314

— MaTpuIbl 83

— onepaTopa 407

— dyakImoHaa 382

Hopmans x xpusoit 432

— K moBepxHOCTHU 133

Hopmansaoe ceuenne 445

Hopwmuposanroe npocrpancTso 314

Obuacts 127

— Kybupyemas 74

— MHOrocBs3Has 176, 195

— obbemHO-0gHOCBA3HaA 209

— ojiHOCBsI3Hast 187

— IIOBEPXHOCTHO-OHOCBA3Hag 207

— mpocTas (B TEOPUU KPATHBIX WHTET-
paJioB) 74

— — (B Teopuu noBepxHOCTE) 129

— CXOJUMOCTH Psijia, IOCIIeI0BATE b
HOCTH 15

—runa K 177, 196

— syteMeHTapHas 129

O600111IeHHBIE TIOISIPHBIE KOODMHATHI 92

Ob6ast moBepxHOCTH 128

Ob6benuaenne MHOKeCTB 231

O6bem Bepxuuii 74

— HIDKHUN 74

— n-MepHbIi 74

OxpecrHOCTH TIOBEpXHOCTU 189

— TOYKH 10 KpuBol 182

Omneparop BHOHE HENPePHIBHBINA 412

— nuHeiHbIi 407

— menpepsiBHbIH 407

— orpanudenHsrii 407

Oproronanu3aruu mnpouecc 392

OproronasbHasi KPUBOJIMHEHHAs CH-
crema koopauHaT 170
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Oproronabibie 31eMeHThl 315
OpronopMupoBanHas cucrema 315
— — 3aMKHyTag 320

— —moHag 322
OproropMupoBansbiil 6a3uc 394
Ocrporpazackoro dhopmyma 195
OTkpbiTOE MHOXKECTBO 231
Orobpaxenue romeomopduoe 127
— JIOKQJIbHO-rOMeoMopdHoe 128

ITapabonmmueckas Touka 444

ITapamerpusanus eaunas 129

ITapamerpsr Jlame 170

ITapceBasb 321

ITapcesasst paBencTso 321, 398

— — nyia uaTerpaia @ypne 369

Ilepecedenne muOKECTB 232

ITepectanoBka 21

Ilepuonuaeckas dyukima 323

Ilepunonudeckoe npomosxenue 337

ITnanmepesns 369

IInanmepesns pasexncTso 369

ITnomans nmosepxuoctu 137

IloBepxHOCTHBII UHTErpajs BTOPOTO
poma 143

— — — — obmmuii 148

— —mepBoro poza 142

ITosepxnocTs rimagkas 129

— nBycroponHsasa 134

— muddepenrupyemast 129

— KBajgpupyemas 137

— KyCO4HO-T/IaaKas 141

— obmas 128

— orpanudenHas 135

— omgHOCTOpOHHsS 134

— nonHas 135

— mpoctag 128

— peryngapHag 129

— yposHs 158

— 3jIeMeHTapHasg 127

— n-MepHOro obbeMa HyJb 74

IToBTOpHOrO MHTErpUpOBaHUT HPOPMY-
Jaa 76

ITokpeiTie MHOXKeCTBa 235

IToste BekTOpHOE 157

— cKaJIsspHOe 156

TTommmneitnas dopma 211

ITonnas agaUTHUBHOCTD
Jlebera 260, 265

— OPTOHOPMHMPOBAHHAA CUCTEMA 322

IlonHOe HOpMMpPOBAaHHOE IIPOCTPAH-
crBo 270

H0J11()2}K1/1Teﬂbnoe HaIIpaBJIeHne 00X01a

5

ITonmyokpecTHOCTH TOUKY Ha KpuBOi 182

ITocnemoBaTeIbHOCTH MHOYXKECTB, MO-
HOTOHHO  WCYEPIBIBAIOIMINX  06-
sgactes 110

“HTEerpasa

ITorentnmanpaoe BekTOpHOE TI0sTEe 207

TToTok BEKTOPHOro TOJisi (BEKTODA)
148, 199, 207

Hoqzalg BCIOZ[y CIIPABE/JIHBOE CBOWCTBO

IIpenen Bepxuux cymm 61

— MHTerpabHBIX cyMM 59, 119

— TIOCJIEJOBATE/IFHOCTH BEKTOPOB 422

IIpemenpras Touka 231

IIpenenbHoe 3HaueHuTE
bynkuun 423

IIpeobpazosanne @ypoe 359

ITpusnak cpaBHeHUs! B IIpeIebHOMN

— — obmuit 101, 113

— —vacrtabi 101

ITpuanun mokamm3anun 344

ITpoussenenne pa3dumenwit 252

IIpousBoaHasi BEKTOPHOrO IO II0
HampasJieHno 161

— CKAJISIPHOT'O IIOJIsI TI0 HAIIPABJIEHUIO
159

IIpocrpancrso Jlebera L, 271

IIpsimoyrosibHBIE YAaCTHUYHBIE CYyMMBI
371

PasromMepras orpanuuenHocTs 19

— CXOAUMOCTDb B TOYKE KPAaTHOTrO He-
cobcTBenroro maTerpanaa 307

— — HeCOBCTBEHHOIO WHTErpaJja BTO-
poro poma 289

— — — —nepBoro poja 282

— — nocieioBarebHOCTH 16

— —pana 17

PaBHoCTeIeHHAS HETPEPHIBHOCTD 37

Panemaxep 316

Panemaxepa cucrema 316

Panuyc cxonumoctu 45

Panuyc-BexTop kpuBoit 429

— noBepxHOCTH 131

Paszbuenne muoxkecTBa 251

— — neberoBckoe 255

Pa3buenne npsMoyrobHUKa 58

Pasnmocts muOXKECTB 231

Pacmupennas uuciaosasa npamas 243

Pucc 254

Pucca Teopema 387

Pucca—®umepa Teopema 396

Porop BexTopuoro moss 162

— omeparopa 155

BEKTOPHOU

Camoconpsizkenssiit oreparop 410
Caas3nag KommoHenTa 176, 195
CemnapabesibHoe 11pocTpancTBo 389
Cumvmmerpuynoe gapo 411
Cunrynapssiit Kky6 224
Cunyc-peobpazoanue @ypoe 367
CucreMa KPUBOIUHEHHBIX KOOPIWHAT
Ha noBepxHOCTU 132
Ckangpuoe mose 156
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Ckansipaoe npoussenenue 312
Cirabasg KOMIIAKTHOCTH 386
CobcTeennoe 3aavenne 414
CobcTBennbIil 3temenT 414
CosteHonaibHOe BeKTOpHOE mosie 207
Conpukacarommascs 1miockocTb 430
Conpsikennstit oneparop 409
CpenHee KBaJpaTUYHOE OTKJIOHEHHUE
319

Crenennoit psan 41

Crupsaar 297

Crupsmara dhopmyaa 302

Croxkc 189

Croxkca ¢opmyna 189

— — g audepeHnnaabHbIX  Hopm
227

Croyu 56

Croyna—Beiiepmrpacca Teopema 56

Cymma muOX)ecTB 231

Cymmupyemas 1o Jlebery dynkims
259, 263

Cdepuueckas cucrema koopauaar 168

— — —n-MepHas 91

— JacTH9HAdA cyMMa 371

CxomumocTs 15

— B cpegHeM 34

—8 L(E) 265

— 1o Mepe 249

— o HopMe 270

— paBHOMepHad 16

— cusibHag 270

— cnabas 385

— IIOC/IeIOBATEILHOCTH BEKTOPOB 422

Teitmopa psang 48

Tuxonosa Teopema 454

Touxka obbikHOBeHHas 129

— ocobas 129

Tpaucnosurus 213

Tpuromomerpudeckas cucrema 315

— —, 3aMKHYTOCTb 326

Tpuronomerpudeckue KO3 puImes-
o1 Dypue 320

Tpuronomerprdeckuiit MHOTOUJIEH 323

— pan Pypwe 319

Yomenus: Touka 444

Yckopenuit I10CKOCTh 432

YcioBHas CXOAUMOCTH HECOOCTBEH-
HBIX UHTEerpajos 102

®ary Teopema 269
Deitep 355

Deitepa Teopema 355
— a1po 356

QPumepa-Pucca Teopema 396

®penrospbMa HWHTErPaIbHOE ypaBHe-
aue 417

®pene 437

— dopmyabr 437

®peness 104

®peness uarerpan 104

OyHaMeHTaIbHAsS  [10CTIEI0BATE b
HOCTH 270

OynkIpoHa auHeHsbi 381, 395

— HerrpepuIBHBIN 381, 395

— orpaHmYeHHbIH 381

D yHKIMOHATIBHAS
HOCTH 13

DyHKIUOHAJIBHBIN P 13

®yuxuus u3 kmacca CF 164
®ypne uarerpaa 358

— — KpaTHbIi 376

— KocuHyc-Ipeobpasosanue 367
— ko3 unmentsr 317

— — TpuroHoMmerpuydeckue 320
— mpeobpa3oBanue 359

—paxn 317

— — TpHUTrOHOMeTpHdIecKuit 319
— cunyc-ipeobpasoanue 367

Xaap 316
Xaapa cucrema 316
XapakTepuctudeckoe 9ucyio 417

IIocjie10BaTe/Ib-

Hens p-mepras 225
Iunuaapudeckas cucTeMa KOOPIUHAT

Iupkymanus BekTopHOro moss 181,
193, 207

Yacruanas cymma 14
— —pana Pypee 317
YebbImeBa moauHOMBL 316

IITsapiy; 138
Tsapua npumep 138

Ditnepa narerpass 291

— dopmyia 51

— — JI7Isi HOPMAaJIbHOM KpuBU3HGI 449
DKBuUBajeHTHble QyHKIUN 245
dnemenT obbema 90

Dnemenrapnas obiactb 129

— IIOBEPXHOCTD 127

— durypa 61

DjemeHTapHOe TEJO 74
Damunrryaeckas Touka 443

A npo uaTerpaspHOro omeparopa 410
— Deitepa 356



