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X Y X Y

Z X × Y

P : Z → [0, 1],
∑
z∈Z

p(z) = 1:

Z

S = {zi ≡ (xi, yi) ∈ X × Y |i = 1, 2, ..., l} :

S

ĥ : X → Y

ĥ(x) ≈ y, (x, y) ∈ Z :

h : X → Y (h) = Ez∼P [h(x) �= y]

h

LS(h) =
1

l

l∑
i=1

[h(xi) �= yi] :

h H

LS(h) h hS(x)

hS =
h∈H

LS(h) :

(hS)−
h∈H

(h) :

H S



(hS) − h∈H (h)

ε

hS

hS x ∈ X

Γ

i ∈ Γ

Di

x i ∈ Γ xi ∈ Di

x (x1, ..., xn) ∈ Rn

Y = {1,−1}
h(x)

x

S = {(xi, yxi
), i = 1, 2, ..., l}

xi

yxi

hS x

H



H hw(x) =

(w, x) w M

w

l(h, (x, y)) = [hw(x) �= y]

1

2

3

100

((70, 140) y = −1), ((60, 180) y − 1), ((90, 120), y = 1), .... :

x = (75, 128), y =?

Y

X = Rn, Y = Rk

LS(h) =
1

l

l∑
i=1

l(h, zi),

l(h, zi) = ||h(xi)− yi||2 l(h, zi) = ||h(xi)− yi|| :

h : Rn → Rk

h(x) = a(x,w), w ∈ Rn :

a(x,w)



1

2

3

100



[0, 1] 1/2

k

Dbscan

Apriori

EM

Q

Y



X

Y

cross − validation

Computor V ision

SV D

S = z1, z2, ...zl

l

S

D Z

z ∼ D z D



Ez∼D[f(z)] f(z) : Z → R



Ω

ω ∈ Ω p(ω)

0 ≤ p(ω) ≤ 1,
∑
ω∈Ω

p(ω) = 1:

w p(ω) ω

p

Ω A ⊂ Ω

∑
ω∈A

p(ω) :

{Ai ⊂ Ω, i ∈ I}

Ai

⋂
Aj = ∅, i �= j :

Ω F

σ

Ω ∈ F,

A ∈ F → Ac ∈ F,

An ∈ F, n = 1, 2, ...→ ⋃∞
i=1Ai ∈ F



P : A → [0, 1], A ∈ F

P (Ω) = 1

Ai ∈ F, i = 1, 2, ...

P (
∞⋃
i=1

Ai) =
∞⋃
i=1

P (Ai) :

(Ω, F, P )

A B

P (A|B) ≡ P (A
⋂
B)

P (B)

A B

P (A
⋂

B) = P (A)P (B) :

(Ω, F, P )

X : Ω → R

B ⊂ R

X−1(B) = {ω ∈ Ω : X(ω) ∈ B} ∈ F :

P (X−1(B)) X B

F (x) = P (X < x) X(ω)

A ∈ F

P (A) =
�
A

F (x) :

F (x)

P (A) =
�
A

f(x) x,

f X



f(x) X

E[X] =

+∞�
−∞

xf(x) x

X

D(X) = E[(X − E[X]]2 =

+∞�
−∞

(x− E[X])2f(x) x

E[aX + b] = aE[X] + b, a, b ∈ R

D[aX + b] = E[aX + b− aE[X]− b]2 = a2E
[
(X − E[X])2

]
= a2D[X]

D[X] = E[(X − E[X])2] = E[X2 − 2XE[X] + (E[X])2] =

= E[X2]− 2E[X]E[X] + (E[X)]2 = E[X2]− (E[X])2 :

X g g(X)

E[g(X]) =
�
R

g(x)f(x) x :

X f(x)

E[f(X)] ≥ f(E[X])

f

f(x)− f(y) ≥ (f ′(y), x− y) ∀x, y

x = X, y = E[X]

f(X) ≥ f(E[X]) + (f ′(E[X]), X − E[X]) :



E[f(X)] ≥ E[f(E[X])] + E[f ′(E[X]), X − E[X])) =

f(E[X]) + (f ′(E[X]), E[X]− E[X]) = f(E[X]) :

f

E[f(X)] ≤ f(E[X]) :

g

ε > 0

P (g(X) > ε) ≤ E[g(X])

ε
:

E[g(X)] = +∞

E[g(X)] =
�
R

g(x)f(x) x =
�

g(x)<ε

g(x)f(x) x+
�

g(x)≥ε

g(x)f(x) x ≥

≥ ε
�

g(x)>ε

f(x) x = εP (g(X) > ε) :

E[|X − EX| > ε] ≤ D[X]

ε2
:

P (|X − E[X]| > ε) = P (|X − E[X]|2) > ε2) ≤ D[X]

ε2
:

Z

[0, 1] E[Z] = θ a ∈ (0, 1)

P [Z > a] ≥ θ − a

1− a

Y = 1 − Z

Y ≥ 0 E[Y ] = 1 − E[Z] = 1 − θ

P [Z ≤ 1− a] = P [1− Z ≥ a] = P [Y ≥ a] ≤ E[Y ]

a
=

1− θ

a
:

P [Z > 1− a] ≥ 1− 1− θ

a
=
a+ θ − 1

a
:



P [Z > a] ≥ θ − a

1− a
:

Xi, i = 1, 2, ...

E[Xi] = a, D[Xi] = σ, i = 1, 2, ... :

n→∞
P (Xn − a| > ε) = 0,

Xn =
X1 +X2 + ....+Xn

n
:

g(X) = (Xn − a)2

P (|Xn − a| > ε) = P (|Xn − a|2 > ε2) ≤ E[(Xn − a)2]

ε2
:

E[(Xn − a)2] = E[
1

n

n∑
i=1

(Xi − a)2] =
1

n2

n∑
i=1

D[Xi] =
σ2

n
:

P (|Xn − a| > ε) ≤ σ2

nε2
→ 0, n→ ∞ :

Z1, ..., Zl

E[Z] = β, P (Zi ∈ [a, b]) = 1, i = 1, 2, ..., l, Z =
1

l

l∑
i=1

Zi :

ε > 0

P (|1
l

l∑
i=1

Zi − β| > ε) ≤ (−2lε2/(b− a)2) :

X

[a, b] E[X] = 0 λ > 0

E[eλX ] ≤ eλ
2(b−a)2/8 :



f(x) = eλx

α ∈ (0, 1) x ∈ [a, b] f(x) ≤ αf(a) + (1 − α)f(b)

α =
b− x

b− a
∈ (0, 1)

eλX ≤ b−X

b− a
eλa +

X − a

b− a
eλb :

E[eλX ] ≤ b− E[X]

b− a
eλa +

E[X]− a

b− a
eλb =

=
b

b− a
eλa − a

b− a
eλb :

h = λ(b− a), p = −a(b− a), L(h) = −hp+ (1− p+ peh) :

eL(h)

L(h) ≤ h2/8

L(0) = L′(0) = 0, L′′(h) ≤ 1

4
,

L(h) L(h) ≤
h2/8

Xi = Zi − E[Zi], X =
1

l

l∑
i=1

Xi :

P (X ≥ ε) = P (eλX ≥ eλε) ≤ e−λεE[eλX ] :

Xi, i = 1, 2, ..., l

E[eλX ] = E[
∏
i

eλXi/l] =
∏
i

E[eλXi/l] :

P (X ≥ ε) ≤ e−λε
∏
i

eλ
2(b−a)2/(8l2) ≤ e−λε+λ2(b−a)2/8l :

λ = 4lε/(b− a)2

P (X ≥ ε) ≤ e
− 2lε2

(b−a)2 :



−X

P (X ≤ −ε) ≤ e
− 2lε2

(b−a)2 :

A

n

A

p P (A) = p

(1− p) n

A k

Pn(k) = Ck
np

k(1− p)n−k :

X

n→∞
P (|X

n
− P | > ε) = 0:

E[X] = np, D[X] =

np(1− p)

P (|X
n

− P | ≥ ε) ≤ D[X/n]

ε2
=
np(1− p)/n2

ε2
=
p(1− p)

nε2
→ 0, n→ ∞ :

X

n→∞
P (a ≤ X − np√

np(1− p)
≤ b) =

1√
2π

b�
a

e−x2/2 x :

(X,Y )

fY |X(y|x) = P (Y = y|X = x) =
P (X = x, Y = y)

P (X = x)
=
fX,Y (x, y)

fX(x)
:

Y

y X x

Y



X x

E[Y |X = x] =
�
R

fY |X(y|x)y y :

X Y

E[Y |X = x] =
∑
y

fY |X(y|x)y :

E[Y |X]

EXE[Y |X] = E[Y ]

X Y

E[Y |X] = E[Y ] :

EXE[Y |X] =
∑
x

E[Y |X = x]P (X = x) =

=
∑
x

∑
y

yfY |X(y|x)P (X = x) =
∑
y

y
∑
x

fY |X(y|x)P (X = x) =
∑
y

yP (Y = y) = E[Y ] :

X Y

P (Y = y|X = x) = P (Y = y) :

X Y

Cov(X,Y ) = E
[
(X − E[X])(Y − E[Y ])

]
:

Cov(X,Y ) = E[XY ]− E[X]E[Y ] :

Cov(X,Y ) = E
[
(X − EX)(Y − EY )

]
= E[XY −XE[Y ] + E[X]E[Y ]− Y E[X]] =

= E[XY ]− E[X]E[Y ]− E[X]E[Y ] + E[X]E[Y ] =



= E[XY ]− E[X]E[Y ] :

X1, X2, ...., Xn

A =
n∑

i=1

αiXi, B =
m∑
i=1

βiXi

Cov(A,B) =
n∑

i=1

m∑
j=1

αiβjCov(Xi, Xj) :

Cov(X,X) = E[X2]− (E[X])2 X

X Y

Cov(X,Y ) = 0:

Cov(X,Y ) = E[XY ]− E[X]E[Y ] = E[X]E[Y ]− E[X]E[Y ] = 0:

E[XY ] = E[X]E[Y ] :

X = (x1, x2, ...., xn), Y = (y1, y2, ...., yn)

V ar(X,Y ) ≡ Cov(X,Y ) = E[(X − E[X])(Y − E[Y ])T ] :

V ar(X,Y ) =

⎛
⎜⎜⎜⎜⎝
E[(x1 − E[x1])(y1 − E[y1])] ... E[(x1 − E[x1])(yn − E[yn])]

E[(x2 − E[x2])(y1 − E[y1])] ... E[(x2 − E[x2])(yn − E[yn])]

... ... ...

E[(xn − E[xn])(y1 − E[y1])] ... E[(xn − E[xn])(yn − E[yn])]

⎞
⎟⎟⎟⎟⎠ :

V ar(X) ≥ 0

V ar(X,Y1 + Y2) = V ar(X,Y1) + V ar(X,Y2)

V ar(X,Y ) = 0 → V ar(X + Y ) = V ar(X) + V ar(Y )



X Y

Z=X×Y
h :X → Y H

l : H × Z → R+

Z

D

h ∈ H l(h, z)

LD(h) ≡ Ez∼D[l(h, z)] :

S = {z1, z2, ..., zm} ∈ Z h ∈ H

LS(h) =
1

m

m∑
i=1

l(h, zi) :

S = {z1, z2, ..., zm}
h ∈ H

A : S → H :

S

H S

A(S) ∈ H

A(S) =
h∈H

LS(h) :

ERMH

hS ≡ ERMH(S)

H Z

l(h, z) mH : (0, 1)2 → N

A ε, δ ∈ (0, 1)

D

S = {z1, z2, ..., zl}, l ≥ mH(ε, δ) A



h ≡ A(S) ∈ H

P (Ez∼Dl(A(S), z) ≤
h∈H

Ez∼Dl(h, z) + ε) > 1− δ

1−δ

LD(A(S)) ≤
h∈H

LD(h) + ε :

H A(S)

H l(h, z) ∈ [0, 1],

ε, δ ∈ (0, 1)

mH m ≥ mH S = {z1, z2, ..., zm}
D

P{S : ∀h ∈ H, |LS(h)− LD(h)| ≤ ε} ≥ 1− δ

{S : ∃h ∈ H, |LS(h)− LD(h)| > ε} =
⋃
h∈H

{S : |LS(h)− LD(h)| > ε} :

P ({S : ∃h ∈ H, |LS(h)− LD(h)| > ε}) ≤
∑
h∈H

P ({S : |LS(h)− LD(h)| > ε}) :

h m→ ∞

LD(h) = Ez∼P l(h, z), LS(h) =
1

m

m∑
i=1

l(h, zi) :

zi



l(h, zi)

LD(h)

LD(h) LS(h)

|LD(h) − LS(h)| LS(h)

θ1, ..., θm

E[θi] = α, P (a ≤ θi ≤ b]) = 1:

ε > 0

P (| 1
m

m∑
i=1

θi − α| > ε) ≤ 2 (−2mε2/(b− a)2)

θi = l(h, zi)

LS(h) =
1

m

m∑
i=1

θi, LD(h) = α :

l(h, z) [0, 1]

P (S : |LD(h)− LS(h)| > ε) = P (| 1
m

m∑
i=1

θi − α| > ε) ≤ 2 (−2mε2) :

P ({S : ∃h ∈ H, |LS(h)− LD(h)| > ε) ≤
∑
h∈H

2 (−2mε2) = 2|H| (−2mε2) :

m

m ≥ (2|H|/δ)
2ε2

,

P (S : ∃h ∈ H, |LS(h)− LD(h)| > ε) ≤ δ :

hS =
h∈H

LS(h) :



h ∈ H

LD(hS) ≤ LS(hS) +
ε

2
≤ LS(h) +

ε

2
≤

≤ LD(h) +
ε

2
+
ε

2
= LD(h) + ε :

l(h, z) =

l(h, (x, y)) ≡ [h(x) �= y] 1

0

LD(h) = P(x,y)∼D[h(x) �= y], LS(h) =
|i ∈ [m] : h(x) �= y]

m
:

A

LS(h) hS =

h∈H LS(h)

H PAC

mH : (0, 1)2 → N

A

ε, δ ∈ (0, 1)

D Z

f : X → {0, 1} LD(f) = 0

S = {z1, ..., zm}, m ≥ mH zi =

(xi, f(xi)), i = 1, 2, ...,m A

h = A(S) ∈ H 1− δ

LD(A(S)) ≤ ε

A(S) A

PAC

H

H PAC

f

S l(h, z)

l(h, z) = [h(x) �= y] :



hS(x) =

⎧⎨
⎩ yi, ∃i ∈ [1 : m] : x = xi,

0,

hS(x) = h∈H LS(h), LS(hS) = 0

Ez∼P (l(hS, z)) = 1/2 PAC

H

{ha : a ∈ R},

ha ha : R → {0, 1}, ha(x) = 1x<a

ha(x) = 1 x < a 0

S

D h∗ ∈ H LD(h
∗) = 0

ε, δ ∈ (0, 1)

P (LS(hS) ≤ ε) > 1− δ, S = {z1, z2, ..., zm), m ≥ (1/δ)/ε

hS = ERMH(S)

h∗

1x<a∗ (a0, a1)

a0 < a∗ < a1, Px∼Dx(x ∈ (a0, a
∗)) = Px∼Dx

(
x ∈ (a∗, a1)

)
= ε :

S

b0 = {x : (x, 1) ∈ S}, b1 = {x : (x, 0) ∈ S} :



bS hS

bs ∈ (b0, b1) LD(hS) ≤ ε

b0 ≥ a0, b1 ≤ a1 :

PS∼Dm(LD(hS)) > ε) ≤ PS∼Dm(b0 < a0)) + PS∼Dm(b1 > a1) :

b0 < a0

(a0, a
∗)

PS∼Dm(b0 < a0) = PS∼Dm(∀(x, y) ∈ S), x /∈ (a0, a
∗)) = (1− ε)m ≤ e−εm :

m > (2/δ)/ε

e−εm ≤ δ/2:

PS∼Dm(b1 > a1) ≤ δ/2:

PS∼Dm(LD(hS)) > ε) ≤ δ :

X H

X {0, 1} H PAC

X A

m

D X × {0, 1}

f : X → {0, 1} LD(f) = 0

PS∼Dm [LD(A(S) ≥ 1/8] > 1/7

C ⊂ X, |C| = 2m

T = 22m C {0, 1}
f1, f2, ..., fT fi

C × {0, 1} Di



Di(x, y) =

⎧⎨
⎩

1
|C| , y = fi(x)

0, :

(x, y)

1/|C| y fi 0

LDi
(fi) = 0

Di

i∈[T ]
ES∼Dm

i
[LDi

(A(S)] ≥ 1

4
,

S m A

A(S) : C → {0, 1}

P [Z > a] ≥ E[Z]

1− a

PS∼Dm
I
[LDi

(AS) > 1/8] ≥ 1/4− 1/8

1− 1/8
=

1

7
:

(2.1) m S

k = (2m)m

{S1, S2, ...., Sk}

Si
i = {(x1, fi(x1)), (x2, fi(x2)), ..., (xm, fi(xm))} :

Di

Si
i , S

i
2, ..., S

i
k,

ES∼Dm [LDi
(A(S)] =

1

k

k∑
j=1

LDi
(A(Si

J)) :

i∈[T ]

1

k

k∑
j=1

LDi
(A(Si

J)) ≥
1

T

T∑
i=1

1

k

k∑
j=1

LDi
(A(SI

J)) =



=
1

k

k∑
j=1

1

T

T∑
i=1

LDi
(A(SI

j )) ≥
j∈[k]

1

T

T∑
i=1

LDi
(A(SI

j )) :

Sj = {x1, x2, ..., xm}, {v1, v2, ...vp} = C \ Sj :

Sj C

p ≥ m h : C → {0, 1}
i

LDi
(h) =

1

2m

∑
x∈C

1[h(x) 	=fi(x)] ≥
1

2m

p∑
r=1

1[h(vr) 	=fi(vr)]

≥ 1

2p

p∑
r=1

1[h(vr) 	=fi(vr)] :

1

T

T∑
i=1

LDi
(A(Si

j)) ≥
1

T

T∑
i=1

1

2p

p∑
r=1

1[A(Si
j)(vr) 	=fi(vr)] =

=
1

2p

p∑
r=1

1

T

T∑
i=1

1[A(SI
j )(vr) 	=fi(vr)] ≥

1

2 r∈[p]
1

T

T∑
i=1

1[A(SI
j )(vr) 	=fi(vr)] :

r ∈ [p]

f1, f2, ..., fT T/2 (fi, f
′
i)

fi(c) �= f ′
i(c) c = vr

Si
j = Si′

j

1[A(Si
j)(vr) 	=fi(vr)] + 1[A(Si′

j (vr) 	=fi(vr)]
= 1:

1

T

T∑
i=1

1[A(Si
j(vr) 	=fi(vr)] =

1

2
:

(2.4) − (2.6) (2.1)

H PAC ε <

1/8, δ < 1/7 A m = m(ε, δ)

D X × {0, 1}
f : X → {0, 1}

LD(f) = 0 1− δ

LD(A(S) ≤ ε, S ∼ Dm

|X| > 2m

A D 1/7 > δ



LD(A(S)) > 1/8 > ε

H V Cdim(H)

H X

h ∈ H h : X → {0, 1}

C = {c1, c2, ..., cl} ⊂ X, HC = {((h(c1), h(c2), ..., h(cl)), h ∈ H} :

|C| |HC | = 2|C| H

V C V Cdim(H)

H

ha(x) ≡ 1x<a C = {c1}
a = c1 + 1 ha(c1) = 1 a = c1 − 1 ha(c1) = 0

C = {c1, c2}, c1 < c2 ha(x)

(0, 1) ha(c1) = 0 ha(c2) = 0

V Cdim(h) = 1

H = {h(a,b), a < b}

h(a,b)(x) = 1x∈(a,b) :

C = {1, 2}

(0, 0), (0, 1), (1, 0), (1, 1)

(1, 0) a = 0.5, b =

1.5 1 ∈ (0.5, 1.5) ha,b(1) = 1 h(a,b)(2) = 0 2 /∈ (a, b)

C = {c1, c2, c3}, c1 < c2 < c3 (1, 0, 1)

(a, b) V Cdim(H) = 2

H

C |HC | ≤ |H| :

V Cdim(H) ≤ 2 |H| :



Ld = {hw,b, : w ∈ Rd, b ∈ R},

hw,b(x) = (w, x) + b =
d∑

i=1

wixi + b :

w′ = (b, w1, w2, ..., wd), x
′ = (1, x1, x2, ...., xd) :

hw,b d + 1

hw,b =(w′, x′)

X = Rd, Y = {−1, 1}

HSd = Ld = {x→ (hw,b(x)) : hw,b ∈ Ld} :

HSd

w ∈ Rd b x

((w, x) + b) d =2

w w

V Cdim(HSd) = d+ 1

V C d

C = {e1, e2, ..., ed} :

{y1, y2, ..., yd} w = (y1, y2, ..., yd)



(w, ei) = yi, i = 1, 2, ..., d :

x1, x2, ...., xd+1

α1, α2, ...., αd+1

d+1∑
i=1

αixi = 0:

I+ = {i : αi > 0}, I− = {i : αi < 0} :

∑
i∈I+

αixi =
∑
i∈I−

|αi|xi :

w

(w, xi) > 0, i ∈ I+, (w, xi) < 0, i ∈ I− :

0 <
∑
i∈I+

αi(w, xi) = (
∑
i∈I=

αixi, w) = (
∑
i∈I−

|αi|xi, w) =

=
∑
i∈I−

|αi|(xi, w) < 0:

I+, I−

H V Cdim(H)

H h : X →
{0, 1}



l(z, h) ≡ [h(x) �= y]

V Cdim(H) = d <∞, ε, δ ∈ (0, 1) :

D

S ∼ Dl, l ≥ 4
2d

(δε)2
(
2d

(δε)2
) +

4d (2e/d)

(δε)2

P (LS(hS) ≤
h∈H

LD(h) + ε) > 1− δ :

h∈H
|LD(h)− LS(h)| :

h ∈ H

LD(h) = ES′∼Dl [LS′(h)],

S ′ = {z′1, ..., z′l}

ES∼Dl

[
h∈H

|LD(h)− LS(h)|
]
= ES∼Dl

[
h∈H

|ES′∼DlLS′(h)− LS(h)|
]
:

|ES′∼Dl [LS′(h)− LS(h)]| ≤ ES′∼Dl |LS′(h)− LS(h)| :

ES′∼Dl

[
h∈H

|LD(h)− LS(h)|
]
≤ ES′,S∈Dl

[
h∈H

|LS′(h)− LS(h)|
]
=

= ES′,S∼Dl

[
h∈H

1

l

∣∣∣ l∑
i=1

l(h, z′i)− l(h, zi)
∣∣∣] :

−(l(h, z′i) − l(h, zi))

ES′,S∼Dl

[
h∈H

1

l

∣∣∣ l∑
i=1

σi(l(h, z
′
i)− l(h, zi))

∣∣∣],
σi ∈ {−1, 1}



σ ∈ {+,−1}l
U+,−

Eσ∼U l
+,−
ES′,S∼Dl

[
h∈H

1

l
|

l∑
i=1

σi(l(h, z
′
i)− l(h, zi))|

]
:

ES,S′∼DlEσ∼U l
+,−

[
h∈H

1

l
|

l∑
i=1

σi(l(h, z
′
i)− l(h, zi))|

]
:

S, S ′ C

z1, z2, ...., zl, z
′
1, z

′
2, ..., z

′
l

h ∈ HC

Eσ∼U l
+,−

[
h∈H

1

l

∣∣∣ l∑
i=1

σi(l(h, z
′
i)− l(h, zi))

∣∣∣] =

= Eσ∼U l
+,−

[
h∈HC

1

l

∣∣∣ l∑
i=1

σi(l(h, z
′
i)− l(h, zi))

∣∣∣] :
h ∈ HC

θh =
1

l

l∑
i=1

σi(l(h, z
′
i)− l(h, zi))

[−1, 1] E[θh] = 0

P [|θh| > ρ] ≤ 2 (−2lρ2) :

P [
h∈HC

|θh| > ρ] ≤ 2|HC | (−2lρ2) :

E[
h∈HC

|θh|] ≤ 4 +
√ |HC |√

2l
:



X x′

a > 0, b ≥ e

t ≥ 0

P (|X − x′| > t) ≤ 2be−t2/a2 :

E[|X − x′|] ≤ a(2 +
√

b) :

ti = a(i +
√

b), i = 0, 1, 2, ...

E[|X − x′|] ≤ a
√

+
∞∑
i=1

tiP [|X − x′| > ti−1] :

∞∑
i=1

tiP [|X − x′| > ti−1] ≤

≤ 2ab
∞∑
i=1

(i+
√

b)e−1(i−1+
√

b)2 ≤

≤ 2ab

∞�
1+

√
b

xe−(x−1)2 x =

= 2ab

∞�
√

b

(y + 1)e−y2 y ≤

≤ 4ab
�
limits∞√

b
ye−y2 y = 2a :

l > d+ 1

|HC | ≤ (el/d)d) :

ES∼Dl [
h∈H

|LD(h)− LS(h)|] ≤ 4 +
√

b√
2l

:



1− δ

|LS(h)− LD(h)| ≤ 4 +
√
d (2el/d)

δ
√
2l

√
d (2el)/d > 4

|LS(h)− LD(h)| ≤ 1

δ

√
2d (2el/d)

l
:

ε

l ≥ 2d l

(δε)2
+

2d (2e/d)

(δε)2
:

a > 0

x ≥ 2a a⇒ x ≥ a x :

a ∈ (0,
√
e) x ≥ a x

x >
√
e f(x) = x − a x

x > a

f(2a a) = 2a a− a (2a a) =

= 2a a− a a− a (2a a) =

= a a− a (2 a) :

a− 2 a > 0 ∀a :

a ≥ 1, b > 0

x ≥ 4a 2a+ 2b⇒ x ≥ a x+ b :

x ≥ 4a (2a) + 2b

x ≥ 2a x x ≥ 2b a ≥ 1 x ≥ 2b b > 0

x ≥ 4a (2a) x ≥ 2a x

l ≥ 4
2d

(δε)2
2d

(δε)2
+

4d (2e/d)

(δε)2
,



l ≥ 2d l

(δε)2
+

2d (2e/d)

(δε)2

1 − δ |LD(h) − LS(h)| ≤ ε, ∀h ∈ H

S l

HS ∈ h∈H LS(h)

LD(hS) ≤ LS(hS) + ε/2 ≤ LS(h) + ε/2 ≤

≤ LD(h) + ε/2 + ε/2 = LD(h) + ε :



p ∈ Rn α

H = {x ∈ Rn/(p, x) = α}

H+ = {x ∈ Rn/(p, x) ≥ α}, H− = {x ∈ Rn/(p, x) ≤ α}

M1, M2 ⊆ Rn

p �= 0

(p, x) ≤ (p, y) ∀x ∈M1, ∀y ∈M2 :

H

M1 ⊆ H−, M2 ⊆ H+ :

M1, M2 ⊆ Rn

M1

⋂
M2 = ∅

M a /∈M,

M

a M



a r ≡ infx∈M‖a− x‖+ ε

Br(a) ε > 0

M
⋂
Br(a)

a

M ΠM(a)

a M ΠM(a)

b, c

a, b, c

d ≡ x∈M ‖x− a‖, [c, b]

M [c, b] ⊂ M a

[c, b]

a, b, c a /∈M [ΠM(a), a]

g a− ΠM(a)

a M

H+

a H− a

M ⊂ H− g M ΠM(a)

e ∈M
⋂
H− : g, ΠM(a), e

g [ΠM(a), e] ⊆
M [g,ΠM(a)]

g M

M a /∈M a

M

a /∈ M,

a M

M a M

{xk} /∈ M

xk → a : xk M

pk

(pk, x) ≤ (pk, xk) ∀x ∈M :

pk → p0 �= 0

(p0, x) ≤ (p0, a) ∀x ∈M,

a M

M ≡ M1 −M2 : M

M1

⋂
M2 = ∅ 0 /∈ M 0



M p �= 0

(p, x− y) ≤ 0 ∀x ∈M1, ∀y ∈M2 :

(p, x) ≤ (p, y) ∀x ∈M1, ∀y ∈M2 :

M ⊆ Rn a

a

M

M1 M2 ⊆ Rn

p

ε > 0

(p, x) ≤ (p, y)− ε ∀x ∈M1, ∀y ∈M2 :

M1 ⊂ Rn M2 ⊂ Rn

M1

⋂
M2 = ∅ :

(−1, 2, 1,−3)

M ⊆ R4

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

5x1 + x2 − 5x3 − 3x4 ≤ 1,

−3x2 − 2x2 + 5x3 + x4 ≤ 2,

3x2 + x3 + 2x4 ≤ 0,

x1 + x2 + 3x3 − x4 ≤ 9 :

M ⊆ Rn

b /∈ M

M



M1, M2 ⊂ Rn

intM2 �= ∅ M1

⋂
intM2 = ∅ :

M1 M2

β

f : C → R C

f(αu+ (1− α)v) ≤ αf(u) + (1− α)f(v), u, v ∈ C, α ∈ [0, 1] :

f : Rn → R

f(v)− f(w) ≥ (f ′(w), v − w), w, v ∈ C :

f : Rd → R

f(w) ≡ g((w, x) + y),

x ∈ Rd, y ∈ R, g : R → R

f

w1, w2 ∈ Rn α ∈ [0, 1]

f(αw1 + (1− α)w2) ≤ g((αw1 + (1− α)w2, x) + y) = g(α((w1, x) + y) + (1− α)((w2, x) + y)) ≤

≤ αg((w1, x) + y) + (1− α)g((w2, x) + y) ≤

≤ αf(w1) + (1− α)f(w2) :



f(w) ρ

|f(w1)− f(w2)| ≤ ρ||w1 − w2|| ∀w1, w2 ∈ Rn :

f(w) = g1(g2(w)) g1 g2 ρ1

ρ2 f(w) ρ1ρ2

|f(w1)− f(w2)| = |g1(g2(w1))− g1(g2(w2))| ≤

≤ ρ1||g2(w1)− g2(w2)|| ≤ ρ1ρ2||w1 − w2|| :

f(w) β β

||f ′(w1)− f ′(w2)|| ≤ β||w1 − w2|| :

f β

f(v) ≤ f(w) + (f ′(w), v − w) +
β

2
||v − w||2 :

f β

v = w − (1/β)f ′(w)

f(v) ≥ f(w) + (f ′(w), v − w)

||f ′(w)||2 ≤ 2βf(w) :

f λ

f(αw + (1− α)v) ≤ αf(w) + (1− α)f(v)− λ

2
α(1− α)||w − v||2, u, v ∈ Rn, α ∈ [0, 1] :



l(w) λ > 0

f(w) = l(w) + λ||w||2 2λ

f w∗ Rn

f(w)− f(w∗) ≥ λ

2
||w − w∗||2

f

f(w)− f(u) ≥ (f ′(u), w − u) +
λ

2
||w − u||2 :

x ∈ Rd, y ∈ R f(w) = ((w, x)− y)2

x ∈ Rd, y ∈ {−1, 1} f(w) = (1 + (−y(w, x))

fi(w), i = 1, 2, ...,m

g1(w) = i∈[1;m] fi(w),

g2(w) =
∑m

i=1 αifi(w), αi ≥ 0, i = 1, 2, ...,m

f(x) = (1 + (x))

1 R

f(x) = (1 + (x))

(1/4)

f(w) = g((w, x) + y) g : R → R β

f (β||x||2)

w ∈ Rd, y ∈ R f(w) = ((w, x) − y)2 (2||x||2)

f(w) = (1 + (−y(w, x))), y ∈ {−1,+1} (||x||2/4)



f Rn f

x0

∂f(x0) = {v : f(x)− f(x0) ≥ (v, x− x0) ∀x ∈ Rn} :

v

f x0 ∂f(x0) = {f ′(x0)} :

fi, i = 1, 2, ...,m x0

∂(
m∑
i=1

fi)(x0) =
m∑
i=1

∂fi(x0) :

fi, i ∈ I x0

f(x) =
i∈I

fi(x) :

∂f(x0) = conv{
⋃

i∈I(x0)

f ′
i(x0)},

I(x0) = {i ∈ I : f(x0) = fi(x0)}

x0 f

0 ∈ ∂f(x0)

f(x) = |x| = {x,−x}

∂f(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, x > 0

[−1, 1], x = 0,

−1, x < 0:

f(x) = ||x||1 =
m∑
i=1

fi(x), fi(x) = |xi|, i = 1, 2, ...,m :

∂fi(x) =

⎧⎨
⎩ { (xi)ei}, xi �= 0,

[−ei, ei], xi = 0 :



∂f(x) =
m∑
i=1

∂fi(x) =
∑

i∈I1(x)
(xi)ei +

∑
i∈I0(x)

[−ei, ei],

I0(x) = {i : xi = 0}, I1(x) = {i : xi �= 0} :

∂f(x) = {z ∈ Rm : zi = xi, i ∈ I1(x), |zi| ≤ 1, i ∈ I0(x)} :

1

2
||x− y||22 + λ||x||1 →

x∈Rm
:

x∗

0 ∈ ∂f(x∗) = x∗ − y + λ∂||x∗||1 :

yi − x∗i = λ (x∗i ), x
∗
I �= 0,

|yi − x∗i | = |yi| ≤ λ, x∗i = 0;

x∗i =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
yi − λ, yi > λ,

0, |yi| ≤ λ,

yi + λ, yi < −λ :
f : Rd → R A : Rk → Rd

h(x) ≡ f(Ax+ b) b ∈ Rd

∂h(x) = AT∂f(Ax+ b) :

f

f(A(x+ εγ) + b)− f(Ax+ b) = f(Ax+ b+ εAγ)− f(Ax+ b) =

=< f ′(ax+ b), εAγ > +o(ε) = ε(ATf ′(Ax+ b), γ) + o(ε), γ ∈ Rk :

∂h(x) = AT∂f(Ax+ b) :

h(x) = ||Ax − b||1 h

ai A i g(y) = ||y||1



∂g(Ax+ b) =
∑

i∈I1(x)
((ai, x)− bi)ei +

∑
i∈I0(x)

[−ei, ei],

I0(x) = {i : (ai, x) = bi}, I1(x) = {i : (ai, x) �= bi} :

∂h(x) = AT∂g(Ax+ b) =
∑

i∈I1(x)
((ai, x)− bi)A

T ei +
∑

i∈I0(x)
[−Atei.A

T ei] =

=
∑

i∈I1(x)
((ai, x)− bi)a

T
i +

∑
i∈I0(x)

[−aTi , aTi ] :

fi(x), i ∈ [0 : m], Rn f0(x)

M ≡ {x ∈ Rn/fi(x) ≤ 0, i ∈ [1 : m]}

f0(x) → , x ∈M :

M

f0(x)

M (3.1)

L(x, λ) = λ0f0(x) + λ1f1(x) + ...+ λmfm(x),

λ = (λ0, λ1, ..., λm) ∈ Rm+1

x∗

λ0 ≥ 0, λ1 ≥ 0, ..., λm ≥ 0

L(x, λ) ≥ L(x∗, λ) ∀x ∈ Rn,

λifi(x
∗) = 0, i ∈ [1 : m]

f0(x
∗) = 0 : f̃0(x) = f0(x)− f0(x

∗)



f̃0(x
∗) = 0

C = {(μ0, μ1, ..., μm) ∈ Rm+1/∃x ∈ Rn :

f0(x) < μ0, fi(x) ≤ μi, i ∈ [1 : m]} :

C

f0(x
∗) < 1, fi(x

∗) ≤ 1, i ∈ [1 : m],

(1, 1, ..., 1) ∈ C :

0 /∈ C,

x

f0(x) < 0, fi(x) ≤ 0, i ∈ [1 : m],

0 C

λi, i ∈ [0 : m]

m∑
i=0

λiμi ≥ 0 ∀(μ0, μ1, ..., μm) ∈ C : (3.2)

λi ≥ 0, i ∈ [0 : m] i0

λi0 < 0 δ > 0 μi0 > 0

μ ≡ (δ, 0, .., μi0 , 0, ..0) ∈ C μ

δλ0 + μi0λi0 ≥ 0 : (3.3)

δ → 0 μi0 → +∞
−∞,

μ0 = δ > 0, μ1 = 0, ..., μi = fi(x
∗), μi+1 = 0, .., μm = 0

δλ0 + λifi(x
∗) ≥ 0:

δ

λifi(x
∗) ≥ 0 : (3.4)



λi ≥ 0 fi(x
∗) ≤ 0,

λifi(x
∗) = 0 : (3.5)

x ∈ Rn

μ0 = δ + f0(x), μ1 = f1(x), ..., μm = fm(x)

μ

λ0(δ + f0(x)) + λ1f1(x) + ...+ λmfm(x) ≥ 0:

δ → 0,

λ0f0(x) + λ1f1(x) + ...+ λmfm(x) ≥ 0 ∀x ∈ Rn : (3.6)

L(x, λ) =
m∑
i=0

λifi(x) ≥ 0 =

= λ0f0(x
∗) + λ1f1(x

∗) + ...+ λmfm(x
∗) = L(x∗, λ) ∀x ∈ Rn :

x∗

(3.1)

fi(x
∗) ≤ 0, i ∈ [1 : m],

λ0 > 0, λ1 ≥ 0, λ2 ≥ 0, ..., λm ≥ 0

x∗ (3.1)

λ0 = 1 :

f0(x) +
m∑
i=1

λifi(x) ≥ f0(x
∗) +

m∑
i=1

λifi(x
∗) = f0(x

∗) ∀x ∈ Rn : (3.7)

x fi(x) ≤ 0 ∀i ∈ [1 : m], (3.7)

f0(x) ≥ f0(x
∗)

x̄

fi(x̄) < 0, i ∈ [1 : m],

λ0

λ0 = 0,

m∑
i=1

λifi(x̄) ≥ 0,



m∑
i=1

λifi(x̄) < 0:

M

f0(x) → , fi(x) = (aj, x)− bj = 0, j = 1, 2, ...,m, xi ≥ 0, i = 1, 2, ..., n :

∂L(x,λ)
∂xi

≥ 0, i = 1, 2, ..., n,

xi
∂L(x,λ)

∂xi
= 0, i = 1, ..., n,

xi ≥ 0, i = 1, 2, ..., n

L(x, λ) = f0(x) +
∑m

j=1 λjfj(x)



t

a(t)

a(t) = w0 + w1t,

t w0 w1

a(t)

Q(a, t) =
1

l

l∑
i=1

((a(ti)− yi)
2,

yi ti

w0 w1

a(t)

S = {(x1, y1), (x2, y2), ..., (xl, yI)} ⊆ Rn ×R} :



f(x) yi = f(xi), i =

1, 2, ..., l aS(x) = (w, x)−w0

Q(aS) =
1

l

l∑
i=1

L(aS, xi) =
1

l

l∑
i=1

(aS(xi)− yi)
2 → :

aS(xi) = (w, xi)−w0 = ( , ), = (w,w0), = (xi,−1) :

Q(( ) ≡ 1

l

l∑
i=1

(( , )− yi)
2

Q( ) =
1

l
||X − Y ||2 → ,

X =

⎛
⎜⎝ 1

...

⎞
⎟⎠ , Y =

⎛
⎜⎝
y1

...

yl

⎞
⎟⎠ :

Q( )

||X(α + (1− α) ′ − Y ||2 = ||α(X − Y ) + (1− α)(X ′ − Y )||2 =

= α2||X − Y ||2 + 2α(1− α)(X − Y,X ′ − Y ) + (1− α)2||Xw̃′ − Y ||2 ≤

≤ α2||X − Y ||2 + α(1− α)(||X − Y ||2 + ||X ′ − Y ||2) + (1− α)2||X ′ − Y ||2 =

= α||X − Y ||2 + (1− α)||X ′ − Y ||2 :

Q

∂Q

∂ j

= 0, j = 0, 2, ..., l :

X X = Y X

XTX = XTY :



XTX

= (XTX)−1XTY :

P (x) M

P (x) = 0 x ∈M,

P (x) > 0, x �=M

{ck}

ck+1 > ck, ck → +∞ :

xk q(ck, x) ≡ f(x)+ ckP (x) Rn

xk f M

x∗ f M

q(ck, xk) ≤ q(ck+1, xk+1)

P (xk) ≥ P (xk+1)

f(xk) ≤ f(xk+1)

f(x∗) ≥ q(ck, xk) ≥ f(xk)

q(ck+1, xk+1) = f(xk+1) + ck+1P (xk+1) ≥ f(xk+1) + ckP (xk+1) ≥ f(xk) + ckP (xk) = q(ck, xk)



f(xk) + ckP (xk) ≤ f(xk+1) + ckP (xk+1) f(xk+1) + ck+1P (xk+1) ≤ f(xk) + ck+1P (xk) :

(ck+1 − ck)P (xk) ≥ (ck+1 − ck)P (xk+1) :

P (xk) ≥ P (xk+1)

f(xk+1) + ckP (xk+1) ≥ f(xk) + ckP (xk) P (xk) ≥ P (xk+1) :

f(xk+1) ≥ f(xk) :

f(xk) ≤ f(xk) + ckP (xk) ≤ f(x∗) + ckP (x
∗) = f(x∗) :

x {xk}
f(xkm) → f(x)

m→∞
ckmP (xkm) =

m→∞
[q(ckm , xkm)− f(xkm)] ≡ q∗ − f(x) :

ckm → +∞,

m→∞
P (xkm) = 0:

P (x) = 0 f(xkm) ≤ f(x∗)

f(x) ≤ f(x∗) x f M

X

�= 0 X = 0 ∗

ε

XTX( ∗ + ε ) = XTY,

∗+ε

Q( ) → , || ||2 ≤ m :

P ( ) = [ (0, (|| ||2 −m)]2 :

c > 0

Gc(w̃) ≡ Q( ) + c[ (0, || ||2 −m)]2



c

(α)

ck+1 > rk, ck → +∞ :

x(c0) = x0, ε > 0

k

x(ck) =
x∈Rn

(f(x) + ckP (x))

x(ck−1)

P (x(ck)) < ε x(ck)

k

x(ck)

f(x) → , x ∈ Rn

Nα(x) = f(x) + αΩ(x),



Ω(x) = ||x − x0||2 x0 Ω

yα = {Nα(x) : x ∈ Rn}, N∗
α = Nα(yα) :

ỹα

Nα(ỹα) ≤ N∗
α + ξ(α)

f(x)

M∗

α→0

ξ(α)

α
= 0,

α→0
yα = y0,

y0

y0 = {Ω(x) : x ∈M∗} :

f(x) ≥ f(y) (y ∈ M∗), Nα(x) → +∞, ||x|| → +∞
{x ∈ Rn/Nα(x) ≤ C}

yα

f(y0) ≤ f(ỹα) ≤ f(ỹα) + αΩ(ỹα) ≤ N∗
α + ξ(α) ≤

≤ f(yα) + αΩ(yα) + ξ(α) ≤ f(y0) + Ω(y0) + ξ(α) ≤ f(ỹα) + αΩ(y0) + ξ(α) :

Ω(ỹα) ≤ Ω(y0) +
ξ(α)

α
,

f(y0) ≤ f(ỹα) ≤ f(y0) + αΩ(y0) + ξ(α) :

ỹα

f(ỹα) → f(y0) ỹαk
→ y

Ω(ỹα) → Ω(y) ≤ Ω(y0) :

f

f(ỹαk
) → f(y) = f(y0) :

Ω(y0) = Ω(y) Ω

M∗

ỹα → y0



f(x) ≡ (w2 − w1x)
2 :

Ω Ω(x) = |x|2
L2

Nα(x) = f(x) + αx2 :

xα =
w1.w2

w2
1 + α

:

α → 0,

xα → w2

w1

,

f(x)

L1 = |x|

Nα(x) = f(x) + α|x| :

x > 0 Nα(x)

xα =
2w1w2 − α

2w2
1

:

x < 0

xα =
α + 2w1w2

2w2
1

:

xα → w2

w1

, α → 0:

Ω( ) = || ||2
(α)

Nα( ) = Q(w) + α|| ||2

(α)

XTX −XTY + 2α = 0

XTX + 2αE



α > 0

(α) = (XTX + 2αE)−1XTY :

{xt, t ∈ N}

E[xt] = const

cov(xt, xt+h) = γ(h) ∀t

xt = ξ1 t+ ξ2 t,

ξ1, ξ2

p(ξ1 = 1) = p(ξ1 = −1) = 1
2

E[xt] = 0, cov(xt, xs) = t Dξ1 + t sDξ2 = (t− s) :

γ(h)

γ(−h) = cov(xt, xt−h) = cov(xt−h, xt) = cov(xθ, xθ+h) = γ(h) :

ρ(h) ≡ corr(xt, xt+h) =
cov(xt, xt+h)√

V ar(xt)V ar(xt+h)
=

γ(h)√
γ(0)γ(0)

=
γ(h)

γ(0)
:

ρ(h)

xt, t ∈ N

h→∞
ρ(h) = 0:



{ut}, t ∈ N

E[ut] = 0

V ar(ut) = σ2

cov(ut, ut+h) = 0, h �= 0

ut ∼ WN(0, σ2)

xt = μ+

p∑
j=1

fjxt−j + ut +

q∑
s=1

θsut−s,

ut ∼ WN(0, σ2) :

L(xt) = xt−1

(1−
p∑

j=1

fjL
j)xt = μ+ (1 +

q∑
s=1

θsL
s)ut :

F (z) = 1−
p∑

j=1

fjz
j = 1− f1z − f2z

2 − ...− fpz
p,

θ(z) = 1 +

q∑
s=1

θsz
s = 1 + θ1z + ...+ θqz

q :

F (L)xt = μ+ θ(L)ut :

F (z)

ARIMA(1, q)

xt = μ+ fxt−1 + ut +

q∑
s=1

θsut−s, θq �= 0:

F (z) = 1 − fz |f | < 1

E[xt] E[u]) = 0, E[xt] = const

E[xt] = μ+

p∑
j=1

fjE[xt − j] + eut +

q∑
s=1

θsE[ut − s] =



μ+

p∑
j=1

fjE[xt] :

E[xt] =
μ

1−∑p
j=1 fj

=
μ

F (1)
:

ACF

(xt, ut), t = 1, 2, ..., T

T + τ, τ = 1, 2, ...



E[x̂T+τ − xT+τ ]
2 → :

τ = 1

xT+1 = μ+ f1xT + ...+ fpxT+1−p + uT+1 + θ1uT + ...+ θquT+1−q :

T + 1

x̂T+1 = μ+ f1xT + ...+ fpxT+1−p + θ1uT + ...+ θquT+1−q :

uT+1 τ = 2

xT+2 = μ+ f1xT+1 + f2xT + ...+ fpxT+2−p+

+uT+2 + θ1uT+1 + θ2uT + ...+ θquT+2−q :

x̂T+2 == μ+ f1x̂T+1 + f2xT + ...+ fpxT+2−p + θ2uT + ...+ θquT+2−q :

uT+2, uT+1 xT+1

x̂T+1

T + 3, T + 4, ...

τ→∞ x̂T+τ = E[xt]

f(x) = β0 + β1x+ β2x
2

Ω(x) = ||x||2

ARMA(1, 1) t, t+ 1, t+ 2

xt = 0, 6xt−1 + ut − 0.6ut−1 :





f h =

−f ′(x) x

x0

xk+1 = xk − αkf
′(xk) (αk > 0)

k f

αk

h f x

α

f(x+ αh) < f(x)

h

f x h



(f ′(x), h) < 0

h f x

f

f(x+ αh) = f(x) + α[(f ′(x), h) +
o(α)

α
] :

α

f(x+ αh) < f(x) :

h = −f ′(x),

x0 Rn

xk+1 = xk + αkh
k, k = 0, 1, 2, ... (5.1)

hk = −f ′(xk), αk

αk ≡ η

xk+1 = xk − ηf ′(xk) :

αk

∑
αk = +∞,

∑
α2
k < +∞ :

αk =
1

k + 1
, αk =

(k + 1)

k + 1
, k = 0, 1, 2, ...

αk > 0 g(α) ≡ f(xk + αhk)

(0,∞)

αk ≡ arg
α>0

g(α) :



αk

f(x) = 1/2( x, x) + (b, x), (n× n)

b n

f Rn

f ′(x) = x+ b

g(α) ≡ f(xk + αhk) = 1/2[ (xk + αhk), xk + αkh
k)]+

+(b, xk + αkh
k) = α2[1/2( hk, hk)]+

+α( xk + b, hk) + (1/2 xk + b, xk) :

Rn

αk = −( xk + b, hk)

( hk, hk)
= −(f ′(xk), hk)

( hk, hk)
≥ 0 (5.2)

f(xk + αkh
k) =

α≥0
f(xk + αhk) =

α∈Rn
f(xk + αhk) :

ε

(0, 1) α = 1

f(xk − αf ′(xk))− f(xk) ≤ −εα‖f ′(xk)‖2 (5.3)

αk

α α

p

αk =
1
2p

x0 {xk}

‖f ′(xk)‖ < ε0 xk

ε0 > 0

f(x1, x2) = 5x21 + 5x22 − 6x1x2 → , x0 = (1, 1), ε0 = 0.01;

−3x21 − 2x22 + x2 + 6x2 − 15 → , x0 = (0, 1), ε0 = 0.1;



x21 + x22 + 2x1x2 + x2 → , x0 = (1, 0), ε0 = 0.01

f x

(f ′(x), h) = 0, (f ′′(x), h) < 0:

h f

H(x) = f ′′(x) f ′(x) �= 0

h = −H(x)−1f ′(x)

f

f(x) = 1/2( x, x) + (b, x)

Rn (n × n)

b n , b, x0, n, ε, ε0

ε0 {xk}

‖f ′(xk)‖ < ε0, xk

x∗ = −1b

f

f(w) → , w ∈ {w : ||w||2 ≤ B} :

w1 = 0, wt+1 = wt − ηf ′(wt), t = 1, 2, ... :

w =
1

T

T∑
t=1

wt :

f ρ

w∗ = w:||w||2≤B f(w)



η =
√
B2/(ρ2T )

f(w) ≤ f(w∗) +
Bρ√
T

:

vt = f ′(wt)

(wt − w∗, vt) =
1

η
(wt − w∗, ηvt) =

=
1

2η
(−||wt − w∗ − ηvt||2 + ||wt − w∗||2 + η2||vt||2) =

=
1

2η
(−||wt+1 − w∗||2 + ||wt − w∗||2) + η

2
||vt||2 :

T∑
t=1

(wt − w∗, vt) =
1

2η

T∑
t=1

(−||wt+1 − w∗||2 + ||wt − w∗||2) + η

2

T∑
t=1

||vt||2 :

T∑
t=1

(wt − w∗, vt) =
1

2η
(||w1 − w∗||2 − ||wT+1 − w∗||2) + η

2

T∑
t=1

||vt||2 ≤

1

2η
(||w1 − w∗||2) + η

2

T∑
t=1

||vt||2 =

=
1

2η
||w∗||2 + η

2

T∑
t=1

||vt||2 :

||vt|| ≤ ρ ut = wt + vt/||vt|| f

f(ut)− f(wt) ≥ (wt, ut − vt) = ||vt|| :

f ρ

f(ut)− f(wt) ≤ ρ||ut − wt|| :

||vt|| ≤ ρ

f(w)− f(w∗) = f
( 1
T

T∑
t=1

wt
)
− f(w∗) ≤



≤ 1

T

T∑
t=1

f(wt)− f(w∗) ≤

≤ 1

T

T∑
t=1

(
f(wt)− f(w∗)

)
≤

1

T

T∑
t=1

(wt − w∗, wt) ≤

1

T
(
||w∗||
2η

+ Tηρ/2) ≤ Bρ√
T
:

ε

T
Bρ√
T
< ε T ≥ B2ρ2

ε2

wk+1 = wk − αk
∂f

∂wik
(wk)e

ik , (5.4)

eik ik ∈ {1, 2, ..., n}
f

| ∂f
∂wi

(w +Δwiei)− ∂f

∂wi
(w)| ≤ Li||Δwi|| : (5.5)

L̂ =
i∈[1:n]

Li :

c f

{wk}
αk = 1

L̂
ik

{1, 2, ..., n}

E[f(wk+1)]−
w∈Rn

f(w) ≤ (1− c

nL̂
)k(f(w1)−

w∈Rn
f(w)) :

f(wk+1) ≤ f(wk) +
∂f

∂wik
(wk)(w

ik
k+1 − wik

k ) +
L̂

2
(wik

k+1 − wik
k )

2 :



αk = 1/L̂

f(wk+1)− f(wk) ≤ − 1

L̂
(
∂f

∂wik
(wk))

2 +
1

2L̂
(
∂f

∂wik
(wk))

2 = − 1

2L̂
(
∂f

∂wik
(wk))

2 :

Eik [f(wk+1)]− f(wk) ≤ − 1

2L̂
Eik [(

∂f

∂wik
(wk))

2] =

− 1

2L̂

( 1
n

n∑
i=1

(
∂f

∂wi
)2
)
= − 1

2Ln
||f ′(w)||2 : (5.6)

2c(f(w)−
w∈Rn

f(w)) ≤ ||f ′(w)||2, ∀w ∈ Rn : (5.7)

q(w)) = f(w) + (f ′(w), w − w) +
c

2
||w − w||2 :

w∗ = w − 1

c
f ′(w)

q(w∗) = f(w)− 1

2c
||f ′(w)||2 :

w∈Rn
f(w) ≥ f(w) + (f ′(w), w∗ − w) +

c

2
||w − w∗||2 ≥

f(w)− 1

2c
||f ′(w)||2 :

w∈Rn f(w)

f(w) =
1

m

m∑
i=1

(1 + ey(w,xi)) + λ
n∑

i=1

|wi|

Python

f



f

L > 0

‖f ′(x)− f ′(y)‖ ≤ L‖x− y‖ ∀x, y ∈ Rn :

f m > 0

f(x) ≥ m ∀x ∈ Rn

αk

αk > (1− ε)/L > 0, k = 0, 1, 2, ... :

hk = −f ′(xk)

θ ∈ (0, 1)

α > (1− ε)/L,

f(xk + αhk)− f(xk) = (f ′(xk + αθhk), αhk) =

= (f ′(xk + αθhk)− f ′(xk), αhk) + α(f ′(xk), hk) ≤

≤ ‖Lαθhk‖‖αhk‖ − α‖f ′(xk)‖2 ≤ Lα2‖f ′(xk)‖2−

−α‖f ′(xk)‖2 = −α‖f ′(xk)‖2(1− αL) ≤ −εα‖f ′(xk)‖2 :

f

{xk}
f ′(xk) → 0, k → ∞

f(xk+1)− f(xk) ≤ −εα‖f ′(xk)‖2 : (5.8)

f(xk+1) ≤ f(xk) {f(xk)}

f(xk)− f(xk+1) → 0:

‖f ′(xk)‖2 ≤ f(xk)− f(xk+1)

εαk

:

αk > (1− ε)/L > 0, f ′(xk) → 0



D > 0, d > 0

D‖h‖2 ≥ (f ′′(x)h, h) ≥ d‖h‖2 ∀x, h ∈ Rn : (5.9)

{xk}
f x∗

C > 0 q ∈ (0, 1)

‖xk − x∗‖ ≤ Cqk, k = 0, 1, ... :

f ′(x∗) = 0,

f(x)− f(x∗) =
1

2
(f ′′(x∗ + θ(x− x∗))(x− x∗), x− x∗),

θ ∈ (0, 1) (4.5)

d

2
‖x− x∗‖2 ≤ f(x)− f(x∗) ≤ D

2
‖x− x∗‖2 : (5.10)

f

x

f(x∗)− f(x) = (f ′(x), x∗ − x)+

+1/2(f ′′(x+ θ(x∗ − x))(x∗ − x), x∗ − x) ≥

≥ −‖f ′(x)‖‖x− x∗‖+ d/2‖x− x∗‖2 :

f(x)− f(x∗) ≤ ‖f ′(x)‖‖x− x∗‖ − d/2‖x− x∗‖2 : (5.11)

d

2
‖x− x∗‖2 ≤ ‖f ′(x)‖‖x− x∗‖ − d/2‖x− x∗‖2 :

‖x− x∗‖ ≤ ‖f ′(x)‖
d

: (5.12)

f(x)− f(x∗) ≤ ‖f ′(x)‖2
d

− d/D(f(x)− f(x∗)) :

‖f ′(x)‖2 ≥ d(1 + d/D)(f(x)− f(x∗)) : (5.13)



f(xk+1)− f(xk) ≤ −εαk‖f ′(xk)‖2

f(xk+1)− f(x∗) ≤ [1− εαkd(1 + d/D)]((f(xk)− f(x∗)) :

αk > ᾱ ≡ (1− ε)/L > 0

f(xk)− f(x∗) ≤ (f(x0)− f(x∗))q̄k, (5.14)

q̄ = (1− ε)αd(1 + d/D) :

(5.10) (5.14)

‖xk − x∗‖ ≤
√

2

d

√
f(xk)− f(x∗) ≤ Cqk,

C =

√
2

d

√
f(x0)− f(x∗), q =

√
q̄ :

f(x1, x2, ..., xn) = λ−1 (
n∑

i=1

(λxi), λ > 0

0 ≤ (f ′′(x)h, h) ≤ D||h||2 ∀x, h ∈ Rn

D

f

Rn M∗ Rn

M∗ �= ∅ {xk}

x0 ∈ Rn, xk+1 = xk − αk
f ′(xk)
‖f ′(xk)‖ , k = 0, 1, 2, ..., (5.15)



αk

∑
αk = +∞,

∑
α2
k < +∞ (5.16)

xk → x̄ ∈M∗ :

{xk} f x

vk = f ′(xk) x∗ ∈ M∗

{xk}

‖xk+1 − x∗‖2 = ‖xk − x∗‖2 + 2αk

‖vk‖(v
k, x∗ − xk) + α2

k : (5.17)

x∗ f M

(vk, x∗ − xk) ≤ f(x∗)− f(xk) ≤ 0:

‖xm − x∗‖2 ≤ ‖x0 − x∗‖2 +
m−1∑
i=0

α2
i : (5.18)

∑
αk

2

{xk}
{vk}

C > 0

‖vk‖ ≤ C : (5.19)

{ks}

(vks , x∗ − xks) → 0, ks → ∞ : (5.20)

N > 0

K

(f ′(xk), x∗ − xk) < −N < 0, ∀k > K (5.21)

‖xk+1 − x∗‖2 ≤ ‖x0 − x∗‖2 − 2N

C

k∑
i=0

αi +
k∑

i=0

α2
i : (5.22)

k → ∞
−∞,



{xks}

0 ≥ f(x∗)− f(xks) ≥ (vks , x∗ − xks) :

ks → ∞

f(xks) → f(x∗) =
x∈M

f(x) :

{xks}

xks → x̄ f

f(xks) → f(x̄) = f(x∗) =
x∈M

f(x),

x̄ ∈M∗ xk → x̄ xks → x̄, ε > 0

K ks > K,

‖xks − x̄‖2 < ε

2
(5.23)

p

ks+p−1∑
i=ks

α2
i <

ε

2
(5.24)

ks > K p

‖xks+p − x̄‖2 ≤ ‖xks − x̄‖2 +
ks+p−1∑
i=ks

α2
i <

ε

2
+
ε

2
= ε :

xk → x̄ :

x0 = (1, 1), αk = 1/k + 1, k = 0, 1, 2, ...

3x21 + x22 + 11x2 + 3x1 →

−2x21 − x22 + 8x1 + 6x2 − 25 →



M ⊆ Rn ΠM(a)

a M ΠM(a)

M a

ΠM L = 1

‖ΠM(x)− ΠM(y)‖ ≤ ‖x− y‖ ∀ x, y ∈ Rn : (5.25)

f(x) → , x ∈M :

f(x) M

{xk}

x0 ∈M, xk+1 = ΠM(xk − αkf
′(xk)), k = 0, 1, 2, ... :

f

f θ M

(f ′(x)− f ′(y), x− y) ≥ 2θ‖x− y‖2 ∀ x, y ∈M : (5.26)

f

x, y ∈M

f(x)− f(y) ≥ (f ′(x), x− y) + θ‖x− y‖2,

f(y)− f(x) ≥ (f ′(y), y − x) + θ‖x− y‖2 :

(5.26)

f θ M

f ′

M L > 0

‖f ′(x)− f ′(y)‖ ≤ L‖x− y‖ ∀x, y ∈M :



αk

(0, 4θ
L2 ) {xk}

f

α :M →M,

α(x) ≡ ΠM(x− αf ′(x)) :

(5.25)− (5.26)

‖ α(x)− α(y)‖2 = ‖ΠM(x− αf ′(x))− ΠM(y − αf ′(y))‖2 ≤

≤ ‖x− αf ′(x)− y + αf ′(y)‖2 ≤ ‖x− y + α(f ′(y)− f ′(x))‖2 =

= ‖x− y‖2 + 2α(x− y, f ′(y)− f ′(x)) + α2‖f ′(x)− f ′(y)‖2 =

≤ ‖x− y‖2(1− 4θα + α2L2) : (5.27)

α

q ≡
√
1− 4αθ + α2L2

α ∈ (0, 4θ
L2 ), q < 1 α

x∗ M

ΠM(x∗ − αf ′(x∗)) = x∗ : (5.28)

f

(ΠM(a)− a, x− ΠM(a)) ≥ 0 ∀a ∈ Rn, ∀x ∈M (5.29)

a = x∗ − αf ′(x∗), ΠM(a) = x∗

(x∗ − x∗ + αf ′(x∗), x− x∗) ≥ 0 ⇒

⇒ (f ′(x∗), x− x∗) ≥ 0 ∀ x ∈M : (5.30)

f(x)− f(x∗) ≥ (f ′(x∗, x− x∗) ≥ 0 ∀x ∈M,

x∗ f

(5.27)

‖xk+1 − x∗‖ = ‖ αx
k − αx

∗‖ ≤ q‖xk − x∗‖ ≤ ...



≤ qk+1‖x0 − x∗‖ :

{xk} x∗

f(x) M

xk

k αk

αk =
D

G
√
k
:

f(x̂N)−
x∈M

f(x) ≤ 3

2
DG

1√
N
,

xN =
1

N
(x1 + x2 + ...+ xN),

D M G

||f ′(x)|| ≤ G ∀x ∈M :

x∗

||xk+1 − x∗||2 ≤ ||ΠM(xk − αkf
′(xk))− x∗||2 ≤

||xk − αkf
′(xk)− x∗||2 =

= ||xk − x∗||2 + α2
k||f ′(xk)||2 − 2αk(f

′(xk), xk − x∗) :

f

2(
N∑
k=1

(f(xk)− f(x∗)) ≤ 2
N∑
k=1

(f ′(xk), xk − x∗) ≤

N∑
k=1

||xk − x∗||2 − ||xk+1 − x∗||2
αk

+G2

N∑
k=1

αk ≤

≤
N∑
k=1

||xk − x∗||2( 1

αk

− 1

αk−1

) +G2

N∑
k=1

αk ≤

D2 1

αN

+G2

N∑
k=1

αk ≤ 3DG
√
N :

f(xN)− f(x∗) ≤ 1

N

N∑
k=1

(f(xk)− f(x∗)) ≤ 3

2
DG

1√
N

:



a ∈ Rn

M = {x ∈ Rn/‖x− x0‖ ≤ r}

ΠM(a) = x0 +
a− x0

‖a− x0‖r;

M = {x ∈ Rn/bj ≤ xj ≤ cj, j ∈ [1 : n]},

(ΠM(a))j =

⎧⎪⎨
⎪⎩

bj, aj < bj

aj, bj ≤ aj ≤ cj

cj, aj > cj;

M = {x ∈ Rn/xj ≥ 0, j ∈ [1 : n]},

ΠM(a) = ( (0, a1), ..., (0, an)) :

f(x) = 1/2( x, x) + (b, x)

L

θ

αk =
2θ

L2
:

‖xk+1−xk‖ < ε0 ε0 > 0

f(x) → , x ∈M : (5.31)



f M ⊂ Rn

x0 M {xk}

xk+1 = xk + αkh
k, k = 0, 1, ...

hk f

xk ∈ M αk xk+1 ∈ M hk

k

(f ′(xk), x− xk) → , x ∈M :

x̄k

ηk = (f ′(xk), x̄k − xk), hk = x̄k − xk :

hk ηk ≤ 0

ηk =
x∈M

(f ′(xk), x− xk) ≤ (f ′(xk), xk − xk) ≤ 0:

ηk < 0 αk α = 1

f(xk + αhk)− f(xk) ≤ αεηk (5.32)

αk =

1 α

α αk

xk+1

xk+1 = xk + αkh
k :

M ⊂ Rn

f(x) M

f ′(x) M

k ηk = 0 xk



ηk < 0, k = 0, 1, 2, ...

f(xk) →
x∈M

f(x) :

ηk = 0

f(x)− f(xk) ≥ (f ′(xk), x− xk) ≥ ηk = 0 ∀x ∈M,

xk

hk

M M

xk + αhk = xk + α(x̄k − xk) = (1− α)xk + αx̄k ∈M, ∀α ∈ [0, 1] :

f M

xk ∈ M

αk

ᾱ > 0 αk > ᾱ > 0, k = 0, 1, ...

f(xk) →
x∈M

f(x) :

f(xk+1) ≤ f(xk) + εαkηk : (5.33)

k ∈ [0 : m− 1]

x∈M
f(x)− f(x0) ≤ f(xm)− f(x0) ≤ ε

m−1∑
k=0

αkηk :

∑
αkηk

αkηk → 0: (5.34)

αk > ᾱ > 0 ηk → 0

xkj → x∗ ∈M

f(x)− f(xkj) ≥ (f ′(xkj), x− xkj) ≥ ηkj ∀x ∈M : (5.35)

ηkj → 0 xkj → x∗,

f(x)− f(x∗) ≥ 0 ∀x ∈M,



x∗ f M

{f(xk)} {f(xkj)}
x∈M f(x) {f(xk)}

x∈M f(x)

f(x) ≡ f(x1, x2) = −x21 + x1x2 − 2x22 + 4x1 + 6x2 → ,⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x1 + x2 ≤ 4,

x1 + 2x2 ≥ 2,

x1, x2 ≥ 0:

x0 = (3, 1)

f

x0 f(x0) = 10, f ′(x0) = (−1, 5)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−x1 + 5x2 → ,

x1 + x2 ≤ 4,

x1 + 2x2 ≥ 2,

x1, x2 ≥ 0

x0 = (0, 4)

x1

x1 = x0 + α0(x
0 − x0) = (3− 3α0, 1 + 3α0) :

f

h(α0) ≡ f(x1) = −36α2
0 + 18α0 + 10:

α0 = 0.25 h

x1 = (2.25, 1.75), f(x1) = 12.25, f ′(x1) = (1.25, 1.25) :

x1 x1 + x + 2 = 4 f ′(x1)



(c, x) → , x ∈M :

M = {x ∈ Rn/‖x− x0‖ ≤ r},

x∗ = x0 +
c

‖c‖r

M = {x ∈ Rn/aj ≤ xj ≤ bj, j ∈ [1 : n]},

x∗j =

{
aj, cj ≥ 0,

bj, cj < 0

f(x) = x21 + x22 x = (2, 3)

M = {x ∈ R2/x1 + x2 ≤ 6, x1 ≥ 0, x2 ≥ 0}

f(x) = 1/2( x, x) + (b, x)

M = {x ∈ Rn/ x ≤ d, x ≥ 0}
(n × n)

(m × n) k

ηk =
x∈M

(f ′(xk), x− xk)



|ηk| < ε0

ε0 > 0

xk

x0 ∈M

w1 = 0

vt

E[vt|wt] = f ′(wt) :

wt+1 = wt − ηvt

w = (1/T )
∑T

t=1w
t

f ρ

w∗ = w:||w||≤B f(w)

η =
√
B2/(ρ2T )

1

||vt|| ≤ B, ∀t

E[f(w)]− f(w∗) ≤ Bρ√
T
:

v1:t v1, v2, ...., vt

f(w)− f(w∗) ≤ 1

T

T∑
t=1

(
f(wt)− f(w∗)

)
,



1

T

T∑
t=1

(wt − w∗, vt)) ≤ Bρ√
T
(wt − w∗, vt) :

Ev1:T [f(w)− f(w∗)] ≤ Ev1:T

[ 1
T

T∑
t=1

(f(wt)− f(w∗)
]
,

Ev1:T

[ 1
T

T∑
t=1

(wt − w∗, vt)
]
≤ Ev1:T

[Bρ√
T
(wt − w∗, vt)

]
:

Ev1:T

[ 1
T

T∑
t=1

f(w)− f(w∗)
]
≤ Ev1:T

[ 1
T

T∑
t=1

(wT − w∗, vt)
]
: (5.36)

Ev1:T

[ 1
T

T∑
t=1

(wt − w∗, vt)
]
=

1

T

T∑
t=1

Ev1:T [(w
t − w∗, vt)] :

α β

g

Eα[g(α)] = EβEα[g(α)|β]

α = v1:t, β = v1:t−1

Ev1:T [(w
t − w∗, vt))] = Ev1:t [(w

t − w∗, vt)] =

= Ev1:t−1Ev1:t [w
t − w∗, vt)|v1:t−1] :

v1:t−1 wt

Ev1:t−1Ev1:t [w
t − w∗, vt)|v1:t−1] = Ev1:t−1(w

t − w∗, Evt [vt|v1:t−1]) :

wt v1:t−1 Evt [vt|wt] = f ′(wt)

Evt [vt|v1:t−1] = f ′(wt) :

Ev1:T [(w
t − w∗, vt)] ≥ Ev1:t−1 [f(w

t)− f(w∗)] = Ev1:T [f(w
t)− f(w∗)] :

T



(5.36)

AdaGrad

xt

yt+1 = xt − ηG−1
t f ′(xt)), xt+1 =

x∈M
||yt+1 − x||2Gt

,

Gt =
( t∑

τ=1

f ′(xτ )(f ′(xτ )T
) 1

2
:

||x||2A = xTAx, D =
u,v∈M

||u− v|| :

x∗ f M

η = D

AdaGrad T

f(
1

T

T∑
t=1

xt)− f(x∗) ≤ 2D

T
Tr(GT ),

T r(GT ) ≡
∑
i

gii :

yt+1 − x∗ = xt − x∗ − ηG−1
t f ′(xt) :

Gt(yt+1 − x∗) = Gt)(xt − x∗)− ηf ′(xt) :

(yt+1 − x∗)TGt(yt+1 − x∗) =

= (xt − x∗)Gt(xt − x∗)− 2η(f ′(xt), xt − x∗) + η2(f ′(xt))TG−1
t f ′(xt) :

xt+1 yt+1



Gt

(yt+1 − x∗)TGt(yt+1 − x∗) = ||yt+1 − x∗||2 ≥ ||xt+1 − x∗||2 :

(f ′(xt), xt − x∗) ≤ η

2
(f ′(xt)TG−1

t f ′(xt) +
1

2η
(||xt − x∗||2Gt

− ||xt+1 − x∗||2Gt
) :

t = 1, 2, ..., T

T∑
t=1

(f ′(xt), xt − x∗) ≤

η

2

T∑
t=1

(f ′(xt)TG−1
t f ′(xt) +

1

2η
||x1 − x∗||2G0

+

+
1

2η

T∑
t=1

(||xt − x∗||2Gt
− ||xt+1 − x∗||2Gt−1

)− 1

2η
||xT+1 − x∗||2GT

≤

η

2

T∑
t=1

(f ′(xt))TGtf
′(xt) +

1

2η

T∑
t=1

(xt − x∗)T (Gt −Gt−1)(xt − x∗) :

T∑
t=1

(f ′(xt))tG−1
t f ′(xt) ≤ 2Tr(GT ),

T∑
t=1

(xt − x∗)T (Gt −Gt−1)(xt − x∗ ≤ D2Tr(GT ) :

f

f(xt)− f(x∗) ≤ (f ′(xt), xt − x∗)

1

T

T∑
t=1

(f(xt)− f(x∗)) ≤ D2Tr(GT )

2ηT
+
ηTr(GT )

T
:

f(
1

t

T∑
t=1

xt) ≤ 1

T

T∑
t=1

f(xt)

η = D

f(
1

T

T∑
t=1

xt)− f(x∗) ≤ 2D

T
Tr(GT ) :



f AdaGrad

xit+1 = xit −
η√
gii

∂f

∂xi
, gii =

t∑
τ=1

( ∂f
∂xi

(xτ )
)2
, i = 1, 2, ..., n :

AdaGrad

f(x1, x2) = ((x1 + x2a)− b)2, a = 0.39, b = 9.84:

(x1, x2) = (0, 0) η = 5

f ′(0, 0) = (−19.68,−7.68) :

G1 =
1∑

τ=1

f ′(0)(f ′(0))T =

(
−19.68

−7.68

)
(−19.68,−7.68) =

(
387.30 151.14

151.14 58.98

)
:

(
x1

x2

)
=

(
0

0

)
−
(

5√
387.30
5√

58.98

)
�
(
−19.68

−7.68

)
=

(
5

5

)
,

� A(m × n) B(m × n)

(A� B)ij = (A)ij(B)ij :

f β x∗

Rn

xt+1 = xt − 1

β
f ′(xt) :



f(xt)− f(x∗) ≤ 2β||x0 − x∗||2
t+ 4

:

O(1/t)

f β μ xt

αt = 1/β

0 < μ < β

f(xt)− f(x∗) ≤ β

2
(1− μ

β
)t||x0 − x∗||2 :

μ/β

f(x1, x2) =
1

2
(λ1x

2
1 + λ2x

2
2),

0 < λ1 < λ2 λ1 = μ, λ2 = β

(xt+1,1, xt+1,2) = xt − 1

λ2
f ′(xt) = ((1− λ1

λ2
)xt,1, 0) :

λ1/λ2

xt,1

xt

mt+1 = γtmt + (1− γt)f
′(xt),

xt+1 = xt − αtmt+1 :

xt

−f ′(xt) −mt+1

−f ′(x0),−f ′(x1), ...,−f ′(xt)

xt

xt+1 = xt − α̃tf
′(xt) + γ̃t(xt − xt−1),

α̃t = αt(1− γt), γ̃t =
αtγt
αt−1

:



mt+1 =
xt − xt+1

αt

, t = 1, 2, ... :

mt =
xt−1 − xt
αt−1

, t = 0, 1, 2, ... :

mt

xt − xt+1

αt

= γt(
xt−1 − xt
αt−1

) + (1− γt)f
′(xt) :

xt+1 = xt − αt(1− γt)f
′(xt) +

αtγt
αt−1

(xt − xt−1) :

f(x) =
1

2
(Ax, x) + (b, x)

A b

{xt} Momentum

mt+1 = γmt + (1− γ)f ′(xt),

xt+1 = xt − αmt+1, m0 = f ′(x0),

α =
1√

λminλmax

, γ =
(√λmax −

√
λmin√

λmax +
√
λmin

)2
,

λmin, λmax A

C > 0

f(xt)− f(x∗) ≤ Ct2γt||x0 − x∗||2 :

λmin<<λmax

(√λmax −
√
λmin√

λmax +
√
λmin

)2
≈ 1− 4

√
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λmax

< 1− λmin

λmax

:

Momentum

λmin/λmax = 0.01

1− λmin

λmax

= 0.99,



1− 4

√
λmin

λmax

= 0.6 :

Momentumi

Momentum

Momentum

f β {xt}, {yt}

yt+1 = xt − 1

β
f ′(xt),

xt+1 = (1− γt)yt+1 + γtyt,

γt =
1− λt
λt+1

,

λ0 = 0, λt =
1 +
√

1 + 4λ2t−1

2
:

x∗ f Rn

f(yt)− f(x∗) ≤ 2β||x1 − x∗||2
(t− 1)2

:

f β

x, y

f(x− 1

β
f ′(x))− f(y) ≤

f(x− 1

β
f ′(x))− f(x) + (f ′(x), x− y) ≤
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β
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− 1

2β
||f ′(x)||2 + (f ′(x), x− y) :
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f(yt+1)− f(yt) ≤ − 1

2β
||f ′(xt)||2 + (f ′(xt), xt − yt) =

−β
2
||yt+1 − xt||2 − β(yt+1 − xt, xt − yt) : (5.37)



x = xt, y = x∗

f(yt+1)− f(x∗) ≤ −β
2
||yt+1 − xt||2 − β(yt+1 − xt, xt − x∗) : (5.38)

δt = f(yt) − f(x∗)

(λt − 1)

λtδt+1 − (λt − 1)δt ≤

≤ −β
2
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β
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f(x) →
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h
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m
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η
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1

l
(

l∑
i=1

Li(wi)−
w∗∈M

fl(w
∗)) ≤ G2

2αl
(1 + l) → 0 :

Li(w) = L(w), i = 1, 2, ...,

L(wl)−
w∈M

L(w) → 0, l → ∞,

wl =
1

l
(w1 + w2 + ...+ wl) :

Li(w) = (w − yt)
2, w ∈ [0, 1], yi ∈ [0, 1]

Rl(w) =
l∑

i=1

(wi − yi)
2 −

l∑
i=1

(w − yi)
2 :

L′
i(w) = 2(w − yi) :



|l′i(w)| ≤ 2, ∀i, l′′i (w) = 2

G = 2, α = 2

ηi = 1/(αi), i = 1, 2, , ...

wi+1 = ΠM(wi − ηiLi(wi)) =

= ΠM(wi − 1

i
(wi − yi)) = (1− 1

i
)wt +

1

i
yi =

=
i− 1

i
(
i− 2

i− 1
wi−1 +

1

i− 1
yi−1) +

1

i
yi =

=
i− 2

i
wi−1 +

1

i
yi−1 +

1

i
yi =

1

i

i∑
j=1

yj :

Rl(w) ≤ G2

2α
(1 + l) = 1 + l :

Li(w) = (1 + e<w,xi>y + α
2
||w||2) M

X ≡ {xi}∞i=1

L′
i(w) =

−xiye−<w,xi>y

1 + e−<w,xi>y
+ αw :

G > 0 ||L′
i(w)|| ≤ G, ∀w ∈ M, i = 1, 2, ...,

M g(w) f(w)

w

E[g(w)] = f ′(w)

E[||g(w)||2] ≤ G2 :

wk

wk+1 = ΠM(wk − αkgk), (gk = g(wk)), αk =
D

G
√
T
:

E[f(wT )]−
w∈M

f(w) ≤ 3GD

2
√
T
,

wT =
1

T
(w1 + w2 + ...+ wT ), D = diam(M) :



w∗ f M

||wk+1 − w∗||2 ≤ ||ΠM(wk − αkgk))− w∗||2 ≤

||wk − αkgk − w∗||2 =

= ||wk − w∗||2 + α2
k||gk||2 − 2αk(gk, wk − w∗) :

f E[gk|wk] = f ′(wk), E||gk||2 ≤ G2

2(
T∑

k=1

E[f(wk)− f(w∗)|wk] ≤ 2
T∑

k=1

E[(gk, wk − w∗] ≤

E
[ T∑

k=1

||wk − x∗||2 − ||wk+1 − w∗||2
αk

|wk

]
+G2

T∑
k=1

αk ≤

≤
[ T∑

k=1

||wk − w∗||2( 1

αk

− 1

αk−1

)
]
+G2

T∑
k=1

αk ≤

D2 1

αT

+G2

T∑
k=1

αk ≤ 3DG
√
T :

E[f(wT )]− f(x∗) ≤ 1

T

T∑
k=1

(f(wk)− f(w∗)) ≤ 3

2
DG

1√
T
:

f(w) → , w ∈M :

{wk}

wk+1 = ΠM(wk − αkgk), w0 ∈M :

w∗

gk

M

E[gk|wk] = f ′(wk), ∀k

σ, θ, L

E[||gk − f ′(wk)||2|wk] ≤ σ2,

f(u)− f(v) ≥ (f ′(v), u− v) +
L

2
+ ||u− v||2, u, v ∈M,



f(u)− f(v) ≥ (f ′(v), u− v) +
θ

2
||u− v||2, x, y ∈M :

αk ≡ α < 1/2L, ||f ′(w)||2 ≤ G, ∀w ∈M :

E[||wk − w∗||2] ≤ (1− αθ)k||w0 − w∗||2 + α(σ2 + 2G)

θ
:

wk+1 = ΠM(wk − αgk)

||wk+1 − w∗||2 = ΠM(wk − αgk)− ΠM(w∗)||2 ≤

≤ ||wk − αgk − w∗||2 = ||wk − w∗||2 − 2α(wk − w∗, gk) + α2||gk||2 :

E[., xk]

E[||wk+1 − w∗||2|wk] = ||wk − w∗||2 − 2α(wk − w∗, f ′(wk)) + α2E[||gk||2|wk] :

E[||gk||2|wk]

E[||gk||2|wk] = E[||f ′(wk) + gk − f ′(wk)||2 = ||f ′(wk)||2] + 2E[(f ′(wk), gk − f ′(wk)|wk]+

+E[||gk − f ′(wk)||2|wk] = ||f ′(wk)||2 + E[||gk − f ′(wk)||2|wk] ≤ ||f ′(wk)||2 + σ2 :

||f ′(wk)||2

||f ′(u)− f ′(v)||2 ≤ 2L(f(u)− f(v)− (f ′(v), u− v)) ) :

x = wk, y = w∗
(f ′(w∗), wk − w∗) ≥ 0

E[||gk||2|wk] ≤ 4L(f(wk)− f(w∗)) + σ2 + 2||f ′(w∗)||2 :

E[||wk+1 − x∗||2|wk]

E[||wk+1−w∗||2|wk] ≤ ||wk−w∗||2−2α(wk−w∗, f ′(wk))+4α2L(f(wk)−f(w∗))+α2(σ2+2||f ′(w∗)||2) :

f

f(w∗)− f(wk) ≥ (f ′(wk), w∗ − wk) +
θ

2
||wk − w∗||2 :



(f ′(wk), wk − w∗) ≥ f(wk)− f(w∗) +
θ

2
||wk − w∗||2 :

E[||wk+1 − w∗||2|wk] ≤ (1− αθ)||wk − w∗||2 − 2α(1− 2αL)(f(wk)− f(w∗)) + α2(σ2 + 2||f ′(w∗)||2) :

α < 1/2L

Ewk
[E[||wk+1 − w∗||2|wk[] ≤ (1− θα)E[||wk − w∗||2] + α2(σ2 + 2||f ′(w∗)||2) :

Ewk
[E[||wk+1 − w∗||2|wk[] = E[||wk+1 − w∗||2] :

E[||wk+1 − w∗||2] ≤ (1− αθ)k+1||w0 − w∗||2 + α2(σ2 + ||f ′(w∗)||2)
k∑

i=0

(1− αθ)i ≤

≤ (1− αθ)k||w0 − w∗||k + α(σ2 + 2G)

θ
:

T

αi = 1/(2L+
√
T ), i = 1, 2, ..., T

E[||wT − w∗||2] ≤
(
1− 1

(2L+
√
T )θ

)T
||w0 − w∗||2 + σ2 + 2G

θ(2L+
√
T )

≤

||w0 − w∗||2 (− θ
√
T

1 + 2L
) +

σ2 + 2G

2L+
√
T
:

αk =
2

α(k + 1)
:

E[||wk − w∗||2] ≤ R1

k + 1
, k >

4L

θ
,

R1 = {||w0 − w∗||2, (σ2 + 2G)/θ2} :

εk = E[||wk − w∗||2]

εk ≤ R1

k + 1
:

k = 0 k = m



k = m+ 1

εm+1 ≤ (1− θαm)εm + αm(σ
2 + 2G) ≤

(1− 2

m+ 1
)εm +

σ2 + 2G

(θm)2
≤

(1− 2

m+ 1
)
R1

m+ 1
+

R1

(m+ 1)2
=

m

(m+ 1)2
R2 ≤ R1

m+ 2
:

αk =
2

α(1 + k)
:

wk
P→ w∗ :

{wk} P = 1

w∗

P
(
||wk − w∗|| ≥ ε

)
= P
(
||wk − w∗||2 ≥ ε2

)
≤ E[||wk − w∗||2]

ε2
≤

R1

ε2(k + 1)
→ 0, → ∞ :

f(w) =
1

l

l∑
i=1

li(w) :

gk

L′
ξk
(wk) k ξk

{1, 2, ..., l}

M

wk+1 = ΠM(wk − αkl
′
ξk
(wk)) :

M

Li, i = 1, 2, ..., l θ M



αk = 1/(θ(k + 1))

E[||wk − w∗||2] ≤ R2

k + 1
,

R2

li θ

f

f(w∗)− f(wk) ≥ (f ′(wk), w∗ − wk) +
θ

2
||wk − w∗||2,

f(wk)− f(w∗) ≥ (f ′(w∗), wk − w∗) +
θ

2
||wk − w∗||2 :

(f ′(w∗), wk−w∗) ≥ 0 w∗ f M

θ||wk − w∗||2 ≤ (f ′(wk), wk − w∗) :

Eξk [l
′
ξk
(wk)] = f ′(wk)

E[||wk+1 − w∗||2|ξk] ≤ E
[||wk − αkl

′
ξk
(wk)− w∗||2

]
=

||wk − w∗||2 + 2αk(Eξk [(l
′
ξk
(wk), w∗ − wk)] + α2

kEξk ||l′ξk(wk)||2 ≤

||wk − w∗||2 + 2αk(f
′(wk), w∗ − wk) + α2

kC ≤

(1− 2θαk)||wk − w∗||2 + α2
kC,

C ≥ ||l′(w)||, w ∈M

ξk

E[||wk − w∗||2] ≤ (1− 2θαk)E[||wk − w∗||2] + α2
kC :

εk = E[||wk − w∗||2]

εk ≤ R2

k + 1
,

R2 = {||w0−w∗||2, C/θ2} k = 0

k = m k = m + 1

εm+1 ≤ (1− 2θαm)εm + αmC ≤

(1− 2

m+ 1
)εm +

C

(θm)2
≤

(1− 2

m+ 1
)
R2

m+ 1
+

R2

(m+ 1)2
=

m

(m+ 1)2
R2 ≤ R2

m+ 2
:



Q =
1

l

l∑
i=1

(( , i)− yi)
2 ≡

1

l

l∑
i=1

(w0 + w1x1i + w2x2i + ...+ wnxni − yi)
2 :

w0, w1, ..., wn

Q

∂Q

∂w0

=
2

l

l∑
i=1

(w0 + w1x1i + w2x2i + ...+ wnxni − yi),

∂Q

∂wk

=
2

l

l∑
i=1

(w0 + w1x1i + ...+ wnxni − yi)xki, k = 1, 2, ..., n :

h

wt
i = wt−1

i − h
∂Q

∂wi

, i = 0, 1, ..., n :

t

Qt =
1

l

n∑
i=1

(wt
0 + wt

1x1i + wt
2x2i + ...+ wt

nxni − yi)
2 :

|Qt −Qt−1| < ε

ε

Q



w0, w1, ..., wn

xi = (x1i, ..., xni)

∂Q

∂w0

= w0 + w1x1i + ...+ wnxni − yi,

∂Q

∂wj

= (w0 + w1x1i + ...+ wnxni − yi)xji :



α f M

f(w) → , w ∈M :

w1 ∈M

vt

E[vt|wt] ∈ ∂f(wt) :

wt+1 = ΠM(wt − ηtvt), ηt = 1/(αt)

w∗ f α M

E[||vt||2] ≤ ρ2

E[f(wT )]− f(w∗) ≤ ρ2

2αT
(1 + T ),

wT = 1
T
(w1 + w2 + ...+ wT )

gt = E[vt|wt] :

f α gt ∈ ∂f(wt)

(wt − w∗.gt) ≥ f(wt)− f(w∗) +
α

2
||wt − w∗||2 :

||wt − w∗||2 − ||wt+1 − w∗||2 ≥ ||wt − w∗||2 − ||(wt − ηtvt)− w∗||2 =

= 2ηt(wt − w∗, vt)− η2t ||vt||2 :

E[||vt||2] ≤ ρ2

(wt − w∗, gt) ≤ E[||wt − w∗||2 − ||wt+1 − w∗||2]
2ηt

+
ηt
2
ρ2 :

f α



T∑
t=1

(E[f(wt)− f(w∗)] ≤

≤ E[
T∑
t=1

(
||wt − w∗||2 − ||wt+1 − w∗||2

2ηt
− α

2
||wt − w∗||2)) + ρ2

2

T∑
t=1

ηt :

−αT ||wT+1 − w∗||2 ≤ 0 ηt = 1/(αt)

T∑
t=1

(E[f(wt))− f(w∗)] ≤ ρ2

2α

T∑
t=1

1

t
≤ ρ2

2α
(1 + T ) :

T

E[f(w)] ≤
w

f(w) + ε

ρ2

2αT
(1 + T ) ≤ ε :

T ≥ ρ2

2αε
+

ρ2

2αε
T :

x ≥ a x+ b, (a ≥ 1 b > 0)

x ≥ 4a (2a) + 2b

a = b =
ρ2

2αε
:

ρ2

2αε
≥ 1 ≡ ε ≤ ρ2

2α
:

T ≥ 4a (2a) =
2ρ2

αε

ρ2

αε
+
ρ2

αε
,

ε

ε

l

Q1 =
1

l

l∑
i=1

|(w, xi)− yi| = 1

l
||Aw − y||1 → , w ∈M = {w : ||w||Lp ≤ r} : p = 2, p = ∞ :



Al×n xi ∈ Rn, y ∈ Rl

g ≡ 1

l

∑
i∈I1(w)

((w, xi)− yi)x
T
i ∈ ∂Q1(w), I1(w) = {i :< w, xi > �= yi} :

wt+1 = ΠM(wt − ηt
l

((xi, wt))− yξt)x
T
ξt),

ξt

I1(wt)

L2

ΠM(z) =
z

max{1, ||z||2/r} :

L∞

(ΠM(z))i =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
r, zi ≥ 1,

zi, zi ∈ (−1, 1), i = 1, 2, ...n,

−r, zi ≤ 1:

L1 L2

f(w) Rn

f(w) → , ||w||22 ≤ γ

f(w) + α||w||22 → :

w∗ α > 0

w∗ γ

w∗

f(w) + α||w||2

Rn



γ = ||w∗||2. ||w|| ≤ γ

f(w) + α(||w||2 − γ) ≥ f(w∗) + α(||w∗||2 − γ) = f(w∗) :

f(w) ≥ f(w∗), ||w||2 ≤ γ :

Q2 ≡ 1

l

l∑
i=1

(w0 + w1x1i + w2x2i + ...+ wnxni − yi)
2 →

w0,w
, ||w||2 ≡ w2

1 + ...+ w2
n ≤ m,

Q2 →
w0,w

, ||w||1 ≡ |w1|+ ...+ |wn| ≤ m :

Ridge (L2) Lasso (L1)

L1(w) ≡ ||w||1 =

|w1|+ |w2|+ ...+ |wn| L1

α ≥ 0

Nα(w0, w) ≡ Q2(w0, w) + αL1(w)

Nα

w0, w1, ..., wn L1

w0

l∑
i=1

(w0 + w1xi1 + ...+ wnxin − yi) = 0:

w1, ..., wn

∂Nα

∂wj

= 0, wj �= 0, j = 1, 2, ..., n,

0 ∈ ∂wj
Nα(w0, w), wj = 0, j = 1, 2, ..., n :

< w, xi >≡ w0 + w1x1i + ... + wnxni

∂Q

∂wj

=
2

l
xj(< w, xj > −yj) = −2

l
xj(yj− < wj, xj > +wjxj) =



= −2

l
xj(yj− < wj, xj >) +

2

l
wj||xj||2,

< wj, xj > j

ρj =
2

l
xj(yj− < wj, xj >), zj =

2

l
||xj||2 :

0 ∈ ∂wj
Nα(w0, w) = −ρj + wjzj +

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−α, wj < 0,

[−α, α], wj = 0,

α, wj > 0:

j = 1, 2, ..., n

wj < 0

−ρj + wjzj − α = 0:

wj =
ρj − α

zj
:

wj = 0

0 ∈ −ρj + wjzj + [−α, α] :

−α ≤ ρj ≤ α :

wj > 0

wj =
ρj + α

zj
:

Lasso

Lasso

Ridge



xi = ei =

(0, ..., 1, ...0), i = 1, 2, ..., n

wj =

⎧⎨
⎩ yj,yj

1+α
,

:

Lasso

wj =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
yj − α/2, yj > α/2,

yj + α/2, yj < −α/2,
0, , |yj| ≤ α/2:

:

Ridge

L2

w
{f(w) ≡ α

2
||w||2 + 1

l

l∑
i=1

l(w, zi)} :



w0 = 0

wt+1 = wt − 1

αt
(αwt + vt),

vt ∈ ∂l(wt, x), z

{z1, z2, ..., zl}

L(w, zi), i = 1, 2, ..., l w

ρ

E[f(wT )]−
w

f(w) ≤ 4ρ2

αT
(1 + T ), wT =

1

T
(w1 + w2 + ...+ wT ) :

wt+1 = wt − 1

λt
(λwt + vt) = (1− 1

t
)wt − 1

λt
vt =

=
t− 1

t
wt − 1

λt
vt =

t− 1

t
(
t− 2

t− 1
wt−1 − 1

λ(t− 1)
vt−1)− 1

λt
vt) = − 1

λt

t∑
t=1

vt :

l(w, xi)

ρ ||vt|| ≤ ρ

||λwt + vt|| ≤ 2ρ :

E[f(wT ]−
w

f(w) ≤ 4ρ2

λT
(1 + T ) :

l(w, zi) = |(w, zi) − yi|,

Ridge ŵ = (ŵ0, ŵ)

w0, w1, ..., wn

t



A(w, xi) ≡ w0 + w1xi1 + ...+ wnxin − yi,

B(w, xi) = (w0 + w1xi1 + ...+ wnxin − yi)xji;

wt
0 = wt−1

0 − hA(wt−1, xi),

wt
j = (1− hα)wt−1

j − hB(wt−1, xi) j = 1, 2, ..., n :

l(w, (x, y)) = (wx− y)2 :

S = {z1, z2, ...., zm}

A(S) =
w

LS(w), LS(w) =
1

l

l∑
i=1

l(w, zi) :

A m(., .) D

ε, δ ∈ (0, 1)

A l ≥ m(ε, δ) S

ŵ = A(S)

P (LD(ŵ)−
w

LD(w) ≤ ε) > 1− δ :

ε = 1/100, δ = 1/2, l ≥ m(δ, ε), θ =
100/99

2l
:

D1

z1 = (1, 0), z2 = (θ,−1) :

θ

1 − θ D2

z2



l

0.99

D2 D1

(1− θ)l ≥ e−2lθ = 0.99:

A

l (θ,−1)

ŵ ŵ < −1/(2θ) D1

LD1(ŵ) ≥ θ(ŵ)2 ≥ 1/(4θ) :

w
LD1(w) ≤ LD1(0) = (1− θ) :

LD1(ŵ)−
w

LD1(w) ≥
1

4θ
− (1− θ) > ε :

A D1

ŵ ≥ −1/(2ŵ)

LD2(ŵ) ≥ 1/4,
w

LD2(w) = 0:

A D2

H = {w : ||w|| ≤ 1} :

D1 D2

z1 = (1/θ, 0), z2 = (1,−1) :

l

ŵ < −1/2,

D1

LD1(ŵ)−
w∈H

LD1(w) ≥

θ(ŵ/θ)2 − LD1(0) ≥



1/(4θ)− (1− θ) > ε :

ŵ ≥ −1/2 D2

LD2(ŵ)−
w∈H

LD2(w) ≥ (−1/2 + 1)2 − 0 > ε :

λ||x||2

S = {z1, z2, ...zi−1, zi, zi+1, ..., zl} ∼ Dl

z′

Si = {z1, ..., zi−1, z
′, zi+1, ..., zl} ∼ Dl,

A(S) =
w

(LS(w) + λ||w||2),

LS(w) =
1

l

l∑
i=1

l(w, zi) :

A ε > 0

N(ε)

l(A(Si), zi)− l(A(S), zi) ≤ ε, l ≥ N(ε), ∀i :

l(w, zi)



β A

A(S) H

fS(w) = LS(w) + λ||w||2
2λ

fS(v)− fS(A(S)) ≥ λ||v − A(S)||2 ∀v :

v, u i

fS(v)− fS(u) = LS(v) + λ||v||2 − (LS(u) + λ||u||2) =

= LSi
(v) + λ||v||2 − (LSi

(u) + λ||u||2)+

+
l(v, zi)− l(u, zi)

l
+
l(u, z′)− l(v, z′)

l
:

v = A(Si), u = A(S)

v LSi
(w) + λ||w||2

fS(A(Si))− fS(A(S)) ≤ l(A(Si)), zi)− l(A(S), zi)

l
+

+
l(A(S), z′)− l(A(Si), z

′)
l

:

λ||A(Si)− A(S)||2 ≤ l(A(Si)), zi)− l(A(S), zi)

l
+

+
l(A(S), z′)− l(A(Si), z

′)
l

: (5.43)

l(w, zi) ρ

l(A(Si), zi)− l(A(S)), zi) ≤ ρ||A(Si)− A(S)||,

l(A(Si), z
′)− l(A(S), z′) ≤ ρ||A(Si)− A(S)|| :

λ||A(Si)− A(S)||2 ≤ 2ρ||A(Si)− A(S)||
l

:

||A(Si)− A(S)|| ≤ 2ρ

λl
:

l(A(Si), zi)− l(A(S), zi) ≤ ρ||A(Si)− A(S)||



l(A(Si), zi)− l(A(S), zi) ≤ 2ρ2

λl
:

ES[LD(A(S))− LS(A(S))] ≤ 2ρ2

λl
: (5.44)

ES[LD(A(S)] = ES,z′ [l(A(S), z
′)]− ES,z′ [l(A(Si)), zi)] :

ES[LS(A(S))] = ES,i[l(A(S), zi)] :

ES[LD(A(S))− LS(A(S)] =

= ES,z′,i[l(A(Si), zi)− l(A(S), zi)] :

5.44 l

ES∼Dl [LD(A(S))− LS(A(S)]

A

l(w, zi)

β

||f ′(w)||2 ≤ 2βf(w) (5.45)

β ≤ λl/2 l(w, zi) β

l(A(Si), zi)− l(AS), zi) ≤ (l′(A(S), zi)), A(Si)− A(S)) +
β

2
||A(Si)− A(S)||2 :

l(A(Si), zi)− l(A(S), zi) ≤ ||l′(A(S), zi)||||A(Si)− A(S)||+ (β/2)||A(Si)− A(S)||2 ≤
√
2βl(A(S), zi)||A(Si)− A(S)||+ (β/2)||A(Si)− A(S)||2 (5.46) :

l(A(Si), z
′)− l(A(S), z′) ≤ ||l′(A(S), zi)||||A(Si)− A(S)||+ (β/2)||A(Si)− A(S)||2 ≤
√
2βl(A(S), z′)||A(Si)− A(S)||+ (β/2)||A(Si)− A(S)||2 : (5.47)



||A(S)− A(Si)|| ≤
√
2β

λl − β

(√
l(A(S), zi) +

√
l(A(Si), z′)

)
:

β ≤ λl/2

||A(S)− A(Si)|| ≤
√
8β

λl
(
√
l(A(S), zi) +

√
l(A(Si), z′)) :

l(A(Si), zi)− l(A(S), zi) ≤√
2βl(A(S), zi)||A(Si)− A(S)||+ β

2
||A(Si)− A(S)||2 ≤

(
4β

λl
+

8β2

(λm)2
)
(√

l(A(S), zi) +
√
l(A(Si), z′)

)2

≤ 8β

λl

(√
l(A(S), zi) +

√
l(A(Si), z′)

)2
≤ 24β

λl
(l(A(S), zi) + l(A(Si), z

′)) : (5.48)

LS(A(S)) ≤ LS(A(S)) + λ||A(S)||2 ≤ LS(0) + λ||0||2 ≤
z

l(0, z) = C : (5.49)

i = 1, 2, ..., l

E[l(A(Si), zi]− l(A(S), zi) ≤ 48βC

λl
: (5.50)

l(w, zi) β

L2 A(S)

λ ≥ 2β/l (5.50)

A

A(S)

ES[LD(A(S)] = ES[A(S)] + ES[LD(AS)− LS(A(S)] :

ES[LDA(S))] ≤ ES[A(S)] +
2ρ2

λl
:



A(S) = w(LS(w) + λ||w||2),

LS(A(S)) ≤ LS(A(S)) + λ||A(S))||2 ≤

LS(w) + λ||w||2 ∀w :

ES[LS(w)] = LD(w)

ES[LS(A(S))] ≤ LD(w) + λ||w||2 :

ES[LD(AS))] ≤ LD(w) + λ||w||2 + 2ρ2

λl
:

||w|| ≤ B

λ∗ =
λ

(λB2 +
2ρ2

λl
) :

λ∗ =

√
2ρ2

Bl

λ

ES[LD(AS))] ≤
w

LD(w) + ρB

√
8

l
:

l ≥ (8ρ2B2)/ε2, D

ES[LD(A(S)] ≤
w∈H

LD(w) + ε,

A(S)

{xt}

mt+1 = μmt + f ′(xt),

xt+1 = xt − αmt+1 :



y = 0.3x4 − 0.1x3 − 2x2 − 0.8x

x0 = −2.8

xt+1 = xt − 0.05f ′(xt) :

Python

x = −1.6



μ = 0.7



Python

MAPE =
1

n

n∑
i=1

|wi − ŵi

wi

|

wi, i = 1, 2, ..., n

ŵi, i = 1, 2, ..., n

f(x) →
x∈Rn

:

f ′(x) = 0

f ′(x)

xk

f ′(x) ≈ f ′(xk) + f ′′(xk)(x− xk) :

xk+1 = xk − (f ′′(xk))−1f ′(xk) :



pk =

−((f ′′(xk))−1f ′(xk) αk = 1

xk+1 = xk + αkpk,

αk 1, 1/2, 1/4, ...

f(xk + αkpk) ≤ f(xk) + εαk(f
′(xk), pk) (5.51)

ε ∈ (0, 1/2)

f

m||h||2 ≤ (f ′′(x)h, h) ≤M ||h||2 ∀x, h,∈ Rn (5.52)

f ∈ C2(Rn) (5.52)

x ∈ Rn (f ′′(x))−1

1

M
||h||2 ≤ ((f ′′(x))−1h, h) ≤ 1

m
||h||2 (5.53)

||f ′′(x)|| ≤M, ||(f ′′(x))−1|| ≤ 1

m
∀x ∈ Rn : (5.54)

A = f ′′(x)

λ1 ≤ λ2 ≤ ... ≤ λn

h1, h2, ..., hn

λ1 = ||h||=1
(Ah, h), λn =

||h||=1
(Ah, h) :

0 < m ≤ λ1, λn ≤M :

Ahk = λkhk, k = 1, 2, ..., n : (5.55)

P h1, ..., hn Λ



AP = PΛ: (5.56)

P P TP = E

P = (P T )−1 : (5.57)

P T

A = PΛP T : (5.58)

A−1 = (PΛP T )−1 = P ()−1P T ,

Λ−1

1

λ1
, ...,

1

λn

A−1

1

λn
=

||h||=1
(A−1h, h),

1

λ1
=

||h||=1
(A−1h, h) :

||Ah||2 = (Ah,Ah) = (A2h, h) : (5.59)

A2 = (PΛ)P T (PΛ)P T = PΛ2P T :

A2

λ21 ≤ ... ≤ Λ2
n

||h||=1
(A2h, h) = λ2n ≤M2 : (5.60)

||Ah||2 ≤M2||h||2 :

||A|| ≤M :



||A−1|| ≤ 1

m
:

f

{xk}

qk → 0

||xk+1 − x∗|| ≤ qk||xk − x∗||,

x∗ f

f ′
k = f ′(xk), f ′′

k = f ′′(xk) :

(f ′
k, pk) = (f ′′

k (f
′′(xk))−1f ′

k, pk) =

= −(f ′′
k pk, pk) ≤ −m||pk||2 :

||pk||2 ≤ − 1

m
(f ′

k, pk), (5.61)

||pk|| ≤ 1

m
||f ′

k|| :

f(xk + αpk) = f(xk) + α(f ′
k, pk) +

1

2
α2(f ′′(xk + θkαpk)pk, pk)) ≤

≤ f(xk) + α(f ′
k, pk)(1−

αM

2m
) : (5.62)

0 < α ≤ 2m(1− ε)

M
, (5.63)

f(xk + αpk) ≤ f(xk) + εα(f ′
k, pk) (5.64)

αk ≥ m(1− ε)

M
: (5.65)

2m(1−ε)
M

≥ 1 α = 1

αk = 1



2m(1−ε)
M1

< 1 s

1

2s
≤ 2m(1− ε)

M
≤ 1

2s−1
:

α = 1
2s

αk ≥ 1
2s

1

2s
=

1

22s−1
>
m(1− ε)

M
,

f(xk)− f(xk+1) ≥ εαk(−(f ′(xk), pk)) ≥

ε
m(1− ε

M
(f ′′

k )
−1f ′

k, f
′
k) ≥

≥ ε(1− ε)m

M2
||f ′

k||2 : (5.66)

{f(xk}

||f ′
k|| → 0

||pk|| ≤ 1
m
||f ′

k|| pk → 0

||x− x∗|| ≤ 1

m
||f ′(x)||

||xk − x∗|| ≤ 1

m
||f ′

k|| → .0:

xk → x∗

αk = 1

f(xk + pk) = f(xk) + (f ′
k, pk) +

1

2
(f ′′

k pk, pk) +
1

2
((f ′′

kc − f ′′
k )pk, pk),

f ′′
kc = f ′′(xk + θkpk), θk ∈ (0, 1) :

pk = −(f ′′
k )

−1f ′
k,

(f kpk, pk) = −(f ′
k, pk) : (5.67)



((f ′′
kc − f ′′

k )pk, pk) ≤ ||f ′′
kc − f ′′

k ||||pk||2 ≤ − 1

m
||f ′′

kc − f ′′
k ||(f ′

k, pk) : (5.68)

f(xk + pk) ≤ f(xk) + (f ′
k, pk)(

1

2
− ||f ′′

kc − f ′′
k ||

2m
) : (5.69)

xk → x∗, xkc → x∗,

f ′′
kc − f ′′

k || → 0

1

2
− ||f ′′

kc − f ′′
k ||

2m
≤ ε

ε ∈ (0, 1/2

f(xk + pk) ≤ f(xk) + ε(f ′
k, pk) :

N αk = 1, k ≥ N

k ≥ N

||xk+1 − x∗||2 = (xk − x∗ − f ′′(xk)−1f ′
k, xk+1 − x∗) =

(xk − x∗ − (f ′′
k )

−1(f ′
k − f ′(x∗)), xk+1 − x∗) =

= (f ′′(xk)−1(f ′′
k − f ′′

k∗)(xk − x∗), xk+1 − x∗) ≤

≤ ||(f ′′
k )

−1||||f ′′
k − f ′′

k∗ ||||xk+1 − x∗||||xk − x∗||

f ′′
k∗ = f ′′(x∗ + θk(xk − x∗))

qk = ||(f ′′
k )

−1|| ˙ ||f ′′
k − f ′′

k∗ || :

||(f ′′(xk))−1 ≤ 1
m

qk → 0

||f ′′(x)− f ′′(y)|| ≤ L||x− y||, x, y ∈ Rn,

k

||xk+1 − x∗|| ≤ L

M
||xk − x∗||2



f α

M ⊂ Rn

g(x) = e−αf(x)

f α M

f ′′(x)− αf ′(x)(f ′(x))T

x ∈M

f α M

f(x) ≥ f(y) + (f ′(y), x− y) +
γ

2
(f ′(y)(f ′(y))T (x− y), x− y) ∀x, y,∈M,

γ ≤ 1

2
min(1/(4GD), α), D = diamM, G ≥ ||f ′(x)||, x ∈M :

α

x1 ∈M γ, ε > 0 A0 = εIn

k = 1, 2, ..., T

Ak = Ak−1 + f ′(xk)(f ′(xk))T

yk+1 = xk − 1
γ
A−1

k f ′(xk), xk+1 = ΠAk
M (yk+1)



{xk}

γ =
1

2
(

1

4GD
,α) ε =

1

γ2D2

f(xT )−
x∈M

f(x) ≤ 5(
1

α
+DG)n

T

T
, T > 4

xT =
x1 + x2 + ...+ xt

T
:

x∗ ∈
x∈M

f(x) :

f(xk)− f(x∗) ≤ Rk,

Rk = (f ′(xk), x− x∗)− γ

2
(f ′(xk)((f ′(xk))T (x∗ − xk), x

∗ − xk) :

yk+1

yk+1 − x∗ = xk − x∗ − γ

2
A−1

k f ′(xk), (5.70)

Ak(yk+1 − x∗) = Ak(xk − x∗)− γ

2
f ′(xk) : (5.71)

(Ak(yk+1 − x∗), yk+1 − x∗) =

= (Ak(xk − x∗), xk − x∗)− 2

γ
(f ′(xk), xk − x∗) +

1

γ2
(A−1

K f ′(xk), f ′(xk)) : (5.72)

(Ak(yk+1 − x∗), yk+1 − x∗) = ||yk+1 − x∗||2Ak
≥

||xk+1 − x∗||2Ak
= (Ak(xk+1 − x∗), xk+1 − x∗) :

(f ′(xk), xk − x∗) ≤ 1

2γ
(A−1

k f ′(xk), f ′(xk)) +
γ

2
(Ak(xk − x∗), xk − x∗)−



−γ
2
(Ak(xk+1 − x∗), xk+1 − x∗) :

k = 1, 2, ..., T

T∑
k=1

(f ′(xk), xk − x∗) ≤ 1

2γ

T∑
k=1

(A−1
k f ′(xk), f ′(xk)) +

γ

2
(A1(x1 − x∗), x1 − x∗)+

+
γ

2

T∑
k=2

(Ak − Ak−1))(xk − x∗), xk − x∗)−

−γ
2
AT (xT+1 − x∗), xT+1 − x∗) ≤

≤ 1

2γ

T∑
k=1

(A−1
k f ′(xk), f ′(xk)) +

γ

2

T∑
k=1

(f ′(xk)(f ′(xk))T (xk − x∗), xk − x∗)+

+
γ

2
(A1 − f ′(x1)f ′(x1)T (x1 − x∗), x1 − x∗) ≤

1

2γ

T∑
k=1

(A−1
k f ′(xk), f ′(xk)) +

γ

2
D2ε ≤

1

2γ

T∑
k=1

(A−1
k f ′(xk), f ′(xk)) +

1

2γ
≤

1

2γ

T∑
k=1

(A−1
k f ′(xk), f ′(xk)) + 4(

1

α
+GD) :

T∑
k=1

(f(xk)− f(x∗)) ≤ 1

2γ

T∑
k=1

(A−1
k f ′(xk), f ′(xk)) + 4(

1

α
+GD) :

f

T (f(xT )− f(x∗)) ≤
T∑

k=1

(f(xk)− f(x∗)) ≤ 1

2γ

T∑
k=1

(A−1
k f ′(xk), f ′(xk)) + 4(

1

α
+GD)

T∑
k=1

(A−1
k f ′(xk), f ′(xk)) ≤ n T :

(Ak)
−1f ′(xk), f ′(xk)) = A−1

k
˙ f ′(xk)f ′(xk)T = A−1

k
˙ (Ak − Ak−1),



A ˙B =
n∑

i=1

n∑
j=1

aijbij = Tr(ABT ) :

A−1 ˙ (A− B) ≤ |A|
|B| ,

|A|, |B|
T∑

k=1

(A−1
k f ′(xk), f ′(xk)) =

T∑
k=1

A−1
k

˙ (Ak − Ak−1) =

≤
T∑

k=1

|Ak|
|Ak−1

=
|AT |
|A0| :

AT =
T∑

k=1

f ′(xk)f ′(xk)T + εIn,

|AT | ≤ (TG2 + ε)n :

n∑
k=1

(A−1
k f ′(xk), f ′(xk)) ≤ (

TG2 + ε

ε
)n ≤ n (TG2γ2D2 + 1) ≤ n T, n ≥ 1, T > 4:

f(xT )−
x∈M

f(x) = O(
T

T
)

|AT | ≤ (TG2 + ε)2 :



f(x) = ((x,w)− y)2, x ∈ Rn

f(x) = (1 + ey(w,x)), y ∈ {−1,+1}

f(x) = − (w, x)

Z = {(x1, y1), ..., (xl, yl)} xi ∈
Rn, yi ∈ R

Q(Z,w) =
l∑

i=1

(f(xi, w)− yi)
2 →

w
,

f(x,w) w ∈ Rp

wk+1 = wk − αk(Q (wk))
−1Q′(wk),

Q′(wk) Q wk Q (wk)

∂Q(w)

∂wj

= 2
l∑

i=1

(f(xi, w)− yi)
∂f(xi, w)

∂wj

:

∂2Q(w)

∂wj∂wk

= 2
l∑

i=1

∂f(xi, w)

∂wj

∂f(xi, w)

∂wk

+ 2
l∑

i=1

(f(xi, w)− yi)
∂2f(xi, w)

∂wj∂wk

:

∂2Q(w)

∂wj∂wk

∼= 2
l∑

i=1

∂f(xi, w)

∂wj

∂f(xi, w)

∂wk

:



Fk = (
∂f

∂wj

(xi, wp))l×p fk = (f(xi, wk))l×1 :

wk+1 = wk − αk(F
T
k Fk)

−1F T
k (fk − y) :

β = (F T
k Fk)

−1F T
k (fk− y)

||Fkβ − (fk − y)||2 →
β

:

f(x) → , x ∈ Rn

f(x∗) =
x∈Rn

f(x) ≡ f ∗ :

(ai, x) = bi, i = 1, 2, ..., n

f(x) =
n∑

i=1

((ai, x)− bi)
2 →

x

f ∗ = 0

{xk} f(xk) →
f(x∗)

xk+1 = xk − ηkf
′(xk),



ηk =

⎧⎨
⎩

f(xk)−f∗
||f ′(xk)|| , ; f ′(xk) �= 0,

1, :

f

||f ′(x)|| ≤ G ∀x ∈ Rn {xk}

f(x̃k)− f ∗ = O(
1√
k
),

x̃k =
i∈[1:k]

f(xi) :

||xj+1 − x∗||2 ≤ ||xj − x∗||2 − (f(xj)− f ∗)2

||f ′(xj)||2 ≤

||xj − x∗||2 − (f(xj)− f ∗)2

G2
:

k∑
j=1

(f(xj)− f ∗)2 ≤ G2(||x1 − x∗||2 − ||xk+1 − x∗||2) :

k∑
j=1

(f(xj)− f ∗))2 ≤ G2||x1 − x∗||2 :

f(x̃k)− f ∗ ≤ G||x1 − x∗||√
k

:

f α β

f(S,w) =
w1S

w2 + S
:

w = (w1, w2)







S = {(xi, yi), i = 1, 2, ..., l} yi ∈
{1,−1}, i = 1, 2, ..., l}

S+ = {x/(x, 1) ∈ S}, S− = {(x/(x,−1) ∈ S :

S+ S−

w0, w1, ..., wn

∀((x1, ..., xn), y)) ∈ S, (
n∑

i=1

xiwi − w0) = y :

∀((x1, ..., xn), y)) ∈ S (
n∑

i=1

xiwi − w0)y ≥ 0 :

S+ S− (6.1)

S+ S−

conv(S+)
⋂

conv(S−) = ∅ :

S

S+

S− Z+ Z−

intZ+ intZ− S+ S−

S+ ⊆ intZ+, S− ⊆ intZ− :

conv(S+) ⊆ intZ+, conv(S−) ⊆ intS− :

conv(S+)
⋂

conv(S−) = ∅ :

conv(S+) conc(S−)

ρ(conv(S+), conv(S−)) = ρ(x+, x−) :

x+ x− [x+, x−]



PS+

PS− Z+ Z−

ZS+ = {x/x = x+ ∠xx+x− ≥ π/2} :

S+ ⊆ ZS+ , ∀x ∈ S+ ∠xx+x− ≥ π/2

x ∈ S+ ∠xx+x− < π/2 [x, x+] x′

ρ(x′, x−) < ρ(x+x−) [x′, x+] ⊆ conv(S+)

ρ(x., x+) < ρ(conv(S+), conv(S−)),

[x+, x−]

S+ S−

ρ(S+
⋃

S−, P ),

P

ρ(A,B) = infa∈A, b∈B||a− b|| :



PS+ P

S+ ρ(P, S+)

PS− P

S− ρ(P, S−)

ρ(PS+ , PS−) [PS+ , PS− ]

ρ(S+
⋃

S−, P )

ρ(PS+ , PS−) = ρ(S+, S−)

P

S+ S−

S

(w, x)− c = 0

(w, xi)− c > 0 yi = 1, (w, xi)− c < 0, yi = −1:

c1(w) =
i:yi=1

(w, xi),

c2(w) =
I:yi=−1

(w, xi) :

c1(w) > c > c2(w) :

ρ(w) =
c1(w)− c2(w)

2
=

=
1

2
((c1(w)− c1) + (c1 − c2(w)) :

1

2
(ρ(P, S+) + ρ(P, S−)) :

ρ(w)

||w0|| < 1 ρ

ρ(
w0

||w0||) =
ρ(w0)

||w0|| > ρ(w0),



ρ(w)

i∈I
(f(i) + g(i)) ≥

i∈I
f(i) +

i∈I
g(i),

i∈I
(f(i) + g(i)) ≤

i∈I
f(i) +

i∈I
g(i) :

f(i) = (w, xi), g(i) = (u, xi)

yi=1
(λw + (1− λ)u, xi) =

=
yi=1

(λ(w, xi) + (1− λ)(u, xi)) ≥ λ
yi=1

(w, xi) + (1− λ)
yi=1

(u, xi)) :

ρ

ρ

PS+ , PS−

(x, v)− a = 0, (x, v)− b = 0:

λ = 2
a−b

(x,w)− w0 = 1, (x,w)− w0 = −1,

w = λv, w0 =
a+ b

a− b
:

S+ S−

HS+ ≡ {w : (x,w)− w0 ≥ 1}, HS− ≡ {x : (x,w)− w0 ≤ 1}

PS+ PS−

x+ x− x⊥ x+ PS−

PS+ , PS− ] ρ

x+, x−, x⊥ [x+, x⊥]



cosϕ =
(x+ − x−, x+ − x⊥)

||x+ − x−||||x+ − x⊥|| :

ρ =
(x+ − x−, x+ − x⊥)

||x+ − x⊥|| :

x+−x⊥ w x+−x⊥ = ηw :

ρ =
(x+ − x−, ηw)

||ηw|| = σ
(x+ − x−, w)

||w|| ,

σ = +1, σ = −1 x+ ∈ PS+ , x− ∈ PS−

(x+, w)− w0 = 1, (x−, w)− w0 = −1:

(x+ − x−, w) = 2:

ρ =
2

||w|| :

||w||2
2

→ , yx((x,w)− w0)− 1 ≥ 0, x ∈ XS = {x ∈ Rn : (x, yx) ∈ S} :

L =
||w||2
2

−
∑
x∈XS

λx(yx((w, x)− w0)− 1) :



L′
w = ŵ − ∑

x∈XS

λ̂xyxx = 0,

L′
w0

=
∑

x∈XS

λ̂xyx = 0,

λ̂x(yx((x, ŵ)− ŵ0)− 1) = 0, x ∈ XS,

yx((x, ŵ)− ŵ0)− 1 ≥ 0

λ̂x

ŵ =
∑
x∈XS

λ̂xyxx,

∑
x∈XS

λ̂xyx = 0

L

L =
1

2
||ŵ||2 −

∑
x∈XS

λ̂x(ŷx((x, ŵ)− ŵ0)− 1) =

= −1

2
(
∑
x∈XS

λ̂xyxx, ŵ) + (
∑
x∈XS

λ̂xyx)ŵ0 +
∑
x∈XS

λ̂x =

= −1

2

∑
x,x′∈XS

λ̂xλ̂x′yxyx′(x, x′) +
∑
x∈XS

λ̂x :

λ̂x, x ∈ XS

= −1

2

∑
x,x′∈XS

λxλx′yxyx′(x, x′) +
∑
x∈XS

λx → ,

λx ≥ 0,
∑
x∈XS

λxyx = 0, x ∈ XS :

λ̂x

x λ̂x > 0

λ̂x(yx((x, ŵ)−ŵ0)−1) = 0

ŵ0

ŵ0 = (x, ŵ)− yx :

(x, ŵ)− ŵ0 = 0:



x λ̂x > 0

λ̂x = 0 ŵ = 0

yx((x, ŵ)− ŵ0)− 1 ≥ 0, ∀x :

−yxŵ0 ≥ 1:

+1 −1

ŵ0 ≥ 1, ŵ0 ≤ −1,

x1 = (1, 1), y1 = 1, x2 = (1, 2), y2 = −1, x3 = (2, 3), y3 = −1:

F (λ) =
3∑

i=1

λi − 1

2

3∑
i=1,j=1

λiλjyiyj(xi, xj) =

= λ1 + λ2 + λ3 − 1

2
(2λ21 + 5λ22+

+13λ23 − 6λ1λ2 − 10λ1λ3 + 16λ2λ3)

λ1 − λ2 − λ3 = 0, λ1 ≥ 0, λ2 ≥ 0, λ3 ≥ 0

λ3 = λ1 − λ2

F (λ1, λ2) = 2λ1 − 5

2
λ21 − λ22 + 3λ1λ2 :

λ1 = 4, λ2 = 6,

λ3 = −2 F

λi ≥ 0, i = 1, 2, 3, λ3 = λ1 − λ2

λ1 = 0, λ3 = −λ2 : λi = 0, i = 1, 2, 3, F (λ) = 0



λ2 = 0, λ1 = λ3 = λ

F (λ) = 2λ− 5

2
λ2 :

λ = 2/5, F (λ) = 2/5

λ3 = 0,

λ1 = λ2 = λ, F (λ) = 2λ− 1

2
λ2 :

λ = 2 F

2

(2, 2, 0)

ŵ =
3∑

i=1

λiyixi = 2x1 − 2x2 = (0,−2),

ŵ0 = y1 − (ŵ, x1) = 3:

f(x1, x2) = −2x2 + 3 = 0,

h =
2

||w|| = 1 :

f(x) + 1 = 0, f(x) − 1 = 0

f(λ) =
1

2
(Aλ, λ)− (b, λ) → ,

l∑
i=1

yiλi = (y, λ) = 0, λ ≥ 0:



∂L(λ,z)
∂λ

≥ 0 ≡ λ− b+ zy ≥ 0,

λi(Aλ− b+ zy)i = 0, i = 1, 2, ..., l,

λi ≥ 0, i = 1, 2, ..., l

Aλ+ zy − v = b,

(b, λ) = 0,

λ ≥ 0, v ≥ 0,

λivi = 0, i = 1, 2, ..., l

λ, v, z

∗ = (w∗
1, ..., w

∗
n, w

∗
0)

( ∗, )y > 0, = (x,−1), (x, y) ∈ S, y ∈ {−1,+1} :

= 0

(x, y) ∈ S, ( , )y ≤ 0,

= + y,



k = k−1 + y

( k, ∗) = ( k−1 + y, ∗) = ( k−1, ∗) + ( , ∗)y ≥ ( k−1, ) + || ∗||ρ,

ρ =
1

|| ∗|| (x,y)∈S
( , )y :

k 0 = 0

( k, ∗) ≥ k|| ∗||ρ :

( k, ∗) ≤ || k|||| ∗|| :

k2ρ2 ≤ || k||2 :

|| k||2 = || k−1||2 + 2( , k−1)y + || ||2 ≤

≤ || k−1||2 + σ2,

σ = (x,y)∈S || || k

|| k||2 ≤ kσ2 :

k ≤ σ2

ρ2
:



x1 = (1, 1), y1 = 1; x2 = (1,−1), y2 = 1, x3 = (−1,−1), y3 = −1, x4 = ((−1, 1), y4 = −1:

0 = 0,

1 = 0 + 1y1 = 1,

2 = 1 + 4y4 = 1 − 4 = (2, 0, 0),

( 2, i)yi > 0, i = 1, 2, 3, 4, 2x1 + 0x2 − 0 = 0

1

l

l∑
i=1

Li( ) =
1

l

l∑
i=1

[mi < 0] ≡ 1

l

l∑
i=1

[yi((w, xi)− w0) < 0]) → ,

≡ (w,w0)

[mi < 0] =

⎧⎨
⎩ 1 mi < 0

0 mi ≥ 0 :

w, w0

[mi < 0]

[mi <

0]

[mi < 0] ≤ L̃i = (1−mi)+,

l

k+1 = k − αk
k
i ,

i αk
k
i ∈

∂L̃i( )



[mi < 0] L̃i = (1−mi)+

1

2
(w,w) → , yx((w, x)− w0) ≥ 1, x ∈ XS :

x ξx

1 − mx

mx = yx((x,w)− w0

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1
2
||w||2 + C

l∑
i=1

ξi →
w,w0,ξ

,

yi((w, xi)− w0) ≥ 1− ξi, i = 1, 2, ..., l,

ξi ≥ 0, i = 1, 2, ...l :

Soft − SVM

(w0 �= 0)

2

||w||2 → ,

1

2
||w||2 → :



l∑
i=1

ξi → :

C

C

C

C

L(w,w0, ξ, λ, η) =
1

2
||w||2 −

l∑
i=1

λi(yi((w, xi)− w0)− 1)−
l∑

i=1

ξi(λi + ηi − C) :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂L
∂w

= w −
l∑

i=1

λiyixi = 0 ⇒ w =
l∑

i=1

λiyixi,

∂L
∂w0

= −
l∑

i=1

λiyi = 0,

∂L
∂ξi

= −λi − ηi + C = 0, ⇒ ηi + λi = C, i = 1, 2, ..., l,

λi ≥ 0, ηi ≥ 0, ξi ≥ 0, i = 1, 2, ..., l,

λi((w, xi)− w0)) = 1− ξi, i = 1, 2, ..., l,

ηiξi = 0, i = 1, 2, ..., l :

λi, ξi, ηi,mi

λi = 0, ηi = C, ξi = 0,mi > 0 ⇒ xi

0 < λi < C, 0 < ηi < C, ξi = 0, mi = 1, ⇒ xi

λi = C, ηi = 0, ξi > 0, mi < 1, ⇒ xi



λi

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
L(λ) = −∑l

i=1 λi +
1
2

∑l
i=1

∑l
j=1 λiλjyiyj(xi, xj) → λ,

0 ≤ λi ≤ C, i = 1, 2, ..., l,∑l
i=1 λiyi = 0 :

xi

mi = yi((w, xi)− w0) :

xi mi < 0 :

mi ∈ (−1, 1) mi > 1,

l∑
i=1

[mi < 1] :

Q(w,w0) =
l∑

i=1

(1−mi)+ +
1

2C
||w||22 →

w,w0

f(w,w0) =
1

l

l∑
i=1

(1− yi((w, xi)− w0)+ +
λ

2
||w||22 → :

w0 = 0

f(w) λ

w = w∗

f(0) = 1 w∗ ||w∗||22 ≤ 2/λ

f(w) → , ||w||22 ≤
2

λ
:

gi(w) = {0, 1− yi(w, xi)} f



∂f(w) =
1

l

l∑
i=1

∂gi(w) + λw :

−1

l

l∑
i=1

gi + λw ∈ ∂f(w),

vi =

⎧⎨
⎩ 0, 1 ≤ yi(w, xi),

−yixi, 1 > yi(w, xi)

∂gi(w)

w

wt+1 = Π(wt − ηt(−1

l

l∑
i=1

vti + λwt)) =

= Π((1− ληt)wt +
1

l
ηt

l∑
i=1

vti :

vti =

⎧⎨
⎩ 0, 1 ≤ yi(w

t, xi),

−yixi, 1 > yi(w
t, xi)

,

Π(z) =
z

{1, ||z||2/r} , r =
√

2/λ

r

f(w) →
∈A
, A = {w : ||w||2 ≤ 2

λ
}

ξt

{1, 2, ..., l}

wt+1 = ΠA(w
t − 1

λ
ηtv(xt, ξt)), v(xt, ξt) =

⎧⎨
⎩λw

t, 1 ≤ yξt(w
t, xξt)

λwt − yξtxξt , 1 > yξt(w
t, xξt) :

(1− y(w, x))+



T

L =
1

l

l∑
i=1

[mi < 0],

mi = yi((w, xi) − w0) = (w0, w1, ..., wn), i = (−1, x1i, ..., xni)

[m = y( , ) < 0]

[m < 0]

Q(m)

(1 − y( , ))2

L̃( ) =
1

l

l∑
i=1

(1− ( , )yi)
2 → :



[m < 0] V (m) = (0, 1 − m)

[m < 0] Q(m) = (1 − m)2

L̃′( ) = −2

l

l∑
i=1

(1− ( , )yi)
Tyi = 0:

l∑
i=1

Tyi − T

l∑
i=1

i
T
i = 0:

T =
l∑

i=1

T
i yi(

l∑
i=1

i
T
i )

−1 :



[m < 0] S(m) = 2(1 + (m))−1

S

S

S− S+

aS(x) = (||x|| − w0) :

φ(x)

φ(x) =

⎧⎨
⎩ 1, ; x ∈ S+,

−1, x ∈ S− :



ϕ : Rn → RN

Sϕ = {(ϕ(x), yx) x ∈ XS}

RN

Sϕ

aS�(x) = ((ϕ(x), w)− w0) :

R2

ϕ(x) ≡ (x21, x
2
2) S

S N

RN

ϕ : Rn → RN

S RN

Sϕ

RN

Rn

x1, x2, ..., xm Rn

m ≤ n m = n

V ≡ [x1, ..., xn]
T

y

V w = y

x1, ..., xp ∈ S+, xp+1, ..., xn ∈ S− :

y1 > 0, ..., yp > 0, yp+1 < 0, ..., yn < 0:

w V w = y

(w, xi) > 0, i = 1, ..., p, (w, xi), 0, i = p+ 1, ..., n,



S+ S− m < n,

x1, x2, ..., xm

Rn

Sφ

aSϕ(x) = ((ϕ(x), w̃)− w̃0) =

= (ϕ(x),
∑

x′∈XS

λ̃x′yx′ϕ(x′))− w0) =

= (
∑

x′∈XS

λ̃x′yx′(ϕ(x), ϕ(x′))− w̃0),

λ̃

∑
x,x′∈Xs

λxλx′ϕ(x), ϕ(x′))−
∑
x∈XS

λx → ,

x ∈ XS, λx ≥ 0,
∑
x∈XS

λxyx = 0

aS

ϕ(x), x ∈ XS

(ϕ(x), ϕ(x′))

(ϕ(x), ϕ(x′))

K : Rn ×Rn → R

K(x, x′) = K(x′, x)∀x, x′ ∈ Rn,

m∑
i,j=1

αiαjK(xi, xj) ≥ 0, ∀x1, ..., xm ∈ Rn, α1, α2, ..., αm ∈ R :

K

ϕ : Rn → H

K(x, x′) =< ϕ(x), ϕ(x′) >:

H < ˙ , ˙ >



X = R2, K(u, v) = (u, v)2, u = (u1, u2), v = (v1, v2) :

H ϕ : X → H

K(x, x′) =< ϕ(x), ϕ(x′) >:

K(u, v) =< u, v >2=< (u1, u2), (v1, v2) >= (u1v1 + u2v2)
2 =

u21v
2
1 + u22v

2
2 + 2u1v1u2v2 = ((u21, u

2
2,
√
2u1u2), (v

2
1, v

2
2,
√
2v1v2)) :

H = R3, ϕ : (u1, u2) → (u21, u
2
2,
√
2u1u2) :

X H

∑
x∈XS

λx − 0.5
∑

x,x′∈XS

λxλx′yxyx′K(x, x′)

∑
x∈XS

λxyx = 0, λx ≥ 0, x ∈ XS

aS(x) = (
∑

x′∈XS

λ̂′xyx′K(x, x′)− w0),

w0 =
∑

x′∈XS

λ̂x′yx′K(x′′, x′)− yx′′ ,

x′′ ∈ XS λ̂x′′ �= 0

m + 1

S+ S− m

(x1, y1), (x2, y2)..., (xm+1, ym+1)



y = f(x) = a0x
m + a1x

m−1 + ... + am

yi = f(xi), i = 1, 2, ...,m+ 1:

(xi, y
ε
i ), i = 1, 2, ...,m+ 1,

ε > 0

yεi =

⎧⎨
⎩ yi + ε, (xi, yi) ∈ S+,

yi − ε, (xi, yi) ∈ S− :

S+ S−

x1 = (0, 0), y1 = 1, x2 = (2, 0), y2 = 1, x3 = (1, 0), y3 = −1:

K(x, y) = ((xy) + 1)2, (m = 2):

F (λ) = λ1 + λ2 + λ3 − 1

2
(λ21 + 25λ22 + 4λ23 + 2λ1λ2−

−2λ1λ3 − 18λ2λ3) = 2λ1 + 2λ2−

−1

2
(3λ21 + 11λ22 − 10λ1λ2) :

λ2 = λ1 + λ2

λ = (4, 2, 6)

f(x) = 4K(x1, x)+2K(x2, x)−6K(x3, x)+1−(4K(x1, x1)+2K(x2, x1)−6K(x3, x1)) = 2x21−4x1+1,

f1(x) = f(x) + 1, f2(x) = f(x)− 1 :



K(x, y) = ((x, y) + 1)m

K(x, x′) = (c(x, x′) + d)m, c ≥ 0, d ≥ 0, m

K(x, x′) = σ(c(x, x′) + d),

σ(x) =
1

1 + e−x

K1(x, x
′) K2(x, x

′)

K1(x, x
′)K2(x, x

′)

α1K1(x, x
′) + α2K2(x, x

′), α1 ≥ 0, α2 ≥ 0

K(x, y) = e(x,y)

ep(x, y) =
∞∑
k=0

(x, y)k

k!
:

ϕ(x) K(x, y)

||ϕ(x)|| =
√
(ϕ(x), ϕ(x)) =

√
K(x, x) :

ϕ(x), ϕ(z) K(x, z)

ρ2(ϕ(x), ϕ(z)) = ||ϕ(x)− ϕ(z)||2 =

(ϕ(x), ϕ(x)) + (ϕ(z), ϕ(z))− 2(ϕ(x), ϕ(z)) =



= K(x, x) +K(z, z)− 2K(x, z) :

K(x, x′)

K(x, x′) ≤
√
K(x, x)

√
K(x′, x′), ∀x, x′ ∈ Rn,

SVM

A ⊂ Rm A

R(A) =
1

m
Eσ

[
a∈A

m∑
i=1

σiai

]
,

P (σi = 1) = P (σi = −1) = 1
2
:

A = {(a1, a2) ∈ R2}

R(A) =
1

2

(1
4
((a1 + a2) + (a1 − a2) + (−a1 + a2) + (−a1 − a2))

)
= 0:

A = {(1, 1), (1, 2)

R(A) =
1

2
(
1

4
{1 + 1, 1 + 2}+ 1

4
{1− 1, 1− 2}+

+
1

4
{−1− 1,−1− 2}+ 1

4
{−1 + 1,−1 + 2}) = 1

4
:

c ∈ R a0 ∈ Rm

R({ca+ a0, a ∈ A}) ≤ |c|R(A) :

A ⊂ Rm R(A) = R(conv(A))



v

α≥0,|α|1=1

N∑
j=1

αjvj =
j

vj :

mR(conv(A)) = Eσ

[
α≥0: |α|1=1 a(1),a(2),...,a

(N)

m∑
i=1

σj

N∑
j=1

αJa
(j)
i

]

= Eσ

[
α≥0,|α=1

N∑
j=1

αj
a(j)

m∑
i=1

σia
(j)
I

]
=

= Eσ

[
a∈A

m∑
i=1

σiai

]
= mR(A) :

A = {a1, ..., aN}
Rm

R(A) ≤
a∈A

||a− a||
√
2 N

m
,

a =
1

N

N∑
i=1

a(i) :

a = 0

A′ = {λa(1), ..., λa(N)}, λ > 0:

mR(A′) = Eσ[
a∈A′

(σ, a))] =

= Eσ[ (
a∈A′

e(σ,a))] ≤

≤ Eσ[ (
∑
a∈A′

e(σ,a))] ≤

≤ (Eσ[
∑
a∈A′

e(σ,a)]) =

≤ (
∑
a∈A′

m∏
i=1

Eσi
[eσiai ]) :



ea + e−a

2
≤ ea

2/2 :

ea =
∞∑
n=0

an

n!
:

ea + e−a

2
=

∞∑
n=0

a2n

(2n)!
, ea

2/2 =
∞∑
n=0

a2n

2nn!
:

(2n)! ≥ 2nn!, n ≥ 0

Eσi
[eσiai ] =

eai + e−ai

2
≤ ea

2
i /2 :

mR(A′) ≤
(∑

a∈A′

m∏
i=1

ea
2
i /2
)
=

(∑
a∈A′

e||a||
2/2
)
≤

≤ (|A′|
a∈A′

e||a||
2/2) = (|A′|)

a∈A′
(||a||2/2) :

R(A) = 1
λ
R(A′)

R(A) ≤ (|A′|) + λ2 a∈A(||a||2/2)
λm

:

λ =
√

2 (|A|)/ a∈A ||a||2

H2 = {x→ (w, x) : ||w||2 ≤ 1},

S = {x(1), x(2), ...., x(m)}

H2 ◦ S = {(w, x(1)), ..., (w, x(m)), ||w||2 ≤ 1} :

R(H2 ◦ S) ≤ maxi||x(i)||2√
m

:

mR(H2 ◦ S) = Eσ

[
a∈H2◦S

m∑
i=1

σiai

]
=



= Eσ

[
w:||w||2≤1

m∑
i=1

σi(w, x
(i))
]
=

= Eσ

[
w:||w||2≤1

(w,
m∑
i=1

σix
(i))
]
≤

≤ Eσ

[
||

m∑
i=1

σix
(i)||2
]
:

Eσ

[
||

m∑
i=1

σix
(i)||2
]
= Eσ

[
(||

m∑
i=1

σix
(i)||22)1/2

]
≤

≤
(
Eσ||
[ m∑

i=1

σix
(i)||22
])1/2

:

σ1, σ2, ...., σm

Eσ

[
||

m∑
i=1

σix
(i)||22
]
=

= Eσ

[ m∑
i,j=1

σiσj(x
(i), x(j)

]
=

=
∑
i 	=j

(x(i), x(j))E[σiσj] +
m∑
i=1

((x(i), x(i))E[σ2
i ))] =

=
m∑
i=1

||x(i)||2 ≤ m
i

||x(i)||2 :

S = {x(1), ..., x(m)} Rn

R(H1 ◦ S) ≤
i

||x(i)||∞
√

2 (2n)

m

H1 ◦ S = {(w, x(1)), ..., (w, x(m)) : ||w||1 ≤ 1} :

w, v

(w, x) ≤ ||w||1||v||∞,



||w||1 =
n∑

i=1

|wi|, ||v||∞ =
i

|vi| :

mR(H1 ◦ S) = Eσ

[
a∈H1◦S

m∑
i=1

σiai

]
=

= Eσ

[
w:||w||1≤1

m∑
i=1

σi(w, x
(i))
]
=

= Eσ

[
w:||w||1≤1

(w,
m∑
i=1

σix
(i))
]
≤

≤ Eσ

[
||

m∑
i=1

σix
(i)||∞

]
:

j ∈ [1 : n]

u(j) = (x1,j, x2,j, ..., xm,j) :

||uj||2 ≤
√
m

i
||xi||∞ :

U = {u(1), ..., u(n),−u(1), ...,−u(n)} :

mR(U)

R(U) ≤
i

||x(i)||∞
√

2 (2n)/m,

ϕi : R → R, i = 1, 2, ...,m ρ

|ϕ(α)− ϕ(β)| ≤ ρ|α− β| :

a ∈ Rm

ϕ(a) = (ϕ1(a1), ϕ2(a2), ...ϕm(am)), ϕ ◦ A = {ϕ(a), a ∈ A} :

R(ϕ ◦ A) ≤ ρR(A) :

ρ = 1

Ai = {(a1, a2, ...., ai−1, ϕi(ai), ai+1, ..., am) : a ∈ A} :



R(Ai) ≤ R(A) ∀i :

i = 1

mR(A1) = Eσ

[
a∈A1

∑
a∈A1

σia1

]
=

= Eσ

[
a∈A

(σ1ϕ1(a1) +
m∑
i=2

σiai

]

=
1

2
Eσ2,....,σm

[(
a∈A

(ϕ1(a1) +
m∑
i=2

σiai) +
a∈A

(−ϕ1(a1) +
m∑
i=2

σiai)
)]

=

=
1

2
Eσ2,....,σ

[
a,a′∈A

(
ϕ1(a1)− ϕ(a′1) +

m∑
i=2

σiai +
m∑
i=2

σia
′
i

)]
≤

≤ 1

2
Eσ1,...,σm

[
a,a′∈A

(
|a1 − a′1|+

m∑
i=2

σiai +
m∑
i=2

σia
′
i

)]
:

|a1 − a′1|
a, a′ A

a a′

mR(A1) ≤ 1

2
Eσ1,...,σm

[
a,a′∈A

(
a1 − a′1 +

m∑
i=2

σiai +
m∑
i=2

σia
′
i

)]
:

mR(A)

H = {w : ||w||2 ≤ B} Z = X × Y

l : H × Z → R

l(w, (x, y)) = ϕ((w, x), y),

ϕ : R × Y → R ρ y ∈ Y

l(w, (x, y)) = {0, 1− y(w, x)}

Y = {+1,−1}



w
||w||2, yi(w, xi) ≥ 1, ∀i :

Hard− SVM

w0 = 0

D X × {+1,−1}
w∗

P(x,y)∼D[y(w
∗, x) ≥ 1] = 1, ||x||2 ≤ R :

wS S ∼
Dm 1−δ

P(x,y)∼Dm

[
y �= ((wS, x)

]
≤ 4R||wS||√

m
+

√√√√ (
4 2(||wS||)/(δ)

)
m

:

H l

F ≡ l ◦H = {z → l(h, z), h ∈ H} :

f ∈ F

LD(f) = Ez∼D[f(z)], LS(f) =
1

m

m∑
i=1

f(zi) :

RepD(F, S) ≡
f∈F

(LD(f)− LS(f)) :

F ◦ S = {(f(z1), f(z2), ..., f(zm), f ∈ F} :

R(F ◦ S) = 1

m
Eσ∼{+1,−1}

[
f∈F

m∑
i=1

σif(zi)
]
:

ES∼Dm

[
RepD(F, S)

]
≤ 2ES∼DmR(F ◦ S) :



S ′ = {z′1, z′2, ..., z′m}
LD(f) = ES′

(
LS′(f)

)

LD(f)− LS(f) = ES′
(
LS′(f)

)
− LS(f) = ES′

(
LS′(f)− LS(f)

)
:

f∈F

(
LD(f)− LS(f)

)
=

f∈F
ES′
[
LS′(f) − LS(f)

]
≤ ES′

[
f∈F

(
LS′(f)− LS(f)

)]
:

S

ES

[
f∈F

(
LD(f)− LS(f)

]
≤ ES,S′

[
f∈F

(LS′(f)− LS(f))
]
=

1

m
ES,S′
[

f∈F

m∑
i=1

(f(zi)− f(z′i))
]
:

zj, z
′
j

ES,S′
[

f∈F

(
(f(z′j)− f(zj) +

∑
i 	=j

(f(z′i)− f(zi))
)]

=

= ES,S′
[

f∈F

(
(f(zj)− f(z′j) +

∑
i 	=j

(f(z′i)− f(zi))
)]

:

σj

P (σj = 1) =
1

2
, P (σj = −1) =

1

2
:

ES,S′,σj

[
f∈F

(
σj((f(z

′
j)− f(zj)) +

∑
i 	=j

(f(z′i)− f(zi))
)]

=

1

2

(
ES,S′
[

f∈F

(
(f(z′j)− f(zj)) +

∑
i 	=j

(f(z′i)− f(zi))
)])

+

+
1

2

(
ES,S′
[

f∈F

(
(f(zj)− f(z′j)) +

∑
i 	=j

(f(z′i)− f(zi))
)])

:

j

ES,S′
[

f∈F

m∑
i=1

(f(z′i)− f(zi))
]
= ES,S′,σ

[
f∈F

m∑
i=1

σi(f(z
′
i)− f(zi))

]
≤

≤ ES,S′,σ

[
f∈F

m∑
i=1

σif(z
′
i) +

f∈F

m∑
i=1

−σif(zi)
]
=



=≤ ES,S′,σ

[
f∈F

m∑
i=1

σif(z
′
i) +

f∈F

m∑
i=1

σif(zi)
]
=

= mES′
[
R(F ◦ S ′)

]
+mES

[
R(F ◦ S)

]
= 2mES

[
R(F ◦ S)

]
:

ES∼Dm

[
LD(ERMH(S))− LS(ERMH(S))

]
≤ 2ES∼DmR(l ◦H ◦ S)

ES∼Dm

[
LD(ERMH(S))− LS(h)

]
≤ 2ES∼DmR(l ◦H ◦ S) ∀h ∈ H

h∗ = h∈H LD(h)

δ ∈ (0, 1) (1 − δ)

LD(ERMH(S))− LS(h
∗) ≤ 2ES∼DmR(l ◦H ◦ S)

δ

ERMH(S) ∈ h∈H LS(h)

LD(h) = ES

[
LS(h)

]
≥ ES

[
LS(ERMH(S))

]
:

LD(ERMH(S)) − LD(h
∗)

m

f(x1, x2, ..., xm) : V
m → R V

c > 0

|f(x1, x2, ..., xm)− f(x1, x2, ..., xi−1, x
′
i, xi+1, ..., xm)| ≤ c, x1, x2, ..., xm, x

′
i ∈ V :

X1, X2, ..., Xm

V 1 − δ

|f(X1, X2, ..., Xm)− E[f(X1, X2, ..., Xm]| ≤ c
√

(2/δ)m/2



c > 0 |l(h, z)| ≤ c, z ∈
Z, h ∈ H 1 − δ

LD(h)− LS(h) ≤ 2ES′∼DmR(l ◦H ◦ S ′) + c
√

(2/δ))/m, ∀h ∈ H

LD(h)− LS(h) ≤ 2R(l ◦H ◦ S) + c
√

2 (4/δ))m, ∀h ∈ H

LD(ERMH(S))− LD(h) ≤ 2R(l ◦H ◦ S) + c
√
2 (8/δ)/m

RepD(F, S) =
f∈F

(
LD(h)− LS(h)

)

2c/m S ′
i = {z1, ..., zi−1, z

′
i, zi+1, ..., zm)}

|RepD(F, S)−RepD(F, S
′
i)| =

|
f∈F

(
LD(h)− LS(h)

)
−

f∈F

(
LD(h)− LS′(h)

)
| ≤

h∈F
|LS(h)− LS′(h)| =

=
h∈H

| 1
m
(l(h, z1, ..., zm)− l(h, z1, ...zi−1, z

′
i, zi+1, ..., zm)| ≤ 2c

m
:

1− δ

RepD(F, S) ≤ ERepD(F, S) + c
√

2 (2/δ)/m ≤

≤ 2ES′R(l ◦H ◦ S ′) + c
√

2 (2/δ)/m

(l ◦ H ◦ S)

hS = ERMH(S) h, h∗ ∈ H

LD(hS)− LD(h
∗) =

LD(hS)− LS(hS) + LS(hS)− LS(h
∗) + LS(h

∗)− LD(h
∗)

≤
(
LD(hS)− LS(hS)

)
+
(
LS(h

∗)− LD(h
∗)
)
:



1− δ/2

LS(h
∗)− LD(h

∗) ≤ c
√

2 (4/δ)/m

h = EMRH(S)

D X×Y

1 ||x||2 ≤ R

H = {w : ||w||2 ≤ B}

l : H × Z → R l(h, (x, y)) = ϕ((w, x), y))

y ∈ Y a → ϕ(a, y) ρ

a∈[−BR,BR] ϕ(a, y)| ≤ c δ ∈ (0, 1)

1− δ

LD(w) ≤ LS(w) +
2ρBR√

m
+ c
√
2 (2/δ)/m :

LD(EMRH(hS)) ≤ h∈H LD(h) +
2ρBR√

m
+ c
√
2 (8/δ)/m :

F = {(x, y) → ϕ((w, x), y), w ∈ H} :

F ◦ S = {ϕ((w, x1), y1)...ϕ((w, xm), ym)}, w ∈ H :

1

R(F ◦ S) ≤ ρBR√
m

:

ε > 0

2ρBR√
m

+ c
√
2 (8/δ)/m ≤

≤
√

4(ρBR)2 + 2c2 (8/δ)

m

a, b > 0

√
a+

√
b ≤ 2

√
a+ b ⇐⇒

√
ab ≤ 3(a+ b)



⇐⇒ 9a2 − 17ab+ 9b2 ≥ 0:

2

√
4(ρBR)2 + 2c2 (8/δ)

m
≤ ε

m ≥ 4(ρBR)2 + 2c2 (8/δ)

ε2
:

hS

w
||w||2, yi(w, xi) ≥ 1, i = 1, 2, ...,m :

D Z = X × {+1,−1}
w∗

P(x,y)∼D[y(w
∗, x) ≥ 1] = 1

1 ||x||2 ≤ R

δ ∈ (0, 1) 1 − δ

P(x,y)∼D[y �= (wS, x)] ≤ 2R||w∗||√
m

+

√
2 (2/δ)

m
:

lramp(w, (x, y)) ≡ {1, {0, 1− y(w, x)}} :

lramp



[0, 1] 1

P(x,y)∼D[y �= (wS, x)] ≤ LD(wS) :

B = ||w∗||2 H = {w : ||w||2 ≤ B}
1 wS ∈ H LS(wS) = 0

LD(wS) ≤ LS(wS) +
2ρBR√
m

+
√

2 (2/δ)/m :

2ρBR√
m

+
√
2 (2/δ)/m < ε :

m(δ, ε) R2||w∗||2/(ε)2
w∗

1 − δ S ∼ Dm

P(x,y)∼D[y �= (wS, x))] ≤ 4R||wS||√
m

+

√
(4 2(||wS||)/δ)

m
:

i

Bi = 2i, Hi = {w : ||w||2 ≤ Bi}, δi = δ

4i2
:

i

LD(w) ≤ LS(w) +
2ρBiR√

m
+
√
2 (2/δ)i/m :

∑∞
i=1 δi ≤ δ 1− δ

w i = [ 2 ||w||]

w ∈ Hi, Bi ≤ 2||w||, 2/δi = 4i2

δ
≤ (4 2(||w||))2/δ :



LD(w) ≤ LS(w) +
2BiR√
m

+

√
2 (2/δi)

m
≤

≤ LS(w) +
4||w||R√

m
+

√
4( (4 2(||w||) + (1/δ))

m
:

wS

wS



1, 2, ..., n

w1, w2, ..., wn w0

xi i∑n
i=1wix

i

(x1, ..., xn)

σ(
∑n

i=1wix
i − w0) σ

σ(x) = 1
1+e−x ,

σ(x) = 0, x < 0, σ(x) = x, x ≥ 0



x1
⊕

x2 = [(x1
∨
x2)− (x1

∧
x2)− 1/2 > 0]



(x1, x2, ..., xn) ∈ Rn

a = σ((x,w)− w0)

wij

aϕ x ∈ Rn

aw(x) ∈ RM S ⊂ Rn × RM

(x, y) ∈ S

Q(x, y, w) =
1

2
||aw(x)− y||2 :

wij

(x, y)

wij



σ(x) =
1

1 + e−x
:

σ′(x) = σ(x)(1− σ(x)) :

(x, y) ∈ S

Q(x, y, w) =
1

2

M∑
m=1

(am − ym)2,

∂Q

∂whm

= am − ym ≡ ξm, m = 1, 2, ...,M :

w′
hm = whm − η

∂Q

∂whm

η,

w′
jh = wjh − ∂Q

∂wjh

η,

η ∈ (0, 1) ∂Q
∂whm

∂Q
∂wjh

u1, u2, ..., uH

∀m = 1, 2, ...,M, h = 1, 2, ..., H, j = 1, 2, ..., n

am = σ(
H∑

h=1

whmu
h − w0m),

∂Q

∂whm

=
∂Q

∂am
∂am

∂whm

= ξmσ′(
H∑

h=1

whmu
h − w0m)u

h =

= ξmam(1− am)uh,



∂Q

∂w0m

=
∂Q

∂am
∂am

∂w0m

= ξmσ′(
H∑

h=1

whmu
h − w0m)(−1) =

= −ξmam(1− am),

uh = σ(
n∑

j=1

wjhx
j − w0h),

∂Q

∂uh
=

M∑
m=1

∂Q

∂am
∂am

∂uh
=

M∑
m=1

ξmσ′(
H∑

h=1

whmu
h − w0m)whm =

=
M∑

m=1

ξmam(1− am)whm ≡ ζh,

∂Q

∂wjh

=
∂Q

∂uh
∂uh

∂wjh

= ζhσ′(
n∑

j=1

wjhx
j − w0h)x

j =

= ζhuh(1− uh)xj,

∂Q

∂w0h

=
∂Q

∂uh
∂uh

∂w0h

= ζhσ′(
n∑

j=1

wjhx
j − w0h)(−1) =

= −ζhuh(1− uh) :

(I1, I2) (h1, h2)

(01, 02)

(0.05, 0.10)

(0.01, 099)



h1

net(h1) = w1i1 + w2i2 + b1 = 0.15× 0.05 + 0.2× 0.1 + 0.35 = 0.3775,

h1

Out(h1) =
1

1 + e−net(h1)
= 0, 593269992,

h2

out(h2) = 0.596884378:

o1

netIo1) = w5out(h1) + w6out(h2) + b2 = 1.105905967,

out(o1) =
1

e−net(o1)
= 0.75136507:

o2

out(o2) = 0.772928465 :



E(total) = E(o1) + E(o2) =
1

2
((target(o1)− out(o1))

2 + (target(o2)− out(o2))
2 =

=
1

2
(0.01− 0.75136507)2 + (0.99− 0.772928465)2 = 0.298371109:

w5, w6

o1 w7, w8 o2

b2

w5 w5

E(total)

w5

∂E(total)

∂w5

=
∂E(total)

∂(out(o1))

∂(out(o1))

∂(net(o1))

∂net(o1)

∂w5

:

∂E(total)

∂(out(o1))
= −2.

1

2
(target(o1)− out(o1) = 0.74136507:

out(o1) =
1

1 + e−net(o1))
,

∂out(o1)

∂net(o1)
= out(o1)(1− out(o1)) = 0.186815602:

net(o1) = w5out(h1) + w6out(h2) + b2,

net(o1)

∂w5

= out(h1) = 0.593269992:



∂E(total)

∂w5

= 0.082167041:

w5

w5

w+
5 = w5 − η

∂E(total)

∂w5

= 0.35891648, η = 1/2:

w+
6 = 0.408666186

w+
7 = 0.511301207,

w+
8 = 0.561370121

out(h1) out(o1) out(o2)

∂E(total)

∂out(h1)
=

∂E(o1)

∂out(h1)
+

E((o2)

∂(out(h1))
:

∂E(o1)

∂out(h1)
=

∂E(o1)

∂net(o1)

∂net(o1)

∂out(h1)
=

=
∂E(o1)

∂out(o1)

∂out(o1)

∂net(o1)

∂net(o1)

∂out(h1)
= 0.055399425:



∂E(o2)
∂out(h1)

∂E(o2)

out(h1)
= −0.019049119:

∂E(total)

∂w1

− 0.000438568:

w1

w+
1 = w1 − η

∂E(total)

∂w1

= 0.149780716:

w+
2 = 0.19956143,

w+
3 = 0.24975114,

w4 = 0.29950229

0.298371109

0.291027924

10000 0.0000351085

f : [0, 1]n → R

H, αH , wH

a(x) =
H∑

h=1

ασ((w,h, x)− w0)

f(x) ε > 0

|f(x)− a(x)| < ε, ∀x ∈ [0, 1]n,

σ



aS(x) = (
h∑

i=1

λiyiK(xi, x)) :

xi λi = 0 aS(x)

n

h

λi, i = 1, 2, ..., l K(xi, x), i = 1, ..., l

Python



A B

P (A|B) =
P (A
⋂
B)

P (B)
:

P (A|B) = P (A) :

A B

P (A
⋂

B) =
2

12
=

1

6
, P (B) =

1

2
:

P (A|B) =
P (A
⋂
B)

P (B)
=

1

3
:

B1, ..., Bn

B1

⋃
B2...

⋃
Bn = Ω:



P (A) =
n∑

i=1

P (A|Bi)P (Bi) :

A = A
⋂

Ω = A
⋂

(
n⋃

i=1

Bi) =
n⋃

i=1

(A ∩Bi) :

A
⋂
Bi, i = 1, 2, ..., n

P (A) =
n∑

i=1

P (A
⋂

Bi) =
n∑

i=1

P (A|Bi)P (Bi) :

Bi

i− A

P (Bi) =
1

3
; i = 1, 2, 3, P (A|B1) =

3

7
, P (A|B2) =

2

7
, P (A|B3) = 0:

P (A) =
1

3
.
3

7
+

1

3

2

7
= 0.238:

P (Bi|A) = P (A|Bi)P (Bi)∑n
i=1 P (A|Bi).P (Bi)

:

P (B1|A)

P (B1|A) = P (A|B1)P (B1)

P (A)
=

1

7
: 0.238 = 0.6:



A

B

P (A = 1|B = 2)

P (A = 1|B = 2) =
P (A = 1)P (B = 2|A = 1)

P (B = 2)
:

P (A = 1) = 1/3, P (B = 2|A = 1) = 1,

P (B = 2)

P (B = 2) =
3∑

i=1

P (B = 2|A = i) = P (B = 2|A = 1)P (A = 1) + P (B = 2|A = 2)P (A = 2)+

+P (B = 2|A = 3)P (A = 3) =
1

3
+

1

6
=

2

3
:

P (B = 2|A = 2) = 0,

P (B = 2|A = 3) = 1/2,

1/2,



2/3

1/2

(X,Y ),

A B = {1,−1}

P (X = x|Y = 1), P (X = x|Y = −1)

P (Y = 1) =
�
A

P (X = x|Y = 1) x, P (Y = −1) =
�
A

P (X = x|Y = −1) x :

P (x, y)

P (X = x|Y = 1) =
P (X = x, Y = 1)

P (Y = 1)
:

P (Y = 1|X = x) =
P (Y = 1)P (X = x|Y = 1)

P (X = x|Y = 1)P (Y = 1) + P (X = x|Y = −1)P (Y = −1)
:

g : A → B

P (g) = P (g(X) �= Y ) :

η1(x) = P (Y = 1|X = x) :

x

h1(x) =

⎧⎨
⎩ 1, η1(x) > 1/2,

−1, :



P (g)

g
P (g) = (h1) :

P{h1(X) �= Y } =
�
A

P (h1(X) �= Y |X = x) x ≤

P{g(X) �= Y } =
�
A

P (g(X) �= Y |X = x) x ∀g : A→ B :

x

P{g(X) �= Y |X = x} =

= 1− P{g(X) = Y |X = x} = 1− (P{Y = 1, g(X) = 1|X = x}+

P{Y = −1, g(X) = −1|X = x}) =

= 1− (1{g(x)=1}P{Y = 1|X = x}+ 1{g(x)=−1}P{Y = −1|X = x}) =

= 1− (1{g(x)=1}η(x) + 1{g(x)=−1}(1− η(x)),

1R(x) = 1,

R(x) 1R(x) = 0

1g(x)=−1 = 1− 1g(x)=1 :

x

P{g(X) �= Y |X = x} − P{h1(X) �= Y |X = x} =

= η1(x)(1h1(x)=1 − 1g(x)=1 + (1− η1(x))(1h1(x)=−1 − 1g(x)=−1) =

= (2η1(x)− 1)(1h1(x)=1 − 1g(x)=1) ≥ 0:

h−1(x) =

⎧⎨
⎩−1, η−1(x) > 1/2,

1, ,

η−1(x) = P (Y = 1|X = x) :



{h1(x), h−1(x)} = hbajes(x) =
y∈B

P (Y = y|X = x)

B = {1, 2, ..., K} B × B L(y, s) = [y �=
s] h(x)

R(h) =
K∑
i=1

�
A

L(y, h(x))P (Y = yk|X = x) x :

P (Y = y|X = x)

h∗

h∗(x) =
y∈B

P (Y = y|X = x)

R(h) =
K∑
y=1

�
A

L(y, h(x))P (Y = y|X = x) x =

=
K∑
y=1

�
A

[y �= h(x)]P (Y = y|X = x) x =

=
�
A

∑
y 	=h(x)

P (Y = y|X = x) x =

= 1−
�
A

P (x, h(x)) x ≥ 1−
�
A

s∈Y
P (s|X = x) x =

= 1−
�
A

P (Y = h∗(x)|X = x) x = R(h∗) :

h∗(x) =
y∈B

P (Y = y)P (X = x|Y = y) :

P (X = x|Y = y)

S

Sy = {(x, yx) ∈ S/yx = y} :



P (Y = y) ≈ |Sy|
|S| , P (x|y) ≈

1

m

m∑
i=1

[xi = x],

x1, ..., xm Sy

yi = (w, xi) + εi, i = 1, 2, ..., l,

εi

L(w) =
l∏

i=1

P (yi|xi, w) =
l∏

i=1

1√
2πσ2

(−(yi − (w, xi))
2

2σ2
) :

w

(L(w)) = −l (
√
2πσ2 − 1

2σ2

l∑
i=1

(yi − (w, xi))
2 → :

w

l∑
i=1

(yi − (w, xi))
2 →

w
:

hbajes(x) =
y∈B

P (Y = y|X = x)

x = (x1, x2, ..., xn) X = (X1, X2, ..., Xn)

P (X = x|Y = y) =
n∏

i=1

P (Xi = xi|Y = y) :

hbajes(x) =
y∈B

P (Y = y|X = x) =



y∈B
P (Y = y)P (X = x|Y = y) =

y∈B
P (Y = y)

n∏
i=1

P (Xi = xi|Y = y) :

P (classA)|Feature1, F eature2, F eature3) =

=
P (Feature1|A)P (Feature2|A)P (Feature3|A)P (class(A)

P (Feature1)P (Feature2)P (Feature3)
:

P (Banana|long, Sweet, Y ellow), P (Orange|Long, Sweet, Y ellow),

P (Other|Long, Sweet,Wellow) :



P (Long|Banana) = 400/500 = 0.8,

P (Sweet|Banana) = 350/500 = 0.7

P (Y eloww|Banana) = 450/500 = 0.9,

P (Banana) = 500/1000 = 0.5

0.8× 0.7× 0.9× 0.2 = 0.252:

P (Orange|Long, Sweet, Y ellow) = 0,

P (Other|Long, Sweet, Y ellow) = 0.01875

Banana

l S = (x1, x2, ..., xl)

xi = 1 i

xi = 0 θ

S

θ̂ =
1

l

l∑
i=1

xi :

ES(θ̂) = θ θ̂ θ

θ̂

1 − δ S



|θ̂ − θ| ≤
√

(2/δ)

2l

θ̂

S

P (S = (x1, x2, ..., xl) =
l∏

i=1

θxi(1− θ)1−xi = θ
∑

i xi(1− θ)
∑

i(1−xi) :

L(S, θ) ≡ (P (S = (x1, x2, ..., xl)) = (θ)
∑
i

xi + (1− θ)
∑
i

(1− xi) :

θ

L(S, θ)

θ̂ =
θ

L(S, θ) :

L θ

∑
i xi
θ

−
∑

i(1− xi)

(1− θ)
= 0:

θ =
1

l

l∑
i

xi,

Pθ

θ

L(S, θ) = (
l∏

i=1

Pθ(xi)) =
l∑

i=1

(Pθ(xi)) :

θ̂ = θ LS(S, θ)



l(θ, x) = − (Pθ(x)) :

LS(S, θ) =
l∑

i=1

− (Pθ(xi)) →
θ

:

Pθ =
1√
2π

(−(x− θ)2

2
) :

L(S, θ) =
l∑

i=1

Pθ(xi) =

= −l
√
2π − 1

2

l∑
i=1

(xi − θ)2 :

θ θ

θ̂ =
1

l

l∑
i=1

xi :

Ex∼N(θ,1[l(θ̂, x)− l(θ, x)] =

= Ex∼N(θ,1)

[
(
Pθ(x)

Pθ̂(x)

]
= Ex∼N(θ.1)

[
− 1

2
(x− θ)2 +

1

2
(x− θ̂)2

]
=

=
θ̂2

2
− θ2

2
+ (θ − θ̂)Ex∼N(θ,1)(x) =

=
θ̂2

2
− θ2

2
+ (θ − θ̂)θ =

1

2
(θ̂ − θ)2 :

θ̂ θ

l

σ =



1 1 − δ

|θ̂ − θ| ≤ ε

ε δ σ

P
(
|Ex∼N(θ,1)(l(θ̂, x)− Ex∼N(θ,1)(l(θ, x) ≤ ε)|

)
≥ 1− δ :

X

P (X = 1) = θ θ

θ̂ =
1

l

l∑
i=1

xi = 0:

Ex∼θ(l(θ̂, x)) = θl(θ̂, 1) + (1− θ)l(θ̂, 0) =

= θ (1/θ̂) + (1− θ) (1/(1− θ̂)) =

θ (1/0) = ∞ :

X1, X2, ..., Xn

θ

1 1− θ 0

P (Xi = xi) = θxi(1− θ)1−xi :

X =
∑n

i=1Xi Xi, i = 1, 2, ..., n

P (X = m|n, p) = Cm
n θ

m(1− θ)n−m :

θ n1

m1 n2

m2



Pn(k) = Ck
nθ

k(1− θ)n−k :

L ≡ Pn1(m1)Pn2(m2) = Cm1
n1
Cm2

n2
θm1+m2(1− θ)n1+n2−(m1+m2) :

d L

dθ
=
m1 +m2

θ
− (n1 + n2)− (m1 +m2)

1− θ
= 0:

θ =
m1 +m2

n1 + n2

:

P (X = x|n, θ) = Cx
nθ

x(1− θ)n−x, x = 0, 1, 2, ...n

P (X = x|n, θ) → λxe−λ

x!
, n→ ∞, θ → 0, nθ = λ = const :

P{X = x|n, θ} =
n(n− 1)...(n− x+ 1)

x!
(
λ

n
)x(1− λ

n
)n−x =

= (1− 1

n
)(1− 2

n
)...(1− x− 1

n
)(1− λ

n
)−x(1− λ

n
)n
λx

x!
:

(1− λ

n
)n → e−λ,

P (X = x|λ) = λxe−λ

x!
, x = 0, 1, 2, ... :



L(λ) = P (X = x1|λ)P (X = x2|λ)...P (Xn = xn|λ) =

=
e−λλx1

x1!
....
e−λλxn

xn!
=
e−nλλ

∑n
i=1 xi

x1!...xn!
→ :

l(λ) = −nλ+ λ
n∑

i=1

xi → :

λ =

n∑
i=1

xi

n
= X :

l (λ) = −

n∑
i=1

xi

λ2
< 0,

λ = X

p(x|y)

p(x|y) =
k∑

j=1

wjφ(x, θj),

φ wj, θj; j = 1, 2, ..., k

k∑
j=1

w = 1, wj ≥ 0, j = 1, 2, ..., k :

Θ = (w1, ..., wk, θ1, ..., θk) :

X = {x1, x2, ..., xm}
likelihood

m∏
i=1

k∑
j=1

wjφ(xi, θj) →
Θ

,



k∑
j=1

wj = 1, wj ≥ 0, j = 1, 2, ..., k :

m∑
i=1

(
k∑

j=1

wjφ(xi, θj))

L =
m∑
i=1

(
k∑

j=1

wjφ(xj, θj))− λ(
k∑

j=1

wj − 1) :

∂L

∂wj

=
m∑
i=1

φ(xi, θj)

p(xi)
− λ = 0,

p(xi) =
k∑

j=1

wjφ(xi, θj) :

m∑
i=1

k∑
j=1

wj
φ(xi, θj)

p(xi)
= λ

k∑
j=1

wj = λ :

m

λ = m, wj =
1

m

m∑
i=1

wjφ(xi, θj)

p(xi)
: (8.1)

wj, j = 1, 2, ..., k

θj, j = 1, 2, ..., k

∂L

∂θj
=

∂

∂θj

m∑
i=1

wjφ(xi, θj)

p(xi)
φ(xi, θj) = 0,

θj =
θ

m∑
i=1

wjφ(xi, θ)

p(xi)
φ(xi, θ), j = 1, 2, ..., k : (8.2)

φ(x, θj) = N(x, μj,Σj),



θj = (μj,Σj)

μj =
1

mj

m∑
i=1

gijxi, Σj =
1

mwj

m∑
i=1

gij(xi − μj)(xi − μj)
T : (8.3)

EM ((w
(n)
j , θ

(n)
j , j = 1, 2, ..., k)

(wj, θj), j = 1, 2, ...k

wj = w
(0)
j ≥ 0, θj = θ

(0)
j , j = 1, 2, ...k,

k∑
j=1

w
(0)
j = 1:

G = {gij}

(8.1) wj, j = 1, 2, ...k

(8.2) θj, j = 1, 2, ..., k

i,j |gi,j − g′i,j| < δ

gi,j g′i,j
G G′ δ

( , ) ≡
n∑

i=1

xiwi−
w0

( , ) < 0.5 ⇒ y = 0

( , ) ≥ 0.5 ⇒ y = 1 :



[0, 1]



( , ) ≡
n∑

i=1

xiwi−w0,

z = ( , ) → h (x) =
1

1 + e−( , )
:

hw(x)

h (x) = P (y = 1|x, ) :

x w

log loss



x

y ∈ {0, 1}

−y h (x)− (1− y) (1− h (x)) :

w

L(w) = −1

l

l∑
i=1

(yi h (xi) + (1− yi) (1− h (xi)) → :

L( ) =
l∑

i=1

(1 + e−zi( , i)) →

zi = 1 xi 1 zi = −1 xi

0

L(w)



a( , ) = ( , )

P (y|x,w) y

x x =

(10000, 1, 1, 2)

p(y = +1|x, ) =
3

6
= 0.5, p(y = 0|x, ) =

3

6
= 0.5:

P (y|x, ) ≡ 1

1 + e−( , )y
= σ(y( , )) :

P (x1, x2, ..., xl|y1, y2, ..., yl, w) =
l∏

i=1

P (xi|yi, w) :

w

w



l∑
i=1

(1 + e−( , i)zi) → :

w σ(( , )z)

x

σ(( , )z)

z = 1 x

(w0, w1) x

hw(x) =
1

1 + e−(w0+w1x)
:

L(w0, w1) =
20∑
i=1

(yi pi + (1− yi) (1− pi)),

pi =
1

1 + e−(w0+w1xi) :

∂L

∂w0

=
20∑
i=1

(yi − pi) = 0,

∂L

∂w1

=
20∑
i=1

(yi − pi)xi = 0:

w0, w1

w0 ≈ −4.1, w1 ≈ 1.5:



p = 1
1+e−(w0+2w1)

≈ 0.25

p =
1

1 + e−(w0+4w1)
≈ 0.87:

(1+e−M) [M < 0]

1
2

(1 + e−M) [M < 0]

(xi, yi), i = 1, 2, ...l

yi = (w, xi) + εi, i = 1, 2, ..., l,

εi, i = 1, 2, ..., l

E[εi] = 0, V ar(εi) = σ2, i = 1, 2, ..., l

xi, i = 1, 2, ..., l

ŵ = (XXT )−1XTy

E[ŵ] = E[(XXT )−1]XTy = (XXT )−1XE[y] =



= (XXT )−1XTE[Xw + ε] = (XXT )−1XXTE[w] = E[w] :

ŵ w

E[ in] ≡
[1
l

l∑
i=1

(yi − ŷi)
2
]
, ŷi = (ŵ, xi) = Xŵ = X(XXT )−1XTy = Hy :

H

(I −H)2 = I −H −H −H2 = I −H :

z = (z1, z2, ..., zl)

||z − ŷ||2 = ||z −Hz||2 =< (I −H)z, (I −H)z >=< (I −H)z, z >:

ξ = (ξ1, ..., ξl)

V ar(ξi) = σ2, i = 1, 2, ..., l

D(l × l)

E[ξiξj] = E[ξi]E[ξj], i �= j, E[ξ2i ] = σ2 + (E[ξi])
2,

< Dξ, ξ >=
m∑
i=1

diiE[ξ
2] +
∑
i 	=j

dijE[ξiξj] =

= σ2

m∑
i=1

dii +
l∑

i,j=1

dijE[ξi]E[ξj] =

= σ2Tr(D) + (DE[ξ], E[ξ]) :

D = I −H, ξ = y

E[||y − ŷ||2] = σ2Tr(I −H) + ((I −H)E[y], E[y]) :

Tr(I − A) = l − Tr(H) = l − Tr(X(XXT )−1XT ) = l − Tr(Id+1) = l − d− 1,

(I −H)Ey = (I −H)Xw = (I −X(XXT )−1XT )Xw = 0:

E[ in] =
1

l
σ2(l − d− 1) = σ2 − d+ 1

l
σ2 :



ξ l → ∞
σ2

y′i = (w, xi) + ε′i,

ε′i

E[εi] = E[ε′i], V ar(εi) = V ar(ε′i) = σ2 :

E[ out] =
1

l
E[

l∑
i=1

(y′i − ŷi)
2], ŷi = (ŵi, xi) :

Cov(y′i, yi) = 0, Eyi = Ey i, V ar(y
′
i) = V ar(yi),

E[(yi − ŷi)
2] = V ar(yi − ŷi) + (E[yi]− E[ŷi])

2 =

V ar(yi) + V ar(y′i)− 2Cov(yi, ŷi) + (E[yi]− E[ŷi])
2,

(E[y′i]− E[ŷi])
2 = V ar(y′i − ŷi) + (E[y′i]− E[ŷi])

2 =

= V ar(y′i) + V ar(ŷi)− 2Cov(y′i, ŷi) + (E[y′i]− E[ŷi])
2 =

= V ar(yi) + V ar(ŷi) + (E[yi]− E[ŷi])
2 :

E[(y′i − ŷi)
2] = E[(yi − ŷi)

2] + 2Cov(yi, ŷi) :

Cov(yi, ŷi) = Cov(yi, (HY )i) =
l∑

j=1

HijCov(yi, yj) = HiiV ar(yi) = Hiiσ
2 :

E[ out] = E[
1

l

l∑
i=1

(y′i − ŷi)
2] =

= E[
1

l

l∑
i=1

(yi − ŷi)
2] +

2

l
σ2Tr(H) = E[Rin] +

2

l
σ2(d+ 1):

ε > 0 l



(In) (Out)

l >
2

ε
σ2(d+ 1),

E[ Out] ≤ E[ In] + ε :

h(x) ≡ (ŵ, x)

XXT

p(A)

f(x|A)
X = {x1, x2, ..., xN},

f(x|A)

f(x) =
1

(2π)n/2σn
e−

1
2σ2 ||x−m||2 :

σ, m

L(m,σ|X) =
N∏
i=1

f(xi, |m,σ) =

= (
1

(2π)n/2σn
)N

N∏
i=1

e
− 1

2(σ)2
||xi−m||2

:



σ

m

m̃ =
1

N

N∑
i=1

xi,

σ̃2 =
1

nN

N∑
i=1

||xi − m̃||2 :

η f(x)

D

P (D) =
�
D

f(x) x :

XN = {x1, x2, ..., xN}
η

D x0 V (D)

P (XN = k) = Ck
NP (D)k(1− P (D))N−k,

E[XN ] = NP (D)

P (D) =
E[XN ]

N
≈ k

N
:

P (D) =
�
D
f(x) x = f(x̂)V (D),

V (D) D x̂

f(x)

k

NV (D)
:

f(x) x0

x0 DN ,



N→∞
V (DN) = 0,

n→∞
NV (DN) = ∞ :

f̃N(x) ≡ kN
NV (DN)

, x ∈ DN

P (|f̃N(x)− f(x)| > ε) → 0, N → ∞ :

XN kN DN

kN =
N∑
i=1

ϕN(xi),

ϕN(x) DN

f̃N(x) =
1

NV (DN)

N∑
i=1

ϕN(xi) :

ϕN(xi)

E[f̃N ] =
1

NV (DN)

N∑
i=1

E[ϕN(xi)] =
E[ϕN(η)]

V (DN)
=

=
1

V (DN)

�
Rn

ϕN(v)f(v) v =
1

V (DN)

�
DN

f(v) v = f(x̃N) → f(x0), N → ∞ :

f̃N f

σ2(f̃N) =
1

N2V 2(DN)

N∑
i=1

σ2(ϕN(xi)) =

=
1

NV 2(DN)
σ2(ϕN(η) =

=
1

NV 2(DN)

( �
DN

f(v) v − (
�
DN

f(v) v)2
)
=

=
f(x̃N)

NV (DN)
(1− V (DN)f(x̃N)) → 0:

f̃N f

N

f̃N



P (|f̃N(x)− f(x0)| > ε) = 1− P (f̃N(x) < f(x0) + ε) + P (f̃N(x) < f(x0)− ε) =

= 1− Φ
((f(x0) + ε− f(x̃N))

√
NV (DN)√

f(x̃N)(1− V (DN)f(x̃N))

)
+

+Φ
((f(x0)− ε− f(x̃N))

√
NV (DN)√

f(x̃N)(1− V (DN)f(x̃N))

)
,

Φ(x) =
1√
2π

x�
−∞

e−
t2

2 t :

P (|f̃N(x)− f(x0)| > ε) → 0, N → ∞ :

x0 DN

εN

BεN (x0) = {x ∈ Rn : ||x− x0|| ≤ εN} :

ϕ(v)

k(x0, εN) =
N∑
i=1

ϕ(
x0 − xi
εN

)

f̃N(x) =
1

NVN

N∑
i=1

ϕ(
x− xi
εN

), x ∈ Rn :

n

VN = C(n)εnN ,

C(n)

εN =
a

(N + 1)
, a > 0:



X

N x1 < x2 < ... < xk

xi

ni

∑k
i=1 ni = N

F̃N(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, x < x1
n1+n2+...+ni

N
, x ∈ (xi, xi+1], i = 0, ..., k − 1,

1, x > xk,

X

N = 4 + 10 + 6 + 8 + 7 + 5 = 40,

F̃ (x ≤ 1) =
0

40
,

F̃ (1 < x ≤ 2) =
0 + 4

40
= 0.1,

F̃ (2 < x ≤ 3) =
4 + 1)

40
= 0.35,

F̃ (3 < x ≤ 4) =
4 + 10 + 6

40
= 0.5,

F̃ (4 < x ≤ 5) =
4 + 10 + 6 + 8

40
= 0.7,

F̃ (5 < x ≤ 6) =
4 + 10 + 6 + 7 + 5

40
= 0.875,

F̃ (x > 6) = 1:

i

i

F (x) X X

F̃N(x) F (x)

ε > 0

N→∞
P (

x
|F̃N(x)− F (x)| < ε) = 1:



ε > 0 S

1

S
<
ε

2
:

xi F (xi) = i/S, i = 1, 2, ..., S

F (x)

F (xi)− F (xi−1) =
1

S
<
ε

2
:

xi ≤ x ≤ xi−1 :

F̃N(x) F (x)

F̃N(xi−1)− F (xi) ≤ F̃N(x)− F (x) ≤

≤ F̃N(xi)− F (xi−1) :

F̃N(xi−1)− F (xi−1)− ε

2
≤

≤ F̃N(x)− F (x) ≤

≤ F̃N(xi)− F (xi) +
ε

2
:

x
|F̃N(x)− F (x)| ≤

1≤i≤S
|F̃N(xi)− F (xi)|+ ε

2
:

Pi = P (X < xi) mi X

xi

Pi = F (xi),
mi

N
= F̃N(xi) :

x
|F̃N(x)− F (x)| ≤

1≤i≤S
|mi

N
− Pi|+ ε

2
:

1≤i≤S
|mi

N
− Pi| ≥ ε

2

|mi

N
− Pi| ≥ ε

2
, i = 1, 2, ..., S



P (
1≤i≤S

|mi

N
− Pi|) ≥ ε

2
) ≤

S∑
i=1

P (
mi

N
− Pi|) ≥ ε

2
) :

N

α/S

P (
1≤i≤S

|mi

N
− Pi|) < ε

2
) < 1− α :

ε α

P (
x

|F̃N(x)− F (x)| < ε) > 1− α,

N→∞
P (

x
|F̃N(x)− F (x)| < ε) = 0:

{Xi}∞i=1

F (x) = P (Xi ≤ x), ∀i

Fn(x) =
1

n

n∑
i=1

1[Xi≤x]

ε > 0

P
(

x∈R
|f(x)− Fn(x)| > ε

)
≤ 8(n+ 1) (−−nε2

32
) :

h∗(x)

P (x|y) = 1√
(2π)d(detΣ)1/2

(−1

2
(x− μy)

TΣ−1(x− μy)), y ∈ Y :

h∗(x) = y∈Y P (x, y)

Y = {0, 1}



y, y′ ∈ Y

P (y|x) = P (x|y)P (y)
P (x)

> P (y′|x) = P (x|y′)P (y′)
P (x)

:

(μy − μ′
y)

TΣ−1x >
1

2
μT
yΣ

−1μy − 1

2
μT
y′Σ

−1μy′ − P (y) + P (y′) ≡ c :

(w, x) = c

w = (μy − μ′
y)

TΣ−1

δy(x) = −1

2
(x− μy)

TΣ−1(x− μy) +
1

2
xTΣ−1x+ P (y) =

μT
yΣ

−1x− 1

2
μT
yΣ

−1μy + P (y) :

h∗(x) = y δy(x)

δ1(x) = δ0(x)

P̂ (y) =
Ny

N
, μ̂y =

∑
yi=k

x(i)

Ny

,

Σ̂ =
1

N − 2

1∑
k=0

∑
y(i)=k

(x(i) − μ̂k)
T (x(i) − μ̂k) :

N Ny

y

P (Y = 0) = P (Y = 1) =
1

2
,

μ̂0 = (1, 4), μ̂1 = (4, 1),



Σ̂ =
1

8

∑
k

∑
yi=k

(x(i) − μ̂k)
T (x(i) − μ̂k) =

=
1

8

((2 0

0 2

)
+

(
8 0

0 2

))
=

(
5/4 0

0 1/2

)
:

δ0(x) = xT Σ̂−1μ̂0 − 1

2
μ̂T
0 Σ̂

−1μ̂0 + P (Y = 0) =

4

5
x1 + 8x2 − 82

5
− 2:

δ1(x) =
16

5
x1 + 2x2 − 37

5
− 2:

δ0(x) = δ1(x)

4x1 −
10x2 + 15 = 0



P (Y = 0|X1 = 1, X2 = 1) P (Y = 1|X1 = 1, X2 = 1):

K, (k > 2)

K

ai(x,wi) = 1 → x ∈ Ci, i = 1, 2, ..., K

a1 C1 C2, C3 a2

C2 C1, C3 a3 C3 C1 C2

ak(x,wk) = ((x,wk)− w0k)), ||wk|| = 1, k = 1, 2, 3:

a(x) =
i∈[1:K]

((x,wk)− w0k) :



a

x

(i, j), i �= j

Ci Cj ai,j

ai,j(x) ai,i(x) = 0

x

x k

p(a(x) = yk) =
((x,wk)− w0k)

K∑
j=1

((wj, x))− w0j)

:

wj, w0j, j = 1, 2, ..., K

Q(a,X) =
l∑

i=1

K∑
k=1

[yi = k] (1− yi((wk, xi)− w0k))) →
wk,w0k

:

X = {x1, x2, ..., xl}

fi = (wi, x) + bi, Si =
(fi)∑K

k=1 (fk)
, bi = −w0,i :

L = − (Sk) k

L = −
l∑

i=1

K∑
k=1

(Sk(xi))



wk, bk

∂L

∂wi

=
∂L

∂Sk

∂Sk

∂fi

∂fi
∂wi

:

∂Sk

∂fi
= Sk(1− Si), i = k,

∂Sk

∂fi
= −SiSk, i �= k,

∂L

∂Sk

= − 1

Sk

,

∂fi
∂wi

= x :

∂L

∂bi
= Si − 1, i = k

∂L

∂fi
= Si, i �= k :

wn+1
i = wn

i − α
∂L

∂wi

(wn
i , x),

bn+1
i = bni −

∂L

∂bi
(wn

i , x), i = 1, 2, ..., k

x X =

{x1, x2, ..., xl} k random

lk(w1, w2, ..., wl) = − ((wk, x))
l∑

i=1

((wi, x))

Q(w) =
l∑

i=1

[mi < 0],



mi = (w, xi)yi, yi ∈ Y = {−1, 1}
L(mi) = (1 + emi)

Q̃(w) =
l∑

i=1

(1 + emi)

w

wk+1 = wk − αk(Q̃′′(wk)
−1Q̃′(wk) :

Q̃′ Q̃′′

∂Q̃

∂wj

= −
l∑

i=1

(1− σi)yifj(xi),

∂2Q̃

∂wj∂wk

=
l∑

i=1

(1− σi)σifj(xi)fk(xi), j, k = 1, 2, ..., n,

σi = σ(yi(w, xi)), σ(z) =
1

1 + e−z
,

fj(xi) xi j

F = (fj(xi))l×n, D = diag((1− σi)σi)) :

(Q̃′′)−1(wk)Q̃′(wk) = −(F TDF )−1 yi
σi

:



G(ω) =
l∑

i=1

(1− σi)σi)((ω, xi)− yi
σi
)2 →

ω
:

w = (F TF )−1F Ty

k = 1, 2, 3, ....

σi = σ(yi(w, xi)), i = 1, 2, ..., l

γi =
√
σi(1− σi), i = 1, 2, ..., l

F̃ = diag(γ1, γ2, ..., γl)F

ỹi = yi
√

(1− σ)/σi, i = 1, 2, ..., l

w = w + αk(F̃
T F̃ )−1F̃ T ỹ

{σi}



t

{s1, s2, s3, ...}

P [st+1|st] = P [st+1|s1, s2, ..., st] :

st

st+1

1, 2, ..., t− 1

Pss′ = P [st+1 = s′|st = s] :



(S, P ) S s1, s2, ...

P

P

(S, P, T, γ)

S

P

R Rs = E[Rt+1|st = s]

γ ∈ [0, 1]



[Rt+1|st = s] =
∑
r∈R

∑
s′∈S

P (r, s′|s)r,

P (r, s′|s) s

s′ r

s1, s2, ...st, st+1, ...ST

Gt = Rt+1 + γRt+2 + ...γT−2RT :

t v(s) = E[Gt|st = s]

s

s1 = Class1(C1) γ = 1/2

Sleep

v(s1) =
−2.25− 3.125− 3.41− 3.20

4
= −2.99:



v(s1) γ = 1/2

v(s) γ = 1

v γ =

1

v(s)

v(s) = E[Gt|st = s] =

= E[Rt+1 + γTt+2 + γ2Rt+3 + ...|st = s] =

= E[Rt+1 + γ(Rt+2 + γRt+3 + ...|st = s]

= E[Rt+1 + γGt+1|st = s]

= E[Rt+1 + γv(st+1|st = s] = Rs + γ
∑
s′∈S

pss′v(s
′) :

v = R + γPv :



v(s)

V = (I − γP )−1R :

O(n3)

vk+1 = R + γPvk :

F (v) = R + γPv

||F (v)− F (w)|| = γ||P (v)− P (w)|| ≤ ||v − w|| :

vk

v



γ

S

A

P

a ∈ A

P (s′|s, a)

s′ s

a ∈ A

P a
ss′ = P [st+1 = s′|st = s, At = a] :

r : S × A → R

Ra
s = E[Rt+1|st = s, At = a] :

γ ∈ [0, 1]

MDP



A = {0, 1}

S = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}

Ra
s R

π(a|s) = P [At = a|st = s] :

a ∈ A

s

MDP π

(S, P π,Rπ, γ),

P π
ss′ =

∑
a∈A

π(a|s)P a
ss′ ,

Rπ
s =
∑
a∈A

π(a|s)Ra
s :

π

vπ(s) = Eπ[Gt|st = s] :



vπ

action− value

Qπ(s, a) = Eπ[Gt|st = s, At = a] :

vπ(a) =
∑
a∈A

π(a|s)Qπ(s, a),

Qπ(s, a) = Ra
s + γ

∑
s′∈S

P a
ss′vπ(a) :

vπ(s) =
∑
a∈A

(Ra
s +
∑
s′∈S

P a
ss′vπ(s

′)),

Qπ(s, a) = Ra
s + γ

∑
s′∈S

P a
ss′
∑
a′∈A

π(a′|s′)Qπ(s
′, a′) :

vπ

vπ = (I − γP π)−1Rπ :



vπ(s)

vπ(s)

v∗(s) Q∗(s, a)

v∗(s) =
π

vπ(s),

Q∗(s, a) =
π

Qπ(s, a) :

π ≥ π′

vπ(s) ≥ vπ′(s) ∀s ∈ S :

MDP

π∗

π∗ ≥ π ∀π,

vπ∗(s) = v∗(s)

Qπ∗(s, a) = Q∗(s, a) :

π∗(a, s) = 1 a =
b∈A

Q∗(s, b) 0



v∗(s)

Q∗(s, a))



π∗(s)

v∗(s) =
a

(Ra
S + γ

∑
s′∈S

P a
ss′v∗(s

′)),

Q∗(s, a) = Ra
S +
∑
s′∈S

P a
ss′

a′∈A
Q∗(s′, a) :

π∗

π

τ = (s0, a0, s1, a1, ...) t

rt = r(st, at)∑
t≥0 γ

trt

Eτ∼π

∑
t≥0

γtrt →
π

:

Q∗(s, a) =

π E[τ∼π|s0=s,a0=a]

∑
t≥0 rt [τ ∼ π|s0 = s, a0 = a]

s0 = s a0 = a

τ

π∗(s) π∗(s) =
a∈A

Q∗(s, a)



Q∗

Q(s, a) = r(s, a) + γEs′∼p(s′|s,a))
a′∈A

Q(s′, a′) :

x = f(x) Q0(s, a) : S ×
A → R Qk(s, a)

Qk+1(s, a) = r(s, a) + γEs′∼p(s′|s,a)
a′∈A

Qk(s
′, a′) :

Q∗(s, a)

(HQ)(s, a) = Ra
s +
∑
s′∈S

P a
ss′

a′∈A
Q(s′, a) :

Q : S×A→ R

||H(Q1)−H(Q2)|| =

=
(s,a)

|γ
∑
s′∈S

P a
s,s′

a′∈A
Q1(s

′, a)− γ
∑
s′∈S

P a
s,s′

a′∈A
Q2(s

′, a)| =

= γ
(s,a)

∑
s′∈S

P a
ss′ |

a′∈A
Q1(s, a

′)−
a′∈A

Q2(s, a
′)| ≤

≤ γ
s,a

|Q1(s, a)−Q2(s, a)| =

= γ||Q1 −Q2|| :

Q∗

Q

(s, a)

Q random



Q0

β, γ).

s S a A Q(s, a) = rand()

s = s S

π(s) =
a

Q(s, a)

a = π(s)

r = R(s, a)

s′ = T (s, a)

Q(s , a) = (1 β)Q(s , a) + β(r + γ a Q(s , a ))

s = s′

MDP

Qt+1(st, at) = Qt(st, at) + αt(st, at)[rr + γ
b∈A

Qt(st+1, b)−Qt(st, at)]

Q∗

γ ∈ (0, 1), αt(s, a) ≥ 0,
∑
t

αt(s, a) = +∞,
∑
t

α2
t (s, a) < +∞, ∀(s, a) ∈ S × A :

Q

Q(state, action) = R(state, action) + γ [Q(state, allaction)]

γ = 0.8 B Q

R



R

Q1

B

D F

F

R

B,E F

Q(state, action) = R(state, action) + γ [Q(state, allaction)]

Q(B,F ) = R(B,F ) + 0.8 {Q(F,B), Q(F,E), Q(F, F )} = 100 + 0.8× = 100:

Q

F

D

B,C E

B

Q(D,B) = R(D,B) + 0.8 {Q(B,D), Q(B,F )} = 0 + 0.8 {0, 100} = 80:

Q



Q2

Q

Qfinally

Qfinally

Qnorm

C

F C → D →
B → F



Qnorm

Qnorm



t = 1, 2, ..., T

wt K

ft : H → R F

wt, t− 1, 2, ..., T

1

T w∈H T (w) → 0, T → ∞,

T (w) ≡
T∑
t=1

ft(wt)−
T∑
t=1

ft(w) :

wt

wt

ft, ft+1, ..., fT

H l : H × Z → R

z ∈ Z

wt ∈ H, zt ∈ Z, t = 1, 2, ..., T,

T (w) =
T∑
t=1

l(wt, zt)−
w∈H

T∑
t=1

l(w, zt) :

η > 0

w1 = 0 t = 1, 2, ..., T zt

ft(.) = l(., zt)



w

wt+1/2 = wt − ηvt, vt ∈ ∂ft(wt), wt+1 =
w∈H

||w − wt+1/2|| :

T (w) =
T∑
t=1

l(wt, zt)−
T∑
t=1

l(w, zt) ≤ ||w||2
2η

+
η

2

T∑
t=1

||vt||2 :

||wt+1 − w||2 − ||wt − w||2 = ||wt+1 − w||2−

−||wt+1/2 − w||2 + ||wt+1/2 − w||2 − ||wt − w||2 ≤

≤ ||wt+1/2 − w||2 − ||wt − w||2 =

= ||wt − ηvt − w||2 − ||wt − w||2 =

−2η(wt − w, vt) + η2||vt||2 =

= −2η(ft(wt)− ft(w)) + η2||vt||2 :

w1 = 0

T∑
t=1

(ft(wt)− ft(w)) ≤ ||w1 − w||2 − ||wT+1 − w||2
2η

+
η

2

T∑
t=1

||vt||2 ≤

≤ ||w||2
2η

+
η

2

T∑
t=1

||vt||2 :

ft ρ ||w|| ≤ B

η = B/(ρ
√
T )

w∈H T (w) =
T∑
t=1

ft(wt)−
w

T∑
t=1

ft(w)) ≤ Bρ
√
T :

1

T w∈H T (w) ≤
Bρ

√
T

T
→ 0:

Perceptron



X = Rd, Y = {−1, 1}

H = {x→ (w, x) : w ∈ Rd} :

S = (x1, y2), ...., (xi, yl) t

xt xt

pt = (wt, xt) wt

yt

yt �= pt

l(wt, (xt.yt)) = 1[yt(wt,xt)≤0] :

l(w, z)

T

T∑
i=1

l(wt, zt) :

t

ft(w) = {0, 1 − yt(w, xt)}

ft(w) = 0

ft

ft(w) ≥ l(wt, (xt, yt)) ∀w
wt

ft(w) = 0 ft

ft(wt) = l(wt, (xt, yt)) = 0

wt

w1 = 0

wt+1 = wt − ηvt vt ∈ ∂ft(wt)

yt(wt, xt) > 1 ft = 0 vt = 0

vt = −ytxt ∈ ∂ft(wt)

wt+1 =

⎧⎨
⎩wt, yt(wt, xt) > 1,

wt + ηytxt, :



M (wt, xt) �= yt

t

pt = (wt, xt) =
(
η
∑

i∈M :i<t

yt(xi, xt)
)

M

η > 0

w1 = 0

pt = (wt, xt) t

yt(wt, xt) ≤ 1

wt+1 = wt + ytxt,

wt+1 = wt

T∑
t=1

ft(wt)−
T∑
t=1

ft(w) ≤

≤ ||w||2
2η

+
η

2

T∑
t=1

||vt||2 :

||xt|| ≤ L

||vt|| ≤ ||xt|| ≤ LT :

|M | T

|M | ≤
T∑
t=1

ft(wt);

|M | −
T∑
t=1

ft(w) ≤ ||w||2
2η

||+ η

2

T∑
t=1

MTL
2
T :

η =
||w||

L
√|M | ,

|M | − L||w||
√

|M | −
T∑
t=1

ft(w) ≤ 0:



MT

|M | ≤
T∑
t=1

ft(w) + LT ||w||
√√√√ T∑

i=1

ft(w) + L2
T ||w||2 :

w yt(w, xt) ≥ 1, t =

1, 2, ...T

|M | ≤ L2||w||2 :

yt(w, xt) ≥ 1, t = 1, 2, ...T

ρ = 2
||w||

|M | ≤ L2
T

2ρ2
:

Sn = (x1, x2, ..., xn) :

n

θ 1 − θ

n+1

X X ∈
{0, 1} θ

P (X = x|θ) = θx(1− θ)1−x :

P (X = x|Sn) =
∑
θ

P (X = x|θ, Sn)P (θ|Sn) =
∑
θ

P (X = x|θ)P (θ|Sn) :

X = x Sn

θ



P (θ|Sn) =
P (Sn|θ)P (θ)

P (Sn)
=

1

P (Sn)

n∏
i=1

P (X = xi|θ)P (θ) :

P (X = x|Sn) =
1

P (Sn)

∑
θ

P (X = xi|θ)
n∏

i=1

P (X = xi|θ)P (θ) :

θ

P (θ)

P (X = x|Sn) =
1

P (Sn)

1�
0

θx+
∑

i xi(1− θ)1−x+
∑

i(1−xi)P (θ) θ :

θ P (θ = 1

P (X = x|Sn) =
1

P (Sn)

1�
0

θx+
∑

i xi(1− θ)1−x+
∑

i(1−xi) θ :

P [(Sn, x)] = P (X = x|Sn)P (Sn) =

1�
0

θx+
∑

i xi(1− θ)1−x+
∑

i(1−xi) θ :

Sn n1 n2

P (Sn) ≡ PL(S
n) =

1�
0

θn1(1− θ)n2 θ, n1 + n2 = n :

n1 = n,

1�
0

θn θ =
1

n+ 1
:

1�
0

θn1+1(1− θ)n2−1 θ =
1

(n+ 1)(Cn1+1
n

:

1�
0

θn1(1− θ)n2 θ =
n− n1

n1 + 1

1�
0

θn1+1(1− θ)n2−1 θ =
1

(n+ 1)Cn1
n

:



PL(xn+1 = 1|Sn) =
PL(S

n, 1)

PL(Sn)
=

=

1

(n+2)C
n1+1
n+1

1
(n+1)C

n1
n

=
n1 + 1

n+ 2
,

PL(xn+1 = 0|Sn) =
n2 + 1

n+ 2
:

Lp(S
n) = − (θn1(1− θ)n2) :

Sn

n1 n2

θ

0≤θ≤1

θn1(1− p)n2) = (
n1

n
)n1)(

n2

n
)n2 :

L(Sn) = −
1�
0

θn1(1− θ)n2 θ :

L(wn)− infpLθ(w
n) ≤

≤ 0≤θ≤1 p
n1(1− θ)n2

1�
0

θn1(1− θn2 θ

=

=
(n1

n
)n1(n2

n
)n2

1
(n+1)C

n1
n

≤ (n+ 1):

(n+

1)

L(Sn)− p L(S
n)

n
≤ (n+ 1)

n
→ 0, n→ ∞ :



CH3OH

117/400

X

1 0 p0 1 − p0

p(x|p0) = px0(1− p0)
1−x, x ∈ {0, 1} :

x = (x1, x2, ..., x400)

P (x, p0) =
400∏
i=1

pxi
0 (1− p0)

1−xi = p1170 (1− p0)
283 :

(p(x, p0) = 1170 + 283 (1− p0) :

p0 = 117/400

p0 = 118/402

N t

pit ∈ {0, 1}, i = 1, 2, ..., n

{w1, w2, ..., wt, ...}

pit = wt, t = 1, 2, ... :

t

Bt = {i/pij = wj, j = 1, 2, ..., t− 1} :



t 1 Bt

1 0

pt =

⎧⎨
⎩ 1, |i : i ∈ Bt, p

i
t = 1| ≥ |Bt|/2,

0, :

i ∈ {1, 2, ..., N}

pit = wt, t = 1, 2, ... :

[ 2N ]

t

|Bt+1| ≤ [|Bt/2|] :

|B1| = N, |Bt| ≥ 1 ∀t :

1 ≤ Bt+1 ≤ N2−M ,

M 1, 2, ...t

M ≤ 2N :

w1
0 = ...wN

0 = 1 : i−

pit ∈ {0, 1} :

pt

∑
i:pit=0

wi
t >
∑
i:pit=1

wi
t,

pt = 0

pt = 1



wt ∈ {0, 1} :

Et = {i : pit �= wt} :

wi
t+1 =

⎧⎨
⎩ (1− ε)wi

t, i ∈ Et

wi
t, :

0 < ε < 1,

Li
T =

T∑
t=1

|pit − wi
t|

i T

LT =
T∑
t=1

|pt − wt|

T

i

LT ≤ (
2

1− ε
)Li

T +
2

ε
N

Wt =
N∑
i=1

wi
t, m =

0≤i≤N
Li
T :

m

i

Wt > wi
t ≥ (1− ε)m ∀t :

t

∑
i∈Et

wt
i ≥

Wt

2
:



Wt+1 =
∑
i∈Et

(1− ε)wi
t +
∑
i 	=Et

wi
t =

=
N∑
i=1

wi
t − ε

∑
i∈Et

wi
t ≤

≤ Wt(1− ε/2) :

Wt+1 ≤ Wt ∀t :

WT

W0

=
T−1∏
t=0

Wt+1

Wt

≤ (1− ε/2)M ,

M = LT T

W0 =
N∑
i=1

wi
0 = N,

(1− ε)m

N
<
WT

W0

≤ (1− ε/2)LT :

m (1− ε)− N < LT (1− ε/2) ⇒

m (1− ε)− N < − ε

2
LT ⇒

m
1

1− ε
+ N >

ε

2
LT ⇒

m(
2

ε
)

1

1− ε
+ (

2

ε
) N > LT ⇒

(
2

1− ε
)m+

2

ε
N > LT :

1

y
(

1

1− y
) ≤ 1

1− y

(1 + x) ≤ x

x =
y

1− y
:



N

t

lit ∈ [0, 1], i = 1, 2, ..., n

i t lit

wi
0 = 1/N :

lt = (l1t , ..., l
N
t )

pt =
wt∑N
i=1w

i
t

(pt, lt) =
n∑

i=1

pitl
i
t,

wi
t+1 = wi

tβ
lit ,

β = (1 +
√
2/T )−1 :

Li
T =

T∑
t=1

lit, LT =
T∑
t=1

(pt, lt) :

LT ≤
i
Li
t +

√
2T + N :

βr r, β ∈ (0, 1)

br ≤ 1− (1− β)r,



N∑
i=1

wi
t+1 =

N∑
i=1

wi
tβ

lt
i ≤

≤
N∑
i=1

wi
t(1− (1− β)lit) =

= (
N∑
i=1

wi
t)(1− (1− β)(pt, lt)) :

t = 1, 2, ..., T

N∑
i=1

wi
T+1 ≤

T∏
t=1

(1− (1− β)(pt, lt)) ≤

≤
(
− (1− β)

T∑
t=1

(pt, lt)
)
:

∑N
i=1w

i
1 = 1

(
N∑
i=1

wi
T+1) ≤ −(1− β)LT :

LT ≤ − (
∑N

i=1w
i
T+1)

1− β
:

wi
T+1 = wi

1

T∏
t=1

βlit = wi
1β

Li
T :

LT ≤ (1/β)

1− β i
Li
T +

N

1− β
:

0 ≤ L ≤ L̃, 0 ≤ R ≤ R̃, β =
(
1 +

√
2R̃/L̃

)−1

:

− β

1− β
L+

1

1− β
R ≤ L+

√
2R̃L̃+R :

− β ≤ 1− β2

2β
, β ∈ (0, 1] :

L
− β

1− β
+

1

1− β
R ≤ L

1 + β

2β
+

1

1− β
R =



=
1

2
L(1 +

1

β
) +

1

1− β
R =

= L+
1

2
L

√
2R̃/L̃+

1

1− 1

1+
√

2R̃/L̃

R ≤

≤ L+

√
1/(2)R̃L̃+R +R

√
L̃/(2R̃) ≤

L+
√
2L̃R̃ +R :

Li
T ≤ T, L̃ =

T, R̃ = N

LT ≤
i
Li
T +

√
2T N + N :

LT − i L
i
T

T
→ 0, T → ∞ :

T

T → ∞
β T

t

t = 0, 1, 2, ..., 6

l1 = (1/2, 0, 1, 0, 1, 0, 1), l2 = (0, 1, 0, 1, 0, 1, 0) :

t = 0

N T

ŵ1 = (1, ...., 1)

wt = ŵt/Zt, Zt =
∑

i ŵ
t
i



t vt ∈ [0, 1]N

(wt, vt)

ŵt+1
i = ŵt

ie
−ηvt,i , η =

√
2 N

T
:

T∑
t=1

(wt, vt)−
i∈[N ]

T∑
t=1

vt,i ≤
√
2T N :

Zt+1

Zt

=
∑
i

ŵt
i

Zt

e−ηvt,i =

=
∑
i

wt
ie

−ηvt,i :

e−a ≤ 1− a+ a2

2
, a ∈ (0, 1)

∑
iw

t
i = 1

Zt+1

Zt

≤
∑
i

wt
i(1− ηvt,i + η2v2t,i/2) =

(
1−
∑
i

(ηvt,i − η2v2t,i/2)
)
:

b ≡
∑
i

wt
i(ηvt,i − η2v2t,i/2) ∈ (0, 1) :

(1− b) ≤ −b

Zt+1

Zt

≤ −
∑
i

wt
i(ηvt,i − η2v2t,i/2) =

−η(wt, vt) + η2
∑
i

wt
iv

2
t,i/2 ≤

−η(wt, vt) + η2/2:

t

ZT+1 − Z1 ≤ −η
T∑
t=1

(wt, vt) +
Tη2

2
:



i ŵT+1
i = e−η

∑
t vt,i

ZT+1 =
(∑

i

e−η
∑

t vt,i
)
≥

(
i

e−η
∑

t vt,i
)
= −η

i

∑
t

vt,i :

(10.1)

Z1 = N

T∑
t=1

(wt, vt)−
i

T∑
t=1

vt,i ≤ N

η
+
ηT

2
:

η

H = {h1, h2, ..., hN} hi

t xt

vt,i = |hi(xt)− yt|, yt ∈ {0, 1} :

pt =
∑
i

wt
ihi(xt) ∈ [0, 1] :

|pt − yt| =
∣∣∣ N∑
i=1

wt
ihi(xt)− yt

∣∣∣ = ∣∣∣ N∑
i=1

wt
i(hi(xt)− yt)

∣∣∣ :
yt = 1 hi(xt) − yt ≤ 0, ∀i :

∑
i

wt
i |hi(xt)− yt| :

yt = 0 hi(xt) − yt ≥ 0, ∀i
∑
i

wt
i |hi(xt)− yt|

|pt − yt| =
N∑
i=1

wt
i |hi(xt)− yt| = (wt, vt) :

H



pt ∈ [0, 1]

T∑
t=1

|pt − yt| −
h∈H

T∑
t=1

|h(xt)− yt| ≤
√

2T (|H|) :

A

1

T h∈H T (A) → 0, T → ∞,

T (A) ≡
T∑
t=1

|pt − yt| −
T∑
t=1

|h(xt)− yt| :

λ(ω, γ) ω ∈ Ω γ ∈ Γ

[0, 1] N

t = 1, 2, ...

i ξit ∈ Γ

γt ∈ Γ

ωt ∈ Ω

i

Li
t = Li

t−1 + λ(ωt, ξ
i
t) :

t

Lt = Lt−1 + λ(ωt, γt),

L0 = 0

γ1, γ2, ...

T→∞
1

T
(LT −

i
Li
T ) ≤ 0:



Γ Rn λ

γ t

γt =

∑N
i=1w

i
t−1ξ

i
t∑N

i=1w
i
t−1

=
N∑
i=1

ŵi
t−1ξ

i
t,

ŵi
t−1 =

wi
t−1∑N

i=1w
i
t−1

, wi
t−1 = e−ηLi

t−1 , γ > 0 :

Li
t−1 i t − 1

LT −
i
Li
T ≤ N

η
+
Tη

8
,

LT =
T∑
t=1

λ(ωt, γt), L
i
T =

T∑
t=1

λ(ωt, ξ
i
t) :

Wt ≡
N∑
i=1

wi
t =

N∑
i=1

e−ηLi
t , W0 = N :

ωi
0 = 1, i = 1, 2, ..., N

WT

W0

=
( N∑

i=1

e−ηLi
T

)
− N ≥

(
i

e−ηLi
T

)
− N = −η

i
Li
T − N :

Wt

Wt−1

=

∑N
i=1 e

−ηλ(ωt,ξit)e−ηLi
t−1∑N

i=1 e
−ηLi

t−1

= E[e−ηλ(ωt,ξit)],

ŵi
t−1 =

wi
t−1∑N

i=1w
i
t−1

, i = 1, 2, ..., N

E[esX ] ≤ sE[X] +
s2(b− a)2

8
:

X = λ(ωt, ξ
i
t)



ω̂i
t−1 a = 0, b = 1 λ

Wt

Wt−1

≤ −η
∑N

i=1w
i
t−1λ(ωt, ξ

i
t)∑N

i=1wt−1

+
η2

8
≤

≤ −ηλ
(
ωt,

∑N
i=1w

i
t−1ξ

i
t∑N

i=1w
i
t−1

)
+
η2

8
=

= −ηλ(ωt, γt) +
η2

8
,

γt (10.2)

t = 1, 2, ..., T

WT

W0

=
T∑
t=1

Wt

Wt−1

≤ −ηLT +
η2

8
T :

(10.5)

LT ≤
i
Li
T +

N

η
+
η

8
T :

η =
√
8 N/T√

(1/2)T N

X Y

x ∈ X

y Y

f(x, y)

f(x, y) < 0

f(x, y)

x ∈ X

y∈Y f(x, y)



v =
x∈X y∈Y

f(x, y) :

x0 ∈ X

v =
y∈Y

f(x0, y) :

v =
y∈Y x∈X

f(x, y)

y0 ∈ Y

v =
x∈X

f(x, y0) :

v ≤ v

x∈X y∈Y
f(x, y) ≤

y∈Y x∈X
f(x, y) :

x ∈ X.y ∈ Y

y∈Y
f(x, y) ≤ f(x, y) ≤

x∈X
f(x, y) :

y∈Y
f(x, y) ≤

x∈X
f(x, y) :

x

x∈X y∈Y
f(x, y) ≤

x∈X
f(x, y), ∀y ∈ Y :

v =
x∈X y∈Y

f(x, y) ≤
y∈Y x∈X

f(x, y) = v :

(x0, y0) ∈ X × Y f

f(x, y0) ≤ f(x0, y0) ≤ f(x0, y) ∀x ∈ X, y ∈ Y :

(x0, y0)



f(x, y)

x∈X y∈Y
f(x, y) =

y∈Y x∈X
f(x, y) :

x0 y0

(x0, y0)

v ≤
x∈X

f(x, y0) ≤ f(x0, y0) ≡ v =
y∈Y

f(x0, y) ≤ v :

v = v :

(10.8) x0

y0

f(x0, y0) ≥
y∈Y

f(x0, y) = v = v =
x∈X

f(x, y0) ≥ f(x0, y0) :

(x0, y0)

X = Y {1, 2}, f(i, j) = ai,j, i = 1, 2, j = 1, 2,

(ai,j) (
−1 1

1 −1

)
:

v =
i j

= −1:

v =
j i

ai,j = 1:

X ⊂ Rn, Y ⊂ Rm



f(x, y) x y

Y

ε

{y1, y2, ..., yN} ⊂ Y Y

ε y1, y2, ..., yn ∈ Y

x1, x2, ..., xn ∈ X x0 ∈ X

t = 1, 2, ..., n

yt =

∑N
i=1 y

i (−η∑t−1
s=0 f(xs, y

i))∑N
i=1 (−η∑t−1

s=0 f(xs, y
i))

,

η =
√

(8 N)/n :

xt

f(xt, yt) =
x∈X

f(x, yt) :

λ(x, y) = f(x, y)

yi i

i = 1, 2, ..., N xt t = 1, 2, ..., n yt

n∑
t=1

f(xt, yt) ≤
i=1,2,...N

n∑
t=1

f(xt, y
i) +
√

(1/2)n N :

1

n

n∑
t=1

f(xt, yt) ≤ 1

n i=1,2,...N

n∑
t=1

f(xt, yi) +
√

( N/(2n) :

f(x, y) x

y

y∈Y x∈X
f(x, y) ≤

≤
x∈X

f(x,
1

n

n∑
t=1

yt) ≤

≤
x∈X

1

n

n∑
t=1

f(x, yt) ≤

≤ 1

n

n∑
t=1

x∈X
f(x, yt) ≤

≤ 1

n

n∑
t=1

f(xt, yt) ≤

≤
i=1,2,...,N

1

n

n∑
t=1

f(xt, yt) +
√

N/(2n) ≤



≤
i=1,...,N

f(
1

n

n∑
t=1

xt, y
i) +
√

N/(2n) ≤

≤
x∈X i=1,...,N

f(x, yi) +
√

N/(2n) :

n→ ∞

y∈Y x∈X
f(x, y) ≤

x∈X i=1,...,N
f(x, yi) :

ε

y∈Y x∈X
f(x, y) ≤

x∈X y∈Y
f(x, y) :

A H ⊂ Rd

δ ∈ (0, 1)

h1 ∈ H

t (xt, yt) D

l ft(h) ≡ l(h(xt), yt)

A (f1, ...., ft)

ht+1 = A(f1, ..., ft)

t = 1, 2, ..., T

h = (1/T )
∑t

t=1 ht

h

δ ∈ (0, 1)

P
(

(h) ≤
h∈H

(h) + h∈H T (A)

T
+

√
8 (2/δ)

T

)
> 1− δ,

(h) = E(x,y)∼Dl(h(x), y)



{Xi}Ti=1

E[Xt+1|Xt, Xt−1, ..., X1] = Xt

|Xt+1 −Xt| ≤ 1, t = 1, 2, ..., T − 1

P
[
|Xt −X0| > c

]
≤ 2e

−c2

2T :

P
[
XT −X0 > c

]
≤ e

−c2

2T ,

P
[
X0 −XT > c

]
≤ e

−c2

2T :

l(ŷ, y) ∈ [0, 1], y, ŷ ∈ Y

Zt ≡ (ht)− l(h(xt), yt), Xt =
t∑

i=1

Zt :

E(x,y)∼D[Zt|Xt−1] = (ht)− E(x,y)∼D[l(ht(x), y)] = 0:

E[Xt+1|Xt, Xt−1, ..., X1] = E[Zt+1|Xt] +Xt = Xt :

|Xt −Xt−1| = |Zt| ≤ 1:

P (XT > c) ≤ e−c2/2T :

c =
√
2T (2/δ)

P
[ 1
T

T∑
t=1

(ht)− 1

T

T∑
t=1

l(ht(xt), yt)) >

√
2 (2/δ)

T

]
≤ δ

2
:

h∗ = h∈H (h)

P
[ 1
T

T∑
t=1

(h∗)− 1

T

T∑
t=1

l(h∗(xt), yt) < −
√

2 (2/δ)

T

]
≤ δ

2
:



G1 =
1

T

T∑
t=1

(ht)− 1

T

T∑
t=1

l(ht(xt), yt)),

G2 =
1

T

T∑
t=1

(h∗)− 1

T

T∑
t=1

l(h∗(xt), yt)) :

1

T

T∑
t=1

(ht)− (h∗) =

G1 −G2 +
1

T

T∑
t=1

l(ht(xt), yt)− 1

T

T∑
t=1

l(h∗(xt), yt) ≤

≤ h∈H T (A)

T
+G1 −G2 :

(10.11)− (10.12)

P
[ 1
T

T∑
t=1

(ht)− (h∗) > T (A)

T
+ 2

√
2 (2/δ)

T

]

≤ P
[
G1 −G2 > 2

√
2 (2/δ)

T

]

≤ P
[
G1 >

√
2 (2/δ)

T

]
+ P
[
G2 ≤ −

√
2 (2/δ)

T

]
≤ δ :

(h) ≤ 1

T

T∑
t=1

(ht) :

1− δ

(h) ≤ 1

T

T∑
t=1

(ht) ≤

≤ (h∗) + h∈H T (A)

T
+

√
8 (2/δ)

T

T (A)/T → 0 ε

m(ε, δ) 1− δ



(h) ≤
h∈H

(h) + ε

T ≥ m(ε, δ) h ε



Rd

W n,d x → Wx

Rn, n < d

x Wx

x Wx

An,d, n ≤ d − 1 u, v ∈ Rn, u �= v

Au = Av

x1, x2, ..., xm

Rd

W n,d, n < d Ud,n

Wn,d, Ud,n

m∑
i=1

||xi − UWxi||2 → :

W U

UTU = I, W = U :



U,W x → UWx

Q = {UWx, x ∈ Rd},
n Rd V d,n

Q V TV =

I Q V y, y ∈ Rn

x ∈ Rd y ∈ Rn

||x− V y||2 = ||x||2 + (V y, V y)− 2(x, V y) = ||x||2 + ||y||2 − 2(y, V Tx) :

y

y = V Tx

V V Tx =
y∈Rn

||x− V y||2 :

m∑
i=1

||xi − UWxi||2 ≤
m∑
i=1

||xi − V V Txi||2 :

(10.1)

U∈Rd,n, UTU=I

m∑
i=1

||xi − UUTxi||2 → min :

x ∈ Rd Ud,n, (UTU = I)

||x− UUTx||2 = ||x||2 − 2(x, UUTx) + (UUTx, UUTx) =

||x||2 − (x, UUTx) = ||x||2 − trace(UTxxTU) :

trace

(10.1)

Ud,n:UTU=I
trace

(
UT

m∑
i=1

xix
T
i U
)
:

A =
∑m

i=1 xix
T
i

A = V DV T D

A V

V TV = V V T = I

A

D1,1 ≥ D2,2 ≥ ... ≥ Dd,d ≥ 0:



U W = UT

U A n

A = V DV T Ud,n

B = V TU V B = V V TU = U

UTAU = BTV TV DV TV B = BTDB :

trace
(
UTAU

)
=

d∑
j=1

Dj,j

n∑
i=1

B2
j,i :

BTB = UTV V TU = UTU = I :

B

d∑
j=1

n∑
i=1

B2
j,i = n :

B̃ (d × d) n B

B̃T B̃ = I
d∑

i=1

B̃j,i
2
= 1, ∀j :

∑n
i=1B

2
j,i ≤ 1

trace(UTAU) =
β∈[0,1]d:||β||1≤n

d∑
j=1

Dj,jβj :

trace(UTAU) ≤ ∑n
j=1Dj,j

U A n

PCA

S = {x1, x2, ..., xm}

n < d Mn



Q(Mn) =
m∑
i=1

d(xi,Mn)
2 → :

n < d

A

n

u = s0 +
n∑

i=1

αisi,

si, i = 1, 2, ..., n d(x,Mn) = ||x − u||
u ∈Mn x− u ⊥ si, i = 1, 2, ..., n {si}

0 = (sj, x− u) = (sj, x− s0)− αj j = 1, 2, ..., n :

αj = (sj, x− s0), j = 1, 2, ..., n,

d2(x,Mn) = ||(x− s0||2 −
n∑

j=1

(sj, x− s0)
2 :

{si}ni=1

Q(s0, s1, ..., sn) =
m∑
i=1

(
||xi − s0||2 −

n∑
j=1

(sj, xi − s0)
2
)
→ ,

||sj|| = 1, j = 1, 2, ..., n, (si, sj) = 0, i �= j, i, j = 1, 2, ..., n :

s0

Q′
s0
= −2

m∑
i=1

(xi − s0) + 2
n∑

j=1

m∑
i=1

(xi − s0)sj = 0:

m∑
i=1

(xi − s0) =
n∑

j=1

sj(sj,
m∑
i=1

(xi − s0)) :



m∑
i=1

(xi − s0) = 0:

s0 =
1

m

m∑
i=1

xi :

vi = xi − s0, i = 1, 2, ...,m :

Q̃(s1, ..., sn) =
n∑

j=1

||V sj||2 → ,

||sj|| = 1, (si, sj) = 0, i �= j, i, j,= 1, 2, ..., n,

V = (v1, v2, ..., vm)
T ,

vi, i = 1, ...,m

L(s1, ..., sn, λ1, ..., λn) = Q̃(s1, ..., sn)−
n∑

j=1

λj(||sj||2 − 1) :

sj, j = 1, ..., n

L′
sj
= 2

m∑
i=1

(sj, vi)vi − 2λjsj = 2(V TV sj − λjsj) = 0, j = 1, 2, ..., n :

{sj}nj=1 V TV

Q̃

Q̃(s1, s2, ...., sn) =
n∑

j=1

||V sj||2 =
n∑

j=1

(V sj)
TV sj =

n∑
j=1

((V TV sj)
T sj =

=
n∑

i=1

λjs
T
j sj =

n∑
i=1

λj :

Q V TV n

{sj}nj=1, j = 1, 2, ..., n



S = {x1, x2, ..., xm}

u = s0 +
m∑
i=1

αixi,

s0 =
1

m

m∑
i=1

xi,

sj, j = 1, 2, ...n V TV n

1
m

∑m
i=1 xi = 0

Mn(s1, s2, ..., sn), si ⊥ sj, i �= j, ||sj|| = 1,

m∑
i=1

||ΠMnxi||2 =
m∑
i=1

||
n∑

j=1

(xj, sj)sj||2 → :

n∑
j=1

||(xi, sj)sj||2 = ||ΠMnxi||2 = ||xi||2 − ||OrtMnxi||2 = ||xi||2 − ||xi −
n∑

j=1

(xi, sj)sj||2 :

sj

m∑
i=1

||ΠMnxi||2 →

Q(Mn) →
A

A = {(x1 =
√

3/2, 0), x2 = (0, 0), x3 = (1, 1)}, y1 = 1},

B = {x4 = (−
√

3/2, 0), x5 = (−1,−1), y = −1} :



A = V TV

(
5 2

2 5

)
:

λ = 6

e1 = (2, 1)

M1 y = x/2

x′1 =

√
30

5
, x′2 = 0, x′3 = 3

√
20/10, x′4 = −

√
30/5, x′5 = −3

√
20/10:

x′i, i ∈ [1 : 5] xi, i ∈ [1 : 5]

A = {(0, 1), (0, 2), (1, 0)}, B = {(−1, 0), (0,−3)} :

s0 =
1

5

∑
i=1

5xi = 0:

V TV

(
2 0

0 12

)
:



(0, 1) M1

oy

0

A B

w (||w|| = 1

x

w

x′ = wTx = (w, x)



f(w) =
||m′

1 −m′
2||2

s′21 + s′22
,

m′
j =

1

|Aj|
∑
x∈Aj

x′,

s′2j =
∑
x∈Aj

(x′ −m′
i)
2, j = 1, 2:

m′
j, j = 1, 2 s′j, j = 1, 2

m′
j =

1

|Aj|
∑
x ∈Aj

x′ =
1

|Aj|
∑
x∈Aj

wTx = wTmj, j = 1, 2:

||m′
1 −m′

2||2 = |wT (m1 −m2)|2 = wT (m1 −m2)(m1 −m2)
Tw = wTSmw,

Sm = (m1 −m2)(m1 −m2)
T :

s′2j =
∑
x∈Aj

(x′ −m′
j)

2 =
∑
x∈Aj

(wT (x−mj)(x−mj)
Tw = wTSjw,

Sj =
∑
x∈Aj

(x−mj)(x−mj)
T , j = 1, 2:

S = S1 + S2

(s′1)
2 + (s′2)

2 = wTSw,

f(w) =
wTSmw

wTSw
:

w

Smw = λSw :

S−1Sm Sm =



k(m1−m2), k = (m1−m2)
Tw

w = S−1(m1 −m2)

A1 = {x1 = (0, 2), x2 = (0, 1), x3 = (1, 0}, A2 = {x4 = (−1, 0), x5 = (0,−3) :

m1 = (1/3, 1),m2 = (−1/2,−3/2),

S1 =
1

3

(
2 −3

−3 6

)
,

S2 =
1

2

(
1 −3

−3 9

)
:

S = S1 + S2 =
1

6

(
7 −15

−15 39

)
:

w = S−1(m1 −m2) =
5

4
(7, 3) :

x′1 = 15/2, x′2 = 15/4, x′3 = 35/4, x′4 = −35/4, x′5 = −45/4:

A = {(1, 2), (2, 3), (3, 3), (4, 5), (5, 5)}, B = {(1, 0), (2, 1), (3, 1), (5, 3), (6, 5)} :



m1 = (3, 3.6), m2 = (3, 3.2) :

S1 =

(
10 8

8 7.2

)

S2 =

(
17.7 16

16 16

)
:

S = S1 + S2 =

(
27.3 14

24 23.2

)
:

w = S−1(m1 −m2) = (−0.79, 0.89),

A′ = wAT = (−0.67, 0.73)

(
1 2 3 4 5

2 3 3 5 5

)
= (0.81, ...., 0.4),

B′ = wBT = (−0.65, ...,−0.25) :

A′ B′ A B

w



A B

x1, x2 W

||x1 − x2||

||Wx1 −Wx2||
||x1 − x2||

W

x ∈ Rd, W n,d wi,j

ε ∈ (0, 3)

P
[∣∣∣ ||1/√nWx||2

||x||2 − 1
∣∣∣ > ε
]
≤ 2e−ε2n/6

X1, X2, ..., Xk

Xi ∼ N(0, 1)

Z = X2
1 + ...+X2

k E[X2
i ] = 1, E[Z] = k

ε ∈ (0, 3)

P
[
(1− ε)k ≤ Z ≤ (1 + ε)k

]
≥ 1− 2e−ε2k/6 :



a ≥ 0

e−a ≤ 1− a+
a2

2

λ > 0

E
[
e−λX2

1

]
≤ 1− λE

[
X2

1

]
+
λ2

2
E
[
X4

1

]
:

E[X2
1 ] = 1, E[X4

1 ] = 3

E[e−λX2
1 ] ≤ 1− λ+ (

3

2
)λ2 ≤ e−λ+(3/2)λ2

:

P [−Z ≥ −(1− ε)k] = P [e−λZ ≥ e−(1−ε)λk]

≤ e(1−ε)kλE[e−λZ ] = e(1−ε)kλ
(
E[e−λX2

1 ]
)k

≤ e(1−ε)kλe−λk+(3/2)kλ2

= e−εkλ+(3/2)λ2k :

λ = ε/3

P [Z ≤ (1− ε)k] ≤ e−ε2k/6 :

E[eλZ
2

] = (1− 2λ)−k/2, λ < 1/2:

P [Z ≥ (1 + ε)k] = P [eλZ ≥ e(1+ε)kλ]

≤ e−(1+ε)kλE[eλZ ] = e−(1+ε)kλ(1− 2λ)k/2

≤ e−(1+ε)kλekλ = e−εkλ :

λ = ε/6

P [Z ≥ (1 + ε)k] ≤ e−ε2k/6 :

X1, X2, ..., Xn



Xi ∼ N(θi, σ
2
i ), i = 1, 2, ...n

X =
n∑

i=1

Xi ∼ N(
n∑

i=1

θi,
n∑

i=1

σ2
i ) :

n = 2, X = X1 +X2

f(x) =

+∞�
−∞

f2(t)f1(x− t) t,

f1, f2 X1 X2

f

f(x) =
1

2πσ1σ2

+∞�
−∞

{−1

2

(t− θ1
σ1

)2
− 1

2

(x− t− θ2
σ2

)2
} t :

f(x) =
1

2π(σ2
1 + σ2

2)

{
− (x− θ1 − θ2)

2

2(σ2
1 + σ2

2)

}
:

||x|| = 1

P
[
(1− ε)n ≤ ||Wx||2 ≤ (1 + ε)n

]
≥ 1− 2e−ε2n/6 :

wi W i (wi, x) = w1
i x1 + ... + wd

i xd

∑
i x

2
i = ||x||2 = 1

Q Rd

δ ∈ (0, 1), n

ε ≡
√

6 (2|Q|/δ)
n

≤ 3:

W ∈ Rn,d

1/n

1− δ

x∈Q

∣∣∣ ||Wx||2
||x||2 − 1

∣∣∣ < ε



ε ∈ (0, 3)

P
[

x∈Q

∣∣∣ ||Wx||2
||x||2 − 1

∣∣∣ > ε
]
≤ 2|Q|e−ε2n/6 :

δ

ε =

√
6 (2|Q|/δ)

n
:

x d

{xi|xi ∈
X}

{yi|yi ∈ Y }
xi P (i, j)

xj

p(j, i) =
(− ||xi−xj ||2

2σ2
i

)∑
k 	=i (−||xi−xk||2

2σ2
i

)
:

xj xi P (i, j)

yi

q(j, i) =
(−||yi − yj||2)∑

k 	=i (−||yi − yk||2) :

σi = 1√
2

DKL(P ||Q) =
∑
j

pj
pj
qj

:

DKL(P ||Q) �= DKL(Q||P )



X

P

Q

DKL(P ||Q) DKL(Q||P )

DKL(P ||Q) =
∑
x∈X

P (x)
P (x)

Q(x)
=

=
9

25
(
9/25

1/3
) +

12

28
(
12/25

1/3
) +

4

25
(
4/25

1/3
) = 0.122:

DKL(Q||P ) = 0.139:

P = {p1, p2, ..., pn} Q = {q1, q2, ..., qn}
DKL(P ||Q) ≥ 0 x <

1− x, ∀x > 0

−
n∑

i=1

pi
qi
pi

≥

−
n∑

i=1

pi(
qi
pi

− 1) = −
n∑

i=1

qi +
n∑

i=1

pi = 0:

DKL(P ||P ) = 0

DKL(P ||Q)

DKL(P ||Q)

DKL(P ||Q) =
∑
j

pj pj −
∑
j

pj qj = H(P )−H(P,Q),

H(P ) =
∑

j pj pj H(P,Q) =
∑

j pj qj

|X|

C(yi|yi ∈ Y ) =
∑
i

∑
j

P (j, i)
P (j, i)

Q(j, i)
:



∂C

∂yi
= 2
∑
j

(p(j, i)− q(j, i) + p(i, j)− q(i, j))(yi − yj)) :

yi



yt+1
i = yti + η

∂C

∂yi

∣∣
yti
, yi ∈ Y :

SNE

Simmetric SNE

C = KL(P ||Q) =
∑
i

∑
j

pij
pij
qij
,

qij =
(−||yi − yj||2)∑

k 	=l (−||yk − yl||2) ,

pij =
pi|j + pj|i
2|X| :

pij = pji, qij = qji C

∂C

∂yi
= 2
∑
j

(pij − qij)(yi − yj) :



t

t − SNE

t

qij =
(1 + ||yi − yj||2)−1∑
k 	=l(1 + ||yk − yl||2)−1

:

t

UMAP

cross entropy

UMAP X = {x1, x2, ..., xN}
d : X ×X → [0,+∞) UMAP

xi k Ni

ρi σi

ρi =
j∈Ni

{d(xi, xj)|d(xi, xj) > 0},



∑
j∈Ni

(
− (0, d(xi, xj))− ρi

σi
) = 2(k) :

xi

xj

vj|i = (
− (0, d(xi, xj)− ρi)

σi
) :

vj|i vi|j UMAP vij = vj|i + vi|j − vj|ivi|j

yi yj

wij = (1 + α||yi − yj||2β2 )−1,

α β SNE

cross entropy vij wij

CUMAP =
∑
i 	=j

(
vij (

vij
wij

)− (1− vij) (
1− vij
1− wij

)
)
:

cross entropy

CUMAP =
∑
i 	=j

(vij vij + (1− vij) (1− vij))

−
∑
i 	=j

(vij wij + (1− vij) (1− wij)) :

{yi, i = 1, 2, ...N}

−
∑
i 	=j

(vij wij + (1− vijln(1− wij)) =

=
∑
i 	=j

(vij
1

wij

+ (1− vij)
1

1− wij

) :

UNAP

d(A,D) = +∞
k = 3 C

A,B,E k = 3

2(num.neighbors) = 2 3 = 1.6:



A ρA σA

A B C ρA = 0.5

σA

(−0.5− 0.5

σ
) + (−(2.4− 0.5)

σ
) = 2 3 = 1.6:

σ = 3.7

x

y v(x|y)
v(B|A) = 1, v(C|A) = 0.6

v(A|B) = 1, v(C|B) = 0.6, v(A|C) = 0.6, v(B|C) = 1:



v(A,B) = v(B,A) = v(A|B) + v(B|A)− v(A|B)v(B|A) = 1 + 1− 1 = 1,

v(B,C) = v(C,B) = (1 + 0.6)− 0.6 = 1, v(A,C) = v(C,A) = 0.6 + 0.6− 0.6× 0.36 = 0.8:

v(D,E) = v(E,D) = 0.8, v(D,F ) = v(F,D) = 1, v(E,F ) = v(F,E) = 1:



qij =
1

1 + αd2β
, d = ||yi − yj||

α β

a b α = 1.577 β = 0.8951

b

a e B

A E

b e a

Cost = (
1

neighbor
) + (

1

1− notneighbor
)

b

Cost = (
1

0.14
) + (

1

1− 0.23
) = 2.23:

b a Cost

Cost = (
1

0.98
) + (1− 0.06) = 0.08:

b a Cost

Cost = (
1

0.34
) + (

1

1− 0.04
) = 1.12:

CUMAP

UMAP





PCA

PCA



k

Dbscan

k

Dbscan

X = {x1, x2, ..., xl} k

c
(0)
1 , ..., c

(0)
k n = 0

X
(n)
i c

(n)
i

X
(n)
1 , ..., X

(n)
k



c
(n+1)
i =

1

|X(n)
i |

∑
x∈X(n)

i

x :

c
(n+1)
i = cni , i = 1, 2, ..., k,

A : {1, 2, ..., l} → {1, 2, ..., k} :

A(i) = q, i q

L(A,m1,m2, ...,mk) =
k∑

q=1

∑
A(i)=q

||xi −mq||2,

mi, i = 1, 2, ..., k

A(0)

L(A(0),m1, ...,mk) m1,m2, ...mq

m
(0
1 , ...,m

(0)
k

A
(1)
1

L(A,m
(0)
1 , ...,m

(0)
k )

A

A(n+1) =
A

L(A,m
(n)
1 , ...,m

(n)
k ) :

η(A, q) =
1

|{i : A(i) = q}|
∑

A(i)=q

xi :

m1,m2, ...,mk

L(A,m1, ...,mk) ≥ L(A, η(A, 1), ..., η(A, k))



A(i) = q

||xi −mq||2 = ||xi − η(A, q) + η(A, q)−mq||2 =

= ||xi − η(A, q)||2 + ||η(A, q)−mq||2+

+2(xi − η(A, q), η(A, q)−mq) ≥

≥ ||xi − η(A, q)||2 + 2(xi − η(A, q), η(A, q)−mq) :∑
A(i)=q(xi − η(A, q)) = 0,

∑
A(i)=q

||xi −mq||2 ≥
∑

A(i)=q

||xi − η(A, q||2 + 2
∑

A(i)=q

(xi − η(A, q), η(A, q)−mq) =

=
∑

A(i)=q

||xi − η(A, q)||2 :

L(A,m1,m2, ...,mk) =
k∑

q=1

∑
A(i)=q

||xi −mq||2,

L(A,m1, ...,mk) ≥ L(A, η(A, 1), ..., η(A, k)) :

A(m1,m2, ...,mk)(i) =
q∈{1,2,...,k}

||xi −mq||2 :

A

L(A,m1,m2, ...,mk) ≥ L(A(m1,m2, ...,mk),m1,m2, ...mk) :

L(A,m1,m2, ...,mk) =
∑k

q=1

∑
A(i)=q ||xi −mq||2 ≥

≥
k∑

q=1

∑
A(m1,...,mk)(i)=q

||xi −mq||2 = L(A(m1,m2, ...,mk),m1, ..mk) :

Ln ≡ L(A(n+1),m
(n)
1 , ...,m

(n)
k ) :

m(n+1)
q = η(A(n+1), q), A(n+2) = A(m

(n+1)
1 , ...,m

(n+1)
k ) :



Ln ≥ L(A(n+1),m
(n+1)
1 , ...,m

(n+1)
k ) ≥

≥ L(A(n+2),m
(n+1)
1 , ...,m

(n+1)
k ) = Ln+1 :

Ln ≥ 0

A

NK

x1 = (1, 1), x2 = (0, 0), x3 = ((2, 0), x4 = (4, 4), x5 = (5, 5), x6 = (5, 3) :

c01 = x1, c
0
2 = x2

X0
1 = {x1, x3, x4, x5, x6}, X0

2 = {x2} :

c
(1)
1 = (17/5, 13/5), c12 = (0, 0) :

c11 �= c01, c
0
2 = c12,

X
(1)
1 = {x4, x5, x6}, X(2)

2 = {x1, x2, x3} :



c
(2)
1 = (14/3, 4), c

(2)
2 = (1, 1/3) :

c
(1)
1 �= c

(2)
1 , c

(1)
2 �= c

(2)
2 ,

x
(2)
1 = {x4, x5, x6}, X(2)

2 = {x1, x2, x3} :

c
(3)
1 = c

(2)
1 , c

(3)
2 = c

(2)
2 :

k

{x1, x2, ..., xN}

ω1 = {x1, x2, ..., N1}, ω2 = {xN1+1, ..., xN} :

c1 =
1

N1

N1∑
i=1

xi, c2 =
1

N2

N2∑
i=1

xi :

x ω1

||x− c1|| ≤ ||x− c2|| :

d(x) = ||x− c1||2 − ||x− c2||2 = 2(c1 − c2)(x− 1

2
(c1 + c2)) :

d(x) = x− 1
2
(c1 + c2) = 0



X

ε > 0, minPts > 0

p ∈ X ε

minPts

p

q ∈ X p

p1, p2, ...., pn, p1 = p, pn = q,

pi+1 pi

q

r ∈ X

ε

minPts Noise

K

C

C K

Noise



density − reachable

A

B C

N

p ∈ X

p

p p

p







Dbscan ε = 1.9, minPts =

4

ε = 1.9

p2, p5, p11 ε

Noise

Border

P9 Noise,

Noise



k Dbscan

k

Dbscan

k

S Ci, i = 1, 2, ...,m

k x

k

k = 3

k = 5

(42, 34)

k k = 3



S = {(x1, y1), (x2, y2), ..., (xl, yl)} x

(π1(x), π2(x), ...., πl(x)) (1, 2, ...., l)

ρ(x, xi) ≤ ρ(x, xi+1), i < l :



k −NN

S = (x1, y1), ..., (xl, yl)

x

{yπi(x), i ≤ k}

k = 1 hS(x) = yπ1(x)

Y = {0, 1}, l(h, (x, y)) = 1[h(x) 	=y] :

[0, 1]d

η(x) ≡ P (y = 1|x)
h∗(x) = 1[η(x)>1/2] η(x)

c > 0

|η(x)− η(x′)| ≤ c||x− x′||, ∀x, x′ :

1−NN

A = [0, 1]d, Y = {0, 1} D

A × Y η(x) c A

S = {(x1, y1)...., (xl, yl)} hS 1 − NN

h∗

ES∼Dl [LD(hS)] ≤ 2lD(h
∗) + cES∼Dl, x∼Dx

[||x− xπ1(x)||] :

x, x′

Py∼η(x), y′∼η(x′)[y �= y′] :

Py∼η(x), y′∼η(x′)[y �= y′] =

= η(x′)(1− η(x)) + η(x)(1− η(x′)) =

= (η(x)− η(x) + η(x′))(1− η(x))+

+(1− η(x) + η(x)− η(x′))η(x) =

= 2η(x)(1− η(x)) + (η(x)− η(x′))(2η(x)− 1) :



|2η(x) − 1| ≤ 1

Py∼η(x), y′∼η(x′)[y �= y′] ≤ 2η(x)(1− η(x) + c||x− x′|| :

ES[LD(hS)] = ESx∼Dl
x,y∼η(x),y′∼η(π1(x))[1[y 	=y′]] =

= ESx∼Dl
x,x∼Dx

[Py∼η(x), y′∼η(π1(x))[y �= y′]] :

ES[LD(hS))] ≤ Ex[2η(x)(1− η(x))] + cES,x[||x− xπ1(x))||] :

h∗

LD(h
∗) = Ex[ {η(x), (1− η(x)}] :

E[h∗(x) �= y] = E
[
[h∗(x) = 1][y = −1]

]
+ E
[
[h∗(x) = −1][y = 1]

]
=

= ExE
[
[h∗(x) = 1][y = −1]|x

]
+ ExE

[
[h∗(x) = −1][y = 1]|x

]
= E
[
[h∗(x) = 1]E([y = −1]|x)

]
+ E
[
[h∗(x) = −1]E([y = 1]|x)

]
= E
[
[h∗(x) = 1](1− η(x)

]
+ E
[
[h∗(x) = −1])η(x)

]
=

= E
[
η(x) ≥ 1/2](1− η(x)

]
+ E
[
[η(x) < 1/2]η(x)

]
= Ex

[
{η(x), 1− η(x)}

]
:

ES[LD(hS)] ≤ 2Ex(2η(x)(1− η(x)) + cEx,S||x− π1(x)||

≤ 2Ex( {η(x), (1− η(x)}) + cEx,S[||x− π1(x)||] = LD(h
∗) + cEx,S[||x− π1(x)||] :

ES∼Dl

[
LD(hS)

]
≤ 2LD(h

∗) +
4c
√
d

l1/(d+1)
:

ε = 1/T T r = T d

A = [0, 1]d C1, C2, ..., Cr

ε (α1, α2, ..., αd) ∈ [T ]d

Ci = {x : xj ∈ [(αj − 1)/T, αj/T ], ∀j}



d = 2, T = 5

α = (2, 4) x

Ci S

||x− xπ1(x)|| ≤
√√√√ r∑

i=1

ε2i = ε
√
d :

x Ci S

||x− xπ1(x)|| ≤
√
d :

E
[
||x− xπ1(x)||

]
= E
[
ε
√
d

r∑
i=1

[Ci ∩ S �= ∅][x ∈ Ci] +
√
d

r∑
i=1

[Ci ∩ S = ∅][x ∈ Ci]
]
:

r∑
i=1

[Ci ∩ S �= ∅][x ∈ Ci] ∈ {0, 1}

x ∈ Ci

E
[ r∑

i=1

[Ci ∩ S �= ∅][x ∈ Ci]
]
≤ 1 :

x S

E
[
[Ci ∩ S = ∅][x ∈ Ci]

]
=

E[Ci ∩ S∅]E[x ∈ Ci] =

= P (Ci ∩ S = ∅)P (x ∈ Ci) :

S l



P (Ci ∩ S = ∅) = P (x1 /∈ Ci, x2 /∈ C2, ..., xl /∈ Cl) = P (x /∈ Ci)
l = (1− P (x ∈ Ci))

l ≤ e−lP (x∈Ci) :

pi = P (x ∈ Ci)

E
[
||x− xπ1(x)||

]
≤ ε

√
d+ d

r∑
i=1

e−lpipi ≤

≤ ε
√
d+

√
d

r∑
i=1

p∈[0,1]
pe−pl = ε

√
d+ r

√
d

p∈[0,1]
pe−pl :

f(p) = pe−lp

p = 1/l

E
[
||x− xπi

||
]
≤ ε

√
d+

r
√
d

le
=

√
d(ε+

1

le
r), r = (

1

ε
)d :

ε∗ = l−1/(d+1)

4
√
d

l1/(d+1)
:

LD(h
∗) = 0 l

4c
√
d

l1/(d+1)
< ε,

ε > 0 l ≥ (4c
√
d

ε
)d+1 :

S l

d

D

v βv : X → {0, 1}

v cv ∈ Y

v0 a(x)

βv0



βv(x, j, t) = [xj < t]

βv(x) = [(w, x)] < t]

βv(x) = [ρ(x, xv)] < t xv

f1(x) =

⎧⎨
⎩ 0, ,

1, :

f2(x) =

⎧⎨
⎩ 0, ,

1, :

f3(x) =

⎧⎨
⎩ 0, ,

1, :

B1(x) = f1(x) ∧ f2(x) → ,

B2(x) = f1(x) ∧ f2(x) →





R1, R2, R3

f1(x) f2(x)

R1(x) = [f2(x) ≤ a2] →
⎧⎨
⎩ 1, C1,

0, :

R2(x) = [f2(x) ≤ a2] ∧ [f1(x) ≤ a1] →
⎧⎨
⎩ 1, C2,

0, :

R3(x) = [f2(x) ≤ a2] ∧ [f1(x) ≤ a1] →
⎧⎨
⎩ 1, C3,

0, :

x = [x1]

B1,t(x) = [x1 ≤ t]



t

S = −
N∑
i=1

pi 2 pi,

N N = 2 p1

p2

p1 =
11

20
, p2 =

9

20
:

S0 = −p1 2 p1 − p2 2 p2 = 0.993:

t = 12

S1 = − 5

13 2

5

13
− 8

13 2

8

13
= 0.96,

S2 = −6

7 2

6

7
− 1

7 2

1

7
= 0.6:

S0, S1, S2



IG(Q(t)) = S0 −
2∑

i=1

Ni

N
Si,

Ni i

IG(x ≤ 12) = S0 − 13

20
S1 − 7

20
S2 = 0.16:

t = 12

t∗ = t∈T IG(t)

impurity

j t (j∗, t∗) = j∈J, t∈T Q(Rm, j, t)

Bj,t(x) =

[x1 ≤ 2.45]





Xm

Xm = Xl

⋃
Xr :

L(y, c)

c

1

|Xm|
∑

(xi,yi)∈Xm

L(yi, c) → :



H(Xm) =
c∈Y

1

|Xm|
∑

(xi,yi)∈Xm

L(yi, c

impurity

H(Xm)− |Xl|
|Xm|H(Xl)− |Xr|

|Xm|H(Xr)

information gain

branch(Xm, j, t) = |Xm|H(Xm)− |Xl|H(Xl)− |Xr|H(Xm) →
j,t

L(y, c) = (y − c)2 impurity

H(Xm) =
1

|Xm| c

∑
(xi,yi)∈Xm

(yi − c)2 :

c =

∑
i:(xi,yi)∈Xm

yi

|Xm| :

impurity

H(Xm) =
∑

(xi,yi)∈Xm

(yi − y)2

|Xm| ,

y =
1

|Xm|
∑

i:(xi,yi)∈Xm

yi :

branch(Xm, j, t)

branch(Xm, j, t) =

=
∑

(xi,yi)∈Xm

(yi − y)2 −
∑

(xi,yi)∈Xl

(yi − y)2 −
∑

(xi,yi)∈Xr

(yi − y)2 :

X = {(xi, yi =

cos(xi)), i = 1, 2, ..., l} y = cosx



(x)

(x)

y = cos(x)

impurity

K Xm k

pk

pk =
1

|Xm|
∑

(xi,yi)∈Xm

[yi = k] :

L(y, c) = [y �= c] :

impurity

H(Xm) =
c∈Y

1

|Xm|
∑

(xiyi)∈Xm

[yi �= c] :



(x)

k∗

impurity

H(Xm) =
1

|Xm|
∑

(xiyi)∈Xm

[yi = k∗] = 1− p∗k :

misclassification error

H(Xm) = ∑
k ck=1

(
− 1

|Hm|
∑

(xi,yi)∈Xm

K∑
k=1

[yi = k]lnck

)
:

ck

Λ(c, λ) ≡ − 1

|Hm|
∑

(xi,yi)∈Xm

K∑
k=1

[yi = k] ck + λ

K∑
k=1

ck →
ck

:

ck

∂

∂ck
Λ(c, λ) = − 1

|Xm|
∑

(xi,yi)∈Hm

[yi = k]
1

ck
+ λ = 0 = −pk

ck
+ λ = 0:

ck = pk/λ k

1 =
K∑
k=1

ck =
1

λ

K∑
k=1

pk =
1

λ
:

λ = 1 ck = pk



impurity

H(Xm) = −
K∑
k=1

pk (1− pk),

X = {0, 1, 2, 2.5, 3, 4, 4.5, 5, 6, 7, 8, 10, 12} :

k k = 2

{0, 1, 2, 2.5.3, 4, 4.5, 5}
{6, 7, 8, 10, 12}

Class0 ∼ N(μ1, σ1),

Class1 ∼ N(μ2, σ2) :

μ1 = 0, σ1 = 1, μ2 = 1, σ2 = 1

p(X = x|Class0), p(X = x|Class2)

p(Class0|x) = p(x|Class0)p(Class0)
p(x|Class0)p(Class0) + p(x|Class1)p(Class1) ,

p(Class1|x) = p(x|Class1)p(Class1)
p(x|Class0)p(Class0) + p(x|Class1)p(Class1) :

p(Class0) = p(Class0) = 1
2

Class0
1
2π
e−

x2

2

1
2π
e−

(x−1)2

2





p(Classk|xi)standarzied = p(Classk|xi)∑13
i=1 p(Classk|xi)

, k = 0, 1 :

μ1, σ1, μ2, σ2

EM

μnew
1 =

13∑
i=1

xip(class0|xi)standardzied =

0× 0.43 + 1× 0.26 + ...12× 12× 0.000007 = 1.08,

variancenew1 =
13∑
i=1

((xi − μnew
1 )2p(Class0|xi)standardizied)) =

(0− 1.08)2× 0.43 + (1− 1− 0.08)2 × 0.026 + ...(12− 1.08)2 × 0.000007 = 1.54,

σnew
1 =

√
variancenew1 /13 = 0.34:

μ2, σ2 μ2 = 5.48, σ2 = 0.9

GMM

Class0 ∼ N(1.69, 0.34),

Class1 ∼ N(7.04, 0.9) :

Python



GMM

Class0 = {0, 1, 2, 2.5, 3, 4},

Class1 = 4.5, 5, 6, 7, 8, 10, 12} :

k 4, 4.5

Class1

Apriori

A,B,C,D,E

A,B

B,D



support

A T1, T4, T5, T7, T8, T9

support(A) = 6 support

support

E



support

support(A,B) = 4 T1, T3, T8, T9

(A,D), (C,D)

support

{A,B,C}

A,B,C

A ∧ B → C



A,B C

confidence(A ∧B → C) =
support(A,B,C)

support(A,B)
:

C (A,B)

confidence(X → Y ) =
support(X,Y )

support(X)
:

50

A ∧B → C, B ∧ C → A,A ∧ C → B :

apriori



A,B,C

Gini(x) = p(x = 0)p(Y = 0|x = 0)p(Y = 1|x = 0) + p(x = 1)p(Y = 0|x = 1)p(Y = 1|x = 1),



A,B,C

k



k − fold cross validation

test

train k = 5

accuracyi

accuracyi =
1

|Testi|
∑

j∈Testi

[a(xj) = yj], i = 1, 2, ..., k :



Means accuracy =
1

k

k∑
i=1

accuracyi :=
88 + 83 + 86 + 81 + 84

5
= 84.4:

logistic

means accuracy logistic SV D

logistic



ROC



presition(a,X) =
TP

TP + FP
=

l∑
i=1

[a(xi) = 1][a(xi) = yi]

l∑
i=1

[a(xi) = +1]

:

recall(a,X) =
TP

TP + FN
=

l∑
i=1

[a(xi) = 1][a(xi) = yi]

l∑
i=1

[yi = +1]

:

presition(a1, X) = 0.8, recall(a1, X) = 0.8,

prestion(a2, X) = 0.96, recall(a2, X) = 0.48:



F =
2presition. recall

presition+ recall
:

F

F recall presition



8× 8 = 64

3× 3 + 3× 3 + 2× 2 = 22

42

TP = 18

FP = 6

TN = 36

FN = 4

TP

FN

FP

TN

presition =
TP

TP + FP
= 0.75, recall =

TP

TP + FN
= 0.82, F = 0.78:





X = {x1, x2, ..., xl}
x = (q, d)

q

Q d

D Dq ⊂ D

q

(q, d) ∈ X ⇔ q ∈ Q, d ∈ Dq :

Y = {y}

(q, d) < (q, d′) ⇔ y(q, d) < y(q, d′) :

d′

d q

w

l∑
i=1

((a(w, qi, di))− y(qi, di))
2 →

w
:

a(w, x) = (w, x)

w

∑
xi<xj

[a(w, xj)− a(w, xi)] < 0] →
w

:

∑
xi<xj

L(a(w, xj)− a(w, xi)) →
w

:

L L(M) =

(1 + e−M)



wk+1 = wk + η
xj − xi

1 + exp((wk, xj − xi))
:

S = {D1, D2, D3, D4, D5, D6}

0, 1, 2, 3

R = {3, 2, 3, 0, 1, 2}

DCG(6) =
6∑

i=1

reli

2(i+ 1)
=

= 3 + 1.262 + 1.5+) + 0.387 + 0.712 = 6.861 :

{D1, D3, D2, D6, d5, D4}

DCG(6) = 3 + 1.893 + +1 + 0.861 + 0.387 + 0 = 7.141 :

DCG

DCG k(q) =
k∑

i=1

2y(q,d
i
q) − 1

2(i+ 1)
:



k

DCG k(q)

a(x) =

⎧⎨
⎩+1,

−1, :

(w, xi), i = 1, 2, ...



(w, x)

a(x, t) = ((w, x)− t) :

t

t



ROC

yi

FPR(t) =
FP (t)

FP (t) + TN(t)
=

l∑
i=1

[yi = 1][a(xi, t) = +1]

l∑
i=1

[yi = 1]

:

FPR(t) =
TP (t)

TP (t) + FN(t)
=

l∑
i=1

[yi = −1][a(xi, t) = +1]

l∑
i=1

[yi = −1]

:

TPR, FPR



t1

t1 > b(x1) ≥ t2 ≥ b(x2) ≥ t3 ≥ b(x3) ≥ ...tl ≥ b(xl) ≥ tl+1 :

TPR(t1) =
TP (t1)

TP (t1) + FN(t1)
=

0
l∑

i=1

[yi = +1]

= 0,

FPR(t1) =
FPR

FP (t1) + TN(t1)
=

0
l∑

i=1

[yi = −1]

= 0:

t2

TPR(t2) = 1/l FPR(t2) = 0

1/2



G = 2((AUC −ROC)− 1

2
) :



F0 =

∑
i<j

ρ(xi, xj)[a(xi) = a(xj)]∑
i<j

[a(xi) = a(xj)]
:

F1 =

∑
i<j

ρ(xi, xj)[a(xi) �= a(xj)]∑
i<j

[a(xi) �= a(xj)]
:

a

F0 →
a
, F1 →

a
:



Adaboost, Anyboost Gradient boosting

H D Z

f : X → {−1,+1}
LD(f) = 0 A γ γ > 0

δ ∈ (0, 1) mH(δ) ∈ N

m ≥ mH(δ)

h = A(S) ∈ H LD(A(S)) ≤ 1/2− γ

1− δ

H γ γ



H = {hθ1,θ2,b : θ1 ≤ θ2, b ∈ {−1,+1}},

hθ1,θ2,b(x) =

⎧⎨
⎩+b, x < θ1 or x > θ2,

−b, θ1 ≤ x ≤ θ2 :
:

A ERM

ĥ ∈ B = {x→ (x− θ).b : θ ∈ R, b ∈ {−1,+1} ⊂ H

LD(ĥ) ≤ 1/3 γ = 1/12 H

(−∞, θ1), [θ1, θ2], (θ2,+∞))

+1,−1,+1

D

D 1/3

h ∈ B ĥ

D

1/3 B V C 2

mH

m ≥ mH ERM

ĥ ∈ H

LD(ĥ) ≤
h∈B

LD(h) + ε ≤ 1

3
+ ε :

ε = 1/12

1/3 + 1/12 = 1/2− 1/12,

γ = 1/12



Y = {−1,+1}
H, h ∈ H

x 1 −1

a(x) = (
T∑
t=1

αtht(x)), ht ∈ H, x ∈ X,

αt, t = 1, 2, ..., T

QT =
l∑

i=1

[yi

T∑
t=1

αtht(xi) < 0] →
αt,ht

:

αt

E(z) = e−z QT

QT ≤ Q̃T =
l∑

i=1

(−yi
T∑
t=1

αtht(xi)) =

=
l∑

i=1

(−yi
T−1∑
t=1

αtht(xi))exp(−yiαThT (xi)) :

wi ≡ (−yi
T−1∑
t=1

αtht(xi)) :

wi αT , hT

hT

W̃ l = (w̃1, ..., w̃l),

w̃i =
wi

l∑
i=1

wi

:

h∈H
Q(h, W̃ l) <

1

2
− γ, ∀W̃ l, ||W̃ l|| = 1:



Q̃T

hT = h Q̃l(h, W̃
l);

αT = 1
2

1−Q(T ,W̃ l)

Q(T ,W̃ l)
:

α ∈ R β ∈ {0, 1}

e−αβ = e−α[β = 1] + e−α[β = −1] :

Q̃T

Q̃T = (e−αT

l∑
i=1

w̃i[hT (xi) = yi] + eαT

l∑
i=1

w̃i[hT (xi) �= yi])
l∑

i=1

wi =

= (e−αT (1−Q) + eαTQ)Q̃T−1,

Q ≡ Q(hT , W̃
l) Q̃T αT

αT =
1

2

1−Q

Q
:

Q̃T

Q̃T = Q̃T−1

√
4Q(1−Q) :

adaboost

wi = 1/l, i = 1, 2, ..., l,

t = 1, 2, ..., T ht αt

ht =
h

Q(h,W l), αt =
1

2

1−Q(ht,W
l))

Q(ht,W l)
,

wi := wi (−αtyiht(xi)), i = 1, 2, ..., l,

wi :=
wi

l∑
i=1

wi

, i = 1, 2, ..., l :

Adaboost



γ > 0

Q(ht,W
l) < 1/2 − γ ∀t : Adaboost

a(x)

Q(ht,W
l) ≤ 1/2 − γ

g(a) = a(1− a) [0, 1/2]

QT+1 ≤ Q̃T+1 = Q̃T

√
4Q(1−Q) ≤ Q̃T

√
4(
1

2
− γ)(

1

2
+ γ) ≤ Q̃1(1− 4γ2)T/2 :

T

QT

Q(ht,W
l) < 1/2− γ

S = {(x1, y1), ..., (xl, yl)} h

N(h,W l) =
l∑

i=1

wi[h(xi) = −yi],

P (h,W l) =
l∑

i=1

wi[h(xi) = yi] :

h

h N +P =

1 γ > 0

P (ht, W̃ l)−N(ht, W̃
l) ≤ γ :

h1, h2, h3

1 2 3



W = (
1

7
,
1

7
,
1

7
,
1

7
,
1

7
,
1

7
,
1

7
):

h1

N(h1,W ) =
1

7
+

1

7
+

1

7
=

3

7
≈ 0.42:

N(h2,W ) =
1

7
+

1

7
+

1

7
=

3

7
≈ 0.42,

N(h3,W ) =
1

7
+

1

7
+

1

7
=

3

7
≈ 0.42:

h1

α1 =
1

2

1−N(h1,W )

N(h1, N)

=
1

2

1− 0.42

0.42
= 0.06:

w1 := w1e
−α1y1h1(x1) = 0.13,

w2 := W2e
−α1y2h1(x2) = 0.15,

w3 := w3e
−α1y3h1(x3) = 0.15,

w4 = 0.15, w5 = 0.13, w6 = 0.13, w7 = 0.13:

w1 :=
w1∑7
i=1wi

=
0.13

0.93
= 0.14:

w2 = 0.16, w3 = 0.16, w4 = 0.16, w5 = 0.14, w6 = 0.14, w7 = 0.14:

W = (0.14, 0.16, 0.16, 0.16, 0.14, 0.14, 0.14) :



N(h1,W ) = 0.16 + 0.16 + 0.16 = 0.48,

N(h2,W ) = 0.14 + 0.16 + 0.14 = 0.44,

N(h3,W ) = 0.14 + 0.16 + 0.14 = 0.44:

h2

α2 =
1

2

1−N(h2, w)

N(h2, w)
=

1

2

1− 0.44

0.44
= 0.06:

a(x) ≡ α1h1(x) + α2h2(x)

S

a(1) = 0.06(h1(1) + h2(1)) = 0, a(2) = 0, a(3) = −0.12, a(4) = 0, a(5) = 0,

a(6) = 0.12, a(7) = 0.12:

QT =
l∑

i=1

[yi

T∑
t=1

αtht(xi) < 0] = 0 (T = 2, l = 7):

PY thon

https : //github.com/selfedu−
rus/machinelearning Boosting





boosting

h1(x), ..., hT (x)

w1, ..., wT

h1(x), ..., hT−1(x), α1, ..., αT−1

hT (x), αT

QT =
1

2

l∑
i=1

(yi − a(xi))
2 :

a(x) a(x) =
∑T

t=1wtht(x)

QT =
1

2

l∑
i=1

(yi −
T−1∑
t=1

αtht(xi)− αThT (xi))
2 :

si,T−1 = yi −
T−1∑
t=1

αtht(xi), i = 1, 2, ..., l :

ht

αt

yi



y = (x) + η

Adaboost

si,0, i = 1, 2, ..., l

si,0 = yi, i = 1, 2, ..., l,

t ht ht =

hQt, t = 1, 2, ..., T,

si,t = si,t−1 − ht(xi) i = 1, 2, ..., l :

Python

{(xi, yi = (xi) + ηi), i = 1, 2, ..., l},

ηi

0.1 y = x+ η

Adaboost

https : //github.com/selfedu− rus/machinelearning



y = (x) + η

η

Y = {−1,+1}, ht : X → R, L(M) M

MT (xi) = yi
∑T

t=1 αtht(xi) xi



Q ≤ Q̃ =
l∑

i=1

L(MT−1(xi) + αTyihT (xi)) :

L αT

λ(αT ) = L(MT−1(xi) + yiαThT (xi)) :

αT = 0

λ(αT ) ≈ λ(0) + αTλ
′(0) :

Q̃T ≈
l∑

i=1

L(MT−1(xi))− αT

l∑
i=1

−L′(MT−1(xi))yihT (xi):

wi = −L′(MT−1(xi))yih(xi),

αT Q̃T

hT

l∑
i=1

wiyih(xi) →
h

:

αT > 0

Q̃

ht : X → {−1, 0,+1}, L(M) = e−M ,

AnyBoost Adaboost

Anyboost

S T

αt, ht, t =

1, 2, ..., T

t = 1, 2, ..., T



Mi = 0, i = 1, 2, ..., l :

wi = −L′(Mi), i = 1, 2, ..., l:

ht

ht =
h

l∑
i=1

wiyih(xi):

αt =
α>0

l∑
i=1

L(Mi + αht(xi)yi) :

Mi :=Mi + αtht(xi)yi, i = 1, 2, ..., l:

L(z) = (1− z)2:

adaboost

Mi = 0, i = 1, 2, ..., 7

wi = −L′(Mi) = 2(1−Mi) = 2, i = 1, 2, ..., 7:

h1

h1 =
h

l∑
i=1

wiyih(xi) :

Adaboost

7∑
i=1

wiyih1(xi) = 2(1− 1− 1− 1 + 1 + 1 + 1) = 2:



7∑
i=1

wiyih2(xi) =
7∑

i=1

wiyih3(xi) = 2 :

h1 h1, h2, h3

h1 α1

α1 =
α>0

7∑
i=1

L(Mi + αh1(xi)yi) =

α>0
(αh1(xi)− 1)2 =

α>0
4(α− 1)2 + 3(α + 1)2 =

1

7
:

M1 :=M1 + α1y1h1(x1) = 0 +
1

7
= 0.13:

M2 =M3 =M4 = −0.13, M5 =M6 =M7 = 0.13:

w1 = w5 = w6 = w7 = 1.74, w2 = w3 = w4 = 2.26:

b2

7∑
i=1

wiyih1(xi) = 4× 1.74− 3× 2.26 = 0.18,

7∑
i=1

wiyih2(xi) = (−1.74− 1.74− 2.26 + 2.26 + 2.26 + 1.74 + 1.74) = 2.26,

l∑
i=1

wiyih3(xi) = −1.74− 2.26− 1.74 + 2.26 + 2.26 + 1.74 + 1.74 = 2.26:

h2 h2

α2

7∑
i=1

L(Mi + αh2(xi)) = 4(α− 0.87)2 + 6(α− 1.13)2 :



α2 = 0.98:

a(x) = α1h1(x) + α2h2(x) =
1

7
h1(x) + 0.98h2(x) :

a(x1) = 0.13h1(x1) + 0.98h2(x1) =

= 0.13− 0.98 = −0.85,

a(x2) = −0.13 + 0.98 = 0.85,

a(x3) = −0.13− 0.98 = −1.11,

a(x4) = −0.13 + 0.98 = 0.85,

a(x5) = 0.13− 0.98 = −0.85,

a(x6) = 0.13 + 0.98 = 1.11,

a(x7) = 0.13 + 0.0.98 = 1.13:

Q2 =
7∑

i=1

[yi

2∑
t=1

αtht(xi) < 0] = 2:

h1, h2, h3

Anyboost

adaboost

H

a(x) =
T∑
t=1

αtht(x) :

l∑
i=1

L(yi, a(xi)) →
a∈H

:



ak = ak−1 + αkhk,

(αk, hk)

(αk, hk) ∈
α>0,h∈H

l∑
i=1

L(yi, ak−1(xi) + αh(xi)) :

Rn ak−1(xi)

−(L′
y(yi, ak−1(xi))

hk ∈
h∈H

l∑
i=1

(l′y(yi, ak−1(xi)) + h(xi))
2 :

αk

αk ∈
α≥0

l∑
i=1

L(yi, ak−1(xi) + αhk) :

a0 ∈ H a0 = 0

ak+1

ak+1 = ak + αkhk, k = 0, 1, 2, ..., T − 1,

αk, hk

αk

L(y, ŷ) =
1

2
(y − ŷ)2 :

L′
ŷ = ŷ − y,

hk ∈
h∈H

l∑
i=1

(yi − ak−1(xi)− h(xi))
2 :

(yi−ak−1(xi))
l
i=1



αk ∈
α≥0

l∑
i=1

(yi − ak−1(xi)− αh(xi))
2 =

=

l∑
i=1

(yi − ak−1(xi))hk(xi)

l∑
i=1

hk(xi)2
:

USD

a0(x) =
1

4
(123.45 + 56.78 + 345.67 + 98.01) = 156:

USD



0.1

a1(x) = a0(x) + 0.1h0(x) :



USD

Sn = {(x1, y1), (x2, y2), ..., (xn, yn)} ψ L(., .) γ

h(T )(x)

h(0)(x) = 0 t = 1, 2, ..., T

gi = L′
1(h

(t−1)(xi), yi), i = 1, 2, ..., n, L′
1 L(h, y)

θt = θ∈Θ
∑n

i=1(γηtψ(θ, xi) + gi)
2

ht(x) = (1− ηt)h
(t−1)(x) + ηtψ(θt, x)

θ∈Θ ||ψ(θ, .)||L2(Sn) ≤ B

L(h, y) γ

ηt = 2/(t+ 1)

1

n

n∑
i=1

L(h(T )(xi), yi) ≤
h∈conv(ψ)

1

n

n∑
i=1

L(h(xi), yi) +
10γB

T + 1
,

conv(ψ) = {
m∑
j=1

ujψ(θj, x) : m > 0, ||u||1 = 1, uj ≥ 0, θj ∈ Θ} :

h(x) =
m∑
i=1

ujψ(θ̃j, x),
m∑
j=1

uj = 1, uj ≥ 0, j = 1, 2, ...,m



θt

2ηt

n∑
i=1

giψ(θt, xi) + γη2t

n∑
i=1

ψ(θt, xi)
2 ≤

2ηt

n∑
i=1

giψ(θ̃j, xi) + γη2t

n∑
i=1

ψ(θ̃j, xi)
2 :

uj

j

2ηt

n∑
i=1

giψ(θt, xi) + γη2t

n∑
i=1

ψ(θt, xi)
2 ≤

2ηt

n∑
i=1

gi

m∑
j=1

ujψ(θ̃j, xi) + γη2t

n∑
i=1

m∑
j=1

ujψ(θ̃j, xi)
2 :

ηt

n∑
i=1

giψ(θt, xi) ≤ ηt

n∑
i=1

h(xi) +
nγ

2
η2tB : (14.1)

b∑
i=1

L(h(t)(xi), yi) =
n∑

i=1

L((1− ηt)h
(t−1)(xi) + ηtψ(θt, xi), yi) ≤

n∑
i=1

[L(h(t−1)(xi), yi) + ηtgi(ψ(θt, x)i)− h(t−1(xi))] +
η2t γ

2

n∑
i=1

(ψ(θt, xi)− h(t−1(xi))
2 ≤

≤
n∑

i=1

[L(h(t−1)(xi), yi) + ηtgt(h(xi)− h(t−1)(xi))] +
nγη2tB

2
+
nγη2t
2

4B2 ≤

n∑
i=1

L(ht−1(xi), yi) + ηt(L(h(xi), yi)− L(h(t−1)(xi), yi)) +
5nγη2tB

2

2
: (14.2)

L(h, y)

L(h′, y) ≤ L(h, y) + L′
1(h, y)(h

′ − h) + 0.5γ(h− h′)2:

L(h, y) + L′
1(h, y)(h

′ − h) ≤ L(h′, y) :



βt =
1

n

n∑
i=1

L(ht(xi), yi)− 1

n

n∑
i=1

L(h(xi), yi) :

ηt = 2/(t+ 1)

βt ≤ t− 1

t+ 1
βt−1 +

10γB2

((t+ 1)2
:

t(t+1)

t(t+ 1)βt ≤ (t− 1)tβt−1 + 10γB2 :

t = 1, 2, ..., T



A(m × n)

AAT (m ×m), ATA(n × n)

rank(AAT ) = rank(ATA) = r r = rank(A)

rankA = r

Am,n r v ∈ Rn u ∈ Rm

A

σ > 0

Av = σu, ATu = σv :



rank(A) = r A

A = UΣV T ,

U(m×m), V (n× n) U × UT = E, V × V T = E

Σ

σjj = σj, j = 1, 2, ..., r,

σ1 ≥ σ2 ≥ ... ≥ σr > 0, σi =
√
λi, i = 1, 2, ..., r:

λi, i = 1, 2, ..., r AAT

U AAT V

ATA

r A

A = UΣV T U V

Σr,r

r v1, v2, ..., vr

A

u1, u2, ..., ur

σ1, σ2, ..., σr

A = UΣV T , Σi,i = σi :

AT

v1, v2, ...., vr

ImAT vr+1, ..., vn v1, v2, ...., vn



Rn B =
∑r

i=1 σiuiv
T
i

Avi = Bvi, i = 1, 2, ..., n i > r Avi = Bvi = 0

i ≤ r

Bvi =
r∑

j=1

σjujv
T
j vi = σiui = Avi :

A ATA

AAT

v, u A

σ

v ATA σ2 u = σ−1Av

AAT σ2

v σ

ATAv = σATu = σ2v:

AATu = σAv = σ2v:

λ �= 0 ATA v

σ =
√
λ, u = σ−1Av

σu =
√
λ
Av√
λ
= Av

ATu =
1

σ
ATAv =

λ

σ
v = σv :

r r

(
3 0

4 5

)
:

AAT =

(
9 12

12 41

)
, ATA =

(
25 20

20 25

)
:

λ1 = 45, λ2 = 5

(
25 20

20 25

)(
−11

1

)
= 45

(
1

1

)
,



(
25 20

20 25

)(
−1

1

)
= 5

(
−1

1

)
:

v1 =
1√
2

(
1

1

)
, v2 =

1√
2

(
−1

1

)
:

A

V =
1√
2

(
1 −1

1 1

)
:

A

σ1 =
√
45, σ2 =

√
5, Av1 =

3√
2

(
1

3

)
=

√
45

1√
10

(
1

3

)
= σ1u1,

Av2 =
1√
2

(
−3

1

)
=

√
5

1√
10

(
−3

1

)
= σ2u2 :

U =
1√
10

(
1 −3

3 1

)
:

A = UΣV T ,

Σ =

(√
45 0

0
√
5

)
:

r k

k < r



Σk

rank(A(m×n) = r

Ã(m×n)
||A− Ã||, rank(Ã) = k < r:

Ak = UΣkV,

Σk

A k

√√√√ r∑
j=k+1

σ2
j :

A =
r∑

j=1

ujv
T
v ,

uj vj U V

A =

(
3 0

4 5

)

A =

(
3 0

4 5

)
=

√
45

20

(
1 1

3 3

)
+

√
5

20

(
3 −3

−1 1

)
:

√
5



A1 =

√
45

20

(
1 1

3 3

)
,

A

SV D



r̂ui =< pu, qi >

U V

r̂ui rui

∑
u,i∈R

(rui − r̂ui)
2 →

p,q
,

u, i

L2 λ(
∑

u p
2
u +

∑
i q

2
i )

pu,j = pu,j + γ(rui − r̂ui)qi,j − λpu,j,

qi,j = qi,j + γ(rui − r̂ui)pu,j − λqi,j,

u, i U V

pu,j qi,j Pu Qi



I

U

R

(u, i) ∃rui

Iuv

u v

Iui = {i ∈ I : ∃rui, ∃rvi}, :

wuv =

∑
i∈Iuv(rui − ru)(rvi − rv)√∑

i∈Iui(rui − ru)2
√∑

i∈Iui(rvi − rv)2
,

ru rv u v wuv

u0

U(u0) = {v ∈ U : wu0v > ε} :

u0 U(u0)



rni = 1 u i 0

u0



f(x1, x2) = x21x2+x2+2

f ′(x) = (
∂f

∂x1
,
∂f

∂x2
) = (2x1x2, x

2
1 + 1), f ′(1, 2) = (4, 2) :



f v0 = 2, v−1 = x2, v−2 =

x1

v4

x = 1, y = 2

vi

v−1 = df
dv−1

v2 v3

v−1

v−1 v−1



v4 =
df
v4

= dv4
dv4

= 1

v3 =
df
dv3

= df
dv4

dv4
dv3

= v4
dv4
dv3

= 1× d(v2+v3)
dv3

= dv3
dv3

= 1

v2 =
df
dv2

= v4
dv4
dv2

= 1

v1 =
df
dv1

= v3
dv3
dv1

= 1× v−1 = 2

v0 = 0

v−1 =
df

dv−1
= v2

dv2
dv−1

+ v3
dv3
dv−1

= 1× 1 + 1× v1 = 1 + 1 = 2 = ∂f
∂x2

v−2 =
df

dv−2
= v1

dv1
dv−2

+ v1
dv1
dv−2

= 2 + 2 = ∂f
∂x1

f(x1, x2) = x1x2 + x2 − (x1)

x1 = 2, x2 = 4 Python

Nu(x) = 0, x ∈
Ω N Ω

u(xi) = yi, i = 1, 2, ...Nb

A(x,w) = {f(x,w) : f(x,w) =
n∑

i=0

wnx
n, w = (w0, w1, ..., wn)} :

Loss = Lossborder + Lossequation,

Lossborder =
1

Nb

Nb∑
i=1

||f(xi, w)− yi||2,

Lossequation =
1

Nf

Nf∑
i=1

||Nf(ti, w)||2 :

t1, t2, ..., tf

w

y′ + 3y = 0, y(0) = 1, x ∈ [0, 1]

1

Nf +Nb

Nb+Nf∑
i=1

(yi − ŷi)
2 :



f(w) =
1

l

l∑
i=1

Li(w) w ∈ Rn:

l

Li, i = 1, 2, ..., l β α

γ ≡ α/β < 1

wt+1 = wt − 1

β
f ′(wt):

f(wt+1)− f(w∗) ≤ (f(w0)− f(w∗)) (−γt) :

Li

O(d) f

O(ld) ε

O(
1

γ

1

ε
)

O(
ld

γ

1

ε
):

w1
0 ∈ Rn, D1 ≥ ||w1

0 − w∗||, ηt = 1/β

K = [ 1
ε
]

BDk
(wk

0) Dk wk
0

f ′(wk
0)

t = 1 T = 1
γ2

it ∈ [l] Lt = Lit



gkt = L′
t(w

k
t )− L′

t(w
k
0) + f ′(wk

0)

vk+1
t = wk

t − ηtg
k
t ,

wk
t+1 = ΠBDk

(wk
0 )
(vkt+1)

wk+1
0 = 1/T (

∑T
t=w

k
t ), Dk/2 −→ Dk+1

wK+1
0

wK+1
0

O((l +
1

γ2
)d

1

ε
),

ε

l

(l +
1

γ2
)d

1

ε
<
ld

γ

1

ε
,

f(x) =
1

l

m∑
i=1

li(w) →
w

:

li, i = 1, 2, ...,m β

wk+1 = wk − αkf
′
ξk
(wk),

ξk

{1, 2, ...,m}

αk > 0,
∞∑
i=1

αk = +∞,
∞∑
k=1

α2
k <∞ :



Eξk [||f ′(wξk ||2] ≤ σ2 + ||f ′(wk)||2
K ∈ N k(K)

P (k(K) = k) =
αk∑K
k=1 αk

:

∀ε > 0 P
(
||f ′(wk(K)|| ≥ ε

)
→ 0, K → ∞

f β

f(wk+1 − f(wk) ≤ (f ′(wk), wk+1 − wk) +
β

2
||wk+1 − wk||2 :

E[f(wk+1])− f(wk)] ≤ −αk

2
E[||f ′(wk)||2] + α2

kβ

2
σ2, αk ≤ 1

β
:

k = 1, 2, ...K

E[f(wK)− f(w1)] ≤ −1

2

K∑
k=1

αkE[||f ′(wk)||2] + σ2β

2

K∑
k=1

α2
k :

f
∑∞

k=1 α
2
k < ∞∑K

k=1 αkE[||f ′(wk)||2] ∑∞
k=1 αk = +∞

K→∞
1∑K

k=1 αk

K∑
k=1

αkE[||f ′(wk)||2] = 0:

P
(
||f ′(wk(K)||2 ≥ ε2

)
≤ 1

ε2
Eξk

[
Ek(K)[||f ′(wk(K)||2]

]
=

1

ε2
Eξk

[ K∑
k=1

P (k(K) = k)||f ′(wk)||2
]
=

1

ε2
Eξk

[ K∑
k=1

αk∑K
k=1 αk

||f ′(wk)||2
]
→ 0, K → ∞ :



f(x)

xk+1 = xk − αkg
k, gk = f ′(xk) + ξk,

ξk E[ξk] = 0 E[||ξk||2] ≥ σ2

f

L x∗

E[||xk − x∗||2] ≥ (
1

||x0 − x∗||2 +
kL2

σ2

)−1

:

O(1/k)

αk = α/k

E[||xk − x∗||2] = O(1/k),
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