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MPEAUCIIOBME NEPEBOAYMKA

BuuMmanuio yuraTeneil npeanaraercs HOBBI NEPEBOA JABYXTOMHOTO
kypca B. ®ennepa «Beeaenue B Teopuio BepoATHOCTEH H ee mpHJIOKe-
uus». B. enaep (1906—1970) — omuH H3 BLIAIOIMIMXCA OPEACTABHTE-
JieH COBpEMeHHOIl TeOpHH BepoaTHOcTeN — pofuaca B 3arpebe (IOroc-
NaBus). MaremaTury usyuan B I'eTTuHreHckoM yHusepcurere B [epma-
HHH, TAe nonyuusa B 1926 r. crenmenp Aokropa. B 1933 r. noximyn
Iepmanuio. Pa6oran 8 Konenrarene u Crokronsme u B 1939 r. nepe-
exan B CIIA. ITpogeccop Bpaynosckoro (1939—1945), Koprennckoro
(1945—1950) u ITpuncronckoro (1950-—1970) yuuBepcureroB. Yien
pAfa akageMHH M HaydHBIX ofLIecTB 1),

IlepeBox BHINOJIHEH C MOCJEAHMX AHTVIMACKHX H3AaHH# (C mepecMoT-
PEHHOrO TPEThEro W3jaHus nepeoro toma, 1970, u co BToporo usgaHus
Broporo ToMa, 1967). dennep noceBaTHA co3laHuio, nepepaboTke H
yJYUIIEHHIO KYyPCa MOYTH YETBEPThb BEKa W JeJal 370 ¢ HeocjabeBaio-
[MM 3HTY3Ha3MOM, HUKOTJa He ycrasas OT 3T0ro 3aHatisa. Hu oxua
JApyrast KHMra 1o TEOPHH BEPOSATHOCTEH HE MOXET CPaBHUThCS C 3TOH —
TaK y/JayHO B HEH COEJMHEHB! MaTEMaTHUECKas CTPOTOCTh, COBEPLIEHCTBO
AOKA3aTENbCTB H MHOTQYHCJIEHHOCTh PACCMATPHBAEMBIX IPHJIOMKEHHH.
Manaras camble cl10XKHbIE MATEMATHYECKHE BONPOCH!, aBTOP HE yIyCKaeT
H3 BHAY TeX HABJEHHH JAEHCTBHTENBHOCTH, K KOTOPBIM MOXeET OBITh
IpMMEHeHa pa3BuBaeMas Teopus. XapaKTep Kypca TaKOB, YTO OH €l
JOJNTO He ycTapeer.

Bocnpou3BefieHHble HHXKE MPEAMCIOBHS K NPEXHHM H3JaHHAM nep-
Boro ToMa (Kak K PyCCKHM, TaK M K aHIVIHACKHM) [O3BOJSAIOT MHE OBbITh
Gonee KpaTtkuM. B 3ToM TOME B LEJOM yJAauHO AEMOHCTPHPYETCH TOT
thaKT, 4TO CPaBHUTEJNBHO NPOCTHIE MOJEJH MO3BOJAIOT XOTH Gbl B mep-
BOM NpHO/IMKEHHH [PaBUJBHO ONHCATH LIMPOKHH KPYTI MPaKTHYECKHX
3ajau (TakKMMH SIBASIOTCHA, HanpuUMep, MOJENH pa3MellleHHH r IIapoB
710 n ANMKaM H YpHOBBIE MoJenu). Bo MHOTHX ciydyasx, oco6eHHO TaM,
r€ HHTYHLHS HE MOJACKA3hIBA€T NPABHJBLHOrO NMOPAJKa COOTBETCTBYIO-

1) Cwm. Cramer H. William Feller.— Rev. Int. Stat. Inst., 1970, v. 38, No. 3,
435—436, a Takxe cratbd Doob J. L. William Feller and twentieth century pro-
bébility u Kac M. William Feller, in memoriam.— B xnure: Proc. Sixth Berkeley
gymp. {\g%h. Stat. and Prob.— vol. II,— Berkeley and Los Angeles: Univ, Calif,

ress, .



6 ITpeducaostie nepesoduuKa

IHX BEPOSITHOCTE(l, aBTOP NMPHBOAHT YUC/IEHHBIE pe3y/bTaThl. Dosblioe
BHHUMaHHeE yJIeIeH0 Pa3/IHUHBIM NPHOMHKEHHBIM (opatynam. Mx TounocTs
WJLIIOCTPHPYeTCs1 pHMepami. Mcrmonb3yeMble mpu 3TOM paccyXAeHUS
CTHMHYHBl JiJIS MHOTHX MpEJeNbHBIX TEOopeM TEOPHH BepOSTHOCTEH»
(c. 122).

BecbMa nose3nbr (H 1e TONBKO 15 HayMHAOWHX 4YHTaTesed) npH-
BEJICHHBIE B TOME DPe3YJbTaThl «CJAYYAHHBIX 3KCIEPUMEHTOBY, KOTODHIG
CO3A4I0T MPEACTABJEHHE O TOM, KaK BBINJISAUT «CJAyYyalHOCTBY U CKOJh
HEOXMAAHHBIMM MOTYT OKa3aThbesl OTKJIOHEHHS OT HHTYHTHBHBIX Npej-
CTaBJEHHH O HeH.

B cBasy c pe3yabTaTamm CJaydaiiHBIX 3KCIEPHMEHTOB JOBOJIBHO
PaHO CTABHUTCH BOMpPOC O crocofaXx NPOBEPKH COrJacHsi MOJENH C 3K-
CIIEPUMEHTOM H O crnoco0aX OHEHKH HEM3BECTHBIX BeposiTHOCTEll mo
JAaHHBIM onbita. Menonb3yerest kpuTepuii %%, ynoaHHaercs (MO KOHKpETs
HOMY NOBOJY) NOHSITHE OLEHKY MakKCHManabHOrO npapgonojotus (c. 66),
YKa3blBAlOTC HEKOTOPHIE KPUTEPHH CJAyYaHHOCTH. ITa TeHAEnNHs
BO3MOXHO 6oJ/iee PaHHero NMokasa THIHYHBIX «CTATHCTIYECKHX BEIBOJOBY,
HECOMHEHHO, Hesecoobpa3Ha.

CnenyeT OTMETHTB, YTO ABTOP MOCTOSIHHO 3a6OTHTCS O NpHAAHHH
TEPMHHOJIOTHH Haj/exaled TOYHOCTH (CM., Hampumep, 3aMeyaHHe Ha
c. 322 o TepMuHe «peKYpPEHTHOE cOGLITHEY). ITO OYeHb Ba)kHas CTOPOHA
zesa. YacTo HauMHAIOWHE M3YYaTh TEOPUIO BEPOSTHOCTEH 3amyThiBas
IOTCS, TaK Kak, CKaXeM, CJOBO «cOGLITHE» HAa OAHHX H TeX e CTpas
HYOaX y4yeGHHKOB HCIIOJB3YIOT ¥ B OMNHCATEIBHOM ¢A0HAyYHOM» CMBICTE,
M B CMBIC/IE, NIPEAMHCHIBAEMOM aKCHOMAaTHUeCKOi Teopuedl. TouHo Tak
e BLIDAXKEHHE «IPOM3BEJEM 7 HE3aBHCHMBIX HAGMIONEHHH cJydaiinol
BeMMYUHBl X» ynotpe6asioT o6biyHO Ge3 YIOMMHAHHS O TOM, YTO OHO
He HMEeT CMBIC/Ia B AKCHOMATHYECKOIl TEODHH Y CJAYXHT JHUIL «Pa3roa
BODHBIM BaPHAHTOM» BHIDAXKEHIS «PACCMOTPHM 72 He3aBHCHMBIX CJydais
HBIX BEIHYMH, HMEIOIMX OJHO U TO ¥Ke PachpejeseHue BEPOsiTHOCTeHy,

OrpaHyueHHe QUCKPETHBIMH NPOCTPAHCTBAMH 3JEMEHTAPHBIX COGbI«
THH NO3BOJISIET CBECTH BECh HCIMOJb3yeMblil annapaT K KOMOMHATODHKE
H K NPOH3BOASIMM (DYHKHHSM, a B caydyae, KOrja nocjaeJHHe pamnio-
HaJbHBbI, K Pa3J/IO’KEHHIO UX Ha npocTefilllHe ApoOH KaK METOAY HCL.ie-
AOBaHHA COOTBETCTBYIOUUIX pacnpejesieHnii BeposTHocTed. YGeauTenbs
HO TMOKa3zaHa moulb 3Tux metogos (ra. III, XII — XIV, XVD).

B xayectBe «neexTa» OrpaHHYenHs NUCKPETHBIM CJAydaeM aBTop
OTMEYAET, YTO OHO «YMEHbIIAeT U3SLUIECTBO MaTeMaTHYECKUX paccyxje-
nuiiy (¢, 211), Moo 106aBHTH K 3TOMY, UTO B PaMKaX TEOPHH, HCIIO/bs
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syioUlell IHCKPETHHIE NPOCTPAHCTBA 3JEMEHTADHBIX COGBITHE, OKa3blBa-
eTCsl HEeBO3MOXIIbIM OTPa3uTh TECHbIE M BaXKHBbIE CBSI3H TEOPHH BEpPOAT-
HOCTeff C IDYrHMH pasjie/laMH COBPEMEHHOH MaTeMaTHKH. «[luCkper-
HBIR TOJXOM» NMO3BOJISIET NPeKPacHO OOBACHHTL HILI0 HEe3aBHCHMOCTH,
B MEHbIleHd CTeleHH M MAPKOBCKOM 3aBHCHMOCTH H COBCeM OCTaB-
JIsleT B CTODOHE HJIEI0 «CINEKTPaJbLHOTO aHaJIu3ar.

[Tpu noAroToBKE K H3JaHHIO NepeBOja NEPBOr0 TOMa MHE OKa3aJlil
6oJibinyio noMomb K. A. Boposkos, A, M. 3y6kos, B. I'. Mupanues,
B. B. Yuabsunos, A, I1. Ywakosa, B.T'. Ywakos, H. I'. Ymaxkos u
penakrop usgaresinctsa I'. M. Uibnyesa. Kak u B pabore Haj BTOpPBIM
TOMOM, s noJib3oBasics coBeramii A, B. Ilpoxoposa u B, B. Ca3sonosa.
FIM Bcem s Bmipakaio TvyGoKyio 6JIarofapHOCTb.

Mocksa, asrycr 1983 I0. ITpoxopos



M3 NPEAUCNOBUA KO BYTOPOMY PYCCKOMY M3AAHMIO

Ilepsoe n3nanne kKuuruy @edsepa noayunsio B CCCP mupoxoe npu-
ananve. Cefluac BHMMaHMIO YHTaTesell MpeaJaraeTcsi NepeBoj BTOPOro
aHIJIMACKOTO H3JaHNfA, BO MHOTHX JeTalsX YCOBEPIIEHCTBOBAHHOTO
aBTOpoM. Bo BTOPOM aHr/IMACKOM H3J2aHMH KHHra NO-NpeXkHeMY Hasbl-
BaeTcsi «BBejeHHe B TEODHIO BEPOSTHOCTEH M €€ NPUJIOMKEHHs», Iep-
Boli TOM IBYXTOMHOro Kypca. Tak Kak nyGJHKaUus BTOPOTO TOMa
BHOBb OTKJIaZbIBAETCH, TO B PYCCKOM H3JlaHMH COXpPaHeH MOA34aroJIOBOK
[«quckpeTHble pacnpeneseHusi» — MOA3Ar0JIOBOK PYCCKOrO MNepeBoja
nepeoro u3gauus.— [O. I1.], yka3swBaomuit Ha npunuun ot6opa
MarepHasa, NPHHATHIA aBTOPOM JJIs NMEPBOr0 TOMa CBOEro Kypca.

MMenHo 3TOT npHHIIIN 0T60Opa MaTepilaia no3eoaseT Kuure Desnepa
3aHATh CaMOCTOATEJbHOE MECTO B JIMTEPATYDE [0 TEOPHH BepOSATHOCTeH.
OrpannunBasch IUCKPETHHIMH PaCnPefe/eHHsIMH, aBTOD HMeeT BO3MOXK-
HOCTb JOCTHTHYTb BIOJHE COBPEMEHHOH CTPOrOCTH M OTYETJHBOCTH
H3JIOXEHHA, He BLIXOAA 33 Npexesbl 3JeMEHTapPHBIX YHCTO apu¢MeTH-
YECKHX CPEJCTB, M Ha TBEPJOH TeOPEeTHYECKOH OCHOBE NOBECTH YHTATE/ s
IO pfAla BaXHLIX NPHHUMNHAJLHBIX BONPOCOB H GOJBINOrO yHcja
NpPaKTHYeCKH HHTEPECHLIX 3ajad.

HecomuenHo, 4TO npu cephe3HOM CHCTEMATHYECKOM H3YUEHHH Teo-
pHH BepOATHOCTEH HeJb3Sl OCTABHTb B CTODOHE HenpephIBHBE pacrnpe-
nenenusi. Ho Xxopollo w3BeCTHO, YTO TOYHOE OIIPEJE/IEHHE TAKHX IOHHA-
THH, KaK yc/oBHas (YHKLUA pacrpeje/ieHus

F (x| y)=P (E<x|n=y)

cayuadHo# BesqMuMHBl § npHM 3ajaHHOM 3HAYeHHH T=y CJIy4adHOR
BeJIHUHHH 7], B C/JYy4ae HeIpephbIBHLIX paclpeneseHHit TpeOyeT TPYIHO
BOCNpUHHMMAaeMblX (QOPMasbHBIX KOHCTPYKIHP, YTO CTPOroe H B TO XKe
BpeMsa oflllee H3J0XKEHHE BOMPOCca O CYMMHDOBAHMH IPOH3BOJBHEIX
He3aBICHMBIX CJYy4YaHHLIX BeJHUYMH TpeOyeT XOpOMIero BJIAJEHHS Te-
opHell uHTerpaja CTuiTbeca ¥ T. A. BBHIY NPaKTHYeCKOH BaXKHOCTH
HenpepLIBHLIX pacnpeleieHui yacto o6xoaaTcs GoJsee dJeMeHTaPHBIMH
W He Bceria cTporuMH cpexctBamu. Ho uMenHo TeM, kTo mis ciyuas
HeNnpephIBHLIX pacnpese/ieHHi OrpaHHuHTCH HECKOJILKO KYCTAPHBLIM HMJIH
lie BOJIHE CTPOTHM M3JI0KeHHeM, OYIeT ocoGeHHO MOJEe3HO NPOCIEIHTh
Y3Ke C IOJHOH OTYETIHBOCTLIO NapaJljie/bHoe Pa3BMTHE OCHOBHBIX BEPQOy
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ATHOCTHHIX HJEH M5 AucKpeTHoro cayuas. [logpo6Hoe u3yueHHe TEOpHH
¥ TPHMEHEHHH NPOM3BOAALMX (PYHKUMH LEJOUHCJEHHBIX CAydalHHIX
peauuul (cM. 1. X1 kHuMru) ABJAsieTcsi XODOLIMM BBeJEHUEM B GoJee
TPYAHYIO H OGIUIYIO TEOPHIO XaPAKTEPHCTHYECKHX QYHKIHHA MPOH3BOJbe
BHIX CJyYalHHX BesquuMH. MoHorpaguueckoe H3yuyeHHE MapKOBCKUX
TMpOLECCOB C KOHEYHHIM MJIH CYETHBIM YMCJOM COCTOSIHHH, JaHHOE B
ri1. XV—XVII, 6yger nose3no MHOTMM 4MTaTessM, NPeAnosaraoiiuM
BIOC/EACTBHH U3Yy4YaThb OOMLLYIO TEOPHIO CJYYaHHHIX MPOLECCOB.

Bosee KBanupuUUMPOBAHHEHE YHTaTeNb, JJS KOTOPOrO YKa3aHHHIE
MpEeMMYIECTBa NEPBOOYEPEAHOI0 H3YUYEHHS AMCKPETHRIX pPacnpeje/eHui
He CYIIECTBEHHREI, 3aWHTEpecyercss KHuroi dessepa no npeuMyimecTsy
MpoCTO B KayecTse co6paHHs GOJBLIOTO YHCJA YaCTHRIX 3ajay M Mpo-
CYUMTAHHBIX JO MOJIYYEHHS BMOJHE KOHKPETHHIX DPE3yJ/IhTAaTOB [1PHMEDOB.
Ilpu pa3Gope 3ajau denjep BEABUIaET Ha MEPBHIA MJaH PELIEHHE HX
«TIPSIMEIMMY, CrenH(UIECKY BEPOSTHOCTHRIMH CPEACTBAMM. Ta TEHJEH-
Ms BHJETh 332 aHAJUTHYECKUMH NPeo6pas’oBaHHSIMH HX «BEPOSTHOCT-
HEIH» CMBEICJ MPHUHAMJIENMUT K YMCJAy HauboJiee LEHHHX CTOPOH KHUTH
®ennepa. 3acayXUBaeT BHUMAHUS TaKXXE CTPEMJIEHHE aBTOpPA KHUTH Ha
TIIATEILHO NMOJOGPAaHHKX NPUMEpaX HATJAJHO [I0Ka3aTh XapakTep AeH-
CTBHSI BEPOSITHOCTHBIX 3aKOHOMepHOcTed. Bo MHOrMX ciyuasx @BTODY
yJaeTcsi BBECTH YMTATe/sl B JEHCTBUTENBLHO HUHTEDECHHEE BOMPOCH CO=
MOCTABJIEHHs] CTATHCTHYECKHX JAHHHIX C BEPOSITHOCTHOH TeopHed siBJe-
HUS.

1964 A. H. Koamozopos
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NPERUCIIOBME K TPETbEMY M3AHMIO

Korpa sra xHura BnepBbie Gbiia 3apymana (Gosee 25 ser Tomy
Has3an) Hemuorude MatemaTuku 3a upejesamu Coserckoro Coio3a Buje-
JM B TEOPHH BepoATHOCTeH MOJHONMPaBHYIO BETBb MaTeMaTHKH. l1puio-
JKEHHs] MMeJH OFPaHHUeHHRIC LEJH, a HCCIeA0BaHIA KOHKPETHBIX pob-
JleM 4acTO NPHBOAHJIH K HEMOCTIDKHMBIM YCJOXHeHHusM. Ecad yuects
5TH ofBcTosiTeNbCTEA, TO 3aJyMaHHas KHHra Oblia Onl HamucaHa He
IJs CYLUIECTBOBAEILEH TOTAA ayAMTODHH M HE YJOBJETBOpSJia 6bl
OCO3HAHHHIM B TO Bpems mnorpeCHocTaM. OfHaKo aBTOp Hajgesacs
NpHBJeYb BHIMAHHE K MaJIO [I3BECTHHIM CTODOHAM TEOPHH BeposiTHOCTE!,
YCTAHOBHTb CBfI3} MEXJAY OTASJNLHLINH €€ 4YacTAMH, Pa3BHTb eJrHble
MeTOJb! M YKa3aTb Ha BO3MOXKHEiE MJIH BePOSITIEE npHjoxenud. Boa-
rojfiapsi BO3PaCTaHHIO HHTepeca K TEOPHH BEPOSITHOCTEH KHHIY HEOXKH-
JaHHO YacTo HCIO0.1b30BaJH Te, KTO paboTaJ 3a npejesaMi MaTeMaTHyec-
Kkux Jucuuniud. Ee mupokoe npuseHeiise B Te rofgnl 06bICHHMO, HGO
OpUHATAs B Hell TOUKa 3peHust Oblia HOBOM, a M3J0XKEHHLI{T MaTepHast
Oui1 HeocTyned HHLIM nyTeM. Ho kHura ocraercs nonyasipHoit faxe u
Tenepb, KOTja cojepxaHie 6oJbliell yacTH ee IJaB MOXHO HaliTH B pabo-
Tax, MOCBSWEHHBIX OTAETbHLIM GOJACTSM 1 XOPOLIC NplicrocoGaeHHbIX
s yjoBJeTBOpeHis Oojee creHuadbHBIX HY:KA. Ilo 3Toilf mpuulne
¥ B HOBOM M3JlaHHH XapaKTep KHHIH OCTAJACH TEM ZKe caMbiM. 51 HaaewCh,
qro oHa 6yAeT npoJo/KaTb OOCTYXHBAaTh caibie pa3HooOpasHbie Tpe-
G0BaHHs M YTO IO-NpPEXHEMY HaHAYyTCs UMTATENH, KOTOpLiE NMPOUTYT ee
NpocTo JJs1 YAOBOJBLCTBHSL H 13 JH0G03HATEIBHOCTH.

Ha nporsikenun MHOTMX JeT s ¢ 61aroflapHOCTLIO N0.1y4al MHOTO-
QHCleHHble cOOGIIEHHS OT TeX, KTO N0JbL30BaJcst KHUTod, u 3TH coobiie-
HHU$ OB NMPHYITHOK Pas/IMYHBIX YCGBEpIIeHCTBOBaHI. MHorHe napa-
rpadsl GbTH nepenHcanbl, 4tobsl 06/erunTh uayuenue. Ilpouecc yTeHus
obJieryeH Tak»Ke 3a cuer Jyullero mpudra 1 6aarojaps npeBocXoAHOHR
pelakTopcKoi pafote, KoTopylo npojenana r-xa Mak-I{yras, coxpa-
HHBIIAA COYYBCTBHE K TpeGoBaHHUAM unrartesell M JOBOAam 3]DaBOr0
CMBIC/IA, HeCMOTPsI Ha CBOK MNPHUHALJENKHOCTh K MNpodeccHOHAMbHBIM
pefakTopam.

Hau6onbiive nsmenenns nponssegenst B ri1. 111. Bonpocst, Bxoss-

1) Orro HeitreGaysp (p. 1899, c 1939 r. B CIIA) — aBcTpuiicKHii MaTema-
THK, HCTOPHK MaTeMaTHKH WM acTponoMHH. Ha pycckoM sasbike onyGAMKOBaHE IO
KHHTH «/IeKHHH N0 MCTOPMM aHTHUHLIX MaTeMaTmdeckRX Hayk. Tom I. Jorpeue-
cKas MareMatHka».— M.— Jl.: OHTH, 1937 n «Tounnle HayKH B JPEBHOCTH», —-
M., 1968.— ITpus. nepes.

%) O orpana moq, uects M npuGexume! — K Menenary («Cnasunift nuyk, Me-
Henat»), nepesog A. CemenoBa-Tau-Illanckoro. — B ku.: Keunt [opantuit ®nakk.
Onxul. dnogm. Carnpil, Ilocnanus,— M.: XyfpoxkectsenHass auteparypa, 1970, —
Ilpum, nepes,
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LIHe B 3TY IJIaBY, Gbl1M BKJIOYEHH! JHLIb Bo BTOopoe mn3janue. [Ipaktu-
yeCcKOH NPIYHHOIT 3TOro sBUJI0Ck NPEK/E BCEro HEOXKIJaHHOE OTKPLITHE,
YyTO €€ YB/EKATeJbHLIC BbIBOJbI MOMHO MOJYYHTb 3.JEMEHTAPHBIMH Me-
tonamu. Crapoe uaJoxKeHile ONMPaJOCh HAa OCTPOYMHBIE KOMOUHATOPHLIE
coobpaxeHus, KOTOpble TeNepb 3aMeHeHbl Gojee OPOCThIMH M GoJee
€CTECTBeHHHIMH BEPOSITHOCTHBIMH cooGpaxenusmd. [lo cymecrBy ata
rJaBa HamnHCaHa 3aHOBO.

Cpenu npounx joGaB/ieHHH HauGosiee 3aMETHBIMH SBJISIOTCH HOBBI@
naparpadbl, NOCBsIleHHble BETBALIMMCS npoleccaM, uensm Mapkosa u
Teopeme Myaspa — Jlannaca. ['masa XIII nepecrpoena; HeGosbiiue
W3MeHEeHH s cJesaHbl BO MHOTHX MeCTax KHUTH; NOABU/IHCH HOBbIE IpHMe-
pbl W 3ajayi.

$1 coxaJero 0 TOM, UTO HMEHHOH YKa3aTesb MOXKET BBECTH B 3301y«
JIEHHE, HO 51 YYBCTBOBAJ cefsl 06513aHHbIM 1ABATh TOUHYIO CChLIKY Kaxk/bif
pas, Korja ujes WId NPHMED BOCXOAHWJIH K ONpPEJeJeHHOMY MCTOUHHKY.
ATo 03HAYA.I0, YBbI, YTO [UTATHI 4aCTO GEpyTCS 13 NONYTHLIX 3aMeuaHHd
H II03TOMY PEJIKO OTPaxaloT UCTHHHBIA XapaKTep LUTHPYEMOH CTaTbH.
Kpowme Toro, MHOrue npuMepnbl H 3ajaui Gbl1M HABESHb YTEHUEM HeMa-
TEMAaTHYECKHUX CTaTeH, B KOTOPBIX APYTHMH METOJAaMH H3YyaslHCbh CXOJ-
Hble mojoxeHHs. (B HanucaHHBIX no3xe yueGHUKAX NP MHTHPOBAHHU
3THX HEMATeMaTHYEeCKHX CTATEH CYMTAIOT, YTO OHU COJAEPIKAT MOH NpH-
Mephl. 2TO NOKAa3bIBAa€T, KaK ObICTPO Pa3BUBAeTCS TEOPHHA BEPOSITHO-
cTe#, HO OJHOBPEMEHHO NOKA3blBAET 1 OrPAHHYEHHYIO [OJE3HOCTh M-
tat.) Henocratok mecta u ymeHHs nomenand MHe JaTh GoJee IOAPoG-
HEIE UCTOPUYECKHE YKa3aHHs M ONMCATb, KakuM o6pasoM Teopusi Be-
POSITHOCTEH OT NOJYMUCTHYECKHX PacCYXAEHHUH ABaJLATHIX FOJOB Hepe=
II71a B COBPEMEHHOE COCTOSIHHE [POLBETAHHA.

Ha nporsxenun MHOTHX JeT 51 imes 6;1aronpUsiTHYI0O BO3MOMXHOCTh
paboTaTh CO CTYAEHTAaMH U CBOUMH GoJjiee MOJIOALIMH KoJl/1eraMi. 51 MHO=
ruM o653aH HX [IOMOLIM M MX BOOJYIleBJeHHI0. Bo3aMoxHOCTL paboTaTth
C HHUMH SBH/IaCb BO MHOTMX OTHOHIEHHMSX CJEJICTBHEM TOH NOJUIEDKKH,
KOTOPYIO 0Ka3bIBAJI0 UCCJIEIOBAHUSM I10 TEOPUH BEPOSITHOCTEH, [IPOBOAS-
mumcs B [lpuncronckoM yuuBepcutete, Hayuno-uccienoBaTelIbcKoe
ynpaeiaende Apmuu CIIIA.

51 Bripaxaio ocobyto Gaarogapuocts k. Tongmany 3a cepbesHblit
MEMOpPaHJYM, ONHUCHIBAIOIUHE erc nejaroruyeckuil onwir, U JI. Ilurry
33 NpeJaHHYI0 IIOMOLLb [OPU YTEHHH KOPPEKTYP.

Hions 1967 Bunsam Peanep.



NPEAUCNOBUE K NEPECMOTPEHHOMY TPETLEMY U3 AHUIO

B oTsinuue OT nepBoro M3JlaHUS KHHTH TPEThE ee H3JaHHe COEpIKaJIO0
TpeBOXsallleé YHCJA0 HETOYHoCTeHl. B HacTosiueM nepecMoTpeHHOM H3Ja-
HHH Bce oGHapYXKeHHblE HETOUHOCTH yCTpaHeHel. MHorne QopMy/IHpoB-
K# YJyUIUeHRl, a Takxe 100aBjeHbl YKa3aHHA K 3aJayay B TeX cjayyasx,
Korja 310 He TpeGoBajo nepepepCTKH. 51 GyarofapeH H3zaTe/bCTBY,
paspeluMBIueMY CJe1aTh 3TH JOPOTOCTOSILME H3MEHEHHS, KOTOphle
HanpabJieHbl K TOMY, YTOGEl KHHra 4HTajack GoJsee Jierko.

IToutn Bce M3MeHeHHs GBLIH NPeNIOXKeHH HJH npodeccopom P, Ma-
xoqom B Roxktopom [k, Kpodrom, paGoratowumu Bmecte B Uiukaro,
HJIH NOJNOJIKOBHHKOM (Tenepk B otctaBke) Koposerckoil apmuu Janun
IlpeGenom Kronem. OHy NPOWIH KHHIY HeOOBIMaiHO BHMMATeJbHO H C
ray6okuM noHuMaHueM. MHe Gpu1a BecbMa MNoJe3Ha NocJef0BaBluas B
pe3yJibTaTe 3TOrO NPHATHAsA NEPENHCKa,

Ipuucron, 197C



NPEAXUCHOBHE K NEPBOMY M3IAAHHKIO

INepBonauyanpno Yy aBTopa ObLIO HamMepeHHe HamnucaTbh KHHTY 00
aHAJUTHUECKHX METOJaX TEOPHHM BEPOSITHOCTEH, KOTOpas TpakToBaJja
6b! 3TY TEOPHIO C TOMKH 3PEHHsl YHCTON MmaremaTHKH. M3asoxenue mpu
sToM Obliio Obl GoJjiee efMHOOOPA3HBIM H IO3TOMY 6oJiee YAOBJIETBOPH-
TeJIbHBIM B 3CTETHUECKOM OTHOLUEHHH; KPOME TOro, OHO ObLio Obl mpH-
BJleKaTesibHee [/ YHCThIX MaTeMaTHKoB. OfHaKo lweipas NMOANEPKKa,
oKa3niBaeMmass HayuHo-ucc/leJoBaTe/IbCKHM yrpasJ/eHHeM BoenHo-Mop-
ckux cua CIIIA pa6otam no TeopHu BeposiTHOCTeH, BepyuinMcsi B Kops
HeJ/VICKOM YHHBEpPCHTeTe, CKJOHHJA aBTOpa K cKopee Belyulelt K ycne-
Xy, HO MeHee OJlaroflapHOH TNONBITKe YJOBJETBOPHTb pPa3HOPOAHEIE
3anpochbl foJiee WHPOKOrO KpYra yMTareJed.

[le1ef0 3TOfi KHHUTH SBJSETCS CTPOTOe M3JI0MKEeHHe TEOPHUHM BeposiT-
HOCTell KaK CaMOCTOSITEJIbHOM MaTeMaTHUYeCKOH NUCHLHUILIUHBL, H3berawoo-
lee HemaTeMaTHUYECKHWX NOHATHH. B To e Bpemss aBTOp crapaJcs
omucaTh SMIIHPHYECKHE OCHOBAHMSI TEOPHMH BEPOSITHOCTEH W PpasBUTh
y uWTaTess OLLYLIEHHE BCEro MHOroo6pasdsi ee NpHJIOKeHHH. UToOb!
JOCTHTHYTb BTOPOIi Lie/M, MPHBeJeHEl MHOTOYMC/EHHbIE 3ajayd, pac-
yeThl ¥ TNPHMEPH!, KOTOPBIE NPEPLIBAIOT OCHOBHON X0 u3aJjoxkeHusA. OHK
UeTKO BbleJIeHBl B TEKCTE ¥ OTJIHyaloTcsi GoJiee oOpasHbIM M MeHee
¢opManbHBIM 513bIKOM. B KHHry BKJ/IIOUEHO HEKOTOpOE KOJIMYEecTBO CIies
IHaJbHBIX TeM, yToObl OKa3aTh CHJY OOLIMX METOJOB M CAeJ1aTh KHHUIY
fojlee MOJIE3HOM CIEUHAJHCTAM pas3jHyHblX HanpasjeHuil. UYUToOb:
obJierynThb uTeHHue, oTcTymenus (detours) OT OCHOBHOTO MYTH OTMEYEHbI
3Be3fioukoil. OTMeueHHBle pasjesnl AJ1s TOHMMaHHs OCTaJbHOK YacTH
TeKcTa He 00si3aTesbHbL

ABTOpoM Obljla TpEANpPHHATAa cepbe3Has MONbITKA JOCTHYb EIHH-
cTBa MetoZoB. CreqHanucTht HAaBAyT B KHHUTe€ MHOTO YIPOLIEHHH B Cy-
LIECTBYIOUMX J0KA3aTEIbCTBAX, a TAKKE M HOBble pe3yJ/bratel. B uact-
HOCTH, /1 HYXJ 9TO# KHUrH Oblla pa3BUTa TEODHUS! PEKYDPPEHTHBIX CO-
Ouitui. OHa MO3BOJISET N10-HOBOMY M3JIOXKHTb TeOopHio Leneil Mapkosa,
YTO NMPHUBOJAHT K YIPOLIEHUAM Jaxe B CJydyae KOHEYHOro yuc/a CoCcTos-
HUH.

Tlpumeprl conposomxpaoTcs 3afauamu (unciaom okojo 340), mpuueM
Ans1 GoJibluedl yacTH 3ajay JaHbl noJHble pelenus. Hekoropoie u3 3TuX
3aJay — MPOCTHIE yIpaXKHEHHs, HO B OCHOBHOM OHM cofiep:xaT Jo0aBoy-
HbIH WJIIOCTPAaTHUBHBIA MaTepuasl WJHM JKe TaK HJH HHaye JOMOJIHSIOT
TekcT. OfHO U3 Ha3HAueHHi STHX NPHMEPOB M 3aJa4y — Pa3BHTb BEPOST-
HOCTHYIO HHTYHIHIO UATATENIS H ero yMeHHe QOpMy./HpOBaTh BEPOSATHO-
CTHBIe yTBepKIeHUs. PelleHNle 3ajau, KaXYUlixcss TPYAHBIMH, MOXKET
NoTpeGoBaTk COBCEM HE3HAYMTEJNbHBIX YCHJIMH, ecd UX CHOpMYJHpO-
BaTb ecTecTBeHHbIM 00pa3oM W BKJIOUMTE B HajJJexallvid KOHTEKCT, a
Taxxe mpeAnoc/aTb UM HECKOJBKO Pa3oOpaHHHIX IIPHMEPOB.
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Far

B npenojaBanuu TeopuH BepOATHOCTEl 4AcTO CTPEMATCS BO3MOMKHO
6uicTpee CBOAUTbL BEPOATHOCTHHIE 33%aull K 3aJlayaM MaTemMaTHYeCKCero
ananusa, 3abLiBasi P 3TOM OCOGEHHOCTH CamOi 3Toi Teopui. Taxo#
NOAXOL OCHOBAH Ha HETOJHOM OMNDENe]eHIH CAYYafiHOM BeIHYKHE,
KOTopoe 06LIMHO BEOAMTCA B CAMOM Hadaje. B MOMHYIO NPOTHEOMOMOXK-
HOCTh 3TOMY HAaCTOsIAsi KHHra HOCTPOEHAa Ha MOHSITHM NPOCTPAHCTBA
SJeMeHTapHBIX COOHTHII. BBOIHTL cayualfiHble BeJHuMHBl 0e3 3TOro
NOHATHS — 3HA4NT JEMOHCTPHPOBATh HCKYCCTBO BBOAHTH B 3abJIyX/c-
HHeE.
Yro6Ll OTPa3HThb HCTHHHOE MOJOXKEHHe BeleH W HabexaTb MpH
3TOM TEOPETHKO-MHOMKECTBGHHBIX H JPYTHX YHCTO MaTeMaTHUYeCKHX
TPYIHOCTel, B STOM TOME PAacCMaTPHBAIOTCA TOJNBLKO OUCKPemHbie 1po-
CIMPAHCMBA IAEMEHMAPHBIX COObIMULL, DTO KECTKOE OrPAHHYEHHE, KO €ro
6ylyT NPHBETCTBOBAThL YWTATeNH, He ABJISOMHecs MaTemarukamil. Ono
NO3BOJISET BKJIOUHTDL B KHHTY CHEIHAJbHble BOMPOCH, KOTOPLIE HEJIETKO
HaiiTH B JHTEpaType, H B TO e BPeMs JaeT BO3MOMKHOCTb, Ha4aB K30~
KeHHe 3JIeMEHTapHO, MOYTH MCYEpNHIBAIOWIM 00pasoM paccMOTPETD
Takue rJyGOKHe TEMbI, KaK TeOpHA CaydaHHbIX OJyxiauuit u Teopis
uenedl Mapkosa. O6wwas TeopHs C1y4adHbIX BE&IHYHH U HX pacrnpeje.e-
HHE BeposTHOCTeH, npele/bHBle TeopeMsl, TeopHs Inbdy3HOHHBIX
MPOIEccOB M HEKOTOPLIE APYrHe TEMbl OTJIOMKEHBI IO CJIENYIOWEro ToMa.

Dra KHMra He MOrJa 6ni GbiITh Hamicana 6e3 noafepxxu Hayuio-
HCCIefoBaTeIbcKoro  ynpasaenus Boenno-mopekux cain CHIA. Kak
OJIHO M3 CJeJCTBHH 3TOH MOANEPKKH BC3HHKJAH MOCTOSIHHBIE JIHYHBIE
kontaktel ¢ Jx. JI. Jly6om; ero XpHTHYECKHE 3aMeuaHus ¥ HEH3MEHHO
oNo6pHTENBHOE OTHOLIEHHe ObLTH HeoUeHHMMbl. EMY s BhIpaxaio cBoio
ocobyio 6aarofapHocTh, 3aTem s Gaarogapro Jx. Puopaana, KoTcpei
BHHMAaTeJbHO MPOYMTAJ ABA BapHaHTa PYKOMHCH. MHOrHe MOMPaBKH I
YCOBEPILIEHCTBOBAHHUA BLIIM MPEAI0KEHbl MOel KEHOH, KoTopas MNpouH-
Tala H PYKOMHCh, ¥ KOPPEKTYPY KHHIH.

AgTop 06s13an Takxe Uxyn Kaiiaio, M. louckepy u C. losnbepry,
KOTOPbIE MPOYMTANH DPYKOMHCh M HCOPABIIH HEKOTOpble HETOUHOCTH;
pelleHHs GOJBIIMHCTBA 3ajad ObLIH IMOATOTOBJIEHBI C. Tonnbeprom.
B aakmmouenue st 6naropapio K. Xoasenfax, KoTopasi TepnesHBO H HC-
KYCHO mepemeyaTana pyKonuch, a Takke E. Enpama, B. Xopdmana u
Jik. P. Kunnu 3a momowb mpH YTEHHH KODPEKTYP.

KOPHENICKMR YHHBEpCHTES Bunvam Pearep
Slupaps 1950 r.



KAK NOJIb3OBATLCA ITOHW KHUTOA 1)

B H3n0xeHHH MMEeTCst MHOTO OTCTYIJEHHH, H OHO HE BCErjaa MAeT oT
TIpOCTOrO K CJIOXHOMY; CPaBHHTE@JNbHO TPYJAHbIE ¢ $OpPManbHOH TOUKH
apeHHs pasjenbl BCTPEYaloTCs B CaMOM Hauaje, a COBCEM JIETKHE —
B ra. XV u XVII. Heuckyennslft yutatens OTHIOAb HE JOJKEH cJle-
IHTb 32 MHOTOYHC/ICHHBIMH TOGOYHLIMH JIHHHAMH, HHAYE OH 3a JlepeBhs-
MH He YBHAHMT Jieca. BBojHbIe 3aMeuaHHs K raBaM KHHTH H 3BE3JI0UKH,
KOTODBIMH I[IOMEYEHbl 3arOJIOBKH OTJENLHLIX mnaparpadoB, ROJKHEL
06/IerYHTL OPHEHTALHIO ¥ BhIGOD MPOMYCKAEMBIX YHTATENEM pPa3fe/oB.
He nomeuenHbie 3Be3JoukaMu pasjensl 06pasyloT eQHHOe nenoe, H
A/ MX MOHUMAaHHSI OCTa/bHLIE PA3JIE/bl HE HYXKHBI,

IlepBonauanbiioe BBEfEHIE B OCHOBHLIE [IOHATHS TEOPHH BEPOSITHO-
crei comepxutca B raasax I, V, VI, IX; nauunaiomemy caegyer
M3YYHTb UX C HaNMEHBIUMM BO3MOXHLIM YHCJAOM mponyckos. I'nasa II
npejHasHayeHa AJsl Pa3BHTHA Y UMTATE]s TEXHHUECKHX HABLIKOB H
BEPOSTHOCTHOH HHTYHIMH; HEKOTOPOE 3HAKOMCTBO C €€ COJIepXKaHH-
€M 2KeJ1aTe/bHO, HO HEeT HYX/bl H3yyaTh €e CHCTEMATHYECKH: IPeanoy-
THTE/bHEE, OLITh MOXKET, B Ja/bHelilieM BO3BPAIIATLCH K 3THM MPOCTHIM
WJIOCTpanUaM 1o Mepe HagoOGHocTH. JI/1s NepBOHAY&IbHOTO 03HAKOM-
JIEHHs1 C 3JIEMEHTapHOH TeopHei HempeprIBHLIX pacrnpejeneHdii Tpefy-
I0TCs1 JIMIIb BECbMA HEMHOTHE JOMNOJIHHTE/bHbIE pasbsacHeHus (cooTBer-
CTBYIOIM{T MaTepHa/l COAEpPHAT 3/1€MEHTApHbE IJjaBhl ToMa 2).

Bo BBogHoM Kypce moxHo oT ra. IX cpasy nepeitty x ra. XI, B
KOTOpo# npou3BoAsilde GYHKIHHE paccMaTpuBaiTcsa no obpasny Gosee
obwux npeobpasoBanuil. 3a ra. X fo/KHB caeoBaTh KakHe-l1HG0
npunoxenua u3 ra. XIII (pekyppenTHble coGbiTvs) uad u3 ra. XII
(uennble peakuuu, GearpaHuYHO AenuMele pacnpeaenenus). He ucnonb-
3ysl NOHATHS NPOH3BOAsAMIEH QYHKIMH, MOXHO ABMCaThCsl B OJHOM M3
CNEAYIOWMX HalpaBAeHHH: IIpe/lebHLIE TEOPEMR H Teopus GayKTyanuit
(ra. VIII, X, III); croxactuueckue nponeccut (ra. XVII); cayuaiineie
6nyxaanus (ra. 111 u ocHoBHas wacts ra. XIV). [aBel, nocBsIEHHBIE
KaXXIOMY M3 3THX HaNpPaBJEHHH, IOYTH HE3aBHCHMEI OfHA OT JApPYroH.
Xors Teopus uenefi Mapkosa (r.1. XV) onupaercs Ha NOHATHS H QaKThE
TEOPHH DEKYPPEHTHBIX COOLITHH, HO €€ MOXKHO M3yyaTh H HE3aBHCHMO,
€C/IH YUTATENDb MOXKeJaeT NPHHATL 6e3 JOKA3aTeNbCTBA OCHOBHYIO 3pro-
AHMUYECKYIO TEOopeMY.

Inapa III crouT B CcTOpOHE OT OcTaibHBIX raaB. Ee cofepikaHue
NpHBJIEKaTENLHO caMo Mo cefe, HO, KPOME TOro, OHa B BLICIIEH CTENEHH
[IoKa3aTe/lbHa C TOYKH B3pPEHHS HOBBIX B3IVISSA0B H HOBLIX METOJOB

———

1) BT0T pa3ges OTCYTCTBOBAT B ABYX NepBHIX aHLIMIICKHX H3JaHHAX (BO BTO-
POM anraniickom H3jaHHHM COOTBETCTBYIOWHE YKa3aHNA GLLIM BK/IIOYEHBl B TIPERH-,
GI0BHe aBTOpa),— ITpum. nepes,
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TeOpHH BepoaTHocreli. PesynbraTel, Kacawomuecs ¢ayKTyaudi, BO3HH=
KalollMX npu nocaefoBaTeNbHbIX 6POCAaHHAX MOHEThHI, AEMOHCTPHpPYIOT,
4TO INHPOKO pPACMpOCTPaHEHHBbIE NPEACTABJIEHHA O JAEHCTBMHM 3aKOHa
GoNbIIMX unces OOMAHUYHBBL. ITH pPe3yJbTaThl NOPA3HUTE/BHBI M PE3KO
pacxomATcd C OOHUYHBIMH NPEICTABJICHUAMH; AaXKe HCKYLIEHHEIE JIOAH
COMHEBAJICh B TOM, YTO MOHETHI B A€HCTBUTE/BLHOCTH BEAYT ce6f CTOJb
CHENPAaBHJILHO», KaK NpejcKa3biBaeT Teopus. FimeHHo mo3Tomy B § 6
BKJIIOYEHE Pe3yJbTaThl MOJAENHPOBaNnuA. ITa IJaBa pacCMaTpuBaeT
JHIIB TpocTelilylo cxeMy — 6pocaHHe MOHETHl, OAHAKO MOJYHEHHHE
BBIBOJLI TPE/ICTABUTENBHO OTDPAXKAIOT M 3HAYMTEJALHO GoJee OOLLYIO
CHUTYalHIO.

3Hak P> ykasbiBaeT Ha 3aBeplieHHe JOKa3aTeJbCTBa WJIM Ha KOHel
cepui TNPHMEPOB.

ABTOp HageeTcs, 4TO NOAPOGHEIA YKa3aTenb NMOMOMKET UMTATEJNIO COr-
JlacoBaTh NpPH paboTe C KHULOH pa3NHUYHLIE ee pa3fesbl.



BBEA EHHE NPMPONA TEOPHUU BEPOATHOCTEN

§ 1. MCXOAHBME NPEACTABJIEHHU I

Teopus BeposiTHOCTEl — MaTeMaTHyecKast RMCHMIJIMHA, POACTBEH=
Hasi TaKHM JHCIMIJIMHAM, KaK, HaIpMMEP, TEOMETPHSI WJIH TEOpeTH4es
CKas MeXaHWka. B KaxJo# aucHun/IMHe MBI JOJXHB 3a60THTbCS O pas-
JIMYEHHH TPEX CTOPOH TEOPHH: a) (OPMaJBHOTO JIOTHMYECKOTO COAEp-
¥aHus, 0) MHTYHTHBHHX INpeACTaBJeHHil, B) npujoxenuil. He pac-
CMaTpHBasi 3THX TPeX CTOPOH B MX B3aHMOCBSI3H, HeJb3sl NPABHJIBLHO
OLEHHTh OTJHYHTEJIbHBIE YEPThl TEOPHH B LEJIOM H €€ MpPUBJEKAaTe/]b-
HOCTb,

a. PopMaibHOE NOTHHECKOE COAEpKaAHHE

C TOYkH 3pEHHS aKCHOMATHHECKOTro NOAXOJa MaTeMaTHKa 3aHHMa-
€TCsl UCKJIOYHTENBHO COOTHOLIEHUSIMM MEXAY HEONpPEIeIAeMbIMH 00BbEK-
TaMH. DTy CTOPOHY J€Ja XOPOIUO MOSICHSIET MPUMEP HIPH B LIaXMaThl.
HeBo3MmOXHO «onpefenuThb» [1aXMaThl MHaye, KakK CGOpPMYJHpOBaB
CHCTEMY MPaBHJ UIpPbl. MOXHO [0 HEKOTOPOH CTENEHM OmHcaTh YCJOB-
HYlo OpMy (MIyp, HO He BCeria sicHO, HallpUMep, KakKasl H3 HHX sIBJf-
eTcst KoposieM. [IlaxmaTHast 1ocKa W (QUIypH NOJIE3HE!, HO MOXKHO 0GOH«
THCh H 6e3 BuX. CyTh JleJla COCTOUT B TOM, KaK XOAAT M AEHCTBYIOT (DM«
Fypbl, U OECCMBICIEHHO TOBOPHTb 06 «ONpeleJeHHH» HJH «HCTHHHOH
NpHpoJe’ TNEIIKH MJIH KOpOoJs.

AnanorHyHo 3TOMY TreoMeTpusi He GECNOKOHTCS O TOM, YeM «Ha
caMoM Jlesie» SIBJASIIOTCS TOYKM M npsmbie. OHH OCTaloTCs HEONpexesnse-
MBIMH TIOHATHSIMM, I @KCHOMBI T€OMETPHH JIMILIb YCTAaHABJIWBAIOT CBSI3U
MEXAY HHMMH: [B€ TOYKH ONpPENEISIOT MNPSMYIO M T. I. DTO «IpaBu/a
WIph», H B HUX HET HHYErO HENPHKOCHOBEHHOro, Pa3/inunbie reoMeTpHH
OCHOBaHbl Ha Pa3/JHYHBIX CHCTEMaX aKCHOM, M JIOTHYECKasi CTPYKTypa
Ka)XZIOH M3 HEEBKJ/IMAOBHIX reOMETpHH HE 3aBMCHT OT €€ OTHOIUEHHS K
ReAcTBHTENbHOCTH. MH3MKH MCCAENOBANH ABMMEHHE TeJ B IPEANoJo-
JKEHHH, YTO 3aKOH THATOTEHHS HMeeT (OpMY, OT/JMYHYIO OT OTKPHITOH
HeloToHOM, M Takoe M3yyeHHEe MMeeT CMBHIC, 1aXe €ClH CYHTATh, 4TO B
npupone geficteyer 3akoH Hblotona,

6. UnTynTHBHBE NpEACTaBJIEHHS

OTJIHYME OT IUAXMATHRIX NPaBHJ aKCHOME T€OMETPHH H Teope-
THYECKOH MEXaHMKH OMMPAIOTCH Ha WHTYHTHBHBIE NPELCTABJIEHHS.
B camom jJene, reoMeTpuueCcKash HHTYHIHMS CTOJb CHJIBHA, YTO CKJOHHA
orepexarhb Joru4eckoe paccyxaesne. Bonpoc o Tom o xakoft crenenu
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B3aHMO3aBUCHMEI JIOTHKA, HHTYULHs W dusuueckuil onbit,— 370 npob-
JieMa, B KOTOPYIO HaM He3aueM BHHKaTh. HeCcOMHEHHO, YTO HHTYHIHIO
MO>XKHO COBEepUIeHCTBOBaTh YNpaXKHEHHSIMM Ul pa3BiBaTh. Tepsrouwuiics
B 1IaXMAaTHOH MIpe HOBHYOK JE/aeT XOAbl OCTOPOXKHO, BCIOMHHAA OT-
JeJbHBIE NPaBHa, B TO BpeMs KaK ONBITHBIH HIPOK C OJHOTO B3rJsja
OlEHHMBAET CJAOXKHYIO MO3HIHIO H He MOXKET O0DLSICHHTbL CBOIO HHTYHIIHIO
pasyMHbIMH foBogaMH. IToNOGHEIM XKe ofpa30a 1 MaTeMaTHUecKast HHTYH-
II¥S pacTeT BMECTE C ONBITHOCTBIO, H MOXKIO PAa3BHTh, CKAXKeM, HHTYHTHB-
HOE BOCMpDHATHe COOTHOLIEHHI B YeTHPEXMEPHOM [POCTPAHCTBE.

Cosjaercst Bneuarsiellie, 4YTO H o0wias MHTYUIHST YeJIOBEYECTBA
ycuHBaercsi. HBIOTOHOBCKIE NOHATHS MOJS CHA H JeHcTBHA Ha pac-
CTOSIHHM, a TaKXKe MaKCBeJIJIOBCKAs Hesi 3TeKTPOMArHHTHBIX BOJIH CHa-
Yajla OTKPHITO OCYXKJaJUCh H CYHTAJHCh «HEBOOODA3HMBLIMH® H «NpO=
THBOpeyauMMH HHTYHLMH», CoBpeMeHHasi TeXHHKa H PaJHONpHEMHHKH
B jJoMax clejajy 3TH NOHATHS CTOMb PACNpPOCTPAHEHHBIMH, YTO OHH
CTaJIM YACThIO NOBCEIHEBHOrO C/10Bapsl. AHAIOTHYHO 3TOMY COBpEMEHHBIH
CTYZEHT He B COCTOSIHHM OLIEHHTh cnocobul paccyKAeHUIl, npeapaccyiKu
M Tpoyye TPYAHOCTH, C KOTOPhIMH MPHXOAHJIOCH BOpPOTLCS TEOPHH Be-
POSITHOCTEIl B NepPBOe BpEMsl €e CYIIECTBOBAHMA. B maim auu rasetsl
coof11a10T 0 BhIGOPOYHBIX obc/ieloBaHusIX OOIECTBEHHOIO MHEHHSA, U Ma-
CHSl CTATHCTHKH OXBATLIBAaeT BCE CTOPOHBLI JKH3HM B TaKO% CTeneHH,
YTO MOJIOZAbLIE JEBYIIKH CJEJAT 33 CTATHCTHKOM, OLEeHHBasi CBOHN WIAHCH
BoliiTH 3amyk. [TostoMy Kaxnaniit npnofperaeT HHTYUTHBHOE MpeACTaB«
JIeHHE O CMbICJ/Ie TAKHX YTBePKAEHHH, KaK «3a 3T0 coObITiie — TDH 1LaHca
M3 NATH», 3Ta HHTYHIHSA (XOTs ¥ pacn/blBYaTas) sBJASIETCS J0CTATOYHON
npeanochINKOR A/ nepBhiX waroB. Osa 6yler pa3BuBaThcsl N0 Mepe
H3YyUeHUs TEOPHH H O3HAKOMJIEHHS C HEKOTOPHLIMH BeCbMa HeNpOCThIMH
€e NPHJIOKEHHSIMH.

B. Ilpuaoxenuns

B npuioxkeHHsiX TeOMETPHH H TEOPETHYECKOR MeXaHHKH TEODeTHYe-
CKHe MOHATHA OTOXIECTBJSIIOTCH C HEKOTOPHIMH QH3HYECKHUMH OOBEKTa-
MH, HO crnoco6 3TOro OTOXKJIeCTBJeHHs THOOK W MeHsieTcsl OT cjyyast K
cJ1yyalio, TaK 4YTO HeJlb3s AaTh o0uiix npasuJ. [Tonstre TBepaoro tesa —
OZHO M3 OCHOBHBIX H MOJIE3HbIX MOHATHH TEOPETHYECKOH MeXaHHKH, H
BCe e HH OIMH (H3HYeCKHil 06BeKT He sBJsercs TBepAbiM. MOXKHO
JIM JIlaHHOE TEJI0 pacCMaTPHBATh KaK TBEpPJ0e, 3aBUCHUT OT OBCTOATE/bCTE
u TpefyeMoil TOUHOCTH NpUGIHKenus K JeHcTBUTeNbHOCTH. Pesuna ne
MOMXKeT OblThb [PHMEPOM TBEPIOTrO Tesa, OfHaKo, ofcyxias ABHKEHHE
aBTOMOGH/IA NO JbAY, yueOHUKI OOhIYHO PACCMaTPHBAIOT PE3HHOBBI
NOKPBLILKH KaK TBepioe Teso. B 3aBHcHMOCcTH OT Leseit TEOPHH MBI
MoOXKeM npeHeGperaTbh aTOMHOI CTPYKTYpOI BEIECTBA; Mbl MOXKEM TAKKE
paccmaTtpuBate Co/lHlIE TO KaK 1uap M3 HeNpPephlBHOTO BellecTBa, TO
KaK MaTepHa/lbHYIO TOUKY.

B npunoxennsx a6cTpaKTHBIE MOAE/H CJYKAT JHIUb OPYAHEM, H Of«
HO U TO Xe sBJeHHe, HabJ/I0jaeMOe ONbITHRIM TYTEM, NOTYT OMHCHIBATh
pas/inuible Mojiesn. Cnoco6 npumeHenus MAmeMamu4ecKux meoputl Ha
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06YCAOBAUBACIMCA KAKUMU-ALO0 3ApaHee CAONCUBIUMUCA MHEHUAMU, MO
HANPasAeHHoe K OnpefeieHHol Yerl Ymeiiue, 3a6ucauiee Om ONbUMHOCMU
4 mensroweecs gmecme ¢ Heii. Bnonne ymecten ¢u/ocodckuit aHaau3
aTOr0 YMEHM$, HO TAKOH aHAJH3 HAXOJHTCHA BHE 06J1acTH MaTeMaTHKH,
(M3UKH 1K cTaTHCTHKH. PHIOCOJICKOE PaCcCMOTPEHHE OCHOBAaHHH TEo-
pHuH BeposiTHocTeH JOJIXKHO 6bITbu OTJEJIEHO OT MaTEMa'I;H‘{EECKOf;l TEOPHH
BEPOSITHOCTEff M MAaTEeMaTHYECKOIl CTATHCTHKHM B TaKoH e mepe, Kak
paccMoTpeHHe HAlUHX HMHTYHTHBHHX INPEACTaBJEHHH O mpocTpaHCIBe
OTHessieTCs Tenepb OT TeOMETPHH.

§ 2. CIIOCOB M3JI0)XEHH A

Hcropus TeoprHn BeposiTHOCTER (11 MAaTEMaTHKH BOOGUIE) CBHIAETE/ b=
CTBYEeT O CTHMY/JHDYIOLIEM B3aUMOAEHCTBHH TEOPHH H €€ NpPUJIOKEHHI:
JIOCTHXKEHHSI TEOPHH OTKDBLIBAIOT HOBOE MOJIE MPHJOXKEHHH, a mpuJoxKe-
HHsI B CBOIWO OYepelb NPHBOAAT K HOBHIM IpofJjeMaM U MJOLOTBOPHO
BJIUSIOT Ha Hanpas/J€HHE HoCaleoBaHHil. B Hacrosee Bpems Teopuio
BeposiTHOCTEH NPHMEHSAIOT BO MHOTHMX JaJeKHX APyl OT Apyra ofJjacTsx,
M oflasi TeOpHsA AOJXKHA ObITh JOCTATOYHO FMGKOH, YTO6H! pa3paGoTaTh
cpeacTBa NMOAX0Ja KO MHOXECTBY pa3HOOGpa3HBIX npobsiem. Mul JoJK-
HBl NIPOTHBOCTOATE co6/a3Hy (KX KOTOPOMY NPHUCOENHHSIETCS JaBJeHHe
06CTOATENBCTB) Pa3paboTaTh TEOPHIO, TEPMIHOJIOTHIO H MATEMATHIECK I
annapar, CJAHIIKOM NPH6AHXKAA HX K KaKoH-aA1u60 oxuol yacTHOH ob.a-
CTH NPHJIOXKEHHHA. BMecTo 3TCro Mbl HamMepeHb! Pa3BHTD OBLLYIC TEOPHIO,
POJICTBEHHYIO TEM, KOTOPHIE IDKBEMH K ycreXy reoMeTPHIO U TeopeTHye-
CKYI0 MEXaNHKY.

Mu HayHear © NPOCTEAIINX OMNBITOB, TAKHX, KaK GpOCaHHE MOHETHE
MJIM HTPaJbHOH KOCTH, TA€ BCE YTBEPXKACHHMA HMEIOT OYEBMIHBIM HHTY-
KTHBHBIA CMbIC/I. DTH HHTYHTHBHBIC coo6paxeHust 6yAyT nepeBejeHHl Ha
fI3BIK HEKOTOPOH abCTPakTHOH MOJenH, Kotopas 6yner ofobuiatecs no-
CTeneHHo, lar 3a waroM. MiumocTpaTHBHElE pUMeps! 6Y1yT O6BACHATD
SMIIHDHYECKHE NMPEeINOCHIKH TEOPHH H DPa3BUBATbh HHTYHIIMIO YHTATENd,
HO caMa Teopusi OyIeT UMeTb MaTeMaTHYeCKUH Xapakrep. Mei 6ynem
ObITaThCsl OOBACHUTD «HCTHHHBI! CMbIC/» BeposiTHOCTEH He GoJiblue
geM coBpeMeHHbIH (H3HK OCTaHABIUBAETCA Ha ¢JiCTBUTEBHOM CMBICJIEY
MacChl 4 3HEPTHH 1M FeoMeTP 06bACHAeT NPUPOAY TOYKH. BMecTo 3TOrO
ME OyleM [0KasblBaTbh TOYHKIE TEOPEMB! H INPHBOAUTL NPHUMEPH HX
BpUMeHEHHS.

Hcropusi mokaselBaer, YTO NepBOHAYAJBHO TEOPHS BEPOATHOCTEH
Pa3BuBasach J1fl ONHCAHUsA OYeHb OTPAHHYEHHOrO KPyra OIBITOB, CBSi-
8aHHBIX C 23aPTHRIMH HMTPAMH, M OCHOBHEIE YCHJHs OBIJH HanpaBJeHhH
Ha BhIYHC/JEHHE ONpeJe/NeHHHX BeposiTHOCcTEH. B cooTBeTCTBHH € 3THM
M Mbl B HECKOJ/IBKHX MEPBBbIX [1aBaX BBIYHCJIHM HEKOTODBIE THIMYHbLIE
BeposaTHOCTH. [IpH 3TOM ClIe1yeT uMeTh B BHLy, YTO BOBCE HE OTHICKAHHE
BTHX YHCJIEHHBIX 3HA4YeHUH BEPOATHOCTeR sBJseTCA LENbo ofuiel Teo-
Puy. O6DBEKTOM mocyeHell ABASETCS pacKpHITHE OOMMX 328KOHOB M 3a-
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BHCHMOCTEH, a TaKXe€ nocTpoeHHe abCTPaKTHBIX Mopesell, KOTOpbie
MOTYT B YJOBJIETBOPHTEJLHOH CTENEHH ONHCHIBATL (PH3UUECKHE SABJIEHHSA,

BeposTHOCTH UrpalOT AJIS HAc Ty XK€ POJb, HTO H MACCHl B Teope-
THUYECKOH MEXAHHKE: MOXHO 006CYKAaTh ABHKEHHE MJIAHETHOH# CHCTEMBI,
He 3Has Macc OTAEJBLHBIX NJIAHET H HE pacCMarpHBas METONOB HX Joi-
CTBHTEJILHOrO M3MepeHHsl. MOXHO Takxke ¢ NoJb30H (A8 nposcHe-
HHS CYTH Aesa) H3yuaTh TMNOTETHYECKOE NBH2KEHHE HeECYILECTBYIoLe
NJIaHETHOH cHCTeMBl. TOYHO TaK XKe H BEPOAMHOCMHbE mO0eau Mo2ym
6bimb noaeaHbl 0asxe 8 mom caywae, Ko20a oxu onucsiéaiom 06veKmyt, KOmo-
pole He moeym Habaodamecs uau Ke 3acaysxcusarom Habarodenus. Hanpu-
Mep, MHJIJIHAPAbl JOJ/2POB BKJAABIBAIOT B PasBHTHE CHCTEM aBTOMAaTH-
yeckoi TesieoHHOM cBSI3U, IIpH 5TOM HCMOJB3YIOT NPOCTHIE BEPOATHOCT-
HbIE MOJEJH, NO3BOJSIOIME CPAaBHHBAThb pAasJHuYHbIE OCYLIECTBMMBIE
cucTeMul. Jlyulias B COOTBETCTBHHM ¢ 3TOIi TeOpHed cHCTeMa NpHHHMA-
ercsl, APYTHE e HUKoraa He GyAyT peasu30BaHbl. AHAJOTHYHO B CTpa-
XOBOM JieJle TEOPHIO BEPOSATHOCTEH HCNOJB3YIOT AJA MOJACYETA BEpOAT-
HOCTH pPa30PEHHs CTPaXxoBOH KoMnaHHH. Ha 3T0#l ocHOBE TeopHs aaeT
peKOMeHJaLHH, Kak H36eXaTb ONpEJE/EHHbIX HEXKEJATeJbHBIX CHTYya-
UMil, KOTOpbIE B pe3yJ/ibTaTe HHKOrAa He GyRyT Habsonathcs. Teopus
BeposTHOCTE 6bisia 6bl NEHCTBEHHOM H NOJE3HOH, Aaxe ecau Oblio Onl
HEJIETKO HAWTH XOTA OBl OOMH YHCJICHHHIl pe3yJbTarT.

§ 3. «<CTATHCTHYECKAS» BEPOSATHOCTDb

¥Ycenex coBpeMeHHOH MaTeMaTHYECKOH TeOPHH BEpOSITHOCTEH IIpH-
o6peTen cJjenyolel LUEHOMH: TEOPHs OF paHHYHBAETCA JIHLIL OQHOH cTo-
poHoBl ¢cayuaidHocTH». VIHTYWTHBHOE MOHSTHE BEPOSITHOCTH CBS3@HO
C MHAYKTHBHLIMH YMO3aKJ/IIOYEHHSIMH H CYXJEHHSMH BPOJE CJIEAYIOLIHKX
«[TaBes, BEPOATHO, CYACT/IUBLIH YEJIOBEK», ’BEPOATHO, 3Ta KHHra Oyner
HeyZlauHo#», erunote3a Pepma, BeposiTHO, oumbouna». CyxneHus
TAKOTO POJa HHTEPECHBI (uiocodaM M JIOTHKAM H SIBJSIOTCH TaKkKe
SaKOHHBIM OOBEKTOM MaTeMaTHyecKoi TeopuH ). Caenyer noayepKHyTh,
ORHAKO, 4TO MbI GyJleM HMETh JeJ0 He C MOAAJIbHOCTAMH HHLYKTHBHBIX
YMO3aKJIOUEHHH, @ C TeM, YTO MOXeT ObiTb Ha3BaHO (H3UUECKOH HJIM
cmamucmuueckoli 8epoamnocmsro. I'py6o roBopsi, Mbl MOXKeM OXapakre-
PH30BaTh 3TO NMOHSTHE, CKA3aB, YTO HAIUH BEPOATHOCTH OTHOCATCH HE K
MHEHHSM, @ K BO3MOXKHEIM HCXOAaM Mbicaumozo skcnepumenma. llpexne
yeM FOBOPHTE O BEPOSTHOCTAX, MBI JOJKHBI YCJIOBHTBCS HACUET HAEA/H=
3HPOBAHHOH MOJENHM paccMaTpUBAEeMOTO MBICJAMMOrO 3KCNIEPHMEHTA,
noxobHoro 6poCaHHIO MOHETHI, COCTABJEHHIO BBIOOPKH H3 COBOKYNHOCTH
KeHTypy, oGuTaioliX Ha JlyHe, HAGJIIOACHHIO ABHKEHHS HaCTHLBI NpH

1) Koopman B, O., The axioms and algebra of intuitive probability, Ann,
of Math., 41 (1940), 269—292; The bases of probability, Bull. AMS, 46 (1940),
763—774.

B kayecTBe COBpPEMEHHOTO Kypca, OCHOBAHHOTO HA NOHATHH CYGBEKTHBHLIX
peposiTHOCTeR, MOXHC pexoMenfoBaTh Savage L. J., The foundations of statistics;
New York; John Wiley, 1954,
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AHQOY3HH HJH [OACYETY YHCJ/Ia TeJedOHHbIX Bbi30BOB. C camoro Hayana
MBI JIOJ/DKHB! YCJIOBHTBCS O TOM, YTO NPEACTABJSAIT COO0H BO3MOXHLIE
HCXOJBI TAKOrO 3KCNIEPHMEHTA (X COBOKYNHOCTb GYAET HAIMM NPOCTPaH-
CTBOM 3JIEMEHTaPHBIX COOBITHI *)) H KakOBBl COOTBETCTBYIOIUME WM Be-
POSITHOCTH. DTO aHAJNOrHYHO OObIYHOMY 06pa3y AEHCTBHH B TeOpeTHye-
CKON MeXaHHMKe, KOrja BBOAAT BOOGpaXKaeMyi0 MOAE/b, BIJIKOYAIILYIO
JIB€, TPH MJIH CEMHAJLATh MaTePHAJIbHBIX TOYEK, H 3TH TOYKH JIHLIAIOTCS
CBOMX HHAMBHAYaJbHBIX CBOHCTB. [Iof06HbIM e 00pa3oM, aHaNH3HDY S
pe3yJ/IbTaThi 6POCAHHH MOHETEI B MIP€, Mbl OTBJIEKAEMCS OT HECYLIECTBEH-
HEIX YEPT PeasIbHOro ONBbITA H NPHHHMaeM B KayecTBe 06beKTa HallueH
TEOPHH TMOCJ/EJ0BATENLHOCTH CHMBOJIOB THNA «repl, repl, peruerka,
rep6,...». B Hale# cucteme Her MecTa IS IOTal0K O BEPOSITHOCTH TOTO,
yto 3aBTpa B3oiaer Cosnue. Ilpexae yem rOBOPHTL O TaKOH BEPOATHO-
CTH, MbI JOJKHB! GbLIH Gbl YCJAOBHTHCA O (MAeasH3HPOBAHHOMN) MOJEJH
OMbiT4, ONHCAHHE KOTOPOH MPEANOJIONKHTEJNbHO HAYHHANOCE OBl TaK!
«cTyyaiiHpiM 06pa3oM BLIOHpAETCs OAMH M3 OECKOHEYHOrO0 MHOXKeCTBa
MHpOB...». [/a Toro yto6bl MOCTPOHTb TaKYI0 MOAENb, He Tpebyercs
oco6oro BoOGpaXEHHSA, HO OHA NPEICTABJAETCH H HEMHTEPECHOH, H He-
3HAYHTEBLHOH,

AcTpoHoMel roBOpAT 06 M3MEPEHHH TeMmnepartypul B LeHTpe CoJsHlIa
WJH 0 nyTtewecTsdH Ha Cupuyc. OTH AEHCTBUA KaXYTCH HEBO3MOXHBI-
MH, M BCE-TAKM Pa3MbILJIEHHS O HUX He 6eccoaepxaresbHel. [lo Takum
e NPHYHHAM Mbl He OyJeM GeCNOKOHTBCS O TOM, BHINOJHHM MJIH HET
Hall MBIC/JMMBIH 3KCNEPHMEHT; Mbl 6yJeM aHAJ/M34poBaTh aGCTPaKTHBIE
Moeau. B riy6uHe Hamel AyH MBl COXpaHsgeM HHTYHTHBHOE HCTOJIKO-
BAHHE CMBIC/Ia BEPOATHOCTH, H 3TO HCTOJKOBAaHHE B Psijie NPHJIOMEHHH
npuobpeTaer U npakTHyeckoe 3Hauenue. Mul npedcmaganem cebe 3Kcne-
PHMMEHT, BHINOJHAEMBbIA OueHb MHoOro pa3. Cjeayer OXHAdTh, YTO CO-
GuiTHe, uMerolee cKaxkeM, peposiTHocTh 0,6, 6yaeT npoHCXOAUTh C Ya-
CTOTOH ILIECTBJAECAT CJAYYAEB H3 CTd. TO ONHCAHHE YMBILJIEHHO HEONpE-
IeJEHHO, HO OHO co3jderT 06pa3sHble WHTYMTHBHBIE INPEJACTABJIEHHA,
JIOCTATOYHHE [/ HEKOTOphIx GoJiee nmpocThIX npuJoxenuit. [lo mepe
Pa3BHTHSA H YCJIOXKHEHHS TEOPHH NPAKTHUECKOE HCTOJKOBAHHE BEPOSIT-
HOCTH M HHTYHTHBHOE NpeJcTaBJ/eHue O Hed GYAYT npHHHMath GoJsee
onpejeseHHble (OPMEI.

§ 4. PE3IOME

Mbl Gyzem MMETb AEJI0 C TEOPETHYECKMMH MOJE/AMH, B KOTOphie
BEPOATHOCTH BXOJAAT B KauecTBe CBOGOJHBIX NapaMeTpoB, NOAOGHO Mac-
CaM B TEOPETHYECKOH MeXaHHKe. 3TH MOJAEJH TNPHMEHAIOT MHOTUMH
cnocobamH, KOTOPHIE TAKXKE MOJABEPMKEHB! H3MEHEHHIO. YMEHHE [pHMe-
HATb TEOPDHIO M MHTYHMUMS pPa3BHBAIOTCS OJHOBPEMEHHO C pPa3BHTHEM
TEOPHH.

1) B OpHrHHAaJe sam le space, T. €, IIPOCTPAHCTBO, oGpaayeMoe BO3MOXHBIMU
pesysnbTatamu BuiGopku (cM. npumep ra. I, 2, r)). IogpoGuoe pasbAcuenHe Tep-

MHHOJIOrMKM MOXHO HalTH B ra. 20 xuuru KpaMep . MaremaTHueckue MeTOAM
CTaTucTuk, — 2-e u3g.— M,: Mup, 1975,— [Tpum. nepee.
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10 O6bIMHEIA NYTh, IPHHATHIA H B IPYTHX MATeMaTHYECKHX JHCLHII-
JIHHAX M OKa3aBIUMHCH NJIOAOTBODHEIM. HIKTO He npemsoxua Apyroro
NYTH, KOTOPHIH Mor Gbl B JOCTATOYHON Mepe YOBJIETBOPHTE 6C¢ Pa3HOOG-
pa3sHbIe HYKbl H NOTPeGHOCTH KaK pPacTYLIero OpraHii3aMa, Ha3nBaeMoro
TEOpHEH BEepOSITHOCTEH, TAK I IPHJOXKEHHII 3TOH TEOpHI.

MoxHO ceToBarth Ha TO, YTO HHTYHTHBHOE NOHHTHE BEPOSTHOCTH
HEeJOCTAaTOYHO /5 HaYYHOH TeopHil, HO 3TO HCTOPHYecKuil ¢axT.
B npumepe ra. 1, 6, 6) MuI Hceslenyem cayyaiiHoe pa3vielieH e YacTHIL 110
siuelikaM. COOTBETCTBYIOLIEE «ECTECTBEHHOE» DPaclpelesieHiie BEPOsTHO-
CTed MNpEACTaBJ/IAIOCh COBEPLIEHHO OYEBHAHBIM KaiXJIOMYy M IPHHH-~
manoch Ges xoJgebannil on3nkavu. OfHAKO 0KA3aJ0Ch, UTO (u3nYeCKHe
YACTHUBI He 00J1aJAI0T «3[PaBbIM CMBICJIOMY, H «ECTECTBEHHOE pacrpe-
JeJseHve BosbuMana npulLIOCh B OAHHX CJy4YasX 3aMeHHTh Ha pacrpe-
Jenenne Bo3de — Diiniutefina, a B Apyrux — Ha pacnpegeiedie Pep-
mn — Jlupaka. He cyuectBoBano HHKaKuX HHTYHTHBHBIX JOBOJOB,
nouemy GOTOHBI BEAYT ce6s HHAUE, YeM NPOTOHBI 1 IOYeMY YacTHIIbI 0GOK X
THIICB HE NOJYNHSIOTCA «anplOPHLIM® 3aKOHaM. Ecau Gul Tenepb u yaa-
JI0Ch 0BOCHOBATD 3TH (AKThI, TO 3TO CBIAETENBCTBORAJO Obl TOJMBLKO O TOM,
YTO MHTYHUHS pa3BHBaeTcs BmecTe ¢ Teopuell. Bo Bcaikom caydae, nae
AJIA TPHJIOKEHH I CyllecTBEHHBI ¢cBO60AA H THOKCCTh TEOPHH, H BbLI0 GhI
naryGHO# OIUHOKOH CKOBBLIBATD €€ CJIMIIKOM JKCCTKIMIl OF pAHHYEHII IMH.

YTBepxaa/i TaKXKe, YTO COBPEMEHHAS TEOPHSI BEPOSITHOCTEE CJIH Lii-
KOM abCTpakTHA Il cJHIIKOM ofwa, yToOb GhiTh node3noil. CTonn ke
BOHHCTBEHHbIH KDHK IOAHHMAJ/CS B CBOE BpEMf INPAKTHYECKH MbICJS-
IWMH JIIOAbMH IPOTHB MaKCBeJJIOBCKOIT TeopHH noss. Yrobsr onposepr-
HYTb 3TH JOBOAHI, JOCTATOYHO OblIO Obl YKA3aTh Ha HEOXHJAHHbLIE
HOBble IIDIIMEHEHHs, NosBHBIUHecs Osarofapsi abcTPakTHOH TeopHH
CJIy4aHHBIX NPOLECCOB HJIH HAa HOBblE JOCTHXXEHHS COBPEMEHHOH TeOpHH
¢GaykTyauud, KoTophble IpOTHBOpPEYAT HAIBHOM HHTYHIHH H NPHBOIAT K
NepecMOTPY HEKOTOPbIX NpakTHYecKHX pekomenjamuii. Onnako 3TOT
CHop mpocTo GecnoJie3eH: OCYAAaTh CJIILUKOM Jerko. Te Bellt, KOTOpbIe
CTalH CerofHs NpPaKTHYECKH BAXKHBIMH, elle BUepa NOPHUAJHCh Kak
HENpaKTHYHbIE, H TEOPHH, KOTOpble CTAaHYT NPAKTIYECKH BaXXKHBLIMH
3aBTpa, NPAKTHYeCKHe JIOAH CeroHsLIHero JHs Bcerfa OyAyT KAeAMUTD
H HasbplBaTb HHYEro He CTofAulled aOCTpAKTHOH HWrpoH.

§ 5. HCTOPUYECKHE 3AMEYAHUA

CTaTHCTHYECKH A WJH 3MIHPHYECKHH INOAXOA K BEPOSATHOCTH Obl1
pasBHT rJaBHbIM ofpasoM Puiuepod )  Musecom *). IlonsTue npoct-

1) ®umwep Pouang Dimnep (Fisher R. A.; 1890—1962) — anrnuiickuit CTaTH-
CTHK H FeHEeTHK, OJMH U3 OCHOBaTe/eidl MaTeMaTH4eCKOH CTaTHCTHKH K MaTeMaTHYeCKOH
nonyJsioHHOM renetuku. B pycckom nepesose uaiana xuura Puumep P. 3. Craru-
CTHUECKHe MeToul IJs ucceaejgosareseii.— M.: Crartuspar, 1958.— ITpux. nepes,

%) Musec Puxapa (von Mises R.; 1883—1953) -~ Hemeukuift MaTeMaTHK H MeXa-
HUK. OcHoBHLIE PaSoTHl OTHOCATCSL K TEOPHHU BepPOSITHOCTel, I'MIPOJHHAMHKE H IIpH-
KaagHoi Mexanuke, B 1933 r, amurpuposan u3 I'epmanny, ¢ 1939 r, xun s CIUA,—
Ilpum. nepea,
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paHCTBa SJIEMEHTaPHBIX coburtui ) WEeT OT Museca, S'rou NoHATHE
cAienano BO3MOXHBIM TOCTPOEHHEe CTPOroff MaremaTiyecko#f Teopun
BeposiTHOCTedl Ha OcHOBe Teopun Mephl. Takod nopxox passuBaics
mocTeneHHo B Teyewue 20-X TOJAOB MNOA BJIHSHHEM MHOTHX aBTODOB.
AKCHOMATHYeCKH# MOAXOA HA COBPEMEHHOM ypoBHe Gbin1 pa3spaborant
A. H. Koamoropossim #). Mul 6yaem cJjeoBaTh 5TOMY HaNpaBJeHHI,
XOTS TePMMH ¢AKCHOMAaTHYECKOE IMOCTPOEHHE», MOMET OblTh, 3BYUHT
C/IMILKOM TOPMECTBEHHO, #6O B 3TOM TOME Pedb WAET TOJALKO O MPOCTOLL
c/lydae JUCKPETHBIX BepOSITHOCTeEN.

—— e

') Hemeuxu#t tepmun Metkmalraum (npoctpanctBo merok). OchoBHOR Rypc
Muzeca Wahrscheinlichkeitsrechnung nossmics s 1931 r. OBxobiesHbI BapHaHT
(M3gansaii u gonoHEeHHbH Xunppoit Teiipuurep) ony6ianxosan B 1964 r. noy za3sa-
HeeM Mathematical theory of probabilily and statistics, New York, Academic

ress. Duiocopexne BICIAZE Mu3eca NONYYHJM HaMGOMILIIYIO M3BECTHOCTb GJIATO-
Rapsa ero Gonee paHuedl Xnure, uagaHHOHX B 1928 T. (nepecMotpersoe X. Tedipunrep
Rananue Probability, statistics and truth, London, Macmillan, 1957). [Umeercs
PYCCKHA nepeBoj u3ganua 1928 r.: Musec P. Beposthocts u crarucruxa / o pe-
llaxu’HeH H c npequcioBuem A. SI. Xunyuna.— M. — JL.: TU3, 1930.— [epes.]
OH oamoropos A. H., OcHosHHe nonarHst Teopuk BeposTHocTed.— M.— JI.:
b TH, 1936,— 2-¢ H3n.— M.: Hayxa, 1974; nepsonauanbhoe H3gauue — Grund-
egrifte der Wahrscheinlichkeitsrechnung, Berlin, Springer, 1933,



TNABA | MPOCTPAHCTBA DNEMEHTAPHbLIX
COBbLITUH

§ 1. SMOHPUYECKHE OCHOBAHRS

MaremaTtHyeckasi TeOpHs BEPOSTHOCTeH NPHODPETAET NPAKTHUECKYIO
[EHHOCTb ¥ HarJsHbIA CMBIC/ B CBSAI3H C TAKUMH AeHCTBHTENbHBIMH HJIH
MBIC/IHMBIMH OMbITAMH, Kak, Hamnpumep, OpocaHHe MOHeTHl CTO pa3,
6pocaHHe TpeX Hrpa/bHBIX KOCTeH, cllaya KOJOAbl KapT, CONOCTaBJAeHHE
JABYX KOJIOA KapT, HIpa B PYJETKY, Hab/oAeHHe NPOLOJ/KHTENbHOCTH
CYILECTBOBAHHSI PAJMOAKTHBHOIO aTOMa HJIH KH3HH YeslOBEKa, BHIGOP
HayJayy HEKOTODOH rpynnbl JoAel U MOACYET CPEd HHX YHCJIA JeBluek,
CKpelliBalHe JABYX COPTOB pacTeHHH H HabJofeHHe ()HOTHIIOB NMOTOM-
koB. Ciola ke OTHOCATCA TaKHe sBJIEHHs, KaK 0J HOBOPOXMIEHHBIX,
KoJIe0aHue YHC/IAa 3aHATHIX MEXAYrOpPOAHBIX JIMHHE Ha TeseOHHOM
CTaHUHH HJIH YHCJIa Tele)OHHBIX BBI3OBOB, HA/MMYHe CyYaiHbIX IIYMOB
B CHCTEMaX CBSI3H, pe3yJbTaThl BbIGOPOYHOrO KOHTPOJS KauecTBa Ipo-
MBILLJIEHHOH MPOAYKUHH, HENOCTOSHCTBO YaCTOThI HECYACTHLIX CJyuYaes,
a Takxe YHcJsa JBOHHBEIX 3Be3 Ha Pa3JHUHBIX yYacTKax Heba HJH [OJIOo
JKeHHS YacTHUs!l npu AWGdy3uu. [loka onHcaHHe BceX 3THX SIBJEHHH
JOBOJILHO HEONpENEICHHO, H UTOObl NpPHAATH TEOPHH TOUHBIR CMBICJ,
MBI JOJKHBl YCJIOBHUTbCS O TOM, UYTO MBI NOHHUMAEM IIOJ, 603MONCHOIMUL
UcXo0aMu PAccMampueaemoz0 Onbima uau HabrodeHus.

Ilpu GpocaHHH MOHeTHl He 06s3aTeNbHO Bhbinajaer repl HJH pelueT-
Ka; MOHETa MOXeT KyAa-HHOYAb 3aKaTHTbCA MJIH BCTaTk Ha peGpo.Tem
He MeHee Mbl YCJOBHMCSl PaccCMaTpHBaTh rep6 H peIETKY KaK eJHH-
CTBEHHO BO3MOKHbIE HCXOEI OPOCaHHs MOHETHL. DTO COrJallleHHE YIpo-
laeT TEOPHIO H He CKas3hiBAaeTcsl Ha BO3MOXKHOCTSAX €€ IPHMEHEeHHS,
Hneanusauns nojoGHOrO poja NMPOBOAMTCS MOCTOSIHHO. HeBosmoxHo
6e301IMO0YHO M3MEPHTb NMPOLOKHTENBHOCTb CYLIECTBOBAHHS KAaKOro-
JIM00 aTOMa HJIH BPeMsl XKH3HH KaKOro-/1160 JHIla; OLHAKO B TEOPETHYEC~
KHX HCCJIeNOBaHHAX Leaecoo6pasHO CYHTATh 3TH BEJIMYHHBI TOYHBIMH.
yHcaaMu. Ho npH 3TOM BO3HHKaeT BOMpPOC: KaKHE YHCJAa MOTYT U KaKH@
He MOTYT NPEACTaBJATb IPOAOIKHTENBHOCTb KH3HH YesioBeKa? Cy-
L1eCTBYET JIH MAKCHMaJbHbIi BO3pACT, CBEPX KOTOPOIO XKH3Hb HEBO3MOXK+
Ha, WK JJ15 BO3pacTOB BO3MOXKHBI JiioGble 3HAYeHHS1? MBI, KOHEUHO, He
pelnMcs ZONYCTHTb, YTO H€N0BEK MOMKeT JA0KHUTh Ao 1000 JjeT, H TeMm
He MeHee OOBIYHAs NPAKTHKA CTPAaXOBOrO Jelld He PHHHMAaeT HHKaKoi
TPaHHUBI 4151 TPOLOJKHTENBHOCTH JKH3HH. B cOOTBETCTBHE C (opmy.ias
MH, Ha KOTOPbIX OCHOBaHbl COBpeMeHHble TAaGJIH LBl CMEPTHOCTH, A0JIst JIi0-
nelt, poxuBatomuX 1o 1000 ner, nMeer BeJHUHHY NOpPsAAKA eQMHHUBI,
JesneHHOH Ha 1019°°,— uucna, HauMHalowerocs ¢ 1027 MHJJIHAPJOB HY-
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nefi. D10 yTBEpKAEHHE JIHLIEHO CMBIC/IA C TOUKH 3PEHHA GHOJIOTHH  HJIH
COLIMOJIOTHH, HO €CJI4 €r0 paccMaTpHBATh HCKJIIOUHTENBHO C TOUKH 3pe-
HHsl CTATHCTHKH, TO OHO He NPOTHBOPEUHT ONbITY. B Tedenne cToseTnsA
poMKaaeTCs MeHee YeM 101 jmromeit, M yTOOB! CTATHCTHYECKH 0T poseprny:;r};
NpHUBEJCHHOE BEHIle YTBEpX/ACHHE, norpeGoBasock Obl Gosiee yem 10
CTOMeTHH, YTO NpEBHIaeT BO3PaCT 3eMHOro wWwapa Gosee uem B
10" pas. OueBHAHO, CTO/b HCKJIOYHTEJbHO MaJlble BEPOSTHOCTH
COBMECTHMEI ¢ HALIWM IPEeJCTABJEHHEM O HeBO3MOXKHOCTH. MOXKHO GbLIO
6Bl OAYMATh, UTO HX YNoTpeG/eHHe ABJISETCS NOJHbIM abcy pAOM; B AeH-
CTBUTE/JBHOCTH OHO COBEpIUEHHO Ge3BPENHO H NPHBOAMT K YINPOUIEHHIO
MHorux ¢opmyJi. Kpome Toro, ecsm Gbl Mbl PELIHJIH BCEPbE3 HCKJIIOUHTD
BO3MOKHOCTb JOXKHTb A0 1000 JeT, TO MBI JOJIKHBI ObIIH Obl JONYCTHTD
CYLIECTBOBAHME MAKCHMAJIBHOTO Bo3pacTa. A MpaBo e, NpeAnoJoxe-
HHE, YTO MOXHO JOMXHTb JO X JIeT, HO HeJb3sl IPOXKHTb X JIeT H JBe
CEKYH/bl CTOJIb 2K€ HelpPHBJEKaTebHO, KaK H IpelCcTaBjeHHe 00 OTCYyT-
CTBHH TDaHHUBl /8 NPOAO/KHTEJILHOCTH XKH3HH.

- JhoBass teopus o6si3aTe/bHO NpeANoJaraeT HEKOTOPYIO HAeasH3a-
1Mo, Mbl HauHHaeM ee ¢ BO3MOXKHBIX HCXOJIOB «ONbITa» HJH «HabJmoze-
HuA». Ec/iH MBI XOTHM NOCTPOHTb aGCTPAKTHYIO MOZEJNb OMNbITAa, TO MBE
JOJDKHBEL CHAa4asla YCTaHOBHTb, YTO IPEJCTAaBJIAIOT COGOH BO3MOXKHBIE
HCXOARl HJleaJiM3HPOBAHHOTO ONbITA.

Jaia enMHCTBA TEPMHUHOJIOTMH PE3YJ/ITAThl ONBITOB MJIH HAG/IOAEHH
6yayT HasbiBaThca cobvimuamu. Tax Mbl 6ylJeM IOBOPHTb O COGHITHH,
KOTOPOE COCTOMT B TOM, YTO M3 NATH GPOLUEHHbIX MOHeET GoJslee TpexX Bbl-
namu rep6oM BBepX. AHAJIOTHYHO «3KCIEPHMEHT», COCTOSIIHN B cjlade
KapT AAs Urpbl B OPHAX !), MOKET HMETh CBOHM Pe3YJIbTATOM «COOLITHEY,
saKJouaoLieecss B TOM, 4To Hrpok «CeBep» mosyuus jaBa Tysa. Cocrtas
BHIGOpPKH («cpear BhIGpaHHBIX 85 smozeil — ABoe JeBlIei») H pesybTarT
HaMepenus («remreparypa 120%, «ceMb MEXAYropoiHBIX JMHHH CBO-
GonHbl») GYAYT TaKXe HAas3LIBATbCA COOBLITHAMH.

Mzl GyneM pasnu4aTh cocmasHble (UM Pa3oKUMble) COOBITHS H 9.e-
MeHmapHole (MJH HepasJoXuMble) cobuitisa. Hanpumep, ckasats, urto
CyMMa O4YKOB, BbINABIUIMX OpH GPOCaHHH ABYX HrpajbHBIX KOCTei,
PaBHa 1iecTH, BCe PAaBHO YTO CKa3aTb, YTO NMPOH30LLI0 cobkiTHE «(1, 5),
HIH (2, 4), nm (3, 3), uan (4, 2), uan (5, 1)», 1 310 nepeyHcseHHe pas-
Jlaraer COGEITHE «CyMMa OYKOB paBHA LUECTH» Ha MSTb 3JeMEHTAPHBIX
COOBITHH. AHAJIOrHYHO 3TOMY COGBITHE BLINAJH JiBe rpaHy C HeyeTHBIM
‘UCJIOM OYKOB» jonyckaer pasnoxenue «(1, 1), wn (1, 3), umi . .,

1
52 Ka)pfﬂlf:fgﬁzluue 6pudxca u noxepa. Konosa Kapt aas HIpbl B OPHIK COCTOHT H3
ok baaimqmog € ACNATCA Ha HeTbipe paBHble rpynmbl 0o Mactd. Kaprbt Kampol Ma-
pot, 1y5). 4 10 3Hayenuio. Vimeerca 13 snauenud (2, 3, . . ., 10, Baxer, 1ama, Ko-
Hac-n’q A K-pace::lpe MacTH HasblBalOTCH: NHKH, Tpedbl, 4epBbl H 6y6HLI. [IBe noc/aeaHHe
norRmT nmlle,ﬂuse nepBble — yepHble. KapThl 04HOrO 3HaYeHHA Ha3bBIBAKT OfI-
KOTOpEIX Wt 6y11eMac HIpa B OpH/K 03HAYaeT cllayy KOJMOALI KapT YeThlpeM HIpOKaM
Havary No% Hasbiath «Cesepy, «IOm, «Bocrok» u «3anam u aas kparkocts
» S, E, W [nepsble 6ykput cos North, South, East, West.— [Iepes.])

no 13 xa T
Kononu PT KaXjomy. Hrpa B NIOKep O3HAuaeT HO ONpeaeselHIO BEIGOP MATH KapT H3
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very 1M (D, D)» Ha IEBATH 3/IEMEHTAPHBIX COOBBITHH. 3aMeTHM, YTO eCJH
B pe3yJibTaTe Haliero 3KCNepuMenTa Mul nosyuna (3, 3), To 00Hu u me e
6pocatius npHBeIH H K COOBITHIO «CyMMa OYKOB DaBHA ILECTH®, U K CO-
6LITHIO «BHINAJH JBE TPAHH C HEYETHBIM YHCJIOM OYKOBS. ITH COBRITHSA
He SIBJISIOTCS B3aMMHO MCKJKOYAOUIMMH H MO3TOMY MOTYT IPOHUCXOJIHTh
OJHOBpeMCHHO. B KauecTse BTOpPOro npuMepa pacCMOTPHM BO3pacT
yenosexa. Kam/oe YacTHOe 3HAY€HHE X MPEICTABJSET S4CMEHMAPHOE
coBbITHE, TOrJa Kak yTBEPAIEHHE O TOM, YTO JAHIOMY YEJIOBEKY NOLies
ILeCTOH JecSATOK, OMIICHIBAET cocTaBHoe cobriTie «5) << x << 60». HMrak,
KaxJoe COCTaBHOE COOLITHE MOXKET GhITh Da3JIOMKEHO Ha 3JeMEHTaplse
coBLITHH; MHAYE TOBOPS, COCTABHOE COBLITHE €CTh COBOKYIIHOCMb JAEMEH-
mapnstx cobeimull.

EcJsiM MBI XOTHM T'OBOPHTB 06 «ONbITaX» U ¢HabJIONEHUAXY B pavKax
Haluei Teoplld ¥ 6e3 KakuX Obl TO HU OBLIO HESICHOCTEH, TO MBI JOJIKHBI
IIpeXzie BCEro YCJOBHTHCS, KAKOBBEI 3JIEMEHTAPHHIE (HEPa3JoXKKMble
nanee) coOBITHSA, NPeACTaBJSOUHE COBOH MBIC/HMbIE HCXOALI ONMBITA HJIH
Hab/IoNeHU s1; OHU onpedeasom uOeaau3uposanHsit onsim (3aMeTHM, 4TO
TEPMHH «3JIEMEHTapHOE (MJIH HEPas3JIoXHMOe) COOLITHE® OCTAETCs CTOJb
e HEeONpeesIEHHBIM, YTO M TEPMHHBI «TOUKA» HJIH «IpsIMasi» B reoMer-
puu). Ilo onpenenenuio xKaxdvid Hepasaoncumvll ucxod (uearusuposar-
Ho20) oneima npedcmagafemcs OOHUM U IMOALKO OOHUM SAEMEHMAPHbIM
cobvimiiem. COBOKYIHOCTD BCEX 3JIEMEHTAPHBIX COOLITHH 6yleM Ha3bIBATh
npocmpancmeom saemenmaproly cobeimut '), a caMi 3JIeMEHTapHBIE CO-
6RITHS — moYKaMU 3TOro NpocTpaHcTBa. Bce cobbiTHSA, CBS3aHHBIE C
JAaHHGBIM  (d4/lea/IM3M POBAHHBIM) OIBITOM, MOTYT OBITh ONHCAHEL K&k
COBOKYIHOCTH 3JIEMEHTaPHBIX COOBITHH,

[Tpexze yem (opMannH30BaTh 3TO OCHOBHOE COrJauIeHHE, Mbl 0(cCy-
JIMM HECKOJLKO THIIHYHBIX NPHMEPOB, KOTOphle OYAYT HIpaTth onpene-
JIEHHYI0 POJb H B JaJbHeHiueM.

§ 2. IPHMEPDI

a) Pasmewenue mpex wapos no mpem awuxam. Tabn. 1 copepxut
Bce BO3MOXKHEIE HCXOJBI «OIBIT@», COCTOSLIETO B PA3MEIICHHH TpeX Lia-
pOB IO TpeM SILIHKaM,

Kaxnoe ¥3 3THX pa3sMelleHHil NPEICTAB/ISET HEePa3JIOKIMBIH HCXOA
BKCIIEDHMEHTa, T. €. 3JeMeHTapHoe cobbrtve. Cobumiie A «cyllecTByer
SIIKK, CONEepKall{i He MeHee JBYX LIAPOB», MPOHCXOMUT NPH pasMele-
HUSIX C HOMepaM# 1—21, u Mbl BeIpaXkaeM 3T0, TOBOPS, 4To COOmITHE A
eCTh MHOMKECTBO 3JIeMeHTapHEX cobbitvit 1—21., Amnanoruyso 3tomy
cobbiTHe B «nepBbfl AMK He NYCT» MOXKHO ONHCATh KaK MHOXCCTBO TO-
gex (3J1eMeHTapHEIX cobbituil) 1, 4—15, 22—27, Coberrue C «rponso-
o 1 A, ¥ B» ecTh MHOXKECTBO, COCTOsLIEE U3 TPHHAALATH 3J1€MEHTap-
Hbix cobertait (1, 4—15). Ilpu BuiGpannbix A ¥ B oxasbiBaercsi, 4TO
Kax1as H3 27 TOUeK NPHHAAJERUT UK A, WM B (WM OIHOBpPEMEHHO

}) Cm, npumeuanue Ha c, 2l,— [Tpus, nepes,
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: Tabauya 1
1. {abc] —|—} 10, {a | bc|—} 19. {—[a | bc}
2. {— |abc| — } 1. { b lac|—} 20. {—| b la c}
3. {— | — |abc} 12. { clab | —} 21. {—| clab}
4. {ab | c[—} 13. {a | —{ bec} 22. {a | 6| ¢}
5.{aclb|—} 14, { b | —|a ¢} 23. {a | | b}
6. { bcla | —} 15. { ¢]—lab} 24. { b la | ¢}
7. {ab | —1 ¢} 16. {—lab | c} 25. { b cla }
8. {ac|—| b} 17. {—lac| b} 26. { cla | b}
9, { be] —1a } 18, {— 1 bcla } 27, { ¢/ bla }

S

u A, u B); nostomy coGriTHe «npoH3souwio uaM A, uaH B, uin onHospe-
menHo B A ¥ B» coBnajaer co BceM IPOCTPaHCTBOM 3JIEMEHTAPHBIX
cOGHTH# H NPOUCXOAHMT ¢ abCOMOTHON JocToBepHOcThiO. CobbitHe D «A
He IPOHM30LUJIO» COCTOMT M3 Touek 22—27 ¥ MoxeT ObITb ONKCAHO YCJIO-
BYeM, 4TO HET NYCThIX swrKoB. Hakonel, coObITHE «nepBbll AWMK NYCT,
M He CYLIECTBYeT SILMKA, cojepkaulero 6osee 0AHOTO L1apa», HEBO3MOXK=
HO (He MOXKeT NPOH30MATH), TAK KaK HE CYLUIECTBYET 3JIeMEeHTaPHBIX COOhI-
THH, YAOBJIETBOPSIOWMX 3THM YCJOBHSM.

6) Pasmewenue r wapos no n auuxam. Bonee obumit cayyait pasme-
UEHHS 7 LIAPOB MO £ SIUMKAM MoXeT ObITb PacCMOTPEH aHANOTHYHBIM
00pa3oM, OAHAKO YHCJO BO3MOXHBIX HMCXOMOB 3KcrnepHMeHTa OhicTpo
BO3pacTaer ¢ poctoM 7 ¥ n. [na r=3 mapoB U n=4 SLWHKKOB COOTBET-
CTBYlOUIEE IIPOCTPAHCTBO 3JIEMEHTADHBIX COOGBITHH COCTOMT YXK€ H3
81 Touku, a ang r=n=10 370 uncJso Touek pasHo 10'?; nonHag Tabauua
3aHsAna Obl NpPUMEPHO CTO THICSY OOJBIIHX TOMOB.

Mgt BoconbayeMcst IpEMepoM, YTOGE! Pa3bSCHHTD TOT BaXHuIH dakT,
YTO NIPHPOAA 1POCTPAHCTBA 3JIEMEHTAPHBIX COOBITHH HE HIDaeT POJH ANA
Hauwed TeopuH. /s HAC 3TO NPOCTPAHCTBO (BMECTE C 3aJaHHLIM Ha HEM
pacnpefesleHHeM BEPOSITHOCTEH) onpedeasem HWAeaNH3HPOBAHHBIH 3K-
crnepuMeHT. MEl nosb3yemcs 06pa3HbIM SI3BIKOM LIAPOB M SILIKKOB, HO TO
e camoe NMPOCTPAHCTBO AONyCKaeT GOJbIIOE YHCJIO HHTEPNpeTaunuil.
YT06bi NOSACHKTL HALy TOYKY 3PEHHs, @ TAKXKe A5 yAo6cTBa AalbHe-
LIMX CCBIIOK Mot npusedem pad cXem, BHEUIHE 6ECOMA PA3AUMHLIX, HO NO
CYUECMBY IKBUBANCHMHLIX AOCMPAKINHOL CXeME PASMELERUA T LUAP08 NO
N RWUKAM 8 MOM CMbICAE, YMO COOMBEMCMBYIOUiUe UCXo0bl OMAUYAIOMCA
AuwWs crogecHuIM ux onucarues. BeposITHOCTH, NPHIMChIBAEMble 3Je-
MEHTapHLIM COOGLITHSIM, MOT'YT NPH 3TOM OBITH Pa3JIMYHBIMH B Pa3/IMYHLIX
NIpuMepax, ¥ sta ctopoHa jena Oyner obcy»aaThcst BIOCJEACTBHH.

(6.1) JHu poscdenus. Pacnpenenenue Aueidl DOXSAEHHS 7 YEJOBEK
COOTBETCTBYeT pasMelleHHI0 7 WapoB no n=365 swmukam (noJaraeM,
410 B ropy 365 aueit).

(6.2) Hecuacmuuie cayuau. Pasfenenne secuacTHBIX C/Iy4YaeB Ha Ipyl-
T 10 [HAM HeNesH, B KOTOPBIE OHH NPOMCXOAST, PABHOCHJLHO pa3Me-
WeHHIO 7 wapoB no n=7 swMKaM.
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(6.3) lipu cmpessbe no n MUIIEHAM NYJH COOTBETCTBYIOT luapam,
MHIIEHH — SILIKAM.

(6.4) Bubopouroe obcaedosarue. TlycTh rpynna u3 r uenosek pasbu-
BAeTCS Ha KJIACCHI, CKaXXeM, N0 BO3PacTy HMJH no npodeccuu. Kuaaccel
HIpaioT poJsib HUMKOB, JIOAH — LIAPOB.

(6.5) Obayuenue 8 buonceuu. Koraa ceruarka rsia3a nojsepraercs
BO3JICHCTBHIO CBETA, KBAHTH CBET@ MIPalOT pOJb LHAPOB, a KJETKH
CEeTYaTKH COOTBETCTBYIOT fAIIMKaM. AHaJOrHYHO NPH UCCJEAOBAHHH rele-
THYecKoro 3dxpeKkta oO/yYeHHS] XPOMOCOMBI COOTBETCTBYIOT SILUIIKaM, a
O-4acTHIBl — IuapaM ?).

(6.6) Ilpu sxcnepumenmax ¢ KOCMUMECKUMU AYy4aMu YACTHLBI, noma-
Jaiollie B ceTYMKH ['efirepa, HrpaloT posb IIAPOB, @ CAMH CYUETUHKH —
SILIM KOB.

(6.7) JTugpm oTnpaBnsieTcs C r naccaXXupaMM M OCTaHaBJIIBAETCS Ha
n staxax. Pacnpesesienre naccakupoB N0 rpynnaM B 3aBHCHMOCTH OT
3Taxa, Ha KOTOPOM OHH BBIHAYT, COOTBETCTBYET PasMELIEHHIO 7 LIaPOB
Mo n AUMKaM.

(6.8) Hepa 6 kocmu. Bo3MOXKHOMY HCXOLY 3KCIIEPHMEHTA, COCTOSA-
ero B 6pOCaHMH 7 UTPaJbHBIX KOCTEH, COOTBETCTBYET pacrpeje/ieHue 7
mapoB no n==6 sumxkaMm. Ecau Opocaiom MoHemst, TO HMEIOT A0 C
n=2,

(6.9) Cayuaiineie yuppe. Kaxnolt noc/eloBaTeJbHOCTH H3 7 CJy-
9aiHbBIX 1HQP COOTBETCTBYET pasMelleHHe 7 IUapoB (AeCATHYHLIX pas3ps-
JoB) no n=10 smmukam c Homepamu 0, 1, 2, ..., 9.

(6.10) Pacnpedeacrue r ueaosex no npu3naxy noaa. B sToMm ciayuae
HMeeTcs n=2 sAUMKa ¥ r LUapOB.

6. 11) Cobupatue xynoros ). Pa3nnynpie THNOLI KYNOHOB COOTBET-
CTBYIOT fIIMKaM, Bce cOOpaHHHE KYINOHBI — lIApaM.

(6.12). PacnpeQererue my3o8 mexcOy uepokamu npu uzpe 6 Opudsc.
YeTplpe HIrpoKa COOTBETCTBYIOT YEThIPEM SILIMKaM, YETbIpe Ty3a —
fuapaM.

(6.13) Pacnpedeseriue 2enos. KaXIbii NOTOMOK HEKOTOPO# ocobH
(ues10BEKA, XKHUBOTHOTO HJIM PACTEHHH) HACJEAYEeT ONpeAe/eHHbIE eHb
ponutens. Ec/qM HEKOTOpBIH reH MOXET HAXOAMTbCA B ONHOH H3 7
¢opm Aj, ..., A, TO TIOTOMKOB MOXHO KJaccH(HIMpoBaTh no gopmam
AanHoro rexa. IToToMKH 0COOM COOTBETCTBYIOT IuapaM, TeHOTHNH Ay, . . .
ve., Ap — ALIMKEM.

(6.14) Xumuueckue peaxyuu. llpeanoJioXHM, YTO MOJIEKYJISIDHEIE
LENOYKH HEKOTOPOro NoJIMMepa B3anMofieficTBYIOT ¢ KucjopofoM. Kax-
Jias lenoyka MoxeT npopearHpoBatb ¢ 0, 1, 2, ... Mojekynamu

1) 31ech (kaK ¥ B APYTHX NpHMepax, CBA3aHHHIX ¢ TEHETHKOH) HCNOJIb3yercs Tep-
MHHOJIOTHSA, NpHHATas B KHure MionTuuar A. lenernka. O6uias W NpHKIagHas.—
M.: Mup, 1967.— Ilpum. nepes.

) [Toj KyNOHOM 3/eCb NOHHMaeTcs TOPTOBbIA APJLIK, (HPMeHHas o6epTKa,
STHKETKA HJIM aHAJOTHYHOE CBH/ETesLCTBO CAETaHHOH MOKYnKH. Hexotopoe konnye-
©TBO cOBPAaHHLIX KYNOHOB JA€T MPAaBO HA H3BECTHHE JbrOTH NPH NPHOGPETEHHH TO-
BapoB.— Ilpum, nepes,
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xucaoposa. Pearupyrolliue MONEKYIEI KHCJIOPOAA HIDAIOT POJIb IapoB,
a UENOYKH NMONHMEpa — POJib ALMKOB, B KOTOPHIX Da3sMelllaioT Iaphl.

(6.18) Teopus csemouyecmsumensusix mamepuaaos. dotorpacduuecs
Kasg NJaCTHHKA MOKPHITA CJIOEM CBETOYYBCTBHTENBHBIX 3€peH, MpHyeMm
KaXJl0e 3epDHO pearupyeT, €CJIH B Hero yaapseTcs onpefleleHHOe THCJO 7
kBaHToB. [lns Teopuu gepro-Geno#l dororpaduu BaxKHO 3HATH YHCIO
npopearipoBaBIMX 3epeH (T. €. TeX, B KOTOpBIE MOMNAan0 7 KBAaHTOB).
B 3TOM ciyyae Mbl MOJydYaeM THNHYHYIO 334ayy O pasMeLleHHH, rje
8€pHA 3MYJIbCHH COOTBETCTBYIOT FAIIMKaM, a KBAHThl CBETAa — LIApaM.
(B nefcTBHTENBHOCTH JAen0 OGCTOHT CJIOXKHEE, TaK KaK MJaCTHHKA
O6bIYHO OhIBaeT MOKPBITA 3€pHAMH pPa3/IMUHOH YYBCTBHTENbLHOCTH.)

(6.16) Onewamku. Bo3MOXHEIE pacnpefesieHUsl 7 ONeYaToOK B KHHTE,
cojepxauieil n CTpaHHL, COOTBETCTBYIOT pa3sMELIEHHSM 7 IIapoB Mo 7
ALHKAM, €C/IH TONBKO 7 MEHbIUE, YeM YHCJIO MeYaTHHX 3HAKOB Ha CTpa-
HHIIE,

B) Cayuai Hepasiuuumerx wapos. BepHeMcs K npuMmepy a) H npei-
NOJIOXXHM Tenepb, YTO BCE TPH Wapa OAUHAKOBBEI. ITO 03HAYEET, YTO MK
Goblue ne fenaeM pa3NMUHA MEX]Y TAKHMH pasMeIleHHAMH, Kak 4, 5,
6 u 1. n. B sTom cnyuae Ta6n. 1 cBoauTes K Tabn. 2, Kotopas onpene-
JIIeT HOBOE IPOCTPAHCTBO 3JIEMEHTAPHBIX COObITHH. COOTBETCTBYIOLIHIA
MBIC/IHMBIA 3KCNIePHMEHT Mbl HAa30BEM DA3MEUEHUCM MPeX HEePASAUMUMBLY
Wapos no mpem AWUKAM. AHANOTHYHBIE PAcCYyKIAEHHA NMPHMEHHMBI H K
fioslee O6LIeMy CNy4aio 7 INAPOB H 1 SILIMKOB.

Tabauya 2
Lo {s9w) — | —} 6. {# |#x]—)
20 (= [d%s] — 1} 7. { % |—]+=}
3, {— | — I%ua} 8, {—]#s| =}
4. [xx | % |~} 9. {—| #|#x}
B. {#% | —] =} 10, {»] * #}.

Pasauvumer 2u wapbe Ha camom Oeae, 045 Hawed meopuu Hecyuecm-
serino. Ecnu 3TO Jaxe U Tak, Mbl MOXKEM YCJIOBHTECH CUMTATh HX Hepas-
suunMeivi. Tyabi B 6puioke [npumep (6.12)] nau monn B nmudre [npumep
(6.7)], KoHEYHO, pa3/MUMMBEI, H TEM HE MEHEE yacTo NpeAnoYT:TeNbHEe
CUMTaTh HX Hepa3nuuuMeIMH. Hrpanbeeie KocTd B npumepe (6.8) MoxKHO
OKPacHTh M CAE]aTh HX TEM CAMBIM Pa3NHUHMEIMH, HO BHOEpEM JIH Mkl
NpH pewleHHH KaKoH-nHGO AaHHOH 3ajaud CXeMy C PasJTMUMMLIMH HJH
CXeMy ¢ Hepas/HYMMBIMH IUApaMH, ONpefeNsieTcs MOCTaBJEHHRIMH
UeJISIMH M JOCTHr3€MbIMH NpDEHMYINECTBAMH. XapaKTep 3ajaud MOXKeT
fipennucartb onpeAeNneHHu# BHIOOp, HO B MOOOM C/yyae Hally TEOPHIO
MOXHO pa3sBiBaTR TONBKO MOC/TE TOTO KaK COOTBETCTBYIOWAH MOAENb
BuGpana, T. e. moc/e TOO KaK ONpPENe]EHO NpOCTPAHCTBO 3/1EMEHTAp-
HNX cOOBITHIA,



30 Ta. 1. [Ipocmparcmea siemenmaprbix coboimnuid

B npuBeseHHOM Bbillle MpPHMEpPE Mbl PaccMaTpHBaiM HepPa3JHYHMbIE
mapsl, HO B Tab.1. 2 ellle pa3nMyaloTcs NepBblil, BTOPOH M TPeTHH AILLKKH,
H UX NOPANOK CYILECTBEH. Mbl MOXXEM NOMHTH elne Aasblle § CYHTATD, YTO
Jaxke SIIMKHM HepasJHuHMbl (Hanmpumep, SLIMKH MOXKHO BbIGHpaTh Ha-
yAauy He3aBHCHMO OT HX cojepxumoro). Ecam H Wapel, H SAHHKH
Hepa3/MMYHMBl, TO BO3MOXHEL TOJbKO TPH Da3MellleHHsi, & UMEHHO

{mew|—|—}  Afssx]—}  {s]x]s}.

r) Bebopouroe obcredosariue. T1peanonoxum, 4TO C LENbIO OLUEHHTL
yycso Kypsumnx Boibpana rpynna B 100 yenosek. IIpir aTom eaMHCTBEH-
HOE HHTEpeCylollee Hac CBOMCTBO AaHHOH BEIOOPKH — QHCJIO X KYPSLIKX;
OHO MOXeT ObiTh paBHO JoGomy Lesomy uucay ot 0 no 100. B stom
cJyuae MBI MOXKEM TNPHHATh, YTO Hallle NPOCTPAHCTBO JIEMEHTADHBIX
co6uITHi coctont M3 101 «roukm» x=0, 1, ..., 100. Hror xaxnoil
OTAEeNbHON BHIGOPKH (MM HaOMOAEHH ) NOJHOCTBIO ONMHCHIBACTCSH 3aja-
HHEM COOTBETCTBYIoMeH ToukK X. [TpuMepoM COCTaBHOrO COOBITHS MOXKET
CIYXHTb CJefyiolmee: «GOJbIWHMHCTBO JIOAEH B AaHHOH BhIOOpKE —
KypswMe», TO 03HAUaeT, YTO ONBIT 3aKaHUMBAeTCs OAHMUM M3 50 3qe-
MeHTapHbIX cobbiTHit x=>51, 62, . . ., 100 (6e3pa3MuH0, KAKHM HMEHHO).
Auanoruyso H moGoe Apyroe cBOHCTBO BHLIGODKH MOXHO OINHCaTh,
IEPEYHC/IMB COOTBETCTBYIOLIHE CJYYaH MJM 3JeMeHTapHble COOBITHA.
Jlnst eqvHCTBA TEPMHHOJIOIMH MBI I1PEAIIOUHTaeM FOBOPHTb O COOBITHAX,
a He o cBoiictBax BhIGOPKH. C MaTeMaTHuecKOH TOUKII 3peHHS COCbITHE
SIBJISIETCA NPOCTO MHOYKECTBOM COOTBETCTBYIOIIMX TOYEK NPOCTPAHCTBA
9JIEMEHTAPHBIX COORITHH.

R) Beibopouroce obcredosarne (npodoasmcenue). HonyctuM —Teneps,
qr0 BhIOpaHHble HamH 100 uesoBex AensiTCss HA KJacchl HE TOJNBKO nO
IIDH3HAKY «KyPsLLie» HJIM «HEXypAlHe», HO ¥ no nonay. Bruibpanhas
rpynna moxer OblTh Tenepb OxapakTepu3oBaHa 4eTBepwbil ulcen
M,, )X, M,, )X,, o3Hadaiomux no nopsaKy 4MCJIO KypALX MYXUHH,
QHCJ0 KYDSAIMX JKEHIIHH, YHCJIO HEeKYDSALMX MY2KUHH M GICJIO HEKy-
PSILIHX KEHIUHH. B KauecTBe 3/eMeHTapHBIX COOBLITHA MbI BO3bMEM
YeTBEPKH LEJbIX uKces, npuHuMaolux 3xadvenns or 0 go 100 u naio-
wux B cymme 100. Takux uetBepok cymectayer 176 851; onu u 06pasyior
NpOCTPAHCTBO 3J€MEHTapHBIX cobbiThit (em. rai 11, 5). YTeepxienne,
YTO B BBIGOPKE «CPENM MYKUMH J0JIs Kypsux GOMbiue, 4eM CPelH 2KeH-
WMH», 03HAYAET, YTO AMs Hawed BbI6OpKH oTHOWerne M, /M, Gonbie
otHowenus JK,/)K,. Touka (73, 2, 8, 17) atum cBokicToM oGnajaer,
a touka (0, 1, 50, 49) ne o6nanaer. [To cyumecTBy Haue COOBITHE MOXKET
OLITb OMHCAHO NEepeynHcJseHHEM BCEX YETBEPOK uiuces, 00nafadiolux 3a-
JN2HHBIM CBOHCTBOM.

e) Bbpocanue monems:, Ecnn monera Opocaercs TpH pasa, TO INpO-
CTPAHCTBO 3JIEMEHTApHBIX COOHITHH COCTOMT M3 BOCHMH TOYEK, KOTODLIE
yn06HO 0603HAYNTb cuaenywoowwm obpasom: I, I'TP, I'Pl, PIT,
TPP, Prp, PPI', PPP [T osuauaer Bnnajenue repba npH coOTBET-
cTByiomem Gpocanuu, P — pewerku.— [lepes.]. CoGuite A «BHNANO
He MeHee BYX repOOB» COBNAaAAET C MHOXECTBOM NEPBbIX UETHIPEX TOUEK.
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o

CofuitHe B ¢BbInana poBHO OAHA peleTKa» o3HayaeT uan I[P, uan
TPl, wm PI'T; mbl roBopuM, 4T0 B COAEPMKHT 9TH TPH TOUKH.

%) Bospacm cynpyeos. CtpaxoBble KOMNAHHH HHTEpeCyIoTcs pac-
npeieleHHeM BO3pacToR cynpyros. [IycTe x o3Hauaer BO3pacT MyKa, a
y — Bo3pacT Kenbl. Kaxkjoe HaGmofenie Jaer napy uucen (X, y).
B kayecTBe NMpPOCTPAHCTBA 3JEMEHTAPHHIX cOOWTHHA Mbl Oepem NepBblf
KBaJPaHT MJOCKOCTH X, ¥, TAK 9TO Kaxjas touka Xx > 0, y > 0 Gyzer
sneMenTapabiM cobbitneM. Co6uitHe A «MyXy cBoiite 40 JeT» npeacTas-
JieTCA BCEMH TOYKAMH, JeXaluMH cnpasa ot npamoil x=40; co6bithe B
«MYK CTaplue XeHbI» NpelcTaBsercs o6JacTblo, Jexallei Mex1y ochblo
X ¥ IPAMOH Y=X, T. e. MHOXECTBOM TOYeK, /s KOTOPHIX X = Y; COOBI-
tie C wkene cabiiue 40 JeT» npeicTaBiasieTcss TOUKAMH EPBOrO KBajpaH-
#fa, pacnoJIoXeHHbIMH Bhllie npaMofi y=40. Jlns reomeTpHyeckoro
npeACTaBJeHHs BO3PACTOB ABYX CYNPYKECKHX Nap Ham norpeGosasoch
6n YeTblpeXMepHOe NPOCTPAHCTBO.

3) Pasooe npocmparcmso. B cTaTHCTHYECKOH MeXaHHKe Kaxjoe
BO3MOXHOE «COCTOSIHHE» CHCTEMB! Ha3bIBAIOT «TOYKOH (PasoBoro npocTpaH-
crBa». Ort/MyKe 37€Ch TOJALKO B TepMHHOJOrHH. PaszoBoe NpPOCTPAHCTBO
€CTb POCTO Hallle IPOCTPAHCTBO 3JIEMEHTAPHBIX COOBITHI, @ €ro TOYKH —
HalM 3JeMeHTapHble COOLITHA ).

§ 3. MPOCTPAHCTBO 3JIEMEHTAPHBIX COGBITHA. COBBITHS

Ha npenwpymero AomxkHO OBITH ACHO, YTO MBI HMKOrJa He GyleM
FOBOPHTb O BEPOSITHOCTAX BHE CBSA3H € KaKMM-JHOO NpPOCTPAaHCTBOM
aNeMeHTapHRIX co6bITHH (HJH, roBOPs HAa (DH3NYECKOM $3BIKE, BHE CBAI3H
C HEKOTOPBIM MBICJHMBIM ONbITOM). Mbl HauuHaem C NOHAMUS NPOCMPAaH-
CMea saeMeHmapHuix cobeimut u e2o modex; anpeds oxHu 6yoym paccmams
pusamucs Kax 0anHeie. OHU ABASIOMC NEPEOHAYANGHLIMU UL HEONPEOEeAsL=
MBIMU NOHAMUAMU MEOPUL, TAK e Kak NOHATHE «TOUKa» M «IpsiMass
OCTAlOTCH Heonpefie1ieMLIMH NPH aKCHOMATHYECKOM MOCTPOEHHH eBK-
JHJ0BOM reoMeTpHd. [IpHpoaa aneMeHTapHLIX COOLITHH He MrpaeT poJH
B Hale# TeopuH. [TpocTpaHCTBO 3JIEMEHTAPHBIX COOBLITHH CJY3KHT MOJle-
7bI0 HAea M3HPOBAHHOrO OMbLIT2 B TOM CMEHICJE, YTO N0 ONpeleseHHIo
MobOH MHCJHMBIH HCXOJ OMbIT4d TOJHOCTBIO ONHCHIBAETCS OLHOM H TOJIb-
KO Of1HO# ToyKO# 3Toro npoctpancraa. O KakoM-u6o cobbitun A HmeeT
CMBIC/I TOBOPHTE TOJIBKO TOrAd, KOrja Aasi Kax0020 UCXOJa OMbITa H3s
BecTHO, mpou3oULI0 HAH He npousownio cobbitie A. CoBokynHOCTb
TOYeK, NpeACTABJAIOUMX Bce Te HCXOIbl, NPH KOTOPBIX NPOHCXOLHT
CoGhTHe A, NONHOCTBIO ONUCHIBAET 3TO coBbiTHe. O6paTHO, NPOM3BOJIBHO
3ajlaHHOe MHOXecTBO A, cofepikallee OAHY HJH OoJiee TOYEK HALUIEro
NpecTpancTBa, MOMHO Ha3BaTh COOBITHEM, OHO NPOMCXONMT HJH He
NpOHCXoHT B 3aBHCHMOCTH OT TOrO, NMPHHALIEXKHT HJIH He TNpHHAAMeE-
KHT MHOXecTBY A TOyKa, NMpeAcTaBJsOLAs HCXOA onwrTa. Jlis nac
-\_

‘.éx;gﬂﬁx.,—ﬂlfdnfh}?g'o)g‘,[z{:;mﬂlgﬁé ﬂ.ll;da'rema'mqecxne OCHOB2HHA CTATHCTHYECKOR
. . . , — lpum. nepes,
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TIO3TOMY CJIOBO cobbimue Gydem o3nauame mo e camoe, Hmo HeKomopoe
MHONCECMBO InemenmapHblx cobbimuil. Mbl GyeM rOBOPHTE, YTO CoObiMuE
A cocmoum u3 onpedesenrblx movwek (uau coOepicum 3mu MoOHKU), a
HMEHHO M3 TOYEK, [pPEACTABJSIOUIMX Te HCXOAbl HAeaau3HpPOBAHHOIO
ONBITA, NPH KOTOPBIX NPOHCXORHT coObiTHe A,

INpumep. B npoctpancTse anemeHTapHbIX cOObITHH NpHMEpa 2, a) pac-
cmoTpum cobbite U, cocrosimee u3 Todek ¢ Homepamu I, 7, 13 (em.
taba. 1). 310 onpeneneHue spasercss GOPMAJbHBIM H CaMBIM OPOCTHIM,
HO U MOMXHO OnycaTh H MHOTMMH Apyrumu cnocobamu. Hanpumep, U
MOJKHO ONpefeaHTh KaK cOOLITHE, COCTOsILIee B OXHOBPEMEHHOM BBINOJ-
HEHHH CJelylllX Tpex ycqaosuit: (1) sropoil sumk nycr, (2) wap a
HaXOINTCs B NEPBOM sILIHKC, (3) HOMep ALIKKA, rAe HaXOZuTCs wap b,
He NpEBHIIAET HOMEPA fLHKA, TAe HaxomuTcs wap ¢. Kaxnaoe U3 3Tux
TPEX YCMOBHH B CBOW ouepeAn onpenenser cobmtee. Cobbitne Uy,
onpejensemMoe ToMbKO ycsaosueMm (1), coctour u3 Ttouek 1, 3, 7—9,
13—15. Co6uite U,, onpepensieMoe ycJoBieM (2), COCTOHT H3 TOueK 1,
4, 5, 7, 8, 10, 13, 22, 23, u, uakonen, cobuitHe U3, onperensiemoe
ycaosrem (3), cocTouT u3 Touek 1—4, €, 7, 9—11, 14, 16, 18—20, 22,
24, 25. Cobritde U MOXHO Teneph ONHcaTh Kak OAHOBPEMEHHOe OCYILE-
cTBAeHHe Bcex Tpex cobbitd Ui, U, Us. | 4

XoTsi TepMHHBI «COOBLITHE® M «3/]EMEHTAPHOE COOBITHE® BBI3BIBAIOT
ONpeJe/eHHbIE HHTYHTHBHBIE NPEACTABJEHHs, A Hac OHH OyayT
PaBHOCHJLHEI TEPMHHAM «TOYEYHOE MHOXKECTBO» M ¢TOYKa», KaK HX
[OHHMAIOT BO BCEX pasjienaX MaTeMaTHKH.

Tlpensiayumuét npuMep ¥ npuMep 2, a) NOKasbIBAKOT, YTO N0 AAHHBIM
IBYM HJi 6onee COBBITHSIM MOXKHO ONpeAeauTh HOBble coGhiTHS. Onupa-
fich Ha NOJOOHBIE NPHMEphI, Mhl BBEJEM TENEPb CHCTEMY OGO3HAYeHHH,
OTHOCSILIIIXCH K GOpManbHOR aseebpe cobbimud (1. e, aarebpe TOUEUHbIX
MHOXECTB).

§ 4. OTHOIWWEHHUSA ME)XIAY COBbITHSAMH

Teneps MBI NpeANONOKKM, 9TO 321aHO [1POH3BOJIBHOE, HO (HKCHPO-
BaHHOE NPOCTPAHCTBO 3JIEMEHTAPHRIX COObITHH &. MH OyaeM HCNOAb30-
BaTh 3ar/1aBHBIE J1aTHHCKHE OYKBHI AAsi OGO3Hauenus cobvbumud, T. e.
MHOXKECTB 3JIeMEHTapHbIX coObiTHil. ToT (aKT, 4TO TOUKA X COLEPIKHTCSA
B cobuitiH A, 0603HauuM cuMBOJOM x € A. Tak, aas moboi TOUKH X
UMeeM x € ©. Mol nywwem A=B B TOM H TOJBKO TOM CJjydae, KOrja 3Td
COOBITHSA COCTOSIT H3 OJHHX H TeX JKE TOYEK.

CobuiTus 6yayT, BOOGLIE rOBOPS, ONpeeNsiTbC HEKOTOPBIMH YCJIO-
BUSIMHM, HaJaraeMbIMH Ha X TOYKH. ¥JOGHO BBECTH CHMBOJI, BHIpaXalo-
myii ToT QaKT, YTO HY OXHA H3 TOYEK He YJOBJIETBODSET ONpeesIeHHO-
My Ha0opy ycJaOBHH. DTOH LEAH CJAYXHT CJelYIollee OnpeleseHHe.

Onpenenenne 1. Mot 6ydem noavsoeamsca sanuceio A=0 daa evipa-
oKenus moeo, umo coboimue A He colepycum Siemenmaprblx cobbimuil



§ 4. Omnowenun mendy cobuimuame 33

P

{coboumue A Hesoamoxro). Hynb cliefyer noHHMaTth CHMBOJIMYECKH, @
ne Kak uudpy ?).

KaxaoMy co6uiTHiO A COOTBETCTBYET HEKOTOpoe APYroe colbITHE,
onpejenseMoe ycJoBHeM «cobuiTHe A  He npousomso». OHO CONEPHKUT
Bce TOYKH, He cojepallpecs B A,

Ounpenenenne 2, Cobeimue, cOCMOosU4ee U3 6CEX MOYEK, He COOEPMHCaUUX-
ca 8 cobbimuu A, Hasbiearom cobbimues, 1LpomUEONOA0XCHIM cobbtmuio A
(uau ompuyanuesm A), u obosnauarom wepe3 A’ ), B wacmuocmu, &' =0.

C mobeimn AByMA cobmituaAMH A M B MoxHO CBA3aTh ABa HOBHIX
coOBbITI S, ONPEAEJIEHHEIX YCJIOBHAMH «umerom mecmo u A, u By v «umerom
mecmo uau A, uau B, uau u A, u Bs. D11 cobpiTHA GYAYT 0603HAYATHCA
cootBercTBeHHO AB 1 A U B. Co6bitie AB coaepxut Bce Touku, obuiue
cobbitiaM A u B. Ecau cobeitis A 1 B B3auMHO HMCKJIOYAlOT ApYF
Apyra, TO OHH He MMelT oOIMX ToYeK M cobmitie AB HeBoaMOXHO;
'aHaJIMTHYECKH 3TO ONMCHIBAIOT (opMYJIoil

AB=0, (.1)

KoTOpas JOJKHA 4YuTaThesl Tak: «cobertua A u B xecosmecmubi,
Cobuitie AB’ o3navaer, uto npousowsio # A, u B’, 1. e. uto cobulTHE
A npousomwo, a cobritie B He npousounwio. Axanoruyno A’B’ osna-
uaer, yto HH A, HH B ue npousomsm. Co6urtue A U B osnauaer, yro
XoTsa 661 OfHO M3 cobbitThit A uaM B npoM30lJIo; OHO COAEPIKHT BCe
TOYKH, 33 MCKJIOYEHHEM TO4YeK, He NpuHajsexalux Hu A, Hu B.

C TouKH 3peHHS TEOPHH BEPOSTHOCTEH MBI MOXKEM 0XapaKTepPH30BaTh
cobuiThe AB Kak oAHOBpEMEHHOE ocyllecTsJeHHe cobuituii A u B.
Ilo ctanaapTHOM MaTeMaTHYECKOH TEPMHHOJIOTHH cobhiTHe AB Ha3sbiaoT
(noruyeckuM) nepecedenneM cobbituit A H B. Tlono6HbiM Xe o6pasom
cobeite A U B nasbiBaor o6reaunenneM cobutnit A 1 B. Bmejennnie
;I)aMPI NOHATHS NEepeHOCATCS M Ha caydail MHorux cobmtuit A, B, C,

Y eee s

Onpepenenne 3. Jwboll cosoxynnocmu cobumud A, B, C, ...
Mol conocmasanem 06a Hosbix cobeimus caedyroujum obpasom. Muoxcecmeo,
coCMoAwuiee U3 snemenmaphslx coboimull (mouex), npuHadiext auyux o0Ho-
6pemerAO 6cem 3adanHbim coboimuam, 6ydem obosradameca wepe3 ABC. . .
U Hasvieamvca nepecederues (Uau OOHOBPEMEHHbIM OCYUIECITEBACHUEM )
cobuurmui A, B, C, .. .%) (cm. puc. 1). MHoxcecmso, cocmosuiee u3 3ae-
MmenmapHsix cobeimud, xaxc0oe u3 Komopelx npuHadasexum xomsa 6bi
00HoMmYy u3 3adarHsix cobemull, 6ydem o6o3naameca vepes AUBUC . . .

1) Yacto npepnouuTaroT APYroft CHMBOJ, & HMeHHO &F.~— [Ipum. nepes.
%) Takoe coBbTMe HHOTAZ HA3LIBAIOT JONOJHHMTEJbHBIM COOHITHEM (JONOJIHE-

Huem A, complementary event) u oGosmamaror Taxme uepes A uwau A°.— Mpun,
nepes.

3) CranjapTHOe MaTeMaTWyeckoe OGO3HaYeHHE IS NepPeceueHHs ABYX HJIH
Gonee muoxecrs Ttakoso: ANNB, ANBNC, .... 310 oGo3nauenie B OnpejeJeH-
HuX cnywasx ypoGuee (eM. ri1. IV, 1 toma 2). 3xech mbl ucnonb3yem oGo3Have-
e AB, ABC, ,,, jna TOro, yrobh OGJEruuThL TPYH HaGopuiuKa.
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u Hasvsamecs 06seduHeruem 3a0annbix cobeunut (Uau ocyujecmanenuem
xoms 66t 00020 u3 Hux). Cobumua A, B, C, . . . nonapro HecosmecmHs
(83aumno uckatodarom Opye Opyea), ecau Huxaxue 060 U3 HUX HE UMerOm
obwux mouex, m. e. ecau AB=0, AC=0, ..., BC=0, ... .

Mbl nyxjiaemcs euwie B ChMBOsMe Aasi OOO3HAauYeHHS TOro, YTO CO-
6uiTe A He MOXeT NPOH3OHTH, ecaM He TpoH3owsio B, uan toro, uro
ceBuiTie B aBasiercs caeicTBHeM cobuiTHA A. D10 03HauaeT, YTO KaxAas
TouKa cobbitHsi A cofepxutcs B coObtnd B. [IpAMepoM MOXeT cay-
JHTh MHOXECTBO BCEX Martepel, siBasfIOLleeCs YACThIO MHOMECTBA BCex
JEHIIHH: BCce MATEPH CYTh XEeHIMHbI, HO He Bce 2KeHIHHB! CYTh MaTepH.

Puc. 1. O6nacts, orpaHHueHHas Puc. 2. Ilepeceuenne ¥ pas-
BHEIIHHM KOHTY DOM, fiBJIseTcs o0b- HOCTH COOMITHI.

enunenneM AJBUC. «Tpeyroas-

Hasy (IBaxgH 3alUTPHXOBAHuASA)

obnacTh fABJIsercs TepeceyeHHEM

ABC. O6aacts B tdopMe mnomyMe-

cAua (3aWTpHUXOBaHA) SABAAETCH

nepeceuesdeM B H COOHTHS, NpoO-

Tupononoxuoro A{C.

Onpenenenue 4. Cumgornr A = B u B o A osxauatom 00ro u mo e,
a umeHHo Ymo Kaxcoas mouxa A colepic umes 8 B; caosecro smo esipaxcarom
max: «cobuunue A saewem 3a cobod cobeinue B» uau coomeemcmsenno
«oboimue B agasemcs caredcmsuem coboumus A». B amom cayuae mot 6yoem
marcaice nucams B—A emecmo BA’ 041 0603nauernus mozo, umo cobtimue B
npousouwiro, a coboimue A He npousouro (Cm. puc. 2).

CofhitTHe B—A cofep:uT Bce TOYKH COOBITHSt B, He siBAsIOmHecd
ToukamMu cobeiTHst A1), Ilonbaysick 3THM off03HaueHHeM, HalHILeM

A=6—A 1 A—A=0,

HNpumepol. a) Ecnn cobbitis A 1 B HEeCOBMECTHH, TO OCYIIECTBIe-

’
HHe cobmTHs A Braeuer 3a coboit ocyulecTBaenHe cobutus B®, u naoGo-
por. CrefoBatensno, AB=0 o3HauaeT To xe camoe, 4t0 A= B'uBc Al

1) HiMenHo Tax ONpefe/siOT pa3HOCTh MHoXecTB B ¥ A, He npeanonaras, gro
Ac B (mpyroe ofossauzenne B\ A). Hapsagy ¢ Tax onpeaenesHofi pa3sHOCTbIO
MHOXecTB B # A onpefensioT H HX CHMMETPHYECKYI0 Da3HOCTh (B\AS)U(A\B)
(oGo3nauennss A+4-B unu AAB). Broas B JONOJHeHHe K TaK OUPeNJEHHOH one-
PAnHH «CIOMEHHS» ONEpalyI0 SYMHOMEHHA» H mnoaaras A-B=AB, Herpyako
NOKAa3aTh, YTO MO OTHOLIEHHIO K OMepalHsM -} H « KJacC BCeX MNOAMHOXeCTs &
6yZer KonmuoM (B anreGpamueckoM cMuicne); Tak Kak A- A=A, To oHo Gyger
GyneBrM KoasuoM c eiuuuueft &, 1. e. Oynepol anre6pok.— Tpus. nepes.
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6) Coburue A—AB o3nauaer, uTo Npox3owno cobuitie A, HO He
DPOU30LLTH OaHOBpeMenHO o6a coburtuss A u B. Ilostomy A—AB=
e=AB’,

B) B npumepe 2, x) coburtue AB o3Hauaer, 9T0 MyXKy cBuiue 40 jer
H UTO OH CTaplle cBoefl XeHkl, Toria kak AB’ o3Hauaer, 4To eMy CBhlLe
40 net, HO OH He crapuue cBoeil xeHul. CobsrTHe AB nostomy H3o6pa-
JKAeTCsl HEOTPaHUYEHHOH TpaneuHeBUAHOH O6JACTBIO, Jexallell MexAay
ochi0 x ¥ npaMbEMH x==40 u y=x. Cobrtue AB' uso6paxaercs Heorpa-
HHYEeHHOH TPeyrosibHOH 06JacThIO, JieXXalled MeXAy NpAMBIMH x~=40 H
y=x, ¢ BKmouennoil BTopoii rpanuueii. Cobnitue AC osnauaer, 4TO
KaxxaoMy u3 cynpyros cBriue 40 ner. Co6uitue A {J C 03HagaeT, 4To XOTA
Orl 0fHOMY M3 HUX cBoie 40 net, Toraa Kak A | B o3xauaer, uyto 1160
MYXy cBriue 40 Jer, 1u6o, eciu 3TO He TaK, OH XOTA OBl CTapiue cBoel
JKeHbl (BHIpaKasich IOPHIMYECKHM «BO3pacT MYyXa INpeBOCXOZHMT 40 Jer
MM BO3PACT JKEHLI, CMOTPSA IO TOMY, YTO H3 HHX MeHbLue» ),

r) Ilycrs B npuMepe 2, a) £; o3nauaer cobuiTHe, COCTOsAIEE B TOM,
Yy1o AUIMK ¢ HOMepom i myct ({=1, 2, 3). Ananoruuso nycrs Sy, D;,
T'; COOTBETCTBEHHO O3HAYalOT COOKITHS, COCTOSILIME B TOM, YTO SALIHK C
HOMEpOM £ COJAEPKHT OAHMH luap, ABa 1apa, TpH lapa. Toraa E,E;=
=T, 8;S;c=8; u D\D;=0. 3ametuM 1axxe, yto T, E;z u 1. 1. Cobrl-
tve D; YD, Dy onpenensiercs ycJOBHEM, UTO CYLIECTBYET XOTA Obl
OOMH fIMK, COJEpIKauluii ABa Iuapa.

1) Bpudx (cm. npumeuanue K § 1). Ilyers A, B, C, D oaunavator
cOBEITHS, COCTOSIIIHE COOTBETCTBEHHO B TOM, UTO NPH CAaye KOJOABL
KapT A/s urpul B 6punik urpok «Cesepy, «fOry, «<BocTtoky, «3anany nony-
Yl o KpakHel Mepe ORHOTrO Ty3a. S1cHO, yTO XOTs OBl OQMH M3 HMrpo-
KOB MMeeT Ty3d, TaK 4YTO IO KpaiHed Mepe OJHO H3 YeTeIpeX COOLITHH
RomxHO uMeTh Mecto. CnegoBartensno, A U BUC U D= ecrs Bce npo-
CTPaHCTBO 3JieMeHTapHBIX cobuiTui. Cobeitue A BCD npoOHCXOAHUT TOrAa
H TOJIbLKO TOrAd4, KOrAa KaXAH4 urpok umeer Ty3a. CobelTHe ¢UrpoK
«BOCTOK» IMONYUYHJ BCEX YeThipeX Ty3OB®» O3HAaYaeT, YTO HH OJHO H3 CO-
6ntuit A, B, C He NpoH30LLIO, HJH, YTO TO e CaMOe, YTO OJHOBpe-
MEHHO OCYImecTBHIHCh cobutus A*, B* u C*, T. e. npousomno cobuTHE
A'B'C’.

e) B npumepe 2, x) mMu umeeM BC < A, T. e. ¢eCllH MyX cTapiia
xennl (B) u xene cBuiue 40 ser (C), T0 Myxy cBoime 40 ner (A)».
Kak caosecno onucats cobutue A—BC?

§ 5. AHCKPETHBIE NPOCTPAHCTBA
SJIEMEHTAPHLIX COBBITHA

INpocTtefiunMu MPOCTPaHCTBAMH 3JIEMEHTAPHEIX COOLITHH SIBJISIOTCH
Te, KOTOPHIE COJAEPXKAT KOHEeuHoe Yuc/Io 7 Touek. Ecnu n jgocrarouno
MaJsio (Kak B caydae 6pocaHusl HECKOJIbKHX MOHET), TO 9TO NPOCTPAHCT.

') B mopnnuuke bpa3a WMBTHpYET CTHAb BH[AKASKAE IOPHAHYCCKHX ZOKYMeHs.
vo8,— ITpum. nepes,
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BO Jierko ceGe npeactaBuThb. [IpoCTPaHCTBO 3/1eMeHTaPHBIX COOBITHH MPH
cAaue KapT A18 urpbl B 6PHIXK ropasfo cloxHee. Tem He MeHee MOXHO
npeAcTaBUTh cebe, YTO KaxJoe 3JeMEHTapHOe COGHITHE H3o06paxaeTcs
Kaxoi-To QUIIKOMH, U 3aTeM pacCMaTPHBaTb MHOXKECTBO 3TUX (HIIEK KaK
H306paXKeHHe NPOCTPAHCTBA 3JleMeHTapHbIX cobbiTuil. Kaxmoe coGbiTue
A (sanpumep, «urpok «CeBep» moayyusl ABYX Ty30B») H306paxkaercs
rpynnoit ¢uek; cobeiThe A’ H306paxaeTcs OCTaJbHBIMH (HIIKAMH.
Ocraercs cAenaTh DANH IWar AJAs TOro, 4To6bl NPEACTAaBHTH cebe AHMK 6
6eCKOHEYHbIM YMCAOM (PUINEK HJIM TIPOCTPAHCTBO 3JIEMEHTaPHBIX COOLI-
THH, cocTosllee M3 GecKOHeuHOR mocieaoBaTeqbHOCTH Touek Ej, Ej,
E; ov.

HNpumepst. a) Ycaosumcs GpocaTh MOHETY IO TeX NOP, NOKA He BH-
najet rep6. Toraa sjeMeHTapHHIMH COOBITHAMH 6yayT: Ej=I", E3=Pr,
E;=PPI', E,(=PPPI' wn 1. 1. MbI MoXemM JONYCTHTb, YTO rep6 HH-
KOrja He BHINAJET, WK He JONyCKaTb Takoil Bo3MOXHOCTH. Jlonyckas
3Ty BO3MOMHOCTb, Mbl JOJIXHBI NPEACTaBHTb €€ AONOJHHTEJbHOH TOY-
kolt E,.

6) Tpu urpoka a, b M ¢ yuacTBYOT B Hrpe (nOAOGHOH Hrpe B
maxmaThl) nmo cjepywollefi cucreme. B nepsom Type urpawor a u b,
a UrpoK ¢ cBo6ofeH. [IpOHrpaBILHA BaMEHSAETCA UIPOKOM C, H BO BTOPOM
Type urpanor noGeuTenb H ¢, @ MIPOK, NOTEPNEBIIMHA NOPaXEHHE B
nepsom Type, csoGogeH. CopeBHOBaHHMe NPOJOJKAETCA TaKuM QGpasoM
JI0O TeX Nop, MoKa OAHH M3 HIPOKOB He BHIHUTPAET ABYX NAaPTHH NOAPAL,
H B 3TOM CJ1yyae ero 06baBJAI0T no6GeauTeseM. JIis npoCcToThl Mul HCKJIO-
yaeM BO3MOMHOCTb HHubEil B OTAEJbHON NapTHH. Bo3aMOXHBIE HCXOALE
COPEBHOBAHHSA OMNHCHLIBAIOTCA TOrAa CJeayiolled CXeMoi:

aa, acc, acbb, acbaa, acbacc, acbacbb, acbacbaa,. .. , (
bb, bee, beaa, beabb, beabee, beabeaa, beabeabb, ... ®)

Hapsaay ¢ 3THM BhOJHE MBICJIHMO, Y4TO HH OAHH H3 HIPOKOB HE Bbl-
Hrpaet AByX napTuii IOAPAX, T. €.4YTo COPEBHOBaHHe GYAET NPOAOKATD=
Cl HEOrpPaHMUEHHO AOJTO MO OXHOMA M3 ABYX CJEAYIOUHMX CXeM:

acbacbacbach. . ., bcabcabcabea . . . . (w2)

IMpocTpaHCcTBO 3/1eMEHTapHHX COOLITHH A/ HALIEro MBICJMMOrO OmbiTa
onpenensiercss GopmysnaMu (*) H (#%) H ABjserca GeCKOHeuHmM. Of-
HaKO fCHO, YTO TOYKH STOrO IPOCTPAHCTBA MOXHO 3aHYMEPOBATb B
NIPOCTYIO TOC/EA0BaTeNbHOCTb, Jlas 3TOro AOCTAaTOYHO, HanpHMEp, Ha
nepBbe ABA MECTA MOCTABHTb TOUKH (%#), @ HA MOC/ENYIOHe — TOYKH
(#+) B TaxoM nopsaake: aa, bb, acc, bce, ... . (Ilpogonxenue 3Toro
npuMepa cM. B 3afauax 5 u 6, mpumepe ri1. V, 2,a) ¥ 3apaue 5
1. XV, 14)

Onpepenenne. [1pocmpancmeo snemenmaphblx cobbimui Ha36/6aeMes
duckpemuoim, eCAt 0RO COCMOWM. AUULb U3 KOHEYHO020 YUCAQ MOYEK uAu U3
6eCcKOHEYH020 HUCAQ MOUEK, Komopbie Mo2ym Bbimb 3aHYMepoeans 6 npo-
cmyto nocaedosamenvrocmdv Ej, Ezy o4 e
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He kaxpaoe npocTpaHCTBO 3JeMEHTapHHIX COOLITHH AHCKDETHO.
H3BecTHa Teopema (npHHaanexalyas I'. Kantopy), yTeep:xaaiouas, 4ro
NPOCTPaHCTBO 3JIEMEHTaPHBIX COOLITHH, COCTOSLIEE H3 BCEX MOJIOKHTEIb-
HBIX YHCEJ, He JUCKPeTHO. 3AeCh Mbl CTaJIKHBAaeMCHl C pa3rpaHHUYEHHeM,
H3BECTHLIM H B TEOPETHYECKOH MEXaHHKeE, rjie oOhYHO CHayasla paccMart-

PHBAIOT CHCTEMBI, COCTABJIEHHLIE H3 OTAGJbLHBIX MaTepHaJbHBIX TOYEK,
" KaxJas U3 KOTOPHIX MMEeT NMOJIOKHTENBLHYIO Maccy, a 3aTeM NEPEXOAsT
K C/1y4aio HenpPepLIBHOrO PacnpeAe/]eHHs MacChl, KOrAa KaXaas OTAe/b-
Hast TOYKa MMEET Maccy, paBHYIO HyJio. B nepsom ciyyae Macca cucre-
MBI [IGJ1y4aeTCs MONPOCTY CJIOXKEHHEM MacC OTAG/IbHEIX TOYEK, BO BTOPOM
c/llyyae OHA BLIUHC/AAETCA HHTerpupoBaHMeM mJoTHoctH. CoBeplueHHO
aHaJIOrHYHO BEPOSITHOCTH COOBITHH B AMCKPETHOM NPOCTPAaHCTBE 3Jie-
MEHTApHHIX COOBITHH MOJMy4aloTCsi NPOCTO CJOMEHHEM, TOrJa KakK B
APYTHX NPOCTPaHCTBaX HeOGXOAMMO MHTerpHpoBaHue. Kpome aHa/HTH-
YECKHX CPEJCTB, KOTOpPLIE NPHXOAMTCHA NpPHBJIEKATh, 5TH JABa CJlyuas
HHUYEM CYLIECTBEHHHIM He OTJHYaloTcH. Kesas H3J0XKHTh COGCTBEHHO
BEPOSITHOCTHHIE pacCy:KAeHHs, H3berasi npH STOM TPYAHOCTEH TEXHHYECs
KOro XapakTepa, Mhl CHauaJla 3aiiMeMcs JIHIIb JHCKPETHHIMH NPOCTPaH-
CTBaMH 3JIEMEHTAapHLIX COOHITHH. Mbl YBHAMM, UTO Jaxe STOT YaCTHLIA
clyyafi NpPUBOAMT KO MHOTHM HHTEPECHBIM H BAKHHIM pe3yJbTaTaM.

B amom mome mui 6ydem paccmampusame moabko OUucKpemusie npo-
CMPAHCMBa 3AeMEHMAPHbIX Cobbimudl.

§ 6. BEPOSTHOCTH B AMCKPETHBIX MPOCTPAHCTBAX
3JIEMEHTAPHBIX COBbITHA; MOArOTOBUTEJIbHBIE 3AMEYYAHH R

BepoatHocTH co6biTHI — YHCJAa TOA Xe IPHPOAH, 4YTO M paccro-
AHHA B TEOMETPHHM HJH MacChl B TeOpeTHuUecKOH MexaHHKe. [eopHs
npearnoJaraer, YTo OHH 3aJlaHH, H He HYXX/JAeTCH HH B KaKHX NIPeArnoJo-
KEeHUAX 06 MX AeHCTBHTENLHOM YHCJIEHHOM 3HaueHHMH WJIH o crocobe
HX MaMepeHHs Ha npakTuke. Hekoropele H3 HanGosnee BaXHHIX NpPHIO-
JKEHHH HOCHAT KAyeCTBEHHLIH XapakTep H He SaBHCAT OT YHCJIEHHBIX
SHaueHHH BeposiTHOcTell COObITHA. B Tex cpaBHHTENLHO HEMHOTHX
clyyasix, Korja tpe6yercs 3HaTh YHCJIEHHHIE 3HAYEHHs BEPOSATHOCTEH
HEKOTOPHIX COGLITHH, BRIUHCIHTEILHEE NPHEMHE CTOJb JKe pasHooOpas-
HBl, CKOJb H METOAM onpejeneHus paccrosHui. Koraa niortHHK,
aemJiemep, JJOUMaH H acCTPOHOM H3MEPHIOT PacCTOSHHHA, TO B HX jaeHct-
BHAX Maso ofuiero. B 3ToM Xe KOHTEKCTE Mbl MOXEM paccMOTPETh
KoatwpunueHT AuGpDY3HH. DTO NOHSATHE TEOPHH BeposTHoCTeH. UTOOHE
HaWTH YUCJIEHHOE 3HAaueHHe 5Toro Kosdpunuenra, Tpebyiorcs (u3Huec-
KHe cooOpaxeHHs, CBA3LIBAIOLIHE ero ¢ APYTHMH TEODHAMH; NpsAMoe Xe
H3aMepeHnHe HeBo3MoxkHo. CraTHcTHYeckne TabAHNEBI CMEPTHOCTH, Ha000-
POT, COCTABJSAIOTCA Ha OCHOBaHMM HaGmopeHs#. B nauGonee cyuiects
BEHHEIX MPHJ/IOXKEHHAX H3MepeHHe BeposiTHOCTell cOOLITHA HJIH cpaBHe-
HHe PesyJIbTaTOB TEOPHH € JaHHHIMH HaGJIOAEHHH TPEOYIOT NP HMEHEHHS
JOBQJILHO CJIOXKHBIX CTATHCTHYECKHX METOJOB, ONMHpAIOliHXCH B CBOIO
oyepeab Ha Pa3BHTYI0 BEpOATHOCTHYIO TeopHKW. MHaue roBops, xors
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HaIVIIAHRIH CMBIC/ TOHSITHA BEPOSITHOCTH M $SICE€H, HO JHIIb MO Mepe
pP4a3BHTHS TGODHH MBI CyM€EM YBHAETb, KaK CJeAyeT NPHUMEHATh 3TO
noHsiTHe. Bce BO3MOXHBIE «ONpeAe/IeH s » IOHATHS BEPOSITHOCTH BEChMa
HEMOJHO OTPaXKaI0T pealbHYI0 NpPaKTHKY.

Bpocas «npaBu.IbHYIO» MOHETY, Mbl He KoJebJemcs cBs3aTh Be-
posiTHOCTb 1/2 ¢ BhimajieHnem rep6a w/M pelieTKH. JTO NPHBOAMT K BhI-
BOJY, UTO NPHU 7 GPOCAHHUAX MOHETHI BCE 27 BO3MOMKHLIX CJYYaeB PaBHO-
peposATHL. C TEOPETHYECKOH TOYKH 3peHHs, 3T0 — donywenue. Yacto
TOBOPSIT, YTO TaKoe AOMYLIEHHE — JIOTHYECKH HEH3OEXHOe H E€JHHCT-
BeHHO Bo3amoxHoe. OnHako GuH uIocOdbI M CTATHCTHKH, KOTOpPLIE
OTBEpPra/ji 3TO JONYUIEHHE M HCXOAWIH H3 NPEANOJOXKEHHH, MOJHO-
CTBIO €r0 HCKJ/IOYAIOUWMX (B 3TOM OTPAXAKOTCH DPAa3/IHYHLIE TOUKH 3pe-
HHMS Ha 3aKOHH NPHPOAH) ?).

YacTo yTBEPXKAAIOT TAKXKE, YTO 3HAueHHE 1/2 /s BEPOSITHOCTH MO-
Jyuaercsl H3 onuita. Ha camoM Zesie IpHMEHEHHE YTOHYEHHBIX CTATHCTH-
YeCKHX METOJOB K (JaKTHUECKHM DPE€3yJ/hTATaM ONLITOB C 6POCAHHEM MO«
HET HEH3MEHHO I0Ka3hBaJjo, YTO BHINAJEHHE repba M BhIN3aJCHHE pe-
UIETKH HE SBJSIOTCS OJHHAKOBO BEPOSITHHIMHM cOOHITHAMH. TeM He Me-
HEe Mbl NPHACPKHBAEMCS HalueH MOJEJIH «HAeaJbHOH» MOHETHI, XOTS Ha
CaMOM JeJle NpaBUJAbHHIX MOHET He CyllecTByeT. MHI coXpaHsiem 3Ty
MOJE/]b HE TOJBKO H3-33 €€ JIOUMYEeCKOH NMPOCTOTH, HO B OCHOBHOM H3-32
ee MNOJIE3HOCTH ¥ NPHMEHHMOCTH. BO MHOI'MX NPHJIOXKEHHSX 3Ta MOAE/b
JIOCTATOYHO TOYHO OMHCHIBAET ACHCTBHTEILHOCTD. Ellle BaXHEE TOT H3BJle-
KA4EeMbIH H3 OnmbTa (PAKT, YTO OTKJIOHEHHS OT HalleHd CXeMhl BCETAa CBsi-
38HBl C TAKHMH SIBJE€HHSMH, KaK, HANDUMED, HECOBNAJCHHE LIEHTPA Ts-
JKECTH MOHETH! C €€ I€OMETPHYECKHM LIEHTPOM.

Takum o6pa3oM, HamM HA€ATH3NPOBAHHLIE MOJENH MOTYT GHITH B
BHICIIEH CTENEHH NOJIE3HBIMH, AdXe HECMOTPS Ha TO, UTO OHH HUKOTAZ He
SIBJSIOTCS BIIOJIHE TOYHBIMH. Hampumep, B COBPEMEHHOM CTaTHCTHue-
CKOM KOHTpOJIE KauecTBa NMPOAYKUHH ) HIeaJH3HPOBaHHLIE BEPOSTHOCT~
Hhie MOJEJH HCNOJNL3YIOTCH /IS BhISBJEHHS «OGBACHHMHIX NPHUHH» 3)
6pocaiolHXCcsl B I/1a3a OTKJIOHEHHHA OT 3THX Mojesell H MocJedyollero
OnicTpefliero ycTpaHeHHs HEMCIpaBHocTel B pafoTe MallMH H Henpa-
BHJILHOCTEH TEUEHHs] NPOM3BOACTBEHHOTO Mpouecca,

IlopoGHble 3amMeuanns OTHOCATCS W K APYrHM ciyuasm. Uwucio Bos-
MOXKHLIX paclpeeseHHit KaPT MEXKAY HTPOKAMH NIPH Hrpe B 6PHIXK pPaBHO
nouty 10%. O6bIYHO MEI cOTJlalaeMcst CYHTATh 3TH paclpejeseHHsl KapT

}) B opurunane B ckobkax crofT cjosa uniformity or non-uniformity in nature,
Tepmun uniformity in nature s anrnuitckoM Tonkosom ciaosape BeGerepa (Webster’s
third new international dictionary.— Springfield: C. G. Merriam Co., 1965) o6bsc-
HSeTCH TaK: «IOKTPHHA MJH NPHHIKI, YTBEPAKAAIUIHE HEM3MEHHOCTh WIH MPaBHJb«
HOCTB B NpHpOge; B 6ojee CnenMasbHOM NOHHMaHHH — NPHHIHI, YTBEPKIAOUIHE,
YTO HACHTHYHBIE HCXOJHHIE COCTOSHUA MJIM HAECHTHYHLIE NPHYHHL HEHSMEHHO HMEIOT
CJIEJCTBHEM HAEHTHUHHE 3¢xbexThls.— IIpus. nepes.

%) B opHrHHale «OCHOBaHHOM Ha Metofax [lyxapras; cM. pasg. 6 ri. I, 5.—
Hpum. nepes.

3) B opurunane ¢assignable causess, T. e. coofpasenHs, Kotophle MoryT OHTh
NPHEBEJCHE B KauecTBe_ NPHYHB,— IIpus, nepes.
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PaBHOBEPOATHHIMH. JI/Ifi npoBepKH 3TOro AONYHIEHMS noTpeGoBaloch
6: Gosiee 10°° onmITOB, T. €. THICSAYM MHJUIHADAOB JIET KPYIJIOCYTOYHOH
UrpHl BCEX XHUBYWIMX Ha 3emJsie JIOAEH, €C/IM CYHTATh IPOJOJKHTE/b-
$10CTh UTPHI papHOil ofHOM cekyHae. OfHaKo CJAEACTBHS HALUETO NPEAIo-
fIOXKEHMsI MOryT OBITh INPOBEPEHBl 3JKCIEPHUMEHTANbHO IOCPEACTBOM
Ha6MoeHusi, HalIpUMep, 32 YaCTOTOH IIOSIBJIEHHS HECKOJIBKHX TY30B Y
oasoro urpoka. OKaswIBaeTCs, YTO HJEaJM3MPOBAHHASI MOJE/b OIMCHI-,
BaeT ONBIT C AOCTAaTOYHOM MJisi NPEABAPUTE/IBHEIX [eJeld TOYHOCTBIO
(B IpeaNONIOIKEHHH, YTO KAPTHI TACYIOT JyYllle, yeM 3TO OOBIYHO Je/1aeTcs).
Eue pa)kHee TO, 4YTo B CJy4assX Korja HabJiojaeMbie pe3yJbTaThl He
COrJ1acyioTCs C MACAIM3MPOBAHHON CXEeMOM, HAa OCHOBE 3TOH CXEMBl MOX-
HO OGHApYKHUTh ¢OObSICHUMEIE NPUYMHBIY PACXOXKJAECHHS, HANPUMED H3-
MeHeHHe crocofa TacoBKHM KapT. DTH NPUMEPhl UMEIOT OrpaHHUYEHHYIO
[EHHOCTb, HO OHM CBHJETENBbCTBYIOT O IOJIE3HOCTH NPHHATHIX Mozeseil.
Bosiee MHTEpPECHHIE NPUMEPH BCTPETATCS NPU JaJbHEHIEeM Da3BHTHIL
TEOPHH.

Npumepnr. a) Pasauuumsie waps.. B npumepe 2,a) mpeacrasasercs
€CTECTBEHHEIM MPEAINOJIONKEHHE O TOM, YTO BCE 3JEMEHTapHbE COORITUS
pasHOBepOSMHbL, T. €. 4mo kaxdoe u3 Hux umeem eeposmuocmsy 1/27.
Mu mokeM, OTHpaBJSISICE OT 3TOrO OnpedeneHus, U3ydaThb ero CJeACT-
Bus. DyjeT uau He OyneT Halla MOAENb AOCTaTOYHO TOYHO ONMCHIBATH
ACHCTBUTE/BEHOCTD, 3aBHCHUT OT THNA SIBJIEHHH, K KOTODHIM ee OyayT npu-
MEHATh. B OAHHX NPHJIOXKEHHSX PAaBHOBEPOSITHOCTh MCXOJOB fBJSETCS
cieacTedeM duauyeckux coobpakeHud. B Apyrux DpusoKeHUsXx oc-
HOBAaHHYIO Ha PaBHOBEPOSITHOCTH MCXOJOB IPOCTEAIIYIO MOJENb MCIIOJb-
3yI0T AJs oOuiell OpUEHTUPOBKH, JAME €C/JM COBEPLIEHHO OYEBHJHO,
YTO 3TO JIMIIE CaMOe NMepBoe, rpyboe npubmmkenue. [Ckazannoe xopouo
#omocTpupyior upumepsl 2, (6.1), nuu poxnaenus; 2, (6.7), audt;
2, (6.11), cobupanue KynoHos.]

6) Hepasauuumsie wape, cmamucmuxka Boze — Jidnwmedna. O6-
paTUMcsl Teneps K npuMepy 2, B), CBA3aHHOMY C pa3MelleHHeM Tpex
HEpa3JMYUMBIX LIAPOB 1O TPEeM sul¥MKaM. MOXKHO paccyXAaTb Tak:
HEBO3MOXKHOCTh Pas/jiMyaTh IIaphl HE OTPAXKaeTcsi Ha CYHIHOCTH ¢usu-
YeCKOr0 3KCIEePHUMEHTa, M OCTaeTca INo-npexHemy 27 HCXOJ0B, XOTA
T0/1bKO 10 M3 HUX OKA3BIBAIOTCHA PA3JUYUMEIMHM. DTH PacCyXJAEHHA I0-
Ka3hIBalOT, 4TO JECATH TOYKaM Tabs. 2 HaJJIEXHT NPHIHCAThL CIELYI0
iqMe BEpPOSTHOCTH.

Homep Touku 1 2 3
BeposTHOCTE 3 o o -
POATHOCTD 37 57 27 5

—
|- U1
o]~ &
o] =3

8 9
LI
O

—
oo S

Crenyer OTMETUTH, YTO [0 OTHOLIEHHIO K GOJBIIEH YacTH HpHUJIOKe-
Bull, nepeyuc/eHHRIX B npumepe 2, 6), Takoe pacCyXAEHHE 3BYUHMT
YOEUTENBHO, ¥ 5TO ONPABJLIBAET YKA3aHHHEIA CIOCO6 3ajaHHsl BEPOST-
Hocref, COOTBETCTBYIOUIMX TOUkaM Tabs. 2. McTopuuecku 310 paccyx-
JeHHe Jo/Iroe BpeMs NMPHHHMAJIOCh KaK 6E€3YC/I0BHO BEDHOE H B CTATHC-
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THUECKOH MEXaHHKe CJIYXMJIO OCHOBaHHeM cmamucmukuy Makcseara —
Boavymana jns pasmellienns 7 yacTui (11apoB) 0o 7 AueiikaM (AKKam).
Tem Goabine 6u110 yauBJIeHHE, KorAa Dose u DiiHINTElH noKasalu, 4YTO
onpeje/ieHHLIE TUNLI 4aCTULL NORYMHAIOTCA cmamucmuxe Boze — Jiin-
wumeiina (nogpoGuee cM. B ra. II, 5). B paccmarpuBaemom ciyuae
r=n=23 mojens Bose — JiiniuTeiina conocrasiseT Ka#domy u3 oecs-
mu asremenmaptelx cobuimuii sepoamuocme 1/10.

3TOT npuMep NOKa3LIBaeT, YTO B OJZHOM M TOM XK€ NPOCTPaHCTBA
3JIeMEHTAapPHEIM COGLITHAM BEPOSATHOCTH MOMHO NPHNHCHIBAThH NO-pas-
toMy. OH noscHseT TPyAHOE A/ NOHHMMaHHA B3aMMHOE AEHUCTBHE APYP
Ha Apyra TEOPHH H NPAKTHKH W YYMT Hac, B YAaCTHOCTH, HE HAJEAThbCH
0cO6EHHO Ha anpHOPHLIE aPryMeHTH M GLITH FOTOBLIMH NPHHSAThL HOBLIG
H HenpeABHJEHHKIE CXEMbI.

B) Bpocanue moremst. JIJ1f 4acTOTHOrO MCTOJIKOBaHHSA IOCTYJaTa
O paBEHCTBE BEPOATHOCTEH 3/1eMEHTapHHIX COOHITHE HeobXoAuMel JaH-
HbIE O PE3yJbTaTaX NpPOBEAEHHLIX JKCnepuMeHTOB. Bpocanue st06oH
HACTOSlEN MOHETH NPHBOAMT K MCKAXKEHHLIM pe3y/ibTaTaM, H3-3a JeHi-
CTBHf He Mojjamomuxcs yuery ¢akropoe. MoxHO, 0OfHaKo, OCYLIECT-
BUTb (U3MYECKHH 3KCNEPHMEHT, Pe3yJbTaThl KOTOPOro OKa3blBaIOTCHA
3HAUHTE/LHO 6JIMKE K HAEATLHON «MOJe I GPOCAHHA MOHETHI, UeM AJNA
Mmofod Hactosulell MoHerhl. [ Toro 4ro6n JaThb NpEJCTaB/EHHE O
clydaiHuIX KoJeGaHuaX (QJIYKTyanusx), KOTOPhIE MOXHO OXHAAThb,
Mbl MPHBOJMM 3aNUCL PE3YJLTATOB NOAOCOHOrO IKCNEPHUMEHTa, COOTBET-
creyromyio 10 000 6pocanuii MoueTwl. Ta6/. 3 COREPHHUT UUC/a IOHB~
Jledu# repba» B cTa NOCIEJOBATE/bHLIX CEPHAX, KaXAasfd H3 KOTOPHX
HAacYMTHIBAaET CTO «O6pocaHuil». CyMMapHOE YHMCJIO «NOfBJEHuH repbas
paBHo 4979 1). Ilornages Ha 3Ty Tab/HIly, YMTaTe/Nb, BEPOATHO, CKaXeT

Tabauya 3
Homepa ncnnTannft UYncjo enonpnenuil repbas ’ Cz:plg:‘eno

1— 1000 b4 46 53 55 46 54 41 48 51 53 501
1001— 2000 48 46 40 53 49 49 48 54 53 45 485
2001— 3000 43 52 58 51 51 50 52 50 53 49 509
3001— 4000 58 60 54 55 50 48 47 b7 52 55 536
4001— 5000 48 51 51 49 44 52 50 46 53 4l 485
5001— 6000 49 50 45 52 52 48 47 47 47 5l 488
6001— 7000 45 47 41 51 49 59 50 55 53 &0 500
7001— 8000 53 52 46 52 44 51 48 51 46 54 497
8001— 9000 45 47 46 52 47 48 59 57 45 48 494
9001—10000 47 41 51 48 59 51 52 55 39 41 484

1) Ha camoM jese NpuBejieHH THCJa NOSBJEHAA YeTHHX LHAGDP B OJHOM H3 pasje-
JIoB Tabauuw caydafiumx uncen A million random digits with 100 000 normal de-
viates, RAND Corporation, Glencoe, 1llinois, Free Press, 1955. [[lns MoaenupoBanng
«6POCAHHA MOHETH» IIPH TOM HCIOJB3YIOT TeHepaTopsl CAYyYafdHHX WYMOP; 0 APYTHX
MeToflaX cM., Hanpamep, Epmakos C, M. Merox MonTte-Kapso # cMeXHEe BONPOCH ,—
M.: Hayxa, 1975,— ITepes.]
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¢ HeonpezaeaeHHuM uyBcTBoM: «Hy u uro xe?». Ilo npaszae rosops, cy-
IMTH O TOM, B KAKOH CTeeHH TaKHe SMIHPHYECKHe JAaHHHE COIJacYioTCs
¢ Hamel a6CTPAKTHOM MOJAENEI0, MOXKHO JIHIIE NPH MOMOUIK AOCTATOYHO
pa3BHTOH Teopun. (Mexay nmpodydM, MEl BEDHEMCH K 3TOMY KpPYry BOI-
pocoe B ra. III, 6.) >

§ 7. OCHOBHBIE ONPEJEJIEHWA W COOTHOINEHHA

OcxosHoe mnonoxenue ). [lycmb dano Ouckpemroe npocmpawcmeo
anemenmapibix coboimuti & ¢ moukamu Ei, Eq, . . . . Mot nosrazaem, umo
¢ xaxcdoit mouxod E; ceasano wucao, naseieaemoe seposmuocmoto E; u
o6oanaxaemoe P{E;}. 3mu uucra dorxncHsl 66imb HEOMPUYLAMEAbHY U MA-

Kogbi, 4mo
P{E{}4+P{E;}+. . .=1. (7.1)

3aMerdM, YTO ME HE MCK/I09aeM BO3MOXHOCTE PaBEHCTBA HYJIIO
BEPOATHOCTEH OTAENLHLIX 3/eMEHTAPHHX COORITHH. 3TO AONMYIUEHHE MO-
)KeT NOKa3aThCA HeeCTeCTBEHHLIM, HO OHO HEOGXOAHMO IS TOro, uToOhE
u36exaTb ocnoXHeHHH. B cjyyae QUCKpPETHOrO mpoCTPaHCTBA 3J€MEH-
TapHHX COGHTHA paBEHCTBO HYJIO BEPOATHOCTH HAa NPaKTHKE pacs
CMAaTPHBAIOT KaK HEBO3MOMKHOCTh H 3JEMEHTapHOE COGHITHE, MMElolee
BEPOSATHOCTb, PABHYIO HYJIO, MOXHO 6e3HaKa3aHHO H3BATb H3 NPOCT-
paHcTBa 3/1eMeHTapHuX co6hTHA. OAHZKO YacTO YHCJEHHLIE 3HAYEHHA
BEPOSITHOCTEH 3apaHee HEH3BECTHH, H 6e3 JONMOJHHTEJbHHX, NOPOH
C/IOKHBIX, PACCYXKACHHH HEBO3MOMKHO pPElIHTh, PaBHA HJIH He paBHA
HyJI0 BEPOSTHOCTH HEKOTOPOH TOYKH.

Onpenenenne. Beposmuocme P{A} awbozo cobumus A ecmo cymma
8epOAMHOCMeEl 3AEMERMAPHbLX COObImUL, U3 KOMOopLixX 0HO COCMoum.

ITo ¢opmyne (7.1) BeposTHOCTH Beero npoctpancTsa & siaemen-
TapuelX CoGmTHH paBua emunnue: P{@}=1. Jlanee, ana J/moboro

coORITHA
o<P{4)<1. (7.2)

PaccMOTpHM Teneps ABa NPOM3BOJLHHIX COOHTHA Aji u Az UT0OH
BHIYHCAHTE BeposaTHOCTE P{A4; ) A4} Toro, uto uMeeT mMecTo 160 COGHI-
Te Ay, Au60 cobuTHe A, AH60 06a 5TH COBHITHS, MBl IOJMKHEE CIOXKHTD
BEPOSTHOCTH BCEX TOYeK, cojepxkamuxca B Ay, ¥ BCeX TOuek, coaep-
xKamuxca B A,, cuHTas, OAHAKO, KOXKAYIO TOYKY 0 ORHOMY pa3y. Mu

HMEEM II03TOMY
P{A;U4.}<P{4:}1+P{4,}. (7.3)

Fcau teneps E — miobas Touka, coaepxamasca H B Ay, u B Ay, TO
P{E} Bxonut ABa pa3a B IPaBYIO K OAMH pa3 B JIEBYIO YaCTh HEPABEHCTBA

1) B opurasane Fundamental convention, K nemy o yuerom ompenenenns Bepo-
ATHOCTR (CM. H¥XKE) IO CYLIECTBY CBOAATCHA akcHoMn Kojmoroposa (cM. KHHTY
A. H. Konmoroposa, UHTHPOBaHHEYIO Ha ¢, 23) B C/lyuae QHCKPETHOIO NMPOCTPAHCTBA
S/eMeHTapHuX cOCuTHA,— [I1puMm, nepee,
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(7.3). Ilostomy npaBas yacTb NPEBOCXOAHUT JeBY0 Ha P{A;A.}, ¥ MB
10Jy4aeM NPOCTYI0, HO HMEIOLLYI0 TOJIE3HbIE CJICACTBHS TEOPEMY.

Teopema. 13 10bsix 08yx cobeimuti A; u A , 8eposamnocme moeo, 4mo
umeem mecmo aubo cobsimue Ai, aubo cobeunue As, aubo oba smu cobei-
mus, daemeca Gopmyaol

P{A;:U A.}=P{A;}HP{A4,}—P{4:4,}. (7.4)

Ecau A{A,=0, m. e. ecau cobeimus Ai u A, necosmecmust, mo (7.4)
ceodumen K caedywouwjemy 6udy:

P{A,UA.}=P{4:}+P{4.}. (7.5)

ITpumep. Monera Gpocaercs asa pasa. B kauecTse npocTpancTsa
3MEMEHTapHBIX COOBITHE Bo3bMeM ueTwipe Touku I'I°, I'P, PI', PP u
CBSKEM ‘¢ Kaxaoi sepostHocth 1/4. Tlycts A; v A, o03HayamoT coOT-
BETCTBEHHO COOBLITHS «IIPH NEPBOM GPOCAHHM BHINAJ Iepb» M «IpH BTO-
pom 6pocanuu Brimaa rep6r. Toraa coburue Ay coctout u3 towek I'T,
I'P u cobuitue A, cocrout M3 Touek PI', I'l’. Janee cobuitie A;U A,
coaepxut tpu Touku I'I', I'P, PI', B To Bpems Kak cofbitie A4, co-
cTonT M3 eauHcTBeHHO# Touku I'I". Takum obpasom,

P{A;A:}=1/2-}+1/2—1/4=3/4. >

Beposithoctb P{A;UA.U ... UA,}ocymecrsnenus xors Gsl 01-
HOTO 13 7 COGBITHE MOXET GRITh BBIYHC/IEHA N0 GOPMYJIe, aHAJOTHUHON
¢opmyse (7.4); ona Gyner nonyuena B ra. IV, 1. 3aece Mbl Jumb 3a-
METHM, YTO PacCyxjAeHus, npusoasmue K (7.3), npurogHnl B ciayuae
moboro yucaa obbepuHsieMbx coOniTHit, Takum oGpasom, 048 npous-
804610 63ampix cobeumuti Ai, A, « « . 66INOAHACMCS HEPABEHCMBO

P{AiUA.U ... }<P{A;}HP{A:}+. .. . (7.6)
B wacmuom caydae, koeda cobuimun Ai, A,, . . . nonapHo Hecogmecmnel,
P{AxUAzU . .}zp{Ai}+p{Az}+. " e (77)

Huoraa nepaBenctso (7.6) HaswBawoT HepaseHcmeom Byaab).

Mu1 uccnenyem cuauana I8 rat. I1 u 111.— Iepes.] yacthmiit cyyai,
KOTJa2 MNPOCTPAHCTBO IEMEHTAPHBIX COOLITHH COCTOMT W3 KOHEYHOro
yucna N TOYeK, BEPOSTHOCTL Ka)JOH 13 KOTOPHIX NpocTo pasHa 1/N,
B 3ToM cayuae BeposiTHOCTB soGoro cobuitst A paBHa YHCAY TOYEK,
Bxoasmux B A, nenensomy Ha N. B crapoit sutepatype sneMenTapusle
COGHITHSI Ha3blBAJIM «CIYYasiMU», @ 3JIEMEHTADHLIE COBLITHS, BXOASIIMe
B A,— «GnaronpUsTHEIMU Cay4YasiMi» (6/1arONPHATHEIMM IS COOBITHS
A). Ecau Bce 3neMeHTapHbIE COOBITHS PABHOBEPOATHE!, TO BEPOSTHOCTh
COOLITHS PaBHA OTHOLIEHHIO YHC/]A GIarOnpUATHRIX CAYyYaeB K HHCAY

1) Byas JIxopax (Boole J.; 1815—1864) — aurnufickufi MateMaTdK K JOrHK,
OH 3a70XHT OCHOBH MaTeMarndeckoll soruky, Ero nmenem Haspanw, HanpuMep, Gyne-
BNl aiarebpul,— IIpum. nepes,
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BCeX BO3MOXHHIX cayuaeB. K coxanenuio, 3Toi ¢opMyHpOBKOHA Heons
HOKPAaTHO 3JI0YynoTpe6/siH, CTapasich CONPENEJHTLY NOHATHE BEPOAT-
HocTH. Hacto yTeepxjafiu, 4To B 2/000M KOHEUHOM IPOCTPAHCTBE 5Je-
MEHTapHBIX COGHITHH BEPOSITHOCTH 3THX COOBITHH JOJIKHEI OHITh PaBHEL
Mexay coGoif. dro He TaKk !). [Ipn ogHOKpaTHOM 6pOCaHHH HENpaBHJb-
HOH MOHETH IPOCTPAHCTBO 3JEMEHTApPHHX COOBITHH IIO-IIPEXHEMY CO-
JEPXKUT BCEro JBe TOUKH (BHNajeHue repGa M BhHINAJEHHE PELIETKH), HO
9TH 3JEMEHTapHHE COOHTHS MOTYT HMEThb KaKHE YTOAHO BEPOSITHOCTH
p 4 g, Muwb 6u 6o p+g==1. HoBopoxneHHni — J1H60 Ma/buHK,
JH60 JEBOUKA, HO 9TH ABE BO3MOMXHOCTH HE PaBHOBEPOSTHHI [0 MHOTrO-
JIETHHM HaOJIOIEHHAM YacTOTa POXKAEHHS Ma/JbUMKOB HECKOJIBKO GOJbe
we 0,51; cM., nanpumep, Tabauuu B ra. 31 kuuru I, Kpamepa, nutu-
poBannofi Ha cTp. 21.— [epes.]. Eiue ofHO onpoBepeHHE COAEPMHT
npumep 6, 6). Ilose3HocTh OPOCTPAHCTBE C PABHOBEPOSITHHIMH 3/IEMEH-
TapHBIMH COORITHAMH NPOSIB/ISETCA B OCHOBHOM [IPH H3YUEHHH a3apPTHHIX
Mrp U B KOMOHHATODHOM aHaJH3e,

§ 8. 3AJAUHM

1. M3 undp 1, 2, 3, 4, b cuavana suGuparoT OfHy, 2 saTeM H3 OCTaBIIMXCS 9@«
THpex — BT0OpYIo. JlonycTHM, 910 Bee 20 BOIMOMKHEIX HCXOJOB PaBHOBEPOSTHH, Hafta
BEpOSTHOCTL TOTO, 9TO a) B NePBHA pa3, 6) Bo BTOpof pa3, B) 0fa pa3a 6yjer Bu6pana
HeyeTHas UHOpa.

2. B nmpocTtpanctBe sneMeHTapHHX COSHTHA npHMepa 2, a) mpHNHIleM paBHLI®
BepoATHOcTH BceM 27 Toyka. Mcnoab3ys oGo3nauyeHHs npeMepa 4, I), DDOBEPHTb -
q)opmgng §7.4) A8 fByX coburtul Aj=S8; u A3==S,;. CKOJIbKO TOYeK BXOAET B COOLI«
THE 03193

3. PaccMorpum Bce 24 BO3MOXHHE nepectaHOBKH UHdP I, 2, 3, 4 u cBaXKeM @
Kaxnoft seposthocts 1/24. Ilycts Aj— cobuTHe, cocTosillee B TOM, 4TO UMdpa £
oOKadanach Ha I-M mecre (i=1, 2, 3, 4). IIposepurb popmyay (7.4).

4. Monery Gpocaior J0 TeX NOp, noka 2 pa3a MOAPAX OHA He BHNaXaer OAHOA H
TOR e CTOPOHOR. KanoMy BO3MOMHOMY HCXOAY, NPH KOTOpOM 6pOCaHHRA 8BaKaHYH<
BAIOTCA Ha 7-M liare, NPHIHMIIEM BepOATHOCTH 1/27—1, OnucaTh NPOCTPAaHCTBO 3Jes
MeHTapHbIX COGHITHA. HaliTH BepOATHOCTH cllenylomHX cOGHITHH: a) ONKT OKOHYHTCH
J0 1ecToro 6pocanns; 6) moTpe6yeTCs YeTHO® THCIO GpocaHHi.

5. B npocTpancTBe snemenTapHHX cOGHTHH npHmepa 5, 6) mpHmHmueM Kaxjof
TOYKe H3 (%), copepxaumied poBHO 2 6yks, BeposiTHoctb 1/2%, (Muade rosops, aa
H Ob umeiorT BeposTHOCTh 1/4, ach umeer BeposrtHocTh 1/8 M T.x) a) Iloka3sats,
YTO CyMMa BepPOSTHOCTeR BceX TOYeK H3 (%) PaBHa efHHHIE (B CHJY STOro KaMias
M3 JBYX TOueK (#+) HMeeT BEPOSTHOCTb, PaBHYIO HYJI0). 6) YCTaHOBHTB, YTO
¢ BeposITHOCTBIO /14 noGepuTteneM GyfeT HIpOK 4. BepOATHOCTE TOro, 4TO noGes
IOHT Hrpok b, 6yjaeT Tako#l e, HO aHaJIOTHYHAA BEPOATHOCTL JMf ¢ paBHa 2(7.

2 Cna6ocTh MPHBEAEGHHOTrO BHIUE YTBePXJACHHS MORAMAalH R paHee; HanmpHMep,
ewe A, A. MapkoB nican: «B H3BeCTHHIX TeOPETHYECKHX BOIPOCAX PABHOBOIMOXKHOCTD
PaccMaTpHBaeMHIX COGHITHH NpejCTaB/fETcH HalleMy yMy BNOJHE SICHO, B APYLHX MR
YCJIOBHMCH, KakKHe HMEHHO COOLITHR CYHTaTh PaBHOBOSMOXHLIMH. B npakTHgeckux
Xe Bompocax Mbl MOXeM OHTh BHIHYXEHBl CYMTaTh PABHOBO3IMOMHEIMH H TaKHe COe
OWTHS, pPaBHOBO3MOXMHOCTD KOTOPHIX BechMa COMHHTenbHa.» (Mapkos A. A. Hcunge
senHe BepositHocTell,.— M.: TU3, 1924, ¢. 2—3.) A. A. Mapkos (1856—1922) — prxa-
Jomufca pyccKH# MaTeMaTHK, CHelMalHCT MO TEOPHH guCen, TEOPHA BeposTHOCTeR
.- W MatemartudecKoMy ananu3y. C 1886 r. nmpodeccop [lerep6yprckoro yHHBepCHTETZ,
.© 1890 r, akapempk [TetepOyprckol AKageMun Hayk,— [Tpus. nepes,
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B) BeposTHOCT TOro, urto noGegurent He OmNpefesuTcs X0 R-ro Typa BK/IYH-
TeJLHO, paBHa 1/2R—1; mposepuTh 5TO.

6. Bunonamenuts nprmep 5,6), RONYCTHB, 9TO NaPTHH MOI'yT 3aKaHYHBAThCHA
BHHYBID. OnHcaTh COOTBETCTBYIOULee NMPOCTPAHCTBO 8JIeMEHTApHHIX coGuTHR. Kak
BBECTH BepOSTHOCTH?

7. B 3anate 3 moxasath, uto A A,A; C Ay v A A A AL

8. Hcnonbayss o06o3nayenus npumepa 4,Tr), noxasaTe, u4To ) S;S,D3=0;
6) S1D,C Ey; B) E3—DyS; o S,Ds.

9. Bbpocalor jgme wurpanabube KocTH. ITycts A—co6biTie, cocTodllee B TOM,
9TO0 CyMM2 OYKOB— HeueTHOe uHI0, a B—cofbiTHe, cocTodmiee B TOM, UTO
XOTH Ol Ha OJHOH M3 XOcTeil BmNaja ejsHHua. Onucath cobutaa AB, AUB;
AB’, HafiTh uX ‘BepOATHOCTH NpH YCJAOBHH, 4TO Bce 36 s/MeMeHTapHEIX CcOGLITHA
PaBHOBEPOSTHEL

10. B npumepe 2,3K) BHACHMTH CMHCJI clepylomux cob6utuii: a) ABC;
6) A—AB; 8) AB'C.

11, Iposeputs, uto B npumepe 2, x) AC' — B.

12. Bpudac (cM. npumedanue K § 1). Ilyete Ny, rge k=1, 2, 3, 4—cobm-
THe, cOCTOsmlee B TOM, 4TO Hrpok «Cesep» noayuaus He MeHee k Ty3os. IlycTh Sg,
Ep u Wp—ananoruunnie co6uiTHE 1 urpokos ¢fOrs, «BocTok» H «3anmag». Uto
MOXHO CKa3aTb O 4Hc/Ie TY30B Y HIDOKa ¢3amajl»y NpH OCyllecTBJEHHH COGHLITHH
a) Wy; 6) NoSyiB) NiS1Ey;r) Wy— Wa n) NiSiE\Wy; €) NaWy; x) (NaUS,) Eg?

13. IlposepuTh, 4TO B NpefHAyIleld 3agaue

a) Sz Sy r) NS, Wy; .
6) SsWo=0; D (NaUSg)Wp=0;
B) N,SiE,Wi=0; e) W =N1iSiE1.
14, [NpoBepuTh CMeZyIOUAE COOTHOIWEHHS 1)
a) (AUB) =A'B"; 2 (AUB)—AB=AB'UA'B;
6) (AUB)—~B=A—AB=AB"; e) A'UYB' = (4B)";
B) AA=AUA=4; x®) (AUB)C=AC| BC.

r) (A—AB)UB=A|B;
15, Hafitu npocrele BHpaxeHHs RAS coBuTHl
a) (AUB) (AUB'); 6) (AUB)(A'UB') (AUB'); ) (AUB) (BUC).

16, YcTaHOBHTh, KaKde M3 CIefyIOLIX COOTHOMIEHHH NpPABH/LHH:

a) (AUB)~C=AU(B~—C); x) (AUB)—A=B;

6) ABC=AB (CU B); s) AB'C = AUB;

5) AUBUC=AU(B—AB)U (C— AC); u) (AUBUCY =A'B'C;

1) AYB=(A—AB)UB; x) (AUB)Y C=A'C|B'C;

&) AB|BC|CA> ABC; ) (AUBY C=A'B'C;

e) (ABUBCUCA) < (AUBUC) M) (AUB)' C=C~—C (AUB)..

17. TNycrs A, B, C — Tpy npos3so/IsHO BHGParHbIX cobbiTrs, HafiTh Bupaxenun

s cOGHITHA, COCTOAIHX B TOM, uto H3 A, B, C

a) NpOH3OWIO TOIRKO Aj

6) npouzomwas A ¥ B, Ho C He npoH3OULIO;

B) BC8 TPH COOBITHE TPOH3OLLIH;

r) NpOH30WJIO0 XOTA 6bl OJHO H3 STHX COGBITHIty

Jl) TpOH30WIO0 XOTA Gbl ABa COGLITHA;

€) NpOM30ULIO OJHO M TOABKO OAHO H3 3THX COGHITHH;

1) 3ameruM, ato (A|JB)’ oananaer coGnTHe, MPOTHBONOIOXKHOe cOGLITHIO A |JB;
’ 1 ’ rnt
oHO He cosnagaer ¢ A’'{JB*, Ananorkuno (AB)' He To e camoe, uto A'B’,
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3K) NPOH3OLVIO ABa H TOJBKO ABa COOHITHA,
8) HH OHO coGLiTHe He MPOH3OWJO;
H) MPOH3OIO He GoJlee ABYX COOBLITHI.
18. O6veannenne A ) B aByx cOoOMTHI MoXKeT OHTbL BHpaXeHO Kak of6befHHeHHe

JBYX HECOBMECTHbIX COGuITHA, HMeHHO A ) B=AU (A—AB). Brpa3uts aHaNlOTHYHBIM

o0pasoM oObeaHHeHHe Tpex coOuTHit A, B, C.
19. Ucnoasays pesyastat 3ajayH 18, foxasatb, uTo

P{ayByC)=P{A}+P{BHP{C)—P{AB}—P{AC)—P{BC}HP{ABC},
[97a popMyna ABAAETCA YaCTHEIM Clywaem opmya (1.5) ra. 1V.)



FRABA Il DJNIEMEHTbI KOMBHMHATOPHOIO
AHATIU3 A

B 3TOR r/iaBe MOSICHAIOTCA OCHOBHBIE MOHATHS KOMOHHATOPHOrO
aHa/1M3a M Pa3BMBAIOTCSl COOTBETCTBYIOLLHE BEPOSTHOCTHBIE OCHOBAHUS;
B [oCJIeHeN YacTH IJ1aBHl OIMICHIBAIOTCH HEKOTOPBIE NPOCTBIE aHAJIHTH-
yeckHe npueMbl. JI1s aansHelmero 13yueHHsl KHUIH He TpeGyeTcs riy-
GoKoro 3HaHHsi KOMOWHAaTODHOTO aHa/au3a, W YHTaTedb, ClelHabHO
UM HE HHTEpeCyLIMAcA, MOXKeT mocse GerJoro mpocMoTpa cpasy mne-
peiitn K ryaBe V, npojosKaiolliel OCHOBHYK TEOPETHUYECKYIO JIMHKIO
ra. I. Jlyuwe Bcero unTath OTAe/BHEE naparpadsl 3TOH [V1aBHl B CBS3H
C HMEIOIUHMH K HHM OTHOILUEHHE TeMaMH B MOCJEAYIOIIMX rJaBax.

[lpyu H3yyeHHH mpOCTBIX a3apPTHBIX Wrp, NMPONEAYDP CJAy4aHHOrO BhI-
Gopa, 33734 O pa3MelleHHH H YNOPSAAOYEHHH K T. [. MBI, KaK [PaBHJIO,
HMEEeM JIEJI0 C KOHEUHHLIMH [POCTPAHCTBAMH 3JIEMEHTApHBIX COOBITHH, B
KOTOPBIX BCEM TOYKAM IMPHIIMCHIBAIOTCS paBHEIE BEPOATHOCTH. B arom
cJayuae, A/ TOTO 4TOGHI HalTH BepOSTHOCTL HEKOTOPOro cobuiTHS A,
Mbl JIO/KHBI Pa3feNHTh YHCJO 3JeMeHTapHhX cobbrruit B A («BGnaro-
NPHATHREIE CJyyau») Ha obilee YHC/IO 3JeMeHTapHBIX COOBITHH («BO3-
MOXHbIE Cayudan»). [loacuer umcna caydaeB obseruaercss cHCTeMaTH-
UECKHM HCIIOJB30BAHHEM HECKOJBKMX [PaBU/1, K 0030py KOTOPHX
Mbl ceiiyac neperaeM. Ilpoctora W 3KOHOMHS MBIULIEHHS MOTYT ORITh
JOCTHTHYTH [I0CTOSIHHEIM [P HMEHEHHEM HECKOJIBKHX CTAHAAPTHHIX IIPHE-
MOB, ¥ MbI 6yJieM C/1el0BaTh 3TOMY crnocofy AefiCTBHH BMECTO TOTO, YTO-
Obl OMHUCRIBATH KPAaTUAKIIHIA BHIUHCAMTEBHBI METOA B KaXX/IOM KOHK-
peTHoM ciayudae ‘).

§ 1. MPEABAPUTEJNDBHBIE CBEJAEHHUA

Napu. H3 m siemenmos a,, . .., Qn U n 3semenmos by, ..., b,
MoxcHo o6pasosamb mn nap (a;, by), codepacawyux no o00OHOMY 3aemermy
u3 kaxcdoi epynnet. :

1) HMurepecylomuiics 3THMH BOMPOCAMH 4YUTATeNb HaiifleT OOGIIHPHLIR MaTepuast
O 5JeMEHTapHOMY KOMOGHHATODHOMY aHaJu3y, OOGpaTHBIUHCH K KJA4CCHUECKOH KHHI@
Y. Yuropra (Whitworth W, A., Choice and chance, 5th ed., London, 1901; Netv
York, Stechert G. E., 1942). Ee gonosnser 3agaunux roro xe aBropa DCC exercises,
nepensfannsii B Howo-Flopke B 1945 r. 1 cofepxkamuit 700 3a1a4 ¢ IOMHBIME PELIEHH
mu. [Cu. Takxke kuury Caukos B. H. Bpegenne p KoM6u11aTOpHbIE METORB AUCKPETHOR
MmareMaTuid.— M.: Hayka, 1982 n 3agaunux KomGuHaTopHBIA aHaau3. 3afaud H
ynpaxuenna/[Tog pes, K, A, Pu6nukosa,~— M,: Hayka, 1982,— [epes,]
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Hoxazameascmso, CocTaBUM M3 3THX Nap IPAMOYTOJBHYIO TabJMIy
(nanono6ue TaGaHIBl YMHOMEHHMS) C 1 CTPOKAMH H n CTOAGLaMH TaK,
yrobrt napa (ay, b,) crosna Ha nepeceyeHuH j-# CTPOKH U k-ro croabua.
Torpa xaxpaas napa nosiBASETCS OAHH H TOJBbKO OAMH pa3, H yTBEpPXK-
JleHMEe CTAHOBHTCSI OUEBMAHBIM.

NMpumepnt. a) Kapmot 02s 6pudsca (cM. npuMeuanwe X § 1 ra. I).
B kauecTBe MHOXECTB 3/€MEHTOB OepyTcs YeThipe MacTH M TpUHa-
AuaTh 3HaueHMi coorBercTBeHHO. Kaxkaas xapra onpenensiercs cBoei
MacThi0 M 3HayeHWeM, M cyuecrByer 4-13=52 rtakux xoMOuHauuil
(kapt)

6) «Cemunoduyuonnsie mopuiepe». Tak Ha3LIBAIOTCA TOPIIEPH C Tpe-
M5t OOBLIYHEIMH JlaMIIaMH M IIOACBETKOH, KOTOpPas MOXET yCTAHABJIUBAThH-
C5 Ha TPeX YPOBHHX HJM BooOlue He ucnoab3oBathes. Kapas u3 sTux
yeTHIpEX BO3MOXKHOCTEH MOMXET KOMOMHHPOBaThcs C BkjowenneM O,
1, 2 uau 3 namn. CrnepoparenbHo, cyiiectByer 4:4=16 BO3MOMXHHEIX
KoMOMHanui, H3 KOTOPHIX ofHa — Ha3soseM ee (0, 0) — o3nazaer, uTO
Topumep Buik/ioueH. OcTtaercss NATHaauaTh (2 He ceMb) crocoGOB BKJIO-
YyeHHs TOpLIepa. »

Kombunaunu. Jawo n; Bsiemenmos a;, ..., Qn,, N, 3AeMEHMOE
byy e vy bngs ooy N, BNEMEHMOB Xyy + ..y X HUCAO BOBMONCHOLX KOMOU-
Hayuil (aj,, bjy ..., Xj,), coOOepacauyux no 00HOMY AeMeHmy Kanwdozo
muna, pasHo Ni-Ng-...-N,.

Hokasameabcmso. Eciu r=2, To yTBepXIeHHE CBOAHTCS K NEPBOMY
npasuny. Ecau r=3, To paccmarpuBaem napy (a;, b;) Kak 5/1eMeHT Ho-
Boro THna. CyllecTBYeT M1, TAKUX [1ap M Ng 3JEMEHTOB Cp. Kaxnas
Tpo#ika (a;, by, cx) B CBOIO ouepeib SBJSETCA Napod, COCTOSIER M3
(a;, b;) u snemeHTta C; CJELOBATENbHO, YHCJO TPOEK DABHO MyMafs.
YTBepxjenue A8 JOGOro r nosyyaercs Mo HHAYKLHH.

MHorye NpHMEHEHMs OCHOBaHBl Ha CJefyiolled nepegopMylaHpoOBKe
MOCAENHEH TEOpeMbl: npu r nocaedosamesbHsix 66i60pax (pewenusx)
C POBHO Ny BOIMOMCHLIMU UCX00amu Ha k-m uidee MONCHO NOAY4UMb
Ny Nar. o .+, PAIAUHHBIX PE3YALMAMOE.

NMpumepnl. B) Kaaccuguxayus no muozum npusnaxax. Ilpexnoso-
UM, YTO JIOAH KJaccubUIUPYIOTCA NO NONY, CEMEHHOMY IOJIOKEHHIO
¥ npodeccuu. Pasiuunbie KaTEropHH UrpaioT posb sjemeHToB. Ecau
umeercs 17 npogeccuil, To Bcero 6yaer 2-2-17=068 xnaccos.

r) B ceavcxoxossticmeennom 3KCnepumerme NPOBEPAIOT BIHMSHHE
Tpex pasiuuHbIX (DaKTOPOB (TaKHUX, Kak NpPHMEHeHHe yjnobpeHu#t, oms
puickuBaHue ¥ Temneparypa). Ecau atu dakTOphl MOTYT UMETb ri, Ty
H ry ypoBHeH (MM KOHUEHTpAaUMA) COOTBETCTBEHHO, TO BCEIO CYLIECT4
BYET 7,ryrs KOMOHHAUMA MJH croco60B BO3JAEHCTBUS.

1) «Pasmewerue wapoé no Auyuxam» PaBHO3HaYHO BHIOOPY slIMKA
AJISL KaXA0T0 Wiapa. JJs 7 apoB Mul UMeeM 7 He3aBUCHMHX BHOOpOB,
U TI0STOMY 7 (iapo8 MONCHO DAIMECINIMb 8 N AYUKAX N7 PAIAURHNMU CNO
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cobanu. Becnomunas npumep ra. I, 2, 6), MBl BUAHM, 4TO OYEHb MHOTHE
MEIC/IUMBIE SKCIIEPUMEHTHl ¢ aOCTPAKTHOH TOYKH 3PEHHS SKBHBAJEHTHBI
pa3mellerHio wapoB no siukaM. Hanpumep, paccmaTpusas rpanu ur-
PajbHOH KOCTH KaK ¢«AIMKH», NOJYYHM, YTO npu 6pocaHMu r pa3 ur-
paJbHOM KOCTH HMmeeTcs 67 BO3MOXHBIX HCXOAOB, B 5" H3 KOTOPHIX HH
pa3y He mosBuJach eguHuua. ITosTomy npu NpeanosoOMEeHUu, YTc BCE
MCXOXbl PaBHOBEPOATHBI, COOLITHE «B 7 GPOCAHMAX HE OLLIO ELMHINIILI»
HMeeT BeposiTHOCTD (5/6)7. Mbl MOXKEM HaWBHO 1OJIaraTh, YTO HPI LIECTH
6pocaHuAX «elMHHLA JOJIKHA MOSBHTLCH», OXHAKO BEPOATHOCTH 3TOrO
cobuTus paBHa Toabko 1— (5/6)%, T. e. MeHblne, yem 2/3 (cp. ¢ mpuaie-
pom 3, 6)).

€) Buwgeuisanue ¢aazos '), PaccMoTpuM MeHee TPHBMAJbHREIM mpH-
MEp, 8 MMEHHO NPEANOJIOXKHM, YTO 7 {N1arOB Pas3/HUYHLIX LBETOB BLiBE-
IIMBAIOTCH Ha 7 wwectax B pAA. CKOMBbKUMM crnocofamMH 3TO MOXHO
caenaTtb? Mol npeHe6GperaeM, KOHeYHO, aGCOMOTHBIM NOJOXEHHEM (ia-
ra Ha LIeCTe M TeM 06CTOATEJbCTBOM, YTO YHCJO (J1aroB Ha 1ecTe npak-
THUYECKH OrpaHudeHo. Mu npefnonaraeM TOJMBKO, YTO (wIark na Kaxaom
IIECTE PACMOJIaraloTcs B ONpPEAeNEHHOM MOPSAKE CBEPXY BHH3. ’

BrlBelInBaHHE MOXHO OCYIIECTBHTh IOCJELOBATENLHEIM BHIOOPOM
MECTa AJ15 KaXXIoro u3 r ¢aros. dns nepsoro duiara suibupaeTcs OAKHH
H3 1 1IeCTOB. JTOT IUecT, TakuM 06pa3oM, AeNWTCH Ha ABE 4acTH, H,
CleJ0BaTeNbHO, MMEETCH 71 BO3MOXKHHEIX BBIGODOB IOJIOKEHHS AJA
BTOpOro ¢ara. AHaNOTMYHO NMOKAa3bIBAETCH, YTO AJs TPEThero duiara
BO3MOXHO 742 Boibopa u T. A. OTclofa Cieayer, 4TO 403x0%cHo n(n-+-
~+1)-. . o (n4-r—1) pasauunsix cnoco6os evisetuusanus.

§ 2. YIOPAJNOYEHHBIE BbIGOPKH

PaccMOTpHM MHOMXKECTBO HJIM «reHepaibHYI0 COBOKYMHOCTE® M3
n 3JIEMEHTOB @i, Az, . « », Qn. YNOPROOHEHHOU Bi00pKOL 06Tema r, U3-
BJIEYEHHOH M3 JaHHOH reHepaJibHOH COBOKYIHOCTH, HasblBaeTcs Jofoe
YNOPsiIOYEHHOE MHOXKECTBO @), Qzgy o + +, @7, U3 7 €TO 3J1EMEHTOB. [lis

HarVIgJHOCTH MOXHO NpEeACTaBMTh cefe, 4TO 3JEeMEHTH BIGHpaIOTCH
ORMH 3a ApyruM. B s3ToM ciyyae Bo3moxHH! gBe npouenypsl. Ilepsas —
6bi60p € 8038pauerUeM; 31€Ch KaX0E U3BJEYEHHE JENAEeTCs M3 MOJHOM
TeHepasLHOH COBOKYIHOCTH, TaK YTO OAMH H TOT XK€ SJEMEHT MOXKET
ObITb BHIOpAH HECKOJNbKO pa3. Takue BHGOPKM — YMNOPsIOYEHHBIE MHO-
JKECTBA, B KOTOPBIX JONYCKalOTCs NOBTOpeHus. Bropas mpoueaypa —
66160p 6€3 8038patyenus; 31ech 3JEMEHT, BLIODAaHHRH OJHAX/IBI, HCKJIIO-
YaloT W3 IeHepaJbHOH COBOKYIHOCTH, TaK 4TO BLIGOPKa mpeBpanaercs
B YNOpsAOYeHHOE MHOXeCTBO Oe3 nopropeHui. OueBUIHO, B 3TOM CJY-
yae 06peM BBHIOODKH 7 HE MOXeT ObiTh GoJibine O6beMa reHepanbHOl
COBOKYNIHOCTH 1,

440 1)4I21inucan H. M., A {eaching sequence for "/ ,, The Math, Gazefte, 48 (1964),
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I[Tpu BHIGOpPE C BO3BpAlIEHHEM KaXKIALIA W3 7 3JIEMEHTOB MOXET OLITh
BLIOpaH 1 croco6aMu, U N03TOMY YHCJO BO3MOXKHBLIX BHIGOPOK Oyrner n’;
STO 110/1y4YaeTCs M3 MOCJELHER TEOPeMbl MPH My==M,=. . .=n. IIpu BbI-
Gope Ge3 BO3BpALIEHUS MBI UMEEM 71 BO3MOXKHBIX HCXOJOB 15 [EPBOTO
3J1€eMEeHTa, HO TOJbLKO n—I1 Ans BTOpOro, n—=2 IJsl TPeThero H T. A.;
TakuM 06pa3oM, Bcero Cyuwecrtyer n(n—I)-. . .- (n—r-1) BHGopoxk.
Ipoussesenus TAKOro THIA MOSBJSIOTCS OYEHb YaCTO, O3TOMY YIOOHO
BBeCTH 00O3HaYeHue %)

(n)y=n(n—0)-.. .- (n—r+1). 2.1

$IcHo, uto (n),=0 A1s TaKuxX UENBIX r ¥ N1, 4To r>n. Takum o6pa3oM,
MBI NOJIYYHJIH CJEIYIOUYIO TEOPeMY.

Teopema. J11 ceHeparbHOL COBOKYNHOCIMU U3 N 3AEMERMOE U UKCUPO-
8anH020 06bemMa 6LO0PKY T Cywecmeyem n’ pasauHux 6u60poK ¢ 603
apawenuem u (n), esibopox 6e3 6038pawerus.

OTMeTHM HacTHBEI caydait, Koraa r=n. [Ipu BeiGope Ge3 Bo3Bparue-
HUS BHIGOpKa o6beMa 7 BKJIOY3eT BCIO EHEPaJbHYIO COBOKYIHOCTbL H
npeiactasaser co6oil nepeynopsiodenue (MM NEPECMAH06KY) ee sJe-
MenTOB. Takum 06pa3om, 7 3JEMEHTOB @i, . . ., @, MOTYT OLITh yroO-
pagouenn (n),=n- (n—1):...2-1 pasnuyneMu criocobamu. Bmecto
(n). Mb numem nl, yto ABJIsercs Gosee YNoTpeOMTEJNbLHBIM 0603Haye-
HueM. Mbl BHAMM, 9TO Hallla TEOpeMa HMMeeT TaKoe CJIEICTBHE.

Cnencreue. Jucao pasaudnbix nepecrmanosox U3 n SAeMeNmo8 pasHo
nl=n(n—1)., ..+ 2.1, 2.2

Mpumepni. a) Tpu uenosexa A, B u C coCTaBJSIOT YHOPALOUEHHYIO
BHIGODKY M3 TreHepaJbHOM COBOKYMHOCTH Jwoge#t. Vix IHu poxnenust
€CTh BLIGOPKA M3 reHepaJibHON COBOKYIHOCTH BCEX KaJleHAapHLIX IHeHd,
MX BO3pacCThl eCTh BLIGOPKA, COCTABJEHHAsi M3 TPEX YHCeJ.

6) Ecau mox «caoBom u3 gecsiTh OyKB» MOHMMaTb (BO3MOXHO, Gec-
CMBIC/IEHHYIO) TOC/I€J0BATeJbHOCTh K3 JecATH OYKB, TO Takoe CJIOBO
npencrasisieT co6oil BLIGODKY K3 reHepaJsbHOH COBOKYIHOCTH, COCTOSA-
medt u3 26 6yks 2). [TocKONBKY MOBTOpEHUS Pa3pelaloTcs, CYUWEeCcTBYeT
261° takux cjoB. C gpyro# cTopoHsl, B TUnorpaduu 6yKBEl CYILECTBYIOT
HE TOJbLKO YMO3PHTEJNBHO, HO Takxke ¢uauyecku B Buie Jurep. Jlas
NPOCTOTHL TIPeAMNoJoXKuM, 910 umeercss poBHo 1000 autep kaxaoi Gyk-
Bbl. UtoGb HaGpaTh CJIOBO, HAGOPIIMK JOJ/DKEH BLIOpATb HECAThb JIUTED,
M 31eCh MOBTOPEHHA HCKJo4aiorcs. [loaToMy c/oBo Moxer GHITh Ha-
6pano (26000);, pasnuunnmMu crioco6amu. ITpakTuyecku 310 yucsIo Maao
oruyaercs or 26000%° u npesrimraer 1044,

B) Muctep n muccuc Cmut o6pasyior BLIGODKY o0beMa ABa U3 re-
HepasbHOM COBOKYNHOCTH BCeX JIIOLEH; B TO XK€ BPeMS OHH 0Gpa3syior

1) O6osrauenne (n), He OGWENPHHATO, HO MH GyXeM CHCTEMaTHUECKH KCNOMbs
80BAaTh €ro B 9TO{t KHHUIe (Jasce Koz0a n He ABAREMCA UEAWIM HLCAOM).
%) Peur uger o6 aHraufickoM aadapure, cojepxaieM 26 Gyks.— [Ipun, nepes,
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BEIOODKY €IMHHYHOro ofbeMa M3 TEHEPaJbHOH COBOKYIHOCTH BCEX
CYIPYXECKHX Map. 3TOT NPHMEP NOKA3HIBAET, 4TO O6HEM BHIGOPKH OIl-
pefensieTcsl TOMBKO OTHOCHTEJBHO JaHHOH T€HEPaJbHOH COBOKYIHOCTH.
Bpocanue MOHETH 7 pa3 sBJSETCS OJHMM H3 CIOCOGOB MOJNYYEHHS BHI-
G6opKH ofbema r H3 TEHEPaJbHOH COBOKYIHOCTH, COCTOSINEH H3 ABYX
6ykB I u P. 210 Xe ynops04€HHOE MHOXECTBO U3 r 6ykB I" u P npen-
CTaBJsieT COO0H 3JEMEHTapPHOE COGHITHE B MPOCTPAHCTBE, COOTBETCTBYIO-
meM GPOCaHHI0 MOHETH I pas.

r) 06 ynopsadowenuu u evibope wa npaxmuxe. Korga nytem BrGopa
Hce/elyercs 4MC/I0 KYPSIUHX B HEKOTOPOH reHepaJbHOfl COBOKYIIHOCTH
JIIOEH, MOXKET HHTYHTHBHO II0KAa3aThCsl, YTO NOPSJOK BHYTPH BHIGOPKH
HE HMEET 3HAYEHHs, W NO3TOMY HAUHHAIOMMUH CKJIOHEH CUHTATh TaKHE
BHGOPKH HeynopsiioueHHHIMH. OfHAKO BHIBOAHI NPH aHAJH3€ BHOGOPKH
BO3MOXHH JIMIb H2 OCHOBE HEKOTOPHIX BEPOSITHOCTHEIX IIPEAINOJO-
JKEHHH, AJs 4ero HeoOXOAMMO MMETh NOAXOASIILYIO0 MOAENb IS MEICIH~
MOrO 3KcnepuMeHta (QOpMHPOBAaHHSI BHIOOPKH. TaKOH 3KCIEPHMEHT,
OYEBHJHO, BKJIOYAET JEHCTBHs, MCXOAH KOTOPHIX MOXHO OTJHYHTh
OJMH OT APYTOTO, T. €. OHH KaK-TO nomedaiorcs. [{1s TeopeTHuecKHX
He/aed B KauecTBE METOK IIPOLIE BCETO MCIOJL30BATh LEJHE YHCHIAE, UTO
NPUBOAMT K YHopsiioueHHio BhIGOpKH. Ha mnpakruke Moryt GuiTh
NpeANOUTHTEbHEE APYrHe NPOUEAYph, HO Jaxe YKasaHHe «TPETHH
napesn, KoToporo JIXKOYH3 UHTEPBBLIOMPOBaJ] BO BTOPHHMK» SIBJISETCH
MeTKoil. Mnaue roBops Jaxe B TOM ciydae, KOTJd NOPSAOK BHYTPH
BHIGOPOK MOXHO B KOHEYHOM CYETE MTHOPHUPOBATh, MBICAHMBHIH 3KCIIE-
PHMEHT BKJIO93eT YNOPSJOYEHHHIE BLIOODKH, H MH YBHIUM, UYTO 3TO
[IPHBOJUT K HAJJIEXKalIEMy INPUIUCHIBAHHIO BEPOSITHOCTEH.

IocnepoBartesbHOE H3BJEYEHHE 7 3JEMEHTOB M3 TEHEPaJbHOH COBO-
KyNHOCTH o0BbeMa 7 SIBJASETCS 3KCIEPHMEHTOM, BO3MOXHHIE HCXOJLE
KOTOPOTo NPEACTaBAsIIOT co6oi BHGOPKH oGbema r. Mx uucio pasHo n”
uaH (n), B 3aBUCHMOCTH OT TOTO, KaK IIPOM3BORMTCS BLIGOP: C BO3BpalLe-
HHMEM HaM 6e3 BO3BpalieHus. B KaxjoMm U3 3THX caydyaeB Hall MBLICJIH-
MBI SKCIIEPHMEHT ONMCHIBAETCS NPOCTPAHCTBOM 3JIEMEHTAPHBIX COGHI-
THii, B KOTOPOM KaX[asl OTAe/bHasl TOYKa 03HauaeT BRIGOPKY oGbeMa 7.

Jlo cHX nop MHl HE TOBOPHJH O BEPOSITHOCTSX, CBSI3aHHHIX C BhIGOD-
Kamu. O6BIYHO MEI 6yJeM NPHUIMCEIBATL BCEM WM PaBHHIE BEPOSITHOCTH
¥ TOBOPHTE O cayuaiiHoid BuGopke. C10BO «caydaHHEI» HE ONPEARJIEHO
CTPOTO, HO NPHMEHHUTEJNLHO K BHIGOPKAM MM BEIGOPY OHO HMEET €IHHCT-
BeHHOe 3HaueHue. Mcnosnn3oBanue TEPMHHA cayuadnbil 6bi60p Tpeano-
Jaraer PaBHOBEPOSITHOCTL BceX HCXOZoB. ITogoGHBIM o6pasoM, Koraa
MEI TOBOPHM O CAY4auHoL ebibopKe huxcuposarto2o obvema r, npuiaza-
MeAbHOe €CAYYALHASY 03HAMAEM, 4IMO 6Ce 803MOXCHbIE BBIO0PKU LMEIOM
00Ky u my e 86epPOAMHOCMb, @ IMEHHO N™7 DX BRIOOPE C BO3BpaIlieHHEM
u 1/(n), npu BuGope Ge3 BO3BpallEHHS, TAE N — 00BEM reHepaNbHOR
COBOKYIIHOCTH, M3 KOTOPOH IPOM3BOAMTCS Bbibop. Ecau n Beauko, a r
OTHOCHTE/IBHO MaJio, TO OTHoleHue (n)./n" 6AM3KO K eAuHHuNe. D10 Aaer
OCHOBaHHE OXKHAATEL, YTO AJs1 OOJBINHX reHepaJbHBEIX COBOKYIHOCTEH H
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OTHOCHTENIBHO MaJhiX BbIGOPOK 06a crocoGa BhIOOpa NMPaKTHYECKH 3K-
BuBaJsleHTHb! (cM. 3agaun 1 u 2 § 11, a Takxke 3agauy 35 ra. VI, 10).

Mb! BBE/IH TEPMHHOJIOTHIO, B3SITYIO H3 NMPAaKTHKH, HO HHYEro He CKa-
Ba/li 0 MPMMEHHMOCTH HaIIMX Mojesell clydaiiHoro BuGopa K ACHCTBH-
TeNBLHOCTH. DpocaHWe MOHETH WJIM HIPaJIbHOH KOCTH H aHaJIOTHYHbIE
JEHCTBHA MOXHO PacCMaTPHBaTh KaK SKCIEPHMEHTHl MO IpaKTHye-
CKOMY OCYMLIECTBJIEHHIO c/yyaHHOro BbifOpa C BO3BpallleHHEM, W HaLlH
BEPOSITHOCTH YHC/JEHHO G/JHM3KM K yactoTaM, Hab/ojaeMbiM B JJIMHHOH
CEPHH SKCNIEPHMEHTOB, XOTH MOJHOCTHIO CUMMETDUYHBIX MOHET WJIM M-
pPaJbHBIX KOCTEH HE CYIIECTBYeT. THNHYHHIM NIPHMEPOM CJy4aHHOTO
BoiGopa Ge3 BO3BpalleHUs SBJSETCH MOC/EJ0BaTesbHOE BhITACKHBaHHE
KapT W3 IeperacoBaHHOH KoJsoabl (TpeanoJaraercs, YTo KoJoja nepe-
TacoBaHa ropasji0 TilaTeJbHee, 4eM 3TO jesaercs oObiuHo). IIpu BbIGO-
pe U3 reHepajibHOH COBOKYIHOCTH JIIOJedl CTATHCTHK CTaJKMBAeTCS CO
3HAYWTEJNBHBIMH M YaCTO HENpeJBHAEHHbBIMH TPYAHOCTSIMH, H TOPbKHH
OMBIT NOKa3bIBAET, YTO TPYAHO MOJY4YHTh Aaxke rpyboe momobue cay-
YaHHOCTH.

Yupaxuenne. IIpn BumGope Gea BO3BpalleHHS BEPOSTHOCTL TOTO, 4YTO JM00OI
$HUKCHPOBAHHLIA 3/€MEHT IeHePaNbHOH COBOKYITHOCTH COXEPKHTCH B CAyuadHON
BrIOpKe o6bveMa 7, paBHa

l—(r—1),/(n),=1—(n—r)/n=r/n.

Tpu BEGOpE C BO3BpAIIEHHEM BEPOSTHOCTL TOTO, GTO HEKOTODHH SAEMEHT BXOAMT
Xxors 6 B OaHy BHGOpky, pasHa !|—(1—1/n).

§ 3. NIPAMEPBHI

IIpumepsr sToro naparpada npeiacTaBASIOT cOGOH YaCTHHIE CJAYYaH
caepytomell 3agaud. Y3 reHepasbHOI COBOKYMHOCTH, cojgepikaiefi n
9JIEMEHTOB, H3BJIEKaeTCsl c/lyyaiiHasi BhIOOPKa C Bo3BpalieHueM o6bema
r. Haliiem BepOSATHOCTb COGBITHS, COCTOSINErO B TOM, YTO HH OJHH 3Jle-
MEHT He MOfABJAAETCH JABaXKIHl, T. €, YTO Hailia BhIGOPKa MorJsa GBITh Tak-
>Ke nosiyyeHa BoiGopoM Ge3 Bo3spawenus. ITocaennsis TeopemMa noxasel-
BaeT, 4To BCEro CYyILIECTBYET n” pa3/IMYHbIX BBIGOPOK, U3 KOTOPHIX (1),
YJOBJIETBOPSAIOT yKa3aHHOMY ycsoBuio. [lpeanosarasi, 4To Bce HCXOALE
HMEIOT OJHHAKOBYIO BEPOSITHOCTb, 3aKJ/IOYaeM, YTO GEPOAMHOCMb Ol
CYMmcmeun noGMoOpPenua 8 rawel euibopke pasia

p=(n),/n’=n(n—l)-...-(n—r+l.)/n". (3.15

Crenyromue HuMXKe KOHKPETHbIe HHTEPNPETAaUHH 3TOH GOpPMYJIbl JEMOH-
CTPUPYIOT HEKOTOPBIE Y/TUBHTE/bHbIE SABJEHUS.

a) Cayuatino swibpannsie wucaa. TIycTb reHepanbHasi COBOKYIHOCTB
COCTOMT M3 jecAtH wudp O, 1, ..., 9. Kaxnaas nocaexoBatesnbHOCTh
U3 naTH uHdp meeacTaBasier cobol BLIOOPKY o6beMa r=>5, U Mbl npe-
fIONIOKHM, 4YTO xaxJasl Takasd YIOPSJO4YEHHAs TO0C/eJ0BaTeLHOCTD
HMeeT BeposaTHOCTb 1078 B cootserctBuH ¢ (3.1) geposmuocms mozo,
Wno ece namo NOCAOOSAMEAbHBLX CAYHAUHBIX WUDD pAAUMHB, PASHA
P= (10);+1078=0,3024,
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MBI HHTYHTHBHO OHJaeM, uTo B OOJBHIHX MareMaTuuecKuX Tab-
JHIAaX ¢ GOJILIIHM YHCJOM JECATHYHBIX 3HAKOB MOCJEAHHE NATh LHPP
6yayT o6/nazaTh MHOTMMH CBOHCTBAMH CJY4aHHBIX 4HCE] (B OGLIYHBIX
JorapuMHYECKHX H MHOTHX APYrux Tabjauuax TabJMuHBEIE pPa3HOCTH
NPUMEPHO MOCTOSHHEI, M MO3TOMY nocjefHue UHGPH H3MEHATCH
peryaspubiM 00pa3som). B kauectse skcnepumenta OblM BHIGPaHH
LIecTHaAuaTH3HaYHbIe TaGaMIE 1) M ObIJI0 HAfZEHO KOJHYECTBO HMCeJ,
B KOTOPHIX MOcJefHue NATh LUGp pasiuuHbl. B nepebix ABeHanuaT
Fpynnax rno CTO YMCe KakJas KOJHYECTBO uHceJ C Pa3iMYHbLIMH DO-
cJefHMMH nAThio uudpamu cocrasuao 30, 27, 30, 34, 26, 32, 37, 36,
26, 31, 36, 32 cooTsercTBeHHO. TeopHs MaJbiX BHIGOPOK MOKA3LIBAET,
uTO BeJJMuMHA QAYKTyauul XOpOIIO COrJacyeTcsl ¢ OXHAAEMBIMH Npefe-
Jamu. Cpepuss yacrora pasia 0,3142 u 10BO/IbHO G/M3Ka K TEOpETH-
veckolt BeposTHoctH 0,3024 (cM. mpumep ra. VII, 4, x)).

Janee paccmorpum aucao e=2,71828 . .. . W3 nepsuix 800 peca-
THYHHIX 3HaKoB %) o6pasyem 160 rpynn mo 5 uudp, a rpynnb obwve-
auHuM B 16 «cBszok» no 10 rpynn B Kaxzod. Hucsao rpynm, B Ko-
TOPBIX BCE NAThH LU Pa3JHYHEI, B NOCJAEA0BATEJbHBIX ¢CBA3KaX» pas-
HO COOTBETCTBEHHO

3,1,3,4,4,1,4,4,4,2,3,1,5,4,6, 3.

YacToTsl Takxke KosebmoTes okodo 3Hauenus 0,3024, u Teopus maiux
BHIGOPOK MOATBEPIKAAET, YTO BEJHYMHH (QUIYKTyalM#i HE mpeBOCXOAAT
oxuaaembix. Cpennas vactora Hamero cobuitus B 160 rpynnax pasna
52/160=0,325 u nocratouno 6nuska K p=0,3024,

6) Ecau n wapos Caywabdnoim 06pasom pasMewalomcs 8 n AUUKGX,
mo 8epoAmMHOCMb MO20, 4MO KaxObid AwuUK 3anam, pasna n!/n®. 3to
NopasuTe/IbHO MaJjo: Ans n=7 oHa paBHa ToJbko 0,00612... . Orciona
CJIEAYET, HANPHMED, YTO ECAU 8 HEKOMOPOM 20p00e KaxOyto Hedeao npo-
ucxo0um cemb asmMomMobuirbrelx Kamacmpog, mo (8 npednosoxeruu,
4Mo 6ce BO3MOXCHble pacnpedereHus no OHAM HEOeAU DABHOBEPORMIHbL)
npaxmuuecku 6ce Hedeau 6ydym codepxcamb OHU, 8 KOMOpPbie NPOUSOULL0
He meree 0syx Kamacmpog, u 8 cpedrem moavko 8 00Hod Hedese u3 165
kamacmpogel 6yOym PABHOMEPHO pacnpedesensl no OHAM. DTOT TPHMEP
NOKa3LBaeT HEOXHAaHHOe CBOACTBO uMcTOH ciyuaiiHocTH. (Bce Boa-
MOXKHHIE PAcIOJIOKEHHs CEMH LIIapOB B CEMH SMKAaX YKa3ashl B Taba. 1
§ 5. BeposiTHocTb Toro, 4To ABa MM GoJiee AUIHKOB OCTaHYTCH NYCTHIMH,

1) Kak 6uJ0 yKa3aHo B nNpefHAyIEeM H3JaHHH KHHTH, 3]IeCh PeUb HIET O CEAYIO
mem Hagauuu: Tables of probability function, v. I, Nat. Bureau of Standards, 1941,
[Mimeercs nepepox: TaGuaul BEPOATHOCTHHX QYHKUMA. — 2-e cTepeoTHn. H3X.— M,
Bl AH CCCP, 1970.] — IIpum. nepes.

?) o noBoay Gosiee NOJHKX HCCAENOBaHRH, NPOBEJEHHHIX C NOMOLLLIO COBPEMEHs
nwix OBM, cum. Stoneham R. G., A study of 60 000 digits of the transcendental e,
Amer. Math. Monthly, 72 (1965), 483—500 n Pathria R. K., A statistical studly of
the first 10 000 digits of m, Mathematics of Computation, 16 (1962), 188—197. .
rakxe Shanks D.,Wrench J. W., Jr., Calculation of & to 100 000 decimals, Mathe«
matics Computation, 16 (1962), 76—99,— Ilepes.]



§3. Hpumepst B3

[Ty

cocrasaser oxoso 0,87.) das n=6 seposTHoCTb n!n~" paBxa 0,01543....
D10 NOKA3EIBAET, CKO/b MaJOBEPOSTHO, 4YTO MNPH IIECTH 6pocaHusX
NpaBUIBHON HIpajibHOM KOCTH BHIMAAYT 6ce rpaHu. (BeposiTHocTs TOTO,
YTO onpejeseHnas rpanb He Bhinajer, 6au3ka K 1/3; cM. npumep
1, n).)

B) JIugpm. Jludr HAUMHAET ABHXEHHE ¢ r=7 naccaxupaMmH M ocTa-
HaBJnBaercs Ha n=10 31axxax. KakoBa BepOSTHOCTL p TOTO, YTO HUKA-
KHME JIBa Naccaxkupa He BhU{AYT Ha OXHOM M TOM e 3Taxe? IlJm CTporoi
NOCTAHOBKH 33aJauM MNPEINoNOMUM, YTO BCE BO3MOXHBIE KOMOMHALMH
BEIXOZA NACCAXKHUPOB H3 JH¢Ta PABHOBEPOSATHLL (UTO SABJASETCS AOBOJILHO
rpy6uiM npubiuxenueM). Toria

p=10-7(10),= (10-9-8.7-6-5-4)-10~"=0,06048,

Ecan rtakoe cobbTHE ORHAXALI MPOU3OILIO, TO HYXHO CUHTAaTh 3TO
MCK/IOUHTE/ILHEIM SIBJIEHHEM M MOXHO CTaBuTh npuMepHo 300 mportus
1, uto nogoGHoe He noBropuTcs (Cp. ¢ oTBeTOM K 3ajaye 43 § 10).

r) duu poxcdenus. [duu pomnemm r yejosek 06pa3yioT BHIGOPKY
of6beMa 7 U3 COBOKYMHOCTH BceX AHell rofa. I'ofel-HE OAMHAKOBH NO
NPOAOJMKHUTENBLHOCTH, H MBI 3HAEM, YTO POXKAAEMOCThL B TEUEHUE roja He
ocraercst nocTossHHOH. OfHAKO B MepBOM NPUGJIHKEHUH MOXKHO CUUTATh,
uTO B rOAYy 365 nue#t, u paccMaTpHBaTh CaydaifHuIi BIGOP JIIOAEH BMECTO
cayyaiiHoro Beifopa IHEH DPOXACHHS.

B 3TMX npeanosoxeHusiXx, UCNOAB3Ysl paBeHCTBO (3.1), no.nyqaeM,
UTO 8epPOAMHOCMb MO20, 4MO 6Ce r OHell poXOeHUs pa3AuHet, pasHa ™)

(365), 1 2 r—1
p=w=(l—§€5)(l—ﬁ)'-aa'(l—s_ss-). (3.2)
Uuc/ieHHble pe3y/abTaThl CHOBA YAMBHTENBHHL. Tak, ;s r=23 uenoBex
MH uMeeM p<l1/2, T.e. 0a1 23 ueaogex seposmuocmb mo020, Mo nO
Kkpainel mepe y 08yx U3 Hux OHU posxcdenus cosnadarom, npesocxodum 1/2,
dopmyna (3.2) Kaxercs rpoMO3AKOH, HO AJf p JIETKO NOJYYHTH
xopowee ydcjaeHHoe npubamxenue. Ecau r Mano, MoxHO npexeGpeub

NEPEKPECTHLIMH NPOU3BEAEHUSMH *) W TOJYUYMTL B nepsoM npubiuxe-
HUH )

prvl—

I+24 .+ =1 _{_rr—1)
365 730 ° . (3'3)

Insa r=10 Tounoe 3nayenue p=0,883..., Toraa xax (3.3) naer npubiu-
xenue 0,877,
Jns 66abmuX ¢) r MBI TONYUUM ropa3no 6oJiee TOUHOE NpUbJ/IMKeHue,

1) Cu. von Mises R., Uber Aufteilungs- und Besetzungs-Wahrscheinlichkeiten,
lllevueiede la Faculté des Sciences de I'Université d'Istanbul, N, S., 4 (1938—1939),
45—163.
%) To ecTh uneHaMu Bupa (i/365)(j/365), (i/365)(j/365)(k/365) u T. x.— [pu#,
nepes.
?) 3HaK = o03HauaeT, YTO PaBEHCTBO TOMILKO NpuGAuKenHoe. [Ipoussesenus puna
(3-2)  BCTPeHaloTCA YaCTo, H ONUChIBaEMblil METOR NPUOIMKEHUS IIUPOKO NPUMEHAETCH,
%) Toynee romops, AAA 7, GONBIWIMX, YEM PACCMATPUBABIIMECH BHILE, HO MAJAKX
1o cpaBHEHUIO C uyucaoM AHell B roxy,— [Ipum, nepes,
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HCNoAB3Yst Jorapudmel. JIas ManeX nodoxuTenbHeX X log(l—x)~s
~—Xx, U, Takum obpasom, u3 (3.2) nmeeM

1424 (r—=1) _  r(r=1)
365 =T 7730 (3.4

logp~—

Has r=30 sto npuBoAHT K npubanxkeHHomy 3Hayexuo 0,3037, B To
BpeMsi KaK TouHoe 3HayeHue p=0,294. das r<C40 norpewsocts B (3.4)
He npesocxomuT 0,08 (x 3THM BOmpocaM Mul BepHeMCst B § 7; cM. TaKxe
oTBeT K 3ajauye 44 § 10).

§ 4. MOAMHO)XECTBA U PABBMEHHU A

Kax 1 panee, 6yfeM HCNIONE30BATE TEPMHH 26HEPAAbHAR COBOKYNHOCMA
o6sema n s 0003HAYEHHsi MHOXKECTBA U3 1 3J1IeMEHTOB 0€30MHoCUme b=
HO K ux nopaoky. JIBe reHepajbHBle COBOKYNHOCTH CYMTAIOTCSt Pa3/uy-
HEIMM TOJIBKO TOTA@, KOTJa ORHA U3 HHX COJEPXKUT 3JEMEHT, He Cojep-
XKamuiicss B ApYyrou.

Paccmorpum noaMHoxecTBo ofbema r M3 3a/laHHOM reHepaJbHOM
COBOKYNHOCTH, COCTOsillel U3 n 3JeMeHTOB. IIpou3BoskHasi Hymepauus
3JIEMEHTOB 3TOTO NOAMHOMKECTBA IpeBpalllaeT €ro B YNOPSJAOYEHHYIO
BuGopky oObema r, u 06paTHO, Kaxjas Takasg BhIOOpKa MoxeT OhITh
NOJyyeHa YKa3aHHEIM nyTeM. Tak Kak 7 37€MEHTOB MOXHO 3aHyMepo-
Bath rl pasnuuHEMM crniocofamu, OTCIOAA C/AEAYeT, YTO YHCJO YNOPsii0o-
yeHHHX BHIGOPOK oObema r B rl pa3s GoJblie, geM YHCIO NOAMHOMKECTB
o6nema r. [TosToMy gucso noaMHOXKeCTB o6beMa r paBHo (n),/rl.-Bripa-
IEHHsi TAKOrO BMAA HM3BECTHH! KaK OUHOMUAAbHbIE KO(ppuyuermor U
00m4HO 0003HAYalOTCst TaK: :

(n)=@= n(n—1).iiv(n—r-}1) ) (4‘1)
r r 124,000 (r—1)-r
Takim 0o6pasoM, AOKa3aHa CJeAyiollas TeopeMa.

Teopema 1. lenepaivHan cOBOKYnHOCMb u3 N 31eMEHMO8 umeent
(':) paaausnslx nodmuoscecms obvema r< nl

HMnaue rosopsi, NOAMHOMKECTBO H3 7 SJIEMEHTOB MOXeT OuThb Br6paHo
(':) pasiuyHEMM criocoGamu. Takoe NMOAMHOMKECTBO ORHO3HA4yHO Ompe-

nensieTcs n—r 3JEMEHTaMH, He NpHHALIEXKAMAMH eMy H 06pa3yioluMy
noaMHoxectso o6veMa n—r. Otciona ciegyer, 4YTO ITOAMHOXKECTB
o6neMa n—r CYHIECTBYET POBHO CTOJBKO XK€, CKOJBKO H NOJMHOMKECTB
ofbema r, H, CaefoBaTeasHo, Aas 1< r<{n momxHo ObiTh

(7)=(2r)- a2



§ 4. Modunoxecmsa u pasbuedus 5§

Jns Toro utobbl HemocpeacTBEHHO A0Ka3aTh (4.2), 3ameruM, uto Gu-
HOMMAJbHEA KO3(puuuent (4.1) MoxHO 3amucaTb B BHIE

(’rl) =7|(,+!_,)—1 (4.3)

(m18 3TOrO MOCTaTOYHO YMHOXKHTb YHCJIUTENb H 3HaMmeHatenb (4.1) na
(n—r)!). 3ameruM, yto Ans r=0 jeBas yacTb (4.2) He ompesenena,
a npasas omnpejenena. JIns toro 4tobn (4.2) GeIo cnpaBeAsHBO A5
Beex neulx 7, Takux, uro 0<Cr<Cn, Mol noaoxcum

(8): 1, 0=1 (4.4)

g (n),=1.
Nlpumepnt. a) Bpudse u nokep (cm. npumeyanue K § 1 ro. I). ITops-

JOK KapT MrpOKa HECYHIECTBEH, M, CJIeOBATEIbHO, HMEETCS (?§)=
= 635013559600 pasnuyHbIX KOMOHHANMH KapT y OAHOTO Hrpoka

fipy urpe B OPHIK H (552 )=2598 960 npr wurpe B nokep. Haiinem

BEPOSITHOCTB X TOTO, YTO NPH HIPE B NMOKEP (UKCHPOBAHHBIA HIpOK
HMEET NATh PAa3/MYHbIX 10 3HAYEHMIO KapT. 3HA9eHHH KapT MOTYT OhIThb

13
BHOpaHBI ( 5 ) cmocobamu, ¥ I/ KaXKAOro 3HA4eHHs Mbl CBOGOZBI
8 Bubope moCoi u3 wgerbipex macreid. Orcioga cieayer, uro x =

-1 .
=4§-<153)<552) y 910 NpuOamsuTensHo pasHo 0,5071. Jns Gpumxa

. 52\~*
BePOATHOCTb TPHHAJUATH Pa3JHYHLIX 3HAYeHHH KapT paBHA 413-<13) ’

wi npubiusurenbHo 0,0001057.

6) Kaxami#t u3 50 mraToB mpencraBieH ABYMsl ceHaTopamu. Pac-
CMOTPHM COOHITHSI, COCTOSIIHE B TOM, YTO B KoMuTeTe u3 50 cayyafino
BHIOpaHHHIX CeHaTopoB: 1) mpezacraB/eH JaHHHEH IUTAT, 2) NpeaCTaBJeHb
BCe [ITATHL.

B nepBom ciryyae mpolle HaiTH BEPOSTHOCTb ¢ NPOTHBONOJIOMKHOIG
COOLITHSA, @ HMEHHO YTO JIaHHBIH IUTAT He mpejcTaBieH. Bcero umeercs
100 cenatopos u 98 u3 HuX He M3 nanHoro mrara. CregoBaTesbHO,

98\ /100\=*  50.49
4=<5o)( 50) =To0.99— 24747 ...
Hanee, u3 TeopeMst § 2 crenyer, 4TO KOMHTET, COAEPXKAIIMI IO OAHOMY
CEHATOPY H3 KaXJOro IUTara, MOXeT OhiTh 00pa3oBaH 28° pa3/HYHBIMH

crioco6amu. I103TOMY BEpOATHOCTE TOTO, 9TO 6Ce INTATH NpPeACTABJIEHH

-3
B KOMHTETE, paBHa p=2§°<lgg ) . Hcnonwbays ¢opmyny Crupmanra

(cm. § 9), MoxHO moxkasatb, uTo pa )V 2;.5.2750 & 4,126.10-18,
B) 3ada4a o pasmewjenuu, Ewe pa3 paccMOTDHM C/lyuafiHo@ pase
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4

MellleHHe 7 [UapoB no n SIEKaM (T. €. KaXJoe H3 7’ BO3MOXKHEIX
pa3memielivfi umeeT BeposTHOCTb n~7). Jas Toro uyto6el HaWTH 8epo-
RINHOCMb p, MO20, 4MO (PUKCUPOBaHHbIE AUWUK codepacum posHo k

r
wapos, 3aMeTuM, YTo & IapoB MOXKHO BBIGPATh { 4 | crocoGamu, a oc-

TaBIIHeCH r— Kk IIAPOB MOXHO Pa3MECTHTb B OCTaBumxcs n—1 summ-
Kax (n—1)"~* cnocobamu. Orciofa caenyer, 4To

n=(i) - o=rr=() - (1=5) ™ @

10 YaCTHHA cJy4all TaK Ha3biBaeMOro GuHOMUaAbHOZO pacnpedeserus,
Kotopoe Gyjer uayueHo B ri. VI. Uncsennbie 3HayeHUst GYRYT IpHB@s
JeHbl B Ta6a. 3 ra. IV. | 4

Paanuune Mex1y pa3iuyMMBIMH 0 HEPA3JHYNMEIMH 3JEMEHTaMH HMe-
€T CXOJCTBO C OTHOLIEHHEM MEXKJY NOAMHOMKECTBOM M COOTBETCTBYIONIEH
ynopsiioueHHO! BbIOOPKOA. BHYEPKuBass Bce HHIAEKCH B YNOpsAOYeH-
HONl COBOKYIHOCTH (HJIM TPYINIE) U3 r 3J1€MEHTOB a1, . . ., G, NOJYY2EM
COBOKYNMHOCTb 7 HepasJauuyMMHX OykB. O6paTHO, NPOH3BOJIbHLIM 06~
pa3oM 3aHyMepoBaB 7 Hepas/HYuMbIX OYKB, NOJYYHM YHOPSAOYEHHOR
MHOXECTEO @y, . . ., 4. T4 NPOLIEAYpa AaeT rl pasInYHEIX HaGOPOB npH
yc/OBHH, pasyMeeTcsl, YTO Jio6as NEPECTAHOBKA a; H a, NMPOHM3BOAHT
nepeynopsifioyesne. Cuaefyiolne npUMEpsl NOKAashIBAIOT, KaK 3TOT
NPHHIMI MOXHO PacnpocTpaHHTb Ha CHTYallWH, KOTAd 3JIEMEHTBH ap
JMIUb TaCTHUHO SBASIOTCH HEPa3/IHYHMbIMH.

Tpumepwt. 1) Paazu 00Hoeo uau O0syx yseemos. B npumepe 1, e) 6ui10
fIOKa3aHo, YTO 7 ¢VIaTOB MOXKHO BbIBECHTb Ha n wecrax N=n(n+41)X
X...X (n+r—1) pasnnunsiMu cnoco6amu. Tenepb Mel paccMOTpUM TY
Xe 3ajauy Jss ¢ViaroB OfHOTO IBeTa (PacCMaTPHBAEMHIX KaK HepasJiu-
ypabie). 3aHYMepoBaB (Wlard NpH TaKoM Crnocobe BHIBEINMBAHHUA, NONY~
YnM POBHO r] cnioco60B BLIBEIUMBAHHA ! Pa3/IMYHUMHIX (aros, H, cae-
0osamensHo, r aazo6 00H020 yema MoscHO eusecums N/rl cnocobamu.

[NpeanoJoxum, Aanee, 4yTo p (uIaroB KpacHble (M Hepa3/uyuMMble
MexAy co6oi) u ¢ — cunue (rae p+g=r). JIerko BUAETb, YTO KaxnIblH
cnoco6 BHIBEUIMBAHUA r 3aHYMEPOBaHHKIX (WIaroB MOXeT OWITb NOJy4YeH
HYMEpPOBaHHEM KpacHbIX ¢W1aros ot 1 0 p ¥ CHHUX ¢Jaros — ot p+1
1o p+g. Otciona ciaegyer, 4TO YHC/IO Pa3JHYHBIX Crnoco6OB BHBELIHBA-
Hus Tenepb pasHo N/ (plq!).

1) Iocaedosamensrocmu, codepacawjue 0éa muna saremenmos. Pace
CMOTPHM YHCJO NOC/IEA0OBATEIbHOCTEH MIHHBL p+q, COCTOALMX H3 p
6yxB anbga U g 6YKB Geta. 3aHymepoBaB a/bel or 1 1o p u GeTu OF
p+1 no p+q, nonyunM ynopsACYEHHYIO NOC/IEA0BaTeIBHOCTb H3 p+q
pasNMYMMBLIX 3/1eMeHTOB. TaKMX mocaefosatenbHocTed umeercs (p—+q)!,
i POBHO plgl cpeau HHX COOTBETCTBYIOT OJHOMY H TOMY XK€ NOPSAKY
anp u Ger, Takum 06pasoM, p aavgh u q Gem MOXHO pacnoAoHUmMb



§ 4. IoOmnonecmaa u pasbuenus b7

POBHO

- (5)-(1)

Pasaudumbimyu cnocobamu.

ToT Xe caMblii pe3y/bTaT HENOCPEACTBEHHO C/EAYET M3 TeopeMnl 1
¥ TOro (haKTa, YTO BCE PACMOJIOXKEHHs p a/lbd U g GET MOTYT GhiTh NoNy-
yeHsl BIGOPOM p H3 p-}-g BO3MOXHBIX MECT K [IOMELIEHHEM Ha 5TH MecTa
anlnd.

e) Uncno KpaTyadux nyTed (COCTaBJEHHHIX M3 CTOPOH KJIETOK
1aXMaTHOH JOCKH), COEAMHSIOLMX HXHHH JEBHH M BEPXHHH npaBuift

YIJIBl [IaXMaTHOH JOCKH, PaBHO (1;3)___ 12 870. »

Teopema 2. [Iycmb ry, . .., Iy — Yeabie HUCAQ, maKue, 4mo
ri-tret-. . Ary=n, r;=0. (4.6)

Yucao cnocolbo8, KOMOPLIMY 2EHEPAALHYH COBOKYNHOCMY U3 N 3N MEHMO8
MONCHO pasdeaume Ha k ynopaooswennvix dacmed (pasbumov na k noo-
MHONCECMS), U3 KOMOPLIX Nepeas COOEPICUm ry JAEMEeHmos, 8mopas rj
anemenmoé U m. 0., pasHO

nl

nlrgleoo.rgl” ‘ 4.7

(Urcna (4.7) Ha3HBAIOTCH NOAUKOMUAALHLIMU KOMPPuyuenmamu.)

OTMeTHM, YTO NOPSJOK NOJMHOMECTB CYLIECTBEH B TOM CMBICJE, YTO
(ri=2, ry=23) u (r;=3, ra=2) NpeAcTaBIAI0T co6oil pasHLle pa3bueHus,;
OfHaKO MTHOPHpYETCs NopsJoK BHYTpH rpynn. OTMETHM Takxe, YTO
0!=1, Tax urto obpaleHuye r; B HY]b He BausieT Ha Gopmyny (4.7). Tak
KaK r;==0 Jonyckaercs, n 3JeMeHTOB pa3bHBAIOTCS Ha & uAu meree TIOA-
mHoxecTB. Cnyuait ;>0 pa36ueHusi pogHo Ha k IOAMHOMKECTB paccMart-
puBaercs B 3afave 7 §11.

Hoxasamenvcmgo. TloBropHnoe ucnonb3oBanue (4.3) [OKaskiBaeT,
4yTO YHCA0 (4.7) MOXHO mepenucaTh B BuAe

()T () e

C Apyroit CTOpoHHI, Ansi TOro, 4To6H OCYILIECTBHTL TpeGyemoe paabue-
HHE, MHI JOJKHB CHaya/Jla BLIOpaTh rq HJIEMEHTOB H3 JaHHBIX 7; M3 OC-
TaBLIMXCS N—r; 3JEMEHTOB Mbl BHIOMpaeM BTOPYIO TpyIiny pa3mepa rj
1 1. . [Tocne o6pasoBanus (k—1)-# rpynnmi ocraercs n—ri—re—. . .—
—rj_17=ry 3JIeMeHTOB, 06pa3yIOlKX NoCaeAHIo rpynny. Mul 3aK/o4a-
eM, yTo (4.8) Ha camom Jesie BBIPaXKaeT YHC/IO Cnoco60B, KOTOPHIMH MO-
et GbITb BHINOJIHEHA Onepauus pa3OHeHHs. »

Npumepw. x) bpudac. [Ipu sTo#t urpe 52 KapTH AENATCA HA YETHpe
paBHBE TPYNNE, H NOITOMY YHC/IO Pa3/IMYHLIX Packnazos pasHo 521X
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% (131)~4=(5,36...)-10%, Halizem Tenepb BepOATHOCTb TOro, YTO KaX-
ILIF HTPOK MMeeT Ty3a. Uerhipe Ty3a MOXHO ynopaaouuTs 41=24 cnoco-
GaMu, M KaXKbIH MOPAJOK MPEJCTARISET OLHY BO3MOXKHOCTE MOJYYEHHS
OJHOro Ty3a KaxauM urpokoM. OcTaBinecs 48 KapT MOXHO pacnpeje-
JauTh (48!)-(121)~¢ cnocobamu. CnefoBaTenbHO, HCKOMas BEPOATHOCTh
pasua 24-48!.(13)4/52!=0,105... .

3) Hepaabnubie kocmu. B pesyabrate GpocaHusi ABEHaJLATH HIpaJb-
HEIX KOCTEH MOXKeT OhTh 6! pa3/IHYHBIX HCXOJI0B, KaXK/OMY H3 KOTOPHIX
Mbl OpHMOHMCHIBAEM OAHHAKOBYIO BeposiTHOCTb. CoBHITHE, cocTosinee B
TOM, 4TO KaxKJad IpaHb NOSBJSAETCH JBAaXK/Ibl, MOMKET OCYIECTBHThLCHA
CTOJBLKHMH croco6aMH, CKOJBKHMH JABEHaJUATh KOcTed MOXHO pa3buTh
Ha LIecTb TPynN mo ABe B Kaxpod. CrejoBaTennLHO, BEPOSTHOCTL 3TOrO
cobuitHa ectb 12!/ (2°-6'2)=0,003438... .

§ 5*). NPUJIOKEHHE K 3AJAYAM O PABMEIIEHHH

Tpumeps ra. I, 2 noxkaselBalOT IMHPOKYIO NPHMEHHMOCTb MOJEJH
CJyyaiiHOro pa3MellieHHs 7 apoB 1o 7 AlMKaM. Bo MHOruX cuTyanusx
HeoOXOAMMO CYHTAThL LUApH Hepasiuxumbimu. Hanpumep, B cTaTHCTH-
YeCcKHX MCCIEJ0BAaHHAX PpACNPENENCHHs aBTOMOOHJIBHBIX KaTacTpod
110 JHAM HEJEJH HJIH JHEH POXICHHA MO AHAM rojfia HHTEPECYIoTCs JHIIb
yMcaoM COGHITHH, a He uMM camMuMmu. [anee, 6pocaHHe r HrpasbHHX
KOcTel SKBHBAJEHTHO pa3MeIieHHIo r apoB B n=06 smikax. Xora Bo3-
MOXXHO CJIEJHMThL 33 7 OTJAEJbHBIMH pe3yJbTaTaMH, OOLIYHO MPEAMNOYH-
TAIOT YKa3ulBaTh YHCAO €IMHMI, ABOEK H T. A. B Takux ciyyasx mel
MOXeEM II0-IIpEXHeMY NpeAnoJarath IIapel 3aHYMEPOBAHHLIMH, HO CO-
CPEJOTOYHTh BHHMAaHHE Ha COOBITHAX, HE 3aBHMCAIIMX OT HYMepallHH.
Takoe COOGLITHE IOJHOCTLIO OIHCHIBAETCH HUCAAMU 3ANOAHEHUS Ty,

Ts, . « « ', THE 'y, 03HAYAET YHCJIO MIAPOB B k-M siigike. Kaxkanii HaGop
H3 n UeJbX YHCEJ, YAOBJETBOPSIOUMX COOTHOLIEHHAM
ri+ryt. o Arn=r, ry=0, (5.1)

OnUChIBaeT BO3MOXHYIO KOMGHHHLIPHO yHcesa 3anoJHeHHA. B caywae
HEPASAURUMBLE UIapO8 06a PAIMEUECHUS DASAURUMbL MOAbKO M020a, K0:0a
coomeemcmeyrouiue HaGoper (ri, . . ., rp) He oOuHaxosbl. JlokaxkeM Te-
eph CJAEAYIOULYIO JIEMMY.

Jlemma. (i) Yucro pasausumorx pasmewerud (M. e. YWCA0 PASAUHHbIX
peuweruld ypasrenun (5.1)) pasno?)

A"n=(n+:—-l>=<n-r}l—-r_Tl>. 62

(ii) Yucao pasausumbix pasmeweruil, npu Komopoix HU 00UH AUUK

‘He ocmaemcs nycmbim, pagHo |, __ 1 ).
*) Marepuan storo naparpada moneseH H HarJfageH, HO He 6yjAer HenocpeAct-
_BEHHO HCIOJB30BATHCH B AajdbHeduen.
1) Yacrmmi cnyuak r=100, n==4 Gbln1 HCnoab3oBaH B mpHMepe 1, I, 2, p).
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Horxazameascmso. OGo3HayuM Iuaphl 3BE3JOYKAMH M H306pasuM 7
SILIUKOB B BHIE N NPOMEXKYTKOB MeXAy N1 BepTHKaJbHBIMH YepTOY-
Kamu. Hanpumep, |sxs|%|]||#x#x| Hcnosb3yercs An1st o6o3nayeHHs pas-
memeHHA r=8 mapos B n=06 AWMMKaX TakK, YTO 3TH AUHKH COLEpPHKAT
cootBerctBenno 3, 1, 0, 0, 0, 4 mapos. IIpu TakoMm c€o3HaueHuM B Ha-
yaje H B KOHLE 0653aTebHO CTOST YEPTOYKH, HO OCTajdbHBE n—] yep-
TOYEK H r 3BE3JOYEK MOTYT GhITh PACHOJOXKEHH B NPOH3BOJILHOM HO-
paake. Orciofa BhITEKAeT, YTO YHCJIO Pa3JHYMMHX pa3sMelleHHH paBHO
yHC/y cnocoGoB BeiGopa r MecT U3 n--r—1, a umMeHHo A, ,.

YcioBUe, 4TO HH OJMH. M3 ALIMKOB HE OKa3aJcA IYCTHIM, O3HAdaeT,
YTO HET ABYX CTOSLIMX PsIOM uyepToueK. Mexny r 3Be3floukamH ume-
10TCA 7—1 NPOMEKYTKOB, B n—1 H3 KOTOPBIX NOMELIEHO 1O YEPTOUKE;

r—1
TaKHM 06pasoM, Mbl HMEEM( n—I1 )BbI60pOB, M YTBEPXKIEHHE JOKa3aHO. P

Npumeprl. a) Cywectsyer (r—15—5) Pa3IMYHMEIX HCXOLOB OpocaHus r

HEPa3/JHYHMBIX HI'PAIbHBIX KOCTeH.

6) Yacmnwie npou3soOHste, YacTHble NPOH3BOJHBIE NOpPAAKA r aHa-
JuTHYecKo# (yHKuuH f (X5, ..., X,) OT 1 NEPEMEHHBIX HE 3aBHCAT OT
nopsika AHpGepeHUHPOBAHHA, @ 3aBHCAT TOJBKO OT TOTO, CKOJBKO
pas ¢yukuus auddepeHUHPYETCS no KaXKIoOMy mnepeMeHHoMmy. Takum
o0pa3oM, KaXKJoe NepeMeHHoe HI'DaeT pojib ALIMKA, H, CIeJ0BATEILHO,

nad=r—1
B 3TOM CJy4ae CylleCTBYyeT ( +r ) Pa3JHYHBIX YaCTHBIX IPOM3BOX~

HBIX nopanka r. PyHKuMR TpeX NepeMeHHbIX HMEeT NATHAJUATh NpOo-
M3BOJHBIX YETBEPTOro NopsAaka H 21 NpoH3BOAHYIO NATOTO NOPAAKA. P

PaccMoTpuM Tenepb 7 QHKCHPOBAHHBIX LEJARX YHCEJ, YAOBJETBO-
paouux (5.1). Uncno pasmelennit 7 Wapos No 7 ALMKaM, OIPH KOTOPBIX
B ALIMKAX CONEPKHTCH COOTBETCTBEHHO Ii, . . ., I'n WIAPOB, JAETCA TEO-
pemoit 2 § 4. Ilpeanonaras, 4To Bce 77 BO3MOXHBIX Pa3MEUIEHHI PAaBHO-
BEPOATHLI, NOJYYaeM, YTO BEPOATHOCTh TAKOIO 3aNOJIHEHHS PaBHA

[Airdrlecir,Ynmr. | _ (5.3)

Takoe pacnpejenenue BepOATHOCTEH OBLIO HMCNOJB30OBAHO BO BCEX
YNOMHHABIUHXCA JO CHX IOP NPHJOMXKEHHAX, H CUHTAJIOCh caMo coboit
pasyMeromnMcs, YTo 3TO HCNONb30BaHHE NPHCYLIE MHTYHTHBHOMY IIO-
HATHIO Cay4aiHocTH. Hukakoe anbTepHAaTHBHOE pacnpeleneHHe, oc-
HOBAHHOE Ha BEPOSATHOCTHBIX MJIH HHTYHTHBHBIX COOGpaKeHHMAX, Haxe
He npeanaranock. IToaToMy Goublol METOROJIOrHYECKHH HHTEPEC Tpef-
CTaBJAET TOT (PaKT, YTO Onbim 3acTaBH] (H3NKOB 3aMEHHTh pacnpeje-
Jenne (5.3) APYrHMH, KOTOpble BHayaje NPOTHBOPEYHIH HHTYHIMH.
Sro0 GyaeT o6CyKAEHO B cledyoulem pasnene. B ¢usnke (5.3) ussectno
Kak pacnpedesenue Maxceerra — Boavymana.

B psage cryvaes neoGxopuMo nofiTH Radbire K pacCMaTPHBAaTh CaMH SUIMKH KaR
BEePAINTHIKMbIE: ITHM XOCTHFAeTCA TO, UTO NMOPAAOK 9HCEN 3ano/JHEHHA CTaHOBHTICH
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necyimecraeHHbiM. Coreqytouiuit mpuMep NMOACHSET CTAHAAPTHHIH METOJ PELICHUS MOy~
YaloWMXCA NpH 5TOM 3ajad.

Tlpumep. B) Pasmewenus r=7T wapos no n=7 AuuKam (AUUKHK MOXHO HHTED-
TMPeTHPOBATh KAK AHH HEJENH, a LIAPH KaK TeJeOHHbE 3BOHKH, NTHChMa, IDOMCLIE-
CTBHA U T. 1.). J1/1 ONpEe/IEHHOCTH PacCMOTPHM Pa3sMEIlEHHS C UHCIaMH 3aMOIHEHHS
2,2, 1,1, 1, 0,0, pacnosoxennsimu 8 npoussossHom nopadke. Stu ceMn uuce 3amoJ-
HeHNA NMOPOXAAIOT pa3bHeHHe CeMU fUMKOB Ha TPH NMOAMHOXECTBA (KaTeropuH), coc-
TOfI(ME COOTBETCTBEHHO H3 JBYX SI{MKOB, COAEPXam(HX MO Asa lIapa, TPeX SILHKOB,
CO/IEPXAIHX 1O OAHOMY IUADY, M ABYX MYCTHIX AWHMKOB. Taxkoe pa3@ueHHe Ha TpH
rpynnsl o6nema 2, 3 ¥ £ MOXeT GuTh BaimosnHeno 71/ (2!.31-21) cnocobamu. Kaxgomy
OTAEJLHOMY CONOCTABJIEHHIQ YHCEJ 3aMOJHCHHSA CeMHM S(MKaM COOTBETCTByeT
71/ (212011, 11 11.0t-0)=71/(2! -2!) pasnuaHEIX pacIpefeNeHHii r=7 WapoB MO CEMH
fAmuKaM, Takum o0pa3oM, obuiee 4ucr0 PASMEwERut, maKux, 4mo qucad 3aNOAHERUA
cosnadatom ¢ uucramu 2, 2, 1, 1, 1, 0, 0, pacnosoxcennvinu 8 onpedeaenHom nopadxe,
pasHo .
[71/ (21 31 2n] {71/ (2! 21)]. (5.4)

OtMeTuM, 9TO STOT Pe3yanTar OblA NMOJAYdeH ABOAHEIM mpuMeHeHueM popmyan (4.7),
8 UMEHHO U K llapaM, ¥ K AHKaM. ToT e caMulilt pe3yJ/IbTaT MOXHO GbIIO Gbi TOJYYHTD
H nepedlOpMYJIHPOBATL MHOTHMH CnOCOGaMH, OJHAKO HACTOSIIHE MeTOX obecrneuusa-
eT CaMBli NpOCTOH NYTH pellleHusi pa3HOOOpa3HpX 3agau (cM. Sagauu 43—45 § 10).
B ta6n. | npunesens yucia, ananoruubie (5.4), ¥ BepoOATHOCTH AJ1f BCeX BOIMOXHHIX
HaGOpOE uHce/l 3alOJHEHHH B Cayuae r=n=7,

Tabruya 1
Cnyyafivoe paameuieHue 7 wapoa mo 7 suiHKam
Uucao pasMewenuh BeposTHOCTS
Yucna aarnonHeHHR paBHO T1X71, (uncyi0 pasMeujeHnfl,
AeJeHHOMY Ha JleJleHHOe Ha 77)
1,1,1,1,1,1,1 71X 0,006 120
2,1,1,1,1,1,0 51 %21 0,128518
2,2,1,1,1,0,0 21 3121 x 2121 0,321 295
2,2,2,1,0,0,0 3131 x 212121 0,107 098
3,1,1,1,1,0,0 4121 x 3! 0,107 098
3.2.1,1,0,0,0 2131 % 312! 0214 197
3,2,2,0,0,0,0 2141 % 312121 0,026 775
3,3,1,0,0,0,0 2141 X313l 0,017 850
4,1.1.1,0,0,0 3131 x 4! 0,035 699
4,2.1,0,0,0,0 414121 0,026 775
4,3,0,0,0,0,0 51X 4131 0,001 785
5,1,1,0,0,0,0 2141 x5! 0,005 355
5.2.0,0,0,0,0 51 %5121 0,001 071
6,1,0,0,0,0,0 5! X 61 0,000 357
7,0,0,0,0,0,0 61XT7! 0,000 008

4
a. Cratuctuka Bo3e — Jiinmteidtna u Pepmu — Jlupaka
PaccMOTpHM MeXaHHYECKYIO CHCTEMY, COCTOSILYIO H3 7 HepasjHuH-

MBIX YacTHI. B cTaTHCTHYeCKOH MexaHHKe oObnluyHO pa3bHBaioT (a3osoe
npoCTpayCcTBO Ha GOJIBIIOE YHC/IO N Ma/biX o0/lacTedl MM SIYEEK, TaK
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YTO KaXKAasi YacTHIA NpUMHCHBAaeTCs POBHO OAHOH suefike. B peayas-
TaTe COCTOSIHHE BCEH CHCTEMBl ONHCHIBAeTCS KaK clydadHOoe paaMere-
HHe 7 yacTdl no n syefikaMm. Ha nepBulfi B3rJAL KaxKeTcs, 4T0 (BO BCsl-
KOM CJlydYae NpH nmoAxofsiieM BoiGope n siueek) Bce 7" pa3MelleHHi Gy-
AYT paBHOBEpOATHE. EC/H 5T0 TaK, TO QU3HKH TFOBOPAT O cramucmuKe
Maxceerra — Boavymana (TEDMHH «CTaTHCTHKA» HCNONB3YETCS 3€Ch
B CMBic/e, cneuupuyeckoM Ans ¢u3nku). Jenanuch MHOTOYHC/IEHHHIG
MONBITKH JOKAa3aThb, YTO (pHU3HYEeCKHEe 4acTHUH BelYT cebs B COOTBETCT-
BHH CO CTAaTHCTHKOH MakcBeana — Bonbumana, ogHako coBpeMeHHas
TEOpHs, BHE COMHEHHS, M0Ka3a/a, 4YTO 3Ta CTATHCTHKA He NMPUMEHUMG
HU K KAKUM USBECMHGIM 4OCMULAM; HH B OTHOM CJlyyae BCe n" pasMe-
ILEHHH He ABJSIOTCA NPHMEPHO DPABHOBEDOSTHBIMH. Dol BBeleHH Ape
pa3quyHble BEPOSTHOCTHHE MOJENH, KaXJas H3 KOTOPLIX YIOBJETBO-
PHTENILHO OMMCHIBAET NOBEREHHE HEKOTOpOro KJjacca yacTuu. JocTouH-
CTBa KOHKDETHOM MOJEJH 33aBHCSAT OT YCIELIHOCTH ee mpHMeHeHus. Hy
OfHA M3 HHUX HE [PETeHAYeT HAa YHHBEPCAJbHOCTb, H HEe HCKJIOYEHO, YTQ
Koraa-Hubyab ANs HEKOTOpOro KJjacca dactuil OyJeT BBeJeHa HOBas
MoJeNb.

BcnoMHMM, YTO 31eCh MBI MMEJNH REJO TOJBKO C HEPA3AUHMUMLIMI
yacTHuaMHd. Mbl umeeM 7 uactuu 4 n sueek. B cmamucmuxe Bose —
JdHwmelina paccmampueaiomes MmoAbK0 PASAUYUMbE DA3MEUIEHUN, U
kawdomy u3 Hux npunuceieaemcs eepoamuocms /A, », rae A, , on-
penensiercs ¢opmyaoit (5.2). B craTHcTHYecKOH MexaHHKe MOKas3aHo,
YTO 3TO NPEANOJOMEHHE CIPABEAJHBO A5 (OTOHOB, aTOMHLIX ALEpP U
4TOMOB, CONEDXKAllMX 4YeTHOe YHCJO 3SJEeMEeHTapHbIX 4actuu !). nsa
ONHCaHHA APYTHX YaCTHL AOMKHO ObITh BBEJEHO TPEThbe BO3MOXHOE
pacnpeaenenue BepositHocteR. Cmamucmuxa Pepmu — upaxa oc-
HOBaHA Ha CJEAYIOUMX NPeanonoxeHusx: 1) 8 o0Hod suedke He mozym
raxodumocs Oge uau Gonee wacmuy u 2) 6ce pasauqumbie pasMeuienus,
yOoeremgopAlowue NEPEOMY YCAOBUIO, UMEIOM OOUHAKOBYIO BepOSM-
Hocmb. JI1s1 BHINOJHEHHMsS MEPBOTO NPEANPHATHA Heo6X0oAuMO, 4TOGHI
r<n. Torga pasMeleHHe NOJHOCTHIO OMHCLIBAETCS YKa3aHHEM TOro,
KaKHe U3 n sueeK COJePXKaT YaCTHIY, H, TAK KaK CYINECTBYET 7 YaCTHII,

n
) cnocobamu. Che-

COOTBETCTBYIOIHE AYEHAKH MOTYT OniTh BHIOpaHH (r

n
JoBatenbHO, 8 cmamucmuxe Pepmu — Hupaxa cyuecmsyem ( r) 803-

v n\"t
MONMCHOIX pASMELUeHUU, Kaxcooe U3 KOmopbix umeem 6epoAmHocms ( f) *

ra Mofenb NpUMEHHMa K 3JEKTPOHaM, HEHTPOHAM H NpOTOHaM. 3aech
MBl MMeeM MOYYHTEJbHEI NMDHMEP HEBO3MOXKHOCTH BHIOOPa H 0GOCHO=
BaHMs1 BEPOSTHOCTHOM MOJENH Ha OCHOBAHHMM ANPHOPHBIX COOGpaKeHUH,
IeiicTBUTENbHO, HET OCHOBAHHH TOBOPHTH, YTO (OTOH H NPOTOH HE MOR*
YHHSIOTCA OQHMM M TeM 2Ke BEPOSTHOCTHBIM 3aKOHaM. (CyllecTBEHHLIQ

1) Cw. Margenau H., Murphy G. M., The mathematics of physics and chemistry,
New York, Van Nostrand, 1943, Ch, 12,
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pasnuyus Mexay craTHcTHKamn Makcsenna — Bonbnmana v Bose —
Siamrefina obcyxaaorcs B 3ajavax 14—I19 §11.)

[ToxBeaeM HTOr: BEPOSMHOCING MO020, 4mo Axelixku c Homepamu 1,
2, ..., N COOEPHAM Iy, T3, . . ., I'n HACMUY COOMBEMCMBEHHO (20e 1t
+. . Ara=r), daemca opmyroi (5.3) 6 caysae cmamucmuxu Maxc-
geara — Boavymana; ona paswa 1/4,, , e caysae cmamucmuru bose —

o v n\~"1
Jiinwmedna, u npu ycaosuu, 4mo Kaxcdoe ry pasno 0 uau 1, pasua ( ,)
6 caywae cmamucmuxuy Pepmu — Jlupaxa.

Npumepwt. a) [1ycth n =5, r = 3. Pasmewenue |#|—|«|%|—[ umeer
peposiTHocTh  6/125, 1/35 wmu 1/10 B 3aBHCHMOCTH OT TOTO, HCNOMb-
syeTcsl Ju craTucTika Makcsemta—Bonbumana, Bose—Jinmrelina
nm Pepmu— upaka. CmoTpr Takxe npumep ri1. I, 6,6).

6) Onewamxu. Kuura cofepXuT n cCHMBOJIOB (OYKB), r M3 KOTODBIX
SIBJISIIOTCA OneyaTKamu. PacnpejeneHne oneyatok COOTBETCTBYET pac-
NpeleJeH IO r YAaCTHI 110 n syeiikaM, NPHYEM B KaX/OH sueilke He MO-
3KeT cofiepiKkaThbes Goubie ogHolH yacTHib!. [TosTomy ectecTBeHHO npex-
NOJIOXKHTD, YTO NPHGIHKEHHO JJIs1 ONEeYAmoK umeem Mecmo Cmamucnmuxa
®Pepmu — Hupaxa. (Cm. 3agauy 38 § 10.)

6. Mpumenenus K ccpusm

PaccMoTpuM HEKOTOPYI0 YNODPSIONEHHYIO TM0CTe0BATeBHOCTE, COCTOAILYIO H3
BJemMeHTOB NBYX THNOB. OTpe3oK 3TOH NOC/Ief0BaTeNLHOCTH, COCTOALLM# M3 OAHOTHI-
HLIX 5/ICMEHTOB ¥ OrpanuYeHHHH ¢ 00eMX CTOPOH SJeMEeHTamu APYroro THNa, Hasbipa-
ercs cepued. Hanpumep, nocnenosatensnocts aoefaofpfo naunnaerca cepuedt aand
JAMHON 3, 338 KOTOpO# CaefyroT cepun Anuuok 1, 2, 3, 1 cooTpercTBeHHO. Cepun u3
aneg 1 GeT yepenyoTCs TaK, 4To oflilee YNCIO cepult BCerja pasHo YUY nap CTOAMX
PANOM Da3HOTHIHLIX 9JCMEHTOB NJIOC €AMHHMIA,

Ipumepw npumenenui. Teopus cepufi MMeeT MHOrOYHCIEHHBE NPHMEHEHHA B
CTAaTHCTHKe, OJHAKO I1aBHHIM 06pa3oM OHa HCNOJNL3YeTCHA B 3ajlaYax NpPOBEPKH Cay-
YaliHOCTH M OJHOPOJHOCTH.

a) 11pu nposepxe cayualinocmu 331448 COCTOMT B TOM, YTOGH PewnTs, CBOHCTBENHA
f1M NanHOMY HaG/MIOJEHHI0 CIYYafHOCTH HMJM B €r0 OCHOBe JIeXaT OMpejeleHHHe 3a-
KOHOMepHOCTH. B KaecTse NPOCTOro nNpumepa NpeANnoNOKHM, yTo Habmojenue 1)
npuBeNo K CJAeNyoIleMy pacnpefejeHuo CBOOOJHBIX M 3aHATBHIX MECT B Kade:
C3CC3CCC3CCC3C3C. 3amerHM, YTO HMKaKHe JBa COCEJHHX MecTa He 3aHATL.
Moxer ¥ 370 GHITh caydadmumM? M3 NsTH 3aHATHX M OJMHHAJUATH CBOBOJHEIX MeCT
MOMHO TNIOIY4HThL He GOJNee OAMHHANUATH CCPMt M B JaHHOM HAGMIOJEHHH NOJNYYEHO
KMCHHO TaKoe NX 4ieao. [loame Gyner NOKa3ano, 4To eca Obl Bce Bapuanthl shfopa
MECT NIAATLIO NIOCETHTENAMH GhLIH PaBHOBEPCATIL, TO BEPOATHOCTL OJMHHAALATH CEPHi
Guina 6u pasua 0,0578... . CToan Manas BEPOATHOCT: BCeJISeT NORO3PeHHe, UTO HMEeT
MeCTO TeHJEHU S K YMBILIJEHHOMY Pa3/elerio, 3TO Nojo3penue He MOXeT OLTh 10Ka-
BaHO CTATHCTHYeCKHMH METOJaMH, HO JaisHefluee NMOATBEPKIEHHE STOTO MoxeT GHTh
ponygeno B peayastate nociefywomux HaGmogennit. Ecau kade 4acro nocemnaercs
CEMBbSMH, TO JIOIKHA ObITh TeHAEHUMS 3aHMMATh COCEJHHE MCCTA, H 3TO NO/KHO NpH-
BECTH K OTHOCHTE/]LHO MaJOMYy YMCIY cepuil. AHAJNOrHYHO NOJCHET CePHH MATLYMKOB H
/leBOYeK, CHASIMMX B KJAACCE, MOXET OGHapyXHWTh NepeMelnpanue, Gofbliee MIH
meHsllee cnyqaiinoro. HenpasaononoGueie pacnosioXeHus LalT K04 K NOHHMAaHHIO

1) Swed F. S., Eisenhart C., Tables for testing randomness of grouping in a
sequence of alternatives, Ann, Math. Statist., 14 (1943), 66—87,
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BbIAMBAIOUIMX HX TPHUHH: w30LIMOK cepui yKasbiéaem Ha CuabHOe nepeseliusarue,
HeBocmamok — Ha cuneHyo epynnuposky. KoHeuHo, 5TH 3aKJ/IIOYEHHS HENh3d CYHTATh
HajeXHbIM [OKa3aTelbCTBOM, OLHAKO CYlecTByiomue 3HDeKTHBHbIE CTATHCTHYECKH®
MeTofbl MO3BOJSIOT CBECTH K MHHHMYMY DHCK CA€TaTb HeBEepHbie BBIBOJLI.

Teopus cepuii, kax noxasan LIyxapT, okaawBaeTcst NMOJE3HON} NPH KOHTpOJIE Ka-
yecTBa Npoaykuud. HaroroBnenusie maf6ul MOTYT PasiHuaThCs Mo TodmHuHe. JIMTHH«
Hble CEPHH TOJCTLIX ARG YKA3BIBAIOT Ha BO3MOXHbIE HEMNOMAKH B IPOH3BO/JCTBEHHOM
npouecce M 3aCTaRASIOT YCTPAHATh NPHYHHBI; TAKHM 06pasoM NpeRyrnpexaaercs Moss-
Jgenne Gpaka u JocTraercs GOJIbIAS OJHOPORHOCTb H3TOTOBASEMOA MNpPOAYKHHH.

B noneBnx GHOJOTHYECKHX SKCNEPHMEHTaX MOJCYMTHIBAIOT MOCJAELOBATENbHOCTH
300pOBMX W GOJBHBIX PacTeHHH, M JVTHHHHE CEPHH MOCJAEAHHX 3aCTaRJAIOT MOAC3pes
BaTh 3apaxenue. MereopoJsior C/IeMT 3a yepe/lOBaHHEM CYXHX H BJIaXKHHIX Mecsues 1),
yTo6bl HAHTH KJOY K pa3rajike 3aKOHOMEPHOCTEH YCTaHOBJIEHHS [OTOZHI.

6) Jlns NOHMMaHH® THNHYHBIX 33%au nposepKku OOHOPOOHOCMU TPENTONONHM,
4910 Ha ABYX Tpynnax NalyeHTOB HCMHITHIBAIOTCA [Ba BHA3 JEKapCTB HIH 9TO MH
HHTepecyeMcsl CPpaBHHTENbHON 3bdeKTHBHOCTHIO ABYX METOROB (B MeJHIHHE, CeJbw
CKoM xoasiicTBe WIM mpoMuunieHHocTH). [IpakTuuecks Mu GyjfeM HMETh ABAa MHO<
ecTBa HaG/IIOAEHHbIX 3HAUCHHH, CKAXKEM Oy, Og, +4+5 Og H Py, Bo, -+, Pp, co-
OTBETCTBYIOIMX ABYM METOAaM WJM TMpeACTaBIRIOMMX co60d HEKOTOpHEe XapakTe-
PHCTHKH (TaKHe, KaK Bec) 3JeMEHTOB ABYX COBOKyNHoCTeH. AnbGH H GeTH ABIA-
IOTCA  4ucAamu, KOoTopbie Mbl GyjeM MpearnoaaraTh PacroOoXeHHHMH B HNOpPAZKE
BO3PaCTAHHA: O tly< v <<, U Pi<s By<C... < By Teneps obnvenuunm ofa
MHOJXECTBa B OJHY INOCIEOBATE&IbHOCTh, SIEMEHTH KOTOPOH pPacroJIOXKEeHH B Mo«
psaAke BoapacTaHuf. Kpalinum cayyaeM siBAfieTcs caydail, korga Bce aabpu npeg-
ecTBYIOT BceM GeTaM, M 5To MOXET pacCMaTpHBAThCH KaK yKa3aHre Ha GOJbiIYIQ
passuily MeXZIy ABYMS METONaMH WM COBOKYNHOCTAMH. C Apyrofi CTOPOHH, ecaH
o6a MeTofa ofHHAKoBO 3PGEKTHBHH, To adbdh H GeThl AOJXKHHE pacrnoJarathcs
B Cosnee uau Menee cnydaknom nopspke. A. Baawnp u JIx. Boandosuu ?) mnoxa-
3anmu, YTo TeOopHA cepuil MomeT OHITh yclewHo MpHUMeHeHa INf OOHapyXenus
MaNLHX CHCTEMaTHYECKHX Pa3auuull (W/LTIOCTPHPYIOWHHA 3TO NpHMep, paccMOTpeH=
HH, NpaBaa, Apyrum MeTojoM, Gyxer pau B ri. 111,1,6)).

Boabwoe yucno 3agad, cBA3AHHHIX C CEpUSMH, MOTYT OHITh pelleHH Ype3Bhis
9aiiHo npocTHM cnoco6oM. ITycTh faHH @ Hepa3NHYMMBIX anbd H b HepaaTHIUMHIR
€et; u3 npuMepa 4, X) MH 3HaeM, 9TO CYIIECTBYIOT (a-{};b) Pa3THYUMHX YIOpA«
novenudl. Ecnu umeercs nj cepuit m3 annd, To ducno cepuit H3 GeT c HeoBXopHs
MOCTBIO P3BHO ORHOMY H3 uuced nj 4 ! wiu nj. lonydedue u3 a anvd ng cepuit
SKBHBAJIEHTHO Pa3MelleHHI0 HX Mo fj AdefiKaM Tak, YTO HH OXHA H3 IIOCAERHHN
He ocTaneTcss nyctod, M3 mocnepnedt neMMH clefyeT, 4To 5TO MOXeT OHITh Che~

JIaHO (:.~ 11) pasnuuumbiMu cnocofamu, OTCIORa, HanpuMep, criefyer, 4TO cyules.
i—

CTByeT (:1-:11) (b;l) nocjaefoBaTeNbHOCTeR, COlepKamux nj cepuil w3 anbd

u nj-+1 cepuii H3 Get (npoponxenue B 3agauax 20—25 § 11).

B) B ¢n3uke Teopus ceput ucnoiab3yercs AIS H3yUEHHs KOONEPATHBHBIX fBJes
Hufi. B Teopun onHovepHuX peweTok MauHra 3Heprus 3aBHCHT oT 4YMC/a COCEJHHR
3JIEMEHTOB pa3Horo THIA, T. €. OT YHC/IAa CepHi. »

§ 6. THNEPTEOMETPHYECKOE PACIPEJEJIEHHE

MHorue 3alauy KOMGHHATOPHKH MOTI'YT OBITh CBeJEHb K Cleaylomel
Mofenu. B renepasibHOM COBOKYNHOCTH M3 1 3/IEMEHTOB HMEETCSI 14

1) Cochran W. G., An extension of Gold’s method of examining the apparent
gersistence of one type of weather, Quarterly Journal of the Royal Meteorological
ociety, 64, No. 277 (1938), 631—634.
3) Wald A., Wolfowitz J., On a test whether two samples are from the samq,
population, Ann. Math. Statist., 2(1940), 147—162,
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3/IEMEHTOB KPAacHOIO 1BeTa M ny==n—~n, YepHoro. CnyyadubiM 06pa3om
BLIGHpaeTcs rpynma W3 r 3jieMeHTOB. HakjeM BepOSTHOCTL g TOrO,
YyTO TaK BhIGpaHHas rpynna 6yjer cOAepXaTb POBHO £ KpacHLIX 3Je-
MeHTOB. 3fech k& MOXKeT OhlTh JIIOGbIM LENbiM YHCIOM MEXAY HYJNEM H
HaHMEHbIUHM M3 YHcen n; H r.

Inst Toro 4ytoGhl HalTH ¢, 3aMeTHM, YTO BhIOpaHHas Tpynna co-
CTOMT U3 k KpacHbIX M r-——Fk YyepHhX ajeventoB. Kpacuule sneMeHThl

' n; n—n
MOTYT ObITb BhIOpAHEI ( ,;) pasHyHbIMH criocofaMH, a YepHhle ( r— kl)

criocobamu. Tak Kak Jo00# BHIOOP KPacHLIX 3/IEMEHTOB MOMKET KOM-
6HHHpOBaTLCA € JOOBIM BHIGOPOM YEPHLIX, HMEEM

w- () ()

Onpenenennnit TakuM o6pa3om HaGop BEPOATHOCTEH Ha3bIBaeTCs eli-
nepecomempuueckum pacnpedeaenuen *). Hicnonwsys (4.3), Moxuo ne-
penucats (6.1) B BHAE

w=(0)(n=e) (2) 62

3amevanue. BeposiTHOCTH g), onpefiesieHs! TONLKO Ans k, He npesoc-

XOAALLUX 7 WK 1, HO, TaK KaK npu b>a (g)=0, u3 ¢opmyn (6.1) u

(6.2) cnenyert, uto g=0, ecnu mubo k=>n;, nubo k=>r. CrenosaTenbHO,
onpenenenns (6.1) u (6.2) mMoryTr ucnonb3oBathes Af Beex k=0 npu
YCJIOBHH, 9YTO COOTHOINeHHe ¢,==( MHTepnpeTHpyercsi KaK HEBO3MOX-
HOCTb TAKOro BhIGoOpa.

Npumepnt. a) [1posepra xawecmsa. Tlpu KOHTpONE KayecTBa NPOAYK-
UMK BLIGOPOYHON NPOBEpKe NOABepraercss NapTHA W3 n U3jeaHH. [le-
¢eKTHEIE H3ENIHs B IaPTHH HIPAIOT PONb KPACHBIX 3J1IEMEHTOB. VX ync-
Jlo nj, KOHEYHO, He M3BecTHO. [Ipon3ponuTcs BHIGOpKa o6bema 7 H on-
penensercs YHCI0 k fedekTHHX u3fenuit B Heh. Toraa gopmyna (6.1)
{I03BOJISIET HaM CAEAaTb BBIBOAbI OTHOCHTEJBHO HCTHHHOIO 3HaYeHHS
n;; 370 THNHYHAasA 3ajaya CTATHCTHYECKOrO OUEHHBaHHs, BLIXOAAILaf,
OLHAaKO, 3a paMKH JaHHOH KHHIH,

6) B npumepe 4, 6) resepanbHasi COBOKYNHOCTb COCTOMT H3 n=100
CEHAaTOPOB, H3 KOTOPBIX n;=2 NPeACTaBASIOT AAHHbIA IUTAT (ABIAOTCH
«KpacHbiMHy). CiyyaiiHbiM o6pasoM BbibHpaercs rpynna u3 r=50 ce-
natopoB. OHa MoxeT BKJo4aTh k=0, 1 Wan 2 CEeHaTOPOB M3 AAHHOrO
wrata. M3 (6.2), yuurteiBas (4.4), Haxoaum

go=g;= (50-49)/ (100-99)=0,24747...,  ¢:=50/99=0,50505....
St10 3HaueHHe g, ObLIO NONyyeHO APYrWM crocoGoM B npumepe 4, €).

1) Drto HasBaHue OOLACHAETCA TeM, yTo npoussBogsawas ynkuusa (cm. ra. XI)
noce0BaTeIbHOCTH {gx} MoxeT OwiTh BmpaxeHa 4Yepe3 THNepreoMeTpuueckne
byHKUHA,
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B) Ouenka paamepa nonyaayuid no OQHHLIM NOBMOPHO20 0MAoea *).
TlpeanonoxuM, uyto u3 osepa shiiapauBaior 1000 pui6, moMeuaroT ux
KpacHO# Kpacko# u BelnyckaioT ofpartHo. IIpu noBTOpHOM oTsi0BE
1000 pui6 cpean HuX oxasanochk 100 nomeuennnx. Kakue BhIBOAW MOX-
HO cAeJaTh OTHOCHTEJNBHO YHcJa pu6 B o3epe? DTo THIHYHAsS 3ajaua
CMAMUCMUMEcKo20 O4erusanus. Mul 3alTH Ohl CIHIIKOM JaJIeKo, ecqaH
6bl cTa/ ¥ ONKCHBATh Pa3HOOOPAa3HbIE METOJbl, KOTOPbI@ MOXET HCHOJb-
30BaTh COBPEMEHHBIN CTATHCTHK, OJHAKO MhI MOKAaXEM, Kak THnepreo-
METPHUECKOE pacnpeieseHie JaeT KU K PeleHHI0 3Tol 3afaud. Mus
npeanosiaraeM, KOHEYHO, UTO Pe3yJbTAaThl JBYX OTJIOBOB MOXHO pac-
CMaTpPHBaTh KaK cJlyuyafiHble BhIOOPKM H3 COBOKYNHOCTH BceX pbif B
o3epe (Ha NPaKTHKE 3TO NPEANOJOKEHHE HCKJIOYAEeT TOT CJy4aH, Koraa
JiBa OTJIOBA [POK3BOAATCH B OAHOM H TOM XK€ MECTe H 3a KOPOTKHH npo-
MEXYTOK BpemeHH). Mul npeinosiaraeM Takxe, 4TO 4HCJIO pPuib B o3epe
He MeHsieTCH MEeXAY ABYMs OTJIOBaMH.

O6o6iuM 3afauy, paccMOTpeB BLIGOPKH NPOHM3BOJBHOTO oOBEMa.
Fyctb n — (HeusBecTHoe) YHCJIO PuIG B 03epe, #; — 4HCIAO Puib B nep-
BOM YJIOBE (MI'PAIOLLHX POJb KPACHHIX 3JEMEHTOB), r — YHCIO PLI6 BO
BTOPOM YJIOBE, B — YHCJIO NMOMEUEHHEIX PhI6 BO BTOPOM YJIOBE, gy (1) —
BEPOSITHOCTb TOTO, YTO BTOPOH YJIOB COJEPKHT POBHO B NOMEYEHHBIX
puib.

[Tpu Takoit nocTtaHoBKe 3ajiauH gy (n), OUEBHAHO, BHIYHCJANETCS MO
¢dopmyae (6.1). Ha npakrtuke n;, r u k MOryT Hab/0/aTbCs, @ N HEH3~
BecTHo. OTMETHM, UTO Mbl pacCMaTPHBaeM N Kak HEH3BECTHOE YHCJIO, KO-
TOpPOE HHKOKWM 06pa3oM HE 3aBHCHT OT caydasi. Mut 3HaeM, 4To 6bi10 Noi-
MaHO Ny-}-r—F& pasjiuHbIX pui6 U NMO3TOMY A=n;+r-—k. 3TO Bee, 4TO
MOXHO CKa3aTh C MOJIHOH YBEPEHHOCTbIO. B Hamem npumepe n,=r=
=1000 1 2=100; BoaMOXHO, uTO B o3epe obutaer ToarKo 1900 puib,
OAHAKO, OTOPABJASChE OT 3TOro NPEANOJOKEHHA, Mbl NPHAEM K 3aKJIO-
YEHHI0, YTO OCYIIEeCTBHJIOCH COObITHE (DPAHTACTHYECKH MaJiod BEPOSITHO-
ctd. JleHcTBHTEeNLHO, NPH NPEANnoJOXKEHHH, YTO HMeeTcst Beero n1==1900
pui6, BEPOSITHOCTH TOrO, YTo ABe BhiOOpKH obbema 1000 kaxnaas mon-
HOCTBIO HICYUEPHAIOT BCIO T'EHEPaJibHYK COBOKYMHOCTh, coraacHo (6.1),

paBHa
1000 (900 1900\~*  (10001)2
100 /\ 900 /\ 1000, = To01 19001

®opmyaa Crupaunnra (cm. §9) nokasniBaeT, YTO 3Ta BEPOSITHOCTL SIB-
Jserca BeJUUHHOH mopsifka 10749, 1 B TAKO# CHTyal WU 31PABbIH CMBICH
3aCcTaBjisieT OTOPOCHTL Hallle NPEeANnoJoXKeHHe KaK HenpapjonojofHoe.
Ta xe npUUHHA 3acTABUT HAac OTOPOCHTH MPEANOJOMKEHHUE, UTO N OUCHb

1) ITpusoas 3TOT NpPUMEP B NEPROM H31aHHH, Mbl HE 3HATH, UTO OMHCAHHBIA METOR
IWMPOKO HEMOJb3YeTcH Ha npakTeke. M3 pabor no stomy mompocy ormeruM Bailey
N. T. J., On estimating the size of mobile populations from recapture data, Biomet-
rika, 38 (1951), 293—306 u Chapman D. G., Some properties of the hypergeometric
distribution with applications to zoological sample censuses, University of Cali-
fornia Publications in Statistics, 1 (1951), 131—160,
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BEJIHKO, CKaXKeM PaBHO MHJIJIHOHY., DTH coobpakeHHs nolyXJaaloT Had
KCKAaTh TAKOE 3HAYEHHE 1, IPH KOTOPOM §x (1) IOCTHIa€T CBOEro HanGo b=
IIEr0 3HAYEHHs, NOCKOJLKY [/ TAaKOro n Haule HabJIofeHHe HMeeT
MaKCHMaJ/lbHYI0 BeposiTHOCTh. Jlaa Kakaoro (HKCHpoBaHHOro Habopa
HaOMIOEHHHX 3HAYEHHTl Ny, r, k 3HAUEHHE N, NPH KOTOPOM gp (n) Mak-
CcHMaJlkHO, 0603Ha4yaeTcs 4yepes N ¥ Ha3bIBAETCH OUEHKOU MAKCUMANLHOZ0
npasdonodobus Ans n. 1o nousitie 6u0 BBejeHo ®uwepom. g Has

XOXJEHH n paCcCMOTPHM OTHOILEHHE
e (W)/[gx (n—1)] = (n—n,) (n—r)/[(n—n,—r+ k) n].  (6.9)

TNpocThie BLIMKC/IEHHS [OKA3bIBAIOT, YTO 3TO OTHOLIEHHe OOJblue elH=
HHLBl pH nk<<nyr ¥ MeHblie eMHHHUB! NPH nk>>n;r. DTO 03HAYAET, YTO
C BO3pacTaHHEM N INOCJENOBATENLHOCTb gy (n) CHadasla BO3pacTaer, a
3aTeM yGblBaeT; OHa JOCTHTaeT MAaKCHMYyMa, KOrja n ABJAETCS HaHOO/be
IIMM IEJBIM HHC/IOM, He NPEeBOCXOASUMM n;r/R, Tak 4TO n npHG/IH3H-
TEJILHO PABHO A,r/k. B HalieM KOHKPETHOM NP HMEPE OLIEHKA MAKCHMAJlb+

HOro npapjonofio6us JA1s uucaa puib paBHA n=10 000.

VICTHHHOE 3HAYEHWE 7 MOXKET ObiTb GOJIBLIE HJIH MEHBILE fl, H MOXKHO
NOCTaBHTL 3aflayy HaXOMXAEHHS NPEJEJNOB, O KOTOPLIX MOMHO € JOCTa-
TOYHOH CTENEHLIO YBEPEHHOCTH CKa3aTb, YTO 1 HaXOAHTCH BHYTPH HX.
C 3Tof le/abI0 NPOBEPHM NpEANOJOXKEHHE, uTo n MeHbwe, qem 8500.
Tloacrasmm B (6.1) n=8500, ny=r=1000 n HailleM BEPOSATHOCTL TOTO,
YTO BTOPO# yJ/OB cofiepxHT He Gosee 100 nomeyeHHbIX pub. Jta BEPOAT-
HOCTb paBHA X=@o+¢;+. . .. HenocpeacTBeHHOE BhHIMHCIEHHE X
rPOMO3/IKO, OJHAKO, HCIIO/L3Y sl HOpMasbHoe npubauxerne (cM. ri1. VII),
MbI Jlerko HaxoauM, uyto x=0,04. Anajoruyno, eciu n=12 000, to Be-
POATHOCTB TOTO, HTO BTOPOI yJ0B cofepxuT 100 Han GoJsee nmomeyeH-
HbIX puI6, npuMepHo paBHa 0,03. DTH AaHHBIE NOATBEPXKAAIOT NPEAINO-
JIOXEHHe, 4TO YHCJ0 PuI6 HaXOAMTCA rie-to Mexay 8500 u 12 000. Cy-
LIECTBYIOT APYrHe cnocofhl MOJYYEHHsT 3THX BLIBOJOB M ApYrHe METOJbE
OLIEHHBAHHS, HO Mbl He HamepeHbl 00CYXAaTh AETaMH.

W3 onpenenenns BepOSITHOCTEH ¢y CJERYET, YTO
q0+q1+qﬂ+l . -=l.

3 dopmyanl (6.2) mo3TOMY BHITEKAET, HTO AJs1 JIOOLIX MOJIOXKHTENTbHHX
ueJblX n, Ry U 7

G+ + -+ (2)("97)=(a) €9

D10 TOXAECTBO YACTO GhiBaeT NOJE3HEIM. Mbl JloKasaJH ero JHuib A
IOJIOMHTENBHBIX UEJLIX A ¥ 7, HO OHO OCTAeTCsl CNpaBelJiuBLIM 6e3 3Toro
OrpaHHYyEHHsl J/1s NPOH3BOJIBHBIX NOJOMKHTENLHBIX HIH OTPHUATENbHBIX
n | r (3TO PABEHCTBO He HMEET CMBIC/A, KOTJa f; He SIBJIAETCH MOJOXHe
TENLHBIM LeabM). (YKasaHHsa Ha ABa cnocoba AOKa3aTelbCTBa AaHbl B
sajauax 8 u 9 §12.)
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I'unepreoMerpuyeckoe pacrnpejeseHue Jerko o6o6HMTL Ha ciaydai,
KOrja MCXOAHAs reHepanbHas COBOKYIHOCTh OObeMa M COAEPXKHT He-
CKOJIbKO KJ1accOB 3/eMeHTOB. Hampumep, MycTb reHepajbHasl COBO-
KYIHOCTb COEPXHT TPH Kjacca OGBeMOM My, 3 B n—MN—M;3 COOTBET-
cTBeHHO. Ecsiu n3bsekaercss BblGOpKa o6beMa 7, TO BePOSITHOCThL TOrO,
UTO OHA COJIEPXKHT k; BJIEMEHTOB MEPBOro Kaacca, k3 3J1IEMEHTOB BTOPOro
u r—k,—k, 371eMeHTOB TpeThero, no aHajoruu c (6.1) pasHa

n n n—n,—n n\"¥
<ki)<k§)<r—ki—k§)<r) - (6.5)
Pasymeercs, HeOOXOAHMO, YTOOLI

ki<ln,, ko<ng, r—hk—k<<n—n,—n;.

Mpumep. r) 5pudzr. CoBOKYNHOCTL H3 52 KapT COCTOHT M3 YeTHIpex
KJ1accOB N0 TPHHAANATH 3JIEMEHTOB B Ka)JOM. BeposiTHOCTbL TOro, 4TO
Y Kakoro-iu6o Hrpoka 6yjer 0sTb NHK, YeTblpe 4epBbl, TPH OYOHLI H
oaHa Tpeda, paBHa

13\ 713\ /13\/13Y\/52\"*
5 4 3 1 /\13,/ - |
§ 7. MPUMEPBI, CBA3AHHBIE C BPEMEHEM O)XUJAHH A

B sToM naparpade Mbl OTCTYNHM OT HEIOCPEJCTBEHHOrO H3YYeHHS
KOMOMHATOPHOrO aHajH3a, Aas TOro 4robbl PaccMOTPeTb HEKOTOpLIe
IPOCTPAHCTBA 3JIEMEHTADHLIX COOBITHH HOBOrO THMA, K KOTOPLIM IIp H-
BOJAMT mpocTas MOAHGHKAlHMA 3ajauy O pa3memleHnH. PaccmoTpum eine
pas MbICHMBIE 3KCIEDHMEHT CJYYaHHOro pasMellleHHsl WapoB [o n
siukaM. OnHako Ha 3TOT pa3 Mbl He 6YaeM GHKCHPOBaTh 3apaHee YHCJIO |
1apos 7, a GyAeM NOMeLIaTh Wapbl OJAHH 32 APYTHM JI0 TeX NOp, NOKa He
BO3HHKHET HEKOTOpas NpEANHcaHHAast cHTyaius. J(Be TaKkie BO3IMOXKHbIE
caTyauuun 6yayT obcyxaennl noapoGHo: (i) Cayuatinoe pasmewenue wa-
pos npodorxcaemca o mex nop, noka Hekomopeuitl wap eénepevie nonadem
8 yoce sanameitl sauuk. [Ipouece 3akanyiBaeTcs NpH MCPBOM NOSBJECHHH
AlIMKa ¢ ABYMs wapamiu. (i) Mo urcupyem kaxot-aubo swur (cxa-
seem, AuK Hoatep 1) u npoGoascaesn pasmeujeHue 1apos ece 8pems, NoKa
smom aujuk ocmaemea nycmeix. [lponecc 3akanuyuBaeTcss TOrAa, Korja
B 3aJaHHLI} ALK BrOEpBble MONajeT KaKoOH-TO Liap.

Heckonbko unTepnpetaili 3TOH MOJE/H NPOJLIOT CBET Ha CYILECTBO

npobaemsl.

Mpumepnl. a) JHu poxOenus. B npuMepe 3, r) ¢ AHAMH POXAECHHS
yuc/aI0 JHeH B rogy n=365 K JHH COOTBETCTBYIOT AILMKaM, a JIOAH —
wapaM. Hama mozens (i) Tenepb paBHO3HaYHa CJEAYIOLIEMY: €CAHM MBI
BblGHpaeM JIOAEH cAYy4aiHO OJHOrO 3a APYIHM, TO CKOJILKO HX HYXKHO
B3AITh, YTOGLl MOJYYHTh Mapy C OAHMHAKOBLIMH AHSMH POXAeHHs? Mo-
Aeab (ii) cOOTBETCTBYET OXHAAHHIO MOSBJEHHA B BhlOOpKe yesoBeKa C
MOUM JIHEM pOX/EHHS.
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6) Javaua o Kaoue. YeNoBeK XOUET OTKPHITH CBOWO ABEPb. ¥ HEro A
KJoyell, M3 KOTOpBIX TOJBKO OAHH NOAXOAMT K AsepH. [lo npuuuHe,
O KOTOPO#1 MOXKHO TOJILKO JI0Ta/ibiBAThCS, OH NPOOYET KJYH clyyaifHo,
TaK 4YTO NpPH Kax/OH IONBITKE KaXJblil KJIOU HMEET BePOATHOCTb GHITh
BHOPAHHBIM 17! M BCe BO3MOXKHBEIE HCXO/bl, OTBEYAIOLIHE JAHHOMY YHCTY
NONBITOK, PaBHOBEPOSITHBL. JTO YacCTHHIM cayuail Monenu (ii). Murepec-
HO CPaBHUTb OMMCAHHBbIM CAYYaHHBIH NOHKCK KJ/woua ¢ 6oJjee cHCTeMaTH-
yecKuM noaxodom (3agaua 11 § 10; cm. Takxke 3anauy 5 ra. V, 8).

B) B mpeamiaymem npuMepe Mbl MOMXKEM 3aMEHUTh BHIOOp KJaiouel
Bbl6OPOM H3 POM3BOJBHONR COBOKYITHOCTH, CKaXx<eM U3 Habopa KYIOHOB.
OnsaTb MBL XOTHM Y3HaTh, KOTA2 OXKHAAETCH nepBoe OBTOPeHHe BhiGpaH-
HOTO 3/IeMEHTa HJM KOTAa HEKOTOpblil (UKCHPOBAHHBI 2/emMeHT GYyAeT
BuI6paH B nepBhld pas.

r) Monems: u uepassrsie kocmu. B npumepe ra. 1, 5, a) monera 6po-
caercs 10 TeX mop, NoKa He NOsBUTCA rep6. ITo YaCTHBIN cayuail mMoae-
au (ii) ¢ n=2. [1pu 6pocaniy HrpaipHOfi KOCTH 1O NOSBJECHHSA e1HHHILbI
npuUMeHsieTcsa Ta e moleab ¢ n="06. ([lpyrue BpemeHa OXMAaHUS pac-
cMaTtpuBaloTcs B 3ajavax 21, 22 u 36 § 10 u B 3anave 12 § 11.) »

MuI Haynem c 6oJsiee mpocToil ANs noHumaHus moaend (i). Has Toro,
4yTOGEl YKa3aTb, YTO NEPBbLH, BTOPOH, . . ., r~i LIapH 3aHAIH AUUKH C
HOMepamH jy, ji .. ., Jr 1 YTO NpoOLECC 3AKOHYMJICA HA r-M liare, yzao006-
HO MCNOJIb30BaTh HaGop CUMBOJOB (f1, fe . « ., fr). DTO O3Hauaer, yTO
ji — uesoe uucno mexay 1 4 n; kpome TOrO, ji, . . ., jr_i BCE DPA3JHY-
HH, 3 j, paBHO OIZHOMY H3 HHX. KamIoe ynopsifoueHHOE MHOXECTBO
TAKOro THNa npejcraBisieT cofoil sjJemeHTapHoe cobeitHe. s r BO3-
MOXKHEI TOIBKO 3HaueHus 2, 3, . . ., n+1, Tak Kak NoBTOpHOe nonajaHue
B fIIHK HE MOXKET IIPOM30HTH J0 pa3melileHHsl BTOPOTro Liapa UJM mocje
TOro, KakK (n-t1)-i wap 3ansaa smuk. CBsA3s HacTosLield 3aJayH ¢ mpex-
Heit MOZIeNbIo pa3MelleHHs (PUKCHPOBAHHOIO YKC/1a UIaPOB M0 7 SIHKaM
NPUBOAKT HaC K TPUIUCHLIBAHHMIO KaXKAOMY 3JE€MEHTapPHOMY COOLITHIO
(ji» - . -, fr), COOTBETCTBYIOIUlEMY DOBHO r Llapam, BEPOSTHOCTH n~7.
Mu mokaxkem, 4TO Takoe corJauleHHe AOnyCTHMO (T. €. YTO CymMMa Ha-
LIMX BEPOSITHOCTEA PaBHA €JMHHUIE) H YTO 3TO NMPHBOAMT K pa3yMHbIM

pesyJabTaram.
Ilpu puKCHPOBaHHOM r COBOKYIHOCTb BCEX 3JIEMEHTAPHEIX COGBITHH
(ji» - « -, j») TIPEACTaBAsET COGOIl cobbumue, COCMoAL4ee 6 Mom, HMo npo-

yecc sakoHuumca Ha r-m waze. B cootetrctBuHU ¢ (2.1) yucna jy, .. .,
jr—i MOTYT OblTb BHIGpaHBl (1)._1 Pa3JHYHBIMH CrOCO6amMH, a j. Mbl Bbl-

6upaem u3 r—1 uucen ji, ..., jr_1. OTCIONA crenyer, yTo 6epOAM-
HOCMb Mo2o, 4mo npouyecc 3aKOHYUMCA HA r-M wiaze, PasHa
(n),—i-(r—1) I r—2\ r—1

qr=—’nr—-=(1—; avw 1—— 7 n (71)

nputem =0 1 q,=1/n. Bepoamwuocmp moeo, 4mo npoyecc 6ydem npo-
doaxcamsca nocae r-z2o waea, pasua p,=1—(qi-+q:+. . .+q,), omxyoa
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n=l u
() (=5, 0

YTO MOXeT GbiTh AOKAa3aHo npocToil unaykuueil. B uacthoety, p,,q=0
H ¢+ ...+ q.1=1, KaK n npeanonaranocs. Kpome toro, npu n=365
dopmysna (7.2) ceomutcs K (3.2) W B OOweM ciyyae Hawa HOBas
MOJEJb NPHBOJMT K TEM K€ KOMMUECTBEHHLIM pe3y/bTaTaM, YTO M [pe-
ABIAYIAS MOJETb C (HKCHPOBAHHBIM YHCJIOM LIADPOB.

Mogean (ii) otauuaercs oT (i) TeM, YTO OHA CBA3aHa C OECKOHEUHOLLM
npocmpancmsos  3aemenmaprblx coboumud. IlocnenopatensHocts (fi,
++ « j;) NONUMHEHBI YCJOBHIO, YTO UHCIA f1, « « ., fp_i OTJIHYHB OT (PUK-
CHPOBAHHOTO 3apaHee 4ucja a<n, a j.==a. Kpome TOro, HeT HHKAKOIl
ATNPHOPHOM NMpPHYMHBI, YTO MPOLECC AOJMKEH KOrja-HHOYAb 3aKOHUHTHCS.
ITpu GHUKCHPOBAHHOM 7 MBl CHOBA NPHMMILEM KaXIOMY 3/JEMEHTAPHOMY
cobutio (i, - « ., j-) BepoATHOCTL n~’. Jl1s KaKIOTO U3 fi, « . « jrig
uMeeM n—1 Bo3MOKHOCTEH, a 4% j, BEGopa coBceM HeT. Mbl mosnyyaem

O3TOMY, YTO 6EPOAMHOCHbL MO20, 4Al0 NPOYECC 3AKOHYUMICA HA I-M
waze, pasHa

g, =[(n—01)/nT"t(lyn), r=1,2,.... (7.3)
CymMHpya STy FeOMETPHUECKYIO NPOTpPeccuro, Haiinem, uto g; 4 q; -
+...=1. Tak kak cymMMa BeposSITHOCTefi §; pdBHA eIMHHMUE, HeT Heob-

XOAUMOCTH BBOJIHMTH 2IEMEHTApHOE cobbiTHE, COOTBETCTBVIOLILCE TOMY,

yTO HUKZKOM Iap HE NOmajeT B fIUMK C (UKCHPOBAHNBIM HOMEPOM a.
Has eepoamrocmu

pr=l—(g +...+¢q)
moeo, unio npoyecc Gydem npodonJcamecs nocie r-o wiaza, NOAYyuaes
pr=0—=Un), r=1,2,..., (7.4)
KaK H CJefoBa/io OXHIATh.

Meduanoii pacnpedescnus {p,} HasbiBaeTcs Takoe 3Hauenue 7, WIS
Kotoporo p; ...+ p_¢< /2, no p,+ ...+ p,>1/2; sto o3ma-
Yyaer, uyTO NPHOJH3MTENBHO OAWHAKOBO BEPOSITHO, 4YTO IMPOLECC Mpo-
JOMKHUTCA MOCJe MEIMAaHB WM 3aKoHuuTcs Ao Hee'). (B mpumepe 3,T)
0 IHAX POXAeHHs MeIuaHa r=23.) UTo6bl BHIYHC/AHTL MEIHAHy AJA
{p,}, nepeiizem k norapudmam, xak 3to nenanocs B (3.4). Korma r
Malo MO CpaBHEHHIO C A, Mbl BHAMM, uTO —log p, Omm30K K r%/(2n).

’) B ofmem ciyyae MefuaHoll psAa 3HAYEHHR X{<TXx. << ... << X, KOTOpHE
KaKaf-TO BeJAHUKHA TPHHHMZET C BEDOATHOCTAMH Pi, Pa, »+s, Pp COOTBETCTBEHHO;
k

n
HasHBAETCH 3HAUEHHE X C TAKHM HHACKCOM £, wt0 3 py=1/2 n ) pi=1/2.—

i=0 i=k
Ilpum. nepes.
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-

Orciopa caeayer, uto meduana {p,} Gm3ka k V n-2-1og2, nin npH-

Gamxenno K (6/5) )/ n. Vintepecto, 4To MejJuaHa BO3PACTaeT KaK KOPEHb
KBaJpaTHLI# W3 ofbeMa COBOKYNHOCTH. B oTviHuve OT 3Toro meduana
pacnpedeaenus {p;} 6auska k n-log2, nm 0,7n, v BO3pacTaer JHHEHHO
c pocToM n. BeposTHocTh TOro, uTo BpeMsi OXHAaHus B Mojend (ii)
npesuicHT n, paBHa (l—n~Y)" w npubausurensuo e *=0,36788....

§ 8. BHHOM_HAJIbelE KO3¢®HUHEHTDI

n
Mrl Hcnoas3oBanu 6HHOMHAJbHEIE KO3(QHIHEHTS] (r) TOJBLKO AJSA

LeJBIX TOJOXKHTEJLHBIX 1, HO OYeHb YAOOHO PaclIHPHTEL 3TO Onpejesne-
nue. Yucao (x),, sBefennoe gopmynoi (2.1), a uMeHHO

(), =x (x—1). . .(x—r+1), 8.1)

onpejiesieHo AJA BcexX ACfiCTBHTE/BHBIX X, €C/H 7 fBJASETCA LEJbM NO-
JOXHTeAbHBIM uncaoM. [Ipn r=0 nomoxum (x),=1. Toraa

(x>=£vi\£=x(x—l)...(x—-r+l) (8.2)

r rl rl

onpedensiem GuHomuarbrbie Ko3uiuenmer 0an 6cex 3HaveHull x U
8cex noaoxcumenvholx yeavtx r. Hdaa r=0 nosoxum, kak u 8 (4.4),

(6):1 u 0l=1. Jlas ompuyamenvnbix teabtx r onpedeaitr

("):0, r <0, 8.3)

r

”

’ ) , CCAU T HE ABAALNL=

Mbt Hukoeda He Gydem ucnoab308amb CUMBOA (

€A YeAbiM HUCAOM.
Jlerko NpoBepHTb, YTO NPH TAKOM ONpeieIeliHia A5 HMeeM, Ha-
npumep,

Brocaenctsin 6yayT HCNOMB30BATECSA TPH Baxunie crocTea §irce
MHaJBHEIX Koa(uuuentos. [lepBoe: 044 4103020 Yea020 nuaoIUnent
HO2O 1

(f):O, ecau Jubo r > n, aubo r < 0. (8.5)

Bropoe: 8.8 awGoeo 4ucaa x 4 105020 Yeaoeo r

(-20)+()-(7") ®5)

STH COOTHOLIEHHS JIeTKO [10.1yvaroT H3 onpejaeJseHHdA. IIOKaSaTe.TIbCTBO
TPETLEI'0 COOTHOWICIILA MOXKHO Ha#ATH B KypcaX MaTeaaTHUYECKOI'O aHa-
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nu3a: 028 06020 uucaa a u arbozo —1<t<<l cnpasediusa gopmyrs
6urnoma Heromona

(1+t)a=1+(‘1‘)t+(‘2’)t=+(§)t3+... . (8.7)

Ecau a — menoe nosioxuTtenbHOE YHCIO, TO BCE CjaraeMhie B NpaBoi
yacTH, COjiepKallye cTeneHH ! Bbie (%, aBTOMaTHYeCKH o6GpaulaloTcs
B HyJIb ¥ GopMyJa cripaBefauBa npH Beex f. Eciu a He gBjsieTcs LeJbIM
IOJIOXKHUTENBHBIM YKHCJIOM, hpaBas uactk (8.7) mnpexacraBasieT coGoit
beckoHeuHblld PAL.

Ucnonws3zys (8.4), nerko moayuutbh, uto npu a=-—1 pasnoxkeHnue
(8.7) npeBpaiaerca B eeomempuyeckuli pad
V46 =1—t4-2—t+—+. . . (8.8)

Hnrerpupys (8.8), nonyuaem eie ogHy dopMmysay, KOTopas OKaxercs
[0JIE3HOH BIIOCJEJCTBHH, 8 UMEHHO PA3A0MEHUe HAMYPAAbHO20 A02apug-
xa 8 pad Tedaopa

log(14-t)=t—(1/2) 2+ (1/3) P —(1/4) 4+ ... .  (8.9)

YacTo HCHONB3YIOTCA fBe ApYyrHe ¢opMbl cooTHoweHus (8.9) . 3aMenus
{ Ha —{f, noJay4YuM

Jog [1/(1— )] =t +(1/2) 2+ (1/3) 5+ (1/4) 5+ ... . (8.10)
C.HO)KHB ABa INOCJeJHHX DABEHCTBA, HMeeM
(1/2) log [(1 + £)/(A— )| =t + (1/3) 2+ (1/5) £ 4 ... . (8.11)

Bee 3t passioxeHus MMeIOT MecTo ToJBKO nmpu —I1<li<1.

MHOro nosie3nbIX COOTHOWEHH, noaydawumuxcs u3 (8.7), Oyner
npuBeseHo B § 12. 31ech Mbl YKameM TOJbKO, YTO NPH LEJIOM a=n H
t=1 u3 dopmyant (8.7) caenyer, 4TO

n /

(’5)+<1)+\§)+...+(g>=2". 8.12)
Dra ¢opMmysa JONYCKAeT NPOCTYIO KOMOIHATODHYIO HHTEpIPETalHIo.
JleBas 4acTb npejcrasaser co6oi u:ics0 crnocoboB, KOTOPBIMH MHOXKeECT-
BO M3 N 3JIEMEHTOB MOXHO Pa3fie/UTh Ha ABa NOAMHOXKECTBA, €CTH 00beM
IepBOTO MOJAMHOZKECTBA MOxeT OuITh JIOObIM uuciom k=0, 1, ..., n.
C apyrofi cTopoH:!, Takoe pasjeseliHe MOMXKHO BBIIOJHHTD HEIOCPENACT-
BEHHO, [0J0XKHB, YTO KAaXABIl 3JEMEHT MOXKeT NpPHHAAJeXaTh JHOO
nepBo#t, G0 Bropoil rpynne. (AHaJOriYHble pacCysJeHHs NOKa3biBa-
IOT, YTO CYMMa HOJIHOMHAALHLEIX Ko3thduluueHTOB pasHa k".)

§ 9. ®OPMYJIA CTHPJIMHTA

BaHbIM HHCTPYMEHTOM aHaJHUTIYECKOH TEOpHH BEpPOSATHOCTEH fB-
fIeTCA_KIaccHyecKas dopmyJa ’), H3BeCTHas Kak
1) Stirling J., Methodus differentialis, 1730.
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dopmysaa Crupauura:
nl ~ )/ 2m nrt1ize=n, 9.1

20e cuMBON ~ YKA3bIBAEN HA MO, 41O OMHOLeH e 08YX ebipadiceruti cmpe-
Mumes K eQunuye npu n—oo,

Ota ¢opMy/a HeOLleHHMA AJst MHOT'HX TEOPETHYECKHX HCC/IEI0BAHUM
M MOXKeT ObITh TAaKXKe HUCNO/b30BaHA /S [OJYYEHHs] XOPOIUHX YHUCJIEH-
HHIX npubsaxxkeHuH. Xors pasHoCTh JeBoH W mpasoii uacreit (9.1) weor-
PaHMYEHHO BO3DACTAET, B JEHCTBUTENBLHOCTH HMeET 3HAuEHHE JIHIUb OT-
HOCHTe/bHAs norpemHocTb. OHa PaBHOMEPHO yOLIBAET, B NPHOJIMKEHHE
CrupnnHra HeoGBIKHOBEHHO TOYHO JAaXe L5 MaJjblX n. JleHCTBUTE/ILHO,
npaBas yactb (9.1) maer 0,9221 gas 11, 1,919 gas 2! u 118,019 gz 5!=
=120. OrrHocuTenbHble norpetHocTy 6yayr 8, 4 u 2% coorsercrseHHo.
Hast 101=3 628 800 npubmuxkenne no ¢opmyne Crupauura jgaet
3 598 600 ¢ morpeunoctsio 0,8%. dns 100! nonyyaercs morperiHocThb
tosibKo 0,08%.

Bweod opmyanr Cmupaurnea. Hawa nepsasi 3ajgaua — NOJYUHTD
OLUEHKY A4

log n!=log 1--log 2-}. . .-Flog n. (9.2)
Tak kak log x — MoHOTOHHas (QYHKLMS OT X, HMeeM
R R+1
{ logxdx <logk < § logxdx. (9.3)
k-1 k
Cymmupysa nmo k=1, ..., n, noayyaem
n n+l1
{logxdx <logn! < § logxdsx, ©.4)
0 1
HIH _ ‘
nlog n—n<<log nl<(n+1) log (n-+-1)—n. (9.5)

D10 ABOAHOE HEPABEHCTBO HABOAMT Ha MEIC/bL CPaBHUTH log nl ¢ Hekoro-
POl BeqMuHHOHA, GJU3KOH K cpeqHeMy apudMeTrHiecKOMy KpahHHUX yJe-
HoB. Ilpocrediielt Takoil BeauuuHoit ssasercs (n-+1/2)log n—n, n
no3roMy 6vIeM OLEHUBAaTh Pa3HOCTD !)

d,=log nl—(n-+1/2)log n-n. (9.6)
3ameruM, 4TO
d,—d, ,,=(n-+1/2)log [(n-+1)/n]—1. 9.7)
Ho _
a1l 141/@2n41) (9.8)

n T 1—=1/(2n41)?

!y [IpoBesieHHOe HUXeE H3RIHOE PaccyXjaeHHe K HepaBerctBo (9.14) npuBagnexar
PoG6uncy (Robbins H, E., Amer, Math. Monthly, 62 (1955), 26—29),
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H, UCNOJb3YA pa3soxenue (8.11), nonyuaem

1 1
d,,—d,,+i=3(2n+l)z+5(2,1_*_1)4—{—... . 9.9)
M3 cpaBhenus npapoll 4aCTH C IeOMETPHYECKOHA NporpeccHedt co 3Ha-
MmeHateneM (2n+4-1)~2 BuaHO, 4TO

0<d —d 1 1 1

nti < F[@nFE—T] ~ 128 12(iFD) (9.10)
M3 (9.9) sakmouaewm, uTo nocjenoBatenbHOCTh {d,} yOmBaeT, B T Bpe-
M Kak (9.10) nokasmiBaeT, 4To mocsef0BaTeNbHOCTh {d,—(12n)~!}
Boapactaer. OTciona CJenyeT, uUTO CYWECTBYET KOHEYHLIH Npejes

C=limd,. 9.11)
Ho B cuay (9.6) coortnomenne d,—C 3KBHB2JEHTHO
nl ~ el.pn+l/z g=n, (9.12)

310 ¥ ectb ¢opmyna CTHpJHHTA, TOJBKO KOHCTaHTa C ewe He onpe-
penena. B ra. VII, 2 6yner noxasano, uto e€ =) 2x. Ilokasarenb-
CTBO 3TOro (paKTa SBJSETCH 3/JEMEHTAPHLIM W HE 3aBHCHT OT MaTepu-
ana ra. 1IV—VI; ono otnoxeno o ra. VII noroMy, uTo OHO ecre-
~CTBEHHO CBf33HO C TEOPEMOH O HODMaJbHOM NDHOTHKEHHH ).

YTounenws. Mbl MoXeM NONYy4HTh HEDAaBEHCTBO B APYTY0 CTOPOHY, aHajlo-
ruynoe (9.10). B camom jgene, ua (9.9) oueBHAHO, uTO
1 1 1

b—dn+1 > 3T E ~ Ton b1 2+ D1

(9.13)

Orcioga chenyer, 970 noelefoparenbiocth {d,—(12n-1)—1} y6uBaer. A tax Kak
{d,— (12n)~1} Bo3pacTaeT, BHMNONHAETCA ABORHOE HEPaBEHCTBO

C-H1(12n+1) < d, < C+1/(12n). (9.14)

3amennB B nocaefned ¢opmyse d, ero snpaxendeM (9.6) u nonoxup (noxa Gea
JloKa3aTeabCcTBa) €€ = V2n, NOJY4HM

YV onn 112 g~n 1204 )70 gy ¢ Y Oqant1/2 g fL12MT (9.15)

dt0 ABofiHoe HepaBeHCTBO jomonHser ¢opmyany CTupianHra sameyaTelbHHIM 0o6pa-
som. OTHOWeHre Kpaduux wieHoB Gau3ko K 1—(12n%)-1, u, cnegosaTenbHoO,
eesuduna 8 npaeoy wacmu (9.15) npessoidem nl, HO ¢ nozpewnocmoo mensuiel, Hem
9n—2 04, B neficTBMTE/NbHOCTH NOIPEIIHOCTL HAMHOI'O Menbiue %): gna n=2 npa-
Bas nactb (9.15) paer 2,0007, ans n==5 nonyyaem 120,01,

1) O6HYHO A0Ka3aTeNbCTBO PaBeHCTBA €€ = ¥V 2n ocuopmBaerca Ha dopmyse
Bannuca. IlpocToe npsmoe AoKa3aTenscTBO cM. B crathe aBtopa (Feller W.,
Amer. Math. Monthly, 1967).

?) OcuoBuBaacs Ha (9.9), Moxuo mokasatk, uro dp=C-+(12n)-1—
— (360n;’)—1+..., rAe MHOTOTOYME O3HAuaeT claraemble, yGulBamillne OnicTpee, ,
uem n—?, :
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3AJJAUYH

3ameyanne. B § 10 BxiioueHH cTaHAapTHbIE YNPaXHEHHA. 33,1a4H TEOPETHYECKOTO
XapakTepa H pa3JIHUYHLIE JONOJHEHHS K TEKCTy cojepxatca B § 11 u 12,

§ 10. YNIPA)KXHEHH S H NMPUMEPBI

3ameyanHe. B xax oM cayuae npejnosaraeTes, yTo Bce KOMOUHALUIH HMEIOT paB-
HHE BEPOSTHOCTH.

1. CkonbKO MOXHO 06pa30BaTh Pa3/IHYHLIX HHHIHAJOB, €CJAH KaMAblll 4enoBeK
HMeeT OfHy (aMHJIHIO H a) DOBHO ABAa HMEHH, 6) He Gosiblue ABYX IMEH, B) He GoJblue
Tpex HMeH?

2. B a3byke Mop3e 6yKBul npeJCTaBJIsIIOTCS NOCAEA0BATENLHOCTAMHU THPE H TOUCK
C BO3MOXHBIMH NOBTOpPeHIAMH. CKOIbKO 6YKB MOXKHO COCTABHTbL M3 JECHATH HJIH MeHee
CHMBOJIOB 1)?

3. Kaxpnast KocTb AOMHHO NoOMeyaeTcs AByMs uHcJIaMH. KOCTH CHMMETpHUYHBI, TaK
YTO YHCJA B napax He ynops;iodensl. CKobKO Pa3JiitiHbIX KOCTeH MOXHO 06pa3oBathb,
Hcrnoab3yst ykeaa 1, 2, ..., n?

4. Yucaa 1, 2, . . ., n pacnojoxensl B cayyainoM nopsigke. Haiitu BepostuceTs
Toro, yto yueaa a) 1 1 2, 6) 1, 2 u 3 pacnosoxeHbl psioM B YKa3aHHOM MOPSLKe.

5. Urpok A 6pocaer ecTb HrPaJbHLIX KOCTEil H BLIUI PHIBAET, €C/H BHINAJET XOTH
6u onxa exununa. Mrpok B Gpocaer jBeHajlaTh HIpaJbHBIX KOCTEH H BbIMIPLIBaeT,
€C/IH BbINAaAyT XOTH Obl ABe €QHMHHIBI. Y KOro GoJiblie BEPOATHOCTh BLIMHIPaTh 2)?

Yxa3anue. HailTh BEpOSATHOCTH NPOHIpLILIA.

6. a) Haitti BeposiTHOCTL TOrO, YTO H3 TPEX CJAyyaiiHO BLIOPAHHLIX LH(P POBHO
2, 1,0 6yxyT nosropsithes. 6) PelnTs Ty e 3ajauy AJIs 4eThpex cayuaiiHo BHOpanHbIX
uugp.

7. HaitTr BEpOATHOCTL p, TOTO, YTO CPefH r CAYyuafHO BHIOPAHHBIX UKD HET ABYX
paBlbIX. BRuHCIHTL 31auenne pyy no dopmy.ie Crupausra.

8. Uemy paBHa BepOsITHOCTb TOrO, YTO Cpejil k2 cayualino BuIOpaHHBIX LHGP a) He
Berpetutes 0; 6) He Betpetutes 1; B) He BeTpetntest HH O, HH 1; T) He BCTpeTHTCH XO0TH
6l oziHa H3 1ByX UHOP O wan 1? [Tyers A u B o6o3nayaor cobuths a) 4 6). Beipasurs
ocTajbHble cobbiTHA uepes A H B,

9. HaiiTH BepoATHOCTh TOro, YTO NPH CJAYYaHHOM pa3MelleHHH fi WAPOB [0 N
SIHKAM POBHO Oj{HH SIIHK OCTAHETCHA NYCTbIM.

10. Ha aBToMOGH/JLHOK CTOSAHKE [BEHA/IaTh MECT PacloJOXEHH B OJHH Dfd.
HekTo 3aMeTHJI, 4TO Ha CTOSHKE HaxOJHTCA BOCEMb aBTOMOOHJIEH H UTO YeThIpe CBO-
6GOHBIX MecTa NPHMBIKAIOT APYT K APYry (06pa3y:or oy cepHio). SIBJseTcs JH TaKoe
pacnosomKenne HeTbipeX CBOOOAHBIX MECT HeOXHIAHHLIM (yKa3bIBAIOUHM HA OTCYTCTBHE
cayyaiHOCTH)?

11. YenoBeKky jai0T i KJIOYEH H3 KOTOPHX TOJhKO OJHH IOAXOAHT K €ro JBCPH.
OH HCNHTHIBAET NX NOCJE0BATENLHO (BHIOOP 623 BO3BpAINEHHs). DTOT NPOLECC MOMET
notpebosats 1, 2, . . ., # HcnbTauuii. [Toka3ats, YTO KaXJblH H3 3THX HCXOLOB HMEET
BEPOATHOCTL 7171,

12, Kaxpast H3 1 najoK pa3;iaMblBaeTcst Ha jBe YacTi — AJTHHHYIO H KOPOTKYIO,
3artem 21 06/10MKOB OOBEIMHAIOTCH B 1 N1ap, KaX/1asd i3 KOTOPLIX 06pa3yeT HOBYIO «l1aJl.

1) To ecTh CKOJIBKO CYINECTBYET MOCJEIOBATENLNOCTEH He GoJee YeM H3 fecsTH
THpe H Touek? — [Tpum. nepes.

2) Dro nepethpa3nposka Bonpoca, 3anandoro B 1693 r. 1. Hewotony 3namenntuM
B cBoe Bpemsa Camoesaem [Tuncos. [[Tunc C. (Pepys S., 1633—1703) — puiarowuiics
ofliecTBeHHBIE fesATe1b; B 1684 r. 6L u3abpan npeaujertom Koposesckoro O6biectsa.
3HAMEHHUT NpPEXJE BCErO CBOHM TaliHBIM JHEBHHKOM, YACTHYHO ONYOJHKOBAHHLIM B
1825 r.— [lepes.] HpioTOH OTBETHJI, YTO «/JI€rKHe BBIYFCIEHHSI» NOKA3LIBAIOT NIPEHMY-
wectso A. B no TBepx 1eHHe OH NO3)Ke NPeICTaBHJ/ 3TH BLUHCJIEHHS, HO He CMOr yGe-
auth [Tunca. Koporkiil jokyMeHTaqmbHBI oTuet cM. B crtathe Schell E. D., Samuel
Pepys, Isaac Newton, and probability, The Amer. Statistician, 14 (1960), 27—30,
rae cofepxartcs cchlikH Ha Private correspondence and miscellaneous papers of
Samuel Pepys, London, G. Bell and Sons, 1926.
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Kys. HaliTs BEPOATHOCTL TOrO, 4To @) 9acTH 6YAyT COEJAHHEHH B MEPBOHAYANbLHOM IIOs
pfake, 6) Bce AMHHbIE yacTH OYAYT COENHHEHH C KOPOTKHMH 1),

W. Iposepka cmamucmuueckotl zunomesst. Hexud npodeccop Kopaesickoro
yHHBepcHTeTa GH olTpagoBaH ABEHAANATh pa3 32 HEIAKOHHYIO HOYHYIO CTOSHKY
aBToMOGHAA. Bee Benaquats wrpadoB HalarajaHck BO BTOPHHK /M B yeTBepr. Hafitu
BEPOATHOCTb 3TOro cobuTHA. (MMeno /11 cMECJ apeHoBaTh FapaX To/1sKO Ha BTOPHHKH
M YEeTBEPru?)

14. Ipodoasxcerue. F13 nBeHaUaTH WTPaQOB HA OJHH HE Obil HAJOXKEH B BOCKpe-
cenne. CBHIETENLCTBYET JH 3T0 O TOM, YTO B BOCKpeCeHne WITPadul HE HaJjaraworcs?

15. SImHK COAEPKHUT AEBAHOCTO FOAHKIX H JecATh AeheKTHLIX wypynos. Ecax uce
NoJ1b30BaTh AECATh WIYPYNOB, KAKOBA BEPOATHOCTh TOTO, YTO HH OJAMH M3 HHX He OKa=
Keten AedeKTHBIM?

18. U3 renepa/inHOll COBOKYMHOCTH, COCTOAWEN H3 NATH CHMBOJIOB 4, b, ¢, d, e,
NpoM3BO/NTCA BHGOPKa ¢ Bo3BpaileHHeM ofbema 25. HaliTH BeposTHOCTH TOro, 4TO
BLIGOPKA COACPIKHT 110 NATH CHMBOJIOB Kaxa0ro BHaa. CpaBHHTb Pe3y/nTar ¢ TaGauias
MH cayuafiHuX unces 2), otoxaects#s Luepu O u | ca, nudpu 2 13 c b M 1. 1.

17. Tlycts n uenoBek, cpeiH KOTOPHX HaxoasTca A u B, cTaHoBATCH B pAf.
KaKkoBa BepOATHOCTH TOrO, uTo MeXay A u B okaxercs poBHO r mo1el? [lokaaats, uto,
€CJ/IH OHH CTAHOBATCA HE B DA, 4 B KPYT, 3Ta BEPOATHOCTb HE 3aBHCHT OT 7 H, CJeJ0Ba-
TeawHo, pasua 1/ (n—1). ([Ipr Kpyrosom pacnosoxeHus PaccMaTpHUBaTh TOJBKO AYTH,
uayuide oT A K B B NOMOXKHATEJILHOM HaNpPaB.JICHHH.)

18. Uemy paBHa BepoATHOCTh TOTO, 4TO JBa GPOCAHHSA TPeX HIPajbHHX KOCTCH
JaiyT OJHH H TOT Xe Pe3yJ/bTaT, ec/H a) KOCTH PA3TUUHMBL, 6) KOCTH HE PAINHUHMLIY

19. [Noxka3ars, uTo 6Go.see BEPOATHO MOAYYHThL XOTS Obi OAHY €AHHHILY NpH Gpocas
HHH 4eThipex MI'PaJbHLIX KOCTeH, 4eM XoTa Gl OJHY Napy eMuHHIl NpH 24 GpocaHHAX
AByx Kocteil. OTBeT H3BecTeH NMOA Ha3BaHHeM napajokca je Mepe ).

20. }13 renepa/sbHOH COBOKYIHOCTH, COAEpXKalel N 3/1€EMEHTOB, HIBJEKAETCH BH-
Gopxka ofnema r. HaiiTy BEePOSTHOCTL TOTO, YTO HH OJHH H3 N JaHHBIX 3/IEMEHTOB He
Gyner cojepxaThcs B BeiGOpKe, npejnonaras, 4to BLIGOp NPOM3BOAWTCA a) Ge3 BO3-
Bpauenus, 6) ¢ BoaBpaueHueM. CPaBHATL YHCJIEHHRIC Pe3Y/ILTATH NPH ABYX crocobax
BuiGopa, Koraa (i) n=100, r=N=3 u (ii) n=100, r=N=10.

21. Pacnpocmparenue cayxos. B ropoge npoxnsaer n+1 ueaosek. OfuH H3 BHX,
y3HaB HOBOCTh, COOBUL2ET €e APYroMy, TOT — TPeTheMy M T. [., [IPHYEM Nepef:iua Ho-
BOCTH OCYWIECTBJAETCA CJEAYIOU(MM 06Pa3OM: 4eJoBEK, KOTOPOMY cooOlIeHA HOBOCTh,
ciyuaiinny 06pa3oM BLIGHPAeT OJHOTO H3 7 XHTeJeid H cooblaeT HOBOCTb €My, TOT
NOCTYNaeT TOYHO TaK XKe # T. A. HaliTs BepoaTHOCTS TOro, 4TO HOBOCTE 6Y/€T nepeaaHa
7 pa3 Gea a) BO3IBPALLEHIIs K Y€JOBEKY, KOTOPHIH Y3HAJ ee NepBuiM, 6) NOBTOPHOrO CO-
obuieHHa KOMY-IHG0. PeluTs Ty XKe 3ajauy, KOria Ha Ka)/oM lare HoBOCTh cooGuia-
eTcs O HHM ueJOBEKOM rpynmne H3 N cayuyaiiHo Bu6panunx Jioaeh. ([lepsan vacts
8aJlaud AB.JAETCH YACTHRIM cayuaeM npH N=1.)

) 22. llens nucem. B reHepansnoii coBokynnocets H3 n-+1 Jiogeft uenosexk, Hasnl-
BaeMblil «pPapoNTe/NeM», NOCHJIAET MHChMA ABYM CJIy4aiHO BHGpaHHBIM JiofsM, 06-

1) Koraa KJIeTKH N0aBepraioTcs BO3AEACTBHIO IyGHTENLHOA PagHALHH, HEKOTOPbIE
XpoMOCOMEl (MTPaIOlHe PO.Ib HALWIMX «4/10K») pa3puBaoTcs. «IJIHHHEMHS CuHTalOTCH
Te 4acTH, KOTOPHi€ COIEPIKAT TaK Ha3nlBaeMule weHTpoMepnl. Ecu coepuHsiorcs jse
«JIAHHEIX» HJIH JB€ «KOPOTKHX» 4acTH, TO KJaeTka rubuer. Cm. Catcheside D. G., The
effect of X-ray dosage upon the frequency of induced structural changes in the chro-
mosomes of Drosophila Melanogaster, Journal of Genetics, 36 (1938), 307—320,

2) CoOTBETCTBHE MOPOil OKA3LIBAETCHA Y IHBHTEALHO TOUHHM; cM. Greenwood J. A,
Stuart E. E. , Review of Dr. Feller’s critique, Journal for Parapsychology, 4 (1940),
298—319, B ocobennocru c. 306.

3) HeoanokpaTHO yTBEpKJAI0Ch, YTO 3T@ 34/1a4d BO3IHHKJ/A 332 HFOPHHM CTOJOM
H yTo B 1654 r. ne Mepe npentoxua ee [lackamo. Kak nonaraiwot, sToT cayuail okasal
GoJbIIOE CTHMYJIHPYIOlLee BO3EliCTBHE HA Pa3BHTHE TeopHH BeposaTHocTed. Ha camom
Jlene sta 3ajaua Oblia nocrasiena Kappano (1501—1576); cm. Ore O., Pascal and
the invention of probability theory, Amer. Math. Monthly, 67 (1960), 409—419 n
Cardano, the gambling scholar, Princeton, Princeton Univ, Press, 1953.
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pa3yloli¥M «nepsoe nokomneunues. OHu JIEJAIOT TO XKe caMoe, K BooBule KaXABil nmoay-
yaresb MHCbMa NOCLITAaeT MHChbMa ABYM CJAYy4aiHO BHIOGPaHHBIM JIOIAM HE3aBHCHMO OT
Bcero npejuaymero. HaliTi BeposTHOCTh TOrO, HTO «IOKOJEHHA» ¢ HoMepaMHA 1, 2, .. .
s + s, I HE BKJIO4EIOT B ce0a «npapoputens». Haltu Meguady pacnpeienenus, cuuras
A JOCTATOYHO OOMbLINM.

23, Cemednas 3adaua. B nexoTtopoii ceMbe yeTsipe cecTpsl MOIOT I0CY,1Y 110 O4EPESH.
Y3 yeThipex pa3bUTHIX TapesoK TPH pa3bUTO MJajiuedl cecTpolk, H N0STOMY ee Ha3biBa-
JOT HeyKJroxXefl. MoXHO JH ee OnpasiaTh, NPHNKCHIBAA STH Heyjauu cayuaftmoctiu?
O6cyauTh CBS3b CO CNYYaAHHEM pa3Mel(eHyeM 11apos.

24. HaiiTu BepOATHOCTD TOTO, 4TO 2) AHH POXKAEHHA ABEHAAIlaTH YeJOBeK NPHAYTCS
13 JBEeHaIUaTh Pa3HbIX MeCsAUeB roja (NPeinosoXKUTb, 4TO BCe MECAULI PaBHOBEPOAT-
Hul), 6) JHH POXIEHHS LIECTH ueJOBEK NMPHIYTCS B TOUHOCTH Ha JBA Mecsla.

25. Haitti BeposiTHOCTB TOro, uto And Aanublx 30 yeJI0BEK HICCTb H3 JBeHIJUATH
MecsleB rojia cojepKar Mo ABa JHA POXAEHHH H LIECTb — IO TPH.

26. B uynaue jexar n nap 6otunok. Cayuaiino subupatores 2r 6otunok (2r<n).
YeMy paBHa BePOATHOCTb TOrO, YTO CPeAH HMX a) ue GyjaeT HM OAHOi napul, 6) ByleT
POBHO OJHA napa, B} POBHO jBe Naphbi?

27. Ha aBToMo6uibHOI cToAnke N MecT pacnosoxedn! B ofud paa. [Tpuboismuft
Ha CTOSHKY aBTOMOGib 3aHHMAET OJHO W3 CBOOOAHHX mecT (He ¢ xpawo). [To Bo3spa-
LEHHHK ero BJaajenell o0HapyXuBaeT, YTO POBHO r MecT elue 3aHATH. Kakosa BepoAT-
HOCTb TOro, YTO 0fa COCeJHIX MecTa CBOGOAHH?

28. I'pynna us 2N MaabiukoB H 2N JeBouek JesuTCA Ha ABe paBuble yacTH. Haiitu
BEPOATHOCThL p TOrO, YTO KaX{Aad yacTb COAEPXKHMT OJHHAKOBOE YHUCIO MAJLYHKOB H je-
pouexk. Ouenutsh p, ucnoansysa Qopmyay Crupaunra.

29. /lokasaTb, 4TO NPH Hrpe B 6Py 12K EEPOSITHOCTL P NOJYTeHHA «3aNajoM» POBHO
k Ty30B paBHa BepOSTHOCTH TOro, YTO NMPOH3BOJBHLIA HIPOK HMEET POBHO £ TY3UB.
(2To HHTYHTHBHO AcHO. 3aMeTHM, 0/1HKO, UTO 5TH JBE BePOSTHOCTH OTHOCATCA K ABYM
Pa3MHYHBIM 3KcNepMMeHTaM, TaK Kak BO BTOPOM Cilyuae Cayuaiiio BHGHPalOTCH TPH-
HajuaTh KapT, a B NepBOM CJlyyae pacnpejefsiorcsl Bce 52 KapTol.)

30. BeposaruocTtb TOro, 4TO NpH Mrpe B 6pumK e¢BocTox» noayuHt m, a «}XOr» n
MK PaBHa BEPOATHOCTH TOTO, YTO B ABYX Habopax no TpHHAAUATH Cayyaiiupim o6pa-
30M H3BJIEYEHHBIX M3 KOJIOJLl KapT MEepBLlii COAEPXHT /M ¥ BTOPOH N MHK.

31, Yemy pamua BeposTHOCTb TOro, uto y «Cemepa» u «}Ora» BMecTe uneercs poBHO
k ty308, rxe k=0, 1, 2, 3, 4?

32. Ilyctb a, b, ¢, d — ueTblpe HeOTPHUATENbHLIX UEJHX 4HCJIA, TaKHX, UTO
a+b+c+d=13. Haiitu BeposiTnocts p (a, b, ¢, d) Toro, uto npu urpe B GPUIK HTPOKH
«Cenep», «Bocrok», «lOr», «3anag» umeior a, b, ¢, d nux coorsercrBento. Onucarts
cxemy pa3MeleHMs KPacHbIX M YEPHHIX HIAPOB MO AUIHKAM, KOTOpaf BKJIOYAET 3Ty
3ajayy B KayecTBE 4aCTHOrO CJIyuas.

33. Hcnosbays pesyanTaT 3afauu 32, HaHTH BEPOATHOCTh TOTO, YTO OfHH HIPOK
HOJY4HT @, BTOPOi b, TpeTnii ¢ ¥ nociteguuit d muK, ecau a) a=»5, b=4, ¢=3, d=1;
6) a=b=c=4, d=1, B) a=b=4, c=3, d=2. 3aveTum, uTO S3TH TPH CJAyyas cyllecT-
BEHHO Ppa3JHyalTCA.

34. Myctb a, b, ¢, d — ueane yucaa, taxue, yro a+ b-+c+d=13. Halith pepo-
ATHOCTD § (@, b, ¢, d) TOro, YTO OJAHH 13 HTPOKOB B GPHIK GyaeT HMeTb a NHK, b ueps,
¢ Gy6en 1 d Tped, ¥ NOKa3aTh, YTO 33/1a4a He CBOMTCH HH K O,THOMY M3 C/lyuailHbX paa-
MelleHHil TPHHAZUATH HIAPOB Mo ueTbipem sAuukam. [Touemy?

35. Pacnpedeienue my3os & nabope ua r kapm. BoluHCIHTL BEPOATHOCTH py (r),

p1 ("), - . ., py(r) TOrO, 4TO CpPeAH r KapT, cIyuahHo HIBJICYEHHBIX H3 KOJIOJB NPH HIpE
B 6pua1X, cooTserctietuo O, 1, ..., 4 Ty3a. [TpoBeputh, uto po(r)=p,(62—r).

36. IIpodoaxcenue: 6pesena oxcudanus. Halttw mepostaocTd fy(r), o ., fo ()
TOro, 4TO NPH NOCMEOBAaTe/ bHOM HM3BJEYeHH! KapPT H3 KOJOALl NEePBHH, ... HCT-
BepTHH Ty3 MOABHTCH MPH 7-M HCOBITAHHH. Yeadams Meduanst BPEMEHH OXKUAAHHS Ans
nepsoro, . . ., YETBEPTOro Ty3a, a 3aTeM BHUHCAHTh HX.

37. Haiiti BepoATHOCTb TOTO, YTO KAXKABIA H3 ABYX HaOOPOB KapT COAEPKHKT POBHO
k TyaoB, ecau KaXbiit Ha6op COCTaBJeH H3 £ KapT K BbIGOP NPOHIBOJHTCA U3 a) OAHOH
H TOH JKe KONOAM A8 HIpbl B 6PHAX, 6) ABYX Takux KoJjof,. [loxasars, uto npur=13
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BEPOATHOCTh cOObITHSA B CJyuae a) pasHa BEPOATHOCTH TOrO, 4TO JBa (PHKCHPOBAHHHIN
HI'POKa [0JY4aT POBHO 1o B TY30B Kaxblil.

38. Onewamku. Kax;as cTpaHHUA KHuTH COAEPXHT N CHMBOIOB, 1pHYEM BO3-
MoxHbl oneyarkli. Kuura cogepxut n=>500 crpanHu H r==50 oneuartok. ITokasaTts,
YTO a) BEPOATHOCTH TOrO, 4TO CTPAHUUB ¢ HOvepamu |, 2, . ., , n COIEPXAT COOTBET-
CTBEHHO ry, rg, ..., I, OIEUATOK, paBHA

n) ()-GO (7))

6) aaa Goabimx N 3Ta BEPOATHOCTh MOXKeT ObiTe NpHOJMXEHHO npelcTaB/eHa
dopmy.tolr (5.3). 3akTiouuTs OTCIOAA, UTO 7 ONEYANION PACNPEOEIeHbL N0 I CMPAHUKAM
nPpLOLAUILMENLHO 8 COOMEEMCMBUL CO CAYHALHbIM PAIMEWEHUE I WAPOE NO N AUUKAM .
(3asmeugnue. Pacnpegenenue r oneyatox no N HM@IOULHMCS MECTaM COOTBETCTBYEP
crarucTake Pepsin — Jlnpaka. Hamwe yTeepxkjenne Moxer 6biTh chopMy/aHPOBaHO KaK
obuiee npefenbhoe cnoficreo cratuctuke Qepan — Jupaxa; cM. pasl. a §5.)

3ameuanne. Cjeayloue 3ajau¥ WMEIOT OTHOLIEHME K MaTepuaay § 5.

39. Haitth ynci1o pasauiHMeIX crioco60B pa3MeLeHis r; HepasAHYHMbIX [1peIMeToB
OJHOro0 BHAA H r, HEPA3JHUYMMBIX [1PEIMETOB JPYroro BHJA 110 N ALIHKAM. .

40. CKoNbKO cyUIeCTBYeT pPa3JHYHMbIX Pe3YJbTATOE COBMECTHOro OpOCaHHS rg
HrpanbHBIX KocTell it 73 MOHer?

41. CKONbKHMH PA3/HUHMEIMH Cl10C0GaMH MOXKHO PAacloJIOKHTh B paj r; Gensix,
rq YEpHBIX H r3 KPacHbIX I1ApoB?

42, HafiTH BepOATHOCTb TOTO, 4TO NMPH CAyduaffHOM pacro/IOKeHHH B paj 52-M
KapT A/ Mrpbl B GPHAK HUKAKHe J1Ba Ty3a He 6Y1yT HAXOZHTbCA PALOM.

43. Jugm. B npumepe 3, B) NPT HAUHHAET ABHXKEHHE C CEMbIO NaccaXKHpaMH H
oCTaHaBlMBaeTcs Ha JAECATH 3Taxax. PasnuuHble pacrnpejeneHHs [AcCAXKHPOB MO
3TaXKaM CHMBOJIMYECKH MOXKHO [PeJCTaBHTb 3aNHCchio BHAA (3, 2, 2), KoTopas uHTep-
NpeTHpyercs Kak COOLITHE, CoCTOALLee B TOM, YTO TPH NacCaXKHpa BHIVIH H3 JHGTA HA
OJHOM 3ITAXKE, elle JBa MAaccakKHpa Ha JPYroM 3Taxe H [OC/Ie]HHe JBA — HA ellle OJHOM
sraxe. HaliTh BepoOsiTHOCTH MNATHAAUATH BO3MOXKHBIX pacnpejieseHHH naccaxKHpos
or (7} no (1,1, 1, 1, 1,1, 1.

44. Mnu poxOernun. HaliTy BepoATHOCTH BO3MOXHLIX paclpejesleHHH AHed poxe
aeHus 22 ueJyoBex.

45. HaiiTH BeposTHOCTL TOrO, 4yTO Y Hrpoka B nokep 6yaer a) guiemr podsnh
(ZecaTka, Bajer, 1ama, KOpoJb H Ty3 OJHOH MacTH); 6) xape (ueTblpe KapTH OAHOrO
aHgueHua); B) dyJ (TPM KapTH OAHOrO 3HAYEHHS W ABe KAPThI APYToro 3HaueHHs);
T) cTpuT (NATb NOCAEJOBATEJBHMX [0 3HAYENHIO KapT NPOH3BOJBHEIX MacTed);
2) TPo#iKa (TPH KapTH OJHOrO 3HAYEHHA ILIIOC JBE KapThl APYyTHX 3HaueHHH, pasjuya-
IOUIHeCs 110 3HAaueHHIO MEXAY coboil); e) ABe ABONKH (1Be napbl KAPT OAHOTO 3HadeHHS
B KaXJOH nape IVIOC KapTa OTJIMYHOrO OT HHX 3HaueHHs); XK) ogHa jBodka (nmapa
KapT OJHHAKOBOro 3HAueHHH IWIIOC TPH OTJHYHBIE OT HHX IO 3HAYEHHIO H padaHYHHe
10 3HAUEHHIO MeXJY cobod KapThi).

§ 11. 3AJJAYH H JONOJHEHWS TEOPETHMYECKOIrO XAPAKTEPA

1. TeHepanblas COBOKYMHOCTh M3 /1 3/1EMEHTOB BKJouaer B cebq np KPAaCHHX H ng
yepHbix (p+qg=1). ITo cxeMe BmGopa ¢ BO3BpalleHHEM H3BJeKaeTcs cAyuadHas Bble
6opka obbeMa r. [IoxasaTh, YTO BEPOATHOCTb TOTO, YTO OHA COAEPHUT POBHO k Kpacs

HBIX 3JIEMEHTOB, paBHA
(,:) prgr=*, (1.1

2. pedesbHan meopema Orm eunepzeomempuueckozo pacnpedesenus. Ecan n
BEIMKO M Ky/n=p, TO BEPOATHOCTb §p, 331aBaeMas cooTHoweHusmH (6.1) u (6.2),
6auska x (11.1). Tounee,

(;)(p—%)k (q—':k)r—k <q< (,g)pnqr-n (1_._:7)_'. (11.2)
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CpasHenne 3710 3ajaun ¢ NMpebAYIled NOKa3LIBaeT, 4mo 028 Goabuiux 2eHepAAbHHIX
COBOKYNHOCMe Ll npakmuyecku Hem Pasnuybl MexcOy e6iGOPOM C 6038DAUIEHUEM L 6v100-
pom Oe3 so3aspawieHus.

3. M3 resepanbHoil COBOKYNHOCTH, cofepXalled n 3JeMeHTOB, no cxeme BHOGOpa
6e3 6o3spauieHun n3aBaeKaeTcs cayvaiiHas Bbi6OpKa o6bema 7. BepositHocTb u, TOrO,
uto B BhIGOpKe 6yAyT cojepxartbcsi N JaHHBIX 3JE€MEHTOB, paBHa

u,:(’;:%) (’,‘)'1. (11.3)

(CootsetcTBYIOmER Qopmyaoit aas pubopa ¢ eo3spawertiesm ssaserca (11.10), no
OHa He Moxer 6bITb NOJAYy4eHA NPAMLIMH paccyXAcHWsiIMH. JIpyrod BHA 3anucu
(11.3) cm. B 3apaue 9 ra. IV, 6.)

4, [Tpedeasuoid cayuwatd., Ecam n— o0 # r— o TaK, 410 r/n—>p, TO
uy,— p&¥ (cM. 3afauy 13).

3ameyaune 1), 3anaun 5—13 oTHOCATCH K KJIACCHYECKOH 3ajlaue O pa3MeliCHiH
(cratuctuka Makceenia—DBonabumaHna); nHawe ropbopsi, 7 uYaCTHl pa3MemaloTcA
10 n syeifkaM ¥ KamJ0e H3 N7 BOIMOXKHBIX PACNpefe]eHHH WMeeT BePOATHOCTE 17,

5. BeposaTHOCTb P TOro, uto AAHHAs suefika COJCPXKHT pPOBHO R HACTHL,
3afaetca 6GuHOMHAABLHLIM pacupegeqaenuem (4.5). HauGonee BeposTHBIM 3HaueHnem
k aBaseTcs uesoe uucio v, Takoe, 4rto (r—n--1)/n < v<<(r-{1)/n. (Mnaue
roeopsi, yrtoepxpaaercs, 4HT0 Pp < P1 < ovs K Py_ Py > Py 2 000 2 Pri
cp. ¢ 3anaueii 15.)

8. IIpedeasrnoe racnpedesenue. Eciu n—> o0 W r—> o0 TaK, 4ro CpepHee
YHCJA0 A=r7/n 4acTHlU Ha SA4YeHKY OCTACTCA MNOCTOSAHHBLIM, TO

pr — e~ MAR/kL (11.4)

(310 — pacnpederenue ITyaccona, oScyxaaemoe B ra. VI; oTnocurtenbHo COOTBCTCT-
Bylouwef# Teopembl A5 cTaTHCTHKE Doze— ditnwteiina cM. 3aiauy 16).

7. Mycts A (r, n)—uucao pasMelleniiii, NPH KOTOPBIX Hit 00Ha RA4eldka He
ocmaemcn nycmodi. [1py noMomH KOMOGMHATODHLIX PACCY!KAEHHH NOKa3aTh, 4TO

A nty =3 (1) AC—k, . (11.5)
k=1
BuisecTd oTCrOAA, UTO
n

A, =Y (=1 (5) (n—v)". (11.6)

v=0

Yxa3anue. Bocnoab3osatnes WHAyKuHell: npeanoaoxkuts, 4to (11.6) Buinomns«
eTCH, H B COOTBCTCTBIIM C HHM BLipasuth A (r—#&, n) b (11.5). Hamenurs nopsaok cyn=
MHPOBAHHA M HCNOAbL30BaTh Gopmyny 6unoma ans npexctasiennst A (r, n+1) B Bize
Pa3HOCTH JBYX NPOCILIX CYMM. 3aMEHUTb DO BTOPOH CyMMe V1 HOBBLIM HIJCKCOM CYM-
MHPODaHHA M Hcnoas3ubars (8.6).

3ameyanue. Popyyaa (11.6) naer TeopeTnueckoe peilcHHE nOCTaBAeHuON 3aavH,
HO, OYeBHAHO, OLI10 6El HeGJarogapHoil pafOTOH HCMOJL30BATL €€ 415 BLIYHCICHHSA,
CK@XEeM, BEPOATHOCTH X TOro, yTo B Acpepue ¢ 7= 1800 xutessann xkaxkanii JeHb B ro-
ay ssasercs Auem poxieHnda. B ra. IV, 2 mut eoisenenm (11.6) apyrum cnoco6om u no-

1y 3anaun 5—19 urpawT onpeieleHHYI) POJb B KBAaHTODOM CTATHCTHKE, TEOPHI
CDETOYYBCTBHTENLHBIX MaTepHanoB, cueTyukoB [efirepa — Mioaaepa u 1. 0. [Tostomy
HEKOTOpLIe (OPMYJIbl 4acTo O6CYXKAATHCh H 3aHOBO OTKPLIBAMHCH B (DH3HYECKOH JHTe-
parype, 3a4acTyr0 (e3 DBLIABJCHUA IIX KJaCCHUECKOro H COBEPLIEHHO 3/1eMEHTapHOro
Xapakrepa. BoaMoxHO, Bce 3TH 33Jaud (XOTs H B HHOH NOCTAHOBKE) HMECIOTCS B KHHIC
Yuroopra, UHTHPOBaHHOHK B Hauajae 3Toff rJaBhbi,
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AYUHM NPOCTYI0 NpuGauxKenHY0 opMy.ly (NOKa3WBAOWYI0, HANPHMEP, 4TO NPHOIH+
sareabHo x=0,135).
8. TToxasaThb, uTO wucAo pacnpelenerull, OCMABARIOUALX POBHO M RULEK NYCMBIMU,
pasHo
n-m

n—m
En (7, n)=(,';1) A, n—m)=(,';1) 3 (—1)V( " )(n——m—v)’. (1.7
v=0
9, He ucnoabiys npenbiiyline PesyabTaTH, NOKa3aTh, YTO 6epOAMHOCMb
Pm (ry n)=n=TEq, (r, n)
mMo20, WMO UMEemca POGHO M NYCMbX f4eeK, yO08AemBOpREM YpPASHERUID
P T+1, W =pp (ry 1) (A—m)ntppsi (7, 1) (- D)/n.  (11.8)

10. Mcnonbays peayabTaThl 33129 7 ¥ 8, noka3aTh NPAMLIMH BHIHCIEHHAMH,
gro (11.8) Bmnonnserca. IoxkasaTh, 4To 3TOT MeToA ofecneunBaeT MoGsul 6w800
(undyxyued no r) (11.6).

11. U3 3agauu 8 noayuuth, 9TO 6EPOAMHKOCME Xp (T, N) MO20, WMO He MeHee
m A4eeK OCMAOMCs NYCmMelsmi, pasHa

n-m
n v n—m _m+v r m 9
(n) X =¥ ("5 )(l n)erv. (11.9)
V=0
(Tlpy m>==n 5To BHpa)eHHe PABHO HYMI0, KaK H JOMMHO CHITb.)

Yxasanue. Tlokazath, 4T0 X (f, A)— Py (7, N) =X;pm41(r, N).
12. BepoamHocme mozo, umo kaxoas u3 N sadanHex Aqeex BAHAMQ, PAGHA

u(r, n)=n"z': (l:) Ak, N) (n—N)r-%, (11.10)
BulBecTH oTcioga, 910 =
N
u(r,m) =Y (=) (Av/) (1__;’_)'. (11.11)
v=0

(MUcnonbiobats dopmyny Gumoma. [ns N=n nmeem u (r, n)y=n=rA(r, n). 3a-
meteM, gro (11.11) asnsetca amanoroM (11,3) mnA embopa ¢ 6038pauserue ).
Lpyrofi BuBoA cM. B 3ajaue 8 ra. IV, 6.)

13. [1pedessumil caywadd. Tlpu npesesbHOM NepexOje, ONMHCAHHOM B 3ajaue 4,
nonyuaercs u (7, n) — (1—e=P) &,

3ameuanue. B 3agayax 14—19 7 u n uMeloT TOT Xe CMBIC/, YTO H paHee, HO MEI
npejnoJaraemM, 4TO INAPE HEPA3HYHML! H BCe PA3HYMMHIE PAIMEMIEHH A HMEIOT PaBHEO
BepoATHocTH (cTatucTHRa Bose — DiuwTeiina).

) 3amerum, uTO u4(r, 1) MOXHO HHTEPNPETHPOBAThL KAK BEPOATHOCTL TOTO, YTO
BPEMS OXHAaHHA 10 MOMeHTA, KorAa N-ii 5/leMeHT NPHCOERHHHTCA K BHOOpKe, MeHblUe
r. PeaynutaT MoxeT GHITh NPHMEHeH K caydainoMy BmOOpy mubp: sgeck g(r, 10)—
—u (r—1, 10) ecTb BepOATHOCTh TOrO, 4TO NOTPebyeTcs NOC/AEROBATENLHOCTE H3 7 5Je-
MEHTOB, AJ1f TOro 4ToOb OHa BKJouata Bce 10 nudp. SToT pesy.1bTaT MOXHO HCNOb-
30BaTh B KauecTBe KpuTepua cayuaiioctu. P. I'punsyn (Greenwood R. E., Coupon
collector’s test for random digits, Mathematical Tables and Other Aids to Computa-
tion, 9 (1955), 1—>5) TabyaupoBas 5TO pacnpeie/eHHe B CPABHIJ ero C Peay bTaTaMH,
KOTOphIE LA!OT COOTBETCTBYIOUIHE BPeMeHa OMMAaHHA Aad nepsbix 2035 AecATHYHBIX
3HaKoB T ¥ NepBuX 2486 necATHYHBIX 3HAKOB €. MeIuaHa BpemMeHH OXHJAHHA NOJIHOTO
HaGopa Bcex Aecats Hudp pasna 27. BepostHocTe TOro, 4TO 3TO BpEMA OMCHAAHHA
ngenaoﬁner 50, Goabwe 0,05, a BepoATHOCTL TOrO, 4TO BPeMsl OMHAAHHA NDEBIOHIET
75, npubausutenpno pasma 0,0037,
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14. BepoaTHOCTs TOro, YTO $3jaHHBIN SMHK COACPXKHT POBHO K [UApoB, paBHa

_fntr—Ek=2\/n+r—I1\"1
aw= ("7, ! : (11.12)
15. TokazaTs, uTo Npu n>2 nanbosee BEPOSTHLIM YHC/IOM 1wapoB B mobom 3ajali-
Howm suHKe ABJISETCS HYJb WJH, TOUHee, gy >q;>. . . (cp. ¢ 3anaucit 5).
16. ITpedeabuan meopema. [lycTb n—> oo itr—>00 TaK, YTO CPEANEE HHCJ/O [NApoB
Ha AWK 7/ cTpeMHTCa K A; Toraa

gr — MR/(1 M)A+, (11.13)

(MpaBas sacTe M3BeCTHA NMOJ HA3BAHMEM 2EUMEMPUMECKO20 pacnpedereiius.)
17. BeposiTHOCTb TOTO, TO POBHO M AIHKOB OCTAIOTCH 1YCTBIMH, PaBHA

p”‘z(r’;r) (nL;l_l)(H_f_l)‘l. (11149

18. BeposiTHocTs Toro, uTo rpynna e3 /m GUKCHPOBAHRLIX AUIMKOB COACPMHT
B cyMMe [OBHO j IIapos, paBsHa

q/(m)z(m,—n}—_f:l-l (n——m—r%—_rlf—]'—l (n»\-;-—-l)-l. (11.15)

19. ITpedervroe pacnpedesenue. Tlpn nepexope X npeaeny, Kak B 3ajauc 4,
HMeeM

. mAdj—1y__ P ,
'y (m)—»( iy )(1+p)'n+/' (11.16)
(IpaBas uacTy #BAMETCS YACTHLIM CAydaeM ompuyamenscrozo CuUHOMUANbHO20 pacnpe-
Oeaenus, xotopoe Gyner Bpejeiio B ra. VI, 8.)

Teopemm 0 cepusx. 13 3adauwax 20—25 Mo pacchampusaes nocaed08ameasHoCL
u3 r{ aavh w ry Gem u npednoagzacs, 4mMo 8Ce OHK UMEHOIN DGUHOKOSHE 6EPORMMOCTIN
{em. npunep 4, 2)). Ima wacme 3aday ceasana ¢ pasd. 6 § D.

20. BepoaTiiocTs Toro, 410 NOCAEANBATEJbHOCT CO/EpXKHT POBHO £ cepuit ofonx

THIIOB, D4BHA
ri—1 ro—1 ri+ra\ "%
sz—g(\ly—-l (\i——l ( l_rt_ 2) (.17

npu yetTHoM k2 (B=2v) W

ron={("T)GID (D IO we

npu fedetHon kB (k=2v-1).

21. IIpodoaxcenne. Jloxazars, 4To uanGonee BCPORTHBIM WUHCIOM CcepHll #B-
JHUTCH  HeJoe uveao Fk, Taroe, uTo 2ryre/(ri-try) < k < 2ryra/(ri-+rg) +3.
{Y'kasanue. PaccaioTperb OTHOWEHHA oy, o/Pyy B Aavy1/Pav— i)

22. BeposTHoeTh TOrO, 4TO NOC/AEAOBATEILHOCTb HAYHUHAGTCE C CepHM anbd
amunodt v=0, paBua (rq) fof (r1--ra)yy,. (VKasanue. BuSpats v anvd u Gety,

Kolopas AOMKHA Cej0BaTh 3a fiMu.) YTo BuiTekaerT W3 3Todl TeopeMnl npu v=_0?
23. BepoaTrocTh 1ofinieHMs DOBHO 2 cepuit u3 anv) paeHa

rn—1 1 [-ry\~1
pk=(,3_l (’21“ )(’1;1_’2) ) (11.19)
Ykasanue. 310 neTKo caefiyeT H3 Bropoit uacTa Jemmul § 5, Kpome Toro,
¢opmyay (11.19) moxno smsectd u3 (11.17) u (11.18), no 3Tor BEHBOR Gosee
¥}V ZOEMOK.
24, BepositTHocTe Toro, 4To n-ii anphe npeawecTByioT poBHO m Ger, pabua

(,‘+,2_n._m> (m+n—l) (r1+r2)“_ (11,20)

rg—m m ry
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25. BeposThocTs Toro, 4To aabdhel 06pa3yloT k& cepHil, U3 KOTODHX R HMelOT?
aavny 1, ky manmy 2, .., k, pauHy v (ki++os+-k,=Fk), panua

Wk, l...k (7 ("J”’)—1 (11.21)

§ 12. 3ALAYH H TOXJECTBA,
COJAEP)XAIMHE BUHOMHAJIbBHBIE KO3¢®HUUUEHTDI

1, das genoro n>=2

O
(D233
(5-2(3)+3(5) -+ =0, o
2.1 (g)+3-2 (g)+4-3 (Z)+...=n (n—1) 273,

¥ kasanue. Ucnonbaonate dopayny EHHOMA.
2. lokasaTb, 4YTO AAA LeJbIX NONCKHTENBHBIX 7 U R

('(l)) (Z)‘('f) (Zii)+('5) Z ) wee ( ) ("_k)=p. (12,2)

Bonee ofmee cooTHomenue umeeT BHL 1)

() (Rz) #=(4) a+on (12,3)

3. Ins nwGoro a > 0
(Ta)=ne(aTh, (12.4)

Ecnn @ sBnsercs uneanM, TO 3TO YTBepxjeHHe MoxeT GHITh JOKa3aHO TaKxe
NOBTOPHHIM Ii(depeHUNpOBAHEEM TeOMETpHUECKO! nporpeccuu Zx"=(l-—x)—1.

4, JlokazaTb, 4TO
() ron=on (7).

-;ll— 2:'__12) 2=+l — (—])n-1 (l,/l2) . (12.5)

5. Jnft menblX HEOTQHUATENbHBIX A W f M JIA JIOGBLIX AeHCTBHTEIBHHX

Z T =CED-C- (2.6

Y razanue. Bo_cnonbaywrer (8.6). ObnluHO wCMoOAb3yeTCH YacTHHI cayuai n=a,
8. [ns npowx3BoabHOIO @ ¥ ueaoro n>=0

Z (—D"( )=(—1)" (“';1). 2.7

veo
Ykazanue. Bocnoaway#itech (8.6).

1) UuraTenio clefyeT BCIOMHHTBL coraameHue (8.5): ecau v npoberaet 6ce nenne
qicna, 1o B cymMe (12,3) TonbKO KOHeWHOe UMC/IO ciaraeMblX OTJIMYHO OT HYJHA,
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7. ﬂﬂﬂ HeaBblX NMOJNOXHUTENBHRX T H k
r
vHR—1\_ (rt+-k
E( h—1 —< k ) (12.8)
v=0

a) Jdoxaszarb 310 paBeHCTBO, ucnoab3dys (8.6). 6) ITokasarb, aro (12.8) —uacrumit
cayuait (12.7). B) [loxkasarb mo ruayknuu, uto (12.8) NMpHBOAMT K HOBOMY JOKa-
3aTeNbCTBY NepBoil wactuy aemmbl § 5. r) Ilokasatb, uwio (12.8) skBuBaneHnTHO

paBEHCTBY
2 (r]n)=<n':i} . (12.82)

i=o0

8. B § 6 Mp oTMeuann, 4ro uneHH TWNEPreOMeTPHYECKOro pacnpejeieHus
JIONXKHBL 1aBaThb B CyMMe eJlMHHUIly. DTO PaBHO3HAUTHO TOMY, 4TO JAs JAMOGbIX Ues
JHX TONOMHTENbHBX a, b, n

@)D L)+ +(@) ©=(3") . 029

Jloka3atb 3T0 no WHAYKUMH. YKadatue. CHauana pokasatb, uto (12.9) Bbmone
Hsaercs aas a= 1 u jamwboro b.

9, I1podoascerue. CpaBuuBas KoxphulkeHThl Npu I# B ofeux wacTsax paBeH-
cTBa

(1-+0% (14 P = (14 12+, (12.10)

AoKazatb, urto (12.9) cnpasepnuBo ans AOGLIX uucen a, b (M Leablx n).
10. Hcnonb3ya (12.9), agokaszatb, uro

<3>2+<7>2+<3>2+---+(Z)2=(2,:’) . (12.11)
11. Hcnonbsys (12.11), nokasarb, uTo
. o (7). (12,12

12. Joxka3ate, uto gasa ueanx 0 < a<b

> e () G = (2 2.9
k=1

¥ Kka3anue. Ucnonbays (12.4), mokasarh, ato (12.11) sBiasiercss 4acTHBIM Cayy
vaem (12.9). Jlpyroe 10Ka3aTenbCTBO COCTOMT B CPaBHeHHH KOS(HHUMEHTOB npd
{2-1 B roxpectse (1— )% (1—f)~-0-2=(1—1)2-0-2,

13. Brect u3 (12.9) ToxpgecTna

<z>_<kil>+_"'*(‘11>i1=(a;1) (12.14)
20 G =Gz (12.15)

WMelollve MecTo, ecau K, n ¥ r—Iense TNOROXHTENbHBE 4YHCIA. YKa3aHUG
Henonbsosats (12.4),



§ 12. 3adaqu, codepxcaugue BUHOMUAALHBL KOSDPUYLEHmB 83

14. Hcnoabsysa (12.9), noxasatb, yTol) xas npou3BoabHLIX @, b B neroro &

AT TR e

=0

Yxazanue. Jlpaxaw npuMennTe (12.4). dpyro# cnocob — rcnoab3osats (12.10),
H3MEHHB 3HaKH MOKazaTesei.

OTMeTHM BaXKHble YacTHbIe caydau b=1, 2,

15, O6pamasck Kk 3agauam § 11, ormeram, uto (11.12), (11.14), (11.15) n
(11.16) onpegensnioT BEPOATHOCTH, NOITOMY B KaXKAOM Cyuae HX CyMMa AO7XKHA
paBHaThcA caunuue. [loka3aTh, 4TO 3TO BhiTeKaeT cooTseTcTBeHHO H3 (12.8),
(12.9), (12.16) u dopmyre GnuHOMa.

18. M3 onpexeenns A(r, n) B 3amaue 7 § 1l cacayer, uto A (r, n)=0,
ecna r < n, 1 A(n, n)=nl, HUHaue rosops,

n
AR I Y AR T 0, ectn r<on,
,2"0 (=" ( k ) k {n!, ectH r=n, . (12.17)

a) Nokasate (12.17) wnenocpefcTBenHoft peayxnueir or n k n—1. 6) dokasaTb
(12.17), paccmatpusas r-i0 npoussoxnyio (Il —e')® npu (=0. B) O6o6wuTb
(12.17), ucxons u3 (11.11) BmecTo (11.6).

17, JokasaTbk no wuHaykuuu, uTo ecanm 0K N<{n, To gna aw6oro neroro
r=0

éﬂ (= Q’) (n—v),::(:l__)cl) . (12.18)

(3ameTuM, uTo npapas yacTb ofpamtaeTcs B Hyab, ectd 7 < N uau r > n.) [po-
Beputh (12.18), paccvaTphpas r-10 npon3soguyio 2= (f—1)¥ npu t=1,
18, JlokasaTe no HHAyKUHH (Hcnonb3ys ¢opMyay GuHoma), 4To

(D=t (G)s=tigtytct s @i

n-1

IposepuTt (12.19) HHTerpupoBaHHEM TOMIECTBA 2 (1—nY={I—~(1—pn} -1,
0
19, IokasaTtb, u4TO A1A M1060TO HEJNOr0 MOJOXKHTENLHOTO M
m! '
x 2)"» —12-—- xaybze 12.
(x+y+2) o xaybee, (12.20)
TZe CYMMHPOBAHHC MPOBOIHTCA MO BCEM IeBIM HEOTPULATEALHEM a, b, €, TaKaM,

yT0 a-fb4-c=m.
20. Tokasats, uto I' (@ 1)=al (a)?) ans nwoboro a > 0, orkyaa

—a\_ | F(a-k)
21. [loka3aTb, 4TO AAS JIOGBIX MOJOXHTENbHLIX NEAHLX @ u b

(@4+1)(@+2) ... (an) bl .-
GFNG6FD o GFn) " a ™" (12.22)

1) Bonee wu3sfmuoe K0Ka3aTeNbCcTBO cM. B 33jxaue 15 1. IX, 9.
?) Oyuxuua I (a) (ramma-pynkuus) onpexenensa wuxe; cM, GopMyay (12.23), —
llpum. nepes,
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22. lamma-pyrKyus onpepensieTcsi paBeHCTBOM
-4
I = S tx-1e-t dt, (12.23)
0
rae x > 0. Moxasatb, uto T (x) ~ ) Ine-x x*~1/2
uenoe uucao, 1o I' (n)=(n—1)!)
23. MycTb @ ¥ r— NPoNH3BOJAbHEE NONOKHTEAbHLIE YHCAA, a n—1eN0€e NoAo-
)kuTenbHoe uncao. lNokasats, uto

a(@a+r)(@a4-2r)...(@atnr) ~ Crn+t gt 1/3+a/r, (12.24)
Moctosinnaa C papua ¥V 23T (a/r).

24. Hcnoab3yn pe3yabTaThl NpepbiAylneli 3agayu, NoKasaTb, YTO
a(atr)(@t20).. (atnr) TG @-nye (12.95)
bOAr)(b+2r)...(b+nr) T (a/r) ‘

26. BuBectn 13 (8.10) HepaBencTBO

e 1 t<cet, O<t<l (12.26)

. (3aMeTHM, yToecaH X=n—




TNABA Ui *} DONYKTYALUU NPU EPOCAHUM -
MOHETbI U CAIYYAWHLIE BNYXAAHUS

Jta rJjaBa CTOMT B CTODOHE OT Halllefi OCHOBHOH TeMbl, KoTopast 6yzeT
Tenepb MPOJOJIKEHa JHIUb B IV1. V. Ee MaTepHas TpagHIlHOHHO CJTYXKHJ
B KauecTBe Neproro wara K Gosee obuuM TeopusiM. [IpocTthie MeTogst
BCKOpE NPHBEAYT HAc K pe3yJsbraTam GOJbIIOH TeopeTHYeCcKO#H W npak-
THYECKOH BAXKHOCTH. MBI CTOJIKHEMCS C TEOPETHUECKUMH 3aKJ/IOYEHHSIMH,
KOTODbIE OKaXyTCsi He NPOCTO HEOMHJAHHBIMH, HO OYAYT IPSIMO MpO-
TUBOPEYHTh HHTYUIMHU U 31paBOMY cMbicay. OHM [OKaXKYT, UTO LIKPOKO
pacrnpocTpaHeHHble NPeACTaBJeHUs O CYUadHBIX QAYKTyauHsX JHILIEeHbE
OCHOBAHHS W YTO CMBICJI 3aKOHA GOJIBIUMX YHCEN YacTO HempaBHJILHO HC-
TosKoBhIBaeTcsl. HanpuMep, B pas/MUHBIX NPUJIOKEHHAX MpeanoJsara-
ercst, uto HabJIOJeHHsi 3a pe3ysbratTaMd OpocaHdil OfHOH U TOH e
MOHETH B TeueHHe JAMTETBHOrO npoMeXyTKa BpeMmeHH OYAYT JaBaThb Te
e CTAaTHCTHYECKHE XapaKTePHCTHKH, YTO U HaOJIOAeHHe pe3y/IbTaToB
ouenb GOIBILOTO YKc/a He3aBUCHMBIX OpocaHHil B JaHHBIH MOMEHT. 310
He TaK. [leficTBHTENBHO, MBI PHJIEM K BBIBOAY, 4TO (Ha pacnpocTpaHeH-
HOM HblHe XKaproHe) B NONYJSIHH OOBLIYHEIX MOHET OOJbIUYIO HX YacThb
c/elyeT CYMTATh HEeNpaBHUJBHBIMH. (DMOHDHUECKHE WJUIIOCTPALHH CM.
B § 6 u npumepe 4, 6).)

Jlo HejaBHero BpeMeH MaTepuas 3TOH IJaBbl MOJNYUYaJH C HCMOJMb=
30BaHMeEN AaHAJMHTHYECKHX MEeTONOB, TaK YTO pe3YyJbTaThl Ka3ajHCh
IoBosibHO T1y6okHMH. [ToaToMy snemenTtapHelil MeTo !), HCNOIB3YeMBlH
HiXKe, SIBJSIETCS XOPOLUIMM MPHMEPOM BHOBB OTKDBHITOH CHUJIBI KOMOMHA-
TOPHBIX MeTofoB. Pe3y.braTel, cnpaBeisuBele Ansi Gojiee IIHPOKOrO
KJacca cayvailHelx ¢uiykryauu# ?), 6yayT obcyxpaTtecst B Tome 2. Bee
pe3ysbraTel OYAYT HONYUYeHH! 3aHOBO, APYTHME MeTogaMH. Takum 06-
pa3som, 3Ta IV1aBa npejHasHadeHa AJIs HAUHHAIOUIMX YUTATEIeH, KOTOPhIE
He CrellaT NPHHHMAThCs 33 CHCTEMAaTHYeCKYIO TEOPHIO, HJIM UHTaTelel,
HHTEPECYIOUHXCA JYXOM TEOPUH BePOSiITHOCTEH 6e3 »KesaHMsI creunHa-

*) Sra raaBa MOXeT ObITh ONYIIEHA KT NPOYHTAHA NAaPAJIeTbHO C NOCTe YOIl UMH
rnasamd. CcblIKH Ha nee OyayT clenanbl B I, X (3aKoHH Gonbwux uucea), X1 (spe-
mena nepsoro gocthxenus), X111 (pexyppentnbie cobeitia) u X1V (cayuaiinbe 61yx-
JaHHs), HO MaTepHal IjaBul B JafnHeHwleM HEeNOCPEACTBEHHO HCIONb30BaThCcH He Oy-
Hert.

1) OTKpBITHE BO3IMOXHOCTH 3.;JEMEHTADHOrO NOAXO0A2 GblIO OCHOBHOR NpPHYHHOR
BTOpOro u3fanus 3tod Kuurd (1957 r.). Hacrosunuii BapuanT ABjfercs HOBBIM H 3Ha-
YHTEJLHO YCOBEPINEHCTBOBaHHLIM, TaK KaK B HeM Ya/10Ch H36exaTh Pa3HUHbIX CJOXK-
HbIX KOMOHHATODHMX NPHEMOB.

%) CMOTpH npHMeuanue K CAeACTBHIO H3 Teopembl 2 § 4,
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JIH3HPOBATbCA No Hell. [/ ApYyrux uuTaTesed cpaBHeHHe METOJIOB OKa-
XKETCS MOYuyuTesJbHBIM H HHTepecHbiM. Takyum ofpasoM, sracmoswas
21a6a moxcem Goums NPOYUMARA HO YCMOMPEHUID YUMAMEA HE3ABUCUMO
O OCMAAbHOL 4aCM KHUeW UAL NAPAAAeAbHO C Hel.

§ 1. OCHOBHLIE NOHATUA. NPHHLHUN OTPAXEHHUSA

C dopMasbHOit TOUKH 3peHHsT MBI GYJ€M HMEThb JeJO C YNOpsIoYeH=
HbIMH KOHEUHBIMH MHOMECTBAMH IJIIOC €HHHI Il MHHYC efuHHu. Pac-
CMOTPHM A =p-}q CHMBOJOB &, . . ., €,, KaXIHH K3 KOTOPHIX O3HayaeT
-+1 uan —1; npeanoJIoXKIM, UTO HMeeTCs p IJIOC €IHHHIL U § MHHYC
elHHHU. YactHasi cymma s,=eg;+...+€, npexcrabiaser cofoil pas-
HOCTb MEXAY 4HC/JIOM IJIIOCOB H MHHYCOB, HaXOJsLIUXCS Ha MNepPBHIX
k Mectax. Toraa

Spi—Sp1=&==x1, =0, s,=p—yg, (11)
rne k=1, 2, ..., n.

Mkl GyneM NpHMeHATb reoMeTPHYECKYI0 TEPMHUHOJIOTHIO H HCIOJb30-
BaTb OPTOrOHaJLHBIE KOODAMHATHL f, X; JJis ONpeleseHHOCTH GyleM
npeanoJiarath, 4To och ! rOpH30HTaNbHA, a OChb X BepTiKaJ/abHa. [locae-
JoBaTesbHOCTL (&, . . ., €,) Oyler H306paxaTbcsl JIOMaHOH, B KOTOPO#
k-e 3BEHO HMeeT HAaKJIGH £, a k-5 BepPLUMHA HUMeeT OPAHHATY Sy. Takue
JIHHHH GYAYT Ha3bBaTLCS MYTSIMM.

Onreacaenue. Tycme n>0 u x — yeawe qucaa. Hymo (51, Sy « .+ s
<+ .y S, ) U3 Havaaa KoopOunam 6 mouky (n, x) npedcmagasem €obod 10-
Ma:y0, eepuiutsl Komopod useom abeyuccer 0, 1, ..., n u opounamot
So, Siy .+ . Sp, yOosaemcop mcyue (1.1) ¢ s,=x.

Mt €ynem Ha3wBaTh 11 0aunoti nyTH. CyulecTByeT 2” NyTel JUIHHBL A,
Ecnu cpely €; UMEETCS p MOJOXHTEJBHBIX ¥ ¢ OTPHUATENbHbIX, TO

n=p+q, x=p—q. (1.2)

[TyTb ¥3 Hayaas XOCOPAMHAT B MPOH2FOJBHYIO TOYKY (7, X) CyUleCcTBYeT
TOJILKO TOT/@, Korjia n ¥ X ynorJaerBopsioT (1.2). B atom caygae p Mect
A5 TIOJIOKHMTE/bHBIX €, MOryT ObiTh BbiOpaHbt H3 n=p-t-¢ UMEOWHUXCS

MecCT
Ve (75)= (719 e

paaanuHbIMH cnocoBamu. [as ynoGera noaoxum N, =0, ecau n
u x He yoosaemgoparom (1.2). Tlpn TakoM cOrNalUeHHH CYUECTBYIOM
posro N, . pasauunbix nymeid u3 Ha4aia KOOpouxam 6 npousoAbHYHO
mouky (n, x).

Ipexne yen nepeiiTi K rjaBHOH TeMe 3TOH I/1aBbl, 8 HMEHHO K Teo-
piit cayvya#HbIX GayxAaHHH, Mhl NDOHJLIIOCTPHPYEM BO3MOXHbLIE MPH«
JIOXKEHHS Hallel CXeMbl,
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Npumepn. a) Teopema o 6arromuposxe (ballot theorem). Crenyio=
llee HHTEPECHOE yTBepXKIeHHe JoKa3ano B 1878 r. V. Yursoprom u
3anoBo B 1887 r. )K. Beprpanom.

IIpednoroxcum, umo Ha evibopax kawdudam P nabpaa p 2oa0c08,
a xandudam Q uabpaa q 2oaocos, npuvem p>>q. Beposamwocme mozo,
4mo npu nocredosamenbom nodcueme 2020c08 P ace 6pema Gbia snepedu
Q, pasua (p—q)/(p+q).

HNopo6uble 3ajauy noj Ha3BaHHeM 33724 O 62/ TOTHPOBKE NDHBJICKIN
BHHMaHHe ClEelMATHCTOB NOo KoMGuHaTOpHOMY aHaau3y. Hosmifi pac-
I(BET KOMGHHATOPHEIX METOJOB YBEJHUM, HX NONYJsPHOCTb, M ceduyac
3TO BbIpa)kaeTCsd B TOM, YTO OUEHb MHOTHME BaXkKHblE 33JauH MOTYT OHITh
nepedopMYJIHPOBaHbl KaK BapHaHTHl HEKOTOPOH o606lieHHOH 3ajaiu
0 6alIOTHPOBK: 1),

Beck npoTOKOJ roJiocoBaHMs MOXKeT ObiTh H306paXxieH B BHJAE NYTH
IJHMHBL p1-q, B KOTOpOM € =1, ecsu k-# roJoc noaau 3a P; ob6paTho,
KaX/Ablil NyTh M3 HayaJa KOOPAHHAT B TOUKY (p-+¢q, p—g) MOXKHO HH-
TEPIIPETUPOBATE K4K [POTOKOJ TIOJIOCOBAHHS C JAHHBIMH HTOramd p
H g. SIcHO, 4TO S; €CTh YHCJIO TOJIOCOB, HAa KOTOpoe P onepexan Q HJH
OTCTaBaJl OT HEro nocJje yuera k-ro rojoca. Kanaunar P 1uaupoBas Ha
BCEM TNpOTSKEHUH BHEICOPOB TOJBKO B TOM cJayuae, korga >0, ...
v+ s 5,0, T. e. Korjia BCe BepIIMHE JexaT cTporo Buiie ocu f. (IlyTh
Takoro Tuna u3 O B N, nsobpaxen na puc. 1.) B reopeme o 6annoTupos-

0 N

Puc. 1. [MonoxurensHue NyTH. PHCYHOK nOKa3eiBaeT Takxke, YTO CYLIECTBYET POBHO
CTOJILKO K€ TOJIOXHTEJBHLIX MYyTeH K3 Hauajna KOOPAHHAT B Touky (2n, 0), CKOJbKO
HEOTPHIATENBHLIX NYTCH M3 Hauala KOOPAKHAT B TOuKy (2n—2, 0).

Ke HesiBHO Npearosaraercs, YTO Bce BO3MOXKHLIE YTH PaBHOBEPOSITHHL.
Torza ee yTBepKaeHHE CBOIUTCH K TeOopeme, JOKa3aHHON B KOHIE 3TOrO
naparpaja KaK HeNoCPeICTBEHHOE CJIe[CTBHE JeMMbl 00 OTpaMeHHH.

6) Paxeosbuli kpumepud I'asbmona ®). TlpeanosoRuM, 4To HeKoTOpast
BeJIHYMHA (HanpHMep, BHICOTA pacCTeHIIs) U3MepsieTcst Y KaXJIOro u3 r
NOJBEPrHYTBIX BO3/IeHCTBHIO OGBEKTOB H TaKXKe Y KaXKIOr0 H3 7 KOHT-
posbHBIX 06beKTOB. O603HaunM pe3ysbTathl H3MepeHHH a4j, ..., @, H
bi, . .., b, cooTeercTBenHo. /g SICHOCTH NPEANOJIOKHM, UTO KaxKjaas
rpynna ynopsiioueHa mno YObIBaHHIO! @;>@,>>... U bi>by,>.... (Bo

1) Meropuio sornpoca i 0630p JHTepaTyphl MOXNO HaiTH B cratee Barton D. E.,
Mallows C. L., Some aspects of the random sequence, Ann. Math. Statist., 36 (1965),
236—260. AsTOpH! 3TOM CTaThH OGCYXKIAIOT TaKXKe Dadanunble npunoxenns, Camoe
?‘oc.v,llgnﬂee 060611eHHe CO MHOTHMH TPHJIOKEHHAMHE K TEODHH O4YepPeAeH NpHHamiexu?

. Taxauy.

%) Hodges J, L., Biometrica, 42 (1955), 261—262,
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u3bexXaHHe TPUBHAJBLHOCTH Mhl NMPEANOJAraeM, 4To HMKaKue JABa pe-
3yJabTaTta HabmaoaeHus He paBHbl.) O0BEeIUHUM Tenepb 3TH JBe mMOCJe-
JOBATEJNLHOCTH B OXHY € YHCJOM 3JIEMEHTOB n1=2r 1 YNOPSAOYEHHYIO [0
y6biBaHuio. IlpemectBoBaHlie BceX 3HauenHH @ BceM 3HAYEHHSIM D
YKa3niBaeT Ha BecbMa BhICOKYIO 3(PEKTUBHOCTL BO3jeHCTBUS, TOraa
Kak cJgyvyailHass KOMOMHaUusl 3Ha4yeHH# a W [ 03Hauyaer NOJHYIO €ro
Gecrnone3noctb. Takum o6pa3on, 06 3QPEKTUBHOCTH BO3AEHCTBUSI MOXK-
HO CYJAMTb Ha OCHOBaHHH YMCJI2 Pa3JIMYHBIX 3HAYEHHH a, npeAllecTBYIO-
IIMX COOTBETCTBYIOIMM b, T. €. HA OCHOBAaHHM YMCJa HHAEKCOB R, A1
KOTOpbIX @ >>by. D12 ujes snepsble Obl1a Henods3oBana ©. 'aabToHOM
B 1876 r. aas uccrefoBaHUS QAHHBIX, NPEAOCTABJEHHLIX eMy Hapib3aoMm
Japsurom. B atom cayuae 7 6bi10 paBHO 15 M B 13 cayuasx sHaueHus
@ npelIecTBOBa/Y COOTBETCTBYIOIIMM 3HaueHusM b. He 3uas peasnbHuIX
peposiTHOcTel, ['abTOH 3aKJII0YMI, YTO BO3AEHCTBHE 6620 3(PEKTHBHEIM.
Onuako B NPEANOJIOMEHMH MOJHON CJAYYafHOCTH BEPOSITHOCTL TOTO,
uTO 3HAYEHHS] @ NPEAILECTBYOT COOTBETCTBYIOIMM b B 13 uau Gosee
cayyasx, paBHa 3/16. 1o o3Hayaer, YTO B TPEX W3 ILECTHAAUATH CHY-
yaep cosepiueHHO OecnoJie3Hoe Bo3jeicTBue OyleT Ka3aThCs He MeHee
3¢deKTHBHBIM, UeM Bo3felicTaye, addextuBHoe no I'anbToHY. 310 NOKa-
3bIBA€T, YTO YUCJEHHLIH aHa/ju3 MOXeT OhIThb NOJIE3HHIM JAONOJHEHHEM
K Halllell HE COBCEM HaJIeXKHOH MHTYHIIMH. :

I/ yHTEepnpeTallMy NPH NOMOLLM NYTEH NOM0XKUM ex=-+11 uau —
B 3aBMCHMOCTH OT TOTO, 3JIEMEHTOM KaKOIO THna fBJsiercsl R-# uieH
06BbeIMHEHHON NOCAEA0BATELHOCTH: @ MM b. IToaHbll nyTh AJMHHE 27
COEMHSIET HayaJJ o KOOpaAKHAT ¢ ToukKoil (27, 0) na ocu ¢. Cobbitue @y ~>by
OCYIIECTBJAETCH TOTJAA U TOJbKO TOTAa, KOTAA S,;_y CONEPMKUT IO MEHb~
el Mepe k mJOC EQMHHI, T. €. KOTAA Sgp_y =>0. 3TO BJICUET 54520, ¥
noatomy (2k—1)-e u 2k-e 3penbs Jexar poiue ock ¢. Orciona cienyer,
UTO HEPaBEHCTBO Qp>>b, BLINOJHSETCS Vv pa3 TOrAa M TOJBKO TOraa,
KOrZa 2v. 3BeHbeB JexarT Buie ocH {. B § 9 Mbl JokaxeM HeOXUIaHHHH
Pe3yJibTaT, COCTOSIIMH B TOM, YTO BEPOSITHOCTb 3TOr0 pasHa 1/(r+1)
¥ He 3aBucHT 0T v. (COOTBETCTBYIONIHE KPHTEPUH, OCHOBAHHLIE HA TEO-
puM cepult, cM. B pa3fx. 6 ra. 11, 5.)

B) Kpumepuu muna Koamozoposa — Cuuproea. I1peanonoxum, 4ro
Mbl HabjojaeM ABE NONMYJSUMH OAHHAKOBOro OHOJIOrMYECKOro BHAA
(>XMBOTHBIX MJHM PACTEHHH), HaXOAsAIIMeCs B Pa3HbBIX MeCTax, WJH 4TO
Mbl XOTHM CPaBHHTL NPOAYKLMIO ABYX aHaJOrMYHhHX cTaHkop. Jias
OnpefieJIeHHOCTH PACCMOTPUM TOJIBKO OJHY NOJAAIOLLYIOCS H3MEpPEeHHIO
XapaKTepPUCTHKY (HarpHMep, BHICOTY, BEC HJM TOJIIMHY) H NPEATOJIO-
UM, 4TO JJs KaXIOH M3 JABYX COBOKYMHOCTEH Mbl umeeM r Habawofe-
HMH, CKaxeMm @, . . ., @ 4 b1, . . ., b,. Fpy6o rosops, Bonpoc 3aK.Jio-
YaeTcsi B TOM, COBMECTHMDI JIX 3TH JaHHLIE C HIIOTE30H O TOM, uTO 00e
COBOKYNHOCTH CTATHCTHYECKM HMJEHTHYHbl. B 3TOM BHMJe 3ajaya HeC-
KOJIKO HEONpEAeJNeHHa, HO AJsl HAWMX UeJeldl HeT HeOGXOXMMOCTH 06-
CY2IaTh GoJiee TOYHYIO €€ HOCTAHOBKY B COBDPEMEHHOI CTaTUCTHYECKOH
TeopuH. JIOCTATOYHO CKa3aTh, YTO KPHUTEPHH OCHOBAHbl Ha CPaBHEHHH
ABYX 3MNMpHYECKMX pacrnpejesenuit. [l xaxaoro { obo3HauuM yepe3
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A (¢) oTHoweHue k/r, rge k — uucio MHAEGKCOB {, AN KOTOPHIX a;<f.
Tak onpepe/eHHas Ha AEHCTBHTENBHOH OCH QYHKUHMA Ha3biBaeTcs M-
nupudecKum pacnpedensenuesm 3HAYEHHH a. IMIHPHYECKOE pacnpegele-
Hue B onpegnensercs aHaJOTHYHO.

Hasnas mateMaTHyeckas teopus, cozaansas H. B. CuupnoseM 1),
NO3BOJIET HalTH pacnpejesieHde BEPOATHOCTEH MaKCHMYMa OTKJOHe-
nua |A ({)—B(f)| 1 ApYrHX BeJHYHH, KOTODHIE MOTYT OHITh HCNOJb3O-
BaHbl JJif MPOBEDKH YKa3aHHOH rumore3sl. Teopus XOBOJBLHO CJAOXKHA,
HO oHa Obljla 3HAUYMTEJNBHO YNpOIleHA W cAesnaHa GoJjee MNOHATHOH
B. B. I'sezenko, KoTopoMmy npHinja yJayHas MbC/IbL CBA3aTh €€ C reoMer-
phueckoi Teopxed nyrted. Kak 1 B npeAblAyIUeM IpuMepe, CBAXKEM C ABY-
Msi BHIGOPKAaMH NYTh AJHHEL 2r, BEAYIUHH H3 Haya/a KOOPAHHAT B TOUKY
(2r, 0). CkaaaThb, 4YTO ABE COBOKYMHOCTH CTaTHCTHYECKH HEpa3/HYHMMHI,
BCE PAaBHO, YTO CKa3aThb, YTO BCE BO3MOXKHhIE NYTH PABHOBEPOATHH. Tor-
Ja JIerko BHAeTh, uto |A (f)—B (f)|>E aas HekoToporo f TOrAa H TOMb=
KO Torja, Korja |s;|>E&r ans nexoroporo k. BeposarsocTts 3T0ro cobut-
THS €CTh NPOCTO BEPOATHOCTL TOFO, YTO NYTh JJIMHH 27, BeAyWHH u3
Hauasla Koopausat B Touky (0, 2r), He orpaHHueH NoJoCcoH Mexay -+&r.
Ora BepOATHOCTh JaBHO H3BECTHA, NOTOMY YTO OHA CBS3aHa C 3ajadei
0 pa3opeHHd HrpoKa U PHU3HYECKHMH 3ajauamd Xudpyauu ¢ norJoumaio-
wuMu Gapeepamu (cM. 3ajgauy 3).

DTOT NpUMep BEIXOAHT 33 PaMKH HaCTOMIUEHA KHHIH, HO OH NOKAa3hl-
BaeT, KaK TEOPHIO CaAyyaHHbIX OJyXKAaHHA MOXHO NPHMEHATb K 3aja-
yaM COBEPLUEHHO Pa3jM4HOH NpUpPOALL.

r) Hepa ¢ 6pocanuem npasusbHOL MOHeMbl U ee C6A3b CO CAYYALHGIMU
npoyeccamu. I1yTh NNHHEL N MOXXHO MHTEPNPETHPOBATh Kak pe3yjabrar
MBIC/IHMOrO 3KCNEPHMEHTA, COCTOSLIEro B 7t NocJieJoBaTe/IbHEIX Gpoca-
HuAX MoHeTH. Eciu -1 npunuchiBaercs rep6aM, To S, PaBHA MOJOMH-
TEJbHOH MM OTPHUATENBHOH Pa3HOCTH MEXAY CYMMapHBIM YHCJIOM
rep6oB 4 pelleTok nocJe k-ro 6pocanus. [Ipy KjacCHYeCKOM ONHCaHHH
BBOAMTCH PUKTHBHBLIA HrpoK [1eTp, KOTOpLI B Ka:XKIOM HCHBITAHHH BHI-
MIPLIBAET HJIH [POMIPHIBAET ONpPEefeNIEHHYIO AeHEXHYIo eauHuny. Torna
I0C/1eA0BATEILHOCTD Sy, Say « « «, Sp NPEACTaB/ASAET cOOOA NOC/IEL0OBAaTE b=
Hble 3HaueHHs ero npubuiid. Bekope 6yfer nokasaso, 9TO OHH ABJA-
JOTCH pe3yJbTaTaMH CJAY4aHHOH QUIYKTyallMH € COBEPIUEHHO HEOMHAaH-
HBLIMHM CBOHCTBaMH.

O6passblii A3BK a3apTHLIX HIP HE YMEHbIUAET Ba)KHOCTH MOJENH C
GpocasneM MoHeThl. B caMoM Jeje, 3Ta MOAeTb MOXET CJIYXHTb Kak
nepsoe npubJHKeHEHe KO MHOTHM 6oJiee CJIOXKHBIM CJyd4afHBIM nporiec-
caM B (M3HKe, IKOHOMHKE H TeOpHH oOyueHHs. TakHe BeJHYHHHL, KaK
3Heprus (MauuecKol 4acTHUBI, COCTOSIHHE MHIMBHAYYMa H HaKONJEH-
HbIH ONEIT KPHICH MPEANOJaraloTCs H3MEHSIOWUMHCSA BCJEACTBHE MO+

1) Cuuproe H. B. O6 ykaoHEHHAX SMIHPHYECKOR KpHBOH pacnpejeieHHA.—
Marem. c6opuuk, 1939, 1. 6 (48), Ne 1, c. 3—24; cm. taxxke Cmupuos H. B. TeopHs se-
POSTHOCTER M MaTeMaTHyecKas CTarHCTHKa. Ms6pannue Tpyast,— M.: Hayka, 1970.—
Hpun. nepes,
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CJIe[0BATENIbHBIX CAYYaHHBIX BO3JIEHCTBHH HeKoTOoporo poja. B unensx
yNpOLIEHHs] MepBOHAYAJIbHOTO H3YYEHHMS MPEANoJarailT, YTO OTHEJb-
Hble MpHpallieHdst UMEIOT OJMHAKOBYIO BEJIHYHHY M YTO UX 3HAK Ompe-
JensieTcsl Urpo#t ¢ 6pocanuem mouetsl. Bosee coBepliennas mMonesnb npu-
HHMaeT B pacuyeT, YTO NpHpallieHdsl U HX BEPOSITHOCTH M3MEeHSIoTCH OT
HCOLITAHMA K HCIBITAHHUIO, HO Jake MpocTtas Mojesb C 6pocanneM MOHe-
Tbl IPUBOJHT K YAHBHTEJbHBIM, Aae [OTPSCAIOHM pe3yabTaTtaM. 3TH
pe3y/bTaThl HMeloT 60JbLIOE MPAKTHYECKOE 3HaYeHHe, TAaK KaK MOKa3hl-
BalOT, 4TO BONPEKH pacnpOCTPaHEHHLIM B3TJIsiAaM 3aKOHbI, XapaKTepH-
3YIOUHE JJHHHBIE CEPHH OTAEbHBIX HaGMIOeHHH, 0OGHApYyKHBawoT 60J1b-
LIHe OTKJIOHEHHS OT CBOHCTB momyJasudu. MHaue roBops, monyJspHbIe
B Halle BpEMSsI ICHXOJIOTHYEeCKHe TECThl npHUBesH Obl K TOMY, 4TO B COBO-
KY[IHOCTH H3 ¢IpaBHJbLHBIX» MOHET GOJBIIMHCTBO ObLIO Ha3BaHO «He-
NpaBHJ/ILHBIMHS.

Orcrona caenyer, uto cayuaiinsie QuiykTyaunu npu 6pocaHud MOHe-
Thbl THIMYHHE JJ151 GoJsiee OOKX cJyyaHHBIX MPOLECCOB HaKomleHus. Bo
BCAKOM CJyyae STO NPHBOAMT K KOHCTaTalWH TOro, YTO, KOJb CKOPO
Aaxe npocTasg urpa ¢ 6pocaHueM MOHEThHl NPHUBOJHT K NapajoKcajbHbIM
pe3y/bTaTaM, NpoTHBOPEYAlM HAlleH HHTYULHH, NOCJENHSS HE MOXKET
CIYXHTb Hafie’KHbIM COBETUHKOM B 00J/€e CJIOKHBIX CHTYaUHAX. >

Cronb Xe yAuBHTENBHO, CKOJbL M NMPHSITHO, YTO HauboJ/ee BaXKHLIE
BaKJ/JIIOUEHHS MOTyT OLITh MOJIYYeHLl U3 MPHBEACHHOH HHXKe IPOCTOH
JIEMMH,

B

Puc. 2. [IpHHLKD OTpaXKEHHKA.

IMycrs A=(a, @) u B=(b, P) — TOUKH C LEIOUHCIEHHLIMH KOODLH-
HaTaMu, Jexalllie B MOJOMHTeIbHOM KBaapante: b>a=>0, a>0, f>0.
ITox orpaxenueM A OTHOCITeJbHO Ocl ! MOHHMaercst Touka A'=(a,
ea) (puc. 2). [Iyts u3 A B B onpeneasiercs o6buNbIM 06pa3oM.

Jlemma. ([Tpunuun orpaxenus *).) Yucao nymeid us A 6 B, Komopbie
Kacaomes ocu t uau nepecexarom ee, pasro 4ucay ecex nymeti us A’ 8 B.

—_—

1) Ipusuun OTpaeHHs YacTO MCNOAL3YETCA B Pa3JM4HBIX (hOPMAX, ONHAKO 6e3
FeOMeTPHYECKOR MHTEPIPETAINK OH Ka)ercs OCTPOYMHBIM, HO HENMOHSATHBIM TDIOKOM.
B meposiTHOCTHOR JHTepaType 3TOT NPKHIHMN NPHIHCHIBAETCH . “Amxpa (1887 r.)“.
OH nosBAsercs B CBA3M C Pa3KOCTHHIMK YDAaDHEHHAMH JJIst CAyyaiHBIX GJIyMpaHuil
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Hoxasameavcmeo. PaccMoTpuM NYTh (S, ==0, Sgiqs ++., Sp=f) u3
A B B, uMelomuii OfHYy MM HECKOJIBKO BepluinH Ha ocd f. Ilycrs #—
afcuycca nepBoif Takol BepuMHb (puc. 2), T.e. BoifepeM ¢ Tak, yTo
5, >0, ..., 54_4>0, s,=0. Toraa

(—Sa —Saris «ovs —Stmis St=0, Sp15y Styar «vvs )

npeAcrapsaser co6oi NyTh, BeAylHii u3 A’ B B u umelomuit B Kayecrse
nepsoil BepuiuHu Ha ocu ¢ Touky T=(¢, 0). 3Bensst AT u A'T sBasiorca
OTpaXeHH MK OJHO ApYToro, NO3TOMY CYIIECTBYET B3aHMHO OJHO3HAy-
HOE COOTEETCTBHE MeXJY BceMH NyTsiMi U3 A’ B B ¥ TaKUMH NyTsIMH H3
A B B, KOTOpble MMEIOT BepIIMHBI Ha OCH f{. JTO AOKAa3blBAaeT JIEMMY.

»>

B kayecTBe HenocpeACTBEHHOro CJeACTBHS Mbl AOKaXXeM Pe3yJsbTar,
ofcyxnaBiumiics B npuMepe a). 210 GyleT CAYyXKUTb OTIIPABHOH TOUKOH
Ans Beell TeODHM HAcTosALLEH I1aBbI,

Teopema o Gaanornporke. [lycmb n u x — yeavle NOACHCUMEAbHbIE
qucaa. Cywecmayem poeno (x/n)N,, . nymet (s, . . ., S,=X) u3 Hauaia
Koopdunam e moaky (n, x), makux, umo s,>0, .. ., s,=>0.

Hoxasameavcmeo. OueBHIHO, CYILECTBYET CTOJILKO Xe AONYCTHMBIX
nyrefi, cKoabKO cymecrByer nyreit u3 touku (1,1) B Touky (n, x), xoro-
phie 1ie Kacaiorcs ocH { M He nepecekaioT ee. B cusy mocaennei sieMMbd
YHCJIO TAKHX NYTEHR paBHO

Vet =N = (P27 )= (P71,

rae p u g onpefenenu B (1.2). IlpocTblie BHIMHC/IEHHS MOKa3kBAIOT, 4TO
npaeasi yacTb paBHa N, »(p—q)/ (p+4), Kak 1 yTBepKaanoch. »

§ 2. CIYYAWUHBIE BJYXIAHUSA;
OCHOBHBIE NOHATHA H OBO3HAYEHH A

HMrpa c Gpocanuem nieanbHOH MOHeTH! Tenepb GyAeT ONHCaHA MpH
NMOMOIIM CJydYailHHX G1yXKAaHUH, KOTOPHE NPHUB/JEKAIOT cBOeR Harasj-
HOCTBIO H Jyullle IpucnocoSnensl Aas o6o6uenuit. Kak nokasaHo B
npeibiytlest npimepe, ecad Nytsb (s, ..., S) pPaccMaTpUBaeTCs Kak
3aNHCh Pe3yabTarsB O N0CAeA0BATE/bHBIX GDocaHHi MOHETH, TO YacT-
Hbl€ CYMMBI Sy, . . ., S, IPEACTABJHIOT COHOIl MOC/1ef0BaTebHbIE 3Haye-
HUst 1215601, J115 reOMeTPHUYECcKOro OMHCAHUSA YA05HO NPeANOIONKHUTD,
YTO GPOCAHHMS BBINOJHSAOTCA Yepe3 PAaBHhLE MHTEDPBAJBI BPEMEHH, TaK
9TO 7-€ MCILITAHHE OCYUIeCTB/ISETCSl B MOMEHT BpeseHd n. Ilocselosa-

B ra. XIV, 9, cooTBercTBylOmuMH HeROTOPLIM AndheperHanslibiM ypaBHEHHAM B
YaCTHLEIX MPOM3BOAHBIX, 1A KOTOPHIX NPHHLHM OTPAXKEHHS HBJANETCA XOPOMIO HIBECT-
HEM IPHEMOM, HAIBIBAEMLIM Memodom nodo6us, On o6bIuHO NpUNHCHBaeTC MaKcBeTy
H Keanpuny. O6 HCIOAB30BAHHH NOBTOPHLIX OTDAXKeHMH CM. 3ajaud 2 # 3,
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TEJIBHBIE YACTHBIE CYMMEL Sy, . . ., S, OYAYT H306paxaTeCA TOUKAMH H4
BEPTHKAJBHOH OCH X; OHH GyJAyT HA3BIBATHLCH MOJIOMEHHSMM «4acTH-
ubl», coBepwiaomell cnyualiHoe OnyxjaHHe. 3aMETHM, YTO YaCTHUA
JBHXKETCH EAMHMYHBIMH IaraMi BBepX HJIM BHU3 Ha npsmoiél. [lyTe
npejcTaBasier cofoi rpaduk Takoro ABuxKeHus. Hanpumep, nyTh u3
O B N Ha puc. | o3Hauaer cayuaiiHoe Gayxjanue, 3aKaHUHBAIOIIEECs
yepes 1IECTh 1JAroB BO3BpalleHHEM B Hayaso.

Kaxaul#l nyTe JJMHBEI P MOXKHO MHTEPNPETHPOBATH KaK PE3YJbTaT
HEKOTOPOro ciaydyadHoro GnyxjaaHus, uMeercss 2° TaKHX OyTeH, W MhI
hpunuceiBaeM BepPOATHOCTE 27P KaxaoMy. ([lpyrue pacnpeaeneHds
BeposiTHocTel 6yayT BBejenul B ri. XIV. Jlias Toro 4toBel OTJIHUHTH
‘paccMaTpHBaeMoe ciyuallHoe OnyxJaHHE OT JPYTHX, HA30BEM €r0
CUMMEMPUYHBIM.)

Mgt 3aBepiuiI onpejesieHHe NPOCTPAHCTBA 3JIEMEHTAPHLIX COOLITHI
H BeposTHOCTeHd Ha HeM, HO GECIOKOHT 3aBMCHMOCTb WX OT Yucja .
Jnst Toro yroGeI BHISICHHTL €r0 3HaueHHe, paccMOTPHM cOBBITIHE, COCTOS
ulee B TOM, YTO NYTh NPOXOAHMT yepe3 Touky (2, 2). [lepsrie aBa 1ara
JOJIKHEI OBITE MOJIOXHTENBHBIMH, M [03TOMY cyulecTByeT 2°P~% nyTeit
¢ 3TuM cBoiicTBOM. Kak 1 c/1ej0Bano 0XKUaTh, BEPOATHOCTE 3TOrO COOLI-
THs paBHa 1/4 HesaBHcHMO OT 3Hauenus p. B GoJee ofweM ciyuae A5
Jo6oro £<Cp cymecrByer 2°~% nytell ¢ GUKCHPOBAHHLIM NOBEEHHEM HA
nepsuIX % marax. Orciofa caeayeT, uto cobbimue, onpedeerHoe NepebimiL
k< p waeamu, usxeem 6eposmHocHs, He 3asucawyo om p. [losTomy Ha
TIPaKTHKE YHCJIO P HE UTPAET POJIH, €CJI OHO JOCTATOYHO BeaHKo. MHa-
ye roBops, Jo60i NyTh AJHHOH f MOXKET pacCMaTPHBATLCS KAaK Hayajlb-
Hafl YaCTb OYEHb JJIMHHOrO NYTH, U HET HEOOXOAHMOCTH OMNpEeAessithb
AMHHY nocaegHero. M ¢ HHTyHTHBHOH, H C (OpMasbHONH TOYKH 3PEHHUA
HauGoJiee yA06HO paccMaTpUBATh HEOTPAHHUYEHHBIE [OCIEL0BATEIBbHOCTH
UCTBITAHHA, HO 3TO NpHUBENO Obi K MCIHOJh30BAHHI) HECUETHBIX MPOCT-
paHcTB 3JeMeHTapHuiX coGeiTHi. [losToMy B RanbHeiileMm 6yaeMm cuw-
TaTh, YTO AJIMHEL P NyTeH, COCTABASIOUIUX NMPOCTPAHCTBO 3J1€MEHTAPHEIX
cobbiTHii, GoJblle yuc/a aros, GHIyPUPYIOWEro B HaltMX ¢opmyax.
34 HCKJIOUEeHHEM 3TOT0, Mbl OYIEM € PAJIOCTLIO 03BOJISTh ceGe 3a6biBaTh
o p.

Jlas Toro urtoBel corsnacoBaTh CHMBOJIMKY ¢ Toi, KoTopas Oyner
HCNOJIb30BaThCcs B cOmiell Teopuu, Mel 0603HauuM OT/ENbHLEE [epeMe-
menus uepes X;, X,, ..., a8 nonoxenus yactuupt yepes S, S,, ... .
Takum o6Gpasom,

S,=X,+...+X, S,=0. 2.1)

Jis KaXJ0oro KOUKPETHOTO NVTH MOXHO YKasaTb COOTBETCTBYIOLIHE
3nauenus X;, X, ..., T.e. X, sBasiorcs ¢yHxkuusaMu nyta'). Ha-
npuMep, A41s TyTH Ha pue. 1, oueBuamo, X,=X,=X,=1, a X;=

EE = Ag—=—1.

1) [lo TepmuHOAOTHH, KoTopad 6yzer BBejeHa B rn. 1X, X, npeacTaBaAn?
colol cayuafHue BeJHYHHbL.
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Kak npaeuio, Mul GyleM ONMChIBAThL Bce COOBLITHA 3aJaHHEM NOJ-
XOIsIUX Yc10BHH Iist cyMM S,. Takum 06pasoM, cobbiTHE «B MOMEHT
BpPEMEHH N 4acTHI@ HaXOIuTcs B Touke r» OylerT o603Ha4aTbCHA Tak:
{S,=r!. Ero sepositHocth OyAem o6o3HauaTb uepes p, .. (3TO co-
6niTHe Mbl GyieM HasuiBaTh ToOnajaHHeM') B TOYKY 7 B MOMEHT Bpe-
MeHu n.) Uucao N, , nyTel M3 Havana KOODIAMHAT B TOYKY (7, r)
Jzercs cooTHomeHueM (1.3), u, caenosarensHo,

n -n
Pur=P{Si=rb=(,." )27 2.2)

rie noipasyMeBaercs, yro GHHOMHAJIbHBIA KO3QPHUMEHT paBeH HYJIO,
Korga (n--r)/2 He sBisieTcs LENBIM YHCJOM, JexamuM Mexay 0 un.

Ecom S,=0, TO 6038paujenue 6 HAuaA0 TIPOMCXOJUT B MOMEHT
BpeMeHH k. 3neck k2 06s3aTenbHO 4eTHO H 1A k= 2v BEpOATHOCTDb
BO3BpALIEHUA B HAYalo pPaBHA Pyy o 18K KK 3T BEPOATHOCTb 4actTo
BCTpevyaeTcs B JafibHefilieM, BBEIEM /s Hee crenuanbHoe obo3HayeHue
Uyy. Takum obpasom,

Uy = ( 2 ) 9%, (2.3)

Korpa O6WHOMHaJbLHBIH KO3(QOUUMEHT BBIpaXKeH yepe3 (AKTODHAJH,
¢dopmyaa Crupamnra (9.1) ra. 11 Henocpenctsenno naer

tyy ~ 1V 1, 2.4)

rie 3HaK ~ YKas3blB3aeT, YTO OTHOILEHWe JIeBOH H NpaBof yacTH CTpe-
MHTCA K | npu v— 0o} npaBas 4yacTh CJAYXHT NPEKPACHHM NpHOIH-
KEeHUeM ®) I u,, Aaxe AJA HeGOJMBIUMX 3HaueHHH v.

Cpenn BO3Bpall€HHH B Hauajo ocoGbli HHTEPEC NpeicTaBJser nep-
goe 6o3gpauierue. [leppoe BO3BpalEHHE NPOHCXOMMT B MOMEHT BpeMe-
HH 2v, ecaH

Sl #0, ey SEV—I #0, HO ngzo. (2.5)

BeposTHocTh 3TOrO coGhiTHst Oyner oGosHauarkcs f,,. Ilo onpenesne-
mmo f,=0.

Cessbp MexJy BeposTHoCTSIMH [, ¥ u,, NpeAcTaBiser Gosbllo#
uHtepec. [lonajganue B Hayalo B MOMEHT BpDEMEHH 2n MoxeT OHITh
JM6O NepBbLIM BO3BpalleHHeM, JHMOO NepBoe BO3BPAILEHHE I1POH30LLIO
B MOMeHT BpeMeHH 2k < 2n W janee 3a BpeMs 2n-—2k BHOBb npo-
M30fileT BO3BpauieHWe B Hayano. BeposTHocTb mocienHero coBuiTHSA
paBHa [, Uy, s TAK Kak HmeeTca 23, nyreli guHe 2k, oKaHYR-
BAOWMXCA C TNEPBHIM BO3BpalleHWeM, M 227~y .. nyredi u3

1) B opurunane visit.—I1pun. nepes.

%) Ilns MCTHHHOrO 3HaueHus iip=0,2461 M nonyuaem npubauxenwe 0,2523;
Ansl wgy=0,1762 —npubnuxenne 0,1784. OTnocuTenbHas norpemsocTh YGHBaeT,
rpy6o roeops, 06paTHO NPONOPLHOHANILHO ¥,
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ToykH (2k, 0) B Touxky (2n, 0). Orciona crenyer, urto .
Upn="olhyn_s+Tallgnoa+ oo +fante, n=1. (2.6)
(Cwm. s3apauy 5.)

Hopmaasnoe nprGanmenne. QCopmyna {2.2) He npurofra gnas NpsiMOTO BLI-
YHCJ/IeHUs BefOSITHOCTell monafanus S, B 3aganHnle rpaHuubl. Jas 3Tax uUeneil
CAYXHT npubJHKenHas ¢opMmyJia, KoTopast npeicTaBasieT coCON YaCTHLHI cayyall
HeHTpaabHON NpelesbHoil TeopeMbl M GyfeT fokasawa B ra. VII, 21).

BepositHocTs TOro, uto 2 < S, < b, nonyyaercst CyYMMHPOBAHHEM BEpPOSITHO-
cTeft p, , MO BCeM 7, NemauluM Mex.ly a ¥ b. Jlns ce onpejeneHus JOCTaTOYHO
3HaTb BEPOSITHOCTH BLIMOJHEHUS BCEX HeDaBEHCTB BMAZ S, > a. Takke BeposiTHO-
cTH MoryT OLITh OueHeHL 61arofaps ToMy ¢akTy, 4TO 18 BCeX X NPU N —» @

@
P{S,>xVr}—1—N) = (I/V2—n)g e~ 142 gy, @.7)

X
rae M —uopManbHas ¢yHKU¥A pacnpeleneHus, onpegenednas B 1. VII, 1. Ha
AaHHOM 5Talle ee CBOIICTBA He NMpPeACTAaBAfAIOT AAs Hac ocoBoro uuTepeca. Cyumie-

CTBOBZHME Npejena O3HAYaeT, YTO NpH GOJBIMX A OTHoweHus S,/V n wnmeoT
NpUGAH3HTEXbHO OAHH H Te XK€ BepOATHOCTH, H, TaKMM 06pa3oM, OJHO M TO Xe
npubaukeHye MoXeT GbiTh KCNOJb30B2HO OZHOBPEMCHHO AJs Bcex CoMbWIMX A,

Xopowee mnpeicTaBiaerie o BeposrrocTax (2.7) Aaer Ta6n. 1. DBonee noa-
pobGHo#i u TouHOM sBAsetcsa Ttaba. 1 ra, VIL

Tabauya 1

x 0,5 1,0 1,5( 2,0 | 2,5 | 3,0
|

P(S,>xVn) 0,3090,159i0,067(‘0,023 0,006 | 0,001

§ 3. OCHOBHAS JIEMMA

Kak Mb! BHjesiH, BepOSITHOCTb BO3BPAlleHHsI B HAyaJO B MOMEHT
BpeMeHH 2v paBHa BeJHYMHE U,., 3ajaBaeMoli pasencTBom (2.3). [lo
Mepe Pa3BUTHSI TEOPHH CJyYaHHLIX OJYXKAaHUH HEOXMHJAHHO BBISICHK-
JIoChb, YTO 3Ta BEPOATHOCTb BXOAHT noyTi Bo Bce dopMyasl. Oauny
M3 IIPUYMH 3TOTO pAacKphHIBAaeT cJaelylolias IpocTas JeMmMa, He npej-
CTaBJ/AoILAas 60JbIIOr0 CaMOCTOSTETLHOTO HHTEpeca, HO NO3BOJSIONIAsT
Joka3aTh Gosee rayGOKHe TeOpeMbl cJjelyiouiero naparpada.

Jlemma 12). Beposmuocms mozo, wmo 00 mormenma 21 @Ka0UuU-
MeabHo He npousoliemn HU 00HO020 G03BPAUIEHUR 6 HAYAA0, pasHa oc-

1) Yactusiit cayyail, KOTORHIT HaM 3fcck noTpefyeTcst, eeaegyetes B 1. VII,
2 omdesvHo (€e3 cchINKY Ha obulee GHHOMMaNbHOE pacnpejenexie). JlokasaTenn-
CTBO MPOCTOE M MOAET CHITb MOMEUmIeHO B A2HHOM MeCTe.

%) DTa nemMa OYEBMAId, ECAH HCNOABI0BATH BHA NpPOM3BOAAULEil YHKUHA
Zfsz” {cm. dopmyay (3.6) ra. XI), u fonxHa GHITb OTMeyena 32 ee MO3HABA-
TelbHoe 3HayeHue. Ee BaxHOCTb GLLIA YCTAHOBAEHZ HejaBHo. [eoMeTpHueckoe
JAOK234TEIbCTBO CM, B 3ajaue 7.



§ 3. Ocnosnan semma 95

POAMHOCMU  MO20, 4MO 6038PALIEHUE 8 HAYAAO npousotidem 6 Mo-
MEHM GPeMeHU 2n, m. e,

P{S,£0, ..., S,,5%0}=P{S,, =0} =u,,. (3.1
3nech, Koneuno, n> 0. Ilpu ocyuecTBienHH coGLITHA B JEBOIT
yactd Bce S; GO MOJIOXKHTENbHD, B0 oTpUuaTenbhsl. O6a 3THX CO-

GbiTHst sIBASOTCS OJMHAKOBO PEPOSITHHIMH, [O3TOMY Mbl MOXeEM nepe-
nucats (3.1) B BHIe

PiS;>0, ..., S >0} = (1/2) u,,. (3.2)

Hokasaameascmso. PaccMaTpuBas Bce BO3MOXHbBIE 3HaueHus1 S,,,
OYEBHIHO, MMEEM

P{S,>0, ..., S,,>0}=

nbla

{S >0 aney Sz,,_i>0’ szn=2r}
(3.3)

(rae Bce caaraemble npu r > n paBHbl Hy/mo). [lo Teopeme o Gano-
THPOBKE YHCJIO MYTEH, yAOBJETBOPSIOUHX YCJAOBHIO, YKa3aHHOMY B Ipa-
BOH 4acTH, pPaBHO N,,_; 5,-;—N,,_ i 2r+i» H, CIEIOBaTeIbHO, 7-8
cJlaraeMoe CyMMbl PaBHO :

(1/2) (pzn—i. 2r=1~—Pzn~i, 2r+i)'

OrpuuarenpHan 4acThb 7-ro CJ1araeMoro H oJIOXKHKTENbHas 4acTh (£ + 1)-ro
CJIardeMoro B3aHMHO YHHUTOXKAIOTCH, I0ITOMY B pesy/bTaTe cyMma (3.3)
csoautcs K (1/2) p,,.1, ;- JIETKO NpOBEPHTB, YTO Py,_i,==HUg, UEM
33aBepUIAETCH J0KAa3aTeNbCTBO.

~

Jlemma Moxer ObiTb nepedopMy/IMPOBaHA PA3/IMYHBIMH CHOCOGAMH,
Hanpumep

P{S,>0, ..., S,,>0l=u,,. (3.4)

B camom pnene, nyTh AJMHOH 2n, Bce BEPLUMHBI KOTOPOTO PACHOJOMKEHK]
BblllE OCH !, npoxoAuT yepes Touky (1, 1). Bass 3Ty Touky B Kaue-
CTBE HOBOTO Hayaja KOOPAHMHAT, Mbl [OJYYHM OYTb AJHHH 2n—1,
BCE BEPUIMHBI KOTOPOTO JIEXAT BbILIE€ HOBOH ocH { WIH HAa 3TOR OCH.
Orciona caepyer, uto

P{S,>0, ..., $,,>0}=(1/2) P{S;>0, ..., §,,_;>0}.(3.5)

Ho S,,_;—HeueTHoe uiicsi0, U C/1€10BATENLHO, U3 HEPABEHCTBA Sz,l =0
BBITEKAET TaKXe, 4YTO Sn,,>0 Bepomﬂocrb B mpapoit gactd (3.5)
PaBHa BEPOATHOCTH B Jesoll yacTH (3.4), 1 TeM cambim (3.4) JokasaHo.
(Cm. 3apnauy 8.)

Jlemva | HenocpeiCTBEHHO NPUBOAUT K SBHOMY BHIPAXKEHHIO LIS
pacnpeneiieHis BePOATHOCTEH NEPBOro Bo3spamiensds B Hayalto. CkasaTh
11€PBOE BO3BPALLEIHE POH3OLLIO B MOMEHT BPEMEHH 211> BCe PABHO 4TO
Ckasatb «ycaoshe S, %0, ..., S,, =0 Bunosuserca gis k=n-—1,
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HO He BhinoJHsercs s k=n». Hcnonesys (3.1), orciona noayuaem
fon=tlanon=—Uy, =1, 2, ... . (3.9)
ITocne npocThix npeo6Gpa3oBaHiuil NPHXOAMM K BbIPAXKEHHIO
fon=[1/(2n—1)] u,,. 3.7)
Takum ofpa3oMm, HaMH JOKa3aHa cJaelylolias Jemma.

Jlemma 2. Bepoamuocme moeo, 4mo nepgoe 8038pauierue 8 HA4AAO0
npousowAn 8 moMenn 8pemeny 2n, Oaemca coomuowentes (3.6)
uau (3.7).

s (3.6) crenyer, uto f,-+f,+. . .=1. IlpunenutensHo K Gpocanuio
MOHETHI 3TO 03HAYAET, YTO ecJH HIPa NPOROJMAETCSA JOCTATOYHO AOJIO,
TO B KOHEYHOM CueTe ypaBHHBAHUE IIAHCOB CTAHOBUTCH NDPAKTHYECKH
HECOMHEHHBIM. JTOr0 MOMKHO OBLIO OXHJAaTh H H3 MHTYHTHUBHBIX CO0G-
pa)keHuit, yAUBJEHHe BbI3bIBAeT JHMIIb YUCJIO HeOOXOAMMBIX LIS 3TOTO
uenoitauuii. Hanpiumep, BeposiTHOCThL TOTO, YTO YPaBHHBaHHSA He GbLIO
B teuenue 100 mcneitanuii, npubausutensHo paBHa 0,08,

§ 4, NOCJAEAHEE NONAJZAHHUE
U NMPOROJDKUTEJIbHBIE JIHAHPOBAHHU A

Mzl roTOBEI Teneps K CTPOroMy aHaJM3y Npupois! QIyKTyalult npu
cayuaiiHelx O6ayxaanusx. Pesy/brathl nopasutenbHel. CorsacHo mu-
POKO pacrnpocTpaHeHHOMY YOeXKIeHHI0, TaK Ha3biBaeMblil «3aKOH Cpel-
HUX» J0JKeH TapaHTHPOBAThb, YTO NpII JJUTEIbHOM 6POCAaHMH MOHETH
Kax/uii H3 UIrpoKoB OYJerT B BHIMTPLIILE TPHMEPHO NOJOBHHY BpeMEHH
H JuaepcTBO GyJeT HepeJKo nepexoJHTh OT OXHOTO UTPOKa K ApYromy.
[peacraBum cee, YTO UMEIOTCS 3alUCH OTPOMHOTO YHCJA PE3YJ/bTAaTOB
urp ¢ 6pocaHiien HAeaJbHOH MOHETHI, NPHYEM KaXAas H3 UIP COACPMKHT
poBHO 21 ucnbitaHuil. Bribepem ciyuaiiHbiM 0o6pa3oM OOHY H3 HUX H
HaliJeM MOMEHT BPEMeHH, KOrJa B nocJeJHHI pa3 cuerT B urpe Obll HHU-
yefiubiM (HHAue TOBOPs, HOMEp MNOCJefHEero HMCNLITAHNS, B pe3yJbrare
KOTOPOrO CYMMADHBIE YHCJa NOABIBHIHXCA TepbOB I PELIETOK CTadH
paBHbIMH). DTO YHCJO YeTHO, U Mbl OGO3HAuMM ero uepes 2k (tak uTo
0<Ck<Cn). Yacras cMeHa JujepcTBa JOJKHA O3HayaTb, uto R OyneT
CpaBHHTENBHO GJIHM3KO K 7, HO 3TO He Tak. JleHCTBHTeJNbHO, NpHBEIEH-
Has HIDKe TeopeMa OGHApYXXHBaeT YAHBHTEbHuIR (GaKT: pacnpelescHie
k CMMMETPHUHO B TOM CMBICJe, YTO J060e 3HaueHue £ MMeeT B TOUHOCTH
Ty e BepOSITHOCTb, UTO ¥ n—~ . 3Ta CUMMeTpUs 03HayaeT, B YaCTHOCTH,
YyTO HepaBeHcTBa k>>n/2 u k<<n/2 paBHOBeposiTHH *). C 8eposmHocmblo
1/2 ypasrenue cuema we Gydem usemsb smecma 60 6mopoll NOA0BUHE U2PbL

1) Cumwmerpua pacnpegetenus ais k Gbina oGHapyXeHa sMuupuueckH Ha DBM
M I0K23aHa TeOpeTHuecKHn Ge3 3HAnW A TOUHOro pacnpenesenus (4.1), Cm. Blackwell D.,
Deuel P., Freedman D., Ann., Math. Statist., 35 (1964), 1344.
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He3agucumo om ee daumeavHocmu. Bosiee TOro, BEPOSITHOCTH MAKCUMANb-
Hb BOIM3H KpallHUX ToueK; HanbGoJsiee BEPOATHLIMH 3HAYEHUAMH £ ABJsA-
1otcst O ¥ 7. DTH pe3y/bTAThl IOKA3BIBAIOT, YTO UHTYHUUS BEJET K OLLIH-
GO4YHOH BEPOSITHOCTHOH KapTuHe caydaHHbIX (aykTyauuid. [losicHuM
CKa3aHHOE YHCJAEHHBIMHM IIPHMEpPaMIL.

Mpumepsr. a) [IpeanonoxuM, YTO OueHb MHOrO Urp ¢ GpocaHHeM
MOHETHI NPOBOAHTCSA OJHOBPEMEHHO, Kax/Jas CO CKOPOCTBIO OJHO Opo-
caHHe B CEKYHAY, JHEM H HOYBIO, B TeueHHe rofa. B cpegneM B oguoi
H3 JIeCATH Urp INOC/JeJHEE ypaBHEHHE cUeTa NPOU30HJET B nepsble 9
JHEeH, ¥ JHAEPCTBO He HW3MEHHTCA B TEUeHHe rocaeAyiomux 356 auel.
B oaHoM W3 [BajuaTH cJayyaeB rocsiefHee ypaBHHBaHWE OYJET UMETb
MecTO B nepsbie 2/, IHsA, H B OJHOM H3 CTa CJYYaeB OHO ocymecmmcn
B TEYEHHE IEPBbIX 2 yacoB 10 MHHYT.

6) [IpeanosoxuM, 4TO BO BpeMs yd4eGHOro 3KCIEpHMEHTA, nponon-
KaIOIErocs B TEUEHUE roja, OJHH peGEHOK NOCTOSTHHO ObLI OTCTAMOLILHM,
33 WUCKJIOUeHHeM, ObITh MOXKeT, nepBoi Hefend. Jlpyroi#t pe6GeHok no-
CTOSIHHO Obl1 BOEpEAH, 33 WUCKJIOYEHHEM, BO3MOXKHO, NOC/EJHeH Heje-
Jid. MOXKHO JIM 3THX ABYX JeTell cunTaTh OHHAKOBO criocoOHbiMuU? lasnee,
nyctb rpynna u3 11 getelt noasepraeTcsi TaKoMy e yueGHOMY 3Kcrie-
PUMEHTY, OCHOBAHHOMY HE Ha CIIOCOGHOCTAX, 2 UCKJIIOUHTENLHO HA CJ1Y-
vae. OnuH W3 OAWHHAAUATH OYAET JHAEpOM BCce BpeMsi, KPoMe ORHOH
HeJed, APYrof — OTCTAIOIMM Bce BPEMSl, KPOME OJHOH HeJeJH.

Tounble BEpOATHOCTH A/t BO3MOMKHBIX 3HAYEHUH Kk JaeT cleayoluast
TeopeMa.

Teopema 1. (3aKOH apKcHHYca AJ15 [IOCIEAHHX nionafaHuii.) Beposam-
HOCMb Mo20, 4mo 00 MOMEHMA BPEMERU 21 BKAIYUMEALHO NOCAeOHEe No-
nadanue 8 HAYAALHOE COCMOAHUE npoudotidem 8 momenm 2k, pasHa

ok, 2n = Uspllgn—2ps k=0,1, ..., n. 4.1

Hoxasameascmso. Mpl ¥HTEpecyeMcs NYTAMH, Y/JAOBJIETBOP SHOLHMH
yenosusiva S,, =0 u S,,,, <0, ..., §,,7<0. Ilepsoie 2k Bepiuun
MOXKHO BhIOpaTh 2%%y,, pasmMYHLIMH criocobamu. B3aas Touky (2k, 0)
B KauecTBe HOBOI'O HadyaJa KOOPAHUHAT H HCNOAb3YSA (3.1), Mbl BUAHM,
uTO OCTalbHble 2n—2k BepUIMH MOXHO BblGparh 28#~%y, .. croco-
Gamu. Pasmenns ma 227, nonyuum (4.1). »

U3 Teopemsl caenyer, uto urcna (4.1) B cymMme JaioT eauHMLy.
Pacnipesenense BEpOATHOCTEH, KOTOPOE IIPHIIMCHIBAET Touke 2k Bec
O, 2n0 OYMET Ha3bIBAaThCA OUCKpemHbLM pacnpedeneruem apKCUHYCE
nopadKka n 10 TOW npuukHe, 4TO GQyHKUMUsA, ofpaTHas CcuHYCy, A4eT
OTJIHYHOE YMCJIEHHOE IPHOMAKEHHE K HeMy. 3TO pacrpeleseHHe CHMME-
TPHYHO B TOM CMBICIE, UYTO Olyp o, =0y, op. one 1IPH N =2 HMeETCH
Tpu 3Hauenna 3/8, 2/8, 3/8; ansa cayuas n= 10 cM. taba. 2. HaumeHn-
1uee 3HayeHWe BCErAa WMEET LEHTpA/bHBIH uJeH,
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Tabauya 2
JduckperHoe pacnpenejeHHe apKCHHyca nopsaka 10

k k=2 k=3 k=4 k=5
k k=8 k=17 k=6

[
9

0 k
10 k

Dak. 20

0,1762 | 0,0927 l 0,0736 | 0,0655 ‘ 0,0617 l0,0606

OcoGenHocTH pacnipefieieHAl apKCHHYCA XODOILIO BHAHK K3 rpaduxa
hYHKIHH

fy=1(aVx(1—x), 0<x<Ll. (4.2)

Tpu nomouww ¢opmy/asr CTHPIMHIA MOMXKHO 10K43aTh, 4TO ,, O/IH3KO

K l/l/:rm, €CJH N HE CJMIIKOM MaJjo. DTO A2eT clejykomee npubiau-
KeHue:

Cap, 30 =2 (1/n) [ (%), 23 x,=kin, (4.3)

NOTPEINHOCTE KOTOPOro HE3HAYMTE/bHA, 33 HCKJ/OYEHHEM TeX CJydaes
Korja k ouens 6.1u3ko ¥ O unu K . BeanunHa, ctoswas B Npasoi YacTh
4

e A

I N T B B B 1 1
of o1 02 03 04 05 06 07 08 03 10

Puc. 3. I'paduk cyukmuu f(x)=1/[n]/x(l —x)]. Pucysox noscHser npuGnuxe-
uue (4.3).

(4.3), paBHa NJOWAKH NPAMOYrOJbHMKA BHICOTOM f(X;), oCHOBaHHeM
KOTOPOro SIBJSIETCH MHTEPBaJ JJHHEL 1/n € LEHTPOM B X (cM. pHc. 3),
[Mostomy mis O0<<p<<¢<<l u GOJIBIIMX 7 CyMMa BePOATHOCTEH Qg g,
npu pn<<k<lgn npHOJIH3HTENbHO PaBHa MJIQULAZN 06/AcTH, JEXKAlleH
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Huxe rpaduka [ B npepenax HHTepBana p<<x<<g. DTO ocTaercs cnpa-
BeAJUBbIM U s p=0, g=1, motoMy u4TO nosHas nJowaxb ofJacTH,
Jexallell Huke rpagnka, paBHa eHHHUIE, YTO BBINOJIHEHO TaKXKe H AJd
CYMMBI BCEX Qg op. K CHACTBIO, HHTErPaAJ OT NPaBol 4acTH (4.2) MOXHO
HalTU B IBHOM BHJE, H Mbl OJY4aeM, UTO 021 hurcuposartozo 0<x<<1
i docmamouno 60abLi020 N BBINOJHSAETCS OPHOJHXKEHHOE DPABEHCTBO

Y a0~ (Yn)arcsinl . (4.4)
k< xn

3ameTHM, yTO NpaBasi YacTb He 3aBHCHT OT #; ITO O3HauaeT, yTo Tabi. 3
NOJAXOAMT A/l BCeX pacnpeieneHHH apKCHHYCa BBICOKOIO MOPSARKA.
(Ha camoM aeste npubiiiKkeHus OKa3bIBAIOTCS AOBOJIBHO XOPOLIMMH AaXe
IJ11 OTHOCHTEJIbHO MaJIblX 3HAa4YeHHH n.)

Tabauya 3

Henpepninoe pacripeaesenue apkcunyca
A (x) = (2/m) arc sin ¥V x

X A(x) x A (x) x A (x)
0,00 0,000 0,20 0,295 | 0,40 0,436
0,01l 0,064 0,21 0,303 | 0,4l 0,442
0,02 0,090 0,22 0,311 0,42 0,449
0,03 0,111 0,23 0,318 | 0,43 0,455
0,04 0,128 0,24 0,326 | 0,44 0,462
0,05 0,144 0,25 0,333 | 0,45 0,468
0,06 0,158 0,26 0,341 0,46 0,474
0,07 0,171 0,27 0,348 | 0,47 0,481
0,08 0,183 0,28 0,355 | 0,48 0,487
0,09 0,194 0,29 0,362 0,49 0,494
0,50 0,500
0,1C 0,205 0,30 0,369
0,1t 0,215 0,31 0,376
0,12 0,225 0,32 0,383
0,13 0,235 0,33 0,390
0,14 0,244 0,34 0,396
0,15 0,253 0,35 0,403
0,16 0,262 0,36 0,410
0,17 0,271 0,37 0,416
0,18 0,279 0,38 0,423
0,19 0,287 0,39 0,429
JAas x> 1/2 ucnonb3oBatk paseHctso A (1—x)=1-4 (x).

Mbl BHAesnH, UYTO BONpEKH OOMEepacnpOCTPAHEHHBIM CYMKAEHHSIM
BIIOJIHE BEPOSITHO, YTO B AJIMTeJIbHOH Mrpe ¢ 6pocaHHeM MOHETbI ORHH
M3 HTPOKOB IPAKTHYECKH OCTAETCS BCE BPEMS B BHIMIDBIILE, 4 APYrod —
B mpourppie. Crexyomas TeopeMa oGBACHSET TO Xe camoe sIBJEHHE
flyTeM aHa/i¥3a AOJH BPEMEHH, MPOBOJXMMOH HacTHUEH HA MOJIONKUTE b
HO# cropoHe. MIHTYHTHBHO MOXET NMOKa3arbcs, YTO HauGOsICE BEPOATEH
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i

cJayuait, Korja sta jodas 6yjer 6iuska kK 1/2, HO BepHO ofpaTHoe: 3Ha-
yeHue, Gmnkailiee kK 1/2, siBjsieTcss HaiMeHee BEePOSITHBIM, TOTJa Kak
Kpaiinue Touky k=0 1 k=n nmei0T HauBOJBIIYIO BEPOSTHOCTL. AHA/IU3
obaeryaercsi TeM O6JaronpusTHeIM OOCTOSTEJNBCTBOM, YTO B Teopeme
BHOBb (pMI'YpHPYET AMCKpeTHOe pacnpejeseHue apxcuHyca (4.1}, Koro-
poe ABaxAbl BCTPETHTCS uan B § 8.

Teopema 2. (3akOH MIICKPETHOro apKCHHYca JJsi BpeMeHH npebhl-
Banusi.) Bepoamuocms moeo, umo 8 uumepeaie epemenu om 0 do
2n wacmuya 2k eOunuly 8pemenit nposedem HQ NGAONCUMEALHOU CMOPOHE
u 2n—2k eOunuy 6pemeru HQ OMPUYAMENbHOWE, PABHA sy, an.

(ITonnoe Bpemsi, npoBefeHHOE HA NOJIOXKHTEJILHOH CTOpPOHe, 00s3a-
TEJbHO YE€THO.)

Caeacrene?). Ecau 0 < x <1, mo sepoamnocms moeo, umo He
6oace xn edunuy spemenu Gylem 1nposedeHO HA HOAONCILIMEALHOU CMO-
pone u He wmenee (1—x)n Ha ompuyamervHoll, CmMpeMUMCA

& (2/m) arc sin ' x npu n— oo,

Mpumepni. B) BepositHocTs ToOro, 4to 32 JBajuaTh 6pPOCAHHN MOHETH
JUIEPCTBO HM pa3y He nepefifieT OT OJHOrO Hrpoxa K JApyromy, MnpH-
6iusurennHo paBHa 0,352. BepositHocTh TOro, 4to GoJee y/Aau/MBbIHA
Hrpok OyJeT JMAMPOBaTh B TedeHue 16 uin Gosee eAMHHI BPEMEHH,
npumepro pasHa 0,685. (Ilpu x=4/b caenctsHe naeT npubJHKEHHOE
snayenue 0,5090.) BeposiTHOCTb TOrO, YTO KaX/blil HIPOK JHA1POBAJ Ha
npotsikenuH 10 equuul BpeMeHu, paBHa Bcero Juiub 0,06 2).

r) Ilycts n sesuko. C BepositHocThio 0,20 yacTuua NpoBEJET OKOJO
97,6% Bpemenu Ha TO# CTOpOHE, Kyja OHa nomaja B CaMOM Hadale.
B 01HOM M3 J€CATH C/y4aeB 4acTHIA NPOBEeJET Ha 3Toi ctopoHe 99,4 %
BpEMEHH.

1) Tons Jlesu (Paul Lévy, Sur certains processus stochastiques homogeénes,
Comnpositia Mathematica, 7 (1939), 283—2339) ycranoBus 3aKkoH apkcuHyca Ans Gpo-
YUOBCKOTO ABHXKEHHS M YKa3a/ Ha cBA3b C Mrpoii ¢ 6pocanuem Monern. O6mui npe-
Jie/bHIA 32KOH apKCHHYCa AJS YHCJIA MOJOXHTEJbHbIX YaCTHHIX CYMM B r0C/aeJ0Ba-
TeJLHOCTH B3aHMHO He3aBMCHMBIX CIyuafiHnix BequuuH Obln Aokadad [1. pafwmeM u
M. Kauewm (Erdés P., Kac M., On the number of positive sums of independent random
variables, Bull. Amer. Math. Soc., 53 (1947), 1011—1020). illupokas o61acTs npume-
HeHMs NpeJeNLHOro 3aKOHA apKCMHYCA Kasanack B TO BpeMa HenoctxuMoi. Llenas
Teopusl 6blna co3jaHa 3aHOBO, Koria 3. Cmappe Anjepcen €ienal yAHBHTEILHOE OT-
KphITHE, 33KJTIOYAIOULeeCs B TOM, YTO MHOTHE acreKThl TEOPHH (AYKTyauuit CyMM He-
3aBUCMMBIX CAYY2HLIX BEJMYMH HMEIOT HCKJIOUNTeNbHO KOMOMHATOPHYHQ NpPHPORY
(cM. Mathematica Scandinavica, 1(1953), 263—285; 2 (1954), 195—223). [1epBonauans-
HBIC AOK23aTeJLCTBA OLLIH OueHb CJIOXKHBIMH, HO OHH JaJIH HOBble METOAB! CC/IeJOBAHHSA
H ceiiuac CHABHO yrpouieHs. TeopeMy 2 Bnepsble foka3anu Uxyn Kaitnalt u Qennep
JIOBOMBHO COKHEIMU Merogamu (cM. ra. XII, 5—6 nepsoro u3aganus artoil KHurH);
TeopeMa 1 — HoBas.

2) YKa3zaHHHe B 3TOM NpMMepPe BEPOATHOCTH SaMMCTBOBAHLI M3 TaG/HILLI, HMEB-
tedcsa B NPeLIAYUIMX H3JaHUAX KHUTH M HCKJIIOYEHHOM 2BTOPOM H3 HACTORILETO H3ja-
vus. Ha c, 101 Bocnponssoautcsa ata Tabiuila, B KOTOPYIO BKJIOYEHH A4HHEIE O pace
npefeseHdd augepersa npu 20 GpocaHHsX MOHETHI,
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1) B npumepe a) moHera 6pocaeTcss cO CKOPOCTbIO oano GpocaHie
B CEeKYHIy B Teuense 365 gueii. Ciaexyroulas Tabauua n0KasuBAET BPEMS
t,, Takoe, 4To C uxcupoBaHHOH BEPOATHOCTBIO p MEHee YAauJHBbIi 1iT-
POk 6yler AuAHNpOBaTh B TEUEHHE BCEro BPEMEHH, He NPEeBOCXOMASILETO

'p*

P tp P t

0,9 153,95 pusa 0,3 19,89 pus
0,8 126,10 » 0,2 8,93 »
0,7 99,65 » 0,1 2,24 »
0,6 75,23 » 0,05 13,5 gaca
0,5 53,45 » 0,02 2,16 »
0,4 34,85 » 0,01 32,4 mMunyTtw

2

Jlokazamenscmeo meopemst 2. PaccMOTpuUM NyTH  (HKCHPOBaHHOH
AMMHBL 21 W 0603HauMM 4epe3 b,, ,, BEPOSTHOCTbL TOTO, YTO POBHO 24
3BEHLEB JeXaT Bbillle ocH f. Mbl JOMKHBI 10Ka3aTh, YTO

Dap, av = Agg, v (4.5)

M3 (3.4) crenyer, uTo by, yy=1Usy, U B CHIY CHMMETDHUH HMEEM TaKNKE
by, sy = t,y. Tlo3TOMY JHOCTATOUHO NOKa3aTh (4.5) ana 1 <CThCv—1.

[Ipennonoxum, 4To poBHO 2k W3 211 elMHHL BPEMESHH IPOBEAEHO
Ha nonoxutennHoll cropone ¥ 1 <{k<{v—1. B 3tom cayvae nepsoe
BO3BpallleHHe B HAYaJo LO/DKHO OCYILECTBHTbCS B HEKOTOPBLIH MOMEHT
Bpevmend 2r < 2n, W HUMEIoTCH JBe BO3MOXHOCTH. Bo-nmepBmx, 27 enw-
Hul, BpPeMEHHM [0 MepBOTO BO3BpAllEeHH MOTYT ObiTb NPOBEJEHHl Ha
MOJIOXHTENbHOH CcTOpoHe. B sroM caywae r<{k<{n—1 u orpesok
nyTd nocie Bepiuusb! (2r, 0) nmeer poBHO 2k—2r 3BeHbEB Hal OCbLIO.
OueBAnHO, yMCIO TAKHX NyTEH PaBHO

(1/2) : 22rf2r, 2an=2r bzk—zr. en—2or*

Bo-BTopuiX, 27 efunui BpeMeHH 1O NEPBOTO BO3BPAllEHHS MOTYT OLITh
npoBeleHH Ha OTpHuaTedbHOH cTopoHe. B 3ToM cayuae oTpesok nyTH
nocse Bepiuudel (2r, 0) imeer poBHO 2k 3BeHbEB Hal OCbIO, OTKY.IA

k=0 k=2 k=4 k=6 k=8 k=10
k=20 k=18 k=16 k=14 k=12
Phso 0,1762 0,0927 | 0,0736 | 0,0655 | 0,0617 | 0,0606
P 0,3524 0,5379 0, 6851 0,8160 | 0,9394 1

3nech Pggo=1lglizp— BEPOSTHOCTL TOrO, YTO K OTPE3KOB NYTH JIEXKAT HA MOJO-
XKuTterhHoid crtopoHe (1. e. «lletp auguposan nocne & u3 20 HenmiTaHuits), a
Pr.20—BEPOSITHOCTL TOTO, UTO OZMH 13 WIPOKOB JIHZHPOBAJ HE MEHEe YeM rocJe

k ucnblTaHWi, ADYroit Ke—He Goaee uyeM nocne 20—k ucnbitaBufl, — [ pus,
nepee.
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ll—-f k q].LJIO TAKHX HyTeH paBHO
(1/2)- 257 - 220730 by,

2n—2r*

CaenoBatenbno, npd 1<Ch<{n—1
n-rk

k
bzk. 2n = 1/2 % 2r 2k 2r.2u-—2r+ 1/2) 2 fzr 2k, 2n~2r’ (46)

Ipnmeniy tenepb nuAykmmo. CooTHowenne (4.5), oueBHAHO, cnpa-
FeAIMBO NpU v == |; npeanosoxKIM, 4To OHO crpaBeiInBo npy v << n—I1,
Torpa (4.6) ceexercs K

k n-f
bz.’:, 2= (1/2) Uspng ’%‘Jl fzruzk-nr + (1/2) g ZJI fzruzn—zk—zr'
(4.7)

C yuerom (2.6) nosayyaeMm, yTOo mepBas CyMMa paBHa U,,, TOrJa Kak
BTOPas PaBHA u,,_,,. C/lefoBaTeabHO, (4.5) cnpaBel/HBO IPH V=1i. P>

(YnHBHTeNbHBIA pe3ysbTaT, CBSI3aHHLIA C 3aKOHOM apKCHHYyCa, CO-
JepxuTtcs B 3ajaue 4 ra. XIV, 9.)

§ 5%). NEPEMEHbI 3HAKA

[lpn TeopeTHYECKOM HCCJIEQ0BAHUH CJAYYalHBIX OAYKTyauuf mel
CTOJIKHYJHCh €O MHOFHMH napajokcamu. Hanpumep, MOXHO 6pi0 GBI
HAlBHO QXHJATh, YTO B JJIMTEJNLHOH HUrpe ¢ 6pocaHUeM MOHEThl Hab.Iio-
Jdemoe YHCJIO CMEH JIf1epCTBA BO3PACTaeT NPHMEPHO MPOMNOPIUHOHAIBHO
NPOJOJIKHTEBLHOCTI Mrpbl. B urpe, Kotopas no BpemeHH AIHMTCS BABOE
6oabiue, [lerp Gyaer JAuAHpOBAaTH BABOE Yalle. JTO MHTYHTHBHOE pac-
CyXJeHHe ouH60YHO. MbI MOKaMeM, YTO YHCJIQ CMEH JIHAEPCTBAa B A

HCIIBITAHUSAX B ONpeJesIeHHOM CMbICJIe BO3pacTaeT Jullb Kak )/ n: s 100n
HCNBITAHHAX MOXHO 0XHJAATh JiHiUb B 10 pas 6oibllie nepeMeH JijiepcrBa,
yeM B 71 UCOBHITAHHAX. JTO elle pa3 JOKa3biBaeT, YTO BPeMS OXHIdHHSA
MeXJy nocjaeJ0oBaTesbHBLIMH YPaBHHUBAHUSMH SIBJISIETCH, KaK [PaBHIIO,
(haHTACTITYECKH NOJTHM.

BepHemcsi K TepMHHOJIOTHH Teopuu cayuyaiiHoro Gayxjauust. Byjem
rOBOPHTb, UTO B MOMEHT BpEeMeHH f MNpPOH30LLJIa NEePeMEHO 3HAKA,
eqiM S,_; u S,,; HMEIOT [POTHBOMOJOXKHBE 3HAKH, T.e€. €CJH NyTh
nepecekaeT ock. B 3ToMm caydae S,=0, H, caefoBaTeNbHO, £ —YETHOO
(1OJIOXKHTENBHOE) 1LIEJI0€ YHCJIO.

Teopema 1'). Bepoamrocmb E, ,.. ¢ moe2o, umo 00 MOMEHMA 8pes
Menu 2n 41 npousoilem po6HO r nepemer 3HAKA, PABHA 2Dyn 1. or 41

*) Marepuan 3roro naparpada He 6y/eT SBHO HCHOJL30BaThCA B uanbﬂeumeu
1) Ilo nmoBoAy &2HANOTHYHBIX TEODPEM AR YuHCJa BO3BPAUIEHHA B Hayano
cM. 3afaud 9 u 10. Tlo noBoay Apyroro joxasartenbcTBa cM. 3agauy 11, ’
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uHa4e 2060pA,
gr.2n+i=2p{szn+i=2r+l}: r=0l ll «cas 8 (51)

Hoxasameabcmso. Mbpl HauHeM € TOro, 4TO nepedopMmynupyem
TeopeMy B GoJee yao6uom BHAE. Ecan nepsriit tar seaer B Touky (1, 1),
BO3bMEM 3Ty TOYKY B KayecTBE Hayaja HOBOH CHMCTEMbl KOOD/AHMHAT.
Torza nepeceuenuto rOPH3OHTANLHOH OCH B CTapOH CHCTEME COOTBET-
CTBYET 1epeceueHHe Np AMOH, JIeXalleil HenocpeACTBEHHO M0/l HOBOH OChIO,
T, €. nepeceveHne ypoBHs — |, Amnasoruunas npoueiypa NpHMEHUMA
B TOM cayuyae, koraa S, = — I, u, Takum oGpa3oM, BHAHO, YTO TeopeMa
MOJHOCTBIO JKBHBAJIEHTHA CJEAYIOUEMY ymeepsitOenulo: BEPOSITHOCTD
TOro, 4TO A0 MOMEHTa BpeMeHH 2n yposeHb -1 Oyjer mepeceuen
POBHO r pas, PaBHA 2D,,+1, 2r41-

PaccmorpuM cHauana cayuai r=0. Yposenn —! wne Oyner nepe-
CeueH TOrga H TOJIBKO TOrja, Korjla NMyThb He KOcHeTcs ypoBHA —2
(v He nepeceuer ero). B atom cayuae S, -— HeOTpHUATENIbLHOE YETHOE
uesnoe yucsao. g k>>0 u3 ocHOBHOR JeMMH 06 oTpakenun § 1 3a-
Ksouaem, uto uucao nyrefl u3 (0, 0) B (2n, 2#), Kotopnie KacawTcs
ypoBHA —2, paBHO uucay nyted B (2n, 2k 4). BepositnocTs nonacts
B TouKy (2n, 2k), He KOCHYBUINCL YPOBHS —2, pabHa, cJieOBATENbHO,
Psn. ok— Pan. sx+4- BEPOATHOCTL TOTrO, YTO MyTh HE KacaeTcs YPOBHS
——2, pasHa cymme 3THX BeamuuH npu £=0, 1, 2, ... . Buyrpennne
YJeHB B3aHMHO YHHYTOXKAIOTCH, H MBI HaXOAMM, 4YTO Hau@ LCeposT-
HOCTb DaBHA Py, o+ Pan, o» OTO [NOKA3BIBACT yTBEPxACHHE npH r =0,
TOTOMY 4TO

Pon+i,1= (1/2) (p2n. 0+p2n. 2)- : (52)

Dr0 oueBHAHLIM 00pA30M CJEAYET M3 Toro (aKkTa, 4TO KAXKIHI NMyTh,
npoxoAsmui uepes touky (2n--1, 1), npoxogur qmbo uepes (2n, 0),
an6o uepes (2n, 2).

Hanee, nycts r=1. IlyTb, nepecexkawomuit yposeb —1! B MOMeHT
Bpemenn 2v—1, moxerT OuwTb pasgenen Ha yuactoxk ot (0, 0) mo
(2v, —2) u nyTb amHHR 2n—2v, BbixoAsmwu# u3 (2v, —2). K no-
CEJHEMY YYacTKy NPUMEHHM pe3ysbTaT npH r=:0, NOMEHAB MecTaMH
muoc 1 MuHyc. TakuM ofpaszoMm, 4HcI0 nyTed JMHBL 2n—2v, BLIXO-
OAIMX U3 TOYKH (2v, —2) W He nepecekawiyx ypoBeHb — I, pasuo
yucay nyreid u3 (2v, —2) B (2n+1, —3). Ho kaxawt takolt nytb
KOMOWHHpYyeTcs ¢ HauambHbM ywactkom ot (0,0) mo (2n+1, —3).
Orcioga csefyer, 4to 4uc/io NyTed JHHBL 2n, MepeceKalolmMX ypOBEHb
—1 poBHO OAMH pa3, pPaBHO YHCAy MnyTefl H3 Hayaja KOOPAHHAT
B Touky (2n-+1, —3), 1. e. 221 p, . ;4. ODTO NOKa3blBaeT YTBEPXK-
Jedue ana r=1.

VTBepxAEHHE A/ NPOH3BOJBHOIO 7 JOKA3bIBAETCA TENEPhL MO HH-
LAYK{uH, NPHYEM PACCy>XACHHE BTOPOH 4acTH J0Ka3aTeJbCTBA HCIOJbe
ayercs 6e3 u3menenus. (JoKa3aTeabCTBO NPOBEAEHO VISl HACTHOTO CJy-
gag r=1] TOJBKO N0 TOA npHuHHe, utTOo B O0IWEM cayuae norpebyiorcst
rpomosAkue 0003HaYeHHS.) >
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HeoxuganunM cjeiCTBHEM TeOpeMhl SIBJSETCS TO, YTO 8EHO0AMHOCHLL
E,..n T NepeMer 3HOKQ 8 N UCNbiManusx YObieaem ¢ pocmom r:

EO,n>§l,n>§2,n>. I (53)
10 O3HauyaeT, UTO He3aBUCHMO OT 4HCJa 6pocamu‘i COGbITHe, cocrosiuiee

B TOM, uTO JIMAEPCTBO HH pa3y He nepeMeHUTCst, GoJiee BEPOSITHO, YeM
Jio6oe 3apaHec GHKCUPOBAHHOE UHCJIO [EPEMEH.

Mpumepel. a) BeposTtaocti x, K15 poBHO r nepemeH 3naka B 99
KCOBITAHHSIX HMEIOT CJeAyIoLilie 3HAYEeHHS:

r X, r Xr

00,1592 70,0517
10,1529 8 0,0375
2 0, 1412 9 0.0260
30,1252 10 0.0174
4 0.1066 11 0,011
5 0,0873 12 0,0068
6 0.0686 13 0,0040

6) BeposiTHocTs Toro, yto B 10 000 ucnniTauiisix He 6yAeT HH OFHOK
nepemeHnl 3Haka, npubuausutesbHo pasua 0,0160. Beposithoctu X,
LS POBHO r nepeMed y6bIBalOT oueHb MejpteHHo; npu r==10, 20, 30
cooTBeTCTBYIOIME 3Hauenua X, pasubl 0,0156, 0,0146, 0,0130. BeposrT-
HoCcTh TOro, uto B 10 000 ucnbitanusx npousoiiper He Gosee 10 cmen
JifepctBa, npubmnsureqabHo paeHa 0,174; uuaue rosops, mouTH ‘B
KamA0H wwecToll Takoll cepuu ucnwmTanuid Gyaer He Gosee 10 nepeMen
JIM/EPCTBa. >

[IpuaTHHEIM cBoficTBOM paBeHcTBa3 (5.1) ABAfIETCA TO, YTO OHO [HaeT BO3MOX-
LOCTh MPHMEHHTb HOpMaabHOe npubianKenue, paccmoTpensoe B § 2. [lpegnono-
JHM, YTO 1 BEJHKO H X—(HKCHPOBaHHOE NMOJOMKHTEIbHOE 4HCI0. BeposTHOCTDL
TOrO, 4TO 4O MOMEHTa BPEMeHH N mpoH3oijeT menee x V1 mepewven 3uaka, mpax-
Tuuecku cosnagaet ¢ 2P {S, < 2x Vu}, a2 nocteiHAA BEPOSATHOCTb, COIVIACHO
2.7), cTpemnTtes k N (2x)—1/2 npun #~— 0. TakuM 06pa3oM, Mbl HMEEM cle-
LYIOWYIO TCOpeMy.

Teopema 2. (Hopmanbuoe npuGnnxenue.) Beposmnocms meeo, umo 0o Mo-
Mening epeMenu n npousotdem Meree xV n nepemen sroxa, cmpemumen ik 2N (2x)—1
npu n— o,

Orcioga cregyer, uTo seduaxa 4YHcHa MEPEMCH 3HAKA NPHMEPHO paBHa
0,337 VTz; 9TO O3HaYaeT, YTO MPH AOCTATOYHO GOAbWHKX N BEPOATHOCTH TOrQ,
YyTO YHCJIO mepcMeH 3Haka Oyaer medbwme 0,337 l/i uil €oablue Hero, npHGIH-

avTeasuo pasubl. C BeposTHocThio 1710 mpousoiiger mence 0,0628 V' n nepemen
8HaKa U T. X.?)

1) Takoe npuGavxkenne gaer 1/10 ans seposTHocTw He GoJee 6 ypaBHHBaHHM
B 10000 KenuitaHiax, 37O 3allMMCHHAA OLlEHKa: MCTHHHOE 3HAUEHHE COCTABJAAET
okoac 0,112
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§ 6. PE3YJbTAT 3KCINEPUMEHTA

Ha puc. 4 npusejen pesysbTaT MAIMHHOTO 3KCNEPHMEHTA — MOJeE-
aupoBaHusi Ha DBM 10 000 6pocaHuil MOHETbI; 3TH e AaHHbIE CcoJep-
xartcs B tabauue npumepa ra. I, 6, B). Bepxuss vacTs rpaduka coaep-
XKHT pe3ynbraThl NepBuIX 550 HCNBHTAHME; CIeAyIOIHE ABE YacTH H306pa-
KaIoT NOJHYI0 3anich pesynpratoB 10000 ueneiTanuil, npuyem mMaciurat
B TOPH30HTAJbHOM HaNpaBJeHHH 3]eCb H3MeHeH B oTHoweHuH 1 : 10,
Maciura6 B BePTHKAILHOM HaNpaBJEHHH OJHHAKOB /S BCeX rpaduKOB.

Koraa 6O/MbIIMHCTBO JIOJAEH CMOTPAT Ha rpaduk, UX NOPaKaloT
JJIHHBI HHTEPBAJOB MEXAY MOCJEJ0BATENbLHBIMH NEPECEYEHHUSIMH OCH.
PaxTHyeckd Ke rpaduk H300pa)kaeT A0BOJALHO YMEDEHHBLIH Cayyal —
6bi71 BoIOpaH caMbli yMEPeHHbIH 13 Tpex mMeromuixcs rpadukos. Bonee
nopasuTeJLHBIA NpUMep NOJYYaeTCs, €C/d Ha ITOT XKe CaMmblf rpaduk
NOCMOTpETb B 00pamtomM HaNpaBJEHHH, T. €. H3MEHUTb HA NPOTHBOIO-
JIO}KHBI NOPSIZIOK, B KOTOPOM B JAEACTBHTE1bHOCTH MPOHU3BOJHUIHChH 3TH
10 000 ucnerraunii (cM. § 8). Teoperuuecku cepisi, U30Opa)keHHas Ha
rpajuke, u obpaTHas cepusi, noayyaemass B 06pPaTHOM HanpaB/eHHH,
0/ HHAKOBO 3aKOHHBI B Ka4eCTBE [1PEACTABUTENEH HACANBLHOIO CaydyaiHo-
ro 6nyxpaanua. O6patHoe cayyaiiHoe OayXAaHHE HMEET Caepyiollue
XapaKTePUCTHKHM. BbIXoJf M3 Hayana KOOpAMHAT,

nyme Haxo0umcs Ha

ompuyameabHol cmopoHe nOOKCUMENBHOU CMOPOHE
nepeoie 7804 waca credyrowue 8 waeos
caedyrotytie 2 waea credyrowue 54 waea
credyrouue 30 waeoe caelyoujue 2 waen
credyrowyue 48 waeos caelyowue 6 wazos
credyrouwiue 2046 waeos
Beezo 9930 twaeos Beeeo 70 waeos
Hoarsn epemenu: 0,993 Hoas spemenu: 0,007

Aro sweasdum abCypaHO, OXHAKO BEPOATHOCTL TOro, yto npu 10 000
OpocaHHAX HMAEaNbHOH MOHETHI OJHA M3 CTOPOH OYyAeT JHAMPOBaTb Ha
nporsxedud Gosnee yem 9930 ucneiTanui, a Bropas menee yem 70 npe-
pocxoaut 1/10. Minaue roBops, B CpeaHeM pe3yasmarnsi 00Houd us decamu
nocaedosamensriocmeti ucnoimarnull 6yoym evieasdems Ooaee abrypoHo,
#eM MOALKO ¥MO onucattsie, Jlns cpaBHEHUS] 3aMETHM, YTO BEPOSITHOCTh
PaBHOBECHS, Jy4llero, yeM Ha rpaguke, paBHa Bcero Jauub 0,072,

I'padux, npubeneHHblil Ha puc. 4, umeer 78 nepemeH 3Haka H 64
APYrux Bo3BpallleHWii B Havajno. O6paTHas cepust uMeeT 8 nepemeH
3naKa H 6 Apyrux sBo3Bpauleruii B Hayano. Onpoc MHeHHs CNEUHAIHCTOB
06HapyXKHUBAET, YTO JaXKe ONBITHbIE CTATHCTHKH OXHUJAIOT 3HAYHTEIbHO
6ouniie yeM 78 nepemer 3Haka B 10 000 ucnuiTaHufi, 4 HUKTO HE CYHTAET
BCEepbe3 BO3MOXKHBIM TOJMBKO 8 nepemeH 3naka. Ha camom Jiene BeposiT-
HocTh He Gonee 8 mepeMeH 3naxka npesbiuaer 0,14, Toraa kKak BeposT-
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HocTh GoJlee 78 nepemeH 3Haka npubausutesnbHo paBHa 0,12, Yro Kaca-
€TCS YMc/la NMepeMeH 3Haka B 3THX JBYX CEPHAX, TO OHH DPaBHOMNPABHHI,
M TEOpeTHYECKH HU OJHO M3 HHX HE JOJDKHO BbI3bIBaThb YAHBJAEHHS.
EcaH oHH KamyTcsl HEOXHAAHHBIMH, TO NPHYHHOA TOMY Haua A0CTOH-
Hasl OCYXKJEHHsl WHTYHUHA M Halld COMHMTE/bHbIE CCHIJIKM Ha TaHHCT-
BeHHBIT «3aKOH CPEeIHHX».

§ 7. MAKCUMYMBI U NEPBBHIE ACCTHXXEHHU 51

BonblMHCTBO HAIIHX pe3y/bTATOB BLIBOAHTCH M3 OCHOBHOH JIEMMHI
1 § 3, kotopas, B CBOIO OYEpesb, fABJSAETCS [POCThIM CJEACTBHEM MpPHH=
uuna orpaxenus. CocpefoTouuM Tenepb Halle BHUMaHHe Ha JPYrux
HHTEPECHBIX CJEJACTBHSIX 3TOrO NPHHLHMA.

BmecTo nyreil, npoxoasuux Beilie ocd !, pacCMOTPHM NYTH, KOTO+
PhIE JIeXKAT HHKE NPAMON X=r, T. €. NyTH, YAOB.IETBOPAIOLIHE YC/IOBHIO

S <, §;<r, .0, 8, < (7.1)

B stom ciyyaze Mbl roBopuM, uto maxcumym nytd < r. (Makcumym
HeoTpuuarened, notromy yro S;=0.) Ilycts A= (n, k)—rTouka c op-
auHatoit k<Cr. Ilyts u3 Touku O B Touky A Kacaercs npsaMOil x=r
HAH TepeceKaer ee, ecad Hapywaercsi yeaosue (7.1). CornacHo npus-
HUMY OTPaXKEHHs, YWUC/IO TAKMX NMyTed PaBHO YHCAy NyTed M3 Hauana
KoopauHat B ToukKy A’ = (n, 2r—kFk), KoTopas fIB/ISETC OTPaXKEHHEM
Toukd A OTHOCHTE/NIBHO NpAMOH X=r. 3JTO JAOKa3bIBAET CJEAYIOULYIO
JemMy,

Jlemma 1. [Tycme k<Cr. Bepoamuocme mo2o, 4mo nymos OAuHbL N
eeoerm 6 mouky A= (n, k) u umeem maxcumym Z=r, pasHa P o, -, =
= P (S, =2r—Fk}.

BeposiTHOCTb TOrO, YTO MaKCHMYM paBeH 7, pPaBHa pPa3HOCTH
Pu sreg—Pn. 2r+2-k CYMMHDYl No BceM R<(r, MnojydaeM BeposT-
HOUTb TOrO, YTO MPOM3BOJbHBIA NyTh JJIHHBI N HMEET MAaKCHMYM,
B TOYHOCTH paBHhIl r. [Tocne cokpalleHdi cymMMa NPUBOJMTCS K BHIY
Pu.r+ Pu, re1- ECIH N H 7 HMEIOT OJMHAKOBYIO Y€THOCTD, TO P, ,4+i =0,
B npoTuBHOM ciayuae p, ,=0. TakuM ofpasoM, cnpasejidBa cJe-
Jyiclas Teopema.

Teopema 1. Beposmrocms mozo, umo Maxcumym nymu Oaurst n
parer r >0, cognalaern ¢ nOAONCUMERbHLIM HAEHOM napbvl p, , U
Pa. rt1e

JAna r=0 1 YeTHbIX MOMEHTOB BpEMEHH 3TO YTBEPXKJEHHE CBO-
JOUTCA K PaBEHCTBY

P{§, <0, §,<0, ..., 8, <0 =u,, (7.2)
3KBUBaJEHTHOMY cooTHomweHHio (3.4), Kortopoe npeicras/asier CoGoi

OAHH M3 BapMaHTOB ocHOBHOM JeMMul. CiiefjoBatesibHO, TeopeMa 1 0Go6-
laeT 3Ty JEeMMY.
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Beenen Tenepn nousiTiie, urparollee BaXKHYIO poJb B 00Ilei TeOpHH
cnydaiiHbiX nporieccoB. MowmeHT BPEMEHI 71 HA3bIBAETCST MOMEHTOM nep-
8020 docmudcertss moury r=>0, eci

S, <ry i, §pmi <, S,=r. (7.3)

B Hacrosiuient KOHTeXCTe GbL10 Obl NPEANOYTHTEbHEE TOBOPHTL O MEP-
BOM II0MAaJIaHKH, OJHAKO TEPMIHH «NepBOe JOCTHXeHHe», GepyllHil Haya-
J0 u3 ¢uanueckoil JuTEpaTypH '), Gosee ynorpebuTeseH; KpoMe TOTO,
TEPMHMH «IONajJaHie» He NPHMEHHM K HeNpephiBHbIM [POLECCaM.

QuepyaHO, nyTh, YyjOBNeTBOpsiow#ii (7.3), [O/KEH NPOXOAHTH
uepe3 Touky (n—1, r—1), u ero makcumyM™ 10 Momenta n—1 josxen
6biTh paBeH r—1. My Bijie, 4TO BEPOATHOCTH TAKOrO COOBITHSA
PaBHa P, ;o1— Pu-1, r+1» ¥, TAKUM 00pasoM, CnpasejHBa CJelylo-
asi Teopema.

Teopema 2. BeposmHoctb (p, , o020, umo nepsoe docmuokerue !
ILPOUSOWAD @ MOMEHM BPeMeHU N, PABHA

(Pr.n:(l/Q) [pn—l:. r—l_pn—L r+1]' (74)

npOCTbIe BBIYHCJIEHHSI TOKA3bIBAOT, YTO

(Pr. n on (7'5)

/
o n ‘\ 5
» Q(n +n/2)
(xaKk Bcerja, GMHOMHAJbHBIH KO3(dUUEEHT noJaraeTcsi paBHbIM HYJIIO,

ecian (n+r)/2 ne siBasietcs uenwM). ITo noBogy apyroro BuiBoja Gopmy-
Jbl cM. 1. 6 § 8.

Pacnpesenenne (7.5) HaunGoiee HHTEpeCHO, KOTAa r Beauko. las Toro utoSsl
NOJAYyY¥Th BEPOATHOCTh TOTO, YTO MepBOe AOCTHXKEHWE r MPOH3OMJET KO MOMEHTa
BpeMenu N, HyXXHO NpOCYMMHPOBaTh @, , n0 Beem A< /N. M3 wopMansuoro
npubakeHus (2.7) claedyet, YTO TONBKO Te 4YieHM JA4OT 3HAYMMBIL BKJAaAJ
B CyMMy, AT KOTODHX r%/7l He CAMIIKOM BeJIHKO ¥ He CAMmIKoM Giuaxo K 0,
Jns Taxux ureHoB ouenkd M3 ra. VII, 2 gator npubnuskeHue

®r,n~ V 2m (1] V n3) e~ rHEm, (7.6)

[Tpu CyMMIPOBaHMH HYKHO HMETh B BHAY, YTO 1 AOMXKHO MMETh TY JX€ YETHOCTh, YTO
¥ r. CyMma fBJAfIETCH MHTErpaibHoit cyMmmoit Prmana jas uurterpanmas (7.7), ¥ Ml
NPUXOMM K CJeyIolleMY YTBCDIK/CHHIO.

Teopema 3. (ITpezesbnas Teopema aas nepseix goctikeHuit.) Jas guxcuposan:
no20 | seposmuocmes moeo, wino nepsoe docnuuieHue r npousolioen 0o MoMeRma speseHil
tr2, npu r—>co cmpemumca K °).

1) B opurnuane first passage; B JMTCpaType MO TeOpHH BePOATHOCTEH ITOMY
OOLIYHO COOTBCTCTBYET TEPMHH «NepBOE AOCTHXKeHue», B (PHIHYECKOit JHTepaType —
TePMHH «TepBOe npoXoXjeHues. B pannnefitueM 6y1yT ncnoab3oBathes GOa TepMIlHa
(B 3aBHCHMOCTH OT KOHTeKCTa).— [Tpum. nepea.

2) dopwmyaa (7.7),onpejesseT Tak Ha3blBaeMOE NMOJOXKHTEAbHOE YCTOAUHBOE pac-
npe;x;(:.rx%ﬂue ¢ nokazatexeM 1/2, Ilo nososy oGoOieHui TeopeMul 3 cM, 3aauzy 14
ra, X1V, S,
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Van e~S"? ds=2[1—R (/Y 7)], .7
/v
20e N — HopMaabroe pacnpedeserue, onpedesenroe 6 2a. VII, 1.
Orciona caenyer, 4To, rpy6o rOBOPH, BPeMs OXHIAHHA NEPBOTO AOCTHMKEHHST r

BO3PaCcTaCT Kak ksadpam r: BEPOATHOCTb TOTQ, YTO fepsoe JOCTHXEHUE Npou3oiger
nocie momedta Bpesenn (9/4)r2, 6auaxa x 1/2.

Pacnpene.nei{ue BpEMEH NepBOro AOCTHXKEHHS HENOCPEACTBEHHO MpH-
BOAHT K pacripeieieHHI0 MOMEHTa BpPEMEHH, KOrja 4acTula B r-u pa3
BO3BpaulaeTcst B HayaJio.

Teopema 4. Bepoamuocmb mozo, 4IMo r-¢ G6036PaL{CHUE 6 HAYAAO
npousotidem 8 MomeHm GpemeHu n, pagHa eeauuuHe ¢, ._. u3 (7.5).
270 03Hayaer, YTO /-¢ BO3BpallleHHe B MOMEHT BpeMeHHM n WMeeT Ta-
KYIO %€ BepOsITHOCTb, KaK nepioe JOCTHXEHHE 7 B MOMEHT BPEMEeHH n—,

Horazameavemao ¥). PaccMOTpHM MyTb W3 HauaJ a KOODAHHAT B TOY-
Ky (1, 0), Bce 3BeHbLsI KOTOPOTO JIeXaT HHXE OCH H DOBHO 7—1 BHYTpeH-
HHMX BEPUINH HaxoasTcst Ha ocit. [las npocrorbl GyAeM Ha3biBaTh TaKHe
nytH xapaktepubimi ?). (Ha puc. 5 nsobpaxen Takoil nyts ¢ n=20
B r=>5.) XapaxrepHubii MYTb COCTOHT M3 7 YY4aCTKOB, KpafiHHe TOYKH
KOTOPBIX JICAKAT HA OCH, 1 A5 KaMKIOr0 XapaKTEPHOTO MYTH Mbl MOXKEM

5

Pue. 5. IlepBhie AOCTHXXEHMA K BO3BpalleHHA B Hayaho.

NOCTPOMTb 27 pAa3MHYHbIX MNYTeH, NPHUIHCHIBAA BEPLIHHAM KaxI0ro
OTAEJLHOrO y4YacTKa onpejeseHHhbiH 3HaK (T. e. OTPamas y4acTKH OTHO-
euTebHO OcH). JleHcTBYSI TaK, Mbl NOJYYHM BCE NYTH, 3aKaHYUBAIOLIHE~
cs r-M BO3BpallleHHEM, H, CJel0BaTeNlbHO, HWMeeTcsl PoBHO B 2' pa3
Goaibwe myTeid, 3aKaHUMBAIOWKXCA r-M BO3BPALIEHHEM B MOMEHT Bpe-
MeHH fn, ueM xapakrepHbix nyTell. IToatomMy Teopema MomeT GbiTh nepe-
(opMyHpoBaHa CJaelylOUMM 06pa3oM: UMeeTCsl CTONbKO XapaKTepHAIX

1 o ;oaogy ZOK233TeILCTBA METONOM Hpou3BoifAmuX GyHKuHA cM, ¢opmyay
3-17) ra. XI.
%) B opurHuane — representative,— fIpux. nepes,
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nyTedt JJHHBI 71, CKOJLKO CYWIECTBYeT NMyTel JAJMHbl #—r, OKAHYHMBAIO-
IIUXCSl MePBLIM JOCTHMEHHEM r, DTO MMeeT MECTO MOTOMY, YTO €c/H B
XapaKTepHOM NYTI BbIYEPKHYThL r 3BeHbeB, Y KOTOPBIX Jieshle KpaiHue
TOUKH JIEKAT Ha OCH, TO NOJYYHTCH NYTh AJMKHHE A—F, 3aKaHUUBAIOUHi-
Cs NepBbIM JOCTHAEHHUEM r. DTa npoueaypa o6paTuma: AJs TOro YToChl
HOJNYYUTh MCXORHHIT XapakTepHbId NYTh, HYXKHO, HCXOASL H3 Hauaja
KOODAHHAT, BCTABHTb / 3BE€HLEB C OTPHUATENbHbLIM HAKJ/JIOHOM M r—1
BeplUMH, KOTOphie COOTBETCTBYIOT NEPBHIM JOCTHXKeHusM 1, 2, ...
oo, f—1 (cM. puc. 5). >

Orciona ciepyer, 4TO ONpefesqbHYIO TEOPeMy JAJIS HepBOro JAOCTHKe-
HHSl MOXHO NPHMEHHTDL AJMSl HaXOXJEHUsSI BEPOSITHOCTH r-ro BO3Bpalle-
HHUS TIPH r—>00: GEPOANIHOCMb 11020, 4110 r-¢ B038PALEHUE @ HAYAA0 NPOU-
3oiidem 00 momenma 8pemenu tr?, cmpemumes K geausure (7.7).

DTOT pe3yabTaT OOHAPYXKHBaeT APYroe HEeOXKIJAHHOe CBOHCTBO
$AyKTyauui npu cayuainbix 6ayxpadusax. CiayuaitHoe GayxuaHue B
H3BECTHOM CMbIC/I¢ HauyMHAeTCsl CHawa/la KamAbli pas, Korha 4acTuua
BO3Bpamaercs B HauyaJo. BpemMsa R0 7-TO BO3BPAlLEHHS €CTb, TAKUM
06pa3oM, CymMMa BpeMeH OACHJaHIIsA, KOTOPLIe MOKHO BHTEPNpPeTHPOBATh
KaK «pe3yJibTaThi H3MepeHHs! OAHOIl 1 TOH ke (PU3HYECKON BeJUUIiHHI
B OJHMHAKOBHIX ycaoBusx». Cuntaercs, 4To cpejHee 13 r TakHX Ha6Jio-
JelMH JO/KHO CXOAUTHCS K «HCTHHHOMY 3HaueluiO». OfHAKO B JaHHOM
cayyae CyMMa sIBJsIeTCSl BeJMYHHOH TAKOIO XKe NOPSAKa, Kak r?%, U mo-
3TOMY CpedHee YBeAUHUBAEML NPUMEPHO NPONROPYUOHAAbHO r. DBosee
rny60KHH aHaJH3 T0K33kIBAET, YTO ORHO H3 f BpeMeH OXuJAaHls fBas-
eTCsl BeJTMYHHON TOIO 2Ke MOpsiiKa, UTo H Besl cymma, a umeHuo . Ha
NpaKTHKE TaKoe SIBJIEHHE 4acTO MPHIHChIBaeTCs «OIHOKe 3KCrnepHMeH-
Ta» UM OTOPACKIBACTCS KaK «IOCTOPOHHee». TPYAHO 3aMETHUTb TO, YTO
He OXHJaclWb YBHAETD.

§ 8. ABOHCTBEHHGCTb. NOJIO)KEHHE MAKCHMYMA

KaxIoMy nyTH COOTBETCTBYET KOHEYHasl MOCJEJ0BATeNbHOCTh INTIO0
eHHHUIl U MUHYC €HHHI; paccMaTPUBas HX B 0OpPaTHOM NOpsAKe, MoJay-
YyaeM HOBbI# myTb, I'eoMeTpHuecKM HOBLI MTyThH MOJY4aeTcsl NOBOPOTOM
JanHoro nyTu 1a 180 rpaaycoB BOKPYT e€ro npasoil Kpa#Hed TOUKH H
BLIGOPOM NOCJEfHEH B KauveCTBe HayaJja HOBOH CHCTEMbl KOOPJAMHAT.
KaxJoMy MHOXeCTBY nyTedl TakiM 00pasoM CTaBHTCS B COOTBETCTBHE
HOBOE MHOXKECTBO TAKOH Ke MOulHOCTH. Ec/iy Waru HCXoRHOro cayuai-

Horo G.ayxpnaHus cyts X;, X, ..., X, TO lIary HOBOTO CJAYYaHHOTO
OAYXKIaHUS ONpeaesaoTcs CIeAYIONMM 06pa3oM:
1 =X o0y Xp=Xq. 8.1)

Bepluebl HoBoro cay4adHoro O6/yKAaHHS ONpPEAENSEOTCS YaCTHLIMU
CyMMaMmi;

s;:—_ x;+ [ |_+ x;=sn-—sn_k (8.2)
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(otkyna S; =0 u S;=S,). Mn1 Gyzem Ha3bIBaTh TaKoe cayuaiiHoe GayXK-
Jlanue OsotcmsernHoim, Kaxkaomy coOOBITHIO, ONpPEREJEHHOMY ANs MCe
XOZHOrO C/1Y4alHOro Gy»IaHHsI, COOTBETCTBYET cOOLITHE PaBHOM Bepo«
ATHOCTH B JBOHCTBEHHOM CJY4aHHOM OJyXKAaHHH, H, TAKHM 00pa3om,
MOYTH Ka)KJ0€ BEPOSITHOCTHOE COOTHOILEHHE HMEET ABOHCTBEHHOE. JTOT
MPOCTOM METOJ NOJYYEHHS HOBBIX COOTHOLIEHHH sBJsieTcs Gosee mo-
JIC3HbIM, YEM 3TO MOXKET I10Ka3aThCsl Ha NepBbld B3rasaa. B nosHoit Mepe
ero Moilib 6yJeT MoKa3aHa TOJbLKO B TOME 2 B CBSI3H ¢ OOGIIMMH ciyuaii-
HBIMH GJYXKJA3HIISIME M Teopueil oyepegei, HO JaXe B JaHHOM KOHTEKCTe
MBEl cMOXeM Gea 0coGbiX YCH/HI MOJYYHTb HEKOTODLIE HOBHIE HHTEpec-
Hbl€ pe3yJlbTaThl.

st Toro 4ToOh! 10K23aTh 3TO, PACCMOTPHM HECKOJBKO Nap ABOMCT-
BEHHhIX COOBITHH, BbIAE/SS B KaXJAOM CJYYae 3ac/yXHBalOWUH BHUMA-
HUS acnekT. B c/lefyOUIHX NpHMepax n CUMTaercsl 3ajJaHHbIM H 08
KPaTKOCTH KpalHss npaBasi TOYKa NyTH (1, S;) GYAeT Ha3nBaThCs KO-
HewHOU mo4Kol. YR0GHO HauaTb C M3BECTHBIX COGLITHH B ABOHCTBEHHOM
cilydyaiiHoM OyXAaHUH.

a) Bpemena nepsozo docmuxcerun. Y3 (8.2) caenyer, 4T0 COGHITHA,
onpejaeJieHHEE COOTBETCTBEHHO NOCPEACTBOM

$:>0, j=1,2...,n, (8.3)

$.>S, (=0, 1,..., n—1, (8.4)

JBOHCTBEHHBI 1O OTHOIIEHHIO APYr K Apyry. Bropoe W3 HMX o3Hauaer,
YTO KOHeYHast TOYKa HE JOCTHrajlach A0 MoMeHTa Bpemenu n. M3 (3.2)
Mbi 3HaeM, YTO nepBoe coOuTue uMeer BepositHocTh (1/2) usy, xoraa
n=2v >0 uerHoe; Aas n=2v || BEPOATHOCTL Ta Xe caMasl, NOTOMY
yto u3 8, >0 cuenyer Sj,., > 0. Takuv ofpa3om, eepoamuocmes
mozo, 4mo nepéoe 0oCmuiCerue YposHA KOHeHHOU mouKu npousotidem
8 momenm @pemenu n, pagra (1/2)usy, rRe v=(1/2)n wm
v=(1/2) (n—1). (10, OuEBHAHO, CIpaBENTMBO TaKkXKe AMs n=1, HO
secepHo Aast n=0.) IIpHHUHN ABOKCTBEHHOCTH NPHBE] HAC K HHTe-
pECHOMY pesyJbTaTy, KOTOPbIl HENErko NOJYYHTh HEenoCPeACTBEHHO.

6) Il1podosscerue. B mnpeabiaylieM yTBEPXAEHHH KOHEYHasi TOUKA
3apaHee He QUKCHPOBaJach. 3alaHHe TOYKH 7 B KAYECTBE TOYKH NEPBOro
JOCTHXKEHUsT 03HauaeT fobasaeHue x (8.4) yenosus S,=r. JiBokicTaen-
Hoe cOObITHE COCTOHT W3 NYTeH, HAYUWIHX M3 Haya/la KOOPAHHAT B TOUKY
(n, r), Y KOTOpbIX BCE IPOMEXYTOYHbIE BEPIIHHBI PACHOJOMKEHHl BbILIE
ocH. Uuesao TakHX nyTeldl HaXOAUTCS HEMOCPEACTBEHHO H3 JIEMMH 06
otpaxenun [c A=(1, 1) n B=(n, r)], ¥ Ml nonyyaeM, TakuM ofpa3om,
HOBOE J0Ka3aTeJbeTBO (7.4).

B) Maxcumym 8 xoreurod mouxe. Ecnu B (8.3) u (8.4) cTporue Hepa-
BEHCTBA 3aMEHHMTb HECTPOTHMi, TO MOJYYHMTCS HOBasi napa ABOHCTBEH-
HbIX cOObITHH. BTOpoe cofhiTHe ocyuiecTBaAsieTcss KaXKABli pas, Koria
S,, MaKCHMaJbHO, JaX€ €CIH 3TOT MAKCHMYM YXKe JIOCTHrajcs B HeKo-
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TODBIA MpeAsAyItni MoMeHT Bpemenn '), O6pamasch K (3.4), BHpus,
YTO BEPOAMHOCML 311020 COOBUMIUSA PABHA Uy, TRE v=(1/2)n uau v-=
=(1/2)(n+1). 3achayxiBaer BHHMaHHS, YTO 3TH BEPOSTHOCTH PaBHLI
YIBOEHHBIM BEPOSATHOCTAM, HAaMJEHHbIM B 1. a.

r) CofriTHe, 3aKJjaioyaloLeecs B TOM, UTO ObLIO £ BO3BpAallleHHH B Ha-
YaJio, ABOHUCTBEHHO COOBITHIO, 3aK.MOUAIOEMYCst B TOM, UTO JJO MOMEHTa
BpeMeHH 7 6biJio k nonalanui B KoHeuHylo Touky. CxoJHOe yTBepiKic-
HHe HCIOJb30BaJ0CL NPH H3YyueHNHM nepemed 3Haka. (OTHOCHTENbHO
BeposiTHocTedl oM. § 5, a Takxe 3ajgaun 9 1 10).

1) 3akon apkcunyca Oas nepeoeo Honalanus 6 KOHEYHYI MmOUKY.
PaccmoTpuM cayuaiiHo BeiGpaHHBIH OYTh AJMHBL 1=2v. B 0. a mu
Bujed, uto ¢ BeposTHocTbio (1/2) 1,, 3naueHiie S;y MNONOKHTENBHO
¥ TaKOBO, YTO HH OJHH H3 WJIEHOB NOCJAEACBATENBHOCTH S;, Siy 44 vy Spyy
He paBeH Szy. 3TO e CrnpaBelJIHBO LIS OTPHUATENLHEIX S.y, H, CJie-
JIOBATEJILHO, BEPOSTHOCTb TOrO, UTO 3HaueHHe S,y He BYNer JOCTHIHYTO
0 MOMEHTa BpeMeHd 2v, paBHa 4.y} 3Ta XK€ BCIMUMHA OMNpelenser
BepOATHOCTL cOBBITHA Spy =0, B KOTOpDOM KOHEUYHOe 3HAaueHue JOCTH-
raerca yxe B Movent Bpemenu 0. Paccmorpum Tenepb Gosee ofmiee
coObiTHE, COCTOfIEe B TOM, YUTO INEePBOE MONajaHME B KOHEUHYIO
TOUKY I1IMEET MECTO B MOMEHT BPGMEHH 2k (uHaue roBopsi, Mbl TpefyeM,
yTO6H S,, = Say, HO S/=;ESW npy j < 2k). 310 cobbiTHe ABOHCTBEHHO
COBBITHIO, COCTOSILIEMY B TOM, YTO IOCJeJHEe mnonajgaH¥e B HAualo
HMEJO MECTO B MOMEHT BpeMeHd 2k, a B § 4 Mbl BHJEIH, UTO TaKHe
Nonajanns NOAMHWHSAIOTCH AUCKPETHOMY pacnpeieneHHI0 apKCHHYCA.
Mbi, TakuM 06pa3oM, MOJYYHIH HEOMHIAHHBIH DE3YJNbLTaT: € GePOAMHO-
CIMDBIO Olgk, oy == Uy, lav 2k NEPBO2 NONAOAHUZ 8 KOHEHHYIO MOUKY Soy UMEAOD
Mecmo 8 Mmomenm eépemenu 2v—2k (=0, 1, ..., v). Orciona caenyer,
B UAaCTHOCTH, YTO MOMEHTH BpeMeHd 2k u 2v—2k paBHOBEpOSATHH!.
Kpome Toro, oueib paHHHe H OYeHb [O3JHHE IEpBBHIE nonajlaHust
ropasjio 6oJiee BEPOSITHBI, YeM [EepPBLIC NMONaJaHHs B JIPYTHE MOMEHTH
BpCMEHH.

e) 3axon aprcunyca 0aa noaosenus maxcumyma. B kauvectBe no-
chellHero npHMepa NpHMeHeHHs NPHHUUNA ABONCTBEHHOCTH Mbl NOKa-
EM, UTO PE3YJbTAThl, NOJYUEIHbIE B 1. 8 H B, NO3BOJASIOT HENOCPEJCT-
BEHHO ONpeleNHTb DacrnpenesieHde BePOATHOCTeH /NS MOMEHTOB, B KO-
TOpbIE HOCJEL0BATEILHOCTE Sy, S, . . ., 8§, JoCrHraer MakcHManbHOT O
snauenusi. K coxaleHnio, 370 MaKCHMaahbHOE 3HAUEHHEe MOMXeT JOCTH-
raThCs HEOAHOKPATHO, H, TAKHM OGPa30M, Mbl JOVDKUBI Je1aTh PasjiHude
MEXKJY NepPBbIM H MOCAEINHM MAaKCHMYMOM. Pe3y/ibTaTel, BNpodueM, aHa-
JIOT HYIIBI,

[TyeTs a8 npoCTOTH! n 4eTHO: n=2v. Jlepssul MakcHMyM HMmeer
1Mecro B MOMEHT BpPCMEHH k, CCJIH

S(, < Sk' ey Sk—f < Sk' (853)
Spar <S8 oy Sav <SS, (8.56)
1) Ilo Tepmiuosioriid r1. 12 Toma 2 Mbl paccMaTpiBaeM caabpe AeCMAUYHbIE

MoK B OTJAHYME OT cmpoeitx JeCTHHYHBIX TOYEK, KOTORLIC onpefeaflTCcd VvCjio-
DHAMH 0, &,



§9. Teopema o pasHopacnpedesenrocmuy 113

ammwuev k£ B Bufie k=2p wm k=2p-41. Coraacho n. a, Bepofr-
HocTb cobuiTHs (8.5a) parHa (1/2) usp, Hek/Iouas ciyuadt, korga p—=0.
Cobbitie (8.56) 3aBMCHT TOJNBLKO OT Yy4yacTKa NYTH MOC/IE MOMEHTa
Bpemenu k, 1 ero BePOATHOCTb, OYEBHJHO, PaBHa BEPOATHOCTH TOrO,
4YTO Yy fyTH JUIMHB 2v—Fk BCE BEPULIHBI JIEXKAT HIKE OCH { WM Ha
Hefl. B n. B 6buI0 nOKA3aHO, YTO 3Ta BEPOSITHOCTH PaBHA Uay.sp.
Takim obpasom, ecau 0 < k < 2v, mo gepoamrocme moeo, 4mo 6 no-
caedosamenvrocinu Sy, ..., Sav Hepebil  mMaxcumym umeem mecmo
8 momenm epesmerts kK=2p uau k=201, pasna (1/2) tsp tizy_sp.
Ilpu k=0 u k=2v amu eeposmrocmu paguol usy u (1/2) upy coorn-
6eIMCIMBEHHO.

(Hast nocaedne2o MakcHMyMa BEPOSITHOCTH JJIS MOMEHTOB BpEMEHH
0 u 2v MEHFIOTCH MeCTaMHM; OCTaJbHbIE BEDOSTHOCTH OCTAIOTCH HEH3-
MEHHBLIMU TIPH YCJIOBMH, YTO k 3anucaHo B Bulle k=~=2p wiu k=2p—1))

Mgl BHJMM, YTO NPH NOAXOASIIEM COEIMHEHHH YETHbIX U HEYETHBIX
HHJEKCOB MOJIOXEHHE MaKCHMYMa OIHCBIBAETCS NUCKPETHBIM pacnpe-
JenenueM apkcuHyca. IIpu urpe ¢ 6pocaHueM MOHETbI BONPEKH HHTYH-
IIHH rOpasjo BeposiTHEe, YTO MaKCHMaJIbHblfl CyMMapHBIil BBIHTPbILI Gye
JeT B caMOM HayaJje (HJH B CaMOM KOHIUE) HIPbl, YyeM B €€ CepeluHe.

§ 9. TEOPEMA O PABHOPACNPEAEJEHHOCTH

Mgl 3aKOHYHUM 3TY I1aBy JA0Ka3aTe/]bCTBOM TEOPEMBI, YNOMHUHABIIEL:-
csg B npumepe 1, 6) B cBA3M c paHroBbIM KputepueM [a/bToHa. Qua
Ney4yuTeJbHa TEM, YTO NOKAa3bIBAET, KakK, Ka3aJsoch Obl, 6e306uIHbIe H3-
MEHEHHUsI B YCJOBHUSIX MOTYT M3MEHHTb XapaKTep pe3y./bTaTa.

B § 4 6bi10 NOKasaHo, YTO YHUC/IO 3BEHLEB, JIEXKALIMX BHILE OCH f,
OMUCHIBAETCS AUCKPETHHIM pacnpefie/eHueM apKcuHyca. Mol paccmor-
pHuM TEneph Ty XKe 3ajaqyy, Jo COCPEAOTOYHM Hallle BHUMAHHE HA NYTSX,
BeIyLU1EX M3 HayaJa KOOPAHHAT B TOYKY Ha ocu f. Pesysbrat sBiasercs
HEOXHIAHHBIM CaM 1o cebe, a Takke IIOTOMY, YTO B KOPHE OTJIMYAETCH
OT 3aKOHa apKCHHYCa.

Teopema. Hucro nymed daunet 2n, makux, umo S,,=0 u posro 2k
36ernbes aexcam Had ocbio t, He 3agucum om k u pasHo 22"y, [(n4-1) =
= 2%t e (30ece k=0, 1, ..., n.)

Hoxasameasscmseo. PaccMotpum orgenbHo caydad k=0 1 k=n.
Yucno nyreét B (2n, 0), Bce 3BeHbs KOTOPHIX JIEXKAT Bhillle ocH f,
paBHo umcay nyredt us (1, 1) B (2n, 0), KoTopele He KacawTcs nps-
MO#, NPOXOAsEH HENOCPEACTBEHHO nox ockio f. B cuiy npunmuna
OTPAXKEHHS! 3TO YMCJIO PABHO

2n—1 on —1 | /2n
( n >—<n+1>=m<n>- ©.1)

OT0 HOKa3biBa€T yTBEPXKAEHNE NPH k=n H B CHIY CHMMETPHH TakKXKe
npy k=0.
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ITpu 1<Chk<{n—1 Bocnoabayemcsi HHAYKUHeH. TeopeMy Jerko 1po.
EEPHTL A8 cayyas n=1; npeanoJ/oxHM, YTO OHa CnpaBeAlHBa Ans
BceX nyTte#, ANHHA KOTOPhIX MeHbule 2n., OGo3HauuM uepe3 2r MOMeHT
nepBoro BoaBpauieHHs. Maeiorcs ABe BoaMoxsocTH. Ecad y4actok nye
TH JI0 MOMEHTA BPEMEHH 2r PACHOJIOXKEH B IOJOXKHTENLHON NOJYINOCH
KocTH, To 1<{r<Ck u BTOpOH y4acTOK HMeeT POBHO 2k—2r 3BeHbeB HaJ
ocbio, [To npeanosoxeHHI0 HHAYKUHHM NYTh, YAOBJETBOPSIOUIHE 3THM
YCTIOBHSIM, MOKET ObITh BLIGPaH

n—-2r 922n-2
22’_1f e U gy = Uyl
2r n_,+1 2n~2r ,(n_,_+_]) 2r—2%*2p—=2r

9.2)

pa3auuHeiMH cnocobamu. C ApYro#t CTOPOHEI, eclH YYacTOK A0 NEepPBOIO
BO3BpalleHHsl B Hauya/o HAXOAHTCSA B OTPHUATENbHOH IOJYNJIOCKOCTH,
TO KOHEYHBI Y4acTOK JJIMHBL 21—2r CONEPXKHT POBHO 2 NOJMOXHTENbe
HbIX 3BEeHbLEB M, CJEI0BATENbHO, B 3TOM clyuae n—r=2k. Jlns GHKCHPOs
BaHHOIO 7 YHUCJIO NyTeH, YAOBJETBOPSIOLIUX 3THM YCJIOBHSIM, TAKKE paB-
Ho (9.2). Takum o6pa3on, YHCA0 nyTek OGOUX THIIOB N0JYY3ETCH CYMMH-
poBasuem {9.2) no 1<{r<Ck u 1<{r<{n—*% cootBeTcTBeHHO. Bo BTOpOII
CyMMe 3aMEHHUM HHJEKC CYMMHpoBaHHs r Ha p=n-1—r. Toraa p me«
Hsiercs oT 241 10 n U cnaraemele umetor BuA (9.2) ¢ 3ameHO# r Ha p,
Orciona caenyer, 4To 4uc/I0 NyTefl, Y KOTOPHIX % 3BEHLEB JeXAaT B NO-
JIOXKHTELHOH NOJYIJIOCKOCTH, noJyuaercss cymmipoBanHeM (9.2) no
1<{r<{n. Tlockoasky £ He BXOAHT B (9.2), cyMMa He 3aBHCHT OT &, 4TO
W yTBepxAanock. [lockonbKy oblee uncno nyteit paBHo 22" u,,, OTCIOAA
HaxoJuM (feneHHeM Ha n—+1) yHucao nyrelt kaxaof xateropHH. (OtHo-
CHTENLHO HENOCPEeACTBEHHOIO BLIYHC/IEHHS cM. 3afavy 13.)

ViMeeT Mecto aHasorvyHas TeopeMa AJs MOJOXEHHS MaKCHMyMa
(cMm. 3anauy 14).

§ 19. 3AJAUYHU

1. a) Ectn a> 04 5> 0, to 4yucno nyreit (sg, Sz, ..., Sp), T2KHX, 4TO
s >—b, vu., Sp—1 >—b, sy=a, paBio N, ,—N_ 54 0p. )

6) Ecau b >a > 0, 1o umeerca N, ,— N, sp-4 NyTeH, YROBAETBOPAIOIHX
yCJAOBHAM §1 < b, ..., S5 < b, Sp=a.

2. Ilycte a>c¢>0 u b>0. Uncno nytelt, KoTophie KacaioTcs NpsMoit
Xx=a ¥ 332TeM BeAyT B TOYKy (n, ¢), He Kacascb npsmoit x=—b, papno
No sg—c—Np, sa+2b4 ¢ (38METHM, 4TO CIOAa OTHOCATCA NYTH, KACAIOWHCCS NpH-
MOl X=— b, 00 M020 KaK OHH KOCHYTCH NpSMOH x=a.)

3. Mosmopuvie ompaxerus. Ilyctb a v b nonoxutensist ¥ —b < ¢ < g,
Yncao nyTeil, BeAYWHX B TOUKY (#, ¢) H He HMelouHX O6MHMX TOYeK C NPSMBIMH
x=—0b u x=a, paBHO CymMe

Z (Np ska+pr+e—Np, 2k (as By +2a~¢)5

3Ta cymma Gepercst Mo BceM Lenbly B oT — oo 0 o0, HO JHMIIE KOHEYHOE YHCIO
c/1araemMbiX OTJHYHO OT HYAS.
Vxazarue. TIpHMCHHTE ¥ Pa3BHTh METOX NpeiHAYLEH 331a4H.

3ameyanue. Dra 3a;1aua CBsi3aHa C TAK HadblBaeMoil 3adasell 0 pasopeHul, KoTopas
BO3HHKACT NPH HCC/EJ0BAHKHM A3aPTHOM HIDH, KOTAa ABa HIPOKa MMEKT Hadya/lbHHe ,
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KanuTaaw @ 4 b, Tak 4To Urpa 3aKaHUMBAETCsl, eC/H CYMMAapHBIA BLIMIDHIN JOCTHTaeT
BHaueHHus a uaM —b. [To NOBOAY CBA3H CO CTATHCTHYECKHMH KDRTEPHSMH CM. NpHMep
1,8).

(Metoz noBTOpHOro OTpax«eHHA 6yleT BHOBb NpHMEHeH B 3anaue 17 ra, X1V, 9 u
B cBA3H ¢ Teopued Audipysun B ToMe 2, ra. X, ).

4. HUcnonsays aemmy 1 § 3, mokasats (Ges BmuucaIenuit), uro

UgtgnUglan -2 v FUgplig =1,
5. INokasath, 4TO

v (=17 (T ) 0 Rt (12,

BhiBecTH TOMAECTBO NpeAbIAYWER 3afauu TaK Xe, Kax (2.6) Bupogutcs M3 dopmyant
(12.9) ra. Il

6. Jloka3aTh reOMeTpHYECKH, YTO CYIECTBYET DOBHO CTOJILKO Xe nyTeil, KOTOpHE
3akanuuBaioTca B Touxe (2n-1-2, 0) ¥ Bce BHyTPEHHHE BEPUIMHE! KOTOPLIX JIEXKAT CTPOrO
phme OcH, CKO/JBKO CYILECTBYeT NyTeH, KOTOpHE 3aKaHYHBAIOTCA B TOuke (2n, 0)
M BCe BEPLIMHE! KOTOPLIX JexaT BHIUe OCH MM Ha Held. Takum o6pa3om,

P{Sléo, XY 82"_1'20, szn=0}=2,2n+2'

Ykazarue. Cm. puc. 1.

7. Iloka3aTk Jemmy 1 § 3 reomeTpuuecKy, NoKa3as, YTO B3AUMHO OHO3HAUHOE COOT-
BETCTBHE MEXAY ABYMS KJaCCaMH NMyTed yCTAaHABJIHBAETCH CJAeAYIOLMM NOCTpPOCHHEM.

OG6o3HauuM casyo Ae6yi0 TOUKY MHHUMYMA 32JaHHOTO TNYTH, BeAylLero B TOUKY
(2 n, 0), uepea M=(k, m). OTpasum yuacTOK, BeRyWHi U3 Hauala KOOPAHHAT B TOUKY
M, OTHOCHTEJBHO BEPTHRANLHOH NPAMOR /=K M NepejBHHEM OTPaMKEHHLIH Yy4YacToK
TaK, 4TOOB! €ro HauainHas TOUKa coBnaJja c Toukolt (2n, 0). Ecau M npuusath 3a Ha-
4a/10 KOOpAHHAT, TO B HOBO CHCTeMe KOOPIMHAaT HOBHIA NyTh BEAET H3 Hayajaa B TOUKY
(2n, 2m) u Bce ero BePUIHHEI JIEXKAT BhILIE OCH HJIH Ha Heil, (DTO nocTpOEHHE NpuHai/e-
»uT . Hencony.)

8. Jlokasate $opmyay (3.5) HenocpescTBeHHO, paccMOTPEB NyTH, He HMeOW XS
obwux Touek c npaMoft x=-—1.

9. BeposTHoCTs TOrO, 4TO J0 MOMEHTA BPEMEHH 21 NPOH30LWI0 POBHO 7 BO3BpAlIe-
HHH B Haya/j0, PaBHA BEPOSITHOCTH TOrO, YTO BO3BPAIUEHHE MMENO MECTO B MOMEHT
BpeMeHH 2n M eMy TNpeAIeCTBOBAJO MO MeHbiuefi Mepe 7 Bo3appaleHuit. Yxasanue,
Hcnonsaobats nemmy 1 § 3.

10. I podoasceriue. O603HAUHM Yepe3d 2, », BEPOATHOCTE TOrO, YTO AO MO-
MEHTa BpEMEHH 2n BKJIOYMTENLHO NPOH3OMWNIO POBHO s BO3BpallCHHH B Hauano,
Hcnonsays npefbigyulyio 3ajauy, NOKa3aTh, UTO Z, 2, =Pr 2ntPr+i,2nt +-+s
TAE 0, 2n— BEPOATHOCTh TOTO, YTO r-¢ BO3BpAlIEHHE NPOH3OMWJIO B MOMEHT Bpe-
Menn 2n, Ilpumenus TeopeMy 4 § 7, goKasaTh, 4TO

1 2n—r
2 an=Gga=r *. n '

11, Hdpyzod evis0d hopmy st 045 seposmuocmu uucaa nepesten anaxa. Ilokasarts, uto
n-1

§r, zn-i=(1/2) 21 fzk [Er—i. 2n—i—2k+§r,2n-i—zk1.
k=

Ipumenas uHAYKUHMO, TpeAnonoxuM, 970 (5.1) UMeeT MecTO AAA BCEX MOMEHTOR
BpeMeHH, npepmecTpyomux 21— 1. [Tokasats, uTO 3TO PaBEeHCTRO CBOZMTCH K

n—1

Er. on=-1=2 2 fszzn—zk, 2ry
1

9TO BEPOATHOCTb TOrO, 4TO TOYKa (2n, 2r) OyAeT ROCTMrHyTa TOC/]E BO3Bpa-
euusi B Hauano. PaccMoTpeB nepBHH war M NPHMEHHB TeopeMy O 6alJOTHPOBKE,
foxasatp, uto (5,1) cnpaseanuBo,
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12. BeposiTHOcTb Toro, uto S;,=0 1 HanGoaswee u3 Sy, ..., Sy,.1 pasHo &,
ecTb P {S;, =2k} —P{S,;,=2k--2}. loKa3aTs 3T0, HCNOIL3YH OTPAXKEHHE,
13. Tlpu pokasateanctse TeopeMul § 9 6bl10 noKasaHo, 4To

n

2] {1/[r (n—r--1)]} tgrmstion—zr == [1/(n+1)] tpp.

r=1
[ToxazaTs, uTO 3TO coOOTHowenue sKBHBaaeHTHO (2.6). ¥KasaHue. Pa3noXuTth
Zin006b.

14. PaccMoTpusm nyTe pinuoit 21, takoif, uto S,,=0. PacnosoxnM 3BeHbg
B KpyroBoM mopsifke, oToxpecTBHB 0 H 21, Tak uTo mnepBoe H Moc/aejled
aBeibd  ORaXyTcH  cocedHMMH. IIpuMeHHB  LHKIHUECKYI0  IEDPECTAHOBKY,
paccMOTpeTh 3TOT MyTh B HOBOIl ciCTeMe KOOPRHHAT C HauaioM B Touke (B, Sg).
[Tokasath, uTo Taxad mMepecTaHOBKA COXPAHSET MaKCHMYM, HO CABHTZeT ero Ha
k waros. Jlokasarb, 4TO KOTJa NpDHMEHEHL! BCE 21 LIKIHYECKHX IePecTaHOBOK,
YIC/I0 C.Iy4adeB, B KOTOPHIX MaKCHMYyM JAOCTHTaeTCsl B MOMEHT BPEMEHH 7, He 3a-
BHCHT OT 7.

Pacemorpum Terepb cayuafinstii BHGOp OyTH, Takoro, 4to S,,=:0, B HalfizeM
MECTO MaKCHMyMa, ec/H MOCJAeJHHIT FBJASETCS eJMHCTBEHHBIM; €cau CyliecTByer
HEecKo.1bKo TOYeK MaKCHMyMa, To BHGepeM OJHY 13 HHX cJayuyaiiHEM o6GpasoM.
B pesyabtate noayunM uncao Mexay O » 2n—1, [Toxa3aTb, 4TO Bce BOIMOMXHHE
3HAYEHKHA PABHOBEPOATHLL
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B sT0# raaBe Mbl GyleM HMeTb Jes10 ¢ COBBITHSIMH, KOTOpHIE onpeje-
JISIOTCS MOCPEACTBOM HEKOTOPHIX APYrHX cobbitii Ay, As, ...y Ape
Hanpumep, npu urpe B 6puiix codbitie A «1o KpaiHei Mepe OQUH HIPOK
MMEeT TOJIHYIO MacTb» sIBJIsSIeTCs OGDbeJMHeHHeM YeThipeX COOnITHH Ap
CMTPOK C HOMEPOM k& HMeeT noJHyw MacTb» (k=1, 2, 3, 4). 13 cobuiTuit
A, onHo, ABa MJIH 6OJiee MOryT OCYILIECTBHTbCS OJHOBPEMEHHO, M 3a
CYET 3TOrO YACTHYHOIO HAJOXMEHHS BEpOSITHOCTb COObITHS A He paBHa
cyMMme yethipex BeposiTHoctel P{A4,}. Mbl nokaxeM, Kak AJs 3alaHHO-
ro MHOXecTBa cobbiTH#i A, ..., Ay BHYHCIHTD BEPOATHOCTH TOIQ,
yro 0, 1, 2, 3, . .. M3 HHX OCYLIeCTBHJIHNCH 1),

§ 1. OBEAMHEHHE COBBITHA

Ecin A; n A; — npa cobuitis, T0 A; U A oGo3Hayaer cobHITHE,
COCTOSIIIEE B TOM, YTO OCYILeCTBHJIHCH JHG0 Ay, au6o Az, nHbo oHM
o6a. M3 ra. 1| mur 3uaenm (gopmyaa (7.4)), uro

P{A}=P{A,}-+P{A.}-P{A:A.}. (1.1)
Mbi xoTHM 06061UMTE 3Ty GOpMYay Ha ciaydail N cobuithit Ag, As, . . .
..., Ay, T. e. BBIYHCIHTL BEPOATHOCTb TOTO, YTO OCYLIECTBHTCA XOTA

661 ogHO M3 cobuiTHil Aj,. CHMBOJIHYECKH 3TO cOObITHE 3anHchiBaeTcH
B BHJE

A=A UAU... UApy.

Jng Hanmiel UesH HeOCTATOYHO 3HATh BEPOSITHOCTH OTAE/bHBIX COOBITHI
A, HaM Jo/kHA ObiTh JdH4 NO1HAsh HHPOPMALHS O BCEBO3MOXHbBIX Me-
peceyeHHsIX. DTO O3HAYAET, YTO WIS KXok naps (i, j), KaxA0d TPOHKH
(i, j, k) ¥ T. A. Mbl JO/DKHbI 3HAaTh BEPOSITHOCTH OZHOBPEMEHHOro Ocy-
wecrsnenuss A, u A;, A;, Ajn Ay u 1. 1. Jlna yno6ersa 6ynem o6o3ua-
YaTh STH BEPOSTHOCTH OYKBOH p C COOTBETCTBYIOUIMMH HHAEKCaMH. Ta-
KuM 06pasom,

pi.:P{A,-}, p,-_,-:P{A,-Aj}, piijP{AzA}Ah}, O] (1-2)

#) Matepnas 3TOH TM1aBbl HENOCPENCTBEHHO HCMOJbL30BATHCHA B AAJbHEHIIEM He
6yner. OdeHb BaxHa TONLKO NepBas Teopema.

1) Tlo nosoay nonodsHTennHoit HupopMauun cm. Fréchet M., Les probabilités
associées a un systéme d’événements compatibles et dépendants, Actualités scienti-
fiques et industrielles, Ne 859 (1940); Ne 942 (1943), Paris,
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1

TTopsanok uHAEKCOB HecyllecTEeH, OJHAKO B IEJSX OJAHO3HAYHOCTH Mbl
Bceraa Oymem nucamb uMOexcer 6 NOpPAOKe 603PACMAHUS, Tak, MBI
NHWEM Py , 44, @ HE p, 5 . JBa HHleKca He coBnajaloT. J1a cyMMbl
BceX p C r WHAeKcamu OyaeM IcnmoJb3opaTh cbosnaucHre S,, T. €,

NOJIOXKHM
Sl—:zpi’ SZ’:Zpl‘]" S-'!:Zpijk’ LRCECIN (1.3)

Baees i< j<k<...<<N, Tak 4TO B CcymMmax Kaxkjaas KomO6u-
Hals BCTpedaeTCs OAHH H TOJILKO OJAMH pas; CJefoBaTenbHo, S, co-

N
A€p2KHT (f cJ1araeMbix. HOCJIC}IHHH Cymma SN CBOJAHTCH K €JHHCT-

EEHHOMY p; , g, ..., A» KOTOpOE SIBJSIETCS BepOSATHOCTHIO OJHOBpEMEH-
HOTO ocyllecTBJeHHss BceX N cobpituil. [lpy N =2 umeercs ToJbBKO
aee cymmbl S; 1 S, ¥ (1.1) moxHO 3anucath B BHIE

P{4}=8,—S:. (1.4)

O6c0wenye Ha npoH3BosbHOe 4Hca0 N COOBITHE JaeT cienylolias Teo-
pema.

Teopema. Bepoamnocms P, ocyuwjecmsaenusn xoms Obt 60H020 U3 CO-
Goimuii Ay, A, . . ., Ay pasHa

P=8,—8,+8,—S,+—... %Sy (1.5)

Hoxasamenscmeo. Hokaxem (1.5) Tak Ha3biBaeMblM METOJOM BKJIO-
qeHHS M HCKJoueHHS (cM. 3azauy 26). Jas Toro uToGbl BHIYHCIHTh
P,, Mbl JOJIXHBl CJOXHTH BEPOSITHOCTH BCEX 3IJIEMEHTAPHHIX COOBITHA,
KOTOpHIE COAEpIKATCs XOTH 6bl B OQHOM H3 4 ;, HO Ka)X/l0€e 3JleMEHTapHOe
cobhiTHe AOJ/KHO ObITh B3fITO TOJBKO OAHH pa3. JleficTBys nocsenopa-
TeJNbHO, Mbl CHayaJjia BO3LMEM BCe 3JleMEeHTapHble COOLITHS, KOTOpHE CO-
JepxaTcsl TOJLKO B OfHOM A;, 3aTeM Te, KOTOpble COJEpKaTcs POBHO
B ABYX 43 A; ¥ T. 1., H HaKOHell 3J1eMeHTapHble COOLITHS (eC/IH OHH CY-
IeCTBYIOT), cofepxaiuuecs Bo Beex A4;. [lycts £ — moGoe anemenTtap-
1oe cobLITHe, COAepIKalleecss poBHO B n M3 N cobuituit A;. He orpanu-
yyBas OGIHOCTH, MBI MOXeM 3aHyMepoBaTb coObITHA TaK, uTo £ couep-
xurca B Ay, A5, ..., A,, no He cofepxutca B 4,,,, Apve - - 5 AN
Toraa P{E} apnserca caaraeMbiM B TeX pi, Pij, Pijhs » + »» Y KOTOPBIX
uinexcol HameHsiorces ot 1 o n. CrenosatensHo, P{E} Bxoant n pas

n

B Sy, 9 ) Paz—ps S; ¥ 1.4. B wurtore, BbIpa3uB NpaBylO 4acTh

(1.5) uepes BepOATHOCTH 3JEMEHTApHLIX COObITHI, MbI yGeaumcs, 4TO
P{E} sxoauT B P; ¢ KO3(DODHUICHTOM

n——<;>+<;>‘—+ _-t<Z> (1.6)

OcTaeTcs NoOKasaTh, 4TO 3TO YHCJIO PaBHO 1. D10 HenocpeACTBEHHO cJe-
fyet u3 cpaBHenus (1.6) ¢ GHHOMHa/bHBEIM pa3oxendem (1—1)* (cm.
dopmyay (8.7) ra. II). Tocnennee HauuHaeTcss ¢ 1, ¥ caaraeMbie H3
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| e

(1.6) comepxatcsi B HeM ¢ NPOTHBONOJIOXHBIMH 3HaKaMH, C/I€f0BaTe b~
HO, Aas Jo6oro n>>1 suipaxenue (1.6) pasHo 1. »

Npumepw. a) [Mycts npu urpe B Opuk A; ecTb cobuiTHE «UIPOK

-1
C HOMEpOM | MMeeT NoJHyw MacTb». Toraa p;=4 13) ; cobbiTHe,

cocTOfillee B TOM, 4TO JBa HIpoKa { H | HMEIOT INOJHYK0 MacTb,
ocymecTsasercs B 4:3 clyyasx M HMEET BEPOSTHOCTb ;=2

/B2\-1 /39\~!
= 12'\13) <13) ; 2HAIOTHYHO HaXOJHM
52\-1 /39\-1 /26\~!

p,-,-k=24<13) <13) <13> ‘
Hakouel, p;. ;. 3, 4= Pi, 2 » TAK KaK €CJIH TPH HIPOKA HMEIOT MOJIHYIO
MacTb, TO €€ HMEeeT M uerBepThifi. BepostHocTh TOro, uto xoms 6ot
00uH WrpOK HMMEET NOJHYI0 MacTb, paBHa nostomy P,=4p,—6p, ,-+
+ 4p,. ;. 23— D1, 5. 5, s Yicnonpays gopmyny CTHp/IMEra, HaXOAHM, YTO
npubanautenbo P, = (1/4) 10-%°, B stom uacTHoM ciayuae P; oueHb
6JM3KO K CyMMe BeposTHocTeli A;, HO 5TO CKOpEe HCKJIOYEHHE, YeM
NpaBulo.

6) ITapei (cosnadenusn). Crnepyiomas 3ajaua, M3BeCTHasi B pas3/uy-
HbIX BAapHaHTax M NPHBOAAlIAS K HEOKMJAHHOMY OTBETY, Obl1a npej-
noxena Montmopom (1708). Ona 6b1a o606meHna JlanaacoM H MIOTHMH
APYTHMH aBTOpaMH.

JlBe OfHHAKOBbIE CJYuaHHbIM 00pa3oM NepeTacoBaHHbIE KOOI,
cofepxalie no N pasiuuHbIX KapT KaxJas, CPaBHHUBAIOTCA LVI C
apyrom. Ecii KapTa HaxofHTCst Ha OJHOM H TOM Xe MecTe B olCenx
KOJIOA2X, TO Mbl TOBOPHM, 4TO HMeeT Mecto napa (cosnacenue). Cosna-
JEHHs MOrYT GbITb Ha JIo60M H3 N MecT H Ha HECKOJNbKKX MECTax OJHO-
BpEMEHHO. DTOT 3KCNepHMeHT MOXKeT ObiTb ONHCAH H B IIYTOYHOH GopMe.
Hanpumep, ABe KOJOAbl KapT MOXHO 3aMEHHTb MHOXECTBOM IHCEM H
npejHa3HayeHHbIX /sl HHX KOHBEPTOB, H CBOEHPABHbIA cekpeTapb 3arne-
yaThbiBaeT NHCbMa B KOHBEPTHl c/1y4yalHbiM o6pasoM. Miin MoxHO npen-
cTaBuTL cebe, 4TO 1WJIANL B rapaepobe nepenyTaHbl H pacnpeaessiorcst
MEXY MOCETHTENAMH cayuadHbiM oOpasoM. CoBnajeHuHe HMEET MeCTo,
ecJH NOCeTHTe/Nb NMOMYuaeT cBOW coOcTBeHHYo masmny. IlToyuntenbHo
HOMBITATbCSL YTajaTh, KaK BEPOATHOCTL COBNAJEHH® 3aBHCHT OT N:
KaK BEPOSTHOCTb NOJNYYeHHst CBOEH LIANLL XOTs Obl OHHMM U3 8 roctei
COOTHOCHTCS C COOTBETCTBYIOUIEH BeposiTHOCTbIO B cobpanuu H3 10 000
yesoBek? Kaercss YAMBHTENLHBIM, YTO 3Ta BEPOATHOCTb NPAKTHUECKH
He 3aBHCHT OT N u 6su3ka K 2/3. (Bosee cepbe3Hble NPH/IOKEHHS CM.
B 3agauax 10 u 11.)

BepostHoct Hammua posio O, 1, 2, 3, ... cosnajenuii Gyayt
BHuMc/eHH B § 4, a 37ech Mul HalijleM TOJbKO BEpOATHOCTb P; XOTs
6bl oaHoro cosnajaeHua. Jis yaoOGcTBa 3aHyMepyeM KapThbl YHC/IaMH
1, 2, ..., N B ToM nopsiAKe, B KOTOPOM OHH PACHOJOXKEHH B OflHO#
H3 KOJIOJ, U NPEANOJIOKHM, uTO KaKJas TNEPeCTaHOBKA KapT BO BTO-
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poi#t Kosone umeer BeposTHOcThb 1/N!. Ilycth cofbiTwe A, o3nauaer,
YTO HMEET MEeCTO COBMajeHue Ha k-M MecTe. 2TO 03HayaeT, yTo Kapra
¢ HoMepoM k& HaxoauTcs Ha k-M MecTe, a ocTaBwmeca N—1 kapr
MOTYT ObIThb pacnoJioXKeHl B npou3BosabHOM mnopsanke. OdeBuaHo,
pr=N-—D1N!=1/N. Ananoruuno g1s modoit koMOHHAIMH [, j HMeeM

AY

pii=WN—=2)yN'=l[N(N—1)] u 1. . Cymva S, coaepxur (ﬁl)

CraraemblX, Kaxjoe M8 KoTophiX pasHO (N —r)!/N|. Creposarenero,
S,=1/r!, n B cuay (1.5) 1ickoMast BepOATHOCTL paBHa

P o=1—1/20 4 138! — 4 ... & /N (1.7)

3ametu™, uto 1—P; npexpcraBaser coboii N +1 nepBHX useHOB
paaJioxenus

e l=1—141/20—1/31 - 1/4l—F.. ., (1.8)
H, CJeJOBaT&JILHO, HpHﬁJIHBHTEJIbHO
P, ~1—e1=0,63212... . (1.9)

TounocTh NPHOMDKEHUS BHAHA M3 caejylolledl Tabiuusl HMCTHHHBIX
3naqeHiil Pp:

N= 3 4 5 6 7
P,=0,66667 0,62500 0,63333 0,63196 0,63214. »

§ 2. MPUJIOXXEHUE K KJACCHYECKOH 3AJAYE O PASMEWIEHUH

BepHemcst Temepe K 3ajaue 0 CAy4aiHOM pasMelleHHH r LAPOB MO
n fMKaM, npejnosaras, 4To KaXkjoe pa3MelleliHe UMEET BepPOSTHOCTh
n~’, Hafinem BepoATHOCTb P, (r,N1) TOrO, YTO POBHO M SIIUKOB OCTAKOT-
Csl MYCThIMH 1),

Ilycts cobuitue A, 3akawodaeTca B TOM, 4TO SILIHK C HOMEPOM R
nyer (k=1, 2, ..., n). IIpu BolnonHeHun sToro cobLITHS BCe r IAPOB
Pa3neLLaloTest B OCTalbHbIX ni—1 ALMKAX, H 3TO MOXeT 6bITh CAeNaHO
(n—1)" pasauuHbiMH crnoco6aMu. AHaJOTHYHO CyIIeCTBYeT (n—2)"
pasMeLleHHi, MPH KOTOPLIX ABa (PUKCHPOBaHHBLIX fAlIMKA OCTAIOTCA Myc-
ToiMi ¥ T. 1. CaeloBaTenbHo,

pi=(1—=1n)y, py=Q0=2n), py=0-=-3n)", ..., (2.1)
M IO3TOMY AJs Jboro v<{n

sv=(;‘) (1-2)". 2.2)

BeposTHOCTb TOrO, 4TO XOTH OBl OAMH SIIMK INYCT, 3aAa€TCS COOT-
Hoitenuem (1.5), M mosToMy 6epoamHocnb mo2o, 4mo eéce AuukU 3a-

1) Bra mepoaTnocTs Ghli1a MOJYUeila COBEPLIEHKO APYTMM CnOco6oM b 3afaue 8
ra, 11, 11, CpaBusTte Takxke C 3aK/MOUHTE/ILHLIM 3aMedanieM § 3,
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HAmot, paBHa
n v n , v ,
po (s n):l—Sl—{—Sz-——}—...:vE::o(—l) (v)(x_ﬂ . (@3)

Paccmorpu.\l Tenepb pasmelleHHe, NpH KOTOpOM pOBHO m AIIHKOB 0CTa-

m
10TCS NYCTEIMH. DTH m SALIHKOB MOI'YT ObITh BHIOpaHb! (n ) crnocobaMHu.

Torga r mapoB pacnpefeqsioTcs MEXAY OCTaJbHBIMH A—M ALMKAMK
TaK, YTO KaXKAblA M3 HHUX 3aHAT; YHCJIC TaKHX pacnpeiejeHHd paBHO
(n—m) pe (r, n—m). Pa3genuB Ha n', HalJeM 6epOAMHOCHL MOZ0, Mo
POGHO M AWNKOE OCMAIOMER NYCMbLMU:

P s 1) =<Ir:1) (l—- —%)r p, (r, n—m) =
=<;;1)’12_:=m0 (_1)v<n-:rf1)<l_mi—v)r. @.4)

MBl yXe HCmOsB30BanM MoOJeab cjaydaHHoro Buibopa r uudp ans
HJIIIOCTPALHY CYYallHOro pa3nsellenus r npeaMeTos no n=10 AmuKam.
TlyCcThIM SIIMKAaM COOTBETCTBYIOT B 3TOM CJAY4Yae OTCYTCTBYIOLLHE wH(-
Phl: €C/IM m SUIUKOB NYCThI, TO B AaHHOH Noc/eR0BaTe/NlLHOCTH BCTpeya-
jorcst 10—m paanuysblX nH@p. YucaeHnas HAMIOCTPALHSA NpHUBORAMTCA
B Taba. l.

Tabauya 1
BeposatHocth p,, (r, 10), nonydsennsie no gopmyne (2.4)

m r=10 r=18 m r=10 r=18

0 0,000 363 0,134 673 5 0,128 596 0,000 876
I 0,016 330 0,385 289 6 0,017 189 0,000 014
2 0,136 080 0,342 987 7 0,000 672 0,000 000
3 0,355 622 0,119 425 8 0,000 005 0,000 000
4 0,345 144 0,016 736 9 0,000 000 0,000 000

pm (r, 10)—BeposATHOCTL TOro, 4TO poBHo m w3 uudp O, 1, .,., 9 xe nosBaTCH
B NOCAEA0BATEALHOCTH M3 r CAyuaidHbix Ludp.

flcro, yTO HenocpeACTBeHHOE BHIYHC/AEHHE NO (2.4) BO3MOKHO B Cay-
yae OTHOCHTeJbHO MaawiX n M r. C Ipyro# cTopoHkl, 3ajaya o pasMelne-
HHH npeicTaBJseT cobol HHTepec, Korja 7 BeJMKo. KaxoBbl maHCH,
yto npu pasMellenuu 10 000 mapos no 1000 smuxaM Xors Gul OfuH
AMK ocTaHeTcss mycThiM? KaKkoBbl 1aHCH, 4TO AAs rpynnst W3 2000
yeJ0BeK eCTh XOTH Obl OAHMH JeHb B rofy, He fB/SIOLLUACA UbHM-1HG0
AHem poxkzaends? K cuacteio, Ha nonoGHBIE BONPOCH MOXKHO OTBETHTh
C nIOMOULIY 3GMENATeILHO BPOCTON mpnubaumennol $opMy/st, norperu-
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HOCTh KOTOPOM CTPEMHTCS K HYJIO NPH A-»oo. DTO NPHOJNHMKEHUE K
NPUBOASIUKE K HEMY PacCyXAEHHUs THIHYHEL AN MHOTHX ApedeacHbLx
meopem TEOPHH BEPOSITHOCTEH.

Taxkum 06pasoM, Hala Lenh 3aKJIOYaeTcsl B HAXOX/IEHHH NPEJeh-
Horo sujaa (2.4) npu n~»oo U r—»oo. COOTHOLIEHHE MEXAY 7 K 1 B NIPHII-
L HNe MOXKeT GHTh NPOM3BOJBHEIM, HO ECJIH CPeAHee YHCJO r/n WapoB
Ha AIIHK upe3MepHO BEJHKO, TO MbI HE MOXKEM OXHJaTh HaJHUHA MYCThIX
SILIUKOB; B 3TOM CJlyuae p, (r, n) 6A13Ka K €IMHHIE U BCe Pp, (7, n) NpH
m>! manu. C Apyro¥ CTOpOHBI, ECIH r/n CTPEMHTCS K HYJIO, TO Npak-
THUECKH BCE SIIMKH JOJKHEI GhITh NYCTHIMH, H B 3TOM ClYy4ae pp (r,
n)—0 nnsa moboro ¢ukcHpoBanHoro m. ITosToMy AeHcTBHTENbHEIH HHTeE-
pec mpeicTaB/isieT TONbLKO IPOMEXYTOYHRIH cayuail.

Mu paunem ¢ oueHkH Benxuuuel S, B (2.2). Tak kak

(n—v)* < (n)y <Y,

n¥ (1 —v/n)v*" < vIS, < n¥ (1—v/n)". (2.5)
U3 paznoxenns (8.10) rn. I1 cnepyer, uto npu 0 < ¢ <1 3HaueHne
~—log (1 —1t) nexur mexay ¢ u t/(1—¢). [Tostomy

{ne—(\=+ r)/(n—v)}v < vl Sv < {ne"/"}". (26)

ITonoxuM ansi KPaTkoCcTH
ne-rif=} 2.7

H DPEANOJIOXHM, YTO 7 H A BO3pacTaloT TakHm obpasom, yto A ocra-
eTcs BHYTPHM Koneudoro HMHTepBana 0 <<a << A <<b. Jlna kaxpgoro
()MKCHPOBAaHHOTO vV OTHOLIeHHe KpaitHnX uneHoB B (2.6) crpemurcs k
eIMHHIE, H TO3TOMY

0S AV =S8, —0. (2.8)
DT0 COOTHOLIEHHE OUEBHHO CIPABEJIMBO, KOrJa A - 0, u, cnhegoBaTenb-

HO, (2.8) ocraeTcs crpaBeMNIHBLIM M TOTAd, KOTJa r M 1 BO3PAacTaioT
TakuM 00pa3oM, 4TO A ocTaetcss orpaHuueHHunM. Ho

er—p, (r, n) =v}::0 (— Y {Av/wv1—S8,} 2.9

1 u3 (2.8) cnenyet, uTO mMpaBas YacTh CTPEMMTCS K HYsw0. Kpome Toro,
MHOXHTeNb PH po (r, n—m) B (2.4) paBeH Sy, ¥ MO3TOMY A KaXAOro
(pMKCHPOBAHHOIO M HMEEM

P (s 1) —e~*Am/ml — 0, (2.10)

TeM caMbiM AGKa3aHa CJENylellad TeopeMa.
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Teopemal). Ecau n u r cmpemamca K OecKOHeuHOCMU, MAK 4o
A=ne-r/" ocmaemcsa OzpaHudeHHbIM, MO 04 Kaxn0o20 (uKcupoBan-
Hoeo m gsuinoansemes coomuotierue (2.10).

Annpoxcumupyionce BbipaxeHHe

p(m; A)=e-*A»/m! 2.11)

onpejeNsieT Tak HazbiBaeMoe pacnpedeaeHue Ilyaccona, KOTOpoe uMmeeT
Gosblioe 3HayeHHe H ONMHChbIBAET pasHooOpasHbie sIBJEHUs; OHO GyJeT
usyyatecst B . VI

Ha npakThke MOXXHO Hcnonb30BaTh p (m; A) B KauecTse NpHOIHKe-
HU#, KOrjJa n Benuko. s HeGONbIIHX 3HAYEHHH n HeO6XOAHMa OLEHKA
MOrPELIHOCTH, OAHAaKO Mbl 3aHHMATbCSl 3THM He GyjeM.

Ipumepnr. a) B tabn. 2 npuBeneHs! npHGIHIKEHHbIE 3HaYEHHS BEPO-
SITHOCTEH TOrO, YTO Ml SILUKOB OKAXYTCS NYCTHIMH NMPH OGILEM YHCAEe
siukoB, pasHoMm 1000, v yncae wapos, MeHstowemcst ot 5000 1o 9000.
Ilpu r=>5000 Meauana yucja NYCTHIX SUHKOB PABHA LIECTH: HaJHUMe
ceMH HIM Goslee NMYCTHIX SIUHKOB HMeeT NPHGIH3HTENLHO TaKYIO XKe
BepOATHOCTb, KaK uiectd H MeHee. Maxe B cayyae 9000 wapos B
1000 siukax Mbl HMeeM OKOJIO OFHOTO IaHca M3 JAeBSATH HaiTH MycTo#
S UK.

6) B cratuctuke AHeill poxjenuss (nmpumep ra. II, 3,r)) n=2365,
a r pasHo uucay mogeh. Ilpu r=1900 npubnusurensHo A=2. Bepo-
amuocmu P, moeo, umo e noceaxe ¢ 1900 axcumenramu m Oned 6 e0dy
He asasaomea OHAmMU posOerus, Npubau3UMeAbHO maKoebi:

Py, =0,135, P,=0,271, P, =0,271, P, =0,180,
P,,=0,09, P,,=0,036, P, =0012, P, =0,003.

B) Koraa nlogn--an wapoB pasmemjaiorcsi B 1 slHKaX H A pe-
JIMKO, BEPOSITHOCTbL TOTO, UTO BCE SIMHKH 3aHATH, pasHa | —e~¢, P>

BMmecTo NycThIX SILUHKOB MOXKHO PacCMOTPeThb SILLIKH, COAepKallue
POBHO k wapoB. 3jech C HeGOMbIIMMH H3MEHEHHSMH NPHMEHHMBI
paccyKJeHHs, HCIONb30BaHHbIE Bbille B 4acTHOM caydae k=0. Kak
noxasas Musec, BepOSITHOCTb TOTO, UTO POBHO M SILIUKOB COJlEpKaT 1o &
11apOB, TaKXe aNMpOKCHMHpyeTcss pacnpefeneHuem Ilyaccona (2.11),
HO B 3TOM ciyyae A onpejensieTca clelyomnM oGpasom:

A=n (e~ R) (r/n)". (2.12)

§ 3. OCYUWECTBJIEHUE m U3 N COBbITHHA
Teopesma § | Moxer GpiTh ycuJeHa caefyiOLIEM 06pa3oM.

Teopema. Has aw6ozo yeaceo m, maxoeo, umo | << m < N, gepoam-
Hocme Py, moeo, umo 00HOBpemeHHO ocyuiecmensemea posuo m uz N

1) IMpuuagiexHT (c APYFUM JOKa3aTeqbcTBOM) Mudecy (von Mises R., Uber
Aufteilungs- und Besetzungswahrscheinlichkeiten, Revue de la Faculté des Sciences
de 'Université d’Istanbul, N, S., 4 (1939), 145—163),
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sobournuii Agy ..., Ay, pasta

m--1 ‘m+- 2 N
P[ml=Sm—< m >Sm+1+( m >Sm+§__+"' -_-t<m>SN (31)

3ameuanue. Coraacumo (1.5), BeposTHOCTBL Py, TOro, 4TO He OCY-
IeCTBU/IOCE HH OAHO W3 COOHITHA A,, paBHa

P[o]:1_P1=1_SI+Sz°_SS:—+_— "'¢SN' (32)

310 nokaseiBaer, uto (3.1) AaeT NpaBH/JIbLHOE 3HAUEHHE TAKXKE 1 IS
m=0, ecau Mu noJoxuM S,=1.

Hoxazameascmso. Byjem paccyxaaTh Tak e, KaK NpH J0Ka3aTesb-
ctBe (l1.5). Ilycts E — nponsBosbHOe s/emMeHTapHoe cofuTne; npef-
TNOJIOKHUM, YTO OHO COAEPXKUTCS POBHO B n H3 N cobumtHii A;. Toraa
P {£} naer Bknag B P, Juwb TOrja, Korga n=m. Oas Toro utoGhl
y3HaTh, KakHUM obpasoM P {£} BxoauT B npasyio uacts (3.1), sameTum,
yto P {£} Bxoaut B cymmut S;, S,,. .., S,, HO HE BXOAHT B CYMMEI
S,+ir - .» Sy. Orciona cneayer, uto P {£} He naer Bk.1aja B npasyo
yacTh (3.1), ecan n < m. Ecan n=m, ToP {E} BXOAUT B OAHO H TOJALKO
B 0JHQ C/1araemMoe CyMMbl S,,. Il 3aBeplleHHs AOKasaTeabcTBa Teope-
MbI OCTA€TCs N0Ka3aThb, YT0 NpH n > m BKAaau P {£} B unenst npasoit
yacth Sy, S,i1- - -» Sp B3dHUMHO yHHuTOXKaloTcs. [leficTBHTenbHO,

n
P {E} sxogut B S), ¢ ko3dpduuHEeHTOM (k)' paBHBIM uHcay HaGopos

1o k coGuITHI M3 1 cobmiTui, comepxamux E. Takum obpa3aoM, npH
n > m noausiii BkAaa P{E} B npaByio uacts (3.1) pasen

/) (m+l> :-1>+,m:2,<m:-2>*+““ -

Ecau Bripaauth 6WHOMHa/bHble KO3MQHIIMEHTh! yepe3 QaKTOpHAa/kl, TO
JIErKO BHJETb, UTO 3TO BbIPAXKEHHE CBOJHMTCA K C/eAYIOLEMY:

(I (N e )| Y

B ckobkax uMeem GuHOMHanbHOE pasnoxeHHe aas (1-—1)r-m  pag
yto (3.3) ofpautaercst B HyJb, YTO H YTBEpXKJAaJOCh.

Ynrartenio npeanaraercsi NPOBEPHTh, YTO MOACTAHOBKA BLIPAXKEHHS
(2.2) B (3.1) Henocpedcmeenro npHBOAMT K (2.4).

§ 4. NTPUJIOXXKEHHE K 3AZAYAM O COBNAAEHHAX H
K 3AJAYE 05 YrAAblIBAHUH

B npumepe 1, 6) Mu paccMaTpHBa/aM COBNAJEHHN KapT B ABYX KOno-
Jax u Hauwiy, uto Sg == 1/k!. TlogcTaBus 310 BhipaxeHue B (3.1), noury-
UHAl CJAEJYIOLHURA pe3ybTarT.
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3

Ilpu caywatinom conocmasaenuu 98yx oduHakosbLx k0408, cocmos-
wux us N pasauwneix Kapm, eeposmuocmu P, noaysume posHo m
cosnadenutl pagHbl

1 1 1 1 1

Po=l—ltgr—grd+— .. g—gr F w=pr =77

1 1 1 — 1
Py=l—ltg—agt+—... & N—or T W= *
1 1 1 1 1
p W{I_H‘W—?ﬁ‘—'“i =3y T (N—2)l}’
1 1 1 1
p,‘,,l=ﬁ{1_1+71——3,—+—...i——(N_S)!}, (4.1)

Il

[2]

1 1
PrN—m:(N—_Q)—r{l—‘l +—T} )

2
1 1
PrA’—ﬂ:w{l_l}=Or Piyy=—r-

locnennee coornowenue ouesnano. OGpamenne B Hydb Piy_g
BLIpaXKaeT TOT (aKT, YTO HEBO3MOXHO nonyyuTb N-—1 coBnapenie
6e3 Toro, yrobel Bce N KapT B Kaxa0fi KoJofe OblIM PACTONOMEHE]
B OJMHaKOBOM TMOpfKe.

Boipaxenusi B QUrypHBIX cKOGKax B NpaBbIX yacTsax (4.1) apasworces
NEPBLIMH uJIeHaMH pasjioxkenus e, [losmomy Oan Goaswux N met
umeem npubruNCeHHOE pPABEHCMEBO

P, ~e=iml. (4.2)

Hike B Tabn. 3 KOMOHKH, o3arniasjieHHsle P, 40T TOYHHE 3Ha-
uenuss P, npu N=3, 4, 5, 6, 10. B nocnenneli xononke npuse-
JIellsl pefie/IbHEIE 3HAYCHHS

Pm=20"1ml, (4.3)

Yucna p,, naioT AOBOJIBHO xopowee npubikenue s P, Aaxe npi
HeboJbIKX 3HaveHusix N.
© Jssa gucen p,,, onpepesenHsix topMynoit (4.3), Mol umeeMm

Epk= ‘1<1-|-1+—21T+—;—,+ ...)=e‘1e=1.

CrenoBarteNbHO, p, MOTYT TPAKTOBAaThCS Kak BeposTHOCTH. OTMeTIM,
yto (4.3) fBJISICTCH YacTHBIM caydaem pacnpedeaenus Ilyaccona (2.11)
chi=1l.

NMpumep. [1posepka cnocobrocmu yeadoieams. Ilpu perycrauuu B,
B (PU3HYECKHX 3KCMEpHMEHTaX M T. A. IPOBEPAEMOro NpOCAT HA3BaThb
HEU3BECTHLIA €My NOPSAOK PACNoNOKeHHs N npeaMeToB, CKaxeM KapT.
JeiicTBUTEIbHAS CMOCOOHOCTE YrajulBaTh € €ro CTOPOHH OyAeT npo-
ABJATLCSA KAaK OTKJOHEHHE OT CJYYAHHOCTH. JINIf OleHKH cTenend 3To#
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CnoCOGHOCTH Mbl JOKHBl YMETb HAXOJAUMTb BEPOATHOCTH CJYy4aRHHX
yAau. YTajbIBAOLIHH MOXET NPHAEPKUBATHCA Pa3HHX CHCTEM, Cpeax
KOTOPHIX MBI YNOMSIHEM TPH KpafiHue BO3MOXHOCTH. (i) ¥YraabiBaouuil
BLIOMPaeT OAHY KapTy M HasbiBaeT Bce Bpems ee. Ilpu Takoi cucteme
OH 6yleT MMETb OMHO M TOJBKO OO MPaBHIbHOE YraJbiBaHHE B KaX-
Roit cepuu; caydaitHele GJAYKTyaudd HcKmoueHbl (ii) YraaeiBaiomuit
Ha3bIBaeT KAXKAYI0 KapTy OJMH pa3, TaK YTO Kaxjas cepus u3 N
yIajabiBaHdii COOTBETCTBYET MEPETacoBKe KoJoAb. Ecau nposepsemniit
ne o6nafaer CrnocOGHOCTbIO YraiblBaTh, TO MOXHO NPHMEHHTb (Op-
myaun (4.1). (iii) TpeTbs BO3MOXHOCTb 33KJIIOYAETCA B TOM, YTO K&XK-
joe u3 N yrajplBansfl 0pOHM3BOJAUTCH COBEPUIEHHO HE3aBHCHMO OT ApYs
rux. 3jech umeerca NV Bo3MOXKHbIX KoMOuHauuil. HecomuerHo, uto
KaX/Jbl YeJOBeK HMEeT CBOM LPUBLIYKY H CKJOHEH Ha3hlBaTh omnpe-
JeJIeHHNE KOMOHMHAUMHK 4Yaile APYTHX, OJHAKO B NEPBOM NPHOJHIKEHHH
MOXHO cuMTaTh Bce NV KoMGUMHAuuii paBHOBEPOATHHIMH. Tak Kak m
BepHelX M N-—m HeBepHHIX YraiblBaHuif MoOryTt ObTh NPOH3BEJCHH!

(nz) (N—1)¥~2 paamuyHpiMH Crnoco6amMH, BEPOATHOCTb POBHO /M Bep-

HBbIX yra,u,bmaﬂuﬁ paBHa

N N—_N)N-m )
b, = <m> %— . (4.4)

(210 yacTHH# cayyail GMHOMHA/bBHOrO pacnpejeleHHs, KOTOpoe ObLIo
nmoayuseno B npumepe ra. lI, 4, B).)

Tabauya 3

BeposTHOCTH m npasuibHuX YrajnBaHHi B KOJORE M3 N DasanyHBX KapT

N=3 N=4 | w~=5 | WN=6 | N=10
m Pm
Pim| bm | Ppml| bm | Pray) bm | Plm)) bm ) Pim) bm

0 {0,333(0,296(0,375/0,316/0,367/0,328/0,3680,335) 0,36788| 0,34868 | 0,367879
1 10,500(0,444|0,333|0,422|0,375|0,410|0,367|0,402} 0,36788 | 0,38742 | 0,367879
2 ...10,22210,250(0,211{0,167[0,205{0,187{0,201/ 0,18394 | 0,19371 | 0,183940
3 |0,167/0,037] ...|0,047/0,083|0,0510,056/0,053) 0,06131} 0,05740 | 0,061313
4 0,042/0,004; ...{0,006\0,0210,008;0,01534| 0,01116 | 0,015328
5 0,008/0,000{ ...{0,001{0,00306; 0,00149 { 0,003066
6 0,001}0,000| 0,00052 | 0,00014 | 0,00051}
7 0,00007 | 0,00001 | 0,000073
8 0,00001] ..... 0,000009
9 vaes | 0,000001
10 ++.. | 0,000000

Pm] 3anaust dopmynoit (4.1), bn—topmynoi (4.4). B nocaegnem crosibue npu-
BeJeHL npepesbHue BeposaTHocTH (4.3) (pacnpegesenne Ilyaccoua).

B ta6bn. 3 npuBeleHbl BEPOATHOCTH YycCmexa, KOrja yra/JblBaHHe
npou3BoAuTCA N0 cucreme (ii) uam (iii). HUTo6bl OUEHHTH ROCTOMHCTBA
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3THX ABYX METOAOB, HEOOXOIHMO HallTH CPefHHEe 3HAUEHHS M BEeJHUHHL!
cayuadusiX ¢aykryamuil. OkasbiBaeTcst, YTO CpelHee YHCJIO0 NPaBH/b-
HbIX YraJLiBaHHH OJMHAKOBO MPH BCEX CHCTEMAX; CJy4yaliHble OTKJIOIe-
HHA HeCKOJbKO GoJibie npH cicreme (ii), uem npw (iii). [Ipocmorp tabn.3
MOKAa3sblBaeT, YTO NPAKTHYECKH pasHHIA He OueHb BeJIHKA.

§ 5. PA3JIMYHBIE AONOJHEHUS

a. OcylecTBeHNE MO MeHbIIEH Mepe /M cOGLITHI
B o6osnauenusax § 3 eepoamrnocme P, moeo, umo 00HO8pEMEHHO
ocyujecmeastomea m uau Goree uz cobeimud A;, ..., Ay, pasua

Pm=P[ml+PIm+1]+"'+Pl'N)' (5-1)

Jas toro urtofbl Boipasutb P, uepe3 S,, npome Bcero AefcTBOBaTb
MEeTOJOM HMHAYKIMH, HaulHas ¢ Bbolpaxenus (1.5) nns P; uucnonbsys
peKyppeHTHoe cooTHowenue P,,.;=P,—P, . [Ipp m=1 nonyuaem

" S
Pm=Sm_<m__ 1) m+1F
/m+ 1 ‘m- 2 N—1
+\m_ l Sm+§—-< Sm+3+ LI :i: M— l)SN. (5.2)

m— 1

CootHoternte (5.2) MOXKHO BbIBECTH TaKxKe H HeNocpeJCTBEHHO, HCMOJIb-
3ysl pacCyxXIeHHs, Koropble npuBeas k (3.1).

6. Mpoune TOMAECTRA
Koagppuyuenmor S, moscHo evipasums uepes Py, uau P, caedyro-

wum obpasom:
N[k
Sy= 2 ( ) Py, (5.3)
k=v \ V¥

N fp—1
Sy=2 <v_1>Pk' (5.4)

k=v

Hoes doxazamenscrnga. TIpy 3alaHHBX 3HaueHHsxX P, COOTHoIIC-
uus (3.1) MOXHO paccMaTpHBaTb KaK JufHeffHbie ypaBHEeHus OTHOCH-
TeJbHO Hel3BeCTHBIX Sy, H MBI JIOJ/DKHBI 10Ka3aTb, uTO (5.3) npeacras-
JsieT cofoif ux eAMHCTBeHHOe pemtenue. Ecau noacrasutsb (5.3) B Bbipa-
xene (3.1) ana Pp,;, To KoabdummenT npu P, (m<LhA<N) B
npasofl yacTH 6yJeT paBeH

,21 Y—m M 4 k |/ k I{j v—m Ik_ m |
\%n =D <m>KV>=\m>\%n = QV_‘"Z>. (6-5)

Tlpu k=m 310 BEpamenwe paBHo l. [lpu k> m cymMma npex-
cTaBjsieT coGoit OuHOMManbHOe pa3noxeHne (1—1)k¥~7 1 nosrovy
pasHa Hy/mo. Cienosatesibio, noictaHoBka (5.3) cBout (3.1) K Tox-
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necrBy Py, = P,,,. Enuncreenrocts pemenns (3.1) crepyer ua roro,
4TO KaXKJoe M[OoCaeRylollee YPaBHEHHE COJEPKHUT TOJNLKO OXHO HOBOE
HEH3BECTHOE 10 CPABHEHHMIO C NpEALIAYLIMM, TaK 4TO S, MOTYT GbITh
BbIYHC/JEHH noclefoBarensHo. CnpaBeanuBocTb (5.4) MoxeT OHITL
JIOKa3aHa aHaJOTHYHbIM 00pas’oM.

B. Hepagsencrsa BoHdepponn

Paa nepaseHcTB Kak Anst Py, Tak u Ans P, moxer ObTh noay-
yen caexyiommm obpasom. Ecau aubo 8 gopmysre (3.1), aubo 6 (5.2)
ocmasaenbt auwb caazaemole, codeprcawiie S,y Spiis covr Smir—q
a crazacmoie, codeprcaique S,ipe Spipiis -0 Sns 0mOpouLeHb, mo
noepewrocme (M. e. UCIMUHHOE BHAYEHUE MUHRYC NnPubAUNCEHHOE 3HA-
YeHue) umeem 3HAK nepeozo omdpouiernoeo daeHa |a umento, (—1)]
u Hel npesocxodum ezo no abcoaommoii eeautune. Takum o6pasom, npu

=] ur=2

Sm——(m+1) Srn+i<P[m]<Sm (56)

S, —mS, . <P, <S,. (5.7)

Hoea doxasameascmoa. Toxaectso (3.1) nokasniBaer, 4to YTBEPX-
Jenue (5.6) 3KBHBAJNEHTHO HEPABEHCTBY

N v
v2=t(—1) f<m>sv>0 (5.8)

aas moboro f. Jlma Ttoro 4TofH npeaCTABHTL JEBYIO YacTh B BHJE
JMHEAHON KOMOWHAUMH P, BOCNOJL3YyeMCA COOTHOLICHHEM (5.3). Ipu
t < k< N xrosdduumerT npu Py, paseH

T AVE A AW L [k—m
£ (G- (a) B (20)

E—m—1

[Mocnenusas cymma pasHa <t —_m—1

>H, CJIe0BATE&NLHO, [TOJIOKHTEILHA

(samaua 13 ra. II, 12).

JlabHefine HepaBeHCTBA MOXHO Halitu B Monorpaguu (®peine,
LUMTHPOBAHHOH B liaya/e IVaBh.

§ 6. 3AJAUH

3ameuanne. Ilpennonaraercs, 4To B KaX/0M CJyyae Bce KOMOWHAIlMH DpaBHOBe-
POSITHHL.

1. B uynase naxoautcs Recath nap Gotuuok. CayuafiHo BuGHpaoTcs weTnpe
60TuHKa. Haiity BEPOATHOCTH TOTO, YTO CPelM BbIGPaHHLIX YeThipex GOTHHOK ecTh MO
KpaifHei Mepe onHa mapa.

2. Bpocatotcs nats urpaisHeiX Kocteif. Hafitw BEpOATHOCTS TOrO, 4TO MO MEHb-
1ed Mepe Ha TpeX M3 HHX BRIIIATYT ORHHAKOBHIE I'PaHH (IPOBEPHTL METOLAMH Il 11, 5).

3. HajiTH BEPOATHOCTh TOTO, 4TO NPH nsiTH GPOCAHMAX MOHETH epl Bbinajer
IO MeHbIIE Mepe TPH pa3a MOZPSA.
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4, PewuTs 3a5auy 3 Aa8 Cayuas o MeHbmel Mepe naTH Nnoc/1en0BaTeNLHLIX BENAs
nenHli repb6a npu gecatu OpocaHusX.

5. Pewuts 3a3aun 3 4 4 Ans BhlafgeHust €AHHHOM, ecid 6pocaeTess HIpalbHAf
KOCTb BMECTO MOHETHI.

6. IBe xoctu 6pocawres 7 pa3. HafiTh BeposTHOCTb P, TOTO, YTO KaX[as W3 Ies
crit KomGunaomit (1, 1), ., ., (6, 6) noasarca no MeHnmef Mepe oJMH pa3.

7. Yemsepxu y uepoxka 68 Gpudx. [IpH urpe B 6PHAK Cpeld TPHHAAUATH KapT Of«
HOT'O HIPOKa MOTYT cofepxarthcs 0, 1, 2 uau 3 ueTBepKH KapT OZNOro 3xayeHus, Bhl«
YUCJIHTE COOTBETCTBYIOIME BEPOATHOCTH.

8. Bewbop ¢ sosspaujerues. 113 renepansHoil COBOKYNHOCTH 7 JMIOfed H3BJIEXAETCH
BrI6opKa o6neMa r. HaliTi BepoATHOCTS 1, TOro, YTO B 3TOH BROOpPKe 6YXYT COAEPIKATh~
cs N 3azavHEIX miogedt. (210 3agaua 12 ra. II, 11.)

9. Bubop 6e3 eocaspauerus, OTBeTUTh Ha BOMpPOC 2afaqd 8 B 3ToM CJayuae
U [i0Ka3aTb, 4TO 4, — pi¥. (310 3agaua 3 ra. 1I, 11, Ho macTrosmuil MeTog NpH=
BOAHT K ApYroMy no dopme pesyasrary. JlOKasaTe TOXLECTBEHHOCTb Pe3yJbTaTOB,)

10. JlokasaTs, uTo B O6ILEM Pa3NO:KeHHIl leTepMUHAHTA nopsgka N uKclo caaraes
MEIX, CONEpXAalUiHX OJHH H/H 60/ee JHATOHANBHBIX 3aeMentos, pasno N1Pj, rae Pi
onpefeaserca cooTHowenueM (1.7).

11. HoxasaTs, uTo YHCJO CNOcO50B, KOTOPEIMA 8 najell MOryT GHITB paccTaBl]eHR
Ha WaxMaTHOH JOCKe TaK, 4TO HH OJHA U3 HHX He ObeT APYTYIO H HH OJIHA He CTOMT Ha
Genoil guarosanu, pasdo 8!(1—P,), rae P; onpegensierca cootnomenuem (1,7) npa
N=8.

12. 3adaua o esbopke (o cobupanuu KynoHos). Konosa KapT COCTOMT H3 S 07MHas
KOBLIX HAaGOpOB, COJePKAIIHX KaXIbll n KapT, 3aHyMepoBaHHWX Tuclamu 1, 2, ..,
..., n. M3 xosoap n3snexaetcs Ge3 BO3BpalleNHs Cayualinas BLIGOpPKa o6neMa 1=,
BbiuHCIHTE BEPOSTHOCTE U, TOTO, §TO KaXJOe YHCTIO NpefcTasieHo B BHGopke. ([1pae
MEeHUTeJNLHO K KOJNOZe KapT LM MIPH B GDHIK NpH $~=4, n=13 noxysaercs BepoATs
HOCTH TOTO, YTO CpeJH 7 BLIGPAHHKX KapT cofepxkarcs sce 13 3Hauenufi, a npu s==13,
n=4 — BepOATHOCThL TOro, YTO B BHGODKe NpeJCTaBJeHbl BCE YETHPE MacTy.)

13. [Tpodonsenue. IlokasaTb, 4to Npu § —» © u, —> p, (r, n), rae nocacpg-
Haf BelMuMHAa onpejenesa ¢opmyaoil (2.3). 310 o3nazaer, 4TO B Npcgede Haul
BhIGOP CTAHOBHTCH CJAy4adHBIM BHICOLOM € BO3BpAllleHHEM H3 COBOKYITHOCTH dHCell
1, 2, .44, n.

14, Il podosxcenue. Y3 pesynsratos 3agaun 12 snisectd, uto npu 7 < 1

’11 n -
kéo (—1)% ( k) (ns—ks), =0,

anpu r=n

é“o (—1)* ( : ) (ns— ks), = s™nl,

UTo6K NpPOBEPHTh 3TO, BLIYHCAHTH 7-10 NPOM3BOAHYIO npH x =0 dyuxuun
/(1 —=x)rs=r+1] [1 — (1 —x)*]",

15. B 3ajage 12 o BuiGopKe HAaHTH BEPOSITHOCTh TOrO, 9TO NOTPeGYeTCS POBHO r
H3BJEUeHHH AN NonydeHHs BRIGOPKH, Cofepxauieit Bce uncia. [lepefiTh kK npeaeny
NnpH S—>.

16. B saxpe kiaerku cogepxatcs N XpoMocoM, MEXAY JIOOEIMH IBYMS H3 KOTODHIR
BO3MOXeH oOmeH gacTamu. [Tpeanonoxus, 4To NpoH3omIo 7 06MeHOB (KOTOpEIE MOTYT
OCYIIECTBUTHCH (‘ZV)’ pa3JMuHBIMH cnoco6amu), HAHTH BEPOATHOCTL TOrO, YTO B HHUX
yuacTBOBAJO POBHO M XpomocoM '),

17. HailTu BepOATHOCTE TOTO, 4TO CPeAX O CAyuafHO BhIGpAaHHHX KapT H3 KOJOLE
A1 HTPBl B NIOKEp OTCYTCTBYET POBHO & mMacTed.

1) O cnysae N=6 cu. Catcheside D. G., Lea D. E., Thoday J. M., Types of
chromosome’ structural change introduced by the irradiation of tradescantia micros |
spores, Journal of Genetics, 47 (1946—1946), 113—149,
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18, Hadtu BepoATHOCTH TOro, 4TO Ha6op M3 TPHHAZUATH KapT M3 KOJOXB! /IS
Hrpsl B GPHIK COEPIKHT POBHO 2 nap «Ty3 — KOPOJIE® OJHOM MACTH.

19. Kpamnoie cosnadexus. [(Be ORHWHAKOBHE KOJOAH 3 N Dasquyuux Kap?
KaxJasg CDaBHUBAIOTCA OLHOBPEMEHHO C TaKOil JXe TpeTheR (KOHTPOJIBLHOI) KOJIOe
Ro#. HaHTH BepoATHOCTs 4, TOro, 4TO GYXeT POBHO /M AEOHHBIX COBNAJEHHIL.
INokasatn, wto uy—> 1 npu N — o (OTKyAa BHITEKAET, uTO 4, — O npum=1).

20. Croxcrbie cosnadernun. I1polueRypa cpaBHeHHs U3 npeabIAyLlel 3anaun MOgHpH«
nupyetcs caeayouiM o6pasom. M3 2N kapt cayuaitio Bubupaiores N, H TONBKO 3TH
N kapT cpaBHMBAIOTCS C KOHTPOJILHOK Koa0A0. HallTH BEPOATHOCTL OTCYTCTBHS COBNa«
nennit. J{okasaTe, YTO OHAa cTpeMuTCA X l/e npu N—co.

21, Crosxcnvie cognadernun. Pewnts 3ajauy 20, ec/ln BMECTO ABYX HCNONB3YeTCH 7
KOJIOA.

22, B knacciyeckodf 3afave O pa3MelleHHH BepOATHOCTh Ppn; (k) TOro, wrtoO
POBHO B m SLMKAX OKaXKETCH N0 R [apoB, paBHa

(—=1)mat rt (n—jyr—/#
Py (B)="——— 3" (=1 : : .
; (—m) (n—=D! (r—jR)t (&)/

rZie CYMMHDOBAHHE PacnpoCTPaHAELTCA Ha Te [==m, JNIf KOTOpHX [<n u kj<r,
23. Jloka3aTe nocjexHee yTBepxaenme § 2 B ciyuyae k=],
24. Hcnone3ys (3.1), HaliTA BepOATHOCTH TOIO, YTO B CJyuae CTATHCTHKH Bose —
PitniiTeRna POBHO M AYeeK OCTAHYTCA NYCTHIMH.
a 25. Hpt}riepmb, yTo hopMyNa, noJyuyeHHas B 3ajaaue 24, ToxAecTBeHHa dopMyne
.14) ra. II.
26, Hokasate (1,0) wHmyxuweit no N,

ml| nt



FNABA V YCINIOBHASA BEPOSATHOCTD.
CTOXACTHUYECKAS HE3ABUCHUMOCTDL

C 5TO# riaBel ME! MPORO/KHMM CHCTEMATHUECKOE H3JIOXKEHHE OCHOB
TEOPHH BEPOATHOCTEH.

§ 1. YCJIOBHAS! BEPOATHOCTD

IlonaTve yc/nOBHOH BEPOATHOCTH #ABJAAETCS OCHOBHBIM MHCTDY»
MEHTOM TEOPHH BepOsITHOCTEH, M yApYyuaeT TOT (pakT, YTO ero KpalHsas
NPOCTOTA OTYACTH 3aTEMHSAETCS YPE3BRIYAHHO CJAOXKHOHA TepMHHOJOTrHeE,
CrenyiolliMe HHXKE PACCYXKAEHHS eCTECTBEHHBIM NyTeM BEAYT K opMan-
HOMY OnpejeJeHHIo.

HNpeasaputeabHbi€ npHMEpPHI

IlpexnonoxuM, yTo B reHepainbHol coBoKynHocTH M3 N uyenoBek N,
CTPajalnT JANbTOHM3MOM H Ny saBAsioTCA KeHmuHaMd. OGo3HauuM
yepes A u H cOOTBETCTBEHHO COOBITHS, COCTOSIUHE B TOM, YTO CJy-
yafiHO BHIGPAHHHIM UEIOBEK CTpPajaeT AANBTOHU3MOM WJIH UYTO OH fiB-
nsercs  xeHmwHoi. Torga (cM. onpegenende cayuaiiHoro Brifopa,
ra. 11, 2)

P{A}=N N, P{H}=N,N. (1.1

Mbl MO¥eM Tenephb COCPEJOTOYMTH BHHMaHHe Ha NOAMHOMKECTBE, COCTOs-
M M3 KeHluH. BeposTHocTh TOro, YTO JHLIO, CAyyailHO BEIGpaHHOE
M3 3TOTO MOAMHO2KECTBA, CTpPajaeT AalbTOHH3MOM, paBHa N, /Ny,
rae N, ,—uuc/o EHIUHH-1aNbTOHHKOB. Mbl He NpHXOAUM 31ech
K HOBOMY MOHSITHIO, HO HYXJaeMcsl B 110BOM 00O3HaY€HHH, yKa3biBalo-
IEM Ha TO, KaKoe MMEHHO MNOAMHOXKeCTBo Hccaeayercs. HauGonee
IUMPOKO pacnpocTpaHeHo oGosHauende P {A|H}, kotopoe Moxer
UMTAThCA KaK «BEPOSATHOCTb COOBITHS A (AalbTOHH3M) NPH YCJIOBHH
cobuiTist 1 (clyualiHo BhIGPaHHOE JIHIO SBJISETCS KEHIUMHOH)». B cuM-
BO/IMYECKOH 2amHcy:

P{A|H}=N 4;/Ny=P{AH}/P {H}. (1.2)

Pasymeercsi, KaxJioe MNOAMHOMECTBO MOXET pacCMaTPUBAThCA KaK
OTJe/bHAs reHepasbHasi COBOKYMHOCTh; MBI ynoTpeb/sieM TEPMHH MOA-
MHOXECTBO TOJNBKO A8 YHoGCTBa, AJA TOTO YTOOBl MOACO3HATENLHO
[IOMHHTh, YTO MBI UMeeM 6o/iee IIHPOKYIO reHepaJbHYI0 COBOKYIHOCTD,
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CTpaxoByl0 KOMNAHHIO MOXKeT HHTepecOBaTh HACTOTa MNOBpeXJAEHHH,
BBI3BaHHBIX MOJHHEH M npHHOCSLIMX (PHKCHPOBaHHBbIN Yiep6 (cobumTHe
A), BeposTHO, 3Ta KOMNauus HMeeT PasJMuHble KaTerOpHH 3acTpaxo-
BaHHLIX OGLEKTOB: WHAYCTPHaJ/bHble, TOPOACKHe, CeJbCKHE H T. 1.
Mayuenue oTaesbHO yuiep6a, HaHECEHHOrO HHAYCTPHaJAbHBIM OGBEKTaM,
Q3HayaeT HccaenoBaHue coOplTHS A JHWL B cBs3H ¢ cobbiTHeM H —
«yuep6 NPHYHH HMHAYCTPHAJbHOMY 00BeKTy». Popmy.aa (1.2) BHoBb
NpHMEHKUMA OYeBH/HLIM 00pa3on. 3aMeTHM, OJHAKO, YTO A5 CTPAaxoBOH
KOMNaHHH, CHelHaH3HpYylollelicsl Ha HHAYCTPHAbHbIX 00beKTax, MHO-
JKecTBO f{ cOBnajaer co BCeM NPOCTPAHCTBOM 3JEeMEHTAPHbIX COObITHIL 11
P {A|H} ceogutcs k P {A}.

Haxonen, paccmoTpum Hrpoka «CeBep» npu Hrpe B 6pumk. [ocae
cllauH KapT OH 3HaeT CBOM KapTbl H HHTEpecyercsl TOJLKO pacnpejede-
HHeM OCTaAbHBIX 39 KapT. D10 NoOyXKJaEeT pacCMATPUBATL COBOKYNHOCTE
BCEX BO3MOXHBIX pacnpeleseHHH ocTaBiuxcss 39 KapT Kak HOBOe
IPOCTPAHCTBO 3JIeMEHTapHRIX COOBITHI, OJHAKO COBEPILIEHHO OYEBHIHO,
yTo YyAoOHee paccMaTpHBaTh HMX B CBA3H C J@HHbIM pacrpeje/eHHeM
13 kapt urpoka «Cesep» (coObiTHe H) W roBopHTb 0 coObiTH A (cka-
xeM, «lOr» uMeeT ABYX TY30B) NpH yc/10BHH coGbitus H. @Gopuyana (1.2)
BHOBE NpPHMEHHMA.

[lo ananoruu c (1.2) BBenem ¢opmasbHOe onpejeseHHe.

Onpenenenue. [Iycmo H — cobbunue noaoxcumesbHol 8epoAmHOCMU.
Haa aobozo cobeimus A 6ydem nucamo

P {AIH}=P {AHYP {H}. (1.3)

Tax onpedesernan seauduna 6yoem HA3bI8AMbCA YCAOBHOU BEPOAMHOCIbLIO
A npu ycacsuu H (uru npu sadannom H).

Eciu Bce 3neMeHTapHble COOLITHS HMEIOT DaBHble BEPOSTHOCTH, TO
P{A|H} pasuo orromennio N ,5/N, uucia 3/1eMeHTapHBIX COObITHH,
obuwmx A8 A W H, K 4HCay 3nemeHTapHbIX COOBITHE B H.

YcJI0BHBIE BEDPOATHOCTH OCTAIOTCA HEONpejleeHHbIMH, KOraa cofbl-
THe H HMeeT HYJIEBYIO BEPOSITHOCTb. 3Ta CHTYallUsl He CYLIeCTBEHHA B
JLHUCKDETHOM CJyyae, HO Ba)kHa B OGLIEH TEOpHH.

Xots oGosnauenne P {A|H} cano no cebe sipasieTcsi NpaKkTHYHBIM,
ero CJ0BecHasi paciiMdpOBKa ITHM CBOMICTBOM He 06,1aa€T H HCHOMb3Y-
eTcs pexe. Tak, B HauleM BBOJHOM NpHMepE Mbl PacCMaTpHBaJ/lH Bepo- "
SITHOCTB TOTO, YTO XKeHLIHHa CTpajdeT Ja/JbTOHH3MOM, HE rOBOpS «YyC-
JIOBHasi BEPOSTHOCTb TOrO, YTO CJAYYaHHO BbIOpaHHOe JHUO CTpajder
JaJbTOHH3MOM, TIPH YCJIOBIiH, YTO OHO fBJsieTCs »eHIHHOH». Hacto
CJIOBa «NpH YCJOBHH fI» 3aneHSIOT CJI0BaMH «eCJH H3BeCTHO, 4To f/
ocyulecTBH/IOck», Kopoue roBopsi, HamM (GOpPMYJbl [I CHMBOJIEE HEJBY-
CMbIC/IEHHH!, HO C/JOBECHBIE BhiPaXKeHHs yacTo HedopMaJ/ibHBl H TPeOYIOT
HETKOrO HCTOJKOBRHHUS.
~JI1s CTHJIHCTHYECKOM SICHOCTH BEPOSITHOCTH Ha HCXOAHOM NPOCTDaH-
£TBE 3JEMEHTaDHbIX COGHITHH OYAYT HHOTAa HA3blBAaTbCH (e3yCACBHLIMLL
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(abcoatomubiMu) 6epOAMHOCMAMY B OTJIHYHE OT YCJOBHBIX BEpPOSITHOCs
Teii. CTporo rosops, npuiaratejbHoe «6e3ycJOBHAR» H3JHUIHE H MO=
XKeT ObITb ONYIIEHO.

PaccMoTpenne YCJOBHBIX BEPOATHOCTEH PAa3JIYHLIX COOBITHH NpH
O/IHOM H TOM e JaHHOM cofbiTHH H paBHocuabHO BuGopy /B xa-
yecTBe HOBOTO NIPOCTPAHCTBA 3J€MEHTAPHBIX COOLITHH C BEPOSATHOCTSMH,
NPoNopUHOHATBHBIMH NIepBOHAYA bHEIM. KoadpuuuenT nponopuHoHab-
Hoct P {H} Heo6xomuM A/ist TOro, yTOGhI CAe/aTh BEPOATHOCTb HOBOIO
NPOCTP2HCTBA 3/IeMEHTAPHBIX COORITHI paBHOH ennnnle. M3 ckasannoro
CJIERYET, YTO 6CE OCHOBHbIE MEOPEMbl O BEPOAMHOCMAX OCMAIOMCA CRpa-
6E0AUBLIMU OAS YCAOBHBLX G2POSIMHOCIEL, 63AMbIX OMHOCUMENHO HEKO-
mopoeo urcuposanHozo coboimus H. Hanpumep, ocnosnoe COOTHoLe-
HHe AJS BEPOATHOCTH OCYLIECTBJEHHS ORHOTO H3 cobuiTHE A uan B
HIH MX OGOHMX NPHUHUMAET BHA

P{AUB|H}=P{A|H}+P{B|H\—P{AB|H}).  (l.4)

AHa/lorHYHO NepeHocATCs Ha Caydall yCJOBHBIX BEPOSITHOCTEH BCe Teo-
pemut ra. IV, kacawlmecs BeposTHocTell ocyuwecTsaenus m H3 N
co6BITHH, OXHAKO OHH HaM He HOHaROGATCH.

Mopmyaa (1.3) yacTo HenoabsyeTcs B CJAERYIOUIEM BHIE:

P {AH)=P {A|H}-P {H). (1.5)

IT0 Tak HasbiBaeMas TeopeMa 06 yMHOMXeHHMH BeposTHocrell. [uis Toro
yTO6b! OGOOLIMTE ee Ha cayyait Tpex cobuithil A, B, C, nojoxum cha-
yana H=BC u sarteM npamanl npumenuM (1.5); moayuum

P {ABC}=P {4|BC}-P {BIC}-P {C}. (1.6)

AnasnornuHo nposoautcs 06o6lieHHe Ha cayyail mo6oro yucsaa cobbi-
THH.

B sakmouende npuBeaeM NPOCTYIO, HO YacTo MCHOJAb3yemywlo dop-
myay. Ilyete Hy, ..., H, — MHOXECTBO B3aUMHO HCKJIOYAKOLKHX
COOLITHH, TaKHX, YTO OAHO M3 HHX HelpeMeHHO npoH3ofizeT (1. e. obne-
nvHenue Hy,. . ., H, paer Bce NpoCTPaHCTBO 3J€MEHTAPHBIX COGLITHIA),
Torna mo6oe cobbiTiie A MOXET OCYIECTBHTLCH TOJABKO OJHOBPEMEHHO
C HEKOTOpBIM H;, HJIH CHMBOJIHYECKH

A=AH,UAH,U...UAH,. (1.7)

ITockonbky AH; nonapHO HecOoBMECTHBl, MX BEPOSITIIOCTH CKJajbiBa-
forca. Ilpumenss (1.5) k H=H; u cymmupys, noaydaem

P {4)=3P {A|H;}-P {H;}. (1.8)

Sra ¢opMyaa noje3Ha NOTOMY, HTO OLEHKA YCJIOBHOH BEPOSTHOCTH
P {A|H;} yacto okasbiBaeTcs npolue, uem npsmoe Haxoxaenue P {4},

Ilpumepnl. a) Boibop bes eosspawenun. Y3 renepanbHOil COBOKYile
HOCTH, cojepxauleit n agaemeHtoB 1, 2, ., ., n, H3BJEKaeTCs VIO
panouenHas Boibopxa. ITyeTs [ M j— gBa pasnuuHbIX 3JeMeHTa,
KaxoBa BeposiTHOCTb TOTO, YTO BTOPHIM M3BJIEYEHHBIM 3JEMEHTOM 6Yne?
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] (cobuiTne A), ec/H mepBbIM H3BJIEYEHHBIM 3JeMEHTOM Gbul { (coGBITHE
H)? Slcuo, yto P {AH }=1/[n(n—1)] u P {A|H }=1/(n—1). 310 BHIpa-
JKaeT TOT AKT, 4TO BTOPOH BLIGOp OTHOCHTCA K reHepasbHOH COBOKYII-
HOCTH, coctosmell H3 71— 3/eMeHTOB, KaXIbii H3 KOTOPbIX MOXET
6bITh BhIGpaH ¢ OLMHAKOBOH BepoATHOCTbIO. JleHCTBHTeJbHO, GOJb-
IIMHCTBO €CTECTBEHHBLIX onpedesexuil ciaydyafHOro BbIGOPA TAKOBbLI
«Karoser 6o Hu Obiau nepesie r 6IOpaHHbIX 3aemermos, Ha (r+1)-m
waze Oaf KaX0020 U3 OCMABUIUXCA N—I 3AEMEHMO8 8epoamHocniy boime
soibparnsim pasia 1/ (n—r)». DTo onpelesneHue 3KBHBAJEHTHO JAHHOMY
B ra. lI, Ho Mbl He BBOAW/IH €ro paHee, NOCKOJBLKY OHO ONHpaeTcs HA
fIOHATHE YCJOBHOH BePOATHOCTH.

6) Yernipe Iuapa mocsefoBaTeNbHO Pa3MellalOTCs B YeThipeX sllH-
Kax, npHyeM Bce 4* KoMOHHAUHH PaBHOBepOsITHH. KakoBa BepOSITHOCTD
TOTO, YTO OJHA H3 AYeeK GYJeT colepKaTh POBHO TPH 1uapa (cobbiThe A),
ecJH M3BeCTHO, YTO [epBble JBa llapa OKa3aJHCb B pa3HbiX svyelikax
(co6uithe H)? Tlpu namHom H cobeitHe A MOXeT oOcCYIIeCTBJIATbCH
ABymsa crnocobamH, H, TakkuM o6pasoM, P {A1H}=2-4"2=1/8. (Jlerko
HenocpeJCTBEHHO NpPOBEPHThL, 4TO cobbiTHa H u AH cogepxar 12X
%42 u 12:-2 Toyek COOTBETCTBEHHO.)

B) Pacnpedeserue no npusnaxy noid. PaccMOTPHM CeMbH C ABYMS
netbMH, O603HaunM GYKBaMH M ¥ 0 COOTBETCTBEHHO MaJslbYyHKa H Jie-
BOYKY, W Ha nmepBoM MecTe 6YAeM yka3niBaTh cTapliero peberka. Kimeem
qeThpe BO3MOXKHOCTH: MM, 0, OM, O0. DTO YeTbipe 3/1eMeHTapHbIX cOGbI-
THS, H Mbl IPHIIHIIEM KaXkJOMYy H3 HHX BeposTHOCTb 1/4. Kakosa Bepo-
SITHOCTb TOrO, 4TO 06a peGeHKa MaJbYHKH (coObiTHe A), €C/IH H3BECTHO,
4TO B CeMbeé yXKe ecTb Majabudk (cobuitHe H)? Cobnitue AH oanauaer
MM, a H osmauaer sm WIH M0 uiu Om. Ilostomy P {A|H}=1/3;
[IpHMEPHO AJsl KaXKAOH TpeTbeH ceMbH, A/l KOTOPOH BbINOJHEHO COBI-
THe H, clellyeT OXHJaTh TAKXKe BbINOJHeHHs cobbiTHsi A. MHTepecHo,
1o GOJBUIHHCTBO JIIOJAeHd OXMHAAIOT OTBeT 1/2. DTO MpaBHJbLHBLIH OTBET
Ha JpPYroil Bompoc, a HMEHHO: MaJIbyHK BbiOpan clyyadHbIM o6pa3oM M
OKaaaJochb, YTO OH H3 CeMbH C JABYMs JETbMH; KaKOBa BePOSATHOCTb
TOro, 4TO BTOPOHl pebGeHOK ManbyHK? Pasinuyne MoxkeT ObITh OOBACHEHO
SMIHpHYecKH. B Hallel mepBoli 3ajaye Mbl HMeJH JEJO C MHOXECTBOM
ceMel, BO BTOPOH — ¢ MHOXeCTBOM MYX4HH. B nocieanefl 3afave kax-
as ceMbs ¢ IBYMS MaJibYHKaMH OPEeJACTaBJeHa ABaXKAbI, ¥ 3THM 06bAC-
HseTcs pa3/iHiie B pe3yJbTaTax.

r) Heodnopodnete cosokynrocmu, IIpeinosoXxuM, 4To reHepasnbHas
COBOKYIIHOCTb JIIOLEeH COCTOHT H3 IOIMHOXECTB MIM KaaccoB fy, H,,
.. . D710 MOTYT ObITH pachbl, BO3PACTHbIE IPYNMbI, NPodeccHH H T. I.
IlycTs p; — BepOATHOCTD TOrO, YTO CYYAHHO BbIOPAaHHHIA H3 [eHepaJb-
HOH COBOKYNMHOCTH MHIMBMIAYYM NpHHaiseXxuT H;. Ppasa «j; ectb Be-
POATHOCTL TOTO, YTO HHAHBHAYYM H3 H; sBisercs JIeBIIOH» CJIYXKHT
A 6ojiee KOPOTKOrO BbIpa)kenus cjeflyiollero ¢akra: «j; eCTb YCJOB-
Has BepOATHOCTL COObITHA A (ABJAseTcs JeBlmoH) NPH YCJOBHH, 4TO
BHAMBHAYYM npHHaJ1exdT Hj;». BeposATHOCTb TOro, 4TO CAYYaHHBIM
‘0Gpa3oM BbIOpaHHBIH MHIHBHAYYM $ABJAETCA JIeBLIOH, paBHA piGit
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~+pog:+Paga+. .. , uTO npeacraBasier coboll yactuwil cayuaii (1.8).
Ecay H3BeCTHO, YTO HHAMBHAYYM JIEBIA, TO YCJOBHASl BEPOSITHOCTDb
TOrO, YTO OH NPHHAMJNEXHT IOAMHOXecTBY FH;, paBHa

P {H;lA Y=piqil (Prg1+peget. . ). (1.9)

2. BEPOSAITHOCTH, ONPEAEJIAEMBIE YEPE3 YCJIOBHBIE
BEPOSATHOCTHU. YPHOBBIE MOAEJIHU

B npeabiaywem naparpade Ham GbliM 3aJaHbl BEPOSITHOCTH 3Je-
MEHTapHBIX COOBITHH, H Mbl HAlll/IH HEKOTOPLIE YCJOBHbLIE BEPOSITHOCTH.
B npuioMeHHSX MHOTHE 3KCIEDHMEHTHl OINHCLIBAIOTCA YKa3aHHEM
ONpENe/EHHBIX YCJOBHBIX BEPOSITHOCTEH (XOTS NpHJAaraTesbHOE «ycC-
JIOBHBIH» OObIYHO onyckaercsl). TeopeTHYecKH 3TO O3Hayaer, YTO BEpo-
SITHOCTH HA NIPOCTPAHCTBE 3JIEMEHTAPHBIX COOBITHH JO/XKHbBL ObiTh HaM-
JeHbl M3 3aJaHHLIX YCJIOBHBIX BepositHocTeH. Kak yxe GblIO OTMEUEHO
Bhiwe (npumep 1, a)), Bu6op Ge3 BO3BPAILEHHS JYYLIE BCErO ONPEAEIHTD
CJIEAVIOUIMM 06pa3oM: €CJIM H3BECTEH PE3yJbTaT NEPBbIX 7 HCILITAHHH,
10 Ha (r+1)-M ware 060K OCTaBIIKHACHA 3/1€MEHT MOXET ObITh BLIOpaH
C OIMHAKOBOH BePOSITHOCTHIO. AHAJIOTHYHO B npuMepe 1, ) HEOZHOPOA-
Hasl NONYJISILUST NIOJMHOCThIO ONKCHIBAETCS YKa3aHHEM abCOJIOTHLIX BEPO-
ATHOCTEH p; KaXKJAOro KJacca H YC/JIOBHbIX BEPOSITHOCTEH g;, XapaKTep u-
3YIOUIMX JIeBILEH B KaXKAOM KJjacce. Elle HeCKObKO IPHMEPOB pasbsce
HAT OOLYI0 CXeMy Jydlle, yeM IPSIMOE OINMCaHHe.

INpumepst. a) Bosspatumcs k npumepy ra. I, 5, 6), B KOTOpoM B Hrpe
[PUHHUMAIOT YYacTHe TPH MIpOKa a, b ¥ ¢. B rabauue (%) ra. I,b
OIIMCAHO [POCTPAHCTBO 3JEMEHTAPHBIX COOLITHH, HO Mbl €llle He onpe-
JIeJIUJIH Ha HeM BepOSITHOCTH. IIpennoJioxuMm Ternepb, YTO Hrpa TaKosa,
YTO B KaMJOH naptuu ofa MrpoKa MMET BEPOSITHOCTb BHIMTphINA 1/2.
D10 onpejeseHHe HE COAEPIKHT CJIOB «YCJIOBHASI BEPOSITHOCTBY, OJHAKO
HesiBHO ee Hcnoab3dyer. OHO 0O3HayaeT, HTO €C/JIH HTPOK 4 Y4YacTBYET
B 7-# mnaptuu (cobbiTve ), TO BEPOSITHOCTL €ro BbIUTPbILA B 3TOH
naptuu pasHa 1/2. Vi3 (1.5) cienyer, uto BEpPOSITHOCThL TOTO, YTO @ BbI-
MTDaeT B IEPBOH ¥ BTOPOil napTusix, paBHa 1/4 (cumBoanyecku P {aa}=
=1/4). IloBropuoe npumenenue (1.5) mokassiBaer, uto P {acc}=1/8,
P {acbb}=1/16 u T. p., T. e. aneMeHTapHOe cobbiTHe B cxeme (),
BKJOYalouiee 7 6yKB, uMeeT BeposiTHOCTh 2-7, Takie jxe BEpOSTHOCTH
MCIIO/Ib30BaHbl B 3ajaue 5 ra. 1,8, ogHako Tenepnb X onHcaHHe Gosee
narasaHo. (Ilpoposxenue cM. B 3ajaue 14.)

6) Cemou. Mbl XOTHM HCTOJIKOBATb CJIEAYIOILEE YTBepIKIAEHME: «Be-
POSITHOCTB TOrO, YTO B CeMbe HMEETCS POBHO R JeTeH, paBHa p, (rae
dpr=1). Ilpu moGoM ¢HKCcHPOBaHHOM HKC/E AETEH B CEMbe BCe BO3-
MOXHBIE HX pacnpefieseHdss 1o MPH3HAKY 10Ja PaBHOBEPOSITHHIY,
Ilycth 6ykBa M O3HayaeT MajbyHKa, a d — neBouky. IlpocTpaHcTBO
3JleMeHTapHBIX coObITHH cocrouT u3 TouekK O (Her peredt), x, 0, mu,
M0, OMm, 00, mmm,. .. . Bropoe H3 HalHX npeanosiokeHud Oonee
CTpOro OpMyJHpYETCsl TaK: €CJAH H3BeCTHO, 4TO B CEMbE POBHO &



§.2. YpHoasie modesu 131

JeTeH, TO KaxJloe M3 27 BO3MOMHBIX PaclpeleeHHii UX N0 NpU3HAKY
noJjia MMeeT YCJOBHYIO BEPOSITHOCTL 277, BeposiTHOCTb yCJOBHS paBHa
pns 4 M3 (1.5) HaxonuM, yTo Ge3yc/OBHast BEPOATHOCTD JI106oil nocego-
BATEJbHOCTH U3 n OYKB # W 0 paBHa p, 27"

3aMeTuM, 4TO 5TO NPHMED 2EHEPAAbHOL COBOKYNHOCIMU, pa30eneH Ol
HQ KAQCCHL: CeMbH, MMewomue j AeTeli, o6pasyioT Kaacc f1;. B kauecrse
YIpaXKHEHHs PaccMOTPUM cobbiTHe A «B ceMbe €CThb MAJbYMKH, HO HET
IeBouek». Ero BepoATHOCThb, oueBHAHO, paBHa P {A}=p:-27'p;iX
X2-24-. .., 4TO sBJAAETCA 4YacTHeIM ciydaem (1.8). Ycaosuem Hj
B 3TOM CJyude siBJsieTcss cOOGLITHE ¢B CeMbe | heTeii». 3afajuM Tenephb
BONPOC: 4eMy paBHa (YCJOBHAsfl) BEPOSITHOCTb TOTO, YTO B CEMbE OJMH
pe6GeHOK, eCJIH H3BECTHO, YTO B HEll HET AeBOYEK?» 3/lech YCJIOBHEM fABJISA-
erca A. Ilycte H — cobuiTHe «UMeeTcsi TOIbKO OAHH pebeHok». Toraa
AH o3Hauaer ¢uMeeTcsi OZMH peGEHOK, He ABJSIOLIHIACA AEBOUKOMH» U

___P{AH}__ p12-1 .
Pif] 4} = P{4} P12_1+P22:”+P32'3+--- ! 1)

3T0 yacTHmI cayuail (1.9).

B) ¥Yprosoie moleau spexma nocaedesicmeus. PaccMoTpuM Jisf
ONpeleIeHHOCTH 3aBOJ, HAa KOTOPOM BO3MOXHBI aBapuH. Kaxnayio asa-
PHIO MOXXHO PaccMaTpUBATb KaK pe3yJbTaT CJYY4aHHOCTH: U3 YPHHI,
cofepiKalleil KpacHele M YepHEIE IIaphl, 4epe3 IOCTOSIHHLIE MHTEPBAJILl
BpPEMEHH CJaYyuailHO U3BJeKaeTcst OAMH.INap, NPHYEM KPacHBIH 1Iap 03-
HauaeT aBapuio. Eciu BEDOSITHOCTb aBapUu NMOCTOSIHHA BO BPEMEHH, TO
COCTaB YPHBI OCTaeTcsi Heu3aMeHHbIM. Bosiee peasibHOH, OQHAKO, fABJACTCA
CUTYalMsi, KOrJa KaxKjas aBapusi IPUBOAUT K dekTy nocieneHcTBus,
B CHJY KOTOPOrO BEpOSITHOCTL HOBOH aBapHu JHOO YBeJIMYMBAETCH,
Au60 YMEHbINAETCHA. DTO COOTBETCTBYET YPHE, COAEPIKUMOE KOTOPOil
MEHSETCS N0 ONpPEAEJEHHBLIM NPaBUIaM, 3aBUCSLLUM OT HCXOJO0B NOCIE]0-
BATEJbHBIX H3BJeueHHi. JIerko npuayMaTb MHOrO TaKHX NPaBHJ, OTBe-
YAIOIHKX PA3JMUHBIM CHUTYaLMsM, OAHAKO MEl OrpaHuuuMcsi obCcyxjie-
HMEM ORHOH cJeaymowei Moaenu ).

Yproeas modeas. ¥pua colepscum b 4epHbix L r KpacHoix wapoe.
Cayuaiino userexaemcs wap. On gosspauijaemcs 06pamno, u, Kpome moeo,
dobasasemca ¢ wiapos 00Ho20 ¢ Hum yeema u d wapos Opyeozo yeema.
I pouseoOumca Hogoe caywaiinoe ussaederue u3 ypHo. (meneps colepxca-
el r+b-+c-+d) wapos, u onucannas npoyedypa nosmopaemcs. 3hech
¢ U d — npoH3BoJbHbIe UeJbie uucaa. OHH MOryT ObiTh BeIGpaHBI
OTPHIaTE/NbHEIMI, OJHAKO B 5TOM CJy4ae NPOLECC MOMET OKOHYHTBLCH

') Wzesa ucnosnb3oBaTh YPHOBHIE CXeMbl A/ Onucanua sdpexta nocieseficTeus
(3apaxenus) 6bi1a, N0-BHAMMOMY, Bnepsbie npeanoxena Iloia. Ero cxema (Bnepsue
BBejennas B pa6Gote Eggenberger F., Polya G., Uber die Statistik verketteter Vor-
ginge, Zeitschrift fiir Angewandte Mathematik und Mechanik, 3 (1923), 279—289)
NOCJAYXKHJIa NPOTOTUNOM /1S MHOTHX APYTHX MOJeself, KOTOpLIM NocBsimera o6mup-
Has JuTepaTypa. Mojeab, onucanHas B TeKCTe, M TPH €€ YAaCTHBIX BapHaHTa GHIX Npej-
aoxent Ppuamanom (Friedman B., A simple urn model, Communications on Pure
and Applied Mathematics, 2 (1949), 59—70),
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nocje KOHEYHOTO YHCJa M3BJeYeHHH H3-33 OTCYTCTBHSA IuapoB. B gacr-
HOCTH, Boibupas c= —1 1 d=0, uMeeM MOJIeNb CAyuatiHoz0 evibopa Gea
6038pAU4EHLA, KOTOpLIT OKaHYHBaeTcs depe3d r-i-b luaros,

Urofw npuiaTh HalueMy ofpa3HOMY OMNMCAHHIO TOYHBIA MaTeMarii-
YeCKHH CMBIC, 3aMETHM, YTO OHO OMNPEJEJSET YCJIOBHEIE BEpOSTHOCTH,
M3 KOTOPBIX MOT'YT ObITh BBIYHCJIEHE HEKOTOPLIE OCHOBHLIE BEPOSITHOCTIL.
Touky NPOCTPAHCTBA 3JIEMEHTADHBLIX COOHITHH, COOTBETCTBYIOULYIO 11
M3BJICYEHHSIM, MOXHO IPEACTaBHTb KaK MNOCJAEZ0BATEILHOCTh 1 ByKB
4 u K. CobriTHe «NEPBLIM H3Bj1€UEH YepHbii 1Iap» (T. €. MHOXKECTBG BCEX
1oc/IeJ0BATEBHOCTEH , HagHHAmUXCS ¢ Y) uMeeT BeposTHOCTL b/ (b-F7).
Ecau nepsblit 11ap 4epHbIH, TO BEPOSATHOCThL (YCJOBHAS) TOrO, 4TO MPII
BTOpOM H3BJiedeHHH OYJET YepHHH Iuap, paBHa

(b-+c)/ (b+r-+c+d).

BepositHocTh  (Ge3yc/10BHAS)) NOCTEAOBATENLHOCTH «YEpPHBIA, YEPHBIi»
(T. €. MHOXKECTBO 3JIEMEHTapHHIX COOMITHH, HayHHawmWHXca c¢ YY)
paBEa, cJefoBaTelbHO, 1o (1.5)

[&/ (b+n)I (b-+c) (b-+-r--c-+d)l. 2.2)
BeposiTHOCTb NOC/IEIOBATENLHOCTH ¢YEPHLIN, UepHHIH, YepHbIfi» paBHa
(2.2), ymHOMeHHOMY Ha (b-+-2c)/ (b-Fr-+-2c-4-2d) u 1. 1. Takum cnocoGom
MOTYT OBIThb BBIYHCJIEHH BEPOSITHOCTH BCEX 3JIEMEHTAPHBIX COGHITHH.
Jlerko npoBepUTh MO HHAYKIMH, YTO CyMMa BEPOSITHOCTEH BceX sJe-
MEHTApHBIX COGHITHH pPaBHA €IHHHIE, KAK H JOJKHO OBITh.

ToyHble BhIpamKeHHs! JJIsi BEPOSITHOCTEH TNOJYUHTb HEJETKO, 33
HCKJIIOYEHHEM CJIeJYIOUIEero, CaMOTr0o Ba2KHOTO H JIYYIUE BCEro H3YYEHHOTO
YacTHOTO cJy4as.

¥Ypuosas cxema Ilotia, xapakTepuayloulasics 3HaueHHsIMH d=0,
¢>0. B stom ciyyae nocsie KaxAoro H3BJj€YEHHs YHCJIO 1UApOB I(BETA
BRIOpAaHHOrO IUapa YBEJIHYHBAETCH, TOTAA KaK YHCJIO LUapOB JpYroro
I[BETA HE MeHseTcA. ITO NPHBOAUT K TOMY, UTO H3BJEUEHHE luapa onpe-
JeJIEHHOTO [BETa YyBEJHYHBAeT BEPOSITHOCTh BhIOOpA Iapa TOro JKe
IBETA NPH CJAEAYIOIWIEM H3BJEUEHHH, H Mbl MoJydyaeM rpy6yio Mojeso
TAaKOro SIBJICHHSI KaK 3apaseHue, NPH KOTOPOM KaxJoe 3abosieBaHIie
YBEJIHUMBAET BEPOSATHOCTh JajbHeHlHx 3aboseBaHuii. BeposTHOCTB
TOrO, YTO NpPH N=n --N; H3BJEYEHHSX B MNEPBBIX f; ObLIN YepHLIE
[Iapbl, @ B OCTAJbHBIX Mj KpacHble, paBHa

b0 (b-+2)... (6 nic—c)-r (r-+-¢) .o (r-F nyc —¢) 2.3)
(b+n(b+rtcy@+r+2) ... (b4 r-+nc—c) ’ '

Paccmorpum pasee JioGo# Apyroff nopsiiok Bhifopa 71; YEPHEIX H 714
KpacHRIX IMapoB. Bmiuiciasss BepoATHOCTh TOTO, YTO # H3BJEYEHHH
NPHBEAYT K TaKOMY IOPSAKY IBETOB, MBI IOJIYYHM Te K€ MHOMKHTEJH,
yTo B (2.3), HO pacrnoJioxeHHLle B Apyrom nopsinxe. Otciofa cieayer,
YTO BCE BO3MOXKHBIE I10CJIEHOBATENBHOCTH /¢ YEPHHX H N3 KPACHHIX
[1apOB HMMEIOT OAHHAKOBHE BEpPOSTHOCTH. AHaJHTHYecKasi INPOCTOTA
(4, cllef0oBaTeIBHO, JIETKOCTh NPHMEHEHHS) YpHOBOK cxemul [lofa cue-
AyeT ry1aBHbIM 06pa3oM H3 5TOro XapakTepHcTHIecKoro csoiicTsa. UTo6wl
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HaHTH BepPOSATHOCTb p,  , TOTO, YTO IPH 7 M3BJEUEHHAX GBUIO 7; deps
HbIX H N3 KPacHHIX LIapoB B NPOM3BOJbHOM INOPSIAKE, Mbl JOJKHEE

n
YMHOXHTb (2.3) Ha (n-)’ a HMEHHO Ha YHCJIO BO3MOMXHBIX YIOPSAOYes
1

HuH. HcnosbsoBanve 0606mIEHHBIX GHHOMHANBHBIX KO3((pHIHEHTOB
N03BOJISIeT 3alicaTh 3TY BEPOATHOCTb B JOGOH H3 ciefpyrowux Gopm:

ny—1-}-b/c ng—1-+rje —bje —rle
”"'-"=( €;—12(§+r)/?) >= <(ni(b)+<r)7c2))' @4)
n n

(O6cyxpenne cxemsl [Toila npoponxaercs B 3agauax [8—24; cM. Takxke
sagayd 9 u 10 ra. XVII, 10.)

B nononnense K cxeme IloHa paccMOTpHM ellle OAHY YPHOBYIO MO~
Jlelb, TpeACTaBIfIONIYI0 HHTEpeC, a HMEHHO Mofelb JpeHdecToB.

Modenv Spengecmos *) menasoobmena mexrdy 08YMA U30AUPOBAHHOIMU
mesamu. B nepBoHayalbHOM ONHCAHHH MOZENH, HCIOJAb3yeMOM G-
3HKaMH, paccmaTpuBaloTcss ABa cocyaa I W Il M & Haxopsmuxcs B
HHX uacTHl. CnyyaiiHeIM 06pa3oM BbIGHpAeTCs YACTHIA H NEPEHOCHTCS
B 1pYyro# cocyA. 21a npoueiypa noBTopsiercs. KaKoBo pacrpejeneHue
YacTHIL, nocsie n waroB? /18 TOro 4To6hl CBECTH 3TY 33424y K YPHOBHIM
MOJles15IM, OCTaTOYHO Ha3BaTb YacCTHUb! B cocyfe I KpacHHMH uiapamu,
a B cocyzie II — yepHbiMH mwapaMu. Torjga nocle Kaxporo H3BJeueHHS
BblOpaHHBIH IIAD 3aMeHsieTCsl UIApOM APYFOro 1BeTa, T. €. Mbl HMEeM
¢=—1, d=1. §lcHo, 4TO B 3TOM CJyyae npolecc MOXEeT MPOAOJIKAThLCS
CKOJIb YTOAHO JOJrO (ecJIM He OCTAHETCS KPacHbIX LIapoB, TO ABTOMATH-
YeCKH H3BJIeKaeTcsl YEPHBbIH H 3aMeHsieTcsl HAa KpacHblit). (Mbl o6cyanm
Mozestb DpeHdecToB ¢ ApYroil TOYKH 3peHHs B npuMepe i, XV, 2,1).)
- Yacruwii cayuyait ¢=0, d>>0 6bia1 npeanoxer OPpuaMaHoM B KauecTBe
MoJeH cayxcbot besonaciocmu. Kaxablit pas, Korja npouCXOLUT aBapust
(T. e. u3BJieKaeTcsi KpacCHBIH 1ap), ciayxba 6e30macHOCTH YCHJIHBaeT
KOHTpOJ/b; €CJIH 2Ke aBADHH He NPOHCXOAMT, TO KOHTPOJb ocjlabeBaer H
BEPOSITHOCTb 2aBAaDHH YBeJHYHBAETCH.

T) YpHosvie moOesu 048 HeOOHOPOOHbLX cosoKynHocmeli. JloxHoe 3a-
padxcenue. Pa3BuBasi npefpIAyluit IpuMep, NPEANOJIOKHM, YTO KaXau i
Yesl0BeK MOJBEPKEH HECYACTHBIM C1yyasM; NPOH30HJET HIH He NPOH30H-~
JleT STOT HecyacTHBIH cayyall, onpegessieTcsl CAyYalHbIM H3BJIEHEHHEM
mapa u3 ypHbel. OfHakKo Ha 3TOT pas OyAeM IpeanosaraTh, 4TO HET
HHKaKoro 3¢dexTa nocnefeHcTBHS, TAK YTO COAEPKUMOE YPHBI OCTAETCS
HEH3MEeHHBbIM B TeYeHHe BCero npoiecca. 3aTo BePOSTHOCTh HECYaCTHOrO
CIyYas MM IpeJpaclosOXEHHOCTh K HeMY MEHSIeTCsl OT YeJoBeKa K
YesioBeKy HJH OT npodeccHH K npodeccHH, H Mbl NpeAnoJaraeM, yTo
Ka oMy 4esloBeKy (MJIM KaxJo# npodeccHH) COOTBETCTBYET CBOS ypHa.

%) Ehrenfest P., Ehrenfest T., Uber zwei bekannte Einwande gegen das Boltz-
mannsche f-Theorem, Physikalische Zeitschrift, 8(1907), 311—314. MaremaTuyecxyio
TeopHio M. Kac M., Random walk and the theory of Brownian motion, Amer. Math,
Monthly, 54 (1947), 369—391,
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Has Toro yto6bl He yCJOXKHATH 6€3 HeOOXOAHMOCTH H3JI0XKeHHe, npel-
MOJIOXKHUM, YTO HMEETCS Bcero ABa THNA JIOAeH (ABe npodeccHH) H Iix
YHca1a BO BCeH COBOKYMHOCTH OTHOCATCA kKak @ 5. PaccmoTpum Tenepn
ypHy 1, comepxaumiyio r; KpacHelX H b, uepHBIX wapos, u ypuy II,
COIepKallyIo 7y KPACHBIX H b, YepHLIX WIAPOB. IJKCHEPHUMEHT «CJy-
yaiiHbIM 0Opa3oM BhiOHPaeM uenoBeka H HabjiofaeM, CKOJIbKO HeCyacr-
HBIX CJ1YyYdeB NPOH30LIJIO C HHM B TeYeHHE 7 eAMHHIL BPEMEHH» MOXKHO
HHTEpPNPETHPOBATL CJAEAYIOUIHM 00pa3oM: 6pocaemca USpaAbHAR KOCHIb;
ecau soinadaem edunuya, mo ewibupaem ypHy 1, & npomugHom Cayuae
smbupaem ypry 11. B kamoon caywae npoussooumcs n cayqatinoix uss-
Aeqdenull ¢ gosgpauieriiem u3 eeilbpannoti ypuer. Ham skcnepumeHT onu-
ChiBaeT CHUTY4lHIO, BO3HHKAIOWYIO NPH 3aKJ/IOUEHHH AOTOBOpa MEXAY
CTPaXOBOH KOMNaHHeH H HOBBIM KJIHEHTOM.

Hcnoab3ys (1.8), HaxoauM, 4To BePOSITHOCTh HM3BJEYEHHS NEPBBIM
KDPACHOro mapa paBHa

P{K} = (1/6) [r/ (b, +r)]+ (5/6) [ro/ (b +r,)], (2.5)
a BEpOATHOCTL [OC/ENOBATEeNLHOCTH «KPACHBIN, KPACHBIH» COCTaBJSET
P{KK}=(1/6) [ry/(by+r)]* + (5/6) [ro/ (by + ry) [*. (2-6)

Hama moaesib He NPHBOAMT K HOBLIM MaTeMaTHYECKHM 3afayaM, OAHAKO
OHa MMeeT HHTepPecHYI0 OCOGEHHOCTb, NPHBOISAILYIO B NPHIOMKEHHAX K
HEOXKHAAHHLIM BuBoAaM. IIpeianosiouM, YTO CTPaxoBas KOMIAHHA
PETHCTPHpPYET, YTO B TeyeHHe NepPBOTO rofia C HOBbIM KJHEHTOM NPOH30-
1leJ HeCYaCTHBbI cJyyail, H HHTEPECYeTCsl BEPOSATHOCTLIO HECYaCTHOro
cJyuyas ¢ HUM B cjeayioleM roay. MHaue roBopsi, KakoBa (ycJ/IOBHas)
BEPOATHOCTL MOC/EA0BATENBHOCTH «KDACHBIA, KPAaCHBIH», ec/lH NpH
NepBOM MCOBLITAHHI H3BJedeH KpacHblii wap. OueBHIHO, OHA paBHA
otHowenuo P {KK}/P {K} u omaunaemcs ot P {K }. Jlna witiocTpaunu
IPEANONOKHM, UTO

ry/ (by+r)=0,6 u ri/ (b,+rs)=0,06.

BeposiTHOCTL H3BJIEYEHHS KPacHOro luapa B JH060M HCNLITAHHH paBHa
0,15, no ec/qH mpH NEPBOM HCHNBLITAHHH ObLT H3BJeYeH KpacHbIi 1wmap,
BEPOSITHOCTb TOTO, YTO KPAaCHBIH 1uap 6yaeT H3BjeyeH NpH CaeaYiollen,
paBHa 0,42, 3ameTHM, 4TO Hama MOJE/b MpEAnoJiaraer omcymcmeue
nocaedeticmeusn LA BCell COBOKYNHOCTH, OJHAKO HecyacTHHIi ca1yvaii co
C/yyaiiHO BLIOPAHHLIM YeJIOBEKOM YBEJIHUHMBAeT BEPOATHOCTL TOrO, YTO
C HIM >Ke NpOM30iieT BTOPOH HECYaCTHbIH Ciydai. 314€Ch Mbl HMeEM
IPOCTO 3¢eKT BLIGOpa: HecyacTHblil C1yyall He OKd3bIBaeT AeMCTBHUTE b-
HOro BJHSHHA Ha 6yayliee, a TOJIBLKO YKasblBaeT, YTO BuIOpaHHbIH ue-
JIoBeK pMeeT 60.blIYI0 Npelpacno/0KeHHOCTh K HECUACTHBIM CiyYasM.
ITosToMy npoposkaiomiyecs HabTIOAeHHS NO3BOJAIOT YTOYHHTb HaIH
IPOTHO3bI, AaXe €C/IH B AeHCTBHTEIbHOCTH [IpOLLIoe BOoGLIe He BIHUSET
Ha Oyayiee.

B craTHCTHYecKkOM JIHTEpaType CTaj0 MNpPHBBLIYKOK HCIOJB30BATh
TepMHH gapaxcenue Bmecto ek nocnepeicTus. Kaxcyugulca 3¢-
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¢dexT nocaeneiicTBHs BbI6Opa CHaya/lla HENPaBHJIBHO HHTEPIpPETHpO-
BaJics Kak a(beKT JefCTBHTEIBHOrO 3apaXKeHHs, H NO3TOMY CTATHCTHKH
TENepPb rOBOPSAT O 3apa)KEHHH (MM O BEPOATHOCTHRIX pacnpelesleHHUsX
NPH 3apa){€HHH) B HESCHOM M BBOJAIUEM B 3a6MNYyXAEHHE CMEICJTE,
Bo3bMmeM, HanpuMep, HaTypaJiHCTa, KOTOPHIH JIOBUT HAaCEKOMBIX B IoJe.
Ecau nocne nepuoga Heylad OH HAaXOHMT HAaceKOMOE, TO BIIOJNHE Be-
POSITHO, YTO OH HAaXOAMTCS BOJIHM3H BBIBORKA, H B 3TOM C/JYy4ae MOMHO
OXHJIaTb JaJbHEHIIHX ycrnexoB. MHaue roBopsi, Ha NPaKTHKe KaxAuH
ycnex yBeJHYHBAaeT BEPOSTHOCTD JaJbHEHIIHX YCIEX0B, HO OTMETHM ellg
pas, 4TO 3TO TONbKO 3(deKT yBenuueHuss HHGOpMmanuu, obecneyHBaes
Meli BeiGopoM. Huxkakoro adipexta nocieneficTBust 3gech HET, W CTa-
THCTMKH BBOAAT B 3a6iyxJeHHe, Korja I'OBOPAT O 3apa)EeHHH.

1) Cnenyomuii npuMep IIMPOKO H3BECTEH H TNOYYHTENEH, HO He-
CKONBKO HCKyccTBeH. [lpeacraBum ce6e coBokynHocTs M3 N-+1 ypw,
B KaxJI0oH M3 KOTOpBIX cojepxuTc N mapoB; ypHa G HOMepoM &
COOEPXHT k KpacHeix U N-—k 6Geamix mapos (k=0, 1, 2,..., N).
CayuafiHpiM 06pa3oM BhIOHpaeTCss YpPHA M H3 Hee n pa3 H3BJEKAIOTCH
mapsl, npudyeM BhIOpaHHBIN AP KaXAbli pa3 Bo3BpallaeTcs ob6paTHO.
IlpeanonoxuM, 4TO BCe £ BIOPAHHBIX IIAPOB OKAa3aJHCh KpPacCHBIMH
(cobutre A). Haiizem (yc/n0BHYIO) BEPOSITHOCTh TOrO, YTO CJERYIOLIMM
6yleT H3BJEUEH TaKXKe KpacHbH map (coGutie B). Ecau crayana Guina
BhI6paHa YpPHa C HOMEPOM R, TO BEPOSATHOCTb TOro, YTO M3 Hee GbLIH
NoCJIe0BaTe/IbHO M3BJIEUEHRl M KPaCHBIX 1apos, paBHa (R/N)". Cre-
JoBateJsHo, B cuay (1.8)

P{A)= (174274 ... + N)[Nr (N+ )] @7)

Cobuitve AB o3nayaer, 4to NpH n-+1 u3BJeueHHAX ObLIH KpacHHE
mapel, H [03TOMY

P{AB} =P {B} = (I"*1 42741 4 ... L N*H)[No+* (V4 D). (2.8)

Hckomas BepositHocth pasia P {BIA}=P {B}/P {A}.

IMpu Goanwmux 3HaueEusx N uucautenps B (2.7) OTHOCHTE/NBHO
MaJI0 OTJIMYAeTCsl OT MJIOLIAaLH MEXAY OCbl0 X H rpadHKOM X" B HHTEp-
Baje (0, N). Toraa npubnuxeHHO HMeeM

N 1 1

n — o ~ .
XX =T T N A

N
1
p{A}NmS 2.9)
a
AHaslornuHble BhIUNC/AEHHS, TpHMeHneHHble K (2.8), nokaswBalmoT, uyTo
ans 6oapmiunx N npubAu3HTENBHO

P{BIA} =~ (n+1)/ (n+2). 2.10

STOT pe3yabTaT MOXKHO Tpy60 HHTEPNpETHPOBAaTh CJAERYIOUHM 06pa3oM:
€c/1M BCe BO3MOXHLIE BADHAHThI COJEPMKHMMOrO yYPHb! PAaBHOBEPOSITHH H
NPH n HCNLITAHHAX MOSBJSA/AHCh KPacHLIE Iaphl, TO BEPOSITHOCTh MO-
SIBJIEHHS KPAacCHOrO llapa NpH CAEAYIOLIEM HCObITaHMH paBHa (n-+1)4
{(n+2). 210 Tak HasbiBaeMulil 3akoH caefoBaHus Jlamnaca (1812).
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Jlo pasBHTHS COBpEMEHHOHM TEOPHH NOHSTHE PaBHOBEPOSTHOCTH
YacTo HCNOJbL30BaJOCh KAaK CHHOHMM JJISl «OTCYTCTBHSI IpeABapliTe]b-
Huix 3Hauuii». Cam Jlanaac HWMOCTPHpPOBan npumeHeHne (2.10) Buiduc-
JNeHMeM BeposiTHOoCTH Toro, uto CoJHne B30HAET Ha CJAELYIOUIMil
JeHb, €CJH OHO BCXOAHJO exeanesHo B TeweHue 5000 JserT wau n—=
=1 826 213 nueil. ['oBopaT, yro Jlanaac 6ua roTos noctaBuTh 1 826 214
npoteB 1 3a To, yto Co/HLle He H3MEHHT CBOEro NOBEIEHHS; B Halle
BpEMSI CJI€R0BA.10 Obl YBEJIHYHTh CTABKY, TAK KaK PETyJ/sipHOe ABHXEHHE
Conrua HabaoAan0Cch B TEUEHYE €llie OfHOro CToJeTHA. UToObl NOHATh,
uTO HMEJ B BHAY JlanJac ¥ MCTOJIKOBATh €ro BbIBOAbI, NOTPEGOBAJIOCD
6Ll eJoe HCTOpHYecKce HccaenoBaHue. Ero nocnepoBaTenu, OAHAKO,
HCIOJL30BAJH aHAJOTHYHLIE PAacCyXKIEHHs TOBCEMECTHO H PEKOMEHJO-
BaqM QH3HKaM H HHXEHEpaM NPHMEHATb TaKHe METOAH B CJyyasX, B
KOTOPhIX N0Jy4€HHbIe GOPMYJIBI HE HMEIOT HUKAKOTr0 PeabHOrO CMRICIA.
Mbl JOMXXHB OTBEPTHYTh 3TOT METOA, Aae ec/H JONYCTHM, HTO Hala
BCEJIEHHAs Cy4YaiHO BhiGpaHa M3 HEKOTOPOrO MHOXECTBA BCEJEHHBIX,
B KOTOPOM BCE€ MbIC/JHMMbi€ BO3MOXKHOCTH PaBHOBEPOATHH!. IleficTBHTENb-
HO, OH NPETEHJyeT Ha OUeHKY IuaHcoB Bocxoxa CosHua 3aBTpa Ha OC-
HOBE NPEANONOKEHHS O TOM, YTO OHO BCXOAMJO B npomuioM. OaHako
npexnosaraemmii Bocxon Conuua 5 gespans 3123 r. Jo H. 3. HHYYTb He
6osee foctosepeH, yem BocxoX CosHua 3aBTpa. Y Hac OAMHAKOBbIE OC-
HOBaHHUs BEPHTb B 06a 3TUX COOLITHS. >

3ameuanue o dopmysne Befieca. B (1.9) u (2.2) Mbl Hawr HeKOTOpWe YCJIOBHbIE
BEPOSATHOCTH, HCXOJS HENOCPEACTBEHHO M3 onpejeseHns. HauunawomeMy pekoMenny-
ercs MOCTYynaTh TaK BcelAa M He 3anoMunatbh dopmyay (2.12), kortopywo Ml ceffuac
Buisesiem. OHa BOCIpPOH3BOAMT B OCLIEM BHAE TO, YTO Mbl J€/a/H B YACTHHIX CAY4asX,
M sBJseTcH npocto Apyrof dopmoit 3anuck (1.3). B npuMepax Mul uMenu rpynmy B3a-
HMHO HCKJIIOYAIOUIHX H MCYEPNHBAIOUIMX BCe POCTpaHcTBo cobbltiit Hy, Ha, . . ., T. €.
TAKMX, UTO KaXJOe 3JeMeHTapHOoe COGHITHE NMPHHALIEKHT OXHOMY H TOJBKO OZHOMY
u3 H;, u Hac WHTepecoBaja CJIEAYIOMAN BEPOATHOCTD!

P{H,|A}=P {AH}/P {A}. 2.11)
Ecmu 8 (2.11) nogcrasurs (1.5) u (1.8), 1o sta dopMyna npHHHMEET BHF
P{Hy| A} =P {A|H.}P{H}| DIP{AIH}P(H)}, 2.12)
i

Ecau cobuitusi H , Hassatk runotesaMy, to (2.12) 6yaer «popmynoit Befteca a5 Bepoat-
HocTedt ThnoTe3ds. C MaTeMaTHuecKoli Touky 3pesus (2.12) npeacrapssier coGol crneuy-
anbHLij BuA 3amuck (1.3) u nuyero Goabue. 31a dopmyia nose3sa BO MHOTHX CTATHCTIE-
YeCKKX NPHJIONKEHHAX, NOJOGHBX ONHCAHHLIM B NPKMepax 6) H T), TAe Mbl €e H HCIOJL-
gsoBaau. K coxaneHuio, ¢opMyna Beiteca Gbi1a AHCKPeAUTHPOBAHa MeTapH3HUCCKUMIL
NPHIOKEHHAMH Bpoje onucansoro B npumepe 1). Ha npaxruke nogoGuble paccyxie-
HHMsI MOTYT NPUBECTH K OnacHbiM nocaecTousaM. HHxenep no KoHTpoio kauectsa KMeeT
JieJlo ¢ OJHOM KOHKpeTHOR MallMHO#, a He ¢ GECKOHEYHBLIM MHOMKECTBOM MAllIHH, H3 KO-
Toporo cayvakHo BLiGpana onHa. Mex1y TEM eMY COBETYIOT NOJb30BAThCH GopMyJaoit
Beiicca Ha TOM OCHOBAHHK, YTO OHa JIOTMUECKH NPHEMJIeMa W COOTBETCTBYeT Hallel Ma-
Hepe Mblulienus. Takse J0BO/BI HCOAb30Bax [1naron As KoKa3aTeabCTBA CYLIECTBO-
BanHsa AtnanguTtil, a HexoTophie $HI0cOdL! HCMONMB3YIOT AIA JOKA3aTEbLCTBA HEJeNo-
cTH MexanukH HbioTona. B Hawem cayuae 3Th J0BOIbL He yUHTHIBAIOT TOrO 06CTOATEND-
CTBd, 4TO HHXKEHep XKEeJaeT JOCTHYb ONpeje/eHHOTO yciexa B YyTo OH IOCTYMHT Jyullle,
OLIEHKBAN M JOBOAS JO MHEHMYMa KCTOUHHKH Pa3jHuHOrO poja OHGOK B CBOMX mpeA-
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BHJIEHHAX B porankax, CoBpeMeHHHE METOAM CTAaTHCTHIECKHX TIPOBEPOK M OLEHOH
MeHee HaTJIfHN, HO 60Jee peajucTHYHH. VX MOXHO He TOIBKO ONPaBAATh paccyxjes
HHSIMH, HO H NPHMEHATh,

§ 3. CTOXACTHYECKAS HE3ABHCHMOCTH

B npumepax, npHBeleHHLIX Bhlllle, Ycl0BHas BepositHOCTh P {A[H },
KaK npaBuJlo, He paBHsJack GedycioeHoil BeposTHocTH P {A}. T'py6o
rosopsi, HHQOpMALHS O TOM, NPOH3OULIO HJIH HeT cobmiTHe H, MeHseT
Hallle OTHOIIEHHEe K BO3MOXKHOCTH HacTymseHHs cobmitust A. Toabko B
ToM cayyae, Korfa P {A|H}=P {A}, 31a nHdopmMauus He NO3BOJSET
chesaTb HHKaKHX BbIBOZOB 06 A. B 3ToM ciyuae mMbl 6yleM TOBODHT,
yto A cToxactuyecku He 3aBucHT ot H. U3 dopmyast (1.5) cnenyer,
yto ycaosue P {A|H}=P {A} mMoxer 6blTb 3anmicaHo B BHIE

P {AH}=P {A}.P {H}. (3.1)

DT0 paBeHCTBO CHMMETPHYHO OTHOcHTeNbHO A M H M MokaseiBaeT, 4TO
ec i A CTOXacTHYECKH He 3aBHCHT oT H, To M H CTOXacCTHYECKH He
3aBucHT oT A. Takum ofpasom, Jyuiule OTNPAaBAATBCS OT CJAedylo-
IIEro CHMMETPIYHOIO OMNpefeleHHsl.

Onpenenenne 1. [ea cobwmus A u H nasvisaromes cmoxacmuvecku
Hesasucumbimy (UAU, KOPOHe, HEBABUCUMbIMU), eCAU UMeem MeCcmo pa-
cencmeo (3.1).

STo onpelesieHHe pacnpocTpaHseTcs W Ha cayyall P {H }=0, B xoTo-
pom P {A|H } He onpenenena. TepMHH cmamucmu4eckas Heaagucumocms
ABJISETCS CHHOHHMOM TEPMHHA CMOXACHMUYECKAS He3a6UCUMOCTDb,

Ha npakTHke 06b1YHO GBbiBAET SICHO, YTO HEKOTOPBIE COOBITHS NOJIKHBL
GbiTh He3aBUCHMLIMH, HHauye BepOSATHOCTHAs Mozeab Gyner abcyphHoil.
O1HaKO, KaK MOKaXyT NP UBOAHMbIE HHXKe NPHMEpDI, CYIIeCTBYIOT CHTYa~
IHH, B KOTOpPBIX CTOXacTHYeCcKas He3aBHCHMOCTb MOXeET OHITh YCTAHOB-
JeHa TOJNBKO IyTeM BbIYHCJIEHHH.

MMpumepnt, a) M3 xonogw urpajbHBIX KapT cilyyadiHeIM ofpa3oM
H3BncKaeTcss ofHa KapTa. M3 coofpakeHuii CHMMETpHH MBI OXKHI4eM,
YTO COGLITHA ¢MHKa» H «Ty3» He3aBHCHMBI. M HeficTBHTENBHO, HX Bepo-
SITHOCTH paBHb! 1/4 1 1/13, a BepoATHOCTb KX OXHOBPEMEHHOTO OCYILECTB-
JeHus pasHa 1/52.

6) bpocaiotcst nBe npaBusbHBle HrpanbHble KOcTH. CoGEITHS «efu-
HHIl4 Ha NePBOJ KOCTHY H «4ETHOE YHCJIO OYKOB HAa BTOPOH» HE3aBHCHMHI,
TdK KaK BEpOATHOCTb HX OJHOBpPEMEHHOro ocyllecTBJeHHst 3/36=1/12
paBHa NpOH3BEJEHHIO HUX BEpOSITHOCTEH, a IMeHHO 1/6 u 1/2.

B) Ilpu cayuaiiHofl nepectaHoBKe ueThlpex 6YKB (a, b, ¢, d) co6bl-
THSA «g MpefecTBYeT b» K «c MpeflecTBYeT d» HE3ABUCHMBI. DTO HHTYH-
THBHO SICHO H JIETKO NIpOBepsiercd.

r) Pacnpedenenue no npustaxky nosa. Bepeemcst k npumepy 1,B),
HO Teneph pacCMOTPHM CEMBH C TpeMsl AeTbMH. [IpefnosnoKuM, 4To Kax-
Basl H3 BOCBMH BO3MOMHOCTeR mmm, MMO, ... , 000 uMeeT BeposAT-
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Hocth 1/8. [Tyers H — co6biTHE ¢B ceMbe HMEIOTCS JIETH 060MX NOJIOB» U
A — cobuiTHe «umeeTcs He Gosee opHoH geBouxkus, Torma P {H} =
=6/8 u P {A}=4/8. OnHoBpemeHHOe ocyuecTBeHne A U H o3Ha-
yaeT OJHY M3 BO3MOMHOCTEH MmO, MOM, OMM, 1, TAKUM 06pasom,
P {AH}=3/8=P {A}-P {H}. Taxkum o6pa3om, Aas cemeii ¢ Tpems
AETbMH 3TH B2 COOLITHS He3aBuCHMB. OTMETHM, UTO 3TO HE TaK B C/yyae
cemell C ABYMS MJIM YeTHIDbMSI JA€TbMH. 3TO IIOKa3blBAaeT, YTO He BCETAa
OUEBHJHO, IIMEEM Mbi HE3aBICHMOCTH IJIH HeT. o

Ecuu ocyuiectBuI0ch cobbiTHe H, TO NMPOTHBONOJIOXKHOE coBbiTHe H'
He OCYUIECTBHJOCh, H HaobopoT. Fla cToxacTHuecKoll He3aBHCHMOCTH
cJIeflyeT, UTO M3 OcyUlecTBJeHHS 1 Henb3s CleNaTh HHKAKMX BHIBOLOB
06 A; noatomy croxacTHueckas He3aBHcHMocTb A u H Gyner o3Ha-
YaTh TO e caMoe, YyTo HeaasucumocTh A w H' (M B cuay CHMMETpHH
cobutuit A’ 1 H, a takke A’ u H'). D10 yTBepxkJeHHE JNerko Npose-
puTb, Hcnoab3ys cooTHoweHue P {H’}=1—P {H}. HeiicTBuTENbHO,
ecaH umeer mecto (3.1), to (nmockonbky AH'=A—A4H)

P{AH'} =P{A}—P{AH}=P{A}—P {A}-P{H}|=P{A}-P{H'},
(3.2)
KaK H OXHA3JOCh.
ITpennonoxum Tenepb, uTO TpH coObITHs A4, B W momapHo Hesa-
BHCHMBI, T, €.
P {AB}=P {A}-P {B},

P {AC}=P {4}.P {C}, (3.3)
P {BC}=P {B}-P {C}.

Moxno MoAyMaThb, UTO H3 3THX TpeX COOTHOLUEHHH 6y11€T CJIe0BaTh
PaBEHCTBO

P {ABC}=P {A}P {B}P {C},

MHaue TOBOPA, YTO U3 NOMapHOH He3aBHCHMOCTH TpeX COOLITHH caeayer
HE3aBUCUMOCTD ABYX cobbitiit AB u C. DTo nouTH Beeraa Tax, OfHAKO
B MPUHIIMIIE BO3MOXHO, 4TO (3.3) HMEET MECTO, HO B TO JKE BpeMd

P {ABC}=0.

(daxTHUeCKH TaKHe FBJEHHA HACTOJNBKO DEAKH, YTO HX BO3MOMKHOCTh
He 6Gbijla 3ameyeHa Jo TeX nop, noka C. bepuiTefiH He noOCTpPoua coot-
ReTCTBYIOLIMA NIpUMeED. DTOT NpHMep SABJSETCS! HCKYCCTBEHHBIM, OJIHAKO
€ro cyllecTBOBaHHE MOGYXKJAeT HUCKATb €CTECTBEHHLIE MPHUMEpPHI.

Npumep. 1) PaccmoTpum 1luecTh nepecTaHOBOXK GYKB a, b, ¢, a
TaKXKe TP TPOHKH (a, a, a), (b, b, b) u (¢, ¢, ¢). Bo3bmeM 3TH A€BaTHL
TPCEK B KayeCTBe TOYEK NTPOCTPAHCTBA 3JIEMEHTAPHBIX COOLITHH H MpH-
nuieM Kaxjoii BepostHocTs 1/9. O6osnaunM uepes A, coBriTHE, co-
CTOsIIliee B TOM, YTO Ha k-M MecTe HaxoauTcs 6yksa a. OueBHAHO, Kax-
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Joe M3 3THX TpeX coOuITHH HMeeT BEPOSTHOCTH 1/3, B TO Bpems Kak
p {AlA 2}=p {AlAg}:p {A2A3}=1/9.

Tpu coOHTHS gBJAIOTCH, TakKHM O0Pa30M, HONAPHO HE3QBUCUMbIMU,
HO He B3aHMHO He3aBHCHMBIMK, notomy uto P {A4,4,4;}=1/9. (Ocy-
mectsaende Aj; u A, BaeueT ocyilecTBieHue A,, u, 3HauuT, A; He
siBAsieTcsl  He3aBHCHMbIM OT AA,.)

Mul NOJYYHM JOMOJHUTENbHBlE TNPHMEPHI, paccMaTpHBasl TaKIKe
cobuitiss By u Cp, cocTosillle COOTBETCTBEHHO B TOM, YTO Ha k-M
Mecte HaxojsATcs GYKBbl b u ¢. Bcero umeem Tenepb JAeBATb COOBITHI,
BEPOSITHOCTb KaJOro-u3 Kotopelx pasHa 1/3. Ouesuzso, P {A,B,}=
=1/9, u BoOOlle xaxOve 08a CobbIMUAL C PASHOIMU uHOKCAML He3ast-
cumbt. C apyro#t ctopoHbl, OYKBHI, CTOSIIIHE Ha NEPBHIX ABYX MeECTax,
OJHO3HAYHO ONpeAesioT 6YKBY, CTOSIYIO Ha TPETheM MECTe, H, TAKHM
oGpa3oM, C; He siBasieTCsT HE3aBHCHMBIM OT Ka)A0ro H3 JAeBATH COOBITHH
AA,,. .., CiC,, oTHOcAIMuXCH K GYKBaM, CTOSIIMM Ha NMEpBLIX ABYX
MecTax !). Mol BepHemcsi K 3ToMy npumepy B Koue § 1 ra. IX. Ho-
MOJIHUTEbHBIE TIpHMEp NPHBOAMTCH B 3ajaue 26,

JKenatenbHO COXpaHHTb TEPMMH CTOXacTHYeCKas He3aBUCHMOCTH
nas cayudasi, KOraa liMeeT MeCTO He TOJbKO (3.3), HO TaKxke

P {ABC}=P {A}P {B}P {C}. (3.4)

D10 paBeHCTBO oOfecneydBaeT He3aBHCHMOCTh cobuithii A u BC, a
takxke B 1 AC, u C u AB. Kpose Toro, MoxHo j0xa3aTb, 4to A U B
i C Taxxke He3aBHCHMbI. JlefCTBHTENBHO, M3 OCHOBHOIO COOTHOLIEHHS
(7.4) ra. I umeem

P {(AU B)C}=P {AC}+P {BC}—P {ABC}. (3.5)
[TpuMensis BHOBB (3.3) 1 (3.4) K NpaBoil MaCTH, MOXKeM BbIHECTH MHOXHU-

tens P{C}. Bropoii MHoxuTerb ecTs P {A }4-P {B}—P{AB}=P {A U B}
M, TakuM obpa3oM,

P {(A1UB)C}=P {(AUB)}P {C}. (3.6)

ITosTomy mnpencTaBisieTcss NpaBLONOAOGHBIM NPEANOJOMKEHHE, YTO YC-
aoBu#l (3.3) ¥ (3.4) B COBOKYNHOCTH JOCTATOYHO AJSL TOTO, YTOGHI
u3bexaTb 3aTPYAHEHMI: Kaxjoe CoGbITHE, KOTOPOE MOMHO BHIPA3UThb
yepe3 A u B, He Gyner 3asucetb ot C.

Onpenenenne 2. Cobomus Ay, A, ... , A, HA3LLAIOMCR 63AUMHO
He3asucumbimy, ecau 042 aobbix Kombunayuld 1<li<j<<k<...n

1) 3t paccyxieHWs OCOGWAIOTCS Ha COBOKYNHOCTH H3 7 CHMBOJOB, r > 3.
IIpocTpaHCcTBO 2iemeHTapHBIX COOGBITHI! B 3TOM CJyuae COAEPMUT rl-j-r TOUEK,

a UMeHHO r! nepecTaHOBOK CHMBOJIOB &3, ..., 4, W r IOCJAeROBaTeJbHOCTe#l BHJAA
(@, a4, .., a;). Kaxpoii nepectanoske nprnumes sepostsocts 1/[r? (r—2)!],
a KaXpoil nocnejosateabrocTH BHIa (a;, 4j, ..., @;) BepositHocte 1/r% Ecau

cobutie A, o3Hayaer, uTo @; HaXOAUTCH Ha k-M MecTe, T0 A, NOMapHC He3asH-
CHMbl, HO HMKaKHe TDU K3 35TUX COOLITHK He fBJSAIOTCH B3aUMHO HE3aBUCHMBIMH.
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enpasedaussl npasura YMHONCEHUS
P{A,A}=P{A,}P{A},
P{AtA/Ak} =P {Ai} P{A/}

P{Ak}v

.. (3.7

P{Al .i ".‘ An;=P{AX}P{A2} 1 P{ n}'

n n
B nepgoit cTpoke crost <2 ) paBeHCTB, BO Bropoi'{—( 3>H T. [

CaegoBatennHO, HMeeM

05+ —()=(5)-wor

YCJOBHH, KOTOpPBlE HO/MXHBEl OLITH BHNOJHEHBl. C APYIOH CTOpPOHBI,

n . .
(2) YCJIOBHIT B mepBoH CTPOKe JOCTA4TOYHO JA1s TOro, 4ToObl obecre-

YUTL nonapHyro Hesasucumocms. Bea cucrema (3.7) BHITJASIUT Kak
CJI0XKHOE MHOXECTBO YCJOBHI, OJHAaKO CKOPO CTaHET $ICHO, UYTO €e
CrnpaBelJIHBOCTL OGBLIYHO OYEBHAHA M He HYXJaeTcs B npoBepke. [IpiMe-
HAS MHAYKUHMIO, JerKo YBHAeTh [HaunHas ¢ n=2 u (3.2)], uro 6 on-
pedenenuu 2 cucmemy (3.7) moxcro 3amenums cucmemoll u3 2* pasercms,
noaysaemold u3 nocaedueeo paseHcmsa (3.7) 3ameHOd Nnpou3soOAbHO20

’

wucaa coboumud Ay ux donoanerusmu Aj.

§ 4. NPOU3BEJEHUE NPOCTPAHCTB.
HE3ABUCHUMBIE HCNbITAHHU A

M= Tenepbs OKoHuATENBLHO TOTOBHI K TOMY, uTOGHI BBECTH MareMaTus
YeCKHH aHaJor 3MIOHPHUECKHX MNPOUEAYp, OOBIYHO Ha3bBAeMBIX Hempe-
PLIBHBIM 9KCIIEPHMEHTH POBaHHEM, TOBTOPSAIOIIMCSA HAbIOeHHEM, o6be~
JMHEHHEM JBYX BbIGOpPOK, KOMGHHMPOBaHHEM ABYX 3KCIEPHMEHTOB H
paccMOTpeHHEM HX Kak uacTeil efuHoro uejoro u T. A. [lonstne
HE34BHCHMBIX HCNBEITAHMH COOTBETCTBYET UHTYHTHBHOMY MOHSITHIO «3K-
CNepHMENTOB, MOBTOPSAEMEIX B OJHHAKOBBIX YCIOBHSX». O3TO NOHATHE
SIBJSIETCS OCHOBHBIM JJISt TEOPHM BeposiTHOCTell 1 npujaer GOJbLIYIO
CTPOTOCTb MPHMEPaM, PaCCMOTPEHHEIM BLIllie,

CHaua1a HaM NOH4AOGHTCH NOHATHE, He ABJAIOIICECs CnelHHUHBIM
LS TeOPHH BeposiTHocTell. [1pambim npouseederues ABYX MHOXecTB A
u B Ha3biBaeTCsi MHOXeCTBO BceX YNOPSAOHEHHHX nap (@, b) u3 ux
aneMeHTOB. Mut 6yaem ofo3nauats 1) ero uepe3 (A, B). Onpenenenne
TPHBHaABHO pacnpocTpansercs na Ttpoiiku (4, B, C), uerepkn (4,
B, C, D) u paxe Ha GeCKOHeuHble NOCJIEN0OBATENBLHOCTH.

1) Jipyram ofmeynorpefatesbiinizi O603HaueHweM spazerca AXB, TepMHHR
SNPAMOE NpPOM3BeJEeHKEr M ¢AeKapTOBO NPOH3BEJCHHE? — CHUHOHHMEL,
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[TousTHe npsiMoro Npou3BejieHHsT HACTOJLKO eCTECTBEHHO, YTO MhE
€ro y»Ke HesBHO HMCI0Jb30Bajad. Hanpumep, MbICIHMBIH 3KCIEPHMEHT,
COCTOSILIHA B TPEXKpPaTHOM GPOCAHMM MOHETbI, ONHCBIBAETCH MPOCTpPaH-
CTBOM 3JIEMEHTAPHBIX COGBITHH, COEPIKallMM BOCEMb TOYEK, a MMEHHO
TPOEK, KOTOphie MOr'yT ObiThb 06pa3oBaHbl U3 ABYX OykB I u P, 1o
1103BOJISICT TOBOPHTh, YTO NPOCTPAHCTBO 3JIEMEHTAPHBIX COOBLITHH SIBJIfA-
eTCSl NPSMbIM NPOH3BEJCHHEM TPeX NMPOCTPAHCTB, KaXJIOe H3 KOTOPHIX
COCTOHMT M3 JIBYX ToueK (3emMeHToB) [ u P. Booflle, Koraa Mbl rOBOpHM
0 ABYX MOCJEA0BaTe/bHBIX HCNLITAHAAX, MBI HMeeM B BHMAY NMpOCTpaH-
ctBo &, TOYKM KOTOPOro NPEACTaBIAIOT COG0OH Napel BO3MOXKHBLIX
HCXOJ0B, U Nno3ToMy & SBJISETCH MNPSAMBIM NPOW3BEJEHHEM JBYX MNpo-
CTPAHCTB 3JIEMEHTAPHBIX COOBITHH, COOTBETCTBYIOLIMX OTICJbHBIM
HcrneTaHuaAM. J1Ba JaHHBIX MBIC/TIEHHBIX 3KCMEpHMEHTa C NPOCTPaHCTBa-
MH 3JeMeHTapHbiX coObTHH ¥ ¥ B MoKHO paccMaTpHBATH OJHOBDE-
MEHHO MJH TNOCJIefOBaTeNbHO. DTO MO3BOJAET PaccMaTPHBaTh Maphl
BO3MOXHBIX MCXOJOB, T. €. BBecTd npsimoe npoussenenne (U, B) B
KayeCTBE HOBOrO MPOCTPaHCTBA 3JEMEHTapHLIX coObiTHH. Bo3HHKaeT
BONpOC: KaK JOJKHBI ObITh OMNpeJeseHbl BEPOSTHOCTH Ha HOBOM MpO-
CTDAHCTBe 3JIeMEHTapHhIX coOLTHA? OTBeT 3aBHCHT OT OOCTOATEJBLCTB,
HO JIo PaCCMOTPEHHSs 3TOro BONPoca Mbl OOPAaTHMCH K ABYM NpHMepaM,
KOTOpblE TOMOTYT MOHATH OCHOBHBIE HJEH W OGBACHAT NpPHMEHSAEMYIO
TePMHHOJIOTHIO.

Ipnmepui. a) [exapmoser npocmparcmsa. Korna Toukd MJ0CKOCTH
[ipejCTaBJeHk NapamMd AeACTBUTEJbHBIX uyHcesa (X, y), MJIOCKOCTb CTa-
HOBHUTCS NPAMBIM Npou3BeaeHHeM ABYX ocell. (ToT dakT, 4To reoMeTpHio
Ha IJIOCKOCTH MOXXHO H3Y4aTb §e3 MCNOJIBE30BaHUS KOOPAHHAT, MOKA3bl-
BaeT, UTO OJHO U TO K€ MNPOCTPAHCTBO MOMKHO PaccMaTpuBaTh C pas-
JHYHBIX TOYEK 3peHusi.) TpexmepHOe NPOCTPAHCTBO C TOYKaMH (X, Y,
2) MOXKHO paccMaTpHBaTh JUOO KaK NpsAMOe IPOH3BEJEHHE TpPeX OceH,
JIM60 KaK NpsAMOe NPOMU3BEJAEHHE IJIOCKOCTH X, ¥ H OCH 2.

Ha nyiockocTH MHOMXKECTBO TOYCK, YAOBJIETBOPSIOILEE ABYM YCJOBHAM
0<x<<l n 0<<y<<l, ABAsIeTCS NPSAMBIM NPOU3BEJEHHEM ABYX €IHHUUHBIX
WHTEPBaJOB. 3aMeTHM, OJHAKO, YTO TAKOE OMMCAHHE HEBO3MOMHO JLIf
NIPOM3BOJIbHBIX MHOXKECTB, TaKHX, KaK TPeYroJbHHKM H 3JLIHMCHI.
Haxonen, sametm, 4To B NMpOCTpaHCTBE X, Y, 2 MHOMECTEO, Onpeje-
JIeHHOe TEeMH e CaMbIMH HepaBeHCTBaMmi, $BJSETCH GeCKOHEYHBIM
LUIHHAPOM C KBajpaTHbIM OCHOBaHHeM. Booflie B TpexmepHOM npo-
CTPaHCTBE Ka{J0€ MHOXECTBO, B OMNpeJeJeHHE KOTOPOro BXOAAT TOJNBKO
KOODAHHATB! X H Y, MOXKHO paccMaTpHBaTh KaK UMJIMHAP C o6pa3yio-
IUHMH, Napa/ieIbHBIMH OCH 2.

6) Aagasumst u caosa. Tlyctb A cocToHT H3 26 6YKB aHIVIHACKOIrO
andasuta. Torxa npsmoe npousBenenue (A, A, A) sBAsSETCH MHOXKe-
CTBOM BCEBO3MOXKHBIX TPOeK GYKB 1LJIH, KaK Mbl OyjeM roBOPHTh, BceX
TPeXGYKBEHHBIX «cJI0B». TaK NPHHATO B TEOPHH CBSA3H H B TEOPHH KOAH-
POBaHHA, HO HEECTECTBEHHO pPacCMaTPHBaTh CJOBa (DHKCHPOBAHHOH
MnuHBL,  JIeACTBHTENIbHO, COOOLIEHHE MPOM3BOJLHOH JJHHBI MOXeET
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pPacCMaTPUBATLCA KaK «CJI0BOY, €caH K anadaBHTy A06aBHTh HOBBIH CHM-<
BON ANA paspenenus (npoben). ITosTomy HeT HeoO6XOAMMOCTH BBOAHTH
Kakue-1100 OrpaHMuEHHs Ha AJMHY CJIOB: JMI060€ KOHEYHOE coobleHHe
MOXKET pacCMaTPHBATbCH KaK Hayaso NOTEHIHAJNBHO HEOrpaHHYEHHOTO
COOOIIEHHSA, TAK K€ KAK HANHCAHHOE CJOBO MNOTEHUHAJNBHO SIBJASIETCS
NepBbIM B HEKOTOPBIX cepuaAX. [TonyTHO OTMETHM, YTO B TEOPHH CBSI3H HC-
[10/1b3YIOTCS MPOM3BOJLHLIE KOABl ¥ NMOJ €€ BJHSHHEM CTAJI0 OBIIEynoT-
peOHUTENBHEIM Ha3hIBATh NPOHU3BOJIBHEIE CHMBOJBI OHYKBaMH HEKOTOPOro
andaputa. B 3TOM cMbICIE HCXORbl 71 NMOBTOPHEIX HCMBITAHKH Ha3kl-
BalOT «COOOINEHUEM® HJH «CJOBOM» AJHHBL M. |

Ecimn € —npous3BOJLHOE NPOCTPAHCTBO 3/MEMEHTAPHBIX COOBITHI
¢ toukamu E;, Ej;, ..., To n-xpaTHoe npsMoe npoussenerre (&, ©,...
..., © npocrpancTea & camoro Ha cebs Ha3bIBAalOT IPOCTPAHCTBOM
BJIEMEHTAPHBIX COOHITHA A5 1OCTELOBATENLHOCTH 1 HCNHITAHHH, COOT-
percTBytolux &. YN06HO OmNMCHIBATH €r0 TOYKH B OOLIEM BHAE CHM-
BOJIaMH, TAKMMH, KakK (¥;, ..., X,), Tle KaXJO€ X; O3HAyaeT HEKOTO-
pyio Touky u3 ©. Ilo ananorum c mpumepoM a) X; OORIYHO HA3LIBAIOT
koopOuramamu. TepMHHBEI MHOXECTBO K COOBITHE MOTyT HCMOJB30BAThACH
Kak cuHOHuMHL. Cofbumue, KOmMopoe 3asucum mMOALKO om ucxoda nep-
6bix 08Yyx ucnoimarnuid, OOHYHO HA3BIBAIOT MHOXKECTBOM, 3aBHCALLMM
TOJILKO OT MEPBRIX ABYX KOOPZHMHAT!).

Kak yxe 6n0 yKasaHO Bblllle, BCE 3TH NOHATHA M 0003HAYEHHSA
NEePEHOCATCS Ha cayyait 6ECKOHEYHBIX 0C/IeA0BaTeTbHOCTER. POpPMAIBLHO
3TO HE BbI3LIBAET TPYAHOCTE!l; HaNpHUMep, ACCATHYHAS MOC/JEAOBATE]bs
socts 3,1415... nmpeacraBnseT yuca0 T KaK TOYKY B MPOCTPAHCTBE,
ABafloweMca GECKOHEYHBIM NMPOU3BENEHHEM, TOJNBKO BMECTO n-Si KOOP-
IMHAaTa TOBOPAT n-a jecATHYHas Uudpa. beckoneurbie npoussedenus
npocmpancmg o4ens ecmecmgentbr 045 meopuu eeposmuocmed. Hexe-
JaTesbpH0 (DHKCHPOBATh YHCJIO OPOCAHMI MOHETHl HJIH TPOAOJKHTENb-
HOCTh C/yyaitHOro 6ayxnaHus. TeopHs CTaHOBHTCA Gosee THOKOH #
NpOCTOM, €CJM Mbl AOMYCTHM MNOTEHLHAJbHO HEOrPAHHYEHHBIE MOCJERO-
BATEJNbHOCTH HCNIBITAHHR M COCPEAOTOUHM BHHMaHHE HA COOBITHSAIX, 3a-
BHUCSIIMX TOJBKO OT MEPBhLIX HECKOJbKHUX HCIBITaHKHA. IJTOT GoJiee Mpo-
CTOH M YAOGHHIH NOAXOA, K cOXKaneHHdlo, TPeOyeT NPHMEHEHHS annapara
TEOpPHH MEPHL. 3ajayell HAaCTOSINEro TOMa ABJAAETCA O3HAKOMJIEHHe C oC-
HOBHBIMH HMJESMH TEOPHH BEPOSATHOCTEH, HE OCJOXHEHHOE TEXHHYeC-
KUMH TpyaHocTsmu. [Io 3Tod mpuuine Mbi OrpaHHYMBaEMCH RHCKpeT-
HBEIMH NPOCTPAHCTBAMH 3J€MEHTapHBIX COOBITHH ¥ JOJIKHE yIOBJETBO=
PHTbCA H3YYEHHEM KOHEYHOrO YHMC/Ia HCNbITaHuH. ITO O3HAYaeT, 4To,
pacrJlayHBasich 3a NPOCTOTY, Mbl BHIHYXKIEHBI HMETh J€J0 C Heomnpeje-
JEHHLIMA WJIM H3MEHSIOMHMMUCH NPOCTPAHCTBAMII 3JIEMEHTAPHBIX COOBI-

1) To ecTb €CAH TOYKA (Xj, Xz, +«.) MPHHALNEKHT STOMY MHOXKECTBY, TO EMY
NpUBARNEXRKAT BCE TOUKH (xs, X2, -..), Y KOTOPBIK X3==X;, X3==X,. [lo aHa/orun
¢ NPHMEPOM a) MHOKeCTBa, 3aBHCHIINE TOJbKO OT HEKOTOPEIX KOOPZHHAT (B JlofoM
YuC/e), HA3LIBAOT WUAUHODUNECKUMY,
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THH. Tako# BapuaHT TeOpPETHYECKH HEYJOBJETBODHTE/NEH, HO B HM3Be-
CTHOH MEpE MO0./1e3€H NPAKTHYECKH.

O6parumcs Teneps K BONPOCY O 3aJaHHH EE€POSITHOCTEN Ha Mpou3Be-
JEHHW [pocTpaHcTB. Pa3sanunble YpHOBEIE MoAeaH § 2 MoOryT 6mITh
ONHCAHBl MPH NOMOWH NOBTOPHLIX MCHBITAHHMH, W MH BHJEJNH, YTO Be-
POSITHOCTH B Pa3jHYHLIX CXEMaX MOXHO ONPEJEJHTh NOCPEACTBOM yC-
JIOBHBIX BeposiTHocTeil. MoryTr ObITh pacCMOTPEHbl pa3/iMuHble BHBI
3aBHCHMOCTH MEMXRY IOCJEJ0BATEJNbHEIMH HCIHTAHHAMH, HO HauboJsee
BaXKHO MOHSTHE HE3aBHCHMBIX HCIBLITAHHH HAH, 6oaee ofUl0, HE3aBHCH-
MbIX SKCIEPHMEHTOB.

Js onpeneneHHOCTH pacCMOTPHUM JBa [POCTPAHCTBA 3JIEMEHTAPHbIX
cobuitit Y 1 B ¢ Toukamu a;, o, ... H Pyi, Py, ..., HMEOUHMH
BEPOATHOCTH pj, Pss ++y H Giy §y ... COOTBETCTBEHHO. Mbl HHTEp-
nperupyem .npoussegenne npoctpancts (A, B) xak npocTpaHCTBO 3.1€-
MEHTapHbIX COOBITHI, ONHCHIBAIOIMX MOCJEJ0BATENBHOCTh JBYX 3KCIE-
pumenToB, coorBercTBylompx I u B. T'oBops, yrto 3TH ABa 3KCnepu-
MEHTZ HE3aBHMCHMbl, MhEl HMeéeM B BHAYy, 4YTO JBa COObITHS «MNepBHIiA
HCXOJl €CTb @;» U «BTOPOH HCXOX €CTh f» CTOXAaCTHYECKH HE3ABHCHMAI.
OnHako aeno OGCTOMT TaK TOJLKO B TOM CJy4ae, KOTAa BEPOSTHOCTH
Ha (YU, B) onpenenensl no npasuiy

P{(a; By} =P r@4.ln

Taxoe 3ajaHHe BEPOSTHOCTEH MPABOMEPHO!), MOTOMY YTO B CYMME OHH
KAIOT eauHuIy. J.lencmme.nbﬂo CYMMHPOBAHHE 110 BCEM 3JIEMEHTAPHHIM
COOLITHSIM MOPHBOMHT K nsom{ou cymme D) ¥ p,g,, KOTOpas SBJsETCH
TIPOH3BENICHHEM CYMM X p; H Y, G,

YcaoBuMest Teneps, 4TO (1060 «08Q HE3ABUCUMBIX SKCNEP UMEHRMAy
03HayQOm nPAMoe npoussedente 08yx NPOCMPAHCME IAEMEHMAPHBLL COBbL-
mull ¢ BEPORMKOCMAMU, ONPECeNeHHOIMI N0 npasury ymHoxcenusn (4.1).
3Imo cozaauienue pacnpocmpanaenica HQ NOHAMUE N NOCAeG0BAMEAbHbLY
He3qBUCUMbBIX IKCNEPUMEHIMOE.

Mot 2080pum 0 NOBIMOPHBLX HE3ABUCUMbLX LCNBIMAHUAX, eCAl npocm-
PAHCMBA INEMERMAPHLLY COObIMULL, COOMBEMLMBYIOMUX KANCAoMY uChbi-
manuwo (U 8ePOAMHOCMU HA HUX), HOCHMUYHBL.

210 coryalieHue JaeT HaM MpaBo, HALPUMEp, JJs KPATKOCTH TOBO-
PHTB ¢/ HE32BUCHMBIX 6POCaHHH MOHETHI» BMECTO «IIPOCTPAHCTBO 3/1EMEH-

TapHHX COGHITHH, cocTosiulee H3 2" TOYEK, KaXIOH H3 KOTOPLIX MPHMH-

CblBaeTCs BEPOATHOCTB 27 »

3acyKHBaeT YIOMHHAHHR CJEIYIOUIEe MHTYHTHBHO OYEBHAHOE CBOIl-
CTBO HE3aBHCHMBIX 3KcnepuMeHToB. Ilyctb A —cobutie M3 U, coaep-
Aaljee 3JEMEHTapHHE COOHTHA o, o, ..., H fnycTb B—cobuTHe
u3 B, coaeprkaiiee s/eMEHTAPHLIE LOﬁbITHSI By ﬁ, ,....Toraa (4, B)
ecth cobbiTie u3 (Y, V), KOTOPOE COCTOMT M3 Bcex nap (@5, Be,),

1) AHanoruyHO onpejeasieMble Mepsl BCTPEHaIOTCH 4 BHC TEOPHH BepPOATHOCTedl
M Ha3blBalOTCA npoussedeHuem Mep,
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H, OYEeBHIHO,

P{(A B =3 g, =(Zry) (2 a,) =P{A}P{B}. (4.2)
TakuM obOpasom, NpaBHJO YMHOMXEHHS DacHpOCTPaHSETCSs Ha HpOH3e«
BOJIbHBIE COGLITHS B NPOCTPaHCTBAaX-COMHOMXHTENSIX. DTH pacCyXKAEHHS
NPHMEHHMEl K 7 HE3aBIICHMBIM JSKCIEPHMMEHTaM M IIOKa3bIBAIOT, YTO
ecau cucrmema u3 n coboimud Ay, ... , A, maxosa, umo Ay sagucum
moabko om k-zo sxcnepumenma, mo cobwmun Ai, ... , A, 83aumHo
HE306LCUMbL.

Teopis He3aRHCHMbIX SKCNEPHMEHTOR SBIAETCS CaMoH NpOCTOH 8HATHTHYECKH H
naubosiee M3yueHHOH yacTblO TeopHH BeposTHocTell. IloaTomMy XkesaTtenbHO, eclH 3TO
BO3MOXKHO, HHTEPNIPETHPOBATb C/JIOXKHEE SKCNEDHMEHTbI KaK NocaefoBaTeabHocTb 6o-
J12e NIPOCTHIX HEe3aBICHMbIX 3KcnepumeHToB. CilejyloiliHe NpUMepH MNOKa3wWBAKT C.I1Yy-
yad, KOrAd Takas MNpouelypa BO3MOXKHAE.

Npumepn. B} Iepecrmanosku. Mu paccmaTpuBadu n! NlepecTAHOBOK 3J€MCHTOB
@y, Q3, .+., O, KaK 3JCMeHTADPHble COGHITHA H INPHIHCHLIBAMH KaXZOMY H3 pnx
eepoarrocTk l/n! To awe casoc npocmpancmeo saemenmapubix cobbimuil MOiku0
paccmarpuBaTh Kak npefcTapjsioumee n— | nociefopaTeNbHBIX HE3aBHCHMEIX 3Kclle-
PUMEHTOB cJefylowuM ofpasdoM. 3anuileM cHadaja a@;. [lepBHH 3KcnepHMEHT
COCTOHT B TIOCTAHOBKEe @y Nepef a@; HaM nocide Hero. Ilocae Toro Kak 310 CAcsaHo,
¥MeeTCs TpH MecTa AJS Q3, H BTOPOH 3KCIEPHMEHT COCTOHT B ero mhifope, ycra-
11ABIMB2IOLIEM OTHOCHTE/IbHHH NOPAAOK ay, Gp, W a3. Boobiue, xorxa ay, ..., ag
PACTIONIOXEHH B HEKOTOPOM NOpfiAKe, NPOHM3BOAMM 3KCNEPHMEHT C HOMeLoM k,
KOTOpHH cocTOHT B BHOOpE ofHOTO K3 k-1 mecT AnA ap,;. MHaue rosops, Mo
¥MeeM TIOC/IeOBATENBHOCT 113 #—1 SKCNIEPHMEHTOB, B-H H3 KOTOphIX HMeeT R-} 1
PA3JIHUHLEIX HCXOA0B (3/eMeHTapHEX CCORITHi), uMelomuX BeposiTHocTH 1/{R-t1).
OKCNepHMEHTH He3aBHCHMBI, T. e. BEpPOSITHOCTM RepeMmHoxxalorcsl, Kaxzgas mnepe-
CTAHOBKA H3 N 3/1eMEHTOR HMeeT BeposiTHocTh (1/2)-(1/3),.. (1/n), uTo comnajgaer
C NMepBOHAYANBLHEIM ONpeAS/IeHHEM.

r) Bufop Ge3 sosspamernua. Ilvers (Gr. +4., @,)— TeHepajbHasf COBOKYIIHOCTL,
Ilpu puGope Ge3 po3BpallieHHst NPH KaXKJAOM MCOHTAHHH YAAJISCTCHA OZMH 3JIEMEHT.
Tlocne k& ucnnranuit ocraercsl 72—k 3JeMEHTOB M CJeZYIOUMA BHIGOP MOXHO ONHMCATh
32/laHMeM HoMepa vV MecTd, 3aHHMaeMoro BHIGPAHHEEIM 3jeMeHTOM (v=1, 2, ...
v.., n—Fk). Takum oSpasoM, BuGOPKa oGbeMa r Ge3 BO3BpAlEHHS NpeBpallaeTCH
B TNOC/e0BATE/LHOCTE 13 7 SKCIEPEMEHTOB, NePBEI M3 KOTOPBIX HMEeT i BO3MOXK«
HEIX HCXOJOB, BTOPOH — n—1, Tpetmi—n-—2 u T. A, Mu npHRHileM paBHbie
BEPOSITHOCTH BCceM HCXOAaM OTACJIBLHOIO 9KCNEPHMEHTAa M TNOCTYJHPYeM He3aBHUCH«
MOCTh 7 SKCNEDHMEHTOB. 3TO DaBHOCHJLHO INIPHIHCHBAHKIO BEPOATHOCTH 1/(n),
KaXJOMy 3JIeMeHTapHOMY COOLITHIO, YTO COOTBETCTBYET ONDENEJNEHHIO CJAYuaHHOTQ
BoiGopa. 3ameTuM, uTo npu n=100 u r=3 BuOODKa (a3, 045, @g;) O3HAuUZET
BHGop uncen 13, 39, 79 cooTBeTCTBEHHO: B TpeTbeM 3KCIIEPHMEHTE OhlJ BLIGpaH
CeMbJECST AEBATHIH 3JeMEHT 113 COXpPalleHHOH COBOKYNHOCTH H3 n—2 3JIeMeHTOs.
(Tlpy nepROHAYaNbHOH HyMepauMH MCXOAH TPeThero SKCNEPHMEHTA 3aBMCeNH Gbl
OT HCXOJIOB NEpBHIX ABYX.) MH BHAHM, 4TO NOHATHE NOBTOPHBIX HE3aBHCHMHEIX
HCNHTAHHR no3poasieT H3yuaTbh BBIGOD KaK NOCJAEI0BATEJbHOCTb HE3aBHCHMBIX
onepaymi. :

§ 5%). NPWIO)KEHHUA K TEHETHKE

Teopus HacneacTBeHHOCTH, Beayulas Hayano ot I', Mennens (1822—
1884), naeT NOYYMTENbHYIO MJJIOCTPAUMIO IPHMEHHMOCTH HPOCTHIX
BEPOATHOCTHEIX Mojenell, Mul orpaHHunMcs paccMoTpeHHeM HauGoJeg

*) Sror naparpagd NocesUleH cHelMANbHLIM BONPocaM H MoXeT GLTb ONyuWeH npy
ﬂepBOM TeHHH,
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NpocTeiX 3afay. Buosornyeckue sBJIEHHST GYAYT MO HEOGXOXMMOCTH
OMNHKCBIBAThCS B BECbMa YN POLIEHHOM BHJE, H MBI COCPEIOTOYHM BHHMAHHE
Ha TakHX (GaKTax, KOTOpbie OTHOCATCA K NOCTPOEHHIO MAaTeMaTHYecKoil
MOJIEJIH,

HacnenoBanue nNpH3HAKOB 3aBHCHT OT CIENHAJbHBIX HOCHTeJNeH,
Ha3biBaeMBIX 2eHamu. Bce KJIETKH TeJa, HCKJIouas MOJOBBIE KJETKH
(raMeThi), HECYT OAHMH M TOT Xe HaGop renos. Hano ormernts, uro Kax-
IILIH FeH B KJETKe NpejcTaBJeH napoi. UaTaTesnb MOXKeT NpeACTaBHTh HX
cefe Kax COBOKYIIHOCTb OTPOMHOFO YHCJIa IIAPHKOB HAa KOPOTKHX KYCKax
HHTEH-XpPOMOCOM. X pOMOCOMEI TaKXKe BXOJSIT B KaXAYI0 KJETKY momnap-
HO, W [ApHBLIE FeHbl 3aHHMAIOT OJHHAKOBOE NMOJIOKEHHE B MAPHLIX XPO-
MocoMax. B mpocrefieM ciiydae KaxAbH FeH OTAENBLHOH NMaph MOXKET
HaXOJUThCS B OAHOH M3 ABYX dopM (annenedt) A uam a. Torza MoxkHO
06pa3oBaTh TPH PA3/JHYHBIE MAphbi, H B COOTBETCTBHH C 3THM OPraHH3M
HMeeT OIHH M3 Tpex eexomunod AA, Aa u aa (Mexay napamu Aa
¥ aA pasauuus ner). Hanpumep, ropox Hecer mapy reHos, TAKHX, UTO
reH A o6ycloBJaHBaeT KPacHYK OKpacKy LBeTKa, a @ — 6enyio okpac-
Ky. TpH reHoTHNa COOTBETCTBYIOT B 3TOM CJyyae KPacHOMY, PO30BOMY H
6es0My IBETKaM.

Kaxgas napa reHoB ONpeje/sieT OXMH HacJeACTBEHHHIH NpH3HAK,
HO G0JIBIIHHCTBO HAGJIIOZAEMBIX CBOACTB OPrdHH3Ma 3aBHCHT OT HECKOJIb=
KHX (paKTOpoB. [/ HEKOTOPHIX XapPaKTEPHCTHK (TAKHX, KaK IBET rya3
MJH CBOHCTBO OBITh JEBIIOH) mnpeo6/afalolUM SIBJSIETCS BJIHSHHE
OAHO} Mapbl F€HOB, H HAOMIOJaeMble B 3TOM ciayuae 3¢deKTH NOIUHHSA+
1orcs 3akoHamM Mengens. [lpyrHe XapaKTePHCTHKH, HampHMep pocT,
OMpEeAesIIOTCS COBMECTHBIM JEHCTBHEM OYEHb GOJIBIIOrO YHC/IA TEHOB
(cm. mpumep ra. X, 5,8)). 3zech Mbl 6yAeM paccMaTpHBATh FEHOTHIB H
HacJielOBaHKe JIHIUb /sl OAHOHA Maphl FeHOB; B 3TOM CJIy9ae BO3MOMKHEL
rpu resoruna AA, Aaw aa. Yacto HMeeT MECTO coryyaf, KOrAa AJIst Kam-
Joi mapel reHoB cyumecrtsyer N paamuuneix ¢opm Ai, ..., Ay 4,
cnefopateqbro, umeercss N (N-+1)/2 rewornnoB AjA;, AiAe ...,
AnAy. C OUEBHAHLIMH M3MEHEHHSIMH BCS TEOPHs NPHMEHHMa W' B 5TOM
cayaae (cMm. 3agauy 27). ITocaenyolye BhIYHCICHHS NPHMEHHMB! TaKkXe
K cJy4aio, Koria red A sBasietcs GOMUHAHMHbIM, A TEH G — peyeccus-
HoiM. DTO O3HAYaeT, YTo ocobi Aa HUMEIOT Te Xe HabJroJaeMule CBOHCT-
Ba, uto U AA, Tax YTO BJMSIHME T'€Ha A NPOSBJSETCS JHIIL y ocober
aa. B npHpofe BCTpeYaroTCs BCE CTENEHH YaCTHYHOTO JOMHHHPOBAHMUSA.
THOHYHEIMK TIPMMEPAMH YACTHYHO PEHECCHBHBIX CBOHCTB fIBJsETCH TO-
Jy6OH IBET rJa3, CBOHCTBO GBIThL JIEBIIOH H T. X.

[NosoBLIE KNETKI (raMeThi) 06pa3yloTCs B Pe3y/bTaTe pacileyieHts H
COZEpKaT TOJNBKO N0 00HOMY TeHy KaxKaOH mapel. [103TOMY OpraHHaMel
gucThiX FeHOTHNOB AA uan aa (W/H TOMO3WIOTHI) NPOM3BOAST FaMEThI
TOJILKO OJHOT'O BHJA, B TO BpeMs Kak opraHuaMu Aa (rHGPHALI HiIH
reTEePO3HrOThl) NPOM3BOAAT B PAaBHOM KoJjuuecTBe Fametnt 4 u a.
Hoseiil opranuaM passuBaeTcs H3 ABYX POAMTEILCKHX FaMET, OT KOTO-
PHIX OH H MOJyuyaeT cBOH rennl, I103TOMYy B KamJOH Nape reHOB OJHH
TeH MOJy4YeH OT MaTepH, a APYroi — OT OTHA; ITO NO3BOJAAET YCTAHO-
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BUTh, KAKOMY M3 NPEJKOB B KaXJOM NOKOJEHHH, Jaxe OYeHb OTHasIeH-
HOM, TNpHHAAJEXUT 1000 reH.

I'enotun notoMka 3aBucuT OT cayyadHoro npouecca. Ilpu n06mx
06CTOATENILCTBAX KaX/blil POAMTENbCKHH reH MOXeT NepeaaTthcst ¢ Be-
posiTHOCTBIO 1/2, ¥ nocsefoBaTesbHEIe HCILITAHMA He3aBHCHMEL. Kuaue
roBOpsi, Mbl NpeACTaBJsieM TEHOTHNBI 72 MOTOMKOB KaK pe3yJbTaT 2
He3aBMCUMBIX HCILITAHHI, KaXKJ0€ U3 KOTOPhIX SKBUBAJNEHTHO 6POCAHHIO
napsl Moner. Hanpuwmep, npi ckpemuBanuu ocobeit AaX Aa MoryT nos-
BuThcsl reHotunn AA, Aa ¥ aa ¢ BePOSTHOCTSMH, PaBHHMH COOTBET-
creenHo 1/4, 1/2, 1/4. CkpemwuBanue AA Xaa MOXET NPUBECTH K NOSB-
JIEHHIO JIMWL ocobelt Aa u T. 1,

PaccmaTpuBas nonysasuuio B LieIoM, MH NpejcTaBasem o6pa3oBa-
HHE POJMTEILCKOH Napbl KAK pe3yJibTaT BTOPOro C1Y4aiHOro npouecca.
DyneM uccaefoBarh JMIIL TaK Ha3blBaeMoe Cay4atinoe CKpeujusanue,
KOTOpOe onpejesnsieTcs CJAEAYIOIMM YCI0BHEM: ecli C1y4alHO BbI6paTh
r oco6eil B IepBOM NOKOJEHUH, TO HX DOJMTEIH 06pasyloT clydaidHyo
BLIGOPKY C BO3BpalleHHEM 00beMa I M3 MHOXECTBA BCEX BO3MOXHHIX
poauTenbCKUX nap. MiHaue rosopsi, KaxJaoro NoToMKa MOXKHO paccMar-
pUBaThb KaK pe3y/bTaT cJy4adHoro Beibopa poauTesef, U Bce BbIGOpH
B3auMHO He3daBHcuMbl, CiyyallHoe CKpeUlMBaHUE SIBJSETCS WjeaTH3u-
POBaHHON MOJEJIBIO YCJIOBHI, KOTOpHE NpeobaafaloT BO MHOIMX BCTpe-
YaOWKUXCH B NPHPOJE NONMYJASUMSX M B INOJEBHIX 3SKCIEPHMEHTaX.
Onnako, ecqu OAMH YroJ MNoJs 3acesiH KpacHbM TODOXOM, a JApyro#
6esbIM, TO Naphl OJHOTO THNa OyAyT CKpeIllMBaThCA Yamle, yeM 3TO
JONycKaeTcsl TUMNOTe30H 0 cayyaiiHoctH. BuliGop ¢ mpeanourenuem (Ha-
npumep, ecau GJOHAMHLI NPEANOYUTAIOT GJIOHAMHOK) TaKXKE€ Hapyllaer
ycJIoBHA caydaiHOro ckpeuiBaHusi. CaMOONBLIAIONIMECS DACTEHHS H
HCKYCCTBEHHOE OIJIOJ0TBOPEHHE NpeJCTaBasoT co60ii NOJHYIO NpOTUBO-
TIOJIOKHOCTL CIY4YaliHOMY ckpemuBaHuio. HexoTopele cucreMs! co cre-
IlMaJbHEIMM 3aKOHAME CKpeluBaHusl OylyT B JajibHellieM aHa/IM3H-
pOBaThCSl MaTEMAaTHYECKH, HO BCE XK€ OCHOBHOE BHHMaHue Oyjer cocpe-
JIOTOYEHO Ha MOJEJH CJYYalHOro CKpEUIMBaHHS.

FeHoTUN NOTOMKA €CTH Pe3y/bTaT YeThbipex He3aBHCHMBIX MCIIBITAHHHA.
Fenorunnl 1BYX poanTeselt MOXHO BeIGpaTh 3+3 cnoco6amu, UX reHbl —
2.2 cnocobamu. K cyacTbio, 0AHAKO, MOXKHO OGBEIUHHTE 3TH ABa Bubopa
W ONHcaTh Npolecc KaK ABOHHOM BhIGOP cleRymoUM o6pa3oM: OTLOBC-
Kuil ¥ MaTepHHCKHUH reHbl BRIOMpAIOTCS CJayyaHHO M HE3aBHCHMO OJIHH
OT APYroro H3 MHOJMKECTBA BCEX Ter'0B, KOTODbIE HECYT MYMKCKHE HJIH
JKEHCKHE 0cOGM POAUTENLCKOIl MOMYJISILHH.

HonyerumM, uro Tpu reHoruna AA, Aa 1 aa BCTPEYAIOTCSA Cpeau
MYXCKHMX H JKEHCKHX ocofefi B OJHOIl H TOI ke NMPONOPUMH u : 2v : w.
[peanosnoxum, yro u-+2v4w=1, u HazoBeM u, 2v U w wacrmomamu
2enomunog. Tlonoxum

p=u+v, g=vtw. (5.1

¢IcHO, 4TO yHcso TEHOB A OTHOCHUTCH K YUCJAY FE€HOB @ Kak p g, H, TaK
Kak p-+g=1, mbl Gynem HasblBaTh p U § wacmomamu 2enoe A H &
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[pu xaxnoM M3 BYX cayyalHmX BHOOpPOB reH A nosisasercs ¢ Be-
POSITHOCTLIO p, ¥ B CHJY He3aBMCHMOCTH 3THX BbIGOPOB BEPOSITHOCTD
TOro, 4TO NOTOMOK uMeeT reHotun AA, pasHa p® Tedotun Aa Moxer
MOSABUTLCS JBYMsSl Crnoco6amu, M BEPOSITHOCTh 3TOTO COGLITHS paBHa
2pq. Takum 06pa3oM, ecsu BLINOJHSIETCS THIOTE3a O CJAYYafHOM CKpe-
WHBAHHH, TO NOMOMOK umeem 00ux u3 zeHomunos AA, Aa usu aa ¢
BEPOAMHOCTAMU

u=p?t, 201:2pq1 wlzqz‘ (52)
CoomeemcimeeHHO.

Tpumepnl. a) Bee pogurenu tina Aa (reteposurotsl). B atom ciyuae
u=w=0, 2v=1 u p=¢=1/2. 6) Poaurennckue ocobu AA u aa cmela-
Hbl B PAaBHOM OTHOLIEHHH; Torja u=w=1/2, v=0 u p=¢=1/2. B) Ha-
KoHel, u=w=1/4, 20=1/2; cuosa p=qg=1/2. Bo Bcex Tpex c.aIy4asix
pacnp/ene.ne}me reHOTHIIOB MOTOMKOB OJHO W TO Xe: uy=1/4, 2v,=1/2,
w1=1 4,

Jiis sydiiero nmoHMMaHWs CyUIHOCTH cooTHoweHHH (5.2) ¢uxcu-
PYeM 4acToThl reHoB p H ¢ (p+¢=1) u pacCMOTPHM Bce CHCTEMH, A1
KOTOPBIX YaCTOThI TEHOTHNOB U, 2V M W YAOBJETBOPSAIOT YCJIOBHAM
u+v=p, v+w=¢g. Bo Bcex cHcTemMax pacrnpeje/leHHe T[EHOTUIOB B
TNepBOM IOKOJIEHHH [IOTOMKOB JaeTcs TOH xe dopmy.ol (5.2). BuenuM
YACTHYIO CHCTEMY, AJsi KOTOpO#

u=p?, 2v==2pq, w=q>. (5.3)

PaccMoTpuM Temepb MOMYJISAUMIO, B KOTOPOH — KaK B npuMepe B) —
YacTOThl TPeX TeHOTHNOB 4, ¥, W 3aJaloTCAd COOTHOWEHHsMH (5.3).
B cuny (5.2) 3TH 4acTOTHI OCTAIOTCH HEH3MEHHBIMH JUISl CJENYIOLIEro
noxoseuust. IlosToMy pacnpenenenne reHotdnos suga (5.3) MoxHO
Ha3BaTh CMAYUOHGPHbLIM WJIH PaBHOBECHBIM. KaXkIOMY OTHOUIEHHIO
P 1 g OTBeyaeT CTAUHOHApPHOE paclipeje/IeHHe. _

B GosblWNX nonyasiiusX AefCTBHTENbHO HabJi0faeMble YacTOTBE
TpeX TeHOTHNOB JOJIKHbL ObITh GJH3KH K TEOPETHUECKHM BEPOATHOCTSIM,
3ajaBaeMbiM COOTHomleHusiMH (5.2) 1). JlocTonpHMeyaTesNbHO, YTO 3TO
pacnpege/ieHne sBJASE€TCS CTAUUOHAPHBIM MNPH JOGLIX OTHOLIEHHAX
4:2v:w B POJUTE]BLCKOM NOKoJeHnHu. MHave rosops, ecau Hab.opae-
Mbl€ 4aCTOTbl B TOYHOCTH COBMARAIOT C BLIYHCJEHHBIMH BEPOSITHOCTSIMH,
TO pacrnpejieJeHHe reHOTHIIOB YKe B IEPBOM [I0KOJEHHH [OTOMKOB CTa-
HOBHTCS CTAaUHOHAPHBIM 1 MOBTOPsieTCs 6e3 H3MeHEeHHIl B moc/eqyrounX
NOKOJIeHHsiX. Ha NpaKTHKe BO3MOXHBI OTKJOHEHHS, HO AJS GOJIbIIHX
MOMYJIALWH Mbi MOXKEM CKa3aTb: KaKo8 6bl Hu OblA cOCMag pooumeasckod

') Bes 3710r0 Haua BEPOATHOCTHAA MOjeNh OKa3aJach Gbl nenpnmennMol. Hannoe
YTBEDXKJEHHE MOXKHO YTOYHHTh, ONHPAACh Ha 32KOH GOJLILMX HHCET M LEHTPAJLHYIO
TipeAiesIbHYIO TEOPEMY, KOTOPLIE NO3BOJAAIOT OLEeHHTh 3PdexT cavualubix GAVKTYalui.
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nonyAsyuL, npU aunomese 0 CAYHQUHOM CKPEUBAHUL Yite 8 NePeOM Nno-
KOZeHUU noay4aemcs Npubiu3umensio CMayUOHapHoe pacnpedeserue
2EHOMUNOG C Heusmennbimu dacmomany 2enos. Hauvnas co BToporo no-
KOJIEHHST He CYIIECTBYeT TEHAEHHHH K CHCTEMaTHYECKHM H3MEHEHHSM;
CHCTEMa CTAHOBHTCS FEHETHYECKH YCTOMYNBON Y2KE B NEPBOM NOKOJIEHHH,
Sror dakr snepsuie otMeTHa . Xapad 1), koTopbill TEM caMbiM MPEOLO-
Jle/l HEKOTOPBIE TPYZHOCTH, CBSI3aHHBIE C NPHMEHEHHEM 3aKOHOB Men-
nensi. OTciofa, B 4aCTHOCTH, BBITEKAET, YTO NpH CJAy4afHOM CKpEIIH-
BAHWM YacTOThI TPEX T[EHOTHIOB AOKHB! YCTAHOBUTHCS B OTHOLIEHHH
2 : 2pq : g% 310 OOCTOSATENLCTBO B CBOIO OUEPENb MOMKET OHITH HCHOJDb~
80BaHO JJ151 NPOBEDKH TUNOTE3B O CJYYaWHOM CKPEIMBaHHH,

Xapay TakKe OTMeuas, 4yTO CJEAYET clesaTh yJapeHHe Ha CJOBE
enpuBIM3HTENbHOY, [laxe A/ cTalMOHAPHOrO pacnpeje e HHs Mbl AOTXK-
Hbl OXMAAThb OT MNOKOJEHHS K IMOKOJEHHIO HeGOJBIIHX H3MEHEHHH,
KOTOpDbIE NPHBOIAT K caelyiomeil kapruHe. KakoBa Obi HH Obl1a POAH-
TeJbCKasi NOnyJsiliks, N0CJ]e Cy4alHOro CKPEeUIHBaHHA Mbl y2Ke B nep-
80M TOKOJIEHHH NPHXOAMM K CTalHOHApHOMY pacnpefesenuio (5.3).
B nanbHejilleM HE CYWECTBYET TEHAEHUMH K CHCTEMATHYECKHM H3MEHe-
HHUSIM, OJHAKO YAaCTOTH FE€HOB p W ¢ MOJABEPIKEHHI CJYYaWHBIM KOJeba-
HHSIM OT MOKOJIEHHS K MOKOJEHHIO ¥ FeHETHYECKas CTPYKTypa momyJs-
O MeJJIeHHO, HO MeHsietcs. He cymecTByeT HMKaKWX CHJ, CTpeMd-
IIMXCsT BOCCTaHOBHTH HauaJbHHE YacToTH. Hao6opoT, Hala ynpolueHHas
MoJieJlb NPUBOAMT K 3akJiouenuio' (cm. npumep ra. XV, 2, u)), 4o B
OrpaHMYEHHBIX MONYJSHUSIX B KOHEYHOM CHYETE OJWH M3 JBYX TEHOD
MCye3aeT, TaK YTO B KOHEYHOM CYETE NONyJsinusi 6YAET COCTOATh JHIUb
¥3 gHcThiX reHotnoB AA uau aea. B npupoge 3TOT npouecc nmpoxcxo-
JUAT HE Bcer/a, Tak KaK MyTaluH, CENeKs U Apyrie 3ddeKTsl NPHBOASAT
K 06pa3oBaHHI0O HOBBIX TE€HOB.

YacTo CYMTAIOT, YTO M3 TEOpeM XapAu BHITEKaeT CTpPorasl YCTOHUYH-
BOCTh B TEYEeHHEe HEOrpaHWuyeHHOro spemenH. OOwuHON OWIMOKOHA SBJS-
ercsi y6ex/IeHHe B TOM, UTO 3aKOH GOJIbLINX uHce] NEHCTBYET Kak Hajle-
JIeHHas NaMSATBLIO CHJIA, CTPEMSIIAsiCsl BEPHYTh CHCTEMY K HCXOLHOMY
COCTOSIHHMIO; NTPEACTABJEHHs TAKOro POAa NOPOAHJIH MHOTO HENpaBHJb-
HBIX 3akJjoueHmt. OTMETHM, YTO 3aKOH XapJAu HENpHMEHHM K pacrpe-
JIeICHHIO JBYX Nap eHOB (HanpuuMep, 06YC/JIOB/IHBAIOMUIX TOy60H UBET
/123 ¥ CBOMCTBO OBITh JIEBLLOH) c AeBsiThio renotunamu AABB, AABb,
"» .., aabb. 31ech Bce eule WMeeTcss TEHACHUHS K YCTAHOBJIEHHIO CTa-
IHOHAPHOrO pacnpefeseliusi, HO 3TO PacnpejeJeHHe He JAOCTHIAeTCs b
1epBoM rnokoJenru (cM. 3ajauy 31).

—_—

1y Hardy G. H., Mendelian proportions in a mixed population, Letter fo_the
Editor, Science, N. S., 28 (1908), 49—50. Mcnoassys tepmunonoruio ri. 1X u XV,
Mbl MOXeM ONKCaTh CHTyallMio caefylouiim obpasoM. HacToTh Tpex TeHOTHIOB B f1-M
NMOKOJIEHHH SBJSIOTCSH CAYyUailHHIMH BeJIHYHHAMH, MaTeMaTHyecKne OXKHIaHHS KOTOPEIX
onpexensores no ¢opmyre (5.2) ¥ He 3aBucAT OT n. JefictBuTe pHEE 3HAYCHIA YaCTOD
MeHFIOTCA OT NOKOJEHUs K [OKOJIeHHIQ B 06Pa3yioT MapKOBCKHIt CIyYaitHELR Mpolieccs
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§ 6 *). NIPU3HAKH, CLENJIEHHBLIE C N10JIOM

B Hauase npespigyiero naparpaga oTMe4asoch, YTO FeHbl ABJSIOTCS
COCTABHBIMHM YacTMM XPOMOCOM, KOTOpble COJEpPXaTCs B KJeTKax
napami ¥ NepejjaloTCs KaK eiHoe LeJsoe, T, €. Tak, YTO BCe IeHbl OIHOH
H TOH 2Ke XPOMOCOMEI HIOCTOSIHHO coeHHeHb! BMecTe ). Takum o6pa3oM,
Halua cxema FeHHOM Iepefayd HACJEACTBEHHOCTH NPHMEHHMa Takxke K
XpoMOCOMaM, paccMaTpHBAaeMbM KaK e[HHHIbl HAcJ/eJCTBEHHOCTH,
Tlos onpejensieTcs Napoil XPOMOCOM; JJIsl JKEHILHH 3T0 XX, AJA MY~
yun XY. MaTepiHCKHI opraiu3M Bcerja nepejaer X-XpoMocoMy, H 1non
NOTOMKa OINpeJeJsieTcss XPOMOCOMOfl, NoJsy4YeHHOH oT orua. TakuM
06pa3oM, MYXCKHE H JKEHCKHe TaMeThbl IPOH3BOASTCHA B DPABHOM KOJH«
yecTBe. Pa3Hnua B YacTOTax POXKJIEHHsI MaJbYHKOB Y JAeBOuYeK OOBsCe
HfeTcs TEM, YTO OHH MMEIOT HeOJMHAKOBHlE LIAHCHl BLKHTh B NIPEAPOMKO-
BOH MepHOJ.

Mbl yKe rOBOpPMJIH, YTO KaK leHBl, TaK M XPOMOCOMBLI BCTPEUAKITCH
napamH, OfHAKO MMEIOTCH HCKJ/IOYEHUs, CBA3aHHble C TEM, YTO TEHHl,
pacnoJ/ioxeHHue B X-XpOMOCOMe, He MMEIOT NapHbIX HM reHOB B Y-Xpo-
mocome. JKeHIIUHBL UMelOT JBe X-XPOMOCOMBL H, CJeJ0BaTes]bHO, ABOH+
1Ol HaBop FeHOB 3THX XPOMOCOM, HO MYKYHHE! HMEIOT JIHIIb OHHA PHLIA
Habop TakuX reHoB. THNHYHBIMH FeHamH, CUENJEHHBIMH C M0JOM, SB-
JISI0TCSL reHbl, 06YC/IOBJHBAIOMIME JaNbTOHH3M U reModuauio. [lo otHO-
IIEHUIO K HHM JKEHIIMHbI MOTYT uMeTb TpH redotuna AA, Aa u aa, a
MY KUHHBEI, KOTOpble 06/1aJal0T JMLIb 00HUM reHOM — JBa resotuna A
H a. 3amMeTHM, 4YTO ChHIH BCerja HacJeayeT OTIOBCKYI0 Y-XpOMOCOMY,
TaK YTO CUEIJIEHHhEe ¢ MOJOM NPH3HAKU HE MOTYT IepelaBaThCsi OP
orua K cuiay. OfHaKo OHM MOTYT IlepejaBaThCsl OT OTHA K A04YepH, a OT
ee — K BHYKY.

[MpumenuM K 3Toil CHTyauud MeToAnl NpeAblywlero naparpaga,
BHOBbL NPEANoJIOKHM, YTO CKpellMBaHHE IPOHCXONHT CAY4YalHLIM Of-
pasoM, u GyaeM CuHTaTh, 4TO YacToThl reHotHnos AA, Aa u aa cpemu
ocoBell JeHcKo20 noaq PABHbI COOTBETCTBEHHO 4, 2v M w. Kak u pa-
Hee, NOJOXHM p=u4-}+v, g=v—+w. YacToThl mymcKux reHoTHnoB A u a
o6o3nauum uepe3 p' u ¢' (p'+q'=1). Torma p u p’ 6yAyT yacToTaMu
renoB A cpean ocofell MYMXKCKOrO H EHCKOro [oJa COOTBETCTBEHHO.
BeposTHOCTH TNOTOMKY »KEHCKOro mnosia uMmeTh redotunst A4, Aa, aa
Gynem of03HauaTb Uy, 2v;, W, COOTBETCTBEHHO; aHAJIOTHYHLIE BEPOST-
HOCTH JJsi MYMCKHX redotunos A u a obosHauum pi, ¢;. IlotoMox
MYXKCKOrO I0JIa NOJYy4aeT CBOK X-XPOMOCOMY OT MaTepH, H, cJefoBa-
TeJbHO,

pi=p, ¢i=4. 6.1)

*) Bror naparpag nocBsuleH CHeNHAIbHHIM BONpPOCaM M MoxeT GLITh onyuten
NP nepBoM uTEHHH.
1) 3ra KaPTHHA HECKOJAbLKO OCIOMHSAETCH SBJACHHSMH Pa3phiBOB B PeKoMOuuansi
XpomocoM (cM, 3agauy 12 ra, 11, 10).
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J1ast TpeX MeHCKUX reHOTHIOB, MOBTOPAS paccyxuenns § 5, moay-
yaem

wy=pp', 20,=pq’ +qp’, wy=qq’, (6.2)
OTKyja

pr=uitu=(1/2) (p+p"), q=vitw=(1/2)(g+q"). (6.3

D10 03HAYaeT, YTO CPEJH MOTOMKOB MYXCKOro noJja ressl A 1 @ BCTpe-
YaTCcH NPUOJH3KTENBHO C TEMH Xe 4aCTOTaMy p ¥ ¢, 4TO ¥ B MaTepHi-
CKOH MONYJSLMY; COOTBETCTBYIOLIME YACTOTHI JJIsi IOTOMKOB XKEHCKOTO
M0JIa PAaBHbI MPIMEPHO Py H §; HJIH cpeaHeMy apugmeTHyeckoMy 4acroT
reHoB A M @ B OTLOBCKO# n MaTeplHCKO# monyasuyuy. Mol Hab/ogaeM
3/1eChb TEHAEHUHIO K COJINKEHUIO 4acTOT redoB. JlefcTBiitesabHo, U3 (6.1)
u (6.3) caeayer, uro

pi—pi=(172) (p—p");  Gi—q:=(1/2) (4—9'), (6.4)

¥, TaKUM 00pa3oM, mpH cJay4alHOM CKPCLIMBAHMH pa3HuLa B 49acToTax
reHoB A H a cped MYyXUHH M JKEHUIHH YyXe B MePBOM I[OKOJICHHII
COKpauaeTcs NpUMepHo B A8a pa3a. OHAKO 3Ta Pa3HHUA MOJHOCTBIO HE
Ucyesaer, H CYLUIECTBYET TeHAEHUMS K JajibHeimeMy COJMXKEHHIO,
B orsmyne oT cuTyaunus, onuceiBaeMoli 3aKoHOM Xapax, PACrpejlesieHHe
FeHOTHNOB B NMEPBOM MOKOJEHHH He siBasieTcs craulioHapHeM. OnHako
OT MOKO/EHHUS K MOKOJEHHIO MOXHO NPOCJENUTb 338 CHCTeMAaTHUYECKOH
KOMMOHeHTOH, npeHebperasi cJay4aiiHEIMU QUIYKTyauMAMH H OTOXKIECTB-
Jss Teoperudeckue seposTHocTH (6.2) ¥ (6.3) c peasibHBIMH 4aCTOTaM
B MEePBOM NOKO/JEHHMH ocofell MeHCKOro moJa!). AHaJoruuHo A
BTODOrO MOKOJIEHHSl MOJYYUM

pa=(1/2) (py+ p1) = (3/4) p+- (1/4) p', (6.5)
q.=(1/2) (g, +q) =B/ g+ 1/ q',
M, KOHEYHO, p,=p, ¥ ¢;=q;. Tlpojo/xasi paccyXaaTb MNOJOGHbIM
06pa3oM, noJyuuM OOliMe BHDAXKEHHS 18 BepOATHOCTEH p, H g,

XapaKTepu3YIOIMX pacrnpejeierne resoB A u a cpean ocobeid xeu-
CKOro mnoJia B n-M mnokoJeHud. [losoxum

a=(1/3)2p+p"), B=(/3)(29+q) {6.6)
TOrjaa
o= (Prstpr)2=a+ (=D (p—p)/3: 2%, ¢ 4
Gu=(Gn1+ Gn-)/2 =B+ (—1)" (g—7')/(3-27) Y
U Pp=Pn-1, §1=Gg,_; CJeloBareibHO,
Pu—%, pp—a, q,—b g—BP. (6.8)

1) Hcnonb3ys TEPMHHOJOTHIO, BEEJEHHYIO B MpHumeuanud Ha c. 154, wmn
MOXXEM HHTEepNpeTHPOBATh P, H 4, KaK MaTeMaTHueckKHe OXHAAHWA 4HaCTOT TeHOB
B N-M MOKOJEHHH ocofell »eHcKoro moja. IIpu Takoli wuHTepnperauud dopmyintd
A8 Pp ¥ G, CTAHOBATCA yXe He NpUOMMIKEHHHIMH, @ TOYHBIMH.
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YacToTh! TEHOTHIOB B nONYJsIUMH OCOGEH XKEHCKOro noJja, COrJiacHoO
{6.2), paBHBI

Un=PpiPr-1r 20y=Pu_i@n-1+Gu-1Pr-1s  Wa=0n_yGr—. (6.9)
Orciona caenyer, uto
up—a?, 2u,-2af, w,—>p%L (6.10)

(OtvetuMm, uTo a-+B=1).

3tu GopMy/bl MOKA3LIBAIOT, YTO BCS CHCTEMA OT MOKOJIEHHS K MOKO-
JIEHHIO CTPEMHTCH K YCTOHYMBOMY COCTOSIHHIO, B KOTOPOM MY2KCKHE re-
HOTHNH A M a NOABJAIOTCH C Y4CTOTAMH & H f§, a KEHCKHE T'€HOTHIBL
AA, Aa, aa c yacrotamu a?, 2af, f? coorBercTBenHo. Ha npakTuke
npubJIHKEHHOE PABEHCTBO MOXKET GbiTh HCIOJAB30BAHO YXKE MOCJE Tpe-
THETO WJIM YETBEPTOrO NMOKoJeHHs. Pa3ymeercs, Ha 3Ty 3aBHCHMOCTb MO-
T'YT HaKJajbiBaTbcsl HeboJbllMe caydaiiHbie QUIYKTyalHH, HO B LEJOM
OHa MPaBHJILHO OTPAXKAET OCHOBHYIO TEHJEHLHUIO.

[n1aBHBli BBIBOA U3 BCErO CKA3aHHOIO COCTOMT B CJEAYIOLIEM: MOXK-
HO OXHAATh, YTO NPH CJAYYaHHOM CKPELIMBAHMH F€HOTHNB A M a cpeau
ocofeit MyxcKoro nosa ¥ resotuns! AA, Aa v aa cpegu ocobel KeH-
CKOTO 1osia AOJIKHBl BCTPEYATLCS NPHOJIM3HTENbHO C YacToTamd a, P,
a?, 2af, PB? cooTBeTcTBEHHO, npuyeM a-+B=1.

IIpunoxenre. MHorue resnl, clENJEHHLIE C [IOJIOM, HAanpHMED reH
Ja/bTOHU3MA, SBJSIOTCS PEUeCcCUsHbiMU W BhiabiBatoT AedekTsl. Ilycrs
a—raxoli red. Toraa jgedexkt UMEIOT BCe MYXKYHHBI 4 W XKEHIUHHBI a4,
JKenmuusl THna Aa fedexTa He UMEIOT, HO MOI'YT NEPEAaBaTh €0 CBOMM
noToMKaMm. [103TOMY MBI MOXKEM OXHJATh, UTO PEUECCUBHBI CUYENACHHBL
¢ noaom Oeghekm, KOmOpbill 6CMPpPeHaemca Y MYM4ur ¢ <acmomol o,
Y HeHuuH 6ydem ecrmpedamscs ¢ wacmomod o?. Ecan OfMH MyXyHHA
H3 CTa — Ja/JbTOHHK, TO XKEHLIMHA C 3THM HEJOCTaTKOM BCTPEYAETCS
oxaua Ha 10 000.

§ 7*%). CENEKUHUA

B kavecrTBe THMHYHOro npHMepa BJMAHHA CEJEKIMH MBI HCCJe-
AyeM cayuail, Korja ocofd aa He MOTYT Pa3MHOMXKAaTbcH. JTO MOXKeT
CJIYYMTBCS, €CJM TeHBl 4 SBJSAIOTCS PELECCHBHLIMHU JIETaJbHBIMH, TaK
UTO MOSIBUBIUKMECS Ha CBET ocobH aa cpa3y ke ymupaioT. Kpome Toro,
3TOr0 MOMKHO JOOHTHCS MCKYCCTBEHHBLIM M3MEHEHHMEM YCJIOBHH pa3MHO-
JEHHS MJIM 3aKOHOM, 3anpellaiolliyM OCoOsIM a@ y4yacTBOBaTb B CKpe-
L{HBAHHH.

[Ipeano/ioxuM, YTO IHNOTE3a O CAYy4YaHHOM CKPEIIMBAHUM MpHME-
HHMMa X COBOKYMHOCTH Bcex ocobeit AA u Aa, Ho ocobu aa He yuacT-
BYIOT B CKpewuBaHuH. [1ycTs yactoTsl resotunos AA, Aa v aa B noa-
HOd nonyJAsUMH PaBHH 4, 2U U W COOTBETCTBEHHO. AHAJOrMYHLIE Yac-

*) Dror naparpad nocesuieH CnelMaJbHNM BONPOCaM M MOeT OLITh ONYIUEH NPH
1IePBOM UTEHHH,
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TOTbl B NONYJISUMH podurmenell PaBHEI
w*=ul (l—w), 20*=2/(l—w), w*=0, (7.1)
B nasbmefimeM MOXHO paccyxiaTth, Kak B § D, ucnoab3ys, ogmaxo,

BMECTO BeJHYMH «, 2v, w@ Beaudnnbl (7.1). Toraa coornowenus (5.1)
3AMEHSIOTCS COOTHOLIEHHSIMU

p= (u-+v)/ (1—w), g=v/(1—w). (7.2)

BepoaTHOCTH TPEX TEHOTHNOB B [EPBOM [OKOJIEHHH CHOBA ONDENE/Is-
fotca gopmysamu (5.2), T. e. uy=p?, 20,=2pq u w,=q¢>

Kak u panee, 11s Toro 4To6hl NPOCJENHTb 3a CHCTEMATHYECKHMH
M3MEHEHHSIMH OT [OKOJIEHHS! K [OKOJIEHHIO, Mbl JOJ/DKHBI 3aMEHHTb 4,
U, W HA U, Uy, W; ¥ TAKHM 06pa30M [OJYYUM BEPOSITHOCTH U3, U;, W, T€-
HOTHIIOB BO BTOPOM [IOKOJIEHHH NIOTOMKOB H T. 1. B obLieM c/y4ae, HCXO-
st u3 (7.2), umeem

Pn= (U +0)/(1—w,), q,=v,/(1—w,) (7.3)

Uns1= Py 2Vu1i=2PGny Wyii=0Gns (7.9)
Conocrasnsa (7.3) u (7.4), naiizeM, uto
Pruti= (UpaitVps) /(1 =W, 1 1) = po/(1—gq) =1/(1 +q,) (7.5)
H aHaJOrHYHO

qn+i=vn+i/(1—wn+i)=qn/(1+qn)' (7'6)
Ucnosnbaysa (7.6), HeTpyaHo Ha@iTu g, B sSiBHOM Buie. JleficTBuTesbHO,
garr=1+qa", (7.7)

B OTciogd Ioc/aegoBaTeJbLHO

git=14q¢7, g'=2+4q7, (7.8)
sP=8+q7Y ., git=n4q7% '

HWIH
9, =q/(1-+ng), w,ii=[q/(14gn)] (7.9)

Mul BHAMM, YTO TEHOTHII, He CHOCOGHBIA K BOCNPOH3BENEHHIO (M
HexesaTe/bHbIA), OCTENEHHO HCYE3aeT, HO MPOLECC ITOT KpaiHe mel-
nennwit. [Ipn ¢g=0,1 TpeGyercs AecaTb NOKOJIEHHIT, YTOOBl HAMOJOBI-
HY COKPATHTh YacTOTY T€HOB @; NPH 3TOM 4acToTa ocofefi, HMeIoHX
TeHOTHIN aa, usmensercs ¢ | go 0,25%. (Ecau ren a cuenJseH ¢ noJjos,
TO NPOLECC BHIMHPAHMS [POMCXOAIT 3HAUNTETIbHO OBICTpPEE, KaK I0KA-

3aHo B 3ajaue 29; o0606lIcHHOH cxeMe CeJIeKIHHM [OCBsilleHa 3ajaua
301).)

1) Manwueiiwuil aHa;1u3 pasnooGpa3HbIX eBreHHyecKnX 3hgeKToB (KOTOPHE YyacTo
OT/IMYHKI OT TOTO, 4TO AYMAIOT FOpsYHe CTOPOHHHKY 3AKOHOB O CTEDHJIH3ALMH) MOMKHO
nattu B Kuure Dahlberg G,, Mathematical methods for population genetics, New
York and Basel, 1948,
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§ 8. 3AJAUH

1. Bpocalorcs Tp4 HrpajbHble KOCTH. KakoBa BEpOSITHOCTb TOrO, 9TO HA OXHOH K3
INIX BRINAjeT €AMHHKIE, eCIH HA BCEX TPEX KOCTSX BBINAJX pa3Hhe Ipanu?

2. UsBectHo, uTo nNpd GpOCAaHMH JIeCATH HrpajJbHBIX KocTed BBIMajna XOT# OHa
eJMHMLa. KakoBa BepOSITHOCTb P TOrO, 4TO BHINAJAO ABEe HJH Gojee efHHUN?

3. Bpudx. [pu enave xapT KIS HIPl B GPHIK Hrpok «3anage He MOJYYRA HH
0,1HOro Ty3a. KaKosa BEpOSATHOCTD TOTO, uTO €ro MapTHEp a) He uMeeT Ty30B, 6) AMeer
ne menee AByX Ty3os? [Ipomeputh pesysbTar, He KCHOAb3ys $OPMYJy YCJIOBHOH Be:
POSITHOCTH.

4. Bpudsx. Urpoxu «Cesep» u «IOr» mmelor BMecTe jecsth KO3mped (KOSHpH —
KapTH onpeAeJeHHON MacTH). a) HafiTh BeposiTHOCTB, 4TO BCe TPH OCTAJbHRIX KO3RIDS
HaXOAATCHA Y ORHOro Mrpoka (t. e. 160 Hrpok «BocToky, Au6o Hrpok «3anagy He HMe-
10T Koabipe#i). 6) M3BecTno, 4TO CPefH TPeX OCTABIUMXCH KO3bipeH HMEeTCsl KOpOJb.
Hailti BepOATHOCTb TOrO, YTO OH «He 3amHuleH» (T, e, OXHIl HIPOK HMeeT KOpoas, 3
LPYyrof — ABa OCTAJbHEIX KO3bIpS).

5. Pemutb 8apauy o kaouax (npumep ra. 11, 7, 6)) npr noMomK ycaOBHHX Bepo-
ATHOCTEd, HCNOMB3Ys METOX npumepa 2, a),

6. Ha 3apojie, H3roTOBJSIONEM GOATH, Ha Romlo mamus A, B m C npuxonurcs
coorsercTBenHO 25, 35 u 40% Bcex u3genu#. B ux nponyxusd 6pak COCTABJIAET COOT4
BetcTeenHO 5, 4 K 2% . Ciyuaitno BHGpaHHKA M3 NPOAYKIHH 60AT OKa3ancs AedeKT-
HelM, KakosH BEPOATHOCTH TOTO, YTO OH Gh H3rOTOBJEH Ha MalkHe A? Ha MawiH«
ue B? na mawune C?

7. [peanonoxum, ato 5 MykuH B3 100 1 25 Kenmun u3 10 000 sBIsAOTCE AaMbe
TOHHKaMH. Hayraj Bbi6panHoe JKIO CTpajaerT AajlbTOHM3MOM. KaxkoBa BepOSITHOCTDb
TOro, 9To 970 MyxumHa? (CuHTaTh, YTO MYXKUHH H JKEHIIXH OJHHAKOBOE YHCJO.)

8. CemMb mapos cAydaltnkM 06pa3oM pacnpenessioTcs Mo ceMu siuKkam. MasecTHo,
9TO POBHO B SIHKA OCTAaNACh MYCTHIMH. [lokasath, uTo BepoSTHOCTH (yCJI0BHAS)
TOrO, YTO B OJHOM H3 SI[HKOB OKAXeTcs TPH wmapa, pasua 1/4, [IposepHTb STO WHC-
JIeHHO, Hcnoabsys Taéa. 1 w3 ra. II, 5.

9. Urpanbnas RocTh 6pocaercs 10 T€X IOP, NOKA HE BHINAJET eJHHHNA. TIpenno-
Jlarasi, YTO NPH NMEPBOM HCNHTAHHH €JHHMNA He BhHINaJa, HalATH BepPOATHOCTb TOrO,
yTO norpe6Gyercs He MeHee Tpex 6pocaHHE.

10. ITpoBoamerue. JlonycTuM, 9TO 9HCIO HcnbitaHuB n yeTHo. Kakosa BeposT-
HOCTb TOrO, yTo N=2°7

11. IycTe ) BeposTHOCTb p, TOTO, 4TO B CeMbe POBHO n JeTed; paBHa ap"
npit n>=1, u py=1—ap (14-p-+p?+...). [lpennonoxum, uto Bce KOMEHHAUHH
nonoB n jAeTeit paBHOBeposfTHH. [lokasath, 9TO MpH k==1 BeposTHOCTb TOTO,
YyTO B ceMbe POBHO k MajbuHKOB, paBHa 2apk/(2— p)k+1,

12. Ipodoascenue. [lyctb H3BECTHO, yTO B CeMbe €CTh IO MeHbllle# Mepe OAHKH
MaJbuHK. KaKoBa BepOSTHOCTb TOrO, 4TO B Hell HE MeHee ABYX MajbuMKOB?

13. Hrpanbnas KocTh A HMEET ueThipe KPacHbIX H ABe GeJIbiX PPaHH, a KocTh B —
IBE KPAacHHIX ¥ derhpe Senpix. Odun pa3 6pocaercs MoHera. Eciun Buinan rep6, To Bce
BpemMst GpocaeTcs TOABKO KocTb A, eciH pemerka — Toabko kocte B. a) Ilokasars,
YTO BEPOATHOCTb MOJYYHTb KPACHYIO TPaHb B JIOGOM HCMWTAHHH paBHa 1/2. 6) Ua-
BECTHO, 4TO NepBble fBa GpoCaHUs KOCTH Rali KpacHble rpaHd. HadTH BeposTHOCTDb
TOro, yTo TPeThe 6pocanHe TakXKe NACT KPacHyio I'panb. B) [lepeste # HCNBITAHHA Hany
KpacHhle rpasH. Kakosa BeposITHOCTB TOro, YTo Opocafdack kocTh A? r) Kako# ypHo-
BOH MOJEeJNH SKBHBaJeHTH3 STa Hrpar

14, Tycts B npumepe 2, a) x,— yCJAOBHas BEpPOSTHOCTb TOIO, YTO BHIUIPaB-
WA 7-10 NapTHI0O BHUTpaeT Krpy B IeJ0M NpPH YCJIOBHMH, 9TO HIpa HE 33aKaHYH-
BaeTcs n-i napTHeil; NycTb Yy, H 2, —BEPOATHOCTH BLHIHIPAThb HIPy B lETOM L1g
NpOHrpaBuero H CBOOOAHOrO B n-# NapTas KrPOKOB COOTEeTCTBeHHO, a) [loka-

1) Corsaacho JloTka, aMepHKaHCKas CeMefiHas CTATHCTHKA YXOBJETBOpSET 9TOR
runorese ¢ p=0,7358. Cm. Lotka A. J. Théorie analytique des associations biologi-

gl_IES, v, 2, Actualités scientifiques et industrielles, No, 780 (1939), Paris, Hermann et
ie,
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3aTb, YTO

xu=l/2+(l/2) Yn+1is .l/n=(l/2) Znt1y 2,=(1/2) x4 1o (*)
6) HenocpeacTseHHo paccMaTpiBasi NPOCTPaHCTBO 3/JE€MEGHTApHBIX COOBITHH, NOKa-
3aTb, YTO B AEHCTBUTENBHOCTH X,=X, Y=Y, 2,=—2 He 3aBucAT or n. B) Iloka-
3aTb, YTO BEPOfITHOCTb TOTO, YTO MTPOK g BbIMTpAET B LieJ10M, paBua 5/14 (B coorT-
BetcTBHH ¢ 3apaveft 5 ran. I, 8). r) IToxazars, uto x,=4/7, ,=1/7, 2,=2/7
€CcTb eAHHCTBEHHOE OTPAHIYEHHOE PCUIEHHE CHCTEMbI (%).

15. Ilycts cobmtua Ay, A,, ..., A, Hezabucumbl 1 P {Ap}=p,. Haiitu
BEpOSITHOCTbL /) TOLO, YTO HH OJHO H3 3THX COGBLITHH HE OCYIIECTBHTICH.

16, IIpodoascenue. Tloka3aTb, yTo BCerpa p < exp (—Epk .

17. [Ipodoaxcenue. V3 nepasenctsa Boudepporu (5.7) ra. IV BmBecTn, uTO
BEPOSTHOCTb OJHOBPEMEHHOIO OCYLleCTBIEHHS £ KK Gojee coBBITHI M3 Aj, +es, 4,
MeHblue yeMm (p; ...+ pu)kikt.

18. K yprosoti cxese [lolia, npusep 2, ). KakoBa BEpOATIIOCTb TOTO, YTO NepPBbiit
wap Oul1 YEPHBIM, €CJIH BTOPOH 11ap 0Ka3aJcs YEPHBbIM?

19. K yproeod cxese Iloda, npumep 2, B). Mcnoab3ys HHAYKIHIO, NOKA3aTb, YTO
DEpOATHOCTL M3BJEYEHIs YEpHOTo luapa NpH JiofoM HcnbiTamMd papua b/ (b4-r).

20. IIpodeaxcenue. Jloka3aTh No HHAYKIHH Cae yIOEe YTBEPKACHNE: J1s MI0ObIX
m<n BEPOATHOCTH TOTO, YTO /71-€ K M-€ HCNILITAHKA ajyT KOMOHHALHH (MepHbi, yep-
Hblf) Wit (YepHHH, KpacHbf), PaBHbBI COOTBETCTBECHHO

A ()] br
G+nGtrto’ -+ GFrto’

O6obmuTts Ha cayyail Gonee yem ABYyX HCHBITAHHM.

21, Cummempusn no epeseru 6 cxeme [ota. Tlycts kaxjas u3 6yxs A u B 0603-
HayaeT KpacHbli uiy uepHblft iBeT (TaK yto AB Moxer ObTb J1060H H3 YETHIPEX KOM-
Gunamuit). [TokasaTb, YTO BEPOSTHOCTb LBeTa A NDPH A-M HCIHTAHHK TNPH YCJIOBHH,
YTO Mm-e HCNbiTaHKE Aano uBeT B, paBHa BEPOATHOCTH uBeTa A NPH mM-M HCOBITAKHH
NpH YCAOBHH, 4TO A-€ HCIHTAHHE jajo user B,

22, Ilyctb B cxeMe Ilofia pg (n) —BEPOATHOCTb HM3BJIEYEHHHS R YEPHLIX LUADOB
B MEpPBHIX A HCNbITaHHAX. Jl0Ka3aTb PeKYPPEHTHOE COOTHOIIEHHE

—k —1
pr (n+1) =Pk'(")%+T)CC+pk-l () %T)cc'

rae p_j(n) npuHEMaeTcs paBHBIM HyJMO. Mcrnosb3oBaTh 3TO COOTHOWEHHE AJS HOBOTO
JloxasatejbctBa QopmyJnl (2.5).
23. Pacnpedeaenue [oda. B (2.4) nonoxum

b6+ =p, rip+N=q c/b+n=". 8.1)

[TokasaTb, yTo BHIpa)KeHHE

_ (=P (—ar\ (—lv\~? 9
ran= () (27 (7
HMeeT cMbIcA AAS NpPOM3BOABHBIX (HE 0653aTelbHO PALIOHANbHBIX) NMOCTORHHLIX
p>0,g>0, v>0, takux, uto p+q=1, TIpoBeputsb, u4TO Py, > 0 u uTO

n
'y
2‘ p\'n_ L
v=0
I1gauve rosops, (8.2) onpejeasier pacnpejeleHHE BepPOATHOCTER HA MHOXKECTBC
neasix uueed 0, 1, ..., n. 3To pacnpejne/ieHHe Ha3biBaeTcs pacnpeazienieM Ilofia.
24, [Ipedeavnas ¢opma pacnpedeaenusn Ilota. Ecam n— o, p—0, y—0
TaK, yto np — A, Ay —+p~1, TO NpH QHKCIPOBAHHOM nj

= () (2 ()
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ITpoBepHTh 3TO H JOKa3aTh, YTO NPH HHKCHPOBAHHLIX A M P YJIEHB! B PaBOA 4ACTH STOrD
COOTHOLIEHHA RalOT B cymme eauHHLy. ([IpaBas yacTe onpegessieT Tak Ha3biBaeMo®
ompuyameashoe bunomuasroe pacnpedesenue; cM. r1. VI, 8 u 3apauy 37 ro. VI, 9).

25. 3anucars Gopmy.y (11.8) ra. I yepes ycaoBHeie BepoaTHOCTH.

26. Ilonapno Hesasucusibie cODbUNUR, HE REAMIOUUPLCR GIOUMMHO HE3ABUCUMLIMU .
BpocaioTtcs gBe urpaabHbte KocTH. PaceMoTpuM TPH cobeiTHA: A — «Ha nepBoil Koct
BHIANO HEYeTHOE YHCAO OYKOB», B — «Ha BTOPOH KOCTH BHINAJO HEYETHOE YHCJO
o4KOB» H C — «CyMMa OYKOB Ha OGeMX KOCTHX HeYyeTHa (Ha OJHON KOCTH YETHOE UHCJIO
OYKOB, Ha APYrof — HedeTHoe)». Ecan Bce 36 3.1€eMEHTapHBIX COGBITHH PaBHOBEPOAT-
HH, TO Jio6ble ABa H3 cobbiTiii A, B n C He3aBrcHMEL. BepoATHOCTB Kaik/0ro pabHa
1/2, Onnako Bce TPH coBbITHS HE MOTYT OCYUIECTBHTBCH OZHOBPEMEHHO.

Mpraoxenns k GHONOTHA

27. O€o6wmuTs pedyabTaThl § 5 Ha ciydail, KOrjga Ka>kablil reH npejcTas/icH 2
dopmamn Ay, Ag ..., Ag, TaK uTO MMeIOTCH R (R-1-1)/2 renoTHnoB BMecTo Tpex
(MHOXeCTBEHHBIE aJlJIeln).

28, Bpamcko-cecmpunckoe ckpewjusarue. 13 HekoTopoll nonyJsiuMH, B KOTOpOA
resotunsl AA, Aag, qa BCTpeyaloTcs ¢ 4acTOTaMHM U, 2U H W COOTBETCTBEHHO, CJIydaii-
HLIM 06pa3oM BeGHpaeTcs napa poguTeneii. C HX NOTOMCTBOM MOBTOPSAETCSH Ta Xe Npo-
uenypa. Haiitu BepoATHOCTH TOrO, 4TO 062 POAHTE/S B IEPBOM, BTOPOM, TPETBEM NOKO-
JIeHMAX TIOTOMKOB MMeloT reHoTun AA (cM. npumepsl . XV,2,k) u ri1. XVI1,4,6)).

29, Cesexyus. [lycTb a — pellecCHBHBIH CLUENJIeHHwW#A ¢ mosom red. [IpegmoJo-
JKHM, 4TO OPOLECC CENCKIHHM [el2eT HEBO3IMOKHBIM y4YacTHe B CKPEWMBAHHH MYyX-
cKkux ocoleil, ob6naparomuXx reHoM a. [loka3aTtb, YTO ecJd 4acTOTHl reHoTHnoB AA,
Aa, aa cpej# XeHCKHX ocoGefi HauaJbHOTO NMOKOJEHHS PaBHHl u, 2u, W, TO AJA XKeH-
CKHX ocofeil B NEPBOM MOKOJEHHH NOTOMKOB uy=u-+v, 2u;=uv+w, w;=0, u, caeyo-
Barensto, pi=p+(1/2) g, g;=(1/2)q. Kopoue rosops, 4actora reHa @ CPexH >KeHCKHX
ocobefi yMeHbllaeTcs BABOe.

30. 3apauy o cesekuuu §7 MOXKHO OGOGULATB, MpeAnoJaras, 4T0 rHGHET JIHWL
HexoTopas 4acts A(0<<A<C1) ocoGeii aa. [lokasats, ytO

p=(u+v)/(1—Mw), g=[v+ (1—Nwl/(1—Aw).
B sToM Gosee ofimem caryyae Bmecto (7.3) MOXHO 3anmHcaTh

pn+f=pn/(l_M;zl)! qn+1=(1_Mn)/(l~M§) Gn-

(O6uiee peweHMe 3THX YPaBHEHHH, NO-BHAHMOMY, HEH3BECTHO.)

31. PaccMOTPHM ORHOBDEMEHHO ABe MNapbl FEHOB C BO3MOXHbIMH (opmamu
(A, a) n (B, b). Jlo6ag ocobb NepeiaeT CBOMM NPAMBIM NOTOKaM OXMH reH H3
KaX[0oii napel, ¥ Mbl IPEANOJIOXKHM, YTO KaXJas H3 YETHIPEX BO3MOXHBLIX KOM-
GuHauMil HMeeT BeposTHOCTh 1/4 (3TO npejnoJioXkeHHe CNPaBe/VIMBO JHIUL B TOM
clyyae, KOrjAa pasHble TeHBl MPHHAJTEKAT Pa3HbIM XPOMOCOMaM, HHaye MMeeT
MecTo CTporas 3aBacHmocTh). CyllecTByeT KeBATb F€HOTHNOB, M MEl ODO3HAaYMM HX
yacToTH B nonyisuuu poiutedneil uepes U488, Uganss Uaavbss Uaabbs 2U aanps
2U Aabts 2U aaBbs 2Ugapp, 4U aaBp. [lon0XKEM

pag=Usana+Uasage+UnraBr+U aaB0:
pab="U a5+ U aaop+U 2480 1+U 2480
Pap="Uaapa+Uasens+Uaaaa+Uaass,
Pab="Ugaps+ U dabb+Uaans + U aaBs.

Hajite 4acTOThl, XapaKTepH3ylomH1e pacnpejesieHde FeHOTHNOB B MEPBOM MO+
KOJMeHHM NOTOMKOB, [lokasaTe, 4TO

P =pap—0, pib=par+8,
pélé=pa8+a» Pt(zlb)":pab—a-

riua 28 =pgpPap— PAbPes- CTALHOHADHOE pacnpefeieHue ONpejeNfAETCA ChcTe:
MOji paBeHCTB

pAB—-26=pA,,+26 HT. K
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(OTmeTuM, 9TO 3aKoH XapAH HERpUMEHUM, DacnpejeieHHe MEHAeTCH OT NOKOJes
HIIfl K TOKOJEHHIO.)

32. IlpeanomoXWM, uTo YacTOThl TEHOTHNOB B MNONYJAUNHH paBHE U =p3,
2v=2pq, w=gq?% HWa3secTno, uTo HeKTO HMeeT TeHoTHn Au. Torga seposTHOCTb
TOTO, 4TO TreHoTun ero 6paTta Toxe Aa, pasra (1-4pg)/2.

3ameuanne. [locreayiomue 3agaur ouenb 6au3kW. OHHM CBA3AHLI C NMOHATHEM
crenedd poactBa’). Kaxnas 3anava npopomxkaer npeanaymyto. Ilpexnonoxenne o
cayuallHOM CKPEIIHBAHKWH H oGo3nauenus § 5 coxpansiorcs. Mbl Hyeem 3zecw ac10 o
yacTHuIM cayuaem ueneid Mapkosa (cu. ra. XV). Hcnosnb3oBanie MaTpHIl ynpolaer
3aIHCh.,

33. 3anymepyem renoTHnn AA, Aa n aa uecaamu |, 2, 3 cooTBeTCTBEHHO.
Nyets pip (4, k=1, 2, 3)—yc/loBHas BELOATHOCTL TOTO, YTO OCOGb HMCET TCHO-
TN k NPH YCAOBHH, YTO O/HA M3 PORMTEABCKEX ocoleH (MYIKCKAS MJIH XEHCKas)
umeeT reHoTHn {. HaliTu Bce ReBATb BepOsTHOCTEH prp, Npelnoraras, 4To Apyras
pPOAHTENBCKAN OcO6L MMECT OZWH M3 TeHOTHnoB 1, 2, 3 c BepoATHocTAMH p2, 2pg
M g% COOTBETCTBEHHO.

34, Tokazarb, uTO p;p fBASETCS B TO e BPEMS YCJIOBHOI BEPOSTHOCTHIO
TOTO, 4TO POAHTEAbLCKad 0coGb HMECT TEHOTHI 2 M[pi YCAOBHH, 4TO 3aA4HHBIA
NOTOMOK II€PBOTO MOKOJIEHNS HMEEeT TeHOTHN i.

35. Jloxas3aTh, 4TO YCJIOBHAA BEPOATHOCTb TOTO, YTO BHYK (Zex) HMeeT reHo-
THI1 £ IPK YCJAOBHH, 4TO AeJ (BHYK) MMEET FeHOTHN i, OlpejeifeTC COOTHOWEHIEM

@
pik = piPir-tPisPar—t Pisbsr-
It
(Matpuua (pi3) sBaseTcs xBazpaToM MaTpHmm (p;g).)
(2 “

36 %). Ilokasats, uTO pik) AB1SI€TCA TakXe YCJAOBLONl BEPOSATHOCTBIO TOTO,
4YTO 4eJOBEK HMeeT FeHOTHN X2 NpH YCJIOBHH, YTO €I'o €IMHOKPOBHEIR (M1 eRHHO-
yrpoGHuft) 6paT KMeeT renoTun i,

37. Noka3aTs, 4TO YCJIOBHAas BEPOATHOCTb TOTO, NTO HEKTO HMEET T'eHOTHN &
NpH YCIOBHM, YTO ONpejeleHHHil cro npafeX (MpasHyK) HMeeT reHoTHn §, jaercst
dopmynok

@ _ (@ (2) (2 () (2) LD
Pik = Pi1 1kt Piz Par+ Pia Psk==PirP1k —+PizPek —+ PisPak -
1G] -
(Martpuua (p;k’)—xyﬁ MaTpHUbl (p;). 3TO UPHAAET TOYHBLIH CMLICA NMOHATHIO CTe<
neHd POJCTBA.)
o - {n

38. PaccmoTpuM Gonee oBmmil cayuait, a HMEHHO ONpEAE/HM BEPOSTHOCTH pyf

TOTO, 4TO NOTOMOK B n-M NOKOJEHUH HMEET TEHOTHIN k, €CJIH ONpejeJeHHHII npe-

. [¢4)
XOK MMeeT reHoTun i. JlOKa3aTh 10 HHAYKUHH, YTO piy ABJAAIOTCH 3JEMEHTaMH
alepyomeii MaTprLbL

p*-+pg/2n—1 2p9+q (g—p)/2"—t  g2—gq?/2n~1
p*-pg—n) /2% 2pq+ (1 —4pq)/2n *+q (p—9)/2" ).
pr—p?/2nt 2pq+p (p—q)/2"=1 g2 +pg/2n—1

(O1ciona caegyeT, uTo BIHSAHHE Npefka yObIBaeT OT NOKOJEHHS K MOKOJEUHIO BABOE.)
39. Paccvorpers 3agauy 36, 3aMeHHB €AHHOKPOBHOro (MJH €jHHOYTpoGlLOro)
Gpara podutiu 6pamos. IToka3sath, 4TO COOTRETCTBYIOWAS MAaTPHLla HMEET BHJ
(174 (1+p)2  (1/2) g (A+p)  (1/4) 2
W p(+p (/4 (+pg).  (1/4) q(1+4) )
(1/4) p? V) p (149 (1/49 (1492
40. Iloka3aTs, 4TO CTENEeKb POJACTBA MEXJY Afjeil H MIEMANNHKOM TaKas Xe, KaK
MEXJy BHYKOM H J€JOM.

1) OTHOCHTEILHO 3TOTO MORATHA cM. 3ajauk 33, 35 u 37.— IMpus. nepes.

%) Ilepoe H3jaHHE KHHTH COAEPXKaio OWHOKY: c/10BO «GpaT» (182 OGWIMX POAH-
Tesf) MCNOJb30BAJA0Ch TaM, TJle NOAPa3yMeBajics eJuHOKposHbil uaw eOUHOYMpPOGHLLL
6par (0arH o6mui pojuTens), D10 G0 YKa3aHo B cratse Li C, C,, Sacks L,, Biometris
ca, 40 (1954), 347—360, '



YNABA VI BUHOMMATNBHOE PACNPEENEHUE
M PACNPEAENEHUE NYACCOHA

§ 1. HCOBITAHHS BEPHYJIIH )

IlosmopHsle He30BUCUMBIE UCNBIMAHUA HA3BIBAOMLA UCNBIMAHULAMU
Bepuyanu, ecau kamdoe ucnoimariue umeem moabko 06a B03MONCHbIX UC-
X00a u 8epOAINHOCMU UCX0008 OCIMAIOMCA HeUSMEHHbIMI 045 6CeX ucnsima-
Hutl. O6bYHO 3TH JBe BEPOATHOCTH 0003HAYAIOT YEpe3 p M ¢, U HCXOA,
C BEPOATHOCTBIO p HA3bIBAOT «ycrnexom» ¥, a BTOPOH — «HeyOadeii» [,
$1cHO, UTO p M g KOMXKHBL ObITH HEOTPHUATENBHBIMU U

pt+q=L. (1.1

ITpocTpaHCTBO 3/1€MEHTAPHBIX COOBITHH KaxKJAOro OTAEJbHOIO HCIILI-
TaHHA COCTOMT u3 ABYX ToueK ¥ u H. [TpocTpaHcTBO 3/1€MEHTaPHbBIX COBLI-
THH 1 vcnuTaHWH DepHy/nn coaepXHT 2% TOYEK MM NOCAEL0BATEbHO-
cTeil H3 7 CHMBOJIOB & W [} Kaxnas TOYKa NpeAcTaBAsieT cOGOH OAUH
BO3MOXHbIA HCXOJ COCTaBHOro HCNbITaHUA. ITOCKONBKY HCNBITAaHHA He-
BaBHCHMbI, BEPOSITHOCTH NEPeMHOXKaloTcA. YIHayue roBops, 8epoamuociie
210601l KOHKpemHOU nocaed08amessHoCmy ecms npoussedenue, nosy4et-
Hoe npu samete cumsoros ¥ u H na p u g coomsemcmeernno. Takum o6pa-
som, P{(YYHYH ... HAY)}=ppqgpq. . .q9p.

Npumeprl, HanGosiee M3BECTHHIM NPHMEPOM HCHEITaHHH Beprynnau
ABJIAIOTCH MOCJEJ0BaTe/bHble OPOCaHKUA NPAaBHJIBHOH, WM CHMMETDHU-
HO#, MOHeThl; 3fech p=q¢=1/2, Ecin MOHeTa HECHMMETDHYHa, TO Ml
NO-IPEXHEMY CYMTaeM MOCJefOBaTe/bHble GDOCAaHHA HE3aBHCHMBIMH il
TeM camelM 0OJyYaeM MOAe]b HcnblTauuit Beprynnu, B KOTOpOH Bepo-
SITHOCTb ycrmexa MOMeT ObiTb NPoH3BOJNbHOH. [ToBTOpHBIE CaydYaliHLie
H3BJIEYEHHS W3 YPHB C OXHMM H TeM e HaGopoM ILapoB IpEACTaB-
asitor cobolt uensitania Bepuyaau. HMensiranus BepHynnd BO3HHKalOT
# npu GoJsiee CNOXKHBIX 3KCNEPHMEHTaX, ec/M Mbl He OyJeM pas3/u4aTh
HECKO/IbKO EO3MOXHBIX HCXOJ0B, a ONHIIEM KaXXJblll pe3y.JbTaT Kak
A wau ne-A. CiepoBaTtenbHO, B cJy4ae GPOCaHHi NpPaBHJIbHON KOCTH
pasiuyue MexAy NOsIBJeHHeM eRHHHupl () ¥ DOsIBJIEHHEM He eau-
Huue! (H) upusoaut X HcnbitauisaM Bepryanu ¢ p=1/6, B To Bpemsa
KaK pa3/iudHe MEXAY BbINafieHHeM YETHOTO M HEYETHOro YHC/a OYKOB
NpUBOAMT K HcabTanusaM Bepryanu ¢ p=1/2, Ecjin KOCTb HECHMMETDHY-
Ha, To HocJ/eoBaTe/bHble 6pocanus Bee e 06pa3ylT HenuTanusa bep-

1) SIxom Bepuynnu (1654—1705), Ero ocHopnas pa6ora Ars conjectandl Guita
onybaukesana B 1713 r,
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HYJUIH, HO COOTBETCTBYIOLIHE BEPOSITHOCTH p H3MeHsioTcs. [lecsTka,
BaseT, Jama, KOpoJb ¥ TY3 OfHOH MacTH B NOKEpe HJH JBe eIHHHLBI
npH 6pocaHMH KOCTH MOTYT IPEACTaBJATh co6OH ycnex; HasbiBas Bce
oCTa/bHble MCXOAb! Heyjauei, nosyyaeM HcIbiTaHust BepHy/in c p=
==1/649 740 1 p=1/36 cooTBETCTBEHHO. ¥ IPOILEHHS TAKOrO THIA O6bIY-
HO HCIMOJb3YIOTCS B CTATHCTHYECKMX npujoxeHHsx. Hanpumep, npu
MaccoBOM ITIPOH3BOJCTBE MNPOKJAAOK OHM MOTYT pasJjiyarbCs M0 TOJI-
LLIHHe, OHAKO NPH MPOBEPKe KJAACCHPHUHMPYIOTCH KakK ropubie (V) wiu
6pakoBaHHble () B 3aBHCHMOCTH OT TOTO, HAXOAUTCH WX TOJIUHHA
B 3aJ]aHHbIX TPaHHUAX HJH HeT. >

Cxema ucnbITaHHH BepHyJiH — 3To TeopeTHYecKasi MOJENb, H TOJb~
KO ONBIT MOXET [0Ka3aTb, NOAXOANT JIH OHAa J/151 ONHCAHHA KOHKpeT-
BbIX Habmonenuit. Ilpeanosokenne o ToM, YTO MOc/e0BaTedbHble 6po-
CaH¥a MOHeThl COOTBETCTBYIOT cxeme BepHyJuiH, noAaTBepiaeTcss 9KC-
nepuMenTaabio. Puaocop K. Mapbe *) pasaensieT MHeHHe HeCBEAYIOIHX
Jiofiel, CUMTAIOLIMX, YTO [OC/E CEMHAAUATH MOC/AeJOBATENbHbIX BbINA-
JeHuii rep6a NOsBJEHHEe DPelIeTKH cTaHOBHTCcH 6o.lee BepPOSITHBIM. 3TO
y6exjeliiie BO3HHKAET HE H3-32 HECOBEPLIEHCTBA DeasbHbIX MOHET, a
¥3-32 TOro, 4YTO MPHPOJAA HajensieTcsl NaMsATbi0, MJH -— B Hallei Tep-
MMHOJIOTHH -— OTPHIAETCS CTOXACTHYECKAs HE3aBHCHMOCTb MOCJ/EJ0Ba-
TeJIbHEIX HenbiTaniui. Teopruss Map6e He MOXXeT GbITb ONPOBEPTHYTA JIO-
THYECKH, HO OTBEPTaeTcs NOTOMY, YTO OHA HE MNOATBEPXKJAeTCH 3IMIIU-
PHYECKH.

Ilpu npoBeseHHH BHIGOPOK, NIPH NPOMBILIIEHHOM KOHTPOJIE KauecTBa
U T. A. cXxeMa HcnbiTanuil BepHysasan npexacrasisier cob6oi HAeaJdbHYIO
MOJ€e]b, XOTS HHKOTJ2 IOJHOCTBIO HE COOTBETCTBYET AeHCTBHTEJbHO-
cTd. Tak, B mpHBeleHHOM Bblllle NpPHMepe O NPOH3BOJCTBE MPOKJAL0K
CYILIECTBYET MHOTO NPHYHH, MO KOTODBIM BBITYCK NPOAYKLUHH HE YKJja-
IbiBaeTcs B cxeMy Depnynaan. MamuHbl MeHAOTCS, NO3TOMY BepPOAT-
HOCTH He OCTAaKTCs MOCTOSIHHBIMH; B paboTe MalllMH ecTb HEKOTOpOoe Mo-
CTOSIHCTBO H, CJIEJOBaTesbHO, MOsIBJelNe JJIHHHBIX CepHil OTKJOHeHHMH
noxoxero THna GoJiee BeposATHO, YeM ecsH Gbl HCXOAbl GblLIH JeHCTBH-
TeJqpHO HedaBHCHMBEIMH. OJHEKO C TOYKH 3peHHst KOHTPOJIS KadyecTBa
JKesatenbHo, 4ToGbl 3TOT NpPOLeCC COOTBETCTBOBA/ cxeme bepHyanu,
H BaXHO TO, YTO B ONpeJie/IeHHbIX TPaHHUAX ITOTO MOXKHO AOOHTbCA.
Torga ue’db TEKYLIETO KOHTPOJIst — OOHAPYXHTb Ha pPaHHed CTajHH
3HAYHTE/IbHbIE OTKJOHEHIS OT HJeajbHOH CXeMbl, YKa3biBalOllHe Ha
npeacTosiilie HENPHSTHOCTH.

§ 2. BUHOMHANBHOE PACNPEAENIEHHE

YacTo Hac HHTepecyeT He NMOPSAOK MOSBJEHHS YCIEXOB B IOC/EN0-
BaTe/bHOCTH 1 MCNbITaHHH BepHyan, a ux obitee yucao. Yucao yene-
xoB MoxeT ObiTh paBHo O, 1,. . .7, U nepBas 3ajaya 3axJio4yaeTcs B Ha-

1) Marbe K., Die Gleichformigkeit in der Welt, Miinchen, 1916. Teopus Map6e
nMonquxa IMPOKOE pacrpocTpanesye; ee paubonee H3BECTHLIM NPOTHBHHKOM Obua
H3eC,
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XOXJIEeHHH COOTBETCTBYIOUIWX BeposiTHOCTeH. CoGLITHE ¢ HCNBITAHHH
38KOHYH/IUCL R ycnexamu M n—=Fk HeyJAayaMHu» COAEPMHT CTOJBLKO 3Je-
MEHTapHBIX COOBITHI, CKOJILKO CYLIECTBYET CNOCOOOB pa3MeuleHHs R

n
6ykB Ha n MecTtax. MHaue roBopsi, 3TO COOBITHE COJAEPMKHT (k) TOYEK

1 10 ONpefle/IeHHIO Ka)/1asi TOUKa HMEeT BEPOSTHOCTE p*g"~%, Tem ca-
MBIM JIOKa3aHa cjejyiollasi Teopema.

Teopema. /Tycme b (k; n, p) — sepoamuocme mozo, 4no n ucneumarui
Bepuyaru c gepoamunocmanu ycnexa p u Heyoauu g—=1—p 30K0H4UAUCH
k ycnexamu u n—k Heydavamu. Toz0a

b(k; n, p)=(2)p"q""‘. 2.1

B wuwacTHOCTH, ¢" ecTh BePOSATHOCTb TOTO, YTO YCNEXOB He Gyjer,
a BepOSITHOCTb TOro, 4To GyjeT xoTst Obl O1MH ycnex, paBHa 1—g”. po

Byaem paccMaTpHBaTh p Kaxk MNOCTOSHHYIO H OO03HAYMM YHCJIO YC-
NeX0B B N HCOLITAHUAX Yepe3 S,; toraa b (k; n, p) =P {S,=k}. Cornac-
Ho ofulelf TepMHHOJIOTHH, S, ecTb Caywalinaa eeauwuna, a GYHKUHA
(2.1) aBnsieTcsi ¢pacnpejesieHHeM» 3TOH Cayd4alHON BesJWdYHHBL;, Gylem
Ha3plBaTh 3TO pacnpefeleHye OGunomuasbtsim. CA0BO GHHOMHAEJALHOE
otpaxaer TOT ¢axkT, 4to (2.1) npeacraBaseT co6oH k- wjieH GHHOMH-
2/IbHOrO pa3noxeHus (g-+p)°. Y3 storo saMeuanusi BHITEKaeT, 4TO

b(0; n, p)+b(l; n, p)+...+b(n; n, p)=(g+p)r=1,

a 310 u TpebyeTcs Nno ONpeAeseHHI0 BepOATHOCTH. BuHOMHaNbHOE pac-
npejeneHde TabyJaHpoBaHO !),

Npumepwt. a) anuee ¥Y3adona o Opocanuu xocmed. Ilpeanosio-
MM, YTO 3KCIIEPHMEHT COCTOHT B OpocaHMH 12 KocTed W NOA gycne-
XOM» /151 KaXJ0H KOCTH MOHHMaeTCsl BhlillajleHHe HIeCTEPKH WM NsiTep-
Kd. JI1s npaBU/ILHOH KOCTH BEPOSITHOCTh ycnexa paBHa p=1/3 u yucao
yCNexoB JAOJ/DKHO MOAYHHATLCS GHHOMHAJBHOMY pacopefiesieHHio b (k;
12, 1/3). B ra6a. 1 npuBejeHsl 3TH BEPOSTHOCTH C COOTBETCTBYIOLIUMH
CPeIHHMHM YacTOTaMH, BHIYHCJEHHHIMH No pedyasTaTaM 26 306 npose-
JeHHbIX 3KcnepuMeHTOB. CorJlacoBaHWe KayKeTCs XOPOIUHM, HO Ha ca-
MOM JieJie JJIf CTOJib OOJIBLIOrO YHcJia OINBITOB OHO OKAa3hBaeTCH OuyeHhb
mioxuM. O6LIYHO CTATHCTHKH CYASAT O CTENEHH COrJIacOBAHHA C MOMO-
b0 KpUTepus % 2. CorsiacHoO 3TOMY KPHTEPHIO, AJs1 NPaBHJBHOM KOCTH
cTosib GOJIbILME OTKJOHEHWS, Kak HabJlofleHHble, OCYLIECTBJSIOTCS B
cpeareM oAuH pa3 B 10 000 skcnepumentax. CJieoBartesbHO, ecTecT-

1) Hna n<50 cm. Tables of the binomial probability distribution, Applied
Mathematics Series National Bureau of Standards, 6 (1950). Huaa 50<n=<100 cMm,
Romig H. C., 50—100 Binomial tables, New York, John Wiley and Sons, 1953.
Jas Gosee wHpokoro uHTepsana 3HadeHnt n cm. Tables of the cumulative binomiat
probability distribution, Harvard Computation Labaratory, 1955; Tables of the
cumulative binomial probabilities, Ordnance Corps, ORDP 20-11, 1952, [Cm. Takxke
Boasmes JI. H., Cvupsios H. B, Tabauup MaTeMaTH4eCKOR CTATHCTHKH,— 2-€ H3J.—
M.: Hayka, 1983,— [lepes.}
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BEHHO IPEANOJOMXKHTh, YTO KOCTH OblIH HecHMMeTpHYHBL. IlosyueHHBIM
Hab/MIOAEHHSAM COOTBETCTBOBaJa Obl aCHMMETPHS, IIPH KOTOPOH Bepo-
ATHOCTL ycrnexa paBHa p=0,3377*).

Tabauya 1
Janusie Yaagona o Gpocanuu Koctedt
Ha6nopeuuan
k| b 12, 1/3) catioTa b(k; 12, 0,3377)
0 0,007 707 0,007 033 0,007 123
1 0,046 244 0,043 678 0,043 584
2 0,127 171 0,124 116 0,122 225
3 0,211 952 0,208 127 0,207 736
4 0,238 446 0,232 418 0,238 324
5 0,190 757 0,197 445 0,194 429
6 0,111 275 0,116 589 0,115 660
7 0,047 689 0,050 597 0,050 549
8 0,014 903 0,015 320 0,016 109
9 0,003 312 0,003 991 0,003 650
10 0,000 497 0,000 532 0,000 558
11 0,000 045 0,000 152 0,000 052
12 0,000 002 0,000 000 0,000 002

6) B § 4 ra. 1V Ham BcTpeyanoch GMHOMHA/BHOE PacHpefeseHUe B
3ajaye o6 yrajnlBaHHM KapT, H B cToabuax b, tabna. 3 Obliu npusese-
HH 4JEHBI 3TOTO pacnpeaenenus s n=3, 4, 5, 6, 10 u p=n~*, B 3a-
naue o pasmeluenuy (npumep ra. I, 4, B)) Mbl NPHIUJIH K IPYrOMY yacT-
HOMY C/y4aio GHHOMMAJbHOTO PAcnpejeseHus ¢ p=n~',

B) Cxonpko vcnnitanu# ¢ p=0,01 HyXHO npoBecTH, 4TOOLI BEPOAT-
HOCTh XOTH 6nl OfiHOro ycmexa Gbwia He MeHbiue 1/2? 3pech Mul HuleM
HaHMeHbllee LeJoe uHCJo n, A1 Kotoporo 1—(0,99)">1/2, wuau
—n log (0,99)>log 2; caenosatennHo n=>70.

r) 3adaua o craboceruu sHepeueid. Ilpennonoxum, uro n=10 pa-
604X AOJXKHEI BpEMs OT BPEMEHH HCIOJIb30BaTh 3/JEKTPHYECKYIO IHEP=
THIO, H Hac HHTepecyeT oXujaemas obuas Harpyska. Ilpu rpyGom
NPUGIMKEHUHA CYUHTAEM, YTO B TeYEHHE JI060ro 3aJaHHOr0 IPOMEXYTKA
BpPEMEHH KaXJoMy paboueMy C OJXHOH H TOH e BEPOATHOCTHIO p Tpe-
Gyercs epuHHIA 3Heprud. Ecau paboune AEHCTBYIOT HE3aBHCHMO ADYP
OT ApPYra, TO BEPOSTHOCTh TOrO, YTO OJHOBPEMEHHO POBHO R pabounM
norpebyercs 3ueprusi, pasHa b(k; n, p). Ecin xaxani paGounit uc-
N0JIL3YET 3JIEKTPO3HEPTHIO B cpeHeM 12 MHHYT B 4ac, TO CJI€ayeT Ios
J0XHuTh p=1/5. Toraa BeposITHOCTL TOTO, YTO OJXHOBPEMEHHO HE MEHEE
ceMH paBouuM norpebyercs 3/JeKTpo3Heprus, pasna b(7; 10, 0,2)+. .,

) Fischer R. A., Statistical methods for research workers, Edinburgh — Lons
don, 1932. [Mmeetca nepesod: Quwep P, 2, CTaTdCTHIECKHe METOAR! V1S HCCAEA0BAs |
reqeil,— M,; Craruagar, 1958,]
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v« .8 (10; 10, 0,2)=0,0008643584. Huaue rosops, eciu cHabxeHHe
PACCYHTAHO HA WIECTh EAMHHIl 3HEPTHH, TO BEPOATHOCTb NeperpysKu
pasua 0,00086, T. e. neperpyska oxuRaeTcs B cpeJHEM B TeYeHHe OLHOMH
MHHYTH U3 1157 MuH., wiH NPUGIH3UTENBHO OAHOH MHUHYTHI U3 20 ua-
coB. BeposiTHOCTB TOrO, YTO He MeHee BOCbMH DabO4HM OJHOBDEMENHO
norpebyercst 3Heprus, pasHa Becero Jiwp 0,0000779264, uau npubiu-
SUTEJILHO B OAMHHAJUATH Pa3 MeHblIe.

1) Ilposepxa ctiopomox uau eaxyur *). Tlpeanosoxum, uro Hop-
MasibHas gyacroTa 3aboseBaHHA onpejlesleHHOH O0JIe3HBIO CPeH KPYIHO-
ro porartoro ckora cocrasaser 256%. Jns npoBepKH HOBOH BaKUMHL
n 310DOBBIM XHBOTHBIM JeJaeTcd NDUBHBKA. Kak OUEHHTH pe3yJbTar
3KcnepuMenTa? Jns abcoIOTHO HefleicTBEHHOH BAKUMHBL BEPOSATHOCTh
HMeTb POBHO & 3J0POBBIX KHBOTHBIX CPEAH 7 NOABEPrIIMXCSI NPUBHBKE
MOXHO cuuTath paBHoH b(k; n, 0,75). Jdas k=n==10 31a BepOATHOCTD
cocraeasier npubausnrensto 0,056, a ansa k=n=12 Bcero quws 0,032.
Taxkum obpa3omM, oTcyTcTBHe 3aboseBaHMil cpell JAecATH HJIH JABeHAaj-
LATH HCNBITYEMLIX XMBOTHBIX MOXHO DACCMATDPHBATH KAK IOATBEPXK-
JleHHe, XOTS W He OKOHuYAaTesJbHOe, 3((eKTHBEOCTH BAKUHUHBI. 3aMeTHM,
HTO BEPOSITHOCTE HMeTb He 6oJiee 0JHOr0 60JBHOTO XHBOTHOLO H3 CEM-
HaJlaTH, He NOJYYHBIUMX NpPHBUBKH, npHOau3uTeasHo paBHa 0,0501.
CrnepnoBarenslo, ofHO 3a60/eBaHMe cpeld CEMHAAUATH XMHBOTHHX €CTh
boaee cuavHoe caudemenscmao B N0Jb3Y BAKLIIHEL, Y4eM OTCYTCTBHE 3a60-
JIeBAHUH B IaPTHH M3 JECATH XKHUBOTHHIX. [l n=23 BepoATHOCTHL He
Gosee AByX 3aboseBaHdi npubausurensHo pasHa 0,0492, u nosrtomy
IBa 3a00JIeBaHHS CPeAd ABAALATH TPEX JKHUBOTHHIX Jyyllle CBHAETEIBCT-
BYET B NOJIE3Y BAKUHHBI, YeM OJHO Cpell CEMHAJAUATH HJH OTCYTCTBHE
3a60/1€eBaHUH CPelH JECHATH.

e) Hpyeod cmamucmuveckutli xpumepui. IlpeanoJsoxum, uto #
gelOBEK HM3MepsIOT CBOE KDPOBAHOE R4BJEHHE MocJe NpdeMa orpeje-
JIEHHOTO JIEKApCTBa M [0 HEro H NOJYYaloT COOTBETCTBEHHO pe3yJb-
TaTbl X, «sey X, U X{, «.., X,. DyJeM roBopuTe, 4TO i{-€ UCNIEITAHHE
33aKOHYWJIOCH YCNeXoM, ecaH x; < Xx{, M HeynaueH, ecau x; > x;. ([Las
fIDOCTOTEl MOXKEM INPCANOJIOKUTS, YTO BCE H3MEPEHHS JANH  Pa3HbLE
pesyabrarel.) Ecau 6wl JekapcTBo He 6bl10 3(heKTHBHBIM, TO HAalIM
HabJ/IIOJIeHHs] COOTBETCTBOBAJ Ol 7 HCNBITAHHAM DepHyamn ¢ p=1/2,
¥ nosToMmy OOJIBUICE YHCJIO YCNEXOB CJEAyeT pacCMaTPUBaTh Kak Jo-
Ka3aTesbCTBO 3({PeKTHBHOCTH JIeKapcTBa. »

§ 3. MAKCHMAJIbHASL BEPOATHOCTL M «XBOCTbI»

Ha (2.1) Buaso, uro

b(kin, p) _ (n—kt+lp__ (nt+D)p—»

FE—Tnp = kLt 3.1
INosromy BepositHOCTB b (k; 1, p) Goablue npeasayinedt aias k<< (n+1)p
u MeHowe mas k>(n+1)p. Ecan (n+1)p=m — uenoe uucmao, to

1) Sukhatme P. V., Panse V. G., Size of experiments for testing sera or vaccines,
Indian Journal of Veterinary Science gnd Animal Husbandry, 13 (1943), 756—82,
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b{m; n, p)=>b(n—1; n, p). CyuiecTBYET TO.ILKO OJIHO LEJOE YHCIO 1,

T4KOE, YTO
(n+1) p—l<m<< (n+1) p, (3.2)
I MBI HoJy4YaeMm CJefyIOUIYK) Teopemy.

Teopema. [lpu usmenenuu k om O do n 4asenor b(k; n, p) cHataia
MOHOIMOKHO 603pACMQION, 3amem MOHOMOHHO yobisaiom, docmuzas Hau-
boabwezo 3nauenun npu k=m; ecau se m=(n—+1)p, mo Hauboaviwee
3unauerue docmueaemcs Osaxcobi: b(m—1; n, p)=>b(m; n, p).

Bynem HaswiBath b(m; n, p) maxcumaseHof BepoATHOCTHID. Hacto
1M Ha3bIBAIOT «Hanb0J1ee BEPOATHLIM YUCJIOM YCIIEXOB», HO CJELYET HMETh
B BHAY, YTO JJ1f GOJIbINMX 3HaueHuid 1 ece unennl b (k; n, p) mans. I1pn
100 6pocanusx cHMMETPHYHOH MOHETH HauGoJsiee BEPOSTHOE YHUCJIO 110+
ABJEeHHH rep6a paBHo 50, HO BeposTHOCTL 3TOrO coGhTHs Menee 0,08.
B chenyiome#t raape Mel YBHAMM, uTO b (tn; n, p) npubiHKeHHO coBna-
xaer ¢ 1/V 2anpq.

O6bIyHO 6GOJBINMH MHTEpEC IPEACTABJSET He BEPOSTHOCTL [OSBJE-

HMS POBHO 7 YCIIEXOB, a BEPOSITHOCThL MNOSABJEHHSA MO MEHblUeH Mepe r
yCIEXO0B, T. €.

PiS,=r}= iob(r-}-v; n, p). (3.3)

(Oror psan auwb QopManbHO sABAsiETCH GECKOHEUHHIM, TAK KaK IPH
v>n—r uJeHsl Pfja paBHRl HY/MO.) Cefluac Mbl NOJYYHM BEPXHIOH
OLIEHKY 3TOH BEPOSITHOCTH, KOTOPAS OCTAHETCH I0JE3HOH M MOCJE TOro,
KaK B cjlelylouleil raase OYAYT HaiaeHs Gosee TouHble oueHKu. Ilpen-
nosoxuM, 4to r>>np. B cuany (3.1) oueBupno, uro uneHnl paga (3.3)
yObBaIOT GhICTPEE YJIEHOB TEOMETPHUYECKOH IIPOrpeccHH CO 3HaMeHa-
teneM l— (r—np)/rq, u nostomy

P{S,=r}<b(r; n, p)rg/ (r—np). (3.4)
C znpyroi#i CTOPOHEI, CYLIECTBYIOT GoJiee 7—np LEeJbIX £, TAKHX, 4TO
m<Ck<(r. CyMMa COOTBETCTBYIOLIHX 4Y/E€HOB GHHOMHAJLHOrO paclpese-

JIEHHSl MEHblIE €QMHHUBI, H KaxIblil M3 HUX He meHbwe b(r; n, p).
Cnenosartensto, b(r; n, p) He Goablue (r—np)~?, u nO3ITOMY

P{S,>r}<rq/ (r—np)?, ecan r>np. " (3.5)
Taxue xe paccyXINE€HHS NPHMECHHMEBl I IPH OLUECHKE JIECBOTO «XBOCTa»,
OJHAKO MPOBOAHTDL BHIYMC/JEHHH He HYXKHO. JleificTBuTe/NBHO, COOGHITHE,
33aKNKuamiieecsas B TOM, 4TO HACTYIINJIO He 6oJiblue r YCII€XOB, 9KBHBa-

JIEHTHO TOMY, 4TO IO MEHblue#l Mepe A—r HCHLITAHNH 3aKOHUHJHCh He=
ynauedl. IlpumeHas skeuBajeHT (3.5) Ans Heyjxadu, nonyuaem

P{S,<r}<(n—r)p/ (np—r)?, ecnu r<<np. (3.6)

B caenyomem naparpadge Mul IpPOLEMOHCTPHPYEM IM0/1b3Y 3THX He-

P2BEHCTB NPH OLIEHKE BEPOATHOCTH 6G0JbLIHX OTKJIOHCHHH OT HauboJee
BCPOSATHOI'O 3HauE€HUA m.
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§ 4. 3AKOH BOJIbIIHX YHCEJ

MEb! HECKOJIBKO pa3 OTMEYaJlH, YTO Hallle UHMYyumueroe npedcmasne-
HUE 0 6epoAMHOCHY OCHOBBIBa€TCH Ha CJEAYIOIWEM MPEANOJIONKEHHH,
Ec/H B 7 OQMHAKOBBIX MCIBITAHHSX COGbITHE A OCYLIECTBHJIOCH V pa3
H €CJIH 7 OYEHb BEJHMKO, TO OTHOIIEHHE V/f JO/IKHO ObITh GJIM3KO K Be-
posiTHOCTH p cobuiTist A. Slcno, uto dopmasibHas MaTeMaTHUECKas TEO-
pHSl MOXXKET HHKOTAa He o6pawatbcs K AEACTBHTEJbHOH XKHM3HH, HO QHA
JOMKHA XOTH Obl COAEPKATH TEOPETHYECKYIO MOJEb SBJEHHS, KOTO-
poe nbITaeTcst OOBACHHTb, B COOTBETCTBHM C STHM HaM HYXHO, 4TOOHI
HESICHOE BBOJHOE 3aMEYaHME CTaJ0 TOUHOJ Teopemoi. C 3TOH uLeablo oA
<OJHHAKOBLIMH HCIBITAHMAMH» GyleM NOHHMATb «HcnbiTaHHs bepnya-
JIH» ¢ BEPOsTHOCTBIO ycnexa p. Eciu 8, — 4Hca0 ycnexos B 1 HenbiTa-
HusX, TO S./n ecTb cpefHsas [oJs YCOEXOB, KOTOpas AO/KHAa ObITh
6i1M3Ka K p. Tenepb JETKO NPHAATh 3TOMY YTBEPXKJACHHIO TOUHHIH
cMblcs. PacecMoTpnumM, Hanpumep, BEpOsSTHOCTB Toro, 4to S,,/n mpesoc-
XoAHT p+e, rae €0 — NpoH3BOJBHO Masoe, HO QHKCHPOBAHHOE HHC-
Jo. Dta BeposiTHOCTb coBnajaetr ¢ P{S,>n(p-+e)}, u B cuay (3.5)
oHa He GoJabwie yem 1/ (ne?). CnefloBaTesbHO, OPH YBEJHYEHHH 71 HMEEM

P{S,>n(p+e)} 0.
AnaJsoriyHo JoKa3nBaercs, uto P{S,<<n(p—e)}— 0, u nostomy
P{|S./n—pl<e}— 1. 4.1)

C08ecro MO @bipajcaemcs max: 6EPOSIMHOCMb MO20, 4Mmo CPEOHAR
0045 ycnexos omauuaemcs om p Goabule 4em HA NPOU3BOAbHOE Haneped
aadanHoe €, CIPeMUmcs K HYAlo APU Yeeautserul n. 310 OfHa H3 GopM
saxora 60ablUX YUCe, KOTOPasl CJYMKHT OCHOBOH Hallero HHTYHTHBHO-
ro NPeACTaBJeHis O BEPOSTHOCTH XKaK MepPe OTHOCHTeNBHBIX 4acTOT.
Jlns npakTHYECKHX NPHJIOXKEHHH 3Ty GOPMYJHPOBKY HEOOXOAHMO J0-
NOJHUTB 6oJee TOYHOH OLEHKOH BEPOSTHOCTH B JeBoH wactu (4.1);
TAKYyI0 OLEHKY IIO3BOJISIET MOJYYHTb HOPMa/bHOE NPHOJIHMKEHHE AJIsi
6HHOMMANBHOTO pacnpefesnenus (cM. THnMYnei npumep ra. VIIL4,3)).
B nefictBurenbHocTH (4.1) sBJAsieTCs NpPOCTBIM CJEJACTBHEM 3TOTO MPH-
6/mixeHns (cM. 3ajauy 12 . VIL7).

YrBepaxaeHue (4.1) ABIsETCS KJACCHYECKHM 3aKOHOM GOJIBLIMX YH-
cesl. 3TOT 8aKOH NpEACTaB/IsieT BecbMa OIPaHHYEHHBIH HMHTEpec, H B
AanpHeliueM GyfeT Joka3aH GoJee TOYHHIH H 6osee MOJE3HBIH ycuaex-
Hbill aakon 6oabiuux wucen (cM. ra. VI, 4).

NpenocTepexenne. CTajo OGHIYHHM J€1aTh W3 3aKOHa OoJbUIHX
YHces BbIBOALI, KOTOPHIE ONpENEEHHO H3 Hero He cierytoT. Ecau [letp
H INasea 6pocaior cumMMerpuyryio Morery 10 000 pas, To npuHsaTO CYM-
TaTth, yto [lerp 6yner Bnepean NPUOEIH3HTENBHO IOJOBHHY BPEMEHH.
Ho amo nesepro. Tlpu GoJiblUOM YHC/IE PA3AUMHBIX UTP C OPOCAHHEM MO-
HeTH €cTh OCHOBAHHS OXWAATh, 4TO B JIIOGOH (DUKCUBOBAHHOIE MOMEHT
UHCJIO nosBAeHHH rep6a 6oJblu€ DPHOJH3UTENBHO B NONOBMHE BCEX
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cnyuaeB. Onnako NOYTH HaBepHsiKa noGequBIUMl UrpoOK ObL1 BIEPeai
MpaKTHUECKH B Teuenue Bcelt urpnl. MTak, B NpOTHRONOJ/IOXHOCTD LUK PO-
KO pacrnpocTpaHeHHOMY MHEHHIO BpeMeHHOe cpennee s JiioGoi OTAeb-
HO B3SITOH HIPHl HIKAK He CBSA33aHO O CPeXHHM AJIS COBOKYIHOCTH pas-
JIMYHBIX MTP B JI000H nanublil MoMeHT. Has 6oJee riyGoKoro u3yuenust
OPYTHX HEQXHUIAHHBIX M MAapajoKCaJbHEX CBOHCTB cayvaifupix Guyk-
Tyauui orcblaaen yurarteas K ri. III, B wactHocTH K obcyxnenuto 3a-
KOHA apKCHHYCA.

§ 5. NYACCOHOBCKOE MMPHBJHXEHUE 1)

Bo muornx NNPHJIOZKEHUAX MbI HMEEM J€JI0 C HCNBbITAHHAMU BepHyJI-

JH, B KOTOPBIX 71 OTHOCHTENBHO BEJIHKO H p OTHOCHT@JNbLHO MaJo, &
[IPOU3BEACHHE

A=np (5.1)

M HE MaJio, ¥ He BeJuno. B Takux ciyyasx yno6HO HCNogab30BaTb A5l
b(k; n, p) npennoxennoe IlyaccoHoM npu6.miXKeHle, BHIBOJ KOTOPOro
mbl HauuHaeM. st k=0 mnmeen

b(0; 1, p) = (1—p)r=(1—A/n)". (5.2)

IMepexons K Jorapudmam u Hcnoas3yst pasioxenue Teftmopa (8.10)
ra. I, naxoaum

log b (0; n, p)=nlog (1—An)=—A—A/(2n)—. . ., (5.3)

TaK Y10 IPH OOJBIIEX 7
b©; n, p)=e*, (5.4)
TI¢ 3HAK = O03H2YaeT NpPUO/IHIKEHHOE PaBEHCTBO (B JaHHOM ciydae

¢ TOYHOCTBIO 10 4.ieHoB nopsigka n~t). Hanee, us (3.1) Buauo, uto pas
NPOH3BOJILHOTO (iIKCHPOBAHHOTO K M JOCTATOYHO OOJIBEIUMX 7 HMECH

b(kin,p) _A—(k—Dp__ A
bh—Lin g kg TR (6.9)

Ortcioga Moc/ef0BATENBHO 33KMII0UaEM, YTO
b(l; n, p)=~A-6(0; n, p)~he-?,
b(©@; n, p) =~ (L2 A-b(1; n, p) = (1/2) Ae~H,
H B o6uieM CJyyae MO MHAYKUMH T0JyYaem
b(k; 1, p) = (M/klye->. (5.6)

DTO M ecTh KJAaCCHUSCKOE MIACCCHOBCKOE npubausterue 0an OUHOMUAAL-
Ho2o pacnpedeserua®). B cuny GonblUOH BaHOCTH 3TOFO MPHOMAMIKC-

. 1) Cuvon 1. ITyaccon (1781—1840), Ero xuura Recherches sur la probabiliié
des jugements en matiére criminelle et en matiére civile, précedées des régles génc-
tales du calcul des probabilités noseuaacs B 1837 r,

#) O TouHQCTH NPUGIHKeRHA cM, 3ajaun 33 u 34,
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i

gud BBeJeM obo3HaueHue
p (k; 1) =e~*Ak/kL, (5.7

B aTux ob6o3nauenusx p (k; A) Gyzer npubnmwkenueM aas b (k; n, A/n)
P4 JOCTATOYHO GOJLIUKX n.

Npumepnl. a) B ta6a. 3 ra. IV,4 npuBeseHbl nyacCOHOBCKHE Bepo-
graocTd (5.7) ¢ A=1 u ;gn1s cpaBHeHHs GUHOMMAJBHLIE paclpefeeHus
¢ p=1l/nu n=3, 4, 5, 6, 10. MoxXHO BUJETb, YTO, HECMOTPS HA MaJhie
3HayeHust 7, NPHONHIKEHHE YIMBUTEJNbHO XOPOLUEE,

6) Imnupuveckan uarnocmpayus. IlosBnenue napul (7, 7) cpenu
100 nap cnyvaiHeIX uup AOMXKHO NOAYMHAThCS GHHOMHANLHOMY pac-
npegenenuto ¢ n=100 u p=0,01. B 1a6n. 2 npusenenn uucna N, peit-
CTBHTENBHLIX NosiBAeHuM 3Tod mnapu B 100 rpynnmax mo 100 map cay-
yafiHeIX uddp B kaxnoid !). Ortnowenus N,/100 cpaBHuBaroTCs Kak
C TEeopeTHYECKUMH OHHOMHAJILHBIMH BEPOSITHOCTAIMH, TaK H C CO-
OTBETCTBYIOIIMMH IY4CCOHOBCKUMM NpubanxenusiMu. [lonyuyeHnue ya-
CTOTHl XOPOLIO COrJIACYIOTCS C TeopeTHyeckuMu BeposiTHocTsMH. ([o
Kputepuio 2 cnyvaiinnie ¢aykryaiuu npubausutensHo B 75 u3 100
aHAMOTMYHBIX C1yuaeB AaBand Guhl GOJbIIHE OTKJOHEHHs HabmoaaeMbIX
YacTOT OT TEOPETHYECKHX BEPOSTHOCTEH.)

Tabauya 2
Ilpumep 0yaccOHOBCKOro MPHGAHXEHHA
k b(k; 100, 0,01) pk 1) Nk
0 0,366 032 0,367 879 41
1 0,369 730 0,367 879 34
2 0,184 865 0,183 940 16
3 0,060 999 0,061 313 8
4 0,014 942 0,015 328 0
5 0,002 898 0,003 066 1
6 0,000 463 0,000 511 0
7 0,000 063 0,000 073 0
8 0,000 007 0,000 009 0
9 0,000 001 0,000 001 0

Ilepsme 7TpH cTonbua HAMOCTPHPYIOT NYAcCOHOBCKOE MpH-~
GnuxXeHne Ans OHHOMHANbLHOro DpacOpefeneHHs. B nocneXHem
ctonbue rpuBefeHH uucna rpynt no 100 map cnyualueiX uundp,
B KOTOpHX KoMOuHauus (7, 7) BCTpeyaercs POBHO & pa3.

B) Anu poxoOenus. KakoBa BeposiTHOCTb p, TOrO, YTO B IpYNNe u3
500 yesoBex poBHO k£ poaunuchk 1 siuBapsi? Ecnu atu 500 yesnoBex Bhl-
6pannl cnyuaiino, TO MOXKHO NpUMEHHTH cxeMy u3 500 ucnnitanuiit Bep-
HYMM C BEpOSITHOCTBbIO ycmexa p=1/365. Jna myaccoHOBCKOro npu-
Gnuxenus nonoxuM A=500/365=1,3699. . . .

L

3) Kendall M. G.; Smith B., Tables of random gampling numbers, Tracts
for Computers, 24, Cambridge, 1940, »
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Teopernueckre GHHOMHAJ/bHLIE BEPOSTHOCTH H HX NYaCCOHOBCKHE
npHO/HKEHHSE [PUBEJEHbl HHXe!

k 0 1 2 3 4 5 6

BuHoMHanbHLIE
BEPOSTHOCTH 0,2537 0,3484 0,2388 0,1089 0,0372 0,0101 0,0023

ITyaccoHoBckie
pepositiocti  0,2541 0,3481 0,2385 0,1089 0,0373 0,0102 0,0023

r) Hegexmnvie usdeaus. Ilpeanonoxum, 4To npd npPOH3BOJICTBE LUY-
PYIOB HCIOJb3YETCSt CTATHCTHYECKHH KOHTPOJb KauyecTBa M MOITOMY
3aKOHHO IIPHMEHEHHE CXeMbl HCNhiTaHHK DBepHyand. Ecan BeposiTHOCTb
TOro, 4TO IIYPyn okaxercs AebeKTHbM, paBHa p=0,015, To BeposT-
HOCTb TOro, uTo Kopo6ka co 100 wypynamu He coaepxuT 6paka, pas-
na (0,985)100=0,22061. CooTBeTcTBYyIOUIEE YAaCCOHOBCKOE NpPHO/IHXKE-
Hue jaer e~1$=0,22313. .., 4o AOCTAaTOYHO TOYHO A/I51 GOJIBLIHHCTBA
npakTHuecKHX Uened. Tenepp mocTaBMM BONPOC: CKOJBKO IIYpPYIOB
JOJIXKHO OHITh B KOpOGKe, uTOGhEI BEPOSITHOCTL OGHAPYXHThb B HEH IO
Kpaiineii Mepe 100 HeaedeKTHHX wWypynos Gewia He Merbie 0,87 Ecau
100+x — HCKOMOE YHC/I0 WYPYNOB, TO X — HeGoJbioe Lenoe. o6k
NPUMEHHTh NyaCCOHOBCKOE MpHOGaHxkeHHe Ans n==100-+x ucnuraHui,
¥MYXKHO 6bI/10 6L [I0JI0XHTh A=np, HO np NPHGIK3HTENbHO paBHO 100p=
«=1,5. Teneps 3ajaya cBejach K HaXOXJAECHHIO HaHMEHLIIEro LEJ/IOro
yucaa X, AJs KOTOpOro

e=15 {144 1,5/1 4+ ... +(1,5//x!} =0,8. (5.8)

[Mo Tabnuuam ') Haxoaum, 4to A x=1 JjeBass 4acTh MNPHOJIHIKEHHO
pasna 0,56, a npu x=2 ona pasua 0,809. HMrak, cornacio nyaccoHOB-
CKOMY npubanxKeHuo, Heo6xoaumo umerh 102 wypyna. B gefictButens-
HOCTH BEPOSITHOCTH HalTi no MeHblled mepe 100 HexedexTHBIX WYPYyNOB
B Kopo6ke co 102 wypynamu pasna 0,8022... .

1) Cmosemnue cmapukt. Kaapli OTAE/NbHBIE 4eJ0BEK B MOMEHT
POXJEHHS HMeeT MaJjo waHcos npoxutk 100 ser, Ho B 6OJbLLIOM OG-
ILlECTBE YHCJIO €XKErOAHbIX POXAEHHH Benuko. V3-3a Bo#H, snuaemmuii
M T. 0[. NDOROJINKHUTEJBHOCTH XI3HH Da3/HYHBIX JIOAEH He sIBJISIOTNS
CTOXACTHYECKH HE3aBHCHMBIMH, OJJHAKO B NEPBOM NPHOIHKEHHH MOKHO
n pOXKJAEHHH CPaBHUTh C n HCOLITAHUAMH DepHy.i, B KOTOPHIX ycre-
XOM siBasieTcsi cMepTh nocse 100 npoxwuthiX JeT. B ycrofunBom obuie-
CTBe, TJ€ HH €ro pasMep, HM YPOBEHb CMEPTHOCTH CYIIECTBEHHO He
M3MEHSIIOTCS, €CTECTBEHHO OXKHJAATh, YTO YACTOTA TeX JIET, KOTA4 YMH-

1) Molina E. C., Poisson’s exponential binomial limit, New York, Van Nos-
trand, 1942. [B stux Tabanuax paust anasedus p(k; A) u p(k; Atpk+1; A+ ..
npu k, mensmomemca or 0 go 100.] [CM. Takke xuury JI. H, DBonbwesa u
H, B, CvupHoBa, yka3auHylo B npuMevanuu Ha c, 165,— Ilepes.}
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paloT POBHO R CTOJIETHHX CTapHKOB, NPHOMHXEHHO paBHa p(k; A),
TAe A 3aBHCHT OT pa3mepa OOlLIEeCTBA M OT COCTOSIHHSA 3L0POBbLS €ro u.je-
noB. Jlauunle no lllsefinapuu NOATBEPKJAAIOT 3TOT BHIBOZ ).

e} Onewamxu, usiomurky u m. n. Eciu npu Habope KHUTH CYIECT-
BYET NOCTOSIHHAsA BEPOATHOCTb TOTO, uto Jobas GykBa 6yier Habpana
HENpaBWJIbHO, M €CJH YCJIOBHA HaGopa OCTalOTCH HEH3MEHHBIMH, TO
MBl HMeeM CTOJILKO HCNBITaHWH BepHyssu, cKolbKo GYKB B KHHTeE,
Torpa yacrora cTpaHHL, COZepalluX POBHO £ oneyatok, OYyAeT npu-
GanxeHHO paBHa p(k; A), rae A — xapakTepucTHka HaGoplukka. Boa-
MOXHasi YCTaJ0CTh HaGOpIIMKA, TPYAHbIE MECTa TEKCTA ¥ T. M. YBeJH-
YHBAIOT BEPOSITHOCThL OLIMGKH W MOTYT NPHBOIWTbL K CKOMJIEHHAM Ore-
yatok. Taknum o6pa3om, dopmy.ay IlyaccoHa MOXHO HCNOJB30BATH AJIS
0o0HapyXeHHs CYIIECTBEHHLIX OTKJOHEHHH OT HOPMEl HJH OT TpeGoBa-
HHH CTATHCTHYECKOTO KOHTPOJA. AHaJOTHYHBIE PAcCYXAEHHS NpHMe-
HHMBl BO MHOTHX cayuasax. Hanpumep, eciu B TecTo KJaayT MHOTrQ
H3I0Ma, TO [OCJEe NepeMelHBaHHA CJIEAYeT OXHAaTb, YTo AoJaf GyJo-
4yeK, COAEepPIKAllMX POBHO £ H3IOMHHOK, GylerT npHG/IHXEHHO paBHa

~p(k; A), rae A — NJOTHOCTL H3IOMa B TECTE. »

§ 6. PACIPEREJIEHHE NYACCOHA

B npeaninymem naparpage nyaccoHosckie BeposiTHOcTH (5.7) ¢u-
I'YPHPOBAJIH JIHIIb KaK YA00Hkle NpHb/HXKeHUs 118 GHHOMHAJILHOTO pac-
npejeneHds B ciayyae GOJLIIKX A U MATHIX p. B cBf3d ¢ 3ajauamu o co-
BNajJeHUAX H O pasMelleHHAX B ra. [V H3yyasauch pa3/iuyHble BEPOAT-
HOCTHBIE pacnpejiesieHdsi, KOTOPblE B MpeJese TaK:Ke NPHBOAHJIM K Iy-
4CCOHOBCKHMM Bblpaxenusm p(k; A). 3aech Mbl CTaJKMBaEMCH C 4acT-
HbIM CJ1yYaeM TOTO 3aMeuaTeJbHOro (akTa, YTO CYLIECTBYET HECKOJLKO
pacnpegesneHuit GoJblLOH YHHBEPCAJLHOCTH, KOTOPhIE MNOSBJSIOTCH B
CaMblX pa3Hoo0pasHulX 3ajauax. TpemMsi OCHOBHHLIMH pacnpeje’ieHHus-
MH, BCTPEYAIOLIMMHCH BO MHOTHX 3ajjauyaX TEOPHH BEPOSTHOCTEH, siB-
JsTc GMHOMHA/bHOE pacnpeleseHie, HOPMajbHOe pacrnpeieseHde
{xoTopoe Gyner BBefeHO B ciepymollelt riase) u pacnpedenenue [Iyac-
coHa

p(k; A)=e-"Ar/R!, 6.1)

KOTOpPO€ MBI PacCMOTPHM Tenepb GoJsiee MoApPoOBGHO.

3ameTdM CHauaja, YyTo MPH cjoXKeHuH paBeHcTB (6.1) aas k=0,
1, 2,. .. B npaso#t yacti noayuyaercs psa Teijopa ans et, yMHOXeH-
HBA Ha e~* CuienosartenbHo, 448 J1060r0 (GUKCHPOBAHHOTO A cymma
p(k; A) paBHa eauHHUE, H NO3TOMY MOXHO NpeACTaBUTb cefe upeasb-
HHEIf 3KcnepuMeHT, B KOTopoM p (B; A) siB/isieTcs BEPOATHOCTBIO POBHO &
ycnexos. Ceffyac Mbl noKaxeMm, NouyeMy MHOrHe ¢H3HYecKue OMLITHL H
€TaTHcTHYECKHE HAOJI04eHHA AEACTBUTENLHO NPHBOAAT K TAaKOH HHTEp-

——

) Gumbel E, J,, Les centenaires, Aktudrske Vedy, Prague, 7 (1937), 1-8,
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nperauut (6.1). OOmHOCTE M BaXHOCTb NMPHMEHEHHH pacrpefeneHist
(6.1) wnmocTpupylotcs npumepamu caeayiowero naparpada. McTus-
Has npHpoja pacnpedeneHust [lyaccoHa cTaHer sicHOH TGJBLKO B CBf3l
C TEOPHEH CTOXAaCTHYECKHX MPOLECCOB (CM. MHBIE MOAXOAHR B rj. XII,2
u ra. XVIIL2).

PaccMoTpuM noc/1e0BaTeNbHOCTL MPOUCXOJSIMX C TeUEHHeM Bpe-
MEHHM cJayuadHbIX COObITHH, TAaKHMX, KaK paiHOaKTHBHLIH pacnajg u/n
BhI30BH Ha TeseoHHOH cTaHunH. Kaxzaoe coGbiTHE MpeacTaBIseTCs
TOYKOH Ha OCH BpPEMEHH, M Hac HHTEpecyer cJyuyaiHOe pacrnpeje/eHue
5THX ToueK. CyIIECTBYET MHOTO pPa3/IMYHBIX THMOB TaKMX pacnpejele-
HHH, HO OHHM H3Y4YaloTcfl C MOMOIILIO HENpepLIBHLIX pacnpejesieHHul
BEPOSITHOCTEH, HCCAEJOBaHHE KOTOPLIX OTKJA3ALIBAETCH JA0 TOMa 2.
3zech MB JHIIL [I0OKa)KeM, 4To npocreiiige GH3HYECKHEe NPeAnoJoNKT-
Hls NPHBOAAT K p (k; A) KaK K BEPOSITHOCTH HMETb POBHO & Touek (co-
6oiTHH) BHYTPH MKCHPOBALHOTO HUTEpBaJa onpeaeneHHol anunei. Ha-
LM METOABl HeH30exHo OyAyT rpyObIMH, HO MLl BEPHEMCST K 9TOH 3ajaye
B ra. XII u XVIII, nenoabaya Gosee TOUHBIE METOJBL.

Qu3HYeCcKie NPEANOJIOKCHHA, KOTOpbie Mbl XOTHM BLIPa3UThL MarTe-
MaTHYeCKH, 3aKI04aloTCs B TOM, YTO YCJOBHS 3KCHEPHMEHTA OCTAKOTCH
HEH3MEHHBIMH C TEYCHHEM BPEMEHH M 4TO HernepeKphLIBalolHecs: UHTep-
BaJIbl BDEMEHH CTOXACTHUECKH HE3aBHCHMEI B TOM CMBICJE, 4TO MHQOp-
MauHs O YHCJ/IE COGLITHH B OJHOM HMHTEpBaJie HHUYEro He TOBOPHT 0O
HX uxcse B ApyroM. HenpepriBHbie pacrnpeac/ieHusi BEPOATHOCTEH JaOT
BO3MOXHOCTb BLIPA3HTL 3TH MPEANOJONEHHs HENnoCpeACTBEHHO, OJHA-
KO, OYAy4YH OrpaHHYEHBI JHUCKPETHHIMH BEPOSITHOCTSIMH, MBI JOJIKHLI
HCIMOJIL30BATh MPHO/IHKEHHYIO KOHEUHYIO MOJENb M 34TeM MEePeXOlHTb
K mpejeny.

[IpeacraBum ceGe efHMHHUYHBIA HHTEPBaJ BPEMEHH, pa3jle/IeHHBIA Ha
1 NOABIHTEPBANOB AJHHON 1/n. 3371aHHYI0 KOHEUHYIO COBOKYMHOCTL TO-
YeK B 3TOM MHTEDBaJie MOXHO pacCMaTpHBaTh KaK pe3yJsbTaT cJydalil-
HOTrO npouecca, MPH KOTOPOM KaXIEIT TOAKWHTEPBaJ HMEET OfHY H TY Xe
BEPOSAATHOCTD P, TOTO, YTO B HEM COJAEPIKUTCS OJiHA HJIM HECKOJILKO TO-
ueK coBokynHoctil. [logeiuTepean spasercs aufo 3aHAThIM, JHO60 mY-
CTHIM, H M3 TIPEANOJOXKEHHS] O He3aBUCHMOCTH UenepeKphIBAICIHXCS
HHTEPBAJIOB BPCMeHH BHTEKZeT, YTO Mbl HAMEEM JEJA0 C HCMBITAHHSIMII
Bepuyanu: BeposiTHOCTb NOJAYAHTbH POBHO K 3alSITLIX MOALIHTEPBANUB
pasHa b(k; n, p,). [lonaras Tenepb n—>oo, MH J€JaeM 3TY JHCKpeT-
HYI0 MOJEIb Bee Oosee u Go.ee Tousofi. [ipit 3ToM BEPOATHCCTH TOrO,
YTO BeChb HHTEDBA] BOOGULE HE COAEDIKMT TCYEK COBOKYIMHOCTH, AOKINI
CTPEMUTLCS K KOHCUHOMY mnpeieay. Ho Bech HHTepBanm He cOmepauT
TOUEK TOTAZ I TO.IBKO TOTJA, KOIJA HII OJMH IOJBINTEPBad He 3aHsir,
a CePoATHOCTb nocieiHero coluiTist paBHa (1—p,)2. Ilepexons x Jo-
rapudmaM, Mbl BiiidM, UTO 3T2 BeJIIYiHA CTPEMHTCH K Mpejeny OJHO-
BpeMenno ¢ npy,. Cayualt np,—oo 1I€BO3MOMEH, TaK KaK OH 03Haua/l
BB, 4TO B CKO.ib YTOAHO MaJblH MHTEPBaJ NONajaloT GECKOHEYHO MHOTO
TO4YEK COBOKYymiocTH. [losToMy B Halued mojesH HeH3GeKHO CyLECTBYET
uneao A, Takoe, uto np,~h. B 3TOM Ciyuse BEPOATHOCTD HMETH POBHO
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k 3aHATBLIX TOALIHTEPBAJIOB cTpeMHuTCs K p (R; A), H, IOCKOJIBKY Mbl pac-
cMATPHBaeM pa3JIMYHble TOYKH, YHCJIO 3aHATHIX siyeek B npejeJe COOT-
BeTCTBYET YHCTY TOYEK COBOKYMHOCTH, JEXKAUHX B HAlUEM €AHHHYHOM
HHTepBaJie BpeMeHH 1),

B npusoxeHHsX eIMHHYHLIA HHTEpBaJ BpeMeHH HeoOXOAHMO 3aMe-
HHTb HHTEPBAaJOM NpPOH3BOJBHOH AIHHHL f. Ec/iH OnfiTe pasjiesHTb ero
Ha NOJBIHTEPBAJb] AJHHE 1/1, TO BEPOSATHOCTH p, OCTAIOTCSA HEH3MEHHbI-
MH, HO YHCJO NOJLIHTEPBAJIOB PABHO LeJOMY 4Hcay, OanxadmeMmy K
nt. Tlepexos K npeseny 6yJeT TakuM 3Ke, TOJbKO A 3aMeHseTcsl Ha Al
3TO NPHBOJMT HAC K HHTEPNpeTauHH BeJHYHHEL

p(k; M) =e-M (Af)¥/k! (6.2)

KaK BEPOSMHOCMU UMems POBHO kR mouex 8 UKCUPOBAHHOM UHMEPBAAE
Oaunst t. B nacmuocmu, 8epoamuocms moeo, 4mo 8 uxmepease OAUHbL
t He 6yOem Hu OOHOU mouku, pasHa

p (0; Af) =e-M, (6.3)

H, CJeJ0BaTeJbHO, BEPOATHOCTL HMETh OXHY HJH HECKOJbKO TO4YeK
paBHa 1 —e~M,

[Tapamerp A — ¢du3ilyeckas NOCTOSTHHAS, KOTOpAs ONpejeseT NJI0T-
HOCTb Touek Ha ocy f. Yem Gosblue A, TeM MeHblue BeposiTHOCTb (6.3)
Toro, uro Touek HeT. IlpexamosoknM, uTo HexoTOpHIA (H3HUECKHH IKc-
NepHUMEHT NMOBTOpsieTcs GoJbluoe yHesao N pas M 4TO KaMAWHA pa3 nof-
CUMTHIBAETCA YHCJIO0 COGLITHE B HHTepBajle QHMKCHPOBAHHOH NJIHHBL f.
[Tycts N,— KOJMMYECTBO 3KCNEPUMEHTOB, B KOTOPHIX Habmojaercs
poBHO k coOutnii. Torama

N,+N,+N,+...=N. (6.4)
Obwee yucso Touek, HabmoaaeMblx B N 3KCnepHMEHTaX, PaBHO
N,+2N,+3N;+...=T, (6.5)
n T/N — cpennee. Ilpn Gosnblunx N Mel OXHjaeM, 4TO
N, ~Np(k; At) (6.6)

(3TO JlexUT B OCHOBEe BCeX NPHMEHEHHH NOHATHS BEPOSITHOCTH H Gyger
060CHOBAHO H YTOYHEHO C NOMOULBIO 3aKOHA GOJBIIMX yHces B 1. X).
[Toxcrasnas (6.6) B (6.5), HaxoxuM

TxN{p(; M)+2p(2; M)+3p@; M)+ ...}=
— Ne=MAt {14M/1 4 (AY2 ...} = NAE, (6.7)

1) MoxHO npejcTaBHTBL cebe M APYTHe BO3MOKHOCTH. Hamra mMozens mMoxer GhITh
N0Je3HOM NP U3YYEHHH aBTOMOGHJIBHBIX KaTacTpod, Ho OHa HelpUMEHHMa, eCIH NOg-
CYMTHIBAETCH HE YMCIO CaMux KatacTpod, a yuciao pa3buthix aBroMobHAed. 3o ofbac.
HAeTCs TeM, 4TO B HEKOTOPHIX KaTacTpodax yuacTByeT GoJiee OAHOTO aBTOMOGHAS, H
1o3TOMY Heo6XO1HMO pacCMaTpHBATh CJAY4aH, KOIJa BCE TOUKH pa3JHyHH, KOTAa eCTh
ABe COBNafaloUIHe TOYKH, TPH COBNZAAIOUIME TOUKH H T. 4. B npejese MBl IPHXOJUM K

eHHoMy pacnpegenteruio [lyaccona (cm. ra. XI1,2). C Toukn apeHns Gonee 06«
WX mpoIeccoB MOXKHO CKa3aTh, YTO MBI CYUHTaEy TOLKQ YHC/IO CKayKos, Ho HE pac-
CMaTPyBaeM Hx BeJHUUHY,
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H MO3TOMY
M~TIN. (6.8)

310 cooTHOWIEHHE AaeT HaM METOJ OLEHKH A mo HaG/IOZeHHsSM M Cnocod
CpaBHEHHS BHIBOJOB TEOPHH C pe3y/bTaTaMH onblToB. IlpHmepnl H3
cienyioero naparpada npoWJJIOCTPUPYIOT STOT MOAXOX.

TIpocTpaHCcTBEHHbIE pacnpefeseHUst

Mpl paccmotpesnu pacnpefesneHHe CAydaHHBIX COOBITHI HJIM TOYEK
HA OCH I, HO Te e CaMble PacCyX/JeHUS NPUMEHHMBbl K pacnpee/eHHAM
TOYEK HA NJOCKOCTH WJM B mpocTpaHcTBe. BmecTo MHTepBasoB JJIMHKL
t 6yayT objacTH mJowanr uay o6wema f. OcHOBHOE NpeAnoJoXKeHHe Co-
CTOMT B TOM, YTO BEPOSITHOCTb MMeTb R TOUeK B J11060H onpejeneHHON
00/1acTH 3aBHCHT He OT ee GOPMEI, a JHIIb OT ee MJIOLAAH HJIH
o6bema. Kpome Toro, CoXpaHuM Te e npelnoJOXeHHus!, YyTo W PaHblle:
1) npu ManeiXx ! BeposITHOCTb HMeTb GoJiee OJHOH TOUKM B 06JACTH
obnema f Masla N0 cpaBHEHHIO C {; 2) HenepeKphIBalouecs 06/1aCTH B3a-
HUMHO He3aBHCHMBL. [I/1s1 HaxoXJeHusi BEPOSTHOCTH TOro, uto B 06/1acTi
o6neMa ¢ COAEPXKHTCS POBHO k2 C/IOydadHBIX TOYeK, pas3obbeM 3Ty 06-
JactTb Ha n nofo6JacTed M B KayecTBe NPUG/IMKEHHS IJs HCKOMOi
BEPOSITHOCTH BO3bMEM BEPOSITHOCTb MOSBJEHHS £ YCEXOB B 7 WCIIh-
TaHHAX. DTO 03HAYaeT, YTO Mbl npeHeGperaemM BO3MOMKHOCTBIO HAWTH
6oslee OXHOH TOYKH B ORHOM M TOM Ke noRO6/JACTH, OJHAKO M3
Halero mnpejnosoxeHuss 1) BHTeKaeT, 4YTO JomycKaeMasl LOTpell-
HOCTb CTPEMHTCS K HYJIIO npH n—-oco. B npejese cHoBa noJiyyaeTcs pac-
npefenende Ilyaccona (6.2). 3Be3abl B KOCMOCe, H3IOMHHKH B Kekce,
ceMeHa COPHSAKOB Cpelid ceMsiH 3/1aKa, Je(eKTE B MaTepHa/lax, BEIBOAKH
XHUBOTHBIX B 1noJle pacupejie/ieHsl corjlacHo 3akoHy Ilyaccona; cM. npu-
mepu 7,6) u 7,R).

§ 7. HABJIIOAEHHU A1, COOTBETCTBYIOIIHE PACNIPEAEJIEHHIO TYACCOHA 1)

a) Paduoaxmusneui pacnad. PaavoakTHBHOE BeIECTBO HCHYCKaeT
@.-4aCTHIIbI; YHCJIO YaCTHL, HOCTHralOlMX 3aJaHHOM 4acTH MNpOCTpaH-
CTBa B TEYEHHE BPEMEHM f, JdeT XOpOLIO H3BECTHBLIH NMpUMeEp cayuaii-
HHIX COOBITHF, nogunHsomuxcs 3akoHy Ilyaccona. Koweuno, setect-
BO HENPepLIBHO pa3pyllaeTcss M yepe3 MJUTEJbHBIH NPOMEXYTOK Bpe-
MEHHM NJIOTHOCTh NOTOKA o-uacTHl yMeHbiuaercs. OfHako AJs pamns
11€00X0JMMB] TOABI, MpexJe YeM Takoe YMeHbIIeHHEe CTAHET 3aMEeTHLIM;
JJIs OTHOCHTENIbHO KOPOTKHX NEepHOJOB BPEMEHH YCJIOBHS MOXKHO CYli-
TaTb HEH3MEHHLIMH, M Mbl HMeeM HJeasbHYIO peaNu3alHi0 [npeanoso-
JKEHM i, KOTOpLIE NPUBOAAT K pacnpefesenuio Ilyaccona.

1) Pacnpegenenue ITyaccona cTano H3BeCTHO MOA HA3BAHHEM 3aKOHA MAJEIX YHCEM
HJIH PeJIKHX COOBITHH, DTH HeNPaBUMbHbIE HA3BAHHSA 3aTPYAHHUJK NOHHMAHKE OCHOBHON
ponu pacnpenenenus ITyaccona. Crenyiomsue npuMeptl NMOKaKyT, CKOJNb OOMaHUHBH
TAKHE «CHHOHEMLI pacupegesnenrs Ilyaccona,
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B oanHOM H3BeCTHOM 3KCNepHMeHTe ') pafHOaKTHBHOE BELIECTBO Ha-
6atonanu B teuenne N =2608 uHTEpBANOB BPEMEHH NO 7,5 CEKYHA Kak-
IblH; AJS KaXJAOrO0 MHTEPBAJNA PETHCTPHPOBAJIOCh YMCJO YacTHI, Jo-
CTHTIIMX cyeTyuxa. B Taba. 3 npusedensl yucaa N, HHTEPBAJIOB, B Te-
YeHHe KOTOPhIX Habmofauch poBHO R yacthll. Obliee YHCJO wyacTHIL
pasno T'=Y%N,=10094, cpennee — T/N=3,870. Teopetnueckue 3na-
yenus Np{k;, 3,870) kaxyTcs ROCTATOYHO OJIM3KHMH K HAOMIOAEHHBIM
yncaam N,. UTto6bl cyadTh O cTeneHH 3TOH GJIH3OCTH, HYXKHO OUEHHTh
BO3MOXKHBIE BeJMUMHBL CAyyaiHhX (aykryauuil. CTaTHCTHKH CYRAT O
CTENEHH COOTBETCTBHS C NOMOMIbIO KpHTepHsa %% CoriacHo 3TOMY KpH-
TEPHIO, NpH MAEAJBHLIX YCJAOBHAX CJIEAYET OXHAATH NPHOJIH3HTEINBHO
B 17 u3 100 aHa/IOTMYHBLIX CJy4YaeB OTKJOHEHHH OoJiee 3HAYMTENbHLIE,
yem B Taba. 3,

Tabauya 3
Mpumep «a». PaguoakTuBHBIA pacuag

k Ng Np(k; 3,870) k Ng Np (k: 3,870)
0 57 54,399 5 408 393,516
1 203 210,523 6 273 253,817
2 383 407,361 7 139 140,325
3 525 525,496 8 45 67,882
4 532 508,418 9 27 29,189
=10 16 17,075
Bcero 2608  2608,000

6) ITadenus camoremos-chapsdos ¢ Jlondone. B xauectBe npumepa
pacnpeflefieHHs CaydYadHbIX TOYEK NO NOBEPXHOCTH PACCMOTPHM CTa-
THCTHKY NafeHH#l caMOJIeTOB-CHAPAA0B B IOXKHOH YacTH Jlonjona Bo
BpeMs BTOpOH MHMPOBOH BOiHHbI. Bcio ofnacth passenum Ha N=576
HeGOJIBIIMX Y4YacTKoB, KaAblil miomaibio t=1/4 ks. kM. B Tabn. 4
npuBejieHH uucaa N, yyacTkoB poBHO ¢ k nazenusmu ?). Obuiee gucio
nagenuit pasHo T =YkN,=5037, cpemnee —At=T/N=0,9323. ..
CoBnajende ¢ pacnpenesnenHem IlyacconHa nopasuTeNbHOE; COTJIACHO
KDHTEDHIO %2, TPH HJeaNbHEIX YCJOBHsX npumepHo 88% anamoriy-
HEIX Ha6miofeHH il aanau Obt Xylinee cootBeTcTBHe. IHTEpecHO OTMETHTD,
yTo GOJILIIMHCTBO HACENEHHsS BEPHJIO B TEHJAEHIHIO TOYEK TNaJeHHA
CKaNJIEBAaThCH B HECKOJbKHX MecTaX. Ecy 6bl 370 ObIO BEPHO, TO

1) Rutherford E., Chadwick J., Ellis C., Radiations from radioactive substan-
ces, Cambridge, 1920, 172, Ta6xa. 3 ¥ ouesKa 1O KPHTEpPHIO X B3ATHl H3 KHHUIH
Kramér H., Mathematical methods of statistics, Uppsala and Princeton, 1945,
p. 436. [Mmeerca nepesoa: Kpamep I'. Martemarnueckue METOAB! CTATHCTHKH.— 2-e
u3f— M.: Mup, 1975, c. 472.]

2) Jlannne 3aumcTBoBanb 3 crathn Clarke R. D., An application of the Poisson
distribution, Journal of the Institute of Actuaries, 72 (1946), 481,
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C/IeR0BaJ0 Obl OXHAATH GOBIIYIO JOJIO yYacTKOB 6e3 pa3phBOB JHGO
¢ GOJIBIIMM UHCJ/IOM Pa3PblBOB H MEHBIIYIO JIOJIIO YYACTKOB IPOMEXY<
TOYHOrO KJacca. Ta6a. 4 MoKasbiBaeT, yTO TOUKH NaJ€HHA OblLIH CO-
BepIUEHHO cJ/1yyaHHbIMH, BCE YYaCTKH DaBHONPABHBIMH; 31€Ch MBI HMe-
€M NOYYHMTEJBHYIO HJIIOCTPALHIO TOTO YCTAHOBJIEHHOTO ()aKTa, YTO HeE-
HCKYHIEHHOMY UYE€JOBEKY CJy4aHHOCTb NPEACTAB/AETCH PETYJspPHOCTHIO
IJIH CTPEMJICHHEM K CKOINJIEHHIO.
Tabauya 4

Npumep «6», Nagenus camoneroB-cHapanos 8 Jlosgone

k 0 1 2 3 4 5 u Goxee
Np 229  |211 93 |3 |7 1
Np (k;0,9323)]226,74|211,39(98,54 30,62 (7,14|1,57

B) Ilepecmpoiixa xposocor 8 kaemrax. OOnyyeHne peHTTEHOBCKHMH
JIy4aMH BbI3bIBA€T B OPTraHHYECKHX KJIETKAX ONpeJeseHHble NpPOUECCHI,
KOTOpBlEé Mbl Ha3blBaeM nepecTpoikoil xpomocos. Bo Bpems obayde-
HHSI BEPOSITHOCTb TAKOM NepecTPOMKH OCTAaeTCs HOCTOSIHHOH H, corJac-
HO TEOpHH, yicha N, KIETOK, COAEPKAIINX POBHO 2 H3MEHEHHH, JOJIXK-
Hbl NMOAYMHATECH pacnpenenendio [lyaccona. Teopus cnocofHa Takxe
npeicKasaTh 3aBHCHMOCTb MapaMeTpa A OT HHTEHCHBHOCTH OOJIYYeHHH,
TeMNepaTypel H T. 4., HO Mbl He OyleM BIaBaTbCs B 3TH J€Tajil.
B tabs. b npuBeNeHbl pe3sy/bTAaThl OXMHHAAUATH Pa3JHYHBIX CEpHH 3IKC-
nepumeHToB ). OHM CTPYNNHPOBAHBI 0 CTENEHH HX COOTBETCTBHS TE€O-
pu. B nocnepHem crosbue yKasaHbl NpHMEpPHBIE NPOLEHTHl CJY4a€eB,
B KOTOPBIX NpPH HIEAJbHBIX YCJOBHAX (MO KPHTEPHIO %*) cJayudaiiHble
dbaykTyauun nann Obt XYAlUee corJacoBaHHe ¢ pacnpefenexuem [lyac-
cona. Cornacne mexay TeopHed H HaOMIOJEHHSMH IOpPA3HTE/BHOE.

r) Coedunenusn ¢ HenpasusbHeim HOMepoM. B Tabn. 6 nokasaHa cra-
THCTHKA Tese(OHHBIX COELHHEHHI C HeNpaBHJLHBIM HOMepoM 2). Bcero
Habmonanoce N=267 HomepoB; N, o0603HauaeT, CKOJbKO HOMEDOB
HMeJi POBHO k HenpaBHJIbHBIX coefHHeHHH. Pacnpenenenne Ilyaccona
p(k; 8,74) onaTb noaxoAuT yAHBHTEAbHO Xopoluo. ([To kputepuio 2
OTKJIOHEHHs! GJIH3KH K cpelHeMy 3HayeHH10.) B cratwe TopHpuaiika uu-
TaTe/b HaHIeT CBeNEHHS O APYTHX TesetOHHBIX CTATHCTHKaX, NOAYH-
HAaomHKXxca 3akoHy [lyaccona. WHorpa (Hanpumep, B cayude rpynno-
BOH a0OHEHTCKOH JHHHH, BbI30BOB H3 TpYynnbl TeJeGOHOB-aBTOMAaTOB
I T. 1.) CYIECTBYET OYEBUAHAS B3aHMOCBS3b MEX1Y COOLITHSIMH, H TOT-
na pacnpefienenne IlyaccoHa He NOAXOAHT.

1) Catcheside D. G., Lea D. E., Thoday J. M., Types of chromosome stru-
ctural change induced by the irradiation of Tradescantia microspores, Journal of
Genetics, 47 (1945—46), 113—136. Hawa Ta6aunna cosnaiaer c ta6a. 1X aroit crarbi,
MBI JHILIb NOJCYHTATH 3aHOBO %2-YPOBHM C ORHOH CTenenblo cBOGOABI.

2) Jlauuble 3adMcTBOBaHbl n3 paGotsl Thorndike F., Applications of Poisson’s
probability summation, The Bell System Technical Journal, 5 (1926), 604—624,
B s10it cTathe cogepxuTcd rpaduyecKdit ananu3 32 pasauiHEIX CTATHCTHK,
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Tabauya §
Hpumep «B». Hepecrpoiixa xposocoM, BLI3BAHHAA PEHTreHOBCKHM
ob6ay4yenuem
Kaerskn ¢ & naMeHenusux o
Homep O6wee E%
onnTa 4ucao L
0 1 2 | 3 rE
Xn
1 Ha6moaexnoe Ny 753 1266 |49 5 1073 | 95
Np(r; 0,35508) 752,3{267,147,4| 6,2
2 Ha6nogennoe Ny 434 {195 |44 9 682 | 85
Np(k; 0,45601) 432,3{197,1144,9] 7,7
3 Ha6nwozennos Np 280 75 12 1 368 | 65
Np(k; 0,27717) 278,9{ 77,3110,71 1,1
4 Hab6awogennoe Ny (2278 {273 15 0 2566 | 65
Np(f; 0,11808) 2280,2269,2115,9] 0,7
5 Ha6atonennoe Ny 593 (143 |20 3 759 45
Np(k; 0,25296) 589,4/149,1118,8] 1,7
6 Ha6aogennoe Ny 639 (141 13 0 793 | 45
Np(k; 0,21059) 642,4|135,3114,2) 1,1
7 Ha6awgenrnoe N, 359 109 13 1 482 | 40
Np(k;, 0,28631) 362,0/103,6{14,9| 1,5
8 Ha6nogennoe Ny 493 [176 |26 2 697 | 35
Np(k;, 0,33572) 498,21 167,3]28,1| 3,4
9 | Ha6amoacnnoe N 793 [339 |62 |.5 1199 ; 20
Np(k; 0,39867) 804,8{320,8164,0} 9,4
10 Habaoaennoe Ny 579 254 |47 3 883§ 20
Np(k; 0,40544) 588,7]238,7148,4] 7,2
11 Ha6nwaennoe Ny 444 | 252 59 { 756 5
Np(k; 0,49339) 461,6)227,7 (56,2 10,5
Tabaruya 6
Hpumep er». CoellHEHHS C HENPABHILHBIM HOMEPOM
k Nk Np(k;8,74) k Nk Np(k;8,74)
0—2 1 2,05 11 20 24,34
3 5 4,76 12 18 17,72
4 11 10,39 13 12 11,92
5 14 18,16 14 7 7,44
6 22 26,45 15 6 4,33
7 43 33,03 =16 2 4,65
8 31 35,09
S| 8| B8] [w |
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) I1odcuem Gaxmeputl u xaemox xkposu. Ha puc. 1 BocnpousBezena
tdororpadus yamku Ilerpu ¢ kosoHHsIMH GakTepuil, KOTOPblE NOJ MHK-
POCKONOM BHAHBI KaK TeMHble NATHBILKH. Yallka pasfeseHa Ha Ma-
Jenbkue KBajaparhl. B Tabn. 7 npuBeseHbl HaGMofeHHblE B BOCbMH

Puc. 1. Baktepun B uamxe [lerpu.
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Tabauya 7
Npumep «a». Uncao Gaxtepui
k 0 1 2 3 4 | s |6 | 7 (RO
Ha6alwosesnoe Ny 5 19 26 26 21 13 8 97
ITyaccoHoBckoe 6,1} 18,0 26,7 26,419,611,7] 9,5
Ha6alonessoe Ny | 26 40 38 17 7 66
ITyacconosckoe 2751 42,2 32,5 16,7 9,1
Ha6mogennoe Ny | 59 86 49 30 20 26
ITyaccosoeckoe 55,6 | 82,21 60,8 30,01 15,4
Ha6alogennoe Ny | 83 134 135 101 40 16 7 63
ITyaccososckoe 75,0 {144,5 (139,4 | 89,7 | 43,3 |16,7| 7,4
Ha6mwogersnoe Ny 8 16 18 15 9 7 97
ITyaccoroBckoe 6,81 16,2 19,2 ] 15,1 9,01 6,7
Ha6alogesnoe Ny 7 11 11 11 7 8 53
ITyaccoroBckoe 3,9| 10,4} 13,71 12,01 7,9} 7,1
Ha6alogesnoe Ny 3 7 14 21 20 19 7 9 85
ITyaccosoBckoe 2,1 821} 15,8 20,2{19,6(15 9,6 9,6
Ha6.oness0e Ny | 60 80 45 16 9 78
ITyaccosoBckoe 62,6 | 75,8 45,8| 18,6 | 7,3

IMocaeauee 3nauenue Nk

MBILUIEK ¥ N0ITOMY B COOTBETCTBY!OIleM cTonble CAeROBaN0 Gn ykasaTe ¢k uan Ganeer.

B KaXXAOR CTpOKe YWYHTHIBAET KBaApPaTh C GOJLUIEM HHCIAOM AT
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SKCNEPUMEHTAX C BOCEMbIO Pa3/IMYHbBIMH BHJaVH GakTepHid yHcJa KBaj-
paToB, COLEPXKaAILUX POBHO & NMATHBIUEK ). 31€Cb Mbi HMEEM IpHUMEp
BaXHOro NPaKTHYECKOro NPHMEHEHHSA pacnpefenenus [lyaccona x pac-
Npeie/JCHHAM CAYYalHbBIX TOYEK MO NOBEPXHOCTH. >

§ 8. BPEMA O)KHRAHUS.
OTPHUATEJILHOE BUHOMUAJILHOE PACNPEAEJIEHHE

PaccMoTpeM noc/1e10BaTeNbHOCTD 7 HCnbiTaHHH bBepryaaun. Hac ue-
TEpeCYeT, CKOJNbKO HCMBITAHHH NPEALIECTBYIOT 7-My Yycnexy, rae 7 —
¢HuKCHpOBaHHOE NOJOXHTENbHOE wHesioe. O6liee yHC/IO yCnexos B n
HCNLITAHHAX MOXKET OHITh, KOHEYHO, MEHbIUE 7, HO BEPOATHOCTb TOTO,
YTO 7-# YCeX NPOH30HAET NPH Vv-M HCNBITAHHH, TAE V< A, OYEBHJIHO,
He 3aBHCHT OT 7 H 3aBHCHT TOJILKO OT v, 7 ¥ p. [lockoabKY HeoGXoau-
Mo, uTo6H v—=r, yaoGHo nucate v==k-+r. Beposmnocms mozo, umo
r-ii yenex npousotdem npu (r+k)-m ucnemanuu, 20e k=0, 1, .. .,
6ydem oBosnauams 4epes f(k;, r, p). Ona paBHa éeposmuocmu umemo
posHo k HeyOau neped r-m ycnexox. Takoe coBGbiTHE NPOHCXOAMT TOrAa
H TOJbKO TOTJa, Korjga cpeid r-+k-—1 HcnbiTaHd#l ecTh pOBHO k2 He-
yaau, a caenyroutee, uau (r-+k)-e, HCHITaHHE 3aKAHYMBAETCS YCNIEXOM;

r+k—1
COOTBETCTBYIOIHE BEPOATHOCTH paaum( + b )p"“q" H p; caeno-
BaTeJbHO,

[k 1, p)=('+:_l)p’q"- @8.1)

IlepenuceiBasg GHHOMHANBHBIH KO3(QHIHEHT B COOTBETCTBHH C ¢opMy-
aoi (12.4) ra. I, naxoxuM skeusaneHTHYIO GOpMY 3anHCH

[k r, p):(_;zr)p’(—q)", k=0,1,2, .... 8.2)

[IpeanonoxuM Tenepek, 4T0 ucnuimavus bepuysru nposodames 6o
mex nop, noka He Hacmynum r ycrexog. THIHUHOE 31eMeHTapHOE coBbITHE
NpeACTapAseTcs B BHAE MNOCJEAOBATE]bHOCTH, COAEPKAIIEH c/AyyaiHoe
ahgcao k 6yks H u poeHo r Gyks ¥ H 3akanuuBawoleics Gyksoi Y,
BEPOSAITHOCTb TaKOro COOBITHR €CTb, IO OnpeleseHwio, pTg*k. Ml
JOJIXKHHE, OAHAKO, NMOCTABHTb EONPOC, BO3MOXKHO JIH, YTO HCNBITAHHS
HHUKOrZa He 33KOHYaTCs, T. €. CYLIECTBYET JH GecKOHeuHas nocsefo-
BaTeJbHOCTh MCMLITAHHA C YHC/JIOM YCNEeXOB, MEHbIUMM YeM r. Tak kax

o«
zf(k; r, p) ecThb BEPOATHOCTb TOrO, YTO 7-fi yCnex npousoHAeT nocie
k=0

KOHEYHOr'o 4HCJa HCﬂblTaHHI‘:I, TO BO3MOXHOCTbBIO CYIIECTBOBAHHUSA 6ecko-
HEYHOH noCJ/el0BaTeNbHOCTH C YHCJOM ycne€xos, MEHbLIUHM UYeM 7,

1) Tabnuua aawmcrsosana H3 kuurk Neyman J., Lectures and conferences on
mathematical statistics (mimeographed), Dept, of Agriculture, Washington, 1938.
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MO2KHO npeHedpeqb TCrAa H TOJNBKO TOrjad, Korja

I\l

> fk;r, p)=1. (8.9)

k=0

Ho 3to Tak B cuay caenyroumero cpoiicTBa GHHOMHAJBHOTO psifal

- r

3 (3 ) —ar=—gr=p. 8.4
k=0

Yumuoxasn (8.4) Ha p”, noayuaem (8.3).

B naweit 3ajaue o BpeMeHH OXUAAHHSA 7 0643aTeJLHO ABJAAETCSH 110+
JIOXKHMTEJNbHBIM HEJBIM, HO BeJHMYHHA, onpejfeasemas Jqubo (8.1), aubo
(8.2), HeorpuuatensHa H (8.3) cnpaBefquBO /15 JM106GOTO NOJOKHTE b=
Horo r. Has npousgoasrelx urcuposannsix r=>0 u 0<<p<<l nociedosa-
meastocms {f(k;, r, p)} Hasveaemcs ompuyamenbHsim GUHOMUAALHBIM
pacnpedeseriues. OHO BCTpeYaeTCss BO MHOTHX TPHJOXKEHHAX (M MbL
yKe CTaJKHBAJHCh C HHM B 3aaade 24 ru. V,8 Kak c npenesnsHo#t dop-
Mol pacnpenenenus [loiia). Jlna nosoXHTeNbHBIX LEJBIX 7 [10C/€10Ba-
TeabHOCTh {f (k5 7, P)} MOXKHO IIHTEPNPETIIPOBATb KAK BEPOSAMHOCMHOE
pacnpedenerue 6pemMent 0xUGanus r-20 ycnexa; B Takoi Gopme oHO Tak-
XKe HasniBaetcs pacnpedeaeruesm Ilackaars. Ilpu r=1 oHo cBognTCs K
zeomempuseckomy pacnpedeaenuo {pg*}.

INpumepst. a) Sadaua Laraxa o cnuuednsix xkopobkax '). Hexuil ma-
TEMA4THK BCErja HOCHT B NIpaBOM M JIEBOM KapMaHax No KopoGke crnu-
yek. Korja eMy Hy»KHa CIHuKa, OH Hayraj BuIOHpaeT OQMH H3 KapMa-
noBs, IlocsenoBatennnnie BeIOOpEl 06pa3yloT, TakHM o0pasoM, HCIkITa-
nus Bepuyann ¢ p=1/2. IlpeanosoxiM, 4TO B HayaJbHBI MOMEHT
Kaxjas KopoOka comepxaja poBHO N CNHYEK, H pacCMOTPHM MOMEHT,
KOrja MaTeMaTHK 6/1epgvie BBITAIHT NYCTYI0 KOpoGKy. B 3tor Moment
apyras xopoGka moxer copepxats 0, 1, 2,. .., N cniuex; cooTBercT-
BylOUlHe BEPOATHOCTH 0003HauHMM yepe3 u,. JloroBopHMCS CUHTATb «yC-
nexoM» BHGOp KopoOku u3 JeBoro xapmana. Ma Jesoro xapmana Gy-
JIeT BBIHYTa mycTas KopoGKa, a B NpaBoM B 3TO BpeMaA OyneT poBHO r
CIHYEK Torga M TOJABKO Torja, xoraa (N-+1)-My ycnexy npejuuecr-
Byior N—r Heynau. BeposarnocTs 3storo cobuitHs pasHa f (N—r; N-+1,
1/2). Touno Tak e MOXHO pacCyJaTb H O NpaBoM KapMaHe H, cJejo-
BaTeJbHO, HCKOMAas BEpPOSTHOCTb PaBHA

W =2 (N—r; N1, 1/2)=(2NN r

UncJ/enHble 3nauenns B caysae N=50 nauel B taba. 8. (CM. takxe 3a-
naun 21 u 22 umxke u sagauy 11 ra. 1X,9.)

Yoo, @

1) Aror npuMep BO3HMK H3 WYTJHBOrO 3aMedaHud o npuBnuKax Banaxa (cae-
nannoro I'. Ilreinraysom) Bo BpyueHHoM eMy aapece. IIpuMep cTan HeoxHAaHHO
nonyJaApHbIM B JIATEPAType, H M0 3TOi NPHYKHE ero HasBanmue coxpaneno, Ilpanus
chBate DBaHaxy aBTOpCTBO 3TOR 33jaud, KOHeyHO, ObI0 Obl OLIHOKOH,
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Tabruya 8
BeposatHocTu (8.5) B 3aja4e o cnMuedHmMX KopoGKax

r u, Ut‘ r up Ut‘

0 0,079 589 0,079 589 15 0,023 171 0,917 941
1 0,079 589 0,159 178 16 0,019 081 0,937 022
2 0,078 785 0,237 963 17 0,015 447 0,952 469
3 0,077 177 0,315 140 18 0,012 283 0,964 752
4 0,074 790 0,389 931 19 0,009 587 0,974 338
5 0,071 674 0,461 605 20 0,007 338 0,981 676
6 0,067 902 0,529 506 21 0,005 504 0,987 180
7 0,063 568 0,593 073 22 0,004 041 0,991 220
8 0,058 783 0,65! 855 23 0,002 901 0,994 121
9 0,053 671 0,705 527 24 0,002 034 0,996 155
10 0,048 363 0,753 890 25 0,001 392 0,997 547
11 0,042 989 0,796 879 26 0,000 928 0,998 475
12 0,037 G676 0,834 555 27 0,000 602 0,999 077
13 0,032 538 0,867 094 28 0,000 379 0,999 456
14 0,027 676 0,894 770 29 0,000 232 0,999 688

4, €cTb BEPOATHOCTh TOrO, YTO B MOMEHT, KOTAA DMePBHE OfHA U3 KODOOOK OKaMeTCH Ny-
ctoft, [PYras CONEPXKHT DOBHO r chnHuex (Npejnosiara€Tcsl, 4TO DHadase KakAas Kopobka
copep¥ana 50 cnuuek). Ur-—uu+u1+ - +U, 03HAYEET BEPOHTHOCTb TOrO, YTO BTOhaA KOpoCKa
coaepUT He Gosee 7 CITHYEK.

6) Obobyenue: nacmorvtoul mernnuc. CyTb pacCMOTpPeHHOH Bhllle 3a-
Jaud CTAHOBHTCS SICHEE, eCJIM pas3HbhiM KOpoOKaM NpHOHCATh pasHbe
BeposiTHOCTH. Jly1s1 pasHoo6pa3ns MPOHJIIOCTPHPYEM 3TOT BapHaHT HHaA-
ve. [Tpeanonoxum, yto Ilerp u IlaBen HrpaoT B HIpy, KOTOPYIO MOXHO
paccMaTpHBaTbh KakK MOCJeAoBaTeJbHOCTb HenbiTaHHA Beprysan c Be-
POSITHOCTSIMH P H ¢, XapaKTePH3yIOLIHMH MacTepcTBO HIpOKOB. B o6biu-
HOM HaCTOJIbHOM TeHHHce NO6eXJaeT HrpoK, nepBblM HaOpaBumHi 21
OYKO, T. €. noGeauBIIH#A npH 2! mopade. Jluisi cpaBHeHHS ¢ mpebly-
MM MPHMEPOM DPaCcCMOTDHM Gosee OOLLYIO CHTyaUHIO, KOria AJjst 00-
mefl noGeab! Hy:sHa mobefia npu 2v-f-1 momade. Torga B urpe Gyzer
camoe Meubinee 2v+1 M camoe Gosbilee 4v—+1 nojau (HMcnbITaHHi).
O6o3zayuM uepe3 4, BepoATHOCTb 06uledl moGenbt Ilerpa npu 4v4-1—r
HCIBITAHHAX. 370 COGHITHE IPOHCXOJHT TOTJA ¥ TOJBKO TOrja, KOrjia
B nepBHIX 4v—r ucnuTaHuAX Ilerp na6pan 2v noben u, cienoBateNsHo,
nobenus B (2v+1)-M ucnoitanii. TaxkuM oGpasom,

ar=(4v2_v_r)p-v+1qw e, (8.6)

B nameit urpe a,+. . .-+-a;y ectb BeposaTHOCTE noGean [Terpa. Beposit-
HOCTb TOTO, YTO HI'PA 3aKOHYHTCA DOBHO nNocie 4v-+-1—r HCOBITAHHH,,
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pasua a,+b,, rae b, onpenensercs gopmynoit (8.6), B Kotopo# p u
g MEHSIOTCH MECTaMH.

Ecau nonoxuts 2v=N u p=g=1/2, 10 BeposTHOCTH a,-}b, cBo-
ASTCH K BEPOSATHOCTHM 4, M3 NpPEblAYLIEro npuMepa.

§ 9. NOJINHOMHAJILHOE PACNPEJENEHWE

BrHOMuanbHOE pacnpejesneHve HeTpyaAHo 0606MMTL Ha caydall no-
CJIEIOBATE/IbHBIX HE3ABHCIIMBIX HCIBITAHHH, Ka)KAOE M3 KOTOpPHIX 3a-

KaHYHBAEETCS! ONIHHM M3 HECKOJBKHX BO3MOMHBIX HcxoaoB. O6Go3HaunM

BO3MOXHBIE MCXO[bl KaXKJAO0To HenmiTaHus yepes Ej,.. .. E, W npeano-
JIO}KHM, YTO BEPOSITHOCTb OCYUIECTBJEHHA HcXola E,; ans kaaoro uc-
noiTaHu A pasHa p; (i=1,. . .,r). Ilpn r=2 nonyuaeM ucnuitanus Bep-

HYJIM; B 06IIEM cJyqae YHCJa p; JOJXKHBL YJ0BJETBOPATEL TOJNBKO cJle-
JYIOIIEMY YCJIOBHIO:

pit. . .+pe=1, p;=0. 9.1)

PesyabraTom n wenbiTanH# 6yAeT, HanpuMep, NOcJel0BaTeJbHOCTh BH-

Aa E3E\E,. .. . Bepoamuocms moeo, umo 6 n ucneimanusx E, npousoi-
Oem ky pas, E, npousotdem k, pas u m. 0., pasHa

[nY/(k, k! .. k)] PYpRp5 ... prf, ©.2)

20e k; — npouseobHble HEOMPULAMEAbHYIE Keable 4UCAQ, Y3eBAemBopAls-
Lye 0HeBUOHOMY YCAOBUIO

ki-thyto R =n. 9.3)

Ilpn r=2 (9.2) cBoaMTCA K OGHHOMHAJBHOMY paclpele/eHHI0 C pp==
=p, p2=q, ky=R, ky;=n—~k. [lokasateabcTBO B 06LIEM CJYyYae OnHpaeT-
cs Ha dopmyany (4.7) ra. 11 v npoBomuTCs Tak e, Kak H AR GHHOMI-
aJbHOTO pacnpeieseHus.

Buipaxkenue (9.2) sanaer noaunosmuabHoe pacnipedeseriie, NOJTHHO-
MHaJbHOE IIOTOMY, 4TO BhIpakeHue (9.2) coBnajaer ¢ oOLWIMM 4YJIEeHOM
paszaomenus noauroma (py+...4p,)" 210 pacnpeleneHHe npHMeHs-
ercs K 6vibopy ¢ é038pauyeruen, Koraa BbiGHpaeMble OOBEKTHl pasGHTH
GoJiee yeM Ha ABa KJacca (HanpuMmep, no npogeccusm).

INMpumepsl. a) KakoBa BEPOATHOCTL NONYUHTh KaXKAY1O IDaHb JBaX-
Abl npu 6pocaluH JABeHaauarH Kocre#? 3xech Ey,. . ., E, COOTBETCTBYIOT
1IeCTH TpaHsM, Bce k; paBHBl 2 U Bce p; pasuu 1/6. Cnegosarensno,
orser Oyaer 1212-¢ 6-12=(,0034. . . .

6) Botbop. TlycTb renepanbHas cOBOKYNHOCTb H3 N 3/1eMeHTOB pas-
6uta Ha kaaccnl Ey,. .. E, obwema N,,..., N, COOTBETCTBEHHO.
INonnnoMnasnbHOe pacnpeieseHne AaeT BEPOATHOCTH BO3MOXHBIX pe-
3yJbTATOB CAY4YaHHOro Bhibopa c BoO3BpallleHHeM o0beMa n M3 3ToH co-
BOKYNHOCTH,
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B) Caoxcnsie *) ucnoumanus bepryaau. JIBe nociie 0BaTeIbHOCTH HC-
NbITaHHIl DepHy/IH ¢ BepOsSITHOCTAMH ycnexa M HeyJayl COOTBETCT-
BEHHO P, §1 W P,, §; MOXHO paccMaTpHBaTb KaK OJHH CJIOXHBIH 3Kc-
NepHUMEHT C YeTHIPbMSI BO3MOMHBIMH HCXOAaMH B Ka)X[IOM HCMbITAHHH,
a UMeHHO KomGunawmamu (¥, ¥), (¥, H), (H, ¥), (H, H). lpeano-
JIO)KEHHEe O HEe3aBHCHMOCTH ABYX HCXOAHBIX MOCJ/eROBaTeJbHOCTEH IpH-
BOAMT K TOMY, YTO BEPOSITHCCTH YeThIPEX HCXOMOB paBHBI COOTBETCT=
BEHHO DP1P32, P1f2 1Pz, §1e. ECaH yeTbipe UeabIX yHcaa Ry, Be, Rs, B4
B CYMMeE AQiOT A, TO BEPOSITHOCTH TOTO, YTO B N MCMBITAHHAX &Y no-
fIBUTCA Ry pa3, Y H noseutcs k. pa3 i T. A., paBHa

[n1/(Ry! k! kot ky1)] pit* Fegp#epyr i, (9.4)

UacTHbifl cayyall pacCMOTPEHHOMH CXeMbl BO3HHKA@eT MPH 8b/60POMHOM
Kowmpose. W3nesme npH3HaeTcsl CTaHAapTHbIM HJH OpPAKOBaHHLIM C
BEPOSITHOCTSIMH COOTBETCTBEHHO p U ¢. OHO MoOmxeT ObiTb MNPOBEPEHO
HJH He MPOBEPEHO ¢ BEPOSATHOCTAMH COOTBeTCTBeHHO p’ H ¢’. Pewenue
0 NpoBepke H3AeNHs NPHHHMaeTcA Ge3 HHpOPMAaUHH O €ro KauyecTBe,

TaK YTO HCNBITAHHS He3aBHCHMBL (CM. 34AauH 25 1 26 Huxe v 3ajauy
12 ra. 1X, 9).

§ 10. 3AIAYH

1. Ilpeanonaras Bce koMOHHAUMK MoJOB feTell PaBHOBEPOATHBIMI, ONPEAENHTh,
KaKyo AoJio ceMefi ¢ [ecTbio AeTbMH OYAYT COCTaBJAATh CeMbH C TPEMA MajJbuHKaMu
¥ TpeMs JeBOYKAMH.

2. Hrpok B 6pupk npu Tpex nociefoBaTelbHBIX Caayax He MOMy4yus Ty3a. Ecre
AH Yy HEro OCHOBAHHMA XKaJOBaThbCA Ha HeBe3eHHe?

3. CkosbKo cayuafiHbIX UHGP HYHHO B35ITh, YTOOE BEPOSITHOCTD MOSIBJACHHH Cpes
I HHX uudpel 7 6bl1a He Medbwe 9/10?

4. Cxo/IbKO pa3 HyXKHO CAaTh KOJOAY KapT AJA HIPbl B 6P (C1a4M He3aBHCH-
Mbl), YTOGLI BEPOATHOCTh TOTO, YTO (PHKCUPOBARHEII HIPOK MO Meliblleii Mepe OAHUH
pa3 MOMYYHT 4eThipe Ty3a, Gblla ne MeHbme 1/2? PewnTb 3ajauy u B Tom caydae,
Korja HIDOK 3apaHee He (PUKCHPyeTCH.

5. ITycTh BepOATHOCTL MonajgaHus B Uelb paBHa 1/5 u NpoHSBOAMTCA JecATh He-
3aBHCHMBIX BbICTpesioB. KakoBa BepOSATHOCTL MONajaHHA B Ue/lb MO MeHbuieH Mepe
ABaKALI?

6. Haifitn B 3a1a4e 5 yc/I0BHYIO BepOATHOCTL NONaJaHHA B Uedb N0 MeHbiweld Mepe
JBa¥Ibl, €CJIH H3BECTHO, YTO MO KPailHe#l Mepe OJHO TOMajaHHe NPOH3OULIO.

7. Haitu BepoATHOCTb TOrO, 4yTo cpeg 13 Kapr, HayraA BhIGDaHHBIX H3 KOJOALI
B 52 KapThl, HMEIOTCH POBHO JIBe KapTh KpacHOf MacTH, CpaBHHTL €€ C COOTBETCTBYIO-
uteil BEPOATHOCTLIC A8 HenmTanuil Bepuyanu ¢ p==1/2.

8. KaxoBa BepoOATHOCTb TOTO, YTO AHH POXKAEHHA LICTH JiOfed npuxoafArTca Ha
[Ba Mecslla, OCTaB]siA POBHO JecATb MecsueB cBobGogubimu? Ilpegnonaraercs Hesa-
BHCHMOCTbL H DaBHOBEPOATHOCTb BCEX MECsIUEB.

9. Haiitn BepoATHOCTL TOro, 4TO NpH 6pocaHud 6 npaBuabLHEIX KocTel eJHHHUa
pbinajaeT a) Mo MeHbLUelt Mepe O&HH Pa3, 6) POBHO OAHH pa3, B) poBHO ABa pa3a. Cpas-
HHTh 3TH BEPOATHOCTH C HX NYaCCOHOBCKAMH NPHOIHAKEHUAMN.

10. W3BecTHO, yTo MEBLH cocTaBasioOT B cpefHeM 1% . Ouenuts BeposTHOCTD TOrO,
uto cpeau 200 atonell okakercs Mo MeHblleil Mepe YeTBEPO JeBlei.

11. KHura B 500 cTpannu cogepxkut 500 oneuatok, QueHUTh BepPOATHOCTL TOIV,
UTO Ha 33JlaHNOH CTpPaHHUE He MEHee TPEX ONEYaTOK,

1) B opurunane multiple.— Ilpun, nepes.
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12, Iansrouuku cocrasasior 1% JMU B HekoTopodt rpynne moneit. Kak Besnka
JlokHa OHTh cayyaiinas BnGopxa (c Bo3BpamielHeM), YTOGB BepOATHOCTL HMETh I
Helt ofHOro fanbTOHMKA Obla He Medbule 0,957

13. B npeaninymiefi 3agave HaliTH BePOSTHOCTb TOTO, 4TO B BHGOpKe u3 100 uesto-
BEK a) HeT NaJbTOHHKOR, ) NaJbTOHHKOB JBa HJIH GoJblle.

14. OuesuTh CpeHee YiCJA0 HIIOMHHOK, KOTOPOE JOMKHO GHTH B 0JHOH GyJouKe,
gro6u He GoJiee ofHOR GyJoukH M3 cTa OBJIO 663 H3KMa.

15. BeposATHOCTL HMETH Ha OJHOH PyKe B NIOKepe AeCATKY, BaJera, AaMy, KOPOJ:
B TY32 ofiHO# MacT# paBHa p=1/649 740. Cko/b BeNHKO NOMKHO OHTE 1, 4ToGH Bepo-
ATHOCTb TOrO, YTO HH Pa3y NPH 7 cAaYax He OKaXKeTcs TAKOTO Hafopa KapT, MeHblc
1/e=:1/3? (3ameqanue. Pemenue He TpeSyeT HHKAKIX BHUHCIEHH.)

16. Kuura B n CTpaHHIl CONEPKHUT B cpeiHeM A oneuatok Ha cTpasuiy. Ouennrh
BePOSAATHOCTb TOrO, YTO XOTA OW Ha ojuoll cTpaxuie Gyger GoJjee £ oneyaTok.

17. IlpeanonoxuyM, 4TO cyuiecTByeT ABa Tuna 3Be3] (MM H3IOMHHOK B KEKCC,
HaH feeKTOB MaTepHata). 3afaHHblT YyacTOK COJEPKHT j 3Be3;] MepBOro THNa C Be-
poAITHOCTEEO P (f; @) H & 3Be3x BTOPOro THNA ¢ BEPOATHOCTEIO P (£; b); 3TH ABA COOBITI
TIpeAnoJaraTcs He3aBHCHMHMH. JI0Ka3aTh, YTO TOT JKE€ YYACTOK COAEPXHT BCETo it
3Be3q ¢ BepoATHOCTHK p(n; a-b). (ChopvyaupoBaTs pe3yJbTaT H NpeAnoJOXKeHH
3ajaud B aGCTPAKTHEIX TePMHHAX.)

18. 3adaua 00 yauwnom Osuscenuu. TIOTOK TpaHcnopTa uepes nelIeXOHLIIl
Tlepexof TAKOB, YTO BePOATHOCTb NpOe3ja MAaUlMHH B TeueHHe JKOOM 3ajanHol ce-
KYH[H TIOCTOSIHHA M PABHA pP; II3BECTHO TAK:KE, YTO HET CBA3M MEX]IY NPOE30M Maulil!l
B pa3Hoe BpeMms. PaccMaTpuBas CeKYHIM KakK HeJeJHMHE eJHHHI( BpPeMeHH, NPHXO-
JHM K cxeMe HcnuTaHH# Depuymmu. llpeinosoXuM, 4To nemleXox Moxer nepefiti
YJHIYy, €CJH HH OJHA MalliHA He GyJeT npoe3aTh B TeueHHe CJeJyIOUIHX TpexX ce-
xyua. HaiiTn eeposiTHOCTB TOrO, 4TO OH ZOMXEH XK JaTh poBHO £=0, 1, 2, 3, 4 cekynxi.
(CootBerctByroumue obuiue GopMYJIH He OUeBHIHH M GYAYT BLIBEAEHH NIPH H3J0XKEHHH
TeopuH cepuit ycnexos B ra. XIIL7.)

19. [IBoe GpocarT CHMMETPHYHYIO MOHETY n pa3 Kaxiunfl. Hafta sepostHOCTh
Toro, YTO Yy HHUX BHINAZeT OQMHAKOBOE YHCJIO TepCoB.

20. JIns nociexoBaTeNbHOCTH HCNHITAHHI DepHyJ/IM ¢ BeposiTHOCTBIO ycnexa p
HaliTH BepOATHOCTb TOrO, YTO @ YCNEXOB NPOH30HAYT npexae, ueM b Heynau. (3ameua-
Hue. PeaysbTaT onpeseasiercs camoe Gonbliee 3a g+b—1 Henutadui. Sta 3anaya umeer
3HaueHHe LJIS KJACCHYECKOH TEOPHH HTP B CBSI3H C BONPOCOM O TOM, KaK AeJMTh CTaL-
Xy, ecJIH MI'Da NPCPBaHa B MOMEHT, KOTAa OJHOMY HTDOKY He xBaraeT A0 nobeabl o
OYKOB, @ BTOpPOMY b.)

21. B sapaye Banaxa o cnuueuninix Kopob6kax (npumep 8,a)) maliTh BepPOSITHOCTD
TOro, 4TO B MOMEHT, KOrJa nepsast KopoOxa oka3amach nycToli (Ho He 6nl1a BHINYTA
nycro#i), Bo BTOpoli CogepXKHUTCA poBlo r cnuuek (rae r=1, 2, ., ., N).

22, Ilpodoaxcenue. Vicnone3ys npeawnyuliiil pe3ysabTaT, HaliTH BePOSITHOCTL &
TOTO, 4TO OTCYTCTBiH€ cnuyeK OHJI0 06HApPYyXKEHO BnepBhie He B ToOl KOpoOKe,
Kotopasi onycrexna nepBoii. IlokasaTh, 4TO mnolyuenHoe BHpa)KeHHe CBOJHTCS

K BHIY x= (2131) 2-2N=1 yuu npubanixenso (1/2) (Nmy~Y2,

23. KoppekTyps HEKOTOPOil KHHI'H HE3aBHCHMO UHT3IH JBa KOPPEKTODA, KOTO-
pHE HAULIH COOTBETCTBEHHO #y H Ry OWIHGOK; Rya omubox Haurt oba. Jate npuemic-
MYIO OlleHKY HEeH3BECTHOTO 4YHC/Ia # oWHGOK B Koppextypax. ([Ipeamomoxuts, urto
TIPOBEPKA KOPPEKTYD COOTBCTCTBYET CXeMe HCIHTaHHII bepryantn, B Kotopoit nipo-
BepAoUHe 00HAP YKIBAIOT OWHGKY C BEPOSTHCCTAMH COOTBETCTBCHHO Py M P,. Hemosn-
30Bath 3aK0H 60.IbWIKX yHced.) 3ameuanste. B 9Toit 3agaue B npocTHIX TepMunax oni-
ChIBAaETCH JKCNEPHMEHTAAbLHLIH npueM, Hciors3ceannuiii PesepdopaoM pas nojcuera
CUMHTH/IANHIT.

24, Yro6bl OUEHHTL YHCJACHHOCTH NOMYJAAUMIA MHBOTHBIX NYTEM HX 4aCTHYHOIO
OT/10Ba 1), IOBYWKH DACCTABJASIOTCA NOCJAEI0BATEIbHO 7 pa3. [TycTh Kax 10e XKHBOTHOE

: 1) Moran P, A.P,, A mathematical theory of animal] trapping, Biometrika,
88 (1951), 307-3l11,
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IonajaeT B JOBYMIKY C BEPOATHOCTHIO §; MPEATIONOXHM, YTO MEPBOHAYATBLHO GHIJIO Nt
KHBOTHBIX H YTO H3MEHEHHEe CHTYalllH MeX.IY IABYMs IOCJIEeJOBATEJ]LHHIMH OTJIOBaMH
JAKJIOHAeTCH B HIMEHEHHH YHCJEHHOCTH OONYJALHH (TaK KaK NOAMAaHHHE >XHBOTHHI®
ICKJIIO4AKTCA H3 paccMoTpenus). HaliTi BeposTHOCTs TOTO, HTO 7 MOC/IEAOBATENLHNXN
TJIOBOB [J3l1YT COOTBETCTBEHHO My, Ay, . . ., Ny NOAMAHHBIX XHBOTHLIX.

25. Caoxcroe ucnmanun Bepuyaru. B npumepe 9,8B) HaliTH YCJIOBHYIO BEpOAT=
10CTH p M § COOTBETCTBEHHO coOuiTei (¥, H) u (H, ¥), npeanonaras, 4To ogHa H3
JTHX KOMGHHanuii ocymecTBHaacs. [1oKasaTs, uto p>>1/2 B cryuae p,>pa up<1/2
3 cayuae py>py.

26. IIpoOoaxcenue ), Ilokasars, 4To ecqH B 1 napax HCOWTaHHR POBHO m map
ApHBeJaH K ofHo#l u3 KomOunauwd (¥, H) nam (H, ¥), T0 BEPOATHOCTh NOABJICHHA
¥, H) posHo k pa3 pasua b (k; m, p).

27, Cmeco OUHOMUANLHO20 U nyaccoHoscKozo pacnpedesenutl. Tlycrh HeKoTopoe Ha-
*eKoMoe OTKJAJLBAET r AHIL C BEPOATHOCTRIO P (3 A), 2 BEPOATHOCTL PA3BHTHA Hace-
KoMoro M3 sina pasua p. Ilpexnosaras B3aHMHYIO HE3aBHCHMOCTL Pa3BHTHA HHIL,
10Ka3aTh, YTO BEPOATHOCThL NOABJEHHA % HOBBIX HACEKOMHBX JaeTCH paclpelefeHHeM
[lyaccona c mapaMerpom Ap. 3ameugrue. Jlpyrofi npHMep aHAaJOTHYHOH CHTYal{HH: Be-
POATHOCTh Pa3puiBa kK XpOMoOCcOM paBHa P (k; A), a BEePOATHOCTh BOCCOEAHHEHHSA (hpars
MeHTOB paBHa p (IpyTHe npHMepH Takoro poda cM. npumep ra. 1X,1,r) wsra. XII,1),

28. JloKa3aTe CJEIYIOIYIO TeopeMy 2): MaKCHMaJbHAA BEPOATHOCTh MOJHHO-
MHaJbHOro pacnpefeneHds (9.2) ynoBJEeTBOPAET HepaBEHCTBaM

npi—l < ki< (ntr—p;, i=1,2, ..., 1, (10.1)

Yraszanue. Cuayana J0oKa3aTh, YTO BEPOATHOCTb SBIAETCH MaKCHMaJlbHOIl TOrja
H TombKo TOTAA, Koria (pik;<<p; (ki-+1) Raa xaxpod naput (i, j). Croxuts
5TH HepaBEHCTBa JaH BceX j W AAA Beex i # j.

29. loka3aTs, u4TO BepoaTHOCTH p (k; A) pacnpejnenenns IlyaccoHa pocrurawor
MaKcHMYMa, Korna & ecTb HauGoJsluee leJoe, He npeBocxogsuwiee A.

3ameyanne. B 3ajauax 30—34 Hcnoan3yercs myaccOHOBCKOe NPHOJHKEHHE LA
GuHOMHaMbLHOTO pacnpejenenus. [lpeanonaraercs, uto A=np.

30. [TokasaTs, 4To oTHowenue ax—>b(k; n, p,)/p(k; A) npu uamenenun k or O
JIO oo CHayasla pacreT, a 3aTem YyObBaeT, JOCTHIas MaKCHMYMa, Korja k eCTh HaHs
GoJabluee Lejoe, He npeBocxonsiiee A-i-1.

31. Jloka3aTs, 4To NpH yBeJaMueHHH k BeposTHOCTH b (k; n, p) CHavala Meublue,
3ateM GoJibllle H [IOTOM ONATH MEHbLuE, ueM p (; A).

32. JloKa3aTs, 4TO eCiH i—co H p—0 TaK, 4TO BEJHYHHA NP=M OCTAETCHA MOCTO-

AHHOH, TO
b(k; n, p)—>p(k; A)
pasromepro 1o k,
33. Iloka3ats, uTo

AR A \n—k . AR 7 E\R A \n—k

1) Wald A., Sequential tests of statistical hypotheses, Ann. Math. Statist.;
16 (1945), 166. Banbj Hcnoan3yer NpHBEACHHLIE BHILE PE3YJbTaThli, 4TOGHM CO3XaTh
NpaKTHYECKHH METOA CPaBHEHHA JBYX 3MIIHPHYECKH NOJYYEHHBIX MOCJaeL0BaTeJLHO=
cTeit HcnmTaHHA (HanpuMep, pe3yanTaTd paloTHl ABYX MallHH) AnasA Buibopa ToH, B
KOTOopoH BeposATHOCTs ycmexa Goubwe. Ou cBOAHT 3agauy k Gojee mpocToit 3anaue
HaXOMJEHHA Toro, GyAeT JH B NOCJAELOBaTeNbHOCTH McnuTauuii Bepuyann dacrora
ycrexa 3HaYHTENLHO OTJAHYaThea oT 1/2.

2) B nepBOM H3/JaHHH YTBEpXKAANOCh JHIIb, 9T0 |k;—np;|=<Cr. Hacrosmee
YyTouHeHHE H ero M3ALIHOE JOKa3aTenbcTBo npuuapnexar II. Mopany,
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34. BruBectr u3 (10.2) HepaBeHcTBa
p (ks &) €M% > b (ks n, p) > p (k; A) e~ F/n=B-M/(a=h), (10.3)

Ykasanue. Vcnonvaosats (12.26) u3 ra. II.

3auevanue. Xorsa nepasedcrea (10.2) apnsworca ouenb rpyGbIMH, cOOTHOUIEHHs
(10.3) gawT npeBocxojHbIe OUEHKH nOrpewiHocTH NpuOIHXeHus. IIpn noMomu Bbi-
YHCJAEHHH, aHAJOMHYHLIX BHNOAHEHHbIM B IJ1. 11, 9, Hepasenctsa (10.3) uetpyaxo yrou-
HUTb. Mex1y npoumm, H3 pesyabrarta 3afay# 30 oueBHAHO BHTEKAET, YTO IKCIOHEHTY
B 1eBok yacTH (10.3) MO HO 3aMeHHTb BeNMUKHOR mMA/n, He npeBblmatuies (p+n-1)A.

Jpyrue npejeisHLe TEOpeMB

35. Bunosmuaionoe npubruxcenue OAR 2unepeeomMempuseckozo pacnpedenexusn.
Tenepanbras coBoKynHocTb H3 N 3/1eMEHTOB COCTOMT M3 KPACHBIX i YEpPHHIX JEMEHTOH,
YHCJIO KOTOPHIX OTHOCHTCH Kak p : q (rke p+q=1). Beperca Bbifopka Ge3 Bo3Bpauie-
Hus oGbema n. BeposaTHOCTb TOro, YTO OHA COIEPXKHT POBHO £ KPACHLIX 3/JEMEHTOB, 1a-
eTcs THNEepreoMETPHYECKHM pacnpeleneHueM, BBeLeHHLIM B I, II, 6. lokasats, 4Tt0
9Ta BEPOATHOCTL cTpemutcs K b (&; r, p) npu N—oo.

36. IlpeanosoxkuM, 4TO B YCJOBHAX Npelbifyulell 3ajaud p Majo, n BEJIHKO, a
A=np ¥ HeMan0, 1 He BeJHKO. TOr/ja runepreoMeTp HYECKOE pacnpefeaeHHe MOMKHO all-
IIPOKCKMHPOBaTh pacnpenenerneM Ilyaccona p (£; A). IIpoBeputs 3TO HenocpeACTBEH-
HO, HE HCMOJb3Yys NYacCOHOBCKOE NMpPHOMINKEHHKe Ans GHHOMHAJIbLHOTO paclpefesieHus.

37. Ilycts B ompuyamensvHom OGuromuarvhom pacnpedesenun {f(k; r, p)} ua
§8 q—0 u r—o00 TakuM 06pa3omM, uto NPoOH3BESeHHE r§=A noctosnHo. [Iokasarts, 410

f & r, p)—=p (B A).
(3amedanue. Tem caMbIM nosnyyaeM NPeAE]bHYI0 TEOpPEMY Aas paclpeleneHus
Iloia; cM. 3agauy 24 ra. V, 8.)
38. Muoecomepnoe pacnpedesenue [lyaccone. Iloka3aTb, 4TO KOTRA N BEJAHKO,
anpy=Ah; npu j=1, ..., r—1 K He MaJ0,  HE BENHKO, NOIKHOMHAILHOE DAC-
npegenenie (9.2) MOXHO annpoOKCHMHPOBATh pacnpeleleHHeM

e‘(h;+...+lr-1)x§1 ;";z . ;";r_-lx/(kl! Rl wye bpeih).

Iloka3aTh TakKe, YyTO YJIEHH ITOTO PACNpPEAENEHHS B CyMME JAIOT efUHHLY. (3ameTHM,
4TO B 337aye 17 Ml HMeJH Jes0 ¢ ABYMEpHBIM pacnpejeneHuem IlyaccoHa.)

39. a) Bumecrr (3.6) semocpejcrBenno u3 (3.5), Kcnonbays OYEBHAIIOE COOTIO-

HIeHHE
b (k; n, p)=0b(n—k; n, q).

6) BoiBecTH GHHOMHAJBHOE pacnpelel€HHE KakK C IIOMOUbIO o6uieR (opmy.inl
cymmupoBanusl (3.1) ra. 1V, tak ¥ no HHAYRUHH.
40. doxasaTs, yto Z kb (k; n, p)=np u Z k% (ky n, p)=n2p:t-npq,

41. Hoxasatb, 410 Z k2p (k; A)=A2-A,
42, IlpoBepHTb TOXKAECTBO

k
D6 (vi g, p) b (k—v; na, p)=b (k3 ni-+ g, p) (10.4)
v=0

H NOACHHTb €ra BEPOATHOCTHbIll cMbicd, &Kasanue, Kcnonb3osaTe paseHcTso
(6,4) ra. II.
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3ameuanue. CooTHowenue (10.4) npeactaBasier coboli uacTuwit cnyual Gop-
MyJb CBeDTKHM, KoTopas OygeT BBegena B . XI; apyroii npumep paer (]0.53.
43. TlpoBepHTL TOXKAECTBO

k
Do (i M) p(E—v; ko) =p (k; M +Rg). (10.5)
=0
44. Tlycts
k
B (k; n, p)= X b(v; n, p) (10.6)
v=0

ecTb BCPOATHOCTL NoABjIeHHS He Oojee k2 ycnexoB B n HenblTanusaX. Torga
B (k; n+-1, p)=B (k; n, p)—pb (k; n, p), @0,7)
B (k+1; n+41, py=B (k; n, p)-+qb (-+1; n, p). '

IlpoBepuTh 3TH paBeHCTBA, a) HCXOAN M3 onpele’eHHs, 6) aHaIHTHYeCcKH,
45. Iloxa3ath, uTo B Tex Xe 0603HaueHUAX 1)

- 9
B (k; 1, p)= (n—*k) (:) S‘ fn—k=1 (1 — f) k¢ (10.8)
0

P
1—B (ki n, p)=n (";]) Stk(l—t)"-k.-ldt. (10,9)
1]

¥xa3anue. TIpoHHTerpHpoBaTh 10 9acTAM WM npoAHddepeHIMpoBaTL ofe
yacTH no p. BriBecTH opHy ¢opmyay H3 Apyroil.
46. HokasaTe, 4To
®

PO W teritp (m W) =(1n) § e-xnar (10 10)
A

1) Unrterpaa s (10.9) npeacrasasier coGolt Henoanyto Gema-ghynxyuro. Tabauua pas
1—B (k; n, p) ¢ TOYHOCTBIO 10 7 3HAKOB 1OCJe 3aNATOR AJs & U A1, He [IPEBOCXOASALIHX
50, 1 p=0,01, 0,02 0,03, ... nanm B paGote Pearson K., Tables of the incomplete
beta function, London, Biometrica Office. 1934. [Umeercs HePEBO,‘L: IMupcon K,
Ta6nuue wenonHoi Gera-pyuxuuu,— M,: BL, AH CCCP, 1974.]



TNABA vil HOPMAIJIBHOE MNPUBJIMKEHME ONA
BEMHOMMANBHOIO PACMNPERENEHMA

HopmanbHoe npuGnuxenue A GIHOMHAJBHOIO paclpeneentst
HMEeT BaXXHOE TeOpPeTHYecKoe H NpaKTHyecKoe 3HayeHHe. OHO CHIIPaio
6ONBIIVIO POJIb B Da3BUTHH TCOPHH BEPOSITHOCTEH, TAK KaK NPHBEIO
K mnepBoit mnpexennHoi Tteopeme. C COBPEMEHHCH TOUYKH 3PEHHS 3Ta
TeopeMa SIBJIsSIeTcsl JHIUb YAaCTHBEIM CHY4YaeM YEeHmpasbHotl npedeabHoli
meopembl, K KOTOPOH Mbl o6patiMcsl B Ia. X, HO NOJHOE HCCTIENOoBa-
HHE KOTOPOH JOJKHO GbITh OTJIOMKEHO KO TOMa 2.

Yacrhuiit cnyualt p=1/2 paccmarpusancs B ra, 111 nmpu BeBoje
Opee/bHBIX TEOPEM O NEePBOM JOCTHXKEHHH, O 4Hc/Ie NepeMeH 3Haka
U T. A. DTOT YacTHEIA cay4ald ocofeHHO MPOCT H OTAEGNBHO HCCIERYeT s

B§ 2

§ 1. HOPMAJIBHOE PACNPEJAEJIEHHE

Bo usfexanne AanbHEHIOHX NEPEPLIBOB B H3J0XKEHHH OCHOBHBLIX
HIeH cjesiaeM 87€ech OTCTYIJIEHHE H BBEJEM jBe UPe3BblYaHHO BaXKIEIC
(PYHKUHH.

Onpegenenue., Pynkyusn, onpedesseman Gopmyroil
n (x) = (/) 2m) e+, (.1

Ha3vicaemcea HAOMHOCIMOI0 HOPMANL6HOZO pacnpeae/tenuﬂ,' ec urmeepaa

X

N =12 §evizay (1.9)

-

HA3bIBAEMCA HOPMAALHOL (YHKY Ul pach pedesets.

I'padux 1 (X) —cuMmeTpHuHas KOJ0KXosjoo0pasnas Kpusas, Hsofpa-
JeHnasg Ha puc. 1. 3ameTnM, uTO BJOJb OCeH X M Y MBI HCNOJB3YCM
pasHblii Macwrtab. Makcumym 11 (x) pased 1/V/ 20 ~ 0,399, Tak uto
B 00OnIuHOH AEKapTOBOH cucreme rpaduk 1 (x) Gbwl Gul Gojee MOJOTHM.
(O6o3uauenust 1t 1 N HecTaHZapTHLL B MEPBLIX BYX H3AaHHAX Ghid
6osee TpamuUuOHHbIe 0Go3HaueHHa ¢ H @, HO B ToMe 2 AIA nocJe-
JIOBATEJLHOCTH M3NM0XEHHS Heo6X0 MMO, 4TOOBl ITU CHMBOJEL HCIOMIL<
'30BanuCh B APYTHX UEJSX.)
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Yx)

D4

0,399

0,242

e I | | 1 ] |
~3 -2 ~1-067 0 0671 2 3
50% nnowanu
68,3% nnowagu
le 956% naowamm g
1 99,7% nnouanu B

\
®

Puc. 1. [110THOCTE HOpMaJLHOIO pacnpejelesns N,

Jlemma 1. [Taowads, ozpanuvennas zpaguxom @yuxyuu N (x) 8
ocelo x, pasia 1, m. e,

{nmax=1. (1.3)
ﬂoxaaameﬂbcmeo. HMmeem
( ® 2 @ o
i Sn(x)dx} = § (uwn@dedy=
=[/@m] § (e-wvmvzagay.  (1.9)

Hepexonﬂ B 3TOM ZIBOI‘:IHOM HHTErpaje K IOJsSPHBIM KOOpAHHAaTaM,
nonayvyaeMm

2x ®

(/@] do §e-rr2rdr = §e-rti2rdr = e-rr2| =1,  (1.5)
0 0 0

0

9TO N JOKasbiBaeT JEeMMY. »

W3 onpejeseHHs U JeMMbl BhITeKaeT, uto N (x) MOHOMOHHO 603-
pacmaem om 0 do 1. Ee rpaduk (puc. 2) npexcrapjiser coboit S
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00pasilyio KpHBYIO, NpHUEM
N(—x)=1-—-9q(x). (1.6)
B ta6n. | npusefennt sHavenusa!) N (x) ANA NOJOKHTENBHBIX X, 3Ha-

yenus N (— x) nonyvaorcs npu nomou (1.6).
RN(x}

!
o
S

e Ly p——

Lo
-3 -2 10510 0571 2 3 x

Puc. 2. HopmasnbHas ¢yukuus pacnpegenexus R,

Jnsa wmHorux nenel yno6HO MMETh MNPOCTYIO OLEHKY «XBOCTa@»
1—9N (x) npu Gonbumux x. Takyio OUeHKY JaeT cjefyiowias Jemma.

Jlemma 22). [lpu x— oo

1—9 (x) ~ x~n (x); (1.7)
mounee, Oasn dcex x >0 cnpasedaueo 060UHOE HepaseHcmeo
rt—x")nx) < 1—N(x) < x~n(x). (1.8)

(Cm. 3amauy 1.)

Hoxasameasvcmso. OueBuaHO,
[[—=3x~4n(x) <n(x) <[l4x~2]n(x). (1.9

UjleHsl 3TOTO HEPaBEHCTBA NPEACTaBNAOT COO0H NPOM3BOAHLIE Y/EHOB
n3 (1.8), BaaTele ¢ OOpaTHLIM 3HAKOM, I[O3TOMY (1.8) BriTeKaeT u3s
(1.9) nocne vHTerpHpoBaHusa No noaynpsamol [x, oo).

1) Boaee nogpobuule Tabaunnl cM. B Tables of Probability Functions, v. 2,
Nat. Bureau of Standards, New York, 1942. [Mmeercs nepesog: Tabaunst sepo-
aTHocTHRIX ¢ynxurii, Tom I1.—M.: B AH_CCCP, 1959.] 3nauenus ¢yukunii
n() 1N (x)—MN (—x) npusesenst B 3THX Tabauuax c 15 naxamu nocie 3ams-
Toii. Ilpu 0 < x < 1 3Hauenus x GepyTtcs uepe3 0,0001, mpu x > 1 —uepe3 0,001,

?) 3pech u B AaibHefiulem 3HAaK ~ 03HAudeT, 4TO OTHOWeHHe BEJRUHH, coe-
AMHEHHBIX 3THM 3HaKOM, CTpeMnTcH K I,
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Tabauya I
Hopmaneuaa dyskuus pacnpegenesns 2 (x)

0,00 0,01 0,02 0,03 0,04 | 0,05 ) 0,06 0,07 0,08 0,09

0,5000 | 0,5040 | 0,5080 | 0,5120{0,5159(0,5199| 0,5239 0,5279 | 0,5319} 0,5359
0,53980,5438 | 0,5478| 0,5517|0,5557]0,5596| 0,5636) 05675 | 0.5714 | 05753
0,5793|0.5832 | 0,5871 | 0,5910[0,5948]0,5987| 0,6026| 06064 | 06103 | 0 6141
0.6179]0.6217 | 0,6255 | 0,6293(0,6331|0.6368| 0, 6406 06443 | 0.6480 | 06517
0,6554 | 0,6591 | 0,6628 | 0,6664(0,6700|0,6736| 0,6772| 0.6808 | 06844 | 06879

0,6915|0,6950 | 0,6985 | 0,7019]0,7054[0,7088{ 0,7123{ 0,7157 | 0,7190 | 0,7224
0,7257 | 0,7291 | 0,7324 | 0,7357|0,7389|0,7422( 0,7454| 0,7486 | 0.7518 | 07549
0,758010,7612 | 0,7642 | 0,7673]0,7704]0,7734] 0,7764] 0.7794 | 07823 | 07852
0,7881]0.7910{0.7939|0,7967|0,7995/0,8023| 0, 8051} 08078 | 0,8106 | 08133
0,8159|0,8186|0,8212|0,8238|0,8264|0,8289! 0,8315( 0,8340 | 0,8365 | 08380

OOoOO0CO OO0

0,8413|0,8438 ! 0,8461 | 0,8485(0,8508/0, 8531 0, 8554] 0,8577 | 0,8599 | 0,8621
0,8643|0,8665 | 0,8686 | 0,8718/0,8729(0,8749| 0,8770{ 0,8790 | 0,8810] 0,8830
0,88490.8869 | 0.8888 | 0,8907(0, 8925/0,8944| 0,8962| 08980 | 0,8997 | 09015
0,9032 | 0,9049 | 0,9066 | 0,9083(0,9099(0,9115{ 0.9131| 09147 { 0.9162 | 0,9177
0,9192|0,9207 { 0,9222 | 0.9236{0.9251/09265{ 0, 9279} 0.9292 | 0,9306 | 0,9319

0,93320,9345 | 0,9357 | 0,9370[0,9382(0, 9394| 0, 9406{ 0,9418 { 0,9430 | 0,9441
0,9452 | 0,9463 | 0,9474 | 0,9485/0, 9495|0,9505 0,9515| 0.9525 | 0,9535 | 0,9545
0,9554 | 0.9564 | 0,9573 | 0,9582(0,95910,9599( 0,9608| 0,9616 | 0.9625 | 09633
0,9641 { 0,9649 | 0,9656 | 0,9664[0,9671]0,9678| 0 '9686| 0.9693 | 0.5699 | 0.9706
0,9713|0.9719]0,9726 | 0,9732(0,9738/0,9744] 0.9750| 09758 | 0,9762 | 0,9767

[

et o bt o

0,97730,9778 | 0,9783 | 0,9788l0,9793(0,9798| 0,9803 0,9808 | 0,9812 | 0,9817
0,9821|0,9826 | 09830 | 0,9834|0,9838|0, 9842 0.9846| 0.9850 | 0,9854 | 09857
0,9861{0,9865 | 0 9868 | 0,9871(0,9875(0,9878} 09881} 03884 | 0,9887 | 0,9890
0,9893|0,9896 | 0.9898 | 0,9901(0,9904|0,9906| 019909 09911 | 0,9913 | 0,9916
0.,9918|0.9920 | 0,9922 | 0,9925(0'99270 19929| 0,9931( 09932 | 0,9934 { 0.9936

0,99380,9940 | 0,5941 | 0,9943|0,9945/0,9946| 0,9948| 0,9949 [ 0,9951 | 0,9952
0.9953 | 0,9955 | 0.9956 | 0,9957|0,9959{0.9960| 0,9961/ 0,9962 | 09963 | 0,9964
0.9965 | 0,9966 | 0,9967 | 0,9968|0, 9969{0,9970| 0,9971| 0,9972 | 0,9973 | 0,9974
0,9974 | 0,9975 | 0,4976 | 0.9977|0,9977|0,9978] 0,9979| 09980 | 0,9980 | 0,9981
0,9981{0.9982 | 0,9983 | 0,9984|0. 9984|0,9984] 0 ;9985 09985 | 0,9986 | 0,9986

01
Ov

N —O [ToXo . B Nor N4 W) - O W oo~ W — O [fole Rl Ne X9, oW = O

0,9986 [ 0,9987 | 0,9987 | 0,9988/0,9988|0,9988| 0,9989| 0,9989 { 0,9989 { 0,9930
0,9990(0,9991 | 0,9991 | 0,9991/|0,9992/0,9992; 0,9992{ 0,9992 | 0,9993 | 0,9993
0,9993 | 0,9993 | 0,9993 | 0,9994]0,9994/0,9994} 0,9994{ 0,9994 | 0,9995 | 0,9995

WWLW - DN N NN N DD B

Mpr x<0 ucnonvayercs cooruciienne N (—x)=1—N (x).

3ameuanre 0 TePMHUHONOTHM. TEePMHH (PYHKLUR paCNpedeseHUA HKCNONB3YeTCs B
MaTeMaTH4eCKOl JAHTEepaType Ans HeyOwBawowux GyHKUHH oT x, crpeMsuiuxcs K 0
npu x— —oo U K | npu x—oc. B Hacrosnee BpeMs CTATHCTHKHM NpPEANIONHTAIOT TEP-
MUH KYMYyAAMUsHAan yHKyuAa pacnpedeseduf, HO NPUJIAratejbHO® «KYMY.STHBHAs»
mpnsercss HINUWHUM. [1aomuocms pacnpedeseHus — 3TO HeOTpHlaTesNbHasi bYyHKUMS
f {x), unrerpas ot xoropoil no Bceif ocH ¥ pasen eguinue. MHTerpan or —o g0 x oF



194 T'a. VII. Hopsoasroe nputausere 048 DUHOMUAAbHO20 pacnpedesenusn

mo6oii NJOTHOCTH pacnpelesnenus spasercs (yHKuued pacnpenenenns. Ilpumes-
HaBlMitcs panee TepmiH ynkyus sacmom (frequency function) npegcraBaser co-
Goil CHHOHHMM JJ8 IJIOTHOCTH pacrnpejeseHus.

Hopmanbuoe pacnpegenenue 4acTO Ha3biBalOT 2ayccosCcKuM pacnpedederueM;
HO OHO HCNOJb30BaiOCh B TEOPHH BeposTHocTed eme Myaspom u JlannacoM,
Ecau u3MennTh HAUAIO OTCUETZ M eJUHNNY H3amepenus, 1o N (x) npeobpazyercs
B N ((x—a)/b). 1a PyHRUMA HasHBaeTCH PYHKYuel pacnpedeieHun HOPMAALHOZO
BaKOHA €O CpeOHUM 3HaueHiex a u Oucnepcued b2 (MMM CTAHJAPTHHIM OTKJIOHEHHEM

|6]). Dyuruuio 2N (x }/-—2_)—1 4acTO HA3LIBAIOT QyrKyuel ouuiboK.

§ 2. CHMMETPHYHLIE PACNPEJEJIEHH A

PaccMmoTpuM, Kak IHCMOMB3YeTCA HOPMAaJbHOE pacnpejieseHue B
KauecTne NPUOMHIKEHHsl A1si GHHOMMAJBLHOrO pacrnpenenenus ¢ p=1/2,

EcTb fBe NpHUHHEL, 10 KOTOPLIM YacTHHIHA cayuall p=1/2 BbigenseT-
csi oco6o. Bo-nepBeX, BHIYHC/EHIISI 3[1€Ch HAMHOrO NpoIE, H, clelo-
BAaTeJIbHO, Jerye o6bSICHHTE, KaK B 3TOI 3afaye BO3HHKaeT HOpMaJb-
Hoe pacnpefenenne. Bo-BTOpbIX, AaHHBIH 4acTHBII c/lyyall paccMmart-
puBaJcsi B CBSI3H CO cayyafiHeiMi Oayxnaanussmu (cM. ra. 111, 2), =
c/lefoBaTe/LHO, XesaTelbHO HMeTh COOTBETCTBYIOLLHE BBIKJIAAKH, He
OTSITOLEHHbIE TEXHHYECKHMH AETaJasMH, HEOOXOAUMBIMH JJ/1s1 HECHMMET-
PHUHBIX pacrpejesneHHH.

Jlns1 onpefie/IeHHOCTH BO3bMeM 7==2vV YeTHLIM H AJIf YNPOIIEHHUS NO-
JIOKHM

a,=b(vi-k;2v,1/2), 2.1)

T. €. d, — YJeHH CHMMETPHYHOro OHHOMMaJbHOIO pacnpejeJseHns,
nepeHoMepoBaHHLIE B 3aBHCHMOCTH OT MX PacCTORAHHS O MaKCHMAJLHOH
BEPOSITHOCTH, @,—MaKCHMaJlbHasi BEPOSATHOCTb H R H3MeHseTcs OT
—v 1o v. [lockoabky a_,=a,, paccMoTpum ToJsKo k2= 0.

(B odosnauenusix ea. 111 umeem a,= psy, ox. llpuBeseHHOE HHXKE
JI0Ka3aTeJLCTBO MOIJIO OBITh TaM K€ W IOMEIEHO, TaKk Kak He HC-
noJb3yer uied, passurhie nocse § 2 ri. II1)

Yrofel NOHATb, Kak BejleT cebs MNOCJef0BaTebHOCTE dg, 4,
Oy, +.., CPaBHHM ee oOUHil YJICH C @,, HCHOJb3Ys COOTHOILUEHHE
viv—D...(v—k+1) (2.2)

=GN 5. .18

KOTOpOE JIerko TNOJYYHTL 13 onpenlesenus (2.1).

Hac unTepecyer noeefeHHe Noc/jefoBaTeJbHOCTH TCABKO NPH 60.1b-
[UHX 3HAUEHHSX V, U NO3TOMy OviaeM paccMaTplBaTh JHIUb Te 3Ha-
yeHHsl k, IPM KOTODBIX OTHOLUEHHE k/v MaJo, TaK KaK NPH OCTaJbHBIX
k ujlenbl @y npeHeOpexHMO MaJsbl. PaszesnnB UHCAUTENDL H 3HAMEHATe b
Ipo6u B (2.2) Ha Vv*, noayuns Apo6b c uaeHaMu BuAa 14-j/v, rae j ua-
meHsieTcst oT — (k—1) no k. Haaee,

14 jjv =eilvee, 2.3)

rie MHOrOTOYME O3HauaeT WIEeHLl, CyMMa KOTOPHIX MeHblue, geM (j/v)2Z
Jnsa Takoro npuOMHxeHusa Apobe B (2.2) cBOAHTCA K IKCHOHEHTE C mo-
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KasarteJieM
—@2) [14 ... + (k—1)]—k/v=—=~F2v

H [IOrPEIHOCTb NPHO/HKEHHST MEHbIe, yeM k3%/v:. COOTBETCTBEHHO
npH v— oo H k u3 uutepsana 0 < k < K., rae

K&/ve—0, (2.4)
HMEEM nNPHOJHXKEHHE

a, ~ae=kn, (2.5)
Ecau BbIpasuth GunoMuasbHbie Ko(pdHUHEHTH yepes (aKTopHaNH, To,
Bcnonbayst gopmyny Crupannra (9.1) ra. I1'), BuauM, uto

af=fﬁz4v~ L. 2.6)

v v

TTopcrasassg 310 B (2.5), nosnyyaem
a, ~hit(kh), rpe h=V2/v=2/V n. 2.7

Omo OCHOBHOE COOMHOUIEHUE CNpasedauso npuw v—oo u npu k,
He npesocxodawux uucen K., komopeie ydosremsopawom ycrosuro (2.4).
Mu 6yzem wucnodpsoBaTh (2.7) TOMBKO [/ 3HAueHnit £ nopsaka
V v; B atoM cayyae (2.4) TpuBHATBLHO BBLINOJHSETCS.

Ha npakrike HaM o6blyHO Tpe6yOTCH NPHOJIMMKEHHS 1/ BEPOAT-
HocTeH NONAJNaHHA B Da3JHYHBEE [HTEPBAJbl, T. €. LIS CyMM BHJA ?)

Alxg, x)= X a, (2.8)
X1 Sk xy

rjae CyMMHPDOBAHHE NDOBOAMTCA M0 BCeM UEJHIM YHC/JIAM MEXAY X, H
X, BK/IIOUIITE/JIbLHO. Cefiyac MuI IIOKaxKeM, KAaK MOKHO HauTH HpHGJIH-

1) 3amevanue o nocmosnnoll 6 dopmysre Cmupauxea. HanomuuMm, uTto npu
RokasatenbctBe ¢Gopmyanl Ctupauura B § 9 ra. 11 #e Guuro nokasano, yto no-
CTOSIHHAS B HeH pasHa V 2n. Bocnoasmy sToT npobe.1 crelyomHM obpasoM.
INoctosiHuywo 1t B (2.6) Mbl fOJKHBl 3aMEHMTb Ha HEH3BECTHYIO NOCTOsIHHEYIO. B Teo-
peme o6 annpoKCHMAUMH (CM. HHIKE) 3TO NPHBELET JHIWb K TOMY, YTO Npasyio
yacTb (2.10) crelyeT yMHOXITD Ha HEH3BECTHVIO NOCTOAHHYIO €, W HYMKHO JOKa-
3aTh, yto c=1[. Bozpmem B (2.10) 2, =0. OtHowerne oferx uacret (2.10) crpe-
mutcs K 1 npu n— co. Ho n3 onerru «xBocta» (3.5) ra. VI suiTexaer, uto Jesas

YacTb JEXKHT MeXjay 1/2 u 1/2—4z§2, B TO BpeMd KakK A% I[IpaBofi 4acTH H3
(1.8) caenyer pBoiiHOE HEpaBEHCTBO

e>c[N (@) —12] = (/) c—c [l =N (2] > (1/2) c—cn (22)/22-

s pocratouno Gonbuinx z; ofe yactit (2,10) cxonbp yroaHo 6nH3Kif COOTBET-
ctBenro X 1/2 u ¢/2, ¥ nostomy c==1, Kak H yTBePXKJal1oCk.

2) Mu He cranu o6o3nayaTh cymMMy B (2.8) uepe3 S,, Tak KaK 3TOT CHMBO.I
B ra. III u VI umeer ppyroit cmbict. Ha sA3bixe TeopHn cayualfHuix GayxpaHui
A (xi, %) ecTb BEpOATHOCTb TOrO, 4YTO B MOMEHT n=2V YaCTHUA HaXORHTCH
Mexay 2x¢; M 2x,; B TEPMHHOJOMHHM Hacrosuwed rnaswl A (¥g, Xa) €CTb BEPOATHOCTL
TOro, YTO YHCJIO yCnexoB B 7==2V HCNBITAHHAX JEMHT MEMAY V-+Xi ¥ V- xo,
B ciepyiowem naparpape 3to umcao cHosa Byser oGo3HayaTbes yepes S,.
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xenue ans A (x) uepes njomags ofnacTd, Jexamed nox rpadukoM
n(x), a 3Ty nJomaas, B CBOIO OYEpelb, MOXKHO BhIPa3uTh uepes HH-
trerpan 9. B culy MOHOTOHHOCTH N SICHO, 4YTO NJomajgs o06sacTH,
Jexameid noj rpapukoM U mexay kh u (k4 1) h, Mmenbine, uyem
fm (kh), vo Gosbwe, yem hu((k -+ 1) k), otkyza ciepyer, 4yTo

Axgh+ R xh
nds< X mEn< | nEds 2.9)
xh X< k<x xh—h

Orciofa BhITEKAET, YTO CPEJHHE 4JeH B (2.9) ects npubipkenue A1
A(x;, x;), KoTopoe GYJ€T XOPOLIHM, KOTAa Vv BEJHKO H OTHOLIEHHE
k*v He Majo ¥ He BEJHKO, T. €. Korja h Majo, a xh He Majo U He
Besmko. [J{Ba kpajiluux unesa B (2.9) paBHH  COOTBETCTBEHHO
N (xR —N (k1) 1 N (xh)—N (x,a—h). Hx Pa3HOCTL CTPEMHTCH
¥ 0 npt Ah— 0, ¥ no3ToMy HMX MOXHO 3aMeHHTb Ha I (x, /1) —N (x,h).

Cdopmy.HpyeM noJydeHHHI pe3y/bTaT B BHAE NpeAesbHON Teo-
peMBl, 3aMEHMB NPH 3TOM NEPEMEHHYI0 X Ha 2= xh.

Teopema 06 annpokcumMauun. [aa uxcuposannbix z, <z, cnpa-
GeONUB0 (OOMHOUIEHUE

ak_’m(zz)——Se (20). (2.10)

(1/2)z;, Vagk<(1/D)22 V'

Bckope MH yBHAHM, 4TO 3Ta TeopeMma CYLECTBEHHO ofofuiaetcs B
ONpeE/EHHBIX CJYy4asX, KOr[a 2; H 2, MOTYT MEHSIThCH BMECTE C 71, HE
OCTaBasich OFPaHHMYEHHBIMH. 3aMETHM, 4TO npejenbHas Tteopema (2.7)
ra. 111 copepikutcs B (2.10), xotopas, B CBOIO o4epeAb, €CTh JIHIb YacT-
NLE cayuait obulelt Teopemnl U3 cleAYIOIEro naparpada.

Ouenkyn norpewHocTh. HaM He HyXKHO GecnoKonTba O NOTPEMIHOCTH, JOMyc-
K4€MOM NpH 3aM€HE CYMMEl MHTErpaioM, nockoibKy (2.9) cogep>XHT BepXHue H
HHKHHE OLEHKH.

UTo6bl OUEHHTb NnorpewHocTb Npubauxenns B (2.7) notoxum

ap=age— VT pn (kh) e®1 ", (2.11)

TaK 4TO &; IpeAcTaBaseT cofoill NOTPEMHOCTb, JONYCKZEMYI0 HpPH ONYCKaHHH
wjieHoB €osee BLICOKOro Nnopsjka B (2.3), a Beaxunsa €, onpegeisercs u3 (2.6).
W3 naiumx pacvy’KgeHHH BHAHO, 4TO

=1
Ly 9 kN k
- 2Ny (g (14 Y2 2.
& Zl(logl_j/v L) (tog (14— ) — @.12)
I =
OIICHKH norpemHOCTIl anGJIH)KEHHH nanboiee UHTepeCHbl ansa OTHOCHTEJbHO
MaJgbIX Vv, H And paCCMOTpeHHﬂ 3TOTrO C.*!yllaﬂ GyaeM npe;mo.nal‘a'rb TOJbKO, YTO

k < (1/3) v. CpaBuipas pasnoxenue (8.11) ra. Il ¢ cyumod reomerpuueckolt
Tporpeccud Co 3HameHaTeacM 1/3, Mbl BHJHM, UTO KaXjAu# uwren paga (2.12)
noJoXKHTeseH M Menbule, yem (f/v)3. CiegoBaTenbHO, CYMMa psfia NOJOXKHTEAbHA
n menbiie, yem k*/(4v)%. M3 (8.9) ri1. 1l anzaoruymo BLIBOANTCS, UTO NOCJAejHEe
caaraemoe B npabBoit yactH (2.12) orpuuarteannio M Gonbiue, yem — 3k2%/(4v3).
Takum ofpasom,

—3k2/n? < g; < 2k%4n3, eciu k < (1/6) n. (2.13)
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Kaxk mpaBusio, B npuoXeHHSAX BeNHYHHE R K Vu CPZBHMMEI, H TOTAA YCJIOBHE
k < n/6 TpuBManbHO BbINOIHAeTcA. [IpM JaHHBEIX OGCTOSATENIBbCTBAX HepaBeHCTBA
(2.13) ROCTaTOYHO TOMHBL

Yro kacaertcs (2.6), To, Kaxk clexyer M3 yTouHeHHOH (opmyln Crupauura
9.15) ra. 11, gna g, nonywaetcs ayuwiee NPHOMHIKEHNe, €CAH YMHOXHTB NpaBylo
yacte (2.6) Ha e¥/4m | u B moGoM caydae

1/(4n) — 1/(200) < &5 < 1/(4n) 4 1/(360n%). 2.14)

Wrak, Haligennt mounse oyenkn noepeuwrocmets npubrusenut (2.7) u (2.10). 3tu
OLEHKH NMDHMEHHMB! JaXe AJ1f OTHOCHTEIbHO HeOOJbIIKX 3HaYeHHIl A.

OcHOBHO} pe3y.1bTaT HALIKX HMCCJEAO0BAHNI 3aKJI04aeTcss B TOM, 4YTO OTHOCH-
TesbHAs NOTPEllHOCTh NpHGauXeHns (2.7) uMeer nopagok k%/n? unw k'/n3 B 3aBu-
cHMOCTH OT TOTO, Kakasd M3 3THX BeJnunH Goabwe. Ha npakThke 3TH OUEHKH
OGBIYHO HCMOABL3YIOTCH, KOTrRa k%/n BeauKO, H B 3TOM Ciyyae OTHOCHTEIbHAA
norpeltHocTh uMeeT nopagok k%/n3. Hawm olleHKM YK43bIBAOT Taxkme NyTb, Kak
y.rxyl{um'i'b npHOaMKeHe ¢ MOMOULBLI0 COOTBETCTBYIOIUErO HM3MEHEHHS 4JIeHoB (CM.
sagauy l4).

§ 3. NPEAEJIBHAA TEOPEMA MYABPA — JIAIJIACA

Ceilyac 6yjger noxKa3aHO, KaK MOJIyYeHHEle Bhillle MNPHOINKEHUS
MOXHO O0606IMTL Ha MNPOU3BOJIbHOE GUHOMHAJNLHOE pacrpejeneHHe
¢ p£1/2. Paccyxpenuss Te xe, HO norpebyercss 6oJsblie BbiYMCTIE-
nuil. [lepBasi cIOXHOCTL BO3HHKAET B CBSA3H C MaKCHMMasbHOH BEpOAT-
HocTeio pacnpeienenns. Kak cnenyer w3 (3.2) ra. VI, uumekc m
MaKCHMATbHOH BEPOATHOCTH—3TO ENHHCTBEHHOE LEJoe 4HMCJO BHJAA

m=np+8, rae —qg<O8<p. 3.1

Bemuuno#t 8 B xoneunoMm cyere Mbl 6yaeM npenefperatb, HO B BHI-
yhcJeHHsaX oHa nosButcs. (B caywae p=1/2 6 ne 6bl10, Tak Kak
Mbl NpEAnoJiarand, 4To fl=2v 4YeTHO.)

Kak 1 B npempiymeM naparpage, nepeHymepyeM 4YjeHb GuUHO-
MHAJLHOTO pacnpejeneHss W 3anuueM

a,=b(m+k; n, p)=(m:-k) prtkgrnm R, 3.2

Jlns onpemeieHHocTH npeAnonoxnM, uto k> 0; ana k£ <0 paccyx-
neHus aHanoruudbl. (B ciaywae £ <0 HYXHO JMIUb NMOMEHSATb MecTa-
MH p ¥ ¢.) Ananoruyso (2.2) umeem

(n—m) (n—m—1)...(n—m—k--1) p*

G=0 G D (TR (3:3)
10 MOMHO 3anMCcaTh MHAue:
_(t—=pty) (1 —pt)... (1 —ple_y)
Y T AN A N (R R b (3-4)

tne Ais cOKDalleHHsT 3alHCH HCIOJIb30BAHO o6o3HayeHue

t;=(i+8+9)[(n+1) pgl. @3.9)
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Bocnonbayemcst Tenepb npepactaBgeHueM (3.4) Tosbko AAA TeX 3Haue-
HUH R, anA KoTopmix f, Majo, cxaxem f, < 1/2. W3 pasnoxenus
Teiinopa ans aorapugma (8.9) ra. [ BugHO, yTO

(1—pt /(1 gty =, (3.6)
rae OHyHJ.eHHbII.;I YJIEH IIO a6COJIlOTHOluI BEJIMYHHE HE npesocxonm t?.

TakuM oGpasowm,
ak:-___ane—(ln+...+tk_l)+... (3.7)

Ile MHOTOTOYHE COOTBETCTBYET uJeHY, aGcoJioTHasg BeJHYHHA KOTO-
poro') menbwe, ueM kti., < k%/(npg)®. Ianee,

_(1/2) k(k—1)+ % (8+q)
L+t = ("1 pq . (3.8)
Ins npocrorel 3aMenuM npasylo yacts (3.8) na k% (2npg). Ilpu stom
BeJIHUMHA Jonyckaemoil morpeliHocTd MeHblie, 4eM 2&/(npg). Hrak,
€CJIM Mbl 3anuiieM

akzane—k’/(anqH Dk, (3.9)

TO Y4JI€H Py, xapamepusy}omnf{ [IOrpELIHOCTDL le‘léJIPI}KeHPIﬂ, yaoBJie-
TBOPAET HEPABCHCTBY

|0 | < R*/(npg)*+ 2k/(npg). (3.10)

Iloxaxkem Tenepb, uTO

nl 1

4 —=—" __pmgn—m ~ __~
S mitn—miP V amnpg’

(3.11)
410 06001aeT aHa I0rHYHOe COOTHOLICHHE (2.6) A1 CHMMETPHYHOrO Cay-
yana. B upeansHom cnyuae, xorja p=m/n, ouenka (3.11) sBaserca
HeMeJIeHHbIM caencTBreM ¢opaty.asl Ctupaunra (9.1) ra. I1. Henocpes-
cTBeHHOE JAH(pdepeHLHPOBaHHE NOKA3bIBAaeT, YTO CPeAHUH uneH (3.11)
AOCTHraeT MakcuMymMa npH p=m/n. IlpH 3ajaHHOM M HYXHO paccMOT-
PeThb TOJBKO Te 3HAYEHIs p, /15 KOTODPhIX BbinosueHo (3.1), ¥ Toraa Mu-
HHMYM d, AOCTHraeTcd B OAHOH 113 KPafHUX TOYEK, & HMEHHO s p==
=m/(n+1) nan p= (m+1)/ (n+1). Ilas 3THX 3HaueHI p HENOCPEACT-
BeiiHoe HenoJb3oBanue Gopmy.asl CTHPANHTA cHoBa NPHBOAMT X (3.11),
TOJIBKO 7 3aMeHsercsa ua n+1. Cnegopatensho, (3.11) cnpaBeanuBo ang
BCEX BO3MOXHBIX 3HaueHud p. Ecau fiaA coxpallleHusl 3amucH I10J0-
HIHTh

h=1/V npg, (3.12)
to 13 (3.9) BRITEKaeT COOTHOLIEHHE
a, ~ hu (kh), (3.13)

1) Mu ygoBrerBopHMCH O4eHb IpYORIMH OUleHKaMH NOTPEIIHOCTH IPHGIHIKEHHS
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HO npH YCJIOBHM, YTO % M3MEHAETCS BMeGTe 8 7 TakuM o6pasomM, 4TO
pr— 0. HTax, nokasana enenyiomas teopema.

Teopema 1. Ecau n— oo u k uamensemcn 6 unmepsare k< K,,
npuven Kin*— 0, mo coomuowenue (3.13) cnpasedauso') pasHomepHo
no k, m. e. a2 awbozo e >0 u docmamourno Goasuwiux n

l—e < ay/[hn(kh)] < 1 4-e. 3.19)
IMpumep. Pue. 3 wnaoctpupyer caywafi n=10 u p=1/5, koraa

npg=1,6. C yueToM TOro, 4To 7 O4YeHb MaJO, NMPHOJHKEHHE Kaxercst
nopasuTeabHo XopownM. as k=0, . . ., 6 BeposaTHOCTH b (k; 1, p) pas-

! ' s

\} 1 2 3 4 5 6 n
Puc. 3. Hopmanknoe npufinukeHue ann GHHOMHAALHOTO pacnpegenenus. Crynewr
naTas pyuxuus gaer sepositaoctH b (k; 10, 1/5) k yenexos B 10 ucnuranuax Bepaya-
am ¢ p=1/5. HenpepriBas kpuBas Ja€T A8 KaX0TO LEJOr0 R COOTBETCTBYIOILE®
HOPManhHOE NPUOTHKCHHE.

g 0,1074, 0,2684, 0,3020, 0,2013, 0,0880,* 0,0264, 0,0055. Coor-
BeTCTBYloliMe npubmnkerus, cornacro (3.13), pasuer 0,0904, 0,2307,
0,3154, 0,2307, 0,0904, 0,0189, 0,0021.

Teopema 1 HcnonbayeTcss B OCHOBHOM AJISl BRIBOA@ NpPHO/IHMMKEIHI]
I/l BeposITHOCTER BHAA
g—m

B
Pla<S, <Bh=2 b(vin, p)= 2 a (3.15)

v=Qa

1) Ecau k n3MeHseTcs BMeCTe © 7 TaK, 4T0 k*/n?~»co, TO HOpPManbHOE NPHGAHs
pKeHUe 3ameHseTcss NPHOAMMKEHHEM ADYroro suia, cM, 3ajaud 13 u 15,
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B o06sacti nprMeHHMOCTH TeopeMbl 1 Xopoulee npubJuxeHHe roJy4da-
eTcss npH 3aMeHe @, Ha hn(kh). Ilocsennee npousBeseHle MOXHO
MHTEPIIPETHPOBATh KakK NJOWaib NPSAMOYTOJNbHHKA BhiCcOTOH 1t (kh),
OCHOBaHHeM KOTODOrO fIBJISIETCA HHTEDBaJ JJHHOH h C LEeHTpoM B kh
(cM. puc. 3). Kak oObluHO, 3aMeHHM IJIOHI3fb NDPSMOYTOJBHHMKA IJIO-
II3JbI0 COOTBETCTBYIOMIEH 06J/1acTH, 3aKJ/IOYEHHOH MeXJAy OChlo X H
rpajuxkom ¢yHKimu 11; 1I3BECTHO, YTO MOJY4alOi[asCAd NP 3TOM I10-
FpelIHOCTL B npejene npeHe6pexxumo magna npid h—s 0. Takum obpa-
30M, A5 UeJBX @ H B noJyuyaeM npubamxeHHe

Pla<S, <P}~ NRN(@a—m+1/2) h)— RN (B—m—1/2)h). (3.16)

Hopmannhoe npubiuxenne B Takoil ¢opMme nenecoodpasHo HCIOJb-
30BaTh, KOr/a A JIMILIb OTHOCHTEILEO MaJao I TpebyeTcs HaWayylias BO3-
MOXHas TouHocTh, OfHAKO B OKOHYaTe.1bHONR (OpPMYyJHPOBKe npe-
IIOUTHTE/bHO 3aMEHHMTh apTYMEHTHl B IipaBoi yacTd (3.16) 6o.1ee npoc-
TBHIMHM BbIpaseHusMIll z,= (@—np) h u z,= (B—np) h; norpemocTs, mo-
Jydalomasics NpH 5TOM YNPOHIEHIIH, OYEeBHAHO, CTPEMHTCH K HYJIIO
npu h—0. Mrak, nokazaHa cjeayiollasi OCHOBHas Teopema.

Teopema 2. ([Ipenenvnas Teopema Myaspa — Jlanaaca.) Jag ¢ux-
CUPOBANHHBIX Y) 2, U 2; NPU N—>00 CMPABEOAUBO COOMHOUIEHLE

P{np+2,Vnpg<S,<np+z,V npgt —N(z)—N(). (.17

TTomumMo GOJIBIIOH TEOPETHYECKOH BaXKHOCTH 3Ta TeOpeMa HHTepecHa
TEM, YTO ONPABJLIBAET HCIOJb30BaHHe npapoit yacT (3.17) B KauecTse
npub/Kenuss AJs JeBod uactd. M3 (3.10) Jerko nojayydts XopoulHe
OLEHKH NOrPELIHOCTH NPUGIHKEHUsI, HO MBI He OyjleM OCTaHABJHBATb-
cs Ha 3ToMm Bonpoce. [IpakTiueckue npuMepsl MOKHO HAaHTH B CJeRYIO-
mem naparpade.

INpenensnoe cooTHoulenne (3.17) npunumaer Gosee NPHATHHMEA BHA,
ecId S, 3aMeHHTh HOPDMHDPOBAHHEIM YHCJ/IOM YCnexoB S;, onpeje/sieMbiM
no gopmy.e

S, = (S,—np)iV npg. (3.18)

D10 pABHOCWIBHO BHIGOPY V 7Mpg B KauecTBe eIMHMIB H3MEPEHHA
OTKJIOHeHHst S, or np. B Tepmiunax cayyafiueix BemuuH (ra. [1X)
np GyfeT HasbiBATHLCA MamemamudecKum oxcudanuem, a npq oucnep-
cueti ciydaiinofi BesMuitnbl S, (KBajpaTHHE KOpEHb V' npq ects cran-
JapTHoe OTKJoHende). [HepaBencTBo B JeBoH wacth (3.17) skBuBa-
JEeHTHO caenyloweMy: z, << S, <<z, 1 nostomy (3.17) wMoxHo ne-
penucams 8 ude

p{21\<\55<22}—*9{ (2)—MN (2)). (3.19)

) M3 TeopeMsl 1 BHJHO, 4TO 3TO YCJOBHE MOXHO ocaabuts, CM, Takke §6 u
3ajaun 14 u 16,
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Kak npaBusio, Mul 6yJeM HCIOJML30BaTh NPEJENbHYIO TEOPEMY B 3TOM
Buje. M3 (3.19), B yacTHOCTH, ciexyet, uTO A/ GOJIbLUIMX 72 BEPOST-
HOCTb, CTOSLIAS B JIEBOH YaCTH, NPaKTHYECKH He 3aBHCHT OT p. ITO 103-
BOJISIET CPAaBHHBATh CJydyaHHble (MIYKTYyalWu B pa3JHyYHHIX NOC/IEA0Ba-
TEJIbHOCTSIX HCIBbITaHWH DepHyJsH, npocTo OTHOCA MX K HAaUIHM CTaH-
JapTHBIM €JHHHLIAM.

3ameyaHue 05 OCTAHOBKE B NPOM3BO/MLHLIA MomeHT BpemesH. Heobxopumo ot-
METHTb, UTO Hall¥ NpEAe/bHLIE TEopeMbl ¥ NpHOIMMeHHEHE QOPMYJIbI CNpPaBeIKEL!
TOTAa, KOTAA YWCIO n MCNHTaHHI PHKCHPOBAHO 3apaHee KHe3aBHCHMO OT HCXOAA
ucnuTauu#. Ecjn HTpOK UMEET NpaBO OCTZHOBHTb HIPY B GAArONpHATHHE aad
HEro MOMEHT, TO €ro OOWMH BHIMTPHINI Henb3S OUEHHTh NPH NOMOUM HOpMalb-
HOTO NPUONHXKEHHS, TaK KaK NPOJOIKHTEJILHOCTh HIpH Tenepb ciyuafina, s

»
JmoGoro GUKCHPOBAHKOTO f1 OYEHb MAZOBEPOSITHO, YTO Sp BeJMKO, OIKAKO TNPH
GoabmoM uyucA€ HCIBITAHHH [aXe caMoe MaloBepOsTHOE coObiTHe 06H3aTelbHO

- - »
npou3oitgeT. M yBEAMM, 4TO B ANMTEAbHOH Hrpe Sp NpaKTHuecKH HaBEPHSKA

Gynet uMeTh MOCAELOBATE]bLHOCTh MaKcMMyMOB nopsiaxa Beauuuusi J 2loglogn
(32koH mnosTopnoro jorapugmMa, cM. ri. VIII, 5).

§ 4. IPUMEPbI

a) [lycts p=1/2 u n=200. Paccmorpum P {95<C S, << 105}, 1. e.
BeposTHOCTb TOro, uto npu 200 GpocaHHAX MOMEHTBl YHCJIO Bhblilaje-

Huit rep6a oT/myaercs ot 100 He Gosee weM Ha 5. 3xech h= 1))/ 50 =
= 0,141421... OTHOCHTE/IbHO BEJIHKC, U HYKHO OLITb BHHMMATEJbHHIM
NpH ONpele/ieHHy rpanui MHTepBaja. Hcnosbaosanue (3.16) npuso-
JOUT K TNpHOIMKEHHIO '

P {95 <S, < 105} & 91 (5,58) — I (— 5,5h) =
— 298 (0,7778...) —1=0,56331.

Uctnunoe 3HaueHHe BepositTHocTH paero 0,56325... . MasocTsio morpel-
HOCTH Mbl B OCHOBHOM 005i3aHbl CHMMETPHYHOCTH paclipejie/IeHHUs.

6) Mycte p=1/10 u n=>500. 3xecy h=1/)"45=0,14907... .
Paccyxasi, Kak W Bhllle, NOJyYyaeMm

P {50 < S, << 55} ~ 9 (5,58) — I (— 0,5k) =
— 9 (5,5h) +9t (0,5h) —1 =0,3235. .. ,

B TO BpeMs Kak HCTMHHOe 3HayeHue BeposiTHocTH papro 0,3176... ,
MorpemwnocTs cocTasiseT okolo 2%.

8) BepostHocTh TOro, 4TO S, JOXMT B npejenax np +2 V'npg,
npuGmuautessio pasHa 9 (2) —M (—2) =0,9545; aan np + 3V npg
COOTBETCTBYIOLLAsi BepPOSTHOCTh NpuGmukenHo pasHa 0,9973. YauH-
TeNbHO, B CKOJb Y3KHX TpPaHAUAX C OOJBIIOH BEPOSTHOCTBIO JIEXKAT
cyuaiinbie Gayktyauud. Hanpumep, BeposTHOCTb TOrO, utOo mpu 10°
6pocaHusiX MOHETH! YHCJIO BbhilajeHuil repba Oyner OTJMYATHCA OF
cpeanero apadenuss 500000 Gonee yem rHa 1000, menbuwe 0,0455.



902 I'a. VII. Hopsansnoe npubauxeriie 912 GunoMuaIbHO20 pacnpedertrus

Tabauya 2

CparnenHe GHHOMHAJNLHOTO pacnpefeteHus NpH
n=100, p=0,3 u Hopmadbnoro nNpHGIHKEHUN

HojpManshoe | llorpeur
UYncno yerexon BeposTuocTs | gpuGasucenne | HOCTB B

npoueHTax
9« S, < !l 0,000006 0,00003 4400
12<S,< 14 | 0,00015 0,00033 4100
15<S,<17 | 0,00201 0,00283 440
185, <20 0,01430 0,01599 +12
21 8, <23 0,05907 0,05895 0
24 =<5, <26 0,14887 0,14447 -3
278, <29 0,23794 0,23405 -2
31<S, <33 | 0,23013 0,23405 492
348, <36 0,14086 0,14447 +3
37=<S,<39 | 0,05889 0,05895 0
0<S, <42 | 0,01702 0,01599 —6
43S, <4 0,00343 0,00283 -—18
465 S, << 48 0,00049 0,00033 -33
498, < 5) 0,00005 0,00003 —40

r) [Tycts n=100 u p=0,3. B 1aba. 2 npusenen THnHuHLI npHMep
(st OTHOCHTENbHO 1e00/BIIMX #), NOKa3bIBAIOUUH, KaK H3MEHsETCH
TOYHOCTb HOPMaJbHOrO nupuGIMKeHls nNpH YAaJeHHH HHTepBaJa
(@, [) oT nenTpasbHOro uJena.

1) Haitnem uncnto @, Takoe, uto Ans GONBINKMX 72 HepaBeHCTBO |S|,>a
BLINOJIHAETCS C BEPOATHOCTLIO, O.J113K0H K 1/2, Ji1s 3TOoro Heo6X0AHMO,
4TOGLE

N(a)—N(—a)=1/2,

nny N (a) =374, Ilo Tabnwuam AN HOPMAJBLHOrO pacnpejefeHHs Ha-
xoauM a==0,6745, u nosToMy HepaBeHCTBa

1S, —np| <0,6745V npq u |S,—np|>0,6745 V npg (4.1)

npHOTHKEHHO paBHOBEPOATHLl. B uacTHOCTH, BEpPOSITHOCTB TOTO, YTO
npu n OpocaHHsX MOHETH YICO BuINajdeHil repda JexHT B npeje-
nax (1/2) n 40,337 7, npuSmpKenHo pasra 1/2, KaK H BEpPOSTHOCTD
TOro, YTO NpH /1 GPOCAHUAX KOCTH YHCIO BHINAREHHH OJHOrO O4Ka
aexur B uETepsante (1/6) n + 0,251 V.

e) 3adaua 0 KouKkyperyuUu. DTOT NPUMEP UJAJIOCTPIpYET npaxTiyec-
kue npumerenus dopmyasl (3.17). JlBe KOHKYpHpYIOUHE XKe/1e3HOAO-
pOXKHble KOMNAH I HMEIOT Ha yyacTKe mexay YHkaro u Jloc-Anjxkenecom
o OHOMY Noe3fy, KOTOphle OTNPaBJASIOTCH W NPUOLIBAIOT OLHOBPEMEH-
HO H OGOpYyAOBaHbLI NMPHMEPHO OAMHAKOBO. [IpeAnosoxKHM, HTO A mac-
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CaXXHPOB BbIOHPAIOT noe3/] Hayraj H He3aBHCHMO JPYT OT APyra, TaK 4r0
YHCJIO M3CCaXKIPOB B KaXJIOM M0e3/e eCTb Pe3yJbTaT n HCnblTaHiiR Bep-
HyMMH ¢ p=1/2. Ecnn yucio mect B noesne s<1, TO C [OJIOXKHTEJb-
HOH BEpOSITHOCTBIO B Hex OKakercsl GoJiblue S MacCaxKHPOB H BCEM MeCT
He xBaTHT. Mcrmonb3ys npubamxenue (3.17), naxonum

f(s) m~ 1 =R ((2s—n)V n). (4.2)

Ecnu s croas Benuko, yto f (s)<<0,01, To ukcio mecT 6YAET JOCTATOYHBIM
B 99 cayyasnx u3 100. Boo6uie, KOMNaHis MOXKET YCTaHOBHTD [TPOU3BOJIb-
HBIfl ypOBEHb PHCKA o ¥ ONpeNeJHTh s H3 ycloBus f(s)<la. Jas atoro
JOCTATOYHO MOJIOKHTh

s= (1/2) (v +taV 1), (4.3)

rae ! —xKopeHb ypaBHeHusi & = [—3 ({,), KOTOPHIl MOXKHO HaHTH NO
tabauuam. Hanpumep, ecou n=1000 u @ =0,01, 10 ¢, =~ 2,33 ©u go-
cratouHo s=>537 mecr. Eciim o6e KoMnaHuH NPHMYT YPOBEHb DHCKa
a=0,01, To ABa noesma OGyayt mmerh B ofwedi ciaoxuHoctH 1074
MmecTa, M3 KOTopbix 74 Oyayr nyctmmu. JloTepH u3-32 KOHKYDEHUHH
(W1 coyyaHHBIX QUIYKTyauuii) nopasuressHO Madabl. AHanornyHo 514
mecT 6b10 Obl gocraTouHo B 80% Bcex ciyuaes u 549 mect—B 999
13 1000 cayuaes.

[Nono6Hble COOGpaXKeHHsi MPHMEHHME H B Apyrux paborax ob obcny-
HBaHMH ¢ KoHKypeHuueH. Hanpumep, ecnmu m xuHOTeaTpoB conep-
HHYAIOT M3-3a OJHHX K TeX »Ke 17 3puresefi, TO /A BEPOATHOCTH
ycrexa [JIsi KaxJOro KHHOTeaTpa ciefyer MoJoxuts p=1/m n (4.3)

HY)KHO 3aMeHHTb HepaBeHcTBom s==m~1[n-+¢, )/ n(m—1)]. Obuwee

YHCJIO MYCTBIX MECT MPH TAKOH CICTEME DaBHO MS—n = lg V n(m—1).
Has a==0,01, n=1000 u m=2, 3, 4, b 370 yuCJIO0 COOTBETCTBEHHO
npubnuxenno pasuo 74, 105, 126 u 147. IloTepu u3-3a KOHKypeHIHH
CHOBA MaJbl.

K) Cayuaiinele yugper. B npumepe ra. 11,3,3) mbr paccmoTpedu
n = 1200 ucnuranuit ¢ p=0,3024 u yacroro# ycnexos 0,3142. Otkno-
HEHHe YacTOThl OT BeposiTHOocTH paBHo &=0,0118. Ilanee,

P{|S,/n—p|>e}=P{[S,—np|>en}~
~P{|S,—np|>0,880V npg} ~ 2 (1—N(0,88)) ~ 0,379.

1o o3Hayaer, uto NpudiaH3uTeaAbHO B 38 13 100 noxobHbIX C/lydaeB yac-
TOTa YCIIEXOB OTKJIOHsieTcs OT p 00/IbLIE, YeM B HalleMm MPHMEpe.

3) Bebopka. B HekoTopoM ofluecTBe yacThb p Jiofeit KypHr. Uucno p
HEeH3BECTHO, H JJIfl €ro onpefejieHHsl NPOM3BOAUTCS BHIGOPKa ¢ BO3Bpa-
wenyeM. JKenatesNbHO HalTH p C MOTPELIHOCTBIO, HEe MPEBOCXORAILEH
0,005. Kakuum nomxeH 6bITb 06beM BHIOOPKH 717

O603nauuM S0JII0 KyPSILIMX B BRiGopKe uepes p’. SIcHo, YTO, KAKHM HH
6bl1 o6beM BHIGOPKH, HeNlb3s OblTh yBepeHHwM, uto |p’—pl<<0,005,
100 MOXKeT CJAYYHTBCSl, UTO BIOOPKA OyAer COCTOSThb TOJIBKO H3 Kypf-
mWHX. Jlyylee, 4ero MOXHO AOOHTbCS, 3TO CAENATh MaJIOBEPOATHHIM CO-
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ObiTHE «BeJIHYMHA norpewHoctd Gosblue 3aganuoro sxauenust 0,005».
C 3TOH UeAbI0 YCTAHOBMM NPOM3BOJBHBIA JOBEPHTEJNbHBIA YPOBEHb O,
Hanpumep a=0,95, 11 BubepeM 7 HACTONLKO GOJBIINM, YTOOH BEPOSIT-
HocTh cobmitua |p'—pl<<0,005 6buia He meHblue o. Ilockoabky ap’
MOXKHO HHTCPIIPETHPOBATh KaK YHCJIO YCNIEXOB B 71 HCMBITAHHSAX, HMEEM

P{ p'—p| <0,006}=P{|S,—np| < 0,005n}, 4.4)

M Mbl XOTHM BHIOPATb 7 CTOJb GOJIBILMM, 4TOGHI 3Ta BEPOSTHOCTD OblIa
He menblie a. CHayana no Ta6/HuaM HAXOJMM YHCJO 24, AJIS KOTOPOro
N (20) —N (— 2,) =a. 3aTeM, ucnoOAb3ys HOPMATbHOE NPUGIKEHHE,

HeOGX0MMO BbIOpaTh n cTolb GoabiumM, uto 0,005V nfV pg= 2z,
um 12> 40 000pg2s,. [1paBas yacTs Moc/eqHErO HEPABEHCTBA COAEPKHT
HEH3BECTHYIO BEPOSITHOCTb p, HO MPH JI0GhIX 06CTOATENbCTBAX pg < 1/4,
H no3ToMy ob6vem eutbopxu nz= 100002 6ydem docrmamounsim.

Has noseputensHoro ypoBHs a=0,95 naxoaum z, = 1,960, u no-
atomy o6beM BuIGOpKH 7= 40000 Bnomase pocraroued. OcyiecTBHThH
BBIGOPKY TaKOro o6beMa JOCTaTOYHO CJIOXKHO, HO TpefoBaHie | p' —p | <
< 0,005 sBasiercst upe3BbIYAHHO CHABHBIM. Ecau 66l Mbl NMOTpeGoBa/H
JuWb, 4to |p'—p| < 0,01, To pocratouen Gbu1 Gbl 06BEM BBHIGOPKH
10000 (npu ToM e poBepuTeqbHOM YpOBHe). Tak HasbiBaemasi YeThl-
PEXNPOLEHTHAs TOYHOCTh O3HayaeT, yro |p'—p|< 0,045, u B, 3TOM
cayyae o6beM BHLIGOPKH paBeH Juilb 475: B cpepHeM Tosbko 5 13 100
CayuaiHbIX BRIOOPOK TAaKOro oGbeMa JagyT OLEHKY c 6ogbluefi norpelu-
HocThio. (Ha npakTtuke oO6bIYHO TPYIAHO GLIBAET MOJYUYHTHL NMpEACTaBH-
TeNbHYIO BBIGOPKY JoGoro ofnema.)

§ 5. CBSI3b C NYACCOHOBCKHM NPUBJIMN)KEHUEM

OwnbKka HOpMaJbLHOrO NpHOJIHXEHHSI Mana, eclH Apg BEJHKO.
C apyro#t cTOpOHBI, NPH GOJBIUKX 1 H MaJbIX p BepOSTHOCTH b (k; n, p)
6ynyT 6/1H3KH K NYaCCOHOBCKHM BeposiTHOCTAM p (k; A) ¢ A=np. Ilpu
MaJIbIX A MOXKHO NOJIL30BATLCS TOJNBKO MYACCOHOBCKHM NPHG.HKEHHEM,
HO NpH GOJBIIKX A BO3MOXKHO NMPHMEHEHHE KaK NyacCOHOBCKOTO, TaK H
HopMaJ1bHOro npubaipkenuit. OTciona caepyer, 4To Npu GONBIUMX 3HA-
YEHHSIX A, BHIHMO, MOXHO NPHUOGIHXKATh pacnpenesenue [Tyaccona Hop-
MaJbHBIM pacnpejesneHHeM, H B npusMepe ri. X, 1, B) Mbl YBHAHM, UTO
3TO JAEHCTBHTEJNBHO TaK (CM. TaKxke 3ajgauy 9). 3xech Mbl OrpaHHUHMCS
HJIJIIOCTPAUMEN 3TOrO YTBEPKAEHHS HA OJHOM YHCJEHHOM H Ha OJHOM
NpaKTHYECKOM TpUMepe.

Npumepnl. a) Pacnpenesnenue Ilyaccona ¢ A=100 npunuceiBaer
MHOKECTBY LleJbIX uiucea a, a+1, ..., b BepoOATHOCTb

P(a, b)=p(a: 100) 4 p (a+1; 100)+ ... +p (b; 100).

310 pacnpeneaente [lyaccoHa Mo#HO paccMaTpHBaTh KaK NpHOJHXKEHHE
Anst GuHOMHaJbHOTO pacnpenenerus ¢ n=100000000 » p=10-%. Tor-
Ja npga:100, no3TOMY €CTECTBEHHO anNpOKCHMHPOBATh 3T0 OMHOMHAJIb-
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Hoe pacnpefe/ieHHe HOPMaJ/bHbIM XOTSl Obl A/ 3HadeHHl, GJH3KHX K
neHTpasbuoMy useny 100, Ho 3To o3nauaeT, yto BeposiTHOCTh P (a, b)
6/1M3Ka K pPa3HOCTH

€N ((b—99,5)/10)— 9t ((a— 100,5)/10).

O creneny npuGnmKeHHs MOXKHO CYAMTb IO cjefylomed Tab/MIe.

Tounce Hopmanbaoe

3HAYCHHE NpHoGAnKeH e
P (85, 90) 0,11384 0,11049
P (90, 95) 0,18485 0,17959
P (95, 105) 0,41763 041768
P (90, 110) 0,70652 0,70628
P (110, 115) 0,10738 0,11049
P (115, 120) 0,05323 0,05335

6) 3adaua 0 menegorinbix aunuax. Cnepyomas 3ajgada ¢ HEKOTOPbIMH
YNpOIleHHsIMH B3siTa M3 npaKTHKH ). TenedonHas cranuus A RomxHA
coennHuTh 2000 aGoHeHTOB ¢ coceqdel ctaHuHeil B, Buio 6l CIHIIKOM
Aoporo 1 GeccMbicleHHO n1poBoauTh 2000 aunmi u3 A B B. Joctatouno
caenath yHcso JHHMA N HacTo/bKO 60JBIIHM, YTOOL! NPH OOLIYHLIX YC-
JIOBHSIX TOJBKO Ha OQMH M3 Kas/JbIX CTa BHI30BOB He CPa3y HaxOAHJ/ach
cBoGoAHas JuHMA. [IpeanosoxKuM, YTo B TeyeHHe HanboJlee HAMp AXKeH-
HOTO yaca JHS KaxJoMy aGoHeHTY TpebyeTcsi cBA3b ¢ B B cpelHeM Ha
2 MUHYThI. MBI MOXKEM CPaBHHTb NOJOXKEHHEe B JII060H (PHKCHPOBaHHBLIA
MOMEHT 3Toro yaca c¢ rpynnoii u3 2000 HcnbITaHHE Kaxaoe ¢ BEpOsT-
HocThio p=1/30 Toro, uTo noTpe6yercst AHHHSA. [IpH OOBIYHEIX YCIOBHAX
MOXHO CUMTATh 3TH HCNLITAHMS He3aBHCHMBIMH (XOTf 3TO NEpeCTaeT
ObITh BepHBIM, KOrja TakHe COObITHS, KaK HEOMHMJAHHHIH JIHBEHb WJ/IH
3eMJleTpsiceHHe, 3aCTaB/ifIOT MHOTHX JIoAeH BH3bIBAaTh TAKCH WJH 3BO-
HHTb B MECTHYIO I'a3eTy; TOTA4 3Ta TEOpHsl HENpUMeHHMa H JIHHHH OYAyT
neperpyxenni). Mtak, umeem 2000 Hcnwitanuil Bepuyaan ¢ p=1/30,
HY>XHO HalTH TaKoe HaumMeHbllee uHci1o N, NPH KOTOPOM BEPOSITHOCTB
6onee N «ycnexos» menbie 0,01; B namnx o6o3nauenusix P {Sgooo=>
>N 1}<0,01.

Ipu nyacconosckom npubauncenuu cienyeT Baatbh A=_2000/30~
66,67, [lo Ta6nHuaM HaXOAHM, UTO BePOSITHOCTD He Menee 87 ycnexos
npubauxenno pasxa 0,0097, a BeposiTHOCTh 86 Kim Gosee yCnexos —
npumepro 0,013. D10 o3nauaer, 4yro Obwo 6 docmamouno 87 Aurull.
[IpH HCIO/Jb30BAaHHH HOPMAALHO2O NPubAuicerus CHauala HaiieM Ko-

1y Molina E. C., Probability in engineering, Electrical Engineering, 54 (1935),
493--497; Bell Telephone System Technical Publications Monograph B-854. B sTux
pafoTax 3ajaua pelyaercs MCIOJb3yeMuIM Hamu MetojoM [lyaccona, Gogee YAOGHHM
JAJs MHXEHepOoB,
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peHb x ypaBHenus | — N (x) =0, 01, koropwit pasen ¥x=2,327. Hauee,
AOJIXKHO BLINOJIHATBLCS HEPABEHCTBO

(N—1;2—np)]V 1upg > 2,327.

IMockoabky n=2000 u p=1/30, orcioma nonyuaercss N=>67,17-+
+(2,327) (8,027)~285,8. Takun o6pa3oM, NpH HCIOJAL30BAHHH HOP-
MaJibHOro npub/MMeHHsl BeITeKa.j o Obl, uto docrmarmouno 86 aunud.

Pe3yabTaTel ABYX pellleHMH NPAaKTHYECKH coBnajaioT. Kpome TOro,
M3 HHX MOXXHO H3BJedb H JAPYrylo noJessylo nugopmamino. Hanprwep,
MOKeT [OKa3aThCsl, UTO UHCA0 JHHHE OyJeT MeHbiue, ecad 2000 aboHeH-
TOB pa3buTh Ha ABe rpynnel no 1000 B Kaxzofi 11 yxe Aas 3TiX ABYX
IPYNn pasfesbHO npoBecTil JAuHHi Mexay A u B. OpHako, nosb3ysich
OMHCAHHBLIM BhIlIe METOJOM, HaliieM, 4YTO B HeliCTBHTE/bLHOCTH JAOMNOJ-
HuTeabHO notpebyercst 10 JuHIIL, Tak Y4TO NepBOHAYAJBLHBI NOAXOX
[IPEANOYTHTEIbHEH. .4

§ 6*). BOJIBIUKE OTKJIOHEHH 51

Teopema MyaBpa — Jlamnlaca onuchlBaeT aCUMITOTHUECKOE MOBEAE-
Hue BeposaTHOCTH P{z,<S;< 2,} npu QpuUKCUPOBaHHLIX 2, H 2,. U3 ee Jo-
Ka3aTeJIbCTBA BHAHO, YTO TeOpeMa NpPHMEeHHMAa M B cjydae, KOrja 2; H
Z; MOTYT MEHATBCSI BMECTE C 11, IPHUeM, BO3MOXKIIO, 2,—>00 [IPH YCJOBHH,
YTO POCT NPOMUCXOJUT AOCTATOUHO MeJJIEHHO. B 3ToM ciyyae ofe uyacTH
(3.17) cTpeMATCA K HYJIIO M TeopeMa COfiepxKaTebHa TOJALKO TOTAd, KOr-
Ja omuoulerue oBerx yacTel cTpeMHTCs K eaunuue. Crengymouas teope-
Ma MOKa3blBaeT, NIPH KAKUX YCJOBHAX 3TO BepHO. las ynpouerus ¢op-
MYJHMPOBKH JBOHHOE HEpPaBEHCTBO 2,< S;<(Z, 3aMeHUM HepaBeHCTBOM
S;>>2;. Bo3MOXHOCTL TaKOH 3aMeHbl 0G0CHOBBLIBAETCH CJAEAYIOLIEH JeMm-
MOH, B KOTOPOH [10Ka3aHo, YTO NpI 2,—>00 BepXHIH Npejes 2, He UrpaeT
HHKaKOH pPOJIH.

Jlemma. Ecau x,—o0, mo 0ag awbozo Puxcuposarntozo') n >0
St > x,+n}/P{S: > x,} —0, (6.1)

Ul
{ { n<s X +n}~P‘SIl/ ’\u} (6 ?)

Huaue rosops, ecqiu S;; MpeBOCXOIMT X,, TO CKOpee Brero S oueib
6JH3KO K X,, U B 3TOM [PEeAEIbHOM COOTHOLUEHHH 60bllne 3Haueis Sy
He MrpaioT HUKAKOIl po.H.

*) Teopema srtoro naparpada noJge3Ha, HO B 3TOM TOME OHa MpHMEHAETCH
aumb B ra. VII,4 v B ra. VIILS.

1) M3 pgokaszaTenabcTBa 6yzxe‘r BHIHO, YTO JOCTAaTOYHO YVCJOBHA X1 —— co,
BoJsiee cHAbLHME B HHTeDCCHBIR BapuaHT CM. B 3ajaye 18,
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Hokasameascemeo. Vicnonb3ys o6osnauenue (3.2), ana GuHOMHATBs
HOFD pacnpeueneﬂuﬂ veem

PiSi>xt =2 v PISI> 24l = 2 aieny (6.3)
v= v=

rae r, u §,—Leble YuC/Ia, KOTOPhIE OTJHYAOTCA COOTBETCTBEHHO OT
x,,l/n.pq u (x,-+mn) V ipq ne Gonee uem Ha emumiuy. Jlanee, u3 (3.4)
OUeBHAHO, YTO AAA COJbLINX N
Ay /0y, < 1—pt, < 1—kin < e-#n, (6.4)
U NO3TOMY
Qs 19/ Qry 4y < @710~ ™)l L @=(1/2) mxn nq, (6.5)
[To npexnonoxenuo x, — oo, H, CJELOBATENLHO, UIEHEl BTOPOro psiia

B (6.3) cranoBATCA NpeHedpeXUMO MaJLIMH IO CpPABHEHHIO G COOTBET-
CTBYIOIWMY WIeHaMK NepBOro phja.

Tenepp Mbl roToBbl OGOGIIMTL NPEAEIbHYI0 TEOPEMY CJIEAYIOLLHM
oOpasoM.

Teopema. Ecau x,—- oo max, umo £./V 11— 0, mo
P{S) > x,} ~ 1= (x,). (6.6)

B cuny (1.7) acnunToTiueckoe cootHowenwe (6.6) noanocmsio sxeusa-
AEHMHO CTIeYIOIIEMY:

PISi> x,} ~ (1} 27) (I/x,) e~/ %, (6.7)

Hokazameascmeo. B cuny npensiaywell nevmbl ¥ Teopems: 1 § 3
nveem
PISI> x, b~ D hu(kh), (6.8)

k=rg

rje r,— LeJoe 4rcao, Takae, 4to | 7,h—x, | <. CaegoBatenbro, CymMma
B npaBo#l uyacTd (6.8) smexur mexay 1 —3 (x,—2h) u 1—I(x, -+ 2h).
Hcenoassys (1.7), pa9 pasHOCTH 3THX LRYX EEJHYHH MOJydaeM

N (x, + 2h)—t (x,—2h) < 4hu (x,—21) — 0, 6.9
rak uto cymMa B (6.8) ~ 1 —9(x,), uTo U yTBCpPXKAANOCD. |

Hanpuefine obcbuieHusa <M. B 3afauax 14 4 16,

§ 7. 3ALAYH
1. O6odwas (1.7), gokasaTh, uTO
! 2 . .2.5
- ()~ VIT am1/2)x {L__L_N__S_I 3.o+_.”+

P44

A
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¥ uto npu x > 0 nparas uacts npesocxodum 1—%WN (x), ecan k ueTHo, H OKA3bis
eaemca menbute 1 —9 (x), ecan & HeyeTHO.

2. JlokasaTb, 4uTO AJs NPOH3BOJBHOIN nocTosHHON a > 0 npu x —» o crpa-
BCAMBO COOTHOWeHye

(t—N (x+a/x)/(1 =N (x)) — e—C. a.2)

3. Hefith eeposaTtHocTs TOTO, yto cpegn 10000 cayuatinbix undp uudpa 7
nosBHTCA He Goaee 968 pas.

4, Halitn npuOGnHKEHHO® 3HAYEHHE BEPOSTHOCTH TOTO, 4YTO YHCJIO BHMAfEHHH
eauHuUbl npi 12 000 6pocannit KocT JexHT amexk1y 1900 u 2150.

5. Ha#Tth unciao k, npH KOTOpoM C BeposTHOCThIO 0,5 uHCnO BunajenHil Tepba
npn 1000 Gpocannsax MoreTs! Oyner Jexare mexay 490 u k.

6. /laa onpeneneHns JOJH xeHWHH f B8 HekoTopoM obiuecTBe NpOM3BOJHUTCA BbL-
Gopxa. OnpenenKTh 06beM BLIGOPKH, IIPH KOTOPOM C BEPOATHOCTBIO, He MeHbiued 0,99,
norpewnocts cocraBut aeHee 0,005.

7. Hpn 10000 opocannsax monets rep6 noseasaca 5400 pas. Ects am ocHo-
BaHHA CUHTATh, YTO MOHCTG HECHMMeTPHYHa?

8. Halitn npuGanxkenne Jnd MaKCHMaJbHOR BEPOSITHOCTH CJelyIOWEro Tpie
HOMHAJIBHOTO pacrpeesIeHHs:

n! k . .
mwpé (1 —pi— pg)7=k-r,

9. Hopsasvnoe npubaumenue din pacnpedesenus [Tyaccona. Ucnonsays dopmyay
CrupJaHHTa, noka3aTb, 4TO AM8 GHKCHPOBaHHHX & < P nmpH A — o

> p ki h)—RNE—N @). (7.3)
LraV A<k< A+pV A
10. Hopmaavroe npubauscenue 6an eitnepeeoMempiveckozo pacnpedenenun. I1yets
#, m, R—NON0XHTENbHHE LeJble YHCI2, KOTOPLIC CTPeMsTCS K GeCKOHEYHOCTH
TaK, 4TO
L, I p =P g, hlk—rpy—x,  (T4)
n--m n-rm n-t-m

rae h=1/V (n+m) pgt (I—1). Jokasarb, 4TO
(:) <,fk) <n+;m)—1~hn ). (7.5)

Ykasarnue. Jlyuiwe HCONb30BATH HOPMANbHOE NDUOAMKeHHE 1A% GHHOMHANb-
HUTO pacrnpegelienusi, a He dopmyay CTHpanHTE.

11. Hopsaabroe pacnpeGenenue u cepuu 8 Komburamophux sadadax'). Popmy-
aa (11.19) rn. 11 gaer BeposTHOCTS HMeTb POBHO K CepHil anb IPH pa3MellleHHH A
ans( 4 m Ger. DTa BePOATHOCTL pPaBHa

= (128 () (57

Iycts n—> 0, m—» o 718K, yTo cooTHowerKA (7.4) Bbinonnens. [Ipu dukcn-
poBaHHBIX o < B BepOATHOCTH TOTO, YTO YHCAO CepHH anbd JeXKHT MeXAy

ng+aq V pn u ng+Bq V pn, crpematca k N (B) —N (@)

1) Wald A., Wolfowitz J., On a test whether two samples are from the same po-
pulation, Ann. Math. Statist., 11(1940), 147—162. Bonee ofuine pe3yabTaTs! cu.
B ctathe Mood A. M, The distribution theory of runs, tam xe, 367—392,
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12, HoBulfi BLIBOX 3akoHa GoJbIIAX YHCEJ. BLiBecTH 3akon GO/bLIMHX 9HCeN,
paccmorpennnii B § 4 ra. VI, u3 npepensrofi Teopemel Myaspa— Jlandaca.

Tpenemsunie Teopems A8 BEPOSTHOCTER GOJNLUWIHX OTKIOHEHHH

138. HMcnonnsys ofBosnauenns § 3, mokalaTh, YTO ec/H & HIMCHSAETCH BMecTe
€ n TaK, yto knd® — 0, TO

ay=b (k-+m; n, p) ~hnt (kh) e~ P=ORRYE BtV pg. @)
D10 obobiuenne Teopemu | § 3.

14, Hcnonsays pesynsTaT npeguiiywleif 3agaun W Jemmy H3 § 6, XokaaaTs,
YTO BepHa cJjefylilas Teopema.

Teopema. Ecau x,, ussmennemes emecme ¢ n mak, 4mo xx/n — 0, HO X, —> o, MO

(- 3V g
P{Sh > xo} ~ [1— 9 (xa]e” @O 5" "4, 7.8
15. O6o6uenue sadaur 13. IlonoxuM
w
. pV—l_qV—l — __p'l_q! a p3+q3 e
f(x)_z——v(v__l) WYy = R Bt  , (19)
v=3

rjie h=l/]/'71—p-(-;'. Ecnn k& uaMeHsieTcst BMmecTe € n Tak, 410 k/n — 0, TO
ay, ~ ht (Rh) -~/ ki), (7.10)

{Ecan &/n? — 0, To 3TOT pedy.sTaT cBOZHTCA K Teopeme 3 § 1; ecan ki/n? — 0,
To nosyuyaem (7.7); ecnu kb/nt — 0, To noayuaercs (7.7) c AoGaBJCHHEM B NOKa-
sate/ik YJeHa YETBEPTOTrO Nopsjka, H T. X.|

18. Obo6uenue sadauu 14. Ecau x, ussenremes emecme ¢ n maK, 4mo X, — 0,

Ho x/V n—> 0, mo
P{Sn > xu} ~ 1 =N (x)] e~/ &*n), (7.11)

Ecan xA/n — 0, To s10T pedyantaT cBoguTes K (7.8). ITpn x3/n3/% =0 Moxro aave-

HHTb f(xﬁ’z) MHOTOYJIEHOM 4eTBepTOli cTeneHW W3 npasolt yacTw (7.9) u T. &
L] *
17. Ecn p > q, 10 P{S; > x} > PES,, <—x} Ans Bcex CoabIMX X. ¥xa-
ganuwe. Vlcnonb3oBars peaynsTaT 3ajaun |
18. IToxasaTh, 4TO mpH X, —> 0 H x,/V 1 — 0 COPaBeJIHBO COOTHOIICHHE

P{x,, < S, < x,,+a/x,,} ~ (1 —e=9%) P {S,‘l > x,,}. (7.12)

L]
CioBecHO 9TO BHIPAXAETCS TaK: YCIOBHAS BOPOSTHOCTH COBHITHA {Sp=> X, a/x,}

- u -
NpH YCAOBHH, 4TO Sp > x,, CTpeMHTCA K e~% (Bonee cnabuiif BapHaHT 3TOH Tco-
pemu 6m gokazan A. f. XnruuHEIMY).)

1) Khintchin A. Uber einen Grenzwertsatz der Wahrscheinlichkeitsrechnung,
Math., Annalen, 10(1929), 745—752.— [pum. nepes,



FIABA Vill %) HEOT P AHMYEHHBIE NOCNEAOBATENILHOCTH
UCNLITAHUA BEPHY AKX

B stofi rsaee 0OCYXKIAIOTCS HEKOTOPLIE CBOICTBA CAY4aHHOCTH H
BaXKHBbIII 3aKOH [OBTOPHOro Jorapidgaa Aas ucneitanui bBepHyaan,
Pasnuunbie acnekTwl TEOPHI caydalfimbix (QyKTyauMid, CBA3aHHLIX Q
MCIEITaHUAME Bepuynan (no kpaiidei mepe aaa p=1/2), paccMotpenbt
B ra. IIL

§ 1. BECKOHEYHBIE NMOCJEROBATEJbHOCTH UCMBITAHWA

B npejnayieil raage Mel HMeqn AeJo ¢ BEPOATHOCTAMH, CBf3aHHDLI-
MH C 7 HCNBITAHUAMH DepHyaaH, 11 H3y4asH HX aCHMITOTHYECKOE MOBe-
nenue npu n—»oo. O6patiMcs Tenepr K Oonee ofliemy TNy 3ajad, B
KOTOPHIX COBLITHS 1€ MOT'YT OBITh ONPEJE/EHbl B KOHEYHOM NPOCTPaHCTRE
3/eMeHTaPHBIX COOLITHH.

Mpumep. 3adava o cepusx. Tlyctb & 1 B — NOJOKIUTENbHBIC LEJLIC
yiieaa. PacemoTpiy Kakylo-HIGYIb, BooOlue roBops, HeOrpaHHYeHHYyIo
[I0C/16e10BaTeBbHOCTL  dCnbrTandid  DBepHyaan, HanpHuep nocaeiosa-
TeIBHOCTh Spocanuil MoHetst mi KoctH. [Ipeanodoxiy, yto [lasen
nocnopua ¢ [Tetpoy o ToM, 4TO cepHsl U3 o [0CA€J0B4TeIbHBIX YCIeXoB
[OSIBHTCS Palibllle, 4eM cepus 13 f nocaenosaTeabHbIX HeyRad. MHTyH-
THBIO $ICHO, UTO O3Hauaer cobuTHe «[laBes BBIMIPAI», [0 HYKHO IOM-
HITh, YTO B MATCMaTHYECKON TEOPIII COOBLITIIE — STO XMHOXKECTBO 3Je«
MEHTapPHLIX COBLITHIY I OHO IIe HAIEeT CMBIC/IA, NOKA He ONPEeJeJeHo Co-
OTBETCTBYIOIEE MPOCTPAHCTBO 3JeMellTapHBIX CobuTiit. Moesib ¢ Ko-
HEYHBIM YIICJOM HCHBITZHHH AJs HAamuxX uejefd 1ei0CTATOYHA, HO 3Ta
TPYAHOCTL NPeoicJeBaercsl NPOCTHIM fdepexozoM k npedeny. [locae n
nenwitannit [erp ando Beirpan, anfo npourpad, Aiuso Hrpa oCTa.lach
He3akoHueHHo{l. [IycThb COOTBETCTBYIOLHE BepPOATHOCTH OYAyT Xn,
Yns 2n (¥n-t+yn+2z,=1). Tlp1 ypeliyeHIL qIcaa UCNLITAaHIIA 1 BEPOST-
HOCTh HHYEHOro Peay/bTaTa 2, MOAET TOJbKO yObIBaTh, 8 Xp H Yn,
oueBHHO, Bospacrtaotr. CleloBaTe]bHO, CYLWIECTBYIOT Npelebl x==
=lim x,,y=lim y, n z==lim z,. Hukro He{yCOMHUTCs B TOM, YTO 3TH 11pe-
JleJibl MOMKHO Ha3BaTh BEPOSTHOCTAMH TCro, YTO B KOHLeE KOHUoB [letp
WId BbIMIPAeT, KM NPOUrPaeT, Nl [rpa 3aKOHUHTC BHHYbIO. OAHAKO

*) Dra raapa neNocpeiCTBERHO He CBA3aHA G MaTeplaoM NOCAEAYHUIHX Iaap
B MOXeT OWThb OnyumieHa [pH [epBOM YTeHHI,
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COOTBETCTBYIOULIHE TPH COGBITHSI OnpejiesleHbl JIHIIb B TPOCTPAHCTBE 3Je-
MeHTapHBIX COOBLITHIT, MOCTPOEHHOM N0 BECKOHEUHBIM M0C/1e10BaTeIbHOC-
TSIM HCIILITAHHHA, B 3TO MPOCTPAHCTRO He ABJAETCA AHCKPETHGLIM.

Dror npuMep 6l NpPHBEAEH TOJALKO B KadyecTBe MJOCTpaukH. UucienHsle
8HAYEHHA X,,, Yp, 2, HAC NOKA He WHTEPCCYIOT. Mul BEDHEMCH K HX BbIUHC/ICHHIO
B npumepe ra. XII1,8,6). Ilpegcamt x, y, 2 MOXHO HaTH Gosnee NMPOCTHM Meto-
JOM, KOTOPHIA NMpHMEHMM M B Gomee oOWUX Caywafx. 3TOT METOA MBI H3NOKHM
34CCh H3-32 ero BAXKHOCTH M TOI'O MHTEpeca, KOTOPHIl OH NpejCTaBAfieT caM IO
cebe.

IMycts A—colbtTue, cocTosAmice B TOM, 4TO CEPUA 13 O NOCAE00BAMEAbHbIX
ycnexos nossumca pausiie, ues cepus u3 P nocaedosamensHoix Heyday. CoSvithe A
o3dayaer BRMrpuiw [1aBna u x =P (A). Ecau u 1 v— yc10BHBIC BEPOSITHOCTH COGHI-
TUA A NDU YCJIOBHH, YTO NEPBO2 HCILITAHME 3aKOHUH.IOCH COOTBETCTBEHHO YCIICXOM
uaH Heygauei, To x=pu--qu [cM. dopmyay (1.8) ra. V]. Cuauana npegnomoxu,
YTO NEepBO2 HCNBiTaHHE 3aKOHuUMJIOCH ycrnexoM. B 3Towm cayuae coSmtue A mMoxer
[POH30HTH B pe3ysbTaTe O B3aHMHO HCKJIOHAKUIEXCA HcXopos: 1) caegyrouiue
a—1 ucnbITaHME 3aKOHYATCHA YCIeXasmH; BEPOATHOCTh 3TOro paBHa p%—1. 2) Ilep-
Basg Heygaua NPOH3ONAXT B V-M HCNHTaHKH, Tae 2<Cv<Sa. O6o3nauuM 3To cobbl-
THe uepe3 Hy. Torga P {Hy}=pv-2q u P{A| Hy}=v. Caegorarenbno (eme pa3
#icnoabiys GopMyJay NOJMHOH BSDOATHOITH), NOJyuaeM

u=p%-l4-qu (14-p+... 4 pE2) = pE-14v (1 —pa-1), (1.9

Ecnu nepBoe HCILITAHHE 3aKOHYHJIOCH HeyuaI{Ei'l, TO 2HAJOTWYHDIE paccympe-
HHA TNPHBOASAT K BLIPAaXCHHIO

v=pu (14qg+... +¢8-2)=u (1—gB-1), 1.2

I/ITaK, LSl HEH3BECTHBIX BEJHUHH 4 W U HMeeM JBa yPaBHEHHS # AIf x= pu-qu
Haxopum

x=p2-1 (1—gB)/(p%-1 4 qB-1— pu-lgh-1), (1.3)
Yrobu NOJYYHTb Y, HYXXHO JIHIIb TOMEHATb MecTaMu p H ¢, o u f. Hrax,
y=qP~1 (1—p%)/(p*~1+qB-1 — pa-1gh-1). (1.9

Iockoabky x+y=1, nmeem z=0; gepoamuocmp Huubell pasia HyMo.

Hanpumep, npu 6pocandd MoHeTh (p=1/2) BepOATHOCTH TOrO, 4YTO CEPHA H3
JIByX Tep6OB NOSBHTCHA DaHbllle, YeM CEDHS U3 TPeX DEeLIeTOK, pasBHa 0,7; ABa nocaexo-
BaTeNbHLIX rep6a NOSB.AIOTCA DaHbIUE YETLIPEX M0CIeI0BATENbHBIX PEUIETOK C Be-
poATHOCTLIO 5/6, TPH noc/eqoBaTeNbHLIX Tep6a NOsBAAKTCA PaHbILE YETHIPEX NocJe/10-
BaTeNbHLIX peweTox ¢ pepoaTHOCTbIO 15/22. Ilpu 6pocannu KocTH BEPOSATHOCTL Toro,
YTO AB@ NOC/EJORA1E.IbHBIX BLINALEHHA EJHIHIbI NDOH30HIYyT PaHbIUe, yeM NATb MO-
CJeJoBaTeIbHLIX ee HeBbnajgeHHi, pasHa 0,17563, u 1. &.

B 3TOM TOME Nibl OTPaHHUHBAEMCS TeopHell AICKPETHLIX MPOCTPAHCTB
3/1eMeHTAPHLIX COOLITHII, YTO 3HAUHTEILHO YMEHbIIAeT H3AIECTBO MaTe-
MaTHUeCKHX paccyxienuil. B obiuefi Teopiu n HenbitaHui BepHynaan
paccMaTpHBAalOTCs JIHUIb KAK Haua 10 GeCKOHEYHOI [oc/1e10BaTe/1bHOCTH
HcrbplTaHHi. B 3TOM c/yuae 3.71eMeHTapHBIM COOLITHEM siBJsieTcs BecKo-
HeuHasi 1oc/1eloBaTes1bHOCTh OYKB & 11 /1 H NpPOCTPaHCTBO 3/1eMeHTa PHLIX
COBGBITHH COCTOKT M3 BceX TAKHX I[10C/el0BaTe1bHOCTel, KoHeuHas nocJe-
ZOoBaTeIBHOCTh, HanpuMmep Y ¥ HY, 03HauaeT COBOKYNHOCTh BCeX 3.e-
MEHTApPHBIX COOLITHH C TAKHM HauajOM, T. €. COCTABHOE COBHITHe, coc-
TOSIIEE B TOM, YTO B 6ECKOHEUHOH [10C/1eI0BaTe1bHOCTH HCIILITAHHH rep-
BHIE YeThIDEe HCXO0Ja COOTBETCTBEHHO 1aiayT ¥, &, H, ¥. B 6eckoneunnix
{IPOCTPAHCTBAX 3/IEMEHTAPHEIX COOBLITHA DAaCCMOTPEHHYIO BHILE HIpy
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MOXHO HHTEpIpeTHpoBaTh 6e3 mpejesbHbIX nepexojoB. Bosbmem mnpo-
H3BOJILHOE 3/eMeHTapHOe cobbiTHe, T. €. JOOYI0 NOCJaeJ0BaTe]bHOCTS
Buja Y¥YHYHH.... B Heil moxer 6LITh cepHs H3 @& nmoc/eJoBaTesbHbIX
ycnexoB ¥, a MOxeT H He ObITb Taxoil cepuu. EciH takasa cepus ecrs,
TO OHa MOXKeT MPOH30HTH JO cepuH 13 {3 mociefOBaTeNbHBIX HEyaay HJH
He pOH30HTH 10 Hee. Takum o6pa3oM, Mbl pa3bHBaeM Bce 3/1eMeHTapHbIe
cobbiTHA Ha TPH KJacca, npejcrasisiiomve coboit cobbiTus «Iletp BbI-
urpaay, «[lerp nipourpas», «HeT HIIKAKOTO pe3yJabraTa». Flx BeposiTHOC-
TAMH SIBASIOTCS YHCJA X, Y, 2, IOJYUYeHHbIe Boille. EJHHCTBEHHBIM 3aT-
pYJHEeHHeM fBJAETCS TO, YTO STO NPOCTPAHCTBO 3JeMeHTapHbIX COObITHH
HEeJMCKPETHO, a Mbl €lle He Onpejeasi BEpOSITHOCTH /51 0OLHX NpOCT-
PAHCTB 3JeMEHTApPHBIX COGLITHI.

3ameTHM™, uTo Mbl 06CYIKIA€EM cefiuac CKopee BONPOChl TEPMHHOJIOTHH,
yeM JefiCTBHTe/1bHbIE TPYAHOCTH. B Hallen npuMepe HajJsexaiiee onpe-
JleJleHHe 11 HHTePNpeTalus YHCa X He BbI3bIBaeT BONPOCOB. TpYAHOCTh
COCTOHT JIHLIb B TOM, 4TO, Xeasl GblTh NOC/1€40BATENbHbIM, Mbl JOJMKHbL
pelldTh, TOBOPHTb JH O X KaK O «Ipejese BepOsITHOCTEH X, TOro, YTo
[letp noGegnn nocse 7 icnblTaHHWii», HIH TOBOPHTb 0 cobbiTui «lleTp
nobegus», KOTOpPOE COOTBETCTBYET HeHCKPETHOMY NpPOCTPAHCTBY 3Je-
MeHTapHbIX cOObITHH. Mbl npejsaraeM nocTynatb o60HMH criocofamH,
JAns ynpomeHust TepMuHOJOrii 6yaeM TFOBOPHTb O COOCBLITHAX Jaxe
TOrJa, KOrja OHH omnpejeseHbl B GeCKOHEYHbIX NMPOCTPAHCTBAX 3JeMeH-
TapHbIX cobbiTHi. ORXHAKO A5l TOUHOCTH TeopeMbl OyAYyT ¢opmy.aHpo-
BaTbCfl B TEPMHHAX KOHEYHbIX NPOCTPAHCTB 3JE€MEHTAPHbiX COOLITHH H
npefiebHbIX NEepeXojoB.

CoBbITHs, KOTOpBle H3YYalOTCS B 3TOH IJ1aBe, KaK M NpejblAyllHi
npumep, o6aaaloT caeaywuei ocobensoctsio. CobbiTHe «[letp nobegumn»
XOTSl H OmlpejeJieHO B GeCKOHEUHOM NpOCTPaHCTBe, fBJAETCS 00beauHe-
HileM cobbiTiil «[leTp moGeann mocne n ucnositanuit (n=1, 2,...)», Kax-
J0€ H3 KOTOpPBIX 3aBHCHT TOJBKO OT KOHEUHOro yucsia ucnbitaHuil. Hc-
KoMasi BepOSITHOCTb X €CTb Ipejes MOHOTOHHOH INOC/JeJ0BaTebHOCTH
BEPOSITHOCTEH X, KOTOPble 3aBHCAT TO.ILKO OT KOHEUHOro YHCJa HCIbl-
tTaHuit. Ham He TpeGyercsi Teopusi, Haymas Jajblie MOAEIH 72 HCIIbITAs
Huit BepHyaaH, Mbl HWb GepeM Ha ce6si CMeJOCTb VIIPOIIATh HEYKJIO-
JKHe BbipaXKeHHs 1), HasbiBasi HEKOTOphle ylicaa BepOSTHOCTAMH, 8 He
NOb3YACh TEPMHHOM «IIpefebl BepOSTHOCTEH».

§ 2. CACTEMbI HIPhI

Ileuas1bHbBIH ONBIT MHOTHX HrpOKOB YYHT HAC, UTO HHKaKas CHCTEMA
Hrpbl HE yBeJAHYHBAET LIAHCbI HIPOKa Ha BbINrPLIIL. Ecan TEOpHs Be-

1) Jnq yurateas, 3HaKOMOro c obuleil Teopuel Mephl, CHTyallMi0 MOXKHO onncaTg
caeyiomiiM 06pa3os. Mbl paccMmaTpiBaeM TO.1bKO Te COGHITHS, KOTOPLIE 1160 38BHCH
07 KOHEUHOTO HHcJa HCNbITaHHH, HOO0 SIBIASIOTCS NPelesaMil MOHONIOHHbIX NOCde/0Ba-
TeqpHOCTell TakiiX COOLITHH. Mul BHIUHCAsIEM 3TH NPOCTbie Npejie]n BePOSTHOCTEH, H
JAS 3TOTO HaM, OYEBI[HO, He HYX<Ha Teopust Mepbl. Ho To/bKO ofliasi Teopus Mephl
NOKa3LBaeT, YTO Haluu NpejeJH He 3aBHCAT OT cnocoba nepexoja K NpeAety H sR«
JISIOTCA BNOJHE AAJUTHBHREIMH QYHKIHSAMH MHOMXeCTB,
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POSITHOCTEH NPaBHJLHO OTOGPAXKAaeT MKH3Hb, TO 3TOMY ONBITY JOJXKHO
COOTBETCTBOBATh HeKOe J0Ka3yemoe yTBepKieHwue.

Jns onpeneneHHOCTH paccMOTPHM, BOOOIle TrOBOpSI, HeOrpaHHYeH-
HYIO [OC/1eJ0BaTe/NbHOCTE MCNHITAHHH BepHYJJH H npeanosoxuM, YTo
nepel KaXXIbIM MCIbITAHHEM HIPOK MOXeT BblOpaTh, yyacCTBYeT JIH OH B
Hrpe uiu Het. «CrcTeMa» npeiactasisieT coGoy ¢huKCHPOBaHHBIE NTPaBHa,
COrJIACHO KOTOPhIM BBIGHDAIOTCA Te HCNBITAHHMS, NMPH KOTOPBIX HIPOK
Jenaer ctaBKy. Hanpimep, HrpOK MOXeT BKJIOYaThCH B HTPY MPH Kax-
JOM CEIbMOM HCIBITAHHM MJH MOCJE KaXIOr0 BCTYIUIEHUSI B HIPY
XKJaTh, noKa 7 pa3 He nosBuTca r'epl. OH MOXeT BCTYnaTh B HTPY TOJb-
KO mocJsie nosijenus: cepuu u3 13 repGoB uail nepBuli pa3 BKIIOYHTHCA
B MTPY nocJe NOsIBJeHHS nepBoro repba, BTOPOH pa3 — nocJe nepBOH
CepuM M3 ABYX MOCJeN0BaTelbHBIX repGoB M BooOIle k-if pa3 — cpasy
nocJie MOSIBJEHHSI R moOc/eJ0oBaTe/bHBIX rep6oB. B mocnennem ciyuae
OH GyjJeT JeslaTh CTAaBKH Bce pexe H pexxe. Ham He Hy»xHO paccmaTtpH-
BaTh Pa3Mephl CTABOK B OTJEJbHbIX MCMBITAHMSX, MBI XOTHM M0Ka3aTh,
YTO He CYLIECTBYET «CHCTEMbl», H3MEHSIOUIEH MOJIOXKEeHHe HTPOKa, H 4TO
pe3yJbTat GyJeT TOT e, KaK ecJid 6bl OH MOCTOSIHHO Y4acTBOBAaJ B HTpe.
Ilogpa3ymeBaercs, yTO 3TO yTBepKAeHHE MOXHO J0Ka3aTh JHIb AJA
CHCTeM B OOBIYHOM CMBIC/IE, KOTJAa HTPOK He 3HaeT pe3VJibTata Cjaefylo-
[ero MCOuITaHMA (BOMPOC O TOM, CYIIECTBYeT HJIM HeT npeiBHAeHHe,
Hac He uHTepecyet). Heo6x01uMO Takike NPH3HATh, YTO NPABHJIO «YXOLH
JIOMOH MOCJe TPeX MPOHIPHIILEH» MEHSIET MOJOXKeHHe, HO Mbl HCKJIIOUHM
TaKHe HeMHTepecHble CHCTEMEI.

Onpedeaum cucmemy Kak MROXCECIMBO “(PUKCUPOBAHHVIX Npasua, Ko-
mopele 0A8 KAWO020 UCNBUMAHUS OOHO3HAYHO ONpedessom, 6Cmynamo
8 uzpy uau Hem. Ileped k-m ucnvimanuem smo pewenue Moxcem 3a6Lcems
om ucxoda nepevix k—1 ucneimanuid, HO He 3asucum om ucxoda R-zo,
(k+1)-20, (k+2)-20, ... ucnomanui. Haxowney, npasura dorsicube obec-
neyusame beckoHewHoe npodoascerue tepsi. T1IoCcKOABKY MHOXECTBO npa-
BuJ GHKCHPOBAHO, COOBITHE «B 71 HCIBITAHHSAX HTPOK JesaJll CTaBKH GoJiee
yeM r pa3» KOPPEKTHO ONpeleseHO M MOXHO HAHTH ero BEPOSTHOCTD.
U3 nocsegHero Npeano/IoXeHHs B ONpefeseHHH cHCTeMb! BBITEKAeT, 4TO
4718 J11o60ro + 3Ta BePOATHOCTh CTpeMuTcd K | npu n—-oco.

Copmynupyem Tenepp Hallly OCHOBHYIO TeOpeMY O TOM, 4TO Apu
M060L cucmeme nocaedosamensHbie UCnbimanus, Kozda uzpok Oeaaem cmas-
Ky, obpaayrom nocaedosamenvrocms ucnoimanuld bepuyaru ¢ HeusmenHol
seposmnocmeto ycnexa. Tlpu cooTBeTcTByiolmleM H3MeHeHHH (OPMYJIH-
POBKH 3Ta TeopeMa CnpaBefsiHBa AJs BCeX BHJOB He3aBHCHMbIX HCIbITA-
fuii. [Mocse0BaTeIbLHOCTL HCMBITAHWH, KOTa HTPOK JenaeT CTaBKYy, fAB-
JisleTci TOYHOH KOMMell [epBOHAYyaJbHbIX HCNBITAHHWHA, Tak 4TO
HHK2Kad CHCTeMa He MOXKeT IOBJMSTb Ha yAauy Wrpoka. BaxxnocTs 310-
I0 YTBepXKJeHHs BrepBhie Oco3HaJ MH3ec, KOTOpHIl BBeJ B KauecTse
OCHOBHOI aKCHOMBI HEBO3MOXXHOCTb YCHeEIIHOH cucTemsl urpnt. IIpuse-
JieHHas 37lech GOPMYJIHPOBKA M JOKa3aTeJbCcTBO mpHHaanexat [y6y *).
Jns npoctoTh npefnonoxuM, uto p=1/2,

1) Doob J. L., Note on probability, Annals of Mathematics, 37 (1936), 363367,
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IlycTs A, — cofuiTie «nepBoe BCTYIVIEHHE B HIPY NPOUCXOAHT NPH
k-M ucnbiTannu». M3 onpegneseHus cHCTeMbl BHITEKAeT, YTO IIpH A—>00
BEpOSITHOCTb TOrQ, YTO NepBasi cTaBKa Ohlsa clenaHa A0 M-TO HCMbITas
Husl, crpeMurcs K 1. 910 o3navaer, 4to

P{A }H-P{A.}H+ ... + P{4A,}>1,
2P{4;} =1 2.1)

Hanee, nycts B,-—co6uITiie «IpH A-M uCOBITaHHI Bhinaa rep6» u B —
coGbITHE «IIpii NMEpBOM BCTYIJEHHH B Hrpy Buinan rep6». Torga co6ul-
THe B ecTb OOheRuHENMe B3AaHMHO HCK/IOYAIOUHMX APYT ApYra cOGHITHIA
A B, A,B,, AB;, ... . lanee, A, 3aBHCHT TOJLKO OT HCXOJa NEPBLIX
k—1 ucnbitanufi, a B, 3aBUCHT TOAbLKO OT k-ro ucnwitais. CiefoBa-
Teanno, A, 1 B, Hesasucumbt u P {A,B,} =P {A,} P{B,} =(1/2) P{A,}.
Urak, P {B} =X P {A;B,} = (1/2) ¥} P {A,} =(1/2). Otciona BbiTeKacT,
YTO NpH Halled cucTeMe BEPOSITHOCTb BbINAJeHHs repfa NMpu NepBoM
BCTYIJIEHHH B Hrpy paBHa 1/2 u TO Ke caMoe BEPHO M JUIsi KaXJOrQ
H3 NOCJEAYIOLHX BCTYIJEHHI B HIpY.

Ocraercsi n10Ka3aTb, YTO MOMEHTHI BCTYIJIEHHS B HIPY CTOXACTHYECKH
HE3aBHCHMBI. 3TO 03HayaeT, YTO BEPOSITHOCTbL BhiNajeHHusi rep6a xak
IpH NepBOM, Tak H IPH BTOPOM BCTYIIEHHH B IIPY JO/XKHA PABHSTbLCS
1/4 (v asanoruyHo A1l BeeX JApYrux koMmOMHauwil, a TakKe st mocJe-
AYIOIMX BCTyMaeHHd B urpy). Jlasi IpOBEpKH 3TOro yTBepK/eHHS
o6Go3HauuM yepe3 A; cobbiTHe, COCTOsILIEE B TOM, YTO BTOPOE BCTYILIE-
HHE B Urpy npoH3ouwwio Ha k-m ucnbitaui. [lyets E—cobuiThe «TpH
MepBHX JBYX BCTYIJEHISIX B WIPY BHINAJAAH repbhly; OHO SIBJISIETCS
obbeennem Beex cobutuit A B;ApB,, rne j <k (ecm j=k, 10 4,
u A; necosmectHn H A;A; =0). ‘CiegoparenHo,

HIIHA

P{E} =2 X P{AB,A:B,}. (2.2)
j=1k=j+1

Kax n pasee, BumuM, uto npH (HKCHPOBaHHLIX j H k> j cobuiTHst B,
(rep6 B k-M wcnbiranum) 1 A;B; A} (KOTOpOE 3aBICHT TOJIBKO OT Pe3Yilb-
TAaTOB NepBbIXx 2— 1 HcnbiTaHni) Hes3aBucumbl. [losTtoay

P{E} = (1/2) > 3 P{AB AL} =

j=1k=j+1
=(1/2) 2 P{4,8;} 2 P{Ai| 4,8} (2.3)
i= =i+

(cv. dopmyay (1.8) ra. V). Jlasee, korga 6bI HH NPOM3OLLIO NEPBOE
BCTYIJIeHHE B HIPY M KakKoB Obl HH Obli €ro HCXOA, Hrpa, 6e3yc/J0BHO,
NPOJO/KAETCsl, T. €. PAHO HJII NO3JHO NPOH30HAET BTOPOE BCTYIIEHNA
B Urpy. DT0 03Hayaer, YTO NpPH 3ajauHoM cobuiTiHu A;Bj, TakoM, 4TO
P{A;B;}>0, yc/0oBHbEe BepOSITHOCTH BCTYIJIEHHsI B MDY Ha B-M HCs
UBITAHUH B CyMMe JAOJ/DKHEI JaBaTh elununy. CiefoBaTtenbHO, CYMMa
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BTOporo psna B (2.3) paBHa eAMHMUE. PaHblie Mbpl BHAENH, 4TO
> P{A;B;}=1/2. Utak, P {E}=1/4, ato u yTBepxaanocs. AHajnoruy-
Hble DPACCYXAEHHS NPHUMEHHMMBI AJS JIOOBIX KOMOHHALHH HCIBTaHHi.

3ameTuM, 9TO noJoxeHHe OYAET APYrHM, €C/IM HTPOKY paspelieHo
U3MEHSITh pasmep CTaBKH. B 3ToM cjlyyae CYLIECTBYIOT BhIHIPLILLHbIE
CTPATErHH U Pe3Y/LTaT HTPHl 3@BICHT OT BulOpa cTpaterud. Mnl Bep-
HeMcs K 3ToMy Bompocy B ria. XIV, 2,

§ 3. JIEMMbl BOPEJII — KAHTEJIJIH

IlBe mpocThie JeMMbl 0 6ECKOHEYHBIX MOC/AeJOBATEJLHOCTAX HCILITA-
HHH HCNONB3YIOTCS CTOML YaCTO, YTO 3ac/yXHBEIOT 0cOGOro BHHMMA-
Husi. Mpl chopmyanpyem HX AAsl MCOBITaHHH DepHYANH, HO OHM mIpH-
MeHHMBI H B GoJee oflueM cayyae.

ChoBa paccMOTpHM GECKOHEYHYIO MOC/eN0BATENLHOCTh HCOBITAHHH
Bepuyanu. Ilycte A, As,...— GecKoHeyHas NocjeloBaTeNbHOCTE CO-
ObITHH, KaXA0€ H3 KOTOPLIX 3aBHCHT JIHILIL OT KOHEYHOTO YHC/d HCIBITa-
HUH, HHaye roBopsi, Mhl NPEANOJAraeM, YTO CYLIECTBYET LIEJOE YHCJO
ny, Takoe, yTo A, fBAsSETCH COOBITHEM H3 NPOCTPAHCTBA MEPBLIX 1y
ueneitanuil Bepryanu. Ilonoxum

a,=P{4,}. (3.1)

(Hanpumep, Ay moxeT OblTh COOBITHEM, COCTOSIIIMM B TOM, 4YTO 2k-e
HCMBITAHHE 33BEPILAET CEPHIO M3 Mo Kpaiinell Mepe & NOC/EA0BATENbHbIX
ycnexos. Torma np=2k u ap=p*.)

Jns xaxpoii 6eCKOHEYHOH nocaefoBaTeNLHOCTH 6VKB & U H MoxHO
YCTaHOBHTL, OCYyWecTBHI0Ch JH 0, 1, 2,... uJH 6eCKOHEYHO MHOTO COOLI-
Tui {A; ). D10 03HauaeT, YTO MMEET CMBICI TOBOPHTH O COOWTHH U,,
COCTOSIIEM B TOM, 4TO B GECKOHEYHOH MOCJEA0BATELHOCTH HCMBITAHHHA
ocymecTsusoch Gonee r cobuituit {A}, a Takxke o cobutun U, coc-
TOSIILIEM B TOM, YTO NPOH3OLLIO OECKOHEYHO MHOTO COOBITHH M3 COBOKYII-
HocTH {Ap}. Cobbitue U, onpefesieHO TONBKO B GECKOHEYHOM IPOCT-
PaHCTBE 3JIEMEHTAPHHIX COOBITHH, M €ro BEPOATHOCTh €CTh Mpeaes Be-
positHocty P{U, ,} Toro, uto B peaysbTate n HcneITaHH# cpeau cobbl-
i {A,} nponsomno Gonee r cobuithit. Hakonen, P {U_}=
=lim P {U,}; ator npeaex cymecteyer, 1ax xak P {U,} y6uiBaer npH
BO3pacTaHuH 7.

Jlemma 1, Ecau pad D) a, cxodumes, mo ¢ sepoamuocmsio edunuya
npousotidem moabKo Koreuroe uucao cobeimuil A,. Tounee, yTBepxaaercs,
yto P{U,} <e a1 nocraToyHo GoJbLiMX r, wini 8as 4106020 € > 0
cyujecmayem yeaoe uucao r, maxoe, umo GepOAMHOCHL OCYUeCmEAeH s
npu n ucnsimanuax 00Ho2o unu bonce coboimutl A, i, A, 8, + .. MEHBUIE €
Oas écex n.

Hoxasameavcmeo. BobepeM r  Tak, 4T0 a4,,i+ 8,2+ ... <€
B CHJTy CXOJHMOCTH DPsila 3,y 5TO BO3MOXKHO. He orpanuuuBas o6mHocTH,
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MOXEM [peanoJaraTb, 4to A, YNopsjoudeHel TakuM o06Pa3oM, 4YTO
n<n,<n,<... . Ilyctb N—HanboNbluHi HHAEKC, NPH KOTOPOM
ny<.n.Toraa A,, ..., Ay onpeieneHbl B NPOCTPAHCTBE 1 HCIILITAHHH,
U JeMMa YTBEPXKJAeT, YTO BEPOSITHOCTb OCYUIECTBJICHHSI OZHOTO WJH
HECKOTbKHX cobbitvid A,,,, A,., ... Ay MeHblle €. 3TO BEpHO, TaK
KaK, COrJIaCHO OCHOBHOMY HepaseHcTBy (7.6) rai. I, nmeem

p{ArH U Ar+2 u...u AN} <a,+1+a,+2+ e +aN<5v (32)
YTO H YTBEPXAaa0Ch. >

YnoBneTBopHTeNbHOe ofpalleHue 3To# JeMMbl H3BECTHO TOJIbKO B
YAaCTHOM CJiyyae B3aHMHO He3aBHUCHMEIX A,. Taxkoe mosoxeHHe BO3HH-
KaeT, KOrja MCIObITAaHHs Pa30uThl Ha HelepeKphIBaIOHECs PYNNbl H
Ay 3aBHCHT TOJABKO OT HCIBITAHHH k-U TPynnel (Hanpumep, A, MOXeT
GbITb COGBITHEM, COCTOSIIIEM B TOM, YTO B k-ii ThiCSiYe HCIIBITAHHI npo-
n3ouwto Gonee 600 ycnexos).

Jlemma 2. Ecau coboimus Ay 63AUMHO HE30BUCUMbL U PAO DAy pac-
x00umcs, mo ¢ GEPOAMHOCIbIO eQUHULA 0CYUECmBUmMCa GECKOHEYHO MHO20
coboimuti A. ViHaue roeops, 175 Jio6oro r BepOSATHOCTb TOTO, YTO B 1
HCIBITAHHSIX [POM30HAET Gosiee YeM 7 COOBbITHI Ay, cTpeMuTCcs K 1 npu
fi—»00.

Hoxasameascmeo. TlpeanonoxuM npotuBHoe. Torga cymecrsyer n,
TaKoe, YTO C MOJIOMHTENbHOH BEPOSITHOCTBIO 4 HH OJHO cobbltHe Ay,
rie k>n, He npousoiger. OnHako

u<(1_an) (l—an+1) e (1 _—an+r)’ (33)

TAK KaK [IPOH3BEJEHHE B IpaBOH 4acTH PAaBHO BEPOSTHOCTH TOro, 4TO
cobbiTHst Ay, rae n<L k<< n-}r, He npousoiayT. [Tockonbky 1 —x<e™*,
Npou3BeJeHie B NPABOH YacTH HE IPEBOCXOJMT €~ (@n+:.-+an+r), Ho
CyMMa B noxasartene MoxeT OblTh Cle/aHa CKOJb YrogHO GoJibLIOH 33
cuyer Boibopa aocraToyHo Goabuumix 7. Mtak, u==0, 4To npOTHBOpEYHT
I1peanoJ0KeHNHI0.

Ipumepsl. 2a) UeMy paBHa BepOSITHOCTb TOTO, YTO B IIOC/IEI0BATE by
HOCTH MCIbITaHH# BepHyaau koMbunaws ¥ HY nosButcs GeCKOHeuHOe
yncao pas? [lycts Ay — cofhiTHe, cocTosiiee B TOM, YTO B pe3yJ/bTare
k-ro, k+1-ro u (k+2)-ro ucnbiTaHuit nonyynsnack KomMOuHauus YHY,
Cobbitust A, 1HE ABIAIOTCS B3aHMHO He3aBHCIMBIMH, HO MOC/€L0BATe b+
Hoctb A,, A,, A;, Ay,... COLEPKUT TOJNBKO B3aHMHO He3aBHCHMblE COObl~
TH# (IOCKO.:bKY HHKaKHe /B2 13 HUX He 3aBHCAT OT HCX0/Ja OXHOTO H TOrO
xe HenblTanus). Tak kak ap=p?g He 3aBHCHT OT K, pAl ay+a,+a; ...
PACXOAMTCS, M NO3TOMY C BEPOSITHOCTBIO eQHHHMUA KOMOuHauus YHY
ocyulecTBasieTcss OECKOHEYHOE 4YHcJa0 pa3. AHaJjorHyHble DPaccyxie-
HHSI, OYEBHJHO, NPHMEHHMbI /15l NPOM3BONbLHOM KoMOMHaUHM JHOGOH
JJIHHBL.
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6) KHueu, HanucanwHvie nymem OpocanHus mOHemot. PaccMOTpHM,
HanpuMmep, ¢pasy «BepoATHOCTb — 3T0 3a0aBHas WITYKa», 3aNHCAHHYIO
B a30yke Mop3e B BuJe KOHEUHOH NOC/ENOBATENbHOCTH TOYEK H THPE,
Ecau Mel BMecTO TOukH Hanuiem I” M BMecTO THpe — P, TO 312 ¢pasa
NpMMET BHJ KOHEYHOH IIOC/el0BaTebHOCTH H3 repbos u peiueTok. K3
NpeAbIIYIEro NpuMepa CJIeAYeT, YTo NPH JIHTeNbHOM OpOCaHHH MOHe-
Tbl PaHO MJIM TO3JHO HaBEPHsAKa MOJY4YMTCH 3aJaHHas ¢pasa H 3To
noeroputcs OecKOHeYHoe 4Mc/10 pa3. KcTaTH, B 3aNlHCH pe3y/bTaToB
J1uTeNbHBIX OpocaHuii MOHETH JOJ2KHa cOJep2KaThcA 3aKOAHPOBaHHas
B a306yke Mop3e mo6asi MblciuMmasi KHMra or «['amsera» OO BOCBHMH-
3HayHbIX JorapugmMuueckux tabnun. [Ipeanaranoch HayuuTh GOJBIIYIO
rpynny ofe3bsiH Hayraj KOJOTHTb MO KJaBHIUAaM NHIIYIHX MaIUMHOK,
Hajlesicb B KOHIE KOHUNOB NOJYYHUTh BeJHKHE JIMTEPaTypHbIE NPOH3BeE-
Jenusi. Mcnonb3ysa ans 31Ol nend MOHETY, MOXKHO He TPaTHThCH Ha
ofyyeHHe W KOpPM M INIpPeJOCTaBHTb 0Oe3bsiHAM 3aHUMATbCH CBOMMH
00e3bSIHbHMH JeJaMH.

§ 4. YCHJIEHHBIA 3AKOH BOJIbIIMX YHCEN

WIHTYHTHBHOE NOHSATHE BEPOSITHOCTH OCHOBBLIBAETCSl Ha NpeJcTaBJe-
HHH O NPaBHUJIbHOCTH CJEAYIOIEr0 YTBEPKACHUS: €ClH S, — MHCIO
YCIIEXOB B NEPBHIX 7 HCIBITAHUAX TOCJEJ0BATENLHOCTH HenbiTanuil Bep-
HYJJIH, TO

S,/n—>p. 4.1)

B a6cTpaKTHOI TEOPHH 3TO HE MOXKeT ObITb BEPHLIM AN kaxdod mnocJe-
JOBaTe/NLHOCTH McnbiTaHWM. JlelicTRUTENBHO, Hallle NPOCTPAHCTBO 3J1e-
MEHTapHbIX COOBITHH COJAEPXKHT 3/eMEHTapHOe coObITHE, npelcTaBsio-
uiee coboit peasniM3aiuio JIOTMYECKOH BO3MOXKHOCTH IIOSIBJEHHS OGecKo-
HEYHOH NOC/eJ0BaTETLHOCTH TOMbKO OfIHMX YCIIEXOB, H A/l 3TOr0 cOBhi-
THa Sp/n=1. OHaKO MOXHO NOKa3aTh, uTo (4.1) BRIMONMHAETCH C Be-
positHocThi0 1, nostomy cayuau, koraa (4.1) He BhmosnHseTcst, sB-
JIAIOTCSL MCKJIOYEHHEM, KOTOPbIM MOXHO IpeHeGpeub.

3aMeTHM, YTO Mbl PacCMAaTPHBaeM ceiyac yTBEPXKACHHE HAMHOro 60-
Jiee CHJIbHOE, yeM 3aKoH GosbuMx uncen (4.1) ra. VI. [Mocnenuuit yr-
BEPKJAeT, YTO AJs JI060ro J0CTaTOYHO GOJBIIOrO (PUKCUpPOBAHH020 N
cpexnee S/n ckopee Bcero O6JIM340 K p, HO OH HHYErO He TOBOPHT O TOM,
JLOJKHO JIH OTHOLIEHHE S /n OcTaBaTbCA GJH3KUM K p TPU YBEJIHUEHHH
uca venblTanui. O6bIuHblH 32KOH GOJIBLIMX YHCEJN OCTABJSAET OTKPHI-
TOH BO3MOXHOCTb TOTI'O, YTO B /1 JONOJIHUTE/bHbIX MCIBITAHHH oOCyLie-
CTBHTCA XOTs Obl OO M3 cOOLITHI B~' S,<p-—¢, rae n<k<2n. Be-
POSITHOCTb 3TOr0O paBHa CyMMe OOJIbILOIO YuCJ/a BEPOSITHOCTEH, O KaX-
JOH M3 KOTOPBIX MBI JIHILUbL 3HaeM, uTO OHA MaJa. Ceiluac Mbl JOKa-

JKEM, YTO C BEPOSITHOCTHIO €AHHHHA pa3HOCTb S,/n—p CTAHOBHUTCH @
ocmaemcs MaJioi.
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YcuneHHbH 3akoH Goabwux uncen. J4a 406020 £=>0 ¢ seposamnocmso
E0UHLYA OCYUECMBUMICA AULUIL KOHEYHOE YUCA0 cobbimull

ISp/n—p|>e. 4.2)

OTciona BRITEKAET, YTO COOTHOLEHHE (4.1) cnpaBeasHBO C BEPOSATHOCTHIO
eJMHHUa. B TepMHHOJOIMH KOHEYHBIX NMPOCTPAHCTB 3JIEMEHTAPHBIX CO-
OLITHII yTBEpHKAaeTCsl, YTo Aas Jwbbix e>0, §>0 Ha#jgercs takoe r,
YTO AJ1S BCeX V BEPOSITHOCTb OJHOBPENEHHOrO BLINONHEHHS v HEPaBEeHCTB

|Srenl(r+R)—pl<e, k=1,2, ..., (4.3)
Gonwiue, yem 1 — O,
. Hoxasameavcmgo. Jlokaxem Gosee clinHoe yTeepxienne, ITyctb
A — cobriTHE, COCTOSIIIEE B TOM, 4TO
1S;|=|(Sy—kp)[V Fpg| =V 2alogk,” (4.4)

rne a>1. Torga us (6.7) ra1. VII, oueBuano, caepyer, yTo no Kpaiuerfi
Mepe /15l BceX JOCTATOYHO GOJBIIMX & HMeeM

P{A,} <e-oloek=1/ke, (4.5)

Ilostomy pax X P{A,} cxomurcss, n nmo nemme 1 H3 mpemeiymiero
naparpada ¢ geposmHocmero eOuHUYUA BHINOAHSEMCA MOALKO KOHEHHOE
uucao nepasercms (4.4), C apyroil cTopoHsl, ecau crnipaseiuso (4.2), To

|S,—np)V 1pg| > (e pg) V' n (4.6)

¥ L5 6GoJblIMX 7 npaBas 4acTe €oJblue V 2 log n. CnenoparensHo,
BBLINIOJIHEHHE GECKOHNEYHO MHOrMX HepaseHcTB (4.2) BJaewer 3a coboil
OCYILUECTBJIEHHE GECKOHEYHOro 4YHc/aa COGBITHH A, ¥ HMeeT No3ToMmy
HYJIEBYIO BEDPOSITHOCTB. »

Ycunensslil 3aKoH GOMBIUMX YHces 6bl BrepBble chOpMYJIHpOBad
Kaunreaanu (1917); no storo Bopess u Xaycaopd paccmMoTpesH HEKOTOPBIE
yacTHBIE CIYyYaH. YCHJEHHbIH 3aKOH, TAaK Xe Kak H OOLIYHLIA 3aKoH
GOJMBLIHX YHCEJ, IBJASETCA JHIIL BEChMa YACTHEIM CJYYaeM ofiHol o6Iei
TeOpEeMHl O CAyYalfHHX BeJIHUYIHAX. PaccyMOTpeHHsl COBMECTHO C HAILEH
TeopeMol 0 He3dpeKTHEHOCTH CHCTEM IIPhI 3aKOH GOJIBIIMX YHCes BJe-
ueT 3a co6oi cyilecTBOBaHHe npefena {(4.1) He TolbKO Anst HCXOAHOI
HoCJIel0BAaTeNIbHOCTH HCNBITAHHHA, HO H JJS BCeX NOANOC/EN0BaTeNb-
HOCTe#l, NOJYUEHHBIX B COOTBETCTBHH G npaBunamu u3 § 2. Taxum obpa-
80Mm, smu 08e MeopeMbl EMECTE ONUCLIGAXOM OCHOGHbIE C0LCIMea Cay4al-
HOCMU, KOMOpbie NPUCYLYU UHIMYUMUBHOMY NPEICMABACHUI0 O 6EPOAML-
HOCmu ¥ BaXHOCTb KOTOPLIX OCOGEHHO mojuepKuBaid Musec.
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§ 5. 3AKOH NOBTOPHOI0 JIOTAPUDPMA

Kak u B rz1. VII, cHoBa BBeAeM HOPMHDOBAHIIOE YHC/IO YCIIEXOB B 71
HCNEITAHHAX

S, =(S,—np)[V npq. (5.1)

INpenensnas Teopema Jlansaca yrsepxaaer, uto P{S; > x} ~1—9(x).
CaenoBarensHo, A5l Jo6oro QUKCHPOBAHHOTO 71 BEIWUMHA S, HE MOXKeT
6uTh GOJIBIIONH, HO MHTYHTHBHO fCHO, YTO B AJMTENBHOH MocJjeloBa-
TENLHOCTH HCHOHITAHMH S;, PaHO HJM NO3AHO INPHMET CKOJAb YTOJHO
6oJsiblOEe 3HAUEHHE. YMEpeHHhe 3HaueHus S; HauboJjiee BEpOSATHBI, HO
MakcuMyM OyJaeT MenneHHO Bo3pactark. Hackousnko 6uicTpo? Ilpu poxa-
3aTEJLCTBE YCHJIEHHOTO 3aKOHa 60JblMX udces W3 (4.5) MBI moayunsu,

YTO C BEPOSITHOCTRIO EAHHHIA HEpAaBEHCTBO S, <V2a log n BumosHAeTCA
aag goboro a > 1 H Bcex aocTtaTouHo OGOJBIUMX A, ITO J2ET Ham
BEPXHIOIO OLEHKY aasl Quayktyauui S;, Ho 3Ta ouenka nuoxas. Yrobul
VCTAHOBUThL 3TO, [PUMEHHM TE€ K€ caMhle PacCYXJAEHHsI K INOAnoc/e-
poBatensHoctd S;, S;, S;, Sje ..., T. € onpenesum coburne A, coor-

HOLLEHHEM S;g> V 2alogk. V3 HepaBencrsa (4.5) BEITEKaer, 4TO Hepa-

. A
BeHcTBO S,r <V 2alogk Brnoausiercst a8 @ > 1 u BceX aocTaTOuHO

Gonbwux k. Ho pas n=2F umeem logk ~ loglogn, u nostomy aasa
a>1 u Bcex n pupa n=_2F HepaBeHCTBO

S; <V 2aloglogn (5.2)

BLINOJIHSETCS, HauuHasi ¢ HekoToporo k. Tenepn ecrecTBeHHo npeano-
JIOXHTb, U4TO B AelicTBHTENBHOCTH (D.2) cnpaBepMBO A/ 6Cex AOCTa-
TOYHO GOJBIUMX 7, H, B CaMOM JeJie, 3TO OAHO M3 YTBEPKAeHHH 3aKoHA
noBropHoro Jorapugma. CorsacHo 3TOH 3aMeuare/qbHOR Teopemel),
)V 2loglogn ecTb mo4Has BEepXHAs OUEHKA B TOM CMHIC/]E, YTO NpPH
JMo6oM a < 1 A5 GeCKOHEYHO MHOTMX f1 BBIOJHEHO HEpaBeHCTBO, NP0«
THBOMNOJIOX)KHOE (5.2).

Teopema. C gepoamHocmpio eQUHULA CPABEOAUBO COOMHOUIEHUE

lim sup (S /) 2log logn) = 1. (5.3)

n—->wo

I9mo osnaxaem, umo npu A > 1 ¢ geposmrocmyio edunuya npoucxodum
MOAbKO KOHEYMOoe 4tca0 cobbimull

S, > np+ AV 2npgloglogn; (5.4)

1) Khintchin A. Uber einen Satz der Wahrscheinlichkeitsrechnung, Fundamens
ta Mathematicae, 6 (1924), 9—20. DTOMY OTKPBITHIC NPERIIECTBOBA/JH YaCTHHIE pes
3yJbTaTEl APYTHX aBTOpPOB. Hacrosinee f0Ka3aTelbCTBO NOCTPOEHO TaKHM o6pasom,
4TO OHO JIONYCKaeT HemocpejcTBeHHoe oboblieHne Ha GoJee oflyxe caydadHble BeH-
YHMHHL,
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npu A <1 c seposmuocmbio edunuya Hepaserncmso (5.4) cnpaeec?/zueo
042 _bOecKkoHewHO020 wucaa 3HA4EHULi n.
Mo cooGpamenusiv cumMerpur u3 (5.3) BhTeKaer

lim inf (S;/V 2 log log 1) = — 1. (5.3a)

n-— @

Hoxasameavcmso. Hauynem ¢ JABYX npeasapHTeNbHLIX 3aMeyaHHH.
1. Cymecrsyer nocrosuHasi ¢>>0, 3aBucsliasi OT p, HO He 3aBHCH-
Hiast oT n 4 Takas, 4To <

P {S,>np)>c (5.5)

npH Bcex 1. Je#cTBHTENBHO, paccmMoTpeHHe GHHOMHAJBLHOrO pacnpeje-
JIEHHsI TIOKa3blBaeT, YTO JieBas yacth (5.5) HHKOrJa He paBHa HYJIO, &
110 mpejeabHOI TeopeMe Jlanaaca ona crpemurcsi K 1/2 npu n—oo. Cre-
JOBAaTEJLHO, KaK H YTBEPKAAN0Ch, JeBas 4acTh 6osblle HeKOTOpOH mno-
JIOXHTEJNBHOH TOCTOSTHHOH.

2. Ham notpefyercsi Takxe caenyiouas zemma. Ilycrs x ¢uxcupo-
BaHO U A — cobHTHE, 3aK/I0Yalolleecsi B TOM, YTO XOTs bl A/ 04HOTO
k, k<n, BhINONHSIETCS HEPABEHCTBO

S,—kp>x. (5.9)
P {A}<c™! P {Sy—np>x}. (5.7)

Hanst noxka3aTenncTBa 3TOH JeMMbl 0603HayuM uepes A, cobblTHe, COC-
Tosilee B TOM, YTO (5.6) BeInosHAeTCS MPH 2=V, HO He BBIMO.THSIETCS NPH
k=1, 2, ..., v—I1 (3necs 1<<{v<{n). Cobuitus 44, A4,. . ., 4, onapHo
HECOBMECTHEI, M HX oObeayHeHue jaer A; CJeJ0BaTes]bHO,

P {A}=P {A:}+...4+P {4, }. (5.8)

Hanee, nycts npu v < n U,—cobbiTHe, cocTosiee B TOM, YTO ofliee
YHCJO YCNIEXOB B HCILITAHHAX ¢ HOMepamu v+ 1, v4-2, ..., 1 Gonblue,
ueM (n—v) p. Ecam o6a coburrust A, u U, npousow.n, 10 §, > S, -+
-+ (n—v) p > np+x, ¥, TaK Kak coOuTHA A,U, nonapHo HECOBMECTHbI,
OTCIOA3 BBITEKAeT, 4TO

P{S—np>x}=P{AU}+...+P{4,_ U, ,}+P{AL} (5.9)

Jlanee, A, 33BHCHT TOJBKO OT MEPBLIX v enuitanuil, a U,—Toabko
OT TOCJEAYIOUHMX 7 —v HcnbiTanui. [Tostomy cobbitus Ay u Uy nesa-
sucumel ¢ P {AU,} =P {A,} P{U,}. U3 npeapapuresbHOro 3aMeqaHus
(5.5) mu 3uaeM, yto P{U,} >c¢>0, u u3 (5.9) u (5.8) monyuaem

P{S,—np>x}>=cX P{A}=cP{A}. (5.10)

1o u pokasniBaer (5.7).
3. JlokaxeM Tenepb YTBEPXJEHHe TeopeMbl, OTHocseecss K (5.4)
opu A>1. [lycTs ¥ — uucJa0, TaKOE, YTO

1<y<h, (5.11)

Torna
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a n, — nenoe uyucao, Gnuxkaiiuiee K y7. O6o3HauuM uepe3 B, cobbiThHe
COCTOAILEE B TOM, YTO HEPABEHCTBO

S,—np>AV 2n.pqloglogn, (5.12)

BbINONHSETCS XOTA Gbl AAS OAHOrO N M3 HHTepBana nu,<n<n,,;. QOue-
BHJHO, (5.4) cnpaBeAauBO AJNA GECKOHEYHOTO YHC/a 3HAYEHHH n TOALKO
TOrjla, Koraa ocyuiecTBUTCS GecKoHeuHo MHoro cobuitiit B,. Cnenosa-
TENbHO, HCNONb3Yys nepeylo nemmy Bopens — Kanrtennw, BuauM, 4TO
JOCTaTOYHO J0Ka3aTb YTBEPHKAEHHE

pax X\ P {B,} cxonures. (6.13)

Cornacuo HepaBeHcTBY (5.7), umeem

P{B,} <c™P {Sn,,,—n,,,p > AV 2n,pglog log n,} =

= ¢"P{Sp,, >AV2(n,/n, ;) loglogn,}. (5.14)
ITockosbKY mnpH JAOCTATOYHO GOMBIUHX I N, ./h, ~y < A, NoiydaeM
P{B}<c PSS}, ,, >V 2hloglogn,}. (5.15)

CnenoBatensro, u3 (6.7) rn. VII mna Goabuwmx r umeem
P{B,} <<c le-*logloenr = I/[¢c (log n,)*] ~ 1/[c(r logy)*]. (5.16)

Tak kak X > 1, yrBepxaenue (5.13) mokasauo.

4, JloxaxeM, HaKOHel, YTBepxJeHHe, oTHocsueecss K (5.4) npu
A < 1. B kauectBe y BoifepeM Ha 3TOT pa3 L€JI0€ YHCIO, CTONbL GOJb-
1I0e, 4YTO

y—Dip>n>4, (5.17)

rJie 1-—TIOCTOsIHHAsA, KOTOPYIO onpejeauM no3aHee. Ilonoxum n, =197,
Bropas snemma Bopens— Kantennan npumMeHHMa ToJbKO K He3aBu-
CHMBIM COOBITHAM, H NO 3TOH NpHYHHE OnpelenuM

D, =S8n, — S, _.;  (5.18)

3/echb D,——06u1,ee YHCJIO YCNeXO0B, IIPOHCIUEJIIMX B HCIBLITAHHAX, CJe-

AYIOIIHX 33 N,_y-M BIJOTb 1O n,-r0 BKJ/IOYHTeNbHO. Besnuuuna D,
umeer OMHOMHanbHOe pacnpeneienue b(k; n, p), rae n=n,—n,_;.
[lycte A, — cobbiTHe, cocTosilee B TOM, 4TO

D,—(n,—n._,)p >V 2pgn,log logn,. (6.19)

Mgl yTBepXKJAeM, YTO ¢ 82POAMHOCIIbI0 eQUHULA OCYL4ecmeumces 6ecko-
HeuHo mHo20 cobbmud A,. IlockonbKy pasnuunble coGuTHs A, 3aBHCAT
OT HenepeKkpbIBAlOINXCSl TPYNN HCNLITAHHA (2 uMeHHO A, 3aBHCHT OT
MCIIBITAHHA C HOMEpaMH n,_; <1< n,), OHH B33aHMHO HE3aBHCHMEI, H,
corsacHo BTopo# Jyiemme Bopesis— KanTteii, 10CTaTOYHO J0KA3aTh, 4TO
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pan X, P{A,} pacxomurcs. Mmeem

P{A, =P{ r—(r—fr3) p —r ~loglogn, 1. 5.20
{4 Vin,—n,-3) pq >’ﬂV &8 | ( )

3necs n,/(n,—n,_;)=v/(y—1) <17t B cuny (5.17). Caenosarteanso,

~p [De—(r—nr)p ‘2nloglogn, ). (521
P Z PG, eV 2riclognp (52D

Onste  Hcnonb3ys ouenxy (6.7) ra. VII, man Goabwux r Haxoiw

1
—  p-mloglognsr —
P{4,} > loglog n, € r (loglog n,) (log n,)n *

(5.22)

Tax kak n,=vy" u 1 <1, n1a Gonbumx r nveem P{A,} > 1/r, uto u
JOKa3HIBAET pacxonumocTbh psiza P {A,}.

Ha nocnepev ware nokasateqabCTBa HY:KHO NOKa3aTh, YTO BeJH-
upHO# Sp,_, B (5.18) moxHo npeneGpeys. M3 nepBoi, y:ke noka3aHHON
YaCTH TeOpeMbl 3HaeM, 4To Ji1s Jioboro e > 0 Haiijercs takoe N, uto
C BEpPOATHOCTBLIO He MeHblle 1-—e jas BeeX r > N BhInoJHsETCS Hepa-
BEHCTBO

[Sn,_,—n,_p| <2V 2pgn,_ loglogn,_.. (5.23)
Hanee, npexnosoxuM, YTO YHCIO 1) BHIGPAHO CTOML GJHM3KHM K 1, yTo
l—n <[(n—2)/2] (5.24)

Torna u3 (5.17) BuTekaer, yto
_i=A4ny™t <n, (n—»r)?, (5.25)

u nostomy 13 (5.23) nonyyaem
S”r-.x'—'”r—lp >‘—(71—7~) Vqunr Iog log i, (526)

Caoxus (5.26) 1 (5.19), nonyuum (5.4) ¢ n=n,. O1clofa crenyer, 4to C
BepOSITHOCTBIO He MeHble | — g HepaeeHCTBO (5.4) BLINOJIHEHO /7 Bec-
KOHEYHOro YHCJa 3HAYeHHH 7, YTO U 3amepulaeT JOKA3aTeJdbCTBO. »

3aKOH NoBTOpHOro Jorapudsa A/1s HcneiTaHui BepHy/an saBasercs
YACTHBIM caydaeMm Cousee ofilelt TeopeMbl, Bnepeuie copMyTHPOBAHHOI
A. H. Konmoropoesin 1), B HacTosiiles BpeMsi J0Ka3aHB! H Gosiee CUllb-
Hule TeopeMb! (CM. 3amauu 7 u 8).

1) Kolmogoroff A., Das Gesetz des iterierten Logarithmus, Mathematische Anna-_
len, 101 (1929), 126—135,
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§ 6. MHTEPNPETALIHS HA S3bIKE TEOPHH HHUCEJ
IlycTb x — JeficTBHTebHOE YHC/I0 M3 HHTepBana 0<{x<ll it

x=0,a, a, as... 6.1
€CTL €r0 JIECSITHYHOE Da3jiokKeHHe (TaK UTO Kaxjoe a; 0603HaYaeT ofHY
u3 uudp 0,1,. . .,9). 210 pasyoxeHHe eIUHCTBEHHO A7 BCEX YHCeJ, 3a

HCKJIIoyeHHeM umuces Buaa a/l0” (rne a — uedoe), a nocjefHHe MOTYT
6LITh 3anucaHel JHG60 B BHJAE pa3/IOKeHHS, COfepiKallero GecKOHEYHO
MHOro HyJe#, nnbo B BHIe pa3jioXeHHUs, cojepxallero O6eCcKOHEUHO
MHOTO JeBsATOK. Bo u3bexxanne neonpefesleHHOCTH YCJAOBHUMCS He M0Jb-
30BaThCA Da3/IOKEHHSIMH BTOPOTO BHAA.

HecaTuunble Da3ioXeHHs CBA3aHbl C HCOBITAHHSIMH Bepuynaau ¢
p=1/10, B Rotopuix O COOTBETCTBYET ycnexy, a OCTaJbHbE LH(PH —
Heypaye. Ecsin 3amennts B (6.1) Bce Hys11 6ykBo#i ¥ 1 Bce AP yTHe LHDpHI
6ykBoil H, To (6.1) 6yner npeacraBnats co6oi BO3MOXKHBEIE Hcxon Gece
KOHEYHOM Noc/iefloBaTeIbHOCTH ucnnitanuil Bepuyaan ¢ p=1/10. O6-
pPaTHO, NpOM3BO/BHAA 110C/JEN0BATENLHOCTL 6yKB ¥ W H Moxer OHITB
noJlyyeHa OMHCAHHBIM Bhllle CIIOCODOM 113 Pa3JOKeHHs] HEKOTOPOTO YHC-
aa x.

Takum obpa3oM, Kaxjoe COGHITHE B NPOCTPAHCTBE 3JEMEHTAPHLIX
COGBITHH, CBA3aHHOM C HCHIRITaHHAMH DepHyJau, npeacrapasercs HeKo-
TOPO# COBOKYNHOCTRIO unces x. Hanpumep, cobulTHe «ycnex B n-M Hc-
NbITAHHHY NPEJCTAB/IAETCS BCEMH YHCJAMH X, Y KOTODBIX #-H JecsTHY-
HblH 3HaK paBeH HYJI0. OTH yucsaa o6pasylor coBokynsocts 107~* uH-
TepBaJIOB, MJIHHA Kaxzaoro 10~7, u oflias AJMHA 3THX HHTEPBAJOB paB-
Ha 1/10, T. e. BeposiTHOCTH Hamero cobuiTHs. KaXaoMy KOHKPETHOMY
MCXONy N1 HCNBITAHHMH BepHy/sM cOOTBETCTBYET COBOKYIHOCTh HEKOTO-
PLIX MHTEDBAJOB, HAaNpHUMep noOCJeO0BaTesNbHOCTL & HY npeacTaBif-
eTcd  JAeBAThI0O mHTepBajamMu 0,01<Cx<<0,011, 0,02<x<<0,021,. ..
<+ 0,09<Cx<<0,091. BeposaTHOCTb KaX0T0 HCX0/1a KOHEUHOH 110C/Ie]0-
BaTeJbHOCTH HCNLITAHHIT paBHA oOLIel JJMHE COOTBETCTBYIOUIMX HMHTED-
BaJIOB Ha OCH x. BeposATHocTy GoJiee ci10KHBIX COOBITHI BCEra Bbipaxa-
10TCA Yyepe3 BePOATHOCTH HCXO0B KOHEYHO# Noc/e 0BaTeIbHOCTH HCIIbI-
TaHHH, M BBIYHCJIEHHS NDOBOJSTCH B COOTBETCTBHII C NPABHJIOM CJIOXKeE-
HHS, KOTOPOE BepHO /151 o6bruHOM MepHt JleGera Ha ock x. CaefloBaTesb-
HO, Hallll BePOSITHOCTH Bcerfia GYAYT COBNAJATb C MEPOH COOTBETCTBYIO-
llero MHOXeCTBa Toyek Ha ocH x, Mrtak, y mac ects cnoco6 nepesona
BCEX NPEJe/bHBIX TeopeM A1s Heneitavui Bepuyanu ¢ p=1/10 B Teo
peMbl 0 JeCATHYHBIX Pa3JioXeHHsX, Bripaxken e «c BEPOSITHOCTBIO €AHH H-
1a» 3KBHBAJIEHTHO CJEJYIOUIHM: «[Js [IOYTH BCeX X» H «[IOYTH BCIOAY».

Mer paccMaTpHBaaK ciyyalHYIO BeJMUHMHY S,, PaBHYIO YHCay yClie-
XOB B N1 HCNBITAHMAX. 3[€Ch YMECTHO NOJYEPKHYTh TOT GaxT, uto S,
apasercs PyHKuMel or neMeHTapHBIX cobuiThil. O6o3naunM yepes S, (x)
HUCNO HYyAed cpedu nepebix n OecAmuumbix 3HaK06 wucaa x. QUEeBHIHO,
rpapuk S, (x) npelicraBasier co6oi CTyNEHYaTYO JIOMaHYIO C Pa3PEIBAMH
B TouKax Buja a/10”, rae a — uenoe. OtHomeHue S,(x)/n Ha3blBaETCS
vacmomod Hyaed cpeliM NnepBhIX N JeCSTHUHHIX 3HAKOB YHCJA X.



224  I'a. VIII. Heozpanuuernse nocaedosamesstocmu ucnoimanud Bepruyau

Ha asbike o6piuH0it TeOpHH Mephl 3aKOH GOJBILKX YHCEJ YTBEPKIAET,
uto S,(x)/n—1/10 no mepe, a I3 YCH/JEHHOrO 3akOHa GOJBIUMX HHCEN
caenyert, yto S, (x)/n—1/10 nout Bciony. 3aKOH NOBTOPHOro JorapHp-
Ma XIHYHHA MOKAa3blBAET, YTO

lim sup [(S,, (x) —n/10){) nTog log n]=0,3)2 (6.2)

R/ MOYTH BCeX x. JTO JdeT OTBeT Ha npobJeMy, M3YYaBUIYIOCH B psle
pabor, naunHag ¢ KHErM Xaycmopga (1913) ) u cratbu Xapau
JlutaByna (1914) ?). HaabHeiiline yTOYHEeHHMsl 3TOTO pe3yJbTaTa CM. B
3anayax 7 u 8.

Bmecto nyJs MOXHO GblLIO paccMOTpeTh JOGYIO APYTYIO UHOPY H
chopMY.1HPOBATL C/IEACTBHE YCHJEHHOIO 3akoHa OOJBLIHX YHCEN, COC-
TOfIILIEE B TOM, YTO YaCTOTAa KaXKuoli U3 necsith uugp crpemutcs k 1/10
IJIsl 1OYTH BeeX X, AHAJIOrHYHBlE TEOPEMbI CIIPAaBEJJIMBEI M B c/1ydae, Kor-
Ia JecATHYHAs CHCTEMa CYHCJIeHHs 3ameHsercs Jo6oH Apyroi. dtor
thakT 6bl1 OTKPHIT DBopesem ?) M o6bIYHO BhIpaXkaeTcs YTBepKIACHHeM,
YTO MOYTH BCE YHCJA (HOPMAJbHEI» *).

§ 7. 3AJAYH

1. Hafitn uenoe 4uci1o P, A7s KOTOPOro BEPOATHOCTL TOFO, 4YTO NpH GpocaHyRA
KOCTH CepHsl H3 TpeX NoC/ieJloBaTeaLHbIX efHHHL [OSBHTCS PaHblle cepul H3 B Heeau-
HHL, NPHMEPHO paBHa [OJOBHHE.

2. PaccMoTpuM MOBTOpPHEE He3aBHCHMbIE MCMLITaHAS ¢ TPeMs BO3MOXKHBIMH HC-
Xozami A, B, C u CcOOTBETCTBYIOWMMH BEepOATHOCTAMH p, ¢, r (p+¢+r=1). Haiitu
BEPOATHOCTb TOFO, 4TO cepHs A [IMHOH O MOABHTCSA paHbiue, YeM cepns B aanHoii B.

3. Mpodoamenue. HailTu BeposiTHOCTE TOTO, 4TO cepHs A JHHOHN ¢ MOABHTCS
pansbine, yem aubo cepus B panno#t B, nubo cepus C Ramnoit y.

4. IlycTb B nociefoBaTenLHOCTH HcnbITaHuit Bepuynan A,—colelTie, cocTOA-
wee B TOM, YTO cepHA W3 N NOCAENOBATEIbLHBIX YCMEXOB MPOH3OKZET MEXZY 27-M
u 2¢+ 1.y penwtadusivu. JlokasaTh, 4To ecau p == 1/2, To ¢ BepOSITHOCTLIO EZHHHLA
ocyllecTBiuTcd HecKOHeyHO MHoro cofuTuit A,, a ecau p < 1/2, To ¢ BepoATHG-
CTbIO €IHMHHUA OCYIEeCTBHTCH TOMLKO KOHeuHoe 4icao Ap.

55). O6o3naunm uepea N, [JIMHY cepHH ycrnexos, HaYHHAIOWYWCA B A-M
uenuiTaiui (T. e. N,=0, ecwir n-e #HCObITZHWE 3aKOHYHJIOCH Heygadell 2 T. A.).
HokasaTs, 4To ¢ BEpOATHOCTBIO efuHHMUA

limsup (N,/Log n)=1; 7.Y)
rae Log—norapngs no ocsosaunwo 1/p,

1) Hausdorff F., Grundziige der Mengenlehre, Leipzig, 1913.

) Hardy G, H. Littlewood J. E. Some problems of Diophantine approximation,
Acta Mathematica, 37 (1914), 155—239.

3) Borel E., Les probabilités dénombrables et leurs applications arithmetiques,
Rend. Circ. Math. Palermo, 27 (1909), 247—271.— [Ipun. nepes.

) Bosee nogpofHoe M3.0MKeHHe BOMPOCOB, 3aTPOHYTHIX B 3TOM naparpade, cM.
B paborax XununH A, $I., Merpuyecxue 3ajauu TCOpHH HppalUHOHATBLHBIX 4HCe],
Yenexn matem. Hayk, 1 (1936), 7—32 u Kac M. Statistical independence in proba-
bility analysis and number theory.— New York, 1959. (HMmeercs nepeson: Kaul M.
CTaTHCTHYeCcKash He3aBHCHMOCTh B TEODHN BEPOATHOCTEH, aHajH3e H TeopH: YHcel.—
M.: WJ, 1963.] — Ipuu. nepes.

§) 3agaua pogcxasana cooSmennem, nosydennmM or J. k. Helomena,



§7. 300qun 225

Ykasanue. PaccMoTpeTh coSuTve A,, cocTosillee B TOM, 4TO 334 N-M HCHBITA-
HHeM cjelyeT cepusi H3 €osee uyem alLogn ycnexos. Ins a > 1 Bruncaenust
npoctuie. Ilpn a < 1 paccMoTpeTh noanocaef0saTeNbHOCTL HCNEITaHHIT C HOMepaMu
@i, Gy, ..., TAC g,—Ueroe aucao, Gauxaiiwee Kk n Logn.

8. Ilo1y4HTh 113 3aKOHa NOBTOPHOTO JiOrapudMa yTBep IeHHE! C BepoA THOCThIO
eIMHHLA 719 GeCKOHEYHOIQ YWcaa 3HAaYewnii n Bee BeqHunHH Si, rie n < k < 17n,
nonoxutenbuul. (3ameiarue. Ilpu nomomn pesyanTaTos ri. II moxio pokzzaTh
8HAYNTe bHO Gollee CHIBbHLIE YTBEPKACHEA.)

7. IycTs ¢ ({) —nNoroXuTeabHasd MOHOTOLHO Bo3pacTaolag GyHKUHA o 1, —
nenoe uncio, Gaumxaiwee K 27187, Ecru paa

D@ (ny)] e~V @ (1r) 7.2)
CXO0AHTCH, TO C BepOﬂTHOCTb}O eIHHHL A HCPaBeHCTBO
Sy > np+ ¥V npq o (n) (7.3)

CIpapelMBC JHUIL LIS KOHEHWHOTOo YHC/AA 3HAYEHHH n. 3ameTuM, uTo €ed noTepu
06LWIHOCTH MOXHO NpeAnosarath, 4to ¢ (n) < 10 Vioglogn; qis 64abwux anage-
HHil @ (77) vTBep)KJleHHe BhiTeKaeT M3 32KOHA NOBTOPHOTO Jorapudma.

8. Jlckasath 1), uto pug (7.2) cxoguTca TOrg2 H TOMLKO TOorja, Korja cxo-
AHTCH pHj

g ()] e~/ i, 7.9

Yxasanue. CobpaTh uieHwl ¢ HoMepama 71, Tie n,_i < 7 < n,, # 3aAMETHTb, 9TO

n,—n,_j~n,(1—1/logr); xpome toro, psa (7.4) MoXKeT CXOAMTBCH TOJBKO
Torpa, worga ¢2(n) > 2loglogn.

9. Hcnonnays pesyanTaT npeguiayiledl 3ajaud, J0Ka3aTh, YTO C BEPOATHOCTHIO

efHHHI3
tim sup [S; — /2 log log ] M:—g— . (7.5)

log log tog

De—————

1) O6neguusaa pe3yabTaTHl 3ajaw 7 U 8; BHIHM, 49T0 B Clyyae CXOJQHMOCTH
paxa (7.4) nHepaBenctso (7.3) BLINOAHHETCH C BePOSATHOCTBIO EHHHLA TO/JbKO AR
KoHeuHoro uuena suauvenuit n, OGpatHo, ecid pag (7.4) pacxoguTes, TO HepapeH-
cteo (7.3) BHNONHAETCS C BepOSTHOCTHIO €HHHLA IS GECKOHEYHOro YHC/IA 3Has
qenuti n. 3To o6paTHoe yTBEPXKJeHHe JOKA3aTh 3HAUHTEALHO TpyAHee, cM. Feller W,
The general form of the so-called law of the iterated logarithm; Trans. Amer.
Math. Soc., 54 (1943), 373—402, rpe pgoxkasann Gosjee ofulHe TeopeMBl ZNf
NPOMU3BObHBX Caydafinbix BedWyHH. OTHOCHTENLHO 9aCTHOFO CAYHaR HCMEITAHWHA
Bepuyanu ¢ p=1/2 cm. Erdds P., On the law of the iterated logarithm,
Ann. of Math. (2), 43 (1942), 419—436. 3axon noBTOpHOTO JOrapu¢ma nosyaaeTcs

Kak uwacTHuA caydah npu ¢ (f)=A YV 2loglogfs



FNABA IX CNYYAWHBLIE BENHUUNHbI;
MATEMATHUYECKOE OXMIAAHME

§ 1. CIYHARHBIE BEJIMYHHBI

CornacHo onpezeseHHIo, KOTOpOE J2eTCsl B KYPCaX MaTeMaTHUeCKU-
ro aHa/u3a, BeJMYUHA Yy Ha3blBaeTcs (hyrKyueld JeACTBUTENBHOI O YKL/
X, €CJIH Ka)AOMy 3HayeHUIO X COOTBETCTBYET HEKOTOPOE 3HAYeHHE Y.
1o onpejiesieHHe MOXHO DaCLUHPHTL Ha cayyal, KOrja He3aBHCHMas
nepemMeHHasi He sBJsieTCH ACHCTBHTE/NbHBIM u4icJOM. Tak, Hanpumep,
paccTosiHie — 3T0 QYHKUMA Napbl TOYEK, NEPUMETP TPeyroJbHHKa —
pyHKUHS, ONpele/eHHass Ha MHOXECTBE TPeYyrOJIbHHKOB, IIOCJE0Ba-
TeNMbHOCTh {a,} ABAsiercss QYHKUMeH, onpeje/eHHON IS BCEX MOJIOXKH-

. X
TeJbHBIX UEJBIX YHces, GHHOMHANBHBIR K03(hOhH e T (k) — QyHKUHS,

onpejesieHHas A nap uncen (X, k), 43 KOTOPBIX BTOpOE sIBJISIETCS He-
OTpPHLATE/ILHBIM 1leJIbIM YHCJIOM. B 3TOM e cMBic/ie MBI MOXXeM IOBOPHTh
0 yicJie S, YCNeXoB B /1 HCIBITAHHAX DepHy M Kak o QyHKUMH, onpeje-
JIEHHORK Ha IIPOCTPaHCTBE 3JIeMEHTAapHBIX COOLITHH, Ka)Xa0# U3 27 Toyek
KOTOPOTO COOTBETCTBYET HEKOTOpOE YucJjo S,.

Dynryus, O0NPeCeIeHHAs HA NPOCMPAHCMEE IACMEHMAPHLIX CO6bi-
muil, Hasvieaemcs Caydairod eeaudurod. B npeapiyliiX rsaBax Mil
3aHHMAJIMCh CJYYalfiHBIMH BeJHYHHAMH, He ynoTpeGJss 3TOrO TEPMHHA,
TunHYHBIMH CJyYaHHBIMII BeJMYMHAMH SIBJSIIOTCS: YHCJO TY30B y Of-
HOTO HrpoKa NpH Urpe B OPHJK, YHCJO COBNAJAIOUHX AHEH pOAEHUS
B I'pyIIIe U3 7 YeJIOBEK, YUCJIO CEPHH YCIIeXOB B 1 HCNLITAHHAX DepHyJa-
au. B KaxaoMm cayyae 3aaHo NpaBHJIO, TI0 KOTOPOMY KaXKJIOMY 3JIEMeH-
TapHOMY COOBITHIO COOTBETCTBYeT eiiHcTBeHHoe uncsao X. Kuiaccnuec-
Kas TeopHsl BeposiTHOCTeH Oblna MOCBSIIlEH2 B OCHOBHOM HaXOMXKAEHHIO
BBIMTpHILIA HTPOK3, a 3TOT BBIHTPBILI TaKXKEe SIBJSIETCH CJaydaiHOR
pesuyuHoH. JleficTBUTENBHO, KaXKAYI0 CJAy4YahHYIO BeJHUYHHY MOXHO
MHTEPNPETHPOBAaTh KaK BbIMTPbILI peanbHOrO HJH BooOpakaeMoro
Krpoka B cooTBeTcTBylouleld urpe. Ilonoxenue yactulbl npu auddy-
3¥H, 3HEpPrus, Temmepatypa H T. I. (QU3MYECKHX CHCTEM SBJSIOTCS
cJAyu4adHBIMH BeJHYWHAMH, HO OHH onpejeseHbl Ha HeIUCKPETHRIX
IIPOCTPAHCTBAX 3JEMEHTapHBIX COOLITHH, W NO3TOMY HX H3ydeHHe OT-
KJajpiBaeTcsi. B ciaydae AMCKpDETHOrO NpOCTPaHCTBA 3JIEMEHTapHBIX
COORITHE TEOPETHYECKH MOXXHO 33/1aTh Jobylo cayuaiHylo BeauunHy X,
3aHyMeEpOBaB B KaKOM-JIHO0 MOPSIAKE BCe TOYKH NPOCTPAHCTBA H CBSA-
3aB ¢ KaxA0H M3 HHX COOTBETCTBYIOIlee 3HaueHHe X.

TepMuH «csyualiHas BeJHUHHa» HECKOJBKO HeTOyeH, OoJsee nogxo-
ZAWHM Ghl1 Obl TepMIH «DYHKUMA cayyast» (He3aBHUCHMOH NepeMeHHOH
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BJIfleTcsl TOYKA B TIPOCTPAHCTBE 3JIeMEHTaPHBIX COOGBITHH, T. €. HCX04
SKCTlepPHMEHTa WJIH cJaydai).

Mycte X — cayualinas BeNHYHHA, & X1, Xg,...— €€ 3HAUeHHs; B
JajbHellleM X;, KaK 1paBHJo, GYAYT UeJbMH YHCIaMH. COBOKYNHOCTD
BCeX 3JleMeHTapHBIX coObiTf, Ha KOTOPeIX X NpHHHMaeT PHKCHPOBAH-
Hoe 3HaueHHe X;, o6pa3yer coObiTie X=X;; ero BeposATHOCTb 0003HAua-
ercs yepes P {X=x;}. Pynkyus

P (X=x;}=f(x;) (=1, 2...) (1.1)

nasvieaemea pacnpedeaeruem (gepoamuocmeld) ¥) cayuatnod geaudunol X,
ficHo, yTO

f(x)=0, f(x)=1 (1.2)

B 3TOff TepMHMHONOIMH MOXHO TOBOPHTb, YTO YHC/IO YCNexoB S,
B HCOLITAHHSIX DepHy/Md ecTb ciyyaiiHas BeJHYHHA C paclpelesieHnem
BepositHocte#t {b (k; n, p)}, a uucno ucnbiTawud g0 NepBOro ycnexa
BKJIOYHTEJIEHO sIBJIIeTCH C/aIy4yadHoH BeNHYHHOH c  pacnpejeneHueM

k-1

e Pé)C}CMOTpHM Teneph ABE cayuaiiHole BennunHe X # Y, onpeneJieH-
HBE Ha OAHOM [POCTPAHCTRE 3JIEMEHTAPHBIX COOBITHH, H OOO3HAUUM HX
8HAYeHH$S COOTBETCTBEHHO YEPE3 X1, Xz,... ¥ Y1, Ya,... . [IyCTH COOTBETCT-
BylolyHe pacnpefesennst BepositHoctelt 6yayT {f(x;)} u {g(yx)}. Co-
BOKYIHOCTb TOYEK, AJISI KOTODHIX BHIIOJIHEHH 00a ycnoBus X=x; H
Y=y,, obpasyer cofbiTHe, BEPOSTHOCTL KOTOPOro 0OO0O3HAUHM 4epes3
P{X=x;, Y=yu}. Pynxyus

P {X=Xj, Yz!/h}=P (xir yh) (]1 k=11 21"') (13)

HA3bIBAEMCA COBMECMubIM pacnpedescHuesm eepoamHocmed Caydatinox
geauyur X u Y. OTo pacnpesesedue Jyulie BCero NpeicTaBiiTk B BHAE
TabaHIEl ¢ ABYMS BXOAAMH, Kak CAe1aHo Huxe (Tabn. 1 u 2). fcuo, yro

p (% Yg) 20, /le(x/, Yy =1. (1.4)

Kpowme Toro, misi KamJI0ro QUKCHPOBAHHOrO |
p(xXp Y+ p Xy g +p &y Ya)+ . =P {X=x;} =] (x)) (1.5)

1y Pacnpesexense BeposTHOCTell AucKpeTwoit crydyadnoit Beruuunsl X npeg-
crapasier cofoil yunxuuio f(¢;), ONpEASIEHHYI0 HA MHOMECTBE 3HayeHHH x; BenH-
uunbnt X. TepMHH «pacnpejeiieHde BEDOATHOCTEH» HYXHO OT/AHYaTh OT TEPMHHA
«hyHKUMA Dacnpegedenus», KOTOpH npuMeHsiercs K HeyGnBaiomaM QyHKUMAM,
crpemamumMca K O npa x——oo i K | npn x— oo, OyHKUMA pachpefeleHnst
F (x) nauckpernofi cryyaiuofi Bennuunsl X onpegensierca ¢opMyioif

Fry=P{X<x}= D [(x,
<X
B KoTopoft cyMma Gepetcfl mo BCEM 3HAYeHHHM X7, He MPEBOCXORAWMM X, TakuM
o6pazoM, QYHKUHIO pacnpepeneHus CIyyafHOH BeJNMYHHE MOMHO BBHIYHCAHTDH 1O
pacnpejenenuio BeposTHocTe#t 5TOH BenuunuH, H HaoGopoT, B 3TOM TOMe Ml
Boobuwe He OyjeM KacaTbCd GYHRUHA Dacnpeie/eHHSA,;
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H I KamJAoro (QUKCHpOBaHHOrO &

Px, Y)+p (Xp Yo) +0(ay Yo)+ - . =P{Y=y,l=g(,). (1.6)

Wuave roBops, CYMMHPYS BEpOSITHOCTH 1O CTPOKAM H cTosbluaM, Mbi
[l07yuaeM pacnpefeseHnsi BeposaTHoctel BeanunH X u Y. MX moxuo
1300pa3uTh TaK, KaK NOKa3aHo B Tabu. | u 2, ¥ TorJa oHM Ha3bIBAIOTCH
Mmapeuravhomu (vacmesimu) pacnpedesetusmu. [lpuaararenbHoe eMap-
IMHANBHBEIHY CBSA3aHO € T€M, 4TO pacnpefeenns BesHuWH X H Y 3anu-
CHIBAIOTCSA NO KpasaM TabJHUBI, COOTBETCTBYIOMEH HX COBMECTHOMY pac-
NpeJesieHHIoO, H HCMNOJb3YeTCH TaKXKe I/ CTHJHCTHUECKOH SCHOCTH,
KOrZd COBMECTHOE Pacnpejie/ieHHe ABYX BEJUUHH M HX 4acTHHE (Mapri-
HaJlbHbIE) pACNpEe/iesICHHS] NMOABJSAIOTCA B OJHOM H TOM XK€ KOHTEKCTE.
Crporo rosops, NpHJararteJbHOe «MapriHaJbHbli» H3JUIIHE.

[TonsiTHE COBMECTHOrO pacnpeleyIEHHs] NEPEHOCHTCS TaKIKE Ha CuC-
membt u3 6oaee dem 08YX CAYHALIHBLX BEAUMUH,

Mpumepnl. a) Cayuaiinve pasmewenus 3 wapos no 3 auuxam. OG-
paTHMCsi K NpPOCTPAHCTBY 9JIEMEH1aPHBIX COOBITHH KOTOPOE COCTOHMT M3
27 Touek u GopMasbHO 3a7aHo B TabJ. 1, npuBeseHHOl B npumepe ra. I,
2, a), u npunuIeM KaxaoH Touke BeposTHOCTb 1/27. Ilycte N — umc-
JIO 32HATHIX AMKOB, a X; (i=1, 2, 3) — uHCJI0 WApPOB B ALIHKE ¢ HOMe=
pom i. 210 HaraAAHbE onucaHuA. Popmanbho ke N ecTb GyHKUHMSA, NpPH-
HUMalolas 3HayeHue | B Toukax c Homepamu 1—3, aHauenHe 2 B Toukax
c Homepamh 4—21 ¥ 3nauenne 3 B Toykax c Homepamn 22—27. Caefo-
BaTesbHO, pacnpefiesieHMe BeposiTHocTedl BenHunHel N onpegensercs
paserctBamn P {N=1}=1/9, P {N=2}=2/3, P {N=3}=2/9, Cos-
necthoie  pacnpefenenna Benvudn (N, X,) u (X, X,;) npusejenn
B 1aba. 1 u 2,

Tabauya 1
Cosmecthoe pacnpenenenxe (N, X;) B npumepe aa»
X, o
0 - 1 2 3 Pacnpegenenne
N N
1 2/27 0 0 1/27 1/9
2 6/27 6/27 6/27 0 2/3
3 0 6/27 0 0 2/9
Pacnpe)}(le.nemxe 8/27 12,27 6/27 1,27
1
E(N)=19/9, E (N?)=129/27, Var (N)=26,81,
E (Xy)=1, E (Xi) =45/27, Var (X,)=2/3,
E (NX;)=19/9, Cov (N, X,;)=0.

N—uncno 3ausTHIX SWMKOB, X;—UHCJAC IIapOB B IepnOM SUIMKE, KOrXa TpH
1uapa cayYaiiHO PasMeHlaloTcs N0 TPeM HLIMKaM.
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Tabauya 2
CoemectHoe pacnpegenenne (X;, X;) B npumepe «a»
X, |
0 1 2 3 Pacnpea:sneuue
Xe
0 1/27 3/27 3/27 1/27 8/27
1 3/27 6/27 3/27 0 12/27
2 3/27 3/27 0 0 6/27
3 1/27 0 0 0 1/27
Pacnipegeneine 8/27 12/27 6/27 1,27
1
E(X;)=1, E (X?)=45/27, Var (X;)=2/3,
E (X,Xy)=2/3, Cov (X, Xp)=—1/3.

X;—uwcno mapoB B {-M fIHKe, Koraa 3 mapa cayuaiiHo pa3amemalores no 3
SILHKaM,

6) Hoaunomuarsroe pacnpedeserue. CylecTBYeT MHOMECTEO CHTYa-
uMi, B KOTOPHIX COBMECTHOE pacrnpelefeHHe TpPex cJydailHbIX BeJIMYMH
sajdeTcs NOJHHOMHANBHBIM pacnpeiejeHueM (cM. ra. VI, 9), T. e.

PiX, =k, X,=ky Xo=ky}=

ky ke R
ol P1'PaPs (1 —pi—py—pg)" ~F1 TRk (1.7)
= Tyl kgl gl (n—fey —ley — k)] ; '

anech ki, k2, 1 k3 — HEOTPHUATEJbHBLIE HeJble 4HcJ/a, TaAKHE, 4TO Ay~
+ky+ky<n. Hanpuwmep, ecnn X¢, X; 1 X; npeactassior coboi ducna
BbINafeHH# eUHHIbI, JBOAKH H TPOHKH NpH n GpocaHHAX NPaBHJLHOA
KOCTH, TO HX COBMECTHOe pacnpeneJieHne sagaercs ¢opwmynoit (1.7) o
pi=p.=p,=1/6. CHOBa NpeAnoJIoXXHM, 4TO NPOH3BOAHTCA BHOOpKa @
BO3BpallleHHeM H3 reHepa/ibHOH COBOKYNHOCTH, 3/IEMEHThI KOTOPOH pas-
6UTH Ha HeckKoabko rpynn. Ecan X; o603Hayaer YHCJIO TIONABUIHX B
BLIGOPKY 3/1€MEHTOB H3 [-H Tpynnsl, TO coBMecTHoe pacnpenesenue (Xy,
X., Xs) nmeer Bux (1.7).

Uro6n noJyuuts (MapruHajibHoOe) pacnpefenieHHe BeMuunH (X,
X,), HyXHO 3apuKkcHpOBaTh ks U Ry © NPOCYMMHPOBATb BEPOATHOCTH
(1.7) no BceM BO3VOXKHBIM 3HaUeHHAM Ry, T. €. Ba=0, .. ., n — k1 — k.
Ucnonbays dopmyay 6GuHoma HeloToHa, nosydyaem TPHHOMHAJBHOR
pacnpefesense

nl p"’p’ei 1 —pi—p, )t~ ki—Fi
P{Xy=ky Xy=la} = — eGPl — L (18)

Cymmupys no ky=0, ..., n — k;, HaXOAuM pacnpejie/ieHHe BeIHUHAB
X.: OHO CBONHTCHA K GHHOMHAJbHOMY DAclPEJEIEHHIO 0 P =Py,
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Py

B) I'eomempuveckue pacnpedeserusn. PaccMOTpHM mnocsel0BaTe/b-
HOCTb HCNHLITAHKHH DepHyJH, KOTOpEle TPOAOJIKAIOTCA 110 MeHbLueH Mepe
10 nosBaeHns AByX ycnexoB. Ilycts X; — uHCJIO Heyjay o0 MepBOro
ycnexa, a X, — YHCJO Heyaay MexAy nepBbIMH AByMs ycnexamu. Cos-
MecTHoe pacnpedenenne BeanuHH (X;, X;) aaercs ¢opmyJsoH (cM. L

VI, 8)
P{X, =], X;=F}=g/*kp’. (1.9)

CyMMmipys 1o %, nolyyaem reomerpuueckoe pacnpefenerne ans X,
(dtoT NpHMep NONYTHO NOKAa3LIBA€T, KAK HCNOJb30BaHHE CJydaHHOH
BeJHYHHBI NO3BOJISET W36erath TPYAHOCTEH, CBA3AHHBIX C HECUETHBIMH
NPOCTPAHCTBAMH 3J1€MEHTaPHBIX COOBITHH.)

r) Bueibopxa cay4aiinoeo obsema. HeckonbKo yaUBHTENbHLIA pe3YJib-
TAT noJy4aercsl U3 OJHOro BapuaHta npumepa 6). [IpeanonoxuM, 49to
YHCJI0 HCOBITAHWE He (HKCHPOBAHO 3apaHee, a 3aBUCHT OT HCXOAA CJy-
YAHHOrO 3KCNEPHMEHTA TAKHM OOpa30oM, YTO BEPOATHOCTH OCY(ECTBJE-
HHSl POBHO 7 MCOBITAHHH paBHO e *A"/n!. MHaue roBops, YHCJIO HCIIbI-
TaHUH Tenepb CaMo sIBJseTCs CJAyYaHHOH BEeJMYHHOH C pacrnpeseseHHeM
ITyaccona {e *A"/n!}. Ilpu 3amaHHOM wuucie HcnbITaHHH 71 COOBITHE
{X,=+k,, X,=k, Xy=k,} umeer (yCIOBHYI0) BEPOATHOCTb, PABHYIO
npasoll yactu (1.7). Uto6u HalTH aGcommoTHyIO (6e3yC/I0BHYIO) BeposT-
HOCTb 3TOro coOHITHSI, HYXXHO YMHOXHTL npasyilo uacth B (1.7) Ha
e*"/n! W npocyMMHpOBAaTL N0 BCeM BO3MOXKHBIM 3Hauenuam n. Jas
IaHHBIX R;, KOHEYHO, Heo6XOAUMO, 4YTOOBI

n>> k- ky+ k.

Beoas pasHocTb r==n—(k,-}-k,-+-k,) B KauecTBe HOBOro MHAEKCa Cym-
MIPOBaHHs, M0.1y4aeM

P{xx’:ku X,=k,, xa=k3}=

_a (Ap1)®: (Apy)*s (Apg)*s Wr(1—pi—ps—p3)”
=e™ lkllkzzlk_ql 2 X - (1.10)

r=0

B npaBo#l 4acTH Mbl BHAHM CTENEHHOH PfA M MOMKEM 3aNlHCaTb OKOH-

YaTeJbHbIA pe3yabTar B BHAE -
Pi{X,=k, X,=ky, Xg=1ky}=
r ks ks
= e‘Apx ———(AZ:’) . e"AP! (AZ:’) . e—AP: (AZ:') . (1 l 1)

[ocsie cyMMHpOBaHNSA 110 &, 1 &3 HCYE3AIOT BTOPOH H TPETHH COMHOMXH-
TeJi, H HaXOAHM, YTO BeqvunHa X; cama HMeeT pacnpejenenue [Iyacco-
pa. JliofonnITHLIA (akT 3akmaouaeTcss B TOM, YTO COBMECTHOE pacrpefe-
Jenne HMeer QopMy Tabinun yMmHoxenus. O Takol curyaunu Oyaem
TOBOPHTb, 4TO mpu Gesudurvt X; 63aUMHO He3asuCumvl, (JTOT NpPHMep
SIBJsETCS No CyllecTBY WHOH ¢opMynupoBko# 3agauun 27 ra. VI, 10.) »
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B o6o3nauennsx (1.3) ycnoBHas BepOSATHOCTb cobmtis Y=y npy
ycaosuy, uto X=x; [u f(x;)>0l, sanuceBaetcs B Buae

P (Y =yplX=x;}=p (x5, yn)/f (xs). (1.12)

Takum o0pa3oM, KaXAOMy 3HaueHHI0 X CTaBHTCS B COOTBETCTBHE He-
KOTOpoe uMcJo, H noatomy (1.12) onpenensier dynkuuio ot X, koropas
HaswiBaeTcsl ycaodHoim pacnpedeseriuem Y npu 3adannom X M ofo3Ha-
yaercs P {Y=y,!X}. Vi3 Tabn. 1 u 2 BHAHO, YTO YyCJOBHAsl BEPOSITHOCTD
(1.12), Boo6iue roBopsi, OTIHYAETCH OT £(Yx). DTO 0O3HaYaeT, 4TO MO H3-
BECTHHIM 3HayeHHsAM X MOXHO CAeJaTh HEKOTOPHE BEIBOAb! O 3HAYEHHSIX
Y, u HaofopoT; ABe cayuyaiiHble BEJHUYHHBl SABJSIOTCH (CTOXACTHYECKH)
sasucumbimu. HaunGonsluas creneHb 3aBHcHMOCTH OyaeT Torga, korga Y
apasiercss QyHkier ot X, T. e. Korja 3HadeHHe X OJHO3HAYHO Onipefe-
aser Y. Hanpuwmep, ecan monera Gpocaeicst n pas, a X u Y sBasiorcs
uMCJIaMH BbinajeHuit repGoB M peletok, To Y=n—X. AHaJOrH4HO,
koraa Y=X?2, no sgauenvo X MOXHO Bbl4HCAHTL Y. JLA1s COBMeCTHOTO
pacnpefiefieHHsi 3TO O3HAYaeT, YTO BCe YJIEHBl KaX1OH CTPOKH, 3a HC-
KJoyeHueM OfHoro, HyJseBuie. C Apyroil CTOPOHBI, eci p(Xj, Yr)=
=f(x;) g(y,) AnNg Bcex KOMOMHaILL# Xj, Yr, TO cOObITHS X=X; 1 Y=y,
He3aBHCHMBl; COBMECTHOE pacnpefieseHne NpUHUMaeT GopMy TabJHILbl yM-
HOXKeHHSI. B 3TOM cJlyuae rOBODST O HESAZUCUMbLX CAy4aHHBIX BeJHYIIHAX.
OHy Tosy4aroTCsi, B YacTHOCTH, B CBSI3H ¢ HE3aBHCHMBIMH HCNBITAHHKS-
MH, HapuMep 4YHcJa, NOsBJSIOWMecs NPH ABYX OPOCaHHSX KOCTH, He-
3aBuCHMBL HlaocTpamuio Apyroro poAa AaeT NpHMep T).

3aMerHM, 4yTO coBmecTHOe pacnpefenenre X # Y onpefeaser pac-
npefeenust Beqnudd X ¥ Y, HO MBI He MOXKeM HafiTli COBMeCTHOe pac-
npefenenve X Y mo uxX MapruHajbHeIM pacnpefenenusM. EcaH nse
BeauudHbl X M Y MMeEIOT OAHHAKOBOe pacnpejeseHHe, TO OHH MOTYT
6LITH HE3aBHCHMBIMH, @ MOTYT M He ObiTh TaKkOBmIMH. Hanpumep, ase
Beauunnn X; ¥ X, B TaGa. 2 HMeIOT OAHHAKODBLIE pacnpefeseHHA H He-
3aBHCHMEI,

Bce HauM 3aMeuyandsi IPHAMEHHMDBl H B CJly4ae oJiee 4eM ABYX BeJlH-
yyH. IlomBesem HTor (JopManbHEIM ONpeleseHHeM.

Onpenenenne. Cayuaiinasn geauuuna X ecmo QyHkyus, onpedesennan
Ha OaHHOM NPOCTIpaHCTIGe SAeMeHmapHo cobbimut, m. e. X 3a0aem npa-
61110, MO KOMOPOAY KANCOOMY 3AeMEHMAPHOMY cOBbIMIIO COOMEememayent
Hexkomopoe Oelicmsumenbroe wucao. Pacnpedenerue éepoamrocmed cay-
watinol Geaudunor X ecme ynxyus, onpelesennan 6 (1.1). Ecau dee cay-
daiineie ceaudune X u Y onpedeserol Ha 00HOM U mOM Je npocmpancmse
saemenmapHeLx cobbimuil, mo ux cosmecmuoe pacnpeeierue 3a0Gemcs
pasericmeamu (1.3), 6 Komopeix cem xombunayuam (xj, yr) 3Ha4eHuld,
npunumaemsix X u 'Y, npunuceisaromces onpedeseHHble 6epoamuocmu., Imo
noHamue 04ecuOHbIM 00pA30M NEPEHOCUMC HA NPOU3B0AbHOE KOHEMHoe
mHuosecnéo seauiun X, Y,. .., W, onpeCeaerHotx Ha COHOM U MOM e
npocmparcmee 31eMeHmapHblx coboimutl. Imu BeAUtUHbL HASHIBAOMLR
B3QUMHO HE3ABUCHMbIMU, ecau OAR MOGOU KoMOuHQuuu ux 3Haserud
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& Yo, w) cnpasedauso paseHcmso
P X=x, Y=y, ..., W=uw}=
=P{X=x}P{Y=y}...P{W=uw}. (l1.13)

B ra. V, 4 Gbl0 onpejiesieH0 NPOCTPAHCTBO 3JIEMEHTAPHLIX COBLITHH,
COOTBETCTBYIOLIEE NI B3aUMHO HE3aBUCHMLIM HCNhTanusiM. CpaBHHBas
st10 onpefenenue ¢ (1.13), Buaum, uto ecau X, 3asucum moabko om uc-
xo00a k-20 ucnuimanus, mo geauvursl Xy, . . ., X, 83aUMHO HEZABUCUMYL.
Boofwe, ecau cayuaiinaa BendyHHa U 3aBUCHUT JMuIb OT HCXOJAOB Iep-
BuIX B HCIbITaHUH, a Jpyras BequuyuHa V 3dBUCUT TOJBLKO OT HCXOJIOB
oCTalbHbIX n — k ucnuitanuii, To U u V HesaBucuMul (cM. 3agauy 39).

Mnl MoxeM npeacTaBiaTh cefe cayvaiiHylo BeAHYMHY Kak HaGop
'UNCJIOBBIX OTMETOK Ha TOYKAX NPOCTPAHCTBA 3JIEMEHTaDHBIX COOHITHH.
D70 npeicTaBJiEHHE 3HAKOMO MO CUTYalUMW C MIPalbHOH KOCTBIO, Tje
rpaHH 3aHYMepOBaHbl, H Mbl TOBODUM O YHCJaX KaK O BO3MOXKHBIX MC-
Xoflax oTAenbHbIX HenkiTaHui. [loab3ysch OObIYHON MatemaTHdecKofl
TEDMHHOJIOTHEH, MOXHO CKa3aTh, YTO CJayyaiiHas BeauuyuHa X #B-
JsieTcsl 0TOGpaXeHHEM HCXOJHOrO NPOCTPAHCTBA 3JEMEHTAPHLIX COOGHI-
TUH B HOBOE NPOCTPAHCTBO, COCTOsIEE H3 TOYEK Xi, X3,... . CJaefoBa-
TeJIbHO,

Ecau nocaedosameasrocms {f (x;)} yoosaremsopsiem ouesudnsim ycao-
auam (1.2), mo moxcro eosopums 0 caysatinod seaudune X, npunumarc-
wiell 3HAYEHUA X1, X3,... C Geposmuocmanu f(xy), f(xs)..., 6ea daroned-
WUX YKa3aHud HQ UcXo0HOE NpPOCMPAHCMBO FAEMEHmapHbiX cobbimull;
Hogoe npocmpaxcmeo 06pasyemcs movKamu X, Xs,... . 3adanue pacnpe-
OeseHuA 6EPOAMHOCIEN IKBUEAAZHMHO 3a0aHU0 NPOCMPARCMBA 3AeMeH-
maprblx  coBbimuUl, mosKamu Komopozo ABAUOMCS OcliCmBUNEeAbHbIE YUC-
aa. Tosopums o 08yx Hezasucumelx cayHqatinsix seauqunax X u Y ¢ pac-
npedereruamu {f(x;)} u g {(yx)} —3nauum eo6opums o npocmpancmee
JAEMEHMAPHbIX COOLIMUL, MOMKAMU KOMCPO20 ABARIOMCA napuvi 4ucea
(x;, yn) ¢ sepoamnocmamu, 3a0annemu no npasury P{(x;, yp)}=
=f(x;) @ (yr). AHai02uuno 3a npocmpancmeo ssemenmaprbix coboimud,
coomeemcmsyrowee mHoxecmsy n caysabnoix geausun (X, Y,. .., W),
MONCHO 83Me COBOKYNHOCMb moueK (X, Y, . . ., W) 8 N-MEPHOM NPOCMPQAH=
cmee ¢ 6ePOSIMHOCMAMU, ONPeOeAREMbIMU COBMECTIHBIM DPACTPEOEACHUEM.,
Cayuaiinbie 8eAUMURL. 63AUMKO HE3ABLUCUMDL, ECAU UX COBMECMHUE poCcnpe-
deaenue 3adaemca gopmyaod (1.13).

HNpumep. 1) Henvimanus Bepryaru ¢ nepemenuvimu 6epOSIMHOCMAMY,
PaccMoTpuM n HesaBUCUMbIX UCTIBITAHHH, KaXJ0€ M3 KOTODHIX uUMeeT
JHIb JBa BO3MOXHHIX Hcxoaa, & W H. BeposiTHocTh ucxona ¥ B k-M
HCTBITAaHHH DaBHa Py, ANA ucxofia /1 oua paBHa qy=1—p,. Ecau p,=
=p, TO 3Ta CXeMa CBOAMTCH K HcnbiTaHuaM Bepnyanu. [lpome Bcero
onHcarb Hauly cxXeMmy, npunucaB HcxofaM & M H 3uavenns 1 U O m
CKa3aB, UTO Y HAC €CTb 1 B3aUMHO HE3aBUCHMLIX CAYy4adHbIX BeMHYHH Xp
c pacnpefenenusnmu P {X,=1}=p,, P {X,=0}=¢,. Mozens Teneps nox-
HOCTBIO QNHCaHA, DTa cXeMa TAKXKE HIBECTHA O] HA3IBAHUEM «uUcCnbima-
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Hus Hyaccona» (wau cxemnl Ilyaccona), KOTOpoe MOXET BhI3BaTh NyTa-
muny ). (CM. npumepnt 5, 6) u ra. XI, 6, 6).)

ScHo, 4TO OJiHO M TO e pacnpele/IeHHe MOXKET NOABJATLCA NPH pas-
JHYHBIX MPOCTPAHCTBAX 3JEMEHTApHLIX COOLITHH. Ecan Mbl roBopHM,
YTO Cay4aiiHas seadynHa X npuHHMaeT 3HadeHHs O M | ¢ BeposTHOCTS-
M 1/2, To MBI MOJMYAJMBO NOApPa3yMeBaeM NPOCTPAHCTBO IJEMEHTAPHBIX
cobuiTH i, cocTosiuee U3 ABYX Touek O M 1. Ho Bennunna X MoxeT GniTh
onpejieseHa TEM YCJOBHEM, 4TO oHa paBHa O WM | B 3aBHCHMOCTH OT
TOrO, BhINajaeT Jii NpH JeCATOM OpOCaHHH MOHeTH repb HJIM pelleTKa;
B 3TOM cayuae X onpejiesieHa Ha NPOCTPAHCTBE MOCJEAOBaTebHOCTEH
(I'TP...), ¥ 3TO NPOCTPAHCTBO 3JEMEHTAPHBIX COOBITHH COCTOMT M3 217
TOYEK.

B DpHHIMOE MOXHO OrPaHHYHTbL TEOPHIO BEPOATHOCTEH H3YyYeHHEM
NPOCTPAHCTB 3JIEMEHTaPHHX COOLITHH, ONpeleNeHHHX B TEPMHHAX pac-
npejeseHHH BEPOSTHOCTEH CJaydYaHHmIX BeauyuH. IIpu Takom noaxoae
He Hy»HO 6yjer ofpalaThcs K a6CTPaKTHOMY NPOCTPAHCTBY 3J€MeH-
TAPHHIX COGBLITHH M HMCIOJIb30BaThb TEPMHHBI THNA «MCNBITAHHSA» H «HC-
X0l 3KcnepumenToB». CBeleHHE TEOPHH BEPOATHOCTEH K CJy4YaHHbIM
BEJMYMHAM SBJSETCH KpaT4aHIUMM NyTeM K NDHMEHEHHIO aHaJH3a H
ynpollaeT MHOTHe CTOPOHb! TeOpHH. OJIHAKO OHO MMeEeT H HEAOCTaTOK,
cocTosUMH B 3aTylueBbIBaHWH BEPOATHOCTHRIX ocHoBaHuii. Ilpeacras-
JIEHHE O CJYYaiHOH BeJHUYHHE KaK O «4eM-TO IPHHHMAIOIIEM pa3Hhle 3Ha-
YEeHHN C Pa3/HYHLIMH BEPOSTHOCTAMHY» JIETKO MOXKET OCTAThCH HEACHBLIM.
Ho cayyaiiHpie BeTHYHHBl SBJASIOTCH OOBIYHRIMH QYHKUHMSAMH, H B 3TOM
NOHATHH HET HHMYEro CNELH(HYECKOro, NPHHAANENKAIErO TOJBKO T20-
PHH BEPOATHOCTEH.

Mpumep. e) [lycts X — cayyaiiHas BeJHYHHA C BO3MOXKHBIMH 3Haye-
RHMSMH Xi, Xj,... H COOTBETCTBYIOUIHMH BEPOATHOCTAMH [ (%1), [ (X2), ... «
UyTaTe b BCerJia CYMeEET, €CJIH 3TO NOMOXKET €ro BOOOpaxeHHIo, NOCTpo-
HTb MBICJIEHHRI 3KCIepUMeHT, npuBoAawi K X. Hanpumep, pasnennm
'KoJIecO PYJETKH Ha AYTH Iy, la,. .., JJIMHB KOTOPhIX OTHOCHICH KaK
f(x1) : f(x2): ... . IlpencTaBum ceGe HrpoKa, MOJYHAIOUIETO (NOJOMKH-
TEJbHYIO WJH OTPHLATEJbHYIO) CYMMY X;, €CJIH pyJIETKa OCTAHOBUTCS B
Touke Ayrd I; Toraa X ecTh BHIMTPHILL Wrpoka. B n HCNBITaHHAX Bbl-
MCPBILUH COOTBETCTBYIOT /I HE3aBHCHMBIM BEJHYHHAM C OJAHHAKOBLIM
pacnpesenenveM {f(x;)}. UToGb noNydHTh ABE BEJHYHHB C 3a/laHHBIM
COBMECTHHIM .pacnpeienieneM {p (Xj, ¥x)}, BO3bMeM AyTH, COOTBETCTBY IO
UMe KaxaA0H KOMOMHALMH (X, Yx), ¥ BoOGpa3uM ABYX HIPOKOB, NOJY-
YAlOUIHX COOTBETCTBEHHO CYMMRBl X; H Yj.

Econ X, Y, Z,...,— ciyyaiiHble BEJIHYHHE, OnpeAeJeHHLE Ha OJHOM
1 TOM K€ NPOCTPAHCTBE 3JIEMEHTAPHLIX COOBITHH, TO NPOH3BOJIbHAR PYHK-

1y Kax NpaBHiIO, aTH HA3BAHMA INPHMEHSIOT K CAYY2l0, KOTAZ Pi; «445 P
aasicam OT n («TpeyroJbHa® cXeMa»; CM, KOHew npkMepa N XI, 6, 6)), — ITpus,
nepee, '
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uus F(X, Y, Z,...) cHoBa siBasieTcs cay4yalHOR BeauunHo#t. Ee pacnpe-
JieJietile MOMKET OBITh MOJYHEHO M3 COBMECTHOTO paclpejleJieHH sl Be/H-
uid X, Y, Z,... TPOCTO MyTeM CJIOXKEHHS TeX BEPOATHOCTeH, KOTOphIE
cootBeTcTBYIoT KoMOnHauuaMm (X, Y, Z,...), npuBOASIIHM K OXHHAKO=
pbiv stiauenuam dyukmun F(X, Y, Z,...).

lpumepnt. x) B npumepe, KoTOpBIf HMMCCTpHpOBasics Taba. 2,
cyMmma X;+ X, sBasercs cayyaiiHON BeJHUYHHOH, NpPHHHMalOIeH 3Ha-
uennst 0, 1, 2, 3 ¢ BeposTHOCTAMH 1/27, 6/27, 12/27 u 8/27. Ilpon3sene-
H;xe X; X, npunumaer 3Hauenns 0, 1 u 2 ¢ BeposTHocTAMH 15/27, 6/27 1
6/27.

3) BepHeMcst K NpDHUMEPY B) H pacCMOTPHM pa3nHuHbie QYHKIHH OT
X; # X,. HauGosee unrepecua cymma S=X;+X,. [Ina HaxoxaeHHs
P {S=v} ny:xuo npocymmuposatk (1.9) nmo BceM 3nauenusm j, kR, aas
K012puiX j4k=v. CymectByer v-+1 Taknx nap, # B pacCMaTpHBaeMOM
CJyyae BCe OHH HMEIOT OfMHAKOBhie DepoATHOCTH pYg® Hrak, P {X=
=v}=(v+1) p¥q?, 4TO ABAAETCH YACTHLIM cayyaeM dopmyasl (8.1) ru.

I

[Tycrs Teneps U onpefensiercst KakK HaWMeublWwast U3 ABYX BEJAHYHH
X;. X,; vnaue roeopsa, U=X;, ecmn X=X, 1 U=X,, ccm X,<X,.
Jas naxoxgenus P {U=v} nyxno npocymmupopatb (1.9) no Bcem
napam (j, k), Ansl KOTOPBIX =V B A=V 1JH >V it R=v, 3TO NPHBOJHT
K CYMMaM JBYX FeOMETPHYECKHX NMPOrpeccHi

2v 52 2V+1 p2 o
PilU=vi=Tl 4+ =" (+qp, (119,

roge v=0, 1,...
Ananorsuniie BLITHCJIEHHS TOKa3bIBAIOT, YTO

P{X,—X;=v}=¢'"VIp/(l+q), v=0, I, £2, .... (1.12

3ameuanke o nonapHod HesasucumocTH. B npumepe ra. V, 3, i) kax o JioGonmsit-
oM (aKTe rOBOPHTCS O TOM, YTO TPH NCMNAPHO HE3ABICHMBIX COGHITHS MOTYT He Cblrb
B3aKMII0 lie3aBHcHMbiMHE. UrToOpl cdopMyJaupoBath allaJCTHUHBIE pe3y.bTaT st Cay-
yaiiHLIX BeJIMYMH, PaCCMOTPHM npocTefilnit cayuail, a uMERHO NpPOCTPARCTBO 3/1eMeH-
TApHLIX COBHITI, COCTGAICe M3 JGBATH TOYEK, KaX1aAm 13 KOTOPHIX HMeeT BepoATs
nocts 1/9. Ilects M3 5THX TOYEK OTOMICCTBIM € PaZTHUHBIMH NepecTAHOBKAMH YHCea
1, 2 u 3, a ocTaabliLic TPl TOUKH NMOCTABKM B cooTpeTcTBie TpoitkaM (1, 1, 1), (2, 2, 2)
n (3, 3, 3). Bmeaem Tenmepb TPH cayuwailHbie BednuMHbl Xy, X, X3, Taxue, uto Xp
paBHa uMciay, crofweMy Ra k-M Mecte. BO3MOXHBIMI 3HAUCHHAMM STHX BEJIHYHH fB-
asiotes 1, 2,3, H nerKo NMPOBEPHTL, YTO X YACTHLIE H COBMECTIIhle DaclpeneeHus
JAOTC COOTHOLIERIIAMH

p{x/:r}zl/ﬁ, P{X/=r, Xk=s}=1/9' (116)

(31cch OTJIHYME OT BHIBOIOB B NpuMepe I, V, 3, 1) COCTONT TOJNBKO B of03HaueHHAX.)
Ha (1.16) caenpyer, uTo TpH BBeJEHRBIE CIyHalilbic BEJIHUYHHB NONAPHO HEIABHCHMEL.
C apyroii cTopons, 3128 Xy H X3, MB 0{HO3HAYHO HAXOAUM X3, TaK YTO STH BeJIHUMHLL
He ABJAKTCA B3aUMHO HE3aBHCHMLIMH.

Onpenenum teneps Tpoiiky (X4, Xj;, Xg) Tak xe, kak tpoitky (Xi, Xz, Xa)y
HO He3aBUcHUMO oT nee. MTax, mosnyyaem wecTb NMOMApHO I1e3aBHCHMLIX BEJHUMH,
yRopaeTBopAiOWMX cooTHowenuaM (1.16). TlpogonKasa noxo6iuM obpasom, npUXo-
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auM Kk nocaedosameavnocmu eeauuurs Xi, Xg, seey Xpy o3 yoosaemsopRIOUUR
(1.16) u makux. umo X nonapHo He3QBUCUMbL, HO HE €3QUMHO He3asucumu '), Mu
BepHeMcs K 9TOMy B npuMmepe ra, XV, 13,e).

§ 2. MATEMATHYECKHE O)XXHIAAHHSA

YT0o6bl JOOUTLCA PAa3yMHOH NPOCTOTHI, YaCTO PHXOJHTCSH ONHUCLIBATH
pacnpeae/seHUsl BEPOATHOCTEH NpPH NOMOLIN HCMHOTHX «THNHYHBIX 3Ha-
yeHHi». B KauecTBe nmpHMeEpa MOMKHO NPUBECTH MaKCHMAJBHYIO BEPOSAT-
HOCTh GMHOMHAJLHOTO pachpejesneHuss H MeAuaHy, KOTopasi UCMOJb30-
Bajach B 33jjauax o BpeMeHH oxuaaHud B ra. [I, 7. CaMelM BaxHEIM U3
3THX «THNHYHLIX 3HAUYeHHH» sfBJsercsi, 0e3yCJ0BHO, MareMaTHyecKoe
oxujanie, uau cpegHee. OHO HauGosee yJOGHO A4S aHAJUTHYECKHX
npeoGpa3oBaHui U 00J1afdaeT NOJE3HBIM A5 CTATHCTHKOB CBOHCTBOM,
HasbiBaeMblM BeiGopouHo# ycroiiuuBocTeio. Onpenenenne maremaru-
YECKOTO OXKHJAHUS BhITEKA€T U3 OOBIYHOrO MOHATHS CPEJHEro 3Haue-
nug. Ecay B HekoTOpO# rpynne ceMe#l n, ceMelt HMCIOT POBHO N0 & Je-
Teil, To obliee yucao ceMefl paBHO n=n,-4-n;+y+4-..., a oblee gucao
nercil cocraBnser m=n;+4-2 ny4-3 ny4-... . CpenHee uuco aeTedl B ceMbe
pasHo m/n. AHanorus Mexay BEPOSTHOCTSAMH M 4acTOTAMHM NOACKA3bl-
BAET CJIeAYyIOllee OlpefeneHIe,

Onpenenenne. Ilyems X — cayuatinan 6eauMuHa, npuHumanowan

SHAUEHUSA X1, X3,... C BepoamuocmAmu [ (%), f(x2),... . Mamemamuueckoe
oxuldanue, uru cpedee, cayuatinotl seaudunst X onpedesnemca gopmy-
a0i

E (X) =X xef (%) 2.1

npu ycaosuu, wmo pacd 8 npasod wacmu abcoaromuo cxodumes. B smom
cayuae 2osopam, wmo X uMeem KOHeuHoe Mamemamuueckoe oxcudaxue.
Ecau pad N\ x,|f (%) pacxodumes, mo eosopam, umo X He umeem
KOHEUHO020 MAMeMAMU1ecKoe0 oxcudanus.

HMuorza yno6HO npejcTaBUTh cee BEPOSITHOCTH Kak NpeRedsbl 4acToT,
HaG/IoA3SMbIX B NOBTOPHKIX OMNBIT2X. Taxoe NpeACTaBJIEHHE IIPHBOLHMT
K Clefyiollell HHTYMTUBHON TPAKTOBKE NOHATHS MaTEMaTHIECKOTO OXH-
Aanug. [TycTb HEKOTOPHH ONMWT HOBTOPSAETCH «NPH HEH3MEHHBIX YCJIO-
BHAX» n pas, u nyctb Xy, ..., X,—Habmojawumyecs B JeACTBHTEIbe
HOCTH 3HaueHus BejuuyuHnl X. [Ipu Goablmix 3HaueHusiXx n CpejHee
snauenne (X;+4 ...+ X,)/n nomxkHO OunTh Gausko K E (X). 3axonu
GoabiIMX 4YHCEN NPUAAOT STOMY HESCHOMY HHTYMTHBHOMY OIHCAHHIO
TOYHHIA CMBIC/,

Camo coGo# pasymeercs, 4TO GOJBLUIMHCTBO OGBIIHO BCTPEUAOLINXCS
C/IyUalHBIX BEMUHH HMEIOT KOHEUHhIe MATEMAaTHUECKHUE OXKUAAHHSA, B [IPO-

1} 310 nocTpoeHHe MOXKHO HIMEHHTh TaK, UTOOH JMOGHIE TPH NOCJAEAOBATEIbHbIO
cayvafiHele BETMMHEHE He GbIIH He3aBHCHMBIMH, JlaabHeditune MOAH(HKALHH NPHBOAAT
K pa3THyHHM KOHTPHPHMEpaM B TEOPHH CayuallHux npoueccos. CM. Feller W,, None«
11\'§‘e1rkovlizar%3 processes with the semi-group property, Ann, Math, Statist., 30 (1959),

252—1253,
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THBHOM C1y4yae 3TO MNOHsTHE ObWIO OBl GECMNJIOAHBIM (XOTS BEJIHUHHEL,
HE UMEIOIIHE KOHEYHOT'0 MaTeMaTHYECKOTO OXKHJAHHS, BO3HHKAIOT B CBA3H
C BaXKHBIMII (DM3HYECKHMH 3ajayaMH O BO3BpalleHuH). TepauHbl mMame-
mamuqeckoe oxcudarue W cpeOHee SBISIOTCH CUHOHMMamu. [oBopsaT
TaKXKe O cpedHem pacnpedenenus, He YKasplBasi COOTBETCTBYIOUIEH
cnyyabinoli Benuyunni. Obosnauenue E (X) o6menpuHsto B MaremarHke
i cTatucTHKe. B pusnke obosznauense E (X) ob6riuno 3amensieTcs obosna-
yeHuaMa X, <X> u <XDay-

3aiiMeMcs Teneph BHIYNC/ICHHEM MATeMaTHYECKHX OXMUAAHHA s
TakuX QyHKIMH, Kak, Hanpuvep, X2 3Ta QyHKuMs SBJASETCA HOBOM
ClyyaHHOH BeJIMYHHOH, npuHMMawoulel 3HaueHus xi, BooGuiE TroBOpH,
BeposATHOCTb Toro, uto X®=x}, paBHa He f(x,), a cymme f(x,) +
-+ f(—=xy), 1 E(X?) onpenensercs kak cymma xj {f (x) 4+ (— xp)}.
OueBlgHo, B MmoGoM ciyuae

E (X?) = X} xif (xz) (2.2)

Npu YCIOBHH, YTO Psifi CXOAHTCHA. TeM ke crnoco6OM MOMHO NOJYYHTD
ofuyio Teopemy.

Teopema 1. Kaxdan ¢yuxyus ¢ (x) onpelensem HOBYIO CAYHALIH YO
seausuny @ (X). Ecau @ (X) umeem KoHedHOe MQImemamu4ecKoe Oxcii-

darue, mo '
E (o (X)) =2 ¢ (x)f (xp) (2.3)

Pad 6 npasoii wacmu (2.3) cxodumca mozda u moasko mozda, xozda
E (¢ (X)) cywecrneyem. aa aobol nocmoaxnol a cnpasedauso coommo-
tuenue E (aX)=aE (X).

Ecmm Heckonbko ciyuadHeix BeanuwH X, ..., X, onpejefeHs Ha
OJHOM H TOM € MPOCTPAHCTBE 3JIEMEHTAPHHIX COGHITHH, TO HX CyMMa
X.+ ... +X, sBasercs HoBo# caydyafiHOH BennuuHOH. Ee Bo3MoxHbe
3HAYEHHs] H COOTBETCTBYIOIIME BEPOSATHOCTH HETPYAHO HAWTH NO COB-
MECTHOMY pacnpejefeHuio BeJuuuH X,, H, TakuM 00pazoM, MOXHO
poiyucyuth E (X;+ ...+ X,). Bonee npocroft cnocob Bryuc/IeHHS
3TOTO MAaTeMaTHYECKOTO OXMJAAHHA J[deTCfl CJEeAYIOWEH Ba)KHOH Teo-
peMo#.

Teopema 2, Ecau cayuadinee eeausunst Xy, X,, . . ., X, umerom ma-
memamunseckue OxuOaKUS, MO MAMEMAMUMECKOe OXCUOaHUe ux Cymmol
cywecmeyem U pagHo CYMME Ux MAMEeMAMUYeCKUXx oxudanul:

EX;+...+X,)=EX)+...+E(X,). (2.9

Hoxaszameascmeo. JloctatouHo Aokasath (2.4) A8 ABYX clyyaHHbIX
pemupH X B Y. Hcenonbays o6osnauenus (1.3), moxem 3ammcarthb

E (X)+E (Y) = IZ;x,-p ETAES I_Zkykp x5 92, (2.5)

e CyMMHPOBAHHE NPOM3BOAMTCS MO BCEM BOSMOMHEIM 3HAYEHHSM X, Yy,
(koTophie He 06f3aTenbHO pasyuyHb). O6a pAjga cxomarTcs abCOMIOTHO,
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CJIeIOBATE/IbHO, HX CyMMY MOKHO TIePeHCaTh B BUAE (X;1+Y) P (X4, Ya),
Ik

4YTO N0 ONpeJeJeHH0 HABJAAETCS MaTeMaTHyecKuM oxulandeM X Y.
Tem caMblM f0Ka3aTenbCTBO 3aKOHYEHO. »

SlcHo, 4TO @HaNOrHuHas oblWas TeopeMa AJs POU3BEJEHIl HeBepHa.
Hanpumep, E (X?), BooGwe ropops, ormmuyaerca ot (E (X))2. Tax,
eci X —UuHC/IO OYKOB, BbiNasilee NpH OGpPOCAHWH NPAaBHIBHOH Urpailb-
HO#i KOCTH, TO

E(X)=72, 1o E(X#)=(1+4+9 1625+ 36)/6=91/6.

Opnako Anf HE3aBUCHMBIX CJYYaHHHIX BEJHYHH CNPaBEJJIHBO [POCTOE
NpaBUJIO YMHOMXEHHSA.

Teopema 3. Ecau X u Y — Hesasucumbie CAY4QiiHble GeAUHUHBL O KO-
HEUHBbIMI MAMEMAMUYECKUMU OHCUOAHUAMI, MO UX RPOU3BEOEHUE ABAAEM -
CA CAYMALHOU GEAUMUHOL C KOHEUHbIM MAMEMAMUUCCKUM 0MCUOanHUEM U

E(XY)=E(X) E(Y). (2.6)

Hoxkasameavcmso. Ina uaxoxjenua E(XY) HYXHO yMHOXHTb KaX-
JI0€ BO3MOMKHOE 3HAueHHe X;Y, Ha COOTBETCTBYIOULYIO BEPOATHOCTD.
CuieloBaTeNbHO,

E(XY) = 21 X4f (%)) € () = {2] x,f <x,-)} {% ykgwk)} . (2.7)

NpHueM NEpeCTAHOBKA YJEHOB BO3MOXKHA B cHJy abCOJIIOTHOM CXOOH-
MOCTH PSJIOB.

Ilo uHOykyuu 3mo npasui0 YmHoxerus 0oxasviaemcs OAs NPOU3-
8016H020 HULAQ B3AUMHO HE3ABUCUMbLY CAYHALHBIX BEAULUH,

Ilns maTeMaTHUYEeCKOTO OXMAaHHf YCJOBHOrO pacnpejeseHHsl Be-
ponmomen ya06HO UMeTh cBoe o6o3Hayenne. Ecan X u Y — nse cay-
yaliHble BeJHYHHbI C COBMECTHbIM pacnpegnenenueM (1.3), To ycaosHoe
smamemamuueckoe oxcudanue E(Y|X) eeauuunss Y npu sadannom X
ecme (PYHKYUS, NPUHUMAIOLAR 8 MOYKe X3 3HAYEHUE

%ykp {Y= yk]X——x (Zykp %, yk))/f (x)- (2.8)

370 ONpejieJieHne UMEET CMbICJI TOILKO B TOM CJyyae, KOT/la P B npaBoy
yacTH cxoAuTcsa abcosmotso U f(x;)>>0 npu Bcex J.

YeaosHoe matematuueckoe oxuaanue E(Y|X) aBasercs HOBOR cay-
yaifHoH BeauuuHOH. [lJif BHIYHCJEHHS ee MaTeMaTH4eCKOro OXHAaHHS
HYXHO YMHOXHTh (2.8) Ha f (x;) u npocyMMupoBath no x;. B pedynbrare

TOJTYYHM
E (E (Y|X))=E(Y). 2.9
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§ 3. NIPHMEPbI H NPHJIOKEHH A

a) Bunomuaaeroe pacnpedeserue. I1ycTh S,~—ulca0 ycnexos B n
ucnuTanuax Depuyanau ¢ BepoATHOCTHIO ycnexa p. Mel 3naem, urto S,
uMeer OuHoMuanbHoe pacnpefeqenue {b(k; n, p)}; crexosartennHo,
E(S,)=Xkb(k; n, py=np X b(k—1; n—1, p). INocneanss cymma
COCTOHT M3 BCEX YJEHOB OHHOMHAJIbLHOrO pacnpejeneHuss s n— 1l
HCNLITAHWA H Mo3ToMy paBua 1. Wrak, mamemamuteckoe oxcudarue
GUHOMUQALHO20 pach pedeseHtss PaBHO

E (8,) =np. 3.1

DTOT pesy/NbTAT MOXKHO NOJYYHTb 6e3 BHIMHC/ACHUH @ NOMOLLbIO Me-
TOAa, KOTOPHH YacTo oKaswiBaercs noJsesnbiM. Ilycte X, — uHcao yc-
NeXOB B k-M MCOBITAHUH, DTa CAyvyalHas BeJHYMHA NMPUHHMAET TOJBLKO
3nauednds 0 u 1 ¢ COOTBeTCTBYIOUMMH BepoATHOCTSMH g U p. CrefoBa-
TENLHO,

E(X;)=0-g+1.-p=p,
& TaK KaxK
S,=X,+X,+...+X, (3.2)

To Mbl nosydaeM (3.1) HemocpeicTBeHno H3 (2.4).
6) Pacnpedeserue [Tyaccona, Ecan X umeer pacnpepnenenue Ilyac-
cona p(k, A)=e *k/i!, tne k=0, 1, ..., To

EX)=kp(k; ) =2 p(k—1; ).

Tocseumi psif COLEPKIT BCE YJACHBI PACpe/eneHis, U NOITOMY ero
cyMma paBHa ejuHHne. ClefoBaTesbHo, A ecrmb MameManmuyueckoe Oxcu-
danue pacnpedeacrius [1yaccona {e~"Ak/RI}.

B) Ompuyame.srce 6unosuasbroe pacnpedeserue. Ilycts X —cnay-
yalHas BeMUUnHa, LiMeloulast eeosempudeckoe pacnpedescrue P {X = k=
=gkp, rae k=0, 1, 2, ..., Toraa E(X)=¢gp (1 +2¢+3¢°+...).
Copasa B ckofKax CTOGHT NPOH3BOAHASA [€OMETPHIRCKOT0 Psia, N03TOMY
EX)=gp(l—¢)"2=g¢q/p. B ra. VI, 8 mb Bugend, uro X MOxKHO
TPaKTOBATh KaK YHCIO HEYAay J0 MepBOro ycnexa B MNOC/ACACBATE/b-
nocT HenpiTadnfl bBepuyaau. B €osee ofiem caydae pacCMaTpHBaeTest
NpPOCTPAHCTBO 3/1€MEHTAPHLIX COOGBITHH, COOTBETCTBYIOLUEE HCIBITAHHAM
Eepuyanu, kotopsie npomoaxkawrcst Ao n-ro ycmexa. Has r<n
nonoxuM X;=X H o6o3uauuM yepe3 X, YHCIO HCYAAu MEXAY (r—1)-M
¥ r-M ycnexamu. Torja Kaxjas BequuuHa X, HMEET ICOMETpPHUECKoe
pacnpefenenue {g*p} u E (X,)=g¢/p. Cymva

Y, =X, +...+X,

JlaeT 4HCAO HeyAau Ao r-ro ycnexa. Mluaue rosops, Y ecth cayuaiinan
BelUYHHA C OTPHLATENbHBIM OWHOMHAJNBLHBIM pacrpefieseHHeM, onpeje-
JSIEMbIM OJHOH U3 JABYX S5KBHBAJNEHTHHX ¢opmyd (8.1) uan (8.2) ra. VI,
Orciona caeftyer, uTO Mmamemamuueckoe OMUOQHUE OMPULAMEALHO20
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OurHoMUAABHO20 pacnpedescHus PAsHO rg/p. DTO MOXHO NPOBEPHTh He-
NOCPeACTBEHHLIMA BhiuncsaeHusMil. M3 ¢opmyast (8.2) ra. VI sacwo, uto

kf (k; r, p)=rp~* qf (k—1; r+1, p),

U cymma usenos pacnpenenenus {f (k—I1; r-+1, p)} naer exuuuny. v
HenocpeCTBEHHbIe BHIUHCJIEHHS XOPOLIH TeM, YTO OHH NPHMEHHM:l H B
cayuae Heyeastx 3HaveHid r. C Apyro#l CTOpOHH, nepBoHaYa/bHble pac-
CYXJEeHHS TMO3BOJSAIOT MNOJYUYHTb TOT XKe pe3yJ/bTaT, He 3HAs TOWHOro
Buja pacnpenenesus Xi-+...-+X;.

r) Bpems omulanus npu ssibope. V13 renepanbroil COBOKYIHOCTH, co-
Jepxaied N pasfHYHLIX 3JEMEHTOB, NPOH3BOAMTCS BHIOODP ¢ BO3Bpalle-
nueM. BeuencTene BO3MOXHBIX MOBTOPeHHil ciyuyaiiHas BLIOOpKa o6be-
Ma r B o0lLeM cayuae 6yAeT COCTOSITb H3 MeHee YeM 7 pa3J/HuHbIX 3JeMeH-
toB. [1pH yBennueHun obbeMa BLIGOPKHM HOBBbIe 3JeMeHTH OYAVT nosis-
JATECS B Helt Bce pexke H pexke. Hac MHTepecyeT, KaKoB AO/KeH OBITh
06beM BbIOOPKH S, UTOOB! B HEH COAEPKaJoCh 7 Pa3JIHYHLIX 3JIEMEHTOB.
(Kak yacTHbHIH c/yuall pacCMOTPHM reHepasbHYI0 COBOKYNHOCTE H3 N =
=365 BO3MOXKHBIX IHEH pOMIAEHHS; 3flech S, npejicTaBsseT cofoil uucI0
Jiofie#t, MonaBillMX B BLIGOPKY A0 MOMEHTA, KOrja B BLIOOPKE OKaxercs r
pa3/NYHLEIX JHeH pox<ieHHsl. AHa/lOrHyHas TPAaKTOBKa BO3MOXHA H
npy CcJyyaHHOM pa3MmellleHMH 1apoB No simuMkaM. PaccMartpuBaemast
3ajjaua MpeAcTaBJ/sieT OCOOBIH HHTepeC A/ TeX, KTO COOHDPAaeT KYMOHBI
Il IpyrHe npeAMeTbl, TaK KakK HOBOE NpHOGpPeTeHie MOXHO CPaBHHTh
CO cJy4YaidHbiM BHIGOpOM 1).)

s ynpollleHHs H370XeHHS Ha30BeM Oyepeinoe I3BJedeHHe 3.Jie-
MEHT4 YCHEIUHbIM, eC/M BbIOpaHHBIH 3JeMEHT NosBJfeTcs B BhIGOpKe
snepeele. Toraa S, npeicTasnasieT cofoH YHCIO H3BJEYEHHH JO r-ro yc-
nexa BKJounTenbno. [lonoxum Xp=S8,,i~—S8,. Torna X,—1 ects
YHCJIO HeyJauHbIX H3BJeueHHH Mexay k-m ¥ (k+1)-M ycnmexamu. Bo
BpeMsl STHX H3BJEYEHHH B reHepaJbHONH COBOKYNHOCTH Guiio N—£k aJe-
MEHTOB, KOTOpLIE ellle He NOABJSAJIHCh B BoiGopke, 1 nostoMy X,—1 pas-
HO 4HCJYy HeyAau JO NMEPROro ycnexa B HcnobiTaHusx bepHynam ¢ p=
= (N—£k)/N. CrnenoBatennnn, corsacHo npumepy B), uMeeM E(X,)=
==14¢q/p=N/(N—£k). Hakonel, nockoabky S,=1-+X;+...-+X,, no-
Jyuaem

ES)=N {UN+1/(N—1)+...+ U(N—r+1)}.  (3.3)

B uactnoctr, E(Sy) ecTh 0xuIaeMoe uuc/I0 H3BJeUEHHH, HEOOXOAUMBIX
L7151 TOro, uTo0bl B BRIGOPKY BOIWVIH BCE 3JIEMEHTbI EHEPAJLHOH COBO-
kynuoctH. [Ipn N=10 umeem E (§,)=6,5 u E (§,,)=29,3. Ir0 03Hauaer,
4TO AJ1si BHIGOPKM MepBOH NOJIOBHHBI cOBOKynHocTd M3 10 3nemeHToB B

1) Polya G., Eine Warscheinlichkeitsaufgabe zur Kundenwerbung, Zeitschrift
fiir Angewandte Mathematik und Mechanik, [0 (1930), 96—97. Ilofia npyrumMi Me<
TOaMK Pa36npaeT HECKOJIbKO 6osee obliyio 3aiady. CyuwecTsyer O6LIMPHAA JIHTEpas
Typa, NMOCBAUEHHAA PA3JIHYHLIM BAapHaHTaM 3ajayil O cobHpaHHK KYIOHOB. (CM. 3a«
nauy 24, 25, a takxe 3anaun 12—14 8 ra, X1, 7 u 3azawy 12 8 ra, I, 11.) '
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cpelHeM JOCTATOYHO CeMH H3BJedeHHH, a Ha BTOPYIO NOJIOBHHY [OTpe-
byercs elle 23 u3BaeYEHHUS.

HTo6s noayuuTh npubmuxennyto gopmyay ansa (3.3), 6yaeM Tpak-
ToBaTh (N—£)~! KaK nJowaib NpsIMOYroJbHUKa, OCHOBAHHEM KOTOPOro
ABJIAETCH HHTEpBaJ eIuHHYHON JJIHMHBL ¢ LEeHTpoM B Touke N — &, a
BBLICOTOH — 3HaYeHHe GyHKnMH x~! B 3TOH Touke. 3ameHsis NJIOWAADL
STOro NpPsAMOYI'OJBHHKA Ha nJjomaib objacTd, Jexalled HUXKe rpaduka
GQVHKIHH X7, nosyyaeM npubJuIKeHie

N+1/2

ES)~N | xde=Nlog[(N+1/2)/(N—r+1/2)]. (3.4)

N-r+1)2

B kadecTBe npHMepa HCNOJB30BAlHS 3TOrO NPHOMIKEHHS BO3bMEM
NpoH3BOJBLOE a<C] § PacCMOTPHM oxcudaemoe wuCAO u3ereueHul, He-
o6x00usblx Oas noayueHus 8 olbopke doau & Glell eeHepParbHOU COBOKYM-
nocmu. Ono pasHo E(S,), rme r — Hanmenbiiee nenoe =alN. [lpu
N-—>occ norperusocthb, Jonyckaemast npH HCIoAb30BaHIH (3.4), CTPEMHUTC s
K HyJI0O H HCKOMOE MareMaTy#yecKoe OXHIaHue B lpelese paBHO
N log(l-—=)~1. 3averum, 4TO BCe 3TH pe3yJbraThbl NoJydeHbl 6e3 Hc-
NOJIb30BaHKsI CAMOrO pachpelesieHHst BeposiTHOUTeH Besuuuubl S,. [Ero
JIerKO HaliTH no BepositTHocTaM (2.3) ri1. 1V, noryyenHbim B 3a1a4e o pas-
MelleHHIL. |

R) 3ada4a o6 oyerxe. HexoTopasi ypHa cOmepuT LIapbl ¢ HOMepaMmil
ot | oo N. Ilycte X — Hauboavuiuld HOMED, NOAY4EHHBIL NPU 1L U3BJE-
YeHH X, ec/IH NPOH3BOAUTCS caydaiinblil Bui6op ¢ BozspamenueM. Cobbl-
te X<Ck 03HayaeT, 4TO KaXKIbllt H3 N BLIHYTEIX HOMEDPOB HE NpeBHINAET
k, u, cnenosarensro, P {X<{k}= (k/N)". Takum o6pasom, pacnpenele-
Hue BeposiTHocTell C/ayuafiHod BesuunHbl X onpenensiercss GopmyJoi

pr=P{X=k} =P {X<k}—P{X<k—I}=
={kn_(k_,1)n} N-n, (35)

Orciona cienyer, YToO
N

N
E(X)= g‘l kpy, = N-nkgl (Pt —(k—1)"*1— (k—1)"} =

N
=N—n{Nn+1_k§ (k—l)"}. (3.6)

IIpu Goabwwx N nocnefnsii cymMMa NpUOAHKEHHO paBHA IVIOMAXH
obs1acTH, Jexaled HHXKE KDHBOM y=Xx" W OlDaHHYEHHOH NpPAMLIMH
x=0 u x=N, 1. e. N**Y/(n+1). Orciona cienyer, 4to npu 6osb-
uux N

E (X) ~[n/(n+ D] V. 3.7

Ecnu B ropope umeerca N=1000 MaluMH u mpou3BOAMTCA Cayyaiinas
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BeifopKa o6seMa n=10, To MaTeMaTHYeCKOE OXHJAHHE MAKCHMaJbHOTO
HabJ/II0J€HHOr0 PEerucTPalOHHOrO HoMepa npHO/MXKEHHO paBHo 910.
B npuk/iafHO# cTaTHCTHKe HAG/IOJEHHBIH MaKCHMYM BLIOOPKH HCIIOJb-
3yeTcsl AJIs OUEHKH HEM3BECTHOrO HCTHHHOrO 3HayeHus N. IDTOT meTon
NpUMEHAJICS BO BpemMs rnocjaeHed BOMHbI AJ18 OUEHKH 00BeMa npous-
BOJACTBa NPOTHBHHKA (cM. 3ajaun 8 u 9).

e) Hcnoav3osanue 6 CMQAMUCMUYECKOM Kpumepuu. ITOT npumep ')
WILTIOCTPUPYET MPAKTHYECKOe MpHMEHeHHe MNOHATHS MaTeMaTHYeCcKoro
0XHJaHuA, no3BoJsiomee 130eXaTh CJI0XMHLIX BhIYHCJIEHHH, CBSI3aH-
HbIX C HaXOXJeHHeM BEPOSTHOCTHRIX pacnpefeseHuii.

Cropsl rpuba Sordaria 06pasyioTcst UEMOYKAMH M0 BOCEMb 3J1€MEH-
ToB. KaxJas uernoyka MOXET pa3jequThCs Ha HECKOJbKO 4YacTeH, u
B KOHEYHOM CueTe crophl OTOpachBAIOTCS TpYMIami, COZEPKALLUME
oT | no 8 cnop. EcTbh ocHOBaHus npejnogiaraTh, YTo pasphiBbl CeMH Coe-
OMHEHUE MEeXIY Cropany B LENOYKe CTOXaCTHUECKH He3aBHCHMH H Be-
POSITHOCTb pa3phiBa OJMHAKOBa A1S BceX coeluHeHHi u paBHa p. Ilpu
3THX MpPEANOJIOXKEHIAX TeOPETHYECKH BO3MOXKHO HaliTH COBMECTHOE pac-
npezesedne TPYNN 13 OAHOK CMOPHI, 13 ABYX H T. 1., HO norpebyworcs
YTOMHTEAbHbIE BhiuHCAeHHs. C ApYroi CTOPOHHI, /IS 3MIHPHYECKOMH
MIPOBEPKH THMOTE3 JOCTATOYHO 3HATh OXHAZEMBIE YHc/ja TPYNN H3 Of-
HOI! crophl, U3 ABYX H T. A., @ UX Jerko Haiitn. Hanpinep, cnoper, Ha-
XoJsuyecs Ha KOHUAX HENOYKH, C BEPOSITHOCTLIO p CTAHOBATCS OJHHOY-
HEINH, B TO BpeMsl KaK A5 BceX APYTHX Crop 3Ta BepPOATHOCTbL paBHa
p?. CiefoBatesbHO, M0 MPaBHJY CJAOKEHHS MaTEMaTHYECKOE OXHIaHHe
YHCJIA - OJHHOYHLIX crop, 00pa3oBaHHBIX H3 OJHOM HEMNOYKH, oOipe-
nensercs GopMynoi e;=2p-+6p?. AHaJOTrHYHbIE pacCyXAEHHS IMOKa3bl-
B4IOT, YTO MaTEMATHUYECKOE OXKUAAHWE YHcaa rpynm u3 ABYX CrOp paB-
HO €,==2gp-+5gp?, rae g=1-—p. Tlono6ubiM o6pasoM noaydaem Eez==
=2¢?p+44°p?, ..., g;=q'. MaremaTiueckoe OxujJaHHe YHCIa BCeX
BO3MOXHbBIX I'pynn paBHO &i+. . .-+g,=1-+7p. (310 oueBHAHO Ge3 BhI-
YHCJEHMH, TaK Kak MaTeMaTHUecKOe OXXHJaHHe 4Yfcja pa3phiBOB coe-
JIMHEHHH PaBHO 7p M KaXKIAbIH pPa3pbiB YBEJHYHBAET KOJNHYECTBO IPYMNQ
Ha L)

[Ipn peanbHbIX HaG/IOAEHHSAX B MOJEBHLIX YCIOBHAX ObLIO HaHAeHO
7251 cnop, o6pasoBaBiunxcs, oueBuaHo, n3 N=907 nenouek (5 cnop ne
6ni10 O6HapyxeHo). Ecan npuMeHMMa Hama BepOSTHOCTHAash MOJIENb,
TO JOJKHO MMeTh mecto paseHcTBo (1-47p) N=7251, nau p=0,168,
(dToT N0BOA OnMMpaeTcd Ha MHTYMTHBHOE MpEACTaBIE€HHE O MaTeMaTH-
WEeCKOM OXHIAHHH ¥ 0DOCHOBLIBAeTCs 3aKOHOM Oosblinx uucen.) Ha6-
JIOJIeHHOe YHCao fp Ipynn AOMKHO OBITh 6JIM3KO K MaTeMaTHYECKOMY
oxuganmio Ne,. Kak noxasniBaer Taba. 3, pasiuynsi HEBENMKH H HeET

OCHOBaHHH OTBepraTb Hauy MOJEJb. >
—— e

1y Bror npumep BaAT H3 peun M. P. Kokca NpH ero BCTYIVIEHRR B JO/KHOCTL B
Bepbex-Konnexxe (Jlonaow) B 1961 r. Koke cennaercs Ha patory Ingold C, T., Had-
land ‘S, A., New Phytologist, 58 (1959), 46—57,
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Tabauya 3

HaGmogennne uuciaa fp H MaTeMaTHuecKHe OXHAAHHSA
Ne, uncen rpynn no R cnop B npumepe «e»

k iy Ne, k Fy Ne,
1 490 458,3 5 200 170,6
2 343 360,8 6 134 131,7
3 265 281 ,8 7 72 101,1
4 199 219,7 8 272 250,3

§ 4. AUCTIERCUS

[Tycts X — cayuafinas BenwunHa ¢ pacnpelenedueM {f(x;)}, u
nycts r>>0 — HekoTopoe uedoe uxcsao. Ecau mamemamudeckoe oxcuda-
Hue caydaunol geaudunst X", m. e.

E (X7) =2 (x)) (4.1)

cyuecmsyem, mo OHO HA3bIBAEMCA MOMEHMOM NOpAdKa r caydatinol
geaudunst X. Econ pan (4.1) He aBasgercsa abcosIOTHO CXOASAIMMCH, TO
TOBOPAT, YTO MOMEHT MopsiKa r He cymectByeT. [Tockonbky | X |77 <
< |X |7+ 1, u3 cywecmeosanus momenma nopadka r eeimexaem cyuie-
cmeoganHue Momenma nopadka r—1 u, caedoeameasHo, 6cex MOMERMOE
MeHblie20 nopadka.

MoMeHTBl UTPAIOT BaxKHYIO poJb B Oblle# TeopHi, HO B 3TOM TOME
6yAeT HCNOJNb30BaThCAl TO.IBKO MOMEHT BTOPOro mopsika. Ecau o cy-
LECTBYET, TO CYLIECTBYeT H MareMaTHYecKoe OXHAaHiie

u=E(X). (4.2)

Torna ecrecTBeHHO 3aMEHHTb CJYYaHHYIO BeMHUHHY X €€ omKAOHeRueMm
om mamemamuyeckozo oxcudarus X—u. Tlockonbky (x—p)3<2 (x2-1-
~+p?), MOMEHT BTOPOTO NOPAAKA BeJHUYHHB X—|L CYLIECTBYeT, ecJH Cy-
wectByer E(X?), u onpepeasercs no dopmyJe

E(X—p)?) = 2 (23— 2ux, +u) f (x)). (4.3)

K

Pa3buBast npaByi 4acTbh Ha TPH OT/Je/]bHBle CYMMBI, MOJYyYaeM 3KBH-
catentnyio 3anuck B Buge E (X?)—2Z2pE (X) 4+-p?2=E (X?)—p2.

Onpenenenne. [Iycms X — Cayqalinasa 6eAUHUHA, UMEIOLAS MOMEHM
cmopoeo nopadka E(X?), u nyeme p=E(X) — ee mamemamuuecxoe
oxcubarue. Onpedeaum GeAUMURY, Ha3bIBaeMYO ducnepcueti cayqalinod
eeaununbt X, opmyaod

Var (X) = E (X—p)?) = E (X*) —p2, (4.4)
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0A0dCUMeNbHOE 3HAYeHUe KODHA Keadpamwuozo u3 smoeo sucia (uiu
HYAb) Ha3bIBaemLs CMAHOQPMHbLIM OMKAOHEHUeM CAY4adnod eeAutu-
noe X,

Jl1st mpocTOTH! GyjeM 4acTo FOBOPHTE O AMCHEPCHH pacrnpefiejeHus,
He yKasniBasi COOTBeTCTBYIOWlEH C/yd4aliHOMN BeHYMHEL

Mpumepwt, a) Ecau X npuHEMaeT 3Hadenue 4-C, KaxJI0e C BEPOST-
yocteo 1/2, 10 Var (X)=c

6) Ecau X ~— yHc/I0 OYKOB, BBINABIIKX npH OpocaHHH CHMMeTpPy-
Hoi /HI‘paJIbHOﬁ koctH, To Var (X)= (1/6) 12422+, . .+6%)—(7/2)*=
=3b/12.

B) Jlas pacnpedenenus ITyaccora p (k; M) cpentee paBuo A (cM. npu-
Mep 3, 6)), ¥ MO3TOMY [Js JKCHOEDCHH MOJydYaeM

k2 (B B —h2=Ah Nkp(k—1; b)—At=
A (k—1) p(—1;2) 2 X p (k—1; 1) —A2=D2f-A—D2=1,

B s3ToM cayyae MaTeMaTHuecKoe OXHJaHHe H JAYCIepCHsl COBMNAjaloT.
r) Jas GuHomuasbHozo pacnpedesenuss (CM. npumep 3, a)) aHaJso-
T'HYHBIE BBIYKC/IEHHS MOKA3bIBAIOT, YTO JAMCIEPCHS DaBHA

Y k2 (k; n, p)—(np)i=np J kb (k—1; n—1, p)—(np)?=
=np{(n—1) p+1}—(np)*=npq. >

Tlosie3HOCTE MOHSITHSA JUCIEPCHH BBISIBUTCS IOCTENEHHO, B YACTHOCTH,
B CBSI3W C NMpejesbHBIMH TeopeMaMH B I, X. 3lech Mbl OTMETHM, UTO
LUCIEPCHsT SIBJASIETCS, XOTH MW JOBOJLHO TPYOOH, mepotl pasbpoca 3Ha-
yeyu#t cayyaitHofi BeanunHel. JleACTBHTe1bHO, eCIM JHCMEpPCHS
Var (X)=D2, (x;—u)?f (x;) Mana, To KaxpI 4IeH ITOf CyMMBI TOXe MaJl.
CuefjoBaTesbHO, 3HAYeHHe Xj, NPH KOTOpPOM [X;—[t| BEJHKO, JOJIXKHO
1METh MaJyio BeposiTHOCTb. KlHaye roBops, npy MaJof gucnepcuy 60anb-
Iige OTKJOHeHHa X OT cpeiHero p maJgosepositTHel, O6paTho, Goabluasn
JHCrepCHs YKa3elBaeT Ha TO, HTO He Bce 3HAUeHHs CJAY4aHHOH BenudH-
Hel X JlexkaT BOJIH3H OT MaTeMaTHUeCKOTO O:KHAAHHUS.

Bo3amoxHO, HEKOTOPHLIM UHTATEISM TOMOXCT C/ejyroulad MexaHHyecKas HHTEp-
nperauusa. [IpeAnoJONKIM, 4TO MCXaHIYECKaR CHCTCMA COCTOMT W3 €IMHMYIION MaccHl,
pacnpegesentioft BAOXL OCH X TaK, 4TO B TOYKE X; CKOHUEHTPHPOBaxa Macca f(xj).
Toraa cpeanee (L €CTh a0CLHCCA YEHMPQ MAXeCmU, a8 QUCNEPCUT — MOMEHM UHEPHLUU.
Slcyo, uTo pa3qNHUHLIC PACNpPeIeIeilHA Maccul MOTYT HMETh OjHNaKOBme afcuHccy
LIEHTPA THXKECTH M MOMEHT HHEPIHH, HO XOPOUO H3BECTHO, YTO STHMH JBYMS BCJIHHHe
Hamu MOT'YT GEITH ONHCAHK! HEKOTOPLIC BaXKIibie MeX aHHYECKHE CBOACTBA TAKCH CHCTEMAI,

Ecau X npejcrasaser co60oil HEKOTOPYIO BEJRUKHY, KOTOPYIO MOXHO
W3MepUTb, THNA JJIKHBI MM TEMIEpPATyphl, TO ee YIC/IeHHble 3HAYeHIs
BABHCAT OT Haua/ja OTCYeTa ¥ €IMHHIBI H3MepeHus. MaMmenenue nocsel-
Hux o3HauaeT nepexox ot X K HOBOK BesvumHe aX-+b, rae a u b — noc-
Tosiunbie, $lcHo, uto Var(X-+b)=Var(X), u nostomy

Var (@aX--b) =aVar (X). (4.5)
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Boibop nayana orcuera W eJUHHIH H3MepEeHHS SBASETCH B 3HAYHTE/be
HOH CTeneHH MpOK3BOJILHLIM, H YaCTO 33 HAYaJsI0 OTcYeTa YAoGHee Bcero
6path cpejHee, a 3a eIMHHIlYy H3MEPEHIsI — CTAHJAAPTHOE OTKJOHEHHE,
Tak mbl mocrynuau B ria. VII, 3, Koraa BBesiH HOPMHPOBAHHOE YHCJO
ycnexoB S;= (S,—np)/V npg. B obmem cnyuyae, ecan X umeer cpepnee
U H aucnepcuio 0%, To X-—[ HMeeT HYJEBOe CpefHee M JHCNEPCHIO af,
H TMO3TOMY Yy CAY4aUHOU GeautiHbl

X*=(X—u)/o (0=0) (4.6)

cpednee pasro 0 u Oucnepcus 1. OHa Hasvieaemca HOPMUPOBAHHOL CAY=
yalnod seausunol, coomegememsyroused X. Ha s3snike u3MKH nepexof
ot X Kk X* TpakrtoBaJcs Ghl KaK BBejeHHe Ge3pa3MepHOl BeJIHYHHKL.

§ 5. KOBAPUAUUSA; NTUCNIEPCHA CYMMBI

ITycts X # Y — gBe cayuaiiHble BeJIHUYMHBI, ONpejesieHHble Ha Ofe
HIOM NpOCTpPAHCTBe 3jemeHTapHblx cobmThi. Torga X-+Y u XY Toxke
cayyafiHble BeJNYHHBI, H HX Pachnpefe/eHHst MOTYT ObITh HaHJeHHl My-
TeM NpOCTOH I'PYNNHPOBKH Y/eHOB coBMecTHOro pacnpenenenrs X u Y,
Hama nens cocrodt teneps B Bhiudciaennn Var (X--Y). Jlas atoro Bse-
JeM MOHSITHE KOBapHalWH, Kotopoe 6yaeT noapobHee NpoaHasH3Hpo-
BaHo B § 8. Ecan {p(x;, yr)} — coBmectHoe pacnpenesenre X u Y,
To Matematnueckoe oxujanue XY onpepensiercst opmyion

E(XY)=2xyxp (%is Yr) (5.1)

MpH YCJOBHH, KOHEYHO, YTO psAj cxoantcs abcosmotHo. Janee, lxjyy <G
<(x3+yk)/2, u, cnenosatenbio, E (XY) o6s3aTeqnHO CymlecTBYeT, ecau
cymecrsyior E(X2) u E(Y?). B atom cayyae cymecTBYIOT TaKke Marte-
MaTHYeCKHe OXHAAHHS

ne=E(X), p,=E(Y) (5.9)

1 BenHyHHbl X—U. 4 Y—W, uMeloT HyJeBble cpeanue. [las ux npois-
BEJEHMS N0 TeopeMme coXeHud 13 § 2 umeem

E (X—py) (Y —p,)) = E (XY) —p E (Y)—p, E (X) +pp, =
—E (XY)—p., (5.3)

Onpenenenne. Kosapuayus caydainoix eeaudun X u Y onpedeng-
emcs ¢opmyroli

Cov (X, Y)=E((X—ps) (Y—p ) =E(XV)—pop,. (5.4

3mo onpedeserue umeem cmoica, ecau X u Y umeiom xoneunvie Qucnep-
cuu.

M3 §2 mp 3HaeM, 4TO AJ51 HE3aBHCHMBIX CJYyYafHbIX BeJHYHH
E(XY)=E (X) E(Y). CaenoBarennHo, 13 (5.4) BhiTeKaer cJjeayiomas
TEOpeEMA. ‘

Teopema 1, Ecau X u Y nesagucumet, mo Cov (X, Y)=0.
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3ameruM, 4TO 06pamroe ymeepxcdenue Heeepro. Ta6n. 1 naer npu-
Mep ABYX 3aBHCHMbIX CJAYY4alHBIX BEJWYMH, KOBAPHALHUA KOTOPBIX TEM
HEe MeHee paBHA HYJ10. Mul BepHeMcsi K 3ToMy Bonpocy B § 8. Cnenyio-
Ias TeopeMa BaXKHa, 1 NpaBuJo caoxeHus (5.6) n1s HesaBUCHMBIX cay-
YaiHBIX BEeJMYMH IOCTORHHO NPUMEHSETCH.

Teopema 2. Ecau X;, ..., X,—cayuatinsie 6eAUMUHB C KOHEUHbIMIL
Oucnepcuamu o3, ..., 0z u S,=X,+...+X,, mo
Var (8,)= X 0} + 22 Cov (X, X,), (5.5)
k=1 ik

. n .
npuvem nocaedHIs CyMMa COCMOUM u3 <2> nap (X, X,) ¢ j<k.
B wacmuocmu, ecau X, 63aumHO Hesasucumbl, mo

Var (§,) =040+ ... 40l (5.6

Hoxasamenrscmeo. Tlonoxum p,=E((X,) v m,=p,+ ... +p,=
=E (S"). Torna Sn—mn = 2 (xk——l“'k) H

(Sp—mp)* =3 (Xp—me)* +2 (X, —uy) Xpe—pg).  (5.7)

Bewucnss Maremaruyeckoe oXuaaHue oT ofeux uacredt (5.7), moay-
yaem (5.5).

Npumepwt. a) Eunomuansroe pacnpedenenue {b(k; n, p)}. B npu-
mepe 3, @) cayualiHble BeJWuMHbl X, B3aWMHO He3aBucuMbl. Kmeem

E(X})=0%q+41%p=p

u E(X,)=p. CnenosatespHo, 0} =p—p?=pg, u u3 (5.6) mumwo,
uto Qucnepcus OUHOMUAAbHO20 pacnpedeserusi paBHA npq. STOT Xe
pesynbTar GbiJl osyyeH B Npumepe 4, r) HENOCPEACTBEHHHIM BbIYHC-
JIEHHEM.

6) Henwmanun Bepryaau ¢ nepemerHbimu 8ePOAMHOCMAMU ycnexa.
Ilycets Xy, +.., X,—B3aUMHO HE32BHCHMBIE CJyYaflHLIE BEJHMUYMHHL,
rakue, yto X, npuHuMaer 3HaueHus 1 ¥ 0 c BeposTHOCTAMH COOT-
BeTCTBEHHO Py U gp=1—p,. Toraa E(X)=p, un Var(X,)=
.=p,— pk= P;q;; CHOBA moJjaras

Su=X,+ ... +X,
u3 (5.6) nmeem

Var (Sn)=k§[ Prqe: (5.8)

Kak B npumepe 1, 1), BeMHM4YHHY S, MOXHO HHTEPNPETHPOBATh KaK
obiiiee yuc/10 YCHEXOB B 71 HE3aBUCHMbIX MCIILITAHUAX, KaMA0e H3 KOTO-
pHX 3aKaHuuBaercs aubo ycrexowm, nubo tneynauedt. Torna p= (p;+-...
« « .-+pn)/n ecTb cpeaHsA BEPOATHOCTb YCIE€Xa, M BIOJHE E€CTECTBEH-
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HO CPaBHMTb OMHCAHHYIO CHTYalHIO C HcnbiTaHusamu Bepryann ¢ noce
TOSIHHOM BEPOATHOCTLIO ycnexa p. Takoe cpaBHEHHE NDUBOAHUT K nopa-
3UTEJIbHOMY pe3yJibtaTy. PaBenctso (5.8) MoxHO mepenucaTh B BHAQ

Var (Sn) = np—'z Plzz

[ajiee, Jerko NoxasaTth (3/1€MEHTAPHBIMH BBIYHCJAEHHAMH HJH 110 UH-
JYKIHH), 4TO H3 Beex komOuHauui {p;}, Takux, 4o Y, pp=np, cymMmma
! pi WMeeT HaKMEHbIUEE 3HAYEHHE, KOrja Bee pp paBHel. Otciona cie-
LYET, YTO ecJii CPeAHAs BEPOSTHOCTL yCrexa p OCTaeTcs MNOCTOSAHHOH,
To Aucnepcus Var(S,) docmueaem maxcumyma npu pi=...=pp=p.
Wtax, nojyyeH YAMBHTE/NLHBIA DE3Y/bTaT: USMEHEHUE Dy, UAL UX He-
00UHAKOBOCMb, YMeHbUIAEN BeANHUNRY CAYYatHbIX Qaykmyayul, KOTo-
past xapakTepusyercs: gucnepcueii !). Hanpumep, uiicjio noxapoB B ro-
pojie 3a TOJI MOXHO PaccMaTpHBaTh Kak cy4aiH Yo BEJAHYHHY; NPH QUK-
CHPOBaHHOM CpejHeM 3HAYeHHH JIICNepcHs MaKcHMaJjbHa, eCJIH BeposT-
HOCTH 10xapa J1s1 BceX CTPoeHHit oanHakosel. Ecan Aaa 7 MauwuH 3a-
JaHa cpefHss NPOH3BOAHTEJbHOCTb p, MO0 NpoussodumeabHocme 6ce-
20 komnaexca Gydem Haumeree pasHomeprol moeda, K020a 6ce MALLUHbE
odunarxosst. (IIpujoxenne K COBpeMeHHOMY O6Da30BaHHIO OYEBHIHO,
HO OHO He OOHajeKHBAET.)

B) Cognadenue xapm. Koaoga 13 n 3aHyMepOBaHHBIX KapT packJa-
IblBaeTCs B CJy4yalHOM MOpsiiKe Tak, 4To Bce 7! BO3MOXHLIX pacnoso-
XeHuli paBHOBeposTHH. Yucso coBnajeHuil (4uc/o KapT, NONABIUKX
HA MecTO, COOTBETCTBYIOLEE MX HOMEpY) NpeacTaB/sieT coboi cJaydari-
HYIO BeJHuuny S, co 3navenusnn 0, 1, ..., n. Ee pacnpenesenue Be-
posiTHocTeli Haifineno B r.1. IV, 4. Cpeanee i AHCNIEPCHIO MOKHO BBIYHCH
JHTh, MCXOAsl H3 3TOro pacnpejeseHisi, OAHAaKO cjeaywoulifi crnocob
npolle H Noy4yuTedbHed.

Onpefenuy caydaiinyio BeauunHy Xy, NPHHHMAIOULYIO 3HayeHus 1
wau O B 3aBHCHMOCTH OT TOTO, 1onaJa JM Kapra ¢ HOMEepOM R Ha k-e
mecto uau Her. Toraa S,=X;+. . .+X,. Ja1ee, kaxjgasa kaprta c Be-
pOATHOCTBIO 1/n OKasbiBaercs Ha k-m mecre. CaejoBatesbHo, P{X;=
=1}=1/n u P{X;=0}= (n—1)/n. Tlostomy E(X,)=1/n, u ortciona
caenyert, uto E(S,)=1: B cpepuem Ha KoJO4y NPUXOAMTCS OJHO coBna-
JIeHHe.

Ytobe! Hait Var (S,), BhIYMCIHM CHadasa AICNEPCHIO Of Clyyai-
Holl BesTMuHHEL X!

o2=1/n—(1/n)?= (n—1)/nt. (5.9)
3atey nafizem E (X;X). [Tpoussenenne X;X, pasno 0 uau 1, npudem

nocneqHee HMEeT MeCTO B TOM CJydyae, Korja o6e KapThl ¢ HOMEpaMH f
M k OKa3bIBalOTCA Ha CBOIIX MECTaX, a BE€POSATHOCTb 3TOTO COORITHSA paBhna

!} Bomee cnabHbie PE3Y/bTATE B TOM 2Ke HalPaBJICHHH CM. B paGote Hoeffding
W., On the distribution of the number of successes in independent trials, Ann. Math,
Statist., 27 (1956), 713—721, O npubiukenur pacnpeenenuem [lyaccona cM, npa-
mep ra, XI, 6, 6).
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1/n(n—1), Cnenosatenbho,

Cov (X;, Xp) =1/[n (n—1)]—1/n?==1/[n? (n—1)]. )

Hrax, nakonern,

Var(S,,):nn————l-i—.‘Z(g)——l—:l. G.11)

n? nt{n—1)

Mke: BuuM, YTO M cpejHee, ¥ QUCHEPCHs YHCJA COBMAJEHHA PaBHBI
€IMHHIEe. DTOT pe3yJbTaT MOXHO HCHONb30BaTh B 3ajave of yea-
doiganuu Kapm, Kotopasa obcyXxnanack B ra. IV, 4, Tam paccmaTpuBa-
JIMCh TPH MeTOJa YrajJbiBaHHs, NePBbI M3 KOTOPBIX COOTBETCTBOBAJI
coBnajieHuio Kapr. Bropoll MOXKHO onHcath Kak 1oC/el0BaTebHOCTD N
ucneitanuil BepHynau ¢ BeposiTHOCThIO p=1/n; B 5TOM c/lyyae mMaTeMa-
THYeCKOoe OXKHJ2HHE YHCJa BEPHBIX JOTAJ0K paBHO np=1 H aHcnepcHs
paBHa mpg=(n—1)/n. Martematnyeckne oXujaHusi B oOOHX Cayyasx
OJIMHAKOBL!, HO GOJbINAs AHCNEPCHS NPH MEPBOM MeTOAe YKasbiBaeT
Ha G60sbllKe cayyaiiibie QIYKTYaLIlM OKOJIO CPEIHETO U TEM caMbIM o0e-
IaeT HECKOJBKO Gojee octpyilo urpy. (IIpu Konogax Gosee CJI0XKHOTO
COCTaBa pasjHuHe MEXKIY IBYMS QHCIEPCHAMU CTaHET HECKOJIBKO GO/b-
e, XOTs HHKorza He 6yger JeficTBHTeNbHO 3HaudTenbHBIM.) IIpH moc-
NefHeM crnocobe yrajbBaHUs HCOBITYeMblH Bce BpeMsl Ha3biBaeT OfHY H
Ty e KapTy; YMCJIO BEPHBIX NOTAJOK, OYEBHIHO, PaBHO €IMHHIE, a
cayuaiinbix KoseGaHH#M BooOlle HeT (HyneBas aucnepcus). Mel Brau:,
410 crnocol yrajblBaHHA He MOXET MOBJHATh Ha MaTeMaTHUECKOe OMil-
Jlanpe YKHCsa BEPHLIX JOTaJOK, HO OT HEro 3aBHCHT BeJIHYKHA CIyYaiHbIX
dbnyxkTyauui.

r) Buibop 6e3 cosspawerus. Ilpennonoxum, 4T0 reHepanbHas COBO-
KYIMHOCTb COCTOMT M3 b YepHBIX W g 3eJIeHBIX 3JIeMEHTOB H NPOH3BOIHTCS
cayyaiinas BbiGopka of6bema r (Ge3 Bo3BpauleHusi). UHcio S yepHoiX
BJIEMEHTOB B BHIOOPKe eCTh ClydaiiHas BeqHUHHA C eunepeeomempuve-
cxum pacnpedeseruem (cM. ria. 11, 6), nosToMy MaTeMaTuyeCcKoe OxKHaA-
HHe ¥ JHCOEPCHST MOTYT OHiTh HaiiJleHhl NpPAMEIM BolyicienueM. OxHako
npejnouTHTE bHee APYro# mertol. Bsenes cayuaiinyw Benuunny X,,
NpHHUMAOWLYIO 3Hauenusi 1 uin O B 3aBUCHMOCTH OT TOTO, ABJSETCS JIH
k- anement B BuiGopKe YepHBIM MK Het {£<Cr). Y3 coobpakenuii cum-
MeTpHH BeposiTHOCTB Toro, 4To Xp=1, paBna b/ (b-+g), u nosromy

E(X,)=b/(b+g), Var(X,)=>bg/(b+g)" (5.12)

Hanee, npu js~=k npounssenenne X;Xp=1, ecnu j-#i u k-i 3/1eMeHTH BbI-
Gopku yepHnie, B npotuBHoM caydae X;X=0. BeposTHocTs TOrO, 4TO
X;X,=1, pasua b(b—1)/[ (b-+g) (b-+g—1)], n nostomy

E(X,Xy) =b(b—1)/[(b+g) (b+g—1)],

Cov (X;X,) =— bg/[(b-+8)* (b +g— 1)} (.13)
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Taxkum 06pa3oM,

. . rbg =1
E(S)=rb/o+8) Ver(8) =gisn{l—5iri) - 619
Ilpy BuiGOpKE C BO3BpallleHHMEM Mhbl HMEJH ORI TAKOE e CpeJHee .1}
HeMHoro 6OJbLIYIO AMcnepcuio, a umenHo rbg/(b+ g)2.

§ 6. HEPABEHCTBO YEBbILIEBA 1)

Mgul BHAMM, 4TO MaJ/IOCThb AMCINEPCHH yKa3hlBA€T Ha MaJyl0 BeposTs
110CTh GOJIBIUMX OTKJIOHEHHH OT MaTeMaTHYECKOTO OXHIAHMHA. DTO yT»
BepXACHHE YTOYHAETCH HepaBeHCTBOM UebhilieBa, KOTOpOE SBJISETCH
ype3BhiualiHO noJse3nniM. HepaBencTBo YeGniueBa npeanosaraer cys
IeCTBOBAHHE MOMEHTZ BTOPOro MNOPsAKa.

Teopema. /I8 npoussorbrozo t=>0

P{IX[>1)<t~2E (X?). 6.1)
B uacmnocmu, ecau E(X)=p, mo
P{|X—p [>t}<t2Var (X). (6.2)

Hoxasameascmgo. Ecnn nepBoe HepaBeHCTBO NPHMEHHTb K cayyaf»
HOH BeaMuuHe X—, TO NOJyyaeM BTOpoe HepaBeHCTBO. Hcmonwsys
obo3Hauyenus § 4, nmeem

P{X|>th= 32 [fE)<tr X xf(x), (6.3)
lxﬂ}t H

lx/|>

CYMMHDPOBaHHE [POH3BOJHTCH NO BCeM x;, aBCONIOTHAS BeJHYHHA KOTO-
puiX He Menblue f. Ilocsienusa cymMa He npesoimaer E(X?), n nostomy
(6.1) cnpasegnuBoO.

Hepagencreo UebniueBa HYHO paccMaTpHBaTh CKOpee KakK Teope-
THYECKHH HHCTPYMEHT, UeM KaK PaKTHYECKUH MeTo] oueHuBaHus, Bax-
HOCTb 3TOr0 HEPaBEHCTBAa BHITEKAET H3 ero YHHBEPCaJbHOCTH, HO OT
yTBEpKAeHHH 60NbII0H OOLHOCTH HEMb3s 0XHATh TOYHLIX PE3YJIbTAaTOB
B OTAE/JbHHIX CJy4asXx.

lIprmepnt. a) Ecan X — uKc/10 OYKOB, BhINaBLIMX NPH GpocaHHH
[PaBHJILHON UIPAJBHON KOCTH, TO (CM. npumep 4, 6)) p=7/2, ¢*=35/12,
Maxkcumym ortkionenuss X ot p pasen 2,5~30/2. BeposTHOCTE 60/1b-
IIMX OTK/IOHEHME pPaBHa HYJIO, B TO BpeMs Kak HepaBeHCTBO UeGnlniesa
yTBEPXK/AeT JHlIb, YTO 3Ta BEPOATHOCTh MeHblne yem 0,47.

6) Ilna 6unomuannHoro pacnpepenenus {b(k; n, p)} umeem (cm,
npumep 5, a)) p=np, 02=npq. [Ipu GoJBLIKX N MH 3HaEM, 4YTO

P{|S,—np|> xV npg} = 1= (x) + 9 (— ). (6.4)

Hepasencrso UebnllueBa yTBepxjiaeT Jullb, YTO Je€Bas YacThb MEHbILUE
yem x~2; 3TO, OYUEBHJHO, HaMHOro GoJee ciabas oueHka, yeM (6.4).

3 IT, J1, YeGbiwmep (1821—1894),
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§ 7*). HEPABEHCTBO KOJIMOIOPOBA

B xauectse npuMepa Gonee TO4HOM OLEHKH AOKaXeM Cleayouiee
yTBEPXKJEHHKE,

Ilyemo X, ..., X,—83aumHo He3asucumbie caydatinbie Gerudurivs
¢ mamemamudeckumu oxcudanuamu p,=E (X,) u Oucnepcuamu od.
Tlonroxcum

S, =X,+...+X,, (7.1)
mk=E(Sk)=p,1+.__+p'k’ 72
sg=Var (§;) =oi+... +ol. (7.2)

Has kaxcdoeo =0 seposmuocmb moeo, ¥mo 00H0BPEMEHHO BOINOAHSIOMCR
n Hepasemcms '

lSh——mhl<tSn, k-——‘l, 2, I (N (7.3)

He menbule, vem 1—172,

ITpn n=1 sT1a Teopema cBoaWTCA K HepaBeHCTBY UeGhiweBa. ITpu
n>1 HepaBeHcTBO UeCblieBa AaeT Ty e CaMylO OLEHKY AMsl BEpOST-
HOCTH €JHHCTBEHHOrO COOTHOIU€HHSA |S;—m,|<fs,, Tak 4YTO HepaBeH-
cTB0 KosmoropoBa sHauMTeNLHO CHJBbHeE.

Hoxasameascmso. OueHHM BepPOATHOCTb X TOTO, YTO XOTA GhI OAHO
13 HepaBseHCTB (7.3) He Bhmoanserca. TeopeMa yTBepxaaer, uto x<li~2,

OnpenennM n caydainbix seanyns Y, caefyounM oopasom: Yy=1,
€CJH

|Sy—my | > ts,, (7.4)
HO
[Sp—my | <ts, nana k=1,2,...,v—1; (7.5)

Y, =0 Bo Bcex ocTanbHuix cayuasx. ClOBECHO 3TO BLIpaXKaeTcs TaK}
Y, paBHO 1 18 BCeX TeX 3JEeMEHTApHEIX COGBITHH, AAA KOTOPHIX
NEePBLHIM H3 HEBHIOJHMIOWMXCA HepaBeHCTB (7.3) apaserca v-e. Torxa
A KQKJOTO 3JEMEHTAPHOIO COOHTHA He O6oJee YeM OJHA W3 BeJIH-
wid Y, paeHa 1 u cymma Y, 4 Y,+4...+Y, MoXeT npuHEMATh
TonbKO 3HaveHHst 0 n 1. 3ra cymma pasnHa 1 Torja W TonbKO TOrAa,
Koraa xotTs Gbl OAHO H3 HepPaBeHCTB (7.3) He BHNOJHAETCHA, H NOITOMY

x=P{Y,+...+Y, =1} (7.6)

Tockomeky Y, +...+Y, pauo Ounn 1, nmeem 3 Y, <C1. Ymuoxas obe
YaCTH HOC/NEJAHEr0 HepaBeHCTBA Ha (S,—m,)? ¥ BHUHC/AAA MaTeMaTH-
4ecKoe OXHJaHHE, MOJydaeM

ZENi(S—m,)) <t (7.7

*) B 3r1oM naparpabe paccMaTPHBAeTCH CHEIHMaJIbHEIA BONpPOC, H NMPH NepBoM
YTEHRH €ro MOMXHO NPONnyCTHTb, : '
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,U;JIH OLEHKH CJlaraeMhlX B JIEB@HA HaCTH NOJIOXKHM

U,=(S,—m,) _(Sk_mk)=v__§+l (Xy=—py)i (7.8)
Torja
E (Y, (S,—m,)?) =E (Y, (S, —m)?) +2E (Y, U, (Sp,—my)) -+
-+E (Y, UR). (7.9

Hanee, U, saBucut TOJIBKO OT Xgiiy »++, X,, B TO BpeMa Kak Y, I
S, 3aBucar Tomeko or Xj, .. b X,. Cuenoparesbro, U, He 3aBHCHT
or Y, (Sg—my), u nostomy E (Y, U, (S,—m,))=E (Y, (S;—m,)) %
X E(U,) =0, Ttak kak E (U,)=0. Takum ofpazoM, u3 (7 9) naxoanm

E (Y (S,—m.)%) = E (Y (Sg— my)?). (7.10)

Ho Y,s0 rToaekc Torpa, xoraa |S,—m,|=>1{s,, Tak dTO
Y (Sk—mk) t*s;Y,. CnenoBatenbHo, ofwvefuusis (7.7) u (7.10),

nonwaeM
2 0E (Y ... 4+ Y,). (7.11)

Ilockonbky Y;++...-+Y, paBuserca smbo O, smm6o 1, maremaTuue-
CKOE€ OXHMJIaHHE TPAaBOH 4YacTH PABHO BEPOATHOCTH X, ONpe’eJisieMok
dopmynoit (7.6). Urak, xt?< 1, 4To M yTBepKIaI0Ch.

§ 8*). KO3®GRIMEHT KOPPEJ SALUH

[Tycte X # Y —1Be npon3BoJbHEIE CJaydafiHble BEJHYHHH CO CPEJ-
HEMI {, 01 [, M JOJNONHTRJBHBIMH JUiCrepcusiMi o M of. Baegem
COOTBETCTBYIOLLlIE HOPMHPOBAHHBIE CcJaydadHbie BesuunHbl X* U Y¥,
onpejensieMble (opmyqo# (4.6). Mx koBaphawusn HaseBaercst kosggu-
yuenmom koppearsyuu caydatinotx eseaunun X, Y u obosnavaemcs
p (X,Y). Hrak, ncnomesys (5.4), mveem

o (X, Y)=Cov (X*, Y¥)=Cov (X, Y)/ (0,0,). (8.1)

b SlcHo, u4TO KO3(XpUILHEHT KOPPEJSALIH HE 3aBHCHT OT BHIGOPA HAYaAa
OTCHETa U EANHIIBI U3MEPEHUs, T. €. AJs MPOH3EOILHBIX [OCTOAHHBIX
ai, as, bi, by, roe a0, a,=>0, nveex p (@ X+b1, a,Y+b)=p (X, Y).

Hcnonb3opanne xo3pduLUHEeHTa KOPpEasiiH PaBHOCHIBIIO 0c060il
¢dopme 3anucu Kosapuaumuu !). K coKasieHHIO, TEPMHH «KOPpPEISLH»
€o3/laeT HENpaBHJBHOE NpPEACTABJEHIIE O CBOHCTBax 310ro Ko3ddHii-
enrta. U3 § 5 uasecro, uro p (X, Y)=0, ecain X u Y He3aBucumpl, Bax-
HO MOHATH, 4TO o6paTHoe yTBepxaeHie HeBepHo. Ha camoM nene xosgh-
puyuenm xoppeaayuu p (X, Y) smosxcem Goins pagern Hyato moeda, xoeda Y
Asasemen pynxyue om X.

*) B sTom naparpade paccmarprBaercs CleUHaTbHhIH BOIIPOC, H M[PH NepBOM
YT€HHH €ero MOXHO I[IPONYCTHTb.

'} OuIKK onpejenas Obl KOSPUMHUHRHT KOPPeNfAUHH Kak «6e3paiMepHY Koma-
PHAUHIO,
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Npumepnl. a) Ilycte X npunumaer 3HaweHuss +1, +2 c BeposT-
Hocteio 1/4 kaxjaoe. Ilpeanonoxum, uto Y=X2 CoBmecTHOe pacmpe-
JeneHue onpegeasercss cootHowerusmu p(—I1,1)=p(1,1)=p (2, 4)=
=p(—2,4)=1/4. W3 coobpaxenuii cummerpuu P (X, Y)=0, x0T Mex-
Ay Y u X cymectByer (pYHKUMOHAJbHAS 3aBHCHMOCTD.

6) Ilycrs U u V umeloT oguHakoBele pacnpegesnedss ¥ X=U4V,
Y=U—V. Torna E(XY)=E(U)—E(V3)=0 u E(Y)=0. Crenosa-
teasHo, Cov (X, Y)=0, u noatomy takxke P (X, Y)=0. Hanpumep, X u
Y moryT OGbITb COOTBETCTBEHHO CYMMOH M Pa3HOCTHIO OYKOB, BhINABIIKX
Ha AByx Koctsax. Toraa Beauuunsl X u Y 160 obe 4eTHsl, 1160 o6e He-
YeTHHl M, CJEJ0BATEJbHO, 3aBUCHUMHL. »

.

Orciofa BbiTeKaeT, 4TO Ko3(xpHUMEHT Koppenasiuud HHKOMM ofbpa-
30M He SIBJIsieTCsl McueprbiBatoutedt Mepoil 3aBucumoctd Mexay X u Y.
Oanaxko p (X, Y) cBsizaHo ¢ ausetinoti 3aBucuMocThIO Mexay X u Y.

Teopema. Bcezda |p(X, Y)|<l, nputen o(X, Y)==1 moabro
moeda, koz0a cywecmsytom nocmostHee a u b, maxkue, 4¥mo cnpasge0ruso
paseticmso Y=aX-+b, aa uckaoueruen, 6oimo moxcem, mex snaverud X,
KOmopble NpUHUMAIOMCS € HYAe80L 6epOAMHOCMbIO.

Hoxasameascmso. Tlyere X* u Y*¥ — HOPMHDOBaHHEIE ClydaiHBIe
BeJIMYMHEL. Toria

Var (X* 4 Y*) = Var (X*) &= 2 Cov (X*, Y*) 4 Var (Y*) =
=2(1 £p(X, Y)). (8.2)

JleBasi yacThb He Moxer OHITH OTPULATENBLHOH, caejoBaresabHO, |p (X,
Y) <1, Ias p(X, Y)=I neo6xoxumo, urobur Var (X*—Y*)=0, a sto
3HA4MT, YTO CiIydaiiHas BeinunHa X*— Y* npuHMMaeT ¢ BepOSTHOCTHIO
eJMHMLA OfHO 3HaueHHe. B 3tom cayuae X*—Y*=const, u nostomy
Y=aX-const, rae a=0,/0,. AHaJOruuHOe JOKa3aTeJbCTBO IpHUMe-
HuMO M K caydaw p(X, Y)=—I,

§ 9. 3AIAUH

1. CeMp wapoB ciaydaliHo pacnpegendiorcs no ceMu amukam. [Tycts Xp—
yucjo SUIMKOB, COZEpPAUlMX POBHO [ mapos. HMcnoib3ys BeposTHOCTH u3 Tab-
auuul B § 5 ra. II, Bumucats cosMectHoe pacnpegenenue X, U Xg.

2. Bpocalorcs xBe mnpaBuabHEE KocTH. IlycTs X —uucao oukoB Ha nepBoll
Kocti M Y —G60/nblee ©3 [ABYX BHINABMKX gHCeJd. a) BHIMMCAaThE COBMECTHOE pacs
npegesnende X u Y. 6) HafiTu MaTeMaTuueckue OXHAAHUS, JUCIEPCHH U KOBAPHALHIO.

3. Ilycts X, Y, Z—COOTBETCTBEHHO YUCJIO BhNajeHui rep6a, uucio cepult
rep6os ¥ [JIHHA MAKCHMalbHOM M3 3THX cePui npH nsatH OpOCaHMAX MOHeTH.
CoctaBuTh TaGauuy u3 32 3neMeHTapHBIX COOBITHR C COOTBETCTBYIOUIMMH 3Haye-
Husvu X, Y u Z,

IlpocTum nopcuertom HafiT coBMecTHoe pacnpegenende nap (X, Y), (X; Z),
(Y, Z) u pacnpexerenus BeguuuH XY u XY. BouMCIHTL MaTeMaTHueCKu@
OXHYJaHHS, QMUCMEPCHH W KOBAPHALUMH 3THX CNYYaHHBIX BEJHYHH.

4, INNycts X, Y v Z-—He3zaBucyMble ClyuyadHBE BeJHUMHbI, MMCIOULHE OJHO
W TO Xe IeoMeTpuueckoe pacnpegenenie {g%p). Hafitu a) P {X = Y}; 6) P {X=2Y};
B) P{X4+Y<1Z}.
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5. Ipodoasenue. Tlycte U Haumesbwas u3 Beauuud X 1 Y. [lonoxum
V=X —Y. lNokasats, uto U u V Heaasucumu ).

6. [Tycts X; u Xy— HesaBHcHMbEe CIyuaiinble BeTHUMHEI, HMeOlLie pacrpe-
feqenus Ilyaccona {p (k; A1)} u {p (k; A)}.

a) Jokasats, uto X;-+X, umeer pacnpegenenne [Iyaccona {p(k; Ar-tAy)})

6) JlokasaTb, uTo yc.108n0e pacnpedesenue Xy npu 3adannod cymse Xyj-+Xg
ecmb GurosuaibHoe pacnpedeierue, a MMEHHO 4TO

P{X,=Fk|Xi~+Xo=n}=0b(k; n, A/(A1+14y)). (9.5)
7. llycte X; ¥ X, He3aBucHMbl W HMEIOT OZHO H TO K€ reoMeTpHyecKoe

pacnpefedenve {g%p} (xak B 3axaye 4). He Bbluucans, NMOKa3aTb, YTO YCAOGHOE
pacnpedeaenue Xy npu 3adannod cysmme Xi-+X, pasHomepHo, T. e. 4TO

P{Xi=k|Xi+X,=n}=1/n+1), k=0, ...,n (9.2)

8. [Iyctv Xy, X;, ..., X,-—B3aUMHO He3aBHCHMBIE CJayuyaiiHble BeJIHYMHEI,
KaxJAan M3 KOTOPHIX HMeeT padnomepHoe pacnpedesenue P {X;=k}=1;N paw
k=1, 2, ..., N. Tlycts U, —naumenvinan n3 seauuuu Xy, ..., X,, a V,—nau-

Goabmas #3 Hnx, Haiitu pacnpegenenus U, u V,, Kax cssu3zana 3ta 3agaua
¢ 3apgaueii o6 oueuxe (npumep 3, 1))?

9. Jlonoanenue & 3adaxe o6 oyenke (npumep 3, #)). a) Hailiti cosmecTHOe pac-
npefejeHde MaKCHMAJTbHOTO H MHHHMaTbHOro M3 nHabiiofeHHbX 3nadedn#. Ocoo
pazobpatb cayuait n=2. (¥xasanue, Cuauana Bbrumcaute P{X <<r, Y= s}.)

6) HaiiTi yc/soBHYI0 BepOATHOCThL TOTO, 4YTO MepBhie ABAa HaGmiOZeHUR AAM
j u k, eciu raBecTHO, uTOo X =7.

B) Haiitu E(X?) mu 3arem acuMnToTHyeckoe Bhipaxenue pn1s Var (X) npu
N — oo (npn drKcuponaHHOM #).

10. Huumayus cumsempuunol moHemot, JI8 JaHHOI HECHMMETPHYHOH MOHETH,
TaKoH, 4TO BEPOATHOCTb BHINAJEHHSA repba paBHa &, HMHTHPYEM MpPaBHJIbHYIO MOHETY
caeayomuM obpaloM. Bpocaem HecHMMeTpHUHYIO MOHeTy ABaxjapl. CunTaest KoMmGu-
Kauuio ' P 3a ycnex, a P —3a seyjauy; ecs4 Hu OHO M3 3THX coBbITHIt He Mpou3oLLIO,
TO 10BTOpAeM Gpocanus J0 CcyulecTBJIeHUs jgo6oro u3 Hux, a) [lokaszaTb, uTO 3Ta
Moje/b NPHUBOJMT K HcnmTaunaM bBepuyanu ¢ p=1/2. 6) Haiitu pacnpeneneuue u Ma-
TEMATHYECKOE OXHaHHe uncaa Gpocatiil 10 MOABAEHHUR OAHOrO 3 cobbrtuilt [P uan
Pr.

11, 3adava Banaxa o cnudeinwx KopoGrax (npumep ria. VI, 8, a)). ITokazats,
YTO MaTeMaTH4eCKoe OXMAaHKe pacnpegenesus {4,} onpegensercs no dopmyie
p=(2N+1)u°—l.__I/Enonb3yﬂ tdopmyay Ctupaunra, LoKa3aTb, YTO OHO MNPHOMH-
menno pasuo 2 Y Njm—!. ([Ipu N==50 cpeauee npumepHo pasuo 7,04.)

Yxasanue. HauaTb ¢ cOOTHOIIEHHSA

(N—r)up=(1/2) @N 1) p 4 1—(Y2) (7 1) ey 4.

Hcnonbaosats TOT Gaxr ), uto ;u,=1.

12. Bubopounwul konmpoab, lIpegnonoXuM, 9ToO H3JENHA, KakKI0C H3 KOTO-
PHIX C BEPOSATHOCTbI) P CTAHAAPTHO, MOJABEPTAKTCA KOHTPOJIO C BEPOATHOCTHIO p’
Kaxjoe. MveeM TeTHlpe Kiacca H3jeuii, a HMEHHO «CTaHAAPTHLIE H NPOBEpEH-
Kble», «CTAKLAPTHHE, HO He NMpOBepeHHHe» ¥ T. X. C COOTBETCTBYIOUIMMH BEpOKT-
soctamu pp’, pq’, P'q, q¢°, rhe g=1—p, ¢ =1—p'. HUrak, Mn umeeM jeno co
CJOMKHBEIMH MCTIHTaHuAMM Bepuyaau [cM. mpumep ra. VI, 9, 8)]. [lycts N —uaucno
H3jienuil, NPOWeRWHX CTON KOHTpOJA (KaK MPOBEPEHHHIX, TaK H HENPOBEPEHHLIX),
npexje ueM oOHapyxeso mnepeoe OpakoBanhoe Hu3jenaue, H nycTb K —uuciao

1y T'eomerTpuueckoe pacnpejeneHue SB/IAETCA €JHHCTBEHHHIM ONpejeseHHbIM Ha
UeJbIX 9ucdax paclpefe/ieHHeM BepOSTHOCTei, 1A KOTOPOTO 3T0 yTBEpKAEHHE BEpHO,
Cu. Ferguson T. S., A characterization of the geometric distribution, Amer. Math,
Monthly, 72 (1965), 256—260.

Nz) 3107 QaKT @HaqMTHYECKH KE OUYEBHJEH; er0 MOXHO Jokd3aTb HHAVKIHeH
mo N,
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rReoOHapyXeHHpX OGPakoBaHHBLIX H3JeMA CpeAn HHX. Ha#ktH coBMecTHOe pacnpe-
nelende N B K # nx mapruHaibHbe pacnpeneseHus.

13. Hpodoasxcenue. Haiitu E (K/(N-+1)) u Cov (K, N). [[Ipn npombitnennom
NPOH3BOACTBE 06GHapyXKeHHoe OpakoBaHHOe H3JeAle 3aMeHAeTCH CTAHLAPTHHIM,
TaKk uto K/(N-1) npencraBnser coboit nomo 6paka B NapTHH H ABJfeTCA MepoH
ec Kauectsa. 3amerbTe, 4To E (K/(N-}+1)) e pasno E (K)/E (N-1).]

Y4. ITycte X —paJuHa cepHH (YCNeXoB MM HeyJlay), HauaBweiCA B NepBOM
HCNIBITAHHH, B NOCGIEJOBaTeNbHOCTH HcnuiTaHuit Bepuyann. a) Hafite pacnpepene-
nue X, E (X), Var (X). 6) Ilycts Y-—pnuna eémopod cepun. HafiTH pacnpege-
aeune Y, E(Y), Var (Y) u coBmectHoe pacnpejenenre X, Y,

15. ITycts X B Y HMe0T OfHO H TO XKe OTpHUaTeNlbHoe GHHOMHANBHOE pace
npefenenne. HafiTh ycaosuye BepositHocth P{X=j|X+4 Y=Fk} u noxkasats,
yro pasenctso (12.16) ra. 1I Tenepb oueBuaHO Ge3 BCAKHX BHIMHCIEHHH 1),

16. Joka3atb, uTo eclu fABe cayuyaiHble BETHUHHE X H Y NpHHHMAalOT ToJABKO
Ara 3nauenns xaxnas H Cov(X, Y)=0, To X ¥ Y He3aBHCHMHL.

17. Quu poxderun. Jns rpynnbl H3 7 yesloBeX HAATH MAaTeMaTHYECKOE OXKHIAHHO
yncaa JHeH B Fojly, Ha KaXIbl M3 KOTOPbIX NPUXCAATCH JHH POXKIEHHH POBHO & ueso-
sek. (Ilpepnonaraercs, uto B rogy 365 ZHed M Bce paaMelleHHs AHEH POXAEHHS paB-
NOBEPOSATHH.)

18. ITpodoasxceriue. HaliTn MaTemaTHuecKOe OXHIaHHe yucia AHeR B FOAY, B/«
IO HXCA JHEM DOXIEHHA N0 MeHbilleH Mepe IBYX yesoBeK. Kak BeJHKO JO/MKHO OHITH
n, 4ToOH 5TO cpeaHee Gui10 6oabiue 1?2

19. UesoBex, uMeom Uil n KJouell, Xo4eT OTnepeTb CBOK [ABEPb, HCNLITHBASA KJIO-
4H He3aBHCHMO OJIMH OT JPYTOFO H B CyyaiHoM nopsake. HaliTu maTemaTHuecKoe 0Xu-
AAHHE H JHCMNEPCHIO YHC/Aa HCOBITAHUH, a) eC/IH HenoJowWeUHe KIIOUH HE HCKIOYA0TCH
13 AanbHeHWHX HenbiTanui, 6) ecH oMl HekJoyatotes, (ITpeanonaraercs, uto X gsepu
NOAXOJHT TOJALKO OOHH KJou. TouHoe pacnpefenedHe npHBejeHo B ra. 11, 7, o pas
pelUeHHs STOH 337auH oHO He TpebyeTcs.)

20. Iycts (X, Y)—cayuaiiHble BelMyMHBI, COBMECTHOE PAaclpefe/leHHE KOTO-
['BIX #BJfeTCs TPHHOMHAJbHLIM, T. e. onpejensercda ¢opmyiacd (1.8). Hairu
E (X), Var(X) u Cov(X, Y} a) HenocpeicTBeHHHM BHuHCJeHHeM, 6) npeAcras-
aaa X B Y K2k CyMMBbl n CAy4aHHBIX BeJHUYMH H HCNO1b3ys MeToabl § 5.

21, Ha#iTH KoBapHauHI0O 4HCIa BLUIaJSHHA €JHMHHUbBl H LIECTEPKH INPH 1
GpocaHHAX KOCTH.

92, B a3agaue o6 oT/]0Be XKHBOTHGLIX (3agasa 24 ra. VI, 10) poxasats, yto
M:iTeNarHuye KO€ OXHIaHHe 4GHCAa JKHBOTHHX, NOMMaHHBIX TNPH V-M  OTJOBe,
paBHO ngp¥—1.

23. ‘hyCTb X nvcer ceomempuveckoe pacnpenencune P {X =k}=qfp, rpe
k=0, 1, ... . Nora3ats, uto Var (X)=¢p—2 Bus(CTH OTCIOfa, YTO AHCNEPCHH
ompuyamesbto20 OGnHoMHansHoro pacnpegenenus {f (k; r, p)} paBHa rgp—? npu
YCIOBHH, 4TO 7 — NOJOXHTEeJbHOE lLeJo2 uucao. HenocpeacTBEHHBIM BhIUMCAEHMEM
Jl0Ka3aTb, 4TO 3TO yTBePXKJAEHHE oCTaercs CNPaBelJHBHIM npu Bcex r > 0.

24. B 3adawe 0 spemeru oogudarsus (npumep 3, r)) A0Ka3aTb, 4TO

1 2 r—1
Var (Sr)::N{(N— ])5+(N—2)2+”.+(N—-!—\—l)2} .

[Tposepurs, uto N-—2E (SN)~2k—2. (Cymma storo papga pasHa n2%/6.) Ykasa-
nie. Vicno/ib30BaTh BhipaXeHHe AN JRHCNEPCHH TEOMETPHUECKOTO pacnpejieleHHs,
HefiZeHHOe B Npepbigylieil 3ajaue.

1) DtoT BHBOJ Aonyckaer oCoGimendss Ha Goslee uyeM ABe CAydYadHble Be/IH-
unnpl. On npunagnexutr Wisniewski T. K. M., Amer. Statistician, 20 (1966}, 25,
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25. ITpodoasicerue. Mycts Y,—uHC/NO H3BJMEYEHHH, HEOGXOZUMLIX LMK TNOJY-
WeHMs 3apadee HaMeYeHHBIX I 9JeMEHTOB (2 He JIOGHX 7 Pas/MulbLIX IMEMEHTOB,
kak B § 3). Haittu E(Y,) n Var (Y,). (3amewanue. Tounoe pacnpezenenne Y,
HafiieHo B 3agaue 12 ra. 11, 11, Ho ans pewenHs AaHHOIl 3agayd oHo He Tpe-
Oyetcs.)

28. 3adaua o6 aHasuse kposu '), Bonblomy uncay N Niofeit HYXHO cieath aHa-
JIN3 KPOBH. 3TO MOXHO o%ramxaonarb nByMs cnoco6ami. (i) Kposb Kaxoro yesnosexa
HceJIeyeTcs OTAEIbHO. 3ToM cayyae norpeGyerca N anaau3or. (ii). Kpoep %
YeJIOBEK CMEIUMBACTCH, H aHANU3HPYeTCH cMechb. Ecau pe3ysibTat ananusa ompuyame-
JleH, TO OJHOTO TOrO aHAMH3A JOCTATOYHO ANA K yesosek. Ecin xe on noroxcumenen,
TO KPOBb KaXJ0r0 113 £ 4eI0BEK HYMCHO MCC/EJ0BaTh OTAGNBHO, M /A £ YeJOBeK BCEro
notpeGyerca k-{-1 anannsos.

[Tpeano/1oxuM, 4TO BEPOATHOCTh P MOJOXKHTEJIBIIOrO pe3yJbrata aHallH3a 0] Ha
B Ta Xe /s scex JIogell 11 yTo pe3yJbTaThl aHANH30B A Pa3MHYHBIX Jiofedf croxa-
CTHYECKH He3aBHCHMBI.

a) Hajiti BepOSTHOCTB TOTO, YTO aHAMI3 CMEIIaHHOII KPOBH R yeJOBEK AACT MO«
JIOXHTEJBHBIT D3y 1bTAT.

6) Yemy paBHO MaTemaTHuyecKoe OKHAaHHe yHc/1a X aHANK3OB NPH BTOPOM CIIOCO-
Ge HccaenoBaHuA?

B) HafiTi ypaBHeHle 115 TaKoro 3HayeHHA R, NPH KOTOPOM MHHEMAMBLHO MaTeMa«
THYECKOe OXHjaHile dYicIa anaJM30B NpH BTOpoM cnocobe wHccaegoBanus. (He nbi-
TaifiTech PEWIHTh 9TO YpPaBHeMHHe.)

r) Iloxasate, 4TO 3TO 3nauenne 2 GaM3KO X 1/V p 1 nostoMy mMunnrym mate-

MaTHUECKOro OXUJZHHA uncaa anaiuioB npudepHo pesen 2N ¥V p. (310 3avcua-
uue npuuagnexut M. C, Pahdy.)

27. Cmpykmypa esGopku. I edepanibHaf COBOKYMHOCTb COCTOMT M3 7 KJaccos,
KOJHYECTBA SJEMEHTOB B KOTODLIX OTHOCHTCH KakK PiiPat oo, Py Ilponasointest
cayuaitnas BmbopKa ofbeva n ¢ Bo3BpalleHneM, HalTu maTemaruuecKoe oxuja-
HHe YMCTa KJI4CCOB, He MNPejCcTaBJeHHLIX B 3ToH BuiGOpKe.

28, Ilycte X —uxcao cepifl anu npu cayyailHOM pasMellCHMH ri aabd W ry
Get. Pacnpezenenne X gaetca B 3apawe 23 ra. I, 11, Hadiru E(X) u Var (X).

29, Ilycte B ypHosod cxeme IToda (upumep ra, V, 2, B)) X, pasHo ejpiHHIE
M HyJIO B 3aBKCHAMOCTH OT TOrO, KAaKOH WIAD H3BJedeH NPH f-M HCNBITAHHH —
yepHbiil way kpacusiil. Joxasate, uto p (X, X,)=c¢/(E+r-+c) npu n # m.

30. [ pcdoascenue. Tlycte S, —oblWee yucJo UepHBIX [MADOB, H3BJACHEHHBIX
NpH MepBEX A HenuTaHuax (T. e, S,=X;i-+...+Xp). Haittu E (S,) u Var(S,).
IpoBepHT: Pe3YIbTAT ¢ NOMOWILIO [eKKYypeuTHolt Qopmynul K3 3agsux 22 ra. V, 8,
Yka3anue. Hcnonv3osats peayasTatsl 2afay 19 u 20 ra. V, 8.

31. Butop no epynnas. [cpox pe3bur mHa n KBApTanoB, B fiy {3 KOTOPHIX

HaCUHTLIBAETCH N0 Xy KHTEZEH (Ni-4-flat sy =n). [ycte m=2 nyx;/n—cpexgice
“ 2

yges0 Xutedaeil B keaptanc. [Todoxnm a>=n—} Zn,x,———mz. BuiGopou Ge3 rosnpa-

WeHHst CIyuaHO OTGHPAIOTCS 7 KBIDTANOB, H B KaMJIOM M3 HMX TOACUHTLIBACTCH

yucao xuteneit, ITycth 3TH uncaa paBHBl Xi, y1, X, cOOTZeTCTBeHHO, IToxasats,

uTO

2 J—
E(Xiteo X =mr,  Var (X4, Xy =200,

(Ilpn eeGope ¢ BO3DpAalLieHHeM Jucnepcus Guwia Ol Conblue, 4 MMEHHO a?r)

1) 3ra 3ajaua ocuosaHa ua MetoaHke, paspaSoTanuoi P. IloppmaHoM Eo BpCMA
BTOPO# MiIpOBOf Boititi. [IpK HCroIp30OBAINK CBOE METOINKY B apMEACKOH nmpaxTike
Jlopdman gobunca sxoHomuy g 80% . Koraa sta 3a1aya nosiBuach B NEPBOM H31alHH,
OHa NpHBJEK/A IIHPOKOE BHHMAHHE H NPHBeIa K Pa3NnuHLIM 0G0GLIEHHAM, a TAKKE K
HOBBLIM NpHJIOXKENHAM B GHOJOTHH H npomsiuyieHHocTH. OcHoBHOE y.ayudlueHHe 3aK/I0
yaeTcs BO BBejenH: Gosee uew ABVX 3tanon. CM., Hanpumep, Sobel M., Groll P. A,
Group testing to eliminate efficiently all defectives in a binomial sample, The Bell
System Journal, 38 (1959), 1179—1252; Watson G. S., A study of the group screening
method, Technometrics, 3 (1961), 371—388; Finucan H. M., The blood-testing prob-
lem, Applied Statistics, 13 (1964), 43—50,
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32. Jauna cayxadnod yenu ). Llenb Ha NMOCKOCTH X, i COCTOMT M3 N 3BEHLEB
€AMHMYHON AJHMHBI. YTOA MEXAYy ADYMS IOC/NeAOBATE/NbHLIMH 3BEHLAMH DaBeH 4 a,
rae o —TNOJOXHTeJbHas nocrosHHas. Kaxkgas M3 Bo3MOXHOCTER HMeeT BeposT-
nocth 1/2, ¥ BeJHYMHL noc/lefOBATENTLHLIX YIJIOB B3aHMHO He3aBHCHMBI. Paccros-
uue L, or Hayana po Konua uend ectb cayyafHas BenMyHHa, M MH XOTMM JjoKa-
3aTh, 4TO
l4-cos a 1—cos"a

—2cos @ oo & ©.3)

2 —t ——
E(L“)"nl—cosa (1 —cos )2’

He orpanuuuBasm ofllHOCTH, MOXHO npejnonarath, YTo nepBoe 3BEHO pac-
MOJI0XEHO B MNOJOXHTEJLHOM HaNpaBJeHHH OCH X, YTodl Mexay R-M 3BeHOM M
NOJOXKHTENbHEIM HanpaBJleHHEM OCH X ecTh CaAyyalHas BenMuHHa S,_i, rxe
S;=0, Sx=S;_i+X,a, a Xp—B3aUMHO He3aBHCHMHie cAyualHble BEJTHYHHHI,
IpHHEMaolHe 3Haueddust 4 1 ¢ BeposttHocTsaMHM 1/2. Ilpoekunsmu k-ro 3peHa Ha
ot x ¥ i GyRYT cooTBeTCTBEHHO €O0S S,_i u sin Sp_j. CrefoBatennHo, gsa n=>= 1

-1 a n-1 2
L= 2 cos Sy | + 2 sin Sk\ . 9.49)
E=0 £=0 /
Jloka3aTs nocnezoBaTenbHO MO MHAYKIIH, 4TO NPpH m < 1t
E (cos S,) =cos"a, E (sinS,;)=0, (9.5)
E ((cos §,,)- (cos S,,)) = cos"—m . -E (cos? S,,), (8.6)
E ((sin S,;) - (sin Sp,)) =cos®=ma-E (sin*S,), 9.7
E(LY)—E (L%_,) =112 cos a- (I—cos"~1 @)/(1—cos @) 9.8)

(rne Ly=0) 1 orcioga nonyuuth Haxoweu (9.3).

33. Hcnuranua Bepuyann npoBogfTcs ZO TeX NOp, NMOKZ THCJAO YCNEXOB He
LOCTHTHET r, TAe r—GuKcHupoEaHHoe uenoe yucao. Iycts X —uuceao uenurtanuit,
KoTophie fa5 3toro norpeGosanucs, Hatitu 2) E (r/X). (Popmyna gas sToro mare-
MaTHYECKOTO OXXHAAHHH COAEPXKHT GECKOHeYHBIH PHAX, ANS KOTOPOro MOXeT OHThb
Ti0JIyYCHO KOHEYHoe BhlpaXKeHHe.)

34. Ilpu cayuyallHoM pa3MellleHWH 7 IIAapoB N0 n ALIMKAM BePOSTHOCTbL TOrO,
UTO m SIIMKOB OKaXYTCH NyCTBIMH, YROBJAETBOPAET PeKKypeHTHOH (opmyae (11.8)
ra. I1. Tlyerb m, —maTeMaTHyecKoe OKHAAHHE HUC/1Z MYCTHIX ALLMKOB. Hcnoasays
Lekyppenmuyo dopamyay, KOKa3aTh, 4TO

Mppi=1—n=1 m,

11 BLIBECTH OTCIOR2, aTto m,=n (1—1/n)",
35. Ilycrts S, — uMcao ycnexoB B n ucnuiTaHuax BepHyann. Jlokasarte, urto

E(]Sp—np|)=2vgh (v; ny p);
rge v—uesoe uHC10, Takoe, 4TO np < veap-+1.

1) 3to ABYXMePHBIHi 4Hanor Xumuyeckoli 3agauu o gauHe Oaunnod noau-
AMepHOU MOZeKyAbl. 3ajaya MATIOCTPHDYET NpHMeHeHHe K cAyyaliHhIM BelHYMHaM,
KOTODHE HE MPEACTABJMIOTCA B BHJE CYMMBI NDOCTHIX CJYYaHHBIX BENHHYHMH,

%) 3TOT npHMep HANIOCTPHPYET BJHSHHE OCMIAHOBKU 8 NpPONSEOAbHIL MOMEHM
epesenu. Ecnn uncao denmitauuit # PUKCHPOBAHO, TO OTHOLIEHHE HHMC/A YCNeXoB
N x uuclly HenuitaHuii n ecTbh cayualiHas BenMuHHa co cpegHuM p. Yacto omm-
CoyHO NpegnonaraloT, 4To TO Ke caMoe BepDHO W B HameMm NPHMEpE, TIe 4YHCJI0
ycnexoB r (MKCHDOBAHO, @ 4HCJO MCIBITAHMA 3aBHCHT oT caydas. Ecanm p=1/2
#r=2. 10 E (2/X)=0,614 Bmecto 0,5; npu r=3 naxoaem E (3/X)=0,579.
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v=1
¥xazarue. Benuuusa B JeBoR wacTH paBHa 2 Z (np—k) ( Z’ ) prqn=*,
k=0
Jpyras Bo3voxHoCcTe: HCModn3oBaTh Gopmyny (10.7) ra. VI.
38. Iycts {X;}-—nocnexoBaTeJsHOCTh B3aHMHO HR3ABHCHMEIX OIHHAKOBO
pacnpejiefleHHuIX CAyualHuX Besdnund. [Ipepnonoxum, ato X, DPHHAMAET TOJBKO
NOJNOXKHTEARHEE 3HAYCHHS # UYTO CYIECTBYIOT MaTeMaTHUYeCKHe OXHAAHuA

E(Xy)=a u E (Xg?)=5. Nonoxus S,=X,-+,..+ X,, nokaszats, uto E (S;')
koneuno # E (X, Sp')=n=1 npu k=1, 2; ,.., n.
37. Ipodoascenue!). JHokasatn, uTo
E (87/8,)=m/n, ecan m << n;
E(S,/S,)=14(m—n)aE (S7'); ectn m>=n,

38. Ilycts Xy; ves5 X,—B3aHMHO He3aBHCHMHE OJHHAKOBO pacnperescHHLI®

c/yuaifiHple BEAHUYMHB! co cpegHMM m  #  pncnepcdefi o [loaoxup X =
= (X;1+ ...+ Xp)/n, Aoka3zath, uTo ?)

[1/n—1)] E< 2 (xk_')—()z\/=oz_
E=1 y

39. Tycte Xy; »..; Xp—B3aUMHO HE33aBWCHMBIE cayuyafinble Beanuunsl, U —
¢pyukumusa or Xy, ..., Xp 8t V—Gyukuusa of Xz, »e., X, JHokaszars, uto U
¥ V—B3auMHO HE3aBHCHMEIC CJyYaHHbhle BEJHYKHBL

40. OboGwentioe nepasercmeo YeOobuuesa. [lycTs @ (x) > 0 mMoudoTonxo eBO3pa-
craet npu x > O; npexnonoxum, uto cymecteyeT E (¢ (| X |)) = M. Hoxasats, uto

P{iX|=0<Mi()

41. Hepnsencmeo lleapya. Jns nio6uix pByX caydaiinelX senwurd X u Y
C KOHEUHHIMH JHCTIepCHAMM chnpaBednneo HepaeeHcTBo E2(XY)<<E (X2 E (Y?).
JlokazaTs 3TO, HCOOMbL3YA ToT $akT, uto KpagpatHuuad dopma E ((¢X 4 Y)?) ue-
OTpHIaTe/bHa,

1) Uxyn Kaifimaii 3ameTun, uTO DPe3y/NBTATHi 3TOR 33424H MOXKHO NOAYUHT
W3 pe3dynnTara 3agaun 36.
%) Mnaue 5TO MOXKHO BbPasuTh 1ak: 3 (Xg—X)%/(n—1) sBafeTcH HeCmeuen-

Holl oyenxod paa o2,



FNABA X 3AKOHbI EOMLILMUX YHMCEN

§ 1. ONUHAKOBO PACIPEJEJIEHHBIE CTYYAHHBIE BEJTHYHHDBI

[TpeneasHbie Teopembl Aas ucnbiTannil Bepuynaun, ycraHoBTEHHBIE
B ra1. VII u VIII, aBasioTcs yacTHBIMH cayuyasyi ofluX MpefenbHBIX
TeOpeM, KOTOphie B JaHHOM TOMe He paccmatpusaioTca. Opnwako Ans
TOro, 4TOOBl YCTAHOBHThL HOBYIO TOUKY 3pEHHs Ha MaTeMaTHYeCKOe OXH-
JaHHe caydaliHoH BeJIHYKHbI, Mbl PACCMOTPIM 37eCh XOTH Obl 1IEKOTOPHIE
dOpMYJHPOBKH 33aKOHAa GOJBIINX uHCE.

CBs13b MeXAY HCNBLITAHWSMH DepHy/M H TeopHed C1yya#HbIX BEJIH-
YHH CTaHeT $ICHCE, eCJH Mbl PacCMOTPHM 3aBHCHMOCTb YHCJA YCIIEXOB
S, ot yucaa ucnwitanuit #. Ipu KaxaoM HenbiTavuy S, BospacraeT Ha 1
man 0, 1 Mbl MOXeM 3amucaTh 3TO B BHAE

Sp=X;+. ..+ Xu, (1.1)

rae cayuailnas Benuunna X, npHHHMaeT 3HaveHde 1 B cayuvae ycrnexa
k-ro ucnoiTasus M 3uauvene O B coiyuae Heynaud. CrenoBaTenbHo, S,
€CTh CYMMA 71 B3aHMHO He3aBHCHMBIX CIy4YalHBIX BeJHYHH, Ka)knad M3
KOTOPbIX NpuHusmaeT 3navedne ] nan O ¢ BepOSTHOCTSME p H g COOT-
BerctserHo. OTcioga ocTaeTcd TOALKO OJuH [ar Ao Toro, 4robbi pac-
cmoTtpeth cymMbl Buaa (1.1), rie X — B3alMHO He3aBHUCHMBIE CJayyai-
Hble BeJMUYHHBl C NPOM3BOALHBINMM pacnpenenenusimd. Coriacko (caa-
6omy) zakoHy Goabiunx udcest u3 . VI, 4, ans 60abulnx 72 BeCcbMa
npasnonoaoflo, YT cpeaHee 4UCI0 yciexos S,/n 6.1u3ko K p. 210 yI-
BEPXKIEHHE HBJISETCS YACTHBIM CJydaeMm CJIelYiOled Teopemsbl.

3akou Goabwminx uucen. [Tycme {X,} — nocaedosameasvrocine 83a-
UMHO HE306UCUMBLY 00UHAKOBO PACNPEOEACHHBIX CAYHALIHbLY seautun, Ecan
mamesamudeckoe oncudanue pw=E(X,) cywecmeyem, mo das ao6oeo
e>0 npu n—~>oc

P{|(Xy+. . .+X, )/ n—p|>e} 0. (1.2)

Muaue roeopsi, BepoATHOCTb TOro, uto cpeanee S,/n Gyner OT.IMYATH-
€l OT MAaTeMaTHYECKOTO OMXHJAHHS MeHble YeM Ha [POM3BO.IbHO 3a-
pauHoe e, cTpemurca K 1.

B Takom ofiem BHie Teopema BuepBbie Obina qokasana A. f1. Xun-
upHb 1), [Ipeasiiylise A0Ka3aTesbCTBa NMPOBOAHINCL MPH H3IHIIHEM

1y Khintchin A. Comptes rendus de I'Académie des Sciences, Paris, 189
{1929), 477—479. Mexay npounv, YHTaTeNb AOJKeH HMETb B BHAY Npelocrepe-
#KeHue, CAeJAHHOE B CBA3W C 3aKOHOM COMbLIMX dHCces AJIfA ucnbTaHMil Deprymru
B KoHle § 4 r1. VI,
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OTPaHHYEHHH, COCTOSABIIEM B TPeGOBAaHHK KOHEUHOCTH JMCTEPCHH 1)
Var (X,). Ognaxko aas 3toro cjyuas CyWieCcTByeT ropasfo GoJee TOU=
HBl pesyabTaT, ofofulalouui npefeabrylo Teopemy Myaepa — Jlan-
Jaca aas ucneitapnil BepEYAIN, a umenHo c/eaylouiast Teopema.

Uentpaannas npegeabhass Tteopema. [lycms {X} — nocaedosa-
MEALHOCMb 83QUMHO HE3ABUCUMBLX 00UHAKOB0 paCNpedeneHHbIX CAy4ali-
Hbtx seausun. ITpednoaoxcum, wmo mamemamudeckoe oscudanue (=3
=E(X;) 1 Oucnepcua o?==Var(X},) cyuwecmeyiom, u noaroxcum S,=
=Xi+.. .+ X, To2da 0aa a0b020 ukcuposannozo P

P{(S,—aw)/(cV n) < B} —TNP). 1.3)

3necs  J(x) — HOpmasbHOE pacnperesenue, OnpefeNeHHoe B
ra. VI, 1. 3ra TeopeMa npunapnexur JlunpgeGepry ?); A. M. Jlany-
HOB H JIpYTHe aBTOPHI JOKA35iBaMH €€ paHblile NpH 00Jee OrpaHHYHTe N b-
ubix ycaosusax. Clenyer OTMETHTDb, YTO 3Ta TEOPeMa SBJASETCH TOJbKO
YACTHBIM CJy4aerl ropasfo 6oee obuieil Teopemsl, GoOpMyJAHPOBKA B J0-
Ka3aTe/LCTBO KOTOPOH NpHBOAATCS B ToMe 2. 3/eCh Mbl OTMETHM, 4TO
yteepxaenne (1.3) cuasnee, uem (1.2), tak xax (1.3) faer onerky Aas

BEPOSITHOCTH TOTO, 4TO Pa3HOCTh In~18,—n| 6onbule uyem 6/V n. C npy-
ro# CTOPOHHI, 3aKOH GoabuinX yucea (1.2) cnpaBejsiB faxe B TOM CJys
yae, KOIa CJydaliHble BeJMHUYKHB X, He MMECIT KOHEWHOH JMCNepCHH,
M, CJel0BATE/NBLHO, OH NpHMEeHUM K Goee ofuieMy CJayyalo, YeM UeHT-
pajbHas npefeabHas teopeMa. Ilo stoll npuukHe Mb! J1aAHM HE3aBHCH-
MOE J0Ka3aTeJbCTBO 3aKOHA GOJIbIIMX YHCEJ], HO CHadyaja NPOHJJIHCT=
pPHDYEM 3TH JBE TEOPEMBI PUMEPAMH.

Npumepnl. a) [IycTb B NOC/AEAOBATE/BHOCTH HE3aBHCHMBIX Opocanuit
CHMMETDPHYHOH KocT Xj — YHCIO OYKOB, BBINABLIHX npu k-M Gpoca-
Hun. Torpa

E(X;)=(14243+44516)/6=3,5

n Var(X,)= (124224-3*-+42452+6%/6— (3,5)*=35/12. 3akoH GoJb-
IIMX YHCEJ yTBepx&Jaer: NpapBjonoAobHo, 4TO Adsi 6ONbIIMX N Cpefls
Hee uucao oukoB S,/n 6yaer 6mi3ko k 3,5. CoryacHo ueHTpa/bHOH npe-
Jeabloil Teopeme,

P{S,—3,5n| < a}/ 35n/12} = 9t (&) — N (— ). (1.4)

B cayuae n=1000 u a=1 nonyuaem P{3450<8§,<<3550}=~0,68. las
o==0,6744... npapas wactb B (1.4) paBra 1/2, noaromy aaa S, maHck
HaXORUTECS BHYTPH uHTepBasa 350024-36 uaH BHE €ro NPHUMEPHO Ofu«
HAKOBHI.

1y A. A. Mapkos noxkasam, uro gocTaToyHo cymectsoBanius E (| Xg[1+9)
s mekoroporo a > 0.

2} Lindeberg J. W., Eine neue Herleitung des Exponentialgesetzes in der Wahr«
scheinlichkeitsrechnung, Mathematische Zeitschrift, 15 (1922), 211—225,
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6) Bobopra. IlpenmonioxuM, 9TO B reHepaJbHOH COBOKYNHOCTH,
cocrosimedt u3 N cemet, N, cemell HMeIOT poBHO o & neredt (k=0, 1, .. .;
ZN,L-———N). Ecan cembst BuiGupaercs ca1ydaiHbIM 06pa3oM, TO YHC/IO jJe-
Tell B Hell apJssierca caydaiiHoll BeJHYMHOMN, NPHHUMANOUIEH 3HAYEHUE V
¢ BepositHocthio p,=N,/N. [lpu Beifiope ¢ BO3BpalleHneM BbLIGOPKY
06beMa 7 MOXKHO PaccMAaTPUBATL KaK 7 HE3aBICHMbBIX C/ydalHbIX Be-
JUUNH MJIK «HaGMofeHH#» Xy, . . ., X,, HMEIONHX OAHHAKOBOE pacnpe-
Iesienune; S,/n sigasiercs cpednum sratenuem eoibopriu. CoraacHo 3aKo-
HY GONBIIKX YHces, Cpeltee 3naueHne JOCTATOYHO GOJBIIOH CJ1yyaRHOLT
BBIGOPKH GYyZNeT, EEPOSTHO, Gu3KuM K =Y vp,= NVN/N, T. e. &
CpeJHeMY 3HAUGHHIO TeHepajbHOH COBOKynmHocTH. lienTpanbhaa npe-
JeJLHAA TeOpeMa [O03BOJISET OLUCHMTh BEPOSITHYIO BEJIHUHHY PACXOXK-
JIEHIIS MeXIY 3TIMH BeJHUHHAMH M ONpeJesUTb pa3Mep BLIOODKH, He-
O6XOINMBIH JIIsT HAJACKHBIX OUEHOK. Ha mpakTuxe B 11 0% HeH3BECTHBI,
OQHAKO BO MHOTHX CJyd4asix HETPYAHO NOJYYHMTh [peaBapHTEIbHYIO
OLUEHKY JJIs C%, 1l BCErja MOXHO 3aKJ/IOYKTh 0% B HAJeXKHbIe TDaHULbL
Ecan Heo6xomumo, utofbl ¢ BeposTHOCTb0 He MeHbiueir 0,99 cpennee
3HayeHne BHIGOPKH S,/n OTNMUAAOCH OT HEH3BECTHOTO CPEIHEro 3Haue-
HUS reHepasbHOH COBOKYMHOCTH W MeHbue, ueM Ha 1/10, To o6bem Bbi-
6opKu 10/3KeH OLITh B3SIT TAKHM, 4TOOBI

P{] (S, —nw/n| < 1/10} >0,99. (1.5)

Kopenb ypasuens 9 (x)—N(—x)=0,99 pasen x=2,57... u, crego-
BaTe/bHO, YHCIO N JOJKHO yAOBMeTBOPsTh Hepasenctsy V n/(100)>>
2,57, unu n>6600%. OcTopoxkHas npeiBapuTesbHas OLEHKa Ans 02
JIaeT BO3MOXKHOCTb HaiiTH TpeSyemblll 06heM BRIGOPKH. AHaJlOTHYHBLIE
CHTyalMH BCTPEYAIoTCs AOBOJBHO uacto. Tak, KOTAa IKCnepuMeHTa-
TOp ONpeessieT CPeJHEe U3 7 13MEPEHNH, OH TAaKKe roJaraercs Ha 3a-
KOH BOJIbIUMX YHCEJ M HCIOJAb3YeT cpejHee 3HaueHHe BLIOOPKH B Ka-
YecTBe OLEHKHM AAs HEM3BEeCTHOIO MaTeMaTHyecKoro oxuaHusg. Ha-
JIeXKHOCTb OLEHKH MOXeT ObITh BhIpAXKEeHAa TOJIbLKO 4epe3 0%, U OGbIYHO
MBI BBbIHYMKIEHBI HCI0,1530BaTh J0BOJbHO rpYOble OUeHKH A8 02

B) Pacnpedesenne IMyaccona. B rn. VII, b mmt moxasanu, uro npH
Goabiunx A pacnpegenenue ITyaccona {p (k; A)} MoxHO annpokcHMipo-
BaTh HOpMaJibHbiM pacrnpefeneHdeM. Ha camom nene stor dakr sBis-
£TCS HEMOCPEJICTEEHHBIM CJIEICTBUEM LIEHTPABbHON IIpeAe/bHON TeOpeMbl.
IpeanosoxnM, uto ciydaiiHble Beanuudnl X, HMEIOT pacnpeefieHue
IMyaccona {p(k; ¥)}. Toraa S, umeer pacnpegenenue ITyaccona {p (k;
ny)} ¢ matemaTHueckuM OXHJAAaHHEM H Aucrnepcued, paBHbiMu ny. Ha-
oucas A BMECTO Ay, Mbl IPUXOMHUM X BBIBOLY, YTO NMpH n—- of

e~ MR — L (P), (1.6)
k<A+pYM

A& CYMMHPOBaHUWE MPOU3BOJIUTCS MO BCeM K, MEHDLIUHM YEM ARV A
erepb OYeBHAHO, uTO yTBepXKaeHue (1.6) cnpaBeanuBo U B TOM caydae,
Korja A —» oo NMpPOM3BOJIbHBIM 06pa3oM. JTa TeopeMa HCIOJb3yeTcs B
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TEOPMH CYMMHDOBaHMs PacXOAflMXcs PANOB W nNpeicTasisieT oOUHA
untepec. OUEHKH Pa3HOCTH BHIDaXKEHHi, CTOSLIMX ClpaBa W cjeBa B
pasencTee (1.6), MOXHO NOJYYHTH M3 OOIIEH TEODHH.

3ameuanne o c.nyqaﬁm.lx BEJHYHMHAX, HE HMEIOIHX MATEeMATHYECKOTrO
CXKHAdHHA

Ecau MaremMaTHyeckoe OXHAAHHE [L HE CYLUIECTBYET, TO H 3aKOH
GoablMX YHCES, U UEHTPaJbHas Npeie/bHas TeopeMa CTaHOBATCH Gec-
CMBICJIEHHLIMH, HO HX MOXKHO 3aMEHMTh Goslee OOLIMMH TEOPEMaMH, 1aio-
LMK aHAJOTHYHYI0 HH(opManHuioo. B coBpemennoll Teopuu ciyuaiinnie
BEJIHYHHBI, HE MMEIOLIHE MaTeMaTHYECKHX OXKUAAHHil, HrPaloT BaXHYIO
pPoJib, H MHOTME BPEMEHA OXUJI2HHf U BO3BpallleHHs B (u3HKEe OKa3bl-
BaIOTCA BEIMYMHAMM TAKOTO THIA. DTO CNPaBeAIIIBO JaKe A/ NPOCTOK
Hrpel ¢ GpocaHHeM MOHETHI.

Tlpexnosioxum, 4TO n MoHeT nojbpackiBaiorcs noognnouxe. O6oana-
uiy ueped X, BpeMs OXHIaHWA IO NEPBOTO MOMEHTa, Korja y k-if mo-
HEThI YMCJO BHINABIUMX pelleToK OYAeT paBHO YiCJY BbINABIIHX rep-
608. Cnyuaiinbie BesuuliHbl X, B3aHMHO HE3aBHCHMBI H OJMHAKOBO pac-
npeneseHsl; Kaxnjas ciydaifiHas BeJuqHHa X, NPUHHMAET TOJMBKO MO-
JIOXKHUTE/NbHLIE yeTHble 3HaueHdsi U P{X,=2r}=f,,, npuuem pacnpeze-
Jende BepositHocted {f,.} onpenensiercs ¢opmynoir (3.7) ra. IIL
Cymma S, =X;+. . .+ X, HMeeT Takoe e pacnpejeyeHHe, KaK H Bpe-
M OXKHIAHHMSA A0 M-TO MOMEHTa, KOTAa YHCJI0 BbIMaBIUMX repbOB PaBHO
YHCJY BLINABIIMX PELIETOK. Takoe XK€ pacnpele/eHHE HMEET MOMEHT
n-TO BOSBPALUIEHHA B HAyal0 B CHMMETDHYHOM cydaiHOM 6/1yXKAaHHH.
Kak nokasano B Teopeme 4 ra. 1Il, 7, pacnpenenenue S, umeer BUX

P{S, < nxx} — 2[1—=RN (/) %)]. (1.7)

Hrak, Mul NONyuusIM npenesbHYIO TEOPEMY TOrO K€ THNA, YTO W UEHT-
pajbHas npejesbHas Teopema, C TOH 3aMeTHOH pasHuuel, 4TO Tenepb
npedeabroe pacnpedeserue umeem CAydainas eeautuna S,/n?, a He
S./n, kax paree. C Touku 3peHHsa (QU3MKH CJydadHble BeqHUYHHBl X,
MOXHO HHTEPNPETHPOBATH KaK He3aBHCHMLIE H3MEDEHHS HEKOTOPOro
liapaMeTpa, ¥ Hallia IIpefeJibHas TeOpeMa YTBEPXKIAET, UTO cpedree

(Xi+. . .+Xp)/n

goapacmaem no 8epOAMHOCHU AUHEIHO emecme ¢ n. DTOT NapajoKcalbe
HBIl PE3YyJbTaT HENMb3s OTOGPOCHTh KaK NATOJIOTHYECKHH cayuai#t, mo-
CKOJILKY OKasblBaercsi, uTo X, — THIHYHbIC BPEMEHA OXHJAAHHA, IMo-
JIy4aiolliecsi NPH PacCMOTPEHHH MHOTHX (DH3HUECKHX H IKOHOMHUECKHX
npoueccos. Ilpenensnas teopema (1.7) fBJAsAETCH TAKKE THIHYHLIM NIPEX-
cTaBlTeJeM MHOTIIX COBPEMEHHBIX NPEJEJBHLIX TEOPEM Aaf CaydadHuX
BeJHUHH, HE HMEIOUMX MaTeMaTHYEeCKOro OXKHAaHuA 1).

1) Aganoru 3akoHa 6OJBLIHX YHCeT Jas CAyyaRHLIX BeJMuMH, HE MMEIOLHX MaTe-
MaTHUYecKoro OXujanuf, npHBofarca B §4 u B 3agaue 13, HeoXnpannue CleACTBHG
yeepxzenus (1.7) noapobro obcympantch B It 111,
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§ 2*). JOKA3ATEJIbCTBO 3AKOHA BOJLUWHX YUCEN

Be3s orpanutenua oGUIHOCTH MOKHO NPEANONOXKHTD, 4TO g =FE (X )=
=0. B npoTuBHo: cnyuze BmecTo X CIeAyeT paccMaTpHBaTh Xj,—,
4TO NpuBeIo Obl MpocTO K 3amene ofo3nauenxil, B wactnom cayuae,
Korja aucnepcua o®==Var (X;) cyiecrsyer, 3aKoH GOJbIUIHX YHCEJ AB-
JIleTCH TPiBHaJbHbIM CJIeCTBHEM tepaBencTBa Uelnimesa (6.1), ra. IX,
COTJIacHO KOTOPOMY

P{S, >} no 2. (2.1)

Ilpu {==en npaBas uacTb cTpemurcs kK 0 mpu n — oo, CjieA0BaTeNLHO,
yTBepxenie (1.2) cnpaBenauBo.

Boslee cioxubiM sIBAfETCH caydail, KOra AHCNEepCHs He CyuwecTBy-
eT. Ilpu 3ToM npeanoJoXeHuH JH0KA3aTeJbCTBO OCHOBLIBAETCS HA YHH-
BEpCaJbHOM MEMOoOe yceweHus, KOTOPHIH OOBIYHO HCMO/b3YeTCS MpPH BhI-
BOJE pa3/iYHbIX NpejesabHBX TeopeM. [lycth 8 — duKcupoBaHHOE nO-
JIOXKHTETbHOE UYHCI0, KOTOPOE Mbl OnpenesuM modxe. s Kaxaoro
n ONpelesHM CJeIYIOLIHe f Nap CAyYaHHBIX BEJHYHH:

U,=X,, V.,=0, ecmu | X, | << dn,

U,=0, V,=X,, ecum |X,]|>on @2

3pecs k=1, ..., n U CjefyeT NOMHUTb O 3aBHCIMOCTH CJy4YadHBIX Be-
auuud Uy 1 V,, oT 7. Torga

Xh=Uh+Vh. (23)
IIJIH J0Ka3aTeJbCTBa 3aKOHa 0O IbIDHX YHCEJ JJOCTAaTOYHO MOKa3aTh,

yTo A14 3aganHoro £>0 nocrosHuas 0 MoxeT ObiTh BhIfpaHa TakuMm 06-
pasoM, 4TO NpH 7 —> oo

P{ Ut ... 4+U,|> (1/2) en} —0 2.4)
H

P{V,+...+V,]|> (1/2)en} —0. (2.5)
OG03HAauuM BO3MOMHblE 3HAYEHHS CayyaHHbIX BeqHuYdH X; yepes
Xi, X3, . . ., 3 BEPOSTHOCTH, C KOTOPhIMH X; MPHHUMAIOT 3TH 3HAYEHHUH,

gepes f(x;). Ilycts a=E (|Xy]), T. e.
a =le/”(x/)- (2.6)

!

Chyuaiinas Benmyuna U; orpanHueHa BeJHYHHO# 8n, U, c/el0BaTe]bHO,

E (U?) < abn. 2.7)

Tak xak caysadinbie Beauuunnl Uy, ..., U, B3aUMHO HE3aBHUCHMH H
MMEIOT OJMHAKOBble pacnpejesieHus, TO

Var (U;+ ... +4U,)=nVar (U,) < nE (U?) < abn? (2.8)

—

*) Bror maparpad MoxeT GHITb ONMyuWleH NPH MEPBOM YTEHHH,
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a—d

C apyroit cTopoHH, H3 onpelesienns caydadnuix Bennyun Uy crenyer,
YTO NpPH 1 ~» 00

E (Uy) —> E (Xy)=0. .9

Orcrona [oJiy4aemMm, 4To npH JOCTATOUIHO GOJILIIOM /I HMERT MECTO Hepa-
BEHCTBO

E (Ui . .+ U,)?)<2abn2 (2.10)

Tenepp ccotnowenue (2.4) cpasy ciaepyer 3 nepaseHcTBa UeGbl-
wesa (6.1) ra. 1X, cornacHo xotopomy

P{|U;+. . .+ U, > (1/2)en )< 8ab/ez. (2.11)

BriGrpast 6 10CTaTOYHO MaJIbIM, MbI MOMKEM CHEJIATh PABYIO YACTh CKOJb
YToAHO MaJoR, M No3ToMYy COOTHOlieHHe (2.4) crpaBeasHBO.

Yro kacaercs cootnowerns (2.5), To 3aMeTHM, 4TO, COIJIACIO OCe
HOBHOMY HepaseHcTBY (7.6) rua. I,

P{Vi+. . .4V, 70}<nP{V,0}. 2.12)

Jas npoussosbdoro 60 wnmeem

P{V;5 0} =P { X;| > n} -_—l ]2‘;6 fle)<<
xl n

<[] 3 1ylf ). (2.13)

71>

Ilocnenusist cymma crpemutess K O npu 2 — oo, CrejoBartesbHO, BhIpa«
JKEHMe, CTOSILIEE B JIEBOH 4acTd HepaseHcTBa (2.12), Takxke cTpeMurcs
K 0. 3tum yreepxjenueM, Gosee cuabhbiM, uyeM (2.5), H saBepuiaercs
JOKa3aTebCTBO TEOPEMDL.

§ 3. TEGCPUM A «BE30BHAHBIX> HI'P

Ilpu panbHedleM aHAIM3€ CMBICJA 3aKOHA GOJBLUIMX YHCEJ Mbl Oy«
JIEM TOJ1B30BAThCS TPAAHINOHHOH TEPMHHOJOTHEH HIPOKOB, XOTSl Ha=
UIH paccyXACHHS B PaBHCHU CTEIIEHH JOMYCKAIOT H MOHee JIerKOMbICIeH=
HBle TIPHJIOXKEHHA, a JBa HAIUHX OCHOBHBIX NpejrnoJoxeHdus Gosiee pes
aJblbl B CTATHCTHKE H (BU3HKE, 4eM B UTOpHOM jgome. Bo-nenmmx, npej-
TIOJIOKHM, YTO HIPOK 00/iaJa€T H202PQHUYEHHbIM KANINQAUM, T03TONY
HHKaKOi NPONTPLILI HE NPHBEIET K okoHyaHHuio Hrpbl. (OTKa3s oT aToro
NPEANONOKEHH S IPHBONUT K 3a/1a4€ O pa30periy UTPOKa, KOTOpas BCET-
Ja MHTPHTYET H3Yy4alolMX TEOPHIO BeposiTHocTell. 2rta 3ajada urpaer
BaXHY!0 POJIb B NocJeloBaTesNbHOM anaju3e Banbla U B TEOpHH CTO=
XacTHYECKHX NPOILECCOB, H Mbl BepHeMcs K Heil B a1, XI1V.) Bo-Brophix,
NPEANONOKHM, UTO HIDOK He umeem npasa npepeantb uzpy 6 npouseonb-
HbL MOMERM, YUCAD UCHLIMAHUL N 004%CHO Obimb (DUKCUPOBAHO 3apaHee
M He 3aBHMCETb OT Xofa Hrpul. (B peiicTBuTesnbHOCTH Mrpok, 06.1anaio-
A HeOrpaHIYEHHBIM KANHTAaJOM, MOXKET AOXAAThCS CEpHH YAay H B
NOAXOAAWMH MOMENT NPEKPATATbh UIpy. Taroro urpoka HHTEpecyeT Ha
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BEPOSITHOE COCTOSIHHE B 3aJaHHBIH MOMEHT, 2 TOJLKO MaKCHMAaJbHBI@
GryKTyallili, KOTOpbiE MOMHO CYHMTATh MPAaBAONOAOGHEIMH OPH 6OJb-
LIOM 4HcJe napTHil B KOTODbi€ OMHCHIBAIOTCS 3AKOHOM MOBTOPHOTO JIO=
rapudma, a He 3aKoHOM GosblidX yices (cM. ra. VIII, 5).)

B nanpuefiuem ciyuafinas sesinunua X, 6yAeT 0603Ha4aTh BLIHTPHILI
(mosioKHUTENBHBIT M/ OTPHUATeNbHBIH) Hrpoka B k-f maptuu. Toraa
cymma S,=X;+. ..+X, sBaserca oO6LUM BBLIMTPHILEM B N HEe3aBH-
CHMBIX napTusx. Ecid 33 npaBo WrpaTb HIPOK ynJauuBaeT (He obsi-
3aTeJIbHO MOJIOMKHTE/IbHbIN) B3HOC ' mepef Kamaoi Hrpoi, To oBLuil
YIUIAaYeHHBIH B3HOC B 1 MAPTHAX 1 06uull wucmeld ebiiepoiti COOTBETCT-
BeHHo paBHbl nu’ u S§,—np’. Korza cyecTsyer maTeMaTHUECKOE OXH-~
naune p=E (Xy), npiMeHHM 3aKOH GO/BIUHX YHCEJ, H [O3TOMY, rpy6o
roBops, npH 60JbIIMX 1 BECbMa NPaBIomnoJobHO, YTO pasHOCTL S,—nu
OKaxeTcs MaJof no cpasHeHuo ¢ au. [TosTomy, ecnn U’ MeHblue W, TO
npy OoJBIIMX M MIPOK, BEPOSITHO, OYAET HMEThb BBIHIDHI NOPSAKA
n(u—p’). ITo TeM ke coobpakeHHAM B3HOC W > MPAKTHYECKH HaBep-
HSIKa NPHBOAHMT K yOuITKY. Kopoue roBops, cayuatt u'<<p 6aazonpusmer
JIsl MTPOKa, TOTAA Kak caydail p'>>u uHefaazonpuamen.

3aMeTHM, YTO MEI €llle HHYero Ke TOBOPHJH O ciydyae U’ =p. B atom
cnyuae eJuHCMBeHH0 BO3MOXKHEBIA BBIBOJ, COCTOHT B TOM, 4TO MpPH JOCTa«
TOYHO GOsbIIOM 7 OGLMEA BBIMTPBIN HJM OPOUIPHIN S,—nu 6yaer G
ouenb 60/1bIIOK BEPOSATHOCTHIO MaJIBIM 10 cpaBHeHHIO ¢ n. Ho HeuzpecT-
HO, YTO BEpOsiTHEE /151 S;,—n|: 0KA3aThCS MOJOKUTENBHBIM UJIH OTPH=
UAaTeJbHBIM, T. €. HEH3BECTHO, GYJAET JIK Hrpa BHITOAHOH HJH Pa3opu-
TesJbHOH. JTO He GLl10 YUTEHO B KJI4CCHYECKOH TEOPHH, KOTOPAsl Ha3bi-
BaJja B3HOC W' =} «6e306HAHOA» UEHON H MIPY C TAKHM B3HOCOM «6e3-
06udrou». CTop MHOrOOOEIIAIOIEE H NPHBJIEKATENbHOE Ha3BaAHHE NPH-
BOJAMJIO K MHOTOUYHCJEHHBIM 3abayxjeHusM. CrenyeT NOHHMAaTh, 4TO
«6e3o6udnany uzpa moxcem GbolMb AGHO PRIOPUMENLHOL 04 uzpoka. B>

B urpoBbiX H APYTHX NPOCTBIX CHTYyauusiXx, B KOTOPHX c/iyudaliHad
BesyuHHa X HMEeT KOHEUHYIO JAMCMEPCIIO, MOMXHO OlIpaBAaTh MOHATHE
«Oe306HAHasl HIpa», HO, KOrAa Aucmnepcus 6eckoHeuHa, ynoTpebJjeHHe
9TOr0 TEPMHHA COBEPINEHHO He ompaBAaHo. HeT ocHOBaHMH CYHTATh,
YTO OGIMA YHCTBIH BBIMIPBIL S,—np’ GyReT Ko.aebaTbcsl OKOJI0 HYJA.
JIeHCTBUTENILHO, MOXHO npueecmu npumepsi «0e300udHbix» uep '), @
KOomopelx 6eposSmAoCts mMo2o0, 4N uepok nomepnumm wucmelti youmor,
cmpemumcs K eQuruye. 3aKOH GOJIBIIMX YHCET YTBEPMIAeT, 4To, Be-
POSITHO, 3TOT YOBITOK 6yAeT BEJHYHHOH MEHbIUEro MNOPsSAKAa, 4eM M.
Oxnnako, KpoMme 3Toro, Huuyero Go/ee yTBepxiaTh Hesnb3s. Eciu a, —
MPOU3BOJIbHAS MOC/IEJ0BATENBHOCTh, TaKasi, 4To @,/n — 0, TO MOXHO
NpHAyMaTh «6e306HAHYIO» HIDY, B KOTOPOH BEpPOATHOCTb TOIO, YTO B 71
napTHax OOIKA YHCTBIE YOBITOK NMpPEBBICHT 4,, CTPEMHTCS K eAHHHLUE.
B 3anaue 15 npHBoAMTCS NPHMEP HIPkI, B KOTOPOIl HIPOK MPAKTHYECKH

1) Feller W., Note on the law of large numbers and «fair» games, Ann, Math,
Statist., 16 (1945), 301—304,
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MoxeT GHTb YBEpeH, YTo ero YORITOK NpeBeICHT n/log n. Jta Mrpa siB-
Jasercs «Ge3o6uaHOl», U B3HOC 32 YYacTHe B XaXKJOH napTuy paBeH elH-
Huue. Tpyano ceGe mpeAcTaBUTh, YTO MrpOK OYJAET CYUMTATL Mrpy «Oea-
OCMAHOM», ec/H OH HMPAKTHUYECKU YBEPEH B TOM, 4TO OYJeT HeCcTH MNo-
CTOSIHHO YBeJMYMBaOLIMicH YyOBITOK.

Beuwo 6n OIMOKO#H CYUMTATH 3TH SIBJEHUS] HEECTECTBEHHBIMH WJM HE
HMEIOLIMMI TIpakTHyeckoro 3HaueHus. IIpeHeGpexxenue c/ydaidHBIMH
BENMYMHAMM, HE MMEIOLMMH MaTeMaTHYeCKOro OXHMIaHHs, HaHec/I0
GosblIO ylep6 NPHUJIOKEHUAM, TaK Kax 3T C1yyaidHbe BeJHYHHB! Ur-
PAaIOT CYLIECTBEHHYIO POJb JdXe B NPOCTEHIIUX CAY4ailHbIX Mpoleccax.
Hanpumep, cayuaiinoe 6ayxaanue (uau urpa ¢ GpocaHHeM MOHETHI),
o6cyxaabieecs B ra. 111, clyXuT NIpPOTOTMIOM MHOTMX CTOXACTHYe-
CKHMX MpOLEccoB B (pH3KKe U 3xoHoMuKe. Kak 6b/10 noxasaHo B ra. 11,
BpeMms OXMJAHHS W BPEMs I€PBOTO BO3BpAllEHHS B 3TOM c/lydyadHOM
ONyXAaHUM He MMEIOT MaTeMaTUYeCKUX OXUAAHUH H IO0ITOMY NOJBEp=
JKEHBI CAYualHbM QUYKTYalUUsM, TaK YTO BO3HUKAET napajokc, He COrs
Jacyouiics ¢ Hawefi uHTyMunMedl. HecoBepiuieHnas HMHTyWuus, TaK
JK€ KaK H MHOrMe COBPEMEHHble MPMJOKEHHH TEODHHM BepOSITHOCTEH,
HaXOSTCHA MOJ CUJIbLHBIM BJMSIHMEM TPaJHUIMOHHOTO HEJONOHHUMaHMS
CMbBIC/IA 3aKOHA GOJBINUMX YHCE] U PacCNpPOCTPAHEHHOTO NMPEICTABJIEHHS O
TaK Ha3hBAEMOM 32KOHE O CpefHeM. JTO HACIEACTBO KJaCCHYECKOH Teo-
pUH, B KOTOpOH MaTeMaTHYeCKMH aHa/lH3 HEH30exXHO Mepenjerancs 0
SMIMPUYECKUMH U MeTa(U3UYeCKUMHM COOOPaKEHHAMH U B KOTOpOH @
Pa3TUYHBIMH OpeJe]bHbLIMH TeOpeMaMH CBf3hIBAJOCh HEYTO TAHHCTe
BeHHoe 1),

BepreMcss K «HOPMaJIbHOM» CHTYalHH, PH KOTOPOH CYIIECTBYET He
ToNbKO MarteMartuyeckoe oxujanue E(Xy), Ho u aucmepcus Var(X,).
B atom cayyae sakon GoJbIUMX YMCes JOMOJHAETCA UEHTPAJbLHOM mpe-
ZieJLHOR TEeOpeMOl, U3 KOTOPOH CJENYeT, YTo NpH «Ge300MAHOH» urpe
BEChbMa NpPaBAONOJOGHO, YTO YMCTBbIA BRIMIDBII S,—np) B pe3yJbrare
NIPOJOJ/IKUTENLHOM Urphl 6yJeT MMETh BEJIMYHHY MOPAAKA V7w opa
GOMbUIMX 7 OH C PaBHbLIMH IaHCAMH OYJET MOJIOXUTENBHBIM MJM OT-
pullaTe/bHBIM. TakuM o6pasoM, ecad LUEHTpa/jbHas MpeesbHas Teo-
peMa npumeHuMa, TO TEPMHMH «6e300U[HAA Urpa» OKa3nlBAETCH ONmpaBs
JaHHEIM, HO J1aXX€ B 3TOM CJYyuae Mbl HMeeM JeJ10 ¢ IPeJe/ILHOH TeopeMoH,
4TO NOJYEPKUBAETCA CJIOBAMHU ¢B pe3yJibTaTe NPOJOMKHUTENLHOHR UIPhiy,

Yro6sl MpOMJIIOCTPAPOBATh 3TO, PACCMOTPUM MIPOBOM annapar,
ONYCTHB B KOTOPHIH JOJMAap MIPOK MOMKeT ¢ BeposTHOCTbIO 107¢ BHI-
wrpats 10°—1 joasnapos Ju60 NOTEPAThH ONYUIEHHHH J0JJap.
3ech MH MMeeM McnuiTaHus BepHyJuH, u Hrpa «Gesobuina». Cuirpas
MM/JIHOH a3, HIPOK YIJATHT 332 3TO MMJUIMOH JojnapoB. OH moxer
puiurparb 0, 1, 2,... pas. CorsaacHo npubiauxenuto Ilyaccona ana Gu-

1) Uayyatonipe cOBPEMEHHYIO TEOPHIO BEPOATHOCTEA, BOSMOXHO, GyAYT YAMBJEHH,
y3nas, 410 ewe B 1934 T. Befymue crelHaJHCTHl MOIJIM COMHEBATHLCS B BO3MOMXHOCTH
chopMyIHpOBaTh OCHOBHEE NpejellbHble TEOPEME TEOPHH BEPOATHOCTEA YHCTO AHAMHs
THYECKH,
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HOMHAJIbHOTO pacnpejie/ieHHsl, BEPOSITHOCTh BRIHIPatb poBHO R pa3s
C TOUHOCTBIO IO HECKOJLKHX JIECATHYHBIX 3HAKOB paBHa e~ '/k). Takum
obpa3som, ¢ BeposiTHocThio 0,368... HIDOK noTepsieT MHJUIHOH H ¢ TOH
e BEPOSITHOCTBIO OH OKYNHT CBOM PacXoinl; ¢ BeposTHocThiO 0,184...
OH MOXET BLIMI'pPaTh OWH MHJIJIMOH H T. A. 3aech 10° HenbITaHH# 5KBH -
BaJIEHTHbl OJHOMY-€IHHCTBEHHOMY HCILITAHHIO NPH HTPE C BBIMT PHIILIEM,
uMmetouum pacnpenenende Ilyaccona. Takas urpa moxer GuiTh ocy-
IIECTBJIEHA CPaBHEHHeM JABYX OOJBIIMX KOJOJA KapT, Kak 5TO ONHCaHO
B ra. 1V, 4.

Ha npakruke 6ecCMBIC/IEHHO 0XHAATh BHIMOJHHMOCTb 3aKOHA 60./1b-
IIMX 4HCEJ MOCJIE TPeX HJIM ueThipex cpaBHeHHH. [lo ToH xe nprunHe
He HMeeT CMbIcJIa NPUMEHSTh 3aKoH 6OJbIIMX YHces B NPHMEpe C Mrpo-
BbIM annapaTtoM, NOKa He MPOH3BeJeHO MHOI'O MHJIJIHOHOB HCNBITaHH .
K 3Toii e cxXeme OTHOCHTCSt CTPaXOBaHHe OT NOXapa, aBTOMOGHJBHBIX
KatacTpod H T. A.; PHCKY NOJABEpraercst OrpoMHas CyMMa, HO COOT-
BETCTBYIOIas! BEPOSITHOCTh OYeHb Mana. Kpome Toro, cTpaxosadue npo-
MCXOMHT TOJNBKO OJMH Pa3 B rOfl, TaK 4TO YHCJIO HCNIBITAHHI 7 HHKOrJa He
craHoBuTcst Goabiunm. Jna 3acTpaxoBaHHoro Hrpa Gyner «HeGe3o6H-
HOMH», HO TE€M HE MEHEE 3KOHOMHYECKH BBLITOJHON; 3aKOH OOJLINHX YH-
ceJl 3[iech HH OpH ueM. Urto KacaeTcst CTPaxoBOH KOMMAHHH, TO OHA HMe-
eT Jies10 ¢ 6OJLIIMM THCJIOM HIP; HO TaK Kak JAMCIEpCHs BeJHKa, TO BO3-
HHKawoT cayualfinple Gaykryauud. CTpaxoBble NpeMHH AOMXKHB ObITh
TaKHWMH, 4YTOObl NPENOTBPATHTh OFPOMHBIA YORITOK B OTAENbHBIE TOMHI,
H 03TOMY KOMIAHH$ HMEET AeJIo CKopee C 3ajlaueil 0 pasopeHHH, 4em C
3aKOHOM OOJIbIIMX YHCEJL.

§ 4*). NETEPBYPICKASI HI'PA

B kaaccuuyecKod TEODHH MNOHATHE MAaTEMaTHYECKOro OXKHAAHHA He
OLII0 YETKO OTAENEHO OT ONpeleNEHHsT BEPOSATHOCTH H B oOpallleHnH ¢
HMM He 6bLIO JlOCTAaTOYHOH MartemaTtdueckod ctporoctd. [lostomy uay-
yeHHe CAy4aiiHbiX BEJMUHH, HE HMEKIOIHX MaTEMaTHYECKHX OXHAAHHH,
CTAJIKHBAJIOCh C HENMPEOJOJHMEIMH TPYJAHOCTSMH, H JlaXKe CPABHHTEIBHO
HeJlaBHHE MHCKYCCHH KaXyTC# CTPAHHHIMH TOMY, KTO H3y4aeT coBpe-
MEHHYI0O TEOPHIO BeposfiTHOCTEH. BaxHOoCTh ciayuadHBIX BEJIHYHH, He
HMEIOIMX MAaTEMAaTHYECKHX 0XHIAaHHH, Obl1a MOAYEPKHYTA B NPEABILY-
meM naparpade, W BNoJHe eCTECTBEHHO NPHBECTH 3/leCh NPHMEDP aHajo-
ra 3akoHa GOJbILIMX uHces AJs 3THX BeAuunH. C 3Toi Hesnio M pac-
CMOTPHM H3BECTHHIH Napajokc nerep6y prekoi Hrpu ).

B nerep6yprckoil Hrpe Kax[oe WMCNLITAHHE COCTOMT B OpOCaHHH
NpaBHJILHOK MOHETHI IO T€X NMOP, NOKAa He BhiNajer repb; ecau 310 CJIy-
YMTC NpH 7-M GpOcaHHH, TO HTPOK noJayuaeT 27 noanapos. Muaye ro-
BOP#, Mbl HMEEM JIEJIO C HE3aBHCHMBIMHM CJYYaHHbIMH BEJHUHHAMH, KO-

*) Sror naparpad momer ObiTh ONYINEH NPH NEPBOM YTEHHH.
1y Bror napajokc 6ua pacemorper Januuaom Bepryaan (1700—1782), Ormeruym,
9T0 MCNuTaHuA BepHyanu ObHM HasBaHW B uecTs SkoBa Bepnynnn,
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JOpEle NPHHUMAIOT 3Havenns 2%, 2%, 2%, .., o BeposATHocTAMH 273, 272,
27%, ... cooTBeTCTBeHHO. MareMaTHyeckoe OXHIaHHE (OpMajbHO O«
penensieTcss cymmolt XX.f (%;), B KoTopo#t x,=2" u f(x,)=2-", TaK ytoO
Kamjoe ciaraemMoe paBHo elMHHIe. Takum o6pa3oM, B 3To# urpe ue
CyLlecTBYeT KOHEYHOr0 MaTeMaTHUYECKOro OXHAAHHA H 3aKOH GOJbIIHX
yyceNl HENPHUMEHHM. SICHO, YTO Hrpa cTaHeT MeHee GJaronpHATHOR AJs
HIpOKa, ecJiH M3MEHHTb NPaBHJ/a H YCTAHOBHTb, YTO HI'DOK HE MoJyya-
€T HHUero, ecJH KesjaeMmblil pe3ynbTaT He GyIeT HOCTHrHYT nocae N
Gpocanuii (1. e, pemerka BunaneT N pa3 noapszn). B sToit M3MeHeHnoit
Hrpe BHIMIPBILI HMeeT KOHEUHOe MareMaTHyecKoe 0xMAaHue, paBHoe N,
¥ 3axon OoJbLIHX YHcen npuMeHnM. K3 atoro cneayer, uto Mcxomnas
urpa Gyler «GnaronpusitHOH» IS HrPOKa, Oae €cJai OH IJATHT
B3HOC, PaBHBIHl N, 32 NpaBo HrpaTh B OLHOH NapTuH. ITO CNPABEAJHBO
A9 Kaxjaoro N; onHako gem 6oabuie N, Tem Gogabliue I0MKHO GbITh ulic-
JI0 HCOBITaHHH, 4TOOLI Ob1 BEPOSITEH MNOJOXUTENBHLI BHIMIPBILI, TaK
yTo GECcCMBICJEHHO FOBOPHTb O «GnaronpusTHOM» urpe. Knaccuyeckas
TEOpHUS YTBEpPXJAana, 4To W' ==oo spiseTcs «6e3001JHbIM» B3HOCOM, HO
COBPEMEHHBIH CTYJEHT C TPYAOM NOHMET TyMaHHLIE PacCyXKIeHHs, IpH-
BOJIMBIIHE K 3TOMY «NapaloKcys.

OKa3snBaeTcsl BIOJIHE BO3MOXHBIM ONpPENeIHTh B3HOC 33 NPaBO y4yac-
THs1 B neTepOyprckoil Hrpe TakuMm o6pasoM, YTOOLI oHA HMEaa Bce CBOI-
cTBa «6e300MIHOM» HFPHL B K/JaCCHYECKOM CMBICJIE, 33 HCKJIIOYeHHEM TOTO,
YTO 3TOT B3HOC OYJAeT 3aBHCETb OT HOMEPAa HCNBITAHHMS, BMECTO TOrO
yTO6BI OCTABAThCA MOCTOAHHBIM. [lepeMenHbIll B3HOGC HEYHOOEH B HIOp-
HOM JoMme, OQHAaKo NeTepOyprckass Mrpa M Ge3 TOro HeocyllecTBHMA
BCJIEACTBHE OFPaHHYEHHOCTH HMMEIOMHXCH JEHEXHHX cpeiacTs. B cay-
yae KoHeyHoro Martematuyeckoro oxuianus p=E(X;)>0 urpa ua-
apiBaeTcs «Ge306HAHOMNY, ecs NpH OOJBIIKX 7 OTHOLIEHHE OOLIero BbI-
urpbima S, K ofweMy ynsiayeHHoMy B3HOCY e, OyIeT, BeposiTHO, 6JH3-
KHM K egMuHle (T. e. eciaM pasHocTb S,—e, OyaeT, BePOSITHO, HMETh
NOPSIOK, MEHBIUHE ueM e,). Ecan Mmaremartuueckoe oxunanue E(X,)
HE CYLIECTBYET, TO HeNb3sl COXPAHATh B3HOG 3a NPABO YYacTHs B Hrpe
NOCTOSIHHEIM M HAJ0 OnpelenuTb e, WHaue. Mbl OGyleM roBOPHTBb, YTO
uzpa ¢ obujum 83HOCOM e, ABAsiemCs 6e300UOHOL 6 KAACCUECKOM CMbiCAe,
ecau 0as Kaxwdoeo €0

- P{|S,/e,—1I>e} 0. .1y

D70 NoJHbIH anajor 3aKoHa GOJBIIKX YKces, rie e,=np’, 3akon 60,b-
IIMX YHCEN NoHHMaeTcss GM3MKOM B TOM CMBICJE, YTO CPELHEE H3 1 He-
33aBUCHMBIX H3MepeHHH oKasbiBaeTcst OMH3KMM K W. B namnom npumepe
CpelHee W3 7 H3MepeHH i oKasbBaeTcsl OJM3KHM K en/n. B Tex ciyuasx,
Koria npelenbras teopema (4.1) IpHMEHHMa, OHA HMEET TAKOE XKe Teo-
pETHUECKOE M NPAKTHYECKOE 3HAYCHHE, UTO U 3aKOH OONBLIMX GHCeI.
[lokaxem Temepb 1), uTo nemepbypeckas uzpa CmaHosumcs «6es-

1y Bro uacTHHf cyyat 3aKoHa GOJBIAX YHCENT, 3 KOTOPOTO JIErko BRIBECTH He-
OBXORMMHE H JOCTATOYELIe yesiopus BunonHenus (4.1); cu, Feller W,, Acta Scientias
rum Litterarum Univ, Szeged, 8 (1937), 191—201,
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06UOHOUY 8 KAQLCUHECKOM CMbICAE, ecAu NoAOXcums e,=n Log n, rae 10«
TapupmM GepeTcsl N0 OCHOBAHHUIO 2, T, e, 210¢ # =n,

Hokasameascmeo. Vicnonnayem meTol yceyenus M3 § 2, onmaxo Ha
5TOT pa3s onpexenuy cayuainse sesuuunsl Uy v Vy (=1, 2, ..., n)
CJEAYIoUMM 06pa3oM:

U,=X,, V,=0, ecm X,<nlogn, (4.2)
U,=0, V,=X,, ecm X,>nlogn.

Toraa

P{l e;1s11—1 l > £}<P{l U1+ b +Un—en|> Sen}+
FP{Vid ..V, 0}, (43
TdK KakxK CO6bITHe, CTOSIIIEE B JIeBOﬁ 9acTH Hepaseucrsa, HE MOXeT

NPOM30HTH JI0 TeX NOP, N10Ka He [POU30HAET X0Ts Gbl OXHO M3 cOBHITHH,
cTosiu#X B Tpaeofi uactH. HTak,

P{Vi+...4+V,5£0} <nP{X;>nLogn}<<2/Logn—0. (4.4)
IlosTomy, urob6u npoBeputs (4.1), ROCTaTodHO AOKasaTh, 4TO

P{{U,+...+U,—nLogn|>enLogn}—0. (4.5)

TlonoxuM p,=E (U,) u oi=Var(U,). DT BeJHuKHE 3aBHCAT OT N,

1o onunaxosel ans U, Ua, o .., U,. Eciu r — nanbossiuee u3 1e/kIX

urces, YAOBJeTBOPsiOUIMX HepaBeHctBy 2'<Cn Logn, 10 p,=r, W,
C/1e10BaTe/bHO, AJA AOCTATOYHO GOJBIUHX N

Logn <p,<Logn-LogLogn. (4.6)
Ananoruuso
R <EUD=2424... .+ <2< 2logn. (4.7

Taxk xak cymma U, 4 ... 4 U, umeer MaTeMaTHYECKOE OXKHAAHHE N,
¥ JUCIEPCHIO n0o2, H3 HepaBeHCTBa UelhLeBa NOMyyaeMm

P“U1+"'+Un—np’nl>£np’n}<

2
non 2
242, 2 e2Logn
e2niu,

(4.8)

Teneps, cornacro (4.6), umeem p, ~Logn, u, caenosarensno, (4.8)
skBuBaNeHTHO (4.D).

§ 5. CIYUYAAHBIE BEJIMYHUHBI
C PA3JIMYHBIMU PACTPEAEJIEHN AMH

Jlo cHX 1Op Ml paccMaTpHBa/M TOJbKO CAYyYailHble BeJMUuHH Xp,
HMEIoIHE OJAHMHAKOBRIE pacCllpelesIeHHA. 2ra CHTyauusa COOTBETCTBYET
ﬂOBTOpEHHlO OAHOﬁ U TOM Xe Hrpm; OJHAKO elle nmepecnee BBISICHHTD,
4TO CAYHHTCS, €CJIM BHA UI Phl 6yeT H3MEHATLCS Ha KaXKIOM Iuare. g
sTOro0 He 00fA3aTENLHO NPEACTaBJATL ce6e HIOPHBIH AOM; CTATHCTHK,
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NPUMEHSIOIH I CTATHCTIIUECKHE KDHTEDHH, 3aHAT BIIOJHE AOCTOHHBIM
BHJIOM «HIDbI», 4 B €r0 CJyuae pacnpeleieHHe CyyaliHbiX BEJAHUHII Me-
HSIETCS1 OT CIHOro miara K APYromy.

Huns onpezenennoctn npeiactasiM cefe, 4To 3amana 6GecKoNnCuYHAs
f10CJICAORATE/ILHOCTD PACTIPEAENIENHH BEPOSTHOCTEH, T2K YTO NPH Ka-
JIOM 7 MBI HMEeM /1 B3aHATHO He3aBMCHMBIX CAVYaHHBIX Beowudy Xy, . . .
+ « «, Xp C 33JaHHBIMH pacnpefenentisMi. JTIPEANONOXKHEM, UTG MaTeMa-
THUECKHE OXKHAAHHA H LUCICPCHH CYILECTBYIOT, H INOJIOXHM

p‘k=E(xk)r U};=Var (Xk)' (51) ’

Cymma S, =X,--...-+X, uveeT MaTevartHuecKoe OXHAaHue m, H
ZHCTIEPCHIO 3, onpejensieMuie GopMyJaMu

my=p 4+ ...4u, s=0-4...+0, (5.2)

(cm. dopmyst (2.4) 1 (5.6) rar. 1X). B uactHoM caiyuae oXHHAKOBBIX pac-
npelesieHiit Mpl UMeJH Mp=1l, Si=no?

Toeopam, umo 0as nocaedoeamensnocmu {X,} ewnoansemcs (cia-
Ovul) saxon Goavluux uucer, ecau npu raxcdom e=>0

P{IS,—m,|/n>¢e} — 0. (5.3)

O nocaedosamensrocmu {X,} 20sopsm, umo ona ydosremeopaem yeHin-
paavroll npedeabHol meopese, ecau npu noborx QUKCUPOBAHHBIX a<f

Pla < (S,—m,)/s, < B} — N B)—N (a). (5.4)

Onua 13 xapakTepHbX OCOGEHHOCTEH TEOPHH BEPOATHOCTEH 3aKJIO-
yaeTcs B TOM, UTO ¥ 3aKOH GOJILIUMX YMCEJ, M LEHTpa/bHAasd Npeielb-
Hasg TeopeMa BHINOJHSIOTCS 1718 TOpasiTe/JbHO IUHPOKOTrO KJjacca noc-
senosatensroctell {Xy}. B uacTHocTH, 3axon 6oasutux uucea cnpaged-
auUs Kawouidl pas, Koz0a cayqadnvie geautiinol Xy PABHOMEDHO 02paHU~
4eHol, T. €. CYLlecTBYyeT Takas koHctanta A, uto |X,|<<A npu Bcex k.
Eonee ofuee ycaosue, docmamounoe 04 mozo, 4mobbl 65(NOAHAACA 3AKOH
6oabiuLLx MILCEA, COCINOUN 8 MOM, YMmO

s,/n — 0, (5.5)

S10 yTBepHIeHHEe ABJSETCS NPAMBIM CJEJCTBHEM HepaBeHcTsa UYefhi-
1ieBa, ¥ IOKa3aTesibCeTBO, NPHBEJEHHOE B caMom Hauadge § 2, 3xeck nod-
HOCTHIO TIPHMEHHMO. 3aMeTHM, OLHAaKo, 4TO ycJjoBHe (5.D) He aBaseTcs
HeoOXORUMBIM (CM. 3anauy 14).

MaBecthnt pasmiuuble OCTATOUHLIE VCJOBHS AJas UenTpasbyofi npe-
JIeIBHOR TeopeMbl, HO BCE OHH CJEAYioT M3 meopemvr Jlundebepea *),
CO2AQCHO KOMOPOL UeHMPAAbHA] Npedessras rMeopema 6uNOAHAEMCS,
ecau npu Kanoom e=>(0 ycevennwe cayuatinoie eaudunst Uy, onpedesen-
Hble opatyaamu

U, =X, —u,  ecau | X,—n,|<es,

U,=0, ecau | Xpg—u,| > €5, -0

%) Cu, npwmeyanue 2 Ha cTp, 258,
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ydosaemaopaom ycAoBUAM S, — 00 U
n
(/sh) 2 EUD — 1. 3.7)

Ecan cayuaiinne BeauuuHn X, DABHOMEPHO O DAHHYEHHI, T. €.
ecan |Xpl<<A, 10 cayuaiinsie BenuunHbl Ujp=Xz—Up AN BCEX n Ha-
CTOJbKO 6OJbIUKX, uTo S,>>2Ae~1, Torga snesas uacts (5.7) pasua 1.
[Tosromy u3 Teopemn JlunpgeGepra cJjiefyeT, YTo Aw06as PasHOMEPDHO 02-
panuvennas nocaedosamensrocme {Xy} 83auMHO Hesasucumbix cayuati-
Hbix BeAudut YyOosaemeopsiem UeHMPAAbHOU npedesbHol meopeme B
NPEANOJNOKEHHH, KOHEYHO, 4TO §, — oo. [loannee Ow10 nokasaso ),
uTO ycaosHe JIuHAeOepra Tak:xe siBaseTcss H HeOOXOAHMBIM /151 cnpaBef-
auBocTH (D.4). JlokasaTeanCcTBO 3ITOFO yTBepXJAeHHs Oyler JaHO B
ToMe 2; TaM K€ NPHBOAATCS OLEHKM PA3HOCTH MeXIy BEeJIMYHHAMH,
CTOSIIUMH B NPaBoil H JIEBOH uacTax cooTHoweHus (5.4).

Mul nokasanw, 4To B CJyyae, KOr4a cayyalHble BelHuYHHBI Xj uMme-
10T ONMHAKOBLIE pAacnpeleseHHsi, LEHTpannHas INpeleNbHas TeopeMa
CHJIbHEE, YeM 3aKoH GoabluuX uuces. OnHako B oOlEM cJayyae 3To He
TaK, ¥ MH YBHJHMM, YTO LiEHTpa/ibHas NpejesbHas TeopemMa NpHMeHHMaA
H K [NOCJEN0BATEJNLHOCTAM, HE YIOBJETBOPSIIOMMM 32aKOHY GOJbIUHX
quce.

Mpumepet. a) Ilycte A >0 ¢uxcupopano, u nycts X, =4 k*,
NpuHueM KaXKIOE 3HAYEHHE NPHHMMAeTCsi C BeposATHOCThIO 1/2 (Hanpm-
Mep, c;:ana npu k-M 6pocanuu momern pasHa =+ k*). 3gecb p, =0,
o} =F" n

2= 12 4 22A 43 nth o~ A1 2h 1), (5.8)

VYenosue (5.5) cnpasepiuso npu A < 1/2. CnenoparesbHo, 3aKOH 60b-
Wwux yucea BmmosHaetca npu A < 1/2; nokaxkem, urto npu A= 1/2
3aKoH GOJBIUMX YHceJ HE BHINOJHAETCA.

Mpu k=1, 2, ..., n umeem |X,[=k*<n* nostomy npu n>
> (2A+4-1)e~? yceuennne nepemensele U, cosnajaiot ¢ X,. Taxkum
ofpasoM, ycioBHe JluHzeGepra BhINOJHSETCS H

P{ o<V @A+ 1T)/nar+i S, < B} — N (B)—N (@). (5.9)

CnefoBaTeNnHo, BEPOATHSE Bcero, yto cymma S, 6yler umers nops-
IOK pocta n*+1/2) Tak uto npu AZ>1/2 saxkon GofblMX yHcea He
BLIOJMHACTCS. B 3TOM NpHMEPE YeHMPAAbHAS npedessHasn ImeopemMa

1) Feller W., Uber den zentralen Grenzwertsatz der Wahrscheinlichkeitsrech-
nung, Mathematische Zeitschrift, 40 (1935), 521—559. INonyuenn Takxe oGo0EHUs
LEHTPaNLHOR Npefie/IbHON TeOPEMBbl, NPHMEHHMblE K CAyuyallHEIM BeJHYMHAM, HE HMe-
IO MM MareMaTHuecKHX oxHAaHuA. OTMETHM, YyTO 37eCh Mbl PACCMaTPHUBaeM TOJLKO
He3aBUCHMEIE CyyafHble BEJHUHHE; A 3aBHCHMBIX C1y9afHHIX Be/MuUHH yc/oBue
JlunaeGepra He fBasercs HH HeoOXOQHMBIM, HH JIOCTaTOYHHIM,
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npumenuma Oan ecex A >0, a 8aKoH Goavbwux Huces— moasko npu
A< 1)2.

6) PaccMoTpuM JBe He3aBHCHMBlE TOcJenoBaTelbHoCTH no 1000
Gpocanuit Mouetbl (i u3saedenne no 1000 momeT u3 ABYX ypH) H
HcaenyeM pasrocms D uncen Bunageusa repfa. ITycte 6pocanus geyx
NOC/IEI0BATEIbHOCTEN  3alymMepoBanbl yucsamy oT 1 po 1000 u ot
1001 no 2000 coorBercTBeHHO, a 2000 coyyaliHbiX BelHYMH ONpeLeneHk!
clepyiouuM obpasoM: ecin NpH k-m OGpocaHud Bhinana pelleTka, To
X,=0, ecsim xe Boman rep6, To X,=1 a1z £<{ 1000 v X,=—1
ans k> 1000. Toraa D=X, ... 4+ X, Cayuaiinuie eesunsbl X,
HMEIOT CpefHee 3Haucnue |, = 4= 1/2 u mucnepcmo of =174, nostomy
E (D)=0 u Var (D) =500, CnegosaTesnntio, BEPOATHOCTb TOrO, 4YTO
pa3Hoctb D 6yjerT HwmeTh 3HaueHue B Nperedax +}/ 500c;, npHONH3H-
TesbHo paBHa N (@) —N (— @), U cayuaitnag eeauyuna D cpaBHHMA
¢ oTksoHeHueMm S,;,,— 1000 uncna enmnagenud rep6a B 2000 Gpocanutt
ot cpepuero urcna suinagexmit 1000,

B) [pusioenyst Kk meopuu HacaedcmeeH HOCMLL HILTIOCTPH PYIOT GOJb=
Imoe pasHooOpazie BLIBOAOB, OCHOBAHHLIX Ha UEHTPAJILHOH MPEeAe/he
HOA Teopeme. B ra. V, 5 usyuaanch cBoicTBa OpraHM3ma, KOTOPHIA
TI0 CYMIECTBY 3aBHCST TOJIBKO OT OJHOM Nnape: redos (annenei). Mor npen-
noJlarafu, 4To Apyrue CBoicTBa (TakHe, HanpHMep, Kak pPocT), 3aBUCAT
OT COBMECTHOro AEHCTBHSA MHOrHX nap rexos. Has npoctoTul H3soxkKe-
HUSA [PEANOJOXKHM, UTO AI8 KaXKJI0H OTAGNIbHOfl Naphl [eHOB CYUleCTBY-
1ot Tpu resotuna AA, Aa wm aa. [lycTb xi, X4 H X3 — COOTBETCTBYIO-
mue 3¢heKThl 3THX reHOTHNOB. [€HOTHN WHAMBHAYYMA sBJSETCS
C/lyualHbiM cOOBLITHEM, M BKJAJ OTAEJbHOH Naphi reHoB B KOHEUHbIH
pesyJILTAT, pocT, ecTh CydyaHuas BelnwuuHa X, npuHUMalouiag TpH 3Ha-
QeHMSA! X1, Xz, X3 C HEKOTOPbIMH BEpOSITHOCTSIAHM. PoCT 3a8BMCHT OT COB-
MeCTHBIX BKJIAJOB MHOIHX TaKHX CJaydYaliHblX Beqnuns X, X, . . ., X,,
¥ TaK KaK KamJblf M3 5THX BKJAA0B MaJ, TO B NEPBOM NpulOJIHKeH:iiH
MOXHO CYHTaTb, Y10 pocT paBeH cysae Xi+...+X,. KoueuHo, He
sce X, B3anMHO He3aBucHmil. Ho LeHTpanbHas npejenbHas Teopema
CIpaBefliBa TaKKe H JJIs IUMPOKOIO KJacca 3aBHCHMbIX CJYUYaHHbIX
BeJUUYMH, M, KpoMe Toro, GONBbIIHHCTBO caydaiiHbiX BeaHuyuH Xp, Be-
pOSITHEE BCEro, MOXXHO CUHTATb HE3aBHCHMBIMH. DTH pacCyKAeHHs MOXK-
HO YTOUHHTb; OHH MpPHBELEHb! 3JECh TOJNLKO ANiA TOrO, YTOSb [OKA3aTh,
Kax LeHTpaJ/bHas NpejensHas Teopemd oObacusier ToT (akT, YTO 3MIIH-
pHUECKHE pacnpefe’eHHss MHOTHX OHOMETPHUeCKIX TOKaszaredaed, ra-
KHX, KaK pOCT, GJM3KH K HOPMAaJbHOMY paclipefiesiendlo. Jrta teopus
TIO3BOJISIET TaKKe NPeACKasbiBaTb CBOHCTBA, KOTOpble flepefaloTcs Mo
Hac/IeACTBY, HanpHMmep OLEHHMBATb CPEAHHH POCT nereil, 3Has pocT HX
poautenelt. Taxkwe OHOMeTpHUecKHe 1cc/eR0Balilsl  OLIIM  HAYATHE
®. Tansronom u K. Tlupconom ).

1) ®dpencre aavron (1822—1911); Kapa IMupcon (1857—1936),
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§ 6*). MPUNOXEHHSA K KOMBHHATCPHOMY AHAJIH3Y

ITpuBeseM xBa npuMepa NpUJIOMEHHH LEHTpanbHOH mnpeaenbHOA
TEOpPEMbl K 3afauaM, KOTOpble He CBSI3aHbl HENOCPEACTBEHHO ¢ TeopHelt
peposiTHocTed, O6a nprmepa OTHOCRTCS XK nl nepecTaHOBKaM 3J/eMeH-
TOB @i, . . ., Qp, NPHUEM KAXKJIOH NEPECTAHOBKE NPHNHCLIBAETCH BEPOSAT-
BocTb 1/n!.

a) Hueepcuu. T'oBopaT, UTO 3/1€MEHT a; 06pa3yer B JaHHON NepecTa-
HOBKE  WHBEpCHH, ec/H OH CTOMT BNEDEAH 7 3JIEMEHTOB C MEHbIUIHMH
HOMEpamH (T. €. 3JIEMEHTOB, KOTOPLIE NpPeAlIeCTBYIOT 4, B Harypalb-
HoM nopsnake). Hanpumep, B nepectanoBke (@s;a,4:a,0,0,) 5J€MEHTH
a; ¥ a; He o6pa3yloT HH OJHOH MHBEPCHH, 3JeMeHT a; obpa3syer iBe,
a, — HH OIHOH, gy — JIBE H a, — uYeThipe WHBEpCliH. B nepecranoBke
(a,a,a,a4a.a,) 5neMenT ap o0pa3yer k—1 HHBepcHH, a ofliee YHCAO HH-
Bepcuit paBHO 15. Hucno neeepcHit Xy, 06pa3oBaHHbIX 3JE€MEHTOM A,
sBagercss cayua#noll senuunnon, a cymma S,=X;+. ..+ X, paBHa
oflnemy 4HC/y HHBepCHH. 31ech cayuariHble BelmHunnbl X, NPHHHMAIOT
anauenua 0, 1, ..., B—1, xaxpoe ¢ BeposTHOCTLIO 1/R; mostoMy

pa= (k—1)/2,
0 =[14+224 ... + (k— 1) /k—[(k—1)/2]? = (2 —1)/12.
qHCJIO HHBepCHﬁ, 06p33OBaHHbIX 3JIEMEHTOM ay, HE 3aBHCHT OT OTHOCH-

TEJILHOTO PACTOJIOXEHH S 3JIEMEHTOB @y, Qa, . .« ., Qx_1, H, CJAEJOBATEb-
HO, clyualiHbie BelukHb! X, B3auMHO He3aeucumbl. M3 (6.1) nonyuaem

m,=[14+24...4+n—1)2=n@n—1)/4 ~n?4 (6.2)

6.1)

H
s2=(1/12) D) (k?—1) = (2n® 4 3n2—5n)/72 ~ n%/36.  (6.3)
k=1

ITpu Gonbumix n umeem es, > nz= U, W mosToMy cayuaiHbie Besu-
uniael U, Bxoaswwe B ycnosue JlunaeGepra, cosnagaior ¢ X,. Cre-
LIOBaTeNbHO, TpPHMEHHMA [IGHTPANbHAs IpEeNeJbHAs TeOpeMa, M Mbl
NPUXOAHM K BhIBOAY, uTO wucao N, nepecmanogox, Oas KOMOpPBIX HUCAO
ungepcutl rexcum erympu uxmepeara n*/4 4= (a/ﬁ)l/ nd, acumnmomu-
uecku paeo nl{dN (@) —N (—a)}. B uacTHOCTH, NprMepHO ANs noJo-
BHHBI BCEX NCPECTAHOBOK UHCIO HHBEPCHH JIEKHT BHYTPH HHTEpBana
n¥/4 + 0,11/ no. ,

6) Hukapt. Kaxkayio nepecTaHoBKY MOXKHO pa3bHTb Ha LMKJHL, T. €,
[pYNNbI 3JIEMEHTOB, NepecTaB/seMblX Mex 1y coboli. Tak, B nepecTaHoB-
Ke (23a,013,05a,) 5NEMCHTBl @ H Q3 MEHSIOTCS MeCTaMH M OCTaBIUMecs
yeThipe 3J1eMeHTa NEpECTaBJSIOTCS MEXAy Co0OH; 3Ta mnepecTaHOBKa
CONEPXKHUT [BA LHKAA. EC/IH 3/1eMeHT CTOUT Ha CBOEM eCTECTBEHHOM Mec-
Te, TO OH 06pasyer LMKJ, TAaK UTO TOXKIECTBEHHAsl IepecTaHoBKa (ai,

*) Bror naparpad NOCBAIIEH CNENHa bHbIM BOIPOCcaM H MOXKeT OGHTh ONyINeH nmp
f1epBOM YTEHHH,
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@2, .+ ., Q) COIEPKHT CTOJBKO Ke LHKJOB, CKOJNbKO M 3JIEMEHTOB,
C Jpyro#l CTOPOHBI, UNKJNUeCKHe NEPeCTaHOBKH (ds, Q, . . ., Qu, @),
(as, ay, . . ., 0y, Q1, G5) ¥ T, [ COMEPKAT MO OJHOMY MIIKIAY Kaxcaas. [1pu
W3VUEHIH HUKJOB YA0OHO ONMHCHIBAThL MEPeCTAHOBKI, YKasniBasg CTPEJ-
KahH, Ha Kakye MecTa nepexoXsTt sjeveHTH. Hanpiuvep, sanncn, 1 —-
— 3— 4 — | 03HAaYAEET, UTO 3JIEMEHT @; NEPEXO/IMT Ha TPETLE MECTC, BJe-
MeHT a3 — Ha 4CTBEpTOe MECTO, @, — Ha IIepeoe, W TPeTHH Iar, TaKHM
o6pasoM, 3aBepluaeT UHKJ. HToObl NPOJOJKHTL 3TO OMHCaHIe, HAIO
HaunHaTh €0 CAeNYIOWIEr0o B ecTeCTBeHHOM NOPAAKe 37eMeHta, T. e,
¢ a,. B HophIX 0G03HauenI SX NEPECTAHOBKY (a,, Gy, 41, 4, Aa, A5, Q;, Gy)
MOAHO 3anycaTh B Bije 1->3—>4—> {; 2>5>6->8—> 27> 7.
Muaue ropops, MEI CTPOHM 1epPECTAHOBKY (Qr, « « «, @) HPI TTOMOILH 71
nocJefosaTesibHelX BLiCopoB, CHauaqna wbl HaxOANM MecTo {, 3aHATOE
ay, 3aTeM — MeCTO, 3aHaAToe 4;, ¥ T. A. Ha nepsoM, srTOopoM, ..., A-II
mare uameercs n, n—1, . .., 1 BO3MOXKI0OCTeH, H TOJSBKO OAHA N3 HIX
3aBepluaeT LIHKJI.

[lycTp cayuaiinas senuunHa X, pasHa l, ecaw npu TakoMm nocTpoe-
HHH UHKJ 3aBepluaercd Ha k-M luare, # pasHa O B NPOTHBHOM cJaydae.
(B npexnnymen npumepe Xs=X,=X,=1 1 X;i=X,=X,=X,=X,=0.)
Quesnano, yto X;=1 TOrjaa 1 ToOAbKO TOFJa, KOrjAa 3/1eMeHT aj CTOHT Ha
nepsom Mecte. M3 wHawero noctpoeHns caeayer, uto P{X,=1}=
=1/(n—k+1), P{Xy=0}= (n—k)/ (n—k-+1) n cayualinble BeTHYHHBL
X}, B3auMHO He3aBHCHMB! !). MaTemartnueckue OKHMAAHHUS I AUCMEPCHU
BeJMYHH X, COOTBETCTBEHHO DABHLI

pe=1/(n—k+1), oi=(n—~)/(n—k+1) (6.4)
OTKYja cJeayer, 4To
m,=14+1241/34... 4 1/n~logn (6.5)
H
sh= 3 (n—k)/(n—k+ 1) ~logn. (6.6)
k=1

Cynsta S, =X, ... +X, paBHa ofwmevy 4ucay uuxaos. Cpednee
YUCAO YUKAOB PABHO M, YUCAO NeLECMAHOB0K, OASL KOMOPbBLX HUCAO
yux108 sakawseno  mexdy  logn+a)logn u log n+pV logn,
npubausumessno  pasio  nl{9 (B)—I (@)}. bosee TouHwle oueHku
JAIOTCS YCOBEPLICHCT BCBANHLIMY BapHaHTaMi LEHTPaJbHOH NpejeabHol

TeopeMb! %).

1) Qopmanpuo pacnpejencnue clyuaikHolt permiuie X, 32BHCHT HE TOJMBKO OT k*
HO Tak¥e M OT n. OJHako JoLTaTouHo NepeynopsiouHTh Xz B o0GpaTHOM nopsjKe,
4yTOOH MOJIYYHTb CJyualHhle BEJIIYHHBI C pacnpeiesieliHeM, 3aBHCAWIKM TOJILKO OT
ungekca. (Cs. taxxe npumep ra. XI, 2, n).)

2) MHOro pas/MMyYHBIX aCHMITOTHYECKHX OLEHOK, OTHOCAIHXCA K KOMOHHATOPHOMY
ananuay, noayyeso B paGore [ouuapos B.J1., M3 obnactr komGinatoproro ananu3a,
HMas. AH CCCP, cepus marem., 8 (1944), 3—48. Hcnonb3opakHbik 3,1€Ch METO NPOILE,
WO uMeeT MeHbIyIo obaacTe nprMenmsocti; cM. Feller W., The fundamental limit
theorems in probability, Bull, Amer, Math, Soc., 51 (1945), 800—832,
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§ 7%). YCHUJIEHHBIA 3AKOH BOJIbIIMX YMCEJ

M3 (caaboro) 3akona Goabwux uncen (5.3) cienver, 9to A8 KaA0-
ro JOCTATOUII0 GOJBLIUOIO /1 BEChMa [PaBAONCAOfHO, YTO OTKJOHEHIE
1S,—my| oxaXkeTca MaanLiM 110 CPABHEHHIO ¢ 1. B CBA3M ¢ HCNBITAHH AMH
Bepuyaau yxe 6uuie ykasawo (ra. VIII), 49ro n3 storo me cuieayer,
uto |S,—my,l/n ocTaetcsi MasawM 015 BeeX GONBIIHX /1; MOXKET CAyYH1b-
CS1, 4TO 3aKOH GOJIbIUMX YHCE] NpPHMEHHM, Ho |8,—m,|/n npoponxaer
KoJ1eGaThCs MEKAY KOHeWIbIMH HJIM OeCKCHEUYHBIMH IpaHHNaMH. 3arKcH
GosbINX 4HCEs NMO3BOJSEeT YTBEPXAATh TOJLKO TO, UTO GoJbliHe 3HAa-
uenns |S,—my|/n N0gBIAOTCA OUeHb peiKo.

Byden zosopums, umo nocaedocamensrocme X, yoogaemsopsem ycu-
AEHHOMY 30aKOHY Boabuiux uuten, ecau Kaxcood nape 0, §>0 coom-
sememayem N, das xomopozo ¢ sepoamuocmeto 1—8 uzu Goasetl Oan
atobozo r>=0 evinoarnsaromea éce r1 Hepasencms

IS, —m, |In<e, n=N, N+1, ..., N+r. (7.1)

I'pyGo roBops, (7.1) osnauaer, 9TO C BEPOSTHOCTbIO, O/H3KOR K eni-
muue, |S,—m, [/n ocmaemca manbM?') npu Bcex n > N,

Kputepuit Koamoroposa. Cxodumocms psda
Doi/k? (7.2)

fagagemes QocmamoyHsim  ycaoguem 0as moeo, umober ycureHrol 3a-
Kon 60abuux wucea Obin NPUMEHUM K NOCAEO0BAIMEALHOCINYU  63ALUMHO
Hesasucumblx cayuatinerx seaudun X, c¢ Oucnepcued .

Hoxasameascmao. [lyctb colbitee A, cOCTOMT B TOM, YTO HepaBeH-
ctBo (7.1) He BhinosHsercs xoTsi Obl NMpU OZHOM # M3 MHTEpBasa
2¥-1 « 1<C 2%, OyeBHJHO JOCTATOUHO JOKA3aTh, YTO I1PH AOCTATOUHO
GonblioM V M NpPH BCeX 7

P{A}+P{Au}+ ... +P {4} <58,

T. e. AoKa3zaThb cXomumoctb psaga XP{A,}. Ho ecm cobbitne A, npo-
H30IUIJI0, TO STO 03Hauaer, YTO NPH HEKOTOPOM AN H3 HHTepBana
2¥-1 < n<{2Y BHLINOJIHSACTCS HEPABEHCTBO

IS"—m"|>e.2V-1, (73)
¥ no HepaBeHctBy KoJmvoroposa (ra. IX, 7) uwceum

P{A} <4~ 53,277, (7.4)

*) Sror naparpac NOCBAHIEH CHEUHANbHLEIM BOMPOCAM H MOXKET GHITh ONYIIEH NpH
NMEpBOM YTEHHH.

1) B ofimeft TeopHi BBOJHTCA NPOCTPAHCTBO 3JEMEHTApPHBIX COBHITHE, COOT-
BeTCcTRYIOHlee GeckoHeuHoft nocienoBaTeabHocTH {X ). Vcunenubli 3akoH 6obWAK
yHce/l YTBEpKRaeT TOTAa, 4TO |S,—m,|/n CTPeMHTCA K HYJIO C BEDOSATHOCTHIO
epuHHUa. B TepmHHOMOTHH TeOpHH QYHKUHA AeACTBHTENBLHOTO NEPEMEHHOTO YCH-
fleHHBIH 3aKoH OoJBUIKX 9HCET 03HAYaeT CXOAMMOCTb [OYTH BCIOAY, 4 caabbli
83KOH GoJBIIHX THCEJ 3KBHBaJEHTEH CXOJHMOCTH No Mepe,
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TlosTomy
@ 2V

DP{AI<4 Y 2 Y gi=42 X of D 2
v=1 =1 = vV >k
k

Y k=1 k=1
o 02
- k
< 83 2}1 551 (7.5)
YeM H 3apepluaeTcs AOKa3aTesJbCTBO. >

Kak npumep Tunnunoro npuaoxenns kputepns Kosamoroposa ao-
KaxKeM CJIeXYIOYIo TeopeMy.

Teopema. Ecau 83aumHo Hesasucumble caywaiinsie eesuuuns: Xp
umerom odunakosvle pacnpedescuus sepoamuocmed {f(x;)} ¢ Koneurom
mamemamuseckum oxcudanuem w=E(Xy), mo nociedosamessrocms
{X,} yOosiemeopsem ycurzrHOMY BaKOHY CoAbLILX uucen.

Jannas Teopema, KOHEYHO, CHJBHee, YeM cJabblfl 2aKOH GOJBLIKX
yncen U3 § 1. 311 ABe TeopeMH NPUBOAATCS OTAENLHO, TdK Kak HX JO-
Ka3aTesIbcTBA HHTEPECHBI C METOAOJOTHYecKOH ToukH 3penusi. Orho-
CHTeJBHO 0GpaTHLIX YTBEpXKAEHHH cM. 3anaul 17 u 18,

Hoxasameaecmso. CHoBa ncnogae3yem Mmerol yceuennsa. Onpenenum
JlBE HOBbIE NIOCJIEJOBATENBLHOCTH CJAYYAHHBIX BeJIIUMH, [oJaras
U,=X,, V,=0, ecaul|X, <4,
U,=0, Vo=X,, ecau |X,|=F
Cnyuaiinpe penngunsl U, R3aMMHO HE32BHCUMEI, H Mbl [OK2MKeEM, 4TO

OHH YJAoBAeTBOPsHOT KpuTephio KosaMoropoea. Ecad of == Var (U,),
TO

(7.6)

G<EUD= 3 xif(x) (7.7
fepl <k
JJIs KpaTKOCTH IOJOMKHM
a,== > lx; | (x)). (7.8)
v-1<g| x, | <v

Tak kak MaremaTuucckne oxufanus E (X,) cymectsyior, pan D) ay
cxoautcs. Kpome toro, u3 (7.7) creayer, uTo

oi<<a,-+2a,+3a,+ ..+ka, (7.9)
H
] 2 @ 1 k ® 8 I o
2%< Z 7= 2 va, = Z va, Z F<2 2 a, < oo, (7.10)
k=1 k=1 v=1 v=1 k=v v=1

Takum o6pasoM, A1 nocnenoBateapHocT {U,} pan (7.2) cxoautcs.
Ilockonsky

EUp = = lle2< . xif (%) (7.1),
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P

TO W, — W H, CJNEJOBATENBHO, (W, -+ ... -+u,)/n— p. [losTomy, npu-
MeHsisl K nocaenosartenpHoctd {U,} ycmienHbl# 3akoH Go/bHX uncel,
ybexnaeMcsl, yTO HepaBeHCTEO

<e (7.12)

n
nt 3 Ug—n
k=1

BBINOJIHAIETCS @ BEPCSITHOCTDLIO, fie MeHbiued dem 1—8 npw acex n>N,
ecsm N BeifpaHo joctatouno GoneimMm. OcTaeTcs A0Ka3arb, 4TO aka-
JIOCHUHOE yTBepxKieHne OyJeT cnpasefsuBo, ecd U, 3aMCHHTL Ha X,
s sTOrO, OYEBHAHO, AOCTATOYHO nOKa3arth, 410 N MOXHO BhHIGPATDH
cTosib GosblunM, yto cobbitie Up=X, ans scex k>N umeer Bepost-
HOCTb CKOJIb YTOAHO GJIH3KYIO K eJiHile. ITO B CEOI0 O4epelb CBORUT-
CSl K YTBEPXKIEHMIO, COCTOSIIEMY B TOM. 4YTO C BEPOSITHOCTLIO eAMHKIA
TOJIbKO KOHEUHOE YICJIO CJyYaiHbX BeJHUHH V, orHuno ot Hyas. Co-
FJacHO nepsoH semme Dopens — Kaunreanu wa ra, VII, 3, xna atoro
HYKHO J0Ka3aTb cxoammocTs psina P {V,#0}. Jlerko Bumerb, 4TO

PV, 0} = ,x,%nf () STmelplua gty (713)

¥, C/ef0BaTeNsHO,

SRV, 20l 3 Y s ¥ S 1N <o, (T.14)

n=1 v=n v=1 n=1 v

<

l

9TO H yTBEpPAKJA/0Ch.

§ 8. 3ANAUK

1. loka3aTts, 4TO 32KOH GOJILIIHX YMCEN NPUMEHNM B npuMepe 5, a) TaKxke
B npu A <<O0. LenTpajbuas mnpefenbias TeopeMa BLUMONEAETCH, ecln A=—1/2,

2. YcTaHOBHTb, GYAYT JIH BHINOJNHEHs! 3aKOH GONBIIMX GHCed W NEHTPaJsbHad
npefesibHas Tcopema JJIA INOCIEA0BATE/bHOCTH B3aUMHO HE3ABHCHMEIX CYYaHHBIX
BesvurH Xy C pacnpenesieHuaMH, 3aJaHHHMH cjelylowuM obpasoM (k== 1):

2) P {Xp= 4 2%} =1/2;

6) P {Xp= £ 2k} =2~@A+1, P (X, =0}=1—2-2%;

B P{Xp=+4k}=1/2V %), P{X,=0}=1—1/} L.

3. Ycaosue Janynoea (1901). IToka3zaTh. 4TO BHINOAHAETCH YycjaoBue JluHge-
Gepra, ecau Opu Hekortopom & > 0

n
(1/s5%) 3 E( X T — 0.
k=1

4. Ilycts Xp—B3aBMHO He3aBHCHMblE CJydyafHble BeNHYMHBI, NPuueM X, NP«
Rumaer 2k--1 3uavennit O, £ Lg, & 2Lg, ..., £ kLgc BepositHoCTIO 1/(2k-+1)
xaxaoe. HafiTu ycaoeus gas wouctasT Ly, o6eclieynBaiomue BLINOJHEHHE 3aKOHA
6oJIbIIMX YHCEM H/WJM UEHTPaJbHOH INpele/bHOH TEOpeMB! JJIS NOC/1efOBATe N be
Hoctu {Xp}.

5. Pewmts Ty e 3agauy, ecan Xp NDHHMMEET 3HaNeHHA Qg, —ap H O
@ BEDOSATHOCTAMH Py, Pp, | —2pp cooTBeTCTBEHHO.



276 I'a. X. 3axoxst Gorbwux ducea

3ameuanre. B caenywomux ceMu 3agauax paccMaTpHBAeTCH 3aKOH OOJbUINA
yucea A5 3aBACHMEIX CAY9aiHBIX BeJIHYHH.

6. B aagaue 13 ra. V, 8, nojoxnm Xgp=1, ecan npu k-M Gpocanny BLNana
KpacHas rpann, H Xp=0--B npoT#BHOM ciyyae. [loka3aTs, 4To 3akoH GoAbwHX
gpces HeNpPHMEHHM.

7. Mycts {Xg} B3aanMHO HE3IABACHMH H HMEKOT OJHHAKOBHE pacnpejeleHdst
€ MaTeMaTH4YecKuM OXWIAHHEM jt M KoHeyHoRk gaucnepcueir. JloKaszarts, uTo ecau
S;,=X;+4...+X,, To 3aKoH GoJbLIAX 4YACe] HE BHUIOJHSNETCA JJ7 MOCAefoBa-
TeasHocTa {S,}, HO BHNONHAETCA RIS NOCNELOBATENLHOCTH G,S,, ectn nap — 0,
Yxasanue. Buuncants Var (84, ..., S,)/n.

8. IycTs {X,}—nocnegoBaTeLHOCTL cay4allHEIX BeldulH, Takas, 4To Xpg
MOXET 3aBHceTh TOJbKO OT Xgp_{ # Xpif, HO He 3aBHCHT OT Bcex JApyrux X,
lNoxa3ath, 9TO 33aKoH OGOJbLIWIAX 4YHce] BHUIOJHAETCH, €CIH Xp MMEKT KOHeYHbI
JAHCTIEPCHH,

9. JlokaaaTh, 4To ecAH coBMecTHo2 pacnpepeneHue Beanurd (Xi, ..., X,)
onpejeneHo NpH KaxAOM n, NprdyeM JHCHOEPCHH OFPaHHYeHH, a XoBapxaunuu
OTprllaTeNbHb, TO MPHMEHHM 3aKOH GOAbWIAX YHce.l.

10. IIpodoasceriue. 3amennm ycioeue Cov (Xj;, Xp)<<0 npeanonoxenuenm;
uto Cov (X;, Xg) — O pasuomepuo npu |j—k|—> oo. Jloka3aTs, 4TO BHNOJ-
HseTcs 3aKOH OO/IBIUMX 4HCes.

11. okaaaTs, 4To ecan |S,| < cn, a Var(S,) > an?, To 3akoH Golbwnx
ynces He npumennm K {Xg}.

12. B ypHoBo# cxeme [loiia (npumep ra. V, 2, B)) nonoxum, uto Xp paBHo
1 uan 0 B 3aBucHMocTH OT Toro, OuJ JM k-f H3IBJECYEHHBIA LI2p YEPHBLIM HJA
kpacuuM. Torga S,—uxcjo yepHHX WAapoB NpH n uasledennsax. Jlokaath, 4TO
3aKoH Gosinwnx 9xcen k {X,)} He npumenuyM. YKasauue. HMcnoavaosats peayanTar
npeguaymei 3agaun u aagaun 30 ra. I1X, 9.

13. BaanMuo He3aBucuMble cJay4aiiHbie BeJauuiHH Xp NPHHAMAKT 3HAYEHHA
r=2, 3, 4, .., c BeposatHocTamn p,=c/(r*logr), rpe nocromHHam ¢ BLI6paHa
TaK, 4YTo pr=1. lNoxasaTs, 4TO BHNOJHseTcA o06oCmeHHHH 3aKOH GOILIIHN
gucen (4.1), ecnu nonoxuts e, =c-nloglogn.

14. Mycts {X,} —nocieqoBaTe/bHOCTE B3IaHMHO HE3IABHCHMBIX  CJyRadHEIX
BeIHYHH, TakuX, uto X,= 4+ | c BeposTHocTamn (1 —2-7)/2 u X,=4 27
¢ BeposiTHocTaMM 2-7~1, JlokasaTs, 9To K {Xp} nprMenuMn! Kak caaCufi 3aKoH
GoMBIIMX 4HCe], TaK H YCAJEHHHA 3aKoH Gonbuminx THced. (3ameuwanue. ITO O3Ha-
yaeT, 4To yciaoBue (5.5) He sBAseTCs HeOGXOAAMBIM.)

15. [Tpumep pasopumenvroil «6e306udnoiis uzpei. T1ycTb BOIMOXHLE 3HAYEHHA
BHIArPHUIA NPH KaXA0M HcNuITaHMA Oyayt 0, 2, 22, 29, .,,; BepPOHTHOCTH TOTO,
4TO BHHIpHI paBeH 2%, paBHa

pr=1/[2% (k4 1)), @1

& BepOATHOCTL HY/NEBOIO BHHrpHA paBHa pg=1—(py+py+...). Torxa mare-
MaTHYeCKOe OXHJAHHE BeJHMYHHH BbIUIPHINE PABHO

= X 2%pp=(1—1/2)+ (12— 1/3)+ (13— 1/4)+ ... =L ©.2)

INpeanosioxrM, 4TO ArPOK Npy KaMAOM MCOHTaHHH YJI2YHEZET 3a NPABEO Y4YacTHA
B Mrpe jo1Jap, TaK 4TO nocjae n MCOBITAHME ero YMCTHA BBRIHIPHIL HJAA XNpO-
#rpuil pasen S,—n. [lokasats, gro npu Kaxiom € > 0 seposmuocms mozo,
MmO 8 N uCABIMaKUAX uzpok npouzpaem 6oace wen (1—e) n/Logn doasapos, cmpe-
Mmumea K edunuye, npudem Log o3anmauaer Jjorapadm no ocwoanrw 2. Huave
TOBOPH; H4A0 JI0KA3aTh, 4TO

P{S,—n <—(1—e)n/Logn} — 1. 8.3)

Ykasanue. VMcronpiosaTs MeToX yceuenus u3 § 4, Ho B {4.2) 3ameH#Th Ipa-
Buny nLogn rpannnedt n/Logn. ToKaaats, yto BepoaTHocTh Toro, 910 Ugz=Xg
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MpH BceX Xegn, CTPEMHTCH K eNHHHIE, H JOKa3aTh, 4TO

P{|U+...+U,—nE (U;)] < en/Logn} —» 1; (8.4)
1—1/Log n=>E& (Uy) = 1—(1+€)/Log n. (8.5)

TTogpofHoCTH cM. B cTaTee, ykazanroi B mpumcdaHn¥ x § 3.

16, llycts {X,}—rmocrenosaTenpHocTs B23aHMHO  HE3aBHCHMBLIX ORIHAKOBO
pacnipefesteHHHIX cavyuaiinnix Beauund. IlpeamonoxuM, uto X, He HMeeT Kouey-
HOT'O MaTeMaTHUYecKoro OXHAAHHS W uTo A-— HEKOTOPas MOMOXHUTENbHAs MOCTOAH-
Hasi. J[oKa3aTb, YTO C BEPOATHOCTBIO CGANHIMA OCYUIECTBHTCH CeCKOHEYHO MHOTO
coburtieil | X, | > An.

17. GObpawerie ycuacHnozo Bakona Oozbuitnx uucea. JJokazaTb, 4TO B NPEANO-
Moxenrax 3afgaud 16 ¢ BepoATHocTeio eguHuua |S,| > An ans  GeckoHeuno
MHOTHX n.

18. O6pawgenue kpumepus Koamocoposa. J10k23aTb, 4TO ecnd pAf Zoi/k’
pacXofuTcsi, TO CylWecTsyeT mocnefosatencHocTs {Xp) B3auMno He3aBHCHMEIX
CayualHBIX BeJuuMH ¢ Var {Xk}=0§, K KOTOpO® HCTMPHMEHHM 33KOH OOAbMIKX

, Y
aucen. 3'kgaanue. Cuavasa 1MoKasaTh, 4TO CXOAMMOCTE psja ZP{|X,,|>en}

fABIAETCA HCOGXO){HMHM yCGJaIoBHEM JNA BHRIOGTHEHHS YCHJAEHHOro 3dKOHA GoabIuX
quceN.



FNABA Xi UENOYAUCHEHHBLIE CNYYAHWHDIE BEJTMYHHbI.
NMPOU3IBOAALIME DYHKLMM

§ 1. OBUIME NOJOXEHUSA

Cpenu IHCKpPETHBIX CAY4YaHHBIX BeAHYHH OCOGEHHO BaXKHEI BEJTHYH-
HbI, IPHHHEMAIOIIHE TOJNBKO Ledaule ahauenud k=0, 1, 2, ... . HauGonee
OOLIHM METOXOM H3YYEHHS TAKHX CJyYaHHBIX BeJHUYHH SABJAETCS METOR
NpoH3BOAAMKX QYyHKUME. Kax Mul yfeaumcs B Ja/lbHEHINEM, STOT Me-
TOX — YacTHLIH cJyyafl MeToAa XapaKTepHCTHHeCKHX (PYHKUHMH, KOTo-
DBl CAYIKHT OCHOBOH [/l Pell€HWsl MHOTHX 33/lai TeOPHH BepOsSTHO-
cteii. C Gosiee ofllefi TOUKH 3peHUs] METOA NPOH3BOMSUIHX QYHKLUHEH OT-
HOCHTCA K 00J1aCTH ONEpalHOHHBIX METOAOB, INMHPOKO NpHMEHSIEMBIX B
Teopud AuddepeHLaNbHBIX H HHTErpasbHBIX ypaBHenuH. B teopuu
BEPOSITHOCTEH NPOH3BOAsALMe PYHKUHM NPHMEHAJNCh cO BpeMen Myas-
pa u Jlannaca, HO B NOJHOH Mepe BO3MOMHOCTH S5TOTO METOJa HCNOJb-
80BaJIHCh pelKO.

Onpenenensne. [Tycme a,, @i, Qs, ...— nocaedosamessrocme Oedcm-
sumenvrulx duces. Ecau pad
A(s)=astaistas?+. .. (1.1)

CX00umcs 8 HeKOMOpPOM UHMEPBAe —Sy<<S<Sq, Mo Pyuxyua A (s) Ha-
spiBaemcs npoussodsiyel (hynryueti nocaedosamersrocmu {a;}.
[Tepemennas s eavma no cebe HHuero xe o6osnauaer. Ecau nocaeno-
BaTesbHOCTh {@;} orpaHuyeHna, TO cpaBHeHHe G TreOMeTpPHYeckKoll mpo-
rpeccheil noxassiraer, uto psif (1.1) cxoautca xora 6wl npu [s|<<l.

Tpumepsl. Ecau a;=1 ana Beex j, 1o A (s)=1/(1—s). Ilpoussons-
wei gpynkurel nocaenosatensrocern (0,0, 1, 1, 1, .. .) 6yrer dynxuus
s2/(1—s). [MocnenoBatentiocTs a;=1/{! uMeer NpOH3BOAALLYIO QYHKLHIO

n
e*. [Ipu pHKCHPOBAHHOM /1 MOCICAOBATE/NBHOCTD Q= i ) HMEET MpOoH3+

Boaamyto ¢yukuuio (1-+s)?. Ecan X — uncao oukoB, BbIIEBLWIHX NPH
6GpocaHHy NpaBHJABHOH KOCTI, TO pacnpejeeHye BEPOATHOCTEH ClYyuyai=
HOH BeJHYyHHEI X HMeeT IPOH3BOAAILYI0 QYHKUHIO (§-}-§%--s°--st4-si4
-}-5%)/6.

[Tyctb cayuaiinas BenuuynHa X npunnvaer spavenns 0, 1, 2, ... ,
¥Yno6uo BBeCTH crnenua/jbHhie 0603HaueHHs KaK AJs pacnpelefeHHs
peauuuHHE X, TaK H /s «XBOCTOB» pacnpejenenus. Mu 6ynem nucath

P{X=j}=p;, P{X>j}=g; (1.2)

Toraa
9x=Pri1F Prrat ooy B0, (1.3)
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- TlponsBoasiuMU (YHKUHMSIMH NOC/IeA0oBaTeIbHOCTE! {p,} ¥ {g,} Gyayr
DYHKIHH
P(s)=pot pis+ poS*+ pas®+ .o vy (1.4)
Q@) =¢+ a5+ 4.5+ gs5°+ .00 s (1.9

Tax xak P(l)=1, mo pad (1.4) cxodumcsa abcosomrno xomsa 66l npu
—1<s<{l. Koagduuuents! psina (1.5) MeHble eAMHHLbI, MO3ITOMY OH
cxolumea xoma 6o npu —1<<s<<l,

Teopema 1. [Tpu —1 <s<<1 umeen
Q(s)=(1—P(s))/(1—s). (1.6)

Hoxasamenscmeo. Kospdyurent npu s” 8 paznoxenud (1—s)-Q (s)
paBeH ¢,—(,_.i=—p,, € nz>=1, u pasen g,=p 4+ p,+... =
= 1—p,, eciu n=0. [Tostomy (1 —s)-Q (s) =1—P (s), uTO H YyTBEPX-
Jlanoch.

PaccmMoTpuM Tenepb NPOH3BOIHYIO
Pl(s) = X kp,s*~L. (1.7)
k=1

Bnech paa cxoautes xots Obi nmpH —1<<s<<l. IIpu s=1 npasas yactb
dopmanso cBogutes K >kp,=E (X). Ecin matematnueckoe oxuanue
cyiiecTsyer, TO MpouspofHas P'(s) 6yAeT HeNpepLIBHOH B 3aMKHYTOM
nntepsane —l<(s<Cl. Ecin xe psia Dkpr pacxomutcst, To P’(s)>o0
npu s—1. B atom ciyyae Mul Gyfem roBOpHTb, 4TO X umeem 6ecKorieu-
Hoe mamemamudeckoe oxcudanue, u nucath P’ (1)=E (X)=oo. (Ecau
BCE paccMaTpPUBAEMble BEJHYHHBI MOJOXHTEJNbHE, TO YnoTpeGieHue
CHMBOJIa o0 He NpPHBOAHT K mpoTHBopeyHsM). Ilpumensis Teopemy o
cpefHeM K YHCJHMTENI0 NpaBoit uacTH cooTHowleHHsa (1.6), moayudaewm,
uto Q(s)=P’ (0), rae uxcno 0 3akmoueHo Mexay s v l. Tak kak c6e
YHKIMM MOHOTOHHO BO3DACTAIOT, M3 3TOTO cleayet, 4to P'(s) u Q(s)
HMEIOT OJHHAKOBblE KOHEYHbie WIH GecKOHeUHbie Npejessl, KOTOPbie MbI
6yaem o6o3navats uepes P’ (1) wau Q(1). HMrak, noxasana caenyromas
TeopeMa.

Teopema 2. Mamemamuueckoe osxcudanue E (X) yOosremsopsem coom-
HOWEHUAM

E (X) = 2 ip;= 2 s (1.8)
=1 k=0
QAL 8 MepMUHAX NPOUBBOORUUX PYHKYLL
E(X)=P' (1)=Q(1). (1.9)

HNubdepenuupys dopmyny (1.7) ¥ Hcnoib3ys  COOTHOLIEHHE
P’ (5)=Q () —(1—s)Q’ (s), TeM ke crnoco6OM HaXOXHM

E(X(X—1) =3k (k—Dps=P* (1)=2Q'(1). (1.10)
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Jna toro yro6ul nonyuuTth gucnepcuio X, K STOMY BbIpaXKEHHUIO HAlO
npubasuts E (X)—E?(X), uto NPHBOAMT Hac K Cjefyiowel Teopeme,

Teopema 3, Cnpasedauso pasercmso
Var (X) = P" (1) 4+ P’ (1) — P"* (1) =
=2Q'(H+Q(M)—@* (D). (1.11)

B cayuae Geckoneunotl ducnepcuu P'' (sy»oo npu s—1.
®opmyan (1.9) u (1.11) vacto aaloT cambit npocToif cnocoG BhI-
yucaenns E(X) u Var(X).

§ 2. CBEPTKH

Ecau cayuaiinas BeqquuHa X NPHHHMAET TOJILKO HEOTPUUATENLHHE
neJLe 3HaueHud, TO S* sABJfeTcs HOBOH CJayuailHOH BeJMuMHOM H
NPOH3BOAAIYI0 GYHKUMIO PaclupefesieHHs BEIHYMHB X MOXHO KoM=
nakTHo 3anucath B BHae E (sX). Ecmu cayuaiinoie Beduuuunl X 0 Y
HE3aBHCHMEI, TO HE3aBUCHMEIMH GyIyT M CIy4yaHHHE BEJIMYMHH $X K sY;

HO3TOMY
E (s*+Y) =E (sX) E (sY).

Mul npuBeseM APYroe [OKa3aTeJbCTBO STOTO BaMHOIO pe3yJbTaTa,
TaK KaK OHO NO3BOJIMT HaM NOJYYHTh nose3Hoe o6oG6IIeH ve.

Iycts X ¥ Y — HeoTpHuaTebHHE He3aBHCHMBIE LEJIOYHC/TICHHHE
clyuaiiHBle BENMYMHHl C pacnpenenenusimu BeposiTHoctedt P{X=j}=
=a; u P{Y=j}=b;. Coburtue (X=j, Y=Fk) uMeeT BepOATHOCTb @;by.
Cymma S=X+Y ectb HOBas ClydaiiHasi BenHuMHa, ¥ CobmiTHE S=r
ecTb OOBENHHEHME HECOBMECTHHX COOBITHH

(X=0, Y=r), (X=1, Y=r—1), ..., (X=r, Y=0).
Ioatomy pacnpenenenue ¢,=P{S=r} 3anaercsa dopmynoh
¢, =ab, +ab,_s+ab,_,+ ... +a,_.b,+ab, 2.h

Onepauus (2.1), comocTaBasomas ABYM NOC/I€A0BAaTENbHOCTAM
{a,} n {b,} HoBYyIO moCNEefOBaTENBHOCTL {Cj}, BCTPEUAETCA TaK YaCTO,
4TO0 YA0GHO BBECTH /1S Hee CHelMalbHOe Ha3BaHMe M 06O3HAyeHHe,

Onpenenenne. [Tycme {a,} u {bn} — Ose npoussobnbie uucarosvie
nocaedosamenbrocmu (He o6a3amevno pacnpederenus eepoamuocmei).
Hoeas nocaedosamensrocme {c,}, onpederseman gopmyaod (2.1), naste
éaemcs ceepmrcoii 1) nocaedosameasriocmed {a} u {bx} u obosnauaemcs

{cx }={an }#{bs}. 2.2)

Npumep. a) Ecau ap=b,=1 naa scex k=0, 10 ¢,=k-+4-1. Ecan
ay=*k, by=1, 10 cy=1+ 2 +...+k=k(k+1)/2. Hakonen, ecrn
ap=a,=1/2, a,=0 ma k=2, 10 cy=(bp+bx.1)/2 1 T. I »
1) HexoTophie aBTOPH NPEANOUHMTAIOT Hemeuxuii tepmun Faltung; dpanuysckni

TepMun — composition. {B opurrnane «convolution» — ocHoBHoRk TepMEE, NpHRS-
o B anrnosakunof JMHteparype,— llepes.]
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[Tycts nocnenoBarensHocyd {a,} u {b,} uMeloT npousBoasHe
dynkuun A (s) =Y a,s% u B(s) = bs* coorsercrsenno. Ilpousse-
nerue A (s) B (s) MOXKHO MOMYYUTH MOYJEHHHM MEPEMHOXKEHHEM CTerneH-
HBIX psfoB Anst A(s) U B (s). Cobupas uneHs € OJAMHAKOBBIMH CTele-
HAMH s, YybexzaeMcsl, 4YTO KO3(PUUHEHT ¢, Npd S” B DPa3lOKEHHH
A (s) B(s) sapaerca ¢opmynoit (2.1). Takum 06pasoM, HMeeT MeCTO
clenyouasi Teopema.

Teopema. Ecau {a,} u {b,} —nocaedosamesvrocmu c npousgods-
wumu pyuxyuamu A(s) u B(s), a {c,}—ux ceepmka, mo npouseo-
Oswan pynkyus C (s) =D\ c,s* pasna npoussederiiro

C (s)=A(s) B(s). 2.3)

Ecau X u Y—Heompuyamensvrsie YEAOHUCAEHHbIE HE3ABUCUMbIE CAY-
HaLinble GeAUMUNBL C npoussoauumy Gyukyuamu A(s) u B(s), mo ux
cymma X4 Y umeem npoussodawyro pyuxyuro A (s) B (s).

I[lycte tenmepn {a.}, {be}, {ci}, {di}» ...—Kakue-mbo mnocneno-
BaTeJILHOCTH. MBI MOXKeM 06pa30BaTh CBEPTKY {4} # {b,}, 3aTem cBepTKY
5TOR HOBOH MOC/ENOBAaTELHOCTH H MOCAEAOBATEILHOCTH {C,} u T. A.
Tpoussonsinas oyukuusa {a,} #{b,} * {c,} # {d,} pasaa A(s) B (s) X
X C{s) D (s}, 1 u3 3Toro ciaenyer, 4to NOPHAAOK, B KoTopoM obpa-
ayloTcs  CBepTKH, Oespammuen. Hanpumep, {a,} # {b,} # {¢,} =
= {c,}#{b,}*{a,} u 1. A. Taxum obpasom, ceepmra ssanemcs accoyua-
musHotl U Kommymamuenotl onepayueti (TOYHO TaK XKe, KaK CJIOMKEHHE
CIyYaHHHX BEJIHYHH).

Ilpy u3yueHMM CYMM HE3aBUCHUMBHIX CIy4dadHHIX Beauuud X, ocoOhiit
MHTEpEC MpPEeACTABJAseT TOT YACTHBIH CJOyuaid, KOrllda 5TH BEJUYHHHL
HMeIOT OJWHAKOBHE pacnpenesenus. Ecau {a,}—obwee pacnpedenerue
seposimuocmell seaudun X,,, mo pacnpedenerue cymmor S,=X;+4...+4+X,
6yden obosnauams {a,}"*. Takum o6pasoM,

{a)}* ={a;} s {a;},  {a,}*={aq,}**#{a;}, ... 2.9
H BooOILe
{a,jne = {a,ftn=1ex {a,}. (2.5)

Huaue rosops, {a,}"* ecmov nocaedosameavrocms uucer ¢ npou3600s-
well pynxyued A% (s). B uactHocty, {a,}'* cosnafaer ¢ {a;}, a {a,}°*
onpedeasemca Kak nocaedosameabHocms € npou3sodaued ¢ynxyuel
A (s)=1, m. e. Kak nocaedosameasvrocms (1, 0, 0, 0, ...).

Npumepnl. 6) Lunomuaasroe pacnpedeserue. Ilpoussonsias yHk-

s GuHOMManbHOro pacnpefenenus b (k; n, p):(Z) p*q®~k papHa

n

2 <Z) (ps)kqnk=(q+ ps)". (2.6)

k=0

Tor ¢akr, uto sta npousBoisias PYHKIHUs €CTh n-A cTeneHb GMHOMA
¢ - ps, osuauaer, yro {b(k; n, p)} €cTb pacnpenenenne cymmu S, =
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=X, ...+ X, 7 HE3ABHUCHUMEIX CJAYYAfHLIX BEJHUNH C OXMHAKOBHIMH
NpOM3BOAAUUMH (DYHKUHAMH ¢ -+ pS; Kax/Jad PENIYHHA NPUHUMAET 3HA-
YeHHe HyJb ¢ BEPOSTHOCTLIO 7 I 3HaYEHHE €UIHHIA C BEPOSTHOCTLIO p.

Taxum o0pa3oM,
{bk; n, p)b={b(k; 1, pjm=. 2.7

Tpencrasnenne S, =X, -+ ...+ X, yKe HECKOJIBKO Pa3 HCIOIL30BA-
noch samu (cM. apumepst ra. 11X, 3, a) u 5, a)). Ilpenmaymee pac-
CYXKJEHHE MOXKHO OGPATHTH il HCMNOJb20BAaTh A/l HOBOTO BhIBOJA CHHO-
Muanibioro  pacnpejeienns. M3 myabTHnaukaTHBHOrO - CBOfiCTBa
(9-+ ps)” (g -+ ps)” == (9 + ps)™*" crleayeT paBelCTBO

{b(k; m, p)}={b(k; n, p)}=1{b(k; m+n, p)}, (2.8)

KoTopoe 3xBHBanenTHo gopmy.e (10.4) ra. VI. Duddepennupys npo-
H3BOIAWNYI0 QYHKIO (g -+ pS)?, MOXKHO COBCEM MDOCTO MOJMYHHTb
JoxasateasctBo Toro, uto E(S,)=np u Var (S,) =npq.

B) PacnpeOesenue [Tyaccona. Tlpouspoasiias dyskuns pacrnpeje-
nennss p (R; A) =e~*A¥/k! paBua

k§0 e=h (As)k/kl =e~hihs, (2.9)

Orciona chefiyer paBeHCTBO
{p ks M} {pk wi={pk *A+wi (2.10)

Kotopoe sxBuBaJeHnTHo dopmyse (10.5) rai. VI. JduddeperunpoBaHnuem
y6exnaeMcsi, 4TO Il CpejHee 3HauyeHile, W JMCNIEPCHA pachpepeeHs
Iyaccona paBuu A (cM. npnmep ra. 1X, 4, B)).

r) leomempuueckoe u ompuyameibHoe GuHOMUAAbHOE pacnpedene-
Hua. Ilycth cayvaiinaa BenuunHa X 1iMeeT FEOMETpPHYecKoe pacrpe-
JleJieHue

P{X=~k}=9"p, k=0,1,2, ..., (2.1

20e p 4 q — noaoxcumesbHsie nocriosHKele, nputes p+q=1. Coom-
gememaylowjas npouseodaujan yHrkyus pacHa

&
p 2 (49" =p/(1—gs). (2.12)
IMonb3ysch pesynibTatamu § 1, Jerko y6eauthes B ToM, uto E(X)=¢/p
H Var (X)=¢/p* B COOTBETCTBHH C pe3y/bTaTaMH, NOJYUEHHbIMH B MNpIil-
mepe ra1. IX, 3, B).

BeposaTHocTh TOFO, 4TO B MOCJAEAOBATENbHOCTH HcnuiTanHii bBep-
HYJUIL nepseill ycnex HMeeT MecTo mocae B neyrad (T. e. npu (k+1)-m
HCOLITAHHH), paBHa ¢%p, Tak uTo X MOXKHO HMHTEPNPETHDOBATE KakK
gpems oxcudanus nepsozo ycnexa. CTporo roBops, Takas HHTepHpeTa-
M8 OTHOCHTCH K OGCKOHEUHOMY NPOCTPAHCTBY 3JEMEHTapHHIX COObI-
THi, H OpeumyliecTBo QopManpHoro onpenenenus (2.11) ¥ TepMHHO-
JIOTHH CNTyYafiHbIX BEJIHYMH COCTOHT B TOM, YTO Mbi MOXEM HE GECIOKO-
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UTBCA O CTPYKTYPE HCXOAHOrO NPOCTPAHCTBA 3JIEMEHTAPHBIX COOBITHH.
To xe camoe BEPHO H s spemeru oxmudanus r-20 yenexa. Ecan Xy —
yucsao HeyAau mexnay (k—1)-m i k-m ycnexamu, 1o S,=X,+4-. . .--X, —
NOJIHOE YHCJAO Heyjay, NPeAECTBYIOWIMX r-My ycnexy (a S,4+r—
YHCJO MCHBITAHHA [0 r-r0 ycnexa BRJOYHUTENbHO). ITOCKONBKY MR
HMeeM JIeJI0 G MCHHTaHWAMH Depuyanan, To BelnyuHbl X B3aHMHO
HE3aBHCHMBI ¥ HMEIOT OJMHaKoBoe pacnpefenexue (2.11), Tak yro
MOXHO NpPHIATL 3TO CBOACTBO 3a onpedeserue BeanunH X,. Toraa
S, HMeeT NPOH3BOASILYIO (YHKIHIO

[pr(1 —gs)]", (2.13)

u ¥3 dopMysn pasnoxenus Guroma (8.7) ra. Il cpasy roaymaem, yTo
KO3(pULHEHT TpH S* papeH

[ r, p)=<-;ra)p’(——q)k, k=0,1,2, .... (2.19)

Orciona caenyer, ato P{S,=k}=f(k; r, p) B cooTBeTCTBHM C (opmyJoh
4S8 4Mcna HeyJad, NPEeAIeCTBYIOLUIHX 7-MY ycnexy, Koropas Gblia
peiBeeHa B T, VI, 8. D1oT pesysnbraT MOXHO chOpPMYJIMPOBAThL HHAYGE,
ckasas, uto pacnpedeaerue {f(k; r, p)} ecmb r-xpamuas cesepmka eeo-
Mempuxeckoeo pacnpedeierus, T. e.

{f (& r, p)}={q"p}"*. (2.15)

Jo cuX nop Mbl CUMTANH r UEIbIM, HO, KdK 3TO 6LLIO JOKa3aHO
B . VI, 8, ompuyamesvrnoe Gunomuanroroe pacnpedesenue {f(k; ry
p)} coxpansier CMBIC NpU JIOOOM HEOTPHUATENBHOM r, He 00f3aTeIbHO
uesnoM. IlpousBopsumias $yuKUMS OO-NpeKHeMY 3ajaercs QopMyJaoH
(2.13), # mbr BiANM, uTo npH r>>0 mamemamuueckoe oxcudarue u ouce
nepcus OmMpuYyamesbHoz0 OUROMUAAbHO20 pacnpedenenus pasHer rqlp
u rg/p? u umo

{f (ks ryy pY{T (R o pY={E (B3 rib-ra D)) (2.186)

1) Hurae. B npuvepe rn. X, 6, 6) Mu paccMarpyBani udcno WHKAOB S, B cays
qaliHoli MepecTaHOBKe /1 3JeMEHTOB. Drulo nokasano, uTo 3Ty CIYYafiHYIO BelHe
YHHY MOXFO NpEJCTaBMTL B BiXe cymmbl S,=X;-}...+X, n He3aBicHMBIX
BEIMYMH, TAKFX, 4TO Kaxjpad CayuafHas BenHuuHa Xp MOXET NPHHHMATh JBA
snauenns, | ¥ 0, c BeposrHocTaMy (n—k-+1)~1n (n—k) (n—k-}1)~1 cooTsers
cren 0. M3 atoro cpasy ciefyeT, 4TO NpOH3BOAAmlan GYHKUMS CJaydaiiHofl Bes
NUYHHBE S, pasHA NPOM3BEJEHHIO

n—1+4+s n—245 1+5 s nf—S$
TR L e ) @.17

n

KosdhdunuenTsr 3TOro MHOrouJ€Ha ONpeEeJsIOT pacnpefeseHHe BepOSTHOCTeHd clys«
4YaHHOA BENHYHHH S,, OZHAKO IS HX SBHOTO NpPEACTABIEHUN HYXHO 3HaTh YHCAA
Crupnunra. 3zecb nepej HaMu NpHMep BechMa OGHIMHOH CHTYalMu, KOrja Npos
M3BOASIIAR QYHKIHS OKa3WBAETCH MDOUIE CaMOro pacHpejeaeHHst BepOsTHOCTed,
IlosTomy Bechma G1arONpHSATHO TO OGCTOATENBCTRBO, 9TO CaMa NP OH3BORSAILAS GyHK«
UMS MOXeT IaThb MHOTO none3Hofi nHGOpMauum.
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§ 3. BO3BPAIUEHHE B HAYAJIO H BPEMEHA O)XHJAAHHHA
B UCNILITAHUSIX BEPHYJIIHN

B stom naparpade ofcykaacTCs HECKOJBKO Ba)HbIX 3afad, Npej-
CTaBJAICIIHX METOJOJOTHYECKH T HHTEpec, pellieHlle KOTOPBIX HJLIIOCT-
PHPYET Ci1Y W THOKOCTb MeTORa NPOoN3BOAAULLX DYHKUMA. Pe3y nTaThl
HTPAIOT BAaXKHYIO POJb B TEOPHH CAYYafiHbIX OJayMKAaHHH I MOTYT pac-
CMAaTpHBAThCsl Kak I[POTOTIN dHAJOTHYHBIX pE3yNbTaTOB B TeOpHH
nuddysni. OnH OGvayT nosaydenbl H ApYruMH Metodamn B ra. X1V
(cM., B uactioctH, § 4 1 9). [Ina vactroro cayuas p=1/2 311t pe3yib-
TaThl Obl1H NOJYYeHbl KOMOHHATOPHBIMH Metogamu B ra. II1. Cpasie-
HHE 3THX METONOB NpCsICHSeT CYTh lena 1),

PaccyoTtpuy cxemy uenbltannil DepHyaan ¢ BepOSTHOCTBIO yenexa
p. Tloaoxum X,=-+1, ec1u k-e HCOLITaHHE NPUBEIO K YyCHmexy, H
Xp=—1 B nporuBHOM cayuae. Muaue roBops, O6LEKTOM nallero Hay-
YeHHS ABJSETCA [0CAefOBaTe/lbHOCTh B3aMMHO He3aBHCLMLIX clIyuaifi-
HEIX BE.IMYMH, NPIHHMAIONHX 3HadeHrsa -1 1 —1 c cooTBeTCTRYIOUIIMH
BEPOSITHOCTAME p H g. DTO ONUCAHHE SBJSETCA CaMbIM MPOCTBIA H
HauGosnee eCcTeCTBEHHBIM, HO MNPHBOXHT K HeCUeTHOMY IMPOCTPaHCTBY
3JleMeHTapHBIX COBLITHH, NOCKO/BLKY Npefno.taraet 6eCKOHeUHble HCnbITa-
Hus. Daxrtuuecku Mbl 6yeM BHIYHC/AATHL TOJNBKO HEKOTOPhle BEPOSTHO-
CTH COOBITIH, KOTOPhIE ONpejensioTcss KOHeUHBIM YHCJOM MNHCMBITaHIH,
H no3TOMY HHMKAaKHX MpPIHOKNHANBLHLIX TPYAHOCTEH He BO3HIIKaeT.
Moxuo roBopuTh 0 (PHUKCHDOBaHHOM 4iuc/de HenwTaund N M nojarats
N—>oco, no 310 Obl1o OH H3JAHILHE NeJaHTHYHOCTHLIO, BPERHOH LA
BepOsITHOCTHOH HETVHIHH.

Kaxk o6bI4HO, NOJNOKHM

5, =X;+. . .+X,, S=0. (3.1)

B nepeBose Ha o0pasublif «HrpoBOil» A3BIK 3TO 03Hauaer, urto Ilerp
H TlaBen WurpaioT no efMHuHuHoR cTaBke, a S, — YHCTHA BHIKTPHIL
[Tetpa nocne n naptuil. B TepMUHOJOTHY TEOPHI CAyuaBHBIX Gaymkia-
Huil S, o6o3Hayder MNOJOXKEHHe <«4acTHUL», KOTOPAs MepelaBHraeTcs
Ha eIMHHIY BEpPABo HJII BJAEBO 4Yepe3 CAHMHAKOBble HTepBaJbl Bpeme-
. CayuafiHoe Gayxpaande OyAeT HeCIMMETPHUHBIM, ecaM p=1/2.
a. Bpems oxupanus aas urpbol. CoObiTie

$,<0, ... Suoi<0, S,=I (3.2)

B UTPOBBIX TePMHHAX O3HauaeT, 4To YHCTHIA BHurpniul [leTpa Buepsble
0Ka3aJcsl TOJOKHTEIbHEIM B n-H napTun. B TepMHHOJOTHH TEOPHH
cayuafiHuX OnyXpauni nepsoe nonadanue 6 -+1 NPOH3OUNIO NMpH n-m
HeneITaHuK; Gosiee ecTeCTBEHHOE ONHCAHHME HCHOIb3YET TEPMHHOJIOTHIO
teopun du3nyeckol auddy3un u Ha3biBaeT (3.2) nepebim npoxosdenuen
yepe3 eAHHHLY ®). Mbl HIleM BEPOSTHOCTb ¢, 3TOr0O coBuiTHA. TouHee,

1) Ma storo ofnacHeHHs JOJKHO GHITh fClO, YTO HacToswu# naparpag npuso-
LUTCH B UGAAX HJIKCTDAlWK, XOTH OPeACTaB/ifeT ¥ CAMOCTOSTEJLHLIM WHTepec: B
JanbHefieM OH He HCIOJB3YyeTcs.

#) Vi nepsbiM fOCTHIKEHHEM SRS oM, npuMeyanye | nac, 108,—~[Tpun, nepes,
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Mbl HIEM NPOM3BOAAMYIO (GYHKIHIO

D (s) = Zo PS™s (3.3)

n=
rae Ansg yaobersa npuuato @, = 01). ITo onpenenenuto @, = p. Ecau
(3.2) Buinonusiercs aas nekotoporo n>1, o S, =—1 n Haiizercs

Haumenblutl HHAEKC v < n, Tako#, 4to S,=0. Hcxoas nepsux n
naptul B UTPOBOH TEPMHHOJIOTHH OMMCBHIBAIOTCH CJEAYIOMM 06pa3oM.
(1) B nepsoii naprtuu [lerp npourpeiBaer ycjoBHywo eauHuny. (2) Ierpy
norpefyercsl curparh eme v— ] napruii, 9Tobbl BOCCTAHOBHTB HCXOA-
uyw curyamuio. (3) Ilerpy norpefyercsi CbIrpath €le POBHO n—V
napruil, 4ro6nl AOGMTBCH MOJOMMTENLHOTO YHCTOTO BBIUITPBILA. JTH
Tpu coObITHA 3aBMCAT OT HeNepecexawllefics rpynnel NapTiid u no-
3TOMY SIB.ISIIOTCSl B3aUMHO He3aBHCHMbIMM. VI3 onpejfenenus fcHO, 4ro
cobeiths (2) ¥ (3) mMelOT BEPOATHOCTH Qy_; H @,_, COOTEETCTBEHHO
W 9TO BEPOATHOCTH OAHOBPEMEHHOTO OCYLIECTBJEHHSI BCceX TPEX COOH-
THIl paBHA NPOHM3BENEHHIO GQ,_,P,_y. HMrak, cobuite (3.2) ocymect-
BJseTCS TOTA3a H TOJBKO TOrAA, KOraa npoucxoasit cobuitus (1)—(3)
npu HexkortopoM v < n. CyMmMpys MO BCEM BO3MOXKHBIM v, [OJydYaeM

P =G (P1Pp—z2 T PProzt -+ - +9,_,0)). (3.9)

Crnepyer NOMHHTB, YTO 3TO COOTHOLIEGHUE CHPABELJIMBO TOJBKO MPH
n>1uuro ¢,=p, a 9,=0. ¥YmHoxaa (3.4) na s® u cymmupys no
n=2, 3, ..., Mpl nonydaeM B JeBoH uzacth O (s)—ps. Beauuuna,
crosmasi B CKoOKax, npeicrasasier coGoit (n—1)-i unen cBepTkH
{q)n}*éq)"} M, CJefoBareNbHO, no teopeme M3 § 2 npaBas yacTb paBHA
gs-@* (s). Takum o6pa3oM, Mbl BUAMM, 4TO npoudsodayas gyuxyus @
yOoeaemeopaem K6QOPamHoMy YpasHeruIo

% @ (5)—ps=qsD*(s). (39

Onun M3 ABYX KOpHEH 3TOro ypaBHEHHS HeOrpaHHUEH B OKPECTHOCTH
s=(0, M EIMHCTBEHHOE OrpPaHHYEHHOE peELUEHHE MMEET BHJ

@ (s) = (1 — ¥ T—14pgs*)/(2gs), (3.6)

rne V'~ o3nauaer nosiourennHbit KopeHb., PopMyaa passomennus Gu-
HoMa (8.7) ra. 1l no3soasier 3anucars Ko3pPHUUHEHTH B BUAE

_Ne-1/1/2
%pF%—( p )(4pq)". Pz = 0. @7

Takum o6pa3oMm, Ml NMONYYHJIH SIBHblE BLIPAXKEHHS [/ BEPOATHOCTER
@x, HO OHM MMCIOT JHIIb BTODOCTENEHHOE 3HaueHHe; 6oJee noydu-

3} Kak Gyner moxa3aHo B fajtbHedieM, Ipou3BOAAwYyio dyHkuuio O MOKHO oy«
9UTh HENOCPEACTBEHHO M3 MPOCTHIX BEPOATHOCTHHX paccyxieHui. Creyomull HiKe
MeHee M3AMHAH BLBOA NPUBORMTCH TOJLKO NOTOMY, YTO JaeT XOPOmuA OpuMep TOIO,
XaK HY>XHO o6pamaTbcfl C ypaBHEHHSIMHM B CBEPTKaX, KOTOPhle BCTPEYAIOTCH B Pa3/Iny-
HHX KOHTEKCTaX BHE TE€OPHHM BEPOATHOCTER (cM., Hampumep, 3ajauy 6),
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TeTbHO H3BJeYb HYXHYIO HH(OPMAIHIO HENOCPEJACTBEHHO H3 NPOH3-
Boasulel QyHKUNH.
3ameTuM cHadyasa, YTO CyMMa Zcpn paBHa

© (1) =(1—|p—q /(29), 3.8)
H 103TOMY

p'q, e p<Lq,

1, e p>=q. (3-9)

ZCP)::{

Wuaue rosopst, ecru p<lq, mo cepoamuocms 1Mo2o, 4mo cymma Sp
6ydem ecez0a ompuyameavHol, pasua (9—p)lg. Ecan p>q, To 3Ta
BEPOATHOCTb PaBHa HYJ0, NOSTOMY C BEPOSTHOCTHIO €AMHHLA CyMMa
S, paHo HJH NnO37HO CTaHeT noaoxkuTe blo#. CKOMBKO BPEMCHH NPOH-
ZeT JIo 3Toro MomenTta? [Tpocteie BhYIicAeHHs noKa3eBaioT, yto @' (1) =
=(p—g)~}, ecan p>q, 1 @' (I)=co, ecau p=g=1/2. MoxHO caenaThb
BRIBOJ, YTO npu p=1/2 uucio napmutl, npediiecnieyiouux Momexmy,
Kozda cymma S, enepsvie 6ydem noioxcumenrvold, umeemn becroneqroe
Mamemamuneckoe ocudate,

FiMeeT cMbicl npOKOMMEHTHPOBAaTL Ha MIPOBOM f3BIKE 3TOT 3aCay-
KHBAOWHE BHHMaHus pesyabTaT. M3 uero caeayer, yTo B HIpe ¢
6pocaHmneM cuMMeTpuHYHOH MoHeThl IleTp TeopeTHyeckH ypepeH, 9YTO
pPaHO WM NO3JHO JOOLETCA NOJOKHTEIBHOTO YHCTOrO BBIMIDHIUA, HO
MaTeMaTHYeCKOEe OXHAaHIle YHc/d HCNEITAHUM, HEOOXOAHMBIX 115 AO-
CTHaMEHHS 3TOl Uesn, paBHo GeckoHeynoctd. CieoBaTenbHO, UTPOK
€ OrpaHHYeHHBIM KaniTajJoM HHKOI1a He MOKeT ObiTb YBEPEH B TOM,
YTO OH XOrja-Aubo AOGLETCS YNCTOrO MOJOMXKHKTENBHONO BHIMIPHILUA.
Mt Bepuemcs x sTomy Bonpocy B ra. X1V B CBA3M ¢ 3ajlayell O pasos
PEeHHH HrpoKa,

B seposTHocTHBIX TepMElaX BLIBOX KpajpaTuoro ypanuenus (3.5) gnga @
MOXHO onucaTh KomnzkTuee. OGosHaynM uepe3 N nepeblil HHgeKc, NDH KOTOPOM
Sy > 0. Torga N Gynet cayuaiisnolt senutnioii B HECKOTbKO OGOCILEHIEOM CMBICJIE,

8 HMEHHO 3Ta C/AyyaliHad CelHYMHa He onpegejcHa Aaf cofuiTeg S,<<0 npn
gcex n, (B Tepmurororsu ra, XIII mam cnegoBano 6ul nassaTb N dedexmmuod
seauuunon.) Tlpouacoanmyto dyusunio O moxuo Tenepb 3anucath B Bije @ (s) =

=E(sN). Ecnn Xy=—1, o N=1-+N;-+N,, rge Ny—uucjo ucnuTaunii, neob-
KOAHMBLIX [/ YBelHdYeHHs yYacTHbx cyMM Sp oT —! po 0, a Ny— uncae nocne-
AYIOUMX HCNBITZHWI, BeoBGXOAuMBIX A1A yoeanuenust S, o1 0 go 1. DTh DeanynHM
HE3aDHCHMbl H HMeIOT TO e pacnpegesiense, yto d N. ITosToMy 41st yCJAGBHLIX

MaTeMaTHYECKHX O)Ki‘!ﬂaHHﬂ cnyqaﬁuoﬁ BEETHUYUHB SN no.ryqgaem
E(N | X;=—1)=E (s?*N*N: | X; = —1) = 502 (s),
E(s"| X, =1)=s
to
E(s™) =pE (s"| X;=1) +¢E (" | X;=—1), (3.10)

gro npr @ (s) =E (sV) copnagaer ¢ ksagpaTHmM ypasuenuen (3.5)

6. Bo3ppaumieHHe B Hayano. PaBeHCTBO CYMM dyucJja YCNEXOB R
BEylay uMeeT MeCTO NOPH k-M HCnHITaHHH, ecan S,=0. 3aumcTByd
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pree

TepMHH H3 TeOpHH AudYy3HH, MBI HA30BEM 3TO COOBITHE BO3BpallleHHEM
B COCTOSIHHE DaBHOBecHs (T. e. B Hauaso). Yucao wcnwtaddfi 6Gyger
¢yyaiiHbIM, H BEPOSITHOCTb BO3BpAllleHHsT PH 2-M HCNBLITAHHH PaBHA

uz,.=(2,?) P"q"=(—1)"<—,2/2)(4pq)"- 3.11)

HMa ¢opmyasr pasnoxenus Gueoma (8.7) ri. 11 noayuaem npoussons-
myio QYHKIHIO

U (s)== ,.Zo Uy, 2" == 11 —4pgs?. (3.12)

OrMetrM, uTO0 {uU,} HE SBNSETC pacnpefeleHHeM BepOSTHOCTEH,
TaK KaK BO3BpallleHHe B HayaJo MOXeT NPOHCXOAHTh HEOJHOKPAaTHO.
B. llepsoe RO3BpalneHMe B HAyalo MPOMCXOAHMT MPH 271-M HCIIHITa-

uuu, ecan S,,=0, Ho §,5~0 npu k=1, ..., 2n—1. O6o3naaum
BEPOATHOCTL 3TOr0 coCLITHA ueped f,,. (CueBupHo, f,,.;=0.)
PaccvoTpuM otaenbHo ABa nofcobbithst ¢ Xy=1 u X;=—1 n o6o-

3HauMM HX BeposSITHOCTH uyepes fi u f;, cooTercTBeHHO. M3 ckasaH-
HOTO B 0. «@» $ICHO, YTO f[3,=(q®,,_;, TAK KaK nepsbie 21.—2 yacT-
Hox cymm X,+ X, -+ ...+ X, He nOpeBbIIAIOT HyJs, HO clejywomas
eyMMa nonoxutensHa. [Tostomy, ucnonb3dys (3.6), nonyuyaem

®
F=(s) = > f5s"=qs® (s) =(1 —V T—4pgs?)[2.  (3.13)
n=1
B cuny cHMMeETPHYHOCTH MPOM3BOAAILYIO (YHKIMIO MNOC/EN0BATENbHO-
cti {f}} MOXHO monNyunTh B3aWMHOH nepectaHoBkofl p u q. M3 atoro
cneayet, yto F*=F~, u N0O3TOMY OKOHYaTeJbHO ')

®
F (s) =nZ]1 fus"=1—VT—4pgst. (3.14)
Orciofa MOXHO NOJNYYHTb HHTEDECHHIE BbIBOJbI, He HCHOJbL3Ys sIB-
Horo Buia Koadduunentos f,. QueBngHo, yto F(l) o3Hauaer BeposT-
HOCTb TOTO, YTO PAHO WJI MO3IHO MPOHCXOAHT BO3BpAllEHHE B Hayaso,
Urak, F(l)=1—|p—ql, u nostony |p—ql ecmv eeposmnocms mozo,
4Mo 6036paletlie 8 HAYAA0 He npoucxodum Hukoeda, T.e. Sp70 ans
Bcex £>0. Tonbko B CHMMETpHYHOM cayyae p==1/2 HecomHeHHO npo-
MCXOJMT BO3BpallieHie B Hayajo. B 3ToM ciyyae mociefoBaTesibHOCTE
{f.} npencraBasier pacrnpefeseHHe BEDOSTHOCTEH L/ BPEMEHH OXH-
JaHHs MepBOro BO3BPALUEHHS. JTO BpeMsl HMeeT OeCKOHeuHOoe MameMa:
muueckoe oxcudaHue.
B cumMetprynoM cayuae p=1/2 umeeMm

U () =(1—F (s))/(1—s?). (3.15)

Tak kak U u F sipasiorcst cTeneHHBIMH PSIIaMH 1O §%, TO 3TO COOTHO-
wwenne otanyaercs or (1.6) TonbKO o003HAYeHHSIMH, H 0O Teopeme

}) Jpyroit BHBOA MOXHO nafity B npumepe i, X111, 4, 6),
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1§1
uE,L::f2n+ﬂ+f2n+4+"'y (316)

T. ¢. npu p=1/2 seposmmnocniv mozo, 4mo Sz, =0, coenadaem c gepoant-
HOCIbIG MIC2o, 4O 21 cysat Sy, .+ . ., Sep OHlLAUMACMCA CM HYAS. DTOT
pesyabTaT SbL1 HOAYHell pazdandHBIMKE MeTtcAaMmH B ra. 1II, 3 n nrpan
OCHOBHYIO pOJh B aHaan3e NapafoKcadbHOH NPHPOAb! AYKTyallHit
npu urpe ¢ GpocaHHeM NOKEThI.

r. MepBbie JOCTHXEHHN U NTOCJefylOUIKME BRO3BpalieHHsi. Mul roro-
puMm, uto nepsoe Oocmuscenue mouku r >0 npoucxodum npu i1e-xe
ucnoimanuy, ecau S, =r, Ho 8, <r 02 ecex k< n. BeposTHOCTE
atoro cobeITHsl ofio3nauuM uepes ¢ . HMcenwiranus, caepyiomue 3a nep-
BRIM JIOCTHXEHUeM TOuKH +~ > (0, ¢ BepOITHOCTHOM TOUKM 3peHud
SIBJIAIOTCS KOMIell BCedl MOCJ/ELOBATENLHOCTH, M MO3TOMY UNCJIO HCMBI-
Tauufl, CAeIVIOWHX 3a GEPBHIM JOCTHXECHHEM TOYKH Vv JO TNEpBOro
LOCTHMEHHS TOUKH ¥V 4- | BRJOYHTENBHO, HMEET TAKOE e pacnpejieseHne
{®,}, KaK YKCJO WCNLITAHME N0 MEPBOr0 NOCTHXKEHMA TOUKM 1. Ecmm
p<gq, TO cymMa @, He DaBHa ejHHHIE, HO BCE XX€ HMEET CMBIC
TOBOPHTL O TOM, UTO BpeMA OXXHAAHHA MEPBOFO AOCTHAKEHHSA fBIAETCH
CayuaiiHoN BeMuMHOM ¢ (BO3MOXKHO JedeKTHBIM) pacnpefesenneM {@,}.
BpemeHa oxHaaHni MeX 1y Noc/JeL0BaTeLHEIMHA NEP BBIMH LOCTHKEHUAMH
B3aMMHO He3aBHCHMEI, M M03TOMY IIOJIFOE BpeMs OXHUAaHusl AJf mnep-
BOTO JOCTHAEHHS] TOYKH £ SIBNAETCHA CYMMOI 7 He3aBUCHMBIX CyYafHBIX
BeJMuHH ¢ obuuM pacnpenenenneM {¢,}. Caedosamesvro, npoussods-
wasn ¢yHkyus nocaedosamensrocmis éeposmrocmeti nepgozo 0ocmuice-
Hus ¢ pasHa r-ii cmenenu @. (HauwHaiomuM criefyer fnpOBEPHTH
5TO YTBEpIKAEHNE HENOCPEICTBEHHO, MOJYYHB YPaBHEHNE CBEDTKH A/

0 apanoruunoe (2.4), a 3aTeM BOCMNOJbL30BaBIIMCh HHAYKIHEH.)

AHanoruuHble paccyX[IeHus CNpaBelJHBbI AJA BeposATHOCTH [
TOrO, YTO r-€ 8038PALYeHUE 8 HAYAA0 NPOUCXOOUMm Hpu N-M ucnbima-
nuu. Ipouseodsuad @ynkyus nocaedcsameavrocmu {f°} pasna r-i
cmenenu F. Cpapuupas (3.6) u (3.14), cpasy e 3aveuaem, 4TO

= (2q)" i, (3.17)

B uacTHOM ciyuae p==g=1/2 3TOT pe3yJbTaT COJEpXKHTCA B TCO-
peme 4 ra. 1IL7.

INpr nomMOwH NpousBoAAMYX dYHKIUHHA Jerko NOIY4YnTs pasTiunnie MPHGIHKe-
fIliT ¥ TIpeSC/LHBIC TEOPeMHl, HO IPH 5TOM HCTICAbayloTCA mpeofpasopauns Jlamaca,
KoTopuie OyAyT pacemarpupaThes Toasko R ra. XIIT Toma 2. CreTematnueckoro

cnoco6a OAY4YEHHS HABHBLIX GLIpAKEHnit Anf f” w3 npoussonswed bynxunrn F7
He CyulecTByeT, HO NMpaBHILHOE NPeRnojoXKenHe JerKo MpoBePHTh,  HCXOAA HA Bl
nponseofamedt ¢yuguun. HMexogr wa Teopemuw 4 ra. I, 7, moxno upeanoio-
HHTh, UTO

T M —r
" on—r n

) ¥ (payn. (3.18)

JIlnn npobepkn 5TOTO NMPEANOIONKEHHA JOCTATOMHO 3aMETHTL, UTO H3 TOMAECTBA
FT(s) ==2F"=1 (s) —4pgs*F"—2(s)
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cieLyeT PeKyPDeHTHOE COOTHOLIEHHE

faR = 25" —4pgfan=¥, (3.19)

KOTOPOMY TaKme yZAosaeTsopseT npaeas wacte (3.18). Takum ofpazoM, no wHzyK-
umuu ybexpaemMcs B cnpaeedanBoctd (3.18). Ilo NMOBOAY IKBUBANEHTHLIX BhIpaAce-
Hull, UMEIOIWHX, OJHZKO, APYro# BMI, cM. 3aaady 13 ra. XIV, 9,

§ 4. PASJIOKEHHE HA MPOCTHIE APOBH

Ecnn ussecTHa npoussonsmas ¢yskuus P (s) =Y p,s%, 10 Ko3pe
¢HLUHEHTH p, MOXHO HaHTH AH(GbEpEeHUHPOBAHHEM O OUYEBHAHOH Gop-
MmyJe p,= P'* (0)/kl. Ha npakTHKe He BCErAa BO3MOXKHO NOJIYYHTH
4iBHLIE BHIPAXEHUA JJIf P, KPOME TOro, 3TH BEIP&XKEHHA OOPOH TaK
CNOXHEI, YTO pasyMHoe NpHOIHKEHHEe OKa3uBaeTCs NpeinoYTHTe bHee.
Hau6onee pacnpocTpaHeHHBIH MeTOA MOJYYEHHS TaKHX NPHONMKeHui
OCHOBaH Ha pa3IOXEHWH Ha mnpocThie Apobu. M3 Teopun dyHxumu
KOMIINIEKCHOTO NepeMeHHOro M3BECTHO, YTO TaKHe pPAa3JOXKEHHs BO3-
MOXHHE [IJf IIMPOKOro KJjacca GyHKUHMH, HO Mbl OTPaHHYHMCH pPaccMoT-
peHHeM MpPOCTOrO CAyuasl payuoHanbHuix GyHKkyuil.

ITpeanonoxum, 4Tto NPOH3BOASWIAA (DYHKUMS HMEET BHI

CPE)=U@E)/V(S), @.n

rae U n V — MHorousnensi, He umeromue obmux KopHeidl. JomycTuM
I/ TNPOCTOTH, yTo cTeneHb U Menbuie creneHd V, OpHYeM creneHb
V paBua m. Kpome toro, npeanosoxum, uto ypaBserue V (s)=0 umeer
I'IT_I pPasynMYHEIX (NEHCTBHTEIbHHIX HJIH MHHMBIX) KODHEH S, « .., Sm.
oria

V (8) =(s—s51)(5—S2). . -(5—Sm), 4.2)

M H3 anre6pbl M3BECTHO, 4TO P (S) MOXHO pa3jIoKHTh Ha npocmoe
Opobu

P (s)==p,/(s:—s)+p2/(52—5)+. . . FPm/(Sm—sS), (4.3)
rae Pi, Ps » » «» Pm — OocTosiHHLIE, YTOGE HAHTH Py, YMHOXHM (4.3)

Ha s,—s; NpH S—-S; npoussenenue (s,—s)P (s) crpemurcss K p;. C Apy-
rofi croponni, 43 (4.1) u (4.2) nonyuaem
(5:—S)P (s)=—U (s)/[ (s—$)(s—53). . .(s—Sm)]. 4.49)
Npu s—s; uncauresn B (4.4) crpemures X —U(s;), a 3HaMeHa-
TeNb — K [POU3BEAEHHIO (S;—S2)(Si—Ss)- . -(Si—Sm), paBHOMY V'(s1).
Takum ofpasoM, p,=—U (s:)/V’'(s;)). D10 paccyxaenne NpPHMEHHMO
KO BCeM KOPHSM, I03TOMY NpH k<{m
pr=—U (s)/V' (s). (4.9)
a5 3a1aHHOrO p, Mhl MOXEM JIErKO MOJYYHTb TOYHOE BhIp&XKeHHe
ana xostdduumenta npu s” B P (s). Hanmmem

11 1
sg—S  sp l—s/sp”

(4.6)
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Ipu |s| <[s,| nocnenniolo Apo0b MOXHO pas/ioXHTb B IeoMers
pHUECKHH psg

1 S s 2 s \3
() HE) (.7

[Moacrapnsasg 3T Buipaxenus B (4.3), NonyunM Kosgduyuenm p,
npu s* B BHIE

pn':pl/s,llﬂ"l—pz/sgﬂ'l‘ e +Pm/53;+1- (48)

Takny o6pa3oM, A1S HOJIYYEHHS p, HYKHO CHayana HaHTH KOpPHH
3HaMEHAaTe/s Si, Sy, . . ., Sp, @ 3aTeM no (4.5) onpejeants KoadduuH-
€HTHl P1, « v 3 Pon:

Qopmyna (4.8) naer moyHoe BbIpaXKEHHE AJ5 BEPOATHOCTH P,
Boiuscanth Bce m KopHelt oObiuHO OniBaeT 3aTPYAHHTEABHO, H [103TO-
My ¢opmyna (4.8) npeacTaBasieT NPeHMYILECTBEHHO TeOPETHYECKHH
uHTepec. K cuacTtelo, gaxe oiuH unen B (4.8) nourn Bceraa obecne-
YMBaeT YAOBJNETBOpHTENbHOE npuHOMKeHHe. J[leHcTBHTENBHO, NYCTh
S; — Haumenbiuti no abcosOTHON BesalulHe KOpeHb. Toraa nepBbli
3HameHaTeab B (4.8) sBadercs HanmeHbIIMM. $IcHO, YTO mpM Bo3pac-
TAHHH N OTHOCHTEJbHAS JOJA OCTAaJbHBIX ujeHOB yGbiBaeT H npeobia-
JaeT nepeoe cjaraemoe. WHaue roBopsi, ecau S, — HQuMmeHbUUL NO
abcoaomuol eeautune Kopens ypasrenun V (s)=0, mo npu n—»oo

Pr~ pi/SiT? (49)

(3HaK ~ 03HayaeT, YTO OTHOMIEHHe NpPaBOii H JEeBOH yacTeH CTpEeMUTCH
K enuHune). O6bluHO 3Ta QopMyna faeT xopotuee NPHOIMXKEHHE aaXxe
NpH CPaBHWTENbHO MajblX 3HauyeHHAX n. [1aBHoe npeumyluecTso
topMy.st (4.9) COCTOHT B TOM, YTO B HeH TpeGYyeTCs BBHIYHCJIHTb TOJBKO
OJHH KOpeHb anrefpaHyeckoro ypaBHEHHS.

Jlerko ocBo6OAMTbCH OT TeX OrPaHHYEHMH, NPH KOTOPHIX MBI Bhl-
BEJIH aCHMOTOTHYECKYIO ¢opmyay (4.9). Bo-nepBeIx cTeneHb yHcaHTENS
B (4.1) MoxeT npeBocXoguTb cTenenb m 3HameHatens. Ilycts U (s)
uMeeT creneHs m-r (r>>0); c nomombl geneHus P (s) npuBoauTca
K CYMMe MHOroujeHa creneHd r u apobu U, (s)/V (s), B koTopo# cre-
nedb MHorouneHa U,(s) MeHbie m. DTOT MHOTOUJIEH BJIHSIET TOJBKO
Ha nepebie r+1 uneHoB pacnpegenenus {p,}, a U,{s}/V (s) moxHo,
KaK M Bblille, pa3JoOXHUThb Ha npocTeie apo6u. Mrak, dopmyna (4.9)
octaercs BepHOH. Bo-BTophix, orpaHHueHue, 4To V(S) HMEET TOJBKO
npocThie KOPHH, TakKXe He siBaserTcs HeoOxonmmbiM. M3 anreGpobr ua-
BECTHO, uyTO Ji06asi panHoHanbHash QYHKIHSA JONYCKAeT pasajoKeHHe
Ha npocTble Apobu. Ecau s, — QBoHHOM KopeHb V (S), TO passioxeHnue
Ha npoctele apobu (4.3) OygmeT cojep»KaTb JONOJHHTEJNbHBIH 4jeH
BHJa a/(s—sx)?, ¥ 3TO BHeCeT 4JeH BHia a (n-+1)s,~"*® B TouHOE BhIpas
xenne (4.8) ana p,. Ho eciu s; — npocTod KOpeHb, TO 3TO He NOBJIHSe-
€T Ha acHMnToTHYyeckoe pasnoxeHue (4.9). Ilnsa ynobctBa AanbHEHs
IHHX CChLIOK COpMyJIMpYeM 3TOT pE€3YJIbTaT B BHAE TEOPEMbL
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Teopema:. Ecau naumerbuiud no abconomHol eeauduHe KOpeHb Sy
BHAMeHAmeNR payuoHanvrol yuaxyuu P (S) asasemcs npocmuim kop-
Hem, mo Kospuyuenm p, npu ST AQCUMRMOMUUECKU paser p,S;m+D
ede p; onpedeasemca no gopmyne (4.5).

AHanoruyHoe acHMNTOTHYECKOE NPEACTABJIEHHE CYLIECTBYET TaKxKe
g B clyyae, Korja §; fAIBJSETCA KparHeM KOpHeM (cM. 33ajady 25).

Npumeput '). a) Ilycte a,—BepoATHOCTb TOTO, UTO 4UCAO Ycnexos
8 n ucneimanuax Bepuyaau wemno. BTo cobbiTHE MOMKET NPOH3OHTH
B IBYX c/dydYasX: ec/M 3a Heyjauyed B NEPBOM WCOLITAHMM CJEAyeT
YETHOE YHCJIO YCIIEXOB HJIH 2KE 32 YCHEXOM B IIEPBOM HCIIBITAHMH cJefyeT
HEYETHOE 4YHC/IO YCNeX0oB B ocTanbHblX HenkTaHusx. [lostomy mis

n=1
an=qan—i+p(l —atz—l)l a0=1' (410)

YMHOXKas HA §" U CYMMHPYSl NOJIy4EHHBIE COOTHOIIEHHS o n =1,
2, ..., NONyYaEM CAEAYIOLIEE YPABHEHHE /IS POU3BOAAIIEN DYHKIIHH:

A (s)—1=gsA (s)+ps (1—s)~*—psA (s),
AJaH
2A (s)=[1—s]"14[{1—(g—p)s]~=.

Paanaras npaByO 4acTb NOCJAEIHEr0 COOTHOLIEHHS B re€OMETPDHYECKYIO
Iporpeccuro, Mbi, HaKOHEIL, NnoJiy4aeM a, B 5SIBHOM BHJE

9, =1-(g—p)", (a.11)
EOTOpHIii C J:060# TOYKH 3PEHHsI NpPEeANnOYTHTENbHEH OYEBUAHOIO OTBETa
a,=b©; n, p)+6©2; n, p)+....

6) Ilyctb 4, — BepOATHOCTb TOTO, 4YTO NpH 7 6pOCaHMAX NpaBH/Ib-
HO MOHETHl HE NOSBMTCH HH OJHA CEPUA M3 TPeX NOC/ELOBATEJbHBbIX
Bolnajenuit rep6a. (3amerum, uto {g,} He sIBJAsIETCHA pacnpeje/ieHHeM
BepOSATHOCTEH; €CJH p, — BEPOSAITHOCTb TOTO, YTO NEpBas cepud M3
TpeX NOC/IEeJOBaTe/bHEIX repb0B OKOHYMTCS Ha M-M HCHOBITAHHH, TO
{p.} ecTb pacnpenenienue BepoATHOCTEH, a ¢, NPEACTABJSAET €0 ¢XBOC-
TBI: Gn=Pnt+1tPniite.s )

Jlerko nokasatm, 4TO ¢, Y/JOBJIETBODSIET DEKYPPEHTHOH ¢opmy.e

Gn=(1/2) gy + (1/4) Gnep+ (1/8) gy, n=3.  (4.12)

HefictBuTe/IbHO, COGBLITHE, COCTOSILIEE B TOM, YTO NPH N MCObITAHUAX
HH pas3y He NOSBUTCHA nocjefoBatedbHocTe ', MoxeT npou3ofiTH
TOJIbKO B TOM cJly4yae, €cJId HCHIbITaHMA HauuHawtes ¢ P, I'P, wiu
I'TP. BepOsiTHOCTH TOTO, YTO NOCJEAYIOUIME MCNBLITAHUS HE NPHBEAYT

}) Xopouwyo HAMIOCTPALHIO PHMEHEHHsT NMPOCTHIX APoGel /A YHCAEHHLX MPHs
Gmkenui gaet Teopus cepuit yenexos (ra. X1If, 7). SIBHHe BRI paXkeHHS /5 BEPOSTs
Bocra pasopennn B 1. X1V, 5 & BeposTHocrelt nepexosa 6 I, X VI, 1 rakXe nonyuentd
METOJOM DA3NOMEHHA LA npoctwe ApolH,
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K cepun I'I'T, paBHbI COOTBETCTBEHHO G, _i, §n_2 H §,_3, H NOITOMY

npaBasi yacTh (4.12) comepKHT BEDOSITHOCTH TpeX B3aHMHO HCKJIO-

YawUHX APYr ApYyra BO3MOXKHOCTEH, IPH KOTODHIX MOXET MPOH30HTH
- cobuiTHe «HH ofiHOH cepHH I [y,

OueBuzHO, go=¢;=¢.=1, H, CJ€J0BaTEIbHO, OCTA/JbLHLE g, MOXKHO
[oc/ef0BaTebHO BLIUHCAATL N0 dopMyae (4.12). Uro6el mosy4yuThb
NPOH3BOASILLYI0 QYHKIHIO Q (5)= D) 7,5", YMHOXKUM 00€ uacTH paBeHCT-
Ba (4.12) Ha s* u npocymMmmupyem no n>=3. Ioayuum

Q) —1—s—s*=(1/2) s {Q (s)—1 —s} 4 (1/4) *{Q (5) — 1} +

+(1/8) $* Q (s),
HJIH
QO =gz (4.13)

3HaMeHaTe b HMeeT JAeHCTBHTENLHBIN KopeHb s;=1,0873778 ..,
U ZBa KOMILIeKCHBIX KopHsf. Ilpu [s|<Cs; umeem |4s--2s2--s?|<T4s,-
+2s34§3=8, ¥ 3TO Ke HEPABEHCTBO BHINOJHsETCS NpH [s|=$;, 3a
HCKMIoueHHeM ciayuasi s=s;, CJenoBaTesibHO, ApPYTrie JABa KOpHA Impe-
BOCXOJAAT §; o aGcomotHoi Beauuune. Takum obpasoM, u3s (4.9) no-
JYYHM

g, ~ 1,236840/(1,0873778)n+1, (4.14)

TAe yHcauTean paseH (252 4s; -+ 8)/(4 -+ 4s; + 3s}). Dra dopmyaa paet
YAMBUTENbHO XOpoulee NpHOJIMKEHHe Jae IpH HeOOJbIIMX 3Haye-
HusiXx 1. BMecto ToyHoro 3HaueHus ¢, =0,870 ona pmszer 0,8847, a
svecto ¢, =0,8125 paer 0,81360. OtHocuTesnbHas omubka MOHOTOHHO
yOuBaeT, u A8 g,,==0,41626 ... ToyHoe M MpHOJIMKEHHOE 3HAYEHHS
COBNAJAIOT A0 NSTOr0 3HAKa, >

§ 5. ABOAHBIE NPOU3BOAAIME $YHKIHH

Ins napbl uesodHcAeHHbIX cayyaiiHuX BeanunH X, Y ¢ coBmect-
HbIM pachpeje/eHHeM BHIa

P{X=j, Y=k}=pjn, |, k=0, 1, ... (5.1)

Mbl ONpENENHM IMPOH3BOASILYI0 (YHKIHIO OT ABYX MEPEMEHHHIX ¢op-
MYJIOH

P (51’ 52) =IZ: p,-ks{s’;. (52)

Takyw npousBoasiiylo GYHKUHIO A5 KPAaTKOCTH OyAeM Ha3blBaTh
JBOIHOH.

MeToan J10Ka3aTesNbCTB, KOTOPhIMII Mbl MOJB30BajJHCh B IEPBLIX
IByX mnaparpaax, MOXKHO NMPHMEHHTb 3€Ch 03 CYLIeCTBEHHBIX H3Me-
HEeHHH, NOITOMY MOCTATOYHO OTMETHTh TPH CBOiiCTBA, BbITEKAIOLLHE
u3 (5.2).
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a) J1pouseodauue pynkyuu mapeunarvanx pacnpedeserud P{X=j}
u P{Y=Fk} pasnoi A (s)=p (s, 1) u B(s)=P(l, s).

6) Ilpoussodsauan pynkyun cymmvee X-+Y pasna P (s, s).

B) Cayqadinvie seaudunnt X u Y Hesasucumbt mozda u moavko mozda,
Koz0a P (sg, s:)=A (s1) B(s,) 0aa scex sy, Sq.

Mpumepst. a) [symeproe pacnpedeaerue Iyaccona. OueBHAHO, YTO
yHKUHSA

P (Sl'r 52) ze—a‘—a,—b+alsl+a,s.+bsls,’ a; > 0’ b > 0 (53)

pa3naraeTcs B CTeIeHHOH DPSA C MMOJIOXHTEJIbHBIMH KO3(OhHIHEHTaMH,
jpaiomumMi B cymme epuHuny. [lostomy P (s;, s,) npeacraBaser coGoi
NpoM3BOASAILYI0 QYHKUHMIO pacnpeje/ieHHs HEKOTOPOH naphl CaydadHbIX
BeJIMUMH, KaxkJasd H3 KOTOPBIX HMeeT pacnpejeneHve [lyaccona co
CpeJHHM 3HaYeHWeM, PAaBHBIM COOTBETCTBEHHO a,-+b W a,+b.

o cyMma X+ Y uMeeT NpOH3BOAALLYIO QYHKLHIO g=Fi~Ga=b+(a:+as)s+bst
H [03TOMY fIBJIfileTCs CJy4YadHOW BeHMUHMHOH, uMeroulell pacnpejeneiide,
or/Myaionieecss oT pacnpefeiendss IlyaccoHa. (9To Tak HaaniBaemoe
obobiiennoe pacnpepenedne [lyaccona; cm. ra. XII, 2.)

B) Iloauromuanrvroe pacnpedeaedue. PaccMoTpuM MOC/e10BaTeNb-
HOCTb £ HE3aBMCHMHIX HCIBITAHUH, KaXJ0€ H3 KOTOPHIX NPHBOAHT K
onHoMy ua ucxonoB E;, E; nunu E,, BEPOATHOCTH KOTOPBIX COOTBETCT-
BEHHO PAaBHR! pg, p; ¥ pa. Ecan X; — cnyuailHasg BesqMyMHA, paBHas
YHCly HCMNBITAHWHA, B KOTOPBIX npousomuio cobertie E;, 1o (X;, X,)
HMeeT TPHHOMMAJbHOE pacnpefeseHHe C NPOM3IBOAAIEH (yHKUHeH

(potp1Si+pasa)”.

§ 6%). TEOPEMA HENPEPbIBHOCTH

B ra. VI 6buto nokasaxo, uto pacnpegenenue ITyaccona {e-*A%/k!}
€CTh NpefenbHas Gopma OMHOMMAJILHOTrO pacrnpejeneHus AJIf caydas,
KOrja BEpOSITHOCTb YCeXa p 3aBHCHT OT 7, NpudeM np—s A MpH
n—»oo. B atom cayuae

b (k; n, p) —e-*A*/k!,

[Mpouasopsmas ¢yukuus pacnpegenennus {b(k; n, p)} paBua (q-+ps)”=
=={1—A(1—s)/n}"./Torapudmupys, y6em11aemc;1 YTO 3Ta NPOU3BOASILAS
dyHKuHA cTpeMuTcs K OyHKUuuH e~™1-%, apnsiomefics npou3BoAsiel
¢dyukuuedt pacnpefesneHns Ilyaccona. [ToxakeM, 4TO 3TO CBOHCTBO
npou3BojiAilel QYHKUHM CoXpaHseTcss H B oblieM ciyyae: nmoc/ejgoBa-
TEJBLHOCTh pacnpefesieHHil BePOATHOCTEH CXOAMTCA K NpefeNbHOMY
pacrnpeje/ieHHIo TOTAa M TOJNBKO TOr/a, KOTAa COOTBETCTBYIOLIHE NPOH3-
BojsAmKe GyHKuMM cxoxaTcA. K coxaneniio, 3Ta TeopemMa HMeeT orpa-
HUYEHHOEe NPHMeHeHUe, TAK KaK Haubosee HHTEPECHLIMH MNpeae.1bHbIMH

*) TeopeMa HenpepulBHOCTH GYJeT HCHNOJML30BATBCA TOJMLKO NPH 06CYKACHHH
odmero BHJa Ge3arpannyHO eMAMBIX pacnpefeseHuil B 1. XII 2 4 nonyuensu obuero
4HCI2 NOTOMKOB B BETBAIHXCH npolieccax B IVI, XI1I,
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¢opMaMH JHCKDETHHIX pacnpele/eHHH SBJSIOTCH HenpepulBHLIE pacs
npejeneHHs (HanpudMep, HODMaJbHOE pacnpeieseHHe Kak NpejesbHas
¢opna GHHOMHABHOTO pachpesieeHus).

Teopema uenpepnisHOCTH. [Ipednonoxcum, amo npu awobom urcu-
POBAHHOM 1 NOCAEO0BAMENBHOCTE g,y Qg ps (g py «»« ABAREMCA PAC
npedescHuem GeposmHocmeti, M. e.

a, , =0, kzoak'n_—:l. (6.1)

Has moeo umobot npu awbom duxcuposannor k=20 cywecmeosar
npeden
a,= lim a, ,, 6.2)
n—-o
Heobxo0umo u OGocmamouno, 4mobbl npu 000 S U3 OMKPHIMOE0 UH<
mepsasa 0 < s < 1 cywecmsosaa npeden

A(s)= lim i ay, 5% (6.3)

n—> o k=0

B amos caydae asmomamu4ecKu noaydaemcs
@
A (s)= D) a,s*. (6.4)
k=0

OueBupHo, uTO @, =0 H Zakgl. OTMETHM TEM He MeHee, 49TO
cymma Moxer OwbiTh cTporo Memblle 1. Hanpumep, ecmd ay, ,=f,4p
10 a,=0 nns BCex k.

Hoxasamenscmeo!). Tlycte A, (S)—psf, CTOSAWMA B NpPaBOH YacTH
(6.3).

(i) Npexnonoxum, uto (6.2) BhnomHeHO, W onpegeaum A (s) no-
cpeactBoM (6.4). Tak Kak |a,, ,—a,|<<1, 10 11a 0 <s< 1

r

14, () —A) | < X | ag, y—ap|+s7/(1—s). (6.5)

k=0
Ecau BuIOpaTh r HACTONBKO GOMBIHM, uTO §7<€ (1—S), To npapas yacTh
Oyzner MeHblle 2 A5 BCEX JAOCTAaTOYHO GonblIHX n. Takum 06pa3om,
JIEBYIO YaCTh MOXHO CJA€aTh CKOJb YTOJHO Majoi, H, CIeX0BaTEbHO,
(6.3) cnpaseaauso.

(i) Tlpeanonoxum, wuto Bunoaneno (6.3). Ouebuaso uto A(s)
SIBISETCA MOHOTOHHOH ¢yHKuuefl s, u nostomy A (0) onpenensercs

1) Dra Teopema npexcTaBaseT coGOH HaCTHRIA Clyyad TeopeMhl HenpepHBHOCTH
RJsA  npeo6pa3oBaHuil Jlannaca — Crusitheca u JOKa3biBae1cs Tak K€, KaK K 37a
Gonee obuias Teopema HENDEPLIBHOCTH. B JiuTepaType TeopeMa HenpepRBHOCTH LS

npou3poAgmuX PynKUME yacTo OpMYAHPYETCH H AOKA3WBACTCHA NPH HIJKIUHHX OTrpas
HHUYCHHUAX,
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Kak npegen A (s) npu s—0. Teneps
a<A,9)<ay, Fs/(1—5). (6.6)

Hs storo crepyer, 4TO npH n— co BCE NPEAEIbHBIE 3HAYEHHS 4,
nexar mexay A(0) u A(s)—s/(1—s). Yerpemssisi s x 0, BumuM, yTo
a,, ,—A(0), u nostomy (6.2) Bumosusierca npu k=0.

310 paccyXjaeHHe MOMXHO NPHMEHHTb KO BceM k. JleficTBHTE/BHO,
Ana 0<Zs<<1

(An () —2,, 5)/s — (A (s)— A (0))/s. 6.7)

B s1€BO# yacTH MBI HMEeM CTENEHHOU DAL C HEOTPHUATENbHBIMU KO3(hduU-
nuentamu, u (6.7) Bo Bcex oTHowweHHAX aHajoruydo (6.3). [Ipu nomoru
paccymxiaeHui, noJoOHBIX NPOBEJEHHBIM BhIE, yOexjgaeMcsi B TOM,
yto npousBogHas A’ (0) cymectsyer u uto a; ,—A’(0). [To nEAyKUMY
noJayuaem, uto (6.2) cipaBef/IMBO 4151 BCeX k.,

Mpumepsl. a) Ompuyameavroe 6uromuarsroe pacn pedeserue. B npu-
mepe 2, r), Mbl BHJEJH, 9TO npoussonﬂmaﬂ byHKUHMs pacnpeneseHus
{f (& r, p)} umeer Bug p” (1—gs)~r. Ilycte Tenepr A ¢HKCHPOBAHO,
H uyctb p—1, g—0 0 r — oo, npuyeMm g ~ A/r. Torna

[/ (1 —g9)Y = [(L —W/r)/ (1 —s/r)]. (6.8)

Jlorapugmupys, yGexiaemcs, 4To NpaBas 4aCTb STOTO PAaBEHCTBA CTpe-
MuTCH K QYHKUMH e ™3, gpimomeics npousBoasmeli ¢yHkuued pac-
npenenenus [lyaccona {e~*A%/k!}. Tloatomy, ecau r — oo u rq — A, mo

f(k; ry p)— e *AR/kL (6.9)

6) Hcenbimanusa bepryaau ¢ nepemernsimy geposmuocmany t). Pac-
CMOTPHM 71 He3aBHCHMbIX MCIBITAHHHA, TAKHUX, YTO k-€ HCIBITAHHE OKaH-
YyBaeTcH YCIOEXOM C BEePOSITHOCTBIO pp M HeyJauedl C BEPOSATHOCTBHIO
gr=1—ps. UYncno ycnexos S, MOXHO 3amucaTb B BHAE CYMMbl S,=
=X;+...}X, 7 B3aUMHO HE3aBHCHUMBIX CJYy4YaHHbIX BEJIHUYHH Xh,
HMEIOIMX pacnpeje/eHue

P{X,=0}=qs, P{X,=1}=ps.

INpoussBoaswas ¢yHKUuMA ciydyaiiHOH BenuuuHel X, paBHA Gp+piS,
H, C/eJoBaTe/bHO, NPOoH3BoAAAs (QYHKUHS BeNHYHHB S, paBua

P()=(qtpis)(gatpas). « (gntpas). (6.10)

B xauecTBe NpDH/IOKEHHSI ITOH CXEMbl JONYCTHM, YTO B KaXKAOM
JloMe HEKOTOPOro ropoja B TeyeHHe JHS MOXKET BO3HHUKHYTH [0Kap
¢ HeGo.blLLIOH BepoATHOCTLIO pp. Cymma p;-+. . .+p,, TAe n — 4HCIO
JIoMOB B ropojxe, GyAeT OMKHIaeMblM uuc/iom nMoxapoB. B ra. VI mer
BHJE/IH, UTO €C/IH BCE pj, PaBHBI MeKAY coO0M M CJyyaH BOSHHKHOBEHHUS
poOXapa B Pa3/iHuHbIX JOMaX CTOXAaCTHYECKH HE3aBUCHMbI, TO YUCJIO

%) Cw, Takse npaMepu I, 1X, 1, m urg 1X, 5, 61
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N10XapoB sfBAfETCS CAydafiHOf BesMuNHOH, HMelomed pacnpejene-
Hie, 6n3Koe x pacnpegesennio Ilyaccona. Cefiuac Mel NMoKa)keM, uTo
3TO 3akJIOUCHIE OCTAeTCH B CHJe Tak»e H npi fo.ee peasbHOM npei-
TN0JI02K€HHH, UTO BEPOSITHOCTH pp HE paBHbl MEXAY cobof. D1OT pe-
ayabTaT eule Goablue y6exxjaaeT Hac B TOM, 4TO pacnpepesenne Ilyac-
COHA JaeT aJeKBaTHOEe OMNHCcaHie SBJEHMA, NPEeACTaBJASIONIHX COGOH
coyeTaHHe HECKOJBKHX MAaJIOBEPOSITHBIX COOHITHH («ycnexos»). Ilpu-
MepaMH CJYXaT HecyacTible CJY4aH M TeJedOHHbIe BbI30BHI.

Bocnoab3ayeMmcst yxe 3HakomoH HaM cxeMmoil, B KOTOPOH 4YHCJIO
BEeJHUMH £ BO3pacTaeT, MNpHYEM BEPOSITHOCTH P MEHSIOTCS BMeCTe
¢ n TakuM 06pa3oM, uTo HanbGoJsbllas H3 BEDOSTHOCTEH pj, CTPEMHTCH
X 1y, a cymma pi+p.t. . .+p,=A ocraercs nocrosunoi. Torxa,
coraacuo (6.10),

log P (s).=k§=]1 log{l—p, (1—s)}. (6.11)

Tax xax pp—>0, MOHO BoOCNoJb30BaThecs TEM, uTo log (1—x)=—x—10x,
rre 60 upn x—0. Orciona caenyer, urto

l0g P (9 =—(1—9{ 3 Gu+0u00 | ——2(0—9, (612

rak uyro P(s) cTpeMmuTcsi K Npou3Bojsiued QyHKUMH pacnpepeseHust
[Tyaccona. CaenoBatensno, S, useem 8 npedese pacnpedeaenue Ilyac-
coHa. Mbl 3aKiioyaem, 4TO Npd 6OJBLIIOM # M HE OuYeHb GOJIBIIOM A==
=p;-+. . .+p, pacnpeneseHue BeIHUHHBI S, MOMeET OLITb NpPHOJHMEH-
HO mnpexcTapjeno pacnpenesnenuem Ilyaccona. >

§ 7. 3AAYH

1. ITycts X —cayvaliuas meJHunHa c npou3pojswed ¢yukuneir P (s). Haittn
npousBoasuEe GYHKUHH caydafinpix pearurn X--1 u 2X

2. Hafith npouscoaswre QyHKUHM CJELYIOUIHX  [IOCJCAOBATe/JbHOCTEH}
a) P{X<<n}; 6) P{X < n} ) P{X=n} 1) P{X>n+41}) 1) P{X=2n}.

3. PaccMoTpiM nocae0BaTe IbHOCTH HenuTank i Bepryaau. O6o3Haunm vepes i,
FePOSTHOCTh TOTrO, 4TO KOMOHHauWs &H snepBule nossutes npw (n—1)-M H
11-M McnbiTanuax. HafiTh nponaBopsmyio QYHKUHIO, CPeiEee 3HaYEHHKE K HCH epCHIO.

4. Buscuutb, kakue 13 ¢opmya ra. Il, 12 Bx/IOYalOT CBEPTKH H Il MOXHO
€bLi0 HCNOAb30BATL NPOH3BOAALIKE QYHKUHH.

5, IlycTs a,— 4ncao €nocoGos, KOTOPHIMH MOMHO TNOJYYHTH CYMMY B #t OYKOB
npu npon3sonnHoM yHcae GpocaniuBt npasuabHofi kocTH. ITokasaTs, 4TO TNpoHaso-
Asimas GyHKUHMA NOCACOBaTe1bHOCTH {a,} papHa {1 —s— s®— s — % — 55— 58} -1 |,

6. Ilycts a,—uncs0 cnoco6oB, KOTOPHIMH #—2 (HEnepeceKarollMXcs) JHaros
naneli paabupaior BENyKan (n-1)-yroassuk P Py ... P, ua Tpeyronnnukul),
ITosoxuM a; = 1. Iloka3aib, yTo npH n>=2

@ =m0, _1} 08y -2+ .. T Op101
IlaliTh npon3coAAwylo QYHKUHIO K SIBHLIC BLIPAMKEHHSA AIf d,.

1) 3ta 3anaua ofcyxkaaerca B kuure Polya G. Mathematics and plausible
reasoning, Princeton University Press, 1954, p. 102. [Mmeetca nepeson: ITo#ta 1.,
MaTteMaTtika # npasgonofobHue paccyxdenrda.— M.: WJI, 1957; M.: Hayxa, 1975,
c. 123.]



§ 7. 3adaun 297

¥raaanue. TlpeanoslokuTb, 4YTO OJHA W3 JHArOHafe# npoxoZHT uepe3 P,
H npHHATbL 33 kB HauMeHblmil wuiekc, Takofl, uto PP, ssasercs muaronansio.

3ameuanue. 3apaun 7—11 orHocaTtcs Kk § 3. [Tpou3pogsamue pymxunu @,
U u F COOTBETCTBYIOT NePBbIM AOCTHXEHHAM TOYKHM |, BO3BpalleHHAM B Haua/o
1 nepeLiM Bo3BpaweHdsM; cM. dopmyast (3.6), (3.12) u (3.14). Buuncaenus 3necsh
He TpebyoTcs.

7. a) BeposTiOoCTb TOTO, YTO BO3BPalleHHE B HAyalo NPOHCXOZAT He MO3Ke
MOMEHTa n-ro ucneltanus, paBHa (1—s)~1 F (s).

6) Crencroue. [lpousmogsinasi GyHKUMS 110C1€40BaTeNbHOCTH BEPOSTHOCTER
toro, uto §; #0, j=1,..., n, pasua V UFs)/(1—s)=(1-4s5) U (s).

B) IlokazaTb, 4TO 3TO 3KBHBATeHTHO YTBEPXJEHUIO, NPHBEZEHHOMY mnocje
dopmyan (3.16).

8, INpoussogamas QyHKuUHA nociejoBaTeNbHOCTH BeposTHocTell TOro, 9TO
nocle n-ro WCOHTaHMA (MCKIIO43as CaMo n-€ HCNBITAHHME) He NPOHCXOAMT BO3Bpa-
meHus B tauano, pasHa (1—s)~*U(s)| p—q).

9. a) INpoussogamas GyHKuus noclefoBaTenbuoctd BepoATHocTel P {S,=r}
(npu dukcuposannom r > 0) pasna @7 (s) U (s).

6) Mlpn p==1/2 sT0 HHpaxeHne sBAsfeTcs npou3Bofamed GyHKUKeHd nocie-
JAOBAaTENbLHOCTH BeposiTHOCTER TOro, 4TO Sy=1r B TOUHOCTH AAS OJHOTO HHJIeKCa
. k=n.

10. a) HafitH npouseoasmylo QyHKUHIO NOCAENOBATE/NbHOCTH BEPOSITHOCTEH
Toro, uto cobuite S,=r npousoliger poeso k pa3(r > 0 u k > 0 dukckpoBanmy).
6) PewnTb npegblgymyio 3afauy, 3aMeHHB «POBHO» Ha «caMoe Go/biuees.

11. a) Haittu npou3poasinyio QyHKUHIO NOCAeLOEaTENLHOCTH EEpOsiTHOCTEH
Toro, 9TO MNepBOe BO3BpallleHHe B Hayalo, Clefyiollee 3a NepBbiM JOCTHXEHHEM
Touk4 r > 0, NPOHCXOLWT NPH HCNLITAHAH C HOMEDOM r.

6) PewnTbh npeanigymyio 3agauy, OfyCTHB CJIOBO «[€PBOE».

12. Hafith nponsBojsmyl QyHKUKIO BeddurHsl S, (r GuKcHponano) B 3adaxe
o0 spemenu oxcudanus (npumep ra. IX, 3, r)). Iposeputs dopmyay (3.3) ra. IX
IS CpejHero 3HaueHHS M BBRIUHC/AMTBL RHCNEPCHIO,

13. M podoascenne. Hpyroii Meton pewenus Toil xe 2agauu. Ilycts py, (r) =
==P {S, =n}. Hoka3ats pexyppentnyw ¢opmyry

Put1 (1) =[(r—1)/N] pp(r)+[(N—r=-1)/N)] py (r—1). .1

HenocpegctrentHo u3 (7.1) BbiBecTn Npou3Bogsmyl (yHKuuiw.

14. PemuTs g2e npegbigyliude 3agaud A8 7 3apaHee BhiGpaHHLIX TEMEHTOB
(BMeCTO 7 NMpPOH2BOJIBHLIX).

151). Hasomeu yuxiom nociefoBaTen>HOCTh MenblTaHKit Bepuynnn o nepsoid
HeyjAauu BKAOYHTenLbro. HalTh npoussoasmyio yHKUKIo B pacnpejenesye BEPOAT:
HocTeit ofuero uncaa S, ycnexos B r LHKKJaX.

16. Ipodoasmenue. a) Tlyctb R—uncao nociefosaTelbHBX LHK/IOB RO V-TO
ycnexa (T. e, v-R ycnex npunagtexur R-my nukay). Halitu E(R) u Var (R).
Joka3sath, uTO

rt+v—2
PR=r1=pg ("TYT7).

1) 3agaun 15 1 16 WMelOT camoe HENOCPENCTBEHHOE OTHOLIEHHE K Hrpe B G-
auap]. BeposTnocTs nomajaHMs p CAYXKHT Mepof HckyccTBa urpoka. Mrpok mpo-
JAonXaeT WIrpy Ao mnepsoro npoMaxa. IloatoMy uncio 3a6HTHIX WM ILApOB ecTh
ATWHA «lUWKIa nonafaHwié». Frpa 3aKaHuWBaeTcs, KOrga OJHH K3 HIPOKOB
3abber N mapos. Taxum o6pasom, B 3afaue 15 Hmertcs pacnpejgerenve BepOsT-
HOCTeli 451 4Mc/a LHKI0R, B TeYeHHe KOTOpbIX WIPoK 3alupaer k wapoB, B 3ajaue
16—cpeguss NPOJONIKHTENLHOCTh MIPLl M BePOSTHOCTb HHubed, [lanbHedhung
nogpoBHocTh cM. B cTatbe Bottema O., Van Veen S. C., Kansberekningen bij
het biljartspel, Nieuw Archief voor Wiskunde (na Ratckom asbige), 22 (1943)
16—33, 123—158.
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6) PaccMoTpuM 0ée mMOC/ef0BAaTENbHOCTH HCNAITaHMit Bepryann ¢ BepoOSATHO+
eTAMH Pf, i U Py, Gy cooTEercTBeHHO. Hafltn BepodaTHOCTL coBnageHus HOMepoB
UMKJI0B, NPH KOTOpbiX npowsoiger N-H ycnex B KaXuo# nocaeA0BaTebHOCTH,

17. Mlyctb caywalinana eeauunHa X npuuuMaeT 3Hadenns 0, 1; »e,; r—1 xaxe
noe c EepodATHOCTBLIY 1/r. [lokasaTb; 4TO eClH r ABAKETCH COCTAEHBIM YHCJIOM;
HanpuMep r=ab,; T0 X MOMHO NpPEACTaBHTb B BHAE CYMMb HE3aBHUCHMLIX Le/0-
QKCAEHHBIX CyUaiHBIX BeJMUuH.

18, Iycts S,=X;-+...4X,—cyMMa B3auMHO HE3aBUCHMBIX CJy4aiHbIX
BeJTMYHH, KaXAa#d M3 KOTOPLIX NpuHHMaeT 3uayenns l; 2;..,, a ¢ BeposrTHOCTA~
mu [/a, TTokasatb, 4TO mpou3Bofswas PyHKUMS BeTMUMHH S, paBHA

P (s)={s (1 —s%)/[a (1—9)]}",

OTKYAa And j=n

Pisi=p=amr 3 e (0) (00 )

—or S (3) (7).

v=0

(/Idmb KOHeuHOe UHMCJIO WIEHOB 3TOH CYMMBl OTJIHYHO OT HyJd.)

3ameqanue. Tlpy a=06 Mbl NOay4uM BEpPOATHOCTL BHINaJeHHA [--7 OYKOB Mpi
6pocanun n KocTei. PeweHne 5TOH 3aauu BOCXOAMT K Myaspy.

19. [Tpodoasxenue. Bepostaocts P {S,<Cj} umeer nponseopsamyio ¢pyuxumio
P (s)/(1—s), u nostomy

pii=0m -0v(5) (123).

20. [1podonxcenue: npedeabnan ¢opma. Ecam a— 0 u j—> oo, mpnyem
jla— x, 1O

P(sa<i)— ) B~ 1§ ) e,

rae cymma GepeTcs 1O BceM v M3 HHTepBanta 0<Sv < x,

Sameuanue. ITOT pedysbraT NpPUHARNEXHT Jlarpanxky. B teopun reoMerpu-
YecKMX BEpOSATHOCTEil [PaBas 4acTh NPEJCTABAAET QYHKUMIO DACTpPefeteHis CyM-
MBl 7 HE3aBHCHMBIX CJY4YaiHLIX BelHUYHI C «paBHOMEpPHBIM® paclpejeleHHEM Ha
uutepBaite (0, 1).

21. Ilyctb 4, —BepOATHOCTb TOIO, YTO YHMCJO YCIeXOB B A MCOHTAHUAX Beps
Hytad fJeautca Ha 3. HailiTn peKyppeHTHOe COOTHOWEHHE AIA 4,, A H3 HEro —
NPOM3BOAAILYIO DYHKIHIO.

22. [Tpodoascenue: Opyeod memod. IlycTb v, ¥ w,—EeDOSITHOCTH TOIO, 4TO
S, nMeer coorsercTBeHHO BuA dv—-1 n Jv4-2 (Tak ut0 U,+v,+w,=1). Haiiry
TPH OJHOBPEMEHHO BBHINOIHAIOUMECH PeXyPPeHTHHE COOTHOWICHHS, 8 H3 HUX— TpH
ypaBHeHHS] A1 NPOM3BOAAWMX PYHKUMIL

23. ITyctb X u Y -—HeaaBuCHMHe CJayudailible BeJHYHHBI C MIPO13BOAALMMH
dyuxunamu U (s) u V (s). Ilokasats, uto P{X—Y =/} pasuo kospduumenty
npu s/ B pasnoxenun ¢yukuuu U (s)V (1/s), rae j=0, £1, +£2, ... .

24. [Ipoussodruue dynsyuu momenmos. [ycts X — cnyyaitnas neanunna c mpos
HapofsweR dyuxuueir P (s), U NycTb pag 2, PnpS" CXOAMTCH NP HEKOTOPOM S, > 1,
Torga sce momentn m,=E (X7) cywecTByioT u npoussopsamas Qynkuus F (s)
MOCAEAOBATEBHOCTH M, /rl CXORMTCA Mo Meublied Mepe npu |s| < logs;. Kpoma
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g0ro,
F ()=} (m,/r}) s"=P (¢°).
r=0

Sanedarue. F (s) ofeluyo Ha3HBalOT npouseodaued GyHrkyuel MOMeHN06, XoTd
4 caMoM Jies€ QHa NPOHM3BOAMT IOCAEA0BATENEHOCTL m,/rl.

- 3}

25. IlpeanosoxuM, 4T0 A(s)=2ans"-—pauuouamuaﬂ dyukuug U (s)/V (s)
H 9TO §{— HaHMEHbIIKiI N0 a6COMIOTHON BeNMYHHE KOpeHb MHorouaena V (s). IToxas
8aTb, 4TO €C/IH 5y MMEET KpAaTHOCTb 1, TO

g PL_ (AFr—=1
n S;l+’ r—1 i

rae pi= (=1 rl U (s;)/V" (s5y).

26. [eoiinoe ompuyamentbroe GurOMUGALHOE pacnpeleserue. TIokasarb, uTo NpH
NO/IOKHTENLHBIX 3HAYEHHAX NapaMETPOB BHIpAXEHHE pg {1 — pySj— paSa}—2 npegs
cTaBasfeT cobofi npou3BoAAUYI0 (PYHKURIO pachpefeseHHsl Napbl ciy4adHHIX BelH-
upy (X, Y}, Takux, uyto Mapranaibpune pacnpegeneuns X, Y u X~ Y apasiorca
OTPHUATENbHBIMY OHHOMHANbHLIME PacnpEAENEHHAMH 1),

——

) Pacnpegenenne storo THna Hcnoas3osaar JK. Beitc n Ix. Hefiman npu
HccenoBaRMAX uacToTs KatacTpod; oM, University of California Publications in
Statistics, 1 (1952).



FNABA X1I*) CNOXHLIE PACNPEAENEHUS 1).
BETBALLUMESH NPOLIECCHI

3HauuTeNlbHaA 4acTbh TEOPHH BEPOATHOCTEH CBfidaHa C CYMAaMH
HE3aBHCHMbBIX CJy4afiHplX BEeJHYHH, H MOPOIO 4YIC/I0 CJaraeMbix B Ta-
KUX CYMMax camo siBjsieTcs cjyvafiHolft BeqMuuHON. Mbl orpaHuuyuMCs
3/1eCb DAacCMOTPEHHEM CHTYyauHl, KOIrja CJaraeMble siBJgIOTCH LEeJOo-
YHCJAEHHBIMI CJYYaHHLIMH BeJHYMHAMH, yToObl NOKa3aTb, KaK UCHOJIb-
3yIOTCS NPOH3BOAALIHE QYHKUHMH, U NOArOTOBHTBCS K H3Y4yeHHIO (B
ToMe 2) Ge3rpaHuyHO AEJUMHIX pacnpeieseHddl H npoueccoB C Hesa-
BHCHMbIMH NPHPALLEHUAMH.

B xauectBe npumepa 0COGEHHO NPHUBJIEKATEJBHBIX NPUMEHEHHH
Mhl OMNHIUEM HEKOTOpble pe3y.bTaThl U3ALHOH TeopHH BETBSIUIMXCH
N pOLIECCOB.

§ 1. CYMMbI CJTYYARHOIO YUCJIA BEJIMYUH

[ycte {X,}—nocaenoBaTenbHOCTh B3aMMHO HE3aBHCHMBIX CJyyaii-
HBIX BEJHMYUH C OJIHHM K TeMm Xe pacnpenenendeM P {X, = j} = f, u npo-
u3Boasmeli Qynkumed [ (s) ==Y\ f;s’. Mu Gyaem paccmMaTpUBAaThL CyMMHI

Sv=X,+X,+...+Xn,

B KoTOpuix uuca0 N ciaraeMblx siBaseTcs caydaiHoll BesHUHHOM, He
sasucsie#t ot X,. Ilycte N wumeer pacnpenenenne P{N=n}=g,
W npoussoAsumylo yHkuuo g (s)= Y g,s". Pacnpenenenue {i,} cymmbi
Sy MOXHO HailTM No OCHOBHOH (opMyse s YCJOBHBIX BePOATHOCTEH

hy=P{Sy=jt= 2 P{N=n}P{X,+...+X, =7} (L]

Ecmr ynesio Bo3MOXHBIX 3HayeHHit N KoHeuHO, To cayuaiiHas Bes-
yHHa Sy Onpeje/ieHa Ha NPOCTPAHCTBE 3JEMEHTApHbIX COGHITHH, coOT-
BETCTBYIOilleM KOHEUHOMY uncay X,. B npoTusioMm caydae ans Bepost-
HOCTHOrO onpejejenus cayyafiHoll BeHunHE Sy KakK cyMME HEOGX0gHMO

*) MaTtepHan >3Tofi r1aBh He GyJeT HCHOAL30BATHCH B JasbHeHIleM,

') B opurunane compound distributions. 3zeck uMeloTes B ERgy pacmpege-
JIEHWH, TMPOM3BOAAMIHE YHKUMH KOTODHIX HABARIOTCH CIOMHBIMH OYHKUHAMH
(compound {functions) Buaa A (s)=g (f(s)), rae g u f—npouseogsmie byHKu Y
(uuaye rosops, h npegcTaBiAeT cofol cynepnosuuvio g u f).— ITpus. nepes,
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BBECTH MPOCTPAHCTBO 3JE€MEHTaPHLIX COObITHH, cooTBeTcTByIOmEe Gec-
KOHeuHOil nocnenosatenbHocTH {X,}. OnHaxko Hac Gyner mHTepecoBath
TOJIbKO (DYHKIHA pacnpejleleHdss Sy, H Mbl pPacCMaTpHBAeM pachpe-
nenense (1.1) xak onpenenenite cayuadiHoll Beauudunt Sy Ha mpo-
CTPAHCTBE 3j1eMeHTapHHX colwitHil ¢ Toukamu 0, 1, 2, ... .

I1a duxcupoBanHoro n pacnpegenenne X, + ... X, sABIsercs
n-kparHoil ceepTKo# {f,;} ¢ camim coboit, nostomy (1.1) MOXKHO 3anHCATD
B KOMNAKTHOM BHJE

w

{h;t =n‘;0 &n {f/}"*- (1.2)

Sty GOpMYJIY MOXKHO YNPOCTHTb, HCMOJB3YA NPOM3BOASALME (DYHKINIH.
Ipoussopsmedt ¢yuxuuedt {f;}** spaserca [ (s), u u3 (1.2) crenyer,
yTo npon3BoAAwlas YHKUHS CYMMbl Sy BhiuHC/sieTci O dopMmyJe

h(s)= iz% his/ = ngo g.f" (s). (1.3)

IlpaBas uacte npexpcrasasier coboit pax Teitnopa aqas g (s), B Koro-
poM S 3aMeHeHO Ha [ (s); 3Hauut, oHa paBHa g (f(s)). Tem camum
JIOKa3aHo cJlefylolilee YyTBepXACHHE,

Teopema. [1poussodaweti pyrnxyuetl cymmor Sy = X, 4. .. +Xy 4a8-
Anemca caoxcHan pynxyus g (f (s)).

J0oKa3aTeIbCTBO MOXKHO MNOBTOPHTbL B TEPMHHAX YCGIOBHEIX MaTeMaTHUICKHX
oxHpaHnuil, [lo onpeseaHBI0

E(sN|N=n)=/n(s), (1.4)

¥, YTo6bl nOIyuHTL i (s)=E(sSN), HaM HYXHO YyMuoxnts (1.4) na P{N=n}
K npocyMmHposaTe no s (cyM. Gopayay (2.9) . IX).

[1peacraBasioT WHTepec 1Ba YaCTHBbIX CJydasl.

a) Ecan X;—GepHyJ/ineBcKHe caydaidubie Besduntsl ¢ P {X,=1}=p
u P{X;=0}=gq, 10 f(s)==g+ ps, u nosromy h (s)=g (g ps).

6) Ecam N umeer pacnpepenenne IlyaccoHa co cpennum £, TO
h(s)=e~1+/'9) Pacnpepesenue ¢ TakoH npousBoAsuleil QyHKuueH
6ynem HasnBaTb 0000wennbLM pacnpedeneruenm [1yacconat). B uactho-
ctH, ecam X;—OepHyJuineBckHe BenuuiHel 1 N HiMeeT pacrnpeseneHue
Tlyaccona, To h(S)=e *P*'P5; nnaue rosops, cymma Sn umeem pac-
npedenenue [Tyaccona co cpednum tp.

Mpumepsi. a) B npumepe ra1. VI, 7, B) Ml oTMeuasiu, 4yTo o0Jy4eHHe
PEHTTEHOBCKHMH JyYaMH Bbi3biBae€T nepecTpoilky XPOMOCOM B KJleT-
Kax; NpH (HKCHPOBAaHHLIX 103€ M BpeMeHH o0.ay4eHds unciao N wH3-
MeHeHHH w©Meer pacnpegesnenue [lyaccona. Kanaoe wu3aveHeHne ¢

1) Mul Kcnoas3yem NPHHATEN B Haweil JHTepaType TEPMUH; B OPHTHHEM¢ com-
pound Poisson distribution,— llpus, nepes,
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a

BEPOATHOCTBIO § 3a/I€YUBAETCS, @ C BEPOSITHOCTBIO p=1—g MpHBOAUT
K rubenu KJeTKH. 3jech Sy— uuciao Habarodaesmbix WameHeHHH 1) —
HMeer pacnpefenenue Ilyaccona co cpemnum #p.

6) Ilyctn B 3KcnepHMEHTaX C OTJOBOM JKHBOTHBIX ?) £, O3Hayaer
BEPOSITHOCTb TOrO, YTO YHCJIEHHOCTh XKUBOTHEIX JAHHOTO BHJA paBHA 71,
Eciu aas Kax/J0ro JKHBOTHOTO BepPOSTHOCTb OLITh MOIMAaHHBIM paBHa
p, TO (B OPEINOJIOXKEHHUH CTOXACTHYECKOH HE3aBHCHMOCTH) YHC/IO M0-
NaBluMX B BHIOODKY NpeACTaBuTe/EH JAaHHOIO BHAA €cTh CJaydvalinast
BesiHuHHA Sy C mpouspoasfuwell gyHkuueit g(g-+ps). DTy cXxeMy MOKHO
M3MeHsITb MHOTHMHM crnocofamu. Hanpimep, nycTh g, — BEPOSITHOCTL
TOrO, YTO HACEKOMOE OTKJAAbIBAET A SIML, 4 p — BEPOATHOCTb MO$IB-
JieHHsl U3 stiiua Jn4uHKi. Toraa Sy ecTh YyKce/10 MOSIBHBIIMXCS JHMYHHOK.
Wau nyctb g, — BEPOSATHOCTb HaJIHYMH B CEMBE A jJeTeil, a OTHOLIeHHE
yucej MaJbYHKOB M JEBOYEK B monmyJsiiui paBHO p :g. Toraa Sy—
YHC/IO MAJbYHUKOB B CEMBE.

B) Kaxkjaoe pacreude JaeT MHOIO ceMsiH, HO KaXJ0€ CeMs HMeeT
Majylo BEpOSITHOCTb NPOpACTaHHS, H MOITOMY Da3yMHO MPEANoJaraTh,
YTO YMCJIO MOTOMKOB OTAEILHOIO pacteiis UMeeT pacnpesesaenue [lyac-
coHa. Ecam {g,} — pacnpenenenne uncaa pacrensit, o g (¢=*+*)—npo-
M3BOAsAs (DYHKLHMA YHC/Ia MPOPOCIUMX CEMHH.

r) Cymmaproe epemsa obcayxcusanun. PaccmotpuM TenedOHHYIO
JIHHHIO, ODHJIaBOK MM Jofoe Apyroe obcJy:KIBaloOllee YCTPOHCTBO,
AJ1S1 KOTOPOTrO JJIMTE.LHOCTH OOC/TYXHBAaHHS M0OC/IEA0BATELHO MOSIB-
JISTIOIIMXCS. KJHEHTOB MOTYT PacCMAaTPHBAThCH KaK HE3aBHCHMbIE O/H-
HAKOBO pacnpeje/eHHble caydyalHbie BeJanudHu! Xi, X, ... . Hucao
KJI1eHTOB (MM 3asIBOK), MOCTYNAIOUIHX 3a [€Hb, CaMO SBJseTCs Cay-
yailnoil BesHuMHOM N, ¥ cymMMmMapHOe Bpemsl HX OOC/IYMUBAHHUS PaBHO
nostoMy cayyaiduoli cymme Xi-...+Xn.

§ 2. OBOBUIEHHOE PACNPEXEJIEHHE MYACCOHA

Cpeau cayuabdiubix cymM Sy =X;4-. . .+ Xn Haubosiee BamHBI g5
npujokeHnd Te, B Kotopnix N umeer pacnpegenenue Ilyaccona,
[lo mpuuMHAM, KOTODbIe CTAHYT SICHEI MO3jHEE, Mh O0O3HAYMM MarTe-
MaTHueckoe oxuaanue N uepe3 Af. Ecau X; umelor oano u To xe pac-
npenenenue {f;}, T0 Sy uMeeT o6o6wennoe pacnpedesenue [Tyaccona

fhid =e 3 [00nt] i e

¢ npousBoasiuell GyHKuHeR
hy(s) = g~ MA@ (2'2)

1y Cm. Catcheside D. G., Genetic effects of radiations, Advances in Genetics,
edited by M. Demerec, v. 2, Acad. Press, New York, 1948, 271—358, oco6enno c. 339,

%) Kendail D. G., On some modes of population growth leading to R, A, Fi-
sher's logarithmic series distribution, Biometrika, 35 (1948), 6—15,
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Npumepni. a) Cymmapnod ywepb. TIpeanonoxuM, 4To YHCIO yja-
POB MOJHHMH B JI0OM HMHTEDBaje BPEMEHH MJIMTEIBHOCTH f SIBASETCS
NyacCOHOBCKOH C/1yyailHOH BEJHYHHOH C MaTEMaTHYECKHM OXKHAaHH-
eMm M. Ecam {f,} — pacnpenenenue BeposTHocTell yuiepfa, npuum-
HEHHOTO OJHHM YJ3apoM MOJIHHH, TO (OpPM YCJOBHM CTOXAaCTHYECKOH He-
3aBHCHMOCTH) CyMMapHblii ywiep6 3a Bpemsa ! umeer ofobLieHHOe pac-
npenenenue [lyaccona (2.1).

6) Jlusnu 6 xocmuveckux Ay4ax. TIpUHATO CYUHTATh, YTO ymcao N
JHBHEH B KOCMHYCCKHX JyYaX B HHTEPBaJji€ BPEMEHH NJHTEJIBLHOCTH f
umeeT pacnpefesiesue IlyaccoHa ¢ MareMaTiyeckuM OXHAaHHEM Al
Has o6oro CYeTYHKA YHCJIO 3apPerMCTPHPOBAHULIX YACTHIL OJHOTO
JIMBHS ABJSETCA CJAYYalHOH BesMuWHON C pacnpenesenuem {f;}. O6-
ulee YMCJI0 YaCTHIL, 3aPerHCTPHPOBAHHBIX 3a BpeMs f, CHOBAa €CThb CJy-
yafinas cymma Sy ¢ obofmenHbiM pacnpenenienuem Ilyaccona (2.1).

B) B 3kosoeuu npeanosaraercs, YTO YHCJO BBIBOAKOB JKHBOTHBIX
Ha JaHHOM YuacTke umeer pacrnpefesenue Ilyaccona c maremaruye-
CKHM OXHJaHHEM, [PONOPIHOHANBHEIM ILIOWAAN ! yyactka. [lycrs
{fr} — pacnpenenenue yuc/aa KHUBOTHBIX B BBLIBOAKE; MPEANOJOXKUM,
YTO pasMepbl BLIBOAKOB He3aBHCHMBL. [IpH 3THX YCJAOBHSIX YHCJO XKH-
BOTHHIX HA JAHHOM YYacTKe NOJAYHHSeTCH 0606LIEHHOMY pacnpejese-
uuto Ilyaccona (2.1). Dra Monenb ILIHPOKO MCIOAbL3YETCA HA npaK-
THKE.

3ameTHM, YTO BCE TPH IPMMEpPa TECHO CBS32Hbl C sBJEHHEM, 06-
cyxnaBlunMca B ra. VI, 6 B ceasu c pacnpenenenveMm Ilyaccona.
B nepebix ABYX npHMepax KaKIOMy HHTEDBaJjy BpEMEHH COOTBETCT-
ByeT cayyaiHas Besuuuua Sy. (3T0 BEpHO M A/ npHMEpa B), ecJH
ML COTJIACHMCSl PaccMaTpHBaTh MJOIaAb KakK cBoeoGpa3Hoe Bpemsl.)
B Takoil Mopeny npeanoJsaraercs, YTO €cJH HHTEpPBaJa pa3bHT Ha JBa
HenepeceKaloHXC HHTepBaJsa, TO MX BKJaJbl CTOX3aCTHYECKH He3a-
BHCHMBI H B cymme aatot Sy. ITpumenuTessro K npousBoasimed ¢yHk-
nuu (2.2) 3t0 03Havaer, 4TO

Rise (5) =y (5) e (5)- 2.3)

Tpoussoasmas ¢ynkuus (2.2) moboro o6oblieHHOro pacnpene-
aenns Ilyaccona ynosaerBopsier (2.3). [lokaxem Tenepb, 4TO BEpHO
U 0BpaTHOe: CeMEHCTBO NPOM3BOAAIMX GYHKUHH A, YAOBJETBOpSIOLICE
yeqosuio (2.3), o6s3atensHo umeeT BHA (2.2). (Crenyer umerh B BHIY,
YTO 3TO YTBEPXKAEHHE BEDHO TOJBLKO /IS LEJOYHCJIEHHBIX CJAYy4yaHHBIX
sesMuun. [lousatee oGobuienHoro pacnpeneneuus Ilyaccona ocraercs
OCMBICJIEHHBIM Ja)ke TOrAa, Korja X; MMeIOT NpOH3BOJILHOE pacnpeje-
JIEHHE, a aHaJor cooTHomenus (2.3) WrpaeT BaXHYIO poJb B ob6ulel
TCOPHH CJYYalHbIX NPOLIECCOB C HE3aBHCHMBIMH npupauienuamu. Onua-
KO pacnpeje/ieHHsi TAaKMX NPOLECCOB MOTYT H He ObiTh 060GIIEHHLIMH
pacnpenesennamu Ilyaccona.)

Cnenyioupe onpeiesieHHe H TeopeMa B JAEHCTBHTEJNBHOCTH OTHO-
CATCH K pacupeZenieHHAM BEPOATHOCTEH Ha MHOMKECTBE LEJLIX 4uces
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0, 1, ..., onHaxo A1s NpOCTOTHl OHM (POPMYJHPYIOTCS B TEPMHHAX
COOTBETCTBYIOULMX TPOU3BOAALIMX (PYHKIHUH.

Onpenenenne. Bepoamnocmnas npousgodsuyan ¢yukyus h nade-
saemca Gedzpatudno Oeaumol, ecau 04 a06020 HAMYPAALHOZ0 HUCAL 1L
Kopenv n-ii cmenenu 'k mose asasemcs 6epoamuocmHOLl 1 pou3eo-
Oawjeld ¢ynxyuer.

Cnenytouiasi TeOpeMa nokKasblBaeT, YTO 3TO YTBEPHKJAEHHE OCTAETCs
CnpaBeJuBbiM Jaxe kKorga n >0 He spasercs ueasiM yucaoM. Ecom
CEMEeHCTBO BEDOATHOCTHBIX NPOU3BOASUIMX YHKIHE yoBaeTBOpPSeT (2.3),
10 Y/ hy=Hhyn, ¥ nostomy h, Gearpanuuno gnenuma. O6paTHOM 3TOMY
YTBEDXJCHIIO ABJIAETCS CJAEAYIOULAs TeopeMa.

Teopema *). Bce 6esepanuuno Oeaumsie npoussodayue Gynkyuu

umerom 6ud (2.2), npuuem {f;} — pacnpedererue eeposmruocmeil na
0, 1,....

Hoxaszamenscmso. Tlonoxum h (s) = D h,s* u ponyctum, uro k-
SIBJISIETCA BEPOSATHOCTHOH npou3Boasmed gyHkuuedl npy kaxjom n = 1,
Toraa h, >0, NockoJbKY B NpPOTHBHOM cayyae ¢BOOOAHbI YseH B cTe-
NEeHHOM psagy Aas '{/h Gbl1 Gbl paBeH HY/O, @ 3TO, B CBOIO oYepeb,

03Hayalo Obl, uT0 hy=h; = ..=h,_,=0. Cienosareasto, /i (s) — |
ana moboro 0<Cs<C 1, u nosromy

log /' (s)/hy=log[1 + (VA (/A —1)] ~ /R (s)/hy—1, (2.4)

Tle 3HaK ~ 03Hayaer, YTO OTHOLIEHHE NpaBoi YacTH K JeBOH CTPEMHT-
csa K 1. M3 (2.4) u ero yactHoro cnyyas npu s=1 mul noaydaem (yyu-
TeiBasi, yrto h(1)==1):

logh (s)—loghy _log Vb (5)ihy _ V()= 1y

—loghy log Vrhu l—l’yh_u

IlpaBas yacth npeacrasasieT co6o# cTeneHHOH PHAA C NOJOXKHTENbHbI-
MH Ko3(puuieHTamH, i, nojarasi §—1, JIErko NpOBEpUTb, YTO CYMMa
aTHXx kos(puunenToB pasHa 1. Taxum obGpa3oM, npu JmoGoM n npasast
4acTb — BEPOSTHOCTHAs NpoH3BoAsiwas (QYHKUHS, X NO3ITOMY JieBas
YacTb #BJAETCS NPEAEJOM MOC/IEN0BATE/ILHOCTH BEpPOSTHOCTHBIX NPO-
uapoaawux ¢yakuui. CorsnacHo Teopeme HenpepolBHOCTH 1. X1,6,
370 O3HayaeT, YTO JeBas YacTb — MpPOH3BOAAWLAS (YHKIMS HEOTpH-
narenbHO# nocieposarteabHocTi {f;}. Ilonaras s=I1, yGexaaevcs
B ToM, yto Xf;=1. 3nauur, h umeer sux (2.2) ¢ At=—1Iog h,. >

2.5)

Ilepedopyy.aipoBKofi 3TOil Teopemul ABASETCH CJAEAYIOLMH KpH-
TepHH.

1) Oro npoctoi uacTHRIA cayual Baxuo# Teopemul IT, Jlesm,
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Kputepnii. Dynxyus h sersemcs besepanudno deaumold geposmuocmm-
rotl npoussodawed gynxyued moada u moasko moeda, koeda h(1)=1 u

log [ (s)/h (0)] = Z a,sk, 20 a,>0, Ya,=Ai<oco. (2.6)

JledCTBHTENBHO, ec1Kk BHNOJAHEHO (2.6), TO JOCTATOYHO MOJIOXKHTh
fr=ay/A, uto6bl nmpuBecTH A K KaHoHH4eckKoH dopme (2.2) (c t=1),
a oHa, B CBOIO Ouepejb, AABJILETCA MPOH3BoAsALIEH PyHKUMEH o6ob1eH-
Horo pacnpejenenns Ilyaccona, onpegenerHoro B (2.1).

Npumepn. r) CpaBuuBas (2.2) ¢ TeopeMoH npeAbIAYILEro maparpa-
¢da, Mbl BUAUM, YTO ecau pacupefesende N 6e3rpaHHuHO AEJHMO, TO
TaKHM XK€ SBJSETCH M pacnpejeseHHe CJIydaiHOH CYMMBl Sy,

1) Ompuyameavroe 6uHoMUAABHOE DACTIDEJENEHUE C NPOHU3BOAALIEH
dyHxkuen

hy(s) =[p/(1—g9)], p+g=1, (2.7

ofnagaer cBoiicTBoMm (2.3) W mosToMy Ge3arpanuuHo jenumo. Ilepexoas
K JorapudmaM, cpasy yGexjaeMcst B TOM, YTO OHO JEHCTBHTEJLHO MMEET
BuA (2.2), npuuem

fa=q"(An), A=logp™% (2.8)

{f.} nasniBaeTCs 202apupmuteckum pacnpedeseruem U LIMPOKO HCNIOJb-
8yeTCs CTaTHCTHKaMH.

e) Us pasnoxenun (8.9) u (8.10) ra. Il serko nosyuuts, yto npu
g=1—p>p OyHKUHH

to=1 4—nEE, go=-LTE. 9

g—ps’ V@E—rt

YIOBJIETBOPAIOT ycJaoBuio (2.6), u nostoMy kax [, max u g seastomcs
6e3zpanuino Oerumbimi BEPOAIMHOCIMbIMU NPOUSEO0AUUMY DYHKYUAMU.
Hurepecno 3aMeTUTh, 4TO

[ (s)=g (s)(g+ps). 2.10)

Mul nonyumnn 3pech passodenue Gedepanudno Oeaumold ynkyuu 6
npoussedenue 0O6yx NPOUIBOOAUMX QYHKYUL, U3 KOMOPbIX MOALKO
o0xa Gesepanuuno deauma. CylleCTBOBAHHE TAKMX Da3/oXeHHH noHa-
Yajly BOCIPHHHMAJOCh Kak Oosbllas HEOXMAAHHOCTh, H 3Ta TeMa
HEKOTOpOe BpeMsi OXMBJIEHHO 06CYXAaJachk. »

3ameuaresbHoe cBoiicTBo obobieHHOro pacnpeaenenus [lyacco-
Ha ABJIAETCS NOBOAOM [AJS HEKOTOPHIX JIOGONBITHLEIX YMO3aKJ/IOYEHHH.
Eciu mbl BBEfiIeM A5 npocToTh 0Go3Hauenue A;=Af;, To npouasops-
Wyio ¢yurunw h; u3 (2.2) MOXKHO NMPEACTABHTL B BHAE NpPOH3BEJEHUs

ht (S) =e7qt (5—1)67-|f (Sz—l)eklt {(s7-1) vee ® (2.11)
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3aech npousBejieHHe MOXKeT ObITh GECKOHEUHBIM, HO 3TO HE HMEET OTHO-
LUEHMS K HalllfM PacCyXAEHHSM, M MBI MOXEM CYMTaThb, YTO JIHIUL
KOHEYHOE YHCJ0 A; MoJoxHTeNbHO. [lepBhii COMHOXHTEIb — 3TO Npo-
H3BoAswas ¢yHkuus oObluHoro pacnpejenenuss Ilyaccona c mare-
MaTHUYECKHM OXMJaHHEeM A;f. BTOpPOH COMHOMHTENbL — 3TO NPOH3BO-
Asiwast QYHKUMS YABOEHHOH NyacCOHOBCKOH CaydaiiHoll BeJIHYHHEL,
T. €. 3HAaKOMYIO HaM BEPOSITHOCTb e—M+ (A f)?/n! umeer Touka 2n, a He 7,
Auanornmuno, A-#  COMHOXHTENb  COOTBETCTBYET  paclpeleseHHIO
Tlyaccona, KOTOpoe NpPHMHCHIBAET BEPOSTHOCTH YHCJAM, KPaTHHIM &,
Taxun obpasoM, (2.11) aaer HoBoe mpejacraBjeHHe Sy B BHAE CYMMBI
TaKUX HE3aBHUCHMBIX cayualineiX BeaxuuH Yy, Yg, ..., uTo Y, npu-
HHUMaeT TOJNBKO 3HaueHus 0, &, 2k, . . . 1 1MeeT Ha HIIX pacnpefeeHHe
Iyaccona. Camicsr coornomenus (2.11) MOXHO oNnHCATH CJEAYIOLIHM
obpasom. ITycrs N; — uncsio Bennumn Xy, . . ., Xy, paBHnix j. Toraa
N=N,;+N.+. .., u (2.11) oznauaer, uto cayualinuie BeHuuHbl Np
B3QUMHO HE3QBUCUMBL U umerom pacnpedeaenus [lyaccoua.

Mpumep. x) Asmomobusvusie kamacmpoget. Bynem paccMmaTpisaThb
X, Xax uHcJo aBTOMOOHJIEH, NMONaBIKX B n-10 xatactpody. Ilpu obbiy-
HEIX NpPEANOJIOXEHHUSIX O He3aBUCHMOCTH X, M O TOM, uTO udciao N
Katactpod wumeer pacnpefesenne Ilyaccona, HaxoauM, uyro ofmee
yhcsao aBTOMOGMJEH, nonmaBIIMX B KaTacTpodn, cocraBaseT Xi4-. ..
. . .-+ Xy ¥ umeer obobuienHoe pacnpefenenue [1yacccna (2.1). Msl Mo-
JKeM Ternepb paccMOTPETh OTAENBHO uuc10 Ny KatacTpod, B KaXAyO H3
KOTOPHIX nonajo poBro 2 aBromobused. CoraacHo (2.11), cayuyalinnie
BesiMuuHbl N B3aMMHO He3aBHCHMBI M HMeloT pacnpeienedus [lyacco-
Ha. [lpakTuueckue BHIBOJABI H3 3TOrQ pe3yJbTaTa He HYXIAKTCA B
KOMMEHTapHsX.

(Ewe oaun BapuanT obobuwenHoro pacnpepenenis Ilyaccona 6yaer
npusejen B npumepe ra. XVII, 9, a).)

2a. MpoueccH ¢ HE3aBHCHMLIMH NPHPALlEHH AMH

Viutepec K TpEAHAYLUIMM pe3yJnTaTaM YBENH4YMBAeT HX TECHas CBA3b C ONHHM
BAXKHBIM KJaccoM CJIyyaWHBRIX TNpoueccos. DT INpoueccs 6Gygyr ceiyac Hedop-
MaJbHO OMHCAHBI, XOTH COOTBETCTBYIOWAsl TEOPHS JIEXHT BHe DAMOK 3TOM KHHUTH,

Uro6k HayaTh C NpPoOCICHIUEro NpuMepa, PACCMOTPHUM YHCAO BLI30OBOB, MOCTY-
napowux Ha TeleGOHHYIO cTaHuMIO, Kak QyHkuu1o Bpesenu. [Tpouecc paGorn
CTZHUHMH ONHCHIBAaeTCS 3afaHueM AAS Kaxjgoro ! uucaa Z () BrI30BOB, NOCTYNMB-
wux Mexay 0 u t. Ecau nocnegoBatefbHHE BBI3OBRI TOCTYNaAH B MOMEHTHL

b, t «o., TOZ()=0 npu 0<<! < {1, u BooGWe Z ({)=Fk npu lp<<t < fp,r.
OtpartHo, moByo HeyGnipaiomyi0 (yHKUnIO, TNPHHMMAOUYIO TONLKO 3HAYCHHHA
0, !, 2, ..., MOXXHO pacCcMaTPMBaTh KaK BO3MOXHBIH BapHaHT npouecca paGoThl

TenedOHHOR cTaHuMH. [JosTOoMy BepPOATHOCTHAsd MOJENb JOJIXKHA CTPOHTBLCH Ha
NLOCTPZHCTBE 3IEMEHTaPHHX COOLITHI, TOUKaMu KOTOpOro ssasiorcs Gynkuun Z (1)
{2 He nocJeROBaTENLHOCTH, KaK B CJyyae RUCKPETHHIX Henwitanuf), BeposiTHocTh
ZOMKHH GHTH 3aZaHbl crnoco6OM, KOTODHIA NO3BOAAN Ohl HaM paboraTb C TAKAMH
CNOXHHMH COGHTHAMH, Kak CoObiTHe, cocrosillee B TOM, yto Z ({+1)—Z (1)
Korga-Hu6ygs npessoiger 17 nan uro Z (f) B HeXKOTOPHH MomeHT BpEMEHM mNpe-
Bsofiger al -} b (mochepuHee co6niTue €CTh OCHOBHOH O6BeXT 3ajauM © pasopeHHH
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B TeopHH KOJJIEKTHBHOTO puCKa). B panbuefimem Mbl cunTaeM camo coGoft pa3ye
MEIOMHMCH, UTO TAKOE 32JaHHE JEHCTBHTEJLHO BOIMOXKHO; HAWA MeJlb-—NOKa3aTh,
yTO U3 NPOCTHX M CTECTBEHHBIX MPE/NOJIOXKEeHH I O MpHPOje Npouecca CJIeLYeT, yTo
WISl KaXJOro GMKCHPOBAHHOTO ! cayuaidnas BeauudHa Z (f) LOMKHA uMeTb 0606-
.meHHoe pacnpegenenue Ilyaccona.

AHaJIOTHUHBIE PACCYKJEHHSA CNPaBeAJNHBL /I IUHPOKOTO KPYra peasbHbiX fBJles
uuit. Cnyuaitnast sennyuna Z (f) MoXKeT COOTBETCTBOBATH 1€ YHCHY TENEPOHHBIX BLIZO«
BOB, a CYMMapHOH JUIHTEJBHOCTH (I;IH CTOHMOCTH) YXKe NPOBEJEHHBIX Pa3rOBOPOB,
uucay aBTOMOGHJIeH, MONABIIMX B KATACTPO(E!, cyMMapHOMY yumep6y, NPHYHHEHHOMY
MOJHHSAMH, 00lieMy noTpeSaeHnio 3JeKTPOIHEPTHH, CYMMapHOMY KOJIHUECTBY OCafKoB
g 1. n. OcraBascs B paMKax Hactosulell IJaBbl, MBI JOJIKHH! NPEINO.1araTh, yTO CJIy<
qaiiHbie BEMHYHHB Z(f) NPHHHMAIOT TOJbKO UEJBIE HEOTPHLATENbHLIE 3HAYEHHH, HO
TEOPHIO MOMXHO OCOCLIMTL HAa NpPOH3BOJLHLIE CayuadHble BeanuuHsl. Hawe BuuMmanue
fyer COCPefOTOUEHO Ha MPOLECCaX, YAOBJIETBOPAIOMUX ABYM CJ€JYIOUIHM OCHOBHLIM
(fCIOBHAM, KOTOPhIE BO MHOTHX IPHJIOXEHHAX NPEACTABJAIOTCH ECTECTBEHHLIMH.

a) Ilpouecc sBasercs OOHOPDOOHbIA nO 6PEMEHU, T. €. pacrnpefeseHHs npupas
menuit Z ({--h)—Z ({) 3aBucAT JHWDb OT AJIHHBI HHTEPBaja BPEMEHH, HO He OT ero
nonoxeHus ).

6) lpupamenus Z(¢;)—Z(¢) u Z (4)—Z (f;) Ha CMEXHBIX HHTEPBAajlaX BpeMeHH
B3AUMHO HE3aBHCHMEI.

Pe3ayabTaret npeasiayliero pasgesa MOMKHO Tenepb nepeOpMyJIHpPOBAaTh CJEXYIO-
UM 06pa3oM: ecau CYIECTBYET NPCLECC, YAOBJETBOPSIOUKH YCJOBHAM a) U 6), TO ero
npupamenus Z ((Hh)—Z (f) umeror o6obuennsie pacnpeienenus [lyaccona. B yact-
HOCTH, eciu Z (f) uMeeT CKAauKH TOJBKO €JHHHYHOTO Pa3Mepa, TO ITH CJyyadHLIE Bes
JIHUHHE! MMEIOT OOhluHbe pacnpexetenus [lyaccona (cM. dopmyay (2.11)).

Takum 06pasoM, ML oxapaKrepu3oBaju OOLIYHHIE H OGOCIIEHHEIE pacnpefeseHHs
Tlyaccona NMpHCYIUHMH HM CBOHCTBaMH; B OTJIHYNE OT PacCyX/IeHHH, NPOBEJIEHHBLIX B
ri1. VI, pacnpegeaenne [Tyaccona oxa3ulBaeTcs He NPHOIHKEHHEM, d BIIOJIHE CAMOCTOS-
TeALHLIM pacrnpejeseHdeM (MOXKHO CKa3aTh, NPOSIBJIEHHEM HEKOTOPOTO eCTECTBEHHOTO
saxoua). Paaymeercs, Tenepb mepep HaMu BcTaer oOpaTHas 3ajaual KaXKAOMy Jiu ce-
meficTBy OfoOweHHbIXx pacnpegenenuit IlyaccoHa COOTBeTCTBYeT HeKOTOPHIH ciyuait-
Hut npouecc? OTBET HA TOT BONPOC YTBEPAHTENbHEIH, OHAaKO (HECKOJIBKO HEOXKHAAH=
HO) OKa3bIBaeTcs, 9TO ABYX HALIHX YCJOBHH He JOCTAaTOYHO I 0OHO3IHAYHO20 ONpeje-
wenus npouecca. JIJA OfHO3IHAYHOrO onpejesieHUs NPEACTABJSIOLIHX HHTEpeC Mpo-
LeccoB HEOGXOZHMO YCHJIHTL yca0oBHe 0), norpeGoBas, uToObl # NPHPAUIEHHH, cOOTBET-
CTBYIOLIAX KOHeuHOMY pasbuenHio fp<t;<...<fn, ObLIH B3aHMHO HE3aBHCHMHl MpH
Jo6oM f. 3TO — onpefessIoNnee CBOKCTBO NPOYLCCO8 € HESABUCUMbIMU NPUDAWEHUAMU .
Jlio6oe cemedcTBO OGOGLIEHHBIX pacnpegeneHdid [IyaccoHa ofHO3HaYHO onpegenser
1pouece ¢ He3aBHCHMBIMH NPUPAIIEHHAMH, H NOITOMY HHKAKHX TEOPETHUECKHUX TPY/~
HocTeil He Boanukaer. OJHAaKO MHl Npexnosarajd He3aBHCHMOCTb TOJIBKO JJS ABYX HH-
TepBa/joB. TaKoe OrpaHHYEHHOE YCJIOBHE JOCTATOYHO AJs ONpejie/eHHs BHAA pacnpe-
geneHul npupaweHui, HO MOXKHO NOCTPOHTH JAOBOJIBHO NATOJIOTMYECKHE MpOLECCHl,
YIOBJETBOPAIOIIHE yKa3aHHOMY YcioBuio 2). Ha atoM npumepe BHAHH TPyjgHOCTH,
NpUCylHe NOCTPOGHHIO TOYHOM MOZEJIH CJAy4aHHOro mpoueccas

¥, 3To yca0BHE He CTOJb OFPAHHUHTENBHO, KaK MOMET NOKa3aTbCAd Ha nepselit
B3raag. HanpraMep, BR30BL Ha TesteOHHYIO CTaHUMIO B CaMBIH HAaNpPsXKEHHBIH JiieBHOA
Yac [oCTYNaoT Yalle, YeM OT NOJYHOUH O Yacy HOYH, MO3TOMY NpoUecc SBJAETCH He-
OfHOPOAHEIM 1O BpeMeHd. OfHAKO MO OUEBH/HAIM NMPHYHHAM CBHIHCTH PAaCCMaTpPHBAIOT
B OCHOBHOM «4ac [IHK», 2 HAa 3TOM OTPeJKe BpPeMeHH NPOUECT MOKET CYHTAThCSA OJHOPOJ-
Hbim, [IpakTHka noxainBaer, 4TO B TeueHHE yaca MUK NOCTYIJIEHHE BLIIOBOB C YAHBH+
TeJLHOH TOYHOCTBIO COOTBETCTBYET pacnpegesienuio [lyaccoua.

% B rtakom npouecce npupaumenue Z (¢)—Z (f) He 3asucut Hu oT Z (6H)—Z (fy),
su ot Z(¢))—Z (f), Ho OfHO3HAYHO ONpesedseTcs NOCAEIHAMH LBYMS NPHPACHHAMH,
gu. Fellet W., Non-Markovian processes with the semi-group property, Ann, Math,

tatlst,, 30 (1959), 1252—1253,
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§ 3. IPUMEPBI BETBAIUUXCSA MPOLECCOB

Mnl onuiuem caydaiiHEIfl npouecc, KOTODPBIH SBJASleTCS ynpOLIEHHON
MOJIesIbIo psiia PeasibHBIX NPOLECCOB, a TAKXKe NOKAa3bIBAET M0J/I€3HOCTh
npou3BoAsiuX (yHkuui. C/I0BECHO 3TOT NPOLECC OMHCHIBAETCS CJE-
AyromuM obpasoM.

Mot paccmampusaaem wacmuybl, KOMopsie MOy nopoxoams Hoebid
yacmuyel moeo e euda. O0Ha HadarbHas wacmuya o6pasyem ucxod-
HOe, uAu HYyaesoe, nokoieHue. Kaxdaa wacmuya ¢ 6epOAMHOCMbI0 Py
(£=0, 1, 2, ...) nopoxodaem po6Ho k HosbLX wacmuy;, HENOCPEACMBEHHbIE
nomomku dacmuy n-2o nokoaeHus otpasyom (n-+1)-e noxkosenue. Ha-
criuybl Kaxc0020 NOKOAEHUS PASMHONCQIOMCS HE3Q8UCUMO 00HA om OpYys
eodi. Hac unmepecyiom pa3mepst nocaeGoeamenbHoLx NOKOAEHUL.

[Ipexae ueM AaTh CTPOTOE ONHCAHHE B TEPMHHAX CJAydaHHBIX BE=
JIMYMH, MMEET CMBICJ NPIHBECTH HECKOJBKO MPHMEpPOB.

a) fI0epubie yenwbie peakyuu. 3TO MPUMEHEHHE CTaJ0 OOIIEH3BECT-
HbIM B CBsi3H C aTOMHOH 6Gom6oi ). YacTHuamil sBISIOTCSH HEATPOHHI,
KOTOpHIE C/Jy4alHbiM 0Opa3OM CTAJKHBAIOTCS € JAPYTHMH 4acTHIAMH,
[lycTb p — BEpPOSITHOCTB TOTO, YTO YACTHIA PAHO iLJM NMO3JHO HCIBITAET
CTOJIKHOBEHHE, NOPOAHB MpPH 3TOM /n 4YacTHil; TOria g=1-—p — Bepo-
ATHOCTb TOTO, YTO Y 4ACTHIIB He 6YJeT MOTOMKOB, T. €. OHA OCTAHETCH
nuHepTHOH (yJaJquTCs HJM MOIVIOTHTCS KAKHM-JH060 JPYTHM CIIOCO=
6om). B 310fi cxeme eIHHCTBEHHO BO3MOXHBIMH 3HAYEHHSIMH UM/
notoMKoB sBasiioTesi O M M, a COOTBETCTBYIOULME BEPOSITHOCTH PaBHHE
puq(T.e po=q, pm=p, p;=0 I18 Bcex ocTanbHLX f). B xymwem
clyuae nepBasl YacTHUA OCTAHETCs] IHEPTHOH M npouece HIIKOrja He
HayHeTcs. B Jyuiiem cayuyae B nepBoM IOKOJeHHH OYA€T fn yacTHIl,
BO BTOpoM m? ¥ T. A. Ecau p 6a13KO K e[ilHHUE, TO BEChMa BEpPOSITHO,
YTO YKCJ/IO yacTiil 6yjaeT OLICTPO Bo3pacTaTh. B amatemaTtHueckoll Mojend
3TO YMCJAO MOXKET pacTH HeorpaHuuenHo. Ha camom jene npu oueHb
GoJIbIOM YHMC/IE HACTHIl BEpOSITHOCTH pacllernJeHisi He MOT'YT OcTa-
BaThCsl IOCTOSIHHLIMI M CTOXACTHUECKOH HE3ABHCHMOCTH TOXKE He MOo-
®eT O6biTh. Tem He MeHee JJIsl peaqbHBIX LEMHBIX peakilil MateMarHue-
CKOE OMNHCAHHUE <¢HEOrPAHMYEHHO YBEJIHUHBAIOUIErOCS YHCJA 4HACTHLY
MOMHO HHTEPNPETHPOBATh KaK <«B3phIB».

6) Bewwcusarue gamusui. B atom cayuae (KaK 4acTo B KU3HH)
YUHTBIBAIOTCA TOJBKO NOTOMKI MYXKCKOTQ I[10J1a; OHH HTPaloT poJb
YACTHI, H Py — 3TO BEPOSITHOCTH TOTO, YTO HOBOPOMJAEHHbIH MAJBUYHK
GyJeT OTLIOM POBHO k2 MaabuHKOB. Halua cxema COAEDMHT JBA HCKYCCT=
BEHHBIX ynpolleHHs. PoXj1aemMoCTh MmeHsieTCst OT BeKa K BEKY, H Mno3-
TOMY B JeHCTBHTeJABbHOCTH pacnpejesedine {p} H3MeHseTCsl OT MOKO-
JEHHMSI K MoKoJeHHo. Bosee Toro, ofmHOCTh HAC/EACTBEHHOCTH H OK-

1) IpuxBeneHHoe Hixe onucanue caenyer pabore . Ulpeurepa (Schrédinger E,,
Probability problems in riuclear chemistry, Proceedings of the Royal Irish Academy,
51, sect. A, No. 1 (December 1945)), B atoit pabote npocTpaHcTBEHHasA O HOPOAHOCTD
HE npejnoJaraercsd,
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py;xaxomeﬁ cpeabl 06YC/IOB/IHBAIOT CXOACTBO GpAaThEB, YTO MPOTHBOpE-
YUT HAlIEMY NPEANO/IOKEHHIO O CTOXACTHYECKOIll He3aBucuMocTu. Hamy
MOJENb MOXHO YTOYHHTL, YTOOGBI YYECTb 3TH 3aMeuaHHs, HO HanGoJee
CyULECTBEHHBIE €€ YEDThl M3MEHNTh He Yjaaerca. Mol Halinem BeposT-
HOCTb TOTO, YTO B A-M NOKOJEHHH GyJer POBHO k2 obJjajfaresed JaHHOM
¢aMHJIIIH, B YAaCTHOCTH BEPOSITHOCTb MCYE3HOBEHHA (amu.uu. [lo-Bu-
JMMOMY, BbDKMBaHue (aMHJIHIl — nepBas nenHas peakuist, H3yuas-
1iasics BEPOSITHOCTHBIMH METOAaMH. BrnepBbie 3Ty 3ajauy paccMaTpuBas
®. Tanbron B 1889 r.; noapoGHOCTH MOXKHO HaiTH B KHure A. Jlor-
Ka *). JloTKa yxasbiBaer, YTO aMEpHKAHCKHE CTAaTHCTHUECKHE JAaHHbLIE
XOpOILIO COOTBETCTBYIOT pacnpefenenuio py=0,4825, p,=(0,2126)x%
% (0,5893)#~1 (k=1), Kortopoe (ecan OTBIEULCS OT MEPBOrO uYJEHA),
SIBJSIETCA TEOMETPHYECKHUM.

B) lener u mymayuu. Kaxapii red JaHHOrO opraHusma (cM. ra. V,
b) moxer Guith nepegan 0, 1, 2, ... HEMOCPEACTBEHHLIM NOTOMKAaM, H
Halla CXeMa OMHCBIBAET 3TOT Npouecc, npeHefperas, KOHEYHO, HEOA-
HOPOJHOCTSIMH 1O nonyasukd 4 no BpemeHd. Oco6eHHO nosesHa 3Ta
CXeMa NPH H3yYyeHHH MYTAUMH, T.€. H3MEHEHMH CTPYKTYphl reHa.
CnyuaiiHas MyTanHs NPHBOAMT K 06Pa30BaHHMIO OJHOIO reHa HOBOTO
TMna, KOTODbIH WIPaeT pOJb YaCTHILI HYJEBOTO MOKOJeHus . Teopus
JiaeT OLEHKH /19 BEPOATHOCTEH COXPAHEHHS U PACNIPOCTPAHEHHS MYTAHT-
Horo reHa. YTo6bl NOSICHHTL OCHOBHBIE HJEH, paccMOTPuUM (ciaenys
P. O. dumepy) pacreHne KyKypy3bl, KOTODOE SIBJSETCS OTILOBCKHM
aaa 100 cemsH 4 MAaTEPHHCKHM JJ151 CTOJBKHX e ceMstH. Ecsin pasmep
fIony siMH He M3MEHSETCH, TO B cpeAHeM ABa u3 3THxX 200 cemsH pa-
80BBLIOTCSI B HOBHIE pacTeHusi. Kaxjoe 3epHO mosyuaer AaHHbii reH
¢ BeposaTHocThiO 1/2. BeposTHOCTh TOro, uTO MyTaHTHHLIA reH Gyner
HMETbCA POBHO Yy k& HOBBIX PacTEHHH, COOTBETCTBYET MO3TOMY BEpOAT-
HocTH poBHO k ycrnexoB B 200 ucnuTanusix BepHy.M ¢ BEpOSITHOCTHIO
ycnexa p=1/200, u npeAcraBasercss Pa3yMHbIM [PAANOJOXHTb, YTO
{pw} 6ausko k pacnpepenenuto ITyaccona co cpeanum 1. Ecau my-
TAaHTHLIA reH OGECneyHBaeT KaKHe-JH60 GHOJOTHYECKHE MPEMMYINecT-
Ba, TO nosayuaercss pacnpefeseHde IlyaccoHa co cpeiHuM A>>1,

r) Ouepedu ?). Teopis BETBALHXCA MPOLECCOB HAXOAMT WHTEpPEC-
HElE NPUMEHEHHs B Teopud ouepenei. Hanpumep, nokynatesn, no-
JOWeWHA K CBOGOAHOMY MPOAABUY 1 CPa3dy MPHCTYNHBLIHI K BhiGOPY
NOKYNKH, Ha3biBaeTCsl NPEAKOM; €ro HernoCpeJCTBEHHBIMHM MNOTOMKAaMH
SIBJSIOTCA MOKYMaTe H, NPHIUEAWHE 33 BpEMA ero o6C/ayXKHBaHHA H
06pasoBaBiige Oyepeab. ITOT MPOLECC MpPOAONKAeTcs O TeEX [Op,
noka ouepeAb He Oyner Mcueprnana. Mmbl nojpo6Hee pacCMOTPUM 3TOT
npouecc B npumepe 5, 6), a ero 6ojee HATEPECHbIH BapUaHT — B NpH-
Mmepe 5, B). >

1) Lotka A., Théorie analytique des associations biologiques, v. 2, Actualités
scientifiques et industrielles, {Vo. 780 (1939), Paris, Hermann et Cie, 123—136,

*) Kendall D. G., Some problems in the theory of queues, J, Roy, Statist, Soc,
(Series B), 13 (1951), 151—173; ob6cyxzaesne ¢, 173—185,
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§ 4. BEPOATHOCTH BbIPO)XXJIEHUS BETBALIUXCH NPOLECCOB

O6o3naunm uepes Z, pasvep n-ro NOKOJEHHs, a yepes P,—mpo-
H3BoAsYy!o QyHKUMHIO ero pacnpenenenns. 1o npeanosoxennio Zy =1 1

Py(s)=P(s)= X pus*. 4.1

MoxHo pasjeqnTbh n-€ mMOKOJeHHe Ha Z; CEMEHCTE 1o MX npejkaM
B NEpBOM NOKOJIEHHH. JTO o3HauaeT, 4yto Z, ecTh cymma Z; cayyaif
HEIX BeJuuMH Z%, Kaxjas u3 KOTOPHIX npeacTaBgser coboi pa3amep
NOTOMCTBA OJHOH yacTHLLl nepBoro nokoJenus. [lo npexnonoxenno
KaXJas M3 BEJMUMH Z{? HMEET TO K€ pacnpejeNtHHE BepOSITHOCTEH,
uto Z,_g, U (npu dHKCHpPOBaHHOM n) c/ydyailHble BeJHuMHbl Z® B3a-
HMHO HesaBucuMmbl. IlostoMy npomnsBojsilas ¢yukuus P, ssasercs
cJI0KHOH dyHKRUMeH!

P, (s) =P (P,_1(5)) (4.2)

IT0 paBEHCTBO MO3BOJISET MOCJEJ0BATEJNBHO HAXOAHThH BCE IPOH3BO=
aswue ¢ynxund. CornacHo (4.2), Mbl umeem P, (s)=P (P(s)), Ps(s)=
=P (Pys)) ¥ T.A. DTH BBIUMCAEHUS HE NPEICTABJSIOT TPYJIHOCTEH,
XOT#l $IBHblE BBIpaxKeHHsl Anas P,, Kak npaBWJ/o, HaliTH Heserko. TeM
HE MeHee MH BCKOPE YBHIMM, 4TO 13 (4.2) MOXKHO MOJYUHTL BaXkKHbIE
CJeJICTBHS,

ITpumep. IlpeanosoxuM, YTO YHC/IO HEMOCPEACTBEHHHLIX MOTOMKOB
HMeeT reoMeTpuHueckoe pacnpenenenne {gp*}, rae p-q. Torna P(s)=s
=q/(1—ps), 1, BHIYHCIHB B SIBHOM BHAE P, Py u T. A. (4 NPHJIOXKHB
H3BECTHHIE YCHJIHSI), MBI NMPHXOAHM K obwed dopmyne

pr—q"—(pn=1—q"~1) ps
P, (S)=q°pn+1__qn+1__(pn_qn)ps° (4.3)
Jlerko nposepHTh, uto (4.3) neficTBuTenbHO yhoBJeTBopsieT (4.2).
Ecnn p=q, 10, nonaras p—-1/2, nonyuaem

P, (s)=[n—(n—1)sl/(n+1—ns). (4.4)

3amertuM, uta P, (0)—q/p, ecan p>q, vo P, (0)—1, ecau p<g. Tenepn
Mb{ OGCYZIHM 3TOT pe3yJbTaT H HafiileM ero aHaJor JJisi MPOH3BOJBLHEIX

pacnpenenenuit {py}. »

Camelt mepBBI BOmpoc, OTHOCAUIMIICA K HalIEMY BETBALIEMYCH
npoueccy, COCTOMT B ToM, OYJeT mpouecc NpPoJOo/XKaThCA GECKOHEUHO
HJHM JKE BCE MOTOMCTBO BBIMPET MOC/€ KOHEYHOIO YHCJ/A IOKOJEHHH.
ITonoxum

x,=P{Z,=0}=P,(0). (4.5)

ITo BEpPOSATHOCTE TOTO, YTO MPOLECC OKOHYUTCS HA 7-M MNOKOJEHHH HJIH
ewte panolue, Ilo onpenenenito x;1=po, ¥ u3 (4.2) caenyer, uto

X =P (%,_,). (4.6)
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BaH1y TPHBHaJIbHOCTH KPafiHHX cayyaeB po=0 u po=1 mu nanee Oy-
zeM npennonarats, 4To 0<<py<<l. M3 Monotonnoctn P BhiBOAMM, 4TO
%2=P (po) =P (0)=x1, ¥ aHATOTUYHO N0 HHAYKIHH, UTO X;<X3<X3. o + +
BHauuT, 3Ta NocJefoBaTebHOCTh HMeeT npenen x< 1, u u3 (4.6) Borres

Kaet, 4ro
x=P (x). 4.7)

[pu 0<(s<C! rpagmx P (s) — soinyKias 6143 KpHBast, HayHHAKOMAA=
es1 B Touke (0, pp) Han GHcceKTPHCOH NePBOro KBajJipaHTa U 3aKaHYUBAKO-
juasics B Touke (1, 1) Ha 3tofi GuccexkTpuce. Takum 06pa3om, BO3MOKHELD
TOJIBKO JBE CHTYyallHu.

Cayuaii (i). Bech rpaguk Haxomutcs Bblile GHcceKTPHCH. B 3TOM
enyuyae x=1 — efuHCTBeHHBIH KOpeHb ypaBHeHHs (4.7), H no3ToMy
x,—1. Hanee, B 3Tom cayuae 1—P (s)<<l—s nana Bcex s, H, ycrpeMass
5 K |, Mbl HaxonuM, yTo npoussoanas P’ (1) yrosierBopsieT HepaBeHCTs
By P’ (1)<l.

Caywai (ii). Fpaguk P nepecekaeT GHCCEKTPHCY B HEKOTOPOH TOYKE
0<<]. Tlocko/bKy BHIMyKJas KpHBas MepecekaeT NPAMYIO JHMHHIO He
Gosiee yem B ABYX TOYKax, B 3ToM cayyae P (s)>>s npu s<<o u P (s)<s
npu 0<<s<<l. Toraa x;=P (0)<<P (0)=0, ¥ N0 HHAYKUHH X, =P (x,_))<
<P (0)=o0. 3uauut, x,—>0, U, TakuM obpa3oM, x=ao. C apyro# cropo-
HbI, 10 TEOPEME O CPEeAHEM 3HauyeHHH MEeXJIy o u | cyilecTByeT Toyka,
B KOTOpO# npoussopnas P’ pasna 1. M3 MoxotonHocTH 3TOH npous-
BoaHOH chnepyer, uto P’ (1)>1.

Wrak, stu ABa ciyuas Xapakrepuaywrca ycaoBuamu P’ (1)<l u
P’ (1)>1 cootserctBenno, Ho

”=P'(l)=k§> kp, < oo (4.8)

€CTb MaAMemMamu4ecKoe OXCUOaHue 4ucaa HenOCpeaCITlBEHHblx nomomKosg,
T. €. HaMH J0Ka3aHa HHTepecHas Teopema.

Teopema. Ecau u<C1, mo npoyecc evtposcdaemes ¢ eeposms
tocmeto 1. Ecau oce p > 1, mo eeposmuocms x, moeo, 4mo npoyece
8bLpoX¥cAaemea 68 n-M NOKOAEHUU UAU paHblie, CMPEMUMCR K euHcms
eeHHomy Kopuio x < 1 ypasuenusn (4.7).

Kax npaBumo, CXOAMMOCTb X, — X fiBJsieTcs OLICTPOH, M M03TOMY
¢ 6O/IblIOH BEPOATHOCTBIO NpPOUECe JHOO JOBOJBHO OBICTPO BHIPOXK-
Naercs, 60 NpPOJOJKAETCS HeorpaHuyeHHo. MaTeMaruyeckoe oXujas
Hue pa3mepa n-ro noxosenus aaercs gopmydaon E (Z,) = P, (1). U3 (4.2)
no npasuny AuddepeHIHpoBaHus CHOMKHOH (YHKIMH MBI I110Jy4YaeM,
gro P, (1)=P' (1) Ph_y (1) =pE (Z,_,), 4, cleloBaTebHO ),

E(Z,) =p" (4.9)

1) HansHefimme noApoGROCTH MO0 HAATH B COfePXKaTeNsHOl Monorpapus Harris

T. E., The theory of branching processes, Berlin, Springer, 1963. [Mimeercs nepeson:

Xappuc T. E, Teopus BerBamuxcs ciyualiHuX npoueccos.— M.: Mup, 1966.] (Cw,

};mxe) kaury Cesacreauos B, A, Bersmmmeca npoueccw,— M.: Hayka, 1971,—
epes.
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Her HHuero yauBHMTENBHOrO B TOM, YTO NpOLECC Hen30eXKHO BHPOXK-
naercs npu u<<l, oguaro 3apasee e ObL10 SICHO, YTO yCTOHYMBOH CH-
Tyalu He MOXeT ObiTh Aaxe npu u=11), Ecait p>1, To B cooTBETCTBHH
¢ (4.9) caenosano Gbi 0HAATD, YTO Z, PACTET CO CKOPOCTHIO F€OMETPH-
yecKoli nporpeccuu. /1o HEKOTOpOIl CTENEHH 3TO BEPHO; OJHAKO HE3aBH-
CHMO OT TOTO, CKOJ1b BEJHKO [, BEPOSITHOCTE BbIPOXIEHHS MOXKET OHIThb
orfenena ot 0. Jlerko nposepiith, 4to P, (S}—>x npu mobom s<<1, a 310
3HAYHUT, YyTO KOS(MHUHEHTH! 1PH §, 8%, §* i1 T. 4. cTpensaTces K 0. [Tostomy
¢ 60AbULOLE BEPOAMHOCBIO nOCAe JOCMAMOYHO G0NbULIOZ0 HUCAR NOKOACHUL
AUBO NOMOMKO8 Hem COo6CeM, AUGO ux OveHb MHO20 (BEPOSITHOCTH 3THX
cOBBITHII CTPEMSTCS COOTBETCTBEHHO K X # 1—x).

§ 5. OBIREE 4MCJIO HACTHI| B BETBAIKXCA NMPOUECCAX %)

PaccMoTpuM Teneph CAydalHYIO BEJHYHHY
Y,=1+Z,4...}+2Z,, (5.1)

paBHYIO OOIIEMY YHMCJIY 9YacTHI, B NOKOJEHHAX ¢ HoMepamu oT 0 jgo n
BKounTes1bHO. [losaras n—»oo, Mbl nojyyaem ofliee YHCJIO YACTHIL,
KOTOpOE MOXKeT OhiTh KOHEUHbIM HaH OeckoHeunbim. OueBnaHo, ciyyaii-
Has BeJMuMHa Y, KODPEKTHO onpefeseHa ANfA KaXAOro n; Mef 0003Ha-
yuM yeped R, npoussoisulyio QYHKUHIO €€ pacrnpesiejleHHs BEPOATHO-
creft. [Tockobky Y;=1-Z;, Mbl umeem R (s)=sP (s). PexyppeutHyo
dopMyay anst R, MOXHO NOJYYHTE NP IOMOIL TeX XKe pPacCyxIeHH#H,
yro B NpeAbAylleM naparpade; eJHHCTBEHHOE OT.JHYHE COCTOHT B TOM,
yto Ans noayuenus Y, Mel JOJKHbI NpHOaBHTb K HayaJbHOH YacTHLE
CyMMY NOTOMKOB Z; yacTull nepporo noxoaexus. CiepoBaTebHo,

R, (s)=sP(R,_,(s). (6.2)
ITo cdopmyae (5.2) B NpPHHUMIE MOMHO NOCJENOBATEJ]BHO BBIUHCIATH
Ry, R; ... , HO 3TiIM 33HHMATBCA HE CTOMT. ACHMITOTHYECKOE [10Be-

IeHHe R, MOXHO M3y4aTh NPH [OMOII TEX e reOMeTPHYECKHX paccyx-
JeHHiT, KOTOpHE HCIOJb30BAJHCh B NpelblaylieM faparpade npu Ha-
XOXKAEHHH BEPOSTHOCTH BBbIPOXIEHHA X.

3aMeTuM IIpeXJe BCero, 4to npu Jwobom s<l

R (s)=SP (R, (s))<<sP (s)=R: (8), (6.3)

¥ 10 HHAYKUMH HaXOMuM, 4T0 R, ()<<R,_,(s). Taxum obpasom, R, (s),
MOHOTOHHO YObIBasi, CTPEMHTCS K Npefeny p (S), KOTOPhHI YAOBJETBOPA-

€T ypaBHeHmo
p (s)=sP(p(s)), 0<<s<<l. (5.4)

1y Ecau He ofpamath BHHMaHHUA Ha CIyuail, KOr1a 4HC/I0 HEMOCPEACTBEHHLX MO
TOMKOB paBHO | c BeposmTHocTelo 1.— [Ipuy. nepes.

%) Bror naparpad HamkcaH NOA Blieuat/ieHneM paGoTul M. Ix. lyna (Cood 1. 3.4
The number of individuals in a cascade process, Proc. Cambridge Philos., Soc,,
45 (1949), 360--363).
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CorJqacso Teopeme HenpepslBHOCTH rai. X1, 6, dyukuus p xax npegen
BEPOATHOCTHLIX NPOM3BOAAIMX (QYHKUMHA sIBASETCS NPOH3BOAAIEH
¢yHKUKEl TAaKOH NOC/AeLOBAaTENLHOCTH Py HEOTPHUATENBLHBIX YHCes,
gro Y.px<l.

3 (5.4) cnenyer, yro npH ¢uKCHpPOBaHHOM $<<l 3HaueHue p(s)
ﬂBJIHeTCﬂ KODHEM ypaBHEHUS

t=sP(1). (5.5)

TToxaxem, YTO 3TOT KOPEHb ABJSAETCA €JHHCTBEHHLIM. I/ 3TOTO CHOBa
o603HayHM OYKBOH X HaHMEHBIUHH INOJOXHTE/BHEIA 1) KOpEHb ypas-
Henus x=P (x) (tak uro x<(l). 3ameruM, uro y=sP (f) (npu ¢uxcupo-
BAHHOM §) fIBJISIETCS BHINYKJIOH BHH3 QYHKIMEH £, M NOITOMY ee rpaduk
nepecexaer npsAMy y=t He GoJee yeM B ABYX Touxkax. Ho npu {=0
npasas 4acrs (5.5) GoJbLue JeBoi, Torja Kak NpH {=x 1 npd £=1 BepHo
obparHoe HepaBEHCTBO; 3HA4HT, (5.5) HMEET POBHO OJHH KOPEHb MEXAY
0 1 x ¥ He uMmeer xopueit Mexay x u 1. TaxuM o6pa3soM, p (s) KaK XKOpeHb
(5.5) onpenensercs oJHO3HAYHO, M Mul BHAMM, janee, yro p (s)<<x. Ho
ouesugHo, P (1) sBaAsercs KopHeM ypaBHeHHA {=P (), H, NOCKOJBKY
X — HaHMEHLIIHH KOPEHb 3TOT0 ypaBHEHHd, fAcHO, 4Tto p (1)=x. Unaue
roBopsl, npou3BoAswlas (yHKuHs p Oyner BEPOSTHOCTHOH 10TAa H
TOJILKO TOTZA, Xorga x=1. Mbl MOXXeM NOABECTH HTOT'H 3THX pacCyxue-
HHH CJEAYIOLHM 06pasoM.
Hycmb Dy — 62pOAMHOCMb M020, 4mo obwjee Yucao 4acmuy pasHo k.
Z Pr pasHa GeposmHocmu svipoxcdenus x{a 1—x ecmob sepoam-
Hocmb mo20, 4mo obujee YUCAO YACMUY PAagHO oo).

6) Hpouaeoquaﬂ pyHKyus p ()=, p xSk ABAAEMCA eOUHCMBEHHBIM
peutenuem ypasHenus (5.5), u p(s)<x.

Mzl yxe 3HaeM, uto c BeposTHOCTbIO | 06ujee wucao wacmuy Koxed-
Ho, ecau p<l. Juddepenunposanue (5.4) Teneps NOKa3ulBaeT, UTO £20
mamemamuyeckoe oxcudanue pasro 1/(1—p), koeda p<<l, u beckones-
Ho, Koz20a p=1.

NMpumepnl. a) B npumepe 4,a) mel Hawan, uro P (s)=q/(1—ps),
u (5.5) cBOAMTCS K KBaJpaTHOMY ypaBHeHHI0 pt*—{+gs=0, 13 kotoporo
MBI 32KJOUZEM, YTO

p (s) =(1—V T—4pgs)/(2p). (5.6)

(ra npoussogaulas PyHKUMS NOSABAANACHE B CBSI3H C MOMEHTAMH nep-
Boro gocrikenus B ri1. X1, 3.)

6) epuodui sanamocmu. 3aiivemcs Gosee NOZPOGHLIM aHAJH30M
3ajauu 06 ouepensx, ynoMuHaswefica B npumepe 3, r). Ilpeanonoxnm
AJlsl TPOCTOTHI, YTO NOKYTATEIH MOTYT NPHOLIBATH TOJNBKO IO OZHOMY
H TOJILKO B LEJOYHCJIEHHLIE MOMEHTH BPEMEHH. Mu mpejanosaraeM, 4ro
HNPUOLITHS PETYAHPYIOTCS HCOMWTAHMAMH DepHy//u: B MOMEHT n MOKY-

1) [Tpu stoM npeanosaaraetes, yro P (0)>0, tak kak npu P (0)=0 cryuyaitnas se-
anunea Y, cTpeMuTcA K 00 ¢ BepoATHOCTbio 1,— [Tpus, nepes,
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fateb NOABJASETCS C BEPOATHOCTBIO p, a C BEPOSATHOCTBIO §==1—p He
nosipasiercsl. [lokynatesb, KoTopblfi npubeiBaeT, Korja NpoJaBeil CBO-
6ojen, HeMEIJMEHHO HauWHAeT o6C/YKHBaTbCA; B NpPOTHBHOM CJyuae
OH craHoBuTCa B ouepedb. Ilpomasen paGotaer Ge3a mepephlBOB, MOKa
B oyepej €CTb MNOKYMNATE/H, OXuAawue o6cayxupanus. Mel npeano-
JlaraeM, HaKOHel, YTO NocJefoBaTe/bHble BpeMeHa 0GCayXKHBAHHS fB-
JSIOTCS. HE3aBHCHMBIMH (II€NTOYMC/ICHHBIMH) CJYYaiHBIMH BEJIHYHHAMH
€ ofHHUM H TeM xe pacnpegfenenueM {B,} u npousBopamed Gyuxumels
B ()= 2 Bss*.

JonycTuM Tenepb, 4TO NMOKYMaTe/lb NOSIBJASETCS B HYJEBOH MOMEHT
BpPEMEHH H 3aCTaeT mpojaBia coGofubiM. HemennenHo HaunHaercs oG-
cayxuBaHue. Ec/lH oHO HMEET AIHTENBHOCTD A, TO NMpojaBell 0CBoGOX-
J@eTcst B MOMEHT 71 IPH YCJIOBHH, YTO B MOMEHTH 1, 2, .. ., 7 He MmosB-
fIAMACH HOBHIE NOKYynartedd. B npoTHBHOM ciyuae ofC/ayHBaHHE Mpo-
Rosxaetcs 6e3 nepepeiBa. [lepuodom 3ansamocmu Mbl Ha3biBaeM AJIHTENb-
HOCTb HenpepbIBHOTO 06CayXUBaHUs, HAYaBLIETOCSH B HYJIEBOH MOMEHT
BpeMmend. Mnl nokaxkeM, KaK MOXKHO HCNOJNB30BaTh TEOPHIO BETBS-
IIHXCSA TPONECCOB NPH H3YYEHHH JIHTENBHOCTH MEPHOJA 3aHATOCTH.

[okynaress, nossuBwkiicsa B moMeHnT 0, HAUMHAET NepHOJ 3aHATOC-
TH ¥ OyJAeT Ha3blBaTLCH npeikoM. [lepBoe moxoseHHe «yacTHI» COCTOMT
H3 MOKYynarteJseH, NMOSIBUBIIMXCSH 0 MOMEHTa OKOHYAHHs 0GCAYXHBAHHS
fipeiKa WM B 9TOT MOMeHT. Ec/IH HenmocpeACTBEHHbIE NOTOMKH OTCYTCT-
BYIOT, TO Npouecc BhIpoXAaeTcss, B NpoTHBHOM ciiyuae HenmocpeACTBEH-
Hble NOTOMKH I[OCJE0BaTeNbHO OGCAYXKHBAIOTCS, a NOABJSAOLIMECS 323
HX BpeMeHa oOCJAyXXHBaHHS HX HENOCPEACTBEHHBIE MOTOMKH MpPHCOEIU-
HSIOTCA K oyepead. Mol MMeeM 37echb TaKol BeTBsiIuiicsA mpouecc, B
KOTOPOM 8EpOAMHOCMb 8bPONCACHUS X PABHA BEPOAMHOCTU MO20, 4MO
nepuod 3aHAMOCMYU KOHEHeH, 0 MHOMECMB0 6CeX «HaCmuy» COCMOUMm u3
gcex noxkynameneld (xaonas npedxa), npubblBuiux 8 meweHue nepuoda
aanamocmu. Heo6XoA1MO OTMETHTE, YTO NPAKTHYECKH BO3MOXHEI TOJb-
Ko ouepeju ¢ x=1.

T npUMeHeHHs HAIUMX DE3YJbTaTOB HEOOXOAHMO 3HATh MPOH3-
BoJauyto dyHKuuio P (s) yuc/a HenocpeACTBeHHbIX noToMKoB. [To onpe-
JIEJIEHHIO 3TO yuCJao onpejensieTcss caydahHol cymmodn X;+. . .+ Xy,
rae X; B3aUMHO HE3aBHCHMBI H NpHHHMaIOT 3HayeHust 1 u 0 c BeposrT-
HocTsMH p U ¢, a N — Bpems obcayxuBanus npeika. [lostomy B pac-
cmaTpuBaeMod cutyauud P (s)=P (ps+q), u, caenosartenbHo, p=pg,
rie o=§’ (1) — MaTreMaTHYECKOE OXKHAAHHE JJIHTEJNBHOCTH OGCTYKH-
BaHHs. 3HAYHUT, Aepuol 3AHAMOCIU C 8eposmHocmbio 1 KoHedeH moabko
npu po<ll. Mamemamuueckoe oxcudarue Hucaa nokynamened, nptiboi-
sarouux 3a 8pems nepuoda 3aHAMOCMU, KOHEYHO MOAbKO npu po<ll.
Huaue rosops, npi po—=1 HeMuHyexa JaBKa, a €C/IH PO HECYUIECTBEHHO
MeHble 1, TO AJHHHBIE Odepedi JOJKHBI ObiTb OGBIYHEIM SIBJEHHEM,

B) Jaumenvrocme nepuoda sauamocmu. B npepsuiymem npumepe
H3yuaJoch YHCJIO MOKynaTesed, npHOBIBAOUIMX 3a BpeMs MepHoja 3a-
HSATOCTH, OJHAKO [/ NMpPaKTHKH BOJBbIIOH HHTEpEC MpejiCTaBJseT JJIH-
TeJILHOCTb 3TOF0 Nepuoja. Ee MoXHO HaHTH NpH NOMOWM H3SIUIHOTO
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npuemMa *), COCTOAIETO B PacCMOTPEHHH UEJNOYHC/IEHHHIX MOMEHTOB
BpEMEHH KaK 4acTil BeTBsillerocs npouecca. Bynem rosoputs, uro
MOMCHT BPEMEHH 71 HE HMEET NOTOMKOB, €C/IH B 3TOT MOMEHT He MOSB/s-
eTcs NoKynarteab, Ecay ke nokynarenb NOABJAETCS H €r0 06C/YKHBa-
HUE HAYMHAETCS] B MOMEHT M_>f U ANUTCS 7 €HHHIl BPEMEHH, TO MOMEH-
Th! Bpemenu m-+1, . . ., m-r paccMaTpHBaIOTCS KaK HENOCPEACTBEHHBIQ
NOTOMKH MOMeHTa n. [Ipeanonoxum, uto B MoMeHT BpeMeHH 0 npojasery
cobojien. Hecnoxuoe paccyieHHe NOKasbiBaeT, 4To Tor/Aa Ju6o no=
KylnaTe/lb He NMOSBJSETCS H BETBALIMHCS NPOLECC HE HAUMHAETCH BOOG-
e, JMU60 NOKYNarteNb NOSBJASETCH 1 YYacTBYIOUHE B BETBSIEMCS NPO=
ecce yacTHunl (MOMEHTHI BpeMeHH) 06pa3yioT nepHoA 3anatoctd. [1po-
H3BOAAWAS (YHKIUMS YHC/A HENOCPEACTBEHHBIX NOTOMKOB HMEET BHJ

P (s)=q-+pB (s). (5.7)

KopeHb x paBeH BEPOSTHOCTH TOTrO, YTO NEPHOJ] 32HATOCTH KOHEUEH,
O6uee uMCIO YACTHI C BEPOSITHOCTBIO ¢ PABHO 1 1 ¢ BEPOSATHOCTBIO p paB-
HO AJTHTENBHOCTH NEPHOJA 3aHATOCTH, HadaBmerocss B MomeHT 0. Oye-
BHJHO, AJHTENLHOCTH NEPHOAA 3AaHATOCTH HMEET NPOH3BOAAILYIO0 PYHK-

uno B (p (s).

§ 6. 3AJIAUH

1. Pacnpegeaenne (1.1) cayuaino#t cymmer Sy nmeer cpegnee E(N)E (X) u

aucnepenio E (N) Var (X)Var (N) E2(X). Y€eguTbcs B 5T0M: a) TIPH IOMOIH
NPOM3BOAAWMX (YHKUME, G6) HENoCpeACTBEHHO W3 ONpeje/eHHs TPH NOMOIIM
YC/IOBHBIX MaTeMaTHYEeCKHX OXHAaHHH.

2. Omaos scusomuerx (npumep 1,6)). IdokasaTs chepyiomue YTBEPKAEHHS,
Ecan {g,}—reoverprueckoe pacnpejeseHre, TO HCKOMOE pacnpejie/ieHHe TOXe
6yner reomerpuueckuM. Ecau {g,}— norapudmuueckoe pacnpegesenue (cm. (2.8)),
TO HCKOMOe pacnpejnenesue 6yfeT jgoraprdMHyecKHM ¢ ROCAEOUHBIM WIEHOM.

3. Ecn cayuaiinas BeauunHa N wumeer pacnpegesenre [lyaccona, To B N
HCneTauMAX DepHyaan guesna ycmexon M Heylad CTOXacTHYECKH HE32ZBHCHMHL,
OGo6muTe 3TOT pe3yabTar Ha NOJIHHOMMA/AbHOE pachpejerenHe: a) HenocpejcT
BeHHO, 6) HCNOAb3ys NPOH3BOAAMME QYHKUHH OT HECKONbKKX nepemeHHuX. (Cp.
¢ npumepom ra. 11X, 1,71).)

4. Pandomusayua. Ilyctb N umeer pacnpepenenue Ilyaccona ¢ napametpom A,
M mycTb N wapos ciyuaiiHo pasMemaioTcs no n Amukam. [TokasaTb Ge3 BHUHCs
JeHHH#, yTO BEPOATHOCTb NOJYYHTb NPH 3TOM POBHO M NYCTHX HAIIMKOB DPaBHA

(" g—hm/n (1 _ e—k/n)n—m.
m

5. [1podoascenue ?). [ToKa3aTb, 4TO ecan NO n SHIMKaM C1ydaiiHO paiMemaeTcsd
DUKCHPOBAHHOE YMCJIO 7 IM3POB, TO BePOATHOCTh MNOJAYYHTbL POBHO £l MYCTHX
SUHKOB [aBHa KOsp@HUUHeHTy npu e~ AAr/rl B Pa3/IOMEHHH NPHBEAEHHOIO BHIIE
BHpaxeHua B Psfg. a) O6cypuTb CBSI3b ¢ NPOM3BOAAMMMH (QYHKUMAMM MOMEHTOB
(3agaua 24 ra. X1, 7). 6) Vcnonb3oBaTe 3TOT pe3yanTaT Aias Toro, yrtobuni Ges
BCAKMX ycuaufl noayunts cooTHoweswe (11.7) ra. I1

Y Iror nprem npegaoxua M. Jx. ['yx; cm. MaTepuann JHCKYCCHH, NPHBEEHHE®
nocae cratbd Kenmanana, UMTHPOBAHHOM B npumepe 3, r).

) 10T M3AWHHIA cnocob NOdyYeHHs Pa3HOOGPasHHX KOMOHHATOPHLIX HOPMYJL
€ noMompio panfomuaauui napamerpa npegnoxua Jom6 (Domb C., On the use
of a random parameter in combinatorial problems, Proceedings Physical Society,
Sec. A, 65 (1952), 305—309).



316 TIa. XII. Croxcube pacnpedererius. Bemesujuecs npoyeccol

6. Cauecu eeposmuocmueix pacnpedesenuii, Tycets {f;} n {g;}—naBa meposr-
HocTHRIX pacnpepetenus, a >0, B >0, a+4-B=1, Toraa {af;4Pg;} Toxke
AABAAeTCH BeDOATHOCTHHIM pacnpefenerneM, OOcyauTb CMbICA 3TOrO Npeobpaso-
BaHWS W CBA3L C YPHOBBIMM cxemaMH I, V, 2. O6o6wnTb Ha clyyall MHOrHX
pacnpegeiexnii. I10Ka3aTh, uTo Takaf cMech MOMeT GLITh OGOBILEHHBIM pacnpe-
nenenuem [lyaccona.

7. Ilpu nomown npou3sogfmuX GyHKUMA NOKasaTh, YTO B BETBAIIEMCH MpO-
wecce Var (Z,,1)=u Var (Z,)+p?"0% Hcnoas3ys ycrIOBHble MaTeMaTHYECKHe
OXHJARN, J0Ka3aTh 3KBHBaNeHTHOe CcOOTHOWeRne Var (Z,41)=u? Var (Z,,) 4 p"o?.
M3 Kaxjoro u3 3THX COOTHOLIeHHI! BEIBeCTH pasercTBO Var (Z,) =02 (u3"-24
A SRR o i B

8. Mpodoascenue. Tokasath, 910 ecan n > m, 10 E (Z,Z,)=p2~=E (Z).

9. ITpodoasxcenue, T1oKkazaTb, 4TO NPOH3BOAAWEH (YHKIHeH COBMECTHOro pac-
npepeneuns (Z,,, Z,) asasercs P, (s1P,_, (5)). Henonssoath stor ¢dakt pgan
NpOBepKH yTBepXJeHns H3 3afaym 8,

10. Kax H3MeHHTCR EBeTBAWlWHcH MNpouecc, ecjH KaXjaf vacTHUd nepejy pas-
MHOMEHHEM MOMEeT HCYe3HyTh C (QHKCHDOBAHHOA BEPOSITHOCTLIG p?

11. Bemsaujueca npouecce ¢ O8yma munasic wacmuy. JONycTHM, 4TO KaXjas
YacTula MOMeT HMeTb NOTOMKOB JABYX THNOB; pacnpefeleHHs YHUCET NOTOMKOB
YacTHy ABYX THNOB 3afalOTCH NpPOWSBOAAWMMH GyHKUMAMH Py (Sy, s3) B Py (51, s3).
B aTOM ciydae cymlecTByeT ABe BEDOSTHOCTH BHPOMIEHHA %, ¥ B 3aBHCHMOCTH
OT THDa Dpejka. [10Ka3aTb, 4TO Napa (%, y) YAOBNETBOPHAET ypaBHEHKAM

X—_-Pl(X, y)l y=P2 (xl !/)- (61)
Joka3aTb, uTO S5TH YypaBHeHHA HMMelOT He Gosee oguoro pettenns 0<Cx=<Cl,
0<y<1, otananoro ot (1, 1), Pewenne (I, 1) exuHcTBeHHO TOrZa M TOMBKO

Torza, Korza mir<<l, <!l 1 (I—pi) (1—pg) = . TaE piy=
=B, (1, Doy, Hae ) = Haelin #



FNABA Xl PEKYPPEHTHBIE COBbITHS.
TEOPHA BOCCTAHOBNEHUA

§ 1. HE®OPMAJIbHOE BBEAEHUE W NPUMEPBI

Mbl 6yseM H3yuaTb HEKOTODbIE MOBTOPSIIOUIHECS, HJIH PEKYPPEHT-
Hbie, HaBOPb! HCXOJOB, CBS3aHHBIE C MOCIEL0BATENbHOCTAMH HCIILITAHHH,
T'oBopst Hectporo, Ha6op & TOAHTCS I/ NOCAEAYIOWEH TEOPHH, ec/H
fiocJie KaX{IOro MOsSIBJEHHS HaGopa & HCNBITAHHS HAYMHAIOTCS 3aHOBO
B TOM CMbICJE, YTO MOCJAEJOBATENbHOCTh HCNLITAHHH, CAEAYIOLIMX 34
T0SIBIEHHEM &, 06pa3yeT KOIMHIO Bcel noc/efoBaTebHOCTH. [IpomexyT-
KH BPEMEHH MEXJY MNO0C/eJ0BATENLHBIMU NOSBIEHHAMH & — B3aHMHO
He3aBHCHMbIE OJHHAKOBO pacnpeje/ieHHble CJAyYalHble BEJHUHMHLL.

B npocrefiieM yactHom ciyuae § Hcnosbayercs Kak 0603HaYeHHE
«ycnexas B NOC/IEAOBaTe/LHOCTH HcnbiTaudi Depuynnn. Bpemsa oxu-
JaHHs NEPBOTO yclexa HMEeT FeOMETPHYECKOe paclpeie/eHHe; Korja
JIOCTHrAeTCsl NEPBbIA YCNEX, HCNBITAHHS HAYHHAIOTCS 3aHOBO H YHCJO
HCTIBITAHHHA MeXAY r-M # (r--1)-M ycnexaMu uMeeT TO e camoe reoMer-
puyeckoe pacnpejesenne. Bpems oxupanus r-ro ycnexa siBasercs cyM-
MOH 7 He3aBHCHMEIX CaydaiiHbIX BesiuuuH (npumep ra. IX, 3, B)). Ira
CHTYallHsl NOBTOpsieTcs, Korda & o003HayaeTr «ycnex, 3a KOTOPLIM cJie=
AYeT Heyzaua»: nosisaedsHe Habopa ¥ H BoccTaHaBAHBaeT HCXOQHOE M0-
JIOMCEHHME ¥ BPEeMs 10 NOsABJIEHHSA ciepyiollero ¥ H He 3aBHCHT OT HCXO-
AOB NpeAblAYWHX HenpiTadull. TIpHBeaeM npoTiBONOJOXKHBIA npuMep:
NyCcThb K rpynne Jjiofell nocjeloBaTebHO NPHCOENHHSIOTCS HOBBLIE yJies
Hbl, B NYCThb § — cOOLITHE «y ABYX UEJOBEK B CPYNNE LHH POXKAECHHA
coBnazawt». Takoe cobbiTHe & HE SIBJISETCS NOBTOPSIOWMMCH, NOTOMY
YTO [OCJE [E€PBOTO €ro MNOSABJEHHST OHO MPOHCXOAHT noctosiHHo. Ecau
Mbl 3aMEHHM ONpeJe/eHHE HA «§ MNPOHCXOJHT, KOrAa AeHb POXIACHHS
HOBOTO YJieHa TPYIINL y)Ke BCTPeyascs B Hel», To & MOMXET NPOHCXOAHTE
JMoboe YMCA0 pa3d, Ho nocsae NOABNEHHS & NPOLECC HE HaYMHAeTCA
3aHOBO. JTO NPOHCXOAHMT NOTOMY, YTO C YBEJHYEHHEM pasMepa rpyNmbl
COBNajeHHs AHEHR DOXKIEHMs CTAHOBSATCS 60JIee BEPOSITHBIMH, H M103TO-
MY GOJIbIIOE BpPEMS OXKHAAHHSA MEPBOTO MOBTOPEHHS IHEH POMJAEHHS
coyeraercss ¢ 6osiee KOPOTKMM BPEMEHEM OXXHIaHHS BTOPOrO MNOBTOpEs
HHSl; TAKHM 06pa3oM, NOCJAEL0OBATEIbHEE BPEMEHA OXHAAHHS He sBJs-
I0TCS] HE3aBHCHMLIMH H HMEIOT HEOJHHAKOBBbIE PacnpeieneHHus.

Boablice 3HaueHHe TEOPHH PEKYPPEHTHBIX COOLITHH 06bacHsercs
TEM, YTO YaCTO TaKHE COOLITHS BO3HHKAIOT B CBSA3H C Pa3/HYHLIMH MO«
CJIE[0BATEBHOCTAMH CJy4adHbIX BEJHYHH (CIYYaliHBIMH MPOUECCAMH).
C/10)KHOCTL 3aKOHOB, KOTODHIM NOAYHHSIETCH MOCJEOBATENBHOCTDL Cly-
YafHbIX BEJHYHH, MOXET CAEJNAThb HEBO3MOMKHLIM €€ HCUePNbIBaIOWHA
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aHa/u3, OQHAKO CYIIECTBOBAHHE MOBTOPSIOUWMXCS COOLITHA BCErga no-
3BOJISIET YKA3aTh XapaKTEpHbIE OCOGEHHOCTH NOCJENOBATENbHOCTH, JO-
Ka3aThb CYIIECTBOBAHHE HEKOTOPHIX NPEAEJOB W T. . TakKoH NOAXOX
cnoco6CTBYET YNPOIEHHIO M CTaHJapTH3alMd MHOTHX HCCJeJOBaHHH.

Mbr paccMOTPHM Tenepb HECKOJLKO THIHYHBIX [PHMEPOB; HEKOTO-
pble H3 HHX NPEACTABJSAIOT H CaMOCTOATE/bHBIA HHTepec. [lepBhie npu-
Mephl CBA3aHbl C OOBIMHBIMH HenblTaHWsMH BepHysanu, mocnennne Tpu
KacaioTcst 6oJlee CJIOXKHBIX cXeM. B 1X onHcaHusX Mbl HCIOJNB3YEM TaKHE
TEPMHHBI, KaK «NIPOJaBeL» H «IOKYNATEIb», HO KaXJbli pa3 NpHBOAHTCS
MaTEeMaTHYECKOE ONpEae/]ECHHE MOCJEJ0BATENbHOCTH CJAY4aifHbIX BEJH-
YHH, KOTOPOE fIBJSETCH MOJHBIM B TOM CMBICJIE, YTO OHO OJHO3HAYHO
onpejiesIfieT BEPOATHOCTY BCEX BO3MOXHBLIX COOBITHH. YacTo oka3biBas
€TCs, YTO TEOPHHA PEKYPPEHTHHIX cOGBITHH MO3BOJAET MOJYyHaTh copep-
JKaTe/IbHBIE PE3YJbTAThl JaXKE B TE€X C/yd4asX, KOIAa OCHOBHBIE BEpPOST-
HOCTH HE MOTYT GBbIThb BBIYHCJIEHBI B SIBHOM BHJE.

Mpumepsi. a) Bosspawetue 6 Hawaro. I1ycTs AASL NoCAEAOBATENLHO-
cTH HcnbiTaHHA BepHyann & oGo3nayaer cOOBITHE «CyMMapHBLIE UHCJA
ycrnexoB M Heyjaad paBHbl». Kak H panee, Mbl ONHCHIBaEM MCXOABI MCIbI-
TaHu§i nocsexoBatesbHOCTBIO X1, X3, . . . B3aHMHO HE3aBHCHMBIX CJy-
YafHBIX BEJHYHH, NPUHHMAIOWHX 3HaueHHs | H —I] ¢ BeposATHOCTAMH
p u g cooTBercTBeHHO. Kak oObIYHO NoJaraeM

$=0, S,=X;+...+Xp. (1.1)

Torma S, — 3T0 pasHOCTb MEXAY 4YHC/IOM YCIEXOB M YMCJIOM Heyjad,
¥ coOuiTHe & npoucxodum moeda u moasko moada, xozda S,=0. Cosep-
LUEHHO $ICHO, YTO HACTYIJIEHHE 3TOro COOBITHH BOCCTAaHABJHBAET HC-
XOJHYIO CHTYalHIO B TOM CMbICJIE, YTO MOCJEAYIOUHE HACTHBIE CYMMhI
S,:¢1 Sp400 -« » 00PA3YIOT BEPOATHOCTHYIO KOMHIO Bcel MOc/eA0BaTeNb-
HoctH Si, Sz, ... . (IIpogomxenue cM. B npumepe 4, 6).)

6) Bosspatyerue 6 Ha4aro No OMPULAMELLHBIM SHAYEHURM. Y CI0KHEM
nocJegHHH npuMmep: 6yeM CYHTATh, YTO ¢ NPOHCXOAHT NPH N-M HCIKI-
TaHWH, €CJH

S,=0, no §;,<0, ..., §,_,<0. (1.2)

OueBuHO, 9TO H B 3TOM CJIy4Yae HACTYIIEHHE COOLITHA & 03HAYaeT, 4To
Mbl HauunaeM Bce cHauasna. ([Ipogonxende cM. B npumepe 4, B).)

B) JlpyriM BapHauToM NpHMepa a) sABjsercs coOLITHE &, cocTosllee
B TOM, YTO CYMMAPHOE YHCJIO YCIEXOB B A pa3 GoJibIlie CYMMAapHOro 4HcJ/a
Heyaau {rge A>>0 — npou3BosbHOe, HO dHKCHpOBaHHOE uHCI0)., Ecan
& NpOMCXOMHT NPH 71-M HCNBITAHHH, TO OHO NPOMCXOJIHT €lle Pa3 NpH
(n-}-m)-M HCOBITAHHH TOJBKO TOrA3, KOTAA YHCJO YCNEXOB B HCILITa-
HHUSIX C HOMepamH oT 1+ 1 1o n-m posHo B A pa3 GoJblle yuc/a Heyaal.
[IpoMexyTKH MEXAY NocJeA0BaTeNbHLIMH NOABJEHHAMH & SBJASIOTCA
1103TOMY HE3aBHCHMBIMH H OJAWHAKOBO pacnpejenenHbiMH. B xauectse
YacTHOrO CJy4Yasi MOXXHO paccMOTpEThb cOOBbITHE, COCTOsIliee B TOM, YTO
npH bn 6GpocaHHAX HAeaJbHOH KOCTH €IHHHLA NOSIBUTCA POBHO n pas3,
(IIpono/mkenne cM. B 3agauax 4 u 5.)
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r) Jlecmuuunvie eeaudunvi. Coxpanasi o603HAueHHS mnpuMepa a),
Mbl BBEJEM HOBOE MNOBTOpSioileecs: cobbiTHe &, Komopoe npoucxodum
npu n-m ucneimanuu, ecau S, 6oavwe ecex npedviOyuiux cymm. T. e,
ecJH

$.>0, §>8., ... S$>§,_; (1.3)

Ecin & nmpouCXOAHT npH n-M HCMbITAHHM, TO NpoOLecc HauWHaeTcs
3aHOBO B cJjelyiouiem cmbicse. Ilpu ycnoBuu, uto (1.3) BbinoJHeno,
cobblTHE & NPOMCXOAHT NpPH (n-F/m)-M HCOBITAHHH TOrZa H TOMBKO
10rja, KOrjia

Sn+m>sm e Sn+m>sn+m—1' (14)
Ho pasnoctu S, ,,—S, — 3T0 4acTHble CyMMbl OcTaplueficfl NocJexo-
BaTenbHOCTH X, ., X,,s ... H TIO3TOMY HOBOe nosiBjeHHe & AaA

3TOH OcTaBllelics NOCJeJOBATeNILHOCTH ONpefensieTcss TOYHO TaK Xe,
Kak cobbiTHe & Onpefensiioch AN BceH nocsiefioBaTelbHOCTH. Muaue
roBops, NpH H3YyUeHHH CcOObITHS & Bce NpPOLIIOE CTAHOBHUTCS HeECYy=
LlecTBEHHHIM KaXIblil pa3, KOria npoucXofHT &. (IlponosxeHue cM,
B npumepe 4, T).)

1) Cepuu ycnexos 6 ucnoimanusx Bepnyaiu. B npeabiayluux npume-
pax onpejeneHre co6blTH & He BbI3bIBANO TPYAHOCTEH; Tenepb Mbl
pPaccMOTPHM cayyai, KOTJa NpHMEHEHHE TeOpHH peKYpPPEHTHbIX COObi~
TUH CTAHOBHTCS] BO3MOXXHBIM TOJILKO [1PH BECbMA OCMOTPHTENLHOM BblGO~
pe onpegnenennsi. OGbIYHO C/IOBA «CEPHSI YCNEXOB IJAHHBI 7% MCNOJb3Y+
10TCa 419 0003HAUeHHS OTPe3Ka NocJieJOBaTe/bHOCTH, COCTOSILLETO POB+
HO H3 r UJIM He MeHee ueM H3 r ycrnexoB. HH oqHO H3 3TuXx To/MKOBaHHik
He COOTBETCTBYeT PEKYPpPEHTHOMY coOhiTHIO. B camoM mene, ecnu Tpe-
6yeTcs HaMHYKE POBHO I YCNEXO0B, TO ycneX B (n-+ 1)-M HCNBITAHHH MOXKET
pa3pylUHTb CepHIO, 3aBepllUHBLIYIOCA K n-My HchbiTaHHio. C apyro#t
CTOPOHBI, ec/ii TpebyeTcsl Ha/MHYlie He MeHee YeM 7 YcneXoB, TO Jiobas
cepHsl MOXET NpPOAOJ/KATLCA HEOT pAHHYEHHO, H SICHO, YTO MOSBJeHHE
C¢pHH He BOCCTAHABJHBAeT HCXOLHOTO MOJIOXEHHS.

Knaccuueckas Tteopusi cepuii 6bl1a 10BOJMBHO GecnopsAmOYHO#, H
GoJslee cUCTEMATHUECKHH MOJXOL CTAHOBHTCA BO3MOXKHBIM, €C/IH Orpeje-
JIAITL CEPHIO AJMHbI 7 TaK, 4ToObl OHA CTajda PeKYpPPEHTHBM COObITHEM.
Ilepsas cepus IJMHOH r onpejeneHa OZHO3HAYHO, H Mbl YCJOBHMCH
HauMHaTb HabJIOJEHHS 3aHOBO KaXIblil pa3, KOrla nosiBJASIETCs CepHSsl.
ITpu Takom cornaiennu noc/iefoBaTenbHocTs YV Y|V HYYY | VYV |H
COIEPXKHT TPH CEpHH YCMEeXOB IJHHblI 3 (NOABJSIOWIHECS NpH HCObITa-
HugX ¢ Homepamu 3, 8 u 11). OHa comepxHT nsATL cepuil ATHHH 2
(ucnbiTanus ¢ Homepamu 2, 4, 7, 9, 11). ®dopmanbHoe onpenesnenue
TaKOBO: /iocaedosamenviocms u3 n 6yxke ¥ u H codeprcum cmonvko
¥-ceputl Oaunbt r, CKOALKO CYUECMBYEM HENEpeceKarouiuxca ompesKoe,
cocmoawux 8 mounocmu u3 r 6yke ¥ kaxcdeui. [lpu Takom corsa-
IUEHHH Mbl TOBOPHM, YTO & MPOHCXOAMT MPH N-M MCOLITAHHH, eclH
K I0C/eIOBaTeNbHOCTH NpHGaB/IAeTCs HOBasi CepHs LJAHHOH r. 310
onpenensieT PeKyppeHTHOe COObITHE H 3HAUMTENbHO YNpPOILAET TEOs
PHIO, He H3MEHAA e¢ OCHOBHbLIX pe3y.bTaToB. (IIpoxosxkeHne cM. B §7.)
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e) [1podorsxcerue: 6Gauskue coboimus. QueBHAHO, YTO PacCyXKAEHHHA,
NIpOBEJIeHHBIE B NpeAbAYLIEeM [puUMepe, NpUMeHHMuel K GoJee ofmimm
coObITHSIN, HANpHMEP K NOABJAEHHIO nocsaejoBatenabioctd YHYH. Bo-
JIee HHTEPECHBLIM ABJSETCA TO, YTO OrpanHuenHe oHHM (PHKCIPOBAHHBIM
HaGopom BoBce He obs3arteabno. Hanpumep, nosiBaenne «ABYX yCIEXOB
B TpPex leyJauy» onpejensieT NOBTOpsioUleecs COOLITHE, KaK H MOsBJIe-
HHe «1u60 CepHH YCNnexXoB AJHHH 7, JHO0 CEpUH HeyAad IJMHHR P».
(ITponosxkennie cm. B §8.)

x) Cuemuuxu Iedieepa. PaboTy C4ETUMKOB, HCNOJbL3YEMBIX NPH pe-
THCTPAUMH KOCMHYECKHX JYyuell H o-yacTHL, MOXHO OMNHCATH CJAEAYIO-
nieii ynpoulenHoit Mofeanto ). Mcnbitanns Bepuynau nposoasTes c no-
cTosiHHON ckopocThbio. CyeTyMK npeAnasnaued AJs PErHCTpaLUd ycne-
XOB, OJH3aKO €ro MEXaHH3M I0C/€ KaMJOH pericTpaudd 3anupaercs
poBHO na r—1 HcnerraHui. MHaue rosops, ycnex B n-m HCHBITAHMH pe-
TCHCTPHpYeTCS TOTAa M TOJIBKO TOTJd, KOrja B npeibiAylix r—1 nenki-
TalHAX YCINEXH He peructpupoBanuck. [Tocse 3Toro cuerunk 3anupaer-
cA 10 TexX NOp, N0Ka He 33KOHYATCH HCOLITAHHA C HOMEpPaMmHu 1, . . .,
n+-r—1, 1 «ocBoGoxkaaeTcA» nocse (n+-r)-ro HCOLITAHAS, €CTH OHO NPH-
BOAMT K ueyjaaue. [TocseqoBaTeNbHOCTb HAa BLIXOJE CYETHYHMKA NpeicTaB-
Jsier cofod NpUMEp 3aBHCHMBIX MCnbITauHid. 3a KaXIoM perncrpaunded
CleLYyeT «MEPTBOE BpEM», OJHAKO B MOMEHTHI, KOIrjJld CYETHYHK «cBOGO-
JIeH» (He 3anepT), COCTOSHMS CYETYMKA MAECHTHUHBLI, H MCLITAHHS HAYH-
Hatorcs 3aHoBo. O6o3Hauas OykKBoH & cOObITHE «noOC/JdE€ HCHBITAHHS
CYeTYHK CBOGOJAEH», MBI NOJYdaeM THIHYHNE PEKYPPEHTHOE COGLITHE.
(ITpomoskeune cm. B npumepe 4,1).)

3) [lpocmetiwan modeab o4epedu CTPOUTCS 1O NOCJELOBATENLHOCTH
HcnbiTann# Bepuyanu u nocsaefoBaresqbHOCTH  CAYyYaHHBIX  BEJHYHH
Xi, Xg,. + ., IPHHUMAIOUIHX TOJLKO LEJbIE NOJOMHTENbHbLIE 3HAUEHHUS,
Beanunun X, umeror ofHo u To e pacnpenenenue {B,}, B3auMHO He-
8aBHCHMBLL H HE 3aBHCAT OT HcnbitaHuii BepHyanu. Ycnex B n-M Hc-
NBITAHMH Mbl HHTEPNPETHPYEM KaK MOSIBJIEHME B MOMEHT BPEMEHH n
flokynarenss (WaM Bhi3oBa Ha Tenedounoil crannud). Cayuaiduas Be-
Juurna X, paBHa Bpemenu oOcayxKuBanHus k-ro noxynarens. B moboit
MOMEHT BpPEMEHH mpojasel aubo ¢cBobojens, GO «3aHsT», U NPOLECC
pa3BuBaeTcs N0 CJEAYIOWMM npaBujaM. Buauase (B MOMEHT BpemeHH
0) nponaeeun ceofojen. Ecan nokynarenb nosiBasiercsi, Koria npoja-
Beir cBobofied, TO oOcCayxuBaliie HaudHaeTcs HEMELJEHHO, H Tocje
NOSIBJIEHMS STOTO NOKYNaTe.1s NpojaBern 3aHAT B T€YEHHE BPEMEHH ero
obcayxusanus. [lokynarenu, KoTopsie NPUXOAAT, KOTAa nNpojiaBen 3a-
HAT, 006pa3ytoT ouepedb. [Tpojasen obcay»xiBaeT nokynaredeil Henpe-
PLIBHO 10 TeX NOP, NOKa OYepelb He paccoceTcs.

DTH 1paBHJAA ONpeleasiOT NPOLECC OJHO3HAYHO, W MO  33JaHHHM

) d1o AMCKpeTHHA aHaJOr TaK HAa3LIBaeMLIX CYeTYMKOB nepBoro THna. CueTurKH
BTOPOro THIa OnHcaHel B 3a1aue 8. [Bosee nogpobHyto HHGOPMALKIO 0 TEOPHH CYETIHKOB
momHo Haitu B kuure Koke [., Cuut B,, Teopnsa soccranoenenud,— M,: Coserckoe
pazuno, 1967,— ITepes.]
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e

BapHaHTY {(V,H,¥,¥, ¥, H, H, ...} npouecca npubriTHa noxkyna-
tesefl ¥ BapHaHTy {3 17, 2 . . .} MocJeNoBaTeNbHEIX BpeMeH 06-
CJIYXXKHBaHUS HETPYIHO HaiTH pasmep oyepexn B J1060H MOMEHT Bpe-
MEHH W BpeMs OXHJaHus k-ro nokynarensi. Takum o6pasoM, B NpHHLIH-
e M MOTJIH Obl BLIYHCJIMTL Bce HHTEpeCYIOolHe Hac BePOSTHOCTH, OfHa-
KO HaWTH NpaKTHYHLIE METOML! BRIYUCIEHUN HEJerKo. $1cHO, OXHAKO, YTO
KaXIbll pas, Korga npojasel cBOGOJAEH, CHTYaUus SIBJISETCH B TOYHO-
CTH TaKOH e, KaK B HYJeBOH MoMeHT BpeMmeHH. [lostoMy B Hawel
TEPMHHOJIOTHH YCJIOBHE «npojaBel] cBoGOJEH» 3aJlaeT peKypPeHTHoe co-
6uiTHe. MBI YBHIHM, YTO CaMO CYLIECTBOBZHHE TAKMX PEKYPPEHTHhLIX CO-
6LITUA MMeeT BaKHLIE NMOCJIEACTBHS; HANPUMED, OHO O3HauaeT, 4YyTo pac-
npellesleHUsl BePOSITHOCTEH pa3Mepa odyepelld B MOMEHT 71, BPEMEHH
OXMIAHHS N-TO NOKYNaTeNs W aHAJOTHYHLIX CAYYaHHBIX BEJHYHH CTpe-
MATCS K HEKOTOPHIM TNpellenaM, Korja n—»oo (Teopema 5.2). Hnaue
roBOp#, CYLIECTBOBAHHE PEKYPPEHTHHIX COOHITHI MO3BOJISET J0Ka3bl-
BaTh CYLIECTBOB2HHE CT2IHOHAPHOTO PEXHMa M H3YyaTh €ro OCHOBHLIE
CBORCTBA.

n) O6cayncusanue cmarkos. Tlpencrapnenne o6 o6nacTw NpUMEHH-
MOCTH METOZa PeKYPPEHTHLIX COOLITHIi MOXET AaTh BAPHAHT Npelblly-
llero NpUMepa, B KOTOPOM MOSABJEHHS NOKYynarteseil ONpefessioTes yxe
He HenbTanuaMu Bepuyanu. MiHTepnperupyeM «nokynareneils Kak oiu-
HaKOBHE CTaHKH, NOJABEPKEHHLIE CJAYYalHLIM INOJOMKaM, a «NPOAaB-
ud» — Kak pPeMOHTHOro paboyero. Mul COXPaHHM NPEANOJONKEHHS O
nopsake o6cayXuBaHus W 0o6pa3oBaHMs ouepelu, HO BBeJeM HOBHIH
CyyaiiHBIi MEXaHH3M «MOSIBJICHHS NOoKynaTeneil», T. e. nonoMok. I1pex-
MOJIOXHM, 4TO oOfllee YHCJIO CTAaHKOB paBHO N, M PaccMOTPHM [Ba
KpanHuX caydas.

i) [TpexnosoxuM cHayana, YTO €CJM CTAHOK HCTpaBeH, TO C (HK-
CHPOBAHHOH BEPOATHOCTLIO p OH MOXKET CJIOMaThCs B CIEAYIOLIHI Les0-
" YHCJIEHHBIH MOMEHT BPEMEHH; KOTJa CTaHOK JIOMaeTcs, OH 3aMeHseTcs
TOYHO TAKHM K€ HOBLIM CTAHKOM, M BpeMmsl of6C/lyXHBaHUS — 3TO Bpe-
Ms, 3aTpauMBaeMoe Ha YCTAaHOBKY HOBOTO CTaHKa. Mul cuMTaem, 4TO
CTAHKHM HE3aBHCHMLI H YTO MX MOJOMKH onpejensiorcsi N He3aBHCHMBIMH
Noc/1e0BATeILHOCTAMU HCnbiTannil Bepuynan. 3ameruM, uTo yeM GoJlb-
1 CTAHKOB HaXOAHTCS B odyepelu, TEM MeHhlle CTAHKOB HCIPaBHO, H
CJIeOBATENbHO, AJMHA oyepelu B Jo00H MOMEHT BPeMEHH BJMSAET Ha
BEPOSITHOCTh HOBHIX TOJOMOK (MM 3asiBOK Ha peMoHT). B 3Tom co-
CTOMT CYLIECTBEHHOE OTJHMYHE OT NpelkAylIero NpuMepa, OQHAKO YCJO-
BHe «npojasell cBOGOJEH» TEM He MeHee ONPENEeNsieT PeKYPPeHTHoe Co-
6rITHE, MOCKOJLKY HE3aBHCHMO OT MOMEHTa ero HacTYIJICHHsl OHO O3Ha-
gaeT HaJHYyKMe OXHOH W TOH XKe CHTYauMH.

ii) JlonycTuM Temepn, YTO KaMKAblii PEMOHT obnajaeT nocjeneficT-
BHEM, a HMEHHO YBeJHYHBaeT BEPOSTHOCTb HOCJENYIOUMX HOJOMOK.
310 03HayaeT, YTO CTAHKH TNOCTENEHHO M3HALIMBAIOTCH, H [O3TOMY
NOCJE NMOJOMKH XOTS Obl OHOTO CTaHKa NMOBTOPEHHe 6.1arompHsTHOM
HCXOJHOIl CHTYallHX OKa3kIBaeTcs HEBO3MOXKHLIM. B 3ToM cayuae pexyp
PEHTHLIX cOGLITHH, OOJeryalolMX aHajau3, He CYLIeCTBYeT.
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§ 2. ONMPEAEJIEHH A

PaccMoTpuM  nocleoBaTeNBHOCTh  MOBTOPSIOUIMXCS  HCNBITAHHH
C BO3MOXKHbIMH Hcxoamu E, (j=1,2, ...). Hcnutanns He ofsi3aHbl
ObITb HE3aBHCHMBIMH (HanOoJlee HHTepPeCHBIMH OKa3blBAIOTCS [1pHMEHEHHS!
K uensivm Mapkosa). Kak o0bHO, MBI lIpefnosiaraeM, 4TO HCIIbI-
TaHWs MOTYT INPOLOIXKATbCH HEOTPAHHHYEHHO H 4YTO BEPOATHOCTH
P{E;, Ej, ..., E;,} onpeneastorcs oQHO3HAYHO LS BCEX KOHEHHBIX
HabopoB. [lycTb & —HEKOTOpOe CBOWCTBO KOHEYHBIX MOCJEN0BATE/b-
HOCTeH, T. e. MHl npejnoJaraem, 4yto AJs Juoboro Hatopa (E;, ..., Ej,)
MOXHO CKasatb, oOJlaldaeT OH CBOWCTBOM & WiM HeT. ByneM noHumarh
BblpaxeHue «& NPOHUCXOAWT Ha n-M MecTe B (KOHEYHOH HAM Becko-
HeYyHOH) 110CIe]0BaTeIbHOCTH E/.v E,, ...» KaK CHHOHHM CJIOB «IOX-
nocnegosatensHocts E;, Ej, ..., E;, o6nagaetr cBoiicTBOM &». Ita
IOTOBOPEHHOCTh O3HAYaeT, 4YTO [OsiBJeHHE & I[IPH 7-M HCIBbITAHHH
3aBHCHT TOJBKO OT HCXOJOB NEpBbIX 7 HenblTaHuit. [lonpasymesaertcs
TaKXe, 4TO, 2080PA O «PeKYpPPEHMHOM cobbimud &», Mbl HA CAMOM
Oeae umeem 6 6udy Kaacc cobbumuti, onpeleeHHBIX ycJIOBHeM «& npo-
HCXOAHT». $IcHO, uTO & sBAseTCs cKopee HaGOPOM CHMBOJIOB, ueM
cobblTHeM. 31ecb Mbl HECKOJLKO BOJLHO OGpauiaeMcsi ¢ si3bIKOM, TaK
e Kak, HalpHMep, IPH HCNOJb30BAHWH TEPMHHA «IByMepHasi 3ajauan;
Bajaya cama no cefe He HMeeT pa3MEPHOCTH.

Onpegenenne 1, Caoicmsu & onpedeasem pexyppenmroe cobbunue,
ecau:;

a) Oasn moeo umobut & npoucxofuiro Ha n-Mm U (1 -4 m)-m mecmax
nocagdosamenvtocmu (Ej, E;, ..., Ej,,a)» Heobxodumo u docma-
mo4Ho, 4mobbor & npoucxodus0 Ha nocaedHem mecme Kaxcool u3 08yx
nodnocaedosamenvrocmet (Ej  Ejpy ooy Ej) 4 (Einyis Einses -+ s Einsm)s

6) ecau & npoucxofum Ha n-m mecme, mo

P{E/n ey Efn+m}=P{Efn ctty E/n}P{Efn+l' R ] E/n+m}'

Tenepb NpuHOGPETAOT O4EBHIHBIA CMBICJ YTBEPXKAEHHS O TOM, YTO
& 6nepesie IPOHCXOIMT B NocJjenoBateqabHoctd (E,, E,, ...) Ha n-M
MecTe, H T. 1. JICHO TakXe, 4TO C K#XKIhM pEKYPpPEHTHbIM COOHI-
THeM & CBsi3aHBl [BE [10C/]EJ0BATENbHOCTH UHCEJ, OlpeleseHHble st
n=1, 2, ... crenyiomum ofpa3zom:

U, =P {& NpPOHCXOIHT NpPH n-M HCIBITaHHH},

f,=P {6 BunepBble IPOHCXOIHT NPH N-M HCIBITAHHH}. (2.1)
Jnsi nanbHelwero ynoGHO MOJOKHTL
fo=0, U, =1 (2.2

M BBECTH [1POH3BOIsIUHE (QYHKLUHH

F(s)= i 1es%, U (s) =kio U, sk, (2.3)

k=1



§ 2. Onpedesenun 323

3ameTuM, uTO {u,} He sBJAETCH PacnpeieseHHeM BEPOATHOCTEH; GoJiee
TOro, B THNMGHBIX C/1yyasX 3 U,==oo. C JpYrod CTOpOHBI, COOHLITHS
«& BNepBbIe MPOHCXOAMT NMPH 7-M HCIIBLITAHHHY HECOBMECTHBI, H NO3TOMY

[=F)= X f,<l. (2.9)

fIcHo, uto 1—f cienyeT MHTEpNpETHPOBAThL KakK 6ePOAMHOCML mMO20,
umo & Hu pasy He npoucxodum 8 npodoancennol 0o GeckonedHocmu
nocaedosamensrocmu ucnoumanud. Ecan f=1, To Mb MOoXeM BBecTH
cnyuaiiHyio BeJMunMHy T ¢ pacnpejeneHHem

P{T=n}=],. (2.5)

O6o3nauenne (2.5) mp Gynem HcroJib3oBath W npu f<1. B sroit
cutyaund T oxasvisaemes wecobcmsennod (uwau Oegexmuod) cayuatinodl
eeauvurold, komopas ¢ eeposmuocmeto 1—f He npunumaem Huxaxozo
uucaennozo 3uavenun. (Ham Gyner yno6Ho npunvceiBath T 3Hauenue oo,
H IO/DKHO GbITh $ICHO, YTO NPH 3TOM He noTpefyeTcs BBOAWTH HOBLIE
npaeuia.)

Bpemn osudanun cobomus &, T. e. UMCJIO HCMBITAHHA [0 NEPBOTO
nosiB/ieHUA & (BK/IOU3s 3TO MCMEITaHWE), #BJISETCH CJAyYaHHOH Bem-
uhHOM ¢ pacnpejenenvem (2.5); onHako 5Ta ciyuadHas BeJHUMHA.
€CTECTBEHHO ONpeJessieTcs TOJAbKO Ha MpOCTPAHCTBE GeCKOHEUHHLIX
nocaenosarenbuocted (Ey,, Ej,, .. .).

Tlo onpeseseHnio peKyppeHTHHIX COOHITHA BEPOATHOCTb TOTO, 4YTO
& BrepBhie NMPOM30HAET NPH k-M MCNLITAHHW H 60 6mopol pa3 TnpH
n-M WCNBITaHWH, paBHa f,f,_,. [lostomy BeposaTHocTh [ ToOro, uro
& TpPOMCXONMT BO BTOPOH pa3s NPH n-M WCNETAHWM, PaBHa

ﬂ:z):f]fn—l'*'fzfn-z'*'"'+fn—1f1' (26)

TlpaBas yacTb—cBepTKa {f,} c coboii, u nosromy {f»} ecTb pacnpe-
IeJIeHWE BEPOSNTHOCTEA CYMMBI JBYX HE3aBHCHMBIX CJYYaHHbIX BeJH-
uuH, uMelomux pacnpepenenne (2.5). Boofwe, e f{’— BepOATHOCTDL
TOrO, YTO r-€ NosBJIeHHe & NPOHCXOAMT MNPH N-M HCIBITAHHH, TO

L= o P A S o (O g 2.7y
Srot npoctoil GAKT BHIpAaXKAET cJEAyLas TEOPEMA.

Teopema. [Tycme [\ —eepoamrocms moeo, 4mo r-e nosgierue &
npoucxodum npu n-m ucnemanuu. Toz0a {f}— pacnpedeserue
sepoamuocmetl CyYMMbl

TO=T,4+T,+...+T, (2.8)
r Hesasucumuix caydatnex eeauwun Ty, ..., T,, umerowux pacnpede-

aerue (2.5). Huaue eosopa, npu uxcuposannom r nocaedosamens-
Hocme {f} umeem npouseodawyro pynkyuw FT (s).
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OTCK)lIa cjaeayer, B 4ACTHOCTH, 4TO

a0

2 fp=Fr(l)=f. (2.9)

n=1
WHaye roBops, 6epoamHocms tmo2o, 4mo & npousoiddem no mersuledi
mepe r pa3, pasia [T (3T0 MoxHO 6bLIO MpeABHAETb). BBeseM Temepb
cleyiollee onpejesneHHe.

Onpenenenne 2. PexyppenmHoe coboimue & 0ylem Ha3visams 603-
spamubim'), ecau =1, u Hesosspamueim, ecau [ < 1.

Jlna HeBO3BpATHOTrO coOOLITUSI & BEPOATHOCTL 7 TOrO, 4YTO OHO
MPOH30MJET MO MeHbllell Mepe r pa3, CTPEMHTCH K HYJIO, TOMAAa Kak
AJIsl BO3BPATHOrO & 3Ta BEpPOATHOCTL OCTAETCH PaBHOM eJUHHIeE.
DTO MOXIHO ONMCATh CJOBECHO: € 82POSMHOCMbIO eOUHUYA 6038PAMHOE
coboimue & npoucxodum GecKOHedHO MHO20 pa3, a Heeo38PaAMHOE
cobbimue & npoucxodum Aulub KOHedHOe 4ucao pa3. (3To yTBepXKIEHHe
SBJISIETCA HE TOJBLKO OMHUCATEeNbHLIM, HO H (POPMANBHO MPaBUJILHLIM MPH
UHTEprpeTalHd B TEpMHHAX [POCTPAHCTBA 3JIeMEHTAPHBLIX COOLITHH,
cocToflero u3 OecKOHeYHLIX nocjejoBarensHocredt E;, Ej, ... )

Hav norpedyercs ewe ogHo onpeneneHde. [Ipn ucnerranusx Bep-
HYJ/LUTH BO3BpallieHHe B Hayano (cM. npumep l,a)) Moxer mnpousoiitu
TOJIBKO MpH HCOBITAHUU C 4emubim HOMepoM. B rtakoM caydae f,, ., =
= U,,,, =0 ¥ npousBopawue pyukuuu F (s) u U (s) sBasiorca cre-
MEeHHbIMH PAJAMH He 1o S, a no s®. AHaloruyHo, ecsi B npumepe 1, B)
yucao A ueoe, TO & MOXET NPOM3OHTH MpPH f-M HCOLITAHHM TOJBLKO
NPH YCIOBHH, 4YTO n JAeaurcA HA A--1. B Takux cayuasix Mbl Gyaem
Ha3elBaTh & nepuofuyeckuM. [lo cyluecTBy mepuOAUYEcKHE PeKyppeHT-
Hple cOObITHA JIMIIBL 0003HAYEHUAMH OTJ/IHYAIOTCS OT HemepHOIHYecKHUX,
HO B KAXJIOH Teopeve MPHXOJUTCA CHELHATLHO YIMIOMHHATL 06 HCKJIO-
YUTE/MLHOM HepUoAMYecKoM cJydae. TakuMm oOpasoM, mepHOJUYECKHE
peKyppeHTHbIe COOLITHA DOCTaBJA:OT MHOIO HenpHATHOCTEeH, He BHOCH
HHYEro MHTEPEcHOro.

Onpenenenne 3. Pexyppernmuoe cobsimue & Hasvisaemces nepuodu-
HECKUM, ECAU CYuwecmsyem maKoe yeaoe 4ucro A=>1, umo & moxcem npo-
ucxo0ums moabKo npu ucneimarusx ¢ Homepamu A, 2h, 3A,. .. (m. e.
u,=0, ecau n e deaumcs na A). Hauboavuiee h, obaralarouiee 3mum
CEOLCMBOM, HA3WEaemcesi nepuodomn & .

B 3akusioueHdue 3aMeTHM, YTO €A MPOCTPAHCTBE 3/IEMEHTAPHEIX CO-
ObiTHil, cocTosimieM M3 OeCKOHEYHHIX [OCJeA0BaTeJbHOoCTeN E;, E;,
. . ., UHCJIO HCIILITAHHI Mexy (r—~1) M U r-M MOABJEHHUAMH & ABJAET-
Ci KODPEKTHO omnpejeseHdHoil cay4yaiiHo# BeMHuyuHON (MOXKeT OLITh, He-
-cobcTBeHHOR) ¢ Tem ke pacnpefedendes, yro T,. Muaue roeops,
Hauwm ciayvafiHele BeJIMMHHBI T, NEHCTBHTEJILHO COOTBETCTBYIOT npo-

‘) B nepBom H3Z@HHH HCNOJAL3OBANHCh TEPMHHH «10CTOBepHOE® (certain) 0 eueno-
-cToBeplioes (uncertain} cobhiTHe; BBEAGIHBIE 34eCh TEPMHHL [PEANCUTHTE/IbHEE B TTPH=
MeHeHMSX K UenaM Mapkosa,
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MENYMKAM  BpEMEHL  MeNnOy nocredoBamenbHoiMU  NOABACHUAMYU &
(spemenam 6o3spawenus). Mol onpenennan T, aHAIHTHYECKH, YTOOBI
He HCNOJb30BaTh TaKHE MPOCTPAHCTBA 3JEMEHTAPHBIX COOBITHH, KOTO-
pbie B 5TOM TOME He paccMaTpHBaiorcs; 6yJeM HaJeAThcs, OXHAKO, HTO
BEPOSITHOCTHAS MOJOIMJEKA NOKa3aHa BO Bcei ee HHTYHTHBHOH MpocTo-
Te. [loHsiTHE pEKYpPPEHTHBIX COOBLITHH NPEAHA3HA4YEHO MIJA CBEAEHHS
BecbMa OOLEH CHTYyalUHH K CyMMaM HE3aBHCHMBIX CJyYaHHBIX BEJHYHH.
O6parHo, at0boe pacnpedeserue seposmuocmed {f,}, n=1,2,. . ., moxro
ucnoab3ogame Oas onpeCeneHus pekyppenmuozo cobbmus. 310 yTBEpPK-
JeHHe OKa3plBaeT CJACAYIOWHA NPHUMED.

Mpumep. Camosoccrmanasausaromjuecs ycmpoticmsa. PaccMoTpum
9JIEKTPHYECKYIO JIaMNOUYKY, MJAaBKHH NPENOXPaHHTENb HJIH HHOH 3Je-
MEHT C KOHEYHLIM CPOKOM C1y»Gbl. KaK TOJMIBKO 3TOT 3JIEMEHT OTKa3biBa-
€T, OH 3aMEeHSIeTCs HOBBIM 3/1EMEHTOM TOTO XK€ BHAA, KOTOPLIH PaHO HJIH
MO3JHO 3aMeHsieTcs TPETbHM 3jemeHToMm, H T. A. JonycThm, 4TO cpok
cayx0bt — ciyyafiHas BeJMYHHA, NPHHHMAIOIas TOJBKO 3Ha4yeHus,
KpaTHblE EIHHHYHOMY OTpPE3KYy BpeMeHH (roay, AHIO HJH CEeKYHIE).
Torma kaxnasi efHHHUA BPEMEHM NpeJACTaB/]sieT cOGOH HCMBITAHHE ©
BO3MOXHEIMH HCXOJlAMH «3aMeHa» MJHM «HeT 3aMeHbly. Ilocnenosaresnb-
HblE 3aMEHEl MOXHO HCTOJKOBHIBATH KaK PeKYyppeHTHhe cobuiTHA. Ec-
Jn f, — BEPOATHOCTL TOro, YTO HOBBIA 3JEMEHT npopaGoTaeT POBHO
n eauHun spemenu, To {f,} — pacnpexsesenHe BpEeMEHH BO3BpPaIUEHHA.
Ec/iu CPOK CJTy6bl C BEPOSTHOCTHIO | KOHeueH, 10 ¥, f, =1 1 pekyppenT-
Hoe cofbiTHE siBAsieTcsl BO3BpaTHeIM. KaK npaBuJio, H3BECTHO, YTO
CPOK CJYXObI HE MOXET MNPeBOCXOAHTb (HKCHPOBAHHOTO 4HCIa /M,
B TaKOM cJydae npouasoiswas ¢yHkuus F(s) — MHOrouseH CTelneHH
He BhIIE M. B npHIOMEHHSIX HYXHO 3HAaTh BEPOATHOCTb U, TOTO, UTO
B MOMEHT 7 MPOHCXOAHT 3aMeHa. 3HaYEHHEe U, MOXXHO BBIYHCJHTB C NO-
motubio (3.1) (cM. HHxKe). MBI noyuHsIH 3€Ch K/1ace PeKYDPEHTHBIX CO-
OBITHII, ONpefensieMbIX NPOM3BOJbLHEIM pacnpeneneuuem {f,}. Cayuah
f<<l ne uckaiouaerca: 1—f — 370 BepoATHOCTL GECKOHEYHOro CPOKa
CJIY>KOBbI HallEro 3JeMEHTa.

§ 3. OCHORHBIE COOTHOIIEHHA

Mbl npolo/mkaeM nosb3aosaThes 0603Hauenusmd (2.1)—(2.4) u co-
Gupaemvcsi 3yuuth cssa3b mexny {f,} u {u,}. BepostHocTb TOro, yto
& NpPOMCXOZMT BNEPBHE NPH V-M HCMBITAHHH, @ 3aTeM CHOBA [MpH
HCOHTAHHM C HOMEPOM A1 > v, MO ONpejeleHHio pasHa fyu,_y. Beposr-
HOCTL TOTO, YTO & NPOHCXOAWT NPH n-M HCNBITAHHH BMEPBHIE, €CTh
fn="Fatto. TlOCKOMBKY 3TH CJy9ay B3aHMHO HECOBMECTHH, Mbl HMEEM

Uy =ty F Folhys 4 o oty n=1 @.n

B BhIpaXKeHHH cnpaBa Mm V3HaeM CBEPTKY {f.}#{u,}, nponssoasmias
¢yHkuus kotopoit pasHa F (s) U (s). B nesoit uacTH MBI OGHapyXH-
BdeM NOCJENOBAaTEJbHOCTb {u,} Ge3 ujeHa 4, TaK 4TO €e MPOH3BO-
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aswas gyskuus ectb U (s)—1. Takum obpasoM, U (s)—1 = F (s) U (s),
H HamM LOKasaHa CJeAyiouas Teopema.

Teopema 1. /Tpoussodauue pynxyuu {u,} u {f,} cessaner coomno-
WeHueM
U (s)=1/(1—F (s)). (3.2)

3ameuanue, I1paByio uacth (3.2) MOXKHO pPa3NoOXKHTL B TEOMETpPH-
yeckuit psaa Y, F7 (s), cxopswwmiics npu |s| < 1. Tlockoabky Kosgdu-
unedT [ npu s® B F’(s) paBeH BEpOATHOCTH r-ro NOsBIeHHA &
NpU N-M UCNLITAHWH, COOTHOLUEHHE (3.2) 3KBHBAJIEHTHO pPaBEHCTBY

U, =+ +..., (3.3)
BHIPA)KAIOWIEMY TOT OMEBHAHHH (aKT, 4TO eciH & NPOUCXOAMT NpH
n-M HCNIHITAHMH, TO A0 MOMEHTa n OHO mpoucxoawno 0, 1,2, ... wm

n—1 pas. (OueBupuo, f’=0 npu r >n.)

Teopema 2. [l2a mozo umobbt cobbimue & 06140 HeEO36pAMHbIM,
Heobxo0umo u docrmamoyuro, 4mobbl eeAuduna

U= 'io u, (3.4)

bbina KoHeyrod. B smom caywae eepoamrocmb moeo, 4mo & npoucxo-
dum xoms 6t pas, pasHa

[=(u—1)/u. (3.5)

3ameuyanse. Mbl MOXKEM MHTEPIIPETHPOBAThL u4j KAK MATEMaTHUECKOE
OXHJaHHe CaAyyaliHOH BeJMUMHBbI, KoTOopas paBHa 1 uau O B 3aBHCHMO-
CTH OT TOTO, NMPOMCXOAMT MJH HE NPOUCXOAHT & INPH f-M HCIBITAHMH.
CnenoBatenibHO, U,+uU,+. . .U, ectb mamemamuueckoe oxudarnue
yucaa nossrerutl & 6 n ucneimanusx, @ u— 1 MOXKHO WHTEpPIPETHPOBATh
KaK MaTeMaTHueCKoe OXKHAaHHe 4Hcjaa MNosBleHUul & B GecKoHeuHOH
Noc/ej0BaTeIbHOCTH MCNbITAHHH.

Jloxasameabcmgo. TlockonbKy KOS(HUHEHTHl 4, HEOTPHUATENbHHI,
ficHo, uTo U (s) MOHOTOHHO Bo3pacraeT npu s—1 W uTo npu mobom N
N

Ju<limU@E<Y u, =u.
n=0 s—> 1 n=0

Tak kak U (s) — (1 —f)~?, xoraa f <1, u U (s) — oo, koraa f=1,
TO TeopeMa J0KasaHa. >

Crenyiomas Teopema upe3BnuaiiHo BaxkHa !). Ee nokasartenncTso

1) B yacTHWX Clyyasx ee yTBepXJeHHe Jerko AoKadupaercs (cM. 3afauy 1) u
JaBHO uapecTHo. OrpoMHOE KOJH4ECTBO paGoT GhIJIO IMOCBALIEHO OCNab6IEHHIO ee ye-
NOBH#A, HO Bee GLITH YBePeHbl B TOM, YTO KaKHE-TO O paHHYeHHA Heo6XxoauMbl. B nonxon
oblIHOCTH TeopeMa 3 Gulna RoKadana Jpaéwem, Pennepom u Iloanapaom (Erdds P.,
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9JIeMEHTApHO, HO Mbl OTJIOXXHM erc A0 KOHLA IVIaBH, MOCKOJbLKY OHO
HEe MOMOraerT NOHATb BEPOATHOCTHYIO OCHOBY TeOpeMhl 1).

Teopema 3. [lycms cobbimue & 6038pamHo u HenepuooudHo; 060-
3HaquUM Hepe3 | MAMEMAMUHECKOE O0XCUOaHUe 6peMeHu  6036pauie-

#ua T, m.e.
p=3if,=F" (1) (3.6)

(Jonyckaemesn caywad p = oo). Toada
u,—p~t npu n— oo 3.7)

(u,—0, ecau mamemamuueckoe oxcudarue spemenu 8038pawerus bec-
KOHe4Ho).

Ot yc/10BHS HenepHOHYHOCTH & J1erKo u3baBuThes. JlelicTBHTENbHO,
ecin & uMeer nepuod A, TO psii ), f,S" COdePKHUT TONLKO CTENEHH s,
Bynem HasbiBaTh cTeneHHOW psAJ NpPaBUILHHM, €CAH 3TO HE TaK AJA
moboro uesoro A > 1. Teopemy 3 MoxHO Torja nepedopMyJ/IHPOBAaTh
clenyomum obpasoM: ecau F-—npasuabras 6eposmHocmHas npous-
s00awan pynxyus u U onpedeasemecs coomuowenuem (3.2), mo
u,— 1/F' (1). Hanee, eciu & umeer nepuox A, to F (s*/*)—npa-
BH/IbHAS BEPOATHOCTHAS MPOU3BOAALLAs (YHKUMSA, H NO3TOMY Kos3dpu-
unentl U (s'/*) cxomarcs k A/F'(1). Takum o6pasom, HamM 10Ka3aHa
caeaylolas Teopema.

Teopema 4. Ecau & eo3gpamno u umeem nepuod A, mo
Uyp), — )"/IJ' (38)

u u,=0 npu aoGom k, He Oeaawemes Ha M.

§ 4. IPUMEPDI

a) ¥Ycnexu 6 ucneimanusnx bLeprnyaru. PaceMoTpum GaHaiabHREIA
npuMep, Korja & 0603HAYaeT «ycHex» B MOCJAEeJOBATEILHOCTH UCILITA-
uuit Bepnyanu. Toraa u,=p npu n>1, otkyaa

Us)=

1
1__: , u nosmomy F(s)= lisqs (4.1)

Feller W., Pollard H., A property of power series with positive coefficients, Bull.
Amer. Math. Soc., 55 (1949), 201—204). ITocne BbIXOAa B CBeT NMEPBOro H3JAHUSA
Yxyn Kainail 3amerus1, 4TO TEOpeMy MOXHO BHIBECTH H3 pe3ysbTaToB KosMoroposa,
ONHMCHIBAIOUWMX ACHMITOTHYECKOE noBejeHue lenell MapkoBa. MHorne u3BecTHble MaTe-
MaTHKH [OK43blBATH Pa3JuuHble 0006UeHHs STOR TeopeMbl JJs PasHEIX KJaccoB pac-
npejle/ieHuii BEpOATHOCTEH. DTH MCCIEOBAHMA cnocoGCTBOBAMM Pa3BHTHIO METOJOB
CoBpeMeHHOR TeopuH BeposTHocTed . B XoHle KOHUOB Okasanock, 4TO aHajgor Teope-
M 3 cnpaBeytuB AAA JiobbiX pacnpeleneHuE BeposTHOCTeH. DieMeHTapHoe (HO He
nmpoctoe) nokasatelscrso oM. B ra1. XI, 9 Toma 2.

1) BeposATHOCTHOE AOKA3aTEJNbLCTBO 3TOR TeOpeMmb! (¢ ABHOM OLEHKOR CKOpOCTH
CXOJMMOCTH NpH JL1<<oo) MOXHO HaWTH B pa6ote Kanamnukos B. B. PaBnomepnas
OlleHK2 CKOPOCTH CXOJMMOCTH B TEOPEMe BOCCTAHOBJIEHHH /1S AHCKPETHOTO BpeMEeHH.—
Teopusn mepostu. u ee npumen., 1977, 1. XXII, Ne 1, 399—403.— ITpum. nepes,
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B cuny (3.2). B atom yactHOM caryuae Teopema 2 monpocTy NOATBEPAKAAET
OUEBHAHBIH (AKT: NPOMEXKYTKM BPEMEHH MEXJY NOCJE0BATEe]bLHBIMH
ycrnexaM HMMEIOT [EOMETPHHECKOE paclpeeseHHe C MaTeMaTHYECKUM
oxuzanuem l/p.

6) Bosgpawenusn 8 navaro (npumep 1,a)). Ilpu k-M HcnbiTaHHM CyM-
MapHLIe YHC/a YCIEXOB W HeyAau MOTYT GuTb PaBHH TOJLKO TOTAE,
Korja k=2n 4eTHO, U B 3TOM cJyyae BEPOSITHOCTL BO3BPAIUEHHS B Ha-

yaJio ecThb
2n [ —1 /2) 49
U=\ p )P =\ 4 PO (4.2)
W3 pasnoxenus 6unoma (dopmyna (8.7) ra. II) caenyer nostomy, uto
U (s) =1V T—4pgs?, (4.3)
a orcioga 4 u3 (3.2) —uro
F (s) =1—) T—4pgs®. (4.4)

IloBTOpHOE HCNO/NB30BaHHE Pa3fOMEHH GHHOMA NPHBOAMT K SIBHOMY
BLIDAXEHHIO 1A [on. (SIBHBIE BbIpaXEHHS AAA Uy, M fon npu p=1/2
BBIBEJeHH KOMOGHHATOPHLIMH Metoaami B rj. 111, 2—3; npoussoasiue
¢yukuun U u F Halinenn! apyrumu crnocobamu B ra. XI, 3. Caenyer
OTMETHTb, YTO JHIUb NPEAJOMKEHHBIH Bbille METOA He TpebyeT H3o6pe-
TaTeJbHOCTH.)

Ilpn s=1 kBanparHufi KopeHb B (4.4) paseH |p—g|, u nostomy
f=1—|p—ql. (4.5)

Takum o6pasom, so3épawerue 8 Hawaro npedcmasasem cobod pe-
Kyppermroe cobbumue ¢ nepuolom 2, Komopoe Heso38pamHo npu p-=q
U 8036pAMHO 8 CUMMEMPULHOM CAY4ae p==¢. BeposATHOCTL MO MEHbIIEH
Mepe 7 BO3BpalleHHH B HayaJjo pasHa f’.

Koraa p=qg=1/2, BpeMs oxHJaHHA NEPBOTO BO3BpallleHUs B Ha-
yajo ABaseTcs co6CTBEHHOH ') coryyaliHOH BeauuHHOH, HO F'(1)=oo0,
H TI03TOMY CpedHee 8pems 8028pauieHus U Geckoreuto. (ITO CleAyeT TaK-
JKe U3 Teopemul 4 U U3 TOro, 4To U,—>0.) BeckoHeuyHOCTh cpeaHero spe-
MEHH BO3BPalUlEHHs O3HAyaeT, 4TO cay4daiHble QJIYKTYaUHH B LJIHTEJb-
HOH peanH3aitMd Hrpel ¢ GpocaHHeM MOHETHl CYILECTBEHHO OTJIHMYAIOTCSH
OT OOLIYHOH MOJE/NH, ONMCHIBAEMOH HODMANbHHM pacnpeleseHHEM.
BecbMa napajokcanbHblfi XapakTep atHX ¢aykTyauu#l oficyxnuancs B
ra. 111,

B) BoaspawieHnue 8 Ha4aao no ompuyamearvbHum 3Haqeruam. B npu-
mepe 1, 6) BO3BpalleHHE B Hayaso YAOBJETBOPSJO YCJOBHIO, COCTOS-
LieMy B TOM, YTO HH OAHA M3 NpPeIIIECTBYIOLMX YAaCTHLIX CyMM S; He
nojoxkuTensHa. Pacnpenenenne ppeMeHM BO3Bpall€HHs sl 3TOTG pe-

') Chryvalfinan BeqHuNHa Ha3biBaeTcs coGcmeenHol (proper), eClM OHa C BEpPOAT-
HOCThiO | NPHHMMAET KOHCUHBIE 3HaveHus (cM. dopmynnl (2.4), (2.5)).— Hpum. nepes.
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KyPPEHTHOro cOOLITHS ONpejensieTcss paBeHCTBOM
fz_nzp{szn=0’ Sl<0’- LR} Sen..1<0}, (4.6)

H, KoHeyHO, f5,_,=0. Kaxercsa, yro HaliTH 5TH BEPOATHOCTH MPAMBIM
paccyxAeHHeM HEBO3MOXHO, OJHAaKO WX JIETKO BBIYHCJ/HMTb C [IOMOLLBIO
npeapiAyliero npuMepa. B camoMm jene, peanusalusi nocJieI0BaTeNbHO-
cti (Xy,. . .. X,n), yRoBnersopsmowias ycnosuio (4.6), comepxut n
MOJIOXUTENbHBIX €IMHHIL U 1 OTPHLATEbHBIX E€IUHHMIL W, 3HAYHT, UMEET
Ty e BepoATHOCTb, 4to (—X,, ..., —X,,). Hanee, nepsoe BoaBpa-
IieHHe B HAYa/O NPOUCXOAMUT JHOO MO MOJOXKUTENbHBIM, JHOO MO OTPH-
[areNbHbIM 3HAaYEHHMAM, M MHl 3aKJI04YaeM, YTO 3TH ABE BO3MOXKHOCTH
MMEIOT ofiuHaKoBble BeposTHoctd. CnegosarenwHo, f5,=(1/2)f,,, rae
{fn} — pacnpenenenne Bo3BpalueHHH B HAyanO, HAWJEHHOE B MPEAH-
Aywem npumepe. [lostomy npousBofsias $YHKUMS HAWMKX BpeMeH
BO3BpalleHus 3agaercs (GopMyoH

F=(s)=1/2—(1/2) V T—4pgs?, 4.7
H, 3HAUMT,
- 2 11—y T—dpgst
U (s)_1+ e T . (4.8)

CobuiTHe & HEBO3BPaTHO, BEPOATHOCTb €ro HAaCTYMNJEHHs paBHa
12— (1/2) | p—q|.

r) Jlecmuuunsie seauquns:. IlepBas nonoxurenbHas yacTHas CyMma
MOJKET [0ABMTLCA NMPH k-M HUCNBITAHWH TOMBKO TOTAA, KOorha k=2n+1
HeyetTHo. COOTBETCTBYIOLHE BEPOATHOCTH Mhl 3aNHdlieM B BUAE

Qe =P{8: <0, ..., §,,=0, S,;,,, =1} (4.9)

Takum o6GpasoM, {¢,}—pacnpejefeHye DEKYPPEHTHOTO CcOGLITHS M3
npumepa 1,r). Janee, us ycnoeus (4.9) cnenyer, uro Xj,,,=1 u uto
Np1 2n-M HCOBITAaHHM NPOHUCXOAUT PEKYPPEHTHOe COGRITHE M3 mpejbl-
AYUIETO NPHMEPa. 3HAYUT, @,,4q =P Us. [IO3TOMY B OYEBHAHBIX
0003HayeHHAX

O (s) = psU~ (s) = (1— V T—4pgs?)/(2g5). (4.10)

1o npousBoiduas (QYHKUMA BPEMEHH NEPBOro MOCTHXKEHHs, HailleH-
nasa B ra. XI (dopmyna (3.6)). fleHoe BhipaKeHHe A/ @g,,y MOXHO
uiBecTH H3 (4.10) ¢ nomowbio pasnoxenus Gunoma (ra. 11, dop-
myna (8.7)). OHo coBnajgaer G BHIPAXKEHHEM LA @,,.,, HalJIeHHbLIM
KOMOHHATOPHLIMH MeToZamu B Teopeme 2 ra. III, 7.

n) Cuemyusu Ielizepa. B npumepe 1,3K) cyeTyuxk OCTaeTcs CBO-
GOAHLIM, €CIH B MOMEHT BpEMEHH | He NDOUCXOJMT pPErHcTpalMH.
B nporuBHOM cnyyae OH 3anuMpaeTcsd M BHOBb «OCBOOOXKJA2ercsi» B MO-
MeHT BpeMeHH r -1, ec/lH B 3TOT MOMEHT He IOABIAETCA YacTHLa;
cyeTyk «ocBoGOXJAaeTcsi» B MOMeHT Bpemenu 2r -+ 1, ecau wacthia
OOABNSIETCS B MOMEHT BpeMEHM 7 --l1, HO He NOABJIAETCA B MOMEHT
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2r+1, u 7. n. IlpousBonsuueli QyHKuued BpeMEHH BO3BPALlEHHS SHB-
JIETCSl NO3TOMY

gs—+gps™t +qp*s¥ 4 .. =gqs/(l —psT). (4.11)

(Cm. Takxke 3agaun 7—9.)

e) Ilpocmedwan 3a0aua meopuu o4epeded (npumep 1,3)). B aTtom
c/lyyae NpojaBel OCTAaeTcs CBOGOAHEIM, €CJH B MOMEHT BpeMeHH | He
NOABJAAETCA NOKynartenb. Ecau e noKynarteab NOSIBASETCH, TO Hauu-
HAeTCs T4K Ha3bIBAEMbIH «NEPHOJ 3aHATOCTH», KOTOPBIH 3aKaHYMBAETCS
B MOMEHT, KOrja NpojaBel BnepBble ocBobGoxkpaercs. [IpounsBoasmas
GyHKUMA O (S) NEPHOZA 3aHATOCTH BHIBOAWJAach B npumepe ra. XII,
5, B) npu NoMOLIY METOJOB TEOPHH BETBALIMXCA npoueccoB. HeTpyaHo
BBLIBECTH, YTO B HAILEM CJyyae NPOH3BOAALIAA (QYHKUHsS BPEMEHH BO3-
BpaLIEHUA HMeeT BHA ¢s—+psp (s), 4Fo corsacyercs ¢ Gopmyson (5.7)
ra. XIL.

x) Huusu 6 uzpax ¢ 6pocanuem Heckoaskux moHem. B 3akmoue-
HHE [PHBEIEM [POCTOH NPUMEDP, JAEMOHCTPUPYIOUIHHA BO3MOXKHOCTD
NOJIYYHUTh HEKOTODLIE BHIBOJbI, HE 3HAA SIBHOTO BHAA RPOH3BOASILHX
¢yukuuid. [lycTb 7 2> 2-—npou3BonbHOE UEN0E YUCI0; PacCCMOTPUM
N0C/EA0BATENbHOCTh OXHOBPEMEHHBIX HE33aBUCHMBIX ODOCAHHA 7 MOHET.
Ilycte & ofio3HauaeT pekyppeHTHoe COObITHE, COCTOMLIEE B TOM, YTO
8Ce T MOHem HAx00amcs 6 00HOU u moi %e ¢ase (T. e. UTO Cymmap-
Hble YHCJa BhINajeHus repboOB OJMHAKOBH JJ1s BceX r MoHeT). Bepo-
ATHOCTb HACTYIJIEHHA 3TOT0 COOBITHA NPH N-M HCHBITAHHH €CThb

u,,=2—rn[(’5)'+(’f)'+...+(g)']. (4.12)

B npapoit yactTs Mbel y3HaeM uJieHH OHHOMHMA/NLHOTO paclpefeseHHs
¢ p=1/2; npumeHss K nocieiHeMy HOpMaJbHOE NMPHOMKEHHE, JIETKO
sakJiouaeM '), uTo npu JioOoM (PHKCUPOBAHHOM r H N — 00

U, ~ [2/(nn)]r/? X e=2ritin (4.13)
1
1/2
1) Hopmansuoe npubinxenre 2""(:)~(?I27) g~ 2k=n/¥n cnnapennrso,
Koraa n—s oo 1 (kB—n/2)3/n2 — 0 (cm. m. VI, 2). Y3 s10r0 npuGauxenus

CIeJlyeT, HanmpuMep, 4TO

n\’r 2 \rl2 _ oy
2_m<k) ~ X (?ﬁ') et .
R (k-n/2)t < 07 i
Jna nokasatenscTBa (4.13) ocTaeTcs BOCNONb30BaThbes COOTHomeHHeMm (4.14) n

CODTHOUIEHUAMH
n\r " r 9 \112 _g.1/6
- -7 ~ —_—
2 (k) <n2 "(n/2+[n?/121) "(m) e

ki (k=n/2)2>n"
7/12
-n +1

5 l/ r —2rj2/n s S ~x3/2 ¢ 0
‘7 —_— e < 2 e X — U, n— oo,
n 2
it jit*>n? -
— Mpun  nepee.



§ 5. Cobumun ¢ sana30wsanuesm. Ob6wan npedessnan meopema 331

(CyMMHpOBaHHe MPOBOAMTCS 110 BCeM LEJbIM uHCaIaM 0T —n/2 1o n/2).
HO [10 omnpeJesjieHHO HHTErpasa
L]
2V rin De-rritin — § e=xr ax =/ 2, (4.14)
i

U OTCH0Ja MBI BbLIBOAUM, UTO
ty ~ (YV 1) [2/(mn) Jir= 0212, (4.15)

CienoBarensHo, gun pacxoiurcs, Korja r < 3, HO CXOAMTCH, KOrja
r > 4. 3Hauut, & 603spamno npu r< 3 u Hegosspamuo npu rz=4.
ITockonbky u, — 0, npu r <3 cpeanee Bpems BO3BpaileHHs OecKo-
neydo. (Cp. ¢ 3agauamu 2 u 3.) »

§ 5. PEKYPPEHTHBIE COGbITUSA C 3ANA3AbIBAHUEM.
OBIUA S NPEREJbLHAS TEOPEMA

Beegem Temeph He3HauHTesNbHOe 0GOGllEHHE MOHSTHS DPEKYPPeHT-
HOTO CcOOBITHS, CTOJIb OUEBHJIHOE, YTO O HEM He CTOHJ0 Obl H YIOMHHATD,
ec/ii 6hl He GhI0 YAOOGHO MMETDb JUISL HErO ClellHa 1bHBIH TePMHH H mepe-
YeHb OCHOBHBIX YpaBHEHHil.

BoamoxHO, Hauayuuiee HehopMaabHOE ONHCAHHE PeKYPPEHTHBIX CO-
GbITHH C 3a1a3/bIBAHHEM MOJYUHTCS, €C/IH CKAa3aTh, YTO OHH OTHOCATCS
K HCIBITAHHSIM, B KOTOPHIX MBI «PONYCKaeM Hauaso v HauHHaeM C cepe-
JHHb». Bpemsi oxXuaaHHsi nepsoco nosiBleHuss & HMeeT pacrnpejelenne
{b,}, oruyatonieecs ot pacnpelenenus {f,} BpeMeHH Mexay noc/exo-
BaTe/bHbIMHM MOABJIEHHAMH &. TeopHs NepeHOCHTCS Ha 3TOT CJaydad
Ge3 HM3MeHEeHHiH, 3a HCK/IOUEHHeM TOrO, YTO HCIBITAHHSA, CJEAYyHolHe
3a KaXAblM [MOSIBJIEHHEM &, SBJSIIOTCS TOYHBIMH BePOSTHOCTHBIMH KO-
NHAMH OJHOH H TOH »Ke [OCJeJ0BATeNbHOCTH CJAYYaHHBIX BeJHYMH,
KOTOpasi He COBNAjaeT C HCXORHOH MOC/eX0BATE]BHOCTHIO.

[TockosIbKY CHTYalHs CTOJbL NPOCTa, Mbl BO3JePKHMCS OT gopMasb-
HOCTEH M COrJIaCHMCSI TOBOPHTb O peKyppeHmHom cobbimuu & ¢ 3ana3oot-
gaKuem, Kozda onpedenerue pPeKyppeHmubly COObIMUL NPUMEHUMO ALlLb
npu USHOPUPOBAHUU UCNbIMAHILL, NpeQwecmeyouux nepeomy nossie-
Huto & nodpasymesaemcs, 4mo 8pemMs 0XUOQHUA Nepeo20 NOSBACHUSR
& ecmb CaydaldHOA GeAUMUMHQ, He 3aBUCAUAA OM ROCAEOYIOUWILX BPEMEH
gosspawenus, Ho ee pacnpedeserue {b,} moxem omauwamsca om 00-
weeo pacnpedenenusn {f,} spemen so36paujerus.

O603HaunM Uepes U, BepOAMmHOCHb NofgAeHun & npu n-m ucnwina-
nuu. Tlpu BuiBOJe BLIPAXKEHHS MJSI U, Mbl pPaccyxjaeM CJeAYIOLLUM
o6pasom. JlonyctuM, YTO ¢ NPOHCXOAHT MPH HCOBLITAHHH C HOMEPOM
k<<n. Tlo OTHOIIEHHIO K [OC/JeAYIOUIHM HCIbITAHHAM & OKa3biBaeTcs
OOLIYHBIM PEKYPPEHTHbIM COBbITHEM, H MO3TOMY (YCJIOBHast) BeposT-
HOCTb MOBTOPHOTO MOSIBJeHHS & [OpPH 7n-M HCOBLITAHUH DPaBHA U, _p.
Hanee, ecid ¢ NPOMCXOAHT NPH N-M HCOBITAHHH, TO JHOO 3TO mMepBoe
ero nosiB/JeHHe, JIH60 nepsoe NOSBIeHHE HMEIO MeCTO MpH k-M HChbl-
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TaHHH C HEKOTOPBIM k<fl CyMMprﬂ 10 BCEM BapHaHTaM, noJyuyaeM
vn=bn-}—bn_1u1—-}—bn_§u2-}—. . .+b1un_i+bou,1. (5.1)

Takum o6pa3oM, y Hac eCTb BO3MOMHOCTb HaHTH SBHOE Bbipa)KeHHe
ans v,. (Ipyroe nokasarennscTBO npuBoputcs B npumepe 10, a).) Coor-
HoweHue (5.]) MOXKHO mnepenHcaTs B KOMNAKTHOM BHJE YyDaBHEHHSH

CBEPTKH:
{vn }:{b"} b {un } (52)

310 o3HauaeT, YTO COOTBETCTBYIOLIHE NPOH3BOAALIHE (YHKIMH YIOB-
JIETBOPSIOT TOXAECTBY

V(s)=B(s)U (s)=B(s)/ (1—F (s)). (5.3)

Ipumep. a) B ucnuranusax BepHysiH, pacCMOTpPeHHRIX B pHMepax
4,a)—4,r), cobuitHe S, =1 saBaseTcs peKyppeHTHeIM COGHITHEM C 3a-
naszeiBaHHeM. BpeMsi OXXHAaHHS ero nepBOro NOfBJEHHS UMEET NPOU3-
soasawyio ¢yHkuuio P, 3agannywo dopmynoit (4.10); npoMexyTku Bpe-
MEHH MeXIY NocC/eJl0BaTeJbHEIMH NOsBAEHUSIMH COBhITHS {S,=1} uMe-
10T npox3Bojflylo ¢GyHKuuio F Bo3BpaweHui B Hauago (cMm. (4.4)).
TaxuM obpasoM, B stom cayyae V=O/(1—F).

Jlerko nokasarb, YTO aCHMNTOTHYECKOE IOBEJEHHE BepPOSITHOCTEH
U, 110 CYIIECTBY TaKoe e, KakK Y u,. Bo u3bexaHue TpHBHAJBHBIX OTO-
BOPOK NpeAnosoxHM, uto & HenepuoauuHo !). Corsacho § 3, B 3TOM

CJlydae U, CTPEMHTCHA K KOHEUHOMY npenenay H Zun<oo TOrJAa H TOJBKO
TOrza, Korjaa é’ HEBO3BpAaTHO.

Teopema 1. Ecau u, — w, mo
v, — bw, 20e b=Yb,=B(l). (5.4)
Ecau Yu,=u< oo, mo
v, =bu. (5.5)
B wacmnocmu, v,—~>u~?, ecau & sozspamuo.

Hokazameavemso.  Ilonoxum r,=b, . ,+b,,,+. ... Tlockoabky
u,xl, us (5.1) caenyer, uro npu n>k

bottn+. . Abyu, <O <bolin+. . FDpu, 1, (5.6)

BriGepem k cTosib 6oablinM, 4TOOR! rp<Ze. Toraa ana A0CTaTodHO GOJlb-
KX n sesas dacth (5.6) Gosple bw-—2e, a npaBas yacTh MEHBLIE
bw-+2e. Tem camuim (5.4) moxasano. Yteepxaenue (5.5} moxuo xo-
KaswiBarh, JH60 cymmupys (5.1) no n, auGo nosaras s=1 B (5.3).

>

Mgl nepexonuM Teneps K npeleipHOH TeopeMe, HMelollell LIKPOKYIO
o6/1acTh npuJoxeHHH. JlonycTHM, YTO HEKOTOpas CHCTEMa HMEET Cyer-

1) INeprognueckne pekyppeHTHLIE COBLITHR paccMaTpuBaioTcs B Teopeme 2 § 10,
Hpyroe poka3ateancTBo Teopemu 1| npupoputcs B npumepe 10, a).
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HOE MHOXECTBO BO3MOXKHBIX COCTOSIHMH Eo, Eq,. . . ¥ YTO nepexoisl H3
OJHOTO COCTOSIHMSI B APYroe 3aBHCAT OT KaKOro-TO C/yuaiiHOTO Mexa-
uu3Ma. Hanpumep, B npocrefiuet monenu ouepemu (npumep 1,3))
MBI TOBODHM, YTO CHCTEMa HaxoJuTcs B coctosinuu E,, ecii B ouepenu
Haxoaurtcs k nokynareseil (BMecTe ¢ noKynareseM, KOTOPOTO 06C/TYKH-
Balor). UTo6bl 3aJaTh COCTOSIHHE CHCTEMbl, BKJIOYAIOIEH CeMHaauaTh
NPOAABLOB, MOMeT NOTpeGOBaThCs BOCEMHAALATh YHCEJ, OAHAKO BCe
MBIC/IMMBIE COCTOSIHMSI MOTYT OBITh YNOPSAOYEHbl B MOC/JIEAOBATENh-
Hoctb Eg, Ey,. . .. Ham He HyHO AyMaTh 0 TOM, Kak 3TO CAe/aTh Hau-
JyuriuM 06pasoM, NOTOMY YTO CJERyollas TeopeMa He AaeT KOHKpert-
HBIX METOJOB OHEeHKM BepositHoctell. OHa siBJifieTcs YUCTOH TeopeMol
CYIECTBOBAHUS, NMOKA3bIBAIOUIEH, YTO CTALHOHADHBIA PEXHM CYIUEeCT-
ByeT B GOJIBIUMHCTBE BCTPEUAIOIMXCS HAa NPaKTHKe ciyuaeB. 3To npel-
CTaB/sleT TEOPETHYECKMH HHTEpEC, HO HMEeT TaKXe U NPaKTHYEecKoe
aHaueHWe, NOCKOJbKY, KaK NpaBHJIO, MaTeMaTHYeCcKoe HcCJel0BaHHe
CTAIHOHADHOTO PEXHMAa 3HaYHTe/IbHO NPOLLE, YEM H3YyueHHe 3aBUCSLIEro
OT BpeMeHH mpouecca.

Mu npeanosaraem, uro gas n=1, 2, ...wu pasa Jjwoboro HaGopa
(ri, . . ., I'n) onpejesieHa BepOSITHOCTH TOTO, YTO CHCTEMa B MOMEHTHI
ppemenu 0, 1, ..., n—1 npoxoaur uepes cocrosuus £E,,....E,,.

Mbl He JenaeM HHKaKMX NPEANOJIONKEHHH HM O B3aHMHOH 3aBHCHMOCTH
BTHX COOBITHH, HM O BEPOSTHOCTSX NEPeX0J0B U3 OJHOTO COCTOSIHHSA
B Apyroe. I npocTOTHI MBl PacCMOTPHM TOJBLKO 8eposmHocmu p'y
mozo, 4mo 6 MOMeHm 6peMeHU N Cucmema HaxXo0umcsi 8 COCMOSHUL
E,. (Byzer scHo, kak TteopeMa o6o6llaeTcs Ha napel COCTOSIHHH,
TpOiKH coctosiHul ¥ T. A.) OcHOBHOE NpPeAnosoXeHHe COCTOHUT B TOM,
YTO CYUIECTBYET CBfI3aHHOE C HAIUWM MPOLECCOM peKyppeHTHoe cofbi-
the &. Hanpumep, B mojeau ouepegu (npumep 1, 3)) TAKUM peKyppeHT-
HbIM COGLITHEM fIBJISIeTCSl monajaHue B cocTostHue Ey. Ecau Gbi B 9TOM
cayuae & Obli0 HEBO3BPATHBIM, TO Obwia Obl MOJOMHTEIbHOH BEpOSAT-
HOCTb TOTO, YTO OYEPEAb HHKOTAA HE OKOHUMTCH. DTO 3HauuJo Obl, UTO
paHblUe HJIM NO32Ke Mbi CTOJKHYJHCH Ohl ¢ GeCKOHEeUHOil ouepesblo, T. €.
C ouepefbl0 HEOTPaHHUEHHO Bo3pacrtalollero pasmepa. Hawa npenenn-
Has TeopeMa NOKa3elBAeT, YTO TaKHe CHCTEMBl Ha NPAKTHKE HEBO3MOX-
Hu. IlpuMep c ouepelnio JAOJXKeH Gbll NOSCHHTb pPOJb YCJOBHS BO3-
BpaTHOCTH COObITHS &. (¥YcCJ0BHE HenepHOAHYHOCTH BBOJMTCH TOJILKO
/st Toro, 4toGnl u306exaTh TPHBHAJLHBIX OrOBOPOK.)

Teopema 2. Honycmum, 4mo cywecmsyem C8A3QHHOE C HAUIUM NpPO-
yeccom HenepuoOudeckoe 6036pammoe pexyppenmuoe cobvimue & (603-
MOXCHO, ¢ 3anasOwmeanuenm). Toeda npu n—»oo

PP — p®, (5.7
npuwem

N =1, (5.8)
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ecau cpednee 8pems 8036PALYEHUA L KOKEdHO, U pT=0 8 npomusHom cay-
uae ).

Hoxaszameascmgo. Kawubli pa3, KorJa NPOMCXOAHT &, Mpouecce
HauWHaeTCs 3aHOBO. [lo3ToMy CcyLieCTBYeT KOPPEKTHO OlpeieseHHas
yCJIOBHasi BEPOSITHOCTb Y’ TOro, UTO €ci¥ & MNPOHCXOAMT B HEKOTO-
pHIi MOMEHT BpeMeHH, TO cocrTosiue E, nosBJ/sieTcs yepe3 n eIUHHIL
BPeMEHH, H 3TO NPOMCXOMHT 00 CJEAYIOIEro HacTymjeHHss & (3Zech
n=0, 1,...). ln9 pekyppeHTHBIX COOBITHH C 3ana3jblBAHHEM HaM
norpebyeTcs Tak»e BepOSITHOCTb Yy’ Toro, uto E, nossiasercs B Mo-
MEHT BpeMeHH 7 00 nepBoro HactynJjeHuss &. (OueBuaso, y =g,
ec/id & —peKyppeHTHOe cobbiTHe 0e3 3anasibiBaHHusi.)

Knaccupuuupyem tenepb cnocofbl nosiBjeHust £, B MOMEHT n M0
MOMEeHTaM MocJefHero mnosiBjeHuss ¢ A0 MoMeHTa n. [Ipexzge Bcero,
& MoxerT elle He NPOU30UTH. BeposiTHOCTH 3TOTO paBHa pY’. B npo-
TUBHOM CJlyyae CYLIECTBYET TaKoe k<, 4TO & MNPOUCXOAUT B MOMEHT
BpPeMEHH k£ U He MPOHMCXOXUT MeXAay R u n. BeposiTHocTb 3Toro paBHa
0,8 k. CyMMMpYys N0 BCEM STUM B3aHUMHO HCKJIOYAIOIM CJyYasM,
Hax0IuM

P =+ g, + 800+ - gy, (5.9)

(Msl noJb3yemcst 3zech oOo3HaueHHsIMH Teopemul 1. [lasi coObituft
¢ s3anasgbiBaHueM U,=0, 118 coOunTHid 6e3 3anasguiBaHHsl Uy = U,
My =g

CootHouwenune (5.9) ananorwuno (5.1) W oTaMyaeTcs JMibL HaIH-
ydeM ujieHa yy’ B npaBod dyactd. OueBuaHO, 3Ta BesMyuHa He GoJblue
BEPOSITHOCTH TOTO, YTO & He MPOM30HIET 4O MOMEHTA n, H, NOCKOJbLKY
& Bo3sparHo, ¥ —0 npu n— oo. K ocTaqbHBIM c/iaraeMeiM Mbl
MOXeM NpHMeHUTb TeopeMy 1, 3ameHHB u, Ha v, ¥ b, Ha g’. Tak
Kak & BO3BpaTHO, TO U, — ™', ¥ no3ToMmy

p —ut ) gih (5.10)
k=0

D10 noKkasnBaer cyulecTBoBaHue npenenoB (5.7). Yrofwl mokasarsb,
YTO HMX cyMma paBHa |, 3aveTuM, uTo B JIOGOH MOMEHT BpeMeHH
CHCTEeMa HAXOQIHTCS B KAKOM-TO COCTOSIHHH, W, 3HAYMT,

go gy =g, (5.11)

€CTb BE€POATHOCTL TOro, 4YTO BpEMs BO3BpalleHUs HE MeHblIe n, T. €.
gnzfn+ln+1+ e

1) [TocenHee yTBepXKAGHHE Teopeisl, Booflle FoBOPS, HEBEPHO (KCTATH, aBTOP
€ro H He JoKasniBaeT). KOHTpnpumepoM sBAAETCH NOCNEZOBATENbLHOCTb MCHBITA-
Huil Bepuyanu ¢ p=g=1/2 (npouecc ¢ gByMs COCTOSHHSIMH) ¥ PEKYPpPEHTHO®
cobbiThe &, CcocTOflee B pPaBEHCTBE CYMMApHBIX 4HCEI YCNEXOB ¥ Heyaad
(cM. npumep 4, 6)).— [Ipum. nepes.
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Takum o6pasom,

2pr=pr 3 g, =1 (5.12)
ra n=0
B cuny dopmyan (1.8) ra. X1 >

(Tpenensnyio Teopemy u3 npumepa 10, 6) MoXHO paccmaTpuBaTh
KaK 4YaCTHHIH ciryyall TOMBKO YTO JOKasaHHOH TeopeMhl.)

§ 6. YHCJIO NNOSABNEHHUA &

Jlo cux mop Mbl M3yYasJH CBOHCTBA pEKYPPEHTHOTO COBHLITHH &,
OTHOCAIIMECH K NMPOMEXYTKAaM BPEMEHH MEXJIY ero I0C/ef0BaTeJbHhI-
MH TIOfIBJIEHHsIMH, YacTo OKa3biBaeTcst NpeANnouTHTENbHEE CUHTATh 3a-
JIAHHBIM 4YHCJIO 1 MCMKITAHWIA, a2 B KadecTBe OCHOBHOH CJayualiHoii Be-
JIHYHHB! BBIOpaTh wucao N, nossrenudl € B nepBhIX N UCNHITAHUAX.
Mzl uccnenyem Teneph acCHMNTOTHYECKOE NOBEAEHHE pacnpeeneHds N,
npu 6oabwux n. Iias npoctoTel 6ynemM c9uTaTh, 4T0 & — pEKYppEHT-
Hoe cofniTHe 6e3 3anasgLIBAHHUS.

[Tycrs, Kak u B (2.8), T o603HauaeT YMCAO HCMBITAHHH A0 7-TO
NosiBJEHUst &, BKJIOYasi 3TO MNOC/JAENHEe HCMuITaHue. PacnpejeneHus
BepositHocTedd T 11 N, CBsi3aHBl OYEBMIHBIM TOXIECTBOM

PIN,>r}=P (T < ). (6.1)

HauueM c npoctoro cayuas, xorja ¢ BO3BpaTHO H paclipefe/eHue
{fn} ero Bpemenu BO3BpalleHHs HUMEET KOHEYHLIE CPEAHEE | M AMCHep-
cuio 02 Tak kak TV sBasieTcss CyMMON r HE3aBMCHMBIX BEAHYMH, TO,
COrJIaCHO UeHTpasbHOH npemenbHoil Teopeme u3 ra. X,1, aas JawoGoro
($UKCHPOBAHHOTO X NpU r—>00

P{T"—rw)/(oV 7) < x} — N (x), (6.2)

rae N (x)—oyHKUMs HOPMANBHOTO pacrpefeseHdsi. YCTPeMHM Tenepb
n U r K GeCKOHEYHOCTH TaK, 4TOOH!

(n—rw)/(cV 1) — x (6.3)
toraa u3 (6.1) u (6.2) 6yzer ciemoBaTth, YTO
PAN, = — R (x). (6.4)

Uro6ul 3anMMCcaTh 3TO COOTHOIIEHHE B GoJiee NMPHUBHIYHOM BHAE, MHL
BBEAEM HOPMUPOBAHHYIO CAYHAUHYIO BEAUHURY

N: = (uN,—n)V w(o™n). (6.5)

Hepasenctso N, >r 5KBUBaJEHTHO HEPABEHCTBY
N; = [(rp—n)/(oV )V ruin=—xV ru/n. (6.6)
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Pasnenus (6.3) Wa r, noayuum, 4Tto n/r — @, 1 NO3ITOMY NPaBasl YacTh
(6.6) crpemutcs k —x. Tak kak N(—x)=1—N (x), 10

PN, Z—x} — N (x), ur PN, <—x} —1—-R(x), (6.7)
¥ HamM JOKa3aHa CJefylolidsi Teopema.

Teopema. (Hopmanbuoe npubnuxenue.) Ecau pexyppenmroe cobbi-
mue & 6036pAMHO U e20 8peMA BO36PAUECHUR UMeem KOHeuHble CpeoHee
B u Oucnepcuro o*, mo uucso TP ucnemauuti 0o r-co noseienus &
u qucro N, nosgrenuti & 6 nepsvix n UCNBIMAKUAX UMEIOM ACUMNMO-
mudecku HOpMAbHbiEe pacnpedeaenus, ykasanuee 8 (6.2) u (6.7).

3amertuM, uto B (6.7) nenTpanbHas npefe/bHas TeopeMa NPHUMEHS-
eTCA K NOCJEe0BATE/BHOCTH 3asucumbix cay4aiineix seanuuu N,. [lo-
JIE3HOCTb Hallefl TeopeMnl OyJeT NPOJAEMOHCTPUPOBAHA B CJEAYHOILEM
naparpage Ha npuMepe NPUMEHEHMHA K CEDHUSIM YCIEXOB.

CootHowenus (6.7) Aena0T NpaBAONOAOGHBIMH OPM YJIbl

E(N,) ~n/, Var(N,) ~ no?/u®, (6.8)

TJ€ CHMMBOJI ~ O3HAYdeT, YTO OTHOUIEHHME JIEBOA YaCTH K NpaBO CTpe-
mutcs Kk 1. YUtofnl fokasars (6.8), Mbl 3ametuM, uto N, ecTb cymma n
TAKHX (33BHUCHMBIX) c/yyaidHelX BequunH Y,, uto Y, paBHa eIMHHLE
MJI4 HYJ/IO B 3aBMCHMMOCTH OT TOrO, HPOMCXOAMT HJIM HE MPOUCXOAHT
& B k-M ucneitanud. Torga E(Y,)=u, u

ENN,))=u,+u,+ ... +u,. 6.9

INockonbky up,—>p=?, orcioga caepyer nepsoe cooTHowenue (6.8).
Bropoe foka3biBaeTcst aHAJIOTMYHBIMU pacCyKAeHusaMH (cM. 3agauy 20),

K coxanenuio, yAMBHTENBHO MHOrO BPEMEH BO3BDAlUEHHs, BCTpE-
YAIOLKUXCS B PA3JIMYHBIX CJY4alHhIX NPOIECCaX U B IPUJIOKEHH X, HME-
10T becKoneunoe mamemamuyeckoe oxcudanue. B takux cay4asx Hop-
MaJjlbHOE npHUOJIHKEeHHE 3aMeHsieTcs GoJiee OGLMMH NpeAe/IbHLIME Teope-
MaMH COBEpUIEHHO JAPYroro xapakrtepa ') u cayyailHele (QJAyKTyanuu
06J1a1a10T HEOXUAAHHBIMM cBoicTBaMH. Hanpumep, HHTYHUMS noACKa-
3wiBaeT, yto E(N,) n0/KHO pacTd suHeliHO MO 71, «NOCKOJBKY B cpef-
HEM NpHY YABOEHMH YUCJIA HUCNBITAHUHA YUCJAO MOABJEHHH & TOXKE AOJ-
XHO yABOUTbCS». OftHAKO 8mo He mak. Ec/iu MaTeMaTHYECKOe OXHAaHHE
BpeMEHH BO3BpAlIEHHs GecKoHeuHo, To u,—0, u nostomy E(N,)/n—>0
B cuay (6.9). 210 o3Hauaer, 4TO B AJMHHOM NOC/EAOBATENBHOCTH MCIBL-
TaHUH NOAB/IEHHA & CTAHOBSATCA BCE PEXKE M PEXE, H 3TO BO3MONKHO
TO/IBKO 33 CYET TOrO, YTO HEKOTOPHIE BpemEHa BO3BpallleHUs (aHTac-
THyeckd BeauKkd. Chepyiolde 1Ba npuMepa NOKAa3blBalOT, HACKOJBKO
PE3KO MOMKET OhITh BHIPAXKEHO 3TO SIBJIEHHE,

Mpumepst, a) Ecm & —Bo3spauienre B Hawaljo B Hrpe c 6poca-
HHEM MOHETHl (npumep 4, 6) ¢ p=1/2), 10 u,, ~ YV an u (6.9) as-

') Feller W., Fluctuation theory of recurrent events, Trans. Amer. Math. Soc.,
67 (1949), 98—119,
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JsieTcs NpHOMIKeHWeM k HuTerpany ot 1/} mx; otciona caeayer, uto
E (N;,) ~ 2V n/n. lostoMy cpedree BpeMs BO3BPAIIEHHS B MHTepBaJe

or 0 10 n pacTeT NPUMEPHO KaK V 7. JltoGonniTHBIE CiIeICTBHA 3TOTO
nogpobuo obcyxaandcs 8 i 11

6) Bosppamasch K npumepy 4, Xk), PacCMOTPHM [IOBTODSIOUIHECH
6pocanus r=3 MOHeT M 0603Ha4YuM uyepe3 & COOGHITHe, COCTOSIIEE B
TOM, 4TO BCe TPH MOHeTHl HAXOJSTCA B OAHOI! M TOH Xe ¢pase. Mbl Buje-

JH, 4To & — BO3BpATHOE PEKYPPEHTHOE COBLITHE H 4TO Uy, ~2/(V 3mn).
[Mostomy E(N,) pacmem npumepro kax logn, H, 3HAYHT, cpednee
BpeMeH BO3BpAllleHHs IO MOMEHTA 7 HMeeT (paHTACTHYECKYIO BeJTHUMHY
nopsiaka n/logn. >

§ 7%). NPUJIO)KEHHSA K TEOPHM CEPHA YCNEXOB

B paabuefiem 7 6yner 0603Hayath GUKCHPOBAHHOE MOJIOXKHTENLHOE
{IeJ10€ YHCJIO0, 4 & — MOSIBJCHHUE CEPHH H3 7 YCOEXOE B NOCJEI0BATENb-
HocTd HcnbiTaHui BepHynau. BaxHo, uto6n JJIHHA cepuH onpejens-
Jach TaK e, Kak B npuMepe !, 1), NOCKOJbKY B NPOTHBHOM cCJayuae
CepHH He SIBJASIIOTCA PEeKYyDPEHTHRIMH COOLITHSIMH H BHIYHUC/IEHHS YC-
Joxusoresi. Kak B (2.1) u (2.2), u, — 3mo sepoamHocmb nossreHus
& npu n-m ucnemanuu, a f, — 8epoOAMHOCMb MO20, 4MO Nepeas cepus
OAUHOL T nOABASEMCA NpU N-M UCNBIMAHUU.

BeposiTHOCTB TOTO, YTO 7 HCOLITAHMA C HOMepaMu n, n—1, n—2,. . ,
..., n—r-+1 3aKkoHyarcsa ycnexamu, oueBHAHO, paBHa p’. Toraa &
NPOUCXOIUT NPH OJHOM H3 3THUX 7 UCMLITAHHH; BEPOSITHOCTH TOTO, YTO
& npoM30iiJeT NpH MCOHTAHHM C HOMepoM n—*& (k=0, [, ..., r—1),
a cjeiylouue £ WcnbTaHHi NPUBEAYT K 2 ycnexaM, paBHa u,_,pR.
[Tocko/IbKY 3TH 7 BO3MOMHOCTEH HCKJIOUAIOT APYT APYra, MH 0oJy-
yaeM peKyppeHTHOe COOTHOLIeHHe 1)

[T Y S o Y I (7.1)
cnpaBesiiBoe npu n>>r. OuyeBHIHO,
Ui=ty=. . .=u,_;=0, uo=1. (7.2)
YMHoxas (7:‘l) Ha s" W cyMMmupys no n=r, r+1,r+2, ..., noay-
yaeM B JIEBOH YacTH
{U (8)—=1} (1 4-ps+p2si+ ... 4 prist=h, (7.3)

a B npaBsoit p’ (s"4"*14...). 3TH ABa psija ABIAIOTCHA TeOMETpPH-
YeCKHMMH, B Mbl HaXxoOJHM, 4TO

{U (8)—1} (1 —(ps))/(1 —ps) = p"s"/(1 —s), (7.4)

*) Bror naparpad RocBAUIEH CHENHANBHLIM BOMPOCAM H MOXET OBITH ONyIteH
NPH 1epsoM YTeHHH.

1) Kanaccuueckit mogX0X COCTOHT B BHIBORE PEKYPPEHTHOrO COOTHOILEHHA A4 [,
310T MeTox CJAoXKHEee H He NPHMEHHM, HANPHMEP, K CepHAM NMPOH3BOJBHOIO BHAA HJK
K cobbitHaM YYHHYY, K KoTopuniM Hall MeTOX NPHMeHHM Oe3 u3MeHeHHf (cp. @
nprmepom 8, B)).
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WK

Us)=(—s+qgps"*H/[(1 —s) (1 —p"sT)]. (7.5)

Hcnonnaysa (3.2), HaxonuM Temepb Nnpoussolfuiyr0 hyHKYuI 8pemenu
6038 paLyeH U

p's’ (1—ps) p’s”

F (s)= T—stqp’s™+: 1—gs JFpst... Fpr-ir-4)" (76)
Pasenctso F (1)=1 nokasbiBaer, uTo B YAJMHHSIOIEHCH NMOCIEN0BATEb-
HOCTH MCMRITAHHR YMC/I0 cepHi M0GoH AMuHEL ¢ BeposTHOCThIO | yBe-
JnunBaeTcss HeorpaHuueHHo. CpejHee BpeMsi BO3BpalleHHUS |. MOMHO
Gei10 ORI MOAYYHTH HenmocpeAcTBeHHO u3 (7.1), MOCKOJNBKY MEI 3HaeM,
uTo u,—n 1. Tak Kak HaMm norpe6yeTcss u Ducnepcusi, yaoGHee Bhiuuc-
JiaTh Mpou3BoAHble F (s). Jlyuize Bcero npu 3ToM AuddepeHIHPOBaTh,
npeaBapuTeabHO YMHOXHB oGe dactu (7.6) 1a 3HameHaTess. Hecnox-
Hble BHIUMC/EHHA MOKA3bIBAOT, UTO CpedHee u Oucnepcus 6pemern 603-
spawerun 04 cepuli Oaunol r pasHbl

_1=p sV 241 p
b= TS @ @.7)

cooTBeTcTBEHHO. [lo TeopeMe npelbiAywero naparpaga npu Goablinx
n uucao N, ceputl Oaunod r 6 n ucneimanuax umeem pacnpedenerue,
6auskoe K HOpmaAsbHOMy, T. €. npu (uKcupoBaHHbIX o < B Beposr-
HOCTb TOTO, YTO

nin+oacV nipf < N, < njp+ BV n/ps, (7.8)

crpemutca K N (P)—N (). Brnepsoie 310 GHNO0 ROKa3aHO Musecom
TIpY MOMOHM BEChMa YTOMHMTE/BHHX BhiuucieHuit. B Tabn. 1 npuBeneno
HECKOJIbKO THIMHUHBIX SHAYEHMH MATEMaTWUECKUX OMMHIAHHA BpeMeH
BO3BpallEeHAs.
Tabauya 1
MarteMaTHUECKHE OXHAAHHNH BpEMEH BO3BpALICHHA IJR

cepuil ycnexos, Korja NPOH3BOAHTCH NO ORHOMY
HCIBITAHHIO B CEKYHAY

I =0,5 =1/6
mma’ cepin p=0.6 (f(oue'ra) (’l’(OCT{: )
5 30,7 ¢ 1 MuH 2,6 u
10 6,9 mun 34,1 mun 28,0 wmec
15 1,6 1 18,2 u 18 098 aer
20 19 ¢ 24,3 cyr [140,7 man. ner

MeTox paafioxeHuss Ha npocTtele Apobu u3 ra. XI, 4 nossosser
NOJyuuTh NPEBOCXOAHBIE MpuOIHKeHHble GopMyJsl, Bropoe npencras-
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JeHde B (7.6) moxaspiBaeT, 4TO 3HAMEHATe/Nb MMEET eIHHCTBEHHLI no-
Aoxcumenvubili Kopensv s=x. Ilns mo6oro AeHCTBHTENBHOrO HJH KOMII-
JIEKCHOr0 4HCiIa § ¢ [s] <X HMeem

lgsQ4ps+. . o HY<gx(l+px+ ... +p 7~ Y=1, (7.9

Tlle 3HaK DaBeHCTBA BO3MOXEH TOJBKO TOrja, KOria apryMeHThl Bcex
cJiaraeMbIX B JIEBOH YACTH OJHHAKOBHI, T. €. KOrAa s=x. C/Ief0BaTe/bHO,
X 10 aGCoJIOTHOH BeJMYHHE MeHbIUe JII060ro APYroro KOpHS 3HaMeHa-
tenst B (7.6). [To3ToMy MBI MOXeM NpHMEHHTb GopMyJ/sl (4.5) u (4.9)
rn. X1, nonoxus B HUX §;=X, U (s) =p’s" (1—ps) u V (s)=1—s+qp" X
X s+, Hcnosbays paserctBo V(x)=0, Haxozum

=D (1—px) 1
fn~ ((Fl—rx)g xn¥1' (7'10)

BepoATHOCTE OTCYTCTBHA CEDHA B N HCHBITAHHAX €CTb §,=[, .y +
~+ fnee+lusat .-+, H, CYMMHDYS TEOMETPHYECKYIO [DOrPEcCHI0 B
(7.10), noayuaem
| —px 1
qn"'mﬁ;n—u-

(7.11)

TaxuM o6pasoM, Mbl J0KasajlH, YTO 6epOAMHOCIbG OMCYMLMBUS Ce-
puil ycnexos OauHol r 8 N UCNLIMAHUAX YO08AEMEOPALM. COOMMOULEH LD
(7.11). Ta6a. 2 nokasbiBaet, 4TO npasas 4acThb (7.11) maet yauBHTenb-
HO XOpollHe MPHOJHAKEHHS JaXxe /8 OdeHb MaJbiX N, H TOYHOCTH arl-
NPOKCHMAUHMH OBICTPO YBEJHUYHBAETCA C POCTOM R, 3TO HJMOCTPHpYeET
3(eKTHBHOCTb MeTOAa MPOH3BOAAMX (YHKUHH U pas/oKeHHS Ha
npocTeie Apo6H.

Tabauya 2

BeposiTHOCTb OTCYTCTBHS CEDHA YCNEX0B JAHHOH r=—2
B /I MCOBITAHHAX ¢ p=1/2

n qp TOYHOC 9nu0 (7.1 | Norpewuocts
2 0,75 0,76631 0,0163
3 0,625 0,619% 0,0050
4 0,500 0,50156 0,0016
5 0,40625 0,40577 0,0005

Yncaennnie OLeHKH. ViMesl B BHAY HHTEpeCHl YHTATesI- IPHKAaHHKA, Mbl [IOKAXKEM,
YTO BhIYHCJIEHHS, CBA33aHHKE C Pa3/IoXeHHeM ia Npocreiiune ZpobH, yaCTO OKa3biBa-
I0TCSl OpOlLe, YeM MOXeT N0Ka3aTkCA C MepBOro B3rasffa, H YTO MOXHO [OJYYHTb XO-
pOlLIHe OUEHKH A [OrPeuIHOCTH.

B cBs3u ¢ acumnroTHueckoft opmyod (7.11) BO3HHKAIOT ABe 3ajaun: Bo-nef BRIX,
OlleHHTh BKJaf 7—| OTGpOlIeHHBIX KODHeH H, BO-BTOPHIX, [OJYUHTh OUEHKH JJIS JaB-
HOrO KOpHA X.

[Mepsoe npeacrasienne s (7.6) noKasblBaeT, YTO Bce KODHH 3HaMeHaTeNd PyHKUHH
F (s) ynosnersopsioT ypaBHeHHIO

s=1-qpTs+3, (7.12)
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oxuako (7.12) uMeeT nocTopoHHMH KopeHb S=p=l. IIpd nonoxuTeABHHX § rpa-
vk dyukuuy f(s)=1-4gp"s’+! BbHINYKI BHM3; OH NePeceKaeT GUCCEKTPHCY y=S5
B xuBp~l aMexay xH p~lexHT Huoke GuccekTpHch. [lanee, f' (p~Y)=(r+1)q.
Ecnu sta eeanuuna Cosbwe 1, To rpaduk f(S) nepecekaer GucceKTpuCy NP
s=p=—1 cuu3y, u, clegoBaTenbHo, p~! > x. Mbl GyaeM npegnonaraTb Jas oOnpe-

REJEHHOCTH, 4YTO
(r+1)g>1; (7.13)

B 5TOM cayuae x<p~! u f(s)<s npn x<s<p~—l. 3HauHuT, A% BCEX TAKUX KOMILIEKCHEIX
yucen s, uro x<|s| <p~!, Mol umeeM |f (5)|<<f(Js])<[s|, Tak uTO Hyau s HE MOrYT .1€-
xath B Konblle x<[s]<p~!. [TocKONBKY x BHIOGHPA/JCH Kad KOpPeHb, HAHMEHBIUHH NO
abcoJIoTHOR BEJHUHHE, 3TO 03HAYAeT, HTO

|sgl=p=1, ~Koz0a s; # x. (7.14)

Nubdepenunpobanue (7.12) nokasnsaer Teneps, YTO Bce KOPHU SABJSIOTCH NPOCTHIMU.
Bksan B g, KaXjoro KOpHf aHajoruued BkJaay (7.11) riaBHoro KopH# x,
H nostomy r—1 ujeHoB, He yuTeHHHX B (7.11), uMeloT BHI
pSk——l 1
=, (7.15)
rsg—(r+1) gsp+!
Ham notpe6yercs oueHKa CBEPXY mis nepsoii apo6u B npasoil uacTtd. UTo6w no-
JYYUTH ee, 3aMETHM, 4TO AJf (HKCHPOBAHHOTO § > p~1 > (r4-1)r—1

pseit.—1 ps+1
rsei®@—(r4-1y|  rsHr+17

nefcTBUTENbHO, BEJNMYMHA B JIEBOM UYaCTH, OYeBMJHO, TPHHHMAeT MAaKCHMalbHOE H
MHHEMaAbHOe 3HaueHus Npu 0=0 u 0=mn, u HenocpeACTBEHHAN NMOACTAHOBKA NOKasbl-
saet, uto 0=0 cooTBeTCTBYeT MHHUMYMY, a B=n — MakcumyMy. Torxa B cuay (7.13)
u (7.14)

(7.16)

2pn+1 2pn +2
1+ g < (T +p
Mzl npuxoguM K BblBoAy, uTO nozpewrocms 6 (7.11), eosnukuwian us-3a ombpacsiéanus
r — 1 xopuetl, omauunbix om x, no abCOAOMHOL GEAUMUNE MeHbLIE YeM
2 (r—1) p1+%/[rg (1+-p)]. (7.18)

KopeHbs x JIerko BBIYHCAMTB NPH noMowd (7.12) MeToxOM noc/efoBaTeNbHBIX
npuGaukeHud, nosarag xp=1 # xy4; =/ (xry). TlocrenoBatesbHoCTb CXORHTCH
K x MOHOTOHHO, H KaXXJblil €€ 4JEH J2eT OUMEHKY CHH3Y a8 x, a Jboe 3Haue-
HHME S, AJS KOTOporo s > f(s), daer oueHky csepxy. HeTpyaso mnpoBepuTts, uTO

x=1+gp +(r+1) (gp7)2 4. . (7.19)

| Al <

(7.17)

§ 8*). COBbITUS BOJIEE OBIZEr0o BUJA

Hawr wmertog NPDHMEHHUM K 6onee ofluM 3ajauam, KOTOpbIE paHee
Ka3aJIMCb 3HAYUTEJBHO CJIOXKHee 33aaad 06 OGLIYHBIX cepHsx.

Mpumepnl. a) Cepuu Osyx munocg. Tlycte & o03HayaeT cobuiTue
«rubo cepusn ycnexos Gaurel r, aubo cepus Heydax Gaunsl Py (CM. npH-
mep 1, e)). Mbl umeeM neso ¢ ABYMS DEKYPDEHTHHIMM COGHITHSIMH &
U &, Tle &,—«cepus ycnexoB NMHHBI 7», &,—«CepHsi Heyaad OJH-
HH p», 2 & —cobbiTHe «b0 &,, MO0 &,». CobuHTHIO &, COOTBET-

*) 1ot naparpad NOCBAEH CrelHalbHEIM BONPOCAM M MOXET OhTh OnyuleH
IpH IIEDBOM HYTEHHH,
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CTBYET Nnpou3Bojamas ¢yHkuua (7.5), koTopas GyzeT Teneps 0603Ha-
gatecst U, (s). CooTBercTByKcIan npou3poxsmas gysxuus U, (s) aasa
&, nonyuaercs u3 (7.5) mepecTaHOBKOH p M ¢ 4 3aMeHOH 7 Ha p.
BepoaTHOCTE 4, TOTrO, 4TO COOBITHE & NPOH3OUJET NPH A-M HCILITA-
HHM, €CTh CyMMa COOTBETCTBYICLIHX BepoOfTHOCTed 1asl &; #H &, ecad
HCKJIOUMTh cayualt u,= 1. CaepoBare’nHo,

U@E)=U,(s)+U,(s)—1. 8.1
Ilpouseopsmas ¢yskuns F (S) BpemMeHH BO3BpauleHus 118 & €CTh
cHoBa F (S)=1—U"1(s), umn

(1—ps) p’s" (1—q>sP)+(1—gs) g9 sp (1 —p's")
F (S) = 1__5_+_qprsr+1_+_pqpsp+1_prq,05r+p * (82)

Mamemamuueckoe oxcudanue spemenu 6038pauyeHusn HaXonuTcs Nude-
PEHLHPOBaHHEM:

p=(1—p") (1 —g¢°)/(gp" + pg"—p"q°). (8.3)

Tlpu p—» 0o 3TO BHIPaXKEHHE CTPEMHTCH K MATEMATHUECKOMY OXHJa-
HHIO BPEMEHH BO3BDaILEHMs I8 CEPHH YCIIEXOB, KOTOPOE BhIUHC/SA-
ercst o gopmyne (7.7).

6) B ra. VIII, 1 Ml Hauwe BEpOSITHOCTE X TOTO, UTO CEpus ycne-
X08 OAuHbl r nossumcs paublie cepuu Heyoaw Oaunst p. Onpepenum
PEKYPPEHTHHE coOnTHs &; M &, TaK Xe, kKak B npumepe a). Ilycts
X,—BEPOATHOCTh TOTO, YTO &, BNEPBHIE NPOMCXOAUT MPH A-M HMCIBI-
TaHHH M [0 5TOTO HH pasy HE NPOUCXOAUN0 &,, a [,— BEPOATHOCTH
TOro, 4TO0 &; BNEPBHIE MPOHMCXOAMT INPH A-M HCobiTaHun (Ge3 gonoa-
HUTEJIBHBIX YCJOBHH Ha &,). Onpepeanm y, ¥ g, Tak Xe, Kak X,
U [, COOTBETCTBEHHO, HO C NMEPECTAHOBKOH &, ¥ & ,.

[Tpoussopamyio ¢ynkumio s f, naer dopmyna (7.6), a G(s) no-
JyygeTcs NpPH NEPEeCTaHOBKE p M ¢ ¥ 3ameHe r Ha p. g x, u y,
Mbl HMEEM OYEBHJIHHIE PEKYDPEHTHLIE COOTHOUIEHHS

xn'—:,n—(ylfn—l +y2fn—2+ s +yn—1f1)'
yn:gn—(xlgn—l +XLpont - +xn—1g1)-

Ony uMeloT BHJ CBEPTOK, H MO3TOMY JJf COOTBETCTBYIOLIMX [1POH3BO-
AAIHX QYHKIHA MBI HMEEM

X(s)= F(8)—=Y (s) F (s),

(8.4)

Y (s =G (s)— X (5) G (s). (8.5)
M3 5Tux IOBYX JMHEHHBIX YPABHEHHH NOJyuaeMm
F(s)(1—=G () _G(s) (1=F (s
XO=T—Fmpow ' YO=T—rmpom- (8.6)

Buipaxenus 118 X, ¥ Y, MOXKHO HAHTH, CHOBa MOJL3YCh METOAOM
pasnoxenus Ha npocTeimue Apobu. ITpu s=1 umeem X (1) =2x,,=x,
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——— .

T. €. BEPOATHOCTH NOsIBJIEHUS &, paHbue &,. Kak uuciaurens, Tag
H 3HameHaTe]b 06pamwaloTcs B HyJb, W 3HayeHue X (1) Boiducisiercy
no npasuly Jlonutans AHbdEpEeHUHPOBAHMEM YHCIHTENS H 3HAMEHa-
rens: X (1)=G"(1)/(F' (1) 4+ G" (1)). Hcnonbayn pasencrBa F'(l) =
= (1—pNl(gp’) u G' (1)=(1—¢°)/(pg®) (cM. 7.7)), MbI nosTyuaem X (1)
B TOM e BHjle, uto 4 B dopmyne (1.3) ro. VIIIL

B) PaccMorpum pexyppenTHoe cobbithe ¥ Y HHY Y. IMoBtopss pac-
cyxjenust § 7, JIETKO HaXOAMM, YTO

P =ty + P+ PPl (8.7)

[Tocko/ibKy HM3BECTHO, 4TO 4, — W™!, Mbl iOJyyaeM A/ CpeiHero
BpeMeHH BO3BPAIEHUs PABEHCTBO u=p g~ 24 p~t+ p~t. [lpn p=¢g=
=1/2 uaxoamM, yto p=70, TOrja Kak cpeiHee BpeMs BO3BpALIEHiiA
AJIsl CEPHH yCreXoB AJMHBI 6 paBHo 126. 3T0 nokasbiBaeT, 4TO BONPEKH
OMHIAHUAM npu OPOCAHUAX MOHEMbL UMEEMCS CYWECTIBEHHOE padauHLe
mexnly cepusmu 2epbos u Opyeumu Habopamu mod xme OAunsl. >

§ 9. OTCYTCTBHE NAMATH NJi1 BPEMEH OXHAAHHA
C TEOMETPHYECKHM PACNPEJEJIEHHEM

[eomeTpuyeckoe pacnpepeneHue BpeMEHH OxKHAaHus 00Jajaer uH-
TEpPECHBIM H Ba)<HbIM CBOHCTBOM, OTJIMYAIOLIMM €ro OT APYTHX pacmpe-
nenexud. PaccMOTpHM nocsienoBatesbHOCTb HCObITaHui BepHyann u
o6o3HauuM yepe3 T 4HC/IO MCObITAHHH JO NEPBOro ycnexa (BKJO4Yas
sto ucnbitauue). Toraa P{T>k}=qg*. Ilyctb Ham H3BecTHO, 4TO 8
nepBbIX M1 UCNBITAHHAX YCNEXOB He Obl0; BpeMs oxuaanus T ot m-ii
HeyJaud A0 MepBOrO yCreXxa WMeeT TO K€ caMoe pacrpegeseHue {g*}
¥ He 3aBHCHT OT yYucJa MpejlecTBOBaBIIHX Heyaad. MHaue rosops,
BEPOSITHOCTb TOTO, YTO OXH/AHHE yCHeXa NpOoJHTCA elle no KpamnHeil
Mepe & eJHHHL BpeMeHH, BCera PaBHO HCXOAHOH BEpOATHOCTH TOTO, YTO
IOJIHOE BpEMSl OXHAAHHS NPEBOCXOAHT K.

Ecau BpeMs xu3HH aTOMa WJIM CPOK CJyxObl 3JileMeHTa yCTPOHCTBA
liMeeT TEOMETPHYECKOE pacnpejeseHue, TO cmapeHue OTCYTCTBYeT: B
JI000H MOMEHT CBOEH »XHM3HH aTOM HMEET OJHY W Ty K€ BEpPOATHOCTb
pacnaja npu C/AEAYIOIEM HCNbITaHHH. PajHOaKTHBHBIE aTOMbl Ha ca-
MOM Jeje 00,1ajal0T 3THM CBOHCTBOM (0JHAKO B CJydae HENpPephIBHOTO
BpeMeHH pO.1b TEOMETPHYECKOrO pacrnpefeseHisi HIPaeT NoKasartedb-
HOe).

O6parHo, ec/iu M3BECTHO, YTO HEKOTOpOE fBJEHHe XapaKTepusyercs
NOJHbIM OTCYTCTBHEM I1aMSITH WM CTapEHHs, TO pacnpejeleHHe Bepo-
AITHOCTEH €ro JAJIHTEJbHOCTH JOXKHO OLITh TeOMETPHUYECKHM HJIH [10Ka3a-
TeJbHbIM. THNHYHBIM NPUMEPOM fBJAETCS XOPOIO H3BECTHLIA BIL}
TeJlepOHHBIX Pa3rOBOPOB, YaCTO PaccMaTpPHBAEMbli Kak MOJeb OeccBsi3:
HOCTH H IIOJHOfl 3aBHCHMOCTH OT CHIOMHHYTHBIX HMIYJAbCOB: OKOHYa-
HHE pasroBopa — 3TO MTHOBEHHOE CJyYaiHOe cOObiTHe, He CBSI3aHHOE
¢ npeawectByomei 6ecefoi. Hanporus, echn Mbl 3HaeM, 4TO B nocJel:
HMe NAThb MHHYT TpaMBas He OblJIO, TO 3TO yBe/IMYMBAeT Hally Hajex-
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Iy Ha ero ckopoe mnosiBneHue. [lpu 6GpocaHuM MOHeTbl BEpOATHOCTDL
TOro, UTO NOCJe BTOPOTO HCNLITAHWS CyMMapHble UHCJa YCIEXOB H He-
yaau OyayT pasHbl, coctaBaser 1/2. OfHaKo ec/M 3TH 4HC/1a Pa3/IHUHL,
TO BEPUSATHOCTb MX COBNAJEHHUs NOcje ABYX JONOJHHTENbHBIX MCILITA-
HHR paBHa 1/4. 3To mpumepsl mocaeneRcTBHS.

s crporoit GopMyJIHPOBKH yTBEPXKAEHIS IPEANONONKHM, U4TO Bpe-
msi oxuganus T npunumaer 3Hauenus O, 1, 2, ... c BCPOATHOCTAMH
Po; P1, Pu. . .. Ilycte pacnpenenenue T obsagaer cieayioliuM CBCH-
CTBOM: YCAOBHAS BEPOAMHOCIL OKOHYAHUSA BpemMeny oxudaHus npu k-u
ucnoimanuy (npu Ycaosuu, 4mo OHO HE OKOHHUAOCH PAHEee) pasHa p,
(6epoamnocmu okonuanusn npu nepsom ucnsimanuu). Mot ymeepacdaen,
umo moeda p,= (1—pq)*pe, max umo T umeem ceomempuseckoe pacnpe-
Oesenue.

Jlns nokazatesqnCcTBA CHOBA BBEJEM «XBOCTBI»

Gu=Pr+1TPrssT Preat. . .=P{T>k}.

Hame ycnoBue coctout B ToM, uto T>>k—1, a ero BepoOATHOCTH €CTh
Jg—;. YCJIOBHas BepOSTHOCTb cobbitisi T=Fk paBHA MOITOMY pr/qy_,,
H [0 MPEINOJIOXKEHHIO npH Jiobom k=1

Pr/Gp—1 = Po- 9.1

Tak kak p,==9,_,—¢q,, 10 (9.1) ~puBoaMTCH K BHAY
u/x—3 = 1—Po. ©.2)
[lockoabky gy=p,+p,+ ... =1—p,, orcioga crepyet, uto0 ¢, =
= (l—p,)***, n nostomy p,=g,.,—g,=(1—po)*p,, Kak u yr-
BEPXK JAT0Ch. >

B Teopuu cayyalHbIX NpOLECCOB ONMMCAHHOE BLILE OTCYTCTBHE Na-
MATH CBA3LIBAETCSH C MADKOBCKUM CBOUCMBOM; MH BEDHEMCS K 3TOMY
sonpocy B ri. XV, 13.

§ 10. TEOPHS1 BOCCTAHOBJIEHUSA

O6nacte npuMeHeHHs ypaBHEeHHI! CBEPTKHM, KOTOphIE CJyXaT oc-
HOBOH TEOPHH DEKYPPEHTHBIX COOLITHH, 3HAUMTE/BLHO IMPE, UYEM 3TO
MOTJIO MOKa3aTbCHA TNPH YTEHHH NpeduiiywuX naparpados. [1osTomy abl
thopMy.HpyeM 3aHOBO H B GoJiee OCLLEM BHAE aHAJMTHUECKYIO 4acTh
MONYYEHHBIX B HHX PE3YJIbTATOB H ONHIUEM KAK THIIMYHLIE BEPOSITHOCT-
Hble METOAbl TEOPHM BOCCTAHOBJIEHHS, TdK M HX IPHUMEHEHHS K H3Y-
YeHHI0 Pa3HoOOpasHbIX CHTyauu.

Mzul HauvHaem ¢ IBYX NPOH3BOJILHBEIX !) nocjenoBaTtesibHOCTEH Jefi-
CTBHTEJbHBIX uHcea fy, fo,. .. u by, bi,. . .. HoByio nocsenosatenn-

1) Mu nonaraem fo=0. Ma (10.1: sicuo, uto cnysai 0 < fo < | npuBoaut
THIOb K K3MEHEHHIO 0603HAaueHHMRA, T. €. K 3amene [ Ha [p/(l—f;) B by Ha

/(1 — fo).
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HOCTL Uy, Up,. . . MOXKHO 337aTh YPaBHEHHAMH CBEPTKH
Un=by+f U, FH Vst - -FFat0. (10.1)
OHH 10C/IeA0BaTENIbHO ONPENEsIOT Ug, Uy, Us,. . ., H [IO3TOMY U, Ofpe-

JessieTcsl OZHO3HAuHO B JofoM ciydyae. Mbl paccMaTpiBaeM, OZHaKo,
TOJILKO [IOCJIEN0BATE]bHOCTH, YAOBJIETBOPAIOIHE YC/JIOBHUSAM 1)

f.=0, [f=XFf,<oo; b,=0 b=Xb <o (102
n=1 n=0

B sTOM Ciyyae v, HEOTPHLATE/bHBI ¥ COOTBETCTBYIOLIHE MPOH3BOASLIHE
OYHKIHH DOJKHB! YJOBJETBOPSITh PaBEHCTBY

V(s)=B(s)/(1—F(s)). (10.3)

IlpousBopsmue Qyukuuu F u B cxoisrcs no Menbiueii mMepe npu 0<C
<(s<<l, u nostomy (10.3) onpenensier creneHHOH psij, KOTOPLIA CXOAMT-
cs1, ecnd F (s)<<l. Coornomenus (10.1) u (10.3) mosHOCTBIO 3KBHBa-
JenTHel. B § 3 Mbl paccmarpuBanu yacTHRIH cayuai, korga B(s)=I
(vn=u, npu moboM n). B § 5 paccmorpena ofmas cuTyauds npu yc-
JoBuK f<Cl. UroOb! obecneduTb BO3MOXHOCTL MPHMEHEHHSI K TEOPHH
nonyasimMi, Mbl Tenepb GygeM JomyckaTk, uto [>1; oka3ssiBaercs,
3TOT CJay4al JIerko CBOJMTCS K CTaHJapTHOMY cayuaio f=1.

Mz Gyznem roBopuTh, uTO nocaedosameastocms {f,} umeem nepuod
A>1, ecru f,=0, Korga n He JeJaHTCA Ha A, H A — MaKcHMAaJIbHOE Ie-
JIoe YHCJIO C TAKHM CBOHCTBOM. 3TO 5KBHBAJIEHTHO CJEIYIOUIEMY YTBEp-
xnenuto: F (s)=F,(s*) — crenennoit pax no s, Ho He mo s npu
Jwobom r=>1. CHOBa nOJIOXKHM

p=dnf, <o (10.4)
1 GyIeM CUMTaTh, YTO UW~" HYXKHO CYMTATH PABHLIM HYJIO, ECJH P=00,

Teopema 1. (Teopema BoccTaHoBMeHHS.) [Iycmb 86NOAHAIOMCA YC-
a06us (10.2) u {f, )} nenepuoduuna. Tocda
(i) ecau f<<1, mo v,—>0 u

S 0, = b1 —f; 10.5)

n=0
(ii) ecau f=1, mo
v,—>bu~t (10.6)

(iii) ecau [>1, mo cywecmeyem eOuncmBeHHbil NOAONUMEABHBIL
xopens ypagrenua F(E)=1 u

Env, — B (€)/(EF" (E))- (10.7)

L, HeorpuuartensHocTs [, CYLIECTBEHHa, a8 YCJIOBHE CXOXHMOCTH JABYX pRAOB
BBEJEHO TOJIbKO A8 ygobersa. Hukakux OOMX BRIBOJIOB HENb3d CAGNATH, ECJH
b=o u [=o. CootHomenune (10.7) ocTaeTcd cnpaBefuBuiM NpH f= o0 (3a uc-
KJIIO4eHHeM TOro, 4To B 3ToM cayuae F' (£} MoxeT Gnith paBHO GeCKOHEYHOCTH)
# OKa3niBaeTc GECCMHCIEHHNM, ecnd b= u F! (i) =,
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Ouesnano, & < 1, ¥ noatomy npousBogHas F’(E) kouneuna; (10.7)
10Ka3KIBAET, YTO N0CJIEA0BATEIBHOCTD {U,} aCHMNTOTHYECKH BeieT cebs
KaKk reoMeTpHYecKas NpPOrpPeccHf co 3HaMmeHaTeneM E~! > 1.

Hoxazameascmeo. Ytsepxaennn (i) u (ii) 6eM nokas3aHm B § 5.
s noxasarennctsa (iii) moctatouHo npumenutb (ii) K mnociexoBa-

tensuoctaM {f £}, {b,&"} u {v,k"} c npousBoxsmmMMH DyHKUHAMH
F (&s), B(Es) u V (§s) cooTBeTCTBEHHO. »

MH HCKAIOYKHAK TepHOfHYEeCKHe nocnefoBaTensHOCTH {f,}, MOCKONBKY OHH
He TNpeacTaBiasloT ocoboro HHTepeca. PaKTHYeCKH OHH He XAKT HHYEro HOBOrO.
B camom nene, ecan {b,} u {f,} umeoT ogxHH W TOT xxe mepwox A, 10 B (5)
u F (s)—cTenennne paiH Mo s*, u nosTomMy TO Xe BepHo pas V (s). K nocae-

nosatensioctaM {faa}, {bua} ® {una} ¢ mpoHaBopsHMH dyukunsmu F (s17%),.
B (s**) u V (s**) npumennma Teopema 1. B caysae F (1)=1 orciona cnepyer,
UTO Upp —> bA/U. Janee, NpoH3BONbHWI cTeneHHOR pAx B MOXHO NpexCcTaBHTL.

B BHAE JHHeRHOH KOMOMHAUXKH A CTEeMEHHHX pAOB By, copepXamux ToARKO
crenenn sh:

B (s) =Bg (s) -+ 5By (5)+ ... -+s*1Ba_ (s). (10.8)

NoactanoBka sToro pasnoxends B (10.3) u npuMeHeHHe ToAbKO uTO chopmyaH-
POBAHHOIO yTBep:KAeHHS [M0Ka3HBalOT, 4TO CNpaBELIWBA ClEAYIONias TeopeMa.
Teopema 2. {Tycme emnosnsomen ycaosus (10.2) u {f,} umeem nepuod 2 > 1.
Toeda
(i) ecau [ < 1, mo cnpasedauso (10.5);

(i) ecau f=1, mo dan j=0,1, ..., A—l npu n—
Una+j— ABy 1)/, {10.9)

(iii) ecau f > 1, mo 048 j=0, 1,..., A—1l npu n— o
Enhunas j — ABj (B)/(EW). {10.10)

C noMOUIBIO PACCYXKAEHHH, KOTOphIe aHAJOTHYHBl NPOBEACHHBIM AJ5
PEKYPPEHTHHIX COGHITHI, MOXHO NOKa3aTh, YTO HEKOTOPHE BEPOATHOC-
TH, CBSI3aHHHE C CAMhHIMH Pa3HOOGPa3HbIMHM CJYJYaHHBIMH NPOIECCAMH,
VIOBJETBOPSIOT YPAaBHEHHIO THNa CBEPTKH (10.1). Ilpn 3ToM MHOrHe-
BaXHBE€ TPEJCNbHEIE TEODEMbl OKa3HBAIOTCH NPOCTHIMH CJEACTBHSMH.
teopemn 1. Takoii IOAXON, M3BECTHBIA NOJA HAa3BaHHEM mMeopuu soccma-
HOBAeHUA '), TENEPb NOBCEMECTHO BHITECHHJI FPOMO3JKHE CTaphlie MeTOBbI.
IToAHOCTBIO €ro NPEUMYILIECTBA PACKPBHIBAIOTCS NPH NPHMEHEHHH K npo-
lleccaM ¢ HenpephIBHHIM BPEMEHEM, TEM He MEeHee mepBhle ABa npHMepa
MOryT CJYXHTb WJJIOCTpauuei. Ilpyrue npumepsl npHBOAATCA B 3a-
aauax 8 u 9. [puMenenue TeopeMsl 1 K HEBEPOATHOCTHBIM NPEAEJbHBIM
Teopemam coiepxurcs B npumepe B). [locnexnue 18a npumepa cbsi-
3aHbl C NPAKTHYECKHMHM NPHJIOKEHHAMH.

Npumepw. a) Pexyppenmuste cobbimus ¢ 3anasoviganues. Brisenem
HOBHIM cnocoGoM yTBepxienue § 5 O pekyppeHTHoM co6HTHH &
¢ 3ana3jeBaHMeM B ciyuae, Koraa {f;}—pacnpenenesne BpemenH

1) B oparuuane renewal arguments. MHorme aBTOphl HCMO.B3YIOT TaKKE TEPMHH.
«METO0J, BBEJIEHHs pereHepupylouero cobuiTHar.— [IpuM. nepee.
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BO3BpalleHHsl, a {b,|—pacnpee/iende MOMEHTa NePBOTO NOABJEHHSA & .
IlyeTh v, O3HAayaeT BEPOATHOCTb TOrO, YTO & NPOHCXOAUT NPH A-M
venbiTanud. [lokaxem, 4to Bumnoansercs (10.1). Cymecrtsyior gge
BO3MOXKHOCTH MNOABJIEHHA & NPH f1-M HCObiTaHUH. [losiBienne & Moxer
GulTb NepBbIM, H BEPOATHOCTb 3TOro paBHa b,. B nporuBHOM ciyyae
CYWECTBYET MNOCHefHee MNOABAEHHe & A0 f-TO HCOLITAHHA, H NO3ITOMY
cymectByer Takoe uucao f(l<Cj< n), uto & npoxcxoauao npit
j-M HCObITaHHH, a B caedyowuil pa3—npd n-M. BepostHocTh 3TOro
pasua v;f,_,. YxasaHHble BO3MOMHOCTH HCKJIOYAIOT JpYr APYra, H,
3HAYHUT,

Oy = b+ Uf oy F Vs s b - A0y fre (10.11)

yto coBnagaet ¢ (10.1). 3uauut, upousBoaswas Gyuxuus V sbiuucsas-
erca no dopmyne (10.3), xoropas coriacyercs C pedyabratamu § 5.
(XoTts pesyabTaThl COBNAAaioT Nno opMe, XOI pacCcyXJIeHHH Gbil pas-
HbIM: B § 5 nepeuxc/ieHHe NPOMCXOJHJO B COOTBETCTBHH C MEPBLIM IO-
ABJeHleM &, a cefiyac MCNOJbL30Bajoch nocseinee nossienue. Obe
npouefypbl NPHMEHAIOTCA 1 B JPYIHX 3ajauyaX H HHOTAA TNpPHBOAAT
K ¢OpMasbHO Pa3jIHYHbIM YPaBHEHHAM.)

6) Beposmuocmu nonadanus. PaccMoTpuM Noc/lei0BaTeNbHOCTD HC-
NbiTaHWHA ¢ OObIYHLIM (Ge3 3anma3/bIBaHHA) BO3BPATHBIM PEKYPPEHTHBIM
cobbitnem &. Ilycts v=0 — uenoe uncno. I[Ipeanonoxum, 4TO Mbi
HauitHaeM Ha6JIOJaTh MPOUECC TOJNBKO NOCJAE V-TO HCMNBLITAHHA H 4TO
HAC ITHTepecyeT BpeMs O Cjeayioliero nossjenus ¢. Dosee dopmasb-
HO, Aas r=1, 2, . . . onpefes UM w, (r) KaK BEPOATHOCTb TOTO, YTO nep-
60€ nosgareHue & nocae v-20 UCALIMAKUSA TIPOHCXORMT NPH (V-+7)-M HC-
noiTanua. Takum obpasoM, wy{r)=f, u w,(0)=0. (Beanunusl w,(r)
Ha3blBAIOTCA BEPOATHOCTAMH NONajaHHs B COOTBETCTBHH C UX HHTEp-
npetauuel B TEOPHH caydaitubix Oayxaanui. [Ipin apyrux obcroarenb-
CTBaX eCTEeCTBEHHee IOBOPHTb O pacnpejieleHHH OCTATOYHOrO BPEMEHH
OXHJ@HHA, HAYHHAIOILETOCA ¢ v-ro Henbitanus. Cp. c nprMepoM ra. XV,
2, ﬂ).)

UTo6bl HAHTH 3TH BePOSITHOCTH, Mbl HCNOJb3yeM CTAHAAPTHHIH METOJ
TEOPHH BOCCTAHOBJIEHHS cJeayiouum o6pasoM. CobGbiTHe & MoXeT npo-
H30HTH B camblil nepsbil pa3 npu {v--r)-M ucnbitaudd. BepoaTHOCTh
3TOro paBHa [.,,. B nporHBHOM c/iyyae CYIIECTBYET Takoe YHCIO
k<{v, uto & mNpPOHCXOAMT BhepBble NPH A-M HCNbITaHHH. [loBeneHue
npouecca 1ocJ/e £-ro HCHObITAHKS ABJAAETCA BEPOATHOCTHOH KonHMeit no-
BeJleHHs] BCEro npolecca, HO V-€ HCNbITAHHEe CTAHOBHTCH Tenepb (v—
-—k)-M. BeposiTHOCTb Hallero coObITHA pPaBHa MNO3ITOMY [rWy_p(r), H,
3HAYHT, OpH Jaw6om r=>(0

wv(’)=fvw+k§lfkwv-k(f)- (10.12)

dro ypasHenue wuMeer crauaaptHbiit BHR (10.1) ¢ b,=f,.,. Hac un-
Tepecyer He NPOM3BOAAIAN (PYHKUHMS, a aCHMIOTOTHYECKOE MOBeJeHHEe
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BeposiITHOCTEH nonajaHus npH ouedb Goablux v. Halitw ero moaso-
aser Teopema 1. Ilonoxum

ph:fk+1+fk+2+' . (10.13)

¥ HanoMHHuM (cM. dopmyay (1.8) ra. XI), uTo MaTemaTHueckoe oXuAa-
HHe BPEMEHH BO3BpallleHHN YIOBJIETBOPAET PaBEHCTBY

p=p;+p.+... . (10.14)
Ecniu & HenepHoauuHO, TO M3 TEOPEMH | MBI BHIBOAMM, YTO NMPH v—>00

o0
wy (r)—+{ Prif, ecau < oo, (10.15)
0, ecau = oo.

STOT pe3yJbTaT ype3BhiYaiiHO MHTepeceH. B cayuae koraa cpepnee
BpeMsi BO3BpallleHuss KoueyHo, (10.14) osnauaer, yto {p,/pu} — pac-
npenesleHHe BEpOATHOCTEH, W, 3HAYWT, MEl UMEEM NpeleJbHYIO Teope-
My obbiuHoro THna. OIHAKO npu p=oo 6EpOAMHOCTE MO20, 4IMO GPEMR
oxuoarus npesoicum ao6oe dannoe qucao r, cmpemumcs £ 1. Wnaue
roBops, HallM BpPEMEHa OXMAaHHA BeAyT cels 3HAYUTENBHO XYIKe,
yeM BpeMeHa BO3BpallleHHs. DTO HEOXKHIAHHOE SBJEHHE HMEET BaXKHble
CJIEACTBUSA, KOTOphiE JeTaJbHO o6cyxaalores B ToMe 2. (CM. Takxke 3a-
aauy 10.)

B) [Toemoproe ocpedrernue. Cepyiomas 3ajlaya MMEET aHAJUTHUEC-
KM}l XapaKTep M pacCMaTpPHBajach B Pa3jJHMYHHIX KOHTEKCTaX 3HAUM-
TelbHO GoJiee cJOXHEIMM MertofamH. Honverum, wto fi+. . .+f,=I
u f;==0. Ina mo6uX r uucen U,,. . ., U, HA30BEM B3GEUILHHUIM CDEOHUM
BesTMuMHy fiv.+. . .4fv;. Onpenenum Ttenepb GecKOHEMHYIO MOCJENO-
BaTeJbHOCTb U;, Us,. . ., KOTOpPAas HauWHaeTcs C 3aJaHHRIX 7 4yHcel,
nonarasi U, PaLibIM B3BELIEHHOMY CPEIHEMY ODPEAbUAYIIHX 7 YJIEHOB.
Unaue rosops, ana n>r

Un=F10pyt. o .+, (10.16)

Tak KaK nocJeloBaTeNbHOCTE [y, fg,. . . OOpHIBaeTCA Ha 7-M uJIeHe, 3TH
ypaBHenus umetor Buj (10.1). Onpenenum teneps by Tak, yro6u (10.1)
BLINIOJIHAJIOCE TIPH Beex n. JLIS 3TOTO HYKHO NOJOXHTb by=0,=0 H

bh———vh_‘f“vk_1+. . ."—fk_1vl, kgr. (10.17)

(Tlpu kE>r no onpenenennio b,=0.) Bes Kakux-1u60 BHIYHCJIEHHH U3
TeopeMul | cJiefyeT, yTO IPH TAKOM NOBTOPHOM OCDEAHEHHH U, CMpemun-
c K KOHeuHomy npedeny. UTOOb! BRIYHCJAHWTH ITOT NPEAEJ, MBI JOJKHbI
Haity b=b+. . .+b,. Ucnoabsys obo3nauenue (10.13) ans «xsoc-
TOB» 3fx, HeTpyaHO BhiBecTH H3 (10.17) u (10.6), uro

Uy —> (0101 + -+ - + 00/ +2f 4 ..+ rf). (10.18)

HanpuMep, eciiun r=3 W BRIYHCARIOTCH CpedHue apumemuteckue, TO
f1=fg=f3=l/3 H
v"—P(l/G) (Ul+2vg+3va)- (1019)
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Jlerkoctb, ¢ KOTOPOH Mbl MOJYYHJIH 3TOT Pe3yJbTaT, He AOJIXKHA CKPHI-
BaTh Toro ()akTa, uTO 3ajaya SBJAETCA TPYAHOH, ecld ee PACCMATPH-
BaTh BHE HacTosfllero KoHrtekcrta. (Jlpyroit moaxonx MOXHO HaWTH B 3a-
gaue 15 rn. XV,14.)

r) Canosoccrmanasausaroujuecs yempodcmea. BepHemcs k npumepy
u3 § 2, B KOTOPOM 3/1eMEeHT YCTPOHCTBA, YCTaHaBJHBAaeMbli B MOMEHT
n, uMeeT CPOK CnyXOwl ¢ pacnpegeneddem {f,}. Koraa cpok cayx6ui
OKaH4YHMBaeTCH, 3JIeMEHT HEMEIJIEHHO 3aMEHSETCS HOBbIM 3JIEMEHTOM TO-
ro Xe THMA; TaKWM 06pa3oM, MOCJelOBaTeslbHble 3aMeHbl 00pa3syror
BO3BpaTHOE PeKYPPeHTHOe COOLITHE B [OC/€eJOBAaTEJNbHOCTH 3aBHCHMBIX
HCNBITAHHHA (MCXOJAaMH KOTOPHIX #BJSITCH PELIEHUS O TOM, HYXXHO
HJIM HET MPOU3BOAHThL 3aMeHy).

Honyctum tenepb, 4TO 3J€MEHT, YCTAHOBJEHHLIH B MOMEHT BPEMEHH
0, nmeeT Bo3pacT k, a He ABJIAETCA HOBbIM. DTO BJIMSIET TOJNBKO Ha Bpe-
Msl OXHIAHHHA, T. €. ¢ OKa3blBaeTCd PEKYPPEHTHHIM COOBLITHEM C 3a-
nasloianuem. Utobbl nosyunTh pacnpenenenue {b,} nepsoro speme-
HU OXH/JAHHS, 3aMeTHM, 4TO b, ecThb (YCJIOBHOE) MaTeMaTUYECKOE OXKH-
JdaHHe TOro, 4YTO 3JIeMEHT OTKaMeT B Bo3pacte n--k mpu YCJIOBHH,
4TO OH Yyxe AOCTUT Bo3pacra k. [Tostomy mpu k>>1

bp="fnsp/Ths 206 ry=Ffpo;+Tesot ... . (10.20)

Ha npakTtHKe Hac HHTepecyeT OObI4HO HE OTAE/NbLHBLIH 3JIEMEHT, a BCE
YCTPOHCTBO (Hampumep, ceTb yJauuHbIX (oHapeil B ropoge). Ilpeano-
JIOXKHM [O3TOMY, UTO HCX00HOe ycmpolicmgo (B MomeHT BpemeHH Q) co-
cmoum us N snemenmos, uz Komopbix By umewom gospacm k (mpuuem
>Br=~N). Kaxaniit s1eMeHT NOPOXKaeT MOC/I€A0BATENLHOCTb TOTOMKOB,
KOTOPBbIM MOXeT notpefoBaThCs 3aMeHa B MomeHT n. Mamemamusdeckoe
oxcudanue U, 4UCAQ BCEX 3aMeH 8 MOMEHM 8peMeHU N, 04esulHo, ydosaem-
sopaem ocHosHomy ypasuesuo (10.1) ¢

b= Bafusn/Te (10.21)

Mbl uMeem 37eChb MepBuIfi MPUMEP, B KOTOPOM Up, — MAMEMAMUYECKOE
omudarue, a He BePOATHOCTb, HaM H3BECTHO TOJIBKO, 4TO U,<N.
HecnoxHple BbIUHCJIEHHS [MOKa3blBA!OT, YTO b