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NMPEANCITOBUE PEOAKTOPA MEPEBOAA

IIpennaraemas unratento kHmwkka ['actona Kazanosa Beinanaer
13 JIFo60rO MPUBBIYHOTO XXaHpa. ITO HE YYeOHHK, CHCTEMaTH4ECKH
H3Jararollidif mpeaMeT, He HayyHas MoOHoOrpadus, HO 3TO W He
0oObIYHAs HAYYHO-TOMYJIIPHAS KHHXKA, KOTOpbIE CTApaloTCs MUCATh
TaK, YTOOBl YMTAaTeNb, HE Mpujaras ocoboro Tpyma, y3Haa Osl
HECKOJIbKO CaMbIX HMHTEPECHBIX MJIM CAMBIX HOBBIX ()AKTOB M TEM
CaMBIM HEOOpOrof IEeHOW pacuMpuil cBoit kpyrosop. [Toxayii,
cKopee Bcero cijieJoBaJjio Obl Ha3BaTb €€ KHIXKKOH i camooOpa-
3oBaHMs. Ee HYXXHO YMTaTh C KapaHJalloM B pyKax, MPOBOAS Te
HECJIOXKHBIE ajredpanyeckue BBIKJIAIKH, KOTOpble B HEH BcTpeda-
rorcs. Ecim uuTaTtens rotos mponesiaTh Takyl paboTy, TO OH
MOJIyYUT HE OuYeHb CUCTEMATHYeCKHe, HO BIIOJIHE SCHbIE M KOH-
KpEeTHbIE TPEICTABJEHHs Cpa3y O MHOTMX TNpeIMETax, OOBIYHO
JIeXAllUX Ha CaMoii mepudepun cpeHero MaTeMaTH4eckoro oopaso-
BaHMsA, KOTOpOe moJjiyyaeT GU3HK HIM MHXEHep,— O CIHHODAX,
KBaTepHHOHax, anredpax Kmuddopna.

Hanee 3TOT ammapaT npuMeHsieTcs K (GU3MYECKUM 3aJavaM.
YuraTenaro, 3HAKOMOMY € TakuMM (yHIaMeHTaJbHBIMHM TIJ1aBaMH
coBpeMeHHOH (u3NKH, kKak npeobpa3oBanus JIopeHia H ypaBHEHHs
Hupaka, OyleT MHTEPECHO y3HaTh, HACKOJBKO INPOCTO M €CTECT-
BEHHO BBOMAATCS OCHOBHBIE IMOHSTHS 3THX TEOPHH C IIOMOILLBIO
KOHCTPYKIHI BEKTOPHOM aJireOphil.

B HECKOJIBKO 0COOOM IMOJIOKEHHHM HaXOAATCS MOCJEIHUE TJIABBI
(IX—XI) sto#t kumru. M3maraemoe B HHX yXe HE €CTh INPOCTO
WUTIOCTpaliMs NpUMEHEHMH anmapaTa BeKTOpHOH airedpel. Ouu
[eJIMKOM OCHOBaHbI Ha paboTax aBTOpa M, MO CyLIECTBY, NMPEACTaB-
JISIOT cO0Oi TOMBITKY NPENIOKUTh COOCTBEHHYIO KapTHHY HEKO-
TOpBIX acnekTOB KBaHTOBO#l TeopuH. [Ipensaraemass aBTOpOM
HUHTEPIIPETALMA YXOIUT CBOUMH KODHSIMH K TEM BpeEMeEHaM, KOrjia
Ka3ajoch, YTO KBAHTOBas MEXaHWKA elle He BIIOJIHE MMOHSATHA H
OTHOLIEHUS MEXIy BOJIHOW M vacTHueit TpebyroT ocoboro uccieno-
BaHusg. Bo ®paHmum Ojarogaps OOJbIIOMY JHYHOMY BIIMSHHIO
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Jlyu pe Bpo#ns 3TH NpEACTaBJIEHHS BCE €Il pPACHPOCTPAHEHBI,
XOTS OrpOMHOE OOJIBLUIMHCTBO (H3UKOB BO BCEM MHpE IJABHO
NPHHSJIO OCHOBHbIE KOHUEMIUM KBAHTOBOH MEXAHUKH M HE BHIUT
B HAX HMKaKMX HACHHBLIX TPYOHOCTEH.

3nech HE MECTO MUIA KPUTHKH, YKaXE€M JIMIUb, MTO, IO HALLEMY
MHEHHIO, BCE COJEPKaHME YKa3aHHBIX I'JIaB CBOJHUTCA K HEKOTOPOI
NMEPEeUHTEPNPETAlME HW3BECTHBIX (AaKTOB W HYXJAETCSA B TEX Xe
caMbIX HCXOAHBIX TUNOTE3aX (B YaCTHOCTH, O CTPOCHHH H30TOMM-
YECKUX U CTPAHHBIX MYJbTHIUIETOB), YTO ¥ OOIIENPUHSTHIH MOAXOA.

®paniy3ckoe H3NaHHE KHUTH BhIIUIO B cepuH «Que sais-je?»,
HUMEIOIIIEH SHUMKJIONIEANYECKHI XapaKTep ¥ pPacCYMTaHHOH Ha HOCTa-
TOYHO WIMPOKHiA Kpyr 4MTtatesieii. OCHOBHAas (M, Ha HAml B3TJISX,
HauboJsiee MHTEpECHAas) ee 4acThb [EHCTBUTENBHO He Tpebyer cre-
UMATBHBIX TO3HAHMH M HANMCAaHA BIOJIHE AOCTYNHO. DTHM H
ONpaBAAaHO BKJIIOYEHHE PYCCKOrO HM3JaHUS B MOMYJSPHYH CEpHIO.

W ien BEKTOPHOM anreGpbl HAXOOAT ceifyac MPSIMOE MPIIOKEHHE
B TAaKMX HOBBIX OO0JACTSX (HM3UKH 3JIEMEHTAapHBIX YacTHI[, Kak
Teopus SHra—Muwuica H pEIICHUS HEJMHEHHBIX KIIACCHYCCKUX
ypPaBHEHHMI, TaK YTO MBI OYMaeM, 4TO 3Ty KHIXKKY (MJM XOTs Ol
€e OCHOBHYIO 4acTh) OyleT MOJIE3HO MPOYMUTATh BCEM, KTO UHTe-
pecyeTcs MAaTEMAaTUKOH M €€ NPHUMEHCHHSMHU.

M. K. IToausarnos



BBEAEHMWE

Co3naHue HCYHCIIEHNS, MTO3BOJSIOUICTO ONEPHPOBAThL T€OMETPH-
YECKMMH BEJIMYMHAMM 10 NpaBWiIaM anrebphl, H3aBHa ObLIO LENBIO
UccieqoBanuit MHOrMX Matematukos. O6 3ToMm Meurain eule JIe#od-
HML, 3TOro meiTancs Aobutbes KapuHo. OnHako mnepBble JedCT-
BHUTEJBHO BaXKHLIE CHCTEMATHYECKHE MOCTPOSHHS TAKOr0 poJia ObIIH
caoenanbl upnasaueM Y. P. TamunsroHom (1805—1865), xoTopslit
B NOMCKaX OOBEKTOB, 0006IAIONIHX KOMILJIEKCHBIE YHCIIA, OTKPBUI
KBAaTEpHHOHb! (OTKa3aBIIMCh NPU ITOM OT CBOICTBA KOMMYTaTHB-
HocTH mpoussemenus), u Hemuem X. I'paccmanom (1809 —1877),
KOTODLI OkoJI0 1844 1. BBEN NMOHATHA BHELIHErO, 4 3aTEM M BHYT-
PEHHErO MPOU3BeICHUA 11 MyIbTHBeXTOpOB. B 1878 r. aHrnuyann-
vy Y. K. Kimmddopay (1845—1879) ynanoce 0O0beAMHHTL 3TH [BE
pa3Hble CXeMbl B paMKax €OMHOH anreOpbl, OXBaTbIBaIOWIECH H
O6bIYHOE BEKTOPHOC MCUHCHEHHWE B NPOCTPAHCTBE TPEX H3Mepe-
Hui, pa3paboTaHHOE B OKOHYATEJBHOM BHIEC aMEpPHKaHIEM
Jx. V. I'm66com (1839—1903). Opnako nmup B 1930 r. 3T1a
anrebpa — TBOPECHHE, B OCHOBHOM, aHTJI0-CAaKCOHCKOC — NpHoOpesa
CTOJIb BaXkKHbIC NMPUJIOXKEHUST B PU3MKE, YTO MOTpedOBaIOCH ee Ma-
TEMATHYECKH KOPPEKTHOE H3JIOXKEHHE.

KoHCTpykiMs Takoif ajire6pbl mpeAnoJsiaraer, Yyro 3aJaHbl Bek-
TOpHOE NPOCTPAHCTBO E, pa3sMEpHOCTH n Hal NojeM NeHCTBUTEb-
HBIX 'YMCENl M KBajpaTtHuHas ¢opma Ha E, Toraa BHyTpeHHee
npousBefieHne a-b (Mnm b-a) ABYX BEKTOPOB MO OMNpENENEHHIO
€CTh 3HAYE€HHE CUMMETPUYHON OHIHHEHHO#M (HOpMBI, aCCOLMUPOBAH-
HOH C maHHOH KBampaTHyHON (opMOM, a BHelIHee NPOH3BEACHHE,
Wi OHMBEKTOp, @ A b MOXHO paccMaTpuBaTh Kak TreoMeTpHYe-
CKMH OOBEKT: €CIM @ U b HEKONNHHEAPHSI, TO a A b mpeacTaBiaseT
c0060if OpHEHTHPOBAHHYIO TUIOCKOCTh, HATSHYTYIO HA BEKTOPHL a U b.
Hanpasnenue GHMBeXTOpa ONpEAENACTCA OpHEHTALMEH IJIOCKOCTH
BEKTOPOB a U b, a €ro BeJIWYMHA paBHAETCS IUIOMALM MAPaJUIENo-
rpamMma, IOCTPOEHHOTO Ha a H b. IToT GuBEKTOp a A b aHTHUCUM-
METpHYEH, T. €. b A a NPOTHBOMONOXEH a A b, YTO 3amUCHIBAETCs
TaK:

anb=—-bnra
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Tenepb MoxHO onpeneauTbh KINGGHOPIOBO NMPOU3IBENEHUE BEK-
TOpPOB a ¥ b, 0003HaYMB €ro mpocro ab:

ab=a-b+anb.

Ipoussenenue ab B oOIEM ClIy4ya€ HE KOMMYTATHUBHO, IIO-
CKOJIbKY
ba=a-b—aAb,

HO acCOIMaTHBHO (€CIM NMEepeMHOXXaeTcs 0oJiee IBYX BEKTOPOB).

Ckansipbl HazbiBaloTcsl Takxke 0-BeKTOpamHu, M BOOOIIE p-BEKTO-
POM Ha3bIBAa€TCs BHELIHEE TPOU3BEICHUE P BEKTOPOB ay, dy, . .. , dp U3
E,; oHO o0o03HavaeTcs

ayAa A...Aa, (p<n)

U TEOMETPHYECKH INpEnCTaBjsfeT COOONH OPHUEHTHPOBAHHBIA O0BEM
Mapajuiesieniimneia, IOCTPOEHHOTO Ha BEKTOpAX day, ... , d, IDTO Mpo-
W3BEICHHE BIIOJIHE AHTUCHMMMETPHYHO, T. €. MEHSET 3HaK IpH mepe-
CTaHOBKe JIFOObIX IBYX COCETHUX COMHOXHUTENE, u umeeT CP kxomrio-
HeHT, rae C§ — 4ucno coveTaHuid u3 n anemeHros mo p. Kpome
TOTO, BBOJUTCS BHyTPEHHEE TPOM3BEICHIE BEKTOPA M P-BEKTOPA, YTO
MO3BOJISAET OmpenenTh npoussenenne Knnbdopna ans npoussoib-
HOTO YHCJa BEKTOPOB, W TaKOe HPOU3BEIECHHE OKa3bIBAETCSH CyM-
Moit p-sektopoB ¢ p=0, 1, 2,..., n.

ITockonbky p-pekTop umeeT CP COCTaBJISAIOIUX, OH SBJISETCS
9JIEMEHTOM BEKTOPHOIO MPOCTPaHCTBA pasMepHocTH CE, a mpou3se-
JIEeHHE TPOU3BOJIBHOTO HAbOpa p-BEKTOPOB OKAXETCH, ClIeAOBATEb-
HO, 3JIEMEHTOM BEKTOPHOI'O MPOCTPAHCTBA, SABJIAIOILETOCS MPIMOi
CyMMOIi n + 1 CBOMX NMOANPOCTPAHCTB U MMEIOLIETO Pa3MEPHOCTH

CO+Cl4 ... +Co+ ...+ Cr=2n

DJIeMeHThI 3TOT0 MPOCTPAHCTBA, 0603HAYaeMOro Bripeab ¥, Ha3bl-
BAKOT c-yucnamyu win uucaamu Kauggopoa.

rtot OerJiblit 0630p HopmazMa BEKTOPHOM areGphl MO3BOJISET
YUTATEIIO0 MOHATb, O 4YeM MNOHAET peyb; TpeOyeMble YTOYHEHUs
OynoyT TpHMBeICHbl B JajbHeilueM. 3HaueHUE Takoil anred6pbl mJis
reoMeTpuu U (HU3NKH MPOSBJIAETCS B MHOIOYMCIIEHHBIX INPHJIOXKe-
HHUSAX; B TEOMETPUM 3TO ONHUCAHUE BpAIUEHWA M HHBEPCUH, a B
(usuke 061aCTh IPUMEHEHHH BKJIIOYAET 3JIEKTPOMArHeTH3M, B 4acT-
HOCTH ypaBHeHWs JlopeHua IS 3JIEKTPOHA, JJOPEHUEBbl BPALICHNS B
CreUaJbHON TEOPHHM OTHOCUTEJILHOCTH M, HAKOHEL, YpaBHEHHE
Jlupaka, KOTOpoe Mbl Oy[eM 3amiChbiBaTh B HECKOJBKO HEOOBIYHOM
¢dopme, moackasbiBaronie M3SHOE U3JI0XKEHUE TEOPHU.
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Opnnako BekTOpHasi anredpa €cTb HEYTO OoJibliee, HEXEIH
NpOCTO HOBasi GopMa 3amMUCH U3BECTHBIX PE3YJIbTATOB, HOO Jaxe B
Teopuu Jlupaka oHa CIOCOGCTBYET OTKPBITHIO CBOWCTB, KOTOPBIE HE
6B cHOPMYITMPOBAHBI C MOMOIIBIO anredpsl MaTpuu. [Ipumenss
BEKTOPHYO aJIreGpy, MOXHO MOUTH JaJIbLIE U 3AIACATh PEIATUBHCT-
CKOE YpaBHEHHE HYKJIOHA, BOJHOBAas (PyHKLHSA KOTOPOro BCIIENCTBUE
CYLECTBOBAHHUSI MTMOHHOTO MOJISI HE MOXET ObITh BbIpa)keHa CIU-
HOPOM.

Kax yBUIUT YMTATEID, 15 YCIIELIHOTO OMUCAHU ST BOJIHOBBIX QYHK-
M 37IEMEHTApHBIX YacTHL He TpeOyeTcs HM MATpHL, HH 3PMH-
TOBBIX BEKTOPHBIX MPOCTPaHCTB. [10HATO6ATCS TOJIBLKO ONEpAIMH C
TIPOU3BE/ICHISIMA BEKTOPOB B OOBIYHOM IMPOCTPAHCTBE-BPEMEHH, U
BMECTO TOTO, 4TOOBI BBOJHMTH AGCTPAaKTHOE MPOCTPAHCTBO HM30TO-
MTUYECKOT0 CITHMHA, MOXXHO OY/IET MOJIyYNTh 3TOT CIHUH C ITOMOLIBIO
OOBLIYHOTO CHUHA MOCPEACTBOM BpALIEHHWH M I'OMOTETHM-BPAILEHHUHA
B COOCTBEHHOM NPOCTpaHCTBE 4YacTulbl. [IpH 3TOM BBIsBISETCA
CBSI3b 3apsAa HYKJOHA C KOMIIOHEHTAMH MHOHHOTO MOJA OTH
pe3yJIbTaThl, KOTOPbIE MOXHO INOJIyYUTh TOJBKO C IOMOLIBIO BEK-
TOPHOW anreOpbl, MPEACTABIAIOT COOOW CYIIECTBEHHBIH Nporpecc
yXe B MO3HABATEJLHOM ILIAHE.

He cnenyer oTHOCHTBCS G€3pa3IM4YHO K BHIGOPY TOrO MJIM MHOTO
MaTeMaTHYeCKOro METONa, OO pa3Hble METOIbl HE BIOJIHE 3KBU-
BaJIEHTHbl C TOYKM 3PEHMs HMX OTHOLUCHHS K peajbHocTH. PpaH-
Iy3cKasl cucTemMa oOpa3oBaHHs IOYTH HE NPHBHMBAET ceifyac BKyca
K CIMIIKOM KOHKPETHBIM ONMHUCAHMSM, CYMTAs HMX MaJloaleKBaT-
HbIMU. [TpOUCXOXIEHNE TAKOW OpHEHTALMH ONpENeSIEeHHO CBS3aHO
C HAaBOJIHEHHEM COBpEMEHHO!N (PU3NKH abGCTPAKTHBIMHU MPOCTPAHCT-
BaMH M C MAaTeMaTH3ALMEil BCE HOBBIX HAYYHBIX JIUCHUIJIMH.
OnHaKo CTOMT BCIOMHHMTBL OJHY OY€Hb CTAapyl0 KapTEe3MaHCKYIO
TpagULMIO: [UIS TOrO 4TOOBI JIyvllle MOHATH SIBJIEHHsI DPEaJIbHOro
MHpa, UX PAacWIECHSIIOT HA OT/EJIbHbIE YACTH M NMYTEM MOAPOGHOro
M3Y4YEHUs 3THX YacTeil MBITAIOTCS HAWTH 3aKOHBI, YIPaBIAIOIINE
SBJIEHWEM B LEJIOM. JTO, KOHEYHO, MIeT B yiuepO OoJjiee CUH-
TETHYECKOMY U3YYEHHIO, TAK YTO B HEKOTOPOM CMBICIIE 3Ta MaJICHb-
Kasi KHIKKA IOBEIET YMTATENSI IO HOBBIM IyTSIM.



Cnaea |

ANTEBPA KITN®POPAA

Mt 6ynem crpouts anredpy Kmaddopna van nonem aeicren-
TEJIBHBIX YACET HA OCHOBE H-MEPHOTrO JEHCTBHTENIBHOTO BEKTOPHOTO
npocrpancrea E,.

Bextopsl u3 E, 6ygem 06o03HayaTh CTPOYHBIMH OykBaMH 4, b,

C,..., a JOObIE mMPOU3BEICHUS BEKTOPOB, HE3aBUCHMO OT YHCNA
COMHOXMTEJIEH, — 3arjaBHBIMM OyxBamu A, B, C, ... . [Ipeanonara-
€Tcq, YTo

1°. A, B, C,... caMM SBJIAIOTCA 3JIEMEHTAMH OEACTBUTEJILHOTO
BEKTOPHOTO MpOCTpaHCTBa %,, TaKk 4YTO

A+ B=B+ A,

(A+B)+C=A+(B+C),
U ecu 0 — HyJIEBO#H BEKTOpP 3TOr0 HNPOCTPAHCTBA, TO
A+0=0+A4A=A.
Hanee, mis OelicTBUTEIBHBIX YMCEN A M H
A+ A =14+ pA,

A(4 + B) = A + AB,
A(ud) =(ApA4,

U, KDOME TOro, YMHOXEHHE Ha 4UCJIO | HE MEHSET 3JIeMEHTH ¥,
U3 sTux ceoificts cieayer, uro ecinu A4 =0, To 6o A =0,
6o A =0.
2°. B ¥, ompeneneHO acCOUUATHBHOE YMHOXEHHE, CBA3AHHOE
CO CIIOXKEHHEM YCIOBUSMM AMCTPMOYTUBHOCTU (BBEEHa CTPYKTYpa
KOJIbLA), T. €. IPOM3BeNCHUE AB TakXe ABIAETCA JIEMEHTOM €, U

(AB)C = A(BC),
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(A + B)C = AC + BC,
C(A+ B)= CA + CB.

3°. JlelicTBUTEIbHBIE YUCIA, UM CKAJISAPHI, A SBJSIFOTCA JJIEMEH-
TaMH ¢, U KOMMYTHPYIOT CO BCEMH IEMEHTaMH, T. €.

AA = AL

4°. Ins mo6oro a u3 E, xpagpar a® = aa ABASETCA CKANAPOM.

OneMeHThl MPOCTPAHCTBA ¥, HA3BIBAIOT TOTH4 C-YMCIIAMM HJH
uygcnamu Kmpdopaa.

B cnyuae esrxsmnmoBbix npocTtpaHcTB E, pasmepHoctH n.< 3,
a TaKXe NpPOCTPAHCTBA-BPEMEHH CIEHMAJIbHOH TEOpHMH OTHOCH-
TEJILHOCTH MOXXHO ONPEHENIUTh npou3éedeHue 08yX 6eKmopos Kak
npoussedenue 08yx mampuy, CONOCTABIEHHBIX BEKTOPAM; IIPH ITOM
BCE NpEABbIAYLIME AKCHOMBI OYEBMIHBIM OOpa30M BBIMOJIHSAIOTCH.
B o6uieM ciyyae IPOM3BEICHUS BEKTOPOB, SABJISIOLIUECS JJIEMEH-
tamMn ¥, OymyT ompeneneHbl Kak (YHKIMHM 10 OTHOLICHUIO K
HEKOTOpOMy 6a3ucy 3TOro NMpocTpaHCTBA. TeM caMbiM OHM GymyT
ONpeneNeHbl Cpa3y BO BceX 0a3ucax, U HeobOXomuMmoctH OOpa-
IaThCS K MATPHYHOMY IIPEACTaBIEHUIO BEKTOPOB HE BO3HUKHET.



Fnaea 1}

BHYTPEHHWE N BHEWHWE MPOU3BEAEHUA

1. BHYTPEHHEE NMPOM3BEAEHMUE ABYX BEKTOPOB

ITycte Ha E, 3amaHa kBaapaTuyHas (opma, KOTOpas oOIpele-
AseT NeHCTBATEbHBIA KBaapaT a’ Kaxaoro BeKTopa g, Heobs3a-
TeJbHO mojoxuteiabHbiil. Ha ocHoBaHmM TOXmecTsa

(@a+ba+by=a*+b*>+ab+ ba

BBIBOAUM MJisi JIIO6BIX BEKTOPOB a W b:
(@a+b?—a*>— b
3 .

W3 Teopuu kBampaTH4HBIX ()OPM H3BECTHO, 4TO CIIpaBa B 3TOM
PaBEHCTBE CTOMT CUMMETPHYHAas OWiMHelHHas (opMa, accoummupo-
BaHHAs C KBaapaTU4HOl (opmoii a’. IMonaraem

1
?(Gb + ba) =

a-b= —;—(ab + ba). 8]

Bynem Ha3wbiBaTh a-b gnympennum npouseedenuem BEKTOPOB a U b.
Hemeanenno 3ameuaeM, 4to

a-b=b-a.

Ecan kBampaTuusas (opMa MONOKHUTENLHO ONpEAeNieHa, T. €.
a? — TOJNOKUTENBHOE YUCIO I8 KaXAOTrO HEHYJIEBOrO BEKTOpA d,
BHYTPEHHEE MPOU3BE/ICHUE HA3BIBAETCS CKANSPHBIM TTPOM3BEIECHUEM.
OTMETHM ellle, YTO B 3TOM CJyd4ae BCAKUH HEHYJEBOH BEKTOD d
uMeer obpaTHLIR a” !, onpemensemslil cooTHoueHueM a ! = a/a’.

2. KAHOHUYECKMUM BA3UNC

BekTopel @ ¥ b Ha3BIBAKOT conpayceHnbimMi OTHOCUTENLHO KBAl-
patuuHO# QGopMbl, eciu

a-b=0,
T. €. Korga ab + ba = 0. Ilpo Takue BEKTOpbI 4@ M b MOXHO elle

CKa3aThb, YTO OHU OPTOTOHAJIbHBI, PACLIMPSSI CMBIC] NOHSATHA OPTO-
roHasibHOCTH. CorjacHo OOBIYHOIM TeopUM KBaAPATHYHBHIX (GOpM,
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CYIIECTBYST MO KpaiHel mepe oquH 6a3uc, CONPSKEHHBIH OTHO-
CUTEIbHO GOPMBI, T. €. TakoW 6a3wuc, JitoOble Ba BEKTOpa KOTO-
POTO CONPSXEHbI OTHOCUTEJIbHO 31O PopMbl. KpoMe Toro, kax oMy
BEKTOPY @ Takoro 6a3uca MOXXHO CONOCTABMThL KOJUIMHEADHBIN eMy
BexTop Aa (A mefcTBUTENbHOE), Takoil, 4To A2a’ paBHseTcs mo ab-
COJIFOTHOM BeauuuHE 1.

Kanonuueckum 6asucom i KBaapaTH4HOH (OpMBI Ha30BEM
TaKko#i 6asHc M3 BEKTOPOB Y;, 4o Y2 =1 (wm —1) mpu Beex
i=1,2,...,n4avy;+ vy =0 mpu Beex (i, j) ¢ i #j.

MOXHO TOBOPHUTH, YTO 3TO OPTOHOPMHUPOBAHHEIN 0a3uc, OMAThH
KE CHIbHO pacCIIMpsis CMBICI 3TOro TEPMUHA.

3. NIPOU3BEAEHWNA BEKTOPOB

Mycrs {y;} — kaHonnyeckuit Gasuc E, a x, y,..., w— Habop
u3 k BexkTopoB mpocrpaHcTBa E,. IToctpouM npousBeneHue

A=xy..w= (Z XiYi) (Z YiYi) - (Z wiYi),

NpYHMMAs BO BHUMAHHME MPEIbIAYIME AKCHOMBI, BbIPAXAKOIIUE
crpykrypy anrebpbl Kimuddopna, 1 coiictsa kanoHudyeckoro 6asuca:
¥ =1 (wm —1) ¥ yy; + vjv; = 0. [Nonyunm B pesyibTaTe Cymmy

BHIA
A= z )"PYP’
P

rae uepes yYp OOO3HAYEHO NPOU3BENEHHE Y1Y2...Y, € 0 < p <Kk,
B KOTOpDOM Bce y; pasmuunbl. Yepes {yp} Bceria obGo3Hauaercs
npocTo HAboOp BEKTOPOB Yi, Y2, ... ,Yp

MHOXECTBO BCEBO3MOXHBIX ITPOU3BEAEHUN A MMEET CTPYKTYpY
BEKTOPHOTO MPOCTpaHCTBa %,, KOTOpOE YNOGHO OIpENEIEHHBIM
06pa3oM pa3NoXUTh HAa BEKTOPHBIE MOJNPOCTpaHCTBa. B 3aBucu-
MOCTH OT YE€THOCTH YHCJIa COMHOXHTENEH A MOXET.MMETh KOMIIO-
HEHTHI, IPHHAJIEXKAIIUE CIEAYIONUM HOINPOCTPAHCTBAM

(k yeTHO) BEKTOpPHOE NPOCTPAHCTBO pa3MeEpHOCTH 1; ero 3e-
MEHTBI, 0603HaYaeMble 31ech Ag MK Ay, — CKaIAphbl, Wi 0-BEKTOPHI;

(k HeueTHO) BEKTOPHOE NPOCTPAHCTBO Pa3MEpPHOCTH N, COBMAa-
tomiee ¢ E,; ero 3jIEeMEHTHl — BEKTOPbl Ay MU Aq;

(k 4eTHO) BeKTOpHOE NPOCTPAHCTBO 6Ousekmopos A, Wi Ag =
= Z'kij'Yi'Yj;

L.

(p 1 k onuHAKOBOH YETHOCTH M p < k) IIPOCTPAHCTBO p-6eK-
mopog A, = ZP:)"PYP-
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Hakosen, BuIEHMM OJHOMEPHOE BEKTOPHOE NOANPOCTPAHCTBO
nceedockasnpo8 As= AyYn, THE YN = Y1V2 - - - Yur

Bce xoaddHIMEnTEI Ap, Ay, Ay AeHcTBUTENLHBIE. MOXHO HpoO-
BEpUTh, uTO Y4 =1 wnd —1. Tak Kak y HaC B NPUIOKCHHAX
OyLeT BCTpeYaThCA TOJLKO ciydail Y4 = — 1, Mbl ycioBUMCs 060-
3HayaTb Yy =i, @ OOBIYHYIO MHMMYIO CIMHHIYy BO H30exaHue Iy-
TaHUNB! OyAeM 00O3HavaTh i

Hanee Gynmer moxa3aHo, 4To Yp ob6pa3yroT 6azuc €,; HazoBeM
€ro 6a3ucom, UHOYYUpoeaHHvIM KAHOHUYECKUM 5A3MCOM, BBEICHHBIM
B E,. Orciona cieyer, YTO pa3MepHOCTh BEKTOPHOTO MOANPOCTPaH-
CTBa p-BeKTOpOB paBHsieTcs CP, M, 3HAYUT, PasMEPHOCTb CaMOro
npocTpaHcTBa €, paBHa

CR+Cit ... +C+ ... +Cr=2n

3ameuanue. HTak, mnpousseacHue A = Xxy.,.w OKa3bIBaeTCA
ONpEIeNIeHHLIM B HEKOTOPOM 0a3uce ¥,, U NMOCTPOCHHE ITOrO
6a3nca U COOTBETCTBYIOIUX KOMIIOHEHT A HauyMHAaeTcH c Bbibopa
kaHoHmueckoro Gasuca B E,. CnenoBaTesibHO, NPOM3BEAEHHE KOp-
PEKTHO ONPEACNEHO KAK JNIEMEHT NPOCTPAaHCTBA ¥,, €r0 MOXHO
pasnoxuTh no moboMy Gaszucy €, u A ocraeTcd MHBapUAHTHBIM
npH 3aMeHax 6asuca E,, HHIyMUpYIOILIHX M3MeHeHUs Oa3uca B BEK-
TOPHOM NIPOCTPAHCTBE ¥,

4, BHEWHEE NPOMU3BEAEHVE [4BYX BEKTOPOB
IMockomky abe¥, u a-be¥,, 1o U
ab—(a-b)=a A be¥,.

TeM caMbIM MOXHO IIPHHATL TAKOE OIPEACNEHUE BHEILHETO
IPOH3BE/ICHUSA [BYX BEKTOPOB a U b:

anb= %(ab — ba). )

CaoiicTBa aHTHCHMMETPUYHOCTH (@ A b= — b A a) U gucTpu-
6YTHBHOCTH OTHOCHTENLHO CIOXEHHS OYEBHUIHBIM 0Opa3oM BbITe-
KaloT U3 onpenesicHus (2).

Eciv ¢ u b XoJUHHEapHbI, MX BHEIIHEe NPOU3BENEHHE a A b
paBHO HyJi0. Bepno u o6patnoe yrBepxaeuue. Ecimu ab = ba, MoXHO
B3ATh ¢ B KAYeCTBC MEPBOTO BEKTOpPA KaHOHHYECKOro Gasuca H
pa3ioxuTh 1m0 3ToMy Gasucy b. Torma b =Xa + ¢, rae A — neii-
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CTBUTEJIBHOE YMCNO, 4 BEKTOD ¢ CONpPsDKEH ¢ a. [lonyuum a A b =
=a A ¢ =0, 3HaUAT, ac = ca, HO, MOCKOJbKY @ M ¢ CONPSKEHbI,
ac = — ca. CnemoBatenbHo, ac =0, Tak 4to a lac=0, 1. e. ¢ =0
Hb=2ial.

5. MPOMNIBEAEHWUE BEKTOPA HA UYNCHIO KITIM®POPAA
Iycte a=) Ay, — Bektop U A=b.b,...b, =) Apyp — He-
7 P

KOTODBIif 3JIEeMEHT nmpocTpaHcTBa ¥,. [Ins Toro yrob6el 0b6paszoBath
aA, MOCTATOYHO MOCTPOMTH MPOM3BENCHHA Y;Yp(p < k) H BOCHOJIB-
30BaThCS JIMHCHHOCTHIO YMHOXEHHS: a4 = zxikpyiyp.
i,P

1°. Ecniu a=vy;e{yp}, TO Yiyp fABIsIETCE (p — 1)-BEKTOpOM,
obo3HayaeMbIM a- Yp.

2°. Eciu a=vy;¢{yp}, TO Yiyp sBaseTca (p + 1)-BEKTOpPOM,
obo03HavaeMbIM a A Yp.

CrenoBaTebHO, B OGWIEM Cilyyae WIS @ = Y A;Y; MOXHO HAIIH-

i

caTh
aA=a-A+anA 3)

CpaBuuM Tenepb ad u Aa = ) A Apypy;. JIerko BUAETH, 4TO

5

1.
YeYi = (— 1" 'y;yp, eciu y;€{yp},

vrvi = (— P vive, eclH ;¢ {YP}-

3T0 O3HA¥AET, YTO MPOMIBEACHHS MOXHO 3aMHCATH TaK:
1
a-ye =7[‘1Yr — (=1 ypa],

1
anye =7[“"{P +(=1)Pvypa].

OpHako B pa3yiiokeHVH A IO p-BEKTOpaM MOTYT ¢UI'ypHpOBATDH
TOJNBKO T€ Yp, ¥ KOTOPBIX p HMEET Ty XK€ HETHOCTh, YTO M YHUCIO K,
MO3TOMY B OOIIEM CjIyuae NOJIY4YaeM CJCAYIOIIUN pe3ysibTaT:

1
a-A= T[aA — (= 1)*44], “
Y IT0 mOKA3aTENBCTBO MPOXOMHT, €CIK KBampaTHuHas popma B E,

NOJIOXKHTEJIBHO ONpEAE/ICHa, T. €. BHYTPCHHCEC NPOMN3BEACHUE BEKTODOB sB-
JISE€TCA CKAJIAPHBIM HNPOU3BCACHUCM. — HpuM. nepes.
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a TaKxXe

a/\A=%[aA+(—1)"Aa]. (5)

6. OBWUNE ®OPMYIJibl

IMycte A — NPOU3BOJIBHBIN 3JIEMEHT BEKTOPHOIO IPOCTPAHCTBA
%, ObosnaunMm uepes A uyucio Knuddopna, nonyuennoe B pe-
3yJIbTaTEé M3MEHEHHUSI HA NPOTUBOIOJIOXKHOE HAIPABJIEHHS KaXIO0ro
BEKTODA, BXOASIIETO B MPOU3BEAEHUS, KOTOpbIE 3a1al0T A. MoxHo

3anucath A B BUAE CYMMbI Y€THOTO M HedeTHoro ! c-umcen:
1 - 1 -
A=— (A4 — A).
3 (A+ A+ 3 ( A)
Torpa (4) u (5) MOoXHO 3aMeHUTh Hauboyiee obuIME hopMyJIaMH
1 _
a-A= 7(aA — Aa), (6)
1 -
anAd= 7(aA + Aa). @)

3aMeTuM elle, YTO, OCHOBBIBAsICh HA 3TOH BBHIKJIAJKE, MOXHO
3anucath Aa =A-a+ A A a. JT0 B CBOIO OYEpEeAh HPHUBOIUT K
TaKUM COOTHOIMIEHHAM [Jis A, UMelolero 4eTHocts (—1)°:

Aa=(—1V"laAdun Ara=(—1¥an A
TakuM 06pa3oM, Ui NPOU3BOJBLHOTO A MOJIy4YaroTCd (GOPMYJIbI
Aa=—a-Au Anra=an A ’
Jlinst qoCTHXEHUST OOIIHOCTH 0DO3HAYEHUH MOXKHO YCIIOBHUTBHCH,

yto (6) m (7) ocraioTcs B cuiI€ M MIA CKalsgpoB A4 = Ag; 1pH
3TOM moJiaraeM, 4to Ag = As.

7. PABNOXEHWE BHYTPEHHEIoO NMPOUM3BEAEHNA

JucTpuOyTHBHOCTb BHYTPEHHErO IPOU3BEIECHUS HENOCPEACTBEH-
HO BBITEKaeT U3 ¢GopmyJibl (6). 3amuuieM pa3BepHYTOE BLIPaXXKEHHE
BHYTPEHHETO IIPOU3BEAEHUS BEKTOPA a Ha JNeMEHT A = b b, ... b,:

p
a'blbz "-bp=k_zl (‘_‘1)k+l(a‘bk)b1b2 .o bk—lbk+1 e bp. (8)

D Tlo ompenenenuio A uerno, eciu A= ;1, M HEYETHO, €CIH
A= —A. Ecnu A =(—1)’ A, To A umeer yeTHoCTb (— 1).— IIpum. nepes.
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[na noxasatenbcrBa (8) JOCTATOYHO HAamucaThb

1
—2—(ab1b2 e bp + blabl ce bp) = (a'bl)bz e bp,

1
?(blabz vas bp + blbzab3 PN bp) = (a'bz)blb:; AN bp,

1
7(1)1 ae bp_labp + b1b2 SN bpa) = (a'bp)blbz e bp_ 1-

YMHOXUB NIEPBOE U3 ITUX paBeHCTB Ha (— 1)?, Bropoe Ha (—1)°, ...,
a mocnennee Ha (—1)°*! u nounendo ciaoxuB ux, momyuum (8).

8. BHEWHWE NMPOUN3BEAEHUA

IpoctpancTBo ¥, ABasgeTcs NpsAMOil CyMMOH BEKTOpHBIX MOI-
NPOCTPAHCTB p-BEKTOPOB (p m3meHsercs ot 0 go n). Cocrasnsro-
Ias MPOU3BENEHUS 4.4, ... d, NPHHA/UIEKAINAS MOANPOCTPAHCTBY
p-BEKTOPOB, /JIA€T HAaM BHEIIHEE NPOM3BEICHHE BEKTOPOB a;(i = 1,
2,...,p). Obo3naunm ero

A,=a; na; A ... Aap

MoxHO 3aMeTHTb, 4TOo (opMmyna (5) omnpenensieT 3TO BHELIHeEE

MpOU3BEJEHUE PEKYPPEHTHBIM oOpa3zoM. A eHCTBUTENIBHO, JOCTATOY-
HO TOJOXHTh

1
Apss =an Ay =—5[ad, + (= 1P4,a]

JMcTpuOYTUBHOCTh U aCCOIMATHBHOCTb BHEIIHETO HPOM3BEACHUS
BBIBOJIATCA M3 CBOWCTB yMHoxeHus B airedope Kmuddopna.

9. AIbLTEPHUPOBAHHOCTb

Buewinee npoussedenue uzmensem 3HAK Npu NepecmManosKke 08yX
comHomcumeneii (CBOMCTBO aJbTEPHHPOBAHHOCTH).

Teopema BepHa npu p = 2. JlonycTuM, 4TO 'OHA BEpHA Ul BCEX
BHELIHUX Npou3BeneHuit A, ¢ p comuoxurtensamu. [Nomaraem A4, ; =
=a A Ap. Ecnu nepectaBuThb 1Ba BEKTOPA, BXOAALIME B A, TO Ap 4y
MeHdeT 3Hak. Eciau moMeHATL MecTaMu d ¥ ay, TO JIETKO 3aMETHUTb,
4TO

anag A ... Ag=@nra)Aay A, Na,=

=—(aradran..n;ra,

2-394
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T. €. OKOHYaTEJIbHO MOXHO 3anucaTh

a/\alf\azf\.../\ap="a1/\a/\a2/\.../\ap.

[ToBTOpsis 3TO paccyXICHHE, MOXKHO IEPECTaBHTh a4 Ha JHO60e
MECTO.

Caedcmgue

1°. Ecau p eexkmopos a,, a,...,d, AUHEUHO 3aBUCUMBL, UX
éHeuwiHee npouseedenue A, pasHo Hyiio.

B caMom pene, Tak Kak OOWUH K3 BEKTOPOB SBJISACTCA JIMHEH-
HOM KOMOMHanMed OCTalbHBIX, A, NpeiCTaBiseT coboi cymMmy
BHEILHUX MPOM3BEACHUH, KAXJ0e U3 KOTOPBIX COAECPXKHUT IBa OMIHU-
HAKOBBIX BEKTOpa M MOTOMY PaBHO HYJIIO.

2°. B wactHocTH, A, =0, ectu p = n.

3°. Haobopor, u3 ycrosus A, = 0 gsimexaem, umo comHoncumeau
a; AUHEIHO 3a8UCUMDL.

DTO yTBepXkIECHHe BepHO s p = 2. [IpenmosokuM, YyTo OHO
CIIPaBEANIMBO ISl BCEX BHELUHUX Mpou3BeneHui A, ;. Torma, eciu
BEKTODBI, 00pa3yoliue NpousBecHue A,_ |, JHHEHHO 3aBUCHUMEI, TO
JIMHEHHO 3aBHCHM M Habop BEKTOpPOB, U3 KOTOPOTO MOJy4YaeTcs
A,=A, | Aa, ¥ B 3TOM Clly4ae NOKa3aTeNLCTBO 3aKOHYEHO.
Haxonen, korna BexTopsl g;, obpasylomue A,_,, JUHEHHO He3aBH-
CHMBI, MOXXHO Pa3JIOXHUTb a, Mo 6a3ucy, COCTABJICHHOMY H3 3THX
BEKTOPOB 4; M M3 0a3uca NOMNOJHHTEIBLHOIO NOANPOCTPAHCTBA S,
COCTOSIILIETO U3 BEKTOPOB, COMPSDKEHHBIX C a;, TaK YTO

a,=a-+b,

€ a NPHUHALJIEXHUT NOANPOCTPAHCTBY, HATAHYTOMY HA a; € i = 1,
2,...,p—1, u beSs.

IMockoneky A, = A,-1 Aa,=A,_1 A b =0, To u3 nocnensero
YCIIOBHS C Yy4eTOM cooTHowenHi (4) u (5) u Toro, 4to A,_-b =0,
BBIBOAMM paBeHCTBO A,_ b = 0,T.e. b = 0, Tak xak ceifuac A,_; # 0.
CrnenoBaTeNbHO, BEKTOPHI 4;, BXOAdINE B A, JUHEHHO 3aBHCUMBI,
uTO W yTBEpX)maercs b,

4°. B Tex cnyuasx, xorga A,# 0, 3TO npou3BeleHHE IO
ONpeleNIEHHIO TpeNCTaBisieT cobOi 0b0beM mapasulesienunena, mo-
CTPOEHHOTO Ha BEKTOpax dj,...,d, BXOAAWHMX B A, VY 3TOro
obbema Oymer, cienoBartenbHo, C? xoMmmoHeHT. Ilpu p = n obbem
HUMeeT TOJIBKO OJIHY COCTABJISIOILYIO, ¥ B NPHUJIOXKEHUSX, pacCMaTpu-
BacMbIX B CJICAYIOUIMX IJIaBaxX, OHA OYJeT COBNAnaTh C 3JIEMEHTOM 1.

D' Cm. npumevanue ua crp. 15.
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5°. Jlis BEKTOPOB 7Y; KaHOHMYECKOro 0a3uca pPaBeHCTBO

YiY2. o - Yp=Y1AY2 A oo AYp

BbITEKAET NMPAMO U3 OMpEENIeHHI.

10. BHEWHWE NPOU3BEAEHUA MYNbTUBEKTOPOB

Jns mByX MyJAbTHBEKTOPOB A, =a; Ady A ... Aa, U B, =
=b; A by A ... A b, BHEIIHEE POW3BENEHHE MOXHO BBECTH C IIO-
MOIIBIO PEKYPPEHTHOH NpoLemypel, ogaras

A, AB,=a, nlaz A ... Aa, A By

Bo3MOXHO Takxe 9KBUBAJIEHTHOE MPAMOE onpeneyienue A, A B,
KaK COCTaBJIIOIIEH MPOU3BENCHUSA 4,4, ... dybib, ... b, npuHaIe-
’xallell MoApocTpaHCTBY (p + g)-BEKTOPOB.

CROHCTBO BBENEHHOW ONEpaliMy, BBIPAXAIOIIEECH DPAaBEHCTEOM

A, A B,=(—=1)"B, A 4,, )

OYCBHUOHO. I[}ISI IPOBEPKHA HOOCTAaTOYHO g pa3 BOCIOJIB30BATHCA

COOTHOILICHHEM
andA,=(—1)f4, raq,

KOTOpPO€ HEMOCPEACTBCHHO BBLITCKACT U3 aJIbTECPHUPOBAHHOCTM.

11. BA3UC

Teneprs nerxko moxazaTsb, YTO Yp 00pasytom 0A3UC 6eKMOpHO20
npocmpaucmsa ¢, B camMoM nene, IonmycTHMm, 4Tro

Z)\'P'YP = 0,
P

rre k03b¢ummeHTsl Ap — NEHCTBUTENILHBIE YWCIA. YMHOXHWB 3TO
PaBEHCTBO, HAaIpUMEp, cnpaBa Ha i =YY ... Y, IPUAEM K paBeH-
CTBY Aol = 0, M3 KOTOPOro BBLITEKAET, YTO Ay = 0. AHAJIOrMYHO TIOKa-
3bIBa€M, 4YTO M OCTajibHble KOIPPHULMEHTH HYJIEBBIE.

12. BHYTPEHHMUE MPOU3BEAEHMNA MYNbTUBEKTOPOB

1°. PaccmoTrpum BeIpaxeHue (8) u IpupaBHAEM Opyr IpyTy
(p — 1)-BexTOpHI, QUrypupylOIWKe B OGEHX YacTAX PaBEHCTBA. MbI
HEMEUIEHHO [MOJIy4aeM COOTHOIIEHHE, moka3biBaroiuee, yrto (8)
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CIpaBeAIUBO U Ui MYJIBTUBCKTOPOB:

a-Ap=a-a, Aay A ... NG, =
(10)

k

M

(_l)k—l(a,ak)al A o /\ak_l /\ak+1 AL /\ap.

1

2°. B TakoMm ciy4yae BHYTpEHHEE IIPOM3BEICHHE IBYX MYJIb-
THBEKTOPOB A, H B, MOXHO OIpeneIuTh PeKypPEHTHOR (POPMYIOH.
Ecnu p < g, nonaraem

A,-By=(ay A ... Aa,_y)-(a, B (11

TakuMm oOpa3oMm, 3TO BHYTPEHHEE IPOU3BEACHHE OKA3bIBAETCSH
(g — p)-BEKTOpOM, ¥ OHO TUCTPUOYTHBHO IO OTHOIIEHUIO KO BTOPBIM
comuoxuTenrsiM B, Coxpanum CBOHRCTBO JUCTPUOYTHBHOCTH U
OTHOCHUTENIHO A,, Tojaras no OIPERETICHUI0

(Ap + Ap)-B, = A,-B, + A,,-B,.
Hakonen, npu p > q 3apamum A4,-B, dopmynoi
Ap-B,=(—1)*"VB . 4, (12)

JlaHHoe ompeneneHHe KaxeTcs JOBOJIbHO POU3BOJILHBIM, HO B €ro
MOJIb3y rOBOPHT ciefyrollee 3amevyanue. IIpu p = g MOXHO ofipe-
NenuTh Ap,-B,; IOCPEACTBOM PEKYPPEHTHOTO COOTHOILECHUS

A, B, =(A,-by)-B,_1,

KOTOpoe BHIIJIIOUT Kak ecTecTBeHHoe obobuienue (11). Torna He-
TPYIHO YBHIETH, 4TO (12) sIB1sIleTCs1 cnexcTBYEM Nocnentei popmy bt
U cBo#icTBa: A-a= —a-A.

Jnst toro urobbl ompaBgaTh JaHHBIE OIpPENEeHUs, HEobXo-
IUMO BCe-TaKH [0Ka3aThb, YTO IPHU BCEX p

A, B, =B, A,

DTO HETPYAHO cHeiaTh, IPUHUMAs BO BHUMAaHUE CBOMCTBO [UC-
TPUOYTUBHOCTH, HOTOMY YTO OOCTATOYHO IIPOBEPUTH PABEHCTBO

Ye-Yp =7YpYp

OnpHako Yp-7Yp PABHAETCS HYJIIO, €CJIM Yp U Yp CONEPXKAT HEOIH-
HAaKOBBIE Y;, IO3TOMY OCTAGTCS PACCMOTPETh TOJbLKO Ciydai, Korjaa
Yp=(—1)'Yp npu coorBercTByROIIEM neiaoM r. Ho Torma vp-
¥p=(—1YY} = Yp-¥p, ¥ TEM CAMBIM KOMMYTATHBHOCTb IPOH3-
BENeHUs AOKa3aHa.
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13. AYANIBHOCTb

Bynem HasbiBaTh Oyaavnbim uucay Knuddopma A mnpousse-
nenue iA. Takum o6pa3oM, AyalbHBIM cKaispy OyneT mceBHocKa-
JIAp, AyaJbHbIM BEKTOPY (n — 1)-BEKTOp U HOyanbHbIM p-BEKTOPY
(n — p)-BexTOp. MOXHO IPOBEPUTH, YTO IJIs JIOOBIX BEKTOPOB a U b
HMEIOT MECTO [iBa IOJE3HBIX COOTHOILCHUS:

i(a-b) = (ib) A a,

(ib)-a=id A a).

14. BEKTOPHOE NMPOCTPAHCTBO %,

DTO MPOCTPAHCTBO MOXHO Pa3JIOKUTh B NPSIMYIO CyMMY IBYX
OOIOJHUTEIbHBIX OPYT K J[APYTY BEKTOPHBIX IOANPOCTPAHCTB
% u €,, xoTopble ONpPEHENAIOTCA KAaK MHOXeCTBa umcesn Kimg-
¢dopna Buna

@ ={—A—;—A—, Aefg,}, %: ={A_TA, Aefgn}.

DiiemenTaMu €, sABIAIOTCA veTHble uucia Kimddopna, 4 Tak kak
CYMMBI ¥ NPOHM3BEJICHHUS YETHBIX YHUCEN BHOBb YETHBI, TO CTPYKTYpa
KOJIbLIA HACJEAYeTCs, T. €. €, sBuserca noaanrebpoit €,.

Anre6bpa Kimddopna €, HaspiBaeTcs anrebpoit [dupaka, ecnu
COOTBETCTBYIOIIas KBanpatuuHas ¢opma B E, smnserca dopmoit
CIIENMAJIbHON TEOPHH OTHOCHTEJIBHOCTH. DJIEMEHTH €7 06pa3syroT
amrebpy Ilaymm, xotopas msomopdua anrebpe %;. U3 smemeHTOB
%3 cocrouT anrebpa XBaTEpHHOHOB, HMEIOILAA NONAIrebpy, U30-
MopdHy1o anrebpe KOMIIJIEKCHBIX YHCENT, @ MOCAEAHAS UMeeT MToAal-
rebpy, M30OMOPGHYIO MHOXECTBY NEHCTBHUTEJIbHBIX YHCEJI



Mnaea lil

ANFEBPA MPOCTPAHCTBA

B oToif rnaBe peub MOWAET O TPEXMEPHOM NPOCTPAHCTBE
eBKIMA0BOH reomerpun. Paccmorpum marpuusr Maynu

01 0 i 1 0
0-1=<1 0)5 0-2=<i/ 0 )7 0-3=(0 _1>’ (13)

rae i’ — obplYHASA MHUMAs €AMHALA. DTH MaTpPUIb! YAOBJIETBOPAIOT
COOTHOIIEHUSIM

O'jO'k + OO = 261’](12,
roe j, k=1, 2, 3, 64 =0 npu k#j u 6;;=1, a I, — enunny-
Had 2 X 2-MaTpHna.
Bce 3Tt MaTpuip! NPHHAMIEKAT BEKTOPHOMY HPOCTPaHCTBY

%3 KOMIUIEKCHBIX 2 X 2-MaTpHL, U HETPYIHO MPOBEPHUTH, YTO Ha3uc
3TOTO MPOCTPAHCTBA O0Pa3yIOT MaTpPHIbI

I, 64, 03, 03, 610, 0,03, 030y, G;0,03.

O603HayuM G,0,0; = i; TOrHAa JIETKO BHIOETb, 4YTO i =i'l,, Tak

4T0 i2 = — I,. B najibheiiieM Mbl 6Y1€M BMECTO MATPHILL G G,C;
nucarts i, a BMecro I, nucate 1, He omacasch CIyTaTb B pPaBEH-
ctBe i = — 1 marpuIly i ¢ O6BIMHON MHUMON enuHMuel. Tomyepk-

HeM, YTO BIpedAb ©;, O,, O3 OYyAYT HUIpaTh pOJIb BEKTOPOB
00BIYHOI'0 €BKJIMAOBA NMpOCTpaHcTBa E;, 06pa3ylommx opTOHOPMH-
poBaHHbIH 6a3uc, ¥ NPH TAKOM COOTBETCTBHUHM 3JIEMEHT M3 5

X = X101 + X,0; + X303

MOXHO OTOXIECTBHTb C BEKTOpoM X u3 E;, umeromnMm koopau-
HATBl X;, X;, X3 OTHOCUTEJIbLHO OPTOHOPMHMPOBAHHOro Gazuca.
Yrto kacaeTcs mnpousBeneHHd BekTopoB U3 E;, To Bce OHH
NPHHANJIEKAT MPOCTPAHCTBY €3, KAXABIA 3JIEMEHT KOTOPOTO IIpEA-
CTaBAM B BUJI€ CYMMBI CJIEOYIOLINX CJ1araeMblX:
1° ckanapa Ag = Aol = Ag;
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2° BEKTOpa A;0; + Ay0; + A303 = Ay;
3° 6uBexTOpa A40,0; + A50,03 + A030; = Ap;
4° nceBmockainsipa A,0,G,03 = A4i = Ajy.

Taxkum obpaszom, ecmu A€%3, 1O

A=A5+AV+AB+Af

PaccmoTpuM Temeph Tpu omepalMM Hal 3JIEMEHTaMM 3TOM
anre6psl Kimnddopna (nBe u3 uux ynomuuasucs B ri1. II).

1°. H3menenue nanpagienus BCEX BEKTOPOB Ha MPOTHUBOIOJIOX-
HO€E, B pe3yabTare 4yero A npeobpasyercs B

A=AS—AV+AB—A’.

OneMeHT A Ha3bIBAaeTCs YETHBIM, €CH A = A, M HEYETHBIM, €CIIH
A=—A.

2°. Obpawjenue nopadka COMHOXMTEJIEH B KaXIOM IPOHM3BeJe-
HHH, KOTopoe mpespaumiaeT A B 231eMeHT A (d4uraerci: A C
THJIBIOM):

A=Ag+ Ay— Ag — Ay,
NMOTOMY YTO

i =0,0,03 =030,0; =0,030, =—0;0,03= —1.

3°. Ymhoxcenue na i, KOTOpO€ mpeobpasyeTr A B AyalbHOE
uynucio Kimddopna id = Ai. B Hamem cityvae i KOMMYTHPYET CO
BCEMH BEKTOpPaMH, HamnpHMep

iO'l = 0;0,030; = 0,03 = Gli.

TakuM 06pa3om, IyabHOH CKaJIApy BEJIMYMHOM OKa3bIBAETCS ICEB-
JOCKaJISIp U HAoOOpoT, B TO BpeMs Kak BEKTOp [OyaJieH IICEBHO-
BEKTOPY, @ ICEBAOBEKTOP — BEKTOPY, [MOCKOJIbKY HA OCHOBAaHHMH CO-
OTHOILCHUH

iG] = 0,03, icz = 030,, i0'3 =010, (14)
HMeeM

l‘(xlcl + }\.20'2 + ).30‘3) = x1020'3 + }.2030'1 + )\,30102.
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1. OBbIMHOE BEKTOPHOE NPOU3BEAEHVE

CyiliecTBYET TpocTasi CBA3b MEXAY OOBIYHBIM BEKTOPHBIM HCYH-
CIEHHEM H OlepalMsIMH C BEKTOpPAMH, PAaCCMAaTPHUBAEMBIMH Kak
anemeHTsl anrebpel €;. B camom gnene, obpazyeMm IpoM3BEIECHHE
X Ay, rae

X = X101 + X0, + X303,

Y = Y101 + Y202 + Y303,

Torma nHaxomum
X Ay =i[(xy3 — X3y2) 61 + (X3)1 — X1y3) G2 + (X 1y, — X391) 03]

Boipaxenue, crosuiee B KBaJApaTHBIX CKOOKax,— 3TO OObIYHOE
BEKTOPHOE MIPOU3BEIEHHUE BEKTOPOB X H y, KOTOPOE, CICIOBATENLHO,
OTJIMYAETC OT OMBEKTOpa X Ay M AOJNKHO 00o03HauaTbCi IMo-
apyromy. Mul 6ylieM 3amuchiBaTh €r0 X X y M IOJIb30BAaThCA Tep-
MMHOM cross-rpousBenenue (cross product). CooTHoOuUIEHUS

xAy=i(xxy), (15)

xxy=—i(x Ay (16)

MMOKA3BIBAIOT; YTO X X y — BEJHMYMHA, QyajiHas OMBEKTOpPY, — U3Me-
HSIET CBOE HAIpaBJICHHE NpU OOpalieHNH 6a3HCHBIX BEKTOPOB, T. €.
IpA CMEHe opHeHTauuu 6asuca B E;, mposmismouleics B H3Me-
HEHHUH 3HaKa i. B To xke BpeMd x A y, Oyaydun TEH30pOM, OCTaeTCH
HHBAPHAHTHBIM NPU TaKOM I[peoOpa3OBAHUH, ITOCKOJILKY OHO HE
Hapymaer copasemiuBoctd (15) m (16). DTum ompaBaviBacTCcs
Ha3BaHHE AKCUAAbHbIL 6eKMOp, KOTOPOE YaCTO HAETCS CrOSS-IIPOM3-
BEICHUIO B MPOTHUBOIMOJOXHOCTh OOBLIMHBIM HJIM IOJSPHLIM BEK-
TOpaMm, He M3MEHSIOUIUMCS IPU U3MEHEHHUH opueHTauuu Oasuca.

2. ABOMHOE CROSS-MPOUN3BEAEHMUE

Paszynaras x u y mo 6asucy ©,, G, Cj, JErKO IPOBEPUTH
CMpaBeIVIMBOCTL CleAyroluX GopMyI:

XXy=iyx=—yXx=—ix-y= —X-iy. amn
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Orcroga
(xxp)xz=[—ixx ]z

4, oObeUHAS 3TOT pe3yiasbTaT ¢ popmysoi (14), manyuum xoporio
U3BECTHYIO (opMyy

(xxyyxz=—=(xAy-z=

z-(x AY)=(z-x)y — (z-y)x.

3. CMEWAHHOE NPOUM3BEAEHMUE

Briunciaum x-(y X z), ucrnonsdys dopmyiy (6):

2x-(yxz)=x(y x 2) + (y X 2)x,

IIOTOMY 4YTO y X z SIBJSIETCS HEYETHBIM IJIEMEHTOM ¥ 5.
Ho, Tax xakx i KOMMYTHpDYET CO BCSIKMM BEKTOPOM, HMeEEM

2x-(yxz)=—ix(y Az)—i(y A 2)x =
=—i[x(yA2)+(Ax]==2i(xAyAz

U B PE3yJIbTATE€ HAXOJMM CMEILIAHHOE IPOHM3BEJICHHE BEKTOPOB X,
yu z

(x, y, 2)=x-(y x2)=—i(x Ay A 2).

TTockoMbKy 1 BEKTOPOB kaHoHHYeckoro 6asuca (¢, G,, 03) = 1,
M3 HaNAEHHOTrO BLIPAXKEHHS BHOBb IIOJIyYa8€M, YTO G;C,0;3 = L.

4. TPAAVEHT

Vnorpebnsia 0 B xauecTBe CHUMBOJa omepauun auddepeH-
nMpoBaHus, 6yaeM Bcerjia nonarath 0, = 0/0x*. Jlanee x* ucronnay-
eTcs [is 0003HAYCHNS] KOHTPABAPHAHTHLIX KOOPAHMHAT BEKTOpPA X,
T. €. OOBIYHBIX [EKAPTOBBLIX KOODAMHAT, B OTJIHMYHE OT KOOPIH-
HaT KOBapHaHTHBIX, 0003HAYAEMBIX X;, KOTOpbIE I IPOU3BOJILHOM
CHCTEMBI KOOPJHHAT BBOMATCS KaK CKaJSpHbIE IMPOU3BECHUS X
Ha e[IMHHMYHBbIE BEKTODPH! ocell. B ciyuae xorma 6a3ucHble BEKTOPHI
OPTOHOPMHPOBAHBI, KaK Yy Hac, obe CHCTEMb! KOOpPAMHAT COBMa-
JAF0T, Tak 4TO X* =X, nans nro6biX k=1, 2, 3. Ilpu 3ToM
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rpaJlUCHT BBOIHUM Kak BCKTOprIﬁ oneparop
V= 0161 + 0262 + 0363. (18)

PesynsTar €ro mpuMeHeHHs K BCOAy AubdepeHImMpyeMoil Bek-
Top-QyHKIMH KoopauHaT u = u(x', x’, x°) =u'c, + u’c, + uo,
MOXHO MNpEJICTaBUTL B BHUJIE

Vu=V-u+V Au

CxanspHas ¢yHxkims V-u Ha3biBaeTcs AuBepreHuueil u. busexTop
V A u HazoBeM poTopoM u. CBS3b €ro ¢ OObIYHBIM POTOPOM BEK-
TopHoro noss u(x!, x?, x*) maercs npasunamu (15) u (16):

VAau=i(Vxu) wm Vxu=—iV Au).

Taxum obpa3zoM moJiyyaeTcst 06OOiEHHe OOBIYHOrO HOHATUS PO-
TOpa, IPUMEHUMOE HE TOJIbKO B TPEXMEPHOM MNPOCTPAHCTBE.

5. KBATEPHUOHHDLI

BynemM Ha3biBaTb KBaTepHHOHAMH Te AE€%;, M1 KOTODPbIX
A=A = Ag+ Ag. B Takom ciyuae, obo3Ha4as ckanap Ag =sl =s,
MOXHO TMpEACTaBUTh A B BHUIE

A =s + iaq,

IA€ a — BEKTOp, KBAApaT KOTOPOr'O paBeH 1, a o — NEHCTBHTEIb-
HOE 4HCIIO.

Mb1 HaMepeBaeMCsl U3YYHTh MaTEMaTHYECKHE CTPYKTYpPbI, KO-
TOpble CBSI3aHbI C MHOKECTBOM KBAaTEPHHOHOB.

IIpexnae Bcero OTMETHM, YTO 3TO MHOXECTBO O0JIAJAaET CTPYK-
TYpO# YeTBIPEXMEPHOTO JEHCTBUTEILHOIO 8€KNOPHO20 NPOCHPAHCH-
8a W sBJISETCS MOAMpOCTpaHcTBOM € 3. [lpuHAmnexaume eMy 3e-
MEHTHI 1, iGy, iG,, i3 00pa3yroT JIMHEHHO HE3aBUCUMYIO CHCTEMY,
[0 KOTOpOW pa3jaraercs 060 kBaTepHUOH. [leiicTBuTensHO,
paBEHCTBO

sl + ifo, + igo, + ihoy =0,

C OIHOH CTOpPOHBI, TpebyeT, uToObl s =0, a ¢ OPYroil CTOPOHHL,
IOJKHO ObITh fO{ + g0, + ho3; =0, T. e. B pe3yiaprare s=0,
f=0,g=0 h=0.

DTO BEKTOPHOE MOANPOCTPAHCTBO ¥3; OyneM obOo3Hauath Q.
IIpocTpaHCTBO KBATEPHUOHOB Q4 MOXHO HOPMUPO8Amb, T10J1aras, Ha-
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npumep,
Hopma A = (s? + a?)V/2.

HamoMHuM, 4TO BBEIEHUE HOPMBI B BEKTOPHOM IMPOCTPAHCTBE
E nan nmonem K (B ngaHHOM ciy4yae 3To Oynmer mose IEHCTBHU-
TenbHbIX 4deen R) osHavaer 3amamue Ha E Qynkumu, comocra-
BJIIOILIEH KaXJOMYy 3JIEMEHTY X HEOTPHHATENbHOE YHUCIO |x|[,
TakuM 00Opa3om, 4To

1° ||x|| = 0 paBHOCUNBHO ycaoBUIO X = 0;

2°|x + yll < x| + llyl mas Beex x, yeE;

3° | Ax|l =|A| x| mnsa Bcex AeK u Bcex x€E.

ToBopar, uro E, cHabx€HHOE HOPMOH, SIBISAETCS HOPMUPOGAH-
HbIM BEKMOPHbLIM NPOCHMPAHCIMBOM, WIHM, KOpPOYE, HOPMUPOBAHHbIM
npocmpancmeom; pasMepHOCTb E MOXeT OBITh NpU 3TOM KOHEYHOHR
Wi OeCKOHEYHOM.

Jlerko mposeputb, 4To (5*> + 0?)/2 sBnsercs HopMoll A€Q,,
HO 3TO HE €IMHCTBEHHAs HOPMa, BO3MOXHAS B IPOCTPAHCTBE Q.
B camoM [ernie, HETPYAHO YOEAUTHCS, YTO MOXHO BBECTU M [PYTryIO
HOpMYy V(A) mns A, nmonaras

v(4) = s + laf;

30€Ch, KAK U B JPYrUX MecTax KHurH, |A| obo3Havyaer abcosror-
HYIO BEJMYUHY AeHcTBUTEIbHOrO yucna A. OmHAKO 3TH JBE HOPMBI
9K6UBANEHMHbl, UHAYE TOBODPA, OHH OIPEHENAIOT O0HY U my xce
monoaozuio B Q. YTouHUM 06a 3TH MOMEHTA.

JlBe HOpMbI V U V' Ha3bIBAIOTCSA JKEUBAAEHMHbIMU, €CIU Cy-
LIECTBYIOT [IBA TAaKHUX IOJIOXKMTEIbHBIX YHCNA a U b, ¥To

av(x) < V'(x) < bv(x) ans moboro xekE.

HenocpencrBeHHO ycMaTpHUBAETC, YTO BCSIKast HOpMa 3KBUBAJICHTHA
camoii cebe (a=b=1). Ecnu v’ dKBUBaJEHTHA V, TO ¥ V 3KBH-
BaJICHTHA V', IOTOMY YTO

%v’ x) < v(x) < %v' (x).

Kpome ToOro, us 3KkBHBaJIEHTHOCTH HOPM V M V' U HOpM V' H
"

v” BBITEKACT 3KBUBAJEHTHOCTb v U V". JleHcTBUTENBHO, TOrIa
CYLLIECTBYIOT TaKU€ IMOJIOXKHUTEJIbHbIE YHCJIA ¢ U d, 4TO

ev'(x) < v'(x) < av'(x),
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M, CJeI0BaTEILHO,

B TO BpEMS KaK
1 1

_ <

b

Taxkum o6pazoM, 3TO MOHATHE 1EHCTBHTEILHO OIpPEENSET OTHOLLIE-
HHE JKBHUBANIEHTHOCTH HAa MHOXECTBE HOPM.

Ocraetcs paccMOTPETh BOIIPOC O TOMOJIOrHSX, HHA1YLHPOBaHHBIX
HOopMamH. BoT TouHas GopMy/InpoBKa BaXHOro pe3ysbTara, KOTO-
pBIif MOXET ObITH NPH 3TOM IOJIYYEH:

V(%) € v(x).

Bcakaa nocaedosamesvnocmvy Kowu, komopasa cxodumca no
HOpMe V, CXOOUMCA MAKXice U NO IKGUSAACHMHOU HOopme V.

ITpuHuMas BO BHHMAaHHE, YTO IMPOCTPAHCTBO AEHCTBHUTEILHBIX
YHCEJl nOoAHO, TAK KaK B HEM CXOAMTCS BCSKAas I10CIIENOBATENb-
HocTh Kourn, 3axmouaeM, uto Q4 Takxke SBIAETCA MOJIHBIM HOp-
MHPOBaHHbIM BEKTOPHBIM HPOCTPAHCTBOM, T. €. IPOCTPAHCTBOM
banaxa.

OIHy H3 IKBHBAJEHTHBIX HOPM B MPOCTPAHCTBE Q4 MOXHO
CBS3aTb CO CKAAADHBIM npouzeedenuem B 3TOM IPOCTPAHCTBE.
B camomMm nene, oTMETHM, 4TO

TA] = (s> + o) = (44)"",

Tak kak A = s — iao M, cnenoBaTtenbHo, AA = s* + o?.
OnpenennM cxajispHoe MpoHu3BeneHUe (g, ¢'> IBYX KBATEPHHO-
HOB, 0003Ha4YaeMBIX TENEpb OykBaMH g B q':

r 1 ~r (54
{q, 4 =7(qq + q'9).

BekTopHOE MpOoCTpaHcTBO Q4 ABISAETCS EBKIHIAOBBIM, IIOCKOJIBKY
BBEICHHOE CKAIAPHOE IIPOM3BENCHNE O0JIa/aeT BCEMH CBOMCTBAMHU
€BKJIH10Ba CKAJIAPHOTO TPOM3BENEHN M HOpMa (s + a?)”/: eBKIHIOBA.

Haxonen, obcyaum e€le OJHO BaXXHOE OOCTOATENLCTBO: KBa-
TEPHHUOHBI, OTKPHITHIE [ aMHIIbTOHOM, Aa0T HAaM IIPHMEP HEKOMMYma-
mueéHozo0 meia. IJis NOKA3aTeIbCTBA 3TOrO YTBEPXKICHHUS HEOO-
XOIMMO JIMLIb I10Ka3aTbh, YTO OMNEPAIHA YMHOXEHHS MpEBpaIIaeT
Q4 B HEKOMMYTATHBHYIO I'PYIIy, TaK KaK CTPYKTYpa aaAMTHUBHOMH
IpynIbsl 3aJI0XEHa B CTPYKTYpe BEKTOPHOIO NPOCTPAHCTBA, a
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CBOMCTBA OUCTPUOYTHBHOCTH, KaK yX€ OTMEYasioCh, BBHITEKAIOT M3
crpyktypsl anredpsr Kimbdopna, seisroieiics accoldaTHBHBIM
KOJIBLIOM C €AMHHIIEH.
Ecnu g — HeHyJeBOii KBaTEPHHUOH S + iad, TO I HETO CYUIECT-
ByeT OOpaTHBIH 371€MeEHT
-1 _ S—iaa
K lal®

IIOTOMY YTO

1 qq -1
19774

Opnnako Teo ), HEKOMMYTAaTHBHO, TaKk Kak JUIS [BYX KBarep-
HHOHOB, 3aIMCaHHbIX B BUIE

q=s+iaa, q =5 +iadd,

rae s, o, s, of — JAeHCTBUTEJILHbIE YHMCJIA M d, d' — BEKTOPHI elH-
HUYHOH [UIMHBI, MTPOU3BEICHUE

qq' = (s+iax)(s' + ia'ad’) = ss’ + iaos’ + ia'o's — aa’oo’

B OOlIeM clyvae OTJMYaeTCi OT ¢'q, ubo U3 paBeHCTBa qq =
= q'q BBITEKAET YCJIOBHE aa’ = d'a, PaBHOCHJIbHOE TpebOBaHUIO
ana =0, T. e. TpeOOBaHHIO KOJIJIMHEAPHOCTH BEKTOPOB a U d'.

Bckope MBI YBHAMM, YTO KBaTE€PHHUOHBI OYEHb IIPOCTO CBS-
3aHbl C BPALICHUSMH BOKPYr Hayaja KOOPIMHAT B TpPEXMEPHOM
€BKJINZIOBOM IPOCTPAHCTBE: OHM SIBHO 3aJlalOT OCh BPAIIEHHUS U
YroJl MoBOpOTa, NMPHYEM HAMPABJIEHHE OCH COBIIAJAET C Harpasiie-
HHeM BexTopa a. [IpouM3BeneHMIO OBYX BpAallUEHMH COOTBETCTBYET
KBaTEpHHOH, IOJIyYEHHBIH TEPEMHOXEHHUEM [BYX COOTBETCTBYIOIIHX
KBAaTEPHMOHOB, TaK 4YTO [IBAa BpAIECHHS KOMMYTHUPYIOT TOJIBKO B
TOM cjy4Yae, KOrja KOMMYTHDYIOT COOTBETCTBYIOIHE KBaTep-
HHMOHBI, 1, COIJIACHO NPEIBIAYIIAM PACCYXAEHUSM, 3TO O3HAYAET, YTO
COBMAJAIOT OCH TakUX BpameHMil. [Iag Toro 4robbl yCTaHOBHMTH
3TH pe3yJibTaThl, Mbl OyJeM IeHCTBOBAaTb C IKCIIOHEHTAMH BHAA
exp (iaf), KOTOpble MOXHO BBECTH B BUIE psfa

exp (iad) = 1 +iae—%62 + ...,

Otcrona
exp (iab) = cos 0 + iasin6,
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Tax 4YTO
llexp(iab)|| = 1,

H Mbl OyZeM Ha3BIBATH TAKHE SKCIOHEHThHI YHHTAPHLIMH KBaTEp-
HHOHAMH. MBI DOKaxeM, 4UYTO MeXAy OITHMH YHHTaPHBIMH
KBATEPHHOHAMH M IPOCTPAHCTBEHHBIMH BPALICHUSMH CYLIECTBYET
CTOJIb XK€ TECHAs! CBA3b, KAK MEX/y KOMILUIEKCHHIMH YHCJIaMH C MOy~
JgeM 1 M BpalCHHUSMH IJIOCKOCTH.

6. BPAWEH WNA

HyCTb BEKTOPBI X U x' CBSI3aHBI COOTHOILEHHEM

x' = exp < — % ia9> X exXp (% ia@) .

Ilonaras x = u + v, pa3nOXKHM X TaK, 4TO
una=0, v-a=0,
M aHAJOTHYHBIM 00pa3oM pas3jIoKUM X', IPEACTABUB €ro B BHIE
x'=u+7v, roe
unrna=0 v-a=0.
Tlockonbxy u KOMMYTHPYET C a M i, HMEEM TOTrAa

U =u=(ax)a,

Puc. 1.

a TaK KaK v aHTUKOMMYTHPYET C 4d, TO

v = exp(—iab)v,
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OTKy/d, KaK B IPENLIAYLIEM pa3jieNe, HaX0AuM
v =vcos® — iavsinB® = vcosB + (a x v)sinb.

MonyyenHas CBA3bL MEXIY BEKTOPaMM v ¥ v’ BbIpaxaeT TOT (akKT,
41O v’ MOJIy4aeTCs MOBOPOTOM v HA yroj O BOKpYr BekTopa d
(puc. 1). IlpuHumas BO BHMMAHHE, YTO U = u', 3TOT pe3ynbTaT
MOXHO MEPEeNnucaTh TaK:

x' =xcos8 + (1 — cosB)(x-a)a + (a x x)sin. (19)

TeM caMbIM MBI pacmojilaraeM YIOOHBIM CHOCOOOM BBIYMC/ICHHA
KOMITOHEHT BEKTOpa X', MOJIY4EHHOrO U3 BEKTOpA X MPHU BpalleHHU
(a, ), ¥ MOXE€M BBIUCATb TAKIKE OOLKMH BUI MATPULBI BpAILCHHL

B camom pene, mycts (X, Y, Z)—3T0 KOMIOHEHTH
BekTOpa X, a (X', Y, Z') — KOMIIOHEHTHl X' OTHOCHUTEJILHO OPTO-
HOPMUPOBAHHOTO 0a3uca TPEXMEPHOTO €BKJIM/0BA NPOCTPAHCTBA,
U nyctb (o, P, y) — KOMIIOHEHTHl €IMHUYHOTO BEKTOpa, 3aJaro-
IIEr0 OCh BpAILEHHMHA, Tak 4To o’ + B2 +y2 = 1.

PagencrBo (19) mo3BosseT 3anucaTh ypaBHeHUs Npeobpa3oBa-
HUA:

X' =Xcos8 + a(l —cosb)(aX + BY+ yZ) + (BZ — yY)sin6,
Y = YcosO + B(1 —cosB) (aX + BY+ vZ) + (yX — aZ)sinb,

Z' =ZcosB +y(1 —cosB)(aX + BY+ vZ) + (Y — BX)sin6.

BrinucaTe 00muit BUA MaTpUibl BpAIEHUS TeNephb He MpeAcTaBaseT
HHUKA4KOro TpyJa.

7. MPOU3BEAEHWA BPALLEH UM

OTbickaHME NPOHU3BECHNHS IBYX BpAlLEHUI BOKPYr HECOBMAalaro-
IIMX OCefl CBOAMTCA K OTBICKAHHIO MPOM3BENICHUS COOTBETCTBYIO-
HUIMX YHUTAPHBIX KBATEPHUOHOB:

exp <% ib(p) exp (—;‘— iae) .

CHavana npousBoauTcd Bpauienue (a, 6), 3arem BpallleHHC
(b, @), ¥, KaK MbI BHOEJIM, 3TH BPAIIECHUSA KOMMYTUDPYIOT TOJBKO
B TOM Cjy4ae, KOraa a U b komuHeapsl. s Toro 4roGsi MOJIY-
4UTh Och c(c> = 1) M YroNl ® pe3yJbTHPYIOLIETO BpALICHUA, HO-
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y 1.
CTaTOYHO COOTBCTCTBYIOILIMU KBATCPHUOH €XP (ilcco NpUPABHATH

exp (% ib(p> exp (% ia9> .

TaxuM oOpa3oMm, NOJy4alOTCs fABa YPABHEHMA JUIS ONpPEACIICHUS
napaMeTpoB (¢, ®):

KBaTEPHUOHY

1 1 1 11
cosim = cos7(pcos?6 - (a-b)51n7(p51n79,

i 1m—bsin1 c051€)+a<:os1 sin19+
CSiim @ = DSi—H 0087 P

N B |
+ (a x b)smicpsm?&

W3 Bcex MaTeMaTH4ecKuX METO/IOB, MO3BOJIAIOIIUX ONPENe/UTh
OCh ¥ Yron Jis NPOU3BEIACHHS TPEXMEPHBIX BPAICHUMA, CaMblii
3JIETaHTHBIA CIIOCOD peIlIeHNs 3a/1a4H TAeTCA METOIOM YMHOXEHUS
KBAaTEPHUOHOB.

8. CUMMETPUMU

ITycTh 4 — eqUHUYHBIA BEKTOP HOPMAJH K TNIOCKOCTH P, koTopas
NIPOXO/IUT uepe3 Hauasio koopauHat 0. st Touek M u M’ 0603Ha4UM

M

oM =0M'’

0&—--—- 1

’

I
I
I
|
N
M
Puc. 2.

XKUPHBIM IIPAGTOM BEKTOPBI

OM=x, OM =x,

a OM u OM' 6ynyt obo3HavaTh JAMHBI X U X'
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IIpeanonoxuM Temepb, YTO X M X' CBA3aHBI YCIIOBHEM
x' = — uxu. (20)
Pa3noxuB npaByio 4acThb:
uxu=u(x-w+uxAruw=ulx-wy+u-(xAu)+unxau,
HAXO0IHUM, 4TO
x'=—-2u(x-u)+x
UM
x —x=—-2u(x-u.
[TocnenHee COOTHOLICHHE ITOKa3bIBAe€T, 4YTO BEKTOp X' — X
neprenaukynspen P. JlokaxeMm, yTo Touka M’ cuMMeTpuyHa To4ke M

OTHOCHMTEJIbHO IIJIOCKOCTH P; Mg 3TOro HOCTATOYHO NPOBEPUTH,
4yTo To4yka H — cepenuna otpeka MM’ — npunHajiexur P.

1
Ho Benyr OH = ?(x + x'), no3TOMY CKajJspHOE MPOU3BEIACHUEC

u-OH=ul[x —ul(x-w)]+ [x—u(x-u)]u=ux+ xu—2(x-u),

OYEBUIHO, PABHAETCHA HYJIIO.

Y CTaHOBUB 3TO, MOXHO Cpa3y jKe IOJIyYUTb BbIpaX€HHE IS
MpOU3BEeNeHUs NBYX CUMMeTpuil. Eciv v — equHUYHBIH BEKTOp HOP-
MaJli KO BTOpDOH IUIOCKOCTH, mpoxojsdiiedl uepez O, a S — oOpa3s
TOYKU M’ 1IpH 3epKajibHOM OTPaXXEHUH OTHOCUTENILHO 3TOM MIIOCKO-
cTH, TO, 00o3naune OS = &, 3anuiieM cBf3b Mexay & U x:

& = — vx'v =+ vuxuv.

ITycth yrom Mexny BEKTOpamMHM u M v paBeH O, a n — eOu-
HUYHBINA BEKTOD, HANPAaBJIEHHbIA OOUHAKOBO ¢ u X v. Torma MoXHO
HanucaThb

w=u-v+usrv=u-v+iuxuv),

uv = cos o, + insina.

3TO BLIpaXeHHe MOKa3bIBAET, YTO UU — YHUTAPHBIA KBATEPHUOH U
BexTop OS monyyaerca n3 OM moBOpoTOM Ha yroi 20 BOKPYr A.

DTOT pe3ynbTaT, OCHOBAHHBIA HA TOM, YTO IMPOU3BEINCHHE OABYX
YHHUTAPHBIX KBATCPHHOHOB SABJIAETCA YHUTAPHBIM KBAaTCPHHOHOM,
MONACKA3bIBAET HAM TAaKOe 3aMeyaHUe O CBOWCTBaX HOPMBI B Q:
HOpMA Npou38edeHus KeAMepHUOHO8 DPAGHA NPOU3Ee0eHUI0 UX HOPM.

3-394
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JlelicTBHTENIbHO, PACCMOTPUM KBATEPHUOHBI A = 5 + g U A’ =
=35+ ig'e’. MoxHo BbIOpaTh 0, @€[0, 27m) Tak, YTOOH

N a

cosf = — sinh= ——
Al Al

q ’

cos =5 sin@ = *
= T

U, CeNOBATEJILHO,
A =|Alexp(iab), A'=|A’| exp(ia'p).
Taxum obpazom,
AA" = | A| | A'|| exp(iab) exp (ia'p)
H, 3HAYUT,
lAA"[ = 1Al A"l

TIOCKOJIbKY NPOU3BENEHUE [IBYX JKCIOHEHT B MPABOH YacTU SBJIS-
€TCS YHUTAPHBIM KBATEPHUOHOM.

9. UHBEPCHA

Toukn M ¥ m cBg3aHBl MpeoOpPa3OBAHUEM UHBEPCHH, HMEIO-
weid neHTp O ¥ moxasaTenb (WM CTENeHb) k, TOrAa M TOJBLKO
Toraa, Kormaa

Xx =k, 1)

rae X = OM, x = Om, a k — geiicTBUTENIBHOE YKCiI0. YcroBue (21)
MOXHO TepenucaTh B BUAE X = kxx ™ 2, IO3BOJIAIONIEM 3AKJIFOYUTD,
410 BeKTOpbl Om u OM KoJUIMHeapHbl, a MPU MOJIOKUTEbHOM K
U OQVHAKOBO HAMNPABJICHBI.

IpeanonoxuM, 4yto x — auddepeHpyeMas BekToOp-GYHKIMs
IeiiCTBUTENbHON TepeMeHHOM ¢, Tak 4TO (GYHKUMA X (t), omuchiBa-
omas Jyry OpOCTPAaHCTBEHHOW KpHMBON B OKDECTHOCTH TOYKH m,
¥WMeeT B TOYKE m KacaTelbHyl. Ilycth (c) obosnauaer 3Ty aOyry;
NpUMEHHB K KaX[I0#l ee TOYKe Hallle rnpeoOpa3oBaHWe WHBEPCHY,
nonyuuMm ayry (C) kpuso#t, mpoxoasuiedi 4epes Toyky M. Ilpo-
mipdepeniposas (21), TPUXOOMM K COOTHOLICHUIO

X' Mx()+X@)x () =0,
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KOTOpO€ IIOCJIe YMHOXEHHA CjieBa Ha X IIEpPCIUCHIBACTCA B BHIC
kx'(t) = — x(¢) X' (t) x(¢).

PaccmatpuBas ero Bmecre ¢ (20), ybexmaemcsi, 4To KacaTeslbHas
k (C) B Touke M m xacaTeNlbHasi K (C) B TOYKE m CHMMETDPHYHBI
OTHOCHTEJIBHO IIOCKOCTH, NEPNeHAuKyIapHoH BekTopy mM u nens-
e oTpe3ok mM momosam.

Puc. 3.

IMpuBenem ewe ogHO obliee cBOHCTBO mpeobpa3oBaHUs HHBEp-
cun. Ilyctb p u P — BTOpas mapa TOYEK, CBSI3aHHbIX HWHBEpCHeH
(0, k). Ilonaras Op =y, OP = Y, BHIBOOUM COOTHOILIEHHE

(X =Y =k (xx™2 — yy ™2 = k2 (xy® — xPp) x4y =
=kx72(y—x)Py?
U B pe3y/bTaTe MPHUXOIOHUM K XOPOLUO H3BECTHOH Gopmyie, CBs3bI-

BAIOLIEH PACCTOSIHHE MEXIY TOYKAMM U PACCTOSHUE MEXIy HXx 006-
pa3zaMH NpU UHBEPCHUH:

MP = [k|mp(Om)~! (Op)~".
ITpeobpazoganue naockocmu npu uHeéepcuu. 3anuilieM ypaBHEHHE

IVIOCKOCTH @, UMeEIoLell BEKTOD HOPMall u U NMpOXomsiieil 4epes3
TOYKY mq ¢ paauyc-BekTopoM Omy = Xxp:

u(x — xp) + (x — xp)u =0.

Ecnu 00603Ha4uTh
uxgy + xou = 2p,

TO 3TO ypaBHeHHe OymeT BBIrNAAETL TAK:
ux +xu—2p=0.

INpu npeoOpazosanuu nMHBepcHH (21) oOpa3bl TOYEK 3TOH MIIO-
CKOCTH YIOBJIETBOPSIIOT YPaBHEHHIO

k(uX + Xu) —2pX? =0.

3%
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Ecru p=0, To B pe3ynbTaTe NpeoOpa3oBaH¥isi MONYyYaeTCs
Ta e INIOCKOCTh Q.

Eciu p # 0, ypaBHeHue oOpa3a IJIOCKOCTH 3amUChIBAe€TCs B
BU/IE

X2 - 2—kp(Xu+uX)=0.

Mockonbky X2 = X? 4+ X3 + X3, rne X, X,, X3 — KoopJuHa-
Tbl TO4YkU M, nnsa kotopoit OM = X, TO SCHO, YTO TIOJIyYEHO
ypaBHeHMe codepbl, Mpoxojsulell uepe3 Hayajo koopauHaT O.
Llentp oaToif cdepbl Haxoaurcs B Touke C C paanyc-BEKTOPOM
ku/2p; 3Ta TOYKa mOJIydyaeTCsl NpH NpeoOpa3OBAHMM MHBEPCUM ¥3
Toukn O’ c panuyc-BektopoM U = 2pu, koTopas CUMMETpU4YHA
Toyke O OTHOCHUTENBHO ILTOCKOCTH Q.

0C-00'= OM:-Omzk

Puc. 4.

AHanoru4yHbIM 00pa3oM MOXHO pacCMOTpeTh W Npeobpa3oBa-
Hue cdephbl MpU MHBEPCHY, a TakXkKe UCCIIeNOBaTh CBOWCTBA MpOU3-
BEJICHUs UHBEpCUil.

10. BEKTOPbl M KBATEPHUOHDI

[MpuMenenue OOBIYHOrO BEKTOPHOIO WCYMCIIEHHS B CBOE BPEMs
BHI3BAJIO TOPAYYIO OIIMO3ULHUIO CO CTOPOHBI OPTOMOKCAJIbHBIX
«KBaTepHHOHHCTOB». Ha caMoM e 1ejie 3TH /Be KOHLENUIHUH He
[IPOTHBOIOJIOXKHBI, @ JIOMOJIHAIOT APYr Apyra, 00ObeMHASCh B CTPYK-
Type anredpbi Kinpdopna. OO6bI4HOE BEKTOPHOE UCUHCIICHUE OYCHb
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TM0JIE3HO B I€OMETPUH, MEXaHHKE, THAPOIMHAMHKE M 3JIeKTpOAUHA-
MHUKe, 0COOeHHO 61aroaps LIMPOKOMY MCIOJIb30BAHHIO BEKTOPHOTO
aHanmu3a. B To ke BpeMsA 3TOT METOA He SBJISIETCS OOCTATOYHO
o0IMM, M, B YaCTHOCTH, NpPH H3Y4YEHHUH MPOCTPAHCTBA-BPEMEHH
CrenuaIbHON TEOPUH OTHOCHTEJIBHOCTH, a Takxke B Teopuu [lupaka
U B TEOPHM 4YacCTHIl HE CTOMT OTKa3blBaTbCA OT KBATEPHUOHOB.



Masa 1V
ANreEpPA NMPOCTPAHCTBA-BPEMEHU

O1a [neiicTBUTesIbHAS airedpa KOHCTPYHPYETCA C INOMOMIbIO
YeTHIPEXMEPHOI 0 BEKTOPHOI'O MPOCTPAaHCTBa, obOjaparowero 6Oa-
3UCOM Yo, Vi (k=1, 2, 3), B KOTOPOM BpPEMEHHOH BEKTOP Yo
UMeeT KBaJapaTt, paBHBIA 1, a TPU MPOCTPAHCTBEHHBIX BEKTOPA Y
HMEIOT KBaJApaT, paBHbIi — 1. BekTopbl 3TH OpTOroHaJIbHBI IpYr
IPYTy, T. €. YIOOBJIETBOPSIOT YCJIOBHIO

Yqu+Yqu=0 (M,U=0, 1, 2, 3u u;év).

[Ipexxne BCero mokaxeMm, 4YTO TakMe YETBEPKH BEKTOPOB Cy-
LIECTBYIOT, BOCIIOJIb30BABIIACE JJIA 3TOTO PeasIM3alHeif BEKTOPHOTO
IPOCTPAHCTBa Kak MpOCTpaHCTBa MaTpHu. PaccmaTpuBas matpuu-
HOE TPEeNCTaBJICHHE

I 0 0 —o
=G )=o) @)

rae I =1, — enqunnuHas 2 x 2-maTpHna, a o, — MaTpuubl [laysu,
BBEICHHLIE B MpeAbiayuieil riase, Nerko MpoBEPHTH, YTO YIOMSHY-
Thie BBIIIE YCJIOBHS 1A Yo, Y, BBIMoOJHAIOTCA. [lpomsBenenus
JIMHEHHBIX KOMOMHAIMH TakuX MaTpHl Yy oOMagaloT BCEMH CBOM-
cTBaMu KM GHOPAOBOI CTPYKTYpPHl, HEPEHHCIIEHHBIMHU B NepBOH riia-
Be. UTo KacaeTcs pa3sMEPHOCTH COOTBETCTBYIOIIETO BEKTOPHOTO npo-
CTPaHCTBA %4, TO MOXHO OTMETHUTB, YTO

I4$ Yo, Y1s Y25 Y35 Y1Yos Y2Yo0s Y3Yo> Y1Y2s Y2Y3, Y3Y1»
YoY1Y2> YoY2Y3> YoY3Y1, Y1Y2Y3,

Ys = YoY1Y2V3

0o0pa3yroT 6a3uc NpOCTPAHCTBA Pa3MEPHOCTH 16 Hax moseM nei-
cTBHTENbHBIX Ynces R. [1ockoJIbKy MpH BHIYMCIICHMH BCEBO3MOXKHBIX
TIpOM3BENEHHIH B 3TOH ajredpe MOXHO CHCTEMAaTHYECKH I10JIb30-



AJITEBPA TIPOCTPAHCTBA-BPEMEHU 39

BaTbCA COOTHOIUCHUSIMH OPTOTOHAJbHOCTH IS Y, HETPYNHO TMO-
Ka3aTh, YTO B Pa3JIOXKEHHU HyJIEBOrO 3JjIeMeHTa %4 MO BBIMMCAHHOM
CUCTEME MYJIbTUBEKTOPOB MOT'YT BCTPETUTLCS JIULIb HyJIeBbie KO3(-
¢unuenter. Hanpumep, ans otbickanus xoddpduuuenra npu I, mo-
CTaTOYHO YMHOXHTBb 00€ YaCTH Pa3JIOKCHHS Ha Ys; 3aTEM, YMHOXKas
Ha Y1 A Y2 A Y3, IPOBEPUM, YTO KO3((HUUHEHT NpPH Y, TOXKE paBeH
HyJmIo, U T. I.
VYo6enuBIiuuch, 4To

Y3 = (Yov17v2Y3)* = —1,

MBI B gOajibHeilllieM 3aMeHuM Ys Ha i, a emuuuuny I, Ha 1;
Takas 3allUCh He NOJDKHA BbI3BaTh HENOPa3yMEHUMH, MOCKOJIbKY ¥4
ABJISIETCS anrebpoit Hax TojieM NEHCTBUTENIbHBIX 4YHCENI, HO BCe-
TaKH BaXXHO OTMETHTh, YTO, BBIYHCIIAS Y5 C MOMOLIBIO NMPENCTaBIie-
Hus (22), mbl He monayyuM B pesynbtare i'l,. CrnegoBaTtenbHO,
B OAaHHOM Ciyyae 3aMeHa ys Ha | SBJISIETCS BCETO JIMIIb YA0OHBIM
0603HaYeHUEM.

Wrak, 31eMeHT A, NpUHaUIeXkKamUi NpoCTPaHCTBY ¥4, MOXHO
NPEOCTABUTh B BHUIE

A=As+AV+ AB+AT+ A’,

T. e. A sBifeTCd CyMMOM
ckanmspa Ag = A,
BekTOpa Ay = AoYo + MY1 + A2Y2 + 373,
busextopa Ag = AioY1Yo + A20Y2Y0 + Az0Y3Yo + A12Y1Y2 +

+ A23Y2Y3 + Aa1¥aYi,
TPUBEKTOPA A7 = Xo12Y0Y1V2 + Ro13Y0Y1Y3 + Ro23YoY2Y3 +
+ X123Y1Y2Y3
ncesnockaiapa Ag= AsYs = Asi;

3gmech Bce KOIGQUIMEHTH A — meicTBUTENbHbIE 4vdcna. [alee
A€¥, OyneM Ha3bIBATh d-YKMCJIOM.

Crientyer elile ynOMSHYTh KBaapaTUiHyto Gopmy, accouunpoBaH-
Hylo ¢ 3To# anre6poit. Ecim

X = xoYO + x171 + XZYZ + x3‘Y3 = x”’Yn ('J' = 0’ 1’ 2, 3)9

1o (x)? = (x°)? — (x!)? — (x2)® — (x*)%. Tonoxup x° = x, = ct, rae
t 06O3HAYAET BpeMs, a ¢ — CKOPOCThb CBETa, M CYMTas x* KOOpHIH-
HATaMH B IPOCTPAHCTBE, NOJTYYMM KBAIPATHYHYIO GOPMY CTIeHHaTb-
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HOH TEOpPHH OTHOCUTEJILHOCTH:
CZtZ _ (x1)2 _ (X2)2 _ (x3)2.

Tenepb BBEOEM TPH BaXKHBIC ONEPALIUH:
1°. H3menenue 3uaka, T. €. HANpPABJIEHUS KaXJOro BEKTOPA,
npeobpa3syromiee A B

;4 =AS_AV+ AB_AT+ Af.

Eciu A=A, To A —verHoe d-uucino, a ecndu A= — A, TO
HEYETHOE.

2°. H3menenue nopadka comuoxcumeaeti Ha 00pamublii BO
BCEX MPOU3BENCHUSAX, KOTOPOE MepeBoauTr A B

A=As+ Ay— Ag— Ar+ Ag;
TaK, HalpHuMep,
I="Y0Y17¥2¥3 = ¥3¥2Y1Y0o = —YoY1Y2¥s = —i.

3°. Ymuoocenue caeéa na i, B pe3ynprate yero A mpeobGpasy-
eTcs B nyaJibHoe d-uHcio iA. BooGie rosopd, id # Ai, Tak kak i
aHTHKOMMYTHUPYET CO BCeMH BekTopaMu. Hampumep,

Yo = YoY1Y2Y3Yo = — YoYoY1Y2Y3 = — Yoi-

CnepoBatenbHO, ecnu A =A, To i KOMMYTHpPYET C A, HO €ClH
A= —A, TO i aHTUKOMMYTUDPYET C A.

Cxanspbl B ICEBAOCKAJISAPbI, BEKTOPHl U TPUBEKTOPHI OyaJIbHbI
Ipyr Ipyry, a GUBEKTOpHI OyalibHbl caMuM cebe.

1. MIPUCOEAVHEHHAA AJITEBPA NMPOCTPAHCTBA

KaxgoMy BpeMEHHOMY BEKTODPY Yo COMOCTaBUM IIPOCTPAHCT-
BEHHbIE BEKTODBI O, Mojaras Oy = Y,Yo; IPH 3TOM KBAIPATHI
62 = Vi YoYiYo = 1. ITo cBOMM anre6pauyeckuM CBOHCTBAM 3TH Oy
aHaJIOTUYHBl PAaCCMOTPEHHBIM DaHEE BEKTOpaM, NOPOXIOAIOLIUM
anredpy MpoCTpaHcTBa €3, TAK YTO IJIEMEHTBl %3 MOXHO CYUTATh
YETHBIMH d-4MClIaMH M3 NPOCTPAaHCTBEHHO-BPEMEHHOH anreOphl.
BynemM roBopuTh, 4TO BO3HUKaOIIass anredpa HpPOCTpaHCTBa coO-
OTBETCTBYET Y,, 1 HA30BEM DJJIEMEHTHl TAKOH ayreOpsl p-vUCIIaMH.
EctecTBeHHO, YTO HUYEM, KPOME 3HAUYEHUIH KBALPATOB, IPOCTPAHCT-
BEHHBIE BEKTOPHI Oy, G, O3 HE OTJIMYAIOTCS OT MPOCTPAaHCTBEHHBIX

BEKTOPOB Yy, Y2, Y3-
ITycts A — npousBoJbHBIA 371eMeHT ¥4 Ero uerHas dactb
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&, kak HETPYIHO BHIETb, OKaXETCA p-yucjioM. HedeTHas xe
yacte P’ Ttakoma, uto ueTHO P'yy, W, 3HAYHUT, ITO MPOU3BEICHUE
TOXE ABJACTCSI HEKOTOPBIM p-uucsioM Y. [Toaromy @' = yy,, U MOXHO
3anmucaTh

A =® + xyo,

roe @ ¥ y SABAAKOTCS p-4MCIIAMHU.
OTMeTuM ellle, 4TO

010,03 = Y1YoY2Y0Y3Yo = YoY1Y2Y3 = i.

Be3 storo mamm o6o3HayeHus B rJyiaBax III u IV e ObLiu Obl
COrJIaCOBAHBIL.

Tenepr obpaTHMcsi K OOHOMY CBOHCTBY I3TOH momairedpsl,
KOTOpOE Urpact BaxcHyIo poJib B Teopuu [lupaka. Chopmysnupyem
€ro B BUJE TAaKOH TEOpEMBI:

Cywecmgyem auneilHaA OUEKYUs MeHCOy MHONCECMBOM YemHbIX
d-uucen [upaka u mnoxncecmeom chunopos [lupaka, npedcmagieHHbviX
8 8ude KOMRAEKCHbIX CMOoA0Yo8.

O6o3HaunMm 4epes A mpousBoJIbHOE 4eTHOe d-yucio Jlupaka,
pasJiokeHne KOTOPOro no 6a3ucy NOANpPOCTPAHCTBA YETHBIX d-4HCes
HMEET BUJ

A =a; +diY1Yo + da¥2¥o + C173Y0 +

+ ayY271 + bavava + biYay: + Ca¥e¥iY2Ys

HamomHuUM KOHKpETHyIO peanm3amuio 7y, nepemuca (22) (i —
oOblYyHasE MHHUMAs €OUHUIA):

1o 0 0 00 0 —1

vw=f{01 0o o) yu=f00 -1 o},
00 -1 0 01 0 0
00 0 —1 10 0 0
0 0 i 0 0 —10

va=[0 0 - o), vs=[0 0 01
0 —i' 00 1 0 00
i 0 00 0 -1 00
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IMpn TakoM BHIGOpE Y BHIYHCIMM IPOU3BENEHUS BEKTOPOB,
obpasyromme 6a3uc sl YETHBIX d-4HCeN:

0001 0 00 -/
YiYo={0 0 1 01}, Y2Yo=§ 0 0 i 0},
0100 0 -0 O
1000 i 00 O
0 01 0 i 0O o0
YsYo=| 0 00 -1}, vava=f{ 0 =i 0 0},
1 00 O 0O o0 O
0 -10 O 0O 00 -/
0 -10 0 00
Y3vr ={ 1 00 0}, vsv2={¢ 00 0},
0O 00 -1 0007
0 01 0 004¢ 0
0040
YoY1Y2¥3=| 0 0 O 7
i 000
0i 00

Beenem Tenepb oToOpaxeHHE€ J NOCPEIACTBOM CIIEAYIOLIMX
onepauMii:

1°. ConocraBum uetHoMy A Matpuuny M u3 4 ctpox u 4
CTOJNIGIIOB, OJIBL3YSACh MATPUYHBIM MPEACTaBICHUEM (22) BEKTOPOB Y
¥ BBIYHCJICHHBIMH BBILIE NPOM3BEACHHSIMHU BEKTOPOB, 0GPa3yOLIUMH
6a3uc NOANPOCTPAHCTBA YETHBIX NUPAKOBBIX d-4HCEL

2°, Tlony4enHyro mMaTpuiy M YMHOXHM crnpasa Ha (HKCHPO-
BaHHYIO MAaTpHLY U, UMEIOUIYI0 OAMH cronbem:

0 (23)

B pesynpTaTe OT MaTpumel M oOcTaHercs ee nepBblit crosGen.
O603HaunM

Mu=Y.

Torna IO ONMpPCACJICHUIO MOjaracM
¥ = T (A).
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Matpauy M MOXHO BBIpa3uTb 4Yepe3 KOIDOHUIMEHT passiokeHHs
A mo 6a3ucy 4etHbIXx d-uyucei. Ham JOCTAaTOYHO SIBHO BRIIHCATH
TOJILKO TepBbIi crosnben:

a1+i'az...
b1+i/b2...
C.1+i/C2 e
dy+id, ...

M=

CoryacHO AAHHOMY OIIPEICHCHUIO,

a; + i'a2
by +1ib,
¢y +ic,
di +id,

Y = Mu =

Jlerko BUAETH, YTO IJIs JIOOBIX 4eTHBIX d-duces A; U A, U mpo-
H3BOJIbHBIX JEHCTBUTEABHBIX YMCENl A U U

T (M + pdy) =0T (Ay) + 1T (4y),

TaKk 4To OTOOpakeHne J JIMHEHHO.
Jns obpamenns ¥ B Hys b He0Ox0auMO, 4TOOLI OOpallaiuch B
HyJib JEHCTBHUTEJIbHBIE YHCIIA

a1=a2=b1=b2=cl=c2=d1=d2=0.

IT0 03HAYAET, YTO AJpO JIMHEHHOro oTodpaxeHus J , T. €. MHOXE-
CTBO BceX Takux A, o6pazamMy KOTOPHIX SABJSIETCS HYJEBOW CIIUHOD,
€CTb HYJIb, T. €. U3 PABEHCTBA HYJI10 7 (A) cleayeT paBEeHCTBO HYJIIO A:

Kers = {0}.

OTa 3anMch O3HAYAET, YTO HYJb — €JUHCTBEHHOE YETHOE d-4ucJo,
KOTOpO€ NEpPEBONUTCA B HYJICBOH CIMHOP NpU oTOOpaxeHuu 7 .

CnenosatenbHo, J  uUHBeKmugHo, T. €. Pa3JIHYHbIE UYETHBIC
d-uncna [{upaka Bcerja MMEIOT CBOMMH ofpasaMu Hpud oTobpa-
XeHHH J HecoBHajalole COUHOpHL. B camMoMm gene, ecniu
A # A', TO HEe MOXET OKa3aThCs, YTO

T (A) =T (4),
HOTOMy YTO H3 TaAKOro paBCHCTBa BBITCKAJIO 6];1, yTo
T(A—A)=0.

Ho Torpa, kak 6bu10 noka3ano, 4 = A’ B IPOTHBOPEUYHMH C HAILLIUM
npeanosoxenueM, uro A # A'.
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OtobpaxeHne J TaKxe U ClOpbeKmusHo, T. €. ABJseTcs oTobpa-
KEHMEM Ha BCE BEKTOPHOE MPOCTPAHCTBO CHMHOPHBIX cT0J010B P,
ubo 3amaHueM koddduuuentoB a, b, ¢, d cronéua ¥ omnpene-
nseTcs yeTHoe d-4uciio A ¢ Temu ke kodddunneHTamMy, 17151 KOTOPOro
J (A) =Y. 3Hauut, JuHEiHOEe OTOOpaxkeHMEe < UHBEKTHBHO H
CIODBbEKTUBHO, T. €. GHEKTHBHO, W HAllla TEOpEMa JoKa3aHa.

MBI yBUAUM, YTO MHOXECTBO YETHBIX d-4uces A UMEET CTPYKTYpPY
KOJbLIa, TOT/Ia KaKk MHOXeCTBO cnuHOopoB W nomunHseTcs OOBIY-
HBIM TpaBUIaM [ACHCTBUA C MaTPUIAMH, ONpPEIEAIOLIMM MEHee
GoraTyro CTPYKTYpY, HOCKOJIbKY HE 3a/aHa ONepamis YMHOXEHHs
CTOJIOLIOB, COMOCTABJIAIOMIAA ABYM CIMHOpPaM CHOBa ciuHOp. [103-
TOMY 3aMeHa cnWHOpOB /[lupaka, AEHCTBYIOLIMX B 3PMHUTOBOM
BEKTOPDHOM MPOCTPAHCTBE, Y€THBIMHU d-4HCIAMH, KOTOPBIE SBJIAIOTCS
CyMMaMH 4 TMpPOM3BENECHUSMH BEKTOPOB IPOCTPaHCTBA-BPEMEHH
CeUUaJbHON TEOPHH OTHOCHTEJBHOCTH, HE MOXET HE IOBJIEYb
3a coboil u ¢u3nyeckux cieacTBui. Takas 3amMeHa [IOJIKHA IIpU-
BECTH K OOOTAIEHUIO TEOPUH, U BIOCJIEACTBUM MBI MOKAXEM, YTO,
nepeiss K MpEACTaBJICHUIO BOJHOBBIX (GYHKUUH 3j1€eMEHTapHBIX
4acTHIl He CIOHHOpPaMH, a 4YeTHhIMH d-unuciamu Jlupaka, Mbl
CMOXEM MOJIYYHTh HEKOTOPYIo Kiaccudukanuro GpyHIaMeHTanbHbIX
4aCTHIL.

Ham nonano6utcs eme onHo 3ameyanue. Ilycte A’ — HeueTHOE
d-4ucio M, crano ObITh,

A=—-A
Beenem uetHOE d-uMciO0 A COOTHOLUEHHEM
A’ = y9A, cnenoBatenbHo, A = YA .

TakuM o6pa3oM ycTaHaBIMBAETCH OMEKIUSA MEXIY MHOXECTBOM
YETHBIX M HEYETHBIX d-4YMCElNl, a CIEIOBATENbHO, U GHEKIMS MEXIY
MHOX€ECTBOM d-urcen A’ 1 MHOXECTBOM CNHHOpPOB [lMpaka, mpen-
CTaBJICHHBIX CTOIOLAMH M3 YETBIPEX KOMIUIEKCHBIX uHcesl. Obo3Ha-
YUM 3Ty nocienHioro Ouekuuio J . U3 paBeHCTB

A'u =Y =yoAu = y,¥

BeiBogMM, 4To0 W' =0 TosBKO TpM ycnoBuum A =0, 1. e. AApO
JIMHEHHOTO OTOGpaXeHust J ' CBOAMUTCSA K €IUHCTBEHHOMY d-4HCILYy.
3T0 HyJeBOe d-4MCJIO, OAHOBPEMEHHO M 4YETHOE, M HEYETHOE,
SBJISETCS OOUIMM 3JIEMEHTOM [BYX [OMOJIHHUTEJbHBIX MOANPO-
CTPaHCTB, @ HMEHHO NOANPOCTPAHCTB {A} d-uucen A u {A'} d-uncen
A', upsiMas cyMMa KOTOpPBIX 0Opa3yer Bce IPOCTPAHCTBO d-4Hces 6 4.
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2. TPAAUEHT

VnobHo BBECTH ellle 4eTBEPKY OGA3HCHBIX BEKTOPOB:

0o __ 1 _ 2 _ 3 _
YY" =Y ¥ ==Y Y =—"%Y2 Y =—73
M COOTBETCTBYIOILME KOOPAMHATBI X, IJIs KOTOPBIX

Xo=x° x;=-—x', x,=—x% x3=—x"

I'paIueHTOM HAa30BEM OIEPATOP
O =v*0,; (24)

MHJEKC CYMMHPOBAaHUA (L TpuHUMaeT 3HaueHus 0, 1, 2, 3, a oneparopsl
mpdepeHuupoBaHus 0, MMEIOT TOT JXe CaMblif CMBICH, Kak H
npexne, B 1. III, 1. €.

0

0, = R

Ecniu BektopHoe mnosie A sBaserca auddepeHnupyemMoil Bek-
Top-hyHkmmeit x*, To aeiictBue oneparopa (24) Ha A mpeacTaBUMO
B BHJE CJICIYIOLIEr0 Pa3JIOXCHHUS:

OA=0-4+0A A

Bynem HaswbiBaTh []-A Oueepeenyueii, a [] A A — pomopom A.
Beenennblit 31ech omepatop [] HMMeEET NPOCTYIO CBA3b Kak C
OOBIYHBIM MPOCTPAHCTBEHHBIM I'PAIUEHTOM V, ONIPEIeSICHHBIM PaHee,
Tak ¥ ¢ omeparopoM J[anambepa, wiu odasambepmuanom. YcTa-
HOBHMM 3Ty CBSI3b, 3aMETHB, 4TO

V:YOADa

IOTOMY 4TO Yo A [ = YoY"0x = 6404, TOE CymMMmupoBaHHE MO k
Benercs ot 1 go 3. Kpome Toro, HcnoJsib3yss OpTOTOHaJIBLHOCTD Y,
BCEM 7Y, MOXHO 3alucaTth

ao = Yo . D.
CJ[CI[OBaTeJ'lBHO, BO3MOXHO TaKO€ pPa3JIOXCHHUC:
YoO =100+ V. 25

B 3axiroveHHe BBLIYHCIMM KBagpar rpajgdeHra, T. €. omeparop
D2 = (Yuau)z = (Yuap) (Yuau)
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IlpuHMMas BO BHMMAHHE CBOMCTBA BEKTOPOB 7, HOIY4YHM, YTO
2_a2_ 82 _ a2 _ a2
0* =05 — 01 — 03 — 03,

M, TakuM obpasoM, []° — CKansApHBI oOnepaTop, HA3bIBAEMbIi
oasambepmuarom.

3. BEKTOPb! 1 BUBEKTOPBGI

ITycrs x = x"y,, roe W, Kak Bceraa, €CTb HHAEKC CYMMHPO-
BAHU#A, NpUHAMArOmuMi 3Hauenus 0, 1, 2, 3. PaccMorpumM mpowusse-
JeHHue

YoX = Xo — X'0, — x?0, — x30,;.
VC1oBHMCS BEKTOPbI IPOCTPaHCTBa T1aymu 0603HAuaTh KHPHBIM
wpHdTOM:
x = x'c, + x%c, + x°0;,

IUI. TOTO 4YTOOBI OTJIMYATh MX OT BEKTOPOB MPOCTPAaHCTBa-Bpe-
MEHH, KOTOpbIe Bcerja o603HavaroTcsd KypcuBom. TakuMm obpasom,

YoX = Xp — X.
Paznoxum Ousektop Be®, mno 6asucy mnoampocrpaHcTBa 6u-
BEKTOPOB:
B =a,0, + a,0, + a303 + as¥1Y2 + 57273 + aeYaY1

Ecnu ngns nuHefiHbIX KOMOMHAUWH BEKTOPOB G, C ITHMH HEHCT-
BUTEJILHBIME k03 duIMeHTaMU a, BBECTH 06O03HAUCHUS

G =a,0; + a,0, + a;cs,

’

o' = —(as0; + a0z + a403),
TO B CHJIy COOTHOLUIEHUH
—iGy =72Y3, — 02 =73Y1, —I03=Y7;
MOHO BCAKHi OUBEKTOp B 3amuchiBaTh KAK CyMMY
B =0 +ic, (26)

rle G ¥ G’ — BEKTOPbI MPOCTPAHCTBA.
Tenepb OOKaXKeM TAKOE YTBEPXKICHHE:

IIpouseedenue AA uemnozo d-uucaa A na uucio A ¢ muavdoi
npedcmagasem coboii cymmy cKaiApa u NncesooCcKaifapa.
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B camoM fgesie, NOCKOJIbKY A 4eTHO, A = Ag+ Ap + Ag, Tak YTO
AA = (As+ Ap + As)(As — Ag + Aj) = (A5 + Ag)? — A3
Ho senmb u (Ag + As)%, u
A} =02 —0o"? +i(co’ + 6'0)

SBJIIFOTCA CYMMAaMH CKaJIpa M ICEBJOCKANAPA; TEM CAMBIM HYXHOE
CBOHCTBO AA noka3aHo.

CnenoBatenbro, npu AA # 0 3TO mpousBeneHue NpEeaCTaABUMO
B BUIE

AA =a+id = pexp(iB),
€CJM BBECTH [EHCTBUTENbHbIE MapaMeTpbl p U B COOTHOLICHUAMH
pcosp=a, psinf=d,

U3 KOTOPBIX OMHO3HAYHO ompenenserca p >0, a B HaxoguTcs c
TOYHOCTBKO OO Cjiaraeémoro, Kpa.THOFO 27T.

O603na4uB R = A [pexp(if)] ™ '/?, ybexnaemes, 4o R ynoBner-
BODSIET JBYM YCIOBHSIM:

R=R, RR=1; 27

kak 6yner moka3aHO [asiee, 3TH YCJIOBHS XapaKTepU3yIOT JIOpEH-
LEBbl BpalICHUS.

INpuBenem eue omHo cieacrBue (26). PaccMoTpum kBagpar
6uBexTOpa

B? = (0 +i0’)* = 6% - 0’2 + 2ic- G

Ecmm 6.0’ =0, To B? — feiicTBUTENIbHOE 4YMCIO, M TOTHA OM-
BeKTOp B Ha3bIBalOT mpocThiM. B Takom cryuae

1°. Ecniu o2 > o', 6uBekTop B Ha3hLIBAaeTCAd BPEMEHHEIM.

2°. Ecnu 6% = 6’2, B Ha3bIBAETCA H30TPONHBIM.

3°. Ecmu 62 < 6’2, B Ha3biBaeTCd IPOCTPAHCTBEHHBIM.
Eciu xe -0’ # 0, To 6GuBekTOp Ha3biBaeTcs cocraBHbIM. Cripa-
BEUIMBO TAKOE YTBEPXKACHHUE:

Kancoviii  cocmagnoii  6usekmop B pasen cymme S{B; +
+ S,iBy, 2de Sy, S, — ckaaapvl, odun u3 busekmopos By, iB; npo-
cmpaHncmeeHHtblil, a 0py20il 8peMeHHO.

IMonoxum

Bl = exp(l(p) B’
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rae ¢ — AeWcrBUTeNbHOE uuciao. Toraa

B? = exp(2i@) B> = exp(2i¢) (62 — 6'* + 2ic-0') =
=(c%? — 0% cos2¢ —2c-0'sin2¢ +

+2ic-0'cos2¢ + i(c? — 6'?)sin2 .

Buibepem @ Takum oOpasoMm, uTobbl B? okasaics cKamsipoMm,
T. €. Tak, 4To6bl 0GpaTWIOCh B HYJIb BBIpaXEHHUE

26-0'cos2¢ + (6% — 6'Y)sin2 .

Tako#t BHIGOp BCerma BO3MOXEH, TaKk Kak MO MPEANONOXECHHUIO
B — cocrasHoM 6uBekTop. IIponenas 3To, 3anuiiem

B =exp(— i9)B; = B, cos @ — iB; sin .

MBI TONYyYHM HYXHYIO JHMHEHHYyIO KOMOHWHANuI0 OHBEKTOPOB,
MOJIOXKUB

Sy=cosp, S,= —sine.

4. BUKBATEPHUOHDBbI

[Mpenpiayure paccyxIe€HHA MOKa3bIBAIOT, YTO KAXK/IO€ YETHOE
uyucno dupaka A npu AA # 0 MOXHO NIPUBECTU K KaHOHMYECKOMY
BUAY

4 =[pexp(iB)]":R, (28)

M B 3TOM BBIDRXEHHM R — 4eTHoe d-4yuCliO, YIOBIETBOPSIOIIEE
yciosusMm (27), a UMEHHO

R=R, RR=1.

Hanee Mbl IpOBEPUM, YTO TAKHE 4UCHAA R ABIAIOTCA IKCIIOHEH-
TaMH OT GUBEKTOPOB H NPE/CTABIAIOT BPAILCHHUS B IeHCTBUTENBHOM
MPOCTPAHCTBE-BPEMEHH TEOPUH OTHOCHTENBHOCTH, MOJOOHO TOMYy
KaK 9KCIOHEHTHI OT MPOCTPAaHCTBEHHBIX OMBEKTODPOB, ABJIAIOLIMECS
YHATApHBIMM KBaTEPHHOHAMH, [MPEACTABIAIOT MPOCTPAHCTBEHHbIE
BpallleHUs. 3amucaB Tenepb BOJIHOBYHO (DYHKIHMIO B KaHOHHYECKOM
Buze (28), MBI MOXeM B OOIMX YepTax OOBIACHUTH ee (puU3MuecKuit
CMBICJI M TEM CAMBIM OTYaCTH ONPaBIaTh IPEbIAYIIEe TOCTPOEHHE.

1°. B kaxmo#t Touke O(X) NpOCTPaHCTBA-BPEMEHU HEOTpPHULA-
TenbHAasd BeJMYMHA p(X) 3a4aeT IUIOTHOCTb BEPOSTHOCTH IIPUCYT-
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CTBHUSL YAaCTHLbI, U 3Ta BEPOSTHOCTb MOJDKHA ObITh HOPMHMPOBAaHA
BO BCEM MpocrpaHcTBe popmyioii

[pdr=1

Q
(3mech dt — aneMeHT OGbeMa TPEXMEPHOTo INPOCTPAHCTBA, a HH-
Terpail 6epeTcs no BceMy mpocrpaHcrey (). J1a ¢opmyna o3Ha-
YaeT, YTO NPHUCYTCTBHE YaCTULBI FAe-TMO0 B MPOCTPAHCTBE —
JIOCTOBEPHOE COOBITHE.

2°. B xaxnoit Touxe O (x), eciii H3BeCTHO d-4mcio R (x), MOXHO ¢
MIOMOLLbIO BpaieHus: GUKCHPOBaHHOMN CUCTEMBI OTCYETA B IIPOCTPAH-
CTBe BEKTOPOB Y NEPEHTH K HOBOH CHCTEME, KOTOpas Ha3bIBAETCS
cobcmgeHHoll cucmemoil OTCYeTa 11 4acTUlpl. ba3ucHble BEKTODBI
COGCTBEHHOH CHCTEMb! CBSI3aHbl C IUIOTHOCTSIMHM XapaKTEPUCTHK
mons (TOK, CIHH, 3JEKTPOMArHUTHbIE MOMEHTBbI), M TpeGyeT-
csl, 4TOOBI IpajMEHThl ITHX BETHYAH MOXHO ObUIO HAXOIOUTh Kak
(YHKIMH XapaKTepUCTHYECKUX MMapaMeTPOB YacTHIpI (Macca, 3apsi)
H BHCIUHETO JJICKTPOMAarHUTHOIO MOJiA, B KOTOpPO€ MNOMELICHA
yacTuna. Mbl yBHAUM, 4TO B Teopur JUpaka 3TH rpaJueHThI 1O-
3BOJISIIOT OMKCATH IBOJIFOIMIO YACTHIIBL

3°. Ocraetcs uHTEpNperupoBaTh yrona B(x) B nro6oii npocrpas-
CTBEHHO-BpeMeHHOi Touke O(x). ITO OOBOJIBHO TOHKAas 3ajaaua,
HOCKOJIbKY 3HaveHue P (x) oxasblBaeTcsl CBA3AaHHBIM C Pa3INYHBIMH
COCTOSIHHUSIMH YaCTHIbl, UMCIOIIIUMHU OTPHUUATECIIbHYIO JHEPTHIO.

Wrak, npuBeneHne BOJHOBON (QYHKIMH K KAHOHHYECKOMY BHJIY
(28) urpaer BaxHeWiiyro ponb. OTa (QYHKIMS COCTABJISETCS M3
JJIEMEHTOB, KOTOpblE HUMEIOT MpPSIMON ¥ TOYHBIA cMbICH, (U3UYe-
CKUH WIM reOMETPUYECKHii, TO3TOMY B pe3yjibTaTe caMa BOJHOBas
(GyHKIMS yTpayuBaeT TOT HECKOJIbKO MHCTHYECKHH XapakTep, Ko-
TOpBI OHa HOCHT MpH CTaHIAApTHOM mnoaxone. Ilpumensiembrit ma-
TeMaTHYECKUil anmapaT oKa3blBaeTcs GoJiee afeKBaTHBIM peabHOM
EHCTBUTENbHOCTH.

BaxkHoe 3HaYeHME YETHBIX d-yMcen MO HENABHErO BPEMEHH HE
ObUTO BBISIBJIEHO, BOT TOYEMY Ui HHX HE CYLIECTBYET OOLLeNpH-
HSTOrO CHelMa bHOrO HauMeHOoBaHWs. MX Henb3s Ha3BaTh CIu-
HOpaMy, MOTOMY YTO OHM HE MOAXOASAT MOJA ONpeAeNiCHHUE CIUHO-
poB, KOTOpoe Oyner mpuBeneHo B nanbHeiiinemM. Ha camom perne
TAKOE€ YHCIO SIBIAETCS CYMMOH IIOJIOXHTENBHOIO M OTpPUIATENb-
Horo cnuHOpoB. EcrecTBeHHO ObLTO GBI HAa3BaTh UX OKTAHHMOHAMH,
4TO0Bl HAallOMHUTb O BOCbMM KOMIIOHEHTax, a ellle jay4ine Ou-
K8amepHUOHAMU B COOTBETCTBUM C MX CTPYKTYPHBIMH CBOMCTBaMH,
JeTanbHbIM aHAJIHU3OM KOTOPBIX MbI Tenepb 3aiiMemcs.

4-394
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IIpexnae Bcero OTMETUM, YTO Ha3BaHUE «OUKBATEPHHUOH» ONpaB-
IbIBACTCS CIACOYIOIIMM pas3jiokeHueM (¢ yuerom (26)):

A=a+oc+ib+ioc’;
37€Ch a ¥ b — NEHCTBUTENBHBIE YMCNA, U TEM CAMBIM
A= q+ iq,a

rae q U q' — nBa KBaTEpHUOHA.

Takoe pa3noxeHHE Bcerja BO3MOXHO, M OHO €IMHCTBEHHO.
OTcloga HEMELJICHHO BBIBOIUM, YTO

1°. MHOXecTBO Takux A MMeeT CTPYKTYpY BOCBMHMEPHOIO BEK-
TOPHOTO TPOCTPAHCTBa Haj INOJIEM NEHCTBUTENBHBIX 4YHCE.

2°. DT0 MHOXECTBO 00JIafaeT CTPYKTYPOH Ko1byd, TaK KaK Hpou3-
BEIEHUE NBYX KBATEPHHOHOB SIBJISETCS KBATEPHHOHOM, H, CI€LOBa-
TEJbHO, 3aIlHCaB

Ay =q,+iqy, A;=q;+ig,
MOXHO npoussencHue A;A, NPENCTaBATH B BUAE
A14; = (g1 +i91) (42 + ig2) = (9192 — 9192) + (4192 + 9:42).

Tem caMbpIM MOKa3aHO, YTO ONpEHENieHa Omepanus BHYTPEHHETO
YMHOXEHHUS IJIEMEHTOB.

ITepeiinemM Tenepb k 10Ka3aTesbCTBY TOrO, YTO OGHKBATEPHHUOHBI
He o6pa3yloT Teno. [{ns 3Toro nposepuM, MOXHO JIM HaWTH Ou-
kBaTepHUOH Q + iQ’, KoTopblif ObUT Obl MpaBbIM OOpPATHBIM IS
6uxBaTepHHOHa A = q + iq’. 3HaYMT, HaM Hago HCCIENOBaTh pa-
BEHCTBO

(@+i)Q+iQ) =1,

IJIs1 CIIpaBE€JIMBOCTH KOTOPOIo Tpe6yeTCﬂ, B CHMJIy €AMHCTBCHHOCTH
Pa3JI0OXKECHHUS A Ha nBa KBAaTCPHHUOHA, BLIMOJHCHUE NBYX DAaBCHCTB:

{ Q0 —4'Q' =1,
qQ +49 =0.

Ho xBatepHUHOHBI 06pa3yIOT TeJO0, OITOMY M3 BTOPOrO YPaBHEHHS
BBIBOOMM B CIIy4ae HEHYJIEBOTO ¢, 4YTO

Q=-9"'90Q,
H, NoACTaBIsAA 3TO Bblpa)KCHPIC B NIpE€abIAYIIICC ypaBHe}me, nojay4aem
(@+4d9'9)Q=1
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Tak Kak q + q'q” 'q' — KBaTepHHOH, Takoii ( CyIECTBYET H IPUTOM
€IUHCTBEH TOrJa M TOJILKO TOrjAa, Korna

q+4'q 'q #0. (289

B takom ciyyae Q' TaxKe CYIIECTBYET, ¥ MO3TOMY CYLIECTBYET
¢AMHCTBEHHBIH npaBblil 00paTHBIA OuKkBaTepHHOH Q + iQ'. HakoHner,
ecu ¢=0, a ¢ #0, To M3 ycnosus q'Q =0 BBITEKAET, YTO
0 =0, a ycoBue —q'Q'=1 npu ¢ # 0 onpenenser Q', u Tem
caMbIM omnpefesieH oOpaTHbIH 31eMeHT iQ'.

B utore nonyyaem: eciu A # 0, To npaBblil OOpaTHLIA 37IEMEHT
CYLIECTBYET B TOM H TOJBKO TOM CJiy4ae, KOT/a BbINOJHSETCS
yciosue (28).

Takum 06pa3om, [1si ONUCAHUS MHOXECTBA TEX OUKEAMEPHUO-
108, 045 KOMOPBIX He Cywecmayem npagslx 06pamublx, HAM OCTAETCs
HW3YYMTh OrpaHUYCHUE, HajaraeMoe 3THUM ycioBueM (28).

Beenem
x=q"'q;
Tora HesbinosHeHue (28') o3Hayaer, yto x> = — 1. Ho Benp, 6yayuu
KBATEPHUOHOM, X TPEJICTABUM B BUIE X = a — iC, IIE @ U G- —
JEeACTBATE/bHBIE YUC/A, 3HAYUT, PABEHCTBO x> = —1 MOXHO Tnepe-
nucaTh B Buze
a* — 6% —2aic = — 1,

a 3TO PABHOCUJIBHO TPEOOBAHHIO
a=0uoc’=1,

MOTOMY 4YTO TIPH AEHCTBUTENIBHOM a anbTepHaTUBa © = 0 HCKIiIIO-
4aeTCsl.

CrenoBateibHo, X = ¢~ !¢’ = — ic ¥ ¢ = — iqc ¥, CTan0 ObITH,
obuuit BuA OUKBaTepHUOHA, HE HMMEIOLIETO NpPaBoOro obpaTHoOro,
TaKOB:

qg+ig =q( + o)

_Otmerum eme, 4yt0 A =q(l + ©) YAOBIETBOPACT YCIOBHIO
AA =0 u, kak OydeT NOKAa3aHO HMXE, MHOXECTBO TaKHX Ou-
KBATEPHUOHOB M30MODP(HO MHOXECTBY CIHHOPOB.

MoxHO nNpoBepUTb, YTO Y 3ITHUX OMKBATEpPHUOHOB HE CYIIECT-
ByeT U JIEBBIX OOpAaTHBIX, a 3HAYUT, MHOXECTBO BCEX OWKBaTep-
HHUOHOB He ofpazyer TeJa.

BeKTOpHOE NPOCTPAHCTBO OUKBATEPHUOHOB MOXHO HOPMUPO-

4%
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samp, BBOAS ansg A = q + iq' Hopmy || A || mubo dopmynoi
141% = 94 + 47,

aubo ¢opmysnoi
1417 = (AvoAv0) s

rae S 0603HaYaeT CKaJIsApHYIO YacTh OMKBATEPHUOHA, 3aKJIIOYEHHOTO
B ckoOku. OGe ¢GopMyJibl ONpEnessAsoT OAHY M Ty XK€ BEJIMYUHY
|A], noromy utO

AvoAyo = (g + i)Yo G + id) Yo = (g + ig) (G — i7) =
=q3+4qq +ilqg'q—4qq)

W, 3HAYUT, CKaJSIpHas 4acTb ITOro INPOU3BENCHUS COBNAJAET C
nepBbIM BbIpaxeHueM At || A ]2, OTmeTum elle, yto

1412 =1lql*+ 14’2

Taxum obpaszom, u3z || A| =0 BeiTekaer, uto |q|| =0 u ||4'|| =0,
cnenoBatesbHO, A = 0, T. €. BBINOJIHAETCS NEPBOE CBOHCTBO, ury-
pupyrolliee B ONpeaesieHUd HOPMBIL.

Bropoe u TpeTbe XapaKTEepUCTHYECKUE CBONCTBA HOPMBI IIPOBE-
pstotrcs 6e3 Tpyna. MoXHO nokasath, YTO OCHCTBUTENIBHOE BEK-
TOPHOE NPOCTPAHCTBO OMKBATEPHHOHOB SIBJISIETCA NPOCTPAHCTBOM
Banaxa, Tax kak OHO HOPMHUPOBAaHO U HMeET KOHEYHYIO pa3mep-
HOCTb (4, CTaJIO ObITb, BCE HOPMbI JKBUBAJICHTHBI), & NOTOMY 3TO
NPOCTPAHCTBO OKAXETCS U TOJIHBIM.

[TockonbKy BBeleHHAash HOpMa €BKJIMAOBA, mapaMm OMKBAaTEpPHU-
OHOB MOXHO COINOCTaBUTb CKaJIIpHOE HpPOU3BEICHHUE, YIOBJIETBO-
psroniee HepaBeHcTBY lIBapia. Ilo ompenenenuro

(A1, A2y = 7(‘11‘}2 + 4241 + 913> + 424)),
WHaYe roBop4,
(Ay, A2 =<q1, 920 + <91, 920

Bce cBoiicTBa CcKajpHOTO NpPOM3BEAEHUS (CUMMETPUYHOCTD,
OUIIMHEHHOCTD, TOJIOXKUTEIIbHAS ONPEAETIEHHOCTb COOTBETCTBYIOIEH
KBaJApaTU4YHOH (OPMBI) JIETKO NPOBEPSIOTCSL
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SAQNEKTPOAMHAMUKA U ®OTOH

1. YPABHEHUA NOPEHLUA

IlycThb B KaX10# TOYKE NPOCTPAHCTBA-BPEMEHH 3a1aHbl OUBEKTOP
F, onucelBarolMy 3JEKTPOMArHUTHOE II0JIe, U BEKTOP IJIOTHOCTH
Toka J. MBI cefiuac mokaxeM, 4TO ypaBHeHHS JlopeHLAa MOXHO
3anucaTh B Npoctol dopme, npeanoxenHoi M. Puccom:

OF=J. (29)
VpaBHeHue (29) pacnanmaeTcss Ha OBa:
O-F=Ju[QAF=0.
OtMmeTuM, YTO B pazioxeHuu (26) 6usextopa F
F=E+iH (30)

BEKTOpbl TpexMepHoro InpocrpaHctBa E u H onuceiBaror coot-
BETCTBEHHO 3JIEKTPUYECKOE M MAarHUTHOE MOJIE.
VYmuOXUM (29) cneBa Ha Yo W BBeaeM OOO3HAUYCHHUE

Yo =q
C yuetom (25) nonyuum
©@o+V)E+iH)=q—],

OE+VE +i0gH+i(V-H+V AH)=g—j.

Boifenssis B 3TOM ypaBHEHUH €rO CKaJSIpHYIO, BEKTOPHYO, Ou-
BEKTOpPHYIO U TICEBAOCKAISAPHYIO YacTH, NPUXOIUM K 4YeTbIpeM
YPaBHEHHUSIM

V-E=gq, E+iVAH=—]
(3D
i00H+VAE=0, iV.-H=0.

Bocnosnb30BaBIIMCE TEM, YTO UISI NMPOCTPAHCTBEHHOTO BekTopa E
(um H) omnepamms iV A E cBoautcs x B3sturo potopa V x E,
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NPUBEJIEM 3TH YpPAaBHEHHS K NPUBLIMHOMY BHIY:
V.E=gq, E-VXxH=—j,
oH+VXxE=0, V.-H=0.

Kak u yTBepx/ajoch BHayaje, NoJy4YeHbl ypaBHeHus JlopeHua 17
JBHXKYIIErocst 3JIEKTPOHA.

2. MOTEHUWA=DbI

CnencrueM (29) sBIsieTCS 3aKOH COXPAHEHUS 3JIEKTPHYECKOTO
3apsaga. CornactHo (29),

*F=0J=0-J+QO~AJ

Ho Benp []? — ckanspHBI OmepaTtop, MO3TOMY HOJDKHO BbINOJI-
HATbCA ycnosue [1-J =0, T. e

(ODs = (yvoO Jyo)s = [(YOD)(JYO)]S =0,

rae MHIEKC S, Kak Bcerjla, O3HA4aeT B3ATHE CKaJApPHON 4YacTu
d-uncia. ’
Ilocnennee paBeHCTBO MepeNUChbIBAETCA B BHIE

[Go + V) (g + )]s =0,
2033

DT0 ypaBHEHHE W UMEIOT B BHIY, TOBOPS O COXPAaHEHHH 3apsja.
MoxHO npeacTaBuTh F Kak I'PajiieHT HEKOTOPOTO BEKTOPHOIO
nons A (uoreHuuana):

F=OA=0O-A+0AA
VuntbiBad, 4yto F — OGuBekTOp, UMeeM

0-A=0u F=[] A A.

IToacraBuB 3T0 BhIpaxeHHe B (29), moayynM BOJHOBOE ypaBHeHHE
s A:

%4 =J.
BekTop A onpeneneH HeogHo3Ha4yHo. B camom nene, paccMoTpuM
A=A+ 0y,
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BHIOpaB ckansAp ¥ Tak, 4to6wl 1%y = 0. Torna
. D A, = D A’

M 3TO Ha3bIBaeTCAd KaJIHOPOBOYHOH WHBAapHAHTHOCTHIO.
B 3axmouenne mokaxem, 4yto E m H MOXHO HaxomuTh Kak
¢bysxkumn moteHumanos. ITycts

A'Yo = Ao -+ A,
F = (O7Y0) (YoA) = (0o — V)(4o — A) = E + iH.

OTcrona BbIBOIHM BbIpAXE€HHE [J1d noJiei Y€pe3 MNOTCHUHAJIBI:

E=—00A—VA4,, H=VxA. (32)

3. CUNA NOPEHLUA

UetsipexmepHOH cutoll JlopeHlla Ha3bIBalOT BEKTOP

K=F-J

Ho

FJ=—J.F=— %(JF — FJ).
IToatomy

(F-J)yo = %(E + iH)Jyo — %J'yo(— E + iH)
Opuako
JYo=q+j u Kyo=K,+K

CrnenoBaTesibHO,

Ko+ K=gE+E-j+ Zi(Hj —jH),
a 3TO NPUBOAUT K IBYM YpDABHEHHUSM:
K0=E'j’
K=gE4 iHAj=gqE—-H xj=qgE +j x H.

B mnpocrpancTtBenHOM Bektope K MBI y3HaeM 0OblYHOE BbIpa-
XKeHue s cwibl JlopeHua.
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4. ®POTOHbLI

VpaBHeHus: MakcBenna B NyCTOTE NOJIYYHUM, NPUPABHAB HYJIIO
BEKTOp TOKa:
OF=0. (33)

ByleM HcKaTh €ro pellieHMe B BHIE I[JIOCKMX BOJH, HOJOXHB
F(x)=fexp[ik-x)],

rae f — nocrosuHbl OusexkTop, a k = k*y, — mocrosHHbIH BEKTOD.
Tak xak [J = y"d,, noayuaem, 4To

OF =v*fo,exp[ilk-x)] = y*ifk,exp [i (k- x)],

notomy 4ro k-x =k,x*(u=0, 1, 2, 3 — Ha1ekC CyMMHpPOBaHH).
Orcrona

OF = kifexp[i(k-x)],

TIOCKOJIbKY CKaJIApbI Kk, KOMMYTHDPYIOT CO BCEMH NIPOHM3BEICHUAMH
BektopoB. M3 (33) BwmiTekaer, uro kf=0, a crnegoBaTtenbHO,
Yokf =0, 1. e.
(ko — k)f=0. 34
VmMHoxas obe 4YacTM I3TOrO COOTHOIEHHS cieBa Ha ko + K,
HaWgeM, 4YTo
k3—-k3)f=0, T e ki=Kk.

UtoObl NMOJyuuTh AajibHeElIliee NpeacTaBieHue 00 3TUX MOHO-
XpOMAaTHYECKUX pELIeHHSX, Pa3IokuM [ B cymmy e + ib u mozcra-
BuM B (34). D10 pmacr

(ko — K)(e + ib) = 0,
Wik
koe +ikgb=k-e +k ne+i(k-b)+i(k Ab).

Otaenas CKAJIAPHYO U IICCBIOCKAJISIPHYIO 4YacTU INOJIYYCHHOIO
paBE€HCTBA, IPHXOOUM K COOTHOUICHHAM

k-e=0, k-b=0,
NOKa3bIBAOIIUM, YTO IIOJA € U b ﬂep]’leHlIHKyf[ﬂprI HanpaB-

JeHuro pacnpocrpaHenust BojHbl k. OcraBiuafcs 4acTb paBeHCTBa
UMEET BUI

koe +ikgb=k ne—k xb.
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OTcrofa BBIBOAUM, YTO
k()e =—k x b,
kob

k x e,

Tak 4To e U b mnepneHAMKynsSipHBI ApPYr ApYry, HanpaBieHue
k DepleHmuKyISIpHO IIOCKOCTH BEKTOPOB ¢ U b, a e? = b2,

Taxum 0Opa3zom, Mbl TIOJYyYWIU BCE U3BECTHbIC CBOMCTBA MOHO-
XPOMATUYECKUX 3JICKTPOMArHUTHBIX BOJIH.



Mnasa VI

MPEOBPA3OBAHMUE JIOPEHLA

1. BPAWLEHWUA MPOCTPAHCTBA-BPEMEHMU
IMycth X — BEKTOp MPOCTPAHCTBAa-BPEMEHU; CONOCTaBUM €MY
x' = RxR, (35)
rae R — takoii OUKBATEPHUOH, YTO
R=R, RR=1.

BexTopsl mpocTpaHCTBa-BPEMEHH XapaKTepU3yroTCs ABYMs CBOii-
CTBaMHU:

X=—-Xx, X=X
Ho, mockonbky
¥ =RxR = — x' u % =RxR = x,
X' TOXe sBJISIETCS BEKTOPOM. Bbiyucium
x'2 = RxR RxR = Rx*R = x.

CrienoBaTeJibHO, Mpeobpa3oBaHKUe MPOCTPAHCTBA-BPEMEHH, 3a1a-
Baemoe ¢opmynoit (35), msomerpuyno. K Tomy xe mobGoi x'
oXa3biBaeTCsa 06pa3oM EIMHCTBEHHOI O BEKTOpa X, KOTOpBIA ompe-
JIeNAeTCs COOTHOIIEHHEM

Rx'R = x.

3Hayut, npeobdpazoBaHue (35) OuexkruBHo. C mpYroit CTOpoOHBI,
OHO He M3MEHsET OPUEHTAIUIO Oa3uca, Tak Kak

RiR = R'Y0717273R =i

TeM cambIM 3TO NpeoGpa3oBaHUe SBJISIETCS BpallleHHEM MPOCTpaH-
CTBa-BpEMEHH, WM, MHAa4Ye TOBOPS, JIOPCHUEBbIM BPALICHUEM.
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2. KAHOHMWYECKOE PA3JIOXXEHWE BPALLEHUA

[Ipexae BCero MOKaXeM TaKyl0 TEOPEMY:
Cywecmgyem maxoti 6usekmop B, umo aubo R = expB, aubo
R = — exp B, npuuem 6 nocaednem caydae B* =0.

ITockonbky d-yucio R 4eTHO, OHO Npe/cTaBisieT co0oi cymMmy
ckansapa S, 6usextopa W u ncepmockanspa P:

R=S+ W+P. (36)

Eciu W? # 0, To HA OCHOBAHUM TEOPeMBbI U3 IJ. IV CylllecTByioT
Takue ckaidpbl S; U S,, 4TO
W=(S; +iS;)w
¥ w? — [eliCTBUTEIbHOE YUCIIO.
VYciaosue RR =1 no3ToMy O3HAdYaeT, 4TO

(S + Syw + iS;w + P)(S — S;w — iS,w + P) = 1,

(8 + P2 —(S; +iS,)*w? = 1.
Beoas p cootHoimieHuem P = ip, mony4aeM paBHOCUJIIBHY) CHC-
TeMy:
S2 4+ P24 (S3—SHw? =1,
{ Sp — S:S,w* =0.
Bo3bmem w? = pu S =5,S,. Toraa cucrema cBefeTCs K €IMH-
CTBEHHOMY YCJIOBHIO
Sis3 —p* + W' (3 - SH=1,
KOTOpO€ MOXXHO TepenucaTh B BUIE
(S +wH(S3 —wh)= L. (37
Ilpeanonoxum Temepb, uro p>0. DTO HEe OrpaHUYUBaeT

OBIIHOCTH paccMOTpeHHUS, TaKk Kak B JjieBoii yactu (37) ¢urypupyror
u p, u — p. [TonsiTaemca ynoBnerBoputh (37), BEIOpaB

Sy =acosw;, w=asinw,, a>0, (38)
rae w; = Aw, a A — JEHCTBUTEJILHOE YUCJIO,
aS, =chw,, aw =shw,, (39)

rae w, = pw, p — JEUCTBUTEJIbLHOE YHCIIO.
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VYpaBHeHus

5%a® = (a@® — p)(1 + pa?),

M/I;= Arcsin—la[pf, n ]6= Arsh{a W)

ONpeie/ISIOT BEJIMYMHBI a, A WU M, a S; W S, Haxolum u3
ypaBHeHUH

S, =acos(A [/1;), as, =ch(u]/;)).
CrnenoBaTesbHO,
Sy + iw =exp(iwy), S, + w=-exp(w,),

M TaK Kak w; ¥ w,, OyIy4d KOJJIMHEApHBl W, KOMMYTHPYIOT, TO
R =15,5, +(S; + iS;)w + ip = exp (iw,) exp (w;) = exp (iw; + w,),

T. €.
R=expB, a B=w, + iw; = (L + iA)w,
TpUYeM w? — MOJIOXKUTEILHOE YHCIIO.
3HauuT, BO3IMOXHO TNpPEACTABIICHHE
B =8 +ip)b,

rae 6 u @ — nedcTBUTENbHBIE 4MCNa, a b — OuBexTOp, KBajApar
koroporo paseH 1. B pesynbrate anmg R mosyyaem kaHOHHYe-
CKO€ pa3jIokKEeHUe

R = (ch©0 + bsh®)(cos ¢ + ibsin @), (40)

u 3nech b2 = 1.
Ocraetcs pacemorpeth ciyyait W2 =0. Torga u3 yciosus
(S + P)> = 1 BbITeKaer, uTO
§2—-p*=1uSp=0.

3nauuT, ¢ HeoOxomumocThto p =0, a craegoBarenbHo, S = +1.
Ecnu S =1, T0 R =1+ W= exp W, nockoarky W? = 0. Torna
R=expB, rne B=W.
Ecm xe S= —1, t0

R=—-1+W=—-(1—-W)=—exp(— W)
UMR=—expB aB=—-W
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3. CAELLUANBHbBIE MPEOBPA3OBAHWA NTOPEHLIA

K HUM MBI MpHXOAUM, paccMaTpHBasi BpAlleHHS BHIA

1 1
ch79 + o3 sh79,

COOTBETCTBYIOIIIee NpeobpasoBanue (35) 3amuchiBaeTCst Torja Kak
X' = (m%e + ogsh%e)x(ch%e — 03 shi@).
BBenem oGozHaueHus:
x=7yoct + V!X + VY Y+ y*Z = yoct +¥3Z + u,
X =Yoct + VX + v, Y +¥3Z =vyoct’ +v3Z + u';
CMBICST CUMBOJIOB U U u' oueBHAeH. I10CKONBKY G3 KOMMYTHPYET®

C u W aHTHKOMMYTHPYET C YoCt + Y Z, TO M3 BBLIPAXEHHA M X'
HoJIy4aeM

, 1 1 1 1
X = (ch—z—e + 0, sh79>(u + Yoct + y3Z)<ch79 — O3 sh79),

x' =u+(ch® + o3sh0) (yoct + ¥3Z) = u' + yoct' + ¥’ Z'.
CnenosateibHO, u' = u, a
Yoct' + Y3Z' = (ch0)yoct — YoZ sh0 + ysctsh® — y;Z ché.
Takxum obpazom, Mbl NpUXOIUM K (dopMyram
X =X,
V'=7Y
Z' =Zch0O — ctsho,
ct' =ctch® — Zsh#.
IMepenmitieM Ba MOCIEAHHUX PABEHCTBA:
Z' =ch8(Z — ctth0),
{ t'=chO(t — (Z/c)thb). (41)
INpu ¢ukcuposannom mapamerpe 6 u3 dopmyn npeobpazoBaHUs
BBITEKAET, YTO €CJIH
Z=ctth, X=Y=0,

10 Z'=X' =Y =0. D10 NnOKa3biBaeT, YTO NPEOOPA3OBAHUE CO-



62 IJIABA VI

CTOUT B PABHOMEPHOM H HpﬂMOIIPIHCﬁHOM CABUI€ BbIACJICHHDbIX
B MPOCTPAHCTBE KOOPAHWHATHBIX oceil BIOJIb HanmpaBJICHUS OCH Z.

st Tako#t TpaHCIAUMU HpUBE/ICHHAS CKOPOCTh U/C paBHSETCS,
2

cen0BaTeNbHO, th 0, 0TKy1a HemMeIEHHO BLITEKAET YCI0BHE 02 < 2.
Kpome Toro,
chB =(1 —th?0)™ "2 = (1 — v?/c?)~ ',
TaK 4to opmynamu (41) 3agaercsi XOpOLIO U3BECTHOE CliENHAIbHOE
npeobpasosaHue Jlopenua — DiHuiTeiHa. CrnenoBaTtelbHo, (u3u-
yeckas HHTeplpeTalms mapamerpa 0 ycraHoslieHa.

4. QNIEKTPOMATHUTHOE MOJIE

AHanoruysbiM 00pa3zoM MOXHO PacCMOTPETh H COOTBETCTBYIO-
ee mpeobpasoBaHue OuBeKTOpa moJs F:

F'=RFR=FE + iH,
UIIn
E +iH = R(E + iH)R.

Bsons kommoHeHThl BekTOpoB E, H, E', H' B gexaproBoii
npsMOYrojibHOH cucteme koopaunat: E,, E,, E, u T. n, oTctona
HOJIy4dM, 4TO

E,=E,

u, Tak xak iH = H,6,6;3 + H,6;0, + H,6,0,,

E.c + E\o, + H,0,03 + H036, =
= (ch6 + o3sh0)(E,0, + E,0, + H,0,03 + H,050).

DTO HPUBOJUT K CHCTEME OOBIYHBIX (POPMYJ, OMHCHIBAOLIHX
npeobpa3oBaHHe JIEKTPOMArHUTHOIO MOJIS:

E = ch9<EX + %m), E, = chO(Ey - %Hx),

H;

chf)(Hx - %Ey>, H, =ch9<Hy - %E)
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CMNHOPBI

Anre6pa Knuddopna ¢,, noctpoeHHas Ha OCHOBE MPOCTPAHCTBA
E, obnamaer crpykrypoil kousbna. [edcrButenbHo, ¢, OyAyuH
BEKTOPHBIM IIPOCTPAHCTBOM, ABJISETCH abeneBoil anauTUBHON Ipy-
o#, a 3aKOH YMHOXEHHUS 3JIEMEHTOB, BOOOIIE TOBOPS, HEKOMMYTa-
THBEH, HO QUCTPHOYTHBEH IO OTHOLIEHHIO K cJloXeHuto. B Takux
KOJIbLIAX CYIIECTBYIOT HJ€aJibl. YMHOXas CNEUHATbHO BblAEIICHHBIH
3JIEMEHT ¢, cleBa Ha NMPOU3BOJIBHBIE 3JIEMEHTBI KOJIbIA, MOJIyYHM
TOT WJeas, 3JIEMEHTH KOTOPOro Ha3bBalOT chuopamu. Ecau Bo
BCEX ITHUX NPOU3BEJICHUSAX H3MEHHThL MOPSJAOK MHOXHTENIEH, T. €.
YMHOXaTh Ha INPOH3BOJbHBIE 3JIEMEHTHl cNpaBa, TO TNOJyYaeTcs
npyroit unean ¢, Taxkoil mpaBblil Hjcan Ha3blBAKOT CONPSKEHHBIM
HCXOAHOMY JIEBOMY wHJeajly, a €ro 3JeMeHTbl HMMEHYIOT COINps-
XEHHBIMH CIIHHOPAMH.

1. CMTUMHOPBI NAYNU

Iycts ¥ — anement %3, a O3 — BeIOpaHHBIH B 3TOH airedpe
Oas3HCcHBIH BEKTOp €IMHH4YHOH JuMHBL. ["oBopar, uto ¥ sBisercs
NOoJIOXKUTENbHBIM criuHOpoM, ecit Vo3 ='W, u orpunatesbHbIM
cnubgopom, ecit Vo, = — .

TlpomnssosnbHo 3amanHoMy p-yucny W w3 %3 Bcerga MoOXHO
COMIOCTABUTh JIEBBIH HIEal MOJIOKHTEIILHBIX CIMHOPOB, BLIOpaB B

KayecTBe (DUKCHPOBAHHOTO 3JIEMEHTA, 110 KOTOPOMY CTPOHTCH
unearn,

1
VY, ==Y+ o63)
2
Beab toraa

1
V.o, = 7‘*’(1 +063)03 =¥,

U pPaBEHCTBO COXPAaHHUTCA NpPH YMHOXeHMH oOeux dvacteil ciesa
Ha noobie W' e ;.
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MoXHO TakXke MOCTPOUTBH JIEBBIH Haeas OTPULATENBHBIX CIH-
HOpPOB, YMHOXas cJieBa 3JIEMEHTHI €3 Ha

1
\P_ :—\P(l - 03),
2
MOTOMY 4YTO |
Y_o, :?‘I’(l —0o3)oy=—Y_.
AcHo, uro ¥ ecrb cymMmMa MOJNIOXKHUTENBHOTO H OTPHHATENBHOIO

CIIMHOPOB, TAaK Kak

1 1

W peastsl OJI0KUTEBHBIX H OTPULATEBHBIX CHHHOPOB HE3aBUCHMBI.
Jns nokasaTesnbCTBa JOCTATOYHO NMPOBEPHTh, YTO H3

7\.‘]”4. + H‘y_ = 0
cienyeT, 4To A =0 u p = 0. [[eHCTBUTENILHO, YMHOXHUM MPEJbI-
[lylllee paBeHCTBO CNpaBa Ha G;. [lojlyuaercs COOTHOILEHHE

AW, —p¥. =0,
U mpocTtas KOMOMHAIMs ABYX PaBEHCTB [aeT

AW, =0, p¥_ =0,
T. e A=0wu pn=0, nockonmbky u ¥, #0, u ¥_ #0.
Ormpenenum 6a3uchl JTMHEHHBIX MOANPOCTPAHCTB cHHOpoB ‘P,

u WY_. Hna storo asnemeHthl We¥; pa3noxum cClemyrolum
obpasom:

Y =ay + a0,

(uunmexc cymmupoBaHus k mpoberaer 3mavenus 1, 2, 3), rme aq
U @, SBJIAIOTCA CYMMaMM CKaJIIpOB H TCEBJOCKAJISPOB.
Torpa

1
VY, = ?(ao + aoi)(1 + 03) =

1 1 ,
= 7(“0 + a3)(l + o3) + 7(00 + iay)(1 — o3)0y,

T. e uucna Ilaymu 1403 u (1 — o;3)o, obpasyror Gaszuc nis
Y .. Axajoruubo noJjy4aem, yro 6asuc mwis ¥_ obpasywor 1 — o,
u(l+ o030,
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2. CMHOPLI ANPAKA

Ans d-uucna ¢ monaoXuM

1
P+ :?(P(l + 03), TaKk 4TO0 Q+03 =@,

U HA30BEM (@, IOJIOXHTEJIbHbIM CIIHHOPOM.

|
Ilonaras @_ =?(p(1 — O3), HMEEM (P_C3 = — @, TAe O_ —

OTPHULATENLHEIH CIIUHOP.
W3 Toxnaecrsa

1 1
0] =7<p(1 + o3) +7<p(1 —03) =0+ + Q-

BBITEKAET, YTO ¢ eCTb CyMMa TOJOXHUTETbHOTO H OTpHULATEJNb-
HOTo cUHOpOB. He3aBMCUMOCTb 3TUX ABYX MACAjioOB NPOBEPSETCS
TaKk e, Kak npexnae. Kpome 10ro, @, u @_ MOXHO pa3jIOXHUTb
Ha YETHYIO W HEYETHYIO YacTd, MpeACTaBUB ¢ B BHIE @ =
=@ + %Yo, e ® u y —uucna llaynu.

B Takom cnyuae

1 1 1
(OF :7(9(1 + 03) = 7613(1 + 03) +7X"{o(1 + C3).

Ho =&, +®_, x =+ + ¥-; TO3ITOMY

1 1 )
0+ =— (D, +(D—)+—2‘((D+ -0 )+

N

1 1
+ 7(X+ +%-}Yo + 7(— X~ T %L+) Yo

B pesynbrate nosyuaem

@+ =@y + Y Yo (42)
To4HO Tak ke HAXOAUM COOTHOLIECHHE

¢- =D + %+Yo

cBs3bIBatoLee CMHOpb! Jupaka u cinuHopbl [laynu yepes mocpen-
CTBO BPEMEHHOrO BEKTOpPa Y.

Ecnu ¢ — GMKBaTEpHHOH, TO OH SABJISETCSH CYMMOM IMOJIOKHUTEb-
HOTO U oTpuuaTeNbHoro cinuHopoB. Ho, kak MBI BHzeNH, Cymiect-
ByeT OMEKLMS MHOXeCTBa OMKBATEPHHOHOB Ha MHOXECTBO Hpa-

5-394



66 [JIABA VII

KOBBIX CIIMHOPHBIX CTOJIOOB. DTa OUEKLMS COXPAHSAET CTPYKTYPY
[EACTBUTEILHOTO BEKTOPHOTO NPOCTPAHCTBA, HO HE COXpaHseT
CTPYKTYPY KOJIbLA, TOCKOJIBKY YMHOXEHHUE BO MHOXECTBE CITMHOPOB-
CTONGLOB HE ONMpeneneHo. IT0 06CTOATENLCTBO OOBACHIET, TOYEMY
OUKBATEPHHUOHBI, OOBEKTHl OoJyiee OOUIeH NPUPOIBI, HE CIEayeT
Ha3bIBaTh CHMHOPAMH.

HaxoHeln, OTMETHM, 4YTO €CJIM HEHyJIeBOH OWKBATEpHHOH @
SIBJISIETCSI CTUHOPOM, TO, KaK BCAKHH CIIMHOP, OH JOJIKEH yIOBJIETBO-
paTh ycnoBuro ©® =0, a creroBaTeNbHO, ( HEJb3s NPUBECTH C
NOMOUILIO JIOPEHLEBA BpalleHUMs K KaHOHUWYECKOMY BHAY (28).



Mnasa VIII
TEOPUNA ANPAKA

1. YPABHEHUWE AUPAKA
D710 ypaBHeHHE

OY = (m¥yo + eA¥) y,71. 43)

34ech Y, — BEKTOPBI HEKOTOPOTrO HEMOABXHOTO 6a3uca #, A 06o-
3HayaeT TMOTEHUHMaJ, SBAAIOLIWNACA BEKTOPOM B MPOCTPAHCTBeE-
BpEMEHHU, a NapamMeTpel m H e NMPOCTO BLIPAXKAIOTCA 4YEPE3 COO-
CTBEHHYIO Maccy M 3aps] 3jekTpoHa. Vickomas ¢yHkius Guksartep-
HuoH ¥ — BonHOBas (YHKIMS YaCTHIIBL

Heo6xomumo moxka3aTth, 4TO 3TO BEKTOPHOE ypaBHEHHE JKBH-
BaJIEHTHO ypaBHeHHio J[lupaka B 0OblyHOH MaTpuuHOH Qopme.
C 3Toli Hesblo cHAaYyajla 3aMEHUM BEKTOPBI Y, COOTBETCTBYIOIIMMHU
MaTpulaMHi, KOTopble OblMM omnperdeneHsl B ri. IV cooTHoure-
HUsMH (22). 3amMeTuM, 4TO €CM U — CTOJ0el, onpeaeseHHbIH dop-
myJioft (23) To# ke TIyaBbl, TO 3TU MATPHUIBl YHOBJIETBOPSIOT
COOTHOIIEHUSIM

YoU = U, YrY1U = ilu’ (44)
rie, KaK Bcerga, i’ — obblyHass MHUMAas eAuHuUnAa. B moapoOHoi
3aMUCH 3TH COOTHOIIECHUS BBHITJIAIAT TaK:

10 0 O 1 1
01 0 0 0 0
00 -1 O 0 -0
00 0 -1 0 0
i 00 0 1 1
0 —-i"0 O 0 — 0
0O 04+ O 0 0
0 00 -7 0 0

3arem ymMHOXHMM oOe dacTu (43) Ha u U NOJIOKHUM
d =7 (¥) =Yy, (45)

5$
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rae J — JMHEHHOe OHEKTHBHOE OTODpakeHue, ONpeseieHHOe B IL
Iv.
C yuerom cooTHouwieHu# (44) ypapHenue (43) npeepaturcs
B ypaBHEHHUE
OD =(mD + eAD) . (46)

Ilyctb e — 3aps/a 31€KTPOHA, a m, — ero coOCTBEHHas Macca,
h — nocrosunas TlnaHKa ¥ ¢ — CKOPOCTH CBETA; TOJIOXKHM
_2n 2nc

LT
e=¢e —, m=my , w=2i—-—_.
he h h

INepenuiiem (46) B BUOe
oo = (xmoc + MLA>CD.
c

Haxkonen, mockonbky A = A,y* = APy, (1. e. Ag = A%, 4, = — AY),
HUcXonHoe ypasHeHue (43) mpeobpasyercss x BuIly

0 e e~
[WYO - TAoYo - (K TAkY" + yk6k> - xmoc]cb =0

(321eCh MHIEKCBI CYMMHUPOBAHHU 1 IPUHUMAIOT 3HaveHus p = 0, 1, 2, 3;
k=1, 2, 3).

VMHOXas MoJIyYeHHOe YpaBHeHUE ClIeBa HA Yo, MPUBOIUM €0 K
obObiuHOl (hopme ypaBHenus Jlupaxa

0 e e
|:— - 7/‘10 - <YOYkak + % TAkYon) - %moCYo:I(D =0, 47)

u60 (Yovi)> = | ® y3 = 1, Tak 40 (Qurypupymolue B (47) MaTpUIIbI
yRoBlEeTBOPSAIOT ycioBusMm Jlupaka.

N3 3Toro paccMoTpeHHs BBITEKAET, YTO KaXIAOMY OHKBATEPHHO-
Hy V¥, sBidromemycs peweHueMm (43), comocrasiiseTcd NMpd OTO-
6paxenud J Takod cronben @ w3 KOMILIEKCHBIX 4YHCel, T. €.
Takoi cnunop Jlupaka, KOTOpBIH sIBJISETCS pEUICHHEM MaTpHY-
Horo ypaBHenus (47); npu stom B (43) f (47) ucmonb3yercs |
onHa ¥ Ta Xe OasucHas cucrema A y-matpull. Takum oOpaszoMm,
KaXIOMY «BEKTOPHOMY» pellieHHIO (43) COOTBETCTBYET «MATPUUHOE
peuienue (47).

Tenepb N1d NoKa3aTeIbCTBAa SKBHBAJICHTHOCTH YpaBHeHHUH (43) u
(47) cienyer noxasaTtb, YTO KaXAOMY pelieHuro (47) MOXHO como-
crasuth peurenne (43). [Tycts @ — pewrenue (47), 3amucantoe OTHO-
CUTENILHO HeKoToporo 6asuca &. [pu orobpaxenuu J ! cronbiy
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® coorsercrByer OukBarepHuoH Y. OGo3HauuB BekTOpbl # CUM-
BOJIaMHu {y} Tak, 4TOOBI

I0JIOXKHM
C=0% — (m¥yo + edA¥)v211.

3areM, KaKk YXe [JeaJioch BbIlle, NEpEHAEM K MAaTpHYHOMY Mpeld-
crapnennio (22) nas BekTopoB {y} M obpasyem cronben Cu.
O6o3Hauas B coorBercTBUH ¢ (45) @ =.7 (¥), nonyyaem

Cu=01%® —-(umoc +%%A>(D.

Ho B mpaBsoii 4actu 3TOro paBeHCTBa CTOUT HyJb, TaKk Kak P
aBaseTcs peruedueM (47), M, ClIelXOBaTENbHO,

Cu=0.
OnHako C — He4eTHOE d-YHCIIO, TIOITOMY

Cu = 0 Bneuer 3a coboii paseHcTtso C =0.

B pesynbTate okasbiBaetcs, uto ¥ = .7 ~ ! (@) cayxut pelennem
ypaBHeHus (43), 3anucaHHOro B TOM ke 0a3uce %, 4TO0 H MaTpuy-
Hoe ypaBHeHue (47). 3HauuT, 3KBUBAJCHTHOCTb YpaBHEHWH YyCTa-
HOBJIEHa, U TOTOMY BCE pe3y/bTaTbl TeOpHH JlMpaka MOXHO MoO-
JIy4HTh ¢ MOMOIIBIO anmnapara BEKTOPHOH anredpsl.

B sakmoueHue emie pa3 MmoIyYepkHEM, 4TO B JajbHediem i
BCIOJly 00O3HAayYaeT eNMHHUYHbIN MCEeBAOCKanAp, T. € MAaTpHly Ys,
TaKk 4TO ero He cjelyeT NyTaTb C OOBIYHOH MHHMMOH enuHHIIEH,
obo3HayaeMoii i'.

2. MOJIEBBLIE BEJTIMYUNHDI

[MoTeHnHa bl 3MEKTPOMATHUTHOIO MOJS ONPENEJICHbl C TOY-
HOCTBIO O KadHOpOBKH, MO3TOMY ypaBHeHue (43) HOJDKHO obna-
laTh KauuOpoBOYHOH MHBapuaHTHOCcThlO. IToapepras A xaiaudpo-
BOYHOMY npeobpasosatnio: A" = A + [y, 1>y =0, MoxHo yGe-
IUTbLCA, 4TO (43) He w3menuTcs, ecan BMecTo W B3sTH

Y = Wexp (iosey).
B camom niene, Torna

O = (O Y¥)exp(iosex) + e(O x) Yiosexp (iosex),
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U JUIs TIpOBEpKH YTBEPXKIACHHSA NOCTAaTOYHO NOJACTaBUTh B (43) A’
u ¥ Bmecto 4 u ¥

ITonesble Benu4MHbl g (d) ABNAIOTCA YuciaMu Jlupaka; mo3ToMy
HX MOXHO MpEJICTaBHTh B BHIE

g(d) = Ya¥

o, npennonaras ¢ {d) U3BECTHBIMH, MOXHO HaXOIUTE d C MOMOLIBIO
3TOr'0 COOTHOLIEHHS. YuuThIBas, YTO BeJu4uHbl ¢ (d) MOKHBI GbITH
MHBapHAHTHBIMH NPH KaJHOPOBOYHBIX NpeoOpa3oBaHHUsX, Mbl NPH-
XOJAMM K TpeOOBaHHIO

W dY' = W exp(icsex)dexp(— icsey) P = Wad.

DTO ycaoBHE IKBHBAJICHTHO KOMMYTATHBHOCTH d Hu iG3;. Kpome
TOTO, OYAYYH REHCTBHTE/IbHLIMU, TMOJICBbIC BEJIHMYAHBI HE JOJIKHBI
OTJIMYAThCA OT JOyalbHbIX UM BeJHUYMH. TakuM o006pa3om, cpelu
yuces d MOTYT OCTaThCsl TOJIBKO cieAyroIue 6a3ucHbie BEKTOPbE €4

1’ Yo, Y1Y2, V3, L

Mbl cOXpaHMJIM B3aMMHO AyajbHble d-uucna 1 W i, TOTOMY
4TO (PU3MYECKYIO MHTEPNpPETAlMIO MOJYYaT TOJBKO CKalIsgpHbIC
4aCTH COOTBETCTBYIOIHX UM ¢ (d).

Vka3zanHsle d-uucna ONpefeSisIIOT clieAyrolHe (pU3NYecKHe Be-

TuyuHsb V;

ckaaap Q= (PP)s u cKainp Q = (¥id)s;
sexmop moka Jo = ¥Pyo'¥;

ousexmop F = Wy,y,¥;

cnun J3 = Py;¥ =s.

3aliMeMcs Telepb HMHTEpNpeTalMeli KaHoHuYeckoi (opmbl (28)
OMKBaTEpHHOHA:

; 1
Y=ph exp<7iB>R.

Tax kak R 3aJaeT JIOPEHLEBO BpAIEHHE, TO B KAXIOH TOUKE X
NPOCTPAHCTBA-BPEMEHH C ETO MOMOLILIO ONPEALIIAETCS COBCMEeHHblil
bazuc e,, cBA3aHHbIA ¢ 6a3ucoM Y, BLIOpaHHON BHAaYaye HENOBHXK-
HOM CHCTEMBI OTCYETAa NMpeoOpa3zoBaHHEM

e, = Ry,R. (48)

Dtor 6asuc u COOTBETCTBYIOIIAsd €My CHUCTEMA OTCYCTAa Ha3blBa-

Y C. R. Acad. Sc. Paris, 267 (1968), 1551.
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I0TCSI COOCTBEHHBIMHM M3-32 TOro, 4YTO B 3TOH CHCTEME paBHA
HYJIIO TpeXMepHasi IPOCTPaHCTBEHHasi CKOPOCThb YacTulibl. B camom
Jiesie, BEKTOP €, UHTEPIPETUPYETCS KaK YEThIPEXMeEpHasl CKOPOCTb.
Ho ero xBazpar pasen 1:

et = RY,RRY,R =y =1,

4, CJIENOBAaTENbHO, MPOCTPAHCTBEHHAs COCTABJIOLIAS €, JOJDKHA
obpaliaTbCs B HYJIb.

Yro KacaeTCsl BEJIMYMHBI p, TO €10 Ompenessiercs IUIOTHOCTb
BEPOSTHOCTH TPHUCYTCTBHS JJIEKTPOHA B TOYKE X, B TO BpeMs
KaK YIJIOBas [epeMeHHas [} okasbiBaeTcs pasHoit yray Taxabasicu ;
cMbIca B Oyner pa3bicHeH B JajibHeMiem.

[Npuuumas Bo BHuMaHMe (48), MOXHO BbIpaXXEHUs ISl MOJIEBbIX
BEJIMYMH 3amucaTh B BUIE

Q=pcosP, Q= —psinP, J, = peo,
F=pexp(ip)eie; = — Qezeo — iQese0,

J3 = pes. (49)

TeM caMbiM MBI BBEJIM [BAa TPEXMEPHBIX MNPOCTPAHCTBEHHBIX

BEKTOpa € H h, OMUCBIBAKOLIUE IIJIOTHOCTU OJIEKTPUUYECCKOTO U
MarHuTHOIo MOMEHTOB, a UMCHHO

e= — Qese,, h= — Qezeo.
[110THOCTL CNMHA G SABJSETCS MPOCTPAaHCTBEHHBIM BEKTOPOM:
G = S€g = pez€yp.

Herpynuo ybGemuThcs B BHINOJIHEHHMM cooTHolueHuit Ilaynm —
Kopuuka, Tax 4to Mo aHaJorMM C OOBIYHOM Teopuell [dupaka
MOXHO HOJIYYHTb CJIEAYIOHIYE> (DM3MYECKYIO MHTEpHpeTaluio pac-
CMAaTPUBAEMBbIX HOJEBBHIX BETHYHH:

1°. Jo ecTb BEKTOp HOTOKAa IJIOTHOCTH BEPOSITHOCTH; F depes
MOCPEACTBO BEKTOPOB € U h CBSA3BIBAETCS € MJIOTHOCTHIO MOMEH-

TOB JJICKTPHYECKOI'O U MArHUTHOIO IOJIss 3JIEKTPOHA, NPUYEM IIO-
CJICAHIOO HCOGXOHPfMO YMHOXWUTb Ha MarH€ToH Bopa:

B = e h/dntmyc = ehc/dnm.

IMocne ymuoxeuus Ha h/4m s npedcraBiseTr COOOH IJIOTHOCTh

D Cm. pabory, ykazaHnyro B NpeAbLAYIIEM MPUMEYAHUH.
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CMIMHA, TaK 4YTO B EOUHMIAX h/2T 3JIeKTpOH oOJaJaer CIHHOM
MOJIOBUHA.

2°. DTH NJIOTHOCTH [OJDKHBI OBbITH MPOUHTErPUPOBAHBI MO 00-
JIACTSIM MPOCTPAHCTBA [UISl MOJIyYEHHs CPeNHHX 3HadyeHudl usu-
4eCKMX BeJIMYMH. VIMEHHO 3TH cpelHMe HMEIOT NpsMoil Gusm-
yeckuil cMbic. OnHaKo He OHM, a COOTBETCTBYIOIIME IUIOTHOCTH
06J1afaloT OpPOCTHIMH TpaHChOPMALMOHHBIMH CBOMCTBAMHM peJIs-
TUBUCTCKHMX BEJIMYMH. B dYacTHOCTH, BOJIHOBas (QYHKIMS OOJKHA
ObITh HOPMHUPOBAHA IYTEM MHTEr PUPOBAHMUSI NIOTHOCTH B HEMTOABHXK-
HOil cucTeMe oTcyeta. B covyeranuu ¢ ycinoBueM []-Jo =0,
KOTOpoe jaJjiee OyAeT BbIBEAEHO, 3TO TrapaHTUpPYeT COXpaHeHHe
HOPMHPOBKH B MpOILlecce IBOJIOIMU H3yuyaeMoil ¢u3uyeckoit cuc-
TEMBI.

3°. C coOCTBEHHON CHCTEMOW OTCYETA MOXHO CBS3aTh YETBEPKY
BEKTOPOB:

J, = pey,

HO JIMIIb [Ba U3 HHUX, Jo U J3, ONpenensitorcs He3aBUCUMO
OT BbIOOpa KanuOpOBKU. POTOpBI U NMBEPTEHLUM 3THX BEKTOPOB
HMEIOT NMpSMOE OTHOLLIEHHE K 3aJayaM TEOPUHM 3JIEKTPOHA.

3. MNOCKWE BOJIHbI

I/IHTepeCHO MOJIyYUTh PEUICHUASI B OTCYTCTBUE BHEIIHETO IOJIA,
Korga ypaBHCHUEC HMMEET BUI

OY = m¥yev271- (50)
Petenas 3Tu 3anmucbiBaloTcs B opMme
¥+ =puexp[io; (p-x)], (51)

roe p, 4 U p HE 3aBUCAT OT X, NpPUYEM U 3aacT BpallleHUE
MPOCTPaHCTBA-BPEMEHH, a MOCTOSIHHBbIA BEKTOp p HAXOOUTCS M3
COOTHOILICHU S

D= m“Yoﬁ = mey = P;.Y"- (52)
JI71sl IpOBEPKM NOCTATOYHO BHIYHCIHTH
OvY* = pl"zy”auu exp[ios(p-x)] = p"’ly"uau exp [ios(p-X)];

B IMOCJIEOHEM PpaBEHCTBE YYTEHO, 4YTO U — MOCTOSHHOE d-YHMCIIO.
Onnako

d,explios(p-x)] = 9, [cos(p-x) + icssin(p- x)],
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a p-x = px*. Orcrona
8, [cos (p,x*) + icy sin(p,x*)] = p,[— sin (p-x) + ic3cos(p-x)] =

= p,ics[cos(p- x) + iozsin(p- x)],

nmockonbKy (ic3)> = —1, U B pesyibTarte
d,expio; (p-x)] = puiosexp [ios (p-x)].

Tenepb mocTaTo4HO 3aMeTuTh, uro p, (L=0, 1, 2, 3) aBng-
I0TCS CKaiipaMu, KOMMYTHPYIOLLIMMH C 4, TaK YTO MOXHO 3aMHCaTh

O = p'/"zy“p”uim exp[ios(p-x)] = pl/zpui03 exp [ios (p- x)].

CrnenopatenbHo, ¥+ ynosnersopser (50) Toraa u ToJIbKO TOTa,
Korza

pl/zpuic3 exp[ios(p-x)] = mpl/zu exp[io; (p- x)] voiC3.

Ho, yuutbiBasi, 4To 7Y, KOMMYTHpPYET C iC3, MOCIE YMHO-
KEHHS TMOCJIE[HErO PABEHCTBA crpaBa Ha exp | — ios(p-x)] moay-
Jyaem

puiG3 = Muyyics,.

ITockonbky uii = 1, oTCIO[12 BBITEKAET, YTO

pu = muyy, U p = muyol,

T. €. MmoJiy4eHo ycioBue (52).

IlpoBepka 3aBepllieHa, OJHAKO YyKa3aHHBIMH pelueHusMu (51)
HE HCYepIBIBAIOTCA BCE pellleHHs ypaBHeHus (50), xoTopble mpel-
CTaBJSIOT CO0O# MJIOCKHE BOJIHBL. JIEHCTBYS Tak e, Kak BBbIIIIE,
MOXHO ybemuTbCs, YTO (PYHKUHHU

¥~ = puiexp[— ios(p- x)] (53)

Toxke gaBidroTcs pewieHusMH (50). Takue MIIOCKME BOJIHBI I10JIy-
vyarorcs 43 GyHkuuit (51) B pesynbraTe M3MEHEHHMs 3HAKa Bek-
TOpa p, CJIeI0OBATENIbHO, OHH SIBJIIFOTCS] PELUEHUSIMH TPEXHEro BUIA,
HO OTBEYaIOLIMMH YPABHEHHIO, B KOTOPOM OTPHIIATEJIEH TapaMeTp m
H, cTajo 6bITh, cOOCTBEHHad Macca my. I1o 3Toi NMpUYUHE TOBOPHT,
4To pemeHHs (53) COOTBETCTBYIOT COCTOSHHUSAM HYaCTHUbI C «OTpPH-
LaTeJIbHOM 3Heprueil». Bmecre ¢ BOJIHAMH, MUMEIOIIMMH IT10JI0XKH-
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TEJIbHYIO 3HEPIUIO, OHH O0pa3yloT NOJHYIO CHCTEMY, T. €. NPOU3-
BOJILHOE pellieHHe ypaBHeHHs [[upaka MOXHO C MOMOLIBIO MpPO-
Heaypbl pa3JloKeHHs] NPEACTaBUTh Kak CYNEpHO3ULMIO TUIOCKHX
BOJIH ¢ MOJIOXUTEJbHBIMH H OTPHLATEJIbHBIMH JHEPrUSMH.

Ecnu Tenepb cpaBHUTH BblpaxeHus (51) u (53) ¢ kaHoOHHYeckoH
dbopmoit (28), To MoxHO 3aMeTHTh, 4yTO B (51) B =0, B TO Bpems
kak B (53) p=n. OTO HABOAMUT HA MBICIb O CBSI3H BEJIMYMHBLI [
CO 3HAKOM 3HEPIdH, OMHAKO K MHTEpnpeTauud B Mbl ele Bep-
HeMcsi B OOLIEM ciy4ae, T. €. MPH HaJIHYHH BHELIHEro NOJIsL

4. METOA HEMNOABNXXHOWM COBCTBEHHOW CUCTEMBI
OTCYETA

Cy1iecTBoBaHHE COOCTBEHHBIX CUCTEM OTCYETA MO3BOJISIET HaM
BBECTH B KauecTBe 6a3uca {y,} HEemONBUXHBIA COGCTBEHHBIH perep.
U3zyyenue nokanbHbiX AedopMaimii COGCTBEHHOTO penepa, B3ATOro
B [IPOU3BOJIBHON NPOCTPAaHCTBEHHO-BpEMEHHOH Touke O, Oka3biBa-
€TCs NOJIE3HBIM MPHM PACCMOTPEHHH PsAna obIMX MpobJIeM TeopuH
37ekTpoHa. Takoil Meron MOXHO NPHMEHATH JIMIIb B pamKax
BEKTOPHOH HHTEpNpeTalMy ypaBHeHHs J[lupaka, ¥ MOITOMY OH
cnenudUyeH U1 3TOTO MOAXOZa.

C noxanbHbIMH [edopMaLsaMHU 6a3uca CBs3aH TEH30p Bpalile-
Hui (), coCTaBAOLIME KOTOpOro £}, 3a1aroTcs BbIPaXEeHHEM

Q, =2(3,R)R.

Mpsl yBHOMM, YTO 3TH BEJMYMHBI (), TMOJIHOCTBIO ONpENENS-
FOTCsl, ECJIM U3BECTHBI POTOPBI BEKTOPOB, 00pa3yIomux CoOCTBEHHbI
periep, X B Ka4deCTBE CIIEACTBUSI CMOXEM OINPEIESIMTh MEeH30p
Tempode, KOTOpbI HMrpaeT BaXHYK pPOJb B aHajIU3e OOIUX
npobiieM.

Hrak, nomectuM Havano otrcyera (x = 0) B HEKOTOPYIO NPOU3-
BOJIbHYIO TOYKY MPOCTPaHCTBa-BpeMeHH O, BBIOpaHHYIO TakK, YTOObI
rapaHTHpOBaThb OOIIHOCTH PAaccMOTpeHus. B3sB B KadecrBe He-
nodsuxcnozo 6asuca®’ coberseHHslit 6asuc {y,} B 3roif Touke O,
3anuiieM ypaBuenMe [upaxa (43). B Ttoukax, ornudHbIX OT O
(nnsa Hux x # 0), BekTOpBI €, cobCcTBeHHOro 6a3uca Beeraa onpene-
JigoTca corjacHo (48), T. e.

e, = Ry,R.

n

D C. R. Acad. Sc. Paris, 280 (1975), sér. A, 299.
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Hns 6osblie sSCHOCTH OyIEM TOCTOSHHO TPHIEPXUBATHCS
CJIEYIOLIETrO COrJIAlleHUs: OTMe4aTh UHAekcoMm 0 3HadyeHus Ppuszu-
YECKUX BEJIMYMH B Hayaje cucteMbl otcyeta O. Takum obpa3oM,
Y, = (e,)o, MockoILKY {y,} OGO3HAYaeT ceityac cOGCTBEHHBIH Ga3uc
B Touke O, M modTomMy R, Oyner moOpeHIEBLIM BpAlLIEHHEM,
obecrneuynBalOLIAM TIepexo] OT coOcTBeHHoro 6asuca {y,} kK cober-
BEHHOMY 6asucy {y,}o, Tak 4ro R, = 1.

Teneps mpencraBum R B Buie

R = Sexp (y2114), (54)
rae a — ckanspHas QyHKuus, obpaiuaromasics B Touke O B HyJb
(T._e. ao = 0); Opyrue cBOMCTBAa a yTOYHHM To3xke. M3 cBolicTBa

RR =1 BeiBomuM, 410 SS=1, M Tak kak S =15, MOCKONLKY
R =R, TO, Kak HaM HM3BECTHO, CYyIIIECTBYET Takoil OuBekTop B, uTO

S = +expB.
CrnenoBatenbHo, eciii B2 # 0, To HaiinyTcs 6uBekTOp b, uMero-

wuit kBaapat 1, ¥ Takue ckajuspel O M @, 4TO

S =(ch6 + bsh0)(cos @ + ibsin ).
U3 ycnosusi Ry = 1 BBIBOAMM, 4YTO

(chBcos@), =1, (shBsine), =0,
otkyna 0, =0, a @y =0 ¢ TOYHOCTBIO [O CJIaraéMoro, KpaTHOro
2n. Kpome Toro, S sBiseTcss cymMMo#l ckaispa S;, OuBekTopa

S, W mceBmockanspa Ss.
IIpu 3tom S; = chOcos @ u, 3uauur,

(6pS1)O = (0,0)osh 8, cos Qo — (0,9)0 (ch8gsin @),
TaK 410 (0,S1)o =0 1 (O S1)o =0.
Touno Tak xe S; =ishOsing u
(0,83)0 = i(0,0)0 ch B¢ sin Qg + i(0,¢)o sh8, cos o,
3HauuT, (0,53)o =0 u (0 S3)o =0.
CrnenoBaTesbHO,
(d o = (O S2)os (55)
M Tak Kak S, — OusekTop, TO ([J-S)o =([J-S,)0 — BEKTOD, a
(O A S) =(O A S3)p — TPUBEKTOP.

Anayornyno, ecnu B? =0, To, pasnarasi JKCNOHEHTY OT B,
nonyyaeM S = + (1 + B) u (OS)o = £ (O B)o = (I S2)o-
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Teneps Bbucium [JR. OrtmpaBnssace or BblpaxeHus (54),
HoJlyyaem

OR =(OS)exp(y271a) + 1*S(0,.a) y2v1 €xp(Y2714),

U, TaK KaK BEJMYUHBI 0,a — CKanfpbl, OHM KOMMYTHUPYIOT C S.
Takum obpazom,

OR =(OS)exp(y2v1a) + (0 a) Sy2Y: exp (Y2719);

mo3toMy B Touke O, rae S, = 1, nojiyyaeTrcss BbIpakeHue
(OR)o = (OS)o + (O Ao ¥271-

Boibepem Temepb a Tak, 4TO
(O a)o = myocos By + edy;

3nech A, — 3HaYeHUE BEKTOp-TNIOTEHIHA 2 B ToYke O.

s 3TOrO0 [OCTAaTOYMHO BBIOpDATh B KAYecTBEe CKajApa a

a = (mcosPqy + edd) xo + eAix, + eA3x, + eAdx,.

Vcinosue a; =0 Torga Toxe BbinosiHsgeTcs. HanomHuMm, 4ro
A= A"Y,.

Bosbmem BosiHOoBYIO (yHkimio ¥ B xaHoHU4ecko# (opme

L.
¥ = p|/2 exp<-2—tB>R
U, TIOJIb3YACh BBEICHHBIMU 0003HAYEHUSIMHU, TIOACTABUM pE3YJIbTaThl
NpOJeJIAaHHBIX BBIKJIaOK B ypaBHeHue JIupaxa (43) ansa dynkmam P,
Torma

O¥ = {O[pexp(P)] "} R + p'“@m(- %tﬁ)(m R),

NMOTOMY 4TO BEKTOpPHBI omeparop [] aHTUKOMMYTUPYET C .
Tem camMbiM

0¥ = {D I:pl/’ exp <%,B)]} Sexp (y,y1a) +

+ Pl/2 exp(— IB) (O S)exp (vay,1a) +

+ph exp(— iB) (O a) Sy271 exp (Y2Y19).
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O6o3naunB C = ([0 ¥)exp(— v2Y14), BUAUM, 4YTO

c=0 [p"* exp(%l’ﬂ) S] +
‘ L.
4+l exp<_ 2,;3) (mcosBo) YoSY2Ys +

+ pl/2 exp(— %iﬁ)(er) SY2v1-
Moxno Haiith C, M BOCHOJIL30BaBIIMCL YypaBHeHMeM Jlupaka:
C =mp'exp (%iB) SYoY2Y: + eAp "exp (; iB) SY2v1-
Takum 06pa3oM, NOJIy¥ae€M DPaBEHCTBO
O [p‘/z exp (%lﬁ) S} =mp'” exp(— %tB) [ exp (iB) Svo —
—(cosBo) YoS]v2v1 + ep'/2(A — Ag) exp (7 1|3> SY2Y1,  (56)

W, 3Ha44T, B ypaBHeHuH Jlupaka SiBHO BbIJEJIEHO 3Ha4Y€HHE BEK-
TOp-HOTEHNnUana B Touke O.

CoBepiiuM Teneps OpeAesbHbII Nepexo, yeTpeMiss apryMeHThI
Bcex ¢yHkuuid B (56) x TOouke O, T. €. BHIIHUIIEM JIOKAJBHbIE
COOTHOIIIEHHsSI MEXIy BeluuuHaMu. Torna

{D [p'/z exp (%m) S}} = — mpg’ exp(— %iB())(sin Bo)vs- (57)

Pa3noxuB JeBylo 4acTb 3TOro paBeHCTBA B OKPECTHOCTH
Touku O, MMeeM

{0 —iPo (OB +2po(0S)o= —2mpo(sinPo)ys.  (57)

OTo ypaBHEHHE DacnaJaeTcs Ha BEKTOPHYIO H TPHUBEKTOPHYIO
4acTH:

{Op)o +2po([d:S)o = — 2mpq (sinBo) v3, (58)
—i(OBl +2(00 A S)y=0. (59)

IMonyueHHbie ypaBHEHU S BIOJIHE aHAJIOTHMYHBI ypaBHeHUsiM JlopeHna
H B TOYHOCTH COBHAJAIOT ¢ HuMH, ecid B =0 (Wid m) B HEKO-
TOPOH OKPECTHOCTH TOYKH O; B TakOM Cjiyyae OHMBEKTOp 3JIEKT-

1
POMAarHMTHOTO MNOJIsi paBeH S,, a BEKTOP TOKa —?(D Plo Po -
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Teneps MOXHO BBIYHCIHTH IPaJUEHThl BEKTOPOB COOCTBEHHOrO
Gasuca B Touke O, T1. e. Benuuudbl ([Je,)o, U B pe3yibTaTe
HaWTH TpaJMEHTbI BEKTOpoB Toka ([JJ,)o.

HeiicTBUTEILHO, TOJIb3YSICh COOTHOLIEHHEM

Oeo = O (RYoR) = O (S70S) = (O ) Y08 + ¥*S70 (3,5),

BBIBO UM
(O eo)o = (O Sovo + 1Yo (apg)o-

3amlcaB Bpra)KeHHe IJIs1 BTOpOFO cjJjaraéMoro B BHIEC
¥Y0(0,8)0 = — Y0 (O 8)o + 2 (0o,

oJiy4yaem
(O eo)o = (O S)ovo — Yo (O g)o + 2(30§)o~

Ognnako ycnosue SS = 1 Tpebyet, uToGbI
@,8)S + 80,8 =0,
H, CJIeIOBATEJILHO,
@:8)0 = = @,S)o-
B pesynbraTe ypaBHenue nns ([ eq), mpeobGpasyercss K BUILY

(deo)o = (O 8oYo + Yo (O S)o — 2(06S)o-

Ero moxHo nepenucaTth, € YYETOM BBIPAXECHHUS [JIA CKaAJISIpHOTO
MPpOU3BEACHUA, U TakK:

(CJ €0)o = 270 (0 8)o — 2(06S)o-

Ho, nmockomnbky (09S)o = (00S;)o — GUBEKTOP, MOJIYUEHHOE YPaBHEHHE
MOXHO Pa3JIOXUTh B CHUCTEMY [BYX YpaBHEHHIA:

(O-e0)o =270 -(- So»
(O A eo)o =27-(O A 8o — 2(30S)o.
CoBEpILIEHHO aHAJIOIMYHO NMPOBOAUTCA BbluncieHue ([ e3)y, Tak
Kak
€3 = RYsﬁ = 3733,
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a Y3 KOMMYTHUDYET C Y,Y;. 3HAYMT, MOXHO HOJIYYHTb Ypas-
HEHUS

(O-e3)o =2v3-(O- So»
(O A e3)o =273-(0 A 8o — 2(035)o.

Hanporus, BuluucieHus ([Je;)o U ([Jez)o HECKOJBKO OTJIMYAIOTCS
OT OpPEIbIOYyIMX, HOTOMY 4YTO

e = RYIR = Sexp (272710)71§-
CnenoBaTesbHO,
(Oew)o = (08 v1 +2(0A0Y271Y1 + V11 (auS)O,

T. €., OPOJEJIbIBAs AHAJOTHYHbIE NPEOBPa3OBAHMUS, MOJTYYUM YpaB-
HEHHUE

(Oe1)o =271-(O8) — 2(0:8)0 — 2(0 Ao Y2s
KOTOPOE€ MOXHO DPA3JIOKHTh Ha [BA:
(O-e)o=27,(0:S)o —2(Oao-v, =27v1-(O-8)o + 2eAd

(O Arer)o=27-(0 A So — 20180 + 272 A (O a.

TouHo Tak ke mpoBoasTcs BbMUCIEHHS ([]e,)o; OHM NMPHUBOIAT K
BBIPaXEHHUIO

(O-e2)0 =2v2+(0O-S)o + 2(d do- 71,

(O-e2)0 =27,-(O-8) — 2eA}),
a Takxe
(O Aex)o=27v-(0 A S)o — 2(0:,80 — 271 A (O Ao

Bce nonyuennsie pesynbratsl (mpu B =0, 1, 2, 3) MOXHO cBecTd B
ABe obiue HopMyJIbL
Haa Ousepzenyuii obluee BBIpRXEHHE MMEET BHI

(O-ewo =27, (O S + 2€i(ys A Yo A Yy A Ao,

npuyeM npu p =0, 3 mociesHUE YsieH, OYEBMUIHO, PaBeH HYJIIO.
Boluncienus mokasbiBaloT, 4To NpU W = 1 OH paseH 2eA3, a npu
W =2, KaK M [JOJDKHO ObITb, HOJNYdUM —2eA}.
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Iaa pomopos umeem dopmyiy
(O Are)o=27,(0 A So—20,80+ 2i(Yy A Yo A ¥3) A (T @os

U, crano ObITh, npu =0, 3 mocnenHHd 4uJeH clpaBa paBeH
Hymo. Kpome Toro,

2i(y1 A Yo AY3) =272

2i(y2 AYo AY3) = — 271,
T. e Opu p=1, 2 moNyyaroTCsi paHee HaiileHHbIE BbIpaxe-
Hus 11 poTtopoB ([ A e,)o.

U3 51X OPMYIT MOXHO BBIBECTH BBIPAXXEHHS JUISL Ougep2eHyuil
U pomopog 8eKmopo8 moka, IOTOMY 4TO

(OJ)o = (O peo = (O PloYy + Po (€0,
M OTCIoOa AJ1s JUBEPreHIMi MoJyvaem
(O-Jo =(@OPo-Yu + Po(-€,)0.

IlepBoe crnaraeMoe B THpaBOi 4YacTH 3TOrO YpaBHEHHs Haiiaem,
YMHOXHMB CKaJIIpHO Ha 7y, obe uyactu (58). Tem cambiM

@O-J)o=— 2m(sin Bo)Ys'(Jp)o + 2ei ['Ys A Yo Ao A A0]~ (60)

INpu p =0 nonydyaercs yclOBHE COXPAHEHHsS HOPMHPOBKH BOJIHO-
BOM (yHKIHMH, Tak Kak

(D 'Jo)o =0,

a nmpu p =3 npuxomuMm k dopmyne Yienbexka u Jlamopra s
IUBEPreHIMH BEKTOPa CIHHOBOrO TOKA

(O J3)o = 2mpq (sin By).

Yro kacaetrcs obuieil popmysbl Asisi POTOPOB, TO OHA MEPENHChI-
BaeTCsl B BUAE

@O AJdo=(OpP A v+ (o i(OP —
—2p(@,8) + 2(da)o A i[(J)o A Y3 AYo]. (61)
B yactHOCTH,

(O A Jo)o =(@OPlo A Yo+ PoYori(dB)o — 2po@0S)o,

U CTONb € MPOCTO MOJIyYATh AHAJIOr 3TOrO BbIPAXEHHs JUIs
(O A J3)o, Tak kKak BHOBBL THocnenHuii wieH B (61) Oymer paseH
HYyJ1O.
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®opmya (61) conepxuT BesmuuHBI (J,S)o, HO MX MOXHO HCKJIIO-
4T, YMHOXas (61) Ha y* W npoBoAs 3aTeM CyMMHPOBaHHME IO L.
TeM caMbIM B IpaBOH YacTH NOSBUTCS IpaiueHT ([] S)g, KOTOPBIH
MOXHO MCKJIIOYHTbL C TNomouibio ypasaeHus (57). IlpeoGpasyem
cnaraemoe

YO A v, do =7 [OP0 A 1iJo +v* A (P A Vi

IMocnenHuii 4jieH 3[€Ch PaBEH HYJIO, TaK YTO
Y-[(@P)o A Yudo = [v* (O Plo]vu — 4T Plo= @up)o¥* — 4(T Plos
T. €. B pe3ynb'raTe HMEEM
YO Avde  —3(3 P
ITocne 3Toro HaJa0 BBIYHUCIIUTH BCJIUYUHY
Y [PoY,-1(T Bo];
NpeaBapUTeJbHO MOXHO ee Mpeobpa3oBaThb, Pa3jIokKHB B CYMMY

YM " [pOYp * l(D B)O] + ‘Y" A [pO‘Yu . I(D ﬁ)o]
3nech TEpBLI YJIEH paBeH Hylo, 4 I HAXOXKIEHHS BTOpPOrO
CHaYaja BbIMMILEM BhIpaxenue s i (] P)o, 3aTeM OTBILLEM CKaJISAp-
HbI€ IPOM3BEJEHUS BHYTPH KBAaJAPATHLIX CKOGOK MOPO3Hb Ul [ =

=0, 1, 2, 3 u npocymmupyem no M. Ilponenas 3TH BbIMHUCIHE-
HUSl, TOJIyYUM

Y*[PoYy- (0 Bo] = 3ipo (1 Blo-
Ocraercs ToJIbKO MpH p = 1, 2 nIpeobpa3oBaTh BhIpaXeHHE
2y {(0a)o A i[(JWo A ¥3 A Yol}s
Haxo0UM, YTO OHO PaBHO
2poeAgyr — 2poeAsyz + 4po¥2 A Y1 A (O .

IToncraBngs B KOHLiE KOHLIOB BCE 3TH pe3yJibTAThl B ypaBHe-
Hue (61), npenBapUTeIbHO YMHOXEHHOE Ha ", ybeauMmcs, 4To mocie
CYMMHpPOBAHHS MO W TOJYYUTCH

YO A Jo = — 2(0p)o + 2ipo (LI B)o +
+ 2mpgyssinBo + 2 poeddy, —
— 2epoApY2 + 4por2 A Y1 A (O (62)

6-394
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OTO ypaBHeHHME €CTECTBEHHbIM 00pa3oM pacnajJaeTcs Ha CBOIO
BEKTOPHYIO M TPUBEKTOPHYIO 4acTH, W, TAaKUM oOpa3oMm, B Hallem
pacTopspKeHHH OKa3bIBAIOTCS [Ba YPABHEHHUS [UIS POTOPOB BEKTOPOB
TOKa, HOJIyYEeHHbIE C IOMOILUBLIO TEXHHKH BEKTOPHOH anrebphl. ITH
HOBBIE YPAaBHEHHs OOMOJIHAIOT U3BECTHBIE PE3Y/IbTATHI A AUBEP-
TEHIMH.

I'paduenm noaa uwacmuyel. C TOYHOCTBIO O HHUCJIOBOTO MHO-
XHUTEJIs, PaBHOrO MarHetoHy bopa, Ouektop f coOCTBEHHOTO
MOJIS YacTHIBI 3aJaeTcs, KaKk ObIJIO YKa3aHO BBIIIE, BbIPaXXEHHEM

f=¥77.¥ = pexp(if)ese.

s oThiCKaHUs rpaiueHTa f CHA4Yaja HAaXOAUM BEJIHYHHY
{O [pexp(iB)eser]}os

3TO [AENacTCs TeMHM JXE METOJAaMH, YTO M paHbLUE, M OCOOBIX
TPYAHOCTEH HE IIPEACTABJISAET.

CiienoBaTesIbHO, MOXHO OYAET MOCTABUTH BOIPOC: NMPH KaKOM
JIONOJIHUTEJILHOM YCJIOBHM 3TH TIOJIS f, T. €. IUIOTHOCTH COOCT-
BEHHBIX MOMEHTOB, yJIOBJIETBOPsAIOT ypaBHeHusM Jlopenna? Takum
HEOOXOMMBIM M JOCTATOYHBIM YCJIOBHEM OKa3bIBaeTCAd OOpallicHUE
B HYJIb TPUBEKTOPHOX YACTH ITPE b AYIIETO BRIPAXEHUS. DTOT pe3YJib-
TaT, B ODILEM Cily4yae OOBOJIBHO CJIOXKHBIH, 3HAYMTEIBHO YNPOILA-
ercs, korma PB=0 (WM T) B HEKOTOPOH OKPecTHOCTH TOYKH O,
Vka3zaHHOe HEOOXOOUMOE M [OOCTATOYHOE YCJIOBHE TOrJa HMMEET
BUJ

(OP) A YL AYz—PoY2 A (O A e)o— poyi A (O A ez)o =0,
M B TAKOM CJlyya€ MOXHO HaWTH COOTBETCTBYIOIIMH BEKTOD TOKa.

Ten3zop spawenuii. KOMIIOHEHTH 3TOTO TEH30pa JIEIKO BBIPA3UTh
Yyepe3 BpalLeHHs COOCTBEHHOH cHUCTeMbI OTcYeTa. B camom jerne,

(0uR)o = (8,8)0 + (6,a)oY2Y1,
a Tak Kak
(Q,)o = 2(3,R)o,
TO, BOCHIOJI30BABLINCH (59), MOJIy4YuM
Qo =Y~ (OB + 2i(vu A Yo AY3) A(Oa) +
+ 2(8,@oY2Y1 — (O A eo.
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B uactHocTH, npu p =0, 3 umeeM
(Qo)o = vo (T B)o +
+2(mcos By + eA3)v2v1 — (O A €o)os
(Q3)0 = v3-i (0 Bo) + 2e43y172 — (O A e3)o.

5. YCKOPEHMUE

MeTon HemoABMXHOro cOOCTBEHHOro 0a3uca MO3BOJIAET TaKXkKe
BBIYHCIIUTH YETHIPEXMEPHBIH BEKTOP YCKOPEHH S, KOTOPbIH UMEET BUIL

(90€0)o = [00 (RYOR)]O = [50 (SYOS)]O =
= (80S)oYo + Y0 (20S)o =
= (008)0Yo = Y0(90S)o,

OTKyJa
(@oe0)o = — 270 (00S)o-
Insa (O A eg)o HAM HM3BECTHO TaKOE BbIPAXEHHE:
(O A eo)o =270-(0 A S)o — 2(30S)o-
TakuM oOpa3zoMm, NOJIyuyaeM, 4TO
(00€0)o = Yo - (I A €o)o — 2o [Yo- (O A S)o];
OIHAKO MOCJEAHMH 4YJIeH paBeH HYJIO U, CJEIOBATEJILHO,
(%o€0)o = Yo (LI A €g)o-
Hanee paccMoTpum
Yo (Qo)o = Yo- [Yo‘i(D B)o] = Yo (O A €o)o;
TaK Kak [EpBOE CJlaraeMo€ B NpaBOH YacTH DPaBHO HYJIIO, TO
(Q0)o * Yo = (Ooeo)o- (63)

310 061Ee ypaBHEHHE OOHAPYXKUBAET MPOCTYIO CBA3b MEXIY YCKO-
PEHHEM U IIPOEKIHeil BpeMEHHOH COCTaBJIfIONIEeH TEH30pa BpaIleH Ui
Ha OCb BPEMEHH.

6*
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6. TEH3OP TETPOAE

B ¢dopmanusMe BEKTOpHOW ajirebpbl BhIpaXeHHE LIS TEH30pa
Terpoae B Touke O 3amuchiBaeTcss B Buje )

Toly)=—7" [Yv (8H‘P)0iy3‘-f’0]s — poe(v,) Ao,

e v=0, 1, 2, 3, (vo)o =1, (v1)o =(v2)o = (v3)o =0; mo p, xax
BCera, NMpOBOAUTCS CyMMHpDOBaHHeE, a MHIEKC S 0OO3HayaeT, 4To
paccMaTpHuBaeTCs JIMIIb CKaJISpHAas 4YacTh BBIPAXKEHUS, CTOSLLETO
B CKOOKax.

IToatoMy, B yacTHOCTH,

Tolys)= — " [Ys (auT)oiqu"o]s;
3HAYMT,
. T,
Tol(ys) = —v* [Ys (0.¥)oiv3pd2exp <2IBO>]S-

Oauako

(0.%) = {au[p‘/z exp (—i- iB)]} + pd*exp (—;— iso)(auk)‘o,

TaKk 4TO B BBIpaxeHUH Juisi T, (y;) BHYTpU KBaapaTHBIX CKOOOK
CTOHUT

1 1, L1 1. .
(oo 1)} o L) st

CxansipHast 4acTb MOCJIEHETO 4JIEHA pasHa HYJIO, TIOCKOJBKY H3
NPOBEJCHHBIX PpACCYXAeHuH BeiTeKaeT, uTo (O, R), ABnsercs Ou-
BekTopoM. OcraHeTcs MO3TOMY JIMIIb

1 1
7(611‘))01. + Po (— 7l> (0uBo i,

a4 TaKk KaKk HYXHO B3iThb TOJILKO CKaJIIpHYIO 4acTb 3TOH BeJ-
YHHBI, MOJIy4aeTCsd TAKOH pe3ysbTaT:

1 1
Tolys)= — 7Y“Po (auﬁ)o = - ) po (1 Blo-

D R. Boudet, C. R. Acad. Sc. Paris, 278 (1974), ser. A, 1063.
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7. COBCTBEHHbIE 3HAYEHUA 3HEPTUN

ITokaxceM, 4TO ypaBHeHHE Ui COOCTBEHHBIX 3HAYEHHH JIHEpPruu
HMeeT BHI

(00¥) 717, = EY. (64)

YMHOXHMB crnpaBa obe yacTu (64) Ha ynorpebJsBuimMiics paHee
cronbeny u c¢ anemeHramu 1, 0, 0, O, mosiyuaem, yuuThIBas
cooTHolIeHus (44), ypaBHeHHUE

(00¥)y1y,u = EVu.
[Tonb3ysice 0b6o3HaueHUsIMH (45), €eT0 MOXHO TepenucaTh:
—i0y® = ED,

T. €. NMPUBECTH K BUAY YpPaBHEHHS Ha COOCTBEHHbIE 3HAYEHHUS
JHepruM s BosjHOBOH ¢yHkuun @, sBisroweics cnuHopom [lu-
paxa.

Paccmotpum ypasHeHue (64) B Touke O:

(@6¥)o Y1Y2 = EW,.

IMpeoGpasyem ero JeBYI0 4YacCThb, BOCHOJIb30OBAaBLIMCh TEM, YTO
(Gop)o ¥ (0oB)o paBHBI HyIO, eciiu PHU3UYECKash CUCTEMA HAXOMUTCS
B CTallMOHApHOM, HHa4e IrOBO s, HE 3aBUCALIEM OT BPEMEHH, COCTOS-
HuM. Takum ob6pasom, s OTHICKAHHS YPOBHEH JHEPrUM HMeEeM
COOTHOIILIEHHE

2(0oR)o =2 EY,Y; = (Qo)o-

8. UHTEPMPETALLMA

EcTecrBeHHO MONBITATHCS BBIBECTH HAa OCHOBE ypaBHeHHUs [[upaka
Takoe ypaBHeHHe, B KOTOpoM ¢urypuposana Obl cuia JlopeHua,
NeHCTByIOIIAas HAa 3JIEKTPOH BO BHEIIHEM MoJie NoTeHuuana A.
C 3T0if 1IeJIbI0 BO3bMEM I'DAaJAUEHT OT O0EMX YacTell ypaBHeHHS (43),
IpUYeM BbIYUCIIEHHUS NPpoBeaeM B GopMaliu3mMe BEKTOPHOU ajireGphbl,
[10J1b3Y ICb METOJIOM HEMOABHXXHOT 0 COOCTBeHHOT 0 penepa. [Iposectu
M0OOHbIE BBIYUCIIEHHUS, YIOTPEDJIAs MATPUYHYIO TEXHHKY, ObLIO Obl
KpaifHe CJIOXHO M BPS/I JIH JaxXKe yIajJoCh Obl MOJyYHTh OKOHYATEb-
HBIH pe3yJIbTarT.

Hrak, Oynem onepupoBath C ypaBHeHueM (56), koTopoe nepenu-
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LIIEM, YMHOXHB CIIpaBa Ha Y;Y,. Ilonyuum
1 1.
B=0 [p "Sexp (TB)JMZ =
i, 1. -
= mp exp| — —-iB | [exp (iB) Syo — (cos Bo) voS] +
2
: 1
+ ep *(A — Ag)exp (71'5) S.
O603nauumM npaByto 4acTb C + D, monaras

C=mp ' exp ( - 1[3) [exp (iB) Syo — (cos Bo)YoS],

D =ep (A — Ay)exp (% iB> S.

Bo3bMeM rpaaMeHThl OT 06eux ‘{aCTEH paBeHCTBa B=C+Dn
ymHOXMM ux Ha [pexp(if)]™ /. [lanee mnepelfinem K mnpeseny,
yCTpemJisisi TOUKY, B KOTOpOi paccmarpnaaxorca BCE 3TH BEJIMYUHBI,
k O; moayyum

(O B)o exP(_ %i%) Po = (O C) CXP(_ %’Bo) Po LEs
+ (O D)o exp(— %ﬁo) po 2. (65)

Ilpu BbuucAeHUU [] B 3aMEeTHM, YTO BCJIEACTBHE aCCOLMATHUB-
HOCTH yMHOXeHMs B anrebpe Kmubdopaa MoxHo 3amucarhb

1 1 1 1
OB=01 [D p ’zSexp(7i5>Jvlvz = I:Iz[p “Sexp<7iﬁ>]mz,

rae 1% — ckanspHblil onepaTop. Takum o6pazoMm,

{DZ [p‘/zs exp (% iB)]} = (0% p"oexp (% iBo) +
0

o e (1)) + s (L),
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U B pE3yJIbTATE UMEEM

-1 1 o 1 -1
(OB po " exp(—;tBo) =(O%p"opo v172 +

i 1
+ 2L(L__|2 Bo Y12 — T(D B)SY1Y2 + (3% 8o 1172

Tenepr nepexoanuM K BHIYUCJICHUSM ‘B NIPaBOH 4acTH PaBEHCTBA:

oc= m{L—J [pl/z €xp ( B %IB)]} [exp (iB) Syo — (cos Bo) YoS] +
+ mp'exp (% iB) {{OexpB)] Syo +

+exp(— iB) (03 S) vo — (cos Bo) ¥*v0 (0,.9)}-

B3saroe B Touke O, 3TO BBIpaXXEHHE YNPOILAETCS M HMMEET BHJ

(OC) = m([l |:Pl/2 exp (‘ %iB):I)o i(sinBo) yo +

+ mpd?exp (% iBo) {[Oexp(B)o vo +

+ exp(— iBo) (OO S)oYo — (c0s Bo) 10 (0,80}

OtmeTnM, YTO B UrypHBIX CKOOKaxX 3IeChb CTOUT 4YE€THOE d-YMCJIO.
ITepBoe cnaraemoe B MpaBoOif 4YacTH MOCJIEAHEr O PaBEHCTBA 3aMUCHI-
BAETCS B BUIE

1 Vo L.
—z‘m(D P)o Po i(sin o) Yo eXp ("2‘150) +
1 \ . 1
o0 Blotsin o) voexo 5 o).

TaK 4YTO MOCJIE YMHOXEHHS ero chpasa Ha pg l/Zexp<——2—i[30>

HoJly4aemM
i 1, 1 .
(dC)po " exp(—— ) lBo) = 7"1([] Plo Po i (sinPo) Yo +
1 .
+ 7"’(5 B)o (sin Bo) vo +

+ m{[Oexp(iB)]o Yo + exp(— iBo) (I S)oYo} —
— m(cos Bo) Y*Yo (apS)O'
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3amenss 3mech ([JS), ¢ momolpio ¢opmyssr (57), mpugem K
BBIPAXEHUIO

(0 Pops i 5inBo) v + 5 (T Bl (5in Bo) 7o —

— mi (O B)o exp (iBo) Yo +

+ mexp(— ’Bo)l:_ m(sinBo) v3 + i(OB —
- %(D PloPo 1:|Yo — m(cos Bo) Y*vo (2,8)o

KOTOpOE MOCJI€ YIPOLIEHH NEepenulIeTcs B BUE
1 _ 1.
- 7’"(005 Bo) (O P)oPs Yo — um (cos Bo) (O Blovo —

— m?exp (— iBo) (sin Bo) Y370 — m(cos Bo) v*Yo (0,8)o.

IIpeobpa3yem mocieqHuii “WieH:

— m(cos Bo) ¥*¥0 (0,8)0 = m(cos Bo) Yo (OO S)o — 2m(cosPo)(06S)o =
1
= m(cos Bo)Yo[— m(sin o) v + ji(D Blo —
- %(D Po Po 1:| — 2m(cos Bo) (00S)o-

CrenoBaTesbHO, MOJy4YaeM

(@ Cops - CXP(— %iﬂo) =
1
= — Tm(cos Bo) Po ' [(TI Plovo + Yo (T p) Jo] —

- %im (cos Bo) [(CT B)oYo + Yo (O B)o] +

+ im® (sin Bo) Y3Y0 — 2m(cos Bo) (00S)o =
= — m(cos Bo) p5 ' (Gop)o — im(cos Bo) (@oB)o +
+ im? (sin Bo) Y370 — 2m(cos Bo) (@S)o-
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Ham ocrtaeTcs TOJIBKO BBIYMCIIUTH

IR 1
OD=-ep” 2(@p)(4 - Ao)eXp(giB)S +

+ep (00 A)exp (% iB) S+ ep’y*(4 — Ao) {5,. [CXP (% ‘B) S]}

B Touke O mociefHee BbIPaXEHHE CHUJILHO YNPOIIAETCS:
i 1.
(@D po " exP(‘ 7'50) = e([J A)o.
I[J'lﬂ BEKTOp-NOTEHIIMAJlIa, KAK HU3BECTHO,
D ‘A= 0,

cJIeI0BaTeJbHO, [] A — OMBEKTOP.

Tenepp MBI 3HaeM Bce WieHbI BbIpaxKeHHs (65), OMHAKO OrpaHH-
YUMCSI PACCMOTPEHUEM €ro Oueekmophoii vactu. Yiepxusas
TOJIbKO GUBEKTOPHbIE COCTABJISIOLINE BCEX HYJIEHOB, IOJIyYaeM CO-
OTHOIILICHUE

D 1
(3% P MoPo "Y1Y2 — -0 B)3Y1Y2 +

+ %(Dz BloviY2 + (% S)ov1v2]s =

= im? (sin Bo) Y30 — 2m(cos Bo) (0o S)o + e((J A)o; (66)

34ecb MHAEKC B 00603Hauaer OMBEKTODHYIO 4YacTb BBIDAXXEHHUSA B
KBAaJpaTHbIX CKoOkax. Bulipaxenue mns cunbl JlopeHua B Touke O
3amuCchIBaeTCS B COOTBETCTBMM ¢ ypasHenueMm (33):

e(d A)o - Yo

IIpupaBHsieM BHYTpEHHUe NpOW3BeACHHs 00eux 4acreii (66) Ha
BEKTOP Yo; 3aMmeuasi, YTo

i¥3Yo Yo = Y2Y1- Yo =0,
HOJTy4YUM (C YYETOM HailICHHOrO paHee BbIPAXEHHUS IUIsl YCKOPEHHsI)
1
(% Sov1v2]8-Yo — 7Y3(DZ Blo =
= — m(cos Bo) (Joeo)o + (T Ao Yo
O6paTuMm BHMMaHHe, 4TO B 3TO ypaBHEHHE B KayeCcTBe COOCT-

7-394
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BEHHOM Macchl IBHO BXOJMUT HE m, a BeJIMUUHA mcos . B mpasoii
4acTH Hapsany co cjaraeMmbiM e([] A)o-7Yo, HAIOHIAM BbipaXeHUE
mns cwibl JlopeHua, purypupyer mpousBeleHue 3TOH cOOCTBEHHOMU
maccel mcos B, Ha yckopeHue. Ho Benb OCHOBHOE ypaBHEHHE pe-
JISTUBHUCTCKOM JMHAMMKHM YacTHMIbI, 3anuMcaHHoe B COOCTBEHHOH
CHUCTEME OTCYeTa, HE OTJIMYAaeTCS OT ypaBHEHUS MexaHMku Hbro-
TOHA, TIOCKOJIbKY B 3TOH CHCTeMe TpexmepHas CKOPOCTb YacTHIIbI
pasHa HyJiro. CenoBaTesibHO, U1 3JIEKTPOHA ¢ COOGCTBEHHOM Maccoi
mcos By, MTOMYUHAIOLIETOCS PENSTUBHCTCKON muHamuke JlopeHua,
BTOPOH WieH NOJKEeH ObITh HyJieM, T. €.

e(dd Ao Yo = mcos By (Co€o)o-

IToTok cobcTBeHHOM Macchl mpg (cos Bo) €y AOTDKEH COXPAHAThCA
B COOTBETCTBHH C TPEOOBAHUAMHE PEJISTUBHCTCKOH MHBAaPUAHTHOCTH,
TAK YTO €rO AMBEPreHIMs paBHA HYJIO, a 3TO B CHUJIy COOTHO-
wenus []-Jy = 0 npusoaut k yciosuro (gp)o = 0. 3amenss npasyto
YaCTh HAIIEro ypaBHEHUS HYyJeM, MOJIyYyaeM TaKOe YCJOBHE:

[(DZS)O 'Yle]B'Yo - %Ys (Dz B)o =0,

U MOXHO CKa3aTh, YTO 3Ta BEJMYMHA CIYXHT «MEPON OTKJIO-
HEHUs» 3JIeKTpOoAMHAMMKM JIOpeHLla OT KBaHTOBOH 3JIeKTpOIMHA-
MHKH.

BBoas TakuM o0OpazoM cOOCTBEHHYyIO Maccy mcosf, MOXHO
naTh uHTeprpetalmio yria Takabasicu B. [leficTBUTENLHO, HEMOTEH-
LMaJIbHas JHEPrHs MOXET M3MeHAThcs B mpefenax ot m (B = 0)
mo —m (fp =), u, cnegoBatesibHO, B CIyX)XHT Mepoil CMeLINBaHUS
BOJIH, Y KOTODPBIX HENOTEHLHAJbHAs OJHEPIUs IMOJIOKUTEIbHA U
oTpuLaTesbHa. Takue BOHBI € OTpHIATENbHBIMY JHEPIHSIMH CBA3aHbI
¢ BUPTyaJIbHbIMH, HEeHAO/IFOJaeMbIMH, COCTOSIHUSAMH, OIHAKO OHHU
COBEPLICHHO HeOOXOMMMBI C TOYKH 3PEHHSI TEOPHUH U MO3BOJIAIOT
OOBSCHUTD IIPOXOXKICHUE JIEKTPOHA CKBO3b NOTEHIUAILHBINA Oapbep
(TyHHes1BHBIH 3¢ deKT); Takoe nmpeonoseHue baprepa B KjiacCHYecKoil
MEXaHHKe HEBO3MOXHO, €CJIM HEeNOTEHIHAJIbHAS JHEprus OTpHUIla-
TeabHa (napadokc Kaeiina). PaBHBIM 00pa3oM HHTEpPECHO COIO-
CTaBUTh 3THM BOJIHAM C OTPHUUATEJILHON 3HEPrued COCTOSHUS
anTuyactunbl. M3 obmux coobpakeHHii MHBAPDHMAHTHOCTH OTHOCH-
TeNbHO OOpallleHhs BPEMEHHM !) IPUXOIMTCA MHTErpUpPOBaTh TAKHE
BOJIHBI C OTPHUIATeJIbHOM 3Heprueil He TOJIBKO IO MOJIOKUTEBHBIM

D G. Casanova, Renversement du temps, Centro superiore di Logica e
Scienze Comparate, Bologne, Italia, 1972.
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06BeMaM, KaK 3TO AEIANOCh IIPH U3YYCHHH IBYX NPEABIAYIIHX 3¢-
¢dexkToB, HO U IO oTpuuartejabHbiM obbemaM. IIpu Takom uH-
TErpUPOBAHUHM HM3MEHSTCS 3HAKH HHTErpajoB MO NPOCTPaHCTBY,
B YACTHOCTH 3HAKH 3apsla U COOCTBEHHOH Macchl, KOTOphle OyayT
0603HaYeHb! e’ M m U COMOCTABJIEHE! HE YACTHIE, a AHTHYACTHIIE.
Tax Moxer ObITh TIOJIy4€HA HHTEpIpETALMs COCTOSHMH, obmanaro-
LMX OTPHUIIATENIBPHON HENOTEHIMAJIbHOH JHEprHeH.

Otmernm etne, uto eciu W (m) sBisleTCA pELIEHHEM YpPABHECHUS
(43), To W (— m) ynoBJIETBOPsAET YpPAaBHEHHIO

OY(—m)=[—m¥(—myo + eA¥ (— m]v.v,

u, cienosarenbHo, W (— m) Takxe yaosuersopser (43). Takum
obpasomMm, kaxaomy pemeduro W(m) ypasHenus J[upaka s
4acTHUIIBI ¢ COOCTBEHHON Maccoit m (peasibHbIA, UM HAaOJIIOIaEMBIH,
3JIEKTPOH) conocrasJisiercs pewienue i'Y (— m) ¢ cobcTBeHHOR Maccoi
— m (3JIEKTpOH BUPTYaJIbHbIH, UM HEAOCTYNHBIK TPAMBIM HaOJIrO-
nenusM). Ilpu 3tom obiuee pereHde (43) ABISETCS CMEChIO BOJIH
C HENOTEHIHAJIbHOW JHEPrueil MPOTHBOIIONOXKHBIX 3HAKOB, €CJIH
HHTErPUPOBAHHE B IIPOCTPAHCTBE HPOBOIUTCS IO MOJIOKHUTEIbHBIM
o6peMam. I1pu HHTErpUPOBAHUY NIO OTPHIATEIBHBIM 00BEMAM OCY-
LIECTBJISETCS NEPEXOJ K HO3UMpPOHy C 3apsiAOM —e W Maccol m,
a ypasHeHue [{upaka, TakuM 00pa3oM, OJUHAKOBO NPUIOAHO IS
4acTHI[ C 3apsioM € U — e, U 3TO ODECNECYNBAET MHBAPHAHTHOCTH
YpaBHCHHSA NMPH OOpPALICHHH BPEMEHH.

9. ANOPAKLINA DNEKTPOHOB

Tak kak cymma naByx OuxsatepHHoHoB ¥, u ¥, sBisercs
ouksarepuuoHoM V), To u ¥ = ¥, + ¥, MOXHO NPUBECTH K KaHO-
HHYECKOMY BHIY

> 1
¥ = [pexp(iP)] " R;
HYyCTh [IPU 3TOM

. 1 . .

¥, = [P1 exP(’Bl)] Ry, W, = [Pz exp (le)]'/ZRL
sgeck R, R, R, — JIOpeHIIEBbl BpalliEHUd, p, Py, P, — IWIOTHOCTH
BEpOATHOCTH, a P, P;, P, — coorBercTByrowine yriabl. Mbl pac-
CMOTPHM TOJIbKO CYTICPTIO3HIMH BOJH C TIOJOXUTEIBHON HEOTEH-

IHaJbHOM 3Hepruel, Tak YTO MOXHO cuHTaTh B, = B, = 0, U HaO-
XuUM Takoe ycioBude B =0 UM Ha pe3yapTHpyIOILYIO BOJHY. Ilpo-

D C. R. Acad. Sc. Paris, 268 (1969), sér A, 437.

T*
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mBeneHne R, R, Takxe onpegesser JIOPEHIIEBO BPALUECHHE, TI03TOMY
MOXHO TMpeiAcTaBuTh ero B BHAe R;R, =exp(—B) ¢ B=
=(0 +ip)b, rne O U @ — neHCTBUTENBHBIE 4KCHa, a b — GUBEKTOD,
UMEIOIIUIA KkBagpaTtoMm 1.

ITpu HajoXeHHBIX YCIOBHAX cooTHouieHne ¥ =¥, + ¥, 3xBu-
BAJICHTHO CHCTEME YpaBHEHHUH

p=p1+ P2+ 2(p1p2)chBcoso,
0 =sh0Osin¢. 67

Boobuie rosops, 0 u sing He oOs3aHBI PaBHATHCA HyJIIO, U
MIOCJIEAHEE YpAaBHEHHE HE YIOBJIETBOPSIETCH, TAaK YTO HaJIOXKCHHBIX
orpaHuveHui HegocrarouHo. ITorpebyeM, urobnl BonHel W, u ¥,
HUMEJIH OfMHAKOBBIE JHEPrHH; TOr/a, BHIOPAB B KAa4€CTBE CHCTEMBI
oTcyeTa coOCTBEHHYIO cucteMy Uit ‘W,, mojiyuaeMm ycioBue

2 ’
€o = €g - €y,

r7ie BEKTOPHI e, U ey cyTh 4-ckopoctu misA vactun ¥, u ¥, B
OMHOW M TOH € NPOCTPAHCTBEHHO-BPEMEHHOM ToOuke. 3HAYHT,
R, m R, MoOryr oTiM¥aTbCs Jpyr OT [Jpyra TOJIbKO Bpaile-
HHEM MPOCTPAHCTBA. BHIYHCIEHHS TOKA3bIBAIOT, YTO B TAKOM CiIyvae
0 =0 u (67) cBOAUTCH K €IHMHCTBEHHOMY YCJIOBHIO

p=p;+ ps+2(p1pz)/icos g, (68)

a 3TO HE 4YTO HHOe, XKaK dopmyia AubpPaKru.
ITycrb, HanpuMep, B3AThl MIOCKUE MOHOXPOMATHYECKHE BOJIHBL:

¥, = p'{uexp[ios (p- )],
1 .
¥, = psruexp[ios(p-x + 0)],
rie ¢ obo3Hayaer pasHOCTb ¢a3. Bce HayokeHHbIE yCITOBHSA
OKa3bIBaIOTCs BBIIIOJHEHHBIMH, M (68) mpespaitiactcs B dopmyy,

OTIHCBIBAIOLIYIO AUGPAKLMIO IIEKTPOHOB B PEIATHBHCTCKOH TEOpUH
Jupaka.



Mnaesa 1X
ATOM BOAOPOAA

BylieM Ha3pIBaTh CKaJISpPHBIM NOTEHLHaToM npomsseneHue Uy,
rae U — moTeHuMas noss 3JEKTPUYECKOTO 3aps/id, MOMELICHHOTO
B HavaJle HEMOABMKHOM CHCTEMBI KOOPAMHAT, OCH KOTOPOH Harpas-
JIEHBI BJIOJIb BEKTOPOB 7. PellicHusa ypaBHeHusa (43) 1 ABMXCHHUS
B TAKOM BHEILIHEM moyie 6yaeM HCKaTh B BHUJE

¥ = Lexp (io3Exg),

cuntasi L OUKBAaTEpPHHOHOM, 3aBHCSLIMM TOJBKO OT MNPOCTPAHCT-
BEHHBIX kKoopAHHAT. Torza B COOTBETCTBUH C ypaBHEHHEM (63) E
0Ka3bIBACTCS COOCTBEHHBIM 3HAUYCHHEM 3HEPrHHM B CTalIHOHAPHOM
COCTOSIHHH.

VpaBuenue [Qupaxa (43) 3anucbiBaeTCs B BH[C

IIpeo6pazyem ero, ymMHOXHB cjeBa Ha Yo H CIOpaBa Ha
exp (— iozExg):

Yo O L= VL= [myeLy, + (U — E)L]ic. (69)
Pasnoxus L B cymmy kBaTepHHoHOB M u N:
L=M +iN,

TOoCJie psA/ia TIPOCTBIX Hpeobpa3oBaHUil CBedeM ypaBHeHHE (69) k
JKBHBAJICHTHOU CHCTEME M3 JIBYX YPaBHEHHIA:

VM =(m+ E — U)No,,
VN=(m—E + U)Mo,.

(70)

1. MMOCKUE PEWWEHUA

Ypoenu 3snepzuu. CymectBytor minockue pewenus (70), T. e.
HE 3aBHCAIMHE OT OJHON M3 HPOCTPAHCTBEHHBIX KOODIMHAT; HX
JIErKO TOJIYYUTH Kak B GOpMaIu3Me BEKTOPHOH anrebpel , Tak u ¢

D C. R. Acad. Sc. Paris, 270 (1970), sér. A, 1202.
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noMolubio ajre6ps! MaTpuil. OTBICKMBasi TAKME PELLIEHUS, Mbl BHOBb
HAaxXO/IMM HU3BECTHBIC TOYHbIE 3HA4YECHUS ypOBHEH 3Hepruu. ocra-
TOYHO paccMOTpeTh GyHKUMH M u N BHOa

M =G)r':f, N=F(@)r’ocsuf,

rae r SBJSETCA PAcCTOSHUEM OT IIEPEMEHHOM TOYKHM, JIEXKalueh
B IJIOCKOCTH z = 0, 10 Hayaya KOOPAMHAT, U = G; COS P + G, sin @ —
€[IMHUYHBIN BEKTOp B HANpPABJICHWH pPaJMycC-BEKTOpa TOYKH, f pas-
HAETCS €Xp (io3j@), @ j —3TO Tak Ha3bIBAEMOE BHYTPEHHEE KBaH-
TOBOE YHUCJIO, NPUHUMAIOLIEE TOJILKO TNOJIyIEJble MOJIOXKUTEIbHbIE
3HaueHus: /5, >/, 3/, .... ONEpaTOp rpajveHTa 3amUIEeM B MO-
JIApHBIX KOOpauHaTax (r, @):

V = ud/or + (v/r)d/de,

rae v = — 6y sin® + 6, Ccos Q.

IMoacraBuB yka3anHble BbipaxkeHdss B (70), Jierko moOJIydUTh
XOpOLLIO M3BECTHYIO CUCTEMy mupdepeHInaibHbIX ypaBHeHU [lu-
paka:

dG/dr —(j—%)G/r+(m+ E—-U)F =0,
3 (71)
dF/dr+<j+7)F/r—(E— U-mG=0.

JL1s OThICKaHMA €€ PELUEHHI BOCIOJIb3YEMCS CTaH 1apTHBIM METO-
noM. Tak kak Mbl HIIEM MOJIOXHUTENIbHbIE 3HAa4YeHUSA E, KoTOpbIe
MEHBILIE, YEM M, TO OKaXYTCS MOJIOKUTEJIbHBIMHU YHCIA

m+ E =A% m—E=B?%

Bo3bMeM A > 0, B > 0. HeusBecthble ¢yukiu F U G npeacraBum
B BHIE

F=exp(— ABr)(ap + ar;r + ... + aut™ + ... + ar’)r’,
G = exp(— ABr)(bo + byr + ... + by + ... + byt (72)

IMomuepKkHEM, YTO B ITHX BBIPAXEHMSX Y O0O3HAYAaeT HEKOTOpOE
NEACTBATEIbHOE YMCJIO0, a HE BEKTOp, MHIACKC m IPUHHAMAET
LIeJIOYHCIICHHBIE 3HA4YeHUs oT 1 g0 p W BCE 4MCna a, U b, nci-
CTBUTEJILHBIE.

KpoMe BBITEKAIOLIEro U3 TAKOTO NPEACTABJIEHUS YCIOBUS 06pa-
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weHns M u N B HyJb Ha OECKOHEYHOCTH (r = + 00), HaJIOXHUM
ellle ycjaoBUe oOpalleHust B HyJib B Hayasie koopauHat (r = 0).
Hanee 3anumem

U= —Zee Jr=— Zu/r,
rae Z — aTOMHBIii HOMEp, a O — MOCTOSHHAS TOHKOH CTPYKTYDBI,

3HaYEHHE KOTOPOH GIM3KO K /3.
IToncraBuB Bhipaxenus (72) B (71), HalineM, 4TO

1 2
y=-1+ (]"4'7) — 2%,

H, KpOME TOr0, MOJIyYMM PEKYPPEHTHbIE COOTHOLLUEHHS, MO3BOJIAIO-
[[KE TYTEM HTEpaluil onpeNeNuTh a U b ¢ TOYHOCTHIO OO MHO-
XKUTEJNSA, KOTOPBIA OyNET Haii/ieH BNOCIEACTBHH U3 YCIOBHS HOPMHU-
poBkHu. Takum oOpa3zoM ymaeTcs mOJIyYdTb BBIpaXKE€HHE MJIS YpOB-
Hell 9Hepruy, y4YMThIBAIOIEEe TOHKYIO CTPYKTYPY MOAYPOBHEH, OTBe-
YAIOILHX OHOMY H TOMY X€ 3HAYE€HHIO IJIaBHOIO KBAHTOBOI'O YHCJIA
n=p+j+ L :

2 T /2

CX,Z

1\2 2
(p + (j + 7) - ZZCI2>

JI1s mpaKTHYECKUX pacuyeToB 4acTO JOCTATOYHO OI paHHYMThCA
B 3TOM BBIPDAXCHHH IBYMsS IEPBLIMH YJICHAMH Pa3JIOKCHHS IO
CTENEHAM MaJIOro mnapamMerpa o. B Takom mnpuOJIMXEHHH IS
OCHOBHOTO cocTosHusA (n = 1, j = /,) 3HAueHHEe >HEPTMH paBHSAETCS

E(l)=RZ?*[1 + a*/4Z7],

E=m| 1+

rae R — nocrosHHass Pupbepra nss HemoABMXHOro siapa. Mel
Npeanoarajy, YTo LeHTpasIbHbli 3apsal HEMOABHXEH, TOrAa KaK Ha
€aMOM [ieJIe HEMOJBHXEH LIEHTP TSHKECTH CHCTEMBI PO — OTpHIA-
TeNbHBI 3JIEKTPOH, T. € SAPO BOBJIEKAETCS B [BHXEHHUE; s
yuyeta 3Toro 3¢dexta npu NpUOITMKEHHBIX BBHIMHCICHHSAX HANO B
BbIpaxeHUu Mg E mpasyro yacte ymMHOXuTh Ha 1+ P/1840, roe
P — atomHBIi BeC.

IMpunsB ¢yHaaMeHTaIbHYIO NOCTOsAHHYIO E, Ans atoma BOIO-
pona pasHo#t 13,5378, nonyuaem mis Z — 1 pa3 HOHHU30BAHHBIX
atomoB ¢ Z < 10 3HaueHUs ypoOBHEHl 3HEPrUH, KOTOPBIE XOPOILLO
BOCIIPOM3BOAAT BeJIH4YMHBI M3 «Tabsmubl koHcTaHt™ bayspa u
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Cropnena V), Tak u4TO a6GCONIOTHAS MOrPEIIHOCTL HE MPEBOCXOMUT
0,02 3B. Oanako eciu B3saATh s E, senuuuny 13,605 3B, 1o mpu
Z = 10 orkJoHeHHEe cocTtaBUT 6,75 3B, Tak 4YTO, €C/IH CUHUTATh
¢dopmyibl Teopuu Jlupaka TOYHBIMH, IPUXOIUTCS CHOEJATH BBIBOJ:
JIH6O0 IKCIEPUMEHTAJIBHBIE BEJIMYMHBI U3 YIOMSHYTOH Tabyuuer He-
CKOJIbKO 3aHWXEHbI, OCOOCHHO MpH OOJIbIIUX 3HAYEHUSX Z, JubO0
Yepecuyp BEJIMKO 3TO BTOpOE 3HaueHHe QyHIaMEHTaJIbHOH MOCTOSH-
HOH A4 aToMa BOJAOpPOAA.

2. MONEBLIE BESTIMYUNHDI

OmnpenenuM Mpexae BCEro COOCTBEHHYIO BEPOSTHOCTb IS
MJIOCKUX pelueHuid. Tak kak

pexp (iB) = ¥¥ = r(G + iFo3u) (G — iFosu) = r (G* — F?),

10 psinf} = 0. Ilpennosnoxum crauana, yro B =0; Toraa ¢ HEOO-
xomuMocTeio F2 < G? ® 3TO YCIOBHE BBIMOJIHSAETCH, KaK JIETKO
BHJCTb, B HEKOTOPONl OKPECTHOCTH HAa4ajla KOOpAUHAT. MOXHO
nonaratb F U G pPaBHBIMH COOTBETCTBEHHO

1 1 ]

G = (p/r) /Zch76, F = (p/r) /Zsh—%&

BbiuKCNAs 4ETHIPEXMEPHYEO CKOPOCTH €5, MOJIYyYHM
€o = YoChd — vy, shd.

CrnenoBaTesIbHO, DPUBEAEHHAS! CKOPOCTh MO aOCOIIOTHOH BEJH-
yygHe paBHA |thd|, Tak 4TO yClIOBHE HOPMHUPOBKH, 3aNHCAHHOE B
HETIOJBHXXHON CHCTEME OTCYETA, BBITJISAUT TaK XK€, KAaK B OOBIYHOM

dbopmanmme:
+ o

1= [ r(G*+ F¥dr,

0

T. € B 3TOH HENOJBHXKHOH CHCTEME BEPOSTHOCTb NPUCYTCTBHS
YACTHIBI HAKOTAA HE MOXET OOpaTHTLCA B HyJb. HampoTus, mis
COBCTBEHHOMN CUCTEMEI CNIEAYET PACCMOTPETh U ypaBHeHHE G2 = F2,
KOTOPOE MOTJIO 6bl UMETDH PELIEHUS TOJIBKO IIPH MOJIOXHUTENbHBIX P,
Tak kak npu p = 0 peleHHl HE CYHIECTBYET, a TAKKe CJICHOBAJIO
OBl paccMOTPeETh cinydail G? < F2, korna ¢ HeOo6XOAMMOCTBIO B = T,
OnHAKO Pe3ysbTAThl 006CYKIEHHUS ITHX CIIyYaeB HE MOT'YT HOBJIHATD

Y Bauer et Surdin, Table des constantes, G. Villars, Paris, 1942.
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HA BBIMHCJIEHHbIE 3HA4YEHUs YpOBHEH 3Hepruu, 6o oHM oT P He 3a-
BHCAT, TAaK X€ KaKk HE 3aBUCHT OT B M YCIOBHE HOPMHPOBKH,
3aMHUCAHHOE B HEMOJBIKHOM CHCTEME OTCYETA.

3. MOMEHTbI MMNYSbCA

To obCTOATENBCTBO, YTO pAaCCMATPUBAIOTCS TJIOCKUE DELIECHHS,
TI03BOJISET BBIYUCIIMTD U1 HUX OpOHuTasIbHbie MOMEHTEL IIpoBenem
HHTETPHPOBAHUE TUIOTHOCTEH MOMEHTA B KaX/0H M3 IIJIOCKOCTEH;
Mo KpalHEH Mepe 3TO HETPYIHO CHAEJaTh B HEPEISATUBHCTCKOM
npubJIKEHHH, KOTAA MOXHO npeHebpeds F2 no cpaBHeHuo ¢ G2,
U TOT /A /TS BEJIMYMHBI OPOHTAILHOIO MOMEHTA UMITYJIbCA TTOJTyYHM

i W
m VT )%

TToaHBIA MOMEHT UMITyJIbCA HaiiieM, IPHOABIIAs K 3TOH BEJIHUHHE
WIM BbIYATAS M3 Hee h/4m B 3aBUCHMOCTH OT HaNpPaBJICHUA
cnuHa. PaznuvHbie BO3MOXHBIE PAclOJIOKCHAS TUIOCKOCTEH opOHT
B NPOCTPAHCTBE KBAHTYHOTCS: pacCMaTpUBasl HampaBJICHHE O3 Kak
BBIJICJIECHHOE HAMIPABJICHHE B IPOCTPAHCTBE, MOXHO YTBEPXKAATD, YTO
NPOEKIMY HA O3 YHNOMSHYTOro MOJIHOTO MOMEHTA SBJISAIOTCA Iie-
JbIMH KpaTHbiIMH h/2n. KBaHTOBaHME ONMCBIBAETCH CledyroLici
(dhopmyJioii, B KOTOpOil a 06o3HavaeT yroJl, 06pa3oBaHHBIN IIOCKO-
CTBIO OpPOMTHI C IUIOCKOCTBIO z = 0, NEPHEHIUKYISAPHOU Oj3:

cosa = m’/(l + %) ; (73)

37€Cch M’ — TEJI0E YMCIO, | m'| < j M BO3MOXHBI ABa cilyvas:j = | + 1/,.

AHanu3upys 3Ty dopmyny, MoxHO npuiTu k npasuiy CTonepa,
a TaKKe noJy4uTs Gopmyiy Jlanzae s CABHra ypoBHEA, BHI3BAHHOI O
¢1a0bIM MArHMTHBIM TOJIEM ).

4. OCHOBHbIE COCTOAHMA

Ucnonb3ys MIOCKHE PELICHUS, MOXKHO Pa3BUTh METOJ MPHOJIH-
JKEHHBIX BBIYMCIICH U HEBO30YXKACHHBIX HIDKHUX YPOBHEH /151 aTOMOB
fosiee CJIOXHBIX, YEM aTOM BozopoZa. CHauana paccMOTPHM
YHCTO YMO3PUTENbHYIO OpOMTY pamuyca r 1Jisi YpOBHs 3Heprud E,
KOTJa 3apsin sapa pasBeH Z'e®, a I DHEPrHH B3STO BLIPAKECHUE

E=—Z2E,n* = — Z?(e")/2r,

D C. R. Acad. Sc. Paris, 271 (1970), sér. A, 817.
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B xoropoM E, — dbyHaaMeHTaJIbHAS MOCTOSIHHAS aTOMa BOJAOPOIA.

3aTeM, y4dTBIBas, YTO B OCHOBHOM COCTOSIHHUM N pPaBHSCTCSA
j+ /2, 6yJIeM cUMTaTh, YTO 3HA4YEHMA 1, 2, ... KBAHTOBOTO YKCJIA N
COOTBETCTBYIOT CTaHAAPTHBIM CIIEKTPOCKOMUYECKHM 00O03HAYECHUSIM
opbutanpHbix ypoBHeH K, L, .... A Tak kak B KBaHTOBOI
MEXaHHUKE MPU KaXJIOM 3HAYEHHH N BO3MOXHO TOJIBKO 2n pa3Jiny-
HBbIX IIOJIOXXEHUH IJIOCKOCTH OpOMTHI B MPOCTPAHCTBE, TO MpEm-
[IOJIOKHUM, YTO Ha OJHOM YpOBHE MNpeObIBAET N1 JJIEKTPOHOB C
IJIOCKUMH OpOUTAMHM, M YacTHUILI 3TH MOTYT CYMTATbCS HE3aBH-
CUMBIMH, €CJIH MPUHSATD, YTO KaXIas U3 HUX HAXOJUTCSA B LHEHTPAJIb-
HOM MOJIE MPUBEAEHHOrO 3apsna

Z'et =(Z —k)e*.

BBenmeHHbIif A7 ydeTra 3KpaHUPOBAaHHS sApa WieH k COOTBET-
CTBYET PE3YJIbTHPYIOIIEH IEHT PAJIBHBIX CHJI, CO3JaHHBIX OCTaJIbHBIMU
3JIEKTPOHAMHU B HAINpPAaBJICHUH pajuyc-BekTopa OA, NMPOBEIEHHOrO
U3 neHtpa saapa O B Ty TO4YKy OpOUTHI A, IAEC PpachosIoXeH
paccMaTpUBAaEMBIH INIEKTPOH.

3areM Hamo MHHHMM3HPOBATH CHUJIbI B3aHMOJECHCTBHSA, T. €.
BHIOpaTh U1 MOMAPHO B3aMMOJCHCTBYIOUIMX 3JIEKTPOHOB TaKHe
HOJIOKEHHs] Ha OpOHTaXx, KOrJja OHM MAaKCHMAaJIbHO yJAJICHbI APYT
OT Apyra.

IlpodenaTh COOTBETCTBYIOIIME BBIMHCICHUS IS ciydas Z — 2
pa3 MOHM30BAaHHOTO aToMa C 3apsAAOoM sapa Z JOBOJIBHO MPOCTO,
noToMy 4to npu n =1, j = '/, okaswiBaerca, uro [ =0 wm [ = 1,
TaK 4TO yIJIbl, KOTOPBIE INIOCKOCTH ABYX OPOHUT MOTYT 00pa30BbIBATh
C G5, ONPEACIAIOTCA HA OCHOBaHMH (73) COOTBETCTBEHHO U3 YCJIOBHI
cosa = 1| umu cos a = /5. Koadpuuuent s3aumoseiicrus k B TakoM

clyvyae paBeH [@/8, a TOJIHAas JHEprus [BYX OJJICKTPOHOB paB-

HACTCHA
E =2(Z — |/6/8)E,. (74)

IIpexne 4eM mepeiiTh k 06ocHOBaHMIO 3TOH (POpMyJibl, OTMe-
THM, YTO B CJIy4ae TAKHX ABYXIJIEKTPOHHBIX CHCTEM NPHU KOPPEKT-
HOM pEILEHHH BOJIHOBOrO ypaBHeHUs [lIpenuHrepa ¢ nomoilbro
MOCJIEI0OBATE/IbHBIX NPHOJIIKEHUI mo meTony Xuiiepaaca moJy-
YAaOTCA 3HAYECHUS OHEPruy, NOBOJbHO OJH3KME K 3KCIEpUMEH-
TaJbHBIM JaHHBIM. Tak, 171 aTOMa Teus, €CIM Or PAaHHUYUTBCS MEp-
BbIM KBAHTOBOMEXAHHYECKHM IMPHOJIMKEHHUEM, BbIOMpAs B KaYeCTBe
npUOIHKEHHONR BOJTHOBOH (DYHKIIMHM CUCTEMbI YaCTHI IPOU3BE/ICHHUE
9KCIOHEHT, KOTOPOE COOTBETCTBYET MHHHUMYMY 3HEPTHH B3aHMOIEH-
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CTBUSA, TO pacueTHoe 3HaueHUE 3Hepruud 77 3B, HailneHHoe mnpu
E, = 13,5378, oka3bIBacTCs HECKOJBKO MEHBIIE 3KCIEPHMEHTAJIb-
Horo 3Haucuusa 78,63 3B.

ITpumenss dopmyny (74), nonyuum 3uauenue 77,69 3B, koTopoe
0Ka3bIBAECTCA JIydMIUHMM npuOImkeHueM. ONHAKO TIpeIJIOXKEHHBIR
HaMH METOJA HE TNO3BOJIACT YJIy4llaThb 3TOT pe3yJbTar. MoxXHO,
OAHAKO, OTMETUTb, YTO NPHHIUMHAJbHAS CXEMa HALIEro pacucTa
JHEPIHil OCHOBHBIX COCTOSIHHIA MOXET OBITH HCIOJIb30BAHA H B
60Jice OOLIUX clly4asix [UIs aTOMOB, HOHHM30BaHHbIX Z — 3 pa3 u
maxe Z — 10 pa3, W OpH OTOM TOJYYAIOTCS XOpOIUHE pe-
3yJbTaThl. JlJIi aTOMOB, HOHHM30BaHHbIX Z — p pa3 (p uejoe,
3 < p<10), coBnajeHue pe3yJbTATOB C 3KCHEPHUMEHTAJIbHBIMH
3HAYEHHSMHU B OOJIBIIMHCTBE CJIy4aeB OYEHb XOpOILEE, HO UHOrAa
MHHUMYMY 3HEPrHH MOTYT OTBEYaTb HECKOJIbKO Pa3JIMYHBIX KOH-
¢urypanuii, T. €. 3amava BBIPOXK/EHA, U TOTrAA 3KCHEPHMEHTAJIb-
Hble 3HAYEHMS 4Yallle BCEro OKa3bIBAKOTCA OJIM3KH K PaCYETHBIM
BEJIMYMHAM, YCPENHEHHBIM IO PAa3JIM4YHBIM BO3MOXHBIM COCTOS-
Husim V.

Tenepp 3aiiMeMcsi BbIBOIOM (opMyJbl (74).

Ilycte B 0o0uieM ciyyae 3JI€KTPOH A HaXOAUTCA B IUIOCKOCTH
z=0 (puc. 5), a anekTpoH B — B milockocTd P(cosa) U AJHHEI

Puc. 5.

BekTOpoB OA = OB = r. Cujia OTTAJIKHBaHUSA MEXJY 3JIEKTPOHAMH |
MHMHHMaJIbHA TIpU £ BOA =T —a, ¥ B TakoM cliyyae

f=(e")?*/4r? cos? % a.

1
Ee cocrapnsromas f COSTa BI0JIb OB 06yC/OBINBAaET M3MEHEHHE

3¢ peKTHBHOrO 3apsaa, ACHCTBYyIONIEro HA B, B IPUOIHKEHUH LEHT-

Y C. R. Acad. Sc. Paris, 275 (1972), sér. B, 53, 121, 267, 399.
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PaJLHOTO MOJIA:

1
Z' = Z - kBA = Z - 1/4 00870.
l'[pezlnonoxuM ClIe, YTO BCJICACTBUC yCTOﬁqHBOCTH IIJIOCKOCTH

opbuThl cocraBnsolas f, nepneHAUKynspHas OB, yHUYTOXaeTcs.
Jlns aTOMOB, HOHU30BaHHBIX Z — 2 pa3, cosa = !/; u, cneno-

BATEJIbHO,
Z'=Z - /68,

TaK 4YTO MOJIHAS JHEPTUs JIBYX JJIEKTPOHOB HAXOAUTCA no GopMye
(74). Ecnu BbIOpaTh [is dyHIamMeHTanpHON mocrosHHOW E, 3Ha-
yenue 13,54, To AnA 3Heprud E OCHOBHOrO COCTOSIHMS [BYXDJIEK-
TPOHHOW CHCTEMBI B MOJIE SAPa HOJIYYUM cienyomnyio Tabnunmy,
B KOTOpOit E’ mpencraBisieT 3KCIIEpUMEHTAIbHOE 3HAYeHHE IHEPTrUH
B JJIEKTPOHBOJIbTAaX, 3aMMCTBOBaHHOE U3 bayspa um CropaeHa:

Z=2 (H) E= 7169 E = 7863
=3 (L) E= 19651 E = 197,12
=4 (Be) E= 36949 E = 369,74

(B) E= 59662 E = 59,5

(C) E= 87192 E = 877,
(N) E=121338 E =121281
(O) E=160299 E = 160231

Kak TOnbKO 4YHCIO 3JIEKTPOHOB p NPEBOCXOAUT 2, KBAHTOBAs
MEXaHHUKa BBIHYXX/IEHA 00 paiiiaThCst K npUOIMKEHHBIM METO IaM pelile-
nus 3agaum . ITokaxeMm, Kakum 0OGpa3oM PacCMOTPEHHBIN BBIILIE
METO/I [MO3BOJISET OYEHb JIETKO MOJIyYaTh MPUOIIVKEHHbIE PEILICHUS.

Hnsa anekrpowa C, npuHamiexaiiero obonouke L, n=2 u
j=3/2, Tak uT0 Ccosa = 1. [Tyctb B mIOcKOCTH z = 0 PACTIONONKEHBI
37ekTpoHbl A U B. OpOuThl 371€KTpOHOB A M B, mpuHaanexammx
obonouke K, mpeamosaraemM yAajJeHHbIMH Ha PpAcCTOSIHUE ' OT
Hayaja KOOpAMHAT, M MyCTh paauyc opOutbl 3j1ekTpoHa C wu3
obonoyku L paseH R. BBemem 4ucio u COOTHOIIEHHEM r = uR
U NONBITAEMCH €ro ONpelejuTb, HANOMHHUB, YTO MbI CYHTAEM
panuychl OPOUT NPOMOPUMUOHATLHBIME n%/Z’. OrpaHuMMCs C1yvaeM
p=23.

D E. U. Condon, G. H. Shortley, The Theory of Atomic Spectra,
Cambridge, 1970.
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JleiictBue A Ha C, OYeBHUIHO, OKAXETCS MHUHMMAJBHBIM, KOraa
A u C [guamerpajibHO MpPOTHBOMOJIOXKHBI (puC. 6), U KO3ddu-
uheHT k4 3amaerca dopmysion
[P !
ac = = .
R+r* " (1 +up

MunumaabHoMy Bo3gedcrBuio C Ha A COOTBETCTBYET 3HAYEHHE
ko3¢ durenta

r2 u2

kea= R+n - AT+u?’

He cnenyer, koHEYHO, yNMycKaTb W3 BH/Y, YTO B KBaHTOBOM
MEXaHHKE pPAaCCMOTPEHHE OpOUT — 3TO BCErja YMUCTeHIuas creky.isi-

. R .

A 0 c
Puc. 6.

1Hs, OpOUTHI HE COOTBETCTBYIOT MCTUHHOMY IBHXEHHIO 3JIEKTPO-
HOB M CYLIECTBYIOT TOJIbKO B KA4€CTBE HArjsmHbix o0OpazoB, ¢
MOMOILBIO KOTOPBIX yIOOHO MPOBOIUTH MAaTEMATUYECKHE OLIEHKH
BEJIMYUHBI B3aUMOICHUCTBUS.

Beenem Temnepb M3 cOOOpaKkeHUH CUMMETPHUH

kca=kcp v kyc = kgc,

TaK KaK JJIEKTPOHBI A U B HIparoT OIMHAKOBBIE POJIH U TEM
CaMbIM Hepa3JINYMMBI.
Takum oOpazoM, [id onpenejeHus u MOJy4aeM YpaBHEHHE

[[6 u? _ 2
4“(2—8_—(1—+u—)2)—z—m’

KOTOpPOE€ MpH KaXIOM Z HMEET TOJIbKO OIWH MOJOXKHTEJIbHbIH
KOpeHb, Mpu4eM ero 3HayeHue He npeBocxomut 0,25. DHepruro

G

2
oaHoro ’jekrpoHa C Hainem, BbIYMTASA 2( — T) U3 MOJIHOK

JHEPTMM TPEXIJIEKTPOHHOM CHCTEMBI; TOrna B enununax E, moy-
4aeTcsl BbIpaKeHUe l@

2
E__i 4 2 2_4“ Z"‘T . 2u4
4 (1 +u)? (1 +uy I+uw
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Pe3ysbTaThl BHIMUCICHUI N0 3TOH (opMmysie CBeIEHbl B TabjuIy,
B kotopoii E’ o0603HauaeT IKCHEpUMEHTANBHOE 3HAYCHUE
sHepruu, B3sitoe y bayspa u CropneHa:

Z=3 (L) E= 504 E= 537
Z= 4 (Be) E= 1762 E = 1813
Z=5®B) E= 31l E= 3774
Z= 6 (C) E= 6341 E = 6417
Z=17(N) E= 9653 E = 9740
Z= 8 (0) E=13646 E =137.8
Z= 9 (F) E=183]12 E =1842
Z=11 (Na) E=29634 E =29839

OTHoCHTEIbHAS TOYHOCTD NPUOJIHKEHHS TEM JIy4llle, YeM oJiblie
HOMEp Z.

ITpuMeHeHne U3J10)KEHHOro MeToa MPHBOIUT K XOPOLIUM pe-
3ynbraTaM, ocobeHHo s p=4 u p= 10. Ilpu p = 4 HyxXHOMY
YPOBHIO OTBEYAIOT n = 2, j = 3, TaK YTO KBAHTOBOE YHUCJIO | MPHHU-
MaeT 3HayeHus 1 ¥ 2, a [UIA COSA BO3MOXHBI HYETHIPE 3HAYCHHS.
Bynem rosopuTh, 4YTO aTOM HAaXOOUTCS B HOPMAJBHOM COCTOSIHHH,
€ciM Npu p = 4 N1Ba 2JIEKTpoHA u3 00O0N0YKH L IBHXKYTCA B OIHOM
miockocTu. Coryacue ¢ ONbITOM MOJIy4aeTCs TOT A OYEHb XOPOILIUM,
32 UCKJIOYEHHEM cilydas Z = 7, COOTBETCTBYIOLLETO HYETHIPEXK/IbI
MOHU30BAHHOMY a30Ty, KOIJd HPUXOIUTCH NPENNOJIOKUTb, YTO
JIEKTPOHbI OOOJIOYKUM L JOBUXKYTCS B PasHbIX IUIOCKOCTHAX, T. €.
HMEET MECTO BBLIPOXJICHHUE.

5. CO)EPUMECKUN CUMMMETPUUYHDLIE PELWUEHUNA

BosiHoBbIe GYHKIMH MIOCKUX PELLICHHMIH HE 00JIafAIOT CBOHCTBOM
OHO3HAYHOCTH H3-32 MPHUCYTCTBUSA HELEJOr0o MHOXHTENS j B TO-
Ka3aTe/ie IKCOHEHTHI. DTH BOJHOBbIE (QYHKLMU U3MEHAIOT 3HAK MpU
U3MEHEHHM yIrja @ Ha 2T, TaK YTO HE HUMEET CMbICJIAa I'OBOPHTH
0 3HAYeHUHU 3TO# GHYHKIMHU B KaxXJ0i TOYKE MPOCTPAHCTBA. YXKE MO
3TOM NPHUYMHE OHH HE MOTYT PacCMaTpUBATLCS KaK BIOJIHE pealib-
Hble 00bekThl. HO mpu Takoil cMeHe 3HaKa HE MEHSIOTCS MOJIEBbIC
BEJIMUMHBI, KOTOpBIE HPEACTABIAIOT co0OI kBanpaTuuHble (HOPMBI
OT BOJIHOBBIX QYHKIMH, © UMEHHO 3TH BEJIMYUHBI UMEIOT TOYHBIH
¢uzuueckuit cMbici. B mpuBblYHOM Teopuu [lupaka MOXHO CTpo-
UTb OIHO3HAYHbIE BOJIHOBbIE (YHKIUU B IPMHUTOBOM BEKTOPHOM
MPOCTPAHCTBE, BBOI PEILCHHUSI, BEIpaXAIOIIMeCs Yepe3 chepuieckue
rapMoHuku. [IpuMeHss BEKTOPHYIO anredpy, cjieayer 3aMEHHTb Ta-
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Kue (GYHKIMHM BOJIHOBBIMH (PYHKIMSMH, MPEICTABJIAIONIMMU COOOM
OUKBATEPHUOHBI B NMPOCTPAHCTBE-BPEMEHH ).

IBa ypaBHenus (65) Bcerma OCTaroTCs B Cujie, © Mbl Oylem
HCKaTh UX PEILEHHUs, Mojaras

M=G(r)So;, N=F(r)P u S=nP.

B 3apmaue, obyaparomei cepuyueckoir cummerpueit, r obo3Haya-
€T paauyc-BEKTOp, a P sBasercs QpyHKIMEH €AMHUIHOrO BEKTOpA n,
HanpasJIEHHOr O BAOJIb paauyc-BekTopa. CileoBaTEIbHO, MOXHO 3a-
MMCATh ‘

n=oc3c080 + usino,

U 3TO BbIpaXEHHE BBOAMUT IIMPOTYy O Hapsay ¢ AOIToTOH O,
¢urypupoBasiueil B onpeneaeHN u, TPUBEACHHOM B Hayaje 3TOH
riaBbl

INoncrasinsas 3t4 Boipaxenus B (70), monyuum mudbdepeHuunab-
Hyto cucremy Jlupaka (71). Pemenusmu ee okaxyrcs (QyHKIMH

S = (Co; + Du)exp (ic3mo),
rae m — penoe 4ucyio, a C u D BbIpaxaloTCd C NOMOIIbIO
ynkumii Jlexannpa:
C = oP"(cos®), D = P"*!(cos9),

ecnu | — nejioe MOJOXUTEIbHOE YMCIO WM Hydb. Kpome Toro,
JOJIXKHBI BBIITOJIHATBCA COOTHOILUCHUS

Im<luow=Il—m

WM
o=—(Il+m+1).

C TOYHOCTBIO [0 YMUCJIOBBIX MHOXHUTEJIEH MOJIUMHOMBI JIexaHapa
OT [EHCTBUTENILHON MEPEMEHHON X OMPENENAIOTCS PABEHCTBOM

P,(x)=d'(1 — x?)/dx!,
a ¢ynkuuu JlexaHapa — paBeHCTBOM
Pl (x) = (1 — x?)™2d"P, (x)/dx".

ITH YUCJIOBbIE MHOXHTEJIH MOXHO onpenciMTh U3 INPUBOAUB-
LIE€rocs paHeC YCJIOBHUSA HOPMHUDPOBKH, 3aIITMCAHHOTI O B HETOJIBHXHOM
CHUCTEME OTCYETA.

) R. Boudet, C. R. Acad. Sc. Paris, 278 (1974), sér. A, 1064.
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Beluncienue yria  moka3bIBaeT, YTO OH HUMEET BEJIUYMHY I1O-
pAoKa NMPUBEIEHHOH CKOPOCTH v/c, TAK YTO B HEPEIATUBHCTCKOM
NpubJIMKEHHH BCEra MOXHO [0JaraTb MacCy paBHOM m, a He
mcos ; BIpo4eM, HA COOCTBEHHBIX 3HAUYCHUSAX DHEPIUH, HE 3aBUCH-
HMX OT P, 3TO OOCTOSTEILCTBO HE CKAXKETCH.

Taxum 06pa3oM, IpUMEHS BEKTOPHY1O anredpy, MOXHO pelaTh
3amayd Teopuu [lupaka, ¥ pELUEHUS MMEIOT SCHbIM (u3nuecKuit
CMBICIL.



Masa X

PENMIATUBUCTCKAA TEOPUA HYKITOHA

1. YPABHEHMUE A7 HYKITOHA
3anuieM Hallle ypaBHEHHE IJIS HYKJIOHA B BHJE

OB = {mByo + e(cos0/2) Aexp [i(By,voB™")6/2] B} v,v: + Bpi,
(75)

rae 6ukBaTepHUOH B 0003HayaeT BOJHOBYHO (QYHKIHUIO HYKJIOHA,
A ONHUCBIBAET 3JIEKTPOMArHUTHOE MOJIE, 4 p — MHOHHOE MOJie, KO-
Topoe BBOoAMTCH (HopMyIoit

p=p"1 + p*y2 + Pys.

Kpome TOro, e —3apsiy nporoHa, m — macca HedrpoHa m(N),
a 6e3pa3MepHas BelauuuHa 6 — yriosas nepeMeHHas. JIerko BUIeTh,
4yro ypaBHeHue (75) mpu oOpallleHMM HHOHHOIO TOJIA B HYJIb Ie-
pexonuT B ypaBHeHue Jlupaka NS WIEKTPOHA, €CJIK m CYUTATh
Maccoif 3JeKTpoHa u B3Th 0 = 0.

VpaBHeHue (75) MHBADMAHTHO OTHOCHUTEJBHO IPOU3BOJILHOIO
MOCTOSIHHOI'O JIOPEHIIEBA BpaILUECHUA, KOTOpoe Oyner o0o3HaYaThCA
R,. B camom nene, 3amenss B ypasHeHun B Ha B'R; u ymHo-
xas (75) cnpaBa Ha R,;, mony4uMm B pesyabTate mis B’ Takoe
Ke ypaBHeHHE (75), B KOTOPOM BEKTOpBI Y, 3aMEHEHbI BEKTOPAMU
Y. = Ryv,R,, Tak xak

B'RlYlYo(B'Rl)_l = B,RIYIRIRI'YORIBI_I = B’Y’lY’oBhl-

KOMMOHEHTBI IIMOHHOTO 110JisI NPH TaKOM MNpeoOpa3oBaHUU HE
M3MEHSAIOTCS, U 3TO OOCTOSATENILCTBO JO/DKHO UMETh (pu3uuecKkuii
CMBIC]I, KOTOPBII NMpOSBUTCA B AanbHediieM. OTMeTUM ellle, 4To
NUOHHOE Toyie He ofJagaeT CBOWCTBOM KaJuOpOBOYHOH MH-
BAPUAHTHOCTH.

8-394
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2. NBOBEKTOPbI

Perienue B(x) paccMaTpuBaeMoOro ypaBHEHHS MOXHO 3alUcaTh
B ¢dopme
B =[pexp(iB)]"Q, (76)

rae Q — BpaweHue JlopeHna, a p — cob6CTBeHHAs IUIOTHOCTh BEPO-
ATHOCTU B Touke x. Jlajee MbI yBUAUM, 4TO yroy [ AOmyckaer
Ty € MHTepINpeTalyio, 4To ¥ B Teopuu /lupaka. BeeneM uerBepky
BEKTOPOB i, COOTHOLUEHHEM

iy = 07,0 = By,B™!
U ellle YeThIpE BEKTOpA

3aTem 3azaqiM JIOPDEHIIEBO BpAICHUE R, noJjsaras
oo 0
R = exp l(lllo)? Q,

rae iip = le'yOQ = By,YoB™!, ¥ BBeEM BEKTODbI

~ ... 8 ... 0
J,=pe,=pRyR = exp[z(zlzo)7:|1“exp[— 1(1110)7].

BpemenHoii BexkTop J, UHTEpNpeTUpYyeTCs KAK TOK IUIOTHOCTH
BEPOSITHOCTU HYKJIOHA, NIPOCTPAHCTBEHHBIN BeKTOp J3 3amaer pac-
npeaesicHue BEPOSTHOCTH CIIMHA HYyKJIOHA. IIpocTble BBIYHCIIEHHS
MOKa3bIBAKOT, YTO B KAXI0H TOUKE X MPOCTPAHCTBA-BpeMeHH Jo = I
u J, =1,, opHaxo BekTopnl I, (o =2, 3) mosyuarotcss B pe3yJb-
TaTe BPAIIECHUS BEKTOPOB J, BOKPYI NMPOCTPAHCTBEHHOrO BEKTOpPA
ijip B MOJIOXKUTEILHOM HANpPAaBJIEHUM HA yroy O; BpaiieHHs coBep-
1arTcsi B cOOCTBEHHOM IPOCTPAHCTBE, B3SITOM B TOYke Xx. Bce
BEKTOPHI I, HA3LIBAIOTCS uU306eKMOpamu, a BEKTOp I3 Ha3bpIBaeTCs
U30CNUHOM B TOYKE X.

MpbI XxoTHM Terepb 0600 TE ypaBHenue (75), HOACTAB/IsAS TyAA
BMECTO i; NPOCTPAHCTBEHHBIH BEKTOP j, [10 ONPENEJICHUIO PaBHBIH

j=s'y + 5%, + siis,
roe s, s%, s> — meiicTBuTenbHble uyucaa. Torna

jio = Slilio + Szizio + S3i3i0.
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Kpome Toro,
jio = O (s'i1io + s%izio + $%i3i0)Q = B(s'c, + 520, + s%03) B~ L.
VpaBHeHue (75), moBeprHyToe TakoMy mpeoOpa3oBaHuIo, Oyaer

HMEHOBaTbhCA ypaBHeHUeM (75).
Beenem emie BenuuuHbl R u J), nmojaras

’ Ly ’ D’
R' = exp[i(jio)6/2]Q, J, =pRY.R.

ITonyepkHem, yto Beeraa Jo = Iy, HOCKOJBKY ijip KOMMYTUPYET

C Yo, ¥ MOITOMY
O-Jo =0-1,.

J111st coxpaHeHHst BEpOSITHOCTH HEOOXOAMMO, YTOOBI IUBEPT €HLIHS
BeKTOpa Toka J, ObLIa paBHa HyJIO B KaXJOH TOYKE X, U Mbl
paccMOTpUM, NpU KaKUX YCIOBUAX 3TO CBOHCTBO MOXET OBITh
BBIIIOJIHEHO B HAllleH T€OpMM HyKJIOHA. [l71s 3TOro Haiinem nusep-
TEHIUH U30BEKTOPOB I, TPUMEHUB METO MTHOBEHHO! COOCTBEHHOIH
CUCTEMBI OTCYETA B MPOU3BOJIbHOW Touyke O, B3SITOH B KayecTBe
Hayana koopauHaT (x = 0). BolOupaem B KaXZOH Touke X c0O-

_CTBEHHBIH 0asuc, ompelenseMblil JOPEHLEBLIM BpalleHneM (Q; mpu
3TOM

H, CJIEAOBATCJIbHO,

(o =Y (itio)o = Y10 = Oy,

N 2 3
(jio)o = 5601 + S50, + 5503 = G,

a (d-io)o = 2Yo-(O-Q)o, Tak kak (0,0)o ABISETCI GHBEKTOPOM.
U3 (76) BbIBOOMM, YTO

0B =2 @pp hexpB0 -

— 50T B exp(B2)Q + o exp(~ iB/2) (D Q)

U, paccMaTpHBas 3TO COOTHOLLUEHUE B HaYaje O, Mojy4aeM JOKaJlb-
HO€ paBEHCTBO

(0 B)o = (0 o Py exp (iBo/2) —

— 5 05 (T Bloexp (Bo/2) + pi exp(— iB0/2)(C] Qo (77)

8*
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IMoncuutaem Tteneps (] B), ¢ momoumio (75). INomayuaem

i
(O B), = [mBoYo + e(cos 8y/2) Ag exp (-2—090> Bo} Y2Y1 + Bopoi =
i
= mpg €Xp (—2- Bo) YoY2Y1 +
. i i
+ epd?cos(0p/2) A exp <20'90> exp (2 Bo) Y2Y1 +

+ pd*po exp < - % Bo) I (78)

Wckmrouus u3 (77) u (78) (0 B)o 1 YMHOXHB HaliJleHHOE COOTHO-
IIeHWe crnpasa Ha exp (— ifo/2), noayuum, 3zametus, uto (] Q) —
HEYETHOE d-UHCJO, YpaBHEHHE

(O Pops = — ipd? (CI1B)o + 2pd(01 Q)0 =

= 2mpd2exp (iBo) Yo¥2¥1 + 2epd?(cos6y/2) A, exr><%090> Y2Y1 +

+2pdipoexp(— iBo)i. (79)

Jna HaxoxneHus ([J-Q), OTJENMM B TNOJYYEHHOM PABEHCTBE
BEKTOPHYIO 4aCTh; NPUXOIUM K COOTHOLIECHHIO

(OPopo’ +2(0-Qo = —2myssinB, +

+ 2posinBy + [Ze(cos 00/2) Ao exp (% 09()) YY1 ]V, (80)

rie uHaekc V o3HauaeT, 4To OepeTcss TOJILKO BEKTOpHas 4acTh
BBIDAXCHUS B KBAJIPpaTHBIX CKOOKaXx.

DTy BEKTOPHYIO 4acCTh BBINHUILIEM, NMPEOBAPUTEILHO PAa3JIOKUB
BEKTOp ©. SIcHO, 4TO

[2ecos? (80/2) AoY2v1 —e(sinBo) Ao (350105 + 556,03 + s3)]y =
= 2ecos’ (00/2)(Aoy2 — AGY1) — e(sinBo) Agsy — e(sin ) Aosgys +
+ e(sinBg) A3y, ss — e(sin0,) A2s3y; + e(sinBy) A3s2y,.
Tak xak, kpome Toro, (0-Io)o="Yo (OP)o + Po(d-io)o =
=vo-(OP)o + 2poYo(d-Q), TO B pe3yabTaTe HMEEM
(O P)oPs Yo + 270 (- Qo = — e(sinB) A5s3 = (- To)opo -



PEJIATUBUCTCKASA TEOPUS HYKIJIOHA 109

OueBuaHO, 4TO ycaoBHe sy =0 HEOGXOOMMO W IOCTATOYHO IS
Toro, uroObl auBepreHuus I, obpamianack B HyJib HPU HAJUYUH
Jr060ro 3JeKTpoMarHUTHOro noJsi. EcrecrBeHHO BKIIIOUMTE 3TO yC-
JIOBHE B HAIlly TEOPHIO, TOJIOXUB
G =0,C08Q + C,8inQ,

rne @ — HeKoTopblit yroi. Temepp MBI MOXEM pPa3JOXKHUThb
exp(— i08y/2), a mosromy u B oKaxercs pa3jiOXeHHbIM HAa TpHU
4acTd, HO B TaKOM CJiyuae MOXHO paccMmarpuBath (75) Kkak
ypaBHeHuE [UIS TpHUIUIeTa 0apHOHOB .

OnHako B TEOpUH HYKJIOHA JOCTATOYHO BBIOpAaTh © = G, KakK
MBI yXe Aejajii BHadasle. Bor modyeMy Mbl BBIYHCIAEM B Aallb-
HellllleM JUBEpreHIMH BEKTOPOB I,, 3aMeHsA B paBeHCTBax (78) u
(79) o Ha o,. Takum obpa3zom, Bmecto (80) nosyunm

(O popo ' +2(0-Q)o = —2my;sinPy + 2p,sinPo +
+ 2ecos? (00/2)(Ady, — Ady,) + e(sin o) (A3y, — A4Y3).

W3 pasencrsa ([J-i,)o = 2y,-(0-Q)o cHauaja BBLIBOIMM, UTO
(O-I)o =7, (@AP)o + Po(d-ie = Yu- (O plo + 2poy,. - (O o,
a 3aTeM, 4TO
(@-L)o = U)o [—2my;sinPo + 2 posin Py +
+ 2ecos? (05/2) (Aoy2 — Agy1) + e(sinB)(A3y, — Aova)].

B pesynbTaTe moiysaem
(O 11)o = — 2popb sin o + 2 epo cos? (B/2) A5 — epy (sin B;) 43,
(@O-I2)o = — 2pop5sinPo — 2epo cos? (8o/2) A, 81)
(O-13)o = — 2popssinPo + 2mpysinPo + epo (3inby) Ag.

3ameTuM, uto ecau 0 =0, p=0 u ecaiu m pasHa Macce
3JIeKTPOHA, TO 3TH YPAaBHEHHS, KaK U CJie/lyeT, COBNAAyT ¢ ypaBHe-
HUSAMH [J1s QUBEpreHnuil B Teopuu [lupaka.

3. KOMMNOHEHTbHI MMOHHOIO Nonsa

OnpenennM JIOKaabHbI€ KOMIIOHEHTHI MUOHHOTO MOJId, T. € KOM-
[IOHEHTHI [0 OTHOLUEHHIO K 6asucy CoOCTBEHHOW CHCTEMBI IJIs
HYKJIOHa, KoTopas 3ajzaercs yciaosueM Q, = 1. C 3710if 1enpto 3a-
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MUIeM [Ba ypaBHeHUs Jlupaka, i TMPOTOHA U HeHTpOHA COOT-
BETCTBeHHO. BBeneM o00o03HayeHHE

B = B* + B°,
nojaras
B* = cos(0/2)exp[i(i io) 6/2] B = cos (0/2) [p exp (iB)] 2 R,
B® = — i(iyio)sin(8/2) exp [i (i,i0) 6/2] B =

= sin(8/2) [p exp (iB)] " exp [ —id 1’“%} R,

u GyldeM CONOCTaBIATL BONHOBYIO QyHkuuto B' nporony, a B°
HEHTPOHy.

N3 arux onpesdeneHuil BbiTeKaeT, YTO ISl MPOTOHA U HeWTpOHA
COGCTBEHHAS MJIOTHOCTb BEPOSATHOCTH MPHUCYTCTBUA B TOYKE X paB-
HAETCS COOTBETCTBeHHO cos?(0/2) u sin? (8/2). Tlepexoa oT cobcCr-
BEHHOH CHCTEMBI /175l MPOTOHA K COOCTBEHHOM CUCTEME [ HEUTpOoHa
OCYILIECTBJISETCS BpAILEHHEM Ha Yrol — m/2 BOKpPYr BeKTopa
iyio.

Tonaras eme, yto Macca mporoHa m(P) paBHa m(N) — om,
3anuuieM ypasHeHus Jlupaka Juisi MPOTOHAa M HefiTpoHa:

OB = [m(N) — 3m] B*yoy2y1 + eAB* y2vy,

00 B® = m(N)B%v271.

Cl0XMB 3TH [Ba yYpaBHEHWS, BHIMM, YTO BOJIHOBas (yHKIHS
HYKJIOHA B y[OBJIETBOPSET ypaBHEHUIO

0B = [m(N)B — 8m)B* Jyov271 +
+ e {cos (6/2) A exp [i(i1io) 6/2]} Byav1.

Ho, paccmarpuBast 5T0 ypaBHeHHe B Hayajie KkoopaAuHaT O, MOXHO
OTOX/IECTBUTb €r0 C JIOKAJbHBIM YPaBHEHHUEM, BBIBE/EHHBIM U3
(75), ecnu cudTaTh, 4TO

ps =0, p§ = (dm)cos(8y/2)sin(8o/2), ps = (Sm)cos’ (8o/2). (82)
ITo cymiecTBy Mbl ybexxgaeMcsi B TOM, YTO
— (8m) Bg YoY2Y1 = — (8m) cos (80/2) exp (i5100/2) BoYov2¥1 =
= Bo (pbY1 + PbY2 + Pov3)i,

OTKy[Ila U BBIBOJAATCA paBeHCTBa (82) nocye ympolleHUs, CBI3aHHOT O
C YETHOCTbIO By.
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Tenepb MOXHO JaTh uHTepnperamuio yriy f. Tak xe, kak u B
Teopuu Jlupaxa, Jierko NpOBEpUTh, 4TO iB(— m) yaoBieTBOpSET
ypaBaenuto (75) B kaxaoil ToOuke NPOCTPAaHCTBA-BPEMEHH, €CIIH
peweHueM (75) sBusercsa B(m). Mbl 3uaem, uro B Teopuu [dupaxa
cobcrBeHHas Macca paBHa mcos Py ; ClieJ0BaTeIbHO, 3TO BEPHO U IS
TEOpUM HYKJIOHA, MOCKOJIbKY JIOKAJIbHOE YpaBHEHHE Ui HYKJIOHa
HOJIy4aeTCsl B PE3y/bTaTe CIIOXEHUS /[IBYX JIOKAJIbHbIX ypaBHEHWA
JAupaka, B KOTOpBIX napaMeTp [, IPUHUMAET OJAHO U TO XE 3Ha-
deHUE.

Tem cambiM By = 0 COOTBETCTBYET COCTOSIHMIO C NOJIOKHMTEIIbHOM
sneprueii B(m, dm), T. e. oOTBeyaer 4YacTulE, B TO BpeMs Kak
Bo =T COOTBETCTBYET COCTOSIHUIO C OTPHLATENILHONW OSHepruei
iB(—m, —dm), T. e OTBe4YaeT BUPTYaJbHOH 4YacTulle, €CJU
HMHTEr pUpOBaHUS IPOBOAATCS IO [TOJIOKHUTEIbHBIM 00BEMaM, U aHTH-
YacTulle MpH MHTErPUPOBAHUM MO OTPHLATEJIBHBIM O0bEMaM.

OmnpenenuM 3apsid HYKJIOHA ¢, KOTODBI NOMKEH BbIPAXaTbCs
Yepe3 BOJIHOBYIO QyHkumto nporona B*. Ionoxus e = 1, 3anuiuem

~ 1
go = (B*B*)y = cos?(0y/2) = 7(1 + cosfy), a 3arem, OpeanoJo-

XHUB, YTO (paKTHYeCKH B TOYke O HAGIIOHAETCA OOUH HYKJIOH,
NoJIyduM B pe3ysbrate, 4TO Py = 1, a Po =0. Takum obpazom,:
Go=0, ecu Op=n (B3=1, B =0), u go=1, ecnmu 0, =0
(B§ = 0,B§ = 1), a nosBieHMe NOCTOSHHOTO CJIAraeMoro '/, B BbIpa-
KEHUU UII ¢, OTHECeM Ha cYeT OapUOHHOIO YHCja, PaBHOrO
1 [miist HykJIOHa.

HaxoHen, U3 MOCIEAHErO BbIpaXX€HUS BBIBOIUM, YTO

tg(00/2) = p3/p3,

g0 = (03)*/[(P3)* + (P3)*],

T. €. 3aps/l MOXHO BBIPA3UTb 4Y€pPe3 KOMITOHEHTbI MUOHHOIO MOJIAL.

IMpubasuM k 3TOMYy ellle BaXHbIid ¢Gusndeckuii aprymendr. [1pu-
MeHe HUE JIOKAJIbHBIX YPABHEHUI ONPAB/AbIBAETCS TAKUM IKCIIEPUMEH-
TaJIbHBIM (PaKTOM: IMHMOHHBIE B3auMo/eicTBus 3 ekTUBHO MpOsB-
JIIFOTCS HAa PACCTOSHUSX, MEHbIUUX pajuyca HOkampl, Tak 4TO
B3aMMOJCICTBYIOIIME YaCTUIBI OYyAYT JIOKAIM30BaHbI B TEYEHHUE
OYCHb KOPOTKUX NPOMEXYTKOB BPEMEHU.
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4. AYBNET =

IMpumeHsBIueecs BbILE pa3jioxeHue GyHkmuu B ObUIO OO He-
KOTOPOU CTeeHU MIPOU3BOJIbHBIM, U MbI C TEM XK€ YCIEXOM MOXKEM
NPEANnoONIOKATh, YTO

B° = cos(0/2) exp [i(i1io) 6/2] B,
B* = — i(iyio)sin(08/2)exp [i(i1ip) 9/2] B.
B TakoMm ciyyae 3apsia CTAHET NPUHMMATh 3HAYEHHS
go = + sin?(8o/2).

IMonydeHnbrii TakuM oOpa3zoM nyOsier 4acTul Ha3oBeM Z-4acTHIia-
mu. Ecnu 3amenurs B (75) 8 #a O +n, o E Oymer ynoBierBo-
pATh 3TOMy YypaBHeHuio. HazoseM E-vacTHiy «COTPSKEHHOH»

nykiony. Ecnu 0y = 0, To mosyvaeTcss HezapsikeHHbIH 6apron =°,

a ecimm 0y = m, moJlyuuM 3apspkeHHbIA Oapuon E. Jamum omnpene-
JIEHHe CTPAaHHOCTH Z-YacCTUIIbL: ITO LEJIOE YHCIIO S, PABHOE YIBOEH-

HO# pa3HOCTU 3apANOB go U ¢o, T. €.
S = 2(qo — go) = 2[ £ sin® (Bo/2) — cos’ (B6/2)].

OueBUAHO, YTO MOAXOTHUT TOJILKO BHIOOpP 3HAKa MUHYC B 3TOH
dbopMmyJie, Tak 4TO S = —2, U 3apsHKEHHbIM OapuoHoMm Oymer E~

Kak mnokaspiBaet 3xcrniepuMeHT, m(P) < m(N), u Mbl CMOXeM
ybemurbes, 4o m(P) COOTBETCTBYET CKAJIAPHOM YaCTH KBaTEPHUOHA
exp [ — i(i1ip) 6/2], Torma xax m(N) COOTBETCTBYET €rO BEKTOPHOH
vyacti. EcCnH pyKOBOJACTBOBATHLCA TAKHM MPABWIOM, TO CJeAyer
3anucaTh

m(E°%) < m(E"),

nockosbky m(Z®) cOOTBETCTBYET cKaisApHOW wacTH, a m(E~) —
BEKTOPHOM. DTOT pe3ysbTaT COrjlaCyeTCsl C IKCIEPHMEHTOM.



Fnasa XI

CYWECTBOBAHUE CTABUJIBHbLIX YACTUL
N NX KNACCUPUKALLUA

Harmra knaccudukalisi OCHOBaHa Ha PACCMOTPEHHH TPOEK LEJIbIX
YHCeN, KOTOPbIE COMOCTABJIAIOTCS YaCTHIAM. DTO HX 3JIEKTpHYECKHI
3apsn g, npuHAMarowmi 3Havenus — 1, 0, 1, 6apuoHHOoe uucio N,
paBHoe 0 wnu 1, 1 crpaHHocTh S. 71 kaXxnoif 4acTuIbl ¢ mapamer-
pami (g, N, S) noyxkHa cymiecTBoBaTh aHTH4actuua (—¢q, — N, — S).
Macca M CnMH 4acTHIl B Hallled kjaccHUKalM¥ HE y4acTBYIOT,
M 3THM OHa OTJIMYaeTCsi OT BO3MOXHBIX Oojlee TOHKHX KyiaccubH-
Kalui, OXBaThIBAaIOIIUX, HAIPUMED, T)-Me30H, KOTOPbIi ¥ Hac pac-
CMaTPHUBAETCs KaK PEe30HAHCHOE COCTOSHHE.

[pennaraeMasi TeOpHs MOJIHOCTBIO COIJIACyeTCsl C UAeeld CYUTATh
BOJIHOBbIE (DYHKIIMH HE TOJIbKO JIEKTPOHA M HYKJIOHA, HO M JII000i
crabuabHOi vacTHnbl OMkBaTepHMoHamMu. OmHaKoO Takasi TMIIOTE3a
He BBICTYIAeT SBHO B MPOIECCE HAJILHEHILEro H3JIOKEHHS, TOTOMY
YTO IUIsS TIOCTPOEHHUsI Hallleld KjlacCH(HMKALMU QOCTATOYHO TMPHHATH
IBa CNIEAYIOIMX MPUHINIA:

a) [aa kancoozo yeaoeo k = 1 doancubl cywecmeosamy aubo k
yacmuy, aubo k awmuuacmuy, maxux, umobvl Hauiidcb uXx cynep-
nosuyus E,(k), xomopas umeem wuyseeyo cmpannocms (S = 0).
Hapsady co cmecvio E (k) doancna cywecmeosamy conpancennasn
cmecy Eg (k) us k uacmuy, umeowasn 3apad q', 6apuonnoe uucio
N’ u cmpaunocme S’, Komopbvie y0084€mEOPAIOM COOMHOW EHUAM

§S=2(¢d-9+N-N uN<KN.

b) Cmpannocms S’ doancna Guimb ompuyameavhoil 048 Yacmuy,
KOMopble CONPANCEHbl HACMUYydam, U NOAOHCUMEAbHON 0431 mex
yacmuy, KOmopbvle CONPANCEHbl AHMUYACMUYAM.

IMono6Hble ycmoBus Jerko 3amucath M Ui aHTHYACTHMIL, KOTO-
pble compsbkeHbl JIUGO 4YacTuuam, JIMOO AHTHYACTHMIAM, HM3MEHUB
3HAKH Y BCEX LEJIOYUCIEHHBIX Mapamerpos.
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1. TPUMNNETHI

Ipu ¢ukcupoBanHbix N u S MOXeT cyllecTBoBaTh He Oosiee
4YeM TPHIUIET 3apsiioB; CJIEAOBATEJILHO, YUCJIO k 4HACTHIl B CMECH
E,(k) Moxer paBHatbes 1, 2, 3. IlokaXeM, 4TO €CIM TPHILIET
E,(3) npeamonaraeTtcs HECTPaHHBIM, TO OH HE MOXET ObITb
bapuoHHbIM. B camMoMm [ene, 3apsiibl COOTBETCTBYIOLLUX CMeceid
q ¥ ¢ TUPUHHMAIOT CBOM 3HayeHus B npomexytke [—1, 1] u
SIBJISFOTCS LEJIBIMU YUCIIAMU, TaK 4TO ¢ = ¢', TOCKOJIbKY Ha OCHO-
BaHMM a) pA3HOCTb ¢ — q JOJ/DKHA ObITh KOHCTAHTOH, HE 3aBH-
came ot cMecu 3apspos. M3 atoro cnenyer, uto ecnu N paBHs-
eTrcs 1, To Bceraa B CWIy a) MOJDKHBI BBINOJIHATBLCS YCJIOBUS
N +8=1wu N =1, a 3gauur, §'=0. Ho 3TO HEBO3MOXHO,
HOTOMY YTO CONPSDKEHHOH cMecd mosaraeTcs ObITh CTpPaHHOIM
(8" # 0), u, cnenoBartesibHO, HeOOXxoMUMO, YToObl N = 0. Takum 006-
Pa3oM, MOXET CyIECTBOBATh TOJIbKO OuH TpumieT E, (3) HecTpasn-
HBIX 4acTHI, KOTOPbIi K TOMY XK€ OKa3bIBAaETCS OZHOBPEMEHHO U
TPUIIETOM aHTHYACTHIL, MockoJibky N = § = 0. OToXAecTBUM 3TOT
TpUIIET ¢ Tpuiwietom muonos IT-, IM°, IT*

s noka3aTenbCcTBa CyIIECTBOBAHUS TaKOrO TPUIUIETA TEM HE
MeHee HEOOXOAMMO MpOBEpUTh, YTO JMJIsi HEro MOXHO HaWTH
CONPSDKEHHBIH TPUIUIET C HEHYJIeBOW CTpaHHOCTbIO. Ilockousbky
q = ¢, TO, COTJIACHO a), MapaMeT pbl CONPSDKEHHOT O TPUILIETA JOJIKHBI
ynoBierBopATh YycioButo N’ + §' =0. EauHcrBeHHBIM Habopom
LEJIbIX YUCEJI, yIOBJIETBOPSIOIINX 3TOMY ypaBHeHuto, oyner N' = 1,
S’ = — 1. Tpumner, ans xotoporo N' =1, §' = —1, otoxaectsisiem
C TpOiikoif CTpaHHBIX GapuoHoB X~, X% ¥,

2. AYBNETHI

IIpex e Bcero HagoO OTMETUTH, yTO Aybser (—1, +1) B xeiict-
BUTEJILHOCTH SIBJISIETCS HE 3aPSAAOBBIM AY0JIETOM, @ YACTHIO TPUILIETA
3apsI0B, MOTOMY YTO B CMECH MpPOTUBOIOJIOKHBIX 3apsiioB 00s-
3aTeIbHO MPUCYTCTBYET M HYJIEBOH 3apsi.

1°. Cywecmsyem necmpaumviii 0ybaem 3apaoos (0, 1).

CHayana qoKaXxeM, 4TO €C/IM Takoil AyOJieT CyIIeCTBYET, TO OH
MOXET COCTOSITb TOJIbKO U3 OapuoHOB. J[IeHCTBUTENIbHO, €CJIU
HPEaNoJOXKUTh, yTo s Hero N =0, To B TakoMm cny4ae Oyaer
CYLLIECTBOBATD AyOseT aHTU4acTul ¢ 3apsaamu (— 1, 0), kotopble He
ABJIAIOTCS OapHMOHAMHM M HE UMEIOT CTpaHHOCTU. Takoit aybser
AHTUYACTUI] SBJISIETCS OAHOBPEMEHHO AYOJIETOM YaCTHUI, TOCKOIBKY
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N =8 =0, tak yro nybser (0, 1) okaxeTcs He 4YeM HHBIM, KaK
4ACThIO TPUILIETA, KOTOPBIA MBI PaHEE OTOXIECTBUIU C TPUILIETOM
muonoB. CienosatessHo, ycnoBue N = 1 Heobxonumo. U tak, aybaer
(0, 1) cyurecrByeT, €CiaM CYIIECTBYET €ro COINpPSDKEHHBIH 1ybier.

Tenepb mMokaXkem, YTO €CJIM TAKOM CONpspKeHHbIA aybaer Hait-
JieTcst, To oH Oyaer cocrosarh u3 3apsaoB (—1, 0). B cuny a) on
no/pked umetb N' =1, tak kak N = 1. Kpome Ttoro, eciau npes-
NONOXUThb, YTO q = ¢, TO ToJyunwnock Obl, uto S’ =0, HO 3TO HE
COrnacyeTcss ¢ TeM, 4YTo AYOMEeT COINPSDKEHHBIA U, CIe[0BaTE/IbHO,
crpansblil. OcTaeTcd B KaueCTBe PELLUCHUsI €JIMHCTBEHHOE: ¢ = —q =
= —1. Orcroga §' = —2.

3HauuT, HectpauHbii nyoset (0,1) cyuiecTtByeT, U MBI OTOX-
JIECTBJISIEM €T0 C HYKJIOHOM, B TO BPeMS KaK CONPsDKEHHbIA 1yb-
JIET OTOX/ECTBJISIETCH C E-YaCTUIAMH.

2°. He cywecmeyem necmpannozo 0y6aema (—1,0).

Paccyxas, xak B myHkTe 1°, Mbl yOenumcs, uto eciau Obl Takou
ny0JIeT CyliecTBoBaj, TO OH cocTtosul Obl U3 GapuoHoB. [Tokaxem,
4YTO B TAKOM CjIyuae HE MOXET CYIIECTBOBATH CONPSKEHHBIN
ny6JieT, coctosuid U3 yactull. B camom jieste, jutst Hero N’ 6b110 ObI
paBHO 1 B cOOTBEeTCTBUHU C a). Tak KaK PaBEeHCTBO g = ¢’ HEIpUEM-
JIEMO M3-3a2 Toro, uro S’ torga Oy[eT paBHATLCS HYJIIO, TO MPHILII-
JIoch OB NOTPEOOBATh, YTOOLI ¢' — g = 1, 2 3TO MPUBOJIUT K TOMY,
yto §' = 2 B npotuBopeunu ¢ b). Takum obpazom, nydsieT HecTpaH-
Hbix yactun (— 1, 0) He MOXET cylliecTBOBaThb, pa3 [Jisl HETO HET
conpspkeHHOro jiybsiera.

3°. CnengoBaTtesibHO, He CyliecTByeT AyOneTa antnuactun (— 1, 0),
COCTOSILIECTO M3 HECTPAHHBIX aHTUOAPUOHOB. CONPSDKEHHBIA C HUM
ayoner uvacTun J0JDKeH OB OBl yIOBNETBOPSITH  YCJIOBHUIO
N +8§8=—-1, ecru g=¢q. Tornra N =0 u cooTBercrByloiiee
3HaueHne S’ = —1, paBHo kax u mapa uucen N' =1, §'= -2,
He noaxoxast Ha ocHoBaHMM b). OcraeTcs npeanoNioXdTb, YTO
q —q =1, cnegoBatesibHo, B cuny a) N'+ S' =1, u Torma eaus-
CTBEHHO BO3MOXHbIH BapuanT: N =0, § = 1. -Takoit aybser
OTOX/IECTBUM C 0y6Aemom Me30H08, U BXO/ISIINE B HETO YACTHUIILI
o6osnaunm K° m K*, motomy uto ¢'=¢q + 1, T. e. 310 nybner
O, 1.

3. CUHINETLI

Bynem npunuceiBaThk 3HaueHuss N u S He TosbkO OapuoHam,
HO u yentoHaMm u ¢dortony. Oguako npu 3ToM 0600wwenun N u S
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He 063aHbl UMETDH NMPEXHUI (PUIMUECKHIT CMBICI, H B HOBBIX CHTYya-
miax Mbl OyzeM 4dcia N u S cuMTath NPpOCTO MAaTeMaTude-
CKUMH napamerpamu. Jlenmonom 6ynemM Ha3bBaTb J1I0OOH 3apsno-
BHIii CHHIJIET, KOTOpoMYy coorBercTByeT HHAekc N = 0. Ilpeanmosno-
UM, YTO BCE HECT PAHHBIE CHHTJIEThI ABJIAIOTCS JIENTOHAMHU. 3apsDKeH-
HAas 4YacTHULA HE MOXET COCTaBjIATh CUHIJET, MOTOMY 4TO, CO-
riaacHO Tteopuu Jlupaka, xaxaoMy 3apsiay MOXHO CONMOCTaBHTHb
NPOTUBOIOJIOXKHBIN 3apsAd, NMPUNUCHIBAEMBIN aHTHYACTHLE. Bynem
CYMATATh, YTO CAUSHUE TAKMX MPOTUBOIMONOXKHBIX 3apsAI0B BO3-
MOXHO ToJbKO nipd S = 0. CnenoBaTe/IbHO, TPUILIET 32PAIOB OTOX-
NECTBJIAETCA C TPHUIUIETOM 3JIEKTPOH, (OTOH H MO3UTPOH. DTOT
TPHIUIET OT/IMYAETCA OT TPHUIUIETA NHOHOB, B KOTOPOM HEHTpaib-
HAasl YaCcTUIA B OTJMYME OT (POTOHA HE NMOJYHAETCA B pe3ynbTaTe
CIUSHUSA 3aPSKEHHBIX. 3aMmeTuM, YTO yciaoBue S =0 st clusHus
MPUAAET HEKOTOPLIA (pU3UYECKHA CMBICI CTPAHHOCTH JIEHTOHOB.
Takum oGpa3oM, ocTaeTcs pacCMOTPETh CHHIJIET

q=0, N=0, S=0,

KOTOPBIIf Ha30BEM HeilmpuHo;, OH OTiaMYaeTcs OT (doToHa, mno-
CKOJIbKY He MOJIy4aeTcs B pe3yibrate cidsuus. ObcynuM BO3IMOX-
HOCTb CYIIECTBOBAHHS [UISl HEFO COIPSDKEHHBIX CHHIJIETOB.

1°. ¢ =0, cnenoBarenbHo, N' + S’ =0, OTkyna eIMHCTBEHHBIM
peiieHueM saBisgercs N' =1, §' = — 1. Takum obpasom, nosyvyaercs
€NMHCTBEHHAS vacTuua, 6apuon A°

2°.4' = —1u,cnenoBatenbHo, N' + §' = —2. BO3MOXHBI Ba CJTy-
yas. B meppom N' =1, § = —3 u nosayuaerca yacrtuna Q. Bo
BTOpoM N' =0 u §'= —2 u nojy4aeTcsi OTPHLATEIbHBIA MIOOH
L~ , KOTOPBbI fABJAETCA JIEOTOHOM, Tak kak N’ = 0.

3°. ¢'=1, 3Hauutr, N'+ 8 =2 B cuiy a), HO 3TO CBOWCTBO
JUISl BCAKOHW YacTHIBI NPOTHBOPEYMWIO ObI b).

ITonBoast UTOTH, MBI KOHCTATHPYEM, YTO KIacCU(HKALIUA OXBATHI-
BA€T BCE CTAOUJIbHBIE YAaCTUIIbI, HO HE BKJIOYAET pe30HAHCHL Ilpu-
BEJICHHBIE PE3YJIbTATHl MOATBEPKAAIOT BAXKHOCTH MOHATHA COMpS-
’KEHHOM YaCTHIIbI U CIPABEUIMBOCTh BBICKA3aHHBIX IPUHLUIIOB &) U b),
KOTOpbIE TOATBEPXKIAIOTCH H3BECTHBIMH HAM 3KCIEPHMEH TALHLIMH
JaHHBIMH.

4. N3O0CNUH

Bpamenne (o, 0) 3agaer HanpaBieHHE BEKTOpA HM3OCIMHA, HO,
BOOOIIIE rOBOps, He duxcupyer ero miuHy I. Usmepsis ee B enu-
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HULAX h/2T, nojlaraeM IO ONpPEAEICHHIO
_, 1 1 83
I=q-5N-=5. (83)
TeM caMbIM B HallI€i TEOPUM rapaHTUPYETCS BBIIOJHEHHE HOPM YJIbI
Feui-Manna 1 Humupxumer, D1a dopmyna npeacrasnser coboit
paBeHcTBo (83), mpuMeHseMoe K aapoHaM, T. €. kK OapHoHaM H
ME€30HaM, OJJHAKO MbI HAMEPEHb! PACpOCTPAHNUTD €€ M Ha JIEOTOHBI
u oron. Nna kaxmoro k-ruera (k= 1, 2, 3) wactun uyucaa N
U S U3BECTHBI, TaK 410 | MOXHO BBIYUC/IHMTD.

OTMeTHM, 4TO OIMHAKOBLIA U30CHMH MMEIOT T€ M TOJIBKO T€
[Hapbl MyJIbTHILIETOB, KOTOPbIE CONPSIKEHbI ApYT APYry COrJIacHO a).
HanomuuM elne pas, 4To “30BEKTOpH! ObLIH BBIPAXEHbI B ajiredpe
IpOCTPAHCTBa-BPEMEHH Yepe3 BEKTOPBI B COOCTBEHHOM CUCTEME Yac-
THUBL

5. PABHOCTU MACC BHYTPU MYNbTUIJIETA

TTpuMeHsis nokasibHOE ypaBHEHHE [UTS HYKJIOHA M KJ1aCCH(PUKALIHIO
4acTHILl, KOoTopas MOACKa3bIBaeTCI 3THM YpaBHEHHEM, aBTOpy yla-
JIOCh PaCCYHTATh PA3HOCTH MAacC MEXAY 3apSHKEHHbIMU U HEHTpaJib-
HbIMM YaCTMLAMH, BXOISIIMMH B OIMH MYJIbTHUIUIET, NpPH ITOM
T0JIy4aJIOCh XOPOLIIEE COTJIACHE C IKCTIEPUMEHTAJIbHBIMH JaHHBIMH ).
IIpeanosioxus, 4To paguyc MUOHHOTO B3aUMOLEHCTBUS 1 COBNAAAET

¢ pamuycoM FOkaBbl, KOTOpbIA GepeTcs paBHLIM
0,81 (h/2m)/cpo

(Mo — Macca 3apsDKEHHBIX MUOHOB), MoJiy4yaem JMUIs HYKJIOHA pas-
HOCTb MacC, paBHYIO [0 abConoTHOH BenmuuHe op,/0,81, rae
O — MOCTOSHHAA TOHKOHU CTPYKTYPHI, T. €. pa3HOCTh paBHa 9- 1073 .

Jns MyJbTHILUIETOB THNEPOHOB = M X W IS ME3OHHBIX
MYJIbTHILIETOB (MHOHBI U KAOHBI) MoJie MMHOHOB 3aMEHSIETCS MOJIEM
KaoOHOB, TaK 4TO BMECTO [y Gepercs BejamdauHa 3,5y, Macca 3aps-
KEHHBIX KAaOHOB. B pe3ynbTaTe I pa3sHOCTE Macc MoOJIyqaeTcs

3HaYeHHUe 3,15-107 % p,.

HeobxonuMo emne onpeaenuts 3HaKu 3THX Pa3sHOCTEH, M [UIS 3TOrO
HCTOJIb3yeTCs TPUBEACHHAs KJjlacCH(uKalMs YaCTHL B COYETAHHU C
NpaBWioM 3HAKOB, YTBEPXAAIOLIMM, HTO Pa3HOCTH Macc Jis
CONpPSKEHHBIX AYOJIETOB OTIMYAIOTCA 3HAKOM.

Bee 3T pe3ynbTaThl XOpOLIO COrjiacyroTcsi € SKCIEPUMEHTOM.

D C./R. Acad. Sc. Paris, sér. A, 282 (1976), 349, 665.
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