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Kunra cocrasgesa #3 AByX HeGONBUIHX ¥ XOPOILO
JOCCAHSIOUIHX OAHO APYTOe COYHHEHHH M3IBECTHBLIX aMe-
puaxafckux yueunix, OHa MOXET CAYXHTL AAf [epBO-
HaYaAbHOTO O3HAKOMNEHHA ¢ HOBOW MarteMmaTuuyeckoh
JACUMNIMEON, MHTepeC K KOTODOM 3a nocnaeiHle TOLU
ouedb Bo3poc. Haes aupdepenuuanbHoll  TOMONOTUH
0Ka3ajHCch uYpe3Bbuiuaiiio N.JONOTBOPHBIMH B TeOMeTPHH,
B aHaJaH3e, B Teopud AHdepeHunanbHbX ypasHeHHN, a
TaKMe B pa3IHYALIX ODILTOKEHHAX MmaTteMarukd. AsTto-
pbl H3JaraloT HayagbHble OOHATHA STOfl AUCHHIIEHL,
HATIOCTPHPYA HX GOJABUIEM KOJAHYECTBOM ODHMEDOB.

Kunrry creayer pekomenioBarb BCEM, HAGHHAKOULUM
H3ynath cospemendyio martematruky. OQHa pocTymda Aag
CTYACHTOB MAAAIIHX KYDCOB YHHBEDCHTETOB H NeXaroru-
YeCKHX HHCTHTYTOB, u0 Oyler Takike HHTepecHa Kak
CHEUHANNCTAM, TAaK M BCEM, KTO MKedaeT [OAYIHTH
nPeACTABAEHME O MareMaTuke Hamux fded,

Pelaxyun AuTeparypsl no MATEMATUMECKUM HAYKAM

uun, 2-2-3
38-72



MPEMUCNOBHE PERAKTOPA MEPEBORA

Kanra, npeajaraeMas BHHMAaHHIO uHTaTens, Apjader-
ca nepeBOAOM ABYX oTAeabHbix KHur: [Ix. MusHopa
«Tonoaoruss ¢ AuddepedHuHaibHOll TOYKH 3pEHHUA» H
A. VYoaneca «Juddepenunaavsaa tonoaorus. [lepsbie
warmu» (Ha3BaHI‘Ie, KOTOpOoe BHOO.IHE T0A0ULTO 6l U
K Kuuxke Mmpanopa). OHm noutH He nepekphiBalTCA
M BecbMa YNAauHO JAONOJHAIOT APYr apyra. Bmecre Basi-
Tble, OHH JAIOT BBCJEHMEe B OCHOBHbIE nonATua Aupde-
pPeHLHaNbHON TONOJOTHH, BECbMa harasiHoe H JOCTYM-
HOe IWHPOKOMY KpYyry uHuTare/eil, Haunuasa co CTypeH-
TOB MJAAUWINX KYpPCOB. ABTOPbI M31arafT HEKOTOPbIE H3
OCHOBHBIX Te¢oMeTpHUecKux MeToi0s dilddepenunanbHoil
tonoaoriu. Anrebpauueckue CpPeACTBA OCTAIOTCA B CTO-
poHe, HO yHMTaTesb NOABOAHTCA K MOHHMAaHHIO TOTO, KAK
BO3HUKAeT HeoOXORHMOCTb B  iCHO.JIb30BAHHH  3THX
cpeactB. OH CMOMKeET MOHATH, B 4eM COCTOST HEKOTOphE
U3 HEJABHUX JOCTHXKeHHI auddepenlHa. bHON TONONOTHH,
HO elle He OyneT B COCTOAHMM YCBOHTH [1OJIHBIE€ J0Ka3a-
TeAbCTBA. 3HAKOMCTBO C HEKOTOPBIMA 13 foJ1€e NpOCThiX il
Bonee crapbix Bellell OyAeT BKIOUAThL U A0Ka3aTeabCTBa.

Knura Yoaneca BXOAHT B Cepuio «MarteMaTHUYECKHX
MOHOTpadui», uslaBaemylo noj pepakuneil P. Tanuuu-
ra u X.Poccu, KOTopas cmenuanbHo NpeaHa3HaueHa aad
CTYACHTOB MaaAlWuX KypcoB'). Ee snoane MoxHO ot-
HECTH K HayYHoO-NMONyJAsipHOH auTepatype (ecan, KOHeu-
HO, He CYMTAaTb, YTO fIOJ ITO HA3BAHHE NOANANAIOT TOJABKO
6powopst Tuna «OTuero GLHIBAET AE€Hb H HOUb»).

Mecrami, ocoGeHHO K KOHLY, YO0Jij1eC he_NOKa3blBaer,
a paccKasbiBaeT — ANA HAaY4HO-MONYAAPHGH JAHTEPATYPLI
3TO BIOJIHE €CTECTBEHHO (YacTo aaxe Hen30e:KHO), HYHK-
HO JIHIIb YeTKO PasyaHuaTh, UYTO AOKA3aHO. a YTO HeT.

B kanre MmaHopa no cpaBHeHWIO ¢ nepBol H3/TOXKe-
HHE 4BJseTcs 3aMerHO 0oJiee CXKATHIM, YTO B {3BECTHON

!} Pauee y uwac Obisa nepesejesa elle OAMA H3 KHHT 3TOR Cee
;;ggg M. Corsak, Avamua Ha MHOroo6pa3zisx, u3A-BO «Mups,
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Mepe cBsi3aHo ¢ ee TmpoucxoxieHuem. Ona ocHoBaHA Ha
3aMUCAX KYypca JeKUMH, K TOMY Ke BecbMa HeBOoJbUIOrQ
Kypca, B KoTopbili MHUJHOD TeM He MeHee CyMesa BK/IO-
YUThH JAOCTATOYHO coJepiKaTeabHblll Matepuas. OnHaKo
HUKAKOI0 [MpEeIBapHTEIBHOIO 3HAKOMCTBA UYHTaTels C
npeaMeTroM MusnHop Takxke He npeamodsaraer. [Ipopa6o-
TaB KHUTYy MusnHopa, uuTatenb CMOXKeT 3ajenaTthb HOUTH
Bce ABIPLI B MEPBLHIX CeMHd maparpadax KHurd yosaseca.

B cooTBeTCTBHH C 3J€MEHTADHBIM XapaKTepoM H3/0-
JKeHHSl MaTepuHas NepBBIX 4YeTbipex maparpagoB y You-
Jeca H mepBbLIX TpeX naparpados y Munnopa eme He
OTHOCHTCSl cOOCTBeHHO K nHbdepeHnanbHOR TOMOJOTHH:
coo0IaeMble 3/eCh HadasbHble CBeIRHHUS O [V1aJ1KUX MHO-
roo6pasusix HYXKHEI Be3fe, IAe TIJajKkHe MHOroo6pasusi
Bcrpeyalorca. JIeHr ynasHo Has3Bas NofoOHBIR MaTepualn
«HUYbeH 3eMJeli, Jexamel MeXAY OOLIUYHLIM KypcoM
aHaJM3a, ¢ OJAHOI CTOPOHEl, W TpPeMsA BeJdUKHMH Aupde-
peHuHaJbHBIMU TeopHAMU — AH(]depeHHadbHON TONOJIO-
raefl, auddepeHnnanbHON reoMerpueit u auddepen-
UHAAbHBIMH YPaBHEHHSIMH — ¢ Apyroif». JTOT MaTtepuaj
Munsop u Yonaec nanaraior no-passHomy.

MusHop orpaHHuHBaeTCA IJA2AKHMH MHOroo0Gpasus-
MH, PacloJioXKeHHBIMH B €BKJHJOBOM MpOCTPaHCTBe, a
y VYoajeca raajzkoe MHOrooGpasue omnpejensieTcst Kak
TOMOMIOrHYecKoe HPOCTPAHCTBO € oOlpejieieHHON AOMOJ-
HHUTEJbHOH CTPYyKTypo#i (M a priori He mpeanosaraercs
Kyda-anbo BaoxeHHbiM). I[TpenMyuiecTBOM NepBOTro MOJ-
XOla fIBJSIeTCS IPOCTOTA M HAlJISIAHOCTb, a4 TaKXkKe pes-
KOe coKpallieHHe pacxoja BpeMeHH Ha ob6CYyXAeHHe OCHO-
BaHui (mocnepHee, BepPOATHO, W ONpele U0 BHIOOP
Muagopa). 3ato abcTpakTHBII NoaXon fABAseTcs Gonee
ru6kusM, nb6o oH uzbaBaser OT HeOOXONHMOCTH BCAKHH
pas, Korga BBOAMTCS TO HJH HHoe MHorooGpasue, 06-
CyKJiaTh, KaX er0 pachoJIOKHTb B ©BKJHAOBOM MNpPOCT-
paHCTBE H He 3aBHCAT JH Te MJIH HHBIE CBOACTBA OT OCO-
GeHHocTeHl TaKoro pacnojoxeHus. [Ipyroe pasanune co-
CTOMT B TOM, 4r0 MunHOp mMoapo6HO ocTaHaB/IMBaercH
Ha «npHBeaeHHH B oOllee MOJOXKEHHE NOCPeACTBOM Ma-
JBIX meBeseHuit» (KPyr BONpOCOB, CBA3aHHBI C Teope-
moit Cappa), torma Kak YoJaJec TOro He Kacaercs.
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ITaparpadmn 4, 5, 6 xaurn MujaHopa NoCBAIIEHH CTe-
neHH oToGpaxenns u ce npumenenuaM. C TOUKH 3peHHS
«BLICOKOH HayKu» CTEHeHb OTOGpaXKeHHs ABJAsSETCA MpoO-
CTBIM [PHJAONKEHHeM TEOPHH TOMOJOTHIH, KoTopas cama
SBJAAETCS BCEro JHIIb CaMOi HPOCTOH uacTeio asnrebpau-
yeckoil Tonojorud. OfHaKO HECOMHEHHO, YTO MHOTHM XO-
resioch Obl O3HAKOMUTBCHL TOJIBKO CO CTelleHbio oTobpa-
JKeHHsl, 10 BO3MOXKHOCTH H30erast Bcero OCTaABHOTO.
Kunra MusnHopa npefocTaBjifeT TaKyld BOSMOMKHOCTB!).

Bo mHoroMm xuura Munsopa 6/au3Ka K NepBbIM HBYM
rJaaBaM M 4acTH Tpetbell raasnl Monorpaduu J1. C. Ilour-
paruHa ([29] B cmmcke auTepatyph), O KOTOPOH yuH-
JMCh MHOTHe COBeTCKHe MaTemartuxkd. 3a 15 Jaer sta mo-
Horpadus, Brllleaiasd HeGOMbIIHM THPAMKOM, CTaJa 10-
BOJIBHO DPEIKOH; K TOMY K€ OHA [0 CBOEMY XapaKrepy
TpyJHee AJs1 HayuHaloulero, ubo €e OCHOBHAA leab He
Obl1a yuebHOH, a coCTOs1J1a B TOM, 41006l AaTh H3J0XKe-
HHe pe3ynbraTtoB [IOHTpArHHA O FOMOTOMHUECKHX TpyH-
Aax cdep, NOAYUEHHBIX ¢ HCNOJb30BAaHHEM OTKPHITOH HM
CBA3H MEXKAY 3ajauaMd roMoTonHyeckofi u Auddepen-
HHAJbHOI TOHOAOTHH, MUJHOD MOCBSTHA 3TO# cBsizn § 7.
B KOHHe OH HAJIOCTPHPYET ee Ha IpocTeiillieM HpHMepe
(treopema Xomda) u coobuiaer, yTo Teneph 3TH HAEH,
eCJH MOJKHO TaK BblDa3uthbcd, paboTaloT B APYILyI CTO-
pOHY — He OT MHOroo6pasuii K TrOMOTONHSM, a Haobo-
pot. Ha s1oM xumxka Musasopa ecrectBeHHBIM 06paszoM
3akaHypBaercsd — 4TOOBl MATH paJjblie, TpeGyercs anma-
par aarebGpanuyecKoll TOHOJOrHH B H3PAZHOM oObeMe.

1) He saBucsimiee OT TeOpHH rOMONOTHA ONpefeNCHHE CTeNeHH
oto0paxkennsi XaeT H3BECTHEICE NPeHMYLIECTBA NpH NpenojaBaHui,
no3p0JAs CTPOUTHL TEOPHIO TOMOJOrHH cpa3y AAs KJAETOUHBIX pas-
Guennit,

B uncTo nOrMYeckOoM OTHOINEHHH 6oj€e HPOCTHIM CIefoBa’to Gbl
NpH3HATh HE TIIajKoe, a KoMOuHatopHoe (HO He omHpaioilleecs Ha
TOMOJIOTHH) ONpeAeJeHHe CTeneHH, KOO TAKOBOE MOXKHO 4aTh, HCIOJb-
3y TOJBKO 3/eMEHTH JHHelHOfl aare6pnl u mpoctefilye cBoOfCTBA
HenpepuiBabix ¢yEkunf. (Henpeprisubie orofpaxesus npu sroMm an-
OPOKCUMHDYIOTCA HE IMaJKHMH, a KycoyHo-nuHe#inbiMn.) Opaaxo,
XOTd (OPMAbHO 3T <«dJEMEHTapHBles CPeACTBA W mpoille, 4eM aHa-
JIH3, ODAKTHYECKH MOOCJAAHHA yXe ¢ MAAAMUX KypcOB CTAHOBHUTCS
HE MeHee NPUBBIUHBIM; A0KA3aTesbCTBa e NpH <«IJafkoid» TPaxkTOBKe
cTenesy oTOOpaKEHHS NONY4aloTCd KOPOYe K H3amHee (4TO, BAPO-
4eM, 3aBHCHT OT BKyCa).
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OcHoBHaf 4acTb KHHIH YoaJjeca MocCBfilleHa KPHTH-
YecKHM TOuKaM (YHKIHA H CBA3AHHLIM C HUMM reoMer-
pudeckum onepaunam (cepHueckuM nepectpoitkam, HAH
nepecTpoiikaMm Mopca), KOTOpble MOMKHO HCHOAbL30BATH
A1 MCCAENOBaHHA CTPYKTYPHl IafKuX MHOrooGpasuit.
IMpenacrabienie O TaKoM HCNOJIBb30BAHHM AAIOT MPHBOLH-
Mble YOnJ1ecoM TeopeMbl O ABYMEPHMIX H TPEXMepHbIX MHO=
roo6pasusx. Ilocaennuii § 8 comepxur Hekotophie yka-
3aHHfl O TOM, KaK 3TH MeTOAbl MOTYT NpuMeHATbCH B
MeHee oneMeHTapHofi o6cTadOBKe, NOAYEpKHBAETCA, 4TO
IIpH 3TOM HeoOXOAMMO COUYETaTh HX ¢ Merogamu aareG-
pavuecKof TOMOJOTHH, H A0 HEKOTOPOH CTEHmeHH pa3bacs
HSETCH, MoueMy HeoOXOAHMO TaKOe CcoueTaHHe.

[Ipu nepesofe 6bl10 ROGaBAEHO HECKOJILKO JHMTepa-
TYPHBIX CCBIIOK, @ BO BCeX CJyuasiX, KOTAa Ta HJAH HHAf
paboTa HMeeTCsl Ha PYCCKOM f3blKe, CCHIKA JaeTcd Ha
PYCCKUA NepeBOJd WUJH Ha MEPBOBAYaJbHYIO PYCCKYIO RYO-
ankanpdo, OaHako Tam, TAe aBTOPH, TFOBOpPH O Bellax,
BXOAAIIHX B 0ObIYHBIE YHHBEPCUTETCKHE KYpCHl, CChiatoT-
€7 Ha aMepHKaHCKHe yyeGHUKY, MHe Ka3a/10Ch HeHYXKHBIM
nenath npuMeyanue 00 HX pPyccKHX axagorax. EcrecTBesi-
HO NpEeANoJarars, 4To YHUTaTe/db AOCTATOYHO XOpOIIO 3HA-
KOM ¢ nmogoOHLIMH BellamH, a MpU HeoOXOAUMOCTH OCBe
HHTD CBOKO DaMATh CcaM Bblﬁepe'[' W3 MHOIOUHCJCHHBIX
nocoOuil To, KOTOpoe eMy GoJbile HPABUTCH.

Ykasauus 0 faJpHefilleM H3YUeHHH NpeAMeTa, UMels
niHecs B KoHue o0eHX KHHT, Npu nepeBofe OblIM cBefe-
Hhl B OAMH (3aK/JIOYHTeAbHBI pasfen ¢ pekoMeHAYyeMOR
nUTeparypoil}; ecTecTBEHHO, YTO fIPH 3TOM CJ/HSHHH HX
NPHULIOCh OTPERAaKTHPOBATb H OHU GbLIH pacClIHpPEHHL.

CcHIIKM Ha KHHTH, COCTAB/MIOUHMe HACTOALLCEe H3Za-
uMe, penaloTcs Tak: c¢M. Muanop, crp. ... . CcblIku Ha
APYTYIO JUTEpaTypy YKashIBAlOTCA HOMepaMH, 3aKJoueH-
KuIMH B KBaapatiible ckofku. Homepa ortnocsAtea K 06-
IeMy CHICKY, MPHBEACHHOMY B KOHIE,

BoabmuM AocTouHcTBOM 06euX KHMI fIBJsieTCA HaJsH-
uie B HHMX ynpaxHeHHit. §I nossosusn ceGe n06aBHTH
elie HecKOJMbKO yrhpaXKHeHu#t K kHHre MuajHopa, Kak
Ao6aB/eHHBle JIMTEPATYPHBbIE CCHLIKH, OHH OTMeueHul

3B8€3404KOIl,
/1. B. Anocos



A. YOMIEC

NudhdhepeHunanbhan
TONONOrHKA.
Mepsbie waru



NPEAHUCIOBHE

Uro mu3yuaetr auddepedHunanpnas Ttonogaorus? Ecian
6b1 3TOT BONpPOC 3aAa’] AOCTATOYHO MPOABUHYBLIMHCSA
yyauniicas ¢ XopoureH MNOATOTOBKoH no anrebpanyeckofl
TOTOJIOTHH, TO €My MOXHO Onilo Gbi AaTh MOBOJLHO HC-
uepnbipatonuii oreer. Ho s10T oTBeT GBIA OB TEXHHUe-
ckuM. 1lep HacTOAEH KHUTH — OTBETHThH HA 3TOT BONPOC
CTYJAEeHTYy, HaXoadHleMycs Ha ropa3po Gosee paHHel cTa-
nun obyuennsi. Mbl mombiTaducs cAenaTb 3TO, CO3AABas
y duTaTeeli HHTYHTHBHOE MOHUMAaHHUE HEKOTOPBIX CTOPOH
npeaMeTta, NpHYeM MBI CBOZHM K MHHHMYMY HEOOXOMH-
Mble NMpeABapHTeNbHblE 3HAHUA M H3GeraeM TOHKOCTEH H
TeXHHYECKH TPYAHBIX MECT.

Kpyr npedi, usjaraemMplX B KHMre, OTPAHHYEH METO-
noM cepuyeckdXx MepecTpoeK H H3YYeHHEM KDHTHUYe-
CKHX Touek ¢yHKUMiIt Ha MHOrcoBpasusax. IDTH HIeH,
C OnHON CTOPOHBI, JAONYCKAaIOT NPOCTOE TeoMeTpHuecKoe
onucanue, a ¢ Apyroil — fABASIOTCH MOUHBIM HHCTPYMEH-
TOM J/51 H3yueHHsl CTPYKTYpbl MHorooGpasuii. [Tpocreim
NpHMePOM 3TOFO CJAYMHT INPOBEJeHHAA C HX [OMOLLbLIO
B § 7 xanaccudukanus ABYMepDHBIX MHOrooOpasuil.

Haabrelitee npoaBH:KeHHe B H3yueHHH MHoroobpa-
3ufi —a 970 ABJACTCA TMaBHOH ULesbio AH(pdepeHHaNb-
HOt TomoJsoruu — tpebyer AobaB/jeHHsi K ONHCAHHBIM
31eChb reoMerTpuueckuy mMetrogam Gosee MOLWHOTO anared-
panyeckoro annapara. Koe-Kakne ykasaHus o Heo6Xxo-
IEMBIX IJIA 9TOTO HAESX MOXKHO Haiith B § 8.

Kopoue roBops, B KHHI€ ONHCAHBI TOJbKO MEpBbie
warn auddepennuanbaoil Tononorun. Kak u B mobom
pasiesie TONOJIOTHH, OHH AOJKHBI OBITb FeOMeTpPHUECKH-
MU, [PH HM3yYeHUU JajbHeflIHX HAM TeXHHYeCKH OoJee
CJIOXKHBIX WIAaroB HEOGXOAUMO HMETb HHTYHTHBHOE Teo-
MeTpDHYeCKOe MOHHMAaHHe NpPeAMeTa M HCXOAUTh H3 HEro.

Ot uyuraTens npeanosaraercsi 3HaKOMCTBO ¢ aHafH-
30M, BKJIIOYass HeKOoTOpble CBoficTBa andepeHnHa bHBIX
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ypaBHeHHH, a TakiKe C NOBefeHHeM KBaApaTHUHBIX GOpM
npu JHBeliHOA 3aMeHe nepemeHHblX. Hukakoro npeasa-
PHTeJbHOTO 3HaHHS TOMOJMOTHH He TpebyeTcda. Bee HyX-
Hble ¢BeiaeHHs M3 OOmel TONOJOIHK H3JOXKEHH B Iep-
BOM naparpade, a CTYAEHTHI, KOTOpPbie y)Ke€ YCBOW/JH MO-
HATHA OTKPHITOTO H 3aMKHYTOTO MHOXECTBAa W Henpe-
pPBIBHOro oToGpaxeHus, MOI'YT CHOKOHHO HAyaTh CO BTO-
poro naparpada.

ITaparpadbl 2 n 3 3HaKOMAT uHTaATeNs ¢ NOHATHAMH
rJaikoro MHoroof6pasusi M raagkoro orobpaxKeHHs.
B § 4 usyuaercs omMH M3 HEHTPa/JbHBLIX BOHpPOCOB AHG-
thepeHUMAABHON TOMOJOTHU — TEOPHA KPUTHYECKMX TO-
YeK (YHKOUE Ha raafkoM MHOrooGpasuu. DTO H3yueHMe
npoponxaerca B § b, rae mccaeayiorca MHoroobpasns
ypoBHsi ganHoii ¢ynkuun. B pesysabrate B § 6 msl ecre-
CTBEHHO MNPHXOAUM K omnpeledeHnio cdepuueckoir nepe-
cTpofiki. B § 7 pasButhle B npeAbAylHX TJAaBax MOHA-
THSl NPUMEHSIIOTCA K 3ajgade o KjaacCHWKanpy noBepx-
Hocreit. [Taparpad 8 comep:RHUT HekoTOpble yKa3aHHS 110
NOBOAY AafbHelillero H3ydeHHsa NpeaMeTa.

A. Yoanrec
Duradesvghun, Herncurveanun



§ 1. TONOJIOrMYECKHE RNPOCTPAHGTBA

1.1. OxpecrxocTH

OO0y, HIH TEOPEeTHKO-MHOXKECTBeHHYIO TONOJIOTHIO,
MOXKHO OXapakTepu3oBaTb Kak abCTpakTHOe H3yueHHe
NoHSITAR GanH30CTH ¥ HenpepsiBHOCTH. JlJAs 3TOro Hamo
npex/e BCEro OTHICKATb B 3JIEMEHTapHON TreoMeTpHH Te
cBoficTBa O/IM30CTH, KOTOPBbIE MPEJCTABASIIOTCS OCHOBHbI-
MH, 4 OpPHHATH UX 3a akcuombl, Ilycte E ectb n-mepHoe
€BKJHJOBO TNPOCTPAHCTBO, M NYCTh p-—ero TOUKA.
OkpecTHOCTL TOUKH p NO Haee AOMKHA Obila OBl CO-
CTOATb M3 TOYEK, GJH3KUX K p, U HEJHKOM OKDYXKaTb p.

YTouHsis 3TO paccyxjeHue, ONPEREeNHM OKPECTHOCTDb
TOYKH p KaK MpOH3BOJbHOe MHOXKecTBo U, comepikaliee
OTKpHITHIL wap!') ¢ uenrpom B Touke p. CoriacHo 3T0-
My onpefenenuio, Mroxecrso U Ha puc. 1.1 aBagerca
OKPECTHOCTbIO TOYKM p HA MNJGCKOCTH, MOCKOABKY OHO
CONlePXKHT OTKPLITHIY KPYr ¢ HEeHTPOM B 5Toi Touke. Ho
mas MHoxectB U, uzobpaxennnix Ha puc. 1.2 u 1.3, amo-
0ol Kpyr ¢ LeHTPOM B TOUKe p GyHeT CONepiKaTb TOUKH,
Jdexaiue e U, tak uro B stux cayuasx U ne sBnsercs
oxpecTHocTbIO Touk# p. Oupenenenne okpecrsoctu op-
MYJHDPYeTCs TaK, YTOOB MO BG3MOMXHOCTH OCBOOOAHTLCA
OT NOHATHI pa3Mepa # OPMBI, He HTPAIOIINX HUKAKO#
pPOJIH B TONOJIOTHH.

Hcnonwsays maHHOe onpejeneHue OKPECTHOCTH TOUYKH
B €BKJIHAOBOM [POCTPAHCTBE, JETKO NPOBEPHTH CJAEAYIO-
e CBOHCTBA:

1} O6parute BHUMAlNE Ha pasqnuHe MemAy wapom n cpepod:
3aMKHYTHi# (COOTBETCTBEHHO OTKPHITHIl) Wap paauyca r COCTOUT U3
TEX TOUEK, PacCTOSfIHIe KOTOPHX N0 HEHTPA He NpeBOCXOAHT r (cooT-
BETCTBEHHO CTPOre MeHbile r), a cdepa — H3 TOUEK, OTCTOAMHX OT
LeHTpa POBHO Ha r. B HeKOTOPWX pasienax MaTeMaTHKH 1acto
«lsap» HadnBaloT «chepofiy, HO Jyulue sTOro H3beraTh, 0COGEHRO
B reOMETDHH, re HYKUb # wapH, H cheput, 3aberan snepen, 3aMeuy,
4TO Mo3fHee MOA «cdepoit» uacro Gyler NOHMMAThCA J1060e MHOro-
obpasue, audpdeomopdroe chepe (CMbICH ITOr0 BHIACHUTCA B § 2).—
flpun. ped,
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1) Touka p npuragNeKuT MOGON CBOEHi OKPECTHOCTH.

2) ecan U —okpecTHocTs TOYKH p, a Vo U, 710
V — To:Ke OKDECTHOCTb TOUKH p;

3) ecan U u V — oxpecTHOCTH TOUKH p, TO HX Hepe-
ceuenne UV — ToXe OKPECTHOCTb TOYKH p;

p* U ~{
P

Pne 1.1, Pue 1.2

Puc, 13

4) ecnu U — OKpecTHOCTb TOUKH p, TO MOXHO HalTH
TaxKyl0 oKpecTHoCTb V Touku p, utro V< U u V asaser-
€S OKPECTHOCTLIO KaX/J0H H3 CBOHMX TOYEK.

Yopaxuenue .1, lokaxure ceofictsa 1—4.

Heranbublit pa3bop Tex CBOHCTB OKpecTHOCTER M He-
NPepbLIBHOCTH, KOTOPBIE BCTPEHAlOTCs, HampuMep, B Kyp-
Ce MaTeMaTHYeCKOTO aHa/ju3a, NokKasbiBaeT, YTo BCE 3TH
cBOHCTBA MOXKHO BBIBECTH H3 YeTbIPeX BLITIMCAHHBIX BbIllle.
TlosToMy npu aOCTPaKTHOM NOAXOAE pDa3yMHO NPHHATDH
cBofictBa 1—4 3a aKCHOMBI. JTO HPUBOAUT K CJAEAYIO-
LIeMy ONpeAe/eHHIo.

Onpeneaenne 1.1. Tonoaocuueckoe npocTpau-
€TB0 — 3TO MHOMKeCTBO E, Kamiaas TOYKa p KOTOPOro
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cHaGxxeHa HaGopoM moaMmHoxecTB E, HasmiBaeMbiX OKpe-
CTHOCTAMU TOYKU P W YAOBNETBOPSAIOIIUX YEThipeM MNpH-
BeJCHHBIM Bblle YCJIOBHAM.

MMpumepsn. 1.1. EBkangoBo NPOCTPAHCTBO C OKpe-
CTHOCTAMH, OIpe/ejeHdbIMH BHIIe, SIBJAAETCA TOMNOJOTH-
9eCKHM HPOCTPAHCTBOM.

1.2. Tlyets S — cdepa (ckaxkem, eauHuyHas cdepa
B TpeXMepHOM NPOCTPAHCTBe € IEGHTPOM B Hauaje KO-
opaunart). HaszoBeM mHOXecTBO U OKPECTHOCTHIO TOUKH
p B S, ecyil 1 HEKOTOPOTO & OHO COAEPIKHT BCE TOUYKH
S, yaajeHHbie OT p Ha paccrosiHue, Menbliee e, Cre-
AyeT NpPOBEPHTb, UYTO BCE AKCHOMBI AJSi OKpecTHOCTell
BuINOAHAKTCA. TakuM obpasoM, S #BAfercsa TONOJMOIH-
YECKHUM NPOCTPAHCTBOM,

1.3. Cayuali apyrax noBepxHocTe#l pasbupaerca Tax
Xe, Kak cayuail cdeps. Hanpumep, MoXKHO npeBpaTuTb
B TOIOJIOTHYECKOE€ MPOCTPAHCTBO TOP — IIOBEPXHOCTDb, 3a-
METaeMyi0 OKpPYXKHOCThIO paauyca | ¢ LEeHTPOM B TOUKe
(2,0,0) npu BpalleHHH NMJIOCKOCTH (X,Y) BOKPYT OCH Y.
Kpome Toro, cdepnl OGoJiblinX pa3MepHOcTeHd HNpeBpa-
IalTCA B TOMOJIOTMYECKHe MPOCTPAHCTBA TeM Xe CIIo-
cofoM, uTo H AByMmepHas cdepa B npumepe 1.2,

3ameruM, uto B nmpuMepax 1.2 m 1.3 obbeMaromlee
eBKJIHI0BO MPOCTPAHCTBO HIPaeT JHIIb BCIOMOraTelb-
Hy©o poab. B ofoux ciyuasx paccmMatpHBaemoe TOMOJO-
FHYECKOE IIPOCTPAHCTBO SIBASETCA NOAMHOXKECTBOM, H
AJsi ONpejie/ieHHs TONOJOTHH CYDIeCTBEHHBI JIHUIb TOYKH
3TOro NMoAMHO}KecTBa. J1i060e MOAMHOXKECTBO €BK/AHAOBA
NPOCTPAHCTBA TEM Xe CHOcO00M MOXHO NpeBpaTHTh B
ToNoJOTHUeCKOe mpocTpaHcTBo. Ha camom gmene To ke
caMoe MOXKHO CAeNaTh € MOAMHOMKECTBOM Ji0G0Oro To-
IOJIOTHYECKOro NPOCTPaHCTBa. TouHee, nycts E — Tomo-
JIOTHYECKO® NpPOCTPAHCTBO, a F —ero MoAMHOXKeCTBO.
ITycte p — Touka wmuoxectBa F. Hasosem mnopMuoXe-
crBo U muoxecrBa F oxpecrrocTero Touku p 8 F, ecau
U=FNV, rpe V-—okpectiocts Touku p B E. Tlpo-
BepbTe B KauecTBe yNpaKHEHHs, YTO ONpeJeJeHHble Tak
OKDPeCTHOCTH B F Y/JOBJIETBOPHIOT AKCHOMaMm OKpecT-
HOCTeH.
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Onpenenenne 1.2. Muoxectso F, npespaluen-
HOe B TOMOJOTHYECKOEe APOCTPAHCTBO TAKHM CHOCOGOM,
HasLIBaeTCs nodnpocTpancTeom mpoctpaunctsa E.

[Tpumep 1.4. B npumepax 1.2 u 1.3 cdepa u TOP
ABJSIIOTCAA TIOANPOCTPAHCTBAMH TPEXMEPHOTO €BKJIHIOBA
NPOCTPAHCTBA.

3ameTHM, 4TO BO BCeX MOCTPOEHHLIX BbILIe MpHMepax
TONOJOTHYeCKHe MPOCTPAHCTBA MOABASINCH KakK NOAMNDO-
CTPaHCTBa ©BKJ/M/JOBA NMPOCTPAHCTBa. TeM He MeHee OT-
HIOAb He BCE TOMNOJIOTHYeCKHe MNpocTpaHcTBa 00/a7al0T
3THM cBoRcTBOM. Hanpumep, nycts £ — mMHOMECTBO BCex
orpaHyyYeHHBIX (YHKUUH, 3aJaHHBIX HAa EXHHHYHOM HH-
TepBajie [ W DPUHHMAOLIKX AeHCTBHTEAbHBIE 3HAYEHHA.
O6baBumM muoxectBo U okpectHoctio dyHKuuu p B E,
eCNH OHO coflepxuT Bce GyHkumu ¢ B E, 119 KOTOPbIX
supfp(x) —g(x)| meHblIe, uem HeKkoTOpoe ¢g. Jlerko
xe]

BHAETh, YTO aKCHOMBI OXpecTtHoCTedl BbnoAHAoTCs. Mo-
JKHO NOKaszaTh (HO 3TO He TakK ykK NpocTo), yro £ ne
MoxeT OBITh NOANPOCTPAHCTBOM HHKAKOTO €BKJHAOBA
npoctpaHcTBa. BrnpoueM, nocie TOTO Kak 3TO 3aMevapHe
C/eJIaHo, O HeM MOXKHO 3a6HITh Ha BpeMsi UTEHHS AAHHOI
KHHTH, TIOCKOJIbKY BC€ NPOCTPAHCTBA, C KOTOPHIMH HaM
NpUAeTCs UMeTh 1810, OYAYT MOANPOCTPAHCTBAMH €BKJIl-
JOBLIX NMPOCTPAHCTB.

3aMeTuM ellle, 4TO NOA OKPECTHOCTbHIO NOOMHONECTEA
A B E nounMalot j060e MHOXKECTBO, #B.IAIOLIEECT OKPeCT-
HOCTBIO Kax ol Touku u3 A.

1.2, Orxpbithie ¥ 3aMKHYTLie MHOMECTBA

ﬂBa BHAa MOAMHOXECTB B TONOAOrHHECKOM MHpocT-
PaHCTBE OKa3bLIBAIOTCH 0COGEeHHO BaXKHBIMU,

Onpenenenne 1.3. Ilycrb E — Tononoruyeckoe
npoctpanctBo, a U — ero noamuoxecrso. MHoxectso U
HASKIBACTCA OTKpuiToiM 8 E (MM NPOCTO OTKpuITHIM, KO-
ria HeT ONAacHOCTH NMyTanuust), ecau U fsasercs OKpe-
CTHOCTBIO AAs Ji1000# ToukH p < U.

Onpeneanenne 1.4. Ilycrs E — tononornueckoe
npoCTpancTBo, a F — ero nmoaMuoxecrso. Muoxecrso F
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HasbiBaerca 3auknyToin 8 E (nnwm npocto samkuyrois),
ecau MHOKeCTBO E \F OTKPHITO.

[Mpumepn. 1.5 Ilyctb E—uaockocrs, a U — or-
kpbithiii kpyr B E. Torma U — oTkpbiTOE MHOXECTBO.
Ilokaxkute 3T0 B KayecTBe YIpaXKHeHHS.

1.6. llycts E — naockocts, a F — 3aMKHYTBLIH KpYT.
Torpa F — 3aMKHYTOe MHOXECTBO.

1.7. AHanOTH4HO B €BKJUAOBOM NpocTpaHCcTBe J060il
pasMepHOCTH OTKPBITHIH Map TOA e pasMepHOCTH
ABJAETCA OTKPLITHIM MHOZKECTBOM, @ 3aMKHYTBIH — 3aM-
KHYThIM,

1.8. MuoxectBo Touek (Xi,...,X,) B N-MEPHOM e€B-
KJHAGBOM NMPOCTPAHCTBE, KOOPAHHATH KOTOPHIX NpH (HHuK-
CHPOBAaHHBIX @; H b; Y/JIOBAETBOPAIOT HEPABEHCTBAM
a; < X;<<b; (i=1,2,...,n), orkpsito. MHOXECTBO TO-
UeK, 1] KOTOPHIX a; << X; << by, 3aMKHYTO.

Ouenb CyIleCTBEHHBEIM fBJAAETCH ONHChIBaemMoe CJae-
11y10[ll€ﬁ TeOpeMOﬁ HoBeJACHHE OTKPHITHIX M 3aMKHYTHIX
MHOX>X€CTB OTHOCHTEJBLHO onepaum‘i o6beauHenuss M Ie-
peCeueHun:

Teorema 1.1.

1) O6wedunenue #0600 COBOKYNHOCTU OTKPLITULX
MHOXNCECT8 OTKPLLTO.

2) llepeceuerue KOHEUHO20 4UCAQ OTKPOLITOLX MHO-
HEeCT8 OTKPLITO.

3) [lepeceuenue 1210608 COBOKYNHOCTU 3AMKHYTOLX
MHOMECT8 3AMKHYTO.

4) Obwedunenue KOHEUHOEO 4UCAQ 3AMKHYTBIX MHO-
HEECTB 3aMKHYTO.

Hoxasarteabcrtro. 1) Ilycre nana coBokynsocTh
OTKPLITEIX MHOXKECTB HpocTpaHcTBa E, uneHn Kortopoil
Mbl 0Go3HaunM uvepes U; (i mpoberaer Kakoe-to MHOXKe-
cTBo nuAekcoB). [Toaoxum U = UU; u BOSbMeM TOuKy
p B U. Torga ans HekoToporo i touka p sexur B U,
Tak 4ro U; ects okpectHocts Touku p. Ho U > U, o1-
kyaa U -—okpectHoctb Toukn p (akcuoma 2). [Mostomy
U aBasiercss OKPECTHOCTBIO Ka [0 CBOeR TOUKH H, CJle-
0BaTE/MBHO, OTKPBITBIM MHOXKeCTBOM (onpesaeseHue 1.3).
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2) Tlycts Uy 1 Uy — OTKpLITBIE MHOXECTBa, H MYyCTb
pe= U NU,. Tak kak Uy u Uy 062 OTKPHITH H Cofepiar
TOUKY p, OHU SIBJASIIOTCH OKPECTHOCTSIMH TOYKH p (oIlpe-
nenenne 1.3). Cnenosarensho, U;(1U,; ecTb OKpeCTHOCTH
troukn p. Takum obpasoM, muoxecrso U,(1U; sBasercs
OKPECTHOCTBIO KaxKjJ0# CBOell TOYKH H MOTOMY OTKPBITO
(onpepenenne 1.3).

YtBepxaeHne nyHkroB 3) u 4) noayuaercs H3
yrBep:xaeHu 1) B 2) B3siTHeM ONOJHEHHI.

3aMeTuM, 4TO AOKA3aTeNbCTBO NMYHKTAa 2) HE IIPOXO-
AHT N nepeceueHus OECKOHEWHOTO 4YHCJIa OTKPBITBIX
MHoxecTB. Hanpumep, ecnu £ — peficTBuTebHAs NpsMas,

1 1
a Un——PIHTepBaJI(-— ;,7), TO Kaxjgoe Muoxecrso U,

OTKDEITO, HO mepeceueHue Bcex U, cocrour H3 oaHo#
Toukl O U He SIBASIETCA OTKPHITBIM MHOMKECTBOM.

IMycts Temepp A — 1060€ MHOMXKECTBO B TOIMNOJIOTH-
ueckoM npocrpadctBe E. [lo Teopeme 1 obbenuHeHHe
IntA Bcex OTKPBITHIX MHOXKECTB, cojepxaumuxcs B A,
OTKpHITO. fICHO, 4TO 3TO «HauGOJBIIee» OTKPHITOE MHO-
XecTBo, comepxanieecsi B A.

Onpenenenue 1.5 IntA nasmBaerca 6HyTpeH-
nocreio muomcecrsa A (Int — cokpamennoe «interior»).

JBoiicTBeHHbIM 00pa3oM nepeceyenne A BCeX 3aM-
KHYTBIX MOJMHOXECTB, CoAepxaulux A, 3aMKHYTO H fB-
JSeTC «HAHMeHbUHUM» 3aMKHYTEHIM MHOXECTBOM, CO-
nepxamum A.

Onpenenenne 1.6. A HasbBaeTcs SaAMbIKAHUEM
muoxcecTsa A.

Onpenenenne 1.7 FrA=ANCA wuasuaercsa
epanuyeid muomecrsa A (Fr — coxpaluennoe «frontier»).

Mpumep 1.9. Mycts E — naockocts, a A ~ OTKpPbI-
TBii KPYT, K KOTOPOMY R00aBJeHbl TOUKH BepXHefi moJy-
okpyxHocti. Torma IntA ecrb orkpeiteiil kpyr, A —
3aMKHYTHI KpyT, a Fr A — okpyXKHOCTS.

VYnpaxuennasa L2 Tlycrs A — MHOXecTBO B TONOJOTHYe-
ckoM mpocTpancrae. Jlokaxure, uTo T0dxa p Jexar B Int A Toraa a
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TOJBKO TOTZA, KOrZa OHA HMEeT OKDEeCTHOCTh, UEJHKOM COAEpXKa-
wyiocs B A, Hoxaxure TakXe, UTO p JEXKHT B A Toria H TOJLKO
TOrN4, KOTjla Kaxaas oKPECTHOCTb TOYKH p mepecekaer A.

1.3, Hoxaxure, 910 Aasl moOux AsyX mHOXKecTB A 4 B 8 Tono-
aoruyeckom mpocrpancree AUB=4AUB u» ANB<ANBA.

1.4. Mycts E — tononormyeckoe NpocTpancTBo, a F — moampo-
cTpadcTBo. [loxaxure, yro MHOxkecTBo U, Jexamee B F, oTKpHTO
B F Torza m toabko rtorma, koraa U= V(1F, rne V — orkpurtoe
MHOXKecTBO B E.

1.3. HenpepuiBHbie 0TOGpaMeHHA

[lyctb E u F — Tonosordueckue MNPOCTPAHCTBA, H
nyctb f— orobpasxkenue npoctpanctea E B F. [lociaen-
Hee 0603HAYAKOT Tak:

f+E—F.

Mnea nHenpepblBHOCTH COCTOHT NPOCTO B TOM, YTO TOUKH,
O6au3kne Apyr K apyry B E, oro6paxaioTcs B TOYKH,
6au3kue Apyr K Apyry B F. DT0 yToyHSeTed CAedyIO-
UM oGpasoMm:

Onpeneanenue 1.8. Orobpaxenne [: E—F ne-
npepvigro 8 TouKe p, eciau aasi Mo6oi oxpectHoctd V
Touk# f{p) B F CcyiiecTByer Takas okpectHocTb U Touku
p B E, uto f(U)= V. OroGpaxenne | nenpepoisro, ecan
OHO HenpepshIBHO B KaX(AOH Touke mpocrpancrsa E.

VYnpaxnaesua 15 Ilycte B onpenenennn 1.8 xak E, Ttax
n F apadercsl ACACTBUTENBHOH nipAMOi. B 3ToM csiyuae oGuiunoe on-
pelefneHne HeNpepulBHOCTH QYHKUUM [ B TOYKE X COCTOMT B CJAemylo-
mem: pasg aw6oro € >0 cymectsyer rtakoe & >0, uro ecan
J¥ —x| <8, 10 |[(¥) —f(x)] < e. Hoxkaxure, 9To 570 SKBHBa-
JIeHTHO onpeleneHno 1.8,

1.6. Tycts pano oro6pamenne f: E— F, Hoxaxure, 10 | He-
TIPEPLIBHO TOrAA X TOMBKO TOrNA, KOTAA npoo6pa3 mo6ore OTKpbi-
Toro B F Mmuoxecrsa otkput B E. Wcnospayfite sto ans gokasa-
TeJAbCTBA TOrO, YTO KOMIO3HUHA HENPEPHBHEIX OTODpaKeHuh Henpe-
pHIBHA.

1.7. Tlyctb E sBnsiercss OGbERHHERHEM ABYX 3aMKHYTHX MHO-
swect8 A u B, 1 nycte xado oroBpaxenne f: E— F. [Tpexnonoxum,
4TO OrpaHuuesus oroGpamenus f Ha MHoxecTBa A u B sasamorcs
HEeNPePHIBHKIMH OTOOpaXeHHAMH 3THX MHoxects B F. [loxaxnure,
uro [ Taxxke HenpepbiBHo. [locTpoiite NpnAMep, MOKAa3wBAIOWIMA, YTO
ecan muoxectsa A u B He 3aMRHYTH, TO oTo6paxesue [ He obasa-
HO OhiTb HElipephLIBHBIM.
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Ocofoe 3HaueHHe HMMEOT Te HempepoiBHble oTOGpa-
JKeHHs, Y KOTOPBIX CYIeCTBYiOT HellpepblBHbie 00GpaTHbie
oTo0paxKeHus.

Onpeneanenune 1.9. Ilycte [— B3auMHO oIHO-
aHauHoe oToOpaxenue npocTpanctsa E B F. Takum
o6pasowm, cyuecTByer obpaThHoe orobGpaxKkeHHe g HpocCT-
pauctea F B E. Ecan u f, u o6patHoe k Hemy orobpa-
*eHHe HelPephIBHBL, TO [ Ra3bIBAETCH 20MEOMOPPHUIMOM, H
TOrAa TOBOPAT, 4TO npocTpanctBa E w F  eomeo-
MOpHbL.

C roukd 3penus obuyedi TONONOTMH TFOMeOMOpdHbiE
MpOCTPaHCTBA He OTJHYAIOTCA HApYr oT Apyra. Takum
006pa3soM, MOXHO CKasaTbh, YTO HAC HHTEPECYIOT Te CBOH-
cTBa, KOTOpble, Oynyud BepHBIMHM AJ5 OJHOTO MPOCTPaH-
cTBa, BEPHbl H A BCeX TOMeOMOD(DHBIX eMy Mpo-
ctpancts. ChopmynnpyeM 3TO uHaue. 3aMeTHM, 4TO
romeomopdusm Mexxny E m F ycranaBinBaeT B3auMHO
OAHO3HAYHOE COOTBETCTBHE MEXNY OKpecTHOcTAMH B E o
OKpecTHOCTAMH B F, a Takxe MeXAYy OTKPBITHBIMH MHO-
KectBaMu B E M oTKpbiTeiMu MHOXectBamu B F. Cie-
noBatesbHO, Ji060e C€BOACTBO, (OpMyaHPYEMOE TONBKO
C MOMOUIbIO OKPeCTHOCTEHi M OTKPHITHIX MHOXKECTB, fIB-
JIIeTCA TOMNOJIOTHUECKMM cBoficTBOM. Bckope y mac no-
ABATCS] IPUMepbl TAKUX CBOHCTB.

1.4. TononoruvyeckHe npousBefeHHn

B stoM paspese onucuiBaeTcsi METON, KOTOphHIi uacto
HCIIONB3YeTCs /IS NOJNYUeHHA HOBWIX POCTPAHCTB U3 yiKe
HMEIOIIHXCS.

Ilycrs E u F — Ttonosnoruueckne npocrpascraa. MHo-
xkectBo E X F onpepensiercsi KaK MHOXKeCTBO 1nap (p, g),
rie p = E, a g = F. Odo npeBpaiaeTcsi B TOUOJAOTHUe-
CKOe fIPOCTPAHCTBO CJACAYIOIIHM 06pa3oM: eciu (p, g)
e E X F, 10 oKpecTHOCTb TOUYKH (p, ) — 3T0 n0Goe
MHOXKECTBO, cofepixamee Muoxectso Buna U X V, rne
U — oxpectHocTb ToukH p B E, a V — okpectHocTs g B F.
HeTpyaHo BuzeTh, 4TO aKcHOMBI 1—4 /19 TaKHX OKpecT-
HOCTell BBIMOJHSAIOTCH.
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Onpenenenue 1.10. Muoxecrso E X F, mpespa-
[ieHHOE B TOMOMOTHYECKOe MPOCTPAHCTBO TOJIBKO 4TO OMH-
CAaHHbIM CHOCOﬁOM, Ha3bIBACTCA TONOAO2UMECKUM npousee-
Oenuem npoctpancre E u F.

Npumepsn. 1.10. Ecau E = F = peficteuTebuas
npaMas, to £ X F -~ II0CKOCTb ¢ OOBIYHOH TOMOJIOTHEH
IBYMEDHOro eBK/JAHAOBa NPOCTPAHCTBA.

1.11. Ecan E — gByMepHOe eBKJ/HJOBO NPOCTPAHCTBO,
a F— peiictButennnan upsimas, To £ X F — TpexmepHoe
€BKAHAO0BO IIPOCTPaHCTBO. ITOT (haKr ofobliaeTcs oue-
BHAHBIM 0GpAa3s0OM: TONOJNIOFHYECKO® APOH3BeldeHHe eBKJH-
HOBBIX NPOCTPAHCTB Pa3MEPHOCTel M W 1 ecTb eBKJIHIO-
BO IIPOCTPAHCTBO pa3MepHOCTH m - 1.

1.12. Ecan E — unTepBaJ Ha [eHCTBHTENbHOR mnps-
Moii, a F — okpyxKHocTb, 10 E X F — UuARHAP.

1.13. Tlosxe MBI yBHEUM €O BCeMH NOXPOOHOCTAMM,
9TO TOp ABIAETCH TONOJOTHUYECKHM NpOH3BEeJEHNEM OK-
DYKHOCTH Ha cebs.

1.5. GeasuHocTh

B srom u cnenyiouieM pasgene Mbt oHlleM ABa Bam-
HbIX TOMOJOrHYecKHX cBoficTBa. IlepBoe M3 HHX, CBfi3-
HOCTb, €CTh, TaK CKa3aTb, CBOHCTBO COCTOATb M3 OIHOTO
KYCKa.

Onpeneaeunne L1l Ilpocrpauctso E c¢sa3Ho,
€CJIH ero HeJib3sl NMPEeZCTABUTL B BHIAE OOBeNHHEHHS ABYX
HEMYCTBHIX HelepeceKaioIUXCs MHOMXKECTB, OTKPHITHX B E.
MuokecTBO B TONOJOTHYECKOM MPOCTPEHCTBE C8A3HO,
eC/IH OHO CBfI3HO Kak MOANPOCTPAHCTBO.

[Mpumepwn. L.14, Ilycts E — npocTpancTBo, KoTOpoE
COCTOHT M3 JBYX TOYeK — a H b H B KOTOPOM OKPECTHO-
CTSIMH TOUKH a fABJASIOTCA MHOXKecTBa {a} u {e, b}, a ok-
pectHocTH Toukn b — sto {b} u {a, b}. JIerko BHAETb, UTO
AKCHOMBI OKpecTHOCTeHl BbimoMHsIOTc. Kpome ToOrO,
muoxectsa {a} u {b} oTKpwiThl; Takum o6pasom, E sB-
asiercsl 0GbelnHeHHEM JBYX OTKDBITHIX HellepeceKkaiomnx-
cs  mHoxectB. CuaemoBatesbHo, npocrpanctso E ne
CBA3N0.
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1.15. INMycte A — o6benUHeHHe ABYX OTKPHITHIX HeMe-
peceKaroluXcsl KPyroB Ha niockoctd. Toraa A se csssHo.

Hawmuoro TpynHee maTe NpHMep CBSI3HOrO NPOCTPaH-
c1Ba ') (32 MCKaOUEHHEM HEKOTOPBIX TPUBHAABHBIX CJIY-
yaes, BPOjie POCTPAHCTBA, COCTOSLErO H3 ONHOH TOUKH).
OpuH u3 naubonee BaXKHBIX NPHMEPOB — 3TO HHTEpBaA
Ha npsmofi. MHTYHTHBHO COBeplIeHHO SCHO, YTO OH CO-
CTOHT U3 ONHOro KyckKa H AOJXKeH OBITH CBfA3HBIM, HO
3TO, KOHEYHO, HYKHO JI0Ka3aTh.

TeoreMa 1.2, ITycte A — orkpoiroui unrepsar Ha
NpAMOU, CKaXceM, MHONECTB0 TaKux O0eliCTBUTEAbHbIX YU«
cea x, 4t0 0 < x < 1. Tocéda A cssasno.

HokazateabctBo. [Ilpeamonoxum, uto A He
cefisno. Torma no onpenenenuro A =B UC, rae B u
C — HekOTOphble HemycCThle HenepeceKawouwHecs MHOXKeCT-
Ba, OTKPBITHle B A H, caefoBarenbHo, Ha npamoi. Ilo-
ckonbKy B H C HenmycTel, HafileTcsi Touka b & B 4 Tou-
ka ce C. IlpeanoJoxuM /s ONpele/eHHOCTH, YTO
b < c¢. Teneps onpenenumM D Kak MHOXECTBO TeX TOUYEK
x B B, nas Koropux x << ¢. Muoxecrso D wuenycro, mno-
CKOJIbKY OHO cozep)xuT TOuKy b. Ilycte d — nmaumeHb-
Ias BepxufAs rpaHp uyucen H3 D. ITokaxem, uto d ne
moxer Jexatbh Hn B B, uu B C. Tlockoabky Tem He Me-
nee d 3aKAIOUEHO MEXAYy b H ¢, OHO 3aBENOMO JIEXKHT
B A, a 3nauut, au6o B B, 1u6o B C, 310 npoTHBOpeune
nokaxer, 410 4 Ha caMOM JleJie CBA3HO.

Hrak, npenmonoxum, uto d & B. Tak kak Bce x u3
D ynonetBopgIOT HepaBeHCTBY x << ¢, TO d < ¢, a pas
d nexut B B, 10 B AelicTBATENBHOCTH d << ¢. MHOXKeCTBO
B OTKpHITO, H MO3TOMY CYLIECTBYET OTKPBITHIH HHTEPBaJ
U, conepxxamuii d u aexamuit 8 B, Ecan B3arh pauuy
U wmenbite, yem ¢—d, To U Gyner comepxatbes B D.
Ho rorna u mpaBwuit kKosen U sexan 6ol B D n Gbi1 6ol
6oJbllle, 4eM ¢, 4TO HEBO3MOXHO, HO0 d — BepxHAA
rpanp yucen u3 D. Ilostomy d He Moxer snexarts 8 B.

1} Tousee CBASHOCTD NPHXOAWTCR AOKA3LIBATL — HEJIB3A XKe
nepeOparb B yMe OAHO 33 ADYFHM BCe BO3MOXKHbBIE IIpefCTaB/eHHS
E B Buze o6neanHenus ABYX OTKPHTHX NDOAMHOMKeCTB H yOeanTbCd,
970 3TH JBa DOAMHOXECTBa Bcerfa uepecexaiorcs, — [Tpus, peo.
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[Mpennonoxkam Teneps, uto d & C. Torga, nockonbky
C otkpblTO, HaligeTcs HHTepBaa U, codepKamui TOuKy
d u nexamuii 8 C. Ho 310 03Hadaer, uTo /st HEKOTO-
poro ¢ << 0 He cymiecTByeT ToueX MHOXKecTBa B (a cra-
Jo GbiTh, H D), 3ak/iioueHHbIX Mexay d—e u d. IT0
NPOTHBOPEUHT ToMY (aKTy, uto d ecTb TouHad BepXHAsA
rpanb uucea u3 D. CrenoBarennho, d & C.

Takum o6pasom, d He jexur Hu B B, Hu B C, uT0 H
NPHBOAUT K TpeGyeMOMY NpPOTHBOPEUHIO, KaK 3TO YXKe
00BACHANOCDH Bhille, JJ0Ka3aTenbcTBO OKOHYEHO.

SlcHo, uTO TeM Xe cnoco6oM ¢ HeOONBIIUMH H3Me-
HEeHHAMH MOXHO MAOKa3aTb CBA3HOCTb HHTEPBANOB, CO-
JepalliX OJAMH HiaH 00a KOHIla, a TakxKe HHTepBaJoB,
0eCKOHeUHbIX B OZHOM HAM OOOHX Hanpas/AeHHSAX.

Teopema 1.2 monyckaer o6paluenne, KOTOpPOe AOBOJb-
HO TPHUBHANBHO,

TeoremA 1.3. Ecau muoxcectso OelcT8uresvHsvix wu-
cea A cgasHo, To A ecTv untepsas (KoHeunwvil uru bec-
KOHEUHbIL, € BKAIOUEHHbIMU UAU HE BKAIOHEHHDIMU KOH-
yamu),

HokasarteasctBo. Ilycth a ¥ b — nBe TOuKH
n3 A, npuuem @ << b. Hamo moxasatb, uto A CORepPIKHUT
BCe uxcaa ¢, Jexauye Mexay a # b, Ilpennonoxum,
9TO CYIECTBYET UHCJO ¢, 3aKJAIOUEHHOe MeXAYy a U b, HO
He npunagnexawmee A. Ilyctb B — MHOXKECTBO BCeX UH-
cen u3 A, MeHpWIHX ¢, a C — MHOXECTBO BCEX YHCEJ U3
A, Goabwnx ¢, Torna A = B U C, upuuem B u C oba
OTKpHITEl B A, He NepeceKaioTcss H HeNMyCThl. DTO NPOTH-
BOPEUUT NPeRNOJOKEHHI0 O CBSIBHOCTH A, H NO3ITOMY Ta-
KOTO 4uchia ¢ He cymecrsyer. CienoBarensio, 4 — Hu-
TepBaJ.

Tenepp yxe ROBONBHO JIETKO CTPOHTH APYrue IpHMe-
pbl CBA3HLIX NpoctpaHcTB. Chaenywowas TeopeMa HaeT
O0mMi MeTON MOJYuYeHHS HOBBIX CBSI3HBIX MPOCTPAHCTB
H3 y)Ke HMEWUIHXCH,

TeorEMA 1.4, Mycre f: E — F — nenpepoigroe oto-
6pavcenue caaznoeo npoctpancrsa E na npocrpancreo F.
Toeda F csasno,
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HokasartenbctBo, [lpennonoxum, uro Teopema
He Bepua. Torna F=AUB, rie A u B Henycro, He
nepecekaiotcss M oTKpbiThl. Ho npu stom E = [-1(A)U
U f-1(B), npuuem f~*(A) u f~1(B) menycrnl, He mepece-
KaioTC H, COMIacHO ynpaxHesuio 1.6, oTKpbiThl, 3TO
npoTusopeunt cBsu3HocTH E, Tak uto F 06s3aHO Obith
CBSA3HLIM,

M3 sToll TeopeMbl, B 4acTHOCTH, CleAyeT, 4TO eC/H
npoctpaicrtBo E cBasho, a F romeomopduo E, 10 F
CBfI3HO, TaK YTO CBSI3HOCTb HBJASETCH TONOJOIHIECKHM
cBoiicTBoM. Bot apyroii nmpHMep HMCroJAb3OBalufl Teope-
mel 1.4, CyuiecTByer HenpepriBHOe OTOGpa)KeHHe enu-
HHYHOTO OTpesKa aeficTBuTenbubix uncen 0 <L x <1 ua
OKPYXHOCTb, a HMEHHO OTOGpakeHHe, mepeBojslliee To4-
Ky x B TOuky (cos2mnx, sin2nx) Ha miaockocTH. [TosTomy
OKpYXHOCTb CBSI3HA.

TeoPEMA 1.5.Ecau E u F — ceasnbie npoctparxcrsa,
10 npoussedenue E X F raxice ¢8a3HO.

HdokasarteanrctBo. Kak 06bluHo, NPOBOAMM JO-
Ka3aTenbCTBO OT nporuBHoro. [lpeanosoxum, uto
E X F ue cBssHo. Torna E X F = A U B, rae MHOXKe-
ctBa A H B OTKpHITH, He NepeceKaloTCA H HEMyCTh,
Bosbmem Touky (¥, y) B A. MuoxecrBo EX {y} romeo-
mMop¢Ho npoctpaHcTBy E u motomy csasno. Orciona cie-
ayer, uto E X {y} comepxutcs B A. B nportusuom cay-
yae ero mepeceueHuss ¢ A u B paBanu Gul pasjoxeHHe
Ha OTKPHTHE H He INepeceKalollHecsi HemycThle MHOXKe-
ctBa. Ho Temepp aHajornunoe paccyxjeHHe TOKa3bl-
BaeT, uT0 AJaa Awboro x” u3 £ cnoi {x’} X F nonxex
comepxatbes B A. Buixoaut, uto Bcé E X F comepxurcs
B A, 3naunt, B JonxHO ObHTH nycto. JTO H AaeT Tpe-
6yeMoe HpOTHBOpeuHe, NOCKOJAbKY B npeanonaranoch
nenycruiM, [Tostomy E X F cBs3Ho.

ITpumep 1.16. Mu y:Ke BHIeNH, YTO OTKPHITHIA HH-
tepBas I Ha npsimoit cBsisen. Otciofa cejyeT, 4TO KBak-
pat 2 =11 cpsased. [lo uuAyKuuH 3aKJIIOY3EM, UTO
n-mMepHufi Ky6 /* cBsiseH. AHaJIOTHYHO, NOCKONBKY Heit-
CTBHTEJIbHAA MPAMas CBA3HA, A-MepHOe eBKJAHAOBO IpO-
CTPaHCTBO TaKXKe CBA3HO,
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Yopaxaeann |8 lycrs A — cpasHoe MHONKecTBO B TOMO-
noruueckom mnpoctpanctse £. Ilycts muoxectso 8 raxoso, ato
A < B < A. Jlokaxure, yto Torda B cBaA3Ho.

19. Iycrb A n B —cBassme MHOXecTsa B mpocrparctee E,

n nycrs 4 N B senycro. Noxamnre, atro A U B caasno,

Mpumepw. L.17. lpumep 1.16 noxaswviBaer, 4TO
OTKPBITHII Kpyr (roMeomop¢Hbi KBagpaty [2) cBa3ed.
Tenepv u3 ynpaxuenus 1.8 caenyer, uto cBA3HHM Gynert
H MHOKecTBO, NMoJyyeHHoe A00GaBleH#eM K Kpyry Beex
HWAH TOJLKO HEKOTOPHIX TOYEeK Ha OKpYXKHOCTH. Adajo-
FHYHBIA pHMEpP MOXHO MNOCTPOHTL Iis OGOAbIIHX pas-
MepPHOCTeH.

1.18. OGbikHOBeHHYIO chepy MOXKHO MPeACTaBUTh B BH-
Je ofbefHHEHHSI ABYX 3aMKHYTBIX KPYrOB € HENYCTHIM
nepeceuenseM. [lostomy, cornacso ynpaxuesuio 1.9, ata
NOBePXHOCTh CBfI3HA. AHaJIOTHUHO n-MepHas cdepa Oy-
ZleT cBa3HO# mpn mobom n = 1.

1.6. KomnakTuocts

[TousTe KOMMakTHOCTH oG6o6wiaeT CBOHACTBO ObITb
3aMKHYTHIM H OTpaHHYEHHBIM MHOMECTBOM B EeBKJMJIO-
Bom npocrpaHcTBe. CHauajsa MBI Ha/lOXHM Ha paccMar-
pHBaemble NPOCTPAHCTBA AKCHOMY OTZeaumoctd Xayc-
nopda. B obmefi tomosorud ee BBLINOJMHEHHE MPeAroaa-
raetcs He BCeria, OAHAKO HAC 3Ta akKCHOMAa YCTPaHBaer,
MOCKOABKY JJfl BCeX MPOCTPAHCTB, KOTOPHIMH MHEl HHTe-
pecyeMcsl, OHA Tak WAH HHaue BHINOJHSETCA.

Onpenenenne 1.12. Bynem nasbiBaTh TOHOMOrU-
yecKoe MNPOCTPAHCTBO xaycdopgosovim, ecin oHo o6Jaa-
RaeT CAe[YIOIHM CBOACTBOM: KakoBbl Obl HH OHJIH JBe
passiuynble TOYKH p H ¢, CYMIECTByeT TaKasd OKPeCTHOCTb
U roukn p u Ttakas OKpectHocTb V TOUKH ¢, 4TO

Unv=ga.

Mpumepn. 1.19. JIio6oe eBKAMIAOBO MpPOCTPAaHCTBO
ABASETC XayCcROp¢OoBHIM.

1.20. JIio60e moAnpoCTPaHCTBO eBKJAHAOBA MPOCTPAH-
crBa xaycmopgoso. Ha camom pene aio6oe noanpo-
E)TpaHCTBO A1060ro xaycaopposa npocTpaHCTBa Xaycaop-

0BO.
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TIpexxsie yeM onpeneaATh KOMNAKTHOCThb, HY:KHO [AaTh
HECKOJIbKO IPeBaPUTebHBIX ONpenesneHHH.

Onpeneanenne 1.13. Ilokpoirue TONOJOTHUECKOTO
npoctpancrBa E — aTo HaGop mHoxecTB u3 E, o6benn-
HeHHe KOTOPBIX JlaeT Bce mpoctpanctso E. OHo Hasbi-
BAETCA OTKPbITbLM NOKPLITUEM, eClH KaKI0e MHOKECTBO
B Habope OTKpLITO.

Onpeneaenne 1.14. Ilycth paHo mokpeitHe TO-
NOJIOTHUeCKOTO NpoCTpaHcTBa., [T00nokpuiTue — 310 NO-
KPbITHe, BCe MHOMKeCTBA KOTOPOro NpHHAmJIEKaT HaH-
HOMY MOKPBITHIO.

Onpeneanenne 1.15. Komnaxrnoe npocrpancrgéo
(n1u Komnaxr)— 310 XaycnopdoBO NPOCTPAHCTBO, 006-
Jiapaioliee TeM CBOHCTBOM, YTO Kaxpgoe ero OTKphITOe
NOKPBITHE COZEPXKHUT KOHEWHOe INONAOKPBHITHE, T. €. NOA-
NOKPBITHE, COCTOsiIEe H3 KOHEYHOrO WHCJAA MHOXKeCTB.
MHOXeCTBO B TONOJIOTHYECKOM IIPOCTPAHCTBE Ha3blBaerT-
Csl KOMNAKTHbIM, €CJI¥ OHO SBJSETCS KOMIAKTHBIM HOJX-
IPOCTPAHCTBOM.

Mpumepn. 1.21. Teopema DBopens — JleGera H3
aHanu3a IOKa3bBaeT, YTO 3aMKHYTOe OrpaHHYeHHOe
MHOXKECTBO B e€BKJIHAOBOM NPOCTPAHCTBE SIBJISICTCH KOM-
nakTHeiM (cM. [16]).

1.22. IleficTBuTenbHas npsiMas He KoMnakTHa. UToOwi
yGeHTbCS B 3TOM, PacCMOTPHM Habop OTKPBLITHIX MHTEp-
BajoB Buga (n—1,n+ 1) ¢ uweabiMu n. IT0 OTKpbITOE
NOKpBITHEe NefiCTBHTEeILHOR ApAMOH, OJlHAKO HHKaKOoH KO-
HeuHbll HaGOp 3THX HHTEpPBaJOB, OUEBUIHO, He MOXKeT
TIOKPHITL BCel TpsiMol. AHasorHYHOe paccyXJeHHe IO-
Ka3blBaeT, YTO N-MePHOe €BKJAHZOBO MNPOCTPAHCTBO He
KOMIIAKTHO U YTO Ha CaMOM jfiejie He KOMNakKTHO JioGoe
HeorpaHHUeHHOEe TMORMHOXeCTBO eBKIHAOBA IpOCTpPaH-
CTBa.

Ynpaxueununsn LI10. [Nokaxute, ato n-mepHas cdepa KoM-
IaKTHA Npu JoboM #.

1.11. Jokaxure, yTo 3aMKHYTOE TOAMHOMKECTBO KOMIAKTa KOM-
IaKTHO H UYTO KOMTIaKTHOE MHOXeCTBO B JioGoM xaycmopdosom
TPOCTPAHCTBE 3aMKHYTO,
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3ameTuM Temepsb, YTO KOMIAKTHOE TMOAMHOXECTBO eB-
KIHZOBA [POCTPAHCTBA MAOMKHO OBITh  3aMKHYTHIM
(ynp. 1.11) u orpaunventitim (mpumep 1.22). Met nony-
yaeM TeopeMy, oGpaTHyio K Teopeme Bopenas — JleGera.
Cymecrsyer ofuias TteopeMa, yTBepxKpaiowas, 4To TO-
MOJIOTHYECKOe TIPOH3BeNeHHe KOMIAKTHLIX MPOCTPAHCTB
komnakTHO (cMm. [10]). 3xecs My He GyneM [NOKa3biBaTh
ee. Onnako HaM NoOHagOGHTCST ONHH ee YacTHBIH Cay-
yafl, a UMeHHO KOI'[a NepeMHOXKaeMble KOMIIAKTHbIe 11PO-
ctpadctea A u B nexar B eBKIMIOBBIX NPOCTPAHCTBAX
pasmeprocteii m u n. Torma ux nmpoH3BejgeHye ecTb NOA-
npocTpauctso B (n 4+ m)-MepHOM npoctpancTse. Tak Kak
npocTpanctsa A U B KOMIaKTHDI, OHH 3aMKHYTbl H Or-
paHHuYeHbl, COINACHO TOJBKO UTO CHAEJaHHOMY 3aMeda-
Huio. [TosTOMYy HX npousBefeHHe SBJISETCS 3aMKHYTHIM H
OrpaHHYeHHBIM NOAMHOMKECTBOM eBKJHIOBAa NPOCTPAHCT-
Ba (npomepbre 310!). Caemosartensuo, A X B KoMmakr-
HO no Teopeme Bopeas -— JleGera.

KoMIakTHOCTDL SBJASIETCS TOMOJOTHYECKHM CBOHCTBOM,
TIOCKOJBKY OHa OmHpeleasiercsi B TeDMHMHAX OTKPHITHIX
MHOXecTB. B jeficTBHTeIBHOCTH OHa COXpaHsieTcss MNpPH
J1060M HenpepHIBHOM 0TOGpaXKeHuH,

Teorema 1.6, ITycre [: E — F — nenpepoisnoe oro-
Opascentie KOMRAKTHO20 npoctpancrea E na xaycdopgpo-
80 npocrparctéo F. Toz0a npocrpancrso F asasercs
KOMARAKTHBIM.

doxasateabctBo. Ilyctb ZaHo OTKpHITOE IIO-
KphiTHe TpocTpaHcTBa F, OTKPHITHIE MHOXKeCTBa KOTO-
poro o6o3Hayennl uepe3 U; rpe i nmpoberaer HeKOTOpOe
MHOXKecTBO HHJekcoB. Torma muowkectrsa f1(U;) obpa-
3y10T MOKpBITHe npoctpaHctBa E, npuyeM, COriacHo yi-
paxHenmio 1.6, 3T0 OTKpbITOe NOKpeiTHE. Tak Kak E
KOMNAKTHO, HajifeTcss KOHeuHH#i Hadop, CKaxeM
Uy, ..., f1(Uy), ero nokpuBaiomuii. Ho B Takom
ciysae MuoxectBa U, ..., U, o6pa3sylor KoHeyHoe
TIOAMOKPEITHE [TAHHOTO MOKPBITHA mpoctpauctsa F. [lo-
cKoabKy F, KpoMe TOro, npennoJaraerca xaycaopgo-
BLIM, TO F sIBJSIeTCH KOMIIaKTHBIM,
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1.7. Mpocvpaucrea co cueTHoR Gaaoi ')

(Tlpu mepBOM uTEHHH 3TOT Pa3jie] MOXHO ONYCTHTD.)
Ilyets E — Tonosioruueckoe npoctpaucrso u {U,} — co-
BOKYNHOCTh HEKOTOPBIX €r0 OTKPBITHIX HOAMHOMKECTB.
Oua nasbiBaeTcsi Gasod npoctpaHctBa E, ecan aioGoe
OTKPBHITO® NMOAMHOMXKECTBO npoctpaHcrBa E mMoxXHO npei-
CTaBHTb KaK oGbeanHende Hekoropmix U,. B naabneit-
ileM BCTPeYaloTcesl HCKJIIOUHTENbHO TOJIOJOTHYECKHe I1po-
CTpaHCTBa €O cuerTHoli 6a3oil.

Mpumepr. 1.23. n-MepHOe €BKAWIOBO INpoOCTpal-
CTBO HMeeT CueTHyIO 6a3y, COCTOSILYi0 M3 IIapos, Y Ko-
TOPBIX LEHTPHl HaxoAATCs B TOYKax (X, ..., Xn) C pa-
UHUOHAJILHBIMH KOOPAHHATAMM M PafgHyCHl palHOHATbHbI
(mokaxkute, 4TO 310 Gasal).

1.24. Ecin  E — TOmMONIOTHYECKOE TNPOCTPAHCTBO CO
cuetnonn 6asoil {U,} u F— ero noanpocrpanctso, 1o F
TOXKE HMeeT cueTHylo 6a3y, a HMeEHHO B KayecTBe Taxo-
Boit rogutes {U, (1 F} (nposepbrel),

Yupaxnenne 1,12 B TONOJOrMY4ECKOM BPOCTPAHCTBE €O
cyeTHoft 6a3off 13 BCAKOrO OTKPHITOrO MOKPLITHA MOXKHO BHOpaTh
cueTHoe nomnokpoitie, (Cxema Ooxasareavcrsa. Ilycrs {Un}— cuert-
Han 6asza, a {V,}— otkpuroe nokpurne. Tpencrasss Kamiaoe Va
kKak o6bexnnenue Hexorophix Upn, Bo3smem Bce U,, kotopule npn
ITOM BCTpeTatca (NpPH BCEBO3MOMKHBIX @); OyCib 3T0 Oyayr Un‘,
UnQ,

uto Raxjoe U, coiepxnrcs B HexoTopom Vi)
1

.... Jokaxure, yto {U }—-cuemoe nokpeitHe E, n BcnomHure,

e

§ 2. TNABKHE MHOMOOBPASHA

2.1. Beepeuue

Bo MHOr#X H3 NpHBei€HHbIX Bhllle HPHMepOB TONOC-
JAOTHUeCKHe MPOCTpaHcTBa 00JaRalOT TE€M CBOIICTBOM,
YTO Ha HHX MOXXHO BBECTH KOODAMHATH, NO KpaiiHe# Me-
pe JIOKaJbHO, B OKPECTHOCTH KaxJoi Touku. [nga enx-
JUI0BA MPOCTPAHCTBA 3TO COBepPLIEHHO OYEBHAHO 1l BLI-
TeKaeT NpaAMO H3 onpepenaenud. [lefcTBHTENbHO, Kaxaad
TOYKAa Ha CaMOM Jejie siBiseTcss HaGopoM u3 n feficTBii-

1) Jlo6aBneno pepakropoM nepesoaa. — flpum. ped,
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TeJbHBIX 4HCeJ — 3TO H eCTb ee KoopaumaTh. C gpyrofi
CTOPOHBI, pAacCMOTpuUM JBYMEpHYI0 cdepy, Hampumep
ennununyio cepy x? + y? + 22 =1 B TpexmepHOM npo-
ctpaHcTse. BosbMmeM Touky Ha moaycdepe z > 0. 3aecs
z=(1—x2—y?)"%, Tak 49TO B NEACTBHTENILHOCTH TOUKA
onpemenseTcsi 3HAUEHHAMH KoopauHaTt x H Y. Takum 006-
pas3om, napy (X, y) MOXHO CUHTaThb KOOPAMHATAMH TOUKH
Ha coepe. Ho oHu sBASIIOTCS JHLb JOKAJbHBIMH KOODIH-
HaTaMy B TOM CMbIC/Ie, YTO OHH OJHO3HAYHO ONMpelensioT
TOUKH TOJILKO B HEKOTOPOM OTKPBITOM MHOXKeCTBe, a HMEH-
1o B noaycgepe z > 0. 3amerum, uto oToGpaxenue, nepe-
BoJsillee TOUKY (x,Yy,2) Ha cdepe B TOuky (x,y,0) na
IVIOCKOCTH, €CTb roMeoMopdu3M noaycdepnt 2 > 0 na or-
KPBITHII eIMHUUYHBIA KPyr, ¥ B KauecTtse KOOPAHMHAT MBI
Ha caMOM JeJie HCIOJb3yeM KoopAuHATH 00pasa TOuKH
npu atoM oroGpaxkenuu (puc. 2.1).

C Hawefi TOUKH 3peHHs HHTepecHast OCOOGEHHOCTD
3TOTO TpHMepa COCTOHT B TOM, 4YTQ c(pepy MOKHO MO-
KDLITh [ecThio rnoaychepaMu ¢ aHAJOTHUHBIMH CBO{ICT-
BaMH, a HMeHHO noaycgepamu z2>0, z2<<0, y >0,
Yy <<0, x>0, x<<0, Kaxpgas u3 stux nosycgep romeo-
mopdro orobpakaercs na OTKPHITBHI Kpyr, H KOOpAHHA-
Thl TOYEK Ha KpYre MOXKHO MCNOJb30BaTb KaK KOOpAuHA-
Thl TOYeK Ha COOTBeTCTBywomiel noayctepe. Hanpumep,
B noaycdepe x > 0 MOXKHO B3sTb 3a KOOPRHHATH (Y, 2)
H T. 1. B TakoM cayuae roBopsit, 4TO cpepa INOKPEITa
HIECTbIO KOOPAHHATHLIMH  OKPECTHOCTAMH (OKpecTHO-
CTSIMH, B KOTODBIX MOXHO BBECTH JOKaJbHble KOOPAH-
HaThi).

MoxHo npou3BecTH aHaJoOTHuHHIE pa36op AAs Topa
(cM. puc. 2.2), xoTs cpenaTh BCE 3T0 B SBHOM BHJIe
y:Ke 11eCKO/IbKO TpyaHee. Bospmen Top '), KoTophiil moay-
Yen BpallEHHEM BOKPYT OCH § OKPYXHOCTH (x —2)2 -
+ y% = |, Jexalest na miockoctu (x, y). Torna, nanpu-
Mep, B okpecTHOcTH ToukH (0,0,3) MOXHO B3sTb 32 JO-
KajbHble KoopauHaTel (X, y).

Ynpaxuenue 2.1, TMocrpolite nonayw cucreMy KoopAuiiate
HbIX OKPecTHOCTEH, MOKPLIBAIOMIHX TOP.

'} OtMeTHM AAR  JanbHeilluero, 4T0 064aCTh, 3aKIIOYEHHYIO
BHYTp# TOpa, Ha3HWBAIOT CIJOWHBIM TOPOM. — [Tpum. ped,
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3aMeTuM, YTO NMpefHAYUIHE NPHMEDPH o6aaganu cjie-
LYIOUHM CBOHCTBOM: €CJIR (X1, X2) H (Y1, Y2) — JOKAJbe
Hble KOODJAHHATBI TOUKH B JBYX NEePEKPHIBAIOIUXCHA KO-

(;, y)

il

)
)

Puc. 2.1, OroxpecrBienue BepxHel nosycheps € KPYrOM B IJo=
CKOCTH (X, y) NMOCPEeACTBOM INPOEKUHH,

OpAMHATHBIX OKPECTHOCTSIX, TO Yy H Y siBAAIOTCH Audde-
pEeHIMpYeMbIMH  (JYHKIHAMH OT Xy, X, H HaoGOpOT.
B cayuae coepbl, HanpuMep, pacCMOTPHM, KaK H paHb-
e, CHCTeMbl KoopAiuHaTt B noaycdepax z >0 u x > 0,
ITycts Touka umeer B NepBOfi M3 3THX OKPeCTHOCTEH
KoopaHHaTH (X, %2), a Bo BTOpol (Y, ¥2). 21O
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03HauaeT, 4TO ecJH (X, Y,2) — ee KOODIHHATH B O6bHEM-
JiolleM eBKJHAOBOM MPOCTPAHCTBE, TO X1 =X, Xz = Y,
Yy ==Yy, yo = 2. Tak Kak Ha chepe 2+ 42+ 22 =1, 10

Yy == Xgy
—_ —_— 2 3
yr«(l x? xg)/’.
flcnio, uto GyHKuUMH, cTOSIHe B MpaBOd 4YaCTH 3THX

ypaBHeHHH, 061aKal0T YaCTHEIMH IIPOM3BOJHBIMH BCIOAY
B ofmeli yacTH oGeux nosaycdep !). Amangoruadso

5= (1= 42— gy,
Xo=1Y,

1 CHOBa QYHKIHH B npaBOfl yacTH MOXHO Zu(depeniu-
posarth B n060# TOuKe MHOXecTBa z > 0, x > 0. Kpome
TOrO, JIerKO [POBEpHTb, YTO HA 3TOM MHOMKECTBe OIpe-
LenuTenp

9 Oy
axl 0x2
Yy 3ys
axl axz

He paBeH HYJIO.

Mpenpiayuiue npuMepbl, 0COGEHHO TOJABKO YTO OIH-
caHHble CBOACTBA JIOKaJbHEIX CHCTEM KOOpDAHHAT Ha
chepe, Aal0oT 0GOCHOBaHHE /ISl ONpeleeHHs TOTO THIIA
NPOCTPaHCTB, KOTOPBIH Hac HHTepecyeT, — IVIaiKHX MHO-
rooGpasuil. CHauzaja Mbl NpHBelleM HECKOJbKO TpelBa-
PHTEIbHBIX ONpeneNieHH .

2.2, Tnapxue hyHKUKH W TRaAKHe oToBpaXeHus

Onpeneaenne 2.1. Iycte U — otkphHiTOE MHO-
JKeCTBO B n-MEPHOM eBKJHMZOBOM mnpocTpaHcTBe E, u
nyctb [ — ¢@yHKUHs, onpeleneHHas B U u npunumaio-
mas mRedcTBHTEJbHblE 3HAueHHA. DyJeM Ha3bniBaTh PyHK-
uno [ esadkod, ecan B Kamaoil Touke us U ona mmeer

') Tounee, OHR HWMEIOT 9YacTHHE UOPOH3BONHHE NPH BCEX Tex
(X1, X2), KOTOPHE ABJAAIOTCA KOOPAHHATAMH TOUEK H3 oOwell 4acTH
gTHX noaycdep, — Tpun. ped.
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HenpepLBHLIE YaCTHLIE NPOH3BOJIHEIE BCEX MOPRAKOB, KO-
TOphie GepyTcs IO koopamuatam B E').

[MTpumepn. 2.1. Muorouned or koopauuar B E sB-
ASETCH [VIaAKHM B JI0GOM OTKPBITOM [OAMHOMXECTBE
npocrpancTsa £. B 3Tom cnyuae, KOHeuHO, BCe NPOU3BOA-~
Hble JOCTaTOuHO Goabloro nopsifka oOpallaloTcs B HYJb.

2.2. Oyukuns |1 — x2—y2|" (cumBoa | | o6o3na-
yaeT aGCOJIOTHYIO BeJHUHHY uHC/la) Ha ABYMepHOM eB-
KAUI0BOM MpOCTpPaHCTBe He OyleT IMafKofi HH B KaKOM
OTKPBITOM MHOMKECTBE, COmepXKaleM XOThb ORHY TOYKY
OKDYXKHOCTH x% 4 y2 =1, B J1060M Ke OTKPHITOM MHO-
XeCTBe, He COAepKallleM ToueK OKPY:KHOCTH, oHa OyAer
FIa1KoH.

2.3. PaccmotpuM (yHKilHi0 Ha neHCTBUTeJNbHOHR Nps-
MOil, OnpeleJeHHYIO CAeNYIOUM 0Gpa3oM:

f(x)=exp(—LT) npu —I<x<I,

x2

fx)=20 npy 1<Cx uanm x<<— 1.

B KagecTBe ynpaKHeHUSI MPOBEPUTh, YTO 3Ta (QYHKIHA
HMeeT MPOHU3BORHBIE BCEX MOPALKOB BO BCeX TOUKax
npsaimoli. Takum o6Gpasom, f— rmagkas ¢yoHkmus na

o o 1
Bcefi apsamoii. (Hanomnuwm, uto t—,,e-”t—)O, Koraa ¢

cTpemurca k 0, mpolerasi NOJOXKHTeJbHbIE 3HaueHHA.)
2.4. Tlocnexnuii mpuMep MOXKHO HCIONbL30BaTh A1
NOCTPOEHUA RPYrHX NPHMEPOB B NPOCTPaHCTBaX 66Jib-

P 2
mux pasmepnocteii. Ilyete r2= 2 xj ecTb kBagpar
pPaccTOsHUst RO HYJsl B €BKJHZOBOM f-MepHOM IPOCTPaH-
crBe. Onpeneanm Ttorga ¢yuknuio [ caepylomuM obpa-
30M:

1
f(p)=-exp (Tlfi') npu r<lt,
f(p)=0 npu r>=1,

') Tounee, TakHe (yHKUHH Ha3HBAOTCA FMaAKEMH (YHKIHAMH
raacca eradxocty C. Ecin y [ BMeoTcs HenpephiBHEle uacTHue
NPOH3BOAHEE 10 MOpAika M BKAOUHTENbHO, TO [— Kiacca 2sad-
goctu C". Oynruud kaacca C®— 3T0 npocrto HenpepuiBHbe (yux-
unn. Tlockosbky y VYoaneca BeTpegalorcs ToAbKo (YHKUME Kaac-
ca C™, oH onycKkaeT YNOMHHaHHE O KJjacce IMJAAKOCTH H TOBOPHT
npocro <«raagkasn Qynxuusy, — Jpus. ped.

2 3ax. 60
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CroBa nonyuaercss rnaixas (QpyHKuHs BO BCeM n-MepHOM
NpOCTPaHCTBe.

3aMeTHM, 4YTO TOJBKO YTO NOCTPOeHHAd (QyHKuHA 06-
JiafiaeT CJAeAYIOMHMHA CBOACTBAMH: OHa rjallkasi BO BCEM
€BKJMJ0BOM NPOCTPAHCTBE, paBHa HYJI0 BHE HEKOTOPOrO
OTKPHITOTO MHOMKecTBa (eAMHHYHOro mapa) # He ofpa-
maercs B HYAb BHYTDH 3TOr0 MHOxectBa., PyHKnuu C
TaKHMH CBOHCTBaMH OYAYT MOJe3Hbl HAM B Ralbhell-
wem.

Yopamuedue 22, MeronoM, aHAlOrHUHLIM  HCHOAB30OBAH-
HOMY B mocJelHeM fIpuMepe, mocrpofire ¢yHKUHIO, TajKyi0 BO BceM

f-MEpHOM NPOCTpAHCTBE, pasHyio | na samkuyToM wWwape ) ¥; < |
H Hyalo BHe mapa X x;<4.

Huoraa serpeuaiorea QyHKUHH, 3afalHble Ha MHOXe-
CTBaX, KOTOpble He SABJAIOTCA OTKPHITHIMH, M B TaKux
cayuanx onpefedenve 2.1 He06XOAHMO ROMOMHUTD.

Openenenne 2.2, llyers [— dyukuus, zapas-
Hasi Ha MHomxecTBe A B n-MepHOM €BKJAHJOBOM TpO-
CTpaHCTBe M MPHHHMAIOWlas AeNCTBHTENbHbIE 3HAUElHS.
Bynem sasmBath GyHKUHIO f esadkobd Ha mHOXMcecTse A,
ec/IH ee MOXKHO TaK NPOXO/KHTH Ha OTKPHEITOE MHOXe-
ctBo U, comepxamee A, uro oHa 6ymer raaaxkoi B U.

Bor ectecrBenHoe oGoGIIeHHe TNOHATHA TJIaJKOCTH
Ha oToOpaskeHus eBKJIJOBLIX IPOCTPAHCTB APYr B Apyra.

Onpenenenne 23. [Ilyctp A — MHOXKeCTBO B
eBKJIMAOBOM /M-MEPHOM NPOCTpaHCTBe, H NYCTb HaHbl £
raaakux Ha A Qyuxuudl fi, fo, ..., fo. Onpeaenum oro-
Gpaskenne [ MHOXectBa A B n-MepHOE €BKJHJOBO MPO-
cTpaHcTBO, Gepsi B KauecTBe oOpa3sa f(x) Toukn x <= A
Toyky ¢ koopaunatamu  (fi(x), falx), ..., fa(x)).
B stom ciyuae [ HasbiBaercss esadxkun orobpajcenuen
MHOJCECTBA A 8 N-MepHOe NPOCTPAHCTSO.

3amertuM, uTo g n = | raagkoe oToGpaxkense mpe-
Bpamaercss NpocTo B razkyo QyHKiu#io Ha A B cMbicae
onpenenenus 2.2,
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B n3yueHnu raagkux oTOOpa)KeHHA OGONbILYIO POJb
urpaeT MaTpHuIa, COCTaBJACHHAN U3 NePBLIX YACTHBIX NPO-
H3Boauplx OGyuruuid f; (B 0603HaueHMSAX oNpeneie-
uus 2.3).

Onpeneaenune 24, Matpuua, y Kotopofi Ha nepe-
cedyeHHu [-# CTPOKH u j-ro cronbua crout Of;/0x; Ha3wl-
Baerca marpuyeid fxobu rnamgkoro oroGpaxeHus, Ecau
n=m, TO ee OMNpeJe]UTe]b Ha3bIBaeTCl AKOOUAHOM
orobpamenus ').

Vaopawuennd 23. Ilycrs f—raanxoe oroBpamenne oTKpH-
Toro MHOMKeCTBa A, Jekallero B M-MEpHOM €BKJIHIOBOM NPOCTpaH-
c1B€, B 7-MEPHOE HPOCTPAHCTBO, H MYCTh £ — ruankoe orofpamerue
OTKPHITOTO MHOXKecTBa, comepmauero f(A), B p-vepuoe mpocrpaH-
crgo. [lokawure, uto KoMmo3uuusa gf ecrb raagaxkce OToGpakeHHe
muoxecTea A B p-mepHoe mnpocrpanctBo. Jloka)kuTe Traxike, 41O
ecan F — snayedne matpuubt SikoOn ortobpaxennst [ B Touke X, a
G — suauenne MatpHus $Iko6H Anas g B Touke [(X), TO 3uaueHHe
matpuist SIko6u ana gf B Touke x pasuo GF,

24. Tlyerb f — raagkoe otofparmkenne OTKPbiTOro Muoxecrsa U,
JeKaIlero B N-MEPHOM €BRJWNOBOM MPOCTPAHCTBE, B NA-MEPHOE MPO-
CTPAHCTBO, W UYCTb [ mMeer iankoe ofpartHoe orebpaxieHune. [loka-
WKHTe, 4TO sAIKOOMaH OrofpameHus [ oTiuued OT HyJid BO BCeX TOY-
Kax MHoxectBa U,

CnpaBeanuBo yTBepXKleHue, oOpatHOe K pe3ynabTaTy
ynpaxkuenus 2.4. OHo Ha3bliBaeTcsl teopeMoli 06 oGpar-
nofi GyHKIMH B dopMyJaHpYeTCH CACAVIOIHM 006pa3oM:

Trorema 2.1. [Tycre [ — enadkoe orobpaxcenue or-
KpeiToeo muoncecrea U, aexaujeeo 6 n-meprom npo-
CTparcTae, 8 n-MepHoe NPOCTPAHCTBO, U NYCTb P — TO4-
ra muoxcecrsa U. [lpednonroscum, uro akobuan orobpa-
acenusn f ne pasen nyaro 8 rouxe p, Toeda cyujecrayer
TAKas OKPecTHOCTy V Touku p u Taxkas okpectnocre W
Touky f(p), uro | eomeomopgro orobpascaer V na W u
410 06patHoe K [ oToOpasicenue asaserca 2Aa0Kum OTO-
6pamenuen oxkpecrriocty W na V.,

) 3aMeTHM, 4TO eciH MHOMXeCTBO A He ABASETCH OTKDHITHIM, TO
Mmartphua fxobu raaakoro otoGpaxkeuns f:A—E (E ectb n-mepuoe
NpPOCTPAHCTBO), BOOOIIE FOBOPS, MOMKET HE ONPENERATHCA OAHO3HAY-
HO caMuM orofpaskeHueM f, a 3aBHCETh OT KOHKDPETHOro BHISOpa mpo-
Jomxennfl Gyuxnuii f; Ha cozepxamee A OTKPHITOE MHOXKECTBO. —
Hpun. peo.

2*
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JlokazareqbCTBO 3TOr0 pe3ysabTaTa MOXKHO HaliTH B
[16] nau B [18].

3ameruM, YTO 3Ta TeopeMa MaeT JHIUb JOKaJdbHOE
oGpaienne otoOpaxenns f. B oGmem cayyae Oosbine
HHYero ckasaTh Heab3s. Hanpumep, nycts U — maoc-
KocTh (X, y) C BHIKHHYTBIM HauaJoMm koopmuHart. MHec-
N0Ab3YS KOMIVIEKCHYIO NEpeMeHHyw 2 ==X -} iy, ompe-
JeauMm otobpaxenne mMHoxkecta U Ha ceOsa dopmyson
f(2)=e% Ecan 3amucaTb meHCTBUTEe/NbHblE KOODXHHATH
TtoukH f(z) Kark (u, v), To oto6paxkenue f ¢ NOMOWLIO
JNeHCTBUTeNbHBIX (YHKLHII MOMKHO BbIpasuTh GopMynaMu:

1 =e*cosy,
v=e"siny.

Jlerko BuOeTh, UTO 3TO IJafKoe OTOOGpaKeHHe MHOMXKeCT-
Ba U Ha ce6s ¥ yTo siKoGHaH He paBeH HYJIIO HH B OX-
HOfl TOuKe 3TOro MHOXecTBa. Koneuno, mo teopeme 2.1
otoGparkeHHe [ moOxHO oGpaTtuTh J0KanbHo, WM B ca-
MOM feJge, o6paTHoe oToOpaxeHHe 3ajaerca opmyJon
z=log(u + iv) B n1060M MHOXeCTBe, HE OKPYKaiOHIeM
LeJHKOM Hauasno koopauwHat. Ho [ me Oyler B3aumHo
onHO3HauHbIM BO Bcem U, u6o, ecnn H3MeHHTb y, noba-
BHB K HeMy LeJaoe KpaTHoe 2m, TO 3Haueuue f(2) He wus-
MEHHTCS.
2.3. Tnagkue mHorooG6pasun

IMocsie BceX NpUrOTOBAEHHH, CHENAHHBIX B Npelbiay-
wem maparpade, Mbl Tenepb B COCTOSIHHH CHOPMYJIHPO-
BaTh Ofpefie/ieliHe TOTO THIA NPOCTPAHCTB, KOTOPLIE Hac
HHTEPECYIOT, ~— TVIaAKHX MHOroo6pasuil.

Onpeneneunine 2.5. n-meproe eradkoe MmHO2006-
pasue M ectn xaycnop¢oBo TONOMOTHUECKOe IIPOCTpaH-
CTBO, MOKPHITOE CYETHHIM UHCJAOM OTKPHITHIX MHOMKECTB
Uy, Uy, ..., YAOBJETBOPAIOIMMHUX CAECAYIOIHUM YCJIOBHAM:

1) Oas  raxporo U; wumeercs romeoMmopdusm
gi: Ui~ V; rae V;— orkphitas kaetka'!) B eskauno-
BOM MPOCTPaHCTBeE,

1) 3amknyras n-mepuas kaetka — sro MHoxectBo W B eBkaufo-
BOM [pOCTpPadcTBe, romeoMopHoe  3aMmkayTomy mapy D" ==

- {(xl. ooy x,,)]xf + . +xi< 1}, ppudeM ToMeoMopdH3MBI
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2) Ecan U NNU; &, 10 roMmeomopdusm g =
=,07 ' muoxkecrsa @i (U; N Uj) na ;(U:N U;), nony-
uenublil KOMnosunuell orobpaxkenuit @7 u P, fABIsET-
cA rAafkuM oToOpaxkeHuem ).

Uncao n HasbiBalOT PasmeprocTvro Muoroo6pasus M
(o6o3nauenne: dim M).

f:D"— W u j-': W — D" apasorca TIaiKHMB 0TOOpaXkKeHHAMH,
(ITosnnee rakue romMeomopduambl mosyuar Hassanne audpeomopdus-
moB, OHn 6yayT onpeferneHbl aAs MHOrooOpasHii, W TOLAa MOKHO
6yler rOBOPHTb O KJIETK2X HE TOMbKO B EBKAAAOBOM MPOCTPAHCTBS,
HO M B riAaikoM Miloroo6pasun.) OTkpetras Kaerka — 3TO 4acTh He-
KOTOpOfl 3aMKHYTON KJeTKH, KOTOpas HpH YKa3auHOM TOMEOMOD«
hu3Me COOTBETCTBYET BHYTPEHHOCTH wIapa.

OfpuHO B oONpeRe’eHHH TIaJKoro MHoOroo6pasua Tpebyerca
Antb, 4ToOb Vi GBIO OTKPHITBIM MHOMECTBOM B €BKJIMAOBOM 0pO-
CTpaHcTBe, HO He o6f3aTesbHo. KieTkoil, O6a Bapmaura onpenene-
HHS B ACHCTBHTEJLHOCTH SKBHBAJEHTHH — MPR HEOGXOAUMOCTH MOX-
HO HoGutbes, ymedbwasg U; m yBenwuuBas HX uucao, 4toGm Bee Vi
cTam Kaetkamu. — I pusm. peo.

1) ToBopaT TakXke, yto mokpmtHe Ui W roMeoMoppHsMel ¢; 3a-
nator (onpegensior, BBOAAT) 24adkocre (Mam 24adxyl0 CTpYyKTYpY)
Ha MCXOJHOM TOMOJOTHYeCKOM MPOCTPaHCTBE.

ChaexyeT HMerb B BHAy, YTO N1aJKkoe MHOrooGpasme — 3710 He
TMPOCTO XaycAopdoBO NPOCTPAHCTBO, AONMYCKAIOMEee TAKOe HOKPHITHE
C TaKUMH rovMeoMopgH3MaMH, KaK B ompefeneHnn 2.5, a xaycropdoso
TONOJOrHYECKOE TPOCTPAHCTBO 8MECTE ¢ TAKHM TIOKDHITHEM H TakUMH
romeomopdusmami. Pagu xpatkoctu mokpuitne {U;} n waGop romeo-
MOpHHIMOB ; (VAOBNETBOPSIOIMHX NPHBENCHHEM YCJOBHAM) HACTO
nasmiBaior araaco, a napy (Us, @:) — xaproi.

Bosnmnkaer Bompoc: xorga ofHo B To Xe Xaycaopdoso npoct-
PaHCTBO ¢ ABYMS pPas/JIHYIBIMH aTjacaMu CAeAYyeT CYUTaTbh OXHHUM H
TeM Xe IVaAKHM MHOroo6pasueM (T. €. KOIZa 3TH aTjackl onpeje-
AT OJHY H TY Xe TJafKyl CTPYKTYpy), & Korza — uer? (Uyts
RIXKe, B npuMepe 2.6 onucaH ataac #a cpepe S? cocrosumui n3
mwectn ®apt {(Us, ¢:). Ho MoXHO B3aTL ApYrofi atsiac, cocTosiuinfl 13

7 r I Fa 7
ABYX KapT (Ul, q)l), (UQ, q>2), rae U; noayuaerca mu3 chepnl BhOpa-
’
coiBanheM ceBepHoro moaioca, Uy — BhIGpacHBanHeM I0XKHOTO MO-

’ L.
JK0ca, a §; onpenessAioTcs ¢ NOMOWBIO Crepeorpadiueckoll MpoeKIHH

{cm. Munnop, puc. 3). EcrecTBeHHO cyuTaTh, 4TO XOTA 3TH XBA aTt-
Jaca W pasHble, rAajKkoe MHoroofipasue B AAHHBOM CJy4yae OAHO H
7o xe.) Caenyiouine cooGpaxenis NoACKasLBAIOT OTBET.

Pons xaptet {(Us, @:) cocToHT B TOM, 4TO NPH NOMOWH roMeo-
MOpdbH3MA @; BBOAMICA HEKOTOPAH CHCTEMA KOODAHMHAT B OTKDPHITOM
muoxecrse Ujrecnn x & U;, 10 @:(X) — 370 TOYKa €BKAHAOBA Mpo-
CTPAHCTBA, T. €. Habop 4ucea; HX Mbl M NPHUHAMAEM 33 KOODAHHAT!A
TOUKM X. Yca10BHe 2) B onpenejeHHs 2.5 03HauaeT, 410 KAPTH OJHOTO
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3ametuy, 4TO 0TOOGpaAXKEHHe @;; B YCAOBHM 2) aBTO-
MaTHYeCKH HMeeT o0paTHoe, a HMEHHO g;;. Iloatomy ero
fAKoGHaH OyAeT OTJH4YeH OT HY/If BO BCeX TOUKaxX MHO-
s)kectBa @i (U; N Uj). VeroBHe CueTHOCTH, BKIIOYeHHOE

¥ TOFO K€ aTjaca cornacylores APYF ¢ LPYroM B TOM CMEIC/E, 4TO
KOODAHHATHI TOYKH X B KapTe ¢j CYThb Iajnkne GYHKUHH KOOPAHHAT
Toft Ke TOuKHM B Kapre @; Ho ME MoXeM ¥ a1 KapT ABYX PasHHIX
aT1acoB roBOPHUTh 06 HX COracoOBaHHOCTH (MM HECOMMAcOBAHHOCTH)
B TOM e CaMOM cMbicie. DTH cooGpaxeHHS MOTHBHPYIOT CIELYIO+
blee onpejeneHue.

,On enenenue 25, HOsa pasupix amtaca {(Ui, @)} 1
{(Uk, an)}, 3a[laHHBIE HA ONHOM H TOM K€ TONOJOTHYECKOM [pO-

CTPAHCTBE, HA3BIBAIOTCA C(OSAACOBAHHOIMU UAUL COBMECTUMbBIMU apya
4 0/)!/20/% ApH BHIDOJHEHUH Takoro yCaoBus:

4 -
ecnn U; NU, (), To, Bo-nepBHX, roMeoMopdhusm 'cpki =q>,;cpi t
MHOXEeCTEa (UiﬂU;) Ha cp; (UinU;), noJayYeHHbIT KOMIO3HLHET

-1

Q; U @p, #ABAATCA TAANKHM OTOGDaXKeHHeM; BO-BTOPHIX, [OMeo-

’ -1 ’

MopbHam cPik=cPi((pk) :cp;(UiﬂU,'z)-»q),-(UiﬂUk) TOXKE fB-
nserca raafgkuM otoGpaxkenneM. (Moxso gxaTe Gosee cKartylo
(OPMYNHPOBKY: COBOKYMHOCTH BCeX KapT OOGOHX aTnacoB CHOBA
obpasyeT atsac.)
IMo onpenenenmio cudTalOT, 4TO ABa atjaca TOrAa M TOJBKO TOTAa
3aJal0T OMHY H TV e IMalKYI0 CTPYKTYPY, KOria OHHM COBMECTHMBI.

(Jlerko BuaeTb, uTO B NpHBEAEHHOM nOpuMepe co cdepoit oba
ataaca HEeACTBHTE/BHO COTJIaCOBaHBL. A BOT NPHMEp HECOBMECTHMBIX
atnacos Ha mpamofi R. Ofa atsaca cocTosT BCETo H3 OXHON KapThl,

TaK 4TO U1=U1=R. ToveomophusM @: R—> R, kak u B 1upu-

- 4
Mepe 2.5, TOXACCTBERHEL, a roveomopdusm @2 R—> R nepesonur
x B «3 OroGpamenne @, He OyaeT rIagKHM.)

B ompenenenun 2.5 or orobpaxeHHll @j; MOXHO NOTPEGOBATH
rnagkocTy kaacca C" (cM. npHM. ped. Ha ctp. 33); Toraa Moaywutcs
onpeneneHne 2Aa0Kkol CTPYKTYpol UM 24a0K020 MHO2006pasus Kaac-
ca C*. (CornacHo 5TOH TEpPMHHOJOIHH, <«TJIaJKHe MHOrooGpasusy»
Yoaneca umetor wnace C®. MHorooGpasusi knacca C° ecrecTBexHo,
Ha3bBAIOT YXKE HE IVIafAKHMH, a TONO0A02u4ecKusmi.) AHaNOTHYHBIE N3+
MeHeHHs] MOXHO cllefath M B ADPYFHX ONpeAeNeHHAX, Hamnpumep H3
onpegenenusi 2.5 moaysdrca onpenenedne «CP-CONIACOBAHHOCTH»
aTnacoB. B TONOJOrHM CYILECTBEHHHIM fIBAACICS TOMBKO pasiuyne
mexny C° # Bcemu octanbubiMu C*, | < 1 << 00! CPABHHTENBHO He-
CNOXHO HOKa3aTh, yTO Ha MHorooGpasum Kaacca C®, n = |, cyme-
CTBYeT arJac, npeBpamiaiomuil ero B MrorooGpasme kaacca C* u
Cr-skpuBajeHTHHE HcxoxHomy artaacy (cum. [18]), B To e Bpems
HEAABHO OBLIO [0Ka3aHo, 4TO CYW(ECTBYIOT TONOMOTHYECKHE MHOrO-
o6pasHf, Ha KOTOPLIX HEBO3MOXKHQO BBECTH IJIaZKyl CTPYKTYDY.—
Ipun. ped.
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B 3TO OoIpefeseHHe, AJAS HAILUX PAacCMOTPeHHH He GyneT
urpaTth HHkKakoil poan'!'). Boobuie ke oHO Hanaraercs,
4yTo6bl MCKJIIOUHTh HEKOTOpPble MATOJOTHUYECKHE CJyuau.

IIpuMephu. 25 n-mMepHoe eBKIHAOBO [POCTPAHCTBO
VIOBJETBOPSET YCJOBUAM 3TOTO ONPENCAEHHS OUEBHA-
HeiM ob6pa3om. [lefiCTBHTENbHO, 38 OTKPHITOE NOKPHLITHE
MOKHO B35Thb [OKpBITHE, KOTOPOE COCTOMT TOJBKO H3 OJ-
Horo MHoXKectBa U/; — Bcero mpocTpaHcTBa; 3a V) Tak-
’Ke MOXKHO B3fTh BCe n-MepHOe NPOCTPAHCTBO, a 32
Q; — TOXKAEeCTBeHHOe OoTo0paKeHue,

2.6. BosBpauasice ¥ pasa. 2.1, Mbl BHAHM, YTO ABY-
mMepHaa cdepa S? ynOBIETBOpAET YCJOBUSIM Olpejese-
nusa 2.5. HeiicTBuTeabHO, WecTh nonycdep, KOTOpLle TaM
onucassl, 00pasyloT OTKPHITOe NOKPHITHE cdephl H BHI-
noJusior poab Muoxects U;. Ecnu za U, B3dath, Hanpu-
Mmep, noaycthepy z > 0, To ¢; 6yaer orobpakenuem, Ie-
peBonswuM Touky (x,4,2) wmHoxkectea U; B TOuky
(x,y); 3a V, Gepercs eIUHWYHBIH KPyr ¢ LEHTPGM B Ha-
yane kooppuuat. Awuanoruyno ecan Ug-—moaycdepa
x>0, 10 Q2(x,y,2)={(y,2). Orobpaxkenue @z 3anaer-
cst bopmyaoll @iz(y, 2) = ((1 — g2 — 22) 'k, y) u apasercd
rnaixum. Caydadl APYruX @;; pa3bHpaerTcsi aHaMOTHUHO.

Yanpaxuenua 2.5 [eficteya no amasoruu ¢ paccyxieHus-
MH OpeXbIAVIIEro NpUMepa, AOKaXHTE, yTo n-MepHasn chepa S™ .-
JACTCS TTTAJAKHM R-MEPDHLIM MHOl‘OO6pa3H€M.

2.6. Hpoextuenas naockocts P? nonyuaercs w3 EByMepHOH cde-
pol S? OTOXKIECTBACHNEM AUaMETPasjJbHO [POTHBOMOJIOKHBIX TOYeK.
Taknm o6pa30M, Touka u3 P? — 3710 napa ZUaMeTpadbHO IPOTHBONO-
JOXHBIX Touek Ha Chepe, Jlaa rtouku u3 P? onpegeasiesoft napoi
Touek pi, p2 Ha chepe 8%, pacemorpum ortkpeithiil kpyr Up ua $? ¢
HelTpoOM B TOYKE p; H OTKPHITHH Kpyr Uz ¢ LeHTPOM B po, TOYKH KO-
TOPOro MPOTUBONOJONHBI TOUKaM Kpyra U]. Haszoseum COBUKYNHOCTb
nap TOueK, JeXallWX BHYTPH napsl OKpecrHoctell U; m U,, oxpect-
HOCTbIO TOYkH g B P2 Onpefeanm TOnojoruto B P2, 06baABUB
OKPeCTHOCTBIO TOYKH p aoboe MHOKeCTBO, COAEprKallee OKpPeCTHOCTDb

) Tounee, OHO HE CYHIECTBEHHO MJsI NpoOCTeiillero Marepnasa
svoro maparpada M Hauana CISAYIOWEro; B JAajbielillleM 3Ke MHO-
roofpa3na OOBIYHO IPEANOJATAIOTCE KOMHAKTHEIMH, uTO f103BOJAET
CYHTaTh atlackl He TONbKO CUCTHHIMH, HO M KOHewHbIME. Ilostomy npH
HepBoM 4TEHHH Ha YCIHOBHE CYETHOCTH MOXKHO Wpocro He ofpallaTh
saumanust. Tlpn Gosee neranbHOM H3Y4YeHHHW DEKOMEHAyeIcs I0Ka-
3aTb CaMOCTOATEIbHO, UTO 3TO YCJOBHE IKBHBAJCHTHQ TOMY, YTQ TO-
[OJIOrHYeCKOe NPoCTPaHcTBo M uMeeT cueTuyio Gasy (cM. pasi. 1.7). —
I pum. ped.
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TOJILKO 4TO onHcauuoro sHaa. [oxamure, uto P? sapasercs gsyMep-
HbIM IVIAAKHUM MHOTOOGpasHeM.

2.7. O606mHTe npeAbAyliee ynparkHeHHe, ONPENCAHB NPOERTUA-
HOe NpOCTPancTe0 P™ Kak NPOCTPaHcTBO, MONYUEHHO2 OTOMXAeCTBJE-
HHEM JHAMETPAJbHO HPOTHBONOJOXHBIX TOMeK #-MepHofi  cdepsl.
OKpecTHOCTH ONpefeNRIOTCA TaK XKe, kak B yapaxkdewus 2.6. Ioxa-
XKute, yTo P" — rinaskoe mMaoroobpase.

2.8. Tlyete X — MHOxecTBO HabopoB W3 n 4 | AeflcTBHTEIBIBIX
ypces, uckaouan HaGop ua n + 1 uyaelt. Onpeneanm ovHoUlenne ~,
ckasas, 410 (Xo, X1, ..., Xn) ~ (CXg, €X), ..., CXn), FAe £~ nw06oe
JeficTBHTENbHOE 4YuCAO, OTiHuuHOe OT Hy:an. [lokaxure, uto ~ as-
JfeTCR OTHOUICHHEM 3SKBHBAJEHTHOCTH'!) B X M 4TO KJacChl 3KBHBA-
JEHTHOCTH HAXOAATCA BO B3aWMHO OJHO3HAYHOM COOTBETCTBAH €
TOYKAMH NPOEKTHBHOrO NPOCTPaHcTBa P", NMOCTPOEHHOTO B ylpamHe-
Hun 2.7, Tlyers U; — MHOXecTBO ToMek B P?, npeiactaBHTead Ko-
Topwx B X uMmelT X; % 0. Toraa kaxnan touxa u3 U; umveer npea-
crasuteJb suga (Xo, X1, ..., 1, ..., Xx») ¢ 1 Ha i-M wmecre. IIycte
@i — oToGpa}enue MHOXecTsa U; B n-Meproe UpPOCTPaHCTBO, nepe-
BOJAsiUICe TOYKY ¢ npeacyasuteseM (Xo, Xi, ..., 1, ..., ¥n) B TOuKY
{Xg, X1y ooy Xiol, Xigl, +00y Xn). [10KAXKHATE, 4TO NOJIYUEHHLIE TAKHM
ob6pazoM MuOXecrea U; B orobpaxkeHns ¢; 0623i4loT TeMH CBoil-
CTBaMK, O KOTOpHX FOBODHTICR B onpeleiesus 2.5, u npespamaor
P* B rnaaxoe MHOrooGpasue.

2.9. Yupaxrenue 2.8 npUBOAHT K CAeAYIOHIEN KOHCTDYKLURH:
nycTb Z — MHOXECTB0 HaGopoB {2y, 21, ..., 2a) H3 7 + I KOMmeKc-
HBIX yHCcesN, HCK/IoYaa Habop 83 n -+ 1 wyaefi. Hanumew (2o, 2, .

.. Zn) ~(czg, €2y, ..., €20), TRE € — I000E HeHysieBUE KOMMJEKCHOE
yHeso. [lposepbTe, 4TO ~ eCTh OTHOIICHHE SKBUBAJEHTHOCTH B Z.
ITycte CP™ — muomxecTBO K/accos skeupaieHtHocTH. [lyers Uy —
MHOXKectBOo sSueMentoB CP", mMelomux npejacrapureneil  Bula

(20, 21, ..., 1, ..., 2n) ¢ enHHHUEH Ha {-M Mecle, H UycTb oTOGpa-
JXeHHEe (s NEPEBOAHT 3JEMEHT TAaKOoTo BHAA B TOUKY C KOOPAHHATAMHU
(200 21y + vy Zi=1y Zi41y .-+, Zn) B N-MEDROM KOMIJIEKCHOM MPOCTPaH-

CTBe, KOTOPOE TOUOJIOFHYECKH 3KBHBAJEHTHO 2N-MEDPHOMY €BKJHLOBY
npocrpaHctBy. [Tokamure, uto #a CP"™ MOXHO BBECTH TONOJOIHIO
TaK, urobp Bce U; cTanu OTKPHITHIMH MHOXKECTBAMH, a (P; ~— FOMEO-
mMopduaMamu ¥ yToOH nocje 3Toro MHOXecTBa {/; n oTOGpaKesus ¢;
npespatuan CP™ s 2n-MepHoe Tilapkoe muorooGpasue. CP™ Hasm-
BaeTCs M-MEPHbIM KOMNAEKCHOLM NpPOEKTUBHbIM NPOCTPGHCTEOM.

2.10. Hokaxure, uto Top (cM. § 2.1) saBaserca HBYMEpHLIM
[.161KHM MHOrooGpasuen.

2.4. Jlokanbubie KOOPRHHATHI H rHafkHe hyHKL UM

lines BBOAMMOro HyXKe MOHATHSA HEABHO COAEDPKHUTCH
ViK¢ B OlpeneseHuH 2.5. A uMeHHO, ToMeoMOpdH3M @
oToxaecTBasier MHOXecTBo U; ¢ V,, Tak YTO eBKJAHAOBHI

1) Onpenencume cM. B kunre: P. ®op, A. Kopman, M. lenun-
IManen, Cospemennas MaTeMathka, «Mup», M., 1966, c1p. 34. —
fTpun. peo.
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KOOpAHHATBL Ha V; MOXHO HCMOJAB30BaTb A/ TOrO, Yi0-
6bl 3a1aBaTb («HYMepoBaTb») HMMH COOTBETCTBYIOLLHE
touku B U;. Takum o6pa3oM, MOXHO cuHTaTh, YTO OTO-
GpaxeHue @; BBOAHT B MHOXecTBe U; cHcTeMy koopau-
HaT WIH, MO KpaflHell Mepe, JIOKaJibHYI0 CHCTEMY KOOp-
aunat. CloBO «/OKa/ibHas» O3HAYAET, YTO KOOPAHHATHI
BBeJleHBl TOJIBKO B OTKPBITOM MHOXecTBe U;, a He Ha
BceM MHOrooOpasuy. DTO NPHUBOMUT K MBICIH, YTO MOXK-
HO Obiio Obl Onpefe/inTb MOHATHE rAafkoll (GYHKHHH Ha
MHoroo0Gpasuy, Hcnoab3ys augbepeHuHpoBaHHE HO KO-
opAHHATaM, onpeaensieMbIM otoOpaxkerusiMu ¢;. OcHoB-
KOl MOMEHT — [IPOBEPHTb, UTO, ONpele/sis 3TO [OHATHe
NpH DOMOWIH PA3JHUHBIX ¢, MBI HE MPHIEM K NPOTHBO-
peukio.

Ilna oposepkd 3Toro paccMoTpHM oyukuiio f ¢ geit-
CTBUTEIbHLIMH 3HAUSHHAMH, OIPEAENEHHYIO HAa OTKpbI-
toM MHoxectse U raagxoro muorooGpasust M. Bosbmenm
Touxy p u3 U 1 npelnonoiKumM, 4To OH4 ONAaeT B MHO-
#ecTso U; TOro OTKPBHITOrO NOKPBITHA, KOTOpoe y4a-
crayer B onpenenennn M. Paccmorpum dynxuuio ol
onpefesnenHyio Ha mMHGKectBe @i (UNU;). 1y dyHxuuwo
MOXHO TpeAcTaBaaTh cebe Kak GyHRHuIO f, BbIparkeH-
Hyi0 uepe3 JoKaJjbHble Koopnuuatsl B U;, ompenense-
Mble oto0OpaxkeHHeM ¢; Ecju Touka p- nomager Takke
B ApPYyroe OTKPbITOE MHOXECTBO NOKPBITHA, CKaxeM Uj,
TO TOYUHO TaK Ke (YHKIHA fcpl" ompejeseHa B OKpe-
CTHOCTH TOUKH @;(p).

Jlemma 2.1. yuryus for! 6yder 2nadxoil 6 okpect-
woctu To4Kku @;(p) T020a u TOABKO TO200Q, KO2da f(p;“
6yder eaadKoii 8 okpecTHOCTU TO4KU @;(p).

JlokasaTedbCcTBO. ITO yCTAaHABIUBAEGTCH MTHO-
BEHHO, [IOCKO/BbKY ;! MOXHO 3anHcaTh KaK fcpl‘lcplcpi-l==
.—_:f(p,.‘l(pﬂ. Ecan ¢yukuus f(p,-‘ rjajfkas, TO TAKOH xKe
Gyner u fo;! =fcpl“’q>ﬂ KaK KOMIO3HIHA INaZKUX GYHK-
uuil (ynpaxuenue 2.3).

Jlemma, Ttaxkum oO0pasoM, yTBepKHaeT, 4YTO eCJH

dynxuus f, 6yayun BbipaxkeHa uyepe3 KOODAHHATHI, Olpe-
IeJleHHDIe TPH [OMOHIH OToOpa)KeHHs] ¢;, OKaXeTcA
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riaakofi, To raajgkoii oHa Oyler W IPH BHIPAXKEHHH dUe-
pes KOOpAHMHATHI, onpefefsiemble orobpaKkeHuneM q; (M
Hao6opoT).

Onpepnenenune 2.6. Bynem naswiBath OyHkuuio f
24a0KO0U 8 OKPEeCTHOCTY TOHKW P B TOM U TOJNBKO B TOM
cayyae, KOFA2 B NpeaplAymiux o6o3HadyeHHAX (yHKuus
fe;!  Oynmer rmankoll B HEKOTOPOH OKPECTHOCTH TOUYKH

@i (p).

JleMMa yTBep:KkAaaeT, 4TOo CHOPMYJHPOBAHHOE 3/ecCh
ycjoBHe He 3aBHCHT OT TOTO, Kakoe M3 oTtofpaxeHuil ¢;
HCIIOABb3YeTCsl [1JI APOBEPKH TJIaIKOCTH.

Hasosem d¢ynknuio f eaadxol 8 orkpuiTom muooce-
cree U, ecau oHa gBjsiercd IJaJKOR B OKPECTHOCTH
Kax a0l Toukn u3 U. Hasosen ee enadkod @ npousgoss-
HOM MHOsCecTée A, ecln OHA T/AajKas B HEKOTOPOM OT-
KPBITOM MHOXKeCTBe, cogepikauieMm A.

Ynpaxnenna 211 Ilyetb M—cdhepa x2+y2422=1 8
TPEXMEpHOM IpOCTpaHCcTBE. JloxaMure, 4r0 KaXiad H3 €BKAHAOBHX
KOOpAHHAT X, Y, 2 fiBAgercs raaixofl ¢gyukunei na M.

2.12. JloraxHuTe TO ke, 4TO ¥ B ympaxuenun 2.11, masa rtopa
s § 2.1.

2.13. Nycts M — rnagkoe MHOroo6pasue W p— Touka Ha M.
Tlokaxure, yro cymecrsyer oKpectHocts U TOoukM p ¥ raagkas
¢yskuns [ Ha M, Koropast nosoxuteapia Ha U u pasha HyJ0
B Kaxpofl touxke sHe U. (¥kasarue: wosbmute 3a U oxpectHocts ¢
JIOKaJbHBIMU KOODAMHATAMH, XOTopas o0To0parasTcd Ha OTKpHITOe
MHOXKeCTBO V B eBKJAMZOBOM NPOCTpaHCTBE. 3aTeM Hal0 yMeHb-
wuth U po mexkoropoit okpectHoctn U’, Kotopoil cooTBETCTBYET
wap V' B eBKAMZOBOM NpPOCTPaHCTBe ¢ 3ambikanuem V' < V. Bhibe-
pHTe MacumiTal M HayaJo KOOPAHHAT Tak, urobw V' ctan mwapom eg-
HHYHOrO pajuyca ¢ UEHTPOM B Hayale Koopamuuar. [locme storo
BGCNIOAB3YHTECh NpHMepoM 2.4.)

2.14. Ilycts A — xOoMBAaKTHOE MHOXECTBO B IMIaKOM MHOTO-
o6pasun M, a U — oTkpriToe MHoXMecTBO, cogepxamtee A, Hcnonb-
3ys HOZXOAsilee KOHEUHOE HOKPHTHE MuOXKecTBa A OKpecTHOCTAMH
TAKOro THN4, Kak B MNpeiHyileM YIpaXKHEHHH, NOCTPOHTe IMIaAKyIo
na M d¢yusxuuio f, koTopas nosnoxureabHa na A u pasua 0 sue Ul

HdobasuB K HMelOUIeMycs NOKPHTHIO MHOXecTBa A HOBHE KOOD-
AHHATHHIE OKPECTHOCTH, UOJYuHTe BTOpYIO OYHKUHIO g, KoTopad
paB#a [ Ha A ® e ofpamlaeTcsi B HYJb B OKPECTHOCTH 3aMBIKAHHS
MHOXecTBa TexX Touek, rme [ = 0. PaccmarpmnBas uactoe [/g, no-
cTpoliTe FIaAkyl0 Ha M ¢yuxumio, Koropas paBHa | Ha MHOXKe-
crBe A, Hymo Bue U ¥ OpHHHMAeT SHAYeHHS, 3aKJIOYEHHble MEXAY
0nl
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3aMeTHM, 4TO ecMH V;—O0AHA M3 OTKDHITHIX KJETOK
B onpeaedenus 2.5, To KaX[as eBKAHAOBAa KOOPIHHATA
Ha V; aBasiercs raaaxofl ¢yHRuMeHd Ha COOTBETCTBYIO-
meM MHoxectBe U; B M. JIpyruMu CJoOBaMmH, B KaxXXAOM
mHOKecrBe U; umeercda Habop u3 n rnalkux GyHKOui,
3HAYEHUA KOTOPHIX B TOYKEe MOXKHO B3fiThb 33 KOOPHAH-
HaTthl 3TOH TOouk# (JokaapHo B U;). DT1o HaBOmHT Ha
MBIC/Ib PACUHIHDHTL MOHATHE JOKaJ/JbHOH CHCTEMBI KOOp-
nunat, 6epsi B KauecTBe KOOP/JMHAT B HEKOTODOfl Okpe-
crrocTH (He ofsisatenbno B omHofi M3 U;) 3HaueHus n
dynknuii, rMankex B 370l okpectHocTH. KoHeyno, Aas
Toro 4yroOBl 3TH XOOPAMHATHI COOTBETCTBOBAJH T[OMEO-
MOp)HU3My OKDECTHOCTH Ha €BKJAUAOBY KJACTKY, Ha HHX
Heo6X0AUMO HAJOXKHTh HEKOTOpPSHIe YCJIOBHA.

Urak, nycte [y, fo, ..., fon — OyHKUHH, TJagKHe B He-
KOTOPOH OKpeCTHOCTH TOYKH p Ha M, u NyCTb p JeXKHT
B U; (B o6osnauennax onpenensends 2.5). Torna

Fioits [@7' -+ o5 1,97 — QyHKumH, riafkHe B CMbIC/e

onpenmejieHHss 2.2 B OKpecTHOCTH TOUKH @;(p)e Vi
[MpennonoxuM, 410 fKoOHAa® 3THX QYHKOHH, BLIYHC/ICH-
HBIf B €BKJMAOBHX KOOpAHHAaTaXx Ha V;, OTJIHUYeH OT
Hynsi B Touke @;(p). OtobGpasuM TOraa OKPeCTHOCTb
TOYKH @;(p) B r-MepHOe €BK/IHAOBO NPOCTPAHCTRO, Ie-

peBoOist TOuKYy X B TOUKy ¢ koopaunatamu (f,¢7'(x),
F. o7 (%) ..., f,@7(x)). OGosnaunm nonyuennoe oroGpa-

xeune uepes f. Ilo rteopeme 2.1 malizerca Ttakas
okpectHocTh V ToukH foi(p) (KoTOpyIO Bcerna MoxKHO ce-
JAath KJeTKoH) M Takad OKpectHocTh U’ Touku ¢;(p),
uto [ romeomMopdHo orobpaxaer okpectHocts U’ na V,
npuueM ofpaTHoe orobpaxenHe Toxe TJagkoe. Ha-

konen, moaoxuMm U=¢;1(U) u ¢==f¢;. Taxum

obpasom, @ otoGpaxaer Touky ¢ & U B TouKy ¢ Koop -

naramu (f1(q), f2(q), ..., f»(q)). fcno, uto @ sBAsieTcA
romeomoptuamom okpecraoctu U naV,

Onpenenenne 2.7. lomeoMopdusm ¢ ™Mbt GymeM
Ha3blBaATb AOKQAALHOL CUCTEMOU KOOPOUHAT 8 OKDPeCTHO-
cru U rouku p.
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MuoxectBo U HasblBaercs KOOpPOUHATHOL OKpecT-
HOCTb10, COOTBETCTBYIONIEH 9TOH cucreme ).

D70 ompejeJeHHe MOTHBHDOBAHO TeM, 4YTO TOYKH H3
U onpeneasiorcs koopauHatamu ux o6pasoB TpH OTO-
6paxeHnu @. 3ameTnM, uTo MHO)KecTBa U; ¢ otofpaxe-
HUAMH (@ ABTOMATHUECKH AB/AIOTCA JOKaJbHBIMH CH-
cTeMaMH KOODJHHAT B CMBIC/IE 5TOrO ONpefeneHHs.

Yapaxuenna 215 Ilokaxure, aro onpeneiesHe JoKajb-
HbIX KOOPHAMHAT B OKPECTHOCTH TOUKW He 3aBHCHT OT BLIbopa OTO-
6parkenns ;, Yy1acTBYIOIEro B HOCTPOCHHUM.

2.16. Tlyets @ 1 P — DPOM3BOABHEIE JIOKAJLHBIE CHCTEMH KOGD-
JIMHAT B TOYKE p, 0OTOGpaKalomiHe OKPEeCTHOCTH TOYKH P Ha OTKPHITHIE
kj1etkn ¥V n W coOTBETCTBEHHO M JeKaiHe B A-MEPHBIX EBKJHAOBBIX
npocrpancTBax. [loxaxure, 4o ¢P~! seasgerca Majikum orobpame-
HHEM OTKPHTOrO MHOXKecTBa B W Ha oTkpuToe MHoxectso B V
H 9T0 AKOGHAH 3TOro OTOGPAXKEHHA OTJIHYEH OT HyJs.

Pesynbrar ynpaxuenns 2.16 osnayaer, ur0 MOXKHO A06aBafTh
K KOOpAHHATHBIM oxpecTHOCTsM Uj, yyacTByIOmHM B Onpele/€HHH
rRafKoro MHoroo6pasng, JloGhle KOOPAHHATHHE OKDECTHOCTH B CMHI-
ciae onpededeHns 2.7, H pacUIMpeHHBIi TakuM ofpasoMm HaGop J0-
KaJbHBIX CHCTEM KOODAHHAT HO-MpexHeMy OyAeT yLOBIETBOPATDH
yeaosuo (2) onperenennsa 2.5

2.17. Tlycts p — Toyka ®a raapkom Muoroob6pasnu M, u nycrs
(p — JOKaTbHARN CHoTEMAa KOOpAHHAT B okpeciHocth U Toukn p B

1)y Yoanec 3auHTepecoBaH [IJaBHBIM 0GpPas’OM B KOOpZMHATaX,
BBEJGHHLIX BO03J€ TOUMKA P, T. €. B HEKOTOPOH €e OKPeCTHOCTH — 6e3-
pasnnuHo, Hackoabko Majiofi. IloatoMy oH paer ompedeaeHue Opa-
MEHHTEJILHO K PAcCMOTpEHHOMY B MpeinAyuieM af3aue eaysaio, B
kotopom, muanomuuM, U c U;. O6umee Xe onpeaenenHe TakoBO:
Ilycre U = M — orxpuitoe muoxecrso # ¢: U — V — romeomopdnsm
MuoxectBa U Ha oTKPBITOZ MOAMHOMXeCTBO V eBKJHAOBAa HPOCTPAH-
CTBa, u NyCTh Buioassierca yeaoere: ecan U U Ui 5= &, 10 oroGpa-
HeHna

e (UNU)Y>9UNU), 997 e (UNU)->e,(UNUY)

raagxne. Torna ¢ 6ynem HaswBath (40Ka4bHOX) cucremod xoopdu-
Har 8 Koopdunarrod oxpectnoctu U (a napzr, (U, ) — raproi).

Unrateab Jerko nposepHt, uto ecan (U, ) m (U’ ¢') — ame
KapTol B 3ToM ofmiem cMbicae 1 UN U’ %= &, 10 Ana Hux Bunoa-
HAETCH YCJOBHE COIVIaCOBAHHOCTH (AHAJIOTHYHOE YIKE BCTpeuABLINMCSH
B onpemenernax 2.5 u 2.5/, a takxke B nmpempiymieM afsaue): 0TO-
GpaxeHusn

Yo~ (UAU) > (UNV), @) " ¢ (UNU)>qUND)

raagxue. — I pun. ped.
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cmbicae onpeaenenun 2.7. [lycts f—raankas ¢yskums B oxpect-
woctn Ttouku p (ompeseaenue 2.6). Floraxure, yto f@~! asasercs
raagkoit ¢yuxunedi B oxkpectHocTn ToukH @(p) B V (oBosmnauenns
B3fITHl H3 onpenenenus 2.7).

CMbicA 9TOrO pe3y/bTaTa COCTOMT B TOM, UYTO XOTH HOHATHE
raankoit ¢yHKHHH ONpeAe/fAerca TOAbKO MPH HOMOILH KOODAHHAT-
HblXx OKpectHocTet U;, yuacTBYIOIIMX B OIpele€HHH MHOTOOGpa3Hfl,
04HAKO OHO JONYCKaeT TOYHO TAKOe e ONmHcaHWe B TePMHHAX HO-
GOMHHTEMbHBIX JIOKAJbHBIX CHCTEM KOODAHHAT, BBEAEHHLIX B ONpefe-
aenun 2.7.

2.18. Paccmorprm miaockocts (X, ¥) Kak FlagkKoe MHOrooOpasue.
[TokaxuTe, 410 moOApHbe KoopauHaTtH (7, 0), ompeneneHHHE paBeHs
crBamu X = rcos 0, y = rsin @, MOXHO B3ATHL 32 JIOKaJbHBIE KOOP«
AuHATHL B JIOGOM OTKDHITOM Kpyre, He colepxallleM Hauyajio Koops
ZLHHAT.

2.19. AnanoruuHo mnoKaxHTe, uTO cdepHUECKHe KOOpAHHATH,
onpeneNeHHBle paBeHCTBAMH X =rsin@cos0, y=rsin@sinbh,
2 == r cos (), MOXHO B3Tb 3a JIOKaJbHbE KOOPAHHATH TPEXMEPHOFO
IpoCTpaHCTBA B JMOGOM OTKPWTOM IUape, He MepeceKalollieM OcH 2.

2.20. Cpepnueckne KOOPAHMHATH B HpEABLAYLIEM YNPaXKHEHHH
MOXHO OrpaHUYHTb Ha eXZHHMUHYIO cdepy, nosoxuB r =1. [loxa-
xute, uto (0, @) MOKHO B3ATH B KayecTBe JIOKaJbLHHIX KOODIZHHAT HA
cpepe B 1:000M Kpyre, HE COAEPHKAIUEM TOYUKY C E€BKJIHLOBLIMH KOOPs
aunatamu (0,0, ==1).

2.5. Tnaaxne otolpaxennn

B pasnese 2.2 mpl Bumeau, 4TO, paccMaTpuBas Ha-
Gopbl TnagkuX (DYHKIHA Ha OTKPHITOM MHOXeECTBE B eB-
KJHAOBOM TNPOCTPanCTBe, MOXHO ONpele/luTh MOHATHE
raaakoro orobpaxkenust. Cefiuac HaM MNPEACTOHT Cle-
Jath T0 Xe camoe B Oosee ofmelt curyauun, uroOGnl
onpeledauTh Taagkoe ortoOpa)ceHuHe OJHOro MHoroo0pa-
3ust B Apyroe. B Teopun riapkux muorooGpasmilt riaj-
Kue oTOOpaKeHHs HIPAIOT TY Ke POJb, KAKYI0 HIDPAIOT
HenpepbiBHble O0ToOpaxKenust B OOILEfl TEOPHH TOIOJOTH-
yeckux npocrpancts. Maes npHBOIHMOro HHXe onpefe-
JIeHHs] — HCI0JAb30BaTh JIOKA/JAbHble CHCTEMBl KOODHHMHAT
AN TOro, 4ToObl MepeHecTH yXKe 3HaKOMOe HaM orpe-
neJjeHue 2.3 Ha raakue MHOrooGpasus.

Onpenenenune 28. [lycte M, N —raankue MmHO-
roobpasnsi pasmepHOCTEfl m U 7 COOTBeTCTBeHHO, U ~—
OTKPHITOe MHOXccTBO B M, a f—oroGpaxenue muoro-
obpasuna U B muoroobpasue N. [lycrb p— 1ouka us U,
H NycTh @ —JIOKa/lbHad cHCTeMa KoopauHat Ha N B
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okpectnoctu W touku f{p); Takum obpa3oM, ¢ apaser-
cs roMeoMopdu3MOM MHOXKecTBa W Ha OTKPBHITYIO KJIeTKY
V B HeKOTOpPOM €BKJHJAOBOM MPOCTPAHCTBE pPasMepHO-
crd n. Torga xoMmmosuuusa ¢f siBasieTcss oToOpakeHHeM
OKPECTHOCTH TOUKH p B KJeTky V, KOTOpoe MOMXKHO OfH-
caTh C noMmouibvio YHKIHH, paccMaTpuBas KaxKAyilo KO-
opauHaTty Ha V xak GYHKUHIO, ONpelC]eHHYI0 B OKpe-
cTHOCTH Touku p. Ecau Bce 3T QyHKUMH TJaAKHe, TO
Mbl OyaeM TOBODHTb, 4TO oOToOpaxKeuue [ esadkoe 8
oxkpectrocTu Touku p. Otobpaxenue [ 6yaeM Ha3LIBATh
eaadrum 8 U, ecad 0HO TJIaJKOE B OKPECTHOCTH Kaxkaofl
Touku Uz U.

3aMeruM, 4TO onpegeterue 2.8 MOXKHO Takxe cdop-
MYAHPOBaTh CJAeAyoliHM oGpasoM. [lyctb ¢ — JoKaib-
Hasi cUcTeMa KcopauHart B okpectroctd Up Touxm p, mpo
KOTOpYyio Mbl npefmosaraeM, uro Uy U. Takum obpa-
30M, oTobpaxkeHde P ecTh roMeoMOpdH3M OKPECTHOCTH
Uy Ha OTKpHITYI0O KJeTKy V, B n-MepHOM €BKJHJIOBOM
npocrpaHcTee. B sTOM CcAyuae KOMNO3HUMA @fp! sIB-
asieTcst orobpaxcHHem MHoxectBa Vo B V. B ompenede-
HHH 2.8 TOBOPHTCH, YTO ecqi 3T0 oTOGpaKeHHe TyajiKoe,
T0 [—raagkoe oroBpa)keHHe B OKPECTHGCTH TOUKH p.
Hpyro# moaeHrt, KOTOpHIfl CiaeZoBanac Obl OTMETUTb (H
NPOBEPHTh B KauyeCTBE ynpaxHeuus!), — 10, uTO oOmpe-
JeJeHne TNaJKOoCTH oToOpaXKeHHs He 3aBHCHT OT TOIO,
KaKas CHCTeMa KOOpAHHAT BbIOHpaeTcid B OKPECTHOCTH
Toukn [(p). Hpyrumu caoBamu, ecan copMyJaHpoOBaH-
HO€ YCJOBHE BBIIOJHAETCA [J5 OXHOM JOKaJbHOH CH-
CTeMbl KOOpPAMHAT, TO OHO BBINOJHAETCH H IS 10600
ApPYrofl CHCTeMBL.

Omnpenenenne 2.8 caepyomum obpasoMm obobliaercsa
Ha oToGpaieHusl, 3a/laHHbie HA IPOH3BOJBLHBIX MHOXe-
CTBAX.

Onpenenenue 29. llycre M 1 N — gBa rnaaxux
mHOroo6pasus, A — noamuoxectso 8 M, a f— orobpa-
wenue A B MHoroo6pasue N. Bynmem nasmBath [ esad-
KuM, ecJu €ro MOXHO [POJOJKHTe A0 [JaAKOTO OTO-
6paxenus U-— N, rae U -— OTKpPHTOe MHOXECTBO, CO-
nepxauee A.
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[Tpumepsn. 2.7. 3amMeTHM, 4TO ecay B3ATh B Kaue-
crBe M u N eBKJIWIOBH NPOCTPAHCTBA, TO ONpelNeeHHs
2.8 u 2.9 cBoasiTcsl K onpenenenuio 2.3,

2.8. JIwbas rnagkas QyHKHHA Ha noAMHoKecTtBe U
raajgkoro mMHorooGpasus M (onpenenenne 2.6) asasiercs
rflagKkHM oToOpakeHHeM B OJHOMEpHOe eBKJHIO0BO [PO-
crpadcTeo. Bouaee obuwo, ecau fi, fo, ..., fr—rnanxue
¢yuxkuuu wa U, to oToGparkedie, nepeBoLALIee TOUKY p

B TOuKy ¢ koopauHatamu (fi(p), f2(p), ..., f+(p)), ec1p
raajgkoe oroOpaieHHe MuoxecrBa U B r-MepHOe eB-
KJAHZ0BO MPOCTPAHCTBO.

Ynpaxuennsn 221 Ilyctre M—rop B TpexmepuoM mpo-
cTpadcTBe, H nycts (I, m, 7} — HanpaBAAIOMHE KOCHHYCH BHEMIHEH
HopMaad ¥k M B touxe p. Toraa, nockoasky /2 4+ m? 4 n? = |, tpoit-
Ky {l,m,n) MOXHO paccMaTpHBATH KaK KOOPIHHATHI TOYKH Ha ABY-
MepHOfl eAHHHYHON cdepe B TpexMepHOM npoctpaHcTBe, BosbMeM 3Ty
toury 3a [(p). Joxaxure, uto [ ects riaakoe oro6pakenue MHOro-
o6pasits M B chepy S2

2.22. Tosjoxenue TOYKH § HA TOPE B TPEXMEPHOM NPOCTPAHCTBE
MOJKHO 3ajaBaTh cregylomtuM obpazoM. IlycTe Top 3amaH TeMm Xe
cnocobom, uto ¥ B pasi 2.1. BosbMeM TOuKy Ha OKDYXHOCTH
(x—=2)24 y?2 =1 B maockoctn (X, Y), ANR KOTOPOR Jyw, Halpasn-
JieHHBIT K Heil M3 leHTpa OKpYMKHOCTH, obpasyer yroa 0 ¢ nonoxu-
TENLHBIM HanpaBnenuem ocH x. [TposezeM uepes 3TY TOUKY OKpVK-
HOCTb. NapajyielbHYI0 MJIOCKOCTH (X, 2) ¥ JeKamyl Ha Tope, a 3a-
TeM BO3bMEM TOUKY, CMeIleHHYI0 Ha YI/J0BOe pacCTofHde @ Mo ITOM
oxpyxHoctu (puc. 2.3). Toraa mosoxenue TOuKH § MOXKHO 83aZaBaTb
napoft (B, @). 3amerunm, uTo 3TO HE €CTb CHCTEMA KOOPAMHAT Ha BCeM
TOpe, TaK KaK AAS HaHHON TOukH ¢ yrasl O B @ onperesenn TOJbKO
¢ TOUHOCTBIO A0 Lesoro Kpatuoro 2m. [Iloxaxwure, uro (6, @) Teum
He MeHee MOXHO MNPHHATH 33 JIOKajbHble KOOPAHHATH B MOAXOAS-
UHX OTKPHITBHIX NOAMHOXKecTBax Topa. BosbmeMm Temepbp TOUKy p ¢
KOOpAHHATaMH (X, y) Ha IJIOCKOCTH, W OYCTh f(p) — TouKa Ha Tope
C YPAOBbHIMH KOODANHAaTaMH (B TOJMBKO UTO YKAa3aHHOM CMBbicsie)
0 = x, ¢ =y [oraxure, uto f—raajgkoe oTobpaxeHnue AByMep-
HOTO €BKJIHAOBA NPOCTPAHCTBA HA TOP.

3ameTuM, UWTO ecaH oTobpaxedue [ oOrpaRuiHTL Ha KBaapar
0 x<<2n, 0<<ys<<2m TOo oHOo OyReT B3aHMHO ONHO3HAYHLIM
BHYTPH 9TOrO KBajparta, a TOYKH HA CTOPOHAX, Je€mxamiie APYyr Hpo-
THB ADYra, otobpassitca B OAHY Toyky. Has maraszuwocts rosopsr,
4TO TOP MOJY4aeTC H3 KBAaApaTa OTOMHAECTBJCHHEM MHap NPOTHUBO-
[OAOXKHBIX CTOPOH.

Hpyras HETEpHIpeTallMA  3TOTO YUDAXKHEHHA NOAYNHTCH, €CTH
NpUEATL KaxAnif u3 yrioB 0, @ 3a yra0BYIO KOOPRHHATY HA OKPYXK-
HocTH. Toraa Top mMpeAcTaBHTCH B BHAE TOMOAOFHYECKOro NpoH3Be-
LeHHA IBYX OKpyXKHocrefl.
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2.23. Mycts M, N 8 P -—raankne wmnorooGpasms, m aycrtb
f:M—> N n g: N> P—raagkse oro6paxennsn. [Toxaxnre, ato Kou-
no3uuns gf aBAfeTCs rMaAKHM OTOGpaKeHHeM.

2.24. Tlyctb p— Touka Ha pBymepHoii cdepe 82, a f(p) — Touxa
Ha TPOEKTHBHON NJOCKOCTH P?, nonyusensas OTOMIECTBJACHHEM p

Puc. 23. ToukH TOpa «3analOTCA® ¢ NOMOUIBIO
yraos 0, ¢.

¢ JHaMeTpajbHO NPOTHBONONOXKHOA TOWROA (cM. ympamnenne 2.86).
TokaxnTe, uTo [ — rmagkoe otobpaxenne chep S? Ha P2

B o6uiefi Tomonorun Mbpl paccMaTpHBaeM romMeoMopd-
Hble TMPOCTPAHCTBA Kak OAHHAKOBble. B namem cayuae,
sl TOTO 4TOGbl AiBa TJIalKMX MHOT000pa3susi CYHTAJNCh
OJHHAKOBBIMH, JOJKHO BbINOJHATbCA 06o0Jiee CHJbHOE
ycaosue AuppeoMopPHOCTH.

Onpenenenne 210. Ilycrb M n N —raankue
MHOrooGpasus, a f— Takoe B3aUMHO OINHO3HaYyHOE OTO-
6paxenne MHoroo6pasua M na N, uto obOpartHoe OTO-
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OGpaxexne TOXKe sBJAsSETCA rAafKHM. Torda [ nasbiBaer-
ca Jugpgeomopdhusmon, a Mmuoroobpasus M u N — dugh-
peomopdroimu ).

Ynpawxnaenne 225 [lycte |— B3auMao 01HO3HAYHOE OTOG-
paxenHe [daakoro MHorooSpasus M ua N. Ilycte @ — noxanbHas
CHCTEMZ KOODAHHAT B OKPECTHOCTR TOUKH p Ha M, a ¢ — aoxaibuan
cucTeMa KoopAauHat B OKpectnoctH f(p) ma N, tak gro Pfp! ecvs
raajikoe otrobpaxenne OAHOR n-mepuoft KJeTKH Ha Apyryio. [lpexno-
JNOXKHM, YTO AKOOMAH 9TOr0 OTONPAXKEHHA, 3aNHCAHHOTO B EBKJHLO-
BLIX KOOpAHHATAX, HE paBeH HY.JI0 B OKpecTHocTH Toukd @(p). [Mycre
9TO yCJOBHe BHOOAHEHO #AA JioGoit Toukm p. Ilokaxure, gt0 f—
anddeomopdusm.

3aMeTuM, YTO 3TO yNmpaKHeHHe JaeT APYyrofl crnocol
dopmyauposath onpenenenue 2.10. OtmetuM TaKxe, uro
anpdeoMopdrble MHOroo6pa3usi aBTOMATHYECKH HMEIOT
OJHY H Ty )K€ pa3MepHOCTb (moueMy?).

2.6.. Panr rnapgkoro ovofparkenun

EcrtecTBeHHOCTH ONpeneseHus, KOTOpOe Mbl 31eCh
BBEJEM, BhITEKAaeT M3 CjaeAylllero HabJwAeHus: raai-
Koe oToOpaxeHue, OnpeaejeHHoe Ha MHorooGpasun, Mo-
3KeT MNPUBECTH K MajgeHHlo pa3MepHoctH. Paccmorpuwm,

') ToeopaT TakXKe, aro AHAPPeoMOpOHN raafKHe CTPYKTYPHI,
sanannsie na M n N. Jlonyckas soasHocTe peyy, o ABYX Auddeo-
MopdHHX MHOrooOpasnsax 9acTO TOBOPAT Kak o0 ORHOM H TOM Xe
MHOrooGpasHu.

B npumeyanun Ha crp. 38 yKazaHm JABa HeCOBMECTHMBIX atjaca

(U, ¢1) (U:, (p;) Ha npaMmof sauumm R. Tlpavas c¢ artnacom

’ r

(Uy, ¢1) u oHa Xe ¢ arnacoMm (U,, (pl)—sno, C¢TPOro roBopfl, ABe
pa3Hele TjaajkHe CTPYKTYpH Ha R, JBa pa3HpIX TJaAXHX MHOTO-
o6pasus. Ho scHo, uyto onn Anddeomopdunt (orobpamxenne P: x — x3
asagercd AuddeoMopdusMoM BTOpOro H3 HuX Ha mnepsoe). Jlerko
BUAETH, 4TO HA CaMOM Jiefle Ha R MOXHO BBECTH KOHTHHYYM pasiuy-
HBIX TVIADKHX CTPYKTYp, OZHAKO MOXHO HAOKa3aTh, 4TO BCE OHH xub-
teomopdrnt Apyr apyry. llocremnee gacro BbIpaxKalOT CJIOBaAMU:
«Ha OpAMOA CYHIECFBYET TOJBKO OAHA FJIaAKas CTPYKTYpa», ONycKas
OroBOPKY: «C TOYHOCTBIO A0 ArddeoMopdhaamas.

Yacto MOXKHO HPOYHTATh NPHMEDPHO cheayiomee: «Bhigeaenne
auddepenunasbHOl TONOJOTHH B CaMOCTOATENbHLIR pa3fien HaykH
MOXHO JaTHDOBaTh MOMEHTOM OTKPHTEA Mu1HOpOM pa3nnyHHX
[JaIKUX CTPYKTYp Ha cemuMepHoii cdepe [20]». C ygerom nekotopoi
nateTHkH 3Toit Jpa3Hl, KaK BaM Ka¥XeTcd — NOApasyMenBaercs Jd B
Hed BHWeEynoMmsayran orosopra? — [Tpun. ped,
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HanpuMmep, orobpaxeHne [ NMJIOCKOCTH B cebsi, nepeso-
nsimee Touky (x,y) B Touky (x,0). 3mecp orobpaxenue
[ 3anano ma ueM-TO ABYyMeEpHOM, a ero o6pas HMeeT paas-
mepuocth 1. XoTsl 3T0 nmoHamoOHTCA HaM JHIUB B Cie-
Aylomei rynaBe, OTMETHM, YTO B TOJbKO YTO MpHBeIeH-
HOM npuMepe sAxo0HaH oOTOOpaKeHHs BCIOAY pabeH
nymo. C napyroil cTopoHsl, ecan Ob 3T0T aKoOHaH Obljt
BCIOLy HeHYJeBbM, TO oToOpaskeHue f umeno Obl Jo-
KajbHOe o0paTHOe H IOTOMY CleaoBano OBl OXHAATH,
4yTo ero o6pas Oyner AByMmepHbIM. TeM cambiM NaleHue
pasMEpHOCTH MNOMKHO OBITb KaK-TO CBSI3aHO C PaHTOM
MaTpuusl fAkobu otobpaxenus f.

Onpeneaenne 211, Ilycte M u N —rnagkue
MHOroo0pasus, H nycrs f: M— N —raagkoe orobpa-
wenne, [lyerb peM, nayctb @: UV ayp: U — V' —
JIOKaJIbHBIEe CHCTeMbl KOOPAMHAT B OKPECTHOCTAX TOuex
p u [(p) coorserctBenno. Takum oGpaszom, Pfop~! ecthb
rilagkoe oToOpa)keHHe €BKIMA0BA OTKPBITOTO MHOMKeE-
crBa V B MHoxectBo V'. B sTom ciayuae pawe orobpa-
aenua [ 8 TOuKke p onpelnenNseTcd Kak PAaHT MaTPHILLI
Slkobu oTobGpaxenun Pfp~' B Touke @(p). Ecan BO BCex
TOYKAX paHT paBeH f, TO [OBOPAT, uTO [ umeer pawe r.

Ynpaxuenuna 226 Ilpoeepbre, uTo onpenesenue 2.11 ne

3aBHCUT OT Bb]60pa JOKAJIbHBIX KOOPHHHAT B OKPECTHOCTAX TOUEK p

v f(p).

2.27. Tlposepbte, uro oToGpaxenue [ miockoctn B cefd, onpene-
nenoe dopmyaoh f(x,y) = (x, 0), uMeer BCrony panr I.

2.28. Tlyetb f: M — N —rnankoe oroGpaxkenne panra m ==
= dimM << n = dimN. [lokaxute, 970 B ROAXOLAMUX JIOKAJb-
HBIX KOOpAMHATAX (X1, X2, ..., X¥m) B OKDECTHOCTH TOUKH P H
(41, ..., yn) B oxpectoctu [(p) oroGpaxenue [ JoKajsbHO 3amH-
coiBaercd GopMyaaMu

yy=x, (i=12..,m)
g="f(xp... x,) (i=m+1,..., n),
rae f; — rnagkue QYHKIUE CBOHX aPTYMEHTOB.

2.7. MuorooGpaaus ¢ xpaem

CymecTByeT BaxHOe 0GOGLIeHHE MOHATHA IJAAKOTO
MHoroobpasusi, onpenenesnoro B pasg. 2.3. [lpumep
3aMKHYTOTO Kpyra D mnokasbiBaeT eCTeCTBEHHOCTH 3TOrO
o6o0umienusi. BHyTpeHHAS TOYKAa Kpyra p HMeeT OKpecT»
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HOCTb, NpEeICTaBJAAOULYI0 COO0H OTKpHITHIA Kpyr, ojHa-
KO TOUKa ¢ Ha IpaHHIle HMeeT OKDECTHOCTb (B Kpyre),
Koropas sipasgercsa BoJykpyrom. Takum o6pasom, ecan
cudtarb D raagxum MHorooGpasueM, TO HeOOGXOAHMO
paccMaTpHBAaTh JBa THNA KOODAHHATHBIX OKpecTHOCTel
B COOTBETCTBHH C TeM, fBJSETCS JH paccMaTpHBaeMad
TOUKa BHYTPEHHEH HJIH HeT.

Onpeneaenne 2.12. n-meproe a2aadxoe mH02006-
pasue ¢ Kpaem — 3TO TONOJOTHUYecKoe npoctparctso M
¢ mMoANpOoCTpaHcTBOM N H CUETHBIM OTKPBITHIM MOKPHITH-
em U, U, ... ¢ roMeoMopdH3MaMH @1, @z, ..., KOTOPbIE
YAOBACTBOPAIOT CJeAYIOLUIHM YCJAOBHAM:

1) Ecau muoxectBo U; NaHHOTO MOKPBLITHS CcOAep-
®Kutcds B MN\N, TO COOTBETCTBYIOUIHH TroMeoMop(hu3m
¢@;: U;— V; orobpamxaer U; Ha oTkpmiTHIl wmap V; B
n-MepHOM NpPOCTPAHCTBE; B MpPOTHBHOM cJydae 3aaad
romeomophusm g2 U;—Vy, roe V;— nonymapue Buga

n
2x§< l, x, >0, npuuem wmuomxecteo U;(IN orobpa-
1

JKaercs Ha MOAMHOMXKECTBO B V;, cocTosliee M3 TOUeK,
IJIsT KOTOPHIX Xy, = (.

2) Ecnu U; n U; — nBa MHOXKecTBa M3 JaHHOTO N0O-
kpoitust, npuueM U; N U; =, a ¢; 0 @;— TOABKO 4TO
ONMCAHHBIE TOMeOMOP(HU3MBI, TO Q,@7'=¢, ecTh
raagkoe orobpaxenue MHoxectBa ¢;(U;NU;) na
sz(Uln UJ).

[Tockonbky romeoMopdu3Mbl @;; MOJKHB [EPeBO-
OUTb BHYTPEHHHE TOYKH BO BHYTPEHHHE, a TpaHHUYHHle
B IpaHUYHbIE, OUEBHIHO, YTO €CJM OrPAHHUYHTh Ha MOM-
maoxectBo N te U;, KOTOpBlE €ro TepecekaioT, TO OHH
(1. e. muoxectBa U; (1 N) 06pasyioT nokphuITHE MHOXKECTBA
N, onpenensiollee Ha HeM CTPYKTYPY TIJajKOro MHOTO-
o6pa3us; OHO Ha3biBaeTcs Kpaesm Muoroobpasus M.

[Tpumep 2.9. Ilap u cnaomHo#t TOp ecThb Tpex-
MepHble MHOrooGpasust ¢ Kpaem, TpHUEM KpasMHu, Ko-
HeuHo, ABJAsIOTCA cepa M TOP COOTBETCTBEHHO.

Jlerko BHIETb, 4YTO ONpeje/eHHS, TpPHBeJEHHBIE B
NpenbIAYUINX pasienax 3Toro naparpada, Hepesocsatcs
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Ha rJajkue MHOTOOGpasusi C KpaeM ¢ HE3HAUYHTe/bHbl-
MH H3MEHEeHHSIMH, YUUTHIBAIOILHMI TOUKH Kpas,

Kpome TOro, MOMXHO moka3aTb (HO [0Ka3aTejlbCTBO
toro ¢akta TPpYAHO H He OyaeT NpUBENEHO 3Iech), UTO
ecaH 1Ba TJaJKUX MHorooGpasus ¢ KpaeMm UMeloT Aud-
deonopdubie Kpasf, TO HX MOXKHO <CK/JAEHTb», OTOXJAe-
CTBHB Kpasl, H NOJYYHTCS HOBOE [JaJKoe MHoroo6pasne.
ATHM cnocoGOM MOXKHO, HANpHMep, CKJEHTh ABa Kpyra
Tak, yT00B noayumiaace cdepa. OpguH Kpyr craHer npu
3T0M BepxHefl noaycdepoii, npyrofl — HMKHell, a Kpas
OTOXK/eCTBsATCH, 00pa3osaB IKBATOP.

Boaee noapofuo 3TOT mpomecc MOKHO OMHCATbL CJIe-
Aytoutnn obpascy. Ilyere M, 1 M, — raankue mMHOroo6-
pasua ¢ kpaem, Ay # Np—kpas muorooGpasuit M; u M,
COOTBETCTBEHHO, M niycTb [: N, — Np— sanauubii nud-
theomopdusn. I[locTpoum MHOXKECTBO, 3/eMelThl KOTO-
poro--sto Touku M{\N,, Touku Mo\ Nz u napm ToO-
ek (p,f(p)), rae pe= N,. Takum obpasom, M ssasercs
o0neauHenRHeM MHoxectB M, u M, B KoTOpOM KaxKzaas
napa (p,f(p)) cuntaercs 3a OZHY TOYKY, Tak YTO mapy
{(p.f(p)) moxHO, He onacasicb JBYCMBICJEHHOCTH, 060-
3HauaTbh Oyksoil p. Uto6el npesparuts M B TomoJoru-
yecKoe INPOCTPAHCTBO, HeOOXOOHMO OMNpeNesHTb OKPEecT-
iwoctii ero Touek. Ecam rtouka p nmexutr B M\ N, niau
8 My N2, To B KauecTBe ee okpectHocteit B M Gepytes
OKpecTHOCTH 3Toll Toukn B M, uau B M, cooTBeTcTBeH-
#o'). Ecau. ke p=(p,f(p)) ectsb napa oroxmecrsJieH-
HBIX TOUEK, e Touka p Jexutr B Ny u f(p)—B N3, 10
KaAasi OKPecTHOCTb TOUKH p B M onpejensercs Kak
o0beHHeHHe HEKOTOPOH OKPECTHOCTH TOYKH p B M) n
HEKOTOpPOIT OKpecTHOCTH TOukM f(p) B Ms ¢ coorBer-
CTBYIOLHMH OTOXKIECTBICHUSAMH Touek H3 N; u N,

Tak, wnanpumep, Ha puc. 2.4 1Be MOJYKPYroBbie
okpectioctd Uy 1t Uy touek p u f(p) ckneusaiorcs, 06-
pasya oxpectHocTb U toukn (p,f(p)) B M.

Tpyaneiit mwar— nokasatb, uto M sBasercs rJaam-
kKum MHoroo6pasnem. [TogpoGHoe nokasareqbCTBO 3TOrQ

') A rtaxxe, KoueuHo, u J0Onie MHOXKecTBa B M, comepxkainne
Takue okpectHocTd. (O nocneaHeM OpH ONMHCAHHN TOFO HAH HHOTO
npuMepa qacTo fake He YNOMHHAlT, cudHTas 3To caMo cofoi pa3y-
mewownmen.) — [ pun, ped.
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cm. 8 [18, § 6]'). Mum pomkHBI cmeaath caeaylouiee:
HAJ0 110Ka3aTh, UTO eclH okpectHocTh U B M nosyuena
CKJIeUBaHHEM KOOpIAHHATHHIX oOkpecTHocTell Uy u U,
a okpectHocth V — ckieuBanueM Vi n Vi, 10 dyHKIUH
3aMeHbl KoopauHaT ((QYHKUMH THNA g ONpeleseHHs

(p. f(p))

Pue 24.

2.12) na U;NV, n na U1V, MoKHO cornacoBaTh Tak,
yTo0bl MOAYyYHBIIMECs (YHKUHE 3aMEHbl KOOpPAHHAT LJ4
M okasajuch rJaJKHMH.

§ 3. NOAMHOr006PA3HA

3.1. Onpenenetine

[Ipn usyuenud TAAIKHX MHOTOOGPAa3sHi NMOHATHE NOX-
NMPOCTPAHCTBA ABAsieTcd CAHIIKOM OOmuMm. Xoreaocsh Gbl,
yTo6bl JJ5 ABYX MHOroo0pasHil, OIHO H3 KOTOPHIX CO-
JepIKHTCH B ADYIOM, HX JIOKaJbHble CHCTEMBbl KOOPIH-
nat OblIH CBfI3aHBl APYr € JAPYIOM KaKHM-TO TIPOCTBHIM
o6pazoM. Bor cootBeTcTBylOUlee onpeneseHHe.

1) Cw. tarxe Muanop [24*, teopeva 1.4]
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Onpenedenne 3.1. Ilycts M —— raagkoe MHOro-
obpasne pa3MepHOCTH M, U MycTb N — IMOIMHOXKECTBO
B M, IJsi KOTODOTO BBLINOJIHEHB! CJIEAYIOHIHE YCJIOBHA:

1) N —rnaakoe MHorooGpa3He!) pasMepHoOCTH n.

2) Ecan p — touka B N, TO CYUIeCTBYeT Takas Ko-
opaunartHas oxpectHocts U Touku p B M ¢ Tako#i Jo-
KaabHofl cucreMofi koopmuuatr ¢: U—V, rpe V—ot-
KpbITas KJIETKa B /1-MepHOM €BKJHIOBOM HPOCTpaHCTBe,
yto @(N (] U) ecTb NOAMHONECTBO TOYEK KjaeTkH V,
VAOBJETBOPSAIONINX  YpaBHEHHAM Xn4t == Xnqo == ...
...=%n =20, a orpaHuueHne oToOGpaxKeHHUss ¢ Ha
UN N Rraer nokaibHyio cucreMy Koopamuar mas N B
okpecTrocTH TOukH p. Torma N naswiBaetcst no0mHnO20-
obpasuem muoeoo6pasua M.

YcnoBue 2) MOXKHO BbIPa3uTh Meilee (OPMasbHO,
CKas3aB, YTO JiOKajlbHble KoopauHatel Ha M B oKpecT-
HOCTH TOUKH p onpeleseHbl Tak, uTo N HMeeT JIOKaJb-
Hble YpaBHEHHST Xpy1=ZXpi2= ... =xu =0, B TO
BpeMs Kak Xy, Xz, ..., Xn ABJSIOTCH JOKaJbHBIMH KOOP-
IMEaTaMi Ha N B okpecTHocTH TOUuKH p. Takum oGpasoM,
JIOKAaJbible CHCTEMBbl KoopAHHAT Ha N modydaiores H3
CHCTeM KoopiauHat Ha M. VcaoBuc 2) Takke obecneun-
Baet, 4To y N udMeeTcs OKpecTHOCTb B M, ycTpoeHHas
Bpoje «tpybuaToil» OKpPecTHOCTH Yy Tjaaixoil KpuUBoli B
TPexXMePHOM MNpocTpaHcTBe. IDTOT MOMCHT MBI 06CYHM
103/Hee, a cHavajda AagHM 1IEeCKO.IbKO [IPHMEpOB.

[Tpumepun. 3.1. Ilpocrefiiunii npuMep NOIydHTCH,
KOHeuHO, eCi B3ATb B KauectBe M n1-MeDHOE eBKJIHLOBO
NpOCTPalCTBO, & B KauecTBe N — eBKJAUJOBO NOAMPO-
CTpPaliCTBO, 3aJaHHOE YPaBHEHHAMH Xpipq == Xpjo ==...
oo = Xm = 0.

3.2. Bosbnem B kadecTBe M TpexMepHOe eBKJAHIOBO
npocrpancTro. Koopanuartel X, y, 2 B TPEeXMEpHOM Ipo-
CTPAHCTBe MOMHO [PHHATbL 34 JIOKaJbHDbie KOODAHHATEI
B OKpeCTHGCTH 1060 toukd. B KawectBe N BO3bMeM
nsymepHyo cdepy ¢ ypaBHeHHeM #2442 -} 22 = 1. Mn
yXKe BHIEJH, YTO OHA ABAAETCS IVTaAKHM MHOTOOOpasHeM
(npumep 2.6). Temepn MBI MoOKameM, UTO BBINOJHAETCS

) To ectb oHO cH4aGxeHo coorserctBywowumu Ui u @ — Tpum.
ped.
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ycaosue 2) onpegedeuns 3.1%). Bosbmem, Hanpumep,
104Ky p Ha noaycthepe 2 >0 B V. fcHo, uto KoopiauHa-
TBl (X, Y, 2) HeJb3s1 NPHHATbL 3a JOKaJbHBEIE KOOPAHHATHL

) Tloaesno wuverb B BHAY, YTO B OmpedeneHHy 3.1 raasuyio
poJL HrpaeT YCIOBHE 2), B B CYWHCCTH TOJNBKO Ero BHINOJHEHHe
W HYXKHO OpPOBEPHTh, KOUAA MLI XOTHM YOEIUThCS B TOM HJAH HHOM
npuMepe, 4TO HMeeM JAeno ¢ nojiMHoroobtpasmeMm. Tak kak Yoanec B
AaJbHelileM (akTHYeCKH [OJMb3YeTcHd 3THM OGCTOATE/LCTBOM, TO
OCTAaHOBHMCS Ha HeM noapobHee.

yerh monMHOXKeCTBO N < M ofaapaer caenyolminM CBOICTBOM:

3.1°. Jaa mo6oi touku p e N cymecrByer takas kapra (U, @)
muoroobpasus M, uto pe U u (N [} U) cocrour 43 Tex u TO.IbKO
Tex touek kKaerkn V = @(U), a5 KOTOPHIX Xyt = ...== X;m = 0.

Toraa moxuo BBectn Ha N raafkylo CTPYKTypy, NPHIAB BCEBO3-
MoxkHple U N 3a KOOpAHMHATHBIE OKPECTHOCTH, a OrpPAaHHYEHHA
@IUNN —3a JokaibHbie cHCTEMBl KOODAMHAT; OyAYydH CHaOMKeHO
3TOfl raajgkoctbto, N Gyner moaMHorooGpasHeM MiuorooGpasuas M B
cMbicae onperenerus 3.1,

Ilposepum, uTo Mbl ACHCTBUTENBHO DoJydaem ariac aas N. Ecau
(U,g) n (U,¢) —nBe Ttakue Kaptel uHa M, xak B 3.1, n
(UNN)YN(U'NN)# &, To MBl J0JXKItBl NPOBEPHTH CONIACOBAH~
HCCTh (B TOM CMBIC/Ie, KAK B NpuM. pel. Ha CT1p. 44) ABYX KapT

(UNN,e|UNN) u (UNQN, 9 JUNN).
2Ta COr1acOBaHHOCTH 03HAYaeT, yTO PYHKIAU

. . N1
G X, v Y 0,00, ) 0 @ ()T (f ey X0, 0,0, 0)
ABIAIOTCA T[ITaiBUMH QyHKLuaMn o1 (X, ..., Xa) IpH Bcex Tex
(%1, ..., X4), OpH KOTOPLIX oHM onpedenedul. Ho s1o ouennano, nbo
'@t n @(¢@’)7! r1agKko 3aBUMCAT OT CBOMX apryMEHTOB BBHIY COrVia-

cosaunocta kapr (U, @) n (U’, ') nuorooSpasua M.

Ocralorcs emle gBe HecyliecTBelible peraqan. Bo-mepsniX, Youa-
Jec ynopHo TpeByer, uTo0bl KOOPANHATHLIE OKPECTHOCTH OLLIM POMEO-
MOpdHBL OTKPBITEIM IlapaM. SicHO, 4TO Mul JOCTHIIH GH  STOLO,
ec1y Ol BKMOunAu B 3.17 I0TOIHHTEIBHOE YCI0BHE:

VN{ (x5 cony ¥m) | X1 = ... == X;==0} — KIeTKa B eBKJIHANOBOM
npocTpancTee (X, ..., Xn).

Ho ayymle HHKaKHX JONOTHHTEABHBIX YCIOBHEH He BKJO4AaTh, a MpO-
BEPHTh, 4TO NpH BhMOJHeHun 3.17 aa8 1060l Touku p & N Halizercs
taxan kaprta (U5, @), uro p e Uy, @ (U,) — kretka,

oWNNU)=9WU)N{ (5, o0y ) Xngr1= ... = x5 =0},

H 370 NOCTEJHeE MHOMNECTBO — KJeTKa. Takyio Kapry MoxXHO Moay-
uuTh, B39B CHauana Takyio kapty (U, @), kak B 3.1, u npu Heo6xo-
aumoctd yMmerbiwnis U; gerany NperocTaBasioTcs unTaTtedio.
Bo-BTOpHIX, B onpenedennn 2.5 Tpe6oBaiock, yToGk CYIECTBOBAT
atJaac, COCTOAIANA H3 CUeTHO2O uHcia KapT, ¥ HAC e NoKa Kaxkaofl
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TOYKR p 8 M Tak, uToObl BLINOMHAAOCH ycaoBhe 2). Tem
He MeHee MOXHO BBeCTH HOBble KOOPAHMHATHI HOCPeACT-
BOM NpeoGpasoBaHus

X =y,
Y=y,
Z=1z—(1—x2— )"

OyHKIHY, CTOAlIME CNpaBa, — [MaflkHe, TaK e Kak #
(yHKUHH, KOTOPBIMH BhipaxaeTcs o6paTHoe mpeo6paso-
| 9(X, Y, Z)
] d(x, 4, 2)
CTHOCTH J1060# Touku Ha noaycpepe 2 > 0. Takum 06-
pasom, (X, Y, Z) nmonyckaiotcs B KaueCTBE JIOKAJbHbiX
KOOPJHHAT B OKPEeCTHOCTH TOUKH p (OnpeaencHHue 2.7).
B stux xoopaunarax N umeer ypasuense Z = 0 B ok-
pecriocta Toukn p. Kpome toro, B upumepe 2.6 mum
Buaead, 4To X u Y MOMKHO OPHHSTH 3a JOKa/bHble KOOp-
aunatel Ha N B noaycdepe z >0, Takum ofpasom, yc-
JgoBHe 2) onpelenentia 3.1 B OKPECTHOCTH TOYKH p BbI-
noausercs. AHaJOrHuHOE pacCyKIeHHe IMOKa3blBaet, YTo
3T0 YC/AOBHEe BBINOJHACTCSH B OKPeCTHOCTH JI060f TOUKH
peN.

B 3ToM npHMepe BaxKibIM MOMEHTOM SBJfeTCS HJ-
JioCTpalus caefykouero obeToaTenncTBa: B Januoft cu-
cTeMe JIOKadbHBLIX KOODAHHAT MOXET 6GLITL COBCeM He-
CUEeBHIHO, YTO MOAMHOXKECTBO B TJIaAKOM MIOroo6pasmuH
pa caMoM Jlesle siBjsieTcst noAMHorooOpasHem. Heolxo-
JMMO TPOH3BECTH HEKOTOPYIO MOArOHKY JIOKaJLHLIX KO-
OPAHHAT, NPeKAE Yed Mbl YBHIHM, 4TO YCJAOBHE 2) Bbl-
NOAHAETCH.

BaHue, H sikoOuaH OTJIHYECH OT HYyJfA B OKpe-

touke pe N comocrasieia nHekoropan kapra (U, @) wmaoroo6pa-
sun M, a u3 mee noayuaercss kapra (UNN, ¢lUNON) nas N;
BIIOJHE MOMET OKa3aTbCfl, YTO DA3JHYHBLIM P COHOCTAB/IEHBI Da3jaHd-
upe (U, @), # pasamuusix (U NN, @|U N N) noayuutes CTONBKO e,
CKO/IbKO H Da3JNYHbIX TOUeK p, T. € KOHTHHYYM. MBI J0/KHBI, crefo-
B4TEJBHO, H3 MOKPHITHA TONO.TOrHYecKoro npoctpanctsa N ero oTkpol-
ToiMu noamuoxectsamu U 1 N BuifpaTts cueTHO® HOANOKPBLITHE.

OCHOBHBIM AJSl JajbHelinero siBafercsa ToT cayuafl, korza N —
kxoMOaKTHO® MHOXecTBo B M. B aToM ciysae MOoXuo Bmbpath He
TOJbKO CHETHOE, HO M KOHeuHOe noxnokpoithe, B ofwmem xe ciayuae
cM, opum. pea. na crp. 39 u pasn. L7.— Ipum. ped.
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3.3. Bosbmem B kawectBe M nBymepHylo cdepy
x%2 4 y* 4 22 =1 B TpeXxMepHOM TIPOCTPAHCTBE, H IYCTh
N — oKpyxHOCTb, MO KOTOpofi 3Ta cdepa rnepecekaer
niockocth 2 == 0. Tak Kax 2z Bcerma MOXKHO B34Tb 32
OLHY M3 JIOKaNbHHX KOOpAMHAT Ha cdepe B OKPECTHOCTH
ji06ofi ToukH B3 N, Gepsa 3a ApPYrylo KOOpAHHATy Jau6o
x, 160 y, T0 JNerko BuaeTh, uro N — nonmiiorooGpasue
B M. §lcHO, 4TO 3TOT HpHMEp MOXHO DAaCHpPOCTPAaHUThL HA
60abllMe PAa3MEPHOCTH.

3.4. MluTepecHO paccMOTpeTb NpHMep, B KOTOPOM yC-
jJosue 2) omnpejeiacnns 3.1 He BunoJdHeHo. B ympamue-
HHH 2.22 Ob1 pad npuMep TJaixoro otobpaKeHus @
naockoct#t Ep ua Top. Ilycts L — npsamasa B E,, npoxo-
Isiulasi uepe3 Hayan0 KOOPAMHAT M HMelomias Hppaiko-
naaphuifl uaknos. Toraa Jnerko BHOeTh, 4TO0 ¢ oTOGpa-
»aetT L B TOp B3aMMHO oaHo3xayHo. Bosbmem 3a M rop,
‘& 332 N — MmuoxKectBo ¢(L); npamas L ectb oaHoMepuoe
€BKJIHJIOBO TMPOCTPAHCTBO U, CTalO GbITh, MHOTooGpasue.
Tem ne meniee ero ofpas (L) GeckoneuHoe yucao pas
«06BHBaeT» Top M, u 3Ta 0OMOTKA TaKoBa, UTO €CJH
pe N u U—mobGas oxpecTHoCTh TOUKH p B M, TO
UN N cocrout B3 OeCKOHEYHOI0 4YHC/lA Helepecekaio-
muxcs orpe3kos, Ilostomy HHM NpH KakoM BHIGOpe JIO-
KaJbHbIX KOODAHHAT HAa M B OKPECTHOCTH TOYKH p He
MOKeT BBLINOJHATbCH ycaoBue 2) onpenenenns 3.1. Ta-
KHM o6pasoM, N uHe #ABJseTca BOAMHOrooOpasueM
B MUY,

'} N HasnBaercs uppayuonaaonod ob6motxod topa. Crout 3a-
MeTiTh, yto B AnddepenunaavHoii reoMerpun U reopus AuddepeH-
1H4a1bibiX ypaBHeHHH ObIBaeT ke aTeabHO Ha3biBaTbh NOAMHOroobpa-
sunamu o0bexTd, moxoGubie N, mostoMy uyacTo Raercs Gogee obuiee
onpejlefeHne raaakoro NOAMHOrooOpasns, YuHTLIBAIOUlee 3TO NaXKe-
sanne ({38], crp. 51). lna neneill Hactoswell KHurn B rakoM 0006-
LeHH HeT Heo0XOAUMOCTH.

Bor eme oaun npumep, Korga ycaosue 2) onpenenedus 3.1 He
ERINIOAHEHO. B Tpeyroabnuxe A (uMeercs B BHAY 3aMKHYTas JaoMa-
Had H3 Tpex 3BeHbeB, a He OrpaHMUUHBaeMasi €0 YacTb MJIOCKOCTH)
MOXKHO BBECTH [MIafKYI0 CTPYKTYPY, HGO OH romMeoMopden OKpyx-
wocte S'. (Hehcrsurensno, ecan {(Us, i)} — ataac pgan S!, a
P A — S' —romeomopduam, 1o {(Pp'€Ui), @.p)} — atnac ara A)
‘Ho rmankum noaMHorooGpasHeM M/IOCKOCTH TPEYTOALHHK, KOHEHHO,
He ABJSETCA: ecAH TOYKA p HAXOLHTCA B Yy TpeyrosbHuka u U —
€e OKPECTHOCTh Ha IMJIOCKOCTH, TO HA NMPH KakoM AubdeoMopdusme
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3.2. MuorooGpasus B eBKNHAOBOM NPOCTPEHCTBE

Ham ocoGenHo uHTepeceH cayuafl, Korpa oGbeMJio-
mee MHoroo6pasue eCTb  €BKJHAOBO IPOCTPAHCTBO.
Urak, nyctb M — raagkoe MHOTcoOpasue pasdMepHOCTH
n, 3ajaHHoe Kak MojMHoroo6pasue B N-MeDHOM eBKJ/H-
noBom npocrtpatcrBe E. B dopmysaHpoBke ycnoBus 2)
onpenesenus 3.1 Hcnoab3yeTcs HeKOTOpas JOKadblias
cHCTeMa KOODAMHAT B OKDecTHOCTH Touku p. C apyroil
CTODGHDI, €BKJMJIOBLI KOOPAHWHATHI Xy, ..., Xy CaMH MO-
TYT OBIThL NPHHATB 3a& JOKa/dbHble KOODAHHATHL B OKpe-
CTHOCTH TOUKH p B E, MO3TOMY €CTeCTBEHHO CNPOCHTH, BO
4TO MnpeBpalilaeTcss YCJIOBHe 2) omnpenenedHs 3.1, ecan
€ro BLIPA3HTH B TepPMHHAX €BKAHAOBbLIX koopjauuar. Mot -
uccieayeM 3TOT BONpOC, Heias HeoGXOAHMMOe npeobpa-
30BaHNe KoopaHHar B ABa wrara. Pesyabrart Gyzer cdop-
MYJHPOBaH Kak Teopema 3.1.

HauneM ¢ JokaabHOH CHCTEMB! KOOPAHHAT B OKpecT-
HOCTH TOYUKH p B M, sl KOTOPOH BLINONIHEHO yCJOBHE 2)
onpenesennss 3.1. DTa cucreMa npeacraBaAser coboil ro-
meonopdusm @: U—V, rie V — oTKphiTag KJeTKa B
apyrom N-MepHOM eBKAHAOBOM npocTtpaHcTBe E/, ¢ Ko-
opauttataMu (4, Ys, ..., Yyn). Y3 ycaoBua 2), B uact-
HOCTH, cjeayer, uTo orpannueHue ¢ Ha U1 M ectp Jo0-
KaJpHaf CHcTeMa KOoOpanuat wa M B OKDECTHOCTH TOY-
KH p W UTO (p NEepeBOAUT 3TO MHOXKECTBO B 4aCTb KJETKH
V, BblgensieMylo  YpaBHEUHAMH  Ynii = Upia = ...
...=yy=0. C apyroil CTOpPOHLI, eBKJHIOBL KOOPIH-
uatul Xy, ..., ¥x¥ B L roasrcst, B 4acTHOCTH, U B U, mno-
sTOMy oTOGpaeHHe (! MOXHO 3amucartb GOpMy/aIaMH:

(l) xiz\l)i(ylt Yos v v vy _l/N), l=1, 2,..., N,
rae P; — raagkue QYyHKIHY, a IKOGuaH

3 (tbyy Py -+ V)
T (Upr Uy s Uy)

e ofpauiaercs B Hyap Ha V.

¢: U~ R? = {{x), x2)} nmoxectso AN U e MoxeT oToOpaatscs
B npamyio ¥;==0. (B orTauyHe OT HppauHOHaJbHOR OOMOTKH ToOpa
TPEYroNbHHK He ABJASETCS [MaAKHM NOIMHOroofpasheM MIoCKOCTH H
B YNOMAHYTOM BhlIe Gojee LIMPOKOM cMblcae.) — [Tpum. ped,
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B uactHocTH, 3TOT AKOOHAaH HE pPaBEH HYJIO B TOUKe

@(p), 1 mo3TOMy, HOC/AE MNOAXOAALIel MepeHyMepOBKH
nepeMeHHbIX X;, ONpeesuTeNb

a (ll)ln ‘p?» eney ll)n)

(Y1 Y2y < Yn)
fyner oTaudeH oT Hyng B Touke ¢{p). [lostomy, ecan
ONpefe/HTh OTOOGpaxeHHe O OKPecTHOCTH TOUKH @(p)
B TpeThe €BKIHMIOBO HpocTpancTeo £” ¢ xoopamuatamu
2y, 23, ..., 2y TIOCPEACTBOM (opMYa
2 =Py Yo ooy Yn)

© 2o =V Yo v vr Uy
Cntt = Ynity
Ey =

To sikoGHaH QYHKLHH B NpaBofl yacTH GyAeT OTJHYHDLIM
OT HyJs B TO4Ke @{p), a craqno OblTh, H B HEKOTOPOH ee
oxpectnocTH. Ilo Teopeme 2.1 orciona caeayer, uro O
roMeoMopdHO oTo0paxaeT HeKOTOPYIO OKpecTHOCTh V/
TOUYKH- @ (p) Ha OTKPHITYK K1eTKy W B mpocrpanctee E”,
npuueM orobpawkenue 07, onpenenennoe na W, Gyxmer
TaIKUM.

[Tonoxum tenepp U’ == ¢ (V') u yx = 0¢. Torna y
ecTh romeomopdusm MHOXKecrBsa U’ Ha W, Kotopnili ¢
yueroM ¢opmya (1) u (2) ans ¢! ¥ O K0MKeH 3anHCHI«
BATbCA B CJAENYIOHIEM Blije:

<y = X1
zn =xn7
(3) .
Zat1 == Yne1 (X1, %o o0u, Xp),

zN =XN(xl) X9y ooy XN).
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Tak xak y eCcTb KOMIIO3HIIHS OTOOpaMenufi O u ¢, PyHK-
IHH B NpaBOil 4acTH MMEIOT gKOOHAaH, OTIIHYHLIE OT HyJaA
B U’ (cM. ynpaxHenue 2.3), Tak 4TO % TOXKe fBJISAETCA
JokaabHONl cucteMoli koopanHar. O6parHoe otofpaxe-
tine x~! 3anucbiBaercs GopMyTaMH BHna

X =2y,
Xn = Zn,

(4) .\’n+| =)\/n+1 (2], 22, “eoy ZN),
Xy =Ay(z, 20 ..oy Zy)

Tenepb bl npHmWIH K ciaedyiomieMy. Bo-nepebix,
¥(U'N M) ectb B TOUHOCTH MHOXKECTBO, BEIAEJsieMOe B
W ypaBHeRHAMI 2,4y = Zp42 = ... = 2y = 0, nosro-
My u3 dopmya (4) caeayer, uto U'N M ectp mioxe-
¢1BO Touek B U, yvIOBJeTBOPSIOHIHX YpaBHEHHAM

Xn+l=)\/n,,1(.\f1, Xgy o o.s Xpy O, O, c ey 0),

. .

(5)
Xy =Ay(e, %3 o0y %00 0, 0, ..., O)

Bo-Bropbix, orpannuenne oro6paxenus ¢ Ha U’ {1 M
J@eT JOKAaJIbHYIO clicTeMy KoopamHaT ra M B okpect-
noctn U’V M. Ho serko BuuaeTh, 4TO OTOOpaxenie y
HepeBOAHT TOUKY (Xi, X2, ..., Xn) B3 UM B touxy
(21, 22, ..., 20, 0, 0, ..., 0), y KOTOpO#fl X; = 2; naga
i=1,2, ..., n. Takum o6pa3oM, oroOpaxeHHe [IPOoeK-
THpoBaHus MHoKecTBa UM B nOANPOCTPAHCTBO
Xni1 = Xnp2=...=xy =0 caM0 #BASETCH JOKA.bUOIl
cucteMofl Koopaunar Ha U1 M.

Hrorn namux oGeyKIeHHT NOOBOAATCS B cielylolwell
TeopeMe,

Teopema 3.1. [Tlycte M ecTo n-mepioe nodisroz2006-
pasue N-seproco esxaudosa npocrpancrsa E, u nycro
p —rouxka Ha M. Toeda npu nodxoBauwjed nymepayuu
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- e8KAu006bLY KOOPOUHAT Xy, Xg, ..., Xy 8 L npoexyusa na
APOCTPAHCTBO Xpiy == Xni4g =...= Xy = 0 s84se1Ca AN0-
KaAbHOU cuctemol xoopdunar na M 6 .oKpecTHocTU TOU-
Ky p, nputess M 8 3TOLl OKP2CTHOCTU eCTb MHONCECTGO TO-
4eK, yoosaersopsiouux ypasrenuss (noayuerssist us (5)
nepemernoll 0603Hauenll)

X¥nt1=lns1 (X1, Xos .0y Xa),
6) .
xAr = flv (xl, ,\‘5, e e ay Xn),

8 Koropoix [, —eaadrue pyuryuu.

MNpumep 35, B cayuae chepu »*+ 2+ 22 = |
B TPeXMEPHOM NpPOCTPAHCTBE MbI BHJAEIH, YTO B OKpe-
CTHOCTH J1060/ TOUKH IBe M3 TpeX KOOpAHHAT X, Y, 2
MOXKHO IMPHHSTH 3a JOKa/lbHble KOOPAHHATBHI, TaK uTO
COOTBETCTBYIOIME INPOEKTHPOBAHHA OyayT oT1obpaxe-
HHAMH, ONpeeJsIOUIIMH JOKaJbHElEe CHCTEMBl KOOpJH-
HaT, a TpeTbsl KOOPAMHHATA BHIPAXKAETCT KaK rJ1ajKad
(¢ yuKiUHS OT 3THX ABYX (CM. npumep 2.6).

Yunpaxuaenua 3.1, Hoxkamure cienywoumee obpamesne Teo-
embi 3.1, Tlycrs £ ectb N-MepHoe eBKJIMAOBO NPOCTPAHCTBO, H MYCThb
R’i—raxoe noamuoxecTso B E, uto xampas Touka p < E umeer
okpectiiocts U, nna koropofi nmepeceyenne U N M nubo nycto, nu6o
ABASETC MHOXecTBOM Touek B U, yAOBAETBOPAIOUKX yPABHEHHAM,
KOTOpLIZ NPH NOZXOAfAltell HyMepauuH KOOPANHAT MOXHO 3alHCaTh
B BHIE

Ine1=fn+1 (X1 X2 oy Xp),

¥y =l (F %y oo Xyp

rde [;— rnaakue ¢yuxumn, Joxamunre, 4to B 3T0M cayuae M gs-
asieTca noaMuorooGpaauen B npoctpadctee E.

3.2. O6o6mure vapamxaenue 3.1 crnegyomum obpasom. Coxpanss
B OPEALIAYULEM YHPaXiienuid OClaibHbie YOTOBHMS  HEM3MEHHLIMH,
MPeAnOIOXKKM, 4TO KaMAaa 7Toyka npocipancrBa £ uMeer Takyio
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okpectnocts U, uto UNM aubo nycro, nubo spaderca MHOXKE-
CTROM Touek B U, yZOB.JIeTBOPAIOWHX YPaBHEHHAM

gi(xl, E xN)=O, i=12 ..., 8,

rie g;—raajikue QyEKOUH, MatpHua $IKOOH KOTOpHIX MO OepeMen-
HBIM X; HMeeT paHr n B Kamiol touke u3 U. Jokamxnure, uto M
ABIseTes noiMeoroobpasue B E.

B niByx mocieiHHX ynpaxKHeHHsiX ONHCaHbl CHTYaIiWH,
B KOTOPBIX noaMHOXKecTBO M B N-MepHOM eBKJIHAOBOM
MPOCTPAHCTBE OKa3biBaeTcs HoamHoroodpasmem. Cefiuac
MBE pa3fepeM elle OAHY Takyw curyaiuio. IIpoBepka
veaoBus 2) onpeledenus 3.1 Oyaer yXe HeMHOro Tpyad-
nee. Ee uues cocToHT B TOM, 4TOObl B3fIThL B KauecrTse
noaMHo)ectea £ ofpa3 raaakoro MHoroofpasust npu
r;7aJJKOM B3aMMHO OJHO3HAYHOM OTOOpakKEeHHH.

B npumepe 3.4 Mbl BHAeaH, uTo Takoil oGpas, B0OOO-
mle roBops, He o643aH ObITh NoAMHorootpasuem. Onua-
KO cefjuac Mbl TMOKaKeM, UTO KOMINaKTHOCTH BMeCTe C
YCJOBHEM HA PaHT OToOpa)keHHs !) yXKe AOCTATOYHO AJf
TOro, uTobLl 06pa3 aBasasaca noaMuoroobpasuem B E.

Teopema 3.2. [lycto M — Komnaxrroe eaadxkoe MHO-
eoobpasue pasmepHocTu n, u nycre L ecto N-meproe
eskaudoso npocrpancreo. Hycre f: M — E — 83aumno
00HO3HAUHOE 2A00KOe OTObpaicerue mHoeoobpasus M
8 npocrpanctso E, u nycro pame | pasen n 8 Kaxdoil
trouke M. Toeda [(M) — nodmuoeoobpasue 8 E.

HorkasateabcTro. IlpumMeHHM K 0Tobpameuuio
f pezyabrar ynpaxueHus 2.28 U noayumM, uTo A4 KaxK-
Zo# Toukn p & M cyuiecTByeT Takas KOODJHHATHAA OK-
pecthocts U= p ¢ /J0KalbHOH CHCTEMOfl KOODIHHAT @,
otobpaxatoileli U/ Ha oTKpHTyI0 KJIeTKy V B n-mep-
HOM €©BKJAKAOBOM  IPOCTPAHCTBE C  KOOPAHHATAMH
Y1, Y2, ..., Yn, B KOTOpOU oTOOpaKeHue fo~! 3anmaercs

1) YcroBre Ha paHr Takke SBAfeTCA CYIIECTBEHHBIM: JIETKO IIo-
CTPOHTb IV14JIKOE B3aHMHO OJHO3HAUHOE OTOGPAMEHHE OKDYKHOCTH
B ILIOCKOCTb, NPH KOTOPOM €€ 06pa3oM Gymer TPeyroJpHHK. B rou-
KaX OKPYXKHOCTH, OTOODaXKAIOUIHXCS B BEPILUMHBI TPEYLOJBHMKA, paHr
nagaer po uynst. — Ilpus, ped.
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hopmyaamu
X =Y
. Xn =Yns
(7) -
Xn+l "‘fn+l (ylr Yas o0 ey yn)’
Xn =fN(yl’ Yar oo yn)»
rae Xi, X2, ..., Xy — KoopnuHatol B E, a [;— raagkume
pynxuun.

3ameTHM, uTo HepBbie n GopMyn otToxKzaecTrisior V
C OTKpHITOH KJeTtkoll W B NOZNPOCTPAHCTBE Xppy =
= Xpto = .,.= xy = 0 npocrpanctea E. [losromy
o6pa3 f(U) ectb MHOXKeCTBO TOUEK, YAOB/JIeTBOPAIOMINX
yYpaBHEHHAM

Xn+1 =fn+l (x1, Xos vuey X))

(8) . .
Xy =fN (xla Koy oo vy xn)’
roe (xy, x3, ..., xp) € W, a f; — rmankve ¢yuxuuy,
Tenepp, 4TOGBI 3aBEpPUIHTh J0KA3aTeJLCTBO, HAAO
y6ednThCA B TOM, UTO TOUKA [(p) HMeeT OKPEecTHOCThb, B
KOTOpoH ypaBHeHHAM (8) yLOBJAETBOPSAIOT TOJLKO TOUKII
f(M). as 3T0ro paccMOTPHM MEHBINYIO OKPeCTHOCTb
U rtouku p, takyw, uro /< U, u nodsoxum V' =
= @(U’); nycrn, nanee, W — cooTBeTCTBYIOICE HOAMHO-
kectBo n3 W. dasa n06oro noJoXKHTENbHOTO € MHOMKE-
crBo W'(e), onpesenieHHoe HepaBeHCTBAMH
fn+i(xl9 sy xn)_e < Xnti < fn-H' (xl’ LR xn) +87
X, ..., X)) =W,
ABJAETCA OTKPHLITOH OKpecTHocThio TOukH f(p). Temeps
ClefyeT MOK&3aTh, YTO eCJH & AOCTATOYHO MaJjo, TO B
W’(e) nexar Toabko Te Touku M3 f(M), KoTOpHE ymO-
BJAETBOPAIOT ypaBHeHHAM (8) ¢ (X1, %o, ..., x,) = W,
C mepsoro B3r/isila HCNOJb30BaHHE ABYX OKDECTHOCTeil
U n U’ moxer noKasarTbcsi HeHYXKHBIM YCJOXKHEHHeM;
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0IHAKO Ha caMoM jese yaobHo, pabotas ¢ U’, 3narh,
yto ypamuerusn (8) chnpapegansbl B OGOnbiIeM MHOMKE-
crBe U

HonyctuM, 4TO HOKas3biBaeMoOe YTBepXKieHHe Hepep-
no. Torma mns 3amandoift y6hiBalouefl NOC/ieI0BATENb-
HOCTH 3HadeHHN & Mbl cmMorau Obl BhiGparh Ioc/jeaoBa-
TeJbHOCTh TOYEK B M, He Jexamux B U’, xaxnasa u3
KOTOphIX oToOpaxanack Obl B COOTBETCTBYIOLIEe MHOMe-
ctBo W (e). Tak Kak M KOMNakTHO, U3 3TOh NoCaeN0Ba-
T€JbHOCTH MOMXKHO Obi1o Gbl BHIGpaTh CXOASLIYIOCH HOM-
nocjenoBatesbHocTb. TakuMm 06pa3oM, MNepeHYMEpPOBAB
ugeHbl  [OANOCHEJ0BATEIbHOCTH H  COOTBETCTBYIOLLHE
3HaYeUHus g, Mbl NOAYYWIH Obl TaxKyio NOCJIeROBATE/b-
HOCTb &1, €, ..., CXOAALIYIOCSt K HYJAIO, H TAKylo nocie-
JOBaTeIbHOCTE TOUEK gy, {2, ..., CXOAALIYIOCA K TOYKE
g, uto Bce ¢; aexat Bue U’, no f(g;)= W (e;) npu
KaxjaoMm i. Ha camoMm nmesne Bce TOUKH ¢; HLOJIKHBL Je-
X aTb Jaxe BHe MHOXectBa U. JleficTBHTeNbHO, HH OAHA
Touka MHOKecTBa f(UNU’) ne nonager B W (e) un aas
KaKoro &, NOTOMY YTO BCe TaKHe TOYKU YIOBJETBOPSIOT
ypaBHeHusM (8) ¢ (xy, ..., xn) ¢ W’. Ot1ciona crenyer,
4YTO U npejedbHaf Touka ¢ aexHT BHe U. Ho B cuny He-
npepoiBHocTH  oToGpaxkenus [ wumeem f(limg;) =
=limf(g;) u Tax Kak e; crpeMuTca K HyJo, limf(g;)

aexut B f(U’)=[(U’). HubiMu cnoBamH, f(g) aexur
B f(U’). Ho Tak Kak [ B3aHMHO OIHO3HAYHO, 3TO O3HA-

yaer, 4To ¢ Aexut B U’; TakuM o6pa3oM, MbI NPHILIH K
[IPOTHBOPETHIO,

Ortcioaa caenyeT, uTO NPH HEKOTOPOM & OKDECTHOCTh
W’ (e) touru f(p) ymomnerBopser!) ycuaoBuio 2) onpe-
penenns 3.1. Takylo OKpPecTHOCTh MOXKHO HafiTH [ad
Ja1060it Toukn u3 f(M). Tlosatomy wuama Teopema mnoJ-
HOCTbIO J0Ka3aua?).

'} Buecie ¢ BBEAEGHHHMA B Hell JOKaJIbHLIMH KOOPAMHATAMH
21 ==X, cvey B == Xp,

g =Xy T o (B e K)o 2y =y =y (B e X),
~ Ilpun. ped.
2) Yntarealo NpeAOCTaBJsieTcd CaMOCTOATEIbHO J10Ka3ath, 49TO
B Teopeme 3.2 [ nudpdeomopduo orobpamaer M ua f(M), t. e f
ABNFETCA BJOMKEHHeM (CM. Haualo C/HERYIOUIEro pa3jiesa) MHOro-
ofpasusi M B eBxaunoBo npoctpaucreo E, — [pun. ped.
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3.3. Teopema 0 BAOXEHHH

B npeabimynieM pasjmesie MBI paccMaTpHBAJH TiafKHe
MHOTo06pa3nsd, KoTopbie SIBJAAIOTCH NOAMHOTO00CpasusiMHu
HEeKOTOPOIo €BK/IHJO0Ba IpoCTpaHcTBa. B jeficTBUTe/b-
HOCTH Mbl He HaJarajly MpH 3TOM CYHIeCTBEHHLIX OrpaHH-
YeHHH, Tak Kak Jio6oe riaagkoe MHoroobpasue nudodeo-
MOpGhHO HEKOTOPOMY HOAMHOrooGpasHio €BK.IHAOBA IMPO-
CTPAHCTBA. 37ech MBIl JOKAXKEM 3TO TOJABKO AJAS1 KOMIIAKT-
HbIX MHOroo6pasufi; IJs8 caydas HeKOMIAaKTHbIX MHOTO-
obpasuil n1oxa3aTtb 3TOT (AKT y¥Ke TpyAHee ').

Yroynum cHawasna tepmuHogoruio. Korma roeopst o
BIOKeHHU MHOxecTBa A B MHOXKecTBO B, TO 3TO 03Ha-
uaeT, yto A sBAsieTcs NOAMHOKecTBOM B 1 9TO paccMar-
puBaetcs orobpakenue A —» B, conocrapiswoliee TOUKe
ae= A Ty Xe caMyioO TOUKY, pacCMaTpHBaeMyl0 yxke Kak
Touka B B. Ho npusmeHHTeNbHO K TJaAKHM MHOrooGpa-
3HAM 3TOT TEPMHH HMeeT HeCKOJbKO HHOH CMBIC.I.

Onpeneaenne 3.2. Ilycts M, N — rnankue MHo-
roo6pasusa. (laadxum) saosmcenuenm M 8 N HasbiBaeTcs
moboe oro6paxcenue f: M — N, o6pas f(M) &ortoporo
ABJAdeTCS TAafKHM noiMHOroofpasueM B N U KoTOpoe
apaserca auddeomopdusmMon MHoroobpasus M Ha
[(M).

Ecau raagkoe MHoroo6pasve M BAOKEHO Kak Noj-
MHOroo0pasie B eBKJAHIOBO npocTpaHcTBo E, To Kax-
Iyl0 KOODPAMHATY X; IpocTpaHcTBa £ MOXKHO paccMmar-
puBaTL Kak [iaakylo ¢GYHKLHIO Ha MHorooOpasuu M,
ITosTomy a5t j0Ka3aTenbCcTBa TOrO, UTO MHOrooGpasue
MOXKHO BJOXKHTbL B €BKJIHJOBO NPOCTPAHCTBO, €CTeCTBEH-
BO TONHTATbCA NOCTPOUTL Habop raankux  QyHKiui
fi, f2y ... [y 1 moTOoM paccMOTpeTh OTOGpaMKeHHE MHO-
roobpasust M B mpoctpancTBo E, nepeBoisiiee TOUYKY
peEM B touky c¢ koopmusaramu (fi(p), f2(p), ...
..vy [x(p)). Ecam Mbl XOTHM, 9TOGBI 370 OTOGpa)KeHHe
Obl10 B3aMMHO OJHO3HAYHBIM, TO Ham HaGop QyHKnui

'} Cm. [30], cvp. 32, Teopema 5, nrau [38], c1p. 73, Teopema 44.
Mexay npounM, Han0XKeHHOE B ONpEJesieHHd 2.5 yCAOBHE CUETHOCTR
Heo6X0AHMO A5 CYUIeCTBOBAHKES BJOXKEHHs B ¢BKJIMIOBO NPOCTPAH-
CrB0. — [Ipun. peo.
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nomKel obJanath TeM CBOHCTBOM, YTO AJig JIOOBIX IBYX
TOoueK p %= ¢ Halipercs no KpalHed Mepe oaHa QyHKuHSA
fi, mpUHMMaloulas pas3iHuHBle 3HAYEHHS] B ITHX TOUKAX.
B takom cayuae roeopst, uto QYHKIMH [; pa3deasior
rouxu M. B ni06ofi koopauHaTHOH oxpectHocTH Ha M
JOKa/JbHble KOOPAHMHATH, OYEBHIHO, pa3nessioT TOUKH
31001 OoKpectHocTH. Hawa Oanmkailmas penb Tenepb co-
CTOHT B TOM, UTOGLl NMPOROJIKHUTb JOKaJdbHble KOOpDIHHA-
Thi, 3a/laHHbIe NIOKA YTO B KOODAHHATHHIX OKPECTHOCTAX,
0 rAafikux QyHKIMA Ha BceM MHoroo0pasuH, ¢ TeM 4ro-
6bl nponoJKeHHble QYHKIHH pa3fiefsiiu TOUKH yKe Ha
BCeM MHOroo6pasuu.

[as xomnaktaoro muoroo6Gpasus M 370 MOXKHO cle-
Jath C noMoulbio GYHKUHH, KOTOpble CTpPOATCS B yn-
paxpeunn 2.13. Mrak, nmocTpoHM Aas Kaxk[A0d TOUKi
pe M oxpectHocts U, aexaliylo BHYTPH KOOpIHHAT-
HOIl OKpeCTHOCTH, W IJaikyio ¢yukuuio [ Ha M, xoto-
past nooxuTenbHa Ha U u paBHa nymo Bue U. Tak kak
mHoroo6pasne M KOMIAKTHO, €r0 MOXKHO MOKPhITb KO-
Heunblm MmHOxectBoM Uy, Us, ..., Um noaoGHBIX OKpe-
cTHOCTe#, mpuuenm kaxnaofi U; coorBercTByeT (QYHRUHSA
fi. JlioGoe u3 muoxects U; camo, KOHEYHO, SBJASETCH
KOODAHHATHOH OKPECTHOCTbIO M HMeeT KOOpAHHATHOE
orobpaxkenHe ¢; Ha OTKpbITylo KIeTKy Vi Ecan
X0, D, .., x{) — koopaHHATB! TOUKH KaeTkH Vi, pac-
cMaTpiBaeMble Kak Iyajfkne QYHKUHH Ha MHOXeCTBe
U;, o ¢yukmuu?) y<ji)—_—x(l.”-fi ABJIAIOTCH  TJaLKHMH

Y} Ecot GBITb  NeJAHTHYHBIMH, TO CJefoBato Ow CKa3aTs:
(4 __ (D) () (i)
g =x"fisU;ny —-'0 na MN\U,; (Bellb xj’ ne onpejeJeHHl Blie
U,, 1ax uto Buipaxenue ) - [, Bre U, CTPOTO FOBOPS, TOXKE HE HMEET
i i i i

cMpieaa). Ho noao6GHOro nmejaHTH3Ma HHKOrJa He NPOABJSIOT.
CaeLyioliee 3aMeuanue uyTh-uyThb cyiecrsenHee. Koab ckopo

Mbl XOTHM, uTOOH (QYHKUHA y(j”=x(f’-fi Ouia raankon odyekuei
Ha BceM M, HeaocTartouHO, 4TOOH (YHKIHA x(,” 6uiia raagkoft Ha
U;, a f: 6pi1a rrafkolt Ha BceM M 1 TOXAECTBEHHO PaBHANACH HYJIO
pue U;. Jaa rnankoctn (maxe Ajs HeNpepHIBHOCTH) y‘i B TOUKax

rpannun Fr U; HyXHO, 4TO0H x(j‘),mx CKasath, «Xopouo ce6a Bera»

sosie Fr U;. [lpoute Bcero nortpeGosatb, uTOObI x(]“ 6rina roankoft

¢ynkuneii He Tonpk0 B U;, Ho # B uyTh OO/bIIEM OTKPHITOM MHO-
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dhyHrIuAMHE Ha Bcem MHorooOpasun M. Paccmorpum re-
nepb HaGop GyHKUHIH

(9) fly !/(1”, !/(2’), L] !/f,”, f21 !/(12), !/9): 0 y(,?): fgv 2.
O I A

Mul npoBepum, uTo 9T0 MHOXKeCTBO GYHKIHMH pasjenser
Touxku M.

Bossmen gee Toukn p un g Ha M. Ecau, Hanpuwmep,
p nonanaetr B U;, a ¢ — Het, T0 (yHKUHA f; paBHA HY-
JI0 B TOYKE ¢ M OTJIHYHA OT HyJas B Touke p. [lostomy
¢yHkuusa [; pasgmeaser Touku p M ¢. Ilpeamosoxum Te-
nepb, UTO TOYKH p H ¢ Nomaiw B ONHO MHOomecTso U
Ecau fi(p) #=fi(q), 10 dyeKuus f; pasmenser TOUKH p
u q. Ecau xke f;(p) = fi(q), 10, NOCKOJIBKY OAHa H3 JIO-
KaibHbIX KoopauaaT x{¥ ofssarenbHO pasienseT p u
g, cootBeTcTBylomasn el pyHxuus 4 =f, ¥ roxe pas-
JeNuT 5TH TOYKH.

Cnenys nJany, IpPHBEJEeHHOMY B HauaJje 3TOrO pas-
Jena, Mbl AOJKHLI Oblan Obl Telepb HCIONB30BATh QYHK-
uun (9) anga toro, yToGbl NOCTPOUTh OTOGpAaXKEHHE MHO-
roofpasusi M B eBKJMAOBO NpocTpancTBo. OoHAKO mpH
5TOM MOXKET 0KasaThCd, UTO PAaHr NoJyueHHOro oTobpa-
JKeHus He Oyzer paBeH n BO BceX Toukax. HUrtolbl obe-
CTIEYHUTDH BHINOJIHEHHE 3TOTO YCJa0BuHA (H clesaTh BO3MOX-
HBIM TIpHMeHeHHe TeopeMbl 3.2), Heo6XoauMo AO0ABUTH
K Hatopy (9) Hosble ¢yukumu. Has sToro o603HayNM
uepes 2\ dynkuuio, pasnyio X4+ f2 na U; n nymio sue Us.

;=
xecrse U; D U;. A utobn ofecneuntb BLHINOMHEHHE STOTo TpeGoBa-
HAs, HeMHore yroyruM BeGop U;. [Ins xaxnaohk Toukn pe M
uMeeTcss okpectHocTs Up, 3aMbIKaHHE KOTODOH NEKHT BHYTDH He-
KOTOPOA KOODJHHATHOH OKPECTHOCTH, a B TEDPMHHAX COOTBETCTBYO-
HX KOODJHHAT § OTBE4aer HeKOTOPOMY LIapy eBKJAHOBAa MPOCTpaH-
crBa ¢ HentpoM B @(p). Tak kak M komnakrho, u3 noxpuitis {Uy}
MOJKHO Buifparb koHeusHoe noanokpuite Uy, ..., Un. Kaxpoe U;
o " ’
JIEKHT B HEKOTOPOH KOODAMHATHON oxpecrHocTH Uj, M COOTBETCTBYIO-
U(He KOOPAHHATHI x(,‘), xﬁ,‘) IBAAIOTCA [IaJKHMHM QYHKUMSAMH B
jocaegHeli, yero Mol H jgoGusanuce. IlogoOrble yTOUHEHHR TOXKe
4acTo NOApa3yMeBaloTCs, HO B ABHOM BHIE He BBICKA3HIBAIOTCH. —
ITpun. ped.
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Takum odpasom, 2\ = y\-f,. Paccnotpum Habop, noay-
ueHHblil AoGaBrennem &k nabopy (9) dymkumit 2 (Bce-
ro, Takum o6GpasoM, Gyaet 2mn + n dynxuuit). ObdosHa-
yuM 3TH QyHKUHM uepes Fy, ..., Fy, N=2mn+n, u
paccmorpuMm orobpaxenne F: M — E, nepeponsliee Tou-
Ky p B touxky (Fi(p),Fa(p),...,Fx(p)). Tax kax na-
6op F; Bkawouaer B cebn dyuxuun (9), pasjpensowse
TOUKM Muoroo6pasust M, 10 otobpamenue F Oyaer B3a-
HAMHO ojHO3HAuHbIM. Tenepb npoBepHM, YTO OHO HMEET
paHr n B Kaxaofi Touxe. Jlist 3TOrO mMOKa)ceM, 4YTO B
Kax a0l Touke MHOoMectBa U; XoTa Owl ofuH M3 HKO-
Ouanos

d (_t/‘li), yfz’), cee yﬁf)
a(xy), xg), . x(n‘))
OT/JHYCH OT HY.Isl.

Bcenomunas, uto kamxpas QyHKUua f; sagaercs Ha
mHoxectee U; siBHOH dopmy.oi fl.=exp(r‘;?— 1)“', rae

6(2(]”, 2(21')’ N z(n“)
a(x", L 1)

’

n

‘ e

r2= D (x), wmowuo myTem HemocpemCTBeHHBIX Bbi-
=

YHCJCHHI TOKa3aTth !), uto mepBulit AKoGuaH obpamiaet-
cd B HyJb TOJBKO Toria, korja ri—4r2+41=0, a sro-
poit — 10.1bK0 B Caydae, koraa ri —6r?41==0. ScHo,
4YTO HH B OJHOM TOouke 06a 3TH ypaBHeHUR OLHOBpeMeH-

1) Hcnoabays, uro ans npoussomuofi [’ () dyuruum f(f) =

g BHIMOMAHAETCA pasencts0 [ (f) == — Wf (1),
JACrKO HARTH, YTO HRTEPECYIOUIHE HAC SIKOOHAHBL PaBHb
P I A RPN PR
(r‘ - 1) (r% —_ 1)2
rae 6? =] npu j=4%kn 6’; =0 npu j¥* &, a del (alk), €CTeCTBEHHO,

o6o3Hauaer ORpeNEeNHTEJb MATPHIB 1-TO NOPAILKA C JICMEHTaMy ajk.

Hanee nago wucnosb3osats ToT akr, yro f; >0 8 U; u uyro, Kak
HETPYAHO IPOBEDHTS,

det (8% — aja) = (—1)" (1 —a} — ... — aB).

- ﬂpum. pea,

== exp
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HO ObiTb crlpaBelaHBbiMH He MoryT. TTostoMmy oToGpaike-
une F umeer panr n Bo Bcex Toukax U; 114 Kaxmioro i,
a 3HAYHT, U BClOAY Ha M.

Temnepn, npumensas Teopemy 3.2, MBI MOXKeM OObeu-
HHThH BCe CKa3aHHOe B 3TOM paslese B BHAE CAeAyHOLieh
TEOpeMbl.

TeoreMa 3.3. Ecau M — komnakrHoe 2.1adkoe MHO-
2006pasue, To cyujectéyer saomenue F. M—E, ede
E — eskaudoso npocrpancreo, rtakoe, 4to F(M) sas-
Anerca nodmnoeoobpasuem 8 E.

3.4. Bnoxeune muoroo6pasun ¢ Kpaem

Urobbl oOXBaTiHTb cIyuall MHOTOOOpPA3Hil ¢ Kpaewm,
HY)XHO BHECTH Heboabllude H3MEeHEHHA B IPeAbIAyLLHE
onpenenenus u Teopemsl. Hanpumep, ecnu N — MHOTOe
obpasue ¢ xpaeM, To yciaoBue 2) ompenedesus 3.1 B Tom
BH/le, KaK OHO TaM cQOpPMYJHPOBAHO, OTHOCHTCA TOJbKO
K BHyTpeHHHM Toukam V. Ecamu touka p npuHaLjJexur
Kpaw MHOroobOpasnusa N, TO COOTBETCTByIOllee YCJIOBHE
COCTOMUT B TOM, 4YTO OHA HMeeT KOOPAHHATHYIO OKpecT-
Hocth U B M ¢ Takoii J10Ka/dbHON CHCTEMOH KOOpAMHAT
@: U=V, uro ¢(NU) siBnaercs mogMHOXKECTBOM MHO-
KecTBa V, KoTopoe BHIAENSETCH YCJAOBHAMH X, =0,
Xngt = X0 = ... =%, = 0. O6pas kpas muoroobpa-
sus N B U GyAeT BBII1easThCS [JOTIOJNHHTEALHBIM YCJI0-
BiieM X, = 0.

Ecan o6a nmsorooGpasng M u N MMeiOT Kpas W Mbl
XOTHM ONpe/eJHTh, YTO O3HayaeT Beipaxenue «N —nog-
MHOroo6pasie B M», TO HeoGXonHMMA JAaJbHelmiass KOp-
PEKTHPOBKA. YUMTHIBAOL1ASi BO3MOXHbLIE COOTHOHIEHHS
MEKAY KpPasiMu.

Hoka3aTebCTBO TEOPEMBb! O BJIOXKEHWH H3 [IPe/biay-
ulero naparpada, npoBejeHHOe € COBCeM HeGOJBHIHMH
H3MEeHEHHAMH, TNOXasbiBaeT, 410 ecan M — MHOroo6pas
3He C KpaeM, TO CylliecTByeT BiaoxeHue [: M —FE B e«
KJHA0BO mpoctpaHcTBo E. IlompobHoe HOKasaTenbeTBO
9TOTO CJeAyeT NPOBECTH B KAUeCTBE yNparKHEHHS.

CyliecTByeT HEKOTOPOE YCHJEHHE TeopeMbl O BJO-
JKEHHH MHOroo6pasHda € KpaeM B eBKJIH/JOBO [pOCTpaH-
CTBO, KOTOpOE HhamM ToHanoburcs B aagbHeilmeM. Mel



78 A. YOJIJEC

Bce ckasanHOe MOXHO OOBEAMHHTH B JeMMY (B KO-
TOpoil Mbl COXpaHHIN HOpeablAynive o0O0O3HauyeHHsi, H3-
GaBUBIIKCH TOJAbKO OT LITPHXOB):

JIemma 4.2. Ecau M — eaadkoe mroeoo6pasue, a
[ —enradraa ¢ynryus wa nem, T0 M MONMHO B8A0KUTH
Kax nodmuozoobpasue 8 N-meprHoe HApOCTPAHCTEO Takx,
41066l 3HQuenue pynxkyuu [ 8 xancdoi Touxe 6viao pas-
HO Kooplumare Xy 3TOd TOWKW, U TC20a TOuka p bOyder
KpuTuueckoi 044 [ 8 TOM U TOALKO TOM Caydae, K020Q
2UNEPAAOCKOCTL Xy == [(p) A6A%eTcA KACATeAbHOL el-
nepnaockoctoio Kk M 6 Touke p.

KoneuHo, Bo3MoxeH cjay4ail, xorna ¢yskups [ cHa-
uyasna He 3anaHa. Ham moxker G6bITh NPOCTO JAaHO TNOA-
muoroobpasue M B N-MepHOM €BKJIHAOBOM MNPOCTPaH-
crBe. Torma, eca B3siTh B KauectBe (GYHKIHM [ KOOpAH-
HaTy Xy, TO yTBepkKJIeHHe jJeMMb 4.2 OyAeT Mo-NpexHe-
My CIpaBeiJHBbIM: KPUTHYECKHE TOYKH f-— 3TO TOUKH,
B KOTOPBIX CyLlLeCTBYeT KacaTefdbHas THIEPIJOCKOCTb
BHJA Xy = const.

I[Tpumep 4.2. Ilycrs M —rtOp, BAONKEHHBIA K&K
NnoAMHOrooGpasre B TPEXMepHOE €BKJHAOBO IpOCTpaH-
cTBO cuocobom, onucamHbiMm B pasp. 2.1, M3 puc. 4.2
J1erK0 YCMOTpeTb, UTO HMeeTcst POBHO YeThbipe T'OPH30H-
TaJbHBIX MAOCKOCTH (T. €. MJOCKOCTH BHAa 2 == const):
H\, Hs, Hs, H,, KOTOpBIE SBJASIOTCH KacaTeNbHBEIMH I1J0-
CKOCTAMH K MHOrooGpasuio M B Toukax Py, Py, P, Ps
COOTBETCTBEHHO, ITO COOTBETCTBYET TOMYy @akry, 4TO
¢byRKuMA 2 Ha Tope M HMeeT YeTbipe KPHTHUECKHX TOYU-
KH Pl, PQ, Pg, P4.

Vnpaxunesne 4.6. IlposeppTe nocieanee yrBepxienue (ToT
dakt, uto P; ABJIAOTCH KPHTHYECKHMH TO4KaMy (GYHKUHH 2), BHIpa-
34B 2 uepe3 JIOKaJbHble KOODJAHHATH B OKPECTROCTAX 3THX TOUeK.

3aMeTuM, UTO B [peablAylleM NpHMepe KPHTHUECKHC
TOUKH (YHKHHUH Z — 3TO TOUKH, B KOTODbIX JIOKAJbHBIMH
KOOpAVHATAMH ABJAAIOTCH X H Yy, a 2 HeJb3si IPHHATL 34
OJHY H3 JIOKAJbHBIX KOOPIHHAT HH B KaKO# M3 5THX TO-
yek. Ho aToro M ciaenoBano oxKHiath. Benp naa Joboi
OKPECTHOCTH, B KOTOPOH 2 fBJAAETCA OAHOH H3 JIOKa/jb-
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HBIX KOOpAMHAT, 02/0z = 1, Tak 4TO yCJOBHe onpenene-
Hus 4.4 KPUTHYECKOH TOUKH BBINOJHEHO-ObiTb HE MOXeET.

C nmpyro#i croposnl, 3ametum, uto P,, P, Ps, P,—
3TO eJUHCTBEHHbIE TOYKH, B KOTODHIX Z HeJb3sg NPHHATH
3a OAHY H3 JOKaJbHBIX KoopAuHaT. Kpome Toro, eciu
C — ceyeHHe TOpa TOPHBOHTA/JIBHOH MJOCKOCTBIO Z = C,
OTJIHYHOH OT maockocrefdi H,, H,, Hi, H, TO B oKpecT-
HocTH Ji0Goit n3 cBoux ToueR C sABJASAETCA MHOMXKECTBOM

V4

Puec 4.2, YeTnpe xpuTHuECKHE TOUKH (QYHKIHH 2 Ha TOpE.

TOYEK, YVAOBJETBOPSAOIUX YypaBHeHHIO 2 — ¢ =0, B KO-
TOPOM 2, HJIA 2 — ¢,— OfXHA H3 JIOKaJbHbIX KOOpAHHAT.
CaepoBartensHo, C sBaserca nogMuOrooGpasseM Topa.

Tenepb Mbl cOpPMYJHPYEM TOJNBKO HTO OIIHCAHHBIC
CBOHCTBa B OOHIeHl CHTYyalHH — Ui NPOH3BOJBHON TIaf-
Kofl QYyHKuHH Ha I1aJKOM MHOTOOGPa3HH.

JIEMMA 4.3. ITycte M — eaadrkoe mHoeoo6pasue pas-
MepHocTU N, a f—2aradkan ¢pynryua na M. [Tycre p —
To4Ka mHoeoobpasus M, KoTopas He AB8AfeTCA KpuTuue-
cxoll Oan pyuryuu f. Tozda cywecTsyer TAKAS A0KAAb-
was cucrema Koopouuar ¢. U—V, ede V — orkpuiran
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e

eC/M B AaHHOIl CHCTEeMe KOOPAMHAT BCe YaCTHHIE NPOU3-
BOAHbIe 00palnlaioTcs B HyJab B TOYKe @(p), TO TO XKe
caMoe GyHeT HMEThb MECTO AJa .J1000H APyrofl cHCTEMbI
KOOpJAHHAT.

Onpenenenune 44. Ecau B npeastayuux ofo3Ha-
YeHHSIX BCE YaCTHHE NPOH3BOAHble GYHKHuH fg~! no
kKoopavHaTaM V o6pamalorcs B HYJIb B Touke @(p), TO
Mbl OvieM Ha3bIBaTb p KpUTUHecKkori Touxod Qyuxyuu f.

Toapko 4TO cAelaHHoe 3aMeyaHuHe HOKa3biBaeT, 4TO
onpefenenne 4.4 He 3aBHCHT oT BLIGOpA CUCTEMbB! KOOP-
JUHAT B OKPeCTHOCTH TOUYKH p.

Yopaxuenus 44. Ecim M — niockoers,  a f—raaakasn
(bYHKLU{Fi Ha M, TO BCe MAKCHMYMB!, MBIHIMyMbl H CERJI0OBBIE TOUKH
3TOl ¢ yHKUHN SABIAITCA KPUTHYECKHMMH TOYKAMH.

45 Ecan ¢dynkuus [—Ta Xe, 9To H BHauaje 3toro naparpada,
150 B Ravectse M Tenepnb B3AT ee rpadHK — NOBEPXHOCTh 2=f (X, y),—
TO BC€ MAKCHMYMBI, MHHHMYMbBl H CE€ILJ0BbIe TOUKA Ha M sBasioTcs
KDHTHYECKHMH TOuKaMH QyHKHuE f, eciu paccMaTpHBaTh €e Kak
(YHKUHIO Ha 3TOfl MOBEPXHOCTH.

Ternepb Mbl magHM TEOMEeTpPHUeCKOe ONHCaHUe KpUTH-
4eCKMX TOYeK ¢ NOMOLULIO KacaTelbHelX THIIEPNIOCKO-
creil. Ono o6061iaeT BBOAHBIE 3aMeyaHHs O TOBEPXHOCTH
B TPEXMEPHOM HpPOCTPAHCTBe, INPHBelAeHHHE B Hauaje
3TOr0 pasieJa.

[Tycts M —raaakoe wmMHOrooGpasie pasMepHOCTH #,
a f—raaakaa dyaxkuua Ha M. Ilo teopeme 3.3 Mbl He
TepsieM OGLHOCTH, cudTas, yto M 3a1aHO KaK NOAMHO-
rooGpasie p epkauzosBom npocrpancree E. Tlycrs pas-
mepHoctb E paBma N — 1. Paccmorpuv B N-MepHOM
npocrpancTee E/ MHOXKeCTBO TOYeK (X1, Xs, ..., Xx—1.Xn),
rae x = (X;,Xg,...,Xy—;) ecro TouKa H3 M, a xy = f(x).
O603Havasn 3T0 MHOXKecTBO uepes M’, Jerko BUIETh
(ucnoabsya yrpaxuenuss 3.1), uro M’ —riaaakoe mon-
MmHOroo6pasie npocrpanctBa E’, koropoe Ha camoMm
nene audgeomoppro M: auddeomopduam ycranasiiu-
BaeT oTo0paxeHHe, [epeBOAAINCE TOUKY (X, X2, ...,%N)
B TOYKY (X,Xs ...,%Xy—1). Mb pgoGuianch TOrO, 4YrO Te-
Teph y HAC MMeeTcd TJIajKoe TNoAMHorootpasue M’ B
E’, o6najpaoonlee TeM CBOMCTBOM, 4TO 3aJaHHaf Tiajixas
dyHKIHa [ OTOXKIeCcTBAACTCA HA HEM C eBKJAHAOBOH Ko-
OpAHHATOH Xy.
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Bosbmem Ttouky p’ na M’ ¢ KoopmmaTaMH(x?,xg, BN
N U{), U MyCThb (x‘l’, x5, ..., xg,_l) ~— COOTBETCTBYIO-
uiag toyka Ha M. Touka p umeer okpecrHocts U B mpo-
crpanetse E, takvio, uro MNU coBnagaer ¢ MHOXKe-
crBom Ttodek U, yA0BJAETBOPAIOIUHX YpaBHEHHAM, KOTO-
pble [pu MOAXOAALIEH HyMepamH# KoOpAMHAT NMPUHHMA-
10T BHJ

(5) xi=F(x, %90 ooy %), i=n+1,.,., N—1,

rae f;—raazkne ¢yuxruun (cMm. teopemy 3.1). 3naumr,
B OKpPeCTHOCTH Touku p’ mHoroofpaswe M’ coBmagaer
C MHOXKECTBOM TOYEK, YAOBJETBOPSIIOLIHX YpaBHEHHAM
(5) u ypaBHeHHIO

Xy =Fx, .o xa).

3aech Xy, X2, ..., Xn MOXKHO MCIOJb30BaTh KakK JIOKaJb-
Hble KoopauHatol Ha M uan M’ B OKpecTHOCTSIX TOuek fI
HAH p’ COOTBETCTBEHHO. YDaBHEHHsI KAacaTelbHOTO MPO-
cTpancrBa K M’ B Touke p’ HMEIOT BHA

n N

X, — x = 2(0“

Sl

(6) n

==X (55 (5 — )

i=

) (x, 0), i=n-41,..., N—I,

Ecau reneps p — kpHTHUeckas Touka (yukuuy f Ha
MHOroo6pasun M, wiad, 4To TO Ke camoe, p’ — KPHTH-
yeckas Touka ¢ynkumu [ wa M’, to moc.einee u3 ypas-
HeHuit (6) mpuRHMaer BHX

(@) xy=xy=F(p).

Takum ob6pazoMm, (7) aBaseTca ypaBHEHHEM KacaTedb-
HOfl THNEPIIOCKOCTH K MHorooGpasuio M’ B Touke p’.
O6parno, ecau (7) 3amaer KacaTelbHYI0 TIHIEPIIIO=
ckocth K M’ B Touke p’, T0 Bce KO3 GHIMEHTH NpaBoil
UaCTH TOC/EAHEr0 U3 ypaBHenunit (6) paBHbl HYyJIO, TaK
uto p’ — KpUTHYeCKast TOYKA QYHKUUH [.
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3ameruM, uto ecau M uMeer pasMepHoctb N — 1, 1o
T Toxe umeer paszMepHocte N — 1, u nostomy B TOuKe p
IMeeTcs efHHCTBEHHAs KacaTedbHasi IMAEPIJIOCKOCTh —
camo npoctpaHcTso I.

VYonpaxuennd 41 Hafinute kacateapHoe npocTpascTBo X
chepe x2 4 y? + 22 = | B Touke (Xo, Yo, 20).

4.2. Tlycrb M — rnankoe MHOroobOpa3ue B €BKJIHAOBOM NPOCTPaH-
cTBe, H nycTh T — KacareipHoe npocrpanctBo K M B touxe p. Ilycte
L — npamas, nexawass B T u npoxoaswmass uepes Touky p. [lo-
crpofite kpuBylo C B M ¢ riajkuMH napaMeTpHUECKMMH ypaBHe-
HuAMM, 445 Kotopoll L aBasercs kacatenphno#t ¥ C B TOUKe p.

3ameruMm, uTo JaeMMa 4.1 yTBepXKaaeT TOMbKO, 4TO NPOCTPaH-
cteo T comepXKHT Bce XacarelbHbe NpaMuie K M, npoxoxasmue uepes
Touky p. Tenmepp e Hame ynpaxKHeHHe TapaHTHpyeT, YTO BCe Hpsi-
Mbie B 7, mpoxojfilue uepe3 TO4YKY p, ABIAIOTCA KacaTeJbHBIMH K
MHoroo6pasnio M B Touke p.

4.3. Tlyetb M —raapkoe MHOroo6pasHe B  €BKJIHLOBOM MpO-
cTpancTse, ¥ nycTh V — moaMuorooGpasne 8 M. Jlokaxkure, 4TO €CiIH
Ty u Ty — kacateasnsle npoctpancTsa B Touke p V k M u V co-
orsercTBenHo, 10 Tv < T,

4.2. KpHyuyeckue TOUKH

3xech MBI BBeAeM INOHATHe, obobulaiouiee IMOHATHE
MUHHMyMa M MakcuMyMa ¢yHknud. Ecan raajakas Qynk-
nus [ OfHOH NepeMeHHOH X UMeeT MHHHMYM HJH Mak-
cuMyM ') B TOouKe X ==Xy, TO dffdx =0 B 310K TOuKE.
ABajiornyno ecnu (QYHKUMA ABYX NepeMeHHBIX [(X,Y)
HMeeT MakCHMyM HJIH MHHHMYM B TOuKe (Xo,Yo), TO
O0ff0x = Of/0y == 0 B arolt touke. [locneanee o3Hauaer,
4TO KacaTenbHas OJOCKOCTb K TOBEPXHOCTH 2z = [(x,y)
(rpadury ¢yukuuu [ B TpeXMepPHOM INpPOCTPAHCTBE)
B TOUKe (X0, Yo) TopH3OHTaAbHA. TO XKe caMmoe YCJOBHE,
OUeBHAHO, BHIIOJHSETCH AN CEAJOBOH TOYKH — TOYKH
P, OKOJIO KOTOpo#l (QyHKuMA ycTpOeHa Tax, uto, npubau-
XKafacCh K 3TOH TOYKE MO ONHOMY HYTH, MBl 6yAeM HMeThb
B pp MAaKCHMyM (MO CpPaBHEHHIO €O 3HAUEHUAMH B ApY-
THX TOYKax 3TOro MNyTH), a NpubauKasch N0 APYroMy
AyTH — MHHAMYM; cM. puc. 4.1, Has QyHKnu# MHOTHX
nepeMenrblX B aHAJMOTHYHOH CHTyallHH HMeeTcsi TOpasan
foasliiee pa3noobpasve BO3MOXKHOCTeH.

1} OrosopuMcsi Cpa3y e, uTO MaKCHMYMbl H MHHEMYMbl OOBIUHO
MOAPa3yMeBaloTCsl 0K aIbHHME, — [Tpus. ped.
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Tenepp 3ameruM, UTO NOOBEPXHOCTb C ypaBHEHHEM
2 == [(x,4y) MOXKHO CUHTATb YACThIO TVIaAKOTO MHOr006-
pasusgs M, na kotopoM (X,y) o6pasylT JOKaJbHYIO CH-
CTEMY KOOPAKHAT B OKPECTHOCTH TOUKH (Xo, Yo, [ (X0, Yo) )3
toraa [ 6yger raaakoil ¢yHkuuelt Ha M, yacTHeie mpo-
M3BOAHBIE KOTOPOH MO JIOKAJbHBIM KOOpAHHATaM ofpa-
IAI0TCH B HYJAb B Touke (X, Yo, f (X0, Yo)). Kpome Toro,

Puc. 4.1, Ceanonas Ttouka.

reoMeTpHuYecKu Halla CHTyauust COOTBeTCTBYyeT BJOXKe-
HHIO MHoroobpasusa Al B TpexmepHOe MPOCTPAHCTBO, NPH
KOTOpOM (YHKUHS [ OTOXKAECTBASETCSt ¢ OAHOH U3 €B-
K/AUAOBBIX KOODAHHAT, @ UMEHHO ¢ KOOpPJAMHATOH 2, NMpH-
yeM TODH30HTA/bHAS IJIOCKOCTh 2 == f(Xo,Yo) SBASETCH
KacaTejbHOR MAOCKOCTbIO K M B Touke (Xo, Yo, f (X0, Y0)).

DTtH 3aMeyaHus NMOABOAST HAC K GoJsee obuieh cutya-
LMY, KOTOPYIO Mbl cefiyac ¥ OMHLIEM.

ycte M ectb n-MepHOe FAajkoe MHOrooGpasue, [ —
rnagxkas ¢ysaxkuns Ha M. PaccMoTpum KOOPAHHATHYIO
oxkpectioetb U Toukn peM; nyers ¢: U—V —coor-
BETCTBYIOLLAsA CHCTEMA JOKa/bHBIX KOOpAuHAT, oTOGpa-
xawomas U Ha OTKPHITYIO KJaerky V B n-MepHOM eBKJH-
JOBOM INPOCTPAaHCTBe. 3HAUeHHA MNEPBBIX YaCTHHIX TNPO-
U3BOAHBIX GYHKUHH fe~! MO KOOpPAHHATAM, HMEIOUIUMCH
B V, B TOoYKe @(p) 3aBHCAT, KOHEUHO, OT BhIOOpA JIO-
Ka/JbHOH CHCTEMBl KOODAMHAT M IpeTEeplneBaloT JUHelHoe
npeo6pa3oBanne npu 3aMene »sToit cucreMsl. OnHako
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rae fi—raankue OJyHKUUH, .TO KacaresbHas mnpsamas
K C B TOuKe, COOTBETCTBYIOILlefl 3HA4YEHHIO NapameTpa
ty, 3ajaerca ypaBHeHUsIMU ')

xx",'fl(to) _ Ay _ I 02 )
fi ko) f2 40 P (o)

STd ypaBHeHH BbIPaXKaIOT TFeOMETPHURCKYIO HIEI, CO-
TJIaCHO KOTOPOHA KacaTesibHAs sABJAACTICA NpeAejoM Ceky-
HIMX, COEAMHAIOIHX TOYKU C mapamerpamu ¢, u fp, Ko-
TAa {; CTpeMHTCH K fy.

Onpenenenne 4.1. Eciu M —raagkoe MHOrooG-
pasue, BJOXEHHOe KaK HOAMHOroobpasHe B €BK/AHIOBO
npocrpatctso E, a C —Kkpusas, KoTopas COJAepKHTCH
B M # 3ajaHa rjalkumu napamMeTpHUYeCKHMH ypaBsHe-
HHUAMH, TO KacateqbHas npamas kK C B TOuKe p Hasbl-
BaeTCH KACATeAbHOU npamoi K mHozoo6pasuo M 8 To4-
Ke p.

MMpumep 4.1. Nycre M——cdepa 22+ 24 22=1
B rtpexMmepHom npocrpancrse. [liockoctn, nmpoxoasine
yepes och 2z, Bblcekaior Ha M okpyxHoctH. Kacarenb-
HBIE KO BCeM 3THM okpyxHoctaMm B Touke (0,0,1) no
oupegencunio 4.1 ABIAIOTCA KacaTeJbHBLIMH [PAMBIMH
K M. 3aMeTHM, 4YTO BCE OHH JeXKaT B IJOCKOCTH Z = 1.
Mpr cpasy e o60o6wHM 3TO 3aMedaHHe.

JemMa 4.1, [Myctoe M — eaadkoe muozoobpasue pas-
MCPHOCTU 1, A8ALIOweeca nodsuoeoobpasues N-mep-
noeo eskaudosa npocrpanctsa E, u nycre p — rouka na
M. Tozda sce kacaresbnble npamvie K mnoeoobpasuo M
g Touke p Co0epicaTrca 8 HeKOTOPOM H-MEPHOM AuHell-
Hom nodnpocrparcree T npocrpancrea E.

HoxkasarteasvcrBo. Hcnoassys Teopemy 3.1,
Npeano/oXKHM, YTO KOODAHHATHI mpocrpaHctsa E 3any-

Y Pasymee;ca, 3fechb npeanoJgaraerca, 4rQ Xors 6m oiHa H3
npouaBoasbix [, (1)) = 0. Korna rosopsar o rimaaxofi mapamerpusa-
ilo

WHH, TO NOMHMO [AJKOCTH COOTBETCTBYIOUIMX (YHKUAR noApPa3yMme-
BABTCA BLINOJIHEHHE W 3TOFO CBOficTBa A48 BCeX fo, — fTpun. ped,
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MepoBaHbl TaK, 4TO B OKPECTHOCTH TOYKH p MHOrooGpa-
3ue M ABAsieTCs MHOMKECTBOM TOUYeK, YAOBJIETBOPSIOUIHX
ypaBHEHHSIM BHRA

1) xy=qx;, x5 .oy Xa), i=n+41,..., N,

rie ¢; — raankue ¢yuxkunu. Ecau kpusas C uMmeer riag-
Kde mapaMerpuueckue ypasueHua x;=[;({) (i=1,
2,...,N) u conepxurca B M, To

(2) fl(t)=q)l(fl (I): ceey fn(t))’ £=n+ lo cevy N

Mpeanoaoxkum, uro C TPOXOAMT uYepe3 TOUKY P H HTO
P COOTBETCTBYeT 3HAueHUi0 napamerpa fo. Toraa aud-
(epeHnuposaHue ypasHeHuil (2) naer

3) f:(t0)=§_](§;f:)pf;(to), i=n+1,..., N

I=t

Ho u3 atux ypasHeuHii cieayer, 4TO Kakias KacaTesib-
Has npsimMas kK M B TouKe p /JeXHUT B JUHEeHHOM IpOCT-
panctse T, 3a1aHHOM YDaBHEHHUSAMH

(4) x:~f:(to)~\‘( ) Gey=f ), i=n41, ..., N.

Hs Buna stux ypaBHeHH{l MbI MOXEM 3aKJ/IOUUTb, YTO
npocrpadcTso 7 He 3aBHCHT OT BhiGopa kpuBoil C
HMeeT Pa3MEepPHOCTb 71, YTO H TPeGOoBaIOCD.

Onpenenenue 4.2, Jlunefinoe npocrpascreo 7,
onucaHHoe B JieMMe 4.1, HasblBaeTCsl KACATEAbHbIM NpPU-
CTpaHcT8OM K MHO2000pa3u0 M s Touke p.

Caenywoliee onpefesieHue BBOAKTCA AJsi YAOGCTBA
TEPMUHOJIOTHH,

Onpeagenenne 4.3. Ecin M —raagkoe noiMuo-
roobpasne B N-MepHOM eBKJIHAOBOM npoctpancrBe E,
a T —KacartespHOoe NpPOCTPAaHCTBO K M B TOUKE p, TO
A00as  TUNepnsIOCKOCTb  (JiMHefiHOe MOANpOCTPAHCTBO
pasmepiocth N — 1) B npocTpaHcTBe E, conepxauasn
T, HasblBaeTCsl KacareibHol eunepnaocKocTolo K M e
T04Ke p.
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GygeM HMeTb A€JO C TaKUM BJOXKEHHEM, MPH KOTOPOM
Kpafl BKJAajplBaeTcsl B JuHelHOE MOAmpocTpanctso. Cefi-
Yac Mbl TOCTPOUM TaKoe BJOXKEHHE.

ycts M — xoMuakTHoe MHOToo6pasue ¢ Kpaem M,
u nycts [; M—E —ero Baoxenue B N-MepHOe IIPOCT-
panctso. Ilycth oToBpaxenue [ nepesoAnT Touky p= M
B touky (Fi(p), Fa2(p),...,Fn(p)). TlpeanonoxumM, 4ro
MOKHO ITOCTPOHTh TaKyl IJaiKylo GYyHKUHIO Fyy Ha
M, xoropas noJjoxuteabHa Ha MN\M; m paBHa HYJIO
Ha M,. Torma otobpaxente [/, NepeBolsilliee TOYKY
peM B Touky (Fy(p),Fa(p),....Fn(p), Fny1(p)), sB-
asercd LJagknsMm  oro0paykeHueMm MHoroobpasus M B
N -}- 1-mepuoe €BKJIHAOBO NPOCTPAHCTBO, KOTOpOe B3a-
HMHO ofHo3HauHO otobGpaxkaer M ma ['(M), npuuem
f/(M) ecr» noamuoroo6pasiie B E’. Kpome Ttoro, f' (M)
JIEXIT B MHOMKECTBE TOUEK, yNOBJETBOPAIOIIUX HepaBeH-
CTBY Xy4+1 == 0, obpaz kpas M, Jexur B MHOKeCTBe
Xyi1 =0, a obpas MuOoxkectBa MM, — B MHOXeCTBe
Xya1 > 0.

Uro6wl MOCTPOMTh OyHKmM Fy,;, NOCTPOHM CHa-
yasa UOKpeITHe MHoroo6Gpasus M oxpecrHocTsMu Uy,
Kaxkiasi #3 KOTOPHIX (TaK XKe, KaK B J0Ka3aTeJabCTBe TeO-
pemsr 3.3) cHaGkeHa (yHKuHe# f;, NOJOKHTeNbHOMH
Ha U; u pasHo#t nyuaio Bae U, Ilyers Uy, U, ..., Up—
Te KOOPAHHATHBIE OKDECTHOCTH, JJf KOTOPHIX COOTBET-
CTBYIOIIME JOKaJbHhle CHCTEMB KOOPAKHHAT 0TO6GpaXkKatoT

ux Ha noaykaetka V|, Vo, ..., V,; uHaue roBops, 3TO
OKDeCTHOCTH, TepeceKamline Kpaii MHorooGpasms M.
Ecan #9, x{3), ..., x{) —xoopaunatet Ha V,;, 10 447

OZHON M3 HUX, cKaxeM Aas xi!), BHNoJHseTCA HepaBeH-

crBo x{) >0 Ha obpase okpecrHoctd U;, a o6pa3 MHO-

KecrBa M} U, Buaensiercs ypaBaenneM x{f) = 0. PyHK-

uun x(9- f, nas Kaxaoro i ABASAIOTCH TAAAKHMH (QYHK-
k

uusiMu Ha M; oTcioma GyHKuua 2 X . f, ecrb raankas
= .
dyukuug Ha M. Tak xak Bce ¢ymkuuu x{)-f, HeoTpH-

kB
HaTeNBLHE, TO x{0'. f, paBHa HY/IO TOJILKO KOrAa BCe
{=1

X0 . f, paBuel Hymo, Jlas ToukH u3 MHoxecrBa U; 910
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osnauaer, uro x{!=0, T. e. uyT0 TOUKA JexHT B M,.
Tenepp MONOXKHM

k
Fypr= 20 f, +2fi’
i=1 i>k

rAe BTOpas cyMma OepeTcs No TeM [, AJA KOTOPbIX
okpectHocTh U; He mepecekaer M;. 3xech omaTth Bce
YJIeHbl HEOTPHUATENbHBl, H Jerko BHAETb, YTO (GYHKIHUH
Fyy1 HeorpunarensHa BClogy Ha M H paBHa Hyq0
TOJIbKO B TOUKAaX MHOXKecTBa M;.

Tenepb, HeflcTBysl ONHCAHHBIM Bbille CnOCOGOM, Mbl
nobapageM Fyyy K QYHKOuSAM, 3a37al0LHAM BJOXKEHHE
MHOroo6pasus, u noJydyaeMm CJedYIOILYI TeopeMy:

Teopema 34. Ilycto M —-ecaadkoe KOMNAKTHOE
muoeoobpasue ¢ kpaem M. Toeda cyujecrsyer Taxoe
enadkoe esaowmenue f: M-> Ex,; mnocoo6pasus M 8
N 4 1-meproe esxaudoso npocrpancrao, uto [(M) ecro
nodmHoe006pasue, Aexauiee 8 MHONCECTEE B8CEX 3AEMEH-
708 X, 045 KOTOpBIX Xni1 == 0, a [(M,) asaserca nepe-
cewenuenm (M) ¢ mwuoxcecrsom Tex x, 04 KOTOPHLX
AN = 0.

YnpaxneHnHnd 33. B npeapaymux obo3HaueHnsix nposephnre,
uro f(M,) sBasercs noamHorooGpasdeM B N-MEDHOM €BKJHIOBOM
TPOCTPAHCTBe, ONpeJe]eHHOM YpaBHEHHeM Xy 41 = 0.

3.4. Hcnoab3yda MeTon JOKd3aTeabCTBA TeopeMu 3.4, mokamure,
uto ecad M —raagkoe MHOrooGpasue, Kpall KOTOPOro sBiasieTcsl He-
cesAs3HBIM obbemuiednem M, U M,, 1o cymecrayer takoe raaikoe BAo-
Kenve f: M — E muorooGpasug M B N-MepHOe €BKJAMAOBO NPO=<
CTPAHCTBO Aasl Hekotoporo N, uto f(M) ectb noamuorooGpasHe, He-
JIHKOM 32KJIOUEHHOE MEXJYy THIIEPIIOCKOCTAMH Xnv =0 1 Xy = | n

nepecekalomleecss ¢ STHMH THIEPNJIOCKOCTSIMH MO MHoXecTBam f{(My),
H [(M;) cooTBETCTBEHHO.

§ 4. KACATENLHBIE NPOCTPAHCTBA
N KPUTHHECKUE TOUKH

4.1, KacarenbHble npambie

Eciu C —xpuBasst B N-MepPHOM €BKJHAOBOM NpOCT»
paHcTBe, 3aflaHHAA NapaMeTPUYECKUMH yPaBHOHHAMH

u=hH{), xo=F@1), ..., xy=Fy),
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n-MepHAS KAETKA ¢ KOOPOUHATAMU X1, X9, ..., Xp, HUTO
fo™' = x\. Ecau me p— xputuseckan 10uxa ¢ynxyuu f,
TO 8 €ee OKPeCTHOCTU AOKQAbHOL CucTembi Koopouwar
C YKQA3AHHbIM CBOLCTBOM HE CYWecTsyer.

HokasareascTBo. Ilpegnonoxum, uYTOo p He
ABJIAeTCS  KpHTHUeckoft Ttoukofi ¢yurnum f.  Ilycrts
¢: U’ — V/ — okanbHag cucTeMa KOOpPAHHAT B OKpPECT-
noctd U’ Touku p. O6Gosnayas vepes Y1, Yz, ..., Yn KOOP-
muater BV’ zannmem fo¢'!' = g(y,...,4.). Torza,
NIOCKO/MBKY p He SBJSETCA KPHTHYECKOH TOUKOil (QyHK-
nuu f, ogHa U3 4YaCTHHIX [POH3BOAHBIX, cKaxeM 0g/0Y;,
6y1er orauuHa oT HyJs B Touke ¢ (p). Ho B stom cay-
yae (YHKUHH, ONpeAeseHHble PaBeHCTBAMH

X] =g(!/1, “e ey yn)’

x;=y; i=23,...,n,
UMEIOT HeHyJeBOlI fKOOHWaH OTHOCHTC.ILHO MepeMeHHbIX
Y1, --., Yn B Touxe ¢’ (p}. Orciona ciemyer (cMm. ompe-
dejeHue 2.7), 4TO CYylULeCTByeT TakKas .JOKa/jbHas CHCTe-
ma koopannar ¢: U—V, uto x;, X2, ..., X, — KOODAH-
natel B V u fo ! == x, uto U TpefOBAJGCH.

O6partHo, ecad cymecTByer CcHCTeMa KOOpAHMHAT
¢ yKasaHHBIM cBoictBoM, TO OJ(fe~!)/0x1 =1 B TOUKE
@(p), n TOTOMY p He SBJAETCA KPHTUYECKON TOUKOMH
dyHKUUH [.

CaepctBue. Ilycto 8 obosnauenusx aemmor 4.3 M,
€CTb MHOMECTBO TO4eK, 8 KOTOpulX (YHKYuA [ npunu-
smaer 3nauenue ¢, Ecau M, He colepxuT kputuueckux
Touex ¢ynxyuu f, T0 0HO AAseTCcs nodmHoz00bpasuenm
8 M. Eeo pasmeprocte pasra dim M — 1.

Jokaszareabcreo. BosbMeM Touky p =M, Tak
Kak p He fIBJsAETCS KpHTHYEeCKO# TOuKOIl ¢yHKnmu f, no
JeMMe 4.3 MOXKHO HafiTH TaKyio JOKANbHYIO CHCTeMY KO-
opannar ¢: U—V B OKpecTHOCTH TOUKH p, utO fo~' ==
= x,;. [Tostomy muHOKectBO @(MU) ectb MHOXKeCTBO
TOYeK M3 V, YAOBJETBOPFIOHIUX ypaBHeHHIO X — ¢ = 0.
A Tak KaxK X — ¢ MOXHO NpPMHATb 32 OAHY W3 KOOPAM-
nat B V, ycaosue (2) onpeaenenun 3.1 poimoaneno. Tem
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caMelM M, gaBasercss noaMBOrooGpasueM pasMepHoOCTH
dimM — 1.

[To amanoruu c¢ Jgemyolt 4.2 mocaeHHii pe3y.IbTaT
MOXKHO Cc(hOPMYAHPOBATb B TePMHHAX BJOXKEHAA MHO-
roo6pasuas M B eBKAHZOBO npoctpancTso. Ha 3sToM
A3bike OH OyaeT o3HauaTh, YTO Kaxjoe ceuenne M ru-
NepnaOCKOCThI0 Xy == const, He cojepiKailee KPHTHYe-
CKHX TOYeK (YHKUHH Xy, SBJIAETCH NOIAMHOTOOOpa3nent
pasMeproctn dimM — 1 B M.

4.3. HeBripoXKEHHLIE KPRTHYECKKZ TOUKH

BeprneMca k npumepy topa B TPeXMEpHOM IpocTpall-
ctee (mpumep 4.2). Ecau Buipasute QyHKLHIO Z B OKpe-
CTHOCTH KPHTHYECKOR TOuKH P; Ha TOpe uepe3 KOOpH-
HaTbl X U Yy, TO 3TO BbipaxKeHHe OyAeT HMETb JOBOJBHO
cnenyadasHuelii Bufg. Top, KOTOPHIH, KaK u paHnec, 3ame-
TaeTCsl OKPYXKHOCTbIO pajauyca 1, aexanleli Ha MJ0CKO-
ctii (x,y) 4 ¢ nerTpoM B Touke (2,0), npu BpauleHHH
3T0il NJOCKOCTH BOKPYT OCH Y, 3aJaeTcsi B TPCXMepHOM
IIPOCTpAliCTBe ypaBHEHHEM

(4 y* + 22 + 3y = 16 (x* 4~ 2°).

PaccvartpuBas 370 ypaBHeHue Kak KBalpaTHOE OTHOCH-
TeJBHO 2%, Halillem u3 nero 22, Ilomyunm caegyimolllee Bbl-
paxenue:

(8) 2=5—2— 2+ 4(l— "

Ouo naer ABa 3HaueHHd LIsi 22 B 3aBHCHMOCTH OT TOTO,
KaKoil BriGypaeTca 3HaK — IJOC win aunye. Jdas 2, ta-
KuM 06pasom, moayuaercs uerbipe 3nauseuusd. Hasa ne-
60/IbIIHX 3HA4Y€HUil X M Y OHM COOTBETCTBYIOT JIOKAJib-
HBIM YypaBHeHHAM TOpa M B OKPeCTHOCTAX KaxKAol H3
yernipex toueK P;. UroGbl moayuHtb, HalpUMep, JOKa/b-
HO€ ypaBHEHHE B OKPECTHOCTHM TOUKH Fj3, BO3bMEM B Bbl-
paxkeHuun (8) 3HaK MHHYC H DPad:JOXKHM TIPaByIO 4acThb
B CTENeHHOH PAL.
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Paanoxenne HMeeT BUL
1
22=1+y2—x2+'2—y4+ e o

3ateM, H3BJeKas IOJOXKHTEbHBA KBaapaTHbIA KOPeHb
H passaras B CTeNeHHOH psl, NoJyuaem

z=l+—;—(y2—x2)+

3aech BCe NOCACAYIOlUHE YJEHBI YyXKe HMEIT CTeNeHb,
60JIbLIIYIO JBVX.

Puec. 4.3. Kpurnueckuii yponens ¢yHKuHH 2 Ha rtope. [lepmoe

npubnmkeHHe K ¢GyHnkuuu 2 B Toyke P; paBHo 1+—2—(y2-—— x%).

Taxum o6pasos, mepBoe npubauKkeHue AJs ypaBHe-
Hus MHOTOOGpasus M B OKpecTHOCTH TOuKu P; nogay-
yaeTca orbpachbiBaHHEM BBICUIMX CTelleHedl NepeMEeHHBIX

1
x u y. OHO HMeeT BHJ z=l+—2—(y2——x2). Ceuenue

NOBEPXHOCTH C TaKHM ypaBHEHHEM IJIOCKOCTbIO 2 == |
npeiacraB/isfieT coGofi mapy NpsAMBIX y = ==X —23T0 ABe
KacarteJbHble B LEHTPe BOCbMEPKH, KOTOPYI BHICEKaeT
Ha 3TOH NJOCKOCTH TOp. BaxHO 3aMeTHTb, YTO B nep-
BoM npHOIKEeHHH 2z -— | 3anucelBaeTcsl KakK KBajgpa-
THYHast QopMa OT X M Y, KOTOpas HeBBIPOMKIEHHA, T. €.
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ee ONpele/uTe/lb He paBeH HyJ0. JTOT ONpeflesuTeb
ecTb

A%z A%z

0x? dxdy

A%z 4%z ’
ox0y 0y’

rae BCe TpoW3BOAHble GepyTcsi B TOuke Ps.
I1poBemensblli pa3Gop AelaerT eCTeCTBEHHHIM CJeAylO-
ulee onpefeseHHe:

Onpenenenue 4.5 Ilyers [—rnagkas dyHknus
Ha n-MepHOM TrjaagkoM MHoroob6pasuun M, u nycte p—
kpuTnueckas touka f. Ilycrs U —KoopruHaTHaf OKpe-
CTHOCTL TOUKH p, a2 @: U— V — jokanbpHas cucrema Ko-

opausar. Beegem g = f¢~!— QyHKIHIO OT KOOpKHHAT
X1, X2, ..., Xn B Kaetke V. Ecau ompemenntens ')
92 ..
E‘;‘(ng, z,]=l,2,...,n,

OTJIMUEH OT Hyaa B Touxke ¢(p), Mbl OyaeM Ha3blBatk
KPUTHYECKYIO TOUKY p Heguiposicdennol. 3aMeTHM, 4TO
B 3TOM CJyyae paHr martpuubl (02g/0x;0x;) paBeH pas-
MepHOCTH MHOroo6pasusa M.

VYnpaxuenus 4.7. lpoeepsre, uto onpenesienne 4.5 He 3a-
BUCHT OT BbIOpa CHCIEMBl JOKAJIbHBIX KOOPAHHAT B OKPECTHOCTH
TOYKH p.

4.8. Jokaxure, uto B npuMmepe 4.2 Py, Py, P;, Py Apasiotcs He-
BEIPOJK/IEHHBIMH KPHTHYECKUMH TOYKaMH (YHKIUH 2 HA TOpe.

4.9. BosbMeM Top M u3 npumepa 4.2 u paccMoTpuM y Kak (yHK-
uunio Ha M. TlpoBepbre, uTO WJIOCKOCTH ¥ == =1 sBIAIOTCA KacaTelb-
HBIMH NOJOCKOCTAMH K M, DpuueM KaXkKIas K3 HHX Kacaerci MHOFO-
o6pazust M Bnoab UesON OKPYXHOCTH, TeM CaMbIM BCE TOYKA 3THX
JIBYX OKpyKHOCTeil OyAyT KpPHTHUECKMMH TOUKAMH AJI8 (PyHKIHH ¥
TMokaxuTe, 9TO BCE ITH TOUKH SIBIASIOTCH BBIDONKIEHHbIMU (T. €. HE
ABISIOTCS HEBHIPOXKIEHHBIMHU).

4.10. MoXHO 3aMeTHTB, 4TO B YHOpaxKHeHHH 4.9 BHIPOXKACHHHE
KPHUTHUECKHE TOYKH He SBJIATCA H3oaHpoBaHHBIMA, Onnako 310
BOBCE He 00s13aTeTbHO 1151 BBEIPOXKAEHHBIX Touek, PaccmorpuM, Ha-
npumep, ynxumo x3 - y® ma naockocrn. Ilokaxure, wro (0,0) —
H30/IHPOBAHHAsT KPHTHUECKAs TOUKA, KOTOpas, OAHAKO, SBARETCH Bhi-
pOKIeHHOH.

1) On Ha3swmBaetcs eeccuanos dynxkuun g. — {lpus. ped,
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4.11, Iycts [ —raaakas QYHKUUS OT 7 NEpPeMeHHBIX Xi, Xz, ...
vv+, Xp, PABHAR HYTIO IPH X| = Xz = ,.. == X, == (. 3averuy, 410

1
d
F(xy, Xy ven x,)= J-'—d.t—f(tx" £X9y «un, Lxy) dl.
0

BoiBeaure orcions, utd f= E x,f; rne [i —raankue ¢ynkuum, L4
koropuix [:(0, 0, ..., 0) paBHO 3HaueHuO Of/Ox; NpU X == X2 = ...
=X =

Moraxute, uyTo ecan, KpoMe Toro, sce Of/0x; obpamatorcs
B HyJb, KOTAa BCE X; paBHW Hymo, To f= X x.xf,. rae fij—

raagxie  Qpyukuny, npuueM [i;(0, 0, ..., 0) paBHO 3HAUEHHIO
0%/0x:0x; npn x| = Xg = .., = X, = 0

3710 ynpamHeHHe O3HAYaeT, YTO AIH [aIKOH yYHSUHI Hu MHO-
roo6pasui [ ¢ KpHUTHYeCKOH TOUKON p M 178 J0KaIbHOIl CHCTEMbI
koopanuar ¢: U—>V B okpecTHOCTH TOUKH p, Y. KOTOpOil @(p) ecTb
Touka (0, 0, ..., 0), dyuxuus g = f@~! sBIseTcs KBaZpaTHYHOM
dopaoft ot xoopawHat X; B V ¢ nepeMenHoiMu Ko3duumenrtamy,
KOTOpLe B Touke @(p) copnagaior c 0%g/dx.0x; Herto, oueBnaHo,
yhpouiaiocs Gpl, ecay G MOXKHO ObLIO NOCTPOHTb JO0KAJbHYIO CH-
CTEMY KOOPIMHAT, B KOTOpo#l ¢yukuusa f Bupaxariace Obl KBazpaThu-
Hoft ¢ropaolt ¢ nocrosnHbME KoahdHuuHentamy. Caexyoilee ynpax-
1leHHe NOKAa3biBAeT, YTO 3TO MOXKHO Cle’aaTh, eC1H KPHTHYecKas TOuKa
HEBBIPOA 1EHHA,

4.12. Tak e, kak B B ynpaxuenmun 4.11, nyere f— roaaxas
GyHRIIA 0T 1 NepeMeHHHX Xy, X, ..., Xn, OpuueM [ u Bee Of/0x;
pPaBHLL HYIWO TP X == Xp == ... ==X, == 0. [lycts nauaio koopnu-
HAT $1BJSIeTCA  HEBHPOMAEHHON KpPHTHHECKON TouKoi. 3anHuieM

=23 x;x;0; ;. Tloxamure, uto CyulecTsyeT npeoSpasoBaHue me-
peMeltnbix
yi= 2 hij () 5
rie Ii,; —raaikue ¢yuxuug u det(h:;(0)) %= 0, npuBoisiuee [ kK BHAY
. 2
f=2 e
¢ KospuwienTarMn ¢;, papanMa aubo 1, aubo —I.
(Haunure c¢ npusemeHus 2 fi]xt-x] K JAHAroHaJbHOMY BHAY
TO4HO TaK K, KakK 3T0 AeJAlT Aaf KBagpaTHuHOfi (opMEl ¢ DO-

cTogHnbiMu ko3 dHuuenramu. Jlas sToro amymepyfiTe ¥; Tak, uTO-
661 f1;(0) = 0, 0 HCKJIOYHTE WJIEeHH BHIA X1X¢, I0Jaras

=VTTT Rty hin
n=¥ {fnl (x,+ iy X4 ...+ i xn),

3arev wajo npolonkare no unaykuumn. IlpoBepbre, uro Ko3Iddu-
WHeHTH MOAYYWBWIErocs npeoOpa3’oBanus y; == 2 hyp(x) x; yrosae-
TBOPAIOT TPeGyeMbiM YCAOBHAM.)
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Caenyioias teopeMa HelNOCPeACTBEHHO BBITEKAeT H3
pe3yabTaroB IIpHBeJCHHEX Bhillle YIpaKHEHUH:

TeorEma 4.1. [Iycre [— eaadkas ¢pyuxyus na 2aa0-
Ko MHO2006pasuu M, u nycro p— HegbipocOexHas
Kpuruweckas rouxa (gyuxyuu | wa M. Toeda 8 oxpect-
HOCTU TOYKU P CYWecT8yeT TAKAA AOKQAbHAA ClHCTEMQ
xoopounar ¢ U—V, uro ¢yuxyua fo' swipaxcaercs

wepes Koopdurator 8 V 8 sude D, c.yic ¢y, pasuoimu |
uaw —1. (flodpasymesaerca, uro ¢(p) umeer xoopdu-
HaToL Yy = Yo = ... =Y, =0 n uto f(p)=0.)

HdokasateabctBo. BosbMen npoussBonbuyio Cu
CTeMy JIOKAJbHBIX KoopauHat y: U’— V' B okpectHo-
CTH TOYKH p H MPEANOJOXKHM, YTO KOOPAHHATHE X,
X2, ..., X, B V' BhiOpanbl Tak, uTo ¥(p) e€CTb TOUKA
(0,0,...,0). Tonoxum fy' = g(x;, Xo,...,X,) W nepeit-
JeM OT HDePeMEHHBIX X; K NleDeMeHHBIM 4; M3 yNpaHe-
nus 4.12. AkobuanoM Gynknuil y; 10 nepeMeHHbiM X; Oy-
AeT ofpejCnnTe/]b, 3HaU€HHE KOTOPOTO B HyJle COBIajnaer
¢ det(f;;(0)) u motoMy ornuuno or my.aa. Otciona, Kak
MBI BHACAH INPH OOGCYKIACHHHM oOnpefesteHus 2.7, cue-
AYeT, 4TO CYUIEeCTBYeT JOKa/JbHas CHCTEMa KOOPAHHAT
¢: U—V, nna xoropoii y; siBAAIOTCA KOOpAuHaTamu B V,

1 torga B Heild fo~l= ZCiyl?; Kamjaoe ¢; MOMeT OblTh
paBibiM | nwag —1.

Curnarypa ¢opmsl Zciy?, nosiBAAOLIENiCA B Teo-
pese 4.1 (T. e. UHCJIO NOJOKHTENBHLIX €; MHHYC HHCJAO
OTPHILATENBHBIX (;), SBJAAETCS HHBAPHAHTOM OTHOCH-
TeJbHO JHMHeHHbIX npeo6pas3opaHuil mepeMerubix '}, OT-
Cl0fa cJelyeT, YTO OH 3aBHCHT TOJBKO OT GYHKuuH f H

) Tlpn nepexode OF OZHON JOKAJABHON CHCTEMLI KOOPIUHAT
K ApyroW KBajpatuuyHast Gopma, Ko>pdhHUHEHTH KOTOpOfi — Bropuie
TIPOH3BOAHBIE B KPuTUueckolf TOUYKE p, MpeoGpasyeTcs TaK, Kak npe-
obpasyerca KBaJipaTHuHas ¢opMa npy auHeHOM upeoGpPa30BaHHH
nepeMeHHBIX, MaTpHila Ko3((dHINEHTOB KOTOPOro COBMANaeT ¢ Mar-
punel Slkobu 3aMedn KoopAMHAT B Touke p. I109TOMY HHBAapHAaHTH
9T0l (GOpMBI He 3aBHCSAT OT HCNOJb3YEMBEIX JAOK8JbHHX KOODAHHAT
H MOTYT GhiThb CBAI3aHB! C Cavofl p Kak ¢ KDHTHYECKOR TOUYKOf (DYyHK-
unu f. (D10 He 3aBHCHT OT HEBLIPOXKJEHHOCTH TOYKH .p H OT Teo-
pembl 4.1.) — Hpun. ped.
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tToyku p. Ho Tak Kak AR HeBHIPOXKAEHHO!N TOYKHU DaHT
KBajpaTHuHOH (GOPMBI | ¢;y? paBeH Da3MepHOCTH MHO-
roo6pasua M, UHCJHO 7 OTPUNATENBHBIX C; TOMXE 3aBUCHT

TOJIBKO OT TOUKH p U (yHKuuH f, HO He OT BEIGOpa CH-
CTeMbl KOOpAHUHAT.

Onpenenenue 4.6. ToabKO 4TO BBEJEHHOE YHCJIO
r, CBA3aHHOC C HEBBIPOXKACGHHOH KPUTHYECKOH TOYKOIi
dyHKUKHA f, MBI OyAeM HA3BIBaTb UHOEKCOM KpUTUHECKOL
TOUKU '),

4.4. Ycunende Teopembi 0 BACKKEHHH

B yupaxuenuax 4.8 u 4.9 paccMaTpusaJjuch JABe
(yHKUMH Yy W 2 Ha TOpe, NpUYEeM OJHA HMeJa BbIPOXK-
JeHHble KpPHTHYECKHE TOUKH, a ApyTasi — HEeBBIPOKIAEH-
uule. Ceflyac Ham ynoGHee B ynpaxkHenun 4.9 nomeHsiTh
MectaMu ocH Yy H 2. Takum o0pa3oM, MBI BKJajablBaeM
TOp B TpeXMepHOe NpPOCTPAHCTBO JABYyMsl CHOCOGaMH:
KakK NOBEPXHOCTh

(# 4 g2+ 2 + 8 = 16.(x* + 2)
U KaK TOBEePXHOCTH
(2 + 47 4 2° + 3 = 16 (2 + 7).

B ofoux cayuasix KoopAHHATA 2 fIBJfAETCS IJalKoli
thyHknHell Ha BJOXEHHOM TOpe, NPHYEM B IEPBOM CJIY-
yae OHa HMeeT ueThlDe HEBLIPOKAEHHBIE KPHTHUECKHE
Toukd (puc. 4.2), Torga Kak BO BTOPOM CJayuae y Hee
uMeercsl GeCKOHEYHOe MHOXKEeCTBO BBIPOXK/EHHBIX KPHTH-
ueckux Touek (puc. 4.4). PaccmarpuBas HeBBIpOXKIEH-
Hble KPHUTHYeCKHe TOYKH Kak 0o.ee npocThle, Mbl OyAeM
CYWTATh, YTO NEPBOE BJAOXKEHHE «Jyulle» BTOPOrO.

1) ABTOp Ha3blBaeT €ro TWAOBLIM 4UCACM, HO TEeDMHH <HHIEKC»
ynoTpebasiercs uame. Boobuie, ciegyer uMeTh B BHAY, 94TO TEpMHHO-
JNOTHst 31€Chb He BNOJIHE YCTAHOBHJACh. Tak, HHAEKCOM KBaAPaTHUHOR
GOpMH HHOrAAa Ha3HBAKT YHCJAO OTPHUATEIBHBIX ClaraeMuX NpH ee
ApencTaBJeHHd B BHLE CYMMB! KBaiDaToB, MHOTAA CHCHATYPY, T. €.
Pa3HOCTb MEXJAY UYHCTOM NOJOKHTEIbHBIX M UHCJIOM OTPHUATENbHBIX
cjlaraeMbiX, & HHOrJa —- MeHblllee H3 INOCJAEAHAX JABYX YHCEIL —
Hpus. ped.
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Ha camoM fene Haiduyde BBIPOK/JEHHBIX KpHTHYE-
CKMX TOYEK sBJSETCS, B H3BECTHOM CMBICJe, HCKJIIOUe-
HHueM: HeGoJIbLIOE BbIYHCJAEHHE TNOKa3blBaeT, YTO CTOMT
JHLIb YYTb-YYTh [OBEPHYTb MNOBEDXHOCTb, H (YHKHMA 2
OGyier HMeTb 4YeThIpe HEBBLIPOXKAEHHbE KPHTHUECKHE
TOYKH.

Puc. 4.4. Ha «ropu3oHTa/IbHO®» BJIOXKEHHOM TODE

HMEIOTCH BHIPOXKJIEHHHE KDHTHIECKHE  TOUKH

GhYHKUHH Z; OHM 00pa3yioT [BE€ OKDYKHOCTH,
onna u3 Koropux (C) nokasaua,

PaccMorpenHas cuTyauus ABJSIeTCS HACTHBIM  CJiy-
qaeMm cjaenyiounieil o6uieil TeOpeMbl.

TeorEma 4.2. [Tycroe M — KomnaktHoe eradkoe mro-
eoobpasue, Kpat KOTOpO2O SBAAETCA HECBA3HOIM 003-
edunenuem MUM,. Toeda cyujecrsyer eaadkoe 8aovce-
Hue [ muoeoobpasuas M 8 N-meproe esxaudoso npocrpan-
CTBO €O CALOyoWUMUL CBOLCT8AMU:

(1) f(M) uyeauxom aewmur 80 MmHONeCTEBe Tex X,
dan kotopeix 0K xy << 1, a f(My) u f(Mg)— nepeceue-
nua f(M) ¢ eunepnaockocramuy xy =0 u xny =1 coor-
8ETCTBEHHO.

(2) Pyuryua xy na [(M) umeer asuwio KOHeunoe
HUCAO KPUTUHECKUX TOYeK; 8Ce OHU HeBbipOXCOCHHbL U
aexcar sre eunepniockocreti Xy =0 u xy = 1. Mooxno
8006a80K 0oburocs TO20, 4TOGbLL HUKAKUM O08YM TOUKAM
He CO0TBETCTE084.40 0OHO 3HAHeHUe Xy.

Yeaosue (2) o3znauaer, B HACTHOCTH, YTO Cpeid THu-
NepPIIOCKOCTEl Xy ==¢ HMeercsl JHIlb KOHEYHOE YHCJO
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kacateJbHbXx K f(M), npuueM Kaxaas Takas runepisio-
CKOCTb COOTBETCTBYET B TOYHOCTH OAHOH TOYKe Kacauus.

KoneuHo, ™oxHo chopMyaupoBaTh Teopemy H
no-gpyromy. Oynkumo xy Ha f(M) MOXKHO nepeHecTH no-
cpeAcTBOM ortoOpa:Kenus [ Ha muorooOpasuwe M, moay-
YMB TaM TrJAaakyio ¢yHkuuio ¢. Takum o6pa3oM, Teo-
pema yTBepxkjaer, 4T0 Ha M MOXKHO HaWTH T[JIaJKylO
QYHKUHIO @, KOTOpasi paBHA HyJMI0 Ha M| ¥ eAHHHIE Ha
M,, ynosiersopsier HepasenctBy 0 << @(p) << 1 Bo Bcex
TOYKax p, He JeXkalluX Ha Kpae, M HMeeT JNHlb KOHeu-
HOE YHCJIO KPHTHUYECKHX TOYeK; BCe 3TH TOYKH HEBbl-
POXKAEeHHBl, COOTBETCTBYIOT pPa3/JHMUHbIM 3HaueHUAM @ H
He sexat Hu B M,, Hu B M.

3ameTdM, YTO ecid M — KOMNAKTHOe IJaiKoe MHO-
roobpasue 6e3 Kkpad, TO CHOPaBEAJHBO aHaJOTHYHOE
YTBEPKIeHHe, OTJHYAIOIleecss TOMBKO TeM, YTO HHUEro
He TOBOPHTCSI O Kpae.

HokasateabctBo TeopeMbi 4.2 JOBOJBHG CJIOKHOE, H
Mbl He OyjeM NpHBOANTL ero 3aech. Onuako paHHasn
34ech (POPMYJIHPOBKA HaMEKAaeT Ha OAMH H3 BO3MOXKHBIX
MOAXOJ0B K MOKa3are/lbCTBY. BCOOMHHM, 4TO, Kak Mbl
yKe BuaejH, AAd JaHHOTO MHOrooGpasus M c kpaem
M, U M; cywectByer BioiKenHe B eBKJAHIOBO NpPOCTpai-
CT80, ynosJjersopsomlee yciaoBHiw (1). Maes renepp co-
CTOMT B TOM, YTOOBl OOATIPABUTH 3TO BJOXKeEHHE [ Tak,
uytoOhl H ycsioBHe (2) TO:Ke BBIIOJHSAJIOC.

B xayectBe mepBoro mara cjaeiyer nokasarth, 4TO
oto6paykenne [ MOXKHO NpubAM3UTbL OTOGpaxkenueM [,
Aas koroporo (M) saBasercs yacTblo anreGpanyeckoro
MHOTOOOpasusi, T. e. 4acTblio MHOMKeCTBa HyJell KOHeu-
HOTO YHCJAA [OMHHOMHAJBHBIX YPaBHEHHI OT KOOPAHHAT
Xy, Xo, ..., Xy €BKJHAOBA INpPOCTpPaHCTBA. 3aMeTHM, 4TO
B OpHBeJeHHbIX BHIIIE NPHMepax BJOKEHHS TOpa B Tpex-
MepHOe MPOCTPAHCTBO 3TOT WIAT yxke nOpohgen. JeficTeu-
TEAbHO, B KaXKAOM M3 CJAYuYaeB TOP 3ajaBajcsd Kak a.ji-
re6panvecKkas NOBEpPXHOCTb.

Bropoit war nokasatenbcTBa — [0Ka3alh, YyTO MOKHO
NOANPAaBHTb KOOPAMHATH B N-MepHOM NPOCTpaHCTBe Tak,
uro0Obl KOOpPAMHATa Xy YAOBJETBOpsiia ycjaosuio (2)
otHocnteasHo  f'(M). Hpes — paccmorpets  GyHKWHIO

2 uxy, TAC U; — BelleCTBeHHble 4hcCaa. OKa3biBaercs,
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yC/I0BHE, COCTOflliee B TOM, 9TO 3Ta (QYHKUUA HOMKHA
UMeTb OeCKOHeUHOe YHCJI0 KPUTHUECKHX TOYEK H/H Bbl-
pOXK[eHHble KPUTHYECKHE TOYKH, HajaraetT Ha u; HeKo-
Topbie asreGpauueckue ypaBHeHus. [lostomy BhiGepem
3HAYEHHA U;, He YAOBJETBODAIONIHE BTHM YPaBHEHHAM,

H ClejaeM 3aMeHY KOOpAMHAT, noc/ie KOTOPOR Xy UX,
craner N-fi koopauuartoit. Toraa ycioBue (2) Gyler
BBINOJIHEHO !),

§ 5. KPHTUYECKUE H HEKPUTUYECKWUE YPOBHH

5.1. OnpeneneHUA W npHmepbl

[Ipeanonoxum, uto M — KOMNAKTHOe T[JAaAKOE MHO-
rooGpasue ¢ kpaeM MoUM,, xoropoe B/IOXKEHO B €BKJIH-
JOBO OPOCTPAHCTBO TaK, YTO OHO LIEJUKOM JeXKUT Me-
KAY runepnjaockocTaMu Xy =0 u xy =1, a My u M,
cyTh nepecedenus M ¢ atuMu runepmiockoctamu. Ceit-
4ac Mbl NOAPOOHO H3YYHUM CBSI3b MeXKAY Pas/HUHbIMU
CeYeHHAMH MHOToOGpasus M THNEepPIJIOCKOCTAMH Xy =
= const. Bmecto storo MoxHO Obljio OBl HcCiaedOBaTh
MHOXecTBa ypoBHefl raafakoit Ha M ¢yukuuu, He obpa-
Wasch K eBKJAWAOBY npoctpaHcTBy. OAHAKO BhoXKeHHE
B €BKJWAOBO NPOCTPAHCTBO aBTOMATHYeCKH JaeT NOHA-
Téne NeprneHJAHKYJASPHOCTH, KOTOpPOe HaM BCKOpDe NOHAaA0+

HTCA.

Onpenenenne 5.1. Ecan ceuenne M, MHoroo6pa-
3usi M TunepnjoCKOCTbIO Xy = C CONEPKUT KpHTHUE-
CKYI0 TO4YKY (YHKHUMHM Xy, TO Mbl OyAeM HasbiBath M,
KpuTudeckum yposrem pynxkyuu xy. B nporuBHOM ciay-
yae OyaeM Ha3biBaTb €ro HEKPUTUHUELKUM YPOBHEM
PpynKyuu xy.

1} 3aro ycaosue (1) mapywmuTcs, Tak 4TO DOC/IE STOrO NpPHAETCA
eiwe pas «NMOANpaBHTb» Haile BaOXKenMe. [Tocse roro kak uyurartens
#3yunt Munpopa, O cMOXKeT AoKa3aTh TeopeMy 4.2, Nonb3ysick T€0-
pemot Capaa BMecTo anrebpaiueckofi annpoXCHMAlMHK, KoTOpas fBs
asercs Xora u Gosee snementapHONM (HM cjosa o Mepe!), HO 3aTo
ropasno Gonee rpoMo3axkod, — [1pus. ped,
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B uacruoctd, B npumepe 4.2 ¢yHKUUR 2 Ha TOpe
MMeeT 4eTHIpe KDHTHYECKHX YPOBHsi, a HMEHHO CeyeHUA
naockocramu Hy, Ho, Hs;, Hy. 3amerum, 4TO B 3TOM NpH-
Mepe Kamablll KpUTHYeCKUH ypoBeHb M. OKpyXeH co-
CelHHMH HeKDHTHYECKHMU YPOBHSIMH, TIphuYeM COCeAHHe
YPOBHH, Jexaulue Boitie M, roMeoMOpdHH Apyr APYLy
TaK ke, KaK H COCeJHHe YDOBHH, Jexaiue Hmxke M.
Hanpumep (puc. 5.1), Mexxay runepniockoctamu H, u Hy

Puec, 5.1, Kpurnueckue u HeKpHTH-
YEeCKHE YPOBHH (YHKIUHH Z Ha TOPE.

BCe HEKPHUTHUYECKHE YPOBHH HBIAOTCA OKPYKHOCTAMH.
C Apyroil CTrOpOHBI, MPH TPOXOXKAEHHH KPHTHYECKOTO
YPOBHSI BUA CeueHUsl u3MeHsercd. Hexkpurnuyeckue ypoB-
HH, pacno/ioXeHHble BOJM3N NJaockoctu g u HUXKe Hee,
OTIUYAIOTCH OT OJHM3KHX YPOBHEH, JIeKalluX BbllEe 3TOH
niockoctd., OcHOBHAs 1nedb 3TOro naparpaga — noxka-
3aTbh, YTO TOJbKO YTO CJeJaHHble 3aMeYaHHs clpaBei-
JIUBBl B 06m€M caydyae, M1 TOUHO RbISCHUTHL, YTO TIPOHC-
XOAHT, KOIAAa Mbl COBEpIIaeM Ilepexoh ¢ OLHOH CTOPOHBI
KPHTHYECKOrO ypOBHS Ha APYTYIO.

Mk 6yaeM NpoBOAHTh 3TO HCCAEAOBAHHE € NOMOLUBIO
ceMeHCTBa TpaeKTOPHH, OPTOroHAMbHBIX K ceueHuam M.,
T. e. ceMeficTBa KPHUBbIX Ha M, KOTOpbie UMEIOT IJiajgKue
napaMerpHueCcKHe ypaBHEHHs H IlepecexkaloT YpPoBHU M,
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[0 NPAMBIM YIJOM (3a MCKJ/IOYeHHEM KPHTHYECKHUX TO-
uyek)!), D10 nNoHATHE MOXKHO TNPOMIANIOCTPHPOBATL HA
ClAeyIolleM JOBOJBHO HPOCTOM NpHMepe.

[Mycte M — aBymepHas cdepa B TPeXMEPHOM eBKJIH-
noBoM npocrpaHcTBe. PYHKIHA Z HMeeT [Be KPHTHYECKHE
TOUYKH — CeBepHBIl M 10XKublil nojaioc. HexpurtHueckie
ypoBHH GYHKUMH 22— 310 JuHHH wupotel. Oproro-
HaJIbHBIC TPAEKTOPIIH 3THX yPOBHeH ABJAAIOTCA MepHAHA-
HaMHu. Ilpeacrasum cebe, 4TO TOYKHM OMHOLC HEKpPHTHYE-
CKOTO YpOBHA CKONb3AT BAOJb MEpPHAHAHOB A0 TeX NOpP,
IOKa He JOCTHTHYT JAPYroro HEKPHTHYECKOrO YDOBHS.
Toraa noayuurtcs otoOpaxKeHHe OJHOTO YPOBHA HA APY-
roii. Kpome Ttoro, ecam M, -— HEKPHUTHUECKHH ypOBeHb,
TO €ro OKPeCTHOCTh MOXKHO NMpPEACTaBHTb KaK oObegHHe-
HHe AYr MepUAHAHOB; MO3TOMYy OoHa HMeer Buiy M. X I,
rae I — uurepBaJ.

Kax BBISICHUTCS, aHa/OTHYHAsi CHUTyamHs HMeeT Me-
cTo B obmem cayuyae. [Tosromy Ham OyaeT HYXHO H3Y-
YHTh [OBeJleHHe OPTOrOHAJbHBIX TPAaeKTOPHHA BOJH3H
KDHTHYEeCKHX ToueK. M3 mnpuBefeHHOTO mnpuMmepa yxe
cefluac BHAHO, YTO s KPHUTHYECKHX TOUEK Iepectaer
OLITb BepHbLIM TOT (aKT, YTO Yepe3 KaXKAYI0 TOUKY [pOo-
XOIHT POBHO OAHA TPaEKTOPUS.

B nepsyio ouepeir HagO NMOCTPOMTb B OOIIEM ciyuae
CeMeACTBO OpPTOTOHAJBHLIX TpaekTopuil. Mpl cpemaem
3TO, YCTAHOBHB cHCTeMy AHd(epeHNHAbHBIX YDaBHeHH
JJ11 OPTOTOHAJbHBIX TPAEKTOPHI W NPHUMEHHB TEOpeMYy
0 CYI(EeCTBOBAHMH H €IMHCTBEHHOCTH M3 Teopuu audde-
peHUHaNbHBIX YPABHEHHH,

Hrak, nauHeM ¢ okpectHoctd U B N-MepHOM eBKJH-
IlOBOM TpPOCTpPaHcTBe, B KoTopoil M sABasiercs MHOXKe-
CTBOM TO4YEK, YAOBJETBOPAIONIHX YpaBHEHWSM BHIa

Xn+1 =fn+1 (xp Xgy <oy Xn),

xy =fy (X, X o0y Xa),

1) B xpuTHuecKofl TOuKke He Ompejel/ieHO, KaKoe HAaNpaB/eHHe op+
TOrOHaMBbHO K M. B 5Tolt Touxke — H3 pHC. 5.1 BRANO, UTO KpHTHHE-
CKUit ypoBeHb MOMeT He GwITb MHOrooGpasueM. — [lpus. ped,
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rae f;—raankue ¢yuxuun. Vs nemms 4.3 ciexyer, 4to
ectn UM He CcofepXHT HH ORHOH KPHTHUECKOH TOUKH
({YHKUHH Xy, TO CAMY Xy MOXKHO IDHHATb 3a OJHY H3
JOoKalbHBIX KOOPAMHAT B OTKpbITOM MHOXKectse U[IM.
OTciona cJaegyer, YTo Nociae MOXXONsleR NepeHyMepa-
uuy koopaunat U{IM craHer MHOMXKeCTBOM ToueK, ylOB-
JAETBOPAIOLIUX YPABHEHHAM

(]) xi=fi(x,, Xoy ooy Xp—-1» xN),
i=n, nt+1i, ..., N—1.

Torpa smuomectso UM, eciu oHo Henmycto, 6yzer 3a-
ZaBaTbCsl ypaBHeHHsMH (1) H JONOJHHTEJbHBIM YpaB-
HEeHHeM Xy == C.

Tlyets p e UNM. O6o3nauum vepe3 x;(p) 3HaueHue
KOOpAMHATEL X; B Touke p. Takum obpasom, 4asd ypoBHA
M., mpoxoislulero uepes TOUKY p, HMeeM ¢ == xx(p).
[Tycts T, — xkacateabHoe TPOCTPAaHCTBO K MHoroodpa-
suio M B Touke p, a Tp— KacarteibHoe MNPOCTPAHCTBO
K M. B 3Tofl ke Touxe. Torna T, u T, HMelOT pa3rep-
noctd 1 u n— 1 coorBercrsenHo u T, T, (ynpax-
Henue 4.3). Tak Kak p He sBJAAETCI KPHUTHYECKOH TOu-
Kol ¢yHKuuH xy (MuoxecrBo U Booblue He COAEPKHT
KPUTHUECKHX TOUEeK), NMPOCTPAHCTBO T'p HE JIEXKHT B TH-
HeDTUIOCKOCTH Xy == ¢ = Xy (p). C Apyrofi cropoHsl,
npocrpanctBo Tp, OUEBHIHO, JIEXKHT B 3TOil rumepnsaoc-
KOCTH, W NOTOMY Hanpasjedue B Tp, OpTOTOHAABHOE
npoctpancTsy T, He monmajnaer B THHEPIVIOCKOCTh Xy ==
== xy(p). Takum oGpasom, kpusas B M, npoxoisiuas
yepes TOUKY p H HMeoLas KacaTeslbHY¥), OPTOTOHA/b-
Hyio npocrpamcrsy T,, HOMKHA Obuia Obl 3alHCHIBATH-
csl napaMeTpHUeCKHMU YPABHEHHAMH BHAA

xi=(pi(xN)1 t=l, 21--., N——l,

Tak UYTO KacaTenbHas K Hel OyJeT MMeTb Hanpas/eHHe
C YrJ0BbIMH KO3 (HUHEeHTaMH

@ (@] (1) B(5a -0 Ty (i) 1)

rae v Ka)kjaoil NpoH3BOJHOW HAaAD B3ATb 3HAYeHHe B
TOUKE p. '
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¥pasuenus npoctpancrsa T HuMeOT BHI
n—1 N

@) xi—x(p)= E ( jﬁ"j ),, (rj —x;(p)) +

=1

O?CfN )p (XAV — Xy (p))r

+|
rAe MHZEKC p Chnpasa BHI3Y 03HAuaeT, 4TO 3HauyeHHE
npou3Bofnoil Gepercss B Touke p. A BOT ypaBHEHHs HPO-
ctpascrsa T
n-1 .

W n—xp=Y(5) @ ne)

j=1

Hanpasneune (2) noaHo Oblth OPTOrOHAJIbHO MPOCT-
pauctBy Tp, a 3TO PABHOCHJBHO TOMY, 4TO OHO OpPTOTO-
HaJbHO MHOMKeCTBY U3 7 — | JuHeflHO He3aBHCUMBIX Ha-
npasaeHuii 8 npocrpanctse Tp. MHOXKeCTBOM TaKHX Ha-
npapjaeHHll 6y1eT MHOKECTBO JIMHCIHHO HC3aBHCHMBIX
pewenuit ypaBHenuit (4), KOTOpbie pPacCMaTpHBAIOTCH
KaK J/IHHEHHbIE YypPaBHEHHS! OTHOCHTeNBHO X; — X;(p).
Caenyiomune 11— 1 ¢Tpok 00pasyloT MHOXKeECTBO JHHEll-
HO HEe3aBHCHMBIX peuleHHit:

’afn O‘FrH»l) (af.’v_l) .
1, 0,0,...,0, (W;)p' ( ax, Jpt 0%, 1p’ 0;

N

o], ], Of o
0.0,0, o (2] (2] (2] o

Taxum oGpason, HanpasaeuHe (2) A0JT#KHO OBITH OPTO-
rOHA/BHO 3THM BEKTOpPaM H, KpOMe TOlO, YAOBJETBODPATH
ypasHenus™m (3), ecaH HOACTaBHTH uHcaa (2) BMecTO
x;— xi(p) (OocaeaHee ycaoBue obecrnevyusaeT, 4TO Halle
HalpaBsJieHHe JeKAT B npocTpancTse Tp).

Yonpaxnenue 5.1. [lokaxuTe, 4T0 NO0.J1yueHHas CHCTeMa JH-
HefiHbiX YpaBHeHU{l jia (2) HMeeT eJHHCTBEHICe pelleHHe, Bbipa-
wawouee do;fdxx (i = 1.2, ..., N—1) B suie Qyukiuy, r.iaikofi
Ha MHoroo6pasunm M, H3 KOTOPOro IHCKANUEHL! KPHTHUYECKHE TOUKH
GysxUHE XN,
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Oo6parumes Tenepb K TeopeMe H3 Teopuu nudpgpepen-
HHanbpHbIX ypaBHeHHH (cM. [1]), yTBepxparomed, uto y
cHcTeMbl AMdQepeHIHaNnbHEIX YpaBHeHWH THMIa TOfl, KO-
TOpasi TOJBLKO 4YTO Yy HAC M[OJyYhaIach H B KOTOpOH
do:/dxy BblpaawTcs KaK riaagkue (YHKIMH, CyLIecT-
BYIOT pemedHs x; = @i(xn), i=1, ..., N—1;, rax-
J0e pellleHHe JaeT NapaMeTpHueCcKOe NpeJCTaBJeHHe He-
KOTOpPOH KpHBOH Ha MHorooGpasun M. M3 pasnuysbix
pellleHH# nonyyaerca ceMmefictBO F KpHBHIX. DTO cemef-
CTBO 0o6najnaer TeM CBOMACTBOM, YTO uepe3 KaxJyio He-
KPHTHUYECKYIO TOUKY Ha M mpoXoAHT POBHO OjHa KpUBasd
u3 F. U3 nocrpoeuns Hamedl cucreMsl aucdepenuHab-
HBIX YpaBHeHMi BHAHO, UTO ceMelicTBo F ecTb Tpebyemoe
ceMeliCTBo OPTOrOHaJIbHBIX TPAaeKTOpuil ANst ypoBHell M.
Ta xe Teopema o muddepeHUHANBHBIX YPaBHEHHSAX AaeT
HaM AOMNOJHHTENBbHYI0O MH(OPMALHMIO O TOM, Kak BBINVA-
AST ypaBHeHHs KPHBBLIX M3 ceMefictBa F B OKpeCTHOCTH
TOUKH Ha M, He comepxaiiedl KPUTHYECKHX TOYeK (QYHK-
IHH Xy 5TH ypaBHeHHs MOXKHO 3alUCaTh B BHAE

(6) xi=(pi(x?, X oo X, xy)s

rae KoopaunaTta Xy GepeTcst B KaudecTBe napameTpa Ha
Kpusoit, xJ, x3, ..., x)_, — JOKa/jbHble KOOpAMHATBHI TOU-

KH, B KOTOpPOH paccMarpHBaeMas KpHBas Iiepecekaer
¢dhuxcHpoBaHHbll ypoBeub M., a QYHKUMH @; ABIAIOTCH
raaikuMH 110 BCEM CBOMM apryMeHTaMm !).

1) Crporo rosopfl, 0JHOR CCHIIKH HA H3BECTHLIE TEOPeMbl H3 TEO-
pun auddepeHUHAIbHBIX YPABHEHHH 31ech Majno. DTH TeopeMbl OT-
HocATCA K cHcreMaM auddepeHUHaNbHBIX YPaBHEHHH BHAA

dx

i .
—dt—-=Gi(xl,..., L) i=1 ..., N

NpaBuié 9acTH KOTOPHIX ONpexeneHsl B HEKOTODPOfl ofnacTd eBK/u-

JAGBa NpoCTpaucTBa (X, ..., Xy). ¥ Hac ke dxi/dxy BHpaxawTCH

Kax HekoTopble rnaakne Qynkuun Ha M\ {KpuTHueck#e TouKH}.
BocrnoasayeMcess JoKa/ibHBIMH KOOpAHHatamMu Ha M; nmycTe 310

GyayT, CKaxXeM, X1, ..., Xa—1, Xy. Torma nawmm augdepesnalbHbie
yay
ypaBHeHHS] HMeIOT BHJ
dx; .
) =G (5 o Fpop Xy i=L o N

N
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Ynpaxuendn 52 [lokaxkure, yto ypaBHeHHs (6) MOXKHO
HCIIO.1b30BATh AAd TOTO, 4TOOBI BBECTH HOBYIO CHCTEMY JOKAaJbHBIX
KOOPAMHAT B OKPECTHOCTH HEKDHTHYECKOH TOUKH (QYHKUHH Xn, 3a-
JAaBas TOYKY ee NapaMeTpoM Xy Ha COOTBETCTBYIoUlefl KpHUBOH ce-
meficta F n KoopoHHaTaMil TOfl TOUKH, B KOTOPOH 3Ta KpuBas mepe-
cexaeT (uKcHpoBaHHbI ypoBenb M.

BuiBeautre OTCIOAa, 4T0 ecad M. — HeKpHTHUECKHI YpOBeHb
GYHKUHH Xy, TO Yy HEro ecrb OKpecTHocTh B M, nnddeomopdHas
nponssegennio M. X I, rae I — oTkphITHfl HHTepBaJ 3HAuUeHHA (QyHK-
uHn xy. Jlokaxnre, uto aHaforHuHbIA pe3yibTar GyleT CMNpaBenJHB
J/is KPHTHYECKOTO YDOBHS, eC/JH HCKJIIOUMTL OKPecTHOCTb KpHTHue-
CKOf TOUKH !).

5.3. BoiBean1e H3 TNpebiAylIero yNpaxKHEHHS, 4TO ec.H Mc.
H MCQ—;.(Ba nocJie10BaTeAbHbIX KPHTHUSCKHX YPOBHA (T. €. TAKHX,

yTo BCce ypoBHH M., y KoTopbix ¢, < ¢ <C €3, — HEKPHTHUECKHE), TO
yacTh MHOroobpasus M, sakaiouennas mexay M, u M, auddeo-
mophHa npoussegennio M, X I, rae ¢ < ¢ < ¢y,

5.4. BuiBeanTe Take H3 yNpaxHEHHR 5.2, 410 e€caH MeXny
JBYMS HeKPHTHYECKHMH YPOBHAMH HET HHM OJHOIO KPHTHYECKOro, TO
3TH YpOBHH AucdeoMopdHbL

rie G;-—He NPOH3BO/IbHLIE, a BIOJHE ONpejeieHHbe (YHKIHH, Ko-
TOpHIE OJHO3HAYHO OMpEeeIATCA 13 CKa3aHHOro Ha crp. 93, xors
Mbl H He IOAYYMAH ANA HUX ABHBIX Beipaxenuil. Ecam M3 stux ypas-
HCHHH  (#) OCTaBHTL TOJBKO MNEpBhe #— I, TO NOAYYHTCH TtaKas
cucreMa, xak B rteopun AH(¢epenunanbublx ypasHennil. Mcnosabsys
cnennguueckue cBofictBa Hamnx (;, MOXHO [0KasaTb, 4TO ecCanu
X {Xx), ..., Xn-1(X¥y) — pelienne 370l CHCTEMB, TO (YHRIHH

xj(xN)=fl.(xl(xN), ey xn__l(xN), xN), j=n, ..., N—1,

rae f;—Te xe, uto B (1), 6yAyT yAOBJAETBOPATH OCTAJAbHLIM YpaB-
uennsM (*). Mmp npuxomuM X Takofl cuTyaums: MuorooGpasue
M\ {xpHTHUeCKHe TOUKH} NOKDHITO KOOPAHHATHBIMH OKPECTHOCTAMH,
B KaXJIOh M3 HHX depe3 KaX/IYyl0 TOYKY NpPOXOLHT KOPOTKHI KyCOK
OpTOroHaabHoH Tpaektophy, Temepb H3 3THX KOPOTKHX KYCKOB HAa/l0
«CKJIEUTb» <UeJble» OPTOroHa’bHble TPAeKTOpud. DTO HE CI0KHO, HO
TpebyeT BpeMeHH II MecTa (M HANOMHHAET UPOJOTMKEHHE pelleHHs
cucTeMbl AH(pEpedunanbiLIX yYpaBHeHH 10 IpaHUlbl 06J1aCTH ONpe-
Aesenns npasuix gacted). [Ipn mepBoM uTenuy, BepoATHO, Ayylie He
BHHKatTh B 3TH JAETaJH, KOTOpHle, coGCTBEHHO, H He OTHOCHATCA
Kk auddepenunanbuofi tonosorun. ITostomy # orpamuuych 3amega-
HHeM, 4T0 yJA00HO NOAb30BaThcs APYrof DapaMeTpH3auMed OpTOro<
HaJbHBIX TPAGKTOPHH, MPH KOTOPOfl KPHTHYECKHE TOUKH HE BHINANAT
43 o0;acTH onpeaeqeHHs Hamux AndoepeHuiasbHbIX YpaBHEHHHA, HO
ABJIAIOTCS MOJOXKEHHAMH paBHOBECHA (COOTBETCTBYIOLHE peILIeHUS ——
korcTanTel), Cm. [22], nauano § 3. — [Tpun. ped.

‘) Tounee: ecaM ¢ -— KpPHUTHUECKHH ypoBeHb, a U n V ~ 1Be Ma-

Able OKPECTHOCTH KpHTHuecKOl Toukw, npuiem U DV, T0 M NU
HMeeT oOxpecTHOCTb, AuddeoMopduyio (Mc\V) X 1. — [Tpun. ped.
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5.2. OKpecTHOCTD KPHTHYECKOr0 YpOBHSA;
pasGop ogHoro npumepa

B npeamigyuiem pasfiese Mbl NOKA3a]H, YTO KOTAA
¢ po3spacraeT oT 0 fo 1, ceuenne M. He MeHAeTCS A0 TeX
nop, MoKa Mbl OCTAaeMCSl MeXAY ZABYMS KPHTHUECKHMH
ypoBHaMH (aud¢eoMopbHble MHOro0Opa3us CUHTAIOTCA
onunakosbiMu). OgHakKo Korga MbB MPOXOAMM KpDHTHYE-
CKUlI ypoBeHb, M, mH3MeHsieTcsi, W Hall CJjeAyIOUIHI
Irar — M3yYHTb NPHPOAY 3TOTO H3MEHEHHs.

Urak, nycth M, — KpHUTHYECKHH YpOBeHb (PYHKIHH
Xy, W nyctb P — KkpurHueckass Touka Ha M. Kak yxe
OTM€uas0Cch, OPTOTOHANLHBIE TPAEKTOPUH U3 ceMefictea F
BeJyT ceGs B OKPECTHOCTH JoGo# TOukH YypoBHa M,
OTJAHYHOK OT P, 110 CYWECTBY TaK ke, KaKk M B OKPecT-
HOCTH HeKpDHTHYe¢Koro ypoBHs. Temepb oOuYeHb BaXKHO
H3YYHTH MX NMOBEACHHE B OKPECTHOCTH TOUKH P.

Mbl HayHeM ¢ ananusa npumepa 4.2, B KOTOPOM pac-
cMmaTpuBanack QyHkUMs 2 Ha Tope M, BJOXKEHHOM B
TpexMepHOe MPOCTPAHCTBO; 31€Ch MBI YAeJdHM ocoboe
BHHMaHHe M3YUYEHHIO OKPECTHOCTH KDHTHYECKOH TOYKH
P;. Maul yxe Bujenn (B pasneae 4.2), 4T0 HepPBHIM [IpPH-
OnMKEHHEM K TOPY B OKPeCTHOCTH 3TOH TOYKH fIBJIAETCH

1
NOBEPXHOCTb C ypaBHeHUeM z2=1- —2—(y2 —x%. 1o

MOXKHO YTOUHMTH C TOMOLIbIO TeopeMbl 4.1, sKBHBa.l1eHT-
Haa (GOpMYJIHPOBKA KOTOPOI MJs Hallero cayyas Bbi-
TAALUT Tak: cymecTsyer AHpPeoMOpdH3M ¢, KOTODbIH
OKPECTHOCTH TOukM P3; Ha Tope oTobpaykaeT Ha OKpecT-
Hoctd Toukd (0,0,0) Ha mOBepXHOCTH 2 == y?>— x2
(muoXkHTEeNb !fo yOHpaercs NOAXOAALLIM H3MeHEHHEeM
macwita6a). Koneuno, nuddeoropdusn ¢ He oOs3aH ne-
PEBOAMTH OPTOTOHAJbHLIE TpPACKTOPHHM TOPH3OHTANbBHBIX
ceyeHH TOPAa B OPTOTOHAJbHLIC TPAEKTOPHH TOPH3OHTAJb-
HBIX CeYeHHI MOBEPXHOCTH 2 == y?>— x% C Apyrofi cropo-
HBl, NOCAEAHHE TNPeACTaBAAOT coOoil Gonee ynOOHLIT
06beKT A% H3yYeHMs, H XOpowmio Obl CBeCTH BCe A0
HMEHHO K HHM; TOTga Mbl OyjleM HMeTb CTaHAApTHOE
ONHCaHKe OKPEeCTHOCTH JI060i ceasoBOli TOUKH. UTOORI
caeaaTh 3TO, MOKa)eM, 4TO OPTOrOHAaALHBIE TPaeKTOPHH
F K TOpH30HTaJbHBLIM CEUEHHAM TOpa MOXHO NOANpa-
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BHUTb B OKPeCTHOCTH TOUKH P; Taxum o6pas3om, utobnl
NOAVUHIOCH HOBoe ceMeficTBO F/ ¢ aHa/MOTHUHBIMH CBOR-
crBaMil '), HO yXKe TaKoe, 4TO OTOGPAKCHHE @ NepeBOAHT
ero 4acrtb, JEKAaULVI0 B OKPECTHOCTH TOUKH Pj, B ceMeil-
cTBO Fy TPaeKTOPHH, OPTOTOHAIbHBIX K I'OPH3OHTAJIbHLIM
CEYEHHAM NOBEPXHOCTH 2 == Y% — x2,

Mbl HenogabsyeM coBceM NpocTOll npueMm. KaxkAaoh
TOUYKE p Ha TOpe, Kotopas 6/iH3Ka K Ps, HO He paBHa efl,
COOTBETCTBYIOT JABa HaNpaBJeHHs: OXHO H3 HHX — Ka-
cateJpHast K KpHBON ceMeilictBa F, npoxoasuieli uepes
TOYKY p, a Apyroe — KacaredabHas K KpPilBofl ceMeliCTBa
g 1(Fo), npoxoasueil gepes p. OGo3HayuM 3TH Hanpas-
genus vepesd (I, lo, 1) u (M. Ao, 1) coorsercrBenno. Ca-
NOCTaBHM TOUKe p HanpasJeHHe

(7) (g + (1 — @)L, gho+(1 —g)ly, 1),

Flle g-—raaikasg (yHKUHA Ha Tope, paBHaa HYJIO BHE
OKPEeCTHOCTH TOUKH P3 H eJHHHIEe BHYTPH HEKOTOPOR
meHbliell okpecTHoCTH. [TocTponm 1oBoe ceMeHCTBO Kpit-
BeIX F’, KacaTeJLHBIX K 3TOMY HanpaBIeuiio. 3aMeTHM,
4YTO 10 Mepe NpuOJHXeHUs K TOUKe /3 HampasaeHne
{7) nocrenenHo usmeHsiercss ot (I, b, 1) m0 (A1, ke, 1).
TloaTomy cemeficTBo [/ OyreT coBnazath ¢ F Buc oxkpecr-
HOCTH TOYKH F3 a B MeHblUeil OKPeCTHOCTH OHO Gyaer
coBnagarh ¢ cemeiicteom =t (Fy).

Kax yxe oTmeuanoch pamnblle, 370 O3Hayaer, UTO
MOMKHO HCCJELOBATh OKPECTHOCTb H3 Ha TOpe, HCMOAB3YS

) Hosmie wkpuBble yxe He 6yAyT OpTOTOH2JIbHB K CeNeHHAM
TOpa FOPU3OHTAJbHBIME IJOCKOCTAME, HO, BO BCAKOM clyuae, He Gy-
AyT UX KacaTbesl H jgaxe He OyayT o6pasoBuiBaTh C HEMI Magux
YI710B; QaKTHYECKH JICrkO AOOHTBCA, YTOGb He GLII0 YIII0B, MEHbIIKX,
ckaxmen, 89° (3To cieiyeT u3 TOro, 4TO B AOCTATOTHO Madoil OKpecT-
HOCTH TOYRKH P3 paccMarprBaeMble Hidke nampasaenns (4, {3, 1) n
(A1, Az, 1) OynyT cKoab yroaso 6amake Apyr x apyry. Hefictaurenn-
HO, NycTb p— OAH3kaA K P; Touka topa ¢ Koopauuatamu (X, y, 2),
B nyctb P’ == (X, y, y> — x?). HanpaBrenne (A, Ag, 1) B TOUKE p~—
310 Hampasaedne xpueof ¢ '(C), rae C — xpuBas u3 cemefictsa Fy,
npoxoasilas 4epes Touky @(p). Hem Oamxe p x P;, Tem caabee n3-
MeHAeT @ YNVIH H HAMpaBjAeHHA, IO3TOMY PacCMaTpHBAEMOe BAallpaB-
Jeide 6IH3KO K HanipiBiaennto kpuBoit C B Touke ¢(p), a ono 61HIKO
K HanpaBJIeHHI0 B TOuKe p’ MpoXOoAsulell uepe3 ree KpiBOd ceved-
crBa Fo; HakoHeil, Ioc/ezHee HalpaB/ieHHE GH3KO K HAIpPaBJCHHIO
(l, 1o, 1) B Touke p.) ~— Hpun. ped.

4 3ar. 60



08 A. YOJINEC

noznpab/eHHoe ceMeAcTBO (IOUTH) OPTOrOHAJbHBIX Tpas
ekTopui F’, a OTCIofa ClefyeT, 9T0 OKPECTHOCTb TOUYKH
P; MOXHO H3yyaTb, pacCMaTpHBasl I[OBEPXHOCTb 2 ==
== > — x? B OKDeCTHOCTH Hauala KOOPJHHAT H HCHO/b=
3yf KpuBble ceMeHCTBa Fo Ha 3Tofl NOBEpPXNHOCTH,

5.3. OxpeCTHOCTL KPHTHYECKOT0 YPOBHSA;
ofuwee olcympeHue

Tenepnr MBI peanusyeM B oflueMm c/ayuae Hiel, HPoO-
HJTIOCTPUPOBAHHble B NpeABIAYILEM pasiene Ha ABYMep-
HoMm mpumepe. ToyHee, MBI CpPaBHHM OKDeCTHOCTH HEBbI-
POXKJAEHHOH KPHUTHYECKO! TOWKH (PYHKLUHM HA JdaHHOM
MHOroo6pasusl ¢ HEeKOTOPOH OKPeCTHOCTBIO CTaHAAapPTHOH
KPHTHUYECKOH TOUKH (B IIpHMepe OHa COOTBETCTBYeT Ha-
4ajy KOOpAHHAT Ha NOBEPXHOCTH 2 = y2-— x2),

Hrak, nyctb M — raajgkoe MHOrooGpasue pasmep-
HOCTH #, f— rnankas Qyuxkuus Ha M, a p — HEBHIPOXK-
JeHdasl KpHTAYeCKas TouKa ¢yHkuuu f. [Ipubasnas noxa-
XOLAILYIO KOHCTAHTY, Mbl MOXEeM CuMTaTth, uto f(p) == 0.
Mecnoasayem teopemy 4.1 aia Toro, yTto6ul BBECTH B OK-
pectHocTH U TOYKH p JIOKAQJBHYIO CHCTEMY KOODAHHAT
P: U —V, B Kotopoii

(8) fp~ = Eﬁ ¢y

rie Y; — eBKJANLOBL KOOpAMHATH B V, a xaxnoe c; pas-
no £1. Bee y; pasusl HY/I0 B Touke P(p).

Hapsiny ¢ 3THM pacCMOTPHM B €BKJIHIOBOM [IPO-
CTpAHCTBe  PasMePHOCTH n+1 ¢ KoopauHaTaMu

(y1, Y2, ..., Yn, 2) THNEPNOBEPXHOCTb Q, 3a1aHHYIO ypaB-
HeHHEM

—_ 2
(9) 2= ey

MuoxecrBo V MOKHO OTOXIECTBHTbD € OKPECTHOCTBIO
Hayajsa KOOpAHHAT Ha runepmiockoctH z = 0. Ilycts
V'’ — oxpectHOCTH Ha @, XoTopas mnpoekTHpyeTcs Ha V.
Onpenenum otoGpamenne ¢: U — V/, nepesois TOUKY ¢
B TOUKY C KoopAuHaTaMmMu (ys, Yo, +.., Yn, 2), ThE
(Y, ¥2,..., Yn) — KOOpAHHATEI TOUKH Y(g), a 2 Ompe-
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nenasietrcd u3 pasenctBa (9). Tenmepb 3amerum, uro 3Ha-
ueHne ¢yHxkuuu fo~' B TOUKe (Y1, Y2, ..., Yn, 2) HA Q
TO XKe, 4T0 H ¥ GyHKUHH [yt B Touke (yi, Y2, ..., Yn),
a I/IMeHHchiy?, U [o3TOMYy, coriacHo dopmyie (9),
OHO COBHAjaer CO 3HAYEHHEM KOOPAWHATBI 2 B 3T0il
TOUKe.

Takum o6pasom, ¢: U~ V'’ aBaserca otoSpameHuem
Ha OTKPbITOe MHOXKeCcTBO B Q, nnas KoToporo fg™ ecThb
¢yukuus z. Otcioaa, B 4aCTHOCTH, CJIEAYET, UTO HOAMHO-
KecTBa Buaa f= const B U mepexoasit B CceueHHs Tii-
[epHOBEepXHOCTH Q THHEpIIOCKOCTsMH 2 = const.

[IpennonoumM Telepb, uTo MHOrooGpasuwe M BioKe-
Ho B N-MepHOoe eBK/IHAOBO HPOCTPAHCTBO TaK, YTO PYHK-
unst [ va M cosmamaer ¢ xy (cMm. aemmy 4.2), @ noct-
pPOMM, TaK e Kak B pasi. 5.1, cemeiicTso F opToronain-
HBIX TpaektTopu#l Kk ceueHusiMm MHorooOpasus M rumep-
mnockoetamMu Xy = const, Cefiuac Mbl «IOAIpaBHMY
cemeficTBO F B OKPeCTHOCTH TOUKH p IO aHAJOTHH C TeM,
KaK MBI Jenand 370 B pasf. 5.2.

Hrak, nyers Fp— ceMeflCTBO TPaeKTOpHMH Ha Tullep-
NOBEPXHOCTH BTOPOTO INOPAJKA, OPTOTOHAJBHBIX K ceue-
HusiM runepriiockoctsimi 2 = ¢, CemefictBo Fy onpeje-
JIeHO BO BCeX TOUKax, Kpome Hauaza kKoopauxar. Toraa,
oBo3nauus uepesz ¢~'(F,) npoobpas 3Toro cemeficrea B
U, Mbl moayuaem, yTto yepe3 Kaxuaylw Touky g < U, or1-
JHYHYIO OT p, NPOXOAMT IBe KPHMBHIX — 0JHA H3 ceMell-
ctBa F, apyras u3 ¢ 1(Fy). 3annmeM HanpaBaeHus Ka-
caTeJBHBIX K 3THM NPSIMbIM B BH/IE BEKTOPOB

(10) Uiq)s L(g)y «vvs In=1(g), 1),
(11) i (g) A(q)s vovs Ay—r(g), 1)

COOTBETCTBEHHO. 3aMeTHM, YTO NOCAeJHIO KOOpAHHATY
JefCTBUTeIbHO MOXKHO cJesiaTh paBHOH 1, Tak Kak HH
OJIHO U3 3THX HaNPaBJ/IEHHI He FOPH3OHTAABHO.

Hanee, nyctb Uy — apyrasi OKpecTHOCTb TOYKH p, Ta-
kast, uro U, U, das opocTorsl Jyulie B3ATL B Kauc-
crBe U, xmerky. HajizeM raaakyio ¢yngumo g ua M,
koropas pasua | na U, u nymo sne U (cMm. ynpaxue-
Hue 2.14). Temepp conocraBuM Kaxkofl Touke ge& U
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H&l[l{)ElBJIeHHC, saJafioe BCI{TOPOM
(12) (@2 @+ —glgnli(g), ..., g(g) Ly (g)+
+(1—g(@) Iy_1(g), 1).

3asmeTHd, UTO 5TO COMOCTABICHHE MOMHO TPOJOJAKHTH
Ha Bce MHOrooOpasue A, Geps a1s Kamnaofl TOUKN BHe
U sextop (Ii. b, ..., Ix—1, 1). Hakosen, uto6m wuafiTu
CemeliCTBO KpHBBIX, KacaTe.ILbHbie K KOTOPBIM B Kamaoll
TO4YKe 3ajalrca ¢gopmyaoil (12), Hajo peWlnTb cHCTeMY
JuepesunaipHblx Vpasienni

(13) () =2@u+0—g@i),
N 7g
i=1,2, ..., N—1.

Tak kaxk QyeKUHH, CTOAmNE B [pPaBoOfi YacTH 5THX
ypasHeHH{l, ABISIOTCA FAaAKNMA BO BCEX TOUKAX MHO-
roo6pasus M, xpoye KpHTHUECKHX TOUeK ¢yIKIHH Xp,
Mbi MOXeM NPHMEHHTh IHTHPOBAHHYIO BLIIIC TeopeMy O
cywectBosanun (cm. [1]), xotopag noxassiBaer, 4yTo Ha
MHorooOpazun Al, H3 KOTOPOro HCKTIOUCHBL! KPHTHYE-
CKHE TOUKI (PVHKUMH XN, CYWECTBYET CeMeiiCTBO raaj-
KHX KDHBBIX F/ ¢ CCOTBETCTBYIOLIHMII HaAHPaBAEHHAMH,
uepe3 KaKAYI0O TOYKY NPOXOAHT POBHO OJHA KpHBas.
Ho Bekrop (12) cosmagaer ¢ (11) B okpectnocrn Uy u
¢ (10) BHe okpectHoctH U; oTCi0Za CleayeT, uTo cemell-
crso F’ cosnanaer ¢ 7' (Fy) B U, u ¢ F BHe U, 4yro 0
TpeGoRaNOCE.

5.4, OxpecTHOCTD KPHTHYECKOH TOUKH

Kax mMbl yKe 00BACHAIN, B MepBYHD o4epeab Haxo
HCCTe10BATh YaCTHBI ciayuall OKpPecTHOCTH Hauaja Ko-
opantar ta rinepnosepxHoctd (9). Torma Ml cmoxeMm
nepentectit udopmanHio Ha MHoroo6pasne M mpn no-
Moullt orobpakeuns @ !, onpene/ieHHOr0 B MpejbiAylieM
pasneie. Boasmias yacTe paccyxjieHHf, HeoOXOAMMBIX
AAf [I0JYVUEHHST OCHOBHOTO pe3ysbTaTa 3TOrO pasiena,
Oyner laHa B Ble CepHH yHpakHeHuil.

Vaopawxueunsn 55, INyers H —runepnosepxuoctb, 3agan-
Han ypasuenneM 2 = f(§i, Y2 ..., Yn) B (n--1)-mepuom eBkaH-
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poBoM mpoctparcrse. JIOKaXKHTe, 4TD OPTOroHa.bHhie TPAEKTOPBH
va H nasi ceyennii ruTepriIcCEOCTAMU 2z = const DpoeXTHPYIOTCA Ha
OpTOTOHANBHBIE TPAEKTOPHH ceMedlcTBa MoAMHoroo6pasnit f = const
B n-MepHoM mpoctpanctee 2 = 0. (Hyxuo 3amernrs, ut0 Kacaresn-
HBIE POCTPANCTBA K FOPH3OHTAJIBHEIM CEY€HHAM runepnopepxsoct H
APOEKTHDPYIOTCA B KacareldbHble NPOCTPAHCTBA K MHOXecTBaMm [ =
== const ® 4TO NIpAMBIE, OPTOTOHA/IbHBLIE TNEPBRLIM, TPOEKTHPYIOTCR B
AIPAMBIE, OPTOTOHAILHEIC BTOPHIM.)

5.6. Paéomﬂ TeNnepb B 71-MEPHOM ’Ipoupaucree < Koop,l}mar’amu
Y. Yz ..., Yn. pACCMOTPUM CEMEHCTRO  rRHIEPHOBEpPXHOCTEH
ften o ooy tin) == const. Tloxamure, uT0 OpTOT ouarmnw TPaeKy -
PHU 5T0To ceMeficTRa yRoBIeTRODRAIOT And(epeHUHATENILM ypaBHe-~
HESM

(4 dy; o Cyy __ dyn ’

fi fa In

rre f;=0f/0y,. Buseaure oTclopa, uTe EAS CeMeRCTBA ranepnos
RepXHOCTeH

3 2 ° 2 2 2 = co:
(15) yituvst by =y — o — oy, =coust
OPTOTOHAJIBIILIE TPACHTOPUN OUPLAGJBUIOTCS VPARICHAIMH

’ ’ ’ ’
Yoy = Y\Hos - o5 Yplfy = HiH,»
’ ’ o
(16) Yradlry1 = yr+ Urgor «oos Unllrp1 = Yy iYne

NYr =yll/r+l’

7 I4 ’
THE i Ygs - - -+ Yp — KOHCTAHTH. FiMenRHO 9TH ypamuesus onpele-
JSUOT OPTOFONAILNYIO  TPAGKTOMIO, TPOXOASULYI — 4epes  TOuKy
4
(Jxv 1/27 LR L'n)
4 /
TlokamkiTe, YTO uepes KaxAYio Touky (\y{, Yor + oo yn), oTARI~
Hyw or (0,0, ..., 0), NpoXoAUT POBHO OAHA KpHBas ceMmehcrBa (16),
Hasee, moxaxuTe, 4TO THNEPNOBePXHOCTH W3 cemelictBa (I5), npos
XONfIERA Yepe3 HauaJa0 KOOpPIAHHAT, upefcTapisier cobofi (n— 1)«
MepHbIf KOHYC C BepruuHofl B Hauale KOODAMHAT; To3ToMy Gecno-

JICBHO HAaAEATECd Ha BBINOJRCHHE YUJOBHS OPTOrOHalbHOCTH B sTofl
TOYKe.

5.7. 3amerum, uto BCe ypapieuns {16), xpome mnocaeaunero, Jn-
net fiH B Ha CaMOM Je/e OHM JHHEfHO He3aBUCHMLI, ecau oba xmc.na

J, H J,+1 oTaminbl o1 Hyas. TakuMm oOpasoM, B cayuae J/] = (,
yr+1 #= 0 ypasumenus (I16) onpegeastor rtunepboay. Ho ycronpe
ua J; bod y;+1 34BHCUT OT NPON3BONA B HyMepalUyWH KOODAHHAT Yi
Mpeodpasys ypasuenHs OPTOrOHANLHEIX TPAEGKTODHH, TOKAMHTE, aro
€CAH OAHO H3 Y], Yo» +ory y, OTJMHYHO OT HyAd W OJHO H3 yr+,
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I 4

Upyor -+-» U, OTHINHO OT HYJIH, TO TPAEKTOPHA, NPOXOAAMIA depe3
I4 ! o

10UKY (!/h Yos «von yn), npexcrapiser coboll riunep6ory.

5.8. B ZomoaHeHHE K NPeAbAYIIEMY YOpaKHeHHIO NOKAKHTE,
'y » 7 .
uTo ecid y ozeofi B3 Tpaexropufi y; =0 B Kaxoh-ubyAb Touxke,

T0 ¥; = 0 BZOIB BceH Tpaexropuu. (BhiBeaiHTe STO HENOCPEACTBEHHO

u3 puddepenunansuprx ypapaenuil) Hcmoaesyfite sto Ans 1oxasa-

TeALCTBA TOTO, YTO TPAEKTOPHA, NPOXOAALIAs Uepe3 TOUKY. Y KO-
I

. 7 7’

TOpoil gy =yy= ... =y, =0, ApAfeTcR JyuoM, HCXOASIHM H3
Hasaaa koopnunat. Iloayunte Taxofl Ke pe3yipTaTt I8 TPAaeKTOPHH,
o 4 ’ ’
npoxoiaueli Yepes TOUKY C Yryy =y, o= ... =y,=0.  THe-

Ka»HTe, KPOME TOTO, 4TO ecsIH Mbl GyneM paccMaTrpuBarh OpTOrO-
HaJbHbE TPAEKTOPHH TOIbKO I8 TunepuoBepxHoctedl cevefictea (15)
¢ —l << c=<C |, To MHOXKECTBO TPAEKTOpHUMl, JEKALIHUX B JIHHCAHOM

npocTpancTee Y, = Yy =...= Yy, = 0, obpasyer (a-— r)-vMepuyw
krerky LE™=7, rpanuuma xotopoll ectb ciepa S™~7~I, pricexaemad
B 3ToM HpoCTpaHcTBe runepnosepxroctsio (15) ¢ c=—1, B TO

BpEMA KAaK TPAEKTOPHH, JekKallle B HPOCTPAHCTBE Yri1 == ..., ==
=y, = 0, obpasywT r-MepHyi0 KJaeTky E’, rpaununa koTtopofi sas-
nsercst cepoil ST, peicexaemoil rumepnoBepxHocTsio (18) ¢ ¢ = I,
3ameraM, uTo KJeTkH £ B E™=T umeloT efMHCTBEHHYIO 06Wyl0
TOUKY — HAUaJ0 KOOpLHHAT.

Ilpexpe uem npoAOMIKATh H3yueHHe OOMIeH cHTya-
I[HH, 110J1e3H0 paszobpath Gosee NOAPOGHO IpHMeEp C
n==3. Ona ynoGctBa H3MeEHB 0003HaUeHHS, PACCMOT-
PHM CeMelCTBO NOBEPXHOCTel

22—y — 2=,

rie —1 < ¢ < 1. 3aMeTuM, YTO €CAH TOACKHUTH ¢ pas-
HeiM —1 ¥ 1, To mosydarcsi COOTBETCTBEHHO OAHOIIOJIO-
CTHBEIl U ABYTNOJGCTHLIN IHIepGOoNONA, NPUUEM ABYIOJIO-
CTHBIH THNepGOJOHA OKa)KeTcsi BHYTPH OAHOIOJOCTHOTO
(cum, puc. 5.2).

Kag Mpl yXKe 1moKasajy Bblllle, OPTOrOHAJbHLIE TpaeK-
TOPHH 3TOTO CeMelCTBa MOBepXHOCTeH NPEACTaBAANT CO-
Go#i nyrud rHHepGOJ, 3a HCK/IIOUEHHEM IIPSMOJHHEHHBIX
OTpe3kos, 06pa3yiomux ABe kKjaeTkH E!' u E?, olucaHHDIe
& ynpaxdennu 58 Ha puc. 5.2 rpaHaun 3THX KIeTOK
oBo3HaueHnl uepe3 SO U S! COOTBETCTBEHHO.

PaceMmoTpuM  Tellepb TPaeKTOPHM, KOTOpble HauH-
HAIOTCA B OKPECTHOCTH MHOXKecTBa S° M KOHUAMOTCA B
OKpeCTHOCTH MHokecTBa S!'. B nanHOM cayuae oKpecr-
HOCThL MHOxecTBA S° mpejcraBisier cobofi oObelHHeHHe
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ABYX KPYroB, & OKPeCTHOCTb MHOxecTBa S!-— noJocy,
OIIOSICEIBAIOLLYI0 OAHONOJOCTHBIH runep6onona. Ilepeyiwo
OKPECTHOCTb MOXKHO NpeAcTaBHTh kKak S%XE? a BTO-
pylo — Kak S! < E!. Kpome TOro, HHTYHTHBHO HCHO, YTO
ecJH TPaBWIbHO NMOA0OpaTb pasMepbl 3THX OKPECTHO-
cTefl, TO MHOMKECTBO T€X OPTOrOHaJBHLIX TPaeKTOPHII,
KOTOpBble HAYHHAIOTCI B NepPBOH OKPECTHOCTH, COBHNAAAET
C MHOXECTBOM TeX, KOTOpble KOHYaloTCs BO BTOpOH, a

Puc. 52. Oproronansnas tpaektopusa I', npoxosamas Boaje SO,
npoXoadT Bosae Si,

obbelMHenHe BCeX 3THX TPaeKTOPHI, BMeCTe C KJIeTKaMH
E' u E?, oGpasyer tpexmepuyio kuerky FE® I'pannua
9TOfl KJIeTKH siBAseTCs cdepoll U pasnaraercs B oGbean-
HeHHE TpeX MHOXKecTB, Kak 3TO IoKas3aHo Ha puc. 5.3.
IlepBule nBa MHoXecTBAa — 310 SOXE? u SUXE! (ok-
pectHocTH mHOXKecTB S° n S' wa aByx runep6oaongax),
a TPeThbe COCTOHT H3 OPTOroNaJbHLIX TPACKTOPHE, coepu-
HAIOWHX TOYKH Ha rpaHuUuax oxpectHocTedt SO E? n
E13 8! (kaxpas M3 5THX TPaHHil ABJISAETCH IPOH3BE-
penyneM S° X SY). Taxum o00pas3oM, TpeTbe MHOXKECTBO
npeacrasagercd Kak (SO X S') X/, rae I — unrepnadn.

eap caenyowelt cepus  yupamuennil — 0G00HIUTD
TOJABKO UTO Pa3odpaHHbIA yacTHLI cayuail.



Puc 5.3. §? paznaraetca Ha 3 MHoxecTBa, o8o2Ha-
YeHMs T€ XKe, 4yTO ¥ Ha pHe. 5.2
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Ynpaxueudn 59. [lycte S"~!—chepa, 3ananuan ypase-
HiteM

v, 9
X{H+x;+ ... +x,2‘=l

8 n-yepHom npoctpaicise. [Tyern 8™ 1 ectp (r — 1)-Mcpnas coepa,
jgewaldan Ha S™~! § 3a7antan ypaBHEHHAMH

2
x?—i—x;—i— +x3=l.
Xpgy == Xz = ... =X =0,
a S~ -t ecip (n—r—l)-vepnaa chepa na S™~! ¢ ypasHeHHAMHU

X=x= ... =x,=0,
-2 -2 -2
XAt o =1L

Tiposcpute, uTo M106yI0 Touky p Ha S’ Momkio coeamintrb ¢ JoGol
TOyko#l g Ha S™-"—! eguncisenuofi Ayrol 6o.biOro Kpyra, CocTas-
aAsoulel 4eTBEPTYI0 uacTh OKPyXHocTH. IlpyrHMmit caosamH, JAyud,
HanpasieHnsle 3 uedtpa chepol S™®T! Kk TOukaM p H g, 06pasyior
yroa /2. Tlokamute, KpoMe TOTO, 4TO ABE Takue Ayrd pg u p’'q’ ue
HMEIOT OBLIMX Touek, ectH p.5= p' u ¢ 7= ¢'; ecau ke 6o p =p’,
aubo ¢ = g, 10 oBwHMU OyAVT AHLIb KOHUEBLIS TOUKH.

5.10, Qukcupyem rtouxky p Ha S™! m pas Kaxkaoll TOUKH § Ha
S#~r~) oGo3zHaulM yepex §; CepeAHHY Toil Ayrn pg GOIBUIOTO Kpyra,
0 KoTopoil rosopusock B yopaxuennn 5.9. Hokawure, 4t0 ecam T0Y-
ka p Qukcuposana, a g npoberaer Bcw chepy S* !, to obweiune-
ume AYr pg, o6pasyer (n—r)-MepHyi0 KJIeTKy. DBuipesure 0TcCI0Aa,
4TO MHOXecTBO ToueK chepnl S™~1, ypaneuubix or S'™~! Ha yraosoe
paccTonsMe <<it/4, npepcrasanerca B Buge ST X En-r, ppe BN
ectb (n — r)-Mepuas KIeTka.

5.11. BpiBemiiTe H3 NpeabAywWlero ynpamkuesus, uto S"~! MoxHo
NpeiCTaBHTh KaK ofbelnHeHne MuomecTB ST-IXEm=r g Er8n-r-1
3ameTnM, YTO 3TH MHOXeCTBa HMeloT B S”~! of6myilo rpanamy,
a mmeuno S*~1X S»—r—1. Bce 35r0 MOXKHO BHPA3UTb NO-ADYFOMY,
ckazas, uTo cdepa S"~! gpasercs OOBeAWHEHHNEM INPOCTPAHCTD
Sr=1 X Er=r g ErX 8»-r—i B xoropom xaxipaa Touka (p,q) u3
Sr—t X Sn-r—l == §r~1 % (rpaunna E™~") oroxjiecrsasercs ¢ ToY-
xo#t (7, 9) u3 S*—1 X S*=r—1 = (rpaunna £7) X S*~-1,

5.12. ¥ npenslaviuero ynpamHeHHA uMeeTcss Apyroft mapuanTt. Ha
3TOT pa3 Hajo NoOKasaTb, uto chepa S»—! pasnaraerca B oObenHHe-
#ite Tpex MHoXKectB A, B, C, rie A ABNAETCA MUIOKRECTBOM TOUeK,
yAANEUHsX Ha yrJaosoe paccrosnse <<n/6 or STl u mpeacras-
ngerca B BuAe S'! X Ei~r, B apagerca MHOXKECTBOM TOUEK, yna-
JIeHHbIX HA YIJOBOE paccrosue <<it/6 or S»—r—i u npexcrap.isieTca
B suge ETX S7-r-1 a C ecrp MHOMeCTBO ToOuek, YAAJeHHBLIX HA
yra0Boe paccrosiiie Z=m/6 or S'~! M Ha paccrosHme =a/6 ot
Sn-r-1. guo mpexcrapaserca B Buae STTUX ST/, rae [ —
putepsas (nanpumep, murepsana (0; 1)). B srom paanoxenun vouxa
oA ¢ g S~ =rpasuna E"~7 OTOXKIECTBJIAETCH ¢ TOU=
kot (p,q,1) B C, a touga (p,g)=B ¢ p= 8! =rpaunua B*
GTOXACCTBASETCH ¢ Toukow (p, ¢,0) B C.



106 A. VOMJIEC

OTMeruM, u4TO Taxoe pasaoxenue chepel S°~! coorpercrmyer
ONHCAHHOMY Bhle pasaokenuio chepnt S? (puc. 8.3); oauaxo S2
B TOM TNpHMEpE NOfBASLNACH HE KaK NOBEPXHOCTb €AUHUYHOIO INapa,
a Kak MHOMKECTBO, CBSi3aHHOE ¢ CeMeHCTBOM INOBEPXHOCTEH BTOPOTO
nopagka, Ceiuac Mbl BOCNDOH3BEAEM 3Ty CHTyaUnio B ofuleM cay-
qae.

5.13. PaccMoTpHM B n-MEPHOM [IPOCTPAHCTEE CeMelcTso rumep-
TIOBEPXHOCTE(l BTOPOTO MOPAAKA

- 2, 2 2 __ 2 2
(17) ¥t o A —x g — 0 X =0,

e —l<<e<< L.
3amerus, uro chepsr ST i §2—7-1 u3 ympaxuenus 5.9 jgexar
Ha THOEPHOBEPXHOCTSX 3Tore cevefictBa ¢ mapamerpamu ¢ =1 u
= —1 coorpercTBen#o. [1poseprTe, Y10 syw, HANPABJIEHHLIA H3 Ha-
yana KOODAHHAT B JI0GYI0 TOUKy Ha Kaxmoil u3 cpep S™1, §7-7~4,
oBpasyeT yroa z=a/4 ¢ moGoH NpAMOH Ha KOHYyce

2 2 2 2 __
x4+ ... -!—x,—-x,H—- ver —x, =0

Ortciona caenyer, uto MHOKectBa A u B u3 ynpaxuenus 5.12 romeo-
MODGHO MPOEKTUPYIOTCH H3 Haua1a KOOPAMHAT HA HEKOTOPHIE KyC«i
runeprnosepxrocrell (17) ¢ mapamerpamu ¢ = 1 u ¢ = —| coorser-
creenno. Ofo3nauuM 3T0 mpoexTHpoBaHue uepe3 . Ilycte p u ¢ —
ABE TOYKH HA IPAHHLAX MHOKeCTB A H B COOTBErcTBEHHO, COEJHHEH-
ilble OAHOH 13 TeX Ayr 60JBLIOr0 KPyra, 00beIMHEHHE KOTOPBIX Z4eT
smuozectso C. OGo3HauuB 3Ty AYry uepes o, OpoBepbTe, uTO TOUKH
a(p) r m(g) aexar Ha oaHoll rumepGosinueckoit Ayre B, Kortopas
ABJASETCH OJHON M3 OPTOrOHAJBHHIX TpaekTopuil cemefictsa (17), o
yTO O APOEKTHPYETCH U3 Hayaaa KoopaHdaT B Ayry f.

TakuM ofpasom, cyulecTByeT romeoMmophurit o6pa3 chepw oT-
HOCHTENBLHO [POEKTHPOBAHHS J, KOTOPhil ABIAETCH 00BEAHHEHHEM
rpex muoxmects n(A4), n(B), n(C), npuuem m(4) n n(B) nexar ua
ABYX THRepmosepxHocTax ceMefictsa (17) ¢ mapamerpamu c==1 u

= —1 coorsercTBeHHO, a (C) ecTb 0ObEeANHEHUE AYr OPTOroHAbL-
HEIX TpaexkTopuii cemeiictsa (17).

5.14. BpiBeaHTe M3 ABYX NOCAEIHHX ynpaxHeHuil, uto Ha n-mep-
noit kaetke E* (c rpanuueil n(S»~'}}) cyumecrByer Takas raapkas
dyukuua f, yto [ =0 na n(4), J=1 na n(B) u f=1 ua noa-
miomectse (ST X Sn=r=Ix{{}) u3 n(C)=n(S""! X §»-"~1XlI}.

5.5. OxpecTHOCTb KPHTHYECKOr0 YDOBHA; HTOrH

Bce pesyabTaThl, HEOOXOAHMbIE [JIsi OMUCAHHA OKpe-
CTHOCTH KDHUTHYECKOTO YDPOBHH TAaAKOH (yHKUHH, K Ha-
CTOAIIEMY MOMEHTY YiKe IOJIyUeHBl, H B 3TOM pasliene
MBI IpocTo cofepeM HX BMecCTe,

Teopema B.1. [flycte M — 2aadkoe mrozoobpasue
passeproctu n, [ — eradkaa pynkyua na M, u nycre
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8 obo3nasenunx onpedesenus 5.1 M, — rkpuruueckuil
yposend Gyukyuu f, Ha KOTOpoM AeXUT O0Ha HeBbLpO-
wlennan kpuruueckas rouxa P, [Tycte Ma u My — Hexkpu-
TUYecKue YposHW (PyHKkuuu f, npusern a<<c<<b u
M. — eduncraennsil kputudeckull yposemnv mexwdy a u
b. Toeda Touxka P umeer oxpecthocte E™ 8 M, kortopas
ABARETCA N-MEPHOU KaeTKoU u epanuya S Koropoll
ecTo 06vedunenue Tpex muouecrs A, B, C1). Muoxe-
cr80 A aemcutr na yposHe M, u dugpeomoppro npous-
gedenuto STt X En—7 (0aa Hexkoropoeo r);, B aexur Ha
yposrne My, u Qupgeonoppro Er X S—1; naxoney, C
saKkarouero mexcdy yposuamu My, u My, w nomer 6HviTsh
npedcrasaeno kak S Sr—1 X [ IIpu srom kawcdaa
rouka (p,q)=A, ede p= St u ge St = gpanuya
En—r orosmdecreaserca ¢ rtoukod (p, g, 0) na C, a
kamcdaa touka (p,q) Ha B, ede p e S~ = epanuya L.
u g Sl oromdecreanerca ¢ Toukoil (p,q,1) na C.

Kpome toeo, ecau mvl svikunesm Kaerky Em ug wactu
M, sakawuennold mewdy My 1 My, T0 ocrasuieeca mHo-
HeCcT80 MOMHO npedcrasutrs 8 sude (M, \ A) X I, ede
(Mo A) X {0}  oromdecrsaserca ¢ M.\ A, a
(M NA) X {1} —c (M, \B).

HoxrkasarensctBo. M3 ynpaxueuun 54 caenyer,
4yTO AOCTATOYHO AOKa3aTh TeopeMy 5.1 nns 3nauveHuit a
u b, GJH3KHX K €, HACKOJALKO OJM3KHX — 3TO Mbl BHIAC-
HHM B XOJie J0Ka3aTesbCTBa.

HauneM ¢ TOro, 4To BO3bMedM OKpecTHOCTL U TOUKM
P, takywo, Kak B pasi. 5.3, W NOCTPOHM «IOIIpaBiecH-
Hoe» cemeficTeo F/ (mOUYTH) OPTOrOHAABHHIX TpaeKTOPHII
ags MHorooGpasuil ypoBHs dydruun f. Bemomunm, uto
B meHbllell oxpectHocty U’ Touku P 3Ty TpaexTopuu
copmajaioT C TpaeKTopHsiMu cenciictBa ¢ '(Fy), rae
¢ — orofpaxeHHne, onpeneseHHoe B pasid. 5.3, a Fo—
CceMeHCTBO OpTOTOHANBHLIX TPAeKTOPHil, IOCTPOEHHOE
I8 TOPH3OHTAJbLHBIX CeueHH[ THIEPNOBEPXHOCTH B
(n 4+ 1)-mMepuOM IIpoOCTpalCTBe, 3afAaHHON ypaBHeHUeM

z=2cy’

1) S»-t.—uye riaakoe mnorooSpasue, xora A, B, € rnapkue;
oM. puc. 5.2, — 1 puar. ped.
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B KOTOpOM Bce c¢; pasunl -1. CoriacHo ynpaxseniio
5.5, npu TNpoeKTHPOBaHHH Ha MNpocTpaHcTBO 2 =0 ce-
MelicTBO Fy NepeXONHT B CPTOrOHAJIbHBIE TPAEKTOPHH Ce-

MelicTBa
2
ZC;% ==,

Hsmensas, ecan 3to Heo6XoaumMo, Macwitab KOODAHHMAT
Yi, MBI MOMXEM CUMTATh, YTO KJeTka E™ w3 ympasme-
uust 5.14 nexur B o6pase oxpectHoctH U’ mpu orobpa-
wennH . OGosnauiiM uepes £% npoolGpaz 3Toil KIeTkn
B M. 310 u ecTb HCKOMAas KNeTKa, CylleCTBOBaHHe KO-
TOpoil yTBep:Kaaer teopema .1, eC/H TOJABKO HEKDHTH-
yeckite ypoeuu M, u M, nomoGpasbl Tak, 4TOGB 1X
gacTH, Jgewamne B U, nomazann npu orobpakeHHH ¢
Ha runepuoBepxHoctd cemeiictsa (18) ¢ nmapamerpamu
¢ = —1 4 ¢ =1 COOTBETCTBEHHO.

IelicTBuTe1bHO, nepesocs wa M cpoiicTBa, onHcal-
HEle B ynpahenun 5.13, MBl BHAHM, 4YTO TpaHHUA
KieTKn E" yioBjeTBOpSieT BCeM TpPeGOBAHNAM Hallel
TeOpeMBDI.

Yro6bl OPORePHTh, TO YACTh MHOTooGpasus M, za-
KMoyeHHas Mexay My n My, nocne HCKAIOUeHHsS KICTKH
En ponyckaer npexncraBmenne B Bule (Mo N\ A) X/,
HYIKHO BOCNOMIL3OBAtTbCs Ayrami ceMefictBa F’/, xoTophble
HaunHawTcst B Mo\ A (1 coramacio npeabinyieMy, KoH-
vaiorcs B My \\ B}, 3710 3amepiiaer 10Kas3aTesbCTBO
TEeopeMbl.

Hanpueiiiyio vudopmainio aas 6ojiee TOYHOTO ONH-
canns MOXKHO H3BJedb H3 ynpakuenus 59; us pesyabra-
TOB 3TOr0 yIparkKHeHHsi CJeayeT, uTo CYIleCTBYOT cdepa
S'—1 na M, u chepa S»—1 na M,, Takne, uTo BCe KpH-
Bble cemeficTBa F’, Beixoasimue u3 M, \ 8™, npuxoznsr
B My \ 8"t (n nHao6OpOT), B TO BpeMs KaK KpPHBbIC
cemeiictBa F’, npoxoaampme yepes S™!' mwmu S*! Bce
OKRaHunBaioTCcs B Touke P. Takum oSpa3om, M comepxKuT
IBe kKietkd E™ w E™", Kpas KOTOpDBIX Jexar Ha M, #
Mp COOTBETCTBEHHO H KOTODHIE NEPeCeRaioTcss B €1RH-
CTBEHHOH TOYKe — Toyxc P.

HaxoHel 6TMeTHM, 4T0 S™! uMeeT B M, OKpecTHOCTD
Bupa S X En», a §"1 — okpectocts - B M, Buza
Sn—r—t >< Er,
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§ 6. COEPHYECKHE NEPECTPOHKH

6.1. Beepenue

B srom maparpade MB paccCMOTPHM H3JOXKEHHBIH B
upebiayuleM naparpade marepHan ¢ APYroff TOUKH 3pe-
wus, OTnpaBHBIM NYHKTOM mpejabayilero mnaparpacda
ObLIO KOMIIAaKTHOE IJiagKoe MHoroobpasue M c KpaeMm
My UM, Ha M 6nna sagana raankas ¢yuxuus f, win,
YTO pPaBHOCUJABHO, GBIIO 3ajaHO BJIOKEHHe MHOroo6pa-
3us M B eBKJIHAOBO MPOCTPAHCTBO, U Mbl H3y4aJH OKpecT-
HOCTH KPHTHYECKHX H HEKPHTHUECKHX YpOBIHell. 37ech Xe
MbI CKOHIICHTPHPyeM Halle BHHMaHHe Ha TOM, KaK Me-
HuioTes MHOroo6pasus ypoBHeill ¢ynkiuu f, maunHadg c
My 1 xonuas M,.

B pasgene 5.1 Mbl BHAEJNH, YTO €CJOU € B CBOEM H3-
MCHEHHH He TPOXOAMT KPHTHUeCKOTOo YDOBHf, TO MHO-
rooGpastie M. TomosorHueckr He MeHsercsi. [loatomy,
niepexoda ot M. k My npu nomouu cemelictBa ypoBHell
¢yvikuun f, Mbl COBepllaeM JHIIbLb KOHEYHGE 4HCJO ofe-
paunil, Kaxjaas H3 KOTOPBIX COOTBeTCTByeT HaHHOMY
KpuTHUeckoMy ypoBHio. OnHa Takas onepauus npeob-
pasver yposeub M,, Jexamuil HenocpeJICTBEHHO 110/
KPHTHYECKHM, B ypoBeHb My, pacnosokeRHbIf Hemocpen-
CIBEHHO HAk 3THM KpUTHUeCKHM. Besaknfi pas ona co-
C10HT B TOM, UTO Mbl BBIKHABIBAEM OKpPeCTHOCTb cdephl,
Jemaimteit B M, (okpecTHocTh 4 B 0603HAYeHUAX Teope-
Ml 5.1) u 3aMeHsieM ee OKPeCTHOCTbIO cdepbl APYroi
pasMepHOCTH (OKpPeCTHOCTBIO B B Tex Xe o6o3Hade-
uusx). HMcenenosanse TakHx onepaudi siBJAgeTCH OCHOB-
HO{T 11CJBI0 HACTOSIHIed TJaBhl.

6.2. Mpamoe BnoMenune

Mol BBefeM onpejeneHHs, KOTOpble, KaK yixe OTMe-
1a70Ch, TNOJTHOCTHIO OCHOBHIBAIOTCS HA pesyJbrarax,
copmyanposandbix B TeopeMe 5.1; oxHaKo HaM mpuuer-
cf  H3MeHHTb oO6o3HaueHusi. PaccmartpuBaemoe 3jech
MHoroodpasue M cOOTBeTCTBYeT HEKPDHTHUECKOMY yp013~
Hio ¢ynxunn f B Teopeme 5.1.

Irax, nycte M ecTh n-mepHoOe riajakoe MHoOroo6Gpa-
sue, u nyctb N — nomMHOrooGpasue pasMepHOCTH .
-BossmeM TO4KYy p Ha N u BeiBepem JIOKAAbHYIO CHCTEMY
KOOPZAHHAT B OKPeCTHOCTH 9TOMl TOUKH, YAOBAeTBOPHIO~
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wylo ycaosusam onpenenenus 3.1. Ilpennonoxnm, uto
COOTBETCTBYIOIlAs KOOpAMHatHafi okpecTtHocTb U (TOU-
nee, ee obpa3 B eBKJKHAOBOM [POCTPAaHCTBE) Onpeje-
MeHa HepaBeHcTBaMu |x;| << 6 (i=1,2, ..., n); torna U
MOXKHO CUMTAThb TONOJOrHUeCKUM mpou3BeneHnem V X F,
rne V= UNN—okpectnocts Touku p B N, a F—
OKPeCTHOCTb Hayaga KoopAuHatT B {n —r)-MepHOM eBK.H-
JOBOM NPOCTPAaHCTBE ¢ KOODAHHATAMH Xpii, Xrpo, ...
..., Xn, 3anaBaeMasi HepaBeHcTBaMu |x;|<9§, i=
=r+1, ..., n

Muoxecrsa Buna {g} X F < V X F npeacraBasior co-
6oil (n—r)-MepHble KJeTKH, KaykJIas H3~ KOTOpHIX Ie-
pecexaer MHOrooGpasue N poBHO B oaHoi#l Touxke. [lo-
3TOMY MOXKHO OpelcTaBasaTh cebe U kax obGbeaHHenue
C10eB, KaXJAbli H3 KOTOPHIX SBJfieTCA (n — r)-MepHOIl
KJIETKOIl W mepecekaeT MHorooGpasne N B ofHOH TOUKe.
O0beHHeHHe KOODAHHATHBIX OKPECTHOCTeH TONBKO YTO
ONIHCAHHOTO THNA Mbl OyleM HasbBaTh Tpy6uaToil OK-
pecTHOCTBIO TmoaMHorooOpasus N B M1'). Moxkno mno-
KasaTh (OAHAKO 3JeCb HAM 3TO He NOHAAOGHTCH), UTO
TpyOuaTyl0 OKDeCTHOCTh B LEJOM MOXHO IPeACTaBHThL
Kak oObefdHeHHe (n —r)-MepHLIX KJETOK, KaxJaasa H3
KOTOPHIX TepecekaeT nogmHoroofpasse N B OAHOH TOu-
Ke, JAPYTHMK CJIOBaMH, MOMHO JOOGHTbCA TOro, 4TOOLI
CJICH B MepecekalolMXcsi KOOPAMHATHBIX OKPEeCTHOCTSX
coBmanani Ha TepecedeHusix. 34ech HaMm OCOOEHHO Ba-
JKeH OJHH caydail — ToT, B KOTOpoM Tpyfuartas OKpecrt-
Hocth N muddeomopdua mpoussesenmo N X F, rae F
ecThb (n —r)-MepHas KJeTka.

Onpenenenue 6.1, Tlpu BuNoJHEHHH HTOTO yC-
JIOBHSL MBI OyIeM TOBOpPHTb, u4TO MHOrooGpasne N nps-
MO 8400CeHO B M 2),

1) D10 noBoabHO HebpexHas GOpMyAHPOBKA; TouHas GopMmyau-
poska mmeerca B {17], crp. 105. Ona csoguTecl K HEKOTOPOMY yTOY-
HeIHIO TOro, 0 4eM TOBOPHUT Youdec B caenyloutefi dbpase.— [Tpun. ped.

2) Kpome 1aHHOH KHMTH, fi HHTAE HE BCTpEUaJ] TakoW TepMHuo-
jgoryy. Ymratenp, npopaGoraswistii Krury MuiHopa, mnoiMmer, uTo
HHTEpecyloLlee HAC CBOACTBO 03HauaeT, uro N JomyckaeT ocHalleHHe
B M (cm. § 7)., a rakxke uto N pvmeer TpusHanbHoe (T. e cBOAfA-
uleecd K TNpAMOMY NPOH3BEAEHHIO) HOPMAMIbHOE pacciaoenHe (¢, 3ana-
uy 11). Tax 06bIYHO M TOBODAT, HO BBHIY 3JCMEUTAPHOCTH KHHIY ¥ 0J-
Jleca OH BHIHYMICH 6bl1 M306PECTH ila3Banie nonpowe. — fipus. ped.
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[Ipumepsn. 6.1. TIlycts N — OKpy®KHOCTH 2 -
+ y*=1, z= 0 B TpexMepHOM eBKIHAOBOM NpOCTPa-
cree, a M — camMo TpexMmepHoe npocTpaHcTBO. OKpYK-
HOCTh N, KoHeuyHo, sBJAfAercs INOAMHOTOoGOpazdeM B M.
Ilycte B — cnsioliHofl Top, CpepHsAs JUHHA KOTOPOTO
ectb N (cM. puc. 6.1). Ilyctp F — uyactb ceuenus Topa
B nnockocteio y = 0, pacrosoxesHas B noJynpocrpat-
crBe x > 0. Muoxectse F npencrasaser coGolt Kpyr,

2

Puc. 6.1, TpyGuatas oOxpecTHocTb okpyxuoctn S! B E’ kak
PIMOE POH3BEJEHHE,

T. €. JIBYMepHYy10 KaeTky. Ternepp BO3bMEM MPOH3BOIL-
HYI0 TOUKy p & B u npoBefeM IJAOCKOCTh Yepe3 TOUKY p
M 0Cb 2. JTa IJIOCKOCTb oOpasdyeT HEeKOTOpBIA yroa 6
¢ MIOCKOCTbIO (X, 2). Ero, KoHeuHo, MOXKHO NMPHHATH 34
rkoopauuatry na N. IlpoBemem uepe3 TOUKY p OKpYXK-
HocTb C, mapajsiebHYIO IWIOCKOCTH (X, ¥), H OYyCTb
g & F —rtouka, B xotopoit C mepecekaer kpyr F. He-
TPYAHO BHIeTb, YTO TaK I0/JyyaeTCs HpeACTaBIeHHE
T0pa B BHIe Npou3BeneHus N X F: Touke p CoOOTBeT-
cnzye/rw napa (0, g). CnenoBatenbto, N mpsiMo BJOKe-
HO B M.
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6.2. Tenepp MBI MPHBeAeM HPHMED HENPAMO BJOKEH-
HOro wmHoroo6pasusi. Ilycte M — npoekTHBHAst MIOC-
KocTb (npuMmep 2.6). Mbl BHAENH, 4TO 3TO IPOCTPAHCTBO
MOKHO MpeJcTaBUTh Kak noaycdepy, y KOTOPOK OTOMNK-
ZecTBJAIOTCS I[IPOTHBOMOJOXKHBIE TOuKH Kpasi. B kaue-
cTBe N BO3bMEM OKPYKHOCTB, MOJYYEHHYIO CKJeHBaHHeM
KOHUOB HeKOTOpPOH G0JiblIOH MOAYOKPYKHOCTH Ha NOJaYy-
cdepe. Jlerko Bupets, uro N sBasercH noAMHoroobpa-
3geM B M.

TpyGuatyo okpecTHocts B njs N B M Mpl noctponM
cuayana Ha noaycdepe, rie ona OyLeT MOJOCOH, Cpei-
HASl THHUS KOTOpoii coBmagaer ¢ N. OueBunHo, B MOXK-
HO IpelCTaBHThL KaK oOBeldHHeliHe CJIOeB, KOTOpbLle siB-
JITIOTCH OAHOMEDHBIMH KJAeTKaMH M nepecekawot N: cios-
MH fBJSIIOTCH LYTH OKPYXHOCTeHl Ha nonycdepe, nepece-
Kawomue N nox npsMeiM yriaom. OpHako OTOXKAECTBIEHNE
OPOTHBOMNOJOXKBIX TOYEK HA IpaHmle O3HauaeT, yTo 1A
NoJyueHHsl OKPECTHOCTH B Mu mepell cKJeHBaHHeM A0.1-
JKHBl [OBEPHYTH KOHIB! HOJOCH APYT OTHOCHTEJNBHG APYra
na nojotGopora. ITostomy B saBasierca auctom MéGuyca.
MoxHo mokasaTh, YTO OH He roMeomopdeH npouspese-
anio N X F, rae F — ogHoMepuas kactka, [1oaroMy BIO-
kenue N B M He gaBAfeTCA NPAMbBIM.

IMocaenHu# npHMEp MJMIOCTPHPYET SIBJEHHE, KOTOPOe
3aCAYKHBaeT JaJbHeHlIero M3yyeHHWs W INPHBOAHT K
Ba)XKHOMY pas3jIHUHIO MeXAY JAByMs THOAMH MHoroo6pa-
suii. CyllecTBOBaHNHe HENPAMOrQ BJOXKEHHS (KaK B NpH-
mepe 6.2) o3HayaeT, YTO KOTZAa Mbl, JABHTasiCb BIOMb
OKPYXHOCTH, BO3BpallaeMcsl B HCXOLHYIO TOUKY, MHOFO-
ob6pa3ie KaKHM-TO oOpasoM nepekpyunBaercs. Tak,
OKPECTHOCTb OKPYX(HOCTH B NpHMepe 6.2 — 3TO 3aKpy-
yenHas noJaoca. Taxkoro 3akpyuuBaHHs HE MPOHCXOJHT,
eC/U KaXjaasi OKPYXKHOCTh Ha MHOrooGpas3s#m sBiafeTcA
OPSIMO BAOXKEHHOH OKPYXKHOCTLIO.

Onpeneanenne 62 Ilycte M — raankoe mHoro-
obpasse. Ecau KaXmada OKPYKHOCTh, JeXainas Kak
noaMuoroo6pasne B M, dABASeTCa NPAMO BJOKEHHBIM
nogmMHoroo6pasneM, TO Mbi GyneM TOBOPHTb, YTO MHO-
roo6pasue M opuentupyemo. B mpoTnBHOM ciydae Oy-
JieM FOBOPHTB, 4to M neopuenTupyemo.
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10 onpeAeneHHe AIKBHUBAJEHTHO JAPYLHM, uanie
BCTPEUAIOIHMCH B JHTepaType !); oxEaxko oHo OGoJgblie
NOAXOANT AJAA HAWIMX Ledell, TAaK KakK MH OylaeM Hc-
[10/1b30BATL MOHSATHE HMEHHO B TaKOM BHAE.

Mpumep 6.3. Chepa opHeHTHpPYyEMA, a NPOEKTHB-
Hasa [J0CKOCTh — HET.

B naparpade 7 MBl faAiuM NOJMHYIO KJAaCCHPHKALKIO
IBYMEDHBIX KOMIAKTHHIX MHOroo6pasuil. A HMeHHO,
Kaxjaoe Takoe MHorooGpasue romeoMopdHo audo cdepe
C HeKOTOpLIM HYHCJAOM p pyuek, Jau6o cdepe ¢ HeKoTo-
PBIM YHCAOM R IEIPOK, B KaXKAOf M3 KOTODHIX OTOXKJECT-
BJIEHBl JKHAMETPAJbHO NPOTHBOMOJOXKHLIE TOUKH Kpaes.
[IpuMep mepBOro THNa Aaer TOP, AJAsl KOTOporo p = 1,
a ApHMep BTOPOTO THIIA — IPOeKTHBHAsA IJOCKOCTb, IJifi
Kotopoii k= 1. MeHorooGpasus nepBoro THIA OpH-
eHTHPYeMBl, a BTOPOrO — HeOpHEHTHPYeMBl. Brtopoe

1) Cy. Muanop, crp. 211—212; 3KBHBaJIenTHOCTH $"CTByeT HI
CKa3aHHOTO B CHOCKe Ha cTp. 246.

Jas nanpHefllero noJe3Ho MMeThb TPEACTAB/AEHHE TaKKe O cBA-
3aHKOR ¢ sTuM noHaTHeM opuenrayuu. Toudoe onpegenenue aasg o6-
mero cayvas cM. Yy Muasopa, crp. 211, MH orpaunuuMes HaranapbiM
onucaHueM A/ ABYX YACTHWIX CJIY4aeB — OKPY)KHOCTH H JAByMEp-
HOTO MHOrooOpasua. 3aaTh OPHEHTAIHIO HA OKDYXHOCTH - 3TO 3HA~
YHT NPHHATH OZHO H3 ABYX HanpaBiaeHHR o0Xofa 10 Heli 3a HOJOMH-
TeJbHOe, ~3anaTb OPHEHTALHMIO ABYMEPHOr0 MHOFOGGpasus — 370
3HAUUT YKas3aTb NPaBHJIO, KOTOPOE MIA KaXAZOro MasIeHbKOro Kpy-
sKouka (Jexalero Ha MHOTOOODA3MH) YCTaHABJAMBAET, Kakoe Ha-
npapieHHe BPAIEHHA HA OTPAHHYHBAIOMER €ro OKPYKHOCTH C9H-
TaeTCs TOJNOXKHTEJIbHLIM, TPHUeM TpebyercH, yToObl IIPH HENPEpPbLIBHOM
nepeMelleHHH KPY:KOUKa MO MHOrooOpasmio Hanpan/eHHe BpauieHHs
He MEHJIOCh. :

OpuenrupyeMoe MHoroobpasHe — 3TC Takoe MHOroofpasue, Ha
KOTOPOM MOJHO 3aiarb opueHraumio. Ecau B Hemepecekamowmuxcs
okpectHoctax Uas W Up ABYX pa3dbIX TOUeK @ H b MuOroo6pasus M
MBI 3271aJ71 KaKHe-TO CPHEHTALMH, TO B TOM caydae, Koria M opuen-
THPYEMO, HMEIT CMbIC/ BBICKA3bIBAHHA: «3TH JB2 OPHEHTALMH COBHA-
RalOT», «3TH JBE OPHEHTALHH NPOTHBONOJOXKHEI». Koraa xe M pe-
ODHEHTHPYEMO, 3TH BBICKa3biBaHHS HE HMEIOT CMLICIA! €CIH C LeJdbio
CPaBHEHHA OpHEHTAlUHK MBI OyJAeM <«HepelBHraTb» B K 4, «TSHA®
BCJeR.3a2 O ee OKPeCTHOCTb BMecCTe C BBEREHHOH TaM OpPHEHTAIMerd,
TMoKa 3Ta .OKPecTHoCcTh He mnepecederca ¢ U, (rorga ophentamun
MOXHO OyleT CDaBHHBATb HEMOCPEACTBEHHO), TO Pe3YabTaT OYAET
3aBHCeTH OT NyTH, NO KotopoMmy 6yjer psurathest b. — [Tpus. ped,
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yTBepXK/eHHe [I0Ka3aTh JIeKO, TaK KaK Ayra Ha cgepe
¢ k AbipkaMH, COERMHAOUIAN AHAMETPAJbHO NPOTHBOHO~
MIOXKHBle TOUKH Kpasi OHOH M3 AbIpOK, NI0C/e OTOXACTBAE
HUS TIpEBpaNlaeTCsl B HENPAMO BJAOKEHHYIO OKDYXKHOCTb.
Uro6sl NOKa3aTh, 4To cpepa ¢ p pyduKaMH OpPHEHTHpYye-
Ma, peasH3yeM ee KakK HOBEPXHOCTb B TPeXMEPHOM Hpo-
CTpPaHCTBe (CM. PHCYHKHM B naparpage 7), BO3bMeM Ha
Hefl OKPVKHOCTb S, BJAOXKEHHYIO KakK NoAMHOroo0pa3ske,
H pacCMOTpPHM TpyGuaTylo OKpeCTHOCTb B 3TOH OKpyX-
HocTH. @HKcHpyeM Ha S Kakoe-HHOYAp M3 ABYX Hanpas-
JIEHHH H BBIIYCTHM H3 KaXKA0i TOUKH S KacaTesbHYIO
npAMYIo, OTMETHB Ha Heil 3To HampaBJeHHe. 3aTeM BO3b-
MeM KacaTeabHyI0 K MOBEPXHOCTH B TOYKE p, KOTOpas
nepneHAUMKyAsgpHa K S, H OTMETHM Ha Hejl HalpaBJeHHe
TaK, uToObl 3Ta NpfMAas BMeCTe¢ C HallpaBJIeHHOI Kaca-
TeJbHOH H BHElIHe#l HOpMaJbl0 K NOBEDXHOCTH fAaBaJa
HPABOCTOPOHHIOD CHCTEMY KOOpAHLIAT. 3TO ONpelesseT
B KaxXJoH Touke p & S NOJ0KHIeNbHOE HaHpaBJeHHe
Ha TlepHeHAUKyJaspe K S B B B TeM caMbiyM npeBpamaer
B B nponssenenne S X /.

MoxHo mokasaTh (HO 3eCb MBbl 3TOTO genaTh He Oy-
JAeM), 4YTO onpejlefeHHe OPHeHTHPYEMOCTH JOHYyCKaeT
¢opMy/THPOBKY B TepMHHAX JOKaldbHBIX CHCTEM KOOp-
pusar. ToyHee, MHorooGpasHe M OpHeHTHpYEMO TOTHa
M TOJLKO TOTZd, KOrja CYIIeCTBYET TaKoe ero MOKPhITHE
KOOPAHHATHLIMH OKPECTHOCTSAMH, 4YTO AJ# JIOOBIX JABYX
nepecekaomuxcss oKpecTHocTelt sfKo6HaH COOTBETCTBYIO-
[ero ApeoGpa3oBaHHa KOOPJAMHAT M[OJOXKUTEJEH.

Yupaxueaue 6.1. MMokaxute, yr0 MWeCcTb KOOPAKHATHHIX
okpectrocrel Ha S? B npuMepe 2.6 YLOBAETBOPTIOT NPHBEIEHHOMY

BHILE YCJAOBHIO, €C/H KOODAMHATBl B KaMMof H3 STHX OKDeCcTHOCTed
6paTh B JLO/JKHOM MOPAAKE.

6.3. Onpenenenue nepecTpoex

Ceflyac MB ONpefenuM HNOHATHe cdepuueckol nepe-
crpoiigu. Ilyete M ects fi-MepHOe ri1afgKoe MHOrooGpa-
3He, W IPEAION0XKHM, YTO ST — HeKOTOpas r-MepHas
chepa, KoTOpas SBJASETCS NPAMO BJAOXKeHHHM NOIMHO-
roobpasuem B M. Jlaa xparkoctu Mbl OyneM HasblBaTh
ee NpAMO BAGKeHHOH cdepoit, Takum obpasom, S7
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nMeeT B M okpectrocTh B, nuddeomopduyio npoissege-
HUIO S” X En—7, rae E™7 ecTb (h—r)-MepHas KJeTKa,
Torna rpanuuna B ectb MuHoroo6pasue ST X S»—1 mo-
3TOMY, BHIKKABIBag u3 M BHyIpeHHoCTh B, MBI mnoJy-
qacM MHorooGpasue ¢ KpaeM, NpHueM Kpal sBJageTCS
npoussefienneM S” X S»—r-1 C papyroft cropossl, 87X
X 8§71 apjsdercs Takke KpaeM  MHOroo6pasus
Er+1 % Sr—r—1 3paynt, MOXKHO COCTaBHTb OObeaHHeHHe
MX IntB u Er+1X S"r-1 o0oToXKAECTBHB Kpafd, Kak
OGDBACHANOCE B pasf. 2.7, mpuueM 9T0 MOKHO CAeNaTh
TaK, yToObl B pe3ynbTaTe HOAYUYHIOCH IJAafAKOe MHOIGO.
pasue M.

Onpeneaenune 6.3. Mu Gynem roeoputs, utro M’
noayuaercsi 3 M cgepuueckoi nepecrpotikod tuna r
(r —3T0 pasMepHOCTb Cdephl, OKPECTHOCTb KOTOPO#
yRajiserca H3 M) 1).

Npusmepn. 64. Ilyctre M — nBymepuas cdepa.
Paccmotpum HyabMepHyio cdepy S°c M (puc. 6.2).
Ona uMeeT OKPecTHOCTB, COCTOMIUIYIO K3 JBYX Henepece-
KaIOMHXCA KPYroB. JTY OKPeCTHOCTh MOXKHO MpeACTa-
BHTb B Buae S°XEZ, tax uro Baoxenne S° B M npsmoe.
OGo3unaunum ee uepes B, Torna M\ Int B npencrasaser
coGoit chepy ¢ aByms Abipkamu. E! X S! ecth unmauuap,
H €C/IH NOAKJEHTb ero Kpasi K OKPYXKHOCTsM, 06pa3oBaH-
HLIM KpasiMM JABIPOK, TO Mbl NOJYuHM cdepy C oAHoil
pPyuKo#, TO ecThb mpocTto Top. TakuMm oGpa3oM, Top Ho-
JygaeTcs M3 AByMepHOH cdepbl cpepuuecKoli mepecTpoi-
Koif tuna 0.

6.5. Uro6bl moayunTb ApYrofl NpHMep cdepHUuecKoi
NepecTpOHKH, PAacCMOTPHM OGDATHYIO ONepaiyio: NycrTb
M —rop, a S'— oKpykHOCTb, H306paxenHas Ha
puc. 6.3. S! umeeT oxpectHocTh B M Buma St X E! — 10
onosceiBaromas top nosaoca. Ilocne ynanesus BHyTpeH-
HOCTH 39TOM MNOJAOCHI TO, 4YTO OCTAJ0Ch, NMEeT TPEIHH]J,y
St 8% Takyw e rpanuuy HMeeT napa Helepecekalo-
muxcs kpyroB E2 X 8% W ecid NOAKNeHTh HX 1O 3TOM
rpanulle, To noayuutcs cdepa M’. Tarkum obpasom,

'} Coepuueckue ' pecTpofixd HA3BBAIOT TAKKE NepECTpoIKaMu
Mopca, — [ipun. ped.
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chepa noayuaercss w3 Topa ctheprueCKONl nepecTpoikon
THna 1.

[IpuBeneHHble BhilIe NMpUMepbl MepecTPaHBaHHA Ce-
pbl B TOP, a 3areM 06paTHO B cepy HJJIIOCTPHPYIOT CO-

SD

Puc. 62 Top nonydaercs H3 cdhepn ¢ nMOMOILbIO che-
puueckofl mepecTPOHKH.

BepuleHHo ofuiyio curyaunio: ecan M’ moayuaercs u3
M chepuueckoil nepecTpolikol, To M TOXe MOXHO INO-
ayyutb u3 M’ cdepuueckoit nepectpoiikoi. [leficTBu-
TeNnbHOo, npeanodc <uMm, uror M’ nosayuurea n3 M, ecau



E?x Se

Puc. 6.3. Coepa (Bun3y) noaydaerTcst u3 Topa

(nasepxy) ¢ nomowslo chepuyeckot mepe-

crpoiixy, Cdepa uMeeT BHJ H30THYTOro uM-

JHBAPa, OCHOBaHHS KOTOPOro 3aKJ€EHH Kpy-
raMH.



118 A. YOJUIEC

yaaauth Tpy6uatyio OKpecTHOCTh S™ X E™ chepm ST
H 3aMeHHTb ee Ha E™IX Sn=m~1 B a3rtoM cayuae
Er+1 % Sn—-1 conepxur chepy {poy X S"—!, rme pp—
KaKas-To BHyTpeHHsis TOuka Kjierku ET+l. Orcioma cae-
ayer, uto M’ comepxur cdepy {po} X S»-! u urto 3Ta
chepa umeer B M’ 1pybuatyio okKpecTHOCTb ET+! X
X 871, nostoMy BJaOKenue 31Ol chepsl B M’ nps-
moe. Tenepn aas mosydenus M us M’ caenyer yaanute
TpyGuatyio OKpecTHOCTh cdepnl {po} X S ™! u 3ame-
HuTh ee Ha STX Em7, 3ra cdepuyeckas nepecTpoiika
umeer THO A —7r1 — |,

IMMpumep 6.6, O6muii THND TNPHMEPOB MOKHO H3-
Biaeyp M3 Teopemnl 5.1: ecaw W -—raankee MmHorcobpa-
sue, a [—raankas ¢yekuusg Ha W u econ M uw M/ —
MHOrooGpasusi ypoBHA GYHKIMH f, OTAedeHHBle Jpyr
OT Apyra Julib OXHHM KPUTHUECKHM yPOBHEM, Ha KOTOPOM
JNEXHUT JHIIb OJHa W NPUTOM HEBLIPOKAEHHAs KPHTHUe-
ckasi Touka, To M’ monywaercs us M chepnueckoil ne-
pecTpoHKOH.

6.4. NMnenxa, peanusyiouian nepecTpoiKy

Ilpumep 6.6 nokaswiBaer, Kak, HMed (YHKIHIO C Of-
HOI KPHTHUECKOH TOUKOM, MOJYYHTh C(hepHuecKyio me-
pecrpoiiky. Temepb Mbl MOKaeM, 4TO TakKUM crnocoGon
MOKHO TOJYUMTh JM0o0y10 COepHYeCKyI0 MNepecTPOHKY.
Upea cocrour B TOM, uTOObl H3 nNapsl MHOroo6Gpasui,
CBA3AHHBIX MexKAy coboft cdepnueckod mnepecTpoiikoil,
COOpyAHTL MHOrooGpasue C KpaeM M HOCTPOHTH Ha HeM
¢yuKUHio, AJs KOTOpOil HCXOAHbIe MHorooGpasus Oyayt
MHOFoOOpAa3HsMH YPOBHH, pa3feJeHHBIMH OJHUM KpH-
TUdeckuM yposHeM. Kak srto cpenath, NOACKa3biBaer
Hallle 3HAKOMCTBO C TeM, KaK JOJKHa Oblja 6Bl BBITJsA-
AeTb OKPECTHOCTh KPUTHUECKOTO YPOBHSA.

Caenyiouuit npuMep AacT HAM KJKOU K IOHHMAaHHIO
KOHCTPYKLHH B o0meM caydae,

[ipumep 6.7. B npumepe 6.4 ™Mb BuAenn, 4TO TOP
M, nosnyuaercs u3 cdepwm My nepectpofikoit Ttuma 0.
Vnansiemoe u3 M, muoxKectBo Int By cocrout u3 nByx
HerepeceKaloulnXxcss  OTKPHITBIX  KPYroB, TaK  4To
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Mo\ 1nt By ectp cdepa ¢ ABymsa oTBepcrusiMu. Hua na-
wux uestefl ynobuee npeiacrasasatbk cebe Mo\Int By kak
HOBEPXHOCTh UMAMHADAE, KOTOpas H30THYTa AYToH, Kak

B,
/\ Ecau npucmagumo B, , nomyvumes coepa

68

Mo\ lat B,

(M, \ Int Bg) X1

Puc. 64. IIpn pnoGasiennn B, K BHyTpenHeid noBepx-

HOCTH H3OTHYTOr0 yTosuenHoro unanuapa (Mg \ Int By)X[I

noayuaercs codepa; npun nobasiaerun B; K ero BHEIUHEH
NOBEPXHOCTH MHOJYUAETCH TOP.

nokasano Ha puc. 6.4. Torma (Mp\IntBg) X[ Byner
yTOJIEHNeM [OBEePXHOCTH NWJIHHApPA. Kak mokasbiBaer
puc. 6.4, ocHoBaHKA 3TOro UWJIHHAPA COCTaBJIelLl H3 pa-
JHaNbHBIX OTPEe3KOB, KaXAbl H3 KOTOPbIX MM °T BHR
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{p} X1, rme p JewHT Ha TpaHHLe MHOXKeCTBa
Mo\.Int By. OO6bennbeHye oCHOBAHHU LHJIHHAPA MOXKHO,
KoHeuno, npexnctaButb kKak S9X S' X I Ilpumem Buy?-
PeHHIOI NOBEPXHOCTb HHAMHAPA, T. €. (Mo \Int Bo) X {0},
3a Mp\Int By, a Bremmow0, T. 6. (Mo \Int Bo) X {1}, —3a
M \Int B,. MuoxectBo By COCTOUT H3 ABYX KPYroB, B TO
BpeMst Kak By npeacrasasier coGoit nuaunap S! X El. [lo-

Puc. 65. Ha muoxects B, B; u (8% X S!)X/! (ua-
Bepxy) cocraBieHa ABYMepHas cdepa (BHH3Y); oHa
ABJIAETCA KPAEM TpeXMepHON KJIETKH.

9TOMY BHYTPEHHsisi HOBePXHOCTb Luaunapa (Mo \Int By) X
% I npeBpauaercs B chepy, ecad BO3BPAaTHTb Ha MECTO
By, a BHeuIHss MOBEPXHOCTH NPEBpAIlaeTCs B TOP, €C/AH
no6GaBuTh K Hefl Bi.

PaccMoTpnM, ¢ Apyroft CTOPOHBI, TPeXMEPHYIO KJeT-
Ky E® ¢ rpanuneil S% xortopas pasjoxeHa B o0belHHe-
uue tpex MuoxectB SO X E2, S' X E!' u S® X S' X I; Ha
ecamoM jene 310 MuoXectsa A, B m C H3 ympakmueHds
5.12 (puc. 6.5). 3amerny, YTO 3TH TPH MHONKECTBA MOXK-
HO OTOXKJEeCTBHTb COOTBETCTBeHHO ¢ By, B; H ocHoBa-
nueMm yroaiuensHoro umanaapa (Mo\IntBo)X 1. [Ilpu
3TOM pajfuajbHble OTPE3KH Ha OCHOBAHHSX HHJHHAPA
B32HMHEO OJZHO3HAYHO OTOMKJECTBJSIOTCH € AyraMu 60Jb-
UIHX KPYroB, H3 KOTOPHIX COCTABJfETCA MHOXECTBO
(S9 X S1) X I na nosepxnoctu S% Ilostomy, ecnn orox-
gectBUTL MHOXKecTBO (S X S1) X[ Ha mnosepxHocTH
kaeTkH E3 ¢ COOTBETCTBYIOLIMM MHOMXECTBOM Ha OCHO-
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BaHMSAX YTOJUIEHHOTO UHJIHHADPA, TO MOJYUYHTCSl CIAOUI-
Hoe Teqo M, npuuem By m B; asromatuuecki Ilonapyt
Ha HYXHOe MecTo, 00pasoBaB BHYTPEHHION TpaHHLY
My v BHewHOI0 TpaHuny M.

M3 3TOro mocrpoeHds BbIT€KaeT AajbHelimas HHQOP-
Maitns., B ynmpaxsenuu 5.14 wmbl BHAesH, 4TO HA Tpex-
MepHoi Kiaerke E® cymectByer raazxaa ¢ysxuus [ co
crepylomuMu cBoiicrBamu. Ha rpanuue S% kaerku E3?
GVHKUHSI TpUHHMaeT Takhe 3HaueHus: 0 HA MHOXKeCTBe
By = 8% E2, | ua muoxectse B| n { Ha MOAMHOXeCTBe
(SO X SHYX{t} muoxecrBa SO S!'XI. B ocranpHbix
Toukax KjaeTku E° dyHkuus [ npHHEHMAeT 3HAUYEHHS Me-
xAy 0 u 1, a B UEHTPE KJETKH OHA HUMeeT CBOIO €IHH-
CTBEHHYIO KPHTHYECKYI0 TOUKY. SICHO, 4TO Temepb MOMKHO
npoaonAuth GyHKuyo [ na sce muorooOGpasue M, no-
naras [ =1¢ B Toukax MuoxecrBa (Mg\Int Bg) X {f} us
(Mo\IntBe) X I. Ecin (Mo\Int Bo) X1 n E® yxe mo-
AOTHaHBl APYT K APYry TakK, 4TO MOJYYHJIOCH FIafKoe
muoroo0pasne, 10 f Oymer raaaxofl ¢ynkuueil, Koropas
pasHa 0 Ha M,, | Ha M; u nMeer B TOYHOCTH OHHY He-
BbIPOMAGHHYIO KDHTHUECKYIO TOUKY B LeHTpe KJetky ES,

Tenepb, uMes nepen coOOi 3TOT HpUMep, MBI MOXKEM
[NPOBECTH COOTBETCTBYIOIlee MNOCTpOeHHe B oflleM Cay-
yae. [lycts Mo—riagkoe MiuorooGpasne pasMepuoCTH
n, W nycte M, noayuyaerca u3 M, cdhepuueckoil nepe-
cTpoilkofi Tuna r. Jra nNepecTpolixa NPOH3BOIUTCH Mmy-
TeM yaajeHus u3 My mHoxecrsa By, muddeomopdHoro
TpyGuaToft okpectHocTH S" X E*T 0pAMO BI0XKEHHOI
cthepbl ST,-H MOCACAYIOWRl 3aMEHBl 3TOTO NHOXeCTBa
MHOM@ecTBOM B) == Er+! % §7—-1, Urobw noctpouts M,
Mbl HayHeM, cJeaysd oOpasuy OpeiblAylero npuMepa,
¢ -npoussenenns (Mo \Int Bg) X /. UacTh rpanuusl 31010
npousseferuss umeer BuE (S” X Sy X[, C gpyroi
CTOpOHBI, TpaHuuy S* n-MepHOil Kjaetkn E"+' mMoxHO
npejictaBuTbh Kak obwvemnnenne AUBUC (cM. ynmpaxme-
nue 5.12), B KotopoM A =S8"X Er~", B=E+t¥
X 8=l g C=(S" X S*71) X [. O6pasyem Tenepsp
obbenunenne (MpNIntBg) X I un E™H) oroxpectsiass
noamuoxectBa S7 X Sn—m13( [, Koropbie BCTpeyatorcs
B o06OuX cnaaraeMblX. 3TO ABTOMAaTHUECKH BO3BPATHT Ha
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Mecto A = By B My \Int By, Boccranosus onsite Mo, #
BctaBut B = By B M\Int B;, o6pasoras M,, tax uro
MBI nosyuuM Muoroofpasue M, Kpali KOTOPOro eCTh He-
¢BA3HOE oObeaunerne ') Mo u M.

HManee, Mbl noctpoum Ha M ¢dyHKuMO [ Tak Xxe, Kak
B TpexMepHoM npumepe. BosbMmeMm ¢yHKUMIO [ Ha Kaer-
ke E"t! nonyyennyio B ynpaxuenuu 5.14. Ha coepe,
orpanHumBaiomeil kaetky EnH, umeem: f=0 na A4,
f=1 na B, a na C dyuxkuus [ npHHHMaeT 3HAyeHue I
Ha MHOXKecTBe ST X Sn1X {f}. Kpome Toro, f umeer
POBHO OAHY HEBBIPOXK/ACHHYI0 KPHTHUECKYI0 TOUKY B
uenTpe kjaerkn Entl Torpa 3ty GyHKUHIO MOXHO MNpO-
HOMKHTL Ha Bce MHOrooGpasue M, monarast ee paBHOH ¢
Ha MHoxmectBe (Mo\IntBgo) X {f} B (Mo\IntBo) X /.

Ecau coemuuuth (Mo\IntBg) X I n Ent! nagnexa-
muEM o6pasoM, o M Oymer rnagkuM MHoroobpasuem,
a f—raagxoin ¢ynkuued. Ha muoxectse (Mo \1Int Bo) X
X I snavenue PynruuH f coBmagaeT cO 3HAYCHHEM mNa-
pamerpa t unrtepsaJja [, a 3TOT InapaMeTp BCETAa MOMKHO
[PUHATL 328 OAHY W3 JIOKAJbHBIX KOOpIAWHAT, TaK 4TO IO
deMMe 4.3 dyHKuus [ He HMeeT KDHTHUECKHX TOYEK B
5TOM MHOXecTBe. JIpYrWMH CJAOBaMH, HMeeTCs JHINDb
0JHA HEBLHIPOXKIEGHHAsl KPHTHUECKass TOYKA WHAEKca
r+ 1 B uenrpe kjaerkn Entl,

B utore MB!I noayuaeMm ciaedyiomu#l peaysbTar.

TeopeMA 6.1. Tycto M| noayuaerca uz My chepu-
yeckoti nepectpoiikoll tuna r. Toeda cyuiecrsyer 2aad-
Koe muozoo6pasue M, kpad KoTOpO2O eCTo HeceA3Hoe
o6vedunenue My u My, u eradrana ¢yuxyua [ na M,
Kotopas pasna Hyawo wa Mo u edunuye na My; & oc-
TAALHLIX TOYKAX OHA NpuruUMaeT 3ua4erus mexcoy 0 u
1 u umeer posHo O00HY HEBLIPONCOCHHYIO KPUTUHECKYIO
Touyky undexca r -+ 1.

[ToBTOpHOE TpHMEHEHHe 3TOH TeopeMbl Jaer CAeAyio-
U pe3ysibrart:

1 IlpunaratenbHoe <«HECBA3HOE» NPH3BAHO MOAUEPKHYTh, UTO
My u M, ue mepecexalorcsi; Torxa oGbeAuHeHHe, AeHCTBHTENbHO, He
MOXeT ObiTb CBA3HEIM, — [Tpun. ped,



§ 6. COEPUYECKHUE I[1EPECTPOMKH 123

Toorema 6.2. Ilycto M, noayuaercs us My Koneu-
HOoLM  ducAOM cepudeckux nepecrpoex. Tozda cyue-
creyer zaadkoe mHoeoobpasue M, kpail Koropoeo a6-
aaerca HeceasHoim oO0veduneruem MiUM, u zaadkas
pynkyus [ na M, xoropas pasna 0 na Mo, 1 na M,
8 OCTAAbHOLIX TOYKQAX npunumaer 3snauenus mexdy 0 u
1 4 umeer Kpuruueckue TOUKU, COOTBETCTEyIOUUE BCeM
npou3gedernoim nepecTpolina.

Onpenenenue 6.4, [Tocrpoennoe B 3TOH Teopeme
MHOToOOpa3sde Mbl OyAeM HashwBaThb NAEHKOH, peanii-
ayroweii nocaedosaTeAbHOCTs cheputeckux nepecTpoex,
npespamawomux My 8 M,.

Hna yaobcrBa TepMHHOJNIOTHH MBI BBEAEM e€IUE OQHO
onpepeenne. Ilycth nmepecrpofika ¢, npespatusiias M,
B M,, cocrossia B yaaJeHHH OKDeCTHOCTH cdepnl S” B
M, Torpa, paccmarpuBasi Ha NJIeHKe, peajsHsymomieit @,
OpTOTOHAJIbHBIE TpPAaeKTOPUH CeMelCTBa YypOBHeHl COOT-
BercTBYyWIel OGyHkuug | (B o06Go3HaueHUAX Teopembl
6.1), MBI BHAMM, 4YTO Te TPAaeKTOPHH, KOTOPble HAUH-
HalTCA B TOYKax cdepsl S7, BCe KOHUAIOTCA B KDHTHUe-
ckoii Touke dyukumu [ (cM. ynpaxuenne 5.8). Taxum
obpasom, Korna Mbl uaeMm ot Mgy k¥ M; mo cemefictBy
yposHeit dyHkuuu f, chepa ST crarHBaercs 10 OPTOTO-
HaJIbHBIM TPAEKTOPHSAM B TOUKY, a 3areM, KOTJAa MBI,
NpoiasA KPHTHYECKHII YPOBeHb, NPOJOJXKAEM JABHIAThCH
HaJjiblie, nosisjasiercs cepa SP7! xoropasi pasgysaer-
csl M3 KPHTHYECKOH TOUYKH BAOJbL OPTOIOHAJBHBIX TpagcK-
TOpHH, TOKa HE gocTHrHeT yposust M. Ilostomy yazo6-
HO TOBOPHTB, YTO Hepectpoiika ¢ crazugaer cdepy ST u
4TO NpH 3TOH TepecTpoiike so3Huraer cihepa S7i

6.5. bopaaHTHbie muorooGpasun

Cogepxanue TeopeMil 6.2 MOXKHO BLIPA3HTL H IO-
APYyroMy — B TepMHUHAX OTHOIUEHHs MeXIYy MHOroo6pa-
3USIMH, H3BECTHOTO MO/ Ha3BaHHeM O0opdanTHOCTL ).

') B TepMHHOJIOTHH HUMEETCH HEKOTOPHifi pa3noGoii, 0 ueM roBo-
puTcs B npHM. ped. Ha cTp. 232, Cam Yossec nojib3yercd pefxo yro-
Tpe6aAIOnHMCA TEPMHHOM «COOIDAHHUHBAIOUIHNE MHOTOOGPA3HAY. —=
Ipun. ped.
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Onpeneaenue 6.5. JiBa TI1aAKHX KOMIAKTHBIX
muorooGpasust {6e3 xpasi) My u M, HasnBawrca 6op-
JauTroiMu, eCii CYLIECTBYeT [JIaKOoe KOMIIaKTHO® MHO-
ropbpasne M («naenxka»), Kpa KOTOPOTO €CTb HeCBf3-
Hoe obbenumenne MU M] nsyx wmuorooGpasuil, Aug-
¢eoMopdHBIX MHOToOGpasuam Mg H M; cOOTBETCTBEHHO.
B uacrtHoM ciyuae, KOrja OLHO H3 HCXOAHBIX MHOI006-
pasuil, ckaxeMm M;, nycro, Bropoe MHoroo6pasue M,
Ha3bIBaeTCsl GOPOQHTHOIM HYAI0, WA 02PAHUYUBAIOULUM.
(Tlocaennee, TakuM o6pas3om, O3Hayaer, YTO OHO Aub-
deoMopdHO Kpaw HEKOTOPOro KOMIAKTHOTO TJaAKoro
MHOTO00Opa3n.)

IIpumepsn. 6.8 Bcakoe KOMIakTHOe riagkoe MHoO-
roo6pasue 0Oe3 kpas My GopiantHo camomy cebe (3a
M nosxkno Basts My X 1).

6.9. Cdepa S™— orpaHuuHBamLiee MHOT00Gpa3me,
TaK KakK OHa siBJAsercs rpanuledl wapa Entl

6.10. Chepa ¢ p pyukamu My sABAAeTCs OrPaHHUH-
BaloOWMM MHOrooOpasueM, TakK Kak 3TO TpaHHUA wapa
€ p CHJIOIIHBIMH pYyuYKaMH.

DTH npuMepbl MOTYT HOKasaThCst HAOBOJILHO TpPHBH-
aJbHBEIMH, OJHAKO HETPUBHAJBHBIH NpPHMEp OPHAYMAaTh
Henerko. BooOmie npH3sax, NO3BOJSIOMMA AJsS Taphi
MHorooGpasuft onpeaenutb, OGOpPAAHTHH OHH HJIM HET,
OUYeHb CJIOXEH, W Mbl He OyIeM TpPHBOIHUTL €ro 3/ecCh.
Onnako MOXHO c(hOPMYJHDOBATb CHAELYIOUIHA DPe3yJb-
Tart.

Teorema 6.3. Kosnaxrtnoie ensadxkue MmHO2006pa3us
Mo u M, 6opdantHol To2da u.ToAbKO To20a, Kozda 00HO
U3 HUX MOJCHO NOAYHUTL U3 OpYeoeo KOHEHYHLIM HUCAOM
chepuseckux nepecTpoex.

JoxkasarenncrBo. Ecan pmano, uro Mo u M,
GOpAaHTHBI, T. €. CKa3aHO, YTO HX HECBA3HOe OGbeiliHe-
nue ') ectb Kpail Mmoroo6pasua M, tTo mo rteopeme 4.2
cywecrByer ¢ynkuus f Ha M, xoropaa pasHa O u 1 Ha

1} CnejgoBajo Obl CK33aTh: <HECBA3HOE OOBEAHHEHHE HEKOTODHIX
muoroo6pasnil, audpdeomopdpunix Mg u M»; u3 npumepa 6.8 Buano,
10 MHOPAA 370 cyulectsen#o. OfHAKO HOMYIIEHHAs BOJLHOCTD PedH
ABJINETCH AOCTATOYHO PACHPOCTPAHEHHOH W CAeNyeT NPHBHIKHYTb Mpa-
BHJIBHO (HE CJHIUKOM GYKBaJbHO) MOHHAMATH TEKCT B MOAOCHBIX CJAy-
yasx. — [Ipun. peod.
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My u M; COOTBETCTBEHHO M HMeeT JIHIIb LOHEYHOe YHC-
JIO KDHUTHYECKHX TOUEK; BCe OHH HEBBIPOXKIEHHBI H Jje-
JKaT Ha pasHbX ypoBHSX. Dymem cnemutrb 3a MHOXe-
ctBoMm yposHelt M., ysenunuuBas ¢ or 0 mo 1. Cornacro
ymp. 5.4 u Teopeme 5.1, ¢ ypoBieM M. TOHOJIOrHYeCKH HH-
4ero He MPOHCXO/HT, €CJI¥ MBI He MPOXOAHM KPHTHUECKHH
YDOBeHb, W MPOHCXOAUT cdepuiecKass mepecrtofika, Ko-
raia met ero npoxoauM. [locnennee caydaercss Ha BeeM
nytd ot My x M, nuwb KoneuHoe uucsao pa3. OBparso,
ecnid M, monyuaercd u3 Mg KOHEYHBIM UHCJIOM cdepH-
YeCKUX MepPecTpoeK, TO TeopeMa 6.2 yTBepKAaer, uTO
mHorooGpasusa My u M; GopaaHTHHL

6.6. Manbie weBeneHHA H W3OTONHA

Ecau pasobpatbca B omnpenesenn chepuueckoil mne-
pecTpofiKH, TO OKaXerCs, UTO pesyabTaT 37Ol onepalH#H
3aBHCHT OT cdepbl, KOTOPYI0 MBI CTATHBaeM, a TaKkKe
OT TOrO, Kak IpeicTaBjieHa TpybGuarasi OKPECTHOCTh
370il cepbl B BHje NMPOHU3BeAeHHA BHYTPH AAHHOFO MHO-
rooGpasuda. C ppyroft CTOpOHEBI, NMepBHIA WAar B KOHCT-
PYKUHH MepeCTPOHKH COCTOAJI B YAAJdeHHH Tpybuartoi
okpectHocT ciepnt ST, [Tostomy, ecan 6nl gpyras cde-
pa ST umena Gbl Ty e camyio TpyOuaTyio OKPeCTHOCTS,
TO pPe3yJbTaT NEepPeCcTPOHKH MOayuujcst OB OAHH H TOT
xe. D10 NMpoM30iigeT, HAIPHMep, eciH chepa S| moay-
yaeTcss M3 S” HeGOJBIIHM CMeUlEHHeM, TakHM, 410 S
nepecekaeT B ONHOM TOUKe KaXKAylo KiaeTky-caoil {x} X
XE"T npoussegenusi STXEn (tpy6GuaTofl OKpecTHO-
cta S87). B stoM ciyuae 8" X E®" aBTOMATHYECKH Bbi-
paxaerca kKak S| X E"™", u mosToMy moayuuTtcs Ta e
caMmasi [epecTpoiika, He3aBHCHMO OT TOTO, C Kakxofl cde-
pul nadath: ¢ S” win Si. Tounee, pesyabrar M, mepe-
cTpoilky, craruBaouefi Si, Oyder TeM Ke CaMbiM, YTO
H pesyabraT MmepecTpoiiku, crarusamoien S". Kpome
TOTO, HeTPYAHO BHeTb, UTO 00e 3TH MepecTPOfKH pea-
JIH3YI0TCS OJHHAKOBBIMHU TLJIEHKAMH.

3aMeruM, 4TO CTPYKTypa NpOH3BeieHUs Ha Tpybua-
TOil OKPECTHOCTH cepbl S ompeensiercss COOTBETCTBYIO-
wefi cTpykTypolt Ha oxpecTHOoCcTH S7. BaXKHO OTMETHTB,
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YTO Ja)ke B cayuae, Korga S™ BooOIie He MEHATCH, H3«
MeHeHHe CTPYKTYPBI NPOH3BeJeHHS Ha TPyGUaTOH OKpecT-
HOCTH MOXKeT IIOBJIsATh HA pe3yJabTaT fNepecTpoiiKu. ITO
06CTOATeNBCTBO HIJIOCTPHPYETCA CJACAYIOWHM TPOCTHIM
NpUMepOM.

Mpumep 6.11. Boasmem cdepy S2 u paccmorpum
na Heit 0-mepHyio coepy S% kaxk B npumepe 6.4. Ha ca-
MOM [Jejie CYINECTBYIOT JBa CHocofa MpeACTaBUTb OKpe-
crHOCTh cheprl S B BHIe npousseaeHns S° X E2, KaxK-
OB H3 KOTOPBIX TNOJyyaerTcsi H3 APYroro H3aMeHeHHeM
HanpaBJeHHs BpalleHUss Ha OZHOM H3 Kpyroe'!). 3ro

) Myers a, b—rTouka chepnr 89 U —ee tpyBuarasm oxpeer-
aocte, E2={(x, y) ¥4+ 12 <1}, [: S*X E2— U — guddeomop-
¢usM. Ecan ma xpyre E? Boifpana opHeHTallHfl, T. €. YCTaHOBJEHO,
KaKoe HanpaBJieHHe BpAUEHHST CUUTAETCH IMOJOMKHTEIBHBIM — CKa-
JKeM, IPOTHB 4acoBoll crTpeniku, — 10 Auddeomopdusm f nepenocur
5Ty OpPHEHTALHIO Ha KJETKH

U,=Ff{a} XEY) n U,=f({t} X E?),

Ho Bea» MOXKHO B35iTb H Apyrofl auddeomopdusm g:S° X E2— U,
a EMeHHO

glany=Flaxy). g xy=[0x —y.

OH TOXe NepeHOCHT OpHeHTamHio Kpyra E? ma Tte ke kiaetkn. Knerka
U, 6yner opueHTHpOBaHa TaK e, KaKk u paublie, Ho Up — Her.

fcuo, uro HMeloTcs eme aBe Bo3MoxHocTH, OAHAKO yYHTaTelh
Jerko yOemuTcsi, CAeNaB COOTBETCTBYIOUMIKS PHCYHOK, YTO HA pe3yb-
TAT NEpecTpoiiKM BAMSAET TOJBKO, ONHHAKOBO JH OpHeHTHpOBaubi U,
n Uy, Ecau opuenrauun U, u U, nporusonoscmus,, to 6yneM ro-
BODHTb, YTO MEPECTPONKA COXPAHACT OPUCHTAUUX, B NPOTHBHOM Ciiy=
yae — YTO OHA He COXPAHAET OpUeHTayulU.

[TponcxoxneHne STHX HAa3BaHHH $HCHO H3 TaKHX NPUMEpOB.
B npumepe 6.11 nepecrpoiixa, COXpaHAIOMmas OpHEHTAUHIO, NEPEBOLHNT
chepy B TOP, KOTOPHIA OpPHEHTHpYEM, a mepecTpofika, He coXpaHslo-
[mas OpHEeHTalliW, — B HeOpHeHTHPyeMyio OyTnaxky Kaefima, Hpyro#t
npuMep — NepecTpolikH OKpyxuocteir; cM. crp. 139. Ilepecrpoiiky,
HaspadHble TaM 3aKPYuMBAIOIMMH, — KaK a3 H eCTb Te mnepe-
CTPONKH, KOTOpbie MBI ceffuac Ha3BajiH He COXPAHAIOLIHMHA OpHEHTA-
uun. OHU HEpeBOIAT OKPYKHOCTh B OKPYMKHOCTb, T. € OPHEHTHpYe-
MOCTb NIpH 3TOM COXpaHsCTCA, HO ecan Ha HCXO}IHOI’I OKPYKHOCTH
BeI6paTh KAKOe-TO HANpaBJeHWe, TO MOcae NEPecTpoiKH Ha pasiny-
HBIX KyCKax HOBOH OKpYXHOCTH ndiyuaTcs pasHeie HalpaBJeHus,
1. €, ODHeHTAIHA He COXpAHAETCs.

3ameTuM ellle, 4TO €CAH MepecTpauBaeMoe MHOroo6pasHe HeopHs
EHTHDYEMO, TO T'OBODHTH O MNOAOGHOM pas/JHYHH MEX1y NepecTpofi-
KaMn tHna 0 He npHxoxHTCs, HOO HA TAkOM MHOroo6pasHH HEIb3f
CpaBHHBATh OPHEHTAUWH, BBEJEHHEIE B HeNEePeceKalomUXCs OKpecTs
nocrax Ug u Uy, — Hpun. peo.
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o3HauaeT, 4TO Korga Mbl mnogkaedsBaem S!' X E!l, coot-
BeTCTBYIOUHM 06Pa3oM OTOXKIECTBJAS TPaHHIB, TO 3TO
OTOXKIECTBACHHE MOKHO NPOH3BECTH ABYMS ClocofaMu.
ITepBbiii (opueHTHpYyeMbli) cnoco6 onHcar B IpHMepe
6.4, H, npuMeHAA ero, Mbl NOJyunm rop. Jipyroil (He-
OopueHTHpYeMHIll) cnoco6 npuBeseT K ONHOCTOPOHHEH
MOBEPXHOCTH — GyThiake KaeHHa (puc. 7.22).

Ynpaxueuusd 62 Ilycte S — npsaMo BJOXKEHHAas B MHOTo-
oGpasne M cdepa, u nycts B -—ee tpyGuaras oxpectiocTh. JlBa
npeAcTaBaeHus B B Bume npoussemeHus ST En-T onpepensior
nnddeomopdusm [ okpectioct B Ha ce6a. OH onpeaensieTcs TeM,
4TO NEepeBOJHT TOUKY, KOTODOf NMpH OZHOM NpeAcTaBieHMu B B Buie
HPOU3BEACHHA COOTBETCTBYeT Napa (p,g), B TOIKY, KOTOPO# npH
ApyroM npejAcTaB/JeHHH OTBeyaer Ta XKe mnapa (p,q). Hokaxmure,
4TO €CAH f MOXKHO HPOAOJXKHTb X0 aHdbeoMopduama MHOroobpa-
sufi M Ha ce6s, TO nepecTpONiKH, COOTBETCTBYIOl{HE ABYM pasilblM
fpejCcTaB/ieHHusIM, TPHBEAYT K OXHOMY pe3yibTaTy H peanH3yioTcs
OJMHAKOBLIMH TJIEHKaMH ').

6.3. BugonsMenss npeanayliee yrnpaxHeHHe, NPEANOIOKHM, UTO
ST npsamo BaokeHa B M u uto By m B — aBe TpyGuarbie OKpecT-
HOCTH, KaXKAas H3 KOTODHIX NpelAcTamiieHa 8 BUJe IPOH3BEACHUSA
St X En-7. Torna anajoriqso ynpaxuesmio 6.2 onpegensercs 0t1o6-
paxenue f okpectHoctn B; Ha B, J[lokaxure, utO €CJHM [ MOKHO
npojo/KHTE Jo Auddeomopdusma wmHoroobpasus M Ha cebs, TO
nepectpoiiky M npu mosowu By u By NpHBOAAT K OUHOMY pe3yib-
TATY H PEANH3YIOTCH ONHONH M TOH XKe nJjeHKoll,

6.4. Oang uacTHbl clyyafi OPeABLAYILEro yHpaxKHEHHS N8 Hac
ocobeHHo Baxked. [Tycts 87 umeer TpyGuartnle oxpectHocTn BB,
<B;, rae Bi=S8"XE; i=1, 2, 3, a E;—uapsl ¢ ueHTpoM
B HayaJe KOOPJIHHAT HEKOTOPOro (A — r)-MepHOrO MNPOCTPaHCTBA,
npuuem E;, < E; < E;. Iocrpoiite auddeomopdusm (7 — r)-Meproro
npocTpaHcTsa Ha ce0s, KOTOPHI TOKAecTBeH BHe E3; M nepeBOgHT
Ez B El‘

(¥xasanue: crpoiiTe orobpaKeHue, ABMTas TOYKW MO DagHycaM
K Hayasy KOODAMHAT H ONpeHesias BeJIHUHHY CIABHrAZ MPH MOMOLLH
GyHRUMH TUOA TOH, KOTOpas Oblia onucana B npumepe 2.4.)

BuBepure orciofa, uro cymectsyer ILHPdeoMopdH3IM MHOrO-
obpasusi M ua cebs, nepeBoasimuil By B B).

') Bor touynas ¢opMyaupoBka Toro, 4to TpebyeTcs AOKas3arh.
IMycts mpu mepmoli mepectpoitke us M monysaercs MHorooGpasue
1, 2 W—njeHKa, peaiusylomas 3Ty nepecTpofiky; NycTb NpH BTO-
polt mepectpolike Noayuaercs M;, a W’/ — coorsercTByiomas ILieH-
ka. Torpa cymecrsyer takolt auddeomopdusm F: W— W' stux nae-
HOK, 4T0 F|{M = f. (Tem cambiM yie ckasaHo, uTo M, H M{ And-
deomopdum). — Hpunm. ped.
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C yuerom ynpaxHenus 6.3 cmbica ynpaxuenna 6.4
3aK/II04aeTcs B TOM, UTO, TIPOM3BOAY NePeCcTPoiiKy, CTs-
ruBalomyio coepy S7, Mbl MoxkeM Opatb TpyOuaryio
OKPECTHOCTb 3TOH Chephbl CKOMb YTOAHO MaJIOM.

To/MbKO 4YTO OHHCAHHBIM pe3yJAbTaTaM MOXHO IpH-
Aath Gosee o6iyi0 (GOPMYJHPOBKY, OAHAKO 3[4€Ch MEbl
ne O6yAeM 3THM 3aHUMAaThCA.

Hau6Gonee BaxHOH A HAac sIBASETCA CHTyauHs, B
KOTOpPOil MPAMO BJOXKeHHBle cdepbl S| U Sg MOAYUHIUCH
KaK 06pasbi ABYX H30TOMHBIX OTOGpa)keHnil cdepnl S”
B.-M. DTO MOXHO NOHHMAaTh TaK, Yro ctepa Sy moay-
yaercd H3 S; HOCPeACTBOM OOJbLUIOTO CMELNEHHS, OJA-
HaKO 3T0 GO/blIOe CMelleHHe pasJjaraeTcd B I0OC/eN0-
BaTeNbHOCTh MAJibIX CMEIEeHHH THIA TeX, KOTOPBIE OIIH-
caHbl B Hayajle 3T0rc pasgena'). B stom caysae MOXHO
NOKa3aTh, 4YTO 3aJaHHasi CTPYKTypa IPOH3BeJeHHA Ha
TpyGuaToit OKpecTHOCTH cdepnl S; HHAYUHPYET CTPYK-
TYpYy [pOH3BeJeHHs Ha TPyO6uaTOH OKPECTHOCTH Cephl
Sy, npHueM NepecTpoiiKH, KOTOPhlie COOTBETCTBYIOT 3THM
OKPECTHOCTAM _H CTATHBAOT cdepsl S; u Sy, NPHBOAAT
K OJHOMY pe3yJbTaTy ¥ peajH3yIOTC OXMHAKOBHIMH
MJeHKaMi. DTOT pe3y/ibTaT MOXKHO NOJY4YHTh, HallpuMep,
[HOCTe0BATENbHLIM TPHMEHEHHEM COOTBETCTBYIONIEro pe-
3yabTata JJd MAajblX IIeBeJeHHH.

CyutecTByeT Apyroe oOCTOATeNbCTBO, KOTOpPOe Tpe-
Gyer H3yueHHA B CBA3H C 3THM KPYrOM BONIPOCOB: HaAo
MpOBECTH CpaBHEHHE MEXAY IJIEHKaMH, PeasH3YIMHMH
LIBe TaxHe II0CJIeOBATEILHOCTH MepecTPoeK, UTo cdephi,
cTATHBaeMbie B OJHOH TOC/eN0BaTe/NbHOCTH, NOJYYaloT-
ca u3 cdep, CTArHBaeMHX B APYroi, NOCPEACTBOM MaJbIX
wiepesennii. CreflyeT OTMETHTb, 4TO HEJOCTATOUHO pac-
CMAaTpUBaTh IJIEHKH, pea/H3yIoIHe KaXKAyi0 OTIAeNbHO
B3ATYIO NI€PECTPONKY; HAJIO TAKXKe yAeJHTh BHHMaHHE €IOo-
co6y, KOTOPHIM OHH CK/IeHBAiOTcsl, 00pasys ABe NJeHKH,
péanusyloniue IBe MOC/eJ0BAaTeNbHOCTH NEPECTPoeK.

HOas pawux uejeil ZOCTATOYHO PACCMOTPETb CAENAYIO-
mwui vactHuil cayuah. ITycts ¢ — nepectpoilka, xoTopas
npespawaer My B M, u HaunHaeTcs ¢ yaaseHus Tpyo6ua-

1) Toudoe ompeie/ielHe H3OTONMH cM.y Muanopa (cTp. 206). —
Hpus. ped.
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TOHK OKpeCTHOCTH B cdepsl S, NpsMO BJOXKEHHOA B M,.
Tlyete ¢’ —Bropasi nepectpofika M,, Kotopasi Hauy-
HaeT¢s ¢ ypajeHusi TpyGuatofi okpecTHOCTH B’ cdeput
S’. TIpeano/soxuM, YTO CYWIECTBYET TAKOe HElPepLIBHOE
otobpaxenue F: Mg X [ — My, uTo ero orpaHnueHue Ha
My X {0} rtoxmectBenHo orto6paxkaer My, B cebs, ero
orpannuenne Ha M, X {1} mepesoxur B’ X {1} B B, co-
XpaHds COOTBETCTBYIOIIYIO CTPYKTYpPY MpousBeflenus,
a’ ero orpaHuueHue Ha MHoxecTBO Mo X {f} mas Kax-
poro { asaserca romeomopéusmom. O6o3nauuM uepes g
orpanuuyenne otobpaxkenus F Ha MmuHOXectBO Mo X {l1}.
Torga, ucnosin3ysa Meroj ynpasxHeHnusa 6.3, Mbl moJyuya-
em romeomopduam G naenaxu W, peaansywomeil nepe-
CTPOHKY ¢, HAa IeHKY W’, peajH3yOmYI0 NepecTpoHKy
¢’, npuuem orpannueHne G Ha M, pasHo g!. Temepn
Mbl XOTHM Tak nognpasuTb @, uTo0Hl cHejaTb €ro orpa-
HuYeHHe Ha M, TOXIeCTBeHHBIM OTOOpa’KeHHEM.

Hna stol uean onpefenum orofpakeHne H MHOro-
ob6pasuss W’ ua cebs caexyiomuMm oGpaszoM. 3aMeTHM,
YTO, NMOCKOJIbKY MHOTooOpasne M, sBisieTcst HeKpHTHYe-
ckuM ypoBHeM dynxkuun Ha W’ (teopema 6.2), oHO uMeer
B W’ oxpecrnocts Buga MoX/, rae MoX{0} oroxaecrs-
asgerca ¢ My (ynpaxuenue 5.2). Onpexenum oroGpaxes
nue H, ckasaB, uTo BHe 3TOH OKDECTHOCTH OHO TOXKIE-
CTBEHHO, a BHYTPH 3TOM OKPECTHOCTH 3ajaHo (opMyJoH

H(p, y=(F(p, 1 —1),1).

Mul BuguMm, ure H{p, )= (F(p,0),1)=(p, 1), =na-
uuT, ompepenenus orobpaxkenuss H B Mo X[ u sHe
Mg X I cornacoBanbl H BMeCTe ONpPeJeJAIOT HeHnpephlB-
Hoe orofpaxenue. KpoMe Toro, HajJoxeHHbe Ha F yC-
noBHst olecrneunBalor, uro H siBasierca roMeoMopdus-.
MoM. Hamee, H(p,0)= F(p,1)=g(p). Tarkum oGpa-
3oM, orpannuyenne H Ha M, cosmagaer ¢ g. Orciona
caenyer, 4ro orobpaxenne HG dABasgeTcHA TOMeOMOp-
t¢unaMom MHorooGpasusi W na W/, orpannueHHe KOTO-
poro Ha M, ectb gg-! = TOXIeCTBeHHOE OTOOpaKeHHeE.

IloxBeneM HTOT:

JJevmma 6.1. ITycro ¢ u ¢’ — nepecrpoticy muoec06-
pasus Mo, ydosaersoparoujue npusedenHbim  Govllie
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ycaosuam. Toeda ¢ u ¢’ npusodar Kk 00nomy pesyrvrary,
a MexcOy PeaAusyrouUMy UX NACHKAMU CYyulecTéyer 20-
Mmeomoppuas, oepanuuerue Kotopoeo Ha M, asasercs
TEILOECTBEHHbIM OTObpascenuenm.

Tenepp ™Mbl MOKeM NPHIOXKHTL 3TO K IMOCAeROBa-
TeJBHOCTH Tepectpoek. [lycTs, Hanpumep, K MHOroo6pa-
3HI0 M, DoCaefOBaTeNbHO NMPHMEHSIOTCH ABe HepeCcTpoi-
Ki ¢; H ¢, npHuYeM nepecTpofika ¢, mpespamaer M, B
M;, a nepecrpoiika ¢, npespamaer M; B M, Ilpenno-
JIOXKHM, fajlee, YTO ¢, 3aMeHSETCH IepecTPoiKkod ¢,
CBSI3aHHOM C ¢ TaK Xe, Kak ¢’ cBAsaHa ¢ ¢ B JeM-
me 6.1. OGo3HaunM IJICHKH, peaju3yioliHe IeDecTPOIKH
¢, ¢, ¢, vuepes W, W, W, coorsercrsemso.
Torra nocienoBaTelbHOCTh NEpecTpOeK ¢y, ¢ peanu-
ayerca njaenkofl W= W;U W,, a mnocnemosatenpHOCTDb
¢, ¢, — nnenxolt W/ =W, UWj;, rne B xaxnom obbe-
AMHEHHH OTOXAeCTBaAsiOTest TOUKH My M3 Jemmb 6.1
-cpasy clielyeT, UTO CYHIECTBYeT FOMeOMOD(H3M TIIEHKH

na W’; on maxe toxpectBeH Ha Wi.

Tor xe croco6 MOXKHO NPHMEHHTh K MOCJeXOBaTElNb-

HOCTH JIIOGOTO YHCIA [epecTpoex. '

Ynpaxuenne 6.5 ITycte S —cdepa, npaMo BIOKEHHaAA B
M,, n nycts B — Tpy6uaTag OKpecTHOCTb cdephl S, mpeacTaBleHHAs
B Buae npoussemeHusa S X E. Ilycts 'S’ — Bropas cdepa, Kotopas
siBAseTcd NOAMHOrooGpasueM B B, nepecexkalominM KaXAH# caolt B
B —xknetky s X E, s=S,—1no omuch Touke, a B’ — rpybuaras
OKpecTHOCTE cdeprl S’, KoTOpas cofepxHTC B B M KaXAbHi C10H KO-
TOPOfi CcOZEpXHTCA B cioe okpecTHocTH B. lokaxwure, uro S, 87, B, B/
YROBJAETBOPAIOT YCAOBHAM ngeMMul 6.1, Pesyabrar 5Toro ynpaxkHeHHW
OyAeT CyMEeCTBeHHHM VS IeperpyNnmHpOBKN IepecTpoek B pasa. 6.8

6.7. Npusenenve B ofmee nonoesune

HHero, MOMGKEHHYI0 B OCHOBY 3TOTO. pasfieda, COBCEM
JIerKQ YJIOBUTh HMHTYWTHBHO, OJHaKO JeTalH JOKa3a-
TeJbCTB CAMIIKOM CJAOKHBL, YTOOBl HX 3IeCh HPHBOAHTH.
[TosroMy mDoHsiTHE, KOTOPOE MEI BBOAHM, OyjAer JHllb
Pa3bsCHEHO Ha psje NPHMEPOB.

CHayana pacCMOTPHM JiBe KpHBble Ha IIOCKOCTH,
KOTOpBIE TepeceKaioTcsl B Touke p. Ecau uyTh-yyTh CMe-
CTHTH OJHY WJH JAPYTYI0 KPHBYIO B ILIOCKOCTH, TO CMe-
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[leRHble KpUBble MO-TPeXKHeMy OyAYT HMeTb TOUKY Ie-
peceuenns BGaH3H p (cm. puc. 6.6). C apyroir crepo-
‘Hbl, €CAM OJHY KDHBYIO BBIBECTH H3 IJIOCKOCTH B TpeX-
MepHOe NPOCTPAHCTBO, TO NepeceveHme nponager. flapa
KPHBbIX Ha IJIOCKOCTH, KOHEUHO, MOMKET HMETbh HEH3OJH-
posannbie TOYKH nepeceueHus. OfHaKo ecsH, HampuMep,
JABe KpHBble UMeloT o6yio AYry, TO MaJjoe CMEIleHHe

Puc. 6.6. Toukas kpuBas npH HeGOJLIIOM CMEUEHHH B INIO-

CKOCTH NO-NPEXHEMY nepecekaeT ToacTyio Kpusyio. Crout ee

DPHNOLHATL B TPEXMEPHOM NPOCTPAHCTBE, H mNepeceuellne
HCUe3HeT.

OMHO# H3 HHX YyKe JaeT mapy KPHBBEIX C H30JHpOBaH-
HBIMH TlepeceuenusiMH (puc. 6.7). HWamocrpupyeMas
3mech Hesd 3aKJIOUaeTcss B TOM, 4YTO ABe KPHBHE B 0G6-
LieM TNOJIOXKEHHH Ha IVIOCKOCTH HMEIOT H30/JHpOBaHHbLIE
TOYKH TlepeceyeHus, B TO BpPeMS KaK B TPeXMEePHOM Ipo-
CTPAHCTBE OHH, HAXOASCh B O0OileM N[OJOXKEHHH, He
HMeioT o6mEx ToyeK. KpoMe TOrO, mepecedeHusi KPHBBIX
B TPEXMEPHOM NPOCTPAHCTBE MOXHO IIOJIHOCTBIO yCTPa-
HUTH [IPH NOMOIIH MaJiblX IeBeJeHu .

Uro6sl YBHAETh, KaKyl0 POJb Hrpaer BO BCEM 3TOM
pasMepHOCTb, ClelyeT IpeACTaBadaTh ceGe, UTO TOYKH Ha
IVIOCKOCTH HMeEIOT ABe CTeNeHH cBOGOALI; YTOGH 3adHK-
CHPOBATh TOUKY, HeOGXOIMMO 3a1aTh [IBe ee KOOpAHHa-
78, Ho Touka Ha KpHBOH HMeeT JHllb OAHY CTENEHb
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¢B06O/IbI, TAK UTO YCJIOBHE JeXKaTh HA KPHBOH morJomaet
OJHY CTeleHb CBOGOABL. YCNOBHE JeXaTb HA ABYX KpH-
BbIX, TAKHM 00pa3oM, NOrJoiaer ABe CTeMeHH CBOGOMBI.
ChnenoBaTesbHO, B O0HmIeM CJydae MHOXECTBO TOUeK Ie-
pecedeHHsl ABYX KPHMBBIX He MAO/KHO HMeTh HH OAHOH
CTeNeHH CBOGOABI H MOTOMY HOJXKHO COCTOSITH H3 M30JIH-
poBaHHBIX Touek. C APYrofi CTOPOHBI, TOUKAa B TpexMep-
HOM MpPOCTPaHCTBE HMeeT TPH CTelleHH CBOGOABI, B TO
BpeMsi KakK eCad OHAa 00si3aHa JeXaTb Ha KDHBOH, TO

Puc. 67. TIlyreM Majoro IeBeNeHHS KpDUBHIX HA
INIOCKOCTH MOXHO JAOGHThCS, 4TOGH OHH NepeceKkasnch
B H30JHPOBaHHHIX TOYKaX.

oHa OyxeT HMeThb JHIIb OJHY cTefeHb cBoGoanl. IlosTo-
MY YCJIOBMe JeXaTh HAa KPHBOH B TPeXMEePHOM [pO-
CTPAHCTBE TOr/OLlaeT JABe CTelleHH CcBOGOABL. YC/OBHE
JeXaTb Ha JBYX KPHBLIX HOTJIOTHT YeTbipe CTENeHH CBO-
6onbl, HO TaK KaK HX Ha caMOM JeJie HMeeTCl TOJbKO
TPH, TO JBe KPHBBIe 0OOIIEro IOJOXKEHHH B TPEXMEDHOM
npocrpancTse BooGile He o0sA3aHbl IlepeceKaTbesi. Kpo-
Me Ttoro, pasfop pucyHkoB 6.6 u 6.7 yGexjgaer Hac B
TOM, 4YTO HNpHBeJeHHe B OOIee I[0JOXKeHHe B Tpexmep-
HOM MPOCTPAHCTBE MOXeT ObiTh JOCTHIHYTO MOCPEACT-
BOM MaJblX HieBeJeHH.

Tenepp mpoBefeM aHaJOrHYHBIE MHTYHTHBHBEIE paccy-
®kaenust B OGosee obmefi curyauuu. Paccmorpum n-mep-
Hoe raaaxkoe MHoroo6paswe M u ero r-MepHOe TmoA-
muoroo6pasue N. Touxa wmHoroo6pasmss M wumeer n
¢creneHed cBOOOMLI, HO eCJAH OHA JIEXKHT B TNOJMHOr006-
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pa3un N, To Hx ocraercsl ToabKo r. Takum o6pasom, yc-
JIOBHe JiexXath Ha N rmorsoilaetr n—r CTeleHell cBo6o-
ael. Ecnn N’ —<Bropoe mogMHorooGpasue pas3MepHOCTH
r’, 1o ycnosue nexars kak Ha N, tak 1 Ha N’ B ofmeM
ciiyuae HO/IKHO Obiio Obl mortomarb n—r+n—r’
crenenell cBoGoAn. Eciu 310 4HCAO OKasbiBaercst 66/b-
HIHM R, TO CAedyeT OXHIATh, YTO I[epeceyeHHe Oyxer
nycro. MHaue roBops, ABa MOAMHOro06pasusi pasMepHé-
cTefi r W r’, KOTOphle HaXoAdaTcA B oOuleM MOJOXKEHHH,
npu r 4+ r’ << n He o6s3aHbl nepecekarbcs. Kpome Toro,
st J06BIX ABYX noamHoroo6pasmit N u N’ jpomxKeH
6bITh BepeH TOT (hakKT, UTO WX MOXKHO MpPHBECTH B obmiee
MOJIOKeHHe MaJibiM IleBejieHHeM OJHOTO H3 HHX. 37eChb
leBe/icHHe, CKa)KeM, MHorooGpasus N oO3Hadaer, uTO
Mbl 3aMeHsieM BJoxenne f: N § M gpyrum orobpaxe-
HueM g: N — M, kotopoe TOXe sBAAETCH BJIOKEHHUEM
(yxe B cMmbicae onpegedenus 3.2) U 6au3k0 K [ B TOM
cMBIcae, uTo g(p) Aasi Bcex p OAM3KO K f(p) = p H
IPOM3BOJIHble (GYHKIUMHA, BHIPAXKAWIWHUX & H [ B J0Kalb-
HBIX KOOpAHHATax (BBHAY KOMIIAKTHOCTH IIOHaZOOHTCS
JHIIb KOHEUHOE YHCI0 KOOPAMHATHHIX OKpecTHOCTefl),
TOXe OYIyT GJH3KH.

6.8. NMeperpynnupoBka nepecTpoex

Tenepb Mbl NPHMEHHM pe3yJbTaThl ABYX MOCJAEIHHX
pasjeNoB K J0Ka3aTeJbCTBY Ba)KHOH TeOpeMhbl O MOCje-
JOBaTeNbHOCTH nepecrpoeK. IlepBmifi mrar — nokasars,
YTO NpPH NOAXOAALMX YCJAOBHSAX JABe IOC/TeNOBaTeNbHbIE
HepPeCTPOMKH MOMXHO NPOH3BOAHTL B OGPaTHOM MOpPSAMKE.

Hrak, nycTh ¢, — nepecTpoiika THHA ¢, KoTopad
npespamaer JaHHOe KOMIIaKTHOe IJIafkoe MHoTrooGpasue
M, B My; nycte W — nieHKa, peanusyiomas ¢, H IyCcTs
¢, — nepecTpoiika THna S, KoTopas npespamaer M; B
M, u peanusyercsi niekofi W, Ilepectpofiku ¢y u ¢
crsaruBaioT cdephl ST My 1 SS<M; B Touku Py H Py
mHorooGpasui W, u W; cooTBeTcTBEHHO, IPH 3TOM BO3-
HHKaI0T cheprr Sn—r—1 p §7—sL,

[Mpexnonoxum, uro s<<r. Torma, obpamasch K
paccykaeHHaM pasix. 6.7, Mbl BHIMM, YTO MOXHO Clerka
nomesenTh chepy S°® Tak, uToGbi oHa He mnepecexana
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Sn-r—1 Corgacuo ynpaxsenmo 6.5, 3170 mesexenue ce-
pbl S* MOXHO CHeAaTh TAK, YTOOH BHIIOJHSWVIHCH YCI®-
BUs JeMMH 6.1, H TorHa oHO He ROACHCTBYET HH Ha pe-
3yAbTaT NOCJAEL0BATEAbHOCTH TNepecTpoex ¢i, $p, HH HA
peanusyiomyio nienky. Kpome T0ro, tenepdh ciepm 8¢
u S?4, He nepecexkanch, UMEIOT HellepeceKarolEecH 0K~
pectHocTH. Tak Xak mepecTPOHKH MOXHO INPOU3BORHTb
C NMOMOINBIO CKO/b YFOAHO MAJHX TPYGUaTHIX OKDPECTHO-
cTell (3aMewaHue Tocae ynpaxHBeHus 6.4), To mepecTpoii-
Ky $» B nepecTpofiky, 06paTHyI0 K $;, MOXHO IPOH3BO-
AUTb, UCIOJNB3YA HeNepeceKaiomuecsd TpyGuaThie OKpect-
HocTH cdep S® m S*"1, ¥ 370 yMmesblueHHe TPyGUATHIX
OKPECTHOCTEH 10 HelepeceKalOWHXCS ONATh He NMOBJHAET
HY Ha pesy/ibTaT I[IOC/He0BATEIbHOCTH NEPECTPOeK Py,
¢s, HH Ha pealH3YVIOIyI0 ee MNJeHKy. Takum oGpasoMm,
MBI I0Ka3aJjiu Cieaylollee:

Jlemma 6.2. Ilycto ¢, u ¢y — nepecrpoiixu, onucat-
Hble 8 Havare 31020 pasdera. Toeda, ne usmenan Hu pe-
3yabTarTa 3TOL N0CA008ATEALHOCTU nepecTpoek, HiL pea-
Ausyroujell ee naeHKu, MouHO O006UTbCA TO20, 4TOObLL
chepa S° 8 My, craeusaeman nepecTpoiikoil ¢, He nepe-
cexaraco co cgepoid STl gosnukaroweld npu nepe-
crpotike ¢, u 4To6bL Oaxce TpyYOUATLIE OKPECTHOCTY STUX
chep, coorsercTByoujue nepecTpolike ¢, 4 nepecrpolke,
oGparHoll Kk ¢y, He nepecerarucs.

U3 3100 NleMMBl MTHOBEHHO BBIBOJHTCH CJAEICTBHE,
PaccmoTpuM  Hemepecekalouiyecsi TpyOuaThie OKpecT-
noctd By # By chep S*1 n 8% 0 KOTOpHIX HjIa peub
B JeMMe. MuoxecrBa By u By Mbl ypaansem u3 M, Ha-
yHHaa MepecTPOiKYy ¢» H NepPecTPoliky, oO6paTHyIO K ¢,
cootBercrBerHo. OGpaTHBIINCL K TOCTPDEHHIO IUIEHKH,
peasiH3ylolel NepecTpoiiKy, Mbl BHAHM, uTo nieska W,
ectb obwenuuenne (Mi\ Int By} X7 ¢ (n - 1)-mepHoit
kaeTkol Ei, a Wy ectb ob6benunenme (M, \ IntBp) XTI
¢ (n+ 1)-mepHolt kineTkoil Ej; B KaXAOM ciydae cle-
JaHbl HajjexamHe oToxjaecTBaeHHs. Kpowme ToOTO,
Ei\ My B TounoctH paBHO By, a E;1) My paBHo B Te-
nepb Jerko BuAeTs, uto Wi COfepXHT MHOXKECTBO
By X I xak nogmHoxecto B (M;\IntBy) XI, B 1O
Bpema Kak Wi comepxur By XJ kKakK DOAMHOXECTBO B
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(A, \ Int B;) XX I. Hakoren, o6vemurenne Ey u By X1
Ho-npexHemy sBasercss (7 - 1)-mepHO# "KaeTkoft - Ef,
mepecekaloinelt M, no MHOXecTBY Bi, romeoMop¢HOMY
Sn—r—1 3 E™+1, a oGbepuuenne E; u Ba X sasaserca
(n -+ 1)-mepuoit xnetkofi E%, xotopas nepecexkaer Mg
no MHOXeCTBY Bj, romeoMopdHomy S& X En-s,

Ynpaxuenue 6.6. TIpoBepsTe TO, uTo yTBEPKIgeTC B Wpes
ABIAYIIEM APEAJOKEHHH,

Bce 3To 03HauwaeT, 4TO MBI MOMKEM CYHTaTh Ilepe-
CTPOHKH ¢ H ¢ NPOH3BOJHMBIMH OfHOBpPeMeHHO B M,.
TouHee, eCJH HCKJAIOUHTL M3 M, MHOXecTBa By uH B
B BCTaBHTh Ha MX MeCTO MHOXecTBa B] m Sn—s13X
X Estt, 10 (Ipn HapJeXalHX OTOXIECTBJACHHAX) ToaY-
uutca M,. Kpome toro, naenka W= W, U W3, peanu-
3ylomas napy Iepectpoek ¢, ¢, moayuyaercsa jpobasie-
HHeM kiaeTok FEi u Ep} x (Mg\ IntBo\ IntB3) X1
C HajeXamHMH OTOXAeCTBJAeHHssMH. Cllef0oBaTesIbHO,
N0 OTHOWIEHHIO K KOHEUHOMY pe3ynbTaTy H K IOCTpoe-
HHIO TVIeHKH o0e 3Td NepeCTPOHKH PaBHONPABHBL

3aMeTHM, YTO BCe 3TO GBbLIO CleJaHO B NPeAroJoxe-
uuH, uro s << r. IlocienHee ycjaoBHe TpPeGOBAIOCh A
TOrO, 4To6Bl MOXHO GbLIO CAenaTh chepsl S™ ! u S B

| HenepecekatowuMucs. Ecan Gpl 3TH cdepbl ¢ ¢aMOro
Hayana GObUIH HeNepeCeKalomUMHCH, TO He3aBHCHMO OT
COOTHOIWIEHHST MEXAY 7 ¥ § Oblo OBl CNpaBeAJIMBBIM TO
e caMoe 3aK/IOYeHHe O PaBHONpPABHH ¢y H ¢

[Mponosmkasi HalM pacCyxIeHHs, Mbl MOXeM CKa-
3aTh, 4TO NOCKOJLKY MEPeCTPOHKH @y H ¢ Telepb Haxo-
ASTCH B paBHOM TOJIOXEHHH, TO NMOPSAAOK, B KOTOPOM OHH
NIPOU3BOAATCSA, MOXHO MOMEHATb Ha oOpaTHbIM, Mnaue
FOBOpS, MBI MOXKeM CHauya/la BBHIOJHHTH NMEPecTPoiKy Ps,
a 3aTeM K NOJAYYEeHHOMY pe3yJdbTary NPHMEeHHTb Iepe-
CTPOHKY ¢;; KOHEeuHBI{l pe3y/abTaT H IJieHKa OyayT Te-
MH e, UTO M [Js TOC/AefOBATENBHOCTH @y, ¢, ITO 3a-
BepiIaeT JOKA3aTeJbCTBO OCHOBHOR TeOpeMbl HaCTOA=
Hiero paspesa.

TeopEMA 6.4, [Tycrte My noayuaerca us My Osyms
nocredosaresbHbiMI NEPeCcTPOLKAMU, U3 KOTOpPbLX nep-
8as ¢y umeer TUn r, @ 8TOPAA Py — TUN S, NPUUEM S Ty
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Tozda To e camoe mMHoz006pasue Mz MOINCHO NOAYHUTD,
desran chauasa nepecTpoiiky runa S, @ 3arem nepecrpoil-
Ky TURQ T, U NAGHKQ, pPeaiusyrowas 3Ty nociedosaresnb-
HOCTE nepecrpoex, bydeT Taxoi e, KaK 4 028 UCXOOHOU
nocaedosareasrocTu 1), '

MHorokparHoe HpHMeHeHHe 3TOTO pe3yJbraTa JaeT
CNEeYIOHIYIO TeopeMy.

TeorEMA 6.5. IlocaedosaresvHocTy  nepecTpoex
MONCHO, HE UBMEHAS KOHEeHHO20 pEe3YAsTATa U NACHKL,
ynopadouuro Tak, 4robol nepecrpoiiku TUNA S RPOU3BO-
OQuAauce paxsuie, 4em nepecTpoliKy Tuna r 2= .

6.9. Wutepnperauun teapemn 6.5 B Tepmunax
KPHTHYECKHX TOYeK

B srom maparpade Mbl He 0o0pamiany BHHMAaHHA Ha
riaafKocTh MHOrooGpasuét u oToOpaXKeHHH, KOTopble BO3-
HUKaJu B pe3yJbpTare Hauthx noctpoenuit. O6 stom cie-
ayet mMo3aGoTHTbes ocoGo. Hanpumep, npu mocTpoeHHu
IUIeHKH, peasusylomefi nepecTpoiiKy, HYXHO CKaajbBaTb
KYCKH Tak, uyToObl MOMY4HIOCh TJHAaAKOe MHOTOOOpasHe.
Mpbl yKe OTMedasH, YTO 3TO MOXHO ClejaTh, H B TeO-
peme 6.1 yTBepxnasoch Ge3 HOKa3aTe/NbCTBR, YTO Kax-
Jas TepecTPONKa THIA r COOTBETCTBYeT raagKoNl (yHK-
UMH Ha TJeHKe, HMeiomeH KPHTHUECKYIO TOUKY HHIEK-
ca?) r-+ 1. AHalOrHyHO INIOCTpOEHHe, MNpPOBEJEHHOE B
pasa. 6.8 maA neperpynmHpOBKH IePecTpoeK, BCeraa
MOXeT OBITh BBINOJIHEHO TakK, 4ToObi pasHble KYCKH,
ckJaazblBasich, AaBajH TJagkoe MHorooGpasue. Ilpeano-

') Ecan e § > 1, T0 NepectpofikM ¢; B ¢y, BooOuIEe roBops,
He TOJIbKO HeJb3si MEepecTaBHTh, HO Ja)Ke H HE HMEET CMbICja OBO-
pHTb O TOPHMEHEHHH MepecTPOAKM ¢ K MHOrooGpasuio Mo Beumn
MOXeT CAyduThesl, 4To Ta cdepa Ha MHOroo6pasun M;, KoTopylo 9ra
nepecTpoiika AOMMKHA CTATHBATb, He COOTBETCTByeT HHKAKOH cdepe
Ha MHoroo6pasmn Mg M nosBiAsercs TOJbKO NOCAE HePecTPOAKH o.
(C oxHuM npuMepoM Taxoll CHTyauHH MbH OyxeM HMeTh A0
B pasa. 8.2.) Hckiioyende COCTaBAAeT YNOMAHYTHI Bbimle caydaf,
xorza sra chepa He nepecekaerca co cdepofi, BO3HHKAWOUICR OpH
nepectpoiike ¢. — [Ipun. ped.

?) Ecan ¢yHruusa | uMeeT B TOUKE p Ha IVIEHKE MEHHEMYM (Kph-
Thueckas Touka mupexca (), to nepecigoﬁxe MHoOroo6pasns ypoBHA
M. nmpmxopurcs npunHcate THH —1. Ona COCTOHT B N "viomeM:
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JI0XKHM Temepb, uro M ecTh Iyafkoe MHOrooGpasne c
KpaeM M, U M, peanunsyiomee nocjef0oBaTeIbHOCTb Ie-
pectpoek, mpespamatomyio My B M;, u nycrts 3Ta no-
CeOBATEJbHOCTh YIOPSIZOYEHA TAaK, KaK 3TO OIHCAHO
B TeopeMe 6.5. Torma orcioma caepyer, uro Ha M cy-
HIeCTBYeT Taajfkas (QyHKuYs, KOTopas NpHHHMaeT 3Haye-
nust mexny O u 1, pasyua 0 na M,, 1| na M), u umeer
NUUB KOHEYHOe YHCIO KPHTHUeCKHX TOYeK; BCe OHH He-
BLIPOXKACHHL M 06/1aal0T TeM CBOICTBOM, 4TO ISl ABYX
TakHX Touek Py M P; H3 TOro, 4TO HHAEKC TOUKH Py
MeHblIe, 4yeM HHIEKC TOUKH P, caeayer, uto f(p1) <<
<< f(pz2). ®yHKUMSA C aHAJOTHYHBIMH CBOHCTBAMH OMNHCA-
Haliz [33] mox HasBaHuem xopotuet (nice) ¢ynkyuu Ha
M.

§ 7. IBYMEPHbLIE MHOr00BPABHA

7.1.Bsepnenue

B xauecTBe HJANIOCTPAlUWH Pa3BUTHIX Bblllle HAEH MBI
npHBeJgeM cefluac KjiacCHGHKAUHIO ABYMEPHBIX MHOT006-
pasufi (Gea xpas). [Ipum kiaccuueckom NOAXOAE K 3TOH
3ajaue MHOroo0pasus, 3ajadHHble KaK CHMIUIMUHAJ/bHDbIE
KOMILJIEKCHI, NPUBOJATCH K KaHOHHUECKHM dopMam Iy-
TeM MOCHejoBaTeqbHbIX pa3pe3oB H ckjeHBaHuil, Taxum
CnocoGoM JOKa3bIBAeTCH, UTO KOMIAKTHOE CBSI3HOe OpH-
eHTHpPyeMOe JByMepHoe MHoroo6pasne roMeoMopdHO
cthepe, K KOTOPO# NPHKJIEEHO HEKOTODOE YHCJO pYUek,
a KOMIAaKTHOe CBA3HOe HeOPHEHTHpyeMOe JByMepHoe
MHoOroo6pasue romeomopdHo cdepe, B KoTOpo# Inpope-
32HO HEKOTOpOe YHCIO0 KPYIJBIX [IBIPOK, II0C/e uero

y p uMmeerca Takasf okpectHocTs U na mnenxe, uto Mypy~e U=(),
a Mipy+ e N U nubdeomopdpuo cdepe pasmepsocru dim M. Hnsimu
coBaMH, Mocle mepectpofikd kK M jpo6aBasercsd He mepecekaromascs
¢ auM chepa. — Ilpum. ped.

') ManoxenHe 3THX BONPOCOB € JOJXKHHIM BHHMaHHEM K r.iaf-
KOCTH COAEPXKHTCS B NepBHIX ueThipex naparpadax [24] Ono tam
BEXETCS] ¢ HECKOJbKO HHEIX NO3MUHN: ynop Aenaercs He Ha chepHue-
CKHE NepecTpOiKH, 4 HA peaqusyloll¥eé HX IVIEHKH H COOTBETCTBYIO-
mrpe ¢yskuan (2 TakkKe CBA3aHHHE C MOCJCAHHMH BEKTOPHEI®
nons). — Hpun, peod.
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OTOX IECTBJEHS! AHAMBTPANLHO NPOTHBONOJCKHLIE Haph!
TOUEK OKDPYXKHOCTH, 00pa30BaHHAON KpasaMu Kakjiod H3
JBIPOK. YHCAO pyueK B NepBOM CJAyHae H UHC/O JBIPOK
BO BTOPOM SBJASIOTCS TONOJOTHYECKHMH HHBapHaHTaMy
mnosepxHocTu. Ceffuac MBI MOJy4uM 3TH pe3yJbTaTH. .
TTaJlKAX MHOrooGpasufi, H3yyast KpHTHYeCKHe TOUKH 3a-
JaHHBIX Ha HUX GyHKOHA. OpHEeHTHPYEMBIA H HeOPHBHTH-
pyeMbifi cnyyan GyAyT pasobpanbl OTHeNbHO.

7.2. OpuenTupyembie aBymMedHble MHoroofpasus

PaccMOTpAM KOMTIAKTHOE CBSI3HOE OpHEHTHpYeMOe
ABYMepHOe MHOroofpazse M H necTpoOMM Ha HeM B CO-
OTBETCTBHH C TeopeMoil 4.2 GyHKuMIO [ ¢ KOHEUHHIM YHC-
JIOM HeBBIPOXKIEHHBIX KPHTHUECKHX TOouek. B sToM cay-
yae CymeCTBYeT pPOBHO TPH THOA KPHTHYECKHX TOHeK:
MHHHUMYM, CEAJOBas TOYKa H MakCHMyM; OHH HMEIOT HH-
nekcet 0, 1, 2 cooTBercrBenno, Teopema 6.5 nokassiBaeT,
uyto QyHKuMIO [ MOXKHO BRIGPATH TAK, YTO ee 3HAUCHHS B
MHHUMyMax OYAyT MeHblle, UYeM 3HAUEH¥s B CeAJNOBBHIX
TOUKAX, a T¢ B CBOIO ouepelb OYAYT MeHbIUe, yeM 3Haue-
s B makcumMymax. Puc. 7.1 H3obpaxaer MHOTOOOpa3ue
M, nexainee B TpexMepHOM NPOCTPAHCTBE; B KaueCTBe
¢yHkuMH [ B3ATa MOCNEAHAS KOOPAHHATA, H ee KPUTHUE-
CKNMEe TOUKH WMEIOT JOJIBKO UTO OMHCAaHHOe pacnosoxe-
HHe. Mexay IpoOUMM, COBCEM He OUEBHAHO, XOTH H Bep-
HO, uTO MuorecoGpasue M MOXHO BIOXHTBL B IPOCTPaH-
CTBO pasMepHOCTH 3.

B COOTBeTCTBHH € pesyqabTaTaMu maparpada 6 wmul
MOXKeM paccMarpHBaThb MHOroo6pasme M EKak MUIeHKY,
peasusyiomyo Moc/ieloBaTebHOCTE TNepecTpoekR OHO-
MepHbIX MHOToOoGpasuil. KaXaelii MUHHMYM COOTBeT-
CTByeT BO3HHKHOBEHHIO OKPYKHOCTH, TaK 4TO, €CJH MBI
paccMaTpHBaeM cemeilctBO ypoBRefi ¢yukumu f, mox-
HHEMAasich BBEPX OT CaMofl HWXKHeH TOYKH, TO K TOMY MO-
MeHTY, KOTJa Mbl IpofigeM BCe MHHHUMYMEL, y Hac BO3-
HUKHET KoHeuHoe uHcio okpy:xkuocrefl. Ilocie sToro Ha
OfHOMEPHOM MHOTOOGpa3HH, COCTaBJIEHHOM M3 3ITHX
OKPYXHOCTell, IDOH3BOJHTCA HEKOTOPOe YHCJO Tepe-
cTpoek tHia 0, COOTBeTCTBYIONIHX Ce[J/IOBHIM TOUKaM
muoroof6pasus M. Haxoneu, npon3BoaaTcs mepecTpoiky,
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COOTBETCTBYIOUIHE PA3JHUHBIM TOUKAM MaKCHMyMa (QYHK-
‘HUH f; IPH 5TOM B KaXKAyl0 TOUKY MaKCHMyMa CTATHBAeT-
-l KaKasi-TO -OKPyXKHOCTh.

PaccmaTpuBas cHauana nepecrpofiku tuna 0, Jerko
BHIEThb, YTO CYI[eCTBYET TPH THNA TaKHX IePeCTPOEK)
yLOGHO Ha3BaTh HX c8a3bisaroujeli, pasbeasowel u 30~

Puec 7.1

Kkpyuusaroujeldl nepectpoiikamu. [IpoBefeHHe CBA3LIBAIO-
mefl MepeCTPOHKH Ha ypoBHe M, yMeHbIIAeT YHCAO KOM-
TIOHeHT ypoBHS M. Ha 1 No cpaBHeHuio ¢ M. mnpu
9TOM JiBe OKPYKHOCTH CBA3HIBalOTCS B OoAHY. Pucy-
HoK 7.2 m3oBpaxaer wacTh MHOTOOGpa3us M, obpaso-
BaHHYI0 COOTBercTBylomell mJeHkofi. Hanpumep, Ha
puc. 7.1 mnepectpoiiKa, COOTBETCTBYIOIlasd KPUTHYECKOH
Touke Pj, siBisierca cBsA3biBaomedl. Paspensomas mne-
pecTpoiika JefiCTBYeT B TOWHOCTH OLDATHBIM CHOCOGOM
(puc. 7.3). Ha puc. 7.1, nanpumep, NepecTpoiika, CO-
OTBEeTCTBYIOWIAs TOuKe Q, sBJAsercd Dpasjensioileil.
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Tperut Ttun nepectpoiixu Tuma 0 cTsATHBaeT HYJMAb-
MepHYIO cepy Ha OKpPyXKHOCTH (pHc. 7.4), OAHAKO HA
9TOT pa3 OKPYKHOCTH B OKDECTHOCTH OJHOH H3 TOUeK

Puc 7.2

HyJIbMepHO# cdepbl dakpyueHa (puc. 7.5). Pesyabrar
NepeCTPOKY MO-IpeXHeMY NpPeACTaBaAdgeT CO60H OKpyK-

-

-
-

Pne 73

HocTe (puc. 7.6) 1). 3axpyuuBaHue OKPYXKHOCTH TMPH
nepecTpofike 3TOr0 THNA. O3HAYAET, UTO KPUBEIE YPOB-

——

1) 3akpyuHBanHe Ha pHC. 7.5 TPOAHKTOBAHO HHTEPECAMH OfH-
canus IJeHKH (cM. HHXKe); caMy e fepecTPofiKy Ipomle Opexcras-

asTb ceGe Tak: OT HC. 7.4 NepeXosuM K w

— [1pum. ped.
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Hell cooTBeTCTByIOUefi QYHKUHH He 3JAIOTCA MJIOCKHMH
KDHBLIMH, M N03TOMY IVIEHKY, DealH JIOWYyK nepecTpoil
Ky, Helb3si [IOMECTHThp B TPEXMEPHOM EBKJIHIOBOM PO+
cTpancrse Ge3 caMonepecedeHHit !).

Puc 78

Paccmorpum - Teneps nueHky W, peaausyiomyio ne-
pecrpoiiKy, M3o6paxeHHyo Ha pHc. 7.4, 7.5 u 7.6, Ha
W umeerca ¢yHKuMS C OXZHOM KPHTHYeCKOH TOuKOH P.
CoOTBeTCTBYIOUIHH KDPHTHYECKVH YpOBEHb COCTOUT H3

'} Peun maer o TakoM BJOMEHHH B TpexMepHOe €BKJAHIOBO [1pO-
crpatetBo E, Opu kotopoM (yHKuMedi fBifeTcd ONHA M3 KOOPAMHAT.
BooGue xe BI0KHTh B E f/ieHKy 663 camonepecedeHuil MOXHO, H6O
ouna aaddeomoppua aucry Mébuyca (cm. Muamop, pue. 17), B ko-
TOPOM BbIpe3aHa ABIpKa, — [Tpus. ped.
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ARyx okpyxHocTeli Cy B Cp, NepeceKAIMHICA B TOYKE
(puc. 7.7). Tperva okpyxHocts C Ha puc. 7.7 n3obpa-
XaeT HeKpUTHIECKHil ypoBeHb GyHKUHH f, pacTIOAOKEHHbIH
HHXe TOUKH P; APYTHMH CJIOBaMH, 3TO Ta OKPYXKHOCTb,
Ha KOTOpOA NPOM3BOAMTCS 3aKPYYHBAIOI[as -NepeécTpoi-
Ka. 3alITpHXOBaHHAas noJoca Ha pHe. 7.7 n3o6pa-
*kaet yactb W, B ocHOBHOM 3akmouennyo mexay C u Cy.
Ha puc. 7.8 npencraBies npsiMOyrolbHHK, KOHUBI KOTO-
poro OTOXKAECTBJSAIOTCSI TAK, KaK VKa3blBalOT CTPEJKH; 8
pe3ynbrare noaydaercs auct MéGuyca. 3aTPUXOBAHHYIO
votocy Ha W w3 puc. 7.7 MoxkHOo 0TOGpPa3HTb Ha 3a-
IUTPHXOBAHHYI0O vyactb Jucra MEGuyca, OTOXKAECTBAAA
Ci cO cpenHedl JMHHEH NOJOCH, a H306paxKEHHbBIE HA
puc. 7.7 nyrm ua W —c BepTUKaJbHBIMH OTPE3KaAMH
npsMoyrofibHEKa Ha puc, 7.8. Touno Tak ke MOXKHO
OTOXKAECTBUTL M BTOPYIO IOJOBUHY Jucta Méebuyca ¢
yacteio W, B OCHOBHOM 3aK/JIOUeHHOH MeXAy OKPYKHO-
ctbi0 C ¥ HEKPHTHYECKHM YPOBHeM (YHKIMH f, pacnoJo-
JKeHHHM Bhilie Toukd P. TakuM o6pasom, C; umeer B W
OKPECTHOCTb, KOTOpas sBasercs JaucroMm Mé6uyca. Tem
cambiM C; He mpsiMo BiokeHa B W, u moromy W — ue-
opueHTHpyeMoe MHOTrooGpasue. Mol ke pasbupaeM ceil-
yac cayyail OpHeHTHPyeMBIX MHOroo0Gpasui, Tak 4ro BCe
nepecTpoilky Tuna 0 GyAyT JHGO CBASLIBAIOUIHMH, JHOO
pasiensiomMMH.

IMycte Temeps CyUCpU...U Cy — yposenp QyHK-
UMY f, PacNONOKeHHBI HARX BCeMH MHHHMYMaMH. OTOT
ypOBeHb SBAfETCS TeM OJHOMeDHHM MHOreobpasuey,
K KOTOPOMY OYAYT NPHMeHsTbcs mnepectpoiku Tuma 0.
JonycTuM Ha MHUHYTY, 4To hepecTpoiiky THla 0 MOXKHO
pasbuTh Ha ABe TPYNNH TaK, YTO NepeCTPONKH OLHOH
u3 Hux Gyayr geiictsoBats Tombko Ha CiUC:U...
... UCp_, a mepectpoliru Apyroit 6YAYT NPOU3BOAHTHCH
Ha C,. Torna nse nJeHKH, PeadAH3YIOIKe 3TH [Be HOCIE-
JA0BaTeJbHOCTH NEPeCcTPoeK, € HOOaBAeHHBIMH CBEPXY H
CHH3y KJeTKaMu OYAyT ABYMEepPHBIMH MHOrOOGpasusIMH,
oObelUHeHHe KOTOPBIX paBHO M, a 3T0O NPOTHBOPEUHT
cBsa3HocTd MHorooOpasusi M. [IlosTomy oOsi3aTesbHO
HaifleTcsl TlepecTpoiika, CTATHBAIOMIAS HYJIbMEPHYIO cde-
Py, OfHa TOUKAa KOTOPOH JeKHUT Ha okpyXnoCtH Cn, a
Ipyrasi — Ha OXHOW Hu3 OKpyxHocteli C; Ira mnepe-
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cTpofika 6ymer cBsisbiBalomero THna. [lepecraBmM nepe-
ctpofiku Tena 0 rtak, uro6H oHa wjaa Hepsofi. Torna
ocranbHble nepecTpofiku thna 0 geficTByIOT yXe Ha
obwenuuennn n — | okpyxnocrefr. [loBropss sto pac-
CyXJeHHe, MbI BHAHM, YTO NAaHHYIO NOCAEAOBATENLHOCTD
HepecTpoeK MOMKHO YIOOPSIAOYHTL Tak, Trobhl IepBhlie
n—1 H3 HUX COeNMHANM n OKpyXHocT ( C; B OmHY

E,

Prc, 7.9

okpyxHocTh Co. I'eoMeTpHUeCcKH 3TO O3HAuaeT, 4TO Celi-
JIOBbie TOYKH P; Ha puC. 7.1-MBl NepeTsHYAM BHHU3 TaK,
4TOGbl OHHM OKA3aJUCh HHMKE OCTaJbHBIX Ce[JIOBHIX TOUEK.

[laree, mo6ele ABe H3 YNOMSIHYTHIX BhIllle OKPYXKHO-
crefi C;, ckaxem C; u C, SIBAAIOTES TPAHHIAMH ABY-
MepHBEX Kaerok Ei u Ey, mexamux B M. Ecin Cy u G
COeJMHAIOTCH CBfA3bIBaOIIefl MNepecTPoHKOH, TO HOIY-
YHBHIASICA OKPYXKHOCTb TaKXKe OrpaHHUHBAET ABYMEPHYIO
RaeTKy (pHc. 7.9), o6pasoBaHuyio go6aB/leHHEM KJIeTOK
E, u E; x nnenke, peanusymooniefi nepecrpoiiy. Ilosro-
psAs 3TO paccyXkieHue n— 1 pas, MBI BHAHM, 4YTO 4acThb
MHorooOpasusi M, pacnioioxeHHasi NOA OKPYXKHOCTBIO
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Co, npenctaBisieT co6oii AByMepHYWO K/IeTKy E, Teneps
MBl MOXKEeM 3aMeHHTb [ HOBOfl (GYHKLHeH, Y KOTOPOH KDH-
Bble ypoBHefi BhilIe Cp Te XKe, 4TO H Ipexje, a KpHBbIE
yposueit Huxe Cy; 06pa3yloT ceMeHCTBO OKPYKHOCTed,
cTArMBaiomuxcss B Touky Ha Eo J[lpyrumu ciaosamm,
dyuxuus f 6yzer umeTs Ha M DPOBHO ONHH MUHHMYM.

AnajoryuHoe paccykieHHe TO3BOJAET TNOANPABUTH
¢dynkumio f Tak, uro6H oHa HMMeaa Ha M poOBHO OAMH
MakeuMyM. MITak, MBI MOJYYH/IM CJelyloInee:

JIEMma 7.1, Ha cea3HOM KOMNAKTHOM OpuexHTupye-
MOM OB8YMEPHOM MHO2000pA3UL CYUWELCTEYLT GYHKYUL,
8ce KpuTuuecKue TO4KU KOTOPOU, Kpome OO0HOZ0 MURU-
nyma u 00HO20 MaKCUMYMA, ABARIOTCA CeFA0BbIMU.

Buipaxenunag B ADYIrHX TepMuHaX, 3Ta JeMMma yT-
BepsKkAaeT, uTo MHOroo6pasne M nosydaercs 106aBJeHACM
cBepxy U cHuay kiaetok Ei u Ey K mieHke, peasnsyiolled
NOCJeR0BaTeNbHOCT nepecTpoek Ttuna 0, xoropas Haun-
Haercs ¢ OKpyx)HOCTH Co U KOHUYaeTcst OKpyxkHocThio Ci.
B Tex e TepMHHaxX BbIpar<aeTCs Hall CJeAyIOWAH Iuar:
MBI TIepecTaB/ifieM NepecTpoiikH 3TOH MOCJe[0BaTeNbHO-
CTH TaK, yTo6bl BCe pasfessionive NepPeCcTPORKH NPOH3BO-
JUJIHCh paHbllle APYrux?).

Paccmorpum Teneps kaetrky Eo (puc. 7.10), romeo-
MOpdHYIO ABYMepHOI cdepe ¢ OTBEPCTHeM, Kpai KO-
TOporo ectb OKpykHOcTh Co Ecau Mmbl memaem ¢ Co
paspeJsiollyio nepecTpoiiky # nobasasem k Eo coot-
BETCTBYIONIYIO IJIEHKY, TO NoJjydaerca cdepa ¢ AByMA
orseperusamMu. [Ipomonxan no HHAYKUHH, MBIl BHAHM, Y70
ecau nobGaBasieTcs MJEHKa, peanusywoomas k— 1 pasze-
JSIOMKX [epecTPOeK, TO B pe3yJbraTe noJgyuaercs cde-
pa M; ¢ k nplpkaMu, Kpas KOTOPHIX MBl 00603HAYHM, Ha-
npumep, uepes I'y, Ty, ..., T'h. OcranbHas uacte Mg
MHOorooGpasusa M mnoayuaeTcss Kak IJeHKa, peaHsylo-
masi peficTBylouiHe Ha OObelHHEeHHe okpyxnuocre#l I

1} Y6eputbcs B BO3MOMHOCTH Takofi NEPErpyNIHPOBKH mepe-
CTPOEK uYHTATENIO MpPENOCTABARETCA camocTosTenbHo, PopmalbHo 310
HE COBCeM TPHBHAALHO, HOO He HCK/IOYEHO, YTO TNDH H3MEHEHHH To-
paAKa nepecTpoiika, ObiBlas paHee CBA3HBalOWlel, MOMKeT CTarth
paageasiomefl. Harasiano 370 COOTBETCTBYET mepexoly 0T puc. 7.10
k 7.11 (Ci Ha MHX HMEIOT DasTHYHBIA cmbiea). — [pus. ped.
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193BIBAKON(Me TIePecTPOAKH, K KOTOPOH <«CBEpPXy® JHoO-
Gap/ieHa eme kaeTka E;. Ognako nepecTpoiike, KOTOpbie
6bl1M cBA3BIBalOIIMMA Npd ABHXKenHH oT Cy k C,, cTa-
HYT pasfaeifAlomuMy, ecad asuratbess of 'C; k Co Tlo-

- ——— =
-

Puc 7.10.

aroMy M Takxke sABasiercs coepoil ¢ k mpipkamu. Mno-
roo6pasue M Temeps mosyuaercs oObeiHHeHHeM M, H
My ¢ nomapHRIM OTOXIECTBJEHHEM KpaeB OTBEPCTHIL.
Taxum o6pa3oM, Mbl JOKa3aaH ClefylOLluil pe3yabrar.

JIEMMA 7.2. Kawdoe KomnaxrHoe cesszHoe oOpueH-
Tupyemoe  deymeproe  mnoeoobpasue (Ges  Kpas)
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2omeomophro mroezoobpasuro M(k), ede M (k) ecrv 06ve-
dunenue Osix cep, 8 kandoll uz KoTopvix npodesano k
Ovtpok, nocre ue20 Kpas 3TuUX ObIPOK NORAPHO OTOMXNCOe-
creaenst fpuc. 7.11).

JleMMa naer HaM TaKylo NOC/JEI0BATENbHOCTb MHO-
roo6pasuét M(k), yro mo6oe KOMIaxKTHOe CBsI3HOE OpH-
EHTHpYEMOe JBYyMepHOoe MHOrooGpasHe romeoMop¢uo

Puc, 7.1L

opHoMy u3 Hux. Ho uroGel 3Ty MeMMy MOXKHO ObIO CuH-
TaTh KJAAaCCHOHKAIMOHHOA TeopeMOH, HYXKHO elle HOKa-
3aTh, 4To NpH A 5=k MHorooGpasus M(h) u M(k) He
romeomop¢pusl. Onnako MHoroo6pasus M (k) npencras-
7AeHbl He B HOPMaJbHOH (opMe, OOLIYHO HCIIOJAB3YeMOi
Aas KaaccuuKanuu ABYMepHBIX Muoroo6Gpasuil, u 0
3TOMy CHayaja Mbl JOJIKHBl TPHAaTh Jemme 7.2 oGme-
NPHHATYI0 (GOPMYJAHDPOBKY.

Yrolsl cheiatb 5T0, BarasneM Ha M(k) c apyro#
TOUKY 3peHus: TpeAnoJoxuM, uro Ha M (k) HapucoBaHO
k — 1 okpyxuocte#t C;, Cs, ..., Cr1, KaK NOKa3aHo Ha
puc. 7.11. Ecan paspesats M (k) ma aBse cephl, kaxaas
¢ k mplpKaMH, Kpas KOTOPHIX 0Gpa3oBaHbl OKPYKHOCTHA-
mu Ty, Ty, ..., I'x, TO Ha Kaxpo#l cdepe ocTaHercss Ha-
6op Ayr, B KOTOPOM i-s JAyra COefHHAeT TO4KYy Ha I
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¢ Touko#t Ha I';y, HpHueM okpyxkHocte C; noayuaercs
npu obbeauneHuy i-#i Ayru Ha OAHOH cepe c i-#i Ayro#
Ha apyro#i cdepe. OxpyxHoctH C; TPSMO BJIOXKEHH B
M(k), u ecam caenaTh HepPecTPOiKH, CTATHBAIOILUE 3ITH
OKPYKHOCTH, TO NOJYUHTCH aABYMepHasa cdepa. Paccyx-
Aas B o6paTHOM HOpsfiKe, Mbl BHAHM, uTo M(R) mnoay-
qaeTcsl B pe3yaptate mnpoBelleHHs k-— 1 mepecrpoex
tina 0 #Ha AByMepHO# cdepe, mpudeM Bce OHH Ccoxpa-
1ot opuenraunio (npumep 6.11). HeficrBrue kaxmoft
Takoit nepecTPOBKH 3akJjJiouaeTcl B [PHKJICHBAHHH
K cdepe omHont pyuku (puc. 6.2). Ilostomy ecau oGo-
3HaYHTb yYepe3 X, NABYMEpHyI0 cdepy c p pyuxaMH, TO
M(k) 6yner romeomopbuo Zp 1.

[Tocne mopxomsiuiesl ' nmepemensl 0GO3HAUeHUH JeM-
Ma 7.2 NpUHHMaeT C/AeAYIOUINH BHA:

JIEMMA 7.3, KasdOoe KOMRQKTHOE (8A3HOE OPUCHTU-
pyemoe dsymeproe mrozoobpasue (6e3 Kkpas) 2omeomnopp-
HO HOBEPXHOCTU Zp, 20e T, — Chepa ¢ p pyuramu.

Ynpaxuenne 7.1. Jafire apyroe JOKa3aTeqbCTBO TOro, 410
M(k) romeomoppuo Zrp—i, NPHMEHHB K Zp—y [MOCJAEXOBATENLHOCTD
IaroB H3 fAoxasatenbcrs Jdevs 7.1 # 7.2 H npHBEAA TEM CaMbiM
Zp-1 K BERY M(k).

Teneppr HaM ocTajoch cAenaTh NOCJAeAHHH lIar—
noKasaTtb, 4T0 Zp U 2, He TroMeOMOpP(HBI, ecau p 7 .

CHauana 3aMeTHM, YTO Ha X, HMeeTcss p Helepece-
KaloWKXCd OKpPYyXHOCTeH, N0 OfHOH Ha KakKAOH pyuke
(puc. 7.12), Taxkux, uTo ecaH pa3pe3aTth X, IO KAXKAOH
U3 HHUX, TO NOJNYYHBIIAascs NoBepXHocTb!) OGyner mno-
npexHemy cBsisHOH. Maxkcumanbroe 4HciIo 06/1aAaI0MHX
9TUM CBOHCTBOM HellepeceKaloIIuXCs OKpYXKHOCTeH Ha
NIOBEPXHOCTH, OYEBHAHO, SABJAACTCH €€ TOMOJOTHYECKHM
HHBapHAHTOM.

Onpenenende 7.1. MaxcumasJbpHOe UHCIO Helle-
peceKamwIluXcsa OKPYKHOCTeH, M0 KOTOPLIM MOMKHO pas-
pe3aTb NOBEPXHOCTb, HE HApyilas ee CBA3HOCTH, HA3bl
BaeTcsl podomM 3TOH MOBEPXHOCTH.

') Spech U Hanee CJOBO <MOBEPXHOCTb® Y. TpeGasercss BMECTO
«aBymepHoro MHoroobpasusy, — ITpum. ped.
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HmeeTes . Teopema, KOTOPYIO MBI 34eChb I0OKa3hlBaTh
He OyaeM H KOTOpas yTBep)KAaeT, YTO DOJA JABYMEPHOro
KOMIAKTHOTO MHOT00Opa3us KOHeueH H, B YaCTHOCTH,
poll cdepn paBeH Hyawo (cm. [46]). dra Teopema mo-

Puc 7.12.

Tpebyerca HaM B AaJbHeHIINX paccyxAeHHAX. Jlokasa-
TEABCTBO TOrO, "4T0 2, U X, He ToMeoMOP®HB INpHU
p = q,— 370, IO CYLIECTBY, AOKAa3aTeJbCTBO TOro, UTO
pox Zp p 3eH pl).

JIEMMA 7.4. Tyctv cessnas nosepxnocts M’ noay-
yaerca u3z M nepecrpotixod Tuna 0. Tozda pod muozo-
o6pasusn M’ Goavie, uem pod M.

1) Bmecto pona MOXKHO BOCHOAB30OBATACS ApYTHUM TOHOJOIHEL-
CKHM HHBapHaHTOM — 3HJlepoBofi Xapakrepuctukod. Cu. MunHop,
sanaya 25* (saommo TaM MOKasama H KOHeyHOCTb poma). YTBep-
KIEHHe, 4TO 3aMKHyTas KpHBas Oe3 caMolepeceueHHH Ha cgepe pas-
fuBaeT NOC/IEAHION, PABHOCH/ABHO AHAJOTHYHOMY YTBeDXHACHHIO ANA
MJIOCKOCTH (AJs NEepexofa OT OAHOI0 K APYroMY MOMHO BOCIO/b3O-
BaTeCA CTepeorpatnyeckoii npoexuueli (MuaHop, puc. 3), B3sgs 3a
nomoc chepsl MOOYI0 ee TOUKY, JeRaulylo BHE paccMaTpuBacMoi
KpHBOM). A OHO fIBNfieTC OAHHM H3 YyTBepXKAeHHH TeopeMn JKop-
Zana, [okasaH#o#, Hanpumep, y dvenonne ([13], nobapaenne  ra. 9).
Hns rnagkod KpHBOH OHO JIerKo [OKas3blBaeTca € NOMOIIBID MeTo-
A0B, H3naraeMbhix y Munsopa (oM. samauy 26%); v nepexoma
K NPOH3BO/IbHbIM 32MKHYTHIM KPHBRIM TPeGYIOTCS HeKOl., “ yXHWI-
penus. — [Tpum. ped.
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Hoxasateancrso. Ilyctb pom M pasen p, u
nyets Cy, Ci, ..., Cp— HeNepeceKamuiuecs OKPYXHO-
CTH Ha M, Takue, uTO DOCJKe pa3pe3aHusi BAOAb 3THX

S0 ) .

Pne 7.13

OKpyxHocTell moBepxHocTh M ocraercss cBsisHoi. Mox-
HO cuHTtath {(cM. Jemmy 6.1), uTo HyapmepHas cdepa,
cTATHBaeMas NpH nepexome or M k M/, He mepecekaer
okpyxkHocre#i C;. Torza okpyxsocran Cy, ..., Cp «ne-
pekouytoT» Ha M’ (puc. 7.13); KpoMme Hux, Ha M’ uMeer-
cs1 OKpYxkHOCTb Cpiy, KOTOpAS ONOACHIBACT IPHKJCEHHYIO
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pyuky. Omna He nepecekaer okpyxuoctefi Cj, G, ...
.v.y Cp, 1 ecitn mp1 paspexxem M no C,, Co, ..., Cpy,
To cBA3HOCFb He Hapymurcs. CienosarensbHo, pox M’
no MeHbliiefl Mepe paseH p +1, uro crporo GoJbiue, He-
Keau pox M.

TloBropHoe npHMeHeHHe 3TOH JEeMMBl HaeT CJlelyio-
WA pe3yanTat:

Jlemma 7.5. fTycto pod M pasen p, u nycro mHO-
20006pasue M’ noayuaercs us M nposedeunuem p nepe-
crpoex tuna 1 u sagaserca ceasnoin. Toeda M’ — cepa.

HokasaTenbcrso. PaccmorpuM MHoroo6pasud,
nosyvawoiiecss u3 M npu mnocjaefoaTeNbHOM INpHMeHe-
HHH YIOMSHYTHIX TlepecTpoeK. Bce oHu cBsisnml, u6o M’
CBA3HO, a mepecTpofika THHa 1 He MOMKET INpEBPaTUThH
HECBSI3HOE MHOT000pasue B CBsI3HOe. Temepp H3 JeM-
Mbl 7.4 chemyeT, uTo Kaxpias #3 MEPecTpoek, Npeol-
pasylonyux M B M’, ymeHbmaeT poA MO Kpa#Hedl Mepe
Ha . Iostomy nocae p nepecTpoeK pPOA AOJKeH OKa-
3arbCsi paBHBIM Hymo. Ho mnonyuMBimiasgcs NHOBepXHOCTH
M’ ponxna 65Th cdepoil ¢ HEKOTOPBIM YHCJIOM ¢ pYUeK,
H TOCKOJNbLKY ee POA paBeH HYJMIO, § NONKHO PaBHATHCH
nyaio. Takum o6pasom, M’ ectb chepa.

3ameuanune. Ha nosepxHoCTH poja p HMeEIOTCSA
p HENEepeceKaroMXCsl OKPYKHOCTeH, pasdpes3 Mo KOTOPHIM
He HapymaeT CBA3HOCTH; 3HAUHMT, ¥ MNPH NepecTPodKax
tuna 1, CTATHBAIOMIMX 5TH OKPYXKHOCTH, CBf3HOCTb HE
napymures. [o jJoka3aHHOH JeMMe TIpH 3TOM [OJIKHE
nonyuuthbesi cdepa. PaccMarpuBasi nepecTtpoiikh, BeRy-
mue oT M K coepe, B o6paTHOM nopsiKe, NosydaeM, 4To
nosepxHocts M poga p momkHa Ot IoMeoMoOpdHa
cdepe ¢ p pyukamu ), Bnpouem, cefiuac HaMm noHago-

1y O6parure BHHMAaHHE, YTO 3TO e€lle He Jaer HaM .LOJHOR
KAACCH(QHKALHA: MH TeNepb 3HAeM, UTO ecid CYHIECTBYeT OPHEHTH-
pyeMas TOBEpXHOCTb, HMeioulad poi p, To H Zp uMeer poi p (pon
TONONOTWYECKA HHBapHanteH!), HO MH emle He BHACHAIH — ObiTh
MoOMET, AN HEKOTODHX p HOBepxHocwell ¢ pofioM p BooOme Het?
B wacruoctH, sceria & pos Zp paBed p? FliH, uTo sKBHBAJIEHTHO,
He MOryT JiH -GurTb roMeoMOpdHB HexoTophe Zp H T ¢ p 7= 4? Bee
3TO H BHISICHAeTcA B ocraBilefics 4acTy AaHHOTO pasgena. — [Tpusm.
ped.
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GuTca TOMBLKO caelyioilee: I BCAKOH OpHEHTHPYeMo#
HOBepXHOCTH M CyMeCTBYeT HEKOTOpOE KOHEUHOe YHCAO
(paBHOe Ha caMOM Jesle ee POAY P) C TeM CBOHCTBOM,
YTO NIPH TNpHMeHeHUM K M Gosbluere umcsaa mepecTpoek
THOAa | [OJy4YuTCs HecBf3HOe MHOroobpasune (ecau
NPeAIOJNOXHTE [POTHBHOE, TO MepPBbie p TepecTPoek
JIOJIKHBI TIpHBECTH K cdepe, a mocjde 3TOTC cJefyiomias
¥Ke IepecTpPodKa HapyIIHT CBS3HOCTb, MO0 pox cdepH
pasen 0).

Teneps MBI MoXeM [OKazaTb OCHOBHOH pe3yJsbrar
storo naparpada.

TeoreMA 7.1. Kaxdoe KoMnaKTHOe C813HOE OpueH-
Tupyemoe dsymeproe mHoeoobpasue (6e3 kpas) zomeo-
mopro odrnoll usz nosepxuocrelh Tp; npu 3r0M Zp U
Zq He 2o0MeoMOpPHbL, ecau p = q.

HoxaszaTeancTBo. [lepBas wacte Gblsia JoKasa-
va B gemMme 7.3. [IpeanonoxuM Teneps, 4t0 2y roMeo-
mopdua £, ¢ g > p. Ha nosepxuocTH 3, MOXKHO HpO-
BECTH ¢ — P TOCJAE0BATENbHBIX MepecTpoeK Thila 1, crd-
THBAIOIIHX OKPYKHOCTH, KOTOpble OMOSICBIBAIOT g — P ee
pyuek; B pe3yAbTate MBI MOJYy4HMM IOBEPXHOCTH Zp. Ho
T4K KakK Mbl MPeANOJOKHIIH, 9TO Zp H 2, roMeoMOpdHHI,
TO MEI MOXeM CUHTATh, 4TC 3TH NePeCTPOHKH NPOBOAH-
JIHCh Ha £p U B pe3yJbTaTe TOXKE MOJNYYHJIOCH Zp.

IToBTOpPHOE TpOBeleHHe 3THX NEpPEeCTPOeK NPHBeJO 6Bl
K CKOJBb YrogHO [JHHHOH TOCKeZOBATEJBHOCTH Iepe-
¢Tpoek THNa |, mpUMeHeHHBIX K 2p W OCTABJAIOHINX ee
CBSI3HON., DTO NPOTHBOPEUHT ClleaHHOMY BhlllIe 3aMeua-
HHIO, COIVIaCHO KOTOPOMY Kax/ioe KOMIAKTHOe OpHeHTH-
pyemoe ABYMepHoe MHOroo6pasHe mocjJe HEKOTOPOro
KOHEUHEIO UHCJa MepecTpoek THma | mnepecraer ObiTh
cBs3EBIM. CJleloBaTENBHO, Zp W Xg HE MOTYT OLITh TO+
MeOoMOPQHEIMHU.

Yonpaxuenns 7.2 [oxkamure, uTo ecam Ha Zp NPHBOZHTCA
nepecTpofika THHAa 1, TO ee pe3yJaBTaT, €CAH OH cBs3ed, Gymer mo-
BEPXHOCTBID 2g ¢ § << P.

{¥xasanue. Tlpennonoxus, yto g Z= p, NOCTPofiTe Ha Ip CKOAb
YroaHO AJIKHHYIO ITOC/EJ0BATE/NbHOCTD NEPECTPOEK THUMA 1, OCTaBaARHIO=
LLYIC 3Ty NOBEPXHOCTb CBA3HOIL.)

7.3. Hoxaxure, 4To poXx Zp pased p. (ScHo, uto pox I, He
wmenpine p. Ilpesnosoxum, uto oi Gosbmie p. Mcnoansys nocaemnee
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yNpaxKHeHne, NOCTPONiTE MOC/L OBATELHOCTB MEPECTPOEX, KoTgpas
npeBpamiaer NOBEPXHOCTb Zp B cdepy, HO OCTABIART CTPOrO [OJIO0-
MHTEJBHEIM €€ DOJL.)

7.3. Heopuentupyembii cnyvan

IMpexxge uyeM paccMaTpHUBaTh HEOPHEHTHpyeMble I10-
BepXHOCTH B o0IueM cJaydyae, MoJe3Ho pasobparb MOpo-
CTO#l mpuMep, YTOOH MOJNYUHTb NpeACTaB/leHHe, Kak Jefi-
CTByeT 3aKpyuuBamoliasd mnepectpofika (puc. 7.4, 7.5,
7.6). PaccMoTpuUM NpPOEKTHBHYIO MJAOCKOCTb; €€ MOXKHO
NPeACTaBUTL Kak cdepy, Y KOTOPO# OTOX/ECTBJIEHBI na-
PBl IHAMeTpAJbHO NMPOTHBOMOJIOKHEIX TOYeK. Takum o0-
pasoM, ecJqH Mbl BO3bMeM efuHHUHyW chepy x4 4
+ 22 =1 B TpexMepHOM eBKJHJIOBOM IPOCTPAHCTBE, TO
TOYKy (X, Y, 2) HaA0 OTOXKAECTBHUTb C TOUKOH (—X%,
—y, —=2). Tax kax Qpynkuas

(*) f(x,y, 2)=x"+4 24 4 322

NPHUHHMaeT OJMHAKOBbie 3HAaueHHs B Toukax (%, y, 2)
i (—x, —y, —2), T0 bopmysna (x) omnpepenser Qysk-
unio f Ha DPOEKTHBHOH NJIOCKOCTH. Temnepb MBI MOXKeEM
JenaTh BbIBOAB O NOBEJeHHH JHHHA YPOBHA (QyHKUMH f
Ha TPOEKTHBHOH MJOCKOCTH, HCC/IeAYS YPOBHH (DYHKIHH
x2 4 2¢y2 4 322 na cihepe B IOMHA O TOM, YTO Naphl mpo-
THBOIMOJIOXKHBIX TOYEK OTOXKAECTBJAAIOTCH,

Jlunun ypoBHs Ha cdepe — 370 mnepeceueHHa cdepbt
C ceMefiCTBOM IJHMOHO0B:

£ 4247 4+ 322 =,

flcHo, uro npu ¢ << | neACTBUTEJNBHHIX NEpeceyeHuii HeT.
[Ipn ¢ = 1 uMeercs aBe TOukH nepeceyenus: (=1, 0, 0)
(puc. 7.14). Oun, pasyMeeTcs, ONpelesiiOT OAHY TOUKY
P, na mpOeKTHBHONM IJIOCKOCTH, KOTOpas COOTBETCTBYET
- munuMyMy Gyukuun f. Iloxa ¢ Boapacraer ot | g0 2,
nepeceueHHe NpeAcTaBiaseT cofofl mapy oBaJjoB Ha cdepe
(puc. 7.15). OTOXaecTBIEHHe NPOTHBONONOXKHHIX TOUeK
03HayYaeT, 4TO Ha MPOEKTHBHOH IUIOCKOCTH 3TC Oyler
ofHa OKpYyXKHocTb. [Ipu ¢ == 2 mepeceueHHe 3JJIMICOH[A
# cepbl YCTPOGHO TakK, Kak 3TO NoKasaHO Ha pHC. 7.16.
IMpu 31oM ¢yHKUHA [ uMeeT KPHTHYECKHE TOUKH
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(0, =1, 0), KOTOpBIe ONAThL ONpPeleNslOT OAHY TOUKy P
Ha npoekTHBHOH miockocTH. Koraa ¢ Bospacraer or 2
10 3, mepeceyenHe cepbhl H 3JJIHNCOHKA CHOBA Ipen-
cTaBisieT coBoli mapy OKpy)KHocTel, kKak Ha puc. 7.17, u

Puc 7.14. Puc 7.15.

CHOBA OHH ONPeAe]A0OT OfHY OKPYXHOCTh Ha IIPOEKTHB-
HOH myockoctd. Korna ¢ crpeMurcs k 3, 3TH OKPYKHOCTH
craruBalorcs B Toukd (0, 0, -=1) ma cdepe, onpenensio-
IIHe OJHY TOYKY Pz Ha MPOEKTHBHOH IJIOCKOCTH,

- Pune 7.16.

Ilng peranbHOTO H3Y4eHHs NepeXxoja uepe3 KpHTH-
YeCKHil ypOBEeHb, COOTBETCTBYIOIIHA Touke Pj, MBI 3aMe-
THM, 9TO TIPOEKTHBHYIO MJOCKOCTb MOXHO paccMaTpu-
BaTh Kak noaychepy y << 0 exunuuHoft - cdepnl, ecau
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OTOXAECTBUTh NPOTHBOMOJIOXNHbIE TOUKH OKDPYIKHOCTH, 06+
pasopanHOi KpasMu nogycdeps. Ha puc. 7.18 noaycde-
pa Iast yEoGCTBa CIVIOIUEHA B KPYT. DTOT ‘PHCYHOK H3006-
‘paxaer KPHTHYECKHI ypoBenb QYHKIHH [, COOTBETCTBYIO*

Puc 717,

LK TouKe Pj, a TaKkKe HeKPHTHUECKHE YPOBHH C 00€HX
ctopon or Hero. Jlyrd @ u b 06pasyloT HeKpHTHUECKHH
yposenb Hike Pi, a nyrh ¢ H d — Bbuue, Ilporusono-

JOXKHbIe TOUKH Ha CpaHHme Kpyra, 0003HA4YeHHBIE OfU-
HAKOBHIMH OyKBaMH, OTOXKAecTBAsIOTCS. CTpesKH Ha Ay~
rax a u b noxKasmBalOT HEKOTOpOe HampaB/eHHe Bpalle-
HHA Ha HIXKHEM YypoBHe (YHKIHH f; BHAHO, 4YTO OKOJO
TOuKH Py NAHHH YPOBHS HAYT B OJXHOM HanpaB/IeHHH.
CpaBHeHHe 3TOro DHCYHKa C pHC, 7.5 moxasbiBaer, 9T
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HpH Nepexoje OT HHXHero KPHTHUECKOrO YPOBHS K BepX«
HEeMy NPOHCXOJHT 3aKPYy4YHBAIOINAs NepeCTPOHKA.

DTy CHTyauHi0O MOXHO OIHCaThb MO-APYromy, CKasag,
YTO NJeHKa, peajH3yioHlas 3aKPYYHBAIOULYiO MepecTpoi-
KY, — 3TO IIPOEKTHBHAs IJIOCKOCTb, B KOTOPO# BHIDPe3aHHl
nBe nbipk#. TakuM 06pa3oM, MOCJAeJ0BaTebHOCTh R
3aKpyYHBAIOIMUX M€PECTPOEK peajlu3yeTcsi TaKOH IJieH-
KOH: Haflo B3STb % NMPOEKTHBHHIX IJIOCKOCTEH, B KaXa0#
H3 KOTOPHIX MPOPE3aHO MO JABe ABIPKH, H OTOXJECTBHTH
Kpasd OfHOH ABIPKH B KaXJOH M3 IJIOCKOCTEH C KpasiMu
ABIPKY B CJeAyioliell MI0CKOCTH.,

IMocnenHee mocTpoeHHe MOXHO omnHcaTk B JADYTHX,
Gonee ynobunx tepmuHax. Ilyctb My B Mz -— ABa cBA3-
HBIX MHOroo6pasusi OfHHAKOBO# pasMepHocTH'). Bosb-
MeM TOoukH P; u Py, Ha M; ©¥ My COOTBETCTBEHHO H BEHI-
6epeM ux okpectHocTd® U; u U, XKoTopble SBJAAIOTCA
KJIeTKaMH. BHIKHHEM 3TH OKpecTHOCTH M o6GpasyeM 00B-
enunenne Muoxects M NU; u My\U, B KOoTOpOM
OTOX eCTBAAIOTCA rpanuis knerok Uy u Uz To, uro no-
JYUYHTCS, HA3LIBAETCH CBA3HOU Cymmol mHo2000pasuil
M, u M, 3ameruMm, 9To OHa SIBJISETCH PE3YJAbTATOM me-
pectpoiikn Ttuna 0, KoTopasi NMPOH3BOAMTCA Ha OOBIYHOM
(necpsisnom!) ob6wenunennd M; U My u cTArHBaeT HyJb-
Mepuywo cdepy Py U P

Takum 06pasoM, HCIOJb3ys BBEIEHHYIO TePMHHOJO-
I'HIO, MOXHO CKa3aTh, UTQ NJEHKa, peanH3ylolasi rnocje-
J0BATeJbHOCTE £ 3aKpYUHBAIOUIHX IepecTpoek, Ipeji-
cTaBasieT coGol CBA3HYIO CyMMYy 2 NpPOEeKTHBHBIX ILJIOC-
KOCTe#H, B KOTOPOH BBIpe3aHBI ABe ABIPKH.

IMocTpoerne CBSA3HOM CyMMBI MHOrooGpasus M n
NPOEKTHBHOM IJIOCKOCTH TO-APYroMy MOXKHO OIIHCaTh
caenyiomuM ofpasoM. [IpoekTuBHas IJOCKOCTb MOJY<
4aeTcsl K3 Kpyra OTOXKAeCTBJIeHHeM AHaMeTpajbHO Hpo-
THBOMOJIOXK HEIX TOYEK OKPYKHOCTH. UTOOHI COeJHHHTDL ee
¢ M, uago u B Kpyre, H B M Buipe3arb no gwipxe. IIpu
3TOM KPYr npeBpaliaeTcsl B KOJbLUC, HJIH, 9TO TO JKe Ca-
MOe, B LWJIHHAP, Y KOTOPOrO HAaA0 OTOXKJECTBHUTH
JHaMETPaAbHO IMPOTHBOINOJ/IOXKHBIE TOYKH HA  ORHOM

‘) Oun NpeAnoaralTcad HEnepeceKkaiomuMuca, B IMPOTHBHOM

cayyae HMX HAO 3aMeHHTh Au(dbeoMopbHuIMH UM HenepeceKaloulH-
Muca MHorooGpasuamu. — [Tpun. ped.
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ocHoBaHMH., Ec/H COBMeCTHTh OTOXKIECTBJsfeMble TOUKH B
TPEXMEpPHOM TNPOCTPAHCTBE, TO MOJYYHTCS MOBEPXHOCTD,
KOTOPYIO  Ha3BIBAIOT  «NEPEKPEULeHHbIM  KOANAKOM»
{puc. 7.19). 3amerHM, 4TO caMomepeceyeHHe IMOJY4aeT-
€ u3-3a HeyJayHOH MONBITKH MOCTPOHTH IepeKpelleH-
HBIH KoJaOak B TpexMepHoM mpoctpanctse !). Hrax, ans
TOr0 4T06bl MOJYYHTh CBASHYIO CYMMy MHorooGpasus M
H TPOEKTHBHOH IJIOCKOCTH, MBI JOJIKHBE OTOXAECTBUTH
Kpaii nepekpeileHHOrO KOJINaKa C KpaeM KpPYyrJo# Ibip-
K1 B M. DTta omepauusi Ha3biBaeTcs NPHUKJIEHBAHHEM Ie-
peKpelleHHOr0 KoJmaka K MHorooGpasuio M2). 3awme-
THM, 4TO MOXKHO GBJIO Obl MOJYYHTH TOT JKe pe3ynabrar,
BbIpe3aB B M ABIPKY M OTOK/JAECTBHB AHaMETPANbHO IPO-
THBOTIOJIOKHBIE TOYKH ee Kpasd.

OcraBiuascsa 4acTb HCCNeJOBaHHA HEOPHEHTHPYEMBIX
JBYMepHBIX MHOTOOOpasuil Oyaer HaHa KakK psj ynpax-
HeHHi.

Ynpaxuedus 7.4. Ilyctb M — cBA3HOE KOMNAKTHOE HEODH-
enTHpyeMoe MuorooGpasue (6es kpaa). Tak xe, xak B § 7.2, no-
Kaxkute, yto Ha M cyllecTByeT QyHKUUA C OJHUM MHHHMYMOM, OA-
HEM MaKCHMYMOM M KOHEYHBIM UYHCJIOM CEAJOBHX Touek. IlepecrambTe
CellIOBbIe TOUKK Tak, 4TOGH COOTBETCTBYIOM{He NepecTpoiikk THna 0
pacmoJOKUANCh B TaKOM MOPANKe: CHauajsa BCe Dasflesifioliue mepe-
CTpOiiKH, 3aTeM — Bee CBA3HIBAIOIINE H, HakKOHEN, 3aKkpyyudBaomue.
Buisenute orcioga, 4To MHOroo6pasue M gasiserTcs cBA3HOH cyMMO#
uosepxHoctn M(k), onpegeieHHON B JeMMe 7.2, C HeKOTODbIM WHC-
f0M npoeKTHBHMX iockocTelt. Jlpyrumu crosamn, M moxHO

1) TIpoeKTHBHYIO MJIOCKOCTB C JBIDKOfi MOXKHO DAcCHOJOXKHThL
B TPEXMEPHOM EBKJMLOBOM NPOCTPaHCTBE H 063 caMoIlepeceueHui,
6o oma nuddeomopbdua aucry Mébuyca — nozepxHocTd, H3006pa-
ennoll Ha puc. 17 y Munnopa. Jluer MéGuyca BursffuT mpolle,
4YeM NEPEKPEIleHHBIA KO/MaK, W Takue ero ceoi?xcn_aa, KaK HEeOpHEH-
THPYEMOCTb HJIH CYyMECTBOBAHHE 3aMKHYTOA KPHBOH, paspes mo Xo-
TOpOfi He Hapylaer CBS3HOCTH, NOCTATOUHO JIETKO YCMOTPETh He-
nocpefcTserno M3 pucydka. Ho ecanm Mu xotnM, 4Tofu Ablpxa OHJua
3akJeeHa He B CMHc/e alCTPAKTHOTO. OTOXIECTBAEHHA TOYCK, a B
GyKBaJbHOM CMBICTE CJ0BA, TO NPHXOXUTCA NOJB30BATHCA MEPEKpe-
HleHHBIM KoamakoMm. — [T punm. ped. '

2) Xors B JaHHOM cjiyyae W MPUHATO FOBOPHTH O <HpHKJIEHBA-
HUU», 5TO CJGBO 3Jechb ynorpebisieTcd He coBceM B OOLIYHOM CMbIC/IE
(mpex e ueM NpHK/JeHBAaTh, Hamo U3 M BuikumyTh Kpyr!). BosmoxHo,
Ayule 6po Gbl TOBOPHUTh O 3aKkjenBanuu AbpKH B M mepexpeneH-
HBIM KoANakoM ®aH O BKacHBawum B M gucta MéGmyca.— [Tpust.
peo. -



Puc 7.19. Tlocneposarepyble  3Tanbl  MOCTP OSHHA
nepekpemeHHoro KoJmaka.

Pac 7.20.
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npeflcTABHTb KaK cepy ¢ AbPKaMH, HEKOTOPHIE 13 KOTOPHIX NOMapHO
cOeJHHEHbl PYYKaMH, a OCTaJbHLIC 3aKJECHB MEPEeKPellieHHBIMHA KoJIa-
KaMH. :

7.5. BykBH u cTpeskH Ha puc. 7.20 ykaswBawT cnocol oToMmae-
CTRJCHHSA, NPH KOTOPOM B PE3YABTATE CK/ICHBaHUSA XBYX KoJe€u IOny«
yaeTcsl CBfi3HadA CyMMa JABYX NPOGKTHBHHIX MJIOCKOCTefl, WIH, 4TO TO

Puc 721

e camoe, napa [epekpellieHHbIX KOJMaKoB, NPHKJIEEHHBIX OCHOBA+
HUAMH APYT K Apyry. Paspesas no ayraM e, f, g, h, yKasanubM Ha
PHCYHKe, W CJIOXKHB MNOJyYHBLIHECS KYCKH NO-HOBOMY, NOKAMHTE, UTO
ona romeoMopdHa UHAHHADY, KOHUBI KOTOPOTO OTOXIECTBIAIOTCH
cnoco6oM, ykasaHubiM Ha puc. 7.21. (DTa noBepxXHOCTH ABAAETCH

Puec 7.22

6yrunkofi Kuefina) Puc. 7.22 n300pa)aer pesy/bTaT OTOMIAECTBIIC«
gua. CHOBa 3aMeTHM, YTO, KOTZAa MH CTPOHM MOBEPXHOCTh B TpEX<
MEpHOM eBKJIHZOBOM NPOCTPAHCTBE, NMONYuaeTCs CaMoOmepeceyeHue.
7.6. Haiite Apyroe H0Ka3aTeabcTBO TOro, uro GyTniika Kaeina
ABAfeTCA CBA3HOH CyMMOH IBYX APOGKTHBHBHIX ILIOCKOCTeH, AOCTPOHB
Ha Hell QYHKUMIO ¢ OAHHM MHHHMYMOM, OZHHM M~  ‘fyMOM u ABYMs
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CEIMIOBBIMH TOUKEMH, ¥"XAad K8 KOTOPHX COOTBETCTBYET 3aKDyHH-
BalIed nepecrpoiixe. '

7.7. 3ameruM, uro 6yTaika Kiefina apasercd pe3y/bTaToM fepe-
cTpoilku rtuma 0, KOoTOpas NpPOBOAHTCS HA cepe B He COXpAHAET
opuenTauun (cM. npamep 6.11).

" Ecan remepn — NpOEKTHBHAS IJIOCKOCTb, BA HOTOPOH MPOH3-
sonuTcs nepectpofika tunma 0, TO He uUMeeT cMmicAa T'OBODHTD, 4TO
nepecTpolKa coxpanser opueHTauuioo uin Her. Hcemoassys ato, mo-
KaxXXuTe, 410 CcBSI3HAA cyMMa Oytoiiku Kiefina M npoexTHBHOH nJo-
CKOCTH TOMeoMOp(Ha CBA3HOA CyMMe TOpa M MNPOEKTHBHOH NJO-
¢KocTd. BriBeauTe oTCION3, YTO CB3HAS CYMMa Topa M MPOCKTHBHOH
MJIOCKOCTH rOMEOMOpP(HA CBA3HON CyMMe TpeXx HpPOeKTHBHHIX IVIO-
cKocTefl,

7.8. TIoBTOpHLIM  NpUMEHEHHEM  DE3yABTATOB  MPENBAYIIErO
YOpaXHeHHs NOKaXKHTE, YTO CBA3HAA ‘CyMMa IIOBEPXHOCTH Xp € JiO-
ObIM QHEOM HPOEKTHBHBIX IIOCKOCTER cama Oyner CBA3HOA CyMMON
TpPOEKTHBHBIX IIOCKOCTEN.:

7.9. Tlpeaniaymue ynpakHeHHs NOKa3HBAIOT, 4YTO CBS3HOE He-
OPHEHTHpyEeMOe KOMMNAaKTHOE HABYMepHOe MHorooGpasme (6e3 Kpasd)
roMeoMop@uo nosepxHoctH N (R), Koropasi sBafieTcs CBA3HOM CyM~
Molt %k DPOEKTHBHHEIX IVIOCKOCTEH, WIH, 4TO TO K€ caMoe, Pe3yabTa-
TOM TDHKJIEHBAHHS K chepe & MEPERpPEIEHHEIX KOANaKoB,

7.10. Tokaxure teneps, uro N(h) ue romeomopouo N (k) npu
h 5= k. TIpoBepnbre cuavana, uto ecau N’ nasyuaercs #3 N npHKsien-
BaHUEM NepeKpeleHHOro KoJsmaka, 1o pon N’ Gosbure, ueMm poa N.
Teneps paccmotpurte nBa copra onepauuii: nepectpoiiky tuna 1 u yna-
JleHHe MepekpemieHHMX Kosnaxos. ITokaxuTe, uTO Nocjie NPOBefeHUA
KOHEUHOTO 4HCJA TaKHX ONépalHi NOBEPXHOCTb npenpamaercs B che-
Oy, a janbHefiliee NDHMEHEHYE ITHX ONepamHii HapyIlaeT ee CBA3HOCTD.

3ateM, HCMOJB3yd TaKoe Ke paccyKIeHHe, Kak B Teopeme 7'
nokaxure, uto N (k) u N(h) He romMeomopoHH, ecan k 5= h.

7.11, Horaxure, uro pon N (k) pasen k.

7.4. Teopema o TpexmepHbix muorooGpasuax !)

ITyets M — TpexmepHOoe raafikoe  MHOTOOGpasHe
(cBsisHOe M Ge3 Kpas), KOTOPOe KOMNAKTHO H OpDHEeHTH-
pyemo. Ecnu ynamuts u3 M [Be Hemepecekaromuecs
KJIeTKH — 0003Ha4uM #X Eo u Ep, — TO mONyuYHTCA MHO-
roo6pasne M’, Kpa#l KOTOPOrO eCThb HeCBsi3HOe OObefH-
Hexne ABYX AByMepHHIX chep My 1 M. Taxum oGpasom,
M’ MOXHO CuHTaTh MJIEHKOH, peaJH3yIOlleli HEKOTO-
pYIO MOC/EN0BaTeNbHOCTb MNEPECTPOeK, MNpeBpanlaloniuX

') B aumranfickoM opuruHange SToT pasues Haxomuaca B § 6, Ho
B HeM (DaKTHUECKH NpEANoJaraerci 3HAKOMCTBO C HEKOTOPHIMH pac-
cyxkpeHusMy § 7, oT4ero npH nepeBoAe OH M Obl1 MEpEHECeH CIORA. —
lipun. ped.
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i

Mo B M,. AnanoruuHo ToMy, Kak 310 ObLIO CReNaHO AJd
nosepxuocrefi (nemma 7.1), Moxuo ofecneunts, uTOOHI
COOTBeTCTBYyIOIas (YHKuMs HMena Ha M poBHO
OJHH MHHUMYM, TpPHTOM DPAacCHOJIOKEHHBIH BHYTPH
E;,, ¥ pOBHO OAMH MaxKCHMyM, MPHTOM pPAacHOJOXKeH-
bl BHYTpH E, Torma Bce mepecTpofikd, peasnsyeMbie
niaeHkoft M’, 6yayt umerp THn O muan 1, mpuuem 1O
TeopeMe 6.5 MEH MOXeM CUHTaTh, YTO CHayaja BHINOJ-
HAIOTCSH BCe MepecTpofikd Tuna 0, B pe3ysAbTaTe yero mno-
ny4aeTcs HekoTopoe MmuorooGpasme M;. Torma Bce me-
pecTpoifikM, mNpoHCXOAsimue Ha nytd oT My po Mo,
HMelOT THO 1, WJH, 4TO TO Ke caMmoe, BCe IlePecTPOHKH
Ha oyt ot M, no M; umeror Tin 0. Hanomnnm, 4TO
Halll{ TleperpyNNHPOBKH NepecTpoek He BaHAT Ha M’
BosBpaiiass TpexMepHble KJETKH, KOTOPBIE MBI yJaJdHJIH
BHauajie, Mbl BHAHM, uro M siBisierca oObelHHeHHEM
AByx MHorooGpasuit Wy u W, ¢ obmum kpaem M; Tak
KaK Bce IepeCTPOIiKH, NPeBpPATHBIINE IBYMepHYyIO0 chepy
B M, uMenu Ttun O ¥ Obliu opHeHTHpyembl, Wi u W,
NpeACcTaBAdioT co6ofi mwaphl ¢ pyukaMun. Mml Jlokasanu
clenyiolllee yTBepKicHNE!

TeopeMmA 7.2. TpexmepHoe KOMNAKTHOe OpUEHTUpYe-
moe mHo2006pasue (csa3Hoe u Gez Kpas) sA6ARETCA
o6vedunenuem 0Osyx wapos ¢ pydkamiu, nOBEPXHOCTU
KOTOpbIX OTONCOECT8AEHbL NOCPEDCTEOM HEKOTOpO20 &0-
meomopusnal).

§ 8. NOCREAYIOLLUE LIATH

3mech MBI XOTHM [JaTh HEKOTOpHle yKasaHHs o pas-
BHTHH Hamlero npejMera 3a IpejejaMu TOTO Kpyra aJje-
MeHTapHHX HAefl H METOJOB, KOTOPOTO MBI [0 CHX MOp
npunepxuBanuco. IloapoGHBI pa3bop 3aTparnBaeMbIX
BOIPOCOB NOTpe6oBas Obl Gofee rayOOKHX 3HAHHH pAAa
pasfieoB anreOpandeckofl TOMOJOTHH, HO MOCKOJABKY 3TO
BLIXOJHT 3a PaMKH JaHHOA KHHICH, MB OrpaHHYHMCH Ha-
6pockaMy, KOTOpble JOJIKHB BCEro JHIIb CO31aTh H3-

1) Takoe pas6ueHHe TpexMepHOro MHorooOpasus Ha JABa mapa
¢ pYYKaMH Ha3mBaeTcs paabuenuem Xeecopa.— [Ipun. ped.
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-BECTHbIE UHTYHTHUBHEIE NpeacTaBJenus. Te, KTo noxkenaer
y3Hath 06 3TOM HOAPOOHee, HalAyT HeKOTOpPhle pPEKO-
MeHJaluH AJ4 JajibHeHlIero YTeHHs1 B KOHILE KHHTH.

8.1. Y6ubanHe romMOTONHYECKHX Knaccos

Hamoctpauuell x 3ToMy pasmeny MOKeET CJAYXKHTb
npumep 6.5; Top npeobpasyercss B cdepy nepecTporkon
tuna 1, drta nepecTpoiika — npouecc yrnpomeHus. Mox-
HO CcuHTaTh, 4TO cdepa mnpome TOpa B CAEAYyIOWEM
cMEICae: J1000i 3aMKHYTHH NIyTb Ha cdepe MOXKHO Ha
aTOfi cepe CTAHYTb B TOUKY, TOrZa Kak, HampuMep, OK-
PY’KHOCTb @ Ha pHC. 8.1 Hesb3st CTAHYTb B TOYKY Ha TOPE,

Puc. 8.1

(Mbl npHBOAHM 3TH YTBEDIKAEHHS] KaK MHTYHTHBHO OYe-
BHIHbIC; TPH CTPOrOM H3JOKEHHH HYXHBI TOuHBlEe (op-
MYJHPOBKH H JI0Ka3aTes1bCTBA.)

ITocmorpuM, Kak MOXHO 06GOGIIHTL 3TH CcooOpaiKe-
#us. [lepBuift mar — KnaccHPHUMPOBATb 3aMKHYThHie
KpuBble Ha MHorooGpasun M. Samxnyreui nyrs, uan
neTAs B TOUKe X Ha M, — 3To Takoe HelpepblBHOE OTO-
6paxenne . I —- M, rne [ — enunuyHnifi HHTEpBajd Ha
OCH BeiliecTBeHHHIX uHces, uto (0) = f(1) = x. Vnaue
MOXHO paccMarpHBaTh | KaK OTOGpaKeHHE OKPYKHOCTH
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B M, npu kotopoM BbIGpaHHAsI TOYKA Ha OKPYXKHOCTH Iie-
PexXOomMT B TOUKYy x. Mbl OyjeM Ha3biBaTh HBe TaKHUX
netid [ ¥ g TOMOTONHBIMH M NHCATh [ ~ g, eciau cylle-
CTByeT Takoe HellpepbiBHoe otoGpawxetue F: [ X I —M,
4To

F(s, 0)={(s)
F(s, 1)=g(s)
FO,)=F(1,)=x npu Bcex t 1.

} npu Bcex S/,

Feomerpuueckn 310 03Hauaer, uro F orobpaikaer Ksaj-
pat B MHorooOpa3ne M Tax, 4TO HIDKHAS CTOPOHA OTO-
f6pakaercda OpH HOMOLIM [, BepPXHss — IpH MOMOIUM g,
a GOKOBble CTOPOHBI MEPEXOAAT B TOUKY X. VIHTYHTHBHO
e 3TO 03HagaeT, UTO €CJH paccMaTpHBarh ! Kak BpeMms,
TO B TedeHHe eIWHHYHOIO HHTepBaja BPEeMeHH HyTb |
HenpepbiBHO Aepopmupyerca B g. OKasbiBaercsi, 4TO OT-
HOlleHHE ~ MEXJAY 3aMKHYTHIMHY NYTAMH SBJISETCH OT-
HOLIIeHHeM 5KBHBAJEHTHOCTH, H MO3TOMY MHOXeCTBO
neTeab B TOUKE X MOXKHO pasONTb HA KJacChl 3KBMBAJIEHT+
noctu. Kumace, copepxamuii f, HaspiBaeTcs 20mOTONU-
wecKuM Kaaccom 3aMKHyToro nytH (meram) f. Muoxe-
CTBO TOMOTONHYECKHX KJaccOB [eTeldb B Touke X Ha M
Mbl GyneM ofosHauate uyepesd my{M, x). B atoM MHOXe-
CTBe MOXKHO BBECTH ajireGpaHuecKyl0 CTPYKTypy CcJe-
nywomum obpasoM. Jlis aByx nerenb f U g B TOYKe X
MBl OmpefieuM fg = h KaK IyTb, KOTODPBIH MOJYYHTCH,
ecJH cHayaJa TpoiTH no f, a moToM 1o g. ITOT 1yTh 3a-
Aaerca dopMyldaMu

h(e)=f@s), v<s<73,
he)=g@s—1), F<s<L

Torna MOXKHO NOKa3aTh, uTo ecid [ ~ [, a g ~ g, To
fg ~ {’g’. Tlostomy, 0G03Hauas rOMOTONHUYECKHH Kjacc
f uepes § u anamormuHo o603Hayasi TOMOTONHYECKHE
Kaacchl OCTaJbHHIX TyTel, MBI MOXKeM ONpPEeIeJHTb Npo-
H3BeJleHHe FOMOTOMHYECKHX KJacCOB, MOJIOXKHB
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Hpapan gacTe 3/1eCb 3aBHCHT TOJIbKO OT FOMOTONHYECKHX
KJaccoB nyTefi f U §, a He OT KOHKPeTHHIX myTek [ U g,
KOTOpble 3TH KJAacChl MpPeJCTaBJAIOT. MOXHO MOKas3aTh
cMm. [46]), uTO 3TO yMHOXeHHe HBJSETCS TIpyNIOBOil
omepaudefl, A8 KoTOopofl eanHHUeH Oyaer Kjaacc Io-
CTOSHHOTQ OYTH — IYTH, NEepeBOASIIICTO Bech OTpe3ok [
B TOYKY X, a O6parHbIif 57eMeHT MOJYUHTCS, eCJH NPOiTH
nyte B oO0paTHoM HanpasieHHH. - Takum ofpasow,
71 (M, x) npeBpaiaeTcsl B IPynNny — 370 (yHoamenrasb-
Haa epynna MHoroobpasuss M1).

Bce 370 MOXHO ciesqaTh ANA JA060TO TONCAOTHYECKO-
ro npacrpanctea. OnHako ecnu M — rajkoe KOMIakT-
HOe MHOroo6pasMe, TO MOXKHO IIOKa3aTh, 4TO Trpymma
mi (M, x¥) HMeeT KOHeuHOe uYHCJIO oGpasyomux. Kpome
TOrO, ecqu pa3MepHOCTbh MHoroobpasusi M Goabuie 2, TO
coobpaikeHHs O NpUBefieHHH B obmee nonoxenue (§ 6.7)
[IOKa3bBalOT, YTO B KaXJOM TIOMOTOMHYECKOM KJjaacce
BCerjga COAEPKHITA MyTh f, KOTOPHIA ABISETCA TIadKUM
BJOXKeHHeM OKpyKHOCTH B M. Ecan M opueHTHpyeMoO,
3Ta OKDYXHOCTb OyneT-IPSAMO BJIOKeHHOH (ompefnese-
nue 6.2).

IMpeamonoxuM Temepp, uT0 M — opHeHTHpyeMOe
riajikoe MHoroo6pashe pa3MepHOCTH, OOgbliefl 2, H
0ycTb @, 8, ..., 4r — oOpasywoiine rpynnsl s (M, x).
Kak Mbl yxe roBOpuaH, Iyrb @& MOXKHO NpeICTABHTDH
OKPYKHOCTBIO ¢, KOTOpas npsaMo Baoxena B M. [lpo-
u3BeJeM MEPecTPoHKy THna 1|, KOTOpas CTATHBAET OK-
pyxHOCTH @, TpeBpalias MHOrooGpasue M B M’. T'py6o
rosops, fieficTBHe 3TOIl NepecTPOHKH COCTOHUT B TOM, YTO
Mbl BCTpavBaeM B MHOroofpasHe Kpyr, KpaeM KOTOPOTO
ABJAETCA OKPYKHOCTb ¢, I103TOMYy OKasbiBaeTcs, uTO
B M’ nyTb a, FOMOTOINEH NOCTOAHHOMY. I pyrumu ciosa-
MH, TOMOTONHUYECKHH KJIacC &, CTAHOBHTCH eIHHHYHBIM,
Onnako npyrux Q6pa3ymoIiux G, &y, ..., Oy MEPEXO]
ot M Kk M’, xaK MOXXHO 1n0OKa3aTh, He 3aTparuBaeT. Mrak,
¢ynnaMenTanbHas rpynna muoroo6pasus M’ mosyuaercst
73 ¢yHAaMenTaJbHOHR rpynnsl M npu 3aMeHe oaHoit 06-
pasywoniefi &, Ha eaunuly. OObIYHO HA3BIBAIOT 3Ty Onepa+

) ®ynpaMeHTanbHAS IPYNNa PaccMaTPHBAETCH BO MHOTHX yueGe
Hukax aare6pandeckoft rtomonoruum: [36*), [49*], 1™ ~ [Ipum. peo.
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uuio ybusanuen Kaacca G SICHO, 4TO, MPOAENaB TAKYHO
omepamnmio ¢ APYrHMH 00pa3yoliUMH, Mbl MoXeM yOHTBb
BClO GyHJIaMeHTaAbLHYIO TPYINy.

JToT pe3yAbTaT MOXHO CcGOpMYJHPOBaATh, CKasas,
YTO OpHEHTHpYeMOe riagkoe MHOroo6pasue nyrem cde-
puuecKHX mepecTpoek THIa 1 MoxkeT OHITh mpeoGpasosa-
HO B MHOroo6pasue C HyJeBOH (yHZaMeHTaJbHOH TpyIl-
nofi ). Mam, ucnonn3ys teopeMy 6.3, MOXKHO CKasaTh,
4TO JaHHOe MHOTOOGpa3ue OGopraHTHO MHOroo6pasHio
¢ HyneBo#l $yHAAMeHTAJIbHON Ipynmoil, 3Aech He HYXKHO
HaKJIaiBBaTh YCJOBHe, YTO pas3MepHOCTb GoJblie 2; Belib
MBI YK€ 3HaeM, yTO OpDHeHTHPYeMOe AByMepHOe MHOT000-
pasue sBJsieTcsi cdepoll ¢ pydkKaMmH, a ee JeTKo Mpeob-
pa3oBaTh B chepy C NMOMOLIBIO HepecTpoeK THNa 1, Kax-
Jasi U3 KOTOPHIX CTACMBaeT OKDPYXKHOCTb, OMNOSICHIBAIO-
MIYIO OiHY H3 pyuex.

W3n10KeHHble HAEH MOXKHO ellle 0606MUTh. DileMEeHTH
u3 (M, x) MOXKHO cuMTaTh rOMOTONHYECKHMH KJacca-
MH OKpyxkHocTeli B M. MoxXHO onpenenutbh Apyrue
rpynnbl m-(M, x), 374eMEHTaMH KOTOPBHIX $fBJSIOTCA rO-
MOTONHUYECKHe Kjacchl r-MepHbIX cdep B M. Torna xnac-
CBl, TNpeJACTABJEeHHble IPAMO BJOKEHHBIMH r-MepHBLIMH
chepaMu, MOXKHO YOGUBATh C NOMOIIBIO NEPECTPOLK TH-
na r. Onepaluun TAKOI'0 POja MOTYT NPHBECTH K ynpo-
IIEeHHIO CTPOEHHst MHOrooOpasusi u ObITb NOJIE3HBIMH IIPH
pellenuy 3ajad o kKjaaccuduKauuy.

8.2. Komnencupyiowue nepecTpodkd H coKpaweHHe

Mu yxe BuIenu, uro ecan M’ monyuaercs us M ce-
pHUECKOi nepecTPOiKofi Tuma r, TNPH KOTOPOH CTSArH-
Baercsi cdepa S” H Bo3HHKaeT chepa S™ "1, TO MH Mo-
xeM BepHythcst or M’ Kk M, nenas mepecTpofiky Tuna
n—r— 1, npu KOTOPOil cTaruBaercs cdepa S*! u Boa-
nukaer cepa S7. OmHako NpH ONpPeAesEHHBIX YCIOBHAX
cyllecTByeT G0Oslee HHTEPeCHbIl H MeHee OUEBHAHBIA CIO-
co6 obpaTutb AeHCTBHE NepecTpoiiku. PaccmoTpum CHa-
yaJja caefAylomHl IpUMep.

1) 3amerum, 49TO MHOrOOGpasue ¢ HysneBOR (yHAAMEHTANBHOR
rpynnodi BaswBaercs 00HocEA3NbIM, — [Tpun. ped.



§ 8. TIOCHELVIOUIUE INATH 163

[Ipumep 8.1. Hauas ¢ aBymepHOH cdepn M, npe-
o0pasyem ee B Top NlepecTpoiikoi ¢ Tuna 0 (coxpaHsio-
uled OpHEHTALHUIO), KOTOpas CTHATHBAeT HYJALMEDHYIO
cepy SO Iror mpouecc onHcaH B mpuMepe 6.4. Ilycte
B — tpy6uaTtas oxpectHocTh cdepsl S° —3T0 mapa He-
nepecekarmluxcs Kpyroe. Kpa#h oxpectaoctu B umeer
Bup S% X' S! (nmapa oxpyxHocTelt) M AN (HKCHpOBaH-
HOH TOUKM p comepkuT MuoxectBo S°X {p}, xortopoe
MOXHO CYHTaTh CMeIlleBHBIM 3K3eMIisipoM cdepnl SO.

Ho S° sBnserca rpaHumefl OAHOMepHOR KieTKH E!
B M. IlogGepem 3Ty KJIETKY Tak, 4To6bl OHa Iepecekasa
rpanuny oxpectHocTH B mo muoxectsy S°X {p}. Torna
MOXHO yAamuTb H3 E! ee wacTb, jeXalllyilo B OKPECTHO-
ctu B, u nonyueHnas kietka Ei GyneT HMeTb MHOMXe-
ctBo S? X {p} cBoeli rpaHHIeH,

Hasa nonydenus ropa M’ Ml npukieuBaeM x M\ B
pyuky E! X St. Ha 3Toli pyuke HMeeTCsi OTPe30K, KOHIbI
KOTOPOTO COeAMHSIOT KOHUH OTpe3ka Ef, npu 3toM 06-
pasyerca OKpyxXHOCTb S! Ha Tope. flcHo, uro, chaenar
nepecTpoiiky Topa ¢’, koTopast uMeer Tl | M CTArHBaer
3Ty OKDYKHOCTb, MBI BepHeMcs K cdepe.

Hccnenys ator npomecc Gosee mnoapoGHO, MOKHO
H3BJiedb JONOJHHTeNbHYIO HHpOpManuio. MH yxe BH-
IieJd, 4TO IVIeHKa, peasiu3ylomasi nepecTpodKy ¢, npei-
crasjsieT CO00H CIVIOMIHOH TOpP, M3 BHYTPEHHOCTH KOTO-
poro BhIpe3aH wwap, NpHuYeM IpaHHUell mapa 6yzer M,
a BHemHe# rpanunedt topa — M’ (npumep 6.7). Ilosepx-
HOCTH YPOBHS CBSI3aHHON C 3TOfA NepecTpPOHKOH GYHKIHH
(cm. Teopemy 6.1) maumnalores ¢ M u mpomosKalOT oc-
T4BAaTbCA ABYMEPHBIMH cepaMH IO TeX NOp, IOKa MH
He [OCTHTHeM KDHTHYeCKOTrO YpPOBHA. ITOT ypPOBeHb
npescTaBaser co0od TOp, Ha KOTOPOM OfHA OKPYXHOCTb
CTsAHyTa B TOUKY. [loBepXHOCTH ypOBHA, HayLiHe 3a KpH-
THYECKHUM, Bce SIBASIIOTCA TOpaMH. BupaHo, uTo, KOTAa Mb
nepeGupaeM ypoBHH, HauuHast ¢ M, orpesok E! moss-
JsIeTCsl Ha KaX[OM M3 HHX J0 TeX IIOp, MOKa ero KOHIH
He COEeJIHHSATCA HAa KPUTHYIECKOM ypOBHe, 0Gpa3oBaB OK-
pyxkHocTb S'. OTa OKPYXHOCTb YyXKe COXpaHsieTcs Ha
BCex TOC/IeAYOIHX ypoBHAX. [TocTpouM Temepp mieHky,
peanusymoIylo JiBe NepeCTPOHKH, H3 KOTOPHIX [epBOi
BhINIOJIHACTCA ¢, & noTom ¢’. Ilasi 3TOr0 HAago MPHKAEHTDb
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IVIEHKY, peanH3yloIyl0 HepecTpofiky ¢, Kk Toli nJseHke,
peanusyiomeft ¢, xoTopas y Hac yxe uMeercsa. Ha mpu-
KJIeHBaeMOll IJIeHKe YPOBHH, NpeAUIeCTBYIOIIHe KpHTHYE-
CKOMY, MOXKHO NpeACTaBJAATb cefe KaK pacHIHpSIOIeecH
CeMeHCTBO TOPOB — BCE OHHM COJeDPKAaT BHYTPH celbs
CIUIOIIHON TOP, ABJASIOMHACH IJIEHKOH mepecTpoliku ¢, u
ypOBHH, Ooslee GJIH3KHE K KPHTHUECKOMY, 3aKJII0YaIOT BHY-
TpH cebsi ypoBuH, Gosee nasnexkue ot Hero. OKpyKHOCTB
S1, KOTOpYIO MOXKHO NpPeACTaBJsATb cebe pacCroJoXKeHHOM
Ha <«ropJioBHHe» TOpa, N0 Mepe NpPHUOIHKEHHA K KpH-
THYECKOMY YPOBHIO YMeHBIIAeTc M, HAaKOHENl, CTHTH-
BaeTcsli B KPHTHUECKYI0 TOUKY: MBI JOCTHIJIM KpDHTH-
YeCKOTO YPOBHS, KOTODHIfl BHITASAUT Kak cthepa Cc npH-
TSAHYTBIMH K LeHTpY moaiocami. BHe KpHTHUYECKOro ypoB-
Hfl TTOBEPXHOCTH YpoBHA cranopsATcs chepamu. [losTomy
IUIeHKa, pealjH3yloliasi MepecTpofikH ¢ u ¢/, sBidercs
LUIapoM, BHYTDH KOTOPOTO CHeJlaHAa MIapoBad I0JIOCTb.
3ech MHTEpeCHO, 4YTo 3Ta MJeHKa B JI€ACTBHTENLHOCTH
umeer BHE M X I. [IpyruMH cJiOBaMH, HepecTpPOHKH ¢
H ¢’ He TOJBKO NoramiaioT JApyr Apyra B TOM CMbICJe,
YTO HX MOC/EJOBATEJNbHOE BBINIOJHEHHe MPHBOAHT HAC
onsATh K MHorooOpaszmio M, HO OHH elle H peasH3yloT-
cs HambGoJee NPOCTOH H3 BCEX BO3MOXKHBIX IIEHOK —
nponsBenenneM M X 1.

CyuiectBeHHOEe 0O0CTOSITEJILCTBO B 3TOM IIpHMepe ToO,
yto c¢epa ST, cTAruBaeMasi NepBOH IepeCTPOHKOH, fAB-

nsietcs rpaunuedi kietkn E5T'B M, mpuuem sTa kaerka
B NpoLecce NepecTpoiikd 3aMbikaercs, o0pasya npamo
BJIOKeHHyIO cdepy S B M’. Bropas nepecrpoiika ¢’
cTsaruBaeT 3Ty coepy. Cefiuac Mul MOKayKeM, UTO BCAKUA
pas, Korjia BBIOJHSIETCH 3TO YCJOBHe, ITOCJeJOBATeNb-
HOCTb IIepecTpoek ¢, ¢’ peannayeTcsi NPOH3BeJCHHEM
M X IY).

1) Kopoue 310 yTBepmxAeHHe MOXHO CHOPMYJIUPOBATL TaK: €CAU
nocaedo6aresbHo 6biNOAHAeMble nepecTpOlKu ¢ w ¢’ Takossl, 4TO
¢’ crazusaer cgepy ST, KoTopas posHo e 00HOH TOUKe nepecexaer
cpepy S™—T—1, sosnurarowyo npu nepecTpolike ¢, U npu 3TOM chepst
Hax00arcs 6 obuem noaoxceHuy («TpancBepcasbHOE TEepeceyeHne» Mo
repmuHOJIOrMY MunHopa, ctp. 250), 10 naenka, peasusyrowan ¢ uw ¢,
Qupgpeomopdpra M X I. Knerka E{,‘H H ofcyxIeHHE B JABYX CJe-
gyouux absanax Yosareca HYXKHH M TOTo, uTo0bnl pasobpathed,

1
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Hrax, nyctb S™ — npsamMo BJaoxeHHasi cgepa B MHO-
roo6pasun M, ¥ npennosoxuM, 4ro S’ sBJAseTcA rpa-

wnuedl ketkn EpT, roMeoMop(pHO ¥ ranKo BJAOKEHHOR
B M. Mbel cobupaemcs cienatbh NepecTPOHKY, KOTOpast
CTATHBaeT cdepy S7, yHOBJETBOPAIOUIYI0 3TOMY [AOMOJ-
HuTeabHOMY ycaoBuio. Cgepa S” umeer B M TtpyGua-
TYIO OKDECTHOCTb B CO CTPYKTYpo#l mpousBefeHns: B
uMeeT BHA S" X E™", a rpaunma B ectp 87X Sn—1,

KaK MOXKeT BO3HUKHYThL Takas CHTyauus (3T0 HYXKHO KaKk Ansl KOKa=
8aTeNbCTBA CHOPMYIHPOBAHHOTO YTBEPXKAEHHUS, TaK H NPH €ro NpHe
MEHEHHHU).

Crporo rosops, Yosjec He [0Ka3biBaeT CPOPMYTHPOBAHHOTO
YTBEPKIEHHS, NOTOMY 4TO B NOCJAEAYIOHMIUX pPacCyXKAeHHAX He Yyhe-
JIeHO HMKaKoro BHMMaHusa raagkoctd. (Kcrary, «kaetku» tenepb, Kax
ApaBWio, M3-3@ «YIJOB» Ha cBOWX Kpasx Gynyr ne AuddeomopdhHbl
mapy, a tonbxo romeoMopdubl) HeBHaMaHue K TIZIKOCTH «MCTHT
3a ce6A» 10BOLHO HEOXKHAAHHBIM 0o6pasoM: HE TONBKO HE MOJy-
yaerca aubdeoMopdusmMa Mexay naenkofr u M X1 (310-T0 noHAT-
HO), HO W NPH TMOCTPOEHHH FOMeOMOpdH3Ma BCTPeUalOTCs TPYMHOCTH
(CM. cefyOIYI0 CHOCKY).

Tem He MeHee ORHAKOMJEHHE €O CHEIYIOMHMH HECKOJBKHMHU
CTpaHHLAM¥ O4YeHb N0Je3H0, HOO HaeT SCHYIO reoMeTpHuecKyio Kap-
THHY TOI'O, KaK «B3aHMHO COKDAIalOTCA» MepecTpolikd ¢ # ¢'. (Boith
MOXeT, BCSl KHHra nHcalach pajuM 3THX HMeHHo crpanuu! Hano
TOJIbKO §ICHO OTAABaTh cefe OTyeT, uTO 3/1ech HOKAa3aHO, 2 O YeM
NUHIb paccKa3aHo.) UHraTesio, BePOATHO, MOKAKETCA NPABLONOAOG-
HBIM, YTO MX COJEPKAHHE MOXKHO <NOANPABHTHY, M03a6OTHBUIACE
© TNajgKoCTH, H MNOJYYHTh B HTOre J0Ka3arenbcrBo pudpdeomopd-
HOCTH. JTO AEHCTBHTEIbHO MOXWHO CHeNaTh, HO 3TO LOBOJBLHO TpO-
Mo3akoe neno  (Gosee TpOMO3JAKOE, HeM aHAJOTHYHAs KOPPEKTH-
poska § 6). TlomHoe noKasaTenbCTBO nMeeTcs B KHHMKKe MuiHopa
[24"] (reopema 5.4) u sanumaer 15 crpanuu, Xota MuIHOP DPOBOZHT
pacCyXIeHHA He B TePMHHAX HALIAAHBIX FeOMETPUUECKHX ONepanuit
(BLIOpOCHM, CKJIEHM...), a2 Ha Go.jee ynOOHOM I/ «HaBeJEHHS rial-
KOCTH» f3biKe (BDYHKUHHA H BEeKTOPHBIX moJeil.

Sl HEMHOTrO M3MEHHJ TeKCT 3TOTO pasfena, Halesach CAEJaTbh ero
Gonee AcHbM. OCHOBHOe H3MEHEHHE COCTOMT B TOM, UTO S BCTABHA
Tpu abs3ana, rie, eciH MOMHO TaK BBIPA3UTBbCS, PE3IOMUDYETCH SKC-
NO3KUMS NpelcTOosilell ApaMbl — ellle Pas YOoOMANYTO O BCEX TEX
MHOXecTBax B M u M’, Kotopsle GyAyT yuacTBOBAaTb B JaTbHEHUINX
HOCTPOEHHAX, H 00 HX B3aUMHOM PACHONOMKEHHH,

Hakonen, ofpaimmai BHHMaHHe, 4TO NpH Nepexoge OT GYHKUUH
¢ HECKONBKHMH MHHMMYMaMH K GYHKUAH ¢ ONHHM MHHAMYMOM
(nemMa 7.1) dakTHuECKH [POHCXOAHT COKpAIIEHHe NEPecTPoeK TH-
nma—1 u 0. DToT npHMep, KaK H TOT, ¢ KOTOPOTO HAUMHAETCS jaH-
HLIA pasges, MOJE3HO NPOAHANH3HPOBATL B CBET€ NOCHEYIOU[HX NO-
crpoennit, — pun. ped. ) .
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IpeanonoxuM, 410 kAeTKy E;T' MOXKHO MOANpABHTH

NyTeM Majore wieBeJeHHS Tak, 4TOObl ee IepeceueHHe
¢ rpanuueil okpectHoctu B umeno BHZ ST X {p}, rue
p — Touka Ha S™7-1, Ceiluac HaM Oynmer ynobHee cyH-
Tath, 4To Knetka E;t' comepxutcs B M\ B; Toraa
ee rpannua — cgepa S™ X {p} — 6vner jexarbr Ha 06-
uieft rpannue B u M\ B.

Mycte M’ — pesynbrar npeo6paszoBanng M npua no-
Moy mepectpoitku ¢. Urobbr nocrpouts M’, Mbl jo-
Gasasem Ertt X Sn——t g M\ B n nogxojsiuuM obpa-
30M OTOXKAECTBJASieM TpaHHYHBle TOUKH. B uacTHOCTH,
KJeTKH E'“)({p} u EyY' ckiemBaloTCS BROJMB CBOHX
rpanull, o6pasys cohepy S™!' B M’. IlpeAnosiokuM, 4TO
BBHINIOJTHEHO JONOAHHTEJbHOE YCJI0BHe: cdepa S™! nps-
MO BaoxeHa B M’, MoxHO moxka3saTtb, uTo 3TO OyJeT Tak,
eCNIH NpeACTaBleHHe OKPeCTHOCTH B B BHAe NpPIMOro
NPOU3BE/ICHHs, y4acTBYIOIlee B NOCTPOSHHH ¢, -yIOBJET-
BOpSIeT HEKOTOPHIM YCJOBHSAM, OAHAKQ 34eChb MHbI He Oy-
IeM 3TOro o6CyxknaTtk. PasyMeercs, yciopue «ST™!
ApsAMO BJAOXKeHa B M’» He GymeT aBTOMaTHYeCKH Bbl-
TOMHATBCS BO BCEX BO3MOXKHBIX chaydasix. OHo He BbI-
HOJIHSIeTCH, HanpuMep, AJas IepecTpofikn THna O Ha
cdepe, He COXpaHAMILEeH OpHeHTALHUH.

Urak, npeanonaras, uto cpepa S™! npsiMo BJIOKe-
Ha B M’, paccmoTpuM ee TpyGuaTyio okpecTtHocTb B’,
NpeJCTaBJeHHYIO B BH/i€ NPOH3BEJAEHHs, H MyCcThb ¢’ — co-
OTBeTCTBYIOIasl flepecTpoiika tuna r - 1, cTaruBamman
chepy ST JaMeTuMm, YTO eCAH pPa3nOXKUTL Sr—T!
B 06benHHeHHe ABYX kietok Ef™""' w E}™""', nepmas
H3 KOTOPBIX COLEPKHT TOUKY p, TO B’ MOXKHO npejcra-
BHTb KaK oGbefuHeHHe okpecTHoctH ErH X EF~"~! yrer-
gu Erl X {p} B Em! X 8771 y OKpPecTHOCTH KIIETKH
E5t' B M\ B. Toc/ieiusia OKpeCTHOCTb CaMa SBJSAETCH
n-MepHO# kJIeTKO# FEj.

Jo cHx nop Mb He paccMmartpuBaiam S™1 kaxk Ka-
KYI0-TO omnpefiefennyio cgepy B M’, onnako nosjiHee Gy-
et yroOHO, 3aQHKCHpPOBaB KaKylo-HHOYAb TOUKY (¢
BHYTpH KJeTkH E'™, rosoputr o chepe {g} X St
< M’ xak o cpepe S*71, (Dro o6biuHBIH NpHEM, KOTHA
COMHOXKHUTENb CUHTAETCH BJOXKEHHHM B IIPSMOE NpOHU3-
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BeJleHHe, HallpUMep OCb ¥ — B IJOCKOCTb (X, y). Kos-
KpeTHBIl BLIGOp ¢ B JaHHOM caydae OeapasiHueH.) Tor-
Jla MOXHO OyAeT CKa3aTb, 4TO IlepeCTpoiika, oOpaTHas
K ¢, crsaruBaer cepy S*»! (monpoGHee: OHa H3BIMaeT
u3 M’ oxpectHocts Ertt X S»—-1 310fi ceprl H BMecTo
Hee «BKJIeHBaeT» B = S* X En7).

OTMeTHM CBOEro poja CHMMETPHIO MeXJy Iepe-
cTpoiikoii ¢’ u mepectpofikoii, oGpaTHOfl K ¢: cTaruBae-
Mble HMH cdepH S™ n S»——1 mHorooGpasus M’ umeior
POBHO OAHY 0OOIYIO TOYKY (g, p) U 3Ta TOYUKa HMeeT
B M’ orpectiocts E'T'X EYT'TY cdepa S mepece-
KaeT 3Ty OKPeCTHOCTb 1o KjaeTke Er+i X {p}, a S»—1 —
no waerke Ef"7! (6mmasn (g} X EF7Y); chepa St
SBJsieTC OObelHHEeHHEM MepBOH KJAeTKH (JexamieH B
3TOH OKPEeCTHOCTH) H KJAeTKH E* (nexaiueii BHe
9TOf OKpPEeCTHOCTH), a cdepa S™"t — obbeHHeHHEM
kietkn E[™"™' (nexaieli B Ha3BaHHON OKPECTHOCTH)
v knetkn E3~""' (nexamedr ue ee). INocie Toro xax

r+1
MBI 00O3HAYHJAH OKPECTHOCTb KaeTkKH £Ep B M\ B
(1. e. ¢artuueckn, B M\ (E™+ X Sn—r-1)) wuepes Eg,
eCTeCTBEHHO OGO3HAUHTbL OKPecTHOCTb KieTkH FEz '~ ' B
’ ’ n
M \ B wuepes Ej.

[IpocaenuM Tenepb 3a MOCTPOeHHeM IJIEHKH, peanH-
3yolell MoC/TeA0BaTe/IbHOCTh NMEPeCcTpoex: ¢, 3aTeM ¢’.
HanomuuM, ¥T0 m/ieHKa, peajH3yloiuas nepecTpofiky, mo-
JlyuaeTcsl Tak: K MPOU3BEAEHHIO

(*) (MuOroo6paszue\OKpecTHOCTb CTAraBaeMoii chephl) X
X uHTEPBA

nHajgo AoBaButh (n - 1)-MepHyO KJIeTKY H IPOHU3BECTH
onpejiesieHHble OTOXKIECTBJEHHS TPAaHHYHBIX TOYEK; Kpo-
Me TOTrO, HCXOJ/IHOe MHOroo0pasHe HHTEPIPETHPYeTCH Kak
OIHa 4acTb Kpas IIeHKH, a NepeCTPOeHHOe — KaK Apy-
ras gactb (He Nepecekawomascs ¢ nepsofl). Tax xax y
Hac GynoyT ABe IVIeHKH, peanusyoomive ¢ U ¢, To yno6-
HO Oyaer 4yThb-4yTb H3MEHHTh OOO3HAYEHHS: MpPH [O-
CTPOEHHMH MepBOH NJeHKH MH OyaeM oGo3HayaTb HHTEp-
Baa B (*) uepes [ u cuurarp, uro I/ =[0, 1], a npu
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MOCTPOEHUY BTOPOH IJIeHKH MBI OyjieM 0003nauaTh HHTEp-
BaJ uepes I’ u cuurath, uro /' ==[1, 2]. (d10 coorser-
CTByeT TOMY, YTO eCJH M JieXXMT B eBKJIHACBOM MpO-
cTpaHcTBe &, TepBas MJieHKa pacmnosoxeHa B & X[
(npuuem & MBI eCTeCTBEeHHHIM 00pa3oM OTOXJECTBJAsSeM
¢ & X {0}) u M’ nonyuaetcs B mepeceyeHHH 3TOi IJIeH-
ki ¢ & X {l}, To BTOpyiO NNEHKY eCTeCTBEHHO PacIoJO-
®UTh B & X I’; Torga mieHKa, peaju3yolias Noc/aeno-
BaTEJNLHOCTb IepecTpoek ¢ u ¢’, Gyner npocto obbeHHe-
HHeM 3THX JBYX ILIEHOK, KaK 3T0 o6CyxAanoch B § 6.
Oua Gyner pacnosioxkeda B & X I”, rpe " =101 =
= [0, 2], H KOHEUYHHIM pe3y/JbTaTOM mepecTpoer ¢, ¢’
6yner ee nepeceueHne ¢ & X {2}. Mwe Oymem ROKa3bl-
BaTb, YTO OHa roMeomopdua M X "))

Ilajee, maenka, peanusyiolias MepeCTPoOiiKy ¢, mo-
ayuaetcs pobasnennem K (M N\ B) X[ (n -+ 1)-MepHoii
kiaetku E ¢ HaljeaumdM OTOXAeCTBJAEeHHeM TIpaHHU-
ubix Touek. [lepeceyenne xnerkn E ¢ M pasHo B, torza
Kak ee mepeceveHne ¢ M’ ectp mHoxecTBo ErH!X
X Sn=r-1, noBasasiemoe K M\ B npun mocrpoeHun ¢.
C npyrofi CTOpOHbBI, WJeHKa, peanusywowas ¢’, momay-
yaetca noGaeaennem K (M’ N\ B’) X I’ (n -+ 1)-MepHofi
kaetku E’, nepeceuenne kotopoit ¢ M’ pasuo B’. Ilo-
3TOMY NepeceueHue kKietok E u E’ coBmajaer ¢ nepece-
yeHneM MHoxecTB B’ m ErH X Sn—7-1, 310 nepeceuenie

MoxHo 3zamucath kak E TV EPT™™! (cm. 3ameuanue,
coenadHoe BhIIE O CTpoeHHH okpecTHoctn B’). Cyme-
CTBEHHO TO, YTO 3TO n-MepHas KJjeTka. Takum o6Gpasow,
(n + 1)-mepubie xaerku E u E’ nepecekalotcs IO
n-MepHoit KJeTKe, Jexallell Ha TpaHHIe KaXKAOH H3 HHX.
Orcrona caenyer, uto E U E” ectb (n 4 1)-Mepnas kier-
Ka.

3ameyanue!). Yurareqio PpeKOMEHAYETCHA, NPEKAE BCEro,
H3006Da3NTh HA DHCYHKE CK/IEHBaHWE NBYX JABYMEDHBIX HJH TpexMep-
Hux kaeroxk E, E’ no 01HOMepHOM, COOTBETCTBEHHO ABYMEpHOH, K/eT-
Ke K=3N%, rae 2 u 2/ —rpanunnt E u E’, u ybenutscd, 4T0
nosyuaeTcsi CHOBa KieTka. Herpymno coo0pa3uTh, 4TO 3TOT (hakr
TECHO CBf3aW ¢ TakuM: B AaHHOM cayuae ANK u &\ K-—Toxe
KJIETKH.

1) JoBasneno peaakTopoM mepesona. — I pum. ped.
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BeposTHo, AOBOJbHO HEOXKHIAHHBIM IOKAXKETCA CJleXyHOWEe
mpejocTepekenne: Opu 1 == 3 Ha n-mepdoli chepe S™ cymecTByer
tTakoe MHoxkecTBo K, roMeoMmop¢Hoe mapy

D" ={(xp 30 %) | D i<,

uto S™ \. K He romeomopgpuo Int D®. Ilepedpasuposka: mpun = 3
B €BK/HIOBOM 7-MePHOM NpOCTpaHCTBe R™ cymecTByeT roMeoMopd-
Hoe chepe S™~! MHOXKecTBo, Jensllee R™ Ha TakHe JBe o6xacTy,
YTO 3aMBiKaHHEe BHyTPeHHedi o6siactu roMeoMopdHo D™, Ho BHem«
HAA He romeomopdHa R™N\ D7, DTOT MOHCTD 3aCAyXKuBaeT TOro,
9ro6bl Ha HEr0 NOCMOTPETh: :

(Kaxpoe uynamslie o6pasyer GeCKOHewHOe WHCO IeTesb, CTATHBAIOS
DIMXCS K OAHOM Touke.) 3aMeTHM, 4TO HapylleHue [JIaJKOCTH B «KOH-
Iax mynajeu» sBAAETCH, B HEKOTOPOM cMbicsie, GoJiee CHIBHBIM, 4eM
TO, KOTOpoe ObiBaeT CBASAHO C HAJHYKEM <YFVIOBY.

C Apyrofi CTOPOHH, CPABHHTENLHO Jerkoe Aokasats, ato E U E’
6yaer kaerkofi npu raaaxux E, E’, K. BnopoueMm, Ta Her1agKocTb,
KOTopast BO3HMKAeT NPH MOCTPOEHHSX STOro pasjena, kak H B-§ 6,
CBA3aHAa TOABKO ¢ MOSIBJASHHEM «YIJIOB»; 7GKAA HEIIAJXOCTh elie He
MewaeT, HO B O6IEM C/iyyae 5TO JOKAa3hIBAaeTCA C/I0XKHEE.

IDanee Gynyr ewe ZBa Mecra, Te MOXHO ClefaTh aHaNorugHOE
saMeyaHue: BO-NEPBEIX, Nocrpoenne Kaetkn E”; Bo-BTOpLIX, KOrKa
onpesenennas wactb rpanuus E” npefcrasurea B Buge St X I”
H MBl 33XOTHM NDPOAOJKHTH 3TO HPeACTaBIeHHe X0 IMpelCTaBJeHHA
E” = Dn» X I, Korna umeeTcsi BCEero ABa-TPH H3JOMa BO BHOJHE
ONPEe/IeHHEIX MECTax, TO MOXHO DACCIMTHIBATB, 4TO YJAAcTCA NpH-
AyMaTe KODOTKOE pacCyKIeHHe, YyIHTHIBalollee CEUUPUKY HMEHHO
JaHHBIX H3JOMOB; OJLHAKO €CAH B HOBOJbHO MJIHHHOM [OCTPOSHHH
YIAiBL BO3HHKAIOT HA KaXKAOM INAry, TO K KOHLY HX HAKOMHTCA J0-
BOJIbHO MHOrO H OHHM GYAYT PacHOMOXKeHB B CAMBIX DasHBIX 9acTAX
turypel. Torza HEyero HEOro He OcTaerca JAefaTh, KpoMe KaK CaH-
TaTh, YTO MHB paccMaTpuBaeM «oOwui» cayuyafi «PHLYD ¢ yriaamus,
a4 3T0 3HAYUT PA3BHTb LENYX TEOPHI0 ¢ TOYHBIMH ONpPEAeNeHHAMH,
AeMMaMH B TOMy nonoGHbtM. Ilpome Bce BpeMs «CrilaskKHBATb» YIJIb,
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Tenepp Mbl no6aBuM kK E U E’ eme HecKolbko Kyc-
KOB TaK, 4TO B pe3yJbTare MO-NPEXHEeMY MHOJYYHTCA
(n 4 1)-mepuasi xnerka. CHauala A06aBHM MHOXECTBO

EXI, nexamee B (M\ B) X I; snecb Ej —KakK H
paHbilie, OKPeCTHOCTb KJeTKH Ejt' B M\ B. Muoxe-
crBo Eg X I mnepecexaer E U E/ no AByM MHOXeCTBaM:
nepsoe — Eg X {1} (310 mepeceuvenne c¢ E’), a BrOpoe

—r—1
umeer Bup S" X ETT" X1 (310 mepeceuenne c¢ E; omno
BO3HMKAeT U3-3a TOTO, uTO Nepeceuende Ej ¢ .B HMeeT

Bug S"XE!™™™'). Teneps Jerko BuaerTs, 4TO 06BEAH-
nenne ESXI ¢ EUE no-mpexuemy spasercs (n -
-} 1) -MepHOB KJIeTKOi.

OTHOCHTEBHO [0KA3aTeNlbCTBA IIOCTEHETO yTBEp-
KIeHHa ykaxem cuaenywoiee. Ilyete E™* “ectb (2 +
+ 1)-mepuas kjerka, orpaHuyeHnas cdepoir S, a K —
ni06oe n-MepHOe MHOrooOpasHue ¢ Kpaew, Jexauiee B S™.
Torga o6beguuenne Entl uw KX I, B KOTOPOM TOYKH
K B En™H 0T0XAeCTBAAIOTCA C TOYKAMH MHOXKECTBa
KX {0} 8 KX, sBaserca (n - 1)-mepHOH KJeTKOM.
dTo nouTH TpHBHaabHO. Hamra cuTyauus HeMHOKKO
CJA0XKHee: B Kpae MHoroo6pasus K HMmeerc Takoe
(n — 1)-mepHoe moamuoroo6pasde L, uTo S™ comepxur
muoxkectBo L X I, uwacte L X {0} xoroporo oroxpgect-
pasgerca ¢ L, a ocraapuas uacTb ¢ K He mepecexaeres,
910 MHOXecTBo L X I B S™ OTOXAECTBJASIETCS C MHOXKE-
ctBom L X I B K X I. Hago noxasatb, 4TO B pe3yJbTa-
Te mo-npexkHeMmy noaydaercs (n - 1)-mepHas KieTka.

Tenepb 3aMeTHM, UTO TOUYKH, TOJNBKO 4YTO [fOOaBJeH-
uote K E U E’, Bce comepkarca B IVICHKe, peanusyomed
nepecTpoiiky ¢. HanoMHHM Takxe, YTO CYINECTBYeT He-
Kasi CHMMETPHA MeX1y mepecTpoilkoil ¢’ u mepecTpoi-
Koi1, 06paTHOl K ¢; 06 3ToM yXe roBopuaoch. Eme oano
MHOXKECTBO TOUEK, KOTOpoe MBI ceHdac JO0OaBHM K
E U E’, nexuT B IUIeHKe, peatusyolueil ¢’, n BHCTynaer
10 OTHONIEHHIO K IepecTpoiike, oGpaTtHoll K ¢/, B Toil Xxe
poJsiH, B KakKofi BBICTYNaer yXe 00aBJjeHHOe HAMH MHO-

xectBo Eg X[ 1o OTHOWEHHIO K TepecTpoiike ¢.
/7
A wumenHo, Mbl fo6aBuM MHOxecTBq BHma Ei X[, rae
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E! — yXe ynoMuHaBIasca OKPeCTHOCTb KjieTkn FEy ™!
(Bropoii nosoBuHB ceprt S*—1) B M\ B’. Ilpu
9TOM TpaHHUHble TOYKHM CHOBA OTOXKMAECTBATCA TakK, UTO
B pesyabraTe noayuHrcs (n - 1)-mepHas kiaeTka.

O6osnaunm uepe3 E” (n + 1)-mepHyio KiIerky, mo-
aydeHHyio po6Gasnennem X E U E/ ABYX TOJBKO YTO OMNH-
CaHHBIX MHOXECTB, H IIOCMOTPHM, 4YTO OCTaHETCs OT
IUIEHKH, peanusymiomell nepectpoiiku ¢ u ¢’, nocae yna-
aenusa E”. To, 4TO ocTaHeTcsl OT INIEHKH, peasH3yIomiel
¢, npencrasaser coboit mpoussenende (M \ B) X I, us
KOTOpPOro BHIGPOIIEHO MHOKecTBO Eg X I. Pesyabrar
umeer Bug N X I, rae N=M\ B\ Ej. 3ameTum, uTo
N X {1} ectb momonunenne B M’ K okpecrroctsim cdep
Sn—r—1 y S*H, Ananoruyuo, gonosnHeHwe K E” B maen-
ke, peanusyiomeir ¢’, umeer Bug N’ X I’. Ho tak Kak
OHO mepecekaercd ¢ M’ 1Mo ToMmMy e MHOMXeCTBY, 4TO H
N X I, N” oymer paBao N X {l}. Takum o6pa3om, no-
nosHenye K E”7 B o6uiel nieHke nepecTpoek ¢, ¢’ mmeer
Bug N X I”7. Kpome toro, CTpyKTypa NpOH3BeAeHHs Ha
N X I’ uHAyuUHpYyeT CTPYKTYpY NPOH3BENEHHS Ha 4acTH
rpaunub E, ocranbHasi e 4YacTb COCTOHUT H3 JBYX
n-MepHbIX KJIETOK, a MMeHHO kiuerkn B Ef B ucxon-
HoM MHOroo6pasun M M aHaJOrMUHOrO MHOXKeCTBa Ha
MHOrooGpasuy, MOJYYeHHOM B pe3yJbTaTe I[0CIe0Ba-
TEJBHOTO NPOBEIeHUS MepecTpoeKk ¢ U ¢'. DTy CTPYKTYypY
MPOU3BEEHHS MOXKHO NPOAOJKHTb O CTPYKTYpbl Ha
pceil xkiaerke E”/, xoTopasi Torga MmpeACTaBUTCS B BHAE
npousBefieHHs1 oTpe3ka I’/ Ha n-MepHYIO KJIETKY, W eCJH
Telepb Mbl COefMHHM 5T0 E”, mpexcraBieHHOe Kak mpo-
K2Befiedne, ¢ npoussefennem N X I”, 1o okamxercs, 4To
IVIeHKa, peausylollas MOoCJel0BaTeNbHOCTh HepecTpoeK
¢, ¢’, npencrasiasierca B BHae mnpousBenenus M X [”.
B uwacTHOCTH, 3TO 03HauaeT, yTO MOCAENOBATENbHOE BbI-
IOJIHEHHe NepecTpoek ¢ u ¢’ naer TOXKAECTBEHHOe Mpe-
o6Gpa3oBaHue MHorooGpasus M.

Ecnu nepectpofikg ¢ ¥ ¢’ cBssaHbl TakK, Kak OIHCA-
HO BHIIIe, TO Mbl OyJleM TOBOPHTb, YTO IHepectpoiika ¢’
Komneuncupyer mnepectpoiiky ¢. CyMMHpysl HallH pe3yb-
TaThl, MOXKHO CKa3aTb, 4YTO IMPH I[OCJeJ0BaTeJbHOM
BBLIMOJIHEHHH  TIEPeCTPOMKH . H . KOMIEHCHpyIouwel ee
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nepecTpoiikn MHorooGpasue M He MeHsieTcsi, a IJIeHKA,
peanuayiouias 3TH fBe NepecTpoikH, umeer Bua M X I.

IpHnoXenHe K TpexmepHbiM MHOT00GpasHam

W3 pesyabTara npeabliylIero pasjesa BhITEKaeT HH-
TepecHOe CJefCTBHe, OTHOCHIIeeCH K CTPOEHHIO OpHeH-
THPYEMOTO TPeXMEPHOr0 MHOroo6pasws.

CuayaJsa 3ameTuM, uTO, BOOGLIE, eCaH ¢ — cdepHue-
cKasa nepectpofika Ttuma r Ha M, ynmosaersopswouiast
YCJIOBHIO IpeIblayiiero pasaena, To ¢ npeobpasyer M B
M’, a xomneHcupylouias mnepecrpofika ¢’ npeoGpasyet
M’ o6patno B M. Ho sto o3HauaeT, uTO mepecTpoiika,
oGparHas K ¢/, npeo6pasyer M B M’, npuueM THI 3TOH
nepecTpOHKH paBeH n—r — 2. JIpyruMH CJ0BaMH, eCJH
mHoroo6pasue M npespathaoch B M’ B pesyabrate ne-
peCTpOfiKH THHA r, YAOBJIETBOPAIOUIEH YCJIOBHIO Npeibl-
Ayllero pasfena, To0 M MOXHO TaKke IpeBpaTuth B M’
HEKOTOpOIi MepecTPONiKOfl THNa n—r — 2.

[lycrp  Temeph M — KOMIAKTHOE  OPHEHTHpYeMOe
TpexMepHOe MHorooGpasue (cBsAsHoe M Ge3 kpas). Cyiue-
cTByeT TeopeMa !), yrBepKiamouasg, 4YTO KaxJoe Takoe
MHOroo6pasue SIBASETCS KpaeM HEKOTOPOrO OPHEHTHpye-
MOrO YeTbipeXMepHOro MHoroo6pasua (cm. [51]). Mu
MOXKeM YHAJHTb H3 3TOr0 YeThipeXMepHOro MHOroo6pa-
3MSl YeTHIPEXMEpHYIO KJeTKYy; NONY4HTCs MHOTooGpasue,
Kpali KOTOpOro SIBAfeTCS HeCBA3HbIM OOBbeJHHECHHEM
muoroo6pasus M n tpexmepnoii cdepnl. CijenopaTenbHo
(Teopema 6.3), MO:xKHO NoayyuTb M u3 cdepel npu no-
MOILIH KOHeuHOro uucaa cdepHueckHX NepecTpoek, NpH-
yeM BCe mepectpoiiku THmoB 0 M 2 OyayT cOXpaudarb
opuentanuio 2). Kaxngaa opuentupyemast nepecTpoiika

1) Buepeuie mokasamuas B. A. PoxaunmM. — [Tpun. ped.

2) B pam#oM cayyae niepectpoiika ¢’, ofpaTtHas k mnepecTpoi-
Ke ¢ THHa 2, ABJAsieTcA nepectpofikoft tuma 0, B MBI TOBOPHM, 4TO ¢
COXpaHSieT OpHEHTAUMIO, eciH ¢’ coxpanser opuentaumio. Coxpane-
HHEe OpHEHTAUXH P BCEX NepecTpofikax cJeiyel H3 TOro, YTO B AaH-
KOM ‘¢yuae MOXHO «COTJIaCOBAHHO» OPHEHTHPOBATh BCe MHOreoGpa-
aust ypoBHSL QyHKUMH, cooTBeTcTBYIOiefi nepectpofixe. Ias sroro
HAJ0 BOCIO/JB30BAThCS OpHEHTaUHel MWIEHKH H TeM, 4To Aas JwoGod
ee HEXPHTHUECKON TOYKY B KacaTeJbHOM TpPOCTPaHCTBE K [UICHKE
HMeeTCsl OZHO3HAUHO BHAEJIEHHBI Jyy, HEepUeRAHKYISPHBI K MHOrO-
06pasmio ypoBliA ¥ HANpPABJIEHHHA B CTOPORY Bo3pacranmud QyHK-
nuu. — Hpun. ped.
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tuna 0 3aBefOMO YLOBJETBOPSIET YCJIOBHIO NPEeABIAYLIETO
pasgena, Tak Kak cdepa S° craruBaemas Takoil nepe-
CTpo#iKoli, fiBNdeTcA TPaHMUel KaeTkH E’, a KOHUBI 3TOH
KJETKH B Ipollecce NepecTPOiKH COefHHsIOTCH, ofpa3ys
OPSAMO BJOXKEHHYIO OKpyXHoCTb., Ilostomy, cleays cre-
JAHHOMY BbIlle 3aMe4YaHHIO, Mbl MOXeM 3aMEHHTb KaxK-
ayio nepectpoiiky tHna 0 ua mytw ot S® go M mepe-
crpofixoit tuna 1, [lepectpoiikyu THma 2 oGpaTHH K mepe-
cTpofikaM Ttuma 0, Tak YTO HX TOXKe MOXHO 3aMEHHTH
nepectpofixamMy thna | (B maHHoM cJydyae nepecTpoika,
o6paTHasd K mepecTpoiike Tuma 1, Take uMeeT THN 1),
CurepoBaTenbHo, JaHHoe MHoroo6pasue M mosyuaercs
U3 TpexMepHON cdepsl KOHEUHHIM UHCJIOM MepecTpoek
tHna 1.

OnuchwiBag ABHO [AefCTBHe NepecTpPOdkH TtHma 1, MBI
NPHXOAHM K Caexyiouleit Teopeme !):

TeoremA 8.1.  OpuenTupyemoe KOMRAKTHOE Tpex=
meproe mMro20006pasue (c8a3noe u 6e3 Kpas) MONCHO no-
AYHUTH U3 TPEeXMepHOL chepet, ecau 8bLpe3aTs U3 Hee KO-
HEUHOe UHUCAO HenepeCekaoujuxcs CRAOULHBLX TOpO8
(mroocecrs suda St X E) u 3anoiHuTe noayuusuiuecs
11020CTY HOBLIMU CNAOUIHBIMU TOPAMU, ROOX00AWUM CRO-
co6om 0TONHOeCT8AR 2paHuLbL,

OTMeTHM, UTO TPaHHIA KaXKAOH INOJOCTH HMeeT BHJ
St X S8, u cymiecTByeT Ha camoM Jeje OeckoHeyHoe
YHCJIO CIOCOO0B OTOXKMECTBUTH €€ C IPaMHIel CIJIOMHO<
ro TOpa; MO3TOMY CYylecTByeT OecKOHeYHOe HYHCJIO pas=
JIMYHBIX TIOCTPOEHHI Takoro copra. OnHAKO HeJerko pe-
INATH BOMPOC O TOM, KOTJAa fBa& TaKHMX DPAa3THUYHBIX MO-
CTPOEHHH NPHBERYT K OJMHAKOBOMY pesyabrary. Jas
9TOrO B MEPBYIO ouepefb MNOHAXOOGHJIOCH OB pellieHHe
npo6aembl Ilyaukape. I'mnoreza IlyaHkape 3akiiouaer-
CSl B TOM, YTO BCAKOEe OPHEHTHPyeMOe TPexMePHOe MHO-
roo6pasue, Ha KOTOPOM JIIOOYI0 OKPYXKHOCTb MOXKHO
CTSIHYTL B TOUKY, ABJASIETCS Ha CaMOM Jejie TPeXMepHOR
cepoit. OHa He foKa3aHa U He ONPOBEPTHYTA.

1) Ipunagnexaumes Heny, xotopeii HOKasbiBad ee HHaue {3TO
6blii0 3am0ir0 70 MoABJjeHHA Teopemul Poxmuna). — [pum. ped.
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NIPEQUCIOBHE

ATH JeKUuH ObUIM NpOYHTaHBI B JekKabpe 1963 r. B
YHHBepCHTeTe IUTaTa BUPIXUHAKM TpPH NOALEPXKKE
Nennx-Bap6yposckoro nekuuoHsoro ¢ougal). B uHux
NpeiCTaBNeHbl HEKOTOpble TeMbl M3 HadaJbHbIX pasie-
JIOB TOMOJIOIMH, CKOHLEHTPHUPOBAHHbBIE BOKPYI BBEIEH-
Horo B 1912 r. Bpayapom omnpezesieHnss creneHd otobpa-
xkenud. McmoabsyeMele METOAbl, OZHAKO, — 9TO METOAbLI
nubdepeHIHaabHON TOMOJOTHH, a He KOMGHHATOpPHBIE
metonbl bpayspa.

IleHTpaJbHylc POJb HIPalOT MOHATHE pPEryJspHOTro
sHauenusi 1 Teopema Cappa u bpayna, yTBepxaawouias,
qT0 Kamjaoe IMIafKOe OTOOpaxKeHHe HMEET peryJspHbe
3HayeHHsl.

JIas ynpomieHHs H3JIOXKeHHS BCe MHOTooGpasus CuH-
TaloTcsl OeckOHeyHo AH(pdepeHUUpPyeMBIMH W SBNO
BJOKEHHBIMH B €BKJHAOBO InpocrpaHcTso. Hauansbie
CBeJeHHs K3 TEOPETHKO-MHOXKECTBEHHOW TOMOJIOIHH M Teo-
pu GYHKUHH AEACTBHTENbHOrO MepeMEHHOro mpeanosa-
raioTcsi HM3BeCTHHIMH M HCHOJbB3yloTcA 6e3 [oKasa-
TEJBCTB.

4 xoTes 6b BHpa3uTh GaarogapHocTs J2Buay Yusepy,
ubsl MpeXAeBPEMEHHas CMepThb Oneuajuia Beex Hac. Ero
NIPeBOCXOjIHbIE 3alHCH CHeMaJH BO3MOXHBIM TOSBJIEHHE
3TOH KHHTH. .
Ho. Muarnop
puncron, Horwo-Tocepcu

1) B aMmepHKAaHCKOM H3[aHHH COOOWAXOTCA HEKOTOpEHIE CBEACHHA
o6 srom (oHIE: OH Ha3bBaeTC MO HMeHH CBOHX ocHoBatesel H
npeHA3HAYEH AJA YTEHHS B yHHBEpCHTeTe BHDIKHHNH UHKIOB JeK-
HHE BHA0MHEMHCA AEATeNsMH B KakoH-AuGo 0Tpaci#x HayKH. —
Hpun. peod.



§ 1. FAAAKME MHOTOOBPA3HA H
FNABKUE OTOBPAYKEHMA

CrHavasa 0oGbSACHHM HeKQTOpble OGO3HAYEHHst U Tep-
Munbl: RP oGo3nauaer R-MepHOe eBKJIHAOBO IIPOCTpaH-
CTBO; TakuM 00pa3cM, TouKa x & Rk —310 naGop 4
JeHCTBHTEJbHBIX YHCeJ

x=(x{, ..., %)

IMMyecte U< R* u Y < Rl — OTKpHITEIE MHOXKeECTBa.
Orobpaxenune [ wmuomectBa U B V (6yzem nucatb
f: U~ V) nasbiBaercd -2aa0Kus, ecJu Bce YacTHBIE MPo-
nsponusle 0°f/0x;, ... Ox;, CYmIeCTBYIOT H HeIpephIBHHL

Bonee of6uo, nyete X < R* u Y < Rl npou3sodb-
Hble TOAMHOMKECTBA €BKJHAOBBIX npocrpancTs. Orto6pa-
Keuue [ X — Y HasbiBaercd e4a0KuM, eCad Aas J1000H
TOYKM X € X CYWECTBYIOT OTKpLITOe MHOKecTBO U < R*,
cogepxamiee x, u rnagkoe oro6paxeunne F: U -—> Rl co-
snagaouee ¢ f ua U X1).

JamertuMm, uTo ecam orobpaxenus f: X->Y wu
g: Y —Z rnankue, To KoMnosunus g o f: X —Z toxe 6y-
IeT riagkuM ortobpamxenneM. ToxaecTBeHHOe oToGpaxke-
HHe TPOM3BOJILHOIO MHOXKecTBa X aBTOMATHYeCKH SB-
TAeTCs IVIaAKHM,

Onpeneaenne. Orobpaxenne f: X— 7Y nasu-
BaeTcsi Ougpeomopdpusmon, ecan [ romeomopdHo 2)

) Onpenenexne noHATHA «(YHKOHS, TVIAAKAS HA TOIMHOMKECTBe
€BK/HLOBA [POCTPAaHCTBAa» y MH/JHOpPa Ha NepBHIA B3rASif KakeTcH
60.1¢ce WIHPOKHM, 4eM y Yo.ueca (onpenenenus 2.2, 2.3), Ho ¢ no-
MOILBI0 noaxoadutero pasGuenns eiuruusl ([30], ctp. 22, teopeua 1)
MOXKHO J0Ka3aThb HX 3KBHBAJEHTHOCTb. BrnpoueM, AJis nanepHefillero
3T0 He BaWHO. — [Tpum. ped.

2) Oro6paxerne [: X — Y paswBaeTca 20MEOMOPHUIMOM MHO-
xeete X u ¥, ecnn f(X) = VY, otofpaxenne [ B3aumMuo oznosrauso
u Kak [, Tak B obpatHoe k HeMy oTOGpaxeHHe [™! HempepLIBALL —
ITpun. ped.
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oro6paxaer X Ha Y, u o6a oro6paxenus [ m f~! raan-
Kue t).

Mbl  Moxem  npHOJIH3UTENBHO OXapaKTepH30BaTh
npenmer audQepeHuMaIbHON TONOJOrHH, CKasaB, 4TO
OHa M3yuaeT Te cBoiicTBa MHoOXecrBa X < R*, KoTophie
HHBAPHAHTHBl OTHOCHTEeNbHO AH(PDeoMOpPPU3IMOB.

OfHako Mbl He XOTHM paccMaTpuBaTbhb COBepIIEHHO
npoussoabubie MHOxecTBa X. Clrepnyiolliee onpefeneHue
BblZe/feT OCOGEHHO HHTEPecHBI H NOJie3HBIH KJjacc.

Onpenenenune?). [TogmuoxectBo M < R* Hasbi-
BaeTcss eAQ0Kkum MHO2006pa3ueMm pa3MepHOCTU m (HJIH
eAQOKUM m-MepHbILM MHO2000pasues), eCln AJ9 KakJoH
Toukn ¥ & M cymectByer okpectnocts W () M, koropas
nuddeomopdra OTKPHITOMY MoAMHOXKecTBY U eBKIHLO-
Ba mpocrpakcTBa R™.

Jlio6oit  panumit  guddeomoppusm g: U—->WNOM
HasbiBaeTcd napamerpusauyuei obaacta WM. (0O6-
patuniit gudpdeomopdusm WM — U uasbiBaerca cu-
cremoii koopdurar va W} M.)

Mnorpa HaM nonago6GHUTCS paccMaTtpHBaTb MHOro06-
pasust pasMepHocTd HyJab. [To onpenenennio M — nyab-
MepHoe MHOrooGpasue, eCaH Kaxjiad Touka xe& M
umeet okpectHocth W [} M, cocrodmiyro TONbKO M3 Hee
caMoi.

[Tpumepsn. Enuununas cgepa S? cocrosmas u3
Bcex Touek (X, y, 2) & R3, ynoBreTBOpAOMIEX YCIOBHIO
x2 4 g2+ 22 =1, - aBadeTca TIJagKUM  MHOrooGpashem
paameproctu 2. IleficrBurennno, nuddeomopduam

6 )= g, VI—22—¢) upn 24 y* <1

1y Corjacno onpeleneHuio riaaxocts, ecan fe=X < REP u
ye=YcR, To cylecrsyloT Tak#e riaakie oroGpaxenus
g U—~R u bt V>R rae U n 'V — HeKOTOpble OKPECTHOCTH TO-
yex x # y B R* u R}, 410 CORNANAOT OrpaHHYCHUA

clunx=punX, rlvar=itlvnr.

O6patute BHAMaHKe, 4TO g W h_yXe He ofa3awbl OnTe OOpaTHEIME
10 OTHOLWEHAIO ApYT X Apyry. — [Tpum. ped.
2) C Gosee ofmel TOUKH 3peHus (cM. Yoszeca), 3fiech onpe-
KeJSIoTes DIajkue NOAMHOrooOpasns eBKkAHAOBa HPOCTPaHCTBA, —
Hpun. ped.
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napameTpHayet obsacrts 2 >0 Ha S2. IloMenaB poasimu
X, Y, 2 1 H3MEHUB 3HAKH Y NIePEeMEHHBIX, MBI [1OJYYHM MO-
AoOHble JKe mapameTpHsauuu obaacredt x>0, y > 0,
x<<0, y<<0 um z2<<0, kKotopeie MOKpHBalOT cdepy.
CaepoBartenbHo, S? — rnankoe MHoOrooGpasme,

M

i ) |
N l/ & A‘!!EF"

Rk

Puec. 1. Ilapamerpusanua obiactu Ha M.

BooGuie cdepa St R», cocrosinias H3 BCeX TO-
ek (Xy, ..., Xn), YAOBJETBOPAIOUIUX ycnosmon';’= I,
ABIAETCd TVAAKHM MHOrooGpasveM pa3MepHOCTH 7 — l.
Hanpumep, S° < R! — mHoroo6pasue, cocrosiiiee poOBHO
H3 ABYX TOUYEK,

MHoxecTBO BCcex ToueK (X, y) = R%, nas KOTOpHIX
x %0 u y=sin(l/x), naeT HecKOJbKO 6OJiee «AHKHi»
npuMep IIaIKOro MHOrooGpasus.

KacatenbHble npocTpaHcTBa W npoM3BOAHLIE

Hasg Ttoro uTo6bl ONpefefuTb NOHSITHE NPOU3BOO-
Houi 1) rmagxoro orobpaxenusa f: M— N, rone M u N —
rJajlkne MHOrooGpasusi, Mbl CHauaJa CBAXKEM C KakioH
TouKOi x &= M < R*  nuuefiHoe HOATIPOCTPAHCTBO
TM, < R* pasmepuoctd m = dim M, Ha3blBaeMoe Kaca-
TEAbHbIM NPOCTPAHCTEOM MHOTOOGpasua M B Touke x.
Torna dfx GyneT HeKOTOPHIM JIHHEHHBIM OTOOpakKeHHeM
TMx B TNy, tae y = f(x). DieMeHTHl BEKTOPHOro mpo-
ctpanctsa TM, HasbIBAIOTCA KACATEALHbIMU BEKTOPAMU
K M B Touke x.

') BMecTO MpoH3BOAHORA CTOJb e TacTO roBopAT o Ougidepen-
yuanre, — Ilpum. ped. .
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VIHTYUTHBHO MOXHO NpPeACTaBJAATb cebe Mm-MepHYIO
mJIocKocTh B Rk, KoTOopas HaWJydwiHM o6pa3oM amnpok-
cumupyer M B6ausu x, Torna TM, — napanienbnas eft
JIOCKOCTb, TIPOXofsAlias uepe3 Hauasno koopaunatr. (Cp.
puc. 1 u 2.) AHajnOruYyHO MOXHO NpEACTaBIATb Cebe He-
OZHOpPOJHOE JHHefiHOe OTOOpaXKeHue KacaTeJbHOH IJIOC-
KOCTH B TOYUKe X B KacCaTeJbHYIO IJIOCKOCTb B TOYKE Y,

M My

TNz

Puc, 2. KacaresisHsle NPOCTPAHCTBA MOAMHOroo6pasust
eBKJHZOBA IPOCTPAHCTBA.

KoTopoe Jyulie Bcero anmpoxcumupyer f. Ilocae mapaa-
JIeJIbHOTO nepeHoca O0GeHMX IUIOCKOCTeH B HAualo Koop-
IMHAT Mbl nosnydaeM dfy.

[lpexjge uyem fRatb HacToALiee OINpefeNeHHe, MBbl
IOJDKHBl H3YUHTh CHeHaJbHBIE Kiacc oToOpakeHHi
OXHOTO OTKPHITOrO MHOXKecTBa B apyroe. [as swoGoro
orkpeitoro muoxectsa U < R* kacareavroe npocTpan-
creo TU, onpepenseTcs Kak BCe BeKTOPHOe NPOCTPaH-
crBo R*. JIng 1npOM3BOJBHOrO TIAAKOrO OTOOpaxeHHs
f: U— V npoussodnas

dfx: R* — Rl
onpeneasercs Gopmyaoh
. th) —
dfx(h)=£ flx+ t) f(x) ,

im
>0

rze x & U, h = R, Slcho, uto df.(h) — nuneiinas QpyHk-
-musi ot h. (B meHCTBHTeNbHOCTH dfy — 3TO Takoe JHHeil-
HOoe OTOGpaXKeHHe, KOTOPOe COOTBETCTBYeT Marpuue
(6f:/0x;) » mopsimka I X k, cocTaBneHHOH H3 MepBHIX Ya-
CTHBIX IPOHM3BOJHbIX, BBIUHCJIEHHBHIX B TOUKE X.)
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OrMmeTHM [Ba OCHOBHBIX CBOHCTBA omnepauuu audde-
peHLHPOBaHHS:

1 (mpousBogHasi- CIOKHOA (QYHKUHH, MWIH UelHOe
npasuno). Ecau f: U—~>V u g: V> W — 2aadkue oro-
6pasicenuss u f(x) =y, 10

d(g°f)x=dgy°dfx-

Jpyrumu cnoBaMH, KaxX/IOMY KOMMYTarHBHOMY Tpe-
YrONbHUKY !} raagkux orobpaxenuit

vV
1/ \g
/ N
U ng->W

raie U, V u W — OTKpBITHle NOAMHOMXKECTBA BEKTOPHHIX
npoctpacTB R* Rl u R™, cOOTBETCTBYeT KOMMYTaTHB-
HBIH TPeYTONBHHUK JHHeHHBIX 0TOGpaKeHHH

Rl
VAN
daty " \dgy
7 N
k m
e >
R d(gof), R
) Tlycte nmeercst AMarpaMma, COCTOANAS #3 BEDIIHH H CoelH-
HAIOUIAX HX CTPEJOK, NpuyeMm KaxaoH BE€PIUHHE CONOCTABJIEHO Ompe~
JeJieHHOe MHOMXeCTBO, a KaXKAoH CTpeJIKe, coeguHAIONEN JIBe Bep-

IHHBL, CONOCTaBIEHO 0ToGpaXkeHHe COOTBETCTBYIOUMX MHoxecTs, Ha-
ApHMED,

_£
TN
fi hl N

v /
A___k.k)D/]

Junarpamyva HaseBaeTcsl KOMMYTOTUBHOU, €C/H BCAKHA pPas, KOrKa OT
OIHOH €e BepWIMHH K ApPYrofi MOXHO nepefiTH NO [BYM pa3HEIM
nyTAM, LBHrasch BCE BPEMA [0 CTPEJIKAM, COBUAZAIOT KOMNO3HWUHH
COOTBETCTBYIOMIHX OTOGpakeHHi B COQTBETCTBYIOUIEM NopaiKe (mep-
BhIM JeficTBYeT OToOpaxKeHHe, COOTBETCTBYWOIIee -NEPBOHi CTpesKe
nytd, # T. A.). Hanpuvep, xoMMyTatuBHOCTb H306paxkeHHON Bbile
ABarpaMMBl 03HAUALT, UTO

hog«:f:k, i=joh
(otkyna yxe caegyer jek=iogof=johegof), — ITpum. ped,
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2. Ecau I — toxcOecTsennoe 0TOOpAsceHue MHOXCe-
crea U, To dl, — rosdecraennoe 0To0 paxcenue npocTpam-
créa R: Boaee o6uo, ecau U= U’ — orkpoireie muo-
xecrsa u

ii U->U

— orobpascenue eaoncenust), ro dix TaKNCE ABAAETCA
TOMCOecTB8enHbIM 0TOGPQXCeHUeM npocTpaHcTéa RE,
3ameTUM TakKe ClelyloNiee:
3. Ecau L: Rk > R'— aunednoe orobpascenue, 10

dL,=L.

B kauectBe MpOCTOro CJEJCTBHA 3THX ABYX CBOHCTB
Mbl HMeeM TaKoe YTBepXKJIeHHE. )

Vreepxaenne. Ecau [— Oupgeomoppusm orkpuitoeo
muoscectea U = R na orkpeiroe muoxcecreo V < R,
10 k doaxncHo pasuarecs | u auneiinoe otobpascernue

df,: R*— R
00A9CHO ObITE HEBBLPONCAEHHBIM.

HoxkaszateabcTso. Kommozumus f1of aBngerca
TOXIeCTBeHHHIM oTOoOpaxeHnem MmHoxectBa U. Caeno-
BareabHo, d(f1)yodfx — TOXAecTBeHHOE OTOOpaxeHHe
ApocTpaHctBa RR  Ananoruwudo, dfod(f1),— Toxne-
CTBeHHOe oToGpaxeHHe mpoctpaHctBa R. Takum oGpa-
30M, JHHeliHOe OTOGpaxeHHe df; HMMeeT ABYCTOpPOHHee
o6parHoe, OTKy/la HeMeAJEHHO CJIefyeT, YyTO0 R =l

BepHo M uacTuuHOe o6palileHHe 3TOTO YTBepPXKAeHHS.
IMycts f: U— R* — rnaskoe oroGpaxeHue, mnpuuem U
OTKpbITO B R~

TEOPEMA OB OBPATHOR ovHKuuH. Ecau npoussoduasn
dfx: R* —> R! nesoiposclenna, 10 [ duppeomoppro oro-
Gpascaer 21060e 0OCTATO4HO MAAOE OTKPbITOE MHOXNCE-
creo U’, codepacawee x, Ha orkpeiroe muoxcecrso f(U’).

) To ects oroGpaenne, comocrasisiomee Touke X & U 1y me

camyilo TOYKY, PACCMATPHBAGMYIO KaK SAeMeHT MHoxectBa U/, —
I[Tpun. ped.
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(Cmorpu Amnocron [4, ctp. 144] win Hpenonue {13,
crp. 311].)

3amerum, uTo f B HeJOM MOXKeT H He ObITh B3aHMHO
ONHO3HAYHBLIM, fa)e eCJH IpH BCeX X NMpPOU3BOAHAA dfx
neBblpoxenHa, ([loyuurenpHBE npuMep paercs oTobpa-
JKEHHEM 2 — eXp 2 KOMILJIEKCHOH IJIOCKOCTH B ce0s.)

Tenepr MBI ONpefie UM KacareAsbHoe RPOCTPAHCTEO
TMx gns TIPOM3BOJNILHOTO [JIaIKOTO  MHOTOOOpasus
M < Rk, BuifepeM napaMeTpH3aLHIO

g: U->McRE

okpecraoctn g{(U) tourn x Ha M, g(u) = x. 3zecs
U — otkpeitoe mogmuoxectBo u3 R™, LEcim paccmart-
puBaTh g Kak oroGpaxenne MHOxectBa U B R*, 10 Gy-
JeT Ompejie/ieHa MPOH3BOAHASA

dg,. R™— R,

Moaroocum TM, pasuoim 06pasy dgy(R™) (cM. puc. 1).

Mbl 10JMKHEI fOKa3aTh, YTO 9TO NOCTPOEHHEe He 3a-
BHCHT OT BhIGopa -mapaMerpusauun g. Ilycre h: V —
— M c R* — gpyrasi  mapamerpusamus  OKPeCTHOCTH
h(V) Touks x Ha M, n nyctb v = h-!(x). Torna hlog
nunbdpeomopdHO oTobpaxKaeT HeKOTOPYIO OKPECTHOCTb
U, Toukn u Ha okpecTHOCTH V4 Touku v. KommyraruBHas
gvarpaMMa IUIaJKHX OTOOpaKeHHH OTKPBITHIX MHO-
JKeCTB

AN
/ h
/g \
Ul —>V,

BJedeT 3a co60fi KOMMYTaTHBHYIO JHATPaMMY JHHEHAHbIX
OTOGD aXKeHHH
R*

7N
dg,/"  \dhy
// \\
R™ —Z—» R™
)

d{nlog
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OTKyfia HeMeJJeHHO CJejIyeT, 4To
Im(dg,) = Im(dh,).
Taxum o6pasom, TM, KOpPEKTHO OIpe/e/ICHO.

Tenepb ME gokamem, uto TM, sBaAsfeTCSH M-MepHbLM
BEKTOPHbIM NPOCTPAHCT8OM, BBHAY ryazkocTH oToGpa-

HKEHHUA
g gU)->U

MOXHO BHIGpPaTh OTKpbITOE MHOXKecTBO W, comepxkaliee
X, W Tuagkoe ortoGpaxenne F: W — R™ cosnanamoliee
c gt wa WNg(U). TMNonaras Uy= g (WNg)),
MBI TIOJy4aeM KOMMYTATHBHYIO IHAarpaMmy

W
/
/ \\F
Uo BAONEHAE Rm

M CBA3aHHYIO C Hefl KOMMYTAaTHBHYIO AHATPAMMY
Rk
7N\
dgu/ \de
/ N
Rm TO)KI[eCTBeHHOe_> Rm
W3 nocienHeit nuarpaMMbl, OUYeBHAHO, CJIEAYET, UTO

paur orobpaxenus dg. pased m. CreposaresbHO, pas-
MepHOCTb ero o6pasa I'M, paBHa m.

Mycte M< R* » N R'— nBa rJaikKHX MHOroo6-

pasus, a
f: M—>N

— raagkoe orob6paxenue H f(x) = y. Mbl cefiuac ciae-
LyiOmAM 06pa3oM ONmpelesiHM RPOU3BOOHYIO
dfy: TMy— TN,

Tak xak [-—riaagkoe oTOGpaxeHHe, TO CYHIeCTBYIOT CO-
mepXamiee TOYKY X OTKpmitoe MHOxectBo W n raan-
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Koe orobpaxenne F: W — R!, coenajgamomee c | Ha
WM. Onpedesun dfc{v) = dFs{v) 048 scex ve
e TM;.

Jlns 060CHOBAHHSI KOPPEKTHOCTH 3TOrO ONIpefe/eHHs
HeoGXOAMMO NO0Ka3aTb, uT0 dF.(v) mNpHHAMJIEXKHUT Mpo-
crpaHctBy TN, M He 3aBHCHT OT KOHKPeTHOro BbIGopa
oto6paxenus F.

Cuauvasa hiGepeM mapamerpH3alluH

g U>McR* u hV->NcR
okpecrocte#t g(U) u h(V) Touek x ¥ y COOTBETCTBEHHO.
VYumeubpmus U, ecad morpeOyercs, MbI MOXKeM CUHTATh,
aro g(U) = W u ugro [ oro6paxaer g(U) B A(V). Ta-
KuM 00pasoM, KOPPEKTHO OMNpejiesieHo TJafKoe oToOpas
JKeHHe

K lofog: UV,

PaccMOTpUM KOMMYTATHBHYIO J[HAarpaMMy IVIaiKHX

0TOGpaKeHHll OTKPLITHIX MHOXeCTB

W—E s R
A A

h
f ]
U h ofogév

Tlepexoast K IPOU3BOJHBLIM, MLI MOJYUYHM KOMMYTaTHBHYIO
AMarpaMMy JIHHeHHBIX O0TOGD aXKeHHH

Rt —Tx R
dguT Tdhv
d (h_.lofog)
R, g,

rie u=g"(x), v=hr""(y).

W3 srofi puarpaMmbl HeMe[JeHHO ciaefyer, uto dFy
nepesogutr TM, = Im(dg,) B TN, =Im(dh,). Kpome
TOoro, otobpaxeHne dfy He 3aBHCHT OT KOHKDETHOTO BHI-
Gopa orobpaxenusa F, Tak Kak Mbl MOXKEM IOJYYHTb TO
JKe caMmoe JiHHeHHOe oToGpa)keHHe, OGXOAA OCHOBaHHe
3TOH AHarpaMMbl, a HMEHHO!:

dfy=dhyod(h™" o fog),o(dg) ™"
Tem caMbiM OQOKa3aHa KOPPeKTHOCTb ONpeJeseHHsl Npo-
H3BOJIHOM, . '
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Kag u sbie, onepaunus AuddepeHuUpoBauus o6Ja-
JaeT ABYMS OCHOBHBIMH CBOHCTBAaMH:

1 (umenHoe mpasuno). Ecau f: M—>Nu g: N>P—
eaaldkue otobpasicenusn u f(x) =y, 10

d(g°f)x=dgy°dfx~

2. Ecau I — rtomdecraennoe 0tobpaxcerue mHO2006-
pasus M, to dI, — roxcdecraenHoe oTObpaNEHUe Kaca-
TeabHo20 npocrpancrsa TMy. Boaee o6ujo, ecau M § N
npu nomowu orobpascenus saoncenus i, o TMy S TNy
npu nomouLu oTobpascenus siomenus diy (cM. puc. 2).

JloKasaTeabCTBa 3THX CBOFICTB OYeBHIHBI.
Kak u paHblie, 3TH [Ba CBOACTBA HAlOT CAeAyIOLiee

Vreepxkaenne. Ecau [: M - N — Ougpdpeomopgpusn,
10 dfy. TMy— TNy — usomopgusmn 8exropreix  npo-
crparcrs. B uacrHocTu, pasmepuocre muoeoobpasus M
doscna OuiTo pagHa pasmepHocTu mHo2006pasus N1).

1) TlosesHo uMeTb B BHAY, 4TO oroGpaxenue f: M — N raagxux
mHoroobpasuit Mc R* u N C R' Gymer rnaikum Torja H TOJNBKO
TOrga, Korga GymyT CAaZKuMH €ro NPEACTABJCHAS B JIOKAJbHBIX
KOOpAHHATAX; NOC/TeJHee O3HayaeT, uto el g: U—->Mu it V> N—
JBe mnapamerpusauuH, npuyem [og(U) < h(V), To otoSpaxkenne
hlofog: U~V —rnagkoe. [lefcTBHTenbHO, AOKA3HBas KOPPEKT-
HOCTh ONpELE/eHnus NPOH3BOAHON, MunHop NONMYTHO oTMedaeT rfiaf-
KocTh 0TOGpamernss A-lefegnna rmamgkux f. O6GpartHo, nyctb Ha-
BECTHO, 4TO MNpeAcTaBaeHHss orobpaxenua f:M-—>N B JokadbHHX
KoopAauHarax raaakue. Jas ¥ =M Mo JoMKHH yKA3aThb TaKyto
okpectHocts W B R* m raagkoe orto6paxenne P: W-—R! gto
\pﬁV NM=Ff|WNM Ilo onpemeneHnio mnapaMeTpH3amuH cymle-
CTBYIOT TaKHe OKPecTHocTb W X u [Jajkoe o0TOGpaxKeliHe
¢:W—R™ uro ¢o|WNM=g'|WAM MoxHo cuurarb, 4TO
¢(W) < U. Paccmarpusas oToGpakenss

-1
W -2 U5 )L> )LV L R
f f

M I N

JIETKO MOHSITH, 4TO 32 Y MOXKHO B3ATh KOMMO3HUHIOA® (hlofog)og;
ee [JajJKOCTb ClefyeT H3 [JIAAKOCTH O0ToGpakenuii @, A-'ofog u A.
O6byHO MIaAKOoCTE OTOGpaXeHus OXHOTO IVIaAKOrO MHOrooGpa-
3uf B JPYroe onpejensercs HMeHHO KaK TJaJKOCTb NpeJjcTaBJeHHs
JaHHOro OrofpaXKeHHs B JIOKATbHHX KoopAHHATaX. Munnop naneé
(baKTHIECKH TOXe MOJb3yeTcs ITHM ompeaenenueM. — Ilpum. ped.
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PerynapHuie 3Ha4eHHA

Mycty f: M — N — riagkoe oTo6paxeHHe MHOroo0-
pa3uii onuHaKoBo# pasmepHoctd?!). HasoBem TOuUKy
x & M peeyaaprod, ecnu puddepenunan dfy HeBLIPOXK-
ned. M3 teopembl 06 o6parHOH (QYHKUHH CJeAyeT, YTO
B 3TOM ciaydae [ audgeomopdHO oTOOparkaer HeKOTO-
PYIO OKDECTHOCTb TOYKH x¥ & M Ha OTKDHITOE MHOXKECTBO
muoroo6pasusi N. Touka y & N HasblBaeTcs peaysipHbim
3Hadenuem, ecau f~1(y) COCTOMT TOABKO H3 PerysaspHBIX
ToueK (B YaCTHOCTH, ecau [~!(y) mycTto).

Ecan nuddepenunan df, BHIPOXKAEH, TO X HasbiBael-
e KpuTuueckotl Toukoil oToGpaxends f, a ee o6pas
F(x) — Kkputuueckum 3nauenuesm. Takum ob6pasoM, Jio-
Gas touka y & N sfBasercsd JHOO peryJaspHbM, JHOO
KPUTHYECKHM 3HaYeHHeM B 3aBHCHMOCTH OT TOro, Cofep-
HKHUT WIM He COfepXKHUT [~!(y) KpUTHUECKYIO TOUKY.

OtmeruM, 4T0 ecaut M komnaxkrtHo, a Yy = N — peey-
Aaproe 3uauenue, 1O [(y) — KOHeuHOe (8O3MOINHO,
nYycroe) MHOMECTBO TOUEK.

MuoxectBo f1(y), Oyayudn 3aMHYTBIM NOAMHOXKe-
CTBOM KoMmmakTa M, caMo sBAseTcs KOMIAKTOM; Kpome
toro, f~t(y) MMCKpeTHO ?), NOCKOJbKY f B3aHMHO OJHO-
3HAYHO B OKPECTHOCTH JIOGOH TOUKH x < [1(y).

IOasa rnagkoro oro6paxenusa f: M— N, rae M —
KOMIIAKT, M PEryJsipHOro 3HaueHuss y = N 00603Haqum
yepes F f~1(y) uucao Todex a f~1(y). Crenyer oTMETHTD,
uyto F f1(y) s0OKaabHO MNOCTOAHHAZ Kak QYHKUHA Y
(3mecy y mpoGeraer TOJNBKO pelyJspHble 3HaueHHa!),
T. €. Y TOuKu Y cyujecrayer rakaa oxkpectHocte V <N,
uro  Ff1(y) =H 1Y) Oaa scex y V. [Ilycm
X1, ..., X —BCe TOUKM H3 f1(y); BriGepeM TONapHO
Henepecekamwuuecss okpectoctu Uy, ..., Up s1HX TO-
4eK, Koropeie aupdeomopdHO oTOGparkaloTes Ha OKpe-
crioctd Vi, ..., Vi B MHOroo6pasuan N. Mnl torga Mo-
KeM MOJOXKHUTh

V=V V... 0 Ve NF(MN\UU)).]

') Dr0 orpannueHue GyleT cHATO B § 2.
2) To ecTb Bce ero TOUKE — H3ONMHPOBaHHHE, — [Tpus. ped.
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OcxoBHan Teopema anrelpui

B kauecTBe NPHJIOMKEHHS 3THX NOHATHH MBI LOKaKeM
OCHOBHYIO TeOpeMy anreGpel: KascOoii KOMRAEKCHbL
mroeousen P(2), oTauunbul OT KOHCTGHTbL, doaxcen 20e-
TO 06patarocs 8 HyAb.

Jlnd pokasartelbCTBA HALO MpeXJe BCero mepedTH OT
IJIOCKOCTH KOMINIEKCHBIX 4HCe] K KOMOaKTHOMY MHOrO-
o6pasuto. PaccMoTpum efuHHuHYIO chepy S2< R? u cre-
peorpadHuecKyo MpOoeKIHI0

hyt S2NA(, O, l)}—>R2X0cR3
U3 «cesepHoro moJitoca» (0, 0, 1) ctpepbr 82 (cm. pue. 3).

Mpl GyzeM OTOXAeCTBJISATH RZXO C TJOCKOCTBIO KOMII-~
JIEKCHBIX UHCEJ.

Puc. 3. Crepeorpadnueckas npoeKius.

MNonnuomuanbHoMy orobpaxennio . P miockoctH
R2> 0 B ceba cooTBercTBYeT oTOGpaxeHue [ chepnt S?
B cebs, rie

fx)=h3'oPoh,(x) upn x=%(0,0, 1),

f(O, 0, 1)==(0, 0, 1).

Xopowio H3BECTHO, YTO HOJYuHBIIeecs OToOpaxeHHe f
ABJseTCA TVIAIKUM, Jae B OKPECTHOCTH «CE€BepHOro no-

atoca». Uto6el yOeUTBCS B 3TOM, BBeleM CTepeorpadu-
yeckylo NPOEKUHIO fi_ H3 «10xKHOro moatoca» (0, 0, —1)

H MIOJIOKHM
Q(2)=h_ofohZ'(2).
M3 3neMeHTapHOI TeOMETPHH CaellyeT, UTo
hyohZ'(2)=2z/l 2z f = 1/2
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Ecin P(z) = ape +a12™ '+ ...+ an, a %0, TO
KPaTKHH NOACUeT NOKa3hBaeT, YTo

QR)=2z"(a+ az + ... + @2").

CrnenobpatenbHo, otobpaxenue @ TIafKO B OKpecT-

HoctH ToukH 0, nostoMy orobpamxenue  f=hT'eQoh._
riaanko B okpectHocru touku (0, 0, 1).

Tenepp 3ameTnM, 4TO [ HMEEeT TONLKO KOHEUHOe UHC-
JI0O KPUTHUECKHX TOUeK, HO0 P He SBASETCS JIOKAJbHBIM
nudpdeomopPHSMOM TOIBKO B KOPHAX IPOH3BOJNHOH
P'(2)=a,_,jz’"", a tak Kak P’— He TONJeCTBeH-
HBI HYJb, TO ¥ HEr0 CYIIeCTBYET TOJIbKO KOHEUHOE YHC-
JIO KOpHe#l. MHOMXKeCTBO pery/sipHoiX 3Ha4YeHHi orobpa-
xenusi f ca3HO (mGo 310 cdepa, M3 KOTOPOH yueleHO
KOHEYHOEe MHOXeCTBO Touek). CJieZl0BaTeNbHO, JOKAMb-
Ho nocroauHas ¢yHkuus IFF f~1(y} AoaKHa GHTH MO-
CTOSHHON Ha 5TOM MHOXeCTBe, Tak Kak = [1(y) ue
MOXeT ObITb HYyJEBOH BCIOLY, TO 3TO YHCJAO0 HUTAE He
pasuo uymio. Mrak, [— orofpaxenue «Ha», a MHOTO-
yied P JoNXKeH HMeThb KODEHb. '

§ 2. TEOPEMA CAPJIA U BPAYHA

B ofmeM ciyyae Heab3s, KOHEYHO, HAJEATbCH HA TO,
YTO MHOMECTBO KPUTHYECKUX 3HaueHHH I1afKkoro oTobpa-
JKEHHs OKaxeTcsd KoHeuHbM. Ho Bce-Takm 3To MHOXKECTBO
MaJo B CMBICJE, YKA3aHHOM B ciaenywilell Teopeme, Ko-
TOpyio, caenys Oosee panHelr pabore A, I1. Mopca, B
B 1942 roxy moxasan Capa (cM. [32], [25]).

Teopema, Ilycte [: U — R™ — ezaadkoe orobpasice-
nue, onpedenennoe na orkpoirom mroxcecrse U < R™, a
C={x<= U| paurdf, < n}.

Toeda obpas [(C) < R umeer nyresyro mepy Jle-
beecat) 2).

1) Hpyrumu cnosamy, nas jio6oro & > 0 moxHO mokputh f(C)
n-MepHbIMH KyOuKaMmy, o6muA-00EM KOTOPLIX MEHbIIE €.

) D10 6emo Mokazano Bpaynom B 1935 r. DT10T pesyanraT GhUI
BHOBb oTKpuT JlyGosuukum B 1953 r. u Tomom B 1954 r. (cM. [7],

412, [40]).
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Tak Kak MHOXECTBO Mephi HYJb He MOXKeT cofep-
’KaTb BHYTPH ce0sl HEemycToe OTKPHITOE MHOMXeCTBO, TO
IlO;;O.HHeHHQ R»\ [(C) nomxHO OBTH BCIOLY IJIOTHO
B K™

dra Teopema Gyaer AoKasana B § 3. Jlia nmokasa-
Te1bCTBA CYHIECTBEHHO HajuyHe Yy [ GOJALUIOTO YHCIa
NpON3BOAHLIX (cM. Yutru [41])1).

Hac Gyner unrtepecoBaTh IJaBHBIM 06pasoM cayuail
m>=n. Ecou m <n, 1o, oueBunuo, C = U. Cnenona-
TEJBHO, B 3TOM CJyYae TeopeMa INpOCTQ YTBEPHKAAeT, 4TO
f(U) umeer Mepy Hyab.

Bonee o6mo, paccMOTpUM raajakoe oTo6pakeHne
f: M — N muorooGpa3susi pa3MepHOCTH m B MHOToOGpa-
ane pasmepHoctH n. O603HauuM uepe3 C MHOXKECTBO
BCEX TaKHX ¥ & M, 4TO NPOH3BOXHaA

dfx: TMx-—>TNf (%)

BMeeT paHr, MeHbmui n (T. e. dfx He aBaserca oToGpa-
wenueM «Ha»). Torma C OGymeT Ha3bIBATBCA MHOXKECTBOM
kputuveckux touex, f[(C) — MHONKECTBOM KpUTUUECKUX
3nadenuti, a pononuenue N\f(C)— MHOKECTBOM peey-
AApHbLX 3HaYenud oro6paxeHus [ (31O corjacyerés ¢ Ha-
IIKMMH TIPEXHHMH OINpeJeJIeHHsIMA B caydae m = 1)?).
Tax kKax M MOXKHO HOKPHTb CYETHHIM MHOXECTBOM

1) TpeGyeMblit kjace rafkocTH Takos: [ & C*, rie
(+) k=max (0, m — n) + 1.

Wwmenno B TakoM BHAe Teopema fAokazana Capaom u JlyGoBnuxum.
IloxasaTenbctBo umeercs, Hanpumep, B [35]. Yuran [41]
J1. E. MenbinoB noxasajs, 4T0 HAPEANOJOXKEHHA FAaAKOCTH HEJb3s
ociabute: B R™ cymectsyer ¢yHkuua knacca Cm-1 ¢ f(C) = R:
(DtoT mpHMep OTHOCHTCA K CJIyRal fi == 1; M3 HEro HETPYAHO BH-
BECTH CYINECTBOBAHHE COOTBETCTBYIOIHX HpHMEPOB H NpH GéabmIux
n.) Ecau, ¢ Apyro# CTOPOHHI, NpeAnojaraTe GOMBUIYIO MIdAKOCTE,
yeM B (%), TO, KaK foKasaHo B Gonee mosiuux paGorax Capla H
JlyGoBunKoro, yreepxjaedde o «manoctd» [(C) MOMHO HECKOJBKO
VCHNHTb: B 3aBHCHMOCTH OT M, A M Knacca [IafkocTH [ STY «Ma-
J0CTb» MOXKHO XapaKTepu3oBaTh B TePMHHAX Tak Ha3EBAaEMBIX
r-mepaux Mep Xaycnopda. Bnpouem, Ajns YHCTO TONOJOTHIECKHX He-
Zefi Bce 5TH TOHKOCTH He HYKHBL — [Tpun. ped.

2) Hakomen, Touka x & M — pezyaspnas, ecnd B ST0A TOuKe
panr dfy = n, Caeayer npeiynpeiutb, 4TO MHOTHE aBTOPH HCNOJb-



§ 2. TEOPEMA CAPJIA U BPAVHA 103

OKpecTHOCTEl, KaXnaas u3 KOTOpuix auddeoMopdua or-
KPHITOMY MOAMHOMXKECTBY H3 R™, TO MBI HMEeM

CaenctBue (Bpayu). Mroocectso pesyrapuvix 3Ha-
venull earadkozo orobpanenusn f: M — N sciody naotHo
8 N.

Jdas toro utro6bl HCMOAL30OBAaTh 3TO 3daMeudaHHe, nHaMm
HeoOX0auMa ciaeayoomias

Jlemma 1. Ecau f: M — N —eradxoe or1obpascerue
MHO2000pa3us pa3mepHOCTU m 8 MHO2000pa3ue pasmep-
HocTu n, a y & N — peeyasapHoe 3naueHue 0TOOparceHus
f, o muomecrso [1(y) < M — esradkoe muo2006pa3sue
pasmeprocTy m-—n1l).

HoxkasarteanctBo. [lyers x e f-1{y). Tak Kak
y — peryasipHoe 3uaueHnue, To auddepenunan df, noa-
wen oro6paxarb TMy na TM, Tlostomy sgpo N <
< TM; oto6paxkenus Oydaer (/M —n)-MepHbHIM BeKTOp-
HBIM NPOCTPAHCTBOM.

IMyers M < R* BoiGepem JauHefinoe otobpakeHune
L: Rt — Rm7  HeBbIpOXKJAEHHOE Ha NOANPOCTPaHCTBe
N < TM, = Rk Onpepenunm

F: M—NXR"™"

kak F(E) == (f(g), L(¢)). Ouddepenunan dFy, ouesul-
HO, 3aziaeTcsa popmyson

dFy (v)=(df,(v), L(v)).

[Mostomy oH HeBnpoxzed. CaexosatenbHo, F  auddeo-
MOpQHO OTOGpakaeT HEKOTOPYI OKpecTHocTe U ToukH
x na okpecrnocts V Toukn (y, L(x)). OTtmeTnM, uto npu
ortobpaxenun F MHoxectBo f1(y) aBasercs mnpoobpa-
som runepmiockoctd y X R™ ™. llpn stom F puddeo-
mopduo oro6paxaer ['(y)NU na (y X Rmm™)N V.

3YIOT 3TOT TEPMHH B APYroM CMHC/Ae, Has3biBas peryAdpHLIMH re
Toukn, rae padr dfy = min (m, n); T10rAa, €CTECTBEHHO, H upHd
m << n Moryt GbITh perynsipHbie TOUKH. — [Ipun. ped.

1) Ecan Tonbko MHOKecTBO [~!(y) menycto. DT1a TpHBHAALHAA
QroBOpKA B JailbHeiilleM uacTo MOAPa3yMesaeTcs, HO He MPHBOAKTCA.
YuraTenlo NpeioCTABJAETCA NPOCAEAHTb, TAe OHa HyXHa, H y06e-
IHTbCA, 4TO NO CYLIECTBY OHAa HHUero He menser, — (Tpum. ped,
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Ato pokasbiBaet, uro [1(y) — rmagkoe wmHOrooGpasue
pa3MepHOCTH M — 1.

B kauectBe npHmMepa Mbl MOXeM- AaThb TIPOCTOe 10-
Ka3aTe/bCTBO TOTO, YTQ enuHuuHas cdepa S™1 8-
JsieTcsl riajikuM MHOrooGpasueM. Pacemorpum ¢$yHKUMIO

f: R*" >R, f(x)=x2+4 ... 442,

Jliw6oe y = 0 saBasercs peryasapHbIM 3HauyeHHeM, a
raagkoe muoroo6pasue [~!(1)— 310 enunuunas cdepa.

Eciu M’ — muorooGpasue, coxepxkaiueecs B M, To,
Kak yxe Oblio 3ameueno, TM% — NOANPOCTPAHCTBO IpoO-
crpanctea TMy npu x< M. Toraa oprorosaabHoe
JonoJjHeHne noanpocrpancrsa TMy B TM, Gyner (m—
~— m’)-MepHBIM BEKTOPHBIM NIPOCTPaHCTBOM, KOTOpOe Ha-
3bIBAETCA NIPOCTPAHCTBOM HOpmaasbublx Kk M’ sexropos
(u3) M 8 Touxe x.

B uactHoctH, nycete M’ = f1(y), rae y — peryasp-
HOe 3HayeHHe oToGpaxenns f: M — N.

Jlemma 2. Adpo npoussoduod dfy: TM.— TN, e
TOYHOCTU COBRAOAET € KQCATEeAbHLIM NPOCTPAHCTBOM
TMy <= TM, nodmnoeoobpasus M = [-1(y). Caedosa-
Teavno, dfy usomopgro orobpascaer oproeoHasbHoe 00-
noanenue € TM% na TN,

HokasateabctBo. M3 auarpaMmmbl

M =M
7
y —N

MBl BHAHM, uTO dfc TepPeBOAHMT MNOANPOCTPAHCTBO
TMiy<— TM, B nyab. CpaBHeHHe pasMepHOCTeH NOKa3bl-
BaeT, uTo df, usdomoppuo oTObpaANAET NPOCTPAHCTEO
HopmaavHotx kK M’ gextopos na TNy,

MuorooGpasun ¢ xpaem

Veuius npeabiRyllide JEeMMBl, MOXHO pacrnpoctpa-
HHTb MX Ha cayual oto6paKeHHA r7aiKHX «MHOrooOpa-
suft ¢ kpaem» Crepsa paccMOTPHUM 3aMKHYTOe IOJY-
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NPOCTPAHCTBO
H" = {(xls ey xm)e R™ ‘xm =0}

Mo onpenenennio Kpali OH™ — 370 TrUNePNAOCKOCTD
Rm1 X 0 < R™,

Onpenenenne. IlogmroxectBo X < R* nasw-
BaeTCs 2AQ0KUM mM-MepPHbIM MHO2000pa3UemM ¢ Kpaem,
eCnu AJMA  KaXKIoro x & X CyLecTByeT OKpeCTHOCTb
UNX, nuddeomopdHas OTKPLITOMY TOAMHONKECTBY
V N Hm noaynpoctpancrsa Hm1). Kpaft 0X — ato MHo-
JKeCTBO BCEX TeX TOuek M3 X, KOTOphle Noj AeHCTBHEM
Takux audpeoMopdu3mMoB nepexonir B TOUKM OH™,

He TpyaHo moka3aTb, 4T0 O0X — KOPPEKTHO oOmpefe-
JeHHOe FJIajkoe MHoroo0OpasHe pas3MepHOCTH m — 1.
Buyrpennocte X MuorooGpasus ¢ kpaeM X, T. e
X\0X, saBnsercd TJaagKUM MHOrooGpasmeM pasMmep-
HOCTH 1.

Kacarenvnoe npoctpanctBo TX, onpeaensercs Tak
®e, KakK B § 1; maxe ecan x — touka kpasi, 10 TXy —
5TO BCE M-MepHOE BEKTOPHOE HpPOCTPaHCTBO.

BoT OAHH H3 METOJAOB MJsi MOCTPOEHHS MNPHMEPOB.
[Tyctb M — MHorooGpasue Ge3 kpas, ¥ NycTh Aaa QyHK-
uun g: M — R Hyab gBAdeTCA peryJspHbM 3HaUeHHEM.

JIEMMA 3. Mnoscecrso scex x e M, 0aa KoTOpbix
g(x) = 0, ssanerca eaadxum mHo2006pasuem ¢ Kpaem;
kpai ecro g71(0).

Joka3aTeqbCTBO B TOYHOCTH MNOAOCGHO J0KasaTesb-
cTBY JgeMMbl 1.

1) 3gech HCHIOJB30BaHAZ TEPMHHOOTHS, COMIACHO KOTOPOR# OT-
KPHITOE NOAMHOMNECTBO MHOMXECTBA A, pacmonoKeHHOTO B eBKAMAO-
BOM OpOCTpaHcTBE R™,— 3T0 NepeceueHHe MHoxecTBa A ¢ KakuM-
Hnbyab OTKPHITHIM noaMHoXecTBoM U o R™; Takoe mnepeceuenwe,
BooObIe roBopsi, He OYAeT OTKPBITHIM IOAMHOKECTBOM E€BKJIHAOBA
npocrpancrsa. (Muorma rosopar, uto Al U orrocuressno orkpuiro
» A.) Ananornuto, ecin F < R™ — 3aMKHYTOe MHOXECTBO, TO TO-
popat, uto F VA samxnyro B A. (OcHopaums naf Tako#l TepMHHO-
JOTHH CM. B nepsoM naparpade Yoaneca.)

Kak nouuMaTh B JAHHOM KOHTEKCTe TepMuH «LuddeomMophuams»,
ficHO B3 cKkasanuoro B Hauane § 1. — [Tpum. ped.
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[Ipumep. EGunuunvli wap D™, cocToaumuil u3 Bcex
Takux X € R™, uto

1— A x2>0,

ABAACTCA TVIAAKHM MHOI'006p83I/IeM C KpaeM, paBHbIM
Sm—t,

Cefiuac Mbl paccCMOTPHM TIJiafikoe oTOBpaxeHHe
f: X — N m-meproro mHOrooGpasus ¢ KpaeM B f-Mep-
Hoe MHOrooGpasue, mpHueM m > f.

JIEMMA 4. Ecau y = N asasnerca pezyaspHoim 3HQ-
uenuem xax 0aa [, rax u Oas -oepanudenus f[|aX, 10
i (y) = X  asaserca (m — n)-mepHoim 2200KUM  MHO-
eoobpasuen ¢ kpaes. [laree, kpaii 0([*(y)) 8 TounocTu
pasen f1(y) N 0X.

HoxkasateabctBo. Tak kak HaM HYXHO HOKa-
3aTh JOKaJblioe CBOHCTBO, TO JNOCTATOYHO pPacCMOTPETh
TOJNBKO vacTuelll cay4yadl — oroGpaxkenne f[: Hm— R,
L7151 KOTOporo y & R™ saBjsercs peryisipHelM 3Hade-
unem. IlTycte ¥ & f~'(y). Ecan ¥ — BHyTpeHHss Touka,
TO, Kax H panblue, ['(y) B OKPECTHOCTH TOYKH X SIB-
JSETCH TJafKHM MHOT00OpasHeM.

Ecau ¥ — Touka kpas, To BblGepeM riaikoe oto6pa-
menve g: U— R®, onpene/eHHoe BCIOAY B HEKOTOPOil
okpectnocth U Toukn ¥ B R™ u coBmajaioinee ¢ [ Ha
U H™ YwMeHbILHB, €0 3TO HeoGXOAMMO, OKPECTHOCTD
U, Mbl MOXeM CUHTaTb, YTO g He HMeeT KPHTHUECKHX
Touek. Otcrona g'(y) — raagkoe MHOroo6pasme pas-
MepPHOCTH M — 1.

Iyctb m: g7'(y) — R osHauaerT NpOEeKUHMIO Ha KOOp-
JMHATHYIO OCb

ﬂ(xl: ey xm)=xm'

Mpr yTBepamaem, 4to 0 ABASETCA pEry/ispHBIM 3Ha-
uyeHHeM aJs1 m. JeAcTBHTEABHO, KacaTeJbHOEe NPOCTpaH-
cTBO K g7'(y) B Touke ¥ & n~1(0) coBmamaer ¢ $Tnom
IPOM3BOJHOM

dg,_‘=dfx: R"— R",
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2 MpennoJokeHHe O PEry/spHOCTH B TOUKE X OrpaHHue-
Hus f|0X, 1. e. (B paccMaTpMBaeMOM HaCTHOM Cayuae)
fl@H™, rapautupyer HaM, 4TO 3TO NPOCTPAHCTBO HE MO-
XKeT LeJHKOM coflepxathest B R™m-1 3 0, CiaenoBatenbs
HO, MHOXecTBO g~l(y) N H™ = f1(y) N U, cocrosulee
H3 BCeX TakuX x < g-!(y), uro n(x) =0, saBasercs,
corjacHo JeMMe 3, IVIafKuM MHOrooGpasuHeM ¢ Kpaem
1 (0). Bro 3aBepiIaeT A0KAa3aTeAbCTBO.

Teopema Bpayspa o HenoRSHXHOH Touke

Mrnl cefiluac Hucmonb3yeM 3TOT pe3y.abTaT Hisd JoKa-
3aTeqbCTBA JIeMMBl, fIBAfIOIIEHicA KJIOYeBON AJs KJac-
cnueckofl Teopemnl Dpayspa o0 HemoABHKHON TOuKe.
Tlyctb X — KOoMMakTHOe MHOrooGpasne ¢ Kpaew.

Jlemma 5. He cywecrsyer ecaadkoeo oT00paserus
f: X — 80X, Koropoe ocrasaaso 66l KaxcOyro TOUKY Kpas
Ha mecTe 1),

NokasateabcTBO (caenys Xupuy). Ilpepmono-
®uM, 4TO Takoe oro6Gpaxenne [ cymecTByeT. Ilycts
y & 0X — peryasipHoe 3HavueHue otoOpaxenus f[. Tax
KaK y, KOHEYHO, fBJIfETCS Pery/asipHbIM 3HauYeHHeM JIJs
TOXK AeCTBeHHOT® oToGpaxenus f|oX, to f'(y) — raazn-
KO€ OJHOMepHOe MHOrooGpasue C KpaeM, COCTOSIIHM H3
OAHOH TOUKH:

= ()N oX ={y).

1y IMoaMuoxectBo B < A uHasuiBaercs peTpaxros MHomecTsa A,
ecau CyUIeCTByeT HempepuipHoe oTtoGpamenne f: A — B, ocrasasiouiee
KaXAylo TOUKYy MHOXeCvBa B Ha Mecte (mpuMep: CTOPOHA KBaipa«
Ta). DTO OTOOpa)KeHHEe HA3LIBAETCA peTpasupyroujus oTobpaxcerues,
NI peTpakyuer,

Ecan A, B — ranaakie MHoOrooGpasus W peTparapylonlee otopas
JKeHUe ToXe fIBISercs IMaikuM, TO B MOXHO Ha3BaThb 24a0Kum pe-
TPAKTOM MHOrooGpasus.

Takum oOpasom, JemMa 5 yTBepiKAaeT, Yr0 Kpafl KOMOAKTHOTO
. MHOrooGpasusi He fIB1feTCA IMAAKHM peTpaxkToM mHociexHero. Ha ca-
MOM JeJsie OH He SIBASIeTCSl H NMPOCTO PETPAKTOM, 6e3 BCAKHX YCJIOBUH
raagkoctd. Uurartenb, pelUuBIOKi NEPBhIE HECKOABKO 3aja4, APHBEs
NeHHBIX B KOHUE KHHUIH, §e3 TpyLa ALOKAXKer 5TO CaMOCTOSATENbHO. —
M pun. ped.
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Muoroo6pasne [-1(y) KOMIaKTHO, '@ TaK KakK KOM-
NaKTHHIMH ONHOMEDHEIMY MHOTOOGPAa3HAMH ABASIOTCH
TOJBKO OObeIHHEHHS HemepeceKalOMHXCA  OKPYXKHO-
crefi!) u Ayr?), to kpa# 0(f1(y)) ROMKEH COCTOATH M3
4eTHOTO YHCJIa TOUEK. IDTO NPOTHBOPeuYHe HOKa3blBaeT
JEMMY.

B 9aCTHOCTH, €JHHHUHBI} Wap
Dn={xERﬂ‘xf+ +x§<1}

ABJSETCST KOMNAKTHRIM MHOrooOpasueM, KpaeM KOTOPOro
cayxur cpepa S*1. CienoBare/bHO, KaK HacCTHbIH Cay-
yafi Mbl JOKasaJH, u4To TOXMCOecTs8enHoe orobpasxcenue
chepor S neavds npodoascute 00 2aadk020 0TO6pA-
acenus D — Sn—1,

Jemma 6. Jwoboe eaadkoe orobpascenue g: D™ —
— D" umeer nenodsuxcnyto Touky (T. e. Touky x & Dn,
151 KOTOpOH g(x) = X).

HdoxaszateascrtBo. llpeanonoxnm, uro g He
uMeeT -HemoaBukHON ToukH., i x & D™ onpefenum
f(x) = S* ! xak Touky cdepn S™7Y, gexamyio Ha Ccoe-
nuHaomen x ¢ g(x) npamoil u Gojee GJAH3KYIO K X, He-
Kean k g(x) (puc. 4). Torna f: D® —.S"! — rnankoe
oToOpaxeHHe H f(x) = x npu x & S™!, 4T0 NpPOTHBOPe-
yut Jemme 5. (B rmaakocTH [ MOXHO yGeRHTbCs, MOJY-
YHB NyTeM HENOCPEJCTBEHHON BbIKIAaAKH, uTO f(x) =.
=x - tu, rae

8 e yut VI—x-xF(xa)

B=Tr =g’

npuueM BbIpa)KeHHe NMOX 3HAKOM pajHKaja BCerAa Ho-
Joxuteapso. 3xech u fajce [ x|l o3nauzaer eBKJIAHAOBY

puny V24, .. +x2, a X-u — CKalsipHOe IPOH3Be/ieHHE

Xy + ..o xpln)

1) «OKpyXHOCTb», KOHEUHO, O3HAUALT HE OKPYXHOCTh B CMBIC/E
eBKIHAOBOR MeTpHKE, a auddeomopduoe et oxHomepHoe MHOroobpa-
3We, T. €. [C/NaJKyl0 3aMKHYTyI0 KpHBy0 Oea caMomepeceueHHi. —
Mpun. ped.

2) oxa3aTe/lbCTBO A3HO B MPHIOKEHHH,
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TeorEMA BpAysPA 0 HEHNOABMIXHON TOUYKE. Jlw6oe
nenpepoienoe orobpancenue G. D™ — D® umeer HenoO-
BUNCHYIO TOUKY.

HokasateabcTBO. Mbl CcBememM 3Ty TeopeMmMy K
aemme 6, annpokcumupya G raaikuM oToOpaKeHueM,
Cornacuo annpokCHManHOHHOA Teopeme Befiepmitpacs-
cal), past qwoboro & >0 cymecrsyer Takoe NOJHHO=
MuajbHoe oroGpaxenue Py: R®— R®, uro || Py(x) —

f(z)

Puc 4

— G(x)ll <e npu x = D" Opsako P; MOXeT Nepeso-
AMTb TOUKH M3 D™ B TOuKH, Haxoxsimiuecs Bue D7,
DTOro MOXHO H36€XaTh, NOJOKHUB

P (x) =Py (x)/(1 +e).

$lcwo, uto P oroGpaxaer D» B D® m || P(x) —
— G(x)ll << 2e npu x = D™,

Mpepnonoxum, uto G(x) %= x AAs Bcex x & Dn,
Torza HenpepbiBas ¢yuxuua || G(x) —x || RomkHa
pMerb Ha D® muuumyM p > 0. BubepeM, Kak nmoxkasaHo
BHlllle, Takoe IMOJHHOMHa/bHOe OTOGpaxenune P: Dn —»
~ D7, uto ||P(x)— G(x)|l < p mpu Bcex x & D». Toraa
P —raanxoe oto6paxcenue mapa D» B cebg, He HMelO-
[ee HEMOABHUKHLEIX TOUEK. JTO IPOTHBOPEUYuT Jemme 6,
yeM H 3aBepluaeTcs A0KA3aTeJbCTBO TEOPEMBbL.

HUcnonb3oBalnas 3Jech NpoLeAypa d9acTo HpHMes
HaeTca B OoJjee oOlWHX cHTyauusix: 4robni JoKa3aTh

1) Cm., sanprmep, Hbeponne [13, cTp. 160]
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HEKOTOpOe YTBepXAEHHe O HelNPEPBIBHBIX OTOGDaKeHHSX,
MBI CHAuaja JOKa3blBaeM 3TOT pe3y/abTaT LIS TJIagKHX
orofpaKeHHil, a 3aTeM MNhITAeMCA HCI0Ab30BaTh an-
NPOKCHMALHOHHYIO TeopeMy, uTOGH TNepeliTH K Hempe-
poiBHOMY cayuato. (Cm. § 8, 3anaua 4.) '

§ 3. NOKASATENLCTBO TEOPEMb!I CAPHA')
Crauana HamOMHHM €€ (POPMYJIHPOBKY.

Tropema Cappa. [lycre f: U — RP — 2aadkoe oro-
6pascenue, npudsem muoxcectso U orkpoito 8 R", u
nycre C — MHONCECTBO €20 KPUTUHECKUX TOHeK, T. e.
MHOMCECT80 aCex Tex x & U, dasa KoTopbix

paurdf, < p.
Toeda f(C) < RP umeer mepy Hyav.

3ameuaHue Cayuafi n <C p CpaBHHTENBHO ITPOCT
(cm. me Pawm [30, ctp. 30]). Onnako Mbl gajguM YHHBep-
cajlbHoe J0Ka3aTeabCTBO, B KOTOPOM 3TOT Caydafl Bbl-
TJSIAMT CTOJIb XKe ILIOXHM, KaK H OCTa/bHBIE.

HokasarenbctBo GyfeT BeCTHCh MHAYKIMed mo n, 3a-
METHM, UTO VTIBEepPXKAEHHE HMeeT CMbICJ NpH n =0 H
p = 1. (Ilo onpenenenuo R° COCTOMT #3 OJHOHA TOYKH.)
HauneM HHAYKUMIO: TeopeMa, HECOMHEHHO, BepHa INpH
n =20

Ilyctb Cy < C o3HauaeT MHOMXKECTBO BCeX TaKHX
x e U, paa xoropbix nepBulfl andodepennuan df, pasen
uymo. BooGme mycers C; o03HagaeT MHOMXKECTBO TakHX
x & U, 4T0 BCe YaCTHHIE MPOM3BOJHbIE QYHKLHMHU [ TMOpAA-
Ka <i ofpamaoTcs B ToUKe X B HyJb. Takum oGpasom,
MB HMeeM YGBIBAIOMIYIO NOCAeA0BaTENbHOCTh 3AMKHYTHIX
MHOXKECTB

CoCDC,oCiD ... .

JlokasaTtenbetBo Gyaet pa3buTO Ha TPH fiara.

1) Haure goxasareabCTBO OCHOBLIBAETCSl Ha PACCYXIAEHHH, NOpR-
senennom y [lourparmua B [29]. Herann y wac HeckonbKo mpoime
u3-3a TOro, 4T0 MHl TpeamonaraeM oTtoGpaxedue [ Geckoseuno AHd-
depenuupyeMbiv.
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J1-ik mwar. O6pas [(C ™\ C;) uMeeT Mepy HyJb.

2-t war. O6pas [(C;\Ciy1) uMeeT Mepy Hyab Npu
i> L

3-it war. O6pas f(Cy) nMeer Mepy HYJAb s AOCTa-
TOYHO 6ONBLUIOTO k.

(3ameuvaune. Ecan [— peficTButenpHoe anaau-
THYECKOe OTOoOpawKeHHe, TO mepeceueHHe Bcex C; mycro,
KpPOME TOTO Cayuas, Koria [ MOCTOAHHO Ha ienoli KoM-
noHente MHoxecrsa U. CiefoBaTesbHO, B 3TOM cayuyae
AOCTATOYHO CHeNaTh MepBble iBa niara.)

Jdokaszateabctso. - wmiar. 31or nepsbill
[1ar, MO-BHUAHMOMY, CaMblil TPpyAHBIH. Mbl MOMKeM CYH-
Tath, 4T0 p = 2, tak kak € = C, npu p = 1. Ham no-
HagoGUTCA XOpoulo H3BecTHas TeopeMa PyOuHH, KOTO-
pas yTBEPXKAAET, UTO USMEPUMOE MHONCECTEO

Ac R =R X R

JOAdCHO UMeTb Mepy HYAb, eCcAl OHO nepecekaerci ¢
kancdoli eunepnaockocroio (const) X RP—1 no muomecTsy
(p — 1) -meproil mepot nyavt) ?),

Jas gamjporo xes C\C, Mbp HiKe HailjeM Taxylo
OTKpBITYI0 OkpecTHOCTh, V= R®, uro [f(V()C) uneer
mepy Hyab, A Tak kak C\ C; NOKpHIBaeTcs CUETHBHIM
YHUCJIOM TAaKHX OKpecTHoCTell, TO OTCIOAA HEMOCPEACT-
BeHHO Oyner caenosath, uto Mepa f(C ™\ C;) paBHa
HYJTIO.

Tak kak T ¢ C,, TO CYLIeCTBYeT HEKOTOpas HacTHas
IpoH3BOAHas, Hanpumep Jf,/dx;, KoTopas oOTJAHYHA OT
nyast B touke ¥. Paccyorpunm ortobpaxenue h: U — R®,

1) Ilpoctoe nokasateancTBo MoXKHo Hafitu y CrepuGepra [38,
ctp. 60—61] (Tam Ke ecth H Apyroe AokasatelbCTBO TeopeMmbl Capia
{ctp. 53—64)). Crepubepr npeano.araer, 9ro A ~— KOMIAKT, HO 06-
ulpfi ¢1yyad Jrerko CIefyer H3 3TOro YACTHOIO.

2) VYrBepaeHHe, BBIEJNENHOE KYDCHBOM, [MpeAcTaBIser coboit
BecbMa YacTHHIE C1yuail teopembl PyOuHH, Kotopas B HO.IHOM 00®B-
eme 3nech He moHajaobutcsa. Uurareab, He 3HAKOMLLl ¢ TeopHeld Mephl,
MOJMKET BMECTO CJOB «H3MEPHMOe MHOXKECTBO» IOJACTABUTH «MHOMKe-
cTBO, fABAAIOUIeeCS OoObEANHEHHEM CYETHOIO 4YHCTA KOMIAKTHBIX MHO-
HECTB», HOO TOABKO K TAKOMY MHOMKECTBY AalHoe yTBepxkiaenue 8y-
Aer,npuMeHAThen. — [Tpum. ped,
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onpenejenHoe dopmyaoi
h(x)=(F1(x), x5 +0 s Xn)e

Tak kak npousBoiHas dhz HeBbIDOXKAeHHa, TO A Au-
deomopdPHO OTOOGpaxkaeT HEKOTOPYlO OKpecTHocth V
TOUKH ¥ Ha OTKpbiToe MHOXecTBO V’. KoMnosuuwusa g =
= foh! Gymer oroGpaxare V' B RP. 3ameruM, uTO
MHOXecTBO C’ KDHTHYECKHX TOueK oToOpa)KeHHs g €CTb
B TouHoctH A (V () C); ciaenosarenbho, Muoxectso g(C’),
KPHTHUeCKUX 3Hauenuil Ans g copnanaert ¢ f(V 1 C),

| =

Puec. 5. IMocrpoenne orobpaxeHnHs g.

3aMeTHM, UTO AJAS KakAOH TOUKH (I, X2, +v.y Xn) E
eV’ Ttourka g(f, X3 ..., Xn) NPHHANJIEKHT THIEPIIOC-
KocTH X RP~1 < RP, T. €. g NepeBOAHT [HIEPHIOCKOCTH
B runepmiockoctd. Ilycrs

g (X RTINV >t X R

06o3HauaeT orpandyeHHe oroOpaxeHHs g Ha o6aacTb
B runepmiockoct ¢ X R*~. 3ameTHM, uYTO TOYKa TIH-
nepmaockoctd ¢ X R™t siBjasieTcsi KPHTHUeCKOH ansa g*
TOorfa M TOJbKO TOrAa, KOria OHa — KPHTHYeCKas TOUKa
ANS g, TAK KaK MaTpHlla 4YacTHbIX HNPOU3BOAHBIX OTO-
6paxeHusi g ApPEACTABAACTCA B BUAe

1 0
L
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B cooTBeTCTBHM ¢ NPEANOJIOXKEHHeM HHAYKLHH, MHO-
JKeCTBO KPHTHUECKHX 3HadYeHHA AJd g' uMeeT Mepy HYAb
B tX Rr—t, Tlosromy MHOXECTBO KPHTHUECKHX 3Haue-
HH Aa9 g nepecekaeTcs ¢ KaXXAOH THNEPIVIOCKOCTbIO N[O
MHOXXEeCTBY Mephl HyJdb. D10 MHOXecTBO g(C’) uamepu-
MO, TaK Kak OHO MOXeT ObITh MNpejACTaBlAeHO B BHIE
CYeTHOro O0bEAHHEHHST KOMIAKTHBIX NOJAMHOXKECTB. 3Ha«
quT, 00 Teopeme PyOHHH MHOXKECTBO

ge)=rvnao

MMeeT Mepy HyJb, H NEPBBI LIar 3aBeplueH.
2% mar. Jaa xaxaoro X & Cp,\Cry1 CYILECTBYET

'(k 4~ 1)-a npoussonHas 6k+’f,/0xs e Oxsk+ , OTJHY-
i 1
Has or Hyas B Touke X. CTanso GHTb, QyHKUHS

w(x)=(?kfr/0x82 oo Ox

Sk+1
oGpaiaercs B TOuKe ¥ B Hy.1b, HO Ow[dx, He paBHa
nymo. IIpeanonoxum ans onpefejseHHOCTH, uTo § == I,
Torpa oroGpaxeunne 4:. U —» R®, onpenenenHoe no ¢op-
MyJe
h(x)"_:(w (x)v Loy o0y Xn)s

nuddeomoppHo oTOGpaxKaer HeKOTOPYIO OKpecTHOCTH V
TOYKH ¥ Ha OTKpbITOoe MHOXecTBo V’. 3amerum, uto h
nepesoaut Cp 1 V B runepmiockocts 0 X R™1, Onsate
pPacCMOTPHM

g=foh™ V' >R,
Ilycts

g OXR NV >R

o6osnauaeT orpaHuucHue orobpaxeHus g. Ilo mpeano-
JOXKEHAI0 MHAYKUMH MHOXECTBO KPHTHUECKHX 3HAUYEHHH
y @ uMmeet Mepy Hysab B RP. Ho Bce TOukH MHOXKecTBa
h(CxNV) 3aBefoMO ABJASIOTCA KPHTHYECKHMH TOYKAMH
s g, Tak KaK B HHX BCE NPOH3BOJHble MOpsAKa << R
paBHH Hys10. IToaTomy MHOXKeCTBO

ghC,NV)=[(C,NV)

HMeeT Mepy HYIb,
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W3 Toro, uto Cp\Cry+1 TOKpHIBaeTCH CUYETHHM YHC-
aoM TakuX Okpectuoctedt V, ciaeayer, 410 f(Cr\Chy1)
‘IMEeT HYJEBYIO Mepy.

31 war. Ilycers I < U — ky6 ¢ pebpom §&.

Ecan & pocratouno Benuko (touHee, & > nfp— 1),
10 Mbl gokaxkeM, 4to [(Cr 1 /™) uMeerT Mepy nHyan. Tak
kak Cp MOXeT ObiTh NOKPBHITO CUETHBIM YHCAHOM TaKHX
KyGHKOB, TO OTCI0Aa OyAeT cCjefoBaTb, 4TO MHOMXECTBO
[(Cr) uMeer Mepy HyJb.

Hcnoabays Teopemy Teilopa, KOMIAKTHOCTB Kyb6a
I* 1 onpenenenne Cr, MB MOXMEM HalHCATb

flx + h)=[(x) 4+ R(x, h),
rie

(1 IR (x, B)I<clhlf*

npu xe CoNI*, x4+ hesI? 3pece ¢ — nocrosiHHas,
sapucaas rToabko ot f u In, Tenepp pasneanm /" Ha
rm gky6ukos ¢ pebpom 8/r. Tlycts Iy — ky6HK noayuus-
merocss pasOHeHHs, KOTOPbINi COZePKHT TOUKY X & Ch.
Torga mwb6as touka Iy MoxeT ObiTb 3anHcaHa B BHe
x + h, roe

(2) NhI<< Vi @)

W3 dopmyawt (1) caeayer, uto f(/,) nexur B KyGe
¢ pebpom a/r**! ¢ uentpoM B Touke [(x), rae a =

=2c(Vn 6)k+1.

Caenosateabto, f(Ck (1 I") colepkHTc B oObeluHe-
HHH camoe Oogbllee r® KyOHKOB, HMeOLUX OoOLHA
ob6bem

V<< ro(a/rt+!)P = aqorr—(G+0p,

Ecau 2+ 1> n/p, 10 oueBuaHo, uTo V cTpemuTcs
kK 0 npu r— oo, [lostromy muoxectso f(Cux(I™)
JAOMKHO HWMeTb Mepy HYJab, JlOKa3aTebCTBO TeopeMbl
Capna 3aKOHUYEHO.

§ 4. GTENEHb OTOBPAXEHMA N0 MOAYNID 2

Paccmorpum raankoe orobpaxenue f: S™—» S». Ha-
_MOMHHM, 49TO €CJAH Y — peryiasipHoe 3HaueHHe, TO
#f-1(y) o3nauaer uucJO pelueHnit ypasuenna [(x)=y.
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Mu nokaxem, 4to Kaace goiueros mod 2 uucaa FHf-1(y)
He 3a8ucUT OT B8bl60pa peeyaspHO20 3Ha4eHus Y. ITOT
KJacc Bbl4eTOB Ha3biBaeTCs crenensio mod 2 orobpaxe-
#ua f. BooGiie 3T0 Xe camoe oupeieseHHe TOZHTCH H
B CJydae NPOH3BONBHOTO TMaAKoro oToOparkeHus

f: M— N,

rie M — komnakrtaoe MuorooGpasue Ge3 kpasa, N cBas-
o H o6a MHOrooGpasusi HMEIOT OJHHAKOBYI pasMep-
HocTh. (MBI MOXKeM Takke cunTaTh, yto N TONKE £B-
JIeTCSl KOMNAKTHBIM MHOrooOpasneM Ges Kpas, Tak Kak
B [POTHBHOM C/Ay4ae CTelleHb OTOGpaxeHust no mnd2
o0si3aTesqbHO paBHAjgach Ow myawo.) Jlasg pokasa  mb-
CTBa Mbl BBeleM JABA HOBBIX NOHSTHA.

nagkaa romoTonuA W rAagKas waovonus

Ecan X < RR, 1o uepes X X [0, 1] o6o3uauum nome
MHOXKeCTBO !) mnpoctpaHcTBa RA*H, cocrosillee H3 Bcex
(x, ), rie x=X n 0 << << 1. Ira oroBpaxenus

f, g6 XY

Ha3LBAIOTCA 24A0K0 2omoTonHbimy (Cokpawenuo oBozna-
qyaeM [ ~ g), ec/in cyLlecTByeT Takoe ryafikoe oTofpaxe-
nue F: X X [0, 1]>7, uto

F(x’ 0)=f(X), F(xl l)=g(x)

ana sBcex xe X. B stom cayuae F uHaswiBaercsi eaad-
Kol eomoronueil, cBasniBatomei [ ¢ g. '

OTMeTHM, YTO OTHOLIEHHE TIJIaAKOH TOMOTONHOCTH
ABJSIETCS OTHOLIEHHEM SKBHBaJeHTHOCTH. [as aoxasa-
TeJABCTBA TPAH3HTHBHOCTH HCHOMNb3yeM CYIECTBOBaHHe
vakofi raagkoft pyukuun g: [0, 17— [0, 1], uto

Y(t)=0 an’I O<t<l/31

e®)=1 mpn ?*,<iK<L
') Ecan M - rnagkoe MuorooGpasue Ges kpan, to M X [0,1] ss-
ASETCR TMaJKkHM MHOrooGpasmes, kpafl KOTOPOro COCTOHT H3 ABYX

9Kk3eMOnApoB MHuorooGpasua M. Ecam 6m y 6ula Kpafl, TO TOYKH
kpas M npusenn Gbl X «yraosuM» roukaM na M X [0,1]. .
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(Hanpumep, ¢ (¢) = A(f —Ys)/[A(§ —/s) + A(}/s — 1)), rme
Ar) =0 npr 1< 0 1 A1) = exp(—7*) npu v >0)
Ecnan F — rnankas roMoOTONHsA, cBa3biBawoulas [ u g, 10
tdopmyna G(x, {) = F(x, ¢({)) onpenensier raaikyio ro-
Motonuio G, Ans KoTopof

Gr, H=F(x) mpn 0<i<ls
Gix, h—g(v) npn <i<L.

Ecin f ~ g u g ~ A, TO ¢ NOMOLILIO 3TOA KOHCTPYK-
HMH JerKO A0Ka3aTh, 4To | ~ A,

Ecau | u g asnsorca nudpdeomopdpusmamu X na v,
TO Mbl MOMXEM TaKXe ONpeleJHThb HOHATHE «T1aAKoH
nsoronuu» Mexay f u g. OHa TakkKe GyneT OTHOMEHHEM
SKBUBAJIEHTHOCTH.

Onpenenenne. Huipdeomoppusm | esadxo uso-
Toned pudpdeomopdHaMy g, eCAH CYUleCTByeT Taxas
rnaakas romoronua F: X X [0, 1]—Y mexay f u g,
yto aas Kaxjporo {e<[0, 1] coorBercTByIOUlEe OTOGpa-
JKeHHe

x—=>Fx, )

nudgeomopdhro orobpaxaer X Ha Y.

W3 pganvhelimero 6yaeT BHAHO, YTO CTeNeHb oToGpa-
XKenuss mod 2 3aBUCHT TOJNBKO OT €ro KJacca TJaflko
roMOTOINHBIX OTOOpaKeHHH.

JIEMMA o romotonuu. {Tycre |, g0 M — N — eaadro
eomoTonHble 0TOGpANCenus mMHoz006pasus M e mHo2006-
pasue N rtod xe pasmepHocru, npuuesms M — xomnaxr-
Hoe mHoeoobpa3ue 6e3 kpas. Ecau y = N sasaserca pe-
2YAAPHBIM BHaYeHueM Kak Oas f, Tak u d0as g, 10

# 7 ) =3¢ (v) (mod 2).

Jdoxkasatreanctso. Ilyere F: M X0, 11N —
raagkas roMoTtonus, cBsiseiBalomas [ W g. CHauana
TPEANONOKHM, YTO Yy SIBASETCH PeryasipHbIM 3HadeHHEM
rakxke u anga F. Torma F1(y) — KOMDakTHOe OfHOMEp-
HOoe MHorooGpa3ue ¢ KpaeM, paBHbIM

F'on (MXOUMX D)=F"(mXoUg " (y) X1
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Takum o6pa3om, ofulee 9HCAC TOYEK Kpask MHOrooG-
pasus F*1(y) paBHO

7 )+ 27 ).

Benomuum (§ 2), 4TO KOMIAKTHOe OJHOMEPHOE MHOrO-
ofpa3He Bcerja HMeeT UeTHOe UHCJIO TOYeK Kpasi. Takum

o6pasom, [ (y)+ # g~ (y) verno. Orciona
# T (W)=4 ¢ (v) (mod2).

Tenepp NpeANOsNOXKHM, YTO y He ABIAAETCH peryJsap-
HBIM 3HaueHueM oTobpawxewua F. Hamowumm (§ 1), uro

>

)

M0 Mx1

Puec 6. Unejo TOueR Kpan
cjieBa CPAaBHHMO € UHCJOM
ToueK Kpas cnpaBa mod 2.

H-(y') u Fg'(y) aBasiioTCA JOKAAbHO NOCTOSHHbI
MH ¢QYyHKDusSMH OT y' (MOKa MBI OCTaeMCA BHe MHOXe-
CTBa KPHUTHYeCKHX 3HaueHuii), [loatomy cyllecTByeT Ta-
Kas okpecTHocts Vi< N TOuUKH y; cocrofilllass H3 pery-
JITPHBIX 3HayeHH# oToGpaxKeHud [, uTo

#F) =4F" @)

Aas Beex Yy & Vi, u amanoruunasi okpecyHoctb Vy < N,
B KOTOpOH

#¢7' W) =%¢" W)

A BCeX y eV, BbiGepem peryasproe 3Hauenpe 2
orobpaxenns F B V(1 V, Torna

#IT =% Q=% @=%*g"0)

YTO ¥ 3aBepliaeT A0Ka3aTelNbCTBO.
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B nanpheilliem HaM OyZAeT HeoOXoAMMa Cjelyioulas

JIEMMA OB ofHOPOAHOCTH. [IycTe y u z— npous-
B0.1bHLIE BHYTPEHHUE TOUKU 2AadK020 CBA3HO20 MHO2000-
pasus N. '

Toeda cyusecrayer ougpgeomoppusm h: N — N, eaad-
KO u30TONHbUL TOXCOeCTBeHHOMY U nepesodauud y 6 2.

" (B uactom ciayuae, korga N = S™, 10Ka3aTeJIbCTBO
OUEBHAHO: B KaueCTBe A BblOepeM BpalleHHe, KOTOpoe
NepeBOJUT Y B 2z W OCTABASeT HEMOJABUXKHLIMH BCE BEK-
TODH, OPTOTOHAJbHbIE MJIOCKOCTH, HaTAHYTOH Ha BeKTO-
pel Y U 2.)

ATN e
—r 1V

N NEP4

Puc. 7. Hedopmauus eauunutoro urapa.

[}

B ofueM cayyae [N0Ka3aTelbCTBO BeAeTCsl CleAylo-
waM o6pasom. CrepBa MOCTPOUM TIafiKylo H30TONHIO R™
Ha cebs, Kotopas:

1) ocraBisieT HeNOABHXKHBIMH BCe TOYKH BHe e.H-
HHYHOTO 114apa;

2) mepeBOAMT HayajlO KOODAHHAT B MNPOH3BOJBLHO BbI-
GpaiiHylo TOUKY OTKPBITOrO eJHHHYHOrO Iapa.

ITycts @ R"-—*R——-TaKaﬂ rnaakas QyHKLHA, 4TO

@(x)>0 mpu lxl<1,
@(x)=0 nprn [x|=L
(Hanpumep, ¢(x) = A(1 — | x[I?), rae A(f) =0 npu

1 << 0 un A(f) = exp(—t1) upn ¢ >0.) PaccmoTpum cu-
cTeMy AH(depeHIHAIbHBIX YPaBHEHAH

dx
i .
W:c,cp(xl, e Xp),  i=1,...,mn,
rie ¢ = (€1 ..., Cn) € 8" — NpOH3BOAbLHEI (HKCH-

posanubiii Bexrop, ¢l = 1.
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Has moboro T & R 3Ta cucTeMa HMeeT €AUHCTBeH-
HOe peltleHne x == x(f), onpeneneHroe npu Bcex 1) geii-
CTBHTEJNBHBIX [ K YJOBJETBOPAMIee HAaYaJbHOMY ycJHo-
PYUIO0 o

x(0) =%.

Abl 6ynem o6o3uauate 3T0 pelleHHe x(f) uyepe3
Fi(z). $cuo, gro:

1) F.(%) onpeaeneHo npu BceX ! H ¥ H IMI1aAKO 3aBH-
CHMT OT f H X;

2) Fo(z) =7,

3) FS.H(:E) == FSOFt(f).

[TosTomy kaxkpoe F; sBaserca auddeomMopPusMOM npo-
cTpaHCTBa R™ Ha ce0s. Menas f, Mbl BHIAWM, U4TO [Jid
aioboro ¢ mudpdeoMopdusm F; rmapko H30TONEH TOXKjJe-
CTBeHHOMY OTOOpaXeHHI0 MOCPeACTBOM H30TONMHH, OC-
TaBJgIOllell HEeNOABUKHBIMU BCe TOUKH BHE eZUHHUHOTO
plapa. SlcHo, uTOo NpH HOAXOAsUleM BHOope ¢ u ¢ aud-
deomoppusm F; OyZer nepeBOAHTb HAYajo KOOpPAHHAT
B 1106yI0 HanepeA 3aAaHHYI0 TOUKY OTKPHITOTO eauHHY-
HOTO LIapa.

Tenepp paccMoTpuM CBSI3HOe MHorooGpasue N. Ha-
30BeM ABE TOUKH «H3OTONHBIMH®, €CJAH CYLIECTBYET Iaaj-
Kas H30TONHA, NepeBoAsfuLas OAHY TOYKY B apyryio. Oue-
BHAHO, 4TO 3TO OTHOLUEHHe 3KBHBajeHTHoctH. Ecan y —
BHYTDEHHSIS TOUKA, TO OHa HMeeT OKPeCTHOCTb, AH-
deomopduyic R", caenoBaTesbHO, NpUBeNeHHOe Bbllle
paccyXaeHHe MOKa3biBaeT, 4TO JH00Aas AOCTATOUHO OJH3-
Kasi K y TOUKa «H30TONHA» y. [IpyraMu CA0BaMH, Kami-
Ablf KJ1acC «M30TONMHDIX» BHYTPEHHHUX Touek N sBagercs
OTKPBITBIM MHOXKECTBOM H BHYTPEHHOCTb MHOTOoGpasus
N pasbura ua HenepecekaloulHecs OTKDPBITHIE KJAacCH
«H30TOMHBIX» ToueK. Ho BHyTpenHocTb N — CBa3HOe
MHOXKeCTBO, NMO3TOMY MOXKeT CYUIECTBOBAThb TOJLKO OANH
Tako#l Kjaacc. D10 3aBepliaeT [JOKa3aTenbCTBO.

Tenepb Mbl MoXKeM J[OKa3aTb OCHOBHON pesysbTaT
storo paspgena. Ilpeanmonoxnm, uyro M — KoMnaKTHOe
Muoroobpasue 6e3 kpas, N cBasHo, a f: M —> N raanko.

) Cwm. [22, § 2.4].
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Teorema. Ecau y u 2 — peeyaraprbie 3Ha4enUs 0TO-
Opamenus f, To

4 7 () =4 (2) (mod 2).

Jror o6ujul KAGCe 8bL4ETO8, KOTOPbI HA3LIBAETCS CTE~
fienoro orobpasicenus | mod 2, sasucur ToabKo OT codep-
acauwjeeo | Kaacca eaadxo eomoronHeix orobpaxcenudl, a
He oT camoeo f.

Jokazateabctso. Ilycts paHsl peryasipHbie
sHaueHusd y u 2. Uepes h 0603HAYNM H30TONMHLIA TOXKJe-
creeriHoMy anddeomopdusm hA: N — N, Koropsifi nepe-
BOJAUT Y B 2 Torja 2 sBASETCS DPeTYJASIPHBIM 3HAUEHHEM
ans komnosuunu hof. Taxk xak hof romoronHo oroGpa-
JKeHHIO f, To, CONIaCHO JleMMeé O TOMOTOINHH,

3 (ho 7 () =44 (2) (mod 2),

HO
(hoh) '@ =F"ot" &) =F"(v).
Orciona
H#(ho N @)=
IlostoMy

H# 7 ) ==F"(2) (mod2),

uTo u TpefoBasOCh JOKa3aTh.

OGo3HayHM 5TOT OOLIMA  KJacC BHIYETOB uepe3
degz(f). IIpepnonokumM Tenep», yro f rIagko roMoTorn-
o g. Coriacio rteopeme Capaa, CyliecTByeT TO4YKa
ye N, apasollascs peryaspHbIM 3HaueHHeM Kak s f,
taK ¥ 11a g. CpaBHeHne

deg, (N=Ff""(y) =4 g™ (y) =deg, (g) (mod 2)

nokaspiBaeT, uTo degs(f) uHBapHaHTeH OTHOCHTENBHO
TafKoli TOMOTONHH, 4TO H 3aKaHYHBAeT JHOKa3aTeJbCTBO.

[Tpumepsr. Ilocrosunoe oroGpaxenue (oTOGpaxe-
HHe B TOuky) ¢: M — M uMeer ueTHyw cremenb mod 2.
ToxpecrBeHHoe oToOpaxenne I: M — M umeer neyer-
nyio cremenb mod 2. 3HauHT, TOXAeCT8enHOe O0TOOpasce-



§ 5. OPHEHTHPOBAHHLIE MHOTOOBPA3H1 211

Hue KOMNAaKTHO20 MHO2000pasus 6e3 Kpas He eoMOTONHO
NOCTORAHHOMY.

B cayyae M = S" u3 3TOro pe3yabTara cienyer, 4To
He CYILECTBYeT IVIAAKOr0 oroGpawxenus [: Dn+l — Sn,
OCTABJSAIOUIEr0 KaXAYl0 TO4Ky Cc¢ephl HenoABHKHOM
(1. e. cdhepa He siBAgeTCA TVIAAKUM <PETPAKTOM» ILiapa;
cM. § 2, aemma b). [eficTBHTeNbHO, TaKoe OTOGpaKeHHe
daBasno Obl I1aAKyI FOMOTONHIO

F: 8"XI[0, 118", F(t, x)=1(tx),

CBSISBIBAIOULYIO OTOOpa)KeHHe B TOUKY € TOXAECTBEHHBIM
oTOGpaxeHHeM.

§ 5. OPUEHTHPOBAHHBIE MHOTOOBPA3HA

Jna Toro 4To0bl ONpeAENHTb CTeMeHb OTOOpPAMKEHHS
Kak Lejgoe uucao (a He BblueT mod2), Mbl AOJKHBI
BBECTH OPHEHTALUIO.

Onpenenenns. Opuenrauuss B UHeHCTBHTEJBHOM
KOHEUHOMEPHOM BEKTOPHOM IPOCTPAHCTBE — 3TO  KJace
YIOPSIIOYEHHBIX GAa3HCOB OTHOCHTENbHO CJeAYIOUIero OT-
HOLIeHHs SKBHBaleHTHOCTH: 6asuc (by, ..., bn) ompe-
AeNseT TY Jie OPUEeHTayuro, 9To U Has3uc (bf, ves bm),
ecan  bi= Xa;b; u det(a;) >0; onm onpenenser
NPOTUBONOAOINCHYIO OpuenTayuo, ecau det(a;;) << 0. Ta-
KHM 00pa3oM, Kam[Joe BEKTODHOe MPOCTPAHCTBO MOJO-
JKUTEJbHON Pa3MEPHOCTH HMeeT B TOYHOCTH [Be OpUeH-
tauud. BexropHoe npoctpaHcTBO R™ wuMeeT craHdapr-
HY OpPUEHTAlM0, COOTBETCTBYIOIIYIO 6a3ucy

(1,0, ..., 0), (0,1,0, ..., 0), ...,(0,..., 0, 1)

Jns HyJbMepHOTO BEKTOPHOTO TPOCTPaHCTBA YAOGHO
ONpEAENNTh «ODHEHTALMIO» KaK cuMBoa ~+1 wam —1.

OpuenrTuposannoe riaiKkoe MHOTOOGpasHe COCTOHT U3
MHOroo6pa3nuss M u opueHTaunil, BLIGPAHHBLIX AJIA Kax-
Joro kacatenbHoro npoctpanctBa TM,. Tlpu m = 1 1pe-
GyeTcs BHITIOJHEHHE CJeAYIOULero YCJAOBHS COMNIaCOBaHHA
5THX OpHeHTalHH: 1S KaxJoH ToukH M JoKHBI Cy-
1iecTBOBATb OKpecTHoCTh UM n puddeomopdusm h,
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otobpaxaiowuit U Ha OTKPbITOE MNOAMHOXKECTBO B R™
uns H™, Kotophlll cOXpanaeT OpuenTayuto B TOM CMBbIC-
Ae, uTo ana Xakporo x & U usomopdusm dhy nepeso-
aut ') BLIOpaHHylO OpHenTauuio mpoctpanctea TM: s
CTaHAapTHYIO OpHeHTaUMIO -TIPOCTPAHCTBA R

Ecan M cBgsHo 4 OpHeHTHPyeMO, TO OHO HMeEeT B
TOYHOCTH JBe OpHEHTAaIHH.

Puc 8 Kak opuenrupoBarts Kpail

Ecnu M umeer Xpafi, TO Mbl MOXEM B TOYKe X Kpast
pasauuath TPH THNA BEKTOPOB KAaCaTe/bHOro NpoCTpaH-
crBa TM,:

1) BekTopbl, KacaTejbHble K Kpaio; oH# 006pasyioT
(m — 1) -mepuoe moanpoctpanctso T (M), <= TMy;

2) BeKTOpb, HampaBJeHHble «HAPYXy», OHH o6pa-
3YIOT OTKPHITOE MOJYNPOCTPAHCTBO, OTPAHHUEHHOE TOA-
npocrpanctBoM T (OM)4;

3) BekTOpHI, HalnpaBleHHble «BHYTPb», OHH 0GpasyioT
JONOJHHTebHOE HOMYIPOCTPAHCTBO.

Kakiasi opHeHTauus MHoroo6pasus M onpegeasiet
opueHTanui0 kpasi OM, a umenno: s x & 0M BbiGepem
NOJOXKHUTENbHO ODHeHTHPOBaHHbIH 6asuc (vy, ..., Um)
B TM, takaM o6pasoM, 4YTOObl Uz, ..., Um KacaiHCb

1) Ecan A: E— E’ — nunennsiit usoMopdusm mzyx KOHeYHOMEp-
HBIX JIeHCTBHTENLHEX BEKTODPHHX mpoctpaHcts u B £ Buifipana opa-
enranus, 70 A mNepeBOLMT €¢ B HEKUTOPYIO OpHEHTANUI0 NMpPOCTpaH-

etea E’ corsacko cneayomemy npasBsay: mycts (by, ..., bm) — Oa-

3ac B E, npHHAAKexamui pubpantod B £ opuerrauuu; torza s £

Gepercs oOpHeHTalHA, COOTBeTCTBYloman 6a3uc Aby, ..., Abyp).
p p y

3amerun ellle, YTO He HA BCAKOM MHOFOOGpaaﬂH MOXHO BBeCTH
OpHEHTALHI0 H 9TO Mﬂorooépaanﬂ, BJA KOTOPBIX 9TO MOXKHO CHe«
NAaTh, HASLIBAIOTCA ODUEHTUPDYCMUIME, B OCTR/bHBIE <= HEOPUCHTUPYE-
moimu. — [ pun. ped,
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kpas (npexanosaraercs, 4ro 7 = 2), a vy Obl Hanpas-
Jed «Hapyxy». Torma Gasuc (vy ..., Um) OINpeJesiser
TpedyeMyio OpHeHTaUuIO Kpas dM B Touke x.

Ecnn pasMepHOcTh MHOrooGpasus paBHa 1, To Kax-
ZOW TOYKe Kpas HpPHIHCbIBaeTcad oOpHenranus -1 wuan
—1 B 3aBHCHUMOCTH OT TOro, GyAeT JH MONOKUTENBLHO
HalpaBJeHHbIl BEKTOP B TOUKE X HANPAaBJAEH «HAPYKY»
WJH «BHYTpb» (cM. puc. 8).

Hanpumep, eauununyio coepy S™ 1< R™ MoxHO
OpPHEHTHPOBATh KaK Kpail wapa D™,

Ctenenn bpayapa

[lycte M u N — gBa n-MepHBIX OpPHEHTHPOBaHHHIX
MHOToo6pasus Ge3 Kpasi, H 0yCTb

f: M—>N

— rnafxoe oro6paxenne. Ecan M xomnaktao, a N
CBfI3HO, TO CTeNneHb OTOGpaXKeHHA oOlNpefeasercs che-
AylouHuM obpasom:

[Tycte x & M — peryaapHasi Touka otoGpaxenus f,
1. €. dfy: TMy — TNy — nunefiubili #30MOpPU3M OpHEH-
THPOBaHHBIX  BEKTOPDHHIX  npocTpaHctB. QOnpenenum
signdfy paBubim -1 mau —1 B 3aBHCHMOCTH OT TOTO,
coxpausieT df, OpHeHTALHIO HJIH HET.

Jna nwoGoro peryjsipHOro 3HauelHs Yy OUpeAeSHuM

deg(f; y)= 2 signdf,.

xei~ iy

Kak u 8 § 1, uenoe uuciao deg(f; y) — n0KanbHo No+
cTosiHEast Qyukuusa oT y. dta QyHKUAS onpejeNeHa Ha
OTKPBITOM BCIOAY MJIOTHOM MHOMXECTBe MHOrooOpas3us M.

\
TeorEMA A. Leaoe uucao deg(f; y) ue 3asucur or
86160pa pezyrapHO20 3HA4eHUS Y.

'Ono Gyner Ha3bBaTbCA CTenexvio orobpasicenus | A
o603HagaTbcst uepes deg f.

I'eoPEMA B. Ecau oro6pancenue | eaadxo eomoronno
g, 10 degf = degg.
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o cymectBy nokasarenbctBo GyNeT TakHM e, Kak
A B § 4, TOJbKO HeOOXOJHMO BHEMATEALHO CJAEAHThL 3a
OpHeHTaLHAMH.

CHavyana paccCMOTPHM C/eNYIOUIYI0 CHTYaUHIO: Npef-
noJoXKHUM, yTo M gBndgercs KpaeM KOMNAKTHOIO OpHEH-
THPOBAaHHOro MHorooGpasus X u M OpHEHTHPOBAaHO Kax
Kpaft mHOoroo6pasusa X.

JIEMMA 1. Ecau f: M — N npodoasxaercs 6o eaad-
koeo orobpasxenuns F: X — N, ro deg(f; y) =0 ansa
406020 peeyaspHO2O BHAUEHUSA Y.

JlokasateabcTBo.- CHauana npeanoaoKHM, 4TO
y fABJAsiercsl peryJsApHLIM 3HaueHHeM Kak Aad F, Tak #
anst f= F|M. KomnaxkTHoe OZHOMepHOe MHOTOOGpa3ue
F-1(y) npencraensier co60f KOHeYHOoe OGbejHHEHHe AYT
H OKpYXKHOCTefi, MpHYEeM TpaHHUYHble TOUYKM AYT JekKaT
Ha M = oX. Ilyctv A < F'(y) — oana u3 ayr, 04 =
= {a} U {}.

Mtl nokaxem, 4TO
signdf, + signdf, =0

H, ClefoBaTenbHO (HAaZO CYMMHpPOBaTb MO BCeM TaKUM
orpeskam), uro deg(f, y) = 0.

N

M —F_ i

a b
Puc 9. Kak opuentuposats F ' (g).

Opuenrauuu MuHoroo6pasut X u N caeaymomum o6-
pasoM onpefensiior opHentauuio xyru A. ITycts x = 4,
H nyctb (v1, ..., Ung1) — TIOJIOKHUTEJIbHO OPHEHTHPOBAH-
HHi Gasuc B TX,, npuuem vy Kacaerca ayru 4. Tozda v,
onpedeaser Tpebyemyto opuentTayuro npocrpancrea TA,
8 TOM u TOAbKO 8 TOM Cayuae, Koeda dF, nepesodur
(V2, ..., Uny1) 68 NOROKUTEALHO OPUEHTUPOBAHHGLL 6Ga-
3uc npocrparncrea TNy,
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Ilycte vi(x) o603HauaeT NOJNOKHTENBHO OPHEHTHPO-
BaHHBI eTHHHYHBIA BeKTOD, KacaTelbHblil K A B Touke
x. SlcHo, uTO vy — raagkas QyHKUHSA H vy(x) Hanpasjen
«HApyXy» B OJHOH Toyke Kpas (ckaxeMm, B b) wu
«BHYTPb» — B ApYro# (B a).

Orciona HeMeAJeHHO CIeLyeT; UTO

signdf,=—1, signdf,=+1,

a cymMma paBHa Hysaio. IIpocyMMHpoBaB mo BCeM TaKHUM
ayram, Mbl gokaxem, uto deg(f; y) = 0.

Bosee 0610, NPeANOIOKHM, UYTO Yo ABAAETCH pery-
JSPHBIM 3HaueHHeM Aasd f, HO He aas F, Oyuxuus
deg(f; y) mocrosiHna B HeKOTOPOil oxpectuoctn U Touku
yo. TTosTomy, Kak B § 4, Mbl MOxKeM BbiOpaTh BHYTpH U
peryasipHoe 3HaueHHe y oroGpaxkeHHda F B 3aMeTHTH,

4TO TOrAa
deg (f; yo) =deg (f; y)=0.
310 aokasbiBaeT JeMmy 1.

Tenepb paccMOTPUM HEKOTOPYIO IVIAJKYIO I'OMOTOIIHIO
F. [0,1] X M >N, cBasbBaollyld ABA OTOGPaXKeHHS
fx)=F@Q0,x), g(x)=F(L,x). ~

JIEmMA 2. Crenens deg(g; y) pasua deg(f;, y)
015 1106020 obujeeo peeyasipHoe0 3HAYEHUS Y.

JdokaszaTeancTBO. MuorooGpasne [0, 1] X M
MOXKeT ObITb OPHEHTHPOBAHO KaK [POH3BefeHHe [OBYX
OpHeHTHpOBaHHLIX MHOroo6pasufi. Torza ero kpail Gyger
coctosite M3 1 XM (¢ mpaBanbHONl oOpHeHTanueh) #H
0 X M (c uenmpaBuibHO#l opueHTanueil). Takum ob6pa-
30M, crefiedb otobpaxenns F|4([0, 1] X M) pnna pery-
JISPHOTO 3Hauewus y paBHA Pa3HOCTH

deg(g; y) —deg(f; v),

a Ta pas3HOCTb, COIVIACHO JeMMe 1, AO:KHA paBHATbCH
HYJTIO.

OctanbHas yacTb ROKasaTeabcTBa TeopeM A un B co-
BepUIeHHO aHaJOrHyHa paccyxkaenusm § 4. Ina asyx
peryasipHbiX 3HaueHHH y ¥ 2 otoGpaxkenus [: M — N
BhiepeM H30TOMHBIA TOXKAeCTBEeHHOMY AHPeoMopdusm
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h: N — N, nepesoasimuit y B 2. Torna A Gyzer coxpa-
HATb OPHEHTALHUIO, H MPOCTAasl NPOBEPKA NMOKA3bIBaeT, YTo

deg (f; y)=deg(h-f; h(y)).

Oto6paxkenne f romotonHo h-of. M3 jemmbl 2 He-
MeJJIeHHO C/IeAyer, 4To

deg(hof; 2)y=deg(f; 2).

Mostomy deg(f; y) = deg(f; 2z), uto 3akauuuBaer
JOKAa3aTe/1bCTBO.

IIpumepsn. KomniekcHas ¢ynkuus z — 2k, 2 7= 0,
oro6paxaeT eIHHHYHYIO OKDPYXHOCTb Ha Cels, mpHueM
CTeNeHb 3TOr0 OTOOpaXN<eHHs paBHa R (34eCb k2 MOXKer
OLITb TIPOH3BONBHLIM LEJBIM YHCAOM — MOJOXKHTENbHbIM,
OTPHUATENBHBIM HJIH HYJIEM).

BripoxaeHnoe oTobpakenune

f: M — nocrosihnas & N

uMeeT crenenb Hyab. Judpdeomopdpusm f: M — N umeer
creneds aubo -1, au6o —Il B 3aBHCHMOCTH OT TOrO,
coxpamsier i ofpauiaer OH opuenTauuwo. Ilosromy
obpawarouuti opueHtayuio Ouppeonoppusm Komnaxr-
HO20 MHO2006pasua 0e3 Kpas He mo¥eT O6biTo 2AadKo
20MOTONEH TOHOECTEEHHOMY.

Orpaxenne r;: S" > S*,

ri(x, ceer Xnp) =(x1, <oy — X5 Xipp oo e, Xnt1)r
jaet npuaMep aupdeomopdusMa, 00paulaoUWEro OpHeH-
tauuio. Lledtpanbuas cHMMerpuf S — 8", X — —x

HMeer cTenenb (—1)7+, B yem jerko yGeAnThed, mpef-
CcTaBHB ee B BHJe KoMmnosunuud n -+ 1 oTpaxenuii:

—X=TI19r3° ... °r,,+1(x).

TakuMm 06pas3oM, Apu HEeTHOM N UEHTPAAbHAS CUM-
merpus cepor S* He moxeT ObiTo 22a0K0O 20MOTONHA
TONAECTBEHHOMY  OTOGPANCEHUIO — (haKT, KOTOpbll He
YAQBALBAETCA € NOMOWBIO cTenenu orobpaxcerus mod 2,

B kauectBe npHIOXKeHHS Mbl, crenys bpayspy, no-
KaxeM, 4T0o Ha S™ Toefa u TOALKO 710200 CYiyecrsyer
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Huzbe He obpaujaroujeecss 8 HYAb KacareibHOe BEKTop-
Hoe noae, kKoeda n neverno. (Cpasuute puc. 10 u 11),.

Onpenenenune. [fagxoe xacareivHoe 8eKTOPHOE
notet) na M — R* — 3710 Takoe rsnafxoe qrofpaxeHie
v: M — Rt uto v(x) & TM, nna Bcex x = M. Ias che-
pui S® < R**! nocaenHee, oueBHAHO, S5KBHBAJEHTHO yC-
JIOBHIO
n v(x)-x =0 npu Bcex x & S*,

rAe TOYKA O3HAYAeT eBK/AHIOBO CKaJspHOe MpOH3Besne-
Hue B Rntt,

Piac 10. Bekrop- -Puec 1l lonuiTkn 0DOCTPOHTH TaKOE
HOE moJie HA ORHO- noJie Ha JAByMeDHOH cdepe,
MmepHoli chepe, Hu-

rige He obpamaio-
meecs B HYJb.

Ecnu v(x) Hurge 4Ye paBHO HYJHO, TO MBI MOXKEM TakK-
¥e CYHTaTh, YTO

)] v(x)-v(x)=1 npu Bcex x<=S".

Bo ,BcakoM cayuae, 7 (x) = v(x)/ll v(x)|l 6yaer Bexrop-
HbLIM MOJeM, YAOBJIETBOPAIOIHM 3ToMy ycaosuio. Takum
06pa3oM, MBI MOXeM paccMaTpHBaTb U KakK IJajfKoe
oroGpaxeHnne cpepol S™ B cebsl.

Tenepb onpenenuM raajgKkyio FOMOTOIHIO

F: 8" X0, a]—> S

') OGLIuHO C/I0BO «KacaTelbHO®» OMYCKAIOT, XOTA Ha MHOroofpa-
3HU._B €BKJMAOBOM MpPOCTPAaHCTBE MOMET WOHAZOGHTLCA DaccMarph-
BaTh W HE KacaTedbhue noas, — [7pum. ped.
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dopmynoit F(x, 8) = xcos 0+ v(x)sin®. [Ipamoi noa-
CYeT [OKa3blBaeT, YTO

F(x, 0): F(x, 6)=1
F(x,0)=x, F(x, n)=—ux.

Takum o6pa3om, HeHTpasbHas CHMMeTpPHS oOKa3sa-
Jlacb TOMOTOMHOH TOXAECTBEHHOMY OTOOpaKeHH0, uTO
HEBO3MOXKHO, K&K Mbl BHAEJH, NPH YETHHIX 1.

C apyrofi cropousl, eciu n = 2k — 1, To ¢opmynra

V(X o oey Xop) = (X9 — Xy5 o0,y Xoks — Xop—1)

onpefenser HArfe He obpaniaollleecs B HYJb KacaTelb-
~0e BEKTOpPHOE I[ofe Ha S®, YTBepKjAeHHE NOJHOCTHIO
Jl0Ka3aHo.

B uacTtHOCTH, OTCIOAA CJIeAyeT, YTO NPH HEYETHOM 1
HEeHTpaibHasi CHMMeTpHs cepbl S™ HelicTBHTENBHO TOMO-
TOMHA TOXKIECTBEHHOMY OTOOpaKeHu0. 3HAMEHHTAsT TeO-
pema, npuHagnexamas Xongy, yTBepkKAaeT, uTO ABa
otoOpaKeHHs CBfI3HOFO n-MepPHOro. MHoroo6pasus B
n-MepHyilo cdepy raAagko TOMOTONHBl T023a U TOALKO
T020a, KOria HX CTeleHH COBNAJAIOT.

B § 7 mbl nokaxkem OoJdee OoOLIHI pe3yabTaT, ™ KO«
Toporo Gymer ciaenoBath Teopema Xonda.

§ 6. BEKTOPHBIE NONA W
S/ NEPOBA XAPAKTEPHUCTHMKA

B xauecTBe fanbHefiliero MPHIOXKEHHS NOHATHA CTe-
NeHH oTo6GpaXKeHUsT Mbl H3YUYHM BeKTOPHHIE NOJa Ha Jpy-
THX MHOrooGpasusx.

PaccMOTpHM CHAadYana OTKPBITOE MHOMKECTBO Uc Rm

1/IKO€ BEKTOpHOE moJie

U—>R™
C H30JHDPOBaHHBIM HyJleM B Touke z & U, ®yHKuus

x)=v)/lv@i
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orofpaxaeT Ma/leHbKyl0 cepy ¢ LeHTPOM Z B eAHHHU-
uywo cpepy?). Crenedp 3TOro OTOGPaXKeHHs HA30BeM
UHAeKCOM \ BEKTODHOTO TOJS v B TOUKe Z2).

Ha puc. 12 mpencraBieHo HeCKOJBKO HPHMePOB Ta-~
KHX BEKTOpHHIX moJieli ¢ uuaekcamu —1, 0, 1, 2. (C Bek-
TOPHbIM TIOJIEM U TECHO CBA3aHBl KPHBHE, «KaCalolHeca»
TOJISL ¥, KOTODbIE MMOJNYYAIOTC pelieHHeM CHCTeMbl AU(-«
GbepeHunanbublx  ypaBHeHHR  dxi/df = vi{Xy, ..., Xn).
Hmenno a1 xpusble ®) H H306paxenn Ha puc. 12.)

HyJab npou2BoabHOrO HHIAEKCa MOXKHO MOJYYHTbL CJle-
AyIOIWHM 06pasoM; Ha IVIOCKOCTH KOMIJIEKCHOTO Mepe-
MeHHOTO MHOTOuJeH z* onpefenseT TJagKoe BeKTOPHOE
noJde C HyJeM HHAEKCAa 2 B Hauaje KOODAHHAT, & (yHK-
1A zZ* onpeniesisieT BeKTOpHOE IloJle C HYyJeM HHJeKca

Mubl Jonxubl [OKa3aTh, 4YTO ONpejesieHHe HHAEKCa
HHBApPHAHTHO OTHOCHTEJIbHO AnddeoMopduamon. Urobobl
OGBACHHTL, UTO Ke 5TO 3HAYHT, paccMoTpum Gonee 06-
wylw curyanuwo. Ilycte 3apaHo raagkoe oTtobpaxkenue
f: M— N u Ha KaXAOM MHOroo6pasHH omnpejesieHO BeK-
TOPHOE moJle,

Onpenencuue. Bektopube nmongs v Ha M u v’
Ha N uasbiBalorca [-ceasanHeimu, ecan nHdPepeHuHAN
dfx nepesonutr v(x) B v'(f(x)) ans Bcex x & M.

') Kaxknaa chepa HRomkHa ObiTh OpHEHTHPOBaHa KAk kpaft
COOTBETCTBYIOMIETO Wapa.

?) A Takxe HHIEKCOM HyJf 2 3TOro BeKTopHoro moas. Hacto
BMECTO «HY/A» TFOBODPAT 06 «0coBOA TOUKe» BEKTODHOrO HOJS, XOTs
¢ AaHAJMTHYECKON TOUKH 3DEHHs HHKAKHX OCOOEHHOCTEA y moAs U
TaM MOMer He OblTh; OCOOGEHHOCTb HMEETCRs Y COOTBETCTBYIOLIEro
110Jis1 €AMHHYHBIX KacaTe/bHbIX BEKTOPOB 7.

3aMeTuM DONYTHO, 4TO eCAH B R™ Ha KOMNAKTHOM [VIaZKOM
(m — 1)-mepuoM wmuorooGpasun M 3agaHo Bektoprce Nole U (ue
00s13aTeNibHO KacartensHoe), nurae Ha M me ofpamaloweecsd B HYJb,
TO creneHb 0TOGpaKenus

me1 | U(x)
A TIC)

HaswBaerca gpaujenuem noas v wa M. C HAM BCTPeqaloTCs HE TOJbe
KO TpH ONpEeJeNEHHH HHIeKca, HO M B ADYFHX C/y4asX; CM., Hanpu-
mep, geMMmy 3 numke. — [Tpun. peod.

3) VX HA3BIBAIOT UHTEZPOABHLIMYU KPUBHIMY, TPGEKTOPUAMU AIH
CUAOGOIMY AUHUAMU NOAR U, — [T pum. ped.
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== 1=0

0

1=+1 1=+2
Puc. 12, TIpuMepn BeKTOPHEIX MoJell Ha NAOCKOCTH (¢ — nagexc).
“Ecaun f— anddeoMopdpusm, To v’, KOHEYHO, OAlO-

3HA4YHO onpefensiercs mo v. B atom cayuae Mbi GyneM
nucathb

v =dfovej},

JIEmMA 1. [Ipednoaoxmcum, 4to BeKTOpHOE rnoae ©
na U f-csasano c nosenm

4 -

v =dfovof!
na U’ ¢ noxoupio Ougpgheomoppusna f: ~ U, Toeda
uHdeKc NnoAs v 8 U30AUPOBAHHOM HYAe Z uHdek-

cy noas v’ e f(2).
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[peanonoxur, uto neMma | mOKazaHa, Mbl MOXKEM
cjenylouiuM 00pa3oM BBeCTH TIOHSITHe HHJAEKCa Bek-
TOPHOTO IIOJI @ Ha [POH3BONBHOM MHOrooGpasuu M.
Ecan g: U—M — napaMeTrpu3aliuag OKPECTHOCTH TOUKHU
2z Ha M, 10 uxdexc \ BeKTOPHOrO MOJA W@ ONpeaenseTcs
KaK HHIEKC COOTBETCTBYIOLLErO  BEKTOPHOrO  TNOJS
dgloweg Ha U B touge g~'(2). U3 anemmul !, oueBna-
HO, ?yzxeT C1eJ0Bath, YTO HHJAEKC | KOPPEKTHO onpeje-
JgeH 1),

JoxasatensctBo aeMmbi | Gyaer ocHOBaHO Ha J0Ka-
3aTeJBCTBE COBCEM JIPYTOro YTBED:KACHUSA,

JIEMMA 2. /10606 coxpansowuli opuentayuio Oug-
peomoppuam f eaxaudosa npocrpancrsa R™ eaadko uso-
TONEH TONHCOECTBEHHOMY.

(HampoTtuB, a1 MHOTHX 3HaueHHH m CYIWECTBYIOT
.CcoXpaHfouHe oOpHeHTauuwo aHdpdeomopduaMel chepn
S™, KoTopble He ABASIOTCH TAAKO H30TONHBIMH TOXKJE-
cTBeHHOMY; cM. [20, cTp. 41].)

JdoxasarteabcTtBo. Mel MOXEM CUHTaTh, YTO
f(0) = 0. Tak kak auddepeHunan B HyJe MOXKHO Ompe-
JEJUTh Kak

dfy (x) = lim L0
t>0

TO €CTeCTBEHHO BBECTH H30TOIHIO
F: R™ X0, 1]—= R™,
onpenensieMyio gopmynamu
F(x, ty=f({x)t npn 0<t<I,
F(x, 0)=df,(x).

Has nokasaTesbcTBa IJIAAKOCTH OTOGpaxeHHs F
npu ¢ =0 MbL nepenuumem f B Buje ?)

f)=x18(0)+ ... + x,8, ),

) To ectb ero onpegesenue He 3aBHCHT OT BHGOpA MapaMeTpH-
sauun. — I[Tpum, ped.
Cwm., wanpuMep, [22, crp, 14], a taxxe ynp. 4.11 ns Yoane-
ca. — [Tpun. ped.
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rie gi, ..., &m— HEKOTOpble rJaikHe (YHKIHM, H 3as
MeTHM, 4TO

Fx, )=ux,8(tx)+ ... + £mgn(tx)

JJIS1 BCeX 3HaueHu# f.

TTostomy f m3oronHO JAMHeHHOMY oOTOGpaeHHuo dfs,
KOTOpOe, OUeBHAHO, M30TOIHO TOXJAeCTBeHHOMY !). Jlem-
Ma 2 joka3saHa.

HokaszateabcTBO AeMMb 1. Mol mMokeM cuu-
TaTh, 4T0 2 = f(2) = 0 u U — BuIyKaasa OKPECTHOCTh.

Ecnu f coxpaHser opueHTauHio, T0, OpOBeAsA B TOY-
HOCTH Te JKe caMble PacCyXKJACHHs, MBI [TIOCTPOHM TaKOe
OAHONApaMeTPHUYECKOE CeMeHCTBO BJIOXKeHHH 2)

ft: U—)Rm,

4T0 fo — TOXKJIECTBeHHOe BJjOXKeHHWe, fi=f u f;(0) =0
npu Bcex f. Ilycth 0; — BekTOpHOe mode dfiovofr' Ha
f¢:(U), fi-cBa3annoe ¢ moaem v Ha U. Bce atu BekTOpHbBIE
noJas ompejeneHsl H He ofpaufaloTCsi B HYJAb Ha A0CTa-
TouHo MaJaofl cdepe ¢ uentpom B 0. CrenosaTtenbHO, HH-
JeKc nmoas v = vy, B 0 QOMKeH cOBNAAaTh C HHAEKCOM
noad v’ = v, B 0, uro nOKaswiBaer nemMmy | mnas coxpas
HSIOIIUX OpHeHTauuio audgpeomoppH3MOB.

1y IMycts A — MaTpHua C NOJOKHTEIBHHIM ONDENE]HTEe]eM; TOr=
La cymectByeT Takas Marpuua A(f), Kotopas raagko 3aBHCHT oT £,
0<t< 1, n HA npu ofHOM f He BbipoNAdercd, npuuem A(0) = A
u A(1) — enudnudas marpuua. HefictButesbdo, A Mowuo mpeicra<
Bath B Buge A = SU, rge S — noaokureJsHO onpeiesedHas CHM-
MeTpuuyHas Martpuua, a U — oproroHanbHas MaTpHiua ¢ ONpPEREsH«
teneM 1. (Wmenno, S onpefeastercs u3 ycaoBHa AA’ = S?% rae
wrpnx o6o3Hauaer tpaHcnouupoBanue.) IlostoMy Hame yrBepkge-
HHe JOCTATOYHO NOKa3ath OTAebHO aas S # U. Dro mpowe Bcero
caenath, OpuBeAs S K AHaroHanbHoMy Buay, a U —K BHAY, cocrosi«

cos @ sing

&« » .
meMy #3 «GJIOKOB — sin @ cos@

H OHaroHaJAbHBIX 3JCEMEH«

-1 0
ToB =£1; mpu stoM —1 BofigeT ueTHoe yMCIO pas, a ( 0 —1)— 9710
«6/70K» yKa3aHHOTO Bbll€ BHAA ¢ @ == 7, MOSTOMY MOMKHO CUHTATh,
YTO HMEITCA TOJbKO «G6JOKH» H NHArOHAJbHBIE eRUHHUEL = [1puM.
peo.
2) Cwm. Youec, onpedenenne 3.2. — [Tpum. ped.



§ 6. BEKTOPHLIE TOJISI U 2AJEPOBA XAPAKTEPUCTHKA 223

Cpean mpuddeomopdusmMoB, oOpallalOmHUX OpHeHTa-
IHI0, JOCTATOYHO HCCJAefOBaTh cJaydafi OTpaXKeHHs p.
Torna

v/ =povop~},
- i ol (x)
a JJsi COOTBeTCTBYIOLIEro oroGpaxeHus o' (x)= DI
)epnl pajpuyca € B eguHHYHyI0 cdepy OyieT cnpasel-
JHBO COOTHOIIEHHE
7 =podopl,
OueBdjiHO, cTeNeHb OTOOpaXkeHusi U paBHA CTENEHH OTO-

6paxends U, 4TO 3aBepluaeT LOKA3aTeNbCTBO JEeMMH 1,

Mbl cefiyac mosyuHM KjaccHueckufi pesydabrar, OT-
HOCSIMiiCST K caeaylomeil curyauun: M — KOMnakrHoe
MHOrooGpa3He, W — IajKoe BeKTOPHOe moje Ha M
¢ Hu30oNHpOBaHHbIME Hyaamu. Ecau M umeer «pad, T0
Tpebyercsa, 4robbl 8eKTOPHOE nose W 8 Kawood Trouke
Kpas 6biao HANPABAEHO HAPYNCY.

TeoremaA Ilyankape — Xonea., Cymma S\ undexcos
HYyaeld Tak020 B8eKTOPHO20 NOAA pasua 3dlieposod xa-
paxrepuctuke t)

m
N i
2 (M)= 3 (—1)' panr H,(M).
B uactHocTu, 3Ta cymma unOekcos8 ABAAETCA TONO-
A02UHECKUM UHBAPUAHTOM MHOe000pasus M, T. e. ona
He 308UCUT OT KOHKPETHO20 8bl6OpA BEKTOPHO20 NOAA.

(IBymepHBIl BapHaHT 5TOf TeopeMbl GBI JOKa3aH
Tlyaukape B 1885 r. Iloanoctelo Teopema 6blia JOKa-
3ana Xondou [54] B 1926 r., Bcaex 3a YaCTHUHBIMH pe-
3yabratramu Bpayspa H Anamapa.)

Mu nokaxem uyacTb 3TOfi TeopeMbl H QajauM HaGpo-
cok ocraabHoro. CHayajna paccMOTPHM YacTHBIl cJay-
qafi — KoMTakTHYIO 061acTs B R™,

- 1) 3mec Hi(M) ofosnadaer i-10 rpynmy roMoJOTHA MHOrOOGpas
sHfA. DTo Hamla mepBas H NOCJEAHAS CCHUIKA HA TEODHIO FOMOJOrHA.
(Unratens, He 3HAKOMHA ¢ TeOpHed roOMOJOrHR, MOXKET OFpAHHYHTHCH
TaKHWM BADHAHTOM: CyMMa HHAEKCOB AJI BCEX BEKTODHBLIX noaeh ¢ H30-
JAHPOBAHHHIMH HYyJAMH (HANpaB/JCHHHX Ha Kpae Hapy¥Ky, €CAH ecTb
Kpa#i) oxnna H Ta xe. — Ped.)
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IMycers X < R™ — KoMnakTHOe m-MepHOe MHOr006-
pasde ¢ Kpaem. ['ayccoBo oroGpaxenuet)

g: 90X - 8™

CTaBUT B COOTBETCTBHE Ka)KIOH Touke x & 0X enunuy-
HHIY BEeKTOp, HOpDMaJbHbIl K X B TOUKE X W HanpasJ/ieH-
HBIHl HapyxKy MHOrooGpasusa X.

JIemma 3 (Xond). Ecau v: X > Rm — z2aadxoe aek-
TOPHOE noAe ¢ U30AUDPOBAHHbIMU HYAAMU, HANPABAEHHOE
ra Kpae Hapyxcy Muoeoobpaszus X2y, TO cymma UH-

Puc. 13. Ilpumep Bsewrop-
HOTO NOJs1 ¢ CYMMOH HIIZEK-
cos + 1.

dexcos X\ pasna cTenewu 2ayccoéa OTOGPAKEHUS
kpas 0X 8 S™t. B uacTHOCTU, D) He 3QBUCUT OT 8bi6o-
pa v. ‘

Hanpumep, ecsn v — BeKTOPHOe MoJe Ha mape D™,

HanpaBJIeHHOE Ha Kpae Hapyxy, To Siv=1 (cm.
puc. 13).

IlokasaTtenbCcTBO. Bbpe3aB wmwap paauyca e
BOKPYI' K2XKIOTO HYyJs, Mbl IIOYYHM HOBOe MHOroo6pa-
ane ¢ kpaem. Ortobpaxenue 7(x) = v(x)/llv(x)ll nepe-
BOAMT 3T0 MHorooGpasue B S™~1. CaenoBaTenbHO, CyMm-

') Ero HA3HBAIOT TaKXe HopmasbHeim. — [Tpum. ped.
?) Y, B uacTHOCTH, HHrZe Ha 0X wue oGpamaiomeecs B HYJAb, —
Ipun. ped.
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Ma CTeneHell orpaHHueHHit oro6paxKeHHsi ¥ Ha Das3fiHu-
HBle KOMIOHEHTHl Kpas paBHa 01. Ho vlaX FPOMOTOIIHO
g?). Cymma ke creneHell OrpaHHyeHHH Ha OCTajbHbIE
KOMIIOHEHTHl Kpasi paBHa — L. (SHaK MHHYC CTOHT Ile-
pen CyMMofi BBHIY HeNpaBHJIbHOH OpHEHTAllMH KakAo#
MaJsieHbKo# cdepni®).)

Tlostomy
degg — D1=0,
4TO H TpPeGOBANOCH AOKA3aThb.

S3ameuanune. CrenedHp OTOOpaKeHHs g H3BeCTHA
TaKXKe [M0J Ha3BaHUEM <«HHTerpajbHON KDPHBH3HLI» TH-
meprioBepxHOCTH OX, Tak Kak OHa NPONOPUHOHAALHA
HHTerpajay no 6X or rayccoBoli kpuBm3Hbl. OHa paBHa,
KOHe4HO, 5M/1IepOBOH XapakTepHCTHKe MHOrooGpasus X.
JL2st HeyeTHOTO /M OHA paBHA TaKkKe MOJIOBHHE 3HJePOBOH
XapaKTepHCTHKA MHOroo6pasus 0X 4).

[Ipexk e uem pacnpocTpaHHTb 3TOT pe3yabTaT Ha
Ipyrue MHOroo6pasys, HeoOXOLHMMBl HEKOTOpble HPHIO-
TOBJIEHHSA.

"} Hcnoabsyerca demma 1 w3 § 5 u ToT mpocroil. dakr, uro s
HECBA3HOIO MHor006paamx M crenedp oToGpaxeHus paBHA CyMMe
cTeMeHed OrpaHHYEHHH 3TOro OTOGpAKeHHA HA KOMIMOHEHTH CBA3-
HocTH MHoroo6pasus M. — ITpum. ped.
(1—8o+1g
TA—03d+tel
He ofpamiaercss B HyJdb, Tak Kak Hu B ogHoft Touke x  dX Hanpas-
JIeHHE OJHOTO M3 3THX ABYX [OJe™ We NPOTHBONOMOKHO HaNpaBJAeHHIO
apyroro. — ITpum. ped.

8) ITycrs DI (¥) —map pagayca € C UEHTPOM B ., 4
S;”"l (x) ~— orpanmumBalomasi ero chepa. OGo3uaunM HyJAH BeKTOp-
HOro moAst U uepes Xi, ..., Xy. VIHAEKC TOuK# X; — 3TO CTeNeHb

2} IIocT: OYHO PACCMOTpPETh .3HaMeHaTeNb HHTé

v (x - -
oroépameﬂuﬂx»";(;” cteps ST l(x)BSm ! rge chepn ROMKHEL
6LITh OpUEHTHPOBAHBE KaK Kpas COOTBETCTBYIOMMX mapos. Ho opuen-
Tauus, Kotopywo SH'T 1(;c) HosiyuaeT kKak Kpafl MHOroobpasus
Y=X\UD’B”(xi), MPOTHBOMOMOKHA OPHEHTANHH ee Kak Kpas

[

mapa DJ*(x;), moroMy uto ecam B KaKoi-HHOYIb TOuke CepHi BeKs

TOp Hanpasaex Hapyxy DI’ (), 10 TOT XKe BEKTOP B STOH Ke TOU-
Ke HampaBsJseH BHYTphb Y. — I[Ipum. peo.
4) Cm. § 8, samaua 20. — T pum. ped,
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EctecTBeHHO MNONBITATbCA BBIYHCAHTD HHIc<C BeK-
TOPHOI'O HOASL U B HyJe 2 C MOMOLBIO NPOU3BOJHBIX MO-
A9 v B TOuKe 2. PaccMOTpHM cHauajla BeKTODHOe moJe
v Ha oTkpbiToM MHOXectBe U< R™ Bynem paccmarpu-
BaTh ero Kak oroGpaxeHne U — R™, Tak uTo onpejeseH
nuddepennuan dv,. :

OnpeneneHue. BexropHoe mone v HasbiBaercd
HesbLpOJCOeHHbIM 8 TO4Ke 2, eCH JHHefiHoe Ipeobpaso-
BaHHe dvu, HeBLIPOXKAEHHO.

B stoM ciyuae 2 — H30/IHPOBAHHBIA HY

JIeMMA 4. HuOekc 8eKTOpHO20 noAsl U 8 HesbLpodc-
Oeunom Hyre z pasey. aubo -1, aubo —1, 8 3asucu-
MOCTU OT TO20, NOAONCUTEALH UAL OTpuyarTeser onpede-
auteab Ouppepenyuara dv,.

HokasateabctBo. DByaem paccmarpuBath .
kKaK puddeomopdnsM HeKOTOPOH BHINYKAOH OKPECTHOCTH
Up Toukn z B npocrpaHcTBo R™. MoOXHO cuutarh, 410
2=20. Ecan orofpaxeHHe v CcOXpaHsdeT OpHeHTAUHIO,
TO MBI yXKe BHAeas, uto v|U, MoxeT 6bTb IMIagKO HpO-
IedOpMHPOBaHO B TOXKJeCTBEHHOe OTOOpaXKeHHe, mpuueM
HHKaKHX HOBBIX HyJell He mosBHTca. (CM. jsemMMmu 1, 2.)
Tlostomy uHzexc paseH 1.

Ecin v obpaijaeT OpHeHTANHIO, TO COBEpIIEHHO aHa-
JIOTHYHBIM 006pasoM OHO MOXeT ObITb npojedopMHpPO-
BAHO B OTpaXKeHHe; OTCIOAA L = —1,

Bonee o6uio, paccMOTPHM Hy/ab 2 BEKTOPHOIO I[OJS
» Ha MHoOroo6pasun M < Rk DByzem paccmatpuBath
w kak otobpaxenne M ‘B R: ¢ pudpdepennnanom
dw,: TM,— R*

JIemMma b, dugpgepenyuar dw, 8 delicrsuresvrocTu
nepesodur TM, 8 nodnpocrparcréo TM, = R*; nostomy
dw, moxcHo paccmarpusars Kak Aunelinoe npeobpaso-
sanue npocrpancraa TM, Ecau 3ro auneiinoe npeo6pa-
30sanue umeer onpedesuresvs D =0, 1O 2z asasercs
UBOAUPOBAHHLIM HYysrem noai . HHOexc Touku 2 pa-
sen 1 uau —1 8 3asucumocru OT T020, NOAON reseH
D uau orpuyareasen.
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Hoxkasza. nbcrBo. Ilyetb h: U-—>M —napa-
MeTpH3alHI HEKOTOPOH OKPeCTHOCTH TOUKH 2, ¢! 06o3Ha-
ugeT i-fi 6a3uCHLIH BekTOp B R™, U nycThb

t =dh, (¢') = oh/ou,,

Tax 4To BeKTOpH i, ..., {™ o6Gpasylor Gasuc KacaTesb+
Horo npocrpadHcrsa TMp, HaM- HyXXKHO BBHIUMCAHTD,
Ky#a nepexoiHT Bektop f == fi(u) mnox nefictBHeM JH-
HefiHOrO TpeoGpa3oBaHusi dwn,) CHauajsa 3aMeTHM, 4TO

(1) dw,, ) =d(@sh), (") = 0w (h()/du;.

ITycte v = Yv;ei — BekTopHOe moae Ha U, koTOpOE
h-cBa3aHO ¢ BekTOpHBIM nosieM @ Ha M. Tlo onpegene-
HUIO U = dhlowoh u

w (h (u)) = dh, (v) = X ot
TToaTomy

2 ow(h (u))/du¢=§(6v Jout + ; v; (0¥/0u,

Kom6uunpya ¢opmyant (1) u (2), Ml nonyuaem B Hyne
h~1(2) BekTOpHOro moasl U ciaepylomyio hopmyay:

3) dw, (') = 2!] (Ov,/du,) ¢,

- Takum o6pasom, dw, oto6paxaer TM, B ceGs, a omnpe-
menutenb D astoro npedGpasosanns TM, —» TM, pasen
onpeneanrenio Matpuusl (0v;/0u;), uTO BMecTe C JeM-
MO# 4 3aBepiiaer AOKa3aTesbCTBO.

~ Tenepb MBI pacCMOTPHM KOMIAKTHOE MHOT00Gpasue
6ea kpas Mc Rk Tlycrb N, o6o3Hauaer 3aMKHYTYIO -
£-0KPeCTHOCTb MHOroobpasusg M, T- e. MHOXKeCTBO BCeX Ta-
RuX x € R wto | x —y | << & naa Hekoroporo y e M.
MoxHo nokasarb, ut0 Ng. GymeT raaikuM MHOrooGpa-
3MeM C KpaeM NPH JOCTAaTOYHO Maabix ¢ (cM. § 8, 3a-
llaua 11).

Teorema 1. Jan at06020. ekroprozo noss v na M,
Mewe20  TOAbKO  HeeuipoxcOenHble  HYau, CyMma
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undekco8 X\ pasHa cTenenu 2ayccosa oTobpascenus ')
g: ON,— S*,

B wacrHocry, 3T cymma He 3asucuT or 8svibopa eek-
TOPHO20 NOASL U. ’

HokasateabcTBo. s x & Ne uepes r(x) M
MBI 0603HAauyuM OAMKAHMIYIO K X TOYKy MHoroo0pasms
M (cMm. § 8, 3anava 12). 3amertuM, 4TO BEKTOp X — f(X)
TeprneHAHKY/IsIpeH KacaTelbHOMY NpoCTpaHcTBY K M

M 8(x)

Puc 14 €-0KPeCTHOCTE
MHoroo6pasus M.

B TOuke r(x), HHaue r(x) He ObLia Obl OjuXalmed K ¥
Touko#i MHorooGpasus M. Ecnn g jpocratogHo mano, To
r(x) — raagkas H KOPDEKTHO onpeleiecHHas (QYHKUHS.

Mb GyleM TakkKe paccMaTPHBaTL KBaJADaTHUHYIO
QYHKUHIO paccTOAHHA

@ x)=llx—rx)P

[TpocTofi nojcyer NOKasbIBaeT, YTO TPajHeHT (QYHK-
UK @ 3a7aeTCs COOTHOLIEHHEM

grad 9 =2 (x — r.(x)).

Orciona I8 KaXAoH TOYKH X IIOBepXHOCTH YPOBHS
0N, = ¢~'(£?) BHOWIHHHA eJIHHHYHBIA- HODMAJbHHIH BeK-

1} Ilpyras uHTephperauns sTofi cTemeHn naHa Aunengopdepom
n DenxeleM: cTeneHb OTOGpaKeHHs g MOXeT GHTb BHpaxeHa uye-
pes uATerpan no M OT HOAXOIRAIIEro CKAaNApa KPHBUIHELI, TAKHM 06-
PA30M MOJyuaercs M-MepHHH BaDHaHT KaaccHuecKo# TeopeMul [ayc-
ca — Boure (cm. [2], [48], a Takxke Uxens [67]).
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TOP 3ajaeTtcsl paBeHCTBOM
’ 1
g (x)=grad¢/grad ¢ ||=—(x — r(x)).

[IpogosaKHM v [0 BeKTOpHOro NONsl W Ha OKpecT-
HocTH N, moiaras

@ (x) = (x — r (x)) + v (r (x)).

Torpa w HampaBieHo «HapyKy» Ha Kpae, Tak Kak
CKajxspHOe mnpousBefeHHe w(x)-g(x) =¢e>0.

3ameTHM, uto @ obpaniaercsi B HyJb TOJbKO B Hy-
JAsiX nojas v Ha M; 310 ABCTBYET H3 TOrO, 4YTO JBa CJAa-
raeMolx x —r(x) # v(r(x)) B3aHMHO OPTOrOHAJLHEIL
Boiyucans audepeHunan w B Hyse z2e& M, Haiinem,
41O

dw,(h)y=dv,(h) nns Bcex h&TM,

dw,(h)=h A5t heTMy.

Tlostomy onpenenurens otobpakeHnss dw, pabeH
onpenennrenio orobpaxenus dv,. CiaeloBaTenbHO, HH-
JeKC MoJsi @ B HyJe 2 paBeH HHIEKCY L BEKTODHOTO MoJs
U B TOUKe 2. ‘

Ho, B cooTBeTcTBHH C JeMMOH 3, cymMMa HHIEKCOB

v paBHa crenenn g. Tem cambiv Teopema 1 fokasaHa.

[Mpumepo. Ha cdepe S™ cyulectByer BexTOpHOE
noJsie, HampaBjeHHOEe Ha «cCeBep» B Kaxkjgo# Touke!l).
B 10:KHOM MOJIOCE BEKTOPHl HampaBJeHBl OT nojaica (HH-
Jekc paBeH -1), a B ceBepHOM MOJIOCE CXOAATCS
BHyTpb (MHAekc paBeH (—I1)™). Ilosromy wuHBapmaHT
Dl paBeH HYJIO ] HEUETHBHIX M H 2 AN HeTHHX. JTO
JaeT HOBOE J0Ka3aTeJbCTRO TOro (pakKra, 4ro Ha YeTHO-
MepHOR cdepe 060e BEKTOPHOE NOJe HMeeT ' HYJb.

HOns  HeueTHOMepHOro MHoroo6pasus Ge3 kpasi
WHBADHAHT DL DABEH HYJIO, TAaK K4K, €CJH 3aMEHHTD

') Hanpumep, v MoxHO onpegeautb ¢GopMynoli v(x) = p—
— (p X)x, THe p — ceBepHHIH moJioc (cM. puc. 11).
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BEKTOPHOE I0Jie ¥ Ha —U, TO KaXIBH HHAEKC YMHOMXHUT-
cs Ha (—1) ™, a paBeHCTBO :

2v=(=1)" 2

A2 HeUeTHHIX N1 BJAeUET 3a cobofi

Dv=0.
3ameyanue. HMwmeercs teopema Xonda, yTBepxk-
jawomas, yro ecAH Anad CBSA3HOro MHorooGpasusa M
MMeeT Mecto paBeHCTBO Jt= 0, T0 Ha M cymecTByeT
BEKTOPHOe MoJe, HUrje He ofpamiamouieecds B HyJAb!Y).

Yro6er pokaszatbh Teopemy Ilyankape — Xonga B
[OJHOM 00BeMe, HeOOXOAHMO cHIejaTb ellle TPH Hiara.

1-# mar. Oroscdecrsrenue uusapuam*aZ_w stise-
posoi xapaxtepucrurxold y(M). IloCTaTouHO MOCTPOHTH
TONBKO ONMH KakKOH-HHGYNb NpPUMEpP HEBHIPOXKAeHHOrO
BEKTOPHOro mojs Ha M, mas KOTOpOro Jerko npoBeps-

a0ch 6bi, uto X uv==x(M). HanGosee yIoGHEI crnoco6
IIOCTPOEHHSI TaKOB.

Cornacio M, Mopcy, Ha M o6s3aTenbHo cyurecrt-
ByeT (YHKuHS C JQeACTBHTEJbHHIMH 3HaueHHSIMH, «Ipa-
IHeHT» KOTOPOH #BJIseTCHd HeBLIPOXKJAEHHBIM BEKTOPHBIM
noJiem ?). Kpome toro, Mopc noxaselBaer, 4T0 CyMMa
HHJEKCOB TaKOro TPaJHeHTHOIO BEKTOPHOrO IOJisi paBHa
siinepoBofl xapakTepHCTHKe MHoroo6pasus M. IToapo6-
HOe H3/I0KeHHe 5THX pAacCYXJAeHHH 4YHTarelb MOMKET
Haiitn y Munnopa [22, cTp. 40, 47].

2-it mar. Joka3areavCTe0 TEopembvl.0Asl 8EKTOPHbLX
noseti ¢ sbipoxcOennbimy Hyiamu. PaccMOTpHM cHawana
BEKTOpHOe MOJe U Ha OTKPBITOM MHOXectee U, umero-
Ilee H30/HPOBAHHBI HYJb B TOouke 2. Ecan dyHKuus

Az U=[0, 1]

pasHa 1 B Maao#l okpectHocTH Ny TOUKM Z H pal HYJI0
BHE HECKONbKO Oosbuiell okpecTHoctd N, a y  Hocra-

1y Cwm. § 8, samaua 21* — [Ipam. ped.
%) Cw, § 8, sanaua 19* — [lpun. ped,
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—

TOUYHO MaJjioe peryjdapHoe 3HaueHHe A4 U, TQ BEKTODHOE
noJe

v =v(x)—A(x)y

HeBbipoKIeHHO 1) BHyTpH N. CyMMa HHREKCOB IJIst HY-
Jefi, JeXamux BHyTpH N, MoxeT OblTb BHYHCICHA 4epes
CTelleHb 0TOOp aXKeHHs

5: ON—>S™ Y

IO5TOMY OHA He H3MEHHJAch Mocje 3aMeHH v Ha v,

Bonee 00w, pacCMOTPHM BeKTOPHBIE IOJAsA HAa KOM-
NaKTHOM MHOroo6pasun M. JIOKalnbHO NpHMEHSAsl 3TH
pacCyKJeHHS, MBI BHIHM, uTO Ar000€ B8EKTOpHOE noAe
C UBOAUPOBAHHBIMU HYAAMU MOJNCHO 3AMEHUTb HEBbLPOXC-
OeHHBIM BEKTOPHBIM NOAEM, HE UBMEHU8 XZ\.

3-t war. Mnozoobpasus ¢ kpaem. Ecau M < R*:
pMeeT Kpal, TO J1060e BeKTOpHOe MOJe, HampaBieHHOE
Ha OM «HapyXy», ONsiTb MOXHO TaK INPOJO/IKHTh Ha
oKpecTHOCTb Ng, uroObl Ha ON oHO ObLIO Hampas/eHO
Hapyxy. OnHako BO3HHKAIOT HEKOTOPLIE TPYRHOCTH C
raapxocTolo u3-3a kpas M. Tak, N, He sBasercs raaf-
KaM (B HalieM CMHCJe, T. e, g depeHnHpyeMbIM Kjac-
ca C*) muorooGpasHeM, a TOJIbKO MHorooGpasmeM Kjacs
ca CL

Iponomnkenue w, eclH ONpelensiTh €ro, Kak H BHIIIE,
dopmyson w(x) = v(r(x))+(x —r(x)), Oyner TOsB~
KO HelnpepbIBHEIM BEKTOPHHIM nojeM BOaH3H dM. Tem He
MeHee J0Ka3aTeJhCTBO MOXKHO JOBECTH IO KOHUa JHOO
NOKa3aB, YTo HaIlH CHJbHEE TPeGOBaHHA TIAAAKOCTH B
JefiCTBUTE/IbHOCTH He HYXKHBL,’ JAu00 JIPYTUMH MeTo-
famu?).

1) dcHo, yro v’ HeBHIPOXKJeHHO BHYTPH Ni; HO ecam y jgocTa-
T THO MaJo, To v’ Boobule He Oyder ofpamarbes B Hyab Ha N\ Ny

2y Tlpn nepBOM BapnaHTe HAHOOJIEE «HENDHATHOR» sBISETCS,
BEPOSITHO, «0GOCHOBATE/bCKAS» ACATENLHOCTb, BPOAE JIOKA3aTEIbCTBA |
Cl-rnankoctit Ng, OfHO3HAuHOH ONPEZENEHHOCTH H HENpepHBHOCTH
r(x) u ToMy nogoGHEIC NpOCTHIE, HO rpoMo3aKne paccyxkaeHnt. O He-
[pepHBHHX BeKTOPHHX moaax cM. § 8, samaua 18% Jlpyrok mas
puant- 8, 3anaua 20% — flpun. ped.



232 K. MUJIHOP

§ 7. OCHALLEHHbIA BOPLAW3M !);
KOHCTPYKLMA TOHTPATHHA

Crenedn orobpaxennss M — M’ onpepeneHa TOJNBKO
B TOM ciyuae, koria M u M’ — opueHTHPOBAHHbBIE MHO-
rooGpa3usi OQHMHAKOBOH pasMepHocTH. Mbl OyleM usy-
yaTh npepioxenHoe IToHTpArHHBIM 000O0LIEHHe CTeNeHH,
onpenenseMoe JJIsi IPOMU3BONBHOTO Iafxoro orob6paxe-

HHS

f: M—S?
IpOM3BONBHOr0 KOMIAKTHOrO MHoroo6pasus .06e3 Kpas
B chepy. CHavana majgHuM HEeCKOJbKO ONpefeseHHH.

IMycte N u N’ — KOMIAKTHBIE f-MePHBIE NOJIMHOrO-
obpasus M, upuueM ON = 0N’ = 0M = &. Passocts
pa3MepHOCTeli m — n Ha3blBaeTCs KOPA3MepHOCTbIO TIOJN-
MHoroo6pasui.

Onpeneaenne. [lodmnozoobpasue N Gopdaurno
N’ B M, ecitn moJAMHOXKeCTBO

N X0, e)UN X (1 —e, 1]

mHorooGpasua M X [0, 1] mMoxHO Tak pacwHPUTb 10
KOMIIaKTHOTO MHOrooGpasus

X =M X0, 1],
0X=NXO0UN X1,

1) Cpemyer npeZynpefuTb o HEKOTOPOM pasHoGoe B TEPMHHOJO-
rud. DOPAH3MBI elile HECKOJbKO JIeT Ha3al HasHBaId (a HHOLUA
U ceifiyac 1O CTapodl NaMsTH HasblBaloT) KoGopauamamu. Takofi rep-
MHHOJOTHEeH noab3oBaicss u Muanop B opurmnasne srofi kuurn. He-
JaBHee H3MeHeHHe TePMHHOJIOTHH BBI3BAHO TeM, 910 GopausMbl (GbiB-
wHe KOGOPAM3MEI) B HEKOTODOM OTHOIWIGHHH aHAaJOTHYHBI TOMOJIO-
rusiM; TepMHH «KOGOpIH3M» pesepBHpyeTcs IJS APYroro NOHATHA,
TPUMEPHO TAK e CBA3aHHOTO ¢ GOPIH3MaMH, K4K KOTOMOJIOTHH C [O-
MOJIOTHAMH.

Hanee, tepmuH <«00OpAH3M» vaile ynoTpebigercs B CJI0BOCOYE-
TaHHH «KAAcC 60pQu3mos» (T. e. kaacc GOPHAHTHEX APYT APYrYy noj-
MHoroo6pasuii Muoroo6pasus M). Bmecre ¢ Tem paHblle CJI0BO
«6opauaM» (B TO Bpems — «KoGOpIH3M>) o3Hauano tpofiky (X, N,
N’)" ¢ onmucauHeiMM BHIUE CBOcTBaMHM. B mepesojge OHLIO pelleHO
coXpaHuTh «BOpPINU3MB» TOJLKO B MePBOM cJOBOcoueTaHHH. Hro Xe
g0 X, TO $§ PHUCKHYJ BOCHOJNb3OBATHCS CJHOBOM, KOTOPOE TOMOJOTH
HOCTOAHHO yHOTPEGASAIOT YCTHO: OHH HA3HBawT X «IVIeHKOMH»
(noxpoduee: unenxkof, coefHHsiomeds N ¢ N’ nnu peanuayolled ux
GOpAAaHTHOCTE). — [T pum. ped.

uTo



Mx( Mx1 T Mx2

Puec. 15. Ckienpanue A8yx GOpAH3MOB BHYTPH M.

N
L 3 ) i
X
_J/
—Fv—
Mx[01]

Puc. 16. OcpameHnHue nogMHOroo6pasus H ocHa-
LIeHHAaj IVIEHKa,
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a X (xoTopoe B jJanbHefilleM GyZeT Ha3bIBaTbCA <IJIEH-
Koii») He mepecekaerca ¢ M X 0 UM X 1, xpome todek
Kpas 0X.

Sicro, uro Gopau3M ABJAAeTCA OTHOIIEHHeM SKBHBA-
JeHTHOCTH (cM. puc, 15).

Onpeneanenue. Ocnaujenues noaMuaorooGpasus
Nc M Haswiaetcs rifagkas ¢yHKUuS b, craBsmas
B COOTBETCTBHE KaxJAo# Touke x & N Gasuc

b(x)=(0' (%), ..., V™" (x))

TIPpOCTPaHCTBa TNy ©TM; BeKTOpOB, HOPMalNbHHX B
Touke ¥ K N B MHoroo6pasuu M. (cm. puc. 16). Ilapa
(N,b) Ha3elgaeTcs  OCHAWEHHbIM — HOOMHO2006pA3UEM
mMHOrooGpasusi M. IBa ocHallleHHBHIX NOAMHOrooGpasus
(N,v) u (N, w) - ocrnauienno 60pdanTHbl, ecan Ccylue-
cTyioT Takaa maeHka X < M X [0, 1], coennnsomas N
n N/, u Takoe ocHallleHHe u INIEHKH X, uTtO

u(x, )=(0v'(x), 0) amaa (x, )N X]IO0,e),
u(x, =(@"'(x), 0) maa (x,H)=N X( —e, 1].
3710 onATh OTHOLIEHHe SKBHBAJIEHTHOCTH 1),

') Tak kak Kajee peub 6ydeT HATH o OOPZAHTHOCTH MHOTrO-
o6pasufi, ABIAIOMIHXCA mpoobpazaMy peryJsapHbIX 3HaueHHH, TO neJe-
c006pasHo YTOUHHTb, YTO 3TO O3HayaeT B TOM CJyuae, KOTZA ONLHH
H3 3THX 1Mpoo6pas3oB MycCT.

ITo Gosblreit wacty Munnop maer TakHe GOPMYyJTHPOBKM, KOTO-
phle COXpaHsIoTCs H B 3TOM C/Iyuae, €CIH YCIOBHTbCA uHcTO (op-
ManbHO HAa3bIBaTh NYCTOE MHOXKECTBO & «KOMIAKTHHIM A-MEpHBIM
noaAMHoroo6pasuem Muoroo6pasusi M» (¢ n, 3aBucsmuM or obcra-
Hopkd. Korma peub umer o6 OCHALIGHHH, TO BBHAY OTCYTCTBHSL B
& Toyek comoCTaBAATh uM OGasuchl He npuxomurcs.) Tak, MoxHo
BCIOAY B MNPHBEIEHHOM Bblle olipeleJeHHH GOPAAHTHOCTH NOAMHOrO-
o6pazuft N u N’ samenntb N’ Ha &; noayuurcs QopMyaHpoBKa He-
KOTOpOTro cBoficTBa noaMuoroobpazus N < M. dopmanbHas 3aMeHa
N’ wa @ ue coBceM TOZHTCS TOJMBKO B CaMOM Ha3BaHHH 3TOI'0 CBOM-
crBa: ecim N sruM cBofictBoM o6Gsianaer, To OGLIYHO T[OBOPAT, HE
«N GopnautHo B M nycromy MmHOXecTBY», a «N GopmaptHo B M
Hyatos. Hin «N orpannunpaeT B Ms. Paxn gcHocTH MOBTOPHM ompe-
JAeJIeHHs AJIR 3TOTO Cayyas. -

" Komnakrthoe n-MepHoe mnoaMHorooGpasme N < M, rge ON =
== OM = &, 6oplanrno nyso 8 M (oepanutusaer 8¢ M), ecan B
M X[0,1] noamuokectso N X [0,€) MomHO pacmupuTb A0 <«HaTs-
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PaccmorpuMm Tenepb raafkoe oro6paxenne f: M—»S»
H ero peryJspHoe 3HaueHne y & SP. OroGpaxenue f cae-
KyoluEM 06pa3oM HHAYUHPYET OCHallleHHe MHOTOOGpasust
f~1(y). Boi6epem mOnOXKHTENbHO OPHEHTHPOBAHHBIH 6asHC
b =(v!, ..., vP) xacareabHoro npoctpasctea .T(SP),.
HanomunM, uto Ags Kaxaoro x f-'(y) (cM. crp. 194)
IPOU3BOLHAA

df g2 TM,— T (S%),

nepesoauT noinpocrpanctso Tf'(y)x B 0, a ero opro-
roHa/jbHOe JOMHOJHeHHe Tf"(y)i‘ usomop¢uo oroGpa-
xaer Ha T(S?),. Ilosromy cymecTByer eXHHCTBeHHBIA
BEKTOP

w'(x) e Tf' (9); = TM,,

KOTOpHIi nepeBoputcst B vf mox peficreuem dfy. Ias no-
JIy4eHHOro OCHallleHHs W!(x), ..., WP (x) MHOrooGpasus
f'(y) Oymer ymnoGHO HCIOAb30BAaTh OGO3HAUEHHE W=
= [*b. ,

OnpepeneHne. OcHameHHoe  MHorooGpasue
(' (y), [*v) 6ymer masmBaTbCa mHozo00pasuem IlonT-
pA2una, COOTBETCTBYIOIHM OTOGpaxeHHIo F.

Koneuno, y f ectb MHOTO MHOroo6pasuit [TonTpsiruna.
OHnH 1OAYYAOTCsA NpH pasnudHoM BhIGOpe y u b, HO BCe
OHH NpHHAAJIEXAT K OLHOMV H TOMY e KJIacCy OCHa-
HIEHHBIX 6OpPAH3MOB.

TroreEMA A. Ecau y’ — Opyzoe pezyrsaproe 3nauerue
042 [, a b — noOAOKHUTEALHO OpUEHTUPOBAHHbUL 6a3UC

myro#t Ha N X 0 niekd X», T. €. N0 TAKOrO KOMIAKTHOrO NMOAMHO-
roobpasus X = M X [0,1], uto 0X = N X 0 n X He mepecekaercs
¢ MX0 u MX I, xpove toyex kpas 9X. ITycts remeps N ocHa-.
meHo H ¥ —— ocuamenne, ITapa (N, $) ocnamenso GopzaHTHa HYJI0
B M, ecotn 3 M X [0, 1] cymecrByer Takast nieska X, naTamyTas Ha
N X0, uro % mnpomoaxaercs OO OCHallleHHs1 8 3TOH IIEHKH B
MXI[0,1} T e ’

ul (x, £) = (v (x), 0) upu  (x, ) & N X [0, e).
— fTpun. ped,
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npocrpancrea T (SP),, 10 oOcrawjennoe mroeoo6pasue
(F1(y’), [*v') ocrawenno 6opdanrno (f~'(y),f*v).

TeoreMA B. [8a eaalkux orobpasxcerus mrnoeoobpa-
3us M 8 SP 2aa0ko eomoTonHel TO20a U TOABKO TO204,
Koz20a coorsercreyrouitie mHozoobpasus Ilonrpsaeuna oc-
Haugenno 6opBanTrbL ),

Teopema C. Jlwoboe ocnaujennoe Komnaxrnoe nod-
mroeoobpasue (N,w) xopasmeprocTu p 8 M sasaserca
muoeoobpasuem IIOHTpseuna, COOTBETCTBYIOULUM HEKO-
Topomy eradkomy orobpaxcenuto f: M — S».

Taxum oGpasoM, Kaacchl TOMOTONHBEIX OTOOpaMKeHHH
HaxoJfATCS BO B3aHMHO OJHO3HAYHOM COOTBETCTBHH C
KAacCaMH oCHauleHHBIX OOpPAH3MOB MNOJAMHOroo6Gpashii,

HokazarenbcTBO TeopeMbl A oOueHb [OXOXe Ha pac-
cyxkneHust § 4 u 5. OHO GyHeT OCHOBaHO Ha TpeX JeM-
Max.

JIEMMA 1. Ecau b u v’ — 08a pasHbix 10A0KUTEALHO
opueHTUpOBanHblX 6a3uca 8 TOYKe Yy, TO MHO2006pasue
Hontpaeuna (f~1(y), [*v) ocrawennobopdanrno mrozo-
o6pazuio (f-1(y), [*v’).

HokasarenbcTBo. BribepeM rmagkuii myTh,
COENMHSIIOUHA b ¢ b” B IPOCTPAHCTBE NOJOXKHTENbHO
opHeHTHpOBaHHHX Oasucos npocrpascrea 7T (S?),. Cy-

“CTBOBaHMEe TAaKOro INyTH ofecrneuuBaeTcsi JHHeAHON
.sSI3HOCTBIO NIPOCTPAHCTBA TOJOXKHTEJbHO OpHEHTHPO-
BaHHBIX $a3uCOB, KOTOPOE MOXHO OTOMAECTBHTb C HpO-
crpanctBoM GL*(p, R) maTpull p-ro nopsilKa, HMEIOIHX

1} B wactHOCTH, TMafKoe oToGpaxenne M™ —SP rpagko romo-
TONHO MOCTOSIHHOMY ofoGpaxenuto (oToGpameHnuio, o6pas Kotoporo
CBOAMTCA K OJHOH eZHHCTBEHHOH TOuKe) TOrAa H TOJbKO TOr/a,
KOT/la COOTBeTCTByWHIee MHorooGpasue IToHTpAruHa ocHallenuo 6op-
AAHTHO HYJIO.

OTMeTuM elile, 4TO B TeopeMe B BMeCTO «TVIafKOH TOMOTONHH»
MOXKHO TOBOPHTH IIPOCTO O «TOMOTONHH®, OJIHAKO MO-NPEXHEeMY CuH-
Tas paccMaTpuBaeMble oToGpaxkenus M™ —S?P rnagkumu (cM. § 8§,
sagaua 4). [las HenpepbiBHEIX, HO He raalKuX OTOGpaxeHHH
Mm — S? roBoputh 0 MHOroo6pasuu IToHTPArHHA He NPUXOAMTCH,
OAHAKO H3 TOH e 3ajaud BHAHO, YTO HX TOMOTOMNHYeCKAas KJiaccu-
dukauus CBOAUTCS K TOMOTOMNHYECKOH K/JAcCHQHKAUMM TIiafKax
oToGpaxkeunit. — 11 pun. peo. ) .



§ 7. OCHAIIEHHEIVI BOPAM3M; KOHCTPYKIHS ITOHTPATMHA 237

MOJIOXKHTENbHEIA OnpeneauTe b ). DTOT OyTh U JaeT Tpe-
6yeMoe ocuaienue mieHkn f~1(y) X [0, 1].

Honyckas HEKOTOPYIO BOJLHOCTb B 0603HaUeHHsAX, MBI
6yaeM 4acTo ONyCKaTh YKa3aHue Ha f*b u rOBOPHTb IpO-
cto 06 «ocHaIleHHOM MHoroo6pasuu f=!(y)».

Jlemma 2. Ecau y — peeyaaproe 3nauenue 0aa f, a
2 docrarouno 6ausko Kk y, 70 muozeobpasue [1(2> 7c-
naujenHo bopOanTHo mHo2006pasuo [~1(y).

HJokaszarteabCTBO. BBHAY KOMIAKTHOCTH MHO-
xectBa [(C) KpHUTHUECKHX 3HaueHHH orobOpameHus |
MBI MOXKeM BbIGpPaTth TaK & >0, YToOBl &-OKPECTHOCTH
TOYKH Y couep:kaja OBl TONbKO peryasipHble 3HaueHHs.
3adurcuposar 2, [|z—yll <e, BhiGepem raagxkoe oOn-
HOollapaMeTpHuyecKoe ceMeHCTBO BpameHHH (T. e. H30TO-
nuo) r;: SP > 8P rag, uto r1(y)=2n
1) r;-——roxpectBeHHOe oToGpaxeHHe npH 0 << f =<
< ¢

2) ry coBnagaer ¢ rympu 1 — ¢’ <t <L 1

3) nas Becex ¢, 0<C ¢t <1, npoo6pas ri'(z) nexnr
Ha GOJbINOH OKPYXHOCTH, NPOXOASIEH uepe3s y H 2, H,
CJAEe/OBATENbHO, SIBJASETCH PEeTryJAsSPHHM 3HAY  °M OTO-
6paxenust f. OnpeneauM roMoTONHIO

F:MX][0, 1]—S8*
popmyaoit F(x, t) = ryof(x). Ina kaxpgoro t touka 2
ABASETCS PeryJsPHBIM 3HAUeHHEM KOMIIO3HIHH
T Of : M — 82,
M3 storo caenyer, uto 2 TeM Gojee sBASeTCS pery-
JAApPHEIM 3HaueHHeM oroOpaxeHus F. Ilostomy
-1
F (e M X0, 1]
-— OCHAIeHHOe MHOrooGpasHe; OHO 3ajaeT OCHAIIEHHBIH
GOpAH3M MeXJY OCHAUEHHBIMH MHOroo6pasusMu [ (2)

" (ri° ™ (z) = Tl (2) = f—l.(y). 310 pHOKa3bBaeT
JemMmy 2.

) Cwm. cpocky Ha crp. 222, — [Tpum. ped,
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JIemMMa 3. Ecau | u g eaadxo comotonuel, a y Ae-
ARETCA  pecysapHbiM 3Haueruem Oaf HUX 060ux, TO
[~1(y) ocnawenno Gopdanrno g='(y).

HdokasaTtenbcrBo. BeiGepeM Takyild rOMOTOMHIO
F, uto

F(x,)=f(x) mpn 0<I<e,
Flx,t)=g(x) mpu 1—e<IiI.

ITycte 2 — Takoe GAH3KOE K § peryasipHoe 3HauyeHHe
oto6paxennss F, uro f[1(2) ocHaleHHo GopAaHTHO
[(y) n g'(2) ocHameHHo 6GopmantHo g—!(y). Torma
F-1(2) — ocHallleHHOe MHOrooGpa3sue; OHO 3ajgaeT OCHa-
ImeHHBI Gopanam Mexnay f1(2) u g-1(2). Dro moKasbl-
BaeT JeMMy 3.

HdokxaszatensctBo TeopeMb A g aByx
(bHKCHPOBaHHBIX peryJspHBEX 3HaueHHA y H 2 orobpa-
JKeHHA [ MOXHO Tak BHIODaTh BpallleHHS

ree SP— 8?7,

4TO0 ro— TOXKJeCTBeHHOe OTOGpaxeHHe, a r((2) = 2.
Torpa orto6paxeHHe [ TOMOTOIHO KOMIO3HUMH ryo'f;
nostoMy f1(2) oOcHauleHHO GOPAAHTHO OCHALIEHHOMY
N0AMHOro0o6pa3uio

(ro N7 @ =F""or () =F"1u).

Iloka3aTenbCTBO TeOpeMBl A 3aKOHYEHO.

HoxkasareabcTBo TeopeMbl C GyleT OCHOEaHO Ha yT-
BepXKJEHHH, OTHOCAIleMCH K CJeaylolleff CHTyauHd.
IMycte N M sBasfeTcs OCHaMleHHbBIM NOAMHOrooGpa-
3ueM KOpa3MepHOCTH p c¢ ocHauieHueMm b. Ilyete N koM-
naktHo u ON = M = .

TEOPEMA OB OKPECTHOCTH — NIPSIMOM [POH3BENEHHH.
Hexoropas oxpecrnocre nodmuozoobpazus N e M Odugp-
peomophrna npoussedenuro N X RP, npuuem Ouggpeo-
moppusm moxcHo 8vlbpare rax, 41066l KamOas ToUKA
x & N coorsercraosara touke (x, 0) & N X R?, a aro-
6oe waneped 3adannoe HOpmarbHOe oOcHauieHue Y(X)
COOTEETCT808aA0 cTanOapTHOMYy 6asucy & RP,
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3ameuanne. He xaxkpoe noamMHorooGpasue HMeeT
OKpeCcTHOCTb, AH(P(PeoMopdHYIO NPOH3BENEHHIO IOAMHO-
roo6pasusi Ha eBKJIHAOBO NMpocTpaHcTBO (cM. puc. 17).

[JlokasarenbcrBo. CHayajda NOpPeANIOJOXKHM, UYTO
M sapasieTcs eBKJHIOBHIM npoctpaHcTBOM R»+?, Pac-
cMOTpHM oTo6paxeHHe g: N X RP — M, onpepenenHoe
tdopmyoht-

glx by oo, ) =x 4140 (x) ... 1,07 (x).
Slcno, uro anddeperunan dgey,o,...,0) HEBBHIPOXKIEH; MNO-

sToMy g nuddeomopdHo oTobpaxaeT HEKOTOPYIO OKpecT-
HOCTb TOYKH (X, 0)= N X RP? Ha OTKDPBHITOE MHOMXECTBO.

Pue. 17. IMoamuoroodbpasue, ue gony-
cKamollee OCHAIEHHS.

Mu fokaxeM, 4TO Npu JOCTATOYHO MajsoM e >0
oto6paxeHHe g B3aHMHO OQHO3HAUHO Ha BCell OKpecT-
HoctH N X U, mHorooGpasnst N X 0; 3neco- U, 0603Ha-
4aeT e-OKPeCTHOCTb Hy/as B RP. B nporuBHOM cayuae B
N X R? cymecroBanu 6nl Takde napm (x,u4) 5% (x/, u)
¢0 ckonb yrogHo madeimM flull u |4’ {], gto

g(x, u)=g (', u).

Beuay KOMODaKTHOCTH MHOrooOpasusi ¥ MH MOrJIH
6bl BHIOpaTh TAKYIO MOC/AELOBaTeNbHOCTb MOMOGHHIX 11ap,
YTO ¥ CXOAATCS, CKaxeM, K Xo, X' —K xj, u—0 n
w'— 0. B s1OM Ccayyae sCHO, 4TO X, ==xj, H Mbl HOJY-
yuay OBl NPOTHBOPEeYHe C B3aUMHOH OJHO3HAYHOCTHIO
oToQpaKeHHs £ B OKPECTHOCTH TOUKH (Xo, 0).

CnenoBarenbHo g  anddeoMopdpHo  orobpamxaer
N X U, Ha HekoTOpOe OTKphHiToe MHOXecTBo, Ho - U,
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audpdeoMopphHO BCeMy eBKAHAOBY mnpocTpaHcTBy RP
IIOCPeICTBOM OTOOP aXKeHHs

Tak kak g(x,0)=x # dgx,q O6TanaeT HyXHBIMH
CBOHCTBAMH, TO TeopeMa 06 OKPeCTHOCTH — IPAMOM
NpOU3BEJIEHHH B YacTHOM cayuae M = R"*P pokasaua.
B ofweM cayuae npsiMble JHHHH B R™P HyXKHO 3a-
MEHHTb Ieojle3HUeCKMMH JTHHHUAMH Ha M. DBonee TtouHo,
nyctb g(x, f, ..., fp) — KOHel AYTH reoje3HdecKod JH-
wun Ha M pammm || fot(x) + ... 4 fpu?(x)|, BBIXOZA-
mie#i B3 TOUKH X C HayaJbHBIM BEKTOPDOM CKOPOCTH

tol (0) + ... F1p0" ()
Ntot(x) + oo +207 (0)1°

Yurarednio, 3HAKOMOMY C Treoj¢3HYECKHMH, He COCTa-
BHT TpyJAa [IPOBEPHUTH, YTO IIPH ZOCTATOUHO MaJOM & OTO-

OpaxeHne
g: NXU,—»M

KOPPEKTHO ONpejaeseHo, IJaako H Aup@peomopdHo oTo-
GpaXkaeT HEKOTOPYIO OKpecTHOCTb ToukH (¥, 0)& N X U,
Ha HEKOTOpoe OTKphiToe MHOXecTBo!). KoHen pokasa-
TeAbCTBA NPOBOAMTCA TOUHO TaK XKe, KaK Bblllle.

') Upnrartedb, HeZOCTATOYHO 3HAKOMBIA ¢ TEONE3MYECKHMH, BO3-
MOXKHO, Haifer . Gonee npocteiM ciegyiomuit nyte. CuHTasg, 4TO
N#» — M™ — Rk, BanoMHuM, uTo MuiHOp paccMaTpHBaer Kacareib-

Hoe mpocrpancTBo TMY kak m-MepHOE BEKTOPHOE, POCTPAHCTBO B
R*, npoxonsimee uepe3 0 (a He uyepes x); mapanjie]bHoe eMy JHHEH-
Hoe NpOCTPAHCTBO, NPOXOAsAllee uepe3 x, 0603HaunAM Ha MHHYTY ue-
pes L.

ITycts TM;‘L ~ pekTopHOe (kB — m)-MepHoe  IPOCTPAHCTBO,
oproronanbioe Xk TM. u Toxe mpoxonsitee uepe3 0, u L;:‘ — mapan-
JIebHOE eMy JHHeHHOe MPOCTPAaHCTBO, Mpoxoisinee uepez x. ToukH
ppoctpanctBa L. cytb x+y, y &TM,, a toukn L;‘L cyTh X + 2,
zeTM;CL. Kaxayw Touky § & M MOXHO OPTOrOHa/JbHO CIPOEKTH-

posath.Ha L, u L,‘é‘; nycts x4y H X -+ 2 — 31 npoekuny. Toraa
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HoxasateabctBo Teopemn C. Ilyets N
v M — KOMIaKTHOe OCHalleHHOe MNOAMHOroo6pasue Ge3
Kpasi. BosbmeM, Kak 3TO GbLJIO CHEJaHO BhIle, NPeICTaB-
JeHHe HEeKOTOpOH okpecTHOCTH V noxmHoroo6pasus N
B BHJE NPOH3BeJEHHS

g NXRP—VcM
H ONpeAesHM TPOEKIHIO
wn: V—>RP

dopmyaolt n{g(x, y)) =y (cm. puc. 18). ScHo, yto O
ABJisieTCA DEryaspHeIM 3HayeHueM, a n-'(0) B TOYHOCTH
COBIIagaeT C N BMmecTe ¢ 3aJaHHbIM HAa HEeM OCHAallleHHEM,

p
o2 2. :
(%%
N

Puc. 18 Iloctpoenne oro6pakenus ¢ 3a-
JNAHHHM MHOroo6pasueM IloHTpArTHEA,

Tenepr BO3bMeM KaKoe-HHOYIb TafKoe oOToGpaxe-
HHe ¢@: RP— SP, KoTOopoe MNepeBOAHT BCe TOYKH X
cllxll =1 B onHY «OTMeUeHHYIO» TOUKY So, 4 OTKPHITHIH

HeXoTopas OKpecTHocTh W TOuKE X Ha MHorooGpasmm M onuch-
BaeTcs ypaBHEHHEM BHAA

2= (e=TML, y=TM,, lyl<e),

rae f%: TM, > TMy — rnagkan dynxuns u dfs =0.
WneMu cnoBamu, Kaxzaas Touka g = W umeer cBoefl oproro-
HanbHOW mnpoekumefi na L, Hekotopoe X -y, rAe y Majo, a Ha

L;"‘-— x+2, rae 2 == [*(y); Takyo TOUKy ¢ MH OBGO3HauMM uyepe3
h*(y). Torga MOMXHO TPHHATDH

glx, tyy ven, tp) = (ol + .. + tpvp )
~— pun. ped.
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eIHHHYHBIA [ap maddeomopdro  orTobpaxkaer!) wa
S?\ so. Onpenennm

f: M—S§?,
[I0JIOXKHB

f(x)=¢(n(x)) npn x&V,
f(x)=s, npu xe&V.

Slcuo, uto F — rnankoe otoGpaxenne B’ ¢(0) sBasercs
€ro peryJisipHbIM 3HaueHHeM. TaK KaK COOTBeTCTBYIOllee
MHoroo6pasHne IloHTpsaruna

' (@©O)=a""(0)

B TOUYHOCTH COBIIajaeT C OCHAUOlCHHBIM MHOF006Pa3HEM
N, TO J0Ka3aTeJIbCTBO TeOPEMBI C 32KOHUYEHO.

Hna pokasaTenbCTBa TeopeMbl B.HaMm cHayana HeoG-
XONHMO MOKa3aTh, YTO MHorooGpasue [loHrpsiruna mio-
Goro orTofpaKeHus ONHO3HAYHO OIpefesisieT €ro Kjaacc
roMoTONHuX oToGpaxenu#l. [lycrs f, g: M — SP —raan-
Kue OTOOpaKeHHs, a y SBJSETCHA PeryaspHHM 3HaueHHEM
I8 HHX OOOHX.

JIemma 4. Ecau ocrawennoe mnozoobpasue (f~(y),
f*v) cosnadaer ¢ (g '(y), g"v), TO oOTObpaNEHUE
2400K0 20MOTONHO &.

. DokasateabcTBo. O6osuauum N = [-1(y). I1pen-
noJgoxeHue f*b = g*b osHauaer, uto dfx = dg, AnA Bcex
e N. :

CHayasna MpPeNNoNOKHM, uTO f B JEeHCTBHTENBHOCTH
coBmazaeT ¢ g Ha LeJol okpecTHOCTH V MHOroo6pasus

N. Ilycts h: SP\y—>RP — cTepecrpaduueckas npoeKiIus

Y Hanpumep, @(x} = A~ {(x/A{[x]?)), rme h— crepeorpadnue-
cKas TPOGKUHA #3 TOUKH So, A — Majikas MOHOTOHHO yOHBaioulasn
¢yuxuus, mpuuem A(H) >0 aprn t<<l m A(f) =0 mpn t= 1
(CunraeM, 4TO So ~— ceBepHBbifi nomoc chepnl SP, a RP napanensHo

TSP, — Ped.)
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u3 Touku y. Torma roMoTOnuA
F(x,)=f(x) mpu x&V,
Flx, )=h""[t- h(f(x) + (1 =) h (g ()] npu x=M \ N

HOKAa3BIBAET, UTO | IM1afKO FOMOTOIHO g.

Takum 06pa3oM, HaM AOCTATOYHO Tak mpoxedopMu-
poBaTh f, 4ToGH OHO.B HEKOTOPON MaJof OKPecTHOCTH
noaMHOroo6pasus N coBmajdo ¢ g; Npd 9TOM Hajgo IMO-
3a6OTHTbCA O TOM, uTOOH B Ipollecce nedopMaluH HH-
KdKHe HOBble TOUKHM He oToOpaxanuch 6bl B y. Bo3pmeM
npencTaBaeHde okpecTHocTH V MmHorooGpasua N B BHIe
npamoro npousseneHuss N X RP -V <M, u nycts V—
HAacTONIBKO MaJjas oKpecTHocTh, uto Hu [(V), uu g(V)
He COIEepXKaT TOUKH j, UEeHTPANbHO-CHMMeTPHUHON TOU-
ke y. Otoxgectsnas V. ¢ NXRP u SP\ 7 ¢ RP, Mu
noayuaem u3 f, g 0oTo6paxkKeHus

F,G: NXR?—>R?,
npHYEM
FT'0)=G"'(0)=N X0
Hn .
dF(y, 0y =0dG (4, ¢y = (npoekuus Ha RF)

s Bcex x E N. _
Cuauana MH HafilieM TakKyio MOCTOSHHYIO ¢, UTO

F(x,u)_-u>0, G(x,u) - u>0

mpu x=N u 0<|lull<e, Tt e Toukm F(x,u) u
G(x, u) TpHHALJeXaT OJHOMY M TOMYy XK€ OTKPBITOMY
nosnynpoctpanctsy B RP ). TTostomy romoronus

— B F(x, u) +1G(x, u),

coenuusiomass F ¢ G, He MepeBOMHT HUKAKHX HOBBIX TO-
uek B 0 — 10 KpaiiHe#t mepe mpu | 4| <c.
Cornacto Teopeme Teizopa,

1F (e u)—ul<clluf mpr [ul<l.

1) Hmenso 3; uctosbsyercsa, uro df, == dg. npH Beex
xe N —IIpun peo.

’13.9*
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TTostomy
[(Flx,0) —u)-u|<cillulp
H 3
Fx,u)-u Zlulf—c,lulp>0

npr 0 <[lu||< min(c7!, 1); aHanOTHYHOE HepaBeHCTBO
cnpasefuBo H aas G. :

Urobbl 06pa3sl yraseHHBIX oT N TOUEK He NMPHLLIOCH
JABHTaTh NPH FOMOTOIHH, BO3bMEM TaKYIO [VIAAKYIO GYHK-
uui A: RP — R, uro

AMu)y=1 npu Jul<c/2,
A(w)=0 upu |u|=c.
Torna romoTonus
Fi(x, u)=[1 —A(u){] F(x, u) + A (u) tG (x, u)
coenuuger orobpaxenue F = Fy ¢ oroGpaxennem F;,
koropoe (1) coBmamaer ¢ G B o6aactu [[ul| <%; 2)

cosnagaer ¢ F mpu |ull = ¢; (3) He HMeeT HOBBIX HY-
ned. Tem cameM monyuaercsi TpeGyemas nedopmaius
HCXOJHOTO oToOpaxeHHus f, U JeMMa 4 HokasaHa.

HdoxasatenbcTBo TeopeMh B. Ecain f u g
IJ1aIKO TOMOTOIHEI, TO, COTVIACHO JieMMe 3, MHOT0OGpasus
IMoutpsaruea f*(y) u g'(y) ocHaueHHO GOPLAHTHHL
O6patHo, ecan f1(y) u g~1(y) ocHaueHHo GOPLAHTHEI, a
(X, ) — ocHameHHas IJeHKa, peaiu3ylomas 3TOT Gop-
J[H3M. TO C MOMOUIBIO PACCYXKIEeHHH, MOJHOCTBIO AHAJO-
THYHBIX JOKa3aTeJbCTBY TeopeMbl C, CTPOHTCH TrOMOTO-

nus
F: M X0, 1] 8%,

s Kotopoli Muoroo6pasme: Ilontparmna (F-i(y),
F*w) B TounocTH comnagaet ¢ (X, w). ITonoxum Fy(x) =
= F(x,f) u 3ameTuM, uto Fy H [ HMeIOT OfHO H TO Xe
mHoroo6pasue Iloutpsiruna. Ilostomy Fo ~ f, coraacuo
aemme 4; ananornudo Fy, ~ g. Orciona f ~ g, u Teope-
Ma B nokasana.

Sameuanusna Teopemu A, B u C MoxHO Jerko
0606IHTE Ha TOT caydal. korxa M — MHorooGpasue c
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KpaeM. OcHoBHas niaea COCTOUT B TOM, 4TOOb paccmar-
pHBATb TOJNBKO Te OTOOpazKeHHs, KOTOpble MNepPeBOAAT
Kpall B OTMeueHHYIO TOUKY Sp. ['OoMoTOomHuecKHEe KJacCHl
TAKHX OTOOpaKeHHui

(M, oM) —(S?, s;)

HAXOATCS BO B3aHMHO OJHO3HAYHOM COOTBETCTBHH C
knaccamMy GOpAMSMOB OCHALIEHHBIX TNOXMHOTrooGpasuil

N < Buyrpennocts (M)

kKopasmepsoctd p. Ecan p2>!/ym + 1, To B 3TOM MHO-
XKeCTBe TOMOTOIHYECKHX KJAcCCOB MOXKHO BBECTH CTPYK-
TYpy a6eneBOH TPYNNLl, KOTOpas Ha3welBaeTcs p-fi Koeo-
moronuueckol rpynmnofi n®?(M, dM). Tpynmosas omnepa-
s B nP (M, M) cooTBeTCTBYeT onepaluu CObelHHEHHA
HellepeceKaloONINXCs OCHALleHHBIX NMOILMHOrooOpasui, Jne-
JXamHux Bo BHyTpeHHocTH M (cm. § 8, samaua 17).

Teopema Xonda

B kauecTBe mpuMepa pPacCMOTPHM CJEXYIOIYIO CH-
tyauuo. Ilyctb M — cBfI3HOEe OpHEHTHPOBAHHOE MHOTO-
obpasne pasMeprHocTd m = p. OcHallleHHOE MOXMHOIO-
of6pasye KOpa3MepHOCTH p — 3TO NPOCTO KOHEYHOE MHO-
MECTBO TOYEK C BBIIEJEHHbIM O0a3HCOM KacaTeJbHOro
IPOCTPAHCTBA B KaXIOH H3 HHX.

[lycts sgn(x) paBHO -1 uaum —1 B 3aBHCHMOCTH OT
TOTO, COrJacyeTcs JH OPHEHTalHs BbIeJeHHOro Gasuca
¢ opueHTanueit M Hau Her. Torza X sgn(x), oueBHAHO,
paBHAa  CTeMeHH  COOTBETCTBYIOMIETrO  OTOOpaXKeHHsA
M — Sm C gpyro#l cTOpOHBI, He TPYAHO IOHATh, YTO
KJlacC OCHAIeHHBIX O6ODAH3MOB HYJbMepPHBIX MHOrooGpa-
3HH OZHO3HAYHO ONpefesseTCs IenblM YucjaoM 2 sgn(x).
CrnemoBaTesbHO, MBI AOKa3aaH CIAELYIOLIYIO TEOPEMY.

TeoreMa Xonea, Ecau M — komnaxrnoe cesasnoe
OpUeHTUposantoe m-meproe mHo2o00pasue 6e3 kpas, TO
O0sa orobpaxcerus M — S™ zaadko comotonnsl To2d0 U
TOAbKO T020a, K020a OHU UMEIOT OOUHAKOBYH) CTENEeHb.

C npyrofi CTOPOHBLI, NPEANOJOXKHM, uTo M HeopHeH-
tupyemo. Torna, B39B KakoH-HHGYAb 6asuc B T'M,, MOXK-
HO IIPOBECTH TOYKY X 0 TAKOMY 3aMKHYTOMY NyTH B M,
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4yTo 3TOT Ga3nC HeNpepbiBHO MNepelizer B 6asuc, HMelo-
IHA TMPOTHBOMOJOXKHYIO opueHTanuiol). B stom cayuae
IIPOCTO JOKa3bIBAETCS CJeXYIOLIee YTBepXKIeHHE.

TeopEMA. Ecau M — c8a3H0e KOMNAKTHOE HEOpUEHTU-
pyemoe m-meproe muocoobpasue 6e3 xkpas, T0 08a 0TO-
6pascernus M— S™m zomoronnbl 10200 U TOALKO T0204,
rxoeda onu umeror odunaxosyro crenersb mod 2.

Teopus ocHameHHBIX GOpIH3MOB Gblna pa3paboTaHa
TTOHTPATHHBIM A/ U3YYeHHSI TOMOTOIHYECKHX KJacCOB
oto6paxeHuit S™—»SP npu m > p (cayuais m < p TpH-

1) Iyets x(#), 0 <<t << 1,— mnyrs B MHoroo6pasum M (r. e
rouxka x(f) & M uenpepsiBHo 3aBucHT oT f). Ilycts BHIGpana opHeH-
tauna O, KacaTeabHoro mpoctpanctBa TMy,. CyllecTsyer Takoi Ba-
sHC » B TMxq), KOTODBIi HENPEPHIBHO 3aBHCHT OT {-(T. €. COCTOHT
H3 HEeMpephHIBHO 3aBHUCAHX OT { BEXKTOPOB) H npH ! == ( OpHEHTHpO-
BaH coraacio (. (CymectBoBanHe Takoro Gasuca 9(f) oue-
BHIHO, €CJH BeCchb UYTb UENHKOM JIEKHT B OJHOM KOODAHHATHOM
okpectiocrd, T. e. x([0, 1]) = g(U), rre g: U-—> M — mekoropas
napaMeTpHsauds. B oflieM Xe ciayzae MOXHO pa30HTb OyTh Ha
YuacTKH, UMENHKOM JeXKallHe B HEKOTOPHIX KOODAHHATHHIX OKDECTHO-
crsix.) Dasucos 9(f) ¢ ykasamHBIMH CBOACTBAMH CYLIECTBYeT MHOrO,
Ho opHeHtauus O, xoropyi (1) ompemenser B TMzxq) 3aBHCHT
_TOALKO OT ACXOAHON opHeHTauud (o W, MOMKET Obith, €llle OT.MYTH
x(t). (Ecnmu w(f) — npyro#i HenpephiBHO 3aBuCAmm#l or { Gasuc B
TMaxty, TO DpH Bcex ! mepexol OT NepBoro 6asuca KO BTOPOMY OnH-
CHIBA€TCA HEBBHIPOXKACHHON MaTpuLed m-ro mopanxa, H €CIH ee ompe-
JleNUTeNb TOJNOXKHTeReH npH [ =0, To oH OyZCr TOJOXHTEJeH H
npn { = 1.) ByneMm roBoputb, uto opHentauusa O noayuaercs npu
neperioce Co 80046 nyru x(t). :

JonycTam Temepb, uto Ha M He cylecTByeT 3aMKHYTOro NyTH,
ofpawaroujezo OpuenTayuwo, T. e. Takoro myTH x(f), 0<<i< 1,
x(0) = x(1), npn nepenoce. BAOib KOTOPOro B TMyu) = TMy, mo-
JlyyaeTcsl OpHeHTAllHs, HPOTHBOMOJOXKHAA HcXoaHofl. 3aduKcHpoBaB
Kaxyw-HH6yab Touky ¥ € M n kaxyio-HHOyAb opHenTaumio Oy npo-
crpagctBa T'M., ompeneanm aaa nwo6ofi ToukH Y € M opHeHTaumo
Oy, XaK Ty OpHEHTAUHMI, KOTOpas mHoJyuaeTcd NpH mepeHoce Oy
BAOJL KAaKOTO-HUGYAb MyTH, COedHHsomero x ¢ y. Ecan 6w Oy sa-
BHcesa 0T BuiGopa 3TOTO NYTH, TO, HAA H3 X B ¥ U0 OJHOMY NYyTH H
BO3Bpamasich H3 ¥ B X IO JAPYroMy, Mbl nojyuunu Ob myTh, obpa-
MAWLAR oprerTanuio. Jlerko BHAeTb, uTo oprentannu (y cornaco-
BaHb B cMbicje, ykasanHoM B Hauane § 5. Wrak, ecnim Ha Muoro-
0o06pasuH HET 3aMKHYTBIX nyTefl, o6paIlafoMHX OpHeHTalHIO, TO OHO
OpHEHTHpYeMO (KCTaTH, OYEBHAHO, 4TO 0OGpaTHOE TOXe BEPHO).~
Ilpun. peo.
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sHanen). Hanpumep, eciu m = p + 1 2> 4, to cyumecTsyer
POBHO J{Ba TOMOTOIHYECKUX KJjlacca OToGpaxenui Sm—»S»p,
[MoutpArud KOKasan 3TOT pesyabTaT, KJIaCCHPHLHPYs
OJHOMEpPHbBIe OCHAleHHbIe NoaMuOroobpasus B S™. To-
paszio TpyJLHee OKas3asjach 3Ta 3ajaua npu m = p + 2224,
HO H B 3TOM CJyyae eMy YZAa/0Ch, HCIOJb3ys 2-MepHbIe
OCHaleHHble MHOroo0pasuf, MOKa3aTb, YTO CYLIECTBYIOT
POBHO IBa roMoTonuueckux kJjacca. OpmHako npu m —
— p > 2 TaKoH NOJXOA K 3Tof 3ajaye ynupaercs B TPyI-
HOCTH C MHOroo6pasusiMu Gosbuiefi pa3MepHOCTH ).
"C Tex moOp BBIICHUJAOCH, UTO FOMOTOIIHYECKHE KJACCH OTO-
Gpa:KeHHH IpOlNe BBIYHCJAATL NPH NMOMOLIH COBCEM JpY-
rux, Gojee aare6pamueckux MeToxoB?)., KoHcTpykuus
TTouTpsiruHa, oxHaKO, ABAsAETCs 000I0LGOCTPLIM OPYKHEM.
Ona He TOJBKO MO3BOJsET HaM MepPeBOAHTL HHYOPMALHIO
0 MHOrooOpasHusax Ha s13bIK FOMOTOIHYECKOH TEODHH, HO H,
Ha06opoT, MO3BOJSET NMePEeBOLHTh HHGOPMALHIO O TOMO-
TOMHAX HA A3bIK TeopuH MHOrooGpasmit. Hekotophie HaH-
6onee raybokue paboTBl 1O COBPEMEHHOH TOMNOJIOTHH
BO3HMKJH IIPH B3aUMOJXEACTBUHM 3THX ABYX TeopHH. Baxk-
HBIM - mpuMepoM sBasietcs pabora Toma o OGoprusme

(140}, [21])

§ 8. YNPAYXXHEHHA

B 3ak/aloucHHe UYHTATeNIO Mpeinaraercs HEeCKOJbKO
3afau.

3agaua 1. Tlokaszatb, uTO cTeleHb KOMIIO3HIHH
gof paBHa npousBeleHHio (CTemneHb g)-(cTeneHs f).

3anaua 2. Ilokasath, uto Jai1000# -KOMIUIEKCHBIH
MHOTOUJIEH CTelleHH fn 3afaeT Iiaikoe 0oTo6paxeHHe CTe-
nenn n chepsr S? Ha cebs.

3anaua 3. JoxasaTh, uTO eClH oTOOpaxeHHs f
¥ g eNHHUYHOA chepbl SP yIOBJETBOPAIOT YCJIOBHIO
l f(x) —g(x)ll < 2 npu BCcex x, T0 [ TrOMOTONHO g, H
rOMOTONHMSA TJafKas, eClnu [ H g raankHe,

1) DTuM MeTOAOM YAANOCH éﬁle pasobpath cnyuaii m—p =3
(B. A. Poxnun [31%]). — lpum. ped.
2) Cm., Hampamep, Xy Cu-usam [56] (man [36*], [49%] — Ped.).
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3agaua 4. Jokasath, yTo ecan X — KOMIOAkKT, TO
JM06oe HenpepblBHOe oToGpaxenue X — SP MOXHO pas-
HOMEepHO NpuGAN3HTL TVIAJKUM OTOOpasKeHHeM, H €eCJIH
IBa raagkux orobpaxeHus X — SP HempepbIBHO T'OMO-
TOIHHI, TO OHH IV14JKO FOMOTOIHBL. ’

Samnaua 5. Tlokasatb, 4T0 -eCiH m << p, TO n0b6oe
ortoGpaxenne M™ —» SP roMoTONHO 0TOGPAXKEHHIO B TOU-
Ky.

3agaua 6 (bBpaysp). IloxasaTs, uto n1060e OTO-
Opaxenne S™— S™ cremeHu, oramuHOoH o1 (—1)nH,
HMeeT HeNOABHXKHYIO TOUKY.

3angaua 7. IToxazats, uro m06oe oOTOGpaxkeHHe
S — 8™ HeueTHOH CTemeHH I[ePeBOLHT HEKOTOPYIO NMapy
HEeHTPANBbHO-CHMMETPHYHBEIX TOUEK B Iapy LeHTpajlbHO-
CHMMETPHUYHBIX TOYEK.

3anaua 8 Ilyetb Mc R* m N < R!'— rananxue
mHoroo6pasusa. [lokasatp, 4TO KacaTesibHOe NPOCTPaH-
ctB0 T(M X N)(x, 4 paBHO TM, X TN,

3agaua 9. [paguxon T rnapkoro otobpaxKeHHs
f: M —» N HasniBaeTCsi MHOXKECTBO TaKHUX TOUeK (X, §)
e M X N, uro'y = f(x). ITokasaTs, uto I' ecth rmanKoe
MHOroo6pa3He H 4TO KacCaTeJbHOe MPOCTPAHCTBO

TT(x, y = TM, X TN,

aBaserca rpaduKoM JHHEAHOro oToGpakeHHs dfy.
3amaua 10. Ilycte nmaHo raagkoe MHOroo6Gpasue
M — Rk, Tlokasatb, UTO KQCATEAbHOE DPACCACCHUE

TM={(x, v)= M X R*|v=TM,})

TaxxKe sABJASETCA TAankuMm MHorooGpasuem. Ilokasarts,
yto Jio6oe raagkoe otobpaxenune f: M — N mopoxmpaer

raajxkoe oTobpakeHHe
df: TM—TN,

npuuem (id — TOXKIecTBeHHOE OTOOpaKeHHe)
d(id)=id, d(gef)=(dg)-@f.

3angaua 1l. AHa/NOrHYHO TOKA3aTb, UTO HOPMAAL-
HOe pacrioenue

E ={(x, v)EMXRkIUETMi}
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ABJAAETCS [JaJKHM Muoroo6pasuen. Ecan M komnaxrt-
HO U He HMeeT Kpas, TO orofpamenne E B R*

((,0)—x+v

nuddeomopdhHo oTOGpamKaeT &-OKPeCTHOCTb MHOTOO6pa-
sug M X 0 B E Ha e-okpectHoctb N, MHoroo6pasus .M
B R* (CpaBuute ¢ TeopeMofl 00 OKPECTHOCTH — IIPSIMOM
mnpou3BseieHuu B § 7.)

3agaua 12. Onpeneaum r: N, —M c nonmourbio
dopmyast r(x 4+ v) =-x. Iloxkasars, uto r(x 4 v) Oan-
Ke K x -+ v, ueMm qo6as Apyras Touka mHorooGpasusa M.
Hcnonp3ys 3Ty peTpakuHio r, A0Ka3aTb aHaJoT yTBePXK-
JeHns u3 3ajaud 4, B Kotopom cdepa SP 3ameHeHa Ha
mHoroobpasve M 1).

3anmaua 13. [lycrs mHoroo6pasus M, N < Rk
He Tepecekaiorcs Apyr ¢ gpyrom. OrtoOpaxenue 3auen-
JeHus ‘

A MX NS

onpefensieTcs CACAYIOLIHM 00pa3oM:
Ax, )= -yl x—yil

Ecan M u N KOMNAKTHbI, OPHEHTHPOBAHLI u Ge3
Kpasi, a cyMMa HX pasMepHocTeil m -4 n = k, To cTerneHb
orofpa:keHHs Ha3bIBAeTC KOIPpuyueHToNn 3ayenserus
I(M, N). lokasarn, uTO

LN, M)=(—=1)"T" " 11 N),

Hoxkasatb, uto {{(M, N) =0, ecan M aBasercsa Kpaem
OpPHEHTHPOBAHHOrO MHOTOOOpasus X, He epecekalouerocs

") B atom aHasore safaun 4 BOOJHE MOXKHO AOMOYCTHTH HajaHuHg
y M xpasa. B sToM cayuae, BMecTO TOro uTtoGBI CTPOHTH [13KYIO
perpakunio N - M wnerotopoit okpectnoctd N muoroo6pasns M na
caMo M (uro, BHpoueM, MOXKHO CA€NaTb), MPOME MOCTYNHTh Tak.
Hekoropas okpecrnocts U kpas M 8 M nuddeomoppua oM X I
(mouemy?). Ilycte M'=M\ (OM X [0, &]), rae ncroab3oBaHo mnpei-
crasnenne U B Buge OM X I u &€ B3TO QOCTAaTOYHO ManbiM. Jlerxo
NoKasarb, yTo M’ sBidercs TAafKHM perpakToM MHoroo6pasusi M,
a M —rnazgkuM perpakToM HEKOTOPOll OKpecTHOCTH N MHOXKecTBa
M’ B ob6beMuiomeM eBKJIANOBOM TpocTpaHcrse. [locse aToro awGoe
HernpepniBHOE OTOOGpaxeHHe KoMnakta X B M MOXHO crepsa amfpo-
KcHMHpOBaTh otofpaxennem X — M’, sateM rnaaxuMm oToOpamkeHueM
X — N v, HakoHen, raagkum otobpamenneMm X —» M. — Mpun. ped.
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¢ N. [artp ompenenende Ko3pdHuMeHTa 3allenieHust
HellepeceKaloOUUXCsl MHOroo6pasuil Ha chepe Smtntl,

3anmaua 4. Unsapuautr Xonpa. Ecau y % 2 —
peryaspHble 3HaueHHA oroOpaxeHua f: S?P—1— SP, 10
mMHoroo6pasus f~'(y) u f!(z) Morytr GHITH OpHEHTHDPOBA-
HBl KaK B § 5; ciemoBarenbHO, MOXKHO ONpEXENUTs KO3(-
tdutluent s3anennenus [(f~'(y), f-1(2)).

a) Jloxasarb, ut0 KO3(pdHUUHEHT 3aUeN/eHds Kak
(GyHKIYS ¥ JOKAABHO NOCTOSHEH.

b) Hokasatb, UTO eCclIH Y- U 2 HABASIOTCA peryasp-
HBIMH 3HAYeHWSIMH Takxke # 1jsd g, a [f(x)— gl <
< |y — 2|l ana Bcex x, TO

L @) @) =1 @), [ @) =1(g"" (), g~ ).

c) Iokasars, uto /{(f*(y), f1(2)) 3aBuUCHT TOJBKO
OT FOMOTONHYECKOro Kjaacca [ H He 3aBHCHT oOT BhIGopa
yuz.

Lenoe uncao H(f) = I(f*(y), f1(2)) HasbBaeTcs
unsapuanton Xongpa orodpaxenns | [55).

3axaua 15 Jloka3atb, 4TO €CJAH pPasMepHOCTbL p
HedyetHa, 10 H(f) = 0. doxasath, uT0 AJNS KOMMOO3HIHUA

N

H(gof) paBuo H{f), yMHOXeHHOMY Ha KBaipar CTe-
neHy g.
Paccaocenue Xongpa m: S®-—-S? onpeneasiercs Tak:

7 (X1, Xo, Xoo Xa) =R ((t1 4 ixo)/(x5 + ixy),

rlie 7 O3HayaeT cCrepeorpadHUEcKyi0 NPOeKUHI0 chepsb
Ha NJOCKOCTb KOMILIEKCHOro InepeMmeHHOro. J[okasartsb,
yro H(n) = 1.

3angaua 16. Tosopsar, uto noamuoroo6pasus N u
N’ mHorooGpasua M nepecexarorca Tpancseepcaivrol),
ecqaH aasg aw6oro x & N1 N’ momnpocrpanctBa TN, u
TNy nopoxpaior TM, (Ecam n+ n’ <<m, 10 310 03-
nayaet, uto N 1 N' = &.) Hoxkasatb, uto eciin N — ocna-
HIEHHOe MoAMHOroo6pasme, TO €ro MOXKHO CJjlerKa [olle-

') Tosopsit Tarxke: N u N’ rpancsepcarvuor; N u N’ naxodarcs
8 o6ues nosoxceruu. — Hpum. ped.
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BeJHUTb TaK, YTO MepecedeHre ¢ JaHHbIM N craHeT tpanc-
BepcasibHbIM ). JloKa3aTb, YTO NOJYyuHBIIEeecs npecede-
HHE eCTb IJIaKOoe MHoOrooGpasse.

3amaua 17, Ilycts [P (M) o6o3HauaeT MHOXKECTBO
BCEX KJ1aCCOB OCHALIeHHBIX GOPAM3MOB KOPa3MePHOCTH p
B MHoroo6pasuun M. Hcnonb3ys TpaHcBepcalbHble nepe-
ceueHHs], ONpexeNnTb oToGpaxeHHe

17 (M) X T (M) — TIP+9 (M).

Tpu p>%m 41, ucnoansya onepauuio o6befHHEHUS

HenepeceKalIuXes OCHAalleHAbIX MHOrooGpasufi, npe-
Bpatuth I1P (M) s abeneBy rpynny (cM. cTp. 245).
3agaua 18* Ilycte M, N — xoMnakTHble TJafKHe
muoroo6pasus ONHHAKOBOH pa3mepHoctH U N cBsi3HO, a
f: M — N — nenpepnuiBHoe otobpakenne. JlokakHTe, 4TO
Vv BCeX raajkux oto6paxkennit g: M — N, pocratouHo
61M3K0 annpokcuMupviouyx f (a Takue g Bcerna cymle-
€TBYIOT; cM. 3anauy 12), crenensr oro6paxenus mod 2
onHa u Ta ke, CrefoBatesanHo, 3TOT BblYET OJHO3HAUHO
onpesefeTcs HCXOAHBIM HENMPepbhiBHBIM O0TOOGpakeHneM
f. Ero uasbiBalot creneHsio oto6paxeuus [ mod2. Ecnn
M u N opueHTHpOBaHB, TO aHAJOTMYHO MOXKHO BBeCTH
cTeneHp JM06Oro HenpepbiBHOro ortobpamenust f: M — N.
OnpeleneHHYI0 TaKHM MyTeM cTerneHb (WM CTeTeHb
mod 2) HenpepblBHOro orto6pa)keHHs f, KOHeUHO, yXe
HeJab3sl HHTEPNPeTHPOBATh B TaKHX HATJSAHBIX TEPMHHaX
(c npooGpasaMu peryJsipHOro 3HaueHus), Kak JJf rjaan-
KHX oro6pakeHHuii. JloxakuTe TeM He MeHee, 4TO OC-
HOBHBlE CBOMICTBa CTefleHy coxXpaHswTca: ecan N mmcer
Kpalt uau ecaum f(M) == N, 10 cCrerieHb (HAN CTenenb
mod 2) paBHa HYJNIO; Y FOMOTOIHBIX oToGpa)KeHuil cre-
neHu paBHBI; BepHBl adaxoru 3agau 1, 6, 7. Ilyete M
n N — KOMIaKTHbIe NJTafikKHe OPHEHTHPOBAHHbIE MHOTr006-
pasus pasmepHocTefl m W m-—] COOTBETCTBEHHO, NPHUEM
M nmeer kpail, cocroflull U3 ABYX HemepeceKaiouuxcs

) 310 BepHo H Ges mpednosokenus o6 ocHaileHHocTH N, TOJb-
KO TIpH 3TOM INpPEANONOKEHHH [0Ka3aTeNbCTBO MOJYYAeTCs MNpOINE.
Eine onnH ciyual, Korga XOKa3aTeLCTBO YNPOILAETCH, — 3TO KOTAA
ofbemuolilee MyorooGpasue M sBaseTcs eBKITHAOBHIM NpocTpaH-
cTBoM. — [T pum. ped,
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mHoroo6pasuit Ny 0 Ng; nyctb f: M — N — HenpepoiBHOe
oTo6paxkenue. [Tokaxure, uro

crenenp [|N,==— crenens [|N,

(1py obbiuHOW opueHTauuu kpas). Ecou ke M, N He
ODHEHTHPYEMBI, TO BO BCSKOM CJjyyae BBIIOJHSETCS CO-
oTBeTCTBYyIoOmee cpaBHeHne mod 2. Brigexurte oTCIOAA,
YTO Kpafi KOMOAKTHOro rJIakoro MHOrooGpasusi He S$iB-
JsieTcsl ero peTpaktoM (paHee GblIO XOKa3aHo, YTO OH
e fBJAsleTCs TJAaiKUM perpaktom). Jlasi HempepbiBHOTO
BEKTOPHOI0 HOJIST ¢ H30JMPOBAHHBIMH HYJSMH ONpeAesH-
Te NOHATHe HHAEKCA NOJs B HyJe I JOKa)KHTe aHaNOTH
OCHOBHBIX pe3ynbTaToB § 6.

3agaua 19* Ilyets M < R* — komnakTHOe raiaf-
Koe MHoOrooGpasne, E —ero HOpMaJibHOE pacc/ioeHHe
(3anaua 11},

E={x,0lx,v)eE, jvj=1}

Jlokaxute, uto E; — KomitakTHoe raankoe (kK — 1)-mep-
Hoe MHoroobpasne. OGosnauasi eAMHHUHYIO cdepy nApo-
cTpancTBa R* wepes R nast noGoro e & SkH-1 pacemor-
puTe KacarteqbHOe BeKTOpPHOe HoJie

t,(x)=oproroHa/JpHas npoekuus e Ha TM,.
4 X

Jloxaxure, 4TO 010 UMeeT HYJAb B TOUKe X TOTJa H TOJb-
KO Torja, Korina e sipasietcst obpasom Touku (x, v)e E,
(¢ HekOTOPBLIM U) IpPH OTOGpAKEHHH

q: E,—>S*1, q(x, v)=0.

Korza 31oT Hy/Ab OyAeT HeBHIPOKAeHHbIM? JlOKaKuTe
CYHIeCTBOBAlHE TaKoro e & S*~1, uro Bce HyAH noas
U,(x) — HeBnIpOXAeHHble. [lokaxure, UTO IJisi Takoro e
BCe KPUTHYECKHE TOUKH (YHKIHUH

fe M—R, [fo(x)=e-x,

OyIyT HeBLIPOXJAEHHBIMH B CMbicjie onpenenenus 4.5 us
Yoaneca.

3agaua 20*. B § 6 nns KOMIAKTHOTO TJafKOro
Muoroof6pa3ng N 0e3 kpast 10Ka3aHO, 4TO BCe Kacatelib-
Hble BeKTOpHble NoJst Ha N c N30AHPOBAHHBIMU HYJIAMHU
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(corsacHo npeablAyllelt 3ajade, TakHe [0Afd CYULECT-
BYIOT) HIMEIOT OfHY M Ty JKe& CYMMy HHAEKCOB THyJefl.
OGosnauum ee uepe3 x(N). [lokasano Ttaxke, uTO
¥ (N) = 0, ecnn pasMepHocTs N HeueTHa.

[Tycte Tenepy M < R* ectb m-MepHOe riajikoe KOM-
nakTHOe MHoroo6Gpasve ¢ KpaeM., Mbl XOTHM HM3YYHTbH Ka-
caTe/ibHble BEKTOpHBlE MOJd Ha A, HMelollle Clelyl0-
niHe CBOHCTBA:

(%) noae uMeeT KOHeulioe YHCJIO HYJel,
a Ha Kpae OHO HalpaBJEHO HapyXy.

Jlass storo mosiesno BmectH Odybab M mHoroo6Gpasus
M. y6ab — 370 m-MepHOe TJaJlKoe KOMMaKTHOe MHO-
rooBpa3ue 0Oe3 kpasi, 0oO6Jajaiollee CJeIyIOUIRM CBOHCT-
BOM: CYULeCTBYIOT Takne MHoroot6pasus Mo, M; u Takue
nugpdeomoppusvpl @o: Mo — M, ¢ My — M, uto

M=MUM, MOM =0dM,=0M,,
Pl MgN M =@ {M, N M,.

Harasnno moKHO mpeicTaBisTh cebe, 4To Ay6/ab noay-
yaetcsl CKJeHBanueM MHoroo6pasug M ¢ ero touHofl Ko-
NHel; CKAeHBaHHe NPOU3BOAMTCH MO Kpaio M, npuueMm
Tak, YTO KamJas TOYKa Kpasi OTOXKAECTBJSETCA CO CBOell
KOMHeH Ha Kpalwo BTOPOrO 3K3eMIuisipa. Ecan ncxoauth
13 «alCTpPaKTHOrO» onpefefennss MHoroo6pasus, Kak y
Yoaneca, H NONb30BaTbCsl OGUIMM Pe3yAbTATOM O CK/AEH-
BaHHM [BYX MHOroo6pasufi no 3azaHHoMy nudgeomop=«
¢usmy kpaes (Yoanec, KoHeu pasn. 2.7), TO Npeablays
mast ¢pasa naet He TOJLKO HArJsIHOE pasbACHEHHe, HO
H MCyephbIBallee olHcaHMe NOCTPoeHUst ay6ast. Echan
e OrpaHHuUMBaTbCH HOAMHOrooGpasHsiMM  eBKAMZOBA
NPOCTPAHCTBA U He ane/HpPOBaTh K HeJOKA3aHHOMY pe-
3yabTaty, T0 AyGJb nerko moctpouth B REH = REX R
(mpu 3atoM M c R* X 0 Gymer <«IpHOOAHSITO® H «H30I
HYTO» IJfl nojy4seHus My, «onymeHo» U «H30THYTO® A
nonyuennst M,). A umenno:

Kpa#t M nmeer B M okpecrHocTs L, auddpeomopd-
nywo oM X][0, 1]; nyers f: aM X [0, 1]— L — nuddeo-
mopduaM, npuueM f (x, 0)=x. Ilycts @: R—> R —raags
Kad ¢GyHKRuua Kjaacca C™ ¢o -CJeayouuMH cBOACTBaMH;
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@)=t npu t<—.§—; @’ (¢) >0 mnpu t<%; o (1)

npH t>—2—. IMTonoxuM
P 3

fi: M X [0, 1]— R¥!'= Rk X R;
fl (x) t)=(f(x, 1 '—(p(l —t))’ (p(t)); '
Li=f (oM X[0, 1]y Mi=@MXINLX1DUL.

MuorooGpasue M, monywaerca M3 AM; OTpaxkeHHeM B
runepmiockoetd RR X 0; nakonen, M = My U M,. (Peko-
MEeHAYEeTCsS TPOCJENHTb 3a MOCTPOEHHUEM, CXeNaB PHCYHOK
It TOTO cJyuvasi, Korma M — ayra Ha NJIOCKOCTH.)

IIpoBepbre, uro M neficTBHTENBHO ABJASACTCS XYyOJeM.
JokaxuTe, 4TO CKOJb yromHo 6maH3ko K opry (0, ...
..., 0, 1) mafizercst Takofi BeKTOp e, 4t0 (B 0GO3Haue-
HASIX Npeabiayileli 3afaud) BEKTOPHOe MHOJe Ue(X) Ha
My Gymer o6mapzarb cBoiicrBamu (%). Paccmarpusas
MOAXOAAIHEe BEKTOPHble HOJist Ha A, XOKaXHTe, 4TO O/
Becex mnojieit Ha M, ylOBreTBOpPAIOMIMX (=), CyMMa HH-
JEeKCOB HyJel Xy — ofHA H Ta Xe:

I

ecin m 4eTHo, 10 23 == y (M);
ecad m HeueTHo, T0 23y — y (OM) = % (M) = 0.

3agaua 21* Jloxaxure reopemy Xonga, chopmy-
aupoBannyo Ha crp. 230, ¢ momoulblo APyrofl TeopeMH
Xonga, nokazanH€ofi Ha cTp- 245. A MMeHHO, NOCTpOfiTe
ChnepBa BeKTOpHOe MOJie U C KOHEYHBIM YHCJAOM HyJ’ed,
3areM AOKaxkKHTe, YTO CYIIECTBYeT KOOpDJAHHATHAA OKpe-
cTHOCTh, AMddeomopdHan mapy, BHYTPH KOTOPOH coxep-
XKaTcsi BCe HYJH NOJA U, H CBeAHTE XOKA3biBaeMYylo Teo-
peMy K TakKoi: MycTb Ha elHHHuHOI cdepe S*—1 B Rn
3aJaHO BeKTOpHOe Hose u (yKe He KacareJsbHoe!), Hurjge
He ofbpatlalouieecss B HYJb, W IyCTb BpalleHHe 4 Ha
Sn-1 (eMm. ctp. 219) paBHO HyJO; TOrJa 3TO NOJE MOXKHO
NPOXO/IKHTD O 1OJisI HA eIHHUYHOM LIape, He HMEIOILero
uynefi. [Tocnennee yreepKueHue HOKaKHTe C [OMOLUBIO
teopeMbl Xonda 06 oro6paxeHusx cdepn B chepy.

3amaua 22*% Ilycte Mm™ < R — rnagkoe KoM-
paktHoe MHoroofpasue. [ Jioforo  eIHHHYHOrO

BeKTOpa e O0O003HauHM uepes3 RE oproronanbhoe ~ emy
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k-MepHOe JinHe#dHOe MOANPOCTPAHCTBO H Yepe3 p, — OPTO-

TOHAJbHYIO TIPOEKILHIO Ha RE. TlocmoTpum, korpa orpanu-
uenne p.|M Gyner BaoxenueM (cm. cTp. 65) MuoOroo6pa-
aus M B R: Panr p,|M 6ynmeT Bciony paseH m, eciu e
Hurfe He kacaercst M. [Ise ToukH x, y & M He mepeiinyr
B OJIHY, €CJIH COeIHHSIOMHA HX BEKTOP He MapaJJesieH e,
ITepedopMyanpyiite 3TH yc/OBHS B TepMHHAaX NOAXOAA=
HIHX BCMOMOraTe/ibHBIX OTOOpaxKeHHH

T\M—S* (MXMN\A-S*,

rie S* — enunnuHas chepa,
IM={x, v)i(x, )= TM, |vl=1}

(TM — xacatenbHOe paccioeHue, cM, 3anauy 10),
A={(x, x)|x &= M}

-~ «naronanp» B npsiMom npousBelenun M X M. Bu-
BeJIUTe OTCIONA, YTO CYUIECTBYeT BJIOXKEHHe MHOrooGpa-
aus Mm B Rzt (teopema Yutuu). Bosee toro, ecnn M
KOMITaKTHO, TO Ji06oe raankoe ortobpaxkeuue f: M7 —»
— R?m+t MOKHO MyTeM Majoro BO3MYLIEHHS NpPeBPaTHTh
BO BiaOXKeHHe (ecan M — nonmuoroo6pasue RR, Tto pac-
CMOTpPHTe BJOXKEHHe

g: M— R R g(x)=(f(x), ex),

P Pp
M mpoeKnuu R2m+1 Y Rk _ZEs pomtise pr—~1 TRty s

—> RS R 25 R™™Y acno, uto pro...oprog=Fh
NOJIyUHTE MCKOMOe BJOXeHHe M — R?mt!  crerka usme-
HASL )

Jlokaxute, yto nupn k == 2m -+ 3 nio6ble IBa BJOXKE-
Hust N™ —» R* rjnanko H30TOMHBL.

3axaua 23* B onpenenenur 6.5 y Yoaseca BBe-
lleHo TMoHSTHe GOPILAHTHOCTH ABYX TMIafKHX KOMHOAKTHHIX
MHOrooOpasufi 6e3 kpas (He nyrate ¢ 6OPAAHTHOCTbIO
noaMHOroo6pasus B 0o0beMJIolleM MHOTOOGpasHH, Kak
310 onpefencHo y Muanopal). [okaxure, 4T0 5TO OTHO-
IeHHe IKBUBAJIEHTHOCTH.

O6o3naunm uepes R,, COBOKYnHOCTb KAaccoB GOpAH3-
MOB MHOTOOGpasmit pasmepuoctu m. [lokaxurte, uto Rpm
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MOMKHO paccMaTpHBaThb KaK COBOKYNHOCTb Kjaaccos Gop-
IH3MOB m-MepHBIX MHoroo6pasuii B RF- wianm 8% ecin
k>2m -+ 2, u uto N, MOKHO NpPeBpaTHTh B albeseBy
Ipynny, HasbiBas CyMMOl ABYX KJaaccoB OOpPAH3MOB, CO-
IepXalux HemepeceKalolnuecst MHorooGpasus M n N,
Knacc Gopausmos  mmorooGpasus MUN. Bwmecro
HeCBSI3HOTO OGbellHEHHs] MOMKHO BOCHOJb30BATbCS CBSA3-
HOfl cymMofl (cM. Youatec, ctp. 155). Onpexennte yMHO-
menne Ny X Ny — Nyyn ¢ DoOMOLIbIO OPAMOTO IPOH3-
BeleHHs] MHOToOOpa3nil U NOKaxHuTe, UTO 110 OTHOLIEHHIO
K BBEJIeHHLIM OMepauusM npsiMas cymma!)

m*:zmm
ABJAETCA aCCOHHATHBHBIM II KOMMYTATHBHBLIM KOJIbLOM
(OHO Ha3bIBaeTCst KO.16yOM 60pOUIMOB). :

Hanast opuentuposannvix munoroo6pasnii M u N moxk-
HO BBeCTH APyroe OTHOlIeHHe 3IKBHBaJeHTHOCTH: M u N
6opdanTHbl KaK OPHEHTHPOBAHHBle MHOrOOOpasHsl, €CJaH
CYLIECTBYET Taxoe KOMIaKTHOe IJ1aJlkoe OpHEeHTHPOBaH-
Hoe muorooGpasue W ¢ xpaem M; U Ny, uto My UN; =
=&, n cyutectByior auddeomopbusM M —M; u
N — N, u3 KOTOpBIX OJHH COXpaHseT, a APYrodl H3Me-
usier opuenranmio (M; U Ny opuentupyercs Kak Kpaii
W). HUcxoasn M3 3TOr0 OTHOLIEHHST 9KBHBAJEHTHOCTH,
nafTe ONpPEeJENeHHs] 2pyYynr OpUeHTUPOBaAHHbIX 6opdu3MO8
Qm U KOAbYA OPUEHTUPOBAHHBLX 60pOudmos Q. = ZQm.
(Uro6bl moAuepKHYTh pasjuuue ¢ 3THM caydaeM, o6 T,
FOBOPSIT, KaK O 2pynne HEOPUeHTUPO8anHolx 6opdusmnos.)

3amevanne. Konbna M, u Q, NONHOCTBIO H3BECT-
ol (M, suiyncauna Towm, BbluHCIeHHe Ke §,, CyHIeCTBEH-
HO NPOABHHYTOE HM, ObIO AOBeNEHO A0 KOHUA YCHJAHSIMH
psiia aBTOPOB).

Sanaua 24* Onpenenute 3fJ1epoBy XapaKTepHCTH-
KY NpPOeKTHBHOrO Npoctpancrasa P» (cM. Yoanec, ynpaxk-
Henus 2.6, 2.7), UCNo/Ab30BaB CTaHAapTHOE OTOOpaKeHnHe
f: S» — P u «1OAHAB» C €ro MOMOMIbIO BEKTOPHOE HOJe
¢ Pn pa 8" (1. e. mocTpouB Ha S™ noJje, f-CBI3aHHOE €

') HanownnMm, uto xoTA uMeeTcs GECKOHEYHOE YHCJIO <«cJarae-
moix» M. kamapli agement x & M, ABAeTCA KOHEUHOA CyMMOil
x4 ...+ %, xiesﬁmi.
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3ajlaHHbIM noseM Ha Pm). Jlokaxure, 4To UpH 4eTHOM A
P ne orpannunBaet (cM. 3axady 20%; BnpoueM, 5TO cie-
LyeT yiKe H3 HEOPHEHTHPYEeMOCTH, ¢M. ¢Tp. 212).

Sameuanne Hcrnoas3osanue 3iiepoBoil xapakre-
PHCTHKH B 3TOlt 3aj1aye — mpoCTefllluil npHMep mpuMeHe-
HH$I /st pellleHHs1 3a7ay o GOpAH3MAX TAK Ha3bIBAEMBIX
XAPaKTepucCTuteckuy KAaccos -— HEKOTOPHIX  «BblledeH-
HBIX» 3JeMeHToB rpyni romosoruit H;(M), onpenenen-
HBIM 00pPa30M CONOCTaBIseMbIX KaKIOMY MHOrooGpa-
3uo0 M.

3anaua 25* B § 7 y Voameca pgokasano, uro
Ka)knast 3aMKHYTast NMOBEPXHOCTb (T. €. CBSIZHOE KOMIIaKT-
HOe raaakoe NByMepHoe duoroofpasiic 6e3 xpas) nud-
¢deoMoppua 0HOI M3 «CTAUAAPTHBIX» MOBEPXHOCTell Xp
(chepa ¢ k pyukamu) mau N (k) (chepa, B KOTOpYIO
BKJeeHbl £ aHcTOoB MEGBHyca).

a) Buluncaure siiepoBy XapaKrepliCTHKY NOBepXHO-
creft X u N(R) u yGennTech, B 4aCTHOCTH, UTO HPH pd3-
JHYHBIX R oua moJgydaercss pasauunoil. (Mbl 3HaeM, 4TO
3f/iepOBa XapaKTepPHCTHKA H OPHElTHPYEMOCTb COXpa-
HatoTed npu anggeomopd e t), 1moyToMy oTCIOAA 10~
Jy4aeTrcsl noJgHast KJacCH(pUKalng 3aMKHYThIX TOBCPXHO-
cTell oTHOCHTenbHO ARG deoropdi3NoB.)

6) B KauecTBe HHBapHaHTa, pa3NTHYALOLIEIO S, H
N (k) npu pasublx k, Yoanec Hcioab3yer poa IMOBepx-
HOCTH, T. €. MaKCHMaJbHOE YHC10 HeHepeceKalouxCs
LJafKuX 2) OKpyKHOCTell, OpH pa3pese 00 KOTOPbHIM MO-
BCPXHOCTb OcTaeTcst CBsI3HOf. XoTsl Mbl 08olAHCh 003
pona, HeaHlllHe yOeIHTLCH, YTO PO 3aMKHYTONl HoBEpX-
HOCTH KOHeueH — (pakT, OpHHATHI B § 7 v Youaaeca 6e3s
nHokasateqancta. Ilycte Ha mosepxsocTn M cyiectsyet
r HellepeceKaloILUXCA [VaZKHX OKpyxHocTell. Paspexem
M no HuM R 3aKJCHM KPyraMM BCe MOJyYeHHBIe IblpKH

') Ha camom gese ouu coxpausioTess H UpH roveoMopdirime.
310 0KA3bIBAeTCs B a1rebpanyeckoil TOmo oriH.

?) O6umHo B onpenedenuil pofa (ompeiereune 7.0 y Yoaaeca)
FAaJKOCTH He TPpebywT. MOXKHO 10Ka3aTh, UTO B MAHHOM CAyuae 3TO
Hecymectsenno. Ho ecan Mbl murepecyemcst knaccndukattieli 3aMKHy-
THIX TOBEPXHOCTEll OTHOCHTE/bHO AKPdeoMopdhiaMos, To npoule HH-
yero He JI0Ka3LiBaTh, a MNPAMO BKIOUUTh TpeGoBaAHME TI1aJKOCTH
B onpenencune. Hesaxuo, Oyner a8 poa B Hamem cmbicie cOBIARATH
¢ OfbIuHBIM; BAXKHO, 4TO OH COXPaHsAeTca UpH AHddeoMophHIMAX.
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(xoTopbix Gyner He MeHee r H He Gojee 2r). O603HAUHM
3iinepoBy XapaKkTePHCTHKY MNOJYYEHHOH 3aMKHYyTO# mo-
BepxnocTH uepe3 x’. Jlokaxure, uro ¥’ Zyx+r u y <2
BuiBegute orcioaa, uto poi M << oo.

B) Kakne u3 3aMKHYTbIX TOBepXHOCTeH OrpaHHYH-
BaloT?

3agaua 26* Ilycth Mnr—1c R®™ — rialkoe KoM-
flakTHOEe moAMHorooGpasue Ge3 kpasi, a S* ! — exHHHu-
nas cdepa |l x || = 1. dasa moGosi toukn p & M*! on-
peneaum nopadok mod2 rouku p ornocuresvrho Mnt
Kak crenedb mod 2 oTo6paxeHns
(*) 7 S s S .l

flx— pll

O6osnauum ero uepes o{p, M*1). BosbMeM Ha Xaxof-
KUOYAbL rMagkoll Ayre, TpaHCBepcasiibHO Nepecekalouled
Mn—t B TOuKe pg, ABE TOUKH Py H po, OU3KHE K py H pac-
NOJI0XKEHHbIE [I0 pasHble CTOPOHB OT Hee, JIOKaXHTe, 4TO

@(Pn M) = o (p,, M"Y mod 2.

BuiBenute otcioga, uto R™\ Mn»—1 mecBsiano. Paccmar-
puBas NOAXOASILYIO OKpecTHOCTh M7P~!, NnokaxkHTe, 4YTO
R \\ M»—! COCTOWT pPOBHO' H3 IBYX KOMIIOHEHT H YTO
Mn—t conanaetr ¢ rpanuueil Kaxnaoit u3 Hux. Jlokaxure,
HakoHel, yto M"~! OpHeHTHDyeMO H JONyCKaeT OCHa-
nienue B R7.

(Temepb Mbl MOraM 6bi, opueHTHpoBaB M™~!, ompe-
nequThL nopadox Touku p orsocureabno Mm—! kak cre-
neub otobpawkennst (x). OueBHAHO, 3TO KO3bPHUMEHT
sanensienuss p 0 M»~i, Pasymeercs, MOXHO H B o0ueM
cayyae BBecTH Koa¢HuiHeHT 3auennenuss mod2; waul
nopanok mod 2 — vactHbIf cayua#.) '

MipunoxKenue

KNACCHOHKALHA OAHOMEPHLIX MHOF00GPA3HHA

3nech MB HOKa)KeM OJAHH pe3yJbTaT, KOTOPbiH HC-
NoAb30BasCd B 3TOH KHUTe.

~ TeopemaA. Jlo6oe ceasHnoe 2aadxkoe OOHOMEPHOE MHO-
2006pasue ugpeornoppro aubo oxkpysxsroctu S, aubo
unrepsasy 4ucaosoll ocu R.
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(Mnrepsas — 370 cBA3HOE MOAMHOXKECTBO R, He CBO-
osufeecst K oAHOH ToukKe, OH MOXKeT ObITb KOHEUHBIM
WM GECKOHEeYHBIM, 3aMKHYTbIM, OTKDBITHIM HJH HOJYOT-
KDBITBIM.)

TTockonbky JioGol uuTepBan auddeomopder 1) nubo
[0, 1}, mu6o (0, 1], mu6o (0,1), TO CyLIECTBYIOT TOJBKO
4YeThipe pasiHYHbIX CBA3HBIX OJHOMePHBIX MHOrooGpasud.

B nokasatenbcTBe GyAeT HCHOJb30BaHO MOHATHE
«IJHHBL Kyrh», O6o3nayum uurepBan Gyksoil I,

Onpenenenue. OroGpaxkenne f: [— M unasbl-
BaeTca napamerpusayueil daunod dyeu, ecan f nuddeo-
MOphHO oToOpaxkaer [ HAa OTKPbITOE OXMHOXKECTBO 2)
MHOroodpasusa M W npH Kaxiom s/ JIHHa «BeKropa
ckopocti» dfs(1) & TMy, paBHa enuHHLe.

Jlio6ast nokanbHas napamerpusauust I’ — M nyTem
npoctofl 3aMeHbl NepeMeHHOH MoxXeT OblTh HNepeo6Gpaso-
BaHa B mapaMeTpH3alHio IJHHON IYTH.

Jemma. Hycre f: [ - M u g: J - M — Jdse napa-
merpusayuu Oaunoii dyezu. Toeda [(I) N g(J) umeer we
6oree Osyx xomnounent cesaszvocTu. Ecau 310 nepeceve-
HUe COCTOUT TOAbKO U3 OOHOL KOMROHEHTbL, TO | MONHO
npodoaxcute 00 napameTpusayuu darunoii Oyeu o6vedu-
neuwus f(I) U g(J). Ecau umerorca dse KOMNOHEHTbl, TO
M obazareavno dudpgeonoppro S,

Hokxasarteansbcrso., SlcHo, uro glof nuddeo-
MOpdHO OoTo6paxKaer JoGoe OTHOCHTEJIbHO OTKpHiTOE ?)
NOJIMHOXKECTBO HHTepBasa / Ha OTHOCHTENbHO OTKPBITOE
noAMHOXecTBO HHTepBana J. KpoMe toro, npoussogHasi
¢yukuun g-lof Bcloay paBra +1 qu6o —1,

Paccmorpum rpaguk stoii ¢yuxkuun '/ X J, ou
COCTOHT H3 BCeX TeX Touek (s, ), uro f(s) = g(f).
Torpa I' — 3amknayToe nonmuoxecrso B [ X J, cocrod-
Hlee H3 OTPe3KOB NpsaMblX HakmoHa 1. Tak kak T

'} Beckoweunniit unteppan auddeomopdHo orTobpaxmaercs Ha
€[IHHHYHBIA, HanpeMep, NpPH mNoMouk oToGpaxends suja [(f) =s
= athi-| b,

2) CaepoBartenbio, /| MOXKET HMETb rpasHUHBIE TOYKH TOJABKO B
TOM cayuyae, korja M nmeer kpaii

8) Cm. cuocky Ha crp. 195, — I[Tpum. ped.
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samkny1o B /X J B g'ef—aokaapbiil anddeomop-
$usN, TO 3TH OTpPe3KH NpPSMBIX He MOryT KOHUAThCH
BhyTpH / X J, a DOMAKHBI OCTHTaTh rpanuipbl. Ilockosin-
Ky g~'-f B3alMHO OHO3HAUHO, TO HA KaKJIOH M3 YeThi-
pex cTopon mnpamvoyroabuuka [ X J MOMKeT KOHuUarThl4,
caMmoe 0o.ibliee, 0AHH TaKoll OTPe30K.

ﬁ_

% - unu \ ufu E,,,
g -

7 - /
i i I ]
a b ¢ d

Puec. 19. Tpu 3 BosMOXKHBIX Bapnantos aaa I.

Crneposatenbiio, I cocrout He 6ojee 4eM H3 JBYX
komnonent. (Cm. puc. 19.) Kpome toro, ecaun I cocronr
H3 IBYX KOMIOHEHT, TO ofe OHH NOJAXKHBbl HMETb OJHHA-
KOBbIii HaKJOH.

Ecan T cBasuo, to g-'ef npopomxaerca A0 JanHei-
woro orobpakenns L: R— R. Torna xombunamus [ n
g ° L naet TpebyemMoe npojoJixeline

FIUL™'()~f(UgW).

Ecan T #iMceT ABe KOMIIOHEHTbl C HAKJIOHOM, CKaMmKeM,
-1, To oHO AOJXKHO ObiTb YCTpOEHO, Kak B JieBOM Mps-
moyroabhuke Ha puc. 191). IlpeoGpasys, ecan Heobxo-
numo, uurepsaa J = {y,f), Mbl MOXe€M CUHTATh, 4TO
vy=c¢ 1 §=d, Tak 410

a<b<<e<d<sa<p.

[Tonaran Ttenepbs 0 = 2né/(a — a), MBl 3anaeM Tpe-
Gyemblil niddeomopduam

h: S'—>M

'} B vacrsocrn, B sToM caysae [ n J momxuel GuTh KoHes-
BuMn. — lTpun. ped.
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opmyioii

)y nmpu a<t<d,
h(cos 8, sin8)={ I P

gty npu c<t<P.

O6Gpas h(S!), 6yAyun OXHOBPEMEHHO KOMMAKTHBIM H
OTKpBITHIM B M, NoskeH cosmanath co Bcem M. D10 j10-
KasblBaeT JIEMMY.

JloxasatenbCcTBO KJAaCCHPUKALUOHHORN
Teopemb. JlioGylo napameTpH3auMio AJAHHON Jyru
MOXKHO [IPOJIOJIXKHTD 10 HapaMeTpH3alHu

f: 1 - M,

MaKCHMAaJBHOl B TOM CMBIC/IE, YTO [ Y:Ke Hedb3st 1po-
LOJ/DKHTb 1M Ha Kakol Goabluuil HHTepBaJ Kak mapamer-
PH3aNMIO JUIHHOH AYrH: /s 3TOr0 HYMXHO TOJNBbKO MPO-
ROJIKHTD f, HACKOJIBKO 3TO BO3MOXKHO, BJeBO!), a 3aTeM
HACKO/IbKO BO3MOMKHO BIHPaBO.

Ecnu wmuoroo6pasne M ue nudpdeomopduo S!, to
Mbl J0Ka)keM, 4TO f— oroGpaxkenne «Ha» H, CJeA0Ba-
TedbHO, nHddeomopduaMm. Ecnu 6ol OTKPbITO® MHONKECT-
Bo f(I) ne coBnamano co BceM M, To y (/) umenach Gul
npeneabsas Touka x B M\ (/). [lapamerpusosas ni-
HOH JlyI'H OKPECTHOCTb TOYKH X H TMPHMEHHB JieMMy, Mbf
NOJYYyHaH Obi, 4TO0 [ MOXHO NPOAOIKHTb Ha OOJbHIHI
HHTepBaJ 2). DTO NPOTHBOPEUHT NPENHOJOKEHHIO O MaK-
CHMaNbHOCTH | H, C/1efl0BaTe/IbHO, 3aBepllaeT 0Ka3aTesb-
CTBO.

') Jlerko BHAeTb, UTO €CJH CYIECTBYIOT TPOLO/IKEHHS [ na or-
pe3kn lq, y KaXAOr0 M3 KOTOPBIX MpaBhlil KOHEH COBNAfAeT ¢ mpa-
BoIM KOHUOM [/, TO CyeCTBYeT M NPOAOINKEHHE HA UIa.—ﬂpuM;
ped.

?) Ecam Gul nepeceueHHe ykasaHHOA OKPECTHOCTH TOUKH X C f)
He GulI0 CBA3HO, TO Mo Jemye MHorooGpasme M Guio Gul mudbgeo-
mMopduo S'. — lpun. ped.






BAHMOYHUTENbHLIE 3AMEHAHWA U
PEKOMEHAYEMAR TMTEPATYPA

Cnucok auTepaTyphl K 5TOH KHHre HMeeT cMellaHHbIf
XapakTep; OH COAEPXKHT KaK OpHrHHaJibHble pabornl (H
HellaBHHe, H TaKHe, Pe3yJAbTaTthl KOTOPHIX AaBHO craflH
KJaCCHUECKKEMH, a H3J0XKeHHe CHJALHO ycTapeno), Tak H
peKoMeHLyemble yyeGHuKH. g OpHeHTALMH uHTaTe/s,
KOTODBIH MOKeJjaeT rJy0xKe O3HAKOMHTLCH C MPeAMETOM,
3nech coOG6paHO HECKOJbKO 3aMeuUaHHH O AOCTHXKeHHUAX
Lu¢pdepeHIIHaIpHON TONOMOTHH H O JINTEpaType.

Tlpex e Bcero 06 ocHoBax npeamera. Bruuio Gul BeChe
Ma CTeCHHMTEJSbHO OPPAaHHUYUBATLCSA TEM MHHHMYMOM, KOTO-
poro xsarano B IpefenaX 5Tol Kuuru!)., «Huubeit 3em-
ne» (BeipaxkeHne JleHra, yXe HCNOJb30OBaHHOE B IPeNHUC~
JIOBHH pellaKTopa NepeBOAa) mocBsmeHnl {17] u mepsbie
TpHU roaBul U3 [38], Torna kak [18] oTHocHuTCs clienHalibHO
K ocHoBaHHAM AHPGdepeHnHaNbHON TOTOJOTHH (annpoK-
CHMallusl ¥ TPHAHTYJTHPYEMOCTb; B YIpPaKHEHHSIX 3aTpO-
HYTBl H JApYrHe BOMPOCH).

Tenepb 0 HeKOTOPBIX pe3yabratax audQepeHnHalb=
Hofi tomosoruy. OCHOBHOe TOHSITHE 3TOr0 IMpeAMeTa —
NOHATHe IJTafKOH CTPYKTYphl Ha MHOrooGpasuu. B cay-
yae TaKOTO NPOCTPAHCTBA, KaK n-MepHas cdepa, Mbl

') Taxk, KacaTeJbHble TPOCTPAHCTBA H KACATENbHBLIE DPACCHOCHHS
3nech ObuIH ompefeneHbl JHIb AJAA [MOAMHOrooBpasuil esKAH0BA
NpoCTpPaHCTBA (KacaTeJbHble pacC/OEHHA — TOABKO B 3afadax), a
MEXAY TeM aaa <«alCTPaKTHBIX® MHOroo6pasuii (TONOMOFHUECKHX
RPOCTPAHCTB, CHAGKEHHHWX IVIaJKO# CTPYKTYpofi) TakKe HMEIOTCSH
COOTBETCTBYIOILHE MOHATHA. [IpenmyulecTBo afcTpakTHOM TPAKTOB=
KH — B ee THOKOCTH: MHOT0OGpa3ne 4acTo CTPOHTCS HMEHHO KaK «ab-
cTpakTHOe» MHOrooOpasHe (mpHMep — AefICTBHTENBHOE H KOMIJEKCHO®.
TIpPOBKTHBHBIE NPOCTPAHCTBa, ynpaxxendnsa 2.7 u 29 u3 Yoaneca) u
MHOTHE BOMNDOCH], T/e KacaTeJbHble NPOCTPAHCTBA HECOMHEHHO AOJ<
KHHl HTPaTh CYLUECTBEHHYIO DOJb, TOXE HHKAK He CBA3AHBI ¢ BJIOXKE«
HMeM B €BKNHAOBO mnpoctpancTRO. Kacarenbnoe paccroenne — gacrs
Hplft caydali Gosee OGHIEr0 NMOHATHA BEKTOPHOTO DPACCIOSHHS, Baxe
HOrO HE TOMbKO A/A TOMOJOTHH, HO H s AHbdepeHuHabHON reos
MeTPHH H TeopHH AH(P(DepeHuHaMbHBIX YpaBHEHHN, ’
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HMeeM, Tak CKasaTh, B F'OTOBOM BHJE JOKaJbHble CHCTE-
Mbl KOOPAKMHAT, cOrJiacOBaHHBIe APYr ¢ APYroM Tak, uTo
nepexo]l OT OJHOI TaKOH CHCTeMBbl K APYTrOH NPOHCXOLHT
npu noMmowd raaakux ¢yuxknuit. Ho MoXHO /U BBeCTH
CHCTEMBl KOOPAMHAT Ha cdepe ApyraM crnocoGodM, Tak,
4TO6Hl NOMyUYeHHOE MHOroo6pasHe Gbiio Obl He xuddeo-
Mopduo mcxoanomy? M Moxer am ObITh Tak, UTO I1pO-
CTPAHCTBO SBJAETCH TOMOJOrHYECKMM MHOroo6pasHeM
(T. e. NOKPBIBAETCS OKPECTHOCTSIMH, KayKJas U3 KOTOpHIX
eCTb KJeTKa), HO He MOXKeT OblTb NpeBpalleHO B IViaj-
Koe MHorooOpasune? HepaBHo Obio mOKasaHo, YTO OT-
BeT 1ia 06a 3THX Bompoca mosoKHuTeabHblll. Co6CTBEHHO,
BBEITENeHe AH(PepeHINalbHON TOMOJOTHY B CaMOCTOs-
TeJbHYIO 06JacTb MaTeMaTHKH ecTeCTBEHHO KakK pa3d H
patupoBatTbh OTKpbiTHeM Musnopom [20] cymecrsoBanns
pasivuHBIX IVIALKHX CTPYKTYp Ha ceMHMepHOH cdepe.
O63op Muanopa [23] B ocHOBHOM HOCBSIIEH HOMYJsAp-
HOMY H3/10XEHHIO BONpPOCAa O TIJajiKHX CTPYKTypax Ha
cepax. Jlag ero nmoHMMaHHs, TaK XK€ Kak H JUis uTeHHS
JIPYruxX TONOJOrMUecKHX paBoT, IHTHPyeMbIX jaJjee B OC-
HOBHOM TEKCTe JIaHHOro pasjeda, TpebyeTcs 3HaKOMCTBO
¢ OCHOBHBIMH MOHSITHSAMH aJjre6pandeCKOfl TOMOJIOTHH.
~ Mpl N03HaKOMHJIHCH ¢ KJacCH(HKaUHed OXHOMEpHBIX
rJIafikix MHoroo6pasuil (mpuioxeHne K MuaHopy) H
JBYMEPHBIX KOMIAKTHBIX [IJIafKHX MHOrooGpasuii Ge3
kpast (§ 7 Yoasneca) !). Msyuenne TpexmepHbIX MHOT000-
pasuii B 3HAUHTe/JbHOH CTeneHH MpelacTaBjger cobol
npefMeT COBPEMEHHBIX HaYuHBIX HcciefoBaHufl (cM. 06-
sop [Nanakupbsaxonysoca [26], [27*]). Jaa KoMIaKTHbIX
MHOroo6pasuft paaMepHocTH =4 npo6jemMa KaaccHpHKa-
MM B JeHCTBUTeNIHOCTH HepaspemnmMa (cM. Mapkos
[19], a Takxke Byn, Xaxen u [loenapy [9]). Onnako xo-
CTHTHYT GOJbLIOH Nporpecc A5 00HOCEBA3HLLX MHOT006-
pasuii 60JbIIOA Pa3MEPHOCTH.

1) B cBAsH ¢ AByMepHEIMH MHOrooGpasHaMH MiuIHOp cchuiaeTcst
na crapywo kuury Kepekoapto [15], cneusansHo #M TOCBSILEHHYIO.
Booflue Ke KiaccHyeckas TPaKTOBKa 3TOro BoIpoca, YIOMHHaeMas
Yonnecom B nHauane § 7, colepXHTCA B MHOTHX YyueGHHKaX TOTIOJO-
ruy . (ocoGeHHO CTapeIX — B HOBBIX HE XBaTaeT MeCTa), 4 TaKKe B
KHHFAaX 10 PHMAHOBBIM TNOBEPXHOCTAM (A€, NM~"Baa, OOBMHO Orpa<
HHUHBAIOTCA OPHEHTHDYEMBIM Clyqaem),
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BaxHbIM pe3y/bTaTOM B 3TOM HalpaBAeHHH ObLIO
oKa3ateasCTBO 0bobuiennold eunoresvt [lyankape nns
pasMepuocTell n == 5! eClH KOMMAKTHOe IJajfKoe n-Mep-
ioe MHOroo6pasve M™ TakoBO, uTO IHpH BCex k<< n
ao06oe otobpaxeHne k-MepHoit chepsl Sk — M® romo-
TOnHO oToOpaxeHHI0 B TOouky, 10 M" romeomopduo
n-ymepHoil cpepe. dta TeopeMa Oblia crAepBa JoOKalaHa
Cwmeiiiom [33], Croaauurconm u YoasnecoMm [47] gnas
nz>=17, a sarem Cwumeiinom [34], Cromaunrcom u 3uma-
HoM — i n == 5. IlogpoGHoe H3n0KeHHe 3TOro pe-
ayabrata u ero o6obuenust — teopembl Cwmefina o6
h-Bopansme — umeetcss y Musnopa [24%], ceoaKka pesyJib-
TAaTOB H HepBble NpHMeHeHHsi — B o030ope Cwueiina [35)
HoxasarensctBa OCHOBaHBL Ha HCC/AeNOBAaHHH KpHTHYe-
CKHX TOYeK H CepHUeCKHX MepecTpPoek (BasKHYIO pOJb
HrpaeT onHcaHHOe Yy Yoajaeca B pasgene 8.2 cokpaie-
HHe NepecTpPoek).

B ¢opmynuposke obo6uieHHoll runotesnl [lyankape
HaJ1araiotcsl OmpejiesieHHble YCJIOBHA Ha rOMOTONHYECKHE
cBofictBa MHorooGpasus M™ u pesnaercs 3ak/ioueHHe,
4YTo KJacCH(HKaLHg TaKHX MHOTO0GpasHil ¢ TOYHOCTHIO
no romeomop¢usma TpHBHanbHa. (Temepb MOXKHO cKa-
3aTh, YTO TeopHss MHJIHOPaA TALKUX CTPYKTYp Ha cde-
pax — 3T0 KaaccH(pHKalLug TakKHX MHOroo6pasumii ¢ TOy-
HOCTbIO N0 IHpdeomopdHsMa, T. e. 10 Gojiee TOHKOTO
OTHOILEHHS 3KBHBajseHTHocTH.) Cpasy e cTaiu npep-
LIPHHUMATHCS TONLITKH 0oJlee HIH MeHee HeNoCpelCTBEH-
HOTrO NMpPHMeHeHHS TeX XKe MeTONOB Ajis KjacCHpHKaUHH
MHOTOOGpPa3uil ¢ APYrHMH TOMOTOIHYECKHMH CBONCTBAMH
H KOe-4TO ypasoch chesathb [42], onHako cienyioomee cy-
1lecTBeHHOE INPOABHXKEHHe ObLIO JOCTHIHYTO HPH KOM-
OHHAUUH 3THX MeTOROB ¢ MerofoM [lourparuna — Towma.
Stor war (CoNpoOBOXKAABIIMACA pe3KHM YCAOKHEHHEM
1ICIIOJIb3YeMOro  amnnapara anare6pauueckolt TOMOJOTHH)
cpesann Hosukos n bpayznep, KOTOpbIM yAaJd0Ch HOYTH
MIOJHOCTBIO OCYUIECTBHTb PeAYKIHIO KIacCHUPHKALHU Of-
HOCBA3HBIX MHOrooOpasuii K 3ajzayaM anareGpauyeckoit
tonosioriu ). Cy. 06 370M B 0630pe Yoana [43%).

') Yoanec pmaer ccpuiKy Ha Hanomenme Yomna [44], comepwma-
luee HEKOTOPHIE YCOBEPUIEHCTBOBAHHA. Tenmeph €CTECTBEHHO COCHaThbe
€Al HA BHIIEAUIYIO HeAABHO KHHTY Yoana [45*].
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Hepaspewnmocts npoGieMnl kaaccubukauuu B 06-
meM HEeOXHOCBSISHOM CJyyae ellle He HCKJIOYaeT BO3-
MOXHOCTH ee pellleHMs 1Jjist MHOrooGpasuit ¢ HOCTaTOYHO
npoctofl QyHIaMeHTadbHO#l Tpynnoil — HanpuMep, LHK-
JIHUeCKOU; H JEeHCTBHTENbHO, 3a MOCAeAHHE TOALI B TOM
HanpaBJeHHH NOCTHTHYTO 3HadYuTe/bHOE MPOABHKeHHe!).

Onna u3 3agau auddepeHLHaNbHON TONOJOrHH OTHO-
CHTCA K BJOXKEHHAM MHOrooGpa3Hil B €BKJHJIOBO NPO-
cTpaHcTBO. MBI 3HaeM, YyTO n-MepHoe MHOToOoGpasue
MOXHO BJAOXKHTB B (2n 4 1)-MepHOe €BKJIHAOBO IIpO-
CTPaHCTBO (3apmaua 22*); Hesb3sl -AH BJOXHTb €r0 B €B-
K/JIJ0BO HpPOCTDAHCTBO MeHbllell pasmeproctH? Takoit
JKe BOIPOC MOXHO CTaBUTb U [ HO2pYMCeHuil, WIu um-
Mepcul; Tak Ha3blBalOTCs IJiaJlKMe OTOGPayKeHHMA paHra
n (Yosanec, onpenenenne 2.11). Cm. 06 atom B 00630pe
Cwmetinia [35).

B uesom 0630phl [23] [35], [43*] (nocsennuit oxma-
TBIB4eT GoOJee IIMPOKHHA KPYr BOMPOCOB, HO Hamucay 6o-
Jee C)KaTO) He Tpe6ys 3HAUYNTe/IbHBIX NPEIBAPUTENbHBIX
CBeJeHHH, [AIOT XOpolluee MPeACTaBIeHHE O COCTOSHMH
nMpdepedinaibHOR TOMOJNOIMM K MOMEHTY HX HamHca-
Hus. C Tex nop B Hell ObLIH AOCFMrHYTH BecbMa 3Hauy-
TeJibHble JanbHeHIIde YCHeXH, HO, HACKOJBLKO U3BECTHO,
HM TOKa He MOCBsAIeHO 0630pOB TaKOro e Xapakrepa.

B 3akjwoueHHe yHOMsIHEM JHTepPaTypy MO CMeXHBIM
o6aacTsiM MaTeMaTHKH.

VueGuukn no anreGpanyeckoil Tononoruu: [36*], [49%],
[60], [66]. K coxaseHuio, B yueOGHHKAX ellle He HallIH
OTpa)KeHHsl HOBble HaNpaBjeHHsi B alre6paHyeckodt ToO-
nosorut (06o6uieHHble TCOPHH TOMOJIOTHIH), B H3BECTHOM
Mepe NOTECHHUBIIME MpekHHe, 0COOeHHO B NPH/IOKEHHAX
K JubhepeHIanbHONA TOTIOJOTHH,

DnH30xHYIeCKHe YIOMHHAHHS O PaCCHOCHHUAX B 3TOH
KHHTe He HaloT NpeACTaBjicHUA 00 HX 3HAUYCHWM JJIST TO-
nosnoruH. [lo-BuaHMOMy, JyYIIMM BBefeHHEM B TeOpHIO
Pacc/ioeHHbIX NPOCTPAHCTB OCTAeTCsl NepBas NONOBHHA
kaurn Crunpona [39] (pacciioeHuss B Hell HasbiBalOTCH
«KOCHIMH  NPOH3BeNEHHSIMH»), XOTA. KOe-4yTo Tenepb
cronnio Gbl M3J10XKuThb HHaue, (BTopas nonosuna, Havu-

1) Cwm. {45%].
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das ¢ § 20, Tenepp OesnagexHo ycrapenaa.) [lpemcras-
JieHHe 06 HCIOJNb30BAHHM pPacCHOeHNi U AuddepeHLnanb-
HBIX ¢opm B reoMerpun naet [38]. Teopus muibdepen-
HHajJbUbiX (OPM HAXOAHMTCA Ha IPaHH MeEXKAY TOMOJO-
ruef, reoMeTpHell U aHAJAU30M M [O-DPA3HOMY HCHOJIb-
3yeTcs B KaHOH M3 3THX JHCUHIJHH. DJleMeHTapHoe
BBefienne — [37]. ManoxeHune, opHeHTHpOBaHHOE B CTO-
pony TonoJsiorun — [30].

TloHsiTHe KpHTHUECKOH TOUKH HMeeT BaxKHble MPHJIO-
KeHuusi B OuddepennnanpHoil reomerpud [22], [14], [3*].
TMonyuennble TakuM 0Opa3oM TreOMeTPHUECKHE pe3Yiibs
Tatel B CBOK OuepeAb NOJIe3HB IJisl TOHOJOruu [22]
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TeopeTHKO~MHOXKECTBEHHBIE 0003HAYEHHA

xe A

xeEA

AcB

ADB

AUB
ANB
uA,
n4;
CA

]
ANB

4+ A

{x |x o6nagaer cBofictBom S}

id

X €CcTb 3JIEMEHT
MHOKecTBa A

X He dBJISIETCS 3J1e-
MEHTOM MHOXe~
cTBa A
MHOXecTBO A co-
JNEepKUTCA B MHO-
xectBe B
MHO)KecTBO A co-
JEepKHT MHOXe-
¢TBO B
obveAiHHEeHHEe MHO-
xeers A u B
nepeceuyeHue MHO-
xeetB A u B
obbeguHEHHE MHO-
KecTs A :
nepeceueHne MHO-
KeeTB A,
HOINOJHEHHE K MHO-
xKecTBy A

nyCcTO€ MHOXECTBO

pasHocTb MHO-
XectB A u B

YHCJO  3JEMEHTOB
MHOXKecTBa A
COBOKYIHOCTb BCEX
TeX x, KOTophie
o6Janal0T CcBOHCT-
BOM S
TOXJIeCTBEHHOE
oTo6paxenne (Ka-
KOr'o HMEHHO MHO-
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f: A>B

kecTBa A, J0JXKHO
OBITh SICHO U3 KOH-
TEKCTa; HepeBOAHUT
KaXkAyi0 TOUKY
a< A cHoBa B a).
oTo0paxKeHue MHO-
XKecTBa B MHOXKe-
CTBO

K rtakomy [ oTHocsitcss emie caeayiourue oGo3HAYEHHA:

1A,

F(b)={a|f (a) =1}

I~ (B) ={a|f(a) = B}

Imf=f(A)
gof niu gf

OTpaHUYEHHE OTO-
6paxenus [ Ha moA-
MmuoxecrBe A, < A
(nosHBbIH) NpooGpas
TOUkM b= B

(mostHEI) npooGpas
MHOXecTBa B, — B
odpasMHoxecTBa A
KOMHOO3HLHUA  OTO-
opaxenu#t f u g:
B—C, onpeseJse-
mast dbopuynoil

(gof)(a)= f (a)).

(B 3aBucumocTH OT KoHTekcTa gf (mim g - f) MOXer
of6o3nauaTh H OOBLIYHOE Npou3BeneHue (yHKIHI.)
0603naveHust, KOTOpHE BBOXATCA B KHHLE

A 18
Int4A 18
FrA 18
dimM 37
degf 213
deg (f, y) 213
deg,f 210
df, 182,186—187
D™ 196
0X 195

FFro 235

H™ 195
R* 179
st 181
TM, 181, 185
Hxll 198
xX-u 198
(M, N) 249
o(p, M) 259
% (M) 293, 253

mm: ma' Qm’ Qt 256
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Artiac 37

Arnacsl coraacoBaliHele (COBare-
ctuMele) 38

BopnantHoe mydio mHorooGpa-

aue 124, 233
Bopaantunie MHorooGpasua 124,
232
bopausy,
232, 233
— ocHauehusifl 234
Dopausyos rpyia, koaouo 256

GopaaHTHOCTL 123,

BekTopHoe noae 217

B.ioxenne 65

— TeopeMbl o Hem 69, 71, 87,
266

Buyrpensocts 18

~— MHorooGpasna ¢ xpaem 195

Bpauieiine BexktopHOro noas 219

Faycca—DBonne Teopema 228

TayccoBo  (HopmasabHoe)
6paxenne 224, 228

Teccuan 83

Tomeomopdusm 20, 175

TomoTtonma 205, 248

I'pannna 18

0TO-

Huddeomopdusn 49, 179
Oudcdepennnan  (npoussofuas)
orobpaxennn 181, 182

y6ab  wi0roobpasus ¢ Kpaes
253

3avKiyToe MHOXecTBO 16
3ambikanie 18

Haoronua 128, 206, 221

Husapuant Xonda 250

Mugekc KpuTHueckoi TOURH QyHK-
uun 86 '

— — — — CBfI3b C THOOM Te-
pectpofixi 122

— HyJas BekToploro mnoas 221

Hugekcos cyama 223, 229, 230,
254

Kapta 37, 44

Kacateasnas npsamas 72

Kacarensiioe npocTpaHcTBO 73,
181, 185

— — B TOuKe Kpasa 195
caccnoerie 248

KacateasHuiit Bektop 181

Kaerka 36

ICoroyotTonnueckiie rpynmbl 245,
251

Kowmnaktuocts 26
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