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NPENOHUCIOBHE

3T1a KHUra BXOAHT B CepHio moj Ha3BanneM «Boicwag
MaTEMaTHKa», COCTOSAILLYIO U3 TPEX KHHT!

a) 3ueMeHTbl JUHEHHOH a/re6phl U aHaJHTHUECKOH Treo-
METPHIL

6) HuddepeHunanbHoe H HHTErpaJbHOE HCUHCJ/EHHE.

B) Huddepenunanvunie ypasHenus. KpartHbie uuterpa-
abl. Paabsl, PYHKUHH KOMMJEKCHOI'O MEPEMEHHOTO.

ABTOpB! LyMaloT, UTO 3Ta CepHs MOXKeT GbITh yueGHUKOM
AJf CTYAEHTOB BTY30B, H3yYalOUIUX MaTEMATHKY IO Iporpam-
me 500 yacoB uad MO NporpaMme MeHbllEro oGmema npH co-
OTBETCTBYIOLIHX COKpAlleHHsX ‘).

[Tpy HeO6XOAMMOCTH AENANOTCS CChIIKH H3 OJHOR KHHTH
Ha JPYTYIO.

ABTOpbl NpH HaMHUCAHWH 3THX KHHT NOPHAEPKHBAAUCHL
nporpamMmbl Kypca «Bbicllas matemMaTtnka AJa HHXEREpHu-
TEXHHYECKHX CHEIHaJbHOCTEH BHICWIHX Y4eOHbIX 3aBEJCHMI»,
yTBEepKJAeHHOH YueOHO-MeTOJHUECKHM  yIpaBJleHHEM No
BbhiclleMy o6pa3oBanHio MHUHHCTEPCTBA BLICILETO W CPeRAHEro
cneunanbaoro oopasoeanus CCCP.

ABTOpbl yusnH, YTO B HalHX LWKOJAX ceflyac H3ydaloTcs
Hauyajla aHaJAUTHYECKOH reOMeTpHH H MATEMATHUYECKOro ana-
J3a.

Mbl orpaem cebe OTYeT B TOM, 4TO IpOrpaMma fno mare-
MaTHKe A5 BTY30B HalpsiXeHa M He BCe HALO JOKAa3blBATh
(vHOTrAa [00Ka3aTeJbCTBO AAeTcs MeTHTOM), HO Npenoaana-
Telb MOXeT [IOMOYb CTYNEHTY CIenaTh H ApYyrue pasymHble
COKpalleHHs.

B rnaee | HeckoanKo naparpadoB MOCBRILEHO «A€HCT-
BHTEJbHOMY YHCIY», XOTA SIBHO 3TOr0 B NPOTPaMMe HET —
3Tu Bonpock u3naraiorcs B [X u X kaaccax cpeaned mKoabL.

1 Oxnaxo cepus we nxAaTeiRaeT paanen 3Toli nporpamMuu «Teopus
BEPOATHOCTEH» U He NOJKOCIbIO 0XBaTHBaET pasfes sUHCAEHHbie METOA LY.



8 MPEAUCJIOBUE

Mbl gymaeM, 4TO 3TH BONPOCH! CJEAyeT MOBTOPHTb BO BBOA-
Hbix Jekuusax. CTyIeHT A0JDKEH 3HaTh, YTO ACHCTBHTENbHOC
YHCJIO MOKHO pacCMaTPHBATh Kak AECATHUHOE pasfioXeHue.
JlokazaTtenabcTBO JeMMbl 2 0 HeyOHBawleii orpaHHYeHHOI
NnocJe0BaTEJNbHOCTH JAECATHYHBIX [ApoOeli HalA0 CYHTATh
BECbMA JKeJlaTeJbHbIM.

Ho npu n3/10XeHin 3THX BOMPOCOB MOMXHO OTPAHHYHTLCH
# To1bKO § 1.7, rhe nepeyrciieHbl CBOHCTBA A€HCTBHTELHOTO
yucaa, 0 § 1.8, rie ropoputcss 06 aKCHOMATHYECKOM MOA-
XOJ€ K MOHATHIO YHCHA.

KoHe4yHO, NaHHYI0 KHHTY H KHHTY «3JeMeHThl JHHeAHON
anre6ppl M aHAAHMTHYECKON reoMeTPHH» HAJ0 H3yyaTb Ma-
panneabHo. Het HyxX1u gaBaTbh coBeThl, B KaKOit NMocJefo-
BATEJbHOCTH JOJJXKHO TPOHCXOAHTb H3ydyenue. OTMmeTHM
TOJIbKO, YTO Mepen riaaBoif 8 0 QyHKUHAX MHOTHX NepeMeH-
HblX YHTATe/Nb JOMKEH O3HAKOMHTLCS C NOHATHEM f1-MEpHO-
ro NpoCTPaHCTBA.

B cBoto ouepenb, 1151 H3yyeHHS CAMOCONPSAMEHHOro one-
paTopa ¥ KBaApaTHYHLIX ¢OpPM NMOHaLobsTCS CBOHCTBA PyHK-
uui, HENpPEepHBHLIX HA 3aMKHYTOM MHoXectBe (§ 8.12 nmawu-
HOU KHHTH). A moToMm, maparpad, NOCBAILUEHHbLIH IKCTPEMY-
MaM ¢GYHKUHA MHOTHX MepPeMeHHulX, notrpebyer 3HaHHA
KBafApaTHYHHX ¢(opM. B yc/oBHOM 3KCTpemMyMe cCepbe3HO
HCHOMb3yeTcs NpeiacTasaeHde 06 OPTOroHaJabHbIX MOANPOCT-
pPaHCTBax m-MePHOro MPOCTPAHCTBA.



FTABA I
BBEAEHHE

§ 1.1. lpeameT mMaTeMaTHKH.
lMepemeHHbe H NOCTOAIHHBIE BEJAHHHHBI, MHOXECTBA

Cpead Bcex HayK MaTeMaTHKa 3aHuMMaer ocofoe MecTo.
MaTtemaTka onpefessieTcsi KaK HayKa O TIPOCTPAHCTBEHHBIX
¢opMax M KOJHHECTBEHHBLIX OTHOLIEHHSX PeasbHOro MUpPa.
Koneuno, ecan yyecTb COBpEMEHHOE COCTOSTHHE MaTeMaTHKH
¥ pa3Hoo6pa3ve H3yyaeMmblX €K CTPYKTYpP, TO MNPOCTPAHCT-
BeHHble (OPMBI M KOJIMYECTBEHHbI€ OTHOIUEHHS HEOO6XOAUMO
NOHWMATb B caMOM oOBileM BHJeE.

Maremartika AaeT JAPYyTHM HayKaM f3blK YHCEJ H CHMBO-
"JI0B A5 BBIPAXKEHHS PA3JIMYHOTO DOJA OTHOUIEHUH MeXAy
ABJeHUsAMH TIpWpoAbnl. Ho npexiae ueM npuMeHsTb MarteMa-
THKYy, OuoJOr, (U3MK MJIH 3SKOHOMHCT JOJKHB TJayGOKO
NOHATb CYyTh H3Y4YaeMOr0 fIBJACHHSA, PACYJEHHTb €r0 Ha YacTH,
nojjamluHecs MareMaTHyeckod o6paboTke.

Of6beKkTaMH HM3YueHHd B caMoM MaTeMaTHKe SIBJISIOTCH
JIOTHYECKHE MOIEaH, NOCTPOEHHHE A/ ONHCAHHS SBJEHHI
npupoanl ¥ ofmecrsa. MaTeMaTHKa MH3yyaeT COOTHOLIEHUS
MeXJy 3JeMeHTaMH 3TAX Mojeneii. Ecau MaTeMaTndeckas
MOJe]b BEPHO OTPa)KaeT CYTh [N3aHHOTO SIBJEHHSi, TO OHa
M03BOJIIET BCKPLIBaTh M HeoGHapy)eHHble BHAayaJe 3aKOHO-
MEpPHOCTH, T.e. MaTeMaTHKa crioco6Ha BCKpbiBaTh M Kayect-
BEHHYIO CTOPOHY SIBJIEHHSA.

B cuny Gosbuiofi aGeTpakTHOCTH OXHAa M Ta XKe Martema-
THYEeCKasi MOJeJb MOMET OHMCLIBATh Pa3JIHUHLIE NPOLECCH,
Hanpumep, oxHo ¥ 10 Xe auddepeHunasbHOe ypaBHeHHe
ONHUCHBAeT W XapakTep PaguOaKTHBHOTO pacnajfa, H H3Mme-
HeHiie TEeMNepaTypH TeJsa.

[Tpn u3yvyenuu saBJeHM# npupoanl H OOUIECTBA MH Ha
KaXAOM L1ary cTajJKHBaeMCA C W3MeHeHHEM BeJHYMH, C 3a-



10 rn. 1. BBEAEHHE

BHCHMOCTBIO OJIHOI U3 BesiMulH OT Apyroii. [Toatomy nousTue
0 TnepeMeHHOil BeJHUYHHe SIBJSETCS OCHOBHLIM B MaTeMaTH-
yeCKOM aHaJin3e.

Tlox nepemernoti eeaudunod Mel 6y1eM MOHHMATh BeJHUHHY,
KOTOpasi B mnpouecce H3Y4YeHHsi KaKoro-jaubo sIBNeHHs NpH-
HHMaeT XoTs Obl JBa pPa3JIM4HbIX 3Hay€HHsA. BequHHa, KO-
TOpas nNpH HCCAEAOBAHMHM JAAaHHOTO BONpoca NPHHHMAET
TOJNLKO OJHO 3HaueHHe, Ha3blBAETCS HOCHOAHHOL.

®. Durenbc OTMeuasd, YTO BBeJeHHE NEKApTOBOH nepe-
MEeHHOH BeJHYHMHbl BHECJO B MaTeMaTHKy JBHXEHHe U Jua-
JEKTHKY.

Ecau Bce 3HayeHHs, npHHHMaeMble NepeMeHHOH BeJMUYH-
HO#l, OO6BEAMHHTh, TO Mbl NONYYHUM MHOKECME0 3HAYEHUMH
3TOH BeJIMUHHHI.

[loHsiTHe MHosCecméa TaKxke SBJSIETCS OCHOBHbLIM B Mare-
MaTHKe, 3TO [pOCTOe, MEPBHUHOE MOHATHE, KOTOPOE Mbl He
OyJeM NMbITaThCsl ONPeAesHTb dYepe3 Jpyrve NpocTbie NOHATHS.

MHooxecmeo — 3TO0  COBOKYIHOCTb, COOpaHHe KakHX-J1H60
O6BEKTOB NPOH3BOJLHONH HNPHPOADI.

Tak MOXHO FOBOPHTb O MHOXECTBE CTYACHTOB HHCTHTYTa,

_ O MHOXECTBE MOJIEKYJl B JaHHOM Tejle, O MHOMECTBe TeJe-
BH30PDOB C LBETHHIM H300pa)KeHHeM B NaHHOW AYIAHTOPHH
¥ T. A. O6beKkTel, BXoAsllHe B JAaHHOE MHOXeCTBO, GyaeM
Ha3blBaTb 3AeMEHMAML MHOMKeECTBA.

Mbl Gysem o06bl4HO oOf0O3HauaTb MHOMKeCTBa GOJILLUIMMH
6ykBamu A, B, ..., X, Y, ..., a HX 3JIeMEHTH MaJbIMH
6ykBamu a, b, ..., x, 4, ... .

Ecnu aneMedT x NpyHAanIeXUT MHOXKECTBY A, TO 3TOT QaKT
obo3HaualoT Tak: x € A. EcaH ke x He BXOAMT B MHOMKe-
ctBo A, to nuwyTt: x € A. CumBonom A — B (MHOXecTBO A
BKJIOYEHO B MHOXKeCTBO B) 0603HayaloT TOT (AKT, uTO eCqau
XEA, to x€B.

MHoxecTBO A B 3TOM ciayyae HasbIBaeTCsH NOOMHOMCeCH-
6om MHOXecTBa B. Ynorpe6asercsi TakXKe paBHOCHJbHAs
3anucb B D A (MHOXecTBO B BKJ/IOYAEeT B ce6sl MHOXecTBO A).
CuMBOMIBI <, D Ha3bIBAIOTCH 3HAKAMU 6KAIOMEHUS.

Eciau MHOMXECTBO He COJEPXHT HH ORHOTO 3JIEeMeHTa, TO
€ro HasbBalOT nycmeix W 0603HAYAIOT CHMBOJOM . Hcho,
yto & c A, rie A—nofoe MHOXECTBO.

Jns o603HauyeHHs MHOXKECTB IIHPOKO YNoTpeGnsiiorT ¢u-
rypHble CKOOKH, BHYTPH KOTOPHIX T€M HJHM WHRIM CrOCGOOM
ONKCLIBAIOTCA 3/€MEIThl, H3 KOTOPBIX 3TH MHCXKECTBAa COCTOSAT.
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Buipaxeuwe N={l, 2, 3, ...} o603HauaeT MHOXECTBO
namypaaeuoix  wucea, {0, 1, 2, ...} —MHOXeCTBO UeJBIX
HeoTpUuaTeJbHbIX yuces, a Z={...,—2,—1,0,1, 2, ...}

— MHONECMEO 6ce€x yeaolx Hucea. BoT ewe npumep: A=
=1{1,2,3,4,5,6,7,8,9, 0} —mMuoxecTso, COCTOAILEE H3
uudp gecATHYHON cHcTeMbl cuucaenusi. OueBuano 2€ A,
a % € A.

[osopaTt, uto muoxectsa A U B paguo, u muuyT A = B,
eciu A< B u B< A. Ha Bonpoc o TOM, paBHbI JIH AaHHbIE
MHOX€CTBa, [AaJeKO He BCeraa Jerko oTBeTWTh. Hanpumep,
eciu A=1{6,8,10, ...}, B={p+q} ecTb MHOXecTBO CymM
NPOCTbIX 4HCES p U g, 6OABIWKX YeM 2, To sicHo, 4to B A.
OnpHako 10 HACTOALLEr0 BpeMeHH He YCTaHOBJEHO, BepHO JH,
yt0 A = B, T. e. MOXHO JH Jrofoe YeTHOe YuC/I0 = 6 npes-
CTaBUTh B BHJE CYMMbI ABYX MPOCTBIX YHCeJ, GO/bIUHX ABY X.

B naHHOM Kypce MbBl B OCHOBHOM OyaeM MMeTb JIeJf0
C YUCJIOBbIMM MHOXECTB3aMH, T. €. 3JeMeHTaMH HuX OyayT
yycaa.

§ 1.2. Onepauuu HajQ MHOXKeCTBAMH

[l MHOXECTB MOXHO BBeCTH apHdMeTHuecKHe onepaunu
CJOXMEHUs1 W YMHOMEHWs!, KOTOpble OGJaJaloT CBOMCTBAMH,
BO MHOIOM @HaJOTHUHBLIMH COOTBETCTBYIOILHM CBOMCTBAaM ofe-
pauHii cloKeHHs U yM-
HOXKeHHs Yuces.

[lycTb mansl B2 npo-
H3BOJMbHBIX  MHOXECTBA
A u B. Cymmoi uau
06ve0uUHeHIle M MHOXKECTB
A n B HaspiBaeTcss MHO-
wectBo C, cocTodllee M3 3JIeMEHTOB MHOXecTB A W B; npu
stom nuwyt: C=A+B uwm C=AUB (puc. 1). Jlerko
BHleTb, uto A4+ A = A.

I1pouseedenuem nnu nepecedeques MHOXecTB A u B na-
3LiBAETCA MHOXKECTBO, COCTOfllee M3 3JIEMEHTOB, OAHOBpe-
MEHHO TMpHHAAJMEeXAHUX MHOXKeCTBY A U MHoXecTsy B.
Ilepeceyenne MHOkecTB oGo3Hauaercst uepes AB uan ANB
(puc. 2). OueBuano, uto AN A= A. Ecnu AB= (¥, 10 Gyzem
roBopuTh, 4T0 MHOXKecTBa A B He nepecekaiorca. Hcnosb-
3ys MNOHATHE PaBEHCTBA MHOXKECTB, MQMHO JOKa3aTb, YTO:

Al
Puc. 2.
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Takam o6pasom, 9TO6H MOCTPOHTH OTPHUAHHE AAHHON AOT'HYECKONl
opmyant, cogepxatelk 3HaKH ¥V H 3, He0GXOAHMO 3HAK Y 3aMEHHTH Ha 3,
a sHaK 3 Ha V M OTpHUAHHE (dePTy) NMepeHecTH Ha cBOHCTBO, croAuice
nocxe Asoetoyns. Hanpumep, oTpHUAHHE NPEATOKEHHS

M, vx € A fry< M
HMEET BHA
M, Y €A fROSMOEOIM, Ix€ A fI<MO
EYM, ax€EA f(x)> M.

§ 1.4. JleiicTBHTeNbHblEe YHCHA

[MoHsiTHe 4Kcaa ABNAETCA fEPBHYHBIM M OCHOBHBIM B Ma-
TeMathke. 310 NOHATHE NPOLWLIO AJHTENbHBIH NyTb HCTOPH-
YeCKOro pa3BHTHS. MHOXeCTBO HaTypa/ibHBIX YHCeJ

N={1,2,3,...,n, ...}

MOSABAJIOCh B CBfI3H CO CHETOM [MPEeAMETOB. 3arem nog BauS-
HHEM ﬂOTpedHOCTeﬁ MPAKTHKH H pa3BHUTHSA CaMoOil MaTeMaTHKH
Obli BBEJEHBI Lle/ible YUCJa

Z={...,—3,—2,—1,0,1,2,3, ...}

U paluMoHAJbHbBIE YMCJA
Q={m/n}, toe m, n€Z, n5=0,

a5 ofHO3HAYHOCTH 3aNMUCH PalMOHAJBHOTO YHC/a GyleM
CYUTaTh, 4YTO ApPobb m/n HECOKpaTUMma, ec/aH He Oyner ae-
JaTbC OTOBOPKH Ha 3TOT CHeT.

BBefende pauHOHAJBHBIX 4YHCEN, OJHAKO, MOJHOCTBIO He
pelius0 BaXKHOH MNpakTUyecKOW 3aRayd o6 H3MEPeHHH OT-
pe3koB. Bemb CylLecTBYIOT OTpPe3KH, NJUHA KOTOPHIX He fiB-
JsieTcs  pallMOHAaJbHBIM 4ucaoM. [IpuMepoM MoxeT C/yXKHThb
IuaroHa/ib KBajpaTa, CTOPOHAa KOTOPDOTO paBHA eQHHHULE.

B cB3H ¢ 3THM BO3HHKJA HeOGXOAHNMOCTh BBeJIEeHHS,
KpDOMe paUHOHaNbHBIX YHCeNn, H APYTHX 4HCe] — uppayuo-
HaasHotx, 11pOH3BONIbHBEIE YHC/A — PAallHOHANbHBIE HJH Hppa-
[HOHAJIbHBIE — HA3bIBAIOTCS JeticmaumenbHbimy HJH  Geyecm-
BeHHbIMU. MHOMECTBO JAEHCTBHTEbHBIX 4Kcesl 0003HAuYaoT
yepe3 R. CyuiecTByloT pa3avyHbie criocobbl BeeeHH (onpese-
JieHHs) AeHCTBHTE IbHBIX Yyices. Mbl octaHOBHMCS Ha crnocofe
npeicTaBjeHHs HX B BuIe GeCKOHEUHBIX AECATHYHRIX Jpobeft

= 08,,0,a,8,. .. . (1)
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3nech a, — HEKOTOPOE 11e/10€ HEOTPHIlaTeNhHOE YHCIIO, 8 4y —
JecsaTHynbie uu@pu. Takum o6pa3oM, @, MOXeT NPHHHMATb
TONBKO OOHO "3 3Hauenwit 0, 1,2, ..., 9. 3uak - wacro
B 3THX 3aMHCAX ONYCKawoT.

Hucno O (HyJb) 3anuchbiBaeTCs B OJHOM U3 CjelyloMHX
BHJIOB:

0= 40,00...=0,00...=—0,00....

UYto6el NpeACTABUTL HE paBlioe HYJAK palluoOHanbHOe
uueno +m/n (m >0, n>0) B BUAe JecaTHYHOH HPOOH,
[IPOM3BOIUM MpoLeCC AEJEHHs M Ha n MO H3BECTHOMY CMo-
cofy, KOTOpPOMY Hac Y4YHJH B ILUKOJE:

L @
a,,a,a,. ..
3ameTuM, UYTO €CAM 3TOT Cnoco6 TNPUMEHHTb K APYTo#
3anucu ApobH = mp/np =+ min (p > 0), TO NOJYyUYHUM TOT XKe
pe3y.bTarT.
[Tonaraem

+ -'—:— =4 a4,8,0,8,. .. 3)

H TpaByw uacTb (3) Ha3blBaeM JecamudHbiM PASAOHEHUCM
qucaa + mjn.

Ecau suameuatesb Jpo6u uMeeT BuA n = 255¢, rae s, { —
neJjble HeoTpuUaTeJbHble YHcaa, TO mpouece (2) 3akaHuu-
BaeTcsl 1oc/]e KOHEYHOro Yuc/a 11aroB H MOJNYYAETCA KOHed-
Haa Jecamuunad JdpobGe

=+ %z Q.. .0y =1 ana,...ay00... (ay>0). (4
TNonbayioTcst Takxe M APYTrHM INpEACTABJEHHEM KOHEYHOH
Apobu (4):
+ag,a,...ay=20a,a,...ay_,(ay—199... =

== . ..ay- (@ —1)9), (5)
XOTA OHO M He BO3HMKaeT U3 npouecca (2). Ilpencrapnenue

cnpaBa B (D) ecTbh Oecxoueuraa Oecamuunas 0pobe.
Hecatuunyo apobb
BosBiBy- - -

Mhl Ha3uIBaeM OeckoMedrol, ecaii Aast 1I060ro HaTy panbHOTO 7
HalJleTcs HatypajibHOE R > n Takoe, 4TO uUHdpa f,, crosmasn
Ha k-M MecTe nocje 3ansToil, GoJbiue HyJs.
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[MonuepkHeM, uTO JecATHYUHYIO APOGb, HMEIOILYI® BHA
+a,,a,...ay00..., Mbl Ha3biBaeM KoHedHoti. Beskylo KoHey-
HYI0 ReCATUUHYIO APOOb MOXKHO NpEACTAaBUTH, BOCMOJb30BaB-
IUUCh cnocofoM (5), B BHAe GeCKOHEWHOH AeCATHYHOH APO6H.
Jdpyrue pecATHuHble APOGM, O KOTOPHIX GyAeT HATH peyb
HHXe, BYAYT onpeensiTh Apyrue 4ucha.

[Tyctb Tenmepb 3HameHaTesb Haweldl APOGH HE HMEET BHJA
2¢5¢. Torma npouecc (2) GeckoHeuHblil —Ha JIOGOM Luare
BO3HUKAeT MOJOXHTeNbHBIH ocraTok. Kaxaweli ocTaTok
MeHblUE 1, W NOTOMYy (mocje TOro, Kak uudpbl 4YUcaIa m
CHECEHbI) YXXe CpefH NMEepBbIX /I OCTATKOB OKaXYTCH MO Kpai-
Heil Mepe JBa, paBHble Mexjy co6oii. Ho Kak Toabko BO3-
HMKAET OCTATOK, KOTODPHIH YXKe Obl1 Mpexjae, npouecc cra-
HOBHMTCS MOBTOPSAIOIUMCH — nepuoduteckum. Tloatomy pecsi-
THYHOE PpasJioKeHne MPOU3BOJBLHOTO PallHOHAJBHOIO YHC/A
MMeeT BHJ

+ %:iao,al. ceapyby . bbb =
=4 ay,ay...ab,...0) (s<n). (6)

Pasaoxenue (5) MOMKHO paccMaTpHBaTh Kak YacTHBIA
cayyqait (6).

IMpumepeoi:
+=0,166...=0,1(6), +=0,(142857),
2
§-=0,22 . :0|(2)I
g 4 (7)
35 ="0,0707. .. =0,(07),
7
ga5 = 0,00707. .. =0,0(07).

Pa3soxenue BHAa (6) Ha3blBaeTcs 6ecKOHeqHod Oecamudy-
Kot nepuoduueckoti Opobbro.

Hrtak, Kaxjoe He paBHOe@ HYJiO PalHOHAJbHOE HHUCJIO
MOXHO Da3JIOXKHTh C TOMOLLbIO Tpouecca (2), a B cayuae (4)
H npottecca (D) — B 6eCKOl{eUHY10 AeCATHUHYIO NepHOAHYeCKYIO
Hgpo6s. Ilpn 3TOM MOXHO JOKa3aTh, HTO PA3HBIM PaIlHOHAJIb-
HHIM YHCJIaM COOTBETCTBYIOT pa3Hbie GeCKOHEUHbe AeCATHYHbIE
pasnomenua. Ho u obpatHo: moGas GeckoHedHass NMepuUOAH-
yeckas ApoGb (6) nopoxaaerca NPH MNOMOIIH YKa3aHHBIK-
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npotteccos (2), (D) HEKOTOPHIM pallHOHAJNBHHIM YHCJOM, KO-
TOpoe BLIYHCJIAETCS No GopmyJe

SR [ao.al. oyt BB lo—M].

3aeck MH no3Bosnsm ceGe gepes f,...f; n 9...9 o603-
— —
s pa3

HAaYHTh leJ0e 4YUCa0, 3anHCaHHOE COOTBETCTBEHHO umppaMH
Biv..aBy, ¥ 9, ...,0

|

s paa

Hanpuwmep,
1,237(06) = 1,237 -+ 0,000(06) =
= 1,237 4+ 821072 = 1,237 4 zps

Kpome nepnoanueckux JecsiTHUHBIX JpoGeii, cymiecT-
BYIOT  Henepuopnuyeckwe, nanpumep  0,1010010001...;
0,121122111222. ..

Bor eiie npumep: ecaH H3BJAEKaTb KOPehb KBaApaTHBIil
M3 2 no u3BeCTHOMY NpPaBHJY, TO MOJYYHM ONPeJe/IEHHYIO
6ECKOHEYHYIO HENEepPUOAHYECKYIO MAECATHYHYIO JApobb V2=
=1,41... . OHa onpepjeneHa B TOM CMBICJE, YTO JIOGOMY
HaTypaJbHOMY YHCJY R COOTBETCTBYET ompelefeHHas nHdpa
o,, CTosilas Ha A-M Mecte foOcje 3anfaTofl W OZHO3HAYHO
BbIYHC/IHMAST COrJIaCHO MPABHJIy H3BJEUEHHS KBaJpaTHOTO
KOpHA.

MarevaTHuecKMH aHa/aM3 JaeT MHOrO nyTeil BBIMHCJIEHHS
gucaa . ¢ J06oil Hanepel 3aJaHHOH TOYHOCTBIO. ITO NPH-
BOJMT K BIOJHE onpeleieHHOMY GeCKOHEYHOMY IeCATHYHOMY
pas/IOeHHI0 7, KOTOpoe, KaK OKas3blBaeTcCsl, He fBJsETCHA
CMeUIaHHOH NepPHOAHYECKOH AeCATHYHOH Apobbio.

IanuM Tenepn onpejejieHHe HPPAIHOHAJLHOFO YHCJA,
noka 4ucto QopmanbHoe. HppayuoHarbHoiM HUCAOM HA3bL-
6aemcsa npouseoabHan OGeckoxeuHas HenepuoouuecKas 0pobs

4= 00,00 . .., 8)

20e 0., — en0e HeOMpuYamMeabHoe 4ucao, a a, (k=1,2, ...)—
yugpel, 3HAK e PABEHCMEA «=>» BbLPANCALI, Ym0 Mbl 0003-
Hauwuau npaeyro vacme (8) 4epe3 a. BnpoueM, yno6Ho roeo-
pHTb, 4TO npaBas 4acTh (8) ecTb AECATHYHOE pas/oOKeHHE
yKcsaa a.
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.- Payuonanrsnpie u uppayuoHasbHbie QUCAG  HA3bIBAIOMCA
OeticmaumensHoimu (AU BELUECMBEHHLIMUL) YUCAAMU.

M3 ckasanHoro caenyer, 4TO 6CAKOE He pABHOE HYAO
delicmeumenbroe 4ucAo moxcem boimy 3anucaHo 8 aude becko-
HeuHoul Oecamuunod Opobu (8). Ecau ono payuonarbHoe, mo
€20 decamuunoe pasnoxcenue ecmo GeCKoHewHan nepuodudecKas
OJecamuunan 0pobb. B npomusHom caydae, COeAACHO Hauiemy
onpedeneruro, evipaxcerue (8) camo onpedesrsem uppayuoHans-
HOe HKCAO.

He pasran nyawo decamuunas ApoGb MOXeT ObiTb KOHed-
HOH, HO OHa He onpejejsieT HOBOTO PALMOHANBHOIO YHCJA:
B CHJYy COr/alleHHs, BbiPa>KEHHOrO paBeHCTBOM (5), OHa
MOXeET OBITb 3aMEHeHa paBHOR eH OeCKOHEYHOH NepHOAH-
4eCKOH Apobbio.

Hucao a, 20e He 8ce o, pasHbl HYMO, HA3BIBALMCSA NONO-
JCUMENOHOIM UL OMPULAMEAbHLIM B 33aBUCHMOCTH OT TOTO,
Oyner su B (8) QuUrypupoBaTth «-+» HJIH «—»; [IPH 3TOM,
Kak OOnIuHO, «-+» 6yleM onyckKaTh.

HeficiBurenbubie yucaa onpepenellsl nmoka (OpManbHo,
HaJlo elie ONpefeaHTbh apudMeTHYecCKHe onepalid Haj HHMH,
BBECTH A/ HHX [OHSITHE «>» H NPOBEPHUTL, YTO 3TH Olle-
PalliH H TOHATHE «>>» COTJIACYIOTCH € yXKe HMeloulUMHCS
COOTBETCTBYIOUIHMH ONEPALHAMH U MOHATHEM «>» 1J5 Panuo-,
HaJIbHBIX YKCEJ, @ TaKXe YJIOBJIETBOPAIOT CBOHCTBAM, KOTOphIE
MBI TIPEABABJASEM K YHCJaM. '

§ 1.5. Onpenenenne paBencTsa W HepaBeHCTBa

3apaauM 1Ba wMcaa @ = =+ 0, 2,Q,..., b=4Pp,B.p,...,
onpejesieMbiX GeckoHeuHbimiy JECATHUHHIMH ApoGsaMu. Bymem
CYHTaTb, YTO OHH pasHbl MexAy co0O0fi TOrJa H TOJILKO TOrAa,
KOTAa HX 3HAaKH OAMHAKOBBHI H

a=B, (£=0, 1,2, ...).

Ilyctb @ W b—nonoxurensuue yucaa. [lo onpenesennio
a <b, nau, uto Bce paBHO, b > a, ecau a, < B, uau, ecau
HafleTcsl TaKOM HHJEKC (LeJoe HeOTPHLATEJBHOE YHcJ0) !,

yto ap=f, (k=0,1, ..., ) v o, ,, <P;4s-
Ecau 6eckoHeuHble necaTHUHBIE APO6H a W b UMEIOT BUJ
a=0g,a;...a,99... (ay<9), }
b=Boi. . Bu99... (Br,<9), 0
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TO MX MOYKHO 3aMUCaTh B BHJE KOHEUHbIX JECATUUHBIX Apobeit

a=oay, o ... oy (@y+1), ‘
b:Bo- 61 ] ﬁN,—l (ﬁN. +1) I

Hetpyauo Bugetb, 4to ecan a=b uau a < b B cMeicie
JAHHOrO BbIlle onpefiesieHUS (HA si3biKe GECKOHEYHBIX JAecsi-
THYHBIX Apobeit (1)), To a=b uau coorBeTcTBeHHO a < b
B CMEIC/IE paBeHCTBA (a =b) uau HepaseHcTBa (a < b) KoHeu-
HbIX JecaTHYHBIX apobeit (17).

[To onpeaenennio a >0 uam a <0 B 3aBUCHMOCTH OT
TOro, OyleT JH a MOJOXKHUTEJbHLIM HJH OTPHLATE bHBIM;
nasee, no onpefgeseruto a <&, eca a < 0, b > 0, uau ecau
a, b<<0wu |a|>|b]|.

(1)

Ecomw a=+ o,0,0,..., TO N0 onpenejeHuo -—a =
=F0,,0,a, .. H abCOTIOTHAN BeJHUYHHZ |a| == 4- &),0,8,... ==
= 0,,0,0,... . Takum o6pa3som,

f a (az=0),

Kak Mbl 3HaeM 43 WIKOJBHOTO Kypca MaTeMaTHKH, MEXAY
JAEeACTBHTE/bHBIMK YHMCJaMH M TOYKAMH HEKOTOPOH NpSIMOi
MOXHO  YCTaHOBHTb  B3aHMHO

4 g +f +h OJlHO3HAYHOE COOTBETCTBHE (¢3)
_—;—3——2—,—3—’ no cJjenywouieMy npasuay. Yu-
cay O npuBoaHMTCS B COOTBET-

Puc. 5. CTBHe mpou3BoJbHas Touka O

Ha MNpsiMOH, Ha3biBaeMas HyJe-
BOA TOYKO#, H HaoGopor. [IIMHAa HEKOTOPOro OTpe3Ka MpH-
HUMaeTcst 3a eluHHuy. KaxjaoMy ReHCTBUTEJbHOMY YHCTY
+a (e >0) npuBoautTcs B COOTBETCTBHE TOYKA MpPSAMOH,
OTCTOSILAA OT HYyJIeBOH TOYKM HaA PacCTOAHUU, PABHOM a,
cupaBa ot Toyku O Aad uucaa +a u cjJeBa OT TOYKH O
ans wiucna —a (puc. 5). Haobopor, ecin A—npon3Bob-
Ha#t TOYKa NPsAMOfA, HAXOAALIAACH HAa PaCCTOSTHHH a ClpaBa
ot (O, TO CYHTAIOT, YTO OHA COOTBETCTBYET NEAICTBHTE/]bHOMY
ync1y —+a (6eckoHeyHoW gmecATHYHOH ApobH). Ecan ke
touka A wHaxogutcs caeBa ot Todukd O, TO OHAa COOTBeTCT-
ByeT udcay —a. PaccmaTtpuBaemylo npsimyto 6yaeM Hasbi-
BaTb 4UCA060LH NPAMOIL WIH JeHCTBHTeIbHOH ochlo. B -xanb-
HeilllleM TOYKH - UNCTOBOH npAMoi OGyaeM OTOXAECTBAATH
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C NEACTBHTE/IbHBIMH YHCJAAMH, KOTCDble HM COOTBETCTBYIOT,
T. €. CaMH TOYKH GyleM Ha3biBaTb COOTBETCTBYIOLIHMH uuC-
nami. OTMETHM, UYTO PacCTOSHHE MEXJAY TOUKaMH a U b paBHO
|a—b| (onpenenenue pasnoctu cM. § 1.6).

§ 1.6. Onpenenenne apudmeTHyeckux AeicTBHii

[lycTe  KaXAOMY  HEOTPHLATEJbHOMY LEJOMY UHCJY
(undexcy) n B CHJY HEKOTOPOro 3aKoHa NpHBEJEHO B COOT-
BeTcTBME 4HCA0 X,. COBOKYNHOCTBh

Xos Xyy Xy v (1)

HasmBaeTcs nocaedosameavrocmeto (yncen). OTaebHbIE YHCTA
x, nocjenoBaresbHocTH (1) HaswBaloTCs ee  IaeMEHMAMU.
dneMeHTH X, W X, NPH M ==n CUNTAIOTCA OTJMYHBLIMH KakK
aJeMEHThI NOCJIeIOBATENLHOCTH, XOTS HE MCKJIOYEHO, 4TO Kak
YHCcIa OHM PaBHBI MEXAY coboit (x,=X,).

[Tocaedosameavtocme HasbiBaeTcs Heybbldaowel (Heeo3-
pacmaoweil), ecan X, < Xy, (X, >=X4y,) AT BceX k=
=0,1,2, ...

Bynem roeoputbh, uto nocaedosamersrocme (1) oeparu-
yena céepxy (ducaom M), ecau cyuiectByer yuciao M takoe,
yto X, << M nas Beex £=0,1, 2, ... .

Ecan uucaa x, nocaenosaresbroctH (1) uedsie, To Gyaem
TOBOPHTb, YTO OHa cmabuausupyemcs K uucay &, ecau Haii-
Jercst Takoe R, uTto Xx,=E nns Bcex k> k;, M nucatk
X, =&

Jlemma 1. Ecau nocaedosamensrocme yeavix ducea He
yooisaem u ozpanutena ceepxy uucaiom M, mo ona cmabuau-
upyemca K Hekomopomy uyeaomy uucay &< M.

JokasarteabcTtBo. XOTf KOJHUECTBO 3JEMEHTOB
y Hauweii nocJefoBaTebHOCTH (ECKOHEYHO, HO OHa mnpobe-
TaeT KOHeyHOe YHCJO LeJblX yuces. Belb 5TH uMcaa He npe-
oiwator M. Tlycte E—mnauGosbluee cpeam 9THX uKced.
Takum obpasom, § < M u cyuiecTByer Takoe HaTypaJbHOe S,
npH KoTtopoM x,==§. Ho Hama nocsenoBatesbHocTh He yObl-
BaeT, U MOTOMY X, =X, A Bcex k_>s, T. €. Haula noc.ne-
JOBATeJIbHOCTb cTabuausnpyercs K unciay & (x, =& << M).

PaccmoTpuM Tenepb nocJ1eoBaTeNbHOCTb HEQTPHIlATE b-
HEIX JEeCATHYHHX ApoGed (TOIbKO KOHEYHHIX HJH TOJbLKO



20 IJ1. 1. BBEAEHHE

6eCKOHEUHbIX):
Ay =0y Oy g Qg e oy
Q) == OlygyOlgy AgyQpg . « <y (2)
Qg == OlygsQy Xy y%ag . - «»

[lpaBuie wactH B (2) ofpasytoT TabauLy (OeckoHedrylo ma-

mpuyy).
Byaem rosoputs, 4uto nocaedosamensrocme (2) cmabuau-

3upyemecs K 4ucay a=9y,,79;V4---, 1 OUCATH

a,=za, (3)
ecau k-ii cmoabey mabauyvt (2) cmabuiudupyemcs K Y,
Kaxkogo 6ot Hu 6bino k=0,1,2, ..., T. e. O, =y, I14

/106010 (PUKCHPOBAHHOIO 2.

JlemMma 2. Ecau Heybosaroujas nocaedosamervrocme (2)
Oecamuyrblx Opobeti (MOAbKO KOHe4HbIX uau moabko becko-
HeqHbIX) o2parudena ceepxy ducrom M, mo ona sasedomo cma-
Ouru3upyemes K HeKomopomy 4ucay a, yO008Aemeopaowemy
HepaseHcmeam
a,<aM (n=1,2 ...). 4)

n

B camoMm pese, B yCNOBHAIX JeMMbt LieJbié YHC/Ia HYyJe-
BOro croabua matpnusl (2)

TaKe He YObIBAIOT H OrpaHuYeHbl cBepXxy uHcaom M (cm.
§ 1.5), noaromy, coraacHo Jemme |, oHH cTaGUJM3HpPYIOTCA
K HEKOTOPOMY LEJIOMYy HeOTDHLATeJIbHOMY YHCIY v, << M.
Tlyctb 372 cTabU/IM3aMA HMeeT MeCTo, HauWHasi ¢ HoMepa f1,,
T. € Qp="%00p%s-. <M, n>n,.

IlokaxeM Tenepb, YTO mepBuiil cTO/10€L B (2)

11
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TaK)Ke CTaGHJH3HpyeTCs K HEKOTOpofi umppe y, M HMeeT
MECTO HEepaBEeHCTBO
Yot <M.

B caMoM fene, pa3 JAecsiTH4HbIE Pa3JIOKEHHS UYHCe] a,

npu n = n, HMEWT BH]I
Vol Epslps- - - <M (n=n,)

H, KpOMe TOro, @, He yObIBaeT, TO AJs yKa3aHHHX n UHOPHI
nepBoro cronbua a,, (<<9) Toxe He yOmIBalOT M, CJaeA0Ba-
TeJIbHO, 110 JeMMe | CTa6HIH3UPYIOTCS K HEKOTOPOH 1Hppe y,.
[TycTs 3Ta BTOpas CTabMJIH3aUUA HACTYNaeT, HaYWHAs € HO-
Mepa f, > n,, T. €. NpH 1=

a, = YO'YlarﬂanS' .. <M'

[lpu 310M OUYEBHAHO, UYTO

Yor 1 g a, g M (ﬂ > nl)‘

Paccyxpast Temepbs no HHIYKHHH, AONYCTHM, YTO YXe
AOKa3aHO, YTO CTOJONBI MaTpHUH (2) ¢ HOMepamu, He mpe-
BBLILIAIOUIWMH £, CTaGHJIH3HPYIOTCS COOTBETCTBEHHO K Yo, Py, - - »
ceay Y M

Yoo - Ve SM (Y, oo .y Ve—LHOPH). ®)
HoxaxeM, yto (k- 1)-i1 cronbeu B (2) Takke CTaGHJIH3H-
pyeTcst K HeKOTOpPo#H uHGpe Y,,., H HMEET MECTO HepPABEHCTBO

Yor¥s- - VeVerr < M. (6)
B camom gene, pas gmecsiTHYHBIE pa3/IoXKEeHHS YHCeNd @,
NpH 11 2= N, UMEIT BHJ
Q=Yg V1 - - VO, 1%, pt2- - - <M

H, KpOMe TOro, a, he yOblBaeT, TO JJSl YKa3aHHHIX n LHPH
&, pe1 (< 9) He yOBIBAIOT U, CJAEJOBATE]BHO, CTAGHJK3H-
pytoTCs npu nZ>=n,,,, THe f,,, NOCTaTOYHO BeJHKO, K He-
KOoTOpo# undpe y,.,. IIpn aToM oueBUAHO, UTO

vﬂ’vl"‘vk'f'lga’ngM (n>nk+l))

H MBl JlOKasajH HepaBeHcTBO (6). B chay Merona matema-
THYECKOH MHAYKUMH 3aKJl049aeM, 4TO BEPHO (5) npH noGoM &
M YTO 4, =2a= 74,9, -- -

LokaxeM neppoe nepasenctso (4). CpaBHHM YHcJIa

Qp = Oy, 01Oy glng. « )
a=YoY1¥sYa: - «
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FEcau Bce cOOTBETCTRBYIOWHE KOMMOHEHTH O6OMX pasaOXKeHHWH paBib
(s =75 s=0, 1,2, ...), T0 a,=a. B nporuBHOM Cay4ae npH HeKo-
TOpOM §

an].=vl. (j:O, 1, ...,S——l). } (7)
Cns < Vs-
[Mpn atom, ecnu s=0, 170 paeencrsa 8 (7) wago onyctuts. [lpu pac-
cMatpmBaeMcM n uMcaa o,;=vy; (f=0,1, ..., s—1) yxe cTrabuausu-
poBaHhbl, MO3TOMY
ay = [« Y T P -an‘ s-1 (a'n.i'l‘ l)=Y0"Y1 e YPs-1 (ans'{" l) =
<YoVi---Ps-1¥s<aQ,

M Mbl AOKA3aJH TepBoe HepaBeHCTBO (4).

OcTaetcs foka3aTh Bropoe HepaseHcTRo (4). Ecanm a= y i YN—

KOHeuias AecATHYHAas Apo6b, TO OHO caedyeT M3 (5) npu k=N. [Tycts
Temeps
a=yo,yly2... (8)

— Geckoneynaa fecAtuyHan fpobb. Pasnoxum uucao M rtoxe B Gecko-
HeyHyio Apo6b M =mg4mm,... . Ecan RonycTHTh, uTo ROKa3binaemoe
HCPABEHCTBO HEBEPHO, TO HB[UI&TCS{ Takoe R, 4To

Y =my ([:0, I, ..., k—1), } (9)

Ve > Mp.

Ecan k=0, 1o pasenctsa 8 (9) onmyckatorca. Tak Kak paanoweHHe (8)
GeCKOHEYHO, TO HAHUACTCHA TAKOE S, YTO Ypi¢ > 0. [NoTomy

YoViee Ye—1Ve: - -VYh+s > YorVi - - Yk—1Vr="Mo M. . .Mp_1Yp =
=momy.. . My_(Mp—+-1y=mg,my...Mp_ymp99... =mog,mm,... =M,
M NOJYYHJIOCH MPOTHBOpeuYHe C HepaBeHCTBOM (5).

Tenepb y Hac ecTb BO3MOMHOCTL JaTh Onpejie/1eHHe apHd-
MEeTHYeCKH X AelUCTBHH HaJd AeHCTBUTENbHbIMH YHCJaAMH.

Hns npou3BonbHOrO 4HcAa a=d,,0,0,... BBElEM ero
n-1o cpe3ky a™ =a,,a,. . .0, — KOHEUHYI0 JeCSITHYHYIO APO6b.
Me1 cuuTaeM, YTO onepauHi ¢ KOHEYHbIMH JECATHUHBIMH JApO-
6SIMH YHTATe IO H3BECTHHI.

3agaguMm Ba MOJOMHTENbHBIX UYMCJA

a =o,,0,a. .., b=0,,0,p,...,
pasnoxkennble B GeCKOHe4YHble JAecATHYHble Apobu. Baegem
Noc/Iel0BaTe IbHOCTb YHUCe.

am b =ay 0., .a, BBy . B =APAM. AP
(n=1,2, ...).

OquHJIHO, 3Ta MOCJE€A0BATEJbHOCTb HE }’6518361', Kpome Toro,
OHA OrpaHuyeHa CBEpXY:

a® b L (G + )+ B +1) (n=1,2, ...).
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Ho torpa Ha OCHOBaHWK NieMMbl 2 neCsITHYHBEIE Pa3f0KeHnA
Hawed nocJeoBaTe/IbHOCTH CTaGHIN3UPYIOTCS K HEKOTOPOli
JNEeCSTHYHOH JPOGH — AENCTBHTENBHOMY YHCAY — Py, ¥, P5« -« -
3T0 uYMCAO W HA3LIBAETCA 0O ONpeleNeHUI0 Cymmold uucea

anb:
a+b= YosViVae oo«
WTtak, Mbl onpeje’sieM cyMMy a-+b Kak yHca0, K KOTO-
poMy cTtabuausupyerca a”®’ + b
a‘® L p'm—a4b. (10)
Yro6H! onpeneMiTe NpoU3BelcHHE MNOJIOXKHUTEJBEHEIX YHCeJ
a u b, BBOAUM cpe3sky
(a(n)bln))(n) J— }l:{l)’p;n). . ‘p;lfl) (1 ])

— KOHEUHYI0 fecsiTHuHYlo Apo6b. [locsenoBaTenbHOCTh 3THX
Cpe30K, OYeBMLHO, He yOmnBaeT (mpu Bo3pacTaHuu n!) W orpa-
HHUEHAa CBEpXY:

(@mbmym < (@, +1) B, +1)  (n=1, 2, ...).
[losTomy mno JnemMe 2 Bripaxenue (11) crabuausnpyercs
K HEKOTOPOMY YHCJYy, KOTOpOE U HasbiBaeTcs npoudéede-
Huem ab:

(@'mbmyn = ab.

OTMeTUM HepaBeHCTBa
‘nYy __ —
A =g,y O, OO O 000,99, =
=00y .y (@, + 1) =ay,0,...a,+ 1077,

a(n) < a g a'm + lo—n_

Besinunna @™ npu6ankKaeTcss K a (nMpu BO3pacTaHHu 1),
He ybuiBas. Uro e Kacaercsi BesMuMHB a“’ - 10-7, To OHa
npubanxaercsi K @, He BO3pacras:

a4+ 10-"=a,a,...0,99...Za,a,...0,a,,,9... =
:a(n+1)+ 10-tn+1)

310 06cToATENBCTBO GYAET WCNOJB30BAHO NpPH Onpejese-
HHH PA3HOCTH K YAaCTHOTO TIOAOKHTENBHBIX Yuces.

Ecan a>b >0, 10 pasHocme a—b onpefensietcss Kak
AecATHYHAA ApoOb (YHC/I0), K KoTopoH cTabHIH3HpPYeTCcs
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NoC/1eX0BaTeIbHOCTh KOHEYHBIX JECATHUHBIX Apobei:

a —(b™ +10-7) = (a—b); (12)
ecau a, b >0, T0 yacmnoe a/b onpefensiercsl Kak AeCATHY-
Hast Apobb, K KOTOPO# cTabuau3upyeTcs NoCJef0BaTe/IbHOCTh
KOHEYHbIX Jpobeii:

am )\ (r) a

(b(n)+|0—lx) :-b- (13)
Hapo yuects, uto a*’ npu BO3pacTaHuH n He yObIBaer,
a b 10~ pe BO3pacTaeT, H MNOTOMY Bbipa)XeHHS CJ/eBa
B (12), (13) e yoniBatoT. K pome TOro, OHH OrpaHuueHbl CBEpXY:

" — (b +10-7) oy + 1,

( atn) (n)< a1

bW 10-7) “BuB....Bs’

rae s takoBo, yto 3, >> 0. ITosToMy nmo nemme 2 BripaxeHHS

caeBa B (12) u (13) pedicrBuTennHO cTaGHIH3HPYIOTCS.
TMonoxum eue

0O+a=a+0=a, a-O»:O:a—a:2 (@a=0, b>0).

b

(14)
Mut onpesenny Ans HeoTpHUUATENbHbIX uucead a, b ux
CYMMy, pa3HOCTb, NPOHM3BEAEHHE M YacTHOe, IMpeAnoJaras
B CJy4Yae pa3HOCTH, YTO a_>b, U B cJyyae 4acTHOro, 4YTo
b > 0. 3tu onpeneneHHsT PacnpoOCTPAHAITCS OORIYHBIMH CIIO-
cob6amy Ha yucsaa @ U b npousBosbHBIX 3HakoB. Hanpumep,
ecan a, b<C0, To nmonaraeM a-+b=>b+a=—(la|+]|b]|).
Eciu xe a u b—vuHcaa pasHbix 3HaKoB M |a|>=|b], To
nofaraeMm a +b—=>b-+a ==+ (|a]—|b|), rae BuOHpaeTcs 3HaK,

OAUMHAKOBBIH CO 3HAaKOM a@. B uacTHocTH, HMeeT MecTo

a+(—a)=0
Aqs moboro a.

[TooGHbie npaBuJia MOXHO OLL0 Gbl MTPUBECTH AJS1 OCTaJb-
HBIX apudMeTHYeCKHX JeHCTBHil, HO B 3TOM HeT HeoOXoau-
MOCTH—OHHM XOPOLIO H3BeCTHbl H3 Kypca ajareGphl.

B § 1.7 nepeuucnsiloTcsi CBOWCTBA AEHUCTBHTEJILHBIX HHCEJ,
BhITEKAIOULHE W3 CleJlaHHBIX ompejesneHUH. Mul dopMyaupyem
3TH cBoicTBa. MIX MOXHO MOKa3aTh, HO Mbl JJOKa3blBaeM HX
JUWb B OTAEMBLHBIX caydasx'). 2tu cBoiicTBa coGpaHbl B NAATh

1) TlonKoe pokasaTeancTBO CcM., HanpuMep, B yue6uuke C. M. Hn
KoabcKoro «MaTteMaThuecKHi aHaauas, T. I, ra. 2 :
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rpynn (I—V). Tlepsue Tpu H3 HHX COAEpXKAT 3JEMEHTapHLIE
CBOICTBA, KOTOPHIMH MB PYKOBOACTBYeMCA MPH apH(MeTH-
YeCKMX BBIYMCNEHHAX W peweHwy HepapeHcTB. [pynma IV
coctaBaseT ofHo cBoiicTBo (Apxumena). Hakoneu, rpynna V
TaKXKe COCTOUT H3 OJRHOro CBOHCTBA. 3TO CBOWCTBO (hOpMY-
AHpyercss Ha s3bike npenenoB. OHo 6yleT NOKa3aHo, HO
no3xe—B § 2.5.

§ 1.7. OcxoBHbie cBoicTBA AeHCTBHTENLHBIX YHCeN

I.CBoilcTrBa nopaaka.
1,. Jan Kaxaoii napei JAedCTBHTEJbHBIX uucen a u b
MMEET MeCTO ONHO H TO.JbKO OJHO COOTHOILEHHE:

a:b, a>b, a<b.

I,, M3 a<b v b<c crenyer a<c (TpaH3HTHBHOE
CBOHCTBO 3HaKa «<»).

I,. Ecau a < b, 1O Haiijercs Takoe 4YHCJIO ¢, UTO0 a <
<ec <Lb. :

II. CeoiicTBa nefdAcTBHiI CNOMEHHA H BBIYH-
TaHUSA.

If,, a+b=>b+4a (nepemecTHTe/NLHO® HJAM KOMMYTATUB-
HOE CBOHCTBO).

I,. (@a+b)+c=a+(b+c) (coueTaTesbHOE HJH acco-
LHATHBHOE CBOHCTBO).

Il,. a+0=a.

Il,. a4+ (—a)=0.

I1,. U3 a < b crenyer, uro a+c < b+c aaa awboro c.

Uucno a + (— b) ectecTBeHHO Ha3BaTh PasHOCTbIO a—b,
T. €. nucatb a—b=a-+(— b), noroMy uro, ec.u era go6a-
BHTb K b, TO noayuumm a:

[a+(—b)]+b=a+[(—b)+b]=a+0=a.

W3 npupejeHHbiX CBOHCTB JIerKo CJENYET, UYTO PAa3HOCTb
eIHHCTBeHHA. MOXHO NOKa3aTh, YTO TaK ONpele/ieHHas pas-
HOCTh COBNajaeT C Pa3HOCTbIO, onpejeneHHoit hopmy.Joit (12)
§ 1.6.

III. CeodticTBa AeHcTBUN yMHOXeEHHSF H Je-
Jle HHA.

II1,. ab=ba (nepemecTHTeNIbHOE HJNM KOMMYTaTHBHOE
CBOWCTBO).
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111,. (ab)c=a(bc) (coueTaTenbHOE HJH acCOLHATHBHOE
CBOHCTBO). '

111,. a-1=a.

. a2 =1 (a==0).

I11,. (a +b)c=ac-bc (pacnpesenurte/bHbll HJIH AUCTPH-
6YTHBHLIH 3aKOH).

11I,. U3 a < b, ¢ >0 caeayer ac < be.

YUucao a-—;— (b 0) ecTecTBEHHO HA3BaTb YaCTHLIM %
(%=a-%), NOTOMY 4TO, €CJAH €ro YyMHOXHTh Ha b, TO
NONYyYUM a:

(a-5)b=a(58)=a(b-3)=a1=a

M3 ppuBeneHHBIX CBOHCTB J€TKO cJedyeT, UTO YaCTHOE
OT Jie/leHHd a Ha b elUHCTBEHHO. MOXHO JAOKasaTb, UTO TaK
Onpeje/ieHHOEe YacTHOE COBNAJaeT C YacTHLIM, OlipeleJeHHbIM
¢opmyaoit (13) § 1.6.

IV. ApxumenoBo cBoficTBO.

. Kakoo 6wl HH OBbIO yucao ¢ > 0, cymecTByeT HATy-
panbHoe n >c¢. B camom jgene, ecau c=a,,a,0,..., TO
MOXHO B3SITb 1 =0, -+ 2.

M3 apxnmesoBa CBONCTBA H HEKOTODBIX NpPEABIAYILHX
CBOHCTB CJieflyeT, 4TO, KaKOBO Obl HH GbLJIO NOJOXUTEThHOE
YHCJO €, BCETJa MOXHO YKa3aTh TaKOe HaTypaJbHoe 11, YTo

1
BLIIIOJNIHAETCSE HEpPaBEHCTBO m <L e,

B camom gene, cornacHo IV xas uucna l/e MoKHO yKa-
saTh HaTypaJ/JibHoe A Takoe, yto l/e < n, yro B cuay Il
BJIEYeT HYKHOE HEepPaBeHCTBO.

3ameTHM, uTO AAs faHHoro uucaa ¢>=0 B paay O, 1,
2, ... 1eJBIX HEOTPHLATEJbHBIX YHCEN, OYEBHUAHO, HMEeTCd
€IAHHCTBEHHOE M, AN KOTOPOTO BHIMOJHAIOTCS HEPaBEHCTBA
m<lc<m-+1.

CeoiictBo V. Ecau nocaedosamenrvHocms Oeticrmeumens-
HbIX 4ucer a,, Q,, Q,, ... He ybbisaem u O2paHuHeHa C6EPXY
aucron M (a,<< M), mo cywecmsyem uucro a < M, Kk xomo-
poMy 3ma nocAe008amMenbHOCMb CMPEMUMCA KAK K C60emY
npedeay:

lima,=a<<M.

n—»>o
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310 3HAYHT, YTO ANA BCAKOTO KaK yrORHO MAJIOro MoJo-
JKUTeAbHOro uuvcsa e > (0 Haiinercss HaTypaJjbHOE YHCNO 1,
Takoe, 4TO

la—a,|=a—a,<e

IJI BCeX n > n,.

JlokasatesncTBo cM. aanee § 2.5, Teopema 1. Kak Mu
YBHIMM, CBOHCTBO V €CTb HENOCPEeNCTBEHHOE CJEACTBHME JieM-
mbl 2 § 1.6, B KoTOpO#, B UaCTHOCTH, YTBepXaa/ocb, 4TO
HeyOHIBalollast OrpaHWYeHHass CBepxy uucaom M nocneno-
BATEJLHOCTh GECKOHEYHBbIX JECATHUHBIX Apobell cTaGu/aH3u-
pyercsi K HEKOTOPOH AeCATHYHOH ApobH a <M (a,=a).

Jeno B TOM, UTO H3 TOrO, YTO @, cTabuiau3upyeTcs K a,
cjefyer, 4To a, CTPEMMTCS K @ KaK K CBOeMYy Mpefeny.

§ 1.8. AKcHOMaTHYeCKHH MOAXOA
K MOHATHIO AEHCTBHTEJNRHOrO YHCaA

Mul Haszsasu GecKOHeuHble AeCATHYHBIE APOOH NEACTBY-
TeNbHBIMM YMCJaMH, BBEJH IJs HUX moHatus 0, 1, >, =,
apudMeTHUCCKHE onepaunH U chopMyHPOBATH HX GCHOBHbIE
cBoiictBa [—V, KoTopble MOryT ObITb JOKa3aHbL.

Hyxuo ckaszatb, uto cBoiictBa 1—V mnono6GpaHbl 3KoO-
HOMHO M II0JIHO, HAaCTOJILKO, YTO M3 HHX MOXHO NOJYYHTb
JIOTHUECKH BCE OCTaJsbHbie CBOCTBA 4dnceJ.

CyutecTByer aKcHOMaTHYeCKHH NOAXOA K ONpeAesieHHIo
JERCTBHTENBHOIO YHcCJa, 3aKJwdalouuiicd B TOM, UTO JEHCT-
BUTEJIbHEIMH UHC/1aMH Ha3bIBAIOTCS! HEKOTOpPBIE OGBEKTHI (BeLLH)
a, b, ¢, ..., yiosjerpopsitome cpoiicteam [—V. Ilpu Takom
nojxofie CBOHCTBA |—V Ha3LIBAOTCH aKcuoMamu Hucaa.

[Tpu akcuoMaTHuYeCcKOM MOAXOXE (IOPMYJHPOBKH CBOHCTB
(Tenepb aKCHOM) AOJMHBI OBITL HECKOJIbKO BUAOH3MEHEHHI.
Akcuomet 11 Tenepb yxe GopMyaupYIOTCS TakK: KaXKIoH nape
ylces B CHJY HEKOTOPOTO 3aKOHAa COOTBETCTBYET 4ucJo a -+ b,
Ha3blBAeMO€ WX CYMMOH, NPH 3TOM BBINOJIHSIOTCS AKCHOMbBI
IT,—1II,. Akcroma 11, fo/kHa 6HITE CHOPMYJIHPOBAHA B BHJE:
cyuecrByet yncao O (HyJb) Takoe, 4t0o a -+ 0=a Ansa Bcex a.
Axcuoma II, ¢opmynupyerca Tak: Aasi Mio6oro uucaa a
cyllecTByeT yYucso, ofio3HayaeMoe uvepes —a TaKoe, YTO
a+(—a)=0. Haxonen, akcmoma IIl, npunumaer Bua:
cyuiecTsyeT 4ucao | (eauHuua), ornuynoe or 0, Takoe, 4TO
a-1=a pas Bcex a.
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O6o3nauuM uepe3 R MHOXKECTBO BceX HeHCTBHTENLHLIX
yHces, T. €. BCeX BRellled, NOAYMHSAIOMMXCH akcHoMmaMm 1—V.
Tornpa B R umeercs nyab 0 u eguunua 1. C nomollbio
aKCHOM MOXHO JA0Ka3aTb, uTo 0 <{ | M MMeEIOT CMBICJ YHCsa
2=141, 3=24+1, ... u uncpa —1, —2, —3, ..
B peayqbrare noayyuM MHOXKECTBO BCEX LeNbIX yHcea (pas-
JHUYHBIX MeXALY co6oii!)

., —2,—1,0,1,2, ....

Ha ocrHoBanuuM axKCHOM 3TH UKCJA MOXKHO AENHTh APYT
Ha gapyra, uckJjoyas aesenue Ha 0. Ilostomy B R ecth
pauHOHaabHHe u4Hcaa £ m/n—=d-mpnp (>0, m=0,
p0). Ho Torna B R uMeloTCS TakXe W KOHEUHbE Aecsi-
THYHHE Jpo6u. M3 nocnefHUX MOXKHO MOCTPOHTH OrPaHH-
yeHHBIE CBEPXY HeyOhBalollHe IocsenoBaTennHoctd. Ha ocho-
BaHHW aKcHOoMhl V B R JOMKHBI €YLIECTBOBAaTh Ipelesibl
Takux nocseponartesabHoctell. HeRoTophie H3 3THX npejencs
He SIBJISIOTCA KOHEYHBIMH AeCATHYHEIMH APO6SMH — 3TO YHCJA,
OTJIHYHLIE OT KOHEYHBIX JecATHYHHIX apobeit. Hx ymo6ho
3anucbiBaTb B BHjJe (GECKOHEUHBIX AECATHYHEIX Apobeit. B pe-
3yJIbTaTe OT AKCHOM C MOMOILBIO JIOTHUECKHX PacCyXKAaeHn i
MOXKHO NpHUATH K GECKOHEUHRIM AECATHYHBIM pobsiM. Koneu-
HO, MHI 3JeCbh NPHBEJH TOJBKO CXeMYy pacCcyXAeHHH, KOTopasi
He NpeTeHAyeT Ha HOKa3aTesbCTBO.

M3 ckasannoro craenyer, uto ¢ ¢opMasibHOH TOYKM 3pe-
HHA Bce PaBHO, HCXOAMM JIH MBI NPH onpeneseHHH NeHCTBH-
TeNbHbIX YHCeJ H3 OEeCKOHEUHHX HeCSATHUUHRIX Jpobeil HJiu
H3 aKCHOMAaTHYECKOro noaxoja.

KoneuHo, ¢ ¢uaocodckolt TOUKH 3peHHA BTOPOH NOAXOR
OoJlee npueMJieM: YKHCJIA CYTb a6CTpakLXHK, BHpaXaolie
KOJIHUECTBEHHBIE OTHOLUEHHSI PeasIbHOTO MKUpa, a JEeCSTHYHblE
Apobu —(hopManbHbE CHMBOJRI, HX HPEACTaBJSIOLLHE.

§ 1.9. HepaBencTBa ANA abGCOMOTHBIX BENHYHN

Hepasenctao
‘ laj<e (1)
3KBHBA.IEHTHO JIBYM HEPABEHCTBaM
—e < ae. (1)

Orclona HepaBeHCTBO
| la—b|<e 2)
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9KBUBAJIEHTHO HEepPaBeHCTBAM

b—e<a<b+e. (29
AHanoru4Ho HepaBeHCTBO
la—b|<e 3)

3KBUEBA/IEHTHO HEPaBEeHCTBAM
b—e<la<<be.
Cnpagef/inBbl TaKKe HepaBeHCTBa
la+b| <lal+]b], (4)
la-—b|>lal—|b]. (5)
TlepaBeHCTBO (4) MOXHO MOJNYYHTh, PacCMOTPEB OTAE/IBHO
vetwlpe cayuas: 1) a,b>=0, 2) ab<C0, 3) a<<0<b,
4) b <{0<<a. Hanpumep, B cayvae 2)
a+b<b<0, latb|=—(a+b)=—a—b=|al|4|b],
a B cayuae 3), ecau gonyctuts, yto |b|=|al,
la+bl=b+a<]|al+]b]
Cayuait 3) npu ponywenuu |b|<I|a| uuTatesp pasbeper
caMm, Tak Xke, Kak cayyaii 1). Cnyua#h 4) cBogutcs K cJay-
yaio 3). Janee, B cuay (4)
lal<|b]+1a—b], |b|<|al+]a—b],

la|—la—b|<|b|<|a|+|a—b]

HO TOrjaa BepHO f5).

§ 1.10. Ovpe3ok, wWHTEpBaJ, OTrpaHHYEHHOE MHOXECTBO

[Mycts uucna (Touku) a ¥ b yAOBJIETBOPAIOT HEPaBEHCTBY
a<b.

MuoxkecTBO yHcea x, YNOBJIETBOPHIOUHX HepaBeHCTBAM
a < x<b, Ha3mBaeTcs ompeskom (¢ KOHUAMH a, b) uau
ceamenmom W o6o3anauaercs Tak: [a, b].

MHOXecTBO YHCEeA X, YAOBJETBODSIOIHX HepaBeHCTBAM
a < x < b, uasuiBaerca unmepsarom (C KOHIAMH a, b) HJH
omKpuimeim ompe3kom W o6o3navaercs Tak: (a, b).

MuoxecrBa yucen x, YAOBNETBOPAIOWHX HEPaBEHCTBAM
a<x<b um a<x<b, 0603HaqAIOTCH COOTBETCTBEHHO
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[a, b), (a, b] n HaswBatoTCA r04YOMKpPLLMBIMU  OMPEIKAMU
HIH noayuunmepéaramu. TlepBbiit, Hanpumep, 3akpeim cJiepa
W omkpeim Ccrnpasa.

UacTto paccMaTpHBAIOT ellle MHOXeCTBa, Ha3biBaeMble 6ec-
KOHedHbIMU uHmepéasamu 1A noayurnmepsasamii: 1) (—oo, 0o),
2) (_my a]y 3) (—ml a)’ 4) (al m)’ 5) [a’ m)‘

[lepBoe M3 HHX €CTb MHOXECTBO BceX JeHCTBUTEJbHBIX
ynces (HeficTBHTENbHAs NpPAMan); OCTaJbHble COCTOAT H3 BCeX
upces, AJIS KOTOPBIX coOTBeTCTBeHHO: 2) x<La, 3) x < a,
4) a<x, 5) a<x.

CuMBOJIll —oco M -+oo YyIOGHO Ha3BaTbh OecKOHeuHbimu
4ucaami, a OGBIUHBIE YUCJIA — KOHEUHBIMI HUCAAMU.

[lonuepkuem, uto y otpe3ka [a, b] KOHUBI— KOHeYHbIE
yncsa, y MHTepBana ke (a, b) ero «KOHIb» MOryT OHITh
HOHEYHbIMH H OGeCKOHeUHbIMH. Y noJyuuTepsana [a, b) uncno
a Bcerja KOHeYHoe, a b MoXeT OblTb KOHeuHbIM H Gecko-
HeyHbIM (b < o0). AHaJjOorHyHO Yy mnoJayuHtepBana (a, b]
YHCJI0O @ KOHEeYHOe MJM OecKoHeyHoe (—oo <(a), a b Bcerpa
KOHeuHoe.

Eciu a v b KoHedHol W a < b, TO uncjao b—a Ha3sh-
BaeTcst Oauxou cermeHTa [a, b], nan wHTtepBana (a, b), uau
noJiyuHTepBajos (a, b], [a, b).

ITponsposibubiit HHTEpBaAd (@, b), COXepXauluil TOUKY C
(@ <c<b), Mol 6YyaeM Ha3HBaTb OKPECHHOCHbLI0 MOYKYU C.
B wuyacrHoctH, uHTepBasi1 (c—e, c-+¢) (8> 0) HasbBaloT
&-0K PECIMHOCIbIO MOYKU C.

Ilycts X = {x} ecTb NpoH3BOJBLHOE MHOMXECTBO NeHCTBHU-
TeJNbHBIX uuced. [0BOpAT, uTO MHOMecTBO X ozpaxudeHo
ceepxy, ecan 3 (npeiicTeuTesbHOE) uucao M Takoe, uto Vx € X:
x < M; oepanuuero cHu3y, ecad I uyuMcJ0 m Takoe, YTO
Vx€X: x=m;, W 02paqu4eHo, eCJH OHO OrpPAHHYEHO KakK
CBEpXy, TaK H CHH3Y.

MoxHo elne, OueBHAHO, CKa3aTh, YTO MHOXKecTBO X Or-
panuueHo, ecaut 3 yucao M > 0 takoe, yTo Vx € X: |x|<< M,
TaK KaK HepaBeHCTBO /lelgM 5KBHBAJIEHTHO JByM Hepa-
BeHCTBaM — M < x <M.

Ecau MHOXecTBO X He saBasercs OrpaHHYe€HHbIM, TO €ro
HA3BIBAIOT Heo2paHuderHoim. Ero MOXKHO onpefesuThb cJelylo-
M obpasoM: MHOXeCTBO X JEHCTBUTE/LHBIX UUCe] Heorpa-
HuueHo, ecaw VM >0, Ix,€ X: |x,| > M. K s10li dopnmy-
JHUPOBKE MOXHO MNpPHIATH, HCXOAA W3 NPaBUJA NOCTPOEHUSA
OTPHUAHUSA JAHHOM JIOTHUECKOH (OPMY.JIBI.
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§1.1l. CHETHBIE U HECYUETHBIE MHOXECTBA |

Mpramepn. Otpesok [a, b] ectb orpaHuYeHHOe MHO-
xecTBo. MHutepsan (a, b) ectb OrpaHHYeHHOE MHOXKECTBO,
ecim @ u b KoueuHLl, M HEOTpaHHUEHHOE, eCJH g =-—00
HaIH b= oco.

§ 1.11. CyeTHOE MHOXECTBO.
CYeTHOCTh MHOXKECTBA PALMOHANBHBIX YHCE.
HecueTHOCTh MHOXKECTBA AEHCTBHTENbHbIX 4HCEJ

Betite MBI onpefesuid MOHSTHE PAaBEHCTBA MHOMXECTB.
N xapakTepUCTHKH CTeNeHH HAachIUEHHOCTH GeCKOHEUHbIX
MHOXECTB 3JIEMEHTAMH YAOGHLIM SIBJISETCS NMOHATUE 3KBUBA-
JIEHTHOCTH MHOMXECTB. MHOxecTBOo X Ha3bBaeTcs OeckoHed-
Hotm, ecan Vn € N: B MHoxectBe X HMEIOTCH 3JIEMEHTHI,
KOJIHHeCTBO KOTOphiXx Goabuie n. Jlsa MuoxectBa A u B
HA3bIBAIOT 3KBUBAJEHTHLIMM, W Npu 3TOM nHIYT A ~ B,
ec/Iu MexJy HX 3/JeMeHTaMM MOXHO YCTaHOBHTb B3aUMHO
OJHO3HAYHOE COOTBETCTBHE (¢3), T. €. CYIULECTBYET TaKoe
NPaBHJIO, 3aKOH, No KoTopoMy Va € A cOOTBETCTBYET BIIOJIHE
onpefleneneiii asement b € B. Tlpu stom B cuay storo mpa-
BHJIA [IBYM pa3HblM 3JEMEHTAM &, a, € A COOTBETCTBYIOT /BA
pasHblx ajementa b, b, € B u raxnnlii 3jemeHT b € B coot-
BETCTBYeT  HEKOTOPOMY  3JIEeMEHTY
agA.

Hanpumep, ecain A —MHOXeCTBO }
TOYEK Ha OKDYXKHOCTH pajauyca r,
B—MHOXeCTBO TOUEK HAa KOHUEHTPH-
yeCKOH OKPYXXHOCTH paguyca R >,

TO oueBUAHO, Y10 A ~ B (puc. 6). ‘

QuesuaHo, uyto ecam A=B, 10
A~ B. ‘

Ecan X = {x} ~ N ={n}, To MHOXe- Puc. 6.
cTtBO X Ha3hniBaeTcsA cwermHoim. Ectect-

BEHHO, YTO CaMO MHOXECTBO HaTypaJib-

Hulx unces N ABJISETCH CYETHBIM (COOTBETCTBUE YCTaHABIHBART-
Cfl IO CXeMe n > n). MHOXKeCTBO BCeX YeTHhIX HAaTypaAbHbIX
yucen N,={2n} skBHBaNeHTHO BceMy MHOXecTBY N, mpHueM
COOTBETCTBHE YCTAaHABAHBAGTCH MO cXeMe 1« 2n. OTMETHM,
4yto 3aech Ny%= N, NycN. Takum o6pasoM, HCTHHROe noOA-
MHOXECTBO (YaCThb) MHOMECTBA OKa3aA0Ck 3KBHBAAEHTHHIM
BCEMY MHOXECTBY. JT0 CBORCTBO NPHCYIME TOAbKO GecKo-
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HEYHBIM MHOXECTBAM (€ro MOJXXHO NPHHATH 3a onpeaeeHHe

6eCKOHEYHOI0 MHOMeCTBa).

HMa onpepesieHHsi CYETHOCTH MHOXKECTBA BHITEKaeT, 4YTO
€ro 3/J€MEHTHl MOXXHO NepeHyMepoBaTh ¢ NOMOLILI0 HATYPab-
HBIX 4YUCeJ, MO3TOMY CYETHOe MHOXECTBO Mbl YacTo GYAEM
3aNUCHIBATH B BHAE NOCJENOBATEJNbHOCTH €r0 3JIeMEHTOB:

X={x,, Xgy covy Xpy -}

Cyemnuan (meopemuro- MHOMECMEEHHAR) CYMMA
®
E= U EF=E'JE*+...
k=1

cuemnblx mHoNcecme E* ecmb cuemnoe mHoxcecmeo. B caMom
Aenie, aanuuieM snemenTh x¥ € E* (j=1,2,...) B Bue TaG/IHLLbL:

— 1
E'={x, x3, x5 ...}
E?=={x}, x3, x5, ...},

E:l == {x:llv xgv xgv .- '}’

[lepenyMepyeM HX B c/elyIoLUiEM JIOPSAKE:
X, xi, o x3 oG, x2 ox8, x, .,

BbIOpAChiBasi, OJHAKO, HA KaXIOM 3Tale HyMepalun Te 3Je-
MEHTHI, KOTOpble yxKe OblIH 3aHYMEPOBaHbl Ha NPEAbIAYLIEM .
jTane: Bellb MOXET CJYyuuTbCsA, uto E* n E! umeror ofuiue
37eMedTel. B peayabrate nosyudM GEeCKOHEUHYIO MOCJeO-
BaTE/bHOCTb 3JIEMEHTOB {Y,, Y,, Y3, - - -}, OUEBHJHO, licuep-
NLIBAIOLHX MHOXecTBO E. 3T0 J0kasbiBaerT, 4yTo E —cueTHoe
MHOJKECTBO.

AHasoruuio JROKa3plBaeTCs, YTO KoHeuHas cymma E =
= E'+4 ... +E¥ cuemubix uau KOHedHbIXx MHOXcecme, cpeou
Komopbix ecimb xoms Obl 00HO cuemmoe, CHemua.

Teopema 1. Mnoowecnso 6ecex payuonarbHbix uucer
CHEMHO.

HJoxasaTeabcTBO. PaccMOTpUM cHauaja DOJIOXKH-
TeJIbHbIE PalMOHaJ/bHbe uMcaa Q, = {p/q}. Hasosem nary-
pajibHOe YMCJO P ¢ BHICOTOH PaUMOHAJBLHOFO 4HCAA p/q.
Ilycts A,—MHOXeCTBO BCeX PalMOHAJbHHIX 9HCEN C BHICO-
To#f, paBHOH n. MHOXecTBa A, COCTOAT H3 KOHEYHOrO YHCJIA
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9JCMEHTOB (PAUHOHAIbLHBIX YHCea), HaupuMep
I o2 12 3
AI‘Q'A'-’"']T[’AW“ T A, ToT T

w
Jerko Bumets, uto Q, U A4,.
n=1
[TepenymepyeM uucna, 3anncaHHble B GUTYPHBIX CKOOKaX
C/JI€BA HANpapBo, BbIIYyCKas, BIOPOYEM, Ha KaxJAOM 3Tane Hy-
MepauHy Te, KOTopble OLLIM YyXKe 3aHyMepoBaHbi Ha 6oJee
paHHeM 3Tane. B pesysabTate noaydum InocseJoBaTeNblOCTh
] 1
=1 r,=v, ry=2, ryvg, rg =3, ... .
Tak KaK paunOHaJbHLIX MOJOXHTEJAbHbIX UHCeN 6eCKOHEUHO
MHOTO, TO MBbl HCIIOJIb3YEM BCE HATYpaJibHbie yucaa. 3HauuT,
Q, cuerno. [lanee, oueBuaHo, 4to Q_ == {— p/q} cueTno.
[MosToMy BCce MHOMXECTBO  palMOHAJbHbBIX uyHcen Q =
= Q, UQ_U{0} Takxke cyeTHoO.
Teopema 2. Mroxecmao écex OelicmeumesbHblX YUCEA HECHEINHO.
II,OKa.'laTe.ﬂbCTBO. ﬂ,Jlﬂ AOKa3aTeibCTBA AOCTATOYHO YCTANO-
BHTb, 4TO MHOMKECTBO AeHCTBMUTENbHBIX uHcea HHTepBaga (0, 1) o6pasyior
necyeTHoe MHoxecTBO. JonycTuM npotueloe, 4To uytepBana (0, 1) ects

CUCTHOE MHOXKEeCTBO, T. €. BCE €r0 TOYKH MO/AHO HE€pelyMepaBaTh:

(1 1
.tl::o, (451 )dé)

n
x, =0, af Yagh oL,

Ho sro npeanonowenue nporupopeunso. B camoM jene, noctpoum seue-

ctBennoe uncao x=0,08, ..., rac wndpe ¢, 10306paubl TaK, Y4TOOL
. )

0<a,<9 u a,7 ayp . Scino, uto x€(0, 1), 0AUAKO X He coBuapaer

HH ¢ OMMHM M3 "HCea X, TaK KaK HHaue JA0JKHO GblIO 6bl GbiThb

apy, = a1, uro ne wmeer wecra.

g



FMTABA 2
NPEREJI MOCJEAOBATE/ILHOCTH

§ 2.1. HoHsATHe mpelena NocCaAef0BATEABHOCTH

[Mycts kakaoMmy HaTypaabHOMY uucay n=1,2,3, ... no
HEKOTOPOMY 33KOHY NMOCTaBJEHO B COOTBETCTBUE JEHCTBHTE ih-
HOE HJIH KOMIJIEKCHOE UHCJ/IO X,,.

Torzaa roBopaT, YTO 3THM OnpejeieHa nocae006ameabHoCMb
qucea Xx,, X, X3, ... HJIH, KOpOYe, NOCJEAOBATEJbHOCTD

{xn}= {xlv Xoy Xgy = }

ToBopsT eme, 4To nepeMeHHaR x, npoberaeT 3HayeHus
MOC/IeA0BATENbHOCTH {X,,}.

OrgenbHbie yucna x, MOCJACAOBATEJNLHOCTH {x,} Ha3biBa-
totca ee dsemenmamu. Haao umets B BHAY, YTO X, H X, MPH
n==m CYATAIOTCH OTJIHYHBIMH KaK 3/JeMeHTH MOCJe0BaTe b
HOCTH, XOTA He HCKJIOYeHO, YTO KaK YHCJ/a OHH PAaBHBI MEXAY
co60i, T. e. MOXeT OHiTh X, = X,,.

B 3toii rnaBe Mnl GyAeM paccMaTpPHBaTh [HOCJEA0BaTE/b-
HOCTH Oeldcmaeumenbrblx Yucesl U 3T0 OOGCTORTENLCTBO He Gyaem
oroBapuBatbe 0co6o0.

[Mpumepsl nocJief0BaTeIbHOCTEI!:

Mpumep 1. {l. %,%,}={ln}
Mpumep 2. {5.2 3.2 ...}={2<-n"}.

npnmep 3. {l. 2.%, 4, %,,_, ={n(—l)n}.

1 2 3 —1
Mpumep 4. {O, T T T,...}={"T}.
Mpumep 5. {2, 5,10, ...} ={nt+1}.
Mpumep 6. {—1, 2, =3, 4,...}={(—1)"n}.
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B npumepe 2 nepemensas x, AN YETHHIX n NPUHHMaET
OlHO M TO XXe 3HayeHHEe:

=X, =X, =Xg=....

TeM He MeHee Mbl CYUTaeM, YTO 3JMEMEHTHl X,, X,, ... pas-
JIMYHHI.

Ecau Bce 3anemeHTH noc/nel0BaTebHOCTH {x,} paBHH
OJIHOMY M TOMY XK€ YHCJY a4, TO €€ Ha3blBalOT NOCMOSHHOU.

Jlerko BuaeTb, 4TO NOC/EAOBAaTENbHOCTH B npuMepax 1,
2 u 4 ozpanudenst (cM. § 1.6). B 3TOM caiyuae roBopsiT Takxe,
YTO COOTBETCTBYIOLIME NePeMeHHble, npo6Geraioiue 3TH Mo-
CnefoBaTeNbHOCTH, OrpaHHyeHbl. UTo Kacaercsi nocJjiejoBa-
TesibHOCTEH B mpumepax 3, 5 U 6, TO OHU HEOTPAHHYEHHI.
OnHako noc/efoBaTeNbHOCTh B NpuMepe 3, oYeBHAHO, Orpa-
HU4eHa CcHu3y uucJaoM 0, a nocJieoBaTe LHOCTL B IpHMEpE 5
orpaHHyeHa CHH3y uucaoM 2. YHro KacaeTcs nocjenosarellb-
HOCTH B npumepe 6, TO OHa HeorpaHHyeHa KakK CHH3Y, TaK
W CBEpXY.

Beenem nonsTHe npejena nocgaen0BaTeJbHOCTH.

Onpeaenenne . Yucao a nasmsaemces npedesom no-
caedosamenvrocmu  {x,}, ecau 0daa ecikozo € > O wnaibdemcs
(3asucswee om €) uucao n,= n,(€) maxoe, 4o GuINOAHAEMCA
He paseHcmeo

[x,—a| <e M

02 6cex (Hamypaavuvix) n > n,.
B stom cayuae nuumyt
lim x,=limx,=a wm x,—a

n—»

¥ TOBOPAIT, YTO MEepPeMEeHHast X,, HJH MocJie10BaTe IbHOCTD {x,}
UMeeT npejes, PaBHBIH YHCAY @, HJAWM cTpeMHTCsl K a. ['oBo-
PAT TakKXe, YTO fEPEeMEHHas X, WJH [0CJeJ0BATEJ]bLHOCTh
{x,} cxodumca k wucay a.

Ecan x,=a, Yn €N, To, cuesusno, lim x,=lima=a.

3ameuanne. Ecan limx,==a, 0 lim X,4y=a; H
ofpatHo. 3ro cJeayeT H3 TOro ¢akTa, YTO €cJqu
lxn—a' <£’ Vn > My,
TO )
Ixn+1_a[<er vn'>n0—ll
1 0o6paTHo. ‘

2¢
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IMepemennans npumepa 1 umeer mnpeneJ, paBubiit 0:

lim &+ =o0. )

n—+a

B camom nmene, saganum npoussoabtHoe & >0 ¢ pewunm we-
paBencTso:

1 | 1
-'T——Ol—;{'<3 HJIH T<n

Arum Aas Besikoro e >0 HalieHo uucao ny=n, (€)= l/e
TAKOe, YTO HePaBeHCTBO

1 t
7—0‘—,T<°

BBINOJIHAGTCS /IS BCEX 1 > Mg, H MBI JOKa3aJH PaBeHCTRO (2).
Npumep 7. INepemennas npumepa 4 crpemurcst K |:
= 1. 3

. n—1|
lim

n-—+ 20

B camom nese, COCTaBHM HepaBEHCTLO

ll——"—-l’——:L<s.

n n

OHO, KaK Mbl BMIEJIH, BHINOAHAETCS AAd JAlo6oro € > 0, ecau
n > n,=1l/e. 310 NoKasnBaeT paBeHCTBO (3).
Mpumep 8. Ecau [g| <1, 10
lim ¢7=0. (4)

n-—> o

B camom mene, nycts noxka g==0. Hepasenctso
lg"—0=]g"| <e
BEPHO, ecJd
nlglg|<lge,
T. €. ec/u

lge
——7 =1, \|E).
"> Tail o(€)

Met noxasasu (4) npu 0 < 9| < 1. Ecmu =0, 10 pareHcTso
(4) TpuBuHaneHo. Bemb B 3TOM cCayyae nepemeHHasl g* ectb
[JOCTOAAHHAs, paBHas HYJIO:

{0, 0, 0, ...}
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Npumep 9. PaznoxuM nonoxuTebHoe 4ucio a B Gec-
KOHEUHYI0 JAeCcATHYHYI0 ApOGhb:
a=ay,a,a,d,. .. .

Has ero n-it cpesku
a™ =gqa,a,...q,

HMEET MECTO PaBeHCTBO
lim a=a. (5)
n-—+e®
B camom aeJe,
la—a™®|=0,0...0a,,,0,,,...< 10",

—_—
n pa3

Ho ecau samats € >0, To Bcerga Haiijetcs Takoe n,, uYTO
10-7 <&, Vn>n,

(CM. npeabiAynlHii npumep, TrAe HaZo cyMTaTh g=10-?).
Hostomy
la—a™| <e, Vn>n,,

¥ Mbl A0Kazaad (5).

3ameuanue. Cpesku a(n=1, 2, ...)—paunonansp-
Hple uHcaa. M3 (5) caeayer, uTo écaxoe Odeiicmeumensuoe
4uca0 SIBJSIETCA [pele/oM NOoC]leJ0BaTeJbHOCTH PAaUYOHAJb-
HBIX YHCeJl.

Takum 06pa3oM, BCAKOE HPPALHOHAJBHOE YHCJAO MOXHO
Npu6/H3NTE PALLHOHAJIbBHEIM YHCJIOM C J000H Hanepej 3ajaaH-
HOH CTENEeHbI0 TOYHOCTH.

B cuay storo cpoiictBa npo MHoxecTBO Q paunHOHab-
HBIX UHCEJl TOBOPSIT, YTO OHO 8Ct00Yy nAomuo B MHOXeCTBe R
BCEX JEHCTBUTE/BHBIX YHCEJL. ‘

Hepagencrro

"xn_al <e
3KBUBAJIEHTHO JABYM HEpaBEHCTBaM
—e<x,—a<e wm a—e<x,<<a+tsg,

YTO 3KBUBAaJIRHTHO TOMY q)amy, HTO TOYKA X, NPHHaLJICKHT
K €-OKPECTHOCTH TOYKH a:

x,€E(a—e, a+te) (cm. § 1.10).
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Toraa onpejeneHde npefesa MOXHO BHIPA3HThb CJeRyIo-
LHMH CJIOBAMH: YHCJ/I0 (TOYKA) @ eCThb mpejie]1 NnepeMeHHo# «x,,,
ecJIH, KakoBo 6bl HH Gulio € > 0, HalAETCA TaKoe YHCNO n,,
4TO BCE TOYKH X, C HHAEKCAMH n > n, NONAAyT B &-OKPECT-
HOCTb TOYKH a:

X, €E(a—e, a+¢&) (n>ny).

OueBHAHO, KaKoBa 66l HW Obl1a OKpecTHOCTb (¢, d) TOYKH a,

nafijercs Takoe € > 0, yTo HHTepBa) (a—e, a--€). Coxep-
xutca B (¢, d), T. e. (a—e&, a+e)c(c, d) (puc. 7).

MostoMy TOT ¢aKT, UTO X,—>d, MOXKHO BHIPA3HTH ell(e

H Tak: KakoBa Obt HM OblIa OKPECTHOCTb (¢, d) TOUKH a4,

BCE TOYKH X,, HAYHHAsA C HEKOTO-

2-& - 4+ poro Homepa n, JAO/DKHGHI MONACTb

¢ a ré Z B 3Ty OKPECTHOCTb, T. €. AOJ/KHO
CylmleCTBOBATb TAaK0o€ YHC/IO f1,, HTO

Puc. 7. x, €(c, d) (n>n,). Uto xe kaca-

eTCsl TOYeK X, C UHAEKCAMH n < n,,
TO OHH MOTYT NPHHAJJEXKaThb U MOTYT He NpHHAANeKaTbh K
(¢, d). Takum o6pa3om, ec/iu BHE (C, d) UMEIOTCA TOYKH X,,
TO UX KOHEYHOEe HHCJIO.
C apyroii CTOpPOHHI, €C/IH U3BECTHO, YTO BHE (¢, d) uMeeTcs
TO/IbKO KOHEYHOE YHC/O TOUeK X,, X,., ..., Xns, TO, 0603HA-
uuB

2
k=max{n, ny, ..., ng,

T. €. MaKCHUMyM CpeiH HHJIEKCOB #,, ..., Mg, Mbl MOXEM
CKa3aTh, YTO TOYKH X, C WHAEKCOM n > R momagyT B UHTEp-
Ban (c, d). [loaToMy moHsTHe npejesa MOXHO CHOPMYJTHPO-
BaTh H TaK: NepeMeHHas X, HMEeT CBOHM NpeJe/ioM TOUKY a,
€CJIH 6He 10006 OKPeCMHOCIU 3MOLL MOUKYU UMEEMCA KOHeHHoe
UAU RYCMOe MHOKNCECTB0 MOHeK X,,.

INpumep 10. Ilepemennas

(=l =11, —1, 1, —1, ...} (6)

HH K KaKOMy Mnpeleny He CTPeMHTCH.

B camom gene, AonmycTHM, YTO 3Ta NepeMEHHas WMeeT
npefes, paBHH# 4YHcay a. PaccMOTPHM OKpPECTHOCTb 3TOf
TOYKH

(a—%. a+%).
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IOanna ee paBna 2/3. OueBHZHO, YTO 3Ta OKPECTHOCTh He
MOKeT Cofep»XaTb B ce6e OJHOBDEMEHHO H Touky 1, ®
TOYUKY —1, NOTOMY YTO pAacCTOsiHHE MEXAY 3THMM TOUYKAMH
paBHO 2 (2> 2/3). Ina onpeaejieHHOCTH OYAEM CUHTATh,
4TO ToYyKa | He npHHAAJEXHUT K Hawel okpecthoctH. Ho
x,=1 ana n=1,3,5, ..., T. e. BHe Haileii OKPECTHOCTH
HMeeTcsl GECKOHEYHOE YHC/O0 3JEMEHTOB N10C/1€10BaTE/bHOCTH.

Takum ob6pa3om, TOUKa @ He MOXKET GbiThb NPENENOM Raiel
noC/e0BaTENbHOCTH, ¥ TaK KakK 3Ta TOYKa NpPOU3BONbHA,
T0 MOCJeA0BaTesJbHOCTh (6) He

uMeeT npeaeJia. c d e f
Teopema 1. Ecau nepe- oo

MeHHAaA X, umeem npeden, mo oK x x

e0urcmeeH bl . Puc. 8

B camom pene, ponycThwm,
BONPEKH TeopeMe, 4TO X, HMeeT
IBa passauyHbix npefesna a W b. [lokpoem Touku a, b coor-
BETCTBEHHO HHTepBasamu (¢, d), (e, f) HacToabkKo Mano#
AJMHBL, YTOGR 3TH HHTepBaJhl He mnepecekanuch (puc. 8).
Tak Kak x,—a, To B HHTepBaje (¢, d) HaxoAATCA BCe
3JIeMEHTbl X,, 33 HCKJ/IOY4EHHEM KOHEYHOTOo HX YHCJIa, .HO
Torja uHrtepBan (e, f) He moxeT conepxartb B cefe Gecko-
HeYHoe YHCJO0 3JEMEHTOB X, H X, He MOXeT CTPEMHTLCS K b.
Mbl npuwan K nporueopeurio. Teopema joxaszana.

Teopema 2. Ecau nocredosamensrocme {x,} cxodumcs,
Mo OHA 02PAHUYEHA.

HokaszarteasctBo. [lycts limx,=a. 3aganum e=1
1 noapbepem natypanbhHoe n,=n,(l) Tak, 4TOOHI

1>fx,,—a[ (n>no)v
HO Toraa | > |x,|—|a| ¥ BbLINOJIHAGTCS HEPAaBEHCTBO

I+la|>]x,]
ans Bcex n > n,. Ilyctn M — nauGonbiuee cpenn uuces
+lal, [0 1%l ooes | 2,10

Torna, ouesnano,
MZ=lx,], YneN.

Teopema n0Ka3aHa.
3ameuyanue. OrpaHBuYeHHOCTb NOCJEAOBaTEJbHOCTH

ABJAETC HeOOXOAHMBIM YCJOBHEM CXOIAWMOCTH MOCJEAOBA-
TEJbHOCTH, HO HE AOCTaTOYHbIM, KaK NokasnBaeT npumep 10,
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Teopema 3. Ecau nepemennan x, umeem He pasHsiil
HYymo npeden a, mo Haidblemcs makoe n,, 4Mo

[x,|>al|/2 daa n>n,.

Boavwe mozo, 028 ykasauubix n, ecau a > 0, mo x, > a/2,
ecau wme a<0, mo x,<a/2. Takum obpasom, Haduxas
C HEKOMOpoeo HOMepa, X, COXPAHAem 3HAK d.

HoxasateasctBo. [lycts x, —a. Toraa ans e =
=|al/2 ponxKHO HaHTHCH YHCJO n, TAKOE, UTO

lal2>la—x,|Z=lal—]x] (> n),
Ial [al
otkyaa |x,|>|a|— =-5-, M INepBoe YTBEPKIEHHE

Teopembl AokasaHo. C npyroﬁ CTOPOHHI, HEPaBeHCTBO |a|/2 >
> |a—x,| 3KBHBAJEHTHO CJEAYIOUIHM ABYM:

a—l—;_—l—<x,z < a+—'—;LI (n > n,).
Torna, ecau a> 0, To

xn>%=a__2' (n >”o)'
aecau a<0, To

X, <@+ 5= —7=% (n > ny),

¥ 35THM BTOPOE YTBEPXKAEHHE TEOPCMh! JOKA3aHO.
Teopema 4. Ecau x,—a, y,—b u x,<<y, 011 6cex
n=1,2,..., mo a<(b.
Hoxasateanctso. [onyctuM, uto b < a. 3agagum
0<e<(a—b)y2 u nonbepem uucna N, u N, Tak, 4tobb!

a—-—s<x,, (n’>Nl)' yn<b+s (n>N2):

9T0 BO3MOXHO, MOTOMY 4TO X, — @, & Y, —b.

Ecin n,=max{N, N,}, 10, oueBumuo, y,<b+e<
<a—e<x, (n>n,), H MB NPHIIJIH K NPOTHBOPEUHIO, TAK
KaK [10 YCJNOBHIO x, <y, AJS BCEX 1.

Cnencreue. Ecau snremenmur cxodaweiica nocredosa-
menorocmy {x,} npuuaazzeafcam [a, bl, mo ee npedea makae
npunadaexcum [a, b

IloxaaaTenb(.'rBo B camom gmene, a<Cx,<<b. Ecau
limx,=c¢, To no Teopeme 4 a < c< b, 4t0o H Tpe6GOBAOCH
noxaaaTb.
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3ameuyanude. JLas unrepsana (a, b) MOXKHO YTBEPXKAATD
TO/IbKO, YTO ecau x, €(a, b), 1o limx,=c€|a, b].

TakuMm 00pa3oM, HepaBeHCTBA B MpefeJe COXPaHATCA
HJaM oOpamaiorcs B paBeHcTBo. Hanpumep, x,==1/(n+1) €
€(0,1), Ho c=0€][0, 1].

Teopema 5. Ecau nepemernvie x, u Y, cmpemamcs
K 0OHOMY u momy xe npedeay a u X, < 2, <y, (n=1,2,...),
Mo nepemenRnas z, Maxkxce Cmpemumes K d.

HNoxasateabceTBo. 3axas & -0, MOXHO HaWTH N,
n N, taxkue, uto

a-¢<x, (n>N)), y,<a-+e (n>N,),
OTKYHa AJsl n >»n,==max{N,, N,} .

a-—e<xn<z"gy"<a+s
"
lz,—a|<e (n>n),

4To U TPeOOBasOCh A0KAa3aTh.
Teopema 6. Ecau x,—a, mo |x,|—|a].
JokasateaecTBO ciefyeT W3 HepaseHcTBa || x,|—|a]| <
glxn'—"”'

§ 2.2. ApudmeTuueckue JelCTBHA C nepeMeHHBLIMH,
HMELUMH Npelen

[lycts x, W y, o603HaualOT nepeMeHHble, Mpoberalolie
COOTBETCTBEHHO [10c/ienoBaTebHocTH {x,} U {y,}. [lo onpe-
JNeNeHUI0 cymma X,-+Y,, PpasHocmes x,—1y,, npoussederue
XY, U HACHIHOE X[y, CYMib nepemerHbie, NpobGerawliiHe cooT-
BETCTBEHHO NOCJENOBATENbHOCTH {X, 4 Ynby {Xu—Yuts {Xalnts
{x./y,}. B cnyuae uactHoro npeanoJsaraercs, 4to y, % 0 nis
Bcex n=1,2, ....

Ecan x,==c naa n=1, 2, ..., T0 B 3TOM cJayuyae NUINYT
ciyn’ Cyn’ C/yn BMECTO xniyrﬂ xnyn' xn/yn'

CnpaBen/iuBel C/leyIOLUIHE YTBEPXKAEHUS:

lim (x, &= y,) = lim x,, &= lim y,,, N
lim (x,5,) = lim x,-lim g, @)
lim 5_" = m—;" , ecan limy, #%0. (3)

3t YTBEPXKIACHHUA HAAO0 NOHUMATL B TOM CMBLICJIE€, YTO
€CAU CYWECMBYIOM KOHeqHble npedeAsl X, U Y,, MO Cywecmayom
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maxkxe « npedeast ux CUMMbl, PA3HOCHIL, NPOU3BEOEHUR U
HACMHO20 (€ YKA3AHHOU 02080PKOLL) U 6BINOAHAOMES PABEHCMEA
(1= (@3

HNoxasateabctno. Ilycts x,—a u y,— b. 3anagum
e > 0 u nozbepeM n, Tak, 4TOONI

|x,—a| <e/2, |y,—bl<e2 (n>n,).
Torna
|, £ 5)— (@£ b) | < |x,—a|+|y,—b| < 5+5 =¢
(n > ny),

1 Mbl gokasaau (l).
YUtobsl aokasath (2), 3aMETHM, 4TO

lxnyn—ab,z‘xnyn_ayrl+ayrl—ab|<
glxnyn—ayni'{_layn_abl:'ynllxll_al+'alIyn_bl' (4)

Tak kKak y, HMeer npezeJ, To (N0 Teopeme 2 NpeAbAYIETO
naparpaga) cyulecTBYeT MNOJIOZKHTEeNbHOe YyHcao M Takoe, uto

lyulgM (n:l,2,...), (5)
lal< M. (6)

[Non6epem uuca0 n, TaK, u4TOOH
bra—al<gzgr lva—bl<gmg (>n). (7
Toraa u3 (4)—(7) caeayer, uto
M Me
| Xy,—ab| < Q_Aj"*'é_[; =e (n>ny).

DTHUM ZI0Ka3aHO paBeHCTBO (2).
Ilycte Tenepb x ycnoBHIO, 4TO X, —a U Y, — b, noba-
BJagercs ycaosue, uto b==0. Torna

Zn__a|__|xab—yna| _ |(xn—a) b+ (b—y,) a| <
Yn b Yub tyall bl o=
'xu_a' lh_y"“a'
= | yul A (8)

Tenepb yxe yno6HO MCNONL30BaTbL TeopeMy 3 ripepbiay-
lero naparpaga, B CHJY KOTOPOH

lg.1>10112 (> N,) )
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s goctatoyHo Goabuwioro N,. 3agaauM e > 0 u nopbepem
N, u N, takue, utobnl
|x,—a] <elbl/a (n>N,), (10)
lally,—b] <eb’/4  (n>Ny). )

Toraa, nonoxuB n,=max{N,, N, N,}, 6ynrem B cuay
(8)—(11) umetn
h_ 4

Yn b

e-|b] 2 g -
<—4—'T5T+7—5 (n > ny),

yTO N0Ka3biBaeT paBeHCTBO (3).

3ameTuM, 4TO npefe/ibl nNepeMEHHHIX, CTOALLUE B JeBbIX
yactax paeenctB (1)—(3), moryr cyuiectBoBaTth 6e3 TOro,
yTOGHl CYLIECTBOBAJ/IXH OTAENbHO Npefesl x, H y,. Hanpuwmep,
ecn x, =(—1)*, y,=(—1)**}, TO X, H Yy, He MMEWT npe-
XeJioB, B TO BpeMs Kak lim(x,+y,) =0, limx,y,= —1.

Teopembl © npegenax CYyMMHl, Pa3HOCTH, MpPOH3BeAEHHS
M YaCcTHOIO BO MHOTHX CJy4yasiX AaioT BO3MOXHOCTb Y3HaThb,
MMeeT JIU nepeMeHHas fMpejes W YeMy OH paBeH, ecJjd OHa
eCTb Pe3yJ/bTaT KOHEYHOro YHCJa apuMeTHYeCKHX NeHCTBHi
Haj HECKOJbKUMHM APYTHMH IepeMeHHBbIMH, CYLIeCTBOBaHHE
H BeJMYHHA npefe/OB KOTOPHIX H3BECTHBL.

OnHako 4acTO BCTpewaloTCA CJydau, BbIXOAALLHE 3a rpa-
HHUbl MPHMEHUMOCTH [OKAa3aHHLIX TeopeM, W 3/ech OCTaeTcs
GoJsblioe moJe AJA WHULHATHBB MaTeMaTHKA.

Mpumep 1. Myers x, =149+ ...4+¢" |g|<L

Jloka3zathb, uTO

lim x,,=T:-
n— o
Hmeeum
_l—q"'*‘l_ 1 qu+1
" T 1—q 1—q 1—g°

Tak kak limg"*'=0 npu |¢| <1, To, npumenss dopmyinl
(1), (2), noaydaem
lim x,= lim ——— 1 lim g"+'—

n> o no>® —Qnsw

X,

| 1 1
=g 1= 0= T=¢"

B pasbHeliieM nox CHMBOJIOM

Itgt .. 4gt...= X
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n
Gyaem nouumath lim Y g*. Takum o6pasom,

n—+o k=0

@ . |
Z.oq“: lim x,=1—5 (lq]< D).

n—> o

§ 2.3. beckoHeuno manas
U 6eckoHeuHo 60JbWIAA BeJMUHHbE

[lepemennan o, uMeoasa npenes, paBHeii HY 10, Hasbi-
BAeTCH OECKOHEMHO MaAoll 8eAudurod uau, Kopode, HECKOHEUHO
MaAol .

Takum o6pasoM, nepeMeHHas o, ecTb GECKOHEYHO Manaf,
ecau pad Jawboro e >0 Haliperca n, Takoe, yto |a,| < e
(n > ny,).

Herpyano BuaeTb, 4To dast mozo, 4mobbi nepemenHas X,
umenra npedes a, HeoGX0OuUMO u O0CMAMOYHO, 4mobbl X, =
=a+4a, 20 a, ecms OLCKOHEHHO MOAGSL.

[epemenuas i, HasbiBaercsi beckoHedHo G0AbWIOL BeAuyi-
MO WM NpocTo bOeckoHedHo OGoavwiol, ecan Aaa  J06GOTO
M > 0 wuadigercst Takoe n,, uto [f,|>M (n>n,). Ilpu
3TOM MHWYT

limf, =00, ua Pp,— oo )

u roBopaT, uto i, cmpemumcs K 6eckomeuHocmU.

Ecann 6eckoHeyHo Goabluas f,, HauHHasg C HEKOTOPOro 7,
IIPHHHMAET TOJNBKO MOJIOXHTE/bHblE 3HAYeHUR HJH TOJIBKO
OTpHLATEeNLHBIE 3HAYEHUS, TO OUILYT

hm ﬁu == + oo, HJn ﬁ""‘"—f—w’ (2)
COOTBETCTBEHHO
limp,=—o0, umm P,——oo. 3)

Takum obpasom, u3 {2), Tak xke Kak u U3 (3), crenyer (1).
[lpumep nepemenHo#t {(—1)" n} nokasnlBaeT, 4TO MOKET MMETH
mecTO cooTHowexnue (1), B To BpeMs Kak He HMeeT MecTa
tu (2), wu (3).

OrMeTHM caelylomiye OyeBHAHbIE CBOMCTBa:

1. Ecau nepemennan x, o2pauudena, a y, 0eckoueuno
Guaowun, mo x,/y, — 0.
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2. Ecau abcoriomunas eeauduHa X, 02PAHUHEHA CHu3Y No-
AOHCUMENbHOIM HUCAOM, A Y,—HE PABHAA HYMO GECKOHEUHO
MANQR, MO X,/Y,—— 0O.

Nokaxkem TOJNbKO BTOpoe cBoHcTBO. [laHo, 4TO AAs He-
Kotoporo uucaa a > (0 HMEeT MecTO HepaBeHCTBO |X,|>>

>a(n=1,2,...) u ana Beakoro e >0 cCywecTByer n,
Takoe, 4TO
lynl <e (1> ny). (4)
Torna
Xp a __
p >?_M (n > ny).

3anajuM npPoOM3BOJIbHOE MOJOXHTEAbHOE yncao M u noabepem
no Hemy € Tak, 4robw M =a/e, a no e noxbepeM Takoe n,,
yTo6bt umeso mecto csoficteo (4). Torma |x,/y,|>M
(n > n,), 4TO M TPEGOBAJOCH NOKA34Th.

M3 BbICKA3aHHBIX JABYX YTBepXKACHUH MOJYH4IOTCA CJe-
AytolHe CleJCTBUA:

. c - c
lim — =0, lim =
!In—'*y” !/n-’oy"

OrMeTHM, YTO €cqM MOCJe0BaTeNbHOCTh {X,} Heorpauu-
yena, TO OHa He ofs13aTesibHO GeckKoHeuwo Gosbwas. Haopu-
Mep, MocJei0BaTebHOCTb

4n<—n"}={1, 2, +, 4, }

HEeOTPaHHUeHa, HO OHa He sBJseTcs GecKOHeyHO 6OJbIIOIA,
TaK KaK B Hell MMEIOTCS KAaK YFOAHO MaJible UYJeHbl C KaKUM
YrOAHO 6GOJbUIMM (HEYETHbIM) HOMEPOM.

3ameyanue. Jliobass He paBHasi HYJIO [OCTOSHHASA
Be/MYHMHA (MOC/1eZ0BATENbHOCTh) HE sIBJSETCH OeCKOHeYHO
manoii. M3 Bcex nNOCTOAHHEIX BeNMUHH GECKOHEYHO MaJloi
SIBJISIETCS] TOJBKO OJHa —paBHast HyJlo. Ecau npo Hekoro-
PYIO BEJIMUHHY H3BECTHO, YTO OHA MOCTOSIHHA U ee a6CoJ/IIOTHAR
BeJIMYHHA MEHbIIE JI06Oro MOJOKUTENBHOrO HUCJa €, TO OHA
paBHa HY.JIO.

Teopema 1. /1poussederue GeckoHeyHo maroti nocredo-
8aMeAbHOCMU HG O02PAHUYEHHYIO S8ASleMCes BECKOHeYHO marol
nocaedosamenstocmero, m. e, ecau limx,=0 u |y, M,
vn €N, mo lim x,y,=0.
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B camoM nede, 3azaaum e > 0 M noabepem n, Tak, YTOOH
|x,| <e/M, Vn>n,.
Torga
€
|xnyn_0|=Ixn”yn'<'ﬁM:8! Vﬂ>flo,

YTO M Tpe6oBaJoch J0KA3aTb.,

§ 2.4. HeonpejeaenHble BbIpAXKEHHA

1. Myems limx,=limy,=0 (y,5=0).

PaccmotpuMm nocaepoBarennHocTh {x,/y,}. O npepene atoi
NOCJIeIOBATEILHOCTH 3apaHee HHYero onpeje/IeHHOrO CKasaTh
HeNb3sl, KAK 3TO NOKAa3bIBAiOT KOHKPETHble MpPHMEepH:

1 1

eclm x,= —, y,,:-f,,To =N —» -} 00 NIPH N1 — 00;
n n= !/n

eclii X ! 1 Tox"—-l——>0' IIpH 11 —» 00;

nT i Yn=7:T0 =7 P i
a 1 Xn

€cau X,=—, Ypo=—,T0 L=a—aq npH 1 — 00,
n n Yn

—1)n !

ecan xnz( ) y Yp=—, TO 2=(—]) " npenen

n n Yn

3TOH NOCJ/EAOBATE/ILHOCTH He CYLUIECTBYET.

Takum o6pasoM, A1 HaXOXAEHUS TNpelea {x,/y,} He-
JCCTaTOYHO 3HATh, 4To X, — 0, y,— 0. HyxHHu ewe ponoa-
HHTeJbHBIE CBEJEHUSI O XapaKTepe H3MeHeHHA x, U y,. [as
HaXOX/EHHsl 3TOCO INpejesla B Ka)kKJAOM KOHKPETHOM cjyuae
TPeGYIOTCH CNeUHANbHbIE NPHEMBI.

[oBopsaT, uTo Bhpaxeuwe x./y, npu x,—0, y,—0

. 0
npeacTaBjsier co6ol Heonpedesennocms 8uda (U) .

2. Ecu x,— o0, y,— 00, TO BHIPAXKEHHE X,/Y, TaKke
NpeACTaBiaseT coboil HeOmpele/eHHOCTb H €€ Ha3hBaloT He-
onpedeaenHocmero euda (—2) .

3. Ecmn x,—0, y,— co, TO L5 BbIpaXEHUs X,Yy, MNO-
nyyaeM HeonpeOearennocms euda (0-o0).

4, Ecan x, — + o0, y,— —oco, TO BLIpaXeuue x,-y,
NpeACTaBASET Heonpeae/teuuocmb éuda (oo — o).

Jlns KaXJOro H3 OTMEYEHHHX CAYYAEB MOXHO NPHBECTH
NpHMepHI,
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PackpuITh COOTBETCTBYIOLLYIO HEOMpeAeNeHHOCTh — 3TO
3HAYUT HANTH npefes (ecqy OH CYUIECTBYET) COOTBETCTBYIoO-
1(ero BbIpAXKEHHHA, YTO, OAHAKO, HE€ BCerga npocTto.

[Tpumep 1. Ecau

X, =an"*+ ... 4a,n+a,,
ynzbznl+---+b1n+bo (am'iéO: bﬁﬁo).

TO NPH 1 —» 00 AJIA BLIPAXKE€HUSA )C"/y,l MhI UME€eM HeoImpeae-
JIEHHOCTh BHJA (%) . PacxpoeM 3Ty HEONpPEAEJ/JICHHOCTD.

a) Ecau [ =m, 1o, Rens 4dCIUTENb U 3HAMEeHAaTeJb HA n™,
nony4yaem

qm -1 ag
L et iEip gl

—_ = —_——

- [ b
bRt

nmpu n—oo, 1. €. lim(x,/y,)=a,/b, —orHowenuio ko3p-
(HUHEHTOR NPU CTAapIIMX CTENEHAX 7 B BHIPAMEHUAX AN
X, H Y,

6) AHalOrMYyHO MOXHO MOKa3aTh, 4TO Opu m> [
lim(x,/y,)=o00, a npu m <! lim(x,/y,)=0.

Mpumep 2. Ecam x,=Vn+1, y,=Vn, 10 npu
n-—o00 AN BLIPaXEHHUS X,—Y, HMEEM HEONpeJe eHHOCTh
Bua (oo — oo).

Packpoem 3Ty HeonpeaeneHHOCTh:

Vil Ve Vati—Vn r— =
Xp—Y,=Vn+1—Vn VT Ve (Vn—|—ll+l/n)._

RGaoal
npu n — oo, 3uauur, lim (Vn+1—Vn)=0.

n—»

§ 2.5. MoxoTronnbie NOCAEROBATENLHOCTH

Onpenenenne. Iocnenoparensroets {x,} HasmBaercs
Heybosatowed (nesospacmarowsed), ecin Vn €N cnpaBeaJinso
HEpaBeHCTBO

L FE S SRR ¢ >3 S 2
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Ecau na camom AeJie BbiNOJHAOTCS CTPOI'HE HEP3BEHCTBA
X, < X,eq1 (X, > X,4+4)s TO nOCNEAOBaTeNbHOCTH {X,} Ha3bl-
BaeTCs cmpoeav sudpacmaowied (cmpoeo ybeleaowel) WM Npo-
cTo guapacmarowield (yooiearwed). TlocnenopatesibHocTH y6bl-
Bawlllie U BO3pacTalclllie, HeyG6biBaloLLUe W HEBO3PACTAKLIHE
HasbIBAIOTCH MOHOMOHHOIMU.

DsieMeHThH MOHOTOHHBIX NOCJEIOBATENBHCCTEH MOXKHO pac-
NOJOXHTL B uenouxn X< X, X .
(. =2 %2 ... Z X, 2 X,412=...), OTKYAa BHIHO, UTO
HeyGhIBaloas I]OCJ]&JlOBaTeJ]bHO(.Tb OrpaiiyeHa cHusy, a
HEeBO3pacTalollas — CBepXY.

I[Tpumepsn:

ol ! 1

1y<1, 1, T T e T T ...}—Heaoapacmmaﬂ
N0CJe0BATEIbHOCTD.

2) {n*} — Bo3pacralioias NoCJeA0BaTENbHOCTD.

Huxe MBI 10Ka3biBaEM BaXKHYIO TEOPEMY, YTBEpAaiolyio,
YTO MOHOPOHHAS OrpPAaHWYEHHANl NOCJEA0BATEJNbHOCTb YHCEN
Bcerja HWmeer npegest. B Hamem H3noxenvwu (B § 1.7) 3ta
TeopeMa (GUrypHpoBana KaK OJHO H3 OCHOBHBIX CBOHCTB—
CBOHCTBO V — MHOMECTBA AEHCTBHTEJIBRBIX WHCEJ.

Teopema 1. Ecau nocaedosamenrenocms Oeiicmeumens-
HbLX Hucea

a,, a,, g, ... (1)

He ybugaem (He 6o3pacmaem) U OZPAHUHEHQ Coepxy (CHu3Y)
uucaom M (coomeemcmeeHHO m), mo cywecmeyem oeicmeu-
MeabHOe YuCRO @, He npesvuuaowee M (He menswee m), K Ko-
mopomy 3ma nocaedosamensbHOCnG CIMPEeMUMEs KAK K C60eMYy
npedery:

lima,=a<M (2)

n—>x

(coomaemcmeeﬂuo lima,=az m) .

n— o
HokasarteanbcTtBo. [lycte nocnenosarensrocts (1) He
y6biBaeT W nycTh noka @; >0, toraa 4 Bee a,>0 (n=1,
2, 3, ...). Kaxablii aieMeHT nocneioBaTeIbHOCTH Pa3JioKUM
B GECKOHEYHYIO AeCATHYHYIO APOOh:

Q=000 Qpotlyn--» (=1,2,...). (3)

Tak Kak nocaenoBate/bHOCTb {a,} OrpaHHYeHa CBEpXY 4HC-
aoM M (a,<<M) u He yObiBaeT, TO Ha OCHOBaHHH JEMMkl 2
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§ 1.6 necsituunble ApoOH (3) cTaGHIN3HPYIOTCHA K HEKOTOPOMY
neay a < M:

A, =22 ="V Vs »
HO TOTHa @, CTPEMHTCSt K 4 KaK K CBOeMy MNpejeJy:
lim a,=a.

n—-»®

B camoM pmene, nns no6oro € HanfeTCsi HAaTypajbHoe m
takoe, uto 10~ < e. Tak Kak a, crabuausupyercd K d, TO

= VYoV VYanm+1Qum+ar

118 BCeX 711 > n,, Tle n, AOCTATOYHO BEJHKO, HO TOTJa
la—a,|=a—a,<0,0...09,, Vnts-.- 102 <L e
|

m pas

(n > no)’
T. €. 4,— 4 NPpH N — oo.

Ecnn a,<<0, 70 npubaBHM K 4, 4HUIO ¢ HACTOJBLKO 6OJbLUOE, Y10
a+c >0, u nojoxuMm b,=a,+cn=1,2, ...).

MocaepopatenshocTe {b,} He yOhlBaeT, OrpaHHYeHa CBCPXY YHCJIOM
M4-c n ee aneMenth nojokureabhut. [lostoMy mo AoKagaHHOMY Bbiue
cyutecrsyet npegea lim b,=b<{ M—-c, Ho TOrja cyilcCTHYeT TaKxe

n—-+x
npegen lim a,= lim (b,—c)=b—c<x M, u Teopema gomasana A
n—»mom n—-

NPOH3BOJLHON hey6niBalolleli MOCACAORd [eNbLHOCTH.

Ecin renepeh nocaciopatenshocts {a,} He HOspacTaer M orpanmueia
ClIH3Y YHGIOM /M, TO nocaefosatensitocTs uucen {— a,} He yGhnaer u
OTP4HHYEHA CBEPXY YHCAOM —m, W HA OCHOBAHHH YXKE LUKA3aHHOTO Cy-
lectsyeT npepea lim (—a,)=-—a=<<-—n, KOTOPWA MB OGO3LAYUN

n—
yepes —a. Cnegoserennno, cywectsyeT takxe lim a,=— lim (—a,)=
n—»raow n—>x
=—(—a)=az=m. Teopema AOKasaHa.

3aMmr:uanue. Ecam nocnelloBatenbHocTh  ACICTBATENbILIX UHCEN
{ap} cxoaMTCA, TO HX AECATHUHBIE PasIOMelNs He OOS3aTeNbLIIO CTabH-
ausupytoresa. Hanpumep, ecan

02,‘:],()...011... (k=l,2,...),
—_—

Rk psa
Gops1=0,9...911.0.  (k=1,2 ...),

k pas

TO locaefoBaTeabHocTs {@,} umeer npepen, pasublit 1 (¢, -— 1), oguako,
K4K JIETKO BHAETb, 3T2 NOCACAOBATEJLHOCTL HE CTaGH/M3IMpyeTCs,
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[Mpumep 1. lNprueeseM HOBOe AOKA3aTEIbCTBO PaBEHCTBA
(cp. npumep 8 § 2.1)

lim g"=0, |q|<L. 4)
[lycts noka g >>0. Toraa nepemenHas ¢" (n=1, 2, ...)

He Bo3pacTaeT W orpaHdHyeHa cHuay udcjaom 0. Ho rtoraa mo
Teopeme | cyuecrByet yncao A 2= 0, K KOTOpOMY CTPEMHTCS §™:
lim ¢"= A.

n—+aw

Hmeem Takke
A= limg*tl=g¢glimg®=qA,

n—+» o n->oe

orkyaa A{(1—q)=0 1 A=0, notomy urto g < 1.
Ecau Ttemepp ¢ <0, TO HAa CCHOBaHHH YyHKe [OKa3aH-
Horo |q"|=|¢q|*—0, n— oo.
PaBeHcTBO (4) A0Ka3aHO MOJIHOCTbIO.
3ro pokasateabcTBO (4), moxaayii, GoJsiee 3JjeraHTtHoe,
yeM TO, KOTOpoe 6hl10 mpHBeaeHo B npumepe 8 § 2.1, Ho
OHO He JA3aeT BO3MOXHOCTY CYAHTh O CKOPOCTH CTPEMNEeHHS §"
K HYyJI0 — He JaeTcsl 3(p¢deKTHBHO 4HCJIO n,= 1, (€), HaYHHaA
¢ Kortoporo |g"| <e.
Mpumep 2. CnpasBeAsHBO PaBeHCTBO

=0, (5)

. a”
lim i
n—+>o n
rA€ a— NPOU3BOJIbHOE YHCJIO.
Ilpu |a| <1 oHo oueBuano. Tlyctb a > 1. TMosokuMm

a"
u, =—

n nl

TorAa
Upyi a 0

Un PR

(n — o).

Orciopa caenyer, uto 4, < 4,, ¥n > n,, rie n, I0CTATOUHO
BEAHKO.

Takum o6pa3oM, nepemeHHas u, AnA n > n, YyGhBaer.
Kpome Toro, ona orpanuuena cuusy uuciom 0. Ho rtoraa
CYILeCTBYeT mpege

limu,=AZ>0,

L
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Ho Trakixke
A= Jim = Jim (w0 51) = A Jim iy =4:0=0

M Mbl JI0Ka3aJau paseHcTBO (5) mas awoboro a =0. Ho owo
BepHO U [as Jiwboro a < 0, notomy uTto

_ la ,n
o

an

] — 0 npu n—s oo.

§ 2.6. Yucno e
PaccMOTpHM NOC/AEA0OBATENBHOCTE
1 \n
{X,,}———{(l-l—T) }.

Iloxaxem, 4TO 3T4 MOCJEAOBATENbHOCTL BO3pacrawllas ¥ or-
paHuueHa csepxy. Ha ocHoBanuu ¢opmyns 6unoma HoroTona

n(n—1) ... (n—kt1)
@+by =3, A ar = kb

k=0

umMmeemM ‘
:(1+_:{>"=]+”717+'“

n(i—1)... (n—k41) 1 nn—1)...(n—n-+1) 1
e &l n"+"'+ ni *nn

_;:2+3'l_<1-—%)+...+kll<1—%)...(1-—":')+...

+;',—(1—,—‘1)(1—”—;—‘) )

W3 nanuoro paBeHCTBa BHAHO, 4TO NOCJeAOBATENbHOCTD X, == 2,
Vn. JlokaxeMm, 4TO noOC/JeAOBaTeJbHOCTb {x,} orpanuuexa
cepxy. U3 paBenctBa (1) umeem

gt g <gto gt s
l+(l+%+.-n‘+%+‘---)_l+—— 3.

2
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[Tokaxem, uto mocsenoBaTeNbHOCTL {X,} BO3pacTarolas.
[lo ananorum c¢ (1) vmeem

1 |
X”+1:2+-§—!-(]—m>-+-...
I ! k—1
g (=) (=) +
1 1 n—|\
...+;!-(1—m)...(1—m)+
(- | —_" 9
e =) (=) @
Cpasunsas (1) u (2), Bumum, uto x, < x,,,, ViEN (B (2)
Kaxjoe caaraemoe 6oJiblue, 4eM COOTBETCTBYIOLLEE CJlaraemoe
B (1), H, KpoMe TOro, HMeeTCsA Ha OAHO MOJOXHTEeNBHOE CJa-
raemoe Goabwe). [lo Teopeme 1 § 2.5 nocnenoBatTenbHOCTE

{x,} cxomaurca. OGo3Haurm ee npeles OYKBOA ¢, Kak 370
npefqoxua ernepsble JI. Ditaep:

lim (l +%)"=e.

n—>eo
M3 ckazaHHoOrO sicHO, 4To 2 < ¢ < 3. BoJsiee TOuHOe 3HAUCHUE
e—=2,718281... .

B 6yayumem (B § 4.16) 6ynet nokazaHa dopMyJaa, M3 KOTOpPOi cJje-
Ayer, 4TO

‘L1, 6
e=Y wtr (r>2), 3)
k=0

ric 60— HeKOTOpOEe 3aBHCAIUEe OT N YKCJO, YAOBNETROPAIOUIee HEPaBeHCT-
BaM 0 < 0 < 1. C moMowieio 370 GOPMYJIH HETPYAHO JIOKa3aTb, 4TO €
ecTh yucao uppaumoHanbnoe. Jonycrum, 410 e=p/q, rae p K 4 Hary-
panbune. Torpa, monoxus B (3) n=gq, GyAeM HMeTb

q
Pl 6
q ——Z t gl
k=0
Ywmuoxan Ha q!, nonyuaem
plg—1)!—1=8, 4)

q
1
rae {=q! 2 [ — HaTypabHOe YHCIO. Mu nonyyunu npoTHBOpeuHe —
k=10
sesas 4acTh (4) ecTh Uen0e YHCIO, a Npapas, paBHad O, ecTb NMpPaBUAb-
uafg ApoGhb.
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§ 2.7. lpunuun BAOXKEHHBIX OTPE3KOB

Teopema | (IPHHLUKN BJIOXEHHBLX OTPEe3KOB).
Iycme 3adana nocredoeamenbHOCHb OMPE3KO8 (Ce2meHmos)

on:[an'bn] ()"L—‘—_-], 2, ),

8r0MeHHbix Opyz 6 Odpyea, m. e. makux, 4mo @,,,C G,
(n=1,2,...), ¢ QauHamMu, CIMPEMAUUMUCA K HYALO:

d,=b,—a,—0 (n— o).

Toeda cywecmeyem u npumom eOUHCMBEHHAS MOMKA C
(4nCnIo), OOHOBPEMEHHO N PUHACAEHAUAR BLeM OMPEIKAM O,
(c€o,, n=1,2,...).

IokaszateabcTBo. (QUeBHAHO, YTO

0, <a,<a,<...<bh,

npd A60M 33aJaHHOM HaATypaJbHOM m. 3TO NOKAa3bIBAET, YTO
yucsia a, He yOLIBAIOT M OFpaHHYeHbl CBepXY YHMCJ/IOM b, npH
Jmo6oM m u, cornacHo teopeme 1§ 2.5, cymecrsyet uucao c,
K KOTOpOMY cTpemuTcs nepeMenHas a,(lima, =c). Tlpu stom
a,< c<b,. Takx kaKk B 3THX HePaBeHCTBAX HATypaJIbHbiE N
M m TNpPOU3BONbHBIE, TO, B MACTHOCTH, 4,< c¢< b, (n==1,
2, ...). CnenoBatenbHO, ¢ €0,, KaKOBO Obl HH 6bl10 1€ N.

Haiigennan Touka ¢—enuHcreenHad. JomyctuM, 4to cy-
mecTByeT Apyrasi Touka ¢, €0,, Vn. Toraa a,<Cc, ¢, <b
OTKYyZa

bn_an 2 'C_C1 l > 0) Vll,

HO 3TO NPOTHBOPEYHT TOMY, 4TOo b,—a,— 0.
3ameuyaHnue. B TeopeMe | cCyimecTBEHHO, 4TO B Hel

paccMaTpUBalOTCA OTPe3KH [a,, b,], 2 He WHTEpBanbl, Kak

nokKasbiBaeT caepytomnid npumep. Murepsaas (0, 1/n) (n=1,

2, ...) BNOXEeHB APYT B 1pyra, Ux aaunad, = ——0= - 0,
HO HEeT HH OJHOH TOYKH, NpHHALJexalleld OLHOBPEMEHHO KO
BCEM 3THM HHTEpPBAJAM.

B camom gene, mo6as Touka ¢<C0 He NpHHALIEKUT
K JiofcMy H3 uHTepBasoB (0, 1/n), Ecau xe ¢ > 0, To naii-

Jetcsi Takoe n, w10 l/n <<c d c_E_(O, 1/n).
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§ 2.8. Tounbie BepXHSA H HHXHAS IPaHH MHOXKECTBA

PaccMoTpum npousBosibHOe MHOXKecTBO E JeiiCTBHTe IbHRIX
qdcesl x. MOXET C/yYHThCSl, UTO B HEM HMeeTCs HauGoJblliee
(MaKcHUMaJbHOE) 4YHC/IO, KOTOpoe Mbl 0Go3HauuM uyepes M.
B stom cayuae nuwyr

M =max E = max x.
x€eE

MoxeT cyuuTbCS TaK¥ke, UTO Cpefiu yuces x € E umeercs
HaWMeHbiuee (MMHHMAJbHOe), paBHoe ywucay m. Torga nuwyT

m=min E = min x.
x€E

Ecan MuoXecTBO E KOHEUHO, T. €. COCTOHT U3 KOHEYHOTO
YHCaa Yyucea

Xis Xgp o vy Xpy

TO CpeAH HHX BCerja ecTh HaubGoJibllee W HAUMEHblllee.

OxHako 3TO He Bcerga Tak, €cqad E —6eCKOHeYHoe MHRO-
XKeCTBO,

[lpuBenem npumepni:

NyZ={..., -3, —2,—1,0,1,2, ...},

2) N={1,2,3, ...},

3) N—:{'-'v _'Qv _l}v

4) Ea, b},

5) [a, b),

6) (a, b).

MuoxectBo Z He uMeeT HaHGOJbILEr0 H HaHMEHbILEro
yucaa. Murepsan (a, b) Toxe He HWmeeT HaubOJBIIETO M HAH-
meHbllero unchaa. Ilpu stom 3gecb He umeer 3HaueHus, 6y-
AYT NH 4dc/a @, b KOHedHBIMH uan GeckoHeuHuIMH. Kakopo
O6bt HU ObL1O 4ucao ¢ € (a, b), T. e. YHCJI0, YAOBAETBOPAIOLLEE
HepaBeHcTBaM a < ¢ < b, Bceraa HaftayTcst uucaa c,, ¢, Takue,
yto a < ¢, < ¢ < ¢y, < b.

Muoxectso N ”e umeeT HauGOJLILIErO AEMEHTa, HO UMeeT
HauMeHbllHE x = 1. MHoxecTBO e N_. HMeer HaufoJbiuf
9/ieMeHT X =— |, HO He HMEeT HauMeHbIUero.

OuesnaHo Takxe min[a, b]=a, max {a, b1=b, min [a, b)=
= a, OfHAKO MaKCHMaJbHOTO 4HC1a B [a, b) HeT.

Bo3nvkaer Bonpoc 0 BBefeHHH AJMS [POH3BOJILHOTO MHO-
wkectBa E uHces, KOTOPHe 1O BO3MOXHOCTH 3aMeHsJH 6w
max £ v min E, Takumn ynciaaMu (KOHeYHbIMH HJIH Gecko-
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HEYHLIMH) ABIAIOTCH MOYHAR 6EPXHAR 2PAMbL

supE=§L€12x=M

U MmovHaA HUNHAR 2paHb

iME=infx=m
x€E

MHONCECMBa.
[Mycte MHOXecTBO E OrpaHMuYeHO CBepXy.
Uncno M (KOoHeuHOe) Ha3bIBaeTCH mourol 66pXRell 2patibio
MHOXecTBa E, ecal AJS HEro BHINOJIHAIOTCA 1BA YCJAOBHS:
1) x<{M, Vx€E,
2) aaa amoGoro € >0 cyumecTByeT Toyka x, € E Taras,
YTO BHHIOJHAIOTCH HepaBeHCTBA

M—e<x, <M

IlycTh MHOXKecTBO E OrpaHnyeHo CHH3Y.
Uycao m (KOHeUHOE) HA3bIBAETCS MOMHOU HUNMHEL epanbio
MHoxecTBa E, eciM AJS Hero BBINOJHAIOTCS [Ba YCJOBUA:
1) m<{x, VX€EE,
2) pas qw6oro € >0 CcyllecTBYeT TOYKAa Xx; Takas, 4To
m<x, < m-+te.

OueBnpHo, ecau B MHOXecTBe L JeACTBHTEJBHEIX uHCeJ
nMeeTcs HauGoJbllee (HanMeHbLIEE) YHUCJO, T. €, CYLLECTBYET
max E (min E), 10

sup E=max E  (inf E =min E).
sup, inf— cokpaulenns JaTHHCKHUX CJA0B SUPTemum — HaKBbIC-
wyit, infimum-— Hauuu3iuil, 3ta TEPMHHOJOTHS HE COBCEM
yAa4lia, A1oToMy 4TO, Hanpumep, sup £ He BCeraa ecTh Hau-

BbLICILMEH 3JEMEHT B MHOXecTBe E.
ITpumep 1. MHoxecTBO

I 2 3 n
TR

1MeeT HaWMeHbIllee uHcJio, paBHoe 1/2 (min E = 1/2). Opunako
OHO He HMeeT HAHGOJLLIEro, MOTOMY UTO —<—<— iivoa

Bce xe ono orpannueHo cBepxy uucaoM 1 HJH J06BIM YHC-
JoM, 66abwinm 1. Houncao 1 urpaer uck/mounTesHyto poJsb —
OHO €CTb TOYHas BepxHss rpavk E (sup E=1).
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B camom ne.e:
n
l) m< l, VIIEN.
2) nas Ve >0, 3n, €N: |—e <L

Mpl nanu onpefesneHHe TOYHOH BepXHel (HHUXKHEH) rpaHH
U1 MHOMECTBA, OrPaHUYEHHOTO CBEPXY (CHH3Y).

Ecau mHOxecTBO E He OrpaHHYeHO cBepXy (CHH3Y), TO
ero TOYHOH BepXHed (HHXMKHeH) TpaHbIO0 eCTEeCTBEHHO Ha3BaThb
CHMBOJ - 0o (— 00): sup E == -+ oo (cooTBercTBetiHo inf E =

Huorpa, Korna HeT OMAacHOCTH NMYyTaHMUbI, BMECTO -+ oo
MHUIYT 00.

[Tpumepri. [aa muoxkects 1) —6), npuBeseHHbIX Bbiile,
MMeeT MecTo

sup Z = + oo, inf Z = — oo,
sup N -=o00, infN=minN=1,
supN_ =maxN_=—1, infN_=— oo,
sup (a, b) ==b, inf (a, b) == q,

rae a 1 b Moryt ObiTb KOHEYHBIMH U 6ECKOHEUHBIMH YHCJ/IAMH.

MoxHO nate ofluee onpejeseHHe TOUHOH BepXHei (HHXK-
Hef) rpaHd MHOMECTBa, KOTOpOe rOofHTCs AJs JMo6oro MHO-
XecTBa (OrpaHHUYEHHOTO H HeOrpalH4yeHHOro).

Moz M

Puc. 9. Puc. 10.

Yucao M (cooTBeTCTBEHHO m), KOHEYHoe UK GeCKOHEeYHoe,
Ha3blBaeTCS MOUHOU BepxHel (HuxcHeld) zpanbio MHOXKecTBa E
(puc. 9 u 10), ecau BBIMOJHAIOTCA YCAOBHS:

1) x<M (m<x), Vx€E;

2) ana aoboro (koHeuworo!) M, <M (m, > m) cyuecr-
Byer x, € E Ttakoe, uto M, < x; <M (m<Cx, <m,).

B aroit ¢popmymupoBke He mpuxoguTCs ynotpebaaTh pas-
Hocte M —e (CyMMy m--€), 3TO HE HMMEeT CMhiC/a NpH
M=+ o0 (m=— o).

CnpasegnuBa TeopeMa NPHHUKNHEANBHOIO 3HAYeHHs,
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Teopema 1. Ecau ne nycmoe mHowecmso E delicmaeu-
MEAbHBIX HUCEN O2PARULEHO CBepXY (CHUSY) KoHeuHbim wucaom K
(coomsemcmeenno k), mo cywecmeyem wucao M<K (m = k),
fA6AR0Ueeca MouHOL BepxHeli (Huscned) epanbio E.

Noka3zatenbctso. Tak kak E—He MycToe MHOKECTBO, TO OHO
coAepXKHT B cebe No KpafiHeii Mepe OfHY TOYKY xo. PaccMOTpHM OTpe3ok
Gy=|[a, b], tae a < xo, b=K

[lo ycnosuio gpaBee oy HeT Touek E. Pasgenum Og Ha 1Be paBHbl¢
yactn (IBa oTpe3Ka) n o6o3HayuM 4epes 0; CaMylo NpaByio NOJIOBHHY,
cofepkautyto B cebe xoTs Gbl 0AHY TOuKy E. 3TO Halo NOHHMATb B TOM
CcMbicsie, 4TO eciu ofe 110N0BHHB colepxkaTr R cebe ToykH E, TO Oy eCTn
npasast U3 HHX, a eCJIH TOJMBKO OaH3a W3 HHX COII(.‘p)KHT TOYKH E, TO
MMEHHO OHAa O603HAYAETCH uepe3 Oy.

O6o3Haynm yepes Xy KaKyo-TH60 TOUuKy Ui £, npHHalIexawyw K oy.
Takum o6pasoM, x, €0y, Ho npasee 0; HeT Touek E. esuM Temepn o
Ha ABa pPaBHLIX OTPe3ka W 0fo3llayaeM YEpes O, CaMblii NpaBelf U3 HHX,
cofepxauuit n ce6e xota Obl 0AHY TOUKY £, KOTOPYI0O 0GO3HAYHM uepe3 X,.
[pasee o, HeT Touek E.

ﬂpono.n»um 3TOT Npouecc no MHAYKUHH, TIONYUHM [10CACN0BATENh-
HOCTb BJAOMKCHHBIX OTPe3Kon O, ={a,, b,] (0, D 0,4y), ATAHB KOTOPBIX

b,,—-a,,:bg;na—-»O, n-— 0.

Mpu stom npu nobom nEN npasee 0, HeT T04ek E, HO T, copepxHT
B cefe HekoTOpylo TOUKYy X,EE.

Ha ocnoBaHHH NpHHUMNA BJOXEHHBX OTPEe3KOB CYUIECTBYET €AHUHCT-
BEHHASl TOUKA, KOTOPYIO Mbl OGD3HAauMM dcpes M, npuHagnexawana ko
BceM OTpeskam o, (M€a,, vn).

Hokaxem, uro .
M=sup E. n

B camoMm aenc:

1) umeer mecto HepaseHcTBO x << M, Yx€ E, noTOMy 4YTO, eciu ¥ —
Kakad-nub6o TouKa, NpHuapnexamas K £, 10 x<<b, Vn, nepexoas
K npejesny nNpu n —» ¢o, MOJY4YUM

x<<M= limb,, Vx€E;

n—»@o
2) nns awboro € > 0, X' €E
M—e<x <M 2)
IleiicTBHTENBHO, TOYKH X,, ONpefe]eHHble BHIUE, NPHHAAIEKAT COOT-
BETCTBEHHO K 0, UK E,T.e. a, < X, <M, u TaK KaK a,— M, n — w,
10 AJA moboro e > 0, 3n,
M—e <ap < xp, <M,

U Ml TIOTYUMH (2), ecan Gydem cudTams ¥ =1, .

qume-rcmyloman TeOpeMa, yTBep¥Aavilas CyWecTBOBAHHe TOYHON
HHIKHEH rpaHH y orpaHuquuoro CHH3y MHOXECTRA E, AOKA3nBACTCH aHa-
JIOTHYHO, OTMPARAAUCH OT CErMeHTa o= [a, b], cojepxautero B cebe ne-
KOTOpyIO TOUKY Xg€ £, TaKkoro, uto a=k u xg < b, Jenum 0y Ha gwa
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PaBHHX OTpe3Ka H Yepes d; 0603HaYaeM TeNepb CAMYIO AEBYIO NOAOBHHKY,
coaepxawylo B ce6e Toukn E, HaXoguM B 0; TOYKY X, € E U NpoAOmKaem
Aanee 3TOT NPOLECC NO HHAYKLHA.

CKa3aHHoe BHILlE NPHBORHT HAcC K CJeAylolleMy yTBep-
KIEHHIO: 6CAKOe MHOxecmeo E umeem mounwie eepxuion u
nuxnioro epanu. Ecau E ozpanusero céepxy, mo sup E < oo,
ecau we E He oepanuveno ceepxy, mo sup E =oco. Anaao-
euuno, ecau E oepanuseno cnusy, mo inf E > —oo, u ecau E
He ozpaHuueno cHusy, mo inf E =— oo.

3AIAYH
1. [lyctb nann MHOXeCTBa neficTBATEAbHHX wncen X = {x}, Y = {y}.
Noa muoxecTBoM {x—+y)} GyfeM NOHWMATh BCEBO3MOXHLIE CyMMHN Yuced
X€X v y€Y. Ilorasate, yt0
sup { x+y} = sup {x]-+sup {4},
inf {x+4-g}=inf {x}4 inf {y}.
2. MNMon mHoxectBoM {xy) 6yjeM NOHAMATH BCEBO3IMOXHHIE RpPOHSBeE-
AeHMs HeOTpHLATelbHbIX yncen xEX W y€ X. Ilokasars, 410
sup {ay}=sup {x}sup {y}, inl {xy}=inf{x}inf{y}) (=0, y=:0).
3. Jlora3satb, uro

sup (— z)-—— lni x. inf(—x)=—supx
xeA X€A €A

§ 2.9. Teopema boabuano — BedepwTpacca?)

[Nyctb 3agana npousBosbHast Moc/eA0BaTeNBHOCTE AefiCT-
BHTE/IbHBIX yncen {x,}. Beibepem H3 Hee GeckOHeuHOE MHO-
JKECTBO 3JIEMEHTOB ¢ HOMepamH n, < 1, < ... . Toraa noay-
YHM HOBYIO NOC/IEROBATEJbHOCTb {x,, } KOTOpas HasbiBaercs
nodnocaedosamenHoCTbK  noCAed0BaMEasHOCTIL {x.}. Taknx
NOANOCJIEAOBaTENbHOCTEH MOXKHO BbIAEHTE M3 JAHHOH MO-
c/1efl0BaTeIbHOCTH GeCKOHeYHoe MHOMEeCTBO.

Ecau nocsenoearelbHOCTb {x,} CXOAMTCA (K KOHEUHOMY
yhcay, -+ oo HJAM —o0), TO OYEBMAHO, UYTO W Jiobas ee
NOANOCJIE0BATE/IbHOCTh TOXE CXOMMTCS M NPUTOM K TOMY Xe
uypcay (KOHeuHOMY, -+ 00 HJH — o).

[TocnenosatennHoCTh

I, -1, —1,...} (1)

1) B. Boabnano(1781—1848) — vewcknit MaTeMaTuK, K. Beuepunpacc
(1815—1897) — nemcuKuit MaTeMarnk,




§2.9. TEOPEMA BO/bLAHO — BEAEPUITPACCA 59

MOXEeT CAYXHTb NPHMEpOM HE CXOAsileHcA MNocaeA0BaTe /ib-
HOCTH uYmceJsl. Bce e Mbl BHAUM, 4YTO 3Ta IOC/EAOBaTE/ b-
HOCTb COACPKUT B ce6e MOANOCJEJ0BATEIbHOCTb

{,1,1,...}

cxoaawytoca (k 1). Bosnukaer Bomnpoc, Bceraa JqM 310 Tak,
BCSIKAR JIM NOCJ/e[0BAaTeJbHOCTh JEHCTBUTE/BHBIX YHCeJ CO-
JepXUT B cebe NMOAMOC/AEN0BATE/NBHOCTh, CXOASLLYIOCA K Hé-
KOTOPOMY 4MC/y (KOHEYHOMY, -+ oo, — oo). IlosouTebHbL#H
OTBET HAa 3TOT BONpOC Ad€T

Teopema 1. M3 ecakoii nocaedosamensrocmu Oelicmeu-
MENSHbIX 4Ucen {X, | MOKHO 66i0eaums 1100n0CAEO06AMEABROCTD
{x,,k}, CXOOALUYIOCA K KOHEHHOMY HUCAY, UAU K -} 00, UAL K — 00

B cayuae, koraa nocsenoBateqbHOCTS {Xx,} He orpaHuyeHa
cBepXy (CHH3Y), OHA, OueBHJHO, COJAEpXMT B cebe MoOANocC/e-
JOBAaTe/IbHOCTb, CTPEMALLYIOCH K oo (K — o0), YTO JOKa-
3piBaeT TeopeMy. EcJiH ke noc/e10BaTelbHOCTE OrpaHUYeHa,
TO TeopeMa | CBORHTCSA K CJeAyIOULeH Teopeme.

Teopema 2 (Bonbuano—Bediepumtpacca). Ha
écaKkoli  ozpanudennol  nocaedosamensHocmu {X,} MOMKHO 6bt-
Geaume nodnocaedosamensHocme {xn,}, CXOORUYIOCA K HEKO-
mopomy uucay.

HdokasarteabcTBo. Tak Kak noc/jegoBaTejbHOCTb TO-
yeK {x,} OrpaHHyeHa, TO BCE OHH MPHHAMJNEKAT K HEKOTO-
poMy oTpe3Kky [a, b], KoTophlii 0Go3HauuM uepe3 o,. Paape-
JIUM G, HAa ABa PABHbIX OTPe3Ka H 0O03HAYUM yepe3 O, cambiil
npaBbiii 43 HHX, COAepxawuil B ce6e GECKOHEYHOe YUC/IO
3JIEMEHTOB X,, Om«m H3 3THX 3/IeMEHTOB 0603HaYHM uepe3 X,
[1pasee o,, ecau eCTb, TO KOHEYHOe YHUCJO TOueK X, . Pas-
Je/IHM G, Ha JBa paBHbIX OTpe3Ka H 0GO3HAYHM llepea o,
caMbld MpaBHiil H3 HHX, cojepxauluit B cebe GecKoHeuHoe
YHCA0 3JIEMEHTOB X,,. BrifepeM cpefn 3THX 3/1EMEHTOB OfIHH X,
C HOMEpOM n, > n1 [IpaBee 0,, ecaH ecTh TOYKH X,, TO HX
KOHeYHoe 4HCJo.

[Tpononxum 3T10T mpouecc no HHAYKUMH. B pesyssrate
AOJYYMM NOCJ/IEAOBATEJbHOCTb BJIOXKEHHBIX APYr B ApYyra or-
pe3koB G, =a,, b,], AnuHH KoTOpbIX by—a,— 0, & — oo,
U NOANOCNe0BaTebHOCTh TOYEK HAILUEH NOCAeI0BaTebHOCTH
TaKHX, 4TO Xn, €0, (n, <n, < ...). [1pu 3rom npasee kax-
JAOrO H3 OTPe3KOB HMeeTcA He GoJliee YeM KOHEUHOE UHCAO
3/1eMEeU10B X,,.
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Ha ocHoBannu MIpHHUNKNA BJIOXX€HHhIX OTPE3KOB CYLUIEeCT-
BYET TOUKa ¢, NpRHaAAJIEXKAMAA K JIIOOOMy H3 OTPE3KOB Oy,
O‘leBHllHO, YTO NOANOCJ/IENOBATENBbHOCTD {x,,k} HMeeT CBOUM

NpenesioM ¢ (Xp, —>C), W MBI OKA3a/M TeOpeMy.

§ 2.10. BepxHrid m HuXRMH npeaennl

Ecan 3a4aHa npou3BOJibHASL 110C/€I0BATEIbHOCT JAeACTBHTEAbHBIX
uncen {x,}, 10, cornacio Teopeme | § 2.9, BO3MOKHO paccMaTpHBaTh
NOpOXKAAEMble €10 pa3;THYHLIE CXOAAUIHeCs: NOANOC.1€10BATENLHOCTH.

Mo onpenenenyio aepxuum npedenos nocaedosamesvnocmu {xp} (Wi
nepemMenHod X,) HasnBaeTca uucao M (koHewnoe, + o HAM — o), 06-
Jajaiouiee CJAeLYIOWUHMH IBYMS CBOHCTBaMH:

1) CymecisyeT NOANOCAEA0BATENLHOCT {xnk} 110C/IeI0BATEAbHOCTH

{%}, cxomasmasca x M:
lim x,, =M.
k> K

2) dna moboft cxopsueics NOANOCAEAORATENBHOCTH {xnk} nocnezo-

BareabHocTH {X,}
lim X, <M.
R o k
Bepxuuii npeaes nocaepopaTennuoctH {x,} 0603HaualoT OZHHM M3
CHMBOJIOB

M=lim x,= lim x,= lim sup x,.
n-»aw n—-o

Ecax nocaenosatesibHOCTb {X,} He OrpaunueHa CBepxy, TO, OYEBHANO,
limx,=- o.

B nocaenosatesshoctn {(— )"} nepemcunas x, umeer lim x,=1.
Bor eiwte npumep

n 1 )
(=M — - A
{n } {1,2. 3,4,5,.. }

3ra nocaenoBaTenbHOCTh (NepeMeHHan) He orpanuyeHa cBepxy. CnepoBa-
TeNLBO, €e BEPXHMil mpejen

lim n(-9" = 4 oo,

Jas orpaunueHHON cBepxy nociefoBatennnoctd {x,} ee BepXmuii
npejean M moxeT GuiTh OnpejesieH TaKike CA€AyIOHM 06Pa3oM: AJ5 BCA-
Koro & > 0 npaBee M- & uMeeTcs passe UTO KOHEYHOE YHCIO TOYEK X,
npaeece xe M —g 3aBefoMo HMeeTcst GeCKOHEYHOE YMCJO TOUEK Xy.

OTMETHM, 4TO €CJIH NOCJAeLOoBaTeNLHOCTL {Xx,} MMeeT OGBIYHBHI (KO-
neunnit) npegen limx,=M, t0, xax Mm 3n3eM, Anq Ja06oro g > 0 He-
paBeHcTBa M —e€ < %, < M-}-& BHNOAHSIIOTCA AN BCEX X,, 33 HCKJIO-
YeHHEM HX KOHeuHoro uucna. Takum o6paaoM, npasee M --€ umeercs He
Goniee yeM KOHEYHOE UMCJO SJGMEHTOB X,, a npaeee M —e— 3aBefoMo
GECKOHEUHOE HX UHCIO,
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3ro nokaspBaer, 4to Takke M -=limx,.

Urak, ecay M =lim x,, o u lim x,, =limx,= M.

Ho pa3nuia Mexay O6HYHBIM npenesiom H ﬂt‘pXHHM npejenoM 3a-
KJIOYAETCH B TOM, 4TO B cAyyae npenena nepce M —e nMeercst He Gosec
veM KOHEYHoe YUCMO TOYeK X, 8 B CAyYac BCPXHEro npefena sesee M —e
MOXET OhITE H GeCKOHEeuHOe YHCAO TOueK X,.

(o onpeneneHuto HUMHUM Rpedesos nociedosamensuocmu {x,} (Mau
nepemeHHol X,) Ha3LBaeicsl 4MCI0 m (KOHewnoe, ~- o WIH — o), 06-
Jajaoluee caelyioNMMn IBYMsl CBONCTBAMM:

1) CywecTsyeT noguocsesosareihnoct {xn,} 00CHEA0BATEALLCTA

{x.}, cxoaaumasca k m:
liln x”k = m.

k-«

2) laa mo6oi cxomaieiics nonocnenosatenbuoctd {xn, } nocaeno-

BaTeMLHOCTH {x,)
lim xp, = m.
p R
¢ —> °

Hw:xnuit npegen nepemeHHofl X, 0603Ha4YalOT ONHHM H3 CHMEOJOH

m=1lim x,,="lim x,= lim inf x,.

n—»o n=>m

Ecan nocaepopatesniiceTs {x,) He orpaiiyesa clin3dy, TO, OYEBHAMNO,
lim x, = — co.

Jas orpanH4eHHON CHU3Y NOCRENOBATCABHOCTH HHUMHUIA npefea m
MOMHO ONPEeleNHTb TakKe cleiylomuM obpasem: aas seaxora ¢ > 0 je-
Bee M—¢E HMMEETCA DPA3Re UYTO KOHEUHOE HHCNO TOYEK (INEMCHTOB) X,
JleBee Ke m -1 € 3aBeJIOMO HMeCTCsi GECKOHEYHOE YHMCJIO TOUYEK (3JIEMEHTOB) X,,.

OyeBHIHO, UYTO

lim x, << lim x,,. nH

Teopema |. [Haa mozo umobet nocaedosamensiiocms {x,} umesa
npeden (Koneuusid, -t 00 s — o0), HEOOxo0umo u docmamouro, umobe

lim x,,=lim x,, u moeda lim x,, == lim x,, = lim x,,.

3ameTHM, 4TO €CaM 1im xp=— o0, To B cuay (1) lim x,=— oo,
no reapeme | _
limx,=— o.
OueBHARO Takxe, 4TO M3 paBeHcTBa lim x,= -|- oo BbITEKaET, 4TO

lim x,=!im x, =+ oo.
3amedaHne. MoKHO MOKa3aTh, 4TO HHCAO ¢, KOTOpPOe MH mony-
YWIH MPH J0Ka3aTedbCTne TeopeMnl Boabuano — Beitepuirpacca, asaserca
BEPXHHM [pPEReNIOM X,:
lim x,=c.
310 BhLITeKaeT M3 TOro, YTO MpaBee KaXkJOro OTPeaKa O, HMEeTCH He
60/bIIE 4eM KOHEYHOE YUCNO TOYEK X,. .
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C apyroit ctopoHel, ecid 6bl Mbl BHIOHIMEHHJIH npoltecc, Bu6Hpasn
Ha KaXJAOM 3Tane AeJeHHs O, Ha ABa PaBHHX OTPe3Ka He CaMhlii NpaBbi#,
@ camblii JieBblii H3 HHX, COAEPMKalIMil OecKoleyHoe MHCIO TOYEK X, O
Mbl 6hl TOAYYMAH, BO3MOXKHO, APYTYI0O TOYKY ¢', COAEPXKAlLYIOCH RO BCeX
0,, H 3Ta TOYKA 6bi1a Ol HHXKHWM TpefeqoM x, (lim x,=¢").

Ecau nepemenHas X, He WMeeT npefena, TO 3aBeNOMO ¢’ < C, €CJH
e npeaes x, cyuectsyer, To oba npouecca HeoGXOAHMO NPHBELYT K OA-
HOMY H TOMY XXe yHcay c¢=c'.

§ 2.11. ¥Ycnosne Kowm cXORHMOCTH
NoCJeA0BaTeNbHOCTH

TlycTs 3ajaHa NOCJIELOBATEIbHOCTh AEHCTBHTEbBHBIX YH-
cesl {x,}, CXOAAIAACA K KOHEUYHOMY mnpejeay a:

limx,=a.

n—->w

3ro 3HayMT, uTO AAS BCAKOro € > 0 Haiigercs yucao n, =
= n, (&) Takoe, 4TO

|x,—al<e/2, Vn>n,.
Hapsany ¢ HaTypasabHBIM 4YHCJOM n > n, MOXHO NOACTaBUTb
B 3TO HEPAaBEHCTBO JAPYroe HaTypaJbHOe YHCJO m > N,

|x,—al<<e?2, Vm>n,.
Torna

|xn—xm|:lxn_a+a_xm,<|xn_al+,xm_al<
<—§-+%=e, Vn, m > n,.

Mul noayuuau caenytoiee yrepxaeHue: Ecau nepemen-
HAS X, UMEEM KOHewHbul npedes, mo OASl Hee BbINOAHALMC:
ycaosue (Kownl)): das aroboeo &> 0 Haiidemca nyg=n, (&)
maxoe, 4mo

lx,—x,| <e, V¥n, m>n,.

INocienoBaTeIbHOCTE uHCes, YIOBJETBOPSIOLLAS YCJIOBHIO
Ko, HasbBawoT elle gyHdamenmarstol nocaedo8ames-
HOCBIO.

1) 0. J1. Kown (1789—1857) — ppanuysckuit matematux. B ero tpy-
JaX BNepBHE ONpPEAE/EHb OCHORHLIE NOHATHA MaTeMaTHYeCKOrd -anannia
(Bpesied, HENPEPUBHOCTD, MMIErpad, ...) TaK, KaK 370 NpHUATO B Co-
BpEMECHHO MaTeMaTHke.



§2.11. YCJIOBUE KOIH CXQAMMOCTYU ROCNBAOBATE/IBHOCTH 63

OKa3nBaeTCd, YTO HMELT MECTO Takxke ofpaTHOe yTBepX-
NeHue: ecau nocaedosamensrocms Oeicmaumensroix ucen {X,}
pyndamenmanvras, m. e. yoosaemeopsem ycrosuto Kowu, mo
OHa umeem npedenr, m. e. Cyujecmeyem 4UCAO A (KOHe4HOe)
makoe, umo x,— a, n — 0o.

INokasateasncTso. Haunwem c toro. uto nokaxem, 4rto ¢yHRa-
MeHTaJbHaA [0C/eNOBaTE/IbHOCTL OrpaHuueda. B camoM fesne, nonomum
€= u nogGepeM, coraacHo ycaosuio Kown, uuca0 ng=nq (1) ax, uto

[ xpg—xml < I, vn, m > ng,
OTKyaa
l>'xn_xm|2lxn|—|xml
HJH
14-1xm | =1 xal. V. m > n,. (h

3adukcupyem m > n, U 0603HAYUM

M= max {l+lxm'v Ixnl}'
nng

T. €. MaKCHMyM 4ucea |x,|, rle n<Sng u uucaa l4-|x,|. Tornma
B cuay (1)
M=|x,|, VREN,

M OrpasHueHHOCTb Noc/egoBateabHoCTH {X,) JAOKa3aHa.
Mo Tteopeme Boabuako — Beltepwurpacca U3 OorpaHH4eHHOR nocaeno-
BaTEeJBHOCTH {X,} MOXHO BbIEJHTb MOANOC/ENO0BATE/IbHOCTD {x,’*}. cxo-

RAUYIOCA K HEKOTOPOMY (KOHEYHOMY) uHcay a, T. e,

lim X, =4a.
R—>® ]

TMoxaxem, uTO B AaHHOM C/yyae He TONMbKO 3Ta NOANOCACAOBATE b~
HOCTb, HO M BCA NOCNENOBATE/NbHOCTD HMEET npenea a:

lim x,=a.
n— e

B camom neae, cornaco yciosuio KowM, kKotopoMmy yRomzersopsier
Halla NOCNEAOBATENBHOCTb, LA J06oro & > 0 Hafilercs ny Takoe, uTo

|xn—xnl| <8/2, ¥R, m> n, 2
C Apyro#t CTOpOHH, B CHNIY TOTO YTO Xp, — a, & — o0, MOXHO yKa3aTs

TaKoe Ry, 4TO
Ixn.—a, <e/2, Vk>k

Yuursas, YT0 g — 00 NPH &k ~—+ 00, MOXKHO HAfiTE Taxoe k; > k,
4T0 AR, > ny. [osromy

[#0y,=0] < o1 @
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B cuny (2), rie Hago NOJNOXHTb m=npg,, H (2) nmeceM

|x,,—a(:l X, —X -'rxnk —al<
1 1

e
‘ a <E—}-S~-e vr > n
<[ Fny || *n, T4 <g T VRS M

H MLl JIOKA321H, YTO NOCJEN0BATENbHOCTH {X,} HMeeT mpefen, paviii a.

HMrtax mokasaHa

Teopema 1 (xpurepuii Kowwn cymecrsosa-
nus npepeaa). Has mozo 4mobot nocaedosameisHocHib
Oedicingumenbhbix uucea |x,} umesa npeden, neobxodumo u do-
cmamouno, wmobel OHQ Obire (hyrndamenmanrsrol (yoogaremeo-
paaa ycaosuro Koww).

§ 2.12. [lonHOTA H HENPepPbIBHOCTH MHOXKECTBA
ReCTBUTENbHBIX YUCEN

B npeaniayuimx naparpagax Mbl J0Kasaad psji CBOACTB
JeACTBUTENbHBIX 4YMCeJ, BaXHEHWHE H3 KOTOPLIX MBI nepe-
YUCIIEeM:

1) CymecTBoBanHe npejedsia y OrpaHHYeHHOH MOHOTOHHOM
nocJsegoBatensHoctd (§ 2.5, Teopema 1).

2) Tlpununn BJOKeHHBIX OTpe3KoB (§ 2.7, Teopema 1).

3) CyuecTBoBaHHe TOYHOIl BepXHell rpaHH Yy IPOH3BOJb-
HOTO OrpasHyeHHOro MHoXecTBa (§ 2.8, Teopema 1).

4) CxomuMocTh (YHAAMEHTANBHOH MNOCJEL0BATEIBHOCTH
K npeaeny (kputepui Kowwm, § 2.11, Teopema 1).

XoTst nepeunc/ieHHble CBOHCTBA M BLITJSIAST PasjuuHO,
Ha caMoM JeJjie MeXJAY HHMMH HMeeTCs T1y6oKas BHYTpeHHsis
cBA3b. He Tak y» TpyAHO MOKa3aTb, 4To yTBepKAeHHS 1) —4)
(npi Hannuau cBoficTB I — IV uiicna) 3xkBuUBaJeHTHBl MEXAY
coboit, T. e. H3 JIOO0r0 U3 HUX CJAELYKT TPH OCTaJbHLIE.
B sToii kuure Obl10O NOKa3aHO, YTO H3 1) (MM, YTO BCE pPaBHO,
cBofictBa V, eMm. § 1.6) u cBoiiers 1 — IV caenytor 2), 3), 4).

CgoiictBa |)—4) Ha3bIBAIOTCS el CBOLUCMBAMU Het pepbiG-
HOCHL WJU fLOAHOMEL MHOMKECTBA BCEX JEHCTBUTE/IbHBIX YHCe].

HTo6bl YACHHTb MX POJb, PACCMOTPHUM MHOYKECTBO TOJBKO PaLMOHANL-
HBIX 'UHce], XOoTopoe 0603HauuM yepe3 Q.

Crojictea [ —1V pas paunonanenbix uucea pbinoansiorcs. Onkako
croicTBO V M, caefoBatenbHo, Jito6oe M3 CBOHCTB 1) —4) ans paunonann-
HbBIX uYuceJI, BOOﬁLU,e roBop#,- He BBINOJHSAKTCA.

[Moscuum 310 wa npumepe. Jdas storo nam 6yjeT yAoGHO oncpiupo-
BaTb Talkyke H NLHGIKECTBOM BCeX JEHUTBHTEJbHLIX YKCeJ], KOTOPOe 0(o-

snauum yepes R,
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3agajum GECKOHEURYIO HENCpHOJHUECKYIO JACCATHYHYIO APO6b
a=0y,0,a,84... .
Taxum o6pasoM, a— uppaudonanbsoe uneno, T. e. a€R, wo a€Q.
JApo6s a nopoxpaaeTr nocneiosaTeAbHOCTE CPL30K
aM=a4a,...a, (n=1,2,...)

— PallHOHAJKHEIX YHCEJ,— He YOLIBAIOILYI W OrPaHHYEHHYIO CBEPXY Ue-
AbIM YHCAOM gg—-1. He cyluecTBYeT PauAonanhlOro Yucaa, K KOTOPOMY
Halla NOCJaeJ0BaTeNbHOCTL paulloHaabhux dices {at)} cxoaurca. B ca-
MOM Jleie, Mhl 3HAE€M, 4TO llepeMennas a(%) CXOAHTCH K a (CM. npuMep 9,
§ 2.1), T. e. K MPPAUMUHANBHOMY YHCAY, 38 K APYyrOMY YHCJY OHA CXO-
JHTECH HE MOMKET.

Mbl noxasaau, uto csodcTBO 1) B Q, BooGlue roBops, He
BbINOJHSAETCH.

Herpyano nokasats, uyto M ceoiictea 2), 3), 4) B Q,
BoQfllie TOBOPS, He BRINOJHSIOTCH.

MHOXeCTBO 1eHCTBUTE/NbHBIX YHCEJ HAa3blBAeTCs HOAHLIM
B CHJY TOO, YTO /151 HETO BRINOJIHSIETCS CBOHCTBO 4), 3aKJi0-
yalouleecs B TOM, 4TO JiioHan (yHUAMEHTabHAA NOCJeA0Ba-
TEJNbHOCTb YHCEJ CXOAHTCS K HEKOTOPOMY AeHCTBHTE/IbHOMY
ypcay.

MuoxectBo Q pantHoHaNbHbIX YKCe HE ABJSAETCSH TOJHbIM,
OHO copepKuT ¢hynlaMeHTaJbHble NOC/J€10BAaTENbHOCTH, He
cXoAsiuMecs K paitHotnanabHbiM uHcaam. Jlo6asass k Q uppa-
HHOHaJbLHble YHCJa, Mbl NOJyY2eM NpPOCTPAaHCTBO JeficTBH-
TENbHBIX YHCeJ, YXKe NIOJHOe.



TTABA 3
¢YHKUHSA. NPEAEJ ®YHKUHH

§ 3.1. ®dyHKuHUS

Ilycts E — MHOXECTBO 4uces, W MYCTb B CHJY HEKOTOPOTO
BIIOJIHE OMpeLeJIEHHOr0 3aKOHA KaMJIoMy uucay x us E npu-
BeleHO B COOTBETCTBHE (OAHO) UYHCJO y; TOrga roBOpsIT, UTO
Ha E 3apana ¢ynryus (OAHO3HAYHAS), KOTOPYHO 3aNUCHIBAIOT
TakK:

y="Fx) («€E). (1)

310 onpegmenenue dhyukuHy npepaoxeno H. M. Jlo6aueBckum
u Jlvpuxael). MHoxecTBO £ HaspiBalOT 061acThio 3ajaHHA
uaK onpejenenus dyuxuuu f(x). CoBopsAT Takxke, uTO 3afana
HC3ABUCUMAR NePEMEHHAA X, KOTOPas MOXKeT NpUHMMATL 4acT-
Hble 3HaueHHS x W3 MHoxecTBa E, u kaxnomy x € E B cuay
YHNOMSHYTOIO 33aKOHAa NpUBeJeHO B COOTBETCTBHE ONpeJeJeH-
Hoe 3HayeHHe (YHUCJO) APYroit MepeMeHHON Yy, HaA3BIBaeMOii
pyrkyueid waa 3asucumoli nepemennoli. Hezarucumyto nepe-
MEHHYI0 Ha3bIBAIOT ApeyMeHmon.

J1s1 BbIpa)ceHHa MOHATHSE (DYHKUHH ynoTpelJsiioT reo-
meTpuyeckiii #3wlk. ['oBopsaT, 4t0o 3apaHo MHOXecTBO E TO-
YeK x JelfiCTBUTENLHOM npsiMoit — obaacme onpedeseHus WM
3a0arus. QyHKyuu — K 3aKOH, B CHJIy KOTOPOro KaXAOH TOYKe
x € £ rnpusoguTca B COOTBETCTBME YUCAO Y ==f (x).

Eci MBI XOTHM TOBOPHTL O (DYHKIHH KaK O HCKOTOpPOM
3aKolle, IPUBOASUIEM B COOTBETCTBHE KaMJOMy uucay x€E
HEKOTOPOE YHCJIO Yy, TO HOCTATOYHO ee 0003HauYlTh OJHOH
oyxso#l f. CumBoas f(x) oGo3nayaer uKCJO Yy, KOTOPOE B CHJY
3aKOHA f COOTBeTCTBYET 3HaueHuto x € E. Ecim, nanpumep,

1y H. M. Jlo6auescknuit (1792— 1856) — neuKnit pyccKHil MaTteMaTHux,
co3faTesb HeeBKAHAoBo# reoMerpuu. Jlewen-Iupuxae (1805—1859)— ue-
MEUKHII MaTeMaTHK.
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yncao 1 npunapdexut obaactH E 3afnauus ¢ynxuwu f, TO
f(1) ectb anauenue ¢yuxyuu [ B Touke x=1. Ecau 1 ne
npuuapaexur E (1 € E), To TOBOPAT, 4TO GyHKUHA [ He on-
pedeseHa B TOuKe x =1,

MuoxectBo E, Bcex 3Huavenuit y=f(x), rae x € E, Hasn-
BaeTca ofpadom MHomecTBa E mnpu nomowu ¢yHkuuu f.
Mnorga nmuuyr B Takom cayyae E, = [ (E). Ho sto o6o3ua-
YeHHe HaAo ynoTpeO/asiTh ¢ OCTOPOXKHOCTBIO, IO BO3MOXHO-
CTU pa3bsCHsIA ero BCsIKHI pa3, KOrAa oHO ynoTpeb.siercs,
uytobbl He ObIO NMyTaHHUbI ¢ ofo3HauenueM y=f(x), rae x
ecTb NMPOH3BO/bHAS TOYKa (YHCJ0), NMpUHALJEXKaAlasd MHOXe-
ctBy E, a y—cooreetcTByoWan el npd noMolH ¢y HKLHH
(3akoHa f) Touka muOxectBa E,. ['oBOpAT elne, 4TO (yHK-
uus f omobpascaem mnoxectBo E Ha MHOXeCTBO E;.

Ecan obpaz E,=[(E)c A, rie A-—-MHOXecTBO ylices,
Boobile He coBmajpamouee ¢ Ej, TO roBopsT, 4TO (pyHKuUMs f
omobpaxcaem E 8 A.

Hast ¢pyukuMit f ¥ ¢, 3alaHHBIX Ha ONHOM H TOM Xe
MHOXecTee E, onpeaensiorcsi cymma f—+ @, pasnocme f—@,
npouasedernue [ @, uwacmuoe f/p. DT0 HOBHE (DYHKLHH, 3Ha-
YeHHS KOTOPBLIX BLIPAXKAIOTCH COOTBETCTBYIOMNMH (opMy 1aMH

F@+e®, [@—e0), [Wew, T8 xeb), @

rje B cJyyae 4acTHOro npeanoJaraercsi, 4to ¢ (x)==0 Ha E.

Iast obosHaueHHs GYyHKIHH yrnoTpebasioT U JobLie Lpy-
rue 6ykepl: F, @, ¥, ..., Tak ke Kax BMeCTO X, Y MOXHO
nHCaTh 2, U, Uy «.. .

Ecan ¢yuxiwus f oro6paxaer muoxectso E B £, a ¢pyHk-
st F otoGparkaer MHOXeCTBO E; B MHOXeCTBO E,, 10 (hyHK-
wuto 2 = F (f (x)) Ha3biBaloT ¢UHK14ueu om qbymmuu HJH CA0%C-
Hot ynryued, wan cynepnoduyued f u F. Ona onpepgenena
Ha MHOXectBe E u orobpaxaer E B E,.

Bosmoxna choxhas ¢yukuns, B ofpa3oBallMH KOTOpoH
yuactByeT n dynkunit: 2= F, (F,(F, (... (F,(¥)) ... ).

[IpakTHKa JocTaBjasieT HaM MHOTO NPHMEPOB (byHKILMA.
Hanpumep, nsowanae S kpyra ecTe ylKUHs €ro pagdyca r,
Buipa)kaemas opmynoi S =nr?. 3ta QyHKUMS onpeneJeHa,
OYEBHJAHO, Ha MHOXECTBE BCEX MOJIOMHTENbHBIX YHCEJ 7.

MoxHo, He cBsi3biBasi BOOPOC ¢ NJOLLAJLID Kpyra, IOBO-
PHUTL O 3dBMCMMOCTH MEXAY nepeMeHlbiMH S W 7, BhpaxeH-
Hoii dopmysoi S =nr?. PyHruus S= ¢ (r), 3anannas sToi
¢opmysioit, onpejesieHa Ha Bcedl ACHCTBHTEJ]bHOH OCH, T. €.

3
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AJst BceX RelCTBHTEJbHHX YHCeJ f, He 06S3aTe/ILHO TOJLKO
MOJIOXKHTEJbHBIX .

Huxe npusogatcs npumepst $yHKUHH, 3afaHHBIX POpMY-
JaMH:

y=V1=2, 2)y=lg(l+x), 3 y=x—1,
4) y=— = 1 , B) y=arcsinx.

Mu umeeM B BURY neﬁcrau'reﬂbﬂble (pyHKUHH, [IPHHUMAOLLHE
JedCTBUTE/IbHbIE 3HAYEHUS Yy A5 JeHCTBHTEJNbHbIX 3HA4YeHUi
aprymenta x. Herpyauo BuIerb, uto 06.1aCTAMU ONpejeJe-
HUA MPHBEACHHBIX (YHKUHN SIBJISIOTCH COOTBETCTBEHHO:
1) orpesok |—I, I]={—1<{x< 1}
2) mHoxecTno x > — 1;
3) Bcs AeHCTBHTENbHAd OCh;
4) BCA JeHCTBHTE/IbHAS OCb, U3 KOTOPOH HCKJIOYEHA TOYKA
x=1,
5) orpesok [—1, 1].
Gyukunn, onpenmeasembie 8 npumepax 1) u 2), MOMHO
paccMaTpHBATD KaK (YHKUHH OT PYHKUHH: | Yy--V u, u=1—uv,
=x% 2) y=lgu, u=1+4x.
BaxHbemM cpencTsoM 3apnanust (yHKUMM BASETCS T paduK.
3ananuM NnpsAMOYTOJMbHYHO CHCTEMY KOOpPAMHAT X, y (puc. 11),
Ha OCH X OTMETHM OTpe3oK [a, b]u
4 n3o06pazum Jaobylo KpHBYIO I', ob.a-
JAULY0 cJeay LM CBOHCTBOM: Ka-
koBa Obl HU Gbla TOYKa X €[a, b],
npsAmas, MNPOXOAALIAN 4epe3 Hee
napaJJeabHo OCH y, riepecexkaeTr Kpu-
syto I' s ogHoit Touke A. Takyw 3a-
JLaHHYIO B pPsMOYTOJIBHOM (leKkapTo-
Puc. 1. BOH) cucTeme KOOpAMHAT KpuBylo I
Mbl 6y eM Ha3biBath epagukon. I'pa-
¢ux onpegesser (yHKUHO y=f(x) HA oTpe3ke [a, b] cue-
AylomuM ob6pa3om. Ecau x ecTh NPOM3BOJIbHAS TOYKA OTpe3Ka
[a, b], To cootBeTcTRYMOLIEE 3HaueHHe y = f (x) onpenesseTcs
Kak opauHaTta Toukd A (cM. puc. 11). Caeposatenbro, npu
MOMOIK rpaduka Jaercs BrOJHE ONpelejeHHHH 3aKOH COOT-
BETCTBUS MeXAY X U y=f(x).
Mbi 3agann QyHKUMIO pH DOMOUIH TpaduKa Ha MHOXKe-
cree E, spasioteMcs otpeskoM [a, b]. B apyrux cayyasx E

?_\\

Y
[ 3
[ N
3

7
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MOXeT OHTh MHTEPBAJIOM, MOJYHHTEPBAJOM, BCeH JeHCTBH-
TeJbHOH OCblO, MHOXECTBOM pAl{HOHA.IbHBIX TOYEK, MpPHHAA-
JeXaluX K JaHHOMY WHTepBaJy, M T. A.

3ajaguM Ha HEKOTOpOM uHTepBaJe (a, b) dyHkiuHO f(X)
¥ NPOHM3BOJbHOE (nocTosiHHoe) yueao = (0. C noMoubio a
W [ MOXHO CKOHCTPyupoBaTb pP#AA OyHKun#: 1) of (x);
2) f(x)+o; 3) f(x—a); 4) f(ax). Pynkuuu 1) u 2) onpe-
AeNeHbl Ha TOM e WHTepBaJe (a, b). OpanHaThl rpaguka
(yHKUMY 1) yBeJuuyeHbl B @ pa3 CPABHHMTE/IBHO C COOTBETCT-
BylouuMu opauHatamu f(x). I'paduk dyHkuHM 2) nonyyaercs
u3 rpaguka f noaHsaTHEM MOC/EAHEro Ha BEJIHYHHY @, €CJH
a >0 y onyckanvem na |a|, ecan o < 0; rpadHk xe QyHK-
uny 3) nosyuyaercsa u3 rpaduka f nyTtem CABHra noc.aeiHero
BMpPaBO HA BeJHUHHY &, eciaH a >0 i Ba¢Bo na |a|, ecau
a < 0. Haxonen, ¢ynkuus 4) npu o > 0 onpefeneHa, oue-
BHHO, Ha WHTepBaJse (a/o, b/a); rpaduk ee nosayvaercs U3
rpaguka f nyTeM paBHOMEPHOTO €r0 CXKATHA B & pa3s.

OyHKUHIO [ Ha3biBalOT 4emHol WJIH HedemHod, ecJi OHa
onpejesieHa Ha MHOXECTBE, CHMMETPHUYHOM OTHOCHTE/bHO HY-
JIEBOi TOYKH, H 06JAfaeT Ha HEM CBOHCTBOM f(— x)=f(x)
WJH CBOUCTBOM f(— x)==—TF (x).

I'paduk yeTHOH (yHKIMH, OYEBUJHO, CHMMETPHYEH OTHO-
CHTENbHO OCH Yy, a rpaduK HevyeTHOH (YHKIIMH CHMMETpHYell
OTHOCHTeJIbHO Hauana koopaunat. Hanpumep, x2%(k— Haty-

panbuoe), cosx, Ig|x|, V1%, f(|x|)—uetuble dyHKnMH,

a x**1 (k2> 0—uenoe), sinx, xV 14+ x* xf(]kx|)— neuer-
Hbl€ ¢y HKUKH.

HerpyaHo BuieTb, 4TO npousgedenue 08yx 4emuvix uau
dsyx Hewemrblx yHKYUl ecmo (bYRKYUL 4emHan, a npou3ee-
OeHue HemHOU YHKYUL HA HEHEMHYIO ecmb HedemHan (pyHK-
yus.

KoHeuHo, 601bIIHHCTBO PYHKUHA He YETHB M He HeUeTHBI.

I'papuk dyHkunn y=f(x), x€E, MOXHO onpeiesutb
ellle Kak COBOKYMHOCTb Touek (x, f(x)) ¢ abcuuccoii x n op-
aunaTon f(x), roe x€E.

Oyukuua [ wasniBaetTcs gospacmarowed (Heyboisarowierl )
va E, ecau ans ao6bix x,, X, €E, aas KOTOphiX X; < X,,
BHINOJHsieTc HepaBeHcTBO f(X,) < f(x,) (f () << F(xy)).

dynkuna [ uHasmBaercs ybwwawowel (Hesospacmarowedl)
Ha E, ecnn naa mobux x,, x, € £, a1 KoTopux x, < x,,
BLHIONHAETC HepaBeHCTBO f{x,) > f(x,) (f(x,) = F(x,).
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DyHKUNA [ HA3BIBAETCH O02PUHU4EHHOU (HCOZPAHUYCHHOU)
Ha E, ecan ee ob6pas E,={[ (L) npu nomowu [ ectb orpa-
HUYEHIIOE (HEOr PAHHYCHHOE) MIIOKEeCTBO.

Hanpumep, ¢yukuusi y=1/x yObiBaeT i 1e OrpaHuyeHa
na (0, oo0), HO orpanuuena ua [l, oo).

dyuxkuus f, onpeienenlias Ha BCeil BellleCTBEHHOH ocH,
HasbiBaeTCs nepuodudeckoti ¢ nepuodom T > 0, ecan f(x) =
= f(x+T) pasa V.

MoKHO TOBOpHTbL TaKiKe O (yHKIHMU, NEPHOLHYECKOH C re-
progom T Ha untepBade (a, b) (cermenre [a, b]), ecan pa-
BEHCTBO

) =] (x+T)

BEpHO AJS BCeX TaKkux x € (a, b) (uau [a, b]), ans Kotopsix
x+T €a, ) ([a, b]).

Hanpumep, ¢pynkuus sinx nepropa 2m. ®dynkuusa sinmx,
rie m€N, Toxe nepHoiaa 2m, HO OHA TAKIKE HMEET Melib-
wuit nepuoa T =2m/m.

Mpumep 6. OyHKUHA (CueHYyM X WIH 3HAK X)

1, x>0,
y=signx= 0, x=0,
—1, x <0,

3aJlaHa Ha GecKOHeuHOM HHTeppane (— oo, oo). OHa HeueT-
Has. OOpas ee ecTb MHOXECTBO, COCTOflEe M3 TPeX TOUEK:
1, 0, —1.

[Mpumep 7. ®ynkunsa

x>+ 1, x << 0,
Y= \sinx, x>0,

uMeeT rpadwuk, u3o6paxennbii Ha puc. 12. Ona yOniBaeT Ha
(— oo, 0) u nMeer nepuoj 2n Ha (0, oo). IJta GyHKUHS HA
Pad/aHtdIbIX  HacTAX obnactn ee olpeaeneHds 3ajaHa pas-
JIMYHBIMU OpMYyJamMH.

DyHruMA MOXKeT ObiTh 3ajaHa B Buie Tabauusl. Ha-
npuMep, Mbt MOrAH Gbi 1H3mepsaTh TeMmnepatypy T Boa-
Ayxa yepe3 KaxAblH uac. Toria KaxAaoMy MOMEHTY BpeMEHH
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t=0,1,2,..., 24 cooTBeTCTBOBa/NO Obl ONpejAe/eHHOe YHUCJO
T B Bujge TaBJikibL:

t ’ 0 1 ' l 24

T ’ To | Ty ' Tas

Taxum ofipasoM, Mbl noayuuam Obl Qynxusio T = f({),
onpegeJelylo Ha MIOMXecTBe ueawlx uncea or 0 go 24,
3ajaHHyI10 TaGauLCH.

Ecan ¢ynxuus y=/[(x) 3agana na HeKOTOpPOM MHOXe-
ctee E opmynofl, TO Bcerja MOXKHO CYHTaTb, 4TO €il COOT-
BETCTBYET  BIOJNHE  OlpPEAEJEHHDI]
rpaQuk, onpejensiomuit reomer- &
pudecky 3ty dvikumo. OBparthoe
COBCEM 11¢ SCHO: CCJAH (PYHKIUHA
3ajaHa MApoli3BOABHBIM [Pa(PUKOM,

TO MOXeT JH o©Ha ObiTb Bbl- 7

paxena  Hexkoropoit  ¢opmynoi? s
Aro  ouelib  CAOKHBIE  BONPOC. ﬂl aN_/ “*
Urofbl OoTBETIUTL  Ha  11€ro, 130

OTAaThb cee OTYET B TOM, KAaKOH Puc. 12.

CMBIC/1 MBI BKJajJblBaeM B CJOBO
dopmysia. Boine, Korga Mel rosopnas, 4TO JanHas (yHK-
uus y=f(x) soipaxaercsi (OpPMYJI0H, MBl MOJYAIHBO CYM-
Ta/i, YTO MpH 3ITOM Y noJydaeTcss n3 X NPH MOMOILH KOHed-
HOFO 4HCJa TakHX oOlepailnii, Kak CJ0XKEeHWe, BbIUHTaHUE,
yMHOXKENHe, Jfe/leHHe, H3BJeyenHe KOpist ToH HJW MHOI cTe-
neuu, Jorapupmuponaiise, B3sATIe onepaniu sin, cos, arcsin
M JApyTHX aarebpantueckiX H TPHFOHOMETPHYECKHX Onepauuii.

MaremaTtnueckuit aHasaH3 HaeT cpeicTBa AJS 3HAUMTEJIb-
HOFO pacullipeHusi MOHSTHA GopMyJipl. BecbMa BaXHbIM TakuM
CpEJACTBOM sIBJsIeTCSl pa3sJoxenue ¢GyHKu#M B O6CCKONEYHBI]
PS4 MO 37eMEHTAaPHBIM (ByHKLHAM,

Mtuorue, a MoxeT ObITb H BCe, BCTPEUAIOILKeCs Ha NMpak-
THKEe (DYHKILIHH MOTyT OBITh H300paz<eHbl (OpMyJoH, Npea-
ctaBasiioulell coboli HeKOTOpbi 6GeCKONeUHbI P, UJeHAMH
KOTOPOTO AIBJISIOTCA 3JEMEHTAapHbe (yHKLMH, KOTOpbIe OYAYT
onpenenensl Huxe. Ho cefiuac 06 3toM rOBOpPHUTE He BpeMsi.
Mh! eme He TOTOBBI K 3TOMY.

Tax uau uHaye, 3ajaHa M yHKUMA f(x) hopMy.10H HJH
e JPYTHM KakuM-au6o crnoco6oM, HanpuMep NpU MOMOLLU
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rpaguka, OHA YyKe MOXeT CJAYKHTb OGBEKTOM H3YUeHHs
CpeiCTBAMH MaTeMaTHYECKOro aHaJM3a, eCJi OHAa yNOBJETEO-
psieT HEKOTOPLIM JOMOJIHUTE/bHbIM OBLIHM CBOHCTBAM, TaKUM,
KaK HenpepblBHOCTb, MOHOTOHHOCTb, BBIMYKJOCTL, AU(DepeH-
uupyemocts W Ap. Ho 06 atom 6yjner uatd peub Bnepeau.

Baxuelituum cpeacTBoM H3ydeHHSs (GYHKUHH ABJAACTCH
NOHATHE npejesa, ABIAKOUEECH OCHOBHbIM NOHSTHEM MaTeMa-
THYECKOTO aHaan3a. Jlanuad raasa nocpfalleHa 3TOMY MO-
HATHIO. '

Ecau xaxmomy 4Hcay x, NPUHALNEKAUWEMY JAHHOMY
MmioxecTsy E uydcen, B CHJY HEKOTOPOTO 3aKOHA COOTBETCT-
ByeT Olpeje/eHHOe MHOMECTBO ¢, YHcesa y, TO TOBOPAT, 4TO
5THM 3aKOUOM OlIpefeNeHa MHO203HAYHAA yrKyua §= f(X).
Ecau okaercst, uto ¢, A5 Ka)KA0ro x € E COCTOHT TOJbKO
M3 OJHOTO YHCJA Y, TO Mbl I101YYUM OJHO3IHAYHYIO (PYHKUHIO.

OnHo3Hauily10 (YHKUHIO HA3LIBAIOT [1POCTO «(pYHKUHEH»
Ge3 noHaBaeHn s NPHAATATeNLHOIO «OTHO3HAUHA S, €CJIH TOJBKO
3TO He NPUBOAHT K HEA0PA3yMEHHUSIM.

Ausre6pa M TPHTOHOMETPHUA HOCTABJSAIOT HaM M[PHMEDbI
MHOTO3HAUHLIX (YHKUHE; TaKMMH SBASOTCA (YHKUHA VX,
Arcsinx, Arctgx, ....

®yukuus 1 x onpenenena mas x>>0. Ona Aby3uauna
A x > 0: KaxAoMy [OJ0KHTEJIbHOMY X COOTBETCTBYET [Ba
JefiCTBUTENIbHBIX 4licAa {OTJHYAOWMXCA APYr OT Apyra 3ua-
KamH), KBajJpaThl KOTOPHIX paBHbl x. Bnpouem, cuMBoJ
",/x (=2, 3, ...) Mbl Oylev NOHHMATb BCIOAY, €CJH 3TO
He O0rosopeHo oco00, Kak apudMeTHyecKoe 3HAYEHHE KOpHH
k-t crenenu M3 x>0, T.e. KaK HEOTpHUIlATEJNbHOE YHUCNO,
k-5 cTeredb Kotoporo paBHa x {cMm. § 3.8). Uto xe Kacaercd
¢yukuuH Arcsinx, To oHa GeckoHeunosHauuas. Ouna npupo-
IHT B COOTBETCTBHE Kd»/J0MYy 3Ha4eHHIO X U3 oTpe3ka [—1, 1]
GecKOHEeUYHOe MHOMECTBO 3HAYEHHI Y, KOTOPble MOTYT OblTb
3andcadsl no gopmye

y=(—rarcsin x+kn (=0, =1, £2,...).

Bbltite MBI roBOpHJAH O (DYHKUHAX OT OAHOH NepeMenHOH.
Ho MoxHO roBoputh Takxe 0 GYHKUHUAX ABYX, TpeX U Boobiue
n nepemMeHHbIX.

DyHKIHMA OT ABYX NepeMeHHLIX ONpelesiAeTCs CJely oULUM
o6pasoM. PaccmaTpuBaetcss MHOXxecTBo £ nap uucen (x, y).
[lpu 3toM uMeloTCH B BHAY YAOPAOOHeRHble NAapbl. 3TO 3HA-
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YyuT, 4TO ABe MOapbl (X, 4,) ¥ (x,, y,) CYUTAIOTCS PABHBIMH
(coBnamamouHMH) TOTRa H TOJBKO TOCAAa, KOfAa X, =X,
0 y,=y, Ecau B cuiy HEKOTOPOro 3aKOHa KaxaoH mape
(x, y)€ E nupuBeseHO B COOTBETCTBHE YUCJO 2, TO TOBOPAT,
YTO 3THM oOmpedeseHa Ha MHoxectBe L ¢yuxyus z2=f(x, y)
om 08yx NEPEMECHMBIN X U Y.

Tax kak kaxaoil nape uucen (X, y) COOTBETCTByeT Ha
[1IJJOCKOCTIl, /e BBeAeHa J€KaPTOBA CHCTeMa KOOPAHHAT, TOYKA
¢ afcuHecolt x 4 opAuHATON Y, H, Hao0OPOT, KAXKAOH TOUKe,
TaKHM oOpa3oM, COOTBETCTBYeT Tapa (X, y), TO MOMKHO roBo-
pHTL, uTO Hawa ¢yuxkuusa f(x, y) 3axaHa Ha mHOXKecTBe E
TOYEK NJOCKOCTH,

dyukiunio z2==f(x, y) oT ABYX nepemMeHHbIX H306paxkatoT
B TPEXMEPHOM [OPOCTPAHCTBE, TJe 34alaHa MPSIMOYTrOJbHAS
CHCTeMa KOOPAMHAT (X, Y, 2), B BUIE reOMETPHUECKOTO MecTa
Touek (x, ¥, f(x, ¢)), NPOEKIIUH KOTOPBIX (X, &) NpHHALIE-
KaT MHOXMecTBY L onpepenenus f.

Hanpivep, Takim reoMeTpHuecKiM MecTOM Asisi GYHKUHK

2= l/l—x‘l-yz. 2+,
SIBAAETCH BepXHAA M0JO0BHIA [1aPOBOIl NoBepXHOCTH pajHyca |
C UEHTPOM B HYJIEBOIl TOYKe.

B stom ke ayxe MOXHO onpefe.HTb (pYHKLHIO TPeX nepe-
MenrbiX. O6JacTbio ee onpeaesneHHs MOXET Tenepb CAYHKHTh
HEKOTOPOC MHOKECTBO YNOPSAOUEHHLIX TPOEK uucea (X, y, 2)
HJ/IU, YTO BCE PABHO, COOTBETCTBYIOILHX HM TOUEK TpeXMepHO-
ro NMpoCTPaHCTBa, r/ie BBeJCHA AeKapTona cucTeMa KOOpPAWHAT.

Ecau kaxnaofi Tpoilke uuces (TOUKe TpeXMePHOro mnpo-
cTpaHcTBa) (x, Y, 2) € E B CHay HEKOTOPOro 3aKoHA COOTBET-
CTBYeT 4YHC.JO 4, TO TOBOPST, UTO 3THM Ha E omnpepenena
¢yHkuna u=F(x, y, 2).

AnajoriyHo MOMHO paccMaTpuBaTb MHOMKecTBO E ynops-
JAOUYEHHbIX CHCTeM (x,, ..., X,) H3 n yiceJa, rie n — 3alaHHoe
HaTypaJbiioe 4ucao. OnsitTh, eCqau Ka)KJoi TAKOH CHCTeme,
npuitaanexauieii E, COOTBETCTBYET B CHJY HEKOTOPOTO 3aKolia
YHCJIO0 2, TO TOBOPSIT, UTO Z €CThb YHKYUS O NepemeHHblx
X; ..., X,, ONpeje]eHHas HAa MHOXecTBe E, H 3anuchbiBaercs
aTa GyHKIUA B BHAE 2= F (X5, ..., X,).

B cayvae n >3 B HalweMm pacnopsKeHHH YXKe HeT peasb-
HOTO M-MEPHOro MPOCTPAHCTBA, 4TOObLI HCMOTb30BaTh €ro AN
M300DaxeHua cucteM (x,, ..., X,) B BUlle NPHHAAMEKAHX
emy Ttouek. Ho matemMaTHKH BbIAyMa/u n-MepHOE MpOCTpaH-
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CTBO, M OHO MM 6JAaTONOJYYHO CJAYIXKUT, H MPHTOM He XYXKe,
yeM peasibHOe TPeXMepHoe MpPOCTPaHCTBO. MIMeHHO, rn-uepreim
NPUCMPAHCMGOM HA3BIBAETCS MHCXKECTBO BCEBO3MOKHLIX CH-
CTeM n 4UCes (X, ..., X,).

Ecau pge ¢pynxkuuum f ¥ ¢ OT n nepeMeHHEIX 3ajaHbl Ha
oNHOM H TOM e muoxectse E cucrtem (x,, ..., X,)—TOUYeK
n-MepHOTO MPOCTPAHCTBA,— TO MOXKHO OMpPEeJesUTh CYMMY
f+ @, passocte f—, npousBeneHHe fp W yacTHoe [/¢ Kak
Gbyukuuy, onpelenetnble Ha E nmpH momouM papBeHcTB, aHa-
JIOTHYHBIX paBenctBaM (2), rae Hal0 TOJbKO YHCJI3 X 3aMe-
HUTH CHCTeMaMu (X, ..., X,). EcTecTBenuniM o06pa3om
ONpefenNgIoTCs  TakXKe CJAMKHbIE (YHKUUK TakHe, Kak
Flo(x, v), w(x, 4, 2)=F(x,y, 2), rae (x, y, 2) — TPOH K1 unceJ,
TpHHALIEXKAUHX HEKOTOPOMY MHOMKeCTBY TpPOEK.

Hibke npuBOAHTCS HECKOJBKO NPUMepOB (YHKILIE MHO-
THX [epeMEeHHBbIX, 3aJaHHBIX NOCPEACTBOM 3JEMEHTaDIbIX

topmy1.
Mpumep 8. u=Ax4-By+Cz2-+D, rae A, B, C, D—aanannue

NOCTOSIHHbIC JeffCTBHTENbHBIE UHCMAA, €CTh JuHelHaa GYHKUHSI OT Tpex
nepemeHHbIx (X, Y, z). Ona 3agaHa Ha BceM TPEXMEDHOM NpPOCTPAHCTBE.

Bonee ofwas auuefinags Qyukuuss or n nepeMmenHbBx (Xy, ..., Xx,) aa-
n

nactcst GopMynoil u = 2 a;x;j-+b, rae ag, ..., a,; b—3agaunve no-
i=1

cTosible nueaa. dta Qyukuus onpelesena B mo6oit Toure (xq, ..., Xp)

7-MCPHOTO [POCTPAHCTRA, IUIH, KAaK CLUC FOBOPNT, HA BCEM N-MCPHOM Mpo-
cTpancree.

Mpumep 9. z=Ig )Y T— x?—y?  Orta pelicTsuTenblaf  (YHKUHA
3ajana pa obmactih, npejcraBasioweil co6ot Kpyr paxpuyca | ¢ unentpoM
B (0, 0), M3 KOTOPOro yjmaJienbl Bce IPANUUHLIE TOUKH, T. €. TOUKH OKDYX-
woctH pazauvyca | ¢ uenrpom (0, 0). Jlas 3thx Touex nawa ¢yuxkuHs He
onpegenena, notomy uto lgO e uMeeT cmblcaa.

Mpumep 10. dyuruus

0 =
2=/ (x, y)={, =
s y <0

reoMeTpuueckH u3oOpamaeTcs ABYMS NApansefbHbIMH TIOJIYNJIOCKOCTSIMH,
He CBA3aHHbLIMH MeKIy co60ii. Pacnooxenne HX N0 OTHOLWEHHIO K CHCTeMe
KOOPAHHAT (X, Y, 2) OUECBKNHO.

@dyukiHA OT OQHOH NepeMeHHOH MoXeT ObiTh 3ajaHa He-
AeHbim 0bpaszom npU MOMOUM DABEHCTRA

F(x, =0, 3)

rie F ecTb QyHKUHMS OT ABYX NMePeMEHHBIX X H Y.
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[lycth Ha HEKOTOPOM MHOMecTBe G TOuek (X, y) 3ajaHa
¢yuxuus F. Pasenctso (3) onpejensieT HEKOTOPOe MOJAMHO-
xectBo 2 Muoxectsa G, Ha KOTOpoM (pyHkuusi F pasHa
Hymo. KoheuHo, B yactiocTd, Q MOXET 6bITh NMYCTHIM MHO-
wectpoM. [lyers Q— Henycroe MHOXeECTBO, U uycth E — MHO-
XKecTBO (OUeBHIAHO, HEMYCTOe) TakuX 3uayeniit x (4ucen),
KOTOPbIM COOTBETCTBYET XOTsl Obl OAHO Yy TaK, YTO [apa x, y
npunajiexur €. Takum o6pasom, L ecTh MHOXECTBO BCeX
yucesl x, KaXAOMY 13 KOTOPBIX COOTBETCTBYET lIelyCTOe MHO-
KECTBO ¢, 4HCeJ y Tak, uto (¥, y) €L, M4, uTO BCe pPaBHO,
TaK, 4TO A yKa3aHHOH napsl (X, y) BbINOJNHsETCA pdBeH-
ctBo (3). 3rtuM onpedesieHa HA MHOXecTBe E HeKoTopas
byHKuls y==¢(x) or x, Boolue TroBopf, MHOro3HauHas.
B Takom caydae rosopsT, 4TO QYHKLUHA @ onpedeacHa He-
260 upH nomouid pasenctsa (3). Jlis nee, oueBMANO, Bbl-
MOJIHSICTCS TOXAECTBO

F(x, ¢ (x))=0 nas Bcex x€ E.
I[To anasorud MOXKHO TakKxe onpenesiiTb q)YIIKLUHO X =

= Y (y) or NepemeHHOH y, onpezeasieMyI0 HESIBHO NPH [TOMOLLH
pasenicta (3). [nsi Hee BbINOJMHSIETCS! TOMJIECTBO

F(p (), ) =0 aas Beex y € E,,

rae L, —HekoTopoe MHOXeCTBO uduces. [0oBOpsT eie, YTO
byHKuus y=¢ (x) (0a1 x=P(y)) yHAOB/JeTBOPSET ypaBHe-
Huo (3). PyHKUHO X =P (y) HA3BIBAOT 06HAMHOL TI0 OTHO-
IIEHHIO K QYHKUHH y = ¢ (X).

[Ipumep 11. ¥YpaBHenue

X tyt=r?, 4)
rage r >0, HesABHO onpegessieT JABY3HAYHYK (PYHKUHIO OT
OIHOIl nepeMeHHOH:

y==x=Vr—gF (—r<x<r),;
BIIpoyem, TipH X ===+ + 0Ha OJHO3HAYHA. EcTecTBeHHO cuH-
TaTb, 4YTO 3Ta ABYy3HA4HAsI (IJyl[KU,I/lﬂ pacnagaercss Ha JnaBe
HenpephLIBHbIE ONHO3HAYHBbIE PYHKLHH Y= - Vrr—xtuy-—
=V rr—x* (—r<<x<{r). Tpadukn HX (NOJYOKpPYNHO-
CTH) B COBOKYMHOCTH JAIOT OKPYXHOCTL Pajuyca r ¢ ileHTpom
B Haua/le KOOpJAMHAT. 3Ta OKPYXKHOCTh €CTh TeOMeTPHYEeCKoe

MeCTO TOY€K, KOOpPAMHATbI (X, Y) KOTODPbIX yZIOBJETBOPSIOT
ypaBHeHuio (4). Ho moxHO, moabaysice gopmysnoit (4), KoH-
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CTPYHPOBATh pasiuuyHbie OAHO3HAYHbLIE (pa3pHBHLIE) ¢YHK-
MM, VJAOBJETBOpsioluiMe Yypasuennio (4). Hanpumep, Taxoi
ABafeTca QyHKUHA

[ +V7P=x, —r<<x<0,

U ==
Y | — V=2, 0lx<r.

§ 3.2. Mpepen pynkunu

Uncao A nasbisaetcs npedeaom yukyuu [ 6 mouke a,
€CAN OHA ONpelieseHa Ha HEeKOTOpPO# OKPECTHOCTH a, T. €.
Ha HEKOTOpPOM liHTepBane (¢, 'd), rae ¢ < a < d, 3a MCKJo-
yeHueM, ObITh MOXMKET, CaMOil TOYKM a, H eCJHM A3 BCAKOTro
¢ > 0 MOXHO ykasath 3aBucsllee oT Hero 8 > 0 Takoe, u10
A Beex x, Aast Kotopeix (< |x—a| < 8, nmeer mecto He-
PaBeHCTBO

fx)—A
Tor ¢akt, uto A ecTb npeles f B TOUKe a, MPUHATO 3aNHCHI-
BaTb CJeAYIOWMUM 06Pa30M:
lim f(x)=A wau f(x)— 4 (x— a).

X —>a

g
Z €.

Ipyroe onpenesenne mnpefesta ¢(yHKUHH B TOUKE MOXKET
6bITh BLICKA34HO B TEPMHHAX NPEJEIOB MOCAEJOBATENLHOCTEH.
Yucao A nasniBaeTca npedesosm pyHKyuu 8 nouke a, eciu
OHa oOnpefe/eHa Ha HEKOTOpOH OKPECTHOCTH TOYKH a, 3a
UCKJIIOYeHHeM, GbITb MOXET, CaMOil TOYKH a, W ecC.aIl mpeaen
nocjenoBatesnsHoctd {f (x,)} cviiecrByer u pasen 4, Kakosa
6l HM O3 NOCJefoBaTeNIbHOCTL {x,}, cxoasuascs K a W
TaKasl, 4TO Xx,==a AnS Bcex n. Takum o6Gpa3om,
lim f(x;) = A.
xp—a
Xp=a

3nech cuMTaeTcs, Kak H B APYTHX NOJOGHBIX caydasXx,
camo co60ft pa3yMelOIHMCH, YTO CXOAAIAsiCl K a nepeMen-’
Haf x, npo6eraer 3Hauenus, 1Js KOTOpeiX f(x) ompeneneHa.

Bricka3aHHble onpefieseHHst 3KBHBaJCHTHLL. B camom
Jene, nycTb (YHKUHS f HMeeT npejes B CMbiCJe MNepBOTo
ompele/ieHHsl, W NyCcTb 3ajlaHa NepeMeHHas X,, He paBHas
HH NPH KAaKOM 7 YHCAY 4 H CTpeMsilasics K a. 3aJaluM e
U nonbepem O Tak, kKak 3TO CKa3aHO B NepBOM oOmpeneJe-
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HUH. 3aTeM nopGepem HaTypanbHOE n, TaK, YTOOH | X, —a| < 8
nas n > n,. Ho torpa

[f(x)—A|<e anan>n,,

a 3TO 3HAYMT, YTO MOCJAEA0BATeNbHOCTb yuces {f(x,)} cTpec
MHUTCH K A, ¥ TaK KakK 3TO CBOHCTBO BepHO AAA J060%
CXOAAULIEACA K @ NOocJe]0BaTeNbHOCTH {X,}, JHIUb bl X,54a
H BCE X, (PUHALJNEXKATH K OOJACTH ornpefesieHUs] PyHKIHH,
TO J10Ka3aHo, YTO U3 MepBOro oOnpejeseHUs npefena cJje-
AyeT BTOpOE.

Hao6opot, nycTe ¢yHkuus f(x) uMeeT mpeaen B CMbIC/@
BTOpOro omnpeiejenus. JlomycTuM, 4TO NP 3TOM OHA He
UMeeT Npejesia B CMbIC/Ie MEepBOro onpejenenus. 3T0 3HAYHUT,
YTO CYLIECTBYET XOTA Obl OJHO €, KOTOpoe Mbl 0003HAYUHM
yepe3 e,, M KOTOPOro Heqb3s nopobpats HyxHoe O, T. e.
A awbozo § cpeld x, YIOBJAETBOPSIOUMX COOTHOLIEHHUAM
0<|x—a| <90, DOMKHO HaHTHCh XOTA Obl OfHO X = x(©®
TaKoe, uto Aasi Hero |f(x@)—A|>«,.

B kauectse O mnt Gepem Bce uucsa Buga 6 = 1/k (k=1,
2, ...) 4 LIS KaXROro U3 HUX HAAeM TOUKY Xx,=x®, nasa
KOTOPOH

0L |xp—a| <1/ (x,a)

[fx)—Al=e, (k=1,2,...).

M3 3Tux COOTHOlIEHUA BUIAHO, YTO X, — a(X,=~=a), B TO
BpeMsl Kak [ (x,) 3aBegomo He crpemutcs K uucay A. Tarkum
o6pa3oM, AONYILEHHE, YTO U3 BTOPOrO OMNpEAeJeHds Npefena
He CJeyeT MepBoe, NMPUBOAHT K [POTHBOPEUHIO.

OKBUBAJEHTHOCTb JBYX Onpeje/eHuit NOKA3aHa.

Bripakeuve npedea ¢pynkyuu 8 mouxe a 4acto 3aMeHSAIOT
BHIPAXKEHHEM npedes GYHAKYyuu npu x, CMpemaupzmca K a
HJHM, Kopoue, aApedea ¢ynxkyuu npu x— a. Ecau yromuo,
3TO BhIpaXKeHHe 00.bUIe COOTBETCTBYET NYXY MOHATHA Npe-
IeJia NMOTOMY, YTO Bblpaxkenue lim f(x) roBopuT 0 noBefileHUU

. x->a
GYHKUHY B MAJIOH OKPECTHOCTH TOYKU a, U3 KOTOPO# BHIGpaA-
cbiBaetcss Touka a. OHO COBOPHT O TOM, 4TO ecd X mpubau-
XaeTcA K a 1Mo J60My 3aKOHY, OCTaBafACb HE paBHLIM 4,
TO COOTBETCTBYIOIllee 3HaueHde f(x) B CBOW oyepefb npu6aH-
xaercs K A, T:e. flenaetcs Kak YrogHo 6/43KHM K A.
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Mpumep 1.Paccmorpum pynkumio f(x)=(x? — 4)/(x —2).
Ona onpepesieHa AAs Bcex x == 2. [lonpo6yem HaiiTH ee mpe-

x2—4
——3 =x-2, a Tak

nen npy x— 2. [as mo6oro x==2

KaK TpY onpefie/leHHH nNpelena NpH x — 2 COBCEM HE MpH-
HUMalOTCSl BO BHHMaHHe 3Hauelus f B Touke x =2, TO

x2—4

lim 3

x—>2

= lim (x -+ 2).
=2

3TO0 paBeHCTBO NOKa HAMHCaHO B TOM CMEIC/E, YTO CCAll OfHH
M3 MpejesoB CYILeCTBYeT, TO CYIUECTBYeT W BTOPOH M paBeH
emy. Takum ofipazoM, BMeCTO TOTO 4T00B!I BBIYUCJSITL Npeaest
6osee cJ0MHOH (QYHKUMH (x*—4)/(x—~—2), AOCTATOYHO BHI-
yicaNTE npenen Gonee NpocToi YHKUMH X -+ 2. DTOT moc-
JefHHE ApH x— 2, oyeRMANO pasen 4. Belb ecsn nojcTaBUTD
B X+ 2 BMECTO X MPOW3BOJLHYIO IEpEMEHHYIO x,, CTpPeMs-
myrocs K 2, TO He3aBHCHMO OT crnocofa CTpeMmJeHus ee K 2
lim (x,+2)=2+42=4.

Xp—>2

Brruicienn s, cBA3aHHEIE C HAY0XK/AEHMEM JaHHOTO fpejeJa,
OOBIYHO pacnoarailor CJaefylowuM o6pa3oM:

lim Ll limx+2)=limx+2=4.
ka2 X—2 s x2

Toauepxuenm, uto GpyHKuMH f(¥)=(x*—4)/(x —2) 1 ¢ (x)=
=x-2 sBamorcst pasHeiMM  pyHKiuaMiu. Ileppas 3 nux
onpejeseHa AAS X=£2, B TO BpeMsl Kak BTOpas onpejeseHa
Ans Beex x. OpHako TpM BhMICJeHMM Mpefeta (yHKuuft
NpH X~— 2 Hac COBEPLIEHHO He HHTEpPeCyeT, OnpejeJeHnl BaH
He ompejefelibl 3TH (YHRUHII B caMOH TOYKe X=2, M TaK

Kak f(x)=¢(x) pa1s x5=2, 10
lim f (x) =lim ¢ (x) = ¢ (2).
x—2 x—2

Mpumep 2. Ouesuano, uto limx*=1, noromy uro,
x—1

ecan x,— 1, x,71, 10 limx2=limx,limx,=1.1=1.

310T QaKT MOMHO NOKas3aTh ¥ Ha s3bike € H 8. Onpenenum

Kakoi-1H60 MHTepBaJ, COAepxkalluil Touky |, Hampumep

(1/2, 3/2). dns moboro x, npHHaijeXallero eMy, OYeBHAHO,



BBIITOJIHACTCH HepaBeHCTBO
| — 1] =fx+ 1]l x—1]<2]e—1].
3anaauM Terleph Npoi3BoJbHOEe € >0 u mnosoxum 8=
=min {%, —g-e} . Torna gns Bcex x, yAOBJETBOPAMIUIUX He-

paBenctBy |x—1] <98, Oyner
MMeTh MECTO COOTHOIUEHHE

2 5.2,
|x—1l<'§—'58— B

[Tpumep 3. DyHKUHA
sin(l/x) onpepesena jans Beex
3Havenuit x>=0 u Apanercs He-
yeTHO#l (rpaduk ee ans x>0
u3obparked Ha puc. 13). Ona
onpejeneda, TakuMm o0pa3oMm, B -7
OKpecTHOCTH Touku x=0, 3a
HCKJloueHHeM caMoii Touku x = 0.
3ra QyHKUUSA He HMeeT mpejgeJia
npu x — 0, fOTOMY YTO MOCJENOBATE/NbHOCTb OTJHUYHBIX OT
Hy/as 3HaueHuit x, =2/m(2k+41) (k=0,1,2,...) crpemur-
Cf K HYyJIIO H B TO XK€ Bpems

[ (xe)=(—1)*

HE CTPEeMHUTCSI MPH K —o00 HU K KAKOMY Mpeleny.
Beenem ewe caenyioulee onpefenense. Byaem nucarth

A= lim{ (x)

X—>o®

g

/A
N
&

Puc. 13.

U TOBOPUTB, YTO 4ucao A ecms npedea ¢yukyuu f(x) npu x,
cmpemawesca K OeckuHednocmu, ecau [ omnpefesieHa  aas
BCEX X, YJAOBJETBOPSIOULHX HepaBeHcrsy |x| > K npu Heko-
TopoM K >0, u pas Jgioboro & >0 MOXHO HalTH YHCJIO
M > K takoe, uto |[(x)—A| <e mas Bcex X, yAOBJETBO-
pAIOWNX HepaBeHCTBY |x| > M.

Moxuo nokasats, uto ato onpenesenne skBHBameHTHO
CJefyIolemy.

Hucao A ecmov npedenr ¢ynxyuu f(x) npu x—oco, ecqd
¢yHukuus f(x) onpeneneHa ans BceX x ¢ |x|> M npu He-
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KoTopoM M 1
lim f(x,)=A

Xp—> o

ANs M000H CXOASULEHCS K 0o MOCNEAOBATENBHOCTH {X,}. |

JloKa3aTeibCTBO 3KBHBAJIEHTHOCTH 5THX ABYX Onpejefe-
HHIl NPOBCAWTCA NO TOH JKe (XeMe, YTO H B Pa3oOpaHHOM
BbliE cJyuae npejesna [ B KOHEYHOH TOuke a.

Boo6uie, MHOrWe cpoiictea [pelenoB f(x) npH x-—a,
rie a—KOHEYHOe UMCJI0, U MPH X —00 SIBASAKOTEA aHajo-
IHYHBIMH, MOXHO H3JIOXWTb 3TH CBOHCTBA €IHHBIM 00pasoM,
TaK YTO H3J0XeHHe OYyIeT OJHOBPeMEHHO OTHOCHTbCSl Kak
K CJy4alo x —» d, Th€ ¢ — KOHEYHOE YHCJIO, TaK M K CJAyyaio
x—oa. [las 310r0 NOA 6yKBOi @ HAaAO NOHKMATh JIHOO YHC/IO
(KOoHeyHoe), aH6o cHMBOJS oo. Ecau a ectb yucno, T0 roa
OKPECTHOCTBIO TOYKHQ NOoHuMaercss To6oi HHTepBaa (¢ 4) ,
cogepxaluil B ceGe Toury a. Takum o6pasom, ckpecmuocme
(KoHeurol) mouKu a ecTb MHOXECTBO BCeX TOUYeK X, YAOB-
NeTBOPSICLMX HepaBeHCTBaM ¢ < x < d. Ecsin ke a=o0 (MK
400, HIM —o00), TO TOJA OKPEeCTHOCTbIO @ Mbl YCJOBHMCS
FIOHHMaTb MHOXECTBO BCeX X, YAORJIETBOPAIOUINX HepaBeHCTBY

lx{>M (mum x>M, nmn x <—M, M > 0).
Mpi 6yneMm nucathb
lim f(x)= A4,

X—=>a

rie a MoxeT ObITb KOHEYHBIM YHCJAOM MHJAH 00 (HAM -+ 00,
HIH —oo), ecnd dyHKuMs [ (x) onpejeseHa Ha HEKOTOPOH
OKPECTHOCTH @, 38 HCKJoYeHHeM, GbITb MOXET, CaAMOH TOUYKH @
(3T2 OroBOpKa HY)KHa TOJbKO B CJyuyae KoHeuHOHl TOYKM a),
H ecan aas aw6oro € >0 Haiaercss Takas OKpeCTHOCTb
TOYKH @, 4TO AJf BCeX X, NPHHAAJEXAUIHX K HeH W OT]HuY-
HBIX OT @, UMEeT MeCTO HepPaBeHCTBO

[F(x)—A| <e.

310 onpenenenve obweuunnsieT B ceGe, ouyeBHAHO, o6a
pa3o6pakHbIX BhIE cny4ast npeaena f: KOTAa x CTPEMHTCS
K KOHEUHOMY 4YHCJY @ W KOrja Xx CTpeMUTCA K oo, - 0o,
— 00,

®dyuxkuua f, anga kotopoi limf(x)=0, Ha3nBaercs Oec-

x—>a

KOHE4HO Marod npu x— Q.
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TIpUCTYIIMM K H3JOXKEHUIO CBOMCTB (QYHKUHHU . f (X), HMElO-
wei npefeanl NpH x — a, TAe @ €CTh YHUCJIO HAH 00, + 00,
— 00. YCJOBMMCS TIPOM3BOJIBHYI OKPECTHOCTb a 0603HayaTb
cuMBogioMm U (@). Jlerko mnpoBepuThb, 4YTO nepecedeHue 08Yx
okpecrmrocmeii U, (a) u U, (a) ecmo crosa Hexomopas okpecm-
nocme U (a).

Teopema 1. Ecaulimf (x)=A, 20e A—kKoneunoe uuc20,

x—=>a
mo Ha Hexomopoti oxkpecmuocmu U (@) ¢ynxyus f(x) oepa-
Hudena, m. e. cyuiecmayem noroxcumeavroe ducan M maxoe,

urno
[F ()| << M Onn scex x €U (a), xs~=a.

JdoxasateabcTBo. M3 ycaosuss Teopembl caenyer
cyulecTBoBaHue oxkpectsoctd U (a), Tako#, uto

I>1f(0—AI=1f(0l—14] (xeU@), x+a).

OTCIOI(H AJa51 YKa3aHHBIX X

[F)| <1+ Al
rae Hapo cuutath M=1--|A}|. Teope'vla JloKa3amna.
Teopema 2. Ecau limf(x)= u  As~0— Koneuroe

x—=a

ducro, mo cywecnayem okpecmuocms U (@) maxas, umo
[F)>]Al2 (x€Uf(a), x=*a).
Bonree moeo, 0as ykasaumHolx x

fx)> A/2, ecau A >0,
u A
f(x) << A2, ecau A <.

JdokaszateabncTBo. M3 ycluoBus TeopeMsl caefyer
cyuecrBoBanue Aasi e= | A|/2 okpectHocti U (@) TaKoii, yTo

[AIR>TA—=f)Z[Al=1fx)] €U (a), xs=a),

otkyna |f(x)|>|A|/2 nns ykasanunix x. [lepBoe H3 3THX
HEPABEHCTB MOXHO 3aMEHHTb CJEAYIOHHMMU:

A= < <a+ gl
Ilpn A > 0 orciona caepyer
A l A 141
5 =A— <f(x),
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a npn A <0 cneayer
fo<a+gl=2,

4To U TpeGOBaJ/IOCh J0Ka3aTh.
Teopema 3. Ecau

limf, (x}y=A,, limf,(x) =4,

U Ha HEKOmopoL orcpecnmocmu U (a), x5-=a,

f () <F, (%),
mo A, < A,.
HNoxasareabctno. [lycts x, —a, X, 5= a; TOrAa A4
JOCTATOYHO 6OJIBLIOTO 1, HMEET MECTO HepaBeHCTBO

fl (X") fz (X ) (ﬂ>ﬂ.0)

M nocse mnepexoja w npeleny HepaBeHCTBO A, <C A,.
Teopema 4. Ecau

limf,(x)=A4, limf,(x)=A4 )
u Ha Hexomopoi okpecmuocmu U (a), x5~ a,
L) <o (<[ (%), (2
mo
lim ¢ (x) = A. (3)

X—>a

NokasarensctBa. [lycth x, — a, x, 7= a, TOTAa NpH
JocTatouHo, GoabWoM A, AAS 1 > 1,

fl ()C )<(P (xul \/2()(")

H B cuay (1) cyuwecrsyer npemesa (x,), paBHb#t A, a Tak
Kak {x,} ecTb TNPOM3BONbHAA CXOASILAACS K a TOCAe]0Ba-
Te/NbHOCTb, TO HMeeT MecTo (3).

Teopema 5 (kputepuil KowH cyuecrBoBa-
Husa upepena). Jaga moeo umobv cyuecmeoeas npeden
(koreursu) llmf( ), HEoBx00uMO U doemamo4Ho, 4mobbl yHK-

yun f(x) 6bma onpeae/teﬁa 6 OKpecmHOCmU @, 3a UCKAKOHe-
Huem, boime moxcem, camoid mouku a, u 0aa 6caxozo & >0
cywecmeosara makas okpecmuocme U (@), umo, Karxoebt Gl
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Hu 6otau mouku x',x" €U (a), x',x"sa,
[[(x)—F(x")] <e.

NoxasaTennctBo. [lycts lim f(x)=A, rne A—&koneunoe
A—a

YHCJI0; TOTAA CYUECTBYeT OKPECTHOCTh a, e f(x) olpenenena, 33 HCKJIO-
vennem, 6LiTb MuskeT, camoil Toukd a. Kpome toro, ans aio6oro € > 0
HaifeTcsi Takas okpecrHocts U (a), uto ecan x€U (a), x #a, 10
| f(x)—A| < e/2. Nyers ¥, x"€U (a) u x', x" # a; Toraa

1) =1 <1 ()= Al A—f ()] < 545 =

M Mbl MOJYYHIW, UTO YCJOBHE TeOpeMbl HCOGXOLHMO.

Joxaxem noctarounocts 3toro ycaosus. [ycts qynkuus f(x) onpe-
neclia B IGKOTOpoil OKPeCTHOCTH @, 33 HCKJIOYCHHEM, BbiTh MOKeT, camoil
TOMKH ¢, W NYCTb /L181 JIoGoro & > () Mo:HO yXa34Tb OKpCCTHOCTE | U (a)
takyio, uto |f(x')—f(x")| <& nns scex x',x"€U (a), x',x" #a.
3apanMM NpoM3BOakIYIO 10CAE10BATENBHOCTD {,\,,} xp# u(n=I, 2, BEA R
cTpemsiuylocs x a. Torpa, coraacho KPHTCPHIO KowH, aast nocaejosa-
TeJBHOCTH, CTPeMsLLEiics K Npenceay, HailIeTesl YHCA0 ng Takoe, YTo ANS
n, m > ny 6yneT x,, x, €U (a). Ho rorna

|/(xu)""f(xm)| <e (fl, nm > ”u).

H nocnenonatensiocts {f (x,)} yaonacTsopseT Kputepnio Kotun u, cae-
JOBATEILHO, UMe T Npejed.

© Mbl foKazaaW caeaytouiee CBOHCTBO paccMaTpiBachoil (Gpyuruuu f:
A8 TH000i1 CXOANUEeHCst K @ NOCAEA0BATENBIOCTH UHCET X, 7 a CylecT-
ByeT lim f (x,). H3 3Toro cBOHCTBA ABTOMATHUCCKH CJEAVET ,4TO IlIpEAesbl
lim f (x,), cooTBeTCTBYIOILHE Pa3HbIM CXOMSIUKMCST K @ 10C/Je40BaTe ]1b-
HOCTAM, paBlil Mexkay coboit. Ho toraa cymecreyer lim f (x). B camom

xX—»a
Jeae, NycTb X, —— @, Xn —> @ Xp, %n #a (n=1,2, ...). Torga no
AOKazaHHOMy CyuwecTBylOT uMcna A u A’ Takme, ‘lTO [(x,,)——»A H
f {xn) —> A’.CoCTABAM HOBYIO MOCAEIOBATEALHOCTD: {x1, x1, X3, X2, X3, .. ,'.
Ona cxoaurcs K uyucay a. [lo nokasannomy Bbille  AOMKHA CXOAHTb-
Cs K HCKOTOPOMY UMCAY W COOTHETCTBYIOWAsi MOCJAEA0BATEJbHOCTD
{} (x,), /(xl) [ (x2), f(x;), ...{. Ho 310 BO3MOWKNO, T0JbKO ecsH
Taknm obpasom, A= A’. Teopema pokasaua.

Teopewma 6. [Tycmes
limf(x)=A, lim¢(x)=B,
x—>a

x—>a

20e A u B—koneunste uucaa. Toeda .
lim[f (x) & ¢ (x)] = A=xB, lm[f(x)¢(x)]=AB
X-—>a X—=>a
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u npu ycaosuu, umo B =0,
lim L&) f(x) _A_
x—a O ()

Iokaxem mns npumepa BTopoe papeHctro. [Tycts x, — a,
x,7a (n=1,2, ...);, Toraa

limf(x,)=A, limg(x,)=28

HO TaK Kak NOpefes Npou3BeleHust JABYX [ePEeMeHHBIX, Mpo-
Geraiouux nocJeJoBaTeJbHOCTH, paBeH HNPOU3BENEHHUIO HX
npeiesos, TO

hm [f (xn) @ (Xn)] = llm f(xn) "lm q (.Xn‘ = AB

3To paBeHCTBO JAOKa3alio Ias 1o00i nepeMeHHod X, — 4,
X, 7@, N03TOMY llm [f (W) gix)] = AB

Ilo onpeumeumo llmf x) = oo, ecau $pyuxuus f(x) onpe-

X-»a
JeNeHa Ha HEKOTOPOH OKPECTHOCTH d, 33 UCKJloueHMeM, GbiTh
MOMET, cCaMOil TOUKH d, M €CaH JIAST BCAKOro MOJOXKHTEMb-
Horo uucjaa M Haiigercst Takas okpectHocth U (@) TOYKM a,
4To

[F)I>M  (xeU(a), x+a).

dyukuuw, Aas Koropoii lim f (x) == oo, HaswBaOT 6ecko-

X—=a

HeuHo Goaowiold npu x — a.
Ecau lim f(x) =00 v B HEKOTOPOH OKPECTHOCTH TOYKH a

X-+a

¢ynkuus f (x) > 0 (coorserctBerto f(x) < 0), To elue nuUIyT
lim f (x)= +o00 - (coorBetcTEenHO lim f (x)= —o0).
X->a

X—a
Jlerko [0Ka3aTb CJeAYHOUHE TEOPEMEL.
Teopema 7. Ecau ¢pynxyus f(x) ydosaemsopsem na
HeKomopotl oKpecmuocmil (I HepaseHcmsy

[f(x)]>M>0,
a 0aa gynkyuu @ (x) umeem mecmo
limpx)=0 (¢(x)5%=0 daz x5~a),
x1->a

mo

f(x) ;
lim 5y = -
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Teopema 8. Ecaulim f(x)=A, Ilm(p(x)_oo(A—uuazo),

x-+d
mo

.
lim W—-O

x—+a

Cnencrtene. Ecau ¢ (x)—0 (x—a, ¢(x)5£0,) mo

1
[im ——= =00
va (X)) !

u ecau (x)—oo (x —a, ¢(x)==0), mo

1
m Sy e =0.

Moxio elle onpeaeamts npenes (yHKNHH f B TOuke a
(koHeuHoil) cnpasa (cJoeBa).
flo onpedeacruro uucao A Hasvieaemcs npedeaom PpyHK-
yuu [ 6 nouke a cnpasa (cieea), ecau OHa OnpejeeHa Ha
HeKoTopoM noJayuHTepBade (@, b] ([b, a)) 1 119 Hee cyliecTByeT
lim f(x,)=A /coorBerctBenHo lim f(x,)== A>
X, >a
p<a

Xy—u
Iy>a

Adst MOOOR YKa3aHHOA 110C/e0BaTENBHOCTH {X,}.
[Tpeaesn cnpasa- (caesa) (YyHKUMM [ B TOYKe a NPHHATO
0003HAaYATh TAK:

fla+0)-=1imf (x), (4)
x>u

Fa—0)=lim/ (x). %)
r<a

Ecau [ onpenesenna na mnHrepnase (a, b), To B Touke a
MOJKeT HMeTb CMbiC/ TOJbKO YHCAO f(a-+0), a B Toyke b —
TOJbKO uHcao f(b—0).

3ameyanune. Pasencrsa

flat+0)=f(a—0)=A4 (6)
3KBHBAJICHTHR! CYULECTBOBaHHIO TipejledJia
lim f (x) = A. (7)

X4
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B camom gene, (6) MOKHO BhIpa3uTh Tak: Ve > 0, 386 > O:
[f)—A|<e, Vx: 0< |x—a| <8, x>a; [f(x)—A|<E,
Vi 0<<|x—a} <9, x <a. Ho 310 MOXKHO BhIpa3uth 6oJiee
kpatko: Ve > 0,38 > 0: |f(x)— A | <e, Vx: 0 < |x—a| < §,
YTO 3KBHBaJeHTHO (7).

§ 3.3. HenpepoiBHOCTb DyHKUMH

Ha piic. 14 n3oGpaxen rpaduk dyukuun y=f(x) (a<<x<b).
Ero ecTecTBenio Ha3sBaTb HeNPepbIBHBIM TPadUKOM, NOTOMY
YTO OH MOXeT OBITL HAPHCOBAH OJHHM JBHMKEHHEM KapaH-
Aawa Oe3 oTpuiBa 0T GyMard. 344aAMM NPOU3BONLHYIO TOUKY

¥

(uucso) x €fa, b]. Banskas x neit Apyraa Ttouka x’ €|a, b]
MOXeT ObITh 3anucaHa B BUAE x’ - x4+ Ax, roe Ax ecTb 4ucao
MOJIOXKHTE/IBHOE HJIH OTPHUATEIbIIOE, HA3LIBAEMOE npipate-
Huem x. PasHoctb

Af == Dy = (x+ Bx)—[ (x)

HA3hBAETCS npupawjeHuem ¢Gynkyuu [ B TOUKe X, COOTBET-
CTBYIOIHM npupawennio Ax. 3jeck umeetcs B Buay Ax Takoe,
uto x -+ Ax €[a, b]. Ha puc. 14 Ay paBro panue orpesra BC.
Bynem crpeMuth Ax K HYJIO; TOTAA JJA PaccMaTpUBaeMoil
QyHKUHKM, O4YeBUAHO, W Ay OYIeT CTPEMHTBCH K HYJIO:

Ay—0 (Ax—0). (1)

PaccMorpum Tenepe rpadux, u3o6paxkeHHbli Ha puc. 15.
On cocTOMT ua By X HenpepuiBHBIX Kyckos PA u QR. Opuako
5TH KYCKH He COeAuHeHbl HeMpepLiBHO, M MOTOMY rpadHk
eCTeCTBEHHO Ha3BaTb pa3pblBHBIM. UTOOH rpaguk u3o0paxan
OFHO3HAUYHYI0 OYHKUMIO Y= F(x) B TOYKe x,, YCNOBHUMCH,
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uyto F(Xx,) paBHO NJMHe OTpe3ka, coefHHAwomero A 0 x,;
B 3HaK 3TOr0 TOYKa A u300pa)keHa Ha rpaduke KPYKKOM,
B TO BpeMs KaK y TOUKM () HapucoBaHa CTpe/Ka, YyKasbl-
Balowas, yto Q #e npuHamiexut rpaduky. Ecan 6ol Touka Q
npuHapaexaaa rpaguky, to ¢yukmisg F 6b1a 68 ABy3Hau-
HOA B TOUKe X,.

[lpunapnuM Teneps x, npupautesve Ax, ¥ onpeleuM CO-
OTBETCTBYIOLLEE TIPUpALLeliie (PYHKILHH:

AF = F (xg -+ Ax) — F (x,).

Ecau Mbl GyaeM Ax, cTPpeMHTh K HY. 10, TO TeNepb yKe Heb3A
¢Ka3aTb, uto AF GygmeT crpemMuTbest k uyal oA oTpuua-
Te/IbHBIX AX,, CTPEMSILIHXCS K HYJIO, 3T0 TaK, HO AJs 110J0-
MHUTE TEFBIX BOBY M T7K: H3-PHCYHK:A MU0, YTO £C . ¢
OCTaBasCh TOJOKITENbHBIM, CTPEMHTCS. K HYJIO, TO COOTBET-
cTByIOUlee npupauenue AF npy 3TOM CTPEMUTCSI K DOJOXKH-
TeNLIOMY YHCJy, PaBHOMY jauue orpesxa AQ.

[Tocnie 3TUX paccMOTpeHuH eCTECTBeIHO (pyHKYUIo |, 3a-
danHyto Ha ompeske [a, b], nasewane HenpepsisHOL 8 mouke X
3Moe0 ompesKka, CCAu NpupaiieHue ee 8 3Mod  mouke, Coom-
BENICMBYIONIEE NPUPALICHUIO AX, CMpeMucs K HYAio npu A1060M
cnocobe cmpemacHus Ax K Hyaw. 270 (CBOHCTBO HenpephiB-
HOCTH [ B X) 3amuchIBaeTCst B BUjAE COOTHOWeHHs (1) Ruu
eule Tak:

lim Ay =0. (2)

Ax—>0

3annce (2) uuraercs Tak: npegen Ay paped Hy.wo, Korjga Ax
CTPEMHTCST K HYJIO 10 Jo6oMy 3akony. Brpouem, Buipdxe-
HUE «I0 JIOBOMY 3aKOHY» GOBLIMHO ONYCKAIOT, IOLpPa3yMeBasl
€ero.

Ecan onpepesennas ua [a, b] ¢ynxuns [ e sasercs
HenpepuIBHOiH B Touxe X €[a, b], T. e. ecan AN Hee He BHI-
noJimseTcst cBOMCTBO (2) XOTst ObI nMpH OJHOM Crnocofe cTpem-
Nnenynst Ax K Hy 0, TO OHA Ha3LIBAETCST NA3PLIBHOL B TOUKE X.

DyHKuMs, n3o6paxeHnas Ha puc. 14, HenpepoiBia B JI060H
Touke X € [a, b], pynxkuus xe, usobpaxkennass sa puc. 15,
OUYEBHIHO, HenpepbiBHA B JI0GOH Touke x € [a, b], aa uckao-
YeHHeM TOUKH X,, NOTOMY 4YTO A1 NOCJeJHell COOTHOWEeHHE (2)
He BhImoJHsAeTcs, KotAa Ax — 0, 0CTaBaach NOJOKHTE/IbILIM,

@OyHKUHA, HenpepblBHAY B JIIOOOH TOYKe OTpeska (MHTep-
BaJia), Ha3bIBAETCS HENnpepulsHOLl HA ITOM ompesKe (Urmepeae).
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Henpepoibitass hbyHRuUns MaTeMaTHYeCKH BbIDaXKaeT CBOM-
CTBO, C KOTOPBHIM HAM MNPHXOAHTCA 4HacTo BCTPEYATbCs HA
NpPaKTHKe, 3aKJIOYaloUIeecs B TOM, YTO MaJ/OMY MPHpaLUeItHio
He3daBHCHMOIl NepemMenllioll COOTBETCTBYET MaJoe e NpHpa-
IWeHHe 3aBUCHMOIl OT 1ee nepeMennoil (pvuxiuu). [1pekpac-
HBIMH [IpHMEPaMH  HenpepuiBHOM QYUKUHH MOCYT CJyMXHTL
Da3/HUible 3aKOHLI ABHXKEiHsl Tea s-=f(f), Bblpa)katoume
3dBACHMOCTH {1yTH S, l]pOl:llIEHllOl‘O TEJ0M, O1 BpPEMEHH L.
Bpems 11 (1pOCTPAHCTBO HENPEPLIBHLI, 1IPH 3TOM TOT HJH HilO#
3aKOH ABHMXEHHsI S =-[(f) ycranapJIuBaeT Mexi1y IIMMH onpe-
AeJeHHYIO HENMpepbiBHYIO CBsI3bL, XapakTepHsyIOULVIOCsA TeM,
4YTO M4 IOMY l"lp!lp."]llLEIllHO BpeaselH  COOTBETCIBYeT MaJoe
npupalletine nyTH,

K aGcTpakumi HenpepLIBIOCTH YeJOREeK mpliues, Hahatonas
OKpy»KatoUlHe ero Tak Ha3blBaemble CIIJIOLWHbIEe CPejbl — TBep-
Able, XKHAKHUE U1 rasoolpasupie, HanpHMep MeTa/abl, BOAY,
Bo3ayx. Ha camom jgene, scaxas u3snueckas cpefa npel-
cTaB/asieT ¢o0OH CKoOMJelHe GOAbIIOrO YlicJga OTIEJeHHbIX
APyr oT jpyra AikyuwiHxca yactui(. OiHako 2TH YacTHILbI
M PAacCTOSIHHA MEX/Y HHMHM LAacTO.JIbKO MaJjul MO CPaBHEHHIO
¢ oOGbeMaMu cpel, ¢ KOTOPBIMII MPHXOANTCH HMETb JeJio B
MAKpPOCKOIHYEeCKIX q)ll:iHlleCKHX SIBJEHHSIX, UTO MHOIHE TaKHe
ABJEHHA MOXHO [OCTaTOYIIO XOPOIUO H3yuaTb, €CJH CUHTATh
MPHOIHAEHHO MACCY H3y4aemoll cpelkl 1IeNPEphIBIO pacape-
JesellHOH 6e3 BCSIKIIX [IPOCBETOB B 3allITOM €10 [IPOCTpaH-
ctBe. Ha rakom gonmyulennir 6asupytorca MHorde ¢u3nyeckie
NICUHILIMADBY,  HatpHMep THApPOAIaMiKa, a3poiMHaMHKa,
Teopusl ynpyroctit. MaremaTiyecKkoe noHATHE HelpepLIBHOCTH,
€CTECTBEHHO, HI'PAET B 3THUX AHCHHILIHHAX, KAK H BO MHOTHX
ApyrHx, OoJbUIyIo povib.

HenpepriBible ¢y HKIHH 06pa3yioT OCHOBIIOA Kaacc (yHK-
LKA, ¢ KOTOpPbIM ONepHpyeT MaTeMaTHuYecKHil aHa/Iu3.

[IpumMepamu nerpepbiBHbIX (DYHKLHI MOTYT CJYKHTb 3Jie-
meHTapHble (yHKiunH (cM. nuxke § 3.8). OHu HenpepbiBHbI 1ia
MHTepBanaxX H3MEeHeHHsl X, I'lie OHH OnpejeseHH.

Pa3pbiBHbIe (YHKUHH B MaTeMaTHKe OTPaXaloT CKayKo-
o6pa3uble 11pouecchi, BeTpeuatoulnecs B npupoge. [1pu ynape,
HanpumMep, BeJIHYHHA CKOPOCTH TeJla MeHsieTcsl CKauKoofpasHo.
MHorde KayecTBeHHbIE TMEPEXOJbl COMPOBOXKAAIOTCA CKAYKAMH.,
Hanpumep, 3aBucumocts Q=f () Mex1y TemnepaTy poii OfHOTO
rpamMma BOAbi (Abjfa) M KoaHyecTBOM Q KaJIOpHii Ha XoAslLe-
TOCA B Heil Temaa, korja ¢ namensiercs mexay —10° u +30°,
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ec/M OpHHATH Yca0BHO, uTo npu —10° BeauunHa Q =0,
BbIDAXKAETCS CJeLYOLHUMH HOPMYTaMU:

(05645, —10<1t<0,
QD =1, gs, 0 < ¢ < 30.

Mbt cuuTtaeMm, uyTo TelsI0EMKOCTHb Jbia paBHa (,5. [lpu ¢ =0

3Ta  (YHKUHSA OKa3biBaeTcss HeompeneJeH-
HOH — MHOrO3Ha4HOM, MOXHO ANA y10GCTBa P —
YCJOBHTbCA, 4TO 0pH f==( OHAa mpuHHHMaET i
BMOJIHE ONpele/eHHOe 3JHAYeHHe, HAMpPH- 85 I
mep f(0)=45. Dyukuus Q=f(f{), oue- :
BHIHO, pa3pbiBHan 1npu ! =0, usobpaxeHa L {
Ha puc. 16. 45 |
Hagum  onpexgenenue  HEMPEPHIBHOCTH }
¢yHKuuM f B TOUKeE. 5 |
Gynryun f(x) Hasvisaemea HenpepyeHoL - mm
8 mouke X,, €CAl OHQ OnpedeAeHa 8 HeKHMo-

poL okpecmHocm 3mMOLl mouKu, 6 mos Hit- Puc. 16.
cAe 8 camoll mouxe x,, U ecau ee npupaiie-

Hue @8 3moll mouke, COOMBEMCMBYIOWee 1pu-

pawenuio apeymenma Ax, cmpemumes K uwyaro npu Ax — 0.

lim Ay= lim [f(x,+Ax)—f (x,)]=0. (3)
Axr—0 Ax—0

Ecau nonoxurs x = x,-+4 Ax, TO moayuum cJaemylouiee
5KBHBAJICHTHOE ONpeJeJieHHe HenpephiBHOCTH [ B X,: ¢hyHk-
yus f Henpepelana 8 mouxe x,, ecau OHa onpedereHa 8 HeKo-
MOPOL  OKPeCHIHOCMU MO MOYKU, 8 MoM HucAe 8 CaMOl

mouke x,, u ecau
lim f (x) =F (xo)s )

X=Xy

uau ewe na asvike e, 8: ecau Odasn ecakoeo &> 0 Haddemces
8 > 0 maxoe, umo

lf(x)—f(xa)'<51 Vx: 'x—xol<6-
PaBeHCTBO (4) MOXHO ellle 3aMHcaTh CAEAYIOUIUM 06pa3om:

lim [ (x) =F ( lim x). (4')

=X, X—r¥,

OHO. NoKa3blBaeT, YTO nod 3HAKOM HenpepoisHol GyHKYuL
MOJCHO nepexodume K npedeny.
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IMTpumep 1. [NoctostHuas y=C ecTb (yHKIHS, Tenpe-
pbiBHasi B n00o0i Touke x. B camom pene, Toduke x COOT-
BeTCTBYeT 3Hauende (GyHKunu y =C, TouKke x-+Ax COOTBET-
cTByeT TO ke 3uaueHne y(x-FAx)=C. Tlosrony Ay=
=y(x+Ax)—y(x)=C—-C=0u

lim Ay = lim 0=0.
Ax—>0 Ax—0

MMpumep 2. PynkuMs y-==x lenpepuiBHa Ans J1060r0
3Hayenus x, notomy uro Ay=Ax u, cienoBatennto, Ay — 0
npu Ax — 0,

[Tpumep 3. dyukuns y-=sinx HeupepoiBHa LJ5 JIO-

6oro v ...

B cason pene,

|Ay|  |sin’x - Ax) '——51[nx|.‘:_E|' SHEDS Osfo"\Q _
< 2[sin(Ax/2)].  (5)

Ik Ho ans noboro o« umeer mecto
— HepaBeHCTBO
s \& |sina] < |a). (6)
=
& Ecan 0 <a < m/2, TO 3TO CJe-

Iyet u3 puc. 17, rne usobpaxena
q 7 Z OKpyXHOCTh pamuyca 1 (ayra
AJHHBl 200 GoJiblile CTSITHBaeMOH
€0 XOpJbl, HMeued  JJIHHY
2sina). llpu a=0 HepaBeHCTBO
(6) ofpaimaeTcs B PAaBEHCTBO.
Puc. 17. Ecmi xe 0<|a|< /2, 70
[sina|=sin|a|<|al. Hako-
Heu, ecau |a|>mn/2, 1o |sina|<<1 <n/2<|a|. Ha(5)Ha
ocHoBaHun (6) crenyer

|Ay|<2|sin%|<2 12— | Ax,

Ay | <[ Ax]

Ho Torpa, ouesmaHo,

lim Ay = 0.

Ax -0
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MoKHO ellle ¢Ka3aTb, YTO A4S BCsKoro £ >0 MOXHO
naiity 6 > 0, umendo § ==& Takoe, 4TO

|Ayl<e, VAx: |Ax|<d=ce.

OTMeTHM BaXHYI TEOpeMy.

Teopema 1. Ecau ¢pynkyuu | u @ HenpepoioHsi 6 mouke
X =@, Mo HeNpepoleHbl MAKNHE s MOl Mouke ux Cymma,
pasHocms, npoussederue 1 yacmuoe (npu @ (a)5=0).

Sra TeopeMa  HeNOCPeACTRENNO BbITCKAeT H3 Teopembl 6
§ 3.2, ecan yyecTbh, 4TO B JaHHOM CJyuae

f(a)= lim f(x), ¢ (@) = lim ¢ {x).

CrnipavelJinBa TakMKe BaXKiasi TEOPEMa O HerpepLIBHOCTH
dbynkuin or (pyHKUHH (cA0KHOIN GynKUHY).

Tcopema 2. [Tyemo 3adana ¢gyHkyus f(U), Henpepog-
Has 6 mouke w=A, u ewe Opyean Pyuryua (=@ (X), He-
npepoigras 8 mouke X =a, u nycmo ¢(a)=A. Toeda ciox-
Has ¢yucyun F(x)=[[p(x)] nenpepoisra 8 mouke x =a.

HoxaszateanbctTro. 3aMeruMm, 4TO0 110 ONpEAe/IEHHIO
HENpepbBIOCTH ¢yHKuul f B Touke A cJeiyer, 4To OHa
onpefeneHa B HEKUTOPOH OKpecTHOCTH 3Toil Toyku. [lostomy
lim F(x)=lim [[g(x)]=lim f[u]=F(A)=][¢(a)]=F (a).
x —+a x—a u— A

31ech BBeAE€HAa MOJCTAHOBKA u =@ (x) W yuTeya Herpe-
pLIBIIOCTE (p B TOUKe x=a: ¢ (x) — ¢ (a)=A.

X —a

[Tpunep 4. dyuxuusa
P(x) == a",\,'n —{—alX"'l + P —_{—al‘l‘

rle @, — NOCTOsIHIbIe KO)ULHEHTB, Ha3bIBAETCH MHO204.Ae-
Hom ctenend n. Oua delpepsiBHa Aas Jio6oro x. Beab utoGni
noayuutsb P (x), Haxo, MCXOLS U3 [OCTOSHHBIX HICET Q,, .. .

., @, H QYHKUHMH X, [POU3BECTH KOHEUHOoe Yicgao apmdme-
THYCCKIIX JeACTBUA — CJIOKEHUS, BBLIUMTALIMSI 1 YMHOMXEHHS,
Ho nocrosiniast ectn HenpepniBHas (yukuus (cM. nipumep 1),
a QyHKUNS y=x TOxKe HenpepbiBHa (CM. npumep 2), N03TOMY
HenpepeiBiocTh P (X) chaenyer U3 Teopemsnl 1.

[Mpumep 5. Dyuxuna y=cosx uenpepuisua. Oua
SIBJIAICTCS] KOMIO3MUMei JBYX MNENPepbIBHbIX (PYyHKUHE: Y ==

. T
=sinu, u=35—Xx
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Mlpumep 6. OyHkuusn

sin x

y=tgx=m, xsaé%—l—kn (k=0, :I:l, :I:Q, ...),

HENpepHEHa AN YKa3aHHHX X, NOTOMY 4T0 (CM. Teopemy l)

OHa paBHA YaCTHOMY OT J€JleHHs HEeNpepBLIBHBIX (YHKIHI H

NPH 3TOM JeJHTEeNb He paBeH HYJ/O (NPH YKa3aHHHIX X).
Mpumep 7. Oynkuus

y = sin® x*

HenpepulBHa AaR J060ro X, NOTOMY YTO OHA fIBJASETCS KOM-
nosunuei HeNpepeIBHBIX QYUKUMHA: = ud, u=Ssiny, v=x®
(cM. Teopemy 2).

Mpumep 8. Pynkuns y=|x| HenpepriBHa Vx, notomy
4TO

[Ayl={lx+ Ax|—|x|| <|x+Ax—x|=|Ax| —0
npu Ax — 0.

MMpumep 9. Ecan ¢yHkuna f(x) HenpepriBHa B TOuKe
X, TO HENpepBIBHA TaKXKe B 3TOH Touke M QyHkumus |f(x)|.

310 caeayeT HA TeOPeMH 2 W npumepa 8, NOTOMY uTO
dyukuns | f(x)| ecTb KOMNO3HILKSA ABY X HeNpPepPHIBHLIX (YyHK-
unit: y=|ul, u=F(x).

OTMeTHM ellle 1Be TEOPeMbl, KOTOpbiE HEMNOCPeACTBEHHO
CJEAYIOT M3 COOTBeTCTBYlowlHX TeopeM | u 2 § 3.2 nns npe-
Aena QyHKUMH.

Teopema 3. Ecau ¢ynkyusa [ Henpepoiera 6 mouke a,
mo cywecmeyem okpecmuocme U (@) smod mouxku, Ha Komo-
pou | oeparuuena.

Teopema 4. Ecau ¢ynkyus [ Henpepvigna 6 mouke
a u f(a)s=0, mo cywecmsyem okpecmuocms U (a) mouku a,
Ha Komopoil

1@ > 1 @2,
Loaswe moeo, ecau f(a) > 0, nio
f@12<[(x) ((xeU(a)),
a ecau f(a) <0, TO
fx)<f(@2 (xeUla).
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§ 3.4. Paspuisnl nepsoro W sToporo posa

IMo onpenenennto GyHKUHMA [ Henpepoisra 8 mouke X =a
cnpasa (caesa), ecati

f@=f(a+0) (coorBerctBenno f(a)==f(a—~0))

(cM. kowew § 3.2).

HenpepriBHOCTh f B TOUKE @ MOXKUO ONPEAEJHTH TaKKe
c/efyIOULIM 06pa3oM: ¢yukyus [ HenpepoisHa 8 mouke x =a,
ecau OHa onpedenena 8 HeKOMOPOU OKPECHHOCMU MOl ModKu,

7 7 y1~
Ao
/ /_’ AO/_
Vel /A /
0 7 z 0 7z A
Puc. 18. Puc. 19. Puc. 20.

8 MOM 4uCAe U 8 CAMO mudKke X=a, u cywecmayiom npe-
deaot f(a-+0) u fla—0) makue, umo

fa)=Ff(a+0)=f(a—0). (1

Ecan ¢gyHKuMsA f TAKOBa, YTO AJs Hee CYILECTBYIOT mpe-
aeast f(a--0), f(a—0), ognako pasenctsa (1) He BeIION-
HATCH, TO, OUYEBHAHO, OHA pa3peisHa (HE HenpepbiBHA)
B Touke a. B 3tom csyuae rosopAr, uto (QVHKUMA [ B TOU-
K& @ HMeeT paapuis nepeoeo poda.

Ha puc. 18—23 npuseneHn wecTh rpadHKoB PyHKIHM,
HMEIOLlHX pa3peiB Nepeoro poja i Touke @. Byksa A ofo-
3navaer Touky A=(a, f(a)) rpadpuka QyHkuuii. Crpeska Ha
KOHLe KYCKa KPHBOIl 0603HAuaer, uTO KOHUEBaf TOUuKa, rje
HaXOAUTCH CTPesiKa, BEIGPOLIEHA.

Ha puc. 18—21 paunt rpadHkd GyHKUHHA, AR KOTOPHIX
Bce TpH uHeaa f(a), f(a40), f(a—0) umeior cmeici. Ha
puc. 18 Tpu uucnaa. f(a), f(e--0), f(a—0) nonapHo pas-
JMuuHBl — YHKUUS HE TOJBKO Pa3pLiBHA B d, HO Da3phiBHA
Takike crnpasa u csaesa. Ha puc. 19 ¢yHKEHA HenpephiBHA
clepa B g, HO paspuBHa cnpaBa. Ha puc. 21 f(a+40) =
= f(a—0)7=f(a). B atom cayyae rosopar, 4TO QPyHKUHSA f
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MMeET B TOUKE @ YCrnpauumoill pa3pelé — BeAb €€ MOXKHO BHAO-
U3MEHUTb B TOYKe a, mnosioxus f(a)=f(a+0)=f(a—0), u
OHa cJlesaetcsl HenpepblBHOW B 3ToH Touke. Ha puc. 22
¢$yHKUM S He onpejlesieda B Touke a. Ha puc. 23 dpyHKuHMA TOXe
He onpejesena B Toyke a, HO [(a-+0)=f(a—0), nosromy,
ecJTH JI0oMpefenTh [ B 310l TouKe, nonoxuB [ (a) = f (a+ 0)=
= f(@—0), To QyHKUMA [ CTaHeT HempepnIBHOH B TOUKE 4.

4 ) 4
Y el
o
a Z i} a PA g 7 7
Puc. 21. Puc. 22, Puc. 23.

B cayuaax puc. 22 v 23 dpyHKUIA f onpenenesa B OKpecT-
HOCTH TOYKM, 32 MCKJIOYeHIleM caMoi ToukH a. B Takux
CJAyuasXx yacTo TOBOPST, 4TO [ pa3pblBHA B @, XOTHA HAes
HENpPepPLIBHOCTH W Pa3phBIBHOCTH B TOUKE 4@ eCTh WJesl COIo-
ctaBaenns f(a) ¢ f(x) npu x, GAU3KHX K a.

Ecau y ¢ynkuuu f He cywecTByeT NpaBoro npejena HJH
JIEBOTO Mpejiesla B TOYKE 4, WJll He CYLIeCTBYET KaK NpaBoro,
TaK # JIEBOLO NIpeliesld, WJH Ke 3TH mnpejesbl GeCKOHEYHRI, TO
TOBOPAT, YTO OHA WMEET paspbi8 6Hopozo poda 6 Imoil mo4ke.

[Ipumep 1. ®yuxius

1
!smT, x =0,

f()6)=l of oo

B Touke x =0 He MMeeT npaBoro H Jeporo npenesa (cM.
npumep 3 § 3.2). CiuegoBaTe/ibHO, OHA HKMeeT paspblB BTO-
poro poja B Touke x-=0.

[Tpumep 2. dynkuus

I, x>0,
signx = 0, x=0,
—1, x<0,
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OUeBUJIHO, HeTIpephIBHA 419 x 5= 0, a BTouke x =0 uMeer pas-
puiB riepsoro posa. [Tpu stom sign (0-+0)=1, sign(0 —0)= — 1.

Mpumep 3. dynxuus [x]—uenas yactb x —aaa x =0
umeeT rpadHk, usobpaxeHHblii Ha puc. 24. Oua HenpephlBHA
A8 HenesNnlX X, a ecau x uenoe, 10 [x+0]=x=[x] u
[x—0]=x—1, u, cJenoBaTe/:HO,

IMeeT MecTo pa3pbiB mepsoro poga.  JA
Mpumep 4. Dynknus Ik, —
. 1/x, x==0, 2 o> [a]
y= 2, X == 0, Tt o
nenpepoiBia aas x=z=0. [lpaBuil H 7 ,' é é 1; 3
JeBblii nperead B touke x=0 pap- ~

HBEl (GeCKOHEYHOCTH, 103TOMY (YyHK- Puc. 24.

LUHS MMeeT pa3pbLiB BTOPOro poja B

3TOH Toyke. B 3TOM c/yuae Takie TOBOPAT, YTO (PYHKLUS
MMeeT OCCKOHeYHbUL paspsi8 8 3TOH moUKe.

Teopema 1. Ecau ¢pynxyusa [ He yboisaem Ha ompeske
[a, b], mo cywecmeyrom npedenst f(a+0) = f(a) u f(b—0)<<
<f).

HoxasarteasnctBo. U3 ycnosua caepyer, 4to

f(x) <Fb), Vxgla, b),

T. e. [ orpaHMyeHa cBepxy vuyucaoM f(b) Ha MoJyuHTEpBaJse
[a, b). Ho Torpa cyuectsyer TouHasi BepXHss IpaHb [ Ha
3TOM TNOJYUHTEPBAJE:
sup_f(x)=M <[ (0).
x€la, b)
B cuny cBoicTBa TOYHOH BepxHell rpaHu AJsl BCHKOLO
e > 0 mnaiipercs x, € [a, b) Takoe, uTO

M—8<f(xn)<M, (2)
a B CilJly TOro, 4TOo [ He yObIBaeT, MMeeT MeCcTo
Fle) <f(x),  Vx x,<x<b. (3)

U3 (2) u (3) caenyer, uto
M—eZ<f(x)<M, Vxi x,<x<b,
H MBI JIOKa3aJ/iM, 4TO CYLIeCTBYET JeBhl mpenes [ B Touke b:
lim [(x)=](0—0)=M<] (o).

x<h
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AHanorunuso, paccMaTpHBAas HepaBeHCTBO F(a) << f (%) nast
x€(a, b], noxaxeM cyuiecTBoBaHHe

fla+0)= x;?af h]f(x) = [ (a).

Cnencreue. Ecau ¢ynkyusn f He yboisaem Ha ompeske
[a, b], mo 8 awbod mouke x€[a, b) cywecmeyem npaesil
npedea f(x+0)=f(x) u 8 rwbod moune x € (a, b] cyuecm-
syem aesbii npedea f(x—0) < f(x). '

B camom gmene, png Touex x--a, b 3TO yTBepmJeHHe Jo-
kasaHo B reopeme 1. [yctb x € (@, b). Ha otpeskax [a, x]u[x, b]
¢yHKUHS [ He yObiBaer, NO3TOMY MO TeopeMe | CYINECTBYIOT
npegenst [ (x—0), f(x+0) U Flx—0) < f ()< f(x +0).

B nansom cayudae, oyeBWAHO, YTO AJS TOro YTOOH yHK-
uHs [ Oblila HenpepulBHOW B TOuYKe X, HeoGXOAHMO M jacTa-
TOYHO, 4To6hl f(x—0) = f(x+ 0).

Ecmn f(x—0) < f(x+0), To ¢yHKuUsT [ uMeeT B TOUKe
X paspbiB NepBOro poja.

Teopema 2. Muowecmeo mouek paapuwea Qynkyui f, M0HOMOH=
nod Ha ompedake [a, D!, He Goaee Hes CHCIMNO.

dorazatreasctno. [lyeth ¢vakuus [ uMeeT Gonblue 4eM OfHY
TOUKY DPa3puina, M nyeTs x' M x" (x < x")- Ane Kakue-an6o u3 HUX.
Tak kak

fe+0)= inf [, [(—0= sup [(y),
ye(x’, x) ye, x")
TO
fx'4-0)<f(x"—0)
B HuTepRadanl (f (x'—0), f(x'-+0)), (f(x"-=0), f(x"-}0)) vcn y ne ne-
pecekatores.

Kaxno#k Touke &' paspuiBa GYHKUHU [ COOTBETCTBYET HHTEpBaa
(f(x'—0), f(x"-:-0)). BHyTpH ero Bbi6epeM OLHY PALHOHAALHYIO TOUKY
a,.. Tlocne cka3aHHOTO CHO, YTO Pa3HBIM TOUKAaM paspbiBa x’ COOTBET-
CTBYIOT Pa3Hble TOUKH Cg-. 1HO MHOXECTBO BreX pallHOHAMLHBIX 4HCeN
cueTHO. JT03TOMY MROXKeCTBO BCEX TOUECK M@,., TAK K€ KaK B MHOKECTBO

BceX ToweK X' (paapbina f), He Goaee ueM cyerno. Teopema noxasana.

§ 3.5. ®yHKUHH, HenpepbiBHbIE HA OTpeake

Dyukuns [ Ha3bIBAETCH HernpepoisHod Ha ompeske [a, b],
ec/Jd OHa HenmpepblBHA BO BCEX TOYKax WHTepsaJa (a, b),
HefipephiBHA CrpaBa B TOYKE @ 1 HenpepuiBHa CJeBa B TOuke b.

PdyHKLHY, HenpepbiBHbie Ha OTpe3ke, 06JafaloT pAAOM
3aMeyaTe IbHBIX CBOACTB, K H3JIOKEHHIO KOTOPbIX Mbl cefiyac

MPHCTYIIHM.
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CHayana Mbl CGOPMYJIHpYeEM TeOpeMbl, BhIpAXKAlOWHE 3TH
CBOMCTBa, W Pa3bsCHHM HX HA Tpadukax M rnpumepax, a 3a-
TeM JOKaxeM HX (opmasbHO.

Teopema 1. Ecau ynxyus [ nenpepoiéna Ha ompeske
[a, b], mo ona oepanudena Ha Hem, M. e. cyujecmeyem
xoncmanma K > 0 makasi, 4mo  GbLNOAHAEMCA  HEPABEHCMBO

F() <K, Vx€la, b).

Ha puc. 25 wusobpaxen rpapuk [' HenpephniBHOM (yHK-
unu f na orpeake [a, b]. OueBuaHo, cywecTByeT uucao K >0
Takoe, 4to I' naxoautcs Huxe npsmoli y=K, HO Bblle

npamoit y=--K. B aroMm n 3akaiouaercs Teopema 1.
9.
% J
Ne /]
g ¢ W g ¢
-» O\ o= S8 4 z
Puc. 25. Puc. 26.

3amerum, uTto ecnu (PYHKILUST HENpepbiBHA HAa WHTEpBaJe
(@, b) nau na moaywuurepsase [a, b) uan (a, b}, 10 ona He
o0s13aTesibHO orpanuuena Ha weMm. Hanpumep, dynkuus 1/x¢
HenpepbiBHAa Ha mnonyuHTepsaJe (0, 1], Ho ne orpanudena
Ha HeM.

Ecau 3ty dyHkuMio poonpeneutb, noJjoxus f(0)=0,
TO oHa OyJeT KoHeunoll B JioGoH 71ouke ortpedka [0, 1],
OJHAKO, He OTpaHHYEHHOH Ha HeM.

Teopema 2 (Behiepwrtpacca). Ecru ¢ynkyua f
Henpepoigra Ha [a, U], mo cywecmeyem ee Munumym u max-
cumym na [a, b], m.e. cywecmeyrom mouku a, P€[a, b]
maxkue, 4mo (o) < f(X)<<[(P) 02a ecex x€la, b]. Huaue
2060ps1,

min f(x)=f(a), max f(x)=Ff(@).
x€[a, b] x€[a, U]

Henpepbirna st gy Hxinst y=f (x), u3o6paienHas Ha puc.25,
HOCTHraeT CBOEro MHHHMyMa Ha [a, b] B Touke x=a H
MakciMyMa B Toyke x=f. B nanHoM cuyuae ofe TOYKH a

4 4. C. Byrpos, C. M. Huxoascuul
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H P npuHamnexxaT K uHTepBany (a, b) (%, P€(a, b)). He-
npepuiBHas GyHKUHs y=f(x), H3oGpaeHHas Ha puc. 26,
JOCTHraeT MHUHUMyMa Ha oTpe3ke [a, b] Ha JieBOM ero KoHue
H MakCHMymMa —B HEKOTOpOH BHyTpeHHeH Touke [ 3Toro
oTpeskKa.

3ameuanne 1. [lo Teopeme | nenpepbiBHAs Ha OTpe3ke
[a, b] dynxkuus orpanuueda Ha Hem. CnenoBaTesbHO, Cyuie-
CTBYHOT KOHEYHbie TOYHblE HHXKHSS M BeDXHSisi IPaHH [ Ha
3TOM OTpe3Ke:

inf f(x)< sup f(x).
x€[a, b] xe[a, b]

Teopema 2 yTBepxkmaer, uto 3TM TpaHu Ha [a, b] nmocTu-
ratloTcs, T.e. 3hech inf M sUp MOMKHO 3aMEHHTL COOTBETCT-
BEHIO Ha min H max (MMUHMYM H M3KCHMYM)
3ameuyanue 2. DYHKUMS Y -=Xx HENPepbBHZ HA UH-
Teppage (0, 1) u orpanuueHa Ha HeM; BePXHsS ee T'paHb

sup x==1 He jgocTHraercs, T.e. HeT Takoro Xx,€ (0, 1),
xe (0, 1)
Jast xovoporo 3ta ¢ynkuus pasna 1. Takum o6pa3om, B Teo-

peMe 2 YCJOBHE HEINPEpBLIBHOCTH [ Ha 3amkHymom (COAepa-
weM B cefe o6a ero KoHua a u b) ompeske CYLECTBEHHO.
OuesupHo, uro suparctg x == n/2. OiHako HET TaKOro x
x>0
Ha Jyue x >= 0, a1s kotoporo ¢yHKuus arctg x nprHuMaer
3Hauenve m/2, U OHa He JOCTHraeT MakcuMyMa Ha x =0,
B nanuoMm cayuae yc/10Bu ST TeopeMbl He BbLIOJIHSIOTCS: 06J1aCTh
3ajaHusl HenpepbiBHOU (YHKUMH drctg x HeorpaHuueHa.
Ecan ¢yukuus [ paspoiBHa Ha [a, b], T0 oHa He o6s3a-
TeJIbHO JOCTHraeT CBOero MaxkcuMmyma. [lpumepom  MoOXer
CAYKUTh PYHKLHA

) 0 < 172,
f("‘)"‘{o, 12<x<<!.

TeopeMma 3. Ecau ¢(ynxyusn | Henpepeisna Ha ompeske
[a, b] u uucara f(a) u [(b) He pasrbt Hyrto u umerom pastivle
3HaKw, Mo Ha unmepoare (a, b) umeemcs no kpaiined mepe
00na mouka ¢ maxas, 4wmo f(c)=0.

dyuxuua, rpaguk ' koropoit msobpaxken na puc. 27,
yIOBJETBOPsieT ycJ/oBUAM Teopembt 3. OHa HempepelBHA Ha
la, b] u f(a) <0, f(b) >0. M3 reomerpuuecknx coobpaxe-
HUH oyeBMAHO, uTO rpaduxk I' jpomken nepeceyb ochb x no
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KpaiiHe Mepe B OXHOH TOuke c € (a, b). 10 W yTBepKmaer
TeopeMa 3.

Cnencrteue. Ecau ¢pyuxkyua [ nenpepeisra na [a, b],
f@)=A, [(b)=B (A== B) uC—npousgorsioe 44cio, Haxo-
Osaweeca memdy uucaamu A u B, mo Ha unmepeaie (a, b)
Hatdemca no Kpaineld mepe o0Ha movka ¢, 04 KOmMopoil
flo=C.

AT0 CJEACTBHE MOMKHO CHOPMYJHPOBATL M TAaK: Henpepbig-
Has Ha ompeske [a, b] ¢ynkyus npunumaem 6ce npomedicy-
MO4HbIE SHAHEHUS MEeXCOY ee
BHAYCHUAMI HQ KOMYAX Om- A

peska [a, b].

JokxasaTeabcTBO.

OnpeneauM HOBYIO  QyH- /l
awio F (1) =[()—C _| g ") R
rie  C-—KXOHCTaHTa —uH- § Va \_/ b z
CJI0, HaXOASLeecs MeXay

A u B. Tak Kak [—ne- Puc. 27.
npepeiBHas Ha [a, b] QyHK-

uus, 10 1 F—nenpepoiBuas Ha [a, b] dyuxund. Upu atom,
oueBHIHO, F NpMHUMaeT Ha KOHUAX OTPe3Ka [a, b] 3HaueHus
pasublx 3HakoB. Torga no Teopeme 3 JOJKHa HaliTHChL Ha
(a, b) Takas Touka ¢, uto F(c)=0nm [(c)—C=0, t.e.
f(¢)=C. 210 n Tpe6oBaJjock AOKA3aTh.

Mpumep 1. YpaBnenne x—cosx =0 nuMeeT KopeHb Ha
nurepeanae (0, m).

B camom aene, ¢gyHkumus f(x)=x—cosx HenpepbiBHA Ha
otpeske [0, 7] 1 HA KOHNAX €ro MPHHUMACT 3HAaueHHs pas-
HbIX 3HaKoB: [(0)=—1, f(n)=n-1.

Huxke Mbl foKkasbiBaeM Teopembl | — 3 ¢opmasbHo.

JlokasateanbcTBo Teopemu 1. Jonycrum, uto f
He orpannuena Ha [a, b]. Toria aast KaKA0TO HATYy pasbHOro
yjcaa n Haljercs Touka x, € [a, b] Takad, uTo

[f)|>n (=1, 2, ...). (1

TMocnenosatensHOCT {x,} orpannueHa (@ M b — KoHeuHhe
ypcaal) W M3 Hee MOXHO BbIAEJNHTH MOAMNOCJE]0BATEBHOCTD

{Xa,}, cXopAuwlylocss K HEKOTOPOMY umcay a €[a, b] (cM.
caencteie u3 Teopemnl 4 § 2.1). Ho B Touke a ¢yHkuus f
HenpepniBHA (eCAH a=a(x=>,), To B 3IT0d TOuUKe [ Hempe-

4%



PbiBHa cIpaBa (cJ/eBa)), U MOTOMY
lim f () = (a0). ()

Caoitctso (2) mnpotuBopeunt cBokictay (1). ITostomy f
MOXKET ObIThb TOJIbKO OrpaHHueHHOH Ha [a, b].

HokaszateabctBo Teopemb 2. [lo npeabiayweit
TeopeMe HernpepbiBHast Ha [a, b] QyHKIUKS OrpaHuyeHa, cJe-
AOBaTE/NbHO, OHa OrpaHHYeHa CBEPXY HEKOTOPLIM uuc/oM K:

f)<K  (x€[a, b)).
Ho Toraa cymecryer Tounas Bepxusis rpaus [ Ha [a, b]:
sup f(x)=M. (3)

x€fa, U]

Yucao M o6najaer cjaenyouium ¢BOHCTBOM: AJsi J1106Or0
HaTypa/lbHOrO 4HMCJa n Hauzetcs Ha [a, b] Touka x, Takas,
4TO

M—L<fx)<M (a=1,2, ...).

MocnenoBartensuocts {x,}, Kak npunaanexauwas k [a, b],
orpaHuyeHa, ¥ [I0TOMY H3 Hee MOMNHO BbIAE/NHTb MOAMOC/e-
JOBATENBHOCTb {Xn,}, CXOMSLLYIOCH K HeKOTOpOMY uucay P,

KOTOpOe 3aBefoMO MNpuHaatexuT [a, b]. Ho ¢ynkuua f ue-
npepoiBHa B Touyke [}, u noTOMmy

i f (o) =] B)-

C npyroit cTopoHsI, M—n]—k<f(x,,k)<M (k=1,2, ..0)n
lim f(xn,)=M.
) ¢

Ho Ttak kak f(x.,) MOXeT cTpeMuTbCH TOJBKO K OAHOMY
npegeny, o M ={(B). Bepxuss rpaue (3), Takum o6pasom,
JocTHraetTcs B Touke {3, T.e., Kak roBopst, ¢yHkyus [ do-
cmuzaem 8 mouke 3 ceoe2o maxcumyma Ha ompeske [a, b].
Mai fokasanu, uto cyuwectsyer Touka [ € [a, b], ans xoropoi

max f(x)=f(p).
x€[a, 0]
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JloKa3aTenbcTBO JAPYTOM 4aCTH TeopeMbl O MHHHMYME aHa-
JIOTHYHO, HO €ro MOXHO CBeCTH K J1O0Ka3aTelbCTBY MepBOH
YacTH TeOpPEMhbi, YYMTbIBasi, 4YTO

min f(x)=— max {—f(x)}.
x€[a, b) X€ |a, b)

HoxkaszaTtensctTBo Teopemn 3. O603HaduM oTpe-
30K [a, b] uepes o, Pasgenum o, Ha Be DaBHbIE YACTH.
Ecnau B cepeanne o, GyHKUMS paBHa HyJl0, TG Teopema
JIOKa3aHa; ecnu 3TOro HeT, TO OJHa W3 NOJIOBHHOK O, TAKOBA,
YTO HAa KOHUAX ee Halma ¢YHKUHS T[PHHHMAET 3HauyeHus
pasnbix 3HakoB. (OG03HAauHMM HMMEHHO 3Ty MOJNOBHHKY uepes
0, M pa3fesyM ee Ha JBe paBHLIE uacTH. MoxeT cnyuutbes,
4YTO B cépeauHe O; Hawa (yHKINS paBHa HYJAIO, H TOTAd
Teopema jokasaHa. Ecan wer, To ofo3Haynm uepes g, Ty
H3 MOJOBHHOK, HAa KOHLAX KOTOPOA f MpUHHMAET 3HaueHMs
pa3HbIX 3HaKOB. Paccyxaas Tak no MHAYKILUI, MbI JH(O
HATKHEMCSI Ha OuepelAHOM 3Tarle pacCyXAeHH# Ha TOuKy
c€(a, b), nns xoropoii f(c)=0, u TOraa TeopemMa q0Ka3aHa,
Jaub0 10ayUUM NOCJEA0BATEAbLHOCTL (6ECKOHEUHYIO) BJOXCH-
HEIX ADYT B ApYTa OTPE3KOB 0,230,200, ..., Hd KaxjloM
H3 KOTODHIX [ MMeeT 3HaueHHsl pa3HblXx 3Hakop. Torjaa cy-
UlecTBYeT TOHKA ¢, NPHHALICKAIAS BCEM 0, CAEJ0BITEILIO,
u {a, b]. OuaeBuano, [{c)==0, ROTOMYy 41O, eCJil OIYCTHTD,
Hanpumep, 4to f(¢) > 0, to Hawaack Gbl okpecTiocTs U (0)
TOYKH ¢ Takas, 4To AAs Beex x u3 [a, b], npunaineskammx
U (c), doyuxuust f(c) 6plaa Gul GOJOKHTENABHOH, HO 3TOTO
He MCXKeT C€biTb, MNOTOMY 4YTO NPH /0CTATOMHO GOJbLINIOM 7
oTpe3ok o,cU (¢), a [ He coxpanser 3nak ua o,. Teopema
J0Ka3ana.

§ 3.6. OOpaTHaa HenpepbiEHaf (yHKUUS

PaccMOTpUM  HenpephiBHYIO CTPOTO BO3PacTalOLY Ha
orpesxe [a, b] dyHkumo y=f(x) (puc. 28). [lycTs

f(a)=a, [(b)=p.

I'paduk 3toll pyHKUHKH ecTb HenpephiBuasi Kpupas. M3 erc
paccMOTPeHHA BUAHO, UYTO €CJM X HenpepuBHO BO3PacTaer
OT a 10 b, TO y TpH ITOM TOXKE HENpepLIBHO BO3pacTaeT
or o f0 {3, npoGeras Bce 3HaueHus ua otpeske [e, f] mo
oaxomy pasy. Ho Torga xaxpomy 3nayenuio y € [, f] co-
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OTBETCTBYET eJUIICTBEHHOE 3HayeHHe x €[a, b] Takoe, 4TO
y=[(x). 3tum onpeneseHa Ha OTp63Ke [e, B] dyHxuus

x=gy, ye€la B,
HasblBaeMas ¢hynkyued, oépamﬂoﬁ K QyHKUHH y= [ (X).
OueBuaHO, (YHKLUHA X -=g(y) CTPOrO BO3pacTaeT Ha OT-
peake [a, ] u oro6paxkaer 3ToT OTpesox Ha [a, b]; BbimoJI-
HSIIOTCST TOXKAECTBA
flewl=y, VYy€la, b,
glix)]=x, Vx€la, 0]
Ipaduk GyHKuMM x =g (y) MOXKHO NMOJYYUTb, NOBEPHYB
Ha 180° paccmMaTpuBaeMy!0 MJOCKOCTL BOKPYT OHCCEKTPUCHI
©pBOTO  KOOPAMIIATHOrO YrJaa Ccu-
A crembl x, y. Tak Kak B pesyJbTate
noBopora rpaguK OocTaeTcsl Hermpe-
PbLIBHBIM, TO 3TO IIOK43bIBAET, 4TO
(YHKUKS X =g (y) HenpepbiBHA Ha

a, (.
[ Taknum o0pasoM, No/b3ysiCh UH-
CTO TeOMETPUYECKHUMH COCOparkeHH-
7 fIMH, Mbl YCTAaHOBHJH CIpaBeJ/IH-
BOCTb CJENYIOILEH TEOPEMBI.
Puc. 28. Teopewma 1. [Tycmo ¢ynkyus
f nenpepoisna na ompeske [a, b],
cmpoeo euvapacmaem Ha Hem u o.==[(a), p=F(b).
Toeda: 1) o6pas ompesca [a, b] npu nomouy f ccmo
ompesok [a, B], 2) cywecmsyem obpamuan k [ ynkyus
=g (Y), OOHO3HAYHAR, cMPOO GO3PACMAICWAR U HENpepbis-
nas Ha [a, f].
dopmasbHoe [10Ka3aTe beTBO Teopemul 1 OyJReT OClioBAHO
Ha cJefyoulel JemMe,
Jlemma 1. [lyems cmpoeo eospacmaowas  (yHKyuUs
y=1f(x) 0/no6paoicaem ompeaok [a, b] na ompesor o, B, m. e.
f([a b)) =[a, B]. Tozda | nenpeposra na [a, b).
JNoxasaTeJabcTBO. 3aJlaflUM 1IPOU3BOJIBHYIO TOUKY X,
npuiajiexanyo noka K untepsany (a, b) (a <x, <b).
B cusny Ttoro, uto f cTpOro BO3pacCTALT, COOTBETCTBYHOLLAS
TOuKa Y, = f(x,) OyHAeT NpHHAATEKATL K HITepBaay («, fB)
(@< Yy <P)
3apaaum & > 0, HACTOMBLKO MaJ0e, 4TO a < Yy — & < Yo <
<y,+e<P. Tlo ycaosuro waiinytca Toukw x,;, X, €(a, b)

(%y < xo < Xx,) TaKHE, YTO Yy, —& =f (), yote=f (x,).
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Mutepsaa (x,, x,) MOXKHO PACCMATPIBATE KaK OKPECTIIOCTD
TOUKH X, (X € (X, X,)).

BenepctBue Toro, uTo  (yHKILMS [ Bo3pacraeT, mpH
XE(xq, X;) OygeT yy—e <[ (x) <yo+enm [f(x)—y]<e,

T. €.
[ (x)—F(x) | <e,

M Mbl JIOKAa3aJH HENpepPbIBHOCTb (PYHKLUHH f B TOUKE Xg.
Ecan x,=a wan x,=b, TO aHAJOTMYHO JOKAa3blBAEM
ORHOCTOPOHHIOI0 HENPePLIBHOCTh (DYHKIHU f.
JlokasateabctBo Teopembl 1. Ilycte Y =f([a, b])
ectb o6pas [a, b] npu nomowyw f. Tax kak a=f(a), f=f(b)
u f Bospacraer, T0 a<<f(x)<<PB, Vx€][a, b], oTkyna cie-

ZIyeT, uTO
Yc[a, f]. (1
C npyroii CTOpOHBI, €C/qM Y TNPOH3BOJIbHASI TOYUKA OTPe3Ka

[ee, B], TOo ona npuHagnexuT K Y Ha ocnoBaHWM Teopembl 3
§ 3.5 0 npoMexyTouHOM 3HAYeHUH HENpPePHIBHOH (YHKUMH,

T. €.
[a, fl=Y. (2)
M3 (1) u (2) caepyet yrBepxpgenue 1):
Y =[a, B].

Yreepxpenne 2) tenepb caeayer u3 JemMmbel 1. B camom
Jlesie, TaK Kak [ cTtporo Boapactaet, 10 Ha Y -=[«, ] cyuue-
cTByeT obpaTiast (yHKIMS g(y), CTPOro Bo3pacralowas, u
oHa oTto6paaeT orpe3ok [a, f] na orpesok [a, b]. Ho Torua
no Jgemme | ¢yHkunst g(y) Henpepbisia. Teopema Joka3ana.

HesnauutebHO u3MeHsisi MPUBeJleHHbIE BbILlE paccyxje-
HUSI, MOXHO ROKA3aTh CJeAYIOUIHII anasor teopembl 1.

Teopewma 1. [Tycms ¢pyukyus [ HenpepwisHa w cmpozo
sogpactnaent Ha (a, b) (uau Ha [a, b), uru (a, b]) u

a=inf [(x), P= sup f(x).

Xx€(a, b) X€(a, b)

Tozda obpas unmepeara (a, b) (coomeemcmeenno [a, b),
(a, b)) ecmov unmepeas (o, P) (coomsemcmeenro [a, B), (a, B])
u obpamuasn k [ pynkyus x =g(y) 00HO3HAYHA, CMPO20 603~
pacmaem u uenpepuiena Ha (o, B) ([«,B), (2, B]).
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3ameuanue. Crporo y6uiBatouias HernpepbiBHAS Ha
[a, b] (na (a, b)) ¢ynkuma [(x) nmeeT 06paTHY CTPOro
y6biBaiolyto HenpepoiBHyto GyHkunio Ha [}, a], rae a=f(a),
p=f(b). I3ro nerko ycTaHABAMBAETCH, €CJAH PACCMOTPETD
QyHKUHIO — f (x) nau xe dyHKUHIO f(— X).

Ecau xe HenpepbieHas Ha [a, b]| dydkius y==f(x) He
AB/AETCA CTPOr0 MOHOTOHHOH Ha [a, b], TO MOXKHO onpene-
AATH A4 Hee o0DATHYIO (PYHKILHIO, HO 3Ta MNOCJENHSA yiKe
Oy leT MHO203HQUHOU BO BCAKOM CJydae [Jifi HeKOTOpPbIX Y.

[Tpumep. DyHKuHA
Yy =sinx, x € (— oo, o0},

HernpepbiBHAa, HO HE MOHOTOHHA. MHOMXECTBO ee 3HAUYEHUH y
sanoanser orpe3ok [— 1, 1]. Kaxaomy y u3 3toro orpeska
COOTBETCTBYET GECKOHEUHOe YMC/IO0 3HAYeHHH x, A/ KOTOPhIX
y=-sinx.

Bnpouyem, nanmpumep, na orpeske [— m/2, n1/2] dhyHKuHs
y=sinx HernpepbiBHa W CTPOr0 BO3pacTaeT H umeeT ofpat-
HYIO HenpepuiBHYIO (YHKLHIO, KOTOPas, KdK Mbl 3HAeM,
o603HayaeTca TakK:

x=arcsiny (—1<<yL).

§ 3.7. PapHOMepHas HenpepbHIBHOCTh (PYHKUHH

[ycts dyukuus [ nenpepbiBHa Ha orpe3dke [a, b] (Mau
HHTepBaae, noayuntepsafe). Torma Aas KaxIOH TOUKH X,
3TOro0 OTpe3ka (MHTepBasa, [MOJNYHHTEPBaJa) N0 3aJaHioMy
e > 0 Haitgerca 6 > () Takoe, 4TO

[Ty —=F ()] <e,

KAK TOJBKO
[x—x,| <8, x€[a, b] (n1u (a, b), [a, b), (a, b]).

[lpu u3meHeHUH x, OpH nocTosiHinoMm e yucao 6, Boobire
rOBOPs, H3MEHSETCH — OHO 3aBUCHT He TOJBKO OT €, HO H
or x,. Kak Buawo u3 puc. 29, yucsao §, nparogHoe Ha
ydacTke ¢ MOJOTUM TpadliKoM, MOXeT OKAa3aTbCH CJHILKOM
6o/ILIUMM I YHacTKa C KPYTO MOAHUMAIOUUMCS T'PadHKOM,

B cBa3u ¢ 3TMM ecTeCTBeHHO BbJIEJIMTb Te HeNpepbiBHEIE
OYHKLUHH, OJ08 KOTOPbIX NMPH NaHHOM € > 0 MOXHO YyKa3aTh
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8 > 0, npurogHoe cpa3dy Ana Bcex x, NPHHANMEKAUIHX TOMY
MHOXECTBY, [Je 3a4aHa (YHKIIHA.

Haunem ¢ onpenesenus.

Onpenenenue . Pynkyua f, onpedescHuas Ha MHO-
agcecmae X, HA36IBAOMCA PABHOMEPHO HeNPePOIBHOU HA IMOM
MHOXCeCMBe, ecau  OAA  8CAKO2V
e > 0 naiidemes 8 >0, 3asucs- )
ee Mmoabko on e, MaxKoe, 4mo l_

[Fx) =T <e

das acex x', x" € X, ydosaemso-
patougux Repasercemsy | x" — x"| <
< 8. 2
’ﬂerko _BHIETD, YT ecau g 502,403, ¥
dyHKIHA PABHOMEPHO Herpepbis-
Ha ua mHoxectee X, To 1eM 6o- Puc. 29.
fiee OHa PAaBHOMEPHO HerpepbiBHa
Ha awbom ero noamuoxectre X' (X' < X). O6GpatHoe, Boo6-
e roBops, HeBeplio.
Teopewma 1. Ecau ¢pyukyusn [ onpedesena u HenpepsiéHa
Ha ompeske [a, b], mo oHa PABHOMEPHO HeNpepbiBHA HA HEM.
JlokasateabcTBO. [loNnycTUM, YTO TeopeMa HeBepHa.
Tormga cywectByer Takoe & >0, uro gas Jwoforo 6 > 0
HaigeTcs napa Touek x', x” €[a, b], yrosnetBopsOWMX He-
paBencry |x'—x"| <8, M1 KOTOPBIX

[F()—F(x [ = e
3agagum  CTpEMAULYIOCS K HYJi0  [10CJeA0BaTeNbHOCTD

NOJOXKHUTENLHBIX Ylices §,(n=1, 2, ...). lna kaxnoro 3,
HaNAYTCH TOYKHM X, x, € [a, b] Takue, uTo

]x;t'_x:I<6/n HO lf(x:l)—f(xn)l>8 (1)
TaK KaK TOYKH rnoc.jel0BareJLHOCTH {Xr;} NMpHHAANCKAT

K [a,b], To ata nocseoBaTENLHOCTL OrpaHHYEHa M U3 fiee
no TeopeMme bBouabliano — Beftepiutpacca MoXHO BbiAEMHTb

noAnoc/e0BaTe/bHOCTb {X”I}, CXOAfIYCA K HeKOTopOﬁ
R

e

Touke x, €[a,b]. Tak kak x,’,k—x;k—*(), k—o00, TO OOA-

nocJie0BaTe b HOCTh { Xn }TO)Ke cxoauTca K Touke x,. [lo

yeaosno QyHKuHMsa [ uenpepmiBHa Ha [a, b] H, caepopatesib-
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HO, HempepbiBHa B Touke x,. Kownedno, ecam x,==a HJIH
X,=b, TO Hajo cyuTaTh, uTO [ HenpepelBHa B X, CIpaBa
UM cooTBeTCTBEHHO cuieBa. [lostamy

limf(XAk) :LEM\_X"‘IJ =f (%)

k>
Tlocne nepexopa k npejeny B (1) npu R-—oo0 nonyunm

. SN _  F(x) =0
oSl (s =105, <l ~TGal=o. @
W Mbl NpUILNH K TpoTHBOpeunto: &< 0.

3ameruM, uTo B (2) Mbl BOCMOJb30BANUCh HENpEephIB-
nocthio dynkuun fu| (cm.§3.3, npumep 8). Teopema noka-
3aHa.

[Ipumep 1. dyukuus

y =sin(l/x)

HerpepbiBHa Ha orpeske [8, 1], V6 > 0, nostomy Ha ocHoBa-
HHH TeopeMbl | OHa paBHOMEDHO HenmpeprhiBHA HA 3TOM
oTpe3ke.

C apyro#t croponsl, Ha noayuntepsane (0, 1] ara ¢yhx-
1[HSl XOTS M HeNnpepbiBHA, HO He SBJAAETCS PABHOMEPHO He-
npepuiBHOfi. DTO MOKa3biBaeT, YTO TpeGoBaHHe B Teopeme I,
yTOOBl llenpepbiBuas (GyHKuWst 6bl1a 3aAaHa HA OTpe3ke, a
He Ha HHTEpBaJe, CyLleCTBEHHO.

Y6eaumcs B TOM, 4TO HAlLa (YHKIUS 1€ SIBJSETCS PaB-

HoMmepHO HenpepoiBroft Ha (0, 1]. Toukn xk:?(‘ziﬁ)(k:

=0, 1, 2,...), OueBHANO, NPUHALIEKAT MOJYUHTEPBAJY
(0, 1], nans unx

. (2k--3 Lm0k
IF (pen) — F () |=|sin ZET)sin TL;_)’:
=|(— 1)+t —(— 1) =2.

Ecnu s3anatb £-=:=1, T0 npu mobom 8 > 0 nalijerca Takoe &,
4YTo

4
o= 4] = rgerg ey <&
MEXKAY TEM Kax

H (Kee)—f ()| =2>e=1.
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M3 cxa3aHHOrQ cJjefyeT, YTO Hawy ¢QYHKIHIO Helb3s
npojo/KHTh Ha otpe3ok [0, 1], roompenenus ee B Touke X == 0
TaK, 4TOOb! OHa cTana nenpepbiBuoit ua [0, 1], notomy uto
TOrAa, COrJIacHO Teopeme |, oHa Obl1a Obl paBHOMEPHO lie-
npepuisroii na [0, 1], a cnegoBateasio, u na (0, 1], uero
ObITb 11 MOXKeT.

§ 3.8. JnemeHTapHbie GYUKUHUH

Gdyuxunn C (nocrostiinas), x*, a¥, log, v, sinx, cosx,
tg x, Arcsing, Arccosx, Arclg x wmul GyAem 1naspiBats  n1po-
CMOUUAIL INCMCHIMAPHBIMI PYHKUUSALL.

[Tpiuarensta K 3TUM (BYHKILUSM apuNeTHUHCCKIe TeHC IBUsT
HJAH  olepalud  QYyHKEIUHH 0T (YHKUNE (CYNEePHo3nuril) B
KOHEU0M wicae, Mul OyAeM nogyuath 1opule fonee Caoxibe
q)yl-IKl.lIlII, KOTOPbLIE HABL!BAIOTCH JICHCHIIA[THBIMIL (]')_IJU'IIC[{N)’M'I.M.

Haupunsep, y =1n (¢* +sin® x 4- 1) — sacmenrapuas ¢y k-
ILHS.

DACMEHTApULIE (PYHKILUIT 11daM  H3BECTILl 113 IKOJILIOH
mareMatiky. Tam ygeasaock 60anLUI0¢ BHUMAIIHE HX CBOHCT-
BaM, 110 OUPeAe/siJIMCh OHU HE BCerja CTporo, noJarasich Ha
MUIETY HILHIO YHALEerocH.

Ham Oynet nosiesno yaeanTh HEKOTOPOe BHHMAIlHE THM
BONPOUAM C TOUKH 3peHHst OCLLIX (PAKTOB MaTeMaTHYeCKoro
aHaJl1134, KOTOPLIMU Mbl Y)KEe YCHCJ/H OBNaieTb.

a) Moctostunasa ¢Ppynkuus C. Kakaomy neicrsu-
TeALHOMY YHCJy (TO4Ke) X OHA NPHBOAHT B COOTBETCTBI ¢
ofHO 1 1o Ke uueao C. Ipaduk ee ects rpsimas, napanged-
Has OCH X, OTCTOsILAsl OT 3TOH ocH ua paccrostiie |C|
Buie 3ol ocH, ecan C > 0, w ke, ecan C -2 0. Zro w -~
npepbizHast Gy nKuHst 1a Beefi feicrsuresibHOM ocu (eM. § 3.5,
npumep 1).

0) CreneHHasa dyuxkuus x* (n—nocrosHuas). [Ipy
HaTypanablioMm n € N 31a (yuxuus onpegenena Ha Becii
Jedcrourebdoli ocH. UTo0bl BBIMHCAUTL ce (TeopeTHueckh!'l,
pasJjaracm X B JECSTHYOYIO  APOOL (X == 4= oy, QL . . .)
M 1epemloKaem 3Ty  ApoGhL caMmy ua cefst n pas, noi-
MeHsIs KAKABIA pa3 MpPaBHIO YMUOMKCHUST IECHTHUHBIX A i
6eit (cm. §1.6 (11)) ¥ nmpasuao 311IKOB.

Oy X" HelpPEepPLIBHA, [IOTOMY Y4TO OHA eCTb MPOH3Re-
ACHHE UCnpPepLBHLIX QY IKIHH (¥ ~ x), B3ATHIX B KOHEUnGM
yucae. Ona ctporo Bo3pacraer Ha [U, 00), 4YTO BHJHO U3
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COOTHOILEHH I
X—xt=(x,—x,) (BT x5 4L x>0

npu x, < x,. Kpome Toro, oHa crTpemutca K -4-oo npH
x—4o00. B camom pene, ecin x>1, 10 x"=x""1x>x
(n>1) H npu x— o0, X" — oo,
Htax ¢yHKuHA @ (x) =x"” NpH HaTypaJbHOM A1 HENpephiB-
Ha,cTporo Boapactaer Ha [0, o00) u gna Hee ¢(0)=0,
sup @ (x)= -+ oo. Ho Toraa Ha OCHOBaHHM TEOpEMBI

[0.®)
Ji’e§ 3.6 GyHKIMSA y = x" oToGpaxaeT nonyuurepsan X == [0, o)

Ha nosayuuTtepsan Y =[0, o0) u cyuecTByer o6paTHas K Heil
ONIHO3HAUHAS HeNpepLiBHAsl CTPOTO BO3pacTaiollas QYHKUHS.
21y yHKUHIO 0603HAYAOT TaK:

x=y'"=yy  (y=0)

N Ha2BBalOT QPU@MEMUYCCKUM 3SHAHEHUEM KOPHA n-ti cme-
neHu u3 y.
OtmetuM, uto npH y > 1 (n>=1)

Vy >y T=1. (1)

[TopuepxHeM, UTO ecall a ecmb N PCH3B0ALHCE HEOM PLLYaMENs-
Hoe wucao (0 a < 00), Mo 0asL He2v HA OCHOGARNLL CKA3AHH020
cywjecmeyem u  npu  mom eOUHCHIBEHHOE HEOMPULAME1bHOoe
Yucao b-=a''" (apughmemuueckoe 3HaueHue KOpHs n-ii cmene-
HU u3 a) maxkoe, umo b* =a.

Mpi ceituac dokasaau cyujecmeosanue KopHs N-ti cmenexu
uz a (a=0).

3roro yTBEPXKIEHHS B LIKOJbHON MaTeMaTHKe He XBaTaJo.
Tam BBOLHJIOCL MOHSITHE KOPHst /-8 cTeneHn M3 a (@>=0) u
H3yu4aJHCch CROHCTBA KOpHeH n-i CTeneHy, OLHAKO He JIOKa-
3bIBaJIOCh, YTO TAKHE KOPHHU CYLLECTBYIOT-—(aKT CYILeCTRO-
BaHHWs CUUTAJCS caMO CCOOH pa3ymelolHMCs.

OTmeTM, yTO ecaH =2k~ 1 —uncno Heuethoe (k=
=0, 1, 2,...), T0 pynkuna y= x" nevernas ((—x)" = —x").
Ona HenpepbiBHaA, OYERIiAHO, CTPOTO BO3PACTAET Ha (— oo, 00)
H obJsajaeT CBOHCTBaMH

inf x"=— o0, sup X" =00,
X€(~®, x) X€E(-x, «)

TMoatoMy Ha ocHoBaHHM Teopembl 17 § 3.6 dyHKuHS Y= x?*+1
otobpaxaer (— oo, 00) Ha (— oo, 00) H MMEET Ha (— 0o, o)
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06paTHYt0 HenpepuiBHYI0 CTPOr0 BO3PACTAOULYKD (YHKLHIO
x=1y, y€(—o0, ), n=2%k+]1.

3xech BblpakeHue Vy upu y > 0 noHuMaetcst kak apudme-
THUYECKOE 3Hauyeliue KOPHsi n-ii CTeneHu u3 y, T. e. KaK Nojo-
JKHUTEJIbHOE YHCJAO, f1-9 CTeHeHb KOTOporo ectsh Y. Ecau xe

y <0, T0
V=— VT4l

rjae B npaBoﬁ 4acTd KOpPeHB MOoHHMAaeTes B CMbICe apmbme-
TUYECKOro 3HaUeHHA.

Oas uvetworo n=2k (k=1, 2,...) y=x" ecTb ueTHas
HenpepbiBHAA ¢yuxkuua. OnHa oTobpaxkaer HuTepBaJ
(— o0, +-o0) Ha noayuurepsad [0, oo). Ho ona ne MonHoToHHA

Ha (— oo, +00) U ofpaTHas K HeH QYHKUHA JBY3lHauHa:
n/ ~
x=xvy'y (H=0).
3unavedue y=0 eNUHHCTBEHHOe, /s KOTOPOrO ona
OLHO3HAUHA.
Ha puc. 30 u 31 uzcHpaxeHb! rpagikd HEKOTOPbLIX (hy HK-
nM x*, xt/n,

7 S
=2
\ /"
\ /-
K o
N
—7{ g 7 &
|
_____ -7
Puc. 30. Puc. 31.

B wkogbHOH MaTeMaTHKe (QYHKUUA X" onpejesseTcs M
s panroHadabHelx . [lyets p, g € N. Tloaaraor gas x >0

xﬂ/‘l: lq/_-x_l;
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M JIOK4a3bIBAIOT, YTO
xela =xselsa=(]/x)p  (x=0).

Tlonararot Takxe

x"p/QZ 1_
q xp

(x> 0)

H emlle
x0=1,

Ilpu 3TOM ROKa3bIBalOT AAA J1060r0 PaLHOHANBHOTO A CBOH-
CTBO, XapaKTepHOe LJf CTeNeHHOM PyHKuuM:

(xy)n =x"y"  (x,y > 0).

OtmeTuM, 4TO (yHKIHS y=xP/9 (p,q € N), KaK 3TO He-
TPYAHO YCTAHOBUTb, HenpepbiBHa M CTPOro BO3pacTaeT Ha
nonyunrtepsase [0, co) u orobpaxaer [0, co) Ha [0, o0),
NO3TOMY OHa HMeeT OGDAaTHYIO HelpepsIBHYIO CTPOrO BO3pac-
TaoWylo (YHKUHIO, ONpejeNseMylo, OYEBHJHO, PaBEHCTBOM

x:yﬂ/ﬂ' 0<y<oo

UTto xe KacaeTcst GyHKUUM y=x~P/7 (p, g € N), To oHa
CTporo ¥ biBaeT M HenpepbiBHA Ha HHTepBaJe (0, oo) W OTOO-
paxaet (0, oo) nHa (0, oo). TlosTomy ona umeer Ha (0, oo)
o0paTHYIO CTpPOro YOBIBAMOLULYIO HeNpephiBHYI (QYHKUHIO,
onpeje/seMy0 PaBeHCTBOM

x:y-ﬂ/ﬂ (y > 0)

QOuesuano,
lim x-9/1= 4 oo, lim y-9P = + oo.
X >0 y—>0
x>0 y>0

Crenennas (yHKUMS X" MOXeT OhITh onpeneneHa (s
x>0, anpu n20 u 19 x=0) TakKe H AJd HPpPaILHO-
HaJbHBIX 7, HO 3TO Jyullle cIeJaTb NpPH [OMOIUM TNOKasa-
TeJbHOH (QYHKUMH a* (CM. HUXe R)).

OTMeTHM, YTO HAac HHTEPECOBA/H TOMBLKO ACHCTBHTE]bHLIE
KODHH ypaBHeHHS y=x". Ho ec/u 651 MH HCKaNM KOMOJEKc-
HBle KOPHH, TO AJS KaXnoro y=~=0 Hawax Obl n pas/HuHBIX
KOpHel (cM. Huxe § 5.3).
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ITpumep 1. Tlokaxem, uTo

lim /n=1. 2)

n— o
B camom gmene, Ha ocHOBaHUM ¢opMyanl GuHoMa HblotoHa
npu A >0

(LA =1+ nh+

Ecai B sTom uepasencrse cuutath A=1/n—1 (>0 npu
n>2, cm. (1)), TO noayuum

n>1+i‘—(’—f;—”({%7—l 2

n (n

1)7»‘+ s =l n—-l)p

HJlIl
2> (i—1p>0  (n=9)

Ilapaekast xBajgparTiibiil Kopelnb (B ¢Mbic/e apHdpmeTHyec-
KOro snavenus!), B cuay CTPOro#i MOHOTOHIIOCTH (YIHKIUH

V'x noayuum
Vom>y/n—1>0
HJH
Von41> {Vn>l (n>=2). 3

Haxonei, no/b3ysicb HenpephBHOCTbIO (yHKunn V' x B
Touke X =0, nocse nepexoga K npejieny npu fn-— oo U3 (3)
noayudM paseHcTBO (2) (cM. Teopemy 5 §2.1).

B) [lokasatennuas pyukuunda a* (a>0, as=1).
B nasibneiiwem OyneM paudoHasbHble uYHCJAa 0603Ha4aThb
rpedeckiMu 6ykBamu o, f§, vy, ... . IlycTb moxa a > 1.

Yto Takoe a* upy x paunoHAJILIIOM HaM M3BECTHO H3
HIKOJMBHONH MaTeMaTHUKH (cM. eule 6)).

Ham usBectiio Taxke u3 WIKOJILIOr0 KypCca MaTeMaTHKI,
4TO: ¥
a* > 0, )
a%ab = q*+B,

)
)
)( <aﬁ (o.<ﬁ, a>1).
{06
)

4
C BOHCTBO 4,) Mbl ceﬁqac JOKa)keM. 3anuiueM a B BUJE
4-A (A>01). Torma

ar=(14-Ar=14+nh+4... > 14nhk
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flpaBast yacTb 3TOrO HepaBeHCTBA CTPEMHUTCS K GecKOHey-
HOCTH OpPH n — 0o, C/JeA0BaTe bHO, U JeBasi. [lanee, cuutas,
yro [e,] ecTh nesnas uactb o,, Gylem HMeTb

a”n = glond |

H ecaw o,-—-+oo, T0 [2,]-—-+ 00,  caen0BaTesbHO,
aler! — 4 oco. Ho Torpa a*» —» -+ oco.
ITycTb x — NPOH3BOJIbHOE PALMOHANBHOR UHCJO. JIOKaxeM,
UTO QUCAO Q¥ MONCHO ONPEAEAUMD KAK MOURYIO 8ePXHIOI0 2PAHb
sup a* = a* (4)
a< x

quces a*, PACNPOCMPUAHCHHYIO HA 6Ce PAYUOHANbHbIE HUCAQ

a < X.
B camom fenc, Ha ocHoBanum 3;)

a* L a’, Va<x, (5)

T. €. BLINOJHSACTCS MePBOe CBOMCTBO TOUHOH BEPXHEH rpaHu.
C apyrofi cTOpoHbl, NOUCTPOUM KAKYHO-AH60 CTPOro BO3pac-
TAIOW YO MOCJEeA0BATENLHOUTL PaLLMORANBHBIX HHCEA &, CTpe-
maulyiocs K x (e, —— x). Jass wee a® — a*, n — oo, Srto
CBOHCTBO ROKa3biBaetcst Huxke (oM. (8)). [Nostomy ans aio-
6oro € > () MOXXHO HdHTH Takce n, YTO

af—e < a*n < g, (6)

T. €. BLIIOTHENO BTOPOE CBOHCTBO TOYHOI BepXxHed rpaHu.
M3 (h) 1 (6) crenyet (4).

[lycTb Tenepb .« — NPOHM3BOALHOE HPPAILHOHANBLHOE YHCO,
¥ HYCTb /M —HaTypaJbHOe YyucJa0, 6oabec x (m > x). Mmeer
MECTO OYeBHJHOe HepPABEeHCTBO :

a® < a™,
a < x
T. €. MHOXECTBO yHce, @, PACIPOCTPAHEHHOe HA PallHOHAJb-
Hble yucaa o < X, orpanuyedo. Ho toraa cyuecTByeT TOu-
HaA BepPXHAS TPaHb 3TOrO MHOXKECTBA
sup a*.
a<x
3To ecTh BNOJIHE ONpejeneHHoe YHCAO, KOTOpoe Mbl 0603Ha-
4yM yepes a*:
a* = sup u“. (7)
a<x
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ITuM QyHKUMA a¥ onpefeneHa A BceX AEHCTRUTEIbHBIX X
(x € (— 00, o0)). OHa Ha3biBaeTCs noxaszameabrol Gyukyued.

Utak ¢ynkyus a* onpenensieTCs KaK TOYHAsi BepPXHAA
rpaHb uucen a*, pacnpocmpareninal Ha 6cée payUuoHaaAbHble
a < x. .

Ecan x—- pauHoHa IbHOC, TO 3TO OolipejeJieHHe cOoBnaaaeTr
CO CTapbiM (4aeT OJHO H TO Xe YUCJ0), NPH HUPPALHOHAJb-
HBbIX K€ X OHO 13eT HOBbIE YHCJA u*.

MoXHO 10K&3aTh, 4TO QVUKUMS a*, onpepeseHHasl npu
nomouin paeeHcTBa (7), o6najaeT CJACAYIOLWHMH Ba>XHBIMH
CBOHCTBAMMU:

1y a* >0,

2) a*ay = a**ty,

3) a*<<aY (x <y, a>1),

4) a*->1, x — 0,

5) a*-— o, x-— 00 (a> 1),

6) a*¥ — 0, x — —o0 (a>1).

OrmeTHM, 4TO U3 CBOHCTB 2) M 4) cnelyeT HenpephiB-
HOCTE (byHKLHI a* aas meOoro 3nayenust x, € (— oo, oo):

ja¥ — a*e| =|a* (@*~%— )| =a*|a*~%—1| =0 (8)

npu x —x, — 0.
B nanbuefiiuem 6yaen cunTaThL, uTo a > 1.

Nokazarteascteo l). Jdan awboro x CywecTsyer oy < x,
noToMy
0 < um < sup a* =a¥, 1. e. 0 < a*.
e< X
lokazareascTBo 2). [lyers a<x u P<y, 7TOrAa
a-+P < x+y. C apyroil CTOROHLI, NYCTe y €CTb  NMPOUSBOSLHOE DALl HO-
HaNE[Oe YKCJO, yIOBNETEOPSIICULEE HEPABEHCTRY

V< Xy &)
HOKZ'A(GM, uTo Y MOXKHO 3anhcaTe B BHAE
y=a-+f, rrea<ux B <y (10)
M3 (9) caeayer, uto
y—y < x.
[MoaGepem paunoHanbiioe @, AN KOTOPOro
y—y<a<y, (11)
H MOJOMXHM
p=y—n. (12)

Torza u3 nmepeoro nepasencrsa (1) cnenyer, uto
p <y. (13)
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Takum o6pasoM, MHOXeCTBO Bcex cyMM a—+f, rie @ < x, B < y, paBuo
{}
vy<x+

MHOXECTBY BCeX y < Xy
{a--B} =

a<x

B<y
ax+fB = sup (a»ab)
sup aB =a*¥-a¥

[Moatomy
sup su;i Sup

B <y

= sup ao
a<ux B<y

ax+y_—_
y<x+y

Mycrs x <y u By 0 Po—Kaxue-1u60

(cm. § 2.8, sazaua 2)
HokasarcabcTno 3)
patuonaasbubic yuena, s xoropuix x < fiy < p, < y. Torna
a¥ = sup a%r<< sup a%==uab < ab2 << sup ab =ay
B<vy

3 ==
a <x a < I
M Mbl JOK432JH4, UTO
a* < av .
JoxkasateabcTBo 4). Ias satypaasuoro n > a (@ > 11)
l <at/n < niin ___, |
H >0
(cM. npumep | n.6)) ¥ Mbl XOKAa3aaH NOKa, YTO
lim ai/n =1. (14)
n-—-+>m
3ajanuM Terepb NPOM3BOJNLHYIO [OCACLOBATENBHOCTE MONOKHTENbHBIX
yacen  x, < |, crpemawyrocs &k wymo  (x,—0, x, >0). [Ilycrs
=(1/x,] —uenas vacts 1/x,. Toraa 0 < x, < l/k, u
l=a% < axn < al/kn,
[Moaromy B cuny (14)
lim axn=1.
n —+»aw
, Tae x> 0, atum
(15)

l;

B culy npOH3BOMBHOCTH NOC/IEAOBATEABHOCTH {X,}
JOK23aHO, YTO CYLIECTBYCT Npasbiii npejes
lim a*=

x>0
x>0
HO TOTJa, CYWECTByeT W JeBblil mpeien
. : 1 1 1
lim a¥= lim —== =—-=1 (16)
X0 —x>ga~% lima¢ 1
-x>0 u—0
u>0

x<0
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Ha (15) u (16) caepyer, uto

lim a*=1
X =0

(cM. § 3,2, (6), (7)). DTum cBOiicTBO 4) AOKA33HO MOJIHOCTHIO.
JokaszaTeabcTBo b). 3anaauM Kak yroaso G6osbuioe YyHCeaod
M > 0. CymecTsyer palkopaJbHOe YIiCaO @ TaKoe, uto a* > M, nistomy

M < a* <a*, vx >a.

CrefosatesibHO, % —» 00, NPH X —> -,
JokasaTensbcTtBoO 6).
. . ] I
lim o= lm ——e—— =
X>-® x> txwa™* lim a4
U—>r+x

0.

Ecnu 0 < a <1, To nonaraem

1
a* = T *

Croiictea 1), 2), 4) npu atom coxpansaiorca. CpoicTBo 3)
uMeeT BHL: a* > a¥ (x < y).

CpoficTBo 9): a*— 0, x — - 00,

CpoiicTBo ke 6) umeer BUA: a* — + 00, X —»— 0O.

r) dynxkuns log,x. Bysem cunrats a > 1. Tak kax
QYHKLUMA y=a* MNenpepbiBHA W CTPOTO EO3pacTaeT Ha
(— o0, 00) 1 oToOGpaxkaeT HuTepBaJ (— 00, 00) HA HHTEpPBaJ
(0, 00), TO cyuiecTByeT o6paThasl K ueH (QYHKLHS, Henpe-
puiBHas W crporo Bospactaiomas na (0, oo). Ee HasbiBator
aceapupmom Yy npu ocHoéaruu a W 00O3HAYAIOT CHMBOJIOM

x=loga Y, yE(Ov DO)

Ms ckazannoro cieayer, 4to (Mbl 3aMeHfleM Yy Ha X)

lim log,x== -} oo, limlog, x=— oo.
X= + ® x—> 0
x>0

Ilpy a <1 paccyxieHns aHajoruunbl. QyHKUHS af
TaKxe OTOOpaXaer JAeHCTBHTENbHYKD OCb (— 0o, 00) Ha
noayock (0, o), HO crtporo Yy6nBasi. O6paTHas ¢yHKUMA
log, x, onpenesennas Ha (0, o), Takxe GYAeT CTPOro YGhI-
BaTb, H Temepb

lim log,x=— 00, lim log,x = oo.
x =0

Xrt+®

x>0
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Hmetor mecto toxkpectsa (cM. § 3.6)
a%gax—=x (0 < r<+o00), log,ax-=x (— oo < x< +00)
(17
(as=1). Orclona Ha OCHOBAaHHH CBOHCTB QYHKUHU a* mpu
x, y > 0 umeem
aloga (xy) — XYy == aloea xgloga ¥ — gloga x+loge y

log, (xy) = log, x +log, y.
Ecan B 3TOM paBeHCTBe 3aMeHHTb X Ha X/y, TO [OJNY4YUM

log, x — log, y = log, (x/y).
Ianee

aloga x_ x! = (aloga x) ¥ — gy loga x (x > ()),

no3TOMy
log,x* =ylog,x (as=1, x>0). (18)

HakoHew, oTMeTHM, 4TO AAs MOJIOXUTENBHLIX He pab-
HbIX | 4yHcen a ¥ b uMeeT MmecTo

aloga b-|ogba _ (aloga b) logb a :blogb a__ a,

H, CJeJOBaTe/bHO,
log, b log, a=1.

Jlorapudm uxcna a npu OCHOBAHHH € Ha3bIBaeTCs Hamy-
passHbin  noeapugmom uucaa a H - 0603HAYaeTCA  TaK:
log,a=1Ina.

1) BepHemcs K cTenenHod ¢yHKUHH

y=x" 0<x< oo,

[locsie H3/MOMEHHOro Bbllle Mbl MOXEM CKa3aTh, Y10 3Ta
(QYHKUHMS HMeeT CMbIC/ He TOJbKO AAH PAllHOHAJbHBIX A1,
HO M A/ MppauxoHaabHbix. Ee Moxuo 3anucats (cMm. (17)
n (18)) rak:

xn___enlnx' (19)

OTKYJAa BHJIHO, UYTO OHA HEMpEphIBHA, KaK Cyneprno3Huus
HENpepLIBHLIX (Y HKUHUII,
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Mpu n>0 oHa cTporo Bo3pacTaeT H 0B.]ajaeT CBOUCT-
BaMH
lim x? =0, limx”* -- 4oo.
x—+0 x>t @
x>0
[pu n>>0 ecrecrsedHo ‘cuutats, 4to 07 =0, Toraa
Gyuxkuus Jlesaelcst LenpepsisHoii cnpaBa B Touke x - =0,
[pu 7 <O ¢yukims x® HenpepoiBia U cTpora y6biBaer
Ha NONOXHTEALHOIN HOJIyochH 1 ofiJajaer cBOACTBaMH

lim x" .= -}- o0, lim x* =0.
x =0 X—>+ >
x>0

M3 dopmyabl (1Y) caenyeT xapaxrtepHoe cBOHCTBO CTe-
NEeHHOH (yHKIUIH
(Xy)" sentntxy) canlnxealny :-X”Ij"
(x, y > 0).
e) dDyvuxiuns y=ux®. [ycth pynrunn u(x) u
v(x) 3azaupl B OKPECTHOCTH TOMKI «, 34 MCKJAIOYEHHEM,
ObITb MOXeT, canmoii Toil Toukn, & (x) > u limu(x)=A4 > 0,

X -»ra

lim v(x) =B {A n B koneunible uncaa). Toraa

X =
lim u ()20 = AB, (20)
B camom peae (em. (17), (18)3,

. ¥ () ) I v (x) In u (x))
limu(x) = lipes ) M) ..px>a =
A > 4 X —ra

lim v (xy lun Inu(x)
= p X4 X—+a L lnA__:AB.

Bo Bropom paBeHCTBE ITOH UeNH HCNO.Ib30BAHA HEllpepblB-
1OCTh (BYUKUHH ¢4, a B 4YETBEPTOM — HICUPEPBIBHOCTL QY HK-
uun Inz.
Ecau u (x) nu(x) nenpepruBHbl B TOUKE x=a H u(a) > 0,
TO B HEKOTOPOH OKPECTHOCTM 3TOW TOYKH u(x) >0 (cm.
§ 3.3, Teopema 4) u A= u(a), B=v(a). [lostomy B cuay (20)
lim u (x)? %) =y (@)* .
X—=>q

OrmeTuM HuTEpecHble Clydad, He I1peflycMOTPeHHLIE pa-
senctsom (20), xoraa (npu x —a, 1t >0) u —+o00, v—0;
v-—oo, u—1, v—0, u—0.
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B 3tux cayuasix He AeficTByeT Teopema o npeaene vlnu.
3apauez, ne umes GoJsiee TOYHOH HHGOPMALMH O Xapaktepe
CTpeMJIeHHsl 4 W U K YKas3allHbIM M[pefenaM, HEeBO3MOXKHO
Jatb dopmyday aas limu?. 3ru ciyyau aaoT IS Bbipaxe-

X —>a

HUS u? B OKPECTHOCTH TOYKH @ HEOMpeJeJeillocTH BHAA
o0f 17, 0°

) TpuroHomMeTpHUYECKHE DyHKUMH sin x,
cosx, t@x © nap. u3BeCTHb YWTaTeNlO M3 Kypca TPHIOHO-
metpui. Onu onpeaesnsioTcs TaM K3 TEOMETPHYECKHX C000-
paxenHit. Mpl OyaemM T1oxe 643MPOBATLCS HA ITHX OMpeje-

JIeIHAX.
MoxHo Obi10 Obl JaTh YHCTO aAHAMUTHYECKOE onpegeJae-

HHe TPHCOHOMCTPHUECKHX GYHKIHHA, HO Mbl 3TOTO Jieiath
He. Gyaem.

OtmerimM, 4TO PYHKUMS Y ==sinx HenpepsiBHa (cM. § 3.3,
npuMep 3) i CTPOro Bo3pacTtaer na orpeaxe |— m/2, m/2],
oro6paxas 3TOT oTpe3ok Ha otpesok [—I, 1]. Ho toraa
OHAa HMeeT OGPaTHYIO ONHO3IAaYHYI0 HernpepbiBHYIO dYHKUHIO

x=arcsiny, y€[—I1,1].
Oniako ¢yHkuus y==sinx, paccMaTpuBaemast Ha BCell oCH
(— o0, 00), NMEeT MHOFO3HAUHY!O, Jaxe 6eCKOHEYHO3HAUHYIO,

obpatnyio GpyHKUHIO Arcsiny, Bce 3HayeHHsi KOTOPOH BblYHC-
JAOTCSl 110 dopmyJie

x=Arcsin y=(—1)*arcsiny+kn (k=0, £1 ,42, ...), (2])
T. €. KaX[OoMy y €[—1, 1] cooTBeTCTBYET MHOXECTBO e, sua-
yeHUH x, onpejesisieMnix QOpMyJIOH (21)
[Togo6ubIM 0GpasoMm Aast ¢y HKILMIA
y=cosx, O0<<x<m,
y=1igx, — /2 < x < n/2,
o6paTHBIMH OYIYT (QyHKLHU
x=arccosy, ye[—I,1],
x=arctgy, y€(— oo, x),
a Aad 3TUX Ke (YHKuUH, paccMaTpuBaeMuiX Ha JAeHcTBII-
TeNbHOH OCH, 06paTHbie QYHKUHH HMEIOT COOTBETCTBEHIIO auu
x = Arccos y = + arccos y -+ 2k,
x=Arctgy =arclgy-+kn
(k=0, =1, £2,...).
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3 Tunep6oanueckue QyHKUUH. DYyHKUMH

LA A OV | E | NV L.
2 ’ chx’ sh x

X p—X

4
shx=—5—

3 , chx =

HA3LIBAIOTCSl COOTBETCTBENIIO 2unepOOAUiCCKUM CUHYCOM, KO-
CUHYCOM, MAHSCHCOM 11 HOMAHCEHCOM. HaqepTMM nx rpa(,’pm(n
(puc. 32 n 33). ®ynkunn shx, chx, thx onpenenenn na

YA
)
thz cthe
=
shz
thz
. 7 3
/4 2
_________ 4-7
cthz
Puc. 32. Puc. 33.

(— oo, o0), a cthx—mna 3tom xe wuutepsaje, 3a UCKJIO-
yeHHeM TOYKH X == ().

JIerko npoBepuTh, uTO sl ITHX (PYHKUMA MMEIOT MecTo
dopMyabl, NoAoGILE (GopMmysaM 06BIYHON  TPHTOHOMETPHH
(no me secerjia cosuajalowve). Hanpuamep,

sh(x+y)=shxchy-+shychux,
ch(x-+y)=chxchy-+shxshy.

[onarasi B 1OCJEAHEM PaBEHCTBE Y =:— X, TOJYUNM
ch?x —sh?x=1.

OTmeTuM, 4YTO BCE pacCcMOTpeHuble 3Jlechk (GYHKIHHU Hernpe-
puiBHBl B CBOMX ofJsactsix onpepenennsi. Has shx, thx
CyllecTBYIOT oOpaTHble (GYHKUMM apeacuryc eunepboauye-
ckuii x = Arshy n apeamanecnc eunepboauneckusi x == Arth g,
KoTopele oanosnaunsl. O6paTHas ¢yuknua A28 chx npu
x>0 TaKxXe OZHO3HAuHa.
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§ 3.9. 3ameyaTenanHsie npeaenni

Teopema I.
. sin x
lim — =1.
x>0 X
Hokasateabctso. Tak kak ¢yHkuus y=sinx

‘ABJIAETCA HENpephiBHOH, TO sinx — sin0 =0 npu x — 0.
sinx

IA [Tostomy eblpakerue —— npex-

craasier  cofoil  Heompejese!:-

0
HOCTh BUJ4 (—0—> Packpoem 3ty
¢ HeonpenenenHocts. W3 onpene-

JIeHHsl TPHFOHOMETPHUECKUX DY HK-

liMii W TeoMeTpHYecKHx coobpa-

7 z ! > JKeHWil umeem (puc. 34)
¥ 7.4 ¢ O<sinx<x<tgx
Puc. 34. npu 0<x<n/2(MN =sinx,

AM | OM, AM~tgx,OM_l)
Orcona, gens Ha smx>0 noJyyaem

| sin x
sin x c05x 1 l>—>cosx (l)

HepagenctBa (1) Bephbt H gns — n/2 < x < 0, Tak Kak
sin
byHKUKH cOSx H —;—’5 yeTHele. Jlasiee QyHKIOHUA COS X HEnpe-

PBIBHA, MO3TOMY

lim cosx =cosQ0=1,

x—0
v, cjJefoBaTeqbHO, nepexoAst K mnpeaeny B (1), B cuay Tteo-
pembl 4 § 3.2 noay4um, 4TO

lim 205
x—+0
Tlpumep 1.
25in2£
: | —cos x .
llm—2-=llm——,,—=
X 2
x>0 x—+0
smi\ ’ sin ﬁ\\ :
=1 tim 2 = w2 ) =L =]
21—»0 _)25_ 2 x—+0 _f_ : 2
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Teopema 2.
fimn (1—{—--1—))‘:3. @)

X-rx
Hokazatenbcrro. B cury onpenenenus mupenena
(PyUKUMHE MBI IOMKHBL [OKA3aTb, YTO

<1+:_n>"‘—'e, Vi, — 00, 3

Ecau x,=n—wHartypaasloe, TO 3TO YyXKe JOKA3aHO.
Hro6bl Aoka3zaTh (2), 4oCTaTOUHO yGeauTbes B TOM, 4TO (2)
BEPHO B IBY X CAy4asdX: KOra ¢, — +- 00 W KOr4a x, — — 00,
npoferas He 0643aTeNbHO lesble 3Hauyelus (CM. 3aMedaHue
B KoHue § 3.2).

[lycte  x,—nMpo3BosibHast nepeMeHHas, CTPeMAAACH
K 4-00 (X, — + 00), W nycTs [x,]|==k, —1e1a5 yacTb yucaa x,,.
Torpa 2, <x, <k, +1 <x,4+1<k,+2 u

- I N+t [ Nent1 P | \kn+2 1\2
() <1 5) " < (1) "< (14
[Tpu x, — + oo [x,] =k, — + c0, OTKYJd REPBLIH H NOCACH-
HHA Y/eHbl WEAOYKH HEepPABEHCTB cTpeMsATtcs K e. [loatomy

1 \xpn+!
(1) =
I o -
H TaKk KakK MpH 3TOM 1+-X——+ l, To mMbi mokasaau (3) aas
n
X, — -+ o0.
Ecau temepp x,—— — 00, TO X, =-— X, — - 00 U
R ooy . 1 -,
lim (l—g——)': liin (l——,) =
Xy >~ Xn ":'1 et Xn
= lim <—x”—) "
X,;»»+:n x”_l

— lim |<1+ ! )'ﬁ“<1+ ! )]:e,
x,'l—>+ao xn— 1 Xn—1

T. e. (2) mokasawo.
[Mpumep 2.
lim (1 4+ w)t/v =e,

@w—0

[Monyyaercs u3 (2) sameHoit 1/x =u.
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NNpumep 3.
lim (l +E)x=e“, lim (1 +au) /4 =¢*, Va.
X—> @ x u—->90

[Mpu a= 0 370 BHIpaXKeHMe CBOAMTCHA K npejeny lim [¥=

X = @

= ] = ¢°, NOTOMY YTO 110 ONpPEeLEeJIEeHHIO cuuTaeTcs, yto 1¥ =1,
p _
Ilycte Teneps as=0. Ecan x — oo, TO Z @ H

(48] =42 e

Hago yuecth, uTo cTemeHHass ¢YHKuUHS u® HenpephiBHA
B Touke u=ce (cM. § 3.8, n)).

ITpumep 4.
lim In (|+X)= 1, lim IOEG(I—I—X) log =I_l_.
x>0 x>0

Tak xak Inu ecTh HempepbiBHaA ¢yHKuus Ha (0, oo), TO
(cM. npumep 2)

lim 0D iy In(14-x)/*=1In lml(l +x)*=Ine=1.
x-»0 X x>0
IMpumep 6.
lim £=! —1naq (@a>0) lim ex:' =1.

x—> 0 x>0

B camom pene, nosoxum a*—1=u. B cuny Henpepnis-
HOCTH nokasateabHo#l ¢yHRuUMM u— 0 npu x — 0. [lanee,
xIna=In(l 4 u), nostomy (cM. npumep 4)

. av—1
xh_r)no ~ _JT]OII]([+ )lna_lna ulﬂf})l (l+ ) =Ina.

§ 3.10. Mopsinok nepemeHHOH. IKBUBAJNEHTHOCTH

Bygem paccMaTpupaTh ase dyHkuuu @ (x) # P (¥), 3anaH-
Hble B HeKOTOpoil oxkpecTHocTH U (a) TOYKH a, 3a HCKJOue-
HHeM, OLIThb MOXeT, caMoil TOUKH a. ToyKa a MoxeT OBbiTh
KOHe4yHasi HaH GeckoHenHas (- o0, — oo, HaM oo). Bygem
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cuutath ewe, 4to P (x) =0 na U (a). Ecuu

lim % _ o, (N

x»a W0

TO OyjiCeM 3TOT (haKT 3aniChiBaTh TAK:
¢ () =o(Pix). x--a, (1)

U TOBOPHTL, UTO @ (X) ecmo o-maaoc om P(x) npy x—a.
Hanpumep:

XPoso(a, x — 0,
Xt o\, x — 0, ecau m < n,
Xt os o (a0, X — 00, ECAU /N > 1,

(x--ay* --0(ix—a)’), x —a

L1
I —cosx=o0(x), £ -0, unotomy uro lim

—C0s x
—==0.
x>0 X

Beipaxenue o(1), x — a, ofosiayaer GECKOIEYHO MaJayto
-NPH X — @, T. €. HEKOTOPYyI (YUKLHIO ¢ (Y), KOTOpdst CTpe-
MUTCSt K HymMo npu x -——a (¢{x) — 0, x-—a). Hanpumep,
¢ (x) :..:-I-Hl—x:o(l), X — -|- 00,

Cnoiictso (1), ouepmjIlo, BLIP2XKACT TOT (PAKT, YTO
QyHKUHIO @ (x) MOXHO 3anucartbh B puje ¢ (¢)=¢(x)P(x),
e e£(x)— 0 npu x —a.

Ecan @yHkuun ¢ u P, yyactsyiouiue B cooriowenuu (1)
(vau, uto Bee pasuo, B (1)), cyThb Geekonediio Maganle npu
X—a, 70 roBopdT cue, yuorpebass Hoaec cTapiliHyo Tep-
MHHOJIOTHIO, MTO ¢ (X) npu x —a ecmo GeCKOHeYHD mQAQs
goictezo nOPAHOKA 1O OMHOUCHII0 K (GecKollenIlo Maaoit) ¢ (x).
Lean me ¢ ¢ B (1) OeckoreuHo OoJiblIKe UPH X — @, TO
TOBOPSIT, 4TO < (X) UPH ¥ —>a ecino OCCKoHedHo 0onbLIasA
6oace nuskoeo nopsdxa. dem Pp(x), uau cuie w10 P(x) ecmo
OeckoHedHo Boavtuas Ovace GbICoKo20 Nopacka, 4em ¢ (x).

Bynem ewe nucarn

()= (x), x—a (2)

H Hasblsath QYHKIHK @ (X) B P (X) IKCUCAACHIMHbLIY (QCU MILMO-
MUYCCKU PABHLIMU) 11PIL X — @, €CJH BbIIOJIHNeTCS CBOACTBO

i 9 '
Jin 5 =L ()
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Hanpumep,
sinxx~x, x—0, (3)

U ewe (cM. npumepw 1, 4,5 § 3.9)

l—cosx~~ x¥2, x—0, (4)
In(l 4-x) = x, x— 0, (5)
e*—1 =~ x, x — 0, (6)
a*—l=xlna, x—Q. (7N

OTMETHM, UYTO eCcJu
lim [(x)=A=0,

X —> a

TO 3TO 3KBHBAJEHTHO (PaKTY

. M)
lim =2 =1,

XxX—>a

YTO Mbl yCJIOBHJIP(Cb 0003HayYaTh TAKXKe TaK:‘
fx)= A, x—a (A=£0). (8)

TepMu0.10rH51, KOTOPYIO Mbl 3aeCh BBEJH, HYXHa AN
Toro 4ToObl YIPOLLATh BBIYHCJIEHWS W COKPallaTh 3aMUcH
dopmy.si. BaxHO npH 3TOM yCBOHTb HECKO.BKO NPOCTLI
CBOHCTB 4CHMITOTHUCCKH PaBhLIX (SKBHBANEHTHLIX) GYHKUHH,
KOTOPbi€ BBIP2XEHbl B TEOPEMAX HMXKE.

Teopema 1. Ecau

¢ =Yx), x—a 9
o
Y(x)=q¢(x), x—a. (10)

JoxkxasateabncTBo. Jleao B ToM, yto ecaun P (x)s=0
Ha U (a) w sbmoansercs (9), To, oueBuaHo, u @ (x)s=0,
6LITh MOXeET, Ha HECKOJbKO yMeHblweHHOH# oxpecTHocTH. Ho
TOTAQ

lim $®) _ fim _L__ 1t _ ¢

x—»aq’(x) x—»amzl_—

P (x)

Teopema 2. [an evnoanenun ceoiicmea (9) Heo6Gx0dumc
u docrmamo4ro, 4mobst

) =% +o(¥(x), ¥—a. (11)
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Pagenctro (11) Hafo uutaTh caelylouldM o0pa3oM: cJja-
raemMoe, Kotopoe 106aBasercs K Y (x), utoGbl NONYUHTh @ (X),
o6s1ajaeT CJeayloWHM CBOMCTBOM: ecJii pa3leHTb ero Ha
P(x), TO 1OJyUYeHHOe HYacTHOoe OyleT CTPeMHTLCA K HY.JIO,
€CJAH YCTPEeMHTh X K d. )

Ilokaszateabctro. [lycts umeer mectro (9). Toraa

Q) __ — —
T 1 4-e(x), rae e(x)—0 npu x—a.

CrejoBaTtenbHo,
¢ () =P () +eWP(x)=p(x)+o(P(x), xr—a,
u Mbl pokasanu (11).
O6parno, ecau Bepto (11}, TO
@ (X) =0 (x) + 0 (P (x)) =P (x) + £ () Y (x),
rie &(x)—0 npu x — a. Tlostomy
g -
;l—(x_) _l+b(r)x—>al
H MBI noayuusn (9).
Teopema 3. Ecau

Yo =P, (x), x—a,
xlim [0 () (x)] = lim [(p (¥) ¥, (0], (12)

Plx) 9 (x) .
Jim S = Jm (13)
Smu pasencmeu HOG0 NOHUMANL 8 MOM CMBICAC, 4MO
ecAu cywecmeyem 8 Hux npedea cnpasa, mo cyuecmsyem
npedea u caeea, U OHu pasuel, u o6pamro.
Orcrona caenyer, 4TO ecau Kakoil-nu6o H3 3THX mpeje-
JIOB HE CYIIeCTBYET, TO HE CYIIeCTBYeT M BTOpOil.
INokaszateabcTBO. [lpuBezeM TOJBKO OJHO H3 3ITHX
paccyxnenud. Ilycte cymecrByer npenea crnpasa B (12).
Torpa

Jim o (9w (9] = fim [9 (9w 03155 | =
= lim [ (), (9] lim - = Jm 1o ()% (9] 1=
= lim [p () 9 (5)].

tmno
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'I'Ipmvlep 1. tgx~x, x— 0, notomy urto

lim %~ lim (ﬂﬂ ! >=1.

x>0 X x—>0 X COsS X
Mpumep 2.
. tgt x x3 . x? 0
lim = lim = lim — =—=0.
x—>013+ x—>0x3+ x—>0x2+l I

Onpenenenue. Ecau drn yrxyuu ¢ (x) moxHo nodo-
6pame qucaa A u m, 20e A=+0, makue, 4mo

o(X)x A(x—a)®, x—a,

mo eosopam, umo gynryun A(x—a)™ ecmo eaagHbii cme-
neunoll uaen yukyuu @ (x) 8 OKpecmHOCMU MOYKU Q.
IlpaBbie wacTH cooTHoweHHd (3)—(7) cyTh, OUEBHAHO,
r1aBHble CTENEHHbIE YJ/EHbl JieBEIX 4acTeii npu x —s 0.
Bynem roeoputs, uto f Ha MHoxectBe E HMeeT nopadox
¢ uan cuwe f ecte O 6oabuiwoe om ¢ va E n npu stoMm Gyaem
nHucaTh
f(x)=0(¢(x)) Ha E, (14

eCcJaHn
[F()<Clox)|, Vx€E,

rije C—He 3aBHCAIAS OT X MOJOXKHTENbHAs KOHCTAHTA,
B uyacTHOCTH, pPaBEHCTBO

f(x)=0(1) na E
ofo3HayaeT TOT (akT, 4To [ orpaHuuesa Ha E.
Mlpumepsn:
1) sinx=0(1), sinx=0(x) na (— oo, o0);
2) x=0(x% Ha [, oc0);
3) x2=0(x) na [0, I].



FTTABA 4

JUOOEPEHUHUAJNBHOE HUCYUCIEHHE ®YHKUHHA
OJHOW NMEPEMEHHOH

§ 4.1. Mpoussoaunas

[TorsiTHe NPOM3BOAHOI -— BaxKHedlee MOHSITIIE MAaTeMaTH-
UECKOro aHua/iida Hapsay ¢ JIOHATHEM HIrrerpaJa.

[l poussodnoii om Gyukyuw [ 8 moure x Hasueasmics npe-
dea ommowieus ee npupaweHia Ay 6 Imod mouke K coom-
gemcmayiowemy npupaycHio  apeymeima Ax, koeda nocaed-
Hee CINPeMUNICS K HYalo.

[TpoussojgHyto npuHsATO 0603HAYaTh TaK:

. A . J-Ax)—f (x
[ (x)= lim A—”: lim [ELAN—/ () h
Ax - 0 BX Ax — 0 Ax
Ho wupoko ynorpeGasiiorca W Apyrue oGo3HaueHus:: y’,
af (x) dy Or "
I e YAoOCTBO TOrG MM MHOrO M3 HHX UYHTATeJb
BIIOCJEACTRBHH OUEIHHT CaM.
A
[Ipu ¢uKcupoBaloM x Be/aHuHHa A_,!: ecTb  (PYHKUHS

or Ax:
Ay
P (Ax) = ¥ (Ax 5= 0).

JLasl cyulecTBOBaHUST MPOU3BOAHON OT [ B TOUKE X Heos-
X0AuMO, 4ToObl (yHKUMA f Oblia onpeje/neHa B HEKOTOPOH
JKPECTHOCTH TOYKH X, B TOM 4ucae B camoii Touke x. Toraa
pyumimst p(Ax) onpegetena anA AOCTATOMHO MAJbIX HE PaBe
qptx myqo Ax, T.e. aan Ax, yroBJaerBOpPSIOUHX HepaBeH-
ateam 0 < |Ax| < 6, rge 6 pocrarouno mado,

KoHeuno, He A5 BCAKOH (GyHKuuu f, onpejeeHHOI
3 OKpeCcTHOCTH TOYKH X, cyglecTByer npefeda (1). O6biuHo,
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KOrja roBopAaTr, 410 (PYHKUHS [ UMeeT B TOYKe X NPOH3BOX-
Hywo f’ (x) 1101pa3yMeBaloT, YTO OHA KOHeYHa, T. €. npezes (1)
KOHeuHblil. OAHAKO MOXCT CAYUMTLCH, YTO CYIIECTBYET Gec-
KOHeuHblid nipesed (1), pasHubiii + oo, —oo, HaH 00, B 31HX cay-
4afAx 110.1€3H0 TOBOPHTh, UTO (YHK-
./ UHA [ WMeeT B TOUKE X 6CCKUHEHHYIO
1npoussnornylo (paBlylo - oo, — oo,

Y=lz| MM 00).
Ecan B dopmyane (1) npeanona-
raercs,, uto Ax-—0, npuHnmas

”l —>7 TOJNbKO [OJONKHTEIbHbIE 3HAYEHHSH
(Ax > (), TO cooTBeTCTBYIOLLHH Mpe-
Pue. 35. e (ecall OH CyLIeCTBYeT) Hasbl-

BAETCsl npasoil npoussodHoi om f 8
mo4ke x. Ero MOXHO 00o3Hawite Tak: fgp(x).

Ananornuno npegea (1), korga Ax — (), npoferas oTpu-
uaTesibHuie 3uavelna (Ay < (), uasbiBaeTcn Aeg0  NpoOU3-
eodnoil om [ e x (f;(x)).

KoHeyHo, A4 BHIYHCIEHHA [, (X) (¢COOTBETCTBENHO [ (x))
HeoOXO0NHMO TONBKO, 4ToOL! (DyHKILHA [ Obl1a 3ajaHa B TOUKe X
W CrnpaBa OT Hee B HEKOTOPOH €e OKPecTHOCTH (COOTBCTCT-
BEHNMO B X I C/CB3 OT X).

TurnuHbiM s8asierca cayuafl, Korga f 3ajasva Ha oTpeake
[a, 6] n umeeT BO BceX BHYTPCHHHX TOYKaX 3TOIO OTPe3Ka,
T. €. B TOUKax HHTepmaJsa (a, b), IIPOH3BOMIIYIO, B TOUKE Xe a
1IMeeT 11PAaBY0 HPOII3BOAHYIO, a4 B TOYKe b —aeByio. B Takux
cAyuanx TosopsiT, 9TO ¢hyHKyls [ umecm npoudeodHynw Ha
ompe3ke [a, b|, He oroBapuBas, UYTO HAa CAMOM JleJie B TOYKe a
OHa HMeeT TOJbKO MpaBylo HPON3BOAHYI0, @ B TodKe b —
TOTLKO JIeBYH0.

HerpyaHo BigeTh, 4To ecaud dyHKULHs [ HMeeT npaBylo
H JIeBYI0 MPOH3BOJHLIE B TOYKE X W OHH DaBHbl, TO [ lMeeT
npou3600HYI0 B X:

frp (%) =[5 () =[" (x).
Ho ecsu npasast U /eBas NPOH3BOAHBIE B X CYILLECTBYIOT

U He paBHbI MeXAY co60H (fhp (X) 5= [ (X)), TO npoussodHas 6 x

He cyuecmasyen.
[Tpumep. Paccmorpum ¢yHkuuio y=|x| (puc. 35).
Jdas Hee
Ay _ |xtAxi—jx|
Ax Ax )
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Ecan x>0, 10 x-+Ax >0 ana nocratoyno Maimx Ax a’
Ay x+Ax—x Ax =1 (x> 0).

Ax T Ax Ax
Ecmn x < 0, To x+Ax <0 ang ROCTaTOMHO MaJaux Ax W
by  —G+A)—(—v ___ Ax__
Ax Ax =7 Ax 1 (x<0).

Takum 06pasoM, _
[ 1, ecan x>0,

by Ay
|1 A,','.’I‘o Ax 7| —1, ecan x <0,

Mycts Tenepy x=0. Torna
ﬂ/__lA”_- ﬂ_ _.l 1, ecau Ax>0,
Ax  Ax =sign Ax zo =signAx= | —1, ecan Ax <O.

IMostomy

. . Ay
lim == lim = =—1
Ax—0 A * ax0 A%
JE Ax >0 Ax <0

Takum o6pa3oM, QyHKUHA |x| HMeeT B Touke x =0 npa-
BYI0O MPOU3BOAHYIO, PaBHYIO 1, H JeBylo— paBHyl —1, 410
nokasmBaet, uto B Touke x=0 ¢yHKuHa |x| npouseodroi
He HMeeT.

Mnl 3naem (cM. § 3.3, npumep 8), uTto |x| ecTb Henpe-
puiBHaA (YHKUHSA QA BCeX 3HaueHWi X, B TOM YHCJE H
B Touke x=0, MO3TOMY OHa MOXET CJYXHTb NPHMEPOM
HenpepbiBHOH BCIORY (YHKIHH, He HMewoUled B HEKOTOpO#H
TOYKe NPOH3BOAHOIT. B MaTeMaTHKe H3BECTHH NPHMEPH ¢QyHK-
LM, HenpepbIBHbIX HAa BCeH AEACTBHTENbHOH OCH H He HMelo-
WHX B JI060H TOuke OCH TNpoH3BoAHoH. Takoi sBaseTcs
¢yusxiua Belieputpacca, npeactaBuMasi TPHTOHOMETPHYECKHM
panoM

a®
p(x)= 26‘2"‘ sin 27 mx.

n=

Bnpoqu, Ha JeTaJqaX 3TOro BOMpoca Mhul OCTaHaBJH-

BaThcs He 6yheM.
C 'npyro#i CTOPOHHI, 8CAKAR (PYHKYUA, UMEIOWAR NPOus-
603KY10 (KOHEUNHYIO!) 8 mouKe - X, HENPePLGHA 6 SMOd  mouKe.

S a.c Byrpos, C. M. Haxonscusf
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+ B cmsom apae; mycrs Bpenen (1) cyuiecTsyer B Toume .M
H KOHedeH. JTOT $aKT MONKHO SaNUCATHL CAEAYIOUIHM 06pa3oM:

. &=l (A +e(An, ®

rae e(Ax)~0 npu Ax=+0, T.e. B(Ax)ects Gecxoueuno
manas npa Ax — 0. Us (2) cremyer: -

Ay= f'(;) Ax+Ax-e(Ax).

f

flepexonn B SvoM paseHcTde K mpeaeay, korga Ax —0,

lim Ay=9,

Ax—>0

9TO NMOKa3bBA€T, 9T0 [ HENpepniBHAa B TOYKE X.
OTMeTHM HEKOTOpbie BaXKHBIE MPHJIOMKEHHS MPOH3BORHOLMN.
MruHoBenHan cKopocTh. Ilycte ¢pyHkuus s=f(¢)
BHIPaXXaeT 3aKOH ABWKEHHA TOUKH HAa NMpsimMo#. 3/ech S ecTh
paccToaxue (c yyeToM 3Haka) TOUKH IO HauaJabHOit Toukd 0
B MoMeHT BpemenH f. IlyTe, npoiigeHHHi TouKoOfl 3a mpome-

KyToK spemenu [, {+ At], pasex
As=F(t+At)—f(t).

CpeARd ee CKOPACTh B 3TOM HPOMEMYTKE BPEMEHHW pasia

Uep
! Hemannifio ae (MeHoseH#ym) CKOPOCMbs B MOMBHT BpeMenw ¢
ECTEeCTBENHO OfPEReNUTL KaK Npesen '
: As ’
v= lim —=f" (£).
at 04t @
Cuna toka, Ilycte Q=f(f) ectb KosH4ecTBO TOKa,
NpOXonsllee yepe3 ceyeHHe npoeoaa 3a Bpemsa f. Toraa

AQ _ Ut Ah—f ()
At N

ccr coemmmn case roa e npoummyeon. monmen £, -+




t4.2. TEOMETPHM ECKMA CMHC/A NPOM3BOAHOR 1}1

A upenen
AQ

lim — =

at20 A

€CTb CHJAa TOKA B MOMEHT BpeMeHH 1.
MMaoTHocTh, pacnpeienenus Macco. Ilyeth
(puc. 36) Ha oTpeske [a, b] ocu x pacnpeleseHa OAHOPOA-
Hag Macca BooOLle HepaBHOMED-
HO, TAK UYTO KOJ/HYECTBO MaccChl,
Harpy»KemHait Ha OTpe3oK [a, x],
paBHO -

CM=F(x) (@<x<b).

3710 KOJIHYECTBO IPONOPLHOHAJD-
Ho nJowany ¢urypol aABx. Ta-
KHUM 06pasoM, M ecTb ¢YHKUMSA
ot X (M—=F(x)). Koauuectbo ¢
'MacChl, MpUXoaflleecs Ha OTpe-
80K [x, x+ Ax], oueBnaHo, paBHO

AF =F (x +Ax)—F (x).
Cpennss ee NJOTHOCTb Ha 3TOM OTPe3Ke paBHa %, a npeaea

lim &2 = F/ (x)=1p

Ax -0 A

€CTb UCMUHHAAA NAOMHOCING pacnpeaenenun Maccol 6 MmosKe Xx.

§ 4.2..TeomeTpHYeCKHA CMBICJ NPOH3BOAHO#M

Ilyctb Ha nHTepBase (a, b) 3ajaHa HenpepbliBHaf QyHK-
uus y=7[(x). Ee rpaduk HasbiBaeTcs Henpepviérou Kpusoil.
O6o3anaunm ero,.uepe3 I'. 3amazum na I' Touky A = (x, f(x))
(puc. 37 u 38) W nocTaBUM LEJBIO ONPElEUTb KacaTeNbHYIO
k I' B aToit Touke. [Ins 3toro Beemem Ha I' apyryio Touky
B=(x+Ax, f(x+Ax)), rne Ax==0 (na puc. 37 usobpaxen
cayuait Ax >0, a na puc. 38 —cayuait Ax < 0). Tlpsamyio,
npoxoAsuyto yepes Toukd A W B, HanpaBieHHYIO B CTO-
poHY BO3pacTaHHs X (OTMEYEHHYIO CTPeJKOH), Ha30BeM cexy-
weil v o603HauuMm vepes S. Yroa, xotopet S ob6pasyer ¢
NOJIOKHTEIBHEIM HanpaBleHHeM OCH X, of03HaunM uepe3 f.
Mu cunraem, yto — /2 <P < n/2. Mpu p > 0 yroa orcun-
‘5.

-
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-

THBAGTCA OT OCH X NPOTHB Yacosol cTpenku, a npu f <0 —
no uacosod ctpeake. Ha nanubix pucyukax § > 0. Ha puc. 37
u 38 Ax=AC, Ay=CB, Ay/Ag=tgp.

Ecau Ax—0, 1o Ay—0 u Touka B, asurasce no T,
crpemurcs K A. Ecau npu 3tom yron B cTpeMurca. K Hexo-

3’4} 1' .
. rs
L
b
7 Z+ds
Pac. 37. ‘ Puc. 38.

TOPOMY SHAYEHHIO &, OTIHYHOMY OT 7/2 H —m/2, TO cyule-
CTByeT npeaen
lim 24—
Ax —0 Ax

limtgp =tga, (1
fra

paBHbLIA TIPOH3BOAHON (KOHeYHOH) OT f B Touke x:
" (x)=tge. 2

O6patHo, ec/H cyHiecTsyer (KOHeuHas) npon3sogua [’ (x),
10 B —a=arctg ' (x). _ o

Tpu ctpemnennn f Kk @ cekywas S CTPEMHTCA 3aHATH
noJloMeHue HanpasJjeHHOA npsmoit T, npoxoasitell yepes
Touky A u o6pasyioleli yroJa e ¢ NOJOXHTeNbHBIM Hanpas-
JeHueM OCH X.

Hanpasnennan npamas T Ha3wlBaeTca kacamearsnol K
kpuaoii T' @ ee mouke A. . o

Onpenenenue. Kacameasnod & xpusod I' (y=f(x))
6 ee mouke A=(x, [(x)) Hasmeaemcs HanpagrenHaz npAa-
mas T, k komopoli cmpemumca cexywaa S (HanpagieHHan
8 CMOPOHY B803pacmanus X npamas), npoxodawas uepes A
u mouky B=(x+Ax, f(x+Ax)) €T, xoeda Ax— 0.

Mubl J0Ka3anH, 4YTO ecau Henpepwisras yrkyus y=f(x)
umeem Konednyro npou3ssodnyrwo ' (x) e mouxe x, mo ee epa-
¢ux T 8 coomsemcmeyroujedi mosxe umeem KACAmesbRywO ¢
yasosein  Kosppuguenmon tga=f'(x) (—n2<a <n/2.
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O6parno, cyljecTBOBaHHe npenesa
limp=a(—n/2 <a<n/2)

BJeyeT 3a co6oOM CylecTBOBaHHE KOHEUHOI! npon3BoaHoi [’ (x)
W cnpaseganBocTh paseHcTB (1), (2).

Moxer cayunthcs, yto f HMeeT B TOYKe X NPaByl0 M
JIeBYI0 NPOM3BOAHBIE, OTJHUYHBIE MEXAY COGO#:

fa (x)5= fap (x).

Torna A ectb yarceas touka I'. B 3TOoM cayuae kacatenb-
Has X I' B A He cyuecTByer, HO MOXXHO FOBOPHTH, UTO Cylle-

T r

| - o

ﬂl ‘.z'l : )
Pue. 39. Puc. 40.

CTBYIOT NpaBas M JIeBasi KacaTeJbHbi€ C Pa3HLIMH YFJOBHIMH
KOs(ipHLLHEHTAMH: ‘
tgo,= lim =f(x), tga,= lim 2= (x).
Ax -0 8% Ax—0Ax
Ax <0 Ax>0

Ha pic. 39 npueenen npumep Takoro cayuas.
Ilyctb Tenepr npou3rosHasi ot f B To4Ke x GECKOHeuHa:
f' (x)= lim A .
Ax-»0 A

OTMeTHM uYeThipe BaXHBIX CJyvas:
’ . T A_l_}_ n
D f (x)_Al,tTO A, = T % ﬂ—»—2- (puc. 40).

2 F(@W=lim F=—ow,  p——3 (puc. 41).



e s Efe Ay JNGOSBPRIUHARSHOR NCHUCABMUE

Ay .3

Y ()= lim Mo, g
Ar<o
f’.,p(x)-— é%x-{-w ﬂ-—-;-.
~ M>¢

Jlepasn Kacavedbuax, NEPNCHANKYMPHE OCH X W HANpAD-
flera BuH3, [IpaBag KacaTesHam HEPNEHAUKYAAPHA OCH X H
HampasieHa BBepx (puc. 42).

9 fi0= lim ¥—t oo, B3,

Ax <0 tA
4
fuple) = lim 24 —— oo, B —7..
- Ax>0

Jlesasa u npaBas xacaTesbHble HanpabJieHbl lapaJl/ieslbHO
OCH Yy, nepras BBepX, BTOpas BHH3 (puc. 43).

IlpuMmeuanne. O6blyHOE omnpenesieHHe KacaTeabHOM
Kk kpuBodd I' caenyiowee: kacatenbHas T k Kpueowt [ B ee
Toyke A ecThb MpsMasl, K KOTOPOH CTPeMMTCH cCeKywas S,

A /Y r g
. r
A
A
7 z 3 7 T % 7 T
Tl fl 17
Puc. 4l1. Puc. 42. Puc. 43.

npoxoafuias yepes Touky A W Apyryio Touky B €T, xorma
noc/aefHdAs, ABurasice no F, crpemutcs k

B sToM onpenmenieHun He npepnosaraercs, uto S u T —
HampaBJieHHble MPpAMbE. ITO onpejefeHHe BNOJHE KODPPEKTHO
B cJydae KacaTeJbHOH He napaJsnenbHolt ocH y. OaHaKo ecan
MPHUMEHHTb €ro, HampuMep, K caydaio 4) (cM. puc. 43, rge
A— — yrJioBas TOYEA), TO NOJYYHM, YTO A3HHAS KPHBaf HMEer
B TouRe ‘A eAMHCTBeAHYI0 KacaTelbHYd, 310 He BfXercH
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C HallllM MpejCTaB/eHMeM O TJIAJKOCTH KpuBOi, uMelolel
KacaTeJibHYI0.

[puBeenHoe HAMK onpejeseHve jaer B Touke A 1Be
KacaTeJibHble (CJIMBAIOLLKECS), MWMEIOUlHE T1POTHBOMNOJOXKHEE
HanpaBJeHus. YToJ MeXAy HHUMH paBeH .

M3 anaautnyeckoil reoMeTpHd M3BECTHO, YTO YpaBHEHHE
npAMOI (B IJIOCKOCTH), MPOXOAsiled 4Yepe3 TOYKY (Xo, Yo)
Noj yrJoM o K TOJOXHTEJbHOMY HAnpaB/leHHIO OCH X
(— /2 <a<wn/2), HMeeT BHLY) y—y,=m(x—x,)
(m= tg a). Otcioaa vy paBHeHue KacaTe/IbHOH K KpUBOil y = [ (X)
B TOYKE (X4, Y,) HMEET BHA

Y—Yo="Ys(x—X,), ©)
e Y, ==f(xe), Yo=Ff" (%)
[lpamas, npoxoaswas uepe3 tTouky A €' nepneHpuky-

JAPHO K KacaTeabHo#t K I' B 3TOH TOYKe, Ha3kLIBAaeTCH HOp-
mareo k T' 6 moyxe A. Ee ypaBHeHye, O4€BHIHO, HMEET BUL

Y— Yo = — = (x— x0). (4)
Yo

Tipumep 1%2). Haiitu ypaBHenHe KacaTesabHOl K KPHBOH

xﬂ y?
SZ+E=1 (—a<x<a (5)

2 2
B HEKOTOpDOH €e TO4KE (Xg, Yo)s T. €. -33—]—%= 1.

KpuBasi (5) Ha3spiBaetcs aaauncom. OueBUAHO, YTO 3/JHIC
pacrnoJ/ioxkeH CHMMETPHHYHO OTHOCHTEJBHO OCCH KOODIMHAT,
TAK KaK ero ypaBHeHHe He MeHsSeTcsl NpH 3aMeHe x Ha (— x)
¥ y Ha (—y). Ilpu BbiBOZe ypaBHeHHsI KacaTesbHOfi 6yjeM
cyuTaTh, T0 —a<<x<a, 0<Cy<<H. M3 (5) umeem

b
y=<ZVa—-a. (5")
—bx

Oreona ' =y

1) Cm. Hawy KHHTy «Bhicwas mareMatnka. JnemeHTH JuHeliHOj

aiare6pHl W aHaJHTHYECKOR reometpuis, § 8.
IMpumepu 1, 2, 3 moxno paccmorpers B § 4.8, nocje obAanesns
TexHHKOH AuddepeHunpoBanns,
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i BalsHC M 1”!“““0 Y H NPOHIBORHYIO 'y' B TOUKE X,:
—-bx.,

by —
Ye=Y (xt) =3 Va Xo» Y (,x')' a_V-a—'—_—-x: ’

Yoy (k)= — & x. (6)

Ypasuenue KacatebHOM K 3J/MACY B TOUKe (Xo, Yo):
' Y —yo =1 (%) (X —x,). M

Ymuoxana (7) Ha y,/b%, B cuay (6) 6yaem umetob

O NPTRY CAREYS N )
’ 2 2
Tak Kak y Hac %'l“:—:——' , TO YypaBHEHWe KacaTe/bHOM
3anuuercs:
Xx°+Yyo =1. 8)

Takum o6pasoM, 4TOGH NOJIYYHTb yPaBHEHHE KacaTe/bHOR
K 3/JIHACY B €ro TO4YKe (X,, ,), HYKHO B YyPaBHEHHH 3.-
aunca (5) 3ameruts x* Ha Xx, H y? Ha Yy,.

i

7 Ly Jr ~r
N2

Puc. 44.

[Tpn orpHuaTe/bHbiX 3HaueHHAX y(— b <y < 0) paccyx-
KeHHA Te ke camble ¥ (8) GyneT ypaBHeHHEM KacaTeabHON
B Jito6of Touke 3JMnca (x,, y,). Y3 ypaBuenus (8) suamso,
4T0 KacaTelbHas K 3JJUNCY B €ro Touke (x,, Y,) nepece-
KaeT ocb X B TOYKe C a6CLHMCCOR a%/x,, T. €. Opu X, >0
3Ta TOYKA NepeceyeHHHA HaXOAWTCA Npapee /JIHNCA, a MpH
X, < 0—nesee (puc. 44). ,
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[Mpumep 2. Haiitu ypaBHeHue kacaTeqbHOl K KPHBOH

L1 (|x|>a) Q)

a® b

D X Yo
B HEKOTOPOH ee TOUKE (Xo, Yo) |z —fp— 1) -

KpuBas (9) Ha3biBaeTcs 2unepboaoli. dta KpuBas TaKme
CHMMETPH4YHA OTHOCHTENLHO OCeH KOOpAMHAT.

[posonn paccyxpenus, kak B npumepe 1, nosydumm
ypaBHEHHE KacaTeJbHO#d k runepGoJie B Buje

X Y
=1 (Ixnl=a).

Touka nepeceyeHus sroﬁ KacaTeJbHOH C OCbI0 X HMeer
abcuuccy at/x, (0<I <a), T. e. 3Ta TOYKa nepece-

qemm Haxoputca B (0, a& ANt x,>2a u B [—a, 0) ana
X, <X —a (puc. 45).

YA

2 %

£
-a a ’d Ip?

Puc. 45. Puc. 46.

[lpumep 3. Haittu ypaBHeHne kacaTe/ibHOH K KpHBO#
$#=2px (x=0, p>0) (10)

B HEKOTOpPOH ee Touke (X,, Y,) (4¥3=2px,).

[anHas KpuBas Ha3wBaeTCss napaboaod, OHA PacMoJo-
MEHa CUMMETPUYHO OTHOCHTENLHO oci x (T. e. B (10) x
ABNAETCA YETHOH ¢yHKume#dr or y). B cuay srtoro pocra-
TOYHO PacCMOTpPeTh BEPXHIOI MOJOBUHY mnapaboasl (y > 0).
H3 (10) umeem

y=V 2px. (10"
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Orciaza L

V=i VT V-l h
YpaBHenne KacaTeaArHOR K napaGone B YOMRe (X,, M)
Y—go= ¢ {x)(X—2)

Y—y=5X—x) Yy, —th=pX —pr..

Tak kak yi=2px,, TO

Yy, =p(X+x,). (1
"“TakuM ofpa3om, Tro6k NOJYYHTb ypaBHEHHE KacaTe/lb-

R

uoi « napafiniie B ee TouKe (x..yy,), BYXKHO B YpapEeBmH

napagons (10) samenntn 4* va Yy, a 2x na X+ x,.
Kacatensmas (11) x napaGose (10°) B ee que (X0» ¥,

T TIEpeCceKaeT ocb X B To4ke ¢ abcumccod (— x,) (pwc. 46‘)

HE3aBHCHMO OT BEJMUHHH P, T. €. KacaTeJbHHE K JIOGbIM

napa6oaam y? = 2px B Touke (x,, V 2px,) nepecexalor ocb x

B OJHO M TOM e Touke (— Xx,).

§ 4.3. Hpouazpoanbie 9NeMEHTEIPHLIN SYHKUMHA

ITocmoannas C —KaxJIoOMy X COOTBETCTBYET OAHO H TO
me shauenne y=C. Takum o6pasoM, 3HaueHHIO X + Ax €OOT-
BeTCTBYeT 3HauenHe ¢yHKuHH y-+Ay=C. CaenoBatesibmo,

c—-C 0
- = === —_— 1
¢'= fim S5 = fm, = fim=0. )
Cmenennas gynxyus x® (n=1, 2, ...).
(x")' = nx"=, 2

MOTOMY 4TO'
g [+ Axyr— )=

—AL [x"+nx" IA,\C-{—"“l ‘)x""Ax’—{— -}—Ax"—x"] =

= nxn-1 +aE=2 )x“"Ax oo Bt —— nxned,
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CrnipaBenanBbl hopMy. 1o

(ttv)=u"gv, 3)
(wv) =uv’ +u'v, (4)
(2) =222 @0 (5)

3pech mnpeanonaraercst, uto u=u(x), v="u(x)—yHK-
UHH OT X, HMeIOILHEe NPOH3BOOHYIO B Touke x. B cayuae (5)
IONOJMHHTE.TbHO MpeanoJaaraercs, 4to v(x)s=0. ¥YTBepxna-
€TCs, YTO B TAKOM C.yuae B TOUKe X CYLIECTBYIOT IPOH3-
BOMNHbIE, CTOALLHE cjeBa B paBeHcTBax (3), (4), (b), u 3tH
paBeHCTBa BepHBHI.
B camom geqe, 3agaaum Ax. Hosomy 3Hauennio x -+ Ax
aprymMeHTa COOTBETCTBYIOT HOBLIE 3HAUEHHH HAIMX (QYHKUHH
u-+Au, v+Av g
A(u 2 v)=[(u+ Au) + (U+Av)]—(u + v)=Au = Av, _
(u :tv)’ — fim A(u 4 v) Au Av

= lim e ll —=u" +v.
Ax—0 Ax Ax—»(]A A

Hanee (nosicHeHHS HMXKe),
A (uv) = (u 4 Au) (v+ Av) —uv=u Av+ v Au 4 Au Av,
A (uv) = lim nAv+v Au—{.- An sz

, .
uv) = lim
( ) ax—0 Ax Ax—0 Ax
=y lim —+v llm + lim Au lim &Y —
Ax—0 A% Ax0  AxesO Ax

=uv’ +vu' 400 = uv' +vu’.

Hanmo yuectb, uto dyHKUHA 4, KaK UMEIOWA s NPOU3BOAHYIO,
HenpepniBHAa, H notoMy Au — 0 opu Ax—0.
Hakowe,

w\ lim (u-}— Au w1 lim vAu—udAv
v ] T arso \utAv )Ax Ax_,o(v—}—Av)vAx
ol _ Av

l —
= lim Ax 'Ax u'v—uv
T Ax—o (@FAUU v

CxoBa Hafo yuects, uto Av— 0 npu Ax — 0, notomy uro
¢yHKUHA U, KaK HMelolllasd MPOH3BOAHYIO, HenpephiBHA,

i
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PaccMoTpuM ¢yHkunio sinx. Toraa

o (sinx)’' =cosx, (6)
_NOTOMY 4TO '
Ax Ax
. 2sin —=-cos | x+—+
e ae . sin({x+4 Ax)—sinx . 2 ( 2 )
sinx)’ = lim = lim =
( ) Ax -0 - Ax o Ax—0 Ax
Ax
sin —

. . A
= lim —=1im cos (x +T")=l-cosx=cosx.
Ax -0 T‘ Ax =0

Hano yuecTb, 4TO (pyHKUHS COS X HenpephiBHA.
AHaJOTHYHO NOKa3nBaeTcs, YTO

(cos x)’ = —sinx, (7
(tg ) =sec’x = -, (8)

' —1
(ctg x)’ = — cosec? x = T 9

B camom nene, Hanpuwmep,
'(tg x), - (sin'x)’ __cos x (sin x)’ —sin x (cos x)’

cos x cos?x
_ cosPxpsintx Vo
- cos? x = Cosix _ XCX.
Ina ¢yuxkunn y=1log, x (x > 0) nmeem
Ax Ax
Ay _ loga (x-+Ax)—loge x _ oga (1457 _1 oga (1+5)
Ax Ax - Ax ~x Ax
X
Hcnoapays 3amevaTesbHbI npepea
. logg (1 -u)
LI_IR) — = log, e,
nosiyyaem
1
' — =
(log, x)' = < log, e Tha" (10)
B yacrrocTth,

sy =4 "@0’)
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§ 4.4. MpoussoaHan CHOKHOH (YHKUHH

Teopema 1. Ecau ¢pynkyua x=q@(t) umeem npous-
800nYy0 8 mouke t, a gyukyus y= [ (x) umeem npou3soonyw
8 mouke x, Mo caomHal GPyHKYyua

y=F()=f[e ()] (1)
umeem npou3eo0nyo (no t) 6 mouxe t u umeem mecmo paegew-
cmaeo

Ft)y=f(x)e'(1) (2
uau

Yi =YXt 3)

NokasatenbcTBO. 3amaguMm f, emMy COOTBETCTBYeT
anauenue -x = @ (¢). Ilpunagum ¢ npupamenne Af=40, 310
BbidoBer npupaienne Ax=q ({ + Aty — @ (f). Ecan Ax0, 10

Ay Ay Ax
AT A A )
[pn At —0 6ygetr Ax — 0, notoMy ut0 PyHKIHA X =@ ({)
B TO4Ke [ HenpepbiBHA, KaK HMelollas [POU3BOAHYIO B 3TOA
Touke. [lo3romy
. . Ay . Ay .. Ax . :
= lim 2= lim £ lim 5 = y,;x 5
v at~0 At Ay g AX 5p . A Yuki ©®)
u dopmyna (3) nokasaHa npH ycaoBuH, YTo Axs=0. Tounee,
npK YCJOBHH, 4TO cyuectByer Takoe 6 >0, uto 0 <|Ax|
ans Bcex Af, nas kotopux 0 <|At] < 8.

Ecan 310 ycaoBue He BbinosHsiercs, 1o dopmyay (3)
NPUXOXMTCA JAOKA3HBaTh APYrMM nyTemM. BoT Kak MOXHO
paccyxnath. Ecan yka3aHHoe yc/0BHe He BbIMOJIHSETCH, TO
CYLULECTBYeT CXOAALIASICA K HYJIO mocnefoBatenbHOCTh {Af,}
Takas, 4yto Ax,=0 aasa Bcex k=1, 2, ..., u TOTAA

lim A% = lim 9O._ '
A{k-»o Atk Atk-oo Atk 0. (6)

, Axk
3o Nnoka3biBAe€T, YTO x,=0, NoTOMY 4TO MpeneJ A—tk-JIOJI)KEH

ObITb OJHMM H TEM XKe YUCJIOM MPH JIL060M CTpeM.teHnn Af, — 0,
Bexs npeanoJiokeHo, 4TO MNPOU3BOAHAA X; cylecTByeT. Bul-
RenMM ABa copTa mocJaefoBateqbHocTefl {Af,}, cTpemsAunxcs
K Hy/o. K neppomy copTy oTHeceM Take, Y KOTOPHIX Ax, 50
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Ang Bcex k=1, 2, ... . Jlas mmx, nax B pasercrse (5},

im B¥a__ fim Am g An e 7
3:1?.0 Aty Al:n-l-o“hu}:r-n-o A, Yt 0. M

LlocnienosatenbHocTH {At,} Broporo copra nycts GyAyT Takue,
q10 Ax,=0 (k=1,2, :..). Toraa

| Ay, =[x+ Ax)—F(x)=F ) —Ff(x)=0
k=1,2,...)

lim 2= fim O
bty—0Blx A(‘-»OAA

0. (8)

Ecoi Tenepn safiaHa npoH3BOAbHAA, CTPEMALLAACH XK HYDO

- nocaepoBaTesbHOCTh {Af,}, TO BuGepeM u3 ‘Hee Te Al,, pas
Kotoprx Ax,==0. Ecan Takuxk oxaxercst 6 eCKOHeYHOe
MHOXXeCTBO, TO OHH 06pa3yloT TNOCJeR0BATENbHOCTL NEpBOTO

copta, Ans KoTopodl Joxa3aHo (7). Ocranbhpie Af, moryr

B CBOIO Oyepeib 06pa3oBaTh HOCJEAOBATENLHOCTb, TOTAA 9TO

OYAET ROCJAEA0BATE/bHOCTE BTOPOro COpTa, AJIS KOTOpo# JO-
Ka3ato (8). Ho Torpa a/s npou3poabHOH MOC/EACBAaTEIbHOCTH

{At,} ¢ At,—0

: By __ ’
Ml:’.", o Atx 0=y-xi,

H MBI JIOKa3a/JH TeopeMy HOJHOCTRIO.

dopmyaa (1) moxer 6uite ycnoxHeda. Hanprmep, ecan
z2=f(y), y=o¢(x), x=1p(E) u Bce TpH yHKLUK HMEIOT NpO-
H3BOJHLIE B COOTBETCTBYIOILHX TOYKAX, TO 2§ = Z,Y;Xi.

Mpumep 1. y=Insin'x (x=£0).

TosaraeM y=Inu, u=v!, v=sinx. Toraa

2sinxcos x

’ r .’ l
Y=Yl Uy = 720 COS X =—=15—

= 2ctg x.
INMpunep 2. y=sin(x*+2x—1).

Toaaraem u=x*42x—1. Torna

Y=Y, -uy=cosu-(2x+2) =2 (x-+ 1) cos (x*+ 2x—1).

OGLuHo NpH BLMHCACHUSX BCHOMOTaTeALHLE . BepeMen-
‘BHe U, U, ... HE BRORAT, & TOABKO NOAPASYMEBAIOT RX.
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B cnyqae npmuepa | BHUACACHMA BHIAAAAT TaK:

g— 2
i = o (sin

Hnu ewe kopoue

. !
Yi =iy 2sinxcosx =2ctg x.

§ 4.5. MponasoaHan o6patHoH GyHKHHH
ITycmo @yskyus y = [ (x) cmpoeo eo3pacmaem, Hen pepoisHa
Ha uHmepsare (a, b)ll U UMEEM KOHEYHYIO He pPasHYIo HYAK

npousgodnywo [’ (x) 8 nexomopoi mouxe x €(a, b). "Tozda 06-

pPaMHas Oara [ @ynkyus x = f“(y)—- gy) maxxe umeem
T Rpouss0d Hyro 6 coomeemcmayoweil moyxe, onpdeasemyo pa-

8eHCMBOM

e é (.’) f’ (x) ( l)

.U
, l ’
X,=—. (1 )

JokazatenncTBo. Kak Ham wussecTHo, ob6paTHas
$yHKUUsa x =g (y) CTPOrO BO3pACT3eT M HelpepbHiBHA HA HH-
TepBase (A, B), rae

A= inf f(x), B= sup f(x)
x€(a, b x€(a,b)
(cm. § 3.6, Teopema 1').

JlajuM paccMaTpHBaeMoMy Yy mpHpauleHue Ay 0. Emy
COOTBETCTBYeT MpHpameHue Ax 06paTHON (QYHKIHH, TaKKe
He paBHOe HyJio B Clsy crporoift MoHoToHuocTE f. [Toatomy

LY
A By
Ax
Ecns Tenepy Ay — 0, TOo B cuny HenpepblBHOCTH g (y) npu-

pautenue Ax takxke — 0; HO npu Ax —0 -i—i——» f ()0,

CJCOBATENbHO, CYLIECTBYET Mpexed

A .
lim X | l

a0 ™ Ay fO
Ax-0 Ax
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Smum dopuyaa (1) noxasana. .
" TMpumeuanne. Ecau f'(x)5=0 Henpepwisna na (a, b),
mo g’ (y) senpepeisna na (A, B). .
3ro caenyer ua (1), rie MOXHO MOJOXHTH X=g(Y¥):

W= YEA B

Beab caoxHan q)ymmuﬂ f' [g (¥)], cocTosmas H3 Henpepuis-
HhX QyHKuHA f° M g, HenpephiBHA.

§ 4.6. Nponasoanbie snemenTapHLX Gynxunh
(nporonxenne)

1. y=a*. Orciona x= log, y—obpatnaa ¢ynkuus. [Ilo-
~ 9TOMY

(3
y‘=—’==

'l ~-=ylna=a*Ina, 1. e. (¢*) =a*Ina.

. ylna
B uactHocTy, ,
&) =e*, (e=%) =—e-=.

2, y=arcsinx(|x] <1, —a2<y<n/2), x=siny—
obparnas ¢ynkuus. Tlosromy
1 1 1 1 -

y‘___g_cosy= YV T—sinly = ; T

(arcsinx) = S S— -

Y 1=x3

Tepen kopuem nocrtasjeH 3HaK -+, NOTOMY uTO cosy > O Ha
(— n/2, =/2).
3.

' n . ' 1
(arccos x)’ = (—2-—arcsm x) Ve s
4. y=arctg x, x=1gy—ob6paTHas ¢QyHKUNA (— oo <
<x < oo, —n/2<y<<n/2). Torna
(arctg x)' = ! !

TT¥RtyT T+ A

i
14 22°

N

1 2
— = CO0S
) y

(arctg x) =



§4.6. NPOMIBOAHHE 3NEMEHTAPHbBIX. ®YHKUHRA 148

5. CosepllieHHO aHAJOTHYHO NOKA3bIB2ETCH, UTO

' 1
(arcctgx)' = — T

8. /1poussodnas om cmenenroid ¢pyuxyuu x* (x>0, a—
NpoH3BOJbHOE AeHCTBHTEJbHOe 4HCJ0). KHimeem

xt=grlnzx

Tak kak ¢yHKuUMK e* ¥ alnx uMelT npou3soAHylo, TO MO
TeopeMe O NPOH3IBOAHON CJOXKHOH (PYHKUHH NOJYUHM

(xa)l — (ealnz)’ =ealn1.%= aix‘:= axad-1,

Takum obpazom,
(xﬂ)' —_ axa-.-l .

310T peaynwTar cornacyercsi ¢ dopmynoh (2) § 4.3 aas
NPOH3BONHON OT (YHKUHH X" (X € (— oo, o0)), I'lie n— HaTy-
panbHOE YHCJIO.

7. Pynxyun y =u (x)** (u > 0). Ecau u (x) u v (x) nMetor
NpOoH3BOAHYIO, TO 9THM >kKe CBOACTBOM ofsajaer ¢yHKNRA

uY = ¢gv Inu (])
H
(uv) =e*"e(vln u)’_—_u"(% u' +v'ln u) . 2
Bupaxenne
finf oy =52 ®

Ha3nlBaeTcsl .102apud mudeckold npouseodnol gynxyuu f.
Tak kak
Inut=vlinuy,

TO B cuay ¢opmyabt (3)

. (iu':,)—'=(ulnu)’=v’lnu+'%"',

OTKYAa caeayet (2).



46 -~ TR 8 AGEPENINANLROE BCIMCAEHUR

8. I'unepGeamwsexue pynryuu.
(shx)' = (,x_,-x) =1 hy,

2
(dl x) =(ex+2e-x)l=¢x_;¢—x=st‘x'
s _[shx\* ‘chtx—shdy |
(thx) _(m) - ch?x  chix

sh? x—ch?

s fchx\" x __ —I1
(Cth x) - (m) - shi x ~ shtx (x9& 0)
9. y=Arsh x —obpatHas pynKuns A GyHKuMH x =sh g,
Orciona
1 [ 1

Arshx) =—1 =1 _ =
(rs 2 (shy)  chy  YTxshty Vit

(cMm. manee § 4.12, npumep 2).

§ 4.7. Andpdepenuman pynuus

[ycrb ¢yHkuus f HmeeT nPOU3BOAHYIO B TOYKe X (KO-
HeuHy10):

hm " -f (x).

A .
Toraa Tz" AN ROCTATOYHO MaJIBIX AX MOXHO 3afHcaTh B BUAE

cyMMbl [’ (x) ¥ HEeKOTOPO#l QYHKHUH, KOTOPYIO Mbl 0603HAUHM
uepes e (Ax) u KoTOpas obJajaeT TeM CBOWCTBOM, HTO OHA
CTPEMUTCH K HYJIIO BMECTe C Ax:

-%% =f" (x)+e(Ax) (e{dx)—0, Ax—0)
¥ npHpalleHHe [ B TOYKE X MOXET ObiTb 3amMUCaHO B BUAE
Ay=F (x) Ax+Ax-e(Ax) (e(Ax)—0, Ax—0)
HJH
Ay =f"(x) Ax+o(Ax). (4]
Ax >0
Benb Bhipaxenue o(Ax) MOHUMaeTcsl KaK QyHKUHA OT Ax

TaKas, yTo ee cm-mmeuue K Ax crpemncﬂ K nymo BMecTe
c Ax.
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Onpenenenne. PDynxyus [ raseieaemcs Oughgpepenyui-
pyemod e mouxe x, ecau ee npupauienue Ay 8 smod mowe
Mmoxem Obimo npedcmasieno 8 eude

By=A-Bx+o(A), @
Ax—>

2Je A ne 3asucum om Ax, Ho 6006we 3asucum om X.

Teopema 1. Jaa moeo umober pynxyus f 6biaa dugp-
gepenyupyemoli 8 mouxe X, m. e. 4mobbl ece npupatyeHue
8 amoil mouke npedcmagasnoce no gopmyase (2), Heobxodumo
u docrmamoyno, umobbl OHA UMEAA KOHEMHYI0 Npou3sodnylo
8 amod mouke. H mozda A =[' (x).

Taxkum o6pa3oM, ckasaTb, YTO [ HMeeT NpPOH3BOAHYIO.
B TOYKe X HJH f AuddepenunpyemMa B TO4YKE X —3TO OAHO
M TO Xe,

HokasatenbcTBo TeopeMmnb 1, J[ocraTousocTb
yCJOBUS JOKa3aHa BhILIE: H3 CYLIECTBOBAHHSA KOHEYHOM npo-
U3BOAHOH [’ (X) c/iefloBasla BO3MOXHOCTb TNpelcTaBieHUs Ay
B Buje (1), rae MoxHo noJsoxkuth [’ (x)= A.

Heo6xoaumocTts ycamoBusa., Ilycte ¢yHruua f
AndpepennupyeMa B Touke x. Torga us (2), npeanosaras
Ax £ 0, noayuaem

Ay 0(Ax) 4,
-H_A_FTT—A_*;.;?,O(])'

Ax—»0
Ipenen npasoit wactu npu Ax — 0 cyuectsyeT H papeH A:
lim 24— 4,

Ax -0 Ax_
3ro 03HayaeT, YTO CYUIeCTBYeT NPOH3BOAHAA
F =4

Iycts pyHruua y=f(x) muddepeHunpyema B TOUKE X:
T. e. A8 ee mnpHpawleHus Ay B 3TOA TOYKe BBHINOJHSETCH
paBeHcTBO (2). Torma Ay ectb cymma ABYX caaraemmix. Ilep-
poe u3 HUX A Ax npomopuuoHasbHO Ax, a B TAKHX CJyuyasix
rOBOPAT, 4YTO OHO €CTh JUHEHHas OAHOPOAHAA QyHKUHA OT Ax.

Bropoe —o (Ax) siBasieTcst 6eCKOHEYHQ MaJioH (pyHKUHEH BhICs
Ax =0

Imero Mopsifika MaJoCTH cpaBuuTenbHO ¢ Ax. Ecam A0,
TO BTOpOE CjiaraeMoe CTpeMHTCH K HyJio npd Ax — 0 GhicT-
pee, uem nepsoe. B cBA3H ¢ 5THM nepBoe cJaraemoe
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1

AAx = ' (x) Ax Ha3BIBaeTCAA 2/Q8HLIM YAEHOM NPUPALUEHUR
Ay (npu Ax — Ol. Cm. onpegenenue B Konue § 3.10Q).. 3to
_c/araemoe Ha3sblBAIOT Oughpepenyuarom pynkyuu v 0603Ha-
yaloT .cuMBoJioM dy. Utak, no onpegeseHuto

dy=df=f"(x) Ax.

Ha puc. 47 uso6paxen rpapuk I' pyukuuu y=f(x);
T —xacateabyas k¥ I' B Touke A, umeroweii abcuuccy x;
f(x)=tga, rae a—yroa, o6pasoBaHHbli KacaTeJbHOA
¢ OChbIO X;

dy=f"(x)Ax=tgaAx=CD, D’B=Ay—dy=o(A;g).
Ax —

Takum obpasoM, Ouggpepenyuan yrkyuu y 8 mouxe X,
coomeememeyiowuil npupawenuio Ax, ecms. npupasenue op-
Ouname: mouku, Aexaiel Ha Kaca-:
A 8 41 menonoi (dy=CD).
Boo6uie rosops, dy = Ay, u6o
Ay=dy+o(Ax°), a BTOpOil uJieH
Ax —

3TOi CYMMHBI, BoobiLe ropops, He

SN

A c paBen HyJqio. To/bKO Ajas JHHER-

r , HOW ¢yHKuMU iy = Ax+ B umeer me-

«( . CTO paBeHCTBO Ay = A Ax=dy nras

717 = Z+4z ¢ /toboro x. B wacTHocTd, pns y=
=x, dy=dx=Ax, 1. e, 6u¢¢epen-

fﬁHC- 47. yuar u npupauerue HeABUCUMOUL

nepesentol  pasusl  mexdy coboit
dx = Ax) [Mostomy andrpepenunan npousBobHOMR GyHKUHH.
OOLIYHO 3aNUCHLIBAIOT TaK:

dy={'(x)dx,
OTKYyja

Foy=2%,

T. e. npoussodnas Gynkyuu [ 8 mouke x pagHaA OMHOWEHUID
oughpeperyuara pyukyuy 8 smol mouke Kk Oughepenyuany
RE3Q8UCUMON NePEMEHHON X.

210 o6bsicHAeT, 4YTO BhipaxeHue dy/dx (A3 Wrpek no a3
HKC) vnorped.nﬂe'rca KaK CHUMBOJI /A OOO3HAYeHH# MPOU3:
BOAHOA. .
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Hago umets B BHAY, wno Ougdeperyuar dx rnesasucumod
nepemMennol He 3asucum om X, 0K pases Ax— npoussorbHomy
npupawenuro apsymenma x. Ymo oxce xacaemcs Ougppepen-
yuasa dy ynkyuu y (omaudrnod om x), mo OW 3aeucum
om x u dx.

OrmeTuM opmy bl

d(u + v)=du + dv, 3)

d (u-v)y=udv+vdu, 4)

- d (cu) = cdu (¢c— nocToanHas), (5)
d(5) =222 w20), (6)

TAE npeanoJaraercs, 4To 4 H v— puddepeHuHpyembie ¢yHK-
UHH B PacCMaTPUBaeMON TO94KE X.
- Hanpumep, dopmyna (6) nokaspiBaetcs Ttak:

d (_’f_) — (%)' dx:tm'dx_—uu’ d.t=udu—-udv-

v v? v

Ecnu ¢ynxknug y=f(x) nudpdepeHunpyema B TOUKe X,
TO Ha ocHoBaHWy ¢opmyant (1) ee npupalienue, COOTBETCT-
ByKOLiee npHpalieHHio Ax, MOXHO 3anmHcaTh CAeRYIOMHM 06-
pa3om: '

Ay=dy--o(Ax).
Ax —»0
Orciona caenyer, uto AudipepeHunan GyHKHUHM TPH NOCTA-
TOYHO MaJHX AX MOXET CJYXKHTb XOPOLIMM NPHOJHKEHHEM
npupamesds $yHkuun. B 3ToM cMbicsie nuinyT npu6JuXKeH-
HO¢ paBeHCTBO *

Ay =dy=Ff (x)dx, 3]

KOTOPLIM ILMPOKO NOJb3YIOTCH,
NNpumep 1. Ecau cyurath, utO

/8,001 ~ }/8=2,
TO OlHGKA NPHOIMKEHHO paBHa #uddepeHUHany OyHKUMK
_szl/:’ B TOYKE x=28, COOTBETCTBYIOUIEMY NpHpAlEHHIO
x=0,001: '

dy =5 x5 Ax =1 8-3/5.0,001 = 1/12 000.
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Boagoc 0 TOM, MACKOTBEKO TOUHBL 3TH HAIIH PACCYXKAEHUS,
NoNeT GhiTh pellleH METOJAMM, KOTOPhie Mil OyJeM €ile Hay-

“uath (oM. § 4.14).

§ 4.8. Jlpyroe onpenenenne xacareanHoit

B caywae, Koraa npoHaBoxHanm f’ (x4) KOHeuRA, BOIMOKHO faTh APY-

roe, sxannaneﬂmoe onpenesieHue KacaTteJbHOR.
3anaaHM NPOH3BOJbHY IO NP AMYIO L, y— yy=m (x — &), NpoxoAfiLyO
uepe3 Touky A= (xe [(xo)) KpuBoAT: y=f(x). Mycte B=(x, f(x))—
Apyras Touka kpumoit T'. Pacctosnue

' 1’ ry or B ao L B nanpaRneHHH OCH y paBHO
' L p()=|f(x)—yo—m{x—xo)]|. n
d Ha pnc. 48 p(x)=BD.
{4 Mpanaa L wnaswsacmes Kacamens-
A r Hod K I' 8 mouke A, eciu .
I p (x) =0 (x—xq). (2
] X=X,
v/ 2z & 5 Ecau npamas L ects xacaTelbHast

K T B Touke A B CMbic/ie NepRroro ofpe-
peaeHuss, 10 m={f'(xq). Tak xak f[
Puc. 48. . audxpeperupyema, TO

()= F(xe)=F (xo) (x—xo)F+0(x—xg), *—> %
OTKY A2
p(x)=[F(x)—F(xo)—F (xo) (x—x0) [=0(x—x¢),  x—>xq,

1. e. npsaMas L ABAseTCA KacaTebHOfi B CMhLIC/e BTOPOTO ONpeRefeHHS.
O6patHo, nyctb L ABAfeTcs KACATENLHOA B CMHIC/1e BTOpOro ompe-
nenenun. Toraa (cm. (1) H (2))

p(x)=|f(x)—f(xo)—m(x—x)|=0(x—Xs), Xx—>xqo
HJIM, YTO BCe PABHO,
F()—F(xo)=m (x—xg)+ 0 (x—xq) NIPH X —> Xy
310 noxa3uwnaer, uTo ¢yHKuUHA [ AnpdepeHuUHpPyeMa B TOUKE Xg H
m=7J'(xg). Ho torna L ecTh KacaTeqnbHass B CMbiC/ie NMEPBOrO onpejese-
HUSl H €€ ypaBHeHHe HMeeT BHJ
Y—yo=F (x0) (x—xo).

3ameuaune. M3 cKasaHHOro criefiyer, 4To KpHBaR y= [ (x) Bmeer
KA CATEABHYIO B TOUKE (% [(Xs)) TArA2 N TORSEQ TOTAJ KOTAQ QYHKIMA
f m@epempyua B TOWXE: X,
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§ 4.9. Nponasoapas BLICEIEr0 NOPSAKA

Tlycts Ha wHTepsase (a, b) 3apama ¢ywkuus f. Ee npo-
H3BOJHasl, €CJH OHa CYIleCcTByeT Ha HHTepsaJse (a, b), ecTh
HekoTopas ¢ynkuua f'(x). Mbl ee GyzeM elle Ha3biBaTh nep-
80il npoussoonoti. Ho Moxer cayuuTcs, 4TO nepsasi NpoH3-
BOJIHaA HMeeT B CBOIO ouepellb MPOHU3BOAHYIO Ha HHTEpBaJe
(a, b). Ora nocnennss Ha3blBaeTcH 8mopoil npoussodnol om f
WK npoussoOHol om | emopoeo nopadka u o603HayaeTcsl Tak:

FE=*®=F ) nm y=().

_ - Boo6ute, npoussodnoti om dyuxyuu f nopsdxa n nasw-
6aemcs nepeas npoussodHas om npoussodnod om [ nopadka
n—1 u obo3HayaeTcs TaK:

fom (x) = (f=V (x)) uam Tak: ym):(ym-n)';

Ecau peus nper o6 onpefenieHHOM (GUKCHPOBAHHOM 3Ha-
YeHHH X, TO CHMBOJ [ (Xx) of03HayaeT MPOU3BOANYIO N-TO
nopsaaka ot f B Touke x. Jlnis ee cyumecTtBoBaHHs Heo6Xo-
AUMO CYLIECTBOBaHME NPOH3BOAHOM f“~1) He TOJNbLKO B X, HO
H B HEKOTOPOH OKPEeCTHOCTH X.

[Tpumepu.

1°. (e¥)"™ = ex,

2°, (@*)' =a*Ina, (a*)" =a*In%q, ..., (@¥)™ =a* In2a.

. (™) =mxm=t, (x ' =m(m—1)xm=2, .., (x")" =

=m(m—1)...(m—n-1)xm=n,
Ecan m natypanwnoe, T0, oueBHamO,
(™)™ =m! u (x™)D=0 (n>m).

4°, (sinx)’ =cos x = sin (x+%) .
(sinx)" = [sin (x—}-g-)]' =sin (x+2%) ,
(.Sir;x;(,,;z.si-n .(x._l—.n.%). .. e e e e e
5% (cos x) = cos <x+n%) .

Ormuako pasiexo He A1 BCEKOH (yHKUHM YAaercs HaHTH
ofmue GOpMysLl AN HX N-X NPOH3BOLHBIX.
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Yanpaxueuue, Hcnoabays meron maTeMaTHYeCKOH HH-
AYKUHH, AOKa3aTs ¢opmyay (/leii6uuua) ans npou3BOAHOH
n-ro NOpsAAKa OT nponaseleHHA ABYX yHKIHIA:

n
(uv)'™ = 2 Chutn-myr,
k=0

rjge u " U HMelT NpPOH3BOAHKE A0 NOpAAKa n BKJIOUYUTEJILHO,

_on(n—1)...(n—k+1) n! _
Ci= Rl - Ri(n—kY" Ot=1.

§ 4.10. AIuddepeHunan suicuiero nopsaka.
HupapnanTtHoe ceoiicteo auddepeHunana
nNepBoOre nopaaka

Ecau nHa wurteppase (a, b) 3amana ¢pyHkuna g==f(x), 1o
€e, OYEBHAHO, MOXKHO [PEeACTaBUTH GECKOHEYHBIM UYHCJIOM
Cnoco60B KaK CJAOXKHYIO QYHKIHIO

y=9() z=1v(x).

Takum 06pa3oM, y MOXHO pacCMaTPHBaTh KaK ¢yHKUHIO OT X
(y=f(x)) n xak ¢ynkuuio or 2 (y=¢(z)), TAe z B CBOIO
ouepefib €cTb PyHKUHSR OT X (2 == (x)).

AprymeHT X Mbl 6yleM Ha3blBaTh HeE3ABUCUMBIM, NOJUYEp-
KHBAasl 9THM, YTO Hd NPOTAMKEHHUH HALIMX PACCYKIAEHUH X He
OyJZeT pacCMaTpHBaTbCA KaK QyHKIUHA KAaKO#-TO nepemeHHo#.
AprymeHT xe z 6ylem HasblBaTh 3asucumsim (0T x!).

Nudpdepernunaa or QyHKuuH y =f(X) B TOUKe x €CTb, KaK
Mbl 3HaeM, [poH3BeJeHHe NPOW3IBOAHOH OT f B 3TOA TOUKe HA
AudxpepeHuHaN He3aBUCUMOTO MepeMeHHOro:

dy={" (x)dx.

3pech dx ectb npousBosbHoe uucao. Ono we 3asucum om x.
310 CcKa3bBaeTC B TOM, YTO NPOHU3BOAHAA OT dx MO X PaBHa
HYyJI10:

(dx)’ =0.

Juppeperunan or GpyHKIMH HA3HBAKT ewe nepeoim Ougp-
depenyuaron. '

ITo onpepenenuio smopois dupgpepenyuarom om Pynkyuu
y=[(x) 8 mouxe x. naswisaemcs Ougppeperyuar om nepsoxo
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dugppepenyuara 8 Imot mouke W 0003HAYACTCSA TAK:
- d*y =d (dy).

Yrobul BHYHCAWTL BTOPOHl AupdepeHuHan, HaAo0 B3AThb
NPOM3BOAHYIO N0 X OT npouseeneHua [’ (x)dx=dy, cuuras,
uTo dx ecTh NOCTOfAHHAA (He 3aBHcsAwas or x!), U pe3ynbTar
MOMHOXUTb Ha dx:

dry=d[f (x)dx]=dxd[’ ()]=F" (x)dx".

Boo6mie, no onpeaenetuio dupgepenyuarom nopadka n
pynsyuu y=f(x) Hasweaemca nepsoul Ougepenyuar om
Ougppepenyuaaa (n— 1)-20 nopadka smoi pyrxkyuu n 0603-
HayaeTcu 4epes

dry =d(d"~'y).
~ QOuesugHo,
dry = (x) dx", (1)

MOTOMY YTO 3Ta (opMyna BepHa nmpH n=1, a ecad aony-
CTHTb, YTO OHAa BepHa And n—1, To

dny =d [f""‘“ (x) dxn—l] =dx"-d [,‘(n—l) (x)] = f"".(x) dxn.

KoneuHo, pJ cyutecTBOBaHUs sHdpeperuHaa nopaika n
GyHKUHM y=f(x) B TOUKe X HeoOXOAHMO, YTOOH OHA -HMeJA
npoussofHyio f*!(x) mopagka n B 3TON TOuKe.

B cuay (1) nmeem

Y= 0 = T @

T. €. NPou3sooHas n-2o nopadka om yukyuu y no Hesasu-
cumoll nepemenHold X pasna 4acmuomy om Oesenus n-z0 oug=
pepenyuara y na dx" = (dx)".

B aanoheitiuem Msl y3xaem, uto dopMmyaa (2) uesepta,
ec/id B Heft He3aBUCHUMYID MepeMeHHYI0 X 3aMeHHTb Ha 3a-
BUCUMYIO 2 (cM. dasee (4)).

Mu onpegennay auddepeniuansl nepsoro W, Booblue
roBOpsl, BBICIIErO MOPsJKa OT QYHKUHH y=f(X), rAe x eCcTb
Hesagucumas nepemerHaa. Ho dyHkumwo y, kak aro 6bl10
OTMeYeHO Bbillle, MOXKHO eule 3anucarth B BHJE

y=9(2),
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TAe z ecTh HEKOTOpas (PyHKUHE oF X (2 =%(x), !(x}i==
= @ [¥(x)]). BoaHHKaeT BONPOC, KAK BHPaXKalOTC BBEACHHHIE
HaMH AHQepeHLHaN Ll HA A3HKe (3aBHCHMON) MepeMEeHNOA 2.

s nepporo audpepenLuana 3TOT BONPOC PELIMETCH
CAERYIGIIUM 06pa3oM: ,

dy = yudx = yi2.dx =y, (2:dx) = ydz.

Mb BHAHM, uyTO AH(deperliHan GYHKUHMH y paBeH NpOH3Be-
JOEHHIO ee NPOH3BOAHOA y; Ha dz:

— dy —ydz , (3)

T.e. nepevill Ougpepenyuan ¢ynkyuu 'y esipaxcaemca no 00-
HOU u” mouxe (opmyre He3asucumo om mozo0 Lydem au 'y
paccmampueamsca KaK PYHKQUA OM HE3ABUCUMOL nepemen-
HOU X uAu Om 308UCUMOU NEPEMEHHOE 2.

dopma nepsoro auddepernnana (cm. (3)) coxpansercs,
NO3TOMY TOBOPSAT, YTO nepevitd Ougxpepenyuanr umeem uxea-
PUGHMAYIO opmYy RIK ellle UMeem UHEAPUAHMHOe CB0UCMEO.

C andxpepeHUHANIOM BhICILEFO NOPAAKA Jes0 0BCTOHT yxe
He Tak. B camom pene, eciy paccMaTpuBaTth ¥y KakK ¢y HKUHIO
oT z (y=¢(2)), T0o noayunm (cM. § 4.7 (6))
dy =d(dy) =d[¢’ (2)dz]=dzd (¢’ (2)) + ¢’ (2)d (d2) =

=¢" (2)d2*+ ¢’ (2)d’z. (4)
B nocnexnHeM paBeHCTBe MH IDHMEHHMJIM WHBapHaHTHOE CBOM-
CTBO nepeoro AuddepeHiunana, B cui1y goroporo d (¢’ (2))=
=¢@" (z2)dz. Kpome Toro, yureHo uto d (dz)=d*z. Bennunnoi
d?’z, BooGlle ropopsi, Hesb3asi npeHe6perartb, Beib OHa ompe-
nensercss paBeHCTBOM d?z =" (x)dx?.. [lpaBas ero wactb
paBHa HyJo (4aa BceX x!) TOJbKO, ecau P (x) ecTb JHHel-
Has ¢yskuus (P (x)= Ax- B).

Mu BHIMM, YTO (BbipaXKeAHas uepe3 z) ¢opMa BTOPOrO
Au(pepeHLMasa He COXpaHHJIach—K uucay ¢”(z)dz? moGa-
BHJIoCh cnaraemoe @' (z)d?z, Boo6uie TroBOpsSi, HE paBHOE
HY MO,

§ 4.11. Jnddepenunponanne napaMeTpHYECKH 3aRAHHBIX
dysxunii
[lycTb 3aBHCHMOCTL y OT X BhIpaXX€Ha uepe3 nmapamerp !:

x=9() |
y=y@ fr 1€@0 ()
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310 Hamo MOHHMATh B TOM CMMCJAE, YTO CymecTeyer obpar-
Has QYHKUMA ANA PYHKUHM Xx=¢@ ({) ¥ MOXHO HANHCATH
ABHYI0 (POpMY 3ABHCHMOCTH y OT X:

y=v[e~*(x)]. (2)

ByaeM HCKaTbh MPOH3BOAHYIO OT Y 7O X 4epe3 NPOH3BOA-
HBle OT x ¥ y no ¢{. Bynem ynmotpe6/1aTe 0GO3HAYEHHS Yy,
% ---, Xi, Y}, TAE 6YKBA BHH3Y O3HayaeT, NO KakoH mnepe-
MeHHOi OepeTcA npou3BoRHad. B cuay HMHBapHaHTHOCTH
dopmu nupdepemMana mepsoro nopaxka y;=dy/dx. Ho
dy = ydt, dx=xdt. TlosTomMy

yo=2  (xi5£0). (3)

Xt

IIns npou3BOAHOH BTOPOrO NOPsiAKa NOJy4aeMm

L d . _d/y\_d y?) dt __ xeyi—yixi 4
Yx=7z Y= dx(,;) d:(,,; dx AL )
[Mono6HBIM 06pa3oM MOXHO MOJYyYHTE GOPMY Ll AJA OPO-
M3BOJAHBIX Y Mo x nopsjka n > 2 uyepes npPoOU3BOAHBIE OT
x vy not.

'§ 4.12. Teopemul 0 CpenHeM 3HAYEHHR

[To onpeseneuno ¢gynkyus f docmuzaem e moike x=c
AOKAABHO20, MAKCUMYMA (MUHUMYMA), €CAU CYyuiecmeljem OK-
pecmiocme smoii mouku U ()= (c—96, ¢4-06), na komopod
BBINONHAEMCA He PABEHCIMBO

f@=f(x), VxeUl(e) (1)
(coorBetctBeHHO f(x)=f(c), YVx €U (). (1)

JIOKanbHbIi MaKCHMYM HJAH MUHHMYM HasblBaeTcd 40-
KAN6HOIM SKCLPEMYMOM.

3ameuanne 1. Ecaun dyHxuua f HenmpepniBia Ha OT-
pe3ke [a, b] ¥ AOCTHraeT Ha HeM MaKCHMyMa (MHHHMYyMa)
B TOYKe ¢ € (a, b), TO, OYEBHAHO, C ABJAETCHA B TO K€ BpPEMf
TOYKOH JIOKaJIbHOrO MakcHMyMa (Munkmyma) f. Jlpyroe peno,
eCH MaKCHMYM (MuHUMYM) f Ha [a, b] RocTHraeTcs B OfHO#H
W3 KOHUEBHX TOYeK oTpe3ka. Takas Touka He fBJIfETCS
TOYKOH JIOKAABHOFO MAKCHMYMa (MHHHUMYMA) f, HOTOMY 4TO f
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- He onfene.nena B_MOJTHON €€ OKPECTHOCTH (CnpaBa OT Hee H

cJepa
Ha puc. 49 nao6paxken rpaguk pyHkuuu y= f (x), nenpe-

" puiBHO# Ha [a, b]. ToukH x, W x,—3TO TOUKM JIOKAJbHOTO

MHHHUMYMA f, a Xx,, X,— TOYKH JO-

Yy KaJpHOro MakceMyMa [. Koneuno,
1 MOXHO CKa3aTb, 4TO b €CTb TOYKa

I JOKaNbLHOTO OAHOCTOPOHHETO MaK-

} cHMyMa [, a8 @— OKaNbHOTO OAHO-

! croponHero Muuumyma f Hb a ne
Ll s €CTb TOYKA JOKAJbHOFO MHHHMYMa,

JI & 2,33 3, & ¥ 3 b ueecTb TOYKA JIOKANBHOTO MaK-
CUMYMa . ‘

Puc. 49. Teopema 1 (depmal)). Ec-

Au @ynkyus [ umeem npoussodnyw

8 mouxe ¢ u docrmuzdem 6 Smol MO4Ke AOKQABHO20 SKCMIpE-

myma, mo f' (¢)=0.

HdoxasateabcTBo. Jlna onpefeieHHOCTH OyJEM CYH-

TaTh, YTO [ NMeeT B TouKe ¢ JoKaJhHhfi MakcumyM. Tlo on-
peAeJEHHIO NPOH3BOAHON HMeEEM ‘

N [e+Ax)—f(c)
= tin LEL=I,
Tak kak y nac f(c)>=[(x), Yx€U (c), T0 aAns ROCTaTOUHO
Maneix Ax >0

[etA)—f()

Ax =0

OTKyAa B npenene npu Ax — 0 nosyuum, yrto

f' ()< 0. 2
Ecean xe Ax <0, 10

letad—f@
X

no3ToMy, nepexoas K mnpeaeny npu Ax — 0O B 3TOM Hepa-
BEHCTBe, NOJYyYaeM, YTO

) =0. @)

.

P_ls cooTHowenuit (2) u (3) Bmitexaer, 9ro ' (c)=0.

1) M. Gepma (160] —1665) - ppanuysexni MaTEMATHE.
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. Teopema 2 (Poansat)). Ecau ¢pyuryusa y=f(x) nenpe-
puisna Ha [a, b], dudeperyupyema na (a, b) u f(a)-_f(b).
mo cywecmsyem mouka t€(a, b), makas, umo f'(§)=0.

NlokaszarteabcTBo. Ecam [ nocrosnna Ha [a, D], 1o
Aas Beex § € (a, b) npousBogHas [’ (§) =0.

Bynem Tenepn cuutaTh, uTo [ HenmocTosiHHa Ha [a, b].
Tak kak f HenpepiBHa Ha [a, b], TOo cyuwecTByer TOYKa
x, €[a, b], B koTopoit f nocTuraer MakcuMyMa Ha [a, b]
(cM. § 3.5, Teopema 2) u cywecTsyeT Touka x,€l[a, b], B
KOTOpO# f ROCTHraeT MHHHMYMa Ha [a, b]. O6e TOYKH He MoryT
: TOuKaMH oFpeska [a, b], NoTOMy uto HHaue

“max f(x)= mm f(x)=F(a)=F(b)

x€[a, b]) €fa, 0]
H [ 6u1a 68 noctostHHol Ha [a, b]. CaenopatenbHo, OAHA
H3 TOYeK X,, X, IPHHANJEKHT K HHTEpBaay (a, b). O60o3HauuM
ee yepes ‘E. B Hell jocturaercsi JOKadbHBIA 3KCTPEMYM.
Kpome TOro, f'(§) cym.ecmye'r MOTOMY 4TO 110 YCJIOBHIO
F (%) cym.ecmye'r AN BCeX X €(a, b). Hosromy no Teopeme
Pepma [’ (§) =0.

3ameyanue 2. Teopema Poans coxpansier cuny Takke
414 WHTepBaJa (a, b), Julib Obl BbINONHSAOCE COOTHOLUEHHE

lim f(x)= lim f(x).
x—+d x=+b
x>a x<b

3ameyanuue 3. Teopema Ponas Tepser cuay, ec/iu
X0TA Obl B OJHOM TOl;Ke (a b) F (x) ue cywecrsyer. [lpu-
mep: y=|x| na [—1, 1]. TEOpeMe TaKXKe HeJb3s 3aMe-
HHTb HenpepuBHOCTb Ha [a, b] Ha HenpepuiBHOCTb Ha (a, b).
[lpuMepom siBasteTcst GYHKUHSA

1, x=0,
y= x, 0<x<L
Touka x =0—TOuKa paspniBa.
3ameuaHne 4. Teopema Posns umeer mpoctoit reo-
MeTpuyecknit cmbics. Ecau BbiNOMHeHbl YCJOBHS TEOPeMbl,

To Ha rpajpuke (puc. 50) dyHkuuu y=f(x) cywecTByer
touka (&, f(§)), kacaresnbHas B KOTOPO# napaJesbHa OCH X.

1) M. Poaas (1652—1719) —ppaniuyackut maTeMaThK, AOKa3aBWuft
STY TeopeMy /A MHO[OYJEHOB.
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~ Teopema 3 (K‘omu) Ecau qbynxuuu {x) u g(x) He-
npepowsnot na [a, b] u Oygupepényupyenst na (a, by, u g’ ()0
8 (a b), mo cywecmsyem mouxa t € (a, b) maxas, wmo

FO)—f@ _F @ |
O —c@ g ®" (4)

. JMoxasareamcrna. Orverum, uro g(b)—g(a)0,
TAK Kak B OPOTHBROM CJAyHae, 10 TeopeMe Poans Bawiach

6ul To4Ka § Takam, 410 g (E) =0, uero GWTh He MOXET No
'ycmm Teopembl. CocTaBuM BCBOMOF&Te.anle PyHKuRIO

F=f0—f@—L0=0 e —g)].

B CHJITY YCNOBHS TEOpPeMH 3Ta $pyHKmHs F Hengepuma

Ha [a, b], Audupepenunpyema Ha (a, b) u F(a)=0, F.(b)=0

[Mpumensn Teopemy Poaxs, noay-

b YHM, YTO cymecuye'r Touka t € (a, b),
’\ B kortopoit F'(§)=0. He

Py L) —it .

}- F (X) "f (x) (b) g(a)g (X),

! _ nosToMy, MOACTaBJsisi BMECTO X TOY-

£ & 4 = xy &, nonyuaeM yTBepXjeHHe Teo-

peMsl.

Puc. 50. 3ameuanue 5. B dopmyne

(4) Komn, Kak HeTPYRHO BHAETb,

He a6s33TeqILHO cuHTaTh a < b. Ho Yorpa Fa. b] u (a, b)

0003Ha4al0T COOTBETCTBEHHO MHOXKECTBA TOYEK X, AJAA KOTO-

prx b<x<<a, b<x<a.

Kak cnenctBue n3 teopeMn Koum, npu g(x)=x noJy-
yHM Teopemy Jlarpanxa.

Teopema 4 (o cpesnem JlarpaHxal)). Tycme
pynxyus f(x) nenpepieHa Ha ompesxe [a, b] u umeem npo-
u3600ny0 Ha unmepsare (a, b). Toa0a cywecmsyem Ha un-
mepease (a, b) mosxa ¢, 04 KOMOPOLi BbINOAHAEMCA POGEH-
cmeo

8 ———=

fO)—f@=0—a) [ ) (@<c<b) (5)

3). K. A. Jlarpaux (1736—1813).—-¢pany9tm.nlmm.



§4.12. TEOPEMBI O CPEAHEM SHAYEHHH 139

Teopema JlarpaHka uMEeT NPOCTOR reoMETPHYECKHH
CMBICJ, €Cad 3aMdcaTh ee B BHIE :
[O—[@ ) (@a<c<b).
JleBas yacTb 3TOr0 paBeHCTBA €CTh TAHFEHC yria HAaKJ/OHA
K OCH % XOpAul, cTarTMBaoltelt ToukH (a, f(a)) u (b, f (b))
rpaduka ¢yukuuu y=f(x), a npasas '
WACTb €CTb TAHTEHC yrJa HaKJoHa kaca- ¥
Tensmod K rpagnky B HEKOTOpoil npo-
MeXyTouHoR Touke ¢ abeumecoi c€ (a,b).
Teopema Jlarpamka yTBepxKaaeT, UTO

ecau xpusas (puc. 51) ectb rpaduk He-

ererer ApepHI ; _HuMelo- N
wed ApoussoAHyl Ra( ab}, To Ha 3Ton R
KPHBOA CyLIeCTByeT TO4Ka, COOTBETCT- Puc. 5l.

Byioman Hexoropofi abcmmece ¢ (a < , ' '
< ¢ < b) Takas, YTO KaCHTENMLHAY K KPABOH B STOR TouNe
m?uanenbﬂa XOpjAe, CTATHBAOIILH KOHEM KPHBOH (&, f(a))
u (b, f(b)). ) ,

PaBenctso (5) HaswiBaeTcst popmyrol (Jazpanska) Ko-
Heunsix npupawgnud. [pomexyTounoe 3HaveHHe ¢ . YAOOHO
3aMHCHIBATHL B BHJE

c=a+0(b—a),

rae 0 ecTb HEROTOPOE YHCNIO, YROBJIETBOPSIOMEE HEPABEHCTBAM
0 <8< 1. Toraa dopmysa Jlarpauxka npumeT BHA

f@)—f@=@b—a)f (@a+8{(t—a) (0<08L1). (6)

Oua BepHa, 09eBHAHO, He TOALKO AJS a < b, HO ®H {Is a > b.

Teopema 5. Pynkyusn, nenpepoisras na ompeske [a, b],
2de a < b, u umeOwas HeOMPUYAMeEALHYIO (NOAONHLMENBHYIO)
npoussoony0 Ha unmepsare (a, b), He ybvisaem (cmpozo
soapacmaem) na [a, b].

Hed#cTRuTte/IbHO, IYCTh @ < Xx; < X, <C b; TOrjga Ha oTpeske
[x;, x,] BHIMONHSIOTCH yea0BHA Teopemul Jlarpaxa. [Toatomy
HaijeTcst HA WHTepRaJse (x,, X,) To4Ka €, AAA KOTOpO#

[ () —F (%) =(x,—x,) fre) (n<e<x,)
Ecau oo ycaosuio f'>>0 wa (a, b), 10 f'(c) >0 n
fxy—F (%) =05 64
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ecam xe ‘f'>0ua (a, b), 10, f)>0mu
f(x.)—i(x )> 0. 8)

Tax xak Hepapenctra (7) I (8) umelorT Mecto, KaxKoBb OHl
"HH. 6blJIH X,, Xy, THE @ <X, < X, < b, TO B nepBoM cayuae f
He gGusae'r. a BO BTOPOM [ CTPOro. BO3pacTaeT Ha OTpeske
a, b].

[ pumep 1. Boaepatumcs K npumepy |1 § 4.7, rne
Hajo OHIIO OUEHUTh BeanuuHy A=/ 8,001 — /8. Tpume-
nuM  popmysy JlarpaHka K ¢yHKUHU \p(x)——xll' Hwmeem

A=1(8,001)—¢(8) =0,001.¢' (c) = 0,001 . —x "33 |y

1 1
=55°"""* < 38" = 750

B npumepe 1 § 4.7 MW noJyuHJaH TaKofl Xe pe3yJbTaT, HO
cefinuac OH MOJYYHJ NOJIHOe OGOCHOBaHHe.

Mpumep 2. Pynkuus y=shx=%(e*;e-*)_ HMeeT
HeNpepLBHYIO NPOH3BONHYIO '

(sh x)’ =—;—(e"+e")=chx >0, VxE(—-do_, oo),

W obJajaeT cBOACTBAMH
lim shx=— oo, lim shx=+oo.

X > —® X > 4+ @
-CaefoBaTtenbHO, OHa CTPOTO BO3PacTaeT H HenpepnBHO Ang-
deperunpyema Ha (—oo, 00) H OTOGpa)KaeT MHTEpBaJ
(—o0, 00). Ha (— o0, oo). [To3TOMY OHa MMeeT 0GpaTHYIO OAHO-
3HAYHYIO HenpepuBHO AHMdepeHuHpyeMylo ¢yHKUHIO, 0603-
HayaeMmylo Tak: x-—= Arshy, y € (—oo, o0).

Teopema 6. Ecau ¢ynkyua umeem Ha urmepeare
(a, b) npoussodnyro, pasnyw HYao, MO OHG NOCMOAHHA HA
a, b).

( B caMom gmene, Ha OCHOBaHMW TeopeMbl JlarpaHxka HMeeT
MEeCTO paBeHCTBO

fl)—Ff (x,) = (x—x,) T’ (¢),

rie x,—QuKCHPOBAHHAA TOYKAa WHTepBaJla (a, b), x—npo- -
H3BO/bHAS '€ro TOYKa (OHA MOMET HAXOAHTBCH CNpaBa W
CAEBa OT X,) H ¢ — HEKOTOPAR, 3ABHCRAS OT X, H X TOMKa,
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Haxoaswascs Mexay x, H x. Tak kak no ycaosio f'(x)=0
Ha (a, b), 70 [ ()=0 u f(x)=f(x,)=C nns Beex x €(a, b).

3aMetuMm, 4TO B MpHBEIEHHBIX TeopeMax ochabaeHHe Ha-
NaraeMbiX B HHX YCJOBHII MOMXET NpPHBECTH K HEBEPHOCTH
yTBepXJeHHH (cM. 3ameuanus 1, 2 k Teopeme Poansn).

Onpeanenenne. bGydem ecosopume, umo ¢ynkyus
y=[(x) eoapacmaem (yboisaem) 6 mouxe x,, €CAU Cyuecm-
ayem qucao & > 0 maxoe, umo

A A
A—5>0(K%<0) npu 0<|Ax|<8.

Teopema 7. Ecau ['(x)>0.(<0), mo ¢ynkyus
y= [ (x) eoapacmaem (ybwiéaem) @ mouxe x,. A
y

HNokasarenbcTBo. Tak kak [’ (x,)= limoH, 10,
) Ax —»
sanaB & >0, MoHO HaiiTH Takoe 8 > 0, uro [’ (x,)—e <
<%<f' (x,)+& npu |Ax| < 8. Tlycts f' (x,) > 0. Bass

e < f’'(x,), noayuaem, uro % >0 npn |Ax| <8, T.e.

ApyHKUMA [ Bo3pacTaeT B TOWKe X,.

3ameuanne 6. Ecau ¢yHKkunn | HMeeT npousBOAHYIO
H He yObiBaeT Ha (a, b), T0 f' (x)=>0 Ha 3ToM HHTepBaJe.
TlpH cKasaHHBIX YCJOBHAX HEBO3MOXHO, YTOOH B KaKOH-AH60
TOYKe X € (a, b) npousBonHas oT f Guiia OTpHUATEIbHOH —
310 6bl NPOTHBOPEUYHJIO TeopeMe 7.

Ecan [ uMeeT npoH3BOLHYI0O H CTPOro BO3pacTaeT Ha
(a, b) u ecan y Hac aApyrux cBeleHMit o6 f Her, TO Bce
PaBHO NMpPUAETCA 3aKJIOYHTb, uTO ' (x) >0 Ha (a, b), noromy
YTO CTPOro Bo3pacTawoiias ¢GyHKUHS B OTAeJbHHIX TOYKaX
(a, b) Moxer uMeTb NpPOM3BOAHYIO, paBHyl0 HyJaw, Tako#,
ranpumMep, fBJseTcs QYHKIUHUA x?, CTPOTO BO3pacTaloilasn Ha
{—oo, o0) u umeromwas npu x =0 npou3BoaHyiO, paBHyIO
HyJo.

3ameyanune 7. Ecau ¢dyHKuMA BO3DACTAET B TOUKE Xo, TO OHa
e 06s3aTeLHO BO3pacTaeT B HEKOTOPOHW OKPECTHOCTH TOUKH Xg.

IpuMepoM MOXET CayXuTh QyHKUHS

{0, x=0,
Fm:i%—x’sin?l, x#0.

.6 8. C. Byrpos, C. M. Huxoabcuufl
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Oneangsio, wre
£ o]
—_—— Sll’lY i

u F (x) sospactaer B Touke x=0. OfHaro 3Ta yHKUHA HE MOHSTOHHS,
TaK Kak npoussopuan F’ (x)=%—2x sin %-}-cos -117 B JI06OA ua;_lon

OKPECTHOCTH HYyJfA NPHHMMAET KAK MOJOMHTEJbKbE, TaK H OTPHUATE/D-
Hule 3Hayeuus (cM. Teopemy 5). Iaa xp=1/kn (k=1, 2, ...) npu &
YeTHOM OHa paBHa 3/2, a NpH k HedeTHOM OHa pasHa —I/2,

Teopema 8. Ecau ¢yuxyus f(x) yemuans (newemuas)
u Ougpgpepenyupyema wa [—a, a], mo f'(x) nedemnas (vem-
HAA) PpyHKyUA
HoxkaszateanbcTBo. Tak Kak f(x)=f(—x), Vx€
€[—a, a], TO NPOH3BOAHLIE JEeBOH M MPAaBOH YacTH TAKKE ~
cosnagaoyf’ ( ) x =f{ x)r7,e.f(x) neuetHasn ¢yHK-
uusa. (3tor ke (aKT MOMHO J0Ka3aTh, MCXOAfl H3 omnpee-
JIEHAA [1IPOM3BORHOI.)

§ 4.13. PackpoiTHe HeonpeleaeHHOCTeH

ByseM roBopuTs, 4YTO OTHOUIEHUE -——fg((x;

coboit HeonpemeseHHOCTh BHMJIa % npH x—a, €cjd
limf (x) = lim g(x) =0. PackpuiTs 3Ty HeompezeneHHGCTb —
xX—+a X —+a

3T0 3Ha4yMuT HaiTu lim 2—((?)-, eCJH OH CYWECTBYET.
x—=+a ’
Teopema 1. Ilycms f(x) u g(x) onpederens. u Ough-
hepenyupyeMs 8 OKPECMHOCMU MOMKY X = d, 3A UCKAIOYEHUEM,

Goims moxcem, camod moyku a,

lim f(x)=lim g(x)=0, g(x) u g’ (x)5=0 6 amoii oxkpecm-
X —a X-—+a

nocmu . Toeda, ecau cyuwecmayem lim %%; , Mo cywecmayem

X =0

fpeacTaBAReT

o f)
leﬂL Zny ¢ umeem Mecmo pfzaeucmao
Nim LM~ g £
e = 0
HoxasateancTBo. Bysem cudTate, YT0 4 — KOHEY-
noe uucao. (B caysae a=oo cM. mmike sameuanue 3.) [p-
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onpenenuM QyHKuMH f M g B TOYKe X =a, noaaraa [(a) ==
= g(a)=0. Torga 3TH QyHKUMH GYAYT HENPEPHBHK B TOY-
ke a. PaccmorpuM oTpesok [a, x|, rae x>a nm x<a
(cm. sameuanue 5 § 4.12). Ha [a, x] dynxunu f n g nenpe-
PHIBHBI, @ Ha (@, x) AnddepeHUHPYeMBI, NTO3TOMY N0 TeopeMe
Kowu cyuectByer Touka § Takas, uto

f)—Fa_ I'(E) I _ P&

go—g@— g® FE@ M) wm = -

Korga x—a, T0 U E—a, NO3TOMy B CHJY YCJOBHSA

TeopeMbl HMeeM

oy SO e B ()

- im = lim = im o (2)
NpH¥ YCJOBHH, 4TO Npejiesl B NpaBoii 4aCTH paBeHCTBA Cylie-
CTBYeT.

OTHM Teopema JOKa3aHa.

3amevanne I. Ecau npesen cnpaBa B (1) He cyme-
CTBYET, TO Npeje] CJEeBa MOXeT CylleCTBOBAaTh.

Tpumep. Taxk kak sinx x x, TO

|
x3sin —

. x . .1
lim = lim xsm?=0.
x>0 x—-»0
Onuako
LY .| 1
x3sin — 2x sin T—COST
lim ~—— % = lim —————— <=
10 (sinx) X 0 cos x

HE CYIeCTBYET.
3ameuyanue 2. Ecam Bhpaxenue é, 8
HeonpeeNeHHOCTb BHAA % H QyHKEUH ' (x), g’ (x) yAoBJjer-
BOPAIOT YCJNOBHIO TeopeMbl |, To
PR € R TIY € I T i ¢))
Jm gy = M = im w

npencTan/asner

an 3TOM 3TH pPaBE€HCTBA HAAO0 NMOHHMATh B TOM CMBbICJIE,
YTO eCJl¥ CyLleCTBYeT TPETHH nmpejes, TO CyliecTByeT M BTO-
poit M nepebiil.

Teopema 2 (%) Mycmo | u g onpedeenvi u Ougbghe-
penyupyemst @ okpecmuocmu mowku x=a, lim f(x)=
. X—=>a

& -
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=limg(x)=o00, g(x) u g'(x)5=0 & smod oxkpecmnocmu,
xX—+a

moaoa, ecau
. (x) i F(x)
e ™ U
u
tim L&) _ fjm LD

JlokaaaTe/ibCTBO 3TOM TeOpeMbl Mbi He MPHBOAHM.
3ameuvanue 3. Eciiu a=o00, T0 3ameHa x = 1/{ CBOAHT
reno Kk a=0:

EO _ fim L0 i Oy FO) (=)

,l_l‘.m.g(t)r::..o g (/1) — Lo g1}y =,l.|.mo g (t/H)(—1/%)
= lim £2)
”’,}T}. g(x)’

Bhipaxaemble TeopeMaMH 1, 2 npaBHsia, B CHJ1y KOTOpPHIX
BHIYHCJIGHHE Tpejie/1a OTHOWEHHA QYHKUHA MOXeT GbiTh CBe-
AEHO K BHYHCJNEHHIO Npefie/]a OTHOWEHHA HX MPOH3BOAHBIX,
Ha3LIBAIOT npasuaom Jlonumans, N0 HMEHH MaTeMaTHKa, Ko-
TOpuIAi chOpMYIHPOBAJ 3TO MNpaBH/IO, NpaBAa, AJA BecbMa
npocTeiX caydaeB. Brpoyem, 3T0 npaBHJO O6bIIO0 M3BECTHO
H. Bepuyaan no Jlonurtans!?).

[Mpumep 1.

. X :
Iim TZO' Ya >0, a> 1.

x
% @

[« ]
3nech Mbl HMeeM HeomnpefeeHHOCTh BHAA ( ;). MMpumensnn

npasuo Jlonutans k pa3 (k== o, npn & HaTypaJ/ibHOM k= a),
AOAYYHM

. X% . cxo—k

lim — = lim W=O.

X — a x—»ma
MMpumep 2.
Inx

lim 'F:O’ Va > 0.

X ~> o

1)T. . Jlonutane (1661 —1704) — ppanuyscku matematuk. HU. Bep-
uyann (1667—1748) — wpefiuapcknfi MaTeMaTUK.
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dyHKuuM x® 1 1N X yIOBJETBOPSIIOT BCEM YCJIOBHAM Teope-
MH 2, MO3TOMY

. In x . 1 .
lim —= = lim 4{. = lim la
X @ x £ —> @ ax X > @ ax

=0.

KpoMe paccMOTpeHHBIX Heonpeje/eHHOCTeH, BCTPEvaloTcs
HeonpeaeseHHOCTH Buaa 0-c0, 0° o0®, co—oo, 1®, onpeje-
JleHHe KOTOPbIX OYeBHJIHO. JTH HeonpeleleHHOCTH CBOAATCH

, 0 o
K Heonpejie;eHHOCTAM o HJIH — aare6paHyeckHMH npeo6pa-
30BAHH IMH.

a. Heonpedeaennocms 0-o0o (f (x) g (x), f(x)— 0, g(x) —
— oo NpH x —»a). SIcHo, yTO

[gw=1E-(F) nan fe=-(2).

Mpumep 3.
lim x*Inx=0, Va>0;

x=0
. . In x @ . |
lim x®*Inx=lim -_—a=(—)= lim —%
ix-»0 r»0% L x-»O'—(z'x_a'-l
1
=——limx®=0(
@, 50

6. Heonpedesennocmu euda 1®, 0°, oo® Anst BupaXeHHs
| cBopsTcs K neonpenenenHoctH 0-oco. Coraacho onpene-

JeHHI0 3TOi GyHKuUuH fE=een ! (f > 0),

- Ecan
limginf==k,
X —>a
TO
lim f€=ek,
X—-—»a

B. Heonpedeaennocms oco—oo (f(x)—g(x), f— + oo,
g— -+ oo npH x —a). Jlerko BHAETb, YTO

t(5)

0 |~

li'

-~
.
0=~ —

f—g=

\I._i-—
n:-]—[—-
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§ 4.14. ®opuysa Teiisopa’)
PaccMOTPHM NPOH3BOBHBIA MHOTFOY/EH CTeNEHH ri:

P,(x)=b,+bx+ ... 4b,x" =;Eo b x*,

rle, TAKHM 06pa3oM, b, —NOCTOSHHBE YHCIA — KOIPPHILHEH-
T MHOToYJeHa. [lycTb x,— /H0o6oe (PUKCHPOBAHHOE HHC/Q.
IMonaras x = (x—Xx,)+ x4, MOAYUHUM

B0 = 2 by [(x—x) + x4, ()

OTKyAa, BO3BOAS B CTeneHW KBajJpaTHbE CKOOKH H NPHUBOAS
NofACGHBIE MO CTENEHSM X —X,, NOJAYYHM BhIpaXKeHUe A
P,(x) B caepyioiest ¢opme:

P,(x)=ay+a, (x—x)+ ... +a,(c—x)" = Zan(x —x, )%,

2
Ha3biBAEMOE PA3NONEHUEM MHozourena P, (x) no cmenensm
(x—x,). 3mecw a,, a,, ..., a,—uucna, 3aBHCAUME OT b; H

Xy — KO3DPUUHEHTH pAa3JIOKeHus P, MO CTeneHAM X— x.,
Hanpuwmep, a,=0b,+ b,x,+ ... +b,xi. U3 (1) oueBugHO, uTO
P,(x) Ha camMOM feJe OT X, He 3aBHCHT.

Haitnem nocnegosatenibHble npousBoanbe P, (x):

P (x)=a,4+2a,(x —xg) + ... +na, (x —x )",

P, (x)=1-2a,+2-3a,(x —x,)+...+n(n—1Da,(x —x,)""2,

P®(x) = 1-2.. kay+ .. 4 r(n—1)... (n—k+Da, x
X (X —x,)" =%,

s 9 e & ¥ 8 » e+ s » 6 T 8 s o e *» a2 3 s o ) a

P (x) = 1-2..

——

(3)

[Ipou3sBoaHble NOPAfKa Bbille n paBHel HyJ0. [losaras

1) B. Tednop (1685—1731) — anranfickull mareMaTuk.

g
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B popmyanax.(2) u (3) x=x,, noayuaem
P (x)=0s P,(x)=a, Pi(x)=1-2a, ...

, PP (x)=Rla,, ..., PP (xy)=nla,
Wi

P(k) xo)
p=r k=0, 1, ..., m), 4)
rae Mul cumtaem Ol =1, PP (x)= P, (x).

®opMyanl (4) NOKa3bIB2IOT, YTO OfIHH H TOT K€ MHOro-
uned P, (x) cTeneHH n MOXKHO Pa3JOXHTb MO CTENEHAM X — X,
€AWHCTBEHHBIM 00pa3oM, T. €. eciy JIJas1 BceX 3HAYEHHH X

Py(x)= X Bp(x—xo)* = X Bi (x—xo)t,

rae f, n Pp—nocrosuuse, 10 B=Pp; (k=0, 1, ..., n).
Beas kak umcnaa f,, Tak ® P; BHUNCJAOTCA NO OJAHOH H
Tol Xe dopmyane (4).

B cuay (4) dgopmyny (2) MOXHO mepenucath Tak:

Py’

P =P, (x)+ 2 () g P (g

(R)
= Z P tta) (v o, (2)

®opmyna (2') naswiraetcs gopmysrod Tetiropa 0aa mHo-
2ounena P, (x) no cmenenam (x—x,). OTMETHM, UTO npapas
gacTh (2') QaKTHYECKH He 3aBHCHT OT X,.

Mpumep 1. Ilyete P, (x)=(a+x)* v x,=0. Torpa

B cuay (2')
< PP (0
Pn(x)= Z kl( )xh’
k=0

TAe B JaHHOM CJyyae
PP (y=n(n—1)...(n—k-+1) (@a+x)"-k,
PP(O)=n(n—1)...(n—k-+1)ar-,

H Mbl MONYYHJIH U3BECTHYIO (opMyay Guoma Hewomona

(a+x)" — Z n(n—1).. .(n-"—k-}-l) an=hxk, (5)

k=4 k!
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Pacemotrpum  Teneph Jofyio dyHKUKIO f(x), KoTopas
UMeeT HenpephiBHLIE IPOU3BOJIHLIE BCEX NOPANKOB A0 (n+1)-ro
B HEKOTOPOM OKPECTHOCTH-TOYKH X,. Mbl MoxeM ¢opma/bHO
COCTaBUTb MHOrOYJIeH

Q. (x) = E I8 o) (8, (6)

k=0 *

KOTOpPO# Ha3mBaeTca muozodrerom Teiiropa n-i cmenenu uiu
n-m_muozodnenom Tedropa ¢yrkyuu [ no cmenemam x—x,.

Muorounen Q, (x) cosnajfaer ¢ dyHKuue# f(x) B TOuKe
X, HO AJA BceX x OH He paBeH [(x) (ecqu f(x) He sBaseTcH’
MHorousieHoMm cteneHd n). Kpome 7oro,

Qa (%) =F (xo)s - WY (Xo) = [ (x4 ) (N
“Mosoxum , .
f(X)=Q, (x) +r, (%). (8)

®opmyna (8) HocHT Ha3BaHue opmyaw Tedropa 0rn Pyuk-
yuu f(x); r,(x) Ha3bIBAECTCH OCMAMOYHBIM YAEHOM GOPMYALL
Teiinopa, — noppobHee, n-M OCMAMOYHOIM YAEHOM GopMYAst
Teiinopa ¢ynsyuu [ no cmenenam x—x,. PyHkuua r,(x)
N0Ka3biBaeT, KaKylo MOFPEIIHOCTb MbI JOMYCKAEM AIPH 3aMEHE
f(x) na muorounen Teiinopa (6).

Haiinem Bupaxkenue o r, (x) yepe3 npoU3BOAHYIO f‘"“'(x)

B cuay (7) u (8) r.(x)=ra(x)=...=r" (%0)=0.
[Monoxum @ (x)= (x— x‘,)""l $lcho, uTo (p(xa)_cp (%) =..

= @™ (x,)=0. Tllpumenss teopemy Koun k quHKumm
rn (x) u ¢ (x), Gynem umeTh

Tn (x)z n (X)— 1y (x5) — ’n (x1) —_ rn (xl)—'lll (xo) ’n (x2)
9 @ (x)—9 (xp) 9 (x) @ ()—9 (%) ¢ (xa) "7
() _ i () — i (k) _ i (6pa)

<P"" (n) @ (X)) — @™ (x0) G (ay )

(%, €(Xor X) ¥ X4y €(xyy %), k=1, 2, .
Ho(p(fl+l) (x)._(n_‘_ l)' r(fl+l)(x)._f(n+l)(x)__ f(l‘f+l)(x).
CrenoBaTebHO,

r, (x) _ (x(;:—o)l)! f(n+1) (C), (g)

tAe ¢ =X,,,— HEKOTOPas ‘TOYKA, JeKallas MEXKAY X, H X.
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- Taknm obpasom, ¢opmyay (8) MOXHO 3anucaTh B BHAe

- k n
fx) = Zi—% (=t + D (rm s (8)

dopmyna (8') HasbiBaetca ¢opmysoil Teinopa ¢ ocra-
TOYHLIM YJEHOM B ¢hopme Jlazpana.

Mbl a0Ka3aau BaXKHYIO TeopeMmy.

Teopema 1. Ecau ynkyua [ umeem 8 okpecmuocmu
MoMKU X, Henpe puisryio npou3sodnyro f**1 (x), mo 0aa 106020 x
u3 smotl oxpecmuocmy Hatidemcs mouka ¢ € (x,, X)makas,
amo f(x) moxro 3anucame no ¢gopmyre (8').

31ech ¢ 3aBHCHT OT X H N.

Ecnu Touka x,=0, TO tpopmy.ny (8) Ha3biBaoT ghopmyaoti
Makaopena.

3BecTHBl ¥ ApyrHe ¢opMbl OCTaTOYHOrO 4/€Ha GOPMY bl
Teitnopa. Tak, Gosblioe 3HaueHHe umeeT gpopma Kowwu

— n+1 —0)n
o) = B2 =0 fnens (6, 10 (x— ), (10)

n!

rae 6(0 <0< 1) 3aBucur ot n ¥ x. BuiBoa 370l dopmyJibt
6ymer-naH B § 6.5.

YMmeHbwan OKPeCTHOCTb TOYKH X,, NOJYYHM, YTQ MNPOH3-
BOojHas f"*1)(x) ecTb HenpepblBHAaA (YHKUHA OT X HA 3AMK-
nymom orpeske [x,—08, x,+8]. Ho Torna ona orpanuuena
Ha 3TOM OTpe3Ke:

[ (x) | <M, x,—8<x<x,+6 (11)

(cm. § 3.5, Teopema 1). 3mecb M, — NOJOXKHUTENBbHOE UHCJIO,
He 3aBHcHlllee OT yKa3aHHBIX X, HO, BOOOLIE TOBOpS, 3dBH-
caumee ot n. Toraa
[[&+1 () |
lrn(x)_lg"(n_i_l)! lx"xo|"+1<
| x—x,| <.

HepasenctBo (12) MOXHO HCROJB30BaTh B ABYX LEJAAX:
Al TOTO YTOOBI HCC/EAOBATb MOBEAEHHE r,(X) NPH (UKCH-
POBaHHOM n B OKPECTHOCTH TOYKH X, H AJSA TOro, 4TOOBI
HccJel0BaTh MOBeJeHUe r,(x) OpU n— oo.

H3 (12), nanpumep, cjepyet, uTo NpH GUKCHPOBAHHOM N
MMEET MeCTO CBOHCTRO

Tn (%)= 0((x=x3)"), X — X, (13).

My x—x, 7+

w0 (1)
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noOKasLHBamoitee, YTO eeau r,(x) pa3gesJuTbh Ha (X —x%,)*, TO
NnoJydeHHOe 4YacCTHOE 6y1(e'r NpOAOJKATb CTPEMHTLCA K HYJIO
NpH X —X,.

B cuny (13) u3 (8') caepyer:

flo = Z PR (s to (k=2 (14)

dra ¢opmyna HaswBaercs gopmyasod Tedropa ¢ ocma-
mounbiM daerom 6 cmoicae [Teano'). Ona npucnocobneHa Aas
H3yueHHs! (YHKUHUM [ B OKPECTHOCTH TOUKHU X,.

Teopema 2 (exuHcTBeHHOCTH). [Iycme odHa u ma xe
Pynnyus | 13 PassusHbIX  COO6PaNenHull oKa3laaacs npedcmaérennodl
8 OKPeCmHOCMU MOYKU X, 8 8ude

F(@)=ap-Lag(x—xg)+ ...+ a, (x—xg)"F-0 (x—xg)"),
X => Xq 15
F(X)=by+4bi (x—x)F...+b, (x—xo)"+o((;r:;vo)"). (15)

To2da
: ap=br (k=0,1, ..., n). (16)

Jokasatenscrtro. Ecau npupasuars npasue uactu (15) B ne-
pelTH K npeneny NnpH X —s X, TO INOAYUHM ag=b, Tenepr B sToM
PaBeHCTBE MOXHO COKPATHTL Ha (r—xg) (X # Xx,) H ONATb nNepenTH
K ApEeReNy npH x— X,, TOTAA NMOJNYYHM a;=b,. K Tak npoponmaem Ao
TEX ROP, NOKA NOAYYHM Qp=b,.

Mpurep 2. Mu 3naem, uto

n

] —xn+1
Zxk=_TiT (X;é]).

k=0
Noastomy

E xn+l—2 xk—LO xn) (]7)

V()=

C Apyroii cTopoHh, GYHKIHMSI P HMeET B, OKPECTHOCTH TOYKH Xx=10
ApoR3BOAHNE N1060r0 Nopsiixa, NMOSTOMY ANsl Hee HMEET MecT0 ¢opMyna
Teilnopa ¢ octatkom B dopme Ileano

_ P (0) " )
b () = ,.2_10 T e (em). (18)

%) O. HNeano ¢18568— 1932) — HTanssuckufi MaTeMaTHK.
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Conocrasnsaf dopmyan (17) m (18), Ha OCHOBAHHH TEOpEMEl eANMCTSRH~

HOCTH NOJYYHM .
&

=20 a0 1, . (19)

lMopeaenuio octatoysoro ujeHa ¢opMmyan Te#sopa npu
n— oo MOCBALEH CJAeAYIOULHA naparpag,

§ 4.15. Pan Teitnopa

BoipakeHue

ay+-a;+... 1)

> a4, (1)
k=0

rje a,—uucJja, 3aBUCsLIHe OT UHAEKCa R, Ha3uBaeTCA pAdoM.
KoHeuHbie cyMMbl

S,‘=k§0a,I (n=0,1, 2, ...)

HJIH eule

Ha3biBAIOTCA 4acmuYdHoimu cymmamu psaga (1) (HJIH.(I')).
Ecau cyuecTByeT KOHeyHbI npepes
lim §,=S, (2)
n—+»o

To rosopart, uto psag (1) CXOAUTCS K yucay S M HasnBaloT S
cymmod psga. Ilpu sToM muwyr

S=kzoa,,=ao+a1+a,+...

Ecau mnpexen yacTHyHbiXx cymMM S, (Opu n — oo) psaia
(1) He cymecTByeT HaM paBeH oo, To psx (1) HasmiBaeTtcs
pacxodauumcs.

[Mycts Teneps ¢yHKuMA [ uMeeT MNPOU3BOAHBIE Ji0GOTO
nopsfKa B OKPECTHOCTH TOUYKH X,. Jlis Takoi QyHKRuuM
MOXHO COCTaBUTh PSAJ CJAEAYIOHEro BHAA:

Fod + L gy Ly, @)
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MJIH Kopoue

ZMWR %) @)

L]

He3aBHCHMO OT TOFO, CXOAHMTCST MJAH PAcXOAHTCS 3TOT pAaA,
OH Ha3bipaetcs padoum Tedaopa GyHKUMH f MO CTeneHAM
x—x,. Ecan x,=0, TO COOTBeTCTBYtOULHA PAJA Ha3blBAIOT
uHoraa padom Maxaopena.

Oco6biit  HHTEpeC NpeAcTaBJseT TOT cjayyad, KOraa psl
Teiinopa QyHKUHMH f NO cTeneHAM (X —X,) CXOAHTCA B He-
KOTOPON OKPECTHOCTH TOUKH X, ¥ NPH TOM K caMoil (yHK-
unn’ f(x). Ecan 310 umeer MecTo, TO

f(x) = Z f( )(XO) (x xo)kv xE(xo'—ﬁv Xy +6);

k=0

T. e. pyHkuns f(x) ectb cymma ee psana Teiisopa B Hexo-
TOPOil OKPEeCTHOCTH TOYKH X,. B 3TOM caydae roBopseT, uTO
dynxyus f(x) pasiazaemcs. 8 pad Teidropa no cmenenam
(X —x,), Cxodauuiics K nei.

Teopema 1. Ecau ¢ynxkyua | umeem na ompeske
[xo—5, x,48] npouseodnee aobozo nopsdka u ocmamox
ee gopuyror Teldropa cmpemumcs K HYmo npu n— oo

lim r,(x)=0, x€[x,—06, x,+8] 4)

n—> o

Ha smom ompeske, mo [ passacaemcs 8 cxodawuiica K el
pad Tedaropa Ha smom ompeske.

HokasaTtenbctBo. Ilycts ¢pyHkuns f uveer Ha or-
peake [x,—8, x,--8] nponssoaubie Jo6oro nopsaka. Toraa
3TH NPOM3BOAHBIE HeNpepuiBHB Ha [x,—8, Xx,4-8], motomy
uto, ecau f umeer npomssonnyio f* uHa [x,—8, x,-+ 6], 10
npouspofgHas fk-1 HenpepeiBHA Ha [e—0, x,+8].

[Moatomy ans Hawed (YHKUHM HMEET CMbICJ QopmyJa
Tefinopa

JM—Z 5 (x— 2 1, (8), Y, x€[x—8, %,+86].
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Toraa B cuay (4)

Z f® (xo)( — XY = lim [f (x) —r, (¥)] =

n-» o p_
= f (x) —nl_l’n: Ty (x) = f(x)'

T.e. B 3TOM cJyuae MmuorouseH Teiinopa ¢yHKunH f(x)
(mo cremeHsIM X — Xx,) CTpPEMHTCH PU 1 — 00 K caMoi ¢VHK-
LHH:

lim " L (x“)( —x )t =[(x), x€[x,—8, x,+8].(5)

n—+®p_0Q

A 310 o3nayaert, uto psg Tehsopa ¢ynkumn f(x) cxoaurca
Ha [x,—8, x,+ 0] u umeer cpoeit cymmoii f(x):

oo =3 K0 (e, xe[x—8, x,+8].
k=0

Teopema aokasaHna,

Crnenylowasi Teopema JaeT NpocToil AOCTATOYHBIA KpuTe-
puii cXoaHUMOCTH ocTaTKa ¢opmyJbl Teitsiopa K HyJo.

Teopema 2. Ecau ¢ynxyua f umeem na ompesxe
[Xo—8, x,+ 8] npoussodnse awbozo .nopadka, ozpanuuentoe
ONHHUM Hu TeM xe uyHcaoM (|f (x)|<<M, n=0, I, 2, ...,
X, —0 << x<Cx,+98), mo ocmamox ee ¢opm//zbz Tetinopa
HQ 3MOM Ompe3Ke CMpPemMuUmcs npu n— oo K HYyao:

lim r, (x) =0. (6)

n— o

HoxasateabcTBO. Bocnoap3oBaBuwince ¢opmynoi
JlarpaHxa OCTaTOYHOTO YJIeHa, ‘TNOJy4HM

x—xg[n+1 M.§n+1

@=L @< Gy . @

(c€(xq, X)) MZ|f"*V(x)!, Vn n |x—x,| < 8).
Tax Kak npaBast yacTb (7) CTPeMHTCA K HYJIO NPH 1 — 00
(cm. § 2.5, (5)), To umeer mecto (6).
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§ 4.16. ®opmyant n psam TeRnopa
SNeMEHTapHbIX QYHKUHE

. f(x)=e*. 3ra pynkuua GecKOHeyHO Au(pepenLupyema
(HMCET [IPOH3BOJHbIE JII060T0 NMOPAAKAa) Ha (— oo, oo), I'lpu
9TOM

fR(x)=e*, [®O0)=1 (k=0,1, ...), [+ (c)=e".

®opmyna Teiinopa c octaToynbiM Y4sieHoM B dopme Jlarpanxka
HMEET BHJ

¢ = Zk,—}—r(x), r(x)—m, ce©, x), (1)

e X MOXeT OhITb MONOXHTE/NbHBM M OTpHUaTeAbHEM. Ha
orpeske [— A, A], A >0,

Afn+1
Ir,,(x)J e(n+|)]'""0 n — oo. 2

3ro nokasmBaer (cM. Teopemy 1 § 4.15), uto dyHKUHA €*
pasnaraetrcs Ha [— A, A] B cxopswmica K Heit psip Teit-
Jopa no crteneHsM x (psaa Maxjopena):

xk
=3 5 &)

Ho A > 0— npoun3BosbHOe 4YHCJO, NOSTOMY 3TO PaBeHCTBO
HMEeT MECTO Ha BceH JEeHCTBUTEJbHOH ocH (x € (— oo, oo0)).
B npaHHOM c.nyuae [fRx)]=e|<et (k=0, 1, 2, ..))
Ha orpeske [— A, A], ¥ uTOOH NONYYHTb paseHcTBO (3),
MOXXHO Ohiio Gbl BOCl‘lOJleOBaTbCﬁ Teopemoit 2 § 4.15,
Briuncaum uyneno e ¢ Toudocteto fo 0,001, Fimeem (cm. (1))

n

e=Y g+ r. (), (4)
. k=0
rae
r.(1)= (n-|—l)l’ 0<e<l. (5)
Hapno nopo6pate n HacToabKo GOAbLIMM, YTOOGHI

r.(1) = +m<0001 0<c<l).
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Tak kak e <3, TO AAS 3TOrO JOCTATOYHO PEUIMThH Hepa-
serctBo 3/(n+ 1)1 << 0,001, Ouo BunoaHseTcAs npu n= 6.
ChenoBarenbHO,

1 [ l
e 2+W+ﬁ+"'+6_1:2'718

¢ tou”octhio no 0,001.

Mpumeuanue Tak kak 1| < ec <3 napu 0 < e < |, 'ronpun>2
ef/(n41)=0, rae 0 < 8 < . [Mostomy panetcrso (4) MOXKHO 3anucaTs

B caeaytouieM sHje:
.
—Z L
T T

3ra ¢opMyna 6buta Hcnoamaorada (8 § 2.6, dopmyaa [3]) ana xo-
KAa38TeNbCTBA HPPALHOHAMEHOCTH HHCaA e.

2, y=sinx. [JaHHas QyHKUHUA UMEET BPOM3BOJHYIO JIO-
6oro nopsjika M

| (sin x) "”lzlsin (x‘—l-k g-)lg 1, V&,

[Mostomy no Teopeme 2 dyHkuMs Sinx pa3naraetcs B CXO-
Jawuiicss K Heil Ha (— oo, oo) pax Teitsopa no creneHsaM x:

. _ x3 xb i (_ 1)k y2k+1
SinX=x——r+ 37— 20 @Fn "
Hano yuects, uto

[ 0 npu n=2k,

(n)
(SIHX) Ix—(l—Slﬂ l(_ l)k npu n—-2k+l

dopmyna Teitopa GyHKUHN SinX NO CTENEHAM X HMEET BHJ,
sinx = x-——+ eo - (— D! m-{—rw(x), (6)
rie
rav () = Gyt +m sin (0x+(2v -+ 1) 2) 0<6< 1,

Orcioga caepyer, 410
ray (x) =0(x%Y)
x—+0
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sinx=x—a- ... +(— 1) 1)1 +o(x).

3. y=cosx. CoBepuieHHO aHAJOTHYHO MOXHO NOJYYHTb,
yTOo

. x4 _ o " xil
cosx_l——2—+—“—_..._;=‘_o(— * Gy -
MNpumep 1. Hadtu lim 3221
x-»0 X
Hmeem
3
smx—x——ﬁ——{-o(xa). (7)
NO3TOMY
sinx—x___]_ o(x?) _l_ __l_
- | +xfo =—g+o)——qz,
T. €
lim siny—x 1
x>0 % - 6 °

Ha camom nene B (7) ocratox Hmeer BHA o(x*). Ho nas
. x—»0 .

HalWwux ueneit pocrarouHo o(x*). Hano aMetTs B BHAY, uTO

x—+0

€CM  HekoTOpasi (QYHKUMA OT X ecTb o(x*), TO OHa ecThb
x—=+0
Takxke o0(x°) (HO BooGile HE Hao6opoT!).
x>0
4. Pynxyus f(x)=In(l+x) onpemeneHa H CKOJBKO
yrogHo pa3 augpdepeHunpyema miasi x > — 1. Tlostomy ans

Hee opmy.y Teiiniopa MOXKHO HanHcaTh Aast JioGoron=1, 2,.
npu x> —1. Tak Kak

foo (1) = = (0) = (— 1 (n— 1),

To Qopmyaa Teisnopa HmeeT BHI

'1n(l+x)’=_x—_—"‘71+ vt (— l)"+'f5+r,,(x).
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Hcnonbzys ¢opmet Jlarpanxka H KoM ocTaToyHoro 4JjeHa,
MOXHO NOKa3aTh, 4YTO

limr,(x)=0 npu —I<x<l.

n— o
L ]

Noatomy ¢yukuus In(1-4-x) pasnaraercsi B yKa3aHHOM
npoMexyTke B psA TeHnopa no CTeneHsM x:

®

n(l4+0=Y (-5 (—1<x<]).
k=1

5. @dynxyua f(x)=(1+x)". dasa stoli GyHKuHH
[Mmxy=m(m=—1)...(m—n+1(14+x)=2,
f0)y=m(m—1)...(m—n+1).

®dopmysa Tehisiopa mo cTeneHsM X HMEET BHA

m(m=-—1)

(1+x)"'=l+mx+—,_,l—x’.+...

R Do nd D)y ().

MoxHO n10Ka3aTh, UTO NpH JwoboM m

limr,(x)=0 (=1 <x<1).

L -

Tostomy n1s mmoGoro ReACTBHTEJNbLHOTO fm MMEET MECTO pas-
Joxenne ¢GyHKuHH (1-+x)» B pax Tehinopa no crenensm x

(e = D@D —1<x<n. @

k=0

Ecan m narypaasnoe, to ¢yHxuus (1-+x)” ects mHo-
rounex. B atoM cayuae r,(x)=0 aa8 n>m u paAx cnpasa
B (8) mnpeacrapiser co6OM KOHEUHYIO CYMMY — MHOTOUJIEH
Tefinopa (cM. § 4.14).
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Hpamep 2. Buuncauts .apenen (ms=n, ms=0, n=0)
T X - x
ST AL I +Zto—(1+2+0)

x=-0 x
x(;l;'-——:l-)+o(x)

lim
x>0

- L () o] -3
Mpumep 3.

x5 o () — k(1 +axto(x)

x2

lim In (l+.x)—’x(l+x)¢= lim
x>0 X x—=0
—(%—l—a) A0 (A

= lim o

x -+ 0

= lim [——;——a-fro(l)]=

x =0

=——a.

2

§ 4.17. JlokanbHbifi IKCTPeMyM (YHKUHH

OnpeneJieHue JIOKaJbHOrO 3KCTpeMyma ObIJIO JaHO B Ha-
yane § 4.12. OyeBUAHO, MY MOMHO NPUAATH U CJAEAYIOULYIO
¢dopmy.

dynkyua y=f(x) docmucaem a8 mouke c a10KarbHO20 MaK-
cumyma (MUHUMYMA), ecau MOXCHO yKasame makoe 6 > 0,
umo ee npupaujerue Ay 8 mouke ¢ ydosaemsopaem HepaseHcmay

Ay=Ff(x)—f(c) <0, Vx€(c—0b, c+0b)

(cootBercTBeHHO Ay =f(x)—f(c) >0, Vx€(c—6, c+ §)).
[lo Teopeme Pepma (cm. § 4.12), eciu yukuusa f pocru-

raet B TOYKE X, JOK&/JbHOrO 3IKCTPEMYMa H B 3TOH TOYKe

-npou3Bonuas f’(x,) cylmecrsyer, To MOC/JEAHAA paBHA HYJIO:

[" (xo) =0.

ITo onpegefieHHIO TOYKAa X, Ha3bIBAETCH CMAYUORAPHOUL
028 ¢ynkyuu f, ecau B Hell Npou3BOAHast OT [ CyLIECTBYET
u paBua Hy.qo (f' (x,) =0).

Ecnu 3agaHa Ha HekoTopom HHTepBane (a, b) dyHknus f
M Hafo HaliTH BCe ee TOYKH JIOKAJBHOTO SKCTPEMyMa, TO HX,
OMEBHAHO, HAAO0 HCKATh CPeAH, BO-NEPBRIK, CTARHOHAPHMIX
TOYeK, T. €. TaKHX, B KOTOPHX NPOHIWOANAA [’ CymiecTsyer
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M paBHa HYJO M, BO-BTOPHX, CPeAM TOYeK, rae f ne umeer
NPOH3BOAHOI, €C/IH TaKOBble Ha CaMOM JieJie HMEloTCs. Cra-
LMOHAPHBIE TOUKH HAaXOAATCS H3 YypaBHeHHSA

' (x)=0, (1)

KOTOpOe Hajo pelunTb. KOHeYHO, He BCSKas CTALMOHapHas
T04Ka (QYHKLHM [ €CTb TOYKA JIOKAJblIOTO 3KCTpeMyMa f.

Ycaosue (1) sBasieTcsi Heo6XoOuMbim AJs TOTO, 4YTOGHI
Aupdepenuupyemas GpyHKUHS [ HMeJa B TOYKE X JIOKaJbHHIA
3KCTpeMyM, HO HefocTaTouHbiM. Hanmpumep, x =0 ectb cra-
NHMOHAPHAaA TOUKa (G)YHKUHH X%, HO B HeH 3Ta (yHKUHS BO3-
pactaer. '

OueBHJHO TaKXe, YTO He BCAKas TOUKA, rie f He umeer

"HpOHBBO]IHOI.:T! €CTb TOUYKA JIOKAJIbHOro 3KCTpEMyMa f

Tak uau MHaue, ecM HAM YXKe H3BECTHO, UTO X, €CTh
CTallHOHApHAS TOYKA MJM TOYKa, I NPOH3BOAHAN OT f He
CYlIeCTBYeT, HaM HYXXHH KPHTEPHH pacnosHaBaHuf, OyJer
JH IEACTBUTEJILHO 3TA TOYKA TOUKOH JIOKAJNBbHOrO 3KCTPEMyMa,
a ecqd 6yleT, TO KakOro —MaKCUMyMa WJH MHHHMyMa.

Huxke MBI NPHBOAMM JOCTATOUHHIE KPUTEPHU JIOKAJBHOTO
3KCTpeMyMa.

Teopema 1. Ilyembv x,—cmayuonapras mouka ynk-
yuu [ (m.e. ['(x,)=0) u [ umeem emopyro nenpepesnyro
npoussooryo 8 okpecmuocrnu x,. Tozoa: .

ecau " (x,) <0, mo x, ecmv mouka AOKAALHO20 MaKcu-
myma f;

ecau e ['(xy) >0, mo x, ecmb mouxka nr0KarbHozo mu-
Humyma f.

JNokaszatenabcTBO. Pasnoxum f no ¢opmyne Teii-
Jgopa no creneHsM (x—x,) npu n=1. Tak kak f' (x,)=0,
To ¢opmyna Teilinopa ¢yHKUUH f B OKPECTHOCTH TOUKH X,
HMeeT BHX

F=F @)+ 550, celx ). )

B 3T0il dopMmysie MOXKET GHITb X = X,.
Tycrs " (x,) < 0. Tak xak nponssosHas f' no ycJoBHIO
HENpepHBHA B OKPECTHOCTH X,, TO Haizercss 8 > 0 takoe, yto

f" (%) <0, Vx€(x,—86, x,+6).
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Ho Ttorsa octatounmit uied B dopmyae (2)
—xg)3 o,
Eoml () <0, Vr€(x,—b, %o +6),

YTO MOKAa3LIBAET, 4TO
Ay=[f(x)—f (%) <0, Vx€(x,—d, x,+3),
T. €. [ HMeeT B X, JIOKAJbHLIA MaKCUMYM.

AHanoru4yno, ecan f"(x,) >0, 10 f"(x) >0 B nexompoﬁ
OKDPeCTHOCTH X, H f"(¢) > 0. Hoa’romy OCTaTOYHBIA useH dop-

‘MyJinl (2) B OKPECTHOCTH X, HEOTpHLATe/bHbIH, a BMecTe

¢ HUM M Ay=f(x)—f(x,) =0, T.e. [ uMeeT B X, NOKab-
HBIA MHHHMYM.
Mpumep . y=x245, y' =2x, x=0-—crauvoHapHas

. ToYyKa, ¥ =2>0 aas Bcex X, CAefOBaTeNbHO, H B TOYKe

x=0. 3nauut, B Touke x=0-—JIOKaJbHBI# MHHUMYM.
3ameuaunne |. Ecau

['(x)=0 u ["(x,)=0, 3

)

TO GYHKUHS [ MOXET MMeTb H He HMeTb 3KCTPeMyMa B Xx,.
Hanpumep, ¢pyuxunn x* u x* ynosnersopsior ycsaoBuam (3)
B Touke Xx,=0, HO mMepBasi W3 HHUX HE UMeeT 3KCTpPeMyMa-
B 3TOH TOYKe, a BTOpasi —HMEeT, a HMEHHO, MHHHMYM.

Teopema 2. Hyemeo [ (xg)=["(x¢) = ... =["(x)=0
u [+ (x)5£0, u HenpepoisHa 8 OKpeCMHOCMU MOYKU X,
moeda:

ecau (n-+1)—uemnoe u f»+1(x,) <0, mo f umeem 8 x,
NOKAABROUL MAKCUMYM,

ecau (n-+1)—uemnoe u 7+ (x,) >0, mo | umeem 8 x,
A0KAABHBIL MUHUMYM,

ecau (n-+ 1) —neuemnoe u [P+ (x,)5=0, mo [ 3a8edomo
He umeem 8 X, NOKAAbHO20 3KCMpemyma.

JlokasatenhCTBO 3TOH TEOPEMbi CHOBA OCHOBAHO Ha MpH-
meHeHHH ¢opmyasl Teitsiopa. Mmeem

(X—'Xo) +1

f(x)—f(xo) = (n+l)l f('H'”(C) CE(XOI x)' (4)

B cayuae, ecau (n 4 1)—ueTHoe, paccyxjaeM B TOYHOCTH
TaK Ke, Kak B cJydae ¢opmydn (2). [Tyctb Teneps (n+ 1)—
HedyeTHOe, H MYCTb, Kak GbiI0 MpeAnosoxeHo, f+1 (x,) 5= 0.
Beneactsue HenpepuiBHQCTH ["*1) B OKPECTHOCTH X, CyMlecT-
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Byer uHTepBan (x,—06, x,+ 6), Ha kKoTopom f"*!'(x) coxpa-
Hser 3HaK [+ 1 (x,). Ecan x 6y et Bo3pacTaTh B OKPECTHOCTH X,
cJieBa HanpaBeo, TO (x—x,)?*' NpH nepexoje uepes x, nepe-
MEHHT 3HakK, a [+ (c) 6yneT COXPaHATb OIUH K TOT XKe 3HAK.
310 noKa3blBaeT, YTO TNpaBad 4acth (4) H, CJeA0BaTeJbHO,
Ay=f(x)—f(x,) npu nepexose x ueped x, MeHsieT 3HAK
U 3KCTPEMYM B X, HEBO3MOXEH.

Teopema 3. Ilycme ynxyusn [ Henpepsi6ra Ha ompeake
[%o—0, x,408] u umeem npoussodnyro ['(x) omdervro wa
unmepearax (x,—98, x,) u (x,, x,+06). l1pu smon

)20 (K0 ua (x,—8, x), ©)
<0 (Z0) na (x x,+9). (6)

Toe0a x, ecmb mO4KA AOKANLHOZ0 MAKCUMYMA (MUMUMYMQ)
pynxyuu f.

3necb He 06s3aTebHO NpeanoJaraercs, uto [’ (x,) cy-
LLeCTBYET.,

HokasateabcTBo. WMa nenpepwiBaoctv [ Ha orpeske
[x,—90, x,] » cBoiicTa (5) cienyer (cM. Teopemy 5 § 4.12),
yto f He yO6blBaeT (He BO3pacTaeT) HA ITOM OTPE3Ke H, CJe-
JOBaTeNbHO,

Fx)—F) =0 (<0) ana x€[x,—8, x]. (D)

A u3 nenpepwlBHOCTH f Ha [x,, x,+8] 1 cBoiicTBa (6) cae-
ayer (cM. Ty ke Teopemy 5 § 4.12)

f(x)—f (%) <0 (Z0) nna xe [xon X+ 5] (8)
Ho torma u3 (7) u (8) caenyer:
f(x) < F (x0) (f (x) = (%)) mrna Vx€[x,—8, x,+ 8],

H MBI JIOKa3aJH TeopeMmy 3.

Teopema 3 yTBepnaeT, YTO ecJu nepBass MPOH3BOAHASR
¢yHKUKH [ npU nepexole yepe3 TOUKY X, MEHFET 3HAK, TO f
UMeeT B TOYKE X, MHHUMYM (pHc. 52), ecnn 3HAK MeHSETCs
(npy -Bo3pactanur x!) ¢ — Ha -, W MaKcuMyM (puc. 53),
ecJH OH MeHseTca ¢ 4 Ha —. [Ipu 3ToM He o6d3aTesbHoO,
yto6ul f’ (x,) cymectsoana. Ho TpeGyercs 4Tobm f 6hina
HenpepuiBHA B TOYKE X,. .

, -

1
Mpumep 2. OyHkuus Y=117 Y =03
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Mot Bugum, uto y' >0 npu x <0, ¢y <O npu x>0
H, KpoMe TOro, y HempepbiBHa B Touke x =0, mosTomy 10
Teopeme 3 QYHKUHSA y HMeeT NOKAaJbHbII MaKCHUMYM B TO4KE
x=0. Jpyrux JOKaAbHbIX SKCTPEMYMOB (VHKIIKA HE HMeEeT.

I

Puc. 52. Puc. 53.

NMpumep 3. Odyuxuun y=2-—x’(l—sm—) (x#£0), y(0)=2,

HempepuiBHa B Touke x =0 H HMeeT IOKaNbHEIK MaKCHMYM: ¥ (1) << 2=y (0),
vx. OAHAKO Heav3as easideaums okpecmuocms mouxie x=0 TaK, uTOoGHI
B Helt npH x < O QyHKUHA BO3pacTaia, a npu x > 0-y6uBaga.

* B camowm sene,

. | 1
y-—2x(l—-sm;)-—-c057 (x#0),

2—x? (l—sinl)—Z
x

|
" (0)= lim =—lim (l—sin—) =0.
v o x>0 * X

X x>0

1
INpu maneix x caaraemoe 2x(l—sm ) KaK YTORHO Mano, nostomy

SHAK NPOM3BOJHOH §' 3aBHUCHT OT cos —. Mpa £ -0, €OS — npHHHMAET
3HaueHHAA + | CKOMBKO YroOgHO pa3. 3Haqm, B8O Bcnxoﬁ OKPECTHOCTH
ToykH x=0 QyHKuUHA KoJebouancH.

Teopema 4. [Tycmo ¢ynkyus [ ydosremeopsem ycao-
suam f'(x,)=0 u f'(x)) >0 (<0). Tocda [ & mouke x,
umeem A0KQAbHLUL MURUMYM (MAKCUMYM).

JdokasateabctBo. Tak Kak

i"(xo)= lim [ (x)— f(xo)__ lim fv(x) >0

X~ X, X—Xg X—Xx
X
TO xf (x) > 0 B 10CTaTOYHO MaJIOH OKPeCTHOCTH, T.e. [’ (x) <0

Bas x < X, U J (x) >0 pas X > X, [lo Teopeme 3 3ak.io-
YaeM, YTO B TOUKE X, JIOKaAbHbIH MUHHMYM. Cayvait [7 (x.) <0
ucc.nenye'rca 8HAJIOTHYHO, ' -

-
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3ameuyaune 1. Teopema 4 comepxkut B ceGe Teopemy |
KaK 4acTHHI cJ/ydail, DOTOMY 4TO B Hed He NpefnoJaraercs,
yTo f'(x) HenpepniBHa B OKPECTHOCTH TOYKH X,. Tpe6yercs
JAullb cyuiecTBoBanue f”(x,).

§ 4.18. IkcTpeManbHbie 3HAueHUs GYHKUMH
Ha OTpe3ke

Iycts Hago HaiTH MakcuMyM (MHHHMYM) QyHKumu f,
HenpepulBHOH Ha orpeske [a, b]. Tor ¢axkr, uto f nocTuraey
MaKcuMyMa (MHHHMyma) Ha [a, b] B HekoTopod Touke x, €
€[a, b], nokasau B Teopeme 2 § 3.5.

MoryT 6LITb TONBKO TPH BO3MOXKHOCTH: 1) X, =a, 2) x, =b,
3) x,€(a, b).

Ecan x, €(a, b), TO, COrIacHo CKasanHOMy B Npeabiay-
wem § 4.17, Touka x, 6yjeT TOUKOH JIOKAJbHOTO 3KCTpeMyMa,
¥ ee cJefyeT HCKaTh JHOO CPelH CTalHOHapHBIX TOYeK, JH6O
CpefH TOYeK, The NPOU3BORHAS HE CYLIECTBYET.

Ec/iv yKa3zaHHBEe TOYKH 06Pa3yioT KOHEUHOE MHOMKECTBO
Xiy veny Xpy TO '

max f(x)=max {f (a), FO)N FEDs v Fl)

x€[a, b

(xzr:inb]f(x)=min {f (@), F(®), [(x,), «.., f(xm)})-

OTMeTHM, YTO HeT HeOOXOAMMOCTH BhISICHATH XapakTep
CTAllHOHAPHLIX TOYEK, €CJH Mbl MOCTaBHJH ceGe TOBKO 3a-
Aayy Ha#¥TH MakCHMyM (MHHHUMYM) ¢yHkuuu f Ha [a, b].

INNpumep 1. Hafith HauGosbllee U HauMEHbIUEE 3Havye-
HHe (pyHKUHH

P(x)=sinx+cosx Ha [0, a].

Haxogum npoussoanyto: ¢’ (x) =cos x —sin x. [lpupasuu-
BaeM ee Hy.JIo:

cosx —sinx =0.
310 ypaBHeHWe HMeeT Ha orpeske [0, ] eAMHCTBeHHOe pe-
wenue x = n/4. Tak kak Y (0)=1, ¥ (n/4)=}"2, y (n)=—1, 10

max $(x)=V'2, min $(x)=r1.

xefo0, 1} X€[0, ]
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Mpumep 2. [NycTe 3neKTPHUECKAs JIaMNa MOXET nepe-
ABHraThcsi no BeptHKaad OB (ocn h). Ha maockoctH, nep-
neHAuKyaspHoii OB, BozbMeM Touky A (ma ocu x). Ha xaxoit
BbICOTE H3JI0 MOABECHTb Jiamny, YTOOh!
B Touke A Gnaa Hauayyuias oCBelleH-
HOCTb .(pHc. 54).

Pewenue. Ilomectum Jsamny B
Touky B, u nycte AB=r, OB=h,
OA=a, / OAB=¢. HaBectHo, uTO
‘ocBeweHHOCTL / B Touke A onpenedsi-
> €Tcf MO 3aKOoHY I=cs"¥, roe ¢c—

Ko3ppHUHEHT  NPONOPUHOHANBLHOCTH.

ITpumem h 3a aprymeHT ¢ yHKuuH /.

Tak xak r*==h®4-a’, sin(p=§, TO I (h) =¢

(A3 a1) 30"
Mo cmeicay 3anaun 0<<h << oo, Haiinem HauGoJbluee
snayedde 3ToH QyHKuHH. [ (0) =] (00)=01). Hanee

2 _9h2 —_
I (h)=cﬁ;§—)’-:—”-=0 npu h=alV 2.

Tak kak [/ (a/V 2) =2¢/[3V 3a* > 0, To HauGo bLICE 3HA-
yeHue ¢yuxuusa /(h) npuHUMaeT B Touke h=alV 2.

Takum o6pa3oMm, Jamny HajO0 NOABECHTb HA BLICOTE h =
==af)/ 2. Ecu e jaMna nojBelleHa Ha HEKOTOPOH mpo-
M3BOJIBHOM BbICOTE A, TO Ha NJIOCKOCTH HaWJy4llasi OCBe-
weHHOCTh OyleT B Touke A Ha paccTosHun a =) 2h.

§ 4.19. Beinyknoctb kpKBoid. Touka neperu6a

CoBopAT, ut0 Kpusasn y={f(x) obpawena 6 mouke x,
8bINYKAOCMLIO KéepxYy (KHU3Y), €CJIH CYLeCTBYET OKPECTHOCTD X,
Takas, YTO JAJS BCeX TOYEK 3TOH OKPECTHOCTH KacaTesbHas
K KpUBOH B TOUKe X, (T. €. B TOuYKe, UMewoued abCUHCCY X,)
pacriosioaena Bhllle (HMAE) camoM KPHBOM (Ha puc. 55
B TOYKE X, KPHUBasfg OOpalleHa BbINYKJOCTbIO KHH3Y, B TOYKE
X, —KBEPXY). '

?) B panxoMecayuae l(oo):h lim 7 (h).
. > 4%
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[oBOPAT, 4TO TOMKA X, €CThb mouka nepeuba Kpueod y =
= f(x), eciu npu nepexoge x Yepes X, TOYKA KPHBOH (HMe-
owan abcuuccy X) nepexolHT C OLHOH CTOPOHbBI KacaTebHoH
Ha apyryilo (Ha puc. 55 Touka x, —Touka neperu6a). Muave
FOBOpA, CYLIECTBYET JIOCTaTOYHO Ma-
aoe 8> 0 Takoe, 4TO AR Becex g4
X €(x,—98, x,) KpuBasi HaxomHTCH
C OAHOU- CTOPOHb KacaTeJbHO# B
Xoy @ RJA BCeX x € (x4, X,+0)—c
APYrod.

YKasaHuble onpejeseHHs Bblie-
JIAIOT BO3MOXKHBIE PACTOJOKEHHS
KpHBOii OTHOCHTEJIbHO KacaTe/bHOH 4
K HEeil B IOCTaTOYHO MaJIoil OKpecT-
HOCTH TOUKH Kacanus., Ho He Hyx- Puc. 55.

HO JyMaTb, YTO 3TH onpejgeneHus
HCUEPINbIBAIOT BCE BO3MOXHBIE CAYYAH TAKOrO PaCHOJIOKEHHS,
Has pyHKUHH

qy

J‘, .Z'J J’z .

0, x -0,
fl) = x’sin—;—, x=~0,

-
OCb X fepPECEKaeT M KacaeTcsd rpacduka (yHKIHH B TOYke
x=0 u x=0 He ecTb Touka neperuda.

‘Teopema 1. Ecau ¢ynkyus [ umeem ¢ mouxe x, émo-
.Pyio Henpepoigryto npoussodnyo u [ (x,) > 0 (< 0), mo kpu-
-8aa y=[(x) obpawena 8 x, eoinyKkaocmelo Knusy (Keepxy).

IlokasaTteabcTBo. Pasnaraem f B okpecTHoCTH X = X,

no ¢opmye Teisopa

Fx) = F(r) -+ F (5) (x—xg) + 1, (1),
)= 1 0(r—x) (0<0< )
3anuuiem ypaBHeHHe KacaTeJbHOR K Hawel KpHUBOfi
B TO4YKe, umeromeﬁ abcuuccy x,:
Y =F (o) +F (%) (x—%).

Toraa npesbiwenve KPHBO#H [ Ha KacaTe/IbHOM K HEH B TOUKE X,
paBHoO

f(x) =Y =r, (x).
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Tawnm o6pa3oM, OCTATOK r;(x) paser BeAHIHBE WPEBL-
nieHnsi KpuBoi [ HAJ KaeaTeJbHOR K Hel B TOuKe X,. B cuay
HenpepuiBHOCTH f*, ecan f* (x,) > 0, Tou f* (x, -6 (x—x,)) >0
A8 X, TPHHAJJEKAMHX MTOCTATOYHO MAJIOA OKPEECTHOCTH
TOYKH X,, 2 NIOTOMY, OUeBHAHO, U 7;(x) > 0 pjas mobero oT-
JIAYHOTO OT X, 3HAUEHHS X, NMPHHaLJieXKalulero K yRa3aHHOA
OKPECTHOCTH.

AnaJgornuno, ecan 7 (x,) <0, 10 r;(x) <0 ans mebero
OTIHYHOFO OT X, 3HAYeHHSl X, NPHHALJENKAIIEro K HEKOTOpoH
OKPECTHOCTH TOYKH X,, T. €. TPAaQHK QYHKLHH JIEXKHT HHME
KacaTeJbHOH W KpHBasi o6palleHa B X, BHITYKJOCTbIO KBEPXY.

CnencrtBue. Ecau x, eems mouxka nepezuba Kpusod
y=[f(x) u 6 neid cywecmsyem smopas npoussodnas f"(x,),
mo nocrednan neobxodumo pasna ryao (f”(x,)=0).

ITHM NOJb3YIOTCA Ha NPaKTHKe: NPH HAXOXJEHHH Touex
neperufa ABadiul AHddepeHIHpYEeMOH npmson y=7Ff(x) WLy T
MX cpeid KopHeit ypaBHenHs [”(x)=0.

JloctaToyHoe YCJOBHe JAJISi CYLIECTBOBAHMS TOYKH nepe-
ru6a y KpHBOR JlaeTcs CJejylolleit TeopeMoH.

Teopema 2. Ecau ¢pynryusa [ maxosa, 4mo npouseod-
Haa [''" nenpepwisha 6 x, a ["(x,)=0 u ['" (x,) %0, mo
Kpueaa y=f(x) umeem 6 x, mouxy nepezuba.

HokasateabcTBo. B stom cayyae

f (O =F (xoy+7"(x,) (x—x0) + 14 (x),
ra () =CEE 0 (0 (x—x)).

11:

B cuny nenpepuiBHOCTH [''’ B X, H TOrO PaKkTa, yTO f’”(xo)¢0
CIIEAYET, UTO F''" (%48 (x—x,)) coxpaHseT 3HaK B HEKOTO-
poil OKPECTHOCTH TOUKH X,; OH OAHMH H TOT XKe CHpPaBa M c/ieBa
OT TOYKU Xx,. C IpYroii CTOpOHbLI, MHOXHTEND (X —X,)° MEHAET
3HaK NpH nepexoje X uepe3 X,, 4 BMECTE C HHM H BeJIHYHHA
r,(x) (paBHasf NpeBBILUEHHI0 TOYKH KPHBOH Haj KacaTeJbHOMH
B X,) MEHSRET 3HaK NpH Nepexoje x uepe3 x,. DTo AOKa3bl-
BaeT TeopeMmy. .

Chopmynnpyem Gosee ofliylo Teopemy:

Teopewma 3. [lycms gynxyus | obradaem credyrougumu

ceoticmaamu:
[" (%)= ... =" (x)=0,

[0 (%) Henpepwena 6 X, u [ +¥(x)70.
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Toada, ecau n—newemsuoe AucA0, mo Kpusas Y= f{(x)
00pAUEHA SBINYKABCINGIO B86EPX UAU BHU3 8 3ABUCUMOCTM OM
mozs, 6ydem au [V (xg) < 0 uau fB+Y (x,) >0, a ecau n —
Yemmuoe, mo x, ecme mouxka nepezuba Kpusoil.

ﬂOKasaTeanTBO OCHOBAHO H2 TOM, 4TO MpPH YKA3aHHBLIX
YCJAOBHAX HMeeT MeCTo pas/oxenue no gopmy.e Tedsopa

(x—xo" *

f (%) =F (x0) + (x —x5) ' (Xo) +”W’Lf("+“ (%440 (x—x,)).

B 3ak/iodenye 3aMeTHUM, YTO TOBOPAT TaK¥Ke, UTO KPH-
Bas y=f(x) umeer Toyky neperuba B TOUKe X, rAe MPOU3-
BofHas ' paBHa + oo UM — oo (cM. puc. 40 u 41 § 4.2).

,{IA 7y
a a &y & 7 79| a2z & &
Puc. 56. Puc. 57.

Tlo onpegenenuio kxpuBas y=f(x) HasbiBaeTCA GbLNYKAOL
keepxy (knu3y) wa ompeske [a, b], ecnu mobas ayra 3Toi
KPHBOl C KOHHUAMH B TOYKAX X, X, (a<<x, < x,<b) pac-
no/ioXKeHa He HMKe (He BBIlE) CTArMBaoOUWLIE#l ee XOpJbl
(puc. 56 u 57).

3ameyanue.-Ecau f auddepenunpyema na [a, b], To
npuBeieHHOEe OnpejiesieHUe BbIMYKJAOCTH HA OTpPe3Ke IKBUBA-
JIEHTHO CJlefyiouleMy: KpuBas y = (x) Ha3bIBaeTCA 86IMYKAOL
ksepxy (kHu3y) na ompe3ake [a, b], ecu OHA BBINYKJA KBEpPXY
(kHM3Y) B KaxkIOH Touke X MuTepBaaa (a, b). :

Teopema 4. [Tycmv pynkyua [ renpepeisra Ha [a, b]
U umeem gmopyto npoussodHyro Ha (a, b).

Haa moao umoGet kpusaa y = [(x) Ovira evinykaoi Keepxy
(kHu3y) na [a, b], Heobx0dumo u Oocmamouro, umodbt Gol-
noananoce wepagercmso " (x) <0 (f"(x) >=0) 0aa ecex x €
€(a, b).

31y Teopemy Mbl He OyAeM [OKa3biBaTh.

MMpumep |. dyukuus y=sinx uMeeT HempepuIBHYIO

nepByi0 NPOH3BOAHYI0 H BTGPYIO MPOH3BOAHYIO (sinx)’ =



188 T 4. AMGGEPEHLHANLHOE HCYHCJIEHHE

=—sinx <0 na [0, n/2]. Tostomy xopaa OA, craruBalo-
was AYry KpuBoit y=sinx Ha [0, /2], HHXe CHHYCOMJH
(puc. 58). Tak kKaxk ypabHeHHe XOPAhl y—(2/n)x, TO MH
NOJyYHJIH HepaBeHCTBO

%xgsmx, 0<<x<n/2,

4acTo yﬂOTpEGﬂﬂEMOB B MaTE€MaTHY€CKOM aHaJJn3e.

. Mpumep 2. =x4+3x" = x’(x+3), Yy =3x2+6x,
=0 uopu x=0, x=—2 y'=6x+6, y (0)=6>0,
J4
7 ':—--'-4
o
A, P WL
1 P\ H/
| \
SN 1 1 d i E.
A 270 1 2
Pue. 58. Puc. 59.

"(—2)=—6<0,y"=0npn x=—1; y'"' =65+0. Tak xax
”'(x)-—6=#0 TO B TOuKE x——l—neperu6 Hanee
yx)>0 npu x>—1, y (x) <0 npu x <— 1. 3naumr,
rpa@yk QyHKuMH (pHC. 59) BENyKAWH# KBepXy Ha (— oo, —1)
H BBIMYKABIH KHU3Yy HA (—1, oo); x=0—TOouKa MHHHMYMa,
X=—2—TO4Ka MaKCHMyMa.

§ 4.20. AcumnroTta rpaduka ¢yHKuuu

FoBopsaT, 4yTO mnpsAMas x=a ABJAETCA 6PMUKANLHOL
acumnmomoti rpaduxa Henpepusﬂoxi GyHKUMH Yy = [ (x), ecan
x0Tsi Gbl ORHH W3 NpejaeJioB

lim f(x) wnam  lim f(x)

x-+a x—+a
x>a x<La

paBeH oo.
 Ecan ¢ynkung y=f(x) sapana ang x> M (x<M) T0
_TOBOPSAT, YTO NpaMan Y = kx + b, 9BASETCA HAKAOKKOU ACUMN-
momod HenpepHBHOM KpHBOW y=f(x) npH Xx— - 0o



§4.20. ACMMIITOTA FPA®UKA ®VHKLHH 189

(x — —o0), ecau f(x)=kx+b-+a(x), rae lim. a({x)=0,
X+ 4+ @
(x > - o)
(r. e. |f(x)—hAx —b|—OeckoneyHo Manas QYHKUHA NpH
x— 400 (x — —o00)).
Mpumep 1. y=1/x (puc. 60); x==0—BepTHKabHasA
acuMnToTa, TaK Kax

. 1
lim ——+oo, lim — = —oo0.
x>0 x+0%
x>0 x<0
[Mpumep 2. y= £ (x0).
Tak kak lim 2% =0. To npsmas Y =x (puc. 61) ecTh
X = @
HAKJOHHAA aCUMOTOTA NpH X — + 00 (M APH X — —00).
7 JA
!/
=7
- w A0
0 X | 7 n z
Puc. 60. Puc. 61.

Mpumep 3. y=Vx (x=0). Scuo, uto V x——kx—b
He CTPEMHTCH K HY/O NPH x — - 00 HH NPH KaKHX kub,
3HAYHT, QyHKUHS yz'Vx HAKJOHHBIX ACHMIITOT HE HMeerT.

Teopema. Jasa mozo umobe epadpux ¢ywxyuu Y = f(x)
uMer npu X — 400 (X — —00) HAKAOHHYIO acumnmomy,
HeobXx00umo u O0CMAMOUHO, ¥MOObl CYUECMBOBANL KOHEUHbLE
npedenst

lim L9k lim [f(x)—kx]=0, ()
x—++o % X' +®
u moeda npaman Y =kx-+4-b ecmv acumnmoma.

Nokasateabcrtso. 1) Ilycts ¢ynkuma f(x) umeer

HaKJIOHHYI0 acuMnToTy NpH x— J-o00, Y =kx+b. Torna
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F(x)=hx+b-+a(x), tre a(x)— 0, x — 4 oco. Orciona .
lim L8 — jim [k+ +°“"’] k,

X - 4@ X~> +x

,liT [f (x) —hkx]= lm+1 [b+a(x)]=0b

. 2) TlycTb yKasaHHble B Teopeme NpefieJiul NPH X — - 0o
CYLLECTBYIOT, TOTA2 M3 BTOPOTO PABEHCTBA, O ONpeAeJEHHI0
npeiesa, HMeeM

F(x)—kx—b=o(x), rae a(x)—0 npu x— - oo,

T. e. f(x)=4kx+b+a(x). 3uauur, npamas Y = kx4 b —na-
.KJIOHHA$l acHMNTOTa npy x— - co. Takoe xe paccykieHne
H NpH X —»—o0o0.
Ecau k =0 TO acumnmoma Ha3wpaeTcs 20PuU30HMAALHOL.
3ameuanne. CymecTsoBanue IBYX KOME4HHX TIPERENOB

(1) cywmectesno, w60 ans ¢yskuun y=Vx (x>=0),
lim V—x—'t-=0?=k, o lim [V x—0-x]=t00, 1. e. b=100,

x>+ X +@

¥ 3718 QYHKIMS aCHMITOT HE HMeeT.

MoxHO 13Tk TaKXe Chepyiollee SKBUBANEHTHOE ONpele/leHHe HaK/OH-
HOW 3CHMITOTHI.

Ecau paccmosnue p(x) om mouxu A (x, f(x)) nenpepwsrod xpueod
y=1/[(x), 0o npamod y=Ahx-+b, cmpesumca K -nyao npu X +-4 o0 (X
- — ), MO 0aHHaA NPAMAR HA3LIBAEMCA HAKAOHKOL acumnmomod smod
xpueod npu x »-+4© (x -—oo).

B caMOM pene, H3 AHAJUTHYECKONA TEOMETPHH M3BECTHO, UTO PaAcCTOA-
HHe oT Touku (x, f(r)) po npamoil y=~kx-}-b BripaxaeTca dopMyJoil

pR)=|f()—kx—b|/ V17,

OTKyRa u3 Toro, uto |f(x)—kx—b|—>0 cnenyer, uTO p(xf—» 0,
4 1ao6opoT.

Tpumep 4. BuSCHUTD, MMEIOTCA /M aCHMATOTH y FH-

nep6o.bt
2
L—¥ -1 (xza azb>0)

a?

Paapelnasi JaHHOe YpaBHeHHE OTHOCHTEJbHO y, Gyjem
UMeThb

y=‘;f;—;l/x’—a’. )
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Qreiofa

=T,

lim £=+2 lim -+

x—++® &yt

Hanee,

s [y~ (524 -

— b .' 2— ’—— == l l. —_—m—— ,—_.‘=0
==+ a xETm [Vx 4 x] + a x—lTw Vi —at4x

Takum o6pasoM, HA OCHOBa-
HUM JOKA33HHON TeopeMbl Mmps-
Mbie

Y= o

ABJAAIOTCA ACHMIITOTAMU  HalueH

runep6oasbl, NpuueM 3HaK + OT-

HOCHTCA K NpaBof Bepxue# noJo-

BUHE TUNEpOO/LI, 2 3HAK — OTHO-
CUTCA K NpPaBOW HIKHER mnoJo- u® .62

BHHE THnepooJIbl.

B cuay cuMmMMeTpuM ACHO, YTO 3TH NpsMble SIBJSIOTCA
acUMIOTOTaMH M NPU ¥ ——oao. B 3toM cayuae 3uak + ot-
BeYyaeT YacTH runepGoJibl, HAXOAALEHCS B TpeTbell  YeTBepTH,
a2 3HaK — OTHOCUTCS K 4acTH runepboJibl, HaXOAALIEHCH BO
BTOpOii yetBepTH (puc. 62).

§ 4.21. HenpepbinHana K raagkas Kpusas

Y paBHeHUS
x=q(1),
y=¥()

rae ¢ 4 ' —HenpepuiBHble (yHKUMU Ha (@, b), onpemensioT
HERPEPOIBHYI0 KPUBYIO, 3Q0AHRYI0 Apu ROMOWL napamempa t,
T. €. reomeTpuyeckoe Mmecto Todek (@ (f), Y ({)), ynopsaaouen-
HHIX npy momowid napamerpa ! € (a, b). [1pu Bospactanuu
Touka (@ (¢), P(¢)) asmxkercs no maockoctu. He uckatoueno,
y10 pashbiM { (f, H {,)—COOTBETCTBYET OfiHa H TA K& TOYKA

naockocT: (@ (), ¥ (£)) = (9 (f), V{ta)).

} (a<t <), (1)
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HenpepniBHan xpuBas (1) nHasmBaetcss eqadxod, ecau
¢yukuud @ (f) u P(f) UMEIOT HenpepuBHYI0 NPOH3BOJAHYIO
Ha (a, b) U BHMOJHSAETCH HePaBeHCTBO

U+ @y>0, Vi€, b). (2

OG6oataunm kpuByio (1) uepea I'. TlycTs £, € (a, b). B cnay
ychosusi (2) onno H3 yucea @' (£,), ¥’ (¢,) OTAMYHO OT HyAs,
Tlycts ans OnpeneNeHHOCTH

¢' (1) 0. Ho Toraa B cuay  He-
npepeiBHOCTH @' (¢) cyluecTByer
nurepeaa (I;,—96, {,+8), Ha Koro-
poM @' (f) coxpanser 3Hak ¢’ (i,).

-o\\
7 7 CaepoBarenuno, o () c'rﬁoro MOHO-
7

.4’1\
J

A
N

A

TOHHa Ha [{,— 0, 1,4 8] u, kpome -
TOro, Kak MH SHaeM,: HellpepLBHO
JMpgepeHunpyeMa. B Takom cay-
Puc. 63. yae GyHkuHa x=@({) umeer . 06-
paTHylo. )

t=¢-l(x).=g(x)| XE(C' d)! (3)

CTPOTO MOHOTOHHYIO H HENMPEPHBHO AH(HEPEHUHPYEMYIO Ha
HEKOTOPOM HHTEpBaJe (¢, d)— OKPECTHOCTH TOUKH X, = @ (I;).

TlonctaBnss BLpaxeHne aas { Bo BTOpoe ypaBurenue (1),
noJy4YuM, 4To KYCOK Y Hawel KpuBoi I', cooTBeTCTBYIOMIHA
untepBany (t,—6, ¢,+08), onucnipaetcs nenpepniBHO aue-
tdepeHuupyemoi ¢pyHnkuuneit (cMm. § 4.4, teopema 1)

y=F@)=v[p7 (1], x€(c, ), @
M NOTOMY B JOGOH TO4YKe § CYUleCTBYET KacaTesbHasi, He
rnapaJJnesbHan _OCH Yy. O‘lEBHJ.'lHO, TOYKH ¥ BSBHMHO OZ1HO-
3HAaYHO NPOEKTHPYIOTCA HA OCh X.

Ecau Tenepr ' (4,)5=0, TO, paccyxinas aHaNOTHYHO,
noJiyuuM, 4YTO.KYCOK ¥y, KpuBoi I', cooTserctmylomuit nocra-
TOYHO MaJoMy uHTepBany (f,—9, ¢,4-8), onucnBaetcs ne-
npepriBHO AH(pepeHnpyemoit dyHKuKeH

=0 =9V () yElc, d) ®)
Orcioga caenyer, u4ToO U B 3TOM cJyuae B Jlo60f Touxe ¥y,
CYILUECTBYeT KacaTe/IbHasi, HO Tenepb OHAa He napaJessHa
ocH X, :
Takum obpa3oM, B J0Goi Touke raagko#l kpuso# I' cy-
HIECTBYET KacaTtelbHasi, KOTopag Meaer OLTh napsasedbrod
. OAHOR H3 oceft KOOPARSaT.
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[Tpunmep. ¥Ypasnenus

x= acost, | ; )
. ’ -— 00 [s o}

y =bsint | ( <i<
onpesieisioT B [apaMeTpu4ecKkoil ¢opme KPnByio — NTHOC €
nonyocsmu a u b (pnc. 63).

310 raankas Kpusas, NOTOMY YTO (YHKUHH X=acos!
I y==bsin{ mnueOT HempephBHbiE NPOH3BOAHBIE, OAHOBpE-
MEHHO H€ paBHbie HYJIO:

(' (OF + (0 () =(asint) -+ (beos 1) >
=b(sin*t +cos?t)=0*>0 0 <b<a).

Touxn A, B, C, D (cum. puc. 63) geast 3AJH0C Ha YeThipe
TAQJKIX KYCKa, KaxKAbl# 13 HIX TNPOEKTHPYeTCH B3anMHO
OAHO3H2uO .60 Ha och X, Jiu60 HA OChb .

§ 4.22. Cxema noctpoenus rpapuka QyHKuHu

Ecan ny>KHO B ofWHX yeprax npeacTaBuTe ce6Ge rpagmk
(pyHKUHH y==f(X), MOTYT NOMOYbL CJEAVIOUIlE YKa3aHIif.

I. Haiéitu oGnacte Q 3uavenuii x, rae ¢pyuxuus f onpe.
Je/IEHA.

2. Hafitn ToukM Xy, X,, ..., TAe [ (X)=0 wan npous-
BOJHAN lie CYyUIeCTBYeT, B 4acTIIOCTH paBHa oo. Bouiyncaits
spauenust f B 3Tux TOo4Kax: f(x,), f(x,), ..., ecan oun cy-
LIeCTBYIOT, H ONPEAE/HTb, 1€ SHBJASIOTCH I OHH TOYKAMH
MakcHmymMa, muniumyMa. Ecau f ue onpene.ena B Kakoi-116o
i3 TOYEK X, TO BAXKHO 3HATb mpefedut [(x,—0), f(x,--0),
BaJKHO TaKe oflpefe/IHTb npejets

F(—o0) = lim (), . f(-+-00) =+ lim [ (v},

CCJIM OHN IIMCKOT CMbICJ.

3. O6aacts Q pasjensiercsi TOYKaMiH X, 11 HHTEPBA.IW
(a, b), ua kaxaoM M3 Koropeix f'(¥)==0. Cpean HHX MOIrVT
ObiTh GECKOHEYHBIE HHTEpPBaabl (BHAA (—oo, ¢) WIAH (d, o0)).

Byaem cuutats, uto npoussoguan [’ (v) nenpepupua na
Ka)x10M takom wuutepsane (a, b). Torna [’ (x) ma (a, 0) co-
xpauser 3Hak. BaxHo BbISICHHTD 3TOT 3HAaK, Torja Gyjer
n3pectHo, Gyaer JH [ BospacTaTh il yOwBaTh Ha (4, ).

7 5. C. Byrpon, C. M. Llukoavckuil
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4. BaxHO OTMETUTb Ha Ka)XJOM HHTepBane (a, b) TOUKH
xk'l, xk‘2, P (k:(), l, 2, ---),

rae f"(x)=0, u onpexesHTb COOTBETCTBYIOLUIHE 3HaYeHUs
GYHKUHH
fyads Fyads e

B 3Tux Toukax mOryT GblTb TO4KH meperuba Kpusoi y=f(x).
DTH TOYKH B CBOK oOuepeib JAendT (@, b) Ha HHTEpBaJbl, Ha
KOTOpbIX BTOpas MPOH3BOJAHAHA, €CJAH OHAa CYIIECTBYET, CO-
XpaHseT 3HaK.

BoiaicHeHne 3HaKa f”(x) jnaeT BO3MOXHOCTb Y3HATb Ha-
npaBJjeHHe BbIMYKJAOCTH KPHBOH (BBePX HJH BHH3),

5. Ecan  BO3MOXHO, Hafo peiuTh ypaBHeHue f[(x)=0
H BbISICHUTb HHTEPBaJbl, Ha KOTOPHX [ COXpaHsieT 3HakK
(f(x) >0 uau f(x) <0).

6. BeigcuuTh BONPOC O CYHIECTBOBaHHH acCHUMOTOT, T, €.
HaiTIl npefeJbl

lim L& —k,  lim [f (x)—kx] =",

x>+ ® >t

€CJIH OHH CYLIECTBYIOT.
Ha ocHoBe 3TuUX cBefleHHil KejaTe/bHO COCTaBUTL Tal-

JHUY, MPHMEPHO CJelyIOLlero BHAA:

1 1 |
’ 3
y >0 0 <0 -5 < 0 0 >0
so3pacTaet | BO3pacTaet
Yy | acumnroT 0 | y6biBaer | — — | yOuiBaer | —I1 acHMnrota
HeT 2 y=x—3
y" <0 <0 <0 0 >0 >0 >0
BHOYKJA BHINYKAA | Nepe- | BLINYKNA . BLINYKJIA
Y| ksepxy max| kpepxy | ru6 | kHuay min | guuay
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Ha ocHoBaHuH JaHHBIX 3TOH Ta6JHIBl TPadUK (PYHKLUHH
y =f (x) umeeT BHZ, KaK Ha puc. 64.

Koneuno, sToT rpaduK Nepejaer Ham TOUHLE 3HAYeHHA f
TOJBKO B Tpex Toykax (x=0, 1/2, 1), ocTanbHble 3HayeHus f
B3AThl HAa IJa3, HO OH JadeT
npeicTaBienye o6 obmem &
noBefieHuy ¢yuxuui. Ecau
ghl MBI 3axoren(u npOTa: A 7 // N

yJ14poBaTh ee 6ojee Je T 5 >
TaJbHO, HaANPHMEpP BbIYHC-
JNTbL €e Ha HEKOTOPOM
HHTEpBaJe AJds 3HAYeHUH
X, OTCTOSIIUX JPYT OT ApY-
Ha 0,001, to npuurtoCch
6bl BOCIOJIB30BATLCS  TEMH
HJX HHBIMH BBIYHC/IHTEb-
HHIMH YCTPOHCTBaMH (apud- -3

MOMETPOM, CYeTHOH Mallly- -

HOH M T. 1.), HO H B 3TOM

cayyae JAs  OPHEHTAaIMH Puc. 64
NpeABapUTENbHO  MOJE3HO

Y3HAaTb  CcXeMaTHYecKHi  rpapuk  QyHKUHH, nNOROGHLIN
puc. 64.

ITpumep. TlocTpoutk kKpHBYIO, 3afaHHYIO [1apaMeTPH-
YecKH:

= fet,

y=te=* |

Pemwenune. [Toctpoum cHauana rpaduk ¢yHKuuu x={e'.
Jta GyYHKUMSA 3ajaHa Ha BceH OCH, HeOrpaHHYeHHas, Henpe-
phiBHas u IAdddepeHuHpyeMas Ha (—oo, o); x>0 npu
[>0;, x<<0npu {t <0, x=0npu {=0. laace x'=(1+1)e".
YpaBuenue x' ({)=0 nMeeT egUHCTBelHbI KopeHb f==—I1.
Ilpu sTOM, OueBHAHO, x" > 0npu i > —1; x' < 0 npu { <—1.
Takum ofpasom, dyHKRuus x(f) Bozpactaer npu { > —1 u
y6biBaeT npu ¢ << —1. B Touke = —1 dpyHkuus x(f) Mmeer
JOKAJBHBI MHHUMYM, X(—1)=—e~'. Ha camom pese 3To,
OueBHJHO, MHHHMYM Ha (—oo, ©0).

UccrenyeM ¢(yHKIMIO Ha  BBIMYKJOCTh: X" =(2+4-1)¢;
x>0npu £ >—2; ¥ <0 npu { <—2; x"(—2)=0. 3Ha-
YHT, Ha (—oo, —2) rpaguK BINYKJLIH KBepXy, a Ha (—2, oo)
BBINYKJbIH KHU3Y, [ = —2—ToyKa meperu6a,

(—o0 <1 <oo). 1)

7.
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. Nanee,
!
tim £2=0, fim [te! —0] =0,

{»=-x f—>-—

T. €. X -=0—TropH30HTAILHASA ACUMNTOTA.
Ha ocnopanun 3Toro rpagur (QyHKIHH HMeeT BIA Kak
Ha puc. 65. Obnacts 3Hauenuit dyHruuu X =[—e"!, oo).
CoBepiueHHO aHaJOTHYHO MOXKHO MOCTPOHTb rpaduK yHK-
unit y-=te=! (puc. 66). O6nacTh 3HaueHUi 3TOM QyHKUHH

Puc. 66.

¥V o-(—o0, ¢='). Ha (—oo, 1) dyHkuusi y=te~! crporo
BOZpACTAET OT —oo 10 Yy:=e~!, B Touke [=1 pocruraer
MakcuMyMa (/0KaJbHOrO 1 Ha (—oo, o0)). Ha wuntepnaJe
(1, oo) oHa cTporo y6niBaeT K HYJO NPH [ —~ - 00 H HMEET,
TaxuM o6pa3oM, acuMnToty y =0 [pH { - - oo, OTMeueHa
ewe Toyka f-:=2, B KOTOpOil KpnBas Hmeer meperu6. Ha
(—oo, 2) KpuBasi oOpaiiena BbIMYKJOCTBIO KBEpPXy H Ha
(2, oo)—KHH2Y.

Tenepb Mbl nepexoinn k 0osee TpyaHol 3ajaue — Hauep-
Tirs  cxemaTudecknit rpadux kpnsoit (1). O6Goshauum ee
yepes I'. ®ynxunun, onpepessioutie I, HenpepsiBio nudde-
peHupyeMbl CKOABKO YFOAHO pa3, Mbl HCNOJb3yeM TOJMLKO
TOT (paKkT, YTO 371 (YHKUUN ABaX{AL HenpepniBHO AddxpepeH-
wupyemel. Ormerny, yto I ragkass Kpusas, NOTOMY 4TO
apoN3BoaHble (o ) ot Pyukiuil x=¢ (t)=te' u y=y(f)=te~!
O1{OBPEMEeHHO He PaBHEl HYJIO.

O6oanaunm uwepes I, u I', setBu I', Ha XoTophix coOT-
peterBenno A; << 0 n x; > 0. Takum oGpasom (cMm. pHc. 65
1 G6),

I', cooTeeTcTBYET n3nexeuio { € (—oo, —1),

I, cooretctsyer navenenuio {€{—1, oo).

Ha [, dyskuna y-=q(f) crporo yGuiBaeT oT ¢(—oo)=0,
A0 ¢ (—1)=—e"1, 1 ee MOXKHO 06pPaTHTB, a QYHKUUSA Y= ({)
cTpOro BO3pactaer or P(—oo)=—oo A0 P(—1)=—e,
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Otciona caeayer, 4To BeTBL I, onuceiBaetca ABHOI QyHKuMeH
y=ple-' (x)], x€(—e, 0).

Ona nsobpaxena na puc. 67 —umke Toukn A. Korza !
Bo3pactaer or —oo A0 —I1, aGcuucca x Toyku ') yGuiBzer

t
nI
‘\’—/ N

-¢ 2(-voe 2 e ")

{.@,fz

Pic. 67.

or 0 o — e~', a OpAlNdTa y BO3PACTACT OT — 00 10 —e.
Tax kaxk x' (—1)=01n y' (—1)=£0, To KacaTesnLHas B Touxe 4
napaasearHa ocu y. K tomy me ' pacnogomena npapee
KacaTteJbHoH — Befb 13 puc. 65 Bumio, 4To Bee Toukh I
nMetoT a6eiacey x = —et.

B awo6oii Touke { kpueoii I', oranunoit or A, T.e. npn
{=—1 npousBoauasi x' ({)==0 u

R L .
E/xzz—f="ljjf—’ M, i2)
Xt !
(1=t Y
o _dge  \TF2°¢ ) -2

A TRy VR (R R L )
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Orciona
Yil= vy =0. 4)
Hac ceftuac untepecyer snauemse {=—} 2, koropomy
cootmetcTByer Touka B=(—V 2e-V2, —-1'2eV?)€r,.

Us (3) BuamHo, uto ecan ¢t < —) 2 (r.e. va uactu I';
ke TOuKH B), 10 Yy, <0 u I} o6pamena Bbmyxilgcu}o
kBepxy. Eciu e — ) 2 <t<<—1 (1. e. ua ayre AB), 10
Y>>0 u I'; ob6pauteHa BBINYKJOCTbIO KHH3Y. Takdm obpa-
30M, B ectb Touka nepernba I';.

[lepexomum Ttemeps K I', (—1 < ¢ <oo). Kak BumHO H3
pdc. 65 u 66, Ha untepBane —1 <{ <1 ¢pyHrunH x =@ ({)
H y=1p(f) cTpOro BO3PacTalOT, HO TOrAa H (QYHKUUSA OT X

y=v[e7 (] (—et<x<e)
crporo BoapactaeT. K Tomy xe ee rpaduk Ha 3TOM HHTEp-
BaJle 00pallieH BHIMYKJOCTbIO KBepXy (cM. (3)). 3to u3obpa-

A
xeHo ayroit ACcT,. Uro xe Kacaerca ToukdH C, To B Heil

! = ’ =y—-l(l)=-—0 = i
yr=20 (y,(e) FO=7M 0) , H TaKk KaK B Hefi K TOMY

Me rpadik obpalleH BbIMTYKJOCTbIO KBepxy, To C ecTh TO4Ka
JIOKAJIbHOrO MakcuMyMa QyHKUuH ¢ (x). Ilpu x > e (t.e. £ > 1)
x(t) Bo3pacraet, a y(f) y6piBaeT K HyJi0. 31O MOKa3bLIBAET,

410 y(x) — 0 yGhisas. Mpu stom x(V'2)=V2e"? ectn

Touka neperu6a rpaduka y(x). CneBa ot 3T0fl TOYKH rpaduk
obpaileH BBIMYKJOCTBIO KBePXy, a cnpaBa — KHH3Yy (cM. (3)).

§ 4.23. BexTtop-pyHKuHH.
BeKkTOoph! KacaTeJbHOH W HOPMAJH

B nsockocTH 33aJaiHM MPAMOYTONbHYIO CHCTEMY KOODJAH-
HaT (x, y). ¥YpaBHeHHA

x=x(t), |
y=y@) |
rae x (£) u y(f)—HenpepelBHble QYHKUUH Ha HHTEPBaJe (a, b)
ONPENEIAIT Henpepoisryto Kpusyro I'— reomeTpHYeCKOE MHO-
ecTBO Touek (x(f), y(f)) maockocty, rae ¢ € (a, b). FoBopar
eme, uyro KpHBas I' 3ajaHa npH nomomu napamerpa ¢. Ee

(@<t b, D
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ypaBHeHHE MOXHO 33alaTh B BEKTOPHOH dopme
riy=x@B)i+y@)J (a<i<bh), (1)

rae {, j—enuHMuHble OpPThl COOTBETCTBEHHO OCed X, Y, a
r =r ({)— papuyc-Bektop Touku [', coorBercTByrouiedl 3na-
yenuto [ napamerpa (puc. 68). ‘

Bektop r(!) nasnBaior gexmop-ghyrryueil {(onpeaeseHnoN
s ¢ €(a, b)).

[oBopsT B cBsiau ¢ 3THM, uTo KpuBasi I' ecth 20doepad
BEKTOD-(PYHKUHHU 7 (f) — reoMeTpHyecKoe MeCTO KOHIIOB BeK-
TOPOB r (f), BHIXOAAWIMX H3 HyJeBoil Touku O.

Puc. 68. Puc. 69.

Kpusas T' naseiBaetcs 212adkoif Ha (a, b), eciu dyHKUHH
x(t) w y(f) uMmeloT HempephiBHble NPOM3BOAHBIE Ha (a, b),
OJIHOBPEMEHHO He DaBHbIE HY.JIIO.

Ecan ¢t npunate npupauenne Af, TO BEKTOP 7 NOJMYyYHT
npupawenne (puc. 69)

Ar=r(t+A)—r ()=
=[x ({+A)—x ()] i+ [y (1 +Al)—y ()] ] = Axi + Ayj,

OTKyJa, Jens Ha ckaasp Af, nomyunm
Ar _ Ax Ay
w=altaJ
Oas raaxkoil KpuBoi
Ax ’ . Ay ’
==X lim = =y’,
At Toato M

lim
A0

Bexrop x'i 4 y'f waseiBaloT npouseodroli om r (B Touxe t)
W 3anHChIBalOT TaK:

r=xt+y'yJ.
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MoXHO NpoH3BOAHYIO r OHPeAEHTb TaKKe Kak TaKoi
BEKTOP, IJSi KOTOPOTO

Ar

y_rl—0, Ao

—r

B camon npene,

Ar |2 Ax \2 Ay ;'2_+ .
r—r :(H__\ ) ‘F(m y) 0, At-—0.
Muwryr
= lim &
ar~0dd

n TOBOPAT, YTO BEeKTOP F ecTh npedea eexmopa AriAt npu

At —0. U3 puc. 69 sumno, YTO BEKTOp £ HampaBJeH Mo

Kacareaptof K 1' B Touke { B CTOpOHY BO3pacTanus /.
BekTop r uasbiBaiot sexmopos xacamenstoii K 1. [launa

ero pasHa
* H 2
|r[:]/\" '{‘yl .
“EQunuanbul eenmop xacameavroli ecthb

= I%:cosai-{—sinaj (r|>0),

’ ’

cosa__——x———, sine = ——2—— 2)

I sz_!_J Vx,z_l_ e !

rape o — yroa mMexKIAV T H 00J0XHTEJTbHbIM HallpaBJ]el'IHEM
OCH X.

Edunuyneui sexmop Hopuaau K I, T.e. enHUYHBI Bek-
TO) OePHeHAMKYAAPHBI K T, ONpeiesseTcs paBeHCTBOM

V== (Vu v2)'

v, =Fsina, v,=-4cosa (3)
Hi
— Yy x' ,
V7 m————, VvV, =t —m———, (3)
Vst Vit g
Oapepeautenn
T T cosa sina

vi vz| (Fsina Lcosal

1
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BepxHite: 3uaki COOTBETCTBYIOT C.1Vualy, KOrAa 11apa sek-
TOpOB (T, v) OpleNTHPOBAHE TaX Xe, Kak ocu (I, J) (puc. 70),
a [IDKHUe — KOraa napa (€, v) oplentipoBana npoTHBOMNO-
JOKIBIM 06pazoa (puc. 71).

K/ g f r
v
1)
»t) r t)
7 T 7 z
Puc. 70. Pue. 71.

Bropasi nponssonuas ot BekTop-hyukwini-# (£) (em. (17))
onpefenserca Kak npeue.t
F(t) = tim TEAD =T gy g () )

At—0 Al

Ha puc. 72 nsoGpaxena kpusas I, Touyxa A cooreer-
cTBYET 3navelino !, a touka B—3navenuio {--Af. K srum
TOYKAN  [IPHJIONKENHl  KacaTeldn-

. . YA .
ninie  Bextopul () u r(t--At). A F(t)
Bropoit Bextop Mbl  nepemnec-
U TAK, UTOGLl Ol GbL1 NPHTO-
wen K Touxe A. Ha pucynxe
oo3nauena paziocth  Ap =
=pr(+Al)—r({{y 1  BexTOp

Ar/AL, uneowuti  To ke na- 0|' i-'(t}\ \QE
At

npasaemie, 4yro 1 Ar. Hako-
1le1, OTMEUeH Npeae hiblii BeKrop Pue. 72,
r =r(l). Bexmop r Hanpaeaen & cmopony coeHymocnu 1.
Touno 3TH C€J0BA HAA0 HOHHMATL  CJACAVIOMUIM  OGPATOAL:
gekmop r o6pasyen  oCmpelll Yo ¢ GKMOPHN v HOPAQAAN
x T, nanpasaentoit 8 cmopony eoenymocmu 1.

[Tpunep. B Beirtophoii dopre ypasnenune (cy. § 4.21)
3.1711NCa HMeeT BHJ

r=-dacost+fbsint  (——oo <1 <o0).
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COOTBETCTBEHHO BEKTOp KaCaTeNbHOM
r=—iasint+ jbcost,

a BEKTOp HOpMaJIH
n=F ibcost & jasini.

B paunom cayuae m, BooGlle roBopst, He e€IHHHYHBIH BEKTOP.

BekTop-pyHKkuuio r=r () B OKPeCTHOCTH TOUKH [, MOXNC pa3Jo-
xaTh no gopMysae Teilnopa (MnH pa3noKHTE B BeKTOPHbIA paa Teiiopa).
Iyctb

rit)=x)i+y)J
rae x(f) v y(¢) UMEIOT HeO6XOAHMOe YHCJIO NMPOHABOZHHX B OKPECTHOCTH

ToukH lo. Toraa, paanaras 3t ¢yHKIHMH no (opmyne Teitnopa, nony-
yaem

y=y o+ g 4L g R ) )

x' (ty)

(=t gy R0, (4)

rie R, (t), R, ({)—octaTountie uleHul B KaKoit-IH60 (opme (Jlarpanxa,
Kowm u 7. 8.). Ymuoxkan (4) Ha 1, a (5) Ha j W cKaagbiBas, NONyYuM
dopmyny Teitsiopa ans BexTOp-pyHKUHM F ():

r0y=r )+ g D gy o,

rae OCTaToK

P ()=Rn () 1-+Rpn (D) ].

OTMeTHM, UTO €CAH OCTaTKH Ry (f) m R, () 3anucusaorca B hopme
Jlarpanxa uan Kown, To Bxoisillie B HMX NPOU3BOAHLIE (n--1)-ro no-
pAnka ¢yHkunik x (I) H y(I) BhuHcnsAloTCcs, BOOGIle TOBOPS, B PasnbiX
TOUKaX. :



FTABA 5
HEONPEAEJEHHBIE UHTEIPAJIbI

§ 5.1. Heonpenenexunili unterpan. Tabinua MHTErpasnos

B npeawigyuweii raase Mbl BBENH MOHSTHE MPOH3BOAHOM
H HAYUYUJIUCh HAXOAUTb [TPOH3BOAHYIO OT 3JIeMEHTAaPHBIX PYHK-
udi. 31ecb Mbl 6yaeM pemaTb oOpaTHYI 33afauy, a UMEHHO:
u3BeCTHA mnpousBofHas f’(x) oT ¢yHxuun f(x), Tpebyercs
HalTH caMy QyHKIHIO [(x).

C Touku 3peHHs] MeXaHMYeckoil 3To 03HayaeT, 4TO MO
H3BECTHOH CKOPOCTH JBHIKEHUS MaTepHaJbHOM TOUKH HEeO6-
XOJUMO BOCCTAHOBHUTb 3aKOH €€ JABHXEHHS.

Onpepenenne. dynxkyusa F(x) Hasvieaemcs nepaoob-
pasuoil ¢ynkyueid 0as ¢ynkyuu f(x) Ha unmepease (a, b),
ecau F(x) dupgpepenyupyema na (a, b) u F' (x) =] (x).

AHaJIOTHYHO MOXHO OMpeAe/HTb MOHATHE MepBooGpa3HOH
1 Ha oTpe3ke [a, b], HO B TOuKax a M b Hajmo paccMaTpH-
BaTb OJHOCTOPOHHIE MPOU3BOAHEIE,

Mpumep 1. F(x)=} x ectb nepeoo6pasuas aast GpyHk-

uun f(x)= 2;[/} ua (0, oo), Tak Kax (l/})'= 2]1/} .

[Ipumep 2. F(x)=sin2x ecthb nepBooGpasnas AJIs
dyuxiuun f(x)=2cos2x Ha (—oo, o00), TaK Kak (sin2x)’ ==
=2cos 2x.

Teopema 1. Ecau F(x)— nepeoobpasnas dra gynkyuu
f(x) na (a, b), mo F(x)+4C—maxae nepsoobpasnas, ede
C — 2t060e NOCMOAHHOE 4UCAO.

HokasateanctBo. Umeem (F (x)4-C) =F' (x)=f(x).

Teopema 2. Ecau F, (x) u F,(x)— dée nepsoobpa3roie
014 f(x) na (a, b), mo F, (x)—F,(x)=C Hna (a, b), 20e C—
HeKomopas NOCMOAHHAA.
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. Jdoxaszateancrpo. [o yenosuio F;(x)-- Fj(x) =] (x).
CocraBum (yuxun @ (x)=F, (x) — F,(x). OueBugno, uro.

D () = Fi(0) = Fi(x) = f () = F () =0,  Vx€(a, b).

Orciona no n3sectnoit Teopeme (cuM. Teopemy 6 § 4.12) 3a-

Kaodaem, uyto D(x)=C, T. e.

A FE F,(x)—F,(x)=C, u4to n Tpe-

60Ba/0Ch NOKa3aTh.

Takum o6pasom, u3 Teopem 1,

2 BuiTeKaet, yTo ecu F(x)— nep-

BooOpa3Has aas [ (x) na (e, b),

TO Jodan Apyrasi nepBoo6pasHas

_ PD(x) s f(x) na (a, b) umeer
7 ¢z BHA

Puc, 73. D(x)=F(x)+C, (1)

rjae C — nekoropas nocrosunas (puc. 73).

Onpepenaenue. [Tpoussorsas nepeoobpasias dan [ (x)
Ha (g, D) Ha3visacnca HeonpeOeseHHbIM UHINE2PANOM OM (DYHK-
yuu {(x) n oGo3HavaeTcs CHMBOJOM

S F(x)dx. (2)

3nak g Ha3piBaeTca uumezpason, [(x)dx—nodenmezpas-
Ho ooipasicenies, [ (x)— nodvinmeapanbroti pynkyuer.

Ecan F(x)—ouana u3 nepBooGpasnbix ai1a f(x), To, co-
r1acHO CKa3alHoMy

Firy

{Fde=F(4-C, (3)

rie C — COOTBETCTBYIOULIM 00pa30oM NoA06paHHAS NOCTOAHHAS.
Ofiepauiiio  HaXOXKAECHHMS  HEeOoNnpeIeJeHHOro HHTerpa.d
6yJeM HasuiBaTL uMmezpuposarues GYHKILUU f(x).
Ormerun, uto ecaun F(x) ecrb nepBooGpa3nasg ansd yiuk-
nui f(v), TO HOXbIHTEr pa.TbHOE Bhipaenue f(x)dx=—=F'(x)dx=:
=dF (x) sBaserca audxpepennuanom nepsoobpastoit F (x).
ITosxke Mul jgoxawxem (cm. § 6.3), uto ecau f(x) renpe-
posHa Ha (a, b), mo 0.1 wee cyuecmsyem nepoodpasnasn Ha
(a, b), a cienoBaTenblO, H HeonpeReNeHHbli HUTErpan.
OTM™eTHM psi CBOWCTB HeonpejeNeHHOrO HHTErpana, Bbl-
TEKAIIUX U3 €ro onpejeseius,
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1°. d S f(x)dx=f(x)dx. B camom ze.ie, S f(x)dx=F (x)+C,
oTciona

d{ Fnydr=d(F()--C)=dF (x) = F' (x)dx == f (x) dx.

2°, SdF (x) == F (x)--C, T.e. S n d Takxe B3aHMHO CO-
Kpamaiorcs, 1o K F(X) nyxuo xo6anliTh HEKOTOPYIO MOCTO-
sunyio C. Unmeen S dF (x) =S F' (x)dx == (no onpegenenuo)-=
=F(x)-+C.

3. S Af (N dx= A S f(x)dx4-C, rne A—nocrosinoe
yucno, C — HeKOTOpasi NOCTOsHHAS.

4°, S ) --g@]de= g f(x)dx-+ S g(x)dx-+C, rne C—
HEKOTOpasl MOCTOSHHAL.

B camom rnene,

(Trmdx+§ewar) = (§Fnde) +(§ewar) -
=(no onpejeaexiio) = f (x) - g (x).
C apyroit ctopotinf,
(S [f () - g ()] dx:)' == (no onpeae.eno) == f (x)--- g (x).
Taknm oOpason, GyuKis g fdx - S gdx u Qynxkuns

S[f-}—g] dx ABAAIOTCS NepBOOOPa3HBIMH A5 OAHON 1 TOW xe

Gynkunn f--g. Ho Toraa oHM oTa1yaloTcsi 1a nexotopyto
noctrosiuHyio €, 4TO 1 HamHCaHO B pasencTse 4°.
5°. Ecnu F(x) ects neppooOpasuast pas f(x), to

Si(ax 1) dx = F(ax+b)+ C.
B camom pe.e,
H F(ax-- b)]' =L aF (@x4-0)=] (ax-b).

3amiuem TabaNLY HHTErPaJoB, BulTEKAIOULYIO HZ OCHOB-
nelx opmya AidpepennnanbHoro HeulleaeH s,

L {0.dx--C.
2. (wrax=21 4, Va1,
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3. Sx-ldx=5‘-i;=ln|x|+c, Ha HHTepBase, HEe COAep-
xawem x=0.

4. S‘a”dx=l—?5+0 (0<a, a1), [erde=ertC.

5. Ssinxdx=—cosx+C, Scosxd:f:sinx-{—(}.

6. msz =tgx+C, —S-I%’-:—;=—ctgx+0 Ha WHTep-
paJe, Iie NMOABIHTErpatbHas GYHKUUS HerpephBHa.
dx [ arcsinx4-C,
7. ‘S‘_I/I—sz—::l —arccosx+C (1 <x <)

8. arctgx+C,
S [ x2 _l —arcetg x4 C.

0. (shxds=chx-+C, {chxdv=shxtC.

10. Shz ~thx4C, Ssh, —cthx4+C (x£0).
t\m=lnlx+Vx2+l[+C=Arshx+C,
jﬂ V;x_l———lnlx—}—l/x‘——l-l—{-C:Archx-{—C
(x| >1).
e ] | R (FIET)

CreBa B KaXJiOM PaBEeHCTBE CTOUT NPOM3BOJBHAS (HO Oflpe-
JejleHHas) nepBooOpasHast (QyHKUMS JAJ8 COOTBETCTBYIOULEH
NOABIHTErPaNbHO! (YHKIMH, CIIPaBa YKe — OfiHa OnpejeieHHas
nepsoo6pasHasi, K KOTOpoOii eule npubassseTcss KOHcTaHTta C
Takas, 4TOOB! BBIIOJHAJOCH PABEHCTBO MEXAY 3TUMH (PYHK-
LLHAIMH.

HoxameM gopmyay 3. Tak xak npu x50 |x| =signx
M xsignx=|x|, To

(x| +C) =1 (2 ) =S85 =5 (x20),

u ¢opmysaa 3 jgokKasaHa.
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Jlokaxem ewe ¢opmyny 11:

(inlx +VFT] oy = Sbb VLD (14 )~

Ecaal
_ G VEEDsign(x+ V2D |
Varl|x+ Veii] Vi1’
u dopmysa 11 noxkaszaHa.
C Ipyroit CTOPOHHI, y—ﬁ;’c—_;—l=Arshx—}—C, 1103TOMY 10

Teopeme 2 Arshx=ln|x—|—l/x2—{—l|+c. Ho Ttak «Kak
Arsh0=0, 10 ln|x+l/x2—{—1[=Arshx (cm. § 4.6, n. 9).

[lpumMensisi cBoMCcTBO 5°, MOXHO HanmucaTh GoJiee CJAOKHYIO
ta6ayuy uurerpasos. Hanpumep:

Ssin (ax+b) dx =—iacos (ax +b)+C.

OtmeTuM, 4TO ecau onepanust AudpepeHUUpPOBaHUSA 3Je-
MeHTAPHbIX (PYHKIIH# CHOBA IPUBORHT K 3JeMEeHTapHbIM QyHK-
LUsM, TO ONEpalHs HHTErPHPOBAHUS YXKE€ MOXKeT NpPUBECTH
K He3JIeMEeHTapHEIM (QYHKUHAM, T. €. (PYHKLHSIM, KOTOpbIE H@
BbIPaXKaloTCs yepe3 KOHEUHOe YHUCJIO apH(MeTHYeCKHX onepa-
I{HA M CYMepHO3HIHUA 3MeMeHTapHbIX (QYHKILHiA.

Hanpumep, nokasaHo, uTo cjefyiouiHe HHTErpaJbl He HH-
TErpupyloTcst B 3/eMEHTapHBIX (PYHKIUAX:

S e~*" dx—unterpan Tlyaccona,
S cos x2dx, S sinx*dx — uHTerpaJn @pexess,

dx o
ln_x—- HHTEr paJibHbIH .norapu(pM,

COS x u
S —— (X — HHTErpasibHbIi KOCHHYC,

sin x o
S‘ P dx — VHTerpasbHbI# CHHYC.

YKaszaHHble UHTErpajbl XOTSl M CYL(ECTBYIOT, HO He SIBJSI-
I0TCS 3JIeMeHTapHBIMH QYHKUHAMH. MnmeioTes Apyrue cnoco6st
A1 uX BoluMcaeHHs. Hanpumep, uHTerpafibHblii CHHYC
MOXKHO MpPEeJCTaBHTh B BHAE GECKOHEYHOTO CTeNeHHOrO psija
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(cm. § 4.16)
sinx , x3 x®
§EF i Corr—gp gt

§ 5.2. MeToibl HHTErpHPOBAHHSA

OCHOBHYIO POJIb B IIHTEr PAJBHOM HCYUIIC.IEHLN fIrpaeT op-
MyJa 3aMeHbl llepeMeHHbIX (WAl TNOACTAHOBKII)

(iwde={F@we mat+C = FoitNdo)+C. (1)

B stoit ¢opmy.ie npexnonaraercs, yrto ¥ == (¢) ecrb He-
npepeiBHO AinhpeperuipyemMas (1IMeIoAas [enpepbiBHYIO NPO-
H3BOIHYI0) (YHKLHS HA HEKOTOPOM UHTEpBaJie H3MEHeHus !,
a f(x)—uenpepniBHas QYHKLUHA Ha COOTBETCTBYIOLLEM liLTE( -
Baje uam orpeske ocit x. [leppoe paseHcrBo (1)y Teepxpaet,
YTO J€Basl ero YacTh TOXK/JAECTBEHIO PaBHa 11PABOIT , eCan B Hell
(nocae uxTerpupoBaniist!) chenaTth MNOACTAHOBKY X == ({) it
nopoGpaTh cooTReTcTByoulylo konctanty C. Jlokaxkem 2710
yreepxcaentte. Caesa B (1) cTout yHKILIA, KOTOPas ABASETCS
neppooGpastoil ot f(x). Ee npoH3BOJHAN No ! paBHa

- wliwa=g (ffwa) F=rewe o

CaenoBaTesbHO, ecaH BBECTH B 3ITOH (PYHKIUI 0OICTa-
HOBKY X = ({), TO N0O.J1yuYyHTCcd nepBoobpasHasi OT QyHKUII
[(p(8)) ¢’ (f). Hurterpaa e cnpaBa ecTh, 110 ONpPEAEJEHNIO,
Hekoropasi nepsooGpasnas ot [ (¢ (¢)) ¢’ ({). Ho ase nepso-
obpasnnie AJ051 oauofi M TOH ke GYHKIWHI OT.JIHYaI0TCs Ha
HekoTOpYylo nocrosinHyto C. 310 H 3amiicaHo B BHje OepBOro
paBenctBa (1). Urto kacaercsa BTOpOro, TO OHO HOCHT Qop-
MaJbHBI XapaKTep-— Mbl IPOCTO YC/JABJNBaeMCA NICaTh

(F@yw wat={F@yap . (9)
Hauopuwnep,

Se-*zx dx =% Sc-"’ 2 dx-+C= —,_,l- S e dy? 4+ C =

=%Seudu'ir'cx='é'e"+cz=%er+C: u=x1. ()



§5.2. METOIbl HHTEFPIIPOBAHIS - <09

Yo 2

lepsoe paseiterpo nanucauo 8 cuay 3° § 5.1, BTopoe B CHAY
(2), rpetbe —B cuay (1) (mocTostnnas 13MeHIL1ack) 0 4eTsep-
10e¢ — B CII;1y QOPMYJABL 113 TA6IIIL (1OCTOSIHHASA H3MEHIIACH).
Oanako B OpPaKTHKe BHMICJAENMH B 4/eHAX, COAEPIKAILHX
fleonpee.TeHHB 1THTEerpas, KOMCTaHTW C He nuMyT, U TOrAa
enouxa (3) ynpotiaercs

e I L o2 ga
Se-“xdx:—fSe-“?xdx:;&e*- dx-=%e-“ +C,

K TOMY JKe Mbl ONYCTILII OYeBlHble 3-e i1 4-e PaBeHCTRa.

Bor emne npuvep: Iz=g Va*—x*dx, a>0. Takoro mi-
Terpaaa detr B Tabanue. Ecan ooaoxute x=asinf, 1o
Var=xt zal)/ T—sitP t =acos ! u dx ==acostdt. Caenosa-
TeJIbHO,

/ '-Sucostacos{dt- =a'—'§cos'~’tdt —cz*fizﬁltit

sin 2t -+ C.

»] 2

t
Ho /=arcsinZ, nosrony
7}
at oLk, at . a? e X
/—-leCbll’l—u—+-2—3IHZCOSt-FC—TQFL:lﬂ—G--,f-

2 — : %y
+5 = ]/l—(i) -f—C=%—arcsin%—:—%—]/aﬁ——x‘-’—:--C.

a
Hrax

Vl/a"—xzd.\'— Var—i* —]«——drc:m——l C.

[puseaen eme nptivepnl, KOTOPLE Bce PABHO HaM nola-
100ATCS B TEOPUI HUTETPHPOBAHHA PALHOHAIBILIX APOGeit:

de d{x—a) _ | .
Sl(x—a)”'— E—ay " (x—a)ys- (T —m) TC (me1y )
[ &« _ (dx—a) _
5 t—a ——S X—a =ln[r—al3-C )
ax | dixia) 1 x .
S Tra o TrwaE = aclg 7 +G
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S dx 1 1 1 dx =
r—ar  2a x—a xta,t

1 1 —
=.—(1r1[x—a]—ln[x+a|)+C=E1n _;‘+_Z 1C;
Svr= aromr=

40t (p/2) g,

TENTY:) iy R (" 1 0)'
Sermera=! : ~
pZERy il NTEa Y, R TIET) h

(x+(p/2))

= S (xj (fp%g"/i»az = _X (x TR )

=t arctg Xt (p/g)—}—C (q—f’—z=a", a>0); (6)

3
[ =S d(x4(p/2)
Ffpxtq . ) G eRr—a
=L g2t (p/D)—a P .
o |G el FC (9-F=—a a>0);
(2x+-p)de _ Cd(¥®+pr4q) 2 .
£t px-tq —S x2+px+q =In|&+px+q]+C;
S _Ax+B S‘Qx—}—(2B/A)d S‘ @atp)ds
x’% px+q x4 px--q 2, x’+px+q
(2B/A)—p
sz+Px Tpde=pinla 4 pxtgl+D Gl ()

(A#:O, D=T<¥——p)) (nanee cm. (6)).

Ins Teopuu HHTErpupOBaHMS palHOHAJBHHIX JApoGei
BaX<HO, 4TO BBIYHCJEHUE HHuTerpasoB Tuna (4)—(7), rue a,
A, B, p, g—KOHCTaHThl, NPUBOJHT K 3J€MEHTapHbIM (YHK-

uudaM (pauuoHanbHeiM, In u arctg).
[lepeitneM K ¢opmyre urnmezpuposanus no 4acmam:

Suv’dx=uv—gvu'dx+c 8)
HJH, 4YTO BCE paBHO,

Sudv= uv—Svdu+C.
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Tak kax B (8) crmpaBa eCcTb HeonpejeNeHHLIA HHTErpadf,
TO NocToAHHY0 C OGBIYHO OMYCKAIOT.

B nannoit dopmyJe npeanosaraercs, uto u(x) u v(x)—
HenpepsBHO audepepeninpyembie ¢pynxunu. CnpaseanuBocTb
tdopmyabt (8) BbiTekaeT M3 TOro (akTa, 4TO NPOHM3BOAHBIE OT
JIEBOH M NPaBOH 4acTel PaBHBI:

uv' = (uv)' —ou'.
dopmysa (8) CBOAMT BLIYHCJEHHE HHTErpana Sudv K BHI-

Y{CJICHHIO HHTerpasna Svdu. Briuucaense no dopmyne (8)
HOCHT Ha3Baulle Mmemoda uHmezpuposanus no 4acmsam.
[Tpumep 1. BruHcauts len xdx. Tlosoxum

u(x)=Inx, du=‘i—x,

xdx =dv, U=de=5xdx=%.
Torga
len xdx=xTzln x—lg—’;%:—x;ln x—-—?:——{—C.

IIpumep 2. Buyucaurs uuTerpansl [/ = S e* sinbx dx,
I, = S e®*cosbxdx, rae a, b—noctosinuble uucaa. B gannom
c/yyae MNONLIHTErpafbHOE BhIPAXKEHHE MOXKHO NpPeLCTaBHTh
B BHJe MPOM3BeleHUS L (X) 1 dv (X) ABOSKHM 00Opa3oM: u =e%*,
dv=sinbxdx nan u=sinbx, dv=e®*dx.
Hrak, nycth
u=e®** | du=ae**dx,

. b
sinbxdx =dv, v=——c°Z -,
Toraa mo npaBW/ly HHTErPUPOBAHHS MO HaCTSM HMeeM
1 1
I =—-—e%* cosbx 4 — e“"cosbxdx::——e“"cosbx—i—i,1,~.
b b b b~
' 9)

K nurerpany [; CHOBAa NpHMEHHM MeTOA HHTerpHpOBalHA
Nno yacTsAM, noJaras u = e%*, dv-=cosbxdx. Toraa

ly= e sinbx—2 . (10)
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Hs (9) u (10) noayuaem crcrenmy nas onpenenenns  u [,

I——~Z— l,=— % €% cosbx,
LN I oo o
T 1=-b—e‘~ sinbx.

Pewas 3Ty cictemMy, NOJIyYint

| = b sin bx--acos bx
=

;=2 sin bx—b cos bx
a--b°

- a?--p*

ex-|.C, e+ C,

[Tpunep 3. Bbuncaurs HuTErpan I..-—.Sarcsin.\'d):.
[Monaras «-=arcsinx, dv.=dx, noayuunm

xdx

— varcsiny 4o VT om0
Vi xaresinx -- } 1-=x*-]-C.

[ == xarcsiny — (
[Tpunep 4. lipupenen euie npumep, Kotopulit Oyfer
HyAeH AJs T€0pHH NHTETpHPOBAHItS] PalHOHAJLHDLIX Apoleii.
Mycts k& > | —uarypaasnoe n a > 0; Toraa
s‘ dx . ._." dx G x-2¢dy
R R R A R e
( 2% dx )
={y-=x, dv== =

(«T--a%)k

o

—aﬁf__‘”__l_L{ x 1 Y dx
(rank 2 \(1—k) (B4-ak-1t T—k) (x2- a1 '

OTKYAa
a e _ x - 2k —3 g‘ dx )
ek 2k =N (3at)k=t 2 (h—1) ) (k¥ af)hd

Tenepn (econ k > 2) K HHTerpaty B rpaBoif YaCTH MOXHO
PIMEHNTb TOT e fpouecc, NpHUBOASULMIT K NOHHMKENHIo Ha
eNNHHIlY 110Ka3aTess CTelMeHH B 3HaMeHaTe e MOALHTErpalb-
HOii apobGH. B kohme KOHLOB mnpijeM K HHTerpaay ot
(x*+4a%)-*' (npusoasiemy k arclg).

Takun o6pasom, npH ¢—(p*/4)=a* >0 # HATYpaJbHOM
k unterpaJ

._.__‘!x_-—_-= _..éli__ =X ——,i ll
j(x’+px+q)" jl(u?~l-a’)"+c (“ * 2) (h

Gepercsi B 3.71eMEHTapHbIX QYHKUHAX.
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[Mpunep 5. Buiyucants uaterpasst
7 @b
SP“ (¥) {cosbx }dx,
sin bx

rie P,(x)=a"--...--a,x-]-a,—aarebGpanueckiii amioro-
ujen creneu .

HNaunble (UITErpasnl BbIYHCAATCH 1-KPATHLIN NPHMEIC-
HIleM MeToJa HUTErpHpOBalils M0 4acTsy, OCICA0BATE. LI
noaaras = P, (x), sarem n.= P, (x), ... . [Moayuaonuices
nuterpadpl GyjyT ynpowaTtbCs, TaK Kak LPOH3BOANAA OT
aqredpanyeckoro Muorouwdeda P, (x) 6yier aarcOpauuccxii
MIIOTOYJIGONM CTeleHy, ila equimLy MeHbueii.

Tax kak xapakTep 1epBOOSPA3HOIL ATsl PACCMATPHBACADIX
3jeCh PYHKILLIT JErKO yrajbiBaercsl, TO 3TH HITErPaibi MOKHO
BLIUHCJISITD TAK 11a3blBAEMbIM Meniodosr Heon Pede.ICcHROIX Konfi-
huttyueeHnog.

Hanpmiep, aas 5 P, (x) e®* dx nepBooipazuas naeer Bijg

Q,()et*+C, rae Q,(x)=b, X" ... +bx+0b, 115, 3
.., b,—noka Henspectible KOIWPHILIENTHL. D11 KON|KpiLL-
elTbl Mbl [AXOAUM 13 YCJAOBLS, YT0

Q, (x) e LCY =P, (x)et* nm Q) (x)-+0Q,(x)= P, (x).

IpupasinBas ko3puinenTs NP OANHAKOBBIX CTEles X
N, Mbl U naiijem Bce uncaa by, ..., N,. ItoT cnocob nasul-
BAETCA Memodos HeonpedesenHux Kodpgpuiuennios. 3aech vt
BOCM0/1b30BaIICh TeA (PaKTOM, YTO /B3 MHOTOUY/i€lia pPaBHI
TOrAa Il TOILKO TOrla, KOrAa paBHLI KOI(WHUHENTH npu
COOTBETCTBYIOLUIHX cTeneHax x (cM. § 4.14, Teopema 2).

[ponaadtocTpupyen ckasaninoe 11a KOHKPETION lpliepe:

{2k 1) esdx = (vt bx o) es -
B aansom cayyae
P,(x)=x*--1, Q,(x)=ax*bx--c,
rie kosppuniientn a, b, ¢ nago uaittn. HUmeen
Q) e") =lax* +(2a+-b) x4} c]e¥ = (x2 -+ 1)er,
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oTkyaa ax®+(2a+4+b)x+b-+c=x*41. Tak Kak 3To paBeH-
CTBO JAO/DKHO OHITh BEpPHO MJst BCeX X, TO KO3PPHUHEHTH
NpH OAMHAKOBHIX CTENleHAX X B JIeBOH H [PaBOH ero 4acTu
paBubl MexAy coboit (§ 4.14, (18)):a=1,2a+b=0,b+4c=
= 1. Takum o6pasom,

S(x2+l)exdxz(x’.—2x+3)e“+c.

§ 5.3. KomnaekcHbie uyucaa

Komnaexcrbimy 4ucaamuy Ha3bIBAIOTCH BBIPAXKEHUS
z=a-+bi=a-ib,

rae a, b— neficTBUTE/NbHBIE YHCJ/1A, @ [ — ClELHAJIbHbIA CUMBOJ;
NpH 3TOM AJS KOMIIEKCHBIX uyicen 2, =@, + ib,, 2, ==a, - ib,
BBelleHbl MOHATHS pPaBEHCTBA 1i apuMeTHYECKHE onepauuu
N0 CJAeAYIOUM TpaBHJ/aM:

1) 2;=2, TOrAa W TONbLKO TOFAa, KOTAA @, =a, H b, =b,;
a+40i=a, 0-+bi=bi, 1-i=i.

9) 2, 2, =(a, = a,) +i (b, = b,).

3) 2, 2= (alabﬂ—blbzb) +i (bll:la +a1b2)'

2i _ aya;--b1b, » 0183— 010, 2 2
4) L=t A (@b 0).
Ha 1) u 3) crepyer, uto

i?=—1.

Takum 06pa3zom BBeJEHHbIE ONEpaLUM CIOMKEHWsSt H YMHO-
eHus 06JaflaloT CBOMCTBAMH KOMMYTAaTHBHOCTH (2, + 2, =
=2,+2;, 2,2,=2,2;), acCOUHATHBHOCTH ((2,+2,)+ 2, =
=2, +(2,+2;), (2,2,)2,=2,(2,2,)), AUCTPUOYTUBHOCTH
(21 +2,) 2, = 2,2, -+ 2,25).

MoXHO euie cKaszaTh, YTO C KOMIJIEKCHBIMH UUCAaMU
MOXXHO ONEepUPOBATh B TOYHOCTY TaK XK€, KAK Mbl NDUBBIKJIX
onepupoBaTh ¢ OYKBEHHBIMU BhbipaxKeHHUSIMH B aJrebpe, HO
MpH 3TOM OMepauud yNpOIIAOTCs TeM, YTO iP=—1.

U3 cpoiictBa a4 0i=a caepyer, Y4TO MHOMKECTBO KOMII-
JIEKCHHX Yuce/] COAEp:KHT B cefe KaK YaCTb MHOXECTBO BceX
JefCTBUTe/IbHBIX yuces. TIpu 3TOM JIerko BHAETb, YTO MpHMe-
HeHHe apHPmeTHYecKHX AeficTBuil 2), 3), 4) K BHIpaMeHUsIM
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2;=a,-+0i, z,=a,+0{ NpHBOAUT COOTBETCTBEHHO K a; =
. . ay ) ay
+a,+0i =a, + a,, a,a,+0i=aq,a,, a—;—}-OL = (a,#0).
Yneno z=a—ib Ha3bIBAETCS CONPANCEHHBIM K KOMILACKC-
Homy uducay 2. JleficTBHTeNbHOE YHCJIO lz|=Va+b Ha3bl-
BaeTCs mo0yaem KOmMnaexcrozo 4ucaa 2. O4eBHAHO, YTO 2-2 =
=z
EclH KOMNJEKCHOe YWCI0 2=a-}-ib TpPaKTOBaTb KakK
Touky (BekTop) M (a, b) miockocts xQy, TO |z| paBen pac-

cTostHMi0 Touku M (a, b) oT Hauana KOOpAHHAT (puc. 74).
Ecan na niockoctH BBecTH no-

JApHEIE KOOPAMHATHL (p, @), TO .5/} »
a=pcosp=1|z|cosgq,
0 0).
b=psing=|z]|sing (tz[>0) £ J
) %

B cuay 3TOrO KOMIJIEKCHOE 4HC- & z 3z

JO 2 MOXHO 3amHcaTb B ¢opMe
Pue. 74

z=p(cosp-+ising),  (2)

rie p—MOIyab uucaa z, ¢— yroJ (B pajHaHaX), KOTOpGIH

—
coctaBasieT BekTop OM € NONOMKHTENbHEIM HaNpaBJeHHeM
OCH x. DTOT YroJ Ha3hBAIOT Elle apPIyMEeHmom KOMNAEKCHO20
yycaa z U 00603HA4alOT cuAMBOJIOM: ¢p=argz (0 <{op < 2n).

OugeBHAHO, @ = arg z eCTh OHO3HAYHAs GYHKUHUA OT 25=0.
BeoasT eme 1 MHOro3HasHyio QyHKIMIO (apeymenm z ¢ 60Nb-
ol GYKBHI)

¢g=Argz=argz}+2kn (=0, +1, +2, ...),

KOoTOpas J4aeT BCE 3HAUEHHA ¢, ANS KOTOPHIX AJs1 IaHHOTO
2= 0 ynoeJaerBopsioTcs ABa paseHctBa (l).

Yncno z=0 eanucTseHHoe, JJg KOTOPOTO HE HMEET
CMBIC/IJA ETO APTYMEHT, HO 3aTO €rO MOXKHO ONpPEIENHTb KakK
YuCJI0, MOAYJNb KOTOpOro pased Hymo (|z|=0).

arg z (c MaJo#l 6YKBH) HA3LIBAOT €LE ApayMEHMOM 6 npU-
gedennotl ¢opme. Vnoraa ObiBaeT YROGHO CYHTAaTb apryMeH-
TOM B NpPHBEAEHHOH QOpMe yroJ, NpHHaANEKAIHI K IpyroMy
noNyuHTepBafy [a, a-+2n) Anuuel 27, HanpuMep K [—m, @).
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Uucaa a u b HasbBaIOT Oelicmbumensroti U MHumol va-
CTAMH 2z ¥ 0603HaYaloT CHMBOJIaMH @ = Re 2, b==Im 2. Takum
06pa3om,

2=Rez|ilmaz.
[To onpeneaetinio
e :=cosq--ising (— oo < ¢ < ™). 3
QuesuaAno, uTO ¢'9 ecTb KOMMNNEKCHAad QyHKuHs (npHuu-

MaIOIasi KOMIJIEKCHLIe 3HaueHHs) OT JeHCTBHTE/bHOrO apry-
MeHTa ¢. SIcHO, uTO /% —repHOAHYECKas (YHKIHSA NepHoia

2n: @O o pf6,

Tak kak |e/®|=)/cos?@--sin*g =1, T0 NpH Henpepus-
HOM H3MeHeHilu ¢ Ha no.n)umepnane 0 < ¢ < 2n, TOuKa £'®
HenpepLBIO ONMUCHLIBAET OKPVIKHOCTb paAaHyca 1 ¢ IeHTpoM
B TOuke 2==(.

Cupapeanusn paBeHCTBa

BUYER g e S (4)
B camom nece,
€' (@409 -2 008 (¢ - p,) -1 £ Sin (¢, + ¢a) =

== (COS ¢, COS ¢, — Sin ¢; Sin ¢,) -

-~ i (sin ¢, cos @, -I- sin ¢, cos ¢,)

== (COS ¢y - Sin ) (COS ¢, -} T 8in @) = ei¢1 plee |

ST =Cosq@—ising=
¢ cos §-1-i sinq

=C0S (— @) 4-{ sin (—¢) =g~/

Jlng npousBOJbHON KOMIJAEKCUOH nepemeunoil z—=x iy
GyHKIHA e* onpenejseTcs NpH NOMOLULN paBeHCTBa

ez -=exe, 20,
Orciopa 8 cuay (3)
e? =¢* (cos y -1 sin ¥). (5

Ha ocnoBannu (2), (3) Bcsikoe KOMNJEKCHOE YHCAO 2 MOMHO
NpeACTaBUTL B dopme

2=pev  (p=0), 6)
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rie HeoTpHUaTeNbHOe YHCAO p==|2| AJIA AAHHOTO 2 eAHI-
crsedno, a 1npu p >0 yroa
¢ = Argz =argz |- 2kn

onpepesen ¢ ToyHocrbto ao 2km (k=0, +1, £2, ...).
Boipakeitna (2) # (6) Ha3LIBAIOTCH COOTBETCTBEHHO Mpu-
20HOMEMPUUCCKOLL 11 NOKA3AMEADHOU (POPMAMU KOMNAERCHO20
wicaa z.
[lpuBeaen upnMepnl KOMILICKCHLIX 4HCE], 3arucailibiX
B lI0KaaaTe 1bHOil dopme (cuHTas ¢ ==argz):
oo L S D

[0 Lofomei®, e, — =™,

M3 pasencts (3), (4) serko noaydaem dopmyay Myaspa
(Cos ¢ —+ising)” =e"% = cosng-+isinng. (N
CrnpaBel1BO TaKKe pPaBeHCTBO
212y == I NI EA ‘ei ek,
T. €. MOpIl [epeMHOXKEHUN KOMIIEKCULIX Ylcea X MOJYJit
NepeMHOXKalOTCS, a8 apTyMeHThl CKJAALLIBAIOTC 11€3aBHCHMO OT
TOro, B Kakoil hopne OHIl B3SITL— B HpPUBEREHAON HAK 1eT.

Oniepawuist  1OCTPOEIHST  COLPSIKEHIIONO  KOMIJIEKCHOTo
yiica 06J1anaeT CAERYIOULIMH [POCTHIMII CBOHCTBAMII:

R (E)=E @0 ®

2, zZ,

i x2,=2, 2, %,2,

B camom pene,
N (a‘l + bvi):t(ae 'i‘b‘.'i) ={a; % a,) -|- (bl :tb)_) [ ==
=(a, & a,)—i (b, £b,) =(a, —bg) £ (a, —b,i)--
E (al 4- blt) =+ (ll._. '-,Ll),!!.) ’

Jaciee, TaK Kak

Pe® == (1 (COS (' -|- £ SN () = p (COS (¢ — [ SN ) == pe~ie,
TO

2,2y = DRI Poeiln = 0yl (040 -0 0= (@re)

. - plg—’l(ﬁ p‘zeﬂ"h — p‘ei‘h .pzeffpz —_ zl T
ﬂOﬂOﬁHoe JA0Ka3aTeJIbCTBO [HMEET MEeCTO I B cGTyuyae 4acrnHoro.
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PaccMOTpUM 3aXauy O BBHIYHCJIEHHH KODHS A-#i CTeneHH
M3 uucna a=ope'% (p > 0). Tpebyercs, TakuM 06pa3oM, HAATH
Bce yHcJsa b =re'® Ttakue, yto b"=a. Ho Torpa rrein® —pe‘e
(r, p>0) u, BcaeacTBHE €AMHCTBEHHOCTH NpPEACTaBJEHHSA
KOMIIJIEKCHOTO YHCJa B [OKa3aTeJbHOH GopMe, p=r", ngp =
=042kn, k=0, +1, +2, .... M3 nepeoro paBeHCTBa
crenyer r=1/p (r—apupmerrHueckoe 3HaueHHe KOpHs n-i
cTeneHy M3 MOJOXKUTEJLHOTO uucaa p). M3 BToporo e, uto
=042 k=0, L1, ...).

3Hayenus @, Hal(He CYUIECTBEHHO Pa3/iH4yHbIE KOPHHU

n-d4 CcTeneHH H3 a, COOTBETCTBYIOT TOJIbKO /I 3HAYECHHUAM k:
2kn

(pkz——}-—— (=0, 1, ..., n—1). 9)

OcranbHBIM UENBIM 2 COOTBETCTBYIOT 3HaYeHHs ¢, OTJIHYalo-
IHecsl OT OJHOTO M3 3HaueHWi (9) HAa BeJHYHHY, KpaTHYIO 21,

Mbl 10Ka3asH, 4TO Y KOMIJEKCHOro yuesna as=0 cyie-
CTByeT n (M TOJBKO 7) KOpHe# CTereHH n, 3anuChIBaeMBIX
no ¢opmyae

Va5 = 5% (=0, 1, ..., n—1),

rae @, onpenensiorcs paseHCTBaMH (9).
Mpumeps:

1o /1= /eo._e(—”k")‘ (=0, 1, 2).
—n m k
2°. ia/i_= l/el% =e(7+¥-)i (=0, 1, 2).
o=y VT oy (50 )
(=0, 1, ..., 5).

§ 5.4. Teopus MHOroujleHa n-H CTeneHH

MHOrouneHoM n-it cTeneHW HasbiBaeTcs (DYHKIMS BHAA
n
Q,,(z)zao—(—a,z-l—...+a,,z":k200k2". (N

TIe a,—TOCTOSHHbE KO3PPHUHEHTH JAeHCTBUTENbHBlE HJIH
KOMMJIeKCHbE, 4 z—apeMeHRas poobine roBOps KOMILIEKC -
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Hasi, KOTOpas MOXeT MpPHHHUMATh Ji00ble KOMIIJIEKCHbE 3Ha-
yeHUst (2=x-+iy) HJIH, BLIPAXKASCb TEOMETPHYECKHM SI3bl-
KOM, 2 MOXeT ObiTb JI0G0H TOYKOH KOMIJIEKCHOH IJIOCKOCTH.

Kax0it TOuKe z KOMIIJIEKCHOH MJOCKOCTH MpPH TNOMOLILH
popmyast (1) npusogutcs uuciao Q,(z), BooOle rosops,
KoMmnjiekcHoe. B panbueiiliem OyaeM cuuTaTh, 4To 4, =5<0.
Ecau Q,(a)=0, TO uHC/O a Ha3hBAETCS KOPHEM WIIH HYysem
MHorousena @, (z).

Paccyxaass B TOYUHOCTH TaK Xe, Kak B Hauaue § 4.14,
TIe paccMaTpUBaJICS MHOTOUJIEH OT AeHCTBUTEJbHOIO fiepe-
MeHHOIO, MOXHO NO0Ka3aTh, YTO, KakoBO 6bl HU ObLJIO KOMII-
feKCHOe Yuclo 2,, MHOroujeH @, (z) pasnaraercst o CTeNeHAM
2—2, H MNPHTOM eJHHCTBEHHbIM 0 pa3oM, T.e. [1peAcTas-
JsieTCA B BHAe

Qn (Z) = 2] bk (Z_zﬂ)kr
k=0

rae b,—nocrostHHble 4MC/1a, BOOOILE TOBOPS, KOMIJEKCHbBIE.
OueBuzHo, Q,(z,)=b,. Otcloaa caeayer, uTO AJIS TOrO, UTOOLI
TOYKa 2, Obl1a KOpHEM MHOTOY/eHa Q,, HeOGXOAMMO K JA0CTa-
TOYHO, YTOOBI HYJeBOH Ko3(xpuLHeHT b, passoxeHus @, no
CTeNneHsAM 2z —2, Gbl1 paBeH Hymo (b,=0). Ho ecmu b,=0,
T0 Q, MOMHO TpPEACTAaBUTL B BHJE

Qu(2)=(2—2))Q,-,(2), V2, (2)

rae Q,-; ecTh HeKOTOphId MHOrou/eH crenenu n— 1. Hao6o-
poT, ecau @, MOXKHO NpeicTaBuTh B Buie (2), HHaue TOBOpH,
ecad Q,(2) MOXKHO pasfenuTs Ha z-—z, 6e3 ocTaTkKa, TO,
O4eBHIHO, 2z, €CTh KOpeHb Q,.

Mb! 10Ka3aau TeopeMmy:

Teopema Besy. Jaa mozo umober muozousen Q,(2)
umenr (KOMNAEKCHbIL) KOperb 2,, HEoOx00umo u OocmamodHo,
wnobbe OH 0eAUACA HA 2 —2Z,, M. e. 4nmobbt e20 MOXHO Oblao
npedcmasums ¢ sude npousgedenus (2), 20e Q,_; — Hekomopetil
MHO204REH Cctieneny n—1.

[Tyctb 2, ecth KOpeub Q,, H, TAKUM 06PA30M, HMEET MECTO
npeacrasjenue (2). Ecan npu stom Q,-,(2,)5%0, T0 na
OCHOBaHHH Teopembl besy, npumeHeHHOH K Q,_,, MHOro4JeH
Q,-1(2) He jenutcs Ha Z—z,, a Q,(2) XOTd M JENUTCA Ha
Z2—2,, HO He JeJuTCs Ha (2 —z,)*. B 3TOM cayuae rosopsr,
YTO 2, €CTb npocmoii Kopensv (Hyae) nHorouneHa Q,. Ilyctsb
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tenepb Q, -, (2,) =0, Toraa no tcopeme Besy, npiineneHHOI
K Q,_,(2), MHOrounen Q,_,(2) neauTcss Ha 2—2, H Mb
1OYYHM paBeHCTBO Q, (2) =(2—2,)*Q,-,(2), tae Q,_,(2)
€CTh HeKOTOpHIft MHOTOUJIeH cTenelin 11— 2. Ecau Q,—, (2) 70,
10 Q,(2) nenutcs Ha (z2—-2,)*, 110 ue geauTcs ua (2 —z,),
H TOTa YHCJO 2, HasblBAETCH KOpHeM (HY.JeM) KpaTHOCTH 2.
B ofiuem ciayyae aJst HEKOTOPOro HaTYPaJbHOTO § < 1t HMeeT
MecTo

Qu (Z) = (22— zo)s Qu—s (2), Qu-s (zo) # 0,

rie Q,-,(2) --MHOrounen creneny.n—s, H TOrAa roBOPHAT,
4TO 2, ecmb Kopeud (Hyae) muo2ounena Q, kpamuocmu s.

CnpaBensnBa TeopeMa CyLIeCTBOBAHHS  KOMIN/IEKCHOTO
KOPHS Yy MHOTOUJIeHa.

OcuoBnas TeopeMa. Beakuii mHo2oMaeH n-it chie-
nexit umcem no Kpadueid Mepe 00UH  KOMINACKCHbUL KOPCHob
(HYab).

Mbi 11e naem 3jiech A0KA34T€1bCTBA 3ITOIl TEOPENbI.

M3 1ee BbITEKaeT BaXKHOE CJAEICTBHE.

CaenctBue. Muozowacn n-ii cmenenu Q, co crmaptuum
HE pasHsBis RYMo Koagpuyuenmon (@, =0) uneem n xomn-
ACKCHLLX  KOpHell ¢ Yyyemom Kpamuocmi, uHade 2o06opa Q, (2)
npedcniacasenics 8 6ude npouseedeHus

Q,(2)=a,(z2—2z) (z—2,) .. '(Z‘Zt)p’ ' (3)
pitpy+..--p =0,

ede z,, ..., 2, — pasauunote Kopru Q, kpamrocmeti, coomeent-
CIGEHHO Pyy oy Pye

MoxkasarenwcTso. Cornacno ochosnoii Teopeme Miorouaen @,
uMeeT no Kpafiseli Mepe OfMH Kopeitb. OGO3liauHM ero yepes zy, a ero
Kpatnocn. —uepe3 py. Takum o6pasow,

Q"(Z):(Z—-—Zl)ﬂl Qn—p, (Z) Qn-p| (ZI) #0.

Leqw n—py=0, 1. €. py=n, 10 106XOANMO Qu-p (2)=2a, u
TeopeMa Aokasana. B atom caywac Q,(2)=a, (z—z:)".

Ecan xe p, <n, 70 Q,_p, (2) cTh MIOTOUJEN CTeNeHd n—pyj,
He Jedsiuuiics ua 2—z;, H €ro CTapuinfi Ko3(xpHilHelT He paneH Hyalo.
K neMy MOXNO IPHMENHTL OCHOBHYIO TCOPEMY, B CHJIY KOTOPO# OH HMeeT
komngexcnpd  kopenb. OBo3uatiM cro yepes 2, a €ro KPaTHocTh ~
ucpes py. B pesyawbTate moayunm

Qh (2)=(2—21)P1 (2~ 2) P Qn-Pl‘Pa (Z)
Qu-pi-p(Z)#0, j=1,2).
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Eean n—py—py=0, 10 Q,_,, - p,(2)=0,. Ecan ner, to npouece
MOKHO MpofoAkurh. ORNAKO 3TOT HPOUECC NGCIC KOUCHIOre Yneta (e
6OLIEro 1) 3TANOB 3AKOIUMTCH, u MW nodydum gopmyay. (3). Cean
£ APaBy!o 4acth (3) NOACTALNTL BMECTO 2 UHCIO, OTTHUNOE OT 2, ..., 2y,
TO omna ue o6paTHTCH © 1y.Jdk. 3TO NOKasuieacT, 4To APYr HX KopHeil,
KpoMe MailichiLx, Miorousen Q, ne useeT i fpeicTanien ne (3) ennn-

<cTpeuno.

§ 5.5. JleHcTBHTEAbHBIH MHOTOUNEH A-H CTeeHH
Muorouaen

Q.(2) = X azt  (a,50) (h
=0

HALIBAETCS DCCMABUIMCAGHOLA, CCITl €r0 KO3pdienTu a,—
JEHCTBITeAbHBE UICda. DTo 1Ha3Banie oO0bsICHATCA TEM, YTO
AeACTBNTEAbIBIT MIIOTOU/EH, eCcJil €r0 PACCMaTPHUBATE TO.IbKO
AAs1 AeficTBHTEbHON [IlepeMentoil 2 == x, NpHHHNAET Aeii¢TRI-
Te/blible 3HayeHuA. ICOHEYHO, /11 KOMIIJAEKCHBIX 2 AEficTBII-
TeALHBI MHOrOY.IRIL NPINTHMACT, BOOOGIE FOBOPS, KOMILIOKC-

Iible¢ 3HAYEH A,
Jlemma. [aa detemenmenvnoeo snoeourcna Q,,(2) uaeem

MCCINO  PABEHC NGO

Qn (;) o Q“ (Z), V.

JloxasarteancTtso., Hawit paccyxaents 6yayT Gasn-
posatbcst Ha pasencTax (8) § 5.3 u rom ¢akre, yro 14
AeICTBUTENBHLIX 4, VMNEET MECTO a, = d,.

HUnieen

n n n I
Y Y - T ' T2 Al 2PN
Q)= Zagh = X ok = B aet= X at=0,@) ()

4YTo 1 TpeboBasIOCh.
Teopema 1. Ecau zyg—=a--ifi (P5=0) ecno komnaerc-
Hblll KOperob v-(i Kpamuocni Gelicmenmeavro2o suoeounena Q,,,

mo zy~=a—Iify ecms moswce Kopens Q, 1MoL e Kpamuocmu,

1 moeda
Q. (2) = [z =) +-PT Q- (2), (3)

20e Qn-qv(2) —0elicinBumensbHvill MHO20MACH Ccmenenl N — 2v,
“HE PABHLUT HYAlo npu 2=2, ti 2= 2,.
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NoxkxasatenbctBo. Ilycts z,=a-+if (B=*0) ecTsb
kopeup Q,. Torfa z,—a—if—Toxe Kopeus Q,, NOTOMY
yro B cuay (2) Q,(z,)=Q, (z,)=0=0. Uncna z, u z, He
paBHBl APYr Lpyry W Q,(z) JesJHTCH Ha

(z—a—if) (z—a+if) = (z—a)* +p* 4

T. €. Ha JeiCTBHUTEJbHbIH MHOTOYJIeH BTOPOH cTeneHu. Takum

o6pasom,
o (2)=[(z—a) +§]Q,-, (2),

rae Q,-,(2) —MHorounen creneHu n—2, O4eBHJHO, ReliCTBH-
TenbHbl. Benp yacTHoe OT jeJieHHsl NeHCTBUTENBHEIX MHOTO-
UJIEeHOB €CTh JeJiCTBHUTEeJIbHbIH MHOTOYJIEH.

Ecan z,—Kopenb @, KpaThHoctn v M v>1, TO 27—
Kopeub Q,_, KpaTHocTH v-—1, NO3TOMY, NOBTOpSAs HAlIH
paccy>kjieHuss B OTHOWeHHN @,_,(2), MOXKHO M3 HETO Bhije-
AHTb MHOXHTesb (4). Bropoii ke MuoxuTe b 6yneT neficTBH-
TeNbHBIH MHorouneH Q,_, ctenenn n—4. TloeTopuB 3tOT
npoitecc v pa3, NoJyuuM npexncraBiaenne @, (z) B Buge (3),
rie Qn-qv(2)— nelicTBUTENbHBIE MHOTOUJIEH CTeneHu n— 2v,
obJajatouiit  CBONCTBOM Q,, wv(Z,)5%0. Ho rorma n
Qn_2v(2,) = 0. Benn ecin 611 z, 6T KOPHEM JeMCTBHTEJLHOTO
MHOTOUJIEHa Q, -2y, TO HEMHHYEMO 2, TOxe Gbljl Gbl KOpHEM
3TOTO MHOTOYJIEHA.

Teopema 2. [Hdedcmeumeavnoul mHozouren Q,(2) co
cmapuium Koagppuyuenmonm a, = 0 moxem Guime npedcmasier
8 sude npou3sgederusn

Q@) =a,(z—ec) .. (2= ) [(2— o) B ..

[ —a)+p1 =0, 1T ¢ —c)” T1 [~ + B7 )

20e B, >0, p + .o 2 {v - V) =0,00, ol 6—
deticmeumenvhoie KopHu Q, xpamHocmerl CoOMBencmaeHHO
Wy eney Wy a & 0, ..., o & Pd—nonapuo conps-

HEHHblE KOMNACKCHble KOPHU Q, KpamHocmerl cOOmBemc meeHHo
Viy ey Vs

3ameuyanuue. JleficTBUTENbHBIE MHOrOUJIEHE BTOPOI
CTeNeHH, BXoAsiliHe B npouaBenenue (5), mMoxHO mpeobpaso-~
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BaTh TAK:
(z—a) B = 2 — 202 4- (2] +-B)) = 2* + p;2 + 4
pi=—20, q=0ci+ p.

[Mostomy ¢opmyny (5) MOXKHO 3amucaThb eile B CJeyioUleM
BHJE:

Q.(2)=a, l[ (z—c/ ) /II (2*+piz+q)", (5
= =1

rae 2*+ p;2 -+ g, — Ae#cTBHUTENbHBIE MHOCOY/IEHRl BTOPOW CTe-
neHH, MMelollHe KOMIJeKCHble KopHu o + i, (f, >0, pi—
—4q,=—4p; <0).

IHokxasartenbctBo. Ha ocuoBauuu ¢opmy.el (3) § 5.4

Qn (Z) = }I—=Il (Z_C/')uj Qm (Z),

rae Q, (2) —neHcTBUTE/NBHBIH MHOTOYJIGH CTEMEHU M =1 —
—u,—...—u,. Ecou m=0, 710, ouemupuo, Q,(z)=a,;
B oflieM cJyyae MPHUMEHSeM MocJeqoBaTeIbHO Teopemy |
K KOMIIJIEKCHBIM KOpHAM Q..

OTMeTHM, YTO OCHOBHAfl TEOpeMa AOKa3LIBaeT TOJbKO CY-
ILeCTBOBAHHE KOPHA (BoOOILE KOMMJIEKCHOrO) y MHOrOUYJIRHA
n-# ctenedu, He pAasBan 3hhEKTHBHLIX METOAOB HaXOXKIEHHA
ero B ofllem cayuae. Bnpouem, nokasaTesbCTBO 3TOH TeopeMbl
NPOBOAHTCSH METOAAMH MaTeMaTH4YeCKOro aHaJu3a, a He aJf-
re6pol. Mbl He JoKkasbiBaeMm 31ech 3Ty Teopemy. OHa csisa-
Ha opraHndecku ¢ Teopuell ¢YHKUHN KOMIJIGKCHOMO nepe-
MEHHOrO.

CyutecTByoT (OpPMYJbl pelleHndss OGUMX YpaBHEHHH BTO-
poit, Tpethell u uerTBepTOil cTenenedl. [ ypaBHeHu#t cre-
neuy n >4 Takux ¢opmya Her. Abesb!) n0oKaszas, 4TO OHH
He MOTyT CYLIeCTBOBAaTh. IJTO HaJ0 MOHHMATH B TOM CMBIC/IE,
4YTO NpH N >4 KOPHH YypaBHEHUSA QA"+ ...+ a;x4-a,=0
(a,5=0) ue BbIpaxalorcs yepe3 Ko3(UUHEHTH @, nocpei-
CTBOM (PYHKUUIT OT 3THX KO3(PUILMEHTOB, MPEACTABJAAOUIHX
co00oil pe3yJpTaT KOHEYHOro YHcsa onepauuit TOJbKO cJe-
QYWOLWETO BUIA: CJAONKEHHA, BbIUXTAHHA, YMHOKEHUSA, AC/EHHA
M H3BJEYEHHA KODHA.

1) H.T. Abenp (1802—1829) — sbIAa1OUHACSH HOPBEKCKHA MaTeMaTHK.
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Teopema 2):
' 2=A1+M, ,\
=A,+N—-2M, (6)
l=A,4+M—2N,

MBI n0JyYHAH YeThipe JHHEHHLIX YPaBHEHHS C YETHIpbMs He-
uaBecTHbIMU A;, A,, M, N. 3ra cucrema no teopeme | umeer
pelueHHe W TMPUTOM eAuHCTBeHHoe. Pewas cucremy (6), mno-
ayuaM A; =1, A,=+2, N=M=1, u notomy

2634 x84-x4-2 1 2 x41
(x—l)’(x“-}-x—f—l)—x—1+(x—l)“+x“—{—x+l’ 7

B ofweM cnyuae, ecjH Mbl HallAH Ko3dduuueHTo A,
B, C B (3), ans uHTerpupoBaHus Apo6u P,/Q, y Hac Bce
rOTOBO: HEONpeAesIeHHBI MHTerpaJ orT JeBoil yactu (3) paBeH
CyMMe Heonpeje/ieHHLIX HHTEerpaJsioB OT BCeX UYJIeHOB rnpaBo#t
IJoC HeKoTopasi noctoAHHas C. Briue yike GblIo OTMEUYEHO,
YTO HHTerpajsl OT J06Oro U3 u4neHOB (3) MHl yMeeM BhI-
YUCJIATD. '

B cayuae npumepa (7)

28 - x24- x4 2 . dx dx x4 1 _

= it (et (e =
2 RS | 1 2x--1

= —_ —_—— 1 e — t —_— .

Injx—1]| x_l—}—lnl/x Fx+ +V3arcg 75 +C

3ameuanue 1. Pasexcrso (5) BepHo ans mo6oro xs=1.
Ho ono Torpa BepHo u npu x=1, noToMy 4to cJeBa u
cnpaBa B (D) CToAT HempepbiBHbie PYHKIHH OT X. IloacraBus
B (6) x=1, nmonyuum 6=3A4,, T. e. A,=2 H, NOJOXHUB
x=0, noayuum 2=—A, 4+ A,;+N, 1.e. N=A;. Itu pas-
Hoe (A,=2, N=A,) cuapHo ynpouiaror cucremy (6). Ha
NnpakTHKe NoJ0GHBIMK cOOGpaXKeHUsIMH He Hafo npeHeGperaTh.

-3ameyanne 2, [IpHHuunnanbaO BCAKaA pauHoHanbHasn
Gy HKUHA. UHTErPUpYETCA B 3J€MEHTapHHIX QyHKuHaX. [Tpak-
THYECKH MOJIHOE HHTerpHpoBaHHe (1) MOXXKHO a0BeCTH J0 KOHLa
B C/lyuae, ec/ii H3BECTHhl BCe KOPHM (), H HX KPaTHOCTH.
Ho mu yxe rosopuiu B § 5.5, yto 370 He Bcersa ypaercs
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Tozda dpobe (1) moxcHo npedcmasums u nPymMos edun-
cmeeHHsin 06pasom 8 aeube caedyrouell cymmove npocmedtiux
opobeii:

Pu(x) A1 Ay, g A,
Qn (x) —(x_..cl)u. (X—Cl)”'"‘+"'+——x—c| +
Ar,l‘ Ar, 3 Ar, ur
(x_"r)u’+ (x—epHr=L e +.\7—L‘,.+
K By, x+Cy, 4 By, o+ Ci,2 T " B, v X C,. v, +
e I e e
B 1x+Cs, B 9x+4Cs 4 + B, yex+C

5
-l psx--qg

3)

20e A, B, C (¢ coomgemcmeyliowu sy UHOCKCAMI) — NOCHIVSH-
Hble 4UCAq.

Jra TeopeMa yTBep:kKJAAeT, yTO AAA J060H npasiiibHOR
pannoHaNbHOH JAEHCTBHTENBHOH APOGH CYWIECTBYIOT NOCTOSH-
gele qucaa A, B, € c¢ yKa3aHHLIMH HHJEKcaMil TaK, 410
HMeeT MeCTO TOXAeCTBO (3) AN BCeX X, HCKJKYasdg 3HayeHns
X=¢Cy, «..y Cpy ANS KOTOPHIX OGe uacTil (3) He onpejesienul.
JTy TeopeMy MOMXHO aKKypaTHO JOKa3aTbh, HO Mbi 3/leCb ee
JlIOKaspiBaTh He OyjeM.

[Nosicuum qopmy THPOBKY Teopemnl | Ha npumepe. Cornacho
TeopeMe | HMeeT MeCTO paBeHCTBO

WA 2+ x4+2 A + A, Mx--N 4
=122 x-1) " x—1 " (k=12 0 2pxf1? )

rae A,, A,, M, N—bBnoise onpeaejeHHbie NOCTOSHHLE
yucaa. YUrobel Haifitd uX, npHBoAMM (4) K o6memy 3Hame-
HaTe/l0 H NMpHpPAaBHHBAEM YHCAUTENH JeBOfi 11 npaBoi yacreii:

2834 x+2=A,(x—D)(*+x-+ 1)+
A+ D+ (Mx+N) (=12 (8)
PackpriBasi cKo6KH B npaBoii 4acTH (9), rpynnupyém YJIeHb

C OAHHAKOBBIMH. CTeNeHAMH X U NPHPaBHHBAEM KOpHLHEHTR
npu ONMHAKOBHX CTeNeHAX x OGeHX wgactedl (cM. § 4.14,

(B poxtq9) % | (P portgd™st

8 4. C. Byrpos, C. M. Hauomcuzd
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§ 5.6. MuTerpHpoBanHe PALHONAABHLIX BHPANKEHHHA
OrHollenue ABYX ajre6panyeckiX MHOrOYJEHOB
) . _ Py (%)
F=3, @ M

P, (x)=b,+bx...+b,x",
Q. (X)=a,+ax+...+ax"

b,, a,70, m>=>0, n>1, HA3bIBACTCA PAYUOHANLHOL PYHK-
yueit v ewe Ppayuorarbroti dpoboro.

Bynem cuutath, YyTO payuonanreHas O0pobe [ delicmsummens-
nas, t. e. P, w Q,— AeficTBHTeNbHBE MHOrOUJeHb. Kpome
TOro, OyAEM CYMTATh, YTO X — JEHCTBHTE/IbHAf NEPEMEeHHas .

PannoHanbuble (yHKuHY Bija

A A - Ax-B 1
= o ®2D wag |
(x—a)
Ax»l-B ) k\ 2) } (2)
Gy = J

rre A, B, a, p, q— aeficTBUTE/IbHBIE ulIC]4, R—HATYypaib-
HOE 4YHCJO0, 2 Tpexuael x%-}- px ---g He HMeeT AeHCTBHTENbHbIX
KOpHeli, 6yJleM HA3LlBaTb #pocmeduimit dpobai,

B § 5.2 Mbl mokasaaM, Kak BBIYMCJAOTCA HTErPafbl OT
pocrefinx apoGeii (cm. (4), (5), (6), (7), (I1) § 5.2).

TlycTs Hajo uaifTn weompejesedlblil HHTErpa.a OT pawio-
na.1bHON Qyukun f(x) (em. (1)). Ecaw m > a, TO NPOCTHIM
ReJeHHEM BbIAeJSeM 13 | HCJYI0 4acThb:

Py, (%)
Qn (%)

MHT(‘I‘})HPOB&HHG MHOr'ouJiena He NpeACTaBJsSIeT TPYAd H
TPYAHOCTb CBeJach K HHTErPHPOBAHHIO PALHONANbLHOI Apobil,
y Koropoil cTeneHb YHCJHTE/IsT MEHbLIE CTeNEHH 3HAMEHATEIS.

Byaem nmostoMy cyutaTh, UTO Halla panHoHANbHAsA APOOHL
[(x) npasuasnas, T. e. cTeneib ee YHCJAUTEJS MeHblle CTe-
neii 3HameHateasn (m << ).

Teopewnma 1. [Tycme anascnamens npasiavrol Oeticmeu-
meAbHO  payuonasbroll dpobu  passoxcer 1o gopmyase (5')
§ 3.5:

Q. (x)=a, (X — M (X =) (X)) ..
coe (W34 pex -+ q-.,)”f.

f (x) == niHOTOUJIEN - (m, < n).
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y3HaTh. B CBsI3U ¢ 3THM BCAKOTO pojla yNpolleHUs NHTerpana
OT pauuoHa/JbHOH Apob6u (1) ABAAIOTCS OUEHB LEHHBIMH,

C 31Ol TOUKH 3peHHs 3acJyXHBaeT 60JbIIOro BHUMaHHA
meton Octporpaackorol), o6biuH0 H3Jjaraemblil B 6osee noJi-

HEIX yyeGHUKaX ?).

§ 5.7. UnTerpupoBanne uppauuoHanbHbiX QPyHKLUMIH

HMHuTerpupoBanue sjgeMEHTAapHBIX (QYHKUHH, HE SABJAIO-
HIMXCS pALHOHAJbHEIMH, TIPEICTABASET GOJBILYIO TPYAHOCTD,
Jlaxke ecny 3JneMeHTapHad (yHKUHS, SIBJAAOWAACA HHTErpa-
JIOM OT JaHHOH (YHKIIHH, HA CaMOM Je/e CYLIEeCTBYeT.

Mu paccMoTpum csaywa, KOraa 3ameHoiffi nepeMeHHOM
MOXKHO CBECTH HHTErpHPOBaHUE HEPallHOH2TLKBIX (byHKUUA
K HHTErPHPOBAHHIO PAUHOHANBHLIX (VHKUHHA (T. €., KaK ro-
BOPAT, PAlMOHANH3HPOBAThL HHTErpaJ).

IMyers R (x, y)—pauxoHanbHasa ¢(yHKUES CBOMX apry-
MEHTOB X M y, T. €. Hall X H Y COBEpIUIAOTCA TOJBKO apHdMe-
THYecKHe onepaiuH, yTo6wl noayunts R (x, y). Hanpuwmep,

_ oxytyt
R (x, y)—c———x+x1°y paunoHasnbHan GyHKUHSA, a

f(x, y)=]/x+y+x’—-ﬂe ABJfAETCA pallHOHaNbHOM,

YA TEN :

I. BbilyHCcJaHuTh 5R (x, ]/Zid)dx, rae a, b, c, d —
NOCTOSIHHBIE YHCJIAa, Mm—HaTypaJjbHOe uHcJ0, ad—bc=~0,
R (x, y)— paunoHanbHasi QYHKIHS.

m[axtb

Gynkumio Buza R x, zxd) HasbiBaior 0pobro-au-

HEUHOL UpPpayuoHANbHOCMbIO,

m/ax-+b
[Mokaxem, uro 3ameHa {= ¢xJd PALHOHAIH3HPYeT

’ m_ ax-tb _b—ai»
uHTerpan. B camom pene, ¢ =xid’ OTKyla X=-—Z—

pauxoHanbHas ¢gyukuus ot {. adee,

_mim=1[ad— bc]
dx = Wdt.

1) B. M. Octporpanckuit (1801—1861)— Buinatomufics pycckuit Ma-

TEMAaTHK.
2) Cm., nanpuMmep, sKypc MmaTeMaTyuecKoro anaaussy €, M. Ha-

KoJkckoro, T. 1, § 8.7,

as*
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lMostomy

[R(x Y/ E5)dx=

_S‘R (b —din )m/”’ 1[ad——bc]dt___S‘R (t)di,

cim—a’ (ct,m

rae R, (!)— panvonanpHas ¢YHRKUHS 10 {, HHTErpHPOBaTH
KOTOPYIO MBI YMeewm.

Mpumep 1. Bouiuncauts y( —Ty 1/'”‘ dx. 3pech

R (x, y)::—x—_g—l—);. TMonaras ]/’;i:=t, nosyyHM X =

—61%d
(,36 l;ﬂ , -—'l:t—.JQ:-]-. Takum o6pa3om,

Py —6t2  (B—1p ,, 3 _
(A_,) ]/ dy= Siw G dt_—zfzﬂdt_

— 1 e 3( 3/ x4+ 1\
.____.__.t +( _,____(]/-_1) +(_
l'lpumep 2.

y Gt"dt
PR e e L
=6{(—1+)dl—1n|1+¢]=
=203 —3{* 46t —In|1+¢|+C.

114 1

. dx=

P

[I. BHYUCAUTS S R(x, Var T bx4c)dx, tae a, b,
c—nocrosHube uucaa. dynkuuio R (x, Vax*+bx+c) 6y-
HeM Ha3blBaTb K8a0pamudnol uppayuoHarbHoCmeo.

Ecan Tpexunen ax*-4-bx-+c HMeeT JefCTBHTE/NbHbIE
KOPHH X;, Xy, TO ax*+4-bx+c=a(x—x,)(x—x,) ¥

Xa a) —
X—x;
_ X—Xg
=R Vi)
d ACJO CBOAHTCA K CAY4aio I.

Tosromy Gyaem camtath, uto ax?--bx--c He umeer Aeil- -
CTBHTENbHBIX KopHeRt # a > 0. TorAa pauHOHaAH3aLHA HH-

R (x, V’ax’—i—bx+c)= R (x, (x—x
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Terpana MOXeT GObiTb JOCTHIHYTAa O MOMOLLbIO (IOACTaHOBKH
Sitnepa !):

t=Vax*Fbx+ctx Va.
Orcioga ax?+bx+c=12—2xV at +ax* 1.e. x =
pauonaabHas ¢gyHkuus or {. Ho Ttoraa

ti—c¢

% Vatb
l/ax”+bx+c=t—xl/.—-l —2[ V—-- Va

— TaK:Ke pailHOHaJbHast dyukuus or f. [lostomy
S R(x, Vax*bx+c)dx= S R, (t)dt.

3ameyanune. Ecmu a<0, a ¢>0 (ax-}-bx+c>0),
TO MOXHO CleJaTh 3aMeHY

Vax* +bx +c=xt -+ Ve.

[Ipumep 3. Buiuucauts S Va Fxtdx.

BuHoMm x%-+a® He umeeT jeiicTBHTENbNBLIX KopHei. [lo-
3TOMY noJaraem

1*—?

[::sz+a2+x’ X at=11—2x 4 x?, x—_Qt

124 o?

I/v‘ al={—x= T

Orciona
l“ — 04 ’2 _}_ a?

2 2 _ P
xl/x +at= vl dx —= o dt.
B cuny storo )

JE— 2 _|. a2 2 2 g 2 4
Sl/.w-{-a=dx= s s T Ht+2—"-+“—.]dt=
2
=SS =S+ K R
_?lnlx—}-l/x"‘—}-a“‘]—}-?Vx"—}—az—}—C.

1) 3Ty NOACTAHOBKY MOXHO RPHMEHATh H B CJyyae Aeﬁcrnn’reauuix
KopHeft npu a > 0 Ha mETepsane, rie axd--bx+4c>=0.
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IIl.UuTerpupoBaHUe BoipaXKeHHHA R (cosx,sinx).

PanHoHaau3anus SR(cosx. sinx)dx aocruraercs ¢ no-
MOLbI0 MOACTaHOBKH [=tg (x/2) (—n < x < n), KoTopas
HasblBaeTca yHusepcarbroi. B camom pene,

. 2 tg (x/2) 2t l—tgt(x/2) _1—f2
SIY =1 e e 1+8° ST Thgen  1+8°
_ ot
x= Tre:

03TOMY
. 1—t2 2\ 2t
SR(cosx, smx)dx=S R(H—t” l—{-t”) l+l’=SR‘ (#)dt.

Ecan ¢yuxuua R (x, y) obragaer cBOHCTBAMH YeTHOCTH
HJIH HEYETHOCTH IO MepeMEeHHHM X HJH gy JO MOTYT YIo-
TPeONAThCA U JAPYTHe NMOACTAHOBKH, TAKKE pPALHOHAJH3IHPY-
IolHe KHTerpaJ.
ITycts

P (u, v)

R (u, v)———Q @0

(4 =cosx, v=sinx),

rie P 1 Q—MHOrOUJIEHE OT & H 0.

1) Ecan oauH u3 MHorouseHoB P, Q uYeTHwd no v, a
ApYyroil —HeueTHbld N0 v, TO MNOACTAHOBKA [ =cCOSX pauuo-
HaJ/IM3UpyeT HHTerpaJ.

2) Ecin oaun u3 MmHorousesHos P, Q ueTHell no u, a
ApYro#i —HeyeTHHH N0 u, TO MOACTaHOBKA {=sinx paiuo-
HAJM3UPYeT HHTerpaJ.

3) Ecain P u Q: a) o6a He M3MEHSIIOTCA NpPH 3aMeHe u«,
U COOTBETCTBEHHO Ha —i, —U UJIH 6) 002 MEHSIIOT 3HaK, TO
HHTErpaJ pauuouaﬂuaupyerca NOACTAaHOBKO#H ¢=tg x (4aH
t =ctg x).

ITpumepn:

v § i =(r=teg) = F=mitrc=

=In

£l+c.
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o (sindx , sin?xd (cosx) 1—cos?x _
2. Scos‘xd - S cosd x - cost x d(Cos x)

=(t=cosx)=——5—lt_‘t2dt.

P 3
B nanwnom cayuae R (u, v)=F=W" T. €. YUCJHTENb

HEYETHHIi OTHOCUTENBHO U, a 3HaMeHaTeJb YeTHHH No v, H
MHl HMeeM Jleno cO cayyaem 1).

30 S‘ dx __5‘ dx .
" Jakcos?x-b2sin?x ) (a®-Fb2tgPx)cosix
dt
=(t=tg)= | z5m.
3necy uncautens P (u, v)=1, a 3uamenarenp Q(u, v)=

=a%u? 4+ b*%3. (O6a He MeHAIOTCA NpPU 3aMeHe u, U COOTBET-
CTBEHHO Ha —u, —U, T. €. MBI HMEeM JeJl0 CcO cayuaeM 3a).



TJIABA 6

ONMPEAEJIEHHbIA UHTETPAJI

§ 6.1. 3agauu, NpHBOAALIHE K NOHATHIO
ONpeAeNeHHOTO HHTErpana, H ero onpeaencHue

a) 3agaguM Ha otpeske [a, b] (2@ u b— KoHeuHble yucJa)
HEOTPHIIATE/IbHYIO HenpephiBHYIO GyHknHIO f(x). I'pagux ee
u3o6paxken Ha puc. 75. [loctaBHM 3amauy: TpeGyercs onpe-
AeUTh TNOHATHE IVIOIAAY (HUrypbl, OrpasHyeHHOli KpHBOA

4 g7

N

4
g "'nz" :, Iz JJ n-1 Jﬂ-’ <
Puc. 75.

w7
Z

y=/[(x), ocbio X, NpaAMBIMH X=a H x=0>b, H BEIMHCJIHTb 3Ty
naoiaze. IlocraBneHnyio 3ajauy ecTeCTBEHHO PEIUHTh TaK.
Mpouapenem pasbuenue orpeska [a, b] Ha n uactefi ToY-

KAMH
a=x, <1, < ... <x,=b, ()

IHGCpeM Ha KaXXAOM H3 [0JYyYEHHBIX YAaCTHYHBIX . OTPE3KOB
% %l (1=0,1, ..., n—=1) @ -
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no npou3poabHoii Touxe §; €[x;, x;+,], onpeneann snavenns
dyHKUuH f B 3THX TO4KaX H COCTABIM CYMMY

Sn:‘izzof(gj) ij (ij:xj-l-l"'xj)r (3)

KOTOPYO Ha3blBAIOT UHMEZPAN6HOL CYMMOE W KOTOpas, oue-
BHJIHO, paBHA CyMie MJoWaiei 3allTPHXOBaHHBIX NIPAMOYTO1b-
HAKOB (CM. puc. 75).

BynmeM Tenephb CTPeMHTb BCe Ax; k nymo u NPUTOM TaK,
4106l MAaKCHMaJbHBI (CaMblii 60J1b1HOH) YacCTHYHBIH OTPE3OK
pasbueHHst cTpeMuacs K HyJo. Ecau npu 3toMm pesnyuna S,
CTPEMHTCH K ONpeAe/eHHOMY npeaeay S, He 3aBHCSLIEMY QT
criocoGoB pasbuenus (1) u BniGOpa TOuek §; Ha YAaCTHYHBLIX
OTpeskax, TO eCTECTBEHHO BeJMUHHY S HaswiBaTh na0waden
Hawel KpusoatiHelinol d)ueypu TaKHM o6pa3oM,

= lim Zf(g)Ax €Y}

maxAx/»O i=0

Hrtak, Mbl AaJil onpeje/eHie MJAOIAAH Halleli KPHUBOH-
HeliHoit ¢Qurypw (Tpaneunu). Bosuuxaer Bonpoc, WMeeT Jiu
Kaxzaasi Takas qurypa mnJoulajib, WHauYe roBops, CTPEMHTCH
JU Ha CaMOM Jlefle K KOHeYHOMY TIpefie/ly ee MHTerpaJ/ibHast
cymma S, Koraa ij——»O? B manbzeitiuem 6yfer A0Kaaano,
YTO 3TOT BONPOC PELIAeTCH MNOJOXKHTENLHO. KaXAas ofpeje-
JieHHaA Bhille Kpusonuﬂeuﬂaﬂ ¢Hurypa, cooTBeTCTBYIOILAH He-
KOTOPOH HenpepuiBHON QYHKUMH f(X), REHACTBHTENbLHO HMEET
NJoAaAb B CMbIC/1e CAEJAHHOTO ONpejie/ieHUsl, BhlpaiKaeMylo,
TakKHM 06pa3oM, 3aBHCALHM OT 3TOH (Urypn ydcaom S.

Jlpyro#l Bo3HUKalOWHi 34eCh BOIPOC, HACKOJILKO €CTEeCT-
BeHHO [JaHHOe OlpeAesneHHe MJaomaiu, Kak BCEerid B TaKnX
cJay4yafx, peumaercsi NPakTHUKOf.. Mbl CKaxeM TOJbKO, UTO
NpakTHKa MOMHOCTBIO ONpaBAa/ad 3TO oOnpeleseHHe. Y Hac
OyIeT MHOroO c/yuaeB yOeAUTbCS B NPaBU/IbHOCTH CHAEJaHHOTO
onpeaesieHus.

6) Han suueitHbtil HEONHODOAHLIN CTePIKellb, JexKalliit Ha
ocH X B mpefenax ortpe3dka [a, b]. TpeGyercss onpefednThb
maccy 3toro crepxcis. [lycrb njoTHOCTG pacnpeaeseHits MacChl
BAO/Ib CTEPNKHA €CTh HEKOTOPas HenpepblBHAaf (QYHKIHA OT X:
P (X).

Has onpefe/eHHsi Macchl CTepKHSA paso6beM ero Ha n
NPOH3BOJbHEIX HacTell TOUKAMH =X, < X, < ... < X,=b.



234 TN 6. ONPEAEJEHHBIA HHTETPAJ

B npenenax Kaxmuoit wacTd [x;, x;.,] Bei6epeM 1o NPOU3BOJIb-
HOil Touke §;.

Tax kak B npenenax [x;, x;;,] PyHKuHa p (x) H3MeHseTcH
MaJlo, TO M3accy 4acTH CTepXHA, COOTBETCTBYHOUIEH OTpe3Ky
[ X;+.], MOXKHO cunTaTh npuGamxenHo pasHoi p (§;) Ax;,
The Ax;=X; 4 —X;. :

Macca e m Bcero crep:xHsi npuGJAMKEHHO PaBHa

n-1

p(E)Axe+p E)AX + .o +p Epmy) DX,y = l=20 p (E:) Ax,.

TouHoe 3HAYEHHE MAcChl, OYEBHIHO, NOJYYUM B Npejese,
KOTJa HanGOJLIIMH YacTHYHBIA OTPE30K CTPEMHTCH K HY.JIO,
T. €.

1
m= lim P €)Ax,. 4"

rnaxAx,-—»O =

Obe paccMOTPeHHHE 33ajaud NPHBENH HAac K ONHOH M TOH
K€ MaTeMaTHYECKOH onepalHH Haj (PYyHKUUAMH pa3JH4YHOro
NPOHCXOXJEHHS, 3aJiaHHBIMM Ha oTpe3ke [a, b]. Ham Bcrpe-
THTCA MHOTO APYTMX KOHKDETHBIX 3aJay, pelleHHe KOTOPLIX
CBOOMTCS K nofofHOM oOnepauuu Haj GYHKUUEH, 3aAaHHOH
Ha oTpeake. 3Ta onepaliHs Ha3bLIBAETCS onepayues uxmezpu-
posanun GYHKYUU Ha Oompeske, a ee pPe3yabTaT — UHCJI0 —
Ha3bIBAETCS ONPEOCNEHHbIM LHMESPANOM OM (hYHKyuL Ha om-
pesxe.

Onpenenenne 1. ITycms na ompeske [a,b] 3a0ana
ynxyus f. Pasdeaum [a, b] na wacmu npoussorvreimu mou-
Kamu:

a=x, < x5, <X, < ... <x,=b,
u Gydem 2080pums, umo smum npouseedeno pasbuerue R om-
peska [a, b]. Ha kaxodom uacmuunom ompeske [x;, x;.,] pas-

buenus evibepem npousgorbryio mouky &, € [x;, x;4,] u cocma-
8UM CYMMY

or=0g(f)= jgo [E)) A%, (Axj=x01—x)),

HA3bI6AEMYIO URMezPasbHOl cymmoil gynxyuu f, coomeemcm-
eyrouseli pasbuenuro R.

»
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Obo3snauum 4epes

Ap= max Ax
R o<icn-1 1

MAKCUMANGHYIO OAUHY HACMUMHBIX OMpPe3Kos [X;, X;..] pas-
6uenun R.

Ipeder (ecau on cywjecmsyem), K KOmMopomy CMpemumcs
UHMEZPANbHAR CYMMA O, K020a hp— 0, Hasvieaemcs onpe-
Oenexnbim unmeepasom om ¢ynxyuu [ na ompeske [a, b] u
o6o3nanaemcs caedyrowum ob6pasom:

b

n-1
lim og= lim Zof(g,.)Ax,=Sf(x)dx @<b). ()

AR—>0 maxAx,—»[) i= a

UHC/I0 @ Ha3BIBAETCA HUNMHUM Npedesom OnpeieseHHOro
HHTerpaJja, a 4ucjo b—@epxHum ero npedeaom.

Onpegenenne | 3KBHBaJEHTHO CJAEAyHOUIEMY.

Onpenenenue 1. Onpedenennvim unmezparom om
pynkyuu [ Ha ompesxe [a, b] Hasweaemea yucao I, ydosrem-
soparowee credyowemy ceocmay: Oaa acakozo e > 0 MOHHO
radmu wucao 8 >0 makoe, umo

n-1
|ar—11=1 B[ ) Ay —1[<e

041 a0boeo pasbuenus R ompeska [a, b], y komopozo

Ap=maxAx; < 8
i

npu_atobom evibope movex & € [x;, X;4,].

[NonsaTHe onpenesieHHOro MHTErpaja Tak, KakK Mbl ero of-
pefennad, OLIIO BBEIEHO AJAS HempephIBHBIX QYHKUHA ¢paH-
LLy3CKHMM MaTeMaTHKoM Koiiu u B obuiem ciyyae Pumanom ') —
AJs (DyHKUHMH He 00s13aTe/IbHO HeNpepbiBHLIX (MHTErpHPYeMbIX
no Pumany). O6bluHO npefen (5) Ha3bBalOT uxmezpasom Pu-
Mmana B GYHKUMIO, OJS1 KOTOPOH 3TOT MpeAes] CyLIecTBYeT,
Ha3bIBAIOT uHmMezpupyemoti 8 cmoicae Pumana.

Ecnu ¢pyHruus f HenpepuiBHa Ha [a, b], TO A/ Hee Bcerja,

KaK Mbl y3HaeM, npejen (9) cyIllecTByeT.

1) B, ©. Puman (1826—1866) -~ BbiAalOWKiiCA HeMEUKHH MaTeMaTHK.
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lFoBopsaT Takke, yYTO HenpepuBHas#w Ha oOTpeske [a, b]
QYHKUMA unmezpupyema Ha HeM 8 cmuicse Koww.

B n. a) MH onpegeauad (cM. puc. 75) niomaib MJ0CKOi
¢urypbol, OrpaHMYeHHYl0 CBepxy rpadHKOM HenpepHBHOH
¢yHkuud y=f(x)==0, cHH3y ocbio X M ¢ GOKOB NpPAMBIMH
x=a H x=>0. Mul MOXeM Teneph CKa3aTh, YTO NJOWA/b 3TOH
}pury]pm paBHa onpene/€EHHOMY HHTerpaly OT [ Ha OTpeske
a, b]: .

b
§={ f(x)dx.

Mbl MOXEM ellle CK33aTh, YTO Macca CTEPXKHSA, O KOTOPOM
uJia pedb B M. 6), paBHA ONpeleJeHHOMY HHTErpany oOT €ro
JHHENHO! NJIOTHOCTH p (X) B mpeaenax [a, b]:

b
m== S p (x)dx.

Mrak, no onpefeneHHIO onpedercHHbiM UHMEZPAAOM OIM
dynkyuu [ Ha ompesxe [a, b] Haswsaemcs npedes unmeapairo-
Houi cymmpt (D), K020a MAKCUMAAbHBUL 4acmudHblE Ompe3ox
pasbuerus R cmpemumcs K Hyao.

B stom onpepelleHHH, KOTOpoe Tenepb YyKe HE CBA3aHO
C 3afayell 0 HAXOXAEHHH NJOWAAH, (yHKUHA [ He o6A3a-
TeNLHO HempephiBHA M HeoTpuuaTtenbHa Ha [a, b]. Hapo or-
MeTHTb, YTO 3TO ONpejeJ]eHHe He YTBEPKAAeT CyLleCTBOBaHUe
onpejiesleHHOr0 HHTerpasia Aas BcAkol dyuxuuu f, saganHofi
Ha [a, b], T. e. cymecTBoBanusa npepera (5). OHO TOJbLKO
FOBOPHT, YTO €CJIH 3TOT Ipefie] CYLIeCTBYeT I/1s 3aAaHHON
Ha [&, b] QyHKUHH f, TO OH Ha3blBaeTCsi ONpEAE/JEHHbLIM HH-
TerpasoM ot f Ha [a, b].

Cnepyer uMerb B BHAY TaKkKe, YTO KOTAA FOBOPAT, 4TO
yKa3aHHBIft npeaes / cyulecTByeT, TO NOAPa3yMeBaloT, YTO
OH He 3aBHCHT OT CcrmocoGoB pa3bueHus otpeska [a, b] na
YacTH ¥ BHOOPA Ha NMOJy4eHHbIX YaCTHUYHbIX OTPe3Kax Touek &,

HenocpeacrseHHoe BhIMHC/IEHHE ONpefie/IeHHOTO MHTerpaJsa
no ¢opmyne (5) cBA3aHO C TPYAHOCTAMH — MHTEr pasbHbIE
CYMMBI CKOJIBKO-HHOYNb CJOXHBIX (yHKUHH HMeIOT rpoMo3f-
KHH BMI M 3a4acTyl0 He Jerko mnpeob6pa3oBaTh HX K BHIY,
yao6HoMy 118 BRMHCJEHHS npefenos. Bo BcAkoMm cayuae,.
Ha 3TOM NyTH HE YAAJOChb CO3AaTh OOUHX MetoaoB. Mure-
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pecHo OTMETHTb, YTO BMEpBble 3ajayy 3TOTO pPOAA peunin
Apxumen. Tlpn nomolu paccyxaeHuil, KOTOphE OTHAJeHHO
HAMOMUHAIOT COBPEMEHHLIl METOA npefe/oB, Ol BBHIYHCJNI
nJowafb cerMeHta napa6o.sl. B nasbHeiiinem na npoTsike-
HHIl BEKOB MHOTHe MaTeMaTHKH pellasy 3ajAaull Ha BbIUHC/e-
HHe nJowanen Guryp n o6remos Tes. Bee ke eme B XVII Beke
MOCTAHOBKA TAKHX 33424 W METOAbl MX pelllenis HOCH/H Cy-
ry6o uyactHbolit xapakrep. Cy-

LIeCTBEHHbIHl CABHT B 9TOM BO-

npoce precann Heioton o Jlei-

4
6tHIL'), ykasaBume  obuiHit )
METOM pelleHHsl TaKHX 3ajay. )
OHn 0oKasanH, 4T0 BHUHC/IE- I :
HUe ONpeje/ieHHOTO HHTerpa- l T
L -
IV 5 g ¢z

Ja OT (QYHKUHH MOMXKeT ObiThb
CBEJEHO K OTBICKaHIllO ee nep-
BooGpasiioil.

Kak Gwi10 oTMeueHo BhilLE,
HenpepoiBHasA Ha [a, b] ¢yuk-
und nurerpupyemMa Ha [a, b]. 3to 6yner. nokasano B § 6.7.

Byner Takxe AoKasaHo, 4YTO MOHOTOHHas Ha OTpeske
[a, b] dynkuus wuurerpupyema ua HeMm. Hamo yuects, uro
MOHOTOHHASt (DYHKHHS MOXET HMETb pa3phiBHi B KOHEYHOM
WM Jaxce cueTHOM yuCae (cM. TeopeMy 2 § 3.4).

Ha puc. 76 nsoGpaxen rpaduk ¢yHKuHH y=f(x), 3sa-
AaHHO#H Ha otpeske [0, a]. 3ra gpyukuns Henpepbisya Ha [0, x, ],
yObiBaet Ha [x,, x,| n Bo3pactaer Ha [x,, a]. CnenoBaTtesbHo,
OHa HHTErpHpyemMa Ha KaxkAoM H3 3Tux orpeskoB. Ho Toraa,
Ha OCHOBAHMIl AJUIHTIBHBLIX CBOHCTB HHTErpafa, 0 KOTOPHIX
peub GyfeT BhepeiH, Hama (yHKIHS HHTErpHpyeMa Ha BCeM
orpeske [0, af (cM. § 6.2, Teopema 3).

Takum ofpasom, ecas oTpesok [a, b], ua Kotopom 3aaana
byukuMa y=f(x), MOXHO pa3pe3aTb Ha KOHEYHOE HHCJO
YACTHUHBIX OTPE3KOB, HAa KaxJOM H3 KOTOPbIX OHa Hermpe-
phiBHa MJH MOHOTOHHA, TO TaKas (QYyHKIMA HHTerpHpyeMma
Ha [a, b].

Hetoton 1t Jleii6uuil nokasa.au - Teopemy, CBA3BLIBAIOLLYIO
11Ba BaXCHBIX MOHATIIA MaTeMaTHueCKOTo aHasH3a— HHTerpaJa
H TpoH3BOAHOIl. 3Ta TeopeMa BLIPAMAETCS COOTHOLUEHHEM

Puc. 76.

1) U. Heloton (1643—1727) —reHHanlinii anrauiickHi QHIUK H
matematak. [. B. JleiiGunu (1646—1716) — senuknii neMeuKunii MaTeMaTHK.
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(dopmynoit Helorona — Jleii6Huua)
b

F®)—F ()= { f (x)dx.

a

3necy f(x) ecTb NpoM3BOJIbLHAs HeNpephiBHASA Ha [a,
uusa, a F(x)—kakas-imb6o ee nepBoo6pasHas H.
(F' (x) = [ (x))-

TakuM 06pasoM, 048 mozo 4mobbl 6bIMUCAUMb ON
Mol uHmezpar om Henpepoierol Gynkyuu [ Ha
[a, b], Hado y3nams ee nepeoobpasnyro GyHKyuw
a3aame pasvocme F (b)— F (a) 3nauenuid amoii nepeoc
Ha KoHyax ompesxka [a, b].

Ecau yXe cyHTaTh H3BECTHBIM, YTO HeNpephHIBHA!
peske [a, b] dyHKuuA f(x) MHTerpupyeMa Ha HeM H
3TOH () YHKIHH CylllecTByeT nepBod pasHasF (%, To
ay (6) moxHO BhIBECTH Ge3 Tpyha.

[Tyctb R ecTb npon3BosbHOE pa3bHeHHEe

a=x <%, < ... <x,=b
oTpesKka [a, b] Ha vyactH. Torxa (nNosicHEHHs HHXKe)
F(b)—F(a)=F (x,) — F (x)=F (x,) — F(x,-,)+ F (x,

n—1

--'"'F(x1)+F(x1)—F(xo):k§0[F(xk+1)_‘F(x)

n-1 n-1 b
= 3 F &) (i —x) = 27 &) Are—— [ F(x)d

k=0 k=0 AR—bﬂ a
OTKYZAa H cJaenyeT gopmyna (6).

B yerBepToM paBencTBe (7) MEI NPHMEHHJH TEOPE
rpaiM’a o cpejHeM

F(xgs1) — F (xp) = F' (E) (Xp41— %3,

B CHJly KOTOpO#t &, ecTh HEKOTOpast TOUKa HHTepBaJa (X
[Mocnennee COOTHOWEHHE cJefyeT U3 TOro (hakra, YT
uus [ HenpepeiBHa Ha [a, b], cnenoBaTeNbHO, HHTEr]
Ha [a, b], u noTomy ee mobast MHTerpaJbHas CyMMa
CTHOCTH, TIONyYeHHad HAMH NPHMEHEHHeM TeopeMbl Jlar
cTpeMHTCs TpH Ap— 0 K onpejieleHHOMY HHTerpa
Ha [a, b].
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CnpaseanuBa Teopema.

Teopema 1. Heozpanuuennan na ompeske [a, b] ¢ynxyus e
uHmezpupyema Ha 3Mom ompesKe. i

Takum o6pasom, daf mozo umobbe pyHKyuR [ Boiaa urmezpupyemol
Ha ompeske [a, b], Heobxodumo umobor OHA 664 02PAHU4EHHOG HG SMOM
ompesxe.

OniHaKo 3TO ycJaoBHe He #BJIAETCA JOCTATOYHLIM.

Mpumep. dyuxuns

'l’(x)={

1, ecqH x pauunoHanbHoe,
—1, ecaH x HppalHOHANbHOE,

orpaﬂu)qeﬂa: | ¢ (x)|=1, HO He uHTErpHpyeMa Ha awo6aM oTpeske [a, b]
(a < b).

B camom Jene, ecau B ee MHTErpaqbHOH CymMe 3a ToukH §; BhIGpaTth
pauuoHaJ/JbHLHIE 4YHCJE, TO
n-1 n-1

or= ) V(&) Axy= D 1-Axy=b—a.
j=0 i=0
Ecu ke Bbi6path §; uppallHOHANLHbIMH, TO

n-1
OR= _20 (—1)Axy=—(b—a).
i=

. 3TO 10Ka3blBaeT, YTO OR HE MOXET HMeTb OJHH H TOT XKe Nnpejen
npu mo6om BbiGope &, W, cJelopatesqbHo, GYHKUHMA ) He HHTErpHpYyeMa
Ha [a, b].

JlokazaTtedbcTBO Teopemnu l. [Tycms

n~1

UR=‘Z (&) (x40 —x0)

i=0

eCTh, MHTerpainbHas cymMma QYHKUHH f, COOTBETCTBY:OU(dd HEKOTOPOMY
pasbuenno R: a=x3 < x; < ... < x,=b. Ecnu nonyctuts, "To $yHK-
LKA [ He orpaHuyeHa Ha [a, b], TO OHAa HeOOXOAUMO He OrpaHMuyeHa Ha
OJTHOM H3 YAaCTHYHLIX OTPE3KOB, NyCcTb Ha [X;, X;,+1]- 3adukcupvem
E;i€[xis Xi4y] AN BCX © # ig, a &;, GyAeM MOKa CUHTAThb MepeMEHIIOH.
Cnaraemoe f(§;,) (Xj,+1—X;,) HE OrpaHmieRo Ha [xj, Xj,+1], 3 cymma
OCTaabHBEIX CJIaraeMbiX ecTb onpejenedroe uncno. ‘Hortorpa | op| moxHO
clleflaTb KAk YrogHo OOJbllUMM M[pY COOTBETCTBYHOIEM :NOAGOPE TOYKH
Ei E[Xiy Xi,+1] M dyHRUMA [ He MOXMeT ObITh HHTErpHpYemu# Ha [a, b].
Bean u3 HHTerpuHpyemocTH GyHKUHH f Ha [a, b] caegyer, 4TO ee WHTe-
rpajbHble CyMMbl OrpaHHueHbl IIpH J000M Bolbope §;.

BrpoueM, B fanbHeiiiieM GyjJeT BBeJEHO MOHATHE HecoD-
CTBEHHOro uHTerpana. Hekoropele HeorpaHuueHHble Ha OT-
pe3ke (QYHKUUH HHTerpHpyeMbl B HeCOGCTBEHHOM cMiicae, Ho
06 3rom OyjeT peyb nosjHee,
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§ 6.2. CpoiicTBa OnpepeneHHLIX HHTErpanos

B stom naparpade Mbl 6yneM H3yyaTh CBOACTBA MHTErpH-
pyeMbiX QyHKIHiA. Boille yXe 0TMEYaNO0Ch, YTO HENpePHBHLE
H MOHOTOHHBe Ha oTpe3ke {a, b] PyHKuuH ;m‘rerpnpyemu Ha
HeM. 310 6yaeT NOKa3aHO nosjHee B § 6.7.

Teopema 1. Ecau M —xoncmanma, mo

{Max=M@p—a). )

B camom nene, HHTerpasnbHasi cyMMa QYHKUMH f(x)=M

- pns qoboro pas6ienus R oTpeska [a, b] paBHa

n-1 n-1
Op = ZoM Ax;=M Y Ax,=M (—a).
i= j=0

Orciona
lim o= M (b—a).
R-)O
Teopema 2. Qaa gynryuu
bety={ & FClel xke

A, x=c,
b
Sipc(x)dx=0.
a

B cavom nene, 3aJankM NMPOH3BOJILHOE Pa3bHeHnue R otpe3ka [a, b]:
a=xg< %< ... < x,=0b.

OnHH W3 NOJYHHTEPBAIOB 3TOro Pa3bHeHHs, NYCTh [Xym, Xm41]s CONEPMKHT
B cebe TOURY C: X, & C < Xmsre IMosTomy uHTerpaibnas cymMma

n-1

UR(lIc)—-Z\Ic(En) Axg=1p; (Em—1) Aty - I”F‘pc(gm)Axm

(ocTaibHEE caaraeMble 3aBefloMO paBHH HY.MO0). Tak Kak | Y, (x) || A |,
TO

IUR (llﬂc) I <I A I (Axm—l’;' AX,,,) —0
npu Ap— 0, u Teopema J0Ka3aha.

Teopema 3. Ecau ¢ynxyus | unmezpupyema na xax-
‘don u3 ompesos [a, c], [c, b] (a < c < b), mo ona unmezpu-
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pyema Ha [a, b] u
b ¢ b
CFyae=foded§ Forax @
a a ¢
(ad0umueroe céolicmeo onpedesennoo unmespaia).
Jloka3zaTeabCcTBO. 3azafiiM NpPOM3BOJbHOE pa36ne-
uie orpeska [a, b]
R:ia=x,<x, <...<x,=b,
OJH4AKO TaKoe, 4yTO OJHAa H3 TOUeK R, Mmy<¢Tbh XY,, COBIIRJET
¢ Toukoi ¢(x,=c). Torma R uuayuipyer (HaBOZHT) Ha OT-
pe3kax [a, c] u [¢, b] onpenenenHble pasbuenns R, n R,
Ria=x<x<... 1x,=0¢
Ry c=x,<Xpe <...<x,=b

H
n-1 =1 n-1

or = B[ E) A= F [E)Ax,4 X [(E) Ay op, +op,
T. €. Op=20p + Op,. Hycwb
Ap= max |Ax;|—0.

0Sj<n=~1

Toraa n noaasno Ag — 0 7»,?1—»() Cilea0BaTe bHo,
b

limop= lim ap + lllll ,0r= Sf(z)dv kgf(x)dx
lR—»O lRl-—>
310 paBeHcTBO Aonaaauo noka j.1s pa3buennii R, coaep-

xauux B cebe Touxy ¢. Ho Toraa ono Bepuo n aas nio6uix
pas6ireriii R (cn. Jemmy | mike). CoenosaTedbHo, uHTe-
]

rpaa Sf(x)dx CYILECTBYET Il HAeeT MecTo (2).
Ca )
o onpepeaeniiio
a

{f(xde=0, 3)

a
h

i@de=—{f@de b<a, )

rae f udrerpupyema HZ [b, al.
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HerpyaHo BugeTb, eCau yuecTb corjaienus (3), (4), 4to
paBeHCTBO (2) BepHO Ans MOGLIX yucea a, b, ¢, JHWb Ob f
6hbl1a HHTEIpHpyeMa Ha MaKCHMAJbHOM H3 OTpe3koB [a, b],

[a.. [c, ]
anpumep, B cJiydae, ecaH c¢<a<b, Ha OCHOBaHHH
TeopeMar 3 '

b a b
(fae=SFfdet§fde

HJaH
a

b b c b
(faxs§rax—§fde=fde+§adx,

[

M Mbl NOJYUYHJIH (2).
Teopema 4. Ecau gynxyuu f; u f, uumeepupye,uoz Ha
[a, 6] u A, B—npousgoarbneie uucaa, mo

b
S(Af1~+Bf2)dx=A S fidx+BS f,dx. (5)

B uwacmuocmu, npu B=0 noayuum pasercmso

b b

{ Afdx=a(far, (6)

a a

NoKQ3biearouiee, 4rmo NOCMOAHHbIL MHONCUMENL MONCHO BbIHO-
cumo 3@ 3HAK ONpPe0eAeHHOZ0 UHMezpand.
Mpu A=1, B=41 noayaum

b b b
Coef)de=Sfdx+ {1 dx 7)

IokasaTteabcTBO. s npou3BOJbHOrO pasGHeHus R
HMeeM

a-1 n-1 n-1
Z AR E)+BLENAY =4 3 [,E) 8% +B B F(E)Ax,.

Orciona, nepeiiass K npejeay npu Ap—0, NOMY4YHM paBeH-
crBo (5). OHo, OYeBHJHO, BEPHO H DpH b<a.

~
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Teopema 5. Ecau unmeepupyenyro wa [a, b] ¢pynxyuro f
sudousmenums 8 mouxe c € [a, b], mo 0aa noayuenrod nocae
sudousmenenus ynxyuu f; umeenm mecmo paseHcmeo

b b
{Fi@de=(f(ax.

JokasaTeabcTno. Buafonsmenenne Gynxuun f TONBLKO B TOUKeE ¢
CBOJMTCA K TOMY, u4TO K f(x) npn6ariasercs (yHKLHA BHAA
Py (1) = 0, x€lab], x#¢
¢ A, x=q

rape A—Hekotopoe yncao. Toraa
fi ()= (%) + P (x).

Ilpn stom no Teopeme 2
b
S P, (x) dx=0.
a

IMosTomy B cuay TeopeMs! 4
b b b b
(i ax={ 1@t o a={ 1 ax,
a a a a

YTO M TpPeGOBaJOCh JO0Ka3aTh.

3ameuyanune 1. U3 TeopeMet 5 MH BHAHM, YTO MHTe-
TpUPYeMOCTb (YHKUHH f HE 3aBHCHUT OT TOrO, KaKHe 3Have-
HHSl OHa NpPHHHMaeT B HEKOTOPOH OMpeleJieHHOH Touke.

Hanpumep, gyukuua P (x) = (sinx)/x onpepenena na mo-
ayuntepsane (0, 1]. Ecau nonoxuts ee pasuoit 1 npu x =0
(p(0)=1), To oHa GyjmeT HempepbIBHO, CJeOBATEJBHO, HH-
TerpHpyeMol Ha OTPEBKel[O, 1]. Ho ona ocranercs unterpu-

pyemoii, M ee HHTerpaig Slp(x) dx GyneT paBeH TOMY Xe 3Ha-

0
YeHHI0, eCJH NOJNOXKHTE, uTo P (0)= A, rae A—n06oe yucao.
Teopema 6. Ecau ¢ynxyuu f u @ unmezpupyemot Ha
ompeske [a, b] u ydosremeopsiom na Hem HepaseHcingy

f(x)<o(x),
mo
b b
(fmar<{o@ade (@< @)

a a
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Pynxyus [ oepanuuera na ompesse [a, b] u Oan_ee unmeepansiblx
CYMM, COOMBEMCMBYIOU4UX MOALKO pasbuenusnm euda R,, umeem mecmo
lim ORy= 1.

AR.—»O
Toeda ¢yrkyua [ unmezpupyesma Ha [a, b} u
b
Sf(x) dx=1= lim og.
AR—»O
a
HoxasateabcTrO. [lyeth R ecTs npouasonbhoe pasGueHue
oTpeaka [a, 5], He cofiepkailee TOUKY C:
Ria=x< %< eee < Xp< X1 < sra < Xp=b,
riae xm < ¢ < Xpmpt-
Ho6asass Kk R TOUKY ¢; noayuum paabuenue R,. Ecau Ag— 0, 1O
H }’R. — 0.
. Ecau sui6pocuth M3 op caaraemoe [ (&) (¥p 41— Xm) U NPHGABHTH
f (Em) (c— %)+ F (Em) (*m+1—C), TO NONTYUHM HHTErpPabHyIo CYMMY OR,.

Ipu stom
0R=GR.+ P"

rie p=/ (Em) (tm+1—2n) = (En) € —2n) —[ (&) (Cmar—0)  *m <
<in<<c c<<En<<xpye1. OueBngno,

Ipl<MEnsr—%n)+MC—x2)+M (X 41—0)=
=2M (% 41—%m) 7——0.

RR»Q
CJiei0BaTeNb HO,
lim og=lim ogp -+ lim p=7+4+0=1.
Ap—>0 ZR*-—»O Xpp 1= % > 0

§ 6.3. HHTerpan Kax ()yHKLUHA BepxHero npejae;a

3ameTuM, 4TO
b

5
Sf(x) dx= S f(u)du,

T. €. He HMeeT 3HaueHUs, N0 KaKOoH OykKBe— x MM U — UH-
TerpupoBaTh Ha orpeske [a, b]. Beap B o6oux cayyasx Jio-
Gasi MHTerpaJbHasi cyMma [ HMEET BHJ

Or :lgf(gj) ij-

MycTe 3anaHa uHTerpupyemMas Ha oTpe3ke [a, b] ¢yHk- -
uus f. Torpa, KakoBo Onf HM OHJIO x, YAOBJETBOpSAIOLIEE
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Hakonen, cayyait a==>0 cBOAUTCA K OYEBHAHOMY COOTHO-
wenuio 0<0. Srum pokasano (9). :

3ameyanue 2. Hurerpupyemocte f Ha [a, b] Baeyer
3a co6oit unterpupyeMoctb |f| Ha [a, b] (cM. Huxke § 6.7,
3ameyanue 2). JI19 KOHKpETHBIX (YHKUMI 3TO BCeraa oue-
sunHo. Hanpumep, ecan QyHKUUS f KycOYHO-HenpepnBHa Ha
[a, b] (oHa, kak O6yReT nOKa3aHO, HHTErpupyema), TOrAa H
| f| KycouHo-HenpephiBHa.

O6paTHO, H3 HHTErpHpyeMocTH | f (x) 5. BOOGLLE [0BOPH, He
cienyetT MHTerpHpyeMocTb f(x) Ha [a, b

Hanpunep, dynkuus ¥ (x), npusesenHas s npumepe § 6.1,

( I ans paunoHanbHbIX X,

1p(-x)=l —1

AN HPPalUOHAABHBIX X,

e uuterpipyema Ha [a, b]. Mexny 7Tem [P (x)|=1 nal|a, b]
W ecTh MHTErpHpyeMas Ha [a, b] dynkuns.

TcecopeMa 8. Ecau gyukyus [ unmezpupyema u neompuyame aoia
na [a, b| u cyuecmeyem mouxa ¢ € la, b] nenpepusnocmu [, 348 Komo-
poii f(c) > 0, mo

b

S/(x) dc >0 (@<b). (10)

Jokasarennvcrtso. Bylem cuutats, uto ¢€(a, d). Tak kag [
uenpepuisna 8 Touke ¢ # f(¢) > 0, To cywecTsyer orpesok [c—38, c-f 8]
“rakoii, uTo (cM. § 3.3, Teopema 4)

/(x)>fL20)=r|>0, Vx€lc—06, c{-8].
Torna
b c-98 c+0 b
Sf(x) dx = S f (%) dx- S [ (%) dx-1- S (x)dx >0,
a a c-0 cté

NnoTOMY uTo
b

gc f(x)dx=0, S [ (x) dx =0,
a c+8

<

c-&:d c+0
S [(x)dx= S nde=251 > 0.
c-8 c=-8
Ecan c=a wim ¢=b, 1o eMecto [c—§, ¢} O] npunetcs paccmatpu-
paTb OTpe3ok [a, a-}- 8], coorsercTRenno [b—0, b].
Jlemma 1. [Tyemo R, ofioanadaem npouseosbHoe pasbuenue om-
pexa [a, b, codepxaujee 6 cebe & Kawecmee MOMKL OeAeHUA MOy €.
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HokasarteasctTBo. [aa moboro pasbuenua R

n=1 n=|
lgﬁ f (&) Ax/ < i§ ?E) A)F/

‘notomy, 4to Ax, > 0. MosToMy nocse nepexosga K mpeneny
npu Ap— 0 noayunm (8).
Teopema 7. Cnpasedruso rHepaseHcned

b b
) frmar|<§1Twldr @< )
uru, ecan a He obA3AMENbHO Menbme'b, mo.
b n
{rwde|<|§1F1ax], )

ecau [ u |f| unmezpupyesnt na [a, b].
NokasateabcTno. OueBunHo,

—FOISIO<KIF@I  Vx€la, 0],
Ho Toraa ua ocHoBaHuu Teopemsl 6

b b b

{(—limnav<{fax<§Ifldx, (@ <b)

HAH
b

b b
—S1fldr< S < 11 1dx,
Hu

b
<{irde @<,

b
gfdx

qT0 U TpeboBaJoCh [0Ka3aTb.
Mpu a < b npassie wacti (9) u (9') paBHbI MeXKAY COGO.
Ecau xe b <a, 10 B cuay (4)

§ Fx bedx <§|f|-dx=

b

§171dx

a

1. ¢. HMeer mecto (9').
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HepaBeHCTBaM a <  x < b, dynxuua [ MHTErpHpyema TaKxke
Ha oTpeske [a, x].

310 yTBepxieHHe TpebyeT AOKa3aTesbCTBa, HO MBI He
Gylem ero AOKa3biBaTh. B KOHKPETHBIX C/y4asdXx, Kak npa-
BHJIO, 5TO YTBEPXKJAEHUE OUEBUI-
Ho. Hanpumep, HenpepuBHas 9
(MOHOTOHHaR) (QYHKIMA HA OTpe3-
ke [a, b] B cBOWO oOuepenb He- A 8
npepbiBHa (MOHOTOHHA) Ha [a, X],
C/IeloBaTeNbHO,  HHTErpHpyeMa
Ha [a, x].

3agaauM npou3BONbHOE 3Ha-
qenve x€[a, b]. Hac 6yger uu- UG zah ¢ bz
TEpecoBaThb ONpeIeJIeHHBIT HHTe- Puc. 77.
rpan ot f Ha orpeske [a, x].

310 ecth Hekoropasi ¢ynkuus oTx. O603HaYHM €e uyepes
F (x).
Hrak

x

Fx)=§ f ) du. (1)

a

Mu ynorpebasem OGyKBYy u B KayecTBe I€PEMEHHOH HH-
TerpypoBaHusA, 4YTOGbl OTJHYHTH €€ OT BEpPXHero npejesa
UHTErPUPOBAHYA X.

Ha puc. 77 nsobpaxeH rpatpuk orpaHHYeHHOH KYCOYHO-
Herpe pLIBHOM GYHKUMU [ € TouKoil paspuiBa ¢. Ynciao F(x)
IS 3aJaHHOTO X BHIPAXKAeTCA Ha DPHCYHKE NJOLLAAbIO DUTY-
pot ABxa. Tlpu wusmenenuu x Ha [a, b] usmensercs F(x).

Teopema 1. Ecau ¢yncyua [ unmeepupyema na om-
peske [a, b], mo ¢ynkyus F, onpedeaernas no gopmyae (1),
Henpepoiéna 8 awboil mouxe x € la, b].

JloxazaTeabcTBO. 3afafiiM APOH3BOJbHYIO TOYKY X
W TNpHIafUM el npupaliedue h (Ha pHC. 77 u300paxeHo
NOJIOXKHUTENBbHOE h). VmeeM

x+h x x+h

|F (em)—F () | =| § 7 (@) du—S F @) du|=| § Fa)du|<mpp

(M2 (W)|, Yugla, b]).
Mgl monyYuJIH HEPABEHCTBO

|F(x+h)—F(x)| <M|h],
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H3 KOTOPOro cJlefyer:

’!im [F (x+h)—F (x)] =0,

T. e. F HenpepbiBHa B TOYKE x.

TloauepkHeM, UTO X MOMKET ObiTh TOUKOil HenpepLiBHOCTH
H TouKOH pa3pmiBa f, u Bce paBHO ¢yHKuus F (x) Henpe-
pPhBHA B 3TOH TOYKE. '

Teopema 2. Ecau unmezpupyenan nala, b] gynxyus f
Henpepoiena 6 moure x € [a, b], mo e smoii mouke cyuwecm-
eyem npouseodnas om F (cv. (1)):

F" (x) = (x). (2

HokasateabcTso. [lycTb x —TOouka HenpepouBHOCTH f.
Hueenm

+h x x+h
F&%ﬂ_ﬂ_;i{ {f(,;du—gf(adu] =5 { Hwdu =

x+h x+h

= GO+ —Fldu=pf -+ § [F @—F0)ldu=

X+

h
—F@+5 [ Fe@—F(9]du. 3)

X

[Mpy noayweunit (3) MBl HCNOIb30BajH JAOKa3aHHblE Bhbille
CBOACTBa OMNpeae/IeHHOro Hurerpana. B yersepTom paseHcTBe
Mbl BOCNO/1b30Ba/IHCh TeM (aKTOM, YTO f(x) He 3aBHCHT OT 4
H TNPH HHTErpHPOBAHHH TO « HAJO CYHTATh f(X) Kak mocrto-
AHHBIT MHOXKUTENAb (cM. Teopemy 1 § 6.2).

JlokaxeM, yto

X+

i § F@—f@lde 550, )

OyHKuHA [ HenpepbiBHA B TOYKE X, NO3TOMY Aas Jioboro
& > 0 MoxHO yKa3aTb Takoe § >0, uro ecin [h|<§, TO

[F)—f(x)|<e, Yu€[x, x+h]
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Mostomy nast || <

x+h

S 1F () —F () du| <|; S |f(u)——f(\)|d”|<
gl}T ‘S\hedulzl%s”:e,

x

W Mbl 060CHOBAJIH CBOHCTBO (4).
U3 (3), nepexoas k npemeny npu h -+0, Ha ocnoBaHMH
(4) NoNyuHM, YTO CYIECTBYeT 0pou3BoAHas F’ (x), paBHas

F’ (x) = lim -F—i*-j'—’i})—_—](i) = [ (x).
h—>o } )

3tum Teopema 2 JOKa3ana,

O6leTHM BHiIMAWHE HA TO, YTO B TeE€OpeEmeE 2 xorst
no3poJifgaock (Gyukunu f GbITh pa3puiBHON Ha OTpeake |a, b|,
1O B TOH TOUKE X, B KOTOPO# YTBEepX1a.10Ch CyLIeCTBOBanHe
npousBoanoil or F, mpeanonaranoch, 4yTo QyHKuHa [ ueupe-
pbuiBHa. KMaade Teopema, Boofuie rosops, Oblia Obl HeBepHa.

Teopema 2, B yacTHOCTH, YTBEpIKAAeT, HTO eciH [(X) He-
npepuiBHa Ha otpeske [a, b], TO F (x) umeeT npousBoaHyio
na 3TOM oTpeske, paBHylo f(x) (F (¥)==f(x), Vx€[a, b)).

Takum o6pa3oM, ecau pynkyusn [ Henpepvisna Ha ompesre
[a, b], mo Oan nee cywecmeyem nepsoobpasnas Ha 3moxm om-
peake. [1pu amon 6 Kauecrmee 0OHOL 113 NePEOCO PASHBIX MONCHO
e3ams urmezpan (1).

Orciofia cAenyer, uTo HeonpedereHHolll LiHmeepan on QyHK-
yuu f, Henpepownoil Ha [a, b|, pasen

(Fan= S f)du+C, x€la, b],

20e C — Hekomopas nocmosHHas.

§ 6.4. ®opmysa Hororona — JleiibHuua

-
Sra dopryaa unveer Bua
b

S f(u)du =

!_b

(1)
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3nech f(u)—HenpepuBHas Ha orpeske [a, b] dyHKuus,
a @ (u) —xagasa-aubo ee nepBoo6pasHas Ha 3TOM OTpE3KE.

®dopmyna Heiorona—Jleii6uuia 6uia yxxe fokasana B § 6. 1}
Tam npexpnosnaranocs M3BECTHHIM, YTO HeNpepHiBHAA Ha [a, bfk
¢YHKUHA [ MHTErpHpYyeMa M HMeeT nepBoo6GpasHyio Ha [a, b].

Teneps MBI yKe 3HaeM u3 § 6.3, 4TO HHTErpHpyeMoCThb
HenpepuBHOM Ha [a, b] ¢yHKuHH BjeyeT 3a cobofi cymect-
BOBaHHe y Hee nepBooOpasHo# Ha [a, b].

TlpuBemeM apyroe nokasaTeabcTBO ¢GopMyan HbioToHa—
Jleii6Huna. Bepremca K ¢yHKuuH :

F(x)={ [ (u)du. (2

3ameruM, uTo
a b .
F@={fwdu=0 u FO)={f@de 3

Kpome Toro, mMbl 3HaeM, uto F(x) ecte nepsooGpasHas Aas
f(x) na [a, b]. Tlostomy, ecin @ (x) ecTb Kakasf-au60, BO-
oflie apyras, neppoo6pas3Hasi, TO CyIleCTBYeT KoHcTaHTa C
TaKasi, 4To

Ox)=Fx)+C, Vxg€la,bd]. 4)
Ha (2), (3), (4) nonyuum
’

b

© () —®(@)=F () —F (@)= ] (w)du,

a

# Mbl JoKasaau dopmyay (1).
[Ipumep I.

x=1 1

=0 " 3 .

1

2 gy X
Sx dx = 3
[1]

Oro moKasbiBaeT, YTO MNJOWAAL (pHC. 78) 3alITPHXOBaHHOH
¢urypsl, nexauleli nop napatonoit y=x?, paBHa 1/3.

ITpumep 2.

Ssinxdx;—cosx :=l+l=2.
1]
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Takum o6pasoM, mnJjowanb ¢urypel (puc. 79), orpatu-
[eHHO}l CBepXy CHHYCOMAOH y=sinx H CHH3y —OCBIO X,
paBHa 2.

MMpumep 3. OyHruUA

—1, —1<x<0,
¢ (x)=signx={ 0, x=0,
1, 0<x<l,

HenpepniBHA Ha oTpe3ke [—1, 1], 3a uck/oyenneM Touku x =0,
Orpesok [—1, 1] MoxHO pa3pe3ars Ha 1Ba oTpeska [—I1, 0],
[0, 1], rme oHa MOHOTOHHA, CJIE0BATEJ]bHO, HHTErpUpYyEMA.

k4

7 =sinz

Jl Tz
Puc. 78. Puc. 79.

[Mostomy ¢ (x) wunterpupyema Ha [—I1, 1]. CnpasenuuBa
dopmysa

F= {signudu=—1+4]x] (—1<x<1). (5)

B camom pene, na nonyuutepsane [—I1, 0) dyukuus ¢ (x)
HenpepbBHa: ¢ (x)=—1. Ee mnepBooGpasHass Ha 3TOM no-
JyuHTepBaje paBHa —x. [lostomy, npuMeHssi dopmyay
Heiotona — Jlefi6Huua, nonyyum

x x

Ssignudu: S(—l)du::—ul

-1 -1

X

=—1—x (—1<x<0).
(6)

B cuay teopemnt | F(x) HenpepriBHA, B 4acTHOCTH, B TOUKe
x =0, nmostomy

1

F(0)=lim (—1—x)=—1, (7)
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Odaa x>0

X 0 X X

F(x)= S sign udu= S sign udu+Sl-du=—1+u =l x.
-1 -1 0 [}

8

‘HUa (6), (7), (8) caeayer (5).
Bonee anerantHas gopmyna noayyutcs, ecau HHTErpu-
poBath OT TOYKH x=0:

Ssign u dtf: x| 9

[Tox unrerpanom B (9) crouT paspbiBHas B Toyke x=0
orpasu4yeHHass QyHKIHA, UHTErpajl Kak (yHKLHA BEpXHEro
npegena F(x)=|x|, ectb HeupepmBHas QYHKLHA, B TOM
uncie 1 B Touke ¥ =0, 410 corsacyercs ¢ Teopemost 1 § 6.3.
Onxako npoussogHas F’(0) He cyulecTByeT, i 3TO He NpOTHU-
Bopeuut Teopeme 2 § 6 3 ,xoTopan rapaHTHpYeT CYyLECTBOBa-
nue npousBoiHoil F' (x), ToJbKO €can f HenpepblBHA B TOUKE X. .

Teopema | (0 3ameHe nepemMeHHOi), Hmeem

Mecmo  paeeHemaeo

b d
(Fyde={flomle @) at, (10)

ede ¢pynryua ¢ (t) nenpepoigro dugdepernyupyema Ha [c, d],
a=q(c), b= (d) u [(x) nenpepoiena na[A, Bl=¢ ([c, d])—
vbpase ompeska [¢, d] npu nomouy pynkyuu Q.

JoxkasateanctBo. [lyern F(x) u @ (f)—nepBoob-
pasHne ¢yskunn cootserctBenno f(x) u fle ()] ¢’ (2).
Torma (cM. § 5.2, (1) u HHXKeE) cnpaBefIHBO TOMXJECTBO
O ()=F[p(8)]+C,c< t <d, rane C—HeKOTOpas NOCTOSAHHAA.
[MosTomy

F)—F(@)=F[9d]—F[p()]=P@)—D(). (1])

Ho Ha ochoBahuu ¢opMyanl Heiotona—Jlefi6Huua neBas
yactb (11) paBHa sesoit wactu (10), a npaBas vactb (11)—
npasot sactu (10), a 910 noKasuivaer Qopmyay (10).
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[Tpumep 4.
. a a/e
S‘Va2 xtdx = (x= asinf) = S.]/az~—-rz‘-‘sin'-’tacosld!::
[1] 0

2 /2
I-!-cos 2¢
=q* \ cos*tdt=a? '—-——dz~—[t+
§ )

sin 2¢ =77:-_n_a“
(=0 4 °

[Tpumep 5.

47
{ sim2dt=—{ (1—costt)d(cos ) = (x =cos £) -

— (e =

1

NOTOMY 4TO B TOJNYYEHHOM HHTErpafe IIDKIIG peges paser
BEpXHEMY.

Mpusep 6. Ecau f—uetnaa dpynxuns (f (—u)=f (1)),
T0

Saf(“)dﬂ =2 §f(u) dun,

noTomy, uToO
0 0

g f(u)du = =—x) :-——_S f(—x) dx::S f(—x)dx=

—S f(x)dx:Saf (u) du

[MTpumep 7. Ecmn f—ueuvernas ¢ynkuna (f(—u)=

::—f (u)), T0
{Fmax=o.

[Ipumep 8. Ecan f—nepnommecxan dyukuua nepu-
ona 2 (f (x+21) = f(x)), T

«+2 an

{ f(x)dx=§f(x)dx

(<
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NoTOMY, UTO

an+a

§ fwdr=(@=t+2m)=(fu+2nyat=j(tydt=

2n ]

=—{iwat,

H, CJaenoBaTeJibHO,

an+ an+a

{ rmax=Sfwar+{fwart § o @n=

= {f ax
I[Tpumep 9.
(1—x)de= { (1 —xmax=

Py
Ssin”tdf———(x:cost):_
o =1

ey |

1 4

=2((1—x)dx=2 (x—fg—) =

L Y

IIpumep '10. Peunm npumep 5, ucnoab3ays npumepnt 8,7:

4T 2n 4 14
{ simvtdt=(simear+§ siwotar =2 § sin®zdr =0,
0 0 2n -

Tak Kak ¢yHKuua sin’! HegertHas.
Teopema 2. Cnpasedarusa ¢opmyra unmezpuposanus
no uacmam O onpedeseHHOz0 uHmMepara:

b b
Su’(x)v(x)dx=u(x)v(x) E—Su(x)v'(x)dx, (12)

206 1 u v — HenpepuisHo duchdeperyupyemsie na [a, b) pynryuu.
HDokasaTteabcTBo. Ilpoussesenue u(x)v(x) umeer

Ha [a, b] HenpepuBHYIO NPOH3BOAHYIO

@@ @) =u @) (1) +u’ @) ().
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ITostomy no Teopeme HbioTona — Jleii6nuua

b

j= (v () +u' (0)v(0)]de=

a

u(x)v(x)

b b

= (u@v @Wdc+ { ' ()o@ dx,

otkyna craeayer (12).
ITpumep 11.

Sln(l +;r)dx=(u=1n(l +x), dv=dx) =

0

1 1 1
L xdx dx
—xln(l +x)|0—S1+x=ln2—S1dx+5x+l=
o (1]
=1n2—l+]r1(1+x)~1:--—1+21n2.
0

Teopema 3 (o cpejpHem ajsa OnpeJleJeHHOrO
uHTerpaaa). [Jas nenpepoisroi nHa ompeske [a, b] gyuk-
yuu [ cywecmsyem mouxa § € (a, b) maxas, wmo

b
$fmde=F @) 6—a). (13)

JdoxasatenbcTBO. Tak Kak [ HenpepwiBHa, TO AJA
Hee cyuecTByeT nepBoo6pasHias @, nostomy

b
{ F(x) dx=D (b) — © (a)=" &) (b—a) == (}) (b—a), E € (a, b).
’ (14)

[MepBoe pasenctBo B (14) ecTb gopmyna HoioToHa — Jlei6-
HHUa AJs HenpepniBHOH Ha [a, b] ¢yHkumu f. Bropoe pa-
BEHCTBO ecTh ¢opmy.a Jlarpawxa ans @. Hakonen Tpetre—
caepyet us toro, uro @' (x)=f(x), ¥Yx€la, b].
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§ 6.5. Octatox dopmyan Teiinopa s umerpa.nbﬂoﬁ bopme

ITyeth Qynkuns f(x) umeer HenpepniBHbIE nponaao)mble'
10 nopsaxa n--1 skjouutensio. Toraa B cuay ¢opMyJisl
Heototona — Jleiit6Huua

F@=f@ +§ 1= (4l | =B

{=x

=Ha)+U—xf (B},

S(t—x)f (f)dt = (a)+

+1' @ =)+ [ e () at =

u=p du=["" () dt
=\ (e—1)dt =do w=b )=

v=—

(x—=0?

=F (@) + L@ (x—a) + L a)’+§f'"(t) at.

[Npomomkas jaJsbiue npouecc HHTErPHPOBAHUSA [0 YaCTAM,
MOy YHM

(x)—Z’ 2@ (¢ —a)t+r,, (x), (1)
rae

; 1
f"(X)='F

(x__ t)nf(n+1) (t) dt. ‘ (2)

By

®opmyaa (1), (2) nasviBaetca gopmysod Tedropa c oc-
mamxosm 8 uHmeaparbrod gopae.

[pumensis Kk uurterpanay (2) (no (!) Teopemy 3 (o cpea-
nem) § 6.4, 6yaeM HUMeTh

ra ()= - (0= B0 (B) (x—a), _ E€(a, %),

[lonaras
§=a+6(x—a), 0<e < ]v
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noJyuaem
)Il +1

r(x) = B2 (1 — By D) (a8 (x —a)),
T. €. OCTaTOYHbI 4seH ¢opMyapl Tednopa Do cTeneHsM
x—a 8 ¢gopme Kowmn (cm. § 4.14, (10)).

§ 6.6. Cymmnt Jlap6y').
YC/IOBHA CYIIECTBOBAHHR HHTErpana

[TyeTs Ha oTpeake |a, b] sanaHa orpanndensan Gyuxuaua f (|f(x)| <M
Beegem paaGuerue ’

R:ia=x,< 5y <...< xp==b.
MMycrs -
m;= inf H(x), M= sup f (x).
xelx;, x; 4, repx;, Xpg,l
Hapany ¢ dHTerpanbHuMu Cymmamu

n—1

og= ) fF(E)Ax;
i=e0
paccMOTPHM CYMMUI

-1 n-1
Al . ~
SR == z miAx;, Sp= 2‘ M;Ax;,
t=o0 . i=0
KOTOphle HashBaKT nuscHed u eepxnel cymmasu Hapby. OuerupHo, Yto

SRS Sp.

Cymmul Jlap6y He 0663aTelbHO SIBMSIOTCS MHTErpaJbHBIMH CYMMaMH,
Onnako ecau f(x)— nenpepuiBHas GyHKUMS, TO Sp H SR ABAAITCA CO-
OTBeTCTBEHHO HauMeHbwed M HanGosbliefi M3 MHTErpajbHHX CyMM, OTBe-
YaIOWHX JaHHOMY pa3GHeHHIO, TaK Kak no TeopeMe BeitepuiTpacca f(x)
JNOCTHraeT MMHHMYyMa W MAKCHMYMa B KaxaoM |X;, X;41], H no3TOMYy
MOKHO BHIGPATh TOUKH &;, E:€ (% Xi41] Tak, uto [(§;)=m; n f(§])=M;.

Tak kak m; <f(x)<<M; n Ax; > 0, 10
St << Op =< Sp. M

I'lpn dukcuporannom pasbuenun sp M Sp—noCTORHILIE YHCAR, @ HH-
TerpajbHaf CYMMa 0R OCT4eTCS TNepeMeHlofl B CHIY NPOH3BONLHOCTH
uucen ;. Jlerko sunerb, YTO 3a cyeT BbiGOpa TOUCK §; CYMMY O MOXHO
caenaTh KaK yrogHo 6au3koii K sp W Sp, T.-e. NpPH JaHHOM pa3GHeHuu
SR M Sp FABASIIOTCS TOYHOR HHXHell M TOMHOW Bepxueil TpansMu A1
MHTErpPabHbIX CyMM:

A-1 n-1 n-1\ n-1
se= X, miAx;=inf W[ () Ax;, Sp= D} M;Ax;=sup 3 f(E)Ax;.
(=0 [ is=0 i=0 E[ {=0

1) I'. Hap6y (1842—1917) —ppaHuUy3CKAA MATeMaTHK.

9 4. C. Byrpos, C. M. Hukoascknt
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Tyets Ry, Rs, R;—pasGuenns [a, b]. Ecmu sce TOuRM R, npH-
HapnexaT Ry, T0 6yaeM mucats R;C R, H roopHTh, uTo R, ectb npo-
nonxenue R;. Ecau MHOKecTBO TOueK, H3 KOTOPHX COCTOHT Rj, €CTh
TEOPETHKO-MHOXKECTBEHHAA CyMMa MHOMECTB TOYEK, H3 KOTOPBIX COCTOAT
Ry m Ry, To Gynem mucats Rg=R;-R,.

Croiictsa cymm Jlap6y:

1%, Ecau Kk umerowumcs y pasbuenusa R mouxam Oderenus dobasums
Hosole mouku, mo sepxnss cymma Qapby (Sg) ne aozpacmaem, a Huxc-
HAR (Sp) He ybvisaem:

SR << Sp, sp<sr,, VRCR'.

Takum o6pasom,

Spr—SRr < SR:—SR.

HDoxasatennctBo. Jlna [oxasaTensCTsa, OUEBHAKO, MOWHO
OFpaHHYHTLCA CJyuaeM, KOraa IIOGHBJIHCTCH OfHa HOBas TOYKA AEJEHHA
x'€(x% %41) llyets Sp—nepxuaa cymma Hap6y Ana pasGuenns R u
Sgrs —ana pasz6uenus R’. Toraa Sp otanyaetca oT SR- TeM, 4TO BMeCTO
cnaraemoro M;Ax; B cymme SR- GYIyT ABa CAaraeMnix.

My (2" —x)) - M7 (2 41— '),
rpe My=  sup  f(x), M;=  sup f(x).
xelx;, x’] 1€[x'.x‘.+ll

Tak kax orpeskn [x;, x'|, [¥', x;4,] fBAsIOTCA uacThlo [x;, X;4q], TO
Ml M;, M7<< M, (npu yMeHbILleHHH OGNAaCTH PACCMOTPEHHA SUD MAKeET

TONbKG yMeHbwHTbCs). [losTomy
ME (x'—x,-)—i—M'[’ (ior—X )M (X —xi4x; 01— 2)=M; (% 41— x;),

T. e&. SR/ << Sp, uTO U TPeGOBAJIOCh JNOKA3ATh.

JAs HUXHUX CYMM JOKA3aTeJhCTBO aHAJOTUYHO.

2°, Kamdan nuxcnan cymma Japby He 6orsie kandod eepxHed cyMmbl
Hapby, xomsa 6st omeewarowerl dpyeomy pasbuenuro npomexyma: sp <<Sp,.

HdokazateanctBo. [lyetb R3=R;-} Rp. YunTnBan caotictso 1°,
noAyyYUM Sp << SR, << Sp, << Sp,.

Takum oGpa3oM, Mul JOKa3aJH, YTO MHONECTBO HHXHHX cymm Hap-
6y {sp} orpauuyeHno cepxy Kakofi-1u60 BepxHel cyMMmoit SR (Sp << SR7),
H TIOTOMY CYujecmeyem MoO4HAA GEPXNAR 2PAH6 HUNCHUX CYMM: -

1. =s;p sp << SR-.

K ToMy ke Mul A0Ka3ajim, UTO BCSKASA BepXHAA cymma SR- He MeHbuie
upcsia [,. 3TO MNOKa3LBAGT, UTO CYU{eCmByem MOYHAR HUNHAR epaxo.
GEPXHUX CYMM

*=inf Sg- > I,.
Rr

Urak [, [*. [lpu 31oM ana mo6oro pazGMenus R BuINOJHSOTCA
HepaReHCTBA \
o - S, < I°<< Sp. (2)
Yucna /,, I°® HASWBAIOTCR HUMCHUN U aepanus ulmezpasasu Japby.
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. Teopema | (cymecTBOBaHWA HHTerpaaa). Jis moze
ymobus onpedesennbil uKmMe2pan 0zpartivennod ¢ynxyuu f(x) cyuwecm-
80684, Heobx00umo u docmamo4Ho, 4mobbt

n-1

lim (Sp—sg)= lm ) 0;Ax;=0, (3)
AR»n A.R—ho i=o

20e wuca0 ©;= M;—m; Ha3wsaemcs Konebanuem pyuxyuu f(x) Ha

[Xi, xl'+l]-

IlokaaaTeabncTno. l. Heo6xoauMocTh yCAOBHA.
Honyctum, uto onpenenennuit unterpan / @GyHKuMM f(x) CywecTByerT:
T. e. ye>0, 38> 0 Takoe, 4TO KaK TOILKO Ap < 8, 6yzer | —e<og< /¢,
Kak On MH H# BuGupanu Toukd &; € [x; xi44] )

Buiive Mb ycTaHOBHJH, uTO Sp M Sp 1pPH jRaHHOM R asanioTcs
TOYHOM HHXKHEA W TOUHOH BepXHedl rPaHAMH LJf HHTETPalbHHX CYMM OR,
ecau BapbUpoBaTh Toukamu E; €[x;, x;4,]. Tlostomy

1*8<SR<0R<SR<I+8, VR c }‘R < (5,
T. €,
li.msR=l, lim SR=I
A0 A.R—bo

lim (SR—SR) =0.
A.R—ho
II. DoctaTouHocTh, [lycts ycaosne (3) eemoaneno. Torpa n3
HepaseHcTsa (2) caepyer, yto [,==/* QOG6o3aHauuM o6liee aiayenwe 3THX *
ABYX uucen uepes J (J,=1I1*=1]). Torxa
sp<1<Sp. 4)
M3 (3) crenyer, uro ans moGoro & > 0, 38 > 0 Takoe, uto [ Sp—sgp|<e
npu Ap < 6. Ho Toraa ma (I) u (4) noayuaem
|/—ag| <e npu Ap <34,
T. €, | ABAsETCA NpefesoM Jis Op M f(x) HuTerpupyema.
3ameuanune. M3 nokasarenbcTBa TeopeMLl BHAHO, YTO €CIH (YyHK-
b
uus f(x) nuterpnpyema na [a, b], 10 lim sp= lim SR=Sf(x) dx, n
Z.R-N) l.R—N) a

b
©o6paTho, ecan lim sp= lim Sp=1I, 10 I=S [ (x) dx.
AR—fo AR—»o s

§ 6.7. UuterpupyemMocTs HemnpepbiBHBIX
M MOHOTOHHBIX yHKUM#

Teopema . Ecru pynryus f(x) renpepoiera Ha [a, b], mo ona
unmezpupyema Ha [a, b].

"HokazaTeabcTBO. Tax Kak ¢yHkuus f(x) HenpepniEHa na
{a, b), To oHa paBHOMepHO HempepnBHa Ha [a, b] W, cJepoBaTesibHO,

9
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ve > 0, 38 (e) > 0 Takoe, YTO KaK ToJAbKO [a, b] pa3bur Ha uyacTH ¢
Ap < 8, 10 BCe XOMEGanua w; < &. Orcrona

n-1 n—-1
2 o;Ax;<e Ax;=¢e(b—a).
i=o0 i=o0
n-1
B cuny nmpoHaBoNLHOCTH € 3aKJI0YaeM, 4TO Alim Z w;Ax;=0 u no
R“’o i=0

TeopeMe | § 6.6 dynkuna f(x) unrerpupyema.

TeopeMa 2. MONOMOHHAR HA ompesxe yHKyuA uxmeepupyena
NaQ SMOM ompeske.

Hokxaszarteabctso. Jaa onpepéneHHocTH OYAE€M CYHTaTh, 4TO
f(x) He y6mpaer. Byaem cuutaTh Takxe, uto f(a) < f(b), nHaue ¢pyHk-
LHAA NOCTOAHHA M TeOpeMa TPHBHAJbHA. ‘

Tak xaK [ (2) & [ (x) < f (b), VX E[a, b], To Hawa ¢yHKUHA ox:lpa-
HAYeHa Ha [a, b]. BBeaeM pasGuenue otpeska [a, b] ¢ Ap < 8. Tak
KaK B JlaHHOM ciydae o;=Ff (¥;4,)—Ff (¥7), To :

R—1 n—1

; o Ax;<<B ¥ 0 =8[f(x) ~f (341 (x3 = (234 .. Hflxd —
=0 (=0

— f(xp-1)1=8 [ (O)—7 (a)], .
Xo=a, x,=b. Bui6epem Tenepb & =e/[f (b)— f (a)], Toraa

n-1
Z (l.), Axl- < Er
i=0

H No TeopeMe cyumecTBoBaHHs (Teopema | § 6.6) 3akmwoyaeM, uTo f(X)
unTerpupyema. TeopeMma JoKa3aHa.

3aMeyanue |. OrTMeTdM, UYTO MOHOTOHHAN DYHKIHA  MOXeT
HMeTb CYETHOe MﬁO)Kecmolroqu paapwBa. Hanpumep, ¢yHKuHA y=
= x—{—;, AT < x<7, n=1,2, ... } MOHOTOHHO BO3DACTA€T Ha
[0, 1], umeer cueTHOe MHOXEcTBO Toyek pa3pmBa. CiefoBaTesibHO, MO
TeopeMe 2 OHa WRTErpHpyeMa.

3ameuanwue 2. Ecaiu f(x) uHTerpupyema Ha [a, b] (@ < b), 10
| (x) | Takxke HHTErpHpyeM. : :

B camom nmese, Vx' u x” H3 [x;, x;.,] uMeeM

HEE) =1 <] &) —F & M
Ecin @}, w;—xone6anus |f(x)|, coorserctserno f(x), Ha [x;, X{4,], TO
B3 () crenyer, 4T0O O] K ®;
n—1 n-1
Zm; Ax; =< ©; Ax;,
i=0 =0
Tak kak f(x) HHTerpupyema, TO
n-1 .
Zm‘ Ax;-—0 npu Ap— 0,
=0
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HO Torga
‘n-1
> o} Ax; — 0,
(=0
H, chejosarenbho, | f(x)| HHTerpupyem.

§ 6.8. HecobcTperHble HHTErpadbl

3ajanMM Ha KOHEYHOM MNOJYyHHTepBaje [a, b) ¢yHKIHO f.
JonycTuM, uTO OHa HMHTErpHpyeMa (HanpuMep, HenpepbiBHA
MJIH KyCOYHO-HenpepuiBHa) Ha J060OM oTpeske [a, b'], rae
b" < b W He orpaHHyeHa B OKpecTHOCTH Toyku b. Torna ee
uHTerpan Ha [a, b) uaM, uto Bce paBHO, Ha [a, b] B OOhy-
HOM CMbICJI€ (Pumaﬂa) He MOXET CyIecTBOBaTb, (IOTOMY YTO
uuTerpupyemas Ha [a, b] no Pumany ¢yHKuusi Heo6X0AUMO
OrpaHHyeHa. OnHako MOXeT ClellIdTbLH YTO CYULECTBYET
‘KOHEYHHHY npejel

br

. lim gf(x) dx.
b —=b 4
Ecan 310 Tak, TO 3TOT npejes HA33blBAKOT HECOOBCMBEHHBLM
unmezparom om [ Ha orpeske [a, b] u 3anuceBawT B BHIE
b b

(Feo) dx=lim { F(x)dx. (1)

a
[

B Takom csydae roBOpAT, YTO uxmezpar S f dx cxodumes.

a
B npoTuBHOM cJ/yyae roBopsiT, YTO OH pPACXOOUMCA WAH He
CYLIECTBYET KaK HecOGCTBEHHbiH PHMAHOB MHTErpad.
Ionyctum Tenepb, uTo QyHKuUHS f 3agana Ha ayve [a, oo)
M MHTerpupyema Ha Mo60M KoHedHOM oTpe3ke [a, b'], rae
a <b' < oo. Ecau cyuiectByer npeze.
b

lim § 7 (x)dx,
b'— o g

TO OH Ha3nIBaercs He_COﬁCITIGCHHblM unrnieepasom om f Ha
[a, o0) u obosnauaerca Tak:

@ . v’

§ 0 dx = lim § f () dx.

a
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Ycenosumc B creayiouieit TepMHUHONOTHH. Bhipaxenne
b

{ Fnax )

a

6yfeM wuaspiBaTe unmezpanrom (om f) ¢ eduncmeennod oco-
GesHocmoto 8 modke b, €cJau BBUIOJNHAOTCSA CJEAYIOLUHEe YCIo-
BUA: ecJqu b — KOHedyHAs TO4YKa, TO QyHKUUA [ HHTerpupyema
Ha [a, b'] npu no6GoM b’, ynOBNeTBOPAIOLIEM HEpaBEHCTBAM
a<b' <b, H, KpoMe TOro, He OrpaHHYeHa B OKPECTHOCTH
touku b. Ecam ke b= 400, To npo ¢yHKuuo f npexno-
Jlaraercs Jdwib, 4TO OHA HHTerpupyema Ha [a, '] npn arm-
6om KOHeyHOM b’ > a.

b
[Mono6uniM o6pa3oM onpejpensiercs UHTErpaJ Sf (x)ydx

a «
C eIUHCTBEHHONH OCOGEHHOCTbIO- B TO4YKe a. Tenepb b —ko-
HeuHas Touka. Ecau Touka a <b Toxe KOHeuHa, TO f
B OKPECTHOCTH 4 HE€ OrpaHHYeHa U HHTerpupyema Ha JiioGom
orpeske [a’, b], rae a<a' <b. Ecau ke a=—o0, TO
bynkunst f npeanonaraercs uHTerpHpyemoin Ha [a’, b] Ana
moboro a’ < b.

B gaabHeifiiem Mol 6yfeM AJst OnpejgesieHHOCTH paccMmart-
puBath uHTerpaJ (2) ¢ eJHHCTBEHHOH OCOGEHHOCThIO B. TOY-
Ke b, KOHeuHOH H/IH OecKoHeyHoii. Bce BLIBOJEI M0 aHA/OTHHU
MOFYT GBITL MEPEHEeCeHbl Ha CJydYall HHTerpaJfa ¢ eJHHCTBEH-
HOl OCOGEHHOCTbIO B TOYKE Q.

Teopema. [Tycms 3a0an unmeepar (2) ¢ eduncmeenrod
ocobennocmoro 8 modke b, Mas ee2o cywecmsosanus Heobxo-
Oumo u docmamoyno ebinoanetue ycaosus (Kowwu): 0a 6cs-
Koeo e > 0 cywecmayem b, < b makoe, amo

<e, 3

b
‘Sf(t)dt
bl

Kakosol 6ot Hu Gotaw b', b, ydosremeopaloujue HePaseHCMBAM

by <b <b" <b.
HoxaszateabcTBo. PaccMoTpum QyHKUHIO

F=§ia. @<x<o.

.
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CyuiecTBOBaHMe MHTerpaJa (2) SKBHBAJIEHTHO CYILECTBOBAHHIO
npegena lim F(x), 4To B CBOIO ouepenb 3KBHBAJICHTHO Bhl-
b
X<
nonHennio ycnoBusi Kowm: pans soboro e > 0 cywmecTByeT
b,, rpe a < b, <b, Takoe, uTO BHINOJHAETCH HEP3BEHCTBO
|F(")—F (') <e ans Bcex b u b”, yaOBNETBOPAIOMHX
HepaBeHCTBaM b, < b’ < b” < b. Ho

b

Fry—F @)= § fndt,
)

¥ TeopeMa JOKa3saHa.
MMpumep 1. Hurerpan
1

§"— (4)

X

rae o > 0 — nocToAHHOE YNCJ/O, MMEET, O4YEBHAHO, E€AHHCT-
BEHHYIO 0co6eHHOCTh B Touke X =0. UToOW BbLISCHHTH, CXO0-
AHTCS 1M OH, HAZO BbMHCAMTbL Npenes

! e
Sd =
= =
B—rOl*
[

Takum ob6pasom, unterpan (4) cxogntes npu a < 1 v paBen
(1 —a)~', u pacxoputcs npu a> 1, Ecou xe a=1, 10 ox
pacXxoauTes:

! L
=1iml—l—[1_—el—a]= Il_av a < 1,
e g0 @ loo, a> "’

lim { % =_—lim Ine= + oo.

c-»l) e~ 0

L]

MMpumep 2. WMurerpan
N

ey 8
lh.
I
=
—~—
s
I
|-
e
5
><i-l
8

El—l, a>1 (cxbnurcn),

400, @ < 1 (pacxoautcs),

%: lim InN = + oo (pacxoantcs).

Now

—L"az
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Mpumep 3. HNurerpan S e~*dx uMeeT eJUHCTE

0
. 0CO6EHHOCTb B TOYKE X = -}-oco. OH CXOAHTCS M paBe
N

Se“dx-—- lim S '-“dx- lim (— e“) = hm [l—e"
N +® g No+»

HyCTb CHOBAa 3anaH HHTel‘paJ'l

S [ (x) dx,

HMeIol U eIMHCTBeHNHYI0 ocoGeHHOCTh B Touke b. Tor,
Terpan

b
§ Fix)ax,

rie a <c<b, Takxke HMeeT eIUHCTBEHHYIO ocabel
B Touke b. Ycnoue Komm cyuecTBOBaHHA HHTErpai
H (6) ¢opMmyaupyeTcs coBepleHHO ofuHakoBo. [To3To
HHTErpalibi OAHOBPEMEHHO CXOAATCH HJH OAHOBPEMEHH
xonstca. Kpome Toro, npum ‘a <c¢<b, oueBHAHO,
MecTo

b b’

Sfdx—-hm Sfdx— lim (Sfdx-i— Sfdx>=

=§fdx—l-b‘l_1’n’1)§fdx aS +S

rae S—-oﬁuqumﬁ pHMaHOB COOCTBEHHBI MHTerpal,
a
h h

Terpasul S ] S HecOOCTBEHHEIE.
‘ a ¢
OTMeTHM paBeHCTBO

b b’
§ (A1 +Bo)dx= lim §(Af+ Bg) dx=

b’ b’ b [
;_A,}'iglb;fdx'q-.a,g’nfb; pdx= A§fdx+ 35 pd.
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rie A 1 B—nocTosHnbie. Ero Hago nonuMaTh B TOM CMbice,
YTO €C/IM CYI[ECTBYIOT HHTErpainl B MpPaBOH YacTH, 1O Cy-
HeCTBYeT TAKKE MHTErpasj B JIEBOH M HMEET MECTO paBEH-
crBo (8).

[Cosopar, uyto uHTerpaJ (5) (umerolHil 0co6eHHOCTL B TOY-
Ke b) cxodumcs abcoaromuo, eclid CXOAHTCH HHTerpad

b
C1F ) 1dx (9)

OT abCcoJoTHOrO 3HaueHus |f(x)|.

A6coromuo cxodauuiics unmezpaa cxoaumc;{B caMom
Jene, U3 CXONMMOCTH uHTerpana (9) ciepyet, uto AJs Jio-
Guro & > 0 Ha wHTepBaJe (&, b) Hafigercs Touka b, Takas,
uto ecan b, b <b" < b, 10 -

s o
e> {|1F(de=|{ fmdx|,
14 b’
T. e. A HHTerpana (5) BuinosHsercs ycjoBue Kown. Tak
Kak '
b

;
Crooan| < §17 00 ax,

TO nocJae nepexoja K npejesay npu b’ —b aas abcoaoTHO
CXOARUIETOCS MHTerpafaa (5) noJyyum

(Feoax|< §17eoax. (10)

3ameuanue. Hepasencrso (10) BepHo ® ansg He a6co-
JIOTHO CXOAfILIErocs MHHTerpajia—B 3TOM CJyuae CIpaBa
CTOMT 00, a CHMBOJ o0 Mbl CYHTdeM GoJiblIHM JHOGOro Ko-
HEYHOrO 4YMCJa. 3THM IUMPOKO NOJB3YIOTCH B TEXHHKE BHI-
yucsenud. Ecau Hafo yswarb, CXOAMTCA HJIH HET HHTErpad
b

Sfdx. Mbl nuiem HepaBeHcTBO (10) ¥ unccaefyem Ha cCXORH-
a
b

MOCTb HHTErpaJ S[f|dx. Ecau sTor mnocsaegHuii cxopurcs,

a
b

b
T. €. eciu g | fldx < o0, TO CXOAHTCHA H HaAWl HHTErpan S fdx.
a a
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b
Keneuno, ecan Slf]dx=oo, TO UPHAETCA K HallleMy WH-

a
TErpany npuMeHuTe Oojee TOoHKHE MeToabl. Bo3amoxHO Bee
e, YTO OH CXOAMTCH, HO TONBbKO He 26COJIIOTHO (CM. NpH-
Mepel B KoHue § 6.9).

§ 6.9. Heco6cTEeHHBIE HHTErpanl
OT HEOTPHLATEJbHBIX QYHKUMH

flycte 3ajan uuterpan

b
§ 7 (0 dx, : (1)

a
4 »

HMeIOHIU eAVHCTBEHHYI0 0COGEHHOCTL B TOuKe b, ¥ Ha npo-
mexxyTre [a, b) nnterpuposanus f(x)>=0. Toraa, oueBuaHO,

$ynknusa
. b’

Fo'y={fwde (a<b <b)

a

ot b’ moHOTOHHO He y6uBaeT. [loaTomy, ecnd OHa OrpaHH-
gena (F (V'Y< M, a < b’ <b), T0o cywectsyer uurerpan (1)

b b

S f(x)dx =b1im S f(x)dx << M.
a > by

Ecau xe F ueorpannyena, 1o unterpan (1) pacxoautcs:
I} bt

§ﬂmw=y3$nwm=+m.

Ecau f(x) >0 Ba [a, b), To numyr

b b
Sf(x)dx<oo W gf(x)dx=oo

B 3aBUCHMOCTH OT TOro, GYJeT /M MHTErpaj CXORUTBCH WM
PACXOAUTHCH. .
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Teopema L. [Tycms unmezpass.

b .
{ Fodx, (1)

b
S ¢ (x) dx, (2)

umerom eOuHCmeeHHY0 0cobeHHOCMb 8 mouke b u 'Ha npome-
acymie [a, b) 66INOAHAIOMCA HepageHCMEa

0 f(x) <o (x). (3)

Toeda u3 cxodumocmu urmeepaaa (2) caedyem cxodumocto
unmezpara (1) u umeem mecmo HepaseHcmeo
b

Sde<Scpdx.

a u3 pacxodumocmu unmezpara (1) caedyem pacxodumocme
urmeapara (2).
Hokasarteancrtso. M3 (3)caenyer,utogaa a < b < b
b’ b
(Fax<(oax. (4)
a

a

Ecau Tenepp uHTterpasa (2) cxoautcsi, To npasas 4yacTe (4)
orpatiyyeHa 4MC/JOM, paBHbIM UHTerpaay (2), Ho torja orpa-
HuyeHa W Jesan. W Tak Kak JieBas yacTe Npu Bo3pacTamiu
b’ MOHOTOHHO He yO0blBaeT, TO OHA CTPeMHTCH K rpeieny
(MHTErpany):

"

b h
andx:lirr;Sfdxg‘Scpdx.

b'—b 4

Hao6opor, u3 pacxomumoctu uuTerpana (1) creayer, 410
npejen JjeBoil yacTu (4) b’ — b paBeH oo, a CJIEKOBATE/BHO,
W rnpeagen npason paBeH oo.

Teopema 2. ITycms unmeepaas: (1) u (2) umerom edur
cmeennyt0 ocobeHnocms 8 mouke b, nodsinmeeparsroie PyHK-
YUu NOAOKUMENbHLL U CYylyecmayem npedea

f(x) : _
Jm em = 4>0 ()
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To20a smu unmezparvi 00HOBpeMEHHO cxodames uau oauo-

8PEMEHHO PACXOOAMCA.
NoxasateanctBo. U3 (5) caenyer, uto ans 110J10-
KHTeNbHOTO € <{ A MOKHO YyKasaTh Takoe c€[a, b), utO

A—e<;(8)<A+e €< x<b),
¥ TaK Kak ¢ (x) >0, 1o
(A—e) () <f(x) <(A+e)p(x) (c<x<b). (6)
. b

M3 cxoaumocTn HHTerpana S(pdx CleAyeT CXOAHMOCTb
a

b
HHTerpaJa Stp dx ¥ CXOIMMOCTb HHTerpa.a S (A +e) dx;
c c
HO TOrja MO NMpeAbAyllel TeopeMe CXOAMTCs TakXKe HHTerpaJ
b b

Sfdx, a BMecTe C HHM HHTerpaJ g-fdx. O6patHo, u3
[ a
b

b
CXOJMMOCTH Sfdx cnefyeT CXOLMMOCTb S ¢ dx moroMmy, YTO
a ¢

Hapsiay ¢ (D) HMeeT MeCTO paBeHCTBO

<p(x)___
Jim r — x>0

3ameuaunue. PaBenctBo (5) o3nauaer, yto ¢yHKuus f
3KBuBaJleHTHa GyVHKUMH A¢@ npy x —b. B 3ToM ciyyae
TaKxe TOBOPAT, 4TO (YHKUMU [ M ¢ UMET OJUHAKOBLI
nops oK npH x—»b. ' '

Mpumep 1.’Mccsenopats Ha CXOAMMOCTb MHTErpan

]

Ssin kxe—*dx.

Hneem

@ .

S e~*sinkxdx
0

@

ggle“sinkxldxgge""dle < 00,
0

0

Mu npumenuan nepaseuctso (10) § 6.8 u saMeuanHe
K Hemy.
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3HauKOM ~ MexAy HHTerpasaMu GyaeM 0603HauaTb TOT
$aKT, YTO 3TH MHTErpaJisi B CHJY TeOpeMbl 2 OAHOBpEMEHHO
CXOMATCS MJH ONHOBPEMEHHO PACXOAATCH.

1 1
dx dx

Hpumep 2. Ssmx~ - =

0 o

1 1

dx dx
11 3. ~ — .
pumep ogs.-nv—x §Vx<0°

Mpumep 4. S'i:—le"‘dx~ge"‘dx<oo.

1

1
Wnrerpasbl ipumepoB 2 H 3 HMEIOT €IHHCTBEHHYIO OCO-
G6ennocte B Touke x=0. Hazo yuectb, 4T0 sinx = x,

sinV xaxV x, x—0.

Hurerpan npuMepa 4 umeer eIHHCTBEHHYIO OCOGEHHOCTh
x—1
B x=oo. Haxo yuectsn, uto e rme¥, X — 4 oo.

[MIpumep 5. S(x’-&x-}-ﬁ)e"dx CXONUTCH, NOTOMY
J .

4TO

Sy

(x*—3x+0)e~¥dx}<< S | (2 —3x 4 D) e~¥/2 |e~*rdx <
0

< M\e*tdx < oo,

Ce 8

Heno B ToM, uto lim (x2—3x +5)e-*/* =0, nostomy
Haitgercs N > 0 Takoe, yto | (x* —3x-+8)e-*2| <1, Vx> N.

C nApyrof CcTopoHH, YHKUHSA |(x*—-3x+5)e-"/“é) He-
npepeiBHa Ha [0, N], cireageatensHo, orpanuuena ua [0, N]
HekoTopwiM uucaoM M,. TakuM 06pa3oM, OHa OrpaHMYeHa
Ha [0, oo) uncaoMm M =max {1, M,}.

§ 6.10. UuTerpupoBaHHe no 4acTaMm

HECOGCTBEHHBIX WHTErpanos ~
[Ipumep 1. HecobcTBeHHble HHTErpainl
® ®

nSsn;xdx' Sco:xdx (a>0) (l)

a .
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exonnatca. B camom fenie, MHTErpHpYs NO 4acTAM, ROAYUHM

A .
sin x €O0Ss x

A
A cos X
-—S —dx
a 3 X

A BCeX KoHeudwX A > a. Tlepexons Temepn K npeaeay
npy A — oo, NOJAYYHM
L] . @
sin x cos a cos X
S dx = — \—-d
X a - X

Xs

TA€ MHTErpaJ B NpaBO# YacTH CXOAMTCH H Jaxe aGCOJIOTHO:

S—cﬁLd S—————<oo.

@
S cos x
X3

a

sin *dx cxomutcs He a6co-

Mpumep 2. Hurerpan S

JHOTHO (YCJOBHO), W60 MHTErpaJ

X

(L2 gy — 0,  a>0, @

T. . pacxoasumuicsi. B camom jene, B CHJY HepaBeHCTBa
sin® x < |sin x| He¢oGCTBeHHbI HHTErpax

Ho unrerpan S u~'cosudu CXOAMTCH, a MHTerpan S u-‘du
2a

pacxoautcsi. CienoBaTenbHO, HeCOGCTBEHHHBIH HHTerpa.n 2)
pacxoanTcs.

3ameuanue. Cxopumocth HHTerpana (1) o0wpsicHaercs
TeM, YTO QYHKLHS Sin x NepHOAHYECKH KoJieGJIeTcs, TpHHHMAS
NOCNEA0BATENbHO HONOXHTENbHHE H OTPHUATE/bHLIE 3Haue-
nus, Haxkonnenne naomazan, BH3HBAEMOE NOJOKHTENLHHIMH
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3HaYeHUAMH Sinx, KOMIEHCHpPYETCSl COOTBETCTBYIOMIMM 'Ha-
KONJIEHUEM, BhI3bIBAEMbIM OTPHIATEJbHEIMH 3HAUEHHUSIMHU.
310 siBEHME NONYYHT OOBSICHEHHE B TEOPUHU PSAROB
(cMm. pax Jle#6HHIA H YCJAOBHO CXOAsLLHECS PHAABI).
IlpuBeeHHble NpPHMEPbI 110Ka3bIBAIOT, YTO HHTEr pHUpPOBA-
HUE MO YaCTAM MOXEeT OKa3aThCs I0JIE3HHM CpeICTBOM HUC:
CJIeOBAHUS CXOAHMOCTH HECOOCTBEHHBIX HHTErpaJios.

Huxe mpHBoAATCA OGLLIHE COOOPa)KEHHA, KOTOPbIE JAyulle MNOACHAIT
MEXaHH3M 3TOr0 MeToja.

IMycts GyHKUHA @ (x) HenpepuiBHa Ha [a, o) H @ (x)—ee nepso-
o6pasnas. Ilycte, kpome Toro, g(x) wuenpepuisBHO Au(depeHuUUpyemast
¢ynkuHa Ha [a, o). Torna

A A A
fomemar=gmom| —{owe (xd=

A
=g(A) O (M) —g@@— D gwar @

Ecau
l)Alim g(A) D (A)=0,

@
2) nuTerpan S @ (x) g’ (x) dx cxoautes,
a

TO, OYEBHIHO, CYLLECTBYET HeCOOCTBEHHbIMH uurerban
A

Scp(x)g(x)dx=A1im femem dr——g@ (-
a a

— SfD(x) g (x)dx. (4)

Orciofa, B H4aCTHOCTH, BhITEKaeT

MMpuswak Jupuxae cCXORAUMOCTH HHTerpaaa (4).
Ecmu pyuxunsa @ (x) orpaunyena (@ (x)<< M), a g(x) yGbisaer u crpe-
MHTCA K HYJI0 NPH X — o0, TO HuTerpan (4) CXoRHTCH.

Slcio, yTo aTH ycsioBHA BAEKYT cBoficTso 1). [laaee

fomegwa|<{iomemia<m (g =
a a a

o A
——M S g W dx=—M lim_ S g (R dx=—M lim [g(A)—g (@)] =

=2(0)- M.
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Mpuuep 3. Unrerpan
®

Ssm X dx (a > 0),
x'l

HMeIOMAfNT €NUHCTBEHHYW ocaGeHHOCTh B8 X =0, cxoadTca npm a > 0,

®t0 enesyer W3 npuaHaka Jupuxne, rje Hajgo cyutaTh g(x)=x"% H
@ (x)=sinx, D (x)=—cos x(rGJ(x)]< ). AGcomoTHanA e ero CXofH-
MOCTS HMEe? MECTO TONBKO NpH @ > |, YTO AOKa3wiBaeTCs, KaK 8 NpH-
uepe 2 § 6.9,

§ 6.11, HecoGcTBeHHbI HHTErpan ¢ ocoGeHHOCTAMM
B HECKOJbKHX TOYKax

[lycte 3amad uuTerpad

b
§ ) dx, (1)

a

T. . 00Ka (OpMaNbHOe BHpaXeHHe (pPUCYHOK), The Mox
b .

8HaKOM Sc'rom‘ dyHRuHs f(x), onpefeNieHHas Ha UHTepBaJe

a
(a, b). Takum ob6pa3om, a MOXKeT ObITb KOHEYHBIM YHCJIOM
HJAH — 00 W b — KOHEUHLIM YHCJIOM HJH -} oco.
HonyctuM, uto HHTepBan (@, b) MOXKHO pa3bHTb Ha KO-
HEYHOE YHCJIO WHTEpPBANOB TOUKAMH a=¢, < ¢, <, <...
... < cy=0>b TaK, uto KaXAHH unTErpan

R+

{ jyde  (k=0,1, ..., N=1) (2)
x

HUMEeT eAHHCTBEHHVIO OCOGeBHOCTb JHGO B TOYKe ¢, NHGO
B TOUKE Cpyy- ,

Ecnan Bce HecoGcTBeHHble HHTerpafkl (2) cxoastcs (a6-
COJIIOTHO cxolsTcst), To wWHTerpas (1) HaswiBaetca Hecobem-
8eHMbiM cxo0awumca (Qbcoaomno CX00AUUMCA) H CUMBOJY
(1) npuilMcbIBaeTCs 4HCNIO

b N=l ket

Sf(x)dx: Z S [ (%) dx.

S a k=0 ¢,
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Ho ecan xors 6nl OAHH W3 HHTErpasoB (2) pacXoautcst,
TO MHTerpa.s (l) cqmae'rcsi PACXOASILUMMCS.
Ecnn f(x) = TO, TAK Xe KdK B cJayyae HmerpanoB
€ OfHO# moGeHHocmo, Ann nHTerpaJa (1) ycaoBuMca nHucaTh
b

{f0dx < oo,

€CJIH ORH CXOAHTCSI H
b

§ 70 de=oo
a
€CJIH OH pacXOAHTCH.
Mpumep 1.
® 0 B @
S e~ *dx = S e~*dx +S e ¥dx =00+ 1 =00
-—w - 0
3ror nHTerpas HmeeT ABe OCOGEINHOCTH B TUYKE X == — 00

# x= 00 = 4-0o. COOTBeTCTBEHHO MLI €ro NpeacTaBuJIu dop-
Ma/JbHO B BHAE CYMMbLI ABYX HITErpaJ/oB, Ka)XAblli H3 KOTO-
pbiX HMeeT OJHY H3 YKasaHHBIX ocebenHocTell. ©Ouesuano,

1] o
S ¢=*dx= oo, Se""dx::l.
- 0

Mbt nozsoanan cebe cuutaTth, 4TO 00 4- 1 = ov,
Mpumep 2. (> 0)

® CXORHTCSI yoJioslio npy 0 << a<1,

sin x P .
S = dx — { cxopgutcs abGcomoTHo npu |1 < a< 2, (3)
b  PacXoiMTCs mpH o > 2.

B camoM pneqe, 3TOT nuTerpaj HMeeT JBe OCOOEHHOCTH —-
B x=0 1 x= 00, NOSTOMY AJS €ro HCCJEA0BAHHS PACCMOT-
pUM (OpPMaNbHYIO CYMMY
® 1 @

Ssin xdx — S sin xdx+ 5 si:ax dx.

[/ a
o * 0 *
)

Moa unTerpanom S CTOUT MOMOKHUTE/bRAA  (YHKIAS,

0
no3ToMy OH aM60 pacxoauTesi, Aubo, €C/IM CXOANTCH, TO
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aGconmotTHO. [IAS ero ucciefoBaHMs HAM MOMOTYT HepaBeH-
crBa (cM. § 3.3, (6) u § 4.19, npumep 1)
2 sin x

TSI (0<xg D,

-

OTKyAa

Sl:axdxg § x'"%dx < oo npu a < 2,

°L/~;_°m_

stfdx}%Sx"“dx:oo npu a.>=2.
X

0

CunesoBarenbHo,

! (. a6coMOTHO cXOmuTCA NpH o < 2,

S'sinaxd ___i (4)
6 x pacxoaurcs npu a =2,
Hanee (cm. § 6.10, npumep 2)
T sin x [cxonwrca npu a >0, )
r x" a6COIOTHO CXOAHTCA TOJABKO mpH o > .



rnABA 7

NPHJO)XEHUS HHTETrPAJIOB,
NPUBJIH)XEHHDbIE METO/1bl

§ 7.1, Naowmaae B NOJAPHBEIX KOOPAKHATAX

ITnhomaznes S durype, orpaHnyeHHoH NBYMS BLIXOASHIHMH
u3 nonsipuoro nosoca O nyuyamu 0=0,, 0=06, u kpunoit I,
3a]laHHOH B NOJSPHBIX KOOPJHHATAX HenpephuiBHOH (yHKuHeH
p=7(9), mMoxer GWTb onpeaejeHa caeayrwuM o6pa3oM
(puc. 80). Tlpoussopum pasbuenue orpeaka [B,, 6,]:

6, <0;...<06,=8,.
dneMeHT nacanu Gurypsl, orpaHnYeHHod Kpueod I' u ay-
yaMH 0=0,, 0=0,,;, NpHOIHKEHHO BhHPaXKaeM NNOWAALIO
LA
&1 /d
4

Puc. 80. Puc. 81.

KPYrOBOrOo CeKTOpa, OrPaHHYEHHOTO TEMH Ke JYy4aMH H
OKPYXHOCTBIO pamuyca p,=f(0,), paBHoii

1
) piAB,, A8, =0,,,—6,

ECTCCTBQHHO CYHTaTh, MO onpeneJeHulo,
n-1 0, G

S= lim 3 piA0,—{ prae=L( @) d0. (1)
max A8, - 0 2k=0 20, 29.
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-

Mul ROy4HIH dopmyay naomasn GHrypH B MOMSPHEX
koopaunatax. Jlas HenpepuiBHO# GyHKumH f (0) uurerpan (1),
Kak MBI 3HaeM, CYIUECTBYET W, C/e/0BATENbHO, MpEJes Jio-
60#f MHTErpaJ/JbHOH CYMMBI PaBeH 3ITOMY HHTerpasy.

[Tpumep. HaobpaxeHuas Ha puc. 81 OKpyKHOCTh
B MNOJAPHBIX KOOPAMHATAX OnpenensieTcsi ypaBHEHHeM p =
=2Rcos0. B cuay (1) nsiomazpr kpyra

n/2

/2

S=2R { cos8d8—4Rr § 1E03 B g0 pa,
- 0 .

-n/2

-  § 7.2. O6bvem Teaa BpauieHHs

[Tycts T' ect xpusas, onucwBaeMass B NP sMOYroJibHOR
CHCTeMe KOOPAMHAT X, Yy HerpephBHOMA NOJIOKHTENbHOH QYHK-
uved y=f(x) (a<<x<b). Bouucaum obveM V Tena Bpa-

LeHUA, OrpaHHYEHHOTO MJIOCKO-
CTAMH x=a, x=>5 | NnoBepXHo-
cTei0 BpauleHuss kpupo#t I' Bo-
KPYyr OcH Xx. '
[Tpoussongum pasbueHue or-
peska [a, b] Ha wuacTH: a=
=x,<x <...<x,=b—wu cuu-
TaeM, 4YTo 3JemeHT AV of6bema
TeJla, OrPaHUYEHHOrO MJIOCKO-

CTAMH X ==Xy, X=0Xpy,, npu6nmxeuuo paBeH 06beMYy UH-
RUHADA BBICOTH AXy =Xy, — X, U paguyca y,=f(x,):

AV~ nylAx, = 1f (x,)* Ax,.

a~1

Besuuuna V, =n X, f2(x) Ax, npuGmmKenHo Bupaaer V u
k=0

V= lim an’(x,,)Ax,,:::rtSf‘(x)dx (1)

max Axp—+0 k=0

Mul noayduau qJOpMy.rxy obbeMa Tesa BpaileHHs (pHc. 82).
[lpumep. dnaunconn Bpawenus (BOKPYr ocu x)

B‘

yi_‘_ 2?2 <|
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€CcTb TeNo, OTpaHMuYeHHOe NOBEPXIOCTHI) BPalLeHysl KPHBCH

y=b ]/l—"—2 (—a< x < a)

a?

BOKPYF OCM x, NOITOMY Ha OCHOBaHMH ¢opmy.n (1) ero
06peM paBeH

V =ab? ‘§ (l———g) dx = nb? (x—gx:?)a =%:rtab”.

-a
a

§ 7.3. T'nangkas KpuBas B npocfpancme.
Mauna pyru

B § 4.21 6n0 BBefeHO NOHATHE NJIOCKON HeNpepPLIBHON
KDHBOHA, 33JaHHOH DNapaMeTpPHYECKH, B YAaCTHOCTH TJI3AKOMA
KPHBOM. '

Mer xotuM nonosnnnte 3TH ceBeenns. Ho saonno Gyaem
paccmatpuBath Gosiee O6lLYI0 KPHBYIO B HpOCTpaHcTBe. TpH
ypaBHeHHs (pHc. 83)

x=g (1), z .7
y=0(0, t a<i<e, | S
z=1y (1), A

rae QYHKUMH @, Y, ¥ HenpepbiBHH Ha /0 -z
[a, b], onpenensitor Henpepoiryro Kpu- Ky
8ylo, KOTOpyl® Mbl 0003HauYUM ue-
pes I'. Ecau x ToMy ke dyHk- Puc. 83.
nuu @, P, y HE TOJbBKO HeNpepHIBHbLI,
HO WMeloT Ha [a, b] HempepbiBHBIE NpPOM3BOAHHE, OLHOBpE-
MeHHO He ofpailatouivecss B HYJb, TO [' HaswiBaeTcst 24a0Kod
Kpusod.

Tor ¢axt, uto nponsBopnsie ¢’ (¢), ¥’ (f), %' (f) ans mo-
60ro 3HaueHHd ¢ € [a, b] oqHOBpeMEHHO He 06pallAloTCe B ity b,
MOKHO BHIPA3HTh TaK: HMEET MECTO HEepPaBeHCTBO

@ @OP+@ @O+ @)r>0 2

ans Beex t€[a, b].

Ecan Mbl 3agajuM onpefiefleHHOe 3HayeHue f¢=1{,, TO
B caay (2) opHo u3 caaraempx @' (¢,), ¥ (¢,), ¥’ (£3) —nycts
nepeoe —He paBHO Hymo (¢’ ({,)=0). Bcneacrsue nenpe-
PHBHOCTH @' cyulecrByeT uHTepsan ({,—6, ¢, -+ 8), Ha KoTO-




978 TA. 7. NPRHJIOXEHUA HHTEIPAJIOB. MPHUBAHMKEHHBIE METOMbI

poM @' (f) umeer TOT ke 3HaK, yto. H ¢’ (). Ho Torma ua
STOM HHTepBaJe QYHKUHS X = ¢ (!) CTPOrc MOHOTOHHA H CY-
mecTsyer o6paTHas K Hell HenpephiBHO XudpepeHuHpyemas
byuruusa t=q@-'(x), x€(c, d), rae (c, d) — Hexkoropas
OKPEeCTHOCTb TOYKH X, =@ {(Z,). B pesyabraTe Mul momyuum,
YTO HEKOTOpBIfi Maauiff Kycok y Kpusoi I', comepikaliuit
B cebe Touky A, = (9 (,), (), ¥ (I,)), onucLBaeTCa AByMH
HenpepbiBHO. AH(xpepeHuHp yeMbiIMH QYHKUHSMH OT X:

y="p[e" ()] =1, (x),
2=y [o7 ()] =12, (%)
c<x<d, c<x,<d, x,=0(t,)). Ecau, Ha camom nese,
P (£,)%=0 uau ' (¢,)=%=0, To, paccyxnaas nonobHuM obpa-
30M, MOJY4HM, YTO HekOTOpuil Kycok yc [ aanucuBaercs
ypaBHEHH AMH

x=@;(y), z=% ()
A<y<p, A<y, <p Y=9()

HJIH COOTBETCTBEHHO

x=(p1(2), Y=, (2)
(P<2<C], p <z, <q, ZDZX(to))-

Ypaeuenus (1) raagkoi kpupoit I' e Toabko 3apaior T
(kak reomeTpuyeckoe mecto Touek (@ (¢), Y (¢), ¥, (1)), t € [a, b]),
HO U onpefeasioT opuenmayuro I', T. e. HanpasJieHHe, BAOJb
KOoToporo Bospacrtaer mapamerp f. Ha puc. 83 usoGpaxkena
rnaakas kpusas [, cooTBeTCcTBylOLas H3MEHEHHIO mMapa-
MeTpa ¢ Ha otpeske [a, b] (a <b): A=(¢p(a), ¥(a), x(a))
—HayaapHasg Touka I, B= (¢ (b), ¢ (b), ¥, (b)) — xoHeunas
Touka I', crpeska ykasbiBaeT opueHTauuio I'.

Koraa napamerp { HempepmBHO BO3pacTaer OT a A0 b,
Touka (¢ (f), P(f), ¥ (¢)) HenpeprBHO pnpHraerca mo I' or
Haya/bHOH ToukH A = (¢ (a), ¥ (a), %(a)) L0 KOHeuHOH TOY-
K B= (9 (), ¥ (b), x(b)). dBuxkymasacs TOUKa MOMET BO3-
BpPaTHTLCH B MpeXKHee MONOKEHHe, T. €. MOXET CJAYYHThCH,
uto £, {,€[a, b], ;< w @) =0 (L), V(&) =1V(,),
% (¢)=12(t,), ¥ Torna Kpusas I' HasbIBaeTCA camonepecexar-
wetica. Kpupas I' naspiBaercs samxwymod, ecau Touyxu A
H B cosmagaior. , ‘

Beegem dyHknuio {=A(t), ¢ v<d, EMeiolLyio Kenpe-
puiBHYl0 He paBHYIO HYJIO MpPOH3BOAHYIO Ha [c, d] H oroé~



$7.3. THAIKAS KPHUBAR B NPOCTPAHCTBE. JUJIHHA nyrv 979

paxaiowiyio [¢, d] Ha [a, b]. Tak xak A’ (t) He MEHSRET 3HAK
Ha [c, d], TO MOXET OnITb TO/MbKO JiBa Cayuas:

1) (1) >0, n Torna A(c)=a, A(d)=0>b,
2) A (1) <0, n Toraa A(c)=>b, A(d)=a.

Hawa raankas xpusas ' moxeT ObiThb 33/iaHa yPaBHEHHIMHU

x=¢[A(V)] =g (),
y=v[r ()] =1, (7), (1)
z=2%[A(®] =% (%)

npu nomoiu mapamerpa T (¢< 1< d). Onna u Ta xe rnag-
Kas KpuBas I' MoxeT OnThb 3ajaHa napamMeTpPH4eCKH Nocpen-
CTBOM pasHbIX napameTpoB {, T, ....

3ametuM, uyrto ycsaoBHA (2) Ha fA3bIKE T COXpaHsOTCA,
MOTOMY 4TO corJacHo QopMmyJe TPOU3BOAHOR (QYHKUHH OT
$ynkuHuy
(91 (O + (b1 (V) + (1 (7)) =

= [(¢" (O + 0" () + " OP]Q} (7)) > 0. )
OnHako Npu BBEIGHHH HOBOTO TapaMeTpa T MOXET H3Me-
Hutbes opuentauus I'. Ecan A (1) >0 na [c, d], To ¢yHk-
uus {=A(t) crporo Bo3pactaer U A(c)=a, A(d)=>b. B atom
cayuae ¢ BO3pacTaHHeM T Bo3pacTraeT ¢ oT A (¢) =apo A(d) == b,
T. e. opuedtauus I' He Mensiercsa — ypasHenus (1) n (1)
ONpenesasaioT OAHY 'H Ty XK€ rNajJKYyIo KPHBYIO C TOH Xe OpNeH-
Tauuel, TOJBKO NPH MOMOILM pasHbx napamerpoB. Ecau xe
A (1)< 0 na [c, d], To A(c)=b u A(d)=a w npu Bo3pacTa-
HHU T napamerp { yObiBaer. B 3tom cayuae ypaBHeHus (1')
onpenensior Ty e KpuBywo I', uro u ypaBHenus (1), Ho
C NPOTHBOTIOJOXHOH OpHeHTauueH.

B Tex Bompocax, rjie HYXHO YUNTHBATH OPUEHTAILHIO KPHU-
Boil, nox O6yxksoii I' NOHMMAIOT He TOJNBLKO caMy KpUBYIO (reo-
METpHYECKOe MEeCTO TOueK), HO H ee opHeHTauuo. Hano uom-
HATb, 4TO YypaBHeHus (1) oNpejessiioT Kak caMy KpHBYIO,
TaK H ee opueHTauHio (ABHMKeHHe Toukd I' B HanpaBiesHu
po3pactanus t). Ecau aameHuTs napaMetp { Ha Apyro# napa-
MeTp T(f = A (7)), TO MOJNYYHM Ty 3KE€ OPHEHTHPOBAHHYIO KPH-
Bylo I', eciu A" (1) >0. Ecan xe A' (1) <0, 10 nonyunm
Ty Xe KDHUBYIO, HO OPHEHTHPOBAHHYIO NPOTHBONONOXKHO — €e
yXe (Kak OpPHEHTHPOBAHHY!O KPHBYIO) HaAO 0GO3HAUUThL APY-
THM CHMBOJIOM, yA0GHO uepe3 I'_.
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Ecnn sajaHa opuenTHpoBauHass kpkBasa I' nmocpeactBom
ypaBrenut (1), To '~ MoxHO, Hampumep, 3aAaTh ypaBHe-
HUAMH

r=0(—1),
y=9(—1), —b<r<—a
ZZX(—T)v '

BeeneM noHaTHe MJHHB JAYrH HenpepniBHO# Kpusod I
TMycts 3anana HenpepsiBHas Kpusas [ mocpeacreoMm ypas-
nenuit (1). Paso6beM otpesok [a, b] 3HaueHHsiMH a=

=, << L < Hy=
ZA A, = b. Kaxnomy £, coorBer-
- crByer Touka A, €T (A,=
- =A, Ay=B). Coenunum
ToukH A, nocllepoBatenbHO
0A, orpeakamu A A,., (puc.
A=4, 84). B peaysbtaTte nosyuum
aoManyio [y = A,A; ... Ay,
—% Bnucannyio B I'. [lauuna Ty
paBHa cymme ANMH
A _ [ ArAgssl:
Puc. 84. N-1
ITawl= X2 | Adperl (4)

{1peden Onuntn Ty, xozda maxcumym t,,;—t, cmpemumes
K HYAo -

max (f llmt ) 0 |FN|= lrl' ’ (5)
j+iT )

ecau ox cyugecmeyem (€CTb KOHEUHOR YHCJIO), Hasvigaemen Oau-

nou dyeu T'. Mu ero o6Go3naumau uepes |I'|.

MoxHO JokasaTh, 4TO Anst Jo60H HenpepniBHOH Kpu-
Boit (1) npenen (5) KoHeuHnl# MM GecKOHeuHHd (+ oo) cy-
wectsyer. B caydae, ecas 3TOT npegen KoHeuHufl, Kpupas
Ha3bIBACTCH cAPAMALeMOL.

" Teopewma |. Iiadkas kpusasn T', onpederseman pasen-
cmeamu (1), cnpamasema. Ee auna dyeu pasua

b
IT|=§ Vo OF + ¥ OF +[x (O] dt. ©6)



§7.3. TJAJIKASl KPHBAS B MPOCTPAHCTBE. JUIMHA AVTH 28]

‘B 3roit dhopMyNMpOBKE BAaXHO, 4TO ypaBHeHns I' 3ajaunl
Ha otpeske [a, b]. Ecnu 6bl OHH OblH 3ajaHbl HAa MHTEp-
Bane (a, b), the ¢, ¢, % HenpepuBHO Au(pdepeHnHpyemMbl
Ha (@, b) M HX NMPOM3IBOAHLIE OMHOBpPEMEHHO He PaBHHI HY/IIO,
MBI TOKe CKa3asu Obl, uTO ypaBHeHHs (l) onpejensnioT raaj-
KYI0 KpHBYIO, HO oHa Mmorja 6bl 4 He OBITh CHIpAMJSAEMOM.
Onuako n000H ee KYCOK, COOTBETCTBYIOUIHH HEKOTOPOMY
otpesky [c, d]=(a, b) cnpsamasewm.

JdokazateabcTBo Teopemb L. [Iputienna Teopemy
Jlarpauxa x dyHKUMAM @, P, ¥, OyaeM umerb (At =1, —t,,

-wv)cp»-_-mzx Aty)

A =@ (tg+,) — 9 (L) =@ (Li) ALy,
Ap =P (tye)) — V(L) =V (L2) Aty
Ay =% (L) =X (L) =X (L) At

H c/efoBaTeNbHO, _

N-=-1

ITwi= 3, VEG+ &+ 87~

N-1
= 2 Vo EF+ G At =

N=-1
= 2 VIeWTF + [T+ [ U Aty —
= R

b
., SVITOFFIVOFF X OFdt (D

R

(3necw &y, th, Ly’ €(ly, i,.;)—BOOOIIE pA3/JHYHbIE TOUKH),
T. €. cnpaBseAsuBa ¢opmyna (6).

B camoM gene, B CHJly HENPepPHIBHOCTH MOXBIHTEr padbHOM
¢yukuus B (6)

N-1}
lim ¥ V0o P+ P+ (o AL =
AR» 0k=0
b

(VT OF ¥ OF +1x OFdt.

a
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Kpome Toro,

N-1
lrvl=|, 2 VT GOF+¥ GF + [ @Gr—

— Vo P+ T+ taFlAL]<

N-1
< ZVIV T —¥ GP+H tD— (LF A
2E(bV2 Z At, <

"Tak kak ¢yukuus §’ ¥ y' HenpepuiBHH Ha [, b
H paBHOMEPHO HenpepHBHH Ha [a, b]. TTosTomy, ecn /

W (50— ¥ (| < g5 1X G =1 ()<

Tlpu ouenke BelHYHHHI |7,| MBI BOCIOJIb30BaJHCh
CTBOM

WVEFE+E—Va+mtInl<
<VE-—- nm+(§,—n,) +1

BbIPaXKaloUWM, YTO Pa3HOCTb JAJIHH JABYX CTOPOH °

HHKa He TpeBbIIAeT AJIHHbI TPETbeil CTOPOHBHI.
Tlpumennm (opmyJy (6) K BBIYHCAEHHIO AJHHBI

Korja oHa 3ajaHa ypaBHenusmu (1’), mpu nomoL

metpa 1. Vimeem (cM. (6))

d

Ty = S VO F W@y o 7 o=

d

= (V@@ RO FE FONN

4

b
=V Or+@ Or+o Ora,
a

B nociepHeM paBeHCTBe 3TOA Lend MH NpPOH3BeJ!
nepemensoll (= A(T) B HHTerpaJe. :
ChenopaTenbho, |I‘i|—|l‘r
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Mut BuguM, uto ¢opmysaa (6) ANHHBL AYTH BHIPAXKaerTcA
HHBAPUAHTHO uepe3 napaMeTp AYrH.
BeenemM ¢yukuHio

s=p @)= Vo @@ @+ @rde  (@<t<b)
(8)

or Bepxnero npefena uurerpana. Oua BhpaXaer AJHHY
ayru AC, rae C—nepeMeHHas TOuKa AYTH AB=T, coor-
BeTcTBylomas 3HayeHuto napamerpa ¢. lox uuterpanom B (8)
CTOMT HernpepbiBHas (QYHKUHS OT u, NO3TOMY NPOH3BOAHASA
AJHHBL AyrH § [0 ! paBHa

SV OF W OF + & OF - ©)

Tak xak @’ (f), ¢’ (f), ¥’ (f) HenpepuiBHbl, TO ds/df B cBOWO
ouepels ecTb HenmpephiBHaf (GYHKIHA OT f, mpu 3TOM NOJO-
xurenpnan (cM. § 7.3, (2)). Ho rtorma s=p(f) crporo BO3-
pactaer Ha [a, b] n MMeeT oGpaTHYIO HerpephliBHO AH(de-
peHUHpYeMYO (PYHKLHIO

t=p-t(s)  0<s<|T|, (10)

0612430l YI0 CBOICTBOM
& =1 OF O OF+ 0 OF] > 0.

Ho Torpa nepemennas s MOMXeT CayXuTb napaMeTpoM Hawuei
raaakoit kpueoit I' —ypaBHerus I' moXHO 3anucaTk B BHAE

x=@[p(5)] =94 (),
y=9[p" ()] =1 (s), 0<s< T,
z =y ()] =1%o (s)
rae QYHKUHH Q4 Yo Yo HEOPEpPHIBHO JuddepeHupyeMpt Ha

[0, |I'[].

YT066! NONY4YHTH COOTBETCTBYIOLLHE Pe3y/bTaThl A5 [J0C-
KOH KpHBOIi I'=AB, Hago B npejbAyllHX PacCCyXAEHHAX
nofiokuth z2=1y({)==0. Torxa riagkasa naockas Kpupaa I
onpexenserca JByMs YypaBHEHHAMHU

0 i,
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rae @ H P — HenpepuBHo AHddepernpyemble GQYHKUMH, NOR-
YHHAOWHECS YCJOBHIO

@ O+ @) >0, tefa, bl

Hnnna T paeua

b .
IT|={ Ve @y F @ () dt. (6")

Inana nyru ACcT, rae C ectb Touka I', cooTBercTBYIO-
wasi 3Hayenuo napamerpa ! € [a, b]

; .
s= Vo P E ¥ @)dy, @&

Ingxpepenunan Ayru pased
ds =V {o" () + (V' (D) dt . (9"
Ecay T 3ajana npH nOMOIIM HelpephiBHO JH(KpepeHuu-
PyeéMOH YHKUHH
y=Ff(x), a<<x<b,

TO MOXHO CYHUTATh, 4YTO F onpenemeTcn napameTpOM X.
X=X, ']
y=f@), |

Toraa B cuay (6°)
'Fl—SVw(Zf)

Iuddepenuran ke ayrn I' Beipaxalotes dopmynoi

a<x<b.

ds =V dx®4-dy? .
[Ipumep 1. Hahitw anmny ayrn xpusoit I't y=chyx,
o<y '
Hmeem

| |1‘|—§VT T Ghxfdx = bgchxdx = shxfi=sh2=42"
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Mpumep 2. Hadttu pauny okpyxuoctd I' paauyca R.
OKpyXHOCTb B MapaMeTPHYECKOM BHIE MOXHO 3aJaTb cJe-
Ayiounm o6pa3om:

x=Rcost,

y=Rsint, | 0 < 2m.

Toraa

2n 2n

IT|= SVR“sxn’t+R’cos’tdt R { dt=2aR.
0

Mpumep 3. Hafitu anuny nayru kpusoi I': y=

= S V.‘Zt—}—t’dt, KOTAa x H3meHsercs B rnpefenax ot 0 o 2.
)
OTMEeTHM, 4TO SIBHYIO 3aBHCHMOCTb 4 OT X MOXHO HaTH,

€CJAH Mbl BBIYHC/IAHM HHTErpaj, HCHONb3ys NOACTAHOBKY
Diinepa wMM paccMaTpHBasi 3TOT HHTErpas Kak APOGHO-MH-
. HefiHyw uppanuonaneHocTs. Ho B maHHOM ciyyae Ham He

Hy’)KHA 5Ta ABHAs 3aBUCHMOCTh. Mimeem'y’ =1/ 2x+ % . Tloatomy

2 2
ITl= (V1+2x+x=dx=S(x+1)dx=__<H2‘”2"‘=
¥ 5 0

§ 7.4. KpuBH3HA H PajHyC KPMBH3HBI KDHBOW.
3JB0JI0TA H 3BOJILBEHTA

K pususnoldl okpyscrwocmu paauyca R HaapiBaetcst uncio 1/R.
3To 4MCI0 MOXKHO TakKe MOJYYUTb KAaK OTHOIUEHHE YrJja
MEX<ly KacaTe/bHbIMH B KOHUAaX KakoOH-HHGYAbL RyrH OKPYX-
HOCTH K JAJIHHE 3TOH Ayrd. YroJs MexAy KacaTesbHbIMH K OK-
PYXHOCTH B Todkax A u B paBeH LeHTpa/JLHOMY yrjy &
mexny paauycamu OA n OB. Inuna ]AB| ayru AB pasua Ra.
INoatomy (puc. 85)

a a 1

1AB] RaT R
Hoc.nezmee onpejeneHie KpPUBH3HBI OKPYXHOCTH JdeT HACH
onpeieneHUss KPHBU3HH MPOHM3BOJIBHOH [aiAKoH KpuBOH I'.
Paccmotpum npoussosmbHylo raagkyio kpusyio I'. Kak
MBI TIOKasam B § 7.3, OHa CnpsAMAsieMa M HMeeT CMhIC ro-

BOPHTb 0 ATHHe JioGofi ee ayru AB. Yroa a (0 a<n)
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Mexny KacatenbHuMH K I' B Toukax A u B nasemaercs yz-
20 cmexcrocmu dyeu AB. OrHowenHe yr.ia cMeXHOCTH ayrd A B
K ee JIHHE HaspiBaeTCs cpedned Kpusuanoii dyeu AB (puc. 86).

T fr F

Puc. 85. Puc. 86.

Hakonen, xpususnoii rkpusoi T B ee Touke A Ha3mBaercs
npefienn (KOHEYHBUA WM GECKOHEYHBIH) OTHOLIEHHS YI/la CMeX-

HOCTH o nyru AB KpuBO# K ee AnHHE | AB|=|As |, korga
NOCJE[HAS CTPEMHTCS K HYJIO:

K= lim — 1))

Takum obpasom, 0<CK << oo. Ilo onpenenenuio, BeAHYHHA
R =1/K (rme cuuraercs, uto 0= 1/00, 0o = 1/0) nasuiBaercs
paduycom Kpueusret I' B Touke A.

Touxa O,, nexamas na nopmasu k I' B Touke A Ha pac-
croanun R=1/K or A B cTopoHy Boruytocty I', Ha3nBaercs
yenmpom kpueusnet I' B Touke A (puc. 87 u 88). OueBnano,
YTO LEHTP OKPYXKHOCTH COBMNajaeT C LEHTPOM €€ KPHBH3HHL.

KpuBas y, sBJASHOIAACS TeOMETPHYECKHM MECTOM 1L€HT-
poB O; KpHBH3HLI N0CKOI KpHBoii I, HasbiBaeTcst ssoaromori I,
CaMa kpuBast I' HasbiBaeTcsi 380468eHMOlL .

[lycts kpuBasi I' 3ajmana ¢yskuuei y=f(x) ((<x<d),
HMeloLLeit HEﬂpepblBHle BTOpYlo mpousBoaHyto. Haiizem ee
Kpusu3Hy B Touke A=(x, f(x)). Ilyctb ¢; U @, —yraol,
KOTOpBIE COCTaBJASAIOT KacaTeﬂmee K I' B Toukax A u B=

= (x +Ax, f (x4 Ax)) c nONOKHTENBHEIM HANPABJIEHUEM OCH X

(cM. puc. 86)

tggi=f"(x), tge,=J'(x+4x),
a=farctg f'(x) — aretg f' (x + Ax){. 42)
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Hanee
x+Ax
As=|AB|= § VT ({F @y du. 3)
’ X
Tloatomy u3 (1), npumensis npasuso Jlonuraas (no Ax), no-

Jiyuaem ,
arctg f'(x)—arctg f'(x- Ax)

K= hm x+Ax
Ax -0
T viETer w
b 4
f"(x4-Ax) i
_ +FG+ag)® | _ Pl
a0 | VITCOTF AR | (-2
7\ r 7\
7 4
4 v A 4
T v
Y4 2
A r
. ” 1 4
7 2 70 - z
Puc. 87, Puc. 88,
Mur nonywian ¢GopMyny Ansi KPUBHU3HBI
- (%)
K= )

Ecau rnaakasa kpusas I' 3agana napamerpuueckumu
x=q(t),
y=9(?),

rae @ M Y — ABaXAbl HenpepuBHO AnddepeHLHpyembie GyHK-
uu, T8, 0OIB3YACh BPABUIOM AH(PPEPEUHMPOBAHHS PEPE-

} a<<t<h,
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MeTPHUECKH 3afaHHBIX QyHRUME, noayunm (cM. § 4.11)

Py =, - i

(x2)*
(x4 ") ] 5
R= = K Tw @

Hanaem napameTpuqecxoe ypaBHeHHe 3BOJIOTH Y KpH-
Boii I, 3apannoil ypaBuenwem (puc. 87, 88) y=F(x).
Hmeem (cMm. (4))

d__ FrMml = [x)signf () (6)
R (4 ™ (a+(¢ w2

Uentp kpususunl O; kpupois I' B ee Touke A=(x, f(x))
nycts uMeeT koopauHath (§, ). OH onpegensercs BEKTOPOM

p=r+Rv, (7)

rie r — panuyc-Bektop Tourd A €I, 2 v—eauHHuHbIl Bek-
TOp HOpMaJiH, HanpaBieHHHH B ctopoHy BorRyTtocTd I'. Kpu-
Bas ' umeer BekTOpHOE ypaBHeHHe

r =(x, y).

Orciona
re=(, 4, r.=(0, 4. :
Nanee (cM. § 4.23, (3').

-t )
Vikyd Vie

3nak Hano BmﬁpaTh TaK, 4TOOKl BEKTOp v ObI1 HanpasJjeH
B cropony BorHytoct# I, T. €. uTofst cKajAspHOE NponsBe-

neHune (v, r) UMEND TONOXKHTENHHBIN 3HAK:

I/l 'l' Uy

. o _.y_" 1
v=2gigny,- ) ’ 8
" (V.l+y'f V1+y;’) ®

Tepexons B pasenctse (7) k npoexuusy; yauTuBas (6)

(v. 7 )=+ =y} (sign 42) (1 4-430) - 1/s

Hrak

&
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H (8), nonyynm
. E—xt 044 —yesigny; - Yx (l-!-y;") ,

yzsignys - (14y")7? ¥x
o U signgs 1+!!x 9) -
n=y+ yesigngs (144 Y= A ©)

JloKaxkeM, UYTO HOpMAAL K Kpuaol (3801b6EHME) 8 MOUKE
A={(x, [(x)) asrsemca KacameavHol k seonome y B TOUKe
O, =(%, 1). JocraTouHo ANA 3T0r0 JOKa3aTh, YTO Kacatesb-
ule K KpuBoii I' B K 9BOJIbBEHTE 9 B COOTBETCTBYIOIUX
TOYKaX OPTOFOHAJIbHLI (ﬂepﬂeH}lHKleﬂprl)l

e ) s L S AT Y
05 = P —yi : "'yx< y;x>]+

. 1+y2\
+yz[!/x+( y';y >]=0

Jpyroe Baxnoe CBOHCTBO 9BOJIOTHI 3aKJIQUAETCSl B cJe-.
aytoweM. [lpupaujenue paduyca KpueusHbl 360aseermyl pasgno
¢ modHocmeto 00 3HAKA NPUPAUERUID  OAUHBL
coomeemcmayroweld Oyeu 360a10moi;

R,—R,==|0,—~a,]
Ha nokasatesncTBe 3TOro ceOHCIBA MBl HE
OCTaHABJ/IHBaeMcCH.

IpeacraBuM ceGe HHTb, HABEPHYTYIO Ha
sBogtoty. IlycTh OHa cMaTbiBaeTcH € NOC/enHeN,
6ynyun Bce BpeMs HaTaHyToH. OThenssch OT  Puc. 89.
3BOJIIOTHl, OHa, OYEBHAHO, Bce BpeMs Oyner
KacaTtbcs 3BosioThl. CBOGOIHbLIN e ee KoHew GyleT ONMCHI-
BaTb 2BoJbBeHTY (puc. 89). Tak Kak A/JHHA HHUTH MOXKET
6bITb TNPOM3BOJLHOH, TO 3BO/IOTA MOPOMAAeT GECKOHEYHO
MHOTO 3BOJIbBeHT. [liMHA, Ha KOTOPYIO cMaTblBaeTcsi HHTh
C 3BOJIOTHl, paBHA, OYEBHAHO, NpPHpAllEHHIO pajauyca
KpUBH3HBl 3BOAbBeHTh. Ecau kpuBan I' 3agana napamerpuue-
cku: x=x (1), y=y (1), To 3BOJIIOTa OTNpeie/iAeTCs YpaBHEHUAMH

E_x_yt_ﬁﬂ__, n= y+x_L‘+_yt__ (10)
Xyt—Yxy X141 — Y1 Xt

(c™. § 4.11)..

10 g, C, Byrpor, C. M. Huxoabckuft
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[Mpumep 1. Asonrora unkIougb x==¢ —sint, y=¢t —cos!
ecTb KpuBasi § =1 +sint, n=—1-+cost. [lonaras t =1 4=,
NOJIYYHM YpaBHEHHS

E—n=t—sint, n4+2=1—cosrT,
onpenesisioNHe HCXOAHYI0 KPHBYK), HO TONBKO CABHHYTYIO

(3BOJIIOTA UHMKJOHALL €CTh IYHKJIOHAA, KOHTPY3HTHAsl HCXON-
Hoii, puc. 90).

¥

Puc. 90.

Puc. 91.

IIpumep 2. dpomora sanmnca x=acost, y=bsint
(@=b>0) ects acrpouma (puc. 91)

al—p
a b

2
cos*t, n=—

t=2

sin*f.
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§ 7.5. Nnowaas NOBEPXHOCTH BPALLEHHS

IMycte I' ecte KpuBas, onuceiBaeMast B NPSMOYTOJbHOH
CHCTeMe KOOpAMHAT X, Y NOJOXHTe/bHOH ¢yHkuuel y= f(x)
(a<<x<b), nmewomedt Ha [a, b] nenpepbBHYIO NPOH3BOA-
Hylo. BriuucauM niaomanb S noBepXHOCTH Bpauledus I' Bo-
Kpyr ocu x. [asi 3Toro npousseneM pasbueHne a=x, <
< %, <...< x,=>b, Bnuiuem B kpusyo I nomanyio I, ¢ Bep-
LIHHAMH (X, f(x,)), BRIYMCAMM IJI0MAJlb NOBEPXHOCTH Bpallle-
HHA TOCJEfHEH BOKPYr ocH X (cymma nJaoulajefi GOKOBHIX
NOBEPXHOCTEH YCeueHHbIX KOHYCOB):

n—1

Sa=1 D[f(xe) +F (2 )]V BxE T Ay,

k=0

Ay =T (xp41)—7 (xp)-

Ilpumenssi Teopemy JlarpaHxka K pasHocTH Ay,, noayunm

n=1
Su=m 2 [F 00 +F )]V THF ) Axe =

=2 3 () V TF T 07 x4 R, —
b

— 2 {F V T (0 dx

a
npu Ag = maxAx,—0; cornacHo Teopeme JlarpaHnxa Touka
k

EL € (Xp Xp4q)). B camoMm gene, Tak kak f M ' HenpepbiBHB
Ha [a, b], 10 dynkuus f(x)V 14] (x)* unterpupyema,
N03TOMY

n-1 b
lim 2 3 f(0) V T+ () Ay =25 { () V T+ (@) dx.

Ak-bO R=
Janee

n-1
Rol=|n ZIF (6 +F (s TV T €D~
—2f (x) V' T+ (F ()Y} Ax‘,l -

1a*
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n 2 i (xn)+f(xn+1)) VTFF G —V THF P+
)= ) VTR Ax | <
<ﬂk§0 (lf(xk)l+lf‘(xk+1)l)|f (Ek)_f (xn)H‘
FVTHF (x| F (1) —F(xi) |} Axye

TaK Kak f u ' HenpepwBHBl Ha [a, b], To oHH orpaﬂuqeﬂu
H paBHOMEPHO HernpepbiBHB Ha [a, b]. <Tlostomy |f|<<M,

VI+(f(x)<<M, u Ye >0, 36 > 0 Takoe, uto
() —F (xa) | < ﬁb—-_—_a)’
[ () —F G < Bn_Mil:z-)'

npu Ag < 8. Orciona

n-|
e e
[Ral < kr;o {QM 3ﬂM(b——a)+M 3nM (b—a)} Axy =
n-1

£ e
=b_a§)Ax,=b—_—z(b—a)=s,

T. e. R,—0 npu Ap—0. Takum ob6pasom, njomwagw no-
BEepXHOCTH Teja BpaillleHUs paBHa

b
S=2n { FOVTHT (3 dx. (1)

Mpumep. Haith naomage S MOBEpXHOCTH BpallieHHs

 3agaunca

Zt+5=1 (@>0)

at

nc:ixpyr ocH x (naowane nonepxuoc-m 3/IJTHNICOHJA Bpallle-
HHA)
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PeweHune. YpaBHeHHe BepXHeH MNOJOBHHH SJJIHIICA

b —-— b X
=gVa—d(x<a, ¥=—7 =

S= 2:15 Vat— x’]/1+< ) x,dx—;

=“—L¥Sl/a‘——(a“—-b’) Adx=(u-=xVa—b?)=
8

Voo

4nb < —
e 4__ 2 —
TaVe-»n S Va'—udu
- 4nb 44— at \aVal Ry
.__aTl—/.—ZI:__——'F{YVa u + p) a[cbln a2f =
at— b2
=2nb? + ——e 2nba? alcsmﬁT—b—.

Va—b

Ilpu b—a B npegene noayyum, yro S=4na?— nnowaip
MOBEPXHOCTH Llapa paadyca 4.

§ 7.6. UnTtepnonsiunonHas dopmyaa Jlarpanxka

TNocraBum 3agauy. TpebGyercsa uaiiTH anareGpanyeckui
MHorouseH L,(x) creneHu n, KOTOpHH coBnajgaJf Obl ¢ pyHK-

uHeil f(x) B 3ajaHHHIX TOYKAX X,, X;, ..., X,. TakKUM 0bpa-
30M, JIOMKHEI BBIMNOJIHATBCA YCJOBHS
fx)=L,(xp) (£=0,1, ..., n).

- MHoroused L, (x) eawHcTBenHblid. Eciy npegnonoxurb, 4To
CylleCcTBYyeT ellle OfHH MHOrouser [, (x) ¢ Temu e CBOHCT-
BaMmH, To pasHocte L, (x)—L,(x) o6paTutcss B Hy.ab B n+ 1
TOYKE Xg, ..., X, H OyIerT aare6pavMyecKMM MHOTQYJIEHOM
eTeneHy £, 3HAUMT, PA3HOCTh TOMAECTBEUHO paBHa HYJIO H
L,(x)=L,(x).

W3 exuHCTBEHHOCTH C/ELYeT, YTO ecaAd ucXopHas QyHK-
uusa f(x) cama aBasercs anre6paHyecKuM MHOTOYJIEHOM CTe-
NIeHH 1, TO OHa coBnaaaer ¢ L, (x) aas Beex x (f (x) =L, (x)).

Crayana HaiijeM aire6pauueckuii MHOTOYJIEH CTENEHH N
Q.. x (x), KOTOpHIl B TOYKAX X;7~ X, PaBeH HYMO, a B TOUKe
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x, pased enunnue. OdeBUAHO, UTO
Qu e ()= A (= 20) + 10 (F—Kpm) (F—Hps) -+« (£—1,),

rape noCrosaHHasd A Haxoaurca u3 YCJOBHHA

n . n
1=Q, x(xp)=4 tI_IO(xk_xi)v T.e. A= i_Ho(xk—xi)"'-
oy ik
Takum o6pa3oM, HCKOMBIi MHOTOYJIEH HMeeT BHJ,

» _
(x—xi)

=0 (xe—x1)’
{=k R

Ecnu BBecTH B paccMotpenne cumBoa Kpouekepa
0, k=i,
61:,'={

Qn. k (.’C) =

1, k=i,
TO .
Qn, 1 (%)) = Oy
[locTaBnieHry0 3ajauy pellaeT MHOTOUJEH
L,(x)= kgan. & (%) f (%), (1)
160

L,(x;) =k§°Qn. k(X)) = kgoakif (xx) =F (%))
(i=0,1, ..., n)

Muorounen (1) HasblBaeTCs uHMePNOAAYUOHHBIM MHOZ0-
qaenom Jlazpanaca.

Tak e Kax np¥ nojydeHuu GopMyJibl OCTATOUHOrO YJje-
Ha B ¢opmyne Teiinopa MOXKHO NOKa3aTb, 4YTO ecau f[(x)
HMeeT NpoHu3BOAHyl0 (n-1)-ro nopsjgka, TO

P —La () =125 0ne (), @

rae

Wpyy (%) =_£I(’(x —x;)
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u E—mnekoTopas TOYKa, MpHHaAJexaulas X HaMMeHblUEMY
OTpe3Ky, COLEPHKALEMY TOUKH Xy, X, ..., X, X. B camoMm
IeJie, MOJIONKHM

f(x)—-L,, (x)=K(l-)n+1 (x)' (3)
rae K — Besnvunna, 3aBucsawas or x. OGo3HauuM
¢ (Z) = f (Z) - Ln (Z) - Kmn+1 (Z),

rae K umeer To ke 3HaueHHe, 4TO H B (3), 3TO Be/HYMHA,
He saBucauwas oT z. flcuo, urto @(x)=0, @(x;,)==0 (i=0,
1, ..., n). Ilyctb, Hanpumep, x, < x < x, <...< x,, TOrAa,
npHMeHsas Teopemy Posng K QyHKuUHHM ¢ Ha OTpe3Kax [x,, x],
[x, .1, +.+y [%s=1s %,], DONyuMM, uyTO npoH3dBOAHAS @’ (X)
obpauiaeTcs B HYJib BHYTPH KaXJOro M3 HMX. 3arteM, npu-
~mensina Teopemy Posss nocsieaoBatensiio K QyHKuMaM ¢, . . .

, ¢, NMOJyYHM, YTO CYLIECTBYeT Touka §, mpHHal/exa-
1as HauMeHblleMy OTpe3Ky, cojepxalleMy B ceGe TOUKH X,

Xy X4y +++y X, B KOTOpOH @+ (EY=0, HO
q)(n+1) (z) :_.f(n+l) (Z)—K(fl + 1)!_
Tonaras z=E§, nonyunm Kzé%%—). Iloatomy
’ (n+1)
Lo =0 o, (0,

4 paBeHCTBO (2) NOKa3aHo.

Hureprnossiuvonnblit MHOTOUJIEeH JlarpaHka HaXOAMT Npu-
MeHeHHe B NPUOJMKEHHOM BBIYHCJIEHHU MPOU3BOAHBIX (QYHK-
UMY f(x), KOria ee 3HAYEHHS M3BECTHH TOJbKO B TOUKaX
Xgy Xyy «+sy X,. A HMEHHO, MOJATAIOT

f# (x) = LiP (x).

Hanpumep, ecam f(x) u3BecTHa B TOUKax X,, X,, TO,
NOCTPOMB TNO 3THM TOuYKaM MHoroused Jlarpamxka L, (x),
HauueM, 49TO

x)—7 (x
f’(x)zf( J—f (xo)

X1—Xg

B noenenyromux naparpadgax MH YKaxeMm NpHMeHeHHe
MHorousneHa Jlarpamxa npH NpHOAHXKEHHOM BRHIYHC/IEHHH
ONpefeNeHHOr0 HHTErpana,
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§ 7.7. Ksaapatypune dopmynni
npSMOYTOALHHKOB H Tpameuuf

[lycTb HAapO BHYHC/HTL ONpefENeHHHH MHTErpan oT He-
npepuiBHOi HAa ortpe3ske [a, b] ¢yHkuuu f. Ecan usBecrna
ee nepBoo6pa3Han, TO AJsL 3TOTO €CTECTBEHHO [IPHMEHHTb
¢opmyay Helorona —Jleiit6uuna. Ho nasieko He Bceraa rep-
BOOGpa3Has H3BeCTHa, W BO3HHKAET 3ajaua O NpHGIHKEHHOM
BHUHC/IEHHH HHTerpana.

[Tpocreitmufi cnoco6 npuGNHXKEHHOrO BHIYHCIEHHA .Onpe-

NENEHHOrO MHTErpaJa BEITEKaeT W3 OnpeleleHHs NOC/IeAHEro.

Ilenum oTpesox [a, b] Ha paBHble 4acCTH TOYKaMH

—atk2 — (k=0,1, ..., N) H

H noJaraem

b
Sf(.V)dX~ 2 (xk+xk+1). @)
a
rle 3HaK = BhIpaxcaer npubiHKeHHOE pABEHCTBO.
Butpaxcenne (2) wHasmBaercs ksadpamyprot ¢opmyaot
npamoyeorbrukos. B cnyuae puc. 92 uckoMmas mJaowaib
$Hrypel, OrpaHHYeHHOH
4 KPHBO# y = [ (X), OCbi0 X
H NPAMHMH X =a, X=b,
7 npu6.aHXKEeHHO papHa

7 / 7 CyMMe nJowazed Haoopa-
XEHHHX  TaM  NpAMO-
Vi o

Moz, 3, g b 7 Mul 3Haem, yTO AJf
HenpepuiBHOH Ha [a, b]
Puc. 92, GOYHKUMHK 1peles  NpH
N — oo npaBoit uyactu
npubJHKEHHOTO paBeHcTBa (2) TOYHO paBeH JIeBOH, 4TO jfaeT
OCHOBaHHe CYHTATH, 4TO npH Ooabmom N ommbka KBajpa-
TypHOH ¢opmyanl (2), T. e. abcoJilOTHasE BeJHYHHA Pa3HO-
CTH [paBoi M JeBof ee yacrtell, mana. OpHako BO3HHKaeT
Bonpoc 06 oneHke ownbku. Hike Mbl y3HaeM, Kak 3Ty OLUEHKY
NOJyYHTb, €CAH NMOTpe6OBaTh, YTOOM (YHKUHSA f, KpoMe He-
NPEPHBHOCTH, YJAOBJETBOPANA HEKOTOPHIM YCJIOBHAM TJaj-
KOCTH '(T. €. HMena Obl HEKOTOPOe UHCJ]O NPOH3BOAHLIX).
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OueHb BaXKHO 3aMeTHTh, 4TO ecau GyHRuua f(x) =
= Ax 4 B ectb JHHeiliHas QYHKUHSA, TO AJA Hee gopmyaa (2)
mo4na —npaBasg 4acTb (2) B TouHoCTH paBHa JeBoit. Tak
Kak JuHe#AHAA (YHKUHS €CTb MHOrouyjieH nepBoH CTeneHw,
TO MBI MOMEM CKa3aTb, UTO keadpamypuas gopmysa npamo-
Y2OABHUKO8 MOYHA O 6CEX MHUL204ACHO8 He 6biule nepsol
cmenenu.

Janum eliie BTOpO# ecTecTBEHHbIA crnocob npubIHKEeHHOrO
BLIYHUCNEHU st OTIpe/iesIeHHOTO KHTerpasa, NPHBOAALIMI K k6ad-
pamyproti opmyse mpaneyuii. OH 3aK/104a€TCst B TOM, YTO
OTpe3ok [a, b] ReaMTCA Ha paBHHE 4aCTH TOYKAMH CHCTEMSHI

(1} # mosaraetcs NPpHOGIHIKEHHO, 4TO

b
Sf(x)dxz ”;“ (f(xoljf(xn>+f(x.);f(x,)+

fx v=1)+Fxn)°
o M) o)

="2;N‘-’[f (%) +2f (x)-F2F (x)+ .. . +2fF (- )+F ()] (3)

B ¢opmyne Tpanenmuit nioagh paccMOTPEHHOH  Bbille
KPHBOJIHHEHHOH (UTYDH NPUOIMIKEHHO MCYEPILIBACTCA I11J10-
wanamu Tpaneunit (puc. 93).
BaxHo ormeTHTb, YTO ghopmy-
aa  mpaneyuid modHa 0aa au-
Heldnoix  gynkyuid Ax+ B (A,
B—unocroauune), T. e. aas
MHO[COY/IEHOB HE Bhlilieé NepBOi
CTeNeHH; ecay NOACTABUThL Ta-
Kyto dyHKuuio B (3) BMecto
f (x), To nonyuutcs TouHOE pa- Puc. 93.

BEHCTBO. B 3TOM CcMbicie ¢op-
Myna Tpaneuufi He HMeeT MpeMMyluecTsa nepes Gopmy.aoi
NPSIMOYTO/IbHUKOB, 00e OHM TOYHBI /1A JUHEHAHBIX DYHKIHH.

0 2=z, 2z, g z,, o4z

Pa3nocte mewly N1eBoit M npaBoii UaCTLK KBAAPaTYDHOH dopmy.ial
0603naunm depea Ry (f) W GyeM HA3LIBaTb OCMAMOYHLM 4AEHOM Kdad-
pamyprodi gopmyast.

Ecan ¢yukums f HMeer Kycouno-wempepuiBHyIO npouasaguyio F,
YA0B/ICTBOPAIOWYI0 HepaBeHcTBy |f/ (x)|=gM,, 10 ocTaTouHmil 4aen
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GOpMYyL NPAMOYTONLHHKOR (2) NOAYHHAETCHA. HEPABEHCT!

M, (b—a)?
Ry (1< 8,

a ocTatoudnii uJeH d¢opmyan TpaneuHit (3) noxuHHseT

M, (b—a)?
IRVl —35—-

BlymHO cKazaTb, YTO 3fleCb KOHCTAHTHl BHYHCJEHH TO
yMeHblwkTh. Buinog ouesxn (2°) nprnenen Huxe. Ocran
RaeMm 6e3 A0Ka3aTeNbCTBA.

Mu BuauM, YTO B OGOMX cayuasx AJds Kaacca QyH
orpanuyeniyio npoH3BoiHylo |f’ (x) | < M;, ocTaTouHH
nopsaox O (NV—1) (cm. § 3.10, (14).

Has rnacca e pyHKUHHA, HMEIOWHX OrPAHHYEHHYIO BTO
BOAHYIO | f* (x) | << Mg na |a, b], uMeeT MecTo oLeHKa

1 (b 3
Ry L2,

sepuasl 111 GOPMYN MPSIMOYrONIbHHKOB M Tpaneunii. Tel
AOK NPHGIHIKEHHS TOCPeACTBOM OGEHX PaccMaTPHBIEMBI:
dopmy.a ecte O(N—2),

Oxka3piBacTcst, YTO MIf  KJaacca GyNKUH, HMEIOULH)
NpPOH3BOJHYIO mopAika [ > 2, NopAaoK NpHOJHKERHs T1C
MyJl fipAMOYTrOJbHHKOB M TPaleuii he yayyiaercs — I
pasueiMm O (N—2).

OGbsicHeHHe 3TOTO HBJEHHR TecHO CBA33aHO C TeM
KBaJApaTyplble GOPMYJbl — NpPAMOYIOJALHHKOB M  Tpane!
TOYHBIMH JUISi MHOTOYJIEHOB NEPBOH CTeNEHH, HO OHH He
FOUJIEHOB CTeneHH Bhille yeMm 1. .

Ecan ¢ysxuks [ rimeeT TPeThbIO OrpPaHHYEHHYIO I
MOXHO NPHAYMaTh KBaAparypHylo Gopmyny, AAIOMYKO O
kenus nopagka O (N-3). 3ra dopmyna nomkHa 6HITE T
rouneHoB BTOpof creneHd. HO ecau ona ne TouHa A
TpeTbel CTeneHH, TO LA QYHKUHH, MMEIOUHX OrpanHyel
HYI0 YeTBCPTOIO MOpAAKa, OWMOKA IPHOMMKEHHA OCT
nopspok O (N=3).

flBnenne, Kotopoe 3jech ONHCHIBaeTcs, GYAeT Npok
Ha npumepe KBaaparypuoll ¢opMmyan Cumncona!) s § 7.

1) T, Cumncon (1710—1761) — anraniicxuil MatemaTux
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[lpuseseM aoka3zateancTBo oueHku (2'). Beegem o6o3naueHus: h ==
_b—a g_xk+xk+l
TN RT3

, Xg—TodKu cucTemsl (1), Toraa

b N-t

| Ryt i=|§ 0 de—h X fE0)| =

§k+%
N-1 N-1
=y S Fryde—h 3 F (&) |<<
0 h 1]
B
N-1 E"+% N1 g"+%
<3| § rwa—neo= X | § ve—reare),
Ek—% §k-—;'
TaK KaK
Ek"‘% .
{7 @e dx=nf o).
Ek'?

)

[pumenas Teopemy Jlarpauka MOX 3HAKOM HHTErpala # yd4uTbiBag, 4To
|/ (%) ]| << M;, monyuaem
h

o BT
IRy 2 { reoe—tou|<
By
-1 ot YT
<3 [ rei—tia<m ¥ § -t
h 0 E,,—i .
2

rpe 06— Touka, aexawas MexAy x d L. [Iponasoas aaMEHy fepemMeH-
Hoit x—Ep =1, nmonyuaem

N-1 h/2 h/2
IRyl My D S |l|dt=2M-N§tdt=
0 _h/2 -
ot MANR My (p—ap
— a1 _MANE M, (b—a)?
_2M‘N2o—’ 4 4N
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§ 7.8. ®opmyaa Cumntona

Tlyctsh TpeGyercs NpHO/HMKEHHO BBIYHCIHThL HHTErpaj or
HenpepuiBHOA QYHKIHH f (x):

{1 ()ax. ()

.ByneM uckath npHONHKEHHOe 3HAYeHHE HHTErpana B BHAE
CYMMBl

b . n
1 dem 3 paf(x), (@)

THE Poy Piv <<+ Pu H Xoy X, ..., X,€[a, b]—3anannne
LUTHEN

@opMy.a (2) Ha3nBaeTcsi KBaApaTypHoil GopMyaoil ¢ yasa-
MU X, B eecosimu Kosppuyuenmamu p.

[lpH nocTpoeHHH KOHKPETHHIX NPHONHXKEHHBX GopMmyan
MH! BLICTaBJ/ifieM TpeGoBaHHe, 4TOOH (opMyna (2) Ouna Tou-
HO# jsia ajre6pavuecKHX MHOTOYJIEHOB CTeNeHH n. DTo ycno-
pHe GyjeT BBLINIOJIHEHO, €cAH B KauecTBe NpHGIHIKEHHOro
3HavyeHHs uHTerpasna (1) ME BO3bMeM onpejesieHHbIH HHTe-
rpas OT HHTEPNOJNALHOHHOrO MHOrowileHa Jlarpanxa n-i
creneHH QYHKIMH f:

b b
SFdea (L, (dx=

I

b n n
§ ZQa@it)di= Bpf(x), @)

k=0
b
Pe=§ Qs s k=0, 1,0, ), Qa0 = [ G0
’ Aq&k

DOTOMY 9TO, eCAH [ (X)— MHOTOUNeH cTenenu n, T0 f(x)=
.=L 2 (%)
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ﬂbnyqum dopmyny (3) aast ciaydas n=2# y3J0B X, =4,

xl—g—j—, x,=b. B 3tom cayuae

: (x—x1) (x—X%y) _ (x—b)(2x—a—Db) _2(x—b) x—b

QZ °( )::(xu-—xl)(xo—xg)— (b—a)? T (b—a)? + b—
X—Xp)(x—x5) —4 (x—a) (x—b)

Q.1 ()= (xl—x:)(xl—xm) t—a®

4(x—b)’ x—b
{(b—a)? b—a’ .
Ny (x—xg)(x—x1) _(x—a)(@x—a—b) _2(x—a)! x—a
Q"’(x)_(xg—xo)(xz—xl)—' (b—a)? ~ (b—a)? b——'_a'
TMostomy ’

b
Ny | 2x—=b)? | (x=b2t _b—a
p0=SQe.o(x)dx'—{3(b—a)'2"—'2(b—u)]a— 6 °

AHanomqﬂo paccy»maﬂ, NOMY4HM

2 b b
SQ"’ 1 (¥)d = ( )! pz'—'SQz.a(x)dx:—ﬁ—a.
B cuny storo ¢opmyna (3) npu n=2 uMeeT BUA

ff(x)dxzb},’“[f(awr‘if(“}Lb>+f(b)]. )

dro npocrediuas KBaapa-
TypHas ¢opmyaa CumAcoHa,
COOTBETCTBYIOLLA S OTpesKy
[a, b).

C reomeTpHYeCKOH TOYKH
apenusi GopMyJa (4) o3naqaer,
YTO MbI 3aMeHHJH oAb
KPHBOJIMHEHHOIl TpaneuuH, Om-

. .y-f(:)

‘peneasieMoit” Gynkumei f(x) 7]z “2+4 % 7
Ha [a, b], Ha nsomane, HaXo- H
Isulylocsi MoA rpadykoM na- Puc. 94.

pabonel (puc. 94):
§=Ly () =1 (@) Qo)+ (57) Qo1 (D47 (6) Qu. s (4)-

Ewe pas otMeThm, 4T0 no nocrpeeHuio ¢opmynaa (4)
TOYHA JAJA MHOIoY/eHOB BTOpPOH crenenu. ONHAKO OKa3hl-
BaeTCs, YTO OHA TOYHA H AJIA_MHOIQY/JEHOB TPETbeH CTENEHH..
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b
. bt — .
B camom pene, Sx“dx= 4a , 8 TpaBas 4acTb (opMyJbl

(4) ans q)ym(um: [(x)=x® Takxke paBHa 3TOMY yucay:
b—a a-tb\3
7o+ (55) o] -
— 3
=”6“[(a+b)(az—ab+b2)+‘l“—;ﬂ]=

_ B—a? [3(a %) __bt—at
=76 2 ="

Taxum o6pasom, dopmyna (4) mouna 048 MHO2044€HO8 He
suilie mpemopeti cmenenu.

Ecnu paspenntb orpe3ok [a, b] na 2N paBHHX yacTei
TOYKaMH :

m=a+250k (R 40, Lo 2W)

M K OTpesKkaMm [x,, X,], [Xa, %,],... npumenuts popmyay (4),
TO B pe3y/bTaTe TNONYYHM (YCAOHHEHHYIO) KEaOpamyprywo
gopmyay Cumncona

§700 de 0 57 4F (xa) -+ 9F () 4 2F () 4 () + - .
voo +2f (Xon-2) +4f (sz—1)+f (sz)}‘ (5)

C TOYKH 3peHHS MPAKTHYECKHX BLIYHCIEHHH CAOKHOCTh BHYHCJEHHH
no ¢opmyne CHMICOHA M NPAMOYTOJbHHKOB ofHHAakoBa. Ho ecan ¢yHk-
uHa f AOCTAaTO4HO riiajkas, TO OWHOKA npuOaHxeHHA no ¢popmyae CHMn-
cona npu Gomewnx N 3HAYHTEJbHO MeHblLIe COOTBETCTBYIOUIEH OLIHOKH
npu NpuGIHXKEHHH METOJOM NPAMOYIONbHHKOB.

Ecan ¢yukuus f(x) uMeeT Ha oTpe3ke [a, b] BTOpyio HenpephBHYIO
NPOM3BOJHYIO, YAOBJETBOPAIOLLYI0 HEPAaBEHCTBY

[ @) <My,

a TPeTbI0 He HMeET WJIK Mhbl He MOXEM IoueMy JH6O ee OLEHHTh; TO npuH
b .

BHIYHCJAEHHH HHTErpana S f(x) dx pekoMenayeTca NPHMeHMTh ¢GopMyay
a
Tpaneuuil, a ete ayywe—Qopmyny CHMNCOHa,
MoXHo fl0KasaTh, YTO OWHOKA NPUGHHKEHHA IO GopMYyJie Tpalennit
¢ 7.7, 3)) 6yper:
1 (b—a)
ﬁ * Na MI (6)
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# no ¢opmyae Cumncona (5):
1 (b—ay’
81 N2
Ecnu ¢yHeuss f(x) nmeer Ha [a, b] 4yeTBepTylo HenpepuBHYIO npe-
H3BOAHYI0, YJOBJIETBOPSIOULYI0 HepaBeHCTBY
[[ () | < My,
TO B 3TOM CJydYae pekoMeHAyercs npuMenuth dopmyny Cumncona. [lpu
ITOM OIIMGRa NpUHGAHXKeHHsa OyLeT:
1 (b—a)
2880 Nt
Ecnu 6ul Mal B 3TOM CJyuae NpDHMeHRJH (opMyay Tpaneuuu, TO
owu6ka NpHGMHKEHHA NO-NpeKHeMy HMMena Gul nopsfok N-2%, 1. e,

6ui1a Gul xyxe ueMm (7).
[Tpumep 1. Buyncaute HHTErpan

1
=S V14 xtdx
0
: JaHuuit dHTerpan (or GuHOMHanbHOro AuddepeHuUHana) He BhUUC-
' JnAeTcs B 3JeMEHTapHmX QyHRUMAX.
. Bouucanm 9TOT mHTerpaa npuGankenHo, fens otpesok [0, 1] Ha
AeCATb PaBHBIX HacTeif, HCMO/B3YS pa3/HyHbie KBAaApPaTypHble (GOPMYJILL.

OGosnauuM ToukH fenenus [0, 1] uepes x,=0, x, =0, {, ..., xg=
=0,9, x,g=1. Bpuncaum npubimwkeHHo 3HaveHusn GYHKUHMH f(x)_—_

=¥ |+ x* B 3tux TOUKax:

FO)=1, [(x)=1,00005 f(x,)=1,00080,
f{x3)=1,00404, f(x,)=1,01272, f (xz)=1,03078,
f(xe)==1,06283, f(x,)=1,11360, Ff(xs)=1,18727,

F(xg) =1,28690, f (xy0)=1,41421.

Cornacto kBagpatypHoit GopMmyJse Tpaneuust

M,

M, M

% g UF (eo)+2F (o) 4-2F () Geao)] =252 — 109061

Pyukuns f(x)= VY T2 umeer CKOMLKO YrORHO HenpephiBHLIX NPO-
M3BOAHLIX Ha npoMexyTke [0, 1]. Kak Mol oTMeyanu Bblile, HanuuHe
NPOU3BOAHLIX TMOPSAKA Bhillle BTOPOr0 HE BJAHSET HAa TOYHOCTH (GOPMYJInI
Tparreunit. [lostomy morpewHocTs GopMyJabl Tpaneuuil onpeienum HCXOAf
H3 ¢akTa cylecTBOBaHUA BTOPOil HenpepuiBHON NPOH3BOAHOM

£ (1) = 2x2 (34 xY /(14 xH)¥/2.
Tak Kak My=max f" (x)=2 V2, To ocTaTouHmil Y/eH dopmyinl
f 4
, Tpaneuui .

My 2V2
Ru(h< BN =T12.108 = 0,002357,
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HUrax
I=1,0906 + 0,0024.
Mo dopmyse Cumncona (2N = 10)

1 5517 (e - 4F (1)1 2F (5)+ 41 )+ 27 (1) -+ 4] )+

- 2F () 41 () 27 (x0) -4 ()4 f (i o)) = 20T ) 0gau0,

OcraToudnl® 4aeH dopMyast CHMICOHa MOXHO ONpeflefiHTh YYHTHIBAS,
4T0 [ (X) ¥MeeT HenpepuiBHYIO NPOH3BOAHYIC UETBEPTOro NOpAAKaA (H2AH-
YHe NPOH3BOAHHIX TNOPAAKA BhLille YETBEPTOro He BJAHAET Ha TOYHOCTG
dopmyn CHMmIcoHa)

F9 (x) =12 (1 — 14x4 + 5x8) /(1 -+ x4)7/2.,
Tak kak M,=max [f® (x)|< 15 V2, 1

M, 152
R, (f)gml<m<0.000012 < 0,00002.

Taknm ofpazom,
1=1,08949 + 0,00002,

T. e. ¢popmyaa CHMNCOHA 3HAYUTENLHO TOUHee HOPMYJB Tpaneuu# nas
AOCTATOUYHO TJAAKHX Eynkuuﬁ U Gogbuioro N. ’

3amedaHue Bce BuuHCnenHs npou3BOAHJHCHL NpH [OMOWM pYH-
HOTO MHKDPOKalbKyJasTopd ¢dnekTpoHHka B3 — 18M».



rNABA 8

AHOGEPEHLUHAJIBHOE HCYHUCNAEHHE
®YHKLHHA MHOTUX NMEPEMEHHbIX

§ 8.1. Npepsapurtenvnuie csereHus

MousTue (byHKLlHH MHOTHX [EepEeMEHHbIX B8BeAcHU B KOH-

ue § 3.1. kaa nayuenun Qywkuni 2=f(x)=f(x, ..., x,)
OT 1 nNepeMeRHWX, °T. e. GYHKUHH OT ToYek & =
= (%;, ..., X,) n-MepHorc npoctpauctea R, (x € R,), uu-

TaTesib JOJDKEH BJAAJETL 3JEMEHTApPHLIMH CBeetusIMH H3 Teo-
pHW n-MepHOro fpocTpaHcrTsa !).

Pacctosnne !y mexay ABYyMst T04KaMM X =(x,, ..., X,)
X' =(x1, ..., X) n-MepHOro npoctpadcrBa R, = R onpe-
lJenserca no opmye

S —
w—w =) B,
e
MMoguepknem, u9To ecam X, y, 2 —1TpH TOUKH [pOCTpaH-
cTBa R, TO AJAA HHUX BHIAONNAIONCA iepaBelCTBa

lx—y|<L|x—2]|+|y—2] 1))
Hxl—lyll<lx -y 2)

OHH Ha3bIBAKOTCH HepaseHcmeuamu mpeyeorvHuxka., B Tpex-
MEPHOM nNPOCTPAHCTBE OHH HMEIOT TI€OMETPHYCCKYIO HHTEp-
NpeTanHo. Touku X, ¥, 2 onpelessaoT TPeYyroysibHHK C BEp-
lu¥HaMH B 3THX TOYKAX H CTOPOHAMH, HMEIOLLMMH AJIHHBI
|x—y|, |x—z2]| |y—=z| H3 reomerpun H3BecTHO, YTO
JJHHA CTOPOHBI TPEYrObHMKA He [iPeBHLILAET CyMMY JJIHH
OCTa/lbHbIX €ro CTOPOH, & pd3loCcTh AJHH JIBYX CTOPOH

1) CM. sawy knary «Bucuwas MaTeMaTHka. DVEMERTHl JdHeHHOd ad-
re6pu B anaJMTHYECKOR reomerpuus, § 6.
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Tpeyroabliika He MpPeBbLIaeT AJAUHY TPETbEH €ro CTOPOHHI.
Oto ¢ sanucaHo B BuAae HepaBeHcTB (1) u (2). »

Hepasencrso (1) Ha a3bike KOOPAMHAT TOueK X, ¥, 2 3a-
NUChIBAETCS CAEAYIOWHM 0bpasom:

n 1/2 rz1 L/2 n /2
<.le (xi_-‘//)2> <(.241 (x,.——zj)’:> +(I.Z, (zf_yi)’) .
/= \/ = -
(1)
A1o ectb Hepasencmeo Munkosckozot).
" HepaBseuctso (2) HemocpeaCTBeHHO CJeAyeT H3 Hepa-
BeHcTBa (1). B camom paese,
lef=lx—y+yl<lx—y|+|yl
yl=ly —x+x|<[x—yl+|x],
Ne3TOMY
—le—y[<|x|-|yI<|x—y]
T. €. umeeT mecto (2).
[To onpepesienuio noc.iefoBaTeibHOCTb TOYEK
Xl= (X, <oy X)),
Xt=(x}, ..., x3),
X =(xt, ..., x3),

npoctpauctsa R cmpemumes (cxodumcsa) & mouke X°€ R,
ecJ/iH

|t — x| =0 (k—o0), 3)
T. €. eCJH
n
% (d—xy —0. (3)

j=1

B atom ciayuae nuwyt
limx* = lim x*=x° wuan x*— x°

k> @
M roBOPAT, YTO TOYKA X° €CThb [pefies] [10C/eJ0BaTeNbHOCTH
touex x*. s (3') crenyer
k H »
xj—x8, k—oo (j=1, ..., n) (3"

1) Cm. #aury xmmry «Boictnan watemarmka, SnemeHtnl AmHelHOM
anre6pul M aHAAUTHYECKOH reomerpume, § 6,
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v obpaTHo. TakuMm o06pa3oM, ckas3aTh, 4TO nocjefioBate/b-
HOCTH TOuUEK X* CXOAMTCA K TOYKE X, 9TO BCe PAaBHO, YTO
CKa3aTh, YTO KaXAast KOOpAHHATa xX mepemeHHOI Touku x*
CXOAMTCH K COOTBETCTBYIOULEH KOOpAHHATE X] TOMKH X°,
CnpasenuBbl CBOHCTRA
lim (x* + y*¥)=lim x* + lim y*,
lim (ax*) = o lim x%,
lim (o, %) =xlima, (k— o),
rae oo H o,—vyucaa. B camom zene, ecau lim x*= x°,
limyb=y°, lima,=a, TO
jo* + ¥ — (X" y) | < |2F—X° |+ | y*—y°| =0,
|ax*—ax’|=|a|]x*—x°|— 0,
Jagx —agx |=|a,—ag || x| — 0.
OrtmMerHM, YTO B NpoCTpaHCTBE R MOXHO paccMaTpHBaTh
Henpepbisriyio kpusyro I'. 310 MHOKECTBO TOueK
Xx=x(f)€R, a<<i<y,

3aBHCAUIMX OT NapaMeTpa t, NpHHAAJEKAWETC K OTPE3KY

[a, b], co caerylowuM CBOACTBOM:
-

l#W)—x(t)|— 0. 1, t€[a, b] “
Ha s3nike xoopanHaT Toykn X = x (f) kpuBoii I' MoxHO
3aNHCaTh CJERYIOWUM oOpa3oM: '
x/=x,(t), a<ti<b (j=1, ..., n),
The x;(t)—nenpephiBHbE QYyHKUMH OT £. B camom aene,
n1 1/a
Ix(t)_x(tn)l 2(1241 [xj (t)—xj (to)P) .

Ecay neBad yacTb 3TOTO PaBEHCTBAa CTPEMHTCS K HYJIO NPH
{ —1,, T0, oueBMAHO, Anas Jawboro j=1, ..., n

Xj (t)_’xj (fo)y t— 1y, (5)

¥ ofpaTHO, ecau BHINOJHAKTCA cBokcTBa (5) Ana Jmobore
j=1, .., n, TO HMEET MECTO CBOHCTBO (4).
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§ 8.2. OTxpbiTOE MHOXKECTBO

B n-mepuoM npocrpascrse R,= R 3afaiuM NpPOH3BO.b-

Hyto Touky Xx'=(x}, ..., x3). [apom (unu 3amMKHymbM
wapom) pajguyca r >0 ¢ 1edTpoM B 3TOH TOUKe Ha3bLIBAIOT
MIOXECTBO TOueK X =(X,, ..., X,)€ R, AN KOTOPHIX BHi-

{10J1l(sieTCd HEPABEHCTBO
n

1/
r 1= S| <
i
OmKpoumsin  wapom paduyca r ¢ yermpos 8 X° Ml Gynem
H43LIBATh MHOXKECTBO TOYEK X, JJId KOTOpPbIX BbINOJHAETCH
crporoe HEPaBEHCTBO
jx—xt| <L r. .

Onpeneaum npamoyeorsHux B R (3aMKHYTHIE npsMo-
YrOAbRHK HJIM NPSIMOYTOJbHLI NapaJJenendnel B R) Kak
MHOXECTBO TOYEK X € R, KOOpPAMHATbl KOTOPBIX YAOBJETBO-
psloT Hepaseuctsam a,<{x,<{h, (¢, <b,, j=1, ..., n).
B cnyuae n =3 3710 peanbHblii NpAMOYrofbHLIi napaJsJese-
nunej ¢ TPaHAMH, Napa/jeNbHbIMU OCSM NPSIMOYTONbHBIX
KOOPAMHAT (X,, X,, X,;). MOXHO ellle onpeAeNTb OMK polmbiLl

NPAMOY20N6HUK 6 R KaK MHOMECTBO TOUEK X = (X;, ..., X,),
YAOBJIETBOPSIOUIHX CTPOTMM HepaBeHCTBaM a, <X, < b, (j =
=1, ..., Nj.

MHOXeCTBO TOYEK X, KOOPJAMHATHl KOTOPLIX YAOBJIETBO-
pPAIOT HepaBeHCTBaM lx}-—x‘,‘-lga (j=1,...,n), rnea>0—
3a]aHHOE YHUCJO0, €CTECTBEHHO Ha3BaTb KYOOM (MK 3AMKHY-
moim Kybom) B 'R ¢ LeHTpoM B TOYKe Xx° u ETOpDOHOI
anunnl 2a. KoHeuno, npu n =3 310 GyneT Ky6 C rpaHsaimi,
napagesbHbIMM OCSIM ([1PSIMOYTO/NbHOM) CUCTEMB! KOOPAUHAT.
Haxoueu, omxpoumoul ky6 (8 R) onpenensercs npu noMmoru
HepageucTn |x, —x%| <a (j=1, ..., n).

Kaxnaazn Touka x wapa |x —x°| <r paauyca r C LLieHT-
poM B X° HMMEET KOOPAMHATHl X;, YAOBJETBOpHIOUIME He-
paBencTBy

. q‘ 1/2
|xj"x?|<<.24l (xi—‘x?)’> <r.
i

10 MoKas3plBaeT, YTO TOYKA X NPHHALAJEKHT K KyOy
lx,—xjl<r (j=1, ..., n).
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Takum 06pa3oM, wap paduyca r ¢ YeRmpom 8 mouxe x°
npunadasexcum K Kyby co CMOPoHOLL 2r ¢ mem He YeHmpos.
Puc. 95 nosacuser 3tor $akT B AByMepHOM cayuyae. B csow
ouepenb Kyb

|x,—x}|<a (j=1, ..., n)

co cmoponoll 2@ u ¢ yenmpom x° npunadaexwcum K wiapy

¢ mem e yenmpom u paduycom alV n, notomy uro nas
KOOpPAHHAT TO4YEK 3TOro KyGa BbINOAHSIETCS HEPAaBEHCTBO

n 1/2 71‘ 1/2 —
Y 0 2 —
(2_‘1 (xjaxi)’) <(f;l a =alVn.
= 1Y e
B aBymepHoM cay4ae 3TOT (AKT NOsCHAeTCd na puc. 96.
Mur paccmaTpHBasid OTKpHITHIC LIApLl H Ky6bl, 110 3TO XKe
BEPHO H JJs 3aMKHYTHIX WapoB H KyO6OB.
3apaauM npoH3BoJbHOE MHOXecTBO E Touek x € R. [lo
onpejesieHNI0 X° Ha3bIBACTCH GHYMPEHHE mMOoYKul MHOXKe-
ctBa E, ecsM cyuiecTByeT OTKPHITHIH AP € UEHTPOM B ITOf

zzr
a4
/ \ 0 J
» z |
3 |
./ il
J 5 J — 3,
Puc. 95. b Puc. 96.

TOuKe, MOJIHOCThI0 TpHHaaAexawnit E. Cnoso wap 3nech
MOXHO 3aMeHMTb Ha Kky6, NOTOMY 4TO BCHAKMIA Iap coxep-
XHUT HEKOTOPHIH KY6 C TeM Xe LLEHTPOM, M HaoGOpOT.

MuO0XeCTBO Ha3HLIBAETCS OMKpLIMbLM, €CJH BCE €ro TOYKH
BHYTpEHHHE. 3T0 onpejie/ieHHe MOXHO elle chOpPMYJIHPOBATh
Tak: MHoxmecmeo E omipetmoe, ecauw w3 mozo, wmo Kakas-
Hubydo mouxa npunadiexcum emy, caedyem, 4mo Oxa enym-
pennas mowca. OTciona BUAHO, YTO Nycmoe MHOMCECMEY ecrb
OMKpbLmoe MHONMECME0.

Omxpounoui wap

ls—x0| <r (1)
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ecmb omKpuimoe muoocecmeo. B camom jsene, nmycte y ecTb
npuHajfieKaluas eMy Touka, T. e. |y—x|=p <r, H X —
fipOK3BOJIbHASI TOYKA, (PUHALJENKAlWAR luapy

lx—y[<e (e <r—p). @
ﬂﬂﬂ Hee BBINMOJHSETCA
¥ —x=|x—y+y—x|<|x—y|+|y—x|<et+p<r.

1o nokaswiBaeT, YTo wap (2) npunHagaexut wapy (1). Takum
o6pa3oM, TOYKa y — BHYTpeHHAs u wap (1) — OoTKprIToE MHO-
IKECTBO.

[lpenoctaB/asieM 4YHTaTeq0 JAOKa3aTh, HTO OMKpPbIMbiLl
NPAMOY2OAbHUK, B YaCTHOCTH OTKPbLITHIA Ky6, ecrmb omkpoimoe
MHOKCECMBO.

Oxpectnrocmoto mouky X° € R Ha3bIBAOT NPOH3BOJIBHOE
OTKpBLITOE MHOXECTBO, cOAepiauiee B cefe 3Ty Touky. Oue-
BHJHO, 4TO nepecederue 08Yx okpecmnocmeil mouxu x° ecme
6 8010 04epedb OKpecmuocme X°.

[locne cKasaHHOrO MOHATHE BHYTPEHHEH TOUKH MHO-
skectBa E MOXHO eule onpeleautb Tak: X° ecmb eHympen-
Han mouka E, ecau cywecmsyem npunadrexawas E oxpecm-
rocms mouky x°. B camoM nene, ecan x°— BHYTpeHHSA
TOYKAa (0 MEePBOMY oOnpeleseHHI0, TO Hafjercs npuHanne-
x)auwu#i E OTKPBITHIA Wap ¢ UEHTPOM B X° HO NOCJedHH#
ectb okpecTHocTh x°. HaoGopor, eciu x° ecThb BHyTpeHHsS
TOYKA MU BTOPOMY OMNpeleseHHio, TO CYIIEeCTBYET MpHHAj-
Jgexauas E oxkpectHocTh X°, KoTopasi, GyAY4YH OTKDBITHIM
MHOXECTBOM, COJEPKHUT OTKpLITHIfi wWwap ¢ ueHtpom B x°.

B jaabHedllieM B HalueM pacnopsiKeHHH GyjaeT MHOrO
NPHMEPOB OTKPHITHIX MHOXECTB, a ceiiyac Mpl NPU3OBEM 4H-
TaTels K TeOMETPHYECKOH MHTYMIHH, CKas3aB, 4TO ec/d
C NPOH3BOJBHOTO TeOMETPHYeCKoro Tesa COApaTh ero rpa-
HHIY, TO NMOJYUHUM OTKDBHITOE MHOXKECTBO.

B 6muxaiiinux naparpadax el 6yleM paccMaTpHBaTth
¢yugunu f(x)=f(x, ..., x,) OT 7 NEPEeMEHHBIX X, ..., X,
WJIH, YTO BCe paBHO, OT TOYKIN X =(X,, ..., X,), Onpele-
JICHHblE H3 OTKPKITHIX MHOMECTBaX 71-MEepPHOTO NpPOCTPaHCTBA.

MHoXecTB0 E Ha3plBaeTcs c6A3HbiM, €CAM JIo0bie ero
ABe TOYKH X', X" MOXKHO COEJUHUTb NPHHAAJEXalIel eMmy
HeNnpepbuiBHOM KPMBOH, T. €. eC/H CYILeCTBYeT HenpephiBHas
Bextop-pyHkina x = x (f), 0<<t < 1, takas, uto x (0)=x’,
x(h)=x", x(t)€EE (cm. § 8.1).
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Ompeskom Xx'x” uasbiBaercsi Kpusas X ({)=1ix' +
+ (1—8)x", tE[O l] O4E€BHIHO, HElipepbiBHAS M COCAR-
Hsloldst TOYKH x X',

CB53HOE OTKDBLITOE MHOXKECTBO HA3HIBALTCH 004GCMbIO.

§ 8.3. MNpeaen dyHKunn

§ 3.2 paccmaTtpHBanoch TIOHSITHE npeaena ()yHKHKHHU
OHOH nepemeHHoH. 37ech 3TO NOHATHE obobuiaercs Ha cay-
yalf QYHKUMH MHOTHX NEPEMEHHLIX.

Mo onpexeaenmo ¢yukyun f(x)=f(xy, ..., x,) umeem
npedea 6 noyke X" = (xP, ..., x8), paBuuii uncay A, obosua-
yaeMmblil Tak:

lim f{(x)= lHm f(x,, ..., x;) =4 (D
£ IR '

‘ (=1, ....n)

(nuwyt ewe f(x)— A (x— x9), eCM OHa Olpejedena
Ha HEKOTOPOH OKPECTHOCTH TOUKH x 33 HMCKJAOYeHHeM,
OGbLITb MOXKET, €e CaMOH, H eCJH CYUIeCTBYeT Npeaed
_ dim o f(xf)= 4, @)
lxk-xe| >0 :
xk £ xo

KakoBa Gbl HHM 6plIa CTpeMAIANCH K X' N0CAEI0BATE/IBHOCTD
TOYEK X* U3 yKa3aHHOH OKpecTHocTH (k=1, 2,...), oTaHy-
HBIX OT X° (cM. § 8.1).

Jlpyroe skBHBaJIeHTHOE ONpeJe/elne 3aK/I0UaeTcsl B CJle-
AylouleM: gyukyua [ umeem 6 mouxe X° npedea, pasuoii A,
€CJH OHAa onpejestieHa B HEKOTOPOIl OKPECTHQCTH TOYKH X9,
3a UCKJoYeHHeM, ObITb MOXET, ee caMoil, W Ans Jioboro
&£ > 0 naiigerca Ttakoe 8§ > 0, uro

If(x)—A]<e (3)
A BCEX X, YAOBJIETBODPSAIOWHX HepaBEHCTBAM
0<|x—x"|<8. 4)

310 onpeleneHHe B CBOIO OYepeAb 5KBUBAJEHTHO CJe-
nyiou_Lemy aas ao6oro & >0 nailperca okpecthocts U (x9)
TOukH Xx° Takaf, uTO AaA BceX X € U (x9), xaﬁx" Bhis
. MOJIHARTCA HepaBeHcTBo (3), a
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Chopmyanpyem ycnosue Kown cymectsoBanua mpepena
(10Ka3nliBaeMoOe KaK B OJHOMEDHOM cJaydae) (cMm. § 3.2, Teo-
pema 5).

Jrs mo2o umobet ¢ynkyus [ umesa 6 mouxe x° npedea,
(koneunnui), Heobxodumo u docmamodno, umobbe 0aa 06020
e > 0 nawanace okpecmrocms U (x°) (B 4aCTHOCTH, Ky6 HJH
wap ¢ UEHTPOM B X°) maxas, umobbl 025 écex x, x' € U (x),
OMAUUHBIX OM X°, UMEAN Mecmo HepagexHcmso

[F(x)—=f(x) ] <e.

Oyepuano, uTo ecan yucio A ecth npegen f(x) B x°,
T0 A ectb mnpefen QyHKuMH [(x°-+ k) or A B HyJesoi
TOUKE:

lim f(x°+h)=A
h—>0
¥ HaoGopor.

PaccmoTpHM HeKOTOPYIO QyHKLHIO f, 3afaHHYIO BO BCeX
TOYKaX OKPECTHOCTH TOYKH X°, KpoMe, ObiTb MOXKET, TOUKH X°;
nycts @ =(®, ..., ©,)—TPOH3BOJbHLIK - BEKTOP JJHHBL
eannuua ((o|=1) u tZ>0—ckanap. Touky BuAa X°+fe
(0 <{¢) 06pasyroT BBHIXOAAIHA M3 X° Ayt 8 Hanpasienuu
sekmopa ©. [N KaXAOI'0 @ MOXKHO PaceMaTpHBATb GYHKLHIO

f#+to)=f(x+to, ..., xi+10,) (0<t<8,)

OT cKaJsipHol mnepemeHHol f, rie 8, ecTs 4ucsi0, 3aBHCH-
wee ot o. [Ipepen sroit GyHKuMM (OT OAHOH nepeMeHHOM {)

lim f(x'+te)= lim f(x{+to, ..., x3+10,),
10, >0 t-+>0,£>0
€C/IH OH CYUIECTBYET, €CTECTBEHHO Ha3BaTh npederom f
8 mouke X° N0 HANPABACHUIO 8eKMOPA ©.

[Ipumep 1. Paccmorpum ¢QyHKUHH

R+ "

f (e Xz)zm' o @(x, xz):m-

3t QyHKUMH onpeneneﬂu Ha [JIOCKOCTH (X;, X,) 38 UCKJIO-
yeiiem Toukn X' =(0, 0). Hmeem (yuects, uto |x,[*<C
< (xf4-19)72)

2 (xi+x3)*/?
1 (g o) | < 22 g 0 ity 9= 21— 20,

2 2
i+
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OTKYJAa
lim f(x,, x,)=0

Xy, X3+ 0

-

(anst e >0 nonaraem 8 =¢/2, u Torna |f(x,, x.)| <e, ecan
TOJBLKO | x| < 6).
Janee, cuuTasd, 4YTO R—NOCTOAHHAs, HMEEM X, =KX, W

1 —&?
@ (¥, kx1) = W'r

OTKyfa BHAHO, yTO npenes ¢ B (0, 0) mo pa3HbiM Hanpas-
NeHuAM BooGlie pasjuyed. [losToMy ¢ He uMeeT npejena
B (0, 0).

[Tpumep 2. Paccmorpum B R, QYHKIHIO

fx, y)=xy/(x*+y*), x*+4y*=+#0.

Jlannas ¢yuxkuus B Touxe (0, 0) Ha /1060 NPAMOH y = &,
NPOXOAALLEH Yepe3 Hayaso KOOPJAWHAT, WMEeT npeaes, pas-
HElf HYJI0:

f(x, kx) =k’ /(x* + R2x?) =kx/(x*+k?) —0 npu x—0.

Onnako 3Ta QyHKLMA He HMeeT npejesa B Touke (0, 0),
6o npH y==x?

Cf(x, ) =xy(x*4+x)=1/2 u lim f(x, x%)=1/2.
x -0

y=x

Bynem nucate lim f(x)= oo, ecin dyHkuus f onpepe-

x > x°
JeHa B HEKOTOPOH OKPECTHOCTH X°, 33 HCKJ/IOUEHHeM, GLiTh
moxer, x° u jaaa Bcakoro N > 0 naitgetca 8 > 0 Takoe,
yro |f(x)| > N, xoab ckopo 0 <|x—x°| <8.
MoXXHO roBopHTb O npejene f, Kormga X —— oo:
lim [ (x) = A. (5)

L = @

Hanpumep, B cayuae koueusoro uucna A paseHcTso (5)
H4J0 NOHHUMATb B TOM CMbICJE, 4TO JUJIfl BCAKOTO & > O MOXKHO
ykasaThb Takoe N >0, yTo AJ8 TOYeK X, AJA KOTOPHX
|x|> N, dyuxkuus f onpeneseHa H HMeET MeCTO Hepa-
BeHCTBO |f(X)—A| <e.
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CﬂpaBellJlHBbl paBeH(‘TBa
hm A (x):f:cp(x))— hm f(x)i llm 0 (%), (6)

hm (f (x)- (p(x))— llm f(x) Ilm (p(.x) (7)
‘ Ty © -
e = m e (Mm@ 0. @)

rae MoxeT Oblth X" = oo. [Ipn 3TOoM, Kak O6GBLIYHO, npejesl
(KOHeuHKe) B MX JI€BbIX HaCTAX CYLIECTBYIOT, €CJM CylLeet-
BytoT npefennl [ u ¢. Jlokaxem ans npumepa (7).
Myecrs x%-— x° (x*% £ x°); Toraa
lim (F(x®) p(x¥)= lim f(x*). lim ¢ (x*)=
x4 xv xk 5 xo xR xo0

= lim .f (x) lim [ x). (9

Takum obpasoM, npeaen B JeBoi 4acTH (9) cymiecTByer
¥ pasBed mnpaBoil uactd (9), a Tak KaK nocsefoBaTe/NbHOCTb
{x*} npousBosibHa, TO OH paBeH npeaeay QyHKuUMH [ (X) @ (X)
B TOouke Xx'.

Teopema 1. Ecau ¢ynxyua | umeem npedea, ne pas-

Hbtll HYAI0 6 mouKe X°,
lim f(x)=A 0,
x - x0

mo cywecmeycm O >0 maxoe, umo 0is ecex x, ydoeaemeo-
PAIOWUX HEPAGERCTNEAM

0<|x—x"| <8, (10)
oHa yodoeaemeopsaem Hepasexcmey
[F(x)|>[A)2. (n

Bonve moeo, ona coxpansem mam 3Hax ducia A.

B camom nese, nonoxus e=|A|/2 naigem 6 > 0 Takoe,
yro6bl AAs X, YIORJAeTBOpsiomux HepaseHctBaM (10), Bbl-
NOJIHAJI0Ch '

[f(x)—A] <] A2 (12)

[learoMy ans TaK¥x X
412> |A—[ =) =1 A=),
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T. e. umeer Mecto (11). U3 (12) nas ykasanHeIX x caenyer:

a-LAl < pm<a+ 14l

orkyna A/2<f(x) npu A0 u f(x)<A/2 npu ALO
(coxpaHeHue 3HaKa).
3ameyanue. B § 8.12 6yner nano Go.Jee ofiiee onpe-

AejeHue npejena QyHKUHH, 3aJlaHHOH HA [POHU3BOJbHOM
MHOXeCTBe.

§ 8.4. HenpepniaHas QyHKUHUS

ITo OTIpeJie I Hi0 q)yfomurm F(x)y=F(xiy ..., x,) Henpe-
poisna 6 mouke X°'=(xi. ..., x§), eciu OHa omnpeje/eHa
-B-HCKOTOPOK €e OKPECTHOCTH, B TOM UHCJIe H B CaMO¥ TOUKe X°,
H ecqn Dpefesl ee B TOYKe X paBeH ee SHAYEHHIO B Hel:

e H — 9
s s Jhm ) —F(x0). 88
X —+ x9

Ycaosue HerpepblBHOCTH [ B TOUKe X° MOXKHO HanHcathb

B 3KBHBAJIEHTHO# thopme:

Jim F(°+ A) =F(x", (1

T. €. QyHKuMs f(X) HenpephlBHa B Touke X°, ecau Henpe-
puBHa ¢yHKuus f(x°--A) or B B Touke A =o0.

MoxHo BBeCTH NOpHpalleHxe [ B ToYKe X°, COOTBETCTBYIO-
uee npupauenuo h=(h,, ..., h,), i

Anf(x)=F(x"+B)—f(x°)

H Ha ero si3nKe ONpeResHTb HEeNpepulBHOCTL [ B X% ¢yHk-
yua [ nenpepoisna 8 x°, ecau -

lim Ay f (x°) = lim [fx+hy, ooey x34-h,)—
R—+o h ..., hp >0
—f(xh oo x3]=0. (17

U3 ¢opmyan (6)—(8) § 8.3 nenocpeAcTBEeHHO caefyeT

Teopema 1. Cymma, paswocms, npouseedenue u wacm-
Hoe Henpepoisnolx 6 mouxe Xx° @ynxyuid f(x) u @ (x) ecme
HenpepolBHan GynKkyus 6 smot mo4Kke, €cAt, KOHE4HO, 8 CAY-
uae wacmrozo @ (x°)=0. :
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TocTosAHHYI0 ¢ MOXHO paccMaTpuBaTh KakK GyHKUHIO
f(x)=c or x=¢x,, ..., x,). OHa Henpe€pniBHa AJIA JIO-
6oro x, MOTOMYy YTO :

F(x+h)—f(x)=c—c=0—0 (h— o).

Crepyiowell 100 CJAOKHOCTH siBAsieTcss QyHKuHs f; (X)=x;

(j=1, ..., n), TAe HHJIEKC j MOXET PaBHATLCA OAHOMY M3
anayenuit 1, ..., n. OHa Takxe HenpepniBHA (KaK ¢YHK-
nHsa 0T X =(%;, ..., X,)!). JelicTBuresrHo, nycte A =
= (hy, ..., B,); TOTAA
[ (k- B)—f; (%) | =| (5, +h) —x; | =y | < | k| — 0

' (h — 0).

Ecan npoussoauts Haj QyHKUHMSMH X, H MOCTOAHHEIMH J€H-
CTBHH CJIOKEHHSI, BBHIUHTAHHA H <YMHOMEHHS B KOHEYHOM
yucae, To OGylneM nonyuaTh YHKLUHH, HA3bIBaeMble MHO20-
arenamu om X uau (%, ..., x,). Ha ocHoBauuH c¢opmy-
JIHPOBAHHBEIX BHILIE CBOHCTB MHO204NEHOL CYMb Henpepolsrbie
¢ynkyuu va R, (a1a Bcex X € R,). Otnowenune P/Q npyx
MHOTOU/IEHOB €CTb PAYUOHAALHAS (PYHKYUSA, OYEBHIHO, He-
npepoiBHass BCOAY Ha R,, 32 HCKJIOYEHHEM TOYeK X, rje
Q(x)=0.

DyHKIHSA
P(x)=x}—xj+xix, + 2x3x, — 3x2 -+ 4

MOKET CJYXHTb [IPHMEPOM MHOTOUJIEHA OT (X,, X,, X;) TPeThel
CTeneHH.

CnpaBeiauBa

Teopema 2. ITyemo ¢ynxyus [(X)=f(xy, ..., x,)
Henpepoierna 6 mouke X°=(x{, ..., x%) npocmpatcmea R,
(mouex x), a pynkyuu @, (&) =@, (4s, ..., u,) Henpepovigrol
6 mouke u®==(ul, ..., uh) npocmpawcmea R, (mouex u).
IMycme, xpome mozo, @, (U°)=x] (j=1, ..., m). Toeda
Gynkyus

F (u) = f (P (u)v P (u)! seny '(pm (u))

HenpepoisHa (no w) 8 mouxe ul.

JokaaarteabctBo. Tak xak [ HenpepuBHA B X°,
To AJs Jioboro e >0 MoxHo yKasaTb § > 0 Takoe, yto f
onpefenena Ans BCEX X, AJs KOTOpuX |x;—x}| <8 (j=
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=1, ..., m), W LJA HHX BHINOJHAETCA HEPaBEHCTBO
[f(x)—F(x*)]| <e, u Tak Kak QyHKUMH @, HENpepuBHHI
B TOuKe #° nmpocTpaHcTBa R,, TO MOXHO ONpele/]HTb TaKoe
1 >0, uro A5 Touek &€ R, wapa |u—u’| < n BBINOAUSA-
I0TCH HEpaBeHCTBA

lg; (8)— @, (w)L<8 (j=1, ..., m).
Torna BLINOJIHAGTCA TaKXKe HepaBeHCTBO

| F (@) —F ()] =
1@ ), e O @) —[ (@ ), - eer 0 (@) <e,

H TeopeMa NOKa3aHa. 4

yukuMio MH OyaeM Ha3biBaTh Jaemenmaprod Pynrkyued
OT [epeMEeHHBX X;, ..., X, €CJH OHAa MOXET GbTh NoJjy-
yeHa U3 STHX TNeEPEeMEHHBIX H KOHCTAaHT € MPH NOMOUIH KO-
HEYHOrO YMCJa ONepauuil CJOMKEHHS, BbIUHTAHHA, YMHOXG-
Hufl, JEJEHHA W onepauuil ¢, rie ¢ — 3JeMeHTapHble QyHK-
uuu oT ofHoi nepemeHHolt (cMm. § 3.8). DPyHKuuH

1) sinlnV T4+ Fy? =f, 2)sintx+cos®(x+4y)=Ff,

1—y
3) lnx_—l—j ~fa

MOTYT CJYXHThL OpPUMEPAMH 3JIEMEHTAPHBIX (PYHKLHM.

Jlerko mnpoBepuTb, NoJb3yschk TeopemaMu 1, 2, uto PyHK-
uuy f, ¥ f, HenpepeIBHBI HA MJIOCKOCTH (X, ), PyHKILHS Ke f,,
OYEBHIHO, onpejeseHa M HENpepulBHA B-TeX Toukax (x, y),
ANA KOTOPHX AP0Ob (X — y)/(X + y) MOJOXKHTEIbHA U KOHEYHa.

M3 TeopemMer 1 § 8.3 u omnpeneseHus HeNpepuBHOCTH
(GYHKUHH B TOYKE HEMOCPEACTBEHHO CJeAyeT

Teopema 3. Pynkyua f(xV=f(x,, ..., x,), Henpe-
pui6Has 8 modke X" u He PAsHAA HYAr0 8 IMOU mMOoMKe, CO-
xpansem 3HaK [ (X°) 8 Rekomopol okpecmuocmu 3ot MoK .

Cnencreue. [Tycmp ynxyua [(x) onpedesena u Henpepsista
#a R, (60 eacex mowxax R,). Tozda mnoxecmeo G modek x, 20e ona
yOosaemeopnem Hepasencmeay [ (x) > ¢ (uau f(%) <c), KaKosa 6 Hu
66100 NOCMOARKKAA C, eCmb OMKPHIMOE MHONCECMEO, )
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B camom pnese, ¢yukuus F (x)=/f(x)—c HenpepniBHa Ha R, H
MHOXECTBO Bcex Touek X, rae F (x) > 0, coenapaer ¢ G. Ilycth x°€G;
TOTZA CYIIECTBYET LIap

Jx—x°| <4,
Ha KotopoM F (x) >0, T. e. oH nmpuHazaexuT K G H Touka X°€G —
BHyTpenHsaa ana G.

Cayyait f(x) < ¢ RokasbBaercs aHaJjo-
FHYHO.

ITpumep. Pynkunu

\
n x:
h@ =Y, —=(ax > 0);
7 o
\ f2 @)=Y 2,
1

Puc., 97. onpejefieHhl H HenpepuBHul HA R .
B TakoM cJyyae MHOXECTBA 3HaY€HHH X,
ana KOTOphIX BbITOJTHAKOTCA HepaBeHCTBA
fi(x) <c (i=1, 2),—orkpuThie MHokectBa. [leppoe u3 HHUX eCTb
BHYTPEHHOCTh 3JJIHNCOMAA B n-MEPHOM NPOCTPAHCTBE; BTOPOE NpH n=2
CyTh BHYTPEHHOCTb KBaApaTa, H3ao6pakeRHoro Ha puc. 97.
Hepasenctea f;(x) > c¢ > 0 onpefeasiior BHEWHOCTH YKa3aHHHIX

¢uryp.

o |

By

§ 8.5. YactHble nponsBopHbIE
M TIPOM3BOHAS MO HANpaBaeHHIO

B stom naparpage Ml 6yjaemM paccMaTpUBaTh QYHKIUMH f,
onpejesIeHHLIE HA PON3BOJBHOM OTKPHITOM MHOXeCTBe GC R,.

Ha3oeem npupawenuem [ 8 mouke x=(x;, ..., X,)
(€G) no nepemennod x; ¢ waeom h eeautuny

ijhf (x) = .
=f(x1-, ey X/..i, x,—}-h, x,”. cesny x,,)—f(xl-, ceay x,‘),
rae h— neficTBUTENIBHOE YMCJO, JAOCTATOUHO MaJjoe, YTOOH

3Ta BeJIHYHHA HMEJA CMbICJ.
Yacmhoii npoussodHotl no x, 8 mowke X Ha3blBaeTCs Npe-

AeJ .

f’x/ = f 0X/ —’1,,1_,0 h (j=17 teoey n)’

ecs OH cyllecTByeT. YacTHas npoH3BoAHaS -f-%ﬂ ecth OO



§8.6. HACTHBE IIPOH3BOAHBIE 319

Hasi NPOM3BOAHAA OT QYHKUHMH [(Xf «ous xu,,), paccmaTpu-
BaeMo#l KaK (GYHKUHf TO/MbKO OT NEPeMEeHHOH X; [IPH uxcu-
POBAHHBIX Xy, «..X;_4y Xjigy «o9 Xpe - :
dyuxuus z=f(x, y) OT AByX NepeMeHHBX HK306paxa-
eTcsi B TPeXMEpHOM NpPOCTPaHCTBe, € 3a/aHa MpsMOYroJb-
Has cucTeMa KOOpAMHAT (X, Y, Z), NOBEPXHOCTbIO -— reOMeT-
pHYeCKMM MecToM Todek (X, ¥, f (X, y)), rAe (x, y) € G. Ode-
BHJHO, 9TO eeaudura [y(X,, Y,) (ECNH OHA CYUIECTBYET) PAGHG
~MAHEEHCY Y2AQ HAKAOHA K OCU X KACAMEAbHOU K Ce4eruio
Mot nosepXHOCMU NAVCKOCIbIO Y =Y, 8 mouKe, umelowed
abcyuccy x,. :
%CJ‘[H dyHkuusa u=f(x;y «.., X,) HMEET HACTHHIE MPO-
H3BOAHKIE 6—xf,, (k=1,...,n)BoBCeX TOUKAX X = (Xy, ..., X,) €

€G, TO.3TH NMPOM3BOAHBIE MOXHO PAacCMaTPHUBAaThb KaK HOBbIE
(QYHKUHH, 3aJaHHble Ha MHOXecTBe G.

[TosToMy MOXHO NOCTaBMTb BOMPOC O CYLIECTBOBAHUH
YaCTHBHIX NPOM3BOAHHIX Yy 3THX (YHKUHA MO KaKOMY-a160
nepeMEeHHOMY B TOUKe X. '

0
Ecnu y dyHkuuu Ex—f,, CYLIECTBYeT YaCTHAsA NPOM3BORHAA

CHOBA NO NEPEMEHHON X,, TO ee HA3BIBAIOT YACMHOUL NpPous-
80040t emopoeo nopadka om Qynkyuu f(X) no nepemenrod
a‘l
Xg W 06o3HayaroT 51 Takum obpasom, no onpeaeseHHIo
Xk

7 (),

dx)  0xp \0xg

Ecaun cymectByer 4acTHasi npoM3BOAHAs OT GYHKIUHU aﬁf

v o v . xk

Mo KaKOH-nu60 Apyro¥ mepeMeHHO# X; (i==k), To 3Ty upo-

H3BOJIHYIO HA3LIBAIOT CMEWARKOL 4ACMHOL npou3eodHod emo-
poco nopaodxka u o603HAHQIOM CUMBOAOM
0% o ( of )

Ox0xy, =ax; dxp

Ilns Gynxuuu OT ABYX nepemeHHHX [ (X, y) MOXKHO pac-
CMaTpPHUBaTb YETbIPE MPOM3BOAHEIX BTOPOrO MOPFAAKA
0*f 0*f o*f 9
0x2' Oxdy' Oyox' o0y3°
Ecan npoussofHbe BTOPOro mopsaka (sce WIH KaKase
KGO OfHA) CyLIECTBYIOT AJA BCEX X €G, TO MOXET BO3-
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HHKHYTh BOMPOS © CYUIECTBOBAHHH YACTHHIX [POH3BOAHK X
TPeThero Nopsifka.

Boobiue, 4acmuol npousodnoli n-20 nopsadka 6yjaeM Ha3wl-
BaTh YacTHYIO MPOW3BOAHYI0 NO KaKOMY-HHOYAb nepemeH-
HOMY OT HeKOTOpO# NPoH3BOAHOM (1 — 1)-ro nopaaxa. Hanpu-

mep,
a( »f )__ o*f
A \dx3y)  oxdy "
a
YacTHbe POH3BOAHBIE 54\5’_& GyAeM Ha3LBaTh YACHIHbIMU

npnuas()anbl.uu nepeoco nOpﬂaKa, a camy ¢ymuu’0 f dacm-
HOG npousmﬂlwu HIjAe8020 nopﬂaxa
I.l.nﬂ HJaCTHHKIX MPOU3BOJAHLIX 6y}[9M TaKxKe yﬂOTpe6J]ﬁTb
CHAMBOJIHK Y
of
D’xfz-aTl' DIle:f‘_

=

I g O g
Oxdxz’ oo g =Tum oxoy (w

Ecmm r=(ry, ..., r,)—BEKTOP ¢ HEOTPHUATEJbHEIMU
HeNLIMH KOOPAHHATaMH, TO MRIIYT

6”,4— .+r

Drf=Dy...D "f—~ ,,.
..Ox;n
Mpuwmep. Haittu 3z afy, 0T¢1yHKuHH f(x, y)= x® +sin xy.
HNmeem

of o .
——xcosxy. a—yz————x’smxy,
63I

o 2x sin xy — x%y cos xy.

EcrecTBeniio Bo3HHKaeT Bonpoc, GYAYT JIM PaBHBl MEXKLY
cofoil w4acTiiple TMPOH3BOAHBIE, €CJAM OHH B3ATH [0 OAHHM
M TeM Ke TNepeMeHHbIM, OJHO H TO M€ YHCJIO pas, HO B paa-
HOM MOpAJIKe.

Hanpuwvep, pasundl an

04f " af .
0xdy*0x oxoy:”

B ofuweM cnyyae OTBET Ha 3TOT BONPOC OTPHUATENBHHIA.
OnHaKo HMeeT MECTO cJeAyloulas TeopeMa, KOTOPYIO MBI
opopmyanpyeM AnS QYHKUHMH OT ABYX NEPEMEHHAIX.
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Teopema, (0 CMeWaHHHX TNPOH3BOAHHX).
TMycme pynxyus u=f(x, y) onpedesena 6mecme co CeOUMU

npou3soOHbIMU =~ o O 9, Hexomopou
YACMHOIMU PO 31 2y’ axop’ "y?,’:, .

oxpecmrocmu mouky Py= (x,, Y,), nputem axoy Y oyax Henpe:
poinsl ¢ modke Py, moeda

0% (Py) __ 0*f (Po)

dx dy dyox '

m. e. 8 3mom caydae peaysvmam Judhpepernyuposanus He
3aeucum om nopsoka Oughpeperyuposanus.

Mbl He OyjeM NMPHBOAMTE JOKa3aTejabCTBO 3TOH TeopeMul
H OrpaHHYHMCA CJIeAYIOWHWMH 3aMe4aHHAMH.

3ameuvanue 1. [lo HHAYKUHH JlerKO PacnpoOCTPaHHTh
3Ty TeopeMy Ha Jolble HelpepbiBHbIE CMElUaHHBIE YaCTHBIE
IPOU3BOJHLIE, KOTOPhIE OTJHMYAIOTCA APYr OT APYra TOJbKO
nopsiAkoM Audubepenunporaiins. Hanpuwmep,

_OF 9 Jo [ory\ _ 0 fa o
Ox0y? ™ dx\dy |dy |  ady\ox|ady| [ —
= 0 _ 9 [d [ __ &
T Odyodxdy oy \Oy [0x]| [ T dyx®
3ameuanne 2. Ecanm ycaosre HenpepsiBHOCTH OTCYTCTBYeT, TO
CMellaHHble NPOH3BOJIHBIE MOTYT ObiTb pa3jHuBLIMH B Touke P, Pac-
CMOTPHM (pyHKUHIO
3
/(x.y):;%g?‘-, ecan x2+y2 # 0w f(0, 0)=0.
Jlerko noacuuTath, 4TO

) x4 2,2 ,
fx(x, y)=y(¥ﬂ—'f§’:—z)y; npu x2-Hy* £ 0 fr (0, 0) =

=l,mf(x! 02_ ,(01 o)zo:
x

x>0

, ) 2__ .2 ,
fy (x, y)=x’(:T+—ny)., npt x*+42 # 0u fy (0, 0)=0.

Jlanee no onpeaeiieHRIO

fr (0, 0)=lim fol, 01y 0, 0= i 2=0— g,
X

X x>0 X
Fox (0, ) =1im 2@ D=1 @ O _ . 0—0_,
v—>0 y y—-0

11 5. C. Byrpos, C. M. Huxoanckuft
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T. e.
f::I/ (0, 0) # fyx (0, 0):
OtMeTHM, YTO WaCTHLIE M{OH3BORHLIE f;,, ] f;x paipsisres B Touke (0, 0),

6 1,2 _ . 2.1

- +(G———§3 2,-13 4 uph x24- 4?50, 0TKY A2 BHANIO, 4TO
x2 - y?)

. 1 "

lm'l0 fyx (x, y)=? # fyx (0, 0)=0.

X—

X=14y

Harnpumep, f;, (x,y)=

MoXHO ele BBECTH MOHSITHE 110U3600HOL N0 HANLPABAEHUIO.
B cayuae QyHKUMM OT OjHOH MepemMeHHOH OHO He ynoTped-
nseTcs.

Myctsb @ = (o, ..., ®,) €CTb NPOU3BONLHBIH eAHIHUHBIA
Bektop. [1pou3sodnod om ¢yrkyuu [ 6 mouke X no Hanpas-
ACHU O HA3bIBACTCA Tpejen

of i f(x4-to)—f(x)
a—— lim ——T_

L |
t >0

(ecau oun cywecrsyer). Ilogyepkuem, 4YTO NpH BLIYHCJEHHH
3TOTO Mpejena npejanoJaraercs, 4To ! CTPEMHUTCS K HYJIO,
[IPUHHMAS NOAOHUMEAbHbIE 3HAYEHUSA, MOITOMY MOXKHO elle
CKa3aTb, YTO ?%f:—) ecnms npasas npoussodnas 8 mouke =0
om ¢ynryuu f(x +tw) no .

MoxHo, Kak b caydae yHKuHil OT OAHOH nNepeMeHHOI,
FOBOpUTb O MPaBOfi It JEBOH YACTHHIX MPOH3BOAHBIX MO X;.
Hano yuecTb, uTo npoussodHas no HANPABAEHUIO NOAOKHCU-
measHol ocu x; cognadaem ¢ npaegoii 4acMHOl N POU3BOAHOL
no x;, 00HAKO NPou3eodHan No HANPAGACHUID ornpuuaume/zbnoft
ocu Xx; umeen 3HAK, NPOMUEONOAINHCHLIL 3HAKY AC60U Npous-
800HOU 10 X,

§ 8.6. Jduddepenunpyembie GyHkunn

Inst npocToTh! 6yeM pacCMaTPUBATh TPEXMEPHBIE CaAyYa;
B n-MepHOM cJjaydYae paccyxaenus auanoruyus. Cayuait
n=1 6bl1 creuuasnbo paccMotped B § 4.7.

[lycts na oTkpuitom MmuoxecTse G R, 3agaHa GyHKIHUR
u=f(x, y, 2), uMetomas B Touke (x, y, 2)€G Henpephs-
Hble YacCTHhle MPOU3BOAHBIE nepBoro mopsizka. OTci0Aa aBToO-
MaTHYECKU CJeflyeT, YTO 3TH 4YacCTHblE NPOU3BOAHbLIE CyLle-
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CTBYIOT B HEKOTOFOH OKpecTHocTH (X, Yy, 2), XOTs , OHTh
MOXeT, OHY B TOYKaX, OTJAMYHHX OT (x, Y, 2), He SBAAIOTCA
HenpepuiBHbMH. PaccmoTpuM npHpzwenwe [ B (x, Y, 2),
coOTBeTCTBYlOllee npupaienuio (Ax, Ay, Az), re |Ax|, | Ay,
|Az| wenblne’ 6 u & pocratouno masno, uto6Hl TOYKa
(x +Ax, y+ Ay, 2+ Az) He BLIXOAHIA U3 YKA3aHHOH OKpeCT-
Hectn. MmMeloT MecTo paBeHCTBa (MOSACHEHHS "HHXKE):

Au=f(x-+Ax, y-+Ay, z4+A)—f(x, y, 2)= (1)
=f(x+Ax, y4 Ay, z-+-A2)—[(x, y-+- Ay, 2-+A2)+ (2)
+f(x, y+ Ay, 2+ A2)—[(x, y, 2+ D2)+ (3)

+f(xv Uy z-}Az)-—f(x, Y, 2)= (4)
=fr(x+0,Ax, y+ Ay, 2+ A2) Ax
+f,t’/(x$ y'f"egAy’ Z+A2) AU ’*' f; (X, Y, 2‘*'63A2) AZ= (5)
=(fx(x, 4, 2)-Fe) A+ ([, (X, ys 2)+e) Ay +
+(f2 (%, 4, Z)q—ﬁa)A2= (6)
=i s OB By 4 Do) ()
(p—0),
0<6;,0,0 <1, p:VA(x'* -+ Aoy)2+A22, Eiy &y Eg—0  (8)
o — .

[Tepexon ot (2) x nepeomy uJeny (5) o6OCHOBLIBaeTCH
Tak: ¢ynkuusa f (&, y-+4Ay, z+ Az) or § (npu duKcHpoBaH-
HbIX Y-+ Ay, z-+Az) nveer no ycJoBko NpOH3BOAHYIO (110 E)
Ha oTpeske [X, x+Ax], M K Heil nmpuMeHdma Teopema Jlar-
paHxa O cpeaHeM. AHaJOrMyHble JIOSICHEHHS! KO BTOPOMY H
TperbeMy uynenam (5). Tlepexox ot (5) k (6) uucto ¢op-
MaJbHbI: MLL NOJOXKHJI, HanpuMep,

f;(x+0|Axr y‘l“Ay! Z+AZ)=f,’,(X, Y, z)+£1"

Ho He dopmanen 3pecs ¢akt, uto ;,— 0 npu p—0. On
C/JelyeT U3 NPpeANOJOXEeRHOH HenpephiBHCCTH fr B (X, Y, 2).
Haxkonen, nepexon ot (6) K (7) CEOANTC K YTBEPXIEHHIO,
YTO HMEET MECTC PABEHCTBO

g Ax+eAy-teAz=0(p) (p—0).
B camom pene, Tak kak |Ax|, |Ay|,|Az| <p, 70 npn p—0
|61Ax+e?Ay+saAz|/p<]ell+|52|+]egl——»0.
Mu AGKa3aNM RAKHYIO Teopemy:.

11
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Teopema 1. Ecau ¢ynkyusa u=Ff umeem Henpepois-
Hble 4acmusie npoussodnosie (nepeozo nopadka) e mouke (x, Y, 2),
mo ee npupauenue 6 Mol mouke, coomeemcmayrouiee docma-
mouno maromy npupawenuro (Ax, Ay, Az), moxHo sanucame

no gopmyse
of of of —
Au=3.Ax +5. Ay+5Az40() (0 —0), 9

0= l//'Ax2+ Ayz _%_ Az2'

20e uacmusie npouseodHvie 83samot 8 mouke (x, y, z).

Tak xak 3HaueHUs 4YaCTHBIX [POM3BOAHLIX B NPaBoH
yactu (9) He 3asucat or Ax, Ay, Az, To u3 ycJopuit Teo-
pembl 1 cnepyer, yTo mpupauienue f B (X, Yy, 2), COOTBeT-
cTByioliee npupauwenuio (Ax, Ay, Az), Moxer G6bTb 3anu-
caHo no ¢opmyae

Au=AAx+BAy4-CAz4-0(p) (p—0), (10

rae uucaa A, B, C ue 3aBucar ot Ax, Ay, Az,

Cnenaem cJepyiolllee ONpefjeneHHe: eC/IM [pPHpallieHHe
¢byskuud f B TOuke (X, y, z) AAA JOCTATOYHO MaJblX
(Ax, Ay, Az) moxer GoiTh 3anucaHo B Buae cymmbl (10), rae
A, B, C—uucna, se 3apucanime ot Ax, Ay, Az, 10 roso-
pAaT, uto byuxuus f Ouddepenyupycma é mouke (x,y, 2). Ta-
KuM ob6pasoM, duggpepernyupyesmocme pynxyuu f 6 (x, 4, 2)
3axamodaenica 8 mom, 4mo ee npupawerue Af 8 smod mouxe
MOJMCHO 3anucatie 8 eude cymmol 08Yx caazaesbix: nepeoe CAG-
2aemoe ecmb  audetinas  gynxyus A Ax4-BAy-+-CAz om
(Ax, Ay, Az)—ona Hasvleaemces 21a6HOIT AUHElHOL 4ACMbIO
npupawenus Af, omopoe e caaeaemoe 8oo6uge CA0HHO 3a-
sucum om npupaueruil Ax, Ay, Az, Ho ecan cmpemums ux
K Hyao, mo oHo Oydem cmpemumocs K Hyao Geicmpee,
uem p=V Ax*4-Ayr - Az2.

Jlerko Buaetb, yto ecan GyHxkuus [ AudbepeHuupyema
B Touke (x, Yy, 2), T. e. mpeictasasercst pasenctsom (10),
TO OHA HMeeT B 3TOiH TOUKe YaCTHbie MPOU3BOAHLIE MEpBOTrO
Nopsifika, paBHHE

of of _ of _
a—x-TA-"A, 5!;—3. a—z—C- (ll)

Hanpuwmep, nepsoe pasenctBo (11) noka3biBaeTcs Tak.
[ycts npupawenne f B (x, y, z) 3anuceiBaeTca no ¢op-
Myae (10). Ecau cuutaTh B nocaefseit Ax=h, Ay=Az=0,
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10 nonyuum paBenctBo A, u=Ah-+o(h) (h—0). Ilocne
JeJieHHsA €ro Ha A ¥ nepexojia K Npeaeny NoJy4HM

. Ax"u____a_/___
lim 258 = 3l = 4.

N3 ckazannoro caenyer

Teopema 2. [Jaa mozo umobel ynxyus | Goira Ougp-
deperyupyemoil 6 mouxe, Heobxodumo, «4mobvl OHA umeaa 6
9mofi mouke 4ACMHbie npPoussodHvie, U GOCMamoyHo, 4mobbl
OHG UMEAQ 8 3MOLl MOHKE HENPEPLIBHbIE 4aCTHble 1 POU3600HbLE.

HanomunM, yro ana ¢yHKuMH [ oOnHOH nepemenHo#
CYWECTBOBAHHE Yy -Hee NPOH3BOZHOH B TOYKe X FABJAETCA
HEOOXOAHMBIM M JOCTaTOYHBIM, YTOOB OHa ObljIa AHpdepeH-
HYpyeMoil B 3TOH TOUKE.

M3 (10) cnenyer, uto ecau ¢ynxkyua oudpepenyupyema
6 mouKe, MO OHA 00A3aMeAbHO HENpPepoibHa 6 3moll Mmouxe.

Mpumep 1. PDyukuus f(x, y, 2), paBHag HYJO Ha
KOOpAMHaTHHIX miockocTax x=0, y=0, 2=0 u eannune
B OCTaJIbHBIX TOYKax R,, MMeeT, OUEBHAHO, YaCTHbIE NPOU3-
BOAHLIE, paBHble HYJ0 B Touke (0, 0, 0), HO OHa, OYEBHAHO,
pa3phlBHA B 3TOM TOUKE ¥ NOTOMY He MOXKeT OblTb B Heh
IngxpepenunpyeMoit. Takum o6pa3oM, OAHOTO CYLIECTBOBAHHA
YaCTHBIX NMPOM3BOAHBIX B TOHKE HEAOCTATOMHO ANA AHdxpe-
PEHUMDYEMOCTH M Jae HenpepLIBHOCTH B 3TOH TOUKe,

OTMeTHM OTJIHYHE MHOTOMEPHOTO CJyuas OT ofiHomepHoro. [lpun=1
CBORCTBO AH(GDEPEHLHPYEMOCTH f B X 3aNHCHIBAETCS B BHIE PaBEHCTBA
Af=A Ax+o0(Ax), cneporatensto, ecan A # 0, TO OCTATOK CTPEMHTCH
K nyamo npu Ax — Q0 Guictpee rnaBaoi vactu. Ilpw n > 1 310 yxe e
TaK, HanpuMmep NpH n =3, KaKoBol 6bl HH Obtan uucaa A, B, C, onno-
BPEMEHHO HE paBHHIE HYNIO, BCeraa MOXHO cTpeMuTe Ax, Ay, Az Kk Hyao
TaK, WTOGbl NPH 3TOM NOCTOSINHO BHINOJNHsSAOCh papenctBo A Ax-- B Ay+
+ CAz=0, no torna B (10) ocraTouHwi uned o(p)} Boobwe GoJblue
rnasHoro. BmpoueM, ecan Mm 3acTasuMm Ax, Ay, Az CTpeMuTbCs K HYJIO
TaK, 4ToGbl BHIIOMHANACH NPONOPUHOHAALHOCTL Ax:Ay:Az=A:B:C, T0
TOTAa IViaBHAaf 4acTb Npupatienns OyAeT BEAMUHHOH, HMelOWEl cTpOro
nopsifiok P, W OCTaTOK OyleT CTPEMHTBCA K HYJIO GLHICTPee IJ1aBHOH YacTH.

Mpumep 2. Pyuxkuus u=|x|(y-+ 1) HenpepriBHa B

touke (0, 0). OpHako Jierko BHAETb, YTO % He CYLIECTBYET

B 370l Touke. CnefloBaTeabHo, 4 He An(KDEpeHHMpPVEMA B
Touke (0, 0).

Ecnn ¢yukuus f nnpdepesuupyema B Touke (x, y, 2),
TO INIaBHas JMHGHAaA 4aCTh €€ NMPHPAILEHHS B 3TOH TOUKE
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HaanBaeTcs eite dugpgepenyuarom f 8 amoli mouke, coomecm-
cmeyrouum npupaenuan (Ax, Ay, Az) nesasucumox nepe-
Mennbix. OH 3anucbiBaeTCs Tak:

_af of of
df—-a—:rAX"*—@Ay +d_Z Az.
O npyrux ofosHaueHusx mbi Gygem emie rosopute B § 8.9.

§ 8.7. KacarteabHasti NJAOCKOCTb.
FeomeTpuueckuit cmbica anddeperuynana

[Mycts 3ajana noBepxHocTs S, ondceiBaeMas dyHKUHeH
z=[(x, y), (D

AMerollell HEMpephIBHLIE YACTILIE NPOH3BOAHBIE HA HEKOTOPOIi
00/1aCTH MJAOCKOCTH X, Y.

Kacameaonoti  naockocmsto
K [MOBEPXHOCTH S B €€ TOouYKe
My = (x4, Yg124)s 20 =" (X4: Yo)
Ha3wlBaeTrcqa IJOCKOCTh, HMe-
louas ypasHeHHe

Z—z=(5) (X—x)+

+ () (¥ =52, @

— rae X, Y, Za—TeKyLune Koop-
f of
4, AUHAaTHl, a <OX>0‘ (Gy)a 3Ha-
UeHHsl YACTHBIX NPOW3BOIHBIX
Puc. 98. or f B Touke P,=(x,, Y,
O6o3HautiM  NJocKocTh (2)
yepe3 II. Ona npoxoaut uepes
Touky M, nosepxHoctit S u 064aJaRT CBOMCTBOM, OT/HMYAtO-
MMM ee OT APYruX mJockocreil, npoxoasuiux deped M,.
[Tycts P=(x, y) ecTtb TOYKA MNJIOCKOCTH X, Yy, O/sM3KadA
K P,= (%, Y,) (puc. 98). Ilpsamas, npoxoaswas uepez P
napaJijiensHO ocH 2z, mepecekaer I B Touke 7, a mnosepx-
noctb S —e Touke M. Aunjuxata M paBHa

2:f(~xv Hh -

P4
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-anmankata xe T papua

Z=F(xor 90+ (5) (x=x)+(5]) 5—30)-

Pacctosiuue Mexay Toukamu M u T paBHo

| MT =05, )= (e 90 = (51) (=)= (55) =4 @

Pacctosnne xe mexapy toukamp P 1 P, paBHO
=V (x—x)* + (4 — yo)*.

Tax kKak (QyHKIUS f 0O YCNOBMIO MMeeT HelnpephiBHLIE YacT-
Hble IPOM3BOAHBIE B TOYKe (X,, Y,), TO OHA AUpepeHLlH-
pyema B 31Ol Touke. Ilostomy mpaBas uacTh (3) cTpeMuTCs
K HYJIO ObicTpee, 4eM p, T. €.

[MT|=o0(p) (p—0).

Mbl noKasasn, uto Kacamensnas naockocme 11k nosepx-
Hocmu S 6 ee mouke M, =(x,, Y, 2,) npoxodum uepez smy
mouxy u obaadaeimn C60LUCMBOMN: PACCMOAHUE & HQNPABICHUL
ocit z om npoussoavHot mouku (x, y, f(x; y)) nosepxrocmu S
do 11 ecrmo o(p) (p — 0), 20e p— paccmosanue menGy mou-
Kamu (x, y) u (x,, Yy,) naockocnur x, 1.

370 croficTO ARIACTCS XAPAKTEPHLIM A5 KacaTeaLHOil NIOCKOCTH,
NOTOMY UTO ecail HexoTopast naockocTe [/ Bija

z—zg=a(x—xy)-+b0(y—y)) (20=] (X0, )
obnajaeT 3THUM CRONCTROM, T. €. ecAW A1l Iee RLINOANSETCSl PaBeHcTBO
P y)—1F (ko w)—a(x—x))—by—yo)=0(p) (p—>0)
MAM, 4TO BCE PARIIO, PanciicTBO
Flxo y)—F(xo, y)=ax—xg)+by—yd+olp) (p—0),
TO, KaK Mbl 3uaeMm, [ jandipepenuupyema B (Xg, Yo) U

(), (3],
o0x 0 Y/,
T. e. naockocte T’ ecth KacateabHasi Mmaockocts K S (I =TI).

Ilpapas uvacte ypaBmenns (2) ects audpepenunan [ B
TOUKE (Xy, Y,)

df = ((?—.,{)o(x—on (3—;)0 (¥ —10),
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COOTBETCTBYIOULHA MPHPAULEHUSIM (X —X,, Y—1Y,). JleBad xe
yacTh (2) ecTb COOTBETCTBYollee MpHpalleHue aNMaHKaThHl
KacatenbHoi maockoctd II.

Takum 06pa3om, ¢ TeoMeTPHYECKON TOUKH 3peHHs Aud-
?’epeﬂuuan dyHKuuUM f B TOYKe (x,, Y,) AJS NPUPALEHHH .
X—Xo Y—Y,) €CTb NpHpALLEHHE ANNJIHKAThI TOUKH Kaca-
TeJ/IbHOMH MJIOCKOCTH K MOBEPXHOCTH Z = f (X, Y) B TOUKE (X,, Y,)
LJIsT TeX JKe NpupalleHHi.

3amevanue Ecnu dyuxkuus z=F[(x, y) ue aupde-
peHuupyemMa B TOUKE (X, Yo), XOTA M HUMeeT B Hed dacrt-
Hble MMPOH3BONHBIE, TO MJIOCKOCTb (2) He HMEET CMbIC/A HA3bl-
BaTh KacaTeJbHOH [10CKOCTbIO K [OBEPXHOCTH z= f (X, Y)
B yKa3aHHON TOYKe —JJs Hee pasHocTs f (x, y)—2Z He cTpe-
MHTCS K Hymwo npH p-——0 Ovictpee p. Hanpumep, ecan
byukuus z=7{(x, y) paBHa HYJIO Ha OCAX X WU Yy H eNd-
HHULle B OCTa/JbHLIX TOYKaX IJOCKOCTH X, y, To f,(0, 0) =
=f,(0, 0)=0 u ypabuenue (2) ectrb Z=0 H pA3HOCTh
f(x, y—Z=f(x, y)—0=1 nas Bcex Touek (x, y), He Jexa-
IUX Ha ocsiX x W y. Takum obpa3om, 3Ta pasHOCTb Jaxe
He cTpemuTcs K Hymo npu p — 0.

§ 8.8. Mpoussonnaa cnoxsuoil QyHKUHH.
Ilpoussoanas no HanpaeaeHuio. I'paaueHTt

OrpannyuMmest paccMoTpeHHeM QyHKUHMI TpeX MepeMeH-
HBIX, OmpejeseHHblX HA OTKPHITOM MHOXecTBe G<R,. Pac-
NpOCTpaHeHWe H3jaraeMbiX 3fecb (aKTOB Ha A-MEpHBIA CJy-
4aid NpOU3BOLMTCS AHAJOTHUHO.

Teopema 1. [lycme ¢pynxyus

u=f(x, y, 2) (N
Outpgpeperyupyema 8 mouse (x, y, 2) €G, a ynxyuu
x:(p(t), y=9 ), 2=X(t), 2

3agucAuue om CKAAAPHO20 napamempa t, umerom npouseod-
nyro 6 t. Toeda npoussodnaa no ! om caroxcHOU  hynx-
yue (npoussodunas om [ edoas kpusol (2)) u=F ()=
= f(e (), ¥ (£), ¥ (1)) sviuucasemea no gopmyare

Fty=F@®) v x e O+
+ i@ @ $ (@), % Y O +F (@@ V), x (2 @),
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uaru, Kopoue,
du _dfdx  of dy | of dz @)

T =dxdl Togar Tazar

B camom fene, BcaenctBue nudxpeperurpyemoctdH f B
(x, y, 2), KaKoBO Obl HM OBLLIO NOCTATOYHO MaJjoe MpHpaie-

e (Ax, Ay, Az),
Au=f(x+Ax, y+Ay, 24+82)—Ff(x, y, 2)=
ad d 0 :
=a‘£-Ax +a”£A!/+ a—];AZ+0(p) (o ==V Ax*4-Ay? + A2 — 0),
(4)
3uayeHuio f, KOTOPOMY MpU TOMOLLM paBeHCTB (2) cooTser-
cTByeT Touka (x, y, 2), npuigaaum npupamedde Af. Owno
“'BBI3OBET npépameHus A x, Ay, Az ¢ yugkuvn (2) . E can
HMEHHO HX NofcTaBHTh B (4), TO MOAyYHM mOpHpalleHUe
- Ee4+ &y Rt)— M dyrkuuu F B Touke ! . [locne pene -
‘HuA (4) Ha AT v nepexoma K npeaeny MHOJAYYHM

. Au
F' ()= lim == =
(?) At—0 At
T of Ax | of Ay  0f Az | o (p)\ _ 9f dx of dy , df dz
—1ﬂxam+@ﬂ+&m'7v)—aa+@a+&m-

T. e. (3), noToMy uto dyHKUMH (2) HMEOT npbussozmble, a

-coy/ T+ (T~
— OV T=0 (A —0)

(At — 0 Baewer p —0).
3ameuyanue. Ecau dyHKuMU ¥, y, Z 3aBHCAT OT MHO-
TMX fepeMeHHKX, HampuUMep OT ABYX:

x=(p(t, T)v !/':\IJ(t. T)- ZZX(t, T)v

T0, QUKCHpYA cHayaia T, a 3ateM {, Ha ocHoBaHuu (3)
MoJy4uM

du _ 9f 0x of oy , Of 0z du _ of 0x of oz

of =azot T agor T dz5i0 v —axor Toyor T aadn

Teopema 2. Ecau oyukyua [ Ougpeperyupyema
6 mouke (x, y, 2), Mo 0 Hee uMeem CMbiCA npou3sod-
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Hasi no Hanpagaenulo noboeo eOuHUUHOZ0 8eKmMOpa M=
= (cosa, cosf, cosy), espaxaeman Gopmyrotl
of  of

o = asc08e- @cosﬁ—}—a—zcosv (5)

(o, B, y—yeavl, Komopbvle @exmop m COCAeAAeM C OCAMU
X, Y, 2).

JoxasaTteabcTBo, CornacHo oOnpeieneHlo MNpous-
BOAIOi 10 HanpaB/enuo (cm. § 8.5) W B ciny nipeabyLLei
Teopembl

Of _ jiy [x-l1cos o u-ttcosB, 2--tcosy)—f(x 4. D) _
ﬁ—tao f
t>0
- [r%f(x—l—tcosa, y+1cosf, z_;_tcosv)]I: B
_of of o
=5 cosa+ = cos[H—g;COSY»

IZie YacTiLe NPOH3BOMIBIE B3sTH B TOYKe (X, Yy, 2).

Eean x =@ (s), y=1(s), 2=y (s)—ypasuennsa raaakoit xpusoi I,
TAC HapaMeTp S—Aauna AYTH, TO BCTHUHILL

dx , dy. , dz ,
Z=F 6 H=E =0

CVTH  HAUPALASMIOULHC RCCHIYCW wekTopa xacateannoit k I, Tloatomy
BEJHUL A

of

3 ')/p()lf

L (<)l / (s)= —f((HS) P (s) % (D)
rae f—andxpepenunpyemas (yHKIMS, €CTL TIPON2BOJAHAsT NO Hanpasfe-
HHIO YK33aHHOTO KACATENbIOro BekTopa. ['0BOPAT cule, 4TO —- ecTh Npo-

Js
n3goanast ot f epoan T,

Bsenem BexToOp

grad f = (af , gly , %) , (6)

Has3biBaeMblil epaduenmom yHkunu [ B Touke (x, y, 2).

dopmyna (5) roBoput, 4TO0 npoussodHas om [ 8 mouke
(x, y, 2) no nanpasaernuto eQURUYHO20 6eKIMOPA I PABHA N POEK-
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yuu 2paduenma 8 3MOLl MOdKe HA HANpPagrenue m:

i = (grad f, n)=grad,, {. ' (7)U
Hnmeer MecTo oueBHAHOE HepaBEHCTBO
I < |grad | ®
ans moGoro Bektopa n. Ecau grad f == 0, uT0 06bluHO OhiBaeT
TOJIbBKO B HCKJ/IIQUHUTEJhHBIX TOYKAX, TO 307{-20 AT JateHoro

BekTopa n. Ecan xe grad fs=0 (oana 3 yacTHLIX NPOU3-
BOAHBLIX OT f He paBHa HYJI0), TO (8) ecTb CTpOroe HepaseH-
CTBO /5l BCEX €AUHMYHLIX BEKTODOB 72, 33 HUCKJOUEHHEM
eIMHCTBEHHOr0 BeKTOpa 12, = (COS o, COS[’)(,, COS y,), Hampas-

JeHHOro B cTopoHy grad f (:—,{nzlgrad > 0) . Takum

oGpa3om,

af
dx

VR
o)+
ay

RVAE

9F
dz

COS Yy = ) ar\ 2 AF\* af\ 2

S V@G ()

W3 ckasanHoro caenyer, uto epaduenm pynkyuc f

8 mouke (x, Y, 2) MOX¥HO onpedeaurns kak eéekmop, obradaro- "

wuil caedyrowumu 08yYma ceoticmeanu.
1) Oruna eeo paswa maxcumaavrol Geaudune npoussooHoLl

nO HANpasAenuIo (;)—’i 8 (x, y, 2) (ans AHddepeHUHPYEMOH B

(%, 4, 2) QYHKLUH 3TOT MAKCHMYM CYLIECTBYET H eCTh YUCJIO
HEOTpHLATE/ILHOE);

2) ecau e2o JauHQ He PABHA HYAI0, MO OH HANPABACH & MY
e CIMOPORY, 4mo u 6eKmop M, 60016 KOMOPO20 NPOU3EOOHAS
gL MAKCUMANbHA.

n

9)
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§ 8.9. udpdepenunan dysxumn.
Anddepenunan sbiclero nopsaka

PaccmotpuM dynKumio
W=f(X)=f(X1-, ey Xn)’ (1)

SaJlaHHYI0 HAa HEKOTOPOM OTKPhITOM MuoxecTBe GoR,. Ee
MOXHO GeCKOHEYHhIM YHCJIOM CnocoGOB 3amnucaTh B BH/E

W=(p(u)=(p(u1, ""um)! (2)
rape
=y (x) (=1, ..., m x€Qq). 3)

Huke mbl 6yeM ynotTpebasTh ciely IOULYIO TEPMHHOJIOTHIO:
nepemenHass W ecTb (YyHKLHMS OT HE3aBHCHMOH BeKTODHOH
nepemMeHHOH x; 3Ta ke nepemenHas W ecTb (yHKUHA OT
sasucumoll eexmopHot nepemertod . TlocaegHsis 3aBHCHT
OT HE3aBHCHMOH NepeMeHHOH X: KaxJOMYy BekTopy X u3 G
COOTBETCTBYET BEKTOP # = (P, (X), «..y Y, (X))

Takum 06pa3oMm, posk BeKTOPHOH NepeMeHHOH X 3jech
HOCHUT HCKJIOUHTEbHLIA XapaKTep —OHa B NPUBOAHMBIX HHXKe
paccyxaeHuaXx Oyner (UTYpPHPOBATh MOA6KO KAK He3asucu-
Man nepemeHHasn.

IlycTe ¢yHKUNA [ UMeeT HenpepbiBHbiE YaCTHHIE NpPON3-
BOAMLIE NepBOro nopsiaka B Touke x €G. Toraa, Kak Mb
sHaeM n3 § 8.6, onma audpepeHnupyema, T. e. npHpalleHue
€e B STOH TOYKe MOXKeT OblITh 3anHCaHO B BHIE

AW =35 Ay +olp)  (p—0), )

i=1

n 1/2
p=1Ax!=(E Ax?) ,

=1

1 ee auddepeHuHas pabeH
n o
dW = ;07/_ Ax,. (5)
Jna He3aBHCUMBIX X,, ..., X, NOJAraior
Axy=dx, (j=1,...,n) (6)
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M HAa3LIBAIOT 3TH BEJHYHHBI He TOTBKO NPHpPALEHHAMH He3a-
BHCHMbIX MEPEMeHHbIX X;, HO M HX dugpepenyuaramu. Mul
6yneM HX Ha3blBaTb He3asucumbimu Ougpepenyuanamu B 3HaK

TOro, 4YTO OHH HE 3ABHCAT OT X = (X, ..., X,). PopmaabHO
¢He3aBUCUMOCTb» BEJIHYHH dx;, OyleT NpOSABIATbCH B TOM,
yTo npu AudPepeHunpoBaHHH (MO X, ..., X,) OHH OyRyT

paccmaTpuBaTbCsi Kak nocroskueie (d (dx;) =0).
B cuay coraawenus (6) audpdepenunans W Moxer ObITh
3amycaH B ¢opme
n.
: ow
) = —_
dw = 25 dx;. (7

flcHo, uto dW ecTb BenuudHa, 3aBHcAlUlaf, Boobue TOROpH,
OT Xy «vey X, U dXy, ..., dx,.

nsa nob6bix ABYX GYHKUHE 4 W U, UMEIOUIUX HerpepbiB-
Hble YaCTHHIE NPOU3BOAHbIE B TOYKE X, CIpaBe//IHBbl CBOMCTEA

d(u 4= v) =du + do, 8)
d(uv) = udv+uvdu, 9
d(4)=tttd o), (10)

M NpU 5TOM YaCTHbIE [POH3BOJAHBIE OT (GYyHKLHIt, CTOAWMUX
B CKOOKaX, HerpepblBHbI B TOYKE X.
JIlokameM, HanpuMmep, TpeTbe H3 3THX pPaBEHCTB

du dv
5 N T P
Ly =M 9 (4 — / / —
d(?)'—zdxj (v)dxj—ﬂz v? dx/——
i=1 i=1
1 o - du—ud
= I8 dx. — ov —uvdu—udy
=— <Ui—16r/dx1 ui;lax/ x,>_ o ;

a u
Henpepb]BHOCTb 3 (-;) BHIHA U3 TDPETbEro HJICHA LeIH.
f

Hudpeperuuan or ¢pyHkuuu W HasbiBawoT elte Oughge-
PeRyLaNOM Nnepeoco nopadka, TOTOMY 4YTO [PHXOAMTCH elle
paccMaTpHBaTh AudipepeHuHa L BHICWUHX MOPSAKOB.

[Tycts Tenepp ¢yskuna W uMeeT BTOphle HenpepHIBHLIE
yacTHule npou3BoAubte. Tlo onpenenenuio 8mopoii Ougpepen-
yuaa OT Hee, COOTBETCTBYIOUlUH HE3aBUCHMBIM NPHPALIEHUAM
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(mndxpepenunanawm) dx;, ..., dx,, OnpelenseTcs PaBEHCTBOM

a*W =d (dW), (11)

‘TAE CuuTaeTcd, uTto o6e onepauun 4 B npaBod uactn (11)
6epyTca 19 YKa3aHHLIX HE3aBHCHMbIX dX,, ..., dx,, KOTO-
pLie JOOKHBL pPaccMaTpUBaTbCsl Kak TNOCTOsSHHBIE (HE 3aBH-
eqlme OT X;, ..., X,). Takum obpa3som,

2 =d§§%dx, =Zld (G5 dx) =
= j=

=Z(da )dx/ =3 ax d di;dxy. (1)

i=1 ]_l:

62“7 il , TO BTOPOIT Aidxbepenunan npe
i dyp ()x 0: 0 p A pemL pPex
CTaBJasieT cooon hnanpa'rnlmy}o (opMy OTHOCHTENBHO He3a-
BHCHMBHIX AngepeHunanos dx;, ..., dx,. Keadpamuunoii
gopmoti OT nepeMeHHBIX Ej, ..., E, HasbiBaeTcsl (hYyHKUMSI
n n
BHIA }; Za,kE Ep TIE @y = ay;
]— =]
Boo6uwe anddepenunan nopsaka ! or W ans nesasucu-

Tar xax

MBIX AHddepesunanos dx,, ..., dx, onpelenseTcs No HHAYK-
LUK NPH MOMOIL peKyppeHTHOTO COOTHOILEHHH
AW =dd=Ww)y ({(=2,3, ...), (13)

rae d’, d, d'=! GepyTtcs AN yKa3aHHLIX HE3aBHCHMBIX OG-
tdepenunanos dx,, ..., dx,, KOTOpHe K TOMY e paccmart-
PHBAIOTCHI NPH BLIYNCJAEHNAX KaK NOCTOSHHbE (He 3aBHCALLME
OT Xyy «eny X,)-

Paccyxman kak 5 (12), jerxo noayuum, uTo

d*W = E Z Zaxk%;vax dxkdx,- dx/.

k=1i=1j=

Tak kak MB TnpeanosaraeM, 4To QYHKUMA f HMeeT He-
NpepHBHHE HacTHLHE NPOH3BOAHLIE, TO 3aMHCh ZH{pepeHLNa-
JIOB MOXXHO YTNPOCTHTD.
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Hanpumep, 19 GyHKIKK OT ABYX flePeMEHHNIX 4 = [ (X, ¥)
HMEEM .
d?u = [ dx? 4 2 oy dx dy + fye dy?,
d*u =d (d*u) =
a3 d
= I de 43 ;5L dxr dy +3 5o dxdy? +o yJ

[pumensis MeToq MaTeMaTH4eCKOd UHAYKLUH, JIErKO MO-
JYYHM, YTO

d"u—ofdx"—l—nd ,?_{ 7 x_"“dy—l—...
— ) ... (n—k41 an
...+"(n ) klm dn )ax,‘_,{oy,, xn—kdyk —}—...—}—(j dy

CHMBOJ’[H‘!GCKH 3TO MOXHO 3anucartb Tak:
, 0 0 n
d"u:a"fz{ajcdx-{-a-ydy} f

rje B MpaBodl uyacTH Mbl CHavyala BO3BOJAMM BblpaMeHUe
B CTeNeHb 1, a 3aTeM MOANWCHIBaEM [ npd CHMBOJe 0"

B MHOroMepHOM csyuae HMeeT MeCTO anaJlorMyHasi CHMBO-
nydeckast gopmyiia

dnf — {}:% dxf}mf. (14)

i=1

Meul onpegenunn noustue Auddepenuuana ¢ynkuuu W
B TePMHHAX HE3aBUCHMBIX MEPEMEHHBIX X,, ..., X, (HIH He-
3aBHCHMOU BekTOpHOH nepementoit x). Ho nycts, kak 310
6LL10 00BsICHEHO B HauaJje 3Toro naparpada, W paccmatpu-
BaeTcsl Termeph Kak (DYHKUHH OT 3a8uci MOl BEKTOPHOH nepe-
meHHoil &= (u,, ..., it,). BO3HUKaeT Bonmpoc, Kak BbIpa-
x)awTea  JHQdeperuHabl NEPBOTO W BBHICWETO MOPAAKOR
B TepMIitHaX 3Toit nepemeHHoi #. [HauneM wH3yueHue 3TOro
BOMpoca B cayyae AuddepeHuuana nepsoro nopsaxka.

Bymem npeauonarate, uto ¢yuxuuu ¢ (#) un ¥, (x)
(=1, ..., M), 0 KOTOpHIX 1UAA pedb B HAYB/IE [APITPIPe,
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HMEIOT Hen pepblBHbIe JaCTHLBIE ﬂpOH3BO}1HbIe. Torna
o oW ~ (< 3w 3
=3 % dy. = cw.oui —
av _Z:xax,d"f—2< au,-ax,-)d"/
'l

alll
— Z ax/d = 0“ du,, (15)
i=| /—l

¥ MBI NOJAY4HAH, KaK B CJAyuae OAHOA nepeMeHHOH, 4TO
nepseiil audipepenunan or W Beipakaetcsl yepe3 3aBHCHMEIE
nepeMeHHHle TaK Xe, Kak uepes HezaBHCHMbe. B 3toM npo-
SBJSIETCA 1HBAPUARMKOCTE hopmel nepso2o duddepenyuana.

Yro6Ll mccae0BaTh MOCTaB/CHHEIH BONPOC B cJyyae BTO-
poro nudxpepeHumana, 6Gyaem npeanonaraTb, 4TO (YHKUWH
¢ M P, HMEIT HenpepLiBHble Y4aCTHBIE NPOH3BOAHHKE BTOPOTO
Nnopsiika.

Huddepesunpys ofe wacti (15), npuusB BO BUHMaHHe
csoiictBa (8) u (9), nosyuum (noscHeHUs HHXKe)

W =d (dW) = Zd(“‘y’ )=

(Zau auldu du, }——-d2 )

m m In

~ JW
—_—:Z ()u 0” dll/ dll -} mdzll,-- (16)

i=1j= [=

i=]

Bo BTOpoM paBeHcTBe 53TOH 1i€1iM MH BOCNOONb30BANHCh CBOM-
ctBoM (8), B TpeTheM xe—cBnoiicTBoM (9), ¥, Kpome TOrO,
TeM GaKToM, uTo popMa nepBoro Andipepenunana coxpassercs
¥ ]I 3aBMCHMBIX MEpEMEHHbIX U;. Mpl BHIHM, 4TO BTOpPOH
audupepeniiuan ot W, Bolpakeniiblih B TepMHHAX 3aBHCHMbIX
NepeMeHHEIX i, CYIIeCTBEHHO pPacnajaercs Ha jBa caarae-
mboix. [leppoe Craraemoe npeacTaniseT co60d KBajpaTHUHYIO
dopmy, anagoruunyw dopme (12), rae d*W Bseipaxkanocs
yepe3 He3aBHCHMLIE NepeMenHblie, BTopoe e ciaraemoe npen-
CTaBJAeT Co00H HEKOTOpPHIH A00aBOK, C KOTOPHIM HAA0 CYH-
TatbheA: ecau u, (j=1, ..., m) He ABIAETCA JHHERHOH
¢QyHKIHEA OT x,, TO 3TOT 100aBOK OTHIOAb HE paBeH HyJio.

OTMeTHM, YTO H3 HAWHX paccyXIeHnfi caenyeT, uTo ecJu
Buipaxiehue (16) BasTo Aasa dx,, ..., dx,, KOTOpHE (QUIYypH-
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pyloT B BupaxeHHH (12), TO 00a 3TH BHIpaXEHHS TOXK]eE-
CTBEHHO PaBHHI, KAKOBH Ol HH ObLIH X, A/ KOTOPHIX Cylue-
CTBYIOT yKa3aHHEE HeNpephiBHble YaCTHHE TNPOM3BOJAHLIE
BTOPOTO NOPAAKA M KAKOBb Obl HH Obl1M He3aBHCHMbie dx;.

Buiuncaenne auddeperunanos d*W, 4'W, ... uepes
33BHCHMBIE TIePEMEHHble 1, POH3BOAHTCHA NOLOGHEIM 06Pa3oM
nocjefoBaTebHo. [IPHXOAHTCS CUHTAThCA C TeM (haKToM,
YTO BhIpaXKEHHs A/ HAX CTAHOBSATCA Bce Gosiee rpOMO3JIKHMH.

§ 8.10. dopmyaa Teiinopa

Orpanpyumca paccMoTpeHdeM QYHKUHH OT ABYX NepeMeH-
neiX. [lyetb «=f(x, y) HMEET B OKDECTHOCTH TOUKH P, =
= (X,, Y,) HeNIpepHIBHbE NPOH3BOJHbBIE BCEX NOPAAKOB 10 [-TO
BKJIOUHTeNbHO. Bo3bMeM B 3TOH OKpecTHOCTH TOUKY P, =
= (X, + Ax, y, -+ Ay). Coenuuum Toukn P, H P; OTpe3KOM
NpsMoil, ypaBHEHHe KOTOPOTOo MOXKHO 3anucaTh B napameT-
pHueckoi ¢opme caelylomwnM 00pa3oM:

x=x,4+1Ax, y=y,+iAy (O<IL]).

Toraa Baoab atoro oTpe3ka vaiua ¢dyHkuus u=f(x, y) Gyuer
(yHKUHEH OT OAHOIO MepeMeHHOro f:

f(x’ y):f[xu“l"lev yo‘}'tAy]:F(t)' (l)
Jlerko BHIETb, YTO Pa3HOCTH
Af(P0)=f(xo+Ax’ yo"l‘A.‘/)—f(xo' y0)=F(l)—F(0)' (2)

Popmyna Makaopena aas GyHxuHH F({) B OKPECTHOCTH
TOYKU £, =0 umeer BH]

Fy=rFO+5% 4. + 520 p- B0,
' (0 <0 < 1)
Tlonaras =1, noayuum
F&r ) | Fu)(8)

(-1
FY—FO) =252+, me0<0<1 (3
k=1
Bruucanm npoussoanbie GyHKuMn F(f) uyepes f(x, y).
M3 cootnomenus (1) Hmeem

F (t)=0’ (*ot 1 Aa); Yat14y) Ax.-{-a’ (xo+1 A‘;;. Yot t Ay) Ay,
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orkyra npu { =0 nmoaydaem

F' (0) =of(1;c; Yo) Ax +6[ (gl;’ Yo Ay =df (Po)-

CoBepuieHHO aHAJOTHYHO
F () = Fir (0 + 1 Ax, 41 Ag) Ax? +
+ 2f (%o + 1 Bx, gy + 1 Ay) Ax Ay +
+ o (xg+ L Ax, Yo+t Ay) Ay,  F(0)y=d*f (P,).

[Tponomkasn 3ToT mpoiece, MOAyYHM

F Q) =d*f (P)y ..y FU=8(0) =dI=1f (P,).

B ciay atoro uz (2) u (3) umeem

_dz_lf (Po)

=1y +Tlrd'f (%o+0Ax, y,+0Ay).

(4)

AF(PY =TT 4

Qopmyna (4) HaswiBaercs gpopmyaroid Tedaopa nas QyHk-
uuH u=f(x, y). Ilo BHewHeMy BUIy OHA Takasl XKe, Kak H
Aif (YHKLUMH OT OAHOrO MEepeMeHHOro, HO B Pa3BepuyToM
BHAC OHa [Opasjlo CJOXKHee.

ILnst cayuast GyHKUMH OT 1t nepeMeHHuIX (n > 2) ¢opmyna
Teiinopa 3anuceiBaeTcsi B ToM ke puice (4).

Ilpu (=1 ¢opmyna Teitnopa ana ¢yukuuu f ot n nepe-
MCIHLIX YMeeT BHJ

n

Fo—f )=, (g_g)me(x_m(x,—x‘;) 0<0<1,

i=1

rae cimBoa ( ); 03Hayaer, 4To (YHKUHST B CKOOKAaX BbIYHC-
NFeTcs B TOYKe X =a. J1a ¢opMyaa mnpeAcraBiseT coOOi
obobiuenue TeopeMn! JlarpaHa O cpefHeM HAa MHOTOMePHBIH
cayuai,
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Mpu [=2 u n=2 dopmyna (4) B pasBepHyTOM BHJE
34MHCHBAaCTCHd TakK:

Fog) =F (xa, 4)+ 2L oy 1) (1—20)+ 3L (s 40) (=) +
5 [ 5 o FOx—a), Yo 0 (y—a)) (x— %) +
+2dx dy(xo+0(x—xo), Yo+ 0 (9—40)) (x—x,)(y—Yo) +

28ty F0 () 5o+05— ) G— 3]
Tlpn I=2 wu npousBoabHOM n ¢opmyna (4) BuITASAHT

CJIeyIouwHM O6pasoM:

J(x)=1(x" +2‘(0x,)

n n
1 ‘( a%f )
2 0x;0x; / x0+40 (x~x°)

(x;—x)+

xo

+3 (i—xD) (x;—x9),

i=1 j=1

FAE X =(Xiy «eer X))y X0=(x}, «ov, x3)s

§ 8.11. 3aMKHYTOE MHOKECTRO

MuoxectBo Ac R,= R nasplBaeTcs 02panuteHHsim, €Cad
cyuecteyeT uucao M > 0 Takoe, 410

[x|<M, VxgA,

1HaYe TOBOPS, €Cnd CyulecTByeT wap B R ¢ LEHTPOM B Hy-
JIeBO#l TOMKE, Colep)auuit B cebe A.

MuoxkectBo A WHa3bBaeTC 3QMKHYMbIM, €CJAH U3 TOTO,
4TO Kakaf-anfo noc/jenoBaTelbHOCTL Touek x* (k=1, 2, ,..),
npuHaaaexaniix kK A, cxoputes K Touke X°ER (x*— x°,
X*€ A) cnenyer, uto X° npuHagnexutT Kk A (x°€ A).

B sTom onpepeseniu He yTBepKAaeTcd, U4TO A COLEPHKHT
B cefie CXOAsILyloca NocjiefoBaTeibHOCTh. B Hem roBoputcs
TOJBLKO, YTO eca¥ B A cylUlecTBYeT CXOAfLAsCS f0cJ/eloBa-
TeJbHOCTb, TO TOYKAd, K KOTOpOﬁ OHa CXGCJHTCH, nipunaaae-
KUT K A.

310 noxasbiBaeT, YTO HajA0 CYHTaTh, YTO MYCTOE MHOXKe-
CTBO 3aMkHyTO. Bce npocTpanctBo R, TOXe, OUYEBHIHO,
3aMKHYTO, HO HEOrpalH4eHO.
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p&CCMOTpHM B KayecTBe rnpHmepa SJUIHHCOHJ.I B Tpexmep-
HOM HpOCTpaHCTBe

Pl + + (a, b, ¢>0), (N

T. €. MHOXECTBO TOYeK (X, Y, 2), YIOBJETBOPSAIOLIUX YpaB-
neriio (1). O6o3naunM 3T0 MHOXEcTBO uepes B. 2to orpa-
HHYCHHOE MHOXECTBO, IIOTOMY UYTO Jasi JIIOOOH €ro TOUKH
(x, y, z) BHIMONHSAETCS HEPaBEeHCTBO

2 2 .,( x2 y2 22 1
dtyresm| gttty =nl=m,

rie m>=a?, b, ¢ OHO Takxke 3aMKHYTO, MOTOMY 4YTO
ecJH 3a1aThb [IPOH3BOJILHYIO  [10C/€0BaTebHOCTD TOYEK
(Xer Yo 24) € B, CTPEMHAULYIOCH K TOUKE (X,, Yy, 2,), TO 3Ta
noc/aeuasT TOXe nplmamemm K B. Benp u3 paBeHcrtBa

+ +’k =1 (k=1, 2, ...)

az

nocne mepexoga K npegeny npu k— oo creayer paBeHCTBO
2
X Z
—a%-l- -l- - =1

NOKaskiBawLIee, YTO (X,, Y,, 2,) € B.

Paccmotpum 1erneps Gosiee o6wmnpuoe muoxectso A, co-
CToslulee U3 TOYeK (x, Y, z), KOODAHHATHl KOTOPHIX YHOBJe-
TBOPAIOT HePABEHCTBY

2 2 2
StE+E<L @

Mroxectso A, oueBHjHO, ToXe orpaHuyeno. OHO U 3aMKHYTO,
MOTOMY 4TO ec/i

(K s 2) €A (=1, 2, ...),
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H (X4 Yuo 23) — (X4s Yo» 2,)s TO, OUEBHAHO,
;) 2 ’ 2 2 2 2 2
. Xk Yr 2k Xo Yo 20
lim (5+4+3) =S i<,
@

T. €. (X0 Yo» 2,) €EA.

B CBfI3H C 3THM MHTEPEeCHO PAacCMOTPETDb ellle TPeTHid npH-
mép MmuoxecTBa A’ TOuek (X, y, 2) C KOOPAHHATAMH, YAOBJE-
TBOPAIOUHMK CTPOrOMy HEpPaBeHCTBY

2 2 3
Stat+a <L 3)

MuoxkectBo A’ oTkpuiToe (cM. § 8.2), OHO He 3aMKHYTO.
BosbMeMm, HanmpHmep, L0CJe0BaTeNbHOCTL Touek (o, 0, 0),
rie o, CTPeMHTCs K 4YHCAy a, cTporo Boapacras. Toraa
(2, 0, 0)€ A" (k=1,2, ...)u (, 0, 0)—(a, 0, 0). Onnako
npejeabHas touyka (a, 0, 0) ne npunagnexur k A'.

PaccmoTpeHHble upumepul Jerko o6obuiatorcs. [1ycte Ha
BCEM NPOCTPaHCTBe R, 3ajaHa HenpepuiBHAA pyHKUUS F(x) =
= F(x, ..., X,). Torma MHOXecTBO B BceX TOYek X =
= (Xfy ey X,), A5 KOTOPHIX BHIIOJHAETCS PaBEHCTBO

Fx)y=F(x, ..., x,)=C, (4)

rae C—npoH3BOJILHOE YHCJO, 3aMKHYTO.

B camoM nesie, MOXKeT CJYYHTHCS, YTO HET BOBCE TOYEK X,
YAOBJIETBOPAIOLIMNX paBeHCTBY (4), T. e. B—nycToe MHOXe-
CTBO, HO NYCTOE MHOXeCTBO 3aMKHYTO. [lycTh Temeps B He
NycToe MHOXECTBO M HeKOTOpasi MOC.el0BaTeNbHOCTH TOYEK
{x*}, npuHapnexamux K B, cxoautcs K Touke X° € R, (ecaH
B cocToMT paxe H3 OAHOH TOUKH X°, TO MOXHO YK€ MO-
CTPOMTL CXOAfULYIOCSA MOCJ€I0BATENBHOCTE TOYEK, NpHHAA/e-
Xalwnx K B, a nMenuo, {x° x° ...}). Toraa F(x*)=C
(=1, 2, ...), 1 B cHay HenpeprlBHOCTH F B Toyke x?*

lim F(x*)=F(x%)=C.
k->x

Ho Toraa x°€ B, 1. e. MHokecTBO B 3amkuyTo.
[Tono6HLIM 06pa3oM MHOMECTBO BCEX TOYEK X, YAOBJETBO-

palowux HepaseHcTBY F(X)<<C, rae C-—npoH3BOJbHOE
yncio, a F—¢yHKuna, HenpepniBHass Ha R,, 3aMKHYTO,
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NOTOMY 4TO H3 COOTHOILEHHH
FxB)<C (k=1,2, ...), x*—x°

BejeacTBie HenpepwiBiioctd F ouna R, caenyer: F(x%)<<C. [
B cuny ckazaHHOro f-MepHLIl 3JJHIICOHMA '
n x;f
2=l (@>0 5)
k=1 ar
eCTb 3aMKIIYTOE MIOXECTBO B R,
3aMKHYTHIM MHOXECTBOM B R, sIBAAETCS TaKXKe n-MepIiibli
0O0BLEMIIBI SANHIICOHS,

pUEIY (6)
=l

Of1ako MHOXecTBO
n
2

PIE- Tt (7)

k=1 4k

KOTOpPOE eCTECTBEHHO HA3BAThL N-MEPHLIM OTKPLITHIM OGHEMHbIM
SMAHTICOMIOM, He 3aMKiyTO. B 3TOM MOKHO yGeguThes, pac-
CyxJasi, Kak B cayuac Qopmy.au (3). 3T0 MHOXeCTBO OT-
xkpatoe (cM. § 8.2).

[Tycto A ecth npOM3BOJALIGE MHOXKECTBO, NPHHAAENKA-
wee K R,, 1 x°—npoussoabnas Touka R, (AcR,, x* €R,).
MoxeT 6bITb TONBKO TPU B3aHMHO HCKJ/IIOYAMOWHX PYT APyra
cayyas:

1. CyuiectByer 11ap Vo (OTKPBITHII) C IEHTPOM B TOUKE X°,
noauocTuio npunagaexauit K A (Ve A). B aTOM cayyae x°
no OrpefeNeHuto ecTh GHYMPEeHHsst moura muoxcecmea A
(cM. § 8.2). _

2. CyuectByer wap Vo € UEHTPOM B X", BCE TOHKHU KO- -
Toporo ve npunagaexar Kk A (Ve R, N\ A). B atom cayyae x°
MO ONpejieNeHuIo eCTh BHEWIHAA MouKa mrozcecmea A.

3. B nwobom wape Vyo ¢ UeHTPOM B X' HMEIOTCS TOYKIL,
npuHajIexallue u He npuHagnexauise K A. B stoMm cay-
yae x° Mo OnpefeqeHHIO eCcTh 2PaHNuYHAs Mo4Ka MHOXecTBa A.

MnoxectBo A’ BCeX BHYTPeHHHX TOYeK MHOXKecTBa A
HA3LIBAETCA OMKpstmbim A0pom A. DTO— OTKPHITOE MHOXECTBO
(cM. § 8.2). Ecau A’ He uycTo, To Kaxayo Touky A’ MOXHO
NOKPWTH LIAPOM C LEHTPOM B Heil, MOJIHOCTHIO NPHHARAENKA- |
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wiM Kk A. Ecau A’ —nycroe MHOXeCTBO, TO OHO GOPMANBHO
CYHTAETCS OTKPHITHIM.

MuoxecTBo I' = 04 Bcex rpaHHuHbIX Touek A Ha3bBaeTCs
2panuyeid MuHoxecmea A. 3TO—3aMKHYTOE MHOXECTBO, NO-
TOMY 4TO, ecid x%— x° u x*€l' (k=1, 2; ...), TO BcaKui
OTKPHITHH wap Ve ¢ llenTpoM B X° COAepXHT B ce6e HEKO-
Tepyto Touky x*. [locnennioloc MOXIO TOKPHTH wWapoMm V.«
C UEHTPOM B Hell, NONHOCTbio npunagneKamumM K VoV 1SV po).
Ho B V, « nmeoTcs Toyku, nmpHHajgexamiye W He npHHaje-

~TRAMAE R A Ho Torga U B V o UMeloTCS TOYKH, NpHilaane-
Kawne ¥ He npuuamnexkaumne x A. CrepoparennHo, x°€T.

Muoxectso A” BceXx BHEIIHHX Touek MHoecTBa A, oue-
BIJIHO, OTKpLITOE.

I'pannunbie Toukn A MOTYT npHnaasekaTh ¥ lie NpHHAaA-
Jexarb K MHOXecTBY A.

Ha puc. 99 muoxectBo Ac R, coctout u3 Touek (¢, X,):
v+a<l, o,<<0 g, 4,>0, x=x=1

SlcHo, uto A’ —BHYTPEHHOCTs— Kpyra pajHyca eHHUA
C NeNTPOM B Hayane KOOpAHMHAT; I'— TOuUKl OKPYKHOCTH
Xi+x3=1 u mouka (1, 1); A"— 51
3TO BCE TOYKH BHE OKPYXKHOCTII

eIHHIIYNOTO pajllyca, 3a 1CK.Jloye-
uiem Toukn (1, 1). 3xech npasas
TIOJIOBHHA OKPYKIOCTII 1€ MpHHAaji-
JeXHT K A, HO sIBJSIETCH UaCThIO
rpaunubl I'. OTMETHM, 4TO paHHOe
MHOKecTBO A He sBaAsieTcs HH OT-
KDPHITHIM, HH 32MKHYTLIM,

Hrak, ecom 3apano mnpoH3BoJb-
Hoe MHOXecTBO A= R,, TO no oTHO-
IWEHHIO K HEeMY MpOCTPAHCTBO R,

MOXHO NpeaCTaBHTb B BHJAE CYMMBbI

N
\

A}
\
\
\
1

o(17)

P

Puc. '99.

7z,

MHOXX€CTB, OnpejeJieH-

HbIX BbLILE, nonapuo He nepeceKaloulnxcs:
R,=A'4+T+A".

Ecan B kauectBe MuoxectBa A paccMOTpeTh n-MepHHI
3aMKHYThIA 06bemHBll 3aauncona (6), To A’ ectb OTKpLITHI
o6beMHBli 31uncoun (7), a I' ects anauncoun (5).
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Ecau A—omkpeimoe muoxecmao, mo R, \ A 3amknymoe u o6pamHo.
B camom pene, nycts A-—oTkputoe, H NycTh Xk —— x° xk€R,\ A.
Ecau 6m Touka x® npunamiexana Kk A, TO B CHAY TOro, 4To A— OTKPLI-
TOe MHOXKECTBO, Haweaca Gul wap V,, (¢ uentpoM B x%), mOAHOCTBIO
npunagiexamuil k¥ A. Ho sto nesosmoxiio, notomy uto B V .. umerored
Touku x*, Koroplie npunagaexat Kk R, A. Takum obpazom, x°€ R, \ A
K R\ A zamkuyTo.

[lycte Temepn A 3aMKHyTO M Touka x°€ R, A. Ecaw 6u Touxka x0
6wi1a rpanuidoil Toukoid A, To B mo6om wape V,. ¢ uentpoM B x° Goliu
6l TouKH A, Toraa MomKHO 6uW10 6 MOCTPOHTL NOCAEX0BaTe/bHOCTh
Touek x*€ A, cxonamylocs K x%. Ho Torsa mcnepctBHe samknytoctu A
Touka x0 upuHajggexata 6ol K A, 4TO NPOTHBOPEUHT MPeANO.I0KEHHIO,
uto x€ R, A. Mu 1o0xa3aan, yTo npousposavuas toukd x°€ R, \ A
eCTb BHYTPEHHAT TOUKA R, N\ A T.€., o Ry~ A— 0™ PBLITIC ¢{HO'KCCTBO

Muoxceerno A+~ vaavinaeTcsl gamukanues A W 6 03HAMAETCA TaK:

A=A+

QOuenuano,
A--IT'=AT

notomy, uto, ¢ ogHoit croponi, A'C A, u, caenopateanno, A' +I'c 44-T,
a c apyrod, ecnu x€A--1', 10 auGo x€Tl, n Tornax€ A’ - I', aubo
X€A u x€Tl, no torja x€EA'C A" 1.

Hanee, A= A--I'—3aMKHYTO& MHOXECTBO, NOTOMY YTO BHElUIHOCTb
A4-T=A’-+4T —o1KkpbiTOE MHOXECTBO.

Takum obpasoM, uTofl noayuute A, #Hajlo Ho6aBuTs K A Bce e
NpuHAgAexauLne K MHOAKeCTRY A ero rpaHytlbie TNUKH.

Ecan A 3aMkHyTO, 1O

A=A4-T =24,

T. e. BCe rpanuynble Toukn A npunaanexat K A. Beap R, \\ A otkpwiTo
W Kaxnaas Touka x€ R, \ A Moxker 6uiTb MOKpbiTa wapoM V.., He co-

Iepxcawem B cebe M oadoil Touku A. Ho u obpatho, ecad

A=AH{T=A4,

To A 3aMKHYTO, MOTOMY uTo, eciu X% — x¢, x*€ A, u ecau mpeanoso-
KHTh, U4TO X°€ A, TO WONYYHTCH NPOTHBOpEuHe, NMOTOMY 4TO Torda x0€
€rc A4T=4A.

TakuM 06pasoMm, 041 mo2o umobut mnoxecman A GWAD 3aMKHYMbIM,
Heobx00umo 1 docmamouno, wmobsl ¢ HUM €08nA0AA0 €20 3AMoIKaHue

(A= A). o

B uactiocTu, A ecerfa 3amMkuyTo, M motomy A=A.

HakoHen, oTMeTHM, YTO [IYCTOE MHONKECTBO M BCE MPOCTPAHCTBO R,
ABAAIOTCA OJHORPEMEHHO OTKPHTBIMH H 3aMKHY THIMH MHOXeCTBaMH. MoxHo
0Ka3aTh, YTO B OCTAJBHLIX CAYYasX, €CJH MHOXECTBO A OTKPLITO, TO YK
HEe 3aMKHYTO, 8 €C/IH 3aMKHYTO, TO He OTKDHITO.
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§ 8.12. HenpepwBHas GyHKuHS
HA 3aMKHYTOM OrPaHHYE€HHOM MHOXeCTBe

IMycTe A ecTh NOKa MPOM3BOJBHOE MHOXECTBO MPOCTPaH-
ctBa R=R,, u nycts Ha A onpegeneHa (GyHKUHA [ (X)=

= f (%4, «+., X,). [l0o onpeaenennto GyHKUUA [ HenpepoisHa
8 mouke x°€ A, ecau umeem Mecmo paseHcmeo
lim f(x*)=f(x°), (1)
xk-».r"
*ea

raxosa 6ot Hu 6Gobiaa nocaedosamensrocms mouex x* € A, cxo-
oawasca K x°.

OT/HylHe NAHHOTO OMpejeseHUs HeNpepPLIBHOCTH (PYHKLUHU
B TOYKe X" OT OOLIYHOrO omnpejenelius, NaHHOro B § 8.4,
3aKJ/I04aeTcsl B TOM, 4YTO B OOBIYHOM OlpejesieHuH Ipexno-
naranock, 4To d¢yukuns [ onpefeseHa B HEKOTOPOH OKpecT-
HOCTH TOYKH X°, H TpeboBasoch, uToOb npenen (1) cymect-
BOBaa M paBHscs [ (X% nasa awboi cxodsiweiics & X% no-
C/IeJIOBATEJILHOCTH TOueK X*,

Ceituac Mbl He TpeGyeM, uTOGLl (pyHKIHs [ Gblaa ompe-
Jlenera Bo Bcelt okpecthocTd x° Tpebyercd Juwb, YTOOH f
6bl1a onpejesena B Touke X°€ A H ytobnl npegen (1) umed
MecTo AN J0GOH Moc/efoBaTe/IbHOCTH TOuek X* € A, cxoasd-
lweHcs K Touke X°.

[TpuBenennoe onpeaenenne MoXiHo chopMyaHPOBaTh U Ha
a3uike e, 8: ¢yHkuus [ HenpepbiBHA B TOouke X° € A, ecau
Anda Jqoboro € > 0 Hafiaercst 6 > 0 Takoe, 4TO

[fx)—f(x0)| <e, Vx€A4, |x—x°|<8.

Tenepr Mul GyzeM npeanogaratb, 4to A ecThb OrpaHHueH-
HOe 3aMKHYTOe MHOXECTBO NpPOCTpaHCTBA R W 3ajaHHas Ha A
¢yHkuMa f(x) HenpepniBHa Ha 3TOM MHOXecTBe. B 3TuX
NpeAnoNOXKEHHAX MOXKHO I0Ka3aTh c/e/yOLLHe 3aMeuaTe/bHbIe
CBOHCTBa:

1) ®yukuus [ orpaHuyeHa Ha MHOxecTBe A.

2) Oynkuus f pocTHraer Ha MHOxecTBe A MakKcHMyMa U
MHHUMYyMa, T. e. cyuecTBylor B A Touku x° u Y0 Tarwe,
4TO

f(x°)=maxf(x), f(y°)=minf(x).
xX€A x€A



346 TJ. 8. ®YHKUIHUY MHOIHX MEPEMEHHBIX

3) dynxkuus f paBROMEPHO HeNMpepLIBHA HAa MHOKeECTEE A,
T. e. 1Js Bcsikoro e > 0 Haigercs Takoe 8 > 0, uTo

[fe)—F(x) ] <e

Ans mobeix x',x" € A, YLOBJETBOPSIOUUX HEDPaBEHCTBAM
|x'—x"| <.

Kak mbl Buanm, csoiictBa 1), 2), 3) 0606a10T H3BeCTIILIE
yXKe HaM CcBoilcTBa HenpepbiBHOH @yHrunn f(x) or oauo#
nepeMenHoil x, 321a1HOW ua orpeake [a, b]. TloauepkHem, 4yTO
oTpe3ok [a, b] ecThb orpanuuennoe 3aMKHYTOE OAHOMEPHOE
MHOXKECTBO. Beab ecaiit Kakas-aubo Nocael0BaTeabliocTh TOUeK
(4nicen) x,, npuuaATeRKaUlMX K OTpe3Ky [a, b], cxoantcs
K HEeKOTopoil Touke (YHCAy) X,, TO 3Ta TOYKA IIPHHALJIEXKHT
K [a, b] (x, €[a,b]).

JokasaTeabctBo cpoitcts 1), 2), 3) cosepuweHio aHano-
THYHO JOK438TENBCTBY WX N7 OTpeska [a, b], npusejeniomy
B & 3.5 u 3.7. Ouo Bceueno 6Hasnpyercs Ha cJeayvioulei
Jemme, o6o6uLaloeil COOTBETCTBYIOULY IO CAHOMEPHYIO TEOpeMY
Boasiano — Beitepwrpacca wa § 2.9,

Jlemma. Ha ecaxkod oepanuuctinotl 100Ae008amMeAbHOCHIL
moe X' = (x§, ..., x5 (k=1,2, .. ) MoKHO 8bideaune noo-
nocAe008amenbHOCHLb {x"’l} (I=1,2,...), cxodawyywoca Kk He-
Komopoti modxe X"

k
| £h—x0] =0 (I — o).
Jlokaaateawctro. Tak kak nocregosatenbinocts {xXK} orpaun-
uena, To cynectiyer uneno M oTakoe, uto

M;[x”}]xﬂ (=1, ...,n; k=1,2, ...

3ro [TOKA3BIPACT, UTO KOOPJHUATH TOUCK xk Takwe Oorpanuuclel. ﬂcpaan

k
KOOP,INnaTa o6pasyeTt orpalndeniiyIo noc,1¢10RaTe b HOCTh {x. f(k: 1,2,..),
M WA OCHOEAUMH ONHOMEDHOH TeopeMbl  Boaeuano— Befiepwtpacca
HAaBJeTCs NOANCCICAORATENbHOCTE A HATYPANLHBIX YHCED H IIEKOTOpOe

uneAo X| TakMe, 4TO xfl|_+ x{ (1) —» o¢). BTopylo Koopinuaty x3 pac-
CMOTPHM TOMBKO AR HalenubiX uatypamsiix %,. TNoxnocnenoratens-
wocts {x*u,} orpammicna, nostomy 1a nee Takxe MOKHO BHOPaTh NOA-
2
(1] 2
nocaefobatensliocTs {x%i.} n uncno x2 Takme, uto x:l:——»xo. Tak Kax
2

{k;,} ecTs nognocaesopateabHOCTs {k;), TO MMEET MECTO ONHOBPEMEHHO
k k

xlr—» x%, x 11— x0. Tlpolo/xKan 3TOT MPOUCCC, HA A-M €TO 3Tane no-
MYYHM TIOANOCJEAOBATebHOCT HATYPaTbHWX WHCen ky =ky H CHCTEMY
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yhicen ‘x, x3, ..., X} Takue, 4TO OAHOBpEMEHNO
Iz k k
x l—-»x" le—-xg, e xnl—vx: (I — ).
1)
Monaran x°=(x1, veus X9), MOAYHYHM YTBEDKIACHHUC JeMMuL,

§ 8.13. Jkcrpemymeut

[ycTs Ha ofnacTu (OTKpbITOE CBsA3HOe MHOXecTBO) G 3a-
Java ¢ynkuna u=f(x), x=(x,...,x,) ©# Xx'=
=(xf, ..., x3)—T1ouxka G. lopopsaT, uTo Qyukuus u=f(x)
UMEeT A0KAALHOUL MAKCUMYM (MUHUMYM) B TOYKE X, ecau
J okpecTHOCTL 3TOH TOYKM Takas, 4yTo VX M3 3TOi OKpecl-
HOCTH HMEET MeCTO HEepaBeHCTBO

ey <<F(x)  (F(x) =T (x)). (1
Touky x° Oynem nasblBaTb MOUKOL AOKAALHO20 MOAKCUMYMA
(Munumyma), a coorsercTByloUlee 3Havenne QyHruuH f(xY)
MOKCUMAAbHBIM  (MUHUMAAbHLIM)  3HaueHueM Gyukyuu. Jlo-
Ka/bHble MakCUMyM H MUHHMYM OOBEAHHSIOTCH OOLlUM Ha-
3BaHHEM «r0Karbubul skcmpemym», V3 onpegenenusn skcrpe-
MyMa BBITEKaeT, YTO B JOCTaTOYHO MaJIOH OKPECTHOCTH TOY-
K1 X' npupaiwenre ¢GyHKUHH Au=f{x)—f(x°) HE MmeuseT
3HaKa:
Au>0 B cryyae nmokasnbHOro MiHUMyMa (min);
Au<0 B cJayuy2e JIOKaJsHOrO Makcumyma (max).

Teopema | (neo6xoxumoe ycnoBue 3KCTpe-
MyMa). flycme @yuxyua u=[(xX) useem aoKkaroHoil KCML-
pemym 6 mouxe x°. Tozda, ecau cywjecmeyrom 4acmusie npo-

13600HLIE NEepPeoeo NOPAOKQ —gf—i ({=1,...,n) 8 moure x°,
mo 6ce OHu 0OPAUAIOMCA 8 HYAb 8 MO MOoUKe:
"fa(x"_"’:o (=1, ..., n). )
JloxaszatenbcTso. Joxkaxkew, '-lTOaf(x )~ 0. 3aduk-.
cCHpYyeM mnepemeliible x,=x3, ..., x,=x5. Torna NOJY4UM
dyHKUMIO 4 =f(x;, X3, ..., x}) OT OQHOrO mMepeMerHHoro X,

npHyem 3Ta QYHKUUA UMEET JIOKAJbIIbI IKCTPEMYM B TOYKE
x{. Tlostomy B cuny HEOOXOZMMOTO YCJOBHA 3KCTpeMyMa AJS
GYHKUUE OT OfHOH MepemeHHOll, 3akJjloyaem, UTO NPOH3BOL-
Hasf OT 3TOH (YHKUHH IO NepeMeHHOi x; 10/KHA OhITh paBla
Hymo B Touke x{. Ho 3ta mpousBofHan sBasercsa yacTHOM
NPoOH3BOAHOH QYHKIUH f(X) MO mepemeHHON X, B TOuke X°,
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3f (d, %3 oo m) _Of () _
dxl - a‘xl )

Hpyrue cayyau paccMaTpMBAalOTCS aHAJOTHYHO.

CnenctBue. Ecau gynryus u=f[(x) umeem xcmpe-
Mym 8 mouke X u Ouggepenyupyema 8 mouke X°, mo
df (x°)y=0 wuau grad f(x°)=0.

HanHoe c/eicTBHE BHITEKaeT U3 onpejeseHus auddepen-
IlMasa W rpajHeHTa.

3ameyaHue., YcnoBde (2) He siBaseTCA AOCTATOYHEIM
AMA TOrO, 4TOOHLI B TOYKE X° Ouil SKCTPEMyM QYUKUHH f.
Hanpumep, ¢yHkuus u = x>y uMeeT yacTHble [1POH3BOA-
Hble ‘%= 2xy, %Z/:x’, KOTOphie 06paiiailoTes B HyJb B TOUKe
(0, 0). Onuako Toyxa (0, 0) He siBIAETCA TOUKON 3KCTpEMyMa,
TaK Kak B J060ii okpecTHOCTH 3TOH TOukM Au == x*y — 0= x%y
NPpHHHMAET KdaK NOJOXHTEJbHbLIE, TaK H OTpHILATEJILHbIE 3HA-
YeHH .

B nanbHeliuleM TOYKH, B KOTOPHIX CYIIECTBYIOT Hempe-
phIBHBIE YacTHhLIE NMPOH3BOAHLIC OT [, YNOBJETBOPSIOLULHE CH-
creme (2), 6yAeM Ha3bIBATb CMALUOHAPHBIMU MOYKAMLU,

Iepeiinem K moNy4eHHIO AOCTATOYHBIX YCJOBHH 3KCTpe-
mMyma. [lveth ¢yHkuus u=f(x) HMeeT HenpephiBHBIE MpPO-
H3BOJIHbIE 10 BTOPOrO MOPAAKA BKJIOUUTEJBHO NO BCeM ne-
PeMEHHbIM, ¥ 1ycTh X! — cralMoHapHas Touka, T. e. df (x°)=0.
Torpa, pasnaras ¢ynxkumo u=f(x) no gopmyne Teitnopa
B OKDECTHOCTH TOYKH XY, MOJYYUM

AF (4%) = df (£0) + o d*f (£° +0 Ax) = o ] (40 +0 Ax) =

SRS }:1 Fioxy (2" +0A%) Ax,Ax, =

=1l j=
Rk
=5 20 2 (Figr, (29 +2,)) Ax,Ax =
i=1j=1
1 " Y | 2 Ax; Ax
=7 2 X iy () Axidy b G B B ey - =

i=1j=1 i=1 j=1

=3 XX frue, (20 Ax Ax, +-5a (A),

i=1j=1
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rie 0<8<1, Ax=(Axy, ..., Ax,), p=|Ax|=l/?'lex},

a(Ax)— 0 npu p—0.

.~ Tak Kak BTOpbie NMPOH3BOAHBIE HENDEPBIBHL!, TO BEJHYH-
Hbl €;,, 3aBUCAUME OT AX, CTPEMATCH K Hy/i0 NpU p =
= |Ax|—0, HO TOTAa H rrllafxle,./.|=s—»0 npu p—0.

Tlostomy, yuuTHBas, 4TO 'A%—Igl, nosyyaeMm °
n n AX‘AX' n n
le(Ax) =X P e, —Z|<e- > D 1. 1=n%—0
i=1j=1 p o i=1j=1
(p—rO).

Hrak, Mbl 10Kaszanu, uto
n
2

! a,-','&,'gj +%—a(§),(3)

Af (#%) = f(x°+ §) — f(#) =5

rae

M

1=

ai/:a/l’:f;[xj(xo)v E['=Axil §=(§11 '-'vgn)

x(&)—0 wpn p—1§1~}/ 350,

Bripaxenue

n n
A®=2 Darl (a=a) )
ecTb KBajpaTuuHas ¢opMa oTHocutensHo &= (&;, ..., §,).
Tlo 3HaKy 3Toi HOPMBL MOXKHO Y3HATh C NOMOLLbIO GopMYJbl (3)
3Hak Af(x°) AAs pocrtaTtodHo MadwlX |Ax|.

CnpaBepainBo ciepyiollee yTBepxKAeHHeE:

1) Ecanu dopma A (§) CTPOro noJoXuUTENbHO ONpE.eseH-
Ha, T. e. A(§)> 0 nnsa Bcex §540, TOo pyHkUHA f umeer
B TOYKe X JIOKAJBHBI MHHHMYM.

2) Ecan dopma A (§) cTporo oTpHiaTebHO OnpeneneHHa,
T..e. A(§) <0 nnsa Bcex §<0, T0 QyHKIHA [ HMEET B TOY-
Ke x° JIOKaNbHBI MaKCHMYM.

3) Ecan A(§) >0 ana scex § umn A (§) <0 ana Bcex §
u umeetrcs § =0, ang xoroporo A (§)=0, To BONpOC O J10-
Ka/lbHOM 3KCTpemyMe (yHKuM# f B TOuKe X° OocTaercs OT-
KDLIThIM,
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4) Ecnin dopma A (§) He ompenenena no 3Haky, T. €.
cymecTtsylor Bektopn §' H §", aas koropux A(§') >0,
A (§") <0, To yHkung f B Touke x° HEe HMEET JIOKaJbHOTO
3KCTpeMyMa.

JlokasaTeabcTBO yTBepxaeHus ). PaBeHcTso

(3) sanuwem cienywoum o6pasom:

A Ei &
Af(x°)=%,—[22_ ay L +a<§)}=

i=1j=1
2 N~ oo 2
= [2. ;af,nm,w(gﬂ:%[/l () +a (&), ©)
i=1]= A
TZle MLl BBE€JM 1IOBLI€ 11€PEMEHHLIC
1].:&[./() (i=1,2,...,n).

Il

Jlerxko BHAETL, UTO

(=1

Takum ofpa3dom, Touka % npu Mo6bix § HAXOAHTCS Ha No-
BePXHOCTH r-MEPHOro ejMHH4yHOro uiapa. Dyskuus A (M)
lenpepLiBHA Ha 3TOH MOBEPXIIOCTH, MNpejcTaBasfioWel coboi
OTPAHHYEHIIOE 33MKIYTOC MHOXCCTBO, 1 MO YCJOBHIO MOJIO-
XHTeblla na 3Toil nosepxHoctH. Ho Toraa A (%) nocruraer
CBOELO MHUHHMMYMA Ml B HEKOTOPOH TOUKe 3TOil MOBEPXHOCTH,
Kotopuiil €oanwe nyas (m > 0) (cm. § 8.12, croiicTeo 2)).
Tax kak «(§)— 0 npu p=|&§}— 0, To nmpu JOCTATOYHO
magom § > 0

la(§)| <m, V§&:|§|<8.
CaclioBaTeNLHO,
Af(x)=f(x"+ &§)—/(x") =

=AM+ §]=5nta®]>0, V&:|§<0

¥ QyHKUNS [ uMEeT NOKalbHEIE MHHUMYM B TOuKe X°.
YTBepxaeHle 2) NOKa3biBaeTCsl aHaJOrM4yHo,
HoxasatenabctBo 3). BuranHom cayuae popma A (§)

ans Hekotoporo § = 0 o6paulaeTcs B HyAb, HO TOTRA B CUMY
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cRoiicTRa ofopoanocTy popumul (A(ag) = a?A(§)) ans E=of',
rAe o — 4HUCA0, OH3a TakK)Xe [NOJIKHZ PaABHAThCA HYy /MO, o
NOKAa3bIBAGT, YTO A/ BCEX YKa3aHHBLIX Touyek § Hala gopma
paBHa HYJO M, CJeJ0BATeNbHO, f(x°4- &) — [ (x°) =p*a (&)
Ho 3nak «(§) HenaBecTeH, MOITOMY Mbl He MOMKeM CKa3aTb,
umeeT f B X" 3KCTpPEMYM HJd HET.

JlokaszaTeabctBo 4). 3gech onarb yao6uo obpa-
TUTbCA K paseHcTBy (D). B aTom caydae no ycnoBuio cyuie-

_creyer Touka §', Aast KOTOpOii dopma MoJOXHTeNbHE U CY-
uecTayet Touka §”, AnA Kotopoil Gopma OTplUaTeNbHA, HO
TOrla /151 COOTBETCTBYMOWMHX UM Touek ' =§&'/p, W' =§"/p

_6ynyT pumonusthest HepasencrBa A (W) >0, A(M) <O u
npu maanlx p exaxercs, uro A(N)+a(§')>0, AW+
+ a(§”) <0, 1. e. B oGOI MaNOH OKpecTHOCTH X° uMeloTCA
ToukH X' w X", s kotopuix f(x') > f(x°) uf(x") < f(x),
a 3TO 03HAY4eT, YTO 33aBEAOMO HET SKCTPEMyMa.

Uzsecthn!) ycnosus (Cuaséecmpa), Bblpaxaembie Ha
A3blKe KOIPPULUHEHTOB a;;, MPIl KOTOPHIX KBAAPATUUHAA HOp-
Ma (4) YAOBJETBOPSIET MEPEYUCASHIILIM Bhille YCI0BHAM 1) — 4).
31ech Mbl OTMETHM TOJILKO BhiTeKatouiie H3 Teopembl Cuab-
BECTPa KPUTEPUH B ciayyae GyHkuud u=f(x,, x,) OT NBYyX
nepeMeHHbIX.

Ecan ay; =f;f (x>0 u

agy Qg
ayr  Qzg

= 0,8, —ah = [ 2 (") 2 (X —[F,,,, ()] > 0

(B 3TOM cnyuae ¢opma (4) CTPOro MOJOKUTENLHO Gfipeje-
JeHua), To PyHKUHA & =f(x,, X,) HUMEeT JIOKA/JIbHBIH MHIiH-
MyM B TOouke Xx°= (x{, x}).

Ecan

Py <O, Fa (o) Fa(x) = [Fam, (2] > 0

(B 3TOM caydae Gopma (4) cTPOro OTPHLATEIbHO ONpeaeenHa),
To QyHKUMA u=f(x, X,) HMEET JIOKA/IbHblii MAKCHMYM B TOY-
Ke x°. .

Ecan a,,a,,—ai, <0, to d¥f (x°), kak KBagpaTHuHas
¢opma, He ABASETCA ONpeNesIEHHOH MO 3HAKY NpU H3MEHe-
HuK Ax;, nostoMmy B 3Tom cayuae Af(X°) Takke He coxpa-

1) Cm. nawy waury «Boiciuas matematvra. JjeMeHTH AuHefiHOfi an-
reGpH ¥ aHaJMTHYECKOH reoMetpums, § 21,
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HfeT 3HAK B JI060fi OKPECTHOCTH TOUKH X°, H, CAEA0BATENbLHO,
3KCTPEMYM B TOUYKEe X' OTCYTCTBYET.

Ecnu suipaxenne a,,a,,—ai,=0, To Bonpoc o6 3KcTpe-
MYMe OCTaeTCS OTKPBITHIM.

Mpumep 1. Has dyHrnun u=x*—3x+ 4> TOUKH
(= 1, 0) sBasoTcs crauuoHapHuiMH. Mcciexgyem uX Ha 3KcCT-
pemyM. Hmeem

u;.=6x, u;:(-*_— I, 0) =+ 6, u;y=0, u;z’:Q.

Takum oGpasoM, ans Touku (1, 0): a,,a,,—a},=6-2—0=
=12>0, a,;=6> 0. llostomy B Touke (1, 0) Haira yHK-
I{Msl MMeeT JOKaabHbUI MuHUMyM. [las Toukn (— 1, 0): a;;=
=—06<<0, a,,a,, —af,=— 12 <0, n03TOMY PYyHKUUS IKCT-
peMyMa B Touke (— 1, () He nmeer.

[Mpumep 2. Has dyskuun u=x*+y* Touka (0, 0) aB-
JAAETCH CTAallMOHApHOH, M Jerko BHAETb, YTO B 3TOH TOUKE
(YHKUHSA HMECT JOKAJbHbI MHHUMYM. MEXAy TeM Uy == 12x?,
uy=0,up=2,1.¢.0,;=0,0a,-=0, a,=2u a,,a,,—af, =0.

Hpumep 3. das ¢yHKuHH u = x*+ y* B CTAl(HOHAPHOI
touke (0, 0) a,;=0, q,,=0, a,;,=2, T. e. CcHOBAa Q,,Q,, —
— aj;=0, Ho B JaHHOM cJyuae PYHKUUA U = x? | y? B TOuKe
(0, 0) sxkcTpemyma He uMeer, Tak KaK Ha npamoi y = O npu-
pamgmle Au = x* meHsieT 3HAK MNpH [MEPEXCAE HYepe3 TOUKY
x=0.

§ 8.14. Haxoxnenue Hau6oabHX
H HaWMeHbIHX 3HAauYeHUH (QYHKUHH

Tlycrb 3apaHa HenpepoiBHO niddepesunpyemas QyHKIHS
=f (x) Ha muoxectBe G< R, npeacrasasioleM coboil 3a-
MBIKaHHE OrpaHHYeHHOH obnacTH, T. e. 06JacTH, K KOTOPOH
npucoeauneHa rpanuna 0G. Torga f pocTHraer MakcHMmyMa
H MHHHMYMa B HEKOTOPHIX Toukax X € (G (cM. § 8.12, cBofi-
cTBO 3)). TH TOYKH MOTYT GEITh BHYTPEHHHUMH H TPaHHYHBIMH,
Ecnmu Touka x BHyTpeHHsAs, TO QyHKiHS f(X) HMeeT B Heil
JIOKaNbHBIH 3KcTpeMyM. [lostomy, uToObl HaWTH HanboJbllee
(HauMeHblllee) 3HayeHHe (YHKIUM, HEOOXONHMO HAHTH Bce
CTallMOHAPHLIE TOYKH, BHIUMCAHTL 3HAUeHHE QYHKUMH B 3THX
TOYKAX H CPABHUTb HX CO 3HaUYeHHAMH QYHKLHH Ha rpanHue dG.
HanG6onblee u3 3TUX 3HAYeHHH W OyAeT Hauboabwum 3xa-
wernuem PyHKUHH Ha G.
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Ecitn Go R, n 0G sBnsercs MJOCKOH HenpephIBHOI
KpuBoH x=¢ ({), y=@(¢), TO BIOJb 3TOH TrpaHulLl Hauia
¢yHKUUA gBafeTca ¢yHKUHEH OT OJHOTO NepeMeHHOro {:
fleo (D), v(H]- Haxoanrs naunbojbuice 3HaueHue 37oll Qynk-
UHHA MBI Y2XKE& yMeeM.

[Tpumep. Hafitn nauGosbliee 3HaueHNe GYHKIIMY 2 ==
=1—x+x*+2y B 3amMkHyTO#l O6nactn @, orpanuyeHHOI}
npameiMu: x=0, y=0, x+4y=
(puc. 100). g

Pemenmue. 2y =—142x=0,
2,=2==0, T. e CTalWOHApHBIX TO-
uek HeT. Vccreayem ¢yHkuHio 2z Ha

aaG. ¢

1) Nyere x=0, Toraa z=1-+2y,
0<y<1l. Ha [0, 1] ¢oyuxuns z= 7
=]+ 2y crailMOHADHBIX TOYEK TaKXe Puc. 100
He wuMeer, n z(0)=1, 2z2(1)=3. ' ’

2) Mycete y=0, Toraa z2=1—x+x*, 0<Tx<C 1. Haace,
2,=—14+2¢=0 npu x=1/2, T. e. x=1/2—craunoHapuas

TOYKa. Bblucias 3HaueHHe QYHKUWH B 3TOH TOYKE H HA
rpanuie B Todkax x=0 u x=1, noayuum: z(1/2)=3/4,
z(0)=1, z(1)=1.

3) MNyers x+y=1, Torna z=3—3xtx2, 0<x< .
Tak kak 2,=—342x=0 B Toyke x=23/2¢€[0, 1], T0 B na-
wem agomexkytke [0, 1] weT cTaumoHapHeIX Toyek. [auee
2(0)=3, z()=1.

CpaBuuBas Bce HauGoJbluMe 3HayeHHs (QYHKUUH N0 ua-
CTsIM TPaHHLBI, Mbl BHAWM, UTO Haubo.bllee 3HayeHHe yIK-
uun 2 (x, y) Ha G paBHO 3 M NocTHraeTcs B Touke x°=(0, 1).

§ 8.15. Teopema CywecTBOBaHHA HeABHOH (YHKUHH

3ansadM npousBoabHYi0 GyHKUMIO f(Xx, y) OT ABYX nepe-
MeHHbIX X W y. [IpupaBHseM ee HyJIO:

f(x, y)=0. (1

MHKeCTBO Bcex Touek (X, Y), AN KOTODBIX BHIMOJHSAETCS
pasenctBo (1), o6o3naunm yepes WM. Tlycrb (x4, y,) €M,
T ¢ [(% 4,)=0.

Ecnn He naknaAbiBaTb HMKAKHX YCJAOBHA Ha f, TO MHO-
xecTBo N MOMET HMeTb caMylo pasinuHyio npupopy. Ha-
np:Mep, B cayuae f (x, y) = (X — x,)* + (y — ¥,)* MHOKecTBO M

1Z 9. C. Byrpos, C. M. HukoAbCKHA
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COCTOHT 113 OJIHOIi-e[IHHCTBEHHOH TOUKH (X, Y,), @ B cJaydae
f(x, y)=x*+y*+1 muoxkectso IN nmycro, B cayuae ke

f(xy P)=(x — X —(y — Yo' = (X + Y—Xy— 1) (X —Yy—xo+Y0)

M ecTb mapa mpsMbIX, NPOXOASIHUX Yepe3 (X,, Y,). OAHAKO
yacTo HMeT MecTo cayyan, korga 9, mo kpaiineit Mepe
B JOCTAaTOYHO MaJjioii OKPECTHOCTH (X,, Y,), [PEACTaBaAET CO-
60it KpHBYIO, OMHCHIBAEMYIO HernpephbiBHOH (01HO3HAYHOMH)

dyHxKHeit
y=b(), x€(x—8, x+8)

(TakuMm 06pa3oMm, P ecTh (yHKLHSA, onpeaensceMas HesBHO
ypaBuennueM (1), cm. Takxe § 3.1).

Bosuukaer Bonmpoc, Kak no csofictBaMm ¢pyHKuiH f y3Harh,
UTO MMEET MECTO MUMEHHO 3TOT cayuai?

Huxe noxasbiBawTcsi ABe ofLLHe TeOpeMbl, OTBeYyaloLiue
HA MOCTAaB.JEHHBIA BOMPOC.

Teopewma 1. [Tycme 3adano ypasHerue

f(x, 4)=0, (1)

yO0BACMBOPAIOLYEE CALOYIOUUM CBOLICMBAM.

bynkyus [ onpedesena na nekomopori 08ymepHol okpecm-
Hocmu 2 mouku (xg, Y,) naockocmu (x, Y) u HenpepsieHa mam
GMECME CO CEOUMIL HACMHbIMU 1LPOU3BOOHbIMU NepPaoz0 1OPAOKY,
npu amom

Fy (o 99) = (51) 0 @)

u f(xg, Yo} =0. IHycme, Oanree, M ecme mHoxcecmso cex mo-
uek (x, Y), yoosaemeopaoujux ypasuenuro (1) (6 wacmuocmu,
modKa (g, Yo) € M)

Toz0a, kaxoso 6b1 Hu Obiao by >0, nalidemcs npaso-
Y2ORbHUK

A={|x—x0]<a, I!/—yol<b}' b<l)0, (3)
npunadaexcauwuil Q, maxoi, umo mroxncecmso MA onucvieaeincs
Henpepoleno Ouggeperyupyemoti pyurxyueid (Hesi6HOL PYHK-
yueti)

y=19(x), x€A°, 4
A= {]x—x,| < a}. )

Ipyrumu cioBaMH, NpsAMOYroNbHUK A 06/1afaeT TeM CBOli-
CTBOM, 4TO Ha €ro NPOEKUHH A’ Ha Ocb X MOMKHO oOlpeje-
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JHTh HenpepeiBHO AHMdeperuupyeMmyo ¢ynkuuio (4), spas-
IOl YIOCST peuteHHeM ypaBHeHHsi (1), T. e. yaOBJIETBODSIOLLY O
ypaeHenuio (1)

flx, $(x))=0, x€A". (6)

I'paduk ee MOAHOCTBIO MpHHAAMEKHT A. IT1a GYHKUHSA €AHH-
CTBEHHA B TOM CMbicAe, 4TO JoGast Touka (x, y) € MA nmect

K
4+t
44y
%
yl—é
2
0 z7 g0 7 I, gdr 0 L

Puc. 101.

KOOPAHHATLI, CBSI3aHHblE YpaBHeHHeM (4). B uacrioctd, y, =-
=P (x,), noTOMy uTO (X,, 4,) € MA (puc. 101).

JdokasateanctBo Teopemnbl 1. Ilycts gaa ompe-
AenenHocti f,(x,, y,) > 0. Tax kax [, HenpepniBua na €,
TO CYHMIeCTBYeT OKRPECTHOCTb TOYKH (X, Y,), KOTOPYIO Mbi
cHoBa o60o3HaukM uepe3 &2, Takas, uto B Heil f,(x, y) > (.
BBenem 3aMKHYTHIH NPSMOYTOJLHHK

A={lx—xnl<a, |y—5l<bicQ (O <b).
Toraa f,(x,y) >0 Ha A u

min f,(x, y)=m > 0. (7)
(x, yead
®yuxuun  f(x, y), paccMaTpHBaeMast Ha  OTpe3ke

[4o—b<Y<Yo+Db, x=1x,], KaK DYHKIUHSA OT y HENpepPLIBHA,
12¢
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cTporo so3pacTtaeT H obpallaeTcss B HyJb B TOYKe Yy =4,
(no ycaoBuIO TeopeMbl f(x,, ¥,) = 0). 3Hauut,

f(xo’ yo’"b) < Ov f(xo’ yo+b) > 0.

Bcnencteue HenpephIBHOCTH [ HafizeTcs AOCTATOYHO MaJoe
yucao a, 0 < a < a, Takoe, 4YTo
F(E, 4a—b) <O, F(x, to+b) >0, Vr€A={|x—x|<a}.

O6oauaunm vepes A = |x—x,| < a,|y—y,| <b} OTKPHITHI
npsmoyroabauk. Ouesiano, Ac Ac Q u A®ectb npoekuus A
Ha OCb X.

PaccMOoTpuM Teriepb AJSi HPOH3BOJBHOLO 11 (PHKCHPOBaH-
noro x €A® dyuxkumo [ Kak QyHKIHIO OT y Ha OTpesKe
[o—b, y,+b]. Oa wenpepriBHa, cTporo Bospacraer (f, > 0!)
1l NMeeT IIPOTHBONOJIONKHEIE 3HAKH Ha ero KoHuax. Ho torpa
[0 TEOPEME O [POMEXYTOYHOM 3HAYEHHH CYLIECTBYET H MpH-
TOM eJJHCTBEHHOE YHCJO Y, NPUHBAJENKallee WHTEPBaAJY
(o —0, y,--b), mbl ero oboznauaeM uepes y =1p(x), MJs KO-
toporo f(x, vy (x)) == 0.

DTHM  NOKa3aHO CyLIeCTBOBAHHE OnpejeneHHod Ha A°
¢byuxuuil | (x), yroBrersopswoueil ypasHenuio (6).

JlokaxeM, uto Qynkuus P (x) HenpepuiBHa Ha A°. [lycts
X, X+ Ax €A%, y=1(x), Ay=y(x-+Ax)—1p(x). Torza na
OCHOBaHNY Teopembl Jlarpamxa HMeen

Ui(x"jf_A)" y‘}Al/)_f(xr y):
= [[ (v Ax, y+Ay)— [ (x, y -+ Ay)] +
+{F(x, y+By)—F (x, )] =
=[x (x -0Ax, y+Ap) Ax + [, (x, y -0, Ay) Ay,

rae 0<0, 6, < 1. Orcioga

Ay [e(x+84Ax y--Ay) ®)

Ax fy (x, y-1-61 Ay)
rie ToukH (x --0Ax, y--Ay), (x, y+ 6, Ay) € A. B ciny yeno-
Bisl TEOpEMBbl Ha 3aMKHYTOM NpPSMOYroJbHHKe A, a cseno-
BaTe/bHO, H 13 npsMOyTroJbHuke Ac A, dyukuus [, orpa-

nivera (|f;|<<M), a no (7) Qyukuks f, orpanuyena cHuay
aicoMm m >- 0, nostoMy 3 (8) noayyaem, yToO

Ay M
ST
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T..e. Ay—0 npn Ax—0, 4TO O3Ha4HaeT HenpepbIBHOCTDL
Qynkuud y=19(¥) B TouKe x. TaK Kak TOYKa X —IPOH3-
BOIbHAA TOUKa A°, TO QyHKIMA P (x) HenmpepnlBHa Ha A°.

Teneps, nepexoas K npeaeny B (8) npu Ax— 0, nony-
yaem (no nokasamHomy Ay Takxke — 0)

. Ay fe(x y) (v
l = = —— _ X)). 9
A;To A= T w) y=1yx) ®)

‘Mbl I0Ka3a/11 CYLIECTBOBaHHE MPOM3BOAHOIM ' (X) B TOY-
Ke& X H paBeHCTBO

_ Lt won (10)
o (%, 1 (%))

HenpepuiBrocTn ' (X) HenocpeacTseHHO BHAna u3 (10), no-
‘ToMy uTo f, n [, HenpepeiBHbl Ha mpsMoyroabhuke A, a
Kpunas y=1p(x) He BHIXOAHT 33 €ro Npele/nl H ABJIAETCH
IlenpephiBHON, KaK Mbl JOKa3aJH BEIUIE.
ChopmyipyeM Teopemy, aHaJOrH4HY!O Teopeme 1, B cay-
yae, KOria HesBHas (YHKLUHA 3aBUCHT OT I NEpPeMeHHBIX.
Teopema 1'. [Tycmo sadano ypasHerue

f(xv y)=f(xl‘7 ceay Xy y):O, (1,)

y0osremeopalouiee CAeOYIOUUM YCAOBUSM.

dyuxyus [ onpedesrena Ha Hekomopoll okpecmrHochiy 2
mouky (x°, y*) = (x, ..., xh, y°) npocmpancmea R,,; mouex
(X, ) =(x;y .oy X,y Y) U HENPEPLIBHA MAM BMECME CO CEOUMU
HaCMIHbIMI 1LPOU3BOOHOIMIL NEPEOZ0 NOPAGKA; NPl 3MoMm

e, )= (55) #0, =0 @)

ITycms, danree, M ectno mHoscecmeo scex movex (X, y), yoos-
nemsopsuowux ypasrensuio (1') (8 wacmuocmu, (x°, y°) € M).

Toe0a, kaxoso 6b: Hu 6Gbiro by, > 0, naiddemen 8 Q npamo-
YeORbHUK

A={lx,—x}| <a,j==1,...,n, |y—y°| <b}, b<by, (3')
npunadarexwawyuii Q, maxoti, umo mrosxcecmeo MA onucvisaemesn
Henpepoisro dugeperyupyemol dynxyued (m. e. umeniyel
HONPePbIBHBIE HACMHblE N POU3BOOHbIL)
Y=P@) =%, ..., x,), X€A, (4"
A'={lx;—xf| <a, j=1,...,nh (5")

Y (%)=
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UacTHble MPOH3BOAHLIE OT (QYHKUHH Y BBHIYHCIAAIOTCA MO
topmyne

@ of | of !
674;=,E/b; (j=1, .o, n). (107

Ecn ¢ynxkuns f (B caydae TeopeM 1 n 1') rimeer we-
npepLIBHbE NPOH3BOAHLIE 60Jee BLICOKOro mopaaka I, To u
nesizyias ()YHKLHA MMEET MpPOH3BOAHbIE nopsaka [, KOTo-
phie MOXHO HaiiTh, Aupdepenunpys [ pa3 gopmyay (10)
1w (10%).

Mpnwmep. Mycts usBectno, uto (pyuruns f(x, y), pac-
CMOTpenHas B Teopese 1, MMeeT HenmpepbIBHbIC YACTHLIE NPO-
113BO;lbie BTOPOro nopsjaxka. Bymem HCXO@HTB H3 paBelCT-
Ba (10). Huddepenulpya ero rno x, mNoJyYHM

P (x)=— f;i (ﬂt’hl_ f:\"yll),)jf; (f;y_{_ ’y’\b,) .
(7)?

Mbl ucnonp30BaM GopMYaV AHQPepeHIHPOBAHHA CAOXKHOI
¢hynxmI.

§ 8.16. KacatenbHas nJOCKOCTb M HOPMaJb

[TvcTe noBepxHocTs S 3ajalla ypaBHEHHEM
F(x,y,2)=0 (1

B nesBHOM BHAe. Byznem cunrath, uTo F (X4, Ygy 2,)=0 ¥ B
HEKOTOpPOIt OKPECTHOCTH TOUKH (X4, Yo 2,) PYHKIIA F Hmeer
1iefIpepbIBHLIE YaCTHblE NPOH3BOANLIE, OJHOBPEMEHHO HE paB-
uple nyaw0. Torna

grad,F = ((F)o, (F})or (F2)o) 0. (2)

Met muuent (@), Bmecto D (X, Yy, 2p)-

JdAas onpepeneHHOCTH NPeAnoNoOKiM, 4To (F3), # 0. Toraa
Ha OCHOBANUHH TEOpeMbl O HEeABLOH (YHKUHH CYHEeCTBYET
OKPEeCTHOCTb TOYKH (Xgy Yos 25)» B KOTOPOH MNOBEPXHOCTh S
ONICHWBALTCA SIBHO HenpepuBHO Audeperunpyemoii ¢ynk-
el 7= f(x, y). YpaBneHue KacaTeIbHOH MJIOCKOCTH K S B
TOYKE (X, Uys &¢)y KaK Mbl 3HaeM, HMeeT BHA

Z—2zy (f;)o ('\‘ - xo) + (fxl/)o (y~ yu)v
(fx)o = (F:r)o/(F;)ov (fll/)n = (F;:/)O/'(F;)o'

e
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B cuay 3TOoro ypaBHeHHe KacaTeqbHOH NJOCKOCTH K S B
TOYKE (X,, Yor 2,) 3AMHIIETCA TAK:

(FRo (X —Xo) +(Fa (Y —yo)+ (F2)e(2—2,)=0,  (3)
a ypaBHeHHe HOpPMaJH K S B TOUKe (X,, Yy, Z,) —TAK:
X—Xo __Y—Y _2—2%
= T = T 4
= Eh - D, @
Te ke ypaBueuus (3), (4) Mbl MOJYYHM, €CAH Npexno-
J0XKHUTh, 4TO (Fy),0 uan (F,),#0. B 3tux cayuyasx B

OKPECTHOCTH (X,, Yoy 2,) [MOBEPXHOCTE S oONHCHBAeTCs SBHO
COOTBETCTBEHHO YypaBHEHHSMH

x=@(Yy, 2), y=v(x, 2).

Mgl BHAWM, 4TO IpH YCJOBHH (2) HEKOTOPBIH KYCOK IIO-
BepXHOCTH S, npuUHaaNexauluid K AOCTAaTOYHO MaJioH OKpecT-
HOCTH (X5, Yo» 2,) B JHOOOH €ro TOUYKe HMeeT KacaTe/bHYIO
[IOCKOCTb, HEMPEPLIBHO II3MEHAIOILYIOCS MpPH HeNpepLIBHOM
MepeABIKEeHUH TOUKH (X4, Yoy 2,). TAKOH KYCOK HA3bIBAIOT
2na0KuUM KYCKOM nogepxHocnul S

Ipyroe geno, ecau grad, F=0. B 3tom cayyae Henb3s
rapaHTHPOBaTb, YTO B TOUKE (X, Yo, Z,) CYILECTBYeT Kaca-
TeJbHasl MJOCKOCTh K S. OHa MOMeET CyllecTBOBATb, 4 MOXKET
M He CYLLeCTBOBATb.

[Tpumep. YpaBHeuie

22 4y2—xt=0 (5)

onpejeaser KPYroeolt KOHYC C BeplIMHOH B HauaJje Koop-
JMHAaT M ocblo, coBrnajawouwe#l ¢ ockio x (puc. 102).
JleBad wacTb ypaBHenHsi (5) MMeeT YACTHbLIE IIPOH3BOAHLIE

Fi=—2x, F,=2, F,—=2e,

OJIHOBPEMEHHO He paBHBLIE HYJII0, eCJH Touka (x, ¥, 2)7=(0, 0, 0).
B .060ii Takoil TouKe, KOTOpYIO 0003HaYUM depe3 (X,, Yo 2,)»
KacaTe/bHasl IJIOCKOCTb ONpERE/ISeTCs ypaBHEHHeM

— Xy (X — %)+ Yo (Y —Yo) + 24 (2—2;) =0.

B nauane xe KOOpIHHAT KacaTe/lbHas MJOCKOCTH K Halieit
KOHHUYECKOH MOBEPXHOCTH He cyulecTByeT. B stoM ciyuae
grad, F =0,
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Touku (x,, Yo, 2,), J€XKAIHE HA MOBEPXHOCTH S, B KO-
Tophix grad, F =0, Ha3bIBalOT 0CO6LIMU MOYKAMU MOBEPXHOC-
mu S.

Paccmotpum HenpepriBHO audxpepeHuupyemyro GyHKILHIO

u=f(x,y,2) (6)

Ha HeKkoTopoli obaactu Q Touek (x, y, 2). Ilycth B TOUKE
(X0y Yar 2,) €Q ee 3HaueHHe paBHO yHcay A:
A= (%0 Yor 2,):

Ecau yacTHele NpoH3BOAHBIE OT f B TOUKE (X, Ygs 2,) ORHO-
BPEMEHHO He paBHBI HyJIO, TO ypaBHeHne A=f(x,y, 2)

onpejiensieT B OKPECTHOCTH 3TOH TOYKM HEKOTOPYIO IValKylo
II0OBEPXHOCTb S, Ha3bLIBAEMYIO NOBEPXHOCIMLIO YPOSHA QYHK-

yuu (6).
KacatenbHas nJockKocTb K S B TOUKE (X,, Yy, 2,) HMEET
ypaBHEHHe

(%)o(x—on(z—{,)o(y—yn)—F (%)0 (z—2,)=0.

Hopmanb X S B Touke (Xq Yoy 2,), T. € DOpsMas, npo-
XONAllasl uepe3 3Ty TOUKY, NEPNeRAHKYJSIPHO K KacaTelb-
HOfl MJIOCKOCTH, OYEBHAHO, HMeeT ypaBHeHHE

X—x, Y—y, Z—z,

3. @, @)
Mbl BHAMM, YTO BEKTOD

erser=((2),. (2).. (2),

HANpaBJ/ieH N0 HOpMa/IM K NOBEPXHOCTH S.
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Ypasnenue z=f(x, y), rAe GyHKuuA f MUMeET HErpepbIB-
HLle YacTHBIE MPOM3BOAHBIE, ONMpele/seT HeKOTOPYIO I1ajkylo

nosepxHocts  S. [lonoxum Aa= f (xu.ayo). Ecan B TOUKE

(x., Y,) 4acCTHbLIe NMPOH3BOJHLIE <Efg) . (Tg)o ONHOBpEMEHHO He
1]

paBubl HyJI0, TO ypaBHenue A =f(x, y) onpenenser B OkK-

PECTHOCTH 3TOH TOYKH HEKOTOPYIO TJaJAKylo KPHBYIO I

YpaBnenue kacatesbHoil K I' B (x4, y,) MMeeT BHA
0 0,
(%), s (%), 0w =

BekTop ((%) . (g—g)o) nanpasaen no uopmaad k I' 8 Tou-
K€ (xO’ yD)' ’

§ 8.17. Cuctembl yHKuMii, 3aJaHHBIX HEABHO

Beiue Mbl paccMOTpend BOMPOC O CYLLECTBOBAHHH Hempe-
peiBHOA H Audpepenunpyemoii HesBHOH (PYHKUHH, onpene-
JSieMOH OfMHM YypaBHEHHeM.

3necb MBI PaccMOTPHM aHAJOTHYHBIA BODPOC AJISI CORO-
KYDHOCTY  HEeABHBIX QYHKUHR Yy «uny Y, ONPENENREMbIX
CHCTEMOH ypaBHEHHH

f](xl! sy Xy Uy "".Um)=0-
()

fm(xlv "'lxn; Ygs veey ym)=0‘

Takum ofipasoM, Mbl HlleM GYHKUHA  gf, soey Y, OT
Xy, ... %, KaKk pewieHns cueteMbl (1) g, =1p; (Xiy ooy X,)
(=1, .., m)

Buisschun  Te ycaoBHA, KOTOpble ofiecneduBalOT cylHe-
CTBOBaHHe perenus cHetembl (1) v auddepenunpyemocts
GyHKuHi g,

Teopewma 1. lNlycms 3adana cucmema ypasuenati (1),
YOORAEMBOPAIOASA CACOYOWUM CBOLICMBAM.

bynnyuu f, onpedenenst na nexomopod ((n+ m))-meprod)
okpecmuocmu Q. mouku (X", V) =(x3, ..., x5 45 .., 4%)
npoempanemea R, , mouex (X, $)=(X;, v vy Xps Yis + ooy Yp)
U HenpepoBrol MaM 8MeCMEe CO CBOUMU 4ACMHLIMU NpPOU3E00-
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HbLMU nepeozo nopaoka ¢ akobuarnom (onpedesumenem fkobu "))

oh = 9

.
now |t = Dl n) g

a.f_m. ) ‘af_m dyy D@y eii Ym)
oy " Oy

2

Kpome mozo, moura (x°, ¥°) ydosaemsopsem cucmene (1).
Mycme M ecmb mHoMecmso ecex mouek (X, y), ydosrem-
sopaouux cucmenme (1) (8 wacmnocmu, (x°, y°) € M).
Tozeda, kaxoso Ob. Hu Obiro by > 0, Haziaemz:ﬂ npamo-
Y20ABHUK

A={lx,—x}<a (j=1,...,n),
ly;—yil<b (i=1, ..., m)}, b<b,, (3)

npunadarexcawuli Q, maxod, umo mroxecmso MA onucer-
saemca HenpepeieHo Ougpdeperyupyemoim PYHKYUAML

yi=v; (%) (i=1,...,m), x€A°, 4
A" ={lx;—x}<a, j=1,...,n} (5)

JdpyruMu cJoBaMH, TpsAMOYTroJbHMK A ofsajgaer Tem
CBOIICTBOM, 4TO Ha ero npoekuun A° Ha KOOpAHHATHOE HOAMNpPO-
CTPaHCTBO (Xy, ..., X,,) MOXHO ONpeLe/NHTh HENpPepLBHO AUD-
tdepenuupyemble GYHKUUM (4), YAOBJIETBOPAIOUHE YpaBHe-
HusaMm (1):

frx, by (x), ooy Pu(X))=0, x€A" (j=1,...,m)

H HepaBeHCTBaM |1|>/ (X)—yi| < b. 21 DYHKUHH €LHHCTBEH-
Hbl B TOM CMblC/le, 4TO JoGass Touka (X, y)EDA umeer
KOOpPAHHATHI, CBs3aHHble ypaBHEHUsMH (4).

B uactnocry, yi=1v,(¥°) (j=1, ..., m), noromy uro
(x° y°) € MA.

3ameuyanue |. B Teopeme MOXKHO cuMTaTh, UTO HpS-
MOYroJbHHK A H ero npoekuuss A’ ompenessiotcs HepaBel-
CTBAMH

A={lx,—xjl<a, (j=1,...,n)
lyi—yil <b, (=1, ..., m)}, (3*)
A0=“x/—x?|<aj! ,=ll “'ln}] (5*)

3 K, Iy fiko6u (1804—185]1)— HeMmeuxuit maTeMaTHK.,
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¢ pasJMYHbIMH, BOOOLle TOBOpPS, UHCJaMH a;, b;. Bexb ecan
TeOpeMa BepHa 1/l MPAMOYToAbHNKA (3) NPH HEKOTOPKX 4,
b;, TO, MONOKUB b=minb;, MOXHO BCJEACTBHE HENpephIB-
HOCTH (YHKUHMA P, yKasaTb Takoe uucio a<g; (j=1, ...
v..y 1), UTO TOYKH

(®, P (%) s b () ¢ XE{y,—xfI<a, j=1,...,n}

OKaXyTcs B npsMoyroashuke (3).
3aMeTHM, OJHAKO, UYTO BOOGILE HEBO3MOXHO MAOOMThCH,
yToGbl @ M b B (3) OblI1H paBHLIMH, B YeM Jerko YyO6eXuThCd
Ha npuMepe ofHoro ypasHeHus F (x, y)=y— x2=0, x,=y,=0.
anBQ}ICM JAOKAa3aTC/1bCTBO TeOopeMLl 1 TOAbKO AAA UAaCTHOTO cayuas
ABYX YpaBBehiuii
f1 (21, %3, 415 y2) =0, } (1)
fa (%1, Xgs Y1» y2)=0

Ham Bago Roka3aTh, 4TO ecaH QyHKUHH f; U f, HENpPEPLIBEO AW)-
(pepenunpYeMEI B 1HeKOTOPOit OKpecTHOCTH ToukH MO = (x, x3, 40, 1) € Ry,

yAoBJeTBOpAlomlell ypasHenuaM (1'), W skoGHaH
oh o
dy, Oy,
o2 Of:
Oy 9y»

B MO, 1o nas1 so6oro b, > 0 naiileTcs NPAMOYroabHHK
A:”x,—x‘l’] < a, ,xz—x‘n'l <a |h—yl| < b |ya—y?| < b} 3")

(b < by),

NpHHANIERAUNA K YKAIAHHOH OKPECTHOCTH, W CYLIECTBYIOT IIENPEPLIBHO
AMgxhepeHuUnpyeMble (Y HKINH

#0 (2)

Y=Y (X, x2), }
X, X A9, 4
Ya="Pa (411 Xa), (¥, x2)€ )
onpenescHULIE HA €0 MpPOEKILH
A":{ix,—x'}] < a, |x2—x°,| < a}, (5"

TakHe, YTO OHH YJOBJETBOPSIOT ypaslieHuaMm (1) u 061agai0T cpoficTRaMu
B=t (¥ ), = s (4D D).

Mpu atom aas (x;, ) EA?
(X1s Xp Y1 (%1 ¥2) (21, X,)) EA (6)

Ykasanuele QynkuMu Py, 1P, €UIHCTBeHHBE, ONUCHBalOIHe BCE pe-
wenus ypasHenuii (1') B npaMoyrombHHke A, uHaue ropopfl, €CAH Ka-
Kas-aM60 TOYKA (¥y, Yo Yy, y,)g A ynoBneTBOpAeT YpaBHeHMAM (1’), TO
€€ KOOPAMHATRI CBA3aHhi COOTHOWeHHAMH (4'),
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U3 toro, uto akobGuan (2’) de pasen Hyawo B MO, caepyer, uto
OuHH U3 ero Saemcuton He pasen Hymo B M. He Hapywas oGlUHOCTH,
CYHTaEeM, YTO

U 40 7
3, 7O )

I{ stoMy BCerza MOXLO CBECTH, COOTBETCTBENHO NEPeHyMEpOBaB B CJy'ae
1COGXOAUMOCTH fy, fa # Yy, Yo.

Tax Kak uacTHbl€ NPOH3BOAHBIE OT fy Ul fy 110 YCJNOBHIO HenpepeBHLl,
TO Cy(ecTByeT JOCTATOUHO Masian OKPEeCTHOCTs Toukn MU, Ha KoTopouit
we ToabKo sKob6uan (2°), no n oponssoauan ﬁ He  paslibl  HYJIO.

1

tHHo Torma ans nepsoro ypasuenus (l’), ecan ero paccmaTpuBaTh OTUO-
CHTEAbHO Hel3BeCTHOW (GYHKUME g OT (Xy, Xa, Y3), BLUIOMHAIOTCA YyCho-
sist Teopemut 1’ § 8.15. [loatomy nas awodoro b, cyliecTByeT OpPAMO-

VOAbHUK
Ay={|xi—=x{| <@ |xo—3| <o |y,—03| <B |i—yf[ <v} (8

(v < by)
1 nenpepuiBlo Audxhepelunpyeman yHKunn
Yi=@ (x5, X2 Yyo) )]

(1 X2 g €A ={| xi—x}| < @, |x2a—x}| <0 |2—y?| < B},

yAOBACTBOpSIOWAsT AepBoNMy ypaBHeHHIO (1'):

Il (xh X (P(xl' Xy .'/2)- y2)=0' (IO)
rye

(xf! X2 yZ)EA';! (xl- Xo (P('YI: Xa .’/:‘.): .'/2)EAI' (l 1)
fipu 3toM dyHKLS ¢ eAHHCTBEHHAa B TOM CMbLIC.IE, YTO JIofas Touka
(X1, Xa, Y1, Y2), NpHUALTEKALAN K A| H YAOBJIETBODSIIONLAS TEPBOMY YpdBHE-
uo (1’), 1MeeT KOOpAWNATHL, cBSI3aHlble paBeHcTBoM (9); B uacTuocTil,
=0 (29, x5 y9). (12)

3ameuanne 2. OrmeruM, uto B (8) MbI MOran Ol Ha NEPBOM
Jrane pacceyajienuii cuntath ee=0. Ho B jpanbheiitem npuiercs uucna a,
f HECKOJbKO YMelblUINTb, BoOOME rOBOPS, HENPONOPLMOUAILHO. Y MeHb-
lilentble o i % NPHIrOAHbI M J/Is1 pacCMaTpHBacMOro MepBOro 3Tama pac-

cyIRAeHNIL.
Hrak, mul noayunny toxuaectso (10) BepHoe, KakoBLl 6wl HH GLliu
ne3aBlCHMBIE (¥, Xo, Y2) €EA]. Ho 370 ToiiaccTBO OCTaeTcst BephbiM, u

€CTM CYHUTATh, UTO 4, €cTh JioGast nenpepulBHO AUbxpepenuupyenas GyHi-
unst yo= Yo (X1, X2), OANAKO TaKkasi, UTOOL

(*iv %9, Yo (xi, x2)) € AY. (13)
Ho thknx ¢yHxruuil {, 6eckoHeunoe MuowecTso. llenb uawa sui6pats
CpeAd HHX TaKyio, YTOOH GyNKLUH
Yi=0 (X1, X g (x1 X2)) =1, (X1, Xg) } (14
¥3= " (¥1, xg)
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TOX/IECTBEHHO YNOBJIETBOPAMH BTOopoMy Ypasueniio (1°). IMepsomy ypas-
HeHH10 (1’) oHH yXe YAOBJIETRODPSAIOT.
Hrtak, mopcraBuM HaileHHy (QyHKUHIO ¢ BO BTOpoe ypamticHue (1'):

fa (X0, X2, @ (X1, %a, Y2)y Y2) =0 (15)
i 6yAeM HcKaTe QYUKLWIO gy OT (X, X2), eMy yaonieTsopsiowyto. [lo-
JOHKHM

@ (%1, X2, Y2) =fa (%10 X2 @ (X1) X2, Y2)s Y2).
Oyukuus @ HenpepbiBHo RuddepeHLHpYeMa AR JIOOMX (Xy, X3, ¥5) € AL
(cM. (11)). Ona yrnoe/eTBOpSeT paBeHCTBAM
© (x2, 0, yQ) =/ (x% x9 ¢ (x2, %8 %), yO) =[a (xd x8 4l 99 =0

{cM. ycarooue Teopembn u (12)). Kpowme Toro,

o
— g 0.
9ys *
B camom fene, Aaa TOueK (Xy, Xa, Ho) €AY (nOsCuenng mike)
ob __ 0y 09 | Oz _0fs (_%/%) O __
dys  Oy1 Oys ' dys  Oya \  Oya !l Oy /) ' Oy,
o on
_ (i 9 wmn)gb_wl% Iy
_((M dy: g1 Oy, /6yu— of; Ofs /E’éo' (16
Oyr  Oys

B nepusom paseicrse (16) npumeHelo NpaBMAO O MPOH3BOALON C0:KIION

(pYHKLHH, BO BTOPOM HalO YueCTh, YTO, coraacho (10),
@=_%/%
9y, dy, | 0y,

l\'OHe‘lHO. TamM rae Mbl MHILEM tacTHLE [HPOU3BOAHBIE OT fl i f-:v CHitra-

€TCR, YTO OHH BBIUHC/NIOTCA B TOYKAX Xy==X;, Xo==Xp, Y1 =@ (X, Xy, y.),

¥, =ys. B nocnennem coorsowennu (16) namo yuects (2°) u (7).

Mu smpum, uto neBasi yacTe ypasuends (15) yRomJeTBopscT BCem
venopuaM Teopemut 17 § 8.15. TloatoMy B npaMOyTOIBHHKC AY (em. (9)

liafigeTca HOBuK, BOOGIE TOBOPA, MEHLLINI NPSIMOYFOJLUHK, KOTOpbIY
Mbl CHOBZ 06O3nauMmM depea A (cM. Bhlwe 3ameuaine 2) W uaiiercs te-

npepuiBHO AupepeHupyeman qyHKLsI
Yy ="|5 (X1, X2),
(*i, A‘g)€A°=(|x,-—-x‘1{| <oy [ Xa—xY| <a},
(X1) x95 P2 (xy, xg))EAi’,

yioBaeTBopsIolLad YpasHennio (15):
D (x5, X3 o (X0 X¥3)) =3 (x1s %20 @ (%1, %20 Yo (%10 X3)), P2 (%1, X)) ==
=f3 (%1, X 1 (X1 xw)s Ps (X3, X)) =0,
O %) €A% (k1) xgy o (¥, X5)) €A 2 (40, £ =y},
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Mpu 3ToM MoGAas TOUKA (X{, X», Yo) €AY, YVIOBIETBOPAIOWIAR YPABHEHINIO

(15), HMeeT KOOpAMNATL, CBfJalHLE paBENCTBOM  Ya==Yq (%1, X4).
Ho Ttoraa eminoansierca Taksie cootiowelre (cM. (11))

(X1, Xg0 Uy (X1, Xa)y P21, X)) €A
Hrak, nokas3alio cyuwecTpoBalle HenpepuiBHO Ahdwpepenuupyemuix
yHRUMi

Yr="1 (X1, x2) |
Ya=1s (¥, %), [
yrosneTsopsiowuXx o6ony ypasHennam (1’) u nputoM Tax, uro

Y=y (%, £9),  HI="02 (&0, £9).

(%1, X2) €A,

Mpu 310M
(xl‘ X2y 'lh (xlt x?)v ‘1‘2 (xh A'Q))EAI (17)

u al06as TouKa (X, X», Y1, Y2) EAy, viobietsopsiowmas ypasnennsy (1°),
umeer Bul, Kak B (17).
Tlepexon OoT A; K A MOXHO OCYHIECTBUTb C NOMOWLIO 3avevanus 1.

§ 8.18. OtobpaxeHus

Ilycts 3agaHa cuctema HenpepbiBHO IHddepeHUHPYeEMbIX
¢yuruui

!J/=‘P/(x)=(P/(xn---,xn). xGQ (]: ’-")m)v (])

rie §2— OTKpLITOE MHOXECTBO TOYEK X = (X;, ..., X,). Dy-
JeM roBOpHTb, 4TO ciictema (1) onpenensiet xHenpepoisno Oug-
depenyupycmoe omobpasierue

y=Ax, x¢€Q, (1"

MHOXKecTBa €2 Ha HeKOTOpOe MHOMecTBO Q' Touek y =
= (Y1,.--» Y,)- Bynem ewte nucath Q' = A (Q) u HasuBath Q'
obpasom Q, a Q—npoobpason Q' (NOCpPenCTBOM OTOBpaXke-
Hua A).

Hapsiny ¢ A paccmoTpum apyroe HenpepbisHO Andxpepet-
uwipyeMoe otobpamenie B:

2,:‘1’,-()’):‘1’/(%» vers Un)s yEA (=5 ...,m,

OTKDBITOFO MHOXeECTBA A TOYEK § Ha HEKOTOPOE MHOMKECTBO
TOueK 2=(2;, ..., 2,,). Takum obpasom, 2 =By, y€A.
Sameuanne. OtMernm, uToec H X°€Q n y*=Ax* €A,
TO B CHJy HenpepbiBHOCTH A HalJeTcsi OKPecTHOCTh Vo
TOUKH X°, o6pa3 KoTopoii mocpencTsoM A MpUHAANEKHT K A.
Yumenbmas Q, noaoxus Q="V,s, noayuum Ttoraa, uto Q' cA,
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Ecan Q' <A, TO HMEET CMBICA CJOXHOE HenpephBHO
nidbepernupyemoe oTofpaxenne 2= BAx, x €Q, onpene-
JsieMoe  paBeHCTBaMH 2, =1, (¢, (%), ..., ¢ (X)), Xx€Q
(i=1, ..., m).

dko6uann oTto6paxenuii A, B, BA cBs3aHm 3aMeva-
TeJbHbIMH paBEHCTBAMH

m
Dep....2w) _ |02 =|20Z_iiy_s |9 .| %s|
D (xy, «o0s Xpn) | 0x; “~ dys dxy dys ox;
=D(zl1"'!Zm)D(yl"--vym) (2)
D@y, oo Ym) D (x1s ovey xp) °

JI0Ka3aTeJIbCTBO KOTOPBIX, KaK Mbl BHAMM, OCHOBaHO Ha
npHMeHeHHH (QOpPMYJibl MPOU3BOAHOH OT CJOKHOH (GYHKLHH
Y MpaBuJa YMHOMEHHSI ONpeiesuTeei.

B uactHocTH, eciu B ofpamaer A Ha MHOXECTBO TO-
ek XE€EQ, T. 6. Xx=BAX, X €8, ecTb TOXJIeCTBEHHOE OTO-
Opax<eHue, To B CHJY TOro, 4yTto ero skoOHaH pased 1, no-

JY4YUM (opMyaTy

—D(xl’ ""xm)_D(yj_, ...,ym)
l_D(yh---nym) DXty oo s Xm)’ xcQ. (3)

Bynem Tenepb cuuTaTh, YyTO onpejensieMo€ parenctBamu (1) menpe-
puiBHO AudwpepeHuupyemoe otobpaxceHHe y= Ax HmeeT akoBMaH

D(yll s ym) 2
D(xl, ey Xm) 0‘ erl

T. €. He DAaBHHIH HYJIO BCIOAY Ha OTKPLITOM MHOKecTBe £2,

[TpuBeseM Ge3 AOKa3atesbCTBA CJedyIolide CBOMiCTRA:

1) Q' =A () —oTkpbiToe MuOXKecTBo (BMecTe ¢ Q!),

2) eca Q—o6.acTh, To 0 € —obaacTs,

3) otobpaxenne A JIOK4MbHO B3aWMHO OJIHO3HAYHO, T. €., KaKoBa
6ul 1y Oblia Touka XY €L, Haiizetcs wap VR ¢ uentpoM 8 teri Takow,
uro orofpanenue A, paccMaTpHBaeNOe TONBKO Ha V, B3auMHO 0jHO3HAUHO,

CroiicTBo 3) yTBEp)KIAeT TOJNBLKO JOKAJBHYIC B3auMIIYI OfHO3HAY-
nocth. [06anbHOM B2aHMHOIl OJHO3HAYHOCTH MOKET M He OnlTh. Hampu-
Mep, npeo6pazoBalde x =pcos 0, y=psin® noIsprux KoopanHAT TO-
yeK NJIOCKOCTH B JiekapToBu npH p > 0 u nponassoasuom 6 HenpepuniBio
AupepenuupyeMo W HMMEeT HOJOKHTeNbHEI fikoOGual, pasuwil p. Ouo
oTo6pakaeT Touku (p, B) (p >0, —0 < B <o) naockocrs (p, 8) B
TOUKH (X, y), OTJMUHLIE OT HYJeBOH TOUKH, JOKAJblO B3auMHO OJI0-
anauno. OjfHako KamLo# Takoil Touke (¥, &) COOTBETCTBYET XOTA H OAHOP,
HO GeCKOHEUHOe UHCJO Pa3/IMYHHX 3HaueHuil 0, oTTHyaiowMxcs MexAy
coboit Ha 2kn (k=% 1, 12, .,4).
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§ 8.19. YcnoBHbi#i (OTHOCHTENBHLIH) 3KCTPEMYM

PaccMoTpum B mpocTpaHcTBe R, dyHkuno u=F (z, y)=
=22+ 4% Jlerko BUIETb, YTO € TCOMETPHYECKOH TOUKH 3pe-
HHA 3Ta QYHKUMR NpejcTas/aseT cofoil KBaapaT pacCTOfHuUs
TOuKH P ==(z, y) OT Hayaaa NPAMOYTOJb-
HOM CHCTEMbl KOOPAWHAT (I, 4). Ona ue
{UMeeT Handoabllero 3Hadennsi B R,.

€C/IH ee paccMatpuBaTh TOJbKO ANS TO-
N x2
uek (z, y) anwmnca Gz, y)= =5+

2
-+ ‘Z—z—l =0 (b>a), T0 scHo, UTO OHA

7 7 £ J[OCTHraeT Hau0o.bllero 3HayeHHs D TOY-
Kax Py=(0,b) n P =(0,—0) (pne.
103).

Takum o6pasom, (ynknua u=F (P),
7 PACCMATPHBAEMAS B0 BCeH MJIOCKOCTH R,
HE HMeeT HaubOJbUIECTO 3HAYEHHs, 1O 3Ta
Puc. 103, e (DYHKIMS TP yeJ0BHl, 4TO TOyka P
HAXOMUTCS! Ha 3//HICC, NPILIIMAeT Ual-

Gonbiiee 3HaueHHe (ABa pasa).
3ra caTyanus NpUMBOMIT HAC K 3a7ade 0O OTLICKAIH
3KCTpeMyMa (QYHKILMW 0OPH  YCJIOBHI, 4YTO €€ apTyMeuThl
YIOBJETBOPSIOT HEKOTOPHIM JIOTIONHHTENbHBIM OTPAHITYEHUAM.

Hrak, nycts nana thyukunus

U=FPY=F(Zy .ces Tpys Yy oo es Y,)

oT n+m nepemeHHbiX. TpefyeTcs naiiTn axkcTpeMyMm (yHk-
uuu F(P) npu ycJOBHH, YTO MEpPeMEHHhIe I;, Y, CBA3AHBI M
COOTHOLLEHH AMH

Gi(Ziv voes Zny Yi oo oy Um) =0, )
j (N

G (Ziy cony Ty Yy o0 ey Yp)=0,

KOTOpBble OOGBIYHO HAa3LIBAIOTCS YPAGHEHUAMU CBA3H.

Cuctema ypasHeHnnii (1) oupenensier B npocrpanctse R, .,
BOOOIE TOBOPS,, HEKOTOPOE MHOXECTBO, KOTOpOE Mbl OyIeM
HAa3bIBATh N08EPXHOCMbI.

Onpepnenenne. Byaem rosopute, 4T0 TOYkKa Pl==
=(2}, «vuy 22, Y3e + ooy Ym)y YROBJCTBOPAIOILAST YPABHEHHAM
(1), sBAseTCs mouKOl AOKQAbHO20 YCA08HO20 (OMHOCUMEAD-
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H020) Makcumyma (Munumyma), ecin B R,, .3 OKPECTHOCTb
ToykH P° Takasi, yto VP H3 3TOH OKDEecTHOCTH, YJOBJIETBO-
psolUX ypaBHeHUsM cBs3u (1), BHINOJHAETCH HepaBeHCTBO

F(PYSE(PY)  (F(PYZF(P).

Touka OKanbHOTO YCJOBHOrO MaKCHMYMa HJH MHHHMYyMd
HA3bIBAETCHA MOUKOL AOKAALHOZO YCAOBHOZ0 (OMHOCUMEALHOZ))
aKcmpemyma.

B paccMorpeHHom Bbimle npHmepe Touka P, =(0, b) ab-
JISIETCSt TOYKOIl YCJIOBHOTO JIOK2JbHOIO MakcUMyMa, Tak Kak
AA BceX Touek P, Jexaillux Ha saance, u(P)<Su(P,).

3aiiMeMcsi cHauaJa BbISICHEHHEM BOIpoca O HeoOXO.H-
MBIX YCJOBHsiX, 4TOObl TOuka P" 6bl1a TOYKOH JIOKaJLHOTO
OTHOCHTEJILHOTO 3SKcTpemyma. [lyctb P?—ToukKa yca0BHOTO

skcTpeMyMa ¥ (QyHxumn G, ..., G,, HMEWOT HenpepbiBHLIE
YacTHLE MPOU3BOJAHbLIE H sIKOOHAH

D (Gy, ..., Gp) 0

D(.’/l’ Cey .‘/m)sé (2)

B OKPECTHOCTH 3TOil TOUKH.
Kaxk Ham u3BectHO, cucteMa (1) paspelinma OTHOCHTEJbHO

NIepEMEHHBIX Y, +.., if,, B HEKOTOPOH OKPECTHOCTH TOUKH PO
y[:(p"(-rl,...,l‘") (i:],...,m),

rae ¢dyHkuun ¢;(z,, ..., £,) HMEIOT HempepLIBHbIE YacTHEHIE

NPOM3BOJAHbIE B TOUKE M° (@, ..., z0).

[NoacraBass atw dysHkumn ¢; B F, noayuyuM, uyro F
Gyner ¢yHKIHER TOJbKO OT 1 NepeMeHlblX I, ..., Z,, He3a-
BHUCHMBIX MEXAYy cOGOM:

Fzy, ooy Ty @i (Tyy co s Ty ooy @ (Zgy vy 2,)) =

= (xl-, ey x,,)- (3)

QOueBHIHO, 4YTO ecau F JOCTHTaeT JI0KaJbHOTO YCJOBHOTO
sKcTpeMyMa B Touke P°, 10 @ (2, ..., Z,) AOCTHIraeT B TOYKE
M® = (xf, ..., z)) OOLIMHOIO OKAJILHOT O 53KCTPEMYMa, WJ/IH, KaK
TOBOPAT, a6COJIOTHOIO JIOKANbHOrO 3KCTpEMyMa, H 06paTHO.

Ho Toraa, kakx Mbl 3HaeM, JOJKHBI BBINOJHATbCS pa-
BEHCTBA

oD (Mo oD
ai‘ 90 M) o (=1, ...,n) nau d(D(MO)_‘_IW =0

4)

13 2. C. Byrpos, C. M. Huxonsckuft
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rae dx; (i=1, ..., n)—auddepeHunans He3aBUCUMbBIX mepe-
MEHHbIX.
Touky P°=(xl, ..., 2% Y1, ..., Yu), DA KOTOPOii

B cuay (1) (wau (3)) puinonssiiorcss (4), OyaeM HA3bLIBATL
CMAYUOHAPHOL modKoll yHikyuu F npu Haauduw cessedd (1).

Mbl  jgokasa/nu, 4TO das moeo, 4mober mouxka P'=—=
=(x% ..., N Yl YR) BblAQ MOUKOU AOKAALHO20 YCAOBHOZ0
KcImpernyma, Heobxodumo, wmober oHa Ob6lAQ CMALUOHAPHOU
mouroti F npu raauuuu cesased (1).

JlanbHefiiHe HawM pPaccMOTPeHHST OTHOCATCS K BONPOCY
0 TOM, KaK H4UTH YKa3aHHYH CTAUHOHAPHYIO TOUKY, He
paspeitas cuctemy (1) OTHOCHTE/ILHO TIEPEMEHHLIX Yy, .. ., Y,
XOoTa cywecTnopanue PYHKuuil ¢, ..., ¢, Mul OyAcM npej-
noJsarate. bDygem nucate (F),, (¢;), BMecto F(P?), ¢;(M°).

B cuny uHBapuanTHOCTH opMbl AUdepCHIIHAIA NePBOTO
nopsiika yc/joBusl (4) 3KBHBAJEITULl YCJIOBUSM

40 (M%) =dF (P) =Y. (5 dr, + X (3 ), 49:=0, )

i= %

rae Bxoasuue B dF 3aBucumble audxpeperunanst dy,, ..., dy,
COOTBETCTBEHHO PaBHb

dy, = Z (%)odaf( k=1, ..., m).

i=1

Atu auddepennualsl BMECTe €  HE3aBHCHMBIMH  JudipepeH-
uManami dx,, ..., dx, CBA3aHBI COOTHOILEIISIMH

dG‘-(Pu):I; GTG;)odx’JF,,; (%)c'dykzo (=1, ....m),
(6)

KOTOPLIE Mbl NOJlyyaeM H3 ypaBHeHHH CBSI3H.
Hrtak crauuowapuas Touka (yHnkuud FupH HaaHyuu
cBasedt (1) mMoxer ObITb onpejejeHa Taxke KaK Takas

Touka P°=(x?, ..., I, Y%, ..., Yn), YAOBJETBOPSIOLULASA Y PaB-
HeHusM (1), uTo s Hee BLINOAHSIOTCS paBeHCTBA (5) s
BCeX dz,, ..., dz,, dy,, ..., dY,, ANS1 KOTOPLIX HMEKT MeCTO

pasetcTBa (6).
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BeeneM (7 -}- m)-MepHLIE BeKTOpPHI
grad, G, ==grad G, (P°) =

~(F)e - @@ -G =1

grad, F=grad F (P") =
=@ () @)y ()
o .—a_x_l.!) "N0xy /0’ \ Oy Jo? "\ Oy Jo/
dz :(d.'[_l', ey d.rn, dyi’ «eay dym)-
Ha s3bike 3Tnx BexTOpoB ypasuenus (5) u (6) MoxHO
3anucaTh Yepe3 CKaJdsfpHbE NPOH3IBEACHUA

(grad, F, d2)=0, (5"
(grad, G,, d2)=0 (j=1, ..., m). (6")
Mbl noayunau, uto Touxka Po=(af, ..., 20, Yl 0., YD)

€CTh CTaUHOHApPHAsA TOUKA NMpH Hanuunu cBsizeli (1) Toraa u
TONBKO TOrJA, KOTAA-OHA YIOBJETEOpPSieT YypaBHeHusm (1),
H eCJH M3 TOTO, YTO KaKoH-J1u60 BeKTOp d& OpTOroHaJjeH
K rpapuentam grad,G,, ..., grad, G, caeayeT, 4To OH QpTO-
ronaned K grad, F. Ho B Takom cJayuae (nosicHeHHsT HHKeE)
CYLIECTBYET 1 MPHTOM €AMHCTBEHHAS ClCTEMa unceai,, ..., A,
Taxasl, uTo

grad, F= kEl A, grad, G,. (7)

O6paTHoe yTBep:kAenne Toxe Bepho. Ecau ussecTio, uto
grad, F npu HeKOTOphIX uucAax A, ..., A, MOXeT OhITb
npeicranaed B Buge (7), T. €. B Bile JHHEHHOH KOMOWHa-
uuu rpaaueutos grad,G, (k=1, ..., m), To oTCI0/la HEeMeA-
JIEHHO CJIellyeT, YTO KaK TOJbKO KakoH-au60 BeKTOp dz
oproronaned K rpainentam grad,G,, oH aBTOMaTHYeCKH
opToroHanen K grad, F.

Y6ennutbca B BepHOCTH OGPATHOTO YTBEPXJAEHHS He Npej-
CTaBJ1sie€T HHKAKOro prna: u3 (7) v (6’) caenyer, yTO

= kgl M, (grad, G, dz) = '217»,,-0 =0.

13¢
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Uto ke KacaeTcsl NpsAMOro yTBepMKACHU S, TO MBI COLLJIEMCS
Ha TeopeMy M3 JHHeilHOH anarebpmei'). Bce xe caeaaem
MOSICHEHU .

[lyctb L ectb nuHeitHoe mnopmpocTpaHctso R, ,, HaTH-
HyToe Ha BexTopul grad,G, (j=1, ..., m), T. . MHOXECTBO
JHHeHHHX KoMOuHauuit Buja (7), COOTBETCTBYIOU(HX BCEBO3-
MOMKHBIM CHCTEMaM uHcea Aq, ..., A,. BBegem moanpocTpan-
cTBo L’ BEKTOpoB dz, opToroHajabHoe kK L, T.e. L' cocrout
M3 BCeX BeKTOpOB d2, OPTOrOHalbHBIX K L, Uad, 4TO BCe
paBsHO, OpTOroHa/JbHMX K BekTopam grad,G, (j=1, ..., m).
Ecau?) L' oprtorosansHo k L, T0 H, ofpatHo, L opToro-
HaaeHO K L', T. e. L COCTOMT M3 BceX BeKTOpOB, OpPTOro-
HaapHbIX K L. Kax OblIo ¢K43aHO B CTaUHOHApHOH Touke
P°, rpaguedt F oproroHanen Ko BceM BeKTOpam dz, OpTO-
rosa/bHbiM K rpapuentaM Gy, T. e. rpaguent F oprorouasen
K L'. Ho Toraa no ykasanuoii Teopeme rpaaueHtr F mpu-
HaAJeXNT K L, Takum o6pa3oM ecTb HeKoTopas JMHeiHas
KOMOHHAUHA M3 TPaaHeHTOB G, eAUHCTBeHHAA AUHeliHast KOM-
6uHauus, 1MOTOMy 4TO rpajuentnl G;(j=1,...,m) obpasyioT
JMHHEeHHO He3aBHCHMYI cucteMy B R,,,. eso B ToM, 4To
MaTpHlla H3 YaCTHBIX MPOMU3BOAHBIX QyHKUMA G,

J Gy aG, 9G;
} dxy *°°" Ox, dyy

19G,» G,y G,y
axl e ()X” a.’/l

(8)

HMeeT B OKpPecTHOCTH TOYKH P° panr m, MOTOMY YTO MbI
NpPeANONOXKHAN BeDHLIM ycJ0BHe (2), HO TOrAa CTPOKHU 3TOH
MaTpULBl OMNpefe/sioT BeKTOPel (rpafneHThl), o0pasyouiue
JHHEAHO HE3aBHCHMYIO CHMCTemy ™).

M3 ckasanHoro caenyer, 4ToO CTallliOHAPHYIO TOYKY (PYHK-
uun F npu naavuuy cBsa3eil (1) mMoxHO onpelesuTh eule i
Tak: smo makas mouka P'=(z}, ..., 20, yb, ..., 4%,
yoosaemsopsuowjan  ypasuenuas (1), 011 romopott  epadu-
enm F ecmo aunednan xombunayus u3 epaduenmos U

1) Cv. mnawy xunry «Boicuwias matemaTuka. SaeMeHTLl JHHCIHOI
anreGpul M auagauTHuecKoil rcometpuu», § 19, Teopemut [, 2 u caes-
ctsne 1.

2) Cum. Teopemy | § 19, ykasanuoil Bhllle KHHTH.

3) CM. § 13 yKa3aHHO# KHHFHU.



§8.19. YCJOBHBIA (OTHOCHUTEJbHBIF) SKCTPEMYM 373

(j=l. ...,ﬂl)
grad, F = ,21 A grad, G,. (7)

MoxHo elle CKa3aThb Tak: 0ast mozo umobel mouka

0 0,0 0
POZ(IL ooy Ty Yiy o0 ey .l/m)

6vira cmayuonaprotl 0443 yrkyue Fonpu noausun coszed (1),
HeobGxodumo 1 docmamouro, umobvl 0151 HeEC CYLCCMB08AAU
wucaa Ay, ...y Ay, 041 KOmMopbix gotnoardenicst pasercmeo (7).

Tak kak paur wmarpuusl (8) B Touxe P° paBen m, TO
Kaxpaoil crauuoHapuoil TOUKEe COOTBETCTBYeT eJlHCTBennas

cucTeMa yucea Ay, ..., A,, AAA KOTOPBIX HMEET MecTO pa-
BenctBo (7). PaBenctBo (7) 3KBHBAJENTHO CJaENYIOLLEMY:
mn )
d
grad, [F“,-}—‘x )H,G,.J = 0. (9)

DyHKIHI0, CTOALLYIO NOA 3HAKOM rpajueHta B (9)
L(P, M:F(P)—;]] MG (PY, A=Ay ooey AL

HA3BIBAIOT ¢hynkyuell Jaepanxa, a yucaa A, muoocumenamnu
Jlaepanxca.
3anuweM ycJaoBust (9) B pasBepHYTOM BHIE:

m

oL JaF aG; .

m (9!)
L _ 6F 9G; _ -
3 = ;x,.ayk_o (k=1, ..., m). J

Bonpoc o nHaxoXAeHHH CTauHOHAPHBIX TOYEK £ npH Ha-
Juuuu cBas3ed (1) cBesacsi K pelleHHIO CHCTE€MBI, COCTOsILLei
13 ypasnenuit (1) u (9').

Pestomupyem ckasanioe.

Uto6bl HaiTH CTaUMONApHYIO TOYKY

0__ (.0 0,0 0
_‘(Ilv cony Ty Y1y o0 oy ym)

¢yskuun F  npu HanuuuM  cBs3eli, HaaQ COCTaBHThb
¢yukunto Jlarpamxa u cucteMy ypasHeHuit (9') u pewuthb
3Ty CHMCTeMYy COBMECTHO ¢ YpaBHeHHsMH cBa3H (). Bcero
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aech Oyaet n--2m ypaBHeHuil C n--2/m HEH3BECTHBIMH
ZiyoeosZys Yio ovor Umo Mo -« o5 Ay TTpH9TOM petueliite cHCTEMbI
OTHOCHTEILHO &; I §f; A4CT TOUKY (9, ..., I8, Y1, - .\ Ym)
KoTopast Oyner crauuonapuoit Toukoii. Touki AokaabHoro yc-
JIOBHOTO 3KCTPEMYMAa HAXOAATCS CPeAH CTaLHOHAPUDLIX TOYeK.

Bristicrieniwe  Boupoca o Ttom, Oyjer JH Ha

q camMoM JieJie cTalllioHapnasi Todyka PP rou-
J KOl YCJOBHOTO 3KCTpeMyMa, Y/00HO npo-
J BOAHTD, paccMaTpupasi BTOpOil  Au(epeH-

uuan Pvuxkygda Jarpanxa. [lpy soisncnenuu
aHaxa d?L (P°, A) HyXHO yyuTBIBATL, WTO
auddepenuuannt dy, 3aBacst or pudidepeH-
> 1HaJ0B" dr;.
gl A4 & =z Mpumep. Myets na unnockocrn 20y
Puc. 104 Aana (Qurypa, orpaHudeHHas OCAMH KoOp-
JUHAaT H napabonon y+at—3=:0
© <z<<)'3 ). Boucats B 3Ty Qurypy npsMOYTro/LbHHUK CO
CTOpPOHAMM, TMapa/iieLHBIMH OCSIM KOOPAHUHAT, ORHA H3 BCP-
wud M= (z, y) KoToporo HaxomuTcs 1a 3TOi napaBose,
TaK, 4TOOLI MJOWAAb TMPAMOYroabiika Obla HaHOOJbILEH
(puc. 104).

Pewenue. Ilycto z u y—Koopauitatel nepuidint M.
Torpa nacwanb npaMoyroabHuka S -==zy. Jlanee, Tak Kak
Touka M JexdT Ha napaone, TO ee KOOPAHHATH JOMKHbI
YAOBJACTBOPATh ypaBHeHH0 napadoant: g+ z*—3 =0. Taxkum
o6pa3oM, Mbl LOMKHBL HCCAENOBATL 114 YCJAOBHBI IKCTPEMyM
dynkumo S =xy npu Haauynu cssu y -+ a? —3 = 0. Cocra-
BuM ¢Qyuxnuio Jlarpamwka L (x, y, A)=xzy —A(y - 22— 3).
Hatfinem crauuoHapubie TOYKH 3aJa4d U3 ypaBHEHH

oL _

=Y —2hx =0,
Ly g,
y-+z*—3 -0

Pewast sty cucremy, uaxogum, uto x=1, -2, A- 1.
Takum obpasom, Touka (1, 2) cTanmonapias H cif oTbeuaeT
MHoxuteab Jlarpamka A=1. Hccnenyem B crawsonapuoi
Touke BTOpOH Au(xpeperuman Qyukitiy Jlarpasxa

Lx,y, )=2y—y—2*+3.
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Hmeem
d*L(z, y, 1) = Lyrdz*+2Ly, dz dy -+ L, dy? = 2dz (dy — dz).

Ecnu cuntath dr 1 dy xak audeperuvansl He3aBUCUMBIX
nepemenublx, 10 d*L (z, y, 1) He sBJAsIETCS] ONpEJAEJEHHBIM TIO
3Hary. OnHako H3 ypaB!leHNs cBs3u BUANO, ¥yTO dy =—2zdzx
u B touke (l, 2), dy=—2dz. Taknm o6pasom,

&L (1,2, 1)=—6dzr* <0 (dz+0),

a cnefioBaTeibHO, W npupaienue ¢pynkunu L(z, y, A) B Touke
z=1, y=2, A=1, coOTBeTCTBYIOLIEE NpPHPALIEHHIO Z, paB-
HoMy dz==0, wmenvime nyas (AL(l,2,1)<0). 3nauur,
yHkuus S =zy nmeer B Toyke (1, 2) Jokanbublit YCAOBHBII
MaKCHMyM, TaK KaK ua napabose y+z*—3=0, AS=AL.

Hrak, u3 Bcex npAMOYTQIbHHKOB YKAa3aHHOTO BUAAE,
HaU6OJBLIYIO NAOUIAAEL HMEET APSMOYTOJABHHK CO CTOPOHaMH
0OA =1, OB=2.



FJTABA 9
PSAAbl

§ 9.1. Mousitue psifa

Briparkenue

g+ +u,+ ..., (D

rjae uucna u, (4aeHs: pada), BoOGLLE KOMIMJEKCHBE, 3aBUCAT
oT uigekcos k=0,1,2, ..., HasbBaercs padom. 3romy
BBIDAXKEHHIO Mbl i@ MPHIHCAAH HUKAKOrO YMCJ/a, MOTOMY 4TO
cnoxeHHe GeCKOHEYHOrO YHCAA CNaraeMblX He MMeeT CMbICJa.
Pan (1) ewe 3anuckBalOT Tak:

> U= Zuk' 2)
k=0 Q

3ra uyucto QopMaabHas 3anuch YacTo GoJee yAoGHA, ueM
sanuce (1).

Yucna

S,=u,+u;+...4+u, (@=0,1,...)

HasbIBAIOTCA N-Mu dacmudnsis cymmanu pada (1).

Ilo onpepenenmio psag (1) cxogurcs, ecau cyllecTByeT
npeznes

lim §,=S.

n—>w

B 3toM cayuae nuwyrt

o

S=ug+u+u,... =X u, (3)

k=0

¥ HaswBalT S cymmor pada, T.e. poipawenusm (1) nan (2)
npunucsisaerca uucao S. [oBopar euwe, uto pAA (3) cxo-
dumcsa k S.



3ameuanue. Papenctso limS,=S, rae S, u S—

n— o
KOMIIJIEKCHbIE, OMpefiesseTcs TaK e, KaK Ajs AeHCTBUTe/b-
HBIX S, S, T. e. oo 0603Hauaer, uro Ve > 0,3IN: |S,—§| <,
Vn > N. 3aeck |S,—S|—Moayab pasHoCTH ABYX KOMILIEKC-
Heix uncen S,, S. Jlas KoMmnnekcHbIX MepeMeHHbIX N0Ka3bl-
BaeTCsi B TOYHOCTH TaK e, KaK AJs NeHCTBHTENbHBIX mepe-
MeHHBIX, UTO TMpeJes CYMMbl, DPa3HOCTH, IPOH3Be/leHUs H
YaCTHOrO [MEepeMeHHbIX I, U, PaBeH COOTBETCTBEHHUO CYMME,
PAa3HOCTH, NPOM3BEfEIINI0, YACTHOMY [PEAEJOB 3THX [epe-
MEHHBIX ¢ OBBIYHONR OrOBOPKOIT B cayuae yactuoro{lime, 5= 0).
B cuay ycnoBus Kowu (BepHOro n Asd 0OCJel0OBaTe/b-
HOCTeH KOMIEKC HX uucen) ¢ 13 moeo wmobst psad (1) cxo-
duacsa, Heobxooumo u Oocnainouno, ymober 048 ecakozo & > 0
Hauiaoce makoe N, umobot Oan ecex nHamypaavHetx n >N
i 2106020 HAINYPANGHOZO P BLINOARAAOCH HEPAGECHCIMGO

lun+1+'- . +un+p IzlSn-i-p—'Snl <e.

Orciona B wacTHOCTH (moJgarast p=1), clelyer, 4To ecaH
paa (1) cxoanrtcsa, To ero obLLHE Yaed CTPEMHICS K HYJIO:
lim u,=0. (4)
n—+»rw
Ho ycnoBue (4), Gyayun 11eo6XoauMbIM, He SIBJAETCHA A0CTa-
TOYHBIM /11 CXOLHMOCTH pfja, Kak 3T0 OYyJeT BHAHO H3
Ja/IbHeHIIHX [PHMEOB.
Paccmorpum etie psia

2]
5
Upyy —i—un+2+"'—k}_-ll un+k‘ (5)

Tak xak ycnosue Kowu cxoaunmocti psigos (1) u (5)
(GopmMynMpYeTCs COBEPIIEHHO OAMHAKOBO, TO OHH OAlOBpe-
MEHHO JaM60 CXoisTci, JHOO pacXomsTcst (He CXoAsaTCs).
Ecau onu cxomatcsa, 1o cymma psaa (5) pasua

m

lim X u,,,= lim(S,,,—S,)=S8—S§,.

m—owhb=1 n-—m

'Paa (5) Ha3BIBAIOT OCMAMKOM WU OCIAMOYHBIM  HACHOM
pada (1).
Ecnu unenst psga (1) neoTpuuatensHbl (TakuMm 06pasom,
AeACTBHTCJbHBL), TO €ro YacTHUHBIE CYMMBI 06pa3yioT HeyGbl-
BAIOUWLYIO NOC/EAO0BATENBHOCTD S; L S, Sy < .., N03TOMY,



€CJI1 3Ta MnocjenoBaTeJJbHOCTh orpaHuqua
S,.<M (n=1,2,...),
TO psIA CXOAHUTCA U €ro cymma yllOB..'IETBOpﬂeT HepaBeHCTBy
lim S, =S < M.

n-—»w

Ecau ke oHa HeorpaHnuyeHna, To paa PacXOAHTCS.

lim §, = oo,
B stom cayyae nuwyt

Sy, .

k=0

INpumep. Pan
4+ 24204 ... (6)

HMeeT (IpH z 5= 1) uacThynyto cymmy S, (2)=(1 —27+1)/(1—2).
Ecmn |z| <1, 70 |2"*|=|z|?"* 1 2**1—0 (n— oo0).

Taknum ob6padom, psaa (B) CXOAMTCS H HMEET CyMMY, PaBHYH
(1 —2)~' na orkpuitoMm Kpyre |z|<1. Ecau xe |z|{>=1,
To paAx (6) pacxoauTcd, DOTOMY 4TO B 3TOM CJyyae €ero
obwHA ujend, HMEWIIMA MOAY.L, He MEHbLIWH eLNHMRbL
]2”|> I, ne cTpeMuTcs K HY.JK) OpPH A — 00,

§ 9.2. Heco6cTBeHHbllt HHTErpas H psaj

PaccmoTtpum uHTerpaa
b

{ f(2) dz, (1)

a
HMeIoUHB eMHCTBEHHYIO ocobentocTs B Touke b. Ilyctnb
a=b, < b, <b,<...<b, b,—0b.

Torpa MoxHO onpeienuTb psija

{{@dr+{f@drt..=2 | fae, @
[ by k=0 by
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k-1 4unen KOTOpPOro paBeH
bl
Uy, = S fdz.
Ofe
Teopewnma 1. Lca wnmeepanr (1) cxodumesa, mo cxo-
oumest marxce pad (2) u nusent MeCmo PaseHenico

f’ @ Uk
/ Y :
S filxyde= 2, S [z, 3)
a (25
JlcitersnTeanio,
n Ukt i 41 b

. Ql o1 H

lim S jde=lim S [dr:Sfdx.

n-+x 0 e n—>w g a

Lean f neorpruareasna ua [a, b), To i, HACHOPOT, H3
CXOAHMOCTH psifd (2) cacayer cxoaumocTL uurerpaqa (1).
B camom jeqe, nycTh puA CXOAUTCsl N HMEET CyMMY, paB-
Hyio S. s awoboro b, rae a <b" << b, MOXHO yKasaTh
takoe n'=n(b"), wro V¥n>n', b' <b,. [NoyTomy, y4HuTbI-
Bas, 4to [(z)=0,

b’ 'n n-1M+
§jae<(fdz =3 | jde<s,
a a k=0 Uk

T. €. HHTerpaJ b JeBOH 4acTH OTPAHHUEH H, CJEJOBATe/bHO,
HecoOcTBeliHbIil HHTerpaa (1) cyuiectByer. Ho Ttorna, kak
NI0KA3a110 BhILLE, CIPABELIIBO paBeHCTBO (3).

Ecan e ¢ynkuust f ue coxpaHsier 3Hak Ha [a, b), ToO
M3 cXoMumMocTu psxa (2) BooOue He caenyeT CXOJHMOCTL

MHTerpana.
Hanpumep, psin
® 2¢+1)yn .
> S sinzdr= 2,0 :0
k=0 2hn 0

o

CXOAUTCS, HIITErpan e gsinxdx PacXoguTCs MOTOMY, UTO
0
QyHKLHA OT X
X

S sinfdt =1—cosz
0

He CTPeMHTCH K fpejeny NpH I — 0o,
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Teopema 2. Ecau ¢yuxyus f(x) =0 Henpepoiena u
ne sodpacmaem #a |0, 00), mo tinmezpas

§ f(x) dz 3"

u pad

o

ngf(k):f(O)Jrf(l)»H(?)Jr... 4)

OOHOBPEMEHHO CXOTAMCA Al VOHUBPEMUHHO PACXodames.
JNokazaTenabcTBO. KIMelOT MecTo HepaBeHCTBA

fer 1
fle+0< § f@de<<i)y &=0,1,...)
I
CyMMHEpY S HX IO &, NOJYUYHM

nel 4k

IO R IR § 1@< 1.

Orclona, YYyUTLIBaS, YTO BCE YJEHbl B 3THX COOTHOILUEHHAX
NpH BO3PACTAHHM fi MOHOTONHO le YyObIBAOT, CJEAYeT YT-
BepXIeHHE TeopeMbl.

M3 pokaszanuoit Teopemnbl caedyeT, uTO Psif

L gt o (5)

CXOAMTCs npH o > 1 n pacxoautes upu «<{ 1 noromy, uyro
¢dynkuusa 1/(1 4 x)* npu a«>> 0 HenpepbiBHA M MOHOTOHHO
y6uiBaer Ha [0, oo), a

§ (<o (a>]),
o“r”)“l—oo (@< ).

Psaa (5) npu 0 <a<{1 MOXeT CAyXHTb NPHMEPOM pac-
Xonsuerocst psaaa ¢ ofmuM ysenoM (i, =n~%), crpeMalmUMcs
K HY.TO.

B cayyae o< 0 HemocpeAcTBEHHO BHJIHO, UTO paA (5)
pacxoautcs (061u}m Y/eH HE CTPEMHTCH K HY/O),
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§ 9.3. NefictBusg c pagamu

@® @®
2
Ecau pader DU, 1t XU, CXODAMER L 0L — 4UCAO, 1O PASL
0 0
[+ ] @

dlau, ) (u, == v,) makse cxodsmes u
g 0

@®

Dau,=a X u, (N
0 0
D)= dux Jo. @

JleficTBUTENBHO,

II

Zauk—— lim X ow,=alim Zukvaz U

n—->w 0 n>x

20] (i1, £ V) = lim 2 (up, £ vy) =
n-»

= lim Zuk:t lim Zv Du,+= 2,
0 0

n—->w n—> o

[TonuepxkueM, 4TO H3 CXONUMOCTH psiaa, CTOsIIErQ cjeBa
B (2), Booflue He crelyeT CXOAMMOCTL Ka)JOro H3 psJOB,
croawux cnpasa B (2). Hanpumep, psa

I-D+{I—-1+... 3)
CXOAMTCH (BCé ero 4JjeHH paBHBl HYyJ00), HO BhIpa)eHHe
@® w
D1 — D1 He umMeeT cMbICaa — pAfbl, BXOAALLHE B HEro,
0 0

pacxoasarcs.
Ecnu paxn

g,y on. (4)
CXOAHUTCS U UMeeT cyMMy S, TO YJ/eHbl ero MOXHO JHoGbIM

00pasoM CrpyNAHpOBaTh CKOOKAMH (OAIaKO Iie nepecTasnss
HX), HalpuMep, Tak:

un+(”1’ _Fu2)+(ua+u4 +u5)+

o6pasys HOBbIA pAl, YIeHbl KOTOPOrO PaBHBl CyMMaM 4Hced,
cronx B ckoOkaX, HoBbli pag Gyner cXoAswWHMcA M
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npUTOM K S, NOTOMY YTO €ro 4acTHYHHIE CYMMhl OGpasyioT
MOAMOC/IeR0BATENBIOCTL  CXOASILLEHCS  MOC/e]0BaTeNEHOCTH
Y3aCTHUHBIX CYMM psifa (4).

Hao6opot, packpmBaTh CKOOKH B psfy, BooOiie rosops,
He3aKOHHO, HaNpHMEP, 10c/e PACKPHITHS CKOGOK B CXOZsLIeM-
cst pany (3)nonyuaercs pacxoaswniica pag l—I14+1—....
BnpoueM, ecsii BHYTpHU CKOGOK BCIOAY CTOSIT TOJNBKO HEOTpH-
LaTeJbHbIE HJ/H HENOJOXHUTEeJbHLIE UYlCAd, TO PacKphITHE
B TakoM PpHAY CKOGOK He M3MeHsIeT CXOAMMOCTH psjia H
BEJIMUYHHBEl €r0 CYMMBI.

§ 9.4. Paabnl ¢ HeOTPMUATENbHBIMH HJIeHAMH

Teopema | (npuaHak cpaBHeHHSA pAAOB).
ITycms daner déa psda:

-] o

D Xu. 2 Do,

0

C HEOMPUYQMENbHOIMU HACHAMU.
a) Ecau u,<<v, (=0,1,...), mo u3 cxodumocmu
pada 2) caedyem cxodumocme pada 1), a ua pacxodumocmu
pada 1) caedyem pacxodumocme pada 2).
6) Ecau

« ‘lih— .
Iz]T:o vh_/l>0, 8]
mo paovt 1) u 2) odHospemento cxodamca u pacxodamcs.

HNokasatenbctBo. Ilycte psa 2) cxomurtes u S —
ero cymma. Torza

<Xy <S (n=0,1,...),

T. €. YaCTHYHBIE CYMMH psia 1) orpannuensr u psag 1) cxo-
nutesi. Ero cymma S’ ynosnetBopsier HepaBenctBy S’ << S.

Ilycro Tenepn psn 1) pacxomutcs: Toraa (cM. § 9.1) ero
YacTHYHas# CyMMa HEOTPaHHYEHHO BO3paCTaeT BMecTe c 7,
YTO B CHJITY HE€pPaBEHCTBA

n

;uk<§vh (N=O, 1,...)
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BJIYET TaKIKE HEOrpaHMUYEHHOe BO3DACTAHHE YACTHYHBIX CYMM
pAaga 2), T.e. pacXOAHMOCTb NOCJENiero. ITHM JOKa3aHO
yTBEPKACHHE a).

[ycts Teneps wumeer mecTo (1). 3amanuM nonoxuTe/b-
HOe wylucJ0 €, yJOBJaeTBOpsoulee HepaBenctBy A—e > 0.
W3 (1) caeayior mepascrcTsa

A—e< < Ate, k>N,

Uk

BepIinie npi A0CraTouiio 6OILILIOM N, JHE HEPpaBeHCTBA

(A—e)v, Cu, < (A-6)v,, k>N, (2)
Ecan  pax  2) cXoantes, TO CXOANTCH  TAKOKE  PAR
m

4§
\ %‘ (A+¢€)v,, W 118 OCHOBAHHII BTOPOro HepaseficTBa (2),
=N+1

n
CXONUTCS PS4 %y Uy, a Toraa u psn 1). O6patao, cxo-
k=N +1 :

a
INOCTb pfiza 1) BAEYeT CXOAUMOCTD psaa (A—¢e)u,
E=N+1

H, CJeJ0OBaTeNLHO, CXOAHMOCTL psifa 2).

AHaJIOTHUHO JOKAa3LIBAETCH, YTO H3 PACXOAUMOCTH OJHOTO
pAAa BhITGKAGT pacXoiUMOCTL JAPYroro. ITHM J0Ka3alio
yTBCpKIeHue 6).

Teopema 2 (npusnaku Jdamambepal)). ycms
dan psod

»n

a
u 3
I ®)

C NOAGHCUINCAOHOIMIL YACHAMLIL,

a) Leau
u

Ugg <l (=0, 1,2, ..., (4)

mo psd (3) cxodumcsa, ecau e

ME.I (k:O) 1» 2) "‘)) (5)

iy

. mo pacxodumes,

1) K. Manambep (1717—1783) — $paHiy3ckHit MaTeMaTHK,
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6) Ecau

lim 2414, 6

kl—incn Up q ()

mo pad (3) cxodumcs npu q <1 u pacxodumcs npu g > 1.
JdoxasateabcTBO. HMmeem

u =u .u_l..-lﬁ-,.. Un (/l=0, ], 21 -")) (7)

n Yug oy Up—y

nostomy u3 (4) creapyer, yto
U, <ug” g<1 (n=0,1, ...},

o
H TaK KaK psan 2 u(,q" CXOAHTCY, TO BMECTE C HUM CXOANTCH

1
u pan (3). U3 (5) crmeayer, uto u,>=u, (n=0, 1, 2, ...),
M Tak Kak uy, >0, To psn (3) pacxoautest (obuinii unen ie
CTPEMUTCS] K HYJIO).
Ecau Tenepb BhlnoaHsercs cpoiictso (6) u g < 1, To ans
NOJIOMHTENALHOr0 € TaKoro, 4to g +& < 1, u, . /u, < g+ e<1
(k= N), rne N jpocratouno Beauko. B cuny npusnaka (4)

a
2

B TAaKOM CJyuyae psii D U, CXOAMTCS, a BMECTE C HHM CXO-
N

autca U pax (3).
M3 cpoiictBa ke (G) npu g > | BbITEKAET, UTO Uy /i, > |
(k= N) opu poctatouno 6osabuiom N, W TOrAa B CUAY

@O
npusnaka (5) pAA Y U, PACXONHTCS, a BMECTe C MMM pacxo-
N

antes uopsa (3).

Teopema 3 (mpuanaku Kowmu). [Tyems dan pad
(3) ¢ noaoscumervHoiMu YAeHAMU.

a) Ecau

Vir<qg<l (=0, 1, ...), (8)
mo psad (3) cxodumces; ecau e

V=1 (k=0,1, ..., 9

mo pad (3) pacxodumcsa,
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6) Ecau
lim /=g, (10)
k—> o
mo pad (3) cxodumes npu g <1 u pacxodumcsa npu q > 1.
B) Ecau

b/ ay =4, (11)

mo pad (3) cxodumea npu q <1 u pacxodumes npu g > 1.
JdokasateabcTBo. M3 uepapeucrna (8) caenyer, 4yto
u, <qg* (g <1, k=0, 1, ...), H Tak kKak B 3TOM cJayuae

PR X q* cxomutcsi, To cxonutes M psa (3). M3 HepaBenctsa
1}

(9) caenpyer, uto u, =1 (R=0, 1, ...), T. . He BLINOJAHALTCSH
11e06X0/IHMOe  YCJIOBIIE CXOAUMOCTII, B NI03TOMY psill (3) pacXo-
AUTCSL.

Hagee u3 cpoiletBa (10) npu g < | caenyer, uro

Vg <gte<l (k=N) (12)
npu jocratoulio Goabuiom N, OTKyZR4
uy <(q-+ey (k= N),

o
Q

0 Tak Kak psid (g +€)* CXOUMTCH, TO CXOLHTCS H psn
N

Dluy, a BMecte ¢ Hum psia (3). M3 croiicta (10) npu g > 1
N

BbITEK4ET, UTO '{/uk> l, T. e.u, >1 (= N) npu pocratouno
6oablioM N, OTKyad cJaenyeT pacXofiMOcTh psiaa (3).

M3 cBofictBa (11) (tak e kak u3 cBoiictBa (10)) npu
g <1 cnepyer (12), oTKyjaa, Kak yske AOKa3aHO, BbITEKaeT
CXOMMOCTL psifa (3).

Hakouer, nyctb Boimoausercst ¢soicteo (11) npu g > 1.
3apaaum &> 0 takoe, yto g—¢ > 1. Ha ocnoBanuu cBOM-
CTBA BepXHero npejeja CYHLECTBYET IOANOC/IEA0BATENbHOCTD
k, <k, <k, <... Takas, urto '

S, >q—e>1 (s=1,2, ...),

Urg > (q_e)ks_
Ho Torga lim ux, =oo u psx (3) pacxomutcs,

§—>®
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3amevanue. Pag c ofwum ynexoMm u,=n"%* (a > 0)
cxonutes opu o > 1 o pacxoautcst npu o< 1 (em. § 9.2, (5)).
[1pu stom B ofoux cayudasx

; Upyi
nlﬁnm = 1, (13)
TaK Ke Kak
lim /u,—=1. (14)

n—

Takum 00pasom, CYWeCTBYIOT Kak CXOAALIHeCs!, TaK H pacXo-
nsauueest psiasl ¢ opusnaxkamu (13) n (14).

!
Pan 1 +f£—+ —3——1— ... 1a3LIBACTCHA 2apPMOHUMECKUM PAGOM

(om pacxoautcst, cM. § 9.2, (B)).
Npumepul

4) Zm(w%). 5) 2.qt+VE (¢>0).

Pan 1) cxoaurca Vx >= 0. Ipu x =0 310 oueBnano, a npu
x>0 310 caepyeT H3 TOro, UTO g, /i, = x/(k-+1)— 0,
k — oco. Bosee TOro, M 3HaeMm, YTO 3TOT PSA SBAKETCHA
psanoM Teiinopa ¢yukumni e m cxoautcs Vx K cyMme, pas-
HOH e*.

Psan ke 2) cxomutcs mpu 0<{x <1 u pacxomrurcs
zmﬂ x>1, noromy uro npu x>0 paa Hero . ,/u,=

= x(R/(k+1))*— x, B — o0o; npn x=1 cMm. Bbille 3aMeya-
nue. Cayyail x =0 TpuBuanen.

Pagol 3) u 4) pacxoastcs B cuay Teopemul 1 § 9.4,
notomy u4ro e — 1 l/k (kh—o00) u In(l1-+(1/R) =~ l/k
(k — o00) («=» —3HAK AaCUMATOTHUECKOrO pAaBEHCTBA, CM.

§ 3.9, § 3.10), a rapmonuueckuit psn X Rk=' pacxoputcs.
T

Psip 5) cxoautest mpr 0 <{q << 1 n pacxoaurcs npi ¢ > 1,
NOTOMY 4TO AJS HEro l/u,, ql+ (V&) s g (k— o0). Mpu
g =1 ou TOXE pacxopuTca — OOLLHMIT ujeH psjia B ITOM cliyuae
pasen l.
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Teopema 4. ITycmes pad
Uy, +uy- ... (15)

C HEOMPULAMIEALHbIMI HAEHAMU CXO0UMCA 1 uMeem cymmy S.
Tozda noayueHHslil 6 pe3ysbmarne 1 pou360AbHOI NePeCTIAHO6KU
ee0 4ACHOE HOGbiLl (3AHOB0 Neperymeposartbiil) pad

ugt w4t (16)

maKae cxodumes u umeem my oge cymmy S.
HdoxkasartenbctBo. [lycts

Sp=ug+ui+ ... Fu;

— yactudHasgs cymma psapa (16). UneHul ee HaXoAsTcs B paje
(15) noa HexoTOpbLIMH HoMmepamu k,, ..., k,. Ilyctb N —
HauGoJbllee YHCNO CpeaM HUX M Sy ecTb N-si yacTHuHas
cymMma psaga (15). OueBnano, S, <<Sy<<S, ¥ Taxk kak n
npousBonbHO, To pad (16) cxomutea u umeer cymmy S’ < S.
Ho Tenepk npusemennoe paccyjeHie MOXHO NMPOBECTH ellle
pa3, TNOMEHSB pSAbl (15) n (16) mectamu, ¥ NONyuNTL, YTO
S<S'. Toatomy S=S".

§ 9.5. Pan Jleii6uuua

Pan Buna
ay—a;+a,—ag+ ..., )

rae yucaa a, > 0, MOHOTOHHO yObLIBasi, CTPEMATCS K HYJIO
(a,= a4, a,— 0, k— o), HaspiBaeTca padom Jledbruya.

[Toxaxem, uyto psp Jleii6Huua CXOAMTCS M era cymma
S<a,.

B camom pnene, uacTuuHast ero cymMma S,,.; C HEUETHHIM
HoMepoM 2n--1 MoxeT ObITb 3anHcaHa B Buje

Sonti=@— (A —a,)— (a3 —a,)— . — (Qgp=1—A3) — i1y

OTKyJa, OYeBMAHO, CJeLyeT, YTO Olla OrpaHHYeHa CBEPXY
UHCJIOM @,

Snn+1' < a,:
C upyroﬁ CTOPOHKI, OHA MOXET GLITb SamucaHa B BHJE

Sonti=1(0g—=8;) (@G =)+« o+ +(Ban— Byas ),
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OTKYyAa CJlefyeT, 4TO OHa MOHOTOHHO He yGeiBaeT. Ho B Takom
ciyuae cywectsyerT npefea lim S,,.;=S<Ca,. OueBunHo
n—»> o

TaKKe, 4TO
lim Szn: lim (82n+l—a2n+1)=s_0='s'
n-—>mo n—o>wo

Teopema nokasana.
| l
IMIpumep. Psan 1——2-—}—?— .4+ €CTb, OYEBHIHO, PN

JleiBruua. Takum 00pasoM, OH CXORHTCH H ero cymma S He
npesuimiaeT 1 (Ha camom gene, S=1I1n2, cm. § 4.16, n. 4).

§ 9.6. A6conroTHO CXoasiiHecs PAABI

Psajg ¢ KOMIJIEKCHBIMH 4YJE€HAMHU

o4 +u, .0 (1)
Ha3bIBACTCS ABCOAIOMHO CXOOAUYIMCS, €CJIH CXOAHTCS Ppsa
[ty | ey ]+ [+ @)

MOAYJIeH €ro 4YJIEeHOB.

Abconromno cxodauutica pad cxodumes,

B camom nene, nycTb pag (1) aBconmoTHO cxoquTes; Toraa
cxonutest pajg (2) u B cuay npusiaka Kown aas goGoro
e > 0 naiinercst Takoe N, ut0 &> |ty |+ oo |t yy | 205
Bcex p u n> N. Tem Gonee, TOrAa & > |ty o oo 11,4, ]
[Tostomy B cuay npusnaka Kown psag (1) cxoautcs.

Cxoasuiyecss psAubl € IEOTPHLATENbHLIMH YJjeHAaMH TPH-

BHAJBHLIM 00paszoM cxoaaTcst abcosioTHo. Psn 1—2%,—}—
1

30’.
Jleiibuuua. OnHaKo abCOMIOTHO OH CXOAUTCH TOJMLKO npua™> 1.
Teopema. Ecau pad abcoaomno cxodumcs, mo npu
M06OLL  Nepecmanoske €20 4AeHO8 CXOOUMOCING NOAYUEHHO20
H08020 PROQ HE HAPYUWIAEMC U €20 CYMMQ OCMAEMCs 1LPeKCHed
JNokaszartenbcTtBo. CHavyana JoKaKeM TEOpeMY B CJIy-
yae, KOTAa uJieHnl PAfa i, — NeHCTBUTENbHBIE YHCJId.
[Monoxum (aast AeHCTBHTENBHBIX Uj,)

. Up ecmit 4, 20, [ —u,, ecmd 4, <O,
TV 0, ecam u, <0, " 0, ecau u,>0;

ceo (2>0) cxoagutes, MOTOMY UTO OH €CThb PAR

()
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yucaa ui M up, OYEBHAHO, HEOTpUUATENbHBIE H
Upg=Uy —Uj. (4)

Hapany c psmom (1) Gyaem paccMmaTpuBaTth ABa psiia,

Sup u Xui (%)

0 0

(c HEOTPUUATEJbHBIMH YJEHAMM).

Tyctb psin (1) a6GCONIOTHO CXOAMTCH W UJIEHbl €ro— jei-
CTBHTE@/bHBIE 4YHCJA U, TOraa psaabl (5) Takxe cXomsTcH,
NOTOMY 4TO, OUeBHANO, uj <|uk] up < |y

TlycTb psif, NOJYYEHHBIH 1IOCJE NePeCTaHOBKH HCXOLHOTO
paxa (1), 1nmeer BuA v1+v +v,+4 ... . Jdas ero 4jeHoB
BBeJeM, Kak BhIie, YHCa vy H U . Torja (NnoscHEeHUs HHXKe)

o0
Euk = (uk —up)= Z ug —
[}

QNS
II

o
Al

-
vi U (vi —vgr) :20,,,
)

0

/.8
J‘B

(=]
o

TlepBoe paBeHCTBO B 3TOH UenH cJaenyeT H3 (4), BTopoe —
u3 § 9.3, (2), ecan yuecTb, uTO Psifibl (D) CXOASATCH, TPeTbEe
C/elyeT M3 TOTO, 4TO CXOLSIIMeCs PSAbl C HEOTPHIATENLHBIMH
ujeHaMH NepecTaHOBOYHBI, yeTtBepToe u3 § 9.3, (2), u, Hako-
HEll, TNsTOe —INOTOMY, 4TO U= Uy —U;. Teopema anas jeii-
CTBHTEJIbHbIX U, NOKa3aHa.

Ilycts Tenmepb U, ==, + i}, — KOMOJEKCHRIE uHcaa, a
YMCAa v, MMET npexuuil cMbICA. Tak kak |a,|<<|u,l,

o

|Be|<|up|, TO pambl (C mEiCTBMTENBHEIMH YseHaM) %ak

v .
H Zfik aGCOJIIOTHO CXOIATCSI, H 4YJeHBl UX, KaK cefiyac 6bl10

JIOKa3aHO, MOXKHO NepecTaBasTb. [103TOMY, CydTas, 4TO v, =
= y,,—}—u‘ik, NOJY4YHM
- - [
¥ . A N
%”kz %(ak'i"‘ﬁk) = %ak+l %ﬁk=

L) d') o m
= %?k +i 018k= %(?k‘*‘iak):zo‘tvh'
Teopema foxasaHa MOJNHOCTBIO,
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§ 9.7. YcnoBHo ¥ 6e3ycnoBHO CXOAflMecH PARLI

C NeHCTBUTENbHBIMU YJCHAMH

M3 npepwbipyutero naparpada Mel 3HaeMm, 4To aGCoJIOTHO
cXoasuLnics pajg ¢ ACHCTBUTE/NLULIMH HJIH KOMIJIEKCHBIMH |
yJgeHaMH nocJe [NepecTaHOBKH 4sietios ocTaercst aGcoJioTHO
CXOMMIIHMCS M HIMEIOUHM TPEKIIOI CYMMY.

Oka3sbiBacTcsl 9TO CBOHCTBO — HC MEHSITL CYMMY liocCJje
nepecTanoBrH YJCHOB — 1Ipucyule TOJALKO a0CoJIIOTHO cxXons-
LLHMCS paaaM.

PaccemoTpum peg

g+ A, - (n

¢ JIeHCTBHTEABHBIMII YJEHAMH CXOUALLUACS, O 11e a6COJIOTHO.

Moxiio Jokasarh, 410, kaxkoso Onl HH 6blIO uncso S,
Koneuiioe MM Oeckoneyioe, T.¢. YIOBJETBOPSIOLee Hepa-
BeHCTBAM — 00 <L 8§ < +4 00, CYWISCTBYET NepPecTaHeBKa uJe-
nos psiia (1), B pedyabrate kOTOpoOll 1OJAYYHTCH psIA, CXO-
asiitest kS,

Hasosem panx Geaycaoguo cxodswyuaicst, ecym NpH JOGOMH
llepecTatoBKe ero 4YJjeHoB Ol CXOMUTCH M IPH 3TOM K OAHOM
u TOil ke cymme S. Ecau me paj cXOAHTCA H CYUIeCTBYeT
NepecTaHOBKa Cro YJeHOB, B PC3yJbTaTe KOTOPOH psj nepe-
CTaeT CXOAHMTLCH UM OyAeT CXOAHTLCH, HO K APYTOH CyMmme,
TO Takoil paj 6yAecM HA3bIBATb YCAVBHO CXOOAUWUMES.

M3 ckasaHHOro Bouue cjieayer: das mozo umobst pad Gota
QAGCOROMHO CXOOALUUIMCA, HCOOXODUMO u OOCMAMoOHHO, 4nMobst
0K Gbin 6e3YcA06HO CXNOALUUMCS.

Chenuem ewe caejyioiiee 3ameyanue. [lycTe 3anan paa
(I) H3 JeHCTBUTEABILIX YHCesd, cxoaduluiicst, 1o ne abco-
gioto. B psage (1) umcercs OcckOHeyHOEe MIOKECTBO N0JO-
MKHUTEJBHLIX M OTPHUATENLILIX 4Y/CHOB, M, OYEBHU/HO, OHH
B OTJE/JBHOCTH 00pasyloT pacxogsuiHecs: psiibl (B 11POTHBHOM
ciyuae HCXOAHBIH PAA Obl1 OLl aBCOIOTIIO CXOMSILLHUMCH).

§ 9.8. NMocaeposatebHOCTH W pPRAbl GYHKUHIAL.
PasinoMepHas CXONIMOCTD

Pacemotpum nocaenosarennHocTs Gyukiui {f, (x)}, onpe-
AeJCHIILIX Ha HEKOTOPOM MHOMCCTBE TOYEK X = (X, ..., X,)
n-MepHOro nporTpadcTsa, OHM MOrYT MPHUHHMATH KOMIJIEKC-
Hble 3Hauenun (f, (x) = @, (x) - if, (x)). MoxHO cuuTaTh
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TaKxe, YTO X — KOMIMJEKCHbie TOYKH (x = § -+ in), npoGeraio-

li{He HCKOTOpPOE MHOM(ECTBO £ TOUEK KCMIJIEKCHOH MJOCKOCTH,

W TOraa [, (x)— QyHKINH KOMNNEKCHOH HepeMeHHOA x.
ITycTs ans kamjoro 3nayennst x € £ nocsenoBaTelbHOCTh

{fs (x)} crpemuTca x umcay f(x) (pyHkuun OT X).

[lo onpepenennio nocredosameavtocme  f, (x) cxodumea
(cmpemumes) K [(x) pasnomepno na E, ecau cywectByer
CXOAAWASCA K HYJMO TOCJIEA0BATeNbIOCTh HEOTPHULATENbHBIX
yucesa p, (He 3aBHCSLMX OT X) Takas, uTO

If(x)_fn(x)l<pn’ VXEE (1)

310 onpeﬂeﬂeHHe 3KBHBaJACHTHO cnenyiomemy: Aast Jato-
6oro & > 0 wnaiinerca N Takoe, uto npu n >N

[F)—F.(x)|<e, Vx€E.

B camoM Jiene, ecJil BbINOJAHEHO [IePBGE Onpejleneiide, To
s Juoboro & > 0 naijierca N -Takoe, 4TO

e > pn>if(x)'—fn(x)" VXEE)
n>N

e>[f()—f,(x)], VYx€L, n>N. (2)

O6paTHo, no BTOpoMy onpeaeaetnto st moGoro ¢ > 0
Ha#petest N Tak, uto Brnomisercs (2). Ho Torna

8>fgglf("{)_fn (x)l:pu' n > N' (3)

Mbl BHANM, YTO HEOTPHUATENbHLE YIICAA P, He 33aBHCIT OT
x| fx)—f, (0)<p, p,— 0, T. €. BHNOJHSIETCS! NEPBOE
onpejesieHHe.

B nepBoM onpeieneHHd B KadyecTBe [, MOXHO B3HTb
TOYIYIO BEPXHIOD Tpanh

fgglf(x)—fn (x)lzpu'

Ecan oHAa CTpeMHTCS K HyJI0 npu n— oo (p, — 0), To f, (x)
cTpeMuTcA K f(x) paBHOMepHO Ha E, ecJau He cTpeMHTCs, TO
He paBHOMepHO,

MoxHo ele aTh TpeThe ONpeje]eHHe paBHOMEPHOH CXo-
anMmoctn B Ayxe Kowmn: mocnegoBatesnbHocThb {f, (X)} paBHo-
MepHo cxoautcs Ha E, ecau pna moGoro e > 0 Baiigercs
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TaKOoe N, YTO BbLIMOJHACTCA HEPABEHCTBO
(fn+p(x)_fn()“)|<e (4)

npit mobeix 1 >N u p>0 1 g scex x€E.

M3 Toro, uTo mocJiea0BaTe/IbHOCTh PABHOMEPHO CXOXUTCS
B CMLIC/Ie BTOPOrO OfpefefeHHUs, CJAeYeT, UuTO IJIs BCSAKOTO
e > 0 uafigetrcn Takoe N, 4to Aad # > N H moOLIX p BbINOJI-

HAETCS HEPABEHCTBO
Ifn+p(x)——fn (x)l<H'/z+p(x)_f(x)l+lf(x)—fn (X)l <26'
Vx€E,

T. e. Buinogdsercs Tpetne onpegenenne. C apyrofi cToponbl,
NyCTh BHIOAHAETCS TPEThe ONpelesente; TOTAA A5 K &K A0r0
OTAENLHOrO0 3HaueHud x€ E Bul-

g MOJNHSICTCH  OUYEBHAHO, OOBIYHBIA
fim , upusntk KowmH cxoadmoctd mo-
e~no L F Y@  crefoBaTEsBHOCTH, MO3TOMY OHA

CXOAMTCH K HEKOTOpOH (QYyHKIHH
[(x). 3agapum Temeps e>>0
nogbepeM N Tak, Kak yKas3aHo
B TpeTbeM onpeneaexiiu. B He-
paseuctee (4), rae n > N duk-
CHDOBAHO, nepelfeM K npeieay
~_ Ipu p—> 00, B pesyibTare Mo-
7F ayum|f (0 —f, (0) | <e (x€E),
OTKY 1

P, == SUp L)y =1, (0) | <,

M Tak Kaxk n > N MOXio B3ATh JoGuM, TO 0, — 0 (11 — 00),
T. €. BBINIOJHENO REPBOE ONpele/cHIe.

Hao6pa3unm B npaMOyrodibHOI cUCTeMe KOOPAHHAT rpaduix
dyuimn y==f (x) (npemenbHoil (PYUKUHI), KOTOPYI Mbi CYH-
TaeM HenpephIBHOH Ha oTpe3ke |a, b[ (puc. 105). 3anaaume >0
M Ol PeesIiiM £-M0JOCKY TOMUHUHOI 2€, OK P YKAIOULYIO FPadUK.
TpouasonbHas Touka e-nosaocku c abciuiccoit x €] a, b] nmeer
OpAMHATY Y, YAOB/ETBOPSIOULYIO HepaBeHCTBAM

fxy—e <y <f(x)+e.

Ecnu nocnepoBatensHocTh (yHKuuE {f, (x)} cTpemurcs
t X f (x) paBHoMepno Ha [a, b], T0 no 3aganHoMy & > O MOXHO
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ykasath Takoe N, uto pas mogoro n > N rpaduk y=f, (x)
OKaXeTCsi BHYTPH e-moockd. Ecnu xe f, (x) cTpemuTes K f(x)
HepaBHOMepHO Ha [a, b], TO, XOT# AJ% KaXAOTo 3HAYeHHH X
[.(x) ctpemutcs K f(x), Bce Xe Ve > 0 HEBO3MOXKHO YKa3aTh
takoe N, 4uTo6bl Aa1s Kaxaoro n > N Bce rpaduku y =, (x)
monann B e-M0A0CKY (cM. Hipke mpumep 3).

HeTpyauo BHAETD, 4TO eCJH ot —quc/10, a {f,(x)} u { @y (x)}-—
IBé HOCNELOBATEBHOCTH (YHKLUHMIA, DABHOMEDHO CXOAALLHECA
Ha E, To mocnepopatesbHocTH {af, (X)) 1 {f,(x) = ¢ (%)}
Takxe paBHOMepHO cxofsiTest a E. HeTpyano Takxe BHieTs,
4TO ecaM MOCAeA0BaTeJblOCTL (YHKIMH PaBHOMEpPHO CXO-
aurcs ua E, TO ouna paBHOMCPHG c¢XoanTes H Ha E' < E.
O6patHoe yTBepXKIeHHe, Boobllie rosops, HeBepHO.

3amMeTHM, 4TO KaxAoil HOCJef0BaTeNbHOCTH YHKUMG
{f« (x)} cooTBetcTBYeT psin

fo )+ [Fy () —Fu (O] +[Fa () —Fe ()] -,
n-e YaCTHYHbIE CYMMBI KOTOPOTO COOTBLTCTBEUNO PaBHEL [, (X).

[lycTe Tenmepr 3anan pan

ty (%) Fuy (), (X)+ .. sy (5)
YJleHsl KOTOporo, BoofLle TOBOps, KOMILIeKCHble QYHKUHU OT
x€E, rae E—no-npexHeMy HeKOTOpOe MHOXKECTBO TOYEK
1-MEPHOTO TMPOCTPAHCTBA HJIH KOMILIEKCHON II0CKOCTH.

[lo onpegenennio psd (5) pagHomepro cxodumes HaQ MHO-
acecmee E K pynkyuu S (x), €CH 110C//10BATR/NLHOCTD {S), (X)}
€ro yaCTHYHBIX CYMM paBlOMepHO cXojuliTest HAa E Kk S (x).

B uactHocTH, onpejencHHe paBHOMEPHON CXOLIIMOCTH
psAa, OYEBHAHO, MOXIIO BBICKA3aTh TaK: psA (D) paBHOMEPHO
CXOAUTCSl lla MHo:KecTBe E, ecau ans Jioboro € > 0 naigerces
takoe N, yro a1sa n >N u p >0 u Beskoro x € £ BuinodJ-
HseTCsl HepaBeHCTBO

I Uy vy (x) + e _'_ ”n+p (x) l < €.
Crenyiowiast Teopema jAaeT BaXKHbIH KPHTEPUH paBHOMED-
HOH CXOJUMOCTH pPAAa.
Teopema 1 (Bedtepwrpacca). Ecau usensr pada
(5) ydosaemeopsaiom Hepasercmeam

lup ()| <@, (R=0, 1, ...), (6)
e0e x€E, a o,—uucaa (ne 3asucaujue om x), u ecau paod

C HACHaML &y Cxo0umea, mo pad (5) cxodumea Ha mroxecmee E
abcoaomno u pasHomepHo,



B camoM jiesle, M3 CXOAMMOCTH psifia ¢ 4YJEHaMU a, W M3
(6) crenyer, yto paa awboro £ > 0 HaiigeTca Takoe N, uTo
npu mobuix n> N u p >0 n npousso.bHOM X € E

& > CZ’n+1 -[' e _}7a’u+p >
}’“u-{—l (x)|+ < + lun+p(x)'2 [un+1(x)+ R +un+p(x)i’
a 3TO W 31aynT, yro psia (5) paBHOMepHO cxoauTcst Ha E.
A6comoTas €ro CXOMNMOCTh OUEeBHAHA.

Teopewma 2. Ecau nocaedosamearsrocmo pynryuit {f,(x)}
pasromepHo cxodumes Ha muomecmee £k ¢ynkyuu fou f,
Henpepoigrvt 8 modxe x° (omuocumeasno E), mo [ maxace

HenpepoviGHa 8 x°.

Ha s3pike psioB 3Ta TeOpeMa IJacHT: CYMMA PABHOMEPHO
cxedaueeoca Ha E pada ¢yukyuil, Henpepoligrbix 8 mouke
x"€E, ecnv HenpepvieHas (pyHKyus 8 3moti moyxe ).

HNoxazatesnncrteo. 3anamum e > 0 u noxGepem HaTy-
panbhoe N Tak, utabbl |[(x)—fy(x)| < e/3 ana Beex x€E,
YTO B CHNY paBHOMEploH cxoaumocTn f, K f Bosmoxkio. Mme-
cM, Za.nee,

[ —F <) = Fu () [+ v (0) — F (50) |+
+ 1 n () =F ()] < 25+ fn () —Fp ()] (D)

ana ool Touxkn x € E. Ho ¢yukunsg fy Henpepbmna B Xx°,
H MOXNO ykazaTh Takoe 8 >0, uto |fu(X)—fy(x%)] < e/3
Ana Beex x € E rakux, uyto |x—x"| < §; noawmy us (7)
cacayer, yto Aas TaKHX X

) —fan| <2 L=,

I TeopeMa JIOKa3aHa.
Ilpumep . Pan

(=1 (2 —x) + (=) . 8)

cxoantcst Ha orpeske [0,1], no nepaBnomepho. Ha oTpeske
[0, g], rne 0 < ¢ <1, OH CXOmMTCH paBHOMEPHO.
B camom jpene, n-1 vactuuynaa cymma psaa (8)

{0 0<<x <,

Sn(x)=x"——> ], =1

n-—»>w

%) Cu. 3ameuanue B § 9.12.
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A6comornas BeanunHa pasHoctd S(x)—S, (x) (ocraTtka
psaa) pasHa
xn 0< - ,
1S —S, () =] ©)

x <1
| 0, x = 1.

Ha aotpeaxe [0, ¢], rae 0 << g < |,
[S(X)—S, (¥)] =x" < g™

Ilpasas yacTh 3TOro HEPABEHCTRA HC 3aBUCHT OT X € [0, g]
H CTPeMUTCSI K HY.J0 O0pu 11 — oo (g% --- 0). 310 nokasnisaer,
yTo psix (8) paBHOMEPHO cXOiuTcsl nla orpeske [0, q], rne
0<g <.

C npyroit croporus!, 13 pasescrsa (9) snauo, yro

sup IS()C)——S”(X)I:I-
xe|0, 1]

Taxum ofpasom, uncao | ecTb caMoe MaJIoe YHCIQ TIPEBh-
watowiee |8 (x)— S, (v)] nas Beex x €0, 1]. Ho nocrosinnoe
yucso 1 He CTPEMHUTCSl K HYJIO OPH 7 -— 00, [03TOMY P
(8) xors u cxoautcs Ha [0, 1], HO HepaBHOMEPHO.

IMpumep 2. Pax

5in 2 sind
s R (10)

HMeCT n-H uieH, YIOBJRTBODAIUUWLHHA [EePABCHCTBY
| sinnx| !
ne é_niv VXE(—'OU, w)l

H 1NpH 3TCM pil}l
w
Y <o
n2
n=1

cxonurcsi. ITo3tomy no reopeme Beiiepwtpacca psia (10)
PaBHOMePHO CXOAWTCHA 1A BCeH OCH (— oo, o00).
Tak kax ugennl psiaa (10) cyTe HenpepuiBHBE (PYyHKUHH,
TO To TeopemMe 2 cyMma 3TOrO psjfia eCTb HenpepbiBHAA
dyuiuts.
Mpusmep 3. Ha puc. 106 usoGpaxena dyukuus f,(x)
I, 2, ...). Oua usureilHa HA KaXJAOM M3 OTPE3KOB
] [l/n 2/n], [2/n, 1] B oTReabHOCTH. Kpome Toro,

(n-=
[O 1/n],
O=F@m=0 " [,(0=0 na [2/n, 1], [,(lm)=1.



OueBHaHO,
lim f,(x)=fx)=0, Vvxg[0, 1],

notomy uro f,(0)=0—0, a ecsin 0 < x< 1, 10 f, (x)=0,
Yn > 2/x.
Janee, ouyeBUIHO, YTO

sup |f, () —f(x)[= sup f,(x)=1,
x€[0, 1] xef0, 1]

9 H NpH 3TOM NOCTOSTHHOE YHCJO
71— 1 He cTpeMHTCA K HYJIO 0OpH
n-»oo0, T. €. f (x)—F(x)=0
Ha [0, 1], 10 HepaBHOMEPHO.

Ha puc. 106 nyuxTipom
u3oGpaxeHa €-N0JIOCKA, OKpy-
}Kalowas npefenbHylo KPUBYIO

—————— f(x)=0 (0<<x<1). Mpn mo-
\ e —= OOM £ rpaduk o¢yskuuH f, (X)
I\ th b ____ % e nonagaer Bech B &-nosiocky.
Jro He MewaeT ToMy, uTo f,(x) —
Puc. 106. — f(x)=0, Yx€]0, 1].

[IpuBeneM etle 6onee TOHKHE NPHANAKI PaBHOMEPHON CXOAMMOCTH
pSLLOB, OCHOBalllble 11a NPHMEHENWH K pPsAYy Tak Ha3bBaeMOro npeotipaso-
sanusa AGean (aHanora onepauMy MHTEIPUPOBAHHS O YACTAM).

Pacemorpum psia

aoflooufly - ofo - an
rae ap, Pr—@ynkuun ot x€L (MM nocrosguuble uncaa). TMonownm

Br=Pn+1+Bn+a-F ...+ Pusr ¥ ¥ yccucnuoit cymme pana (11) npume-
HHM rpeo6GpasoBanHe AGess:

r
Z an+kﬁn+k=an+lﬂn+l+i‘-+an+pﬁn+p=
k=1
=0y 1181+ ayy 2 (Ba—Bi) ... Fayy p(Bp—Bp_y)=
=(@n41—0ns2) BiF- (@ns2—%ns3) Bat oo oA (@na p1— 04 p) Bp_1+-
p-1
FapypBp= 2 (@n+e—0+k+1) Bptny By (12)
k=1
Tenepb JIETKO YCT@HOBHTb CJefylolie JBa KpHUTepusi paRHOMEpHOR
CXOJIUMOCTH (B CTy4ae MOCTOSTHHBIX Otr, Bk — npocTo cxogumocty) psaa (11).
Teopema 3 (npusanak JInpuxnae pasnoMepHoOil cxo-
auMocTyu psana). Ecau wacmuunsie cysmo paoa

Bot+Bi+B2t ... (13)
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ozpantiuenst 8 cosoKynHocmu, a dedemeumensnas Pynkyur oy (x) (¢ 603
pacmanuen k) pagromepuo (omuoctmeasno x) Ha E cmpemumca & xyaw,
youveas, mo pad (11) cxodumca pasHomepHo.

B camom fene, nycTh KoHcTanta M npesmwaer MOAY/H YaCTHBLIX
(uacTHYHBIX) CYyMM O, paaa (13). Torma npu Jw6bix n H &

lBk,=|0n+k_‘Gn'<|°n+k|‘|'|0n|<2M'

[Mostomy B cuay (12) n Toro ¢axra, uYTO G pPaBHOMEPHO CTPEMUTCH
K HYJ0 yGbiBas, BbINOMHAETCA HEPaBENCTBO

{4 p-1
Ea/|+kﬁn+k <2M Z (O‘n+k’_an+k+l)‘{‘an+p2M=2Man+(<8
1 k=1

ang qobeix n> N # op u mobeix x€E, ecan Tomeko N pocraTouHo
veanio. CregoBatesntio, psf (11) pasHomepHo cxogutcs. I[locaenuee
HepaBencTso B 3TO#t Ienk BepHO AN BCeX xE€E B cumy paBHOMepHOro
CTPEMMCHNST &, 4 (X) K HYJO.

Teopema 4 (npuznak Abena papHOMepPHON CXOAM-
MocTH psaa). Ecau Oelicmeumensioe pynkyuil oy MOHOMONHO ylol-
sarom (¢ soapacmanuesm k) u oz2panuderv @ cosokynnocmu, a psd (13)
pasnosepro cxodumes wa E, mo u pad (11) cxodumes pasriomepro na E.

B camom nene, nycte M =|a| (£=0, 1, ...) (byHKudH &} MOTYT
ObiTe M OTpHuUdTenblbiMU!). B cunay pasHomeptioft cxopumoctd psiga (13)
ansa Jogoro e > 0 moxko ykasarh Takoe N, uro | By | < & aas J1o6bix
11> N u k. Ilostomy B cuaty (12) 1 MOHOTONHOCTI @ g A1 MOGLIX 1 > N u p

p-1
<e 2 (Cn4 = sp+1) T €| 2pgp|=
k=1

p
Zan+kﬁn+k
1

=€ (0‘u+1_au+p)_{ € l an+pl<35Mv

T.e. paa (11) pabuomeptio cxopuTes.
[Tpumep 4. Paawm

-] 2}

" cos kx sin kx
IR Y (@ > 0) (14)

x
1 I ! 15

npy & > | paBHOMepIIO H aGCOMIOTIIO CXOAANTCS ta Beeit AeiiCTBMTeNbHOM
OCH (— 00 < ¥ < 00), NOTOMY HYTO aGCOMIOTHblE BENHUMIILI HX £-X UJeHOB
- Y, -

ne npespiwaor £ %, a npw a > | pag Z/J “ cxomutcs. B sToM pac-
CyiKACHHH Mub npumesnnaun npuanak Beitepwpacca. Npn << on yxe
He MPHMElHM, TAK KaK B 3TOM CJydae psii ZA'_“ pacxonntes. Opuako
mpy 0 < <<l nawu paasl paBHOMEPIO CXOAATCSl HA OTpe3Ke [g, 2n—¢],
KakoBo Gu nm Gerto & > 0, rae 0 < e < 21—e < 2T, B camoy fene,
UACTHLIC CYMMBI Ps1J0OB

% +4-¢0s x{-c08 2x--cos 3x4- .5 sinx4-sin2x4 .,



COOTBETCTBEHHO PABHH!

sin(n—}-%)x cos—;i—cos (n-}-—;—)x
Dy (0) = ———my  Kp() = — (15)
Qsin7 25in-2—

n=1, 2, ...).

B 3TOM MOKHO YGENHTECS, €CJH UYaCTHble CYMMBl PacCMaTpHBAEMBIX
PAAOB YMUOKHTE W paesnts ua 2s8in (x/2) i B YUCANTENE MPOHIBECTH
COOTBETCTBYIONHE TplUToHOMeTpHueckie npeoGpasoranus. Pynkuuu (15)
OrpaHuienlLl B COBOKYNIOCTH Ha [&, 2n—¢].

1 |
ID:;(J‘)I<W, |Kn(x)fé—m (n=1; 2, ...);

Kpome Toro, n” == (n4 D™%u n~%— 0, nosTomy no npuanaky JQupuxace
psiant (14) pannomepno cxomaTcst Ha [e, 2n—¢].

§ 9.9. Hnrterpuporanne u auddiepeHUHPOBAHHE
PaBHOMEPHO CXOASILUMXCA PAROB

Teopema 1. [lycms na ompeske [a, b] 3adana nocae-
dosamenvrocme  {f, (X)} (KoMNAEKCHOSHAYHBIX) HENPEPBIBHBL
Gynkyul, cxodawancs K pynkyuu [. Ecau cxodumocme pasro-

sepra Ha [a, b], mo
lim (. @0yae= g;(zm (1)
- @ a
pagromepro Ha [a, b]. B wacmuccmu (npu x=0),
1%

b
tim § 7, (1) dt = { f (1) dt. )

HDoxasaTteabcTBo. M3 ycaoBuii Teopemsl caepyer
(cm. § 9.8, Teopema 2), uto npejenbHas QyHKRuUMa f Henpe-
puiBHa Ha [a, b] n

max |fn(i)—f(z)l:rn—;’0 (fl—>00).
agigb

[ostomy
x b

(rayat=Srwyae|< S1r.0—1opae < § rdt=—ayr,,

a
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rje npaBasi 4acTb He 3aBHCHT OT X M CTPEMHUTCS] K HYJIO
npH 1 — 00, a 3T0 J0OKa3LBaeT Teopemy.

Teopema 2. PagHosmepHo cxodauutics na ompeske [a, b]
PAD (KOMNAGKCHOBHAUNBLX) HENPEPbIBHLIX Byl

S () = 1y (£) 1ty () + 1, () + . .+ 3)
MOJCHO NOUAEHHO wumeepupogatnn {a < x, < b):
(swyat=Su,tyat+-Su, (yat... . 4)

HMonyuennoii npu smom pad (4) pasHomepro cxodumest Ha

[a, b].
B yacmuocmu,
1 h h

(s@dat=Su,tyae 4w, a4 ... . (5)

a a a

JlokasaTeabcTBo. 3ameTuM, uTo S(x), KaKk Cymma
PABHOMEPIIO CXOAAULErOCst Ha OTpeske [a, b] psaa neupepuis-
HbIX (DYHKUHH, €CTb B CBOIO OYEPEAL lCrnpepuiBlas (PyUKLHSA
ua [a, b]. Mycte

Sn ()C) = ; uk ()C)

Tak kak psap (3) paBHOMepHO cXoauicst K S (x), TO

sup |S,(x)—Sx)|[=r,—0 (1 — o0).

axLb
Ilostomy
x n X I3 x
SS(z)dt—OZSuk(t)dzlz {s@wyat—{s,@dt|=
X, Xo . Xq Xo

S[S(t>—s,.<t>]dz(< f1s—s, <

<(b—a)ru_—*o (n—"oo)s

H Teopema AoKasaHda.
Teopema 3. [Tycms na ompeske [a, b] 3adan pad

Uy (X)+ ey () + 3 (X) + ..o« (6)
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(KomnaexcHo3HAUHLIX) DYHKYUL, UMEIOWUX HENnpepPolBHYIO N pOo-

U3600HYI0.
Ecau pad (6) cxodumca 6 mexomopoti mouke x, € [a, b] u,

Kpome moeo, gopmarbro npoduggeperyuposarnsii paod
wy () +ul (X)Fu) (x)+ ... (7

pasromepro cxodumes Ka [a, b], mo pad (6) pasromepro
cxodumea Ha [a, b] u npouseoOxas om eeo cymmot S (x) ecmob
cymma pada (7).
Takum ofpasom,
S(x):uotx)“}‘“t(x)"*’uz(x)'}‘---r (8)
S Xy=uy(x)+ui (x)Fuz(x)+... (a<x<b). (9)

HoxrkasateascTBoO. Ilo ycaosuw psg (7) paBHOMEpHO
cxoautess nHa [a, b] u ero unenn — HempepwiBHEE (DYHKUHH
Ha [a, b], nosTomMy ero cymma, KOTOpYIO Mbl 0GO3HAaYHM I0KA
yepe3  (x), HenpepuiBHaa Gyukiuis ua [a, b]. Ha ocHoBanuu
TeopeMmbl 2 pafg (7) MOXHO HHTETPHDOBATb NOYNEHHO YU HO-
JYy4liTh PaBHOMEDHO cXoasuluiics Ha [a, b] pan

Cowar= Swwat+{umar+... (@<x<b).

IMpumvensis Teopemy Hbiotona — JleitGuuua, 6yzeM umeth
x @
§ o (0 at=Dlu, () —u, (x)] (10)
Xo 0
Pap cnpaea B (10) ¢ uwienamu, paBHHMH (YHKIUSIM B
KBajJpaTiLIX CKOOKAX, PaBHOMEPHO CXOAuTcA Ha [a, b], psa
@
Y u,(x,) MO YCNOBHIO CXOAMTCHA, W TAaK KaK €ro 4/eHul mo-
0
CTOSIHHBI, TO €r0 HaJl0 PacCMaTPHBATL KaK PABHOMEPHO CXO-
@

Asiuiniics pap Ha [a, b]; Wo Toraa pam X u,(x) Takxe cxo-
0

JAHUTCsl M NpU TOM paBHOMEPHO Ha [a@, b] KaK pasHOCTb ABYX
paBHOMepHO CXOAAULUXCA pPANOB, o603HauuM ero CyMMYy
yepes S(x). Toraa pasencteo (10) MOXHO mepemucaTb Tak:

S(x)=S$ (x)+ § o (1) at.

o
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Ho dyuxuisn S (x) 1yeeT npoH3BoAnylo, paskyio S’ (x)=¢ (x),
H TeopeMa AOKasaiia.
ITpumep 1. Pax
S(\_)zcos.v+cos2x+c053x+ (11)

1 “ 2(1. 3'1

npu @ > 1 paBIOMEPHO CXOAMTCH Ha BCEH JCHCTBHTE/bHGH
ccH no NpH3Haky Beilepiutpacca notoMmy, uro

|n-%cosnx|<n-%  Vi&(—oo0, o)

- 3

Mn-¢ oo (> 1)
I
ITponngbe penuipyest psg (1) dopmansio.

—sinx sin 2x sin 3x
¢ () == T T gaet T gEsr T (1

3TOT paA CXOANTCS PABHOMEPHO la (—-o0o, 00} yxe lph
@ > 2. Ho torja upn o > 2

S’ (x) = ¢ (x). (13)

Paccmotpum cayyail | -7 a<C2. B vros cayyae npHanan
Befteprpacca k psiny (12) wenpunennsm. Opnako pap (12)
paBHOMEPHO CXOQHTCA nHa orpeske |&, 2mw —e| npyw unoGoM
e>0 (cn. § 9.8, npumep 4). Tak Kax K TOMY e CXOLUTCS
Ha stoM orpeske M psid (11), 10 MoOXKIIO yTHEPHKIATE HA OC-
HOBaHHH TeopeMbl 3, 4To nmeer Mecro paserctBo (13) na
orpeske [e, 2n —¢[, KaK 6wl HU GblAO MaA0 £ > 0, HO TOTJA,
OUeBHAlIO, H Ha untepsage (0, 2n).

Ecan yuects, yro uzenn paga (l1) umelor nepion 2z,
TO Mbl JAOKaaaau, yro npu yeqaosuin | <a<l2 pap (1)
3akonHo AudpepeniiupoBaTh NOYJEHHO AASl BCEX 3HAuenHit
X € (—oo0, 00), HCKAIOUAS TOUKH X,==2kT (=0, =1, £2, ...}

Npumep 2. Mlyets dyHKUMR [, (%) ABAAETCA Henpe-
puiBHO# Ha [0, 1], nHHeliHOK HA Kax oM 13 oTpe3kos [0, 1/2n]
n [1/2n, 1/n] n Tako#, uvo f,(0)==7(1/n)=0, f,(1/2n) =a,,
fu(x)=0 na [1/n, 1], rre a,— mobast nocaes0BaTeqbHOCTL
yucen (puc. 107). Torpa, ouernawo, limf,(x)=0 ana Bcex

n—»o

14 4. C. Byrpos, C. M. -Huxoabcuuit
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ve[0. 1], a
| 1/2a 1
g‘f Y dy ¢ e vy ’ ~ ( l . . o
Mo (X)dxy = j ne,x dx - \ 7, (> dx = 5.
G 0 Viin

OueBltAo, jganee, uto
fo== sUp , fu (v)—=0 [ =2,

Laxl |

HOYTOMY  110C.1€40BATEbHOCTb {f, (¥)} paBHOMEpPIO CXOANTCS
TOFAa 1l TObRO Torja, xorja o, — (. Paselic1Bo

1 1
Var—{fwde (=0 (14)

0 i
LLITOISIeTCS TOTAA 11 TOILKO TOTAA, Korjaa,/2n — 0 (n — oo).
Mpl BHANAM, 4TO 113 paBHOMepHOIT cxomumocTd f, K f==0
ta [0, 1] (7. e. woraa o, — 0) caeayeT CXOAUMOCTL HHTe-
rpanos (14), uto coraacyercd c
4 reopenoii 2. Ho nocaenosartesb-
o, HocTh {f,} MOXKET CXOAHTLCA HC-
pasroMCpHO, B TO BpEMS Kak
cpojictso  (14) Bce ke  cobuo-
Jaetcs, Haipuaep, npu o, = 1.
310 moxazuiBaer, YTO paBHOMEp-
l1ag  CXO/IINMOCTL 110CJeLOBATE ;-
: HOCTIl iBASIETCS! JIOCTATOYHBIM, HO
7 g  lie HeOGXOAUMBIM YCJIOBHEM CXO-
IUIMOCTIl TIOC/IeORATENLHOCTH HH-
Puc. 107, Terpajon K HuTerpaay oT mpe-
ncastoil  gvaxumir. Hdanee, 1pu
2, = N NOCAeACBATeALHOCTb  {f,} He TOJALKO CXOAHTICH K
HYJIO HEPABHOMCPHO, HO I cBoficTBO (14) ne cobawonaercs.
Taxkm o6pasont, ecan mocaeaosatenLbHocTs {f,} cxomures
1epaBlIOMEPHO, TO BO3MOZKHO, UYTO MOCJEAOBATEJBHOCTL HH-

U

~ T
|

S
S0 S

7
7

Terpa10B Sf,, (¥)dx cxoanrcs Kk uuTerpa’gy oT mnpeieabloi

a
b
A HKILINI Sf(,\') dx, a BOZMOIKIO, YTO CXORNTCH K ApYromy
a
uieay (mpe o, ==n cxoguted K 1/2, a 1e K nymo) uau ke
HC CXOAWTCH BOBCE.
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Mpumep 3. Ua pasenctsa (I—2)~F=1--2 224 ,..(2=pe",
0 <1) caenyer, uto
L qt0 . T
cpe ] Lpe g0

2(1—peV) 2
{
a otjexsia JefiCYBUTCALIYIO 1 MIHMYIO HacTH, NOJyYIIN

P (o, O);—-*——:‘i—,—pcmﬁ -pteos20-- .., (1D)

) 2 | —20cos B--p*

T_—_Q%?:Slgml—_“—z:psineﬁ-p’sin 20--..., 16)

Q (p, B):

Dyuxkuun P (p, 8) naswinaetcs adpou [Myacconal), a Q (p, 0)—cuy
CONPANCCHHOL PYHKIUCLE.
ITH GYHKUHH SABASIOTCA TAapMOIHYECKHMN Gy UKHIMA (A17 p < i),
T. €. YIOBNETBOPSIOT Alufupepeniinanbiiony ypasiiemi Jlananaca ) 5 0~
ASPIBIX EOOPALUATAX
0% 1 du | 1 0% -
A= g — o 5 s =0, {17)
)y o dp ' pdu?
B camom jede, kawiuil waen pala (15) fBa1¢ICa  TFapMOINItCCKon
thynxumei
(0 cos nB)g = np™ =7 cos n0,  (p% cos nO)p == n (n— 1)pn =2 cos ab,
(1 cos n0)g = — n2" cos b,
A(wrcosn@y=prn=2cosn0[n(n—1)--n—n? =0
Auatorumo A (p” sin n@)—=0
3akounocTe royneHnoro Andxpepenuponanua psion (15) u (16) o6y-
C/oBlIeHa TeM, UTO 3TH pPalel H (opMAIbHO HPOLINiXpe Per LIl poBalitLte
(onuI MAM ABa pasa) psifibl PaBNOMEDPHO cxomncn np p< 1.
3avetiy, uto QynKUHN u (¥, y), TI€ X It y—ICKAPTORBI KOOPIM-

1aTel, lasblaeTcs 2ap.uoHueckol 8 of.aacmu ‘2 TOUEK (X, Y}, €caM ona
y0BETBOPAET B 3TOI 0o6aacTi Kildxhepeunruraaniiony ypasneiuio

A ___r) it - R
= T

B noaspnux goopiunarax 1o ypasneupe ivcer ena (17).

§ 9.10. TlepemHoXeHHe alCOMOTHO CXORAMIMXCA PARCB

PaccMoTplin iBa a6COMIOTHO CXOASIIINCE psija

NS 3 1/,, a—= 3 1))
1=

= =0

1) C. O. Tyaccon (17R1—1840) — hpaniry sckitii maTeMaThK o pu3nk.
) I1. C. Jlanaac (1749—1827)— (paliuyscikii MITEMATHK U PHINK.

14*
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¢ AeliCTBHTE/L'BIMH HJI KOMIiexcHblMi ynenami. [lepenywe-
pyem napuw (k, ), rre k=¢, 1,2, ..., [=0,1,2,...
KaKIM-HHGYL crocoBoM

TR AN AT @)

31ech Baxkuo, yTO KaXias yKazanHas napa (k, ) Bxoaur

B HOCJeL0BaTeILHOCTL (2) B Kayectee ee 3/1eMeHTa OfHH pas.

Ona nseetr B 3TOH nocsieAo0BaTe1LHO-

Y crH  onpefeneHusll nomep. Jloka-
¥ e, uTo

So == X i, ©
i=0

i npn arom psj cnpasa B (3) ao-
7 CO/IOTHO CXOAHTCS.
! Takum oGpazom, ecai H3 BCe-
77 235 KN £ pogmONKHBIX  NPONIBENEHHE ULy,
Puc. 108. B3ATHIX B JuoBoM nopsijke, COCTa-
BHTh P51, TO 3TOT PSIA abCOMOTHO
CXOAMTCS M IIMEeT Cymmy, pasHyio So.
Utobbl nOKa3aTbh TO VTBEpXKAEHHE, COCTABHM pAAbl M3
moayvaei |, ] n v

S= 2 |uls a= 3 |vl. (1)
k=0 {=0

[Monoxum
_ N _ N
SN:Z]”kI' GNZZlUtl-
£=0 =0

[Mapwl (k, {) ynopsjouus cHauana CAGAVIOUIUM OGpason
(puc. 108): (0, O), (0, ), (1, 1), (L, 0), (0, 2), (1, 2), (2, 2),
2, 1), (2,0), ..., Torna

So == lim Sy lim ay= lim (Sy-0,) =

Now Now N->w
:\l[_‘g(l uol'lvo H'I Uy ' vaH‘lul !'IUI H"l u I l Yy l‘H”u’ 'I’-’z"*‘
Al |- og g || op - fu oy g Lo | o |- log)).
(4')
3710 NoKaskLIBaeT, 4UTO CyYMMa CnpaBa CTPEMUTCH NpH N — oo
K npege.ny, paBHOMY .56, It TAK KAK Y.,1€HBbl €e HEOTPHILATS,1b-
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};He, TO YHcCJ0 §(—)' €CTb CyMMa psja
ga:l”ol'lUol+|“o|'l”1I“'I"'l"'vl [+... . (5)

Tax Kaxk u’deHbl 3TOro paaa HEOTpULLATeJ/IbHbE, TO X MOMXHO
nepecTaBasATh Kak YrofHo, He H3MEHsii €ro CXOAUMOCTH H
CYMMBl SO.
Mbl noKasann uawe yvBepxjeiuue foka aqas paxos (1°).
[Tycts Tenepn

N N
% "\
Sy= A;O Up Oy= 1240 Uy

Kak B (4') B cuay cxomumoctii psjoB (1) 6yaem umer:

So = lim (Syop) =

Noo

== lim (4,0, 4 4u; 1,0, 00y + oo Fupyn,).  (4)

Nowx

Takum obpasown, cywecTsyeT npejen cnpasa B (4) npu N — oo,
paBubiii So. Ho mbl yxe poxasaju, uro pap (5') cxomurcs.
310 noxasblBaer, 4TO H PAR

WUy -+ Uty 4 1,0, + 1, v+ . . )

CXOANTCA M TIPHTOM aBCoJIIOTHO.
B cuny xe (4) cymma storo psiga paBua So:

S0 = ugu, - ug, v Fuv, k.

Mnl, TaknMm o6pasoM, A0KasaJH paBeHCTBO (3) noka AJs
o/lHOro ompezeseHHoro croco6a nymepauiin nap (&, [). Ho
B CHJY abCOJIIOTHOH CXOAHMMOCTH paAza (D) paeeHcTso (3)
COXDAHHTCSI N NpH JioBoM ApyroM cnocobe HyMmepauui.

[Tpumep. Pan

P =14t ti 4. (6)

abCoOMOTHO CXOIHTCA A4 Jio60ro KOMNJNEKCHOro 3HaueHHs 2
MJIH, KaK FOBOPAT, a0CO/IOTHO CXOAMTCH Ha Beell KOMILIEKCe
HO1 njockoctH. B aTom Jgerko y6emuTbes, e€caAH K PALY €
obmuM u/eHoM | z|?/n! npuMeHHTb npusHak Janambepa.
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st JOOBIX JIBYX KOMIJIEKCHBLIX YHCea u i U HMEEM

(oACHEeHHsT HHIKE)
2 v \
) (@) = (L a > (l%—v+ﬁ+ )=

a ) i 2 .0‘2 3
wl ot Lo g L o u g+ gk
N A e (7] »]—v)—}—-%(ug—{—fzuv—’,—vf) +
—}—%(u“ 3uty - 3urt +u) L=

(u-}-0)?

o (o) G o). (7)

/ Bo BTOpOM paBeHcTBE MbL pﬁlc
[
i
nopsiike, KOTOPBIl MOKHO YCMOT-
3 petb u3 puc. 109 1 Bocrno.n3o-
BAJNCh PaBeHCTBOM (3) x5 abco-
? MOTHO cxoasuiuxes psipoB. [lo-
JYUElHBIT MpI 3TOM psif, Kak
7 6b11I0 10Ka3aHo B o6lleM c.ayuae,
a6cosirotHo  cxomutcd.  Oraeib-
Hble TFPYONbl YJEHOB CXOZSLLE-
s 7z J 4 rocst psiAa 3aKOHHO OGBENHHUTb

Pice. 109, ckoOKamil, 1€  Hapyuiasg ero

CXOMINOCTE. DTO M cje’naHo B

1OCTYIOLLH X paBEHCTBAX.

Mbl 0Ka2a10 BasKlOe pPaBeHCTBO

U (-t o) =P (1) - (0) (8)

L1 oOHIX  KoawmaexcHbX # v v, O Hem ewle GymeT HATH
peun B § 9.13,

B

4 NOJIOXKIAH NPOU3BENCHHA

>y

§ 9.11. CrenenHbie psabt
Ps; Buna
a,+ 0,2+ a2t F a4 (1)

rie @, — noCTOSHHbIE YlcJa, a z—TMepeMeHHas, Ha3blBaeTcH
cmenenioim pados. TIpH 3ToM a, H 2 MOTYT ObITH KOMIJEKC-
HbIMH, Mbl TaK W OyleM CYHTaTb B JaJbHeilleM, HHOIAa
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TOILKO NEpexois B 06jacTb ACHCTBHTE/BHOTO NEPEMENHOTO.
BykBa 2z 6yaer 060o3HayaTh, BOOOLIE FOBOPSA, KOMIJIEKCHOE
repeMeHHOe YHCJI0 (TOYKY KOMIJIEKCHOIT NJA0CKoCTH), a Oy KkBa
X — JefiCTBUTETbHCE MepeMEHHOe YHCJAO0 (TOYKY AedcTBIITE.Ib-
noit ocu x).

B Teopuu CTeNmeHHLIX DSAOB UEHTPAJILHOE MeCTO 3aui-
MaeT CJaelviollas OCHOBHAsSI TeopeMma.

Teopema | (ocnoBuasn). Haa cmenennozo pada (1)
cytyecmayem Heompuyameastoe wiucao R, koneuroe tau G6ecko-
Hewnoe (0 << R < 00), obaadaiowee caedyoujumi C80LICMBAMNIL:

1) Pad cxodumea w npumom abCoAIOMHO 8 ONIK PbLiosL
Kpyee xomnackcroi naockocmu |2} < R u pacxodumea 6 mou-
way e |2 R.

2) Yucao R onpederacmesn no ghopaiyae

]
Iim Y a,]’ (2)
n-rx l/l "
20e ¢ anamcramene cmoum gepxaud npcdea (eM. § 2.10).
Mpl no3BoaseM ceGe mpH 3TOM CYNTATh, YTO

1 1
7=% =0

Tagus o6pa3omM, ecan yKasaHHbli BepXHHil npese. pagern 0,
To R =:00, ecau e OH paBeH oo, 70 R =0.

OtipoiThiil KPyr | 2| << R HasniBaeTca kpyzom cxodunocmu
cmenennozo pada. Tlpn R= oo oH mnpeBpamiaercs BO BClO
KOMILIEKCHYIO MJ0CKOCTh. TlpH R =0 cTeneuHoll psg ineet
TOJILKO OJHY TOUKY CXOJUMOCTH, HMEHHO TOuKy z=0; R 1a-
3bIBAIOT paduycon exodumocnu pada (1),

ameuvanue 1. Uuego R, yAOBJETBOPAIOUEE VTBEPIK-
Jeuuio 1) reopennl 1, oueBHJHO, €QHHCTBEHHO.

Saneganue 2. Ecau ang crenenuoro paga (1) cyiecr-
ByeT oObubbii npesen lim y/[a,|, To ou paBen Bepxiemy

L

npegeay lim /Ja,|. [ostony
n—->on

1

lim /Ta,|

1—>w

‘—Imarenb, He O3HAKOMHBIIHHCA C TMOHATHEM BEPXHETO
npeacsia, MOXKET NpocaefHTh 33 XOAOM JA0Ka3aTe ]bCTBa TeO-
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peMbl 1, NpennosoXus, 4TO A/ PacCMaTPHBAEMOro CTEMeEH-
HOTO PRA yKasaHHBI npefes cymectByer. B stom cayuae
BCIONLY B [POBONUIMBIX HHXKE PAacCyKAEHHAX HAA0 3aMeHHTh
Hm wHa lim.

JokasatenncTBo Teopewnmn 1. [Mycte wuyncao R
onpegeasercss 1o ¢opmyne (2). B Touke z==0 crenennoft
pan cxoautcst. BygeMm jpanee cynTtath, 4Yro [z| > 0. Hapany
¢ pamom (l) mBeldeM BTOpOii PAA, COCTaBAGHHBIA 113 ero
mMopyaei,

lag|+1azl+]a.2 |4 ... . (1"

Oo6unit asen psaa (1) oboanauirm yepes
u,==|az*| (n=0,1,2,...). (3)

Coraacio o6ofuiennomy npusnaxky Kown cxomnmocti psia
(cMm. § 9.4, Teopema 3,B)),

ecan lim /u, < 1, 10 psn (1) cxomntes,

n-—» P

ecan e lim /u, > 1, 10 pag (1) pacxogures

n -
17~

R IIpI 5TOM nepemennasi 3/ u, HeOTpaHiueHa, Ho
Tim /i, T §/ Taz] = T (12| /T ) =

:fz]limV[a,,l:-'—z—'—.
R
3fech Mpl BLIHECAH 3a 308K BEPXHETO Npeiena KOHeuHoe

yucao |z| > 0.

W3 ckasannoro cnepyer: ecan |z|<< R, T.e. |z|/R < I,
To paf (1') cxomnrcs, a8 BMecTe C HHUM CXOAMTCA H MPHTOM
a6comotiio pan (1); ecan ke |z| >R, 1.e. |2|/R> 1, 10
paa (1') pacxoanrcs i1 ero ofuiuii 4nen |a,2"| HeorpaHuued,
noatomy obmuii wiren psjga (1) a,2” He cTpeMHTCS K HYMO
npu /72— 00 i AAS HETO He BhINOAHAETCsT HeoGXOLHMblil
npusnaxk (cm. § 9.1). D10 noxasnBaer, uto pax (1) pac-
XORITCS.

Htak, Mbl f0xazanu, 4To onpenesemMoe H3 paBeHcTsa (2)
yucsno R obaanaer CJeAYIOULHM CBOHCTBOM:

ecan |z|-C R, 1o psax (1) exomures u nputom abeomoTio,
ecan e |z| > R, 1o psia (!) pacxoautes.
OchoBH4A Teopema ROKA3dHd.
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Byzem B panuwuefituem A8 KpaTKOCTH 0003HAYaTh Yepes ¢
3aMKHYTBIA KDPYT |2|<{ g KOMMNJIEKCHO MNJJOCKOCTH.

3ameTum, u4TO CTEMEHHOH PsIi CXORLHTCH Ha OTKPLITOM
kpyre |z| < R, Boofue rosopsi, HepaBHomepHo. OfHAKO
BEpHA CJejylouias Teopema.

Teopema 2. Cmenennoii pad (1) a6comomno 1 pasto-
MePHO CcXvOumesa Ha wobox kpyee o, ={z:]2| < q}, 20¢c g << R,
a R — paduyc cxodumocmu psoa (I)

NlokasaTteancTBO. B camom pene, nyete g < R,
TOTJIa ¢ eCTh Ae{ICTBHTENALHAA, T. €. Jlexallas Ha OCH X TOYKA,
npHHaLMeXKalaa OTKPLITOMY KPYry cxoaumocts psina (1).
[MTostomy B 3T0fl TOuKe naw creneHnol psg abcoMOTHO CXO-
AMTCH, T. €.

4

@
; [a,q7] <oo.

C npyro#t cropoutl, a1d z €a, uMeenm

la,2? | <la,¢"1  (n=0,1,2,...).

Tax kak npaBble 4acTi 3THX HEPABEHCTB HE 3aBHCAT OT 2 €0,

1 DsiA, COCTaBNEHHBI1 N3 1IPaBbIX yacTell, CXOQUTCS, TO NO

mpusnaky Beiiepitpacca (em. § 9.8, Teopema |) crenenuoil

pan (1) cxomutcsa ua o, alicoNOTHO W PaBHOMEPHO.
Teopema 3. Cy).uzrz

S@)=a,t}az-taz+...

CMEREHHO20 PAOX €Cllb HENPOPBIGHAR (PYHKIIA HA €20 OHIKPul-
mom Kpyee cxodumocniu |z| < R.

B camom pesie, djennl paulero psiaa HenpepeiBHbIE Pyl
WM OT 2, @ €Cam Psil PaBIOMEPHO CXOAHTCA HA Kpyre o,
g < R. Cnepoparejnho, 110 H3BECTHO{l TeopemMe H3 TEOPHM
pasiiomMepito cxoasuyixcs psiaos (e, § 9.8, Teopema 2) cymna
pana S(z) ecrp nenpepuisias (yHKUHS HA O,, HO TOTAa H
na Bcem kpyre |z|<< R, notoMy uto g < R NPOH3BO.ILIO.

HAas BuiuHCcaeHHA painyca CXOAHMOCTH CTENEHHOTO psia
B HaUleM PACNOpsKeHir umeercs (GopMyaa (2), HO 4acTo Ha
IPAKTHKE 0PI BLIUMCACHHN R yAOGHO OblBA€T BOCHO.IB30-
naThest npu3Haxkom Jasambepa.

[TycTb cyuiecTByeT npenet (KOHEUHRH MM GeCKOHeullklit)

(4)

Ay +1
ap

lim

n—»w
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KOTOpHIl MBI noxa oGosxaynm wepes 1/R,. Toraa (cm. (3))

2,420 L o any 2
I(u+‘ _ I =|2|]lm‘ 21 |____| I
| an2™| e | du Ry

Hysey

lim =222 = lim

n—>n 7 n—>®

1, corpacio npiusdaky Jdanavoepa (§ 9.4, teopema 2), ecau
| 2] <Ry, 10 paa (1'), a eMecte v 1 psia (1), cxomires,
ecmi ke |z| > R,, 1 |u,| — oo 1 pai (1) pacxomutcs. Ho
yiuc1o R ¢ TakuMH CBOHCTBAMI MOZKET GbITh TOJIBKO €AHIL-
CTBEHHbIM, mostoMy R, =R (cM. Teopeny 1).

Urak Mbl 10Ka3aan, 9T0 eca cyuiecrsyeT npeged (4),
TO OoH paBsen l/R:
Tu+t

1 (5)

lim | 7

n—>xe

a
“u

rae R —paanyc cxoaumocti creneduoro paja (1).

3anmetiin, YTO Mbl OKOJBHBIM MYTEM 10Ka3ddd, YTO ecaH
upejes (4) (koueuuslif uan OGecKoHeywblii) CyLIECTBYET, TO
olt paselt Bepxueny apeaedy lim/[a,|.

3aveuanne 3. B waweii yueGioll 1itepatype o6byio
HAUIHAIOT 113.10/KeIlHE TEOPIH CTeNeHHBIX PsII0B € TEOPEMbI
Abeq, KOTOpast rACHT:

Teopena Adeasn. Eciu cmenennoid ped (1) cxodumes
8 Motre 2,50 KOMNAEKCHOIE n.I0cKoCcmu, Mo OH cxodumest
QJCOUOMMO (L PABHOMCPHO 8 3amkHymoil xpyee |z|<gq, ede
q — .u0dve aie1o, ydosaemeopuouce Hepasercmsean 0 <X g < |z,

Hoxas3areabcTBO. 3ra Teopena Tenepnb ViKe ABIAETCS
caejernned 13 teopem 1 n 2. B camon Jege, Taxk Kak z,
eCTh TouKka ¢NOANMOCTH paza (1), To |z,| ne AoxeT OHITL
Joapmint, wext R. Tlostomy |2,]<IR, 0 <qg <|2|<<R n
¢ < R. Ho rtoria no teopene 2 crenennoii psaj (1) cxoznrcs
i1 upyre | 2| =X ¢ 40COIOTHO 1 PABHONECPHO.

[Ipuieph.

b-z-2- 0., ()
2 3

1_}_%_;_ ;_}-%4—... (7 > 0), (7)

P a2z 4320 -l (8)

C novoublio gopatyabt (2) nau (5) 3aK/1oyaen, YTo Pagnyc
exoamvocrt pajes (6) u (7) pasen 1; 113 psgma (8) ou
pasen 0.
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Cymma paga (6) (reonveTpuueckas nporpeccHs) B OTKPbl-
Ton Kpyre {2| < | paBHa (1 —2)~!, a octaTok

-2

A n+l

r,,(z)-——z =1
n+1

OaHaKo CXOAHMOCTb Ha YKa3aHHOM Kpyle HepaBHOMEpHE.

HepaBHoMepHOCTL CXOZUMOCTH HMEET MeCTO Yxke A’1f NoJo-

KUTEJBHBIX 2 =x Ha HHTepBase 0 < x < 1, HepaBeRCTBO
g+l

—0 (n — 00)

(9

1—x

nps J060M  3aJ4l1HOM /1 HeJb3s YIOBJETBOPHTL AJS BCeX
YKa3aHHBIX X.

Benb ecaii x B3sTs OueHb OAM3KHM K 1, TO yHCauTe L
B npaBofi uacty OyreT Toxe O6uH30K K 1, a anamexatedn
6.1ii30K K HYJ/I0 11 1pobb B npaBofi yacTi (9) MOXHO, TakiM
obpasom, caeqars 0o.blUed YeM E.

Psg (7) npit a > 1 paBHOMEpPHO CXOAITCS 11a 3aMKHYTOM
kpvre |z| <1 ero CXOAMMOCTH, Tak Kak npn |z|<C!

|e*k=*|<<h™® n Rk~ < oo.

Femt a=1, To B Touke z=1, sexaileii Ha rpatiite
Kpyra cXoaumocTH, psaf (7) pacXoAuTCcs.
Psayx (8) cxoautcs TOMBKO B Touke 2z =:0.

§ 9.12. QudieperuupoBarHue H HHTErPpHPOBaHYE
CTENEeHHBbIX PAa0B

Teopema 1. Paduycot cxoBumocmu cmenennoze pada

au"{'"azz_{—azzz_{"" (l)
1 pada
a, - 2a,z 4 3a,2*+- . . ., @

NOAYHeHNHO20 13  He2o  hopmansHoim  Oughghepery pocariic,
coenadanom.

3ameyane. OnpeleneHne HEMPEPLIBHOCTH I NTPOH3BOA-
HO/t OT QYHKLIII KOMIJIEKCHOTO NePeMeHHOro [ (2) TaKoe e,
KaKk H B cJyyae ()YHKUHH OT JAeHCTBUTE/NbHOM IlepeMEeHHOH.
Heo6xoaumo auiib  HMeTb B BHAY, UTO §-OKPECTHOCTb TOY-
KW 2, eCTb OTKDHITHIl KpPyr pajuyca O ¢ LIEHTPOM B Tou-
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re z,. Mcxonsa 13 3Tore onpejesenist, npolisBopHas oT cTe-
LedHOlt QyHKIUHK 2" Beiyucasetcs 1o dopumyne (2#) = nzt~*.

HokasarteabcTBo TeopeMuLt 1. DBynem cuutath,
yro R ecTb paauyc cxomumoctn pspa (1), a R"—pannyc
cxoguMocTil psiga (2). Ilokaxes 1eopeMy B NPEANOSOMCHHY,
uvo mpeje.

lim /Ta,i :T (3)

n-» o

nOHEUHBIT K1 GeCKOHeyHbt cywscToyer. [1mcem
l H 4 1 [ h - L ] l
e =m /[na, [ = lim /n- lim {/Ta,] }-1-—,\,— =

X R n-— "n->r
.1enoBatenbo, R=R’.

3 obuwen cnywae, iorga npepen (3) e CYUICUTBYET, HMEET MeCTO

lim {yla,,[»:.L

n-> % R
1% Toraa
n, ™ — nST | 1
= Jim |/rL|a,l m /o Tim y I(r,,l:1~—R—=—R—
i - 0 i —» n—e w0

o Ttpe6yetcst oGocnosalne BTOPOro PABEICTBA —1AR0 JluKa3aTh, 4TO
ccay &y P, > 040 a, — 1, 10

lim (2,p,,) =1lim f,,. 4)
3 camoM neae, CyWeCTBYET MOANOCACAOLITeLIOCTs {ng} Takas, uro
lim f, =lim B,,, =lim &, - lim B,, = lim (e, ,f,,) < Tim (@B (B)
CyIUCCTBYET TdKiKe NOAuOCACAoLATE LIOCThL {ny} Taxan, UTo

lim (o,,l Bry,)

=lim B, <lim B,. (G
Imvz,,, lim [5,‘k<lim Ba (6)

lim (@nPn) =lim (% kﬁu k)
Ha (5) u (0) caeayer (4).
Teopewna 2. Cmenennoi pad

f@)=a,+az+az22+... (z]<R) (7)

3AKOHHO  OPMarbHO audxi)epeuqupoeamb & npedesax 20
(omrpoimoao) kpyea cxodumocmu |z| < R 1. e. eepra gop-
Myaa

@ =a+2a,2+3a,2*+..., |z]<R. 8
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JlokasaTenhLCTBO. ITY TeOpeMy Mbl JOKAKeM TOJIBKG
B NPEeANOJIOKEHHN, YTO 2 ==X eCTh RAeHCTBHTeJbHas NepeMeH-
Hasl, 4TO JACT HaM BO3MOXHOCTh CBECTH BOMNPOC K XOpOLIQ
uaBecTHoMy (akTy 13 Teopuil AeHCTBHTEIbHLIX PAJOB.

Hrak, cremennoli psa (7) Aas RefACTBUTE.IbHOH NepeMeH-
HO#l HMeeT BHJA

[(x)=ay-Fax-taxt ..., —RIx<R (7

AToT psAA Temepb ViKe HMECT le KPYT, a LHTepnas CXOAE
nmoctit (—R, R). Cooveercrayioutii (popManeiio npoaude-
pPeHIMPOBAaHHKIH PAL HMeeT Bl

@ (X) - a, - 2a,x - 3a,00 - L (8"

Lro cymmy Mpl noxa ob6osuauian yepez ¢ (v). OH cxonures
Ha HHTepBante (—R, R) Ha ocHOBami upeabiAylueli TeopeMsl.
O6a psana, xak Mbl 3HaeM, DPABHOMEDIO CXOASTCH lia OTpPeske
[—¢q, q]. rne g <Z R. Tlpn 3Tom 4aenn BTOpOro paja Henpe-
PBIBHBl U SIBASIOTCH MPOH3BOAHBIMH OT COOTBETCTBYIOLIHX
yjgeHoB nepeoro. Ho toraa ma ocloBalii H3BECTHOH TeOpeMb!
113 TEOPUH PABHOMEPHO CXOAAWMXCSI PAAoB (ev. § 9.9, Teo-
pema 3) BBIMOJHSIETCS PaBelCTBO

@ (x)=f"(x) &)

Ha orpeske [—g, q], caepoBatennHo, 11 112 HHTEPBAJS
(—R, R), notomy uto ¢ <Z R 1pOH3BO/LHO.

OtmeTuM, 410 B cly jokasanbof Teopens 2 psy (1)
3aKOHHO MOYJCHHO AH(peperniponarL cKOIbKO VTOTHO pas.
Ha k-m 3tame Mbl moayumm paBencvBo

[ ()=kla, (k41D k... 20,,,21-...,

cnpaBefanBoe AJs Beex 2z ¢ |z] < R. Ecait no104uTh B 1eM
z=0, TO nony4un
[%(0) = kla,
au
th (0)
0= ¢ 01,2, ...

Orciofa, B 4aCTHOCTH, CJAEIAVCT, YTO PABAONKCHNE DYHK YL
f(2) 6 cmenennoii pad (cM. (1)) 6 Hekomopos kpyee | 2| << R
(a6 unmepsase (—R < x << R), ecau peus udem o hyuk-
yuur f(x) Oelicmeumenshoeo nepementozo X) eGuHCMBEHHO.
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Taxum o6pasom, cynmty f(z) crenennoro psga (7), umeio-
Wero pajauyc cxomumMocTit R >0, MOXHO 3amHcath elle
crenyouimM obpaso:

F@=F(0) + L0z [0y L”Wﬂ-M)

Pan copaea B (10) saspiBaercs pados Tedaopa yrriuu
[(2) no cmenensn z.

Mt no:iyqnml, YTO ecau crmencHuoil pad (1) umeem paduyc
cxodustocmue R >0, mo on asagemca pados Tetiaopa csoeti
cymmoe f(2).

Borpoc 0 moy.teiion 1HTerpHPOBaHIil CTCNEHHBIX PAJOBR
BO Bceil ero mo.HoTte 10oTpe6oBa’ OB BBEAEHIIsT KPIBO.IHEN-
HOro (IHTerpaJa oT (PYHKIUII KOMILIEKCHOrO NepPeMeHHOTO.
Mbl orpaHigHMCa paccMOTpelille 9TOr0 BONPOCa TOJbKO ATd
CTeNneHHbIX PsiJ0B

[(£)=a,+ax-+a,x?--... (1n

OT AefiCTBHTEIbHOI NePeMEeHHOH X (Z = x).

3agagun creneHHoit pag (11), unerowiii ruTepBan cxo-
auoctit (—R, R), rae 0-C R<Coo. Uneaa a, Moryrt ObiTh
)Lel“lCTBl[Te.)'leb]E\[H I KOMILIEKCHDBIMII. 32,12},1“’1\[ (pnxcuposan-
Hyl0 TOUKY voe(—R R) u nepemennyt Touky x € (—R, R)
i nonpbepen ¢ > 0 Tax, uTOOLI

—R Z—qg-Tx4 ¢ g7 R

Crenernoll psiy (11) paBHOMEPHO CNOINTCA HA OTpe3ke
[— ¢, q], naxoxsuiemcst cTporo BRYTPH iiHTepBaJa CXO1i-
AOCTH Pfija, M, CJeJ0BATETbIIO, €0 MOMXKHO MOYJEHHO IHTe-
rpupoBatb (cM. § 9.9, Teopema 2) or v, 10 x:

S.f([) dt =Ly (.(‘,\’0) }‘"“Iz—" x* _Yo) S e (\- —"0) S I ()2)

Xq

- R /\ xr .\',) / R-

B yactnocTtit, npi x, =0 poayyna

(FOdt=a- B0+ %0, —R<x<R (13)

3 3 =0 ey
0
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ITpumep 1. OyeBuguo, uToO

! — 21 ¢4 6 !
e e I T

3ror pan cxoaurcs Ha nutepsBane (—I1, 1) (R = 1). Tlostomy,
ecar x €(—1, 1), 70 3aKOHHO NOY/EHIOE HHTETPIPOBAlITIE
3TOTO psija OT UNVIA A0 X (PAJ paBHOMEDHO CXOAMTCS Ha
JIOBOM OTpe3ke, MpuiafTexalieM K 1iHTepBany CXOAHMOCTH):

X

vt oAb kT
\ (EWE =arelgy =y —5 4=+ ... (=l <xL]).
(l
[MoayyeHHblt pdl CXOANTCS W OpH x:== -1 (Kak psa Jleid-
uiia). MoXHO ROKa3aTh, YTO OH CXOANTCs K arctg 1=n/4, T. e,
T 1
T=l—3+3
TMpumep 2. Paz Teitiopa Kast QyHKUIH e~ uneer
BT (cM. § 4.16)
"

_“- l—t+,)] LT.!'F...'

npuyeMm Aaas Rero R —=oc. [lostomy 3TOT psji MOXIUO 1O-
U JeHHO HHTCLPHPOBATH:

X
s LA x° X7
V“ Ay —Sb gy =gt e

T. €. Mbl MOJY4iLTH Bbhipaxkenye unterpasa Ilyaccona uepes
CTCNIEHHOH PAA.

[Ipumep 3. Psag Teiltopa (GpyHKIUIH y-=sinx HMeeT
Bl (cM. § 4.10)

Sinx == X —

PLENY
ST

Ou cxoanrcs Ha Beeit ocnn. Orcioga npn x =0 HMeeM

siny 2y X0,
P ST T T qr e (14)
sinx !}

Culitast, 4yTo > A__D-:l, nosy4aeM, 4To paBeHCTBO (14)

Bepio ¥ npu x=0. Pan (14) paBHOMepHO cXOAMTCH Ha
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MO60M KOHEYHOM HHTepBaJe JAeidcTBHTeNbHOIl ocu. MHTerpu-
pysi 3TOT CTeNeHHOH PSAA, NOJydaeM:

X
*si

nt x4 X8 «?
= — gy g e
H]
Iipumep 4. Psan Te#tnopa aaa ¢ynkunu y=cosx?
umeet g (cM. § 4.16)

4 8 12
a__ X X X
cos k== | — o+ 5y — T

Ou cxoaurcs Ha (— oo, oo). Hurerpupys 3TOT CTeneHHOH
OfJ1, Noay4yun nHterpaa dpenens

X x? X3

1. —_ |
5-21 7 9.4) 13-G! Foee e

(cos 12dt = x—
J
0

lMpumep 5. Tak Kak

) - ] shx, ecan n=2%k,
(s 9 T\ chx, ecau n=2k-+1,
10
| 0, ecan n=2%k,
(sh )@ vmo L1, ecun me=2k+1,

1nostoMy papg Teilmopa dyHxunu shx szannwercs Tak:

sh x:-~:x—1'—£~ -+ i + ... (15)

3 T sl
Tak Kak 3TOT CTeneHHOM PsAL CXOAMTCS Ha Bceit JefCTBH-

TeqLHoiT ocu (MpuMeHHTH upu3Hak [lanambepa), To MOXKHO
€ro MoyJieHHO AM(pQepeHLIBpOBaTh:

chr=14+3+35 4 ... (16)

(psaa cnpaBa B (16) paBHOMEPHO CXOAMTCH Ha J0GOM KOHeyY-
HOM HHTEpBase).
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§ 9.13. dyukuun €7, sin 2, cosz
OT KOMIAEKCHOTO NePeMEHHOT0

Dyuxkiud €¥, siny, cosx or AeiicrautensHoll nepemen-
HOll X Xopoio u3BectHii. Ouu onpejesensl Ha Beell AefCTBH-
T€IbHOH OoCH (—oo «C x <  oo).

M2 § 4.16 Mbl 3naem, yTo 9T (YHKUMH PpasJjaraiorcs
B CTeleHIIbIE PsIAbLIL

X3

x* 3
e el + X+ St =+

£ P
= s .. 1
siny = x— J! + R ! ($3)]
A 1 «* I
COSX - - —W—{‘W_ . J

1o ectb paawn Teiliopa 9Tux GyUKLHH NO CrenelsM x.
B § 5.3 6bL10 gano oupejedeiie GyHKUMM v, rae X -—
JeNiCTBUTCABLHAS MEpeMeHasn, mocpeacTBOM dopuy sl Jitaepa

¢i*=cosx +-isinx. (2)

[TogctaBuM B npaBylo 4acTh (2) BMECTO €OSX M SinX HX
CTEHEHHBIE PALBI, TOTA3 WOJYYLM pasjoxenHe €% 110 cTe-
neHsM X

e's —(1 —7\,——1—7\; ~—...)+i <_v—%*l-%:——-~.->=

DyHKIHIO € A48 S1060T0 KOMILICKCIIOro Z==X -+ iy ecre-
CTBEHO ONpenequTL CJaeaylouliM 06pasoM:

ef = e¥HiY - pxply,

Onrciona

Bo sTopoM paBencTBe ME BOCNOb30BaNHCh CBUHETBOM
(nepeMHOXeHHe abCONOTHO CXOAsINXCA PAJOB), KOTOpOe
OB YK€ BhIBEACHO paHee (cM. § 9.10, (7).
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Mbl noayuian, yto GYHKUHS €* OT KOMMJEKCHOTO Mepe-
MEIIHOTO Z pa3/araercsl B CTENEHHOH psAj MO CTeNeHsM 2
21"

: 2z 22 ,
C"::l-{-—lT*f—-Q!——{—Tﬁ—--l-..., (3)
CXOASIINICS K Hell HA BCeA KOMIIIEKCHOII I.JOCKOCTII.

Pan (3) ectu psa Teitnopa ¢ynuxium e’ no crerneHsan z.

Paauyc cxopunmocTH psaa (3) R ==o00, 1i yxe M3 oOUHX
CBOMCTB cTenenHblXx psigoB (cM. § 9.10) caexyer, yto psix (3)
abCoJIOTHO CXOANTCH AJAS J11000T0 KOMIJIEKCHOro 2, DpH
5TOM OH paBHOMEpHO CXORHTCS (K €°) Ha Kpyre |2 |<C ¢ Kak
Obl HU GbLIO BEJTHKO MOJOMXKHTEbHOE HHCJIO (.

@DyHkuun oSz M Sinz OT KOMNJAEKCHOH NepeMeHHOH 2
€CTeCTBEHHO ONpefeaHTh KakK CYMMbl CJAEAVIOMHX CTEeeHHbIX
psiLOB:

2? 2t
c0Sz '7:]——2—!—}-‘4—!-—...,
. Pl 20
Sl e =2 ———3| -{——5! T i e s

OGa 3tH psifa UMET pajMyc CXOAHMOCTH R = oo W,
TakuM 06pas3on, oOe COOTBETCTBYIOULIE (PYHKIHI ORpejeaeiibl
s M060ro KOMILIEKCHOTO 2.

Jlerke mnposepsicTcst CpaBHEHHEN COOTBETCTBYIOUHX CTe-
NCHIIBIX PSIIOB, YTO

(,fz_i_ ~iz iz__p~i2

€082 =—5—, Siz=-——F— 4

JLs1 JI0BOTO KONIJCKCHOTO 2.
Tenepu, 10/163ysCL CBOICTBAMH NOKA3aTeALHON YHK-
i e" (0T KOMILIeKCHOTO ), JErko noayuaem (OpMy.Jibl

cos (¢ +v)==cosu-cosv—sinu-sine,
sin{u+v)y=sinu-cosv+4-cosu-sinv,

BEpHBIC JIA5 JIOGBIX KOMNJEKCHBIX « il C.

At Gopmyabl, TakHM 06pa3oM, 0606MAIOT XOPOINO H3-
BECTHDLIE (POPMYJLI TPHTOHOMETPHH, TAE CULTAJOCh, UTO ( U
U— NeHCTBHTEAbHbIE nepemeHHble, OTMETHM, YTo (yHKUHH
Sinz U COSz B KOMIJIEKCHOH [MJIOCKOCTH 00/IaJaioT HE BCEMH
CBOHCTBaMH OOBIUNBIX QYHKuMIT sinx # cosy. B wacthocti,
5TH (YHKUHHM HEOrPAHHYCHbl Ha KOMILIEKCHOIl MJIOCKOCTH.
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B cuay (4) npi gefcTBHTENBHOM X

. e ¥-|-e¥
COSLXZ——-2|—=Chx—'roo, X —» 00, (5)
.. ¢~ ¥—pX .
Sml.\’——-'——-,)—[e—'zlshx—roo, X —> 00, (6)
@opnmyast (5) un (6), MeXxAy TPOUHM, YCTaHAB/JHBAIOT

CBfI3b MEX1Y <¢KOMMJEKCHOH TpHroHoMerpuells 1 «runepbo-
JIIYeCKOll TPIrOHOMEeTpHEls.

Dyukuist 2==[nw OoT KOMNJEKCHOI nepenexuoll w ompe-
JeasieTcs Kak ofpaTHad (QYHKIHA K (QYHKLIIH

w=é )
Ecau 3anicate w40 B nokasartesasHoil (opnme
w=pe? (p=|w|>0),

TO paBeHCTBO (7) 3amulueTcs B BHIe
pefl = e¥e¥ (2= x--iy),
OTKYAa
l),—:e-"‘, 8:1/—2/(’3'[,
T. e,
x:=lnp, y=0+4+2kn (£=0, x=1, +=2,...).

[Toatony
z=lnw=x+iy=Inp+i(0+2kn)=In|w|+iArgw=
=In|w|4iargw+i2kn (=0, 1, +2,...), (8)

rae In|w| (|w| > 0) nonumaerca B o6biuHon cumeicae. Ha (8)
BHANO, UTO Inw (w=£0) ecTb MHOTO3HauHAst (DYHKUHA OT
w BMecTe ¢ Argw 1Ee3aBHCHMO OT TOro, GyjeT i @ Jei-
CTBHTEJILHBIM HJAH KOMIJIEKCHBIM,

Hanpumep, ¢ Toukn 3peudsi 3toil Teopuu (pyHKUUHI KOMII-
JeKcHoro nepemensoro) Inl pased omHomy n3 uucen 2kmni
(#=0, =1, £2, ...). B peiicTBuTebHOM aHauize ANA BhI-
paxkeuus In 1 BuiGlpaeTcs cpefH 3ITHX uirce. eJiliCTBEHHOE
JefictBiTenbHoe yucao 0.

Ho mbl e 6ygenm yray6asatbes Hanbllle B TEOPHIO (PYHK-
ILHAd  KOMNJIEKCHOTO MepeMEeHHOro —3To He Hamia 3ajauya.
CnenaeM TOJBKO 3aMeyaHHe MO MOBOAY (OPMY.JEHI

In(lfn)=x=2+ 2 (=1 <x<]),
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KoTopasi Owiia BoiBefeHa B § 4.16 nas AeHCTBHTENBHBIX X.
Ecan nogctaButh B psii B OpPaBOil 4acTi BMECTO X KOMI-
JekcHoe 2 ¢

121 < 1,

TO psaA OCTaHeTcsl CxOAAUUIMCSl. Moxno CKas3aTh, YTO €ro
cymma paBua In(1--2), Tak KaK Mbl €ro onpefesui Bhille,
TOYHEe, PaBHA OAHOH H3 OAHO3HAUHBIX BeTBeH MHOrO3HAYHOW
drynxnun

in (1 + 2).

GyHKUAY KOMIJIEKCHOTO MEPEMEHHOro, pas.araioliHecs
B crenennbe panbl (psaasl Teitjiopa), HA3LIBAIOTCA QHAAUNMU-
seckumu Qynsyuamy. OHE 13Y4aOTCA B pasfie/ie MaTeMaTHKH,
HA3LIBAEMOM TeOpueil auanuTiyecknx QyHKiMA uan Teopueh
YHKIN{ KOMIJIEKCHOTO MepemMeHHOro!t).

Haxoneuw oTveTHM, 4TO €caH B CTeneHHoOM psijie no cre-
neHsM U

a,fau+tau+...

€ KpyroM cxoanMocTH || < R NOMOXHTbL U ==2—2, TFAC
2, —pHKCHPOBaHHOE UHCI0 (BOOGLIE TOBOPS, KOMIJAEKCHOE),
TO onyuuM pax

au+a1 (Z—zo)'*‘az (2_20)2_*_ ey

HASLIBACMEIl C/menesMsial pAOGOM N0 CMENEHAM 2 — 2.
Ou cxoputcs B Kpyre (cxoamnmoctd) |2—2z,] < R u pac-
XORHTCH ANS 2, YAOBJETBOPSIIOULIIX HepaBeHCTBY |2 — 2, > R.

§ 9.14. Pagsl B npuGIMKEHHBIX BbIMHCNEHHNX

B 310y naparpade Ml OyneM 3aHHMATHCA [PHOJIHKEH-
HbiM BLIYMC/EHHEeM 3HauYeHUil 3JeMeHTApHbIX (QYHKIIHI.
[lpoctefituas anemeHtapuas (YHKIHA —3TO MHOTOUNEH

P,(x)=a,+ax+ ... +azx"

Bouncaernue atoi QyHKUNN MPH X=X, CBOAHTCH K MpoO-
H3BOJACTBY KOHEUHOTO 4IIC/a CJOXKEHHH U yMHOMeHHH. 3Ha-
ueyHe 3Toll dyHKUINT B TOYKe X, MOXKeT ObiTbh JIeTrKO Hai-
meno c moboit crenensto TounocTH. Ecanm ncnoabsoBarth

1) Cm. wamy kunry <Slugpdepenunanineie ypasrenns. Pagst. Kpart-
Hee wurerpanst. GYHKUAN KOMIIEKCHOTO NEPeMCHHOTOY,
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OBM (3/71eKTpOnHY0 BBMHCAHTEJDLIYIO MaulliHy), TO 3TO
MOMHO CAeaTh, U JOBOJLHO GBICTPO.

Opyrue anementapuble  (ysxkmi, Takie Kak o sinwy,
arctg x, ..., Kax Mbl IOKa3sajan Bbllle, Pa3.araTcd B PHA
Teilopa no crenmcuaMm x.

[Torpeitioctb, KOTOpYIO Mbl JONYCKa€M [IPH  3aMeHe
¢Gyukuny (cymmbl psga) na muorousen Teilaopa, mMoxio
y3naTb, OUENHBAH OCTATOUHBIH 4JeH psia.

PaccmoTpuM CTEHCHHON PHA

J(x¥) =co+cx+cx?... (—R<Cx<R) (H

¢ Huteprasom cxoiimoct (— R, R). Crporo piaytiph mi-
TEpRaJa ¢XOJMMOCTH OH CXOMUTCS K f(X) CO cKOPOCTHIO
yObIRAOULIE[T FEOMETPINECKOI] IPOrpeceHit.

B cavom jene, nyctb g, 0 ¢ —HOPOH3BOJBILIC liCAa,
yjaoBnersopsiiowne uepasencieam 0< g, < ¢ << R. Toraa
psa (1) cxomutest B TOuKe X==g¢ W €ro yieunl oGpasyior
OrpPaHHYEHHYIO  [1OCAEN0BATE/bIIOCTD (|c.g9*| << M, Vn).
[Tostomy nas Beex x €[—q,, ¢4]

| :
l(",”,‘\‘.”, = i c,g" (%)" I < M (%—)l ,
e ¢,/q < 1.

Mol Bu;iIM, 4TO CTENCHHBIM PsilOM  BBIFOJHO  MQJIL3O-
BaTbCH JUs1 BLIUHC/ACHI 3HageHuil gywxiinl f(x) B toukax,
Jexauiix CTporo BiyTPH HHTepBaja CXOMIMOCTH.

Ecan e toska ¥ ecTb OQHH 113 KOHICB WLTepBaaa
{(— R, R), 10 B yT0ii Touke, ec/ii pPsia H CXOQUTCS, TO MeJ-
JegHee, 4eMm yOulBawilad reoMeTpHYeCKas  I1POrpeccHsl.
O6bIYHO HACTOIBKO MEIICHHEE, UTO HEUENeco06pasilo HoJb-
30B4THCS HEIOCPRICTBENHO CTeHeHHBIM psigom (1) nas Bl
HMCJIEHHs! 3l1aYedlis [ B vkasaHHoll KouueBoil Touke, Hue
Mbl NIPOHJLTIOCTPHPYEM 3TH (PaKThl Ha KOHKPETHLIX NpHMEpaX.

Haunem ¢ semucaesus wucaa m.

B § 9.12 B upumepe 1 noxasano, uto

B} XH , Ib
.lrctgx:x———a—qv-—g-—... (=l <x<l). 2)
B Touke x==1 3rt0oT papn Takke cxomurcsa. [lokamem,

YTO OH cXoauTcs HMeHHo Kk arctgl=n/4. B § 9.12 ator
(akT Mbl He NOKa3biBaJH,
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Pa CCMOTpUM TOXIECTBO

1

m;:l — =L - (— 1) x e (=1 y2+2

oy2
I x

Hurerpupys sto toxxaectso na [0, 1] umeewm

g‘ lfx‘-' —arclg | '=%=Sldx—§x2dx+
v 0

0
1 1

+4- (1) Sxﬁ" dy+4-(—1)"#1 § ;:_ 5 dx =
0 o

1 | |
=l— gt = (=) g+

rjpe
y2u42

—_—_—(_.__])'14-1 § l'—{—x'l dx

Jlerko BIIETDL, 4YTO
1

ot | < | atnie d =

0

I
g O e

Orciofa caepyeT, 4TO

n

— 1)k

arctg 1 — ék%
[

’—._-, 0, n--o0,
k=0

T. 0. arclg 1 siBasieTcs cymMoii pejia

PR R S|
arclg 1 h'vz_—,.‘_"o?"‘ T

17T
R ) il 3)

Mbl BIUIM, 4TO 3TOT PsIA CXOANTCH MeAJeHHee JIOOOH
vOLIBAIOLlEH reoMeTpHUYecKoll nporpeccni.

Jast TOro yTo6Ll BRIYHCIHTD YHCO T C ROMOLLLIO PALA (3),
¢ Toydocthio o0 1079 Hago BasITh CTOJMBKO CJlaraeMbX
pfaa (3), urobel actaTok G6ma Mmemsuie 10-% Tak kak pag (3)
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ecTb pafg JlefiGuuua, TO €ro OCTATOK MeHbLIE MOAY.IsA nep-
BOrO ero y/jeHa

N (—DF| 4
IR, |=| 4 X 1| <3

k=n+l

Orciona BHaHO, uTo npH n=2-10% |R,| < 10-¢ Takum
o6pa3oM, HY)XHO B3siTh JBa MHJJHOHA CJaraembiX psjad (3),
yToObl TAPAHTHPOBATL 3HAueHHe uHCAa T c  Tpebyemoil
TOYHOCTLIO.

Bpyuhyto Takyilo paoTy BHINOMHATb Geccmbicnenuo. Ha
9BM 3Ty paGoTy MOXHO BHINOJHHTb, HO ¥ Ha IBM sra
paGoTa OyAeT HE [POH3BOAHTE/bHOH, €CAM Mbl OYAEM [10.1b+
30BaThCcsl paaom (3).

Ykamem psii Oonee ObICTPO CXOAALHACA K 4HCHY I,
C 3To#i IeJbl0 PaCCMOTPHM YMC/AO o Taxoe, 4TO

tg ou==1/5.
Torpa
) _ 2tga  2/5 5
2= = T B =12
_2tg2x 120
fgdo= 1= =T1g"
a\ _ tgda—tg(n/d) _ 1
tg <4“ _T) =1 tgda lg(n/4) _ 239
Orcioaa
4o _T =arctg (1/239),

= 16a—4arctg (1,239) == 16arctg (1/5) —4arctg (1/239).

Hcnoansyst tenepn psia (2), nogyuaem

- _(=hE
n- 162(313.}_1 B2h+ 1 42 (@k--1) 2392+ *

k=

ITocneque jABa psija CXOASATCH JOBOJILHO OLICTPO (GBICT-
pee y6niBatoulell TeoMETPHUECKOH MPOTpPeccHH).

Jlerko npoBepHTh, 4TO OCTATOK NEPBOrO pPHja yKe I1pl
in==4 Menpwe 10-% [loatomy, BbluiiCaAy UeTHIpe c.Jlurae-
MblX MEPBOTO Psija M ABa CJaraeMslX BTOPOro psifa (C TOUlO-
CTbl0 O C€JLMOrO 3HAKA), B pe3y/LTaTe NOJY4HM

n & 3,141592,
NPUYEM MEPBbIE (IATh AECHTHIHBIX 3HAKOB TOUMblE.
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Botuucnenne norapupmos

Panp Tedinopa ana vexunn y=In(l4+x) mMoxuo noJay-
qITh, WHTETPHPYS TOX/ECTBO

i

l»—!,\—__—-ln—x_f ,\‘2"‘".‘:3"1"... (l.\'l< 1)'
ln(l |A’)-'S‘ll\_: ‘—;‘x;";—"/';—"_%‘l'[_---- (4)

[pn x =1 gainstii psig CXOANTCS § ppHToM K In2.
B camom peqe, HUTETPUPYsI TOXKAECTLO

1 & no.n n x”‘.l
l4q}:l——X+A“~...+(—4)J.4{——” "
ro [0, 1], noayuaem
‘ [ |
N2 =l—gtg—e (=) ot H =B
rae
1 . ’ | {
x -~ ¢ "+ P
”‘,,I-‘-Tl‘ lll_l_d‘.'IQ's.\ I(Lx,,—“—_ls;—» 0, #n-»>o00.
0 t

Psa () opn x=1, tak e kak n psg (3), cxonutes
MeJIJIeHHO.
3avewan B (4) x na —x, nojydaem

ln(l——A)-——L*" 5)
Baigutas (5) #3 (4), umeem
l-bx i KL
Iy =2 2 ey (6)

31e pPaBeHCTBO H HCNOJALIYETCS AAf BLIYHCJACHHS JOra-
piipMoB ot narypaasunx unces. Hanpuvep, nonaras x—=1/3,
noayuacM

oy |
me =@ ! (7)

rfe pAR CpaBa CXOAUTCH fwiC GLICTpee reoMeTpHuecKoil
POTPECCHH.
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IIns Buigucaenus In2 ¢ TOUHOCTRIO O 10-% pocTaToyHO
B3fTh NATbL caaraeMelx psiaa (7):
In2 ~ 0,693146
(Kﬂ)KilOC c.laracmoe l)ﬂ,fla BbLIUHCAS2M € 1UeCTbIO 3HAKAMI
nocae 3angaToil).

- 1
Boodule, nonarass x =

1 — HaTypa.dbHOe 4YHC/O,

oIy 9HM
I4+x _ ms-1
l—x m !
» 8)
— 1 (
- 19
In(m-1)==1nm- L PrESeTERTE I
[onaras nocaegosaTteablo m =2, 3, ..., Haiigam In3,

In4, ... . Paa cnpaea 8 (8) cxonutcs oyeHb OBICTPO.

Bolyucneuuce KopHeil

Psin Tesnopa aas ¢yHsumn f{x) = (I--x)* Mal Do0.y-
uith B § 4.16:

(1 + x)% = La(a——l) mz_.h[ h o, (9;

=0

Psin (9) nassiBaioT 6unostuaasnest. $isectio, uto pag (9)
opin x==41 we Bceraa cxoiutcA, 4 €Can CXQIUTCS, TO
seaserno. [1osToMy, ecn, HANPHMEP, HAL0 BLivHCIHTL ) 2,
TO He palllloHaJbHO BOCNO.Ib30BaTHCA Gopumy.aoit (9) npu
x=1, a=1/2. Ho sor kKax moxuo woctynuts. OObluio
npeoGpasyloT MOAKOPEHUOe BbiPAXKNHE Tak, 4TOGul QHO
MAJ0 OT.JNYAJ0Ch OT EIHIIUL

75 1/ 225 4"__1-/’55»__( RUES
lz"“/fzms; =35V 5 =3 *49} '

I N & P AT VAN 2\ -1/ ,
l'Q—SVm “5(1 50) "T‘T(l_‘lo—n) - (0

Haxoxnenue gncen 25 w 49 MONHO MPOUILOAHTL TaK:
BLINICHIBAEM KBafpaThl HATVPAJbHBIN UHCeT

1, 4,9, 16, 25, 36, 49, 64, ..., (11)
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3aTel BBIMIICHIBACM Psi yHced, noayyaemeix u3 (11) vaHowke-
HIIEM HA MO KOPEHHOE BbIpax<€Hile, B JaHIIOM CJayyae Ha 1Ba:
(12)

o, 8, 18, 32, 50, 72, 98, 128, ... .
B ctpokax (11) n (12) upumean yicaa TakuMm 0o06pasom,
yToOL X OTHOWeNHe ObL10 OJHsKiM K eguHHue. Cpeau
BLIMNCAHALIY wlicea 3T0 H GyayT wiciaa 49 m 50==2.25,
NPONOMKHTE, TO MOXKHO HaliTH cle
288, T. e.
17/ I \~1t'2
‘ ) . (13)

(2044289 174288 17/, L
=BV 85 =l g8

|
Tenepb VK€ MOXKHO HCNOAb30BaTh psii (9)
o cudy (13), npu x-=1;288 noayvaem

Ecan a1 cTpoKil
fauskie uieaa 289 n

Hanpiep,

r

it

_%(_%> (_i;)...(—%-/e.;-1>,_ .
£l 288"

)
Psax cupasa B (14) cxoputca ouenb GeicTpo. Kpowme

TOI'0, OH f'-IiZlKO‘I@])E‘Jl\;IOIlLIII/‘I'CH, T. €. OCTAaTOK pdAAa MEHbLUE

3

[Ne] BN}

/r‘_l
l’z 7

c

MOJYJI51 JIEPBOro 4.1eHd 3TOro OCTaTKada.
Sanunuen pax (14) B pa3BepHyTOM BHJIE:
I, 1.3 135 \ (15)
2288 U 0T 21088 2337288 Uttt M

5 1T
V-l
Tpernit uaen paga (15) sensue 810~ < 10-%, nostomy
517 Iy

13 (1 =) =1,414207...

l R
¢ TOYUDIMIT HETBIPHAISI SHAKAMH.
OtaeTi, uto ppucaesne )9, ncexoas H3 (10), ouenn

V10610, Tak Kak B JHAMEHATe/le Mbl CPa3y neJyyaem cTe-
nem 100 Ecan B3siTh TP nepsbix ¢JaraeMblX 3TOro piia,

0o V2 ~ 1,41491.
Bhrune. s 3,/5— c rtounocteio po 0,01,

HTpuaep I.
Brinnmwes kyOLl HaTypaabHBIN YIICE.]

1, 8, 27, 64, 125, 216, ...

1 [)ﬂjL STHX 1lice.nt, yl\ﬂIO}KEHHbIX Ha 5,
5, 40, 135, 320, 625, 1080, ... .
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Ortcrona

— 3 /5.27-1925 5 10\1/3 57/ &\ 13
b/ _ o9:4fr a0 9 I B R —_
1/5"1/2712r a("’ws) 3\1'100>

5014 _8 28 2.5.8 \
T3 RT3 TR

1PCTHIT YJIeH psiaa

5.8?
w108 < 0,01,
MO3TOMY

3/ 5/
V5~ ?(1+300)_171

\

¢ Tounoctsio jgo 0,01,
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— — cyiecTtBoBanHnfA Opcresia 64, 312
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1y

11

OOHeaHHEHHE  (CYMNA)  MIQ#eCTS
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