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OT PEXAKTOPOB CEPUH

B kauectBe TpeThero BHIMYCKA CepHM PeNaKLMs HIPHHANA NMEpeH3LanMe
(¢ HexoTOpHIMM u3MeHeHHsMK) KHur JI. D. ibcroaslia no COOTBETCTBY-

IOLWIHM  pa3leaM.

MMPEANCJIOBHE

Tpetuht Brnmyck «Kypca Boicliel MaTeMaTHKM W MaTeMaTHuecko#t ¢u-
3UKHM» 1 QU3HUECKHX H (DHU3HKO-MATEMATHUECKHX (AKY./IbTETOB COLEPKHT
TeopHIo IMddepeHuHaIbHEX YpaBHEHHW M BapHaUMOHHOE HNCUHCIeHHe.
B ocHOBY KHHTM [OJOMEHB JEKUMH, KOTOpBIE aBTOP B TeueHHe peAma
Aet uuTaa Ha ¢usnveckoM dakyabtete MockoBckoro oppfeua Jlenuna
rocynapcreensoro ynusepcutera uM. M. B. Jlomouocosa.

WanaraeMuit MatepHall XOTH H OJH30K K COAEPKAHWIO KHAT aBTOPA
«updepenunassbie ypasaenns» (M., Focrexmanar, 1957) u «Bapua-
uonHoe wucuncienne» (M., Tocrexmssar, 1958), omsako mo cosery
peaaxtopos Kypca B Hero BHeceH psa u3MeHeHnH. 3a 3TH COBETH aBTOP
BbIPAX(aET HM CBOW HCKPEHHIOW NMPH3HATEAbHOCTb.

A. 3. Savceosvy



YACTDH I
NN POEPEHIIMAJIbHBIE YPABHEHHUA

BBEJIEHHUE

[Mpu wu3yuyeHun OH3HYECKMX HABJEHMH 4aCTO HE YHAGTCS HEMOCPELCT-
BEHHO HaHTH 3aKOHH, CBA3bIBAIOLLHE BEJHYHHBI, XapakTepuayolive Quau-
yeCKOe sIBJEHHE, HO B TO K€ BpeMs JErKO YCTAHABJHBAeTCS 3aBHCHMOCTDb
MEWLY TEMH e BeJHYMHAMHM H MX NMPOH3BOLHBLIMH MAM IuddepeHuHaTaMu.
[Tpy 3TOM MH NOJyYaeM ypaBHEHHs, COAEPKAlUHE HEH3BECTHble (QYHKIHH
KJH BEKTOP-(QYHKUMH NOA 3HAKOM NPOHM3BOAHOR Hau AuddepeHnHana.

YpaBHenus, B KOTOPHIX HEH3BECTHas (QYHKLUHMA HJIAH BEKTOP-(OYHKUHA
BXOIUT TIOA 3HAKOM TPOH3BOIHOR MaH auddepeHunana, Ha3blBAOTCA
oudpdepenyuasrsiui it ypaswenuamu. llpupeseM HeCKOJBKO NPUMEPOB
nmpq)epeﬂuuanbnux ypasHeHHi:

D ——= — kx — ypaBHeHHe PajHOAaKTHBHOIO pacnafa (2 —IocCTosH-
Hast pacnana. X — KOJIHYECTBO HEPAa3JOMHUBIIErOCH BeIECTBA B MOMEHT

dx
BpEeMEHH [, CKOpOCTb pacnana —7 TPONOPLHOHANbHA KOJMYECTBY pac-
Nafaloulerocs BElecTBa).

d r dr
2y m—% —F t,r, w7l -— YDaBHEHHE JBHXEHH TOUYKH MacChl m

noja BJH/ISIHHEM cuanl F, 3asucaielt ot BpEeMEHH, TNOJIOXEHHS TOUYKH, OIpe-

BEJSEMOro painyCOM-BEKTOPOM r, H €€ CKOpPOCTH Cuna paBHa

dr
‘_dT.
npouaaenenmo Maccel ua _yckopenne.
2

3) ax? —{—,g;i —{- 022 =4np(x, y, 2) — ypasHenue IlyaccoHa, ko-
TOpOMY, HalpHMep, YIOBAETBOPAET MOTEHUMAA #(Xx, y, 2Z) JIEKTPOCTa-
THYECKOTO 1NoJsd, p (X, ¥, 2)——NIOTHOCTb 3apsLOB.

3aBUCHMOCTb MEWIy HCKOMBIMH BeaMuuHamMM OyneT HalzeHa, ecau
6yayr yxasaHsl METOLb HAXOMICHHS HEH3BEeCTHHIX (YHKUuH, ompene-
JaseMblX IAGpepeHnHalbHBIME - ypasHeHHaMu. HaxoxieHne HeH3BECTHHIX
GyHKIMA, onpenenseMuX NHGEPEHIHAILHEIMU YPABHEHHSIMH, H SIBJSETCA
OCHOBHOH 3anayeit Teopun gHddepeHLHANbHHX ypaBHEHHH.

Ecan B au¢pdepeHUHANLHOM YPaBHEHHH HEM3BECTHBE (YHKLMH HIH
BEKTOD- QYHKIHUH ABATIOTCA PYyHKUUAMH OLHOH mepeMeHHOHR, TO AuddepeH-
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UHANBHOE YPaBHEHHE HA3HIBACTCH OOWKHOBeHHB.M (HAaNPHMED, ypaBHe-
aust 1) n 2)). Ecam ke HeuwsBecTHas ¢yHKUMA, Bxoasmas B audpde-
peHUHAbHOE YypasHeHue, saBAseTCs (QyHKuMeA aByx uam  60JbILETO
ypCc/Aa HE3aBHCHMBIX NePEMeHHBIX, TO IMpdepeHUHaIbHOe YPABHEHHE Ha-
3bIBACTCA YPABHEHUEM 8 4ACMHNX Npou3sooxbx (HaNpuUMep, ypas-
HeHpe 3)).

ITopadros nuddepeHUHaabLHOrO YPaBHEHHS HA3BIBACTCH MaK CHMAaJbHBIR
NOpANOK BXOAAWIEA B ypaBHeHHe npou3BoAHOR (Mam Iupdepenunana)
HEeH3BECTHOH dYHKUHH,

Pewenuen pudpepeHunaJbHOrO ypaBHEHUS HA3BIBAETCT (QYHKUHSA,
KoTopas INpH MOACTaHOBKe B And¢epeHUnasbHoe ypasHeHHe ob6paiaer
€ro B TOXAECTBO.

Hanpuwmep, ypaBHeHue panvoaKTHBHONO pacnaxa

dx
AMeeT pellleHHe
x = ce-*, (B.1)

Tle € — NpOH3BOJLHAA MOCTOSHHAL,

Ouesuano, uto IuddepeHunasbHoe ypasHexue (B.1) eume He moa-
HOCTBIO ONpefesseT 3aKOH pacmama x==x(f). Iaq ero noJHoro onpe-
Ie/leHHs] HANO 3HATb KOJHMYECTBO PACMAaAdIoOUIEroCs BeulecTsa X; B HEKO-
TOPHit Haua bHBtH MOMeHT £, Ecau x, M3BECTHO, TO, MpHHUMAas BO BHU-
MaHue ycaosue X (f)) =X, u3 (B.l;), HaxomMM S8aKOH DANHOAKTHBHOIO
pacnana:

X=Xkt

[pouecc HaxomIeHus peiteHHR nubdepeHunaIbLHOTO YPaBHEHHS Ha3bl-
BaeTCs uHmezpuposaruer Ougppdepenyuarbrozo ypasuenus. B pac-
CMOTPEHHOM TpHMepe Mbi JIEFKO HAlIJK TOYHOE pelueHHe, OLHAKO B GoJee
CJAOXHHX Cy4asX OuYEHb YacTO TPUXOAMTCH TPUMeHATb NPubinrKeHHbIE
METOAW HHTErpHpOBaHUs Avd¢epeHuHaIbHEIX YpaBHeuuH., DT npubiu-
MEHHBE MeTOAHl ellle HeRABHO NMPHBOAHIM K YTOMHTEJIbHBIM BHUUC/EHHSAM,
HO Tenepb ObICTPOAEHCTBYIONIME BBIYKC/NTE/bHBlE MAIUHHB CIOCOGHBL
BHIIOJHAT 3Ty paloOTy CO CKOPOCTBIO B HECKOJBKO HNECATKOB HJM Haxe
COTeH THiCSY omepauuit B CeKyHAy.

PaccMoTpHM HeCKO/bKO NOAPOGHee YNOMSHYTYIO BEILE GoJsee CI0KHYIO
3ajjauy O HAaXOXIeHWH 3aKOHa IBHXKEHHS r =r (f) MaTepHaJbHOH TOYKH

Maccw m moa AefctveM 3ajanuHoft cuamt F (2, r, 1'-). Mo sakony Hewrona
mr=F(, r, 1) (B.2)

CrenoBaTeqbHO, 3allaya CBOLMTCA K HHTErPHPOBAHHIO 31Oro IubdepeH-
UMaabHOTO ypasHeHMs. OUYEBMIHO, YTO 3aKOH [BMMEHHA ellle He BIOJHS
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onmpelenfeTcd 3anaHweM Maccsl m W cuant F, Hano ewe 3HaTh HauaJdbHOE
NONIOKEHHE TOUKH

riyp)=r, (B.2))
H Ha4aJbHYI0 CKOPOCTb

r(ty) =r,. (B.2,)

YkaxeM BecbMa ecTecTBeHHBIt MPUOAMKEHHbLIH MeTON pellleHHd ypaB-

nenusa (B.2) ¢ navanpHeMu ycaoBuaMu (B.2)) u (B.2,), mpuueM Hies
3TOr0 MeTOda MOXET CJAYWHTb U [1Ad [0Ka3aTe]bCTBa CYIIECTBOBAHHSA
pellenns pacCMaTPUBaeMOR 3anaun. '

Paznenum oTpesok spemenu £, < f < T, Ha xotopowm Tpebyercs omnpe-

ReMUTh pelienue YpaBHeHus (B.2), ynosaerBopsiomlee HayadbHBIM YCUO-
—t
suam (B.2;) n (B.2,), va n pasuux uvacted maunpl A= —2:

n
[for 441, 81 B5)s ooy 18, T,
riae
t,=ty+kh (k=1,2, ..., n—1).

B npenesax KaxJIOro H3 9THX MaablX (MpH GOMbLIMX 3HAUEHHAX 11)

otpes3xkoB BpeMend chaa F(f, r, r) Mano uamensercss (BexTop-dyHxkuust F
Npeano/araeTcs HempepLBHOR), NMO3TOMY NMPUOAMMKEHHO ee MOXHO CYHTAThb
Ha KawIOM OTpesKe [f,_,, {,] TOCTOFHHOW, HANpHMEp, paBHO# ee 3Ha-
YEHHIO B JeBOH TpaHHUYHON TOUKe KaXAOro orpe3ka. TouHee, Ha OTpE3Ke
[£, £, cuaa F (¢, r, r) cunraerca noctodnHod u pasHolt F (4, ry ry).
[Tpu sToM nonyuleHuu U3 ypasHenus (B.2) n navaabunix ycaosun (B.2))
u (B.2,) nerxo ompenenserca 3akoH ABHXEHHUS T, (f) Ha oTpeske [fy f|]
(apvkenue OyLeT PaBHOMEPHO NepeMEHHBIM) H, CJAe10BaTeNbHO, B 4acT-
HOCTH, M3BECTHbl 3Ha4eHus r,(f) u r,(f). TeMm xe Meronom npubam-
WEHHO ONpelenseM 3aKOH ABHM¥eHHd r,(f) Ha oOTpe3ke [£), f,], cuMTas

cuay F na 3stoM yuacTke moctosHHOR © pasHolt F (£, r,(f). fﬂ(tl)).
[Iporomkas sToT npouecc, ONpeneuM npub/aHKeHHOe pelueHde T, (£)
NOCTABAEHHON 3alauM C HAYaJbHBIMH 3HaYeHHUAMH A ypasHenus (B.2)
Ha BceM otpeske [f, T].

VIHTYUTHBHO ACHO, 4TO IPH 7 —> 00 NpPUGIHKEHHOe pelleHue T, (£)
JAOMKHO CTPEMHUTBCS K TOYHOMY pEUIEHHIO.

3ameTuM, uTO BeKTOpHOe ypasHenue (B.2) sToporo mnopsaka moxer
ObITh 3aMEHEHO SKBHMBAJEHTHOR CHCTeMOM ABYX BEKTOPHBIX ypaBHeHUH
nepBoro NOPsNKa, €CAM paccMaTpuBaTh CKOPOCTb V KaK BTODYIO HeH3-
BECTHYI0 BEKTODP-(YHKUHIO!

dr dav
7t—=v. E=F(t' r, v). (83)
Kaxpoe BexTOpHOE ypaBHeHHE B TPEXMEDHOM MPOCTPAHCTBE MOXET

OLITb 3aMEHEHO nyTeM MNOPOEKTHPOBAHMA HA OCH KOODAMHAT TPEM#
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cKanspHeiMH ypasHenusmu. CienosatenvHo, ypasHetue (B.2) 9kBHBaeHTHO
CHCTEMe TpeX CKaJfApHBEIX ypaBHeHHH BTODOro mopnuika, a cuctema (B.3)
SKBUBAJIEHTHA CHCTEMe WECTH CKAaNAPHHX YypaBHeHHMH NepBOro Mopsaika.
HakoHeu, MOXHO OXHO BeKTOpHOe ypasHenue (B.2) sroporo mopsazka
B TpeXMepHOM NpOCTPaHCTBE 3aMeHUTb OLHUM BEKTOPHHIM YpaBHEHHEM
NepBOro MOpsANKAa B IMECTHMEPHOM NPOCTPAHCTBE, KOODAMHATAMH B KOTO-
poM cayxaT KOOPLMHATH F,, Fy, T, paiuyca-Bektopa r(f) ¥ KoOpaAu-
HaTHl U,, Uy, U, BEKTOPa-CKOPOCTH V. Taxoe mpOCTPAHCTBO (HUIMKH
Ha3hBaWT Pa3osum. Paluyc-sextop R (f) B 3TOM NpOCTpaHCTBe HMeeT
KOOPAHHATH (T gy Py Ty Upo Uy, U,). B Takux o6o3HaueHuax cucteMa (B.3)
HMeeT BHI:
dR
— =®¢ R@)) (B.4)
(npoexuuaMn Bektopa @ B lECTHMEPHOM NMPOCTPAHCTBE CAYKAT COOTBET=
CTBYIOLIME NDOEKUMM NpasbiX 4Yacre#t cucreMu (B.3) B TpexMepHoM mpo-
CTpaHCTBE). :
[Ipu Tako# MHTeprnpeTauMH HavaJibHule yciaosua (B.2)) u (B.2,;) saMe-
HAIOTCA  YCAOBHEM
R (to) == Ro. (B‘41)

PewenneM ypasHenus (B.4) R==R(f) O6yzer ¢as3osaa TpaekTOpH4,
KawIOf TOuKe KOTOpOR OyAeT COOTBETCTBOBaTb HEKOTOPOE MIHOBEHHOE
COCTOSIHME ABHKYLIEHCA TOUKM — ee MoJoxeHHe T (f) 1 ee CKOpPOCTh V (f).

Ecan k ypasHennio (B.4) ¢ navanbusiM ycaosueM (B.4,) npumeHuts
H3JIOKEHHBI! BhIle NMpPUOIMKEHHBI MeTOHd, TO Ha NMEpBOM OTpeaKe [fy, £]
Bektop-OyHkunio @ (¢, R(£)) Hamo cuuTaTh TIOCTOSHHO# U papHOH
D (¢; R(¢p)). Nrak, mpn f, Lt g+ R

B~ R(ty).
OTKyla, YMHOXad Ha df ¥ MHTErpUpyd B mpenenax oT £, 00 £, NMOJYUHM
auHelnyo Bextop-¢pyHKuHiO R (£):
R =R () + ® (£, R(fp)) (¢t —1y).
B uwactHocTH, npu f==t¢, GyieM HMETb
R =R+ D (¢ R(E)).
[TosropsAs TO e pacCyxIeHHe Ha CAELYIOLWIHX ydyacTKax, MOJYYHM

R(t) =R )+ 2P (¢, R(E)).

R(tp) =R (o) + h® (41 R4,

pumMensn sty Qopmyam n pas, AokdeM o suauenus R (T).
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B 3rOM -Metome uckoMmoe peituecHue R (f) mnpuOJMXKEHHO B3aMeHseTCH
KYCOUHO JaUHeHHOR BekTOp-pyHKuHeH, rpaduKOM KOTOPOH CJIYKHT HEKO-
TOpas JOMaHas, HasblBaeMas somarod Idaepa.

‘Oas ypasHenus (B.2) Hepeaiko B TNPH/IOKEHHAX BCTpEHAeTCA H HHas
IIOCTAHOBKA 3a1ayi — IOMNOJHHTE/AbHbIE YC/JIOBHA 3a1al0TCA He B OOHOMH,
a B OBYX Toukax. Takas 3agaua, B OTJHYHe OT 3alauH ¢ ycaoBusmm (B.2,)
n (B.2,), HasbiBaeMOH 3agauet ¢ HayaAbHBIMH YC/AOBHAMH MM 3a13ueH
Kown, HOCHT Ha3BaHue xpaesoll NN 2paruiHoil.

[Tycts, HampuMep, TpeGyeTcs, uToObH MaTepHa/AbHas TOYKA MacChl 1,

nBMKymanca mnol JeficteueM cuasl F (£, r(¢), r(f)), Haxoausuascsa
B HauyadbHbI MOMEHT { =1/, B TOJONEHHH r ==T;, NONana Gkl B MOMEHT
t=—1¢, 8 NMOJOXEHHe r==r;, T. €. HaZO pewwHTh ypasuenue (B.2) ¢ rpa-
HHUHBLIMH  ycaoBHAMH 1 (fg) ==r, r (£)=r;. K 3TOH rpanuunol 3anaue
CBOIATCA MHOTHe OaNJMCTHUECKHE 3allaud, TNpHYEM OUEBHIHO, UTO peltie-
HHE 3JeCb 4acTO MOXeT OblTb He eIHHCTBEHHHIM, TaK KaK M3 TOYKH
r ({;) == T, MOXHO MONacTb B TOUKY r(f})==r; N0 HACTHJABHOH u 1O
HaBeCHOM TpaeKTOpHAM.

TouHoe HJAK NPHOAMXKEHHOE pellleHHe 3alay C HaYaJbHBIMH YCAOBHUAMH
M TpaHHYHHX ~ 3aJay fBJASETCA OCHOBHOHM 3ajaue# Teopun anddepeH-
LHaAbHBIX ypasHeHMH, OINHAKO HHOrAA TpebyeTCs BHACHATL HAH MNpH-
XOIUTCS OTPAHHYMBATLCS BBHISICHEHHEM JHIllbL HEKOTOPHIX CBONCTB pelueHHit.
Hanpumep, uacTo TpebyeTcs yCTaHOBHTb, CYUIECTBYIOT /1M IepHOLHYECKHE
HAH KOJeO6/I0LIKecs pelleHHs, OUEHHTh OBICTPOTY BO3PACTAHMA MK YOHI-
BaHMA peIUeHUH, BBIACHHTH, CHAbLHO /M MEHAETCH pelleHHe NPH MaaoM
H3MEHEHHN Haya/bHBIX 3HauECHHH.

OCTaHOBHMCA HECKOJABKO moapobHee Ha NMOCJAEIHEM M3 9THX BOMPOCOB
NPUMEHHUTENbHO K ypasHeHHIO IBMxkehus (B.2). B npukaagumx 3azayax

HayalbHble 3H3YEHHA T, H 1:0 TIOYTH BCera ABARKIOTCA Pe3y/bTaTOM H3Me-
DEHHS H, C/l1eloBaTe/qbHO, HEM3GexHO OnpejefeHbl ¢ HeKOTOpoH morpeti-
HocTbio. [l03TOMy ecTecTBEHHO BO3HHKAET BOIPOC O BJMAHHH MaJaOro
M3MeHEeHHs Hauya/JbHBIX 3HaUeHHH Ha HCKOMOe DellleHHe.

Ecau cKoJMb yromHO Manble M3MEHEHHs HayaqbHbLIX 3H3YeHHH cro-
coOHbl BHI3BATH 3HAUKTE/bHHIE W3MEHEHHR pelleHus, TO pellleHHEe, Omnpe-

Ie]SIeMO® HETOUHHIMH HAauaJbHLIMH 3HAYEHHSMH Ty W To, OOLIYHO He WMeer
HUKAaKOrO TMPHKJALHOTO 3HAYEHHA, TaK KaK OHO Jaxe MpUGAHKEHHO
He ONMCBIBAET ABH:KEHHe paccMmarpuBaeMoro resia. ChenosaTeabHo, BO3-
HMKaeT BaXHBIH 479 NPHAOMEHHH BOMPOC O HAXOXIEHWHM YC/IOBUH, TNpH

KOTOPHX MaJ/oe HM3MeHeHHe HaYaJbHBIX 3HauYeHHR r, H f'oauabwaeT JKLb
Majnoe U3MeHeHHEe OMNpelne/seMOro MMH pelueHHs T (£).

AHaJOTHUHBLIR BONMPOC BO3HHKaeT M B 3a1auaX, B KOTOPHX Tpebyercs
BBLIACHUTB, € KAaKOM TOYHOCTbIO HANO 3a1aBaTh HAYA/MbHbIE 3HAYEHHUA T

" rg, 4TOOH ABRKYLIAACA TOYKa ¢ 3aJaHHOX TOYHOCTHK BBIIUJIZ HA Tpe-
OyeMyl0 TPaeKTOPHIO MM Tomnajia 6u B AaHHylo 00/acTs,
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Cronb ke 607bLIOe 3HAYEHMEe HMeeT BONPOC O BAMAHHM H3 pellenne
MafJblX CJaraeMblX B rpapoft uacTH ypasHerHs (B.2) -- mammix, -HO
TIOCTOSHHO IeHCTBYIOWHNX CHJL.

B HekOTOpHIX cayyasX STH Manble CHAH, AeHCTBYIOIUME B TeueHue
60/BLIOTO TIPOMEXYTKA BDEMeHH, CMOCOOHBl CHJIBHO MCKA3UThb pelleHHe
M MMH Henb3s npeneOpedp. B apyrux chayvasx HaMeHeHue peuleHus NOR
AefiCTBHEM 3THX CHJI HE3HAUMTE/bHO, M €CAH OHO He MPEBOCXOIMT Tpe-
GyeMO#i TOYHOCTH BBLIYHCNEHHA, TO MaJALIMM BO3MYIAIOMIHMA CH/IAMH
MOXHO npeHe6peys,

Huke n3naraloTcst METOAH MHTETpHPOBAHHA AH(pdepeHlnabHHX ypaB-
HeHH#t M mpocTefiune cmocobbl HcCAelOBAHHA HX pelueHHH.



FTABA 1
I ®PEPEHUMANIBHLIE YPABHEHUSI TTEPBOTO NMOPSAAKA

§ 1. ¥YpaBHeHHs OepBOro MopAAKa, pa3peiieHHEIE OTHOCHTEJIbHO
NpPON3BOAHOH

OO0bikHOBEHHOE udipepeHlHaIbHOE YPaBHeHHE  MEPBOrO  AOpPAIKa
nepBoft CcTeMeHH MOMHO, pa3pelliyB OTHOCHTe/JbHO MPOM3BOLHOH, mpel-
CTaBUTb B BHUIE

dy _
. o=/ x 9
pocrefiiuuit npuMep Takoro ypasHeHHHA
d
= (x)

pPaccMaTpPHBAeTCA B KYPCe HHTErpalbHOrO HUCHHCIeHMa. B 9TOM npocTeft-
uleM CJAyYae pelleHHe

=[fas+e

e
CONEPHHT MPOH3BOJBLHYIO NMOCTOAHHYIO, KOTOPAs MOXeT OhiTh ONpelefieHa,
€CAH H3BECTHO 3HaueHHe Yy (x;) ==}y, TOria

y=w+ [ f(xax.

B naabuefluteM OymeT AOKA3aHO, YTO MPH HEKOTOPHIX OFpaHHYEHHAX,
HanaraeMux Ha ¢yHkuuio f(x, y), ypaBHeHue

%=f(x. )

TaKKe HMeeT-eAHHCTBEHHOE pellleHHe, YAOBJeTBOPAIOlLee YCAOBUHIO ¥ (X)) ==
=y, a ero ofuee pewenue, T. &. MHONKECTBO DelleHHft, cOlepiKailee
Bce (Ge3 HCKJIOYEHHS PEeIUeHHs, 3aBHCHT OT OLHOH# NPOH3BOJAbHOK M0~
CTOAHHOMN.
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Onddepenunanproe ypaBuesne

(ria. t

d
%:f(x, y) yCTaHaBAMBAET 3aBu-

CHMOCTb MEXIYy KOODAMHATAMH TOUYKHM M YIVIOBEIM KoSPDHUMEHTOM Kaca- ~

d .
TeJbHOM 'E,%' k rpaduxy pemtenus B TOR we Touke. 3Hasg X M Y, MOXHO
BHIUHCIHTD %. CrnenoBatenbHo, AudpdepeHutaIbHOE YPaBHEHHE pacCMa-
1 TPMBaeMOro BUIa onpeleaseT InoJje
i P 144 nanpasnenuft (puc. 1.1) n 3anaua
/ // //4/4 MHTETPUPOBaHHA AHPepeHInanLHOro
- /:( // //4 -yPaBHEHHS 3aK/I0YETCH B TOM, uYTOGH
e /;, // / HaHTH KPHBLIE, Ha3HBaeMHe HNmMe2-
/// . /;, /;4 POAbKBLME KPUBH MU, HANpaB/eHUe
/4/ // Ty /;( KacaTeMbHBIX K KOTOPHM B Kawao#
//4 // o TOUKE COBMAJA2ET C HaNpaBJeHHEM
/// //‘, noJs.
’4[
g 7 z Mpumep L
Puc. LL a2,

B kawuo# touwe, orauunodt or touxu (0. 0), yraoBoH kosdpduunent xacareabuoil
K WCKOMOH HHTerpaibHO¥ KpuHBOH paBeH OTHOIIEHHI %—. I. e. coBNanaer ¢ yr-
J10BbIM KO3QGHUKHEHTOM npaAMOH, HampaBJeHHOH u3 Hayaza KOODAHHAT B Ty Xe

+y ty
by RN
Nont o VA AR
SOMA ST
«@:é\“/ /—:h—-b—-s—’- / / ':‘ “f TJ T
~ R~ z VTN
- r'e N~ y T V4 /‘
Ve /1\ N -~ \ Nl
/4NN LT -
\ b
g S
Puc. L2 Puc. 1.3.

touky (x, y). Ha puc. L2 crpeakamu uzoGpaxeHo mone HampasieHuH, ompefe-
AsieMOe paccMaTpHBaeMHM ypaBHeHHeM. QUEBHIHO, YTO HHTETPAAbHLIMH KPHBBIMH
B NAHHOM cJay%ae GyAyT NpAMHE ¥ = CX, TaK KaK HanpaBjaeHuA 9TUX MPAMBIX
3CIOAY COBMANANT C HANpPABASHHEM [OJ4

Mpumep 2.
4y X
dx—  y*'
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3amevaeM, 4To yrA0BOH KOIPPHUMEHT KaAcATEJIbHOH & HCKOMBIM HHTCrPAdbHHIM
KpMBblM—-—x— H yrioBoH koapduuueHt xacareanHol -% K HHTErPANbHHM KpH-
BHM mpuMmepa | B KaxI0H# TOYKE yAOBJETBOPAKT YyCJOBHIO OPTOrOHAJIbHOCTH:
— —.2-= — 1. CaegosatesbHo, N0Je HanpaBJeHHH, onpegeaseMmoe paccMaTpH-

BaeMbuM Ad(dEpPEHUHANbHEM YPABHEHHEM, ODPTOTOHAJNLHO NOJMIO HANpaBJeHu,
u3obpaxeHHoMy Ha puc. 1.2. OueBMZHO, 4TO HHTErpadbHLIMH KPUBHMH ypaBHe-

HuA d—y =—-% ABARIOTCA OKPYWHOCTH C UEHTPOM B Hauade KOOPAMHAT x? 4=
+ yt=¢? (puc. 1.3) (tounee, noayoxpymuocts y=y c*—x% u y = — J ¢>— x%).
ITpumep

a4y _ e

[las DOCTpOEHMA NOAA HANpaBJeHuil HafpeM reoMerpuUueckoe MecTo TO4eK, B KO-
TOPHIX KAaCATEAbHHE K HCKOMBM HHTETDAJbHBIM KDHBHIM COXDAHAIOT MNOCTOSHHOE
HanpasJeHue. TakHe MHHHH HA3BIBAIOTCA UIOKAUHAMU. YDABHEHME H3OKJHH T0-

d T .
AYIHM, CHHTad Z’;- =k, rae k—noctoaunas; VY x* - y? =k nmu x2 4 y? = k2
CuenoBaTenbHO, B JaHHOM C/YYae WUSOKJIHHAMH SBAAOTCS OKDYKHOCTH C UEHTPOM

B HawaJe KOOpAKHAT, MpUYeM YrJAOBOH KOIPPHIMEHT KkacaTeJbHOH K HCKOMEIM

Puc. 1.4.

HHTErPaJAbHBIM KPUBLIM PaBEH Pafuycy 3TUX OKpyxHocTed. Jaa noctpoeHus noas
HANpaBJCHHH NalHM NOCTOAHHOH & HEKOTOpHE OnpelencHHbie 3Ha%eHHd (CM-
puc. 1.4 caesa). Tenepr MOMXHO yWe NPUONMKEHHO NpPOBECTH HCKOMbie HHTE-
rpaabHble Kpusble (cM. puc. 1.4 cnpasa).
Mpumep 4
y =14 xy.

Maoxaunamu asasiorca runep6oasl 2 =xy 41 nim xy=+k — 1, opruem mpu
k=1 runep6oaa pacnafaercqa Ha napy upaMux x=0 u y =0 (puc. 1.5). [pu
k =0 noayuaeM uaokauHy |- xy =0; sta runep6oaa pa3GHBAET MJAOCKOCTb H3
YacTH, B KamAO# U3 KOTOPHX Y’ COXPaHAET NOCTORHHHH 3HAK (Snc. 1.6). HUurte-
TpaJpHHE KpuBble y = y({x), nepecexas runepboay 14 xy =0V, nepexoaar us
o6aactw BO3pacTaHud QyHKUMM Y (x) B 06JACTH ee YGLIBAHHA HAH, HAO6ODOT,

2 J, 3. dabcroasy
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M3 061acTH yGHIBAHHS B 00JaCTb BO3PACTAHHA. H CJEJOBATENAbHO, HA BETBAX
9TO# rHNEep6OJN PACHOJOXEHH TOYKH MAKCHMYMa WM MHHMMYMAa HHTErpaibHHX
KPHUBRIX. :

¥

f« y<f y'>0

/

/

g 2
A4 s S 7

o FA

/ g'>0 y'<?d

A
Puc. L.5. Puc. 1.6.

OnpefenuM Teneph 3HAaKM BTOPOH NPOU3BOAHOH B PA3NUUHBIX 06AaCTAX
NAOCKOCTH:

y=uxy't+y um y=xQt+xy)ty=x+&+1y.
Kpupaa x4 (k2 4+ 1) y =0 uan
y.=_1_+“1;2. (1.1

:
VA
ee
s

(puc. 1.7) pasbuBaeT NIOCKOCTb Ha ABE YacTH, B OXHOHA M3 KOTODHX Y
CNeNOBATEAbHO, HHTEIDAAbHBE KPHBHE BHNYKJH BBepXx. a B apyrofi y
3HAYMT, HHTErpaJbHbie KPHBHE BOTHYTH BBEDX. ¥
Tlpy nepexoze uepes kpusywo (l.1). uurer-
panbHHE KDHBHE TNEPEeXOfAT OT BHNYKJIOCTH
K BOTHYTOCTH, H cCJeflOBaTelbHO, Ha 9TOH
KpPHBOH PACIONOXEHH TOMKH TNieperu6a HHTe-
TPaabHBIX KPHBBIX.
B peayibraTe NpOBEREHHOrO HCCJAERO-
BaHHA H3IBECTHH 00JacTH BO3DACTAHHA H

14
yu)ﬂ

OP,-— z
y<ad

Puc. 1.7. Puc. 1.8.

yObiBaHHA HHTErpadbHbBIX KPHBHX, H3BECTHO PaclONOXEHHE TOYEK MAaKCHMyMa,
¥ MHHHMYMA, M3BeCTHH O06JacTH BHIYKJOCTH ¥ BOTHYTOCTH H pPacloJOMKeHHue
Toyek meperu6a, HIBECTHA W3IOKJAHHA £ = 1. DTUX cBejeHuA BHOAHE AOCTATOYHO
A1 TOTO. uTOGW ClelaTb HaGpOCOK P3CHONOMEHHA HHTErPafbHhIX KPUBHIX
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(puc. 1.8), HO MOXHO 6uJAO 6bl BHTEPTHTb €IME HECKOALKO H3OKJIHH, 9T0 NO3BO-
A410 OBl YTOUHHTb PACNONOMEHHE HHTErPAMbHBLIX KDHBHIX.

Bo MHOrux sajauax, B YaCTHOCTHM HOYTH BO BCeX 3a1a4aX FeOMETpH-
YeCKOTrO XapakTepa, TepeMEeHHble X H Y COBEpIIEHHO paBHOIPABHLI,
[TosToMy B Takux 3amayaX, eCAu OHH CBOAATCS K pelneHHo Luddepen-
LMaAbHOTO YPaBHEHHS

dy _
= =r(x . (1.2)
eCTECTBEHHO Hapsly C ypasHeHueM (1.2) paccMaTpupaTh Takxke ypaBHeHHe
dx 1
Iy =T 9

’

Ecau 06a 3TH ypABHEHHS MMEIOT CMBICJ, TO OHH SKBHBAJNEHTHH, TaK
KaKk ecau (yHxkuus y ==y (x) asasgerca pelieHHeM ypasHenust (1.2), To
o6paTHas ¢yHKIM X ==X (y) aBAsgercs pelleHHem ypasuenun (1.3), u
crenosatedbHo, ypasHenus (1.2) u (1.3) uMeoT o6liHe HHTErpajbHbIE
KDHBHIC.

Eciu ke B HEKOTOPHIX TOYKaxX ofHO M3 ypasHenu#l (1.2) uam (1.3)
TepsieT CMBICJA, TO B TaKHX TOYKAX ECTECTBEHHO €r0 3aMeHATb APYTHM
U3 3THX ypaBHEHHH.

d
Hanpumep, ypasnenue E%:% TepseT CMBICA TpuH x ==0. 3amenus

dx X
ero. ypasHeHHeM —r-= 7, mpaas YaCTb KOTOPOTO yKe He TepseT
cMbicaa npd x ==0, HaXOLMM B HONOJNHEHHe K paHee HallIEHHBIM pewie-
HuAM Y =cx (cM. cTp. 16) elme OoxHYy HHTErpaJbHYI0 KpHBYIO X =0
9TOr0 YypaBHEHHUS.

§ 2. YpaBHeHus ¢ pa3AeJsflOMMHCH MNepeMeHHBIMH

OuddepenunaioHbie ypaBHEHHS BHIA
fo(Wdy=fi(x)dx (1.4

HA3BIBAIOTCA Y PABHERUAMU ¢ PDA30CAEHHU MU nepemennbimy. PyHK UK
f1(x) n fy(y) GyZeM CuHTaTh HEMPEPHIBHBIMH.

[MpeanonoxuM, HYTO Y (X) ABAAETCH PpEUIEHHEM 3TOTO YpPaBHEHHS,
TOrAa NpH NOACTAaHOBKe Y (X) B ypasHeHne (1.4) NOJYYHM TOKIECTBO,
MHTErpHPYS KOTOpoe, OydeM HMeTb:

[r:may=[ fix)dx+-c. (1.5)

rie ¢ — NPOM3BOJbHAs NOCTOSHHASA,
Mp noayunan KoHeuHoe ypasHenne (1.5), KOTOpOMy YAOB.ETBOPSIOT
BCe pelneHus ypasuenus (1.4), npuueM Kaxioe pelieHne ypasxenns (1.5)
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fiBAAeTCA pelieHHeM ypaBHeHHsa (l.4), Tak Kak eC/M HeKOTOpas ¢yHk-
uxst y(x) npu noiacraHoBke o6pawtaetT ypasueHue (1.5) B ToXaecTBO,
10, AHPdepeHLUPYs 9TO TONIECTBO, OOHapykwM, uTo ¥ (X) YLOB.eTBO-
pseT ¥ ypaBHexuio (1.4).

Koneynoe ypasuenne @ (x, y)==0, kOTOpoe ompereiseT pelile-
HHe Y (x) AuddepeHiUnanbHOro ypaBHeHHs KaK HEsBHYO OQyHKuUno x,
Ha3blBaeTCs uHMeZpasom PacCMaTpusaemoro AnddepeHUHaIbHOTO YpaB-
HEHHus.

Ecan 3TO KOHeuHOe ypaBHeHMe onpeleseT Bce 6e3 HCK/IOUEHHA
pelteHyst JaHHOro AMQdepeHuHaIbHOFO YDaBHEHHMS, TO OHO Ha3blBaeTCs
o6wum uHme2zparoM paccMaTpuBaeMoro mMdepeHuHaJbHOTO ypaBHe-
Hug. CuenoBaTeqbHO, ypaBHeHue (1.5) sABadeTcs OOGWMM  HHTErpaaoM
ypasHetusa (1.4). Hdas toro utobm ypasuenme (1.5) ompefeasio y kak
HesBHY10 (DYHKUMIO X, LOCTaTOYHO noTpeboBatb, utobml f, (V) 5= 0.

BrnoaHe BO3MOXHO, HYTO B HEKOTOpPHIX 3ajayax Heolnpeje/eHHbIE

HHTerpabl ffl (x)dx u ff2 () dy Heabss OyIeT BBIPASHTb B 3JeMeH-

TapHBIX (QYHKUHAX, TEM HEe MeHee MHB W B 3TOM Cayuae OyleM CUMTATh
3aja4y HMHTerpuposaHus auddepeHUHaNbHOrO ypaBHeHHs (1.4) BHINOAHEH-
HOM B TOM CMbIC/E, YTO MB cBedM ee K Oojee npocToi M yxe H3y-
YeHHOM B KypCe HMHTErpaJbHOrO HCUHMC/EHHs 3afaye BHIYHC/AeHUs Heomnpe-
Je/€HHBIX KHHTerpaJjoB —— KBaAPaTyp *).

Ecan Hamo BboloequTb 4YacTHOe DelleHHe, yAOBJETBOPAIOLlee YCAOBHIO
Y (Xo) == ¥y TO OHO, OYEBHIHO, ONPENEIUTCA M3 YPaBHEHHA

fyfz(y)dy= fxf‘(x)dx.
¥ %

KOTOpOE MNOJYYHM H3
y x
[rmay= [ i dee,
Yy X

BOCMO/Jb30BABIINCh HAaYaJbHHIM YCJAOBHEM I (Xg) == Y.

Mpumep L
xdx+ydy=0.
Iepemennue pasfeneHs, TaK KAaK Koap@uuHeHt npH dx apaserca QyHxume
TOABKO X, a KOs(QduuueHT npu dy apasercs ¢ynkumed toabko y. Hurerpupys,
HOJY9HM

fxdx—}-f ydy=¢ nam x*+y?=cl

*) Tak Kak TepMHH «HHTErpad» B TEODHH AH(QQepeHUHANbHKX YpaBHeHHH
4acTO NMPUMeHdeTcd B cMbcae HHTerpada AHG¢epeHuHaabHOrO ypaBHEeHHA, TO BO

uabexanue HexopasyMeHuit aaa uHTerpanos GyHkupmit f f(x)dx o6unaHo apu-~
MeHAeTCA TEPMHH €KBAaZPATypa».



§é) VPABHEHUA C PA3SAEJAIOIIMUMUCA MMEPEMEHHBIMH 21

— ceMeMCTBO OKpYyXHOCTEH ¢ IEeHTPOM B Hauale KOOPAMHAT (CPaBHHTE C Nph-
MepoM 2, ctp. 16—17). p
Mpumep 2.
e dr =
ny

1
Wuterpupys, noaydyaem
d
. X? y
'/‘e dx—./ Iny e

Wuterpaau [gx’dx " /'% He 6epyIcs B 3/€MEHTAPHbIX (QYHKIHAX, TeM HE

MEHee HCXOJHOE YpaBHEHHE CYMTAETCH [POHHTErPHPOBAHHBLIM, TaK Kak 3ajaya
IOBeJeHa X0 KBaApatyp.

YpasHeHus Bujia
P () Py () dx =9y (x) b (V) Ay,

B KOTOPbIX KO3GhduuueHTH NpH AnddepeHunasax pacnamsaoTcs Ha MHO-
KHUTeJH, 3aBUCSIHE TOJBKO OT X M TOJbKO OT y, HaswBaloTca nudode-
PEHUHAJLHBIMU Y DABHERUAMU € PA30EALIOUUMUCA NePeMeHRb MU, TAK
Kak nyrteM JeaenHs Ha P, (¥) P, (X) OHH MPHUBOAATCA K YPaBHEHHIO
C pasje/eHHbIMH MepeMeHHbIMA:

P (x) P (¥)
dx = —-—-dy.
P2 (X) Py Y
3aMetuM, uto ZAedeHde Ha P, (V) P, (X) MOMET NpHBECTH K nOTepe
YacTHHIX pelleHu#t, obpawamomux B Hyab npousseneHne P, (V) + ¢, (X),
a ecan GyHkumu P, (y) H Py (x) MOryT GbITb DA3PBIBHLIMH, TO BOIMONKHO
nogs/eHHE JHIIHUX peweHHH, obpallaloimuX B HYJb MHOKHTE]b
1
Yi(y) 2 (%)

Mpaumep 3.

dy __ Y
I ="x (cpaBruTe ¢ npuMepoM 1, ctp. 16).

Paspgeasem nepeMeHHbie ¥ HHTErpupyem.

R
y x ' J oy —J x°

Infyj=In|x|+Ine, ¢>0.

[Torennupysa, noayunm |y[=c|x|. Ecan pedb uzeT TOABKO O FJAJKHX peme-
HHAX, TO ypaBHeHHe |y[=c|x|, rue ¢ > 0, 3KBHBAJICHTHO YPABUCHUI) y-== £ CX
HAM y == C;X, [J& ¢, MONeT MPMHHMAThb KaK MOJONHICALHEE, TAK H OTpHUA-
TeAbHHIE 3HaueHHs, HO ¢; %= 0. Ecam e npHuaTh BO BHuMAHHMe, YTO npH Aene-
HMM Ha y MH f0TepaAH pemenne y ==0, TO MOXHO CUHTaTh, YTO B PEIIEHHH
y = €)X NOCTOSIHHAA ¢y (PHHHMAET M 3HaueHHe ¢; =0, NpPH KOTOPOM MKl fOAY-
daeM NOTEepPAHHOE paHee pemeHHe y = 0. -
3ameuanue. Ecan B npumepe 3 cunTaTh nepeMeHHHE X H y PABHOMpPaB-
HBIMH, TO YPaBHEHHe %=% Tepaiollee cMbicA fpPH x =0, HaKO AOMOAHHTb
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dx X .
ypaBHEHHEM d—y=7 (cM. ctp. 19). KOTOpOE, OUEBHAHO, HMEET €lle pPelicHHE
x =0, He colepxaueecn B Haf{eHHOM BblIIE pEIIEHHH y == C]X.
Mpumep 4
*x(1+y)dx—y(1+ x*)dy=0.
Pasnensem nepemenHbie M HHTerpupyem:

ydy xdx | ydy xdx

Ty = TF= J T3y ~J TF= 76
In(l+y)=In(l4 ) +lnc; L+4y2=c (1422,
Mpumep 5.

dx —
7 = 4 Vx.

Haiitu pewmenue x (f), yroBacTeOpsiomee ychoBuwo x (1) = 1.
PasgesseM mepeMeHHbBle H HHTErpPHpPYEM:

X

t
dr_ _ /Qtd;,V}=t2, x=1
i

2V x

Mpumep 6. Kax ywe ynomunaroch BO BBefeHHH, YCTaHOBIEHO, YTO CKO-
pOCTb PafMOAKTUBHOTO pacnaja mpoNoOpUMOHAJbHA KOJHUECTBY X €Ile HE pac-
naBmeroca BewecTBa. HafiTh 3aBucumMocTe X OT BpeMeHH f, €CM B HAYaJbHBIH
MOMEHT npH ¢ =1, Oyner x = x,.

Koaddumuent mnponopuuoHaabHOCTH k&, Ha3biBaeMblH MOCTOAHHOH pacnajia,
npeanoJaraeTca HaBecTHeIM. nddepenunansHoe ypaBHeHHe mnpouecca Oyaer
HMETb BHJI

dx

(3HaK- — YKa3blBaeT Ha yMeHbINEHHe "X NpH Bo3pacTanuH f, k£ > 0). Paspeass
flepeMeHHBE H MHTETPHPYH, Noaydaem
DX Lkt Inlx]—Inlxgl =k —b),

OTKyAa

x = xge”RU—H),

Onpe,uenm( €ue nepuoi mnoaypacmaga T (T. €. BpeMs, B TE€UEHHE KOTOPOIOo

1 -kt
pacnajaercsa ) Xo]. Tlomaras ¢— ¢, =1, noayuum ?xo = X3¢ s OTCIofa
In2
T = —.
k

He ToabkO paanoakTHBHBIH pacmag, HO H Mo6as Ipyras MOHOMOJEKYJAsSPHas
PeAKUHA Ha OCHOBAHHMM 33aKOHAa JEHCTBYOUMX MacC OIMCHIBAETCA ypaBHe-

dx
HieM — = — kX, TIe X — KOAMYECTBO €le He NpOpearHpoBABIIErO BeinecTBa.
YpaBHenue
dx
— =kx, k>0, (1.7
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OTJHYaloWeecs AUlIb 3HAKOM LPABOH gacTu OT ypaBHeHus (1.6), omuchlaeT MHO-
FHe fIpOUECCHl «Pa3MHOMEHHA» HaNDHMEp <«pa3MHOXeHHe» 4Yucaa HellTpouoB
B LENHBIX SLEPHHX PeakUyAX HIH Pa3MHOMeHHe 4YHCaa GakTepuit B mpegnoaowxe-
HHH, YTO YCJOBHS CpPelH A HHX fIpeleqbHO 6]1arONpHATHH ¥ IO3TOMY CKOPOCTb
MX Pa3MHOXKEHHUs NPONOPLUMOHANLHA HAJNHYHOMY dHCay GaxTepui.

Pemenne ypasuerns (1.7), yzoeneTsopsiouiee ycaoBHiO % (f,) = x; uUMeeT
BHL x = X,¢"/~%) u, B oTamume ot pemenuit ypasuenus (1.6), x (f) e yGwBaer,
a Bo3pacTaeT MO NOKAa3aTeAbHOMY 3aKOHY C BO3pacTaHueM [

ﬁpp umep 7.

dp

—a—,a=p(p—2)(p—4)-

HaueptuTh MHTerpaabHbie KpPHBBE, HE HHTEIDHDPYS YPABHEHHS; p H @ — fI0AAPHbIE
KOOPAMHATHL.
Y paBHeHMe HMeeT oueBHANHE pemenHs p=0, p=2 n p=4. [Ipu0<p < 2

dp . dp dp
-E-a>0,npu2<p<4 d(p<0unpnp>4 E>0,

Ciel10BaTeAbHO, HHTEIPaTbHBIMH KPHBBIMH SABJSIOTCS OKPYXHOCTH p = 2
H p=4 4 cnupanH, HaMaTLIBAIIHECS MPH BO3PAaCTAHHK @ HA OKPYXHOCTb p = 2
¥ Pa3sMaThIBAGWIMECS € BO3PACTAHHEM @ C OKPYXHOCTH p =4, 3aMKHyTHe HHTe-
rpaabHble KPHBHE, B JOCTATOYHO MaJALIX OKPECTHOCTAX KOTOPBIX HHTErpaAbHbBIMH
KDHBEIMH sIBASIOTCH CIHDAJH, HAa3BIBAKTCA npedesvHsimu yuxpamu. B nauHom
MpHMepe OKPYWHOCTH p=2 H p =4 ABIAITCA NpPEIEAbHLIME LHKJIAMH.

Npumep 8 Haittu oproroHaasHble TPAEKTOPHH ceMeiicTra Mapadoa y ==ax2

Opmo2OKansHE ML mpPAeKMOPUAME 3aNAHHOTO ceMefiCTBA KPHBHIX Ha3H-
BAKOTCA MHMHUM, Nepecexaoue MO MPAMBIM YIIOM AMHHH JaHHOro ceMeHcTBa.

’ ¢
Yraosne ko3h(HUHEHTH y, ¥ y, KacaTeAbHHWX K KDHBHIM [JaHHOrO cemeHcTsa
H K UCKOMBIM OpPTOTOHAaAbHWM TPAaeKTODHAM IOMKHM B Kaw[IoH TOouxke yroBies

I
TBOPATbL YCAOBHIO OPTOTOHANBHOCTH Yy = — —-. [las cemedcTsa napabon y =
b4

2
= gx? Hax0AuM ¥y’ ==2ax, MAH TaK Kax a=%, TO y’=7y. CaenosaTeabHo,

aubdepeHIHANLHOE YPaBHEHHE HCKOMBIX OPTOrOHAMBLHBIX TpaeKTOPHH HMeeT
x
/
BH =—.
ay 2)’

Paanenss mepeMennble, Haxoxum 2y dy -} x dx == 0 ¥, HHTErpHPYS, NOAYIUM
cemefcTBO 31aMNCOB

2
%+y”=cz

(puc. 1.9).

Opumep 9. 11 CTb 4 == Xy — MOTEHUHAN CKOPOCTeH MAOCKONApaaneaAbHOro
Tedenns xuakoctu. HailTn ypaBrenne amHuit Toxa.

JluHUM TOKa SABASIOTCS OPTOOHANBHBIMH TPAaeKTOPHAMH ceMellcTBA SKBUMO-
TEHUHaAbHBIX AMHME xy=c Haxomum yraoBo#t kospdpuuueHt kacateapbHoR

K 9KBUMOTEHUUANbHHM JHHHAM: xy' + y =0, y’ =—-yx—. Cunenosateabno, aud-

X
¢depeHuHaNbHOE YPAaBHEHHE NMHHA TOka HMeeT BHI y’==—y- W ydy=xdx;

MHTErpUpyA, noaydyaeM x? — y? = ¢ — ceMeHcTBO runepboa.
Npumep 10. [oawit oxHopomubil MeTananuecku#t wap, HMelomul
BHYTpeRHHE pajuyc ry, a BHeWHuWH r, HaXOAHTCA B CTAIHOHAPHOM TEMIOBOM
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COCTOSHHH, fpHYEM TeMrnepaTypa Ha ero BHyTpPeHHe#l NOBEpXHOCTH paBHa 7,
a Ha HapywHO# T, Haiitu Ttemnepatypy 7 Ha paccTosiHMM r OT UEHTpa
mapa, ri <<
M3 coobpamenusi cuMMmeTpuu caeiyer, 4to 7 sBaserca ¢yHkuue#d TOABKO r.
Tax xak MewAy [BYyMs KOHLUEHTPUYECKHMH cHepaMu ¢ LUEHTpAMH B UEHTpe
mmapa (HX pajHycH Mory'r H3MEHATBLCA OT | A0 r;) KOAMYECTBO TeNaa OCTaeTcs
HEH3MEHHBIM, TO 4epe3 kaxayw cdepy
v NpOTEeKaeT OJHO H TO JKE KOJMUYECTBO
trenna Q. Cnemosateasno, nuddepeHiH-
ajJbHOEe YypaBHElHe, ONHCHBalOmee pac-
cMaTpnBaeMblfi npouecc, ¥MeeT BHA

]

rae k£ — xkoapdunpeHT TENNONPOBOIHOCTH.
Pasjnenss nepeMeHHble U UHTErpuUpys.
%  [0ayudM HCKOMYIKO 33aBHCHMOCTL T OT 7

Qadr

p
T [
Ank / dT=_Q/ dr
7 4
1 l
Puc. 1.9. 4nk(T—Tl)=Q(7._.7).

[as onpefededus Q ucnons3yem ycaosue: Npy r=ry, T =1T,
4ﬂk(T2—T1) 4Jlk(T2—T‘)r;f2
Q= IR r—r )
1 2

ry r

§ 3. YpaBHeHis, NpHBORAWHECA K YPaBHeHHAM
¢ pa3feJ AN HMHCA NepeMeHHbMH

Mruorue muddepernnansubie ypaBHeHHs MyTeM 3aMeHbl MEPEMEHHBIX
MOTYT ObiTh MpUBEJEHbl K YPaBHEHWAM C Pa3Ae/AOLNMHCH MePeMeHHbIMH.
K uncay Takux ypaBHeHHH OTHOCATCA, HAallpUMep, ypasHeHHs Bula

——*f(ax-HJy)

rle @ ¥ b-—nocTosHHble BeAHUHHB, KOTOpHE 3aMeHOH MepeMeHHbiX
z=ax +by npeobpasyoTcs B YPABHEHHA C Da3ACJAIOWKMU TEpPeMeH-
HbIMU. [LeficTBHTEILHO, nepexozm K HOBHIM [IePEMEHHbIM X U Z, OyleM UMETh

dz dz
dax a—{»—b dx a—-a«}—b/(z)
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nan
daz

aFof (2)

W TlepeMeHHBIE pasienuauch. YHTerpupys, noayuum

_ dz
"—/a+bf<z) e

dy _.

dx,

Mpumep L

[lonaras z=2x <4 y, GyzeM nMeTb
dy dz dz

Ix~dx T2 dx =

Pasaenss nepeMeHHble H UHTErpapys. f0aydYHM

zdz2 =dx, In|z}+2|=x+1Inc, z=—2 ce*,
x4 y=—24ce*, y=ce*—2x—-2
[lpumep 2 |
dy
Ix " x—y L
[lonaras x— y == 2, roay4um
dy dz dz 1
== T st

_d_z=_L 2dz=—dx 2'=—2x4¢ {(x—y)¥2=—92xtc¢
dx z! ' ' ”

K ypaBHeHHAM C pasne alOLIHMHCA NeDeMeHHLIMH NPHBOLATCH H TaK
HasbiBaeMHe O00HOpOOHNe Qughe penyuassine YpaBHeHUR nepsozo
RopAdKa, MMelHe BUI

rraatd (;)
JeitcTBUTEILHO, NOC/E fIOACTAHOBKH z=% RN Y == xZ NOJYYHM
dy _  dz dz . iz o
T =% gtz xgotz=f@, =2,
az [ dz
/. =Iﬂ|x[+lnc. x ==ce’s ez

v f(z)—2z

3ameTyM, YTO TpaBaf dYacTb ONHOPOAHOTO YDABHEHHR MABJAAETCA
ONHOPOAHOR (yHKUHEH NepeMeHHHX X M Yy HY/NEBOH CTeNEHM OXHOPOA-
! HOCTH, NMOSTOMY ypaBHeHHe BHIA

Mx, dx+N(x, y)dy=0
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« 6yner onHOpOAHbIM, ecan M (x, y) u N (x, y) ABASIOTCA OMHOPOLHBIMH
yHKUMAMH X B Y OAUHAKOBOH CTeneHu OAHOPOAHOCTH, TAK KaK B 3ITOM
cayyae

ﬂ_.-_m_f(l
dx — N(x, y) — x)*
Mpamep 3
ay y y
ixr =% T8
dy dz
IMonaran y = xz, E}-.—-—xw—}—z i TMOACTABAAA B HCXOXHOE YypaBHeHHE N0~
JYdIHM
dz coszdz dx
gy TE=rhRa —ge—=
Injsinz|=lulx|+Inc, sinz=cx sln—%:cx.
Mpumep 4

(x-+y)dx—(y—x)dy=0.

[Monaraa y = xz, dy = x dz +} z dx. noayuum
(xt+x2)dx—(xz—x)(xdz 4 2dx)=0,
d+22—2dx 4 x(1 —2)dz=0,

T‘%ﬁ%_‘%+%=o. —é—ln[l+2z—zzl+ln[xl=

=-%mc‘ (422 —z)=¢ x4 2y —y2=c.

YpasHenus BHAA

dy __ fax+by+o
—a‘;—f(azx‘{‘b?)'-*'cz) (1-8)

npeo6pasyloTCca B OMHOPOAHBIE yPaBHeHWs MyTeM MepeHoca Haya/a Koop-
IMHAT B TOUYKY MepecedyeHHs (x, 'y;) NpAMbIX

ax+by+e=0 u ayx+4by+cy=0.

Jle#cTBUTEAbHO, CBOGOAHBIH 4YJeH B yDABHEHHSX STHX NpPAMBIX B HO-

BRIX KOOpAnHatax X =x — x;, Y =y —y, Oyner paseH Hy.0, KO3}~
d aYy

¢HLNEHTH! NPU TeKYLUIMX KOOPIUHATAX OCTAIOTCHA HeH3MEHHBIMH, & d—i =%

1 ypasHeHue (1.8) mpeo6pasyercss K BHAY
dy _f(alX—}-b,Y)

X = I\ X F 6,7
HJIA
Y
ay at+bhx Y
m=/—7|=(x)
02+b27

H fABJSETCH y)X€ ONHOPOIHBIM ypaBHEHHEM.
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ITOT MeTOA He b3Sl lIPUMEHHTb JHWB B CJydYae IapajJelhbHOCTH

npambix @ X -+ b,y +¢,=0 u a,x + b,y +¢,=0. Ho B 3TOM Cayuae
a

Ko9pdHUKEHTE Mp) TEKYUIMX KOOPAMHATAX MPOMOPUMOHAAbHbI —= ==

1
b
== -2 =k, n ypaBHenue (1.8) MOxeT ObITb 3aNHCAHO B BHAE

by
dy _ (_axdbyte \_
T =7 (k(t;;x—i- I;Iy)—}-lcz ) = F(a,x +byy)

M CJAel0BAaTEJbHO, KAaK YKa3aHo Ha CTp. 24, 3aMeHa MepeMeHHbX Z ==
= a,x + b;y npeobpasyer paccmarpuBaeMoe ypAaBHEHHE B ypaBHeHHE
C paslessIOUIMMICS fepeMEeHHBIMH.

Mpumep 5.
4y _x—y+1
dx — x4 y—3"°

Pewan cuctemy ypaBHedn#t x —y4 1=0, x4+ y—3=0, nmoayunm x, =1,
y, = 2 lloaaras x=X+1, y=YVY+ 2, 6ynem umerh

4ar _ XY
X~ X477

Y
3aMeHa nepeMeHHBIX 2 == ¥ w Y = zX UpvBOAHT K yPaBHEHHMIO C Pa3AeAAIOLIU-

MHCSl TlepeMeHHBIMH
z—}-X—di—l_z (+2)dz  dX
dX 142z’ 1—22—22" X°

1 1
— 02 = —_
2lnll 22— 22| =In} X| anL‘.

(1—2z2—2)Xi=¢, X2—2XY—VY?=yq,
X?—2xy—y?+2x4+6y=c.

§ 4. Jluneiinbie ypaBHeHHs NepBOro mopsaxa

Juneinosn ougdepenyuarvionss Y PpasHeHueM NEPsozo nopaoxa
HA3bIBAETCA ypaBHeHHe JMHEHHOE OTHOCHTENbHO HEM3BECTHOM QyHK LMK
¥ ee NpOH3BOAHOH. JlMHeHHOE ypaBHeHHE HMeeT BUA

D 4 pyy=F(x) (1.9)

rie p(x) H f(x) B naibHeRuleM OyleM CYMTATb HENPEpPBIBHBIMU (YHK-
uMAMH x B Tolt o6JacTH, B KOTOPOH# Tpe6GyeTcs NPOMHTErpUPOBATH
ypasHenue (1.9).

Ecau f(x)=0, To ypasHerue (1.9) HasniBaeTCs JHHEHHBIM OAHOPOA-
HbIM. B J1uHeHHOM OJHOPOXHOM YypaBHEHHH TepeMeHHble pasfenfioTcs:

d d
_E%+p(x)y=0, OTKy 4 .Ty=—_p(x)dx,
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M, MHTErpupys, Moayvaem -

injy|=— [ p(x)dx—+1Inc, ¢ >0,
y=oe [ 798, (1.10)

Tpu DeseHun Ha y Mbl noTepanu pewenue y==0, 01HAKO OHO MOXKeT
6bITh BKJIOUYEHO B HaWneHHoe ceMeicTBO peweHu#t (1.10), ecan cuurats
YTO ¢ MOXKET NpHHUMaTb M 3Hauenue 0.

19 WHTerpHPOBAHHA HEOJAHOPOJAHOTO JHHEHHOrO ypaBHeHH#

Lt p()y=f(x) (1.9)

MoxeT ObITb MPHUMEHEeH TaK Ha3biBaeMblft Memod sapuayuu nOCMORARHOL.
Ilpu npHMeHeHHH TOTO MeTOAa CHAyaja HHTETPHPYeTCa COOTBETCTBYIOLIEe
(T. e. UMelOLee Ty Xe JEBYI0 4acTb) OAHOPOMAHOE YypaBHEHHE

dy
s TPXy=0
oflee pellieHHe KOTOPOTO, KaK YKA3aHO Bhillle, HMEET BHA

- | pix)dx
y=ce 7%

4

- xydx
an NOCTOAAHHOM ¢ quHKuHﬂ ce fp( ) ABJACTCH peleHHEeM OAHOpOn-~

Horo ypabHenusa. Ilompo6yeM Temeph yAOB/ETBOPHTb HEOZHOPOZHOMY
yPaBHEHHI0, cuMTas ¢ QyHKuue# x, T. €. MO CyLIeCTBY COBEpLIAR 3aMeHy
TlepeMeHHbIX
— | pixydx
y=c(x)e f ’
rie c(x)— HoBag HenaBeCTHas (QyHKuUHA X.
Buuncass npoussoaHylo

dy _ de - [ o

- (P(I)dx
dx ~ dx .

—c(x)plx)e

W NOACTaBAA% B HCXOAHOE HeOAHOPOAHOe ypasHenue (1.9), noayunm

dc -) plx)dx —{pwa —[pxde
de 1P e I pweme T = )
HaH
de foundx
= =1 (x)e ,
OTKYNa, MHTErPHPYH, HAXOAUM
J'p(x)dx

c(x)=ff(x)e dx —+cy,
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a CcAenoBaTelbHo,

-{ p(xydx ~ypixydx  —] pxydx . (x) dx
§ =ce J e f ff(x)efp‘r dx.

y=c(x)e -+

(L.1D)

Wrak, obuiee pémenne HEOLHOPOJHOrO /AHHEHHOFO ypaBHEHHS PaBHO
cymMe OGuIEro pelleHHs COOTBETCTBYIOLIErO OAHOPOAHOrO ypaBHeHHs

- px)dx

M 4acTHOrO pelleHHs HeOAHOPOIHOTO ypaBHEHUs
- px)dx px)dx
e f ff(x) ej dx.

noayuvawpowerocs 43 (1.11) nmpun ¢y =0.

3aMeTuM, 4TO B KOHKPETHHIX MNpPHMepax Heue/JecoobpasHO MoAb30-
BaThCA TPOMO3IKOR K TPYAHO 3anoMuHaeMoR ¢opmyaoit (1.11), 3naun-
TeJbHO Jerde KaXAHM pas MOBTOPATb BCE TNPHBEIEHHbE BHIIE BbIYH-
CJIeHHS.

Mpumep L
’ dy y
—_— = =x2

dx X

VlmerpnpyeM COOTBETCTByOIllEe OJHOPOAHOE yPaBHEHHE

ﬂ_lzo, dy:ﬂ-, Injy|=In|x]41inc, y=cx

dx x y x
o dy dc
Cuntaem ¢ dyHkuHed x, TOorma y = c(x)x, ax = dx X+ ¢ (x) u, noacTasaag
B HCXOJHOE€ YPaBHEHHE, MOCJAE YMPOLIEHHA MOJAY4YaeM
dc

xl
717x=x2 Hm dc= xdx, c(x)=—2—+cl,

CnepnoBateabHo, o6liee pelIeHue
x3
y= C|X+ —2-. -
[lpumep 2

dy
—d;——yctgx-_stmx.

MuTerpapyeM COOTBETCTBYIOLIEE OJHOPOAHOE ypaBHEHHe

ﬂ__yctgx—._—o, ﬂ— cos x

dx y  sinx

dx,
Inty|=In|sinx|+4Inc. y=csinx

Bapeupyem moctoannyio

y=c(x)sinx, y =c’(x)sinx-+c(x)cosx.
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[MogctaBasaa B HCXOAHOE ypaBHEHHE, MONYUHM

¢/ (x)sinx 4 ¢ (x)cos x — ¢ (x) cos x ==2xsin x,
¢ (x)=2x, c¢(x)=x2+4¢,
y = x?sin x-}¢; sinx.

Ipumep 3. B snextpuuecxoff nend ¢ caMorHAyKuHe# NpoucxoluT fpouece
yCTaHOBJeHHA nepeMeHHOro Toka. Hanpaxeune U sBasercs saganno#t dynkumeft
BpeMenn U = U(t}, CONPOTHBACHHE R ¥ CaMOMHAYKIHA L NOCTOSIHHMB, HayajdbHad
cuaa toxa / (0) = /, sanana. Hatfitu saBucHMocTh cuabl Toka / = / (f) OT BpeMeHH.

Moapayscy 3akonoM OMa ans uenn ¢ caMOMHIyKuMed, MOJy9HM

dl
U—L—d—t-=Rl.

Pemenne 3TOro AnHe#HOro ypaBHEHHs, YAOBJETBOPAIOLIEE HA4a/JbHOMY YCAOBHIO
1 (0) = /,, coraacuo (1.11) nmeet BHX

kS

-t

t
1
J=e¢ * Io+%/U(t)e at|. (1.12)
0

[Ipu noctoaHHom HanpameHnH U = U, noayuum

Ug ./ U\ ~T!
l= . l - "'l) e .
R TR
MuTepeceH cayyail CHHYCOHAANLHOrO fepeMeHHOro Hanpskenus U = A sin ot.
[Ipu stom coraacHo (1.12) noayunm
!

_R,
J=e¢ t 10+%fe

0

R,
L sin wf dt.

Crosumi#i B nmpaBod 4acTH HHTErpaa JAErko BHIYHCAfETCS.

Muorre anddepeHLHaIbHHe YPaBHeHHS INyTeM 3aMeHBl INepeMeHHHX:
MmoryT ObiTh cBefeubl K JuueHHbM. Hanpumep, ypaswenue Lepuyaau,
uMelolllee BHA

%+P(x)y=f(x)y". nel,
) 7815
”_"%+P(x)>’""=f(x). (1.13)

1-
3aMeHOM TNepeMeHHbIX y == 2 CBOAMTCA K JHHeRHOMy ypasHenuio. [eit-
d dz
CTBHTeNbHC, audpdepeHuupys y'-7 =z, uaxoanm (} —n)y=" 7% =T

H, noacrasasa 8 (1.13), no'nyth JIHHElHOe ypaBHEHHE

T 2 e =1
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[lpumep 4
dy _ y  *
dx —2x T 2y°
4y _ Ve e, oy 4y _dz
dex—x+x’ =2 Ve = dx’
dz H 2
=T

H nanee. kax B npuMepe 1 cTp. 26.
Ypasuenue
dy 2 :
2x TPEY+ax)y>=f(x),
nasmBaeMoe ypasuenuern Puxxamu, B oOweM BHie He HHTErPUPyeTCH
B KB4IpaTypax, HO MoxeT ObiTb 3aMeHOH nepeMeHHBIX Npeo6pa3oBaHO

B ypaBHenHe DepHy./aH, eC/JM H3BeCTHO OAHO HacTHOe pelleHHe Y, (x)
sToro ypasHeHus.. [leHcTBuTenpHO, mougaras y ==y, + 2, NOJY4HM

N+ pX W+ )+ 9@ (v, + 2P =/

WM, TaK KaKk Y, + p(x)y, + ¢ (x) y%Ef (x), OyleM HMeTb ypaBHeHHE

BepHyaan
2"+ p(x)+2q(x) y] 2+ g (%) 22=0.

Mpumep 5.
dy 2 2
—_— y —_——
dx x2
B sTom npHMepe HETpyAHO NOAOGpaTe YACTHOE pemIeHHE ¥, = lx Monarag

1 1 Ly g
y=z+}-. noay4uM y’=z’—-}7, z’—72—=(z+;) — 7 him

=zt 2 % — ypaBuenune BepHyanm.

Injul=—2In|x|+nc, u=x—(';, u=24

¢’ X3
==l == +a
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§ 6. YpaBHeHHs B MOJHHX Au¢¢epeHuHaNax

MoxeT cayunthes, 4TO Jepas 4acTb AnddepeHUHATLHOIO YpaBHeHHS
M(x, dx+N(x. y)dy=0 (1.14)

ABJIsSeTCs MOJHBLIM AH(depeHLHaNOoM HeKOTOPOH GyHKuMn & (x, y)i
du(x, y)=M(x, ydx +N(x. y)dy
M, CJenoBaTeabHO, ypasHenuue (1.14) npuHuMaer sun
du(x, y)==0.
Ecan ¢yuxuns y (x) sBasieTcn peinenuem ypasHeHus (1.14), To
du(x, y(x))=0,

H, CJelOBAaTeJIbHO,
u(x, y(x))=c, (1.15)

rie ¢ — MOCTOSHHAsA, H HA06OPOT, ecd HekoTopas Qyakuns y(x) obpa-
I[aeT B TOXIECTBO KOHeuHoe ypasHenuwe (1.15), TO, nudgepeHuupys
MOJy4YeHHOe TOMAECTBO, TNOJAy4YHM du(x, y(x))=0, H CJAeNOBaTE/bHO,
u#(x, y)==c, e ¢ NPOM3BO/IbHAA TNOCTOSHHaR, sBJafercd ofuwuM HHTE-
rpajloM HCXORZHOTO YpaBHEHHMS.

Ecan faHbt HauajdbHble 3HadeHUs Y (Xq) == y; TO MOCTOSIHHAA ¢ ompe-
nensercs ua (1.15) c=u(x, yo) H

u(x, y)=u(xe ¥o) (1.15))

: du
AB/MAETCS HMCKOMBIM YacTHbIM HHTerpanoM. Ecan Ty =N(x, y)+0
)

B TO4YKe (X5 Yg)» TO ypasHenne (1.15)) ompereaster y kak HCSIBH.y!OM
byHkuuio x. :
Ins Toro yrobm Jepas yactb ypasHeuus (1.14)

M(x., y)dx + N(x. y)dy

ABASANACH MOJMHEM AuddepeHuHanoM HekoTopol ¢yHkuuH u(x, y), Kak
H3BECTHO, HEOOXOAMMO M AOCTATOYHO, HYTOOHI

OM(x, y) __ ON(x )
dy - ox

. (1.16)

Ecian 3To yciosue, BNepBble yKasaHnoe JH/IepOM, BHIONHEHO, TO
ypasuenue (1.14) serko uuterpupyercs. He#cTBHTeabHO,

du=Mdx + N dy.
C apyrott croponm,

ou - ou
du—.-d—xdx +—aydy.
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CienoBaTeabHo,
ou du

—=M(x y% 7,7=N(x. )8
OTKYya

u(x,_v):fM (x, y)dx +c(y).
IMpy muuncneRun uHTErpana fM(x. y)dx BenuuMHA Y PaCCMATPUBAETCR
KaK TOCTOAHHASA, [O3TOMY ¢ (y) fBJderTcd NPOM3BOJbHOK dyHKuuelt y.

5’} .y Y\ (my) zy

%% 124) 125-4p/

7 7

Puc. 1.10.

Ilas onpenenenus dyuxunu c(y) andodepequupyeM HalAeHHYIO GYHKUHIO
u{x, y) N0 y H, TaK Kak %‘—;-=N(x. V), TORYUHM

’

([ Mee yax)+ e =ncx 9.
M3 sToro ypasHenus onpeneaseM ¢’ (y) M, HHTErpUpyd, HaxoouMm ¢ ().
Kak u3BecTHO M3 Kypca MarTeMaTHYeCKONO aHa/lIusa, elle npote
MOXHO onpelequtb QyHKuMiO #(x, y) Mo ee mnojHOMy auddepeHuHany
du=M(x., y)dx + N(x, y)dy, B3B KpUBOJMHEHHHWH HHTErDaa OT
Mix, y)ydx 4+ N (x. y)dy Mexay HeKoTOpoR (DHKCHPOBAHHOM TOUKOM
(Xp: Yp) M TOUKOM C nepeMeHHEIMM KOODIAHHATaMH (X, y) MO a06OMy
nyTH:
x, 9
u(x, y)= f M(x. y)dx+ N(x, y)dy.
(%3, Y1)

YHauie Bcero B KauecTBe NyTH MHTETPHPOBAHMA yAoOHO OpaTb JOMaHylo,
COCTABJEHHYIO M3 ABYX 3BeHbeB, MapaaJe/bHbLIX OCIM KoopAnHaT (puc. 1.10);
B 3TOM CJyuyae

£ 4] X, Yo x,
[ Max+Nay= fde+ [ Nay

(x5, ¥ [E299 2V (£, Yo)
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HIH
WX \A3y Y )]
Mdx—+ Ndy= f Ndy + f Mdx.
(%0, Yo (X, Yol (X, ¥
Mpumep L

F+y+Ddx+4(x—y 4 3)dy=0.

JleBan uacThL ypanHeHMst ABAAETCA NOJHWM AnddepeHnHaNOM HEKOTOPOH (yHk-

uuH o (x, y), TaK Kak
o(x+y+1) _ 0(x—y*+3)
ay o ox '

u X2
Sr=r+ty+l u=Tptaytxtc)

g_[;=x+0’ ), x4+ (y)y=x—y+3
3
¢ (y)=—y"43 C(y)=——y7+3y 4+
x2 ya
U=—-Fxytx—3t+3y+e

Cnenosatenbio, o6uM# HHTErpan HMeeT BUR

3x? 4 6xy 4 6x — 2y - 18y = c,. (1.17)
Mowmuo mpumennTs M Apyrofi MeTon ompegenenns QyHKLUHMM (X, y):
x. ¥
w@ = [ Gyt Ddexr—yit+3ay.
(15 ¥o)

3a navansHylo TOMKY (X Yo) BbOHpaeM, HanpuMep, HAYal0 KOOPIAHHAT, B Ka-
YecTBe NYTH MHTErpHPOBaHWA — H300paweHHylo Ha puc. 1.11 nomanywo. Torza

x, 0) @,y
2 4o
ulx y)= f(x+1)dx+ f (x—y”+3)dy=x7+x+xy—’7-1_-3y
(0,0 ’ (x, 0)

u obuu# HHTerpan uMeeT BHI
x2 yS
S atay—d 4 3y=c
“umn xak B (1. 17).
B Hekoropuix ciaydasx, Korma JeBas 4acTb ypaBHeHHd
M(x, dx-+ N(x, y)dy=0 (1.14)

He #BJETCA NOJHHIM AuddepeHHHanOM, Jerko yaaercs noaobparth ¢yHk-
unio i (%, y), NOC/Ie YMHOMEHHs Ha KOTOPYIO JeBad 4acTb ypasHenus (1,14)
pespaliiaeTcad B MOJHbH IuddepeHunan

du=pMdx + uN dy.
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Takas QYHKHMA (U HA3bIBACTCH UHMELPUPYIOUUM MHONCUMEseM. 3a-
METUM, UYTO YMHOXEHHe HAd HHTETPUPYIOWIMA MHOXHTEJb WL (X, y) MOXET
NpUBECTY K INOABJEHUIO JHUIHMX YacTHBIX peIIeHH#, OOpallaoIMX STOT
MHOXHUTE/Nb B HYJb.

fpumep 2.
xdx+ydy+(x2 4+ y?)x2dx=0.
1
OuepuaHO, 9TO NOCAE YMHOMKEHHR Ha MHOXITENb u=m JeBast 4acTb lpe-
BpallaeTcs B NOJHBIA aupdepernuan. IeHcTBTENbHO, NOCIE YMHOXKEHHS HA

b=y MOAYUHM iy d
xdx+y ;
Ayt T He=0
3
HIM, HHTETPHpYA, ;—ln(x?+y2)+xT=ln ¢;. YMHOMas Ha 2 M NOTeHUHUPYH,

GyneM nMeThb
2

Z oy
(22+yed =c
KoneuHo, naneko He BCerga HHTErpHPYIOLIM# MHOMHTEJIp NOAOH-
paeTcss CTOJb Jerk0. B oflieM cilyuae AaS HAXOXACHHA HHTerPHPYIOLLEro
MHOXHTEIR Hago mnoao6pats XOTd OB OIHO

He paBHOe TOXACCTBEHHO HYJIO YacTHOe pe- &

IleHHe YPABHEHHS B  YaCTHHIX NPOM3BOIL-

HBIX
ouM _ ouN 2.4/
dy —  ox '

HJU B pAa3BEPHYTOM BHAE

o oM _ ou oN
oy M by =GN+ 5

17 z.0/

Puc. LI1.

KOTOpOe TMOocJ/e ae/leHHsT Ha U M MepeHoca
HEKOTOPHIX W4JEHOB B JPYyryl 4YacTb paBeHCTBA TIPHBONMTCA K BUHAY

Jdlinu dlnp ,, _ oN oM
oy M—— N= ox  dy

: (1.18)

B of6uieM caydae MHTerpHpoBaHHe 3TOrO YPABHEHMA B YaCTHBIX APO-
M3BOLHBIX HBJAETCA 3alZa4e# OTHIOAb HE 60jee NPOCTOH, YeM HHTErpu-
pOBaHHe HCXOZHOTO YpaBHEHHS, OIHAKO B HEKOTOPHIX CJay4asx nogbop
yacTHOro petueHus ypasHenus (1.18) He npeacTaBnseT 3aTPyAHEHUN.

Kpowme Toro, cuutas, 4T0 MHTErPUPYIOLIHH MHOXNHTEb SBHMETCA QyHK-
HHER TOJNbKO OIHOTO aprymeHTa (HampuMep, fBJseTCA QyHKLUHEH TOAbKO
X~y MIH TOABKO xZ-y?, uaM (YHKLUHeH TOABKO X, WJIH TOALKO Y
M T. 1.), MOXHO yXe 0Ge3 Tpyda NpDOHHTerpHpoBaTb vDaBHewue (1.18) u
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yKasarb YCJAO0BMA, NPH KOTOPHIX HHTErPHPYIOLIUA MHOXKHTENL paccMarpu-
BAeMOrO BHAA cyulectsyeT. TeM caMbiM BHAENAIOTCA KJacchl ypPaBHEHUH,
LA KOTOPHX WHTErPHPYIOMIMN MHOXKHTEIb JMETKO MOXeT OHTbL HaHleH.

Hanpumep, HatizeM yc10Bus, npu KOTOPbIX ypasHenne M dx+N dy=0
HMeeT HHTETPHDYIOWHA MHOXHTe b, 3aBHCSALIMH TOBKO OT X, W= (X).
Ipu stom ypasnenue (1.18) ynpoumaercs W npuobperaeT BHA

dinp ,, JN oM
——ax N=4 dy *
am _ aN
dy 0x
OTKyAd, CYHTaN ———p—— HeNpephIBHOA ¢dyHKuneH x, NOMyuHM
oM oN
Inu= /‘—OLN—M—dx-{-lnc,
oM ON
3y o
L= ce N dx. (1.19
MOXHO cuynTaTh ¢==1, Tak KaK JAOCTATOYHO WMETHb JHIUL OAMH HHTEr-
PHPYIOLUHH - MHOXHTETb.
oM ON
dy  ox
Ecm ——x—— fBaserca $yHxuHed TOJbKO X, TO HHTErPHPYIOMWIKH

MHOXHTEb, 3aBHCALIMM JHIUL OT X, cymectsyeT M pased (1.19), B mpo-

THBHOM ClydYde HHTETPHPYIOILEr0 MHOXHTEJS BMAA W (X) He CyMIeCTBYeT.
YcaoBHe cylieCTBOBAHHA HMHTETPUPYIOLIETO MHOMHTE/A, 3aBHCALIETO

TOJbKO OT X, BLIMOJHEHO Hanpumep, IJ1f JHHEHHOrO ypaBueHHus

%+P(x)y=f(x) wm[p(x)y — f(x)]dx+dy=0.

M _ oN
JleficTBHTEbHO, d—yNi=p(x) H, CIel0BATeJbHO, p=— ¢) rixidx,
CoOBepIIEHHO aHAJOTHYHO MOTYT ObTh HaWAeHbl YCIOBHA CYLIECTBOBAHMS
HHTerPHPYIOLMX MHOXnTeJel BHIA
RGN MG Ty B R, peey. w(2)noa

Mpumep 3. MMeer au ypaBHeHHe
xdx+ydy+xdy—ydx=0 (1.20)

MHTErpHPYOWIHE MHOXUTEAb BUAA W = W (x2 4 y2)? )
O6osnaunm x?-4 y? = 2. Ypasdenne (1.18) mpu p = (x2 + y%) = p (2) ups-
HHMaeT BHI

d
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OTKYyJAa

HJIH

rae

YPABHEHHUSA B NMNOJIHAIX TU®OGEPEHTINAJIAX

Inlp]| =%./ ¢(&)dz-in¢

;— f ¢ (2)dz

u=ce s
ON oM

_ox oy
@(Z)'_ Ady-——]Vx M

37

(1.21)

Ias CYyLIECTBOBAHHS HHTErpHPYIOLIErO MHOXHTEAS 3aNdHHOI'O BHIA Heo6X0XHMO

H B TPENNOJONEHHH HEeNpPepblBHOCTH @ (Z) NOCTAaTOUTHO,

6nina ¢yHkuued Toabko x? - y2. B nmaHnom cayuae

o _om
ax oy 2
My —Nx — — xX2fyr

4yTOOH

oN oM
ox  dy
My —Nx

CNe0BATENbHO, HHTErpHPYIOIHA MHOMHTEAb U == [ (X% - y?) cymecTsyer 4 pa-
BeH (1.21). Ilpu ¢ =1 noayuum

YmHoxan ypaBHeHue (1.20) Ha u=

HJIH

dz
_)=_1 1
n=e A
1
xdx+ydy xdy—ydx

A R

§d<x2+y2) d (l)

X

x4 y? )

dln(x‘ + y?) + d arctg 2 =0

Hurerpupys, moaydnM

Ny 2 y? =— arctg% +1ne,
H 110CA€ NOTEHUHPOBAHHSA ﬁyﬂCM HMETh
y
—arctg 3

VXEFy? =ce ,

npHBeleM ero K BHAY
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HAM B MOAADHBIX KOOpAMHaTax p == ce~ ¥ — ceMeiicTBO JMOrapudMHYECKHX Crmpa-
ae#.

MNpusMep 4 Hailtn popmy 3epkana, OTPaKawINEro NapanaesbHO AaHHOMY
HaNpaBAGHHIO BCe JNYYH, BHIXOAAUIHE H3 3aflaHHOH TOUKH.

MosmecTuM HAYANO0 KOOPAMHAT B 3aJaHHYI0 TOYKY H HanpaBiM ocb alcuHce
napanIe bHO 3afaHHOMY B YCAOBHAX 3afgaui HampaBaeHuto. [1ycTb ayu mnapaer
Ha 3epxanao B Touxe M (x, y). PaccmoTpum naolpaxensoe Ha puc. 112 ceuenue
sepkama naocxoctbio Oxy, NpoXOfAulee uepe3 ocbh abcuicc ¥ Touky M. [lpo-

BepeM KacaTeabhyio MN Kk paccMmaTpuBacMoMy

i = CEYEHHI0 NMOBEPXHOCTH 3cpKaaa B Touke M (x, y).
' y/{_ Tax kak yros najeuss jnyya paBey yray orpa-

7/ WeHHs, To Tpeyroavnnk MNO paBHoGeapeH-
/ Huld.  CuenoBarensto,
/ tgo=y = ——L .
< z Z
W o/ x4V ity

Z  TloayueHHOE OJHODOAHOE YypaBHEHHE JAErKO HH-
Terpupyercss 3aMeHOH MepeMeHHBIX
Puc. 112, X
y
HO elle Tpolle, 0CBOGOAHBLINCH OT HPPALHOHAALHOCTH B 3HAMEHATEJe, NepelucaTh
ero B BHIE

=2,

xdx+ydy=VxTFy? dx.
Y paBHeHHE uMeeT O4eBHIAHbIH HHTerpupyomuHi MHOMHTENb

_ 1 xdx+ydy d
Vaty VRt
(ceMelicTBO mapa6on). )

S3aMeuaHue JITa 3agaua elre Mpolle peuIaeTcs B KOOpPAHHATAX X H ,

rae p =} x2F yZ, npu 5TOM ypaBHEGHHE CEUEHHS HCKOMHWX NOBEPXHOCTeil npu-
ofpeTaeT BHI :

I x, VI¥Fy=x+c yr=2cxt¢?

dx=4dp, p=x-c

MOKHO 10Ka34aTb CYL1eCTBOBAHUE MHTErpUPYIHOILEr0 MHOWUTENS, HJM,
YTO TO Xe CaMOe, CYLIeCTBOBAHME HeHYJEBOTrO pelleHUs YpaBHeHUs B
vacTHbiX TpoussogHuix (1.18) (cM. ctp. 35) B HexoTopo# obaacty, ecau
dyukunn M u N uMeloT HenpepbiBHble MPOU3BOIHbIE H MO KpaltHed Mepe
ONHa H3 9TX ¢ynkuuf He ofpamaercs B Hyab. CuenoBaTeabHO, MeTOX
MHTErpUpYIOLIEr0 MHOXHTENS MOXKHO paccMaTpuBath Kak OOLIMH MeTOX
HHTErpupOBaHUs ypaBHEHHH BHAA

M(x, dx<+N(x, y)dy=90,

OdHAKO BBHAY TPYAHOCTH HaXOXACHHR HHTErpUpylOwero MHOXUTEId STOT
METOJ valle BCEro [pUMEHAETCH AWlUb B TeX ciayqasx, KOria HHTerpu-
py}OU.lHﬁ MHOXMHTEJb QYEBHACH.
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§ 6. TeopeMH cyuwecTBOBAHMA H €JAHHCTBEHHOCTH pellIeHHSA

d
ypaBHeHus % =f(x,¥)

Kuaacc wunterpupywomnxcs B kBagpatypax AudpdepeHUHAAbHBIX ypa-
BHeHMH BecbMa V30K, [TOITOMY y¥ke cO BpeMenu DHiepa npubamketlibie
MeTOAB! B Teopuu JAuddepeHuHanbHbIX ypaBHeHHH nprobpean 6o.ablioe
3HayeHHe.

B Hactosulee BpeMs B CBs3W C ObICTPbIM Pa3BUTHEM BLIYHCIHTENbHOH
TeXHHKH TpHOJHKeHHble MeToAbl NPHOGPeTanT elle HeCPaBHEHHO 60Jb-
Ilee 3HaveHHe.

Teneph uacTo 1e/ecO06pPasHO NPUMEHNTh NPHOAMXKEHHBIE METOABl dae
B TeX CJyuasX, KOTjJa ypaBHeHie HHTeIpupyeTcs B Kpalpartypax. Douee
TOrO, €C/JH [axe peilledde MOXeT OBITb HeCJOXHO BBIPAXEHO B 3/eMeH-
TapHBHIX (YHKLUAX, TO HEpelaKo Huc-
noab3osaHHe Tabaun STHX QyHKUKH
orasplBaeTca 60.aee TPYAOEMKHM, YeM y}‘
npuO/nKeHII0e HHTErPUPOBAHHE ypaB-
HeHus Ha OblcTpoaeRCTBYIOUER Maliy-
He. OIHaKo, AJs TOro 4toObl mpuMe-
HATh TOT MJM HHOW MeTOA nNpUOJH-
MEHHOTO HHTerpupoBaHus auddepeH-
LUHAJbHOTO YypaBHEHHd, Halo MNpewmle
BCero 6bITb yBepeHHbIM B CyIIECTBOBA-
HHH HCKOMOTO pelleHHs, a TakXe H B
eHHCTBEHHOCTH PEILEHHS, TaK KaK MpH
OTCYTCTBUH €IMHCTBEHHOCTH OCTaeTcs
HeACHBIM, KaKoe HMEeHHO pelucHHe Tpe-
O6yercs TNpPUOJHKEHHO  OMNpEeAeNHTb.

Yaie Bcero 10Ka3aTenbCTBO TEOpeM CYLLeCTBOBAHHS pelleHHs ONHO-
BPeMEHHO JdeT W MeTOJ TOHHOIO HJH NPHOJHKEHHOTO HAXOXIeHHA pe-
IeHus, 4TO elle O6oJee YBEJIHYMBAET 3HAYEHHE TeOpPEM CYLIECTBOBAHHUA.
HanpuMep, aokasviBaeMas Hixe TeopeMa 1.1 aaer oGocHOBaHHe Mmemoda
Siine pa npubanKeHHOro UHTErpHPOBaHUA NHddEPEHINAAbHbIX yPaBHeHUH,
KOTOPbIH 3aKJIOuaeTcs B TOM, YTO HMCKOMas HHTerpaibHas Kpusas Aud-
thepeHHaIbHOTO YPaBHEHHS —%:f(x, ¥), Tpoxoisuias 4epe3 TOYKY
(X ¥o)» 3aMeHAETCH JAOMaHOH, cOCTOAIEH H3 TIPAMOMMHEHHBIX OTPE3KOB
(puc. 1.13), kaxiaoe 3BeHO KOTOPOH KacaeTcss HHTErpatLHOH KpHBOH
B OJAHOM M3 CBOMX TIpaHHYHHX Todek. [lpu NpuMeHeHHH 3TOrO MeToza
Ansl NMPHOIMAKEHHOTO BBbIYMCJAEHHS 3HAYEHHS HCKOMOro pemleHus y (x)
B TOUKe X =5, orpesok x, <L x L (ecam b > xy) Aequrca Ha n pas-
HHX YacTeH TOUYKAMH X X, Xg, ... X,_p X, Tle x,=b. Janua
KaWAOH 4acTu x,;,, — X, ==t Ha3LIBaeTCs wazoM Buducrenus. Tpubau-
MeHHble 3HaueHMs MCKOMOrO pelleHHsi B TO4KAX X; o603HadaeM y;.

Puc. 1.13.
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Ins BouucaeHus y, 3ameHsieM Ha OTpeske Xxg < X < X; HCKOMYIO
HHTErPAJbHYI0 KPHBYI0O OTpDE3KOM ee KacaTeJbHOH B TOYke (Xj, Vo).
CJlen0BaTebHO, yl;y0+hy0. rie yo=f(x, ¥,) (cM. pnmc. 1.13).

AHaNOTHYHO BHIYHCJIAEM:
Y=y, + hy; rae yi=/(x. )
V3=V, + hy, rie y,=f(x, y,)

e« e s e s e e & s »

Yy, =9, .+ hy,_,riey,_

. . .

1= f(%aop Y2_1)

Ecan & < x;, TO cxeMa BHYHC/EHHH OCTaeTcs NpexHeH, HO war A
OTpHUAaTeJeH.

EctecrBenso owunatrb, 4To npu k-—> 0 somansie Sldaepa npubau-
KaloTcs K TpaduKy HMCKOMOH HMHTErpaabHOM KpHBOH, H CJeL0BATENbHO,
C yMeHblleHueM wmara kA Meton Jfiaepa naer mce Godee M Gojee TOYHOe
aHayeHne MCKOMOro pellleHHst B Touke b. JlokasaTenbcTBO 3TOro yTBEp-
)KIeHus OLHOBpEMEHHO NpHBELeT HAC K Clelyiouled dyHNaMEHTaAbHON Teo-
peMe O CyueCTBOBAHUH B €IHHCTBEHHOCTH peleHus ypamemm%: f(x,y)
€ HaYaJlbHbIM YCIOBHEM Yy (X,) ==y, NpH BeCcbMa OOWMX JOCMAMOUHbLY
VCAOBHAX, HAJOXeHHHX Ha ¢yHkuuio f(x, y).

Teopema 1.1 (0 cyujecmeosaHun & eOUHCMBECHHOCMU PEULEeHUR ).
Ecau 8 ypasnenuu

) (1.22)

dyungua f(x, y) Henpepusna 8 npamoyzosvrnure D:
fp—a<x<x+a Yy—bLy<Ky,+0
u yoosaemsopsem 8 D ycaosuw Jlunwuna:
If (e yo—f(x 9| <Ny, — l.
20e N —nocmosannasn, mo cYywecmsyem eQuUHCMBEHHOe peutedue

y= ;(x), xo—HLx L x,+ H, ypasnenus (1.22), yoossemsopsio-
uee YcA08u0 y(Xy) =y, 20e

H < min (a, —1—:'4—, Tlv-)'
M=max f(x. y) 8 D.

Ycnosns TeOpEMbLI HYXIAIOTCA B HEKOTOPHIX l’!OﬂCHeHHﬂX. Heabas

yTBEPKHaTb, 4TO MCKOMOE peIleHHe y == V(%) ypasHeuns (1.22), yno-
BJIETBODAIOLIEE YCAOBHIO Y (X5) ==y, GYyAeT CyuieCTBOBATb NPH X5 — a K
K X< X -+ a, Tak KaK MHTerpanbHas Kpuas y ==y (X) MONKeT BHIATH
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H3 NpAMOYroabHuka L dqepey ero BEpPXHIOI HAM HHKHIOWO CTOPOHAI
y=1y, £ b (puc. 1.14) npu nexoTOpoOM 3HaueHUH X = X|, X; — a < X; <
< Xg+a, ¥ Torad, €CaAM X; > X5 OPH X > x| pelleHHe yme MOXeT
OuTh He onpefeneHO (ecau x; < X5 TO PelIEHHe MOXET OTh He Onpe-
AeneHo npu x < x;). MOXHO rapaHTUpOBaTh, 4TO HHTErpaibHAsd KpPHUBas

y==y(X) He BbifileT 3a mpesean o6gacth D npu X, MIMEHSIOWEMCS Ha

?5/
g G0
PATAE | 4
. .
| P |
-yﬂ-b_-: A %0 /' 7= o
\ | g3=-M
) 3 H i
; s g | N
O\ ya Zy Zp Z; Iptra 0 Z-a Z-h I z+h I, Zy+a
Puc. 1.14. Puc. 1.15.

ogpeaxe xo—H L x  xy-+ H. roe H — HaumeHblllee U3 ABYX uMucen a,
- (pHC. 1.15), Tak Kak yrioBO# KO(PPUUMEHT KacaTe/blO# K MCKOMOH

MHTErpaJbHOA KPUBOH 3aKMOYeH MeXI1y YrA0BHIMU KO3pduuueHTamu M
H — M npamux, uaobpaxennblx Ha puc. 1.15. Ecau sTH npsMbie, Mexay
KOTOPLIMH 3aKJIOUEHa MCKOMAs MHTerpalbHAasi KpuBas, BLIXOZAT 3a Mpe-
Ieabl MPAMOYroAbHHKE D 4epes ero ropH30oHTaAbHHE CTOPOHH y =y, L b.

b
TO aBCUMCCBI TOYeK NepeceueHus 3THX CTOPOH OyayTt x, £ Jr+ Caeno-

BaTeqbHO, abcuUMcCa TOYKHM BHIXONA HHTErpajbHOR KpUBOM M3 nNpAMO-
b
yroabhuka D MOmeT Obith JMIIL MEHblue MAA paBHa X, + —7 4 60.be

MJH paBHa xo-—-/%.

MOXHO [10Ka3aTb CYLIECTBOBaHHE HCKOMOrO pellleHusi Hd OTpesKe
xo—H L x L xg+ H, rae H=min (a, 'A[ZI_) OIHAKO NpOLUe BHayaje
10Ka3aTh CYWeCTBOBAHHE pelilenus Ha oTpeaxe xo— H L x L xy+H,
rae H< min(a, %, 1—:,-), a B BasbHefiueM OyLyT ykasaHbl YyCJIOBHA,

npy¥ BHIOJHEHKHH KOTODLIX pelleHHe MOXeT GHTb NPONOMKEHO.
Ycnosue Jummmna

If (%0 y0)— f(x )l K NTyp— o
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MoxeT GuiTh 3aMeHEHO HeCKOAbKO OoJee rpyObiM, HO 3aTO OOBIUHO AerKO
npoBepsieMbIM YCJOBHEM CYLIeCTBOBAHHA OrpaHHYEHHOH 10 MOLYJi0 4acT-
HOM npouasoiHOH f (¥, y) B obaactn D.

IeficTsurebHo, eciu B npsMoyronshuke D
17, (& »|<N.
TO, NOJAL3YHACH TeopeMOﬂ O KOHEYHOM IMNpUPALEHUH, TNOJYUUM
[f (%0 9)—F (% 9)|=Fy (% D]y, — 9,

rne §-—TmpoMexyTodHoe Mexay y; MU Y, 3Hauenue. CierosarenHo,
Touka (x, &) aexut 8 D, nostomy

| fy (%, §)I<N no|f(e oy —f (% I KNy — s l.

Herpyano npusectt npumepn dynuxuuft f (x, y) (nwanpumep,
f(x, yy=|y| B oxpectHocTu TOYek (x, 0)), IMA KOTOPHIX yCI0BHE

g

Jlunwitia BHINOAKEIO, HO NPOWU3BOAHASA FfT B HEKOTOPHX TOUKAX He
of

CYWECTBYET, CeN0BATENLHO, YCIO0BUE |5 &« N sBnserca GoJee rpy-

ObIM, 4eM ycaosue Jlumiuua.
IloxasaTenbCTBO TEOPEMb CYHMECTBOBAHHUA H eNHH-
CTBeHHOCTHU. 3aMeHuM aubdeperlinasproe ypasHeHue

dy
LD —fx (1.22)
C HayaJbHBIM YC/OBHEM
¥ (%) = ¥, (1.23)

SKBWBAJACHTHLIM HHTETPAJbLHBLIM YPpaBHeHHEM
X
= yo-+ ff(x. y)dx. (1.24)
X¢

IlefctBUTeAbHO, eC/M HekOTOpas (yHKIUA y=37(x) npu noacra-
HOBKe O0paiiaeT B TOXKIeCTBO ypaBHenue (1.22) w ynos.neTBOpfeT yc/ao-
Buio (1.23), To, uurerpupys rtomznectBo (1.22) u npuHuMas BO BHUMaHHe

ycaosue (1.23), noxyuus, yTo y =y (x) obpamaeT B TOXKAECTBO  ypa-

sHenre (1.24). Ecau ke HekOTOpas (yHKuMA y ==y (x) NpH NOACTAHOBKE
obpauiaer ypasHeuue (1.24) B TOXIAECTBO, TO OHa, OHEBUIHO, YlOBJe-
TBOpHeT M ycaoBuio (1.23), a anddepenunpys Tomamecrso (1.24), noay-
9uM, 9TO Y=y (X) ofpalaetT B TOXIECTBO M ypasHenue (1.22).
CrpouM noManyio Sfitepa y =y, (X), HCXOLAYIO W3 TOUKH (X, Vo)

¢ umarom £, == —- Ha OTpeske X, L x L xy+ H, n—uenoe noaoxu-
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TeJIbHOE UHMCJA0 (COBEPIIEHHO aHAJOMHYHO [AOKA3biBAETCA CYLLECTBOBAHHE
peuieHust ra otpesxe xy— H < x < x;). Jlomanas Sitnepa, npoxonsauias
uepesa TOYKY (Xp ¥y), He MoxeT BLHTH H3 obnactn D npu xy L x K
Lxo+H (um xy— H L x < xy), Tak xaK yraoselie ko3(MUUMEHTB
K2XXIOTO 3BEHA JOMaHOH 10 ModAyaio Mebute M. '
HaabHefiiee 10Ka3aTe/bCTBO TeOpeMbl DPa3oObeM HA TpH 3Tana:
1) ITocaedosameasrocms y==y,(X) pasHOMEPHO CX00UmMCA.

2) Pyuryun ;(x)-: lim y,(x) assnemcs pewenues unmezpars-
n->» o
no20 ypasnenusn (1.24).
3) Pewenue ;(x) ypasuenusn (1.24) eduncmeenno.
HDoxasateabctso 1). [lo onpenenennio naoMaHod Shjepa

Vo) =f(x, y)mpn x, <xLxp, . k=0, 1,..., n—1

(B yraosoRt Touke X, B3sTa npaBas NPOHU3BOAHAS), WJM
yoy=Ff(x ¥, )+ [f(%p vo) — (% ¥, ()] (1.25)

0603HaYHUM
f(xp y)— f(x, 9,(X))=mn,(x).

B cuay pasHomepHOH HenpepbiBHOCTH QyHKUIHH f (x, y) B D noayuuM
M2 () =1{F(Xp ) — f (%, ¥, (D) <e, (1.26)

npu n>N(eg,), the €,—>0 npu n—>00, TaK kKaK |x — X,| <Ay,
a |y, — Y, ()| < Mh, u hn=—?—>0 npu n—> oo,

HMurerpupysa (1.25) mo x B npepesax OT Xy N0 X K Y4YHTBHIBAs, uTO
Y, (Xg) = Yo, NOAYUUM

m@=yw+ [fC ya@)at+ [nar. @20

31ecb n MOXeT NPUHHMATL M06Oe LEJOE MOJOKUTENbHOE 3HAUYEHHe, CJe-
10BaTeJbHO, NpH ueaoM m >0

Ynrm @ =Y+ [ fC yurm®)at+ [y, @t (1.28)
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Boiunras ns (1.28) nounenxo (1.27) 4 B3%B MOAY/Ib PA3HOCTH, MNOLYUHUM
X ! -

Waem@® =320 = [ 1/ Yurm @ —F ¢ y, (01 +

Xo

+ fn“m(t)dt — fnn ) at| <

< [t yaem @) —f (& g0 at +

Xa

+ [IMa®lat + [ 1n, 0] at

X:

npn x, < x < xo-+ H wnan, npuuumas Bo BHuManwve (1.26) n ycsosue
Junuvua:

arm = Ya LN [ 1950 O— 32O 1t 4 (i + 200 H.

X5
Crenosaresnyo,

max H[yn+m(x)—yn(x” <

X< x < X+

KNmax [19nim®—,(O]dt+ g+ H,
%o
OTKyIHa
(Cnim+€n) 1
ng;”é?;”i[}’“m(x)—,V,,(x)[< T—~NH <&
ans Jawboro & > 0 npu nocratouro Goasiiom n > N, (g).
Hrak,
max ;yn+m(x)_yn(x)*<8
HLE<X< o+ H

npu n > N{(€), T. e. NOC/eN0BaTebHOCTL HENpepbiBHBIX QyHKUNA Yy, (X)
PaBHOMEDHO CXOAMTCA MPH X, < X < X+ H:

Yo (%) 3 V()

rie ;(x) — HeNMpepHBHAn QYHKIMS.
HokasateabcTBo 2). [lepeftneM B ypasuennn (1.27) x npexneny
npu n— co:

X X
limy, (x)=yo+ lim [ f(x, yp(x))dx+ lim [ n,(x)dx
2=y Il—-)cx)xa n-)uoxo
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HJIn

V) =yo+ lim [0 yatyax lim [n,(x)dx. (1.29)

B cuay paBHOMepHOR cxozuMmocT# Y, (X) K }(x) ¥ paBHOMepHOH Henpe-
pusHocTH QyHkuun f(x, ¥) B D nocaenorareasHocts f(x, y,(x))=3

Zf(x y(x)).
Jle#cTBHTEABHO,

1%, y(0)— F e ya (2D <e
rae € > 0, ecan i}(x) — ¥, ()] < O(€), HO i;(x)— ¥, () < 8(e), ecnn
n>N,(d(e)) nna Bcex x u3 oTpeska x, L x < x5+ H.

Hrax, |f(x, y(0)—f(x. y,(x)| <enpn >N @) rie Ny
He 3dBHCHT OT X.
B cuny paBHOMepHOR CXOAMMOCTH NOCIENOBaTeMbHOCTH f (X, y,(x))

K f(x, ¥(x)) B (1.29) Bo3MOMKeH MepexOX K npefieiy HOL 3HAKOM HMHTe-
rpana. [lpuHrMad, KpoMe Toro, Bo BHUMaHHe, 41O [N, ()] <&, rle
€,~> 0 npu 2 —> co, okoHuaresbHo B (1.29) noayuum

V(x)=y,+ f'f (X, y(x)) dx.

Wrak, y(x) yrosreTBopser ypasHeHuio (1.24).
IHokasarteabcTBo 3). JlonycTuM CyEeCTBOBAHUE ABYX HecOBMa-
naowux peweHult y;(x) B yo(x) ypasuenus (24), ciedoBarenbHo,

max [ 91(%) — 9 (x)| # 0.

< x Lxpt

BoiunuTas nmouJeHHO M3 TOXIecTBa

=+ [ fx p(0)dx
TOXJAECTBO ”

Vo =vo+ [ f(x, () dx,

NOMy4YUM
X

Nn@—= (0= [1f (5. 31()) — f (%, ()] d.

Xo
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Caenosarenblo,

max [y () — o ()} ==
KXo K x < Kot H
X

= max | (/30— Flx pm0)dx| <
XK x L o+l .

£ max f]f(x, (X)) —f(x, yo(x))]dx.

H LKL x+H .

0

[Mosnbaysick ychosueM Jlunuiuua, OyneM uMeTb

max )=l KN _max | 1y 00—y, (0] x| <

X< £ <Xt X K XK x4 M

<N max | ¥; () — vy ()] max fdx ==
H o

n<rgan + nL<x Ly +H

=NH  max H[yl(x)-—yg(x)[.

X Lot
[MonyueHHOe HEPaBEHCTBO

max |y (%) —y (O} <NH  max H}y,(x)—yg(x‘)[ (1.30)

XX x+H b X < Xt

NPOTUBOPEUHBO, eCaH max Iy (%) — v, (x) # 0, TaK Kax 1o ycio-
Xo<x < xotH

BHIO TeOpeMbl H<-1—, a u3 (1.30) caenyer, uto NH = 1.
N

IIpoTHBOpeune cHUMaeTca JHUIL TNpH

max |y, (x) — ys(0) =0,

Xo L XL X+ H

T. €. ecld Y (x)=y,(x) npu X, L x L xy + H.

3ameuanue 1, CywecrBopanue peweHus ypasuenus (1.22) MOHO
Gbi0 6Bl N0KA3aTh HHLIM METONOM JMUUIbL B MPEANOJOMEHHH HCIPEpLIB-
noctu dysxuuu f(x, y) (6e3 ycaosus Jhinwnua), oaHako oano# wenpe-
PHBHOCTH OyHKUMM f (X, Y) HENLOCTATOYHO [AJs NOKa3aTeAbCTBA elHH-
CTBEHHOCTH pellleHHt .

3ameuaHnne 2. CyulecTBOBAHNE U eNMHCTBEHHOCTL Pellehus y==y (x)
AOKa3aHbl Auwb Ha otpeske X, — M  x < xy-+ H, oldHako, B3AB TOUKY
(6o+ H, y(x,+ H)) 3a HauanbHylo, MOWHO, MOBTOPHB DacCCywieHue,
NPONO/KUTE pellleHHe elle Ha OTDPe3oK AauHbl [, ecau, KOHeuHO,
B OKPeCTHOCTH HOBOH HauyalbHOH TOUKH BBIHIOJHEHB YCAOBUS TeOpeMb!
CyLIeCTBOBAHHUA X EAMHCTBEeHHOCTHM pellexrs. [Ipomoskas 3TOT npolecc
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B HEKOTOPbIX CJAyuasX, MOXHO [DPOLOJKHTL DelleHue Ha BCIO MOJAYyOCh
X 2> X, MAM 1aXe Ha BCIO OCb — CO < X < CO, €CJAH NPOLOMKHUTL pellle-
HMS M B CTOPOHY MeHbIIMX 3HaueHuit x. OAHaKO BOSMOXHH H IpPyrue
cayuad, Jawe ecan o¢yskuns f(x. y) onpedefena aaa J0OBX 3Haue-
HIR X 4 y.

Bo3sMoxHO, uYTO uHTErpa/dbiias KPHBag CTAHOBUTCH HEMPO.10/KACMON
Bi11dy NpubmpKkeHus K TOYKe, B KOTOPOH wHapyuieHbl YCJAOBUS TEOpeMbl

Yy
'}
_—‘-“" .,
0] 0 110 = 0 z
Puc. [.16. Puc. 1.17.

CYHIECTBOBANHA ¥ E€NMHCTBEHHOCTH pellends HJAM HHTErpajbHas KpuBas
NpuUOAHIKAETCA K aCHMNTOTe, Napasaenbiioft ocu Oy.

DTH BO3MOMHOCTH MJTIOCTPUPYIOTCH CACAYIOIMMH NPHMEPAMH:

1) —%% = ——%, y (0) = 1. Paagensis nepemeHubie U HHTEPHPYS, NMONYYaeM

xdyt=ct, y==x)Z—x c=1 y=FI—x

Pemenne HempoxoaxaemMo 3a npefeasl uHTepBana — | < x < . B rpaHuuHbIx
d X
troukax (—1, 0) u (1, 0) npaBas yacTb ypaBHEHHS d—i = — = paapbiBHa. YcCJI0-

BHSl TEOPDEMH CYIIECTBOBAHHS pelleHus HapyumeHs (puc. 1.16).
2) Z—i:yz. y (1) = 1. Pasneans nmepemeHuble n HHTETPHPYS, MOJAYYHM

1 1
y=—m—¢ ‘=r Vs

M MHTErpaJbHasd KPHBa® MPOXOMKAEMA JHINb KO aCHMITOTH X =2 (— oo < X < 2)
(puc. 1.17).

B nacrosiiee BpeMst Teopembl CyLIeCTBOBAHMA W eIMHCTBEHHOCTH pellie-
HA He TOABKO IHpPepeHUManblibiX ypaBHeHUH, HO M ypaBHEeHHM KHBIX
THAMOB O4YeHb YacTO  IOKA3HBAlOT METONOM  HeNOIBHXHHIX TOUYEK.
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Ilpocrefted TeopeMo#t O HEMOABMKHEIX TOYKAX ABAASTCS NPMHUHMN CXKa-
THX OTOOpaxeHHH. ;

Npungun cucamesx omobpawceul, Ecau 8 mempuneckom *)
noAnoM **) npocmpancmse M zadan onepamop A, ydosaemso-
PRIOWUL YCA08UAM:

1) onepamop A nepesodum mouxu npocmpancmsa M 8 mouxu
mozo e npocmpancmsa: ecau ycM, mo A{yleM;

2) onepamop A cGaurxcaem mouku, mounee,

p(Alyl. Alz])<Lop(y. 2),

2de y u z-— an6ole mouxi npocmpancmea M, o < 1 u ne 3asucum
om sulopa vy u z, p(y, Z) — paccmoAnue Mexoy MO4KAMU Y U Z
8 npocmparncmee M, mo cyuwecmsyem eOUHCMBEHHAS HenooBUNC-
nan mouxa y npocmpancmea M, Alyl==y. 4 sma nowra moocem
Obimp Halilena memooom nocAed0o8amesbHbix npubaudicenul, m. e.
y=Ilimy, 2de y,=A[y,_{] (n=1, 2, ...), npunes mouxa y,
n=>»u
subupaenca 8 npocmpancmse M npou3sossho.
HokasaTeasctso. JloxaxeMm, yTo MOC/]eR0BATENbHOCTD

Yoo Yo You vver Yoo ve

bynnamentaibHa. OueHHM pacCToAHMe MewAy COCELHHMH uJeHAMH ITOM
TI0C/IE10BATENLHOCTH!

oy y)=p Ay Aly])<Lap (¥ Yo)
P (¥a Y =0 Al Aly]) <oy y) < a%(y, Yo

o 2 e e . e .

P(Yns1 yn) =p(A D’n]’

- - Y Y - Y - - - . 'l‘ ‘I
Aly,a) < (1-31)

L Wa Ya-1) <Y1 Yoh

s e & e e e s o s s s e = LR S « s s a4 s . .

*) TlpocTpancTBO M Ha3bIBAETCH Mempu4ecKuM, ecid B HEM olpelefeHa
byuxuns p (y, 2) nap TOueK 3TOrO NMPOCTPAHCTBA, yJAOBAETBOPAIOIIAS AAA JIOOBIX
TOYEK ¥ K Z PACCMATPHBAEMOrO NPOCTPAHCTBA YCAOBURAM:

1) p(y, 2) >0, mpuwem p(y, ) =0 u ua p(y, 2) =0 creayer y=2;

2) p(y. 2)=p(z y)

3) p(y, 2) < p(y, u)-+p (v, 2) (MpaBHAO TPEYroAbHHKA).
PyuKkUus ¢ HAa3WBaGTCA PACCMOSHUEM B NpocTpaHcTBe M

**) Merpuueckoe NpOCTPaHCTBO M HA3nBALTCH NOAMBIM, €Can KaMAad (yH-
JaMeNTalbHasi NOCJEZOBATEAbHOCTb TOYEK [POCTPAaHCTBA M CXOZHTCA B 3TOM
npoctpancrse. HaoomuuM, 49TO 10CASAOBAaTeABHOCTH ¥, Y2, .... Yp. ... Ha3H-
BaeTcA QyHAAMEHTANAbHOH, €CAH AAs K2XAOr0 € > 0 MOXHO NoAO6paTh UKcAO N (g)
TaKoe, 4T0 NpH 2 > N (€) paccTosuue p (Y, Yp+m) < € NpH J060M Heaom m > 0.
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[Tpumensa Temepb m — 1 pa3 mnpaBHJAO TPeyroJbHUKA M HCMOJb3YH
wepasencTsa (1.31), noayunm
PWn Yoim) SPWn Yar) TPWnsr Yard) + - .
vor FOWnimer Yam <[P0 4 Lo ot p(y), yo) =

a? — ghitm

I3
="T1_u p (Y1 )’o)<1—i—ap(y1, ) <e

npd 10CTatoyHo OGoaviwoM n. CaeloBaTenbHO, MOCAENO0BATENBHOCTb Vg,
Yo Yor «v s Ypo oo+ (PYHIaMeHTANbHA M, B CHIY TMOJHOTH NPOCTPAH-
ctBa M, CXOIMTCH K HEKOTODOMY 3J]eMeHTy TOrO Ke [IPOCTpPaHCTBa:

lim yn=§, yo M.
n=y.x _

ﬂ.oxa)i(eM Tenepb, YTO y ABAAETCS HeMOIBHKHOR ToukoH. Ilyctb
Aly] =y. llpuMensis 1Ba pasa NpPaBHJIO TPEyroJbHUKE, NMOAYUHM

P M <KOG Y+ 0Wn Yai)+0Wainr Y-

HOan moboro € > 0 Moxwuo BuGpats N (e) Takoe, 4ro npu n > N (g)

Do yo< g, tak kak y= lim y,;

n—=roco

2) p (¥, yn+1)<%, TaK KaK [0c/aef0BaTeqbHOCT Y, QyHIaAMeH-
TaJbHa;

3) P (Was1 M=0 A1yl AYD <00 (v, V)< 5. omeyaap(y, y) <e,
rIe € MOXHO BblGparb CKOJAb yroaHo MaabiM. CienoBare.1bHo,

oM. N=0 u y=y, Alyl=y.

Ocraercs 10OKasaTb, 4YTo HEenoABHXKHAA ToukKa 'y €IHHCTBEHHA.
Ecaun (33 CyliecTBoBaja ele 0o4Ha HEMOIABHKHAY TOYKa 2, TO

p(A [}1, A[E]):p(}, z), uto NPOTUBOPEYHT YCAOBHIO 2) TeopeMhl.
[IpuMeHuM OpPHHUIMN CKaTHX OTOOpaxendH K [AOKA3aTe/JbCTBY TeO-
PeMbl CYLIECTBOBAHHMS M CAMHCTBEHHOCTH peuwienns Yy (x) (x,— kg <

L x L xy+ hy) nubpeperHlHanLHOro ypaBHeHHS 71% = f (x, y), yKo-
BJETBOPSIOLLETrO YCa0BHIO Y (Xg) == ¥g, B IPEANOJONKEHHH, 4TO B obaacty D
Xo—aLxLx+a y—bLyLy+0

byHKuMs f HempepbiBHA M, CJAefOBaTenbHO, orpaHuuexa |f| < M u yno-
BJeTBOPAET ycaoBHI0 Jluniruua

lf (o ) —Ffx D <NJy—z[.

Hucno hy < min (a, %) # OyzeT Tounee BhriOpaHO HHXKe.

‘4 J1. 3. dascroasy s
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PaccMOTpPUM NOJMHOe MeTpuueckoe npoctpanctso C, TOUYKAMKH KOTO-
poro saBAsIOTCA BCEBO3MOKHDBIE HeNpepbiBHbe MYHKUHH Y (X), ONpegene-
Hple Ha orpe3ke x,— Ry L X L xq+ A, TpaduKH KOTODLIX Jexar
B o6aacTd D, a paccTosHMe OMpPeRensieTCss PaBeHCTBOM

0(9, 2)=max [y —z|,
rle MakcHMyM Gepercs MPH X, U3MEHSAIOUIEMCS HA OTpe3ke
Xo—hy < X < X9+ by,

3T0 NpOCTPAHCTBO YaCTO PAaCcCMATPUBAETCH B Pal3aMUHBIX BONPOCAX Marte-
MAaTHUYECKOTO aHaW3a M HOCUT HA3BAHHE M POCHMIPDAHCNIBA PABHOMEPHOL
cxo0umocmy, TaK KaK CXONMMOCTb B CMbiC/E METPHKM 3TOTO MPOCTPaH-
CTBa 03HAY3ET PABHOMEPHYIO CXOAMMOCTB.
d
3amenuM auddepenuuasstoe ypasHeHdue d—i’_::f(x, ¥) € HauyajbHLIM

yCa0BHEM y(xo‘)=y0 3KBUBAJ/JIEHTHBIM HHTErpadbHelM ypdBHEHUEM

y=y0+ff(x, vdx. (1.24)
X5
PaccmorpuMm oneparop

Alyl =y, +ff(x. y(x))dx,

cTaBsuMit B COOTBETCTBHE KaMIOH HenpephiBHOW ¢yHruuu y(x), 3anaH-
Ho# Ha orpeske x,—hy <L x L Xg+ Ay, u He BbiXoaAuweHl wu3 obna-
cti D, denpepoisuylo dyHkuMiO A [y], onpeneseHHyi0 Ha TOM XKe OT-
peake, rpaduk KOTOpoH Takke He BHIXOIMT u3 obnactu D, Tak Kak

X
ff(x, v dx| < Mhy < b. Oneparop Al[y], cienoBarenbHo, yA0BAETBO-
Xo
pAeT YCJAOBHIO 1) MPUMHLUMNA CXKATHX OTOOpaxeHu#.
Ypapuenue (1.24) npu sTOoM 3anuwerca B suie y= A[y], u caeno-
BaTeJbHO, IJ51 NOKa3aTeAbCTBA TEOPEMH! CYLIECTBOBAHMA H  €IMHCTBEH-
HOCTH OCTaeTcq NOKA34Th CyliecTBOBaHHe B mnpoctpauctse C eaHHCTBEH-

HO# HeNMOABMKHOW TOukM y(x) onepatopa A, TaKk Kak B 3TOM cJ/yuae
y=A[y] u ypaBreuue (1.24) ynosnerBopsercs.

Jns nokasatenbcTBa TeOpeMbl OCTaeTC MPOBEPUTb, YAOBJIETBOPRET JH
onepatop A yca0BHIO 2) MPUHUMIA CXAThIX OTOOpasenutt:

(A Al2) Laply, 2), a< L,

rae
4 | !
p(Aly) Alzh)=max| | [f(x. y)—f(x 2)]dx|.

o
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lMosw3yscek uepapeHcTsoM JlUnmuna, 10.ayunm

o(Alyl Alz) K Nmax| [ jy—z]dx| <

Xy

L Nmax |y — 2z} max fdx = Nhymax |y — z| = Nh,o(y, 2).

Yo

Bui6upaa %, Tak, 4tobnl Nh, <o < !, moayuum, uro omeparop A yno-
BAETBOPAET YCAOBHIO

p(Alyl. Alz]) L ap(y, 2), o < L.

Mrax, coraacno npuHUMNY CXKAThIX OTOOpAXEHHH CyllecTByeT eAuH-
CTBEian HenoasHkuas Touxa y (x) oneparopa A, MM, YTO TO Ke camoe,
eIMHCTBEHHOE (elIpepLiBHOE pelleHue ypastenus (1.24), M oHO MOxer
6T HAUACHO METOAOM TOCJEA0BATE]bHLIX NPUOIHNKEHUH.

CoBeplIeHHO aHAJOTHYHO MOXHO 10Ka3aTbh TeoPeMy CYLIECTBOBAHHUS
H eINUHCTBEeHHOCTH pewenua y;(x), yo(X), ..., y,(x) LI cHCTeMbl
ypasreHuft

ay

S

dx

=ik P Yor vees o) Vi(xg) =y, (U=1,2,..., 1) (1.32)

H.TH

X
yl:ym—i—ff(x, Yo Yo oown M)dx (=1, 2, ..., n) (1.83)

X

B NpearojoxedHuu, uro B obaactn [, onpeaeaseMO#t nepaseHCTBaMH

Yo —aLx <Kt a Yo—b <y yt+b G=1 2, ... n),
npaBble 4acTH ypaBHeHn# (1.32) yLOBJAETBOPAIOT YCJAOBHAM:

1) Bce dyuxuun f;(x, Y1, Yoo ...» ¥o) (=1, 2, ..., n) nenpe-
PHBHbL, @ CJeA0BaTeNbHO, W orpaHuueHut, |f;| K M;

2) sce dynkuun  f, (i==1, 2, ..., n) yAOBAETBOPAOT YC/IOBHIO
Jlunwuua:

n
[fi(x, Y1 You oevs Y)— Fi(X, 210 290 o ey 2,)] <N[2_I|)’z-‘zzl'

Touxkoft npocrpanctsa C Oyner Temepb CHCTeMa 7 HENPEPHIBHBIX
dyukuutt (¥4, Yo +..s Y,» T. €. n-MepHan BekTOp-hyHKiHa Y (X)
C KOOpIMHATAMH Y (X), Yo(X), ..., y,{(X), onpeleneHHds HA OTpPe3Ke

X, —hy L x L Xy hy Tae hogmm(a, b—A,‘f fw—”) 1 OyleT TOUHee

4*
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V4

Buibpano Hume. Paccrosnue B npocrpaHctse € onpele/sercd paBeH-

CTBOM
n

p(Y(x), Z(x))= _El‘max lv; ~ 2],
i=
THE Zy, Z3, ++ss Z,;— KOODAMHATH BeKTOP-yHKUHH Z (x).
HeTtpyzHo npoBepuTh, YTO NpH TaKOM ONpenefeHHH PAcCTOAHHA MHO-
xectB0 C n-MepHuX BekTOp-Qyuxuuit V (x) npeBpauaercs B noJHOE
meTpuueckoe npocrpanctso. Onepatop A onpeneisercs paBeHCTBOM

x
AlY]= ylo_{"ff](x’ Yo Yo ooes ¥ dX,
Xo

X X \
Yoo + fJf? (x’ Yo Yor e -\’n)dx’ R y/zl)_+_ ffu (x‘ N Yoo oves ,\’n) dx} ’
Xs Lo

T. €. NpH fedcTeuM onepartopa A Ha TOUKY (¥;, Yoo +» ., V,) NOJyuaeM
TOUKY TOro ke mnpocTpadcTBa C ¢ KOOpPLHHATAMH, PaBHBIMM NpaBLHIM
vactaM cucrembl (1.33).

Touka A [V] npusannexur npoctpanctsy C, Tak Kak BCe ee KOOp-
IOUHATH ABJSIOTCA HEMpephiBHHMH QYHKIMAMH, He BBIXOAALIMMH U3 o6na-
ctu D, ecau xoopauuatel Bekrtop-dhyukuus ¥ He Buixoauau uz obaactu D.

Ile#cTBUTENBHO,

X X
[ e yiyo oy ax < M| [dx| < Mig by
X-

X

B caenoBarensho, |y; — vl < by
OcTaercs TPOBEPHTb BHIMOAHEHHE YCAOBMS 2) NPUHUMNA CHKATBIX
orobpaxennit:

p(AlY], AlZ)=

n X
=2max f[fi(x’ Yo Yoo eeen Y)—fi(x, 2 290 v ens zn)]dxl~<

i=1 Xo

n X
SZmaX flfi(x’ Yoo Yoroees Y)—fi(X, 21 290 -0 z,,)[dx‘<
i=1 X

S f o] <
1=1 £ I=1

fxdxl =Nnhp (Y, Z).

o

n n
<N2max]yl—zi] Emax
(=] i=1
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N w
CrenoBatenbHO, ecau Bubpath fy < aN ke O<a<Llt, nmu
NnhyLa <1, T0 yciopue 2) NpHHUKNA CXATHX OTOOpameHuft Gyner
y10BJETBOPEHO M OyAeT CYyWecTBOBAaTh eJWHCTBEHHAX HeNoLBsMKHas
TouKa Y, NpU4eM ee MOMKHO HAKTH METOJOM NOCJeNOBATeJbHHIX npubJu-

xenu#t, Ho yciaosue ¥V =A(Y) no onpeneneuuo onepatopa A 3Ksu-
BAJEHTHO TOMJECTBAM

X
Vi=yo+ [ Fite Ve Ve Yde G=1,2..., n),
X

rie }i(l:: 1, 2, ..., n) —xoopanHaTe BekTOp-GyHKLMKH Y, TO ecTh V
aBJgeTCcsd eAWHCTBEHHBIM pellicHMeM cucTeMbl (1.33).

NMpuvep 1. Halith Heckoabko mnocCaeOBaTENbHLIX NPHOAMKEHIH y,. y,,
Y3 K PCUIEHU0 YPABHEHUS
d
a—f;=x2+.v’; y®=0 —Ig<x<g<l —lgygt

X
y= / (x* 4 y?) dx, hy=min (l, %) =
0

[Moaaras y, (x) =0, noayyum

X X

x3 x5 x3 X7

—_ 2 —_— —_ 2 P = —_

y,—‘/’xdx.. - yg_f (x + g)dx %
i) 0

X
R P E N 02 DR U (O A
"3—/ [x +(3 +63) ]d"— stell T )
0
Npumep 2. pu kakHx orpapHueHUsiX JHHeHHOE ypaBHEHHE

2 pwy=r®

YIOBAETBOPACT YCJAOBHAM TE€OPEMbBI CYIIECTBOBAHHA M €IMHCTBEHHOCTH.

Ins BHIMOJHCHHA NEPBOTO YCAOBUS TEOPEMBl AOCTATOUHO, HTOGBI HA pPaccMas
TPUBAaEMOM OTPE3KE H3IMEHEHHR X, &; < X < 4y, PyHkUHM p(x) u f(x) Oblau 66
HempephiBHbL. [lpu 3ToM Oyder BHINOJHEHO H BTOPOE YCAOBHE TEOPeMHbl Cylue-
CTBOBAHHS M €IMACTBEHHOCTH. TaK Kak YaCTHas NPOM3BONHASA MO y OT MpaBo#
4acTH ypaBHEHHR Z—i=-—p(x)y+f(x) paBHa — p(x) i BCieACTBHE Herpe-
PHIBHOCTH (PyHKIMH p (X) Ha OTpeske a; < X < @, OTPaHHYEHA [0 MOAYMO (CM.
crp. 42). Hrak, ecan p(x) u f(x) HempepbiBHE Ha OTpe3Ke a, < X < 4z TO
uepe3 Kawaylo TOUKY (Xo Yo). i€ @y < Xo < @3 3 Y, 3313€TCst NPOU3BOABHO,
NPOXOANT EAMHCTBEHHARA MHTerpajbHas KPHBAs pArCMaTPHBAEMOrO AMHEHHOrO~
YP3BHEHHS.
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Teopema 1.2 (0 HenpepoviBHOIL 3a8UCUMOCIIU PelwLeHus om na-
pamempa u om HauasbHeix 3iuauenuit), Ecau npasas wacme
oupghepeHuaibH020 YPABHERUS

' Y —fx o (1.34)

Henpepsigna no W apu P, <L WUy 4 y008aemMEOPALM  YCAOBUAM
Mmeopems. CYVULLCMBOBAHUA U COUNCMBEHHOCMU, RPpUYEM NOCMOAHHAA
Junwawa N He 3asucum om WU, mo peuenue y(x, W) paccsampu-
6GeM020 YPABHEHUA, YOO08AEMBOpALUEe YCA08UIO Y (Xy) ==Y, He-
npepuiBHO 3asucum om .

Crpoum Jomanvie OHaepa y, =y, (x, W), 9BJAIOLIHECT HenpepbiB-
HBIMH QYHKLUHIMY U, U, TOBTOPSA paccykiens Ha cTp. 40—45, noayuns,
YTO MOCAENOBATEALHOCTL Y, (X, W) CXOAMTCA paBIOMEPHO 1€ TOJbKO
no x, HO H MO W npu Xg << X L xy+ H, py <Yy, rak kak N u H

HE 3aBUCAT or W, ecst H < min (a, 7% Ti/—) Jtne M > | f(x, y, wy.

CaenoparelbHo, pellleHHe y = y(x, [) YpaBHEHHs

y=yo+ [ flx. y. max, (1.35)

gBJsioleecss TPeleJOM MOCJAeN0BATeJbHOCTH Y, (¥, ), HEMpephBHO He
TOJILKO TIO X, HO Y MO W.

Sameuande. Eciau npuMenuts K ypaseeuuio (1.35) merton nocae-
JIOBATeJbHBIX TPUOMKEHHH, TO MNOC/eNOBaTe/NbHble TDHOJMKEHHST § =
=y, (x, L), aBIAOLHCCA HerpepbBHLIMY GYHKUMAMH X M [I, DPaBHO-
MepHO CXOmaTcst K peweHuio v (x, p) ypaeueHus (1.35) (rak kak a==
== Nh < | He 3asncur or Ww). CrenoparenbHo, W THM METOIOM MOXKHO
JIOKa3aTb HeNPepbIBHYI0 3aBHCHMOCTb pPELIEHHs OT X H L.

O4eBUIIHO, UTO JN0OKAa3aTeJbCTBO HHCKOJALKO HE H3MEHHUTCS, €ecJu
npaeas u4actb ypaBHeuus (1.34) sBiasercs HenpephlBHOM (yrKLHeR He-
CKOJIbKHX MapaMeTpoB B MNpPeANOJOXKEHHH, KOHEYHO, 4YTO MOCTOsHHASA
Jlunwuua N OT HHX He 3aBUCHT.

TeM 3Ke METOLOM 0NPH dHANOTHYHBIX YCJAOBHAX MOXHO Obljio Ol
N0Kajath HeNpephlBHYI0 3dBUCHMOCTb DelleHus y (X, Xg ¥o) YPaBHEeHHs

d .
—l% = f(x, y) OT HauaJbHBIX 3HaueHH# X, U y;, NPH STOM NMPHWIOCH Obl

JHWb  HECKOJbLKO YMEHBIIMTh A, TaKk Kak B NMPOTUBHOM Cayuae pelie-
HHs, ONpefensieMble HAYaJbHBIMH 3HAuYEHHAMH, OJHBKMMH K X, Yo,
Morau Ovt BhitTH u3 o6aacTd D yxe NpM 3HAUEHHAX X, JeKAWHUX HA
uHrepsane xg — hy < x < x5 4 f1,. ‘
OnHako ewe npolue 3aMeHOH NMepeMeHHHIX CBECTH BONPOC O 3aBH-
CHMOCTH DelleHHsl OT HAaua/bHbLIX 3HAYEHMH K yXe PacCMOTPEHHOMY Bhillle
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CAy4ar 3aBHCHMOCTH pelleHHf OT NapaMeTpoB, COJEPKAMXCA B Npasoft
vacTh ypasnewus (1.34). HeftcTBuTesHO, Noaras 2 ==y (X, Xy Yo) — Yo
d
t == x — x,, npeobpasyeM ypaBHeHue d—i’:f(x, y) ¢ HauaAbHBIM YC/I0-
dz
BUEM Y (X)) ==Y, B _dt—=f(t+x0’ z-+yy), 2(0)=0, x xoropomy
yHe MONHO TNPMMEHUTL TEOpEMY O HeNpepLIBHON 3aBUCHMOCTH pelleHus

OT TNapaMeTpoB X, H Y

ecad byuxuns f nenpepsiBHa

H yIOBIETBODSeT YCJAOBHIO P

Jlpnuuua. Mty I e
AHanoruunble TeOpeMbl

TEMM e METOAaMH MOTyT

ObITb  1OKA3aHbl 1A CHCTEM  ___ 4

ypasHeHu. 7 1Ly~ Zp)e O1E ) ¢
3aMeruM, 4TO HenpepbiB- NN

Has  3aBUCUMOCTh  pellelHs

y(x, X5 Yo XL x LD Puc. 1.18.

(man & < x < x;), OT Havadb-

HBIX 3HAYEHUR X, U ¥, Q3HayaeT, uTo aas Jwboro &> 0 MOMiO nOAO-

6patb O(e, b) > 0 1aKoe, YTO M3 HEPABEHCTB

[xXo—Xo| <O(e. 8) 1 |yy— ] <B(e. b

c1enyeT HepaBeHCTBO

¥

,1//;’7,5/0/———‘___,/

[y (x, x5 yo) — ¥(x. '_\'o» go)j <e (1.36)

nph x5 < x b (puc. 1.18).

C BospactanueM b umcao O(e, b), Boobuie rosops, yMeHbIAeTCAd M
npu b—> 00 MOXET CTpeMHTbCA K Hyaio. IlosroMy nanexo He Bceraa
ynaerca nono6pars Takoe uncao 6 () > 0, npu koToposm HepaseHcTso (1.36)
yIOOBJAETBOPANOC, Obl AAA BCeX X > x;, T. €. He BCerja pelleHHs, 6.1i13-
KME MO HAuYa/AbHbIM 3HAYEHMAM, OCTalOTC OJMBKHMH NDH CKOJb YrOAHO
60/bLIMX 3HAYEHHAX APTyMeHTa.

PeleHue, KOTOPO® Malo HM3MEHSETCA NpPH NPOM3BOJLHOM, HO IOCTa-
TOYHO Ma/JOM H3MEHEHMH HAYaAbHbIX 3HAYeHMM AAS CKOJb YromHO §0.b-
IIMX 3HaueHuft aprymenTa, HaseiBaerca ycToflunsbiM. llonpobhee 006
YCTOHUHBBIX peUIeHUAX cM. I, 4.

Teopema 1.3 (06 aHaALMUMECKOE 3ABUCUMOCIIL PLUIEHUS OM
napamempa, meopema Hyanxape). Pewenue x(f, L) Ougpgeper-
Jyuasvnozo ypasuenuss x = f (¢, x, p), ylosremsopawuee yca08ui0
X (ty) = X QGHAQAUMUYECKU 3asucum om napamempa L 8 OKpecm-
HOcmu 3Hadenus ==\, eciu @Gynkyua [ 8 3adannol o6racmu
usMeHenuA t U X U 8 HEKOMOPOL OKpecmuHocmu mowxy N, Henpe-
pesHa no t u anaAumuiecKu 3asucum om p u X.
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Adajoryutoe yTBEPXKJeHME COPABEAJIHBO 4 L/ CUCTEMb ypaBHeHuH
x,O=Ff;{t x5 Xg oo, X W (=1, 2, ..., n)

NpuYeM B STOM cJyyae MPENNONaraeTcs, 4To dYHKUMA f, HenpepHBHH
N0 INepBOMYy apryMeHTy M aHaJMTHUeCKH 3aBUCAT OT BCeX OCTaJbHbIX
apryMeHTOB.

[Toapo6BHoe NOKa3aTeNLCTBO 3TOH TeopeMbl, KaK M APyTHX TeopeM,
TpeSyIOIMX NpHMEHEHNA TeODHH aHAJIHUTHYeCKHX GYHKUHUR, Mbl He npu-
BOIHMM, OTCHIaa uHTateas x cratbe A. H. Tuxouosa [4], rae nano
HauGonee NpPOCTOe [OKAa3aTelbCTBO Teopembl 00 aHANHTHUYECKOM 3aBH-
CHMOCTH DellleHHs OT napamerpa.

Wpes nokasateabctBa A. H. Tuxonosa csommtca k caedylomemy: cuutas,
YTO W MOXET NPUHHMATh H KOMIUIEKCHHIE 3HAYEHWA, NOKA3bIBACTCHA CYLUECTBOBA-
LAt ox
Hue npegena lim ——————=——, 4TO W O3HAYAET AHAAMTHYECKYIO 3aBHCH-

Ap->0 Au ou
MOCTh pellenust OT . CymecTsoBaHHe 3TOMO Mpejesa CJASAYET H3 TOro, 4T

OTHOLIEHHE _Auf;._ yaoBiaeTBopsier aHHeHHOMY aubdepeHIalbHOMY yPaBHE HHIO

¥

d dpx  fUx( pAAp), p+ A —f{6 X (5 p), BB AX (2 W) N

A
di ap Bx (1) A
S x@ p)p+o)— 1 <@ p)hw Aux _
AR ' A =g,

pelesie KOTOPOro elMHCTBEHHO H NpH CTPeMJACHWH MpHpamieHHs AW 10 Mobomy
3aKOKY K HYJI0 CTPEMHTCH K eAMHCTBEHHOMY DeLICHHI0 ypaBHEHHs

dz __ of of _
T =Tk F TG F=0

Teopema 1.4 (0 OJudfeperyupyemocmu peuwenul)., Ecay
8 OKpecmHocmu moHKu (xg. Yo dyaryus f(x, y) umeem nHenpe-
phigubie npou3sodnsie 00 R-20 nOpPAOKG SHAOYUMEADHO, MO pelie-
Hue y(X) ypasHerus

ay
=Sy (1.37)

V008.2eMe0 PAIOMELE HAYAABHOMY YCAOBUI Y (X)) ==Y, 8 HEKOmMOpPOL
oKpecmuocmy MOYKU (X, Y,) umeem HenpepusHvie npou3800Hbe
00 (R~ 1)-20 nopadxka sxao4umenvuo.

Hoxasateabctso. [lloacrasass y(x) B ypasuenue (1.37), no-

Jdy4yaeM TOXIECTBO

L=fx yen, (1.37,)

¥ ClefOBaTeJbHO, pelieHHe Y (x) MMEET B HeKOTOPOH OKPeCTHOCTH
paccMaTpuBaeMolt  TOUKM  HeNpepHBHYH NpouM3BOAHYw  f (X, y(x)).
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«

Toraa, ® CHAY CYLIECTBOBAHHA HEMPEPLIBRbIX MPOM3BOAHBIX YHKUHU f,
6yneT CyueCTBOBAThb HeﬂpepblBHaﬂ aropau npouaaonﬂaﬂ peleHus

day of dy

=L+ L =L+ Ly
Ecim &> 1, TO, B CUAY CYleCTBOBaHHs HEMNPEPHLIBHHIX TMDOHIBOAHBIX
BTOpOro nopsaaka GyHkuuu f, MOxHO, AnddepeHuMpys elle pas TOX-
gectso (1.37,), OGHapy¥uTb CylEeCTBOBAHHE W HEMPEPHIBHOCTL TPeTbel
NPOM3BOAHOA pellieHus

d“’y__dzf of (of , of
daxt T ox? xdyf+ +W(W+Wf)

[MoBTopAs 3TO paccykieHne £ pa3, AOKaXeM yTBepXIEHUE TeOpeMHl,
PaccmoTpum Teneps TOUKH (X, Vo), B OKPECTHOCTH KOTOpHIX pelle-

dy
HUS yDABHEHHR —= == f(x. ¥), yA0BIETBOPAIOWIETO YCAOBHIO ¥ (Xo) == ¥,

fe CyUleCTBYeT AW pelueHHe CyLUecTByeT, HO He eIHHCTBeHHO. Takue
TOYKH HA3LIBAIOTCA 0COObBIMU MOUKAMYU.

Kpuras, cocToswas cmiomb 43 OCOOLIX TOYeK, HasbiBaercs 0co0od.
Ecau rpadHK HEKOTOpOro pellleHHMs CNJOIIb COCTOMT H3 OCOOHIX TOdYek,
TO petuerue HA3BIBAETCA 0COGBLM.

HOns HaxomaeHHs OCOOLIX TOWYEK MM OCOOBIX KPHBBIX HANO npexne
BCEr0 HAUTH MHOXKECTBO TOUEK, B KOTOPHIX HAPYLIEHH YCJOBHst TEOPeMbl
O CYWeCTBOBAHHH M €AMHCTBEHHOCTM peLIeHHS, TaK KaxK TOJAbKO Cpeld
TaKWX TOYEK MOryT OblTb ocoOble. KoHewHo, He kaxaas TOuka, B KOTO-
poH HAapyUIeHH YCJIOBHA TEOpeMbl O CYUIECTBOBAHMH M €IMHCTBEHHOCTH
peuieyus, obs3aTenbHO ABJAfeTcs OCOOOM, Tak Kak YC/J0BUSA 3TOH Teo-
peMbl DOCTATOYHBI AJS CYUIeCTROBAlNA U €AHHCTBEHHOCTH peLIeHHs, HO
OHH He ABAJIOTCA 1eOOXOANMBIMH.

[TepBoe ycnoBHe TeOopeMbl CYLIECTBOBAHHMA W €IMHCTBEHHOCTH pellie-
nug (cM. crp. 40) Hapywaetca B TOWUKAx paspuiBa Gyukuun f(x. y),
npuueM ecaM npH npHOIHKEHHH MO MIOOOMY NYTH K HEKOTOpOH H30.H-
pOBaHHON TOuke paspuiBa (Xg ¥;) Gyskuus f (x, y) HeorpaHnyeHHo
BO3pacTaeT [0 MOZLYMO, TO B TeX 3a1auax, B KOTOPhIX IePeMeHHble X U Y

: d
paBHOINDPABHH, KaK Mbl YCJOBHAMCL Bbillle, ypaBHeHHe E{-:f(x, V)

1

=Ty
npaBas uy4acTb yKe HenpepulBHA B TOUKE (X5 Yo)» €CAM  CUHTATH

— =0,
(x5, yo)

CrlenoBateabHo, B 3aa4ax, B KOTODHIX NepeMeHHble X W y PaBHO-
ﬂpaBHbl nepsoe ycJjioBue TEOPEMH CywieCTBOBAHHA U eﬂ.ﬂHCTBeHHOCT"
I

F& Ty

JOMKHO ObiTb 3aMeHEHO ypaBHeHHeM LIS KOTOpOro

HApYIIaeTCd B TeX TOYKAX, B KOTOPHIX M yHKUMA f(x, y) U
PaspbiBHBL.
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Ocofelto 4acto npuxoamca paccMaTpuBath YpaBHEHUs BUIA

dy Mx, y)

dx T Ny’ (1.38)

rae ¢yuxuuu M(x, ¥) 1 N(x, y) HenpepbiBubl. B 9TOM cayuae ¢yHK-
M(x, y) i N(x. y)
N(x. y) M(x. y)

LHH Gyﬂy’[‘ ONHOBPEMEHHO pa3pbiBHBLI JHUIb B TeX

“h

/2.
s

Puc. 1.19. Puc. 1.20.

TOYKAX (Xg, Yo)» B KoTOpHX M (%, yo) =N (x5 ¥, =0 u He cyue-
CTBYET HpeNe/IoB

lim M(x. y)
x->x N(x,
53y Nixy
%
lim N(x )
x>0 M(x, ¢
s Mixy)
PaccMoTpuM HeCKOJMBKO THIHYHBIX OCOOBIX Touek ypaBHeHus (1.38).
flpumep 3
4y _ 2y
dx ~ x '
dx x
[MpaBbpe dYacTH JAHHOTO YpPABHEHHA H YpaBHEHHH Ty =% Pa3pbiBHH
B Touke x =10, y=0. l/lnrer%upyﬂ ypaBHEHHE, MOJyYHM Y = X% — CeMeHCcTBO
napa6oa (puc. 1. 19) Hx=0 HayajJe KOODAMHAT ~— 0co6as Touka, HasblBaemas
y3auu.
NNpumep 4

ay _
dx

e



§ 6] TEOPEMB! CYILUECTBOBAHHUSI U EAHHCTBEHHOCTHU 59

X

dx
[paBpie HacTH HAHHOTO YPAaBHEHHS H YpaBHEHHA —— == y Pa3pbiBHbL

dy
¢ o
B Touke x ==0, y=0. Vuterpupys ypaBHeHue, noayuyaem y == + " cemelicTso

runepboa (puc. 1.20) u npamyw x=0. B navase xoopunnHaTt — ocobas Touka,
HasniBaeMas Ce0A0M.

MMpumep 5.
Ay _x+y
dx  x—y’
[lpaBbie HacTH AAHHOIO YpaBHEHHS M ypPaBHEHHA dx _xX—y Pa3pbIBHHL
dy x4y

B Touke x=0, y=0. MuaTerpupysa paccMaTpuBaemoe OJHOPOIHOE ypaBHeHie
(cpaBHuTE ¢ TpHMepoM 3 Ha CTP. 36), MoayuuM:

- arctg X
Viityl=ce %,

HAM B TOJAPHHIX kOoOpAHHATaX p = ce® — jorapnpmuueckue crupand (puc. 1.21).
Ocofag TOYKa TAKOrO THUNA HA3BIBAETCA POKYCOM.

n mMep 6.
prMep dy __x
dx —~  y°
[IpaBble 4YacTH DAHHOrO YpaBHEHHS M YpaBHEHHA d—;‘ =__;); DA3pLIBHBI

B Touke x =0, y=0. Murterpupys ypaeHenue, monyyaem x2- y?= c? — ce-
MeHACTBO OKPYKHOCTeH € UeHTPOM B Hauaje koopiuHat (puc. [.22). Ocobas Touka

L
4

Puc. 1.21. Puc. 122,

TAKOrO THNQ, T. & ocofas TOUYKA, OKPECTHOCTb KOTOPOH 3anonHena ceMelcTBOM
3AMKHYTBIX HHTErpaJbHBIX KPUBBIX, Ha3blBaeTcAd UeHmMpPOM. B atoM npumepe e
CylecTByeT pellleHHs, YAOBJeTBOpsiowero ycaosuio y (0) =0.

K Bompocy 06 0cofbX TOUKax H HX KJACCHPHUKALUMH MBI C HECKOJBKO
MHOH TOUKHM 3peHus elne BepHeMcs B rJase 4.

Bropoe ycaosue Teopemsl 1.1 cyliecTBOBaHHA M eLUHCTBEHHOCTH
pellletusi — ycaoBue Jlunmuua, wiay Gonee rpyboe ycnosne, Tpebyiouiee

CYLLECTBOBAHUA OFpPaHHYEHHOR dYaCTHOH T1pPOM3BOZHOH a3y’ yaiie BCero
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J
HapyulaeTca B TOYKaxX, NPH NPUOJMIKEHHH K KOTOPHIM —06 HEOrpaHu-
1
YeHHHO BO3pacTaer, T. €. B TOuKaX, B KOTOPHX _5f—=0’ B
oy
1
YpasHenue W=O' B0oOOLIE TOBOPSA, ONpeleasieT HEKOTOPYI0 KpH-
oy

BYyl0, B TOYKax KOTOPOH MOXeT OMITh HapyuleHa eAMHCTBEHHOCTh, Ecau
B TOYKAX 3TO# KPUBOH eNAMHCTBEHHOCTb HapylleHa, TO KpuBas Oyler 0CO-
Go#t, ecau, KpoMe TOrO, 3Ta KpHBas
OKAXETCA HHTerpaabHo#, T0 mNoay-
YMM 0CO0YI0 UHTErPANbHYIO KPHUBYIO.

Boamoskno, uto kpusan 1 __

of
9y

HMEeT HeCKO/IbKO BeTBel, Toraa
249 KaxI0H BETBUM HAL0 pPellHTb
BOMPOC O TOM, OyfeT JiM 3T4d BeTBb
ocobo#t Kpuso u OyneT au OHA uH-
TerpaabHodl KpHBOR.

RN

V74 . Z Opumep 7. Hmeer uu ypasue-

d
Hue %.—.yz—{m\'"’ ocofoe peuteHue?

¥YcnoBHA TeOpemnl CYECTBOBaHHS
M €IMHCTBEHHOCTH BHIIOAHEHH B OK-
PeCTHOCTH Mo60# TOYKH, CAEAOBATENDb-
HO, 0CO00TO pelIeHHs HET.
IMMpumep 8 Umeer . ypasHe-
dy 3
Puc. 1.23. Hie — = V (y—x)*+5 ocoboe pe-

weHHe?
1

d 2 3
flpaBas 4acTb HenpepbiBH3, HO YACTHAf NPOHU3BOJIHAA %—: -3—(y-—x)

HEOT'PaHHYEHHO BO3pACTaeT NpH NPUOIMKEHHH K NPAMOH y = X, C/IEAOBaTeAbHO,
Ha TIpAMOR y = X MOMKET HapylIHTbcs eAMRCTBERHOCTb. HO dyHKuUHA y = x He
YAOBJETBOPSET pacCMaTDHBaEMOMY YPABHEHHIO, CJeJ0BaTE/ibHO, 0co60ro pelie-
Hds HeT.

[Mpamep 9. HMmeer am ypasHeHue %:V(y——x)z—{—l ocoboe pe-

meRHe?

1
of
ay
Ha 3T01 pa3 (YHKUMA Y ==X YyHAOBJETBOPACT NAaHHOMY ypaBHEHHIO. Ocr:ie'rca
BbICHHTL, HApYINEHAa Jd €JMHCTBEHHOCTb B TOYKAX 3TOH npsmoH. 3amenod me-
PEMEHHLIX 2 = y — X NPHBOJAUM HCXOAHOC YDABHEHHE K YPABHEHHIO C pas3ineafio-
IMMHCA TNEpeMEeHHBMH, TNocle vyero 6e3 Tpyla HAXOLHM pEUISHHE: y — X =

Kak u B mpeamayuiem npuMepe, ypaBHeHue = ( MMeeT BHA y = x, HO
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(x—¢)?
Y
U y = x (puc. 1.23). CaeloBateabno, B Kamjo# Touke mpamo#t y = x eAHHCT-
BEHHOCTb HapyllleHa H QYHKUHA Yy == X ABAACTCA OCOOBIM peleHHEM.

310T npHMep NOKa3blBaeT, 4TO OAHOH HeNnpepbLIBHOCTH NPAaBOH YacTH B ypas-
HEHHH

. Kpuene atoro cemeificTRa mpOXoAAT 4epe3d TOuky rpadiHka petle-

dy
'H=f(/‘f: y) Yy (x0) = Yo

HEJAOCTATOUHO AJA EAMHCTBCHHOCTH pelleHud OCHOBHOH Haya/ibHOH 33aAauH, OJHAKO
MOXHO N0OKAa3aTb, 4TO CYU€CTBOBaHHe pELIEHHA NPH 3TOM yXe obecneuuBaeTCa.

§ 7. NpubanxeHnbie METOAB HHTErPHPOBAHHA ypaBHEHHH
nepBoro nopsagka

B npenuiayulem mnaparpage Mbl yxe MO3HAKOMHJIMCH C ABYMA MpH-
O6auMeHHBIMH METOLaMM HYHTerpupoBanua auddepeHuHansHbIX YPABHEHHA:
MeToZoM OHlepa M MeTOAOM MOCJeNOBaTenbHBIX Npubammenut. OdHaxo
00a 3TH MeTOAa HMMEIOT CYLIEeCTBEHHbIE HEROCTATKH, B CHAY KOTODLIX HMH
CPaBHHTENLHO PeAKO MOJb3YIOTCA B NPAaKTHKe MPUO/MIKEHHBIX BbIYHCIEHHUMH.

Hocronncrsa MpuUOJHIKEHHHX MeTOLOB OLEHHBAIOTCA MO TOYHOCTH
1aBacMbIX HWMH Pe3yabTaToB W 110 MPOCTOTE BHYUcaeHHd. Hedocrartiamu
METOAA MOC.JeN0BATEMbHLIX MPUOMKEHHH HABJIAIOTCA CPAaBHHTE/IbHO Meo-
JieHHas CXOAUMOCTb NpHOMMKeHU! K pelleHHI0 H cJIO0KHOCTb BbIYUCIEHUH.
HenocratkoM MeTosa DHiepa fB/AeTcH Majas TOYHOCTb, AJs MOBbLILIEHUA
KOTOpOH# MpUXOAWTCA Opath BeCbMa MaJbift war A, 4TO NPHUBOMMT K IJH-
TEJAbHbIM BBIYHCJICHUAM.

BrnpoueM, neGo.bluoe ycoBeplueHcTBOBaHHE Memoda Jhdaepa, TaK
Ha3blBaeMOe YpassusaHue (WIH HUTepauudA), NPUBOLHUT yKe K AOBOJILHO
yro6uo# suiudcautessHolt cxeme. IIpu npumenenud Mertola Ifiiepa
C ypaBHHBaHHeM Je AT OTPe30K Xy < X < b, HAa KOTOPOM HalO BHIYM-

d
C/AHTL pelleHHe ypaBHeHHd Ti:f(x, y), onpelejseMoe YCJIOBHEM

y(Xy)=1Y; Ha PpaBHHE YacTH AJAMHOH h=b——nx°~
XoFkh=1x, y(xg+kh)=1Y, ¥ (xo~+ kh)=y,. BHHACIAOT Y, .

ecld yme HafleHO y,, B Hauaje Mo Qopmyie Ihiepa:

Vo1 =Yyt hy, nwm Ay, =y,  —y, =hy, (139

QO603Hayasn

T. €. Ha OTpe3ke X, Rh L x <Xy (R4 1)h 3amenstoT uHTerpab-
HyIl0 KPHBYIO, MNPOXOLSWYI 4Yepe3 TOUKY (X, V,). OTPe3KOM ee Kaca-
TelbHOM B TOH e TOuke (cM. puc. 1.13, cTp. 39). 3arteM yTOUHAIOT
BBIUMCAEHHOE 3HAYEHHE VY,.;, QM7 UEro OMNpeleisioT NPOU3BORHYIO
Yo =f(xk+l, ka) W CHOBA.MpuMeHsIOT Popmyny Ofaepa (1.39), Ho
BMECTO y, OepyT cpelHee apuMETHYECKOEe BBIYMCIEHHBIX 3HAUeHUH
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Yo+ Yhet
npouaaonnux B TPAHHYHBIX TOYKAX —T_' T. €. CYUTAOT
- )’)lz’*‘)’); 1
Yes1=Yp+ h——g——. (1.40)

BHOBbL BHUKCACHHOE 3HAUYECHUE Vpiy AAET BO3MOKHOCTL BLIYUCIUTL HOBOE

3HaueHne MPOUIBONHOH v, == f(x, ., Vg1 TNOCIE 4ETO cHOBA -Bbi-
Y + Y;e+)
HHCISIOT CpelHee apH@METHYecKoe 3HaueHHH MPOUBBOLHHIX ——F—,
cHoBa mpuMeHsioT Qopmyay (1.40)
’ —
PR Lk

M TIPOAO/MKAIOT STOT Mpoltecc A0 TeX MOp, MOKa B Opefenax 3afaHHoR
TOYHOCTH He COBMAZYT Pe3yabTaThl ABYX MOCJAEAOBATEAbHbIX BBIYHCIIE-
Hult 3sauenuft y,, ;. [locne sToro TeM ke MeTONOM BHIUHCASETCS Y,
u T. .

Meton O#tnepa ¢ ypaBHMBAHHEM AdeT Ha KaXIOM IIare MOrPeUIHOCTh
nopsAxa A3 M HepelKO TMPHMeHSETCS B BHUYUCAWTEJAbHOR MPAaKTHKE.
OIHaKO 3HAYMTEJBHO ualle NPUMeHAIOTC Gojee TOyHble MeTORbl (METONbI
Uirepmepa, Pyure, MuabHa W Ap.), OCHOBaHHBIE HA 3aMeHe UCKOMOIO
pelleHHsl HEeCKO/JbKHMH YJeHaMHM ero TeHJOpPOBCKOro paanomeﬂnﬂ

’ /lz ”
yk_szk_*_hyk +7yk+ e + nl y(n) (141)

T. €. 3aMeHe MCKOMOH MHTerpaJbHOR kpupo#t napaboJioft n-ro nopsaka,
uMelolled KacaHue n-ro MopsAKka ¢ HHTerpaidLHOR KpUBOK B  TOuke
X=Xp Y=Y

Henocpeacreennoe npumenenue gopmyan Tettopa (1.41) Ha kaxnom
[are MPHBOAMT K CJOXKHBIM H HEOJHOTHMHBLIM BBIYMCJEHHSM, MO3TOMY
31a (opMysa OOBIYHO MPUMEHAEeTCH JHIUb AJS BHYHCJEHHT HECKOJIbKUX
GAM3KHX K X =X, 3HaueHHH, HeoOXOAMMHIX NJf npuMeHeHus Oosee
VAOOHBIX BHYHCIHTENBHBIX CXeM, CpPeld KOTOpBIX B MepBYI0 Ouyepelb
caenyer uaspaTb MemoO LlImepmepa, B KOTOPOM BBIYHC/EHHE MPO-
BOAMTCA MO OAHOH H3 cleaylowuX ¢GOpPMysn B 3aBHCHMOCTH OT MOpaAKa
annpoxcuMupylouet napabossl;

1
yk+1=yk+qk+—Aqk_1, (1.42)
yk+1—yk+qk+ Ay + 15 Aq,, 9 (1.43)
)’k+1—)’k+‘ik+ Ag,_ 1+ Aqk 2+ Adg, <3, (1.44)
251

Yes1=Yrtqrt jA:’/k—r}— WA%I;:—Q +—8‘ A3q, s+ 755 A ey (1.45)
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rae
Up=Ypls B0y =04~ qp_p Bq,_y=047q, | —Aq,_,
Ay =08, _y — Ng,_5 Ag,_ =A%, _3—A%,_,
dopMyan  Llreprepa MOTYT ObITL [OJAYYEHB! MYTEM HHTETPUPOBAHMHSA

B Mpefenax oT X, 00 X,,; ToxaAecTBa y =f(x, y(X)), B KOTOpPOM
y(x) ABaseTca HCKOMLIM DelleliieM:

Ikr‘+1
Vem=ye+ | flx y()ax,
r
U TpUMeHeHHS U3BECTHOW ©3 Kypca aHa/iu3a KBaApaTypHO# ¢oOpMYy.bl:
i

l N
Q(x)dx = h [(Pk + 7A(Pk-1 + %A2¢k-2+

*r
3 4» 251
45 A%, s+ o A%+ ] (1.46)

Hanomuum, uTo 3ta KBagparypHas ¢opMyJd [0JyYaeTcs [yTeM 3aMeHsbl
MOAbIHTEr PadbHOR GYHKUMH @ (x) aNMPOKCHMUPYIOMWHM MHOTOYIEHOM [0
uurepnoasuionHod  ¢opmyie HbooToHa M BHUMcTEHMS MHTErDAJIOB OT
OTAEJbLHBIX CJAaraeMbiX.

OueHka OCTaTOYHOrO 4.ieHa KBaApaTypHOH dopmyan (1.46) noxasw-
BAeT, 4TO MNOrpellHOCTs B (opMyne (1.42) npu oaHoM Iuare HMeeT MO-
panok A3, B dopmyse (1.43) k4, B dopmyane (1.44) A5, B dopmyne (1.45) AS.
Ecau ke mnpuHATE BO BHUMAHHE, 4TO NpPH HECKOJbKMUX LlUArax MOrperl-
HOCTH MOTYT CYMMHDOBATbCS, TO /IS OLEHKH MOrPEINHOCTH MpH n IIArax
b— x,

h ’

YTO MOXET [IPUBECTH K UBMEHEHHIO YKA3aHHOTO BLILIE MOPAIKA [1OT PELIHOCTH.

3ameuanue. MOXHO rokasarb HENOCPEACTBEHHBIM DAa3.10KeHHEM
no ¢opmyne Tetnmopa B OKPECTHOCTH TOYKH X == X,, UTO MNpasas yacThb
¢opmyanl lllrepmepa (1.42) ¢ TOyHOCTBIO 10 WJEHOB, CONEpXKAWUX A
B CTEMEHSX Bbllle BTOPOH, CORMajaer ¢ NEepPBLIMM TpeMs ujJeHaMH pas-
JAOXEHHs Y, No dopmyne Teiaopa (1.41):

S R
Vet 0y, + 37 Vi (1.47)

Halo OUEHKH, MNOoJaydeliHbie OJas1 ONHOTO Miard, yMHOXHTb Ha Nn =

npasas yacTb caeaywoue#t gopmynn LUrepmepa (1.43) ¢ TounocThio HO
Y/JEHOB, COJEepMAIIUX /i B CTeNeHsX Bhille TPeTbelt, coBnamaer ¢

hz ” ha "
Yot Ry, + 57 ¥y + 37 Y
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u 1. A Onaa dopmyan (1.42). uanpumep, nosyudum.
’ 1 ’ ’ l .
Vet +FhAY, =y, hy,+5h (¥, — Vp.y) (148)
W/, pasfaras

Ve =Y (xk—l)l
no dopmyse TeHaopa

7 4 r7 1 "’
Y (*p) =y (x,) =Y (x) + 5 27 () 4+ ...

u noactasasd B (1.48), noayuum:
’ 1 L ’ ¥ 1 " 1 :
yk+hy,,—i—?/z(yk—yk_l)=yk+lzyk+§hﬁyk—Thi"y;”+ ceur

W CJen0BATEJBHO, TPH [epBHIX 4YJEHA COBNAJAIOT ¢ TPEMA YJIEHaMy
pa3noxenus no dopmyne Tefaopa (1.47).

Jlas wavana serudcaends no gopmyaam llrepmepa neob6xoaumo 3Hath
3HaueHus UCKOMOR ¢yHKUMHM He B ONHOM, a B HECKOJBKUX TOuYKax (fpu
npuMeneHud ¢opmyast (1.42) B mBYX Toukax: x, M X+ A, 1pu
npuMeHerud ¢opmyanl (1.43) B Tpex TouKkax: X, Xo+4 H Xy 2k,
¥ T. R.). ITH HECKOJbKO TMEPBHIX 3HAa4YeHHH MOryT OBITH BhIYMCJIE-
Hbl MeTOLOM OJfijepa € yMeHbUIEHHHIM IIATOM MJIM NYTEM HCHOAb3O-
Banus GopMyan Teitnopa (1.41), I KPaTKO U3NOMKEHHBIM HHXKe Memo-
dom Pynze.

BosbMeM nas onpenenerHnoctn dopmyay (1.44):

1 5 3 Az
Yer1=Yet 9e+ 5891+ 1580 + 5 841

W MPENNOJIOKHM, 4YTO, KDOMe 3aJaHHOrO HAYaJbHOTO 3HAYEHHS Y, Yie
HaRdeHH Y, VY, H Y5 TOTAa MOXHO BBHIYHC/IHTH:

qo=f(xo. YOl q1=1/F(x1, )&,
9= f (x9. Y b, g3=f (x5 ya)h
4 C/el0BATENbHO, U
Ay=g,—q0 Ay =0, —q;, A@y=¢q;—q,,
Algy=Ag, — Agy, A%qy =429, —Aqy, A%, = Nq, — A%,

Teueps 00 dopmyne (1.44) BrluMcadeM 3HaueHWe y,, 3HAH kOTOPOe
nonyunM ¢, Ag;, A%g,, Adq,. 3artem no Ttoht wme ¢opmyre (1.44) Bo.
GHCATEM Y5 U T. A
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PesayabraThi BLIMMCIEHHS 3aHOCATCS B MPHBOLHMYIO HIXE, MOCTEMEHHO
3anoJiHgULyocs: TabJuuy:

x y q ag Aq A%
Xq Yo 4 Ago Vg, g,
X Vi q g, Ag,

X9 ye 92 ) Agy

X3 Ya q3

Xy

X5

Xg

OObiuio  TpebyeTcsl BHIYHC/AMTL 3HAaYeHHe MCKOMOTO peltedus aud-
¢epeHIHanbHOTO  YPaBHEHASs B HEKOTOPOW Touke X ==50 c 3alaHHoN
TOYHOCTBIO. [lpu 3TOM celuac we BO3HMKaeT s8OOpOC, Kako# u3 GOpMy.a
[Lrepmepa nenecoo0pasHo NOJb30BaTbCS M KAKOW 1ar 2 rapaHTHpyer
TpebyeMyd TOUHOCTb BLIYHCICHHH H B TO JKE BpeMst te sBJteTCs
ype3Mepilo MaJdbiM U TeM CaMbiM He MNPUBOLMT i JUIIHUM BbIUHCAECHHAM.
Hekotopoe rpencrasaenue o BhOOpe ¢OpMyJb, MO KOTOpPOH wLeJsieco-
00pa3HO BeCTH BHIYHCJEHHS, U O BLIOOpe lAra AT YKasaHHble Boille
NOPsAIKH MOTrPEeLIHOCTER NpPH KaxA0M LUare, NpH 3TOM, KOHEYHO, HAll0 HMETb
B BULY, YTO NpH HECKOJIbKHX ILarax norpeliHOCTH MOTYT CYyMMHPOBATbCs.
[lpu npaBuibHOM BHIGOpe Iuara A BCe PAa3HOCTH B TabuHlle JO/IKHBI
MEHATbCA MJAaBHO, & TMOcAefn#e pa3HocTd B Qopmyae (1.44) ROMKHBI
BJA¥ATH Jullib Ha 3anacHbie 3Haku. Peskoe u3MeHenue Kako#-HHOYLb
Pa3HOCTH YKa3LIBAET HA TO, YTO NMPH BHOpaHHOM WIare i MOTYT OKasaThCs
HeyYTeHHbBIMM OCOOEHHOCTH M3MeHeHHss QYHKUMH Ha paccMarpuBaeMOM
OTpe3Ke, YTO MOXET MoBJeyb 3a co0OH 3HauMTe/bHbIE OLIMOKH MPH Bbi-
YUCNEHHH Y, 1.

OaHako Bce 3TH cOOOpaweHUst He SBJSIOTCA BIIOJHE HALEKHBIMH,
a 6oJiee TO4HbIE OLEHKH MOTPELIHOCTH OKA3bIBAOTCA BECbMa POMO3AKUMH
M Hey 106HBIMU. [103TOMY OOBIUHO MPUMEHAIOT CAeLY UMM NPAKTHUECKH L0~
CTaTOYHO HaleX(Hbi! MeTOJ: BHIOpaB, MCXOAA M3 yKa3aHHHIX BLILIEe HETOYHBIX

5 JI. 3. 3abcroaby
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coobpaeHult, HeKOTOPHIA AT /2, IPOBOAAT BHYUCIEHHA 110 OLHON U3 pOpMYy

h
LrepMepa c waroM 2 u —5 M CPABHWBAIOT PE3yAbTATH! B O6IUX TOYKaX.

Eciv B npelelaX 3alaHHOM TOYHOCTY pe3yJbTATH COBMAZaioT, TO CYH-
TalT, 4TO wWar A obecrneuynBaeT 3aJaHHYIO TOYHOCTb BBIYUC/IEHHS; €C/IH We

pESlebTaTbl B TMpelaenax 3a]aHHOM TOYHOCTH -He COBMAAAIOT, TO CHOBA
h h
YMEHbIaIoT War BIROE N NPOBONAT BLIYWHCASHHA C marom — 1 —4— 11

OlATb CPaBHHUBANOT pe3yJIBTaTbI K T, IO.

Bblyicaenust ¢ warom A u ueaeco06pa3Ho  MPOBOIMTL MNapas-

h
2
JenbHO, 4ToOB KaK MOXHO paHblie 3aMETHTb HEeCOBIAlleHHe pesy/bTaToOB
I He MPOM3BOIMTL JHIIHEN PabOTh. IDTOT cnocob ABOHHOTO cyeTa MMeeT
elle TO TPEHMYILECTBO, 4TO MpPH €ro NPUMEHEHHH NOYTH NOAHOCTbIO
HCKAIOYAKOTC OWMOKM B BHIUMCAEHHAX, TaK Kak OHM, KaK TpaBuJo,
HeMenJeHHO OOHAPYXKUBAKOTCH NpPU CPaBHEHHH Pe3y/ bTAaTOB BbIYHCJ/IEHHN

h
C warom 2 ¢ 5

Ins Haxoucieiwsi HECKOAbKHX MePBBIX 3HAyeHHR Y, HEOOXOAMMBIX
AAs Hayada Buiuuciaeduft no mertoay LlrepMepa, kpoMe yKasaHHBIX Bbille
crocofoB (Meron Ofjepa ¢ yMeHbIUEHHBIM LIaTOM C HMTEPAUHSAMH HiH
6e3 dTepauutt HaH MeTold pasaoxenus no dopmyne Te#aopa). MOxHO
peKOMeHAOBaTb eute MetoA Pyhre.

[To Merony Pynre nnas HaXOMJIeHUS §,,; HAIO0 BBIYHCANTL YeThpe
yHcaa:

m=fGp 3 m=f (g nt A,
4/ h mzh‘ (1.49)
m3=f\xk +7’ yk+——2 ). my=f(x,+ Ay, 4+ msh),

M TOrza
h
Yes1=Y; + 5 (M + 2my =+ 2my + my). (1.50)
O6riyHo Meton Pyure npumenseTcss JHWb AMA BHIUACAEHHA HECKOJbKHX
NepBbIX 3HAYeHHH Vi, Yo, ..., HEOOXOAMMBIX AJIH HAuaja BLIYUCAEHHA MO

Metony lltepMepa, OlHAKO MOMKHO 3THM METOAOM BBHIYUCAATL W OCTaJjb-
Hble 3HaueHus. Meroa Pyure, tak e kak u meron llrepMepa, ocHoBaH
Ha annpokcuMalMd HCKOMOW HHTerpaibHOM KpHBOH conpukacawomehcs

napa6oJo#.
Ecau cpasHuTbh npasylo yactb ¢opMyas Pynre (1.50) ¢ pasaoxenuneM

no dopmyne Telaopa
i 1 "y 1, 1
Ve =yk+ ykh"{" o1 ykh2_+ 'ﬁ')’:ha"{’" v y},vh4+ Ry

TO OKakeTcfl, YTO YNMeHH CO CTeNeHsAMH Huke nAToH cosnadaior. [TosTomy
MpH BHUHC/AEHHH HECKOJbKHX HayalbHLIX 3Ha4eHH#t 1o Merouy Pyure
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€ 1epexOAOM 3aTeM uHa BblYMc/JeHde mo Metony IllrepMepa mo dop-
myaaM (1.42), (1.43) uau (1.44) MOXKHO BBHIYUCJEHHE BECTH C TEM Ke
WaroM f; ecau xe B AanpHeHieM npuMensieTcs dopmyna Lltepmepa (1.45),
TO Haua.0 BBHIYHCJEHHS MO MeTONy PyHre Haao BecTH C yMeHbIUeHHBIM
IaroM, TaK Kaxk TpH OAHOM H TOM e are dopMynaa (1.50) ue rapau-
THPYeT TOR TOYHQOCTH BHLIYHC/AeHHH, KaKyio rapaHtupyer gopmyna (1.45).
Bnpouem, nepeaxo nawe npu ucnoab3oBanud dopmya llrepmepa (1.43)
1 (1.44) Hauajo BHYMCAEHHH BCe ke BelAyT no ¢opmyaaMm Pyure ¢ ymeHb-
IIeHHBLIM LIATOM, TaK KaK jgaxe HeOOJblliasd MOTPEILHOCTb B BHYUCAEHHH
ucXoaHbIX nist gopMyan llltepmepa 3HaueHHH MOMET PE3KO YMeHbIUHTH
TOYHOCTb AaJbHeHIIHX BBIYHCIECHHH *).

CospeMeHHbIC GBICTPOEHCTBYIOLIME BBIYUCTHTE AbHEIE MAILIMHLL AHCKpET-
HOTO geHCTBYS MO3BOJAIT BHINOJHUTL YKasaHHbie BHILE BHIYHC/AECHHS MO
merony Llltepmepa uin PyHre ¢ HeoObuattHOH GLICTPOTOR (MHOTHE AECATKH
# lIaxe COTHM THICSY oMNepauMit B CeKYHLY), NpHYeM H Mpouecc Mpo-
IPAMMHPOBAHHS MOXET ObITb 3HAUMTEJbHO VIPOLIEH NPUMEHESHHEM CTaH-
JA4pTHBIX nporpamM, paspaGoraHubnix MJs Meroso llrepmepa n Pysre.
Ilpu sToM ~npn npubAMKEeHHOM HITerpupoBaHud IAHddepeHNHAILHOTO
ypasrenus y = f(x, ¥), y(xy) =y, HAIO COCTaBUTb Julib HOANPO-
TPaMMy AN BHIYHCTEHHS 3HaYeHdlt y, =f(xk, ¥,) H BKIIOUMTD ee B CTaH-

JapTilyl0 MpOTpaMMy.

Mpumep.
y=x4+y% y(0)=-—1

3

Haiitn suauenue y(0,5) ¢ tousocthio a0 0,01
Bocnoas3oBasiunch pasioxenyiem no ¢opmyae Tefisopa

Y@=y @+y ©x+ LOL L YO

Bbiuyc/AseM 3HauyeHHe y (x) B Toukax x; =0,1 u x,=0,2:
y(0,1)=—09088 u y(0,2)=—0,8309

(man emecto y(0,2) BoluncaseM y(—O0,1), yto jnaxe mnpeAnOyTHTEAbHEE, TaK
Kak Touka Xx;=-— 0,1 jewur Onumxke K HauanabHOH Touke x; =0, yem TOYKa
X, = 0,2). Hanbueiinve sHayennsi Beluucasem no c¢opmyne Llrepmepa (1.43)
¢ marom h=0,1, a pesyabTaThl BBIYHCJAECHUA 3aHOCUM B Tabamuny (Ges pasHo-
creit A%g). [locae sToro miaM nNapaajaesbHO ODOBOAMM BLIYHCAEHHS € I1aroM

—h—=0,05. B pesyabTate noayuynm:

2
y(0,5) ~ —0,63.

*) Bonee moapo6HO O NpuBAMMEHHBIX METOAaX WHTErPHpOBaHHMA audpdepeH-
IMaJbHbIX YPaBHEHHH MOKHO npouectb B kuurax A. H. Kpniaosa [6] u U. C. Bepe-
auda 4 H. [I. XXnaxoBa [7] (cM. peKOMEHAYEMYIO JaHTEPATYDPY). -

5*
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§ 8. Mpocreiiue THN ypaBHeHHil, He pa3pelleHHHIX OTHOCHTEJIbHO
NPOH3BOAHOM

Hdubdepeninanpioe ypasHeHHe TMepBOro MOpsAKa, He paspelleHHoe
OTHOCHTE/IbHO NPOM3BOAHON, HMeeT BUI
F(x. y. y)==0. (1.51)

Ecin 970 ypaBHeHMe ylaeTcd paspellliTh OTHOCHTEMLHO y', TO MoJydaeM
OJIHO H/M HECKOJbKO ypaBHEHHH

=[x,y (=1 2 ...

Hnrerpupys T4, Ye paspelieHHble OTHOCHTEJbHO NPOH3BOAHON ypas-
HeHusl, HatneM pellieHud HCXOLHOro ypas-
¥ veuus (1.51).

[MpouuterpupyeM, HanpiMep, ypaBHeHue

YP—=x+yy +xy=0 (152

/ Paspeman sato kBampatHoe ypaBHEHHE OTHO-
cuTeAbHO Yy, GyLEM MMeTb: y' =X U y’ = y.

WuTerpupyn KamaOe M3 [OAYHYEHHBIX YpaB-
HeHMH, HaXOAHM:

X2
0 7 y=-5 +c (1.53)
u

y = Cex (1 54)

(puc. 1.24). OGa cemelicTBa pemieHuil yios-
JETBOPAIOT UCXOJAHOMY YPaBHEHHIO.
[AajkUMH ~ MHTErpaibHbIMM  KPHBBIMH
ypasHenus (1.52) 6ynyr Takxke KpuBBiE, CO-
CTaBAeHHBlE M3 IYT'H HHTErpaabHOH KpHBoi
cemeiictBa (1.53) W xyru uHTErpaibHod KpH-
Bo#i cemefictBa (1.54), ecan B oGwei TOuU-
Ke OHM mHMewT ofmyl KacaTeabuylo. Ha
Puc. 1.24.
puc. 1.25 u3oGpawesa HMHTErpajbHas KpH-
Basg ypaeHeuus (1.52), cocraBaenHasn u3 rpadu-

2
KOB pemeHui y=x7+c mpu €=, —co<xLl, u y=ce* npu
c=e¢"!, 1 x<oo, a Ha puc. 1.26 — uHTerpaabHas KpHBas ypaBHerus (1.52).
- 2

COCTaBAEHHaA U3 rpaduKoOB pelmeHHit y -——-%— npy x<<0u y=0 upu x>0,

- Urak, ypaBHeHHe
Flx. y, y)= (1.51)

MOXKET ObITb MPOMHTErPUPOBAHO TyTeM paspellleHuss OTHOCHTENBbHO Y H
MHTErpaluMH TMOJYYeHHHIX 1IpH STOM ypaBHern# y = f,(x, y) (i=1,
2, ...), yXe paspellieHHbIX OTHOCHTE/bHO NPOM3BOLHOH.



§ 8 YPABHEHHUS, HE PA3PEIIEHHBIE OTHOCHUTENBLHO ITPOU3BOILHORN 69

OaHako naleko He Bceraa ypassenwue (1.51) serko paspeaercs
OTHOCHTEJLHO Y’ W ellle pexe MOJyUYeHHble NOCJE paspelleHHs OTHOCH-
TeabHo Y’ ypaBHeHHs Y = f;(Xx, V) JErKO MHTErpPUPYIOTCH, [O3TOMY

y=0 —~ z

V4
Puc 1.25. Puc. 1.26.

YacTO MpPHXOJUTCS MHTErPUPOBATL ypaBHeHuda BuAa (1.51) uxpiMU MeTO-
namu. PaccMoTpmM cuenylomie caydau.
l. YpasHenue (1.51) umeet BU L

F(y)=0, (1.55)

mpvUyeM CyULeCTBYeT NO KpalkHeR Mepe oAuH AeHcTBH-
TeAbHHH KOpeHb y' ==k, 5TOrO ypaBHeHHUA.

Tak kak ypaBHeHHe (1.55) He comepxuT X M Yy, TO R, — NMOCTOAHHOE,
CnepoBaTeNbHO, WHTETPUPYS ypaBHeHue Yy’ ==K, NOJyunM y=R;x 4 ¢,

—¢
Wi k= Y , HO k, sBasercs KopueM ypasuenus (1.55), cuelosa-
—¢
TeJAbHO, F(yx ):O SIBJSETC] HHTErpaJgoM paccMaTpUBaeMoro ypaB-
HeHHs.
MpuMep 1.

)V —(rY+y +3=0.

Wurerpas ypaBHeHus

P - e

x x

2. Ypasuenue (1.51) umeer Bu1I
F(x, y)==0. . (1.56)
Ecan 3TO ypaBHeRHe TPYIHO pa3pelidTb OTHOCHTENbHO y’, 10 nene-

coofpasHo BBecTH MNapameTp ! W 3aMeHuTh ypasHenue (1.56) aByMs
ypasHenuamu: x=@ (f) u y =P (). Tax wak dy=y’dx, 10 B AaH-

HOM caydae dy =1y (£)¢' (f)dt, oTkyla y= f Y@@ (&) dt +¢ n, cae-
10BaTe/LHO, MHTETpPadbhble KpuBhle ypasHenwus (1.56) onpenendiorca
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B NapaMeTpudyeckoR ¢opme CHCAYIOUMMY YPABHE HHAMH:
X =0,
v=[v®e ®at+c.

Ecan ypashenne (1.56) nerxo paspelinMo OTHOCHTENBHO X, X == ¢ (y'),
TO TOYTH Bcerla YyRoOHO B KayecTBe IapaMeTpa BBecTH y ==f. Torza

=), dy=y dx=1¢' () dt, y—::ftcp' ) dt -+ c.

IIpumep 2
x=(F—y -1l
ITonoxuM y’ ==f, TOrNa

x=ft—1, (1L57)
dy=y dx=1t(@32—~1)dt,
3¢ 12
y=3—35+ca (1.58)

Vpasuenun (1.57) u (1.58) onpejeastor B napamerpuueckoil Qopme cemelicTBo
HCKOMBIX HHTETPA/bHbIX KPHBbIX.

Mpumep 3
Vigy =y
ITonaraeM y’ =tg¢, —’g<t<%; TOrAa
x =sint, (1.59)
dy=y dx =1tgtcostdt=sintdt,
y=-—Cc0s{4¢ (1.60)

nan, uckmouyan ¢ H3 ypasnenuit (1.59) u (1.60), noayunm x24(y —¢))2=1—
CeMEHCTBO OKPYXHOCTEH.

3. YpaBueHue (1.5]) nMeeT BUnI
F(y, y)=0. (1.61)

Ecan 3TO ypaBHeHHe TPYIHO PpaspelliiTb OTHOCHTENbHO ', TO, Kak
M B TipelblAylleM cJayuae, Leleco00pasHO BBECTH napameTp ! u 3ame-
HATb ypaeHeHue (1.61) nByMs ypaBHenusamu: y=¢q(f) y =1 (£). Tak

. 4y __ ¢ @at cp(f)dt
Kak dy=y dx, 10 dx = Y ="e0 OTKyla X == ETON

CrenopaTe/bHO, HCKOMBIE HHTETpa/ibHBE KpHUBLIE B napameTpuqecKon
¢opMe ONpene/AioTCS yPABHEHHAMA

L@’ (#) dt
x= %———Fc U y=q¢).

B uwacTHocTH, ecam ypaBHenue (1.61) serxo paspemtdMo OTHOCH-
TeJbHO y, TO OOBYHO 3a napaMeTp yAOGHO B3ATs y'.
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Jde#cTBuTEABHO, ecaM  y=@(y’). TO, mnoaaras y =¢£, noayuum
y=0(), dx-—_yl 9’ (t‘)dt’
x='/ ﬂf}Et‘—FC.
y=P+ )P +y +5.

[lonaraem y’ = f; torna

[lpumep 4

y=14B4t+5, (1.62)
dx=iy¥.————_—(5"+3‘2+”d’ —(5:3+3/+ Hat
x=T+—§~+inlt[+c. (1.63)

Ypasuenns (1.62) u (1.63) aBasiioTca mapaMeTpHuECKUMM YpaBHEHHAMH ceMeiicTBa
HHTerpaibHAIX KDHUBBIX.

[flpumep
— =1
Vigy?
[Monaraem y’ =sht, rorna
y=ch{, (1.64)
dy sh{dt
. dx = —y—, £ T = dt,
x=t+¢ (1.65)

uiu, uckaiouas u3 (1.64) u (1.65) napamerp f, noayyaeM y = ch (x —c).
PaCCMOTpuM Telleps O6WHUA cayya#: neBas 4acTb YpPaBHEHHS
F(x, y. y)=0 (1.51)

3aBUCHT OT BCEX TpeX apryMentoB x, y. y¥'. 3aMexum ypassenue (1.51)
ero napaMeTpHuYeCKHM IpeNCTaBJeHHEeM:

x=¢u, v), y=v9u, v), y =x(u, o).
HOJlbsyleb 3apucuMocteio dy =y’ dx, OyleM iMeTb

du-f—mpdfa_x(u 'v)[ a'u«f—dqJ d'v]

dv
OTKyJdd, pa3pellas OTHOCUTENBHO NpOU3BOAHOH T’ noJyquM

o

dv AL v)_"—d_lzt
= 011’ . (1.66)

—x (, v) 00

B pesyabrate mofyueHO ypaBHeHHE NepBOLO NOPAAKA, YKe pa3petier-
HOE OMHOCUMEAbHO NpOu3soOHOH, H TEM CaMbiM 3alaya CBeleHa K yike
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PaccMOTpeHHOH 8 MpeablAylldX mnaparpadax, OAHAKO, KOHEYHO, MOJay-
yenHHoe ypasHenve (1.66) naneko He Bcerna Oyner HHTerpHpOBaTHCA
B KBalpaTypax.
Ecan ypasnenve
F(x. y, yh=0

NETKO pa3pellNMO OTHOCHTEAbHO y, TO 3a fapaMeTpel 4 W U YacTo
yao6Ho Gpate x u y’. IledcTBuTesbHo, ecau ypashexue (1.5]) npuso-
IOUTCH K BUAY

y=f(x. ¥ (1.67)

To, cyutasd X ¥ Yy’ == p napaMeTpam, MOJYYHM

. ___of of
y=[f(x, p) dy=5-dx+ 5 4P
HJH
dy _ df of dp
ax = 9x T op ax'
of of d
p="2L 72-75-. (1.68)
Hurerpupys ypabHenue (1.68) (koHeuHO, OHO NaJjeKO He BCeraa HHTe-
rpupyetca B kBaapartypax), noayuum @(x, p, ¢)=0. CoBOKynHOCTb
ypasHeHutt ®(x, p, ¢)=0 u y= f(x, p). rae p— napamerp, omnpe-
JesseT CeMEHCTBO HMHTerpajbHEX KPHBLX.
BamernM, uro ypasHenue (1.68) moxeT ObThb mosyueHO Auddepen-
unposaHueM ypabHeHus (1.67) no x. Je#cTButeapno, anddepeHuupys

of . of dp

[ 7, —_— = —_— -
(1.67) mo x u moJsaraa y = p, NOAYYHM p -+ 5 ax’ YTO COB

ox
nanaer ¢ (1.68). TlosToMy STOT MeTON 4YacTO Ha3bBAOT WHTErpPHPOBAHHEM
InddepeHUNAILHEIX YPaBHEHHH C TOMOUIbIO AndepeHUHpOBAHNA.
CoBepujeHHO aHANOTHYHO YACTO WHTETPHPYETCH YpaBHeHde

F(x, y. y)=0,

€C/JH OHO JIerKO paspeliMMO OTHOCHTEJILHO Xt \
x=f ¥ (1.69)

B 31OM cayuae, B3%B 3a mapaMeTpH y M Yy’ = p U NOAB3YACH 3aBUCH-
MocTbio dy =y’ dx, noayuum

— p[ 9L VA

dywp[oy 2y + 55 dp]

HJIH .
lp—:ﬁ + of dp (1.70)

Wurerpupys ypasueune (1.70), noayunm ©(y, p, ¢)==0. 10 ypasHe-
HUE COBMeCTHO C x == f(y, p) OTpeledeT HMHTerpaibHule KPHBLIE HCXOI-
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HOTO ypaBHeHHA. YpaBheHde (1.70) MOmeT OHTb MOJNYYEHO U3 YpaBHEHUS
(1.69) nuddepeHunpopaHueM no y.

B xavecTBe NMpuMepa MpUMeHEHHMA 3TOTO METONA DAacCMOTPHUM JileHs
HO& OTHOCHTENbHO X H Y ypaBHeHHe

y=xp )+ V)

HashiBaeMoe ypasnerues Jlazpansce. Inddepenunpys no x u no.aras
y = p, nOAYYUM .

p=¢(p)+xcp’(p)%+w’(p)%. (1.71)
AR

[p—cp(p)lj—;=xrp’(p)+¢’ (p). (1.72)

dx
3T0 ypaBHEHHE JaMHEHHO OTHOCHTEABHO X 71; H, CJel0BaTeJbHO,

JErKO  MHTerpUpyeTcd, HanpUMep, METOAOM BapHAUHMU TIOCTOAHHOM.
[Toayuns wunterpan D (x, p, ¢)=0 ypasuenns (1.72) u npucoenuHss
K HeMy y==x¢ (p)-+P(p), NOIy4HUM ypaBHEHHS, ONpeleJAIOUINE HCKO-
Mble HHTerpajbHbE KpPHBHIE.
[Ipn nepexome or ypasHenus (1.71) x ypasnenwio (1.72) mpumaoch
ap

nenutb Ha —t . Ho mpu STOM Mbi MOTEpAeM pelleHHS, eCM OHH Cylle-
d
CTBYIOT, IUIAi KOTOPBIX p TOCTOSIHHO, a 3HA4HT 71—5150. Cuurasd p 1mo-

CTOSHHBIM, 3aMedaeM, u4to ypasHenue (1.71) ynoszaeTsopsiercs aullb
B TOM CJyuae, eCid p €BJASETCS KOpHeM ypasBHenus p — ¢ (p)=0.
Wrak, ecau ypasHenue p — @ (p) =0 umeeT geHcTBHTe/bHLE KOPHH
p=p;, TO K HaWJeHHLIM Bbllle pelueHUAM ypasHeHus Jlarpasxa nano
emwe ao6asute  y=x¢(p)4+ Y(p), p=p;, WM, HUckIIOYas p,

y=x¢(p) +(p;) — npaMble JHIHUH.
Ortze bHO HaRO paccMOTpeTs ciayualf, korga p—q@(p)=0, u cie-
d
A0BaTeJbHO, NMPH AeJeHHH Ha (1—5 TepfAieTCd pelleHHe p==¢, Tle ¢ —

MpOU3BOMbHAA TOCTORHHAs. B atoM cayuae ¢(y)==y’ W ypabueHne
y=x¢ (y")+ $(y') npunumaer sun

y=uxy +(y)— ypasuenue Karepo.

[onaras y' == p, noayuum y= xp + P(p). [duddeperunpys mo x,
"GyLeM HMMETb:

p=p—+-x3—§ +¢’(p)~z—f§,
HIH 4
(x+V (p) Z5=0,

OTKyAd HJH %5—:0 M, 3HAYUMT, p=c, A x 4P’ (p)=0.
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B nepBoM cayude, HCKAIOuAs p, MOJYUHM:
y=cx 4+ () (1.73)

— OIHOTapaMeTpuyeckoe ceMeHcTBO MHTErpa/ibHHX NpsAMbIX. Bo BTOpOM
Calyyae pellieHHe CTIpefe/sieTCsl ypaBHeHUAMH

y=xp4+9(p) u x4 (p)=0. (1.74)

Herpyano nposepnTs, uTO HHTerpasbHas KpHBAas, OmNpefenseMas
ypaBHenuaMu (1.74), apasercs orubawmouiedt ceMe#icTBa HHTErpabHEIX NpA-
mux (1.73).

q
A\
¢
z J
7 > j}if(/ z
Puc. 1.27. Puc. 1.28.

Heficteurensto, ozubanuan Hexoroporo cemetctea O (x, v, ¢)==0
ONpele/seTcs ypaBHeHUAMHU
o®

Dx, 3 0)=0 n 5o =0 (1.75)

KOTOpHe M1 ceMe#cTBa y == cX - P () uUMelOT BUI
y=cx+¥() x4+ ()=0

M auwb  0603HauYeHneM TiApaMeTpa OTJAHYAITCA OT ypaBHeHu# (1.74)
(puc. 1.27).

3aMeyanue. Kax usBectHo, ypasuenus (1.75) MoryT onpelensts,
KpoMe oruGamiollle#f, reoMeTpHueckHe Mecra KPaTHHX TOYeK, a MHOrIa

; (7))
W ApyrHe KpUBEHE, OAHAKO eC/H XOTs Obl 'O1HA K3 NPOM3BOMHBIX 5

o0
H 5, OTAWYHA OT Hyns W 06e OrpaHuWueHH B TOYKAX, YIAOBJAETBOPAI-

wHXx ypasHeHusM (1.78), TO 9TH ypaBHeHUs ONpeAe]siOT TOJbKO Orubaio-
oD

D
wyo. B XaHHOM caydae 3TH YC/AOBHS BEINOJHEHHI: = = 1.
CrenoBarensHo, ypasHenus (1.75) omnpefeasior oruGamulyio, KOTopas
MOXET BHIPOAMTBCA B TOUKY, eciu ceMeficTBo (1.73) aABaseTcA MyuxkoM
NpAMBIX.
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Mpumep 6.
y=xy —y'* — ypasuenne Kaepo.

" OpHolmapaMETPHUECKOE CEMEHCTBO  MHTETDAJbHBIX MPAMbIX HMEET BHA

y = ¢x — 2. Kpome rtoro, uHrerpaabhoii Kpusoi sBAserca orubawinas STOro

ceMeiicTBa, onpejgeaseMas ypaBHEHUSMH ¥y = cx — ¢ H x — 2¢ = 0. Vckawuas ¢,
2

rroxysaemM y=-J—Z—— (puc. 1.28).

Mpumep 7.
’ I3
y=2xy —y’” — ypasuenue Jlarpamxa.
y=n
y=2xp—ps (1.76)
Juddeperuupys, moayuaem
dp dp
=2 — 3 =L L.
P=2p+2x —= —3p— (1.77)
H [I0CAe JEJEeHHA Ha Z—ﬁ NPUXOJUM K YpaBHEHHIO
dx
—— = —2x - 3p2
Py +3p

7 T He S 3 Crenoba-
HTETpHpYA 9TO JaukelHOoe ypaBHEHHe, MOJyTaeM x_F—{—Ip. neN0B
TEAbHO, HHTErPANbHBIE KPHBHE ONpPENENANTCH ypaBHeHHAMH y = 2xp— p%

¢ 3p?
X = __‘___}__E_.
P 4

d
ﬂpn ACJNEHHH Ha d—'z—, KaK YKaiblBaJOCb BHIIE, TEPAIOTCA pEIIeHHa p = p;,

TI€ p; — KOpHH ypaBHeHHa p— ¢ (p) = 0. B pmaHHOM cayuae Tepaercs pelIeHHe
p =10 ypasueuns (1.77), koTopoMy, B cuay ypasueuus (1.76), cooTBeTCTBYET pe-
LIeHHe HCXOAHOTO ypaBHeHust y =0.

§ 9. TeopeMa cyWECTBOBAHHA M EAHHCTBEHHOCTH
Ans AuddepeHIHATbENX YPABHEHH, He pa3pelleHHbIX
OTHOCHTEJIbHO ApOH3BOAHONR. OcoOble pelieHHs

B § 6 6bla nokasaHa TeopeMa CYUleCTBOBAliMS M €IMHCTBEHHOCTH
d

pemeHus y (x) ypaBHeHuS Ti:f(x. V), yJAOBJETBOPHAILIETO YCJIOBUIO
Y (xg) =Yy, AHanOTHuHBI# BOMPOC BO3HUKAET W 1Jf YypaBHeHuH BHAA
F(x, y, y)=0. OueBuauo, 4to /15 TaKHX YyPaBieHHH uepes HeKOTO-
pylo Touky (xg. ¥g). BooOuwe roBops, NPOXOAUT yKe HE OJHa, a He-
CKOJMbKO  MHTErpatbHBIX KPHUBBIX, TaK Kak, paspellas ypaBHeHHe
F(x, y. y)=0 orHoCHTENbHO y’, Mbl, KaK MpPaBUJIO, MOJYyYaeM He OAHO,
a HeCKOJbKO NeHCTBHTeNbHBIX 3HaueHuH ¥y = f;(x, y) (=1, 2, ...),
M eclH Kawioe H3 ypaBHeHuH y = f;(x, ¥) B OKPeCTHOCTH TOYKH
(%9, ¥y) YAOBAETBOPAET YCJOBHAM TEOPEMbl CYWIECTROBAHWS W €IHHCTBEH-
HoctH § 6, TO AN KAXIOro M3 STHX ypaBHeHMH HaMAETCA €MMHCTBEHHOE
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pelleHre, YAOBAETBOPSIOULEE YCAOBHIO Y (Xo) = V. I[l03TOMY CBOHCTBO
eNMHCTBEHHOCTH pelueHust ypasuenus F(x, y, y')=0, ynosieTBOpsiIO-
IEro ycioBulo y(Xy) ==Y, OCbIYHO [OHHMAeTCsi B TOM CMBIC/Ae, YTO

y 5
Y

/\
LES

Puc. 1.29.

yepea JAHHYIO TOUKY (Xg Vo) N0 OGHHOMY HANPABAEHUIO TPOXOLUT
He Gojee onHOM uHTerpasibHOM KpuBOR ypasHenus F(x, y, y')=0.
dy

o
Hanpumep, ans pewreHu#t ypaBHEHHH (H) — 1 =0 cBoiicTBO exuHHCTBEH-

HOCTH BCIOAY BHINOJHEHO, TaK KakK 4YEPe3 KaWIYy TOUKY (X, Y,) HPOXOIAT ABE
HHTErpadbHble KPHBBIE, HO 110 PasjHYHbIM HanpapienuaM. [eHCTBHTEAbHO,
dy

H=:l:1. y=x+4¢ o y=—x-¢C

Has ypaBHeHus % )2—(x+y)y -+ xy =0, paccmorpeHHoro Ha crtp. 68, B TOY-
Kax npamoit y=x CBOHCTBO E€IHHCTBEHHOCTH HApYLIEHO, TaK KaK 9epes TOUKH
sTOH NMpaMOH NPOXOAAT HHTErpajbHble KPHBBIE YpaBHEHHH y' = x H y' =y 00
OIHOMY U TOMy ®e HanpabaeHHxio (puc. 1.29).

Teope.ua 1.5. Cywyecmeyem edurncmeennoe pewenue y =y (x),
xo— hy L x L xg+ hy, 20e hy docmamouno maro, ypasHerusn
F(x, ¥, y)=0, (1.78)

yaos/zemsopmowee yea08uio Y (Xg) =yg 048 KOMOPO2ZO Y (xo)—yo,
20e yo—oauu w3 delicmaumensiblx Ko prei ypasnenus F (xq, vy, v')=0,
ecan B8 3AMKHYMOU OKpecmrocmu moyxu (xo, Vor yo) Pynryusn
F(x, y, ¥') yoosaemsopsem ycaosuan:

1) F(x, vy, ¥') Henpepsisrna no 8cem ap2yMeRman;

2) npouaeoauaﬂ oy cyujecmeyem u OMAULHG OM HYAR,
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, [4)
3) cyuecmeyem 02paHU4ERHAR 110 MOOYRO NpoU3sodHan Ty

] <m

NDokasateabctrBo. CoriacHo H3BEeCTHOH TeopeMe O CYUIECTBO-
Batiil HeABHOM QVHKUHHM MOXHO YTBEDXAaTb, 4TO yciosus 1) a0 2)
rapaHrtHpyioT CYUleCTBOBAHHE €IHHCTBEHHOH HempephiBHOM B OKpecT-
HOCTH TOUKH (X; Yo) PyHkuuu ¥ = f(x, v), onpeaeasemofl ypasue-
nneM (1.78) n ynosaerBopsiounieR ycaoBuio y, = f (xo. yo). OcraeTtca
nposepurb, Oyaer Ju yHkuMs f(x, y) YyROBJAETBOPATb yc/aoBMiO JIum-
wuua Han 6oJgee rpyboMy yCIOBUIO By < N B OKDEecTHOCTH TOYKH

(Xg: ¥o)» TaK Kak TOrAa MOKHO OyleT YTBepIKIaTb, YTO YPABHEHHE

y=7f(xy) (1.79)

yIOBAETBOPSIET YCJOBUSIM TEOPeMBl CYUIECTBOBAHMS U €JMHCTBEHHOCTH
(cM. § 6, ctp. 40) u, ciuenoBaTeNbHO, CYLIECTBYET efMHCTBEHHOe pelle-
uie ypasHenus (1.79), ynosierBopsioumiee ycJoBHIO Y (X) =Y, 2 BMecTe
C TeM CyuecTByeT eJUHCTBEHHAs WHTerpalbHas KpuBas ypasHeHus (1.78),
npoxoafllas 4epes TOuKYy (Xp. Vo) M MMewollas B el yriosolt kosd-
duuneHT KacateabHol y.

CorsacHO H3BEeCTHOM TeopeMe O HeABHBIX (QYHKLUAX MOXHO YTBep-

0
#1aTb, 4TO NPH BBLIOJHEHUH YycnoBUH 1), 2), 3) mpoussonHas 7;— cy-
1ECTBYET U MOXET ObiTh BLIUMCJEHA MO NpaBuay AuddepeHUHPOBAHUS
HesIBHBIX (PYHKUHA. -
Nudpdeperunpys TtomiectBo F (x, y, ¥')==0 no y u npuxuMas Bo
BHHMaHHE, 410 Y’ = f (X, ¥), noAyduM

OF | OF of
oy Ty oy =%
AU
oF
of _ oy
oy =TT oF

OTKYyIa, NpHHMMass BO BHUMAaude ycJjoBus 2) # 3), ciegyer, 4TO
of :
]d_y N B 3aMKHYTOH OKPECTHOCTH TOUKH (Xy Mg).

MHoxecTBO TOYeK (X, y), B KOTOPbIX HapylUAeTCH eAUlICTBEHHOCTH
pelueHnii ypaBHeHHs
F(x,y, y)=0, (1.78)

Ha3bIBaeTCA 0COObM MHOWECTBOM.
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B Toukax ¢cOGOr0 MHOMECTBA AOJKHO ObiTL HAPYLUCHO (10 KpaH-
Het mepe OLHO u3 ycaoBuft TeopeMsl 1.5. B nuddepenuunatbHbX ypasHe-
HUAX, BCTPEYAKLIMXCA B TPHKJIAAHBIX 3ajauax, ycaoBus 1) H 3) oOHuHO

oF
BBLITIOJIHSIOTCS, HO ycaoBie 2) i % 0 yacTo HapyluaeTcs.

Ecan ycaoBug 1) n 3) BHINOJAHEHB, TO B TOYKAX OCOOOTO MHOMe-
CTBA AOJKHb OJHOBPEME@HHO YAOBJAETBOPATLCH YpaBHeHIs
oF
Fx,y,y)=0u W:U' (1.80)
1
Wckaouas H3 3TUX ypaBHeHHH y’, noayuuM ypasHehue
D (x, y)=0, (1.81)

KOTOpPOMY [JOMXHB YIOBJETBOPSTL TOUKH ocoforo MHOMecTBa., OaHako
He B KawIoH Touke, ynos.erBopsiouledl ypanHenuio (1.81), obfAsarensio
HapyluaeTcs elMHCTBEHHOCTh pellieHka ypasHeHus (1.78), Tak kax ycjo-
Bis TeopeMbl 1.5 Juilib AOCTaTOMHBI /ISl €NMHCTBEHHOCTH peLUeHHS, HO
HE ABAAIOTCS HeOOXONMMBIMH, W CJel0BaTeNbHO, HapylUeHHde KaKoro-
HUOYAL YCAOBHS TeOpeMbi« He 06s3aTedbHO BJeveT 34 COGOH Hapylue-
HHe eIHHCTBeHHOCTH.

Wrak, toasko cpenu Ttouek kpuso#t dD(x, y)=0, nasbiBaeMolt

p-Ouckpumunanmuoll kpuso# (Tak kak ypasHenus (1.80) wawe samucwi-

oF
Balorcs B Buie F(x, y. p)=0 u W:O)‘ MOryT OblTh TOYKH OCO-

60or0 MHOXEeCTBA.

Ecnu kakas-HuGynb BeTBb y =—¢ (x) xpuso#t {(x, y)=0 npuxan-
JeHUT 0COOOMY MHOMECTBY M B TO e BpeMs SBJAAETCS HHTerpaibHo#
KPHBO#, TO OHA HAa3LIBAGTCH 0cO60H unmezparsiol kpusod, a GyHKuUUA
¥ =@ (x) nasbiBaeTcs 0COOH M peieHuen.

Hrak, Nis HaxowieHuss oco0Oro pelieHHs YpaBifeiHs

F(x, 9, y)==0 (1.78)
HAAO0 HAUTH p-IUCKPHMHHAHTIYIO KPHBYIO, OTpPElE SeMYI0 YPaBHEHHAMM

oF
F(x, V., p)=0, —(57:0,

BHSCHHTb TNyTeM HENOCPEACTBEHHON NOACTaHOBKH B ypasHeHue (1.78),
€CcTb JIH cpeiu BeTBeH p-NUCKPUMHHAHTHONW KPHBOH uHTerpajbHbie Kpu-
BHIe, 4, eCad TaKHE KPHUBLIE €CTb, TO €ll€ TNPOBEPUTb, HApYILIEHAa Ju
B TOYKAX O9THUX KPHUBHIX ENUHCTBEHHOCTb HJAH HeT. EcAu enUHCTBeH-
HOCTb HAapylleHa, TO TaKas BETBb p-NUCKPHUMMHAHTHOW KDHUBOH sBJAsETCA
0cob0i uHTerpaisHOH KpuBof.

Mpumep 1. Umeer au ypaBuenne Jlarpanwa y=2xy’ —(y’)* ocoboe
peutenye? ‘

YcnoBus 1) u 3) TeOpeMB CYIECTBOBAHHA M ELMHCTBCHHOCTH BHINOJHE-
Hbl. p-IHCKPHMHHAHTHAA KDHBaf OlpEJEseTcs YDaBHEHHAMH: Yy =2xp -— p?,

.
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2x —2p =0, nay, uckaouan p, y = x2 [lapabona y = x? He fBAAETCHA HHTer-
panbHOH KpUBOH, Tak Kak GyHKIHA y= X2 He YNOBJETBOpAET HCXOAHOMY
ypaBHeHutio. Oco60ro peiieHus HeT.

Mpumep 2. Halitu ocoboe pemeuue ypaBHeHnﬂ .)'Iarpamxa

x——}’='§)_ (y’)2—§7—()")3‘ (1.82)

YcnoBus 1) 1 3) tTeopeMsl CYweCTBOBaHHS H eIHHCTBEHHOCTH BBINOJHEHHI.
p-LHCKDUMHHAHTHASI KpUBas ONpelessieTcs ypaBHEHHSAMH

,__4 8 3 _8_ 2} ==
*—y=gp—g P, glp—p)=

M3 Broporo ypaBHeuus HaxoXuM p==0 uln p==1; NOACTaBAAS B nepBoe ypiB-
HEHHE, NOJYUIIM:

4
y=X HJIH y=x——27.

Jlnwb Bropas M3 3THX (QyHKUH ABAAETCA PEIIEHHEM HCXOJHOTO ypaBHEHHA.

Zi

&3

\

Puc. 1.30. Puc. 1.31.

Jas toro uTo6nl BLIACHWTL, GyNET JIl peUleHHe y=x-—2—7 ocobBM, Hajo

HIpPOHHTErpupoBaTh ypaBHenHe (1.82) H BBIACHUTH, MPOXOAAT JAH YEPE3 TOYUKYU Mpf-

Mol y= X =57 MO HalpaBaeHHio 3ToH npAMO# JIpyrme UHTerpaJbHbIE KpHuBble.
Murerpupys ypasHenue Jlarpamsxa (1.82), noayunm:
(y—cop=(x—c) (1.83)

W3 ypaBuenns (1.83) n puec. 1.30 Buawo, uro npamas y=x—% ABJIAETCH
ornbatouiel ceMeiicTBa mnoaykybuueckHx napadoa (y — ¢)? = (x—c)® u, cuelo-
BaTeJbHO, B KaxuJo# Touke npsaMod y = x — 77 HapylleHa eIHHCTBEHHOCTh — 1O
OHOMY H TOMY e HaNpaBJAEHHIO MPOXOIAT ABE HHTerpalbHble KpUBHE: UpaMas
y=x—=7 n. Kacaowasdcs sTOf NpaMoil B paccMaTpHBaeMOH TOYKE NOMYKYyGH-
yeckas Hapaboaa.
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4
Urak. ocobbim .pemeHnenM ABafeTCS y=a =5
B stoM npiMepe orubawmas ceMEHCTBA HHTErPadbHBIX KPHBLIX sBAfETCH
0CO6hIM pelIEHHEM.

Ecau orubawoiuett cemeficTsa
D(x, v, 0)=0 (1.84)

Ha3uBaTh KPIUBYIO, KOTOpaa B KaxJIOH cBoeH TOuke KacaeTcs HeKOTO-
polt xpuBo# cemedctBa (1.84) U Kaxaoro OTpeska KOTOpOMR KacaeTcs
GeckOHeYHOe  MHOXECTBO KDPMBBIX paccMaTpHMBaeMOro ceMelcTBa, TO
orubatoiiasd ceMeficTBA HHTETPANbHBIX KPHBBIX HEKOTOPOFO YpaBHEHis
F(x, v, y)=0 Bceria 6yner ocofo# nHTerpainHOH KpuBOH.

HeficTBUTeAbHO, B TOUKaX oOrubawmiiedt 3uaueHns x, y u y’ cosna-
HAI0T CO 3HAYeHHSMU X, y M Y’ RAA MHTerpaibHOH KpHBOH, Kacawouweics
orndamouled B Touke (X, y), U CJIel0BaTe/blIO, B KawaAOR TOUKe OTH-
Gatouled 3HaueHus X, ¥ 11 Y’ YHOBAETBOPSIOT ypaBueHuio F (x, ¥, y)=0,
T. e. orudatolllas RB.ISETCs MHTerpajbHOH Kpuso# (puc. 1.31). B kaxao#
Touke orubaroulell HapylleHa eNHHCTBEHHOCTb, TaK Kak uYepe3 TOYKH
ornfaioueft MO OAHOMY HamnpaBJieHHI0 TpPOXOAAT no kpaiineft mepe nABe
MHTerpajsbHble KpuBble: OTHOAOIAA M Kacawulascs ee B paccMaTpuBa-
eMOH TOuKe uNTerpaibHas xpuBas ceMmeticrsa (1.84). Cueasosaresnbto,
ornfatontas ABJafeTCH OCOGOM HHTErpaibHONH KpHUBOU.

3uan cemeficTBo unrerpanbHux KpuBbx @ (x, y, ¢)=0 HexoTOpOro
nnddepenunaishoro ypasueuns F{x, y, y)=0, MOXKHO OMNpPEALIHTL
€ro ocoOble pelleHUs TyTeM HaxoxleHus orufaiowe#. Kaxk u3BecTHO
M3 kypca anddepeHuManbrott TreOMeTpUUM WAM M3 Kypca MaTeMaTuue-
CKOTO aHaiM3a, orubaloiuas BXOAUT B COCTaB C-AHCKPUMUHAHTHOH Kpu-
BOH, ompelenseMOH ypaBHEHUAMH

Dx, y. 0=0 n—?}——zo,

00HAKO, Kpome orubamolied, B COCTaB (¢-IUCKDUMHHAHTHOR KpHBOH
MOTYT BXOAMTb M JADyrue MHONECTBA, HANPHMEp MHOMXECTBO KPaTHHIX
oD od
——:"———:-0.
0x oy
Uro6n  HEKOTOPas BeTBb C-ALCLPLAMINALTHOM KPHBOK 3aBenoMo Owiia
orubatoiet, A0CTATOYHO, 4TOOLI HA Hel:

1) cyllecTBoBaMM OrpanuyeHHble MO MOLYJIIO YacTHble TPOU3BOAHDIE

oD o
|[Fel < |G| <

TOUeK KPDHUBBIX pacCcMaTpHBAEMOTO ceMeiicTea, B KOTOpBIX

o0 o0
2) — win  — =+ 0.
) o T 0 ] 3y +
3aMeTM, 4TO 3TH YCJ/OBus JHKIIL AOCTATOYHBI, TaK 4YTO KPUBHE, Ha KO-
TOPHIX Hapyllleno o4O M3 yciosu#h 1), 2), Tome MoryT OblTe orutaio-

H1WMH,
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Mpumep 3. Jdano cemeiicrBo MHTerpafbHHX KpPHBHIX (y — €)2 = (x— ¢)3
Hekotoporo AxnddepeHunanbHOro ypaBHeHHs (cM. mpumep 2 Ha crtp. 79). Hafitu
0co60e pelleHue TOr0 Xe YpaBHEHHS.

HaxonuM c-AMCKDHMHHAHTHYIO KPHBYIO:

(y—)=(x—cP u2(y—c)y=3(x—c)%

Hckaouas napaMeTp ¢, noayyum
4

y=xu x~—»y—-ﬁ=0.

4 o "
npﬂl\fﬁﬂ y=,’(—ﬁ apagercs orubaromeit, Tak Kak Ha He# BBHITOJHENLI BCE

ycnosusi TeopeMbi 06 orubawmed. Pyuxuig y = x He ylosaeTsopfer Anddepen-
nuanpHOMy ypaBHenuio. [lpaMast y=x dBAdETCH TEOMETPHUYECKUM MeCTOM
Touek Bo3Bpata (cM. pic. 1.30). B roukax arto#t npsmolt HapymeHo BTOpoe ycao-
BHE TeOpeMH 006 orubawmeil.

Mpumep 4 laHo cemMeHCTBO MHTErpajibHBIX KPHBBIX

]

yo —xH4c= (1.85)

HekoToporo anddepeHnHanbHOrO ypasHeHus nepBoro mnopsaka. Halitu oco6oe
pellleHHe TOFO e YPaBHEHHS.

3amaua CBOAMTCS K HaxodJenuio orubatomell paccmatpHBaemMoro cemeiicTaa.
Ecay HemocpeXCTBEHHO MPHMEHHTH YKa3aHHbIH BhIIUE METOJ HaXOMAeHHMs oru6aio-
we#, TO MNOAYYHM NPOTHBOpeuHBOe ypaBHeHde [ =0, oTKkyza ka3ajoCb Obl
€CTeCTBEHHO CAeNaTh BHBOX, uto ceMedcTBO (1.85) He umeer ornbawmeit. Oanako

o o
B JIAaHHOM CJyuae TPOM3BOAHas OT JeBoH yacTH ypasHeHus (1.85) mo y, oy "

=—y °, ofpamaerca B G6eCKOHEUHOCTh TPU y =0, W CACJOBATEABHO, lie
HCKJIOUEHA BO3MOMHOCTb TOro, yTo y = 0 Gyaer orubawomeit cemeiicra (1.85),
KOTOpYIO HE yJaJoch HaitTH OCIHM METOJOM BBMAY HapyLIEHHS Ha UpAMOH y =0
ycnosHi TeopeMn 06 orubamouueil.

Crenyer npeoGpasoBath ypanuenue (1.85) Tax, yToG6bl Xas Npeo6pa3oBaHHOrO
ypaBHEHHS!, S9KBHBaJCHTHOrO HCXOJHOMY, YXe BbINOJHSJMCH YCAOBUS TEOPEMBI 06
oruGaromei. Hanpumep, samumem ypaBHeHue (1.85) B Bujge y —(x —¢)5=0.
Tenepb ycnorus Teopemsl 06 oruGaromeil BLIMTOJNHEHD, M, NDUMEHSAA O0UMH MeTOR,
HOJYYUM:

y=(x—¢)5 S(x—c)=0,

MM, UCKAYas ¢, 6yaem HMeTh ypaBHeHHe orubawitedt y =0 (puc. 1.32).
Mpumep 5 [Hano cemMe#CTBO HHTErpanbHHX KPUBHIX

y—(x—c)*=0 (1.86)
HekoTOporo auddepennuatbHOrO ypaBHenmus mepsoro nopsiaka. Haitte ocoGoe
pElleHHe TOrO K€ YDaBHEHHs.
C-AHCKDHMHMHaHTHAS KPHBas onpelensercss YPaBHEHHAMM

yY2—(x—¢P=0ux—c=0,

6 J1. 3. dascroasy
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und, uckmouas ¢, noayyum y =0. Ha npsamo#i y =0 obpawmaiorcs B Hyabp o6e
YacTHHE MPOH3BOAHBIE —=- N Ty oT neBOH yactd ypasHenus (1.86), caerosa-
TeJbHO, ¥ == 0 ABAAETCA reOMETPHYECKHM MECTOM KDATHHIX TOYeK KPHBBIX ceMeii-
crea (1.86). B maHHOM cayuae Toyek BO3BpaTa. OJHaKO 3TO reoMeTpHYECKOe

<

Puc.

o

8

/ ‘/‘Zg’
NN N

Puc. 1.33.

MeCTO TOUYeK BO3BpaTa B pACCMaTPHBAEMOM IMpHMEpe fBJSETCS OMHOBPEMCHHO H
orubatomedl. Ha puc. 1.33 uzoGpaxenn uonykyGuueckue uapaboan (1.86) # ux
orubaioman y = (..

3apaqn K riaase 1

lLtgydx—ctgxdy=0. 10, x(Inx—lhy)dy —ydx = 0.
2. (12x 5y —9) dx + 1. xy (y/2— (224 y?) y +.
+ Gx4+2y—3)dy=0. —+ xy =4
dy _ TR 12. (y')? = 9y".
3. XFx———}"f'] X2 y2 x
dx X

13. W:B' +T.

48y

5 ydx—xdy=x%ydy. 14, x2 -4 (y')? =1[.

6. %+3x=e2’. 15. y=xyl+7-

7. ysinx 4y cosx =1, 6. “ZT(Y')S;)’/ +2
8. };:x= e, 17. X = Fy

9. — =x+sint. 18. y=(y')—(y')P—2

dt

19. Hafitn oproroHanpHule TpaexTopuu ceMeHCTBa Xy = ¢, T. €. HAATH Aunuu,
OPTOTOHA/IbHO MEepeceKalolne KpUBEle YKa3aHHOro cemeHcTBa.

20. Haiitn kpuByio, y koTOpO# mnoaxacaTelbHas BABoe Ooxpmre abcuuccnt
TOYKH KacaHHs.

21. Halith xpuByl0, y KOTOpOfi OTpe3Ok, OTCekaeMHl kacaTeJlbHOH Ha ocy
OpJiMHAT, paBeH abCUHCCE TOYKH KaCaHuf.

22. Haiitn oproronanbHule Tpaexktopus cemeHcrBa

x? 4 y?=2ax
23, CuuTad, 49TO CKOPOCTb OXJAKACHHS Kakoro-anGo Tena B BO3AYXe MPO-

NOPHHOHANbHA DPA3HOCTH MENKAY TeMnepaTypaMH Tela W BO3AyXa, PELIMTb c.e-
IyOIIyl0 3ajauy: eCiH TeMmmepaTypa Bo3fyxa pasHa 20°C u Teno B Teuenue
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20 mun. oxaaxjaaetcs oT lUU a0 60°C, 10 B reueHne KaKkoro BPEMEHM TeMIie-
patrypa rena jocturier 30° C?

24, MoTopHas J0ika JABUXETCS B CHOKOHHOH BOJe co ckopocThlo 10 rxaf/wac.
Ha noanom xony ee MoTop Obla BhKAIO4UEH M depe3d ! = 20 ceK. CKOPOCTb JIOAKH
yMeHbIIARACH 10 Uy =06 wua/yac. OnpejenuTp CKOPOCTb JNOIKH 4epe3 2 MHH.
nocne OCTAHOBKM MOTOpPA, CYMTAs, YTO CONPOTHBAEHHE BOXHE! 1IPONOPLHOHAABHO
CKOPOCTH IBHXEHHS NOLKH. :

25. Halttu dopmy 3epkana, OTpaXaioulero Mmapaine’abiio JAHHOMY Hampas-
NEHHI0 BCE AYUl, RHIXOIAUINE 13 33]3HHOH TOUKWM.

26, y2 4 y2 =14, '

27. Ha#itn xpiBylo, ¥ KOTOpPOi OTpe30K KacaTehbHOIl, 3aKMOUEHHBIE MewH,1y
OCAMH KOOPIHHAT, UEAUTCH B 10YKE KACAHHMA Ha PABHBIE 4acTH.

dy _ 2y—x—4 oo Y y 0
B Ty Fs P ur Txa TN
30. YucleHHO NpPOMHTErpUpOBATh YPABHEHHE
d ,
L=kt yO=0

Omnpegeants y (0,5) ¢ Touroctoio Ao 0,01.
31. YncaenHO MPOMHTErPHPOBATH ypaBHEHUe

ay
dx

=xydfa2  y(0)=0.

Onpeneauts y (0,6) ¢ TouHocThio fo 0,01.
32. y =131x—02y% y(0)=2.
CocraenTh Tabayuy NATHaAUATH 3HAUGHHH y € warom h = 0.02.

d .
33 y=2xy —y’. 34 —d—i= cos {x — y).
35. Iloabsyscy meTogoMm u30KAuH (cM. €Tp. 17), cAcaarp HaGpocoK cemeii-
CTBA HHTETPabHBIX KPHBHIX YPaBHEHWS
dy
dx

36. 2x 42y —Ddx+(x+y —2)dy=0.
37. y/3__ ),'82.»\’ . 0.
38. Ha#itu opToroHalbHple TpaekTOPHH Napaboa y? 4 2ax = a2
39. Umeer an guddepedunansHoe ypaBHenne y=D5xy’ —(y')? ocoboe
peuienue?
40. Mpu6ankeHHO MPOMHTErPUPOBATbL YPaBHeHHE
dy

— ==y — y? =
dx X y'y(l)-o

x? —y2

METOIOM MOCAeJOBaTeNbHbIX NPHOAMKCHHH (ONpeAettTh ¥y H y,).
X
al. y=x2+/ldx.
J x
1

[ PP
42, WMeer Ju ypaBHeHue y’ = Vx—5y -+ 2 ocoboe pewreHne?
B (x—y)yde—x2dy=0Q.
44. Ha#ity opToroHaiabybe TpaekTOpuM cemeficTBa y* = cx’
45. x+08x=10+4+2 npu i =1, x =2

6*
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N . X x? 5
46. x -—7-}—7 mpH Lt =2, v =4
47. y——xy -}-y mpH X =2, y=—1,
48, y=xy 4y?° up# x=1 y=—1
49 dy _ 3x—4y—2
. T 3x—4y—3°
50. x——xctgt=4sin 2
5l. y= -
R SR
52. y ———x—-}—xdy2=0.
53 y(1+4+yH=a.
54. (x2—y)dx 4 (x2y?4-x)dy = 0.
55. HalfTH HHTerpupyOWHY MHOXHTENb ypABHEHHS

By —x)dx 42y (y?—3x)dy =0,

UMeloWHA BHA U = W (x 4 y2).
56. (x —y)ydx— x*dy =0.

57.

58.
59,
60.
6l. {
62.
63.
84.
65. (
66.

s Xty—3

YT ¥y

xy —y?lnx +—y_.0
(x2—1)y +2xy —cos x =0,

yr—x)y —y Xl
() —x*)y +2xy = 0.
3xy2y’ 4 yd —2x =
{y' )2+(x+ a)y’ —)’—0 rie @ — NOCTOSHHaA.
(') —2xy’ +y=0.

(') 4-2yy ctgx—y2=0.

OI|
<o

rn. t



FTABA 2
AU PEPEHUMAJIbHLIE YPABHEHHUS
NOPSIAKA BBbILIE HNEPBOrO
§ 1. Teopema cymecTBOBaHHA H €AHHCTBEHHOCTH

nas aHpdepeHEHATLHOTO YPaBHEHHs 1-T0 nopaaka

IOunddepenunanphsie ypaBHeHUs 7-TO MOPSAKA HUMEIOT BHI

Y= f(x, ¥, ¥, ..., Y7U), @.n
HJId, €CNH OHH He paspelieHsl OTHOCHTeNbHO CTaplieH NpOH3BOAHOMH,
F(x, y, v, ..., yo")=0.

TeopeMa CylIeCTBOBaHWA W EAMHCTBEHHOCTH JAJs ypaBHEHUS n-TO
NOpSAKA JErKO MOXeT ObiTh INOJyYeHa NyTeM CBeJeHHs ero K CHCTeMe
ypaBHeHH{, 11 KOTOPOH Ha ¢Tp. D1 TeopeMa CyliecTBOBaHMA M elMH-
CTBEHHOCTH yxe Obl/la NOKa3aHa.

JIleAcTBATENLHO, ecaM B ypaBHenun y®=—f(x, y, ¥, ..., y*-D)
HEH3BECTHHIMM (YHKUMSMM CYUMTATb He TOABKO V¥, HO W Yy =y,
V=99 ..., YW=V =y_ ., To ypasuenue (2.1) 3aMenseTca cuCTeMOH

v =y, l

Y=V

) . . P (2'2)
Vpo=VYu_r
y:/z~1=f(x’ o Voo yn—l)’

[oc/e Hero yme MOXHO IPHMEHUTb TEOPEMY O CYLIECTBOBAHUU U eAMH-
CTBEHHOCTH peUIeHUs CHUCTeMbl ypasHeHHH (CM. cTp. d1), COraacHo koro-
poH, ecaM npaBble 4YacTH BCeX YpDaBHEHHWH cHUCTeMbl (2.2) HenmpepolBHEI
B paccMaTpuBaeMON o06JacTH W YAOBAETBOPAIOT YCA0BMIO Jlummmua no
BCEM apTrYMeHTaM, KpOMe X, TO CYIECTBYeT eHMHCTBEHHOE pelleHHe CUCTe-
Mbl (2.2), YEOBJIETBOPSIOLIEE YCAOBUAM

V(X)) =0 Y1(X) =Yy «++s Ya1(¥0) =Ys_1,0-
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[Mpasbie yacTy nepBuix # — | ypaBHeuuit (2.2) tenpepLiBHBI W YAOBJe-
TBOPHAIOT He TOAbKO ycaoBHIO Jlunwinua, Ho naxe 6Gonee rpy6oMy ycio-
BUIO CYLIECTBOBAHUSA OrpaHHYeHHEX MPOU3BOAHHX MO ¥, ¥, Vou -+« vy Yo 1.
CrenoBaTenbHO, YCJOBHS TeOpeMBl CYILECTBOBAHUA H  €AHHCTBEHHOCTH
OyZyT BBIIOJHEHb, €CAM NpaBas 4YacTb NOCAENHer0 YpaBHeHHA y, | =

= f(x, ¥, ¥ «.+» ¥,_1) OYAET HeNpepuiBHA B OKPECTHOCTH HAYAMbHHLIX
. 3Havenu#t n OyjleT yLOBAETBODATH Yc/aoBdi0 JlMmuMua Mo sceM apryMeH-
T4M, HAauMHas CO BTOPOro, MM 6oJjee rpyGOMy YCJIOBHMIO CyLIECTBOBAHMHH
OrpaHNYeHHbIX YaCTHBIX NPOM3BOAHBIX MO BCEM APTYMEHTaM, Hayuilas Cco
BTOPOTO. :

Hrax, sosppamasch kK NMPexXHUM MepeMEHHHIM X U Y, OKOHYATENbHO
noJjaydaeM cChaeAyUylo TeOpeMy CYLIeCTBOBAHNA W €IHHCTBEHHOCTH!

Teopema 2.1. Cyumecmsyem eduncmeennoe peuenue ougdepen-
KUaAbHO20 YPABHERUR N-20 nopadwa YA ==f(x, y. ¥, ..., ya-1y,
voosaemsopaouee YCA0BUAM

Y ()= Yo ¥ (%)= Vg V" (Xg)= Yoo o0 YTV () = ¥ D,

ecall 8 OKPECMHOCMU HAUAAbHUX 3HAYEHNH (xo, Yor y(’), ygﬂ—l))

dynrnun [ Asagemcs HenpepusHol dynrxyued scex csoux apzy-
MEHMO8 & yoosaemsopAem ycaosuo Jlunuwuya no 8Ccem apzymen-
mam, Hawunas c¢o emopozo.

IMocnentee ycnoBue MOmeT GbiTb 3aMeHeHO O0Jiee TpYObIM YCJIOBUEM
CyLECTBOBAHMSA B TOH e OKpeCTHOCTH OrpaHHYEHHBIX 4YacTHLIX NpOU3-
BOAHBIX MEPBOrO MOPSAAKA OT QYHKUMU f MO BCEM aprymeHTaM, HAYMHas
CO BTOPOTO.

O6uyum pewenues nupdepeHINaILHOTO ypPaBHEHUS N-TO (OPAAKa
Ha3bIBAETCA MHOXKECTBO pellleHHH, cocTOfllllee M3 BCeX Oe3 WUCK/IOYEHUs
uyacTHbX pewennit. Ecau npaBas wacth ypaBHeHus

ym=f(x, y. ¥, ¥ ... Yyl 2.1

B HEKOTOpOH 06JacTM H3MeHeHWs apryMeHTOB YIOBJETBOPAET YC/IOBHAM
TeopeMbl CYILeCTBOBAHHS H €IWHCTBEHHOCTH, TO oObliee pelleHye ypas-
HeHus (2.1) 3aBUCUT OT n MapaMeTpoOB, B KauecTBe KOTODLIX MOryT ObITh
BbIGpaHbl, HAMpHUMep, Haya/lbHble 3HAYeHUs HCKOMOH (yHKLMM R €e Npo-
UBBOAMBIX Yo, Yo, Yoo -++» Y§~U. B uacthoct, ofuwee pelnenne ypas-

Heuns BTOpOro nopaaka y” == f(x, ¥, y’) 3aBUCUT OT IBYX NapaMeTpos,
HanpuMep or y, u y,. Ecim ke dukcuposats y, u y('), T. €. 3a4aTh
TOYKY (X, §,) H HanpaBJieHHe KacaTeJpbHOR K HCKOMOR MHTerpajbHO#
KpHBO# B 3TOM TOuKe, TO MpH BLIIOJHEHWH YC0BH# TeOpeMbl Cyllie-
CTBOB2HHA H eJHHCTBEHHOCTH ITHMH YCJOBHUAMH ONpele/feTCHs eJIHHCTBEH-
Hasl HHTerpasbHas KpHBafl.
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HanpuMep, 8 ypaBHeHHn ABHKEHHS MaTepHaJbHOA TOYKH MAcCH MO
npsaMo moa AeftictBueM cuad f (¢, x, Xx):

mx = f(t, x, x)

3alaHHe HAYaJbHOrO MOJOXKEHUA TOUKH X (£y) == X, M HaYa/JbHOH CKOPOCTH
x (fp) = X, ONpPele/UT eIMHCTBEHHOE PelleHHe, eAHHCTBEHHbIH 3aKOH ABH-
WeHHa x == x (f), ecay, KoHedHo, QyHKUuS f yLOBAETBODSET YCJIOBUAM
TeOpeMbl CYLUIeCTBOBAHMA M €ANHCTBEHHOCTH.

Teopema 0 HempepbiBHOW 3aBUCHMOCTH pellleHHA OT TAapaMeTpoB M OT
HAaYaJbHBIX 3HayeHWH, paccMoTpennas Ha cTp. 54, 0e3 uaMEHEHHS MeTOAa
JI0Ka3aTeJbCTBA TIEPEHOCHTCHA HA CHcTeMbl AH(pdepeHlnalbHbIX YPaBHEHUH,
a crefioBaTe/bHO, U HA ypasHeHWs A-ro TNopaika.

§ 2. lpocTeitune cayyau MOHHKeHHH NOpAAKa

B wekoTOpHX c/yuasx Nopanok AudgepeHUnaNbHOTO YPaBHEHNA MOXET
6LiTh TOHHXKEH, 4YTO OObIYHO O6JEryaeT ero MHTePHPOBAHHE.

YiameM HECKOJbKO HauboJee 4YacTO BCTPEYAIOUIUXCA KJACCOB ypaB-
HeHU{, JONYCKAIOUIMX MOHUKEHUE TOPAAKA.

l. YpaBHenne He COAEDXHUT HCKOMON PYHKUHUH U ee
NMPpOH3BOLHBX A0 NOpAAKAa B— 1 BKAKWYKTEIbHO!

F(x, y®, g+, yin) =0, (2.3)

B sTOM cayyae nopsaok ypaBHeHUS MOMeT OblTb CHHXEH 10 7 — R
3aMeHOH mnepemenHblXx y¥) = p,
IleAcTBUTEeIbHO, TOC/TE 3aMeHbl TepeMeHHHX ypashehne (2.3) npuHHU-
MaeT BHA
Fix, p, p's ..., pi=F)=0.

U3 sroro ypaBHeHHs ONpepefsieTcd p == p(X, €, Cy «v, Cp_p) 2 Y
HaxoauM u3 YR =p(x, ¢, €y ..., C,_,) KR-KDaTHLIM HHTETPHUDO-
BaHueM. B uacTHOCTH, ecau ypaBHeH¥Me BTOPOTO NMOpPAAKA HE COAEPKHT Y,
TO 3aMeHA MepeMeHHHWX Y’ === p NPUBOJUT K YPaBHEHHIO MePBOrO NOPSAAKA.

pamep L

d'y dp 1
[lonaras Ja7 = P monyuaeM = —— p= 0; pasmensis nmepeMeHHBE H HHTErpH-
4

py#, Gynmem umets: In| pl=1In|x|+4Ine nm p= cx, %:. CXx, OTKyAa

y = ;X% 4 cox3 + €32 4 ¢, x ¢

Mpumep 2. Hailtu 3akon ABHMEHHS TeJa, MAfaloIIEro B BO3Ayxe Oes
HayalbHOM CKODOCTH, CUHTafA CONDOTHBJACHHE BO3AyXa MPONOPUHOHANbHHM KBAX-
paTy CKODOCTH.
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YPaBHeHHe RBHXEHHUS HMECT BUA

m d?s & ds\*
arr =~ "8 77) ’,

rie §—mnpOHAeHHMHA TEAOM nOyTh, /M —Macca Teaa, f—sppems. [Ipy (=0

ds
Gyzet s——=0nTt-=0 ,

YpaBHeHHe He COLEpWHT HBHO Heuasecmoﬁ OGyHKUMH S, cle10BaTENbHO,

MOXO [OHM3WTDL NOPAJOK ypaBHEHHUA, CUHTASA —d—t = 7. ﬂpu 3TOM YPaBHEeHMe ABA-

HEeHHS HPHMCI BHI
m =m ‘212
dt g *

Paaxenﬂﬂ IIEPCMEHHBIE M HHTErpHPYA, NOJAYUHM
v

d
_mdv___ z=m/ @ _ L am ’i_
mg — kv J o omg-—kv k]/g T

OTKyHa U = V—th (#V'g 1); yMmHo)as Ha df w uaTerpupys eme pas, Hailoem
3aKoH .ZIBM)KCHHﬂ,
= lnch (Vg ).

2. YpaBHeHHe He CONepXUT He3aBUCHUMOTro mepe-
MEHHOTO:
Fy. vy, ¥ ... y")=0.

B sToM cayuae nopaaoK ypaBHEHUA MOXHO TOHH3UTb Ha eLHHHWY

NOACTAHOBKOW y' == p, NpHYeM p paccMaTpUBaeTcs KAK HOBas Heu3Be-

dar

¢THaa ¢yHKuMa y, p==p(y), U CJAeJOBATEJbHO, BCe NPOH3BOAHBIE d—i

X

HAal0 BLIPA3UTb Yepe3 TNPOM3BOAHbLIE OT HOBOW HeH3BeCTHOH GyHKUUU
p(y) mo y:

ay
dx P

d3y __ d (dp __d/dp dy __ \)
m—a(wp)~wkwl’) rra dyz +(
¥ aHAaJAOTMYHO 148 MPOHM3BOAHBIX OoJjee BblcOKOro mopsazka. [Ipu 3roum

dark
OYEBHUIHO, YTO MPOH3BOJHLIE d—y BbIDAXAIOTCA yepe3 IMPOU3BOIHbLIE (10-
xk

pAaaka He BHIle R—1 OT p TO y, YTO M INPHBOAMT K TOHHKEHHIO
NOPAAKA HA elMHHLY,
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3 4acTHOCTH, eC/d ypaBHEHHE BTOPOrQ MNOPAAKA he COREPHKUT He3a-
BUCHMOTO TIePEeMEHHOrO0, TO yKa3aHHas 3aMeHa [MepeMEeHHBX [MPUBOJHT
K Yp4BHEHMIO IEPBOTO MOPHIKA.

lpumep 3

dy (dy 2 -0

dx? ‘dx) -
I a5 g-)-’— &‘— d—‘? 1oAY UYNM dBHCHHE C pa3icasIiolIUMHUCE nepe-

oJaar dx= P _,,xz-—dev ydauM yp pasn 1y ep
dp dy

MEHHBIMB ypE;——p == 0, ofiee pellielne KOTOPOro p= €y uay o= G
CiuoBa pasjenss mnepeMeHHble ¥ uuTerpupys, noayuum In|y|= ¢,x+1nc, nan

C1 X
y= ce"".
Mpumep 4 IlpovHterpupoBaTs ypaBHEHME MATEMaTHUYECKOIO MAHTHHKA
x + a?sin x =.0 npy HaUaABHBIX ycaoBHax x (0) = x, x(0)=0.
[lonmxaem nopsjok, nonaras
dv

X=vu, Xx=0-—, vdv=—a?sinxdx.
dx
v? - P ——
5= a?(Cos X —COS xp), U= =% a2 (cos x — cos X5),
X

1 dx
—di.—.::taVQ(cosx—cosxg), t= = _/ _—
aVQ; Vcos x —cas x,

VMnterpaa, crosmuil B npasofl 4acTy, He 6epeTcs B 3AEMEHTAPHbIX QyHKIRUAX,
HO NErKO CBOAMTCH K 3JJHATHYECKAM (QYHKUMAM,

3. Jlesad YacTh ypaBHEHHS

F(x, y. ¥y, ¥y ..., vi)y=0 (2.9
fiBASeTCHS NMPOHBBONHOK HeKOTOpPOTo ApdpdepeHUHanb-
HOTO BHpaxeHus (n—1)ro nopsaxka P(x, y, ¥, ..., yr-),

B 3ToM ciyuae Jerko HaXORMM TaxK Ha3wBaeMblfi nepswd unmezpas,
T. e. QuddepernralnHoe ypasHeHde (72— 1)-ro nopsaika, colepiauiee
O0HY TpPOU3BOJILHYIO MNOCTOAHHYIO, SKBHBAJEHTHOE NAHHOMY YDPaBHEHHIO
n-ro Nopaaka, W TeM CaMbiM TIOHMX3eM TOpSAOK YypAaBHEHHS Ha elu-
Hully. JleHcTBUTEabHO, ypasuedue (2.4) MOXKHO IepenucaTb B BHAE

d ’ _
H(I)(x, v, ¥, .., Dy =0. (2.4)

Ecan y(x) faBasercs pelueHueM ypasHeHus (2.4,), To npoussoaHas QyHK-
war D(x, vy, ¥, ..., y»~Y) ToxkaecTBenHo pasHa wyao. CaeclosaTebHo,
dyukwas D(x, v, y', ..., ¥y*~Y) paBHa NOCTOSHHON, U MH MOAyuYaeM
fnepBHit uHTerpan

D, vy, ¥y oo, Y-Ny=c¢,

fpumep & ,
'+ yY=0
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3TO ypaBHeHHe MOKHO 3anHcath B suje 4 (yy') =0, o*rxiyna yy =¢; aau
y dy = ¢, dx. CaeloBaTenbHO, 061UUM HHTEerpaioM sBasetcd y? = ¢, x 4 ¢,

Muoraa nesas uacts ypasHemus F(x, vy, v, ..., y®)==0 crano-
BUTCA TNpOH3BOAHOR Anddepenunabhoro Bupaxenus (n — 1)-ro nopsika
Dx, v, ¥ ovey y-D) mmp nocle yMHOMEHHA HA HEKOTOPHIH MHO-

#utenb Blx, v, ¥, ..., YOO,

Ilpumep 6
yy' —(yP? =0

1 ()2 d ’
YMHOI)Kaﬂ Ha MHOXHTEAb =75, HOAYUUM —}zy?(—}')= 0 uau yrs (%) =0,
OTKyla };—.—_ ¢y, HAH % In|y|=¢;. CaepoBatensHto, In|y| =c;x 4 1ncy ¢, >,

OTKYNa ¥y = ¢,6°%, ¢, = 0, kax u B mpumepe 3 3T0ro maparpada.

3ameuaHue, [Ipu yMHOMEHMH Ha MHOXHTe b (X, ¥, ¥, ..., y*-D
MoryT ObiTh BgeleHbl JHIUIHHE pelleHHs, oO6pallaloue STOT MHOMHTe/b
B Hyab. Ecan MHOXHTeqb | paspbiBeH, TO BO3MOXHA W TIOTEpPA pelie-

1
uufl. B fApumepe 6 npu yMmHOMeHUM Ha u=F ObiJ0 NOTEPAHO pelue-

e y=~0, KOTOpOe, OIHAKO, MOXHO BK/IOYHTb B [O/JyueHHOE pelieilne

y == ., ecau cuuTaTh, 4TO ¢, MOXeT MpHHNMATh 3HaueHue 0.

4, Ypasueuue F(x, y, y. ..., y")=0 oLHOPOAHO OT-
HOCUTEAbBHO apryMeHToB ¥, ¥, ..., y*.

[MopsiloK OZHOPOZHOrO OTHOCHTeJBHO Y, V', ..., Y ypasHeHus

Fle, y. ¥y .o, =0, (2.5)
T. €. ypaBHeHHs, IJIi KOTOPOrO CIPaBel/HMBO TOKIECTBO

F(xi kys kyl, ceay ky("))=ka(x. V. y,, cney y(n)),

d
MONKET ObTb TOHWMEH Ha GAMHHUY TOLCTAHOBKOH y=eIz ¥, rae

Z — HoBas HemsBecThad ¢yHkuusa. JHeHcTButeabno, Iuddepenunpys,
noaydaeM
y/ —_— e_fzdx 2

s

y =el 7 (22 4 2,
)’w =efzdx(23+ 322’ 4 Z”),

e+ e e e e e v e . N

y(")-_—_efz‘”’d)(z, 2, 2", ..., zk-1)

(y6eanThcss B COPABELIUBOCTH STOTO PABEHCTBA MOMHO METONOM HH-
LyKLHH).
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[MoacraBasas & (2.5) ¥ 3aMevas, 4TO. B CHJIY OJLHOPOIHOCTH, MHO-

wntens e”f 79 MoxHo BMHecTH 3a 3Hak dynkunn F, nosyuum
P L2 p e 2 2 L 20y =0
pfzdx

, OyneM ©MeTb
fx, 2z, 2/, .., 2-Dy=0.

HJH, COKpawas Ha e

Mpumep 7
¥y  —(y) = bxy>
d
ﬂonara;;xa{k;——x)efz ’ noayuyuM 2z’ =6x. z2=3x24¢, y=
y = ¢€8 Lt

j'(3x’+v,)dx
e uJn

Oco0eHHO 4acTO B TPHAOXKEHHSX BcTpedaioTca NUddepeHUna bHBE
ypaBHEeHWs BTOpPOTrO MOPALKA, JAONycKalOuwHe MNOHMXKeHud MNOpslka,

1) F(x, y)=0. (2.6)
B 9toM ypaBueHMM MOMUO NOHU3UTL NOPANOK MOACTAHOBKOR Y = p
U CBecTH ero k ypaBHenuio F (x, %) =0, paccMOTpeHHOMY Ha cTp. 69.

Mo¥HO paspelwinTe ypasxenne (2.6) OTHOCHTE/NbHO BTOPOTO apry-
MeHTa y”==f(X) u IBa pasa OPOWUHTErpHPOBATL WJH BBECTH NapaMeTp
M 3aMeHHTb ypaBHehHe (2.6) ero napaMeTpHuYeCKHM NPeICTaB/EeHHEM

L=t x=b0,

OTKyla
dy =y’ dx=0®V (hdt. y'=[e®OV O dt+c,

dy =y’ dx, y=fUm(t)xp'(t)dt+c1]u{’(t)dt+c2~

2) F(y', yH)=0. Q.7
[Tonaras y’ = p, npeoGpasyeM (2.7) x ypasuenuio (1.61), crp. 70, nau
npejcraBuM ypaBHeHuWe (2.7) B napaMeTpHYeCKOM BHAE:

V.=, ¥,=v®,
OTKY A
Q' () dt Y @dt
o *=J) v@ T

nocsae 4yero y onpejne.deTcs KBajgpartypou:

dy =1y’ dx-_(p(t)(p (t)dt y=/.wdt+c2.

dx.—;—y},l—,:

V() v()
3) F(y, y)=0. 2.8
MoX1O TMOHM3WTL MOPAIOK, Mojaras
4y Ay __dp dy __ dp

dx =P P T dy ax = Pay
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Ecau ypaBHeHde (2.8) nerko paspellNMO OTHOCHTEbHO BTOPOTO
aprymenta y”==f(y), TO, YMHONKAf® 9TO ypaBHEHHE [OUJNEHHO Ha
2y" dx =2dy, nonyuum d (y")* =2f(y)dy. oTkyia

tyydy-¢

——+1/2ff<y>dy+c1. + =dx,
l/f

X+ ==

]/—Qf/f()’)d)’%-en.

MoxHo ypasHenue (2.8) 3aMeHWTb ero napaMeTpHYeCKHM TNpencTa-
BaeuueM y=o@(f), y' ==y (¢); Torza us dy =y"dx n dy=y dx
noayunm y’ dy’ = y”dy uan

Ay P=bO ¢ @) dt,
Wr=2[v®O ¢ ®d+c,

y==ty 2[voe ®atc,

nocie uero u3 dy ==y’ dx Haxoaum dx, a 3aTeM U X:

de =2 9 () at
X = v = s
i]/?fw(t)q)'(t)dtwl
— ¢ (t) at @.9)

+ f +c,
/]/2f¢<t><p'<t)dt+c, ”

YpasHenue (2.9) u y=@(f) ¥ ONpele]siOT B NApAMETPHYESCKOM BHAC
CeMefiCTBO MHTErpa/bHBIX KDHBEIX.
Mpumep 8
y=2y yO)y=1 y O)=1

YmHOwan oOe uaeTH ypaBHeHus Ha 2y’ dx, moayuum d(y’)? = 4y*dy. oTkyaa
(y")=y*+ec [lpuHuMas BO BHUMAHHE HAYAJbHHE YCJAOBHS HAaXOMuM. YTO

¢ =0 u y =y’ CaegopareabHo, % =dx, — —1; =x40C ¢&=-—l,

T l=x"
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§ 3. Jluneitnne guddepesunasbHple ypaBHEHHS N-r0 NOPSIKA

Junelinom Ougpbe peHUUANLHBM Y PABHEHUEM N-20 NOPAOGKA
HA3bIBAETCA YyDaBHEHHE, JHUHeHHOE OTHOCHTe/JbHO HEHIBECTHON (YyHKuUUH
¥ ee TIPOM3BOJHBIX W, CJeLOBAaTe/bHO, HMeloulee BHI

3y () YV ay () YV g,y ()Y e, (X)y=9(x). (2.10)
Eciu npasas wacth ¢ (x)=0, TO ypaBHeHHe Ha3bIBAGTCH AUHEUHHLM
00RO pOOHBIM,” TaK KaK OHO OAHODOZHO OTHOCHTEJbHO HEW3BEeCTHOH
¢yHKuun y 1 ee NPOH3BOIAHHIX.
Ecan kosdduuuedT ay(x) He paBeH Hy 0 HH B OAHOA TOYUKE HEKOTO-
poro orpeska a < x < b, TO, pasmeiuB Ha ay(x), MpuBeldeM JHHeHHOe
OIHODPOAHOE ypaBHEHHe NPH X, M3MEHAOILEMCA HA 3TOM OTPE3Ke, K BUAY

YN pr () YD s A py ()Y F P () y=0 (2.11)

HJ
n

Y= — "1'1 p;(x) y(ﬂ"i)_ (2.1 11)
=

Ecan xosdduumentel p,(x) HenpepnBHH Ha otpeske a <L x <0,
TO B OKPECTHOCTH MOOBIX HAuYajbHBIX 3HAYeHHN

Y (%)= Yo Yo (Xg)= Yor o0 YOV () =y,

rie x,— mo6as Touka uHTeppana a < X < b, YAOBIETBOPRIOTCH YC/IO-
BHUA TEOpEMbl CYLIECTBOBAHUA U EAMHCTBEHHOCTH.

IeficTuTebHO, NpaBas yacTb ypaBHenus (2.11) HempepblBHa no
COBOKYTHOCTH BCEX apryMEHTOB M CYLUECTBYIOT OTPaHuyeRHble 10 MOLYJI0

YacTHble NPOU3BOAHBIE a—oy{k—)z—p”_k(x) (k=201 ..., (n—1)),

TaKk Kak OYHKUMH p,_,(X) HenmpepeiBHbI Ha OTpeske a L x <Lb n,
CJe0BaTebHO, OrPaHUYeHbl IO MOJAY .o

3aMeTHM, 4TO JHHEHHOCTb H OJHOPOAHOCTb YPABHEHHS COXPAHAIOTCH
npy 1000M npeo0pa3oBaHuUM HE3ABMCUMOrO NEPEMEHHOTO x == ¢ (f), rae
¢ ({) — npon3BoJbHAa 7 pa3 AuddepeHunpyeMas QyHKUMA, NMPOH3BOAHARA
KoTOpo# ¢’ (f) % 0 Ha pacCMATPHUBAEMOM OTpE3Ke M3MeHeHUs £,

HefcTBUTEAbHO,
dy _ dy 1
dx dt ¢ ()"
a4y dty 1 dy ¢"(H)

¢ e+ e e e s e s+ s e s e o e

d®y
ok

[Npoussoanas moboro nopsika

dy d dky
HKUWE# npous3sOIHBIX ——, ——, ..., ——,
by P it ar dr*

fIBJAETCA JHHERHOW OmHOpOAHOM

H CJea0BaTeAbHO, MNpH
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NOACTaHOBKe B ypaBHenue (2.11) ero JMHeHHOCTs ¥ OQIHOPOAHOCTH
COXPaHAOTCS.

JIMHEHHOCTD M OLHOPOLHOCTb COXDAHAIOTCA TAKXKe MpH JHHERHOM
OAHOpPOIHOM MNpe0oGpa3OBAHUH Heu3BecTHOR PyHKLMH ¥ (X) = a (X) 2 (x).
JefcTBUTeNbHO, NO QOpMYyIe nu(b(bepeuuﬂpoaaﬂuﬂ MpOoU3BeneHUs

y 8 = q (x) 28~ ka' (x) 2#- ”—{—k(k a”(x)z(" N4 Fa¥(x)z,

T. €. IpOM3BOAHAN y(’“ iBAsieTCd JMHEHHOH ONHOpOAHOH QyHKUMER

z, 2/, 27, ..., zW. ChepoBaresbo, neBas yactb AuHEMHOTO OAHOPOA-

HOT'O ypaBHeHUs
a () Y 4@ (%) y VL Ha, () y=0
nmocje 3aMeHbl MepeMeHHbLIX OyneT auHeRHOH OAHOPOAHONH (YHKLHEN
z, 2, ..., 2,
3anuuweM auHeHHOE OLHODPONHOE YpaBHEHUe
YW 4 ) YV 4 p () y =0
KpaTKO B BHUIC
L{y]=0,

raoe
Liyl=y™ 4+ p (x)y-V4 ... 4+ p,(x)y.

ByneM HasuiBate L[y] suneiinom ougghepenyuasbio s onepamopost.
JluneRubil  guddepeHunasbHbli  onmepatop 06aanaer  c.1e.1yiOLIUME
JBYMAl OCHOBHbLIMH CBOHCTBAMH:
1) ITocmoannsd MHOMCUMEND BHHOCUMCA 30 3HAK AUHELHO20

onepamopa:
Llcyl=cL|y].
HeitcTBuTeabHo,
e+ pr () ey + .. \
c P ey =clyW o pi () v Ll p, () 9]
2) JluHelinwii oOudgpe penyuarsusll onepamop, npuMeHesHnl

K cymme 08yx PyHKyull y, u Yy pases cymme pe3yAbmamos npu-
MeHeHUS MOZO JHe Onepamopa K Kasxood PyrnKyuu 8 omoessrocmu:

Liyi+yol=Ly]l+ Ly,
HelicTBHTEABHO,
¥+ )’2)(")+ p1(x) (¥, + )’2)"_l + - F P, Y=
=W+ P IS +p,, CIB 0 ol DU o OBV S
oo P X)) Yol
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ChneacrsueM cBofcTB 1) u 2) aBasercs

m m”m
L [[Z‘l cm]ElZl ¢ L1y:h
rne ¢; — NMOCTOSIHHBIE.

Onupasicb Ha CcBoMcTsa JMHe#tHOoro oneparopa L, [oKaxeM psaj
TeOpeM O pelleHUfX JUHeRHOro OILHOPOJAHOIO YDPABHEHHS.

Teopema 2.2. Ecau y, sasasemcs peuteHuem AuHeln020 00HO-
podnozo ypasuenus L[yl=0, mo u cy,, 20e ¢-—npou3gossran
NOCMOAKKAR, ABASLEMCA peuleHuem moz20 e YpasHenus.

ODokaszarteascrtBo. Jawo Lfy;}J=0. Hamno nokasatb, 4rO
Licy1=0.

[loab3ysicy csofictBoM 1) omepatopa L, noayuum

Liey,|=cL[y,]=0.

Teopema 2.3. Cymma y, —+y, peuwenuli y, u ¥, AuHednozo0
00HO pooHO20 Ypaguerusn L|yl=0 geasemca peuwenues moz0 e
VpasHeHus.

DokasartensctBo. Hano L[y,]=0 u L[y,]=0. Hazo noxa-
3aTh, uTO0 L[y, v,]=0.

[Moabsysacs cBowcrBoM 2) omepartopa L, moayunm:

Liyi+ yl=Liyl+Liy]=0.

Credcmeue meopenm 2.2 1 2.3, Jluneidnan vombunayus ¢ npo-
m

N .
U3BOABHBLME NOCMOAHNMMU KOSPPULuERMaAMu X c,y, pemeruil
1

=1
Vi Yas eeer Yy ALHEHR020 00RO POOKO20 Y pasnenus Ly} =0 gsanemcs
peuleHueM mo20 e YPasHEHUA.

Teopema 2.4. Ecau aunelinoe o0dnopodnoe ypasrenue Liy]==0
¢ Oelicmeumevnuimu KosPpuyuenmann p,(x) umeem KOMRACKCHOE
peuwenue y(x)=u(x)+iv(x), mo oOelicmsumersHas 4acms 9mozo
peutenus u(x) u e20 MHuMas wacme vV(X) 8 0MOeAbKOCMU ABARIOMCA
peenuamMu mozo e 00HOPOOHO20 Y PaABHEHUSA.

Hokasareabcrso. Hawo L{u(x)—+ iv(x)]=0. Hago snokasats,
uro L{u]l=0 u L{v]=0.

[Toab3ysach csoitcTBamu 1) u 2) onepatopa L, noayduM:

Llu+tiv]=Llu]l+il{v]=0,

otkyna L{u]=0 n L{v]=0, 1ak Kak komn/ekcHas ¢yHkuus aeHcTBH-
TeJBHOrO TepeMeHHOro oO0pamaeTcs TOXIECTBEHHO B HYJb TOrAa M
TOJbKO TOlAa, KOrja ee NeHCTBUTENbHAs M MHHUMAs YacTH TOMACCTBEHHO
PaBHH NYJIIO.

3ameuanue. Mu npumennsu cBofictea 1) um 2) oneparopa L
K KoMnIekcHOH ¢yHKUHY -1 (x) + iv(x) HeHCTBHTENLHOrO TEPEeMEHHOrQ,
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Y10, OYeBUAHO, NOMYCTHMO, TAK KaKk TIPH AOKa3aTeabcTBe cpolictB 1) n 2)
GHIHM HCTOAL30BAHM JHIUb CJIeLyIolHe CBONCTBA NPOM3BOLHBIX (cY) == ¢y,
rie ¢ — MOCTOAHHASA, U (3’1+ yQ)’ =y + ¥, OCTAOIHECS CNIPABENTUBLIMU
M A1 KOMMJEKCHBIX (PYHKUMH NeRCTBUTEbHOrQ NMepeMeHHOTO.

dyukunu Yy (x). Yo (X), ..., ¥,(X) HA3LIBAIOTCA AUNEERO 3ABUCUMbL-
Mu Ha HeKOTOpOM oTpeske uaMeHenus X, g < x < 0, ecau cylLecTBYIOT
NOCTOAHHbLIE BEJHUHHD! (11, (1,2, I (L" TaKiHe, 4YTO Hd TOM Ke OTpeaxe

oy oy, 4+ ... Fa,y, =0, (2.12)
npuueM xoTa Ou oaHo @; -+ 0. Ecam xe ToxaecTso (2.12) cnpaseituBo
JUllb MPH O =Uy= ... =, ==0, TO OQYHKUHKH ¥, V5. ..., Y, Ha-
3bIBAIOTCA AUHEIRO He3aBucusoiMu HA Oorpedke a L x < b.

Mpumep . Pynxuun 1, x, x2, ..., x" nnHeliHO He3aBHCHMHL Ha J1I060OM
oTpeske a X< b, TaK Kak TOXJECTBO
ot ogx +agx?4 L. o,y = 2.13)

BO3MOXHO Jaumb, ecad Bce o; =0. Ecam 61 xorp oaHo o; <0, 10 B aeBoH
yactd TOXxAecTBa (2.13) cTrosa 6m MHOrOujeH CTemeHu He Bblle 7, KOTOPbIH
MOXET HMeTb He 6osee n pa3aHUHBIX KOpHeH H, ClegoBaTe/NbHO, OOpaIAETCS
B HyJb He GoJee 4yeM B n TOYKaX pacCMaTPHBAEMOTO OTpe3Ka.

R x ko x ko x ;
Opumep 2. Pyuxwan e, e, ..., e", rae k= k; npu [
auHeHO He3aBHCHMBI Ha M0O60M oTpeske a < x < b.
HoflycTHM, 4TO paccmMaTpHBaeMblie QyHKiuM AHHEHHO 3aBucHMbL. Torna

kox kR _x

4 .. o P =0, (2.14)
rae Xots 66l OMHO 0; 5= 0, Hampumep mAsS OfipENENeHHOCTH O, 7 0. Pazjgenus
Toxgectso (2.14) ua FF oy npoanddepeHHpoBaB, MOJYYHM:

R x
ae ! +a23

(—k) x E—k)x
a (ks — k) 2T L gy — kTP =0 215)
— nuHeHHYH 33BHCHMOCTL Meay n — | mowasateavisivy QyHKUMsMH Buaa eP*
¢ pasaHyHbiMi noxasatenamn. Jeas tomcecrso (2.15) ua FFm By audibepen-
HEEP AL OST R TN .!ll!((’i'fil)'lo SABHCOMEITE MO 2 P HOEQBR T b M (i»)'!“{lul—
FIMI C PABMIYHLIIT BERABATCIAMIL HIPOJOGEAS SEOT NBOUess - - L pdo. Y HTIM
k- X
DRy — R (kg — k) ...k — ky_y) ™ Fu-) oz

YTO HEBO3MOWHO, TaK KaK O, [0 NMPERMONOKCHHIO, OTIHULO OT Hyds, @ k; F= &
npn {5 J.

Joka3aTeabCTBO OCTa€TCS CHPABERAHBHIM IPH KOMMAESKCHBIX &

Npumep 3. Pyuxuun

ek,.r’ xekl"', e x"lek‘x,
ekux, xekzx, o xngekzxy
k_x X

kR x n
eP, xe P, . .., xPel,

» Tne k; 5= k; mpn i~ j, JuHeilHo uesamucuMbl Ha moGoM oTpeske @ < x < b
HAottycTUM, YTO 3TH BYyHKUMU atHeluo sasucumul. Torna ’

~

Pi(x) "+ Pyx) " L 4P, (1) =0, (2.16)
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rie P;(x) — MHOrouJeH crenedd He BHIIIE n;, NPUYEM XOTH Obf ONHH MOMMHOM,
Hampumep P, (x), He paBeH Hyno ToxaectBeHHo. Pasneanm towaecteo (2.16) na

eMF y npoauddepeHupyem m, -t— 1 paa. Toraa nepBoe caaraemoe B ToX AecTse (2.16)
HCYE3HET, H Mbl MOAYYUM JHHEHHYIO 3aBHCHMOCTb TAKOIO e BHA3, HO C MEHbLINM
qucaoM QyHxuuit: :

Qe L 4@, () efe ) 20 ©.17)

[Mpn sToM cTenmenn mHorouaeHoB Q; u P;({=2, 3, ..., p) COBNAaJAIT, TaK KaK
npr auddepenniposanun nponspefenus Py (x)eP¥, p = 0. noayyum [Pi x)yp+
+ P[f(x)] e"*, 1. e. KO3(UIUKEHT MPH CTapHIEM uJeHe MHOrouneHa P;(x) uocae
nuddepennuposanua apousBeneHus Py (x)e”™ npuoGpeTaerT anmb He pasubli
HYZI0 MHOXHTEAb p. B yacTHOCTH, COBMajalT CTEMEHH MHOrou’AeHOB P, (x) 1
Qp (%), u cnenoBaTeanHo, MHOrouAeH @, (X) He PaBeH HyNIO TOXAECTBEHHO. leas

tomaectso (2.17) na %~ *) ¥ 4 nuddepenunpys n, -+ 1 pas, noayuus MixeiHyI0
3aBHCHMOCTb C eIle MeHbluuM unciaom ¢yukuui. [Mpogoaxkas stor npouecc p— 1
pas. Mmoay4Hm

Ry (x) " o=0* =0

YTO HEBO3MOXHO, Tak Kak CTeneHp MHOrOYJEHa R,, (x) paBHZ CTENMEeHH MHOTO-
yeHa Pp (x) H, cJ1eA0BaTEAbHO, MHOrOUNEH Rp (x) HE paBeH HYJI0 TOXAECTBEHHO.
JlokazaTteabCTBO He M3MEHSIETCA H MPU KOMIJEKCHBIX R,

Teopema 2.5. Ecau dynxyuu Yy, Yoo ..., ¥, AUHELHO 3G 8UCH AL
Ha ompeine a L x b mo na mom e ompeske onpederunens

W Y2 eor Yo
Y, Yy oo Y

"

Wx)=WI[y. Yo «o0s Yal= y'l' y; e Y, ’

-1 -1 -1)
y(ln ) y(2/x ) (”Il

na3vieaemull onpedesamener Bporcrozo*), moooecmsenno pager
HYAO. '
HoxkasateabcTso. awo, uto

Yy + By + ... +a,y, =0 (2.18)

Ha otpesxe @ £ x < b, npuyem He BCe «; pPaBHB HYJIO. Huddepen=
udpys Toxiaectso (2.18) n— 1 pas, noaydyum

a9, + WYt .. WY,
ay, + Y+ ... —}—any,’zv (2.19)

Il

0,
0.

. . . . .o e

a, "

. .

- -1; -1} —
1\+£12ng 11+ e auy(”ﬂ )=0

*} [To nmeuu moabckoro maremarnka I'. Bponcxoro (1775—1853).

7 AN. 3. 3avscroabu
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Ata AuHeHHAn ONHOPOAHAS N[O OTHOLIGHHI0 KO BCeM @, CHCTeMa 7
ypaBHeHu#l WMeeT HeTpuBuanbHoe peflienue (T. K. HE BCEe O, PaBHH HY.I0)
npy moGoM 3aHaueHun x Ha oTpedke a < x £ b. CrexosarensHo. omnpe-
Ienureqb cucteMs  (2.19), aBaspouwmica onpeseautesnem Bpoxckoro
Wiy, Yo, - .. ¥a). PaBEH HYMO B KAKION TOuke x oTpe3ka a L x < b.

Teopema 2.6, Ecau aruneiino nezasucunsie PYHK{UU Yy, Yo - Y,
ABAAOMCA PEWEHUAMU AUHEEHO020 O00HOPOOHO20 ypasBHeHuAa

YO p) Yyt 4 L p )y =0 12.20)

¢ Henpepusnumu Ha ompesre a L X L b vospduyuenmamu p,(x),
mo onpedesumens Bponcxozo

b Yo soe Yn

W= |V Yo o o eee Y,

(n—=1 (n-—1) (n—1)
yl Y3 cee Yy
He Moxcem ofpamumscfi 8 HYALb HU 8 OOHOL mouxe ompeza
axgh

HokaszarteabcTso. [onycTum, 4TO B HEKOTOPOH TOWKe X == X
oTpeska a < x¥ b onpegenureas Bponckoro W (x,)=0. Bribepem

nocrosHHble a,({=1., 2, ..., n) Tak, 4T0OB yIOB.IETBOPAJIACL CHCTEMA
ypasHenut
QY (X)) 0¥y (X) ... 0y, (x) =0,

oy (%)  Fa(r)  +oee. Foy(%) =0 (2.21)
o, y{*=D x0)+a?yg”‘l5(xo)+ e.. +auy(””‘”(xo)= 0

# uTOOH He Bce o; PAaBHAAUCL Hymo. Tako# BHOOP BO3MOXKEH, Tak Kax
onpene/uTe s AHHeHHON ONHOpOAHOK cucTeMbt (2.21) n ypaBHenu#t ¢ n
HeU3BeCTHbIMH @, paBeH Hymo, W (x,) =0, # cJel0BaTe bHO, CYLIECTBYIOT
HeTPUBHAJbHbEIe peieHHs 3STOH cuctemu. [lpu Takom BbHIOOpe @, nHHeH-
Has xoMOunauus

y=ay; (X)+apy; (X)+ ... +ay,(x)
Oyzet pelleHueM JuHeHHOrO OMHOpOAHOrO YypasHenus (2.20), yaosaer-
BOPSIOWIMM, B CHJIy ypaBHehul cucteMn (2.21), HyneBbIM HAuaAbybiM
yCAOBUAM
Y(x)=0, ¥ (xx)=0, ..., y"=V(x5)=0. (2.22)

TakuM HaYaJbHEIM YCJOBHSIM, OYEBHIHO, YAOBJETBOPAET TPHBUA/bHOE
peuterne y==0 ypaBHeHus (2.20) u 1o TeopeMe O eIHHCTBEHHOCTH pe-
LWIeHUs HAYaJAbHbBIM yCJI0BMAM (2.22) yn0BJeTBOPAET TOJbKC 3TO pelLIeHUe.
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CrenoBaTenbHO, Wy, (X) + Go¥o (X) + ... +@,y, (x)=0 u pelexus
Y1 Yo --vs Yoo BONPEKH YCIOBUIO TEODEMBI, JHHEHHO 33BMCHMMBL.
3ameuanue 1. M3 meopem 2.5 u 2.6 caenyer, uro auHeRHO He-
3aBMCHMbIe Ha OTpe3ke a < x b pewenua y,, Vo, ..., ¥, ypaBHeHHs
(2.20) auHeHHO He3aBHCUMBI TaKke Ha 1I000M oTpeske a, < x < by,
pacnoaoxenHoM Ha oTpesxe a < x L b. .
3ameuanHne 2. B reopeme 2.6 B oTanuMe OT TeopeMnl 2.5 mpen-
nosararoch, 4TO GYHKUHM Yq, Yo, ..., Y, ABJISOTCA PelUeHHIMN JUHeH-
HOTO ONHOPOIHOro ypaBhenus (2.20) ¢ ue- v
npepuiBHBIMH KO3 duunentamn.  OTkaszarbcs
OT 3TOTO TpPeGOBaHMA U CUMTATh (PYHKUMUH
Yo Yoo -..» ¥, TIPOM3BOAbHHMH 1 ~ 1 pa3 .
HenpepbiBHO  AM(depeHUnpyeMbIME  QyHK LUA- |
M4 Henb3f. JleTKO npuBecTd NpHUMepHl M- !
HeHHO He3aBMCHMbIX QYHKUUH, He ABAAOILHXCH, |
KOHe4HO, pellleHUAMH ypaBuenus (2.20) c ue- 0“
MpepLIBHBMA KOS PULUNEHTAMH, 1J9 KOTOPHIX
onpele uTeab BpoHCKOro He TOMBKO 06pa- Puc. 2.1
ulaeTcs B HYAb B OTAE/bHBIX TOUKAX, HO Na)e
TOXIECTBEHHO paseH Hymo. [lycTs, Hanpumep. wa orpeake 0 < x 2
onpeleJdeHsl ABe QYHKUAH Y;(X) U yq(X):

[N .

7

yxry=(x —12 nmpu 0-Lx L1

"
yi(x)=0 nmpu | <x 2
Yo(x)=0 npn 0Lx L
2}
Yo(xy=(x — 12 mpn | < x L2
(puc. 2.1

QueBnaHo, =0 mpn 0L x <2, Tak xaK Ha OTpesKe

1 e
0L x <l sropoft cronbeu cocroutr U3 wuyre#t, a mpn 1 <<x <2
us HyaeHl cocrour mnepBuift croaeu. OAHAKO PYHKUMH Y;(X) 1 Y,y (X)
AuHe#HO HesasucuMbl Ha BceM orpedke 0 <(x <2, TaKk Kak, paccma-
TpUBAs TONAECTBO @V, + @y, =0, 0 x <2, BHavane ua OTpe3Ke
0 x < I, npuxoanm k BuiBOLy, 4T0 @, =0, a 3areM, paccsatpusas 3TO
TownecTso Ha orpeske | < x <2, HaxoluM, uTO H a,=0.

Teopema 2.7. O6wun pewenuner npu a < x-< b aunelnozo
00HOPOOHO020 YpasHeHus

YO pr(x) YD+ s 4 p, (%) y =0 (2.20)

C HenpepusHuMU Ha ompedne o L X <Lb Kosppuguenmanu p;(x)
n

(=1, 2, ..., n) asanemca suHelHaA KOMOUHAUHA Y= 26,}!‘
o lal

7'
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N AUHEHHO HE3QBUCUMBLX HQ MOM Je Ompesxe HaCMHBX peule-
Huii y, \i=1, 2, ..., 1) ¢ nPoOU3BONBRELML NOCMOAHNBMUL KOSH-
Puyuesmanu.
IOoxasateabcTno. YpasHenue (2.20) npu a < x <Cb ynosjge-
TBOpPAET YC/IOBUAM TEOpPEMEl CYLIECTBOBAHHA M eIMHCTBEHHOCTH. [TosToMmy
n -

peluekue y=2 ¢;y; npu a < x < b Oyger obuwum, T. €. OymeT co-

nepxaTb Bce 6e3 HCKJIOYeHHs YacTHble DelleHus, ec/H OKameTcs BO3-
MOXHBIM No406paTh TPOU3BOJbLHLIE NOCTOSHHBEE €; TaK, YTOOB YyAOBJe-
TBOPAJAUCH NPOM3BOJBLHO 3aj1aHHble HAYaJAbHbIE YCJIOBUS

y (x0)= Yo y/ (x0)= yé, e, y(u-l)(xo)z yg,_n‘

rie x,— nw00ad Touka oTpedka a < x < b.
n

z
ToTpe6oBas, uTo6H pellicHHe y = | €;y; yNOBIETBOPANO NOCTARMEH-
. 1

i=

HBIM HauaJbHEIM YCAOBHSM, MOJYUAM CHCTEMY 7 JMHEHHBIX OTHOCHTC.UbHO
c;(I=1, 2, ..., n) ypasHenn#

2‘:‘ €;¥i (X)) = yq.

¢,y (yo) = Yy

2 C[),(in—n(xo)z y(on-—l)

i=1

C N HEMW3BECTHHIMH C;, C OTJMYHLIM OT 1y ONpeleldTe/]eM CHCTEMB,
TaK KaK 3THM OMpelelUTe]eM sBJAETCA ompedenureqabr Bponcxoro W (x,)
IJIS A JTHHeHHO 11€3aBUCHUMBIX pelieHHH ypaBHeHus (2.20). CrnenosaTenbHo,
3Ta CHCTEMa paspellMMa OTHOCHTENBHO ¢; npu noGom Buibope x, Ha
orpeske @< X <L bH v npu MoOHIX NPaBbIX 4YacTHX.

Caedcmeue meopemsr 2.7. Marcumanvioe Hucao aurefino
He3aBUCUMBX peueHUl 00HOPOOHO020 AUHEHO020 Oudhghe penyuans-
HOZ20 YPABHEHUA PABHO €20 nOpPAOKY.

3amedanue. JlioObe 7 aMHEMHO HE3aBUCHMBIX YACTHBIX pellleHuH
JUHEHHOrO OJHOPOAHOTO YyPaBHeHHs R-TO NOpPANKA Ha3HBAITCY ero
PyHoamenmassroll cucmemol peweruli. ¥ KaxIoro JUHeHHOTO OLHO-
POLHOro ypaBHenHs (2.20) cywecTByeT ¢yHAaAMEHTa/lbHAfA CHCTEMa pelle-
HufA. OaA nocrpoenns PyHNAMeHTAa/JbHOW CUCTeMbl pelleHUN MPOU3BOJbHO
sagaguM n?¢ uncen

YR (x) =1, 2 ....om k=0,1, ..., n—1),
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NOAYHHUB HX BHOOD JHHIL YCAOBHIO

¥; (%) Y2 (xg) cer Vo (xp)

Y1 (%o) ¥z (%) cos ¥,(%) £0,

y(ln_“(xo) Y1 () 5’5,"‘”()‘0)

rie x,— Jo6an Touyka otpeska a < x < b. Torma peweunus y,(x),
onpejensieMble Ha4YaJibHHLIMI 3HAUEHUAMM y(ik’(xo)(k::O, I, ..., n—1:
i=1, 2, ..., n), o6pasyor GyHIaMeHTaJbHYI CHCTEMY, TaK KaK MX
onpeneauresr Bpouckoro W (x) B TOuke X ==x, OT/iMYEH OT HyJId U,
Cnel10BaTebHO, HA OCHOBAHUU TeopeM 2.5 U 2.6 pellleHust Yy Yo. +. .0 ¥,
JAUHEHHO HE3aBUCHMBIL.

[Ipumep 4. YpasHeune y” — y =0 umeeT oueBHIHbBIe JHHelHO He3aBHUCH-
Mble 4aCTHBlE peleHds y, =e* u y,=e~ % (cMm. c1p. 96, npumep 2), caenosa-
TeaLHO, Ofllee pemieHve MMeeT BHA y = ¢je* 4 c,e~~.

X

Mpumep 5 Pemenne y= c,e” 4 ¢, ch x + ¢;3sh x ypasuenus y” — y’ =0
HE fBJAAETCA OOGLIMM pelleHHeM, Tak KaK pellienus ¢*, ch x, sh x aunelino 3a-
BHCHMBL. JIMHEHHO He3aBHCHMBIMH pelleHUsiIMH asasiorca 1. ch x, sh x, u caefo-

BaTeabHO, )
y=¢, +c,chx~cyshux,

rie ¢;, C; H C3— MPORN3BOJbHbIE [OCTOSHHKE, GyAeT OOGWIMM pemieHHeM paccMa-
TPUBAEMOr0o YpPaBHEHHS.

3nas 00HO HemMpuguaAbHOe HwaAcmHOe pewexue Y, AuKedH020
O0HO POOHO20 YPABHEHUA

YD g ()Y 4 Lol 4 p,(x)y=0, (2.20)

MOMCHO NOOCMAHOBKOH y=y1fudx noxu3ums nopaéoxk ypas-
HEHUR, COXPAHUB €20 AUNEAHOCMb U OOHO POOHOCMS. ¢
Jle#cTBUTEALHO, TIONCTAHOBKY y—_—y,fu dXx MOXHO 3aMeHUTb JBYMR

MONCTaHOBKaMU: Y=,z ¥ 2’ ==g. JluneitHoe OIHOpOIHOE mnpeobpa-

30BaHue
y=y2z (2.23)

coXpaHseT JWHEeRHOCTb W OLHOPOAHOCTL ypasHenus (cM. ctp. 94), cie-
I0oBaTe bHO, ypaBHenue (2.20) npeobpasyerca Npu STOM K BUAY

ag(x) 2" 4+ a,(x) 2"V ... 4 a,(x)z=0, (2.24)

npuyyeM pelileHuldc Y=y, ypaBuenua (2.20) B cuay (2.23) co-
OTBeTCTByeT pelleHue 2z =1 ypaBueHus (2.24). [loncrapma z=1 8
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ypasuenue (2.24), noayunm a, (x)= 0. Caenosateabno, ypasHenue (2.24)
uMeeT BHI
(n—-1)

ag(x) 2™ 4+ a, (%) 2 4+ .. Fa,_y(x)2' =0,

W MOACTaHOBKAa 2’ == i mNOWHKaer MOpAAOK HA eAWMHUNY:

ao(x) "V 4 a;(x) P4 L ta, (Hu=0.

3aMeTHM, UTO Ta e MOACTAHOBKA y=y1fudx. rge  y; — pewe-

uue ypasnenus L[y]==0, cHWXAeT Ha eNMHHIYy W TOPAAOK JHHEHHOrO
HEOAHOPOAHOro ypaBHeHHs L[y]= f(x), Tak wKak 9Ta MOACTaHOBKa
He 3aTparuBaer NpaBOH uacTH YpaBHEHMS.

3naq k JAuHeHHO He3aBHCHMMBX Ha orpeske a - x <b pemenutt
Y1 Yor «e.y Yp JUHEHHOrO ONHOPOAHOTO YpPaBHEHHH, MOXHO MOH 13HTb
ero nopsAoK .0 n— & Ha TOM e otpeske @ < x < b.

He#tcTBUTEIbHO, TOHU3UB TOLCTAHOBKOH y==ykfudx HA eIHHUIY

MOPANOK ypaBHEHUS

fno.JlyuaeM onatb Junenoe ONHODOAHOE YPAaBHEHHE

(n—-2)

ag () V4 a, (x) u + oii G 8, (x)a=0 (2.25)

nopsaka n — 1, npuueM HaM u3BecTHbl & — 1 ero /uHe#HO HE3ABHCHMBIX
petieHuH

u1'=(5_:¢)” u2=(_§:’_)" N uk_l:__()’;;x‘)”

.
KOTOpbIE TNMOJYUHM, [MOLCTABAAA B y =y, [udx A u=<%) o-
C/EeJIOBATEIbHO Y ==Y, Y=Y, ..., Y=Y, ;. (3a8MeTUM, YTO yXe ucC-
TNO/Ab30BAHHOMY HaMH /1S IOHWXEHHS MODPAAKA PelIeHHI0 Y ==y, YpABHeHHA
(2.20) cooTBeTcTByeT TpHBHAJIbHOe pellieHHe #==0 ypaBHeHun (2.25).)
’ Pewenns uy, uy, ..., U,_; JHHEHHO He3aBHCHMbI, TAK Kak ecau Ol
MEXIy HHMH CYLIeCTBOBaJa JHHEHHAs 3aBHCHMOCTb HA OTpe3ke a < x < b:

e+ Qg+ ... Fap_ 8y =0
Win
o (L) 4o, () + .. fo, (L) =0 @26

rae xotd Gul 0fHO @; 5= 0,7 TO, yMHOWAA HA dX H HHTErpUPYs TOKIe-
cTBO (2.26) B mpelenax OT X, A0 X, TMe 4 X< b, a x;,— TouKa
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otpe3ka [a. h], Oyusem umets

b4 (X) +(12 )’2(*’) _+_ . +ak-1 Yr—1 (X) —

Tye () Yo (X) Y (X)
. Y1(x0) ¥s (Xo) Yr=1(X0) ] __
[“‘yk(xa) Ty Gy T TR TR ]“0'

WIH, YMHOXas Ha V,(x) n o6o3Hauas

¥1 (%) Y2 (Xo)
—[a, Ye (X0) T % Yr (o)

NOJy4HM, ROTIPEKH MCXOLHOMY TPEATNO/NOXEHUI0, MUHEHHYI 3aBUCHMOCTb
MEXIY DElIeHHSMH Vi, Yo . ... Yp!

ayV, + 0¥y + ... +a,y,=0,

rae xora O onHo a; # 0. Hrax, Hcno/b30BaB OIHO uwacTHOe pelie-
HHE y,, Mbl TOHU3WIH TOPSAOK yPaBHEHHA HA eMMHHUY, COXPAaHUB ero
JAMHeHHOCTb # OAHOPOAHOCTH, TIpHYEM HaM u3BecTHO A — | JMHeRHO
HE3aBUCHUMBIX pelieHufl npeoGpasoBaHHOrO ypaBHenus. CrenosaTesbHo,
TeM JKe MeTONOM MOXHO CHU3UTb TOPSIAOK elle Ha OAHY eIMHUUY;
MCIIO/L30BAB enle ORHO pelieHde U TPOROJIKas DTOT mnpolecc R pas,
noayuuM JAdHeRHOe ypaBHeHue n— Kk mopsiaxa.

i Yr-1(Xe)] __
b e B,

Mpumep 6.
xy’" —xy +y=0. 2.27)

YpaBHeHHEe HMEET OUEBHMAHOE YACTHOE pelleHue y, = x. [loHumas nmopamox
MOACTaHOBKOH
=-_xfudx, y’=xu+fudx. y' =uxu' +2u,

npuBeieM ypasHenue (2.27) x suay
x4+ (2—x) xu=0,

-

OTKyaAa
— X
iil:_‘-= xx 2 dx, u=c,-§;—« y=x./udx=x[c,/v%dx+c2].
Jemma. dsa ypassenus suda
YA pr(x) yE-D L+ p (%) y=0, (2.28)
YO+ g (x) YN+ L g, (x)y =0, (2.29)
20e pyuryguu p;(x) u q,(x)(i=1,2, ..., n) Henpepoi8usl Ha OM pesKe
a L x < b, unewue o6uyo PyHoamenmaibnyo cucmery peulenul
Y1 Yoo -0 Yo COBRAOAIOM, MmO ecms p,(xX)==q,(x) (=1,2, ..., n)

na ompesrxe a L x L b.
IokasareanbcTBo. Bruntas u3 (2.28) nousenuo (2.29), noay-
YaeM HOBO€ YpPaBHeHHe:
(21 () — g (O YD - [Py () — g (O YD ..
cor TP X)) — g, (%)) y=0, (2.30)
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pellleHHAMH KOTOpPOrO ABJAWTCH (QYHKLHK Yy, Vo, .... ¥,, YIOB/JETBO-
psiiolIMe OJHOBpPeMeHHO ypaBHeHHsM (2.28) u (2.29).

IonyctuM, uro xors 6u oNMH U3 KO3PPuuHMeHTOB ypaBHeHHs (2.30)
[p;(x) —gq,(x)] xora 66l B onHOM Touxke X, oTpeska a £ x L& oriu-
YeH OT Hyad. Toraa B CHJY HelpepHIBHOCTH (QyHKUHE p,(X) H ¢, (x)
3TOT KO3 (HUHEHT OTIUYEH OT Hy/J8 B HEKOTOPOH OKDECTHOCTH TOUKH X,
M CeJI0BATE/NbHO, B 3TOR OKPECTHOCTH (QYHKHUH Y, Vg, ..., Y, SBJIAIOTCS
JAHHERHO HE33aBUCHMBIMM peLlEeHHSMW JUHEHHOro OAHOpOAHOrO ypaBHe-
Hus (2.30) nopsmka He BHie 4yeM 72 — 1, YTO TMPOTHBOPEYHT CJAEACTBUIO
TeopeMbl 2.7. 3HauuT, Bce KO3(duuuenTH ypaBHenus (2.30)

pi(x)—q,(x)=0 (i=1 2, ..., n)

T.e. p(X)=¢q;(x) ({=1,2, ..., n) na orpeske a L x L b.
Wrak, ¢yHnamentasbHas CucTeMa peWEHHH Yy, Vo, ..., ¥, BIOJHE
onpeje/feT JuHeHHOe ORHOPORHOE YpaBHeHHe

YW+ pi(x)yr-V4 L. 4 p(x)y =0, (2.28)

M CJeROBaTebHO, MOMXHO [OCTaBHTb 3aJauy O HAXOXMICHHH ypaBHe-
Hus (2.28). uMelowero 3alaHHyl (yHIaMeHTa/bHYH) CHCTeMy pelleHHH

Yir Voo ever Ypo
Tak Kak BCSKOe pelleHHe Y HCKOMoro ypaBHenus (2.28) nomkuo
ObiTL JHHEMHO 3aBUCHMO OT pellleHHH Y, Yo, ..., Y, TO ONpene’u-

tear Bpouckoro W[y, vy ..., v, yl=0. 3anuuleM 3T0 ypaBHeuue
B pa3BepPHYTOM BHIe:

2 Yo e ¥ ¥
b R '
v Vs el Y y" —0

L R I T P S

-1 -1 - -1
y(ln } yszn ) ce y'n" 1} y(” )

y(ln‘, yén) e y("n) y./n

WY, pas3naras N0 9JeMeHTAM HOCAeNero croabua,
v Yo ced Y,
[ . ,
' Yy el Y

Wive Yoo o yalp®ome o oo 0o e e o Y704 L =0

-2y (n-— -
y\ln yi‘n b, y(nn )

y(ln; y.\zn) v y:'n(
(2.31)
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[MonywenHoe ypasueune (2.31) M ABASETCS UCKOMBIM JTHHEHHHIM OJHOpOL-

HBIM yPaBHEHHEM, HMeOUIMM 3alaKHY® (yHIAMeHTaJIbHYI0 CHCTEMY

peweHutt Yy, Yo, ..., ¥, (Tax xak npu y=y, (=1, 2, ..., n)

Wiy, Yoo oovs Yuu ¥1=0). Paznemun obe uactu ypasueuns (2.31) na

OT/AKUHBIR OT RHyJa xo3pdumment W{y,. ys ..., ¥,] npH cTapwed

NpoH3BOAHOH, NpuBeseM ero K Buiy (2.28). '
Orcroaa cienyet, B Y4CTHOCTH, 4TO

34 Yo ees Yn
A

e . e a4 e e

I T
e Hm A
P - W iy, Yo ceor Yal :
3ameTuM, 4TO OMNPelenHTeNb

i Yoo e ¥y |

Y Yo ey

(2.32)
y(lﬂ—Q) y(Qn—Q) ygln—Z)

y}") y,(z") ces y{n")

paBeH TNpOU3BOAHOH oOT omnpedeiuteas Bpouckoro Wy, yg ..., y,l.
HettcTBUTENBHO, IO npaBuy auepedlUpoBasdd ONpeleuTe s, Npo-
M3BO/AHas

N Yo e Yp

yl _\’2 tre yn
d

y(ln—2) yl(zrz—Z) y(”u 2)
y§n—l: y(2n—1) . y("u—l)

paBHa cyMMe no i ot | 10 n onpegeauTenet, OTJIHYAMILMXCA OT ONpe-
leaureas Bporckoro tem, 4To B HHX npoanddepeHUHPOBAHLI 3.JIEMEHTHI
{-# CTPOKH, 4 ocTallbHble CTPOKH oOmnpelleuTesd BpoHCKOro 0OCTaBJeHbI
Ge3 yameHenud. B sToft cyMMe TOABKO nocaeqHHRt onpedeauTe s NpH =1,
copnalatolMit ¢ ompesemutesem (2.32), Moxer ObiTb OTJM4eH OT HYJA.
OcTanbHble OnpeneauTe/ PaBHB HYJO, Tak Kak UX {-9 4 i - -8 CTPOKH
cosnaialwr.,
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‘

CnenoBarteabHo, py{X) == — %. Orciona, yMHOXas Ha dX u HHTe-
rpupys, NOAY4HM .
1n[W]=—-fp1(x)dx—+—lnc. W=ce°fp‘md"
WK

X
- fp: (x) dx
W=ce = . (2.33)

Ipn x = x, noayuum ¢ =W (x;). otkyna
X
- f prix) dx

W(x)=W(xye = . (2.34)

dopmyn (2.33) uan (2.34), snepsuie noayuyednse M, B. Ocrporpasckum
U HesaBucuMo or Hero JluysuiaeM, vaswiBawTcs gopmyaasmu Ocmpo-
2padcrozo ~ Jluysuara.
dopmyna Ocrporparckoro — Jluysuaas (2.34) MoxeT OHTL HCMOAb-
30BaHA AAf UHTErPUPOBAHUA NUHEHHOTO OIAHOPOIHOrO YPABHEHUS BTO-
poro mnopsauka '
V' 4+ pi(x)y + py(x)y =0, (2.35)

eCAd U3BECTHO OJHO HETPUBHAJIbHOE pelleHHe ITOr0 YPABHEHUT Y.
CorzacHo ¢opmyne Ocrporpaickoro — Jlnysuaas (2.34) moGoe peure-
une ypasHenns (2.35) momkHo OnTb Takxe pelueHHeM yDaBHeHua

YT y' =c‘e—fp‘(x)dx [
oy
HJIH
’ ' - 3 (X3 d
yly —y)’l':é',e JP ¥ x‘

Ona HHTErpHpOBaHHA 3TOTO JHHERHOro ypaBHeHua epsoro nopaiaka
npoile BCero BOCMOJAb30BAaTLCA METOLCM HHTErpHUPYIOLLUEro MHOXKHTEJl.

7
1

2L _ b
N y?

YMuOKas Ha p=i NOJIYUHM
y

dx

OTKyIa
- ce” { prixrax
’;———-/’—lz—dx + ¢
| Y
WiIn

- [axax

e
y=109, + €1y, f———y?——dx.
1
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§ 4. /lunelinbie oaHOpoAHBIE ypaBHEHHA ¢ MOCTOAHHHIMH
Kospduunentamu M ypasHenun dfizepa

1. JIluHeHHHe OJAHOpDOAHLE ypaBHeHHHd C MOCTOAH-
HaMy Kosdpduuuentamu. Ecanm B auHelHOM ONHOPOLHOM ypaB-
HEHHH

gy 4+ ay® b 4+ .. 4 a,y=0 (2.36)
BCe KO3(PQHUHEHTH &, NOCTOAHHL, TO €ro 4YacTHHe pelleHHs MOTYyT
6LiTb Hafl@eHh B Bule y=e**, rae k& — nocroauHas. Jle#cTBHTENbHO,
noactasasa B ypasuenne (2.36) y =e** u y®) =kPeP (p=12, ..., n),

6yneM HMETb:
agk"e"* + a k" e 4 .. 4 a,eM =0,

Cokpaula® Ha HeOOpawIaOUIMACA B HYIb MHOMHTE b e®, MoJyuMM Tak
HA3bIBAEMOR XQ PAKMEPUCMULECKOe Y PasHerUe

ak" + a k"' 4+ ..+ a,_k+a,=0. €2.37)

DT0 ypaBHeHHe n-R CTeNeHH ONpele/ifeT Te 3HAYEHHA R, MPH KOTOPBIX

y == e"* ABIsIeTCA pellleHnéM HCXOAHOTO JHHEHHOTO ORHOPOIHOTO ypaBHe-
HHA C MOCTOAKHBIMU KO duienTamn (2.36). Ecan Bce xopun Ry, Ry, .. ., R,
XapaxKTepUCTHUECKOrO YDPABHEHHA DA3JH4Hbl, TO, TeM CaMblM, HaftzeHo n

kx ok ®
MMHEMHO He3aBMCHMEX pewenuft e, €7, ..., e'n’ ypasuenus (2.36)

(cM. crp. 96, npuMep 2). CrexoBareasHo,

k k 2
y=ce' t e ... 4.,
rie ¢, — NPOMU3BO/bHLIE NOCTORHHbIE, ABJAsETCH OOWIMM pellleHHeM HCXOIL-
HOro ypasHeH#s (2.36). DTOT METOA MHTerpHpOBaHHs JUHERHLIX ypaBHe-
HUfl C nOCTOAHHbIMU Ko3(dulUMeHTaMu BnepBbe Obll MpuMeHeH DHiepoM.
NMpuMep L
y'—3y' +2y=0

XapaxkTepHCTHUECKOe ypaBHeHHe uMeeT BHA R%2— 3k +2=0, ero xopau & =1,
ky = 2. CaenoBatensHo. O6miee pellleHHe HCXOZHOTO YpaBHEHHSs HMeEeT BHA
y = Cle‘ + czeZI'
Mpumep 2
ym — yl = 0.

XapakTepucTiyeckoe ypaBHeHne A% — k=0 umeer xopuH £k =0, k=1,
ky = — 1 OG6uee pemenne paccMaTPUBAEMOrO YPABHEHHS ¥ = €| | €3¢* 4= (3¢~ %,

Tax kax KospuuueHTH ypaBHeHus (2.36) npelmonérarorca JeficTBU-
Te/lbHHIMHU, TO KOMIIEKCHBIE KODHH XapPaKTePUCTHYECKOrO YPaBHEHHA MOTYT
NOABAATHCA HIUIb COMPKEHHBIMU NapaMu, KoMMiekcHble peureHns eld+8ix
H el@—PN X cooTBeTCTBYIOUWEE Tape KOMIJIEKCHHIX CONPSKEHHHX KOpHeH

kl=(l+pl n kgna--ﬂ‘. .
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MOryT OwTb 3aMeHeHbl JABYMS JeRCTBHTEJbHLIMM pelIeHUsMH: HeHcTBH-
TeJAbHOH M MHUMOM uacTamu (cM. cTp. 95) omHOro M3 pelenuit

eatBhx — pux (cosPx - isinPx),
HilH

e(a=BOX = paX (cos fx — IsinPx).
Taxkum 06pasoM, mape KOMILIEKCHBIX CONPMKEHHBIX KOpHeR Ry o=a X fl
COOTBETCTBYIT JABa JeHCTBHUTEAbHBHIX peleHHsa: e**cosPx v e** sinfx.

Npumep 3.
y" 44y 5y =0.

XapaKTepHCTHYECKOE YypaBHeHHe uMeeT BHA k2 4-4k+5=0, ero KopHH
k, ,=—2=xi O6mee peucuue

y = e~ (¢, cos x 4 ¢, sin x).
Yy’ +a’y =0

XapakTepHcTHUECKOE ypaBHeHue k% 4-a? =0 uMeeT KOpHH k|, , = + al. Obmee
pelLIeHHe

Mpumep 4

y = ¢, Cos ax -} ¢; sin ax.

Ecin  cpean KOpDHe# XapaKTepHCTHYECKOrO YpaBHEHHs HMETCA
KpaTHble, TO YHCJAO DAa3NHYHBbIX pellileHUH BuAa e®* Meublue n u, cieno-
BATE/NbHO, HEJNOCTAIOWIME JIMHEHHO He3aBUCHMble peELIeHUs HAAO0 MCKaTh
B HHOM BHIE. )

JloxaxeM, 4TO eC/lM XapaKTePUCTHUECKOe YDaBHEHHe HMeeT KOpeHb K

KPaTHOCTH @;, TO pelUEHHAMH WCXOAHOTO YPaBHEHHs GYAeT He TOMbKO
k x kx ~1 kR x

k2 vo w oxe &, x%e i, ..., xi el

npe,U.HOJIO)KHM BHaua/ne, 4TO xapaKTeplflCTquC}(oe ypaBHEHHe uMmeerT

kopens &, =0 kpaTHocTH a,. CienoBaTe/bHO, /MeBas yacTb XapaxTepH-
CTHYECKOro ypaBHeHus (2.37) uMeeT B 3TOM Cayude OBWMH MHOMUTE.b

E°t, 1. e. KO3UUKEHTH @, ==@q,_, = ... = Gp_aj+1= 0, u xapakrepu-
CTHYECKOE YpaBHEHME HUMEET BUI

ak" 4+ a k"4 L+ an_aik"l =0.

CooTeeTcTBylOIIEE JHHERHOE OAHOPOAHOE au(depeHlHabHOE ypaB-
HeHHe

e

aoy™ + ay" 4 L 4a, 9D =0,

OueBHAHO, WMeeT uacTHbe pemenns 1, x, x2 ..., x°1 ', Tak xaK
ypaBHeHUWe He COMEPAMT TPOM3BOAHBLIX NOpSIKa HMke dveM o, Hrak,
KpatHoMmy KopHio kB, ==0 KpaTHOCTH @, COOTBETCTBYeT @, JIHHEHHO He-
3aBUCHMBIX (CM. cTp. 96, mpumep 1) pewtenust

1.ox, %2 ..., x4°4
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Ecnu xapakTepucTHueckOe ypaBHeHwe MMeeT kopedb K;%0 kpar-
HOCTH @, TO 3aMeHa MNepeMeHHHX

y=—e'l"z (2.38)

CBOJUT 3aJa4y K yXe DACCMOTPEHHOMY CJYYal0 PABHOrQ HYJI0 KPATHOTrO
KOpHS.

Je#crBuTenbHO, AMHeNHOe OLHOPOAHOE NpeoOpa3oBaHue HeU3BeCTHOM
dyukunu  (2.38), kax ykasano wHa ctp. 94, coxpaHser muHeHHOCTb H
ONHOPOAHOCTL ypaBHeHuf. ITocToRHCTBO Koaq)qmuuemoa NP4 3aMeHe
nepeMeHHbIX (2. 38) TOXe COXPaHUTCH, TaK Kak

p P p-1 —1 p-2
y(.a)__:(ze Y — (z( )4 pz 'k, +p( ) ¢ ) 2 + oo 2ED):
k.x
H Tnocje TOXCTaHOBKM B YypaBuenuve (2.36) u cokpalueHus Ha e ! npu
z, 2', ..., 2™ ocraloTcs JUIb NOCTOsHHBE KO3(POHLKEHTH.

Wtak, npeobpasopanHoe ypaBHeHue OyieT JHHERHBIM OANOPOIHBLIM
ypaBHeHHEM A-TO MOPAAKA C TOCTOSHHBLIMH KO3(hQKLHEHTaMU

b 4 bzt~ . 4 b2==0, (2.39)
MpuYeM KODHH XapaKTEPHCTHYECKOTO YpaBHEHUS
agk" +ak" 1 ... +a,=0. 2.37)

OTANYAKTCS OT KOPHeH XapaKTepHCTHYECKOro ypaBHeHWa Ais npeobpa-
30BAHHOIrO ypaBtieHus (2.39)

byp" by .. b, =0 (2.40)

HA charaeMoe £;, TaKk Kak MeXAy pelleHusMH y =e"* ypaBHeHMﬂ (2 36)

H z—e’“ ypaBHeHm (2.39) nomxHa GBITb 3aBUCUMOCTb Y == ze"" wmu

kx
e =e" et, otkyna k= p-k; CienosareqbHo, KOpHIO k=&,

ypasHeHus (2.37) cootseTcTyeT Kopeub p, =0 ypaBuenus (2.40).

Kak HeTpyzHO npoBepuTb, NpPH 3TOM COOTBETCTBUH COXPAHUTCA U
KpaTHOCTb KOPHA, T. €. KopeHp p, =0 O6yxeT HUMeTb KPaTHOCTb Q.

HefticteurensHo, KpatHbil KoOpewb &, ypaBHenus (2.37) MoxHO pac-
CMATDHBATb KAaK pe3yJbTaT COBNMAAEHUA DPAa3JHUYHHX KODHEW 3TOro ypas-
HeHUs TpPH U3MEHEHUU ero Kodh@dUUHEHTOB, HO TOMAA B CHJIY 3aBHCH-
MocTh R = p - £&; coemanyT ¢ p=0 u a; KopHe# ypamuenua (2.40).

Kopuio p =0 KkpaTHOCTH @; COOTBETCTBYIOT UACTHHE pelleHHs z= L,
Z2=2x, ..., 2==x" . Clel0BaTeAbHO, B CWH1y 3ABUCHMOCTH y == Ze i
KOpHIO k; uparsoctd @, ypaesesuss (2.37) OyAyT COOTBETCTBOBATH
YacTHBIX pelIeHUH

kR x kX -t kx
y=et, y=xel,. ..., y=x"1 ¢ei- (2.41)
Ocraercs MOKa3aThb, 4TO peleHHs
kX k. x -1 kx
el , xet, ..., x1i (=12 ....m (2.4
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re m — 4MC/O Pas3/HYHBIX KOPHeR 2, XapaKTepHCTHYECKOTO ypaBHeHus,
JAMHEHRHO HE3aBUCHMEI, HO 9TO y»e Obl1o A0KasaHO B npusepe 3 crp. 96.
CaenopatenbHo, obuee pewesde ypasHehus (2.36) umeeT BuR

"

_ 9 a!~l lii.l
y= 3o+ erpt o enxi e iy, )€

roe ¢y — Npou3BOJbHbIE NOCTOSIHHDBIE.

[Tpumep 5
y"—3y" +3y —y=0

XapaxrepucTHueckoe ypasHeHue &3 —3k* -3k —1=0 uan (& — 1)® = 0 umeer
TpexkpaTHHH KopeHb &, , ;= 1 CaeloBateabHo, obwiee peleHHe uMEeT BHI

y = (€, + cox + c;x%) &*
Ecan XapakTepucTHYecKOe ypaBHEHHe HMeeT KpaTHbI KOMMNAEKCHBLIA
KopeHb p -+ ¢f KPATHOCTH ¢. TO, COOTBETCTBYOWME €My pelleHus
ePHIE o rahyx x2e(P+ahx, xo~lg(P rahyx

MOXHO npeobpasosath mo dopMytam Stiaepa
e +Ih% — oP* (cosgx -+ i singx)

#, OTRenAs AeHCTBUTENbHYI0 M MHHMYIO 4acTH, (0AyuuTh 20 ReHcTBH-
Te/bHbIX pelueHnit:

e’* cosgx, xe’*cosgx. x?eP*cosqgx, ..., x* "'  cosgx.

. 2.43
e’ singx, xef*singx, x%7*singx. ..., x* 'e?*singx. ¢ )

BasiB- NeficTBUTE/bHBIE W MHUMBE YaCTH DEWEHHH, COOTBETCTBYIOWIMX
COMpWMKEHHOMY KOPHIO P — gi XapaKTEPUCTHUYECKOTO YPABHEHHS, Mbl
He I0/AYYMM HOBHIX AHMHEWHO He3aBMCMMBIX pentedn#l. Taxum obpasom,
nape KOMIJEKCHBIX COMPSHKEHHMX KoOpHe# p Lgi kparioctn o coor-
BETCTBYIOT 20 AMHENHO HE3aBUCUMBIX NCHCTRUTEIbHEIX pelueintt (2.43)

fipamep 6.
1t
W2y +y=o0

XapakTepHcTHUECKOE gpaaneuue k* 4-2k* 4 1 =0 nan (k* + 1)? =0 umeer usy-
KpaTHBE KOPHM =+ i CnemposaTesbHO. obLlee pellleHHe vMeeT BHA

¥y = (€, + €3x) COs x 4 (¢35 + ¢,x) sin .
2. YpaBHenus Jftaepa YpaBHeHus Bula
ayx"y™ +ax" WYY 4+ L g, xy +a,y=0, (2.44
rle Bce @, — TOCTOSIHHbIE, HA3LIBAIOTCA Ypasuerussu 3dsepa. Ypasue-
ute Ifiaepa 3aMeHON HE3ABUCUMONO MepeMeHHOrO X ==e’ *) npeo6pa-

*) Man x =—=¢' ecan & <V, 8 daabHellleM aas onpejeacHHOCT# Gylem
CIHTaTL X > U
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3yeTcs 6 .IMHEHHOe OUHOPOUHOE ypaBHEHHE ¢ [OCTOAHHLIMK KO3PPH-
UHMEHTAMU.

Ie#cTBHTENLHO, KaK YKa3aHO Ha CTP. 93, JAHHEMHOCTb M OAHODPOL-
HOCTb  ypaBHeHHs 0pu npeo0pa3oBaHHH He3aBHCHMOrO M€PEMEHHOro
COXPaHAIOTCA. a KO3DPUIUHEHTH CTAHOBYTCH MOCTOAHHLIMU, MOTOMY YTO

dy dy

ary d'y dy
T (2 - W)
dky | dy ) 9
_ .45
PR n di MLy dt? +ﬁ” dtk { )

rle Bce P, — NOCTOSIHHHIE. 4 NMPH NOACTAHOBKE B ypaBsuenue (2.44) Muo-
WuTedn e~ % COKPAIATCs C MHOXHTeasMH X* == ek,

CnpaselauBocTb paBeHCTBA (2.45) serko Moxer ObiTh N0KasaHa Me-
TONOM HHAYKUMM. [leHCTBUTEAbHO, LOMYCTHB, YTO paBeHCT8O (2.45) cnpa-
BENJNBO, ¥ npoldndpepeHuUpOBaB ero ellle pas no X, JOKaxeM CrnpaBeld-

) dk+ly
MMBOCTb pasenctsa :2.45) u Mis
. dxk+1
d¢ 1). _ dzy d"y d/e+l),
— e thrlu ’ . )
dxk ! (ﬁ‘ a Tt b
— ke~ Rt )___
(ﬁ +ﬁ2 dl7 o dtk
— gkl ay 22y dk+l)’
—¢e k*A I(Y +Y? 4t + +Yk+} tk+l .

rle Bce Y; — MOCTOSIHHLIE.
Hrak. cnpaBeamuBocte dopmyiun (2.45) nokasaHa, W caefOBaTesbHO,
AMHEHHO BXONflHMEe B ypaBHehHe 3Stiepa

,;’ P dlc)‘ . ’
k}‘Oan_kx H—O (2.44)

C MOCTOAHHBIMH KO3 GULKHEHTAMH NPOU3BeleHus

Lx oy Ly, L s
dt

AHHERHO (C MOCTOSHHLIMK Koacpcpnuuen'ramu) BLIPAXKAIOTCA yepes MpOu3s-

BOAHbBIE (YHKUMKM Y NO HOBOH HesaBucHMOH nepemenHof £. Orcoaa

cleayet, 4TO TNpeobpasoBaHHOe ypaBHeHHEe Oy.AeT JWHEHHBIM ONHOPOI-

HEIM ypaanenueM C MOCTOAHHBLIMH KO3PPuIMeHTaM!

d"-ly dy .
T tla-1 g, T 0y =0 (2.48y

N

bo

dt" th
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Bumecto Toro uroGm npeo6pasoBhiBaTh ypaBHeHve JHJaepa B JUHEH-
HOe ypaBHeHHE C MOCTOAHHBIMM KOS(GULHEHTAMH, 4YACTHBE pelueHus

KOTOPOrO HMEIT BHA y ==e*‘, MOXHO Cpa3y WCKaThb pelleHMs WCXOA-

HOI'O YpaBHEHHA B BHIe y=xk, TaK KakK

ekt —_ xk'
Honyqalomeecsa NMpUA 3TOM MNMOCJE COKpalleHHss Ha xk ypaBHeHIE

akB—1D...thk—n+OH+takt—1)...k—n+2)+ ...
oo +a,=0 (2.47)

LAs ompexgeseHduss £ JOMKHO COBNafaTb C XapaKTePUCTHUECKMM ypaB-
HeHdeM aas npeoBpasoBaHHOro ypasHeuus (2.46). CienosarenbHo, KoOp-
HSIM k; ypaBHeuus (2.47) KpaTHOCTM @; COOTBETCTBYIOT pelleHHs

k, Rt L2 nit 1k,
et gt R, L, 4T
NPeo6pa3ORaHHOTO YpaBHEHHA HJIH
k. k., k. 2 k. -1
x¥i, xfilnx, x%iln"x, ..., x5 'k

MCXOJHOro YpaBHEHHs, a8 KOMMJEKCHBIM CORPSUKeHHBIM KopuaM p t gf
ypasHeHus (2.47) KDaTHOCTH @& COOTBETCTBYIOT pellieHHs

t ¢ -1 _pt
e’ cosgt, te” cosqt, ..., t* ‘e" cosqt,

e”singt, te”singt, ..., t*'e” singt
npeo®pasoBaHHOrO yPAaBHEHHA WK
xPcos(glnx), xPInxcos(glnx), ..., x”In?-! xcos(qln x),
xPsin(glnx), x’lnxsin(glnx), ..., x”In*-! xsin(glin x)

MCXOLHOTO ypaBHeuus Siaepa.
[Mpumep 7.
x2y/l+ %xy'—y=0-
HMmeM pemenue B Bulle y= x® k(k— 1)_}—% k—1=0, otkyra % = %,
ky = — 2. CaeloBatenbHo, obuiee peinexue npd x > 0 umeer mua
1
2 -
Y= X" 4 Cox2
Mpumep 8. 1 ?
x2y" — xy' 4+ y=0.
Wmem pemenne B Bupe y=x% k(b—1)—k41=0 wwm (k—1)2=0,
k1, 2= 1. CaenoBareabHo, obmee pelene npu x > 0 6yaer

y=(¢,+clnx)x

Mpumep 9
2y xy'+y=0
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Wwenm pemenue B pume y=x% k(k—1)+k+1=0, orxyma k,,==£1i.
CrenoBaTenbHo, ofuiee pemenne npe x > O uMeer BuA

y=¢,coslnx-+ ¢;sininx.
YpaBHeHHs BHAA
ay(ax + )"y 4 ay(@ax 4+ by y* TV L
oo Fa,4(ax4+0y +a,y=0 (2.48)
TaKxe Ha3bBAWTCH Yypasdenuamu IJisepa W CBOLATCA K ypaBHe-

nuio (2.44) 3aMeHOM He3aBUCHMOTO nepeMeHHOro ax — b= x;. Cueno-
BATe/bHO, YaCTHble PpelleHHss ITOr0 YPaBHEHHS MOXKHO HCKaTb B BHIe

= (ax <+ b)* win npeobpasosarb ypasHetne (2.48) K JuHERHOMY OZHO-
POAHOMY YPaBHEHMIO C MOCTOSAHHBIMM KodddunueHraMu 3ameHOR nepe-

MenHbiX ax—b=¢e' (W ax—+b=—¢', ectn ax-+b <0).
§ 6. JluHeiiHple HEONHOpPOAHBIE YpPaBHEHHA
Jluneinoe #eo0HOpOOKHOE ypaBHEeHHE HMMeeT BH]
a0 (x) YW+, () y*- V4 .. Ha, (0)y =@ (x).

Ecan aq(x) #+ 0 Ha paccMaTpHBaeMOM HHTepBaje M3MEHEHHs X, TO MOC/e
leleHus Ha a,y(x) MOAYYHM

Y p () Yy V4 oL 4 p, () y = f(x). (2.49)
DT0 ypaBHenue, cOXpaHas npexHHe 0003HAYEHHA, KPATKO 3amuuleM
B BHIe
Lyl = f(x).

Ecait npn a < x b B ypasnennu (2.49) Bce xospduunents p, (x)
H npasaf yacTb f(x) HempepblBHH, TO OHO HMeeT eNAWHCTBEHHOE pelue-
HHe, YNOB/ETBODSAIOLIEE YCJAOBHAM

y(-k)(xo)=y§)k’ (=0, 1, ..., n—1),

rae Y — mobble ReACTBUTEbHBE YUCAA, A X, — 1100ad TOYKA HHTep-

Bana a << x < b.
HeftcTBuTeb1HO, NpaBas 4acTb ypaBHeHus

YW=—p () YV —py () y*V— ... —p,(0)y+ f(x) (2.49)

B OKPECTHOCTH paccCMaTpHBaeMbIX HayaJbHBIX 3HAUEHHH YLOBJETBOPFET
YCJIOBHAM TEOPEMBl CYLLECTBOBAHUA KW eLHHCTBEHHOCTH:

1) npaBas 4acTb HeMpepHIBHA MO BCEM apryMeHTaM;

2) wuMeer OrpaHMueHHHe YACTHble NPOM3BOXHHWE 1O BceM yR)
(k=0, 1, ..., n— 1), Tax Kax 5TH NPOM3BOAHLIE PABHL! HEMPEPHSBHBIM
Mo NpPeRNOJ0OKEHNUI0 HA OTPeske @ < x < b kospduunenram —p,_, (x),
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Eule pas OTMETMM. d4TO Ha HAuaAbHbe 3HAYEHHA Y He Hanaraerca
HUKAKUX OrpaHHueHHH.
| k] uByx OCHOBHBIX CBOHCTB JIMHEHHOrO oOnepaTopad
Licyl=-cL]|y).
Liyi+yol =Lyl + Llys)s
Tie ¢ — MOCTOAHHAA, HEMOCPEACTBEHHO ClleayeT:
1)y Cysma y+ vV, Pewenun Yy HeoOHOPOOHO20 YPGBHEHUS
Liyl=f(x) 12.49)

U pewenusy COOmeemcmeyuezo 0010 podno2o ypasrerus Ly =10
ABAREMCR peulerues HeOOHOPOOKR020 ypasrenusn (2.49).
HoxazarteabcTBoO.

L1y + vl =LI[yl+ Lly}
HO L[}] = f(x), a L|y;]=0, caenoparebHo,

Liy + )= f(x).

2) Ecau 'y, nsaaemcn pewenuem ypasuenun Liyl=f, (x)

1
(i=1, 2, ..., m), mo y= Z Q;y, ABAREMCA peulerues ypUuBnerus
i=1

m

L{y]= Z‘aifi(x):

t=
20e a; — nocmosnAsie.
ldoxa3zaTeabcTBO.

[20)’]—5 LIGIYI—ZGLI));] 12.50)

i=1

Ho L{y,}== f,(%). caenomaTe.bHO,

[Zai))ij Z zf:(x)

3TO CBONCTBO, HA3LIBAEMOE 4Y4ACTO nPpURKuUNOM cynepno3nyuu (uauv
npuryunom HAAONMCEHUA), OUYEBUAHO, OCTAETCA CNPARCAAUBHLIM ¥ IIpH

X

m—> 0O, €c/d pAl 2 @;y; CXOAUTCA H AOMyCKaeT N=KPATHOE NO4YJeH-
i=1

Hoe aAHddepeHUNPOBAHHE, TaK Kak B STOM C/yude B03MOXEH Opelefb-
HBI mepexon B ToMAecTBax (2,50).

3) Ecau ypaenenue L{yl=U(x)+ iVix), 20e 6ace «oaggu-
guenms p;(x) u Pyreyuu U(x) u V(x) Oedcmsumensns.. umeem
pewenue y=u(x)+ iv(x), mo Oelcmeaumerbnan 4acme peuie-
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Hug u(X) 4 MHUMAR 4aCME U (X) R6ARIWMCA COOMBENMCMBERRO pelue-
Huamu ypaeHerul

Liyl=U(x), Llyl=V(x).
HDoxasaTeabCTBO.

Liu+ to)=U(x) 4+ iV (x)
HJN
' Liu) + iL[o]=U (x) + iV (x).

CienoBarebHO, OTZenbHO paBHb  aeHcTBHTeAbHble uacty Llu]=U (x)
M MHUMBIe YacTh Llv]=V (x).

Teopema 2.8, OCujee pewerHue na ompeske a < x L b ypas-
Henus Liy)l= f(x) ¢ nenpepususimu Ha mom e ompe3dxke Ko3g-
duguenmanu p,(x) u npasol racmeo f(x) pagao cymne obuezo

n

pewenus ZC,’)’; coomeemcmeywue20 00HOPOOHO20 YPABHEHUA U
i=1
KAK020-HubYyO0b 4ACMHO20 peuleRus y HEOOHOPOOH020 YpASHeHUA.

HdokasareabcTBo. Haro nokasarte. uto

n
y=2€m+y. 2.51)
=
rae ¢, — MPOu3BOJbHble MOCTOSHHbe, 3 ¥, ({=1, 2, ..., n) — audelino
He3aBMCHMble  DELIEHWS  COOTBETCTBYNQUIEr0 OAHOPOAHOrO ypaBHEeHHH,
fABAgeTcd OOLIWM pelweHHeM HeOAHOpoAHOro ypasHenus L[y] = f(x).
[Tpunumas BO BHHManue 1) (cTp. 114) u cnpaBedanBOCTb MJIS PACCMATPH-
BAeMOr0 YPaBHEHHA TeopeMb CyLUIeCTBOBAHMA H eZHHCTBEHHOCTH, Halo
10Ka3aTb, YTO NOAGOPOM MOCTOAHHBIX ¢; B (2.51) MOXHO yA0OB/METBOPHUTD
MPOK¥3BOJLHO 3aAANKEIM 13YaAbHBIM YCAOBHAM

y“”(x(,)=y},’” =012, ..., n—1. (2.52)

rae a < x < b. Tpebya, utobm pewenne (2.51) ya0BAeTBOPSI0 HAYddb-
HbIM ycaoBHAM (2.52), nNpUXO@MM K cHCTeMe ypaBHEHHH

I

2} ey (X4 3 (%) =y

B ei () + Y (%) =i

n - (2.53)
2 e V] (%) + ¥ (%)== i

i=1
. o © e s & 6 + e o 4 s e

n

21 cty&n-u (-"o) +§(n-1) (xo) = -,

it=

8'
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3Ta JMHeRHAdA NO OTHOIIEHUIO K MOCTOAHHBIM ¢; CHCTeMa /1 ypaBHeHu#t
C 7 HeM3BeCTHHIMU TNPU MPOM3BOJbHBIX MpPaBhHIX YaCTAX AONYCKAeT eluH-
CTBEHHOE pellleHMe OTHOCHTENbHO ¢; ({==1, 2, ..., n), TaK Kak onpenenu-
Tedb cucreMbt (2.53), 6ynyuu onpegenurenem Bpouckoro W[y, yo -..v ¥,]
L4s JTHHeHHO He3aBMCMMOM CHMCTeMbl pellieHHHA COOTBETCTBYIOWErO OIHO-
PONHOrO ypaBHEHHMs, OTAWYEH OT HyJd MpKH JMOOBIX 3HAUEHWSX X U3
OTpe3ka a ~_X <. b W, B HACTHOCTH, MpPH X == X,

CrnenoBaTesbHO, WHTerDHPDOBAaHHE JAMHERHOTO HEOJAHOPOAHOTO YpaB-
HeHHA CBOILMTCA K HAXOMAEHHIO ONHOTO HaCTHOTO pelleHHss 3TOro ypas-
HEHUS M K HHTEerPUPOBAHUIO COOTBETCTBYIOLUETO JHHERHOrOo OXHOPOAHOrO
ypaBHeHHS.

Npumep L
y//+ — X.

OxHo wacTHOe pelleHue 3TOrO YDAaBHEHHS ¥y = X, OUEBHIHO, OOIEE pelIeHHe
COOTBETCTBYIOLIEr0 OAHOPOMHOI'O YpaBHEHHsl UMEET BHI

y==1¢;cos x+¢;sinx (cum. crp. 108, npumep 4).
CaegoBaTeabHo, o6umee pelleHve HCXOJAHONO HEOJAHOPOIHOFO YpaBHEHHS

y == €; COS X + ¢, sin x 4 x.

Ecau nodbop uwacmuozo peuwenuss HEOOHOPOOHOZ0 YPABHEHUS
mpyden, HO o0uee pelulenue COOMBEMCMBYIOULL0 O00HOPOBHO20
n
ypasrernusn y=2 C;y; HQUOEHO, MO MOJNCHO RPOURMEZPUPOLBAMD
. i=1 .
AUHeliHOe HeOOHOpPOOHOE Yypasrewue Mmemodorm 8sapuayuu no-
CMOAHHBLY.
an npHMeHEHHH 3TOTO0 MeTOJa pellueHHE HEOAHOPOIAHOrO ypanHeHHA
n
HileM B Buge y= ¢;{(x)y, T. e MO CyWeCTBY BMECTO HeH3BeCTHOH
i=1

GYHKUMK Yy BBOAMM n HeHasecTHblx Qynkuuit ¢;(x). Tak kak noabopom
byukunnt ¢, (x) (=1, 2, ..., n) Hago0 YIOBJETBODUTL JAWIIL OLHOMY,
YpaBHEHHIO

YO+ p(x) Y-V L pa(x)y=f(x), (2.49)

TO MOXHO TOTpPe6OBaTh, YTOGH 3TH 7 QYHKUMK ¢;(Xx) yAOB/IeTBOPAAU Obl
eme KakuM-HuOyAb n — 1 ypaBHeHUsM, KOTOphle MHl BHIOMpaeMm Tak,
n

yTo6bl MPOH3BOAHBIE (YHKUUH y=2c,(x)y,-(x) umean Obl N0 BO3-

MOXHOCTH TaKO# e BHI, KaKO# OHM UMEIOT HDPHU NOCTOSHHBEIX ¢,. Bhibe-
peM ¢;(x) Tax, yroOH BTOpA¥ CyMMa B mpaBoi dacru

=2 0y =)+ B ey, )
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paBHflach HyJO,
n

Z‘l] ¢, (x)y,(x) =0,

H, CJEeA0BATENbHO,
n

=X ¢, (%) y,(x),

T. e. y’ HMeeT TAKOW e BHI, KaK U TpPH TNOCTOSHHbIX €;. TOYHO
TaK K€ y BTOpPOH MNpoH3BOMHOH

n n
1 "o, N .
= 2¢,(0)y" + 2 i)y,
(= =
rpeGyeM oOpamleHus B HY.1b BTOPOH CYMMbl U TEM CaMbM NOAUHHAEM ¢, (X)
BTOPOMY YCJIOBHIO:

‘16 (x)y;=0.
i=1

[Tpono/kag BHIYMCAATE TPOM3BOAHBIE (GYHKUMH y = 2) ¢;(x)y; 1o no-
i=1
paika n#— 1 BKMouuTeNbHO M TpeGys Kamabil pa3 obpauieHus B Hyb
n

CyMMbl ¢; (%) y#) (x):
i=1
n
eyx)=0 (k=0,1,2 ..., n—2, (254
i=1
noAy4uM

n
y = ;‘] ¢, (%)Y,

yl == 2:} c[ (x) )’;.

i=
y// ‘?‘I C. (X) y,, (2.55)
Y- = 3 ¢, (x) y- Y,

i=1

yo = ACN Z ACRY

i=1

n
B nocieaHeM paBeHcTse Mbl He MOXeM NMOTPeGOBaTH, YTOGH S‘ ¢;yir~ V=0,

TaKk  «ak QyHKUMM ¢; (x) yXe mnQouHHeHnl n —1 ycnoapmM (2.54).
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a Hanc; elle YAOB/JeTBOPUTb MCXOAHOMY ypaBHeHHw (2.49). I'Ionc*rés.usm
¥ ¥ ..., y® u3 (2.55) B ypasheuue

YW pr () YD+ L 4 pa () y=f(X), (2.49)

NOJAy4uM HeAOCTalollee YpaBHeHHe 15 onpeledenus ¢, (x) (i==1, 2, ..., n).
ITIpu sTOM OYeBHAHO, YTO B JeBOH yacTu ypaBHeHus (2.49) ocraHercs

n
N\ ’

JWLIb CYMMa )_Jci(x)y‘/”"". TdK KaK Bce OCTa/bHble 4YJeHb HMEIT
i=1

TAKOH #e BHA, KaK U MPH MOCTOAHHBIX ¢;, 4 NPV MOCTOAHHBIX ¢; QYHKLHA
n

y = E €;y; YAOBJAETBOPAET COOTBETCTBYIOILEMY OAHOPOAHOMY yPaBHEHHIO.

i=1

B 31OM MOXHO yOedWTbCA M HeNOCPeICTBEHHBIM BBIYUHC/IEHHEM:
n n n n
g , \ _ Y
e b+ 21 e Y+ py(x) 21 ¢y + py(x) 12.1 R e S
i=1 i= i= =

+pn(x)§c¢y,=f(x)

UKW
n n
%‘I c,y-t + 2] e [V P () YD A p, (1) Y] = [ (x). (2.56)

Bce y, ABASIOTCH 4aCTHBIMM pellleHHSIMM COOTBETCTBYIOILErO OAHOPOIHOTO
ypaBHeHus, crefosaTenbHo, YW+ p (X) YU+ .4 p (x)y, =0
(=1, 2, ..., n) 4 ypasHeHue (2.56) .npunuMaeT BuA

n

?;] eyl =r(x)

Hrak, dyukman ¢, (x) (=1, 2, ..., n) Onpeledl0Tcs U3 CHUCTEMb 1
JanHeHHbIX ypaBHeHHA

)

L (x)y, =0,
i=1
7
L C(x)y, =0,
i=1
nﬂ
ci(x)y; =0,
= (Y, 2.57)

« o s e e =

a

¢, (%) yin-?2=0,
1

-~
L]

n

lZ.Jc;&x) P h = f (x)

J .
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C OTAHUHBIM OT HYJA Ofpele/HTeseM’ CUCTEMbl, TadK KaK 9STOT ONpeuc-
JAUTe]b
N Y2 ses Va

1

Yoo e Y,

D . .

-1 - -
y(ln ) y(2n 1 e y(nn 1

fABARETCH OMNpeleanTe/eM BpOHCKOro As /AMHeHHO He3aBHCHMBHIX pelle-
HUM COOTBETCTBYIOLIEro OfHOpoAHoro ypasuewns. Onpeneau u3 (2.57)
BCe ¢ (x)==@,(x), KBALPATYPAMH HAXOLUM

¢; (x)=ffp',.(x)dx +E,.
Mpumep 2
1
cos x

Yty=

O6wee pelreHse COOTBETCTBYIOIIErO OJHOPOJHOTO YPABHEHHA dMeeT BHA
y =¢; cos x -+ ¢, sin x. BapbupyeM ¢; u ¢y

y=¢; (x) cos x4 ¢, (x)sin x.

€; (X) 1 €3 (X) ONpeleNsIOTC H3 CHCTeMB! ypaBHewud (2.57)
¢; (%) cos x + ¢, (x) sin x =0,

17 ’
— ¢, (x)sin x C(X)COS ¥ = ———
1 ( ) + 2( ) CcOS X ¥
OTKYyJHa .
sin x

cos g Q10 =lInfcos x|+ ¢5

¢ (x) = —
G(x)=1 cy(x)=x+Cy

Ofwee pemenre UCXOIHOrO YpaBHEHHSA

y=¢, €os x 4 ¢;5in x 4 cos xIn|cos x [+ x sin x.

v

X+ atx = f ().

Npumep 3

O6mee pellieHHe COOTBETCTBYIOUIETO OJHOPOJHOTO YPABHEHHS HMeeT BHl
x=¢, cosat 4 cysinat. Bapbupya UOCTORHHHE X == ¢, (£) cos at ¢, (f)sln af
NOAYYHM

¢1 (£) cos at =+ ¢y (£) sin at =0,
-—ac; (?) sin at + ac; (?) cos at = f (1),
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oTKyaa
t
, 1 v -
[ #)=~— Zf (H)sinat, ¢, (H) = v / f(u)sinau du + ¢y,
8

¢y (£) =%f(t)cos at, ¢, (t) =% /f(u) cos au du + ¢4,

x() = — 084 / £ wysin au du + 2% / f (1) cos au du +
+ ¢, cos at +¢, sin at,

U

x(8) =—}1- [f(u) {cos au sin at — sin au cos at] du + ¢; cos at + ¢; s at,

OTKYyJAa OKOHYATE/JbHO NOJydaem
[3

x(t)=% / F(w)sina (f —u) du ¢, cos at + ¢, sin at.

3ameruM, YTO MNEpBOe CAaraemMoe MNPABOH TACTH ABASETCA HYACTHBIM pelIeHHeM
HCXOLHOTO ypaBHeHHd, YAOBJAETBOPAOMIMM HAYanbubIM ycaoBuam x (0) =0,

x(0)=0.

I/ITaK, 3HaHWe n JAMHeHHO He3aBUCHMBIX YACTHBIX pELUEHHﬁ COOTBeT-
CTBYIOLWEro OHHOPOAHOFO YpaBHeHus NMO3BOJIAET METOOOM BapHauHu
NOCTOAHKRBIX NMPOWHTErPHPOBATE HEOAHOpDOAHOE ypaphexHue

Lyl = f (x).
Ecan ke wusBecTHO auMmb K, rae k& < n, J4HeHHO He3aBHCUMbIX
peleHdft ¥y, ¥y, ..., Y, COOTBETCTBYILWETO OJHOPOAHOTO YpaBHEHHUS,

TO, KaK yXe YyKa3biBaioch Ha crp. 102, 3amena mepeMeHHbIX NO3BOJAET
NOHU3UTL NOPANOK YPaBHEH!UN 10 7 — KR, COXpaHas ero JMHeHHOCTb.
3aMeTHM, 4YTo ecad k=n — 1, TO NOPAIOK ypaBHEHUs CHHXKaETCH
JO NepBOro, a IuHeHHOe YypaBHeHHe TMepBOr0 MNOPSAKA BCerga MOXIo
TpOMHTErPHPOBATh B KBAApaTypax.

AHanoruuHO MOryT OblTb HCMOJb3OBAHH £ pelleHH# HEOAHOPOLHOLO
ypaBHEeHUS ;1, ;2, ..., Yp TAK KaK MX PasHOCTH ABASIOTCA YXe pelue-
HUAMH COOTBETCTBYIOUIErO0 OJHOPOAHOTO ypaBHeuus. [leficTBHTEbHO,

Ly J=f(x). LIy, l=f(x).

C.’Ie}lGBa'Te-’IbHO,
L1y — Y=L — LIy, )=f(x) — f (x)=0,
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Ecau wacTHele pelieHus COOTBETCTBYIOLUIErO OLHOPOLHOrO ypaBHEHHA

1= Ga—Yeh coes Gpo1— ) (2.58)
AMHEeAHO HEe3aBMCHME, TO NOpsnok ypaBHenus L(y)= f(x) MoxeT GbITb

noHukeH 10 7 — (R —1). OueBMgHO, UYTO JApYyrHe Ppa3HOCTH Vi—Y,
SIBJSIOTCS JHHeHHBIMH KoMOuHauusMu peluenud (2.58)

Vi— Y, =0; Y)— O, — ¥
4, CJenoBaTeJbHO, He MOTryT ObITb HCIOJAbL30BAHE JJ8 [AaJibHeHllero
MOHUXKEHHA nopﬂm(a.

Ykaxem ewte memod Kowu HAXOWIEHUS HACTHOIO pellileHHS JMHeH-
HOT'O0 HEeOJIHOPONHOTO YypaBHEHHS

Liy ()= f(x). (2.59)
B 3TOM MeTOne npennonaraercn W3BECTHLIM, 3aBucauiee OT OLHOro napa-

Metrpa, pemedne K (x, S) COOTBETCTBYIILEr0 OIHOPOIHOTO YpaBHEHHUS
Ly (x)] =0, yIoBaersopsiollee YCJIOBHIM

K(s, )=K (s, §)= ... = K" I, s)=0; (2.60)
K" Vs, s)=1. (2.61)

HeTpyaHO NpOBepuThb, 4TO B STOM C/yuae
re
y@= [K(x 9f(9ds (2.62)
£ 1)

6ydeT 4YacTHHIM pellleHHeM ypaBHeHus (2.59), yHOBJeTBOpDSIOWUM HyJle-
BHIM Haya/JbHbIM YCJAOBHAM

Y(xdy=y (x)= ... =y (x)=0.

NeticTBuTe bHO, nu¢p¢epeHuupys (2.62) M npHHMMas BO BHHMaHWe
ycaosusg (2.60) u (2.61), noayuum

v® = [Kix 9f©ds

. X
v = [Kix 9 f9)as,

..... SRR (2.63)
yoto= [k 5 f (9 ds,
X

n

v ) = [KP . ) fs)ds + f(0).
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[Moacrapaag (2.62) u (2.63) B ypaBHeHue (2.59), nonyyaem
X
JLK G 9 f©ds+fn=f(o.

Tak Kkak K (x, S) ABAAETCA pellieHMeM COOTBETCTBYIOLIEr0 ONHOPOIHOrO
ypasnenua u LK (x, s)]=0.
Peurenne K (x, §) MoxeT ObiTb BblIeJeHO 3 OOUIEro peLueHUs

n
Z

y = 2, ¢;v,(X) ONHOPOIHOTO YypaBHeHHA, €CJR BLIOPATL [POU3BOJIbHLIE
i=1

[0CTOAHHbIE "ci Tak, 4TOObl YIOBJAETBOPAJANCH YCaI0BHA (2.60) u (2.61).
Mpumep 4 [as ypaBHeHus
Yy +aty = f(x) (2:64)

O6IIUM peLIEHHEM ABAMETCA Y ==, COS ax -} ¢, sinax, ycaosun (2.60) u (2.61)
OPUBOAAT K CACAYIONIMM YPaBHEHUAM:

€, cos as ¢, sinas =0,

'— ac, sin as + ac, cos as = 1.

CuaenoBaTeAbHO.
sin as cos as
Cx = ~— N 2 = —

a a

H HckoMoe pewenue K (x, §) umeeT BHR
|
K(x. 5)= 2 Sin a(x—s).

Pemenne ypasHerns (2.64), ynosaersopsaiolilee HYJEBHM HauaabHHM YCJIOBHAM,
coraacio (2.62), npencTaBuMO B BHAe

X

y(x).=% /slna(x—-s)f(s)ds.
x

Mpyu x, =0 sTo pewlenve COBNaLaeT ¢ NOAYyIEHHHM Buile (cM. crp. 120) apyrum
METOAOM DEIUEHHEM TOrO e YpaBHeHHS.

MOXHO naTh QH3MUECKYI0 WHTeprperaunio ¢yuxuun K (X, s) « pe-.
IIeHWI0 JMHEHHOrO0 ypaBHeHUs ¢ rpaBo#t 4actblo B ¢dopMe (2.62). [pu
sTOoM HaM Oyler yaobHee He3aBHCHMOe fepeMeHHOe 0603HauuTh OYKBON £.

Bo MHorux sanayax pelleHHe y () ypaBHeHHA

YO+ p @Oy 4 L+ p, O y=[( (2.65)

ONMUCHLIBAET CMellleHHe HEKOTOPOR cucTeMbl, a ¢yuruug f(¢) — cuay,
oefCTBYIOLLYI0 HA 3Ty CHUCTEMY, ! — BpeMs.

[TpeanonoxuM BHauaite, YTO MpH ¢ < S CHCTeMa HAXOAMAACb B CO-
CTORHMH MOKOR U ee cMelleHHe BH3nBaeTca cuiaoit f, (¢), orauynon
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OT HYy/Ia Jdlb 8 MNPOMexyTke § < f < §—& MOpHYEM HMMYJbC STOH

cuaw pased [:
s+e

[ f.@ar=1

OGosHaunm y, (£) peweHue ypaBHeHUs
Y+ p Oyt 4 L 4 p (O y=f (D

Jlerko npoBepseTcs CylllecTBOBaHue npeneaa y () nps &—>0, He 3aRu-
caero ot Bu6Opa ¢yHKkuun f (£), B NpPeanoJoxeHuH, YTO OHA He Me-
HAeT 3Haka. [lefcTBuTenbHO,

¥, (6= f K(t, s) f,(s)ds.
t

[lpumenss TeopeMy O cpeaHeM npH £ > s+ &, NOJyuuM
S+8

V=K s+&) [ fmar=K @ s+,

rae 0 < &* < &; cJienoBare/sHO,
limy () =K (. ).
£>0
IMostromy ¢yrxumnie K (£, 5) ecTecTBeHHO Ha3BaTh Pywxyuell 8auftHus

MI'HOBEHHOTO WMIyJbca B MOMeHT £ =S.
Pas6usas npoMexyTok (£, f) Toukamm s; ({=0, 1, ..., n) Ha m

PaBHBIX uacTe#l LJANHW As= t;t". npeactaBuM ¢yukuuio f(£) B (2.65)

B BHAE CYMMb OYHkuM# f,(f), rae  f,(f) oTanuHa OT HYyJa JHlb
Ha I-M npoMexyTke §;_; <t < §; Ha KOTOPOM OHA coBManaer ¢ ¢yHK-
uuedt f(£):

fOy=2 1.

B cuay npuHuuna cynepnosuuuu (ctp. 114) peienne ypaBuenus (2.65)
uMeeT BUI

ym=gmm,

the y, () — pelleHus ypaBHeHUH

YA+ p Oy V4 L p, (O y=Ff; ()
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C Hy/eBHIMH Haya/bHhIMK 3HayeHusaMu. Ecan m 10CTaTOYHO BeduKko, r0
pelteHue y,(£) MOXHO paccMaTpUBaTh Kak (YHKUHIO BAUAHMSA MIHOBEH-
HOFO MMMYyabca MHTEHCHBHOCTH f,(s;)As. CrexoBatesbHo,

Yty DKt s) fs)ds.

IMepexons K mnpeleny MpH fm-—> 00, MOJYYMM pelieHHe ypaBHeHus (2.65)
C Hy/eBbIMM HauaJbHBIMH YCJOBHSIMH B Bule

ysz(t. s) f(s)ds.
by

MOKA43HIBAIOIIEM, YTO BJHMAHHE HeMpPEpHIBHO AEHCTBYIOLLEH CHJLI MOXHO
paccMaTpuBATh KaK HajoweHHe (Cynepno3nUMI0) BJAMAHHR MIHOBEHHBIX
HMIYJIbCOB.

§ 6. JluHeiiHble HeOAHOpOXHBIE YpPABHEHH:
¢ NOCTOSHHBLIMH KO3({HUHEHTaMH U ypaBHeHHs ditnepa

Ilpu peweHuu auHeHHBIX HEeOAHOPOAHBLIX YPaBHEHHH € NOCTOSAHHBIMU
Ko3¢¢uLMEHTaMH BO MHOTHX cJaydasx 6Ge3 1pyaa yaaerca noao6pathb
4yaCcTHbie pelleHUss U TeM CaMblM CBECTH 3alady K umerpupoeaﬁmo COoOoT-
BEeTCTBYIOLIEr0 OAHOPOAHOrO YypaBHEHHA.

nyCTb, HanpuMmep, npaBas YacTb ABJAAETCSH MHOTI'O4J€HOM CTeIlleHH S,
M CleloBaTeNbHO, YPaBHeHHE HMeeT BUI

a4 a )y N+ L ta, Y A ay=
= Apxs + Axs—' 4 ... A, (2.66)

rae Bce @; 1 A; — NOCTOAHHBIE.
Ecau a, < 0, 0 cyuecrByer 4aCTHOe pellenue ypaBHeHus (2.66),
HMeWllee TOXe BHI MHOrousneHa cremeHd s, HeHcTBHTENbHO, NMOACTaBJAsA

y=Bux* + Byx:='+ ... + B,

B ypaBtenne (2.66) u cpaBuuBas ko3pQHUHEHTH MPH OMMHAKOBHIX CTe-
neHdaX X B JeBOH W NpaBol 4YacTAX, MOJydaeM AAs OfpedencHdd Kod¢-
¢uuMenToB B; Bcerna paspellnMylo, ecad a,#0, CHCTEMY JHHERHBIX

ypaBHeHuH:

0,B,= A, By=-21,

an
a,B;+ sa,_By=A4,

OTKylNa onpeleaserca By,

@By +(s—Da,_ B +s(s—1)a,_,B,= A,
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oTKyna omnpepeaserca B,,

a,B;+ ... = A,

OoTKyZla omperensercs B,

Hmak, ecau a,#0, mo cyuecmsyen 4acmroe peuledue, umeq-
uee 840 MHOZOYAEHQ, CHenenb KOMOPOZO PABHA CMeneHu MHO020-
4AeHa, cMmoAWe20 8 npasoi wacmu.

[Mpeanonoxum Ttenepb, uro @,==0, npuyem gas oOwHOCTH KOMY-
CTHM, 4TO H @, _,==a, ,= ... =a, ,=0,n0a, 0, 1.¢e. 2=0
ABASETCS C-KPATHBIM KODHEM XapaKTepHCTHYECKOTO YPaBHeHHs, [pHueM
cayyah a==1 He wnckmoyaerca. Ilpu stoM ypasnenue (2.66) npuuu-
MaeT BUR

ay W+ a Do L gy =Apx - Ax L 4 AL
(2.67)

[Moaaran y®==2, Mb NPUXOAMM K TMpEABLYLEMY CJAYy4dl0, U CJedo-
BaTe/bHO, CYLUECTBYeT YacTHOe pelleHHe ypaBHenus (2.67), aas x0Toporo

y(a)=Box5 _i_lev‘"]—{-— . +Bs’

a 3HaYUT, ¥y 9ABJAETCA MHOro4Y/neHOM CTeMeHH § - &, TPHYEM, UJeHbI,
HauWHasg CO CTeNMeHH o — ] W HHXe, y STOrO MHOrousteHa OyIyT HMeTh
NPOM3BOJbHBIE MOCTOAAHHBIE KOS(UUKEHTH, KOTOphe MOryT ObiTh,
B YaCTHOCTH, BbIOpaHB DPaBHBIMM HYJ10. TOrNa yYacTHOE pellieHHe NpHMeT
caeaylowuil B
= x“(30x5 + lej—*l + P + BS)'
Mpumep L

Yy +y=x24x (2.68)

YacTHOE pelIeHHe HMeeT BHA
y = Bgx? 4 By x4 B,.
[loactaBaas B ypaBuenue (2.68) u cpaBHHBas KOS(OHUHEHTH NPH OAWHAKOBBHIX
CTENeHax x, MoayyaeM
BD’= 1, Bl = 1. BQ=—~2, ;—_—x2+x_2'
O6uwee pewexne
y= ¢ cosx—+ csinx 4+ x24-x—2,

yll + yl — x_2.
YacTHOE pelleHHe HIueM B BHIe

y=x(Box - By).

lNoxcTaBass B ypaBHEeHHE M CPABHHMBAA KOS(OUUHMEHTH MPH OIUHAKOBHX CTeme-
HAX X B JeBoH H npaBo# YacTAX MOJYYEHHOrO TOMAESCTBA, HAXOLHM

Mpumep 2.

1 ~ 1
B°=7, B =-—3, y=x(?x.,_3),
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O6wmee pemenne
y=c¢ + ce~* 4 x (é x—3).

PaccMoTpuM Teneph JuHe#HOe HeONHOPOINHOE ypaBHeHue BHAA
aoy(n) +ayr- b4 o+ a,y=eP (ApxS+ AxSTH L.+ A,
(2.69)

rae sce a; u A; — nocrosnupe. Kak 6uno ykasato swe (ctp. 109),
3aMeHa NepeMeHHxX Y = eP*2 npeoOpasyer ypastenue (2.69) k suay

eP¥hoz™ bz "D 4 L b2 =P (A 4 AxSTI 4 L 4 A,
UM

bz 4 b2-D L bz=Ax + AxS L+ AL (2.70)
rle Bce b; — MOCTOSAHHBIE.

YactHoe pemrenue ypaBHenus (2.70), ecan b,+0, umeer BuA
2=Byx*+ Bx*"'+ ... + B,
a 3HAYMT. YACTHOe peuleHWe ypaBHeHus (2.69)
y == eP* (B x* +'le"‘ ... 4By

Ycaosue b, #+ 0 o3nHauaer. 4To 2 =0 He fABJAETCA KOPHEM XapaKTe-
PUCTHYECKOrO ypaBHEHHS

R n—-1 .
bok"” 4+ bR 4+ ... +b,=0, 2.71)
a4 CJeloBdTeJ/IbHO, k:p He dBJMeTCd KOpHEM XapaKTepHCTHYECKOro

ypaBHEHHS
ak"+a k" + ... +a,=0, (2.72)

TaK KaK KOPDHM 3THX XapaKTepUCTHUECKHX YypaBHeHu# CBA3AHL 34BH-
cuMocTbio R=*k -+ p (cM. ctp. 109).

Eciu we k=0 sBaseTcs KopHeM XapaKTePHCTHYECKOrO ypaBHeHUs
(2.71) xpaTHOCTH . IPYTMMH CJIOBaMu, R == p fBJAETCS KODHEM XapaKTe-
pHCTHYECKOro ypaBHeHus (2.72) TOM e KpaTHOCTH O, TO YacTHbie pe-
wedHs ypasHenu#t (2.70) n (2.69) UMeOT COOTBETCTBEHHO BHI

z2=x%*(ByxS+ Bix*"' 4+ ... + By,
)~I= x%eP* (ByxS—+4 Bixs~14- ... + B)).

Urak, ecau npasaa 4acms auneilino20 Oupdepernyuasbnozo
YPABHEHUR € NOCMOAHHBMY KOIPPuyuenmany umeem 8ud

eP¥ (Agx’ 4+ Ajxs 14 ... - A,
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mo, ecau p He ABAREMCA KOPHEM XAPAKMEPUCMULECKOZ0 YpaBHE-
HUA. 4aCmKoe peulenue HAO0O wCKamb 8 MaxkOM Jce gude:

y=eP* (ByxS + B;x5~1 4 ... 4+ B,)).
Ecau sce p A8A8eMCA KOPHEM XA POKMEPUCMURECKO20 YDPABHERUA

kpamuocmy O (3mom cAydall #a3s8aemca ocoOWMu UAu pPe30HAHC-
HBM), MO 4aCmHOe peuleHue HAJO uckambd 8 8ude

¥ = x%eP* (B,x* + Byxs=l+4 ... 4+ B)Y).

Mpamep 3
y” 4+ 9y = &5~
HacTHOe peleHHe HaJO HMCKaTb B BHle
y = Beo*.
[Ipumep 4

Y+ y=e"(x—-2).
YacTHoe pellleHHE Hal0 HCkaTh B BHAE
5 y = & (Byx + By)-
fipnmep 5. g — e 1),
QacTHoe pelleHne Hal0O HCKaTb B BHJe
;"_' xe* (Byx? + Bix + By),
TaK Kak k== 1 ABIAETCA [POCTHM KOPHEM XAPAaKTEPHCTHUECKOrO ypaBHEHHA.

lpumep
' ¥y 43y +3y +y=e~* (x—5).
YacTHOe pellleHNe HAgO MCKaTh B BHIE
¥ = x% % (Byx + B,).

TaK K3k k== —1 ABJSETCA TPEXKPATHHIM KOPHEM XaPAKTEPHCTUUECKOTO YpaB-
HEHH:

3aMeTHM. UTO HAlll4 PACCYKAEHHS OCTAIOICS CMPABEATHBLIMH W TIPH
KOMIIJIEKCHOM p. MO3TOMY €C/M fIPaBaf 4acTb JHHeHHOro auddepeHunaNb-
HOTO ypaBHEHUS KMMeeT B

epxlp.;(x) cos gx +Qs (x)sinqx], (2'73)

rle ONMH M3 MHOTOWleHOB P (X) MM Q (x) HMeeT CTeNeHb §, a Apy-
rol — cTeneHb, He Bbille 4YeM S. TO. Npeofpasys TPUTOHOMETPHYECKHE
¢yvukuny 1o dopMynraM JHepa K OKa3aTeAbHOMY BHAY, NOAYUYNM
B nipasof 4acTh

ePHIBER (x) + etp—aixT (x), (2.74)

rie Ry (x) n T (X) — MHOTOU/IeHb CTeneHH S.
Ilng «amporo cn1araeMoro fpaBOR HacTH MOXHO yWe MPUMEHNTD
yKa3aHHOe BbilUe MPABHJO, @ MUMeHHO, ecaM p gl He ABJAQTCA KOPHAMU
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XapaKTePHCTUYECKOTO YpaBHEHHS, TO YaCTHOe pelleHHe MOXHO UCKaTb
B TaKOM e BHMIe, KaKk M fpaBas yactb (2.74); ecau xe p t¢gi apasiorcs
KODHAMH XapakTepHCTHYECKOrO ypPaBHEHMS KPATHOCTH C, TO YaCTHOE pe-
LeHHe NpHOOpETaeT elle MHOXHTENb X©.

Ecau onatb BepHYTbCA K TPUTOHOMETPHYECKUM (GYHKUHAM, TO STO
ApaBHAO MOXHO CHOPMYIHPOBaTH TaK:

a) Ecau p £ ql ne asasgomes KOprAMU XOQpAKMePUCTLULECKO20
VPDaBHeHus, mo wacmuoe pewerue Hado uckams 8 guoe

; = eP*¥ [ﬁs (x)cosgx + (55 (x)singx],

20e P, (x) u Q.(x) — MHO20446HW CMeENneHu S ¢ HEONPeOeNEHHUMU
Koappuyuenmanu.

3aMeTHM, YTO eClM OAMH U3 MHO204AeH08 P (x) uan Qg (x) nmeer
CTEMeHb HUKE § WAM JaXe, B YACTHOCTH, TOKAECTBEHHO paBEH HYJIO,
T0 Bce ke 0063 MHoz204aena Py (x) u Q(x) 6yayr, Boobule rosops,

HMeTb CTeMeHb §.
6) Ecau pXqi AgAAI0MCA Q-KPAMHBML KOPHAML XApaKmepu-

CMu4ecKo20 yYpasHeHus (PEe3IOHAHCHuME caywald), mo 4acmuoe pe-
uenue Hado uckamb 8 sude

y = x%P* [P (x)cos gx + Q,(x)singx].

[lpumep 7
y’ 44y’ 44y = cos 2x.
Tak xak udcaa =2/ He ABNAIOTCA KOPHAMH XapaKTEPHCTHYECKOrO ypaBHeHHS.
TO 4aCTHOE PelIEHHe HINEM B BuIe

y= Acos2x 4 Bsin2x.
Mpumep 8
y” 44y = cos 2x.
Tak kax uucna +2i 9BAAIOTCA MPOCTHMH KODHSMH XapaKTEPHCTHYECKOrO ypas-
HEHHMA, TO YACTHOE pEIIeHHE HIIEM B BHIE

y == x|Acos2x 4 Bsin2x].
MNMpumep 9
V4 2y" 4+ y=sinx

Tak kak uucaa £ ! ABAAKTCA JABYKPAaTHBIMH KODHAMH XapaKTEPHCTHYECKOro
ypaBHEHHS, TO YaCTHOE peLIEHHE HINEM B BHIE
y = x2 (A cos x 4 B sin x).
Mpumep 10
y" 42y’ 4 2y == ¢~* (x cos x 4 3 sin x).
Tak kak uucna —1 [ ABAAOTCA MPOCTHIMH KOPHSMH XapaKTEPHCTHYECKOro
ypaBHEHHS, TO YaCTHOE pEINEHHE HINeM B BHIE

y = xe~* [(Ayx 4+ A;) cos x4+ (Byx 4 By) sin x].
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Bo MHorux cayyasx 0pu HaXOKIEHMM YaCTHBIX pellieHHf AHHEHRHHX
YPaBHeHHH ¢ MOCTOAHHLIMH KO3(GHUHEHTAMH ¢ NPaBo# YacTsio Braa (2.73)
leJecoo0pasHo nmepefTH K MOKasaTeAbHLIM ¢y HKUHAM.

Hanpuwmep, B ypasnenuu

y'—2y' 4+ y=cosx
MOKHO npeo6pas’oBaTh €os X no dopmyase Diinepa wau, eme NPoE, PacCMOTPETD

ypaBHeHHe
}’” _ er + y == el.x’ (2-75)

AefAcTBHTENbHAA YHacTb pelIeHua KOTOpOro AO0JIXKHA yJAOBJAECTBOPATbL HCXOAHOMY

ypaBuennio (cM. cTp. 114—115).
Uactnoe peliehue ypaBHelus (2.75) MOXHO MCKaTb B BUIE

y = Ae'*.
Torna .
i i .
A=7, y=-2—(cosx+zsinx).

YacTHoe peuleHHe HCXOLHOTO ypaBHEeHHs

)7,=Rey=——é—sinx.

Ilna HAXOWOEHUS YacTHHIX pelleHHH JMHe#AHBIX HEONHOPONHHIX YpaB-
HeHHft C MOCTOSHHLIMM KO3(hHUMEHTAMM BO MHOFUX cJayuasx odeHp ya0-

6er onepaToOpHbIA METOA.

HouaTne o0 oMepaToOpHOM MeTOle pPelleHHs JHHEH-
HolXx OuddepeHUHaNbHBX ypaBHeHMH C TOCTOAHHBIMH
kosdduuneHtramu J[aa npon3sOIHBIX MOpAlKa R BBeldeM 0003Ha-

YeHue

[Moabsyac, oTMM 0003HaYEHWEM, 3anulleM ypaBHaHue

agy™ 4+ a9 D 4 . L a,y = f(x)
B BHAE
aeD"y + D"y ... Fay=f(x)

HJH
(aD"+a,D" ' ... +a,_\D+a,)y=7/(x) (2.76)
Boipaxenue
aD"+a,0" '+ ... +a,.,D+a,

HA3LIBAETCA ONEPAMOPHbLM MHO204AHOM. DTOT ONEPAaTOPHHHA MHOro-
uned kpatko oGosHawuM F (D), a ypasuenue (2.76) sanuweM B BUIe

FD)yy=/f(x)

9 J1. 3. Bavcroasu
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HenocpencrserHot 1nposepKo#l Jerko yCTaHABAMBAETCH CAPABEANIUBOCTS
CAeLyIOWUX TOKIECTB:
1) F(D)e** ==e"*F (k),
2) F (DY sinax=sinaxF (— a?),
3) F(D%cosax=cos axF(— a?),
4) .F (D) e**v (x)==e"*F (D + k) v (x).
eHCTBUTeNbHO:
1) F(D)e* =(a,D"+ a,D" '+ ... 4a,)e" =
» = (ak"+a k" 4 ... + a,)=¢"F (k).
2) F(D?sinax=/(a,D"+ a,D*" *+... 4+ a, D"+ a,)sinax=
=[ay(—a)" +a,(— a®)" 4 ...+ a,_1(— a?)+a,]sinax=
=sinaxF (— a?).
ToxuecTBO 3) N0ka3blBaeTCs COBEpIEHHO AHAAOTHYHO:

F (D?) cos ax =cosaxF (—ad).
n

4) F(DyeMv(x)=¥, 8, ,D” (" v (x))=

p=0
n

= 2 Gpop [k”” (x)+ pk”~'Dv+
p=0
—1 -
+ﬂ327—)k” Do+ ... —{-D”v}_—_
n
=" ¥ a,_,(D+ kY v="¢"F (D + k) (x).
p=0
CymMoft 18yx onepatopos F (D) u F,(D) HasupaeTca onepartop
[F, (D)~ Fy(D)], neficrBne KOTOPOro Ha HeKOTopyio ¢yuxuuio f(x)
onpene/feTcsl PaBeHCTBOM

[Fi(D)+ Fo (D) f (x)=F (D) f (%) + F3(D) f (x).

Hs storo onpepeneHdss CJAELyeT, 4TO

n n n
E an—pr+ Ebn—pr:HZ‘l(an—p”*"bn_p) D?,
p=0 p=0 p=0

TaK KakK nNeficTBHe JAeBOH W npaBOf wacTeft 3TOro paBeHCTBA HA HEKO-
Topylo n pas odddepenunpyemyro ¢yHxuuio f(x) NPHBOLHMT K OLHOMY
¥ TOMY Xe pe3yabTaTy, T. e. [PdBHJIO CJOXEHHA OMNepaTOPHHX MHOrO-
YJIeHOB He OT/IHYaeTCH OT MpaBMJa CJAOKeHH OOblubiX (He OHEePATOPHBIX)
MHOTOQU/IEHOB. :
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(Ipoussenenuem aByx oneparopos F,(D)- F,(D) HaabBaerca one-
patop, HNeHCcTBHE KOTOPOIO HAd HEKOTOPYX [HOCTATOYHOE YMC/IO pa3d Aud-
¢depenuupyeMy0 ¢yHkuHIO f(X) Onpefe/seTcs PaBeHCTBOM

Fy(D): Fy(D) f(x)=F(D)[Fy(D) f (x)].

T. e. Ha GyHKuo f(x) deHcrByeT cHadaja Npasbil MHOXHMTe b, a 3aTeM
HA pe3y<IbTaT AelCTBUA NpaBoro MHOWUTENs Ha ¢yHKUMIO f(x) DeltcTByeT
NEeBLIt MHOXHTE/b. -

Hcxons M3 3t0ro ompeneneHusi, HeTpyaHO OOHAPYKHMTb, UTO MPABHIO
YMHOXKEHHA ONepaTOPHBLIX MHOTOWIEHOB He OTJMYAETCH OT MpPaBH/A YMHO-
KeHus OObIYHBIX (HE OMEepaTOpHbIX) MHOrO4/aeHOB. [lefcTBHUTE/bHO,

n " n "
N 2N o \ % pvyg .
Zan-»[)D ‘}-me D == sk 3 an—pl)m—qD ? (277)
n=u 4=0 p=0 ¢=0

TdK KaK

] m

N\ P \1 q

2-‘ D m— D f(x)'_‘

p=0 -—U

lIN:

Com m
S p (g} p+q)
= 21 an-pD [me—qf (x)] Z a,_ pbm—qf( (x),
p=0 g=0 g=0
4YTO CORMAaAdeT € pe3y/bTarOoM nettcTBUSA oneparopa

n m
3 pt+yg
,,;0 02;0 ay_pbpm_ D
Ha f(x).

W3 (2.77), B 4acTHOCTH, CJaelyeT KOMMYTaTHBHOCTb YMHOMKEHHS Ofe-

paTtopos
F(D) Fy(Dy=F,(D}F{(D).

CnpaBel/IMBOCTb AMCTPHOYTHBHOrO 3axoHa
F(D)[F (D) + Fy (D))= F (D) F1(D)+ F (D) Fy(D)

HENOCPEACTBEHHO cJjenyeT M3 MpaBuaa AHQGepeHUHPOBaHHS  CyMMBb.
ChenoBarenbHO, AeHCTBHR CAOKEHHS M YMHOXEHHMA C ONEPaTOPHbIMH
MHOrO4/J€HaMH He OT/HYAOTCA OT TeX ke paeHcTBHH ¢ OOHIYHBIMU (HE
ONepaTOPHEIMH) MHOTOYJEHAMHU.

OnpegenuM Temeps onepaTop T(llﬁ
PesynbTaTOM feHCTBHS OMepaTopa (1D,) Ha HEKOTOPY HeNpephB-~
HylO OyHKumIO f(X) SBJSeTCA pellieHMe ypaBHEHHs
FD)yy=f(x) 2.78)
y =55/ (>
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C/en0BaTenbHO,
F D) | 7755/ 9| =1 (x). (2.79)

1 B
MoxHo Onj0 Ob CYHTaTh, 410 —F_(T)Tf(x) SBJSETCH pelleHHeM ypaBHe-
Hua  (2.78), onpedeiseMbiM KaKHMH-HUGYAb KOHKPETHBIMH, HanpHUMep
Hy/TeBbIMH, HAYaJbHBIMM YCJIOBMAMM, OJHAKO LI HAWMX Leled ynoGHee

!

CYHTaTh, 4TO TD)f(x) ABJAETCA OJHMM M3 pelieHHH, BCe paBHO KaKHM,
1
m Ha He-~
KOTOpYI0 ¢yHKkuM0 f(X) OnpeleNeHO JHIIb C TOYHOCTHIO 10 CJaraeMoro,

PaBHOTO peEUIEHHI0 COOTBETCTBYIOWETO OAHOPOAHOrO ypaBHeHHs.

ypasHeHus (2.78) u, crenoBsaTelbHO, AeficTBUe onepartopa

[lpu TakoM NMOHHMaHWM AefCTBUA OnepaTopa 6yaer cnpabenu-

F(D)

F(ID')' [F (D) f ()} = [ (x), (2.80)

TaK KaK f(Xx), OYEBHAHO, ABJISETCA peUleHHEM YpaBHEHHA

FD)yy=F (D) [f(x).

BLIM paBEHCTBO

(Ipoussenetue onepatopos D (D) Ha onpeneffercs paBeHCTBOM

1
F (D)
_ 1
O D) 555 F D)=LD) 757 7 (9)].
AHanorudHo
7157 YO) £ (0 =755 (D (D) £ (1))

Mosromy B dopMynax (2.79) u (2.80) ckoOKH MOKHO OMYCTUTH. 3aMeTHM

elle, 4T1o n
—Dl—p~f(x)=/ /.../f(x)dx".

1
TaK Kak Ff(x) ABJAETCS TI0 ONpeJelleHHI0 Oneparopa

7D pelue-

HHeM ypasHenns DPy = f(x).
IlposepuM cJenyioifue CBOHCTBA ONepaTopa %D);
l 1
1)) FTD_)kf(x)=kTD)f(x)’
Tle % — NMOCTOAHHBI! MHOXHTeNb, TAK KaK

F D)k gy [ (0 = kF (D) iy 10 = k] (x)

Rx

! kx __ € >
2) F(D)e —F(k).ecnn F(&)y=+0,
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Rx
e
[eficTBUTEALHO, TG AB/SeTCS pellenneM ypasHenus F(D)y=e"*,

Tas Kak Mo ¢opmysae 1) ctp. 130

F (k) ek . kx
F(D)F(k)_ ) =¢
1 — sinax a2
B)WSinax Fl—a)" ecin F(—a?)+£0,
Ie#cTBUTENBHO, -;gl_%)— ABAETCA pellexdeM ypaBHeHus F (D?)y ==

=sinax, Tak kak no cdopmyae 2) crp. 130

o Simax 1 v e
F (D% Fl—ah) = F(= F( a?)singx =sinax.
cos ax

F(—~a%"’

TaK kak no ¢opmyae 3) ctp. 130

cosax = ecan F(— a?)+#0,

4) F (02)

1 2
F(D? [f?s ‘z;) = =y [ (—ahcosax=cosax.
Rkx 1
FDI%
1
FDT %)
F (D) y =¢**v (x), Tax xak no ¢opmyne 4) crp. 130

e u(x)=e v (x).

%) F(D)

LeticTeuTenbHo, et U (x) 9BJdeTCd pelleHHeM YPABHEHHUS

1

F(D)e** F( L (x)=e"F (D —}—k)mv(x)se“v(x).

Dx & °
6) gy L1 (0 + o0l = 7057 119+ 75y f20)

ST0 paBeHCTBO ABJAAETCH CJCACTBHEM npuﬂunna cynepnosuuyn (crp. 114).
1 1
[ Y
D Foy RO D= o "D (D) AC
T. €.

1 1
y="1wr | oy ) 2.81)
aABJaseTcs pemeHHeM YPaBHeHUd
Fy(D) Fy(D)y = f (). (2.82)

HetictuteavHo, noacrasass (2.81) 8 (2.82), noayuum’

£y (D)FL(D)TX%D‘)—[T:;X(*D—)‘I'(«‘)}E Fy (D)FQET)f(x)Ef(x)-
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TpubeseM HeCKOAbKO MPHMEPOB HAXOXIEHWA YACTHHX pEUeHHH NMHEAHHX
HEOIHOPOAHHX ypaBHeHHult ¢ TOCTOAHHHIMH KO3(QQUUUEHTAMH ONEPAaTOPHHIM
METOLOM: .

1) y" 44y =¢*, unu (D?*44) y =%, orxyna

. o
X

L e
Y=pryz® =735
2) yIV y=2cos3x nan (D*+1) y = 2cos 3x,

__ 1 2 cos 3¢ — 2 cos 3x —~1—c 3
Y=DFr” RS Eaus Py Bt
3) y"+9y=5sinx, (D?49)y=>5sinx,
———~—1 SSi‘nx———ﬁlﬂx———Esinx
Y=Dr19 139738 :
4) yll_4yl+4y=x232,x. (D—2)2y=xze”, :
_ 1 2.2 2x 1 o ax X%
y_——*(D_Q)ze K=" =6 15
5y =3y +3y' —y=e" (D—1)°y=¢".
—_ 1 X
Y= o=

F (k) =0, nostomy BMmecTO BTOpOH ¢opmyan npumeusem ¢opmyny 5) (cTp.
132—133), paccmatpHBas e* kak npousseleHue e¥ - 1.
! x ! v X

—_ =t ] —
y—(D—l)ﬂe l=e D31 e 5

6) y”" — y=sinx,
(D3 — 1)y =-sin x. (2.83)

1 .
y= g sinx Tak kax onepaTop cojep¥uT HeueTHble cTclleHn D, TO BOC-

noab30BaThes GopMynoil 4) neawbsa. INosToMy BMecTO MCXOHOTO YpaBHEHMs pac-
cMoTpuM ypaBHende (D°— 1)y = e'*, uau

(D®—1) y=cos x +isin.x. (2.84)

Muumas wacTb pelleHus ypaBHeHus (2.84) GynmeT peineuueM HCXOAHOTO YpaBHe-
Hua (CM. cTp. 115):

e =¥ (Zl4D(cosxtising _
Ay puey Tl L iy A 2 =

=—T‘12~(cosx+sinx)+%(cos X — sin x)

cos x — 8in x

MuuMas yacTh pelueHus 5

ypaBHeHHs (2.83) saBadeTcA pelleHUeM
ypaeHenus (2.83).

7 y'+y=cosx, (D’+1)y=cosx, y= cOS X.

1
Dz 41

dopmyna 3) crp. 133 HenpuMenuMa, Tak xak F (— a?) =0, nosToMy omaATs
BMECTO 3aJaHHOIO YPABHEHHA PAacCMATpUBaeM ypasHeHue ’

¥+ y=e* nm Y'+y=cosx+isinx
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H 6epeM JeHCTBHIEIBHYK 4YacTh €ro pelleHus
1 i l )
: = gl* —_ X ix
D+ N)y=e* y= DT 1 e = O—=p DOxH ¢

1 e e | | = é*x _ x(cos x+Isin x)

=D=—T AT uaD T a - 2 g
BasB AEHCTBHTEAbHYIO 4acThb HAHIEHHOTO pEIIEHHA BCNOMOrAaTeqbHOrO ypasHe-
HAs x_sl?n_{_’ NoayyuM pelleHHe HCXOZHOI'O YpaBHEHHs
8) yW—ey=¢* (D'—1y=¢" y=F1:-—1-e‘=
1 1 o1 e 1 1. xef
= P=TOFHNDFD’ ~D=T ¢ -1°Dl=7"

1
BriacHuM eune, xak IleﬁCTByeT oneparop F(—E—)- Ha MHOTOYJIEH

P,(x)=ApxP + AxP~l 4 ... + A,
dopManbHO pasfienuM | Ha MHOrou/eH
FDy=a,4+a,.D+ ... +2,D"% a,+0,

pAclONIOKeHHEIR 10 BO3pacTaiollkM CcreneHsm [, N0 NpaBuIy AeseHHs
O6hIYHbIX (He ONepaTOpHbIX) MHOrodJeHOB. [lpouecc nesfeHus npekpaTiM
TOrRa, KOrAa B YacTHOM MOJYYHM ONlepaTOPHBI MHOrOWIeH CTeNEeHH p:

b0+b1D+ cu e +prp =QP(D).
Ilpn sTOM B OCTaTKe OKAXeTCd MHOTOHJ/EH
R(D)=c, D" ¢, . D"+ ... +¢,, D"

comepwauut onepatrop D B cremenax He Huxe p + 1. B cuay 3asucu-
MOCTH MeXIY IeNHMLIM, [eJUTE/NEM, YACTHBHIM U OCTATKOM MOJYYUM

F(D)Q,(D)+ R(D)=1. (2.85)

ST0 TOXKAECTBO CMpPaBelJMBO I/ OOBYHHLIX (He OMepaTropHBIX) MHOrO-
YJEHOB, HO TaK KaK [paBH/Ja CJOMKeHHUS M YMHOXEHHMS ONepaToOpHHIX
MHOTOYJIEHOB HE OTJAMYAIOTCA OT [PABHJ CJAOXEHH H YMHOXeHHH OO6blu-
HHX MHOTOYJIEHOB, TO TOXIECTBO CNPaBeMJHBO H I/ ONEPAaTOPHBIX
MHorouneHoB. Jle#ictBys npaBot M JeBOR uacTaMH TOwaectBa (2.85)
Ha MHOrouiteH AgxP—+ AxP~14- ... 4 A, nonyuum

[F (D) Q,(D)+ R(D)] (AgxP + AxP 4 ... + A=
= AP+ AxP 1+ 0+ 4,
HJHU, ﬂpHHHMaH BO BHHUMAHHE, UHTO

R (D) (Agx? + AxP=i ... + A, =0,
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Tak wak R (D) comepxur D B cremeHsx de Huxe p -+ 1, Oyldem uMetp
F(D)[Q, (D) (Agx?P + AxP-14 ... + A)l=
=AxP + AxP 4 ... + A,
T. e. Q, (D) (ApxP + AjxP=1+4 ... 4 A)) fiBJISETCA pellleHHeM ypaBHeHHUA
FD)yy=AxP + AxP 14 ... + A,
Hrak,
1 -
-F.—(B)—(AOxP+A1xP ]+ oo +Ap)=
=Q,(D)(Ax?+ A xPT+ ...+ A).
Hanpuwmep:
" _ . e 0y | e e
Ny +y=x—x42 (DP+l)y=x AtLy=prog x+2)
Paspeaus 1 #a 14 D2 noayunm Q, (D)= 1— D2 Crenosatenvho,
=(1=D) (¥ —x4D=x*—x
10) y/ + 2y + 2y =x%"% (D' 42D +2) y = x%" %,

_ 1 2,-x _ ,"1 )
Y=prroyz ¢ T¢ D1t

1) y"4+ y=xcosx, (D24 1)y = xcos x.

P e (1= DY) x2 = * (x2—9).

Mepeiinem & ypapreuno (D24 1)y = xe'* u noTOM BO3BMEM AEHCTBUTEALUYIO
4acth pemieHis
,

xoit = plx

! o l{l Dy
swFm = Tl T) -
e 1 {x l . x? X X2 .
— pix - | R Y XY . . X% X
= D(\2i+4)"e (41.—}—4)—~(,osx+tsmx)(4i+4),
o x2 x
Basp nmeifcTBiTeAbHYIO HACTH Tsin x-+—Tcosx, MOAYYMM HCKOMOE pelleHHe.

3amevanne. Ilocienuudl npumep noxaseiBaet, Kak Hano Le#CTBO-

1
Y=TDr

1
paTL OnepatopoM FD) Ha MHorouneu, ecau a,=0. [lpeacrasus F (D)
s suae DD (D), rae croGonbift 4nen MuorouneHa @D (D) yxe He pasen

Hy/MO, NefiCTByeM Ha MHOrOuJieH Biiayaje ONeparopoM Ty 2 sareM
1
0mnepaTopoM .
Heonnopoaunte ypasnenun Siaepa
Box"y™ @y xA Ty L L gy = f (x) (2.86)
nan

ao(ax+ )"y +ag(ax +6)" "y b L fay=f(x) (2.87)

MOXHO HMHTErpHPOBATL MYTEM pelleHHs COOTBETCTBYIOWMX OAHODOAHBIX
ypasHeuu#t (cM. ctp. 110) n nonGopa 0gHOro 9acTHOrO peIeHUs HEOAHO-
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POAHOrO ypaBHEHHS, WM MPHMEHAS METOA BAPHUALHMH MOCTOAHHHIX. OLHAKO
O6LIYHO Tpolle BHA4aje NPOMHTErpHPOBATh OLHOPOJHOE YpaBHEHHe, 3 AJf
noaopa 4acTHOrO pellleHHs MNpeo6pa3oBaTh ypaBHeHue Jhjaepa (2.86)
3aMeHOR nepeMeHHblx X = 1 ef (aas ypaBuenus (2.87) ax 4+ b= t ¢
K Yp4BHEHHIO C MOCTOSHHBLIMH KO3(OUUMEHTAMH, 1/ KOTOPHX XOPOUIO
paspaGoraHbl MeTOIbi HAXOXKAEHUA YACTHHX peLIeHHH.

Mpumep 1L
X297 () — xy' (X)) + y(x) = xIn® x. (2.88)
Mmem peleHne COOTBETCTBYIONIELO OIHOPOJHOrO YDaBHEHHS B BHie ¥y = x*
B2 —2k 4+ 1=0; (2.89)

k., =1, crenoBateabHo, ofliee pelIeHHe OJHOPOAHOIO YpaBHEHHA UMeeT BHJ,
y = (¢; + €511 x) x. 3amenoit nepemenHbix x = ¢f npeoGpasyem ypasnenne (2.88)

B ypaBHEHHE C NOCTOTHHBIMH KosdodumMentamu y () — 2y (t)+y=t3e’ (neBas

4acTb 3TOrO YpaBHEHHA CpPasy MOMKET ObITh HallkicaHa I10 XapaKTepHCTHIECKOMY

ypaBHenuio (2.89)). OnepaTopHLIM METOJAOM JE€rkO HaXOJHM YaCTHOe pellleHHe
Ipeo6pa3oBaHHOIO ypaBHEHHA

tt5 5

xIn’ x

e =et—t = .

_ 1 1,3 i 3 4 _
Y=mw=—7r° D? 0 YT

CreloBaTenbHo, ofliee pellleHue ypaBheHHa (2.88) mmeer Bua

5
y=(c,+czlnx+ ll;—ox) X

'

§ 7. HnrerpupoBanue aHppepeHIHAZbHHX ypaBHEHHH
npH NOMOMIH DPHAAOB

3anaya MHTErpUpPOBaHUS JMHEHUHHX OJHOPOINHBLIX YypaBHeHHH R-TO

nopsaaxa
Po () Y+ py () y* D4 L 4 p, () y=0. (2.90)

CBOAMTCA K noabopy »n uiad xoTa 6o n— 1 4AMHeHHO He3aBUCHMBIX
yacTHbIX pelleHuf. OJHAKO HaCTHble pelleHUs JerkO MoAOHPAIOTCA JULIb
B UCKJ/IQUMTE/bHBIX caydanx. B GoJjee c/I0XKHBIX C/ayyasx uyacTHble pelle-

[e]

HUA HIWYT B BHAC CYMMHI HEKOTOpPOro psna 2 a;p; (x), 0COOEHHO 4acTo
i=1

B BHIe CYMMBI CTENMeHHOro HJu OOOOLIEHHOr0 CTelNeHHOro pfAna.
YcaoBua, NpH KOTOPHX CYLECTBYIOT pelleHH B BHAE CYMMHl CTe-
MeHHOTO MJIH OOOOLIEHHOrO CTENEeHHOro pAAa, OOBIYHO YCTAaHABJ/MBAIOTCH
METONAMH TeOpHH (YHKUMH KOMIJIEKCHOTO IepeMeHHOTO, 3HAKOMCTBA
C KOTOpPLIMH Y YHTaTe/s MH He MPEANO/araeM, NO3TOMy OCHOBHBIE TeOpeMBbl
9TOro naparpaga JMawnl Oe3 10Ka3aTe/LCTBA B NPHMEHEHMH K HanGoJee
YacTO BCTpevyalouiuMcsi B TPHJOXKEHMAX YpPABHEHHSAM BTOPOro nopsaxa.
Teopema 2.9 (06 aHasumuuHocmu pewerus). Ecau
Do (x), pi1(x), po(x) nrsagwmca anasumuyecKumuy OYHKYUAMU X
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8 oKpecmrocmu mowky X == xy & py(x,) #+ 0, mo pewenusn ypasnenusn
Po(X)Y' 4+ pr () y' 4+ pa(x) y=0 (2.91)

Maxxe ABAROMEA QAHAAUMULECKUML DYHKQUAMU 8 HeKOomopoi
oxpecmuocmu mof e mouKu u, cAe008QMeEAbHO, peulenus ypas-
nenun (2.91) moocHo uckams 8 sude

y=ay+ a,(x — x)+ ay,(x — x>+ ... +a,(x—x)"+ ...

Teopema 2.10 (0 pa3roxcumocmu peuteHuss 8 0606UeHHbLE
cmeneHHol psao). Ecau ypasnenue (2.91) ydosremeo paem ycaosuanr
npedsldyuell meopemv, HO XxX==x, ABAAELMCA HYAEM KOHEHLHOZ0
nopadka s Pyuxyuu py(x), Hysem nopadka s— 1 usu svute
Ppyuxyun pi(x) (ecau s> 1) u uysem nopadka He Hudsice s — 2
Koahpuguenma p,(x) (ecau s> 2), mo cywecmsyem no kpailnel
Mepe 00HO HempusuaabHoe peuwenue Yypasuenus (2.91) 8 sude
CyMMb 0000eRR020 cmenenro20 paoa

y=ao(x—x + a,(x— %" ... Fa,(x—x" 4 ..., (2.92)

20e k — Hexomopoe Oeilicmeumensnoe 4ucA0, KOMO poe movxcem Ovms
KGK yeabiMm, MaK u OPOOHBLM, KAK NOAONCUMEAbHBM, MAK & OmpU-
YamenbHuM.

Bropoe auHeiHO HesaBHCHMOe ¢ (2.92) peueHve, xax NMpaB#a0, HMeeT
TOXe BUI CyMMbl OOOOILEHHOrO CTeMeHHOTO pfia, HO MHOTAA MOXeT ele:
COllepaTh Mpou3BefeHUe OGOOGLIEHHOrO cTenexHHoro paga Ha In(x—xg).

BrnpoueM, B KOHKpDEeTHBIX NpHMepax MOXHO OGOHTHCH 6e3 opMynu-
pPOBAHHBIX Bhillle ABYX TeopeM, TeM 60/ee, YTO TH TEOPeMHl B yKas3aH-
HOH ¢(OpMyIHPOBKe BCe pPaBHO He YCTAaHABAMBAT O6JAaCTH CXOIHMMOCTH
paccMaTpuBaeMuX psgoB. Yaule Bcero B KOHKPeTHBIX 3allauax noabuparT
cTeneHHOM Wan 0600uieHHbIH cTeneHHOH psal, GOpPMaAbLHO yIOBJAETBOPRIO-
wutt auddepeHuHasbHOMY ypaBHeHHIO, T. €. IDH NOACTAHOBKE o6paiaiouiut
paccmaTpuBaeMoe ypaBHeHHe (2.90) mopsixa n B TOXIeCTBO, eC/M mpel-
noaarath CXOIHMOCTh pAfa W BO3MOXHOCTb IOUJeHHOro AuddepeHuupo-
BaHus n pas. [loayuus ¢opManbHO pelleHHe B BHAE PAla, HCCAEAYIOT
€r0 Ha CXOZHMMOCTb M Ha BO3MOXHOCTb NO4Y/IEHHOro IHdepeHuMPOBAHHUA
n pas. B ToH o6aacTu, rie psam CXOLHTCA M [OMyCKaeT A-KPATHOe
nou/JeHHoe HupPepeHUHpOBaHne, OH He TOJbKO (OPMajbHO YHOBJETBO-
pAeT YypaBHEHMIO, HO ero CyMMa JeHCTBHTe/bHO SBJAETCH HCKOMBIM
pellleHUeM.

Mpumep L

y—xy=0. (2.93)

Hmem pelicHne B Buje CTENCHHOro pfaia

y= 2 apx™

as0
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Onupasace Ha TeopeMy 2.9 um ¢opMaabHo AuddepeHnupya 3TOT pAA NOYACHHO
IBa pasa M NOACTaBASA B ypaBHehue (2.93) noayuum

[ee] jeo)
2 an{n—1)xf-2—x 2 ax* =0,
n=2 n=0

CpaBuuBas ko3dQuUKEHTH NpY OAMHAKOBBIX CTEMEHAX X B JeBoH u mnpaBoit

qacTAX TOXJecTBa, mnoayunM: a, =0, 3.2z3—a, =0, oTkyma a; =

2.3°
a, )
4.3a,—a, =0, orkyaa a, :_-ﬂ; 5-4a; —a, =0, ortxkyna a5:z.—§""
e n{n—1)a,—a,_,=0, otkyna a, = ﬁ-ﬂ-, ... CacaopateasHo,
— — %o
Pn-1=0 Gw= g EE  Ei—D)an’
vl (n=1,2...)

zpy = 3:4.6.7...3n(3n-F1)

a, ¥ a; OCTalTCa npou3BoabHbIMH. MTak,

xan

x3 X6
y=“°[1+ﬂ+2-3-5-6+ ot T @=nom T ]+

x3n+l

™ 7
+a [x+:a-_z;+374-—f5-7+ R PV YL P e ] (2.94)

Pamuyc cxoaMMOCTH 3TOro cTenenHoro paaa paseH GeckoHewHocT. Cnenosa-
TENbHO, CyMMa psaga (2.94) npr mo6bIX 3HAUEHHAX X ABANETCA pPELIEHHMEM pac-
CMaTpHBaEeMOr0 YpaBHEHHS.

puMep 2.

x2y” - xy' 4 (x2—n?)y=0. (2.95)

3TO ypaBHEHHE Ha3bIBaeTCAA ypasHeHuem becceast mopsiika n, XoTs BIEPBHE OHO
BcTpéuaetca B paborax JI. Jiinepa u J. Bepuyaau. K ypasHeHuio Becceas cBo-
IATCA MHOTHE 33ajayH MaTeMaTHYeCKOH ¢H3UKH, MO3TOMY MBI HCCIEAyeM €Fo He-
CKOJABKO M0ApOGHEE.

[To tTeopeme 2.10 mo kpaitHeil Mepe OIHO HETPHUBHAJILHOE pellleHye ypaBHEHHS
Beccens moxer 6wniTh HallieHO B BuAe CyMMbl OGOGIIEHHOrO CTEMEHHOrO pAla

[o0)
Q k+
y= 2 apx*P.
p=0

Huddepennupys oToT paa ABa pasa NOYNEHHO ¥ MOJACTaBasia B ypaBHeuue (2.95)
noayuuM i

x Y a,(k+p)(k+p—1) xF+P-2 4
p=0

20 [ee]
+ x Z ap (k4 p) x¥HP~1 (k2 —n2) 2 apxPtr =0,
p=0 p=0

'
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CpasuuBas Koad@uuueHTs Npu OLHHAKOBHX CTENEHAX X B JeBOod H MpaBo# yYa-
CTAX PaBEHCTBA, MOAydYdeM
a,[{k?—n?] =0,

a, [(k4+ 1Y —n =0,
[(k 422 —n?)a; +-a,= 0,
[(k+3)2—n‘]a3+a,= 0,

[(k + P)2 ﬂ2] a, -+ ap_o= 0.

‘Tak xak KosdduuMeHT a, NpH HM3LIEH CTENEHH X MONKHO CUMTATL OTAMUHBLIM OT
HyJA. TO TIEPBOE YPABHEHHE CBOAMTCA K

k?—n?=0, oTkyla k= =+t n.

Ias onpefeneHHocTH GyleM Noka cuutaTh k== n>0; Toraa ua BTOpPOro ypasHe-
uua a, [(n+ N2 —n2}=0 noaydum: a, =0 n, cnenoaarenbno Bce ay54, =0,

a4 o

nt+i—nz 22(n+1)'

Qg == —

a,

T T A —n T 22(n+z)2 24(n+1)<ﬂ+2>12'

(—1)” a,

a »
= 221’ ptn+Dn4-2) ... (n+p)

[Tpy k= — n coBeplIeHHC AHAJOTUUHO NOJydaeM
(=1 g,
PP pl(—n+D(—n+2) .. (—n+p)

Tpu %k = n noayuaem peineHue

asp41="0, Qyp =

o)

Q) —1)? 2P +n
Y= 4, 2‘ =D
p:

d i+ (4D .. (g p)

DToMY pEIeHHIO MOXHO NpuuaTh Oosnee YAOGHHI BHA, ecau BHODPATH NPOH3IBOML-
1
HOe TMOCTOSHHOE &, = PRI rre I' — zamma-gpynryus dinepa; uauom-

HHUM, 4TO

o

Fp)= [ e *x"~1dx npn p>0, T (p+1)= pl (p).
0
Toraa

o (—1yP (Z)F+"
- % %ﬁ

p=0

(2.96)
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310 pemeHne o6buHo 0603Hauaerca J,(x) u HasuiBaercss gymryued bLecceast
nepsozo poda nopsdka n.
1

Mpu &= —n. BROHpas Zy= —————, AHAAOTHYHO TIONyHaeM PyH-
=R (—n+ 1) '
xyuro Becceas nepsozo poda nopadka — n:
20—
- - (——1)"(%) r
Jon ()= 21) T T @97)
=

Paam (2.96) u (2.97) cxomarca mpn Mo6bX 3nageHnsx x (B (2.97) x 2 0) n
AONYCKawT ABYKpPaTHoe NOYNeHHoe AUpdepeHUnpoBante, caenorateabHo J, (x)
J_,(x) ABaAOTCA pewleHHAMH ypaBHeHus Becceas (2.95).

[lpu n, ne paBHOM ueaoMy uucay. pewmenHs J,(x) u J/_,(X). oueBuaHo,
AvHeHHO HE3ABHCHUMB, Tak KaK MX PAa3JOWKeHMs B PAAL HAYMHAIOTCA C PA3NMUHBIX
cTeneHefl x u, cAelOBaTeJbHO, AuMHeHHas komMOunaunsa o/, (x)+a.J_,(x) wmo-
MeT TOW/]ECTBEHHO PaBHATbCHA HYJAK NHIMb MPH a; = ¢y == 0.

Ecau Xe n paBHO wueJOMY YHCAY, 10, TaK KAaK JAR LEJbIX OTPHUATEAbHBIX
3navenu#t p v s p==0 pynxuus I' (p) obpautaerca B GeCKOHEUHOCTb, Pa3fo-
weHua B paap yuxkumit J,(x) u J_, (x¥) HAYHYTCR C OLMHAKOBHX CTEMEHeH X
¥, KaK HETPYAHO mNpoBepuTh, oyHkuwu# J,(x) u J_p(x) OyAyT HaxoauTbCh
B cheaymoluell auHedHol 3aBucHMoOCTH:

Jop(xy=(—1)"J, (x).

CaelnoBaTeIbHO, fpH ueJoM n BMecTO J_, () HAMO HCKATH APYroe pelleHue,
KOTOpoe OblJo Obl JHHefiHO HesaBHcHMO 0T J, (x). Takoe pemeHue MOXHO MONY-
YMTb Pa3MUYHBIMH CNOCOOAMH, HANpHMEp, MOKHO, 3Haf ONHO YAacTHOE pelle-
nne /,(x), MOHM3UTL nopsafok ypaBHeHHA (2.95) nMoacTaHOBKOM, yx3asaHHO# Ha
ctp. 101, uam cpasy uckaTbh pelieHHe B BHAe CyMMbl OGOOLICHHOrO CTENEHHOro
pAja K Npou3BeleHNs 0GOGIIEHHOro CTeneHHoro paja Ha n x. INloayyaemoe n06bim
U3 3THX CNOCOGOB JMHHERHO He3aBHcHMoe OT J,(x) pemeHue NpH BMOJAHE Ompe-
AeJEHHOM BBIGOpPE NPOH3BOJBHOIO NOCTOAHHOIO MHOMHTENA Ha3blBaeTCs @ywK-
yueil Beccean smopozo poda u obosnavaercs Y, (x).

Yawe BCero, 0QHako, Y, (x) ompeiansiol TaK: CYMTaf NMOKa 1 HE PABHBIM
neaoMYy, YHCIY paccMaTpUBAlOT pelieHHe Y, (x) ypaBHenus Becceas, aasolleecs
aHHeHHOM koMOuHauued pewennt J, (x) v J_, (x):

Jap(x)cosna—J_p,(x),
sin nn !

Yn (x)=

3aTeM, MEPEXOAf K TNpeleay NpH 7, CTPEeMAINEMCHA K UEAOMY 9HCAy, ROJAYdaloT
AMHe HHO He3aBucuMoe or J,(x) yacTHoe pemeHHe ypaBHenusa becceas Y, (x),
onpejeneHHOE YXe W IAf UeJBX 3HAYeHHH 1.

Urak, ofuee peluenne ypasHenus Decceas mpu n, He paBHOM UENAOMY 9HCAY,

uMeeT BHI

y=Jp(x) 4 €2 _p (%),
a npu n, paBHOM UENOMY YHCHY,

y=6J, (%) 4 &Y (X),

rme ¢; H C; — NPOU3BONbHBIE MOCTORHHBIE.

dyukuun beccens mepeoro u BTOpPOro poia H3ydeHn BeCbMa HeTalbHO H,
B YacTHOCTH, COCTdBJeHW NoApOGHHe Tabauuu ux 3HaueHnit. [lostoMy, ecam
Kakad-HMOYyAb 3ajaua cBejeHa K QynkuuaM beccens, TO €e MOXHO CaMTaTb
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pemenHo#i B Takoil xe Mepe, B Kakoil Mbl CuMTaeM pelmcHHOH 3a1aqy. B KOTOpO#
OTBET AaH, HalmpuMep, B TPHIOHOMETPHYECKHX QYHKIHAX.
YHacto B NpHJOKEHHAX MPHXONHTCH PaCCMaTPHUBATh ypaBHEHHE

x2y" 3 xy’ 4 (mix? —n?) y = 0. 298
10 ypaBHeHue CBOAMTCH K ypaBHeHnio Beccens sameHnoil mepemeHHO# Xy = mx.
LeiicTRuTenbHo, npu Takoili 3aMeHe NepeMeHHBIX
2 a2y
dy _ dy dx,=dym dy= )mz’

dx dx, dx dx, T da? dxf

n ypaBuenue (2.98) nmepexoaut B ypasueHue Beccens:

o d2y dy 2 2
x{—% -+ x +(x{—~n)y=0.
1d)(f ldx1 ( ! ))

CaegoBaTeabHo, obuee pellleHue ypaBHeHHs (2.98) mpu n, He paBHOM HeJOMY
YcAy. HMeeT BHA _
= \J, (mx) -t ¢oJ -, (mx),
a mpH n UejaoM
y = ¢S, (mx) + ¢;Y, (mx).
MMpumep 3.

9
29" 4 xy’ 2 T ly=
x2y xy +(4x 25)y 0.
Ofulee pemieHne ypaBHEHHS HMEET BHA

y=1cJg 2x)4 ¢/ 5 (2x)
5 5
Mpumep 4
x2y" +xy +(3x2—4)y=0
O6uiee peleHne

y=cJalx V3)+ ¥ (x V' 3).
Mpumep 5 [lpounterpuposath ypasHeHHe
X2y 4 xy' + (4x2 - %) y=0
MpH YCJAOBHH, UTO PELICHHE A0JXKHO 6bITh HenpephBHO B Touke X = 0un y (0, 3) = 2.
O6iuee peliehde HMEET BHI
y=ocJ, @x)+cd | (2x).
3 3

dyukmms J | (2x) paspuwBHa mpu x =10, Tax xax pan (2.97) naumHaercs

¢ orpunareionnx crenene#t x. CaenioBaTeabHO, pEUIEHHE y HENMPEPHBHO B [OUKE
X == aumb npu ¢g=0:
y=1o0J; (2x)
K]
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¥ nosnerBopsas BTOpoMy ycaosuio y (0, 3) = 2, noayaum
P
1=T,08)¢
3
B rabanuax BecceneBmx dynxuuii naxoaum J, (0,6) = 0,700, caenomateabHo,

3
¢, ~ 2,857 n
y = 2,857/ (2x).

3

B npunoxeHusx uyacto Tpebyercs HaNTH nepuoduveckue peuleHus
HekoToporo auddepeHunasbHoro ypasHeHus. B atom caydae obwiyHO
11e/1eCOO0PA3HO MCKAThL pelleHle B BHAE CYMMBI HEKOTOpOro psama $ypove:

n

x(t)=%—+ 2 (AncosTnt—f- B,,sin%t).
n=1

3aMeTHM, YTO €CaH ypPaBHeHHe
xM=F( %, X v0., x08-1) (2.99)

MMeeT MEPUOIHYECKOe pellleHHe X, () mepmoasa T, TO mpamad 4acTe ypa-
greHust (2.99) BAOAL paccMaTpuBaeMOH HMHTErpanbLHOH KpHBOH ABJAAETCS
nepuoandeckoft dynxunelt nepuona T no nepsoMy aprymenty. eftcTsu-
TeLHO, MOACTaBJAAA B ypasHeHue (2.99) nepuosmueckoe pelleHHe X ==
== x,(£), noJyYaeM TOXAeCTRO

P ()= F (t, x,(). PN R R O)

3ameHss B 3TOM TOxaecTBe f HAa f T, MB B CHAy MNEPUHOIHMUYHOCTH
yHKUMR X, (f) H €e MNPOHM3BOAHBIX HE U3MEHMM JEBOH UacTH ypaBHEeHHA
¥ HE U3MEHMM apryMeHTOB MPaBO# YacTH, HAUMHAS CO BTQPOro, CAelOBa-
TeILHO.

F(t. x,), PN xi- ()= .
=F (4T, 5,(8), %,(®), ..o 270 (@)),

T. e. OyHKUMA F BOOJb UHTeTPATbHOM KPHUBOR X == x, (f) umeeT nepuos T
MO HBHO BXOMfALIEMy apryMeHTy ¢.

CrenoBarebHO, ecau npasas yacTs ypasuenus (2.99) npu 1060M
BhOOpe X,(f) He ABJIAeTCH Mepuoanueckoft ¢yHkume# no nepsoMy apry-
MEHTY, TO He CyWlecTByeT ¥ Hepuoamueckux pewreHuft. Ecam dyukuma F
He 32aBHCHT fBHO OT £, T. e. AIBJAAETCS MOCTOAHHOM MO OTHOLIEHUIO K apry-
MEHTY £, To0 F MOXHO paccMarpuBaTh Kak MEPHOAHYECKYI0 MO f QYHKUHIO
JI000ro nepvona ¥ NOITOMY He HCKJIIOYEHa BO3MOXKHOCTb CYLIeCTBOBAHMA
NepHOAUYECKHX pelleHHH KaKoro yroaHo nepuoda.
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[ycts, Hanpumep, TpebyeTca HakTH nepHoANUECKHe PellleHUs YpaBHe HUS
X+ alx=f (0. (2.100)

Ilna CylileCTBOBAHHS NEPHOAHYECKOTO pellleHMs HeO0X0AMMO Ipeano-
JOXHTb, HTO f SIBISETCA MepuOAMuecKO# (yHKUHeH. De3 CyllecTBEHHOrO
OrpaHuyeHns OOLIHOCTH MOXHO CUMTaTh, uTo f(f)— nepuoanyeckas
dyHkung nepuosa 27, Tak Kak ecau Obl pyHKuua f(f) umena nepuoa T,

2n
TO MocJe NPeobpa3oBaHUS HE3aBHCHMOTrO MepeMeHHOTO tl:Tt npa-

Bas uactb cTana Ob QyHKuMEeR mepuoia 27 MO HOBOMY HE3aBHCHMOMY
NepeMEHHOMY [. ’

IMpeanonoxum, uro dyHkuma f(f), kpoMe TOro, HelmpephHBHA H pas-
JoxuMa B pan Pypee:

F&)y =22+ Y (@, coskt+b,sin ki), (2.101)
k=1
[Tepsonnueckoe pellieHHe MlleM B BUae
20 =22 + ¥ (A, coskt + Bysin k). (2.102)
k=1

Huddepenunpya pan (2.102) nouseHHo aBa pasa W [OACTaBASH B ypaB-
Herne (2.100), nmoayuum

— Y K2 (A cos kt + By sin kt) +
k=1

+a2 %—+E(Ak cos kt + B, sin kt) | =
k=1

O .
E%"_+’;‘l(ak cos kt + b, sin k),

OTKYZAa, €CAM @ He pPABHO LEJOMY 4HUCHy, onpelenseM KoO3Q@UUUEHTH
paaa (2.102):

a?lA, 4, &
3 =7 A=
@—E) Ay =a, Ap=—E—, (2.103)
by

(a2_k2)Bk:bk' Bk:m-
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CnenosarteabHo, ypashetHio (2.100) fopmaisHo yaoBAETBOPAeT pAR

O

a ag cos kt + by sin kt

R 2109
k=1

Ouesuato, uro pan (2.104) cxomuTca ¥ AOMYCKAeT ABYKpPaTHOe MOUJEH-

Hoe mupdepeHunpoBanue, Tak kak psa (2.101), B cuay HenpepulBHOCTH

¢byuxumu f (¢), cxXoauTcAd pPaBHOMepHO, 2 KO3DPULHMEHTH psaa

oo
2 sin k¢
_2 k% (ap cozzkf——}’-zzbk ) ’ (2.105)
k=1
COCTABJNEHHOTO M3 BTOPLIX APOW3BOAHLIX OT 4YaeHOB psaxa (2.104), orau-
yawTcH OT K03pduUUMEeHTOB @, u b, paaa (2.101) nume He 3aBUCALIUM
k2
Caenosarensno, pan (2.105) cxoautcs paBHOMepHO, a 3Hauut, paa (2.104)
MOXHO Obl0 AnddepeHunpoBaTe noujseHHo LiBa pasa. HMrak, pax (2.104)
HE TOJBKO (OpMaJbHO YAOBJIETBODAeT ypasHeHuw (2.100), Ho ero cymma
X (f) CylecTBY€eT ¥ sBJSETCA MEPHOANUECKUM pelleHneM ypaBHenus (2.100).
Ecan a Mano ortnuyaercs OT wesoro yucaa n w a4, + 0 uwm b, +0,
TO HACTYMAeT ABJEHUE PEe30KARCA, 3aKJI0UAIOLIEeCS B Pe3KOM BO3paCTaHUH
npu npubaukeHud @ K # XOTH 68l OAHOrO M3 KO3QDHUMEHTOB

an b
An—az_nz’ Bn:az_nz'

OT £, MOHOTOHHO CTpeMALIHMCA K 1 npu k —> 0O MHOXHTENEM —

Ecau ke @ =n n xota 6l 01uH 13 KO3(hOUUHEHTOR @, UM b, He paBeH
HYMO, TO NMEPUOAMYECKUX DelleHHR He CYUleCTBYeT, TaK KaK Pe3OHUPYIO-
UM CJaraeMbiM

a,cosnt - b,sinnt

B npaso#t uactu ypaeHeHus (2.100), xaxk yxasaHo Ha ctp. 128, coraacuo
NpHHUMIY CYNepno3ulydM COOTBETCTBYeT B OOlleM pelleHudn ypaBHe-
Hus (2.100) HemepuoauuecKOe cJAaraeMoe Bula

t (A, cos nt 4 B, sinnt),

TOrAa KaK OCTa/dbHble chAaraeMble B oOlieM DEINEHUH YDaBHeHUs GyayT
nmepuoauueckuMin ¢yHkuusyu. CreaoBatenbHO, NP @ = 2 NePUOLMYLCKOE
pewenue ypasuenus (2.100) cywiecTByeT Jullls B CAYYae OTCYTCTBHUS
B MpaBOR UacTH pE3OHMPYIOLIMX 4YAEHOB &,cosaf-+ b,sinnt, 1. e.
B cayuae

2n

2n
an—_—’%/‘ f (&) cosntdt =0, bn_—:%ff(t)sinntdt=0. (2.106)
0 0

10 J1. 3. 2ascroasy
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B nocreanem caydae, T. e. npu a=n, a,=»b,=0, nepuolunyeckoe
pewenue ypasuenus (2.100) cywecTByer, npuueM npu & + n koaddu-
UMEHTH onpeensioTca o dopMynam (2.103), a koabduuneHtn A4, 4 8,
OCTalOTCA [POHM3BOJbHLIMH, TaK Kak A, cosnf 4 B,sinnaf sasaserca npu
npousBoJbHHX A, M B, DpelleHHeM COOTBETCTBYIOIErO OLHOPOIHOTO
-y paBHEHHA.

Mpumep 6. Onpeneants nepHoOAHYECKOE pEIleHHE YPABHEHHA

[= o)
w N\ sin k¢
Fox= Y S
k=1
HMumem peiwrenne B sune psna
Ag
x () = 5

+ E (Ap cos kt 4 By sin k)

k=1

u, onpeneass kospduuuentnt A, v By no ¢opmyaam (91), noayyaem

in At
(8= 24 7z fzn— By

Mpumep 7. Onpeneants nepuoauyeckoe peinenne ypaBHEHUR
X 4x = sin? £,

Tak kak ycaoBHs cyllecTBOBaHHs Tepropudeckoro pemenus (2.106) we yaosue-
TBOPAIOTCA:

2n
f sin? £sin 2t dt = 0,
o
HO
2n
f sin? £ cos 2t dt = 0,
o

TO NEPHOAMYECKOro DELIeHHA He CYleCTBYer.
Mpumep 8. OnpeneauTs mepuHOAUTECKOE DEIUEHHE YPABHEHHA
[ee]

. cos kt
x+ X = '—kz—-

k=2

B npaBoft qacTH OTCYTCTBYIOT pe3oHMpylouHe 4aeHW 4 cos - by sin¢. Caeno-
BaTeNbHO, MEpHOAMYECKOe pellleHHe CyLIeCTByeT W onpexeisdeTcs 0o dopmy-
aam (2.103):

x t
cos k
*O=20 Fa—#r)
k=2

+¢; cos £+ ¢ sin g,

TA€ ¢; H €y = MPOH3BOJbHLIE NOCTOAHHME,
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§ 8. MeTon majoro napameTpa 4 ero npHMeHeHHe B TEOPHH
KkBasuauHefinx koaeGanufi

B npeawsinymeM naparpade 6e1n1 yxasaH METOJ HaXOXAEHHA MEPHOAX-
YeCKHUX pellleHH# JAHHEHAHBIX ypaBHeHHHM BHaa

X+ a’x = f ().

BO MHOrMX NPaKTHUECKMX 32/1a4aX BO3HHKAET BOMPOC O HAXOWAEHHH
NepHOANYECKOrO pellleHHs aHAJOrMYHOro YPAaBHEHHA, HO UMelllero B npa-
BOK uacTH Majoe HeanHefHoe caaraemoe:

x4 alx=f{)+uF ¢ » £ W, (2.107)

roe W — Mananif napamertp.

Ecan otdpocutb caaraemoe UF (£, x, %, Il), T. e. CuuTaThb B ypas-
Hennyn (2.107) n=0, To noayuuM mMuHe#HOE YpaBHEHHe

%+ atx=f ()

1a3biBaeMOe MOPOXAAOWUM LA ypaBuenus (2.107).

OannM 13 unanbonee 3PQeKTHBHBIX METOAOB HAXOK/JAEHMA NMEepHOIHYE-
CKMX pelleHHH ypaBHeHMs HeJuHeHHHX KkoseGanuit ¢ MaioR Heimueft-
Hoctoio (2.107) sapaserca paspaGorauusth A. Ilyawxape u A. M. Jlany-
HOBBIM METOA DPAa3/NOXEHHR pelIeHHs B PAA MO CTENMEHAM Majoro napa-
MeTpa W, WHPOKO npumeﬂﬁeMbm B HacToslllee Bpem NIPH pellieHH CaMblX
pa3HooBpasHLIX 3anad.

Onupadcy na Teopemy 06 aHamHTHYeCKOH 3aBHCHMOCTH pellleHHs OT
napamerpa (cM. cTp. 53), nerko 0606WAaoULYI0CT HA YpABHEHHS BTOPOro
# 60see BBICOKOrO NMOPAIKOB, MOXHO YTBEPKIAaTh, YTO pelleHus x (£, W)
ypasHeuns (2.107) 6yayT aHaiuTU4ecKMMH QYHKUMAMM NapaMerpa W npu
LOCTaTOYHO MajblX MO MOLY/I0 3HaueHuax [, ecan ¢yuxuua f(£) uenpe-
puiBHa, a ¢yHxkuus F (f, x, X, W), HempephiBHAas NO £, aHAJIUTHYeCKH 3a-

BUCHT OT OCTa/MbHBLIX APrYMEHTOB: OT X M X B TOH o6nacTd, B XOTOpOH
B fajpHefiieM OyAyT MeHATbCA STH MEPEMeHHBle, a OT UL NPH AOCTATOYHO
ManbiX MO MOAYMIO 3HaueHMSX .

[Ipeanonaras, 4TO 3TH YC/AOBMS BBIUTOMHEHB!, HlleM MEPHOLMUECKOE
pewenne x (¢, 1) B Bule CyMMH pfaa

X (W= %o () + 1%y () + 120, () + «o + 1%, O+ ...
Huddeperugpyem 3TOT pAd anneHHo IBa pasa:
Xt W) =5 + U O+ ... + WO+ ...
2 W =X +p5 O+ oo FREEO+ ..
10*
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M noicTaBAseM B ypaBHenue (2.107), B xotropoM dyukuus F (¢, %, X. W)
NPeNBAPUTENbHO PABJNOWKEHA MO CTENMEHAM X — Xo X — X, 4 U,

Ytax=fEO)+n|F ¢t %y %o 0)+(g—i) (x — %) =+
X=Xp

X=X,

u=0
oF - . oF
+(0k)x=xn(x—x0)+(«o_“)x=x( w4 ... ). @108
ich e
u=0 u=0

CpasunBas koahuuneHTH NPH OAMHAKOBLIX CTeNeHSX (L B JeBOH n npa-
Bo#l uactax ypashenus (2.108). noayunm

x,+ alxy= [ (¢).

x4+ a’x,=F (t, x5 x, 0),

o ; F oF .
Yo+ @ty — (%;) X +(3) X + (g_f) (2.109)
X= = X=X
: 2y

X=X 3
n=

X
pn=0 n

e ¢ & 4 8 e e s = e s e 4

[Tepsoe u3 3THX JUHEUHBIX YpaBHEHHH COBMNagaeT C MOPOMKIAWOLIMM
ypasrenneM. VHTerpupys ero n noacrasiss HaKleHHOe pellenue x(f)
BO BTOpPOE YpaBHeHWe, MOJYyYHM AJd OfnpeleneHUs x;(f) ONATL /JMHEHHOe
YpaBHEHHE U T. .

Ilas onpenenenus x,(f) Mbl Takke MOJYYMM JUHeRHOE ypaBHEHHe,
TaK KaK B NpaBOf YaCTH 3TOrO ypaBHeHHs GyxyT cosepmarbcs AHWbL X,
M X; C WHIEKCAMH, MEHbIIMMM 7, NOTOMY 4TO W3-33 HAJMYHA MHOXH-

TeJs U npw F uleHd, colepkaide B NpaBo# uacTH x, M X, H, TeM

6oaee, x, B x, c CONBIIMMH HHIAeKCaMH, OYyayT uMeTb MHOXHTEAb [
B CTeleHH He HUXKe # -+ 1.

B sroM naparpade Mbl paccMaTpuBaeM JMIIE BOMPOC O HAXOMIAEHHU
NepuoOAHUECKUX pellleHUH, M03TOMy Ha NpaBy0 HacTb YpPABHEHHS

x4 alx=f () +nF (¢, %, . W),

B COOTBeTCTBMM C 3aMeuaHueM Ha CTp. 143—144 ecreCTBEHHO HATOMHTEH
ellle OJHO OFpaHHueHue, a UMeHHO MoTpe6oOBaTL, UTOGH NPaBas 4acCTb Ghlia
nepHOLnYecKOf dyHKUMEH IO ABHO BXOIfUleMy apryMeHty £. Bes cyule-
CTBEHHOTO OrpaHHYeHHA OOGLIHOCTH MOXHO CYMTaTh HaWMEHLINWH mnepuon
npaBof YacTH, ecAM MPaBas YaCTb SIBHO 3aBHUCUT OT f/, paBHbIM 27, IpH
9TOM, ecli f(f) He pPaBHO MOCTORHHOM BeJHUMHE, NePHOAHUECKHE pelle-
HUA ypasreHua (2.107), ecay OHM CYWIECTBYIOT, MpPH AOCTaTOYHO MAaNOM U
MOT'YT HMETh JHLWb NEPHOA, PaBHbe MU KpaTHue 27 (cM. cTp. 143—~144),
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Ilns HaxoIeHHs MepHOAMYecKOro pelueHus ypaBHenus (2.108) B suie
x¢ W=x,®~+ px, O+ ... +p"5, O+ ... (2.110)

HAJIO ONpeleanTh NePUOLMYECcKUe pellleHHs X, (£) ypasHenuft (2.109). Hest-
CTBUTEABHO, C/H pelienue x (£, ) MMeeT IOCTOSHHHA NMepuon 27 (Kau 2ma,
m — ueJOe YMCJO) NpH JOGOM AOCTATOYHO MAJIOM [0 MOLY/MO W, TO

o)+ pe; O+ ... +0x, O+ ... =x,(E 420+ .
+upx, 420+ ... +plx, 204 ... (2.111)

CnenosareabHo, ko03p@HUUMEHTH MPH OXMHAKOBBIX CTeNeHAX Y B JeBOH
¥ npaBod yacTax Toxaectsa (2.111) pomxHbl ObITb DaBHbI, T, €.

X, ()=, (t+ 2mn),

a 3T0 M O3HAYaeT MNEPHOAMYHOCTL QyHKuu# x,(f) (n==0, 1, 2, ...).
Cosnanesye - K03dpUUKEHTOB TIPH OIWHAKOBHIX CTEMeHsX W B JeBOH n
npasoft uactax Towmectsa (2.110) MOKHO 06HADYMUTb, Hanpumep, Aud-
depeHunpys Toxaectso (2.110) n pas no W, nociae vero, nojaras u =0,
NOJYUHM -

X, (Cn +8)=x,(f) (n=0, 1, 2,...).

Hrax, HaM Halo HafTW NepHOLMYECKHE pelIeHHA YPABHEHHH (2.109).
[Tpn artoM uenecooHpasHO OTAEJAbHO PpAcCMOTPeTh CaAelylOUlHe Cayuau.

1. HepesonaHcHu#t cayua#l: @ OTAHYHO OT UeNOTO
yucaa. Ecam a He paBHO uesoMy uuciy, TO NepBOe U3 ypasHeHu#t (2.109)
HMeeT elIWHCTBEHHOE NMEePHOANUECKOe pelLleHUue X, == @, (), KOTOpOe HAXO-
IAM MeTOZOM mpeibayulero naparpada (cM. cTp. 144). 3aTeM TeM xe
METOAOM HAXOmuM X, (f), X,(f) ¥ T. A.

Ecan 6 3TUM MeTOZOM MBI Hawad ofwuit uieH papa (2.110), ycra-
HOBMJM CXOLWMOCTb STOrO PAAA M 3aKOHHOCTb €r'0 ABYKPATHOrO MOYJEH-
Horo aucdepeHunposanud, 10 cyMma paza (2.110) apasaace 661 HCKOMBIM
NEepHOAMUECKUM pelleHHeM nepuona 2m. OnHako oOLIYHO HAXOXIEHHE
obulero uJeHa pana (2.110) aBaseTcs kpalHe cCAOXHOH 3aldaueit, B CHAY
Yero NPUXONUTCA OFPAHWUWBATLCH BHIYHCAEHHEM JIMLIb HECKOJbKHX MEPBBIX
YJEeHOB PANa, 4TO Obla0 Obl NOCTATOUHHM IJS MPHOAUKEHHOTO HAXOXIe-
HHA MEePHONNYECKOro pelieHus, ecau Ob Ohlna yBEPEHHOCTb B TOM, YTO
Pl CXOLMTCH M €ro CyMMa ABJSeTCA NePHOLWYECKHAM pelleHHeM,

B cBasu ¢ stuM Gouabwoe snaueHwe umeoT Teopemui A. [lyankape
0 CYWECTBOBAHMU MepPUOIHYECKHUX pelueHHH, MO3BOJAIOLIHE, B YACTHOCTH,
HafTH yCJ0BHA, MPH KOTODHIX 3aBENOMO CYLLECTBYET eAMHCTBEHHOE MEepHo-
npyeckoe peluenue ypasueHus (2.107), crpemsweecs npd p—> 0 x nepuo-
AUYECKOMY peUIEHHI0 MOPOXIAIIEr0 ypaBHEeHUs,

Ecan ycaosus teopempr A. Tlyankape BMOJHEHH M, C/eA0BATEILHO,
CylecTBYeT eIMHCTBEHHOe NEepHOAMYecKOe pelueHde ypasHenHa (2.107),
cTpeMdauweecs npd p—>0 K nepuoaMuecKOMy peleHHI0 NOPOMJAIOWIEro
YDPaBHEHHA, TO CyMMa €JMHCTBEHHOI'O pfnad C MepHoinuecKUMH KoaddH-
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uventamu (2.110), ¢opmanbHo yaosaeTBopsiowlero ypasHenuio (2.107),
IOMKHA CYWeCTBOBAaTb M MOJKHA COBMAAATh C HCKOMBIM MEPHORHUYECKHM
peweHueM. [Ipn 3TOM oOTnagaer HeOOXOAMMOCTb HAXOXIEHHS OOwWwero
uneHa paga (2.110) aas wuccaeaoBaHus pANa HA CXOAMMOCTb H MOXHO,
Haa HeCKOJLKO MepBHIX usneHoB psaaa (2.110), yTeepxkaath, uTO npH
MaJOM L HX CyMMa npHO/MKEHHO paBHA HCKOMOMY MepHOIRYECKOMY
pelleHHIO.

Teopemst A. Ilyankape, ondpamoouinecs Ha cBeleHHS M3 TEOPHUH aHA-
JUTHYECKHUX (PYHKLUMA, NOBOJBHO CJIOKHBI, MOITOMY Mbl NPHUBONLHM B KOHUE
3TOro maparpada Jub MpocTefllyio H3 STHX TeopeM, KOTOpasd, OLHAKO,
yXe [103B0AfeT YTBEPKAATh, UYTO B PACCMATPHBAEMOM HEPE30HAHCHOM C.Iy-
yae ypasHenue (2.107) Bcerma usecr eAMHCTBEHHOe MEpHOAHUECKOe pellle-
HHE 1pPI JNOCTATOYHO MajaOM |l

[Tpumep l. [TpubauskeHHO ONpEAEIUTh IIEPHOAHYECKOE pellleHHe YPABHEHHKS
X+ 2x=sinf 2,
TIe J — MaJuii napamerp (ompelenuth 1Ba uaeHa paga (2.110)). Muwem pewenne
b e xtw=x O+ @+ ... +0x, O+ ...
HaxozuM nepuojHyeckoe pellleHHe NOPOXKIAIOLIEr0 ypaBHEHHS
Xo+2x,=sinf, x,(f)=sint

[Tepronuueckoe pellleHHe ypaBHEHHs

HMeeT Bul
1 cos 2t
=gt

CnenoBateJbHO, NEPHOIHUECKOE pClIcHHE
1
x (¢ n) =~ sint +T (1 4+ cos 2f) p.

2. Pesonancubfl cayuah. Meron Manoro napamerpa MOMer
6biTb MPUMEHEH W B DE3OHAHCHOM CJyuYae, T. e B CJAyuae, KOrAa B ypas-
HeHu (2.107) @ paBHO UENOMY HWCAY 7 WM CTPEMHTCH K HEJOMY
yucay n npu pu—0.

Ecau B ypasnenwu (2.107) @ mano oramuaercs OT UEJOro uucaa n,

_TOuHee, Pa3HOCTb a2 — n? uMeeT MOPAAOK MANOCTY He HHXKe deM |it

a® —n’=a,, (2.112)
rlie @, orpanvyeHo npu w— 0, TO ypaBHeHue
Xate=f )+ uF ¢t % % B
MOXHO MEPENUCaTh B BHAE,
X 4-ntx=f(#)+ (12— a?) x +uF (¢ x. X, ),
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oTkyAa s cuay (2.112) )
X4 nlx=f &)+ uF, (¢ x. % W)

rie GyHKuMA F, ylOBJETBOPAET TeM Ke YCJIOBHAM, KOTOPHIM MO npen-
NIONOKEHHIO YNOBAeTBOpAeT PyHKumna F.

CrenosatensHo, B JaibHeHlileM B PE30HAHCHOM CJyYae MOXHO CUM-
TaTb @ paBHHIM LEAOMY 4qHCJy:

Yx4nlx=f @)+ uF (¢, x, x, B.
ITpuMenas Merod Masoro napameTpa, HIIEM nepuonw{ecxde pelieHue
B BuAe psla
Xt W=xO+ue @+ ... +pf,0)+ ...

Ias omnpeneneHus o¢yHKuMH x,(f) onaTh moayuaeM ypasHerus (2.109),
B KOTOpHX @%==p?, HO B AQHHOM c/lyuae MOPOXIAIOWEEe YPaBHeHue

Xo+ nxy=f (¢) (2.113)
HMeeT nepHolnvyecKoe pellleHHe Julllb B CJayyae OTCYTCTBHA pPE30OHHPYIO-

X Y/IEHOB B NPaBOH YAaCTH, T. €. NIPU BLIMOJHEHHUH ycaoBu#t (cM. cTp. 145)

o

ff(t) cosnt dt =0,
0

o (2.106)

ff (f) sin nt dt = 0.
0

Ecii 5TH YCJ0BHS BLINOJHEHB, TO BCe pellleHHs ypasHeHus (2.113)
6yayT nmepuoluuyecKMMM nepuodga 2m (cM. cTp. 146)

Xo (£) == ¢y COs Bt 4 oy Sin nt <4 @, (£).
dynxuns x, (f) onpenensercs M3 ypaBHEHHS
X, + n2x,=F (t, X, xp 0). (2.114)

JT0 ypaBHeHHe TaKXe HMeeT NepHOAMYECKHe DPelieHHs JHLib B Cayyae
OTCYTCTBHSl DPE3OHUPYIOIMX UYJEHOB B MpaBo#t 4acTH, T. €. NPW BHINOJ-
HEHHH- YCAOBHNA

2

f F (¢, %4 X 0)cosntdt =0,
0 (2.115)

2%

fF (t, % %o O)sinntdt =0.
Q
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YpaBuenuss (2.113) comepmar ¢, M g, KOTOpHE, BoOGLIE TOBOPHA, H
onpeneaaTca 43 3TOH CHUCTEMBI.

[ycTe ¢y U €y yAOBIETBOPAIOT cHcTeMe (2.113); Toraa Bce peuterus
ypasHeHusa (2.114) uMelor nepuon 2m:

X1 (£)==c¢y; cos nt + ¢, sin nt 4 ¢, (£), (2.116)

NpUYeM ¢;; M Cy ONATH ONpeJeNdiOTCR M3 ABYX YCJOBHH OTCYTCTBUS
Pe30HHUPYIOLIMX WIEHOB B cJegylollleM u3 ypasueHufi (2.109):

o b F . F
“ian n2x2=<—F) x + (—0——) X +(L)
0x £= 0 ox = on £=,
X=,\.’° .;f=.’:’u X=X
u=0 u=0 u=0

H T. O.
CaenoaresibHO, He KawaoMy MEpUOLHUYECKOMY peLIeHHIO

Xo == €19 COS 1t = Coq 5in nt @, (£)

MOPOX/AIOUIET0 YDABHEHMS, A /ML HEKOTOPHIM, B3HAUEHHS Cyq H Co
KOTODHIX YIOBJIETBOPSIOT ypaBHeHusM (2.115), coorercTByloT mepuoad-
yecKkHe pelleHus ypasHenus (2.107) nmpu manpix p. Koneuno, u B peso-
HAHCHOM CJy4de /s TOTO, 4TOOH, He Haxoas o6ulero uiexa paga (2.110),
GBITb yBEDEHHBHM, HYTO YKA3aHHLIM NpoueccoM GyleT HAaffleHO NepHOIH-
YeCKOe pelieHHe, HAN0 NpelNBAPUTELHO NOKa3aTh TeOPeMy O CYLLecTBO-
BaHUU MEePUOIMYECKUX peuleHdfl. DTO 3aMeyaHue OTHOCHTCS M K CJyudasM,
M3JI0XEHHBIM B CJAIYIOLIMX AyHKTax 3 u 4.

3. Pesounauc n-ro poaa. Huorma B cucTeMax, OMUCHIBAEMbIX
YpaBHeHNneM

x+alx=f@E)+nF¢ % x W, (2.107)

YAOBJETBOPAIOUIUM YKA3aHHBIM BbIlie YCJOBUAM, HabA01a10TCA HHTEHCHB-
1
Hele KOJeGaHus, Koraa cOO6CTBeHHAs 4YacToTa Majdo OTJHYaeTCs OT o

rpe n -— uenoe 4ucjao. 310 9BAeHUE MOJYYHI0 Ha3BaHWE DPe30HAHCA
n-ro pona.
C MaTeMaTuyecKOM TOYKM 3peHMS 9TO O3HA4YaeT, 4TO MPH @, MaJdo

oTaAnyamlleMca oOT e rae # — ueaoe 4ucio, 6Gosabllee eIUHHLB, ypas-

Henue (2.107) MoxeT WMeTb MepuoaMYecKHe pelIeHus MepHola 271, He
ABJAIOLIHEC B TO e BpPEMA MepHOAHYECKUMM pelleHHAMH nepuoga 2m.
MycTs

F s x=fO+WF (¢ 0 % w) @.117)
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1 1
(eCaH @ MaJ0 OTIHYAETCA OT —, TOUHee, a? — — = pa,, Tle a; OCTAeTCA

1
orpaHuueHHoR npu W—0, To, MNepeHocs ujeH (az— F)x B NpaByio

4aCTb ¥ BKJOuas ero B UF (¢, x, % W), MONyuHM ypaBHerKe Bula 62.1 17)).
HieM nepHonuueckoe pemieHue ypasHenus (2.117) neprona 2mn
B BUIe psaa

x(t, W=xyO)+pe; O+ ... +u"x, O+ ... (2.110)
MoncTasass (2.110) B ypasHeHue (2.117) u cpaBHUBAs KO3 UIHEHTH NPH

ONVHAKOBbIX CTEMeHAX U, noayyuM ypasxerus (2.109), B koTopbix a=—.
IOas onpeaenenns x,(f) noayyaeM nopoxnawilee ypasHeHue

. 1
Ko+ Ko = f (&), f(2.118)
KOTOpoe uMeer nepuonul{eu(oe peuieHue nepuona 2nn aullb npu OTCyT-

CTBMH B MPaBOH 4YACTH PE3OHUPYIOLIMX YJEHOB, T. €. MNpH

2nn 2nn

/‘ ftycosLar=0 u /f(t)sin-:l—dt=0.
9 0

Ecin 3TH yc/OBHS BBINOJHEHH, TO BCe pelledds ypaBHeHus (2.118)
HMEIOT Iepuon 2mn

t 4
Ko ==Cq9 COS — —+ g Sin - —+ @, (B,

.

Tle €y H Cyy~— MPOM3BOJIbHbIE NMOCTOSHHLIE.
Ypasxenue, onpelensioliee X,

. l .
g =F( x5 %5 w) (2.119)

OyaeT uMeTb NEPUOMMUECKHMe pelUeHHA Nepuoja 27Tn Auib [pH OTCYT-
CTBHHM B MNpAaBbIX 4aCTAX PE3OHUPYIOULMX UJMEHOB, T. €. MPH BHINOJHEHHH
yca0BUHA

2nn

/ F (£ xo %o w)cos < dt =0,
o (2.120)

25n

f F(t. x5 %o u)sm-'t? dt =20,
0

W3 KOTOPHIX, BOOOLIE TOBOPS, OMPENENSIOTCH Cyy U Cope



154 YPABHEHMS TIOPSIIKA BHIME MEPBOTO (ra. 2
Ecau ycnosus (2.120) ynoBieTBopsSIOTCA, TO BCe pellleHHS ypasHe-
uus (2.119) umetor nepuon 2nn

L ¢
X1 == €11 COS o~ € SIN— -0, (B).

Ias onpeneleHus RPOW3BOJLHEIX MNOCTOAHHLIX €y MW Cp f101b3yeEMCS
IBYMS VCJIOBHAMH OTCYTCTBHSl DPE30HHPYOUIMX UYJEHOB B  C/CLYIOUIEM
U3 ypaBHenu#t (2.109):

“ 1 ()F . K
Xyt — Xy =(_‘) X +(£) ¥ -+ (i)
n ox £= o dx =z ou =1
£= 4 PP £=2X
u=0 u=0 u=0

uro L
4. AsrosHoMublt cayuah. [lpeanonoxum, 4to npasas 4acTs
ypasnenns (2.107) He 3aBHCHT fiIBHO OT £, ¥ ypaBHeHue HMeeT BHA

.;é-f— a?x = uF (x, £, W), 2.121)

rae ¢yukuma F  yloBJeTBOpAeT MNOCTaBJeHHbIM BHLIE YC/JIOBUAM.
Ha nepspift B3rna1 MOXeT Ka3aThCsl, YTO MUCCaeoBaHWe ypasHeuus (2.121)
IOMKHO ObITE fpowle HccaerosaHus ypasuweHns (2.107),, B KoTopom
npapaf 4acTb 3aBUCHT OT apryMeHTa £, ONHAKO B JAeHCTBHUTEIbHOCTH
OTCYTCTBHE apryMeHTa ¢ B MpaBOR 4yaCTH YpaBHEeHWS MPUBOJUT K YCJIOXK-
HEHHIO 3ajauu.

Eciu npaBags 4acTb fBHO 3aBHUCHT OT f, TO, KaK Y¥e OTMEuasoch
BhILIE, H3BECTHH BO3MOXHBbIE MEepHOAB pelleHHf, TaKk KaKk MNepHOdH
pemieHHft MOryT ObiTb JHIIL DAaBHBIMK HWJM KPAaTHRIMU MePHOAY NpasBo#t
YacTH BAOJb pelieHUA MO fBHO BXOAALIEMY aprymeHTty £.

Ecan e npasas 4acTb He COLepwHT f, TO ee MOMHO PacCMaTpPHUBaTh
Kak MepHoiniyecKyio QYHKLHIO MPOHU3BOJBHOTO NepHoaa H, CJAE10BaTEIbHO,
HE HCK/0ueHa BO3MOMHOCTb CYUIECTBOBAHMA pellleHnH M006OF0 MepHOAa,
npuueM nepHod peweHn#t, BooOwe rosops, OyleT ¢yHKUMeR napa-
MeTpa . Beumy rtoro, uto mepuop pemenus x (£, p) asasercd, Boolule
ropopd, oyHKUMeR |, Oblno Ob  HellenecooOpasHo MCKaTh  pelleHne
B BHAE pA1a

2t W=xo() +1x O+ . F WO+ e, (2110)

TaK KaK Kawpaad u3 PYHKUMRA X, (f) B OTIeNbHOCTH He 0O6g3aHa GuITb
nepuodnyeckol QyHKUMER U, CIeA0BaTeNbHO, QYHKUHH X, (f) He MOTIN Ol
OuTL HalOeHH pacCMOTPEHHHIMM BHUle MerodaMmu. [103TOMYy Hajo mnpe-
o6pasoBatt ypaBHeHue (2.121) K HOBOMY HE3aBHCUMOMY MepeMeHHOMY
TaK, yToGH 1O HOBOMY TlepeMeHHOMY ypaBHeHHe HMeA0 Ol yxe To-
CTOAHHBIH NMEPHOA, a YK 3aTeM WCKaTh pellleHHe B Buue pasa (2.110).
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[MpeasapurebHO A1 ynpouledus npeobpasyem ypabHenue (2.121)
3aMeHO# He3aBHCHMOIO MepeMeHHOro ¢, = af K BuLy

a ‘
z’;——{»x—_—uf‘l(x, %, W. (2.122)
i

Kaxnoe pemenve NODOXKIAWOWIEro YpaBHEeHHA X, (f)) = c,co8 ({; —¢)
GyneT uMeTb MepHOA 27, a NepUOjMuecKHe pelleHHs ypaBHeHus (2.122)
npu W+ 0, ecan OHH CylwecTBYOT, OyIyT HMMeTb NepHOL 21— d (W),
npHYeM MOKHO NOKa3aTh, 4TO (W) ABASAETCH aHAJIMTHUeCKOH dyHKuMel
NpU AOCTaTOYHO MaAOM U.

PasnoxuM o (U) B pal MO CTeneHAM l; TOraa

24 a(W) =2 (1 4+ Ap—4 A2+ ... A u" 4 o) (2.123)
rae f; — HEKOTOPhe, MOKA HEW3BECTHbIE HAM MOCTOSHHbIE BEMMUHHBI.

[TpeoGpasyeM nepementbie Tak, uToObl MepHOAHUECKOE pelleHHe X (£, W)
ypaBHeHus (2.122) umeno Ob nepuon He 2x—-o (L), a NOCTOSHHHIA
nepHol 27 ITO NOCTHraeTCs 3aMeHOH nepeMeHHbIX

ti=ty(l+hp+hni4 . 0" .., (2.124)

TaK Kak, B cuay 3asucuMoctu (2.123), npu u3menenun £; ot 0 1o
2%+ a(u) HOBoe mnepeMeHHoe fo u3Mensercs or O mo 2m. [lpu sToM
ypaBHeHHe (2.122) npeobpasyeTca K BULY

D o e T AT Y T N i
=pu4hp+ o A P F (I hp L
c Rt ) e ) (2.125)
Ilepronnuyeckoe pellleHHe 3TOrO YPaBHEHHA HILEeM B BHIe
Xty W=xo(t)+px,(+ ... +0"%, )+ ..., (2.126)

rie x,(f;) — nepuomuueckne GyHkuMM aprymenta £, nepuoga 2m. Ilox-
crasaas (2.126) e ypasuenue (2.125) u cpaBuHuBas Ko3GOHUUMEHTH Npu
OIWHAKOBBIX CTEMeHAX |l B JeBOW M NpPaBOH wacTaX paBeHCTBA, MOMYUHM

%o xo=0, OTKyma x,=ccos(t, —2y),
%y X =— 2hyxo+ F i (xg X 0)
HJH
X, %, ==— 2h;c o8 (8, — ty) +
—+ Fi(ccos(ty—ty), —esin(ty—1£y), 0) (2.127)
Ias toro uro6bl ypasHeHHe (2.127) uMeno nepuoinuecKue pelieHHs,
HEOOX0AMMO H [AOCTATOYHO,. YTOObl B €ro NpaBof YacTH OTCYTCTBOBAJM
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pe3oHupyluMe unent (cM. (2.106)), 1. e. utoOnt
2n

fFl(ccos(tz—to), —csin(ty— o), 0)sin(fy— ty) dt, =0,
)}

s (2.128)
._2h1c+;/Fl(ccos(t2—t0).——csin(tQ——tO), 0) X
0

X cos (g — 1) dt, =0.

IMepoe M3 3THX ypaBHeHHH .NaeT BO3MOXHOCTb HAHTH 3HaueHua ¢,
a BTOpoe — /1;, OMPEIENHB KOTOPble, Mbl HalieM Te pelleHHs MOpOKAAI0-
LIero ypaBHeHHs X,==¢ C0S(fy —f;), B OKDPECTHOCTH KOTOPHIX Npu
MajJOM | MOABJAAIOTCA MEePHOAMYECKHME pelleHus ypaBHeHus (2.122), n
npHGIMKEHHO OMpefeUM MEePHOA MCKOMOIO pelleHHs

2+ a () ~ 2 (1 + ).

3Haf ¢ v Ay, MOXHO onpeieauth X, (f,) U, ec11 HEOBGXOANUMO, TEM e
METOZOM BBIMHCAHTL X, (£5), X3(fy) w T. 4.
Mlpumep 2
X~ x = px (9 — x2). (1.129)
Onpeneautb peiienus MOPOXJAIIIETO ypaBHEHuS, K KOTOPHM npu p—>0 npa-
6aANKAIOTCA NEPHOAMTECKHE pelleHus ypasHenHsa (2.129).

Pemennst mopomJamomero ypaBHEHMS HMET BHL X = C cOs ({ — 4,). Jas
onpelefeHnsT UCKOMBIX 3HAUeHui € BOCNOAb3YeMCs MepBmM H3 ypaBHeHuit (2.128):

P24
f £ (9 — ¢2 OS2 (£ — £,)) sln? (£ — Lo) dt = O
)}

2
M nc (9 — CT) =0, orkyaa ¢, =0, ¢5,3= % 6.

[lpu ¢, =0 noayuaem TpuBHaabHOe pellienne x =0 nopoxnaiomero ypas-
_HEHHsi, KOTOpOe OCTaeTCf pelleHHeM ypaBHeHus (2.129) npu aobom .
Opu ¢y3 =+ 6 noaydaem x = * 6 cos (f — £,).

Hoxaxem npocrefturyio u3 teopeM A. Ilyaukape o cywecmsosanuu
u eOUHCMBEHHOCMU RepuoOuU4ecKozo pemenus, CTPEMALEroCs NpH
p—>0 K nepHosMHECKOMy DELIEHHIO NMOPOMAAIOWEro YpaBHEHHS, B MpU-
MeHEHHH K YDaBHEHHIO BuAa

Xx=f(t % % W), (2.130)

rie GYHKUMA f YAOBJETBOPSET YCAOBHIM TeopeMul 00 aHaauTHUeCKOH
3aBHCHMOCTH peIleHUs OT MapaMeTpa |L NpPH JOCTATOYHO MajbiX IO
MoIya 0 3HaueHusx W. Kpome rToro. mnpeanonomuM, uro ¢yHkuus f
BHO 3aBUCHT OT f M uMeeT Mo f nepuon 27. [[OMyCTHM TaKke, 9TO

nopoxaamoiiee. ypasHeHue x = f (¢, x, x, 0) UMeeT eAUHCTBEHHOE MepHO-
IHMYecKOe pelleHHe X ==y (f) nepuona 2.
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Peurerne ypasuenns (2.130), yaosaeTBopsioliee HaUaABHBEIM YCIOBHAM
X (b =@y () 4By X (8) = 0o (F)+By»

obosHaunM x (£, W, By, p). Cnenosaressho, B, u P; RBARKIOTCA OTKJAOHE-
HHIMH Ha4yadbHBIX 3HAueHHMR peuteHus x(f, W, By B;) ¥ ero NpoOH3BOL-

HO# x(t M, Bos By) OT HAYaNbHHIX 3HaueHHH @y (fy) u cpo(to) nepHoLU-
YecKOro pelleHHs MOpPOKIAIIMEr0 ypaBHEHHS.

3anaya 3aKkJIOY3ETCH B TOM, UTOOBl yKa3aTb YCJOBHS, TpPH KOTOPbIX
A KAXAOTO JOCTATOYHO MaJOr0 MO MOAYJ IO 3HaueHUs U CyWecTBYeT
eNHCTBeHHOe MepHoAMYeckoe pelleHne x (£, W, By, P;) ypasHenus (2.130),
cTpemsieecs npu P —>0 K MEPHOAHYECKOMY PelleHHI0 @, (£) mopoxiaalo-
1IEero ypaBHEeHHs.

Ecan pewenne x (£, W, By, B;) 9BJasercs nepnozmqecxnm c ‘Nnepuo-
doM 27, TO, OUYEBHAHO, NO/MKHBl YIOBJETBOPATHCS CJAelylOlIUe YCROBHA:

x(2n, w, B B —x (0, 1, By B)) =0, }
£(2m, 1, By B — X (0, . By, By =0.

OGo3nauas nepbie 4acTH 3TuX ypasHeHuit coorsercreeHHo Dy (W, By, B()
n O (n, By By). 3anmweM cucremy (119) B Buze

Dy (1, By BY =0, }
O, (1, By B =0.

Ycaosns (2.132), HasbiBaeMbie YC208usgMu Hepuoduinocmuy, HE TOJbKO
HeoGXOAUMbl, HO M LOCTATOYHb! A8 NEPHOAMYHOCTH pelueHua x (f {1, By, By)
ypasHeHus (2. 130) JleACTBUTENLHO,

B CHIy TEPHOAMYHOCTH npaBod 2}
yactu ypaBHenns (2.130) no ¢,
3Ta INpaBag vyacTb B  IOJOCaX
0Lt L2 2nLtLAm, ... //
nNpuHMMaeT B TOoukax (£, x, X),

(t+2n, x, X), ... OIMHAKOBLIE

snaueHHqa. CieloBaTeqbHO, €CAU B -
g ar 9n

Toukax f=0 u (=21 3anam l l

OIdWHAaKOBbIE HAYanbHblE JHAUEHUSA X

(2.131)

(2.132)

W Xj TO UMU ONPEIeNsIOTCH B MO- Puc. 2.2

gocax 0 Lt 2 u 2rn Lt L4

COBEPUIEHHO ONMHAKOBHIE HHTerpadbHele KpUBHE (PUC. 22), TOuHee,

KpUBble, ABASIOLIMECA MePHOAMYECKUM NPOLO/IKEHHEM OIHa APYyroH.
Mo TeopemMe O HesiBHbIX (YHKUHAX MOXHO YTBEPKIATh, 4YTO, €CJH

akoduay

D (@, @)
DEf) O
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8 touke =0, By=p; =0, TO nNpu KaXKAOM 20CTaTOYHO MaJOM MO
MOLY/IO 3HaYeHMM |L CYIIeCTBYyeT eNMHCTBeHHas napa QyHkuuit B,(W) u
B; (W), YROBJETBOPSIOWMX YCIOBMAM NepUOAMHHOCTH (2.132) u cTpems-
wuxcs K Hymo npu p—0, T. e. B YKa3aHHHX YCJOBHAX A KAXIOrO
LIOCTaTOYHO MAa/oro i CyulecTByeT eIMHCTBEHHOe NepPHOIHYeckoe pelle-
HHe ypasHenus (2.130), cTpemsiieecs K NEPHOIMYECKOMY pelleHHIO
MOPOXAAIOWEro ypasHeHns npu W —>0*). IT0 yTBepxieHre M COCTABJAET
cozepxanne TeopeMul [lyankape.

[Tpumep 3. HoxkaszaTb, 4TO B HEPE3OHAHCHOM CJy4ae AAA ypaBHEHuS
X+ atx = f(£) +uF (@ x x Q) (2.107)

rie f ¥ F YIOBNeTBODAIOT YKa3aHHHM Bbllle yCJAOBHAM (cM. cTp. 147), BH-
NOJHEHH TpeGOBaHUS TEOPEMBI O CYWIECTBOBAHHH W €AHHCTBEHHOCTH NepHoande-
CKOTO pelleHHs.

Pemeune X (¢, W, o 1), ABAAIOMWIeECH aHaauTHYECKOH QyHKUMed nocaeinux
TpEX apryMeHTOB MpH JAOCTATOYHO MaJbiX 3HAUEHHAX STUX APLYMEHTOB, HIUEM
B BUIE

(@ wBo B) =2 @)+ X O P+ x2O)B F+x@p+ ... (2133)

Tloacrasana (2.133) B ypaBuenne (2.107) u cpasHuBas KO3(EHHUUHWEHTH NPH OJH-
HaKOBHBIX CTENEHAX W, o ¥ fi;, mOJAyYuM A4St ONPENEJEHHS X|; M X3 CAeAyioLIue
ypaBHeRHS:

%11+02X||=0‘ xuO)=1, %,,(O):O, } 2.134)
Zip @, =0, x,(0)=0 x,(0)=1
(HayaJbHHE 3HAYCHHH MOJYYEHH M3 ycAoBui

X (tos b Bor B1) = X0 (f0) + Bos
£ (o s Bor B1) = X0 (£) + Bu)s

OTKyJAa
1
Xy =cos al, X3 = > sin at.

Ycnosua nepHoanarocth (2.132) uMeior sul

(cos 2am — 1) By + 111_Sin 2anf, + ... =0,
—asin2anfy 4 (cos 2an— )P, + ... =0,
Tle HeBHIIMCAHHBIE WICHH HE BJHAIOT Ha BeAUUHHY ONpeleaHTe.s
D ((Do, d)l)
—_—————. = = = O-
D (ﬁO’ ﬁl) pu N 50 ﬁl
Omnpeneaurean
D (@, @)

Z e ) _ 9gm — 1y \
D (Bo, B1) == Bo= By =0 (cos 2an — 1)? 4 sin? 2an

OTJIHMHYEH OT HYJA, TaK KaK g HE pDaBHO LEJIOMY qucay.

*) llogpobuee o reopemax CylIecTBOBAaHHR NepHOAMYECKMX pelleHHH CM.
W.T, Maakus [3]
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§ 9. MoxaTHe 0 xKpaeBHXx 3apauax

Kak yxe ynoMmuHasnoce BO BBEICHMH, Hapfaly C OCHOBHOH HayalbHOH
3a1aue#t yacTO NPHXOJMTCA pelllaTe TAK HA3BIBAEMBIE Kpaesuwe WM 2pa-
HuwHble 3ada4wu. B stux 3amavax
3HayeHne HMCKOMOW ¢yHkUMH 3a-
HaeTcs He B OMHOH, & B ABYX TOY-
Kax, OTPaHUUYMBAIOILUX OTPE3OK, HA
KOTOpoM TpefyeTcs OnpeleamTh pe-
menue. Harpumep, B 3anade o ABM-
WKeHUn MaTepualbHOA TOYKHM Mac-
CHl m noA AeAcTBHEM 3aNAHHON CHALL A V.4
F{¢. , 'r) yacto TpebyeTcd HaiTH Puc. 2.3.
3aKOH ABWKEHMs,, eC/IH B HA4ailb-

HH It MOMEHT [ ==f, TOUKAa HaXOaMu-
Jach B TIONOKEHHH, XapaKTepu3yeMoM DafMyCOM-BEKTOPOM Ty a B MO-
MeHT £ ==F, NOJXKHA NMONACTb B TOYKY T =Ty.

3agaya CBOAHTCA K HHTETPUPOBAHHIO  AHPGEPEHUHANBHOIO ypat«=

HEHUA ABHXKEHUS

m‘“—F(t r. 7)

¢ KpaeBbiMu ycaoBuamu r (f)) =rg () =r,.

3aMeTHM, 4TO 3Ta 3anaya uMeeT, Boolule TOBOpPS, He eQMHCTBEHHOE
peluneHue; ecJu peub HiaeT O BaNTHCTHYECKOR 3alade ¥ O TOUKaX 3eMHOH
MOBEPXHOCTH, TO B OAHY M Ty Xe TOYKY TeN0 MOXKEeT Monacrb no Hasec-
HOW H# Mo HacTuibHOR TpaekTopuu (puc. 2.3), 6oJee TOro, NpH OueHb
6OoabUIMX HAYAAbHBIX CKOPOCTAX MOXHO MONACTb B Ty e TOYKY M HOCHe
OIHOKPAaTHOIO MM MHOTOKPaTHOro ofsera 3eMHOrO mapa.

Ananoruunyio KpdeByio 3ajauy MOXHO MOCTaBWTb ¥ [1.a Jyda CBeTa,
NpOXOAAUIYI0 4Yepe3 Npe/toMAqIollyl0 Cpely: Ha#TH Hanpas/ieHWe, RO
KOTOPOMY JydY CBeTa JHoJoKeH BbI#TH u3 TOoukM A, UYTOGH OH monan
B ApYryl0 3aflaHHYI0 TOuky B.

Ilpn aTOM OUEBWIAHO, UTO 3asaya He BCer1a MMeeT pellleHWe, a eCu
pelIeHnd CYLWEeCTBYIOT, TO HMX MOxeT ObITb HeCKOJbKO H Aaxe Gecko-
HeYHOe MHOXeCTBO (HampHMep, eCJHW AyuM, BHXOIAlUMe W3 TOYKH A,
doxkycupylotcs B TouKe B).

Ecau ynaerca HapiTh oluwee pewenue nuddepeHunasbHOro ypaBHeHus
KPaeBOW 3anauu, TO A4 pelleHHs 3TOH 3anayd HALO OMpPele/uTh 1PO-
H3BOJIbHBIE MOCTOAHHbBIE, COAEpXKALIMECK B OOLIEM pEIeHHH, M3 TPAHHYHBIX
ycaoBuit. [lpn aTOM, KoHeuHo, [aleKO He Bcerja CyllecTByeT AeHCTBH-
TEJAbHOE pelueHHe, a €eCJAH CYLlecTByeT, TO OHO He 0053aTe/NbHO eAHH-
CTBEHHO.

B kauecTBe mpuMepa BO3HMKAlOWIMX 37eCk BO3MOXHOCTEH paccMoTpuM
CreAyIOWYI0 KpaeByw 3ajauy:
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‘Ha#tta pewenve ypasHeHus
Y 4y =0, (2.135)

yaosJjersopswlee yciaosuam: y(0)=0, y(x1)=yl.
O6uee pewenne ypaBHeHna (2.135) nmeer sun
y==¢,€08 X 4 ¢;5inx.

ﬂepaoe.rpaﬂwmoe ycnoBHe yaoBJerBopseTcs mpu ¢, =0, npu 5TOM
y=c,sinx.
Ecm x, % nm, Tie n — 1ejoe YUCIO, TO M3 BTOPOTO T'DAHHYHOrO

YCJIOBHA HAXODMM Y, == C,8in Xy, 02=§:‘7. CrnenopatenbHO, B 3TOM
1
ClIyyae CymecCTBYeT ENMHCTBEHHOe pelleHHe KpaeBOH 3a1ayu
b4 .
= — nx.
Y sin x, sinx

Ecan ke x;=mnn u y;=0, TO BCe KpUBHE MyuKa y==¢,Sinx
ABJSIOTCH TpaduKamu pelleHult kpaeBoft 3agaun.

Mpu x;=nn, y,+ 0 pemenndt KpaeBoR 3afau¥ He CYLIECTBYET,
TaK KdK HH OJHAa KDWBas Myyka y ==C,Sinx He MPOXOMUT Hepe3 TOUKY

(%1, yp), rIE
x =nn, y; 0.

Paccmorpum  Heckoawko noxpoOdee KpaeBble 3a1ayH A5 JHHEHHBIX
ypaBHeHu#t BTOPOro mopsiixka

Y 4 P ()Y 4 Py () y =0@(x), (2.136)
y(x) ==y Y(x)=y, (2.137)
JluHefinoft 3aMeHOH mnepeMeHHbIX
ey dr— ¥ _ _
2=y =, (x — x5) — ¥,

KpaeBpie ycroBua (2.137) cBOAATCA K HYJEBHIM YCAOBHAM 2z (x,) ==
=2z (x;)=0, npuyeM JuHe#tHOCTb ypaBHeHus (2.136) ne wapywaercs.
pu(x)dx

YMHOXeHNEM Ha e JAuHeRHoe ypasHeHue (2.136) mpuBonuTCs
K BHAY
) d
2 (P @)Y+ g (x)y=f(x), (2.138)
rhe p (.’c)=er p'u)“. [TosToMy 6€3  CYWeCTBEHHOIS OrpaHHye HUS

OGLUIHOCTH MOMXHO 3aMeHUTb H3yyeHue KpaeBof 3apaunm (2.136), (2.137)
W3yyeHHeM KpaeBOR 3ajauM a1 ypaBHeHus (2.138) ¢ TpaHMYHEIMH
yCJAOBUAMH

y(xg=y(x)=0. (2.139)
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Brauane paccMoTpuM kpaeeyio 3afady (2.138), (2.139), npuuem f (x)
AB/SIETCS IOKAAH30BAHHONR B TOUKe X = § GYHKUUEH C eXMHAUHHIM UMY /b~
coM. Touuee, paccMOTPUM ypaBHeHue

gd; P@Y)+qx)y=Ff,(x 3) (2.140)

C TpaHHYHBIMA ycroBuaMu Y (x) =y (x,) =0, rze dyukuna f, (X, s)
paBHAa HYJI0 Ha BCeM OTpe3Ke [Xo, X;]. 32 MCK/KOUYEHHEM E-OKPeCTHOCTH
TOUKU ¥ =38, § —& < X < §—+ &, NpHyeM

s+e

[ fox 9ax=1.

S—-&

O6osnaunm Gg(x, §) HenpepblBHOe pelueHHe 3TOH KpaeBOR 3anauu
M NepefileM K npeneny npu €— O:
lim Ge (x, 8)=G(x, 9). (2.141)
£->0
Herpyaxno Oblo Gb 10Ka3aTh CYILECTBOBAHWE STOTO Mpefefa, He
3aBUCAlIET0 OT BHIGOpAa (QYHKUMH fe(x. §), OAHAKO B 3TOM HeT He06Xo-
IMMOCTH, T4K KaK MOKA HAUIM PACCYXAEHU HOCAT IBPUCTMHYECKUH XapaK-
Tep, H Ha cTp. 162 6yser paHo Tounoe onpegenenne dyukund G(x, §).
dyukuna G(x, s) HaseiBaerca (pyrryued 8AURHUSL WIH PYHK{uel
lpuna paccMatpusaeMolt kpaeso#t 3amaun. Tax xe Kak Ha crp. 122—124,
pelienye kpaesof 3amaun (2.138), (2.139) c¢ HenpepuBHOA npasoi
yactblo B (2.138) MOXHO paccMarpuBaTh Kax CyMeprno3HINI0 pelleHu#
KPaeBbiX 3alay, COOTBETCTBYIOIUNX JOKAJIH3OBAHHLIM B TOYKe (YHKUWAM
c uMnyabcamu f(s;) As, rae s, — Touxkd leaenus oTpeska [x, Xx,] na m
X — X
m
BO# 3anaun (2.138), (2.139) paBHO MHTerpasbHOR cymMe

paBHLIX uacTelt, As= . Tounee, mpubmiKeHHOE pelleHHe Kpae-

Z’l G(x, s)) f (s)As,

a npelea 3TOR CYMMH NpH m — 0Q: .

y(x)_—_fc;(}c, §) f (s)ds (2.142)

X

ABAgeTCA pellleHueM paccMaTpuBaeMofl Kpaesofl 3amauu (2.138), (2.139).

dusgueck cMmuica dyHkuud BausHus G(x, ) ¥ pemeHus (2.142)
CTaHeT elle scHee, ecaM B ypasHeHud (2.140) paccvarpuBaTh y (X) Kak
CMellleHHe HEKOTODON CHCTeMbi' NMOX B/IHAHMEM HeNMpPepLBHO pacrnpese-
JeHHOR Ha oTpeske [x, Xx,;] cuaet f(x) (HanmpuMmep, OTKJIOHeHHe CTPYHHI
OT NOJIOWEHHs pABHOBECHs IOA BJMAHMEM PpaclpefeseHHON Harpysku

11 1. 3. 3accroawy
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¢ naorHoctsio f(x)). [lpu stom G (x, s) OMACHBAET CMEUlEeHHE, BHI3bi-
BaeMoe eJHHHYHON COCPelOTOYeHHOH CHUJION, MPUIOXEHHOR K TOUKe X =S,
a pewenne (2.142) paccMaTpuBaeTcs KaKk npeles CyMMBl pelueHuft, coor-
BETCTBYIOUIMNX COCPENOTOYEHHBIM CHJaM.

dynkuna [puHa o06aafaeT CAeLylOMIMMH CBORCTBaMH, BHITEKAIOUIMMH
u3 ee onpeleneHns (2.141):

1. G(x, s) HenpephiBHA MO X MPU GUKCHPOBAHHOM § 1pH Xy L X K X,
Xy < 8 < X2

2. G(x, S) 9BiseTCs pellleHHeM COOTBETCTBYIOUIEr0 OAHOPOAHOrO
ypaBHeHus

2 (P () Y)+q(x)y=0

Ha BCeM OTpeske [X; x|, 32 UCKmOueHHeM TOYKH X ==S§ (TaK KaK BHe
9TON TOYKM B Cay4Yae JOKAaJM30BAHHON B TOUKe X =S5 ¢YHKUMH npaBas
YaCTb DPABHA HYJIO).

3. G(x, §) yLOoBIeTBOPSET TPAHAYHEIM YCIOBUAM:

G(xq §)=0C(x;, 5)=0.
!
4. B rouke x =3¢ mnpoussonHas G, (x, s) nomKHA MMeTb pa3phis

1

p(s)’
clelyeT JHIIb B TOUKE JOKaAM3aUUH QYHKUMH — B TOUYKE X ==§. YMHO-
Wwaa TOXKIAECTBO

Fdx—(p (%) Gé(x. s))+q(x) Ge(x, s)=f,(x, )

Ha dx M UHTEIPHPYa B Tpenenax OT § —& IO S € MNOJYYUM

s+e

, s+e
p (%) Ga (%, s)|_ + [ 9 Gx, 9dx=1

NepBOTO pOla CO CKaYKOM JleMcTBUTENLHO, OXKMAATb paspHBa

4, Mepexols k mpeleny npu e— 0, GyzeM MMeTb

, ’ 1
[G'(s+0,8)—G (s—0, )] = FICK

Bce wamm paccyxmenns o ¢ynkumm pHHa HOCHAN 3BpHCTHYECKHA
xapaktep. [lpnmanum Tenmeps MM HeoOXOAUMYIO0 TOYHOCTH.

Onpedensenune. Pynwxyueid [puna GCG(x.S) kpaesoi 3a-
Oanu (2.138), (2.139) Haswseaemca Pdynrxyus, y0osremsopawuyas
yKa3annoM sudte ycaosuan 1), 2), 3), 4).

Henocpencrsenneft moacrauoskofl B  ypastenwe (2.138) mpose-
psaem, 4to

y(x)_—:fG(x, s) f (s)ds (2.142)

0
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ABNSETCA pellleHHeM STOro ypaBHeHus (kpaesble ycaosus (2.139), oue-
BUIHO, yZXOBJETBOPAIOTCA B CHIy cBOHcTBa 3)).
JeRcTBUTENLHO,

y )= [Or(x, 9 f@as= [ Gi(x. 8) f s+ [ Ci(x, 8) f (9)ds;
¥ (x)=fai,(x. 8) f(s)ds + Gy (x, x—0) f(x) +
+ [ Gu(x. ) f s — Grx, x+0) f (1) =

=[G 9@ ds+[a(x +0. 1) — G (x —0. 1)) f (0.
Tlonacrapass (2.142) B ypasHeune (2.138), noayunm
[P0 G, )4 0" (0 G (x0 9) 49 (0 G (x. )| dx +

+ P [Ge(x 40, 1) — G (x =0, 0)] F ()= f (x)

B CHay ycaoBHA 2) u 4).

PaccMoTpuM MeTol nocTpoeHns ¢yHkuuw [pHHAa, H3 KOTOpOro mouy-
YUM TaK)Xe [OCTaTouHOe YCJOBHE ee CYyLleCTBOBAHHA.

PaccMoTpHM pelieHue y;(X) ypaBHeHus

d
=P Y)+qx)y=0, (2.143)
onpeneaseMoe HavaJbHHIMH YC/NOBHAMU
Y(x) =00 ¥ (%) =y;#0.

Sro peulennte, BoOOWe FOBOPA, He YAOBJETBOPSET BTOPOMY FPaHHYHOMY
ycaosuio y(x,)=0. Cayyail y,(x,) =y;(x;)=0 saBasercs McKIOUYA-~
TeAbHBIM, W MBI ero 3iech PacCMaTpuBaTh He GyleM.

OdeBuiHo, 4TO pelleHUs ¢,y (X), rie ¢; — NPOU3BO/bHAA MOCTOAH-
Haf, TaKie yNOBJeTBOPAIOT MPAHUNHOMY yc/noBUI® Y (xo)==0. AHa/noruyHo
HAXONUM HETPHBHA/IbHOE DElleHHe y,(x) ypasHerus (2.143), ynesserso-
pAIOLIEE BTOPOMY TPAHHYHOMY YCAOBHIO Yo(x,) ==0; 3TOMy me yciesui
YAOBAETBOPAIOT BCe pellleHns CeMeACTBA CpY; (%), A€ €y — NPOH3BO/bHASA
NOCTOAHHAA,

11*



164 YPABHEHUA TOPSIIKA BHIIE [EPBOIO [rn. e
Pynxuno pHHa wulem B Buie
cy1(¥) mpu XL XK
G(x, §)=
Coyo (x) mpu  sLx <L Xy,

npuyeM MOCTOAHHBIE € M C, BHOHpaeM Tak, 4TOOH OHAN BHNOJHEHH
ycaosna 1) n 4), T. e. utobn dyHkuus G(x, s) OuIa HenpephbiBHA MO X
npu GuUKCHPOBAHHOM 8, ¥ B YACTHOCTH HeNpPephBHA B TOUKE X ==§:

11 (8) == €59, (). (2.144)
H uto6b Gy (x, §) B TOUKe X ==§ UMeaa CKAuOK 'E‘(T):
. , 1
cgy2 (3)"‘01)’1 (S)=';7(-s)‘- (2-]45)

B cuay npelnonoxenus. 4T0 Y, (x;) # 0. peweHns y;(x) # y,(X)
JHHEHHO He3aBHCHMBI, TaK Kaxk Bce JAUHeMHO 3aBHCMMBble OT Y, (x) pelue-
HUS MMEIOT BUA ¢y, (X) M, CAelOBaTeqbHO, Npu ¢) + 0 He obpainawTcs
B Hydb B TOYKEe X;, B KOTODOM o6paulaercd B Hy/b pelleHHe Y, (X).
CJienosaTebHO, onpedenutedb cucTeMbn (2.144) u (2.145), asasioukiics
onpeneantesem Bporckoro: W (y,(x), y,{x))=W(x) B Touke x ==s,
OT/IHYEH OT HYJa H NMOCTOSHHBIE ¢ 4 Cy, YNOBJAETBOPAKIOLIME CHCTeMe (2. 144)
u (2.145), nerxo onpeleasiorcs:

¢ = Y2 (8) Y1 (*¥) o= Y1 (8) ¥o (x)
T WEee) ! TWEp6)
OTKyna
)N (x
lh%;—s))— mpr L x <8,
G(x. )= 91 (5) 72 () (2.146)
i 2
—W—(:s—)m npH s<x < X1

Mpumep Haftth dyuxuuio [puna xpaesoi 3anaun

YWEy@=s0.  yo=0 y(3)=0

Pemenns COOTBETCTBYIOMIETO OIHOPOAHOTO YPaBHEHHA, YAOBAECTBOPAIOWHE YCAO-
puan y(0)=0 o y (%) = 0, COOTBETCTBEHHO HMEIOT BHA Y, =¢(,Sinx u
¥3 == €, COS X, CACAOBATEAbHO, COraacHo (2146)

—cosssinx mpr 0L x5,

~sinscosx npn S<x<g

\

G(x, )m l 11
?Q
3aMeuaHue. Mm npeanosoxuan (ctp. 163), uro He cywecrsyer
HeTPHBUMAILHOrO pellieHds Y (X) OIHOPOAHOTO ypasHeuus (2.143), yino-
_ B/IETBOPAIOILETO Hy/eBbIM FPAHUYHLIM YCJOBUAM y(xy)=y(x;)==0. 310
yciaoBnre l‘apaHTpreT He TOJbKO CyuleCTBOBaHHe H €I1UHCTBEHHOCTh
‘KpaeBoft aadaun (2.138), (2.139), HO W enuHCTBEHHOCTh QYRKUMH Tpuua.
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JeHcTBHTENLHO, €CAR AOMYCTHTb CYyLUeCTBOBAHHE ABYX Da3/HUHbIX
¢yuxuup Tpuna G (x, §) u Gy(x, §) 417 kpaesoR 3amaun (2.138),
{2.139), TO NOAYyuMM IBa Pa3/AHMYHLIX pellleHHs 3TOH 3amauu:

W (Jt¢)=_fG1 (x. 8) f(8)ds

yg(x)=f0.2(x, $) f(s)ds,

PA3HOCTL KOTOPHIX

f[Gl(x. §) — Gy (x. 9] f(s)ds.

BONPEKU MPEANONOMKEHHIO, OyleT HETPUBUAALHBLIM DelleHHeM COOTBeT-
CTBYIOWIETO OAHOPOIHOTO YPABHEHHH, YAOBIETBODPSIOLIMM HY/EBbM Fpa-
HUYHBIM YCTOBHUAM.

3agagn K raase 2

wpn 220 g 1o L 100 mpwe 0. (14 2y +(yV+1=0
2. x4 x=sin! — cos 2L 10. xa.ddzt_’:.}.1=0,
3. yy”—3(y)=0.
” _ I 11. yiV — 16y = x? — ¢%,
LY ty=See :
5. x'y" —dxy +0y=2 12. (y7Y + (y") = L.
6. y"+y=chx. 8 1 x
w2 13, Lx _dx g
7 9 + =5 {y')? == 0. dt dt
dix dx oty dx , dx 2
8. dt2—4TiT+4x—e +e“ 41, . 14. W Q_dtz + x=£=3.
15. y* + 4xy = 0; npOUHTErpUPOBaTb € MOMOIIbIO CTEMEHHHX PAAOH
16. x*y” + xy’ 4+ (Qx" - %) y =0; npOHHTErpHpoBaTh HyTeM CBeaeHun

K ypaBuecHuio Becce.'m
17 y'+0yP=1 y0)=0 y (O)=L

8. y =3V, y Q=1L y (0)=2
9. y4+y=]~—
d* 2 du
arr +7 rdr

21. Hakty cxOpOCTb. ¢ KOTOPOR TEJO ynmajeT HA IOBEPXHOCTb 3eMaH, ecan
CYUTATb, RTO OHO NAAaeT ¢ GECKOHEHUHO 60AMMOM BRCOTH H IBUKEAUE MPOKC-

sinx*

20. =0,
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XOAMT TOMABKO TNOX BAHAHHEM NpHTAXEHAA 3eman. Paguyc 3eman cuurath pas-
HbiM 6400 xu. )

22, HaifiTh 3akOH JBHXEHHA Tela, najawollero 6e3 HauaabHO# CKOPOCTH,
OONYCKaR, YTO CONPOTHBJEHHE BO3AYXa INPONOPUHOHAIbHO KBAAPATYy CKOPOCTH
H 9TO CKOPOCTb MMEET CBOMM MpEReJOM IPH ! —» CO BEAHUHHY 75 M/cek.

23, llenb aauHOK 6 4 cOCKaJb3biBaeT CO CTOJa. B MOMEHT Hayana JBHKE-
HUA CO CTOJA cBHcan 1 u uens. Bo cKOAbKO BPeMeHH CO CTOJA COCKOJb3HET pes
uenb. (TpexneM npenebperaem.)

24, llenp nepe6powena uepe3 rJaajkHi rBo3ab. B MOMEHT Hawana aBHke-
HUf ¢ OAHOH CTOpOHB cBHcaeT 8 4 uenu, a ¢ jpyro# croporn 10 u uenmu.
Bo cKOAbKO BpeMEHH BCf Hellb COCKoab3HeT ¢ reo3as? (Tpenuem npene6-
peraem.)

25, Toeax aBHKETCA NO rOpM3OHTaAbHOMy myTH. Bec moesga P, cuaa Taru
mapoBo3a F, CHJa CONpPOTHBJEHHA NpU ABikenun W =a -+ bv, rie a u b —mo- .
CTOSHHblE, @ U — CKOPOCTb TNOe31a; S — NpoijeHHB NyTb. ONpEreAHTh 3aKOH
JBHXEHHA Toe3fa, CIuTasd, 410 nNpu L =0 s=0u v=0.

26. 'pya B p Ke nojaBelleH Ha NpyXHHe H OTTAHYN €€ HA & ¢M. JaTeM
NpyxHHa OTTATMBaeTCA euwe Ha A ca M oTnycKkaeTcs 6e3 HawaAbHOH CKOPOCTH.
Halitn 3aKOH IBuMEHUR NPYHUHB, NpeHe6peras CONPOTHBAEHHEM CDelb.

27. IlBa OIMHAKOBHX TIpy3a MoABelleHbl K KOHIY nmpyxuHbl. HaliTh 3akon
JABUKEHHE OJHOro 13 rpY30B, ecau JApyroil oGopsercs. [ano, 4TO yANHHEHHE
MpYXHHBI 0] BAUAHHEM OJHOrO M3 rPy30B PaBHO 4 CA.

28, MatepHaibHaf TOYKAa Macchl /m OTTaJkuBaeTcs o ueHTpa O ¢ CHJOH,
[ponopuHoHabHOH paccTosinuio. ConpoTHBJeHHE CPeiR NPOMOPLUHOHAJIBbHO CKO-
pOCTH ABHKeHHA. HaliTH 3aKkOR IBHIKEHHA.

29. HaiiTH nmeproinuyeckoe pelileHHE C NEPHOJAOM 27 ypaBHEHHR

X4 2x=f(t)
rae ¢yHxkuug f(f)=an—1 npu —a <! N H Jajee NPOJOJNKEHA [EpHO-
AHYEeCKH.
" , ! 3.y 42y’ = sh x.
30, yy' + () =—2L . Y'+2y+y
]/1+x2 34,y — y=¢*.
3L yy'y =Y+ ()% 35. y” —2y’ 42y = xe* cos x.

32 x+9x=¢sin3t.

36. (x2— 1) y” — 6y = 1. YHacTHoe pellenHe COOTBETCTBYIOLIEro OAHOPOAHOrO
YPaBHEHHR HMeeT BHJ MHOTOWJeHa.

37. Halitn peitenne u = u (x2 - y?) ypaBHeHus

0%u o%u
T T o =0

3aBHCslIee JHIIb OT x? 4 y2
38. Haiitu pemenne u = u (x? 4 y? + 22) ypaBHeHus

J%u dtu o0%u
Tt g ="0

apasoimeecs dpynkuuedi x? | y? 4 22,

39, MaTtepHanbHas TOuKa MeAJEHHO NMOTPYHAETCR B XUAKOCTh. HaiiTu saxow
JABHKEHHR, CUHTaf, 49TO MPH MEANCHHOM MOrpYXEHHH COMPOTHBJAEHHE XKHIKOCTH
MPONOPUHOHANbHO CKOPOCTH INOTPYXEHMA.
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40. MMpounTerpupoBaTh ypaBHEHHE ABHXEHHs mx = /.(t. x. ). cuMTas, uTo
npaBas 4acTh ABASETCS QYHKUHEH TOAbKO X HUAH TOALKO Xt

a) mx = f (x);

6) mx = f (x).

41, yVI—3yV 4-3ylV — y" = x.

42, 1V 4 2x" 4 x = cost.

4. (14 xPy +(14+x)y +y=2cosin(l4 x).

44. OupefeanTb NEPHOAHYECKOC PELIEHHE YpaBHeHHS

(S #)
i+ Qx‘+2x=25’—2[”-.
n=1

45. Onpeaem-rb NepHORHYECKOE pellleHHe YPaBHEHHS
X+ alx-{- Qg X = f (t),
rRe a4; H 4, — NOCTOAHHHE, a f(f)~—HenpepniBHAaA MepuHoAUYecKas GYHKIHS
nlepHoja 25, pa3narawomasnca B paR Pypve, @) =0 H a; = 0
46. x + 3x = cos £ 4 px3, p — maan#t mapamerp. [IpubamxeHHo ompelenHTDb
nepHOAHYECKOE PelllEHHe.
47. x3y” — xy’ 4 y = 0; IPOHHTErpUpPOBATb YPaBHEHHE, ECAK y; == X ABJAETCH

YaCTHHIM pelLleHHEeM.
48. Haiith auHeitHOE ONHOpOAHOE ypaBHeHHe, WMewllee CacAywuyio (yHaa-

MeHTaAbHYIO CHCTEMY pelleHHH: ¥; =X, y, = =

49. £V x =12 5. 6y”ylV—5(y”)* =0.
50. x =(y")*+y" +1
51. x4 10% 4 25x =2/ -t
52. xyy” —x (y')2—yy =0. 57. y” 4 y =sin3x cos x.
53. yVl—y =¢* 58. /=2y y(h=Ly ()=1

54, yVI4 29IVt y" =X+ e" 89, yy" —(y' ) =y".

/I= !’ L
56, xy y'in r



FTABA 3
CUCTEMb! JU® PEPEHIIMAALHLX YPABHEHHHA

§ 1. O6wmne nonartus

YpaBHeHHe ABWXEHHS MaTepna/lbHON TOYKM MACCH /M NON BeRCTBHeM

cuam F (£, 1. 1)
d?r

mF::F(t, T, 1')

myTeM IMPOEKTHPOBAHHA HA OCH KOODAMHAT MOMKeT ObITb 3dMEHEHO CHCTes
MOH TpeX CKa/JApDHBIX YpaBHeHHA BTOPOro ROPAIKA:

mdx-_/\’(t X, ¥, 2, x.y z)
dZ .
mT=Y(t. X. Y. 2, %, v, 2),
d 5 v .
Fn\dtf =Z({t. x. 9. 2z, x. 9. 2),

UAW CHCTEMON IUECTH YpaBHeHHH MepBOro MOpANKA, eC/AH 33 HEH3BECTHble
GYHKUMM CUHTATb He TOJbKO KOOPAMHATHL X, y, 2 ABHXKYIIEHCA TOYKH,

dr ,
HO ¥ MpOEeKUHH x, y, z ee CKOpOCTH

4t
x=u,
y=u,
z=w; -

mu=—X(t X, ¥, 2, u, v. W),
muv=VY(t, x, ¥y, z, 4, v, W),
miw:Z(t, X, ¥, 2, u, U, w.

[Tpn sTOM OOHYHO - 331a10TCA HAYaALHOE NOJOKeHHe TOUKM X (£)) == X,

YE)=Yp 2{y)=2y u HauaJbHAS CKOPOCTh & (fg) ==u,, ©(fy) ==T,,
w (ty) = w,.
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T2 OCHOBHAA 33J1a4a C HAYAJLHLIMU 3HAYEHHAMH Y€ pacCMaTpHBaJach
B § 6 raasn | (ctp. 51). Tam 6Gwaa nokasana TeopeMa CYILECTBOBAaHWS
N eIMHCTBEHHOCTH pellleHHs cucTeMbl AuddepeHUnabHEX ypaBHeHHUAd

dx

d—t'=fI (¢, X1 X9 oeus Xp)

dx

”#=f2(t' X Xgu vies Xp) o @3.1)
dx

—lﬂ—”:f,l Xy Xgo oves Xp)

YIOBJETBOPSIOMIEr0 Ha4yaAbHHM YCJOBHAM
X, (t()):xio (1=l. 2, “o o n). (3.2)

HamomuuM, 4TO AOCTAaTOYHBIMM YCJAOBHAMHM CYLIECTBOBAHMS H eAHH-
CTBEHHOCTH peweHus cucTemMu (3.1) npu HauaaeHmx ycaosusx (3.2)
ABJSAIOTCA:

1) HempepuIBHOCTE BCeX ¢GYHKUMH f; B OKPECTHOCTH HadaJbHHIX
JHAUYEHHH,;

2) BhilonHenue ycaosus Junumua Aas scex ¢yHKuuf f; mo Bcem
apryMeHTaM, HaugHas CO BTOpOro B TOH e OKPeCTHOCTH.

YcnoBus 2) mMoxHo 3amenuTb 6ouee,rpyObiM, norpefoBaB CyuleCTBO-
BAHMA OTPAHHYEHHHIX 10 MOAYAIO0 YACTHHIX IPOM3BORHHX

0fy —
3%, @ /=1 2. ..., n.
Pewernue cucremb IuddepeHuuaNbHbX ypaBHeHHH x;(£). Xy (), ...
«ovs X, () ABASIETCA f-MePHOM BEKTODP-(YHKUHMER, KOTOPYIO MBI KDATKO
O6yneM oGos3Hauats X (£). B 3mux o6o3HaueHusx cucreMa (3.1) moxer

OLITb 3anMucaHa B BUOE
ax
- =F X).
rie F — Bektop-¢pyHkuna ¢ xoopiuHataMu (f, fo. ..., [fp)s & Haua/b-
HBle ycaosns B Buie X (f;) = X, rie X, eCTb n-MeDHHHR BEKTOp C KOOP-
AMHATAMH (X1g, Xggs « 0«1 Xpg)e
Pemtenue cucreMbl ypasHeHu#

Xy=x%(t), Xp=X3(&) ..., Xp=1x,(),

uaM kpatko X = X (f). onpene/iseT B eBKJIMIOBOM NPOCTPaHCTBE C KOOP-
IOWHATaMK ¢, X, Xq. ..., X, HEKOTOPYIO KPUBYIO, HA3HBAEMYyi0 LHME-
2pasbrol kpusolh. pu sumONHeHuR ycaoBuit 1) u 2) Teopemn cylue-
CTBOBAHHA M eQHHCTBEHHOCTH ueped KAXAYI0 TOUKY 3TOro NPOCTPAHCTH!
MPOXOAUT eNUHCTBEHHas WHTerpanbHas KPHBas M MX COBOKYIHOCTb oOpa-
3yeT 7-napaMeTpHYecKoe CeMefiCTBO, B KaUecTBe IapaMeTpoOB 3TOro cemel-
CTBa MOryT GhITb B3ATH, HANPUMED, HAYAAbHbIE BHAUEHHA X1g, Xggs o+ .+ Xppe
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BoaMoxHa ¢ apyras uHTepnpeTauus pewreHni
Xp=="X1(£), Xg=Xq()s v00y Xp=X,(?),

uad Kpatko X = X (£), ocobenHo yano6Has, ecH MpaBble YaCTH CHCTEMBH
(3.1) Re saBHcAT 8BHO OT [,

B eBKAMIOBOM NPOCTPaHCTBE C NMPAMOYTOJbHLIMH KOOPIAMHATAMH X,
X3 +..s X, pellenHe x;=x;{), Xo=x3(), ..., x,=x,(f) omnpe-
AejifeT BaKOH ABWXEHUR TNO HEKOTOPON TPaeKTOpPHM B 3aBUCHMOCTH OT
M3MeHeHHs TNapaMeTpa £, KOTODHIH (pH STOH HHTepnpeTauun Mbl GyneM

axX
cunTaTh BpeMeHeM. [IpH TakoH HHTepnpeTauuu NPOU3BOAHAS i Oyaer
dx, dx, dx,
daf ' Taf 't Tdt
ckopocTH TO# ke ToukH., [Ipu 3To#t uHTepmperauu, BecbMa ya0GHOH
H ecTeCTBeHHON BO MHOIHX (pH3HYECKMX H MeXaHHUYEeCKHX 3a134aX, CHCTeMa

d .
%:fl(t, X5 Xg eea, X)) (=1,2, ..., n), (3.1)

CKOPOCTbIO ABHXEHHS TOYKH, a —— KOOpaHHaTamy

HJ/H

ax
L =F(¢ X)

o6LIYHO Ha3nBaeTcd OuHAMUYECKOL, TIPOCTPAHCTBO C KOOPAMHATAMH
X1, Xg, ..., X, HadblRAeTCR Paszossis, a xpuras X = X (£) — pasosod
mpaexmopuel.

IuHamuyeckas cuctema (3.1) B 3agaHHblt MOMEHT BpeMeHM ! onpele-
ARET B MPOCTPAHCTBE X;, Xg. ..., X, NOJe ckopocteh. Ecau pekTop-
byHxuus F 3aBUCHT I BBHO OT f, TO NOJME CKOPOCTeHl MEHRETCS ¢ Teue-
HueM BpeMeHH 1 ()a3oBbie TPaeKTOPHH MOTYT nepecekaThcs. Ecau xe
BeKTOp-(pyHKuMA F, MAM, YTO TO e CaMoe, Bce QyHKUMH f,, He 3aBHCAT
ABHO OT £, TO NMOJe CKOPOCTEHl CTaUMOHAPHO, T. €. HE H3MEHAeTCR C Te-
YyeHHEM BpeMeHM, W ABMKeHHe OyleT YCTAHOBUBLIHMCH.

B nocneaHeM cayudae, ecaM ycJAOBHS TeopeMbl CYWIECTBOBAHUA H
@IMHCTBEHHOCTH BBIMOJIHEHB!, 4epes kAXAYI0 TOUkY (asoBOro NpocTpad-
cTBa (X4, Xg ..., X,) OyldeT MPOXOIHTb /HIUL ONHA TpaexTopHa. JeH-
CTBHTEJbHO, B 3TOM caydae 1O KawiaoH Tpaektopun X == X (£) cosep-
waetcs GeckOHeyHoe MHOXKECTBO pasauyHblX aBMkeHuid X = X (£ 4 2),
rie ¢ — NpPOU3BO/bHAS HOCTOSIHHAA, B 4YeM Jerko y6einTbCf, COBEpLIMB
3aMeHy TNepeMeHHhX ¢,==£f- ¢, INpH KOTOpOH# IHHAMMYECKAA CHCTeMa
He M3MEHHMT CBOero BHIa:

axX
a =F (X),
n caepoBateabHo, X = X (£;) Oylner ee pelleHneM, HAH B NpPeXHHX
nepeMenHniX X =X (£t + ¢).
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Ecau 6u yepes vekotopyio Touky X, $a30Boro npocTpaHcTBa B pac-
CMaTpUBAEMOM Cjyuae NPOXOIHJIH [Be TPAEKTOPHH

X=X(t) v X=X,(0), X (t)=X,(t))=X,
TO, B3fB HA KAXAOR M3 HMX TO JABHXEHHe, MpH KOTOpoM Touka X
NOCTHTaeTCH B MOMEHT BpemeHu f=#£,, T. €., pacCMaTpuBas pelleHHs
X=X (t—ti+t) nu X=2X,(t—t,+1t)
110/yydM HPOTHBOpEUHe C TEOPEMOH CyIIeCTBOBAHUA M eNMHCTBEHHOCTH,

TaK Kaxk [1B2 DAa3JMuHbIX pelleHus X (t—ty+1) 1 Xyt —ty+ 1)
YIOBIETBOPAIOT OJAHOMY M TOMY K€ Hayafb-

HOMY ycnosiio X (fp) = X, y
[Ipumep Cicrema ypapHeunit
dx dy
= ¥, S E =" X 3.3)
HMeeT, KaK HeTpyIHO MPOBEpHTbL HEMOCpEeaCT- f —\
BEHHOH MOACTAHOBKOH, cielywouee ceMeHcTBO 0 z
pelneHuii:

= ¢} €0s (t — ¢y),
=—¢; sin (£ — ¢y).

PaccmaTpuBas ! kak mapameTp, NOAyYHM Ha da-
30BOM IJOCKOCTH X, y ceMEHCTBO OKDYKHOCTEH
¢ UEHTPOM B Hadaie koopauHat (puc. 3.1). [lpa- Puc. 3.1.

Bas 4acTh cucTeMbl (3.3) He 3aBHCHT OT ! H

YIOBJETBOPAET YCJIOBHAM TEOpEeMH CYIIeCTBOBa-

HHA ® eIHHCTBEHHOCTH, NO3TOMY TPAeKTOpHM He DepecekatorTca. Pukcupysa ¢,
NOJAYYHM ONpERENEHHYIO TPAEKTODHIO, IPHYEM Pa3JHUHHLIM C; OyAyT COOTBETCTBO-

BaThb %)anlH'lele JIBHMEHHA 1[0 3TOH TPAEKTOPHH. YPaBHCHHC TPaeKTODHH

x2 4+ y* = ¢? ne saBucuT OT ¢, TaK 4TO BCe MBMMKEHHA NPH (PHKCHPOBAHHOM C

cOBeplIalOTCA NO ofHO#f M ToH we Tpaekropun. [Ipu ¢, =0 ¢asoBas Tpaek-
TOpHAI COCTOHT H3 OAHOH TOUYKH, Ha3bIBaeMOH B 9TOM CaAyuae mouxkoi noxkos
cucteMu (3.3).

§ 2. UnaterpupoBanne cuctembl auddepeHuHaNbHbIX YpaBHeHul nyTem
CBeneHHd K OfHOMY ypaBHeHHMIO (oJee BBICOKOro nopsaka

O@uH M3 OCHOBHBIX METONOB HHTErpHpPOBaHUsl CHCTeMBl auddepen-
UHMaJbHBIX ypaBHeHHH 3aK/0yaeTCs B CJAeAYIOLeM: U3 ypaBHeHHH cCu-
cteMbl (3.1) 1 u3 ypaBHeHuH, noayuawouiuxca nuddepeHnposatueM ypas-
HeHUH, BXOAALLMX B CHCTEMY, MHCKJIOHAIOT BCe Heu3BeCTHBe QYHKUMH,
KpOMe ONHOM, A4 OnpelefeHHs KOTOpOH MoayuyawT onuo AHddepeH-
LHa/ibtioe ypasHenne Gonee BHCOKOro nopsaka. Kurerpupys sto ypas-
HeHne 6oJiee BLICOKOrO MOpAAKa, HAXOAAT OXHY M3 HEH3BECTHBHIX (YHK-
LUM#A, a OCTa/bHble HEH3BECTHRE (YHKUHMH, 10 BO3MOKHOCTH Ge3 MHTerpa-
uuit, onpeneqAOTCSs U3 MCXOAHHIX ypasHeHHH H ypasHeHHH, MOSyYHMBIIMXCA
B pesy.abTate HMX audpepeHuuposaHus.
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HaaoctpupyeM CckasaHHoe NpuMepaMmu.

[lpruep L
dx _ o dy
a =) aF=*
d*x dy
Juddepenunpyed 0JnO H3 ypaBHeHHH, HaMPHMEDP MepBOE. 4 =3 H, HCKMIO-
2
was —dd—%’- € TOMOWBbIO BTOPOrO YDaBHEHHSA, MNOJYYHM % —x =0, oTkyna

- dx -
X = c,e‘ + ¢pe L Wcnoab3ys nepeoe ypaBheHHe, MOAy4YaeM y = - = ¢ ' —cqe £

Mu onpeneaunu y 6e3 unTerpanuil ¢ noMoutbo nepsoro ypasrenHa. Ecayn 6n
MB OTpeJeAnad y H3 BTOPOrO ypaBHEHHS

d
d—¥=x=c,e‘+c2e". y=ce' —ce”" + ¢,

TO BBEAH Obl JHIINHE PELIEHH, TAK KaK HEMOCPEACTBEHHAS MOACTAHOBK2 B HCXOA-
Hy10 cuc1‘euy ypaBHeHu# noxaauaaer YTO CHCTEME YAOBAETBOPAIOT YHKUHMH

x=cetdeet, y=ce'—ce 4 ¢, ne npn NpOHIBOALHOM €5 A AMwb

npr ¢g=0.
[Iap uMep 2
dx
=7 =32 (3.4y)
d
- 7?— =2x—y. (342)
JuddepenunpyeM BTOpoe YpaBHeHHe:
d*y _, dx dy
ar T dr T A @.5)
AMa ypaBuenti (3.42) n (3.5) onpefenseM x u ‘ft—f:
1
X =z ( +y ) (3.6)
dx 1
TT ( a v )
MoacraBasa B (3.4)), moayunm
d!
dti’ - _+)’ 0.

Hnterpupyem nOle‘leHl-loe JAHHEHHOe OJHOPOZHOE ypaBHeHHe ¢ MOCTOAHHBIMH
K09 pdHIHEHTaMH y=2e* (c,+c2t) H, noicrasaas B (3.6), Haxognm x ({):

= 7 ¢ (2¢, + ¢, + 2cut).

"Mpumep 3
P dix d?y
=Y g =
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dty d'x
JOupdepennupya nepBoe ypaBHEHHE, MOAYYHM = gE " MOACTABAAR BO

d‘x
G = Muterprpys 810 anHefHoe OAHO-
POIHOE YpPaBHEHHE C MOCTOSHHHIMH KOSDOHUHEHTAMH, NOXYUHM

BTOpO€ ypaBHeHHe, OyzeM HMETb

x=ce' 4 ce” 4 ¢ycost ¢, sin,
H, IOoACTaBAAA B nepBsoe ypaBHeHHe, HaxXORAHM
y=c¢' + ce~t —eycost—e,sint.

Omnwem Tenepb ©GoJee TOYHO MPOMECC WCKJIOUEHHS M3 CHCTEMHI
ypaBHeHUN BCeX HEHSBECTHHX (QYHKUHHA, KpoMe OAHOH.

[ToxaxeM BHauale, YTO ONHA M3 HEM3BECTHHX (QYHKUMH, HanpHMep
X, (£), pxonsmwas B cocTaB pewleHHs Xy (£), Xo(£)s «.., X4 () cucTeMbi
IndepeHusalbHEX ypaBHeHuH:

dx

‘dTl_fl(t» Xps Xgs aves Xph

de

— =Ft X Xy oo %), (3.1)
dx

—-—dtn .—-—fn(t, xl; x2, R xn)y

YAOBAETBODHET HEKOTOPOMY YDaBHEHHIO 2-TO HOpANKa, NPH STOM Mbl
IpeAllONONUM, UTO BCe GYHKUMU f, UMEIOT HeMpepHIBHHE YacTHble Mpo-
H3BoaHHE 10 (7 — 1)-r0 nopsaka BKJ/IOUHTENbHO 110 BCEM apryMeHTaM.
IMoxncrasus B cuctemy (3.1) HekoTOopoe petwenue x(£), xq(£), ..., X, (D),
o0OpaTdM BCe ypaBHeMHS CHCTeMH B ToX/JecTBa. B wacTHOCTH, B TOkIe-
CTBO OGpATHTCH ¥ MepBOe ypaBHEHHE CHCTEMH

dx
—=f1t Xy X ooes %)

[Npoauddepenunpyem sTo TOKAECTBO 10 £

dzx, — df, af, dx,
=gt E »

dx,

HJ/IH

d? 0 i}
=g +}‘ T f (3.7

Al

¥, 0603Ha4UB MPaBYIO YaCTh MOC/AEAHErO TOKNECTRE Fy(t, %), X9 « o .s Xp),
TIOMYUUM:
d2X|

SR =Fats X1 Xp eoy Xy (3.79)
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CHoBa ZnddepeHunpyeM 3T0 TOXIECTBO:

dux1 dFQ sz dx1
L E

ar = ox; al '

Uan
d3x dF ﬁ JoF a
=+ X e (3.73)

i=]

#, 0003Ha4YHB NMPaABYI0 YACTb MOCAELHETO TOXAECTBA Fy(f, Xy Xgu vy Xp)

TOAYYrM:
d3x,

—1173—=F3(t. X1v Xgs weey Xp)h (3.72)

Onsate audpepeHunpyeM 3TO TOXKAECTBO M, MPONOMKAA STOT npouecc
n — 2 pa3a, MOJYYMM, HAKOHEU, TOXIECTBO

dﬂ-lx1

—1 =F,_(t, X5, Xg «ves X (3,7?,_1)

audepenlupys KOTOpOe eule pa3 ¥ NOJb3yaAch TomiecTBaMM (3.1),
6yaeM uMeTb:
d"xl

7 =F (t, X\, Xg1 e0ey Xp).

HMrak, nonydsens n— 1 Tosiects

d
SL=fit Xy Xy e X,), (3.7,
d?x,
'—at—'——fQ(t X1o Xgo veny Xph 3.7y } @.7)
dn-l
W—ill‘=Fn-x (B Xy Ko ovns X)) (374)

H elle OIHO TOXAECTBO
d"xl

=Pt Xy Xp eees X (3.8)

Hpe}monO)KHM, 4To B paCCManMBaeMOﬂ 06JacTH U3MeHeHHs nepe-
MeHHBbIX OHpeﬂeﬂHTeﬂb
D(fy Foo Fs, ..., Fy_
(S Fa Fy n=1) £ 0.

D (xy, x3. x,, .... Xp)
Torna cdcreMy (3.7) MOXKHO pa3pelluTb OTHOCHTENLHO Xy, X3, sesy X,
. dx; d"'lxl
ALIpa3uWB HX uepe3 NepeMeHHBE [, X, o TgEe IToacrasus
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HalleHHHle M3 cHCTeMH (3.7) mepeMeHHHE Xy, X3, ..., X, B IHOCIelHee
ypasHeHue (3.8), néayuHM ypaBHeHHE 7-F'0 NOPALKA

d"x, dx, d"lx,
o =(D(t, o L Lo, (3.8)

KOTOpPOMY YyaoBJAeTBOPSeT GyuxuMa x,(f), ABMABINAACA NO IMPEAOa0ke-
Huio ¢yukunedt x,(£) pewtenust xy(£), Xo(£), ..., x,(f) cucremu (3.1).

HoxaxeM Temepb, UTO ec/]H B3AThL J0Goe pelireHue X (f) MoJayyeH-
HOro ypasHeHust n-ro mopanxa (3.8,) noxcrasuth ero B cucreMy (3.7) u
onpeleanTb W3 STOH CHCTeMB X9 (f), X3(f), ..., Xx,(f), TO cHCTeMa
Gyunkuut

X1 (@) Xq (@) ooy X0 3.9

6yner pemetvem cucteMs (3.1).

[MoacraBum nainennyo cucreMy ¢yukuuit (3.9) B cucremy (3.7) M TeMm
caMbiM 00paTHUM BCe ypaBHeHHA STOft CHCTEMBl B TOMJECTBA; B YAaCTHOCTH,
MOJMy4uM TOXIECTBO

dx

—-=/ 1 % Xy o oes Xy (3.7)

Huddepenuypysa 570 ToXAeCTBO MO £, GyleM UMETb:

n

d2x, — 0f1 N (3f| d":i

e —a—t+2.:a7—dr- (8.10)
L=

dx;
B sToM TOXHAeCTBe MOKa He/ML3s 3aMeHHTb —dT (.’py}{KU,HﬂMH .fi’ TaK KakK

Mbl ellle He JOKa3a/d, YTO MOJydYeHHbie YKA3aHHBIM BHIUE NyTeM U3
ypaBtenus (3.8) u cucremm (3.7) QyHKUMU Xy, X5 ..., X, YEOBJAETBO-
paor cucteMe (3.1), 6oJee TOro, UMEHHO 3TO YTBep:KIeHHE H ABJAETCH
UEMBI0 Halllero 10KAa3aTe/abCTsa.

Briuutas mnousenHo u3 toxaectsa (3.10) Tomaectso (3.7,), B3aTOe

B pa3BepHyTOM BHIE (3.7;), 0J1y YMM

b=

0f1 dxz —
T (G —r)=0
i=1
nau, B cuay (3.7,
n
N Y dfl dxz ——
Ex—l (d_t —fi) = 0.

i
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CosepiieHHO aHajioruuHo, Auddeperuvpys tOMAecTBO (3.7,) 4 BhHUMTAR

(3.73), sarem nuddepenunpys Toxaectsa (3.7,)  Buunras (3.75) u T. 4.,
N0y YUM:

. n
dFQ dx[ '
o (G 1) =0
=2
- oF .
n—1 [ dXi .
(G —r)=0
i=2

Tax xax onpeleauTenb JAUHEHHOH OKHOPOJKHON cHCTeMb! ypaBHEHHH

n
ofy (dx; _
(G —1)=0
{=2
- df, (dx; _
% (_d‘z‘ —f,)—f). @3.11)
.n.dF e
\? n_1 { dx; ‘_
& 7o (Lt —r))=o.

cocrosmet u3 (n— 1)-ro ypasHexHus ¢ n— 1 HEU3BECTHHIMH (%«f,)

({=2, 3, ..., n), coBnagaer c OTIHYHLIM OT HYIA (QYHKUHOHAJAbHEIM

onpeneaureeM
D(fi, Fooooi Fu_y)
D (x5 %3 ..., Xp)

To cucreMa (3.11) B kawinof Touke paccMatprhBaeMoH ob6iaacTd uMeeT
TOJbKO TpPHBHA/bHbIE DPellleHHA

L fi=0 (=23, ..., n).

[puunMaq BO BHUMauue euwle (3.7,), noayuaeM, uTO n QYHKUUA X,
Xgs +e.s X, SBJIAIOTCA PELIEHHEM CUCTEMBl ypaBHeHHH
dxy .
W-:fi(t, Xin Xgs »ees x,,) (l=l, 2,..., ﬂ)-
3ameyvanne 1, YkasaHHEHA 3pechb npoUece UCKAKOUEHUs BeeX (yHK-

un#, KpoMe OAHOfl, MpeAno/aaraer, utTo

D(fy. Fo ooy Fuoy)
D (Xg. X3s soes Xn)

+ 0. (3.12)
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Ecau 3TO yCI0BHE He BHNOAHEHO, TO MOMHO [PHMEHHTb TOT ke
npouecc, HO BMeCTO YHKUHMH X, B3Tb KAKYO-HHOYAb ApYrylo H3 PyHx-
UM Xy, X3, ..., X, BXOIAIIMX B DpelleHHe cucTeMu (3.1). Ecau xe
ycaosue (3.12) He BuInOAHAeTCA nmpy aA1060M BHOOpe BMECTO x; Kakof-
HUOY b GYHKUMK H3 X5 X3, ..., X,, TO BO3MOXHBl Pa3JHuHbIE HCKJIO-
YuTeabHbIE CAYYaH, KOTOPHiE MB H/JIIOCTPHPYEM CJACLYIOWMH TIpHMEpaMu.

flpnmep 4 N
dx
Tti = fi (t. x1).
dx
—7 =11t x3).
dx,

ar = f3 (¢ x3).

CucteMa pacnanacb Ha COBEDIIEHHO HE33aBHCHMBIE Mexay cobo# ypasHenus,
KalK10€e W3 KOTOPHX NPHXOLUTCA HHTErpuposatb OTHCALHO.

flpaumep &
dx
'd—tl=f1(t' xy),

dxy af2
—7 =2 (8 X2 X3), Ty #* 0,

dx; .
‘7{3‘=f3 (£, x4, x3).

B2 noCAeAHHX yPaBHEHHS MOXHO YKAa3aHHLIM BHIINE METOIOM CBECTH K Of-
HOMY YDaBHEHMIO BTOPOrO MNOPAAKA, HO NepBOE ypaBHEHHC, COAEpKAllee HeHa-
BECTHYIO (QYHKLHIO X;, He BXOAAINYI B OCTaAbHble ypasBHeHHd, Hafo MHTErpHPO-
BaTb OTAEABHO.

3aMeuanne 2. Ecan npumeHuTb yKasaHHbIH Bhillle MPOUECC HCKJIO-
YCHHS BCeX HEN3BeCTHbIX (YHKUMH, KpOMe OAHOH, K CHUCTEME

dx;
dt

a (x;, (E=1,2, ..., n),

s

1]

]

Ha3bIBaeMON JMHeRHON OAHODOAHOMN, TO, KaK HeTPYLHO NpOBepUTh, YPaB-
HEHHE 7-T0 NOPANKa

d"xl dx, d”—lxl
—dt—n——_—(D(t, x,,—dt—,....—z;l_—l (3'81)

TOie OyneT NHHeHHBIM ONXHOPOLHLIM, NPHUYEM eC/H BCe KOIQUUKEHTH @,y
OLLIN MOCTOSHHEIMM, TO U ypaBHeHHe (3.8;) Oynzer aHMHeHHBIM OZHOPOL-
HbHIM ypaBHEHHEM C MHOCTOSHHBIMM  KO3(pdHUMeHTaAMH. AHAJIOrHUHOe

12 7. 3. 3ascroasn
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3aMeuaHMe CNPaBeNJMBO M A4S JMHEHHON HEONHOPOIHOR CHCTEMB

%‘=Eau(f)x;+fz(t) ¢=1,2 ....n,
]=1

Aas kotopo#t ypasHeHue (3.8)) OymerT nuHeHHHM HEONHODOIHHIM ypaBHe-
HHUeM 7-Fo NopaiKa.

§ 3. HaxowaeHne uuTerpHpyembix KoMGuramull

Hurterpuposanue cuctem RudpdepeHLHatbHBX ypaBHeHHH

B filts Xy Xy een x,) (=12, ..., 1) (3.1)
HepelKO OCYNIeCTB/IAETCA NyTeM MoxBOopa TaK HA3LIBAEMBLIX UHTErpPHPYEMBIX
KOMOuHaLH.
Humezpupyenoli xombunayueli naspiBaeTca auddepeHunanbHoe
ypaBHeHHe, sBIflOlleecs CJAeACTBHeM ypaBheHuft (3.1), HO yxe Jerko
HHTETpUpylOleecs, HAllpHMep sBJsIONleeC ypaBHeHMeM Buia

dD (¢, %y, Xg .oy x,)=0

HAM ypaBHEHHEM, CBOAAUIMMCA 3aMeHOR I[epeMeHHBIX K KaKoMy-HuOyib
HHTErpUpyeMOMy THNY ypaBHeHuH c OZHOM HeH3BECTHOR (QPyHKUHUel.

MMpumep 1
a = =
CkJaanpiBag NOYJNEHHO JRaHHBIE YDABHEHHS, HAXOAHM oxm& HHTETPHPYEMYIO KOM-
GUHALUIO
dx+y _ d(x+y) _
7t =x-t+y Hm *x+y =dt,
OTKYAA

Infx+yl=t+lne, x+4y=cé.

[MouseHno BeYMTaf M3 NMEPBOrO ypaBHEHHS CHCTEMH BTOpOe, MOJyuyaeM BTOpY IO
HHTErpupyeMylo KOMOHHALHMIO
d(x—

dx—y) _ _ »_
—-—dt—--——(x y) HaHn x—y = dt,
¢

Infx—yl=—t+1Inc, x—y=ce "

Utak, HaflleHO ABa KOHeYHBX YypaBHEHHS!
x+y=cpet
U3 KOTOPHX MOXeT GHTb ONpejeneHO pellleHHe HCXOXHOH cHCTEMH

o ox—y=cee?

x= -;— (cief +coe™), y= —;— (ce* —cee™?)

U _ _ _
x=ce 4 et y="¢t — et



§.31 HAXOXIOEHUE UHTETPHPYEMBIX KOMBMHAUMH 179
Oznxa uHTerpupyemas xOMOMHALMS NaeT BO3MOXHOCTb MOJAY4UTb OLHO
KOHe4YHOe YypaBHEHUe
Dt xp X90 ooy X)) =0y,
CBA3LIBAKOIIEe HEH3BeCTHbie (YHKLHAY M He3aBHCHMOe [epeMeHHOe; Takoe

KOHeuyHoe ypaBHeHHe Ha3blBAETCA nepeuiM urmezpasom cucmemst (3.1).
Hrak, nepshM HHTerpa/iom

D, x;, X9 oouy X)=C¢ (3.13)

cucteMel ypasHeHui (3.1) HasniBaeTcs KOHEYHOe ypaBHeHHe, ofpaitaiw-
meecs B TOXAECTBO MpHM HEKOTOPOM 3HAaYeHHH ¢, e€CJAH BMeCTO x;(f)

(!=1, 2, ..., n) noAcTasjeHo pellleHHe cucTeMsl (3.1).
HacTo nepsBHM  MHTerpajoM  Ha3blBalOT  TaKme JeByl  4acThb
Qt, %, Xg .... Xx,) ypasaenus (3.13), u Toria mnepsHi#t HHTerpan

onpenessteTcss Kak (QyHKUMsA, HE PABHAR TOMAECTBEHHO INOCTOSHHOM, HO
COXpaHAIOIAA MOCTORHHOE 3HAYEHHWE BIOJb HHTErPaJbHHIX KpPUBLIX CH-
creMb (1).

TeomerTpuuecku nepseift uHterpan @ (f, x,, Xy, ..., x;)==c¢ npH
(UK CHPOBAHHOM C MOXHO MHTEPNpeTHPOBaTb KaK /Z-MEPHYI NOBEPXHOCTb
B (n -4 1)-MepHOM NpOCTPAHCTBE C KOOPAHHATAMH £, X, X9 +.., X,
061aaa101LyI0 TeM CBONCTBOM, YTO KaXJAasf WHTErpajbHAs KPHBAA, HMEIO-
mas ofbwylo TOYKy ¢ 3TOH NOBEPXHOCTHbIO, LEJMKOM JIEHKHMT Ha NOBepX-
HOCTH. [IpM nmepeMeHHOM ¢ NOJyuyaeM ceMeHCTBO HerepeceKaloHuxcsa Mo-
BepXHocTeHl, 06/aAaI0LIMX TEM e CBOHCTBOM, T. €. COCTOILULMX M3 TOHYEK
HEKOTOPOro (7 -— 1)-napaMeTpUYECKOro ceMeACTBa WHTEerpaJbHbIX KPUBLIX
cucrems (3.1).

Ecan HafneHo & nHTerpupyembix KomOuHauu#, TO noiayyaeMm R mep-
BHIX HHTErpanosB:

(D‘ (t. x). x2. vo ey xn)=cl‘
Dy (¢, xp Xy ooty Xp) =0, (3.14)

« e . L

(Dk(t' X1, x2| ey xn):Ck_

Ecau Bce 3TH HHTel‘pa-’Ibl HEe3aBUCKHMBI, T. €. €CJH XOTH Oul OIUH orpe-
JeauTelb
D (@, D, ..., Dp)

D(xll, xlz. xjk)

TIE X;, Xjp voes xjk—KaKue-Huéynb kR dyukmuit U3 x;, X ..., X,
TO u3 cucTeMbl (3.14) MOXHO BHIpasuTh & HeHsBeCTHHX ¢YHKHUR uepes
OCTa/bHHe H, NMOACTaB/fAa B cucTeMy (3.1), cBecTd 3amaty K HMHTerpupo-
BAHHIO CHCTEMbl ypaBHEHUH C MeHbIHM YHCJOM Heu3BecTHHX. Ecian B =n
H BCe MHTErpaJbl HE3aBHCHMBI, TO BCE HEH3BeCTHHE QYHKUMH ONpeleafioTcs
H3 cuctemul (3.14).

+ 0,



180 CUCTEMBI AHOSEPEHUMANLHBIX YPABHEHURN [T s

Mpumep 2
’ dx dy dz
VTR g =ETA =Xy

CnoXuB NOYJEHHO YPAaBHEHHA 9TOH CHCTEMBI, MOJYYHM

dt+ + dt —0 HJH dt (X+y+2)'—'
OTKy[la

x+ytz=c.

Hajinenusii nepBHfl HHTErpaJ NO3BOJAET BHIPA3HTL OAHY H3 HEH3BECTHHIX (YHK-
uuil Yepes OCTaAbHblE NEPEMEHHBIE M TeM CaMBIM CBECTH 33Jaly K WHTerpuposa-
HHIO CHCTEMB AByX YpaBHeHWii ¢ JBYMA HeM3BeCTHHIMH Qyukuuamd. Oxnako
B JAHHOM CJAyuae Jerko MOXHO HafiTH elue OXMH NepBblfi KHTErpat. Y MHOXKHM
flepBO€e YPaBHEHHE MOYACHHO HA X, BTOPOC Ha ¥, TPEThE HA Z H CJOKHMM:

dx dy dz
*artyateg =0
HIH, YMHONHB Ha 2, MOJYHHM

d
F (x*+y*422)=0,
OTKYyZa

Pyt =gy

W3 1Byx HaiileHHBIX NEPBHIX HHTErPAJOB MOXHO BHPA3UTh JABE HEH3BECTHHE
Q)yHKLlHH uepes OCTaJabHBIE nepemeHHue H TeM CaMBIM CBeCTH 3ajavy K MHTEerpux
POB@HUIO OJIHOTO YPaBHEHHf C ORHOH HeHaBeCTHOH dyHkIueil.
[Ipumep 3.
\ d dr
Ad_t=(3_c)qr. _"=(C Arp. CL=(A—B)p.

rae A, B u C —rnocTosnHue (3Ta CHCTEMa BCTPEYaeTCS B TEOPHH UBMXKEHUS
TBEpAOrO TeAa). YMHOMXaAR MepBoe ypaBHEHHEe Ha p, BTOpOE HA ¢. TPETbe Ha r H
CJa/biBas, NOJYYHM

ap L+ Bg S+ cr s
OTKyJa HaxXOXMM NEePBMH HHTErpan

Ap*+ B+ Cr: =¢,.

YMuoxas nepeoe ypaBHeHHE Ha Ap. BTOpOe Ha Bg. tperbe ua Cr u ckaagmBas,
6yneM HMETb

a1p 2P 4 prq O Cor O =0,

H, MHTErpHpys, MOJYUHM €lle OJHH NEepBHH HHTErpan
A2p? 4 B2} Cri =,

Ecan uckmounts cayuaih A= B=_, Ipu KOTOPOM CHCTEMa HHTEIDHUDYETCR He~
NOCPEACTBEHHO, TO Ha#JEHHbIE epBhle WHTErPaIbl He3aBHCHMH H, CAefOBaTEbHO,
NOAb3YACh STHMH NEPBBIMH WHTErpaJaMH, MOXHO HCKMOYHTh IBE HEH3BeCTHHE
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OyHKIUK, BPHYEM AR onpefedeHHA TpeTbed ¢yHKIuW UOJY9HM OAHO YpaBHeHHE
€ pasgensOUIMMHCA NepeMeHHhIMH,

Ilns HaXOXIeHHs HMHTerPHpyeMblX KOMOWHAunm# wacto yro6HO nepe-
XOINTb K TAK HadbiBaeMOH CHMMeTpHYecKOH (OpMe 3anncH CHCTeMH ypas-
nenut (3.1):

dx, _ dx, _
G (X1 Koy vees X5) G (b X1 Xay s X)) 000
dxn at
I A N A I A (315)
rae
cPi (t' X1, X oo ny xﬂ)

fl(t’ xl, x2, >e oy x,,)—‘——' ([=1. 2, «v ey n).

Go (8. X1 X900 vt xp)
B cucreme, 3anaHHO# B CHUMMeTpHuUeCKOH ¢opme, NepeMeHHbe BXOMAT
paBHOMpPAaBHO, YTO HHOrLA 00.JervaeT HaxOMIeHHe HHTErPHUDYEMBIX KOM-
Onunauui.
Mlpumep 4.
dx _dy __ az
xE—yr—2t T xy  2xz’

(3.16)

AuTerpupys ypaBHenne
dy _ dz
2xy ~ 2xz

HAXOAHM —ﬁ—:cl. Y MHOKAR 4UCAMTENH M 3HAMEHaTeJH TNepBOro H3 OTHOMEHHH

cucteMs (3.16) Ha x, BTOPOTO Ha y, TPeThEro Ha z ¥ COCTABAAA MPOM3BOLHYIO
OponopuHi0, NOAYYHM

xdx+ydy+zdz _ dy
x(x24+y? 428 T 2xy’
OTKYAA
In(x*+ y*+22)=Inly|+Inc,,
nau
Kty 42
—_— =y,
y
Haiinennne He3aBHCHMBiE NepBHIE HHTErpaJni
2 2 2
l:c, H —__X+y+2 =03
Z -y

omnpeneadioT HCKOMbI€ HHTErpaJbHLIE KpHBLIE.

§ 4. Cucremnl auHeliHbix aHGdepeHtHANBHBIX YpPaBHEHHH

Cucrema mMoQepeHUUaNbHBX YPABHEHHH HA3LIBACTCH AUKEBHOH, eCau
OHa /uHeRHA OTHOCHUTEJBHO BCeX HEM3BECTHBIX (YHKUMH M uX Npouspoi-
Hux. CHcTeMa 7 JuHefHBIX ypaBneHUH [epPBOro MopaiKa, 3aNUcaHHaA



182 CUCTEMBI UG OEPEHUMANIBHBIX YPABHEHHM

B HOpMaibHOH QopMe, HMeeT BUA

n
dx;

—F = ay@Ox;+fi¢), ¢=12,.... n),
j=1
#AH B BEKTOpHOR dopme
X

[rn.s

(3.17)

(3.18)

rie X eCTb n-MepHbif BEKTOp C KOOpAMHATAMU Xy (£), Xo(£), ..., X, (),

coer fa®),

F ectb n-mepubift BexkTOp ¢ KoopAuHaTamMu [ (£), fo(f),
KOTOphbie ynoOHO B JajbHEALlEM paccMaTpuBaTh KakK ONHOCTOAOIOBbIE
MaTpHLbE
| .
X1 fi
X9 /2
X = , F=| - 1,
2] | /.
dx,
dt
2y 8- 8y, dx,
dat
A= %1 ap ... 8y | 4dX __ .
. . . dt :
Q1 Cpaeev Qpp
dx,
dt

CoriacHo npaBujly YMHOMEHHS MaTpul CTPOKH NEpBOro
IO/IKHBl YMHOXATbCAd Ha CTOAGEL BTOPOrO, CJAELOBATENLHO,

n n
a,:X; Q%

jgl 1j*j jzﬂ 1 j+fl
n n

AX = }%azm’ . AX+F= %‘121”1-*-5
L e
2 a,;%, 2 a,%,4 £,
j=1 Jj=1

MHOXHTE A
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PapeHCTBO MaTpHu O3HayaeT paBEHCTBO BCeX HX 3/EMEHTOB, C/AelOBa-
TeAbHO, OLHO MaTpuuHOe ypapHeHue (3.18) ujn

dx, n
dt glaux/—*—fl
dXQ

n
7
“ o )%azfxi'Ff?

.

: n
dx
G| At

SKBHBaMeHTHO cHcTeMe (3.17).
Ecau Bce dyHkunu a,;(¢) u f;(£) 8 (3.17) HempepbiBHH Ha OTpe3ke
aLt<b, TO B [HOCTaTOUHO ManOK OKPeCcTHOCTH Kawgok TOYKH
(to, X1gr Xogr ++0» Xpo) THe @ Ly < b, BHINOJHEHH YCAOBHA TEOPeMbl
CYIeCTBOBAaHHA H eNHHCTBEHHOCTH (cM. cTp. 169) M, cienopaTennHO, Yepe3
KaXAYyK TaKyl TOYKy TIpOXOAMT eIHMHCTBEHHAas HHTerpaibHad Kpusas
cuctemsl (3.17).

IleficTBHTEBLHO, B PACCMATPHBAEMOM CJIyYae Tipapble 4acTy cucTeMbl (3.17)
HEMPepHIBHBI, U MX 4aCTHblE MPOU3BOAHblE MO MOGOMY X; OrpaHHYEH®l,
TAK KaK S5TH 4YacCTHbie MPOM3BOAHBIE paBHLI HEMPEPHIBHBIM HAa OTpe3ke
a Lt b kosdpduurentan a;(f).

OnpeneauM aunelinsifi onepamop L papeHCTBOM

LiX]1= ——AX
tTorga ypasHeHue (3.18) elue kOpoue MOXHO 3amucaTb B BHIe
LIX]=F. (3.19)

Ecau Bce f,;({)=0 (=1, 2, ..., n), ua, uTo TO Ke CaMoe,
martpuua F =10, 10 cucrema (3.17) HasuiBaerca Auneldnol 00HOpOGHOL.
B kpartkoft 3anucu aMHeHHads oQHOPOAHAA CHCTEMa HMeeT BUA

L{X]=0. (3.20)

Oneparop L o6napaer CjefyiOLlUMH OBYMS CBOHCTBAMH:
1) LeX]=cL[X],
rle ¢ — NPOH3BO/bHAA TIOCTOSAHHAA.
2) L[X1+X2]=L[X1]+L[X2]-
JelcTBHTEABHO,
d(eX)
dt

LEAKD _yx, +X2)_(£’i_ AX,)+ (4 — AX).,

-—A(cX)Ec[‘fi—‘;(—AX]
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CnencreueM ceoHcTs 1) n 2) asasercs

m m

L [2 c,X,JE 2 e LX)
{=1 I=1

rie ¢; — IPOMBBOJbHEIE NOCTOSIHHEIE.

Teopema 3.1. Ecau X ssanemca peuwenuem suneldnold 00Ho poo-
noli cucmenmss L{X]1=0, mo c¢X, 20e ¢ — npouszsossnas nocmosH-
Has. ABAAEMCA pewlenuem moli e cucmems.

HokaszateabctBo. JHano L[X]=0, Hano L£OKa3aTb, 4TO
LicX]=0.

[Moab3ysicb cpoficTBoM 1) onepatopa L, moJyuum

LicXI=cL[X]=0.

Teopema 3.2, Cynna X,+ X, 08yx pewenuii X, u X, 00no-
POOCHOL AuKelHOl cucmemol Ypaguenull A8ASemca peutenuem moi sce
cucme mal.

ODokazareabcTno. MHawo L{X,]=0 n L[X,]=0.

Tpebyetca pokasats, uro L[X, + X,]=0. '

[Moab3ysce csoficTeoM 2) omeparopa L, noayuum

LIX, 4+ X =L[X,]+ L{X,]=0.

m
Cnedcmsue meopem 3.1 u 3.2. Jluneinas kombunagua X ¢, X,
i=1

C NPOU3BOALHBLMU NOCMOAHRHUME  KOIPPuyuenmany peuenul
Xy X o0 X, aunelinodi o0nopodnod cucmens LX) =0 geasemca
Deutenuem moi e cucmemsl.

Teopema 3.3. Ecau auneiinan oonopoonas cucmena (20) ¢ ded-
cmeumessHaml KoIPPuyuenmamu a; (t) umneem KounieKcHoe peuie~
rue X =U—1IV, mo delicmsumessnas u MHUMAA Hacmu

u | K
Uy ()
U= n V=l -
u v

n n

8 omodeasHOCMU ABAAIOMCA peuleHUAML Mol dHe cucmemst.
ODokaszateabctBo. Hauwo LU+ V}=0. Hano nokasaTb, 410

LIU}=0 un L[VI=0.
INMoasayach ceocTsamu 1) n 2) omepartopa L, moaydaem
LU+ iVi=LIUI+IL[V]I=0.
Cneaosareavno, L[U)l=0 u L[V]=0.
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Bektopn X, X ..., X, rae

X, @)
X9 (£)
X, = : ,

X (8
Ha3bIBAWOTCA AUHEUHO 3asucumumu Ha orpeske a <Lt <L b. ecan cyme-
CTBYIOT MOCTOSHHBIE O, Oy, ..., @, TaKHe, 4TO

JR— y
X, +aX,+ ... +a,X,=0 (3.21)

npu a <t b, npnuem no kpahiuelt mepe onHo @, #= 0. EciM xe TOX-
nectBo (3.21) cmpasenauBo ML NpH @ =dy,= ... =0, =0, T0
pekTopt X, X, ..., X, Ha3biBAIOTCA AUHEHAHO He3QBUCUMBMU.

3aMeTiM, YTO OMHO BEKTOPHOE TOXAeCTBO (3.21) 3KBUBANEHTHO 1
TOXIECTBAM:

n
Dax, (=0,
i=1
H

y! N —
12:} a;xq, (£)=0, t 3.21)

n
iz_]aix,,,(t)—z—o.

Ecan sexktopn X,(l=1, 2, ..., n) nuHeHHO 3aBHCUMH M 3HAYUT
CyLIeCTBYeT HEeTpHBMaNbHas cucTeMa a; (T. e. He BCe O, DaBHBI HY.JO0),
YyIOBJETBOPAIOLIAsN cHCTEMe 7 JuHeHHBHX OILHOPOAHHX [0 OTHOLIEHHIO
kK o, ypasHenu#t (3.21,), To onpeneautenb cucremu (3.21;)

X1 Xpg oo0 Xyp

W =1 X2 Xop +++ Xgp

X xn? A xnn

nomxen ObITh paBeéH HYMO Ias Bcex 3uadenutt £ orpesxa a < ¢ < b.
JToT OnpeneauTeb CHUCTEMH Ha3bBAT onpedeaumeserm Bpowcrozo

Eas cucteMbl Bektopos X, Xy ..., X,
Teopema 3.4. Ecau onpedesumenrs Bpoucrkozo W pewenud
Xy Xogo ... X, aunelinod 00nHopodnolt cucmens ypasnenuli (3.20)

¢ Henpepusuumu na ompesre a Lt b Kosppuyuenmanu a;(f)
pasern Ky xoma 6w 8 00HOU mouke t=={(, ompesxa a Lt < b,
mo pewmenus X, Xq .... X, AuHelHO 3ABUCUMN HG MOM e Ofi-
pe3xe, u, Cre308amesbHO, HA paccuampusaeson ompedxe W=0,

*
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HoxasateabcTBo. Tak kax xos@duuuents a,,(f) (¢, J=1,
2, ..., n) HempepuiBHH, TO cuctéMa (3.20) yHOBJETBOpSET YCJIOBUAM
TEeOpeMbl CYLIECTBOBAHHA M €AMHCTBEHHOCTH. (CaeROBaTenbHO, HAadadabHOE
anadenne X (fo)==0 (uan, noapobuee, x,(f)==0, x,(¢{)=0, ...,
x,()=0) onpeneiseT eRMHCTBCHHOE pelleHHe pacCMATPUBAEMOR
CUCTEMH M 3THM pelleHHEM, Od4eBUJIHO, HABJSETCA TPUBUAIbHOE DpellleHHe
cuctembl (3.20) X (£)==0 (uan, mompobuee, x; ()==0, x,(£)=0, ...,
x,{t)=0). Onpemeanreas W (£;)=0. CurenoparejbHo, CyIIeCTByeT
HETpUBMAbHAA CHCTEMA €y, €y, ..., C,, YIOBJIETBOPAIOLIAA YyDPaBHEHHUIO

X (F) + X (B) + + . =6, X, (t) =0,

T4K KaK 3TO OZHO BEKTOPHOE ypaBHEHME SKBHBAJEHTHO CHCTEME n JM-
HeWHBIX OZHODOIHBIX OTHOCHUTE/BLHO ¢; YPaBHEHUH C DABHBLIM HYJNIO ONpe-
AeUTENEM:

n
E €%y (() =0,
I=1

12‘ Cixm (tO) == O,

CooTBeTCTByOICE 3TOR HETDHBMAABHOK CHCTEMe €y, Cy, ..., £, pellle-

n
Hue ypaBHeHus (3.20) X (¢)== D¢, X, () yROBIETBODPAET HY/IEBbIM Ha-
i=1

yaapHbiM ycnoBuaM X (£g)=0 u, caenoBareabHO, cOBMafaer C TPHBHU-
anbHbIM peleHeM cucteMbl (3.20):

n

g‘ic‘X‘ )= 0,

T. e. X, JIHMHEHHO 3aBHCHMBHI.

3ameuanue. ITa TeopeMa, KaK TIOKASHIBAWT NpOcTeliine IPUMEpPH,
HE PacnpOCTPaHSeTCs Ha NPOU3BOJbHble BekTOpH X, X, ..., X, He
ABaAOWMeCA pelleHuaMu cucTeMbl (3.20) ¢ HempepblBHBIMH KO3 (HUHKEH -

TaMH. .
MMpumep 1. Cucrema BekTOpOB
12
ol
nHHelH0 HE3aBHCHMA, TaK KaK H3 i
X, 40 X, =0 '

Xl:= H Xg"—‘—
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Han
a4 axt?=9,
ol +at?=90

caeayet, uTO @ =day =0 (cM. c1p. 96, mpumep 1). B 10 xe Bpems onpeagenurens
2

BpoHckoro , | TOXAECTBEHHO paBeH Hy.io0. CuaenosarteasHo, BekTopn X, n X,

¢
He MOryr OhiTp pelICHHAMM ORHOH M TOH e AMHeHHOH ONHOPOLHOH cHCTeMh

(3.20) ¢ HenpepHBHHMMH Ko3buunentamu a;; (8) (¢, j =1, 2).
n
Teopema 3.5. Juneinan xombunayus X, ¢;X; n tunelino Heza-
(=1

sucumbix peutenult X, Xy, ..., X, 2unelinoi 00RO podnol cucmemo
(3.20)c nenpepeisrsimuna ompesne a  t L brospguyuenmanu a;(t)
agagemca obuum pewernuem cucmemo (3.20) Ha mos e ompesxe.

HoxasartenbcrBo. Tak kak Ko3(PuUHEHTH a,;(f) HEMPepbIBHEI
Ha orpeske a4 <! h, TO cucreMa YAOBJETBOPAET YC/IOBUAM TeOpeMbI
CYWECTBOBAHHA U eIMHCTBEHHOCTH M, CJAEAOBATE]LHO, AR N0Ka3atenb-

cTBa TEOpEeMBl JOCTATOUHO 06Hapymmb, 4uTO nonéopom MOCTORHHBIX ¢,
n

B pemeHuH X ¢,X; MOXKHO YLOBJIETBODHTb MPOH3BONBHO BHIGPAHHEIM
i=1
HayaJbHBIM ycaoBHAM X (f)) = X,

X no

rae f,—o0mHO M3 3Hauenuft f Ha orpeske a <{f<(h, T. €. MOKHO
YAOBJETBOPHTH OLHOMY BEKTOPHOMY YPaBHEHHIO

glcixz(to)=xo

UJM 3SKBHBAJEHTHOH cucTeMe n CKaJApHBLIX ypaaneﬂum

n
121 ;%1 (Eo) = X100

n

121 %o (Eg) = Xoqs

« &« + e s e e

7

[21 €1Xni(Eo) = X po-
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OTa cucreMa paspemiuMa OTHOCHTENBHO €, NMPH MOOLIX X Tak XaK
onpeieAnuTe b CHCTEMBl ABJAeTCA onpeaeauteaeM Bpouckoro aas au-
HeHHO He3aBHCHMMON cHucTeMbl pemenuit X,, X, ..., X, 4, cJenoBa-
TeAbHO, He obpalllaeTcs B HyJb HM B OAHOH Touke orpesxa a4 ¢ .<¥b.
Mpumep 2.
dx

dt )

dy____
ar ="

3.22)

Hetpyano nposepuTh. 40 cucteMe (3.22) yNOBAETBOPSIOT pewieHHs
x,=cosl. y,=—sinl u xy=sint, y,=cost.

AT1H pelleHHA JnHeHHO HE3aBHCHMH, Tax Kax ompeleauTerb Bpohckoro
cos! ~—.sint

sint cos /

orauueH ot Hyas. CaejoBareabHo. oGmiee pclieHHe WMEET BUJ
X == ¢ cosit-+ ¢sint.
y=—c¢;sint 4 ¢, cost,

rpe ¢; H €, — NPOH3BOJbHBIC MOCTOTHHBIC.

Teopema 3.6. Ecau X nsasemcs peuwenuess Aunelinoll HeodHO-
POOHOL cucmesmu
LiX)=F. 13.19)

o X,— peuwenuesm coomsemcmsywoujell 00HOPOOHOL  CUCMEMBL
L[X]1=0, mo cysmna X,+ X marxe Gydem peuwsenuen HeodNO-
poorold cucmenmts L{X])=F.

HDokasareabcTso. JaHo, uro L[X]EF u L|X,]=0. Hano
nokasatb, uro L{X, + X1=F.

[Tonb3ysce csofctBoM 2) oneparopa L, moayuuM

LIX,+X1=L1X | + LIX]=F.

Teopema 3.7. O6uwee pewetue na ompesne a <t L b Heoduo-
pooroli cucmemst (3.19) ¢ nHenpepusHuMu HA MOM e ompe3xe
Kosppuyuenmanu a;;(t) u npasumu wacmanmu f,(t) pasio cymme

n .

o6uezo pewenusn 2, ¢, X, coomsemcmsyiouel 0080 POOKOL cucmess
/=1

u uacmuozo pewenus X paccmampusaemold HeoOHOpOOKOR cu-
cmems,

IoxasateabcTBo Tak KaK YyCAOBHS TeOpEMH CYUI¢CTBOBAHHA
M eAWHCTBEHHOCTH BLINOJHEHH (cM. ¢Tp. 183), TO 149 mOKa3aTedbCTRa
TEOpEMh MOCTATOYHO OOHAPYKHMTb, 4TO NOAGOPOM [POH3BOJBHHX I0-
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fl
CTOSHHMX ¢, 8 pemeHud X == X ¢;X;,+ X MOKHO yNOBAETBOPHTH
=1
NPOU3BOJMbHO 3aRAHHBIM HAYAJbHBIM YCJAOBHUAM
X10

Xoo fl
X{ty=X,=| " |

‘xnoi

T. €. Halo 0OKa3aTb, 4YTO OINHO MAaTpityHOE YypaBHEHHE
"

21 e X, (t) + X (ty) =X,

J=

WKW SKBUBAJEHTHAA CUCTEMa ypaBHeuun

2} e, %y, (b)) + X, () = xyq.
i=

2 cury (t)+ %, (b = xap. | (3.23)

« « a0+ v e o » « o

2 ¢y (L) + -’?n(to)": *n0

=

BCerna WMeeT peMIEHWEe € Cg ++., €, KAKOBE Ol HH OHAM MpaBble
yactu. OnHaxo B Takoft ¢opMe STO YTBEPHKAEHHE OUEBUIHO, TaK KaK
onpeseautesnb cHcTeMbl (3.23) aBaserca ompedeauteseM Bpohckoro

B TOUKe f==¢;, AAd InHeRHO He3aBHCHMHIX pelmeHult X, X, .... X,
COOTBETCTBYIOIet OAHOPORHOMR CHCTEMB ¥ NG TeopeMe- 3.4 OT.IMYEH OT
Hyas. CaepoBartenbHo, cHcTeMa (3.23) HMeeT pelleHHE Cp, €y . ... C,

npu A106bIX NMpaBbIX 4acTax.

Teopema 3.8 (npunyun cynepnosuyun). Pewenunem cucmens
Aunelubx ypasHenud

Ju®
I P
L[X]=‘;21F,, F,= :

-

f ni (t)
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m

A6aReMCcA CyMMA ) X, pewenuii X, ypasnenud
i=1

LIX])=F, (=12 ..., m.

Hokasarteasvcrbo. HNawo L[X,|=F, (=1, 2, ..., m). Hano
10K23aTh, HTO
m m
L[E Xl}EZFl.
=

i=1

Mcnoab3ys csofictso 2) omneparopa L, mosayuum
m‘ m ' m

LLZI X‘}EZIL[XJE; F,.
= i= =

3ameuyaHune. Teopema 3.8 6e3 u3MeHeHMs [OKa3aTenbCTBa, OYe-
BMAHO, DacrnpOCTDaHfieTCs M Ha TOT cJayua#h, KOrAa m —» co, eclH paa

w

’
2 X cXOnMTCd ¥ NOMyCKaeT MouwjeHHoe AunddepeHunposaHye.

i=1
Teopema 3.9. Ecau cucmema aunelinoix ypasnenud

LIX|=U+iV,
20e
iy Uy
uy Uy
U= R V=" ,
un 'Un

¢ Oelicmeumensuoimu Pynxyuanu a;;(t), u; (), v; ()¢, j=1,2,..., n)
umeem peusexue

~

i U

iy )
X = 0—*— W, U= , V= ,

i ;

-~ ~

mo Odedcmsumeasnan wacms peuwenus U u ezo MHumasn wacme V
COOMBEMCMBEHHO RBAAIOMCHE PeWEeRUAML YPaBHeRul :

LIX]=U u L[X]=V.

ﬂoxiaaaTenbgTBo. Jano L[l?—}—tﬂsU—}—tV. Haj0 A0KasaTb,
yro L[UI=U, L[V]=V.
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[loabaysicb cBoficTBaMu 1) u 2) oneparopa L, nosayuaeM
LW+ V= L0+ 1L[V}=U+ .

Caenosareasho, L{Ul=U u L|V]=V.

Ecain  u3secTHO ofuiee pellleHHe COOTBETCTBYiomleH oOXHOpOIHOM
cuctemsr L(X)=0, HO noxob6paTh uacTHOe pelleHHe HEOLZHOPOLHOH
cucteMst L(X)=F He yhaeTcd M, CIeL0BATeNbHO, HEJ/b3s BOCNOJbL30-

BaThCA TeopeMo# 3.7, TO MOXHO TNPUMEHUTb METOL BapHALMH NOCTOAHHBIX.
n

Ilycts X=Lzlc,X, ABAAETCA TNPH INPOH3BOJBLHLIX MOCTOAHHHX ¢

OOLIMM pelieHHeM COOTBETCTBYWOLIEH OLHOPOIHOR CHCTEMbI

ax
F—AX =0
u, caeposarenbo, X,(i=1, 2, ..., 1) — JHHeHHO He3aBUCHMbBE YacT-

Hbie pelleHHA TOR e ORHOPOLHOR CHCTEMBI. Peutenue HEOIHOPOLHOM

CHCTEMELI

aX
7—AX=F

HilleM B BHIE

n
i=

rie c¢;(f) — HoBble HeuapecTHble (yHxkuuu. [ToactaHoBka B HeOLHOPOJAHOE
ypaBHeHHe naeT N

n

Ec;(t)X,+§lc,(t)”7";‘=,4§ci(t)x‘+ﬁ,

=1

4x;
HAH, TaK Kak TEAX,, Oy UHM
n
I
X)X, =F.
=1
D710 BEKTOPHOE ypaBHeHHE SKBUBAJEHTHO CHCTEMe N ypaBHeHuH:

gl c,(t) x,, = f, (&),

gl ¢; (8) xy == [, (), (3.249)

e, =1,0.
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M3 3TOR cucTeMbl f ypasHeHu# ¢ n  HeusseCTHmIMH ¢, (f) (=1,

2, ..., n) ¢ onpeneauTeneM cucteMbl W, coBmaaamomuM ¢ OnpelesnuTe-
nem BpoHckoro a4 auHeftHO HesaBHCHMbIX pelnenuft X, X, ..., X,
W, CIel10BaTeNbHO, OT/IHUHBIM OT HYJf, ONpeleasioTca BCe €, (£):

)=o) (=1 2...., n).
OTKYZAa, WHTErpupys, HaXO0dMM Hen3seCTHbe OyHxumn ¢, (£):

c',(t)=ftp,(t)dt+z‘- (=12 ..., n).
Mpumep 3.

dx dy 1
ar =Y 7—_X+cost'
O6uiee pelleHHe COOTBETCTBYMOINEH OJHOPOXHOH CHCTEMBb
dx dy
=Y T

HMEET BHI X = ;COSt 4 ¢psinf, y=—¢;sinf 4 c,cost (cMm. cTp. 188. npu-
mep 2). Bapbupyem nocrosuHble

X = ¢; (t)cost ¢, (¢) sint,

y=—c¢;(f)sint 4 ¢y (¢)cost.

cl/ (f) u cé (¢) onpeneaserca u3 cucTemn! (3.24), umemouleil B JaHHOM Cayyae BHA
c{ (t)cost 4 c; (t)sint =0,

’ N ’ 1
—cl (t) 5!n¢+c2(t)cost—m,
OTKYId
sin¢

Gt =~ cost’

ot)=1
CuaenoBaTteabHo, _
¢ ()=Injcost]+ ¢
)=1+4¢
# OKOHYaTeAbHO MONydaeM
Xx= ¢ cost+ cysint 4 costln|cost|+¢sint.
ye=—c sint-4cycost—sin£lncosé| -+t cost

§ 6. Cucrembl auHeitHbX AHGdepeHUHaAbHBX yPABHEHHH
¢ MOCTORHHLIMH KO3(dHmHeHTAMH

Junelinod cucmemoli ¢ nocmogunume KospPuyuenmamy Hasb-
BaeTCs JMHeHHAs CuUCTEMa ypasBHeHHH

n
d .
G=Xes O (=12
j=1
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HaM B BeKTOpHOH (opMe

dX
B KOTOPO# BCe KO3((UUHEHTH @;; MOCTOSHHH, HAM. YTO TO Xe CaMoe,
MaTpuua A 0OCTOAHHA.

[Tpoule BCero cucTeMa JAMHEHHLIX ONHOPOAHBIX HJIM HEOAHOPOIHBIX
ypaBHeHW}t C TIOCTOSHHHIMH KO3(DOHULUMEHTAMH UVHTErpHpyeTCs nyTeM
CBeleHHs ee K ORHOMY ypaBHeHHI0 0o/ee BBHICOKOrO MOPAAKA, NPHUEM,
KaK OTMeueHO Ha cTp. 177, noJdyueHHOe ypaBHeHme (oJjee BHICOXOTO
nopsnka OyleT AMHeHHBIM C MOCTOSHHBLIMH KO3dHLUHEHTAMHU.

OnHaKO MOMHO M HEMmOCPeACTBEHHO HaNTH (PyHNAMEHTANbHYI0 CHCTeMY
pelileHuA auHeHHOM OMHOPONHOM cHUCTeMbl C TIOCTOSHHBIMH K03ddu-
UMEHTAMH.

ByleM WCKAaThb pelleHHs CHCTEMbI

dxl
7 =anXit GpXy+ ...+ 8%,

dx
2 == %) + Xyt oot Ggp%,, (3.25)

P L L L T S S 4

dx
_dtl =0, X+ GpXot+ o0 +QpuXy,,

rie BCE ayy NMOCTOAHHL, B BHAE

x =0a.e*, x,=a.e*, ..., x,=u0,e",
¢ noctoaHHbMH @; (f=1, 2, ..., n). [loacrasaas 8 cuctemy (3.25),
cokpaulas Ha e** "M mepeHoCs BCe WieHBl B OAHY 4aCTb DaBEHCTBA, MO-
Ty UHM

(@ —R) oy + a0 + ... + a0, =0,
021(11 + (022 - k) Qy + ce + a2lla" == O' (3.26)

Q0+ apotto + ... +(a,, —k)a,=0.
Han toro utolp 3ra CHCTeMa n JHHeHMHBIX OAHOPOAHHIX YypaBHeHHH
C n HemsBeCTHHIMH @; (/==1, 2, ..., n) AMeaa HeTpUBHa/IbHOE pelle-

Hue, HeoOXONMMO M AOCTaTOYHO, uTOOH onpeneauteqb cucreMbl (3.26)
Obl1 paBeH HYJIO:

a,—k Ay ... Gy
ay Ay =k ... a4y =0, 3.27)
a, Ay’ eeo pp, — R

13 J. 3. 3ascroasu
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M3 3T0ro ypasHeHus CTENEHH 72 ONPENE/ISIOTCA 3HAaYeHHA £, NPH KOTOPHIX
cucrema (3.26) umeeT HeTpMBMaibHbEe pewenus @y (f==1, 2, ..., n).
YpasHenue (3.27) HasniBaeTCs xaparxmepucmudeckus. Ecau Bce KOpHH
XapaKTepHCTHUeCKOro ypaBHeHus &, (=1, 2, ..., n) pasauuubl, TO,
MOACTaB/SA KX IO Ovepeld B cucTeMy (3.26), onpenenseM COOTBETCTBYIO-
U(Me HM HETPUBHAJbHBIE 3HAueHus a(j” ¢ f=1,2, ..., n) u caeno-
BaTeJAbHO, HAXOAWM 7 pelleHu#t ucxonHO# cucteMbl (3.25) B buae

L) Ryt
( £,

. , ;
x(ll)'--——-(?l.1 28 (”=(1( )

Xy 5 et L, xif’:a(,f)eki' =1 2, ..., n),
(3.28)

rle BepXHHMM HWHAEKC YKa3blBaeT HOMep pelleHHs, a HUMHUR HMHIekc —
HOMep Heu3BeCTHON (YHKLHHU.

[To.1b3yach BEKTOPHLIMM 0OO3HAUEHMAMHU, TOJYHYHM TOT Xe pesyabTaT
ellle Kopoue:

axX

S=AX; (3.25,)
HLLEM pellleHde B BHAE
o
~ ~ a2
X=Ae* rie A=| - |,
a

Akett = AAekt,

HaH N
(A—kRE)A =0, (3.29)
rae E — eannnuHas MaTpHna:
] 1 0 0...0
E=i0 1 0...04
0 0 0...1

IOaa toro urobbn ypasHenuwio (3.29) ynosjeTsopsiia HeTPHBHAJbHAsA
Matpuua A
0

5
*L .
(=]

(=]
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HeOO6XOOMMO ¥ HOCTaTOYHO, uTOOb Martpuua A —— RE 6uina 6w ocobofl,
T. e. 4yroOL ee onpemeauTeab Onli pased Hymwo: |A — kRE|=0. Oaa
KaXIOr0 KOPHA R; 3TOrO0 XapaKTepHCTHUECKOro ypasHennda |A — RE| =0

13 (3.29) onpeneaseM He paBHYI HYJIIO MaTpUuy APy, ecan sce
KOpHH R; XapaKTepHCTHYeCKOrO YpAaBHEHHA Da3/IHuHBE, NOJYyYaeM n pe-
weHni:

LIS 2
X, =A4", =AM, ..., X,=A"¢",
roe
(£)
a!
(5
-~ a2

AP —
{
o)

OTu pellleHUd, KaK HeTPYNHO MOKAa3aTh, JuHeRHO HesasucuMul. [eficren-
TEJbHO, €Cu Om CyuecTB0Ba.1a /AUHEeHHaR 3aBHCHMOCTD

3 5, A0 =0,
i=1

HJAM B PasBepHYyTON ¢opMe

Zﬁam L,
i=1
n

0 kot
2 oy e’ =0, (3.30)

i=

o o o e e e

B (z)k! 0

b

n
o~

TO. B CHAY JAnHeHHOH# HE3aBUCUMOCTH GyHKUMR ekt (=1, 2, ..., n)
(¢ crp. 96), us (3.30) caenosano Gbi, uTO

B! =0,
(1) —
Bey'=01 —1, 2 ... n. (3.31)
B, =0.

Ho rak xak npu xawaoM f, xors 6w omso m3 o), aff), ..., oh
=1, 2, ..., n) orMuHO or Hyasg, To H3 (3.31) credyer, 4TO f; =
(=1 2,..., n)

13
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ORI . X
Urak, pemerun AYVef' (1=1, 2, ..., n) inHeHHO He3aBUCHMM
M ofllee pellenne cucTeMbl (3.25) umeer BuI

n
IR N ORI
X = ¢, A",
i=1
HJIH

rie ¢; — NpOM3BOJIbHbIE MOCTOAHHbIE.

[TocTosaHHbIE a(j” (J==1, 2, ..., n) onpeleasiorTca 13 cucTemn (3.26)
npu k =k, HeONHO3HAYHO, TAK KaK ONpeleJHTeNb CHCTeMbl paBeH HY.IO
W, CJepOBaTeNbHO, TO KpaHHed Mepe OAHO ypaBHeHHe aABJAeTCA CjIeA-
CTBMeM OCTaabHBIX., HeOQHO3HaUHOCTL ONpeleseHHus cdj") CBA33aHa C TeM,

4TO pelleHHe CHCTeMbl JHHeHHbIX OAHODOAHbLIX ypaBHeHHWH ocTaercd
peuieHHeM TOH e CUCTeMBl DU YMHOMXEHHH HA MPOW3BOJbHBIAA MOCTOSH-
HBIR MHOXHTE/b.

KoMnaekcHOMY  KODHIO  XapakTepHCTHY4eCKOro ypasHeHus (3.27)

k; = p—q! cOOTBETCTBYeT pelileHHe
N\

X, = AV%"/, (3.32)

KOTOpOE, ecay BCe KOIQOUUMEHTH a;; AeNCTBHTEJbHBI, MOXET ObiTh
3aMEHEHO AByMsa NENCTBUTE/NbHbIMM pelleHHAMH: NeHCTBUTEJAbHON H MHH-
MOl uacTamu pewenus (3.32) (cMm. ctp. 184). KommaekcHuifl conpsikeH-
HHI! KODeHb XapaKkTEePUCTHUECKOrOo YpaBHEHHA R, == p — g/ He 0acT
HOBBIX JHHEHHO He3aBHCHMBIX NeHCTBUTeNbHBIX pelleHuA.

Ecan xapakTepucTH4eCKOe YpaBHeHHe HMeeT KpaTHbiH Kopehb A&,
KPaTHOCTH Y, TO, NMPUHHMAasA BO BHMMaHHMe, 4TO CHCTeMY ypaBHeHHA (3.25)
MOXHO CBeCTH TpOLECCOM, YKasaHHbM Ha CTp. 173, k OXZHOMY JnHelt-
HOMY OINHODOIHOMY YpaBHEHHIO ¢ TOCTOAHHBIMH KO3IQQHUHEHTAMH n-ro
Han GoJee HH3KOrO TNOpAAKAa (CM. 3aMeuaHuda Ha cTp. 177), MOXHO
yTBep}AaTb, UTO pelleHHe CHCTeMbl (3.25) nMeeT BuI

X =AY +AV 4 .. AL, (3.33)
rae
afy)
als)
Ao—|
ai) |

aff) — HOCTOfHHbIE.
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~ Crenyer 3aMeTUTb, 4TO ¥ B TeX CJydyadx, KOLHa CHCTeMa n ypasHe-
Hufl (3.25) cBOIMTGH K YpPaBHEHHIO [MOpsAIKAa HMXKe n (CM. 3amedaHHe |
crp. 176), XapakTepHCTHHeCKOe ypaBHeHHEe TIOCJAeJHEr0 HEOO6XOANUMO
HMeeT KOpHH, COBMAjalwoLIHe C KOPHAMM ypasHeHua (3.27) (Tak Kak
ypaBHeHHe, K KOTODOMY CBeJaCh CHCTEMA, AOKHO HMMeTb pelleHus
puna e°s’, rme k,— xopun ypaeHenus (3.27)). Ho Bo3MOxHO, uTo
KPaTHOCTH 3THX KOpHel, eC/JH NMOPAAOK NOJYYEHHOrO YPaBHEHHs HHXKE 1,
O6ynyr uuke kparHocreft kopHe#t ypasHenusa (3.27), H cJeA0OBATEALHO,
BO3MOXHO, UYTO B pelieHH# (3.33) CTeneHb NepBOro MHOXHUTeas OynreT
HWKe, yeM y— 1, T. e. ecan Mbl OyleM uCKaTb peuteHue B Buae (3.33),

TO MOXeT OOHapYXMTbCA, YTO HEKOTOphle KOIPHLUHEHTH A, B Tom
yycJe M TIPH CTaplueM uJeHe, 00pamanTcad B HYJb.

Wtak, pelwenve cuctembl (3.25), COOTBETCTBYIOLlee KPAaTHOMY KODHIO
XapaKTepHCTHYECKOro ypaBHEHMA, cJjenyeT uckath B BHie (3.33). [Toa-
crasup (3.33) B ypasueuue (3.25;) u, Tpebys, 4ro6nl OHO OGpPaTHIOCH

B TOXIECTBO, ONpepeauM MaTpuibi A\, fpHUEM HEKOTOpHE H3 HHX,
B TOM uncae u AY);, MOTYT OKasaThbcs DaBHBIMH HYIO.

3ameuanne. MoxHO TOuHee yKasath BuA pemlenus cucreMb (3.25), co-
OTBETCTBYIOIIEro KPATHOMY KODHIO XapaKTepHCTH4eckoro ypasuenusa (3.27). Ilpe-
o6pa3oBaB cHcTeMy (3.25) HeOCOGEHHBIM AMHEHHBIM NPEO6GPAa3OBAHMEM K CHCTEME,
B xotopoil Marpuua || A — RE| umeer Hopmaabnylo Kopranosy ¢opmy, u npo-
HHTErPHPOBAB MOJYUEHHYI JIEPKO HHTETPHPYIOMYIOCH CHCTEMY ypaBHeHHH, o6Ha-
PY>XUM, 4TO DEUICHHE, COOTBETCTBYIOIIEE KPATHOMY KODHI kg XapaKTepHCTHYe-
ckoro ypasHeHus (3.27) KPaTHOCTH Y, HMEET BHJ :

XO= (PR . LRI,

rie P — Hauboabmas CTENEHb 3JEMEHTAPHOro neiuTens MatpHum [ A —kE|,
COOTBETCTBYIOLIEr0 KOpHIO g
Mpumep L
dx dy

XapaxkTepHCTHYECKOE ypaBHeHHE
1—k 2
4 3—k

HMEeT KOpHH R; =5, ky = -— 1. ClenoBaTelbHO, PEWIEHUE HUIEM B BHAE

=0 umm k2—4k—5=0

1,5 1),5¢
x,=ale®,  y, = ahe™, 334
xy=aPe™!, y,=alPe™". .

Moncrasaas (3.34) B ucxomuylo cucremy, noayunm: — da{t) 4 2a5 =0, orkyna
of? = 2a{V; o{V ocraerca npoussoabusiM. CaenoBaTensHo,

— 5t — o, 5t — ol
xp=ce”, y =20 ¢ =0ay%
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llas  onpeledeHns 03GdHLMEHTOB o

+2u(22)=0. OTKyaa u(22)=—0.(12); kosbdunHeHT «

CreloBaTebHO.

2
w af? noaywaem ypasHenwe 2% 4
{? ocraerca NPOMIBOJBHHIM.

—_ —t - -t — a2
Xg=0Ce™', Ypm=-—(07", Cg=aj%
Obwee pemeHHe

x = ;6% 4 et

y= 2c,e5’ — cge"’.

Mpuwmep 2.
dx
—F=*— 5y,
—‘;—‘;’ = 2x—y.
XapaKTepHCTHYECKOE YpaBHeHHe
1—=& —5
9 —1—g =0 um A£49=0

HMEET KOPHH R o= + 3i, x| = ae’¥, ¥ = e, (1 — 3i)a; — 50 = 0. JToMYy
ypaBHEHHIO YIOBJETBOPAIOT, HANMPUMEP, @) = O, @y = 1 — 3. CaexoBarenbHo.

x; =56 = 5 (cos 3¢ + i sin 3¢),
yi = (1—3i) 3" = (1 — 3i) (cos 3¢ 4 1 sin 3¢).
ﬂeﬁCTBHTeanaﬁ H MHHMAaq 4acTH 9TOr0 pEUWECHHA TAKXe ABAATCHA PEHICHHAMH

paccMaTpuBaeMoft CHCTEMBl, @ MX JuHeHHas xoMOHHauMA C NPOH3BOJBHHIMH NO-
CTOAHHBIMH KO9¢dHuHeHTaMH ABafeTcs o0LIUM pelIeHHeM:

x = 5¢, cos 3t 4 5¢, sin 3¢,
y= ¢, (cos 3t 4 3 sin 3f) 4 ¢, (sin 3t — 3 cos 3¢).

Npumep 3.
Ly
a — " 7
dy (3.35)
XapakTepHCTHYeCKkoe ypaBHEHHE
=& =11 R — 4k 4 4=0
1 3—p|= HAH — 4k 4+ 4=
HMeeT KpaTHHI KopeHb &) ,=2. Cnenosarehbuo, pellleHHe CAedyeT HCKATh
B BHJIe
- 21
X = (0, + P12) ezt, } (3.36)
y=(as+pt) e”.

Moxcrasras (3.36) B (3.35), moayuum
20, + P + Byt =0a; +- B —a; — Bt

§2=—Bi,

Oy = ~— 0y — P,

OTKYyAa
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a, 4 f; ocraorcs npousBoibHuMH O603Hayas 3Tk OpOH3BOJbHHE NOCTORH-
HBIE COOTBETCTBEHHO €; M €3, NOJYUHM OOIlee peleHue B BHIE

x = (¢; 4 ¢,;f) e,
y = —(¢; + ¢ 4 cf) €%,

§ 6. MNpubaveHHble MEeTOAN MHTETPHPOBAHHA CHCTEM
anddepeHunafbHLIX ypaBHeHH# ¥ ypaBHeHH# 72-rO nopsaxa

Bce wusnmoxendsle 8 § 7 ra. 1 MeTOAB! NPUOJMIKEHHOTO HHTEr PHPO-
BaHHA AuQdepeHUNanbHBIX ypasHeHHH mepBOro mopsika 6e3 CyluecTBEH-
HBIX H3MEHeHHH MepeHOCATCH Ha CHCTeMbl ypaBHeHuH -MEPBOro Mopsixa,
a TaKKe H4 ypaBHEHMA TMOpPAAKA BbILIE [€PBOTO, KOTOpble OOBIYHBIM
crnoco6oM CBOAATCA K CHCTEME ypapHeHWH nepsoro mopsika (c. ctp. 85).

I. Meron nocaesosareabubix npuGaumeHnt. Kak Obiao
yKa3aHo Ha ctp. 51, MeTOA nocnenOBaTeJbHBIX MPUOIMKEHHR NpUMEHHM
K cucreMaMm ypaBheHHH

dy,
d—x‘=fi(x, Y Yoo ener Yoy C=1,2, ..., 00 (3.37)

C HayaJbHBLIMK YCIOBHAMH ¥;(Xp)=y;0 (=1, 2, ..., n), ecm QyHk-
UMK f; HENpepbIBHBL MO BCeM apryMeHTaM # YIOBJETBODAIOT YC/OBUAM
Jlunuirua mo BCeM apryMeHTaM, HauuHas €O BTOpPOro.

Hyaesoe npubammenne y;0(x) ((=1, 2, ..., n) Moxer ObTb Bbl-
6paHO MpOM3BOJBLHO, JHWDb Ob YAOBJAETBOPAJIHCH HAyalbHME YCAOBHA,
a janbHelune npubianmeHHs BHYKCAAIOTCA MO QOPMYJe

Vi, i1 (X) =Y+ f.fl(x' Virs Yaur -0 Yaddx  (E=1,2,..., n).

Xy

Tak ke Kak ¥ AJd ONHOTO ypPABHEHHA MEPBOTO MOPRAAKA, 3TOT METOL
penKO TPUMEHSeTCA B fpaKTHKe TPUOBIMKEH!IBIX BBIMUCACHHUA BBHLY
CPAaBHUTEJbHO MENJAEHHOH CXOLMMOCTH MPUOIMKeHUH # CIOKHOCTH H He-
ONHOTHITHOCTH BHLIYUCJEHHUH. .

2. Metron Diinepa. HurerpaabHas xpupas cucteMbl auddepen-
LMaAbHbIX ypaBHEHUH

D fyx ) @=L 2 n)
T = 1% Yo Yo oo Ya =1 2, .... n),
onpene/feMas HauyaJbHLIMH YCAOBHAMEU Y, (Xg) =y, (=1, 2, ..., n),

3aMEHAETCA JIOMaHOH, Kacalouleics B ONHOM U3 TPaHUUHLIX TOYEK KaXKAOro
3BEHA INPOXOAsINEH depe3 Ty Ke TOUKY HHTErpajbHOM KpPUBOR  (H»
puc. 3.2 wu3obpawmena JoManas OHiepa M ee TPOEKUMS TOJBKO I
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MIOCKOCTb x¥y). OTpesok 'x; < x < b, Ha KOTOPOM HaLO BHIYHCIUTbL pe-
weHde, pa3bHBaeTCA Ha uacTH AJMHOW A, W BHYMCACHHE MPOBOIAHMTCA

no ¢opMynaM
yl(xk+l)—yl(xk)+hyl(xk)
=1, 2, , n).
CxonumMOCTb NOMaHbiX Dit/lepa K WHTerpanbHoH kpuso# mpu kA—0 1o0-

Kﬂ3blBa€TCFI TdK KE, KaK [LJs OLHOrO ypaBHEHMs MepBOro NOpAnKa (CM.
ctp. 43). Jln1q nOBHIUEHHA TOYHOCTH MOXKHO

% NpHMEHHTb HTePaUUH (YPaBHHBaHME).
BY. Yo 3. PasanoxeHnue no popmyae Tet-

@4 Zp. 4 4/
R n0pa. [lpeanosaras, yTo TpaBbie YacTH CHC-
(24 4,/ Tembl ypasHenn#t (3.37) anddepenunpyeMb &
pas (aas Toro d4rto6n obecmedunth Auddepen-
uupyeMocTh - peiteHut £ -+ 1 pas), sameHsioT
vy ncxomue pellleHdss HEeCKOJBKMMH  MepBbIMH
7 / Z ynenaMM uX TeHJOPOBCKHX PasiioXeHHH:

Y, () =y, (%) + ¥, (%) (¥ — %)+
” —_ 2 . k
—{-yi(xo)i“"_éTxO)__*_“. +y<tk)(x0)(_x_k%°)_
(=1, 2, ..., n).

OueHka mOrpeliHOCTH MOXeT ObiThb OCYLIECTBJAEHA MNyTeM OLEHKH
OCTaTOYHOro uJjeHa B ¢opMyae Teflnopa

X — X
Ry = YD [xo+ 8 (x — x)] < (k+°1’), , e 0<0< I
STOT MeTON NaeT XOpPOLUHE DPe3yqabTaThl JHIUb B Mal0O# OKPECTHOCTH
TOUKH Xo: . o
4 Meton litepmepa Orpesok xo< x<b pasbupaerca Ha
yacTH LJMHOM h, W BhiYMCJEHME pelleHHs cucteMbl (3.37) mposoauTcs
no onuoft 3 Gopmy.:

. Yy, k+1—)’1k—“‘71k+ A‘}’i k b (3.38)
Y k+1——.\’m+‘hk+ A(h &- l‘*“ﬁA qi, p—2 (3.39)

&

Puc. 3.2.

Yiea1 =Y T Gin + 3 A(h B~ 1+ A 9, n-2 T g A‘h.k -3 (3.40)

rae ‘ (=1 2, ..., 0), y=y;(x),
Xp=X,+kh, q,=y,(x,)h
MG e =9 —Gi k-1 DYy a2 =04, 1 — Ay, 42
B, p3=040%,, k-2 A?‘i}. k-3

’
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dopmyan (3.38), (3.39) u (3.40) moryr ObTb MoaydeHB COBEPIUEHHO
TaK e, KaK A4 OLHONO YpaBHeHHs Nepsoro nopaaxa (cM. cTp. 63).
[lopanok norpewHOCTH NpH NpUMeHeHHW . STHX GOPMya ocTaeTcd
TAKHM e, KaK W 118 OINHOTO YpaBHEHHH.

Jas Havana seiunciaeHus no cdopmyte [llrepMepa HeoO0xoaHMO 3HATb
HECKOAbKO TMepBHIX 3HauYeHW# y;(x,), KoTopble MoryT ObITb HahaeHbl
nyTem pasaoxenusa no dopmyse Tefniopa uau MeroloM DfIepa C.YMeHb-
IleHHbIM 11aroM, MpUYeM, TaK e KaK M AJA ONHOTO YpaBHEHHA, 0.4
MOBLILIEHHA TOYHOCTH MOXHO INpuUMeHATh urepauun (cM. crp. 61-—62),
uay meroaoM Pywre.

5. Metoa Pyure. Buuucasiorea yucaa

My =Jf1(Xps Yipr Yopr +-- ynk)’
hm hm ’
myy == f, (xk+2’ it 5 “ , -2k+ 2 veees Yopt m)
h hm,, hm hm
mazft(xk+‘g"v y1k+—g—» Yop 22,---’ Ynr 1 ”2)

mi4=fi (xk—'—h, ylk +hm13, y2k+hm23. PEPIPS y,,k —f—/lm,,;;),

3Has KOTOpPbe, HAXOMHM ¥, ,.q MO (HopMye

h
Y pr1 =Y+ 5 My +2my +2mp+my) (=1, 2, ..., n).

[lopsilok MOrpewlHOCTH Takof Ke, Kak ¥ AJA OAHOIO YpaBHeHHA,

[py6o opHeHTHPOBOYHO war £ B 3aBUCHMOCTH OT TpefyeMo# Tou-
HOCTY pe3yJ bTaTa BHIGMPAETCS C YYeTOM MOpAAKA norpemHocTed B NpH-
MeHfieMbiX (OpMyJaX M YTOYHAeTCA nyTeM NpoCHbIX BHYMCIEHHH C Wia-

h h
TOM /i K 5 - Hanexnee Bcero NpoBOAMTL BBLIYHUC/EHHS C [aroM A M 5

Bcex TpeGyeMbIX 3HaueHuH y,(X,), ¥ eC/H NpU CPaBHeHUW Pe3yIbTaTOB
BCe OHM B NpelenaX 3alaHHOM TOYHOCTH COBNAAalOT, TO War 2 CYUTAIOT

obecneurBaIOIIMM 331aHHYI0 TOYHOCTb BBIYUCAEHHH, B NPOTUBHOM CJyuae

h
CHOBa YyMEHbINAT War W MNpoBOAAT BBIYHUC/ACHHA ¢ 1LIAroM ? " T

u T. a. [lpu npaeuapHoM spibope wara h pasuoct Ag,,, Alg.,. ...
LODKHBI MEHATbCA MJ4aBHO, a MOCAelHHe pasHocTd B dopmyaax Llrep-
Mepa LOMKHE BJAMATL JUIIb HA 3aMaCHble 3HAKH.

3ajgaya K raase 3

dx d
L= —d%-—x x©0) =0, y(0)=

2~ 42 )
2. (d;:..’ = Xy, -—ij = X X (0):2, X, (0)=2'

X2 (0) =2, x,(0)=2-
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10.

CHCTEMbl OHN®PEPEHLUNANBHLIX YPABHEHHR

%4. Sxgy=me. 2L x—By=et,

dt
dx dy dz N
TI-t———-y, -d—t—az, d—t—x
dx dy y?
Ty Tk

dx , dy dax _ dy
FTar=T YR pogr=aty -3
ay _ z dz__x
dx ~ x'dx Y
dx dy dz
z—y x—z y—x'
dax y _
7‘7— x+y+2, 7‘=x y+2. dt —x+y—2
dx dy
dx _ dy 1

W Zr=y+b Gr=—>+7
dx y day x

12,

13.
14,

15.

x4 y=cost y+4 x=slnt.

X43x—y=0 y—8x+y=0 xO0)=1 y(0) =4

d20 n 48
—dt—z-{-sme—Onpu t=0, 6=%, F.___()

Onp.e,ue.rmrb 0(l) ¢ TOUHOCTBIO A0 0,001.
16. x(f) =ax—y. y({)= x+ ay; a— nocTosHHas.

17.
18.

19.
20.

21.

. X = AX, rae X=l

x+3x44y =0 y+2x4-5y =0.
X=—5x—2y y=x—Ty.

i=y——z. 5!=x+y, z=x+42z
i—y+2=0, )"—x—y==t, z—x—2z=t
dx _  dy  dz
x(y—2) y@z—x) z(x—y)

dx dy dz

XY= Y@ —x0) 2=y

ceamfo Sl

Xy
Xy

[T 3
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TEOPUA YCTOHUUBOCTH

§ 1. OcHoBHBIE MOHATHA

Ilag BO3MOXHOCTH MAaTEMATHYECKOrO OMMCAHUA KaKoro-Hubyap pealb-
HOrO fBJEHHR HeusbexHo MPHUXOAUTCH YNPOWATh, HAEaJMM3UPOBATH 3TO
gBeHne, BbLAEJAAS W YUUTHIBas JHWb HauboJee CYyLIEeCTBEHHbIE M3 BJIHSIO-
WYX HA HEro (aKTOPoB W OTOpAachiBas OCTalbHble, MEHee CYILECTBEH-
Hole. Tlpu sTOM HeuadGexHO BCTAeT BONMPOC O TOM, YNAUHO /M BbISpaibl
ynpoliawoiue npeanosokenus. Bo3MONKHO, uTO HeyyTeHHbe (AKTOPLI
CUAbHO BJMAIOT HA W3yyaeMoe ABJEHHE, 3HAUMTE]bHO MEHSS ero Ko.Juue-
CTBEHHblE WM Jame KauyeCTBeHHble XapaKTepUCTHKU. B koHeunoM cuere
9TOT BOTNPOC pellaercsd [PaKTUKOH — COOTBETCTBHEM MNO/AYYEHHLIX Bbl-
BOLAOB C ONBITHBIMM JAHHBIMH, HO BCE XK€ BO MHOTHUX CAydYasX MOKHO
yKa3aTb YCJAOBHMf, MPH KOTOPBIX HEKOTOPHIE YMDOLIEHHS 3ABENOMO He-
BO3MOXHbI.

Ecan HeKOTOpOE fB/ieHME ONMUCBIBAETCA CUCTEMOH AMPPepeHHaTbHBIX
ypaBHeHu#

%)’t_lchi(t’ Yoo Yoo cver Y) (=1, 2, ..., n) 4.1

C HavaibHbIMM ycaAOBHAMB Y, ({) =Y, ({=1, 2, ..., n), KOTOpHE
O6bIUHO ABASIIOTCS De3y/bTATAMM HM3MEpEHMH M, CJeNOBATE]bHO, HEH3-
6eXHO TMNOJyYeHbl C HEKOTOPOR TOTPeliHOCTbI0, TO eCTECTBEHHO BO3HH-
KaeT BOMPOC O B/MAHAH MajnOro HIMEHEHHUS HAYaAbHBIX 3HAueHMR Ha
HCKOMQe pelleHHe,

Ecan okaxercs, YTO CKOJAb YrOJHO MaJjsle HM3MEHEHHS Ha4albHbiX
AaHHBIX CHOCOGHBI CHU/BHO H3MEHUTb pelleHue, TO pelleHue, orpene-
AseMoe BHOGPAaHHBIMH HAMH HETOYHBIMU HAYa/MbHBIMH JAHHBIMH, OOLIYHO
HE MMEeT HHKAKOrO MNPHKAAIHOTO 3HA4YeHUs M Jaxe NpUOTHKEHHO He
MOMET ONUCLIBATb, W3yuyaeMoe fiBJ/ieHHE.

CielnoBare/lbHO, BO3HWUKAET BAXKHHIR A MPUIOKeHHR BONPOC O Hae
XOXIEHH! YCJAOBMH, [PM KOTOPBIX JOCTATOYHO Majoe H3MEHEHWe Ha-
YaAbHBIX 8HauYeHHH BBI3LIBAET CKOJb YTOAHO MAa/l0e HaMeHeHHe pelleHud.
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Ecau ¢ u3MeHsercs Ha koHeunoM orpeske £, ¢ T, To oTBer Ha
9TOT BOMNPOC A3eT TeOPEMa O HENPEPHLIBHOK 3aBUCHMOCTH pelleHH# oT
HauaJbHHX 3HayeHu#t (¢M. cTp. 54). Ecam e / MOXeT NpHHHMaTh
CKO/b YrOZHO GoablIME 3HAYeHUS, TO STUM BOMNDPOCOM 33HMMAETCA Teopus
YCTORUKBOCTH. ]

Pewenne @, (f) (!=1,2, ..., a) cucrems (4.1) HasbiBaeTcs yCTOH-
YHBLIM, HWJAM, TOuHee, ycmolduusum no JianyHosy, ecan aas moboro
€ > 0 MoxHo nonobpats & (e) > O Takoe, YTO Aas BCAKOro peiueHun y; (£)

(=1, 2, ..., n) ToR Xe CKCTeMbl, HayaJbHble 3HaUYeHUF KOTOPOTO
YAOBJTBOPAIOT HepaBeHCTBAM
[y: (G — @, (f)| <Oy (¢=1. 2, ..., ), ~
ans Bcex f > f, CnpaBelnuBLI HepaBeHCTBA
vy, —g;(O|<e (=12, ..., n), (4.2)

T. €. OJM3KHe 1O HAYaJAbHBIM 3HAYEHUAM pelleHUs OCTATCA 6AH3KHMH
Lns BCeX f > f,.

3ameuanue, Ecam cucrema (4.1) yIOBJIeTBOpDAET YC/JOBUAM TeO-
peMbl 0 HenpephiBHOR 3aBHCHMOCTH pellieHH# OT Haua/bHbIX 3HAYEHHH,
TO B OTpeleaeHUH YCTOHYHBOCTH BMeCTO £ > £, MOXHO nucatb ¢ > T >4,
TAK KaK B cuay 3TOH TeopeMbl Ha oTpeske £y < ¢ < T pellleHds ocraloTcs
OMM3KMUMH NPH LOCTaTOYHO OAUBKUX HaYadbHbIX 3HAYEHHAX.

Ecan npu ckoas yrogso MaaoM & > 0 xora Obl 449 OLHOTO pellle-
Hua v, (f) (=1, 2, ..., n) Hepasenctsa (4.2) He BHIMOJHAIOTCA, TO
pewenue ,(f) HasmBaercs Heycmoiduusuim. Heyctoftuusbie pemeHus
JULIb B peldKUX CAydafsX MpelCTaBJAfiOT HHTepec B INPAKTHYECKHX 3a-
navax.

Ecau pewenne @, (£) (=1, 2, ..., n) He TOJbKO ycTo#u¥BO, HO,
KpoMe TOTO, YAOBJAETBOPAET YCAOBHIO

tl_i)m [y, () — e, O] =0, (4.3)

ecan |y, (fg) — ¢, (Fp)| < &y, &, > 0, To pewenue @, (f) (=1, 2, ..., n)
HA3BIBACTCS ACUMRMOMUYECKU YCMOTUUBHM.
3aMeTHM, uTO U3 OAHOTO ycaoBus (4.3) ewe He clelyeT ycTofuu-

BOCTb pewenus ¢;(f) (=1, 2, ..., n).

MTpumep L Hccaenosate Ha ycroiuuBocTb pemrenre AuddepeHuuanbHoro
ypaBHEHHA % = — a?y, a % 0, onpefenseMoe HAYAALHRM yCJOBHEM ¥ (L) = Y,
Pewenne

y =y~ W1

ACHMITOTHYECKH yCTOﬁ‘IHBO. TaK K3k

—aiir—ta " a2 - - -
[yo™ @/ — yoem U= o=@ty i) <o
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OpH £t €car |y, — yo| <ee™ % n

i lim e~ %0y, — 3, | =0.
! >cc

" dy
Mpumep 2. Uccrenosath Ha yCTOHYHBOCTbL pelleHHE YpaBHEHHA =
= a?y. a # 0, onpexeaseMoe ycaoBHeM ¥ (f,) = Y.
Pemenne y = y,e® (‘=% peycroitumso, Tak Kak Heab3s 10A06PaTh CTOAL
Manoe & > 0, 4To6bl H3 HepaBeHCTBA |y, — ¥, | < & (€) crexoBano 6
B,Oea’(t—to)__ )’0342“—’0)1 <E
Han
2(f ¢ -
eIl g — yol <2
npu Bcex t 2> 1,

Hccnenosanue Ha yCTORYWBOCTH HEKOTOPOLO pellleHHs

yi=§l(t) (=12, ..., m
CHCTEMbl YpasHeHH#

ay,
Tz(pl(t, Vir Yoo o vt y”) ([21. 2, ..., n) (4.1)
MoxeT OblThb CBEeNEHO K MCCJIEROBAHHUI0O Ha YCTOHYMBOCTb TPHUBHAJLHOIO
pelieHUS — MOYKU NOKOA, PACIOIOKEHHON B Hauane KOOPAMHAT.

HefictauresbHo, npeofpasyeM cucteMy ypasHeHu#t (4.1) K HOBBIM
nepeMeHHbIM, M0J4ras

=y, — 9y, @E=1,2, ..., n). (4.4)

HoBriMH Heu3BeCTHHIME QYHKLMAMU X; ABAAIOTCA OTKJOHEHH: Y, — ¥, (£)

NpPEXHUX HeHM3BECTHBIX QYHKUMH oT dyHKuUMft y;(f). onpelediomiMx Hc-
clenyeMoe Ha YCTOHYHBOCTb pellleHHe.
B cuay (4.4) B HoBbX mepeMeHHBIX cHcTeMa (4.1) mpuHMMaeT BuX

dx d_i - - -
-d—tlz—T},t+®l(t’ x1+y1(t)’ x2+y2(t)' et xn+yn(t))
— (=1, 2, ..., n). (4.5)
OueBHAHO, YTO HCCIEAYEeMOMY HA YCTOHUMBOCTb peLIEHHIO y,=§, )
(=1, 2, ..., n) cucreMni (4.1), B Iy 3aBHCHMOCTH X;=1Y; — ¥, ({).
COOTBETCTBYeT TpHBUaAbHOe pemenue x,=0 (=1, 2, ..., n) cu-
creMbt (4.5), npuyeM UCCaeIOBAHHE HA YCTORUMBOCTL DelleHus y, =y, (£)
(=1, 2, ..., n) cucrempt (4.1) MoxeT ObITb 3aMEHEHO HCCIEROBAHHEM

Ha YCTOKYMBOCTL TpPMBHMAJILHOTO pelleHus cuUcTeMb (4.5). Tlostomy
B aanbHelieM 6e3 orpaHduenHs OOIIHOCTH MOXHO CUHTATh, YTO Ha
YCTOHUMBOCTb HMCCIENyeTCs TPHBHANLHOE DELIEHHE HMJH, YTO OJHO H TO Xe,
pacno/aokeHHas B Hadyane KOODHMHAT TOUKA MOKOSA CHCTEMB ypaBHEHWH
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ChopMyaupyeM YCJAOBMA YCTORYMBOCTM & TNIPHMEHEHWH K  TOUKe
nokos x;=0 (i=1, 2, ..., n).

Touka mokos x;=0 (!=1, 2, ..., n) cuctemn (4.9) ycroHuusa
B cMblcae JlanynoBa, ecau Aas Kaxaoro &> 0 MOxHO noro0pats
0(e) > 0 taxkoe, YTO 43 HEPABEHCTBA

e, (k)] <0(e) U=1,2,....m)
caelyer
lx,(Ol<e (=1,2 ....n) nput>T>t,

Man HeckoabkO wunaue: Ttouka nokos x, =0 (=1, 2, ..., n) ycrolt-
yppa B cMblcae JlanyHosa, ecnd Ans kawioro &> 0 MoxHO noro6parb
0,(e) > 0 Taxoe, yTO W3 HepaBeHCTBa

2 i (t) < 8 (@)
cjedyer

7] Q

2
xi()) <&
i=1
npy £>7T, T. e. TPaeKTOpPHA, HAYAJIbHAA TOYKA KOTOPOK HAXOMHTCA

B 0,-OKpecTHOCTH Hauaia KOOpAWHAT mpu ¢ >T ue BHXOAMT 33 Mpe-
Ie/b! €-OKPeCTHOCTH HayaJa KOOpAuHAT.

§ 2. lpocTefimme THNH TOYEK MOKOA

Hccnenyem pacnonoxenue TpaexkTOpHH B OKPECTHOCTH TOUKH MOKOA
x=0, y=0 cucreMbl 1AByX JMHeHHHX OJHOPOAHbIX YpaBHeHWUH ¢ no-
CTOSHHBIMH KO3QdulneHTaMu:

dx
7 = auX +apy.
dy (4.6)
—7 = %X+ Ay,
rie
4y 4y

] +# 0.
Qo Gy

ut [
WuteM pemenve B suge x=a.e", y=ou,e’’ (cm. crp. 193).
onpejeneHus R TOJAYy4YaeM XapakTepHCTHYECKOe ypapHeHde

ay;—k a9 0

Qg Gy —k
qJIH

k2 — (8, + ay)k + (8,09 — Ay a1) =0,
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@, U @y C TOYHOCTbIO [0 MOCTOSHHOrO MHOXHUTeNS ONpelensioTcs U3
ONHOTO M3 ypaBHEeHHH:
Qo100 4+ (2gy —R)Og==0.
PaccMOTpuM clelyioune CaIyyau:
a) Hopru xaparxmepucmuueckozo ypasiesus Ry u ky Odeldcmsu-

MeabRbL 4 DA3AUMEBL.
O6uiee pellleHue MUMeeT BUL

4
x =06 o™, }

Rt kot

y=c109e " - Cofge
rae o; ¥ B; — MOCTOsHHbIE, ONpenensieMsle u3 ypasHenu#t (4.7) coorser-
CTBEHHO NpU R=Fk; ¥ Npu R==R, a ¢; H ¢, — NMPOU3BO/bLHLIE NO-

CTOSHHBIE,
[Tpu 3TOM BO3MOXHHI Clelylomue CaydaH:
1) Ecm Ry <0 u B <0, 10 Touka nokos x=0, y==0 acuMnro-

kit Bt
THYECKM YCTOMYMBA, TaK Kak HM3-33 HaJH4dsd MHOXKHTeJaeH €' H e

i

Puc. 4.1. Puc. 4.2,

4.7)

(4.8)

B (4.8) BCe TOUYKM, HAXOZAMeCS B HAYAAbHBIA MOMeHT f==#, B N0lolH
0-OKpeCTHOCTH HauaJa KOOPAMHAT, -NpH JAOCTATOYHO Oo0.blUOM f mepe-
XOIAT B TOYKH, JeWai(de B CKOJMb YFOAHO Manofl e-OKpeCTHOCTH HAYa.fa
KOOPAMHAT, & MpPH [ —> 0O CTpeMATCcA K Hauaay koopiauuar. Ha puc. 4.1
¥3006pameH0 PAacroJoXeHne TpaeKTOPHR OKOJIO TOUYKM [MOKOS paccMa-
TPHBAEMOrO THMA, Ha3dbiBaeMOR YCmoAuu8sM Y3L0M, TpUYeM CTPE/KAMH
YKa3aHO HarpaB/eHHe [BHKEHMA 1O TPAEKTOPHAM MPH BO3PACTaHUU f.

2) Mycte k; >0, ky > 0. dror cayyalt mepexomuT B MpelblIyLInit
npu 3ameHe f Ha —¢. CrefnoBaTte/bHO, TPaeKTOPHA HMEIOT TaKOH we
BUI, K3K ¥ B MpeibiylieM CcaAydae, HO TOABKO TOYKA TO .TPAEKTOPHUAM
IBUKETCH B TMPOTHBOMO/IOXKHOM Hampas/ieHHR (puc. 4.2). OuesudHo,
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yTO ¢ BO3pacTaHuweM f{ TOYKHM, CKOJb yroaHo OfH3kHe K Haualy Koop-
OMHAT, YBAJAIOTCR M3 E-OKPECTHOCTH Haua/Jla KOODAHHAT -— TOUKA NOKOs:
HeycTO#YHBa 8 cMbicae JlanyHosa. Touka nokos paccMaTprBaeMoro THMNa
HA3bIBARTCS HEYCMOoGuusum Y3A0M.

3) Eciu k£, >0, ky <0, TO TouKa MOKOA TOXe HeycTOHYHBA, TaK
KaK JABHXKYILAACA 1O TPAEKTOPHH
1]

k kit
X==C0qe ", y=(a,e" 4.9)

TOYK3a [pH CKOJb YrOAHO ManAnX 3HA4YeHHAX ¢y C BO3pacTaHHeM ¢t BbI-
XOIUT #A3 E-OKPECTHOCTH Hauyala KOOPAHHAT.

3amMeTuUM, yTO B paccMarpuBacMOM CJyuae CYUECTBYIOT IBHIKEHUSH,
npuélmmaromuecn K Hauyajdy KOOpIHHAT, a4 HMEHHO:

x = coPrehd, y ==t
ITpu pasanuHbIX 3HaUEHUAX €, MOJy4aeM pasjuyHble ABHXEHUA MO OAHOA
n ToH ke mnpsmolt y=£2-‘x. Ilpu Bo3pactaHMu f TOukW Ha 310H npa-

1
MOH ABHKYTCH MO Hanpafneumo K Hauajgy koopauHar (puc. 4.3). 3ameTtum
TaKXe, 4YTO TOYKM Tpaek-’
Topuu  (4.9) ABUXyTCA ¢
Bo3pacTaHueM { no npamo#t

@y
= —— X, yAaJd4aCct OT Ha-
7 y %, y

yana koopauHat. Ecau xe
% ¢, %+ 0ncy# 0, TOo KaK npu
Puc. 4.3. t— 00, TaK U NpH —> — 00
TP3aeKTOpUA  TIOKWAZET OK-
PeCTHOCTb TOYKH TOKOS.
Touxka NoOKoA paccMaTpHBaeMoro Tufa Haspisaerca cedzom (puc. 4.3)
NOTOMY, UTO pAacno/OXKeHHe TPaeKTOpPUH B OKPECTHOCTHM TaKOR TOYKH
HaMOMMHAET PACNOJOWKEHHE JHMHUR YDOBHS B OKPECTHOCTH CeAno00pasHoH
TOYKM HEKOTOPOH MOBEPXHOCTH

z2=f(x, y).
6) Kopru xapakmepucmuiecko20 YpasReRus KOMRACKCHH:
kio=ptaqgl, qg+0.

O6uiee peiieHde paccMaTpPUBaEMOH CHCTEMBI MOXHO MNpPeICTaBUTH
B Bule (cM. c1p. 196)

x = eP’ (¢, cos gt + c,singt),
y = e’ (¢} cos gt + c}sin qt).

THe € M €;— MPOH3BOJbHpIE TOCTOSHHBE, & €] W €, — HEKOTOpPbIE JH-
HeftHble KOMOMHALMU ITHX MOCTOSHHBIX,

(4.10)
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[Ipu 3TOM BO3MOXHBH CledylOliue CAydaH:

1) kyy=p L qt, p<0, g+0.

Muoxutens eP?, p <0, CTpeMMTC K HY/MZIO C BO3pacTaHUeM !,
a BTOPOR -— MepuoLMYecKuft MHOXHTeb B YypasHerusx (4.10) ocraetcs
OTPaHHYeHHBIM,

Ecan 661 p =0, To TpaeKTOpHAMH Obl1y 681, B CHJTYy MePHOIAHYHOCTH
BTOPBIX MHOXWTese# B npaBod 4YacTM ypasuenu# (4.10), samkHyTble

@@

Puc. 4.4. Puc. 4.5.

KPpHUBble, OKpyxawllue Touky nokos x =0, y=0 (puc. 4.4). Hamuuue

CTPeMALerocs K HYAK C po3pacrakdeM ¢ MuoxuTens e”’, p < 0, npe-
BpallaeT 3aMKHYThle KDUBbIE B CIIUPA/IH, ACUMNTOTUYECKH NPUOIHKAKUHECS
npu {—> 20 K Hayady KoopAMHAT (puc. 4.5), NpuueM npu 10CTATOYHO
fo/L10M £ TOYKY, HaXOIOMBIIMECH NpH ¢ =1, B
AI060 O-OKPECTHOCTH Hayasia KOOPAMHAT, MO-
ManaioT B 344AHHYI0 £-OKPECTHOCTb TOYKH MNOo-
kod x=0, y=0, a npu aanbHefimieM BO3-
pactaHud ! CTpemaTcs k Touke nokod. Cuae-
AOBaTe/NbHO, TOYKA MOKOS aCUMNOTOTHUECKH 7
yCcTOHUMBA — OHa HA3HBAGTCA  YCrmMOGuuBHLM
gorycon. Pokyc oraduaeTca OT yana Tew,
YyTO KacareabHash K TPaeKTOpUAM He cTpe-
MHTCH K ompeje/eHHOMYy npejeny npu npud.au-
KEHHH TOYKHM KaCaHMA K TOYKe MOKOA.

2) kip=pEqt, p>0, g+0. Puc. 4.6

Jr1oT CAyuyall nepexOAMT B NpelBIRyIuft B
npu 3aMeHe ! wa — f. CjenoBarejbHO. Tpaek-
TOPHH He OTIMYAIOTCH OT TPaeKTOPHH MNpenHAYLIErO cnyqax, HO [IBHXe-
HHE MO HUM MPOMCXOIMT MPU BO3pacTanun f B NPOTHBOTOJOXKHOM Ha-
npasaenun (puc. 4.6). Ma-3a waauuus sospacramuiero Muoxuteas e?’
TOYKH, HAXOAMBIHMECS B HAYajibHHH MOMEHT CKOJIb YyroaHo GAM3KO K Ha-
yaJly KOOPAMHAT, ¢ BO3PACTaHHeM ! ynaJfIOTCS M3 E-OKPECTHOCTH Hayafaa
KOODIHHAT — TOYKA MOKOS HeycroHuuBa. OHAa HOCHT HA3BAHHE HeyC-
moduugozo doryca.

14 J1. 3. 3abcroasy
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3) Ry= L ql, g+ 0.

Kak yxe oTMeuanoce BHILe, B CHAY NEPUOIHYROCTH pelleHHH, TpaeK-
TODHAMH ABJAIOTCA 3AMKHyThle KpHUBLIE, COJepKauide BHYTPH cebs TOUKY
nokos (puc. 4.4), HasLIBaeMyI0 B 3TOM cayvae gexm poms. Lentp asasercs
yCTOHYMBO# TOUKO# NMOKOA, TAK Kak IJ8 3alaHHoro & > 0 MOXHO Nolo-
6pate 0 >0 Takoe, 4YTO 3AMKHYThle TPAeKTOPHW, HayaabHble TOYKH
KOTOPBIX JexaT B O-OKPecTHOCTH Hauajda KOOPAMHAT, He BHIXOAAT 32

¥

~ 2\

7

3

Puc. 4.7 Puc. 4.8.

npeleasl £-OKPECTHOCTH HayaJga KOOPAMHAT MM, YTO TO e CaMoe, MOXHO
noa06paTh CTOAL Maable ¢; W €y, HTO PelleHns

x =¢, cos gt + ¢, singt,

* - 4.11)
y ==1¢,cos gt + c,singt

OylyT yIOB/JIETBOPATb HepaBEHCTBY
X2t + ¥ () < €

3aMeTHM, OIHAKO, YTO aCHMNTOTHHeCKOH YCTORUMBOCTH B paccMaTpHBae-
MOM CJaydae HeT, Tak kak x (f) u y(f) B (4.11) He crpemaTca K Hyaw
npu t—o00.

8) Kopuu kpamus ky=R,.

1) By=#k, <0,

Oblitee pelrerue HMEeT BHI

x () = (c,a, + ¢.B,8) e*¥,
Y (&) = (c;a5 + C9B5¢) ek,

npHYeM He HCK/IIOYeHa BO3MOXHOCTb TOro, 4TO B; ==f,==0, HO TOTIa
@; ¥ @y OylyT MPOH3BOJABHHMH MOCTORHHBIMH.

H3-3a Hamuuua OGLICTPO CTPEMAWIErocs K HYJAI0 MHOXUTeas e’ npu
t—> 0o npousseneHue (c,a, — cB;f) et (=1, 2) cTpeMutcs K HYJIHN
npu f{—» 00, npuueM Inpu JHocTatowHo OosblioM { BCE TOYKH JAH06OH
0-0KpPEeCTHOCTH Hauala KOOpAMHAT MOMNALawT B 3alaHHYI0 E-OKPECTHOCTH
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HaYaJa KOODAMHAT M, CJAEAOBATENbHO, TOYKA NUKOA AaCUMITOTHYECKH
ycro#tuupa. Ha puc. 4.7 u3o6paxena Touka NOKOA PaccCMaTPUBAEMOrO
BMJA, TAK XKe KaK M B cjyuyae a) 1), Ha3blBaeMas YCmoOuuguM Y3A0M.
DTOT y3en 3aHUMaeT TNPOMEKYTOUHOE MOJOMKEHHE Meway y3ioM a) 1) u
¢dokycom 6) 1), Tak Kak NpU CKoJib YTOAHO MajioM M3MeHeHHH AeRCTBHU-
TeAbHBIX KO9(GUUHEHTOB @y, @, Qg;, @9y OH MONKET MPEBPATUTHCH KAK
B yctoftunsnift dokyc, Tak U B ycTOHuMBHH ysea Tuna a) 1), moromy
YTO TpPH CKOJb YrOAHO MajloM u3MeHeHHH KOI(QPUUHEHTOB KpaTHbilt
KOpeHb MOXeT fepefiTH Kak B Napy KOMIJEKCHbIX CONPMKEHHHX KOpHeft,
TaK ¥ B NAapy AEHCTBHTE/NBHBLIX pa3iuuHbix kopueft. Ecam f;,=p,=20,
TO TOXE roJydyaeM YCTOHUMBLIA y3ea (Tak HasbiBaeMblH OQuxpumuteciull
y3en), usobpaxeunbit Ha puc. 4.8.

2) Eciu ky==k,; >0, 1o 3aMesa ¢ Ha — f NPUBOAUT K NpEALILY-
wemy caydaio. CrenoBareqbHO, TPaeKTOPHH He OTAHYANTCA OT TPAeKTO-
pufl npeasiayumiero ciayuas, Hao6paxeuHwx Ha puc. 4.7 u 4.8, Ho niBH-
JeHHe N0 HHM TNPOMCXOAMT B MPOTHBOMOJIOKHOM HAfpaBieHAd. B sroM
cayuse TOYKA TNOKOS Ha3biBAeTCA, TaK Ke KaK W B cayuae a) 2), He-
Yemoduussimn Y340M.

TeM caMbiM MCuepHaHbl BCe BO3MOXHOCTH, Tak kak ciyda#t k=20
(Wi kg = 0) UCKAOYEH YCAOBHEM

a, a4y
Q1 Gy >0
3aMmeuanue !, Ecau
an ap —0
ay ap|
TO XapaKTepUCTHYECKOe ypasHeHue
ay—k ay —0
an ap—k|

uMeeT HyueBod kopedb k;==0. [lpeanofoxuM, u4to B, =0, HO &, + O.
Toraa ofiiee pelueHde cucteMol (4.6) umeer BHA

x = ¢,0; + ¢,B e,
¥ = €0y + CoP,eft,

Hcxaouan £, moayduM CeMefiCTBO NAPaNebHE X NPAMBIX B, (¥ —C 00)=
=fy(x — c;ay). [Ipun ¢, =0 noayyaeM oaHONMapaMeTPUyeCKOE CEMERCTBO
TOYeK MOKOf, PACIO/OKEeHHBIX Ha NPSAMOR o,y = 0,x. Ecau &, < 0, TO
npu £—> 00 HAa KAWAOR TPaeKTOPHH TOUKH NPUOMMKAIOTCH K Jexaleh

Ha 3TOR TPaeKTOPHM TOYKE NOKOA X = ¢,0,, ¥y ==ca, (puc. 4.9). Touka
nokos x=0, y=0 ycToHunBa, HO aCHMNTOTHYECKOH YCTOHUUBOCTH HET.

14+
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Ecan we 2, > 0, TO TPaeKTOpUM PAaCMOJOKEHbH TaK WE. HO LBHXKe-
HHE TOYEK HA TPAeKTOPHMAX MPOMCXOLMT B MPOTMBOMOONMHOM Hampas.ie-
HAM — Touka mokos x =0, y=0 HeycToHuuBa.

Ecan we R =k,=0, TO BOIMOXHB jBa Cayuas:

1. Obwee pewexne cucteMbl (4.6) UMeET BUA X ==C(;, Y == Cy— BCE
TOUYKM fABJASIOTCH TOYKAMHU TOKOS, BCe PELIEHUA YCTOHUHBHL.

2. Ofwee pelueHue uMeeT BUA

x=c, Fct. y=c]+cf

rie ¢} W ¢, — AnHeHHble KOMOMHAUMM MPOK3BOJBHBIX TNOCTORHHHX ¢
M ¢y, Touka noxos x==0, y=0 wue-

y yCTOHUYHEA,
3ameuanue 2. Kaaccuduxauus
T - TOuEK MOKOS TeCHO CBA3aHA C KAACCH(M-
" KauueR ocobbix Touex (CM. CTp. 57--59).
S P JleHCcTBATEIbHO, B PAaCCMATPHBAEMOM
/ —_— cayuae CHCTEMd
—] - dx 1
//: . 2F = GuX T+ apy. |
e = o oy
rie
a; a
Puc. 4.9. S PR
Gg; Gy

nyTeM UCK/IIOYeHUd ¢ Morjaa 6bl 6bITh CBelleHa K YPABHEHHIO

dy _ ayx+agy (4.12)

dx anx+apy’

MHTErpalbHEE KpUBble KOTOPOTO COBRAAdioT C TPAEKTOPUAMH ABHIKEHUS
cucreMbl (4.6). Tlpu sToM Touka nokon x==0. y=0 cucreMn (4.6)
ABASeTC OCOGOH TOuKOW ypaBHeHus (4.12).

3ametuM, uTo0 eCau 06a KOPHS XAPAKTePUCTUYECKOrO YPaBHEHUS MMEIOT
OTPHUATENbHYI0 NeHCTBHTE/bHY yacTb [cayuau a) 1); 6) 1); B) 1)], To
TOUKEZ MOKOA ACHMITOTHYeCKM ycToHuusa. Ec/u ke xors Obl O4MH KopeHb
X3PAaKTEPUCTHYECKOr0 YPABHEHHA HMEET MOJAOMKUTEIbHYIO NeHCTBHTEALHYIO
yacth [cayuvan a) 2); a) 3); 6) 2); B) 2)], To TOUKa NMOKOA HeyCTORYMBA.

AHanoruyHsie yTBepXIeHHA CMpapel HBH M AN CHCTEMbl 71 AMHEHHHIX
ONHOPGAHLIX ypaBHEHHH C TOCTOSHHLIMH KO3(MQHUUMEHTaMHU

"dTixt—l=Ealij ([=l, 2. s ey n).‘ N (4.13)
Jj=1
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Ecim  meficrsurenbHBle 43CTH  BCeX KODHe#t XapaKTepHCTHYECKOro
ypaBHeHus cucTeMbl (4.13) OTpHUATEbHH, TO TPUBMAALHOE pELIeHUE
x,=0 (!{=1, 2, ..., n) aCUMIOTOTHYECKH YCTOHUMBO.

JleAcTBUTEIbHO, YACTHHIE DeINeHM}, COOTBRTCTBYIOUIHE HEKOTOPOMY
KOPHIO R, XapaKTepucTM4ecROro ypaBHeHus, umelT BUR (cTp. 193 u 196)

x,-=a,ek8' (=1, 2, ..., n),
eciM R, ACACTBUTEALIIH,
n.t .
x;=¢"% (B;cos gt +y;sinqgt),

ecay k,== p - g, ¥, HakoHeu, B C/Ayyde KPaTHbIX KOpHe# pelleHHA
TaKOrO K€ BUAA, HO ellle YMHOMEHHbIE HA HEKOTOpPbie MHOrouaeHs P (f).
OueBuIHO, YTO BCE€ DellleHNf TAKOTO BWAA, €CJH ACHCTBUTEbHble YaCTH

xopHe#t oTpuuareavHs (p; < 0, nan ecau kg peficTButeabHo, To kg < 0),

CTPEMATCA K HYJI0 TNpU £—>0O He MeaneHHee, uyeM ce” ™, rie ¢ — mo-

CTOAHHBLIA MHOMXMTEAb, a3 —m < 0 u Bosmbiie HauGosbluelt NeHcTBUTENb-
HOH uaCTM KOpHe# xapakTepucTHueckoro ypasHenus. C/en0BaTeabHO,
npu HOCTATOYHO OOJMLMIOM { TOUKM TPAEKTOpUH, HauajbHble 3HAYEHUS
KOTOPHIX HAXOAATCA B MOGOH d-OKpecTHOCTH Haua/la KOOpPAMHAT, moMa-
IAIOT B CKOJAb YFOLHO MaJyl0 €-OKDeCTHOCTb’ Haualad KOOPAMHAT M IpH
{ —> 00 HeorpaHuueHHO MNPUOAMNAIOTCH K HAYady KOOPAHHAT — TOYKA
nokos x,;=0 ({=1, 2, ..., n) aCHMOTOTHYECKH YCTOHUHMBA.

Ecan ke neficTsuTenbHAs Y4CThb XOTA OBl ORHOTO KOPHS XapaKTepu-
CTUYECKOTO YPaBHeHWUS TNOMOXHTeabH3, Rek,=p; >0, To cooTser-

Rt
CTBYW0illee 3TOMY KODHI pelleHHe BHaa xj=caje ', U1y B cJy4yae KoM=

MIEKCHOTO R, ero Ne#cTBUTeNbHAs (MY MHUMAf) 4acTb ce’ (Bycosg;t 4
+v; sing,f)(j=1, 2, ..., n) IpM CKOAb YrOAHO MabiX MO MOLYJIO
3HAUEHHAX ¢ HEOTPAHMYEHHO BO3PACTAET MO MOLY.I0 NMPH BO3PACTAHMM [, H,
C/lel0BaTebHO, TOYKH, DACHOJOXeHHble B HauyaJbHBHI MOMEHT HAa 3THX
TPAEKTOPUAX B CKOJb YrOAHO Majo# O-OKPeCTHOCTH Hayajia KOOPAMHAT,
NOKUAAIT MPH BO3PACTaHHU { MOOYI0 3a1aHHYIO E-OKPeCTHOCTb HAyaja
koopAMHAT. CleloBaTeNbHO, eCAM ReHCTBMTEAbHAA 4acTh XOTH Obl OLHOTO
KOPHA XapaKTEPUCTHYECKOTO YPABHEHHS MOJIOWHUTEJIbHE, TO TOYKE MOKOA

x;=0 (/=1 2, ..., n) cucremn (4.13) HeycroHuusa.
Mpumep 1. Kakoro THna Touky nokos mmeeT CHCTEMa ypaBHeHHH
LL
7
. % — 9x43y?
XapakTepHCTHUECKOE YpaBHeHHe _
1—& —1 0
23—kl

Han
R —4k+5=0
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HMeeT KODHU ky,= 2 + i, clejoBaTeabHO, TOYKa Nokos x= 0 y =0 aBagercs
HeyCcTOHUMBHIM POKyCOM.

Mpumep 2. x= —a?x — 2bx — ypaBHeHHe YNPYr¥x KOAEOaHNH C yueTOoM
TpeHHs HIH CONpOTHBAEHHS cpeabl (npu & > 0). Ilepexoas k skBHBaJeHTHOH
cucTeMe ypaBHeHuH, Moayudm

).C=y,

y = —a?x — 2by.

Xapak TepHCTHYECKOE yDaBHEHHE HMeeT BHA

—k 1

2 T 0 wuan k24 2bk -} a2=0.

oTKyAa kyp=—bx Vb2 —a?.

PaccmoTpu cleryoiiue caydait

1) 6=0, T. e. comporuBJAeHHs cpeAbl He yuuThiBalOTCA. Bce aBuXeHus
nepuoanycckre. TOUKa OKOA B Hayajge KOODAMHAT ABJASETCH LEHTPOM.

2) 2 —a? <0, b > 0. Touka nokoa sBagerca yctoduuBbiM (okycoM. Koae-
GaHusd 3aTyXxaioT.

3) * —a? 20, b>0. Touka mokOn aABAsETCH YCTOHUMBBIM y3aoM. Bce
pelIeHHs 3aTyXxawule, Hekosaebmontnecs. IJTOT cayuyal HacTymaeT, €CaH COIpo-
THBJAEHHE Cpeibl Beauko (b > a).

4) b <0 (cayuaih oTpunateabHoro TpeHus), b2 —a? < 0. Touka mokos
ABAAETCH HEYCTOHUHMBBIM (OKyCOM.

5) <0, b*—4* >0 (cayvalh GoabIIOrO OTPHUNATENbHOrO TpeHus). Touka
MOKOSl ABJHETCA HEYCTOHUHBBIM y3A0M.

Npumep 3. HMccaeposath Ha ycTOHYMBOCTb TOYKY MOKOH# CHCTEMbl ypaB-
HeHn#

dx

at
ay
at

dz
dat

=2y—z,
= 3x — 2z,

=5x —4y.

XapakTepucTUYEeCKOe YPaBHEHHE HMEET BHJ

—k 2 —1

3 —k —2]=0

5 —4 —=k
Han

K — 9k +8=0.

OnpeZeantb KOpHH KyOnueckoro ypaBHeHHs B OGIEM cayuae AOBOAbHO
TPYAHO, ONHAKO B NAHHOM CJayyae OJWH KOpeHb k; == | Jerko moabupaercs, u
TaK KaK 3TOT KOpEHh WMEET NOJOXHTENbHYIO REHCTBHTENbHYI 4acTb, TO MOMXHO
yTBEP®AATDb, 4TO TOMKA 110K0a X =0, y =0, 2= 0 HeycTolyuba.
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§ 8. Bropoii merox A, M, JlanyHoBa

Buinawmuniica pycckuft MaTeMaTuk Aaekcauap Muxagtnosuu JlanyHos
B xoHue XIX Beka paspabotain BecbMa OOWIMH METOL HCCIENOBAHUA HA
YCTOHUUBOCTL pellleHUR CHCTeMbl AU depeHlUHaIbHbIX YPaBHeHUH

%:fi(t, X Xy eenr X)) (=1, 2, ..., n), (4.14)
NoAYy4MBIIK# HA3B3HUE 8moOpo20 Memoda Jlanywosa.

Teopema 4.1 (meopema JlanyHosa 06 ycmorbuugocmu)., Ecau
cywecmsyem oudppepengupyemans PYLKLUA V(X Xy ..., X,), HG-
apnsaeman Gynxgueld JIanynosa, y008aemsopAOMAs 8 OKpecm-
HOCMU HaAYaAQ KOOPOUHAM CAeOYIOULUM YCAOBUAM:

D v(xy, X9 ..., )20, npusen v=0 auwv npu x,=0
(i=1, 2 ..., n), m. e @yrryua v umeem cmpozusi MURUMYM
8 Haxase Koopouram,

n
2) %:E i fitt xp ooo, x)<L0 npu t>t, mo mouxa

0x;
i=1
nokon x;=0 ({=1, 2, ..., n) yemoduusa.
dv
IMpoussoanas ~7 B ycaosun 2) B3ATa BROJAb HHTErpajbHo#t KpUBOH,
T. €., OHA BHIYHC/AeHa B MPEANONOMKEHUH, YTO apryMeHTn x; (=1, 2, ...
eees M) QYHKUMH U(X;, X5 ..., X,) 3aMeHenbl DeileHueM X;(f) (i==
=1, 2, ..., n) cucreMn auddeperunaIbHBIX ypaBHeHutt (4.14).
n
JeHCcTBUTEeIbHO, B 3TOM MNPENNOJOKEHUH dv -2 dv_ dx; UM 3a
’ M mp 4 = id Ox; df
i=1
dx
MEHAS —~ NPABLIMH HAaCTAMH CUCTEMBI (4.14), oxOHuATE/IbHO MOJYUUM

n
dv Jv
?=Z Efi(t, xl, x2, PP xn).

i=1

IHokasateapcTBso TeopeMns JlanyHoBa 00 ycrtoHuu-
BOCTH. B oOkpecTHOCTM Hauana KOOPAMHAT, KAX H B OKPECTHOCTH
BCAKOH TOUKM CTpororo Munumyma (puc. 4.10), noBepxHOCTM ypoOBHA
V(X Xgs eovy X)=¢ QyHKIUK T (X, Xy, ..., X,) ABJIAOTCA 3aM-
KHYTHIMH TNOBEPXHOCTAMH, BHYTPM KOTOPBIX HAXORHTCA TOYKA MHHM-
MyMa — Hauaio kKoopauHat. 3agaauM &> 0. [IpM L0CTaTOYHO MaJjOM
¢ >0 nOBepXHOCTb YPOBHA U =C URJHKOM /EWKHUT B E€-OKPECTHOCTH
HAYa/Ja KOOPAHMHAT *), HO He MPOXOIUT YEPe3 Hayajo KOOPAHMHAT, CAELO-
BaTeJbHO, MOMHO BBHIOpaTs O >0 Takoe, uyro O-OKpecTHOCTb Hauasla

*) Tounee, 1m0 kpainell Mepe OQHA 3aMKHYTaA KOMIIOHEHTa NOBEDXHOCTH
YPOBHA U == C JEeXHT B £-0KPeCTHOCTH Hauala KOODIHHAT.



216 TEOPUSI YCTOAUUBOCTU fra. ¢

KOODAMHAT UEAMKOM [EKHUT BHYTPW TOBEPXHOCTH ¥ ==¢, NpH4eM B 3STOH
okpecTHocTH © < ¢. Eecau HauaapHas Touka ¢ KOODIHHATAMU X, (£,)
(¢!=1, 2,...., n) BubpaHa B O-OKPECTHOCTH HayaJa KOOPIMHAT
(puc. 4.11) u, crenosatensto, v (x;(f), xy(L). ..., X, )=1¢c; < ¢,
TO npu f >, TOYKAa TPAeKTOPHH, ONpelenseMOH ISTHMHY HAYaJBHRIMH
YCAOBUHAMH, He MOMXeT BLIATH 33 fpelenb €-OKPEeCTHOCTH HayaJa Koop-
JIMHAT W Lawe 3a npele/bl MOBEPXHOCTH YPOBHA ¥ = ¢, TaK KaK, B CHJY

Z2=9(Z,,Z,)

Z)

&y
Puc. 4.10. Puc. 4.11.

ycloBus 2) TeopeMdl, (YHKLUMA ¢ BLOJAb TPaeKTOpPUM HE BO3pacraer H,
C/ef0BaTeAbHO, NPH £ > f,

V(x(E), x9(8), «ooh x, (1)) Ly <L

3ameyanne. A. M. JlanyHoe nokasan teopeMy 06 YcTOHUMBOCTH
B GoJee OOWMX NPEANOJOKEHHAX, B YACTHOCTH, OH CYUTAJA, 4YTO (QYyHK-
UMS U MOXET 3aBUceTb u OT £ v=v(f, X, Xy ..., X,). [lpu sTOM
A8 CIOPaBelJHBOCTH TeopeMsi 00 yCTOHYHBOCTH mNeppoe YC/JOBHE HANO
3aMEHUTb CJeRYIOLIHM

V(X Koy voes X)) 2W(Xy, X9y vovy X)) 20

B OKDECTHOCTH Hauyala KOOPAHHAT NpH ¢ >f,, Tle HenpepsiBHASs QyHK-

LS W WMeeT CTPOTHH MHHUMYM B Hauane koopausat, v (£, 0, 0, ..., 0) ==
; dav

=w(0.0, ..., 0)=0, a sropoe ycioBue ocTaeTci MpexHuM — 0,

HO TOJbKO B 9TOM CJ/ayyae

a
dv - douv ov .
7=7+2E-f(t» Xpr Xgy ees Xp)e
i=1
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CxeMa J0Ka3aTeJbCTBA OCTaeTCA NpexHeH, HANO [0/bKO NMPHHATH BO BHH-
MaHHe, 4TO, B CHAY yc/a0BHsA 1), TOZBMIKHAA NpH H3MEHAIOWIEMCA £ NOBEpX-
HOCTb YPOBHR U (f, Xy, Xg» ..., X,)==C OCTaETCH NMpH BCeX H3MEHEHHUAX
t > t, BHYTPH MOBEPXHOCTH YPOBHA W (Xy, Xo, ..., X,)=¢C (puc. 4.12).

Teopema 4.2 (meopema JInnyrnosa 06 acumnmomuuecxkoil
yemoiiwusocmu). Ecau cywecmsyem dugpepenyupyeman HyHKyuUn
Janyrosa v (X(, X9 ..., X)), y00-
8.2emMBOPANUAR YCAOBUAM:

1) v(x,, x5 ..., X,) uneem
cmpozull MuRHuUMYM 8 Hauase
koopournam: v (0,0, ..., 0)=0;

2) npousgodnan, pyirxyguu v,
BWHUCAEHHAS 8G0Ab uHMEZPANL-
HBX Kpuswx cucmens (4.14)

dv
dl

n
L3
253 ((E %g X eens %)< 0

nputes 8ue CKOAb Y200HO MAA0L Puc. 4.12.
oKpecmuocmu uaua/za K00pdu-

Ham,m.e. npuizg >8>0 > Ty >ty npoudgodnasn %< —B <0
20e B — nocmoAHHAR, mo mouxa noxkos x,=0 (l__l, 2, ..., n)
cucmemvt (4.14) acumnmomutecku ycmoifiusa.

HokaszateabcTBo. Tak Kak YcJA0BHA TeopeMb 00 YCTOHYMBOCTH
BLIIOAHEHB!, TO LA Kawaoro € > 0 MoxHO moaoGpats O(e) > 0 Taxoe,
YTO TPAEKTOPHA, HAYa/NbHAR TOYKA KOTOPOH HAaXOAKTCA B O-OKpECTHOCTH
Hauana KOODIMHAT, ApH ! > £, He BLIXOAHT 32 Mpefe/b &-OKPECTHOCTH
nauana koopanuar. C/enosaresbHO, B YacTHOCTH, BAOJb TaKoH TpaekTo-
pud npu £ > T, BLINOJIHEHO YCJAOBHe 2), MOITOMY BLOJb TPAeKTOPHH
GYHKUUS U MOHOTOHHO yOBIBaeT C BO3pacTaHMeM f, H BAOJb TPAEKTOPUH
cywectsyer npefet GQYHKUMM U 0pH £ —> 0Ot

lim v (f, x; (&), Xo(8), ..., X, (&))=0a >0.
il>x

Hazo nokasate, yto a==0, Tak kak ecan a=0, 10 H3 ycnosus 1)
cneayeT, uro lim x; ({)=0.(¢=1,2, ..., n), T. e. TOouka MoKoA
{0

x;=0 ({=1,2, ..., n) acuMnrornueckn ycrofiuusa. [onycruM, dro
a > 0; Torma TpaeKTOpHUs npu f > f; HaxomuTcs B oBJacTH U > q,
C/e10BaTeIbHO, BHE HEKOTOPOH O;-OKpeCTHOCTH Hayajna KOOPAHMHAT, T. e.
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TaM, rle MO YCJIOBHIO 2) dt —PB<<Y npu £2>T, YMHONKAA HepaBEHCTBO

dv
dt <
4o t, mOayduM:

(X () X0 (®)s vvs X, () — V(21 (Tg), X(Tp)s +vvy %,(T)) <<
L =B —Ty."

— B ua df w WHTErpHpYA BAOAb TpaeKTOpHH B npeserax ot T,

HIH
V(X (£) x,(8), ..., x, (1))
KU (To), x9(Tp)s vy x,(TY)—B(t — Ty
[1pu nocraTouto 60JbIIOM £ paBag 4acTb OTPUUATE/bHA, 4 CAEJ0BATEALHO,
uv(xg(t), x,(6), ..., x,(6)) <0, uro nporuBopeyur ycaosuio 1).
3ameuanue, Teopema o6 acuMOTOTHUYECKON ycTORUMBOCTH 0606-

uiaeTc Ha cayuyatt QyHkuMu v, 3aBucdlledt ot £, X, Xy, ..., X, €CAH
nepsoe yC.I0BHE, KAK H B Npeldbiny-

Z
ZA//// ek Teopeme, 3aMEHUTb CJAEAYIOLLUM:
7
//_// V(I Xy X9, ovny Xp) >
;6/
// ; ///// > WXy, Xg ovn, X)) >0,
// // rae PyHKUMA W AMeeT CTPOruH MUHM-
>—.7, MyM B Haydje KOOpPAMHAT, U, KpOMe
17 r<p /
////{79 / ) TOr0, mnoTpe6oBaTh, YTOGHL (PyHKUMA

Z v(t X5, Xy ..., X,) PpaBHOMEpHO
owocmenbﬂot CTpeMuUAaCh K Hyumo

0
V)
y npu Z x2—0.
i=1
Puc. 4.13. Teopema 4.3 (meopema He-
maesa 0 Heycmolwusocmu), Ecau
cywecmayem ougdgepenuupyeman PYRKGUR U (X, Xgy ..., X,), YOO-

8AEMBOPRIOWAL 8 HEKOMODPOH 3aMKHYMOL h-OKpecmHOCME Havasa

Koopdunam ycaoguam: 1) 8 ckoav 20080 marol okpecmuocmu U

Hayara koo pounam cyuecmeyem o6aacmes (v > 0), 8 komopodv > 0,

npuaten v =0 nHa aexwaueld 8 U wacmu epanuys o6aacmu (v > 0);
2) 8 o6aacmu (v > 0) npoussodnasn

dv ﬁ du
7= o it x Xg, oun, x) >0,

i=1
d
npuser 8 o6aacmu (U } o), a >0, npouszsodnan d;) >p>0. mo
moura nokos x, =0 (i=1, 2, ..., n) cucmemw (4.14) Heycmoduusa.
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Hokasateabctsvu. Hauaaeuyio TOUKY x; (o), Xo(fg)s «-v X, (L)
BO3bMEM B CKOJb YTOAHO Ma/JOR OKPECTHOCTM Haua/ja KOOpAMHAT B 06JacTH
(0> 0), v(x;(ty), xo(ty) ... x,(t))=a>0 (puc. 4.13). Tax xak

dv -
BAO/b TPAaeKTOPUM 37;,0, TO QYHKUHS U BIOJb TPaeKTOPUH He YObi-

BaeT, U CJE€A0BATE/JbHO, MOKA TPAEKTOPHUA HE NOKHHET PACCMATPHBAEMYIO
h-OKpDECTHOCTb HAauana KOOPIMHAT, T[Ae BHIMOJHEHbI YCIOBHS TEOPEMHI,
TPaeKTOPHA MNOMKHA HAaXoAuTbcA B obnaacth (v > a). MHonyctuM, uro
TPaeKTOPHUA HE NMOKMAaeT A-OKPECTHOCTH Havaaa KoopauHar. Torma B cuay

~. d .
ycnosus 2) BROJbL TPACKTOPMM Npu f > f, NPOU3BOAHAS Tv}ﬁ>0.

YMHOMAA 9TO HePaBEHCTBO HA df W MHTErpUPYH, MOAYUMM:
Y (), X9 ooy X, () — 0 (X (), Xo(Ep)s - o X, (E) )Y = B(E—1y),

OTKyla cleiyeT, uro npu f{—>coO @YHKUMS T BROAb TPIEKTOPHH He-
OrpaHHyYeHHO BO3PACTAET, YTO HAXOAMTCA B MPOTUBOPEYMH C MPeNNo.ao-
KEHHEM O TOM, 4YTO TDAeKTOPHS HE BBLIXOAHT 32 Mpele’sl 3aMKHYTOH
h-OKDeCTHOCTH Hayasla KOOPAMHAT, TaK Kak B 3TOH A-OKPECTHOCTH He-
npepsiBHad (QYHKUMA U OrpaHHyeHa.

3amevanue H. I. Yeraes 1okazan TteopeMy O HeyCTOHYHBOCTH
B NPENNOJOXEeHHH, YTO U MOMET 32BUCeTb TakKwe M OT f, NIPH 3TOM yCJIO-
BUS TEOPeMbl HECKO/bKO H3MEHATCS M, B YACTHOCTH, NPUXOIUTCH Tpebo-
BaTb OrPAaHMYEHHOCTH QYHKUMH U B obaacta (v > 0) B paccmaTpuBaeMoft
h-OKDeCTHOCTH Hayala KOOPAHMHAT.

[Tpumep L. HccaenoBath Ha ycTORYMBOCTL TPUBHANBHOE PELIEHHE CHCTEMBI

PyukuHg v (X, y) = x? 4 y* yroBneTBOpseT ycn0BHaM TeopeMbt A. M. Jlany-
HOBa 06 acHMUOTOTHYeCKOH yCTOHUMBOCTH: .
)y v(x, y) >0, v (0, 0)=0;

2) d = 2x (— y — x%) 4 2y (x — y3) = — 2 (x* 4 y*) < 0. Bue oxpectHOCTH

Hayana KOOpAHHAT Z—t < — B < 0. CaenoBatenbHo, pemeHHe x==0, y=0acumn-

TOTHYECKH YCTOHYMBO.
Mpumep 2. UccreloBath Ha ycTOHYHBOCTL TPHBHalbHOe pelueHne X =30,

=0 cHCcTeMbl:

dx dy

—=F = XS =yt

Pyuxuus v (x, y) = X'+ y* yaoBaetBopser ycaosuaM teopemb A. M. Jlamy-

HOBa 06 yCTOHYHBOCTH:
Dolx, y)=xt4y'>20 v 0)=0

2) Z_:"—_—_.zlx yi+4xtyt=20.
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CaenoBaresbho, TpuBHMaabHoe peumende x==0, y=0 ycroiunso.
Mpumep 3. HMccaepoBate Ha ycroliunBoCcTb TOuKy mnokos x=0. y=0
CHCTEMBl ypaBHEHHH -

d — y3 b

t _y X°,
d) — yd 5,
_t_. X +y

Pyukuua v = x* — y* yloBaetBopder ycaosuaM Tteopemb H. I UYeraepa:
1Yv>0mu jx|>|yl
2) =t (P ) — 4y (P =4 (P —y) >0 mpu [x]> |yl

dv
npuueM 1MpH v > a >0, I > B > 0. CaenoBatenbo, Touka nokos x =0, y==0

HeycToHYHBA.
MMpumep 4 HccaenosaTs Ha ycTOHYHBOCTH TpuBHaAbHOe pellenue x;=0
(i=1,2 ..., n) cHCTEMH ypaBHEHHH

dx; ou(xy, X5 o0y X .
L el Yo 0 Xa) Gy gL,

dt dxl
ecau AaHo, IT0 GYHKUAA & (Xy, Xp, ..., X,) UMEET CTPOTHE MaKCHMYyM B Hauaze
KOOPJHHAT.

B kauectBe ¢yHKuHH JIimyHOBa BO3bMEM pasHOCTb
V(X Xg .0 Xp)=u (0,0, ..., 0)—u(x, Xo ..., Xpu)

koropasi, oueBHAHO, obpaiaercd B HyAb npu x;=0( =1, 2, ..., n), umeer

cTpordfi MHHHMYM B Hayajle KOOPJAHHAT H, CAelOBaTe]bHO, YIOBJAeTBOPSeT ycJo-
suio 1) TeopeMn JlamynoBa 06 yctoiuuBoctd. [IponsBolHas BIOJAb KHTErpaJb-

HBIX KPHUBBIX
n n

dv_ N 0u dx; _ E'Ou"
dt . dx,- dt — (dxl\) <0
=1 i=1

WUrak, ycaoBus Teopembl JIsAnyHoBa 06 ycTOHYHBOCTH BHNOJHEHH, CAEI0BATENBHO,
TPHBHAJDbHOE pElIeHHe YCTOHYHBO.

Mpumep 5 HccaenoBaTh Ha ycTOHYMBOCTb TpHBHaJAbHOE pelleHue x;==0
(i=1, 2, ..., n) cHCTeMbl ypaBHEHHH

n
; A L,
%: Za,-j(t) Xj, The a5 (t)= —aj; () opu iz=j 1 Bce ay (£) 0.
j=1
i .
TpuBuaabHOE peuIeHHe yCTORYHBO, TaK Kak QYHKUHA U == E x% YIOBAETBO-
i=1

pseT ycaopHsM Te€opeMu JlanyHopa 06 yCTOHYHBOCTH:
Dv>0uv(,0, ..., 0)=0;

n

n n n

dv N dx v \1 |
2) H=22‘xid—;=22‘ Za,j(t)x,x,_—_g)‘a” () £ <0.

i=1

i=1 i=1 j=1
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§ 4. Uccaegopanue Ha YyCTOHYMBOCTbL 0O nepBoMy npuGAHKEHUIO

[Tpu Mcc/ieJ0BAHMH HA YCTORYHBOCTL TOUKH Nokod x; =0(i=1,2, ..., n)
cHcTeMbl AnddepeHUnalbHEIX YpaBHeHHH
dx .
7‘7‘=f,(t, Xy X oeon X)) ((=1,2, ..., n), (4.14)

roe f, — auddepeHuupyeMee B OKPECTHOCTM HAyajda KOODAHHAT QYHK-
UMK, 4acTO TpHMeHseTCs CJCNYIOLHN MeTOA: NOAb3yack AuddepeHunpye-
MOCTbIO GyHKUMH f, (¢, X, Xy ..., X,), TPEACTaBJAIOT CUCTeMy (4.14)
B OKPeCTHOCTH Havyaja KoopiuHat x; =0(=1, 2, ..., n) B BHIe

n

%zxaij(f)xj'f*’?z(ﬁ Xy Xgo over X)) ((=1,2, ..., n), (4.15)
j=1

1
)

rae Rl HMEIOT NOopANOK Bbilie MNepBOr0 OTHOCHTEIbHO ZI x?, H
i=1

BMeCTO TOYKH Nokost x;=0({=1, 2, ..., n) cuctemn (4.15) uccaenyior
Ha YCTORYHBOCTb TY e TOUKY MOKOf JUHeHHOR CHCTeMBbl

dx; N : :
%=Zau(‘)x1‘ ((=1.2 ..., n), (4.16)

J=1

HasLiBaeMot cucmemod ypasHenull nepsoeo npubauscedus NJa
cucteMbl (4.15). YcioBus MPHMEHHMOCTH STOTO METOA4, KOTOPHIM AOJrOE
BpeMsi NOJb30BAMHChL §e3 BCAKOrO 060CHOBAHMA, OblIM AeTa/JbHO HCCAelo-
BaHw A. M. JlanyHoBbIM M B AajbHeHIleM paciIMpeHbl TPYAaMH MHOIHX
ApYruX MaTeMaTHKOB, Cpeld KOTOPHIX ClleiyeT B MNepBYi0 Ouepeib OTMe-
tath paGorel O. Ileppona, WM. T'. Mankuna, K. TI. Tlepcuackoro,
H. I'. Yeraesa.

HccnenoBanne 11a yCTOMUHBOCTb CHCTeMbl ypaBHeHHH NepBOro Mpu-
6/M>KeHUA, KOHEYHO; aBJfeTca 3ainadell sHauuTe bHO OOJiee Jierxoi, yem
HCCeOBAHHE HCXOLHOH, BOOOILEe TrOBOpPA, HeJIWHEHHOH! CHCTeMbl, OAHAKO
naxe uccaejopaHue auHeHHON cucreMbl (4.16) npu nepeMexunx ko3ddu-
uHenTax a,;;(f) asisercs 3sagadedl BecbMa CnoxHOH. Ecin e Bce a

NOCTOSIHHBI, T. €. CHCTeMa CraudoHapHa B TepBOM NPUOIHKEHHH, TO
HcC/e]oBaHME HA YCTOHYMBOCTL JsMHeHHOM cuctembt (4.16) He mpeacra-
BASET NMPHHUMMHAJABHBIX 3aTpyaHeHu# (cM. ctp. 212--213).

Teopema 4.4, Ecau cucmema ypasuenul (4.15) emayuonapna
8 nepsom npubrusnceduu, 8ce waenbvt R, 8 0ocmamouno Maaod
okpecmuocmu Hawara koopounam npu t > T > L, ydosaremgopgiom

n +a

2

Hepasencmsam [R,f<N(}_‘, xf) . 20e N u a—nocmosrnnese,
i=1

npuses o >0 (m. e., ecau R, ne 3asucam om f, mo ux nopaoox
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8slile neps8oao OMHOCUMEABHO l/

H
L
l_zl xl) 4 8ce KopHu xapaxme-

pucmusecKo20 YpasHenusn

ay—*k G «ex Gy
a Ay —kR ... a
21 22 2n =0 (4[7)
am L L

umeiom ompunyamesvisie OeldCMBUMENtHble 4ACMU, MO MPUBLANL-
Hote pewenusn x;=0(=1, 2, ..., n) cucmenn ypasuenuii (4.15)
u cucmemvr ypasuenutd (4.16) acumnmomusecku ycmodnusw, cae-
dosamensHo, 8 SMOM CAYHAE BO3MOINCHO UCCLeO0BAHUE HA Ycmodyu-
B0OCMb NO NEPBOMY RPUBAUNERUID.

Teopema 4.5. Ecau cucmema ypasuenuli (4.15) cmaguonapra
8 nepsom npubauxcenuu, 8ce Pyniyuuy R, yoosaremsopsawm ycao-
Buam npedsidyujeli meopenbl, 4 xoms Obl 00UN KOPEHb XA paxmepu-
cmuveckozo ypasnenus (4.17) umeem norosxcumeavuyo Oelicm8u-
measHYI0O wacmb, mo moaxu noxoa x;=0(0=1, 2, ..., n) cucmens
(4.15) u cucmemer (4.16) neycmoduussl, c2e008amesbHo, U 8 SMOM
cay4ae BO3IMONCHO HCCALO08AHEE HA YCMOZ4uBOCMb NO NEPSOMY
npub audcenun.

Teopembt 4.4 1 4.5 B OTHOLIEHHH OrpaHUyeHUH, HAJNaraeMEIX HAa KODHH
XapaKTePHCTHYECKOTO yDaBHEHHS, He OXBaTHIBAIOT JHIIbL TaK Ha3blBaeMhul
KpPUTHYECKHI cayyali: BCce neHCTBUTe]bHBIE YaCTH KOpHER XapaKTepUCTH-
YECKOTO YPaBHEHHS HENOJOXHMTENbHB!, MpUYeM IeHcTBUTENbHAS YaCTb
x0T OBl OLHOrO KODHSi paBHA HYI.

B kpuTitueckOM cayuae HAa yCTOHYMBOCTb TPHBHANBLHOTO peILEHHs
cucreMbl (4.15) HaYMHAIOT BAMATH HeJuHeHHblE uleHbl R, M HCCAeNOBaHue
H4 YCTORYMBOCTD MO NMEpPBOMY NPHGANKEHUIO, BOOGLIE TOBODPS, HEBO3MOXKHO.

Ioxasareancrso TeopeM 4.4 u 4.5 MoxHo Hality B kuure M. T'. Maa-
kuHa [2].

Oasa Toro utobut RaTh NPERACTABNEHHE O METOJaX JOKa3aTENbCTBa TaKHX TeO-

peM, Mbi MpUBEJIEM [0Ka3aTeabCTBO TeopeMbl 4.4 B OPEANOJOXKEHHH, 4TO BCe
KOPHHR XaPaKTEPHCTHYECKOI'0 yPaBHEHHA k; NeHCTBUTENbHB! U Pa3JHYHBI

ki<0(=1,2 ..., n) ky5=k; npn i+ J.

B BekTOpHHX oGo3Hauewusix cuctema (4.15) m cucrema (4.16) opumyT coorBer-
CTBEHHO BHA

aX
S = AX+ R, (4.15))

dX
= AX. (4.16;)
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rae
X ’ IR[
a Aig «oo 4
xa 11 12 1 R2
. a Qg +s. A
X = . A=|%n 42 il R

. Qni Gpa +<e Qpg
X Rn
C noMomp0 HeBHPOXKIEHHOrO NHHEHHOrO MPeo6pa3soBaHHs ¢ MOCTOSHHBIMH KO3 (-
dnuuentamMu X = BY, rae

by b binl n
11 12 = in y2
B= b2] b22 Y b211 . Y= . s
by b --- bunl
Yn

npeobpasyem cuctemy (4.16;) k Buay B d?);— = ABY wau ‘%: B! ABY. MoaGe-

pem Marpuuy B Tak, 4ro6ul MaTpHLA B~! AB 6bina auarosanbHoi:
kR 0 0 ... 0

0 &k 0...0
B! AB =

IMpy stom cucrema (4.16) npeobpasyercs B

dy;

dt = k;y; (i= L2 ..., n),

a cucreMa (4.15) npu ToM e npeo6Gpa3oBaHHH NEPEXOAHT B

dy; .
d’; kiyi+Ri (& Yi Yo oo Y)(E=1,2, ..., n) (4.18)
— i 2 i
rae R <N (121 Yi . N —nocrossHas BeawuuHa, a >0, t > T.

Das cuctemut (4.18) dynxuveidt Jlanyuosa, yxosaeTBopaiouie ycaoBuaM Teo-
peMbl 06 ACHMOTOTHYECKOH YCTOHYHBOCTH, ABJAAETCH

JeficTBHTENBHO,
Do Yo oo y) 20,00, 0, ..., 0)=0;

n n n
d_:'z.zz e%—gzkdt‘*‘qzkt)’z PSS 1—2]’%)'

i=l

//\
o
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n

NpH NOCTATOMHO MajHMX ¥; TaK Kak Bce k; < 0, a ynBoeHHaa cymma 2 Z Ry iRy
i=1

npd AOCTATOMHO MaJHX y; MOXeT OuTb ClenaHa 0O MOAYJK MeHbUIe CYyM-

n
2
M ) Ryl
=1
Hakonen, BHe OKPecTHOCTH Hawana KOOPAMHAT

dv
— < —f <0
7 <—f

Mpumep 1. HMccrenosaTe Ha yCTOHUHBOCTL TOUKY mOKOA x=10, y =0
CHCTEMbI

Z—;-r_—_x——y+x2+y—’slnl,

o s

(4.19)
dy ;
= xETy= Y

Henunefinbie wnenntl yroBaeTBOpsiOT ycaoBuam reopem 4.4 n 4.5. Mccaepyem
Ha ycTOHYUHBOCTH TOYKY MNoKos x = 0. y =10 cucrembp nepsoro npubankenus

dx__y
aF Tty 420
ay_ )
11—k —1
XapaxkTepHcTHUECKOE yPaBHEHHE l 1 | — k\ =) uMeeT KOpHU R, o= 1%
Cle0BaTeNAbHO. 8 CHAy TeopeMbl 4.5 Touka nokos chereM 414 » (4.20) ne-
ycTOHYHBA. .
Mpumep 2. Hccrepopath Ha YCTOHYHBOCTL TOYKY NOkos x =10, y=0
CHCTEMH!
Z—f = 2x -+ 8siny. ‘
dy ¢ (4.21)
—_ = — X — —_—
77 2—e 3y —cosy l

Paznaras siny, ¢ u cosy no ¢opmyae Tedaop., upeacrasasem cucremy
B BHIE

dx . dy
7= 2x+8y+ R, =% 3y + R,
rae Ry v R, ynosaeTBopsioT ycaoBHaM teopeM 4.4 u 4.5.
XapaxTepucTHieckoe ypasHEHHe 2__lk _38__k =0 ans cHcTeMbl nep-
BOro npuHbaHKenus
dx dy
. 5 = 2x + 8y. e x 3y (4.22)

HMeeT KOPHH C OTPHUATEALHbIMH AeHcTBHTeJbHbIMM wacTsMH. CuaeqoBaTedbHO,
TOuka mokod x =0, y =0 cucrem (4.21) n (4.22) acumnroTHUECKH yCTOMHuUBa.
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Mpumep 3. HccaepoBaty Ha ycro#uuBOCTb TOUKy mokof X =0, y =0
CHCTEME!
dx ’

=4y — X5,
dt
dy (4.23)
—— -_ 3.
77 3x — ¥
—k —4
XapakTepucTHuecKoe ypaBHeHHe 3 = 0 18 CHCTeMH nepBOTO

o

npubauxeHHs MMeeT YMCTO MHHMBIE KODHH — KpuTHYecku# cayuail. Mccreposa-
HUE MO0 NepBOMY NpU6IMKEHHIO "HeBO3MOXHO. B nanwoM caydae serxo noaGu-
paeTca ¢yskuua Jlanysosa

v = 3x% 4 4y

) v(x )20 v(0 0)=0;
2) Z—;’ = 6x (—4y — x%) + 8y (3x — y?) = — (6x* 4+ 8y*) <0, npuucM bHe

" dv
HEKOTODOH OKDECTHOCTH Hauyaja KOOpAHHAT ar < —f < 0, crepoBaTeabHO, TO4KA

nokos x=0, y=0 no Teopeme npeabAywero maparpaja acuMUTOTHYECKH
ycTodunBa.

OCTaHOBHMCA HeCKOJAbKO noapoGHee Ha nocieaneM npuMepe. Cucrema
ypaBHeHHH! nepBOro npubaMKeHHs

%:—4)}, %:3): (4.24)
uMesaa B Hauaje KOOpPIMHAT ueHTp. Haanune HenvHeHHHIX 4J€HOB B CH-
creMe (4.23) nmpeBpaTU/O 3TOT IeHTP B yCTONuYuBBIK okyc.

AHaJ0rHuHAN, HO HeCKOJBKO 6OJee CJ0XHAA FeOMeTpHuecKas KapThia
HaOmonaerca M B obilieM cayuae. [Tyctb cucTeMa nepBoro npuGaueHus
LS CHCTEMb

d
dl:l =ayux; + apxy + Ry (%1, Xy) .
(4.25)
d
Txtz = a9 X; + Bg9%y + Ry (X1, X9)

dMeeT TOuKY IOKOA THNA UeHTpA B Hauajge koopaunar. [Ipeanonomius,
KaK u #a crp. 221, u4to HeamueHuble uneHb R (x, X5) M Ry(x;, x,)
MMEIOT MOPALOK Bblllle MEPBOrO OTHOCHTENbHO fo—}—xg. 3Tn HenuueH-
Hble 4YJeHbl B JOCTATOYHO MaJOH OKPECTHOCTH HA¥4and KOOPAUHAT Majbl
MO CP4BHEHWIO C JHMHEHHBIMH YJEHAMH, HO BCe K& OHM HEeCKOJbKO HMCKa-
HAIOT NOJe HanpasieHuft, onpelensemMoe JauHeRHOH cucTeMO# mnepBoro
NPHGJNKEHNS, TOITOMY BLIXONALLAA U3 HEKOTOPOR TOUKH (X4 Vo) Tpaek-
TOpHs mocae 0o6X0Na Hayana KOOPAMHMAT HEMHOTO CMelaeTcs [0 CpaBHe-
HUIO C NPOXOMsule! uepe3 Ty He TOUKY TPaekTOpued jnHeHHOHR cHCTeMH

15 7. 3. Bascroasu
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H, BoOOlle TOBOPS, He NOMANAET B TOUKY (X, Yo) — TPAEKTODHA HE 3a-
MBIK3eTcs.

Ecan nocie Takoro 06X0Aa Hayana KOOPIMHAT BCe TPAEKTOPHH MPH-
O6MMXKAIOTCA K Hayany KOOPAWHAT, TO B Hayale KOODIMHAT BO3HHMKAET
ycTORuMBHIR QOKYC; ecaH Ke TpaeKTODHUR YIAaJAlOTCA OT HAyana Koop-
IVHAT, BO3HHKaeT HeycTOHuMBHIR doiyc.

B Bule wuck/oveHus BOBMOXeH TaKXKe c/aydyad, NpU KOTOPOM Bce
TPaeKTOPHH HENUHENHON CUCTEMEI, PACMOJOXEHHBIE B OKPECTHOCTH HA4ana
KOOp/AMHAT, OCTAIOTCH 3aMKHYTHIMH, OIHAKO Haubosee THINYHBIM HALO
CUMTaThb CAy4Yafl, NpH KOTOPOM JHIIL HEKOTOpble (MOXET OBITb, W HU

Puc. 4.14.

Puc. 4.15.

OZHOH) 3aMKHYTble KPHBble OCTAIOTCH 3aMKHYTHIMH, & OCTaJbHble APEBpa-
IAI0TCH B CIHpPAIH.

Takue 3aMKHYTble TpPAae€KTOPHH, B OKPECTHOCTM KOTODLIX BCe TpaeK-
TOPHU SBJSIOTCS CIHPANAMM, HAa3HIBAIOTCH NpededbHblMU QUKAQMU.

Ecan 6ansxue x npelesblOMy LUMKJAY TPAeKTOPHH ABASIOTCS CIHPa-
AaMH, NpUGMMKAOLWMMUCA TPk £ —> 00 K NpeleNbHOMY UMKJAY, TO Ipe-
deJbHBIR UMK Ha3biBaeTcs ycmolduusum (puc. 4.14); ecaum Oauskue
K MNpefe/bHOMY UHMKJAY TPAeKTOpPHM SBJSIOTCA CUPASMi, yIaasiOlMMUCA
OT NpellebHOrO UMKJAA MNMPH [ -—> 00, TO MpelebHbfl UMK Ha3blBaeTCH
Heycmoduu8sim; €CAH Xe C ONHOH CTODOHB IpeleJbHOTO UHMKJA NPH
f—>co cnupanu npubaAMKAIOTCS K NpefebHOMY UMKJAY, a ¢ Apyrol cro-
pOHB yaaasioTca oT Hero (puc. 4.15), To nmpeleqbHBIH UMK/ Ha3biBaEeTCS
nOAYYCMOLHUBHM.

Wrak, nepexon ot cHcreMb NepBoro npuGaukenus (4.16) x cucreme
(4.25) npupomuT, BOOOUIE TOBOPHA, K NPEBPAIIEHHIO LEHTPa B (OKYC,
OKpy¥eHHbIHt p (cnyyall p==0 He uckmouyaeTcs) NpeleabHbIMH UMKIAMH.

Ha crp. 154, uccaenys nNepuoanyeckue pellleHus aBTOHOMHOM KBa3u-
MHeHON cHCTeMH

X+ a?x=puf(x, x, B (4.26)
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Mbl ye BCTPEYAJMChb C AHAJOTHYHBIM spjeHueM. [eHcrBuTenbHO, 3aMe-
Hag (4.26) S5KBUBAJAEHTHOH CUCTEMOH, MOJAYYHM

=y,
y=—alx4puf(x y. W

CooTBeTcTBYIOWAN AMHENHAs cUCTeMa:

(4.27)

x=y, y=-—alx

¥MeeT B Hayajle KOOPIAMHAT TOUYKY [I0KOS THIIA LeHTpa; 100aBjieHUe Ma-
JAbIX NpH MaioM | HeJMHEHHBIX YJeHOB IpeBpallaeT HEHTp, BOOGLe
rosops, B (QOKYC, OKpYXKeHHHH HeCKOJbKUMH fpefesbHBIME LMK /IaMH,
paaMychl KOTOpPHIX # ONpeledsinCh 3 ypasHenns (2.128), crp. 156.

Pasanune Mexny ciayuasmu (4.25) u (4.27) 3akJaiouaercs Jdillb B TOM,
yTo uJjeHbl R; U R, Majbl JHIWIb B AOCTATOYHO MaJOH OKPECTHOCTH Ha-
yalad KOOpIHHAT, TOTAa Kak B cayvae (4.27) caaraeMoe Wf(x, y, W)
MOXeT ObITb CIeNaHO MA4JbM NOpHM JOCTaTOYHO MAJOM |4 He TOJbKO
B NOCTaTOYHO MaJOW OKPECTHOCTH Hayana KOOPIMHAT.

B npumepe 2 (ctp. 156) npu ManoM |t B OKPECTHOCTH OKpYXHOCTH:
paanyca 6 c HeHTDOM B HaudjJe XOOpPIMHAT, ABJAAIOWEHCA TpaekTOpHeH
NMOPOM A3I0LIEr0 YpaBHEHHS, BO3HMKAET NpeleqabHbIH UMK

B npuaoxenuax yCTORYMBBIM fpefebHHIM LMKJAaM OOBIYHO COOTBET-
CTBYIOT aBTOKOJe6aTenbHble I[IPOHECCH, T. €. INepHOdHYECKHE MpPOUECCH,
B KOTOpHIX MaJble BO3MYLLEHHMSl TNPAKTHYECKH HE H3MEHAIOT AMILIHTYAb
H 4YacToThl KoJebGaHuit.

§ 5. MpH3HAKH OTPHUATEABHOCTH NeHCTBUTENbHHX 4acTeil
BCEX KOpHel MHOTO4JeHa

B npeablayutem naparpade Bonpoc 06 YCTOMYMBOCTH TPUBHAILHOIO
pellleHHst LIMPOKOro KJjaacca cucreM auddepeHuHanbHbX ypaBHeHUH Obia
CBEIEH K HCC/IEeNOBAHUIO 3HAKOB LeHCTBHTEAbHBLIX uacTel KOpHEHR Xxapax-
TEPUCTUYECKOTO YypaBHEHUS.

Ecan XapaKTepUCTHYECKOe ypaBHeHHe HWMEET BBHICOKYIO CTeneHb, TO
€ro peieHne npeactaBadeT 3HAYHTEAbHbIE TPYIHOCTH, no3TOMY 60ab1110€
3HayeHwe HMEWT MeTOoAbl, NMO3BOAAOIME, He pellas YypaBHeHHS, YCTaHO-
BUTDb, 6y11yT JAH BCe €ro KODHHM HMeTb OTPHLATEJbHYIO BelleCTBRHHYIO
4YacTb HJAN HET.

Teopema 4.6 (meopema I'ypsuua*™)). Heobxodunum 4 doema-
MOUYRBM YCAOBUEM OMPUUAMEALROCMU OelicMBUmMEnbHNX Yaomed
8cex KopHeli MHOZOUACHA

2h4-a 3 . Ha, 514,
a8,

*) HlogasaTeabcTBO TeopeMH [yppuula MOKHO Ha#TH B Kypcax Buicueh
anre6pn, Hampumep B «Kypce Bucwredf aare6pu» A. [, Kypowa.

18*
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¢ Oelicmeumensusisuu ' Kospuyuenmamu [8AREMCA NOAOIHCUMEND-
HOCMb B8CEX 2AGBHUX OUOA20HAALHBX Munopos mampuyu I'ypsuya

e, 1 0 0 ...0
a, a, a 1 ... 0
as a, a3 Gy ...

a, ag as a, ...

0O 0 0 0 ...a

[To raaBHOW auaroHanu MaTpuubt [ypBHLA CTOAT KO3DHUMHEHTH
paccMaTpHBAeMOro MHOrOuJeHa B MOPAIKe MX HYMepalUMH, HauyHHas ¢ a,
10 a@,. CTonbupl cOCTOST MOOYepeaHO U3 KOIGD(HUHEHTOB TOJLKO C He-
YeTHBIMM WM TOJBKO C YeTHBIMM HHIeKCaMH, BKJIOYas U KO3dbHuUMeHT
@o=1, cI1e10BaTCIbHO, SJMEMEHT MATPULL b;, = d,,_,. Bce Hepocraouue
KO3 @HUMHEHTH, T. e. KO3hOUUMEHTH C HHAeKcaMd, OOJbUINMHM A HJH
MeHbIIMMH 0, 3aMeHAIOTCA HYJAMH,

O603Ha4yuM r/aBHble IHATOHAJbHEE MUHOpB MaTpuukt ['ypsuua:

a 1 0
a, | !
Al=[a1[, A2= A3= as Qg (23
a; a,
| @5 <34 43
a 1 0 ... 0
Ay Gy @ .....
A,,f—= a; G, Q3 «....

0 0 0...a

3ameruM, 4to Tak Kak A,==A_ a4, TO mocieaxee u3 ycnosu# ['yp-
Buua A; >0, A, >0,...., A, > 0 MoweT GuiTh 3aMeHeHo TpeGOBaHHeM
a, > 0%). -

[IpuMenuM teopemy ['ypBuua K MHOrOU/JeHaM BTOpPOH, TpeThe#t M yer-
BepTOH CTerneHy.

a) 224 az+ ay

Ycnosus [ypsuua csomsrcs k a; >0, a; > 0. IOtu HepaBeHcTsa
B MPOCTPaHCTBe KOIDGIHUUHEHTOB @ U Q, ONPENEaAIOT MEPBYIO YETBEPTH
(puc. 4.16). Ha puc. 4.16 usobpaxeHa 06.1acTh aCHMNTOTHYECKOH ycToM-
YHBOCTH TPHMBHMAJbHOIO pellleHHs HeKOTOPOH chcTeMbl AuepeHuHaTbHbIX
ypaBHeHHH, ya0BaeTBOPSIOUIEA yCa0BHAM TeopeMHl 4.1, ecan z24-a,2+a,
ABJAETCA €€ XapaKTepHCTHYECKHM MHOTOWJIEHOM.

*) 3amerum, uro u3 ycaosuit [ypsuma caenyer, uto Bce a; > 0, OAHaKO
NOOXKHUTENbHOCTb BCeX K09¢QHUHEHTOB HEIOCTATOUHA AAA TOrO, YTOOH ACHCTBH-
TesbHbie HACTH BCeX KOpPHeH OHAH OB OTPHUATEAbHHIMH.

\
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6) 22+ a,2% + a,z + a,.

Ycaopus Typeuua csoasrcs k a; >0, a8, — a3 >V, a3 > 0.
O6anacth, onpelenseMas STHM HEPABEHCTBOM B NPOCTPaHcTBE .KOIPPH-
uueHTOB, H306pameHa Ha puc. 4.17.

B) 2+ a2+ a,22 4 a;z+a,.

Ycaosus T'ypsuua csoldsrcs K

a; >0, aa, ——ay> 0, (aay —ay) a;— alay >0, a;>0.

Has paccMOTpeHHBIX MHOrodeHos ycaosus [ypsuua oueHb ynoGuwl
M JIErKO  TNpOBepsieMbl, OLHAKO C BO3PACTAHHEM CTENEHH MHOrOYJeHa
ycaosus ['ypbuna 6ricTpo
YCAOWHSAIOTCA H  HacTo
BMecTO HMX ynobuee mpi-

YCMOUNULBOLMU

Puc. 4.16. Puc. 4.17.

MeHsATh ApyrHe NPH3HAKH OTPHUATENBHOCTH AeRCTBUTENbHEIX vacTe# KOp-
HER MHOTo4JleHa.

Mpumep. [Ipy kakix 3HaueHMSX mnNapaMeTpa G TPHBHAJbHOE peUIeHHe
x, =0, xp=0, x3=0 cucremnl AudepeHIHaNbHLIX yPaBHeHH#
dx, dx,

dx
d—t=x3, —dt-=—3x1, ‘d—;'zaxl+2x2"“X3

ACHMNTOTHYECKY YCTOHUHMBO?
XapakTepHCTHUECKOE YDaBHEHHE HMEET BHJ

—k 0 1
—3 —k 0 =0 nm k-+k2—0k16=0
a 2 —1—k

Mo npusnaky I'ypsuua ycnoBuamu acuMntoTudeckoit ycroiuusoctn 6yayr a; > 0,
@18, — a3 > 0, @3 > 0. T4 yCAOBHA B aHHOM CJayvae CBOmaTca Kk —a —6 > 0.
OTkyRa @ < —6.



230 TEOPHS YCTOMYHBOCTH [rn. 4

§ 6. Cayua#t manoro ko3¢p¢uunHeHTa npH NPOH3BOAHOMH
BHICIIETO NOPAAKA

TeopeMa O HelpepHIBHOW BaBHCHMMOCTH pelleHHs OT TapameTpa
(cM. ctp. 54) yrpepnaaer, uTo peuenue AudpepeHUHaNLHOTO YpaBHEHUA
.;c(t)=f(t, X (f), }) HenpepLBHO 3aBUCUT OT TapaMmerpa |, eCId B pac-
cMaTpuBaeMoi 3aMKHYTOH 06.JacTH U3MeHeHMs £, x ¥ U dyHxuus f He-
NpepbiBHA N0 COBOKYNHOCTH apryMeHTOB M YIOBJETBOPSET YCJIOBHIO
Jlunwuua no x:

f(t %, w)—f(t x, W< N|x—x],

rane N He 3aBHCHT OT £, x U [,

B 3anauax du3HKH M MeXaHMKH YCIOBHA STOH TeopeMbl OGLIYHO Bbi-
MOJIHEHH, ONHAKO ONMH CJayuyatt paspeiBHOW 3aBHCHMOCTH NPaBOH yvacTH
OT NapaMeTpa, M3YYEHUI0 KOTOPOTO U MOCBALLAETCA ITOT Naparpag, BCTpe-
yaeTcsl B NPUJIOKEHHAX CPaBHHTEJBHO YacTo.

PaccmoTpuy ypasneHue

dx
V) _dt—=f(t’ Xx), (4.28)
roe [ — Maabift mapamerp. 3anaya 3ax/i0MaeTCss B TOM, YTOOb BBIACHHTS,
dx
MOXKHO W NIpU MAnbIX 3Hauenusx |u| npeseGpeub uieHoM y—s-, T. e.

dx .
npuOAMKEHHO 3aMEHHTb pellleHHe YypaBHEHHS u—dt—zj(t, X) pelienHeM

TaK HA3blBAEMOrO0 BBIPOXKIEHHOIO YypaBHEHHSA

f(t, x)=0. (4.29)

Mbl ne MOxeM 31eCh BOCMOJb30BATbHCS TeopeMoit o Henpepbwﬂon 3dBH-
CUMOCTH pe€lleHdqa OT napamMeTpd, TaK KAaK Mpasad 4acTb YPaBHEHHUsA

dx 1
paspeiBHa Tpu p=0.
[pelnoaouM NMOKAa 15 YNPOWEHHs, YTO BHPOMKIEHHOE YDaBHEHHE
(4.29) uMeer .MIUb OAHO pewenne X =@ (f), NPEANOJOMUM TaK}Ke AIf

onpeledeHHOCTH, 4To W > 0. Ilpu cTpeMieHuH mapameTpa U K HyJIO
dx dx 1

NPOU3BONHAN —m- pellieHHA ypasHeHus —Hsz(t’ X) B Ka}maoM Touxe,

B KoTOpOH f(f, x)50, GyneT HeOrpaHuyeHHO BO3PACTaTh IO abcoJIOT-

HOH Be/HuHHe, uMes 3HAK, COBMAjAlOWMA cO 3HaKOM GYHkuuM f (£, X).

CienoBaTeqbHO, KacaTeJbHble K WHTErpaJbHbBIM KDHBBIM BO BCeX TOUKaX,

B KoTOpHX f(f, x)+ 0, crpeMarca upu pu—0 K HanpasiaeHuo, Napai-

aeqptoMy ock Ox, npuuem ecau f(f, x) >0, To pewenne x (£, W)
dx
ypesHeHHs (4.28;) Bo3pacraeT ¢ BO3pacTaHueM £, TaK Kax = > 0, a ecau
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f(t. x) <0, To pewenue x(f, 1) yGuBaeT c BoapactanueM f, TaK Kak
dx

T < 0.

PaccmoTpuM usobpaxeHHbI# Ha puc. 4.18 cayyak a), npu KOTOPOM
3Hak GyHxuuM f(f, X) Cc BO3pacTaHWeM X NpH (UKCUPOBAHHOM ! Me-
HAETCA NPpH nepexone vepesd rpaduk pelleHus x = @ (f) BHPOXIEHHOTO
ypaBHeHHA ¢ —+ Ha —.

CrpeskaMu NOKasaHO mOJMe HaNpapleHMH KACATEAbHHX K HHTErpab-

HbIM KDHBHIM TIPH AOCTATOYHO MaaoM W. [Tose Hanpasjenuil ycTpeMmieHo
K rpacuky KOPHA BHIPOXIEHHOTO YpaBHeHus. [lo3Tomy KaxKosel Obl HA

7 oy f/z:t/<0HH 1 FHELt)>0 “”
gty -
«”mv.;/” *
NERRANE WA RS-« g7 ey prAf
Pt piit R (AN
/f

“
SERL VY

ff?z:t/%ﬂ “ ”HH

7 (2, Zy)

N

Puc. 4.18. Puc. 4.19.

OblM  HauanbHbie 3Havewus X (f,) == X, HHTErpaibHas KpuBas, ollpene-
JgseMas 3THMH HayaJbHbHIMH 3HaueHusMd, OyIdyud TIOYTH TNapajsebHOH
ocu Ox, ycrpemaserc K rpadpuky KOpPHA BHIDOMIEHHOrO YpaBHeHH# H
NPH BO3pacCTaHUW ¢ ywe He MOXeT NOKUHYTb OKPECTHOCTb 3STOro rpa-
¢uxa. ClreloBaTe bHO, B 9TOM cayyae npu ¢ > &) > &, TIpH AOCTaTOUHO
MaloM [L MOMHO NpHOAMMEHHO 3aMeHATb pelleHue x(f, [) ypaBHeHns
(4.28) pelieHneM BHIPOXIEHHOTO ypaBHenwHs. B paccMorpeHHoOM c/ayuae
peuiede x =@ (f) BHPOXKIEHHOTO YDPaBHEHHA HA3BIBAETCHA YCTOWUMBBIM.

Paccmotpum cayua#t 6) — sHak dyskuuu f (£, X) mpu Nepexole ue-
pe3 rpaguxk pelieHHss X == @ (f) BbIpOXIEHHOTO YypaBHEHUs C BO3pacra-
HHeM X Tpu OHKCHPOBaHHOM ! uaMensercs ¢ — Ha -+ . Ha puc. 4.19
H300paxeHO TNOJe HaNpas/eHHH#, KacaTeJbHhIX K HHTErPaJbHbIM KPHUBBIM
NpyH NOCTATOYHO Ma/JoOM M. B stoM caywae OweBMAHO, YTO KAKOBR Obl
HM OblaM HA¥aJbHble 3HauyeHUa x (f)) = X, YAOBJIETBOPAOLINE JHLIbL
ycaosuio f (£, x,)7=0, MHTerpaibHas KpuBas, ONpeldenseMas ITHMH 3Ha-
YeHHAMH, TIPH AOCTAaTOYHO MajJOM [, WMes MOUTH NapannedbHyio ocH Ox
KacateabHym, ylaasercs OT rpacduxa peiuenus X =@ (f) BHPOKIEHHOIO
ypaBHenus. B sroM cayuae pemenue x == @(¢f) ypasueHus (4.29) unaswl-
BaeTcs HeYCTOHuMBRIM. B HeycToumsoM cayuae Heab3d 3aMensrh pelle-
Hue x=x(f, 1) HUCXOJHOTO ypaBHeHMs pellleHHeM BLIPOXAEHHOr O
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dx
ypaBHeHus, APYTUMH CTOBAMH, Heab3q npeHebpeds YIeHOM U —F B Ypasie-

HUK u%:f(t, x), kak Ob Mano p HH ObIO.

BosaMoxeH ellle TpeTHH, Tak Ha3biBaeMbfl NMOAYYCTORYMBHIA, cayyaht s):
3HaK ¢yHKuMn f (£, x) Npu nepexole depe3 rpaduk pelleHUs BHIPOMIEH-
HOTO ypaByenun He uaMeHsietca. Ha puc. 4.20 usoOpaxeno nose wampa-
BJEHHH B CJydyae MOAYYCTOHUHBOro pellleHus x — @ (£).

B noayyctofluMBOM cjyuae, KaKk NPaBHJO, TOXe Heab3a MPHOAHKEHHO
3aMeHATb pellleHHe MCXOJHOrO ypasHeHHs X == x(f, [) pelleHHeM BHIPO-
HIAEHHOTO YpaBHeHHs, TaK Kak,
BO-TIEPBLIX, MHTErpajbHbE KPH-
Bble, orpejeseMble Haua/bHbIMH
3HAUEHHAMH, JeXalUUMH C OIHOH
CTOPOHB OT rpaduka pelleHns
x =@ (f), yaaasrca OT 3TOro.
rpacduka, BO-BTOPbIX, HHTErpa.ib-
Hble KPHBble, NpUOIMKAOLIHECA
K rpaduky peuenna x =@ (f),
MOTYyT TmepeffTH yepe3  Hero
Ha HEYCTORYHBYI0O  CTODPOHY
(puc. 4.20) ¥ nocae sToro yaa-

Puc. 4.20. futbcs  OT rpaduka pelleHHA

x = @(f). Hakoneu, ecan pawme

MHTErpaibHas KpHMBas X == x(f, |) OCTaeTCs B OKPeCTHOCTH TrpagHka

pelleHHst ¢ ero ycCTORUMBOH CTOPOHH, TO HeH3OeXHble B NPAKTHYECKHX

3alayax BO3MYLLEHHS MOTyT nepebpocutb rpadux pemenus x == x (£, W)

Ha HEYCTOWUYMBYIO CTOPOHY rpadpHka pellleHHs BHIPOXAEHHOrO YpaBHeHHs,

noc/je yero HHTerpaibHas KpuBas x =— x(f, ) yAaauTca OT rpaduxa
pelueHHs x = ¢ (f).

3aMeTuM, 4TO eCaH HAa rpadHke pelleHHs BHIPOMIEHHOTO YPaBHEHHA

z
4
14

tf
f’f

%_ < 0, To 3aBe1OMO pellleHHe X =@ (f) YCTOHUMBO; ecaH me % >0,

TO pelleHHe X =@ (f) HeycTOMYUBO, TaK KAaK B MEPBOM C/yude B OKpecT-
HOCTH KpHBOH X =@ (f) ¢yHkuus [ yObBaer C BO3PacCTaHWEM X U, Cae-

10BATE/bHO, MeHseT 3HAK C -+ Ha —, a BO BTOPOM cJjyuyae BO3PACTaeT
C BO3paCTaHMeM X W, B3HAuuT, NPH Nepexole uepe3 rpaduK pellieHns
X ==@(f) QyYHKUMA f MeHseT 3HaAK € — HA —+.

Ecad BHIDOXIAEHHOE ypaBHeHWe HMeeT HeCKOJbKO pellleHHR X == @, (),
TO Ka}u[Aoe W3 HMX [OKHO OBITb HCCIEAOBAHO HA yCTOHYHBOCTL, ApH-
yeM B 3aBHCHMOCTH OT BBIOODA HAUaAbHBIX 3HAYeHUH HHTErpajbHble KPH-
BHE HCXOJHOTO . ypaBHEHHs MOTyT BecTH ceba npu p—> 0 pasanHyHo.
Hanpuuep, B usoGpaxeHHOM Ha puc. 4.21 cayuae Tpex peiueHut x = @, (f)
({=1, 2, 3) BHPOWAEHHOr0 ypaBHeHHs. rpaduKku KOTOPHX He Mepece-
KaoTcd, pelllends x==x(f{, p), B > 0, ucXooHoro ypasHeHus, onpene-
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JdfieMbleé  HA4YaJbHBLIMH TOYKAMH, JeXaulHMH Bolwe rpaduxa GYHKLUH
=@, (f), crpemarca mpu f£>f, u PL—>0 K YCTOHYMBOMY pelleHHIO

BHPOXAEHHOTO YpaBHeHHR X =¢;(f), a peuwlenns x=x(f, W), om-

peleaseMble  HayalbHBIMH

TOYKAMM, J€WAIIHMH HH- r<o

ke  rpaduka  QyHKuuH zh SARRARTEY'

X =@y (f), cTpemaTcsa npwu &””HHHHLM(“

t> £, n p—0x ycToHuu- Hy vyl

BOMYy pelleHHI0 X==@Q4(f) {1y H” “Af‘?éHf Fad

BLIPOXKIAEHHOTO YpaBHEHHUs EM&%W
A

(puc. 4.21).
Ht“”j,ijwmmm

Mpumep 1. BuacHuTh,  ——
CTPEMHUTCS M pelIEHHe
x=x ({, W)  ypaBHEHHS

dx
p7=x-—t.p>o, yaos- 11 4 H”Hu;“
NETBOpSAIOLIEE HaYadbHbIM yC- bissf ;if fy )
noBuaM x (f,) = x, ¥ peule- f4 4 ty z=grts
HUIO BHPOKIEHHOrO YpaBHE- f4
o x—t=0 npu £t>#, u
p—>0. Puc. 4.21.

Peutenue x = x (¢, pu) ue
CTPEMUTCA K DEUICHHI0 BbI-
POXJAEHHOTO YypaBHEHUA x =1, TaK Kak peuenye BHIpOKAEHHOrO YpaBHEHUA

d(x—1)

HeycToHYKHBO, TOTOMY 4TO — o = 1> 0 (puc. 4.22).
“A N z
'SJ/
720 4
/117"227/ /47,‘210}
f<o
g > 7
- /<o YM/
/
Puc. 4.22. Puc, 4.23.

Mpuwmep 2. Tor ke BONpoC AN ypaBHEHHA
dx 2
—_ t — 3e*.
T sin 3e

Pemenue BRIpOXAeHHOrO ypaBHeHHa x ==2!n|sinf| —1in3 ycroftuuso, rak

2f—
K %ﬂ = —3¢*<0. Cref0BaTeNbHO, peilleHHe HCXOAHOTO ypaBHEHHs
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x = x(f, 1) CTPEMHTCA K PpEHEHHIO BHPOXAECHHOrO YpaBHEHHa I ¢ > &,
npa k- 0. .,
[Ipumep 3. Tor xe BONPOC ANA PelleHHA YpaBHEHHS -

P ek —x D) 150 2=

. M3 gmByx pewenuf x=0 u x=£41 BHPOKICHHOrO YPaBHEHUA
" Ox (2 —x+1)
x(?—x-+1)=0 nepsoe HeycTOHuHBO, TaK Kak —

2
=241 > 0, a BTOpoe yCTOHUNBO, TaK KaK ‘)_"LML*“_L)

x=0
=121 <0
x=1241
Ecan HauaabHas Touka (Zy, X,) JA€WUT B BepxHeil Noaymaockoctu x > 0, 10
MHTerpadbHas KpHBas MCXOZHOrO ypaBHeHHR NPH | — 0 npubanmxaercs k rpaduxy
periena x =241 BHIPOWAEHHOrO . ypaBHeHus (puc. 4.23) u ocTaerca B ero

OKPECTHOCTH. .
Ecan xe HayaapHad TOHUKA JEXHT B HMKHEH NONYNJIOCKOCTH x <0, 10

lim x (¢, p) = —oo npu ¢ > £, (puc. 4.23).
u->0

Bonpoc 0 3aBUCHMOCTM pellleHHi OT Maloro KO3(pQHUHEHTa @ Npu
crapwefl npoOH3BOAHOH BO3HWUKAET W AA8 YpaBHeHHH n-ro nopsaka

px® ()= f(t, x, X, %, ..., x@=D),

M oad cucTeM aubdepeHUHAIbHBIX YpPaBHeHUH.

YpaBheHue n-ro Nopsaka MOxeT ObiTb 0ObIYHLIM COCOOOM (cM. cTp. 85)
CBEJEHO K CHCTeMe YpaBHeHMH NepBoro NOPsAKa, U CJel0BATEIbHO,
OCHOBHAA 331a4a 3aKJIOYAeTCA B  MCCAENOBAHHM CHCTEM ypasHeHuf
NepBOro0 NMOpAIKa C OZHMM HAH HECKOJbKUMH MaibM# Ko3ddulueHTaMH
npy MNPOM3BOJHHX. 3rta 3ajlava noapolHo uccrenosana A. H. Tuxo-
noBuM [4] n A. B. Bacuabesoti. .

§ 7. Yero#iuuBocTh NPH NOCTOAHHO AEGHCTBYIOULHX BO3MYILEHHSX

Ecan dcclenyeMas cCHcTeMa ypaBHeHuH

d
Lhm £t 10 Xy oees X)X, (fg) = Xy (4.30)

dt
(i=1,2,..., n

MOABepraeTcs MajblM KpaTKOBpeMeHHbIM BO3MYLIEHHAM, TO cHcTeMy (4.30)

Ha MajiOM WHTepBaje H3MeHeRus f, t0<t<70, cienyeT 3aMEHUTh
BO3MYILEHHON CHCTEMOH

dx

_—l= it,x,x,--.,xn R t.x,x,n-. »t
a7 =it X1, %, )+ R (8 %, Xy Xp) i(4'31)

5G)=5xt) (=12 ..., n,

rie Bce R;(f, X;, X9 ..., X,) MaiW 1O MOLYIIO, a 3aTeM NpH :>:§
BO3MYILEHUA NMpeKpawanTcs, H M CHOBA BO3BpalgeMca K cucreMe (4.30),
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HO yXe C HEeCKOJbKO (13MEHEHHbIMH HA4YaJbHBIMH 3HAYEHUAMH B TOYKE

by X () =x;({p) +0, (1=1,2, ..., n),rRe ;) ¢ =1,2, ..., n)—
ucclenyeMoe pellende cucteMbl (4.30), a Bce 0, Manbl MO MOAYMO NpH
maablx [R;| B cHIy TeopeMbl O HenpephiBHOW 3aBHCMMOCTH pellleHHs
or mapametpa (puc. 4.24).

Ciie10BaTebHO, OeHCTBHE KpPATKOBpPEMEHHbBIX BO3MYLIEHHR B KOHey-
HOM cHeTe CBOAHMTCS K BO3MYLIEHHAM HA4aJbHLIX 3HAauYeHWH, a BOMpOC
06 ycTONYMBOCTH 10 OTHOUIEHHIO
K TaKHM KDaTKOBPEMeHHBIM HJH,
KaK MX YacCTO HA3BLIBAIOT, MIHOBEH- >
1BIM BO3MYIIEHUAM CBOIOMTCA K pac-
CMOTPEHHOMY BHIIIe Bonpocy 06
ycTouuBocti B cMbicie A, M. Jla-

Z)

TIYHOBA.
Ecan ke BoaMyulenus neHcr- > LI z

BYIOT ~ MOCTOSHHO, TO  cHCTeMa . b 4

(4.30) ao.1xHa ObITH 3aMEHEHA CUC-

temolt (4.31) nmas Bcex £>4£, u Puc. 4.94.

BO3HMKAET COBEpIIEHHO HOBas 3a-
naya 06 YCTOMYHBOCTH NpM 1OC-
TOAIHO AefCTBYIOIINX BO3Myllenusx, ucciefosannas M. T. Mamkuumnm
u T. H. dy6owuusm.

Tax ke Kaxk NMPH UCCAENOBAHMH HA YCTORUMBOCTH B cMuicae A. M. Jls-
nyHOBa, MOXHO 3dMEHON MepeMeHHbX x; =y, — ¢, (f) ({=1, 2, ..., n)

npeo6pa3oBaTh HCclenyeMoe pellleHde Y, =@;(f) ((=1,"2, ..., n).
y

CHCTEMBbI d—tt =@, (¢ y. Yo ..., ¥ (=1, 2, ..., n) B TpUBHATBLHOE

pewenue x;=0 ({=1, 2, ..., n) npeoSpa3osaHuo#t cucremul. [TosTomy

B laibHeflllleM MOXHO CYHT4Th, YTO Ha YCTOHUMBOCTL MNpPH NMOCTOAHHO
IEUCTBYIOWNX BO3MYILEHUSAX - HCCAeAYeTCA TpHBUAbHOE pelieHue x; =0
(=1, 2, ..., n) cucreMn ypasHenul (4.30).

TpusHaibHoe pellieHde cucTeMbl (4.30) HasbiBaeTCA ycmoduusum 1o
OTHOIIEHHIO K MOCTOSIHHO AEHCTBYIOLIMM BO3MYIUEHWAM, €CIH I Kax-
poro € >0 mowuo nomobpate 8, >0 u 8, >0 Takue, uro M3 Hepa-

n n
BeHCTB Sy RS < O) mpn £ 28y n > Xjo < 05 CHELYET, 4TO
=1 i=1
n
iz;-] x2(¢)<e? npu t>f,

roe x;() (=1, 2, ..., n) pewene cucremn (4.31), ompenenseMoe
HAYAJbHBIMH YCAOBUAMH X;(£)) ==X, ({=1, 2, ..., n).

Teopema 4.7 (meopema MaaxuHa). Ecau 048 cucmenus ypas-
nernuil (4.30) cywecmsyem oupdepenupyeman Gyuryus JIanynosa
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V(L Xy, X9 +u., X,), YOOBAEMBOPANUAA 8 OKPECMHOCMU HAYAAG
Koopournam npu t >ty CAe0YIOWUM YCAOBUIM:

Do, xy, X9 s X)) 2@ (%, X9, ..oy X,) 20, (£, 0,0, ..., 0)=0,
20e W, — HenpepusHans BYHKGuA, 00PAWAOWAACA 8 HYAb AUUb
8 Hawane KoopOuHam;

2) npou3300ubte —al (s=1, 2, ..., n) ozpanutens no #oodyap,

3) npousaoaﬂa;z t+240x fi<—wy(x, Xy .., x,) L0
1=1
20e HenpepusHaR PYRKYUA Wy (X, Xgy vy X,) MOKEM 00 pay,amocs
8 HYAb AUWb 8 HA4aAe KOOpPOUHAmM, MO MPUBLAAbHOE peuteHue
cucmens (4.30) ycmoldnuso no omuowenuio £ NOCMOAHHO delcmsyio-
HyUM BOIMYUEHUM.
HokasaTeabcTBO. 3aMeTHM, YTO B CHJIy OrPAHMYEHHOCTH NPOH3-
ov
BOLHHX —— (§= 1, 2, ..., n) pyHKUMa ¥ paBHOMEPHO MO OTHOLIEHHIO
s
n
K ! npu t 2>, cTpeMUTCs K HYJIO TpH 12_1x§->0, TdK K&Kk [0 Teo-
n

=
peMe O cpelHeM 3HAYeHHH V(f, X, X9, .., xn)=,2‘(

I=

ov ) X ne
dxl i f

ov ;

(ﬁ;—)—npouasonnme, BBIYMCJEHHbIE [/ HEKOTOPBIX MPOMEXYTOUHBIX
i

meway Ou x, (=1, 2, ..., n) 3HayeHu# apryMeHTOB X, Xg, ..., X,.

3aMeTuM TaKxe, YTO BHE HEKOTOPOH 0-OKpPEeCTHOCTH Ha4aJa KOOPIMHAT
n

<‘r. €. npH z,le>62 >0> M npu t>f; B cuny ycaosud 2) n 3)
L=

MPOU3BOAHASA

dv ﬁdv
= 01+..uax fi+Zax, <—k<O

i=1

npu IOCTATOYHO Majiblx Io moaymo R, (=1, 2, ..., n).

3anazum € >0 u BHGepeM kakywo-HHOYIb NOBEPXHOCTE YPOBHS
(111 OOHY M3 ee KOMMOHeHT) w,==1{, [ > 0, UeIMKOM JeKaILYI0 B €£-OK-
PECTHOCTH HAya/a KOOPIHMHAT.

[MonsuxkHas  1pu  [lepeMeHHOM f > f; NOBEPXHOCTh  YPOBHA
v(t, Xy, X9 ..., X)==1[, B cuny ycaosus 1), JeXHT BHYTPM MOBepX-
HOCTH YypOBHA W, ==[ ¥ B TO X BpeMs, B cuny paBHOMepHOro no ¢

cTpeMieHHs K Hyalo GYHKUMH U [IpH Zx2——>0 AEKUT  BHE
i=1 '

HEKOTOPOH 0,-OKpECcTHOCTH Haua/a KOOPAMHAT, B KOTOPOH v < I, H,
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C/lenOBaTebHO, HA TOBEPXHOCTH YPOBHA ¥ (!, X;. Xy ..., X,) =1 0pu
moboM £ 2> £, npoussonHas

n n
dv dv N Ov N JU
=t Wfr*‘ ER1<-—’€<0»

=] =1

n
ecn RI < 81, 8; >0, rme &, nocrarouno mano. TpaexTophs, onpe-

i=1
JeaseMas HayanbHOR TOuKOH X;(f)=x, ((=1, 2, ..., n), nexaweh
B yKa3aHHOH BHILNE 0,-OKPeCTHOCTH HAauaja KOODIAMHAT, He MOMeT
npa £ >, BHATH 34 npelenbl €-OKPeCTHOCTH Hayand KOOPIMHAT, TaK
Kak, B cuay suibopa O, v (£, Xy5 Xggo .- .s Xpo) <[, M CRENOBATEJBHO,
ecnd Gbl npu £ > f, TpaeKTOpHs BLIXOAM/IA 33 Mpejle/bl €-OKPECTHOCTH
11a4a.1a KOOpAMHAT MiM XOTR OH 3a npelejbl MOBEPXHOCTH YDPOBHA
w,=={, TO oHa JNOMkHA O6btia Obl MpH HeKOTOPOM 3Hayeunu f=7T
nepBbift pas Nepeceds IOBEPXHOCTb YPOBHA U (f, Xy Xg ».., X,) =1,
NpHYeM B OKPECTHOCTH TOYKW NepeceyeHHsl BAOJb TPAEKTOPUH (yHK-
u#s v I1OMmKkHA Omja 6H  BO3pPACTAThH, YTO INPOTHBOPEYHT YCJIOBHIO

dv
Hg—k<0 BIO/b TPAEKTOPUH B TOYKAX T[OBEPXHOCTH YpOBHSA

V(E Xy, Ko oens X)=L

CpasHuBas yciaoBua TeopeMbl Majkuya ¢ yc/iOBHSAMM TeopeMbl Jlany-
HOBA 00 ACUMNTOTHYECKOH ycTOMuuMBOCTH (CM. 3aMeyaHde Ha cTp. 218),
YBUAMM, 4YTO OHHM TIOYTH COBNIAAAIOT; JAONOJHHTEIbHBIM B TeopeMme
Manxuna saBasercs Juib Tpe6OBAHME OTPAHMYEHHOCTH IIPOM3BOIHBIX
Jdu
oxg
YHBOCTb MO OTHOIIEHHIO K IOCTOAHHO NEeHCTBYIOUIHM BO3MYLEHHAM
ABASIOTCA, XOTA # He COBMNANAIOIUUMH, HO BecbMa ONM3KUMH CBOHCTBAMH.

(s=1, 2, ..., n), TaK 4yTO aCHMNTOTHYECKAs yCTOHYMBOCTH M yCTOH-

Npumep | YcrofiuuBo a4 no OTHOWEHHIO K NOCTOAHHO AEHCTBYIOIUIHM
BO3MYILIEHHAM TPHBHaJbHOe peweHne x =0, y = 0 cucTemsl ypaBheHHit

da — g2 3
W‘—ay X%
dy __ 2 3
= b2x 8

ree @ ¥ b — nocTosiHHbIE.

$yukuueit Jianynosa, ynosneTBopsiome# BCeM ycaoBHAM TeopeMb Mankuua,
apaserca U = b%x2 4 q?y2

CaepoBatenbHo, Touka Mokosi x =0, y=0 ycroiiuuBa noO OTHOMIEHHIO
K [1OCTOSIHHO AeHCTBYIOMUM BO3MYIUCHHSIM.

Npumep 2 Ycroiiwusa au Touka nokos x;==0 (i=1, 2, ..., n) cucTemnt

n
=Y a R £y faenes X)) (=L 2 .. n) (43
i=1

dx
di
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0 OTHOLICHHIO K MOCTOAHHO ﬂeﬁCTBlemHM BO3IMYIICHHAM, €CAU BCE au—-no-

CTOSHHME, a R; yZOBAETBOPAIOT yCAOBHAM Teopemur Jlamywosa, crp. 221, T. e.
h+a

n
1Ri1< N(Z # , @ >0, N —IoCToAHHas, U BCe KODHHM XapaKTepucTHue-
i=1
CKOrO ypaBHeHys 14f CHCTEME! NEPBOrO NMPHOAMMKEHHA PasAMYHBL H OTPHIATENbHBL
Ha crtp. 223 nocie 3ameHbl nepeMeHHbX, NpuBoauBmed JaunefiHnle wacTu
ypaBhenus (4.32) k xaHoHHuecKOMy BHiy, Oblia ykasaHa ¢yHxuua JlanyHosa
n

v=2y§. yAOBJETBOpAIOLIAA BCeM YCJAOBHAM TeopeMn MaJaknHa, caeno-
i=1

BaTeabHO, TOYKa mnokoa x;=0 ({=1, 2,..., n) ycrofiunsa 0O OTHOWIEHHWIO

K [OCTOSHHO AEHUCTBYIOUIHM BO3MYUIEHHSIM.

ToT e pe3yabTaT MOMXKHO NOAYYHTH, HPENNOJOXHB, YTO AeHCTBUTEAbHHE
yacTu BCeX KOpHell XapakTepHCTUYECKOTO YPABHEHHA, CPeN KOTOPHX MOFYT
6bTL W KpaTHBlE, OTPHIATENBHB, HO TOJABKO B 3TOM Clyyae MOR6OD GyHKIHH
JlanyHoBa 3HAYNTEAbHO YCAOKHAETCA.

3amauu K raase 4

1. UccaegoBath Ha yCTOHUHBOCTbL TOUKY nokosl x ==0, y =0 cuctemn

dx
t e — 5}
T 2x — 3y + x5,
ay _ 2
g ATy

2, Wccnenosath Ha yCTOHUMBOCTD TOUKY MOKOA x=0, y=0, z=0
CHCTEMBI

dx dy dz .
W—x-—y—z, —di-—x-{-y———3z, W—x-——Sy—J‘
3. llpu xaxux 3HaueHuAX a toyka nokoa x=0, y=0, 2=0 cucremn
fd_’i=ax—y Ay =ay— 2z, a2 gz—x ycToityuBa?
dt Todt dt
4. [lpy xaknx 3HaYeHHSIX a CHCTeMa
d
d’; = y+4ax— x5,
dy s
T T

uMeeT ycToMuuByKO Touky nokos x =20, y =0?
5. K xakoMy npefedy cTpeMuTcs pemeHde AnddepeHIHaibHOrO ypaBHEHHUS

Wit =k (2 —9), x()=1

api u—>0, u>0 > 12
6. K xakoMy npefeay cTpeMutca peureHue ZudepeHIMasbHOTO ypaBHEHHS
dx

Bp=x—t45 x@)=5mx p>0, >0 £>2
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7. WUccnenoBate Ha ycTOHUMBOCTH TOuKY tiokod x =0, y =0 c(uctemp
ypaBHeHHu#

%“:—=x+‘e>'—cos ¥
%=3x—y—slny.

8. YcToftunBO AU MO OTHOMIEHHIO K MOCTOAHHO IeHCTBYIMWIAM BOIMYILEHHAM
pettende x =0, y =0 cucteMn ypaBHeHH}l

dx

—_— o — _— D
77 2y — x5,
dy 5
y7; == 5x — y5?

9. Ycrotuuo au peuretine x==0 ypaBHEHHA
X4 5% 4 2x +20 = 0?

10. YcroiiuuBo au pemenue x ==0 ypaBHeHHH
¥4 5xX 4 6x 4 x=0?

11. Kaxoro tuna touxy nokos x =0, y = 0 HMeeT cucreMa ypaBHEHHH

dx _ dy ¢
—E—x+3y, —d—t—_Sx ¥

12. OnpefennTb NepHOAHYECKOE pelICHME YpaBHEHHS X - 24 -+ 2¢ =sint
H KCCAeJ0BaTh €ro Ha yCTOHYHBOCTS.

13. ¥+ 2x4 5x+3x=cost YCTOHUMBO MM NEPHOJUMECKOE pelIeHHe
STOr0 ypaBHEHUA.
14. UccaepoBath Ha ycTOH4MBOCTL TOUKY MNokoa x==0, y==0 quiTeMH

x=y 455, y=£ 4y
15. Uccaenosath Ha YcTORYUMBOCTb pCUIeHHSl CHCTEMHR ypasHeHui
£ =3y —2x4¢,
y =5xr—4y42
16. MccaegoBaTh Ha YCTOHUMBOCTb IPHBHANbHOE PElIcHHE YDABHEHHS
X+ 2x+3x+7shx=0
17. UccaepoBath Ha YCTOHUMBOCTb TPHMBHA1L1l0€ PeLIEHHE YpABHEHHSA

x+@—Dx+@d—a?)x =0,

rAe a — napaMerp.
18. YcrofiuuBo au peirenne x==0, y=0 cucremMn

x=3y—x% y=—4x—3ys

UpH AOCTOSIHO ReHCTBYMOU(MX BO3MYWEHHAX.
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19. Ycroftuneo s TPUBHAAbHOE pellleHHE CHCTEMH
X (&)= AX @),

rae X (f) — BeKTOD B TpPeXMEpHOM NDOCTPAHCTBE, a

120
A=(o 1 1).
131

20. UccaenoBath Ha YCTOHYMBOCTb pelleHHs ypaBHeHHsS

X4 4x 455 =t
21. UccaenoBate Ha yCcTOHUYHBOCTb pellleHHs ypaBHeHus
X 9x = sint.

[[J. 4

22, x-x=-cosf HailiTH nepuoinyeckoe peleHHe W HCCAEIOBATH €ro Ha

yCTORUHBOCTE.
23. Halitu obaactb ycTohunsocTH

i4ax4(1—a)x=0

24, X 4 ¥ + a?x -+ 5ax = 0. Haiitu o6aacts ycroituusocTH.



Fr'NTABA 5
YPABHEHHS B YACTHbLIX MPOH3BOJAHLIX NEPBOTIO MOPS KA

§ 1. OcHoBHBIE NMOHATHSA

Kak yxe orMeuaisoce Bo sBemeunu (crp. 10), dughdhe penyuansrnsimu
VPABHEHUAMY 8 4QCMALX RPOU3BO0HLLX HA3BBAIOTCA AHddepeHUuab-
Hble ypaBHeHUA, B KOTOPHIX HeH3BecTHbie QYHKUHM ABAMIOTCA DYHKUHAMH
6osee uyeM odHOM He3laBUCHMOR nepeMeHuOH.

Ouenb MHOTHe ¢u3HUecKHe fAB.IeHUA OMUCHIBalOTCA AnddepeHLuan-
HHMU ypaBIIEHUAMH B YACTHBIX NMPOH3BOAHBIX. YpaBheHHe

ou )2 ou \? [ ou \2
() + (5 +E&) =y 2
ONMHUCHIBAET PACMPOCTPAHEHHEe CBETOBBIX Jyd4elt B HEOAHODOAHOR cpede
C nokasartefeM rpeaoMaeHua n{x, y, 2Z); ypasHeHue
ou 9 %
_—— g —
a T ox?

OMHCbIRAET H3MeHeHWe TeMepaTyphl CTepXHA; YpaBHeHHe
0%u 4 0%
.——.—a r—
ot? dx2

ABJAAETCA ypaBHeHHeM koJeBaHnud cTpyHuol; ypasHetWio Jlamsaca
0% J%u 0%
o T oy T o =0

YAOBJAETBOPAET TOTEHUHA® MOAA B OGJACTAX, He COAepPXKAWMHX 3apAloB,
d 1. 4.

B 3ToH raase Mbl KpaTKO PacCMOTPHM JHILIb METOAB HUHTErPHPOBAHHSA
AuddepeHnaIbHbIX YpaBHeHUH B 4aCTHHLIX MPOU3BOAHLIX [EPBOTO NQ-
pAAKa, TeopHs KOTOPHIX TeCHO CBsSI3aHA C HHTErPHPOBAHHEM HEKOTOPBIX
CHCTeM OGBIKHOBEHHBIX YpaBHeHuR.

YpaBHeHHAM B UYACTHBHIX TPOW3BOAHBX G6OJee BLICOKOrO MOPAIKA.
HHTETPUDPYIOUUMCA COBCEM WHEIMY METOAAMH, MOCBAWLAETCA OTHEAbHAR
KHHTA CepHH.

16 J. 3. Bascroaen
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PaccMOTpHM HECKOMbKO MPOCTERILUNX PHUMEPOB.
Npumep 1 g
2z (x,
-——(—ax—y)- =Y + X.

Unterpupya no X, noayuaem
xi
z(x y)y=xy+—5 -+

rae ﬁ(y)——npousaonbuaﬂ byskuun y.

puMep .
dz(x, y) d { 0z }
~Sxa0 3y =0 wuas Y73 dy 0.

gz
WUnterpupys no x, noayuaes Oy = @ (y), rae ¢ (y) — npousBoabhan GpyHxuua y.
Wurerpupys Te€nepbs Mo y, NoayuuM

2= [e)dy+a (0.

rae @, (x) — npousBoabHaa ¢yHxuma x. Man, o6o3nauas

[emay=a.0),

OKoHYaTeqbHO OyleM HMeTb
z(%: y) =91 () + 2 (¥),

rie @z (y), B CHly NPOH3BOALHOCTH ¢yHkuun ¢ (y), Toxe ABAAETCA TPOU3BOJb-
Ho#l AuddepeHurpyemoi dyHkuued y.

[IpuBefeHHble TpHMepsl HABOLAT HZ MbICAb, 4TO OOllee pellieHHe
AMdPEepPeHUHATbHOrO  ypaBHeHHs B YAaCTHbIX TMPOU3BOJHBIX INepBOro
NOpANKa 3aBUCUT OT OAHOM MNPOU3BOJLHOR QYHKUMH, ofllee pelueHue
ypaBHEHHs BTOPOTO MOPSAKA BaBMCHT OT ABYX MPOU3BOAbHBIX (yHKUHH,
a ofulee pelueHue YPaBHEHHS pP-TO MOPAAKA, BEPOATHO, 3aBUCHT OT p
NpOU3BOJbHHX (yHKUHA.

OTH NpeanoNOXeHUs OKA3bIBAIOTCA CHPABELIUBBIMU, HO HYXKAAIOTCSH
B yTouHenuu. Oas ux yrounenus cpopmyimpyeM teopemy C. B. Kosa-
JEBCKOM O CYWIECTBOBAHMM W EINMHCTBEHHOCTH pELUEHHA YpaBHEHHd
B YaCTHHX MPOH3BOAHBIX.,

Teopema 6.1 (meopema HKosasesckol). Cyuecmeyem edun-
CMBERHOE QGHAAUMUYECKOE 8 OKPECMHKOCMU MOUKU Xig Xogs + v vy Xpg
PelleRue Y Ppasherus, pa3 pPeuLentozo omroCumessHo 00RO u3 npou3s-
BO0RBX MAKCUMAABRO20 NOPAOKA

0°z =f(x. x .. z 0z i?i -z oz 9%z
oxlp ll 2) e 0) ”’ * axl * dxl * LI | oxf-l ’ 0x2 ? axl ax2 ’

2
S ) @

dxj oxk



§2 JIMHEMHBIE ¥ KBASWUJIUHEMHBIE YPABHEHHA 243
y008.aemsopaRIOUEE YCAOBUAM

o — r4
npu X =Xy5 Z2=Qy(Xg, Xz «.0, X) T =@ (X X3 veuy Xp)ious

071z
e ot = Pt (Ka X ens Xy,
1

ecaun BYRKRUL Qg Ppy oo oy Ppoy ABALIOMCHT AHANUMURECKUML PYHK-

QUAMYE 8 OKPECHMHOCMU HAHAABHOL MOMKU  Xyy Xag + ..y Xpp,
a f asasemca anaaumuseckol @yHKyuell 8 OKpecmHocmu Havans-
HBLX 3HAHUEHUI] CBOUX GQPIYMEHMOS X5 Xgp «-.n Xyp Zp==
=@ (X300 X300 ««+» Xpo)s

0z ) iz 9% ¢,
=] =0 (¥ -+ xno)"“'< >:<’_ .
(041 0 0x? 0 ox8 =ty

Peweune oripelensieTc 3alaHueM HAYaJbHBIX QYHKUMR @5 @y, .. .
««+y Pp_1, MPOU3BOJALHO MEHAA KOTOPbiE B KJIACCE AHATHTHYECKHX PYHK-
uufl, Mbl NOJYYHUM COBOKYIHOCTb AHAJIHUTHYECKMX pelleHHfi HCXOLHOTO
ypaBuenus (A), 3aBHCALLYKD OT p NPOHU3BOJLHEIX (PYHKUMH.

HokasaTedsCTBO 3TOR TeopeMsi, TpeOylollee TpuUMenends TeopHH
aHaINTHYECKUX (YHKUMR, MB ONyCKaeM.

§ 2. JluHeliHble U KBa3uJHHelHble ypaBHEHHA B HACTHHIX
' NpOM3BOIHKWX MEpPBOro MOPAXKA

JuneliHoem HEOOHOPOOHBM YPABHEHUEM WIH KBA3UAUHEHHbLAM
VpasHeHueM nepso20 NOPAOKA 8 HACMHBX NPOUSBOOHBX HA3bI-
BaeTCH ypaBHeHHe BHAA

dz 0z
XX, %90 oy Xp z)b'if+x2(x1’ Xoy «oes Xp Z)E+
0z
voe + Xp(x X0 000y X z)a—n:Z(xl, X, veer X, 2). (B.1)

3T0 ypaBHEHHE JHMHEHHO OTHOCHTENbHO TMPOHUIBOMOHBIX, HO MOMET ObliTb
HeJiHeHBIM OTHOCHTE/NbHO HeH3BeCTHON GyHKuMM 2.
Ecau fpaBas uacCTb TOMIECTBEHHO paBHA HyJW, a KO3ouuHeHTH X,
He 3aBUCAT OT 2, TO ypaBHeHHe (5.1) Ha3bIBACTCH AUHEUHBIM OOHO POOHbM,
Ina GoJapluell HarAsAHOCTH reOMeTPUYECKOH HHTepNpeTaldH paccMo-
TPUM BHayajJe KBa3unHHeRHOe ypaBHEHME C ABYMA He3aBUCHMLIMHU mnepe-
MEeHHBIMH:

P(x, y, z)j—j-}—Q(x, v, z)g—;=R(x, v, 2). 6.1y

dyukuun P, @ ® R OyldeM cunTaTh HenpepbiBHEIMK B PacCMaTpHBaeMOR
06/1aCcTH HM3MEHEHHS MepeMEHHHX H He OOpAMAIIMUMHCA B HYNb OZHO-
BpeMEeHHO.

16*
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PaCCMOTpHM HEefIpEpbIBHOE BEKTOpHOE MO.JIe
F=P(x, . 2)i4+Q(x. y, 2)] +R(x. v, 2) k.

rae 1, j, kK -—eaunnuxbie BeKTOPHl, HANpaBJeHHbE NO OCAM KOOPAMHAT.

BexTopHule JMHHH 3TOrO 10Jd (T. €. JUHUHM, KacaTelbHas K KOTOPHIM
B KawAOH TOUKE HMMEET HAlpaBJeHHe, COBNajalolliee C HaMpaBJ/eHHeM
BekTOpa F B TOM e TOUKe) OnpeAeAI0TCA H3 YCJAOBHA KOMIHHEAPHOCTH BeK-
tTopa t=1idx 4 jdy +kdz, uwanpasieHHOro no
KacaTeabHOH K HCKOMBIM JHHUAM, i BekTOpa 1oas F:

dx . ay . dz
Px.y2) Qxy2) R(xy2)’

[ToBepXHOCTH, COCTABJEHHBIE “3 BEKTOPHBIX
JAMHUH, TOYHee, TOBEPXHOCTH, UEAMKOM COAEpKA-
lIHe BEKTOPHBIE JMHHH, HMElOUIWe XOTA Gbl ONHY
OGUIYI0 TOYKY C MOBEPXHOCTHIO, HA3BIBAITCA BeK-
mopromu nosepxrocmamu (puc. 5.1).

OueBHIHO, BEKTOPHBIE TIOBEPXHOCTH MOXHO
NOAYYUTh, PACCMATPHBAS MHOXECTBO TOUeK, Je-
WAUIMX HA TPOU3BOJLHO BHIGPAHHOM, HEIPEPHIBHO
3aBuCAlEM OT NapaMeTpa, OZHONAPAMETPHYECKOM

Puc. 5.1. ceMefcTBe BeKTOpHBIX AWHuH. BexrTopuasd nosepx-

HOCTL XapaKTepuayeTcs TeM, uto BekTop N, Ha-

fnpasJeHHbI! MO HOPMAAH K 10BEPXHOCTH, B OGO TOUKE MOBEPXHOCTH
oproronajeH BekTopy noas F:

(N-F)=0. (5.2)

Ecau BeKTOpHAd NOBEPXHOCTh ONpeNeaseTcd ypaBHeHHeM 2 = f (xX. V),
TO BEKTOD

-

dz . . oz

H ycioBHe (5.2) NpuUHHMAeT BHI

oz oz
Px, y. 2) 5+ Q(x. y. Z)d—y=R(x' y; 2). (5.3)
Ecau BeKTOpHAas MOBEPXHOCTb 3a4aeTcs ypaBHeHueM u(x, y, 2) =0
Ju . du . du
. CJAeA0BaTebHO, BEKTOp N = x| —+ Wj + T k. T0 ypaBuenue (5.2)
npuobpeTaeT BUl .

d
P(x. y, 2)%+Q(x. v, z)g—;j- R(x, y. 2)5-=0. (5.4)

CnenoBartenbHo, A4 HAXOMIEHHS BEKTOPHBIX I10BEPXHOCTER HARO
NPOHHTErPHPOBATL KBA3H/JMHEHHOE ypaBHenue (5.3) Wau auHeRnoe OLHO-

-
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ponHOe ypaBHeHHe (5.4) B 3aBUCHMOCTH OT TOTO, dleM JAJ{ Mbl ypaBHe-
HHE HCKOMBIX BEKTOPHBIX MOBEPXHOCTeH B SIBHOM HJM HesIBHOM BHIE.

Tak kak BeKTODHBIE MOBEPXHOCTH MOTYT ObITb COCTAaBJAEHbl H3 B8EK-
mopHux aunufi, T0 unrerpuposanue ypasHenus (5.3) (uau (5.4)) cBo-
IUTCA K HMHTETPHPOBAHUIO CUCTeMBl OOBLIKHOBEHHBIX AH(depeHUHaIbHBIX
yPaBHEHUI BEKTODHBIX JHHUH.

CocraBasteM cucreMy AuddepeHUHaTbHEIX ypaBHEHHR BEKTOpHBIX
JuHAR

ax —_ dy _ dz
Plx.y.2)  Q(x,y.2)  R(x.y.2)' (5.9)

Myers Py(x, ¥y, 2)=1¢; 0 P(x, ¥, 2)=C, — 1BA HEIABUCUMBIX
MepBbIX MHTErpana cucreMbl (5.5). BblaeaseM M3 ABYXNapaMeTpHYECKOrO
ceMeRcTBa BEKTOpPHHIX JMuHUl P (x, ¥, 2)==cp, Py(x, Y. Z) =¢,, Ha3bI-
BaeMbix xapaxmepucmuramu ypasHenusa (5.3) (nan (5.4)), npousBon-
HBIM CMOCOGOM OJAHOMapaMeTpHYecKoe CeMeHCTBO, YCTAHABAMBAS KaKylo-
nuGyab HenpepusHylo 3saBucuMocty @ (¢;, ¢,) =0 Mexay napamerpamu
¢, ¥ ¢y Hckaouas us cucreMm

Pi(xe Y, 2)=1cp. Yo(x. Y, 2)=co D(c;, ¢)=0

MapaMeTpHl ¢y H Cy MOJyYaeM HCKOMOe ypaBHeHHE BEKTODHBIX MOBepX-

HOCTeH: -
D (%, v, 2), Po(x, v, 2))=0, (5.6)

rie O — npousBoibHad ¢yHkuns. Tem caMblM HallleH uHTerpas KBasu-
auueitHoro ypasHenus (5.3), saBHcAurM# OT MPOU3BOJbHOR PyHKUMH.
Eciau TpeGyetrcs HallTd He MPOH3BOJLHYI0 BEKTOPHYIO MOBEPXHOCTD

noafa
F=P(x. y. 214 Q(x. y. 2] +R(x. y, Dk.

a MOBEPXHOCTb, [MPOXONAILYI0 depe3s 3aAaHHYI0 JUHHIO, ONpefe’seMyio
ypastenusMu @, (x, ¥, 2)=0u O, (x, y, 2) =0, 10 Ppynkuns O B (5.6)
yxe He OGyleT MPOU3BOJLHOM, a OMpefe uTCs MyTeM HCKAKOYeHHS nepe-
MEHHBIX X, ), Z H3 CHCTeMbl ypaBHEHUH

D (x, vy, 2)=0, D,(x, y, 2)=0,
$i(x, ¥, 2)=cpn Po(x. ¥y, 2)=0cy,

KOTOpble 1OJKHbH ONHOBDEMEHHO YIOBJAETBOPATHCS B TOYKAX 3aNaHHOM
nuun @, =0 u O, =0, yepes KOTOPYI Mbl MPOBOAMM XaPAKTEPUCTHKH,
onpeje/seMble yPaBHEHHAMH Py (X, ¥, 2)==c¢;, Py(x, ¥, Z)=¢,.
3ameTHM, 4TO 3afaYa CTaHET HeompelejeHHOH, eCAW 3alaHHAT JAHHUSA
O, (x, y. 2)=0, Oy(x, y, 2)=0 sBaseTcs XapaKTePHCTUKOR, TaK KaK
B 3TOM C/yyde STy /JMHUIO MOXHOQ BK/IOYHTb B Pa3/MYHbIE OXHOMApa-
METPHYECKHE CeMeHCTBA XapaKTEPHCTHK H TeM CaMbiM MOAYYHTH pas/iny-
Hble HHTerpa/bHbe MOBEPXHOCTH, MPOXOAALIME Hepe3 STY JHHHIO, '
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Mrak, unrerpal KBasuAMHERHOTO ypaBHeHHs
dz 0z
P(x, y. 2) 5=+ Q(x. y, 2)—oy—=R(x, ¥ 2),

3aBUCAWMA OT NpOU3BOALHON (YHKIMH, MOXeT ObiTb NOAYYeH Caenylo-
LIAM METOAOM: MHTeTpHpyeM BCINOMOTATE/NbHYIO CHCTeMY ypaBHeHHf

dx _ dy dz
P(x.y.2) Q(x, ¥ 2) =R(x. y, 2)

H, Hahng ABa HEe3aBUCHMBLIX NepBBIX HHTErpa.fa STOW CHCTEMBI:
1171 (x: V. Z):CI. II72(x' v, Z)=C2,

noayuaeM MCKOMbI# uHTerpan B suge O, (x, y. 2), Py (x, ¥, 2))=0,
rae @ — npou3BosibHas GyHKLMS.

YpaBHenue HHTerpa/JbHOH TMOBEPXHOCTH TOTO e KBa3WJIHHEHHOTO
ypaBHeHHs, TpPOXOoAdAle#l ueped 3afaHHYI0 .UIHHIO, ONpeleldeMylo ypas-
uenamn @ (x, §, 2)=0 u D, (x, v, 2)=0, MOKHO Ha#iTH, B3sB
ynoMsHyTylo Bbille ¢yukuuio D ne npoussodsno, a onpeleaus yix-
uao D (¢, ¢5) TYTeM HCKIOYEHHAs X, ¥, 2 U3 ypasHeHHH

D, (x, y, 2)=0, D,(x,y, 2)=0,

Py (X, ¥, D)=c;,  PY(x, ¥, 2)=1¢y,
B pe3y/bTaTe 4ero MNOJYYMM YpaBHEHUe D (¢, ) =0, 11 HCKOMBIM HH-
terpaioM Oyrer D, (x, ¥, 2). Py(x, y, 2))=0.

Mpumep 1. Onpeaeantd 3aBuCAWME OT NPOH3BOJIBHOH QYUKUKMHK HHTErpal
ypaBHEHUH

0z iz
o Ty =t

CocTaBageM BCNIOMOraTeqbHYI0 CHCTEMY YpaBHEHHH

dx=dy=dz.
Ee nepBbi€ uHTerpaibl UMEIOT BUIL X — Y =€), Z — X = ¢;. MIHTerpan ucxoaunoro
ypaBHeHus @ (x —y, 2 — x) =0, rae O — NpoH3BONbHAS (YHKLMS, HAH B pad-
pEUIeHHOM OTHOCHTENbHO 2 BHIe 2= X-} @(x— y). rae @ — NPOH3BONbLHAA

avoepeHurpyeMas GbyHkuHs.
Mpumep 2. HaWtH nHTerpambuylo NOBEPXHOCTb ypABHEHHA

0z 0z
9y ~ox
IPOXOASINYI0 yepe3 kpuByw x =0, z=y2
WuTterpupyeM cucteMy ypaBHeHHi
dx__ dy _ dz

=0,

P
OTKYA2 2= ¢}, x?+ y?=¢,. Uckaouas x. y u z u3 ypaBueruit
x2tyt=c, z=cy x=0, z=y

HOJYHaeM ¢ == Cp, OTKyla Z2 = X2+ yi
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Mpumep 3. HaidTh HHTErpaJbHYl0 MOBEPXHOCTb TOrO Xe ypaBHEHHs

92,02
ay Yo T

MPOXOAAULYI0 YEPE3 OKPYKHOCTb
z=1, x4 y?=4 (5.7)

Tak «axk 3apmannas Jaunug (5.7) aBasercds BeKTOpHO# JauHued (xapakrepu-
CTUKOM), TO 3ajaua HeompeleneHHa. [leHCTBHTENbHO, HHTErpaJbHLHIMH MOBEPX-
HOCTSMM PaccMaTpMBAaEMOro ypaBHeHHS HBJAAIOTCA BCEBOSMOWHHIE MOBEPXHOCTH
Bpawenus 2 =@ (x2- y?), ocb BpalleHHR KOTOPHIX coBnagaer ¢ ocbwo Oz.
OueBHAHO, CYIIECTBYET BECKOHEUHOE MHOXECTBO TaKHX NoBepXHOCTeH Bpalleuus,
NPOXOASAIMX uepe3 OKPYKHOCTb (5.7), HanmpuMep napaboJoMAM BpAaLIEHUA 2 =
=x24 y?—3, 4z =x2+ y% z=—x>—y? {5, chepa x*+ y?+22=5¥u T. &L

Ecnu ypaBHeHHe KDHBOH, uepe3 KOTOpYW0 TpebyeTcs NMPOBECTH HHTErpafb-
Hyl0 NoBEpXHOCTb ypaeHeuua (5.1)) naHo B napamertpHueckon dopme:

Xo= X5 (8}, Yo=¥o(s) Zo=12(8) (B)
TO OGHIYHO H peuieHHe YHROOHO HCkaTb B mapaMeTpHueckoit dopme:
x=x(t5s) y=y(5s), z=z( )
B cucremy (5.5), onpeRensiomyl0 xapakTepUCTUKM, BBOJAMM MapaMeTp f. moJaras
dx — dy — dz —d
P(x,y.2) Q(xy.2) R(x¥ 2

[as TOro 4TOGH XAPAaKTEPHCTHKH MPOXOAWIM YEPE3 33aAAHHYIO KPUBYIO, HIIEM
peluetve cucTeMb (5.5;), yrosnetBopsawoiee npu £ =0 (U ¢ = ;) HauaIbHHM
yCAOBHAM:

A (5.51)

x=x5(8), y=yo(s) 2=2,(9).

[Mpu rtakux HayajAbHBIX YCAOBHAX TPH (HKCHPOBAHHOM S MOJYUUM XaPaAKTEPH-
CTHKY, NPOXOAAIYK uepe3 (uKcMpPOBaHHYW TOuKy Kpusoit (B). [lpx nepemen-
HOM S MOJAYYUM CEMEHCTBO XapaKTEPUCTHK

x=x(5) y=y(s), z==z(ys), (B)

NpOXOJAIIHX Yepe3 TOUKH 3ajanuoit kpusoit (B) (IpH 3TOM mpeAnoJaraeTcs, uTO
sagauHas# kpupasn (B) He dBasercs xapakTepHCTHKOH). MHOWecTBO TOuEK, Jewa-
mHX Ha ITOM ceMeictne xapakrepucTuk (B), ¥ o6pasyeT HCKOMYIO MHTErpaJbHYI0
NOBEPXHOCTD.
Mpumep 4
0z 0z

——=—=1

0x dy
HaliTu HHTErpaabHy0 NOBEPXHOCTb, MPOXOAAINYI0 UEPE3 KPHBYIO Xg==§,
3

Yo = 82, 29 = 8%

Cuctema ypaBueHHil, onpefessiollas XapakTePUCTHKH, HMEET BHA

dx=—dy=dz=dt
Ee ofwee pemenne
x=t+4¢, y=—=t+4cy 2=t+4cq

[Toabsyscb HauaabHBIMM YCJIOBHAMH, ONPEENSEM MPOM3BOJAbHLE NOCTOAH-

HBI€ H OKOHHATEAbHO moJydaeM

x=t4S, y==—t--52 z=ti4¢%
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[lepefineM Temepb K CJAy4ald # He3aBHCHMBIX (epeMeHHHX. Ecrecr-
BEHHO OMXMAAThb, YTO YKA3aHHAA BHIE AJIA TPEXMEPHOTO CAyuYas cxeMma
- peluenus MOXer OBITb pacnpocTpaHeHa W Ha (n -+ 1)-MepHBI# caydafh.

HauHeM ¢ uccienoBaHHS OLHOPOAHOTO JAHHERHOro ypaBHeHHS

0z 0z
X (X Xgu ouus x,,)gz-—i—Xz(xl. Koo oees .x,,)a;+

. 0
e X (X Xy e, x,,)a‘:_—_o. (5.8)

rae Hempephigble QYHKUAM X;(X{, X5, ..., X,) He 00pamawTcs B Hy.b
ONHOBpEMEHHO HHM B OIHOM TOYKe paccMaTpHBaeMod 06/acTH ¥ UMEIOT
B TOR xe OOJACTH OrpaHH¥eHHBIE YACTHbIE NPOU3BOLHbBIE.

CocraBisieM BCMOMOraTe/bHYIO CHCTEMY ypaBHeHHM]

dx, _ d.X2 . . N dx,, (5 g)
Xi(x, Xoy coes X)) Xo(xp Xgp oen X))~ 7 Xp(xp Xo0 ooy X))’

KOTOpad NPH YKA3aHHLIX BbIllle OTPAHUYEHHAX YNOBJETBODSET YCJAOBUAM
TeOpeMbl CyIeCTBOBAHHA H €IUHCTBEHHOCTH.
HaxonuM n — 1 HesaBucuUMbI mepBuift uHTerpan cuctemn (5.9):

Pr(x, Xg ey Xg) =0y
Po(®p, Xg v vy Xp)=0Cp

R T T e O Y

Ppo1 (X Xgo vver Xp)==0,_,.

B npocTpaHcTBE C KOODAMHATAMH X, X, ..., X, 3Ta CHCTEMA HH~
TerpanoB onpejenser (n — l)-mapaMerpuyeckoe ceMe#CTBO JHHUH, HA3HI-
BaeMmX xapaxmepucmurxamu ypabHeHus (5.8). JlokaweM, uTo JeBas
YacTb JI060ro MepBOro uHterpaaa W(x; X, ..., X,)=c cuctemn (5.9)
IBJAETCS pelleHHeM HCXOAHOIO JAMHERHOrO0 ORHOPOAHOrC ypaBHEHUS
B 4aCTHBIX Mpou3BOIHBIX (5.8).

JeACTBUTENbHO, BLOAbL 1I060R uHTErpatbHOR KpuBoH cuctemnt (5.9)
¢ynkuust P=c. CrenosateapHo, BAOAb M0G0 HHTErpanbHOM KpuBOM

dlb:lE%dxiEO. (5.10)
=1

Ho Bnom wuurerpambHoit xpusolt cucreMu (5.9) nuddepenumasy dx,
MpONOPUHOHANBHN (QYHKHHAM X, CJAeA0BATENBbHO, B CUAY OKHOPOAHOCTH
OTHOCHTEIbHO dXx; JeBOR HacTH TOXIecTBA

9P _
ox; dx;=0,
i=1
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auddeperutass dx; MOTYT OHTb 3dMEHEHH HNPONOPUHOHANLHHIMU iiM
BeHYHHaMU X, TIPH STOM MOJYYHUM, YTO BAOAb MHTErpafbHHX KPHBBIX

cucTemst (5.9)
n

Ny
EWX,.=O. (5.11)

i=1

MuTerpanbHble Kpusble cucTeMbl (5.9) MpOXOAAT yeped KaXayld TOUKY
paccMarpuBaeMol 06JacTH H3MeHeHHs IepeMeHHBIX X[, Xq, ..., X, H
JeBas yacTb TOXAECTBA (5.11) He 3aBUCHT OT MOCTOAHHBIX €y, Cgs v v ey £y
M, CIeN0BATebHO, He MeHAeTc [MpM Nepexone OT OAHOK HHTerpaibHo#
KpUBOK K Apyro#, 3HAuMT, TOXIAeCTBO (5.11) cnpaBeAaHBO He TOJBLKO
BAO/L HEKOTOpPOH MHTerpasbHOR KpHBOH, HO U BO BCe#H paccMaTpuBaeMoft
0061acTH HM3MEHEHHMA MEPEMEHHBIX X[, X3, +.., X, & 3TO W O3HayaeT,
4TO GYHKUMA 1 ABAACTCA PEIICHHEM WCXOAHOTO ypaBHEHHS

2 irra dx,

=1

Ouesunto, uro @@y, g ..., P,_y) ==¢, rae O —npoussoasHas
QyHKUMS, ABJSTCH NepBBIM MHTErpajqoM cucteMb (5.9), Tax Kax BL0.b
dHTerpaibHON KpuBoft cHctemnl (5.9) Bce dynxuun Yy, Py .o, Yy
o6pamaTcs B TOCTOAHHBIE, chenoBareabHo, ¥ D@, Py, ooy P,_))
obpamaercs B MOCTOSHHYK BAOJb HHTerpaqbHOR KPHBOR .cHcTeMb (5.9),
3uaunt, 2=, P ..., P,_y), rie @ —npoussosstas aupdepen-
uvpyeMas $YHKUMR, ABJSETCA DElICHHEM JHHEHHOTO OAHOPOAHOTO YpaB-
Heuusa (5.8)7

HoxameM, yto

Z=Q (X1, cevy X YKy vrer X vver Py (X ooy X))

aaseTcs oOIUM pelweHneM ypasHeHus (5.8).
Teopzma 5.2, z=D, Pg, ..., P,.,). 20e O —npouaBO/lbﬂa}l
PyHKKUR, ARBLAEMCA OOWUM pemeﬂueM ypasrenus

n

0
2 Xi(xp %90 ovvs Xp) %:0, (8.8)
i=1

m. e. pewenuem, codeprcamum sce 03 UCKAIOUEHUA peUleHu s 9Mmoe0
ypasHerus. ‘

HokasatenbcTso. JIlomycTHM, uTO Z=1 (X[, X3 ..., X,)
ABASETCA HEKOTOPHIM peleHueM ypasHeHws (5.8), W mokawe, 4to Cyle-
crayer ¢ynkuua @ Takad, uto Y=V W Py +v s Ppoy).,
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Tak wak Y # Py, Yo, ..., Py SBAKIOTCA pelUEHUAMH YypaBHe-
Hua (5.8), TO

M a
x
s
I

~
[
-
Q
~
A

L=
x
E
Q)

n
|
X

' (5.12)

ip-
ke
sk
I
o

de_’\l’ﬂ_-l_zo,

0x;

14

Paccmarpusast cucreMy (5.12) Kak AUHeHHYIO ONHODPONHYIO CHCTEMY n
ypaBHeHuft otHocuteasHo X; ({==1, 2, ..., n) u 3aMedas, 4TO 3Ta OAHO-
pOAHAs CHCTEMd B KamAOH TOukKe X, X, ..., X, paccMaTpyBaeMo#
061aCcTU HMeeT HeTpUBHAJbHOE pelleHue, Tak Kak X, (X[, Xg, .... X)h
N0 NPEANONOKeHHIo, He oOpallaloTcs B HyJAb OAHOBPEMEHHO, MPHUXOAWUM
K BHIBOLY, YTO OMpelenuTe/ib 3TOH CHCTEMBI ‘

9y oy ayp
ox, o0x, "' dx,
oy 0 0P
dx, 0x; "7 dx,
d‘P? 01p2 d‘bz
ox; 0dx; """ 0x,
0Pr—y 0Py 0P,
0x, 0x tdx,

TOXIECTBEHHO paBeH HYJO B paccMarpusaeMolt ofbaactu. Ho Toxne-
cTBeHHoe ofpawiedune B Hy b AxoOuana Qysxkuu#t §, P, Py .. .0 P,y
YKa3biBaeT Ha HaAWuue QYHKUUOHAALHOW BaBUCHMOCTH MEXAYy 9TUMH
byHKuUUAMH:

F(lp' q’x» 11’2» sees ¢n—1)=0- (5'13)

B cuay HEe3aBHCUMOCTH MEPBBIX HHTErpajoB P, (X[, Xg» ««.0 X,) =C;
(=12, ..., n—1) cucreMn (5.9) mo xpaHueh Mepe ONMH H3 MUHO-
pos (7 — 1)-ro nopsaka sxoGuana

D, ¢y, B, ooty Ypo1)
D{x,, %3 X3, +v., Xg)
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BUAA
Dy, $, -.oh Pp)
D(xa,’ Xgp veor X

)
orauyeH OT Hyas. CreloBaTejbHO, ypaBHenHe (5.13) MOXHO npeacTaBuTh

B Blile ]
1p=(I)(1p1, 4’2» R lPn—l)-

[Tpusep 5. [lpounrterpuposath ypasHeHnue

n

an—l

Ex,--o%=o. (5.14)
=1
Cucrema ypaBHeRUH, ONpeRenallIas XapAKTEPHCTHKU, UMEET BHI
dn _dn _  _ dx,
Xy X2 Xn

HeszaBucuMBIMM NIEPBBIMM HHTErpDajaMu 3TOH cuMCTeMBbl GYyAyT:
X1 X Xn—1

—_— =1, —— =y, 200y

xll n xﬂ

=Llp-1-

O6uice petltenHe HCXOAHOTO YpaBHEHUs
X X Xp—
z-——:(I)(—L, —2, ..., =eeL ])
Xn  Xn Xn
ABJISETCH NPOM3BOJbHOH OJIHOPOJHOM pyHKUHEH HYJIeBOH cTEeneHH OAHOPOAHOCTH.
Teopema Jitnrepa 06 onHopoambix (yHKUHMSX YTBepkjaaeT, YTO OAHOPOAHbLIE
dyHKkuMH HyJeBOH CTeNneHH OXHOPOJHOCTH YIOBAETBOPAIOT PACCMATPHBAEMOMY
ypaBHenuwo (5.14), Tenepb MH JOKa3aaH, YTO TOJNBKO OJHOPOAHBIE GYHKUHH HY.Je-
BOH CTeNneHH OXHOPOXHOCTH O6JM3JAOT 3THM CBOHCTBOM.
Heoanopoange auHelHOe ypaBHeHue [epBOro NOpAAKA
n
\? 0z .
LX,. (X1 Xgo oors X z)—OXi =Z (X}, Xg, «+vy X 2), (5.15)
i=1
rie Bce X; n Z — denpepbiBHo auddeperurpyeMsie QyHKuUu, He obpa-
walourecs B HY/Ib ONHOBDEMeHHO B paccMaTpuBaeMoRt ofjacTH H3Me-
HEHHS TIEPEMEHHBIX Xy, Xg, ..., X,, 2, HHTETPUPYETCH MyTeM CBeIeHUA
K JMHeHHOMY OAHOPOAHOMY YpaBHeHHIO.
Hus sTOR wead, Tak Ke Kak M B Cayuae TPeX MEPEMEHHbIX, AOCTa-
TOYHO MCKaTb pellleHHe 2z ypaBHeHHus (5.15) B HedBHOM Buje:

(%), Xgu «vvy X, 2)=0, (5.16)
du
rue bz =+ 0.

IeficTBUTEILHO, CUHTAs, UTO BYHKUHS 2 == Z (X{, Xg, ..., X,) OHpe-
AejeHa u3 ypasHeHus (5.16), u nupdepeHuHpys TOXKAECTBO

U(Xy, Xgy eoey Xp B(Xp X0 ooy X,))=0
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o X, MOJYYHM
du du 0z

o Y=
OTKYyaa
du
6z —0_3:[
ox;  ou ’
oz
0z du
TToncraBass HaKlenHoe X[ B (8.15), ywHOmas Ha — 57 Y neperocsa

BCe U/JeHb B JeBYI0 YaCTb YpaBHeHHs, TOJYyYdM OLHOPOLHOE JHHeHHoe
ypaBHeHue

n
PR AT z)(;’—;+2(x1. Xy eer X ) SE=0,  (B.1T)
i=1
KOTOpPOMY [O/MKHA YLOBJAETBOPATh GYHKUMS #, OAHAKO Jullb B Tpeld-
NONOMKEHHH, YTO z HABAAETCA QyHKuMeN Xy, Xy, ..., X, ONpele/seMOH
ypaBHEHHEM 4 (X, X9, -... X, 2)=0.

Hrak, nano HaWtu ¢yskuuu z, obpaiiaome AHHEHHOE ONLHOPOAHOE
ypaBxenue (5.17) B TOMAECTBO B CHJIY YP3BHEHHA

u(xl, Koy coes Xp Z)=0.

Hatiaem BHavane ¢yHKUud u#, obpaulaiouiye ypaBHeHue (5.17) B TOx-
IeCTBO APH He3aBUCMMO MEHSIOIIHXCA X, X5 ..., X,, 2. Bce Takue
byHKUNM & ABASIOTCA peWIEHUSMM OMHOPOAHOrO ypasHenus (5.17) u
MOTYT ObTb HaWZeHB yXe U3BeCTHHIM HAM CHOCOOOM! cOCTaB/AfeM cCH-
CTeMy ypaBHEeHHH, ONpele/sIOIlyl0 XapaKTepPUCTHKH

dX] . d1'2 .
X G Ta oo Gn B . X o Em )
dx,, dz
T Xn (kg x e X 2) T Z(K Ko e X 2)] (5.18)

HaXOIWUM 71 He3aBUCHMbIX TIEePBHIX HHTErpa/ioB 3TOA CHCTEMBI:
1)
P, (X, Xg «oh X, Z)=¢Cy,
Yo (X, X9 o vey X, Z2)=10Cy,

L T S S Y

Yo (X1 Xg, onow X, Z)=C,

Toraa oftee peumeHue ypaBHeHus (5.17) uMmeeT Bua
u=® ;. Yo - .7 Yp)s

rie @ — npoussoabHan QyHKUMA,
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Pewenue z ypasuenus (5.15), 3aBucsillee oT MpoH3BOJBHOA (YHKIMU,
ofnpenesifeTcs W3 YpaBHEHHA

U(Xy, Xgo vnoer X5 2)=0 . Oy, P, ..., ¢,)=0.
Ho. kpoMe HaflieHHBIX 3THM CcnocoGOM pelueHu#t, MOryT ObITb pe-
WeHHs 2, KOTOPble ONPeleasioTcs U3 ypaBHeHUH & (X, Xy, . .., X,, 2)=0,

rie GyHKUHS @ He SBJSETCA pelieHMeM ypaBHenus (5.17), a ofpawaer
37O ypaBHEHHWe B TONJAECTBO JHWIL B CHAY YpaBHeHus u(X;, X, ...
..., X, 2)=0. Taxkue pelleHds HA3LIBAIOTCA CNEUUAALHHMU.
CrneuuanbHHX pemeHu# B HEKOTOPOM CMbiC/e HE OueHb MHOIO, OHU
He MoryT o0paszoBhBaTh Jaxe ONHONAPAMETPHYECKUX CeMeHCTB.
HeficTBuTe/bHO, ecau Obl crenudanbHbe pellenus oOpa3oBaau OLHO-
napaMeTpuuecKoe ceMeHCTBO M ONpeleJsJuCh ypaBHEHUEM

U(X{, Xo onv, X, 2Z)=C, (5.19)

rie ¢ — napamertp, ¢, < ¢ < ¢y, TO ypaBHeHHe (5.17) n0oakHO OblIO Obi
obpaliatbc B TOMIECTBO B cHaAY ypaBHenus (5.19) npu modoM c.
Ho rax xak ypaBuenue (5.17) He COmEpPXHT ¢, TO OHO He MOxer obpa-
IATBCH B TOXIASCTBO B cuay ypasheHus (5.19), comepxawero ¢, #,
C/eI0BATEJbHO, JOJ/KHO ObITb TOMIECTBOM I10 OTHOIIEHHIO KO BCeM
NepeMeHHbIM X, Xs, ..., X, 2, MEHAIOUIUMCA HE3aBHCHMO.

TlocienHee yrBepxIeHHe [ONYCKAeT TIPOCTYID  TEOMETPHYECKYIO
uHTepnperauuo. [osops, uro ypaBueHue (5.17) ofpalaercsa B TOXAECTBO
B CUJAYy ypaBHeHus #(Xy Xy ..., X, 2Z2)==90, Mb yTBEp:kKIdeM, uTO
ypasHetxne (5.17) obpallaeTcss B TOMIECTBO B TOYKAX NOBEPXHOCTH & =0,
HO MOXeT He 00pallaThCf B TOXAECTBO B IPYTUX TOUKAX NPOCTPAHCTRA
Xy X3 ..., X, 2. Ecam xe ypasuenue (85.17), e conepxauee c,
ofpautaercs B TOXAECTBO B CHJAY YpaBHEHWs # =—¢(, rle ¢— Henpe-
PHIBHO MeHAWOUIMHCA NapaMeTp, TO 3TO 03Hauaer, yro ypasHeHHe (5.17)
ofpauwiaeTcsd B TOXIECTBO HA BCEX HeMepeceKalouIMxcs # 3aNoJHSIOLIHK
HeKkOTOpyl0 dacth [) npocTpaHcTBa Xy, Xo, ..., X, 2 TOBEPXHOCTAX
u=c, ¢y<c<cA M, caenosareabHo, ypaBHeHue (5.17) obpawaerca
B TOXUeCTBO B 06iacTH D TpH He3aBUCHMO M3MEHAIOUWIMXCA X, X9, ...

o X 2.

B koukperHbix 3agayax oO6wluHO Tpedyercs HaHTH pellieHHe ypaBke-
Hua (5.15), ynoB/eTBOpAIOLIEE eule KaKHM-HHOyIb HAYaJbHBIM YC/CBUAM,
M TaK Kak clMelMa/jbHbIX pelleHdi B yKa3aHHOM BEIIE CMBICJE CPaBHH-
TEJNBHO MaJ/0, TO OHM JHLIb B COBEPLIEHHO HCKJIOYHTEbHBIX CAyyasx
OyAyT yHAOBJETBOPATL MOCTABJEHHLIM HAYAJbHEIM YC/AOBUAM M TMO3TOMY
¥X JMWb B PEIKHX CAYYadAX TNPUXOIUTCS MPHHUMATD BO BHHMMAHME,

MMpumep 6. [lpounTterpuposats ypasHenue
n

0z
Z X o pa, (6.20)

rae p— nOCTOAHHAA.
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CurcteMa ypaBHEHUH
dx, dx, dx, dz

Xy Xo Xn pz
KMeeT CAeLyOIIHe He3aBUCHMbIE HHTErpajbl:
X X Xn_1

2 z
=0, ——=C 0.y —— =Cph_y, —p = Cp.
n

X, X Xp

CJei0BATEAbHO, PEILEHHE 2 HUCXOAHOIO YPABHEHHS OMpENEeNsercs H3 YpaBHEHHA

Xt X2 Xn—1 Zz
N
X, X, X, X
OTKyAa
X2 Xn-1
z—-x"a{a( Z2 .,
xp' X Xn

WUrak, pemehuem sBaseTCs NPOM3BOJbHAA OAHOPOAHAS (YHKkuus p-§ CTenenu
OXHOPOIHOCTH.
0XHO JOKa3aTb, yTO ypaBhenue (5.20) He MMeeT CNELHANbHBLIX HHTErPaJOB

H, CAef0BaTe]bHO, TeopeMa JHaepa 06 OXHODOIHBLIX (yHKUHSX O6paTHMa — ypas-
Henrto (5.20) ymOBJAETBOPAT TOJbKO OLHOPOAHHE QYHKUMM CTENEHH OfHO-
POJHOCTH p.

[TonsiTHe XapakTEPUCTHKH pPacHpOCTPAHAETCH HA CHCTEMBl KBa3HAMHEHHBIX
ypasHeru#t crenyiouero cneunanbnoro BHZA:

P(x, y, u v) +Q(x ¥ u, v) =R (x, y, 4, v),
)
P(x, y. u v)d_x+ Qx, y, u, U)F)T= Ry (x, ¥y, u, v).

Xapaxmepucmukamu TakoH CHCTEMB HA3bIBaKITCA BEKTOPHbIE JHHHH BeK-
TOPHOI'O MOJS B YETHIPEXMEPHOM MPOCTPAHCTBE

F=P(x yu0)i+Qxy a0)j+ Ri(x, y. 4, 0) ki + Ry (% y, 4. V) ky,

rae i, j, ki, ko ~— enunHuHbBE BEKTOPH, HAMPaBJAEHHbIE COOTBETCTBEHHO MO OCHM
koopaunat Ox, Oy, Ou u Ov.
XapakTepHcThs onpenenmorcﬂ cHCTEeMOH ypaBHeHHit

dx _ dy _ du . dv
P(x,y,u,v) Q(x, y,u,v) R (x y.u0) R(xyuv'

(1)

Lucrema ypasuenuii (I') B Bexfopnoﬁ 3aMHCH HMeEeT BHJ
(FN1)=0 H (F'N2)=

du ou Jv dv
rae N; v N,—BexToph! ¢ KOOleHHaTaMH ( ' By —1, 0) (dx 3 0, — 1)

HalpaBJACHHBIE M0 HOPMAJAIM K HCKOMBIM TPEXMEDHbHIM IMAHHAPHYECKUM MOBEpX-
HOCTSM COOTBETCTBEHHO u =1u (X, ¥y) K v=v(x, y).

CnepoBatesbHo, € reoMeTprYeckod TOUKH 3peHHS HHTErpHPOBAHKE CH-
crempt (I') cBoZMTCSH K HAXOMAECHHK JABYX TPEXMEPHHX LUHJIHHIPHYECKUX NOBEpPX-
HocTell u =u(x, y), ¥ v=v (X, ¥), HOPDMaJAd K KOTOpbIM B TOUKAX MepeceyeHus
STHX MOBEPXHOCTEH OPTOroHa/JbHB K BEKTOPHBIM JAUHHAM. -

OueBHAHO, 4TO 3TO ycaoBHe OyAeT BBUIOAHEHO, eCAH AByXMepHafd [oBepx-
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HOCTL S, MO KOTOPOH, BOOGILE OBOPH. NEpecexaloTcd TpeXMEPHHE UMAMHApUYE-
CKHe MOBEPXHOCTH u =u(x, ¥) ¥ v=0(x, y), OyAeT cOCTOATh H3 BEeKTOPHHX
; MMHAH, TaK KaK 3TH BEKTODHHE AMHHH GYAYT AeKaTb OZHOBPEMEHHO Ha MOBepX-
HOCTAX uw=u(X, ¥) 4 U=0(x, y) H, CJelOBaTeIbHO, OYRYT OpPTOrOHANbHK
BexTopaM N; u N, Basp xakue-Hubyab 1Ba He3aBUCUMBIX OTHOCHTENBHO 4 H U
aepaplx HHTerpata O, (x, y, u, v)=0 u ®,(x, y, u, v) =0 cucremn (I), mpy-
THMH CJlOBaMM, B3fB JBe TpEXMEpDHBlE BEKTODHHIE MOBEPXHOCTH, MBI, BOOOLILE
FOBOpSA, B HX NEPECCHYEHUH MOJYYMM JBYXMEDHYI0 NOBEPXHOCTb S, COCTOSULYIO
U3 BEKTOPHHIX JHHMH, Tak KAaK €CAH HEKOTOpas TOUKA MpPHHAAJEXKUT ORHOBpE-
MEHHO BEKTOpHBIM moBepXHocTaM @ (x, y 4, v)=0 u @,(x, y, 4, v)=0, 1O
W BEKTOPHAR JHHHA, NPOXOAAILAdA Huepe3 STY TOUKY, JACKHT B KamAOH U3 3THX
noae[gxnoc'reu. . .
aspemras cucreMy ypasueHuit @) (x, y, 4, v)=0 u Oy (x, y. 4, v) =0
OTHOCHTEAbHO 4 W U, NIOAYYHM YPaBHEHHS JBYX TPEXMEDHHX IHIMHAPHYECKUX
MOBEpXHOCTEH u=u(x, y) H v =0 (X, y), NEpecexKaloIHxcs Mo ToH xe ABYyX-
MepHOii MoBepxHOCTH S, coCTOAWEH U3 BekTopHHX JauHuil. CaefoBaTeabo, Hait-
AeHHbie QYHKUHH u=u(x, y) H v =0(x, y) 6YAyT pelIecHHAMY HCXOZHOH CHCTEMBIL.
Pewenue cuctemmt ('), 3aBucsllee OT ABYX NPOK3BOJbHBIX (YHKIMIH, MOXHO
HalTH, NpuUMeHAs TOT Ke MeTOA. HO B34B MNepBble HHTerpaanl cHcTeMbl (L)
B Haufoaee obllleM BUIE:

O (g (% y. w0 v), (X ¥ 4 0), Palx, ¥4, 0))=0, }

E
Oy (P (2. y. w v), Polx, ¥y u, ), YPa(x ¥y u v))=0, (E)

rae Py (X ¥, 4. v), Pa(x, y, u, 0) # Py(x, ¥, u, U) — HE3ABUCHUMHIE NIEPBHE UHTE-
rpaan cucTembl (), a @; u @, — nponssoabhsle GyHKUMH (CM. CTp. 249).
YpaBuenns (E), ecan caoxuoe ¢pyu.uuu @ # O, HE3aBUCHMH OTHOCH-
TeNbHO 4 W U, ONPELeasioT peleHus u (x, y) U v (x, ¥) cucteMbt (I') Kak HesB-
nple OYHKIMM X ¥ y, 3aBUCAIlHe OT BHIGOpA NPOH3BOMLHHX OYyHKUKHE O, u @,

§ 3. Ypasuenus ldadda

B § 2 Mnt paccmMatpuBaau ABe 3a1au, €CTECTBEHHO BO3HHKAIWOUfHE
fIp4 M3YYEHHH HENMpEpPbIBHOrO BEKTOPHOr0 MOJA

F=P(x, y, 2)I+Q(x. y. )]+ R(x, ¥, 2)k.

3710 —3anayu O HAXOXKJEHHM BEKTODHBIX JHHHR H BEKTOPHHX MOBEpX-
HOCTEMH.

[TouTd TaK »e YacTO BO3HMKAET 3aJaya O HAXOXAeHHM ceMeHCTBa
nopepxuoctet U (x, y, Z2)=1c¢, OPTOrOHaJbHHIX K BEKTOPHHIM JHHHAM.
YpaBuenue Ttaxkux mosepxHocrtelt uMeer Bua (F - t)=0. rae t —Bek-
TOp, Jexauguit B KacareabHOM MIOCKOCTH K MCKOMHM MOBEDXHOCTAM:

t=idx+jdy+kdz,

WIH B pasBepHYTOM BHIE
P(x,y 2)dc+Q(x, y, 2)dy+R(x, y, 2)dz=0. (5.21)

"Ypasuenus Buna (5.21) uasmpawtca ypasunenuaxu llpagdpa.
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Ecan none F=Pi+ Qj + Rk noreHusanbHo:

ou ou olu
F=gradU, 1. e. P=——, Q=-5)7-, R=——,

TO HCKOMbIMY [[OBEPXHOCTAMH ABARIOTCA NMOBepxHOCTH ypoBHa U(x, v, 2)=¢
norexuanbHot ¢yuxuun U. B sTOM cayyae HaxoxieHHe HCKOMBIX
MOBEPXHOCTEH He MpeiCcTaBJfeT 3aTPyAHEHMH, TaK Kak

x, ¥, 2)

U= f Pdx+Qdy + Rdz,

(X, Yo, o)

rie xpuBoAuHeRHbH HHTErpast GepeTca no /MOGOMY MyTH Mexny BbiOGpaH-
Holt duxcupoBaHHON TOUKON (xo Yo Zg) M TOYKOH C nepeMeHHbIMU
KoOpAHHaTaMit (x, Y. 2), HalpHMep. MO /JOMaHOH, COCTOsLIER A3 MPAMO-
JMHEHHBIX OTpPE3KOB, Mapasfe/bHblX OCAM KOOpIMHAT.

Ecan xe mnose F He MOTEHNMAABHO, TO B HEKOTOPHIX CJAYHasX MOXHO
noaofpatb CKaAApHBIA MHOXUTEAb (X, Y, Z), TOCJHe YMHOXEHHA Ha
Koropu#t Bextopa F mose cranoBuTCA NOTEHUHAIbHBLIM.

Ecau rako#t Muoxureap cyurectsyer, 10 UWF =grad U wiu

ou oU

’ oU
WP=-g-, W=y, BR=-7

H, CJe10BaTeJbHO,

owr) _ 0wQ) IwQ) __ 9(R) JuR) __ duP)
dy — ox ' 0z —  dy ' ox — o0z °

HJIH

oP 0Q 1 ou L
o~ o=@ P
Q IR _ 1 on o
= o =y (R ey~ Q)
R 0P 1 (., o ou
W—W“E(P“_R—)
YMHoxaa NMepace U3 ITHX TOXIecTB Ha R, BTopoe Ha P, Tperse Ha Q
W CKJadbiBa% MNOYJEHHO BCe TPH TOXKAECTBA, MOAYYUM HEGDXOZHMOE
yCAOBHE CYlIeCTBOBAHHA HHTErPUPYIOLIEr0 MHOMXMHTEAN !

R ) (2 g ol - )

umt (F-rotF)=0, rme Bextop rotF — Buxpb 1oad — onpeleJssercs

paBEHCTBOM Q p
: _(OR _0Q\. (0P _ OR\ 9Q _ opP
rol F = (- &)+ — 5 +(5r —5)x

Ecimu 910 ycnoBue, HasbiBaeMoe yca0BHeM ROAHON unmezpupyemocmy
ypaBHenus (5.21), He BBLIMONHEHO, TO HE CYIeCTBYET ceMeHCTBa MoBepx-
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Hocreft U(x, y, 2)=c¢, OpTOroHaALHLIX BEKTOPHHIM JHUHHAM MOJS
F(x, y, 2).

HefictBuTenbio, ecan 6bl Takoe ceMefictBo U(x, y, 2)=c¢ cyuwe-
CTBOBAJO, TO JeBas 4acTh ypasHeHuss (5.21) Moraa Ou OTAHYATBCH OT

oU oU ou

JIHLIbL HEKOTOPBIM MHOXHTeJeM (L(X, ), 2), KOTOpoiH u Obla Ob HHTE-
rpHpYIOUWIHM MHOXHTeAeM ypasHexus (5.21).

Wrak, a9 cymecrsoBaHua cemeficrsa mosepxsocreft U(x, y, 2)=c,
OpPTOTOHAJbHBIX BEKTODHBIM JHHHAM BexTOpHoro noJas F, neofxoaumo,
ytoGbl BekTOpsl F 1 rot F 6uam 66 oprorouashsl, T. e. (F:rot F)==0,

3ameuyaHue. Ycaosne (F-rotF)==0 HasuiBaercs Takxke yCJa0BHEM
uurerpupyemoctu ypasHenua [Ipapda Pdx + Qdy + Rdz =0 onHum
cootHowenneM U(x, y, 2)=c.

Wnoraa rtpebyerca onpeieauTb ie [OBEPXHOCTH, OPTOrOHaALHbIE
BEKTODHbIM anHUAM Toas F, a Junuu, obranaiome TeM e CBORCTBOM,
ADYTMMH CAOBAMH, HaAO MPOUHTerpupoBarb ypasHenue [ldpadda He onuuM,
a ABYMS COOTHOLICHHAMH:

Ui(x, y, 2)==0 u Uy(x, ¥, 2)=0. (5.22)

J19 HaxoXACHHS TaKMX JAMHHH MOXKHO ORHO M3 ypasHexuft (5.22) sanarsb
NpOH3BOJIbHO, HaNpHUMep

Ui(x, y. 2)=0, (5.23)

M, MCKJIIOYHB u3 ypaBHenus (5.21) ¢ nomomsio ypasHeuusa (5.23) oaHo
H3 INepeMeHHBIX, HanpuMep 2, MOJAYYHM AupQepeHlHaIbHOE ypaBHe-
HHe BlAa

M(x, yydx +N(x, y)dy=0,

UHTErpHPYS KOTOpoe, HaWAeM HCKOMBle JHHMH HAa NPOH3BOJLHO BLIGDAH-
Ho#t nosepxHoctn U, (x, y, z)==0.

[Mokaxewm, uro ycaosue (F-rotF)=0 sBagerca He TO/AbKO HEOOXO-
IUMBIM, HO H JOCTATOYHBIM [/ CyuieCTBOBAHHMSl ceMeHcTBA MOBEepPXHO-
crel, OPTOTOHA/NbHBLIX BEKTODHBIM JHHHAM.

3aMeTHM, 4TO Ha HCKOMBIX noBepxHocTax U(x, y, z)=¢ A01KHO
obpawatscd B TOXAECTBO ypaBHEHHE

. Pdx+Qdy+ Rdz=0

UAHM, UTO TO KE CAMOE, HA ITUX [OBEPXHOCTAX KPUBOJMHEHHBIA HHTE-
rpaa

dex-i—Qdy—i—Rdz © o (5.24)
g



258 YPABHEHUS B YACTHBLIX NPOM3BOAHHX [EPBOTO NMOPSAKA {rn. s

noaxed ObiTh paBen Hya10 110 A060My TyTH (B TOM uHMcJE€ H O He3aM-
KHYTBIM NyTAM).

PaccMoTpuM BCeBO3MOMXHBIE ‘BHXDEBblE TOBEPXHOCTH, T. €. BEKTODHbIE
nosepxuoctu noas rotF. OuesumHo, uro B cuay rteopeMb Crokca

der—ffrotF -+ n do,

rae dr=1dx +jdy -+ kdz, n unrerpan (5.24) no a060My 3aMKHYTOMY
NyTH Ha BHXPeBOH nonepxnocm paBeH HyJ0 (TaK KaK CKaagpHOoe Npou3-
BeJleHHe eJIUHHYHOTO BEKTOpPa HOpMa-
/AW K TOBepXHOCTH n H BekTopa rotF
paBHO Hyaw). BeibepeM Tenepe cpe-
1M BHXpEeBbiX MOBepXHOCTeH Te, Ha
KOTOPBIX BCE WHTErpaJkl

der: dex +Qdy + Rdz
L L

N0 He3aMKHYTHIM TNIyTAM TAKXe pas-

Hbl Hyalo. Jag noctpoends Taxko#

Puc. 5.2. MOBEPXHOCTH, TIPOXOAdined uepes 3a-

nauuyo Touky M (xq Vg 2g) npo-

BelAeM uepe3d 3Ty TOUKy M kakyo-uuOyldb JHHUIO, OPTOrOHAJLHYIO Bek-
TOpHLM JauHuaM noas F. Taxue nuHuu onpenensiiorcd ypabBHeHHEM

Pdx+4Qdy + Rdz=0, (5.21)

K KoropoMy n06aBJjeno ypaslieHdHe NPOM3BOJLHON NpoXoAdurefi uepes
TOuKy M nosepxHoct 2 == f(x, y) (Waue Bcero ypaBHeHue 3TOH MO-
sepxuocth OepyT B BHle 2 ==f,(X) uaM 2z = fo(¥) naum naxe B puze
z==qa, rae a - nocrosHuas). [lomcraBras z=f(x, y) 8 (5.21), no-
Ay4HM OOGBbIKHOBEHHOE ypaBHeHHe BHAA '

M(x, yydx+ N (x, y)dy=0,

UHTErpUpYd KOTOPOE W YYHTLIBAA HaualbHOE YCaOBHE Y (Xy) =y, [0-
JAYyYMM HCKOMYIO KpuBYIO [, mpoxoaautylo uepes Touky M (xq ¥, 2g)
M OPTOrOHa/bHYIO BEKTODHBIM JHHHAM (puc. 5.2).

Ecaun 3ra auxus He aBasieTcd JuHHeH BUXP4, TO, NPOBOLA Yepe3 Kax-
AYIO TOUKY aunMH [ IHHMIO BHXPA, NOJYYHM HCKOMYI0 NOBEpPXHOCTh S,
OPTOrOHA/MbHYI0 BEKTODHBIM JaunuaM noas F.

He#icreuTebHO, B3AB JM100YI0 HE3aMKHYTYI0 KpuByl L Ha mnoBepx-
goctd S (puc. 5.2) u mpoBeas uyepe3 ee rpaHUUHbIE TOUYKHM BHXpeBble
JAHHHM 1O INepecedeHHd C KpHBOW [ B TOuKax p; U p,, MOJYYHM 3aM-
KHYTBIl KOUTYP, COCTOAU{HH M3 OTPE3Ka MuHMM [ MEXAY TOUKAMH p, H P,
KpuBOit L W JByX BHXPEBbIX AHHHR.
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KpusonuHeNHbi HHTErpaa dex + Qdy + Rdz. BasThit 00 3TOMY
S C

3aMiHyTOMY «OHTYpY C, pased HYJIO, TaK KaKk KOHTYp JEXKHT HA BiX-
peBOH MOBEPXHOCTH, MpHYeM TOT KKe HHTErpas, B3ATHIA Ha OTpe3xe
LYYW I, v MO OTPE3KAM BUXpEeBHWX JMHUA pPaBeH Hya0, Tak waxk Ayra [
U BHXpeBble JMHAM ODPTOTOHaJbHBI BEKTOPHBIM anHuAM noas F (Buxpe-
BblE AMHHM ODTOrOHA/bHB BEeKTODHBIM JAHHMAM noas F 8 cuiay ycaosus

(F - rot F) = 0). CaenoBareabHo, HHTErpAi dex + Qdy - Rdz no npo-
[

U3BOALHO BLIOPAHHOMY HAMH HE3AMKHYTOMY OyTH L paBeH Hy.0, T. e.
fIOBEPXHOCTb S HRJACTCA WMHTErpaibLHON MOBEPXHOCTHIO ypaBHewus (5.21),
npoxoasiue uepes 3ananHyw Touky M.

Stor Meron aokaszatedbctsa gocraroukoctd ycnaosud (F-rotF)=0
419 CYWeCTBOBAHIA CeMEACTBA MOREPXHOCTEN, ODTOTOHAALHLIX BEKTOPHLIM
autamM noas F, oaHOBpeMeHHO yka3biBaeT MyTb, Npasaa He kparTdaduiu,
A8 HAXOMCAGHUS ITUX MOBEPXHOCTEH. :

[Mpumep L
2idx 4+ (x—y)dy+4z2ydz=0

Ycaoeue (F.rot Fy=10. rne F = zi 4 (x — y) j-+ yz k. He BHIOAHEHO, Cac-
AOBATEAbHO. PAacCMaTpHBAEMOe YypaBHEHME HE HHTEpHPYeTCH OIHHM COOTHO-
WeHHEM.

Mpumep 2

6x+ yzydx + (xz —2y) dy + (xy+22)dz = 0.

Tak xax rotF =0, tne F=(6x+ y2)i+ (xz2—=2y)j+(xy+22)k. 1o
F = grad U, rae

(x, 3.2 .
U= f 6x+ y2)dx 4 (xz —2y)dy 4+ (xy + 22) d=.
(©, 0, O

B kayectBe nyTH HHTErpHpOBaHHs BHOHpAaeM JOMAHYIO, 3BeHbf KOTOPOH napaj-
AeAbHbl OCAM KOOpAMHAT. Wuterpupys, noayvaeM U == 3x2 —y? 4224 xyz,
# ClleflOBATEJAbHO, UCKOMBIM MHTErPAJOM ABJAAETCH
3t —yr 4 224 xyz =0
Mpumep 3
yzdx 4 2xzdy -+ xydz =0,
F = yzi + 2x2j 4+ xyk, rotF = — xi 4 zk.

Ycaosue uuterpupyeMoctu (F -rot F) == 0 suimoaxeHo. Haxozum na kakoit-
HMOYAb [OBEPXHOCTH. HAUPHMEp HA IJIOCKOCTH 2 == |, KpHBHIE, OPTOTrOHaJdhHbIE
BEKTODHBM MiHHAM

z=1! ydx +2xdy=0 xy‘*=a.

[posoanm uepes kpusbic cemelictsa 2 = 1. xy? = g BUXpeBble HOBegKHOCTH,
AN YEro MHTErpHpyCcM CHCTCaY YDABHCHIT BHXDCBHIX AUHME

- 1 -~

Jy
TS -7 = . F e L, A - Ly

4

da
—X

17~
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Hckmouan x. y 4 2 u3 ypasHeHudh z=1, xy*=a, y= ¢, X2 = ¢;, n0ayuaem
cfc2=a. Cae0BaTe/bHO, HCKOMBI UHTErpajd HCXOAHOTO YPaBHEHHR| HMeeT
BHI xy2z= a. ~

3ameyaHue. [Jpyro#f, oOHYHO NpHUMEHAEMBIH METOL HMHTEIPHpOBa-
Hus ypasHeHus [Idadda

Px,y, 2)dx+Q(x, y, 2)dy +R(x, y, 2)dz=0 (5.21)

3aKJI0YAETCA 8 TOM, YTO BPEMEHHO CUHTAIOT 2 (MM IPYryio NepeMeHHYI0)
MOCTOSHHOM M MHTETPUPYIOT OOBIKHOBEHHOE ypaBHEHHE

P(x, y, 2)dx+Q(x, y, 2)dy=0, (5.25)
B KOTOPOM Z HrpaeT poJb Mapamerpa.
IMoayuns uurterpan ypasHenus (5.25)
U(x, y. 2)=c(2), (5.26)
B KOTOPOM IIPOM3BOJbLHA% IOCTOSHHAA MOmeT Ouith GyHKuMeH napa-

MeTpa 2, noabupatoT 5Ty ¢yHkuuio ¢(2) Tak, uTo0n yLOBAETBOPAAOCH
ypasuenue (5.21). Ouddepenunpys (5.26), noayyum

ay U oU ’
—o;dx+g—y—dy+[~()z——c (z)] dz =0. (5.27)

KoadduuneHtsr npu auddepeniuanaXx nepeMeHHsX B ypaBheHusX (9.21)
¥ (5.27) LOMKHH ObITb HPOMOPUHOHAILHBIMH

oU ou ou

ox __ dy __ oz —¢ @)
P T Q = R ’
U U
- ——c' (2
ox 0z ,
U ypashenus —5— = B MOXHO onpegeantsh ¢’ (2), Tak Kax

MOXHO J10Kasath, yTo npit BeimoaueHnn ycaosua (F-rotF)=0 310
ypaBHeHHe comepxuT anwb 2z, ¢ (2) n U(x, y, z)=rc ().

§ 4. Heaunelinole ypaBHeHHs NepBOro NOpsiaKa

PaccMOTpHUM cHayajJa caydaH, Korja uckomas (yHKUMS 3aBUCHT OT
IBYX He3aBUCHMLIX NePEMEHHLIX. YpaBHeHuA B YaCTHHIX IPOH3BOAHBIX
MepBOro MOpsiKa ¢ TPeMA MePEMEHHBLIMH HMEIOT BHI

F(x, v, z, p, 9=0, (9.28)
rae
__ 0Oz 0z
p_?;v q—'Fy‘.

HOubdepenunanskoe ypasHenne (5.28) B wawxmofl Touke (x, y, 2) Tofi
06J1acTH, B KOTOPO# U3MEHSIOTCHA NepBble TPH APryMeHTa, YCTaHABAWBAET
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3aBHCHMOCTb @ (p, ¢)==0 Mex1y uYMCAaMH p H ¢, ONpele/IAOLIHMHY Ha-
npasaende HopMaax N (p, g, —1) K UCKOMHIM uHmMe2PAALHUM NO8EP X-
Hocmam z==2(x, y) ypasHeuus (5.28).

Takum 00pa3oM, Hanpas/ieHHe HOPMaJH K MCKOMEIM WHTErpa/bHbIM
MOBEPXHOCTAM B HeKOTOPOH Touke (X, y, 2) He OnNpeneaseTcss TOUHO, a JAULLD
BblAENAeTCA OLHONApaMeTpHuecKoe CeMeHCTBO® BO3MOXHBIX HanpasJ/eHu#
HOpManef — HEeKOTOpHA KOHYyC IONYCTHMBEIX  HampaBiaeHHH HOpMaJjel
N(p., ¢, —1), rre p u g
YIOBJETBOPSIOT  ypaBHEHUIO
¢(p, ¢y =10 (puc. 5.3).

CrnenoBatenbHo,  3alaya
MHTETpHPOBAHHUA  YpaBHEHHH
(5.28) cBOINTCA K HAXOKAEHUIO
NMoBepXHOCTER 2 =2z (x.y),
HOPMaJH K KOTOPHIM Ouiin Gul
B KaXIOH Touxke HAMpPAaB.1eHLI
Mo OIHOMY H3 LOMYCTHMHIX
HanpaBJaeHHH KOHyca HOpMa-

Net B 9TOH TOUKe,

Hcxons ua orvoft reomer- 2

pHuecKoft HHTEpTIpeTalliy, Puc. 5.3.

YKAKEM METOL HaXOXAEHud

uHrerpana ypasHenus (5.28),

3aBACAWEr0 OT IMPOW3BONbHOR (QYHKUMH, €CAH H3BECTEH ero HHTerpalf
®(x, v, z, a, b)=0, KoTOpHH 3aBUCMUT OT ABYX NapaMeTpoB & u b.

Hurterpan O (x, y. 2, a, H)=0 ypasHenus (5.28), aapucsmui ot
ABYX CYLIECTBEHHLIX NPOU3BOJILHBIX MOCTOSHHBIX @ W b, Ha3LIBAETCHA NOA-
HOLM UHMEZPAAOM.

Tak Kak uCXomHoe AuddepeHuHanbHoe ypasHeHue (5.28) Hanaraer
OrpaiMueHHs JUIIL Ha HalpasjexHe HOpMaJseft K MCKOMLIM HHTerpaJbHbIM
MOBEPXHOCTSM, TO KaX1as MOBEPXHOCTb, HODMaJ# K KOTOPOR COBNaaaor
C HOpMaJsM# K HHTerpa/JbHLIM MOBEPXHOCTAM B TeX Xe Toykax, OGyner
uHTerpanbHo#t mnosepxHocthlo. CienoBaTe/bHO, MHTErpPabHEIMH MOBEPX-
HocTAMA OyayT oruGamoiie IByXNnapaMeTPUyecKOro HJM OLHOMAapaMeTpH-
YeCKOro CeMedCTBA MHTerpajbHBIX TOBEpXHOCTe#f, TaK Kak HOpMaJb
K orufapoiledt CoOBmasdeT C HOPMa/Jbl0 K OINHOM M3 NPOXOASLHUX uyepe3d
Ty K€ TOYKY HHTerpa/bHbIX MOBEPXHOCTeR CeMeHCTRa,

Orubaowas AByxnapaMeTpH4eCKOTO CeMEHCTBA MHTerpanbHHX MOBEPX-
HOCTe# B MpedNONOKEHHH CYLLeCTBOBAHHA OTPAHHYEHHHIX YaCTHBIX MPOU3-
ob oD 0D
Ox ' 9y ' oz’

od oD
U CYLLECTBOBAHHS MPOHZBOLHEIX ~—3-—- M —- OMPElEJACTCs  ypaBHEHHAMH

BOIHBIX He 0O6pallaloWuXcd B HYAb OJHOBPEMEHHO,

o o
D(x, y, _z. a, b)=0, W=0, Tb-—:o, (5.29)
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Y

Bhide sl 43 ABYXMapaMeTPHUECKOTO CeMeHCTBA HHTErPAbHBIX MOBEPX-
vocredt O (x, y, 2, a, b)==0 npousBOJILHEIM cHOCOGOM OLHOMApaMeTpH-
YecKOe CeMeHCTBO, A/ 4ero cyuTaeM b npousBoabHOH AuddepeHuUUpyeMont
¢yHKuUMeR napaMeTpa &, M Haxolds Orubalwllyid OJHONAPAMETPHYECKOro
cemefictea V(x, y, 2, a, b(a))=0, Mbl TaKKe NOJYYUM UHTElPAIbHYIO
nosepxHocTs, Orubawpoias STOro  OZHONAPAMeTpPUYECKOro ceMefcrTea
B OPeANONONKEHUH CYLIeCTBOBAHUS OFPAHHYEHHHX MNPOH3BOLHBIX (YHK-
uid @ no sceM aprymenTaM u He OOpauieHus B HYJb OIHOBPEMEHHO
[ )

O0x ' oy ' 0z

D(x, y. 2z, a, b(a))=0 n -B—da—{(D(x. ¥, 2, a, b(a))} =0

NMpOHU3BOLHBIX onpeleasaeTcs ypaBHEHHAMH

HJIH . )
Q(x, y. 2z a, b(@)=0n S0+ ¥ (@)=0. (5.30)

DTH ABa YpaBHeHHs ONMpele/floT MHOXECTBO IIHTeTPa/bHLIX MOoBepXHOCTEH,
3aBucsiee OT BhiGOpa npPoH3BoAbHOW dyukuun b =2~ (a). Hamiuue
B ypastiedusx (5.30) npousBoabHoRt (GYHKUMM, KOleYHO, ie [aeT Hpasa
yTBepXAaTh, 41O ypaBuenusa (5.30) onpelensioT MHOXECTBO Bcex Oe3
HCK/IOYEHHs] MHTETPadbibHIX MOBEPXHOCTEH MCXOLHOTO ypaBHeHus (5.28);
HalpuMep, STO MHOMXECTBO, BOOOLIE TOBODA, HE COLEPIKHUT MHTerpabroft
MOBEpXHOCTH, onpenenseMoit ypasHenusmu (5.29), HO Bce e Hamyuue
8 ypasHeHuax (5.30) nponspojbHOR GYHKUMM OGHIYHO YXE MO3BOJAET
BHLIE/JANTH HMHTErpajibHYK) TNOBEPXHOCTb, YIOB/ETBOPRIOLLYI0 3aJaHHLHIM
HayaabHuIM ycaosdaM Kown (cM. cTp. 242).

Hirak, 3Hasi MOJHBHH HHTErpaj, yXe MOXKHO MOCTPOMTH HHTerpas, 3a-
BUCALIHE OT NMPOU3BOJbHOH GyHKUHUK.

HaxXoxleHde MOJHOrO HHTerpaja BO MHOTMX CJy4YasX He Bbl3blBaeT
3aTpyILHeHult, HampuMmep:

1) Ecan ypasnenne (5.28) umeer sun F(p, ¢)=0 na p=¢(q),
TO, MoJjaras ¢= @, rle @ — NPOU3BOJbHAA MOCTOAHHAs, MO0/yd4aeM

p=9(), dz=pdx—+ qdy=q¢(a)dx+ ady.

z=¢(a)x+ay+o

oTKyZa

— MOJAHBIK HHTErpan.
2) Ecnu ypasHeHue (5.28) mMoxeT ObTb NpUBENEHO K BURY @ (X, p) ==

=@y (¥, ¢), TO, Moaaras @, (x, p)==qQy(y, §)=a, rle a — Npou3BO/Ib-
Hasi MOCTOfIHHAA, M paspelnas, eca¥ 3TO BO3MOXHO, OTHOCHUTE/BHO p

U g, noaysuM p==9 (x, a), g=V,(y, a),
dz=pdx +qdy=1,(x, a)dx +P,(y. a)dy,

z= [ a)ax+ [y a)ay+0

— NOAHMR uHTErpail.
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3) Ecau ypasuenue (5.28) umeer sua F (2z; p, ¢)=0, 10, nojgaras
z2==2(u), Tie u=ax—+y, NOAyIUM

dz dz
Pl o g an

)=o.

Unterpupys 310 0ObIKHOBeHHOe ypasHenue, noayunM 2 =® (4, a, b),
rie b — npousBO/bHAA MOCTOSAHHASA, H/H
z=0(ax+y, a, b
— MOJHBI/ HHTerpads.
4) Ecau ypaBHenue (5.28) uMeeT BUI, HAMOMHHAIOLWIHA YpaBHEHHE
Kaepo:
z2=px+qy+o¢(p 9.

TO, KaK HETPYILHO MPOBEPHTb HEMOCPeACTBEHHOM NOACTaHOBKOH, MOJIHBIM

MHTErpaJIOM SB/SETCS
z=ax-+by—+q¢(a, b).

IMpumep 1. Haittn noauniit unrerpaa ypasuenus p= 3g%
g=a, p=23a3 dz=3adx-}-ady,
z2=3a’x-}+ay-+5b.

[IpumMep 2. Haiith noJuwit unTerpan ypasHeHus pg = 2xY.

A =Y e 2
P 7 =a p=ax, §=—-, dz-axdx—{—a ay,
ax? 2
gt b
Mpuwmep 3. Haiftn noannit murerpaa ypapuenus 2° = pg’.

dz dz
=z(u), rae u=ax—+y, p=a—-, g=5=,

1

B=a ? HaH dz az, TAe g =a 3
= —— — E—
du du 15 ! *
au

Injzl=au+4Insd z= b
X
“(a)
[Ipumep 4. Haittu noanniit uHTErpan ypaBHEHHS
z=px+qy+p+q*
[MoAHHIM HHTErpanoM SBAKETCH
z=ax+by+a*+ b2

B Gosee CMOMHBIX C/yyasx HNpHMeHsieTC OJMH M3 OOLIHX METOLOB
HaXOX(eHUS MOJHOrQ HHTErpana ypaBHEHUs

2 =

z2=be

F(x, y, 2, p, ¢=0.
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Hau6osee mnpocrtan ules Jexur & ocHoBe #emoda Jlazpanoca

v llapnu. [lo 9TOMy MeTOAY & YPaBHEHHIO

F(x. y. 2, p. 9=0 (5.28)
noaAGHpaloT ypaBHEHHE

U(x,y, z. p. 9)=a (5.31)
Tak, 4roOLl oNpefe/seMble M3 cHcTeMb ypasuenu#t (5.28) u (5.31) dynx-
uny p=p(x, y, 2, @) 4 g=q(x, ¥, 2, a) npupoauau Ou ¥ HHTe-
TpHpYIOLLEMYCS ONHMM cOOTHOWIeHHeM ypaBueHio [ldadda

dz=p(x, ¥, 2. a)dx + q(x, y. 2, a)dy (5.32)

Torna unterpaa ypasxeuus [dadda P (x. y, 2, a, b) =0, rae & — npo-
H3BOJIbHAS MOCTOSIHHAA, TOAB/SAIOMANCA TNPH  HHTCIPUPOBAHUM  ypaBHe-
Hus (5.32), Oyler noJHwM HHTerpajoM ypampeuusa (5.28). dyukuug U
onpelenseTcs W3 YCJAOBMS HHTerpUPYeMOCTH ypaBHeuus (5.32) onHHM
COOTHOLIEHHEM

(F-rotF)y=0, rae F=p(x, v, 2, a)i4+q(x. ¥, 2, a)j — Kk,
T. e. B D43BEPHYTOM BHIE M3 YDaBHEHIis

dg dp op og __
Por 9% oy T =0 (5-33)

6g Op dp og
IMpounsBoansie ox’ 9y’ 0z’ Oz BBIUHCARIOTCE  Ah(depeHlnpoBaHieM

TOXAECTB
F(x, y, z. p. 9=0,

Ux, vy, 2z, p. g)=a.
B KOTOPHX p M ¢ PAacCMAaTpHUBAlOTCA Kak OYHKUHM X, y M 2, onpele-
aseMbie cucreMoft (5.34).
Jnddepenurpys no x, nonyyaem

oF oF odp oF o9
o Ty o Tog o =0

(5.34)

ou U op ou dg .
o Top ox T g ux =
OTKYy.da
D (F, U)
o9 _ D x
ox D U)
D(p 9)
AHagorwdno, nuddepeHunpys (5.34) no y u onpelenss 3—5, 101y 4UM
- D (F, U)
op D@9
oy D U)°

D(p. q)
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Huddepetunpys (5.34) 110 z u paspellas OTHOCHTeNbHO %—, %%. 6yaeM
UMeTb

O(F )
9p__  D(g)
0z D(F, U) "’
D(p 9
D (F, U)
9 D 2)
0z D(F, U)
D(p. ¢
[MoncTaBasa BHYMCACHHBle MPOM3BOIHBE B YCJIOBHE HHTETPHPYEMOCTH
D (F, U)

(5.33; 1 yMHOXKad Ha OnpelenHTe]b KOTOPHA MHEl CuHTaeM

D(p, ¢)°
OTJINYHLIM OT HleH, HOJI}“IHM

of oU oF oU oF oU oF oU
35— ) ol 2 )+

HJIu
oF oU oF JU oF JdF\ oU
R e (b R R
oF oF \ oU oF oF \ oU
—(+rEl — (G o) =0 6

Das onpenenenus ¢yuxumd U Mbl noayuuau OQHOPORHOE JHHEHHOe
ypassenne (5.35), KOTOpOe HHTEerpUpYeTCs METOZOM, YKa3aHHbIM 8 § 2
9TOM rAaBLi: COCTAB/AAGTCH YDaBHEHHE XapaKTePUCTHK

dx __dy 4z ___ ____dp _ dq (5.36)
oF — OF oF + oF — oF oF 0F+ oF V7
dp oq Por v 973 o TPz oy 73z

Haxoxurca XoTa Obt ONMH fepsbit uHTerpaa cucreMu (5.36)

Ui{x, v, 2, p. 9)=a,
u ecin oynxumn F oy U HesasMcuMbi 1O OTHOWEHHIO K P U ¢, T. e.
-%%%qé 0, To mepmm#t uurerpan U,(x. y, 2, p, ¢) n 6yzeT ucko-

MbtM pewrenHeM ypasHeHus (5.35).

CaenosarenvHo, onpefeasas p=p(x, y, 2, @) 4 g=gq(x, ¥, 2, a)
H3 CHCTeMbl ypaBHEHHH

F(x. 9, 2z, p. =0,
Ux.y, 2. p.p)=a
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H NoaCTaBafAd B
dz=p(x, v, 2, a)dx+q(x, v, 2, a)dy,

NOJAYUAM HWHTETpHUPyeMOe OIHHM COOTHollenueM YypasHenue [ldpadda,
peluass KOTOpPOe, HAXOAUM MOJHHIA MHTErpal HCXOAHOLO ypaBHEHMA

D(x, vy, 2, a, b)=0.

[Ipumep 5 Haktu noaunid uuterpan ypasHeHust
yzpt—gq=0. (5.37)
Cucrema (5.36) uMeer BuA

_zjx___dy__ dz 4 dp
2pyz 2ptyz —q yp:  zprdypig”

Bocnoan3oBasumiuch HCXOAHBWIM YDaBHEHHEM, YOpoOllaeM 3HaMeHaTedb TpETbLEro

dz dp
Fye = piy oTm

a .
pP= ? . (5.38)

OTHOLIEHHR H TNOJYYAEM HHTECDUDYEMYIO KOMGHHALUIO

2
U3 ypasueunit (5.37) u (5.38) Haxoxum p=%, q= azy , OTKyla dz =

=§dx+a—?dy. YMuOXasg Ha 22 M HHTEIDHDYH, HAXOAHM MOJHBIH HHTerpa’
HCXOJAHOTO ypaBHeHHS 22 = 2ax - a?y?-4-b.
3uaa noaunft uurerpan O (x, y, z, a, b)) =0 ypaBHenus
F.(x, v, 2, p, q=0,
MOXHO, BoOOIEe TOBOpf, peIMTb OCHOBHYIO HauaJbHYI0 3alauy (cM.

crp. 242) nam naxe 60nee o6uylo 3agauy 06 onpelejeHUH HHTErpabHoH
[IOBEPXHOCTH, NPOXOJauied 4epe3 3aJaHHYIO KPUBYIO,

x=x{), y=y(@), z=2z(). (5.39)

Onpeneaum ¢yukumio b =>~(a) Tax, uro6w orubaiouias oxHomapa-
MeTPHYECKOTO CeMeHCTBa

O(x, v, 2, a, b(a)=0, (5.40)
onpefeaseMas ypasHeHuamu (5.40) u
oD | 9D .,
2+ 2 b @=o, (5.41)

npoxoauna G6H uepes 3afaHHyl Kpusyio (5.39).
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B Toukax 3azaHHoi Kpusoit o6a ypaBHeHus (5. 40) " (5.41) no ¢
06paulaloTCA B TOXAECTBA:

D(x @), y@), z(t), a, b(a)=0 (5.42)
74
oD (x (), y(t), z(t). a, b(a) oD (x (1), y(t), 2(t), a b(a) ,,
oa + b b'(a)=10
(5.43)

OnHaKO ONMpeNeNHTb U3 STHX ypasHenuft ¢ynkuuio b==~0(a) 6bna0 6H
LOBOJLHO CJAOXHO. 3HAYNTENBHO MpOLLe MOXKHO OMNpeleuTh 9Ty (YHK-
UMI0 U3 CHCTEMEI ypaBHeHnH (5.42

2O+ 5y O+ 52 O =0, (5.44)

UAM B KpaTkoM sanucH

(N-t)=0,
rne t— BeKTOP KacaTeJbHOR K -3alaHHOM KpHBOM
x=x(t), y=y(@#), 2=2z(), (5.39)

a N — BeKTOp HOpMajiW K MNOBepXHOCTH O=—=0, a c/ea0BaTeJbHO, H
K MCKOMOR orubaiouieii B COOTBETCTBYIOILMX Toukax. YcaoBue (5.44)
reoMeTpH4ecKy OUYEeBMAHO, TaK KAK HCKOMas MOBepXHOCTb AOJXKHA Npo-
XOAUTb Hepe3 3alaHHYIO KPHBYIO H, CJEI0OBATENbHO, KacaTe/JbHas K 3TOH
KpUBOM [LOJ/DKHA J€XAaTh B KacaTeJbHOR MJIOCKOCTH K HCKOMOR moBeEpX-
HOCTH.

n puMep 6. HaliT uHTErpa bHYI0 MOBEPXHOCTb YPaBHEHUS 2 = px -t gy -
+ , TIPOXOAAIIYI0 uepe3 kpuByw y =0, z = x%

nom{bu‘i HHTErpal 3TOro ypaBHeHus (CM. cayua# 4 Ha c1p. 263) MMeeT BHR
z=ax+by+ aT' YpaBHeHHe 3aJaHHOH KpPHBOH MOXHO HamucaTbh B mapa-

MeTpuuyeckoit dopme x=t¢, y=0, z=1¢2
Jlng onpezenenus ¢yHKIMH b= b (a2) coctaBasieM cucteMy ypasHenuit (5.42)

u (5.44), KOTODbiEe B JaHHOM Cay4ae HMeIOT Buf I? = at+Tb u 2t =a, oTKyAd

a2
b=—a, z=a(x—y)— T . Orubaomas 3toro ceMeiicTBa oOIpeleaseTCs
ypaBHEHHSIMH
az

z=ax—y)——

H
a
X—y—F= 0.

Hcxaouas a, noayuuM z = (x— y)3
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Ecmu cucrema (5.36) (ctp. 265) nerko murerpupyercs, TO Las petle-
HHSl nocTaBiaeHHOR 0606ueHHOH 3anaun Koww ouenb ymoben MasaraeMbiit
HHKE MemoO xapaxmepucmur — memod Howu.

Humezpaasnyo nosepxunocms z =2 (x, y) ypasHeHus

F(x, v, 2z, p, 9)=0,
NMPpOXOAAUIYI0O Hepe3 3aJaHHYI0 KDHBYIO

Xo=x(S), Yo=Y5(8) 2¢y=24(5)

MOXHO, KaKk M JJs KBa3uJHMHEHHOro YypaBHenus (cM. crp. 247), mpen-
craBaaTh cebe cocrosulef M3 TOUeK, JeKAWMX HA HEKOTOPOM OAHOMApPA-
METPHUYECCRKOM ceMelcrae Kpu-
BBIX

x=ux(t 8), y=y({¢ 5
z2=2z(t 9),

Tle S — napaMeTp ceMmelcrsa,
HAa3HIBAEMbIX Xapaxmepuc-
muxkamu.

Buauane Mbl Haftnem ce-
MeHCTBO XapaKTePUCTHK, 3a-
BUCAIllIEE OT HECKOJBKHMX na-
paMeTpoB, a 3aTeM, HpOBOAA
XapaKTEePUCTHKH Yepe3 TOYKH
KpUBOH

Xo=2X0(8)s Yo=¥o(5)

2o=24(5)

M yIOB/JETBOPAs ellleé HEKOTODHIM YCJOBHUAM, BHIJEJUM OJHONApaMeTpu-
‘YecKOe CeMeHCTBO KPHBBIX, B KOTOPLIX MapaMeTpOM MOXHO CYHTaTh S:
x=x( 8), y=y({, 8, z=2(, 9)

(puc. 5.4). MuoxecTBO TOuYeK, JexalluX HAa 3THX KPHUBHIX, U 0Opasyer
MCKOMYI0 MHTETPAJbHYI0 [OBEPXHOCTb. - TaKOBa B KPaTKHX uepTax mnies
meronsa Koum.

Ilycrs z=2(x, y) 9aBJASeTCR HHTErpaJbHOR NOBEPXHOCTLIO ypaB-

HEHHUA
F(x, y, 2z, p. 9=0. (5.45)

Torna, andepenunpys Tomaectso (5.45) no x u N0 Y, MOJIYYUM
0 0
Fx+sz+Fp-0'£— +an—z=0.

op o9 __
Fl'+ sz+Fp"d—y—+FqW_0-
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_04_ 9p
oy’

F +F,p+F,, £ —}—Fq 0y =0,

F,+Fg+F, 0x+F,, o =0.

YpaBHeHHs XapakTepHCTHK IS cucTeMbl ypaBHeHu[ (5.46), KBasuauneit-
HOW OTHOCHTEJbHO p H ¢, TpUYeM 2 CYHTaeTcs H3BecTHON ¢dyHKuMeH
OT X H y, nuMewoT BuA (cM. cTp. 254)

HJH, TaK Kak 6yneM HMMeTb

(5.46)

dx 4y _dp . __ 49 _ 5.47
£y F, Fe+t PF: Fy+qfF, (5.47)
Tak Kak 2z CBA3aHO C p M ¢ ypaBHEHHeM
dz=pdx—+qdy, (5.48)
TO BROJIb Xapah‘TepHCTHKH
dz __ dx dy F F
@ =P @ T =ph T,
HJIU
dz
—_— =}, 5.49
pF,+qF, (5.49)

YTQ [1aeT BO3MOXKHOCTb RONOJAHMTH cHCTeMy (5.47) ellle OXHMM ypaBHe-
uuem (5.49).

Hrax, B npeanoaoxeHuu, 4t0 z = 2 (¥, y) ABJAfETCS pelleHUeM ypaB-
HeHus: (5.45), mMpUXOAHM K CHCTeMe

dx_dy __dz dp______de
Fp——-Fq pFp+4qF, Fx+sz— Fy+gF,
U3 ypasHenuit (5.50) MOXHO, He 3HAA pelleHMs 2z ==z (X, y) ypaBHEHHf
(5.45), HaltTh pysKkwH x =x (), y=y(@). 2=z (), p=p ). q=q (),
T. €. MOXHO HAaHTH KpPHBLIE
x=x(t), y=y®), z2=2(),

Ha3biBaeMble XA PAKmMepUCmUuKaMu, 1 B KaXI0R TOYKE XapaKTepHCTHKH
HalTH uucaa p = p (f) u ¢ = q (f), onpeleaaloulve HanpasJ/ieHHE MAOCKOCTH

Z—z=pX —x)+q —y). (6.51)

XapakTepuUCTHKA BMeCTe C OTHeCEHHON K KauJO# ee TOUKe MJIOCKOCTHIO
(5.51) HasmiBaeTcs xapaxmepucmuieckol noaocol.
[MToxaxeM, uYTO U3 XapaKTepPUCTUK MOxeT ObiTb 06pa3oBaHa MCKOMas
MHTErpa/bHas MOBEPXHOCTH ypaBHeHus F (x, y, 2z, p, q)=0.
[Ipexne Bcero 3aMeTMM, uTO BAO/b HHTErpajbHO} KPHBOR CHCTEMBl
(5.50) . dyukuua F coxpaHseT NOCTOSHHOE 3HAUEHHE
F(x, 9, 2, p. g )-—-c.

—=df. (5.50)
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BpYTHMH croBamu, Pyuxuus F (X, ¥. 2, p. q) ABsseTCcH NepBLIM MHTerpa-
oM cucteMsl (5.50).
JleficTBUTEABHO, BLOJDL umerpanbuon Kpnsoﬂ cucrems (5.50)

d dx
wFw v app=F— +F 5 dt Y +F, 22 T+, dt +Fa ar =

= F,F,+FF,+F,(pF,+qF)— F,(F,+pF,)— F, (Fy+4¢F )=0,
C/e10OBaTe/bHO, BLOJ/b MHTerpajbHofl KpuBO# cucTemb (5.50)
F(x, 9, 2, p.g)=¢, tne c=F (x5 Yo 25 Por 90)-

JLns Toro uToOb BROAL MHTErPanbHbLiX KpHBLIX cUCTeMb (5.50) yaosae-
TBODAJOCh YypaBuewue F (x, y, 2, p, q) =0, Hano HauaibHble 3HaueHWd
x5 (8) ¥o(8), 2y(8), py(s), go(s) BubupaTh Tak, yToOH OUH YNOB.TETBO-
psiaM ypaBHeHHIo

F(x0 Yoo 20 P 90)=0.

Hurerpupys cucremy (5.50) npu uauanbHBIX BHAUEHHAX X, === X, (5).
Yo=Y0(8) 2o=20(8), Py== Po(8). §y=g,($), yrOBIETBOPSAIOUIHX ypa-
BHeHHIO F (Xg Yoo 20, Por 9o) =10, moayunm x=x({, s). y==y (¢, ),
z=2z(t 8), p=pt. s) g=q( 9).

Ilpu ¢ukcuposaHHoM s GyneM MMeTb OZHY H3 XapaKTePHUCTHK

X=x(8). y=y{. 8. z=z(. $).

MeHsg s, TNOJAYYMM HEKOTOPYI0 MOBEPXHOCTb. B Kaxiof Touke 9TO# mo-
BePXHOCTH TIpu p==p (¢, §), §=¢g ({, s) ypasuenne F(x,¥9,2, p.q)=0

YAOBAETBOPAETCH, HO HANO ellle BHIACHATb, OydeT .M npn STOM p=%§-
0z :
M g=——, WM, uYTO TO xe camoe, Gyrer i dz= pdx 4 qdy, unu

oy
dz__p( ds—+ 0tdt)+q( ds + dydt)_ % as+Lar

YTO SKBUBAJEHTHO [BYM YCJOBHSM:
0x ay dz

a Jd a
pa—7+q()—¥—th—=0. (5.53)

Bropoe M3 3THX ypaBHeHuM, OueBMAHO, OBpalIaeTcsi B TOMAECTBO, TaK
KaK NpH cocTaBleHMu cHcTeMbl (5.50) Mbl yme TpeGoBanu, 4TOGbI BAOIDL
XapaKTepUCTHKU dz = p dx -+ qdy. BnpoueM, B 3TOM Jerko yGeauThes ©
HeNOCPeACTBEHHO, eC/i MPHHATL BO BHUMaHHe, YTO, B cHAY cHCTeMHb (5.50),

ox dy_ g_
o =Fp s =F¢ g =rF+af,
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ox 0y 0z dx dy dz
(8 (5.50) BmecTO or oF oF MM mMcamm —r—, —o, —,
cuutaad S (PUKCHDOBAHHBIM).
Ilas Toro uTo6H YA0BIETBOPsAOCH ypaBHeHHe (5.52), Heo6X0AMMO
HAJIOXMTbL ellle HeKOTOphle OrpaHHYeHHH Ha BHIOOD HAYaJbHBLIX 3HAueHHH
X5 (8) ¥6(8)s 25(8) py($), qo(s). HekcTBuTeNbHO, 0603HAUHM

Ox dy Jz
P“g;—}”q‘&;—w—u (5.54)

TaK KaK

u fokaxeM, uto U==0, ecan HavaabHoe sHauenne U|,_ =0, orkyna

Gyxer Clel0BaTh, YTO €C/AM HayaibHHe (QYHKIHH
x5(8), (8 25(8)s Po(S)s ¢o(9)
BbIOpaTb TaK, 4YTO

Py (8) % (8) 15 (8) Yo () — 2, (5) =0,

10 U=0 naa Bcex t.
Ouddepenunpya (5.54) no ¢, noayunm
oU _ odp ox dg dy 0%y 0%z
5= s T 7 at os T o os 9585 — oios

H, MpHHHMas BO BHHManHe pe3yabTaT aAnddepenpPOBaHHS TONAECTBA
(5.53) mo s:

dp dx dg dy 02y o’z
9s of TP asot 55 or T 9 asor — sar = O
6yieM MMeTb
U __ 0p 0x | 0g 9y _ op ox _ da oy
“of T "ot os of 0s  os ot ds ot
HWJH, B CHJIY ypaanermﬂ (5.50),
ou 0 [o]
R SRR S S
__ 0x or
- (de—s+Fvus +F209+FIOS+F[IOS)—— .
dy dz\ d _
—F( LS —'—W) —W{F}—iFZU_—FzU.

Tak Kak F=0, #u cienroBaTenbHo, (10/HAA HACTHAs NPOU3BOAIIAN
0
I {F} =0. Ha yparnsenns

al
W FU (355
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¢
- I-zdz
naxomum U=Uype 9 . CurepoBatesbro, ecan Uy,==0, to U=0,
YTO, BIOpOYEM, CJeyeT ¥ U3 eAMHCTBeHHOCTH peluenns =0 uueit-
Horo ypasnenus (5.55), ynosuersBopsiowero ycaosuio U], ==0. )

Wrak, npy HMHTErpHPOBAHMK YpPaBHEHUA
F(x, 9,2, p, =0 (5.45)

€ HAYaJbHBIMA YCIOBHAMH Xo==X,(S), Y,==y,(8), 2o=2,(s) no Me-
Toay Komwmn Hago us ypaBHeHu#H

F (x5(8), ¥o(8) 25(8), po(s), qo(s)=0

Py (8) X5 (8) =+ G, () ¥y (8) — 24 (8) =0
onpexenute GYHKUHM pg== p,(S) U §,==q,(S) K 3aTeM HHTErpHpOBaThH
CHCTEMY ypaBHeHHH
dx dy dz dp dq
= e — == — —_ — =dt (5.50
Fy = F, = 7F,+ P, Frd pF, =~ FyFaF; -50)

€ HayaJbHbLIMH YCJIOBUAMHM: Npu £=0

X =x0(8), Yy=yp(5), 2=24(5), p=py($). 4=¢,(5).
Tpu dyHKUKH
X=x(t 8), y=y({, s), 2==2(t )

u3 pelnexus cucTembi (5.50) M HAIOT B NapaMeTPHYECKOM BHAE YPaBHeHHe
MCKOMO! MHTerpajbHOR MOBepPXHOCTH ypaBHeHwus (5.45).

Bce BuilensnowenHoe nerko obobuiaeTcs Ha HeauHeHHbie ypPaBHEHH:
B YACTHLIX TIPOU3BOAHBLIX C MPOH3BOJLHBIM YHC/AOM HE3aBHCHMBIX IMepeMeH-
HBIX \

F(xp, Xgo vy Xy 2, Ppy Pou over Pa)=0, (5.56)
rae
o0z .
pi:d_xi— (=1, 2, ..., n.

TpeGyercs  OnpefequTh  HHTETPaJbHYK  A-MePHYI0 MOBEPXHOCTDb
z=2(x), Xy ..., X,) ypaBHeHus (5.56), npOXOAAUIYIO. YePe3 3aaIHYIO
(#n — 1)-MepHYIO MOBepPXHOCTb: ;

X0=X;(5,89, ..., 8,1 (=12,...,n), (5.57)
20=2(S1: S9s s Sy_p-

BpéMeHHO MpeAnoJOKUM, 4YTO HaM HW3BECTHBH Haya/JbpHble 3HAYEHHA
byHKUUH
Pi==Pi (Spr Spr «++s Sp_) (=1, 2...., np (5.58)
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TOTAd, MHTErPUPYA BCMOMOraTeqbHYI0 CHCTeMy ypaBHeHHH

dx; _ dxy __ __dx, dz .
F— F_— " [ -
& & n 2:1 Pifp,
i=1
dap, dpn '
_——_— ==, ,, == ———— =dt 5.59
Fx,+p1Fz Fxn+pan ( ’
€ HauadbHbIMM ycaoBuamu (5.57) n (5.58), mosyuum
Xp=x;(t, S, Sy «ves Sp_1)s
z2=2( Sp S cees Sp_1h (=1 2, ..., n. (5.60)
pi=p,;(t, S, So cvny Sup)
[Tpn duKCcHpORANHLIX S|, Sy ..., S,_, ypaBHenns (5.60) ompenejstoT
B NPOCTPAHCTBE ¢ KOODAMHATAMU X, Xq, ..., X,, Z KpHUBbHE, Ha3biBae-

Mble XQ pAKme pucmurKa i, KOKIOH TOuKe KOTOPHX OTHECEHH €lle YHCIa
Di=p;(t, S, Sy <., S,_)), ONpeleSsIOUME HANPABJICHHE HEKOTOPHIX
nnockoctreh

n

Z—2z= p(X;—x). (5.61)

i=1
XapakTepuCTUKH BMecTe ¢ nJaOCKocTaMu (5.61) o6pasyloT Tak HashBae-
MbiE XA paKmepucmuieckue noAoCH.

[Tpu H3MeHEHHW NApaMeTpoB Sy, Sy ..., S,_; NOJAyyaem (n— l)-ma-
paMeTpuueckKoe ceMeHCTBO XapaKTepHCTHK
x;p=x;( S ooy Spy)s Z=2(L S, ooy Sp_1)s

APOXOASUIHX Yepe3 3alaHHyo (n — l)-Mepuyto nosepxsoctb (5.57).
IMokameM, 4TO nmpu omnpeleneHHoM BHOope GYHKUMH

Pio="Pi(51 Sp +ovy S_y) (U=1,2, ..., n)

TOYKH, JexXallHe Ha XapakTepucTHkax ceMeiicrsa (5.60), obpasywor ucko-
MYIO 1-MEpHYIO MHTErpajbHylo NnoBepxHocTh. CienoBatenbHo, Hano Cyner
10Ka3aTh, YTO NpPH ONpele/eHHOM BHIOOpe GYHKUMHA pyo(Sy, Sgp « ooy Sy 1)t

D) F(xy(t Spr vvvs Spdy voer X,(E Spp oo v Spos
Z(t Sp oo en Sy DL Sh e Sp)s eees Pa(t Sy ooy S, ) =0,
2) piz% (=1, 2, ..., n), uam, yto TO XE CaMoe,
i
n
dz=7 p,dx,.

i=1

Herpyato nposepntb, 4To QYHKIHA F (X, X, o« s X0 2, Prs Por v o 50 Pj)
ABJSIETCA MEePBBIM MHTErpajsoM CHcTeMH ypasteHudd (5.59). IleHcrBureasHo,

18 J1. 3. 3ascraasy
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BIOJb MHTErpajibHbLIX KPUBBLIX cHcTeMbl (5.59)

d
~7F(x1, Xgy «ver Xpgs 2y Do Pos v v ns pn)E

a'xi N dpl .
X +FZ dt + > p‘ at
i=1 i= 1 ~

n n
EEFx[Fpl+F22pinl _EF”i(F"i_*_p"FZ)EO
{=1 i=1

i
Mh

H, CJe10BATebHO, BLOJbL MHTETpaJbHBIX KPUBHX CHcTeMul (5.59)
F(x, %90 covs X5 2, Pyy Doy v e ey Pn)=¢,

Tle ¢ — NMOCTOAHHAs, PaBHAS. F (Xyg, Xog + v s X0 Zos Pros Pags =« o5 Pro)e
Ias Toro uto6n ¢yHkuun (5.60) ynossetsopsan ypasuenuio (5.56)
BLOJIb MHTErpaJbHEIX KDHBHX cHcTeMbt (5.59), Hamo BHOpaTh HayajabHblE

3HayeHus Py, (Sy, g, +..» §,_,) TaK, 4TOOH
Flepg(Sp oons Spmgh voes Xp0(Sys vy Spy)s 2(Sph ovos Spoh
P1(Sp vens Sp)y voes PGS vy Sp_))=0.

n
Ocraercs npopeputh, ut0 dz = X p,dx, nm
{

- n n=1
0z N 0z _ ox; 0x;
_tdt+247_ =2Pf( at + ¥, Ts; 49 )
ji=1 i=1 j=1

3TO TOXIECTBO 3KBHUBAJEHTHO CAe YO HM:

n
0z v dx,

or [‘/_‘ Pi—z = (5.62)
1
H s
0z - 0x
NP =0 U=L2... 0= (6

CnpasenaneocTh ToxaecTsa (5.62) cTaHOBUTCA OYeBHAHOH, €CJAM MPUHATHL
RO BHHMaHHe, 4To, B CHJIy cucTeMmsl (5.59),

n
\} Ox;
=NpiF, v Zh=F, (=12 .... 1)
i=1
gz . 4%
dt dt
me (5.59) Bce s; npexnmosarauch cpnxcnposaﬂﬂuml).

(BM&CTO H MB! [MHIIEM YaCTHBIE MPOU3BOAHBIE, TAK KaK B CHCTE-
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Ilna moxasarte/bCcTBa ToXJAecTs (5.63), cnpaBeAanBLIX AuMIbL NpH onpe-
HeNeHHOM BbIGOPE HAYaNbHBIX 3HAYCHHR Po(Sy, Sps o+ vy §,_ ), OB0O3HAUNM:
n

4 N 0x; - _
Ul—'o—s} [Zpld_S/ (j_.l, 2,-...” 1)
1
H, oudbepeHUHpys U4 no ¢, nonyun

[)U} dle u dpl dxl
G =7 otosy 0s, }41’1 dtds/—;) oF 75, (5.64)

ITpuHnMas BO BHMMAaHME pe3yabTaT AuGGEePEHUHPOBAHHUA TOXIes
crea (5.62) no s;

\W d‘xl Z op; 0x; __ =0,
dt ()9, od PioT 05 ds; f)s] ot T
1 =0
MOXHO mnepenucarb ypasHenue (5.64) B Buae
Uy _ O 0p; 0x; "\ ap; 0%
ot 0s; ot _24 ot 0s; "
1=0 1=0

Bocnonbsosasluuck cucremott (5.59), moayuum
n "
oy 24 O 0x;
at —_—Z 08/ F’)i+Z(FX[+p£Fz) [)5} =
=1 i=1

P n
[/ of 0x; oF op; dF 0z OF ( dz dx;
l\wc, os; T dp ds,)+ - ( "Z/’I ds,)

i=1

J .

=5 {F} — F.U,.
0

[Moanas 4acTHas npoM3BOIHAA d—g}{F}:O, tak kaKk F==0, u cre-

nosarenbso, GyHxkuun U; SBASIOTCA pelleHMAMN JMHEHHHX ONHOPOLHHIX

ou
ypasHeHHUA 71=—- F,U, xortopele uMEIOT eNHHCTBEHHOE pelueHHe
U;j=0, ecin Uj|,_,=0. Cuenosaresbo, ecau HaualbHble 3HaueHUs
Pio Sy S s Sp—y) ((=1,2, ..., n) subpars Tax. yro U,|, ;=0

0z 0xy —
HIH (Ej—_glp’d_sj) ‘U—O (j——l, 2,.-., n'—l), T0

78_1___}‘,,{ > L=0 (J=1,2,..., n—1)

18*
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n

-
H, C/Ie10BaTebHO, HA NOBEPXHOCTH (5.60) dz = 2‘ pidx;, 1.8 py=
i=1

gz
0x i

(=1, 2,..., n)

HTax, 1249 HaxowAeHUs HHTErpasbHOH TOBEPXHOCTH ypaBHeHus
Flx, %o .o., X, 2, Py Py --+v po=0, npoxonse# uepes
(n— 1)-MepHy10 NOBepXHOCTD

Xp=X,(5; So» «vvs Sy (=1,2,..., n),
20=20(5;. Sg» «evs Su_1h

HaL0 ONpPeleNHTh Haya/bHbie 3HAYCHHs P;o(S), Sps + .., S,_1) U3 YPaBHeHHUN

F (X1, Xg00 «vv Xpoo 2, Pigy Papr »o+» Pao) =0,

n
02, 3 Ox;y . (5.65)
TSr—zpio =0 (J=12 ... =1

i=1

moc/ae Yero, WHTerpupys cucreMy (5.59) (ctp. 273) ¢ HayajibHBHIMH ycno-
BUAMH:

Xi0==X;(S1 S vvvs Sp_))s )

20=24(81. Sg» vvus Sp_1 ¢t=1, 2, ..., n),

Pio="Pi(S1s Sp» -+ o+ $51)
NoJay4uM:
xp=x;(t, S5 Sg. vv0s Spm) (E=1,2, ..., ), (5.66)
2=2z(t, S, Sy, «ve, Sy (5.67)
pi=p;t S5, Sor veer Sy (=1, 2, ..., n)

YpasueHus (5.66) u (5.67) fABas0TCH NapaMeTpHYecKHMH YpPaBHeHUAMH
MCKOMOH MHTerpasbHO# NOBEPXHOCTH.

3ameuyaHye. Mu npeanosarai#, 4YTO CHCTeMa ypaBHeHu# (5.65)
paspelunMa OTHOCUTEIbHO Py, @ Takxe, 4To cucteMa (5.59) ynosieTso-
pseT YCJOBHAM TeOpeMHl CYI[eCTBOBAHHA H eAMHCTBEHHOCTH.

I[Ipumep 1. Haiith HHTerpaibHY0 NOBEPXHOCTb ypaBHeHH z = pg, .npo-
XOAAULYI0 Yepe3 mpsMylo x==1, 2= y. .
anuimemM ypaBHenwe npaMoll x=1, z=y B mnapaMeTpHyeckoil opme
xp=1, yo =135, z5 = 5. OnpegeaseM p; () u ¢, (s) u3 ypasHehnit (5.65): s = pyq,,
1—¢q,=0, oTkyaa p,==5, ¢, = 1. HUuTerpupyem cucremy (5.59):
dx dy dz dp dq

—— T et I TS e 2 = =dt,

g9 p 29 P ¢
p=ce, g=ct, x=00 4¢3 y=ci' 4, z=c,000" +cq
[IpueuMas Bo BHHMaHue, uTo npu [ =10

x=1 y=s z=s p=s ¢g=],
noAy4AM
- p=seé, g=¢), x=¢, y=sé', z=se%,
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CnenoBaTenbHO, HCKOMOH HHTerpadbHOi MOBEPXHOCTbIO ABAAETCH
x=2¢ y=sé, z=se uan z = xy.

0z \? 0z \?2
Mpumep 2. [IpOMHTerpHpOBaTh ypaBHEHHE (—d—;) -+ (W) =2 npu ycao-

BHH, 4TO NpH x = 0, 2 = y, Hau B napaMeTpHueckoi gopme x; =0, y, =35, 2, = S.
Onpenensem p,(S) H g, (s):

Po+a3=2 1—gy=0.
OTKylda go=1, pp== 1
WuTerpupyen cucteMy ypasHenuit (5.59):
dy _dy _dz_dp 44
°2p T 29 4 0 0
p=20C, g=2¢; x=20{-}c; y=2cl+4c, z=4tF ¢

MOJAb3yACh HAYaAbHBIMH YCAOBHAMH pyo==x 1, ¢o=1 x,=0, y,=s, 2,=>5,
noayunm p==x1, ¢g=1, x==%2, y=2t+s z=4f+ s Ilocaeaune tpu

YPABHEHUS W ABJIAIOTCA MapaMeTPUYECKMMH YDABHEHHAMH HCKOMOH MHTErpaibHOM
[OBEPXHOCTH. MCKMOUAs mapameTpel £ M S, MOAYUMM 2=y * x.

B sanmauax MexaHHKM YacTO NPUXOAuTCAa pewarts 3azadyy Kowu pas
ypasHeHU

9 \
SFAHHE Xy X Xy, P Py e p) =0, (5.68)

TIe p; :—_%, ABAAIOLIETOCH YACTHHIM cayyaeM ypaBHeuus (5.56) (ctp. 272).

Merton Kouwn, x0oTopH# B npumeHeHdu K ypaBHeHHo (5.68) yacro Hasbl-
BAeTCA nmepsuiM MemodoMm Skofu, TMPHUBOIMT Hac K CHCTeMe ypasHeHHH

=" 4% _ __dXa __ dp
=TeH ~— oH T oH —  0H
op, 0py 0pa 0x,
____dps __ . 4dpn _ dv
=TOH T O T T T H T 0 o ’
0x ox Lo, ov
2 n Lopl dp,+ of
i=
OTKYla
dx; _0H dp; __ _ oH . __
= = ¢=L 2. (5.69)
Hu
d N OH | 6
v v
w~12mm+7.
=]
HJIHU

n
duv oH
T= X PGy — ©.70)
i=1
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CucreMa 2n ypaBHeHuft (5.69) ne conepmuT ¥ H MomeT ObiTb MPOUHTE-
rpupoBaHa HeaaBMUcHMO OT ypasyenus (5.70), nocae 4vero us ypasue-
Hua (5.70) dyHkums v Haxomurcs kBanparypo#. B sToM K 3ak/I0uaeTcs
HeKoTopoe cBoeoOpasue npuMeHedns Meronza Kown k ypasHenuio (5.68).
KpoMe TOro, B paccMaTPHBAEMOM chyuae HeT He0GXOAMMOCTH BBOAMTDH
B cucteMy (5.50) BcmoMoraTe bHbIA napaMerp, TaK KaKk 3Ty poab C ycne-
XOM MOXeT WrpaTh He3aBHCHMas NepeMeHHas f.

3agaud K riaaBe 5

1 5‘3{—0%5_0.
st

3. xg—;-::

4.232 ——y-g%_o,

5‘yg—i=z npr x =2, z=1y.

o= or
"X ox Yoy

0z , 0z . .
7.yzd—x-+5)7—0 mpH x =0, 2=y

6 =zmpu y=1, z2=3x.

8. HailTh noBepXHOCTH, OPTOrOHAAbHblE NOBEPXHOCTAM CeMeHCTBa 2 = axy.
9. HaitTh nosepXHOCTH, OPTOrOHa/JbHLIE TOBEPXHOCTAM CeMelicTBa Xyz = 4.

0z 0z _ .a
14.(7;—2x5—y—_0 mpE x =1, z=y2

15. UHTerpupyercs Jau ypaBHeHHe
(Y4 22—x?)dx -+ xzdy+ xydz=0.

OAHHM COOTHOILIGHHEM?
16. TIpOHHTErpHPOBATL OXHHM COOTHOINIEHHEM YDPABHEHHE

(y+32)dx+4(x+y)dy +6x2dz=0.
17. HadtH noausift vHTErpasj ypaBHeHus
pg = xy%
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18. HaiiTh noaHwulii HHTErpan ypaBHEHHS
z=px+tqy+ 0P

19. Hafith nonHw# HHTErpas’ ypaBHeHHA

pg =922

20. Hafith noanm# HHTErpai ypaBHEHHS
‘ p=sing.
21. HaliTH NOBEPXHOCTH, OPTOrOHAAbHBE BEKTODHHM JHHHSM BEKTOPHOTO
noas F = (2xy —3y2) 1 4 (x2 — 3x2) j— 3xy k.
22, Ha#dTu cemeHCTBO NOBEPXHOCTEH, OPTOrOHAMAbHHX BEKTODHHM JHHHAM
BEKTODHOrO noas
F=@Qx—y)i+@y—2)j+(x—2yk
23. HafiTH BeKTOPHHE JHHUH, BEKTOPHbIE MOBEPXHOCTH.H NOBEPXHOCTH, OPTO-
rOHa/AbHEIE BEKTOPHHM JMHHHAM NOAA
' F = xi+4yj—zk.

2. z=pg-+1npny=2 z=2x41.
25. 22 = pg — 3xy npn x =25, z=15y.
26, 42 =p*}¢q* npu x =0, z=y2



YACTLH II
BAPUALUMOHHOE UCYHCJEHHUE

BBEJEHHE

Hapsny ¢ 3azauaMu, B KOTOPHX He06X0AMMO ONpeletHTh MaKCHMab-
Hble # MHUHUMAaJbHble 3HAaueHHsi HEKOTOPOH dyuxuun z = f(x), B 3azauax

y
8(z,4)

R(Zs,4,) y=y/zl

Puc. A.

A(xg ¥y) ¥ B(xp yo) (cM. puc. A).

¢HM3MKHN HepelKOo BO3HHKAeT Heo6Xo-
IUMOCTb HaWTH MaKCHMajabHble HJH
MHHHMabHble  3HAYeHHS!  BeJHYHH
ocoboro pola, HasbiBaEMbIX (yHK-
LHOHAMAMH. ’
DYRKYUOHAAGMY HABHBAOTCA
nepeMeHHble BeJUYHHBl, 3HayeHus
KOTOPHIX OMNpelensioTcs BLIOOpOM
ONHOM HJAM HECKOJbKMX OYHKUMH.
HanpuMep, @yHKUHOHAJOM $B-
ageTcss  AquHa ! Ayrd  nJockoft
(uan  nNpoOCTpaHCTBeHHOH) KpUBOH,
coelnHsIOUIe!t ABe 3alaHHble TOYKY
Besanuusa [ moxer OHTH Bhbiuucie-

Ha, ec/d 38alaHO ypaBHeHHe KpMBOH y ==Y (x); TOrLa

X1

ty@ = [VIF 0 Fax.

X

[Maowads S HeKOTOPOH MOBEPXHOCTH TaKke ABAACTCA (PYHKUHOHAIOM,
Tah KAK OHA OnpefenseTcs BHHOODOM MOBEPXHOCTH, T. €. Bhi6opoM dyhk-
unM z (x, y), BXOAfllel B ypaBHeHMe nosepxHocTH 2z=2(x, ¥). Kax

H3BeCTHO,

Stv e 1= [V T (T + (5 oe
D

rie D — npoekiusd NMOBepXHOCTH Ha MiockocTb Oxy.
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MoMeHTH  HHepILMH, CTaTHYeCKHE MOMEHTHl, KOOPAMHATH LEHTPa
TAXECTH HEKOTOPOH OLHOPOLHOH KPHBOH WA NOBEPXHOCTH TAKKE ABJAAIOT-
cf QYHKUMOHANAMU, TaK KaK WX 3HA4EHUs ONpeleslorcs BHOOpOM KpUBOH
WM T[OBEPXHOCTH, T. e. BuifopoM QyHKUHH, BXOAAWMX B ypaBHeHHe
5TOH KpHBOA MJAM NOBEPXHOCTH.

Bo Bcex sTHX npuMepax Mul MMeeM XapakTepHYO Aaf PYyHKLHMOHAIOB
3aBHCUMOCTh: QYHKLUHM (MW BeKTOp-yHKIHH) COOTBETCTBYET YUCIO, B TO
epeMs Kak Nph 3alaHHH QYHKLUMHK 2 = f (X) uHCay COOTBETCTBOBANO YHCJO.

Bapuayuonroe ucqucaenue usyuyaerT MeTOIbl, MO3BOAAWLUNE HAXO-
AUTL MaKCHMaabHble H MHHMMAJbHble 3HaueHus (QYHKUHOHAJOB. 3ajlaui,
B KOTOphX  Tpebyercs  HCc/ienoBaTh
PYHKLUMOHAA HAa MaKCHMYM UAM MUHUMYM, jy
Ha3bLIBAWTCA BAPUAKUOHHBMU 3ada-
yamu.

MHorue 3aKOHb MeXaHMKH M (U3UKH
CBOASTCA K YTBEPHAEHUIO, UTO HEKOTO-
pui  pYHKLUHMOHAN B  paccMaTpHBacMOM
npoiiecce AOMKEH JAOCTHIaTb MUHMMYMA
UM MakcumyMa. B Ttako#t ¢opMy.auposke
9TH 3aKOHBI HOCAT HA3BAHUE 8Q PuUAUULOH- B
HBLX NPUHGUNOS MEXAHNKH WAH (PHIUKH. Z
K 4ucay TakMX BAPHALUMOHHBIX TMPHHILI- g
noB WK MNPOCTeHWHUX CAeACTBHHA U3 HUX
NPUHAANEKAT:  TIPUHUMIT  HaHMeHbLILETO
IefCTBUS, B8aKOH COXDAHEHUA 3IHEPru,
3aKOH COXDAHEHHA MMIYAbca, 38KOH CO-
XPAHEHHA KOJAMYECTBA IBHEHHS, 3dKOH COXPAHCHUS MOMEHTAa KOJHYeCTBA
ABMIEHUR, PA3JIMUHbIE BapHALMOHHbIE TPHHLNIbLL KJ3CCHYeCKOH 1t pensTH-
BUCTCKOR TeopuH 1noJs, npuHuun depma B onrTuxke, npuuuun Kactninauo
B TEOPUH YNPYTOCTH H T. A.

Bapnauuonnoe Hcuucaenue Hauajo passupatbed ¢ 1696 rona u odop-
MUJIOCH B CAMOCTOATEAbHYIO MAaTEMATHYECKYIO AUCUMIIMHY ¢ COOCTBEHHLIMH
METOAAMK MCC/ENOBAHUA Nocae HYHAAMEHTAAbHLX PA0OT AEHCTBHTE/BHOTO
unena IMerepByprexoft Akasemun nayk JI. D#aepa (1707 —1783 r.), koto-
pOro ¢ MnoJaHbLIM OCHOBAHMEM MOXHO CUHTATb CO314TE/NEM BAPHALUOHHOTO
HCUNCI2HUA.

Boavuioe B/AMAHME Ha PasBUTHE BAPHALMOHHOIO HCUMCAEHHR OKa3aJjH
chesylolMe TPH 3alauu:

3anaua o0 6paxucroxpoue. B 1696 romy Horann Bepuyaan
ony6auKoBa/l MHCLMO, B KOTOPOM INPeAsiaraJ BHHMAHUIO MaTeMaTHKOB 3a-
Aayy O JMHHW OblcTpedllero ckata — 6paxucmoxpose. B stoft 3agaue
TpeGyeTcs ONpeleqUTh JIHHHIO, COEAMHAIOYIO ABE 3aldaHHbie TOUKH A u B,
He fexaniMe Ha OJAHOW BepTHKa/JbHOH mnpsMoi, M 00/alaloMiy0 TeM CBOR-
CTBOM, dTO MaTepHa/jbHaa TOYKA CKATHTCA N0 3TOH JUHUM U3 TOouxkH A4
B Touky B B kpartuyafiuiee Bpems (puc. B).

Puc. B.
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Jlerko BMaeTh, 4YTO JauMHHe# OnicTpelutero cxata He GyAer npsamas,
coeauHsaOuLan Touky A # B, X0Tq OHa M ABJAeTCH KpaTHakiiuM paccToORHUEM
Mexay Touxkamu A i B, Tak Kak NpH ABMXKEHHUH NO NMPAMOR cKopocTh
ABHy<eHHR OyleT HAPACTaTh CPaBHUTEAbHO MeNJEHHO; €CJH e MBl BO3bMEM
KpuBylo, 60Jee KPyTO CHyCKAKOWYKOCAd OKOIO TOYKH A BHHUB, TO XOTH
NyTs M YAJIMHATCA, HO B3HAYUTEILHA® uacTb NMyTH OyleT mnpoRiexa ¢
6oavme#t ckopoctsio. Peuenue 3agayu 0 GpaxucTOXpOHe ObiIO AaHO
V. Bepuyamu, 1. Bepayaau, I'. Jle#t6unuem, Y. Hulotonom u I'. Jlonura-
aeM, Okasanocb, 4YTO auHHe#t OblcTpeftliero cxaTa ABAAETC LMKJOHAA
(cM. crp. 304—305).

3anavya oreole3auyeckux JHHHaX. Tpebyercs onpeaenuts
JMHUIO HAMMEHbINER IUIMHBI, COEIMHAIOUIYI0 IBe 3aldHHble TOYKH HA He-
KOFOpOH MoBepxHoCTH ¢ (x, ¥, 2) =0 (puc. B). Takue kpaTuaitinne aunuu
Ha3LIBAIOTCA  2€00e3UHeCKUMU.
Mbi uMeeM THNMHYHYIO Bapuali-
OHHYI0 333aiy Ha TaK Ha3biBae-
MR  CBA3AHHBLL HIAW  YCRO8-
wwld  sxcmpenys. Heobxomu-
MO HalT# MMHUMYM QYHKUHO-
HaJ/Ia

1 .
l:f V14 y?+ 2%x,

Xy

npuyeM ¢yHkuud Y (X) U 2 (x)

Puc. B. AOMKHEL  OblTb MONYMHEHB yC-

aosuwo @ (x, y, 2)=0. Idra 3a-

nNaua 6uaa pewena B 1698 roay $. Bepuyanu, no obwnit Meroa pe-

luenMs 3ajad TaKoro Tuna Obla AaH Jamiu, B paforax JI. Ditnepa u
K. Jlarpanxa.

M3onepuMerpuueckan 3anaua. Tpebyerca HAHTU 3aMKHYTYIO
JAHHMIO 34aJ4HHOR NJMHB [, OTPaHHYMBAIOIIYI0 MAKCHMAaJAbHYI0 Maowanb S.
Taxko#t nuHMeRt, xak OblJO W3BECTHO ewe B ApeBHel ['peunu, aAsisercs
OKpyxHOCTb. B aro#t sanade tpebyerca onpeieuTb 3KCTpeMyM yHKUHO-
Hana S NMpu HAJIMYMH CBOeOOPA3HOrO AOMOJHUTENLHOIO YCJIOBUA — NJAUHA
KpUBOM# N0/KHA GbITb NOCTORHHA, T. €. QYHKUMOHAI )

4
I={ Vi@rtypat
ty

COXpPaHfIET TOCTOAHHOE 3HAUeHHE. YCJOBUA TAKOro THNA HA3HBAIOTCA H30-
nepumerpuyeckumu. OOGlHe MeTOAb pelleHHs 3aay C M30NEepHMeTpHuEC-
KHMH yCa0BuAMH Obiid paspabotanbi JI. itaepoM.
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Hiuxe us/iaraioTcs MeTOAB! pellleHWs Pas/MuHbIX BADHALUMOHHBLIX 3aaau,
NpiiveM B OCHOBHOM HCC/IELYIOTCA Ha 3KCTPeMyM CJELyiolilHe YacTO BCTpe-
yaouuecs B NPHJICHEHUAX (PYHKUHOHANH:

fF(x. y(x), y' (x))dx,
fF(x. y(x), y(x), ..., W”(x))dx.

[EGe v, oo yalon 300, o0 ya(x) dax,

Xo

o 0z 0
f / F(x. v, 2 (%, y),a—zx—, 5—;—) dx,dy.
g

B KOTOpHIX ¢yuxuun F sananul, a dyRkuuu y (x), y1(x) ... y,(2), z(x, y)
ABJISIOTCA dpryMeHTaMu QyHKUIHMOHAJIOB.



FTTABA 6

METOJ BAPHALMIA B 3AJAYAX C HEMOABUKHBIMH
TPAHHULIAMHU

§ 1. Bapuanus u ee caoiicTsa

MeToab! pelwieHns BApHALMOHHBIX 3adad, T, €. 3andy HA Hcc/aeloBanHue
¢YHKHHOHHHOB Ha MAKCHMyM # MUHHUMYM, BeCbM& CXOAHBI C METOLaMu

HCC/EA0BAHNUA

Ha MakcUMyM u MunuMyM o¢yHkuuit, [lostomy ueneco-

O6Pa3HO HAMOMHMTbL KPAaTKO TEODHI0 MaKCUMyMa ¥ MUHUMYMa ¢yHKUMH
W napanjfieabHO BBECTH aHAJOTUYHBIE TOHATUA M LOKA3aTh CXOLHbIE TeO-

peMbl 018 QYHKUMOHA/OB.

I. TlepemeHnas BeauuUHa 2 Ha-
3biBaeTcd  gPymriyueld nepeMeHHOH
Be/UUHUHB X, 4TO 0603HAYAeTCa TaK:
2=f(x), ecAM KAKIOMY 3Haue-
HHIO X U3 HEKOTOpO# 06.1aCTH HBMe-
HeHURA X COOTBETCTBYET 3HAyeHue Z,
T. €. HMeeT MecTO COOTBEeTCTBHe:
YHCAY X COOTBETCTBYET HUCAO Z.

ARajoryyHo onpelenflOTCs  H
$YHKUNHM HECKOAbKHX TepeMeHHbIX.

2. Hpupawenuem Ax apry-
MeHTd X QyHKUMHU f (X) HasbiBaeTCA
PAa3HOCTb MeX(Iy ABYMA 3HAYEHUAMH
9TOH nepemeHHOH Ax=x — x|.
Ecau  x — neaaBucuMoe nepeMeH-

I. TMepeMeHHas BeJaWYMHA ¥ Ha-
3LIBACTC HYHKUUOHRBAOM, 3ABUCA-
wuM ot dynkuuu y(x), 4to 060-
3HaudeTcA TaK: U ="7[y(x)], ecam
KaXA0R QYHKUUH Y (X) H3 HEKOTO-
poro kaacca dyHkuud y(x) co-
OTBETCTBYET 3HaYeHHe U, T. e.
HMEEeT MeCTO COOTBEeTCTBHE: (YHK-
UM y(X) cOOTBETCTBYeT HHCAO .

AuasoruyHo  OnpenensioTCa M
GQYHKUUOHAME, 3aBHCAILHE OT He-
CKOMbKUX (YRKUMH, ¥ QYHKUHO-
HaAbl, 3aBMcawWMe OT  (yHKUUE
HECKOJbKHX  HE3aBHCMUMbIX  Nepe-
MeHHBbIX.

2. Npupawenuer wan sapua-
yueii 8y aprymenta y (x) QyHkUHO-
Hana v [y (x)] Ha3bIBaeTCA PA3BHOCTD
Mexay AByMs GyHIuaMu Oy ==
= y(x)— y,(x). [Tpu 9roM npeano-
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foe, TO AuddepeHunan x CcoBma-
AaeT ¢ npupatleHueM dx =Ax.

3. dyukuua f(x) HasnBaeTcs
Henpepsgnold, ecau ManoMy Hs3-
MEHEHHIO X COOTBETCTBYeT Maloe

Jaraercs, 4To y (x) MeHsercs npous-
BOJILHO B HEKOTOPOM Kaacce (yHK-
uuh.

3. &dyHkuuoHan v[y(x)] HasHl-
BAETCH HeNnpepui8HbiM, eCIH Ma-
TOMY H3MeHEeHH® Y (X) COOTBETCTBYET

H3MeHeHHe QYHKUHMA f{x). Majnoe  Mu3MeHeHHWe  (PYHKUKOHANA

vy (2]

Tlocneniee omnpeleneHMe HYWDIAeTCsl B YTOYHEHHWH H Da3bACHEHWH,
TaK Kak cefiuac Xe BO3HWKAET BONPOC, KaKue M3MeHeHns dyHKuMu y (x),
sBasowelcs apryMeHtoM (YHKUMOHANA, HA3bIBAOTCA MAJABIMH HJA4, YTO
TO Ke CamOe, KakWHe kpusbe yY==y(x) H y=y,(X) CYUNTAIOTCA MaJ0
OTIHYAIOUHMHUCA UAU OAU3KUMMU,

Moxno cunTaTe Oau3kuMM YHKUHM y(X) B y,(x) B TOM cayuae,
ecnd MOLyab HX pasHout Y (x) —y,(X) Mai Ans BceX 3Hauenni X,
AJ% KOTOPBIX 3aA4alTcs GYHKUMH y(X) U y;(X), T. e. CUHTATb OAH3KUMH
¥puBbie, OaM3KHE M0 OpPAHHATAM.

OnHako npu TaKoM onpeieneHHd OJM30CTH KPUBLIX YACTO BCTPEYAlO-
uiMecss B NMPUJAOKEHHAX (YHKUMOHAILI BUAA

viy(oi= fF(x.y, yYdx

X

#3-33  HaAMuMA B NOILIHTErpaabHoM QyHKUMM apryMenta Yy’ JKlUb
B HCKJIOUHTEJbHLIX CJyuasx OyLyT HenpepbiBHbIMH. [109TOMYy BO MHOIHX
cayuasx GoJjee eCTeCTBEHHO CHMTaThb OJMBKKMH TOJLKO Te KPHUBBIE, KOTO-
pyie GJM3KH TMO ODIHHATAM H MO HaNpaB/AEHMAM KACATeMbHBIX B COOTBET-
CTBYIOWIMX TOYKaX, T. e, Tpebosatb, uTOOLI A/ OAUBKUX KPUBLIX He
TOJBLKO MOLYJb PasHocTH y(x) — y,(X) Ouin 6bl Mana, HO, KpoMe TOro,

6bi OB Mad W MOLYAb pasHoCTH Y (x) — y; (X).

Plioraa e okasbiBaeTcd HEOOXOLMMBIM CUHTATb OMMBKUMH TOJBKO
1e QYHKUMH, A7 KOTOPHLIX Madbl MOAYJM KawIOM M3 pasHoCTeH:

y(x)—y,(x) ¥ (%) —y; (%),

Y (X)) =9 (%) oo eh YB(X) — ¥ ().

B cBa3u ¢ 3THM NPpUXOAUTCA BBEeCTU cC/JenyIouiHe ofpeneneHHs 6au3ocTu
KPUBEIX y =y (X) # y=y,(x).

Kpusne y=y(x) u y=y,(x) Oru3ku 8 cmucre Orusocmu
HYse8020 NOPAOKG, ecau MoOyab pasnocmu y(x)—y,(X) Haax.
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Kpuswe y=y(x) u y=y,(x) 6au3ku s cuucre 6au3ocmu
nepsozo nOopadxka, ecau Modysu pasdiocmeld y(xX)—y, (x) u
¥ (%) — ¥, (%) maan.

Kpusse

y=y(x) a y=y,;(x)
02u3Ku 8 cMbicse O.au30cmu k-20 nopadka, ecau modyasu paguocmels
Y(X)— Y, (X),
Y (x)— y (x),
YE(x) — ¥ (x)
Mans.
Ha puc. 6.1 usobpawenm kpushie, O6/n3kue B CMbicAe 6.H30CTH

Hy/1€eBOT0O NoOpsaAKa, HO HE 6aM3KHe B CMbicje OJM30CTH fIepBOro nopsaka,

¥
Ly 8

Puc. 6.1. Puc. 6.2.

T4k Kak OPAHHATH Y HHUX O/H3kn, a HanpaB/eHHA KacaTeJbHbIX He GAU3KH.
Ha puc. 6.2 ngobpameHb kpusble, GaM3KHe B cMbicae GAH3OCTH NepBOrO
NOpAAKA.

M3 stux onpeneneHu$t cjenyeT, 4TO ecaM KpHBble ONU3KH B CMEICJE
6.1130CTH k-T0 nopalka, TO OHW TeM 00Jee GJHM3KM B CMBICJIe GaM30CTH
J1060r0 MeHbuIero fopaika.

Temepb Mbi MOXKEM YTOHWHHTb MOHATHE HeMPePBLIBHOCTH (YHKUHOHAJA.

3’. dyHkuua f (x) nenpepsisna 3. dyuxunonan vy (x)] wenpe-
IpH X ==X, ecad 0Ja A1e00ro pusen fpun §==93,(X) B cMuC]Ie
NOJOXKHTEALHOr0 € MOXHO f080- OJH30CTH K-To NOpsAKa, ecan aas
6pats & > 0 Takoe, uto |f(x)— /0GOr0 MNOJOMHTEALHOTO € MOXHO
— f(xp| <e mpa |x — x| <6 nosoGpars &> 0 Taxoe, uTo

[viyx)) — vyl <e
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[1pn 3ToM moapasyMesaercs, 410 1pu

X TPHHUMEET 3HAYeHUR, B KOTOPLIX ly(x) —y,(0)] <8,
HKuua f(x) onpeneaeHa. ’ '

by f(x) omp [y (%) — yg(x)] < b,

Y% () — i ()] < 8.

[Tpn 3TOM nNOApasyMesaercs,

yro QyHkuua  y(x) OGeperca u3

. kaacca GyHKUMHA, Ha KOTOPOM PyHK-
uuoHa.1 v [y (x)] onpeneneH.

MoxHO 6bl40 6B ONpeleNdTh TOHATHE PACCTORHUR P (Y, ¥o) MEMLY
KPUBBIMI Y=y, (X) n y=y5(x) (¥, <L x < %), # TOraa GJu3KuMH
KPUBBIMIl CUMTAaTh KPHBbIE, PACCTORHME MeXIY KOTODLIMH MaJo.

Ecau cunrams )

Py, yp)= max |y;(x)— y,(x)].
Xo <X <X,
T. e. BBeCTH MeTpuky npocrtpasctsa C, (cM. ctp. 50), T0O Mbl NpuxoauM
K noHaTHio GaM30CTH Hy.JeBoro nopsaaka. Ecau cuurars

k
p(yp Y= max | VP (x) — ¥ (%))
pol e <E <L
(npesnosaraerTcd, uTO Y, K Y, KMeIOT HenpephiBHbie NPONU3BOAHlE L0
nopsiaKa kR BKJAWYNTENBLHO), TO 0AMBOCTL KPHMBLIX MOHMMAETCHs B CMbicae
6an3ocTH R-ro nopsaxa.

4. Jlunednod ¢pynxyued na- 4. JTuneldnoim OYRKYUOLAAOM
3biBaeTCs  dyHkuus [ (x), ylos- HaswiBaeTcA ¢yuxuuonan L[y (x)],
JeTBOPAIOUIAS  CACAYIOWMM yCjO-  YIOBJIETBOPAIOWMUR CaAelylOulHM yC-
BHAM: JOBUSM:

Hex)=cl(x), Licy ()] =cL[y(x)],
rle ¢—MPOU3BOJbHAS TOCTORHHAA, TJle ¢ — [POH3BO/LUAR MOCTORHHAS U

Ly + xg) =1 (x) L (xy). Liy,(x)+ v, (%)=

=L [y; (O 4+ L[y, (x))

Jluuenas dyukuus OAHOH nepe- ﬂpumevpom MUHERHOTO By HKIMO
MEeHHON uMeeT BUl Hana ap/seTcs
I(x)==kx, d

Liy(o)= [ (p(x)y+q(x)y) d,

rle k -— NOCTOsAHHAA. Py
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5. Ecau npupawenne QyHkuuu

Af=f(x+Ax)—f (%)
MOXET ObiTb NPEACTaBJeHO B BHIe
Af =A(x)Ax+B(x, Ax) - Ax,
¥re A(x) He 3aBucnt oT Ax,
a B(x, Ax)—>0 npu Ax-—>0, T0
hyHKLMA HasbiBaeTCR Quhgpe peHyu-
pyemodd, a TMHeHHAA MO OTHOLIEHHIO
K Ax uacts npupamenm—A (x)Ax
Ha3biBaeTCA Oughpe pernyuaron
¢yHkuuy 1 o6o3Havaerca d f. Pasne-
JHB Ha AX M nepexonsi K npeneay npu

HEMOABUW)XHbBIMHU FPAHHMUAMHU [FA. 6

5. Ecau npupauierue ¢GpyHKUHO-
HaJa
Av = v [y (x)-+dy] — v [y (%))
MOXHO TPeICTaBHTb B BHAE

Av=L[y(x), dy]+

+B(y (%), 0y) max {dy,
rae L[y(x), Oy} -— audefusit no
orHowenuw K Oy  dynxuionad,
max |0y | — MakcHMaJbHOe 3HaueHue
[dy] u B(y(x) dy)—~>0 mpu
max [0y |— 0, To auHeHHas MO OT-
HOWleHUI0 K Oy 4acTb MpHUpalleHus

L\x—l>0, noayuuM, uto A(X)= gyucumonasa, 1. e. L[y (x), oy},
= /(). n, caenosarensHo, HasbIBAeTCH 8apuayied PyHKLUO-
adf =f'(x)Ax. naza n oBosnavaercs Hv.

Wrak, sapuayun Pysryuonaia — smo 24a8LAR, AUHEAHA S NO OMHO-
wenuo x dy, wacms npupauenus pynxyuonaara.

[Ipu uccrenosanun GYHKUMOHANOB BAPHALMA HTPAeT TAKYK Xe POib,
KaKyo urpaeT auddepenunas npu HCcae oBaHHK QYHKIUH.

Mox#0 naTb M ILpyroe, NOYTH SKBHBAJEHTHOE, ONpeleleHHe IH-
(Qepenlnasa QYHKUMM W Bapuauuu GyHKuMoHata. PaccMOTpuM 3HaueHMe
oyHkunn  f (x4 e Ax) npu ouxcuposansoM x U AX U H3MEHAIOLIHXCA
3Haueuuax mapametpa «. Ilpy o =1 noJyyuM NpHpaUIEHHOE 3HAYECHHE
pyuxume f(x 4 Ax), npu 0 =0 noayuuM uCXOIHOe 3Ha'eHHe (YHKLHH
f (x). Hertpyawo nposeputs, uyro npoussoinas or f(x +alx) no a
npu a=0 passa auddepenuuany dynximd f(x) B Touke x. IleicTBu-
TeAbHO, TO Npasuay AUBdePEeHUHPOBAIUA CJIOKHOK QyHKIHY

O f @A) o= [ ( + 6 AX) Ax fgmo= /' (¥) Ax = df ().
Touno Tak e AR GYHKUMM HECKOMbKUX TepeMeHHHIX
z=f(X], X9, «+..» X,)
MOXHO MOAYYHTh AnddepeHinan nyTeM IMddepeHUUPOBAHNS
fx+aldx, xo+ aldxy, ..., x,+0aldx,)

no o, noJsaras 3ateM o=0. JleHCTBUTELHO,
n
i} N J
%f(xl—*—an,, Xo+alAx,, ..., x, +aAx)|e-0 = Z 0—){1Ax,=df.
i=1

U nas oyHxuvoHnanoB Buna v [y (x)] uaum Gosee CAOKHBIX, 3aBUCAULUX

01 HECKOJbKHX HeH3BecTHBIX GyHKuM# MAM OT GYHKUMH HeCKOALKUX
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nepeMeHHLIX, MOXHO OMpele/uTh BADHAUMIO KAK [POU3BOLHYI OT (PYHK-
unonana v |y (x)+ ady] no a npu a=0. deAcTBuTe b0, eca QYHKUMOHAA
UMeeT BapHaUUI® B CMBICJAe TJIaBHOH JHMHEHHOW 4YacTM NpUpauieHus,
TO ero NpHpaileHHe UMeeT BHIL

Av=1v[y(x) +ady] — v]y(x)]=L(y, 2dy) +p (y, 0 dy)|a|max|dy]|.

Ilpoussoanas ot v{y + ady] no a npy a =10 pasua

fim AU o B8 L(.ady)+Bly () ady]jalmax|dy|
Aa >0 Aa a>0 @ a->0 o !
=lim L9 4 o, B, abyl[almax|Oyl _; y gy,
a0 o a0 G

TdAK KaK B CHJIy JAMHEUHOCTH
L(y, ady)==aL(y, dy),

Bly(x), ady]|a|max]dy|
a

lim
a>0

= hmply(x), ady] max |dy!=0,
a->0

notoMy uto Ply(x), ady]—0 npu a—0. Hrak, ecan cywecTsyer
Bapuauus B CMbiCJe TJIaBHOH /uHeHHON uacTH npupaweHus QyHKILIOHAAA,
TO CywiecTsyeT W BapHauMd B CMLICJE NPOU3BOAHOH MO mapaMeTpy TpH
HAYaJbHOM 3HAaYeHUU napaMeTpa, U 003 3TH OnNPEAeNeHHA 3KBMBAJIEHTHBI,

Bropoe omnpegesenste BapuauMd HECKOALKO IIHPE NMePBOrO, TaK Kak
CYUIecTBYIOT MpUMepH (YHKLUMOHAIOB, H3 MPUPALUEHUA KOTOPHIX HEAb3fA
BLLACANTL [VaBHOH JAMHEHHOR u4acTH, HO BapualUs B CMbICJE BTOPOIO
OnpeaeneHus CyWecTByer.

6. Ldugpgepenyuar dynkunn 6. Bapuayua ¢yHkudoHaaa
f(x) pasen v |y (x)] pasua
o o
5z [ (¥ +edx)|az0- 7 01 (%) +adylfe=o.

Onpedenenne. dyuxyuonanr v|[y(x)] docmuzaem HaQ Kpusod
y=y,(x) Mmarcumyma, ecau 3nadenus PyHxyuonasa vy (x)]
Ha ar00fi 0au3nold & y==Yy,(x) Kpusol ne Goasuwe, wer V[y,(x)],
mo ecms Av=uvly (x)] —v[y,(x)] < 0.

Ecau Av 0, npnuem Av=0 ToabKO 11pH ¥ (X) = y4(X), TO rOBOPAT,
YTO HA KPUBOK y = y,(x) Rocruraercs cmpozul MaxKcumym. AHajIOrHIHO
onpeleasierc Kpusas y==y,(x), Ha KOTOPO{ peaynsyercss MUHUMYM.
B srom cayuae Av >0 14 BceX KPHBBHIX, GAH3KHMX K KPHBOH Y = y,(X).

7. Teop2ma. Ecau OJugdgie- 7. Teopema. Eciru dyux-
pengupyeman dyaxgus f(x) guonas vly(x)|, wumewowuld sa-
docmuzaem  MAKCUMYMA U4l PUAKUIO, O0CMuU2Aem MAKCUMYME

19 71, 3. 3ascroany
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MUKBMYMA 80 BRYMpEHHEd moY-
Ke x=x, o6aracmu onpedese-
Hua gyurxyuu, mo 8 smold mou-
Ke

UL MURBMYME npu Y = Y,(X),
20e Y (X)—8HYMpPennan moixa
o6racmu  onpedésenun HyHK-
yuonasa, mo npu Y =y,(x),

df =0. dv=0.

INokasaTeabCTBO TeopeMH 148 GyHkuuonanos. [lpu
duxcuposaHux Yy, (x) # 0y v[yy(x)+ ady] =@ (a) apaserca QyHK-
uHe#t o, koropas npu o ==0, N0 NPEeANOJOKEHUIO, TOCTHIAET MAKCHMYMa
MM MUHMMyMa, C/Jel0BAaTEabHO, [POU3BOLHAS

¢ (0)=0%, uau -()i'v[yo(x)—f—a(')y] =0,
a a=0

T. e. v =0. Hrak, Ha KDHUBLIX, H KOTOPBLIX IOCTUTAETCH SKCTPEMYM
¢dyHKUMOHANA, €r0 BAapDHALMA paBHA HYJIO.

[Toustne sxcmpenysma dyukinoHasa tyniaercs B yrounenuu. [osops
0 MakcHMyMe HJIM MHHMMyMe, Touiiee, OO OTHOCHTE/NbIIOM MaKCHMyMe
MM MUHUMYME, Mbl HMEJH B BMAYy HauOo.bllee WM HaMMeHbllee 3HayeHHe
¢$hyHKLMOHAAA TOJNBKO NO OTHOWEHHIO K 3HaYeHUSM QyHKUHOHANA HA Oau3-
KuX Kpusbix. Ho, kak Obtio ykasaHO Bbilte, OJIH30CTb KPHBLIX MOXET
ObiTL MOHHMAeMa pas/MyHO, TMOSTOMY B ONpelejeHHH MaKCHMMyMa WM
MHHIMyMa HalO0 yKasbiBaTb, KAKOro MOpsixka 6JM30CTb UMEeTCR B BuAY.

Ecau ¢yunkunonan vy (x)] nocrvraet Ha KpHUBOH y == y,(Xx) MaxcH-
MyMa HJAH MUHHMYMa 10 OTHOIIEHUI0 KO BCEM KDHBBIM, IJI1 KOTOPHIX
MOAyJAb Pa3HOCTH Y (X) — yo(X) Maja, T. €. IO OTHOWIEHHIO K KPUBLIM,
6an3kuM Ky = y,(X) B CMBHcJe OJH30CTH HY.]€BOro MNOpaaxkd, TO Max-
CUMYM HJM MHMHHMYM HA3bIBAETCH CUABHbM.

Ecau xe dynkunonand wvly(x)] nocturaer Ha KpuBoM y = y,(x)
MakCUMyMa MM MHUHMMYMa JHLIb 1O OTHOIUGHHIO K KDHUBBLIM Y ==y (x),
61u3kMM K y=y,(x) B cMucae 6AH30CTH TepBOTO NMOpAAKA, T. €. IO
OTHOMIEHHIO K KPHBHM, GJU3KMM K Y= y,(X) He TOJbBKO IO OPILMHA-
TaM, HO H MO HANpaB/JeHUAM KAcaTeJbHbIX, TO MAKCHMYM HJIH MHHMMYM
HasbiBaeTCR CLA0BM.

OueBHIHO, YTO ec/JHM Ha KPUBOH Y ==y,(X) AOCTHUTaeTCA CH/bHbI}
MaKCUMyM (MJH MHHUMYM), TO MOLaBHO AOCTHraeTcA M CJAa0wH, TaK Kak
ecay Kpusas 6im3ka x y = y,(x) B cMbicsie GAM30CTH MEPBOro Nopaaxa,
TO OHA 6/M3Ka M B CMbicje GAH30CTH HyJAeBOro nopsika. Oavako Bo3-
MOJHO, YTO Ha KPDHBOR Y == y,(x) Aocturaercd cadGuit MakCUMyM (MH-
HUMYM) H B TO Xe€ BpeMf He NOCTHFaeTcs CHUJbHBIH MaKCHMyM (MUHHUMYM),
T. e. cpeld KPHUBBIX Y=y (x), O6au3kux K y=y,(X) Kak N0 opiuHa-
TaM, TdK M MO HANPABJIEHUIO KacaTeJbHHX, MOXeT He OblThb TaKUX, OJA KO-

*) & MOXeT MPHHAMATh B OKPECTHOCTH TOUKH G =0 KK NONOKHTEJIbLHHE,
TaKk M OTPHUATEAbHHIC 3HAYEHHUA, TAK KaK Yy, (Xx) — BHYTPEHHAA TOUka OOCMACTH
onpejieiceHua GyHKUHOHANA.



§1 BAPUALINS KB BEE CBOMCTBA 291

topeix v 1y (X)) > v[yo(x)] (B cayuae munuMyma o[y (x)] < v [y, (X)),
a cpeau Kpusbix y==y(x), 6IY3KHX TOJLKO NO OPAMHATAM, HO -yXKe He
6auM3KMX 1O HAMpABJAEHUIO KacaTedbHBIX, MOTYT HalTuCh ¥ TadkHe, LA
KOTOPBIX T [y (X)] > U [y, (X)] (B ciyyae MHHUMYMa © [y (X)] < ¥ [y (%)]).
Pasiuyue MexAy CUABHBM M CIaGBIM SKCTPEMYMOM He GyleT UMeTb Cy-
UIECTBEHHOT'O 3HAYeHHs I[PU BLIBOJE OCHOBHOTO HeOGXOLUMOrO yC/IOBHA
3KCTPEMyMd, HO OHO GyleT BechbMa CyLUeCTBEHHO B riaBe 8 npu usyue-
HUM JIOCTATOYHLIX YCJOBHH 3KCTPEMYyMd.

3aMeTHM ewie, YTO €CJM HA KPUBOH Y = y,(X) AOCTUraeTcs IKCTPEMYM,

TO He TOJbKO oi ¢ [yo (%) -+ a by] =0, HO u 9 vy (x, @) =0,
a a= da a=0

rie y(x, o) — .mo6oe ceMeHcTBO AOMYCTHMHX KPHBBIX, MpHYEM IPH
a=0 u npn a=1 Pyukuns y(x, 0) 10J¥KHA COOTBETCTBEHHO NpeBpa-
warsca B y,(x) u y,(x)+ dy. IekcrButessHo, v[y(x, a)] sBasgerca
¢dhynkuuet @, TaK Kak 3anaHue o Onpeneset KpuBylo ceMelicTsa y=y (x, @),
a 3HayuT, OmpelleiseT W 3HaueHMe Qyukuumonana vy (x, a)l.

31a GyHKUKSA, MO NPelNONOKEHHIO, LOCTHIAET IKCTpeMyMa NpH o ==10,
c/e10BaTeJILHO, TpOM3BOAHAR 3TOH QyHKuUMM ofpauiaercs B HYJb
npu a==0%*),

Hrak, %fu[y(x, a)]a =0, O;HaKO STa MNpOH3BOAHAs, BOOOLLE
rosops, ywe He OyneT COBNAauath C BapHauued ¢yHKkuuoHajsa, HO Oyier,
KaK TI0Ka3aHO Buiie, o6pawiaThC B HYJb' OLHOBpeMeHHO € Ov Ha Kpu-
BbIX, Pea/iu3ylOlUX 3KCTpeMyM ¢YHKIMOHAAA.

Bce onpenenexns sroro naparpada u OCHOBHas Teopema (ctp. 289)
nout 6e3 BCAKOTO H3MEHEHWs NMePeHOCATCA HAa PyHKUMOHAIH, 3aBHCALLHE
OT HEeCKOJbKHX HEW3BECTHLIX GYHKUHHA

V[Y1(x)s Y2(%)s + o v ¥,(X)]

MAH 3aBUCALLME OT OKHOH WJH HECKOJbKHX GYHKUMA MHOTHX NepeMeH-

HbIX
vz (%, Xgo oo.0 X)L

V[2{(Xys Koo covs Xp)s Z9(Xp Xou cves Xphs ovvs 2y (X1, X9 oo er XL

Hanpumep, Bapuauns dv dyuxuuonana v [z (x, y)] Moxer ObiTe onpe-
JeieHa MM KaK raasHad Audeftiias no OTHOWeHMIO K 02z vacTb mpHpa-

nureitsn
Av =9z (x, y)+ dz] —v]z(x, Y

HJIH  Kax nponanonuaﬁ no napaMmerpy npu HAYaJbHOM  3HAYEHHH

*) Mpeasonaraerca, 4TO o MOXET JIPHHMUMATH JMOOHe Oauskue K & = 0 3Ha-
ov [y (x, a)}

YeCHUA H
[es

CyuleCTBY€ET.
a=4y

19
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napaMerpa

aolz yraszl|

npHYeM ecad NpH 2z ==z (X, y) PyHKUMOHAA U JOCTHraeT SKCTpeMyMa,
T0 npu 2=2(x, y) sapuauna 6v=0, tak xak v[z(x, y)+4 adz]
aasercs ¢ynkuuedt a, koropas npu 0.==0, N0 NPeANOJI0KEHHUIO, A0CTH-
rdet SKCTpeMyMa U, CJelOBaTebHO, TNPOM3BOAHAR OT 3TOH GyHKUMK
4
no a npu a=0 obpauaerca B Hy.b, %‘fv[z(x. y)+ 0.0z) =0
a=0
iy 6v=20.

§ 2. YpasHenue Jitrepa

Hccaenyem Ha skctpeMyM ¢yHKUHOHAA

vl = [ Fx y). y'(x)ax, (6.1)

X~

npuueM rpaHUYHblE TOYKM JONYCTHMBIX KPUBBIX 3aKpeMeHbl: y (X,) ==y,
W y(x;)=y, (puc. 6.3). dynkumio F(x, y, y’) OyleM cuutats TPHKAbI
IuddepenunpyeMon.
Mpl ywme 3HaeM, YyTO HeOOXORMMLIM YCIOBHEM 3KCTPeMyMa ABJfeTCs
obpaienue B Hy/b Bapuauuu ¢yuxuuonana. [loxaxeM Temepb, Kak npu-
MEHReTCq 3Ta OCHOBHA® TeOpeMa K
Ay paccMaTpUBAeMOMY dyuxumonany,
B NpuyeM Mbl ellle pa3 TMOBTOPUM Ipe-
Jbllyillee paccyxeHHe NpHMeHUTe/b-
7 HO K ynxkuwionaay (6.1). I[lpeamo-
4, JOMUM, HYTO 3IKCTPEMYM JOCTHUFaeTcs
Ha 1BaxiAut AUpdepeHUHpyeMoR Kpu-
ot y=y(x) (rpebya aums cyue-
z CTBOBAHMR  MPOM3BOLHHIX  MepBOTO
0 z, z, nopsaaka y AONYCTHMHX  KDPHBHIX,
MOXHO WHBIM METOAOM [10Ka3aTh, 4TO
Puc. 6.3. y KpHBOH, peaausywuieit 3KcTpe-
MyM, CYIIeCTBYeT W BTOpas nNpou3-
BOJHAR).
Boanmen Kakyl0-HiHOysb GIH3KYI0 K y =y (X) LOMYyCTHMYIO KDHBYIO
y = y(X) H BKJIOYUM KDHBHE Yy ==y (X) H y =y (X) B onHONapamerpu-
yeCKOe CeMeRcTBO KPHUBBIX

Y

y(x, @)=y @)+ aly(x —yx);

npu a¢=0 mnoayuuMm kpuByw y=y(x), npu a=1 HMeeM y=:\7(x)
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(puc. 6.4). Kax Mbl yxe 3HaeM, pasHOCTb ;(x)—y(x) Ha3rBAETCA Ba-
puauued oyHkuuu y(x) n obosHauaerca &y.

Bapuauus 0y B BapHAUMOHHBIX 3a7aYaX HMrpaeT pOJb, AHANOTHYHYIO
pOJM NpUpAlieHHS HE3dBHCHMOrO MepeMeHHOro Ax B 3andyax Ha HccJje-
A0BaHue sKCTpeMyMoB dyuxuuit £ (x). Bapuauus pyuxuun dy=y (x)—y (x)
apasercs  Qysxuued x. ITy QyHKUMIO MOXHO AuddepeHUMPOBATL OLMH
WIM HecKOJbKO pas, mnpuueM (8y) ==y’ (x)— y’ (x)=20y’, 1. e. mpo-
M3BONHA% BapHalUMK paBHa BapHAUNH NPOM3BOAHOM, W aHANOTHYHO

©y) =y (x) — ¥’ (x) =0by”,

O =y® (x) — y® (x) = by,

Wrtak, paccMOTpMM ceMeficTBO y ==y (x, @), rie y(x, a)=y(x) 4+
-+ ady, conepwawee npu a=0 KPUBYIO. Ha KOTOPOH AOCTHraercs 3K=-
CTpeMyM, a 0pu @ =1 — HekoTO-

pylo 6aM3Kyl0 JAONMYCTHMYIO KpH- g
Byl0 — TdaK HAa3LIBAEMYI0 KDHBYIO
CpaBHEHHA.

Ecau paccmarpuBaTbh 3HayeHMA
dyHkuHoHa 2

Xy
vly o) = [ Fix y, yydx
Xo X
TOJNBKO Ha KPHMBHIX  ceMeMCTBa 0
y=y(xX, a), T0 dyHKIHOHaN Npe-
spamaetcd 8 QyHKUHIO O: Pic. 6.4.

vly(x, )] =¢(a),

TaK KaK 3HaYyeHUe NMapaMeTpa ¢ OMpeleseT KPHBYIO ceMelicTBa y == y(x, @)
M TeM caMblM Ompejeser M 3HavyeHue QyHKuUMoHAIa U[y(x, @)]. Ira
GyHxuua @ (@) AOCTHraeT cBoero sxcrpemyma npu o ==0, TaKk Kak MpH
a =0 noanyyaeM y==Yy(x), # (YHKUUOHAJ, MO I[PeANOJAOKEHHIO, 1O~
CTMraeT S3KCTPeMyMd 0O cpasHeHHI0 ¢ o6od O6auskofl  NOMYCTHMOH
KDUBOM M, B YAaCTHOCTH, MO OTHOWEHHIO K OJU3KMM KpHUBHIM ceMeHcTBA
y=y(x. a). HeobxoaummM ycnosuem sKcrpemyMa dyHxkuuH ¢ (@)
npy a==0, KaKk H3BeCTHO, sBJAeTCs oOOpalleHHe B HyJb €€ IPOM3-
BoaHo# npun a=0:

¢’ (0)=0.
Tak kak

P(a)= fF(x, y(x, @), Y, (x, @))dx,

Xo
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TO
Xy

¢ (W)= f [Fy % y(x, &)+ Fy o% y (., a)] dx,
rae °

= Pls s, 0 5 )

9 '
Fy = 55 F (%, y(x, o), y'(x, @),
HJIH, TaK Kak
0 0
¥ (%, @) =37 [y () +ady] = by

%)"(x, a)=— 70({ [y’ (x)+ady’]=2dy’,

noJyuuM

o @= [1F,(x y(x o), ¥ (x 0)dy+

Xo

=+ Fy (%, y(x, @), y'(x. @))dy'|dx;

o = [F,(x. y(x), ¥ 1))y Fy (x. y(x). ¥’ (x))dy']dx.

X

Kax Mbl yxe 3naeM, @'(0) uaswbipaercs BapHauHel GYHKUMOHana H
o6o03HauaeTcas 0v. HeoGxoammoe ycioBue skcrpemyMa GyHKUMOHANA v
3ak/ouyaercs B OOpauleHHH B HyJb ero Bapuauuu: 0v=0. [ad ¢yHk-
uuoHaa

£
vly(l = [ F(x y, y)dx
Xo
3TO ycCJ/0BKe HMeeT BHJ

x5

f [Fyby 4 Fy0y'ldx=0.

Xo
HurerpupyeM BTOpOe c.araeMoe IO 4acTAM M, NPUHHMAs BO BHHMAHHE,
yto 8y == (0y)’, moayuuM

Xy
1 d
Gv=[Fy'6)’]:1+ ./(FY—H;Fy')éydx.
Ho *o
0|y =Y () — ¥ (x)=0 1 dy|,_. =y (%) —y(¥)=0,
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TOTOMy 4YTO BCe MONMYCTHMHE KPHBHE B paccMarpuBaeMO# fipocTefilueft
3amaye npoOXoAAT 4Yepea (HKCHDOBAHHEIE TIDaHUYHBE TOUKH, H CJe]0Ba-
TeJbHO,

v = _/{‘(F,—-;; Fy)yds.

Hrax, neo6XxoauMoe ycaOBHe 9KCTPeMyMa npuoOperaeT BuA

£

/(Fy——— —};F,')by dx =0, (6.2)

Xy

[pHYeM TMepBbil MHOXHTE/b F,,—%Fyr Ha KpuBo# y=y(x), peau-

3yloled 9KCTpeMyM, ABASETCA 3aJaHHOW HelNpepLIBHOR dyHKUUeH, a BTO-
pot muoxuTenb Oy, BBHUIY npou3BoJa B BbGOpE KDHBOR CpaBHeHuUs
y=y(x), saBaseTcs MpOu3BOJLHON dyHKuHeR, yHOBJAeTBOPAKILEH JHLIb
HEeKOTOPHIM BecbMa OOWMM YC/IOBMAM, @ MMeHHO: dyukuus dy B rpaHuu-
HBIX TOUYKAX X ==X, M X==x; o6pawaercds B Hy]b, HernpepbiBHA MU
nuddepeHUnpyeMa ORHH HJIH HecKOJabko pa3, Oy wau Oy u Oy’ Maau
10 a6COMOTHON Be/HUHHE.

Has ynpouleius noayueHsoro ycaosus (6.2) BocnosssyeMcs crenyo-
el eMMOH:

OCHOBHAA AEMMG 8APUAKUOHHO20 UcuucseHus, Ecau dan
Kaxoold nenpepusrold dynryuu n(x)

[o@nxdxe=0,

20e gynryua D(x) nenpepwsna na ompesxe [x, x;l, mo
D(x)=0
HG mom Jce ompe3ske.
3aMeuanue. YTBepkIeHHE JNeMMB W €€ LOKA3ATENbCTBO He U3~

MeHAoTCq, ecad Ha (yHKUMH M (X) HAZOXKKTh CAedylolUlMe OrpAHUYEHHA:
Nn(xg) =n(x;)=10; mM(x) uMeerT HenpepeieHHEe MPOU3BOAHBIE X0 MO-
pamka p, [fN(x)|<e (s=0, 1, ... ¢ ¢ p). _
HokasatTeabcrTBo. [lpeanonoxns, 4TO B TOYKE X ==X, JeXa-
weR Ha orpeske Xy < X < Xy, @(x)#0, npumeM K TpPOTHBOPeYHIO.
HeftctBuTebHO, W3 HenpepbisHocTH ¢yHKuHd @ (x) crenyer, uTo €CaH

(D(x)aEO 1o @ (X) coxpaHfieT 38HaK B HEKOTOPOR OKPECTHOCTH (xogx <xy)
TOYKH X; HO TOTAA, BHOpPaB GyHKUMIo 1(X) TaKKe COXPaHAloUleH 3HAK
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B 9TOH OKDeCcTHOCTM W DPaBHOM HYMO BHe 3TOH OKpecTHOCTH (puc. 6.5),
NOJIYHUM

Xy 1
f(D(x)n(x) dx = fCD(x)n(x) dx+0,
! x
tak xax npoussenelne O (x) 1 (x) coxpauser 3HaK Ha OTpe3sKe (;ngg;l)

u ofpauaeTcs B HyJb BHe 39TOro orpeska. Mrax, mMbn mpawan k npo-
TuBopeyno, cienosarensto, P(x)=0. Pyukumio 1M(x) MOXHO BLIOH-

paTb, HanpuMep, TaK: N(x)=0 Bhe oTpeska (X <x <K 1) N(x) =
=k (X — %) (x — x))?" na orpesxe (x,<x < X,), Fie n— ueaoe

Ay

g z, Z T I, z,

Puc. 6.5.

TOJIOKHUTENLHOE YHCMO, R -~ NOCTOAHHLIH MuOKuTeab. OueBHIHO, 4TO
dyHKUnA 1 (x) yAOBJAETBOPSET YNOMAHYTHIM BLIlle YC/JIOBUAM: OHZ He-
npepbiBHa, MMeeT HempephiBHble NPOH3BOAHLIE 10 mopsaaka 27 — 1, 06-
pallaeTca B Hy/ab B TOYKAX Xy M X; M MOXKET ObTb CIeJaHa 1Mo MOAYy/Io
CKOJ/Ib YrOAHO Ma.JIOH BMeCTe CO CBOWMM TNPOU3BOANHBIMM 32 CYET YMEHb-
IIeHHA MOy R MHOXHTeas R.

3ameuanue. JlOCAOBHO TAK Ke MOMKHO JOKA3aTh, YTO eCaH (PYHK-
uua D(x, y) nempepuiBia B oGmact D wa naockoctH (X, y)

ff(D(x, wn(x, y)dxdy=0 npu npoussoiLHOM BHOOpe GYHKIUK
D

1(x, y), yLOBAETBOpsoUIeH AdIIL HEKOTOPHM OOWHM YCIOBUAM (Hemnpe-
_PBIBHOCTb, AWdpepeHuHpyeMOCTh OIHH MM HecKOJbKO pas, oOpaujenue
B HyAb Ha rpaHuuax o6aacta D, |n| <e, ]n;l<8, |n;|<e), T0
Q(x, y)=0 B obnactu D. dynxumio 7n(x, ¥) npu [LOK43aTeqLCTBE
OCHOBHO#l /eMMbl MOXHO BHOpaTh, Hanpusep, Tak: 7(X, y)=0 BHe

KPYrOBOH OKPECTHOCTH AOCTATOYHO MA/Oro Pajguyca € TOUKH £, ),
B KOTOpO#t CD(x' y)=#0 a B 3TO#t OKPECTHOCTH TOYKH (x, y) dyHxums

nix, y)==k [(x-x)9+(y — y* —€?]*" (puc. 6.6). Ananoruunas aemma
CHpaBefauBa W A/ N-KPATHHX HMHTETpajioB.
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[TpuMeHuM Temepb OCHOBHYIO feMMY LUIf ypoiledus MOMYYeHHOro
Bbile HeOOXOAUMOro ycaosua (6.2) skcrpeMyma npocrefiuiero QyHxkuuo-
Haaa (6.1)

X1

/ (Fy— 45 Fy ) oy dx=o. 6.2)

Xp
Bce ycaosMA JeMMbl BHIMOJAHEHL: HA KPHBOH, peanusyloiuied SKCTpPeMyM,
a
MHOXHTE b (Fy—-H Fy,) AB/ISETCA HenpepulBHOR dyHKuueH, a sapua-

ura dy saB/seTCH NMPOH3BONLHON GYHKUMER, HA KOTOPYIO HANONEHL JHLIb
NpeayCMOTPEHHbIe B OCHOBHOM JeMMe OrpasnyeHus obluero xapakTepa, c/e-
losareqabHo, F,— de- Fy =0
Ha KPHBOH y ==y (x), peaausyio-
N 9KCTPEMYM paccMaTpHBaeMo-
ro dyHkuuoHana, T,e. y =y (x)
aBAfeTCH pellieieM AuddepeH-
UMAILHOTO ypaBHEHUA BTOPOTO
nopsaaka

A2

WM B DA3BEPHYTOM BHAe

Fy — Fyy — Fyyy —

Puc. 6.6.

- Fy’y'y”= 0.

D10 ypaBHeHWe HasuBaeTcsd ypaswexuem Sdaepa (oHO BHepBhle GBHIO
uM ony6.1ux08ano B 1744 roay). Unrerpaasbuuie kpuBble ypasrnenus itaepa
y =1y (x, Cy, C,) nasusaiorca sxcmpemasamu. TOKO HA KCTPeMANIX
MOXeT JOCTUTaTbCA 2KCTPeMyM GyHKUMOHAAA

vy (x)] = fF(x. y. y)dx.

Xy

Hia uaxoxaeHus xpusoi, peaausywouieft sxctpeMyM dynxuuonana (6.1),
MHTETpUpYeM YypaBHeHne OHnepa u ompeledsieM 00e NPOW3BOJbHBlE [MO-
CTOSHHble, BXOafAllMe B OOlee pellieHMe STOTO YDABHEHUs, H3 YCAOBHH
Ha rpaHuue Y (X,) =y ¥(x)=y;. TOABKO HA YAOBETBOPHOWHX BTHM
yCJAOBHAM SKCTPEMANAX MOXeT peaqU30BaTbCA IKCTPeMyM QyHKUMOHAAD
OaHako 118 TOro uroGBl YCTAHOBHTb, DeaaUsyeTCs JM Ha HUX B Aef-
CTBHTEJNBHOCTH SKCTPEMYM, 4 NMDUTOM MAKCHMYM M/IM MHHWMYM, HaAO BOC-
NOJIb30BATHCA  JOCTATOYHLIMH  YCJOBHAMH  3KCTPEMYMa, H3JOKEHHHM ¥
B rmaase 8.
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.

HanomsuM, uto kpaeBas 3agaua
d
Fy— o= Fy =0, yxp=yp yx)=x

HE BCErAa HMeeT pelleHHe, 3 €CAH DELIeHHE CYUeCTBYET, TO OHO MOXeT
ObITb He eNMHCTBEHHHM (CM. cTp. 159).

3ameTHM, YTO BO MHOTMX BapuMaUHMOHHHX 33aBayaxX CylleCTBOBAaHHe pe-
IieHNs OYeBHUIHO M3 (PM3NUYECKOre HJAM reOMETPHYECKOTO CMBICAA 3a1auM,
W eCJH pellleHde ypaBHenMs Dfijepa, YAOBJAETBOpPsIOllee PPAHHYHBIM YC/AO-
BUSIM, €IMHCTBEHHO, TO 3Td eAHHCTBEHHast 3KCTpeManb M OyleT pelieHueM
paccMaTpuBaeMOH BapHALUMOHHOM 3aJauH.

NMpumep 1. Ha kaxux KpuBHX MOMET IOCTHIATL SKCTPEMyMa ByHKIHOHAA

k]

7
v[y(x)l=/ [(y)?—yldx; y(@©0)=0, y(%)=1?
0

Ypasienue 3Sittepa umeer BrA y” -4y =0; ero oOGWHM pemeHHeM RBAACTCH
y=C, cos x+ Cysin x. Hcnoasays rpanuyune ycaosus, moaysaem: C; =0,
C,=1; carenoBaTeqbHO, 3KCTPEMYM MOXeT JOCTHIaThCA JHKIIb Ha KDHBOH
y=slnx.
[Tpumep 2. Ha kakux xpHBBX MOXeT JOCTHraTbh SKCTpeMyMa QyuKuuoHaa
1

ely@l= [ 100+ 125yl ax y© =0 y()=1?
0
Ypasuenne 3iftaepa umeer BHA Yy —6x =0, oTkyaa y= x'4 C;x 4+ C,. Hec-

AOAB3YS IPaHHYHbie yCaOBHs, noaydaeM: C, =0, C, = 0; caenoBaTeabHO, SKCTpe-
MyM MOXeT NOCTHraThCd JHIL HAa KPHBOH y = 43

B 9tHx OBYX nmpHMepax ypaBHeHHe OH/iepa JerKO HHTErpHpOBanOCh,
HO Tak OblBaeT 1aJeKO He Bcerila, TaKk Kaxk AudiepenunalbHbie ypaBe-
HHSl BTOPOrO NOPALKA UHTETPUPYIOTCS B KOHEUHOM BHAE JHILIb B HCKJIO-
YHTENbHBIX CayyasX. PaccMOTPUM HeKOTOpHE MpocTefiliue cayuan HHTe-
TPHPYEMOCTH ypaBHeHus Jf.epa.

1) F ne saBucut ot y”:

F=F(x, y).

Ypasrenue OHnepa umeer Bun F,(x, y)=0, Tak kax Fy =0. Peuwe-
HHE TOJYYeHHOrO KOHEYHOro ypasHeHus F,(x, y)==0 ne colepxut

9/1IeMEHTOB [POM3B0JA M TMO3TOMY, BoOOUle TroBOpst, He YIOB/IETBOpSET
TPAHUYHHIM YCAOBUAM Y (Xo)==y, H ¥ (X;)=y;-

ChepnoBare/bHO, pelleHve paccMaTpuBaeMO# BAPHALUMOHHOH 3ajauw,
pooCule rosops, He cyulectByeT. JIMuwb B UCKAIOUHTEJNbHHX clyuasx,
KOrad KpHBas

Fy(x, =0



-
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NMPOXOAUT Yepe3 TPAaHHYHBIE TONKU (Xg ¥o) H (X1, y,), CyWlecTBYyeT Kpu-
Baf, Ha KOTOPOW MONKeT ROCTHraThCA SKCTPEeMyM.

MNpumep 3.
X
v(y(x)]= f yidx; y{xe)= Yo
Xo
y(x) =y

Ypasrenne Siinepa umeer BHJ
Fy=0 um y=0.

JxctpeManb y =0 npOXOAHT uepe3 TIpaHMYHbIE TOYKH TOJBKO NpH Y, =0 H
yi =0 (puc. 6.7). Ecan yo=0u y, =0, 10, oueBunno, pynxuua y==0 peaau-

£y

ayeT MHHMMYM (YyHKIHOHana v = f y? dx, y

Xa
Tak kak v[y(x)]>0, opuyeM v=0 npH
y=0. Ecau we XOoTs Obl OAHO H3 Yo H y;
HE DaBHO HYIO, TO MWHHMYM QyHKUHOHAna
Ha HenpepbiBHBX OYHKUMAX He JOCTHraercs,
4TO H MOHATHO, TaK KaK MOKHO BHIGpaTh
NOCAe10BaTEAbHOCTh HeMpepblBHHX GYHKIHH A B
¥n (x), rpadHki KOTOpPBHIX COCTOAT H3 Bce 60- 0 z, T
nee B 60/ee KPYTO Chyckawlle#ca H3 TOYKH !
(xa Yyo) K ocu alcuucc AYTH KpHBOH, 3a-
TeM H3 OTpe3ka ocH alCcuHuce, NOYTH COBMA- Puc. 6.7.
Jaomero CO BCEM OTPe3KOM (X, Xx;), H, Ha-
KOHel, BO3Je TOYKH X;, KPYTO NONHKMAIo-
wedtca k Touke (x;, y,) Ayrn kpuBoH (puc. 6.8). OueBHAHO, YTO HA KPHBBLIX
TakOH NOCAeNOBATEIbHOCTH 3HAaueHHUsi (YHKLHMOHANA CKOAb YrOJAHO Majao oOf-
JAMYAI0TCA OT HYJA M, CJEJOBaTeAbHO, HUXHAA rpaHb 3Hauenuit dynkuuonana
paBHa HYJI0, OJHAKO 9Ta HHXHAA I'PaHb He MOKeT AOCTHratb(d Ha HempepnBHON

KpHBOH, Tak Kak Aas ao6ofi HempepHBHOH KpHBOH y = y (X), OTAHYHOH OT 710-
X

KAECTBEHHOTO HYJfl, HHTerpat fyz dx >0. 3ta HUKHAA TpaHb 3HaueHHH

Xo
GyHKUHOHANA AOCTHTaeTcs Ha pa3puBHOW dyHkuud (puc. 6.9)

¥ (xX0) = Yo,
y(x)=0mpu £, < x < X,
y(x)=y:.

2) ®yHkuna F AHHeRHO 3aBUCHT OT Yt

F(x. 3, Y)=M(x, y)+N(x. »y;5 -

Xt

slyi= [ [Me 4N 3]s,

Xy )
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¥pasHeHue DHiepa HMeeT BHA

oM | ON , d _
W"f-Ty')’ — 2z Nx »=0,
uam
oM | oN , ON ON _,_
oy Ty Y T Ty V=0
w
oM oN
Jdy  dx =0

'HO 9TO OMNATb, KAaK ¥ B MNpPeIbIAYLIEM CIydYade, KOweuHoe, a He aundde-

M ON
peHuMaabHOe ypaBHenue. Kpupas ‘ —W=O’ Boolule roBops, He
y Ay
] B
A A
o
Yo
Y =4lz) z . r
g .Ir, z, o 0 gz, z,
Puc. 6.8. Puc. 6.9.

yAOBAETBOPAET IPAHHYHBIM YCJ/OBHAM, CJAEROBATENLHO, BApHALMOHHAg 34-

Dayd, KaxK TpPaBUO, HE MMeeT DelIeHHs B KJI4CCe HEMPePHIBHHIX Oy HKUMM.

N
Ecau xe %;!-——%;—:-0, 10 Buipaxenne Mdx + Ndy sBasercs Tou-
HbIM AMbdepeHuHanom u

X4 Xy
v.—_:/ (M+N%)dk= / (Mdx~+ N dy)
X X
HEe 3aBHCHT OT TNyTH MHTErPUPOBAHMA, 3HAYeHHE (PYHKUHOHAAA U NOCTO-
AHHO Ha AONMYCTUMBIX KDHBBIX. BHPMHHHOHHBH 3ajad4ya Tepsaer CMbiCa.
MMpumep 4

1
vly@]= [ "+ 5y dx yO =0 y(h=a
0

oM oN
cy ox
HuyHoe ycaoBue y (0) =0 yAOBJAETBOPAETCH, HO BTOPOE 'PaHHYHOE YCAOBHC ¥10-
BreTBopsercs auwb npH @ = L. Ecan xe a 5= 1, T0 3KCTpeManH, YAOBAETBOPAIO-
el rPaHUYHBIM YCJIOBHAM, He CylleCTBYeT.

Ypasuenve Sfinepa HMeeT BHI =0 umm y— x=0. [lepBoe rpa-
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Tpumep 5.
rn Xy
vly (%) = f(y+xy')dx v [y (x)] = f(y dx+ xdy);

Xy Xo

¥(X0)= Yo ¥ (X)) =¥

Ypasuenne Bfinepa npespamaerca B ToxJAecTBO | ==1. [ToxnuTerpaasHoe Bbipa-
HEeHHe ABJAAETCA TOUHBIM Au(GdepeHIHaIOM, ¥ HHTErpan He 3aBHCHT OT NYTH HH-
TerpHpOBAHHS:

viy(x)]= f d (xy) = X131 — Xo¥0,
Xo

no kakofl 6bl KpHBOH Mbl HH HHTETDHPOBaJk. BaphalnuoHHas 3ajaua me mMeer
cMBICaa.

3) F 3aBucHuT aumwb OT y':
F=F ().

Vpasuenne Oitnepa umeer Bun Fyypy” =0, max kax Fy=F,,
=F,y=0. Orciona y"=0 uwm Fyy, =0. Ecim y"=0, 10 y
= C;x + C, — IByXnapaMeTpnueckoe ceMe#cTBo NMpaMbX auunA. Ecan e
ypaBHenue Fyry (¥)==0 uMeeT OIMH M/IM HECKOAbKO AeHCTBHTEAbHBIX
kopueft ¥y ==#;, T0 y==~F,x + C, 1 MBI MONy4aeM OLHOMAPAMETPUYELCKOE
CeMeiCTBO MpAMLIX, COXEPHKallleecs B MOJAYUEHHOM BLIE IByXMapaMeT-
puueckoM cemeficTBe y = C,x + C,. TaxuM o6pasoM, B c/yuae F F ()
SKCTPEMA/NAMU SABAAIOTCA BCeBO3MONHbE MpaMbie anunu Y =C x + C,.

I

[Tpumep 6. JdauHa ayru KpHBOH

Hy @)= [ Vity? ax

Xo

HMeeT SKCTpeMadsiMu mpsMble JuHHH y = Cyx -+ Ca.
[lpuMep 7. Bpewmsa £[y (x)], 3aTpaunBaeMoe Ha NepeMelleHHe IO HEKOTO-
poii KpHBOH y = y(x) u3 TOukH A (Xn ¥o) B TOuky B (x;, y,). ecan CkopoCTh

das
= o (¥’) 3aBUCHT TOALKO OT ¥’, ABAseTCs (QYHKIHOHAJOM BHIa

ar
! T2

X

ds as _Vitydx /‘l/1+y'2 )

F A T v T T B o)

Caef0BaTeNbHO, 3KCTpEMANAMH 3TOrO (byHKI.lP[OHaJla ABJAITCH (IpAMbIE JHUHHA.

4) F 3aBuCHT AMWIb OT X ® y:
F=F(x, y).
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Ypasdenue dftnepa npuobpertaeT Bul Td;F,’ (x, y)y==0 u, creno-

BaTenbHO, uMeeT MepBbifl uHTerpan. Fy (x, y')=C;, npuueM TaKk Kak
NoJydeHHOe YpaBHEeHHe NepBOro nopsaxa Fy (X, y') =C/ He conepKur y,
TO ypaBHeHue MOXeT OBITb npOHHTel‘pMPOBaHO W/ TIyTeM HEroCpelCcTBEH-
HOrO paspellleHUs OTHOCHTEABHO Y’ M MHTErpupOBAHMA, HIAH TyTeM BBe-
LeHns TOAXOIAWUM 06pa3oM BLIGpaHHOro napamerpa (cm. ¢tp. 69).

Mpumep 8 PyHxuvoHan

X

VT oT
fy o= [Ty

Xy

(f — BpeMs, 3aTpayMBaeMOe€ Ha NepeMelleHHe N0 KPHBOH y = y(x) M3 oaHO#

ds
TOYKH B APYFYyi0, €CAH CKODOCTh ABHIKEHHA U= x, TaK KAK €CIH —F =X, TO

dt
Xy S ——
2
dt=ixs- /‘-Klj—y—dx [lepBuiit uurterpan ypasuenus 3itnepa

. 7
» = C, nMeet BHA S A— C,. 310 ypaBHeHue NPOLIE BCErO HHTE-

Vit y?

TpHPYeTCsl, eCAH BBECTH NapaMeTp, noaaras y’ = tg f; Toraa

Fy

ol
: S Vieyr @

nm x = C, sint, rae C; = —~;

O~

9 ~tgt; dy=1gtdx=1gt-C\costat=C,sintdt

pHTerpUpys, nonyvaem y = — C; cos t 4 C,. Hrax,

x= C,sint, y—C,= —51 cost
HaM, HCKAwUAA f, noaydaem x? -4 (y — 02)2 = C} — cemeiicTBO OKpy®HOCTEH
¢ LEHTPaMM Ha OCH OPJHMHAT.

5 F 3asucutr auwb oT y u Yy~

F=F(y, y).

Ypaenenue Jitnepa uMmeer Bul: Fy— Fyuy’ — Fyry9” =0, Tak Kak
Fyy=0. Ecau yMHOXUTbL NMOYJIEHHO 9TO ypaBHeHHe Ha Y’,. TO, KaK He-
TPYAHO MPOBEPHUTH, JeBaH YacTb MPeBpalllaeTci B TOYHYIO MPOH3BOAHYIO

T(F"“)"Fy')' -
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Jle#cTBUTEABHO,
a o
dx (F— y'Fy)=Fy' + Fyy’—y"Fy — Fyy’)’l2 — Fyyy'y’ =
=y (Fy —Fyyy’ —Fyyy")
CnenopaTeanO. ypaBHeHHE Snnepa HMeeT MepBHH uHTerpan
F— y’Fy’ = Cl,

NpUuYeM TaK KaK STO YPaBHeHHe NMEPBOTO MOPAAKA He CONEPKHT ABHO X,
TO OHO MOXeT OblTb MpPOHHTErpPHPOBAHO MYTEM pa3pelieHHs OTHOCH-
TeJbHO Y’ M pasiesieHus NepeMEHHBIX WJM MyTeM BBEIeHUs napamerpa.

|y

£ Y

| 9

o —
LT PN L

Puc. 6.10.

Mpumep 9 3amaza 0 nanMeHnbilleli NOBEPXHOCTH BpAalIEHHSA: OMpENENHTD
KPHBYIO C 3aJaHHHMH TPAaHHUYHHIMH TOYKaMH, OT BPAlLIeHHA KOTOPOH BOKDYr ocCit
abcuucc o6pasyercs NOBEPXHOCTb HauMeHbireld maowanu (puc. 6.10).

Kak u3BeCTHO, HADIMAAb NOBEPXHOCTH BPalIEHHR
X3
Sy (x)]=2n f yVi4y? ax
X

[ToantHTerpadbias PyHKUHS 3ABHUCHT MilIb OT y o ¥’ H, CASI0BaTeNbHO, NepBHH
HHTerpaa ypasheims Jiacpa 6yner uMeTtb BHA

F— y’Fy' = C,
— 2
uan s anuoy caynae y Y1+ y?t — __&_2 =C,.
' Vity
[Tocae ynpomens#t noayuaem ———V b4 == C,. llpome BCero aTo ypaBHe-
L4y

—

HHe MHIErpUPYeTCs LOJCTAHOBKOH y = sht, torma y = C,cht, a

dx = _y_;‘_'=_.£§}_lt_—_—cldt; x = C\! + C,.
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Hrak, uckomas HOBEPXHOCIb 0Gpasyercsl BPALEHHEM JHHHH, ypaaﬂeﬂne KOTOpO#
B nmapaMeTpuueckoll ¢opMe HMeeT BHA

X == C,I+C2,
y= Clcht.

x—C
Uckawouan napamerp ¢, Gynem umerb y = C;ch TL— cemeflcTBO LENMHHIX
i

JHHHH, OT BpalleHHs Korogux 06pa3yloTCsl NOBEPXHOCTH, Ha3biBaeMble KAaTEHOH-
aaMu. [loctosnume C; ¥ C, oNpeaeasiioTCs M3 YCAOBHS NPOXOMASHHS HCKOMOM
JNMHHH uepe3 3aflaHHble TPAHHUYlbIE TOYKH (B 3aBHCHMOCTH OT IOJOMKEHHS TOUeK
A u B Moxer cylnecTBOBaTh OJHO, NB2 HJX HH OJHOIO pelICHHSA).

Mpumep 10. 3anaua 0 GpaxuctoxpoHe (cM. ctp. 281): OIpefie IMTh KPHBYIO,
COEHHAIWMYI 3afaHHble TOUKH A M B, NpH ABMMEHHH 1O KOTOPOH MaTepHalb-
Hasl TOYKAa CKAaTHTCH M3 TOUkH A B TOuky B B xpatuaiimce sbems (Tp“HMEM H
CONpPOTUBJAEHHEM Cpeinl NMpeHebperaem).

[TomMectum Havano xoopauHat B TOYKy A, ocb Ox HampaBHM rOPH3OHTAJBHO,
ocs Oy — pepTukaabHo BHH3. CKOpOCTb JBMMEHHA MAaTepHaNbHOH TOUKH
ds
dt
u3 noaoxenus A (0, 0) B nonowxenue B (x;, y;):

= V-‘Zgy .OTKYJia HaxoAMM BpeMsd, 3aTpauHBIEMOE Ha nepexetleliHe TOYKH

1 .2
Lty (x)] = V’ /V +y de, y(0)=0, y(x)=y:

Tak kak °TOT (YHKIHOHAN TaKKe MOPHHALAEHKHT K npocreﬁme.\g BH1Yy H €ro
NOALIMTErpanbHAs (YHKUMA HE COAEPKHT ABHO X, TO ypasHeHde Jiljepa HMeeT
nepBuIit HHTErpaa F——y'Fy, = C, AKX B AaHHOM Caydae

e
Vy Vyt+y9
OTKYZa NOCAe YnpoueHnii 6yneM HMeTb ——_l—_—_—z— =Cum y(1+4y*)=C,.
Vy(+y?)
Bsenem mapametp £, noaaras y’ = ctgf, TOrAa NOAYYHM:
— G —_ 24— G .
y= W—C] sin t——Q—(l—COS2t),
dx= By 2Cisinicostdt _on Googar— €, (1— cos 26) dt;
y ctgt
x=C (t — S“‘?’ ) +C = ——(2t—sln2t)+C2

Creposatensno, B Napametpudeckod ¢opMe ypaBHeHHe MCKOMOR JHHHM HMeer
BH]

x—Cz—_;%-(Qt—sith). y=—2'—(l——cos2t)

Fcan upeo6pasosartb. MapAMeTp DOACTAHOBKOH 2f = | H NPHHATbD BO BHHMaHHE,
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yto C; =0, Tak Kak fnpu y=0, x =0, TO MBI MMONYUHM ypPaBHEHHe CeMeHCTHa
UKKJOHA B OGBIUHOH dopMe:

x=—2—1 (¢, —sin t;),

y=%(l-——costl),

C .
rae T‘-—-pannyc KaTAIEerocs KpPYra, KOTOpHIH ONpegedsieTCs H3 YCJOBHA NIpoO-

XOXJIEHHSA LMKJOHAK uepe3 Touky B (x,, y;). Mrak, 6paxuctoxporo# spasercs
UHKAOHAA.

§ 8. dysxudoHanH BHAA

Xy
fF(x, ,\’1, y27 s ey y,,, ylv y21 LR} ,V,,)dx
X
HOas nosyuenus HeOOXOLUMBIX yCJOBHH 3KCTpeMyMa dyHKuMOowana v
Gosee ofuero suaa

Xy
U[Yi Yo cor V= [F (%0 Yp0 Yy oovs e V1o Yy oo 9,) 05

£
NpH 3alaHHbIX TPaHUYHBIX 3HAYEHUAX BCeX GyHKUMA
Y1 (X)) = Y100 Yo (X0) == Yogo -+ -5 Y (¥0) = Yo»
NE) =y, Yo (X¥)=VYo1. --ev Yo (X)=Ypp
OyaeM BapbUPOBATbL MWD 0IHY u3 dyHKUUH
y;(x) =1, 2, ..., n),

OCTaBJIAA BCe OCTA/bHBIE (YHKUHH HenameHHbiMH. [Tpu 3TOM ¢pyHKUNOHAA
Uy Yo -+ .. ¥,] nNpespatuTca B PyHKUMOHAA, 3ABUCALUMA JHLIL  OT
OIHOR BapbupyeMoN QyHKUHMH, Hanpumep oOT ¥, (x),

U[Yp Yo oeen Yl =0yl
paccMOTpeHHOr0 B § 2 BHIA, M, CJeLOBaTeJbHO, QYHKUMA, Peanu3yiolas
3KCTpeMyM, AOJKHA YAOBJETBOPATH YypaBHeHHI0 O#iepa

d ,
Fy, T dx Fy', =0.
Tak kax 910 paccykleHue npumenuMo K moboft dyHxumu y, (=1,
2, ..., n), TO MB nNOJAyYuUM cuCTeMy AuppepeHIHaNbHBIX ypPaBHeHHN
BTOpPOTro nopsaika

F ¢ F.=0 (=12 ..., 1)

¥, dx " ¥,

20 J1. 3. 3abcroasn
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onpenesdioUHX, BoOOWe roBOpA, 2n-napaMeTpuyeckoe CeMeHCTBO HHTE-
rpasbHbBX KDHBBX B MPOCTPAHCTBE X, Y Ygi «+»y Y, — CEMEHCTBO
SKCTpeMadell 1aHHOA BapHALBOHHON 3anaux.

Ecau, B dwacTtHOCTH, QyHKUMOHA/T 3dBUCHT JAHIWIb OT ABYX OYHKUMH

yix) u z(x):
oly (0, z (= [F(x. . 2. ¥, 2)dx;

Xo
y(xg)=yp z(x)=25 Yy&E)=y. 2(x)=2,

T. e. onpeieasercd BLIOOPOM NPOCTPAHCTBEHHOR KpUBOH y ==y (X),
z=2z(x) (puc. 6.11), To, Bapbupys TOJbKO V(Xx) H uKcupya 2 (x),

\Z

=y(z)
d v g/.z}

—

Puc. 6.11.

Mbl M3MeHfeM HaWly KPMBYI TaK, YTO ee MpOekuHs Ha MaockocTd xOz
He H3MeHSleTCA, T. €. KPHBAR BCe BPEMA OCTAETCH HA MPOeKTHPYIOLLEM
uuauHApe 2 ==z (x) (puc. 6.12).

Ananoruuyno, ¢ukcHpys y(x) n Bapbupysa 2 (X), Mbl BADbHPYeM KDH-
Byl0 TaK, YTO OHa BCe BPeMA JeXKUT Ha TNPOEKTHPYIOUleM UHANHADE
y=y(x). Ilpu 3ToM nosayuaeM cucreMy IAByX ypasueHu#t Ofinepa:

d d
FY—FF):‘=0 14 FZ_E;FZ’=0'

Mpumep 1. Hakta sxcTpemamu ¢yHkusonana
b1

2
v[y(x) 2(x)]= / [y? 4 2% +2y21dx, y@© =0, y (%) =],
0

2(0)=0, z(%)=—1.
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Cuctema nuddepeHunanbHbix ypasHendii Jiinepa umeer BuR

y// —_— = 0,
2/ —y=0.
HMckaouas OAHY H3 HeusBeCTHwX (yHkuMi, Hanpumep 2, noayuaem y!V—y =10,
A "
B, ¥4z} p
N A -2{z)
=
'\iﬁ; A—p
Ay
0 ! ¥
i
a8 y-ylx)

Puc. 6.12.

Huterpupys 3TO arHe#HOe ypaBHenue ¢ NOCTORHHMIMH KOsduuueHTaMu, GyzeM
HMETb:

y= Cie*+ Cre~* 4 C4 cos x + C, sin x;
2=1y"; 2z=Ce*4 Coe=*—Cycos x — C,sin x.
Mcnoabays TpaHMUHbE YCAOBHS, HAXORUM:
Ci=0, C=0, Cy=0, C,=1;

CJAeA0BaTeabHO, ¥ = Sin.x, 2 = —sinx.
MMpumep 2. Ha#itn sxkctpemanu QyHxuMoHaAa

viy(x), 2 (x)] = f F(y', 2z dx.

Xo

CucreMa ypaBHeHu#t Jftnepa umeeT BHX
Fy,y,y” +Fyp2" =0 F,y"+F,,2"=0,

OTKYHAa, CuuTad Fy,y,Fz,z,-—(Fy,z,)'«’ =# 0, moaysum: y* =0 u 2"=0 uwm
y= Cix+ Cy, z= Cyx+ C, — ceMeficTBO NPAMBIX AHHUH B NPOCTpPaHCTBe.

Mpumep 3. Haima Iuddepennnanpible ypasHeHHs auHMH pacnpoctpa-
HEHHs CBeTa B ONTHYeCKH HEONHOPOAHOH cpefe, B KOTOpOH CKOPOCTb paclpo-
CTpaHeHHA cBeTA paBHA v (X, ¥, 2).

20*
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CoraacHo npuHuMny Pepmn cBer PACNPOCTPAHAETC 13 OAHOM 104K A (Xg, Yo)
B Apyryio B (x;. y;) no Kpuso#, Aas KOTOpOH BpeMm# T mpoxowaeHus cBeTa
6yser HauMeHbwHM. Ecan ypaBHeHHe HCKOMOH KpHBOH y = y (x) 2= 2 (x), TO

dx.

r_ / NAESTEY

Tuln iy

CucreMa yparneHu#H Smlepa Aag 3TOro QyHkuMonana

ow Vidyite? | 4 y’ -0
dy v? dx vl/mjﬁ" ’
oo Vity'e® | a z —o
= Vit

W 6yleT CHCTEMOH, onpefensiciueidl AMHMH PACHPOCTPAHEHHA CBeTa.

§ 4. dyHxkuMoHaAB, 3aBUCHANLHE OT NPOHM3BOZHBIX
6onee BHICOKOTO NMOpsIKA

HceaenyeM Ha 3KCTPeMyM YHKIHOHAJ

vly= [ Flx. y(x), ¥/ (0. o0 3 () dx,

Xy

rie ¢yHkumic F Oynem cunTaTh auddepeHumpyeMot n -2 pasa no
BceM apryMeHTaM u OyleM MNpeAno.arath, 9YT0 TpaHuyHHe yca0Bius
HMEIOT BUI

y (xo) =Yy y (xo) = y(’), cee, yiamD (xo) — yg,_]);
y(x1)=y]‘ )’/(xl)zy;, s y(”‘])(xl)=y(ln-].).

T. e, B TPAHMYHBIX TOYKAX 3anaHbl 3HAYeHUS HE TOJBKO GYHKUMH, HO U
ee NPON3BOAHBIX 40 mopsfka n — 1 BraounTeabHo. [lpeanonoxum, 4o
IKCTPEMYM HOCTHraeTcs Ha KpuBoH y = y (x), Anddepernupyemot 2n pas,
4 NnycTb y=y(x)—ypaBHeHde HEKOTOPOH KPHBO! CpaBHeHMs, TaKMe

auddepeHunpyeMolt 21 pas.
PaccMoTpuM onHomapaMeTpuyeckoe ceMeHCTBO ¢GyHKUHK

Yy, =y x)+aly(x) —yx)] nm y(x, a)=y(x)+ady.

fipy a=0 y(x, B)=y(x), npu a=1 y(x, &)=y (x). Ecau pac-
CMAaTpUBATh 3HA4YeHWe GYHKUMOHAAAZ U [y (Xx)] TOABKO HA KPHMBLIX ceMeit-
crea y=y(x, @), TO (YHKUWOHAN npeBpaTMTCH B GYHKUHIG TNapa-
MeTpa O, [NOCTHraiollylo 3KCTpeMyMa "mpn -a=0; CJIeL0BaTeNbHO,

-‘%fu[y(x, D)y = 0. dta npousBoiHas B cooTBeTcTBHU ¢ § I
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Ha3blBAETCH 8apuayuel Hyukyuonara v u 0603Havaercs Ov:

£y
b’u=[:—a/F(x, y(x, @), y(x @) ..., yP(x, a))dx} =
a=0

Xo
Xy
=3 '/' (Fy Oy -+ Fy, ()y’ + Fy" 6)’”+ ce. F),(m Oy‘"’)dx.
Lo

MHTEI‘ppreM no ldlat'.l’l‘f-lM»BTOpOe cnaraemMoe B NpaBoft yacTv OAMH pas:

Xy

X1
/Fy’ by dx = |Fy 6)’]2—_/ dix‘ Fy by dx,
X5 Xo

TpeTbe cJaraeMoe — 1Ba pasa:

x, X
X 2
[ Rty as=1Fy oy —[ &Py o] + [ L Fyoyan,
Xo o Xo
H T. 4., ocaenHee cCaaraeMoe — n pas:
X1

Xy
. (n-1y1% d _
[ Fydy v = [Py by [ Py dye-9]
%o

Xo

Xy
d!’
e (1Y /WFy(mcy dx.
X

Tpuny¥Mas BO BHUMAHME rpaHMYHble YCJAOBHA, B CHIY KOTOPbX 1pu
X = x, W Ip1 x = x, papuauuu 8y =298y’ =dy" = ... = Oy*-V=0,
OKOHYATEJbHO MOJIYYHM

X
d d? nd® L
61’=./‘(FY-HF)”+WFY"+ ces +('—’1) -dx—,lf'y(,,))(’)ydx.
Xp
Tax kKak Ha KpHuBOA, peannay}omeﬁ IKCTPEMYM, HMEEM
X .
d d? n dr
6‘U=' (Fy—HFy'+WFy"+...+(—1) WFy(,,))éydx=0
Xo

NpH NPOU3BOJBHOM BIOOpe dyHKuUMH Oy W TaK Kak MNepBeifi MHOXUTENb
MOJ 3HAKOM HHTErpana sBAAETCH HenpepbiBROH (QYHKIMEH X Ha To# e
kpuBofft y==y(x), TO B CHAY OCHOBHOH JeMMbl MeEPBHH MHOKHTEb
TOXKIECTBEHHO paBeH Hy.lO:

d a* w_dat
Fy—'?;Fy'—f-—mFy'—‘}- can +(—1) —mFy(n)’—Eo-
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Hrak, ¢yukuus y==y(x), peaiusyiolas skCTPpeMyM (PyHKLHOHaAa

v[y(x)l=fF(x-~ v ¥ Yl ¥ dx,

Xo

JOJIKHA 6LIT pelllIEeHHEM YPpaBHEHHSA
. d d? an
Fy_EFy’—*—WFy"—*— .« e +(—l)n —-“dxn Fy(")=0'

1o AuddepeHnMalbHoe ypaBHEHHe TOPAAKAa 2n HOCHT HAa3BaHue ypag-
nenua Jlisepa ~—I[Tyaccona, a ero uHTerpanbHbie KPHBbIE HA3LIBAIOTCA
sKcmpemargmu paccMarpusaeMoft Bapuaunonsolt sanaun. Obulee peluetue
3TOr0 YpPaBHEHUS] COJEPKUT 2/ MPOU3BOAbHBIX IIOCTOSHHBIX, KOTOPbie
MoryT OHTb, BoOGUIE FOBODS, ONpejesieHbi M3 27 PPaHMUHBLIX yCA0BHH:

y (xo) = yO’ y’ (xo) = y(;; s ey y(”— I)(xo)_—__—- yﬁ)ﬂ—l);
y (xl) =Y y (xl) = y;, ee., YD (xl) — y(ln—l).

Mpumep l. Haiitu skcrpeMaab dyHkusoHana

vyl = [(4yDds

0
y@=0 y@O=1 yDH=1L y D=1

o d?
YpasHenne iinepa — [lyaccoHa uMeer BHA o (2y"y=10 nan yIV=20; ero
o6y peueHueM ABafeTc y = Cyx? 4 Cox2+ Cyx 4 C,. Hcnoabays rpanuy-
Hble YCAOBHS, NOJdyUaeM:
C1= s CQ=0) C3=1, C4=0
Wrak, 3KCTPEMYM MOMET AOCTHraTbCH JMUIL Ha NPAMOH y = X.
[Ipumep 2. Onmpepeauts 3xCTpeMatb (PYHKUMOHANA
n

vlyl= [ " —y 4+ dx
0

YAOBAETBOPSIOIIYIO YCAOBHAM
‘o= y(E=0 y(Z)=—
yO=1 yO=0 y(3)=0 y(3=—1

ypaBHeHue dtnepa — [lyaccoHa umeer Bupg ylV— y = 0; ero o6mum peuieHnem
apasnerca y = Cef+ Coe~ x—(g— Ca cos x C,sinx. Mcnom:aya TpaHHUHbIE YCAO-
Buf, NOJyYaeM C1 =0, C —0 Hrak, sKCTpeMyM MOMeT ROCTH-
ratoCd JHIIb Ha Kpuaoﬁ y = Cos§ x

lpumep 3. Ompefeauts 3KCTPEMAnb q)yHKuHOHana

!

vy (x)] = f(%uy"’-{—py) dx,

=1
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YAOBJETBOPAIOIMIYIO IPAHHTHBIM YCJIOBHAM:
y(—=H=0 y(=DH=0 y()=0 y @)=0

K atolf BapuanuoHHOH 3ajaue CBOAMTCA HAXOXJAEHHE OCH M3OTHYTOH YHpYyroi
uuauHApudeckoil 6anxd, 3ajenaHHOH Ha koHmax. Ecau 6aaka omHOpOAHA, TO @
fi {L TOCTOSHHB M ypaBHeHuwe JHaepa — [lyaccona umeeT BUR

az " v 4
ot g W =0 wm ylWV=—-=,
oTKya

xl
y= _“))tl_p_f_ Cix® 4 Cox?+ Cox 4 C,.
Wcnoabsys rpaHduHpe yCAOBHS, OKOHTAaTEAbHO HAXOIHM
-_. P 4 __0J242 1 /4 P 2 __ 2
y 24u(x 222414 wuam y m(x 12)3,

Ec/n ¢yHkuMOHAN U uUMeeT B

Xy
v[y(x),‘z(x)]:J Fx, 9, ¥, oo ¥, 2, 2/, ..., 2™ydx,
Xo
TO, BAPbHPY# TOJbKO Y (X) M cyuTas 2z (x) PUKCHPOBAHHBIM, Mbl HAXO-

IUM, 4TO ¢yHkumu y(x) U 2z(x), peanu3yOliHe SKCTPEMYM, LOJIKHH
yIOBJETBOPATL ypaeHeHuio Ditepa — [lyaccona

d dar
Fy‘“‘d—xFy"*‘ +(—1)HF;FF),(n)=0»

a BapbHpys z(x) u cuutas y(X) QPUKCHPOBAHHHM, MOJYUHM, UTO TE XKe
$YHKUMH TO/KHB YyIOBAETBOPATL ypaBHEHHIO

d m dm

Fz_EFZ’+ coe (1) _&TrrTFz(m)=0‘
Hrak, ¢yuxuuy 2z(x) H y(x) AKOMKHB YAOBIETBOPATh CHCTEMe " ABYX
ypaBHeHHH

Fy—-L Fy + 1)L F oy =0

y dx 'Y L +(_) dx® 1 oyny =

F,— 2 F 1" 2 F iy =0
g e+ oo D 5w Fym=0.

ToyHo TaK Xe MOXHO pacCy#faTb M MIPH HCCIeLOBAHUH HA 3KCTpe-
MyM (YHKUHOHANA, 3ABHCALIEr0 OT /AI060ro yucad ¢yHkuui:

Uy Yo o-er Yol =

Xy
=fF(x. Yoo Vi ovoes YW Yoo Yoo oons YL L1

X
’

PN y'm)) dx.
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Bapbupys kakywo-HuGyab oaHy QYHKUHMIO Y, (X) M COXPaHAf OCTa/bHbE
HEU3MEHHBLIMH, [OJMYYHM OCHOBHOE HEOOXOAMMOe YC/I0BHE IKCTPeMyMa
B BUIE

Fy—2F 4 (=1
Eoaxe N

]

d

n.
dx*

Fygni)=0 (=1 2, ..., m.

§ 5. dyukuMoHaAH, 3aBHcAWMe OT (QYHKUMH HeCKONbKHX
He3aBUCHMHIX NepeMeHHBIX

HMccienyeM Ha SKCTPeMyM ¢YHKLUUOHAN

d. [
vz (x, y)]—_—’/"/‘F(x, v, 2, %, d—;-) dx dy,
D

npuueM Ha rpaHute C obaactu D 3xauenus yHKuuu 2z (X, y) 3afaHwl,
7. €. 3afaH TNpocTpaHCTBeHHb Koutyp C, depe3 KOTOPHH AOMKHBI

z=z{zy)

Puc. 6.13.

NPOXOLATL BCe NONYCTUMbIEe nosepxHocTH (puc. 6.13). Ilas coxpaureHns

a
3anucu  0B6O3HAYKM: -5;—=p, %:q. dyukumio F Oysem cuuraThb

Tprkabl Inddepenurpyemont. TloBepxnocTs 2 =2z (x, y), Ha koropoH
peamusyerca O3KCTpeMyM, OyieM npeinmojaratb IBaxAab IAddepeHun-
pyemo#.

PaccMOTpUM onATb OAHOMapaMeTpHUecKOe CeMe#ACTBO MNOBepXHOCTel
z=2(x, y, 0)=2z(x, y)+adz, roe dz=2(x, y) — 2(x, y), BKIW0O-
yatoltee npy & =0 MOBepPXHOCTL Z =2 (X, y), HAa KOTOPO# peasu3yercs
IKCTpeMyM, a fNpH &= — HeKOTOpYI0 LONYCTUMYI0 NOBEPXHOCTb

z=1z(x, y). Ha ¢dyuxumax cemefictba 2z (x, y. a) QyHkuuoHan v npe-
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Bpamaercd B QYHKUMIO @, KOTOPAA NOJDKHA UMeTb SKCTPeMyM Mpu o == 0;
0

CAeNOBATENBHO, —— (2 (x, y, @)] lgm o=0. Hasmias B cootsercTBUN

¢ § 1 npoussoanyw or v|[z(x.y, a)] no o npu a=0 sapuayued
Pdynrxyuonara u o6o3Havas ee Ov., OyleM WMeTb:

60:{-0%// F(x,y,2(x,9,0), p(x, v, a).q(x,y,a))dxdy} =
D

a=0

— f_/[[-‘zaz+Fpép+Fqbq1 dx dy,

)
rue
z2(x, y, 0)=2z(x, y)+ adz,
)z (%, y,
px. y =20 — px, y)+abp,
, x|
g(x, y, a)=—z—(%ull=q(x, y)+ ady.
Tak kak
{F 62}— — {Fploz+F,op,
j—{F b2} =L 2 (Fy) b2+ Foda,
TO

/!/(Fpép—{—Fqéq)dxdy::
D
:’/‘/[‘;—X{Fpéz]—}—%{Fqéz]]dxdy-—
D
—// [%{Fp}"}_%“{Fq}](Sdedy-
D

rae ()x {F,} —Tax uasbiBaeMas MOJHas 4YaCTHas MPOM3BOMHAA MO X.

[Ipu ee BHYUMCAEHUII Y cYMTaeTCs (UKCHPOBAHHBIM, HO 3aBUCHMOCTb 2,
p M ¢ OT X yuuTbIBaerTcs:

(4] 0z
5 (Pl = F et Fpu 5t Fop i+ P 5

H aHAJAOTUYHO

{0 0z
W{Fq}=F4y+FqZ?I+quoy +Faq oy

[To u3secTHOH dopmyae l‘puﬂa

f/ 0x +4 dy )dxdy—*—,f(Ndy—de)
C
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noysUM

ff["Fo 9 (F 8z}|dxdy= [ (F,dy — F. dx)6z=0
..W{pz}—*_d_y(qz}]xy—’(py‘—qx)z—~
D C

[Tocneanuft. unTerpan paeen Hy.ruo, TaK Kak Ha koHType C Bapuauus
6z =0, NoToMy uTO BCe NOMYCTHMble MOBEPXHOCTH NMPOXOAAT Yepe3 OAMH

M TOT Xe npocTpaHcTBeHHbI KOHTYp C. ChexoBaTesbHO,

9 g
f_/[Fpﬁp-i-Fqéqldxdy=—/f[0—x{Fp}+W{Fq}}0z dx dy,
D D

i Heo6XONUMOEe YCIOBMe SKCTpeMyMa

ff(F,bz+Fp6p+Fq6q)dxdy=o
D
NPUHUMAET BUA

[ [ (F, —% (F,} —30; (Fq}) bzdxdy=0.
D

Tak kak papuauns 0z npousBoJbHa (Ha 02 HanOXeHb JUWbL OrpaHuye-
HHA oOllero XxapakTepa, Kacawouivecs HenpepulBHOCTH M AuddepeHuu-
pyeMocTy, ofpaueHus B Hyab Ha kOHType C M T. L.), 4 NepBHft MHO-
MUTeNb HeNpephiBeH, TO MO OCHOBHOR JeMme (ctp. 296) Ha noBepX-
HOCTH Zz =2z (X, y), peanusywouet sKCTpeMyM,

0 d
Fz_Fx—{Fﬂ} —'o—y"{Fq}EO’
ChnenoBatebHO, z (X, y) ABJAsETCA pelleHWEeM ypaBHEeHHS

J J
Fo— 3 \Fol — 55 (P =0.

Ao auddepenumnalbHOe ypaBHeHHe BTOPOr0 MNOPAIKA B 4aCTHHIX MpO-
M3BOJHBIX, KOTOPOMY NOJXHA YAOBJAECTBOPATL QyHkums 2 (x, y), peanu-
ayloulas 3KCTPeMyM, HOCHUT HasBaHue ypasnenus Ocmpozpadcrozo
no WMeHH BHAalulerocs pycckoro marematmka M. B. Octporpaackoro,
koTopbit B 1834 romy BnepBHe NOJAYYUaA STO YpaBHeHHe, ORHAKO
IS NpAMOyroJbHeIX 06aactel D oHO BCTpevwanoch yxe B paborax
JI. D#nepa.

Mpumep L

o= [ [T+ ()] eco
D
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Ha rpanuue C obaactH D 3sHauenns QYHKUMH 2 3afaHbl: 2 = f(x, y). YpaBHe-
Hue OcTpOrpackoro B JaHHOM caydyae UMeeT BHI

¥z o2
0x3 oy ,
Had B KkpaTko#f 3amucu
Az =0,

T. €. fIBANETCA H3BECTHHIM ypasuenues Jlanadca, npyueMm HajlO HaiTH HeNpepbiB-
Hoe B D pelleHHe 3TOrO ypaBHeHHS, IIDHHHMAlOlee 33aJaHHble 3HAaYeHHs HA rpa-
uuue obaactw D. DTo— 0DHa M3 OCHOBHHIX 3a4ay MaTeMaTHuYecKOH (H3HKH,
Ha3biBaeMas 3adaxel Jupuxae.

Mpumep

v[z(x, )] = / / [(g—i)z—}— (%‘;7)2+2zf (x, y)] dx dy,
D

Ha rpanuue o6mactu D ¢dyHkuua 2z 3ajnaHa. YpasHenne OCTPOrpaackoro B maH-
HOM cJayyae HUMEET BHI .

0%z 0%z
s ' = f(x y)

Wi B KpaTKOH 3amucH

Az = f(x ).
310 ypaBHEHHE, Ha3biBaeMoe ypasnenuem Ilyaccona, Take BecbMa 4acTo BCTpe-
yaeTcs B 3alJd4aX MaTeMaTHueCKOH (HM3uKM.

Mpumep 3. 3anaua O HAXOXJAEHHM MOBEDXHOCTH MHHHMMA/JbHOH MIOWMaAH,
HaTAHYTOH Ha JNaHHbtH kOHTYp C, CBOAMTCA K HCCAENOBAHHIO HAa MHHHMYM GYHK-

IIHOHA a1 A
Stz 9= | f1/1+(%})2+(3—;)2dxdy-
D

Ypasuenne OCTPOTPaACKOTO B JAHHOM CJAyyae uMeeT BHA

i{—p—}+ o q \=0
X \Vitrre | o \Vitota|

02z 0z \¥ 0z 0z 0%z 02z oz \?
o) |25 o aeay T o 1 () | =0

1. €. CpelHAs KDHBM3Ha B Kaxaoi ToYKe paBHa Hymo. HasecTHo, 4to ¢Qusmue-
ckoft peannsauvell MHUHMMAIbHBLIX NOBEPXHOCTEH SBJAIOTCA MBAbHbE MIEHKH,
HaTAHYThle Ha 3alaHHulil KouTyp C.

Ui

IOns pyHxumonana

vz (X X9 o0y XP]=

=ff fF(xl, Xgs ceny X0 Zy Py Pas veos PR)dxidxy ... dx,,
D
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oz
rie Pi= U3 OCHOBHOTO HeO6XOAMMOrO yCJ/OBHA 3IKCTPEMyMa

0v =0 coBepuIeHHO aHA/OTUYHO MOAYy4MM cJelylowee ypasHenue Octpo-

rpaicKoro:
n
J
Fo— X g AP} =0,
i=1

KOTOpPOMY INO/KHA YIOBJETBOPATh (YHKLHS
Z2==2(X), X «.xr Xph

peanu3ymwomlas SKCTPeMyM GyHKIMOHaMa .
Hanpumep, aaa ¢yHxunoxana

o= [ I + () + () Jaxave:

ypaBHenne OCTpOrpajickoro MMeer Bum

o%u
9x2 Oy? + 022 =0.

Ecau moaviHTerpasbHas QyHKuus ¢YHKUUOHAJIA U 3aBHCHT OT NPOH3-
BOAHbIX 6OJiee BHICOKOrO TOpPsiAKa, TO, NMpPHUMeHAs HECKOAbKO pa3 Ipe-
06pa3oBaHus, MCMOJb3OBAHHHE NMPU BuBOoAe ypaBHenus OcTporpanckoro,
B KadyecTBe HeOOXOAMMOIO YCJOBHA 3KCTPEMyMa MOAyyYaeM, YTO (PYHKLHS,
pea/u3yonas SKCTPEMyM, J0J/DKHA YIOBJETBOPATh YDPaBHEHHMIO, aHAJNOrHY-
HOMy ypasHenHlo Diaepa — [lyaccouna (ctp. 310).

Hanpumep, aas q)nyuuouana

0. iz 0? d2z
’UI.Z(xo y)]—// X, vy, 2, 0:2 N '(d—y', vaiz, m d)ﬂ)dxdy

NOAy4uM ypaBHEHHe

Fz_'de‘{Fp}_aiy{Fq}+%{F’}+B%{FS}+%{F‘}=

rne

__ 0z __ 0z r— 02z g = 0%z __ 0%
P=%x 1=7%y "= ST 9xay’ "= oy

3TOMy YPaBHEHHIO HeTBEPTOro MOPAIKA B YACTHHIX MPOM3BOAHHX AOMKHA
YROBAETBOPATL QYHKUMA, Peanusyioias SKCTpeMyM GyHKLHOHANZ .
Hanpumep, aas <pyHKuHOHana

072 d’z 2 02z \?
v__// 0x2 ayz) +2(—0xdy)]dxdy
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GYHKUHA 2, PeaNH3yIWas SKCTPEMyM, NO/MKHA YLOBJETBOPATb Tak Ha-
3LIBAEMOMY OU2Q DMOKUHECKOMY YDABHERULIO

'z 'z 04z
e T2 ey T oy =0

KoTOpoe OOGHYHO KpaTKO 3amucpiBaerTcs Tak: AAz =0.
Has dydkunonaia

o= [ [1[5) + (&) +2 (sesy) — 227 w]axay
D

dyHKuUMd 2z (x, y), Ppeanusywllas IKCTPeMyM, NOJKHA YAOBJIETBOPATDH
ypasuennio AAz = f(x, y). _

K 6urapMoHHYecKOMy YypaBHEHWI0 NPUBOIAT TAKXKE 3a4a¥d HA 9K-
cTpeMyM (QyHKUHOHANA

0%z 02z \*
U=/[ (E\f_? -+ d_yf) dxdy
D
uad yHkunoHana 6osee oOuero suaa
02z 02z \2 02z 02z 02z \?
o= [ [ilGE+5) —20-w[E G — () 1 e
D

rie [ — napamerp.

§ 6. BapuauHoHHble 3amauu B mapameTpHuecKoil ¢opme

Bo mHorHx BapHanMOHHBLIX 3ajadax pelllende ynobHee MCKATL B MapaMeTpH-
yeckoM Bule. Hampumep, B wu3onepumeTpuueckod sajdaue (cM. ctp. 282) o Ha-
XOWJAECHHY 3aMKHYTOR KPMBOH 3afaHHOH ANMHBI /, OrpaHMunBaOeHd MaKCUMadb-
HYl0 TJOWAAb S, HeyAOGHO HCKAaTh pelleHMe B BHIE Y =¥ (Xx). TaK Kak no
caMOMy CMBICHY 3ajaud dyHknua y(x) HeomHosHauxa (puc. 6.14), nosToMy B
paccMaTpMBaeMOR 3ajave 1LeaecooOpa3HO HCKATL pelleHHe B NapaMeTpHyecKoH
tdopme: x = x(f), y=y(f). CaepoBaTenbHO, B AaHHOM CayuYae HaJ0 MCKaTb
akcTpeMyM (yHKIMOHaAa

T
Sy O1=7 [ wi—yha
g

T

OpH HaJAHIHR yCaAoBus = f Vx"~‘+§2 dt, rpe I — nocTOAHHAN.

0
[lycTe 0pu MCCAelOBaHMM HA 3KCTPEMYM HEKOTOPOro dYHKIMOHZAA

Xy
viy(x)= fF(x, o ydx

Xy
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oKasanoch Gojee ueaecoo6pa3HBIM HMCKAaTh DellleHHe B MapaMeTpuyeckod ¢opme
Xx=x(t), y=y(f); Torpa QyHxlUuOHa® npeo6pa3yercs K CAEAYIOUIEMY BUIY:

1 .
B 58 -
v [x (6), y(tn—f F(x_(t). v o), —).c(t))xa) at.
[

3aMeruM, 4TO NOJYUEHHAs MOC]e NMPeo6GpPa30BaHHs llepeMeHHbIX {IOABIHTErPab-
Hast QyHKUMS
()

F(x @, ¥, f.c—(t))fca)

HE COAEpKUT { ABHO M ABJSETCS MO OTHOIIEHWIO K NMEPEMEHHBIM X H y OAHO-
ponHo#t GyHkluell nepBoH cTeNeHH ORHOPOAHOCTH.

Takum o6pasom, ¢yHkunoHan o [x(£), y(f)] sBAseTCA HE NPOM3BOJbHBIM
GYHKIMOHAJIOM BHAA

[N
[ot xo. yo k0. 5®)a
2

3aBuCAUM OT AByX GyHkuuE x(£) u y(f), a MdlIb BeCbMa YACTHBLIM CaydaeM
Takoro ¢yHklMOHANA, TaK KaK ero MOAHHTErpalbHas (QYyHKUMA He COREpKHT
fIBHO £ 4 OJZHODOJHA NepBOH CTeneHH O AHOPOA-
HOCTH MO OTHOIUEHHIO .K IEPEMEHHBIM X H Y.

Ecan 6ol MW nepeumiau K KaxoMmy-HuGyab
ApYroMy NapaMeTpPHUeCKOMY INpeAcTaBeHHIo
HCKOMOH KkpuBOH x = x(1), y==y(1), TO

¢dynkuuoHan v[x, y] npeobpasosaacs 6H K
- T; . A

y

y .
BHLY F <x, 9 —T) £ dt. CaefoBatens-
. X
b2 To K
0 HO, MOAbIHTErpanbHast ¢YHKUHS GYHKIHOHA-

la U He MEHSeT CBOEro BHAA IpPH M3MEHEHMH
[IapaMeTPHUYECKOrO MpPEACTaBAEHHS KPHBOM.

Puc. 6.14. TakuM 06pasoM, QyHKUHOHal U 3aBHCHT OT
BHAA KPHBOH, a HE OT ee [apaMeTpUYecKoro
NpeACTaBJAEHHS.

Hetpyano y6eIuTbCs B COPAaBEATHBOCTH CJERYIOIIETO YTBEDWASHHA: €CAH
noAbiHTerpaabHas QyHKNHA QyHKNHOHANA

4
vlx@® y Ol = [0t x®). vt £ 5@ at

1y

He CONEpPXKHUT ! SBHO M ABAAETCS OAHOPOAHOH ¢yHKNHeH IepBO# CTemeHH OAHO-

POAHOCTH OTHOCHTEABHO X M ¥, TO ¢ynxnuonan vu[x(f), y ()] saBucur amms
oT BHHa xpuBO# x = x(f), y= y (), a He OT ee mapaMeTpHYECKOrO NIpejcTaB-
aeHHs. JeHCTBHTENbHO, NYCTD

ty
olr@ yOl= [O®. y@O. 5O F@)at, |
1Y
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rﬂe b . . . -
D(x, y, kx, ky) =RO(x, ¥y, x, y).

[lepeitneM k HOBOMY DapaMeTpHYeCKOMY NpPEACTaBACHHIO, NMOJATAR

T=@(t) (@) #0)., x=x(1) y=y(.
Toraa

I8 T
. . ’ . . . . dt
/ D(x (). YO X(), (¢) dt= / O (x () ¥ (O £ IO F 4N
¢ To

B cuay toro, uto O sABaseTcs oaHOponHO#H (yHkumedt nepBofi cTeneHm oawo-
DOHOCTH OTHOCHTEALHO X H y, OyNeM HMeTb

o(Jr’ Y. x‘{é‘ j’t(‘.))= q‘)d)(xv Y. J‘r-rv 5’-[)1
OTKYyla

£ T
f(D(x, ¥, ,\"(, yt) dt = f(D(x- y ’.rr’ 'yt)d‘t,
IS To

T. €, TMNOALIHTEerpajbHasd ¢)yHKLll/Iﬂ HE H3MEHHJACh IMpH H3MEHEHHW MapaMeTpH-
YeCKOro npelcTaBJacHUA.
t

t
Onuna ayru f V:r’-{-)'ﬂ dt *), naomans, orpaHUYeHHas HEKOTOPOHR KpUBOH
to

1 : .
0l (xy — yx) df, aBAsioTCA NpnMepaMH TakMX (PYHKIHOHAJOB.

to
Haa waxomaeHus akcTpemanedl QYHKUMOHAJOB PaccMaTpPHBAEMOro THMA

4
vle@. yo) = [0 5k pa
L

rie @ — OAHOPOAHAsA (YHKUMA TNepBOH cTeNmeHH OZHOPOJAHOCTH OTHOCHTENBHO X
By Kak M 1A% (YHKUMOHAJAOB C NpOH3BOALHOH monbiHTerpanbHoR  QyHk-
uueil O(f, x, y, x, y), Ha10 pemMTL CHCTEMY ypaBHenuit Ditnepa

da

d
@r—.-—(D-=0, oy—a

dt x

OpHako B paccMaTpHBaeMOM HaCTHOM CJAydYae 9TH YPaBHeHHA He ABAAIOTCA
He3aBHCHMBIMH, TaK KaK MM JOMKHbl YAOBAETBOPATb HApSAAY C HEKOTODHIM pe-
meHHeM x = x (f), y==y(f) v mobuie JApyrue napsl ¢yHKuMH, AalouHe Apyroe
NapaMeTpHUECKOe NpeACTaBJeHHe TOR e KpMBOH, YTO B ClAydae He3aBHCHMOCTH
ypaBHenu#t IJHaepa npuseso OH k IPOTHBOPEUHIO C TeOpeMOR CylleCTBOBAaHMSA

®. =0
y

*) Pynxuua Vfr’-l— y? ABISIETCH NOAOICUMENAbHO OAHOPOAHOA MepBO# CTe-
WEHH OAHOPOAHOCTH, T. €. AAR Hee ycaoBue F (kx, ky) = kF(x, y) ynoBietBo-
pAeTCs JHMb MPH HOJOMMTEABHBIX R, OAHAKO STOTO BIOJHE AOCTaTOYHO AJA
ClpaBelAMBOCTH H3aaracMoi# B 3TOM napiarpade TeOpHH, TaK KAaK Npd 3aMeHe

UepeMeHHHX T = @ ({) MOXHO CYHMTaTh cia(t) >0
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H eJHHC I BCHHOCTH pelileHHs cHCTeMbl Aitddepedunanbibix ypaBHeHHl (cM. ¢1p. 75).
JT0 yka3bBaeT Ha TO, 4TO Aad (YHKUHOHAJOB BHAA

vlr@. yO) = [Ox vk a,

o

r)1e d)—-onﬂopom{au (pyHKI.lHﬂ nepson CTENeHH OJHOPOJHOLTH OTHOCHTEABLHO X

iy, OAHO W3 ypasHeuui Bitaepa saABaseTcs casACTBHEM Apyroro. Jas naxox-
AeHHs 3KcTpeMadeil Halo B34Tb OAHO M3 ypasHeHuil Jituepa M NMPOHHTErpHpoO-
BaTh €r0 COBMECTHO C YDaBHCHHEM, ONpelensioliuM BHOGOp napaMerpa. Hanpu-

Mep, K YpaBHERHIO (Dx_ﬁq)i = (0 MOXHO IIDHCOCAHHHTb  ypaBHEHHE

,{:2+ 92 = 1, yka3nBaouee, 4TO 3a MapaMeTp B3aTa JJHMHA AYrH KPUBO.

§ 7. HexoTtopne npHaoweHHs

OCHOBHbHIM BAPHALLHOHHBIM MPHHUHIOM B MeXaHUKe ABIAETCS MPHHUHIN
craunonapuoro xeficreua Ocrporpanckoro — [aMuInTOHa, yTBEPHAAIOLIHA,
YTO CpeaH BO3MOMHEIX, T. €. COBMECTHMBIX CO CBA3SIMH, NBHXXEHHH CH-
CTeMbl MaTepHAJbHBIX TOYeK B AEHCTBHTENBHOCTH OCYLIECTBASETCA NBHU-
KeHue, JAdiolllee CTAUHOHAPHOE 3Hayenue (T. e. 3HAyelue, COOTBET-
CTByIOLUee apryMeHTy, Als KOTOPOro Bapuauust ¢yukuuoHasa paBHa HYJI0)

HHTerpa.y t
3

f (T — U) dt,
t,
rae T—KHHQTH‘{QCKHH, a U—l’IOTeHLlHaJIbHaﬂ SHCPI‘HH CUCTEMEBLI.
anMEHHM 3TOT HPHHL[HH K HECKOJbLKHM 3aadyaM MEXaHUKI!L.

Npumep 1. Jana cdcTeMa wMaTepHambHbIX TOYeKk € maccamu my (i =1,

2, ..., n) ¥ KoopAMHaTaMu (X; y; 2;), Ha KOTO?}’IO geHictByOT cuabl F;, oO0aa-
falomue cigoBod dynkuied (noteHuHanoM) — U, 3aBucAledl TOAbKO OT KOOp-

AHHAT: 5 s 5
‘ Fx=———g—' F =__g.; F, = u

ox;' T4 dy, £ 0z
rae F Fy, Fz — KOOpJMHATH BeKTOpa Fj, nefictsyowero Ha TOUKY
i
(x5 ¥ 2)- Hamu IutddepeHIMaIbHBIC YpAaBHEHHA JBHXEHHA cHcTeMbl. B gaH-

HOM CJayuyae KMHETHYeCKasl 3HEprus
n .

T= 1 m(x +y,+z)

1—1
a noTeHnMaabHas 3Heprusl cuctemst pasHa U. Cucrema ypasueHuit ditnepa nas
RHTETpana

f
J(T—U) dt
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HMeeT BHI
oU d oT ou a 07T U d o
_..__.____.-30; .—_-__.——'a(); _-———-——-;—-0,
d9x;  dt ox; dy, 4t gy, oz, dt 0z
nan

m‘;t‘-—l"‘,ao; m,'j',—F‘,-so; m,}‘—F';—O
(=12 ..., )

Ecan 6m asuikendHe GHJAO NOAYHHEHO €IIE HEKOTOPOA CHCTeMe HE3aBHCHMLIX
cBaA3eH

@t Xiy X eues Xpy Yoo Yoo eeer I 21 220 0uey Z) ma 0
(J=12..., m m<3n)

T0 H3 ypaBHeHM#l cBa3eli MOXHO OHJIO OB BBIPAa3NTb M nEepeMeHHHX depes
3n — m He3aBHCHMBIX TepeMEeHHHX (He CYHTAA BpPEMEHH !) MAH BHPA3HTb BCe 31
fepeMeHHNX Yepe3 3n— m HOBHX, yXe He3aABHCHMHX, KOOPIHHAT

qi’ g2 «vos Q3n-m-
Torna T n U MoXHO 6bi10 GH TaKike PacCMAaTPHBATL Kak (YHKUHH

Qv G2 oees Qap—m H &

T=T(qu 93 .evr S3p—-m» ‘ip q'z, cens ‘ian—m> t),
U=U(@:, 92 .-+ @Gsn-m )

u cucrema ypapHeHuil 3Sifinepa umena 6m BHI
M——d_i=0 (1=1, 2,.“' 3n—m).
dq‘ dt dq,

Npumep 2. Bupenem auddepenuuassHoe ypasHeHHe CBOGOAHHIX KOje-
GaHH# CTPYHB.

IMomecTuM HauyaJ0 KOOPAMHAT B OAMH H3 KOHIOB CTpyHH. CTpyHa B co-
CTORHMM MOKOR YIOA BJAMSHHEM HaTAeHusi PacnoJoXeHA BAOAL HEKOTOPOH mps-
Mo#t, mo xoTopoil HampasuM Ocb abenuce (puc. 6.15). OTKAOHeHME OT NOJONKEHHA
paBHoBecHs 4 (x, [) Oyxer Qynxumedt
abCcUUcCH X H BpPEMEHH 7. Ay

ITorenunanpias sueprus U one-
MeHTa a6CoNTHO rH6kOH CTPYHH mpo-
(IOPUHOHAALHA PACTANKECHHIO CTPYHH.
Yuactox cTpyHH dx B AedopMHMpOBaH-
HOM COCTOSIHHH, C TOYHOCTbIO 10 6ecko-
HewHO MaJbix 6OJee BLICOKOrO Hopan- u=u(zt)

2
!
Ka, HMeeT AJHHY d§= Vl +u, dx 2 y ]
H, C1e10BATEAbHO, YANHHEHHE 3JEeMEHTa

12 .
paBHO U’ l4u, —~ 1) dx. 1o dopay- Puc. 6.15.
i ] ’ 1 7
ae Tei#tnopa m =1+35u :.

’
Cautas u, MannM u npeHebperas Gofec BLICOKHMH CTENEHSMH L. MOJY-

. 1 ‘2
WHM, 9T0 NOTEHUHAIbHAS SHEPIHA SISMEHTA PABHA = ku, dx, rie k — MHONHTEND

21 71, 3. dascroasn
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NPONOPLUHOHANbHOCTH, 4 [IOTEHUNAAbHAA 9HEPrus sced CTpyHbl pdBHA

1
1 2
D) f ku; dx.
0
KuueTHueckas sHePrHs CTPYHH paBHa

I3
1 /2
7/‘pu, dx,
0
t

rae p — naotHoctb. MHTerpan /(T—U) dt uMeeT B NaHHOM Cayvyac Bul

¢

I ]
v=f /‘[%puf——%ku;z] dx dt.

60

YpapHenue IBHNeHHA CTPYHH O6yner ypasHeHnem Octporpaiackoro aas ¢yHk-
uuoHaaa v. Mtak, ypasHeHHe RBMKEHMS CTPYHB HMEET BHL

O N 0 g
oz (0u)) — 5 (Ru)=0.

Ecan cTpyHa oaHOpoAHa, TO 0 M % — [OCTOSHHBIE, H ypaBHeHue xoaebaouieiics
CTPYHE ynpolLlaercs:
0% 0%u

0om G =0

JonycTuM Tenepb, YTO HA CTPYHY ACHCTBYCT €llle BHEWHAR cHaa f (2, x), mep-
OeHAHKYAAPHAR K CTPYHE B e NMOJOXEHWH PABHOBECHS M PAaCCUHTAHHAA HA €ld-
HHLY Macchl. Kak serko npopepHTb, cHAoBas ¢yHKkuus 9TOH BHewHeHd cuaw,
neHcTByoIed Ha 3JeMeHT CTpYHbl, paBHa pf (£, x)u dx; CHAElOBATENLHO, HH-

3

terpan Ocrtporpaackoro — ['aMuabTOHA f(T—U) df uMeeT BHI
4

6 !
1 /2 1, .2
[ [ o=z +ore ouasa
t 0

3 ypaBHGHHE BHIHYXAEHHLIX KOJNe6aHuii CTpyHH
0 ’ 0 /
o5 (08) — 55 (kw) —of (& 0 =0,

HIW, €Cau CTPyHa OAHOPOAHA,

d%u k 0%
S gm =1

CoBepmeHHO aHaJAOTMIHO MOMET OBITh MOJYyYeHO YypasHeHHe -koJebmomelics
meMOpaihl.

pumep 3. Burgaem ypaBHeHue konebauufi TNPAMOJHHEHHOTO CTEPXKHS.
HanpasuM ocb a6cupcc MO OCH CTEPHSA, HaXOMALIErOCA B NMOJOXEHHH PaBHOBe-



§7 HEKOTOPHIE TPUJIOXEHUA 323

cua. OTKIOHEHHE OT MOJOXEHHA paBHOBecHs u (X, f) 6yneT ¢yHkuue#d x H Bpe=
MeHH £, KMHETHUECKAas SHEPrHs CTepXHA AJAHHB [

I
/u, dx.
0

Bynem cuMTaTh CcTEpXeHb HepacTxuMHM. [loTeHnHaJbHas SHeprua ynpyroro
CTEPWHA NP4 MNOCTOAHHOA KDHBH3HE INPOMOPIHHOHANbHA KBAJPAaTy KPUBH3HML.
CaenoBateanno, mipdepenunas 4U noTeHIHATbHOR SHEPrHY CTEPXHS paBeH

0% 2
1 ox?

2 ou
()T
a MOTEHUWANLHAS SHEPrHA BCEro CTEPXHA, KPHBH3HA OCH KOTOPOro, BooGue

roBops., nepeMeHHa, 6yaer paBHa
i 0% )?

U='é‘f —%
o +(E) ]

HpennonomuM. YTO OTKJOHEHHS CTCPHKHA OT NOJOKEHHd DpABHOBECHA MaJn H
2

ou
9IEHOM (— B 3HaMeHaTeNe MOXHO NpeHeOpeyb; TOraa

ox
l 0%u \?

Huterpaa OcTtporpaickoro — [aMHILTOHA HMEET BHA

o
1 72 1 "n?
' [3 o, — ku“] dx dt.
th O

CneaosaTteabHO, B clydae cBOGOAHBIX kKoJebaHu# ynpyroro crepxHs 6ylem HMeTb
CAEAYIOMIEE YPABHEHHE [TBHKEHHN:

d 4 02 n
W(Qu,)—}- o (ku,,)=0.

Ecau cTepieHb OMHOPOAGH, TO ¢ H X — NOCTOSHHBlE, H YpaBHeHHe KoaeOaHuiH
CTEPKHA Npeobpasyercs k BHAY

0 d*u
—_— L h— =0
P + kG
Ecan Ha CTepKEHb ReiicTByer' BHemHsAs cuda f (L X). TO Rajlo0 eme yuecTb
noTeHnHan STOH CHABL (CM. npeablaywuid npuMep).
[puHuun. cTanoHapHOro ReHCTBHA MOKET GLITh fIpHMeHeH NPY BLIBOAE
ypasHeHu#t noad. PaccMoTpuM CcKa/dfpHOe, BEKTODHOE WK TeH30pHO®

21*
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{)

nore w=wm(x, y, 2, £). Hurerpan f(T-—-U)dt B LAHHOM C/yuae,
f

soolule rosops, OyleT paseH yeTHPeXKPaTHOMY MHTerpaly o HmpocTpaH-

CTBeHHHM KOOPAMHATAM X, ¥, Z U MO BpeMeHH [ OT HeKOTOpPOR yHK-

MM L, HaswBaeMoR naomrocmerw dynxyuu Jazpansica unu aazpan-

HCUAHOM. ‘ .

Jw Jw ow w,

dx ' ady "' oz' of"

Jw Jw Jdw Jw
L=L{w G5 5 55 )

O6uiuno narpaHXuaH fipaseTcs QyHxkudei w.

4, CJeloBaTeJbHO, NelcTBUE uMeeT BHI
: Jw Jw Jw Ow
f/;ffL(w. E;‘, ?y—, W' —Ot—)dJCddedt. (63)

Cor/nacHo NPUHIANY CTAUHOHADHOrO IeHCTBHA ypaBHeHHe [O/IA ABAAETCA
ypasHeHHeM OcTporpanckoro aas dyuxuuonana (6.3):

0 J 0 0
Ly - ox {Lpl} - d_ylLl’z} _E{L”S} T of {Lf’4} =0
rae

0w ow ow

%4
=% Pr=7y: Ps=7z Pa=75r:

3apaqu K raaBe 6

1. Haittu skcTpeMaad ¢yHKUHOHAJA
Xy v____2_
l !
vly )= /%.dx.
Xo

2. UccaenoBaTb Ha SKCTPEMYM (YHKIHOHAA
vly(x)]= f(Y"+2'xyy') dx; y(xo)=Yyo Y(x:)=y

3. UccnenosaTb Ha SKCTPeMyM (QynkmnoHan
1 :

oly@l= [y +y—2yy)ds yO =1 yh=2
F ;
4. Haifitn sxcTpeMaan dyHkuHOHana

X - .
viy(x)]= f y (14 x?y)dx.

- Xo .



3AIAYU K TJIABE 6 325

5. Haltt skcTpeMaan ¢yHkunonana

Xy
vly(x)1=f(>"’ +2yy’ — 16y?) dx.
Xo
6. Haiitn skcTpeMaan ¢yHxnuoHana

uly (x)]=f(xy’ +y*)ax.

7. Hafitn skctpemann qmyﬂxuuouana

v[y(x)l—j asb

8. Haittn skctpemamn (pyuxuuouana

vly(x)= f (y* 4+ y"* — 2y sin x) dx.
Xo

9, Haittu skcrpemann ¢yHKuHOHAJA

£
viyi= f(lfiy2 —y" -+ dx
. L3
10. HafiTn skeTpemann QyHxuyonana

X1
vy (x)] =f(9xy + y"*) dx.
X
11. Ha#tty skctpemann ¢yHkunoHana
L
vly(x) z2(x)] = f(2yz—?y"+y” — 2 ax.
12. Hanucaty ypasuenue Ocrporpancxom ans dyHkuuoHaaa

vz (x, y)l—// 2 3;) ]dxdy

13. Hamucaty ypasHenne Ocrporpancxoro 1ag GyHKRuOHaAA

v fu(x. yz)]—/// 0’;) +(%)2+2uf(x.y,z)]dxdydz.

14. HaiiTh skcTpeManau ¢yHkuuoHana
1 .2
y
vly(x)] =/?—dx.
Xo

22 J1. 3. Bascroasn
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15. Hailtu skctpemaan ¢pyHxkuuoHa€a
X
"[)'(x)]=f(y2+y’2+2ye‘) dx.
Xo

16. Ha#itn skcTpeMaau ¢yHxuHOHaAa
Xy
. vy ()] = f (yr —y* —2ysin x)dx.
X
17. Haiitn sxcTpeManu ¢yuxunonana

£,

viyn= [ [ +ors2]ex

chx
Xe

18. Haiitn skcTpemaan dyHxumoHnasa

vly 0] = [ 1%y 292 + 20y] dx.
Xo

19, Hafitu skcTpemaan dyHkunoHana
£
oIy @)= [ (" =20+ 32 —2ysin x] .
Xo

20. HaHtu sxcTpeMaau ¢yHKuHOHaIa

vy (x)= f [(y")? 4 y* —2yx°| dx.

Xe
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BAPHALIMOHHLIE 3AJAYH C NMOABHXXHLIMH TPAHHLAMU
W HEKOTOPbHIE JPYTUE 3AAYHU

§ 1. MpocTefiman 3anaya ¢ NOABUWHBIMH [PAHHLAMH

B raase 6 npu uccrenosaHdn QyHKuUHOHASA
Xy

=fF(x. y, ¥)dx
Xo

SpeAnoaaranoch, YTO TPaHHuHHe TOYKH (X, y,) ¥ (X;. ¥|) 3a1aHb.
ITpeanoaoKumM Tenmepb, 4YTO OAHA uaH 00e rpaHWyHble TOYKi MOTYT
nepeMelathca. TOrAa KAACC AONYCTHMBIX KPHBLIX PAcLIMPAETCS, — KPOMe
KPHBHLIX CpaBHeius, WMeiolnX oOllMe TPaHWYHHe TOYKM C HccaeayeMofd
KPUBOH, MOXKHO yxe OpaTe M KpDHUBHE CO CMELLeHHEIMU [PAHUYHLIMU
TOYKAMMU.

[osToMy ecam Ha Kakof-HubyIb KpPUBOH y==y(x) NOCTHraeTcs
IKCTPeMyM B 3a4ade ¢ NOABHMHBIMH FPAHHYHLIMU TOYKAMH, TO IKCTPEMYM
tem Gosee 10CTUraeTcR HO OTHOMWEHHMIO K 0O/ee Y3KOMY KAACCy KDPHBBLIX,
HMCIOULIX OOllMe TpaHW4YHble TOYKH ¢ KPHBOR y==y(x), M, cienosa-
Te b0, R0DKHO ObiTb BHIMOJHEHO OCHOBHOE, HEOOXOLMMOE A9 ROCTHKE-
HHA SKCTPeMyMa B 3alauye C HEMOABHNHBbIMK PAHAUAMKH YCAOBHE —
dyukuun y(x) n0kHa OWTbL pellieHHeM ypabHeHus Oilnepa

d
Fy— = Fy =0.

Mrak, kpusbe y == y(x), HA KOTOPHIX PEANU3YeTCA IKCTPeMYM U 3anauc
¢ MOABMXKHBLIMI TDAHMUAMM, HOMANKHB OBbITh IKCTPEMAIAMMA.

Oobuiee pelueHve ypaBHeHMs JHaepa COLEPKUT ABe MpPOH3BO.bHbIE
NoCToNuiLe, A4 ONpeleJeHHA KOTOPHX HeoOXOLUMO HMETb ABA YCJOBUA.
B 3agaue ¢ uenoaBUKHBIMH TPAHUYHBIMU TOYKAMH TAKHMHU YC/A0BUAMU Obijl

Y(XJ=Yyy 8 Y(X)=Y

22
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B 3anaue ¢ noiBHMHBLIMH TPaHMUAMH ORHO HAM 06a 3TH YC/IOBHUR OTCYT-
CTBYIOT M HEJOCTAlOULHe YC/AOBHS AJ8 OnpefieseHus MPOHU3BOJbHHX TO-
CTOSHHBIX OOIEero pellleHHS YPaBHeHUs JHMepa HOJKHBL OBITH MOMYYeHH
U3 OCHOBHOTO HeOOXOAHMMOTO YCJOBHAI 3IKCTPEMYMa — PaBEHCTBa HYJIO
Bapuaunn 49.

Tak Kax B 3ajlade ¢ MOLBHXHBLIMU FPaHHUAMH 3KCTPEMYM AOCTHraeTCa
avimb Ha peilennax y =y (x, C;, Cy) ypasHeHus 3S#nepa, TO B Na/b-
HellllleM MOXHO PaccMaTPHBATh 3HayeHHe QYHKUHOHANA JHIIL HA QYHKIUAX
sroro ceMefictea. [Ipu atoM ¢yuxumosan vy (x, C,, C,)] npespamaercs

(7,462, y+by,)
(Z.4)

ky

Puc. 7.1

8 ¢yHkuuwo napamerpos C; W C, u nNpenetoB HHTErPaLMM Xo H Xy,
a BapyauMs QyHKuMOHana cosnanaer ¢ auddepeHunanoM 3Tod GyHKUMH.
Ons ynpoliesun 6yieM CUMTaTh, YTO OAHA M3 FPAHMYHBIX TOUYeK, HaNpUMep
(xgs ¥o)» 3axkpenneHa, a apyras (x;, y;) MOXeT MepeMellaThbCa M Nepe-
xoIut B Touky (x; + Ax,, y,—+ Ay,), uayu, Kak 0O6bIYHO 0603HAYAIOT
B BAPHMAaLMOHHOM HcuHcaeHuH, (x;+ Oxy, y, -+ Oy)).

HonyctuMble KkpuBble y=y(x) 0 y=y(x)-4 0y Oymem cuuTaTb
6av3kuMy, ecan Monyad sapuauui 0y u Oy’ Maabl, M “Maam MOAY.Au
npupamennit Ox; u Oy, (mpupautenus Ox, u Oy, OOLIYHO HABHIBAIOT
BAPUALUAMH NpelebHBIX 3HaueHd# x; U Y,).

SxcTpeMaan, npoxoisuine uveped TOUYKY (X, Yg), 00pasyioT nyuok
skcrpemanet y=y(x, C,). dyukuuonan v(y(x, C,)| Ha KpuBbX 3TOrO
nyuyka npespamaercs 8 ¢yukumio C; #u x,. Ecam Kpusble nyuka

=y (x, C|) B OKPeCTHOCTH paccMaTpuBaeMOH IKCTpPeMand He nepece-
KalTcs, To U[y(x, C|)] MOXKHO PaCCMATPHBATbL KAK ORHO3HAYHYIO (YHK-
UMI0 X; M Y, TaKk KaK 3alaiMe X; M y; OnpereasieT 3KCTPeMajtb TyuKa
(puc. 7.1) n TeM caMbiM ompelneaseT 3HadeHue (YHKIHOHAZA.

BuiuucnuM Bapnaumio  ¢yukuuoHana v[y(x, C;)] Ha 3xcTpeMaasx
nyuka y=y(x, C,) Npu nepeMeieHdy rpaHM4HON TOUKM U3 MONONKEHUS
(x), y;) 8 nonoxenune (x; + dx;, y, + dy,). Tak xax dyHKuMoHaN U Ha
KPHBbIX MNyyxka npeBpaTHACS B OGYHKUMIO X, H y;, TO ero sapuauus
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coBnanaer ¢ auddepeHnuansom SToH yHxuMM. BbAeAMM M3 mpHpale-
uus Av rnaBuylo auHeflHyl0 MO OTHOweHMi0 K Ox, M dy, 4acTb:

x+0x,

Xy
Av = f F(x, y+dy. y'+6y’)dx~—fF(x. y. Y)dx=
® x,4+0x, ®

= f Fx, y+0y, y +0y)dx+

Xy

(—Ff [F(x, y +dy. y+08y) — F(x, vy, y)ldx. (7.1)

X
HEPBOC cJjlaraeMoe npaaoﬂ 4acCTH npeoﬁpaayeM ¢ IOMOULbID TEOpEMbl
O cpeaHeM 3HadeHHH:
0+dx,

F(x., y=+ 06y, y +06y)dx=F| Ox,, rre 0O <1,

x=x,40dx,
Xy

B CHJY HefipepbiBHOCTH (yHKUUM F OyneM uMeTh:
Flyeroor, =F . 9 ¥, +en

roe ¢, —>0 npu dx,—>0 u by, — 0.
Hrak,

£+ 0x,

F(x, y+0y. y +06y)dx=F(x. y. y)|,_, 6x, +¢,0x.

Xy

Bropoe cnaraemoe npasofl wactu (7.1) npeoGpasyem RyTeM pasJOmKeHHA
NoAbIHTErpanbHON PYHKUHMH no ¢opmyae TeHnopa

f[F(x. y+oy, y+08y)—F(x, y, y)lde=

Xo

Xy
= f [Fy(xr y. y,)6y+ Fy’ (x. v, y'\(\_\"] dx+ Rlp
X

rie R, aBaseTcs GeCKOHeudO Maao# Gonee BHICOKOTO Nopsaika, deM Oy
um 6y’. B cBOW ouepeas nuHettHan uyacTh

[ Pydy+Fyoy)ax
Xy



330 BAPHAUHMOHHHE 3ANAYN C ﬂOﬂBHXﬂﬂiMh PAHHLAMH rn.z

- 4
MoxeT ObiTh npeo6pa3opaHa MyTeM WHTErpalkd [O 4acTAM BTOPOro c.aa-
raeMoro MOAMHTErpanbHOR QYHKUMH K BUAY

Xy
d
[Fy 8y + / (Fy—d—x- Fy’) dydx.
X :

3naveHun QyHxUHOHAMA OepyTcs JULIL HAa SKCTPEMaasx, CaelOBaTe/bHO,

_—d e
Fy—dx Fy=0. Tax kax rpaHuuHas Touka (xo. yo) Bakpennexa,
1o 8y|,., = 0. Carenosatemio,

£

[ (Fydy+Fydyydx=1Fytyll,_,.

1)

3ameTHM, 4TO £5y|x=xl He pasHO Oy, — NMpHpAIICHHIO y;, TaK Kak Oy, —
370 [Mpupaliedde y, NPH MepeMelleHUH TPAHHUHON TOYUKH B TOJOKEHHE

Ly -
(2,82, 4,+8y;)

13 -

f 1

Bl )

x
0 r, 108z,

Puc. 7.2

ix; 4 b oy +0y) a bylxzx'—a'ro npupaiieHde OPAHHATHLI B
TO4YKe. X, (PH fepexoje OT 3KCTPeMald, MPOXOAfLLEH yYepe3 TOHKH
(xp ¥p) 1 (x;. y) K 3KCTpeMatd, npoxosduiel uepes TOUKH (Xj. Yo)
w (x, + 0x,. y, Fdy)) (puc. 7.2).

W3 yeprexa mumno, utro BD =0dy| FC=by;

x=x§
EC =~y (x)bx;; BD=FC —EC
uan
oy |,,=,, =~ b0y, — ¥y’ (%) dx,.

[Ipu aToM mpubawKenioe PaBeHCTBO CNPABEdAWBO C TOYHOCTHIO 10 Gec-
KOHEYHO MaanX 6o/ee BEICOKOTO HOPAAKA.
4
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¢ +0x,
Hrak, oxoHuaTeabHO uMeeM: f Fax=~F|,_, ox;

Xy o
[ IFee y+0y. y' +09)— F(x, 3. y)ldx ~
£

=~ Fy Lr:x, <Oy — ¥ (x) dx)),
rle npuG/JMKEHHBE pPaBeHCTBA TAKMe CHOPAaBefJHBBH C TOYHOCTbIO 4O
4eHOB MOPAAKA Bhille MepBOro OTHOCHTeabHO Ox; u dy,. CienoBaTebHO,
us (7.1) noayuum
Y 7/
dbv=F ‘,:x. bx; 4+ Fy ],t:,e, Oy — y' (%) dx ) =

=(F —y'Fy)\,_, 0%+ Fy | _, dyp
HJIH _
dv(xp, y)=F —y'Fy)| _, de;+Fy|._, dy,

rie 5(x,. y1) — OyHKUKA, B KOTOPYIO NpeBpaTHACS (QYHKIMOHAA U Ha
skctpemanix y=y(x, C), a dx,=Ax,=0x,, dy,=Ay, =0dby —
npupalleHNs KOOPAMHAT TpaHM4yHOH Touku. OcHoBHOe HeoOXodMMOe
ycaosue 3KCTpeMyMa dv =0 npuobpertaeT BHI

(F _yle’) |I=Xl 6x1 + Fy' lX=X| 6y1 = 0. (7.2)
Ecan sapnauuu bx; u Oy, HesaBUCHMBI, TO OTCIOIA ClefyeT, 4TO
(F—y'Fy) 1x=x1 =0 u Fy 1x=x, =0.

Oanako ualle TPUXOUUTCA PaCCMAaTPHBATh cJAydail, korna sapuaunn dx,
n 0y, 3aBHCHUMEL

[lyctb, HanpuMmep, npasas rpaHHuHas Touka (x;, y,) MOXeT mnepe-
MeImaThCa IO HeKOTOPOH KPuBOH

Y1 =0 (x.

Toraa Oy, =~ ¢’ (x,)dx, u, crepoBateabHo, ycnosue (7.2) NpuHMMaeT
But [F + (9" — y') Fy}dx; =0 wumn, Tax kak Ox, uaMeHserc npomus-
BOIbHO, TO [F 4+ (¢’ — y) Fy'lx=x,=0' 3710 ycnoBHe yCTAHABJHBAET
3aBUCHMOCTb Mex1y YTI/AOBbIMH KO3(dHuHeHTaMHn ¢ ¥ y’ B IpanduHON
Touke. OHO HA3bLIBAETCA YCA08UEM MPAHCEEPLCANLHOCMU.

Yc/a0BHe TPAHCBEPCAJbHOCTH COBMECTHO C ycJOBHeM Y, =@ (x;) no-
3B0.IeT, BOOOILE [OBOPA, - ONPENeAUTL OIHY HJH HeCKOJbKO 3KCTDEeMa-
aefl nyuka y=y(x, C;), Ha KOTOPHX MOMKET LOCTUraThCH DKCI DMV N,
Ecau rpanuyHas Touka (xj y,) MOXKET nepeMellaTbCd MO HEKOTOPOH
KPUBOH Y, =1 (X,), TO COBePIIEHHO TaK ke OOHAPYKHMM, YTO H B TOUKE
(xy, ¥y) BOMKHO YNOB/JETBOPATLCA YCJAOBHE TPAHCBEPCAIbHOCTH

[F @ — y) Fyl,_, =0.
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Mpuwmep 1. Haitty ycaoBue TpaHcBepcaabHOCTH A48 QYHKLUMOHAJNOB BuAA

v= fA(x, y)VI-}-y'zdx.

Xo
VYcaosne TpaHcBepcaabHOCTH F 4 Fy, (¢’ — y’) =0 HMeeT B NaHHOM cayuae BHA

Tz, Ak )y Ax, (1 +9'y)
Ax. y) V1+)’2+——“"‘—~——- (' —y)=0 wumm —— = 0;
Vigy?

Vi+y?

npernonaras, 4to A(x, y) = 0 B rpaunaHoii Touxe, noayuuM ! + y’'¢’ =0 nau

y' == ——? . T. €. YCJIOBHE TPAHCBCPCANLHOCTH CBEJOCh B JAHHOM CJaydae K yc-

JOBHI0O OPTOFOHAJbHOCTH.

X
2
Mpumep 2. HccaenosaTs ma skcTpemyM (yHKIHOHAA / Vigy? ax.
- y
0

npuueM y(0) =0, a y, = x, —5 (puc. 7.3). UHTerpaspHEIMH KPUBLIMY YpaBHe-
Hus Dinepa (npumep 1, ctp. 324) ssasiotcs oxpymuoctn (x — Cp)’+ y? = C2,

¥

/ ’ -

Pue. 7.3. Puc. 74.

IMepBoe rpannunoe yeaopue gaer C; = C,. Tak kak yCJIOBHE TPAHCBEPCAALHOCTH
AAs JaHHOTrO (YHKIMOHajNa CBOAMTCA K YCJOBHIO OPTOFOHAJbHOCTH (CM. MNpejn-
AYWMH TpuMep). TO NpsMas y, = X; — 5 A0MKHA OHTb AMAMETPOM OKDYIKHOCTH
H, CJAeROBATEJbHO, LEHTD HCKOMOH OKPYXHOCTH HaxoAuTca B Touke (0, 5) nepe-
ceuenus npaModt y; = x; — 5 ¢ ocwio abeuuce. CretoBaTeabHo, (x — 5) + y2=
=25, HIH y == YV 10x — x% Wtak, 9KCTpEMYM MOMET AOCTHIAThcs JMHUIL HA

ayrax okpywnocth y =V 10x—x2 u y=—) 10x — £2.

Ecnu rpanuyHas Touka (X, y;) MOMer MepeMelaTbCs JUIL [0 Bep-
THKAALHOR mpaMo#t (puc. 7.4) u, caenosatemwHo, 6x; =0, TO ycuao0-
Bue (7.2) mepexomut B Fy | = 0.

X=X

[Tycts, Hanpumep, B 3ajaue o Gpaxucroxpoue (cM. ctp. 304) nepas rpaHuu-

Hasd TOYKA 34KpeIvieHa, a NPaBas MOXET NepeMellaThca [0 BEPTHKAJAbHOH
npaMo#i.
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y

HEHUs KOTOpHX, ecAH NpuHHATE BO BHHMaHue ycaoBue y (0) =0, 6yayr umern
BHI

X .
Vigy?
AkctpeManaamu ¢yHkuuonana v= [ Y T2 dxgBasi0TCA MMKAOUAN, YPAB-~
0

x= C; (t—sint),
y=C;(1—cost).

Jaa ounpedenenus C, wucuoabsyeM ycaoBue F
cayuae HMeeT BHA

y,] =0, KOTOpoe B NaHHOM
X=X

¥y
VyViey? |,

oTkyia y' (x;) =0, T. € HuCKOMAs UHMKJIOMAA AONXKHA MEPECEKATh MPAMYIO X = X,
NOX MPAMBIM YrJOM H, CAENOBATEJIbHO, TOUKA X ==x|, y==Y; LOMKHA ObTb

=O,

p——

B

\

"y I=Z,
Puc. 7.5.

BepUIMHOM nukAoHAM (puc. 7.5). Tak «ak BepIIHHe COOTBETCTBYET 3HaYEHHE
X
t=n1 % =Cn, C, = —n_l CaefoBaTeabHO, IKCTPEMYM MOXET PeajH30BaThCs

Aullb HAd HHKAOKIE

=X ¢_sing)y; y=21(1—
= (t—sint); y s (1 —cos #).

Ecnu rpanuusas Touka (x;, y;) B 3amaue 00 3sxcrpeMyMe (yHKuUHO-
Xt

Hana v= f F(x, y, y')dx MoxeT nepeMelarscf No rOpH30HTAMbHOK

Xo
ﬂpHMOﬂ y=y, TO 6)}1:0 H ycaoBue (72),' WJH yCJOBHe TPaHCBEP-
CanbHOCTH, NPHHUMAET BHA

[F—y'Fy) _ =0.

X=X
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/

§ 2. 3anaua ¢ NOABHKHBIMH TPaHHUAMM

Xy
ana QyHKUHOHAJIOB nunaf F(x, 9, 2, ¥, 2')dx
* X

Ecnu npu uccnenoBaHMu Ha 3KCTpeMyM ¢yHKUMOHana

1
'u=f F(x, y. 2, 9. 20)dx
{a
OJHA M3 TPAHMYHBIX TOYek, HanpuMep B(x; y;, 2;), NepeMellaercs,
a apyras, A(xg Yo. 2p), HenolBuxHa (MaM o0e TpaHUuYHbie TOYKH MOA-
BH)KHbl), TO O4YeBHIAHO, UTO BKCTPEMyM MOXeT AOCTUraTbCd JHillb HA HHTE-
TPalbHbIX KPHUBBIX CHCTeMB ypasHeHu#t Dfinepa

d d
Fy——-E;-Fy'=O; Fz——a—Fz‘=0.

Je#icTBUTEBHO, ecaM Ha HeKOTOpPOR kpuBoH C pealu3yeTcs SKCTpPeMyM
B 3ajade C NOABMKHBIMM TDaHUUAMH, T. €. IOCTHTAeTCs MaKCHUMaJbHOE
WM MHHMMa/JbHOe 3HadeHWHe ¥ MO CPABHEHWIO CO 3HaYeHUAMH U HA BceX
6aU3KUX AOMYCTHMBIX KDHBBIX, CPeIM KOTOPHIX HAaXOLATCA KAaK KpHBble,
uMeiouve OOLiHe IpaHHYHble TOUKM ¢ KpuBoR C, peanuayioureit sxcTpe-
MYM, TaK H KPHUBble, Y KOTODbIX IpaHMYHble TOYKH He COBNAAAIOT C rpa-
HUYHBIMY TOYKaMi kpuso# C, TO TOrAa NOJaBHO Ha KpuBo# C AoCTH-
raeTcsl 9KCTPeMyM MO OTHOWeHMI0 K GoJee yskoMy KuaacCy O6.auskux
KPUBHX, MMelwux oflive rpaHuynble ToukH ¢ Kpusof C.

CienoBatebHO, Ha KpuBo#t C LOMKHH  YIOBAETBOPATbHCA Heoéxonn-
MBle YCJOBHA SKCTPEMYMa 3aLayi C HEeMOMBHNKHBLIMH TPAHHUHBIMH TOUKAMH,
W, B 4acTHOCTH, KpuBas C n0.mxHa ObiTb MHTerpPaibHOH KPHBOH CHCTeMbl
ypaBHeHuR DHaepa.

OGumee peutenne cucTeMbl ypaBHeHuH OHuepa codepXHT 4deThipe
NPOH3BOAbHBIE MOCTOAHHbBie. 3HA9 KOOPAMHATH TPaHU4HON  TOUKH
A(xg Yo 2p)» KOTOPYH MH CuuTaeM HeNOABMXHOH, MOXHO, BooOue
rOBOPSA, HCK/OUATL [1Be NPOHM3BOJbHbIE MOCTONHHbIE,

Ilas onpelefends ABYX APYTHX NPOM3BOJIbHBIX MOCTOSHHLIX HeoOXo-
IHMO WMeTb eille IBa YPaBHEHUf, KOTOpHe OyAyT mOAydYeHH H3 yCJI0BHA
0v =0, npuueM Nnpu BbHIYUCTEHUH Bapnauuu Mbl yxe OyldeM CUHTaTh, 4TO
GYHKUHOHA 33a13eTCH AWIIb HA pellleHMAX cuUCTeMbl ypaBHeHul Dfnepa,
TaK KaK TOJbKO Ha HHUX MOXET AOCTHIaThCsi 3KCTPeMyM. [Ipn 3ToM
¢yHKUHOHa T v npespauiaerca 8 PyHkuuio D(x, y,. z,) xoopauHat x|,
Y. 2; Touku B(x,, y,, 2;), © Bapdauus ¢ysKiMOHANa Npespainaercs
B nuddepenunan 3ToA @yHxuuu *).

*) dyukuus O OYAeT OMHO3HAYHOH, €CAM SKCTPEMAJH NyYka ¢ HEHTPOM
B TOYKe A He nepecexaloTcd, TaK KaK TOrAa touyka B (x;, y. 2,) OAHOBHAYHQ
NTIpeeAfeT SKCTpeMalb.

/
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Buyucienue BapuauMu U MOMeT ObiThb NPOBeleHO COBePUIEHHO TaK
Ke, kak Ha ctp. 328 — 331:

r+0x,
Av = f F(x, y+0y, 240z, y' 4+ 8y, 2/ +02")dx —

Xe

3
— f F(x, vy, 2,9, 2Ydx=

Xo
x+0x,

= f F(x, y+0y, 240z, y'+6y', 2/ 4+ 62Ydx -

-+ f [F(x, y+by, 24062, y 48y, 2"+ 82")—
\ —F(x, 9, 2, ¥, 2)))dx.

[TpuMeHNM TeOpEMy O CpeIHeM 3HaYeHHH K nepsoMy HHTerpany # BOC-
no/L3yeMcA HeNPepHIBHOCTLIO (yHKHMUM F, a BO . BTOPOM HHTerpase
BbILEAMM TJ4BHYI0 JHHEHHYI0 4acTe ¢ TNOMOWwsl dopMyabn TeHaopa.
[Tocae 3THX npeoOpa3oBaHH# NOAYyYUM

X5
do="F|,_, bx;+ f [Fydy + F. 8z + Fy 8y’ + Fyr 82'] dx.

Xy

UuTerpupya MO YacTAM ABa MOC/AEAHMX CJAAraeMbiX, CTOAWIMX HOA 3HAKOM
ugTerpana, OyleM HMeTb:

du=F lx=x, ox, 4 [Fy by]“x’ ~+ [Fz 6z]x=xl +
Xy
. d 4
+ j [(Fy — Fy:) oy + (Fz— v F,f) bz’] dx.
Xo
Tak kaK 3HAUEHUA U BHIYUCAMIOTCA JWIIb HA 3IKCTPEMansx, TO

4
ax Fz'EO

Fy— = Fy=0; F,—
U, CJlel0BaTeabHO,
dov=F|,_. dx; +1[Fy ()y]x:xt +[F» 62]“:[,
Paccywaad Tak ke, kak u Ha crp. 330, noayyum

Oy |, =0 — Yy (x)bx, u d2|,_, =2 —2' (x)bx,

u, CaenoBaTtelbHO,
6‘0=[F'—y,Fy"—’ZIFZ']x=xl6xl+Fy’ lx-:‘6y1+Fg" 621=00

rnx
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Ecau Bapuaumu dx;, Oy, 0z, wesaBucuMb, TO u3 ycaosus 6v==0 no-
JqyqaeM

[F—-)’/Fy".z/Fz']x=x‘=0; Fy'} x=0 11 Fz.l = 0.

x=x =X

Ecau rpanuynas Ttouka B(x;. y,. Z;) MOXeT nepeMelyaThCA MO He~
KOTOPOH KpuBOH y;=¢ (x,); 2= (x;), T0 by, =@’ (x,)dx,, 8 dz,=
=1’ (x,)0x; u ycaosue v =0 um .

[F ..-y/Fy' — z/Fz']x=x, Oxl + Fy’ ‘X:xl 6y1 + Fz' }X-:Xl 6zl =0

Mepexo4uT B YC/IOBHE
(F+@ —y)Fy + @ —2) FZ'],::,:, dx, =0,
OTKyZa B CW/JY MPOUSBOJLHOCTH OX; mOAyuHM
(F+ @ — y)Fy + W — 2)Ful,_, =0.

3T0 yc/0BMe HOCHT HA3BAHHE YCALOBUA MPAHCOEPCAALAOCMU B 3ajaue
00 HCCAeJOBAHHM HA IKCTPeMyM (yHKUHOHANA

X
V= fF(x. ¥, 2z, ¥, 2')dx.

£

YcnosHe TPaHCBEPCANLHOCTH COBMECTHO C  yPaBHEHHAMH y; ==@(x,)
z, =1y (xy) LaeT HeNOCTALHE YPABHEHHA AJA ONpeleNeHHs HPOU3BO/b-
HHIX NOCTOSHHBIX 8 OOlleM pellleHHM CHCTeMbl ypaBHeHUH Diiepa.

Ecau rpannunas Touka B(x,, y;. Z;) MOXeT MepeMemaTbCs RO He-
KOTOPOH MOBepXHOCTA 2, =@ (X, ¥,), TO 62‘=q>;16x‘+cp;] dy,, npu-
yeM papuauun Ox, u Oy, npoussoasHul. Caenoarenbho, ycaosde dv =0
WK, B PasBepHYTOM Bule,

[F—y’Fy' —z/FZ’]xsxlbxl—i_Fy{ L,=x‘6y]+Fz’ lx=t’6§]=0

npeo0pasyeTca B ycJI0BHe
(F—yF,—2F, +o/F,| _8x +[F, +F,e) _dy=0

=21,

Orciona B cuay HesaBucUMoCTH Ox, u Oy, noayyum
[F—YF, + @, — z') Fz’]x =0, [F, +F,9) =0,

=Xy X=X

ITH IBa yC/A0OBUA BMeCTe€ C ypaBHeHHeM z; =@ (x;, y,). BooOule rosops,
JAI0T BO3MOXHOCTb ONpEAENHTh [ABe MPOHM3BOJbHBIE MOCTORHHBIE B OOHIEM
peilleHUH CHCTeMb ypaBHeHHH IRaepa.

Ecau noasuxHON fiBnseTCA rpanudHas Touka A (X, Yo, 2Zp), TO TeM xe
METO/JO0M B 5TOM TOYKE MOJYYHM COBEPUICHHO aHaJOTHYHBIE YCJIOBHA.
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Ecau paccMoTpeTh dyHKuuoHa

£

X,
v=| F(X. Y5 ¥y «ves Yy Vi Y aeen ¥,)d%,

TO Oe3 H3MeHeHMA MeTOAa NOKA3aTe]bCTBA NOJYHYHM, YTO B Ciydae Mnoj-
BIXKHON TOUKH B (X, Y11, Yg10 +++s Y1) B ITOH TOuUKe

n n
-2 )| ot By

x=x U Ttleay,

dy,; =0.

fMpumep 1. Haiitn ycaosue TpaHcBepcanbHOCTH Aad PyHKIHOHAAA

X
U= f Ax, y, 2) \/l + y’2 + 2% dx, ecnn z, = ¢ (x;, Y1)

X

Ycnosus TpaHCBEpPCAAbHOCTH

[F—y'Fy, —[—(cp;—-z') F"]x=x, =0u [Fy, +FZ'CP;] =0

X=X
7 ’ ’ L
B AaHHOM cayqa/e nmeoT Bug 1-4+¢,2 =0u y @2 =0 np1 x=x; uly
1 ! z -
— = _yT = MpH X = X;, T. €. ABJSIOTCH YCAOBHEM NAPANNEAbHOCTH BEKTOpa
Py (py —1 !

kacateapHoft £ (1, y’, 2’) K HCKOMOH 3KCTpeManu B TOU-
y 7 ’

ke (x5, ¥, 2,) ¥ BexTOpa HOopMami N (¢, ¢, —1) x no-
BepXHOCTH 2 =@ (X, y) B Toit sme Touxe. Cuenosa-
TeNbHO, YCAOBHE TPAaHCBEPCAaAbHOCTH CTaHOBHTCA B
BAaHHOM Cyyae yCAOBHEM OPTOrOHaJbHOCTH 9KCTPEMaaH
K NOBEPXHOCTH 2= @ (X, ¥).

Mpumep 2. HaHity sxcTpemaabhoe paccTofHue
MEXILY ABYMs MOBEPXHOCTAMH

z=gp(x. y) u 2= 14 (x, y)
Muave  rosops, HAATH  SKCTPEMYM  HHTerpa’a

x,
le= f Vi+ y?+ 2 dx upn ycaosun, uto KOOpRu-

X
HaTH OAHOH H3 IPAHHUHBLIX TOYEK (X5 Yo o) YROBJICT-
BOPAKT YP3BHEHHIO 2= @ (X, Yp), a KOOPIHHATH APY-
rofi rpaHHYHO# TOuKH (X, ¥;, 2;) YIOBJAETBOPAIOT
ypaBHenui0 Z; = Y (x). yi)

Puc. 7.6.

Tax kak noabiHTerpanbHas (YHKUHA 3aBHCHT JMllL OT Y’ M 2°, TO BKCTpe-
MaJasMH ABJIAIOTCA MpAMble JHHHH (CM. npuMep 2, cTp. 307). Tak xkak dyuxuuonan

X

2
f‘/l +y’2+z’ dx sBASETCA YACTHBIM CJaydaeM paCCMOTPEHHOr0 B8 fpefHs

Xo

P
Aywem nOpuMepe QYHKuHOHaJa f Ay, ) V149 +2%dx 10 ycaosua

X
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TPAHCBEPCAALHOCTH KaK B TOUKE (Xg, Yo» Zo), TAK H B TOUKE (X1, y;, 2;) NMEPEXORAT

B yCcROBHA OpTOroHaabHoCcTH. Clel0BaTeAbLHO, IKCTPEMYM MOMeT ROCTHraThed

JUIIb Ha TPAMHX, OPTOTOHANbHHIX KaK K IOBEPXHOCTH Z == @ (X, y) B TOuke

(%0, Yo» 20), TaK ¥ K TOBEPXHOCTH 2=V (x, ¥) B TOuKe (X;. ¥;. &) (puc. 7.6).
IIpumep 3. Mccrenosath Ha 9KCTpeMyM (YHKUMOHAN

x
U= f (y? 4 2'* 4 2y2) dx, npuuen y (0) =0; 2 (0) =0, a Touxa (x;\y;, 2;) MOXKeT
nepeﬁemancx no MIOCKOCTH x = x,. Cucrema ypasHenu#t Dfinepa umeer sua
2" —y=0;, y"—2=0, otxyna y'v— y=0,y=C, chxzf C,sh x + Cycos x4
4+ C.sinx, 2=1y", z=C,;chx4 Cyshx— Cycos x—C,sinx. W3 ycaosui
y(0)=0wu 2(0) = 0 npayuaem: C, + C;=0u C;, — Cy =0, 01kyna C, = Cy = 0.
YcaoBre B NOABHKHONK rpaHMuHO# TOuke

(F—yFy—2'Fu) _ 8xi+Fy| _ by, Fyp| _ d2=0

nepexoAuT B YCAOBHA
=0 u F,

F)" lx:x, z lx:x,

=0,

rak kak dx;=0, a dy; n 0z npoussoapHm. B paccmatpuBaemoM npuMepe
Fyr =2y} F, =2z, crenoBatenbHo

Y (x)=0 n 2'(x)=0
W

Cychx;+Cicosx;=0wu Cychx; —C,cos x; =0.

Ecau cos x; #£ 0, 10 Cy= C(= 0 u skcTpemyMm MOxeT AROCTMUraTbCA MMM Ha
. n
npaMoid y=0; 2=0 Ecan xe cosx; =0, 1. e. x; = 5 <+ nxn, rhe n— neaoe

yucao, 10 C; = 0, C, — 0pou3noabHas NOCTORHHAS, ¥ = C,slnx, 2= — C, sin x.
HeTpyaHo NPOBEPHTL, 4TO B NOCACAHEM caydae npy mofom C, dyskumonan v = 0.

§ 3. 3xcTpeMaaH ¢ YTJIOBHMH TOYKAMH

o cux mOp Mb paccMaTpuUBa/nM BApHALMOHHBIE 3a4a4H, B KOTOPHIX
HcKkoMas ¢YHKUHMA y ==y (X) NPeAno/arasach HenpepWBHOA H UMelOLleH
HenpepbiBHYI0 npoussoanylo. OJHAKO BO MHOTHX 3afadax Moc/elHee
TpefOBaHHe ABAACTCH HeeCTECTBEHHHIM, 0o/ee TOro, B HeKOTOPHIX KJAcCax
BADHMALMOHHBIX 3a4a4 pellleHWe, KaK MPABUJIO, NOCTMraeTcs Ha 9KCTpe-
Mansx, WMElOWMX YrioBble TOYKHM. K 4MC/Iy Takux 3afay mpUHamjexar,
HanpuMep, 3a4aud HA OTPaXeHHe M TpPeJOM/eHHe 3KCTpeMane, ABJAIO-
whecst 00OOLIEHHEM COOTBETCTBYIOIUHX 3aflay Ha OTPameHHEe W Mpelo-
MJEHHE CBera.

3angava o6 orpaxeHun skcrpemanel. Halltu kpusyio, pea-

X2

JM3YIOLLYIO SKCTPeMyM QyHKIIHOHANA U = f F(x,y,y")dx v npoxoaswyio

X R
yepea 3aAaHHble TOYKM A (X, Yo) M B(xy Yg), NpuueM Kpusas A0akHA
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nonacth B TOUKY B auib nocje OTPaxeHUs OT 3aNaHHOA JIHHHH Y = @ (X)
(puc. 7.7).

EcTecTBeHHO c4uTaTh, uTo-B Touke oTpaxenus C(x,, y,), MoxeT GbTb
yr10BBATOUKA HCKOMON IKCTPEMAaM H, CICAOBATEJbHO, B STOH TOUYKe JeBas
npousBoiHas y’ (x, — 0) u npasan

’
npousBolHas y' (x, -+ 0), BoObuie kg
roBopsi, pasauynbl. [TostoMy yzob-
Hee ¢yHxumonan vy (x)] npeacra- A(z,,4,)
BUTb B BHEE

Blz,,4}

g=q(z}
X c/.l‘,,y,}
vyl = [F(x . yhde+

" - 0

+ fF(x. v, ¥)dx,
rl

Puc. 7.7.

NpHYeM Ha KaXIAOM M3 HHTEpBa.JOB
XL x < xy 1 oxy < x < X, npousponnas y’ (x) npeanonaraetcs Hempe-
PBIBHOA W, CA€0BAaTeJbHO, Mbl MOMEM I10/ib30BATbCR H3JIOKEHHbIMH Bbille
pesyabTaTaMH.

OcHoBHoe He06X0AMMoe ycaoBue skcTpemyMma Ov =0 npvHHMAeT BHA

X

X, L2
dbv==0 fF(x, v, y’)dx+6fF(x, y, y)dx =0,

X

Taxk Kaxk TOYKA (X, y;) MOXeET fepeMelaTbca NO KpuBOK y =@ (X), TO

X L2
NpH BBIYMCAEHHH BapHauui éfF(x. y, ¥y)dx u éfF(x, y, y)dx
Xg Xy
Mbl HAXONMMCS B YCJAOBMAX 3alaYd C NOLBHWKHOR TpaHHUYHOR TOYKOM,
ABHXYUIEHCS NO 3a4aHHOR KPUBOH, M MOMEM HCHO/b3OBIATL Pe3y/LTarThi
§ 1 (ctp. 327). Ouesunxo, uto kpHusble AC u CB sBagioTCs IKCTpE-
maasMu. JlefcTauTenbHO, Ha 9TUX y4acTKax y = y (x) ABJAAETCH pelIeHHeM
ypaBHeHHs DHaepa, TAK KaK €CJAd CYHTATb OAHY M3 STUX KPHBLIX Yyxe
HaleHHOR ¥ BapbHPOBATh JWIlb APYTYIO, TO 3alaya CBOIMTCA K HaXo-

X, Xy
HACHUIO IKCTpeMyMa (yHKUHOHAMA dex HJIH dex B 3anaue
0 xn
C 3aKpellNeHHbIMH TPDAaHNYHBIMH TOYKaMH. [lo3TOMY, BBHIYHMC/ANN BAPUALNMIO
¢yHkuuonana, OyheM YyXe CUMTaTb, YTO (QYHKUHMOHAT pacCMaTpUBaeTCs
JMlb Ha 3KCTpeMansx, uMmelowux yriaosyio touky C. Torna

Xy
8 [ Fx, o y)dx =IF +@ —¥) Fyl, . _od%

X0
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8 f F(x, y, yYdx=—[F+ @ —y)Fyl,_, 0%

(cM. crp. 33l), rae sHaky x=x; —0 u x=x; 4+ 0 o3HauawT, urc
Gepercsi npelelbHOE 3HaYeHHe BeNWYMHBI, cTOAeR B ckofkax mp+ mpH-
6nKeHHH K TOYKe X, B MEepBOM Cayyae cjeBa (CO CTOPOHH 3HAaYeHHH X,
MeHbLWIKX X;) H BO BTOPOM CJydae crnpaBa (CO CTOPOHH 3HAYeHHH X,
6oabluMX x;). Tak Kak B TOYKE OTPAKEHWS Pa3pbiBHA JHIUb MPOU3BOA-
Hag Y, TO B NepBOM CJy4Yae Halo B34Th B YIJOBOH TO4Ke /eBYIO Npo-
M3BOAHYI0, @3 BO BTOPOM CJyuyae — INpPaBYI0 NpPOU3BOLHYIO.
Ycaosue dv =0 npunuaMaer sua

[F4+(@ — ) Fyl, 001 —[F+©@ —Y)Fyl,, ,0%=0

MAH, TaK Kak Ox; W3MeHSEeTCs MPOM3BOJLHO, TO
F+@ =) Pyl o=F+@ —Y)Fyl 0
uam
Fxy y ¥ (6 —0)+ (@ (x) —
— Y (= 0)) Fy (2, y1. ¥ (%, —0))=F(xy, yy, y"(xl—,\—O))-{—
+ @ () — Y (e, F0))Fy (2. y;, ¥ (%, +0)).

3To ycaoBue OTpameHua npuoperaer ocobeHHO MPOCTOR BHA AN PYHK-
LMOHANOB THMNA

U= fA(x, v) Vde.
x-

3 WMEHHO!
x=x;—0
=A(xy ) [V1+yf’+“”71‘;:y_;—j—]
=140

WK, ynpouwas u coxpamas Ha A(x;, y;) B TNpeno/oXeHUH, HTO
A(x;. y) #* 0, noayuum
. l+¢y 4oy
Videy® .o Vity?

O603HauuB yron Mexay KacaTeabHOH K ‘KpHBOH y=¢(x) # OCbI0
abcuncc OyxBOH @, a Yr/aB HAaKJOHZ K ocH abcuucc JgeBoH M npaBoH

.
x=x,+0
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KacaTeNbHHX K SKCTpPeMajin B TOuke orTpawenus C. COOTBETCTBEHHO
$; u B, (puc. 7.8), moayuum

Y (6, —0)=tgp, ¥ (x;+0)=tgBy ¢ (xp=tga.
YcaoBue B TOuke OTpaweHus npuobperaer Bul

l+igo-tgh __ [+tga-tgh,

—sec By sec B,

HJAUH TMOocJje ynpouleme W YMHOXEHHA HA COS
— cos{a — f;) =cos (@ — By).

Orcroaa CJICAYET pdBEeHCTBO yrJaa najeHdHss ¥ yrJja OTpaxKeHusd.

Ay

Puc. 7.8.

Ecau TOuka ABWXKETCR B HEKOTOPDOR cpele €O CKOpPOCThIO U (X, V),
TO BpeMs f, 3aTPauMBAEMOE HA MepeMelieHHe TOUKH U3 noJoxeuns A (X, yo)

B noJoxenne B(x;, ¥,), PaBHO wuuTer-

Vo B Py

,()V______

2

panay ng;’de, KOTOpHIA MpHHAA-
X

Clz,4)
JEXHT K paccMaTpHUBAeMOMY BHAY QYHK LM - Al2,,40)

Xy
OHa 0B fA (€. y) Vl —}—y’2 dx, u cae- 0
L2
AOBATEAbHO, NPH JIOOOM 3aKOHE H3MeHe- .
HHS CKOPOCTH ¥ (x, y) B TOUKe OTpa}eHud Yroa MaleHHs DaBeH yray
OTpameHus.

Ecan 6bl Toukn A, B u C OGbliu pacnosoxeHE! HHaue, HAPUMEp Tak
KaK OHU pAaclOJOXKeHbl Ha puc. 7.9, TO AJs MOJyYeHHS TOTO XKe YCJIOBHA
B TOUYKe OTDaXeHUA H3-3a NBY3HAYHOCTH GYHKUHH Y ==y (Xx) yaoOuee
6b110 6H MPOBOAMTL HCCJIENOBAHHE B NMapaMeTpUueCKOR ¢opMe.

Puc. 7.9.

y

23 Jl. 3, 3abcroasny '
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npeﬂOMﬂeHHe 3K CTpemaneﬂ. npellHOJIO)KHM, 4TO MMOABIHTEr-
X2

ba.ﬂbHaﬂ GyHKUKA (QYHKUHOHAMa U = fF(x, y. y)dx B paccmarpu-
2

Xo
BaeMOH 06JaCTH MMeeT JMHMIO pasphiBa ¥ =@ {X), a TPaHUYHbHIE TOHYKHU
A n B pacnosoxeHn no pasHbie CTOPOHb /JHHMH paspbiBa (puc. 7.10).
flpeacraBuM (yHKUMOHAN U B BHlle

Xy L8
V= fFl(x, y. ¥dx + f’Fg(x. y. y)dx,
Xo 7]

rae Fi(x, y. ¥)=F(x, y, y) c OLHOR CTOPOHH /JMHUH pazpHBa,
a Fo(x, v, ¥)=F(x, y, ) ¢ 1pyrodl cTOPOHH JHHHH PaspbiBa.

Ay

y=¢(z)

Clz,.4,)

A(Zo,Y0)

B(z5.4,)

Puc. 7.1}

Mpeanosoxusm, yto F, u Fy Tpuwab audpdepeHunpyeMsl. B touke C
nepeceyeHrs HCKOMOH KPHBOH 'c nuHMeH pa3pbiBa €CTECTBEHHO OXMIATDH
Haauuua yraoBo# touku. Hyru AC u CB, ouesuaHo, SBJAIOTCA IKCTpe-
Ma/jAMH (3TO ONATh CJaelyeT U3 TOTO, 4TO, (PMKCHPYyd ONHY M3 ITHX AyT
M BApbUpYSR JHIUL APYTYI0, Mbl MOJyuYdM 3a4auy C 3aKpemeHHHMW TIpa-
HUYHBIMK Toukamu). TloaToMy MOxHO 6paTh B KauecTBe KPHBLIX cpaBHe-
HUA JHMIUbL JOMaHBe, COCTOfllMe W3 HBYX Ayr 3KcTpeMaje#f, u Torad
BApHallia BBHAY MOABMXHOCTH rpaHuunol touku C(x,, y,), Nepewmeliaio-
ueics Mo KpuBOM Y == @.(x), mpuHUMaeT cienyioutnt Bua (cM. ctp. 331):

x %2
bv=be1(x, ' y’)dx+6fF2(x, y. yydx =
X Xy .

=[Fi+ @ —y" Fiylyer, 2001 —Fo+ @ — ) Faylee 40 0%0

U OCHOBHOe HeoOXomuMmoe ycCJoBHe SKcTpemMyMa Ouv =0 cBOZMTCA K pa-
BEHCTBY ’

@ =) Fiyle o o=1Fa + @ —¥) Foyl i
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Tak kak B TOuKe [peJOMJeHHA MOXeT OBTb pasphLBHA Julib  y',
TO 3TO YCJOBHE MNpeJOMIeHHS MOXKHO 3aMHCaTh H B C/elyiOllieM BHIE:
/

Fy(x, i ¥ (2, —0))+
+ (@ () — Y (2, —0)) Fry (%, y1, ¥ (6, —0))=
= Fo(xp 1. ¥ (% +0))+
' + (@ (x) — Y (614 0)) Fay (%1, ¥, ¥ (x4 0)).
D10 ycAoBME TpesoMieHHs BMeCTe C ypaBueHWeM Y = (X;) AaeT

BO3MOXHOCTb OTpeleauTh KOOpIHHATH TOukH C.
Ecau, B wactHOCTH, ¢YHKUHOHAA T paBeH

fA(x, y) Vi —+—y’2dx=

Xy

X X3

=4 Vigy ax+ [ 40 Vity dx,

TO yCJAOBHE MpeJoMJeHHs NMpuoGpeTaeT BUA

1 vy 1 ! 4yt
A (%, y)—i(—';y—2 = A,(x, y);g?
Vity? oo Vity

WM, coxpauad oGosHauenua crp. 340—342, y'(x; — 0) = tgB,.
y (£,+0)=1g By ¢’ (x;)==1ga, mnocae yNPOWEHHR U YMHOKEHHS Ha
cos o OyleM HMeTb:

’
x=x;+0

n
sin [—— o — ]
2 ( Py _ Ap(x, Y1)
h— 1
sin [g _(a_ ﬁ2)] Al (xl' )’x)
yTO sBJaAseTCS: O0O00O0LeHHeM H3BECTHOTO 33aKOHA [MpeJOMJEHH CBETa:

OTHOIIEHHe CHHyCa yrja NaaeHus K CHHYCY YUJ4 MpeJIOMJeHHs paBii
OTHOLIEHHIO CKOPOCTEH

cos(@—fi) __ A»(x1 y1)
cos (a — Bs) A; (%10 y1)

HJIH

1 1
vy (s )’)=m M Ty(x, P)= -5 (cp. ctp. 341)

B CpellaX, HA FpaHHLe KOTODHIX MPOHUCXOMUT IMpeJoMIeHHe.
He caenyet ayMatb, 4yTO 3KCTPeMaJu C yTJOBBHIMM TOUKAMH MMOSBJIRIOTCS
JHIIL B 3alayaX Ha OTPaweHHe WM MpeOMJaeHHe 3KCTPeMmasteH. Jkcrpe-
MyM MOXeT IOCTHraThCAd HA 3KCTPEMAJAX C YTJOBLIMM TOYKAMH Maxc
. . o
B 32]1a4aX Ha 3KCTPeMyM (QYHKUHOHAIA U == f F(x, y. y)dx, rne PyHk-
: 2 ) )
uus F tpuxip auddepeHunpyeMa, 1 JOMYyCTHMble KPUBHIE JOKHB MPO-
XOIUTb vuepe3 rpaduuibe TOukH A # B 6e3 kakux O6b TO HH Gujc
BOMOJHHUTEABHBIX YCAOBHHA.
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Hccaeayem, Hanpumep, YHKUHOHA
2

v=fy'2(1—y’)2dx‘ y(O)=0; y@2)=1.

Tak KaK MOILIHTErpa bHas (QYHKUWS noaoxureabHa, To © >0, U cae-
LOBaTeJbHO, €ClM Ha KaKo#-uuOylb KpuBo# ¢yHkuvoHana v =0, 10 Ha
3TOR KpHBON 3aBeAOMO peanusyeTca abCONIOTHEIH MHHAMYM ¢yHKLUHO-
Hajga v, T. € HaWMeHbllee 3HaueHHe (YHKLUMOHANA HA NOMYCTHUMbIX KpH-
sHX. HeTpyaHo BHAeTb, 4TO Ha JaoManoM y==x mpu 0 L x {1 n y=1
npu 1 < x £ 2 (puc. 7.11) dynkumonan
LY v=0, Tak KaKk Ha 9TOH JOMaHOH
NOAbIHTErpa TbHAS PYHKIHA TOMXAECTBEHHO
gt (24) pasHa Hymo. CneaoBaTenbHo, Ha 3TOH
’ JoMaHoOH peanusyetrcs abCOMOTHLIN MH-
HUMYM (yHKUHOHAA.
z AGconOTHBIR MHHUMYM PYHKUHOHAMA:
0 v =20, AocTHraeTcs TaK¥e M Ha JOMa-
HEIX, H300pameHublXx Ha puc. 7.13.
Puc. .11 C apyro#l cTOpOHBI, JeTKO BHAETH, uTO
H3 TJA3AKUX KPHUBBIX 3HAYeHUR YHKUHO-
Ha/a cTporo 6o/ble HYJs, XOTA U MOTYT
ObiTh CcAeNaHEl CKOJb YrOAHQ OauskuMu K Hymo. HedcTBHTEIbHO, MOABIH-
TerpajibHas QyHKUKS oOpailaeTcs B Hyas TOAbKO npu y=x + C,
um npu y==C,, HO JHMHHMM, COCTAB/EHHbIE U3 OTPE3KOB MPAMbIX ITUX
cemeHcTB, npoxoaswue epes Toukn A (0, 0) u B (2, 1), MoryT ObITh /MWL
aoMaHbiMM. OAHEKO, CTIaXHMBAs TOYKM M3A0MA NyTeM COOTBETCTBYIOLIErO
H3MeHeHHA (QYHKUMM B CKOJb YTOZHO Manofl OKPECTHOCTM STUX TOYEK,
MBI MOMXeM TMOJYUYHTb TJAAKYI0 KPWUBYIO, 3HaueHHe (PYHKHUMOHAJIAa HA KO-
TOPOH CKOAb YrOAHO Majl0 OTJMYAeTCA OT 3HaueHWH (QYHKUMOHANa Ha
aomaHoH, TaxuM o6pasoM, v=0 ssaseTcAd TOUHOH HUXHER TpaHbIO
3HaueHHH (YHKUMOHAIA U HA TJAAKUX KPUBLIX, HO 3Ta TOUHAR HINKHAA
rpaHb Ha TAaAKMX KPHUBBIX He [OCTHTaeTcs, a INOCTHUTaeTCA HA KyCOUYHO-
TaaKUX KPHBbLIX.
Ha#lnem yc/0BMAl, KOTOPLIM AO/XHBI YAOBJETBOPATh pelleHus ¢ yrJo-
BbIMM  TOUKAMM 3afaud 00 3KcTpemyMe yHKUMOHaAd vU[y(x)]=
X3
=fF(x. ¥, ¥')dx. OueBuaHO, 4TO OTHe/bHBE TAAIKHE AYTH, U3 KOTO-
Xo
pBIX COCTaB/€HA JOMaHasd 3KCTPeMaab, AOMKHBH ObITb HHTETpadbHbIMU
KpHBLIMU ypaBHeHMs Ofinepa. DTo cnelyeT U3 TOrO, 4TO ecau 3aduk-
CUpOBATHL BCE 3BeHbA JOMaHOW, KDOMe OAHOTC, H BADbUPOBATL JHIUL 3TO
OAHO 3B€HO, TO 3aja4ya CBOAMTCH K NpocTefllief 3azade ¢ 3akpelJed-
HbIMH TpaHHUaMM H, CJAel0BATEIbHO, 9TO 3BeHO MAOMKHO ObiTb AYro#
SKCTpeMalH.

LY
Y

!
i
[}
1
!
L
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Cunras A9 YNpOWleHHS 33MMCH, UTO JIOMAHAR 3KCTpeMatb HMeeT
JUIL OXHY yTJAOBYI0 TOUKY *), HalleM YCJIOBHA, KOTOPbHIE AOJMHH yI0-
BJETBOPATLCA B YrJOBOH TOuke:

X Xy X2
v.—=fF(x, v, y’)dx=fF(x. v, y’)dx—{-fF(x, vy, y)dx,
L1 Xo Xy

rae x, — abcuncca yraosot toukm (puc. 7.12). Cuuran, uTO KpH-
sHe AC u CB saBasioTcA MHTerpaibHBIMM KPUBLIMM ypaBHeHHA Ofjepa

I ¥4

Puc. 7.12.

¥ uTo Touka C MOXeT NPON3BO/LHO NepeMelaThes, NOAydYHM coraacHo § 1.
crp. 331

dv = (F - y’Fy')|x=xl_0(>x1 +

+ Fy' lx:x,-o 6)71 —(F —‘yIFY')Ix=x,+0 dx; —Fy'] 0y1=0,

x=x,+0
OTKYykd
(F —_ yle')|x=x.—0 0x1 + Fyf lx=x,_0 6)}1 =

=(F —_ y’[“y,) Ix:XH'O 6x1 + Fy’ |x=11+0 byl.

‘

WM, TaK Kak Ox; u Oy, He3aBUCHMBI, MMeeM

(F — y/Fy') Ix:x,-—o =(F — y/Fy') lJ:=J:|+0

Fy lemri-0=Fy1

x=x,40"

STH yc/a0BHA BMeCTe € YCJAOBHAMH HenpepbIBHOCTH HCKOMOR 3KCTpeMa/w
NO3BOJAIOT OMPEeAeqHTb KOOPRMHATHI YIJAOBOH TOYKH.

*) Ecan yraospx Touek HeCKOJbKO, TO K KaWAOH H3 HHX OPHMEHHMO 10 mKe
caMoe paccyiAeHue.
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Mpumep 1. Hadrn gomanne skcTpemann (ec1n OHH CYieCTBYIOT) QyHK-
a
uyoHaaa v.—.-.f(y”-—y?) dx. HanumeM BTOpOe H3 YCAOBHH, KOTODHE ZOMKHH

0
BHIIOJHATLCA B TOUKe nepedoma, F { F I , XIH B JaHHOM cCay-
Y lg=x,-0 x=1x,+0

yae 2y’ (x,—O)—Qy (x;4+0), ortkyaa
Ay y (¢, —0) =y (x,40), T e npousgos-
1) Han y B TOYKe X; HENpephBHAa, ¥ TOU-
’ B(21] xu nepenoma wer. CaepoBaTenbHo, B pace
CMaTpHBaeMOH 3ajgaue  IKCTpEMYM MOMET

AOCTHFATbCA JMIGb HAa TJAANKHX KPHBHIX.
[Tpumep 2. Haiitw nomaHble 3xcTpeMa-

X
< an $yHKUHOHAAA v:fy’z(l-—y’)2 dx. Tax

a X
KaK NOALIHNTErPANBHAR (byHKU,Hﬂ 3aBUCHUT
PHC. 7.13. JHIIb OT y/, TO 3KCTpeMangMy ABJAAKTCA

npambie JuHun y = Cx+ C (cm. ctp. 301).
Yca0BHS B TOYKe NepesoMa B AaHHOM CJyude MPHHHMAOT BHI

=y U=y ) A =3y oo =—2" U=y = 3¥) |y= 40
Y=y YA =29 e 0= 2y A=V A =2V g s 40

ITh yCJOBHS, He CYHTAA TPUBMAJLHON BO3MOMHOCTH

yl (x‘ —0) = yl (x1+0)t
YAOBAETBOPAIOTCA lIpH

y (5 —0) =0
H

¥ (540 =1
HIH /

Y (x,—0)=1
H

Y (i 4+0=0

Clie0BaTEIbHO, AOMaHble 9KCTPEMaJH MOTYT COCTOATb TOJABKO H3 o‘rpesxos npa-
MBIX, NPHHAZAeWaulHx ceMeficTBaM y= C; u y= x+4 C, (puc. 7.13).

§ 4. OanocTOpOHHHE BApHALHH

B HekoTopbiX BapHauMOHHBIX 33alayax OO0 SKCTpeMyMe (YHKUHO-
Hana v(y(x)] HAa kJAacc AOMYCTHMBIX KDHUBHX MOXET ObiTh HAMOWeHO
orpaHdueHHe, sampelaloujee MM IPOXOIHTH d4epe3 TOYKH HEKOTODPO#
obnacru R, orpannuennoRt wpusoit D (x, y)=0 (puc. 7.14). B 9Tux
sanayax Kpusas C, peaausyiouias 3KCTPeMyM, HIM MPOXOAMT UEJHKOM
BHE TpaHHubl 06J]acTH R, M TOrad OHa AOMKHA OBITb IKCTPEMAJblO, TaK
KaK ‘B STOM C/y4ae Ha/iuyde B3anpeuteHHOR obnacth R COBEPLICHHO He
BJAMAeT HA CBOHCTBA (YHKUMOHAJNA W €r0 BAPHAUUUM B OKPECTHOCTH KpH-
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Bofl C, u paccymieHus riasu 6 OCTalOTCA CMpaBeinHBLIMM, MM Kpusad C
COCTOMT M3 JAYr, JeHAUMX BHe CPaHHub KR, ¥ U3 vacTelt CpPaHKUBI
ob6nacti R. B 3ToM nocieiHeM cayyae BO3HMUKAET HOBad CHTYaUHs:
HA Y4ACTSX TPAHKUbL 06sacTH R BO3MOXHH JUIUb OXHOCTOROHHHE Bapua-
uuu xkpuBoR C, TaK KaK BHYTPb 06JaCTH LOMYCTHMblE KDHBbIE 3aXOIUThb
He Moryr. Yacti kpuBoH C, fewamue BHe rpaHuusl 06Jjactd R, L0JIKHBI
no-npexHeMy ObiTb 3KCTPEMAAsMH, TaK KaKk €CaId BapbUPOBATH Kpu-
By1o C JHIIb Ha TAKOM, NOMyCKalolleM IByCTOPOHHHe BapHALMK, ydacTke,

Puc. 7.14.

TO Hajnuwe o06GJacTH R Ha Bapuauuwu y BJMATL He OyldeT, W BBbIBOIBI
raaBbl § OCTAIOTCS CNpaBelIUBBIMH.

Taxknm 06pa3oM, B pacCMaTPUBaeMo# 3afaye BKCTPEMYM MOKeT LOCTI-
FaTbCA /JMIIb HAa KPUBBIX, COCTOSWIMX M3 AYT SKCTpeMasied M yacte#t rpa-
Huupl o6nacTv R, a c/el0BaTe/bHO, A4S TNOCTPOSHHA HCKOMOH KpPHBOH,
peanusyiolle#l 3KCTpeMyM, Hal0 NOAYYMTH YCJOBMA B TOUKAX MNepexoia
3KCTpeMajiu Ha rpaHuuy obsactv R, JaioliHe BO3MOMHOCTb OINpelefuTb
3TH TOukh. B cayuae, usoGpaxensoM nHa puc. 7.15, HeobxoauMo noay-
uuth ycaosus B Toukax M, N, P u Q. [lonyuuM, HanpuMep, yC/OBHe
B Toyke M. CoBeplIeHHO aHAJOTMYHO MOXHO Gbln0 Gbl MOJYYHTH ycJ0-
BUs W B JAPYTMX TOYKaXx Mepexofa O3KCTpeMaJd HAa rpaxuuy ,obJacTu

[Tpu Bbluncnenuu Bapuauuy OV GyHKUMOHaNA

U= fF(x, » y’)dx=fF(x. v y’)dx+fF(x. ¥, y)dx
X Xo ™

X

Mbl  MOXeM CYHTATh, 4YTO BapHalUst BbHI3bIBAETCA Adlllb CMEULICHHEM

Toakr M(4. ¥V Ha kpusod D(x, y)=0. T. e. MOKHO CUMTATh, YTO
npu BOIKOM noaoxeHun Toskd M Ha kpurct @O(x, y)=0 ayra AM
§BJETCA yiKe OSKCTpeManbio, a yuactok MNPQB we Bapbupyercs.
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dbyHruoHax i
X

fo,=fF(x, v, ¥Y)dx

Xo
MMEeT MOIBIXHYK TPAHUYHY TOUYKY, MNEPEeMelamlylocs [0 TCpaHuie
obaactu R, ypasuenwe xotopot D(x, y)=0, wan B paspemennom
B OKpecTHOCTH TOUKM M oTHOCHTEABHO y BHMAe: y == @ (X).

CrenoBatennto, coriacio § 1 (ctp. 331)

b, =|F+ (@ —y) Fyl, 30«
X

dyHKUMOHAN 1;2=fF(x. v, ¥)dx Takxe uMeerT MOABUKHYIO rpa-

X
HHYHYIO TOYKY (X, y), OAHAKO B OKPECTHOCTH 3TOM TOYKM KpMBad,
Ha KOTOPOH MOXET NOCTHraThcid IKCTpeMyM y = @(x), He BapbUpyeTcd.

Puc. 7.15.

CieOBATEMbHO, U3MeHeHUe DYHKUUOHANE U, TIPU NePeMenieHun TOUKH (X, V)
B noJsoxeuue (x 4+ Ox, y-+0y) cBOANUTCA JMIUL K M3MEHEHWIO HUMKHETO
Npesena WHTETPUPOBAHHA W

X1

Moy= [ F(x, yoy)ax— [Fley, y)de=

r+bx x
x4+ 8x x+8x
=— [ Flx.y. yydx=— [ F(x, p(x) ¢/(x))dx,
¥ x
Tak Kak Ha uHTepBane (X, X -+ 6x) y=¢ (x).
[Ipumensss TeopeMy O cpeAHeM 3HaueHHH U TMOJb3YSCh HEMpepbiB-
HOCTbIO GyHkuuMu F, moayuum
Avy=— F(x, 9(x), ¢'(x))]|,_z0x+p-dx,

rae p— 0 npu dx — 0.
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CaenopatenbHo, 6v,= — F(x, ¢ (x), (g’ (x))i}(z-r dx,
dv=0v, + bv,=1F (x, y. ¥')+
+ @ —Y)Fy (e oy YO, 508 — F e 90 @) ]a-5dx=
=[F(x, 9. y) = F(x, 9. @) — (' — @) Fy (x, y. ’y')l,:;b;'
Tak Kak y(x) =@ (x). - B
Heo6xoanuMoe yciosue skctpemyMa 0v =0 BBULy NMpOH3BOALHOCTH Ox
NpHHUMaeT BHA
(F(x. 9. y)—F(x, 9, ) — (' — @) Fy (x. y. y)],_;=0.
[IpuMeHss TeopeMy O cpefHEM 3HAYeHUH, MOJSYYUM

(Y — @) [Fy (£, y. @) — Fy (. y. y),_;=0,

rie ¢ — 3HaueHHe, MPOMexyTounoe Mexay ¢’ (x) u y’ (x). Cuosa npu-
MeHd TeopeMy O cpelHeM 3HauyeHMH, OyneM HMeTb

W =N @—¥) Fyy (5. 9. 9], _z=0.

rae q—— 3HaueHHe, MPOMEXYTOuHOe Mexay ¢ M y' (x). [lpeanoJoxum,

St0 Fyry (%, y, )+ 0. 310 npeanonoxenue ABJISETCA €CTECTBEHHBIM
[ MHOTHX BapHauMoHHbIX 3aiay (cM. rnasy 8). B atom cayuae ycaosue
B Touke M umeer Bul v’ (x) =@’ (x) (¢=y’ Toabko npu ¥y’ (x) =¢" (x),
TaKk KaKk ¢ — 3HayeHUe, NMPOMeXyTouHoe Mexay y’ (x) u ¢ (x)).

CnenoBatenbto, B Touke M skctpemans AM u rpaHuuHas KpH-
sas MN umeoT 06y KacaTenbHylo (A€BYIO KacaTeJbHYI A8 KPHBOM
y=y(x), mnpaByw© — ama Kkpusot y=@(x)). Hrak, sxcmpena.as
Kacaemcs zpanuyy obsacmu R 8 mouxe M.

3anayH K raase 7

1. Haiitn pemenne c oAnHo# yrioBo# TOYKOH B 3ajaue o MuHHMyMe (yHx-
HHOHaAa

\

q
vy@l= [ =D+ 1rds yO =0 y@ =2
i3

-

2. CymecTBYOT Ay pelleHHs C YrjioBbIMH TOUKAMH B 3ajaue 06 sxcCTpeMyMe
(yHkHunonana

Xy
vly(x)]=f(y’”+2xy—y2)dx; y(x) =yo y(x)=y.

Xo
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3. CyuiecTBYIOT 1H pEIEHHA C YrIOBBHIMH TOUKAaMH B 3agade OO SKCTPEMyMeE
(pyHKUHOHA 12

Xy
vly (x)l=f(y"-—'6yﬂ) dx; y(©)=0 y(x)=y.
0
4, HafiTd yCJOBHE TPaHCBEPCANLHOCTH a8 dyHKIHOHANA

1;1)’ (x)] = f Agx, y) et Y V1L y? 4 4 (x. y) + 0
.

5. [oAb3ySCh OCHOBHBIM HEOGXOJUMEIM YCJOBMEM SKCTpeMyMa dv = 0, HalTh
¢yuKuMio, Ha ROTOPOH MOXET AOCTHraTbCs 3KCTpeMyM (yHKUMOHANA

'l
sywl= [ —2e) dx yO =y ©=0
0

] r
y(1)=m, y’ (1) — He 3anaso.

6. Haiiti kpuBble, Ha KOTODHIX MOXET JOCTHraTbCA 3KCTpeMyM QYHKUHOHAJIA
. 10
v[y(x)]=f y*dx; y(0)=0 y(0)=0.
0

TIpH YCI{OBKK. qT0 J00YCTHMbIE KPHBBIE HE MOrYT MPOXOIHTH BHYTDH Kpyra, orpa-
HHYEHHOI'0 OKPYXHOCTLIO
(x—5)7 4y =09

7. Halitu dyuxuuio, Ha KOTOpPO# MOMET XOCTHraThCH IKCTPeMyM (QyHkLHOHAAR
)

4
v[y(x)]=f (32— yDdx; y(0)=0,
0

- o n
eCcJH Apyras rpaHuinas TOYK3 MOMET CKOJbL3HTbL MO NPAMOH X=T_

8. MMoab3yAch JHIIL OCHOBHHM HEOOXOAUMBIM yCaOBHeM dv = 0, Hafitn wpu-
‘BY10, Ha KOTOPOH MOMET AOCTHraTbCs IKCTPEMYM (yHKUHOHana

X1 %)
olyi= [ ﬁ%y——dx; y(0) =0,
Q

ec/M BTOpas TPaHW4Has TOYKa (X;, y,) MOMET MNepeMewlaThes MO OKPYKHOCTH
(¥ =92+ y?=09.



TABA 8
JOCTATOUHBIE YC/IOBHA 3KCTPEMYMA

-

§ 1. Moae akcrtpemanei

Ecau Ha naockocT (x, y) uepes kaxIyl TOUKY HekOTOpoH obaactu D
NPOXOAMT OAHA M TOJbKO OAHA Kpubad ceMedictBa y=y(x. C), TO
roBOPAT, UTO 3TO CeMeHCTBO KpHBbIX B oOaactH [ obpasyer no.e, uau,
TouHee, cOGCTBeHHOE mnoJe. Yr.aoBOH
ko3 duuuenT KacateapHol p (X, y) K 4.'/
kpuBoit ceMeltctsa y = y(x, C), npo-
Xondue#t yepe3d TOuky (x, y), HasHBa-

eTcd HAKAOHOM NOALA B TOUKe (X, Y).
Hanpuwmep, BHYTpH Kpyra
x? + y? < | mnapaaneibHme npaMbie /
y = x + C o6pasyiot noue (puc. 8.1), A

npuieM HaK JIOH 3TOTO noJs /
p(x, y)=1. Hanporup, cemelicTBO
napabos y =(x — a)®2 — 1 (puc. 8.2)
BHYTPH TOrO 3Ke Kpyra nosd He 00-
pasyeT, Tak Kak BHYTpH S3TOr0 Kpyra
napabo./bl paccMaTpHBaeMOTO ceMeHCT-
Ba MepeceKaloTcH. Puc. 8.1

Ecau Bce Kpusble  ceMmeHCTBa
y =y {(x. C) npoxolar uepes HeKOTO-
py®o TOuky (Xg ¥g), T. € 00pasylOT NyuyOK KPHUBHIX, TO OHM 33BEIOMO
He 06pasyloT CTO6CTBEHHOTO moad B o6JaacTd D, ecau ueHTp MydKa MpH-
HaadexuT obsacty D. OnHako ecad KpUBHE MyYka IOKPHBAIOT BCIO
obaactb D v HUrAe ne TepecekaldTCs B 3TOH 06/JacTH, KPoMe UEHTpa
nyyka, T. €. BO BCeX TOYKAX, OTJIMYHBIX OT LEHTpa MNyuka, TpeGOBAHHMA,
HanaraeMbie Ha I1OJ€E, BRIIOJIHEHB, TO M'OBOPAT, 4TO ceMedcTso y = y(x, C)
TOXe 06pasyeT moJe, HO B OTJAMYME OT COOCTBEHHOFO MOJA B paccMaTpH-
B3EMOM C/yuyae MoJe Ha3biBaeTca yewmpasvuus (puc. 8.3).

)
]
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Hanmpumep, nyuok cunycoun y=Csinx nmpn 0L x <a, a<n
obpasyer ueHTpaibHOe moJae (puc. 8.4). Tor me NOYyuOK CHHYCOMA B

| Yy
\ A \ / / /
/
1 \ A\l / / ,
7
\ \ \ / / /
\\ \ / /
\ A / / /
\ \ / /
\ \ \ / / /
\ \\ \ / / /' z
AN Y [1] 7 ) 7
\ \ / /
\ \ / ;
\ \ / ;
N AN e 4
~. 7~ N 7/
\\\_./ < = \_/y\/\’//
Puc. 8.2.

NOCTAaTOYHO ManoOR okpecTHOCTH OTpeska ocu abcuuce & L x L a, rie
8> 9, a < n, obpasyer cobcrsennoe mose (puc. 8.4). Tor we mywox
CHHYCOMA B OKPeCTHOCTH OTpe3Ka OCH
abcunce 0 Lx KL ay, a;, >n. 1n0oaa He
o6pasyet (puc. 8.4).
Ecau cofcTBeHHOE HMJAM UEHTpaJbHOE
noJse 06pas0OBaHO ceMeHCTBOM 3KCTpema-
Je#i HeKOTOPOH BapHanMOHHOH 3anayu, TO
4 OHO HA3biBaeTCAd NOAeM 3IKcmpemaed.

[Mouate mnoaf MOYTH 6Ge3 HIMEHEHHA
7 NepeHOCHTCR M Ha clyvyail mpoCTpaHcTBa JIo-
6oro uncaa uamepenuit. CemedcTso y, =

=y, Cl. Ceey Cn) (i=12, ..., n)o6pasyer

Puc. 83. nodie B 061acTH D npocTpaHCTBa X, ¥y, ..., Y

ecad yepe3 KaXAylw Touxky o6aacte D mpo-

XOAMT OIHAa H TOJAbKO OJfHa KpHBas CeMei-

cTBa ¥, =¥, (%, Chevn Cn). DyrKGUAMUL HAKAOHA TOAR D, (X, Y|, Yo <o os ¥,)

(i =L, 2.... n) Ha3bIBAKT YACTHBIE NPON3BORHNE OT dyrkundt y, (x, C,. Cp ... C )

0 X, BHYUCAEHHHE B TOUKE (X, Y|, Y, .... Y5); CACAOBATEABHO, NAA OOJAYUEHUS
.0 .
Py(% Yp Yp -+v ¥,) HALO BIATH =—y, (X o ‘C? <o C) w samenuts C,

C,, ..., C, nX BBHIPaKEHHAMH UEPE3 KOODAHHATH X, Y. Y3, «vvs ¥Ypr AHRAOLHYHO
ompefieafieTcs H HEHTPaAbLHOE MOJeE.
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flyctb kpuBad y == y(x) aBIAETCA SKCTPeMafibl0 BapUaUMOHHON 3adauu
00 skcTpeMyMe MpocTefilllero QyHKUHOHAA

vy = [ F(x. y. y)dx,

npuyeM rpaHHuHele TOuKH A(Xy yo) ¥ B(x;, y;) sakpensens. T'osopsar,.
YTO KCTPeMadb Yy ==y (X) BKJIOUeHA B MOJe IKCTpeMajel, eciH Haldeno

Ay

14

Puc. 8.4.

ceMeRcTBO 3KcTpeMatelt y =y (x, C), obpasywoliee nose, coiepiaiiee
npn HekoTOpoM 3HayeHHH C ==C; sKCTpeMajb y ==y (x), NnpHyem 3Ta
9KCcTpeMalb y =y (x) He JexuT Ha rpaHuue obaactd D, B koTopo#

Ay

B i y=4(z)

q y=y4(z)

Puc. 8.5. Puc. 8.6.

ceMefictBo y =y (x, C) o6pasyer nose (puc. 8.5). Ecau mnyuok 3Kkc-
TpeMaJed ¢ UEHTPOM B Touke A (xj. y;) B OKPECTHOCTH IKCTpeMaau
y=y(x), npoxossdwel ye€pes Ty e TOYKYy, OOpasyeT MoJe, TO TeM
caMbiM HaRIEHO UEHTPAJbHOE [OJ€, BKJIOYAlOWee MAHHYIO IKCTPEMaJb
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y = y(x). 3a napaMeTp CeMefCTBa B IAaHHOM C/ly4ae MONKHO B3ATbL yrJao0-
BOR KO3(pduUMEHT KacaTeasbHOR K KpHUBBIM INyyka B Touke A(xq Yg)
(puc. 8.6).

-[Ipumep L Hdap yaxuuonan
a
f(y’“— y)dx
0

Tpe6GyeTcs BKJAOUHTL AYry akcTpemand y = 0, coeauusiouryto rouku (0. 0) u (a, 0),
rie 0 < a < n B uedtpaJbHoe nose skcTpemanedl. OGuiee peuredue ypaBHEHHS
d#inepa y” -+ y =0 (cM. cTp. 298, npumep 1) umeer Bun y = C, cos x + C, sin x.

Ay
ﬂ »
Az, y,
B(I;..%)
X
0 Zo Tz -

Puc. 8.7.

U3 ycaosus npoxomnenus skctpeMadeit uepes touky (0, 0) moayzaem C; =0,

y = C, sin x, npuueM KpHBHE 3TOro nyuxa Ha otpeske 0 < x < a a < n obpa-
3yI0T LEHTpaabHOe moJe, Braoyawinee npu C, =0 sxctpemass y = 0. [lapamerp

cemelictBa C, paBeH NPOM3BOAHON y; B Touke (0, 0). Ecam B TOH e 3asaue
a>m 10 cemelicTBo y = C, sin x mosan He oGpasyer (cM. cTp. 352).

MaBecTHO, 4TO [IBe GeCKOHEWHO OaM3KMe KpHBhle —CceMeHCTBa
F(x, y, C)=0 nepecekaiorcs B To4kax C-IHCKPUMHHAHTHOH KPUBOH,
onpeneiseMOR ypaBHEHUAMU

oF
F X, =0‘ —_—
( y’ C) ] ac

Hanomuum, uto B cocTas C-RHCKPUMHHAHTHOH KDHUBOH, B 4aCTHOCTH,
BXOAUT OTrubaioumlas CeMeHCTBA W reoMeTpHYECKHME MECTa KPaTHHIX TOUEK
KpuBbIX ceMelictea. Ecmu F(x, y, C)==0 asiseTca ypaBHeHMeM nyuxa
KPHBHIX, TO LEHTP Myd4Kd TaKxe NPUHANIEKHT C-THCKPHMHUHAHTHOR Kpu-
Bo#. [lostomy ecam B3aThb mMyuyok 3KCTpemated y=y(x, C), npoxonsa-
IHX 4epe3 TOUKY (Xg Yo)» U ONpene uTb ero C-AUCKPUMUHAHTHYIO KpH-
Byio @ (x, y)==0, To Gnuskue KpuBme cemefictea y=y(x, C) 6yayr
nepecekatbc BGau3u kpuBof D (x, y)=0 u, B YaCTHOCTH, KpHBHE
9TOTO cemeHcTBa, OMM3KME K pACCMATPUBAEMOR 3KCTpeMand y=—y (x),
npoxoAsileft yepes ToUKH A(Xg ¥yo) H B(x;, y)., 6ym’yT nmepecekatbcs

=0.
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B TOYKAX, OJM3KMX K TOUKAM KAcaHus (MJaM TepecedeHud) KpuBOH
y=y(x) ¢ C-IHCKPUMUHAHTHO# KpHBOR (cM. puc. 8.7, HA KOTOPOM
C-INCKPUMUHAHTHAS KPUBas M306pameHa skHpHOM aunued). Ecau ayra AB
SKCTpeMaa® y ==y (X) He HMEeT OTJAMUHBIX OT TOuKH A OOWHX Touex
¢ C-IHCKPUMHHAHTHOH KPHMBOH Myuka SKcTpema/eH, BK/IIOUAIOWErO NAaHHY IO
9KCTpeMasb, TO HAOCTATOYHO Guuakue k ayre AB skCTpeManu nyuka He

1 y B/Inyy}
ﬂ‘
Az, ) \
X
0 z, z, z
Puc. 8.8.

nepecekaioTcs, T. e. 00pa3yloT B OKPeCTHOCTH AYyTH AB UeHTpajbHOE
noJe, BKJIOYalowee Ty Ayry (puc. 8.8).

Ecau ayra AB skcTpemaay y =y (x) uMeeT OTAMuHyl0 OT A obuyo
104Ky A" ¢ C-AUCKPUMUHAHTHOH KpuBOH nyuka y=y(x, C), TO 6.au3-
KMe K y==y(X) KDHBbie INyuKa MOTYT MepecexkaTbCa Mexly cO0o#f u
C kpuBOH y=y(x) BOmu3n Touk¥ A* u, BooOwe roBops, moas He o6pa-
ayior (puc. 8.7). Toyka A* HasbiBaeTCA TOYKOH. conpaxcennof c TOu-
koh A.

[Tonyuenueit pesybTaT MOXHO chOPMyJIMPOBATL Tak: 048 nocmpoe-
HUR KEHMPAAbHO20 NOAR IKCM pemMaael ¢ UeRmpom 8 mouwxe A,
codepocauezo Oyey sxcmpemarn AB, 0ocmamoyno, ymobu moura A*,
CONPANCEHHAn ¢ moukol A, He sexwcara Ha Oyze AB. I10 yci0BHe
BO3MOMXHOCTH TNOCTPOeHHH TMOJA 3SKcTpeMajeR, BKJIIOYAIOWETO JaHHYIO
3KCTpeMab, HOCUT HasBaHue yc.osus SHxobu.

Herpyano cdopmyauposate 9T0 ycaoBue # aHaautHdeckH. [lycrs
y=y(x, C)— ypaBHeHHe MyuyKka SKCTpeMa/jeHd C UEHTPOM B TOuKe A,
npuyeM napameTp C MOXHO A1 ONpeleJeHHOCTH CYMTATb COBNALIIOUIUM
¢ yraoeeM KosduuuenToM y’ skcTpeManet nmyuxa B Touxe A. C-auckpu-
MUHAHTHAs KDUBAag ONpeje/AeTCd YPABHEHHAMH

dy (x, C
y=y(x C); %=O'
Broab xawaoRt ¢HKcHpOBaHHOH kpuBOH ceMeficTBa NMPOH3BOLHAA ——-0)'((;2. 0

ABdeTcd QyHKuMed TObKO X. ITy QYHKUMIO KPAaTKO 0603HAUMM OYKBOHR .
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_ 9y (x 0 . . Py (x. C)
——c——» e C sa1aHo;, o0TCI0Aa = g

y=y(x, C) sBJIAIOTCA pellleHUsMH ypaBHeHus IitJepa, NOITOMY

byHK UMY

F(x. y(x, O, y.(x C))—d—i F. (%, y(x. C) y, (x C))=:=-0.

dy (x, C)
oC

’ d ’
Fyyu + Fyyou’ — E(Fvy"‘ + Fyyu’)y==0

Huddepenunpysa s10 ToxaecTBO no C u rnosaras = u, MOAYYHM

Han
. d d ’
(Fov =g P = g Py =0.

Bneck Fyy (x, 3, ¥ Fyy (%, 9. ¥) Fyy (x, y. y') aBIAOTCS U3BRCT-
HbiMI QYHKUMAMM X, TdK KaK BTOPOH apryMeHT y paBeH DelUeHHI0 ypaB-
veuusn finepa y=y(x, C), s3aTomy npu 3Hauenun C =C,, cOOTBeT-
cTByWOUIEM 3KCTpeMaan AB. DTo JuHedHOe OJHOPOAHOE ypaBHeHHE BTOPOro
NOpAlKa OTHOCWTeJNbHO # HasbiBaeTCs ypasHeHnuem Srxoou.
gy (x. C)
aC ’
B HY/Jb B UEHTPe fNyuka NpU X == X, (UEHTp Nyuyka Bceraa MPHHALIEKHUT
C-BMcKPUMUHAHTHOR KpuBOHR), oOpaulaercs B Hyab eme B KakOR-nubyab
TOYKE UHTepBaJa X, << X < X;, TO conpsxeHuas ¢ A Touxka, Onpelese-
Mas ypaBHeHUAMY

Ecau peinende 310r0  ypaBHeHUs 4= ob6pauiaiolieecs

ay (x, C)

oC =0 uwm u=0,

y=y(x, Cy) #
JexHT Ha nyre skctpemaan ABY). Ecan we cywiecTByeT pelleHue Ypas-
HeHHs fkoOH, obpaluaiollieecs B HYAb NMpH X == X, 1 Oonee He obpaiwaio-
meecst 8 Hy/ b HH B ONHON TOuKe OTpe3ka x, < X < Xy, TO Toue, conps-
KenHbix ¢ A, na ayre AB wHeT, —ycnoBue $lkoOM BbIIOJHEHO, U Ayry
KCTpeMaan AB MOXHO BK/AIUATL B LEHTPaJbHOE MO0JE 3KCTpeManeh
C UeHTpPOM B Touxke A.
Gameuanune. Mowuo 1OKasaTb, uro ycaomue $koOu HEoOGXOAHUMO
A/ AOCTHIKEHHS 3KCTPeMyMa, T. €. Ija Kpusoft AB, peanuaywouiel skCTpe-
MyM. COTNpMKeHHas ¢ A TOUKA HE MOXKeT JeXaTb B HHTepBade X, < X < X,

flpumep 2. BunoaweHo Jn ycaoBue $lkoGH Aifl 3kcTpeMaan $YHKUHOHAAR
a

v— f(y’g—yﬂ) dx, npoxoasames gepes touku A (0, 0) u B(a, 0)?
}

*) 3aMeTHM, UTO BCe HETPHBHAJAbHLIE DELIEHHS JMHEAHOrO OAHODOIHOro AH-
¢$epeHIMaAbHOT0 YpaBHEHHA BTOPOTO (OPAAKA, YAOBJAETBOPAKIUIME YCAOBHIO
u (xy) =0, oranvaioTcs APYr OT ApYyra AdIIbL OTAHUUHEM OT HYJAR HOCTORHHBIM
MHOXHUTEAEM H, CJeI0B3TEJAbLHO, oﬁpamanorcs B HYyAb OJHOBDPEMEHHO.
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Ypapuenne flkobu umee1 BUA

] d "o ” -
. -Zu——-d—;(Qu)—O wi u'4u=0,

OTKYRa .
u= Cl sin (x — Cg).

Tak kak w(0)=0, 10 C,=0; u=C,sinx. ®ysxnus u obpamaerca B Hyab
B TOUKAax X = kn, "Ae k& — LleJoe YHCAO, H, CAefOBATEAbHO, ecan 0 < a < ;, 10
Ha otpedke 0 x < a ¢yHKuna g obpaiaercs B Hyab TOAbKO B TOUke x =0
H ycaoBHe $lk06u BLINOJHEHO; €CIH e a > M, To Ha oTpeske 0L x < a dyHk-
LMA @ O6paINaeTCa B HyJ b elle NO KpaiHe# Mepe B OAHOH TOuke x == x W ycJ0-
BHe $IKOGH He BBINOJHEHO (CpPaBHUTe ¢ mpuMepOM |, ctp. 354).

MNpumep 3. BunoaxeHo au ycioBue S1kO6H ANA SKCTpeMaln ¢yHKUMOHAJA

oly@l= [ +yi+ M ax
0

npoxoxsmeit vepes touky A (0, 0) v B (e 0)?

Ypasuenue fko6u umeer Bul u” —u=0. Ero ofmee pemenne BO3bMEM
B t¢opme u=C;shx+Cychx. W3 ycaoBua u(0)=0 naxomum C.=0.
u = C, sh x. Kpusnie nyuka 4 = C, shx
nepecekaloT ock Ox JHmb B TOYKE
x=20. YcaoBxe fIK06H BHLINOAHEHO NpH
JI060M a.

§ 2. oyukuus E(x, y, p, ¥') b

[Ipeanosoxum, uto B npocref-
weft 3anause o6 skcTpeMyMe (yHK

A
u4oHana

¥y
=fF(x, vy, y)dx;
x Puc. 8.9.

Y(x) =y, y(x)=y

ycaoBue $lkobu BHNOJHEHO ¥, c/AelOBaTeJbHO, SKCTpeMams, C, npo-
xonsuias uepes Touku A(xy yo) 4 B(x,. y,). MOKeT OHTb BKIOYEHA
B LEHTpaabHOE NOJe, HaKJIOH KOTOporo paseH p(x, y) (puc. 8.9)*).
Ias onpeneneHus 3HaKa npupalienus AU ¢QYHKUMOHaNa U Mpu nepe-

xone or skcrpemaan C K HekoTOpO# Oau3koft aonmycruMoft kpuso# C

npeo6pasyeM npupauesune Av= fF x, ¥, . y)dx — fF(x, v, ¥)dx
¢ c

*) MoxHo OO Gbl OPENONOKHTh, 9TO SKCTpEMadb BK/IOYEHA He B UeH-
TPanbHOE, a B COOCTBEHHOE IIOJC. :
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K Gonee yIOGHOMY Aad uccAeAOBaHWS BUmy. (CHMBOJH

fF(x. v, ){_’)dx H fF(x. y, y)dx
¢

C
Xy

NpPeACTaBAAIOT 3HAYEHHA (YHKUMOHANE fu=fF(x, y. y)dx, B3athie
~ xﬂ
COOTBETCTBEHHO mo AyraM kpuBwx C u C).
PaccmoTpuM BCcnomorateabHu#t dyHKUHOHAN

f[F (% ¥y, p)+(§—§— )Fp(x, » p)] dx,
¢

KOTOpLI#f Ha skcrpemaau C obpawaerca s fF(x. y. ¥y)dx, tax xak
c

d
Ha 9KCTpeMajax NoJd %:p. C Zapyro#t CTOPOHH, TOT e BCHOMOra-

TeJAbHBIR PYHKUHOHAN

/[F(x. s p)+(%—— )Fp(x, y. p)]dx
HAH ¢ :
[1E G 9. )= pF (2. y. Plax+F,(x, 3. p)dy  (8.1)
ol

ABAAETCA MHTETpajoM OT TOuHOTo Auddeperunana. Ie#cTBHTeAbHO, aHD-

depeHuna’ GyHkumH U(x, y), B KOTOPY0 npeBpamaercd (GpyHKUUOHAA
v [y (x)] H3 9KCTpeMansx moJs, cornacHo § 1 raasw 7 (cTp. 331), nMmeer
BHI

dv=[F(x, y, Y)—y'Fy (%, ¥, Y)ldx +Fy (x, y. y")dy

u aumb o6osHayeHHeM yTa0BOTO KO3(HUKEHTA KacaTeNbHOH K SKCTpe-
MaJfaM noaA OTJHYAETCA OT MOALIHTErpaibHOTO BHPAXMEHHA B paccMaTpH-
paeMOM BCTIOMOraTeAbHOM uHTerpane (8.1).

Hrak, HHTErpan f[F x, v+ —p F,ldx ua sxkcrpemaan C
¢

coBnanaer ¢ HHrerpanom f F(x.y,y)dx, a 13K wak OyHKUHOHAN
C

f[F(x. .o+ —p F,ldx 9#BAseTCA MHTErpaaoM OT TOUHOrO
¢
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auddeperHunana 1, c/eloBaTebHO, He 3aBUCHT OT NyTH KHTETPHPOBAHHUR, TO

fF(x» ¥ y’)dx=le(x‘ Yo P+ —p)Fy(x, y, p)ldx
¢ ¢ '

#e Toabko npu C=0C, HO ¥ npu Jmobom BuGope C.
CrenopatenbHO, NpupaileHue

Av= | F(x. 9, y)dx— | F(x. y, y)dx
frisne

MOXeT OHITb NpeoGpasoBaHO K CJAEAYIOLEMY BHALY:

M= [F(x, y, y)dx— [IF (5. 3. )+ =) Fylx. y. pldx=
¢ ¢
=[1F 9. y)=F@ 3. D=0 =P F,(x . pldx.
4

ToariHTerpaJbHast GyHKUMS HOCHT HasBaHue yHryuu Beliepumpacca
u o6oanauaerca E(x, y, p. y')

E(x, 9, p, Y)=F (%, 9. ¥)—F (2, y. p)— (' —p)Fp(x. y. p).
B otux 00603HayeHHAX

Xy
av=[E(x. y. p. y)dx.

Xa

OueBHIHO, YTO JAOCTATOYHHIM YCJOBMEM NOCTHXEHHA (YHKUHOHAJAOM T
MUHMMyMa Ha KpuBoH C OyleT HeOTpHUATeNbHOCTb (yHxumu E, Tak Kak
eca E2> 0, o u Av >0, a IOCTATOUHBIM YCJOBHeM MakcuMyma Gynet
E < 0, tak kak B arom cayuae u Av < 0. Tlpu sToM s caaboro MHUHH-
MyMa AOCTaTOYHO, uTOOBl HepaBeHcTBO E(x, y, p, y) >0 (nau
E'0 B cayyae MaKCHMyMa) BBIMOJHAXOCH AJA 3HaueHWd x, y, 6.us-
KMX K 3HAuYeHHI0 X, Yy Ha uccielyeMo#t skcrpemaan C, ¥ OJ1d 3Ha-
veHu#t y’, GauskuX K p(x, ¥) Ha TOH ke IKCTpeMand, a LJA CUABHOTQ
MMHHMyMa TO )€ HepaBeHCTBO [AOJDKHO OBbITb CIPABEAJMBO LAA TeX Ke
X, ¥, HO yXe 15 NPOM3BOJBHEIX Y, TAaK KaK B CNyuyae CHJBHOTO 3KCTpE-
Myma GiuskHe KpHBbHIE MOTYT MMeTb NMPOHM3BOJbHBIE HANpPaBJeHUs Kaca-
TeAbHBIX, @ B CAydae cnaboro SKCTpeMyMa 3HaueHus Y’ Ha GAUSKHMX KpH-
BHX OAM3kH K 8HayeHuaM y’ == p Ha 3xcrpemanu C.

CrenoBaTe/bHO, INOCTATOYHBIMU AJs LNOCTHOKEHHS (YHKUHOHAIOM U
SKCTpemyMa Ha KpuBoft C Oyayr ciaelyiouiie YCJOBHA. ’

Oasa cnaboro sxcrpemyma:

1. Kpupas C sBaseTcs 9KCTPeManbio, yAOBJETBOpAIOWER CPAHHUHBIM
YCJIOBHSAIM.
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2. BkcrpeMasy C MomeT GBITH BKJIOYEHA B MOJe aKCTpemanen 3o
yC/OBHE MOXHO 33MEHUTb YCJIOBHeM fkoOu.

3. dyukuus E(x, y. p. y’) He MeHdeT 3Haka BO BCeX TOUKax (¥, y),
6auskux k kpupo#t C, u nan Gamskux Kk p(x, y) sHauenu#t y'. B cnlyuae
munumyMa £ > 0, B caywae makcaMyma E 0.

Ias cCHABHOTO 3KCTpeMyMa:

1. Kpusaa C sBAAeTCH SKCTPEMasblo, YAOBAETBOPAIOUIEN TDAHUYHLIM
yCa0BUAM.

2. BkcrpeMaap C MOxeT ObTb BK/AIOYEHZ B MOJe 3KCTpeManehh. Ito
YCJ0BYE MOXHO 3aMeHHTb ycaoBueM S$IkoGu.

3. dynkuus E(x, y, p. y’) He MeHser 3HaKa 80 Bcex TOYKAX (X, y)
Gauakux k kpuso#t C M AnA NMpou3BOAbHLIX 3HaueHu# y'. B ciyuae mu-
vumyma E >0, B ciyyae Makcumyma E 0.

3amedanue. MoxHo AokasaTh, 4TO ycJaoBue Beftepurpacca Heo6-
xoaumo. TouHee, ecM B UEHTPa/JbHOM MOJe, BKJOYAOWEM SKCTpeMats C,

B TOYKAX SKCTpEMAH AJs HEKOTOpHX Y’
LY ¢ynkuus E  uMeeT npOTHBOMOJOMHEIE
3HaKH, TO CHJbHHH 3KCTpeMyM He 1O-
cturaercd. EC/M 3TO CBORCTBO MMeeT Me-
CTO NpH CKOJb YTOAHO O.M3KUX K p 3Ha-
yeHHdX y’, TO He AOCTUraeTcd M CJabHi
3KCTPEMYM.

[Tpumep 1. HUccreposaTh Ha sKcCTpe-
MYM OGYyHKLHOHA -

Y

v=| y*dx; y(0)=0,
f «

Puc. 8.10.

yay=6 a>0 6t6>0.
SkcTpeMandMy ABAAOTCA Npamble auHin y = C x 4 C;. IKkcTpeMyM MoOxer

AOCTHraThCs JHWIb HA npaMoO# y=-x [Myuok mpambix y = C;x ¢ uentpom

b
-B 1ouke (0, 0) ofpa3yer neHTpajbHOe MOJE, BKIOYAKIIEE SKCTPEMAdL y = 2%

(puc. 8.10).
byHkuua

E(xy.py)=y"—p —3p(y —p) = (¥ — P} (¥ +2p).
Ha skctpemaan y == %x HAKJOH MoJfd p= -Z— >0, 1 ecin y’ npHHHMaer 3Ha-

b
qeHud, 6AH3KHE K p=_.T0 E >0 u, caenoBaTeqbHO, BCE YCJAOBHA, AOCTATOY-
HHle A1 JQOCTHXEHHA CJaboro MHHEMYMa, ;BunojHeHn. HMrak, Ha skcTpeMmann
b "
y = X ROCTHraercs caabuiit MuHuMyM. Ecan e y’ npuHMMaeT NPOH3BOJAbHHE

sHaueHuq, To (y' -4 2p) MOXeT HMeTh MOGOH 3Hak u, CIENOBRTEALHO, QyHkIUA £
8HAaKa He COXPAHAET — YCJAOBHA, AOCTATOYHBlE AJA AOCCTHXKEHHA CHJBHOIO MHHH-
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MyMa, He BHLINOJMHEHH. Ecau upuHATP BO BHHMaHHe 3ameqaHue Ha crp. 360, TO
o o b
MOMCHO yTBEPMK/ATh, YTO CHAbHHA MUHUMYM HA MPAMOH y = — X HE 1OCTHraeTcs.
N

Mpumep 2. HccaenosaTs Ha sxcTpeMyM GyHKUMOHAA
a
f<6y"—y_"+yy')dx; YO =0 y@=8 a>0 u 6>0
0

B KJacce HenpepuBHEIX (YHKIHH ¢ HenmpepblBHOH NepBOH NpPOH3BOAHOM.
AxcTpeMansaMu ABAIOTCA npamble ¥ = C;x + C,. I'paunuubiM ycaoBusaM yiao-

BICTBOPAET MpAMas y==_- %, KOTOpad BKINOYAETCA B [My4OK aKcTpeManeit

y = Cx, ofpasyoumux ueHTpaasHoe noae. Pysxnus
E(xy. py)=6y" —y'+yy —6p?+ pt —yp—(y'—p)(12p—4p* -+ y) =
=—(' —prly” +2py" —(6—3p)]
3nak ¢yHknuu E NpoTiHBONOJONKEH 3HAKY [OC/JEIHEro MHOXHTe s
y'2+2py’ — (6 —3p?).

10T MHOMHTeNb OGDAIIAETCS B HYlb U MOXET M3MEHHTh 3HAK JHIIL MPH Nepe-
Xole y’ uepe3 sHayenne y' = —p+ V6 —2p2, Ilpn 6 —2p2 <0 uau p>V3
mpr mo6oM y’' umeem [y’® 4+ 2py’ —(6—3p?)] >0, ecan we 6 —2p2 >0 uan
p<V3 10 Bupakenne [y 2py’ —
(6 —3p?)] meuser amax. Ecam we mpu
3TOM ¥y’ IOCT4TOYHO MajoO OTJHMUAETCH OT P,
TO TOCAeHEee BbipaXeHHEe COXDaHfeT MOJO-

MUTEJAbHbHH 3HAK NpH p > 1 W OoTpHHaTelb-
Hblil 3HaK mpu p < 1.

b
CaexoBatesibHOo, mpH p = =z < 1 uau

b < a umeeM cna6blii MUHHMYM, Tak Kak E > 0
npH  3HaueHHAX y’, GAH3KHX K p; [OpH

p= - > 1 uau b > a uMmeeM caAabuiit MaKCH-

mym. [Ipn p= % >/ 3 umeenm cribHbIi Mak-

cuMyM, Tak kak £ <0 npH mo6bix 3HaueHHAX

Puc. 8.11.

y’. Mpu p=-< 3, Ha OCHOBaHHH 3ame-

YaHHd Ha CTp. 360, HeT HH CHJABHOIO MHHUMyMa, HH CHJABHOIO MAKCHMYyMad
(puc. 8.11).

Jlaxce B nNpuBeJieHHBIX Bhillle BECHMA IMPOCTHIX NPHUMEPAX HCC/AeNOBAHHE
3Haka ¢yHkudd E ObIJIO CONPAXEHO C HEKOTOPHIMH 3aTPYNHEHHAMH, W
NOITOMY JKeJ/aTe/qbHO YC/AOBHe COXpaHeHHss 3Haxka (yukuued E 3ameHUTb
Gojee JerKO MNpOBEpPAEMHIM yc/aoBHeM. [Ipearno/ouM, 4YT0 (QYHKUHA
F(x, y, ) tpuxan nuddepeduupyema no aprymenty y’. Ilo dopmyae

24 J1, 3. 3ascroasy
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Teftopa noayuum ’
F(x, 9. y)=
=F ’ F (y'—P)z Fyiyt
=F(x, . )+ " —p) Fp(x. y. p)+ 57— Fyy (X. ¥, g

rie ¢ 3aK/IOYEHO MeXAy p u Y.
dyskuus

E(x,y, p. y)=F(x, y, y)—F(x. y. p)— (' —p)Fy(x, y. p)

nocjae saMeHw ¢yHkuuu F(x, y, y’) ee pasioweHuem no ¢popmyie TeH-
Jopa NpUMeT BHI

[EEEAY ]
E(x, y. p, yl)='£y—2—r,£)—1:y’y' (x, ¥, 9

Orciona BHIHO, 4TO GyHKuHs E cOoXpaHdeT 3HAaK, ec/M COXDPaHAeT 3HAK
Fy'y (x, ¥, g). Tlpu uccrenosanuu Ha cnabhlfl 3KCTpeMyM ¢yHKUMSA
Fyry (X, ¥, g) 1OMmKHA COXPAHATH 3HAK N4 3HaYeHMH X 4 y B TOYKaX,
OJM3KHMX K TOYKAM HCC/IeLyeMOH IKCTpeMasad, U AJA 3HadeHuR g, 6AUIKUX
kK p. Eciw Fyy (x, ¥, ¥)£0 B Toukax skcrpemaiu C, TO B Cuay
HelpepLIBHOCTH 3Ta BTOPAs MPOHM3BOAHAA COXpaHfeT 3HAK W B TOYKAX,
6auskux k kpusolt C, u 419 3vavenuft y’, GAM3KMX K 3HAYeHUIM Y’ Ha
kpuso#t C. Takum 06pasoM, INpH HCCIeNOBAHHA HA CJAa0BH MUHUMYM
ycaosue E 2> 0 Momer OnTh 3aMeHeno ycsioBueM Fyryr > 0 Ha 3skcTpe-
Maau C, a Tpu UcC/leloBaHuu HA caabuif MakcumyMm ycaosne E < 0 Moxer
6biTh 3aMeneHo ycnosveM Fyy < 0 Ha xpusofft C. Ycaosue Fyyr >0
(i Fyy < 0) HOcHT Hadpanue ycaosuf Jlesxarndpa *).

Ipu uccrenOBaHUM Ha CHJAbHBIA MHHHUMYM ycjaoBre E 2> 0 mMOxer ObTh
sameneno TpeGomanueM Fyy (%, ¥, ¢) >0 B TOuKax (X, y), OAH3KUX
K ToukaM KpuBo# C npu NpOU3BO/BLHBLIX 3HaYeHusx ¢. IIpu 3TOM, KOHEUHO,
Npeano,araeTcs, NTO passoxenue no gopmyne Tefinopa

Fx, y, y)=
’ (Y —pp
=F(x 9 0+ =P F,(x0 9. P+ Fyy (%, 3, @)
cnpapednnBo npu mobbix y'. TIpuM MCC/IeN0BAHUM Ha CHAbHBIR MaKCUMYM
noayudM ycaosde Fyy (%, ¥, ¢) << 0, 1npy Tex e [peanoOKeHHAX

OTHOCHTe/bHO 06JaCTH M3MeHEHHS APTYMEHTOB W Pa3/JOXHMOCTU PYHKUMH
F(x,y, y) no ¢opmyae Tefiiopa.

*) ¥Ycaosue Fy,y, >0 (nau Fﬁ.y, < 0) 9acTO Ha3WBAWT YCUACHHHM YCa0-
e

euen Jleawcandpa, a ycaoBuem HaHIpa HasWBAKT HEPaBEHCTBO Fy,,:>0
(uan £y L 0)
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[Mpumep 3. UccaenopaTh Ha 3KcTpeMyM (YHKUHOHAR

v[y(x)]=f(}v’2—-y2)dx. a>0 y©0=0 y(a)=0.
5

Ypapuenue finepa umeer Bug y” -+ y =0, ero o6mee pemenue y = C, cos x4
+ C,sinx. Ucrnoabsys rpannunnie ycaosus, noaydaem C; =0 u C,=0, ecau
a 5= kn, rae k- uejoe 4uCJIO. .
Wrtax, npu a 5= km 3KCTpEMyM MOXeT AOCTHraThCa JHLIb Ha NpAMOH y = 0.
Eciu a < n, To nyuok skctpemaneli y= C;sinx ¢ uentpom B Touke (0, 0)

o >F

[y
Puc. 8.12.

o6pasyer ueHtpalbnoe noJe. Ilpy a > n ycaosue §xo6u He BBINOJHEHO (CM.
cTp. 352

Tak kax NMoxbluTerpaibHas OGYHKUHA TpuXAL IHdpepeHuupyeMa mo y’ npu
a6ex ¥y H Fy,y, =2> 0 npu mobbix 3HaueHusx y’, 10 Ha npamod y =0 npu
a < W peaausyercd CHAbHBIH MKHuMyM. Ecau yuecth 3ameuanue Ha cTp. 356,
TO MOMXHO yTBEpXIaTh, YTO NPH & > 7 MHHUMYM Ha npsMoi y =0 He nocru-
raeTcs.

[Tpumep 4 HccaeaoBate Ha skcTpemyM (PyHKuHOHAN

x ~
vly (x)] = f —-—“Vty
o y

’

dx, y(®=0, y(x)=y,

(cM. 3agaly o GpaxuctoxpoHe, crp. 304). IKCTpeMaasMM ABIAITCH UAKJAOUALI
) x=C, (¢t —sinf)+4 C,,
. y=C, (1 —cos?).
Myuok uuraous x = C, (f—sint), y= C;(1 —cos?) ¢ uentpom B Touke (0, 0)
o0pasyer UeHTpaJbHOe MOJe, BKJIKYaluee 3KCTPEManb
x=a(t—sint), y=a(l—cos¥),

TAe @ OnpejeNeHo M3 YCAOBHA NPOXOXIEHHS HHKJOHAb Yepe3 BTOPYW TFpaHHY-
HYIO Touky B (x|, y;), ecan x; < 2na (puc. 8.12). )

HmMeem .
y . 1

Y T A—

= H Fopyp=————>0
VyVity? Yy 1+y) l
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npu - 106Hx y': CrenosateabHo, NpH x; < 2Ma Ha LUUKJIOHIE
x=a(t—sint), y=a(l—cos?)

PEeANH3YETCH CHABHLIH MHHHMYM.
[Mpumep 5 HccaefoBaTe Ha skcTpeMyM ¢yHKIHOHAA

a
v[y(x)]=fy’adx; y(0)=0 y(a)=b6 a>0 b>0.
0

Jror npumep 6bla pemeH Ha cTp. 360, Ho Tenepb B OTHOMIEHHH CAa6oOro SKCTpe-
MYMa HCCAENOBAHHE MOMCHO YNPOCTHTb.
JxeTpeMaaaiMu ABAATCA npaMuie auHuM. [Tydok y = Cx o6pasyer ueHTpaib-

b
HOS MOJE, BKIIOYAI0WEE SKCTPEMAL ¥ == — X. Ha axcrpemann y=—-x BTOpas

Puc. 8.13.

b
nponssofHas Fy. . = 6y’ =6 2> 0. CnenoBaTeabHo, npsaMas, y = —:— X peaaH-

ayeT caabwlit MuHuMyM. [IpH npou3BoJbHBIX Yy’ BTOpas MPOU3BOJHAfN Fy,y,==6y’
3HAKA HE COXPAHAET; CAEIOBATENbHO, YKa3aHHhE BHIIE NOCTaTOYHHIE YCIOBHS
LMl JOCTHMEHHS CHIBHOTO MHHHMYMa He BbuinoJneHW. OjHako oTciofa eme
HeJb3Sl 3aKJIOYHTb, YTO CHJIbHBI SKCTPEMYM He JOCTHIaeTcs.
[Tpumep 6. MccaegoBath Ha 3KCTPEMYM (QYHKIHOHAEN
a

v[y(x)]:/vy—‘t'z-dx; y(0) =1l y(@=b a>0 0<b<l
0

[lepBuit uHTErpaa ypaBHeuus 3Siinrepa (cM. caywa#l 5 Ha crp. 302) HMeer BHA

M3BJEKasd KOPEHb, Pa3jeiss NEPEMEHHbIE H HHTErpUpY4, noxyuaeM y =(Cx+Cq)2—
ceMericteo napa6oa. M3 ycaosua y (0) =1 naxoauMm Cp=1. Ilyyox mapaGoa
y = (C;x 4+ 1)? ¢ uenrpoum B Touxe A (0, 1) uMeer C;-1UCKPHMHHAHTHYIO KPHBYIO
y =0 (puc. 8.13). Uepea Touky B(a, b) npoxogar nBe napaboam 3TOro My4Yks.
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Ha gyre AB onHo#t u3 uux (L) aexut rouka A®, comnpsokeHHas ¢ ToukoH A,
Ha npyroit we (L,) conpsxeHHOH TOUKH HeT, M cleloBaTedbHO, Ha Iyre L,
ycaoBHe §Ko6H BHINONHEHO WU Ha 3TOR Iyre napaboan MOMET pPeajH3oBaTbCs

axcTpeMyM. B oxpecTHOCTH Mccaenyemo#t skcTpemanu Fy,y;= -%- >0 ansa npo-
y

M3BOJbHBIX y’, ONHAKO Ha 3TOM OCHOBaHMU HENb3A YTBEpXKAaTh, 4TO Ha Ayre L,

peanuayeTcs CUAbHbIH MMHUMYM, Tak kak ¢yukuus F(x, y, y’) =_’:T He MOXeT
y

OBITL NpEenCTaBJdeHa B BHIE

[— 2
Fyy)=F 3. D+ —p Fpe v p+ B F Ly )

IIpH NPOH3BOJbLHBIX 3HaUEHHAX y’ BBHAY Haandusi paspbiBa QyHxuu F(x, y, y')
npu y' = 0. MoxHO JMIIb YyTBEPKAATb, 4TO Ha L, peanusyercs CAabuiit MUHHMYM,
Tak Kak ILJad 3HaueHHit y’, GNM3KMX K HAaKJAOHY noAs Ha KpuBOH L,, Takoe pa3-
noxkeHue GyHxkuH F(x, y, y') no dopmyne Teitnopa uveer mecro. Jas noaHoro
MCCAENOBaHHA 3TOro (YHKUMOHAMa Ha 3SKCTPEMYM HeOGXOIHMO pPacCMOTpETH

byuxuno E(x, ¥, p, y'):
2y o
E(x, y. p. y’)=—y,—2—iz+—§(y =P
y pt - P

YW —p)P @y +p)
P '
Tak kax MHOXHTeNb (2y’ -+ p) He coxXpaHser 3Haka NpH MPQU3BOJbHBIX ¥/, TO

Ha OCHOBaHHH 3aMedaHus Ha CTp. 360 MOXKHO yTBEPHIATb, 4TO CHAbHBIH MUHHMYM

Ha xyre L, He ROCTHraercs.
Vanoxenunasd Teopus 6€3 3HAYHTEJNbHHX HU3MEHEHHIt NEPEHOCHTCH M Ha dyHK-

LHOHAAH BHIAa _
X1

U[yl’ )’2» tany )’,,]= f F(xv yl| y2"", yn‘ y]’y yév ey y;;)dx;

X3
YK=Y ¥i(*1)=Yn t=12....n)
dynxnua £ NpHHHMaeT BUI

E-——-‘F(X, }’1. )’2,--', }’,,, y]v y;y'”v y;,)“F(xv y]x y2a°'°» yn' p[- Doy a6 ey P,,)"
< ’
= R WP (5 Iy Sy oo Iy Pr Py Po)

roe pl—(byHKLlHH HaKJOHa MOJaf, Ha KOTOpOE HAJOKEHB HEKOTOPhIE OrpaHu-

yeuvsi (0P STHX OFPAHMUEHMAX TIOJie HasLBaeTCA CHEUKANbHBIM).
Ycaoue Jlexanapa Fy.y > 0 zaMeHsieTCA CJEAYIOIUMH YCAOBHAMA:

F' r F' 'DQQF' 14
Y Yi¥q YWY,
Fo Fyy F.. F.,..F.,
VI 172 Yoy, Yoy Yoy
F..>0 >0,...,| 2+ F? ¥r >0
ylyl F .. F .. [ S S
¥o¥y Yo¥q s e e e e et e e
F., F,.,....F,,
Y Y YoV
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HocrarouHnle YCa0BHA €2a6020 MUHUMYMa K3k B npocTeftmel 3anawe, Tak
H B 60J€e CIOMHBIX, MOXKHO MOAYUHTb HHBHIM METOROM, OCHOBAHHBIM HA H3YYeHMH
3HAKa BTOPOH BapHaLHH.

[lo ¢opmyae Telaopa npeobpasyeM upupauenne ¢yHKUHOHAN2 B nmpocredt-
weil 3a1aye K CACAYIOLIEMY BHAY:

X1

Av= / [Fx, y40y, y' 0y )—F(x, y, y)]dx =

X
Xy X
7 1 ’ ’
=./V(Fy by +Fy. 6y)dx+7/[Fyy6y2+2Fyy, oy by + Fyry by 2] dx-} R,
X3 Xo

rie R uMeeT NOPAAOK BhIlIE BTOPOTO OTHOCHTeAbHO Oy n 8y’. [lpn uccaegoBanuu
Ha caa6uiit skcTpemMyM Oy u 0y’ NOCTaTOYHO MAJBl, H B 9TOM CaAy4yae 3HAaK MpH-
palleHus Av OnpeleafeTcs 3HAKOM 4aeHa, CTOSLIEro B MPAaBOH YacTH M colep-
sxauero Hanboaee Huakue cteneHn 0y u Oy’. Ha akcrpemann neppas sapranus

X
[y oy+Fy oy dx=0
X

#, CIeROBATEJbHO, 3HAK NpHPAIEHHa Ay, BOOGLIE roBOps, COBMalaelT CO 3HAKOM

BTOpPOH BapHalM{
X1

b= [ (Fy, 092+ 2Fy, by 8y +Fy.y 8y dx.
Xo

Ycaoeue Jlewanigpa B coelnHeHMH ¢ ycaoBueM $lkoGu M ABAAIOTCA YCIAOBHAMH,

ofecrieyuBalOiHMHE NOCTOAHCTRO 3HaKa BTOpOf BapHaUHMH, @ BMeCTe ¢ TeM H HO-

CTOAHCTBO 3HAaKa NpHpaleHHsa Av B 3alaue O c1a6OM IKCTpEMYME.
JleHCTBHTEABHO, PACCMOTDHM UHKTErpan

X1
f[a)' (x) 8y + 20 (x) 8y by’} dx, (8.2)
X
rne o (x) — npou3BoibHasn JuddepeHurpyeman GyHKLHA. ITOT HHTErpaJs paseH
Hy 10
X5 Xy
f [@ (x) 8y2 -+ 20 (x) 8y 8y’] dux = f d (@ by?) dx = [0 (x) 8y’ =
Xy X
(rax kak dy|, = dy [x,=0)-
[pu6aBass unTterpaa (8.2) ko BTOpOH BapHallMH, NOAYYHM
X
0w = f [(Fyy+ @')8y* +2 (Fyy + @) 0y by’ - Fy, 6y’2] dx.
Xo
Bu6upaeM ¢yHknuio o (x) rtak, 4To6b NMOABHTErpatbHas QyHKHHA, € TOY-

HOCTbIO RO MHOMKHTENS, NpEBpaTHJAach B TOYHBIH kBaiapaT, AA 4€ro ¢yHK-
uusa @ (x) AOMKHA YAOBAETBOPATb ypaBHEHHIO

Fy,y,’(Fyy + o)y —(Fyy + o) =0,
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Ilpu takom BHOOpe QyHKkUUH © BTOpas BapUaUM#d NPHHHMAaeT BHA

Xy
F,+o 2
sum [y (s + 22200 )
x Yy

H, CAGIOBaTeAbHO, 3HAK BTOPOil BapHauMy COBNAZAeT CO 3HAKOM Fyrpr
Onnako Takoe Npeo6pa3zoBaHHE BO3MOKHO JUIUb B NPEANONOMEHUH. UTO
AubdepeHHanbHOS ypaBHEHHE

g Fyryr (@' +Fy) —(Fyy +-0)*=0

HMeeT Ha oTpe3ke (X, X;) Auddepenurupyemoe peulenre o (x).
Ipeo6pasosas 5TO ypaBHEHHE K HOBHIM NEPEMEHHHM MOACTAHOBKOI

z

u

[0] =_F}'}" —Fyyyl T'
TAe 4 — HOBAas HEH3BeCTHa#s (QYHKIHA, MOJYIHUM
d d ,

(Fyy—ﬂ Fyy')”—E(Fy'y"‘ )=0

— ypasHenne flko6u (cM. cT1p. 356).
Ecan cywectByer He ofpaulaiomieecss B HyJdb NIpH Xy < x < X; peUIeHUE
BTOro ypaBHEHHA, T. €. BRINOJHEHO YycaoBue $IkOGW, TO CYLECTBYET AJAf TeX Ke

3HayeHHH X HenmpepwBHOE M AubdepeHuupyeMoe peuwenne

u
(o(x)=—-Fyy—Fy,y, ’u—

ypaBHenus ,
Fyy (Fyy+ 0"y —(Fy +0)? =0

Hrak, ycaosue Jlewanapa u ycaoBue $IKo6H rapaHTUPYIOT COXpaHEHHe 3HaKa
BTOpOH BapHalWM H, CIENOBATENbHO. ABAAIOTCH AOCTATOUHLIMH YCAOBHAMH LA
caaboro MHHMMYMa (Fy,y, > 0) uan maxcumyMma (Fyrye <0).

8. MpeoGpasosanue ypasuenuil Jiisepa KX KAHOHHUUYECKOMY BHAY

CrcreMy n ypasuenu#t dHaepa (cMm. crp. 305)

d .
yz—EFy,'=0 (=1, 2, ..., n 8.3)

MOXXHO 3aMeHWTh cucTeMOffi 2n ypaBuenud nepsoro nopsaska. [losaras
B (8.3)
F =g, (k=1 2,....n) (8.4)
e
noay4uM
dq, oF

= =% k=1, 2,..., m. 8.5)
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Paspemaem cucreMy ypaBhenuft (8.4) OTHOCHTE/JbHO Y, (AMA BOBMOXMC-
HOCTH TaKOFO pa3peleHHS NpPENNOJONHM, 4TO

D(F twF o, ..., F )
% ¥n

D(y, Y3 -+-r ¥p)
yp =0, (% Yo 95) (8.6)

+ 0),

rine
Op (X, Yoo =@, (X, Y1u Yor eoes Yo Q10 o0 oo 0r )

u noacranaseM (8.6) B (8.5), .Ilpu sToM noayuwMm cHcTemy 2a ypasne-
HHUl NepBOro Mnopsaika B HOpMaabHO# GopMe:

dy
'di = (x, Vs qs)'

aq, OF
de | dy, |’

6.7

3nech ¥ B naibHeHieM QurypHoie CkoOGkM 03HAYalOT, 4TO B CKOGKaX
BMECTO Y, TOACTaBIeHH ®, (X, Y, qs).
C noMouiblo ¢yHKHUHH

H(x, y qs)=i=21(°lql_" {F)

cuctema (8.7) mower GuiTh 3anmHcaHa B KaHOHHYECKOM BHIe:

dy, o0H

dx =W'

dq, . oH k=12, ..., n). (8.8)
'Ir_':—ﬁ)j

3ameruM, uto ecau OyHKuHS F (Y, Vo eves Yo Y i eeen V)
He 3aBHCHT SBHO OT X, TO cHcreMa (8.8) uMeeT nepBmi# uurerpas H=C.
HefAcTBHTEILHO, B 3TOM CJyyae

n
H= }.‘{ 0,9, — {F}
i=
TaKXe He COINEePXKUT X sIBHO H, CJeNOBATEJLHO,

n n

dH=2 oH dyl+2 oH dq,

dx dy, dx i 0q, dx °
imp lml !



370 MOCTATOUHBLIE YCJIOBUS 3KCTPEMYMA T/, 8

B cuay ypasuenutt (8.8) no.ayuum
dH

dx= H=C

BLOJb MHTErPaJbHMX KPUBHIX cucteMbl (8.8).
Ilns npocrefiuelt 3anaun 3TOT Nepsn# HHTErpan yxe Osl1 noJydeH
ua crp. 303.

NMpumep 1. 3akon coxpaHeHua aHe prwu PyHkuua

n
H= 2 (Diql—{F}
i=]

Ias GYyHKUHOHAA]E

f(T U) dt, T——Em(x -+y +z)

i=1

rae coxpaHenbl ofosnauenus npumepa 1 ctp. 320 (T — KHHETHUECKAA IHEPrUd
CHCTEMH MaTepUadbHHX Touek, U/ — HOTeHUWaNbHAS 3HEPrUs), HUMeeT CAeLyio-
IH# BUA

H--S’m,(x,+y +#)—T—U)=T+U

— NMOAHAA 3Heprua cuctembt. [lpuMeHuM npuHUMN CTapdoHapHOro RedcTBuUA.
Ecau noteHunansHaa suneprua U He 3aBHCUT ABHO OT £, T. €. CHCTEMA KOHCEpBa-
£y
THBHA, TO ypaBHeH:a Jitrepa And dyHKUHOHAAA f (T —U) dt umewr nepssui
t

udterpaa H=C, T+ U = C.

TaK, NOJHA® SHEPrHA KOHCEPBATHUBHON CHCTEMBl OCTAETCA NPH ABHMEHHH
noCTAHHOH,

HrnrterpupoBaHue xaHeHHuecko#i cucteMbl (8.8) paBHOCH/IBHO HHTe-
rPHPOBaHUIO L\mp(pepeﬂuuanbuoro ypasHeHWss B YACTHBIX TIPOM3BOAHLIX

+H(x, Ve —-)__o (8.9)
rie
ov \ ov ov -~ ov
H(x, Vo E)—H(x, Vi Voo eves Vo ‘5?,‘, o—y;y..., W;)‘

Ypasuerue (8.9) HasuiBaetcs ypasuenuenm Ianuismona — Suobu.
Ecau W3BeCTHO OXHOMAapaMeTpuueckoe CeMefiCTBO ero peluenutt
ov
v(x, y,» @), TO u3BeCTeH W mUepBEH HHTErpan 5o =B cHcteMsl 8.8),
@ — nmpousBo/ibHad nocrosHHad. Je#icTBuTeabHo,

- d 0v> 0%v y, 0% otv gH
‘d‘x‘(m oxoa ‘*’2 Oy, 9 9x — Gxda T &40y, 0007, " (8.10)
j=1
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duddepenunpys TOMASCTBO

ov (X, s, 0) ___ 1 ou (x, Y, ) -
_TS_=~H(\x, Ve —Tyss-—*) no a,
TIOJIyYHM
n
v N O0H o
oxoa — { 9g; dys 0 (8.11)

§=

u, nonacrasass (8.11) s (8.10), noayuum s npasofi wactu (8.10) Toxne-
cTBeHHbI uyab. HMrak,

_d_(ﬂ):o

dx \0a ) '
OTKyAd

ov
o =B

CuenoBatesbho, ecan H3pecTeH NOJNBIA HHTerpas ypasHenus aMuibe
ToHa — fko6u

V=U(X, Y1 Ygr coos Yo Qs Uy o0y Uy,

TO H3BeCTHO U £ NepBHIX HHTerpajos cucremot (8.8):
dv

—da—l=[5i (U=1,2,..., n). 8.12)
Ecau sxkoGuan cucreMs (8.12) orauuen oT Ry Ast
0%y _
dy/ 0(7.[ -

To cucrema (8.12) ompeneaster y, Kak (PyHKUMH OCTa/JbHBIX aPryMeHTOB:
Yi=y,; (X, Op Ogy o vvy Opy By By oo es Bp) (8.13)
=1 2, ..., a).

Tem caMbiM TIOJYYeHO 2n-TapaMeTpPHYeckOe CeMelCTBO 3KCTpeMaJet,
MoxHo zokasaTh, uTo (8.13) ABaseTca oOLIUM pellleHHEM CHCTeMb ypPaB-
HeHuA Dfsepa, a dyHKIUH

yi(x, Qs voer @y, ﬁl! co ey Bn)

o 9v(n Y5 0s) —
g, == 3, =12, .00, 0
ARNAOTCA OGIMM pelueHneM cucTeMu (8.8).

Mpumep. HaiitTn ypaBHeHHe reofieanyeckuX JMHHAA Ha HOBEPXHOCTH, Ha
KOTOPOil BJIEMEHT AJUHH KPHBOH MMeeT BHI

ds? = [@, (£) + 92 ()] (d* + dy?),
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T. e. Ha#tTH sKcTpeMaan ¢yHKuuOHana

S= | Vie: 0+ m0+yHdx

X
Tak kax

HeXY® (D)t 92 ()
Vity?

i+y?  [EHeE=a®+ta0)

=V @+t Vi—d¢

10 ypasnenue I'aMuabTona — Slko6u umeer BHA
( Ov \? du \?
(5%) + (55) =2 @+00)
O0v \? ov \2
('07) — @i (x) =0, (y)— (Fy—) .

Ina ypaBHeHu##l Takoro Ttunma (ypaBHEHHMH ¢ Pa3REACHHHIMU OEPEMEHHBHIMH)
ov ov
@, (x, —d-;) =0, ()" _)

AeTKO Haxoaurcs nepBu# uurerpas. [losnaras

2
() —anm =0 » ao—(5)=a
HJIH o
® Y@
H
S =Vmo—a
HaxoxHM

o= Vo Fa dx+ [Vero)—a dy,

., 0v
CAEAOBaTeNbHO, YPaBHEHHE Treole3HyecKHX JHHHA W=B B JaHHOM Ccjyuae

dx . dy -8
/ch,(x)-{-a /V%(,V)—-a~ B

3ameuanue. K ypasuenuo T'aMunbToHa — SIkOOH MOXKHO NpUHTH
H H3 HHHX cooOpaxeHu#H. PaccMOTpuM LeHTpaqbHOE NOJe SKCTpPeMaJeH
¢ ueHtpoM B Touke A (xy yg) Aaa PyHkuMOHaa

HMeeT BHA

vly (x)]=fF(x. v, ¥)dx.
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Ha sxctpeManax nosas ¢yHxkunmoHaa v ly(x)] npespamraercs s dyHK-~
M v (x, y), KOOpDAMHAT BTOpOH rpannuyHoit Touku B(x, y). Kak 6sia0
ykasaHo Ha crp. 370,

ov dv
‘5;-=—H(x. . @ W=q'

Hckmouas g, noayuum
v ov
a—:——ﬁ{x, v, —0—)7).

WUtak, ¢yuxkuus o(x, y) ABAAeTCS pelUeHMeM ypaBHeHus [aMudbe
TOHa — $flkoOu. CoOBeplUEHHO aHAJOTHYHbIE DPAacCyXAeHHS CIPABEMIUBLI
¥ a8 $yHKiMOHaJa

X1
14 ’ ‘
JF@ v 3y s 90 90 95 s y) .
A
3apayn K rhase 8

HceaenoBars Ha IKCTPEMYM QYHKLIMOHAJbI:
2

Lolyl= [y +yDan yO=1 y@=0
0
a

2 vlyl= [ +2y —16y9dxn a>0 yO =0 y@=0.
Y

2
solyl= [y d+xy)dn y—h=1 y@=4
-1

2

s oly@l= [y A+2y)dn y=3% y@=5
)

2
s.oly(l= [y a+2y)dn y(h=y@=1
-1
-:_!_
G-v[y(x)]=f (4y2—y? 48y dx; y(O)=—1 y(%)=0-
0

2
Loulyx)= f (ety? 12y dx; y(I)=1; y(2)=8.
’ 1



374 JOCTATOUYHBIE YCNIOBHA 3KCTPEMYMA {rn.s

1
8‘v[y(x)]=/(y'2+y2+2ye“)m y(0)=-;—: )’(l)=-;—e2.
0

ELS

4
9.v[)’(x)]=/(y2_y/2+6ysln2x)dx; y(0)=0; )’(%)=l.
0

X
dx
lO.‘u[y(x)]=[-y—,; yO=0 yx)=y; x>0 y;>0
0

Xy
d
ll.v[y(x)]=[7-:-; yO =0 y(x)=yi; x>0 y >0
0
2

3
12.v[y(x)]=[;x—,2—dx; y()=1 y@=4
1
3

3. oly (W= [ A2y +ydn yH=0 y@=12
1

2
1 oly @)= [P+ 0P —201ds yO=0 y@)=3
0



FrTABA 9
BAPHALUVOHHBIE 3AJAYH HA YCJIOBHHI1 3KCTPEMYM

§ 1. Ceasu suga @ (%, ¥y, Yy «ecy ¥,) =0

BapualuOHHHMHE 3aRaYaMM Ha YCJIOBHHH 9SKCTPeMyM HasHBAIOTCH
3211a4H, B KOTOPHIX TPeGyeTcs HARTH IKCTPeMyM OYHKUMOHAMa U, NpudeM
HA QYHKUMM, OT KOTOPHX SaBHCUT (YHKLUMOHAA VU, HANOWEHH HEKOTOpHE
cesisH. Hampumep, TpeGyercd HCC/AeNOBATE HAa 3KCTPEMYM OYHKUNOHAM

£
V[V Py eves yn]=fF(x, Yo Yoo eoer Yoo V5o Vg veer ¥ )AX

)
NpH Ha/JHIHKM YCAOBAK
(%, Yo Yar enes ¥)=0 (=1.2, ..., m; m<n.
BcrioMHuM, Kak pewiaeTcs aHaqAOrMYHas 3adava [pH  HMCCAENOBaHMH
Ha 9KCTpeMyM ¢yHKuuy 2==f(X{, Xy ..., X,), [OPH HaMM4uH CBA3eH
Q% X9 oo X,)=0 (=1,2,..., mi m<In).

HauGosee ecrectBeHHbi#t MyTh 3aKMI0YAETCA B PA3pellieHHH CHCTEMH
Py (X Xgo vnes X)=0 (=1, 2, ..., m.

ypaBHeHus KOTOpO# Mbl OyleM CYHTAaTb He3aBUCUMBIMH, * OTHOCUTELHO
KaKHX-HUOYAb m TepeMeHHbIX, HAMPUMep OTHOCUTENbHO Xis Xgu sy Xyl

X=X (Xme1r ¥mioe + 00 X)i

X=Xy (Xpmits Xpmage oo ov Xp)i

s & ¢+ 2 e e s+ e ® 8 v o

xm=xm(xm+1' Xm42r voor xn)'

H TONCTAHOBKY HalNGHHMX X, Xg, «oey Xy B f(X[ X9 o004y X))
[lpu stoM PpyHkuus f(x,. X5 ..., X,) craHOBHTCA dyHxuuest D (x ..
Xmigr soos Xg) TOABKO A —m [EPEMEHHMX Xpi10 Xpyge ceer X,
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KOTOpbie yX»e HesaBUCHMBI, M CJelA0BATeqbHO, 3413a4a CBenach K HccJe-
HOBaHUIO GYHKUMH O Ha Ge3yCJ0BHLIY SKCTPeMyM. DTHUM INYTEM MOXHO,
KOHEYHO, pelllaTs H INOCTABJEHHYIO Bbllle BAPHALMOHHYWO 3alauy. Pas-
pewias cucreMy @;(X. ¥i» Yo «..n Y =0 (=1, 2, ..., m) oTHocH-
TENbHO Yis Yo vvos ¥y (MM KAKMX-HUOYAb ADYTHX m YHKUMP ;)
M TIOACTAaBJSAA MX BLIDAXEHHS B U[Y,, Vo ..., Y ], MB NOJAyYHM OYyHK-
wtonad Wiy,.10 Ymeos «-+0 Ypl, B3aBHCAWME TOMBKO OT 1. — M ywKe
HE3aBHCHMBIX dPryMEHTOB, M, CJel0BaTe]bHO, Kk ¢yHkuuoHanry W npu-
MeHHMBH MeTOAb, H3/aOxeHHble B § 3 raaBet 6. OaHaKo Kak 447 yHK-
uuit, TaKk "u AnR GyHKUMOHAN0B 0ObYNO 60.ee ynoGed ApYrofft Meton
pellieHHd, HA3bIBaeMbii MeTOJOM HeOIllpelefieHHbIX MHOMHTe el, coxpa-
HAILMA NOJHOE paBHONpaBue nepeMeHHbX. Kak HM3BecTHO, 3TOT MeTOX
NPH HCC/AENOBAHHUH HAa SKCTPEMYM GYHKUMH 2 == f (X, X5 ..., X,) IIpH
HaavuuM cBazelt @;(xy, Xy ..., x)=0 (=1, 2, ..., m) saxkmo-
Yaerca B TOM, YTO COCTABJAETCA HOBAA BCIIOMOTATe]bHast (QYHKIUA

m
Zr=f+ 1_21 Ay

rie A, — HEKOTOPHE MOCTORHHbIE MHOXHTE/H, U QYHKLHA 2° HCCIelyeTcs
yke Ha 06e3yc/IOBHHIH SKCTPEMYM, T. €. COCTABJAETCA CHCTeMa Yypas-

oz* , .
HeHut —— =0 (f==1, 2, ..., n), ZONO/JHeHHAT YypaBHeHWUAMH CBaA3eH

04\?}
¢, =0.((=1, 2,..., m), M3 KOTODOH ONpele]siOTCE BCE n—m
HEWSBECTHLIX X{, Xg» «..» X, U Ay, Ay ..., A,. CoBeplieHHo aHano-

rHYHO MOweT ObTb pellleHAa 3alada Ha YCJAOBHBH 3KCTPeMyM H Aad
GYHKLMOHANIOB, a MMEHHO: ecJsH

Xy
v:fF(x, Vi Yor vven Yoo Yio Yoo oves ¥, )X

Xo
Q (X Y Yoo o ¥ )=0 (=1,2,..., m)

TO COCTABJAT (ysKUMOHAA

Xy Xt

m
U= f F—{—Z?x,(x)cpl dx wy v'= fF'dx.
x'; i=1 A:o

rie

F*=F -+ g:, Ay () g
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KOTOPHR ywe uCClenyeTcs Ha OeayClOBHBI IKCTPEeMyM, T. €. peHialoT
cHCTeMy ypaBHeHu#t D#iepa
. * . ,
ij-_dixFy}=0 (j=1, 2, i fl).
NONOJHEHHYIO YPaBHEHHAMH caasef
¢;=0 (=1 2,..., m. -

9.1)

Yucno ypaBHeHu#t m -+ n, BOOOIile FOBOPS, HOCTATOYHO NS OMNpele/eHHs
m - n Heu3BeCTHBIX QYHKUUR Vi, Vo, ..., ¥, U A, Ay, oo, A, @ rpa-
HHYHBE YCA0BHA Y, (Xp)=Y;, H Y;(x)=y, (G=1,2, ..., n),
KOTOpbHi€ He NO/KHbI MPOTHBOPEYHTh YPaBHeHHAM CBA3eH, BOOOlle roBopd,
JaLyT BO3MOXHOCTh ONpPele/HTb 27 IPOH3BOJLHBLIX MOCTOAHHBLIX B 0OIieM
pelleHHH cuCTeMbl ypasHeHn# Diliepa. '

OueBHIHO, YTO HaHIeHHble 3THM TyTeM KpHBbie, Ha KOTOPLX AOCTH-
raeTcs MHHMUMYM HJIM MakcMMyM (yHKu#oHasna ¥, OGYAyT pelleHHIMH H
MCXONHOR BapuauuoHHO# 3amaud. JeHcTBUTENBHO, . NpU HAHIAGHHHIX M3
cucreMbl (9.1) dyHxuusax

M) ((=1,2,....m) v y; (J=1,2,..., n) Bce ¢=0

M, C/IENOBATE/NbHO, U*==v, NpuyeM ecau Npu y,==y,(x) (j=1, 2, ..., n),
onpeneneHHHX M3 cucteMbl (9.1), mocruraerca Ge3dycJOBHBLIA 3KCTPeMYM
¢yHkuHoHaa ¥*, T. e. SKCTpeMYM TO OTHOIUEHHIO KO BCeM OJIM3KHM
KPHMBBIM, KaK YIOBJ/ETBOPSIOIIHM YpABHEHHAM CBSI3H, TaK ¥ He YROBJe-
TBOPSAIOIIHM MM, TO, B YaCTHOCTH, 3KCTPEMYM LROCTHraeTCA 4 MO OTHO=
IeHHI0 k 6o0Jiee Y3KOMY KJacCy KPHMBHIX, YIOBJAETBOPAIOIIUX ypasHe-
HHAM cBa3efl.

OnHAaKO M3 3TOFO pacCyXAeHHs OTHIONb He CJAedyeT, YTO BCE DelleHHd
HCXOOHO# 3aflauM Ha YCJOBHHI 3KCTpeMyM OyAyT AaBaTh Oe3yc/OBHbIH
sKCTpeMyM ¢yHkuMoHaNy ¥* U, CAeI0BATENLHO, OCTAETCH HEBHISACHEHHBIM,
BCe JHM pelleHHs MoOryT ObiTb HafilleHb 3THM MeToJoM. MH OrpaHdyuMCcs
LOKa3aTenbCTBOM 60Jiee C/Ma00OrQ yTBepPH AeHUs.

Teopema. Pynkyuu ¥y, Y9 -«., Y, peasudyoujue 9xcmpeMyM
PpyrKquonasra

v:fF(x, Vir Vg v Yoo Yo Yoo voer Y )dX

Xy
npu nRaauvuu ycaosul
Qi(% Y1 Yo ves ¥)=0 (=1, 2, ..., m; m<n)
Y

yoosaemsopaion npu Coomeenmcmsyiouem 8ubope MmHoxcumesell
A(x) (I=1, 2, ..., m) ypaswenuan Sldsrepa, cocmasirennbin 011

25 J1. 3. Barcroarn
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yRKgUORGAG

v’ ~_—;f‘ (F + 12:1 Ay (%) (p,) dx =jl_F' dx.

Dyuryuu Ay (x) u y,(x) onpedersiomcn u3 ypasuenud dlsrepa
» d »
ij——d—x—Fy}=0 (j—l, 2 ooy n)

=0 (=1 2,..., m.

YpaBHeHus ¢;==0 MOXHO TaKKe CUMTATb ypaBHeHUAMH OHiepa 119
¢$yHkuMoHasna U°, ecAM apryMeHTaMH ¢YHKUHOHAJIA CYHTAT HE TOJbKO
GYHKUME Yy, Yoo oo es Yo HO H Ay(X), Ag(x), ..., A, (x). YpaBHeHHS
@ (% Y You eows ¥)=0 (=1, 2, ..., m) npeanonaraiTcs Hesa-
BHCHMHMM, T. €. OAMH M3 axoOHAHOB MNOpAAKA M OTJAMYEH OT HYyJA,
Hanpumep

D (@1, 920 -.es Pm)
Dy, o, oeei Ym) + 0.

HDokasateabctso. OcHoBHOe yCaoBHe 3kcTpemyMa Ov==0 npu-
HMMAeT B NAHHOM CijydYae BHI

f' 2 (Fyj891+F,, 8y})dx=0.

X Jj=1

HHTerpupys Mo YacTaM BTOPHIe ClaraeMule B KAXAOR CkoOGKe M MPHHUMAs
BO BHHMaHHE, 4YTO
@y;Y =8y, u @y),.,=0 ©y), =0

NOAyYHM
o

f Z(FV/_%Fy})byjdx=0.

x J=1

Taxk xak QYHKUMH ¥, Yg, eeo, ¥, TNOLYHHEHH N HE3ABMCHMBIM CBA3AM

¢l(xl }’1. }’2. s e 0 }’,,)=0 (i=1' 2; s ey m))

T0 papuauuu Oy, He MPOM3BO/LHE, U NOKA MPUMEHATb OCHOBHOR JMeMMH
Heab3f. Bapuauuu dy, ROMKHH YAOBACTBOPATL CACXYIOUWUM YCIOBHAM,
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NOJYyYEeHHBIM TYTEM BApPbHPOBAaHHA ypasseHu#h cpsageh ¢, =0:
n

Y Loy, =0 =1 2..., m™,
0}']

j=]
U C/leI0BATENbHO, TOJBKO /L — /i W3 BapHALWft 8y; MOXHO CUMTaTh MPOH3-

BO/ILHBIMH, HanpuMmep Oy,,.q, OV, .9, ..., Oy, a ocTanbune onpene-
JSI0TCA M3 MOJAYYEHHBIX YpPaBHeHHH.

YMHoxas MOW/NeHHO Kaw0oe H3 ITHX YypaBHenuff Ha A (x)dx n
MHTErPHPY# B Npelesax OT X, A0 X;, NOJyuuM

1 n
S Y gy ae=0 =12 ... m.
X Jj=1

CxnagbiBasi MOWIEHHO BCe 3TH m ypaBHeHHH, KOTOPHIM Y.108BJAETBOPSIOT
AonycTuMble Bapuauuu Oy;, ¢ ypaBHeHHeM

-/aZ(F”f—'FdIFy;) dy;dx==0,

x j=1
OyneM UMeTb

Xt n m
N | OF ) 17} d OoF
Z[a—_)’/—{—zll(x)@;w-—;—d—'bejdx:o'
% J=I =1 Y] Yy

HAH, eCJH BBeCTH 0003HaueHue

F*=F+§1M(-")‘Pt-

NOJIY UM
X1 n

ul » d *
fZ(FyI—HFy})oy,dx=o.
X J=1

*) Tounee, NpUMEHAA K Pa3HOCTH
Q% Y10y oo Yat Oy — @ (X Y oot YH)

JEBbIX 4acTeit );paBHeHHﬁ Qe Y1 0¥s oo Yat O0¥a) =0 H @ (X, Yo ansy Yo)m=0
¢opmyny Teitaopa, caeloBano OH mHCaTh

n
\N' 0p;
J
J=1 yj
rme R; HMEOT MOPAJOK BHIE MEPBOTO OTHOCHTEAbHO Oy;(f==1l, 2) ..., B).
OnHakO, KaK HEeTPYAHO MPOBEPUTb, YIEHH R; HE OKaXKYT CYICCTBEHHONO BAHHe
HEA Ha JaJbHeHUINE DACCYMIEHMA, TaK KaK IPH BBITHCACHMH Rapaalu¥ QyHKe

UHOHajJa HaC HHTEPECYOT JHIUL WJICHB NEPBOro Iopaaka OTHOCHTEAbHO
6)” (j= 1; 2, ceey n).

6yj+Rl’=°u

25*
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H 3pech NOka Heab3s NPHMEHATh OCHOBHOH JeMMbl BBHAY TOTO, 4TO
Bapuauuu Oy; He nNpoOu3BOJbHLL. Brbepem m muokurenet A, (x),
Ag (%) voss Ap(X) TaK, YTOOH OHH YAOBAETBOPAJH M yDPABHEHHAM
* d * .
ij—d_xFy'j_‘O =12, ..., m),
UM
d oF

+2 ()E’i-—zay =0 (=12 ..., m
Vi

Ot ypaBHeHHs 06pasyiOT JHHEHHYI0 NO OTHOLIEHMIO K A, CHCTeMY
C onpejenureNeM, OTJHYHBIM OT HY.s,

D (91, P25 -+, Pm) 0:
Dy Yo s Ym) + 0

CJe10BATENbHO, 3TA CHCTEMA HMeeT pemeﬂue
A () Ag (%) +ens Ap ().

[Ipu takoM BHOOpe A;(x), Ay(x) ..., A, (X) OCHOBHOe HeOGXOMHMOE
yCAOBHe 3KCTpeMyMa

£ on -
* d L
f N (F,j—HFy;)éy,dx_O
* j=1

X n

- d *
N (ij—-‘H Fy})byj dx =0.

.
Xy, [f=m+1

NpHHUMAeT BUJ

Tak kak gaa  oyukudt vy, Yo, ..., ¥V, PEAIUSYIOIUUX SKCTPEMYM
GyHKUMOHAMA ¥, 3TO (QYHKUMOHAJIbHOE ypaBHeHHe OOpaiiaeTcs B TOMILE-
CTBO ywe nmpH npoussonbHoM Buibope 8y;(J=m—+1, m—+4-2, ..., n),
TO Temepb MOXHO NPHMENMTh OCHOBHYyIO JeMMy. [los0kuB 1Mo Ouepelu
paBHLIM HymO0 Bce Oy;, KDOME OJHOTO, H NpPHUMEHSS JEeMMY, MOJAYYHM

»

d e :
F"j_d—xFy}=0 J=m4+1, m+2, ..., n).

[IpuxuMan BO BHHMaHHe HOJYYeHHblE BhILIe YPaBHEHHS
* d ot ,
- - f——— = =1, 2, ..., m),
- F Y~ dx ij 0 2 )
BKquafe/nbao' GyneM uMeTb, uTO OYHKUMH, pPEaJH3YIOlHe YCAOBHBIM
9KCTpeMyM (YHKUMOHANA ¥, H MHOXHTEAH A;(x) AOMMKHH yAOBJETBODATH
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cucreMe ypasHeHuft

- a + ;
ij—EFy:j::O J=12, ..., n),
@ (X Y1 Vo veen Y)=0 (=1, 2, ..., m).

Illpumep 1. Halitw kpaTuaidimiee paccTofHHE MeEXAY ABYMA TOUKAMH
A(xp Yo 20) B B(xy, y1, 21) Ha nOBepXHOCTH @ (X, y, 2) =0 (cM. 3ajauy o reo-
Ae3nyeCKUX JHHHAX, cTp. 282). PaccTosHue MeXAy IByMs TOYKaMH Ha IIOBEpPX-.
HOCTH onpeJedseTcs, Kak M3BECTHO, Mo dopmyae

X1
! =fVl+y’2+z’2 dx.
Xo
B nannoM ciywae Hajo HafiTH MHHUMYM ! NPH ycloBuH ¢ (x, y, 2) = 0. CoraacHo
npeabiaymemMy GepeM BcnoMoraTeabHblH (yHKIMOHAX
Xy
r= [[VIHy 42 420 etn y, o)) s
Xy

H A HEro NHUIeM ypaBHeHHs 3Jiaepa’

7

y

d .
d F4 .
¢(x, y, 2)=0.

M3 sTux Tpex ypaBHeHHi olpelensioTcs MCKOMBle (YHKIHH

y=y{x) n z2=2(x)
Ha KOTOPHX MOXET JOCTHraThCA YCAOBHBIH MUHHMYM (yHKUHMOHaNZ U, 1 MHOXH-
Teas A (x). :

Mpuwum e‘{) 2. Tloas3dysace npuuumnom Octporpaackoro — [aMuabTOHa (CM.
crp. 320), HalTH ypaBHeHMs XBMXKEHMS CHCTEMBl MaTepHaldbHBIX TOYek MacCH
my(i=1, 2, ..., n) c xoopauHatamu (xy, y;, 2;) TOA IeHcTBHEM CHJ, HMEWOIIHUX
cHI0BY0 (yHknHio — U, npn Haauyuu cBsaseil

@yt X1 Ko eees Xp Yo Yoo oees Yio 21 Zn vens Zp) =0
(=0L2 ..., m).

Murerpaa Ocrporpaacxoro — 'aMuabTona
4
o= f (T —U) dt
t

B JAHHOM CJaydae uMeeT BHJ

ty n
11 . . .
”=/ 7 Nm (734 R4 |an
t

ial
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a BCIOMOraTeabHblit (pyHKIMORAN
4 n m
1 v . . . )
v*,—_—/ [?Z m; (x%—l—-y%-}-z?)—U—}—z Aj(t) 9y } dt.
t i=1 J=1

YpaBHehHs JABHXEHHA O6YIYT ypaBHeHuAMu Jiaepa Jaa ¢yHKIMOHaxa v*. Onu
6ynyT HMeTb CHEAYIOIHH BHA:

m
My = — %4‘2 Ay () —Z%—.
j=1
< 09y
miyi= = 5 + Z A () a5
j=1
- oUv mﬁ oF
”“'z":_TﬂET‘*'Z by @) g5
j=1

(i=1 2 ..., n)

§ 2. Cosan Braa @ (X, ¥i, Yo coes Yo V1, Y20 ovey Yu) =0

B npennaymem mnaparpade Mb paccMarpuBaiH BONPOC 00 uCCJedo-
BaHHH Ha 9KCTPeMyM (yHKUHOHAnA

Xy
‘U=fF(x. )’1: )’2, o e ey yn: )’;‘ y;. RS y;l)dx'

X,
Vi (x)=y;00 ¥;(x)=y; U=L2,...,n)
TIPH HAMMMHM KOHE4HbLX CBA3EH
Q; (%, Yo Yoo oees Vi) =0 (=1,2,..., m). 9.2
[peanonowkuM Temeph, YTO YPaBHEHHA cBA3eH ABIAKTCA Judhdie pen-
HQUGASHUMU YPABHEHUAMY
(X0 Yo Vg oo Yo Yio Pgp eenr ¥)=0 (=1, 2, ..., m)

B MexaHuKe CBA3H TaKOrO BHJIa HA3bLIBAITCR HEZOLOHOMHLIMU,
a cBA3u Buna (9.2) — zosonoMHBIMG. .
B 9TOM cayuae TaKkKe MOXHO ZOKa3aTb [PaBM/IO MHONHTEJEH, 3aKaK0-
yajouieecs B TOM, YTO YCJOBHEI 9KCTpeMyM (YHKUHOHANA ¥ IOCTATaeTCA
Ha TeX e KPHMBLIX, Ha KOTOPHIX peanusyerci Ge3yCAOBHHIA 3KCTpeMyM

¢yHKLMOHAA
X m X
'o‘=f [F+ 2 x(x)(p,]dx=fF* dx,
Xy Xo

i=1
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rae

m

F'=F+i§1k,(x)(m-

OnHaKO ROKa3aTeJLCTBO 3HAUUTENBLHO YC/IOKHAETCA MO CPAaBHEHUIO CO
c/yyaeM KOHeUHBIX CBA3eH.

Ecan ke OrpaHMyuTbCS AO0Ka3aTebCTBOM 6GoJjee €1aGOro yTBepmie-
HMS O TOM, UTO KDHBBIC, Ha KOTOPHIX ROCTUIaeTCsl YCAOBHHIA 3SKCTpeMyM
GYHKUMOHAA U, TPU COOTBETCTBYIOULEM BhiGope A, (x) ABAAIOTCA SKCTpe-
ManaMu A9 (PYHKIHOHANA U', TO HOKAa3aTensCTBO, NpoBeiEHHOE B Mpe-
AbiayllleM mnaparpade, MOXeT ObTb € HE3HAYUTETbHBIMM H3MEHEHUSIMH
TOBTOPEHO M AJA paccMaTpUBaeMOro caydas.

JeficTBUTENHO, NPEANONOKHM, YTO OJHH H3 (YHKUHOHAMNBHAIX OlpEAeaUTE-
Aei TOpAIKAa m OTJAHYEH OT Hyld, HalpUMep

a D((Pl‘(P%--'(Pm)#:O
D(ylv }’2» crey ym)

3TO rapaHTHpYET HEe3aBHCHMOCTH CBA3eil.
’ ! ,
Paspeuias ypaBHenue ¢, (x, Yo Yo ovor Yoo Y1 Yoo o0 yn) =0 OTHOCHTEABHO

Y1 Vg, ++es Yo UTO BO3MOXHO, TaK KaK
D (g1, P o0 Om)
D(yp }'2, e, ym)

’ !

noayauy y; =; (X, Y1 Yo «oor Y Ymap Yma2e -+ ¥p) (0=1 2, s, m). Ecan
CUMTATb Ym+ts Ym+2» -+« Yn TPOH3BOJBHO 3aJaHHBIMH (YHKUMSMH, TO M3 STOH'
cuctemMn AudoepeHIalbHNX YPaBHEHHH onpellesiorcs ¥y, Yo, .. .. Ym- TAKHM
006pa3oM, Ymit» Ym+2 «+«s Yn SBAAIOTCSA NPOH3BOJLHBIMU nmpcpepeﬂuupyemumu
GYHKUUAMH C (PHKCHDOBAHHBIMH [DaHHYHBIMH 3HA4EHHUSAMH M, CJEJOBaTENBHO, HX
BapHAaL{H B TOM K€ CMbIC/Je NPOH3BOJbLHH.

Mlycte y1. ¥3 «..» Yy — NPOH3BOJAbHASA, YAOBAETBOPSIOMAS YDABHEHHAM CBA-
sefl ¢ =0 (=1, 2, ..., m), TonycTuMaa cuctema ¢yrkuui. Bapbupyem ypas-
HEHHA CBA3ei

n
op; N Jg; »
2 sy, + Loy, =0 (=12 ..., m}".
Lo+ 3 o

YMuoxaeM NOYJIEHHO kaXJIOe H3 NMOJNYUeHHBIX YpaBHeHMM Ha moka He onpefe-
JEHHBIH MHOXuTeab A;(X) H HHTErpupyeMm B IpelenaX OT X, A0 X;; TOrla mo-

AyIHM
£ n
/A,(x)zig-“’— y,dx_;_/ Ay (%) Z—-«éyjdx—o
Xy ]=1

*) U 3gmecs, kak u Ha cTp. 379, crefoBaio OH B JeBble 9aCTH YpaBHeHHH
BKJIOYHUTH CJaraeMble, CoIepixauuue 4J€HH MOPsAAKa BHIE IePBOTO OTHOCHTENbHO

!
6y, H 6yj (J=1, 2, ..., n), npuueM ydecTb BJAHAHHE 3THX HeJHHCHHHIX YNCHOB
37€Ch yixKe 3HAYHTEABHO TpYZAREE.
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HHTErPHPYA KaWAOE CJaraeMoe BTOPOro HHTErpana MO 4acTaAM H NPHHHMAA BO

BHEMaHKe, TTO byj (Gy}) H (éyl)x o, (Gyl) =0, 6yzeM uMeTh
X g '
/ 2 [A (x) (k (%) Lo )} 8y; dx =0. 9.3)
x, je=1l /

M3 ocHOBHOrO HEOGXOAHMOrO YCAOBHA 9KCTpeMyMa 8v == 0 moayunm

X op
A\ d
/2‘ (ij——d—x—Fy,.) 8y dx =0, 9:4)
5 j=1 /
£ g

60—/2 Fy16Y/+F + By; dx—/E( Y _d; )Gy,dx.
Vi

Cnoxus nouaeHnO Bce ypapHenus (9.3) u ypasHehne (9.4) u BBoAa 0GO3HadYeHHE

m
F*=F+ E Ay (x) @ OymeM HMETH
i=1

TAK KaK

Xip
/2 (Fyl——d—x—F )ay,dx=o. (9.5)
& j=1
Tak kak Bapuanmuu Oy; (J=1. 2, ..., n) He NPOH3BOJBHH, TO NOKAa HeJb3d OpH-

MEHATb OCHOBHOH JAeMMhl. BuGepem m muOwuTele# Ay (x), Ay (X), «.vv Ap(X)
TaK, YTOGBl OHY YAOBJETBOPRIM YPaBHEHUAM

» d *
)'/_IY_FY}=O (j::l, 2' sevy m)

Ecan HamucaTh STH YPaBHEHHR B DAasBEPHYTOM BHJE, TO OHH TPeACTaBIAIOT CO-
Goii cucteMy auHeHHBIX AuddepeHlHalbHNX YPaBHEHHH OTHOCHTEABHO

A(x) n —"L’ (=12 .... m),

KOTOpaﬂ TPX CASNaHHBIX MPEANONOKEHUAX uMeeT pemeHHe A (x), A, (X), ...
m (X), 3aBHCsilee OT /M TPOHU3BOABHBIX TNOCTOAHHBIX. [lpH TakoM BrGope
7», (x) kg (%) ++or A (x) ypaBHenue (9.5) MPMBOAMTER K BHAY

X o,
* d *
) (Fy;—ﬁﬁy;)‘”"”“o’
X, j=m+1

rie Bapuaumu 8y; (J=m-+1, m-4-2, ..., n) yawce npon3gosvnst, u crenosa-
TenbHO, nojaras Bce BapHaluu Oy; =0, xpoMe KakoH-Hubymb oxHo#t Oy;, u mpu-
MeHASl OCHOBHYIO JeMMY, NOJydYuM

F;,_Fd;F;’g'o (J=m4+1, m4-2, ..., n).
J
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Takum o6pa3oM, OYHKUMH ¥y, (X), Y2(X). .... yp(Xx)., peanu3ylOWIHe YCJIOBHHIR
skcTpeMyM (YHKIHOHANA U, H MHOXHTEAH A; (x), Ag(X), ..., Ap (X) JOMXKHL
YAOBJETBOPATb CHCTEME 71—+ m ypaBHeHHH:

»

d *
Fy}—.Ix_Fy, =0 (j=1. 2, seay n)

J
¢ =0 (=12 ..., m)

T. € JOJKHH YAOBJETBOPATb ypaBHeHuaM Jitnepa. BCIOMOraTeJbHOrO (GyHKUHO-
Hala v*, KOTOophlft paccMaTpuBaeTci Kak YHKUHOHAJ, 3aBHCAWMHE OT n-+ m

by HKIHE
Vi Yo ce ey Yn A’I' Ag, couy Am-

§ 3. HsonepumeTpHuecKkue 3apauu

M3onepuMeTpUuecKHMH 331a49aMH B Y3KOM CMBbICJe 3TOIO CJ0BA Ha3bl-
BAIOTCA 3a4ayM OO OTHICKAHMM TeOMeTPHYECKO# (HIYpH MAKCHMa/bHOMN

naowaiK TpH 3aJaHHOM TCPUMETPE.
Cpe,zm TaKUX 3KCTPEMAJbHBIX 33fa4, HUCCACAOBABIIUXCA €lle B ApEB-

Hel [peuut, ObIJH M BAPMANMOHHLIE 34444H, HAMPHUMED YNOMAHYTas Ha
cTp. 282 3ajgaua 0 HAXOXAECHHH 3aMKHYTOM KPMBOHR 3amaHHOM HJMHBI,
orpaHuuupaiouiefl MaxkcHMaabHyi Taowags *). 3anaBas KPUBYH B Mapa-
MeTpuyeckOof Qopme X ==X (£), y ==y (£), MOXKHO 3Ty 3azauy opmyiu-
pOBaTh TaK: HAWTH MAKCUMYM (YHKUHOHAIA

4

4
S==fo§dt naH S==%-/}x§-—yk)dt
to

to

NpH yC/JIOBHH, YTO (YHKIHKOHAN
, 3
fVﬂ+ww
t(l
COXpaHAeT MOCTOAHHOE 3Ha4YeHHe:
4 -
kaL+wdh=L
t,

Takum 06pa3oM, MH HMeeM 31eCb BAPHAUMOHHYK 33aJaYy HAa YCJAOBHLIH
4y -

IKCTPEMYM €O CBOEOOPa3HHM YCAOBHEM: MHTErpas fo2+y9dt co-

. ]

XpaHsieT NOCTOSIHHOE 3HAYEHHE.

*) Xora pemenne SToH 3ajaum OWIO H3BecTHO eme B ApeBHeit [peuny,
OJlHAKO ee CBOeO6pa3Hui BapHALMOHHHI XapakTep OB OCO3HaH JKIUIb B KOHILE

XVII peka.
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B Hacroslee BpeMs H30MepUMeTDPHYECKMMM 3aJayaMH HA3bIBAETCS 3Ha-
yuTeNbHO GOJee OOLUMH K/Iacc 3aiay, a MMEHHO! BCe BADHALMOHHBIE 3a-
Haun, B KOTOpHX TpeGyeTcs ONpeleiuTb SKCTpeMyM (YHKUHOHANA

7]
0= [F(£ Y0 Yy eevs Y ¥ Yy over ¥y

Xp
NpH HAJHYHH TaK HA3WBAEMbLIX U3IonepumempuvecKux yC/lOBllﬁ

X1

f Fi(%: Y10 Yoo vves Yoo Y Vg oves ¥ ) dx =1,
X

G=1,2 .... m),

rae [,— nocrosHubie, m MoweT OHTb GO/bIIE, MeHbllle WAH PaBHO 1,
a TaKKe aHAaNOTHuHble 3aJaYd AJA Go/ee CAGKHHX PYHKIUOHANOB.

Haonepumerpuueckite 3afayd MOryT OHITb CBeA€HB K 3ajayaM Ha
yCMOBHHH IKCTPEMYM, PacCMOTDEHHBIM B NpPEALIAYIUEM Naparpade, NyreM
BBEAEHHS HOBBIX HEM3BeCTHHIX OyHxkuui. OGo3HauMM

X
fF,dx:z,(x) (=1, 2,..., m),

%o
X

oTkyla 2;(xy)==0 u u3 ycromus fF, dx =1, waeeM z,(x,)=1,.
Xy
Huddepenuupys 2z, no x, 6yEeM uMeTb

2, (X)==F (X, Y10 Ygo vees Yo Yo Yoo o200 V1)
(=1,2, ..., m.
X1
TeM caMHIM HHTErpajbHLie, M3ONMepMMETpHYECKHE CBSIaH f Fidx =1,

Xo
34AMEHUJAUCL CBA3AMH llHCp(pepeHU.HaﬂbelMH:

z"=Fi(x, Vi Vor voen Yo Yir You 00 os 3’;.)
=12, ..., m

M, CEHOBATC/IbHO, 3a4aya CBEAach K 3a1aye, PACCMOTPEHHOH B IHpenst-
nywem naparpade.
[TpuMends TpaBHAO MHOXHTeneHR, MOXKHO BMECTO HCC/IEBOBAHMS Ha
X
yC/AOBHbIA SKCTpeMyM ¢yHKUMOHAZA U= f Fdx npu Hanuuuu cssiseit

%o
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F,—2z;=0(==1,2, ..., m) McclIeR0BaTb Ha GeaycnosHift KCTPEMYM
tbyHKUKOHAA

X
'{J':f
X

F+E k,(x)(F,—z;)} dx = fF‘ dx,
i=1 X

rae

F*==F+ 2 A ()(F,— 2)).

i=1
Ypasuenus ditsiepa Ann dyHKUMOHANA U' HMEKT BUA

s d

FYJ—HF"}=O =12 ..., n,

*

* d . .
th—"d}F’;=0 (i=12,..., m),

#3071

m m
d A .
Fy,+ X WPy, — g (Fy;_ + [; x,F[y}) =0

i=1

(j=1, 2, .. 1),
Ti‘f_{}"i(x)=0 (t=1,2, ..., m).

M3 Noc/ieAHUX m ypaBHeHHH MOAydYaeM, 4TO BCe A, MOCTOSHHH, 4 Mep-
Bble 7 ypaBHEHMH COBNaAalOT ¢ ypaBHeAnaMH ODHnepa aaa ¢yHKuHOHaa

X m
= | ( F+ A,F,)dx.
£\ i=1

TaknuM 06pazoM, Ml TOJy4aeM C/lelylollee TMPABHIO: AAA NOJYHEHHS

OCHOBHOI0 HeOOXOLMMOTO yCJa0BUS B H30TIeDUMETPHYECKOR 3anaye O Haxo-
R

KICHHM SKCTpeMyMa (YHKUHOHANA U= f Fdx npu uHaanuuu caased
X3

X
f F,dx=1l, ({=1, 2, ..., m) Hallo COCTaBHTb BCHOMOraTe/bHHH

X3
GbyHKUMOHAT

x, m
vt = f (F+ P x,F,) dx,
F Y i=1

roe A, — MOCTOAHHME, W HAaNMuCaTh AJA HETrO ypaBHeHus DHsepa,
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[TpousBosbuue nocrosunne Ci, Cy, ..., Cp, B o0OuieM pelueHud
CHCTeMH ypaBHeHu#l Dzepa u nocTosHHble A;, Ay ..., A, ONpeneasiOTCH
H3 TPaHHYHHX YCJOBHHA

V(¥ =Y Y;(x)=yp ¢t=12 ..., n

H H3 H30NEPHMETPHYECKHX YCIOBHH
xl
f Fids=1l, (=12 ..., m.
£o

Cucrema ypaBHeHu§ Dfiiepa Aaa ¢yHkuMoHana U™ He u3aMeHsieTcs,
eC/ U™ YMHOXHTb HA HEKOTODHIR MOCTOSHHBIH MHOXHTENb |4, H, CJERO-
BATE/NbHO, MPENCTaBUTh ero B BUIE

Xy

m
WU = f EMIFI' dx,
£ 1=0

roe BBeleHbl oOosnavenus Fo=F, u1=7\.jp,0. J=1, ..., m. Teneps
BCe ¢QyHkuuM F; BXOAAT CHMMETDHYHO, NIOITOMY 3KCTPEMANH B HCXOAHOH

BapHAUMOHHON 3ajaye W B 33JaY€ HA HAXONIECHHE SKCTPEMyMa OYHK-
Xy

Ly g"J(I} uMoHana st dXx NpH HAaIUYUK H30-
8 £
NEePUMETDUYECKUX YCMOBHH
A £1
[ Frax=y
Xo
(t=0,1,2, ...
1z ws—1,s+4+1,.... m
0 ¢ Y/
coBnaaaT npu ao6om  BHGOpe
s (s=0,1,..., ).
Puc. 9.1 DTO CBONCTBO HOCHT Ha3saHue

npunyuna s3aumnocmu. Hanpu-

Mep, 3a7a4a O MaKCHMyMe TIOILAAM, OIPAHMYEHHOH 3aMKHYTOH KpHBOH
3a0aHHOM OJHHEL, ¥ 3afadya O MUHMMyMe AJMHBI 3aMKHYTOH KpDHBOH, orpa-
HUYHBAIOLIEH 3aJaHHYI0 MNJOLLAAb, B3AMMHBEL H MMEIOT O0ulMe SKCTpeMau.
Mpumep L. Hafith kpusyio y = y(x) 3agaHHOH AJHHE! I, AJsl KOTODOH
naowanp S u3o6pamennoit na puc. 9.1 kpusoauneiino#t Tpanemuu CABD poctu-

raeT MaKCHMyMa.
HUccaeayeM Ha skcTpeMyM ¢GyHKIHOHAA

L
S=fydx:)'(xo)=y0-
.



U3ONEPUMETPHYECKHUE 3ANAYM 389

§ 3]
(x1) = y;, [IpH H3OMEPUMETPHYECKOM YCJOBHH

X
f Vity?ax=1
X0
CocraBasieM CHauaJla BCOOMOrarenbHb# QyHKUHOHAX

s*‘/;f (42 VIt y?) dx

Tak xax moXnIHTErpaJabHas OYHKIMA HE COJEPXHT X, TO ypaBHeHune Iinepa
Lns S*™* nMeeT NepBii mHTerpan F— y'Fy, = C, nay, B JanHOM Cayuae,
- 2 12
y+rVigy?——=L—=c,
14y’

OTKyJa
— A

y—C = —
Vity?

BBoxum napamertp £, mosaras y’ = tgf; Torza moayuum
y—C =—Acost

Z—y tgt, otkyza dx= %: E%:—ﬁ—— Acostdt;
x=Asint+ C,.
WMrak, ypaBHeHHe SKCTpeMaJjeit B mapaMeTpuueckod ¢opme uMeeT BHI:
x—C, = Asint,
y—Cy=—Ahcost,

WAHM, MCKIIOUas f, mOAYUMM (X — Co)? + (y — C))? = A2 — cemeitetBO OKpYXHO-
creit. [loctosnusie Cy, C, 1 A onpenenmorcﬂ u3 ycaoBuit

f Vity? dx=1
Xo

Tpumep 2. Ha#itu xpuyio AB 3ananno#t aaunnl [, OrpaHHYHBAOILYIO
BMECTE C 33JaKHOH KPHBOH y = f (X) MaKCHMaJbHY0 HAOLIAAb, 3aIITPHXOBAHHYIO

Y(xo)=yo y(x)=y, 4

Ha puc. 9.2.
TpeGyercs ompegennth SKCTpeMyM (yHKLHOHANA

s=[o—r)

Xo

¥ (*%0) = Yo,

X
f Vityldx=1i. S

&

y(x)=y

Py HAJHYHH YCJIOBHA
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CocrasasieM BCNOMOraTeabHHit (yHKUMOHAN

s* = [—r @ +2 Vity?)ax
£

yganueime Sitnepa ana storo ¢yHKUHOHANa HE OTAMYAETCH OT YpPABHEHHs
ditaepa B mpexwAymedl 3ajave, M CJAEJOBATE]bHO, B JAHHOH 3a/late MaKCHMYM
MOXET NOCTHraThCd JMIOb Ha AYrax OKDYKHOCTEH.

Mpusep 3. Haiitu dopmy abcoaoTHO re6KOro, HepaCTAKHUMOrO OJAHOPOI-
HOTO KaHaTa AanHOH I, molBeweHHoro B Toukax A ® B (puc. 9.3).

\Y \ |
: (2 y
‘5'\5 8

yfixl

o

Puc. 9.2, Puc. 9.3.

Tak Kak B TMNOJOXEHHH PaBHOBecHs HeHTp TAXKECTH AOMKEeH 3aHMMaTh HaH-
6onee HU3KOE IOJNOXKEHHEe, TO 3afada CBOAHUTCA K HaXOXKAEHHIO MHUHHMYMa CTaTH-
qeckoro MoMeHTa P OTHOCHTeabHO ocH O, KOTOpas mpeanoJjara€rca HanpasJieH-

£
Ho# ropH3oHTaAbHO. Mccaetyem Ha skcTpemyM GyHKumoHaA P = f y ViFytdx

Xo
X1

npY YCAOBHH f Vl + y’® dx=1. CocraBaseM BcroMOraTebHHI (yHKUHORAX

X
o= [+nVityTax

AJf KOTOporo ypaBHeHHe Sl'illepa HMEET ﬂepBbll':l HHTErpaj
F—ylev = C,
HJIH, B IaHHOM CJayuae,

G+ Vigyt— O o

otkyna y4+A =C, Vl +y’2 BsoauM napamerp, nojaras y’ =sh# orkyza
V 1-!-)0'i mchtnuy+A=C,ch Z—ié-sh t;dx-%- Cidtyjx=Cit+C,,
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, X — C,
wad, wuckmozas f, noayuuM y-+A=C; ch - — cemeflcTBO UERHEIX
y 1
ZHHUH.

YxasaHHOe Bhlllle MPABWI0 DelleHHA HIONEPUMETPHYECKHX 3anad pac-
npocTpaHsieTcd ¥ Ha B0jee caoxhble QYHKUHOHAJM.

YuomsneM eme 00 OIHOW 3ajave Ha YCAOBHBHIH SKCTpeMyM -— 3anaye
06 ONTHMaJbHOM yIpaB/ieHuH. PaccMOTpHM AupdepeHlHa bHOe ypaBHeHHe

L= f(t x(®), u(®)) (9.6)

C HayalbHBIM YCaOBHeM X (fy) = X,.

KpoMe HeusBecTHO# dynxumMu (WA BeKTOp-@PyHxuuu) x (£), 970 ypas-
HeHHe COLEPKHUT ellle TAK HA3HBAEMYIO ynpasasowyio @yRxquo (A
BeKTOp-QyHKUKMIO) 4 (f). Ynpasasiouyo ¢yHxumio #(f) Hado BHOpaTh
TaK, 4TOOB 3aMaHHBIA (YHKUHOHAN

ty
= fp(x(o. u(t)) dt
'1

HOCTHraJa SKCTpeMyMa.

dyuxuia u (f), Kawolas pelleHue MOCTABJIeHHOH 3aAayM, HA3BIBAETCA
onmumasbHol PyRKKuel MIn ONMUMBALHUM YNPABACHUEM.

DTy 3amayy MOXKHO paccMaTpuBaTh KaK 3a4avy Ha YCJAOBHHI 3KCTpe-
MyM ¢yHKUHOHAMA © ¢ IuddepeHurabHEMA cBsagMu (9.6). Oxuaxo
B MpPaKTHYECKMX 3aJayaX ONTHMa/bHble QYHKLHY YaCTO /JexaT Ha IpaHHue
MHOXecTBa JOMYCTHMbIX yhpas/siouinX ¢yHkuu# (HanpuMep, ecau ympa-
BASOWeR (YyHKUHEN gBASeTCH BKIIOMaeMas MOLLHOCTb MOTOpOB, TO, Oue-
BHIHO, 9Ta MOLIHOCTb OrpaHMYeHa MaKCHMa/AbHON MOLIHOCTBIO MOTOPOB,
NpuyeM B DellueHHSX ONTHMAJbHBIX 33Ja4 HePeAKO NPUXOAMTCH BK/IKUATH
MOTOpH XOTH OB Ha HEKOTOPLIX YYaCTKaX Ha MOJHYIO MOU[HOCTD).

Ecan xe ONTHMAAbHAA GYHKLUMA JEXKHT Ha IDaHHLE MHOXKeCTBAa AOMY-
CTHMBIX YNPaBAfloOmUX (PyHKUMA, TO HMB/I0XKEHHAas BbIlUe TeOpHA 33434 Ha
YCAOBHEIH  3KCTPeMyM, [MpeANnojaraBllas BO3MOXKHOCTb ABYCTOPOHHHX
BapHauu#, HenpuMeHuMa.

[losToMy 1A pelteHns 3aJay ONTHMANBHOTO peryaMpOBaHHA OOBIYHO
NPHMEHSAITCA UHBlE MeTOAH, paspaboTaHuule JI. C. [MonTparuuum (cM. [8])
n P. Beaamanom (cM. [9]).

[Ipumep. B cucreme nuddeperunatbiux ypaBHeHHH

-(Z—':=v, —‘;—(;=u (t — Bpewmsq), 9.7

onucHBaome# ABMKeHHe TOUKH B MJIOCKOCTH C KOOPAHHATaMH X, U, ONpelenytb

ynpasasiomyw ¢ynkuno o (f) Tak, utobm Touka A (X v,) unepeMecTHAACh

B touky B (0, 0) 3a HanMeHbIIHH HPOMEXKYTOK BpeMeHH, mpuyeM {u| < 1 (Tak
2

d?x o =
Kak U == B TO 4 MOXHO CYHTaThb CHAOH, AeiicTBylOWE! Ha TOUKY ¢ eAHHHIHOR
maccoht).
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(rjn.9

Yupasasiomas ¢yHkuus «(¢) kycouno HempepuBHa. Udns ynpoinenus paccy-
KeHHit IPenoNoXKHM, ITO OHa HMeeT He 6oNee OJHOH TOUKH pa3phiBa, OAHAKO
OKOHYATEJbHBIH pe3yabTaT BepeH H 6e3 STOro NpeifloJOoXKeHHS.

P U U
i
g z g z
’ Puc. 94. Puc. 9.5.
[TouTH O4eBHAHO, Y4TO HAa ONTHMAJBHBIX TPAEKTOPHAX « = 1, Tak kak npu
dx dv "
9THX BHAYEHHSX | ~7 | H | = | JOCTHraoT HanGoabUInX 3HayeuwH U, CcleloBa-
TeALHO, TOYKa JBHKeIca C HauboabuieH cxopoctbio. [lonaras B (9.7) u=1,
oAy IHM .
v=t+C,, X=?+Cxt+C2.
. HAM v?==2(x — C), 4 aHanorudHo mpu u=—1;

V=t x=— B G4 G =2 (x—0),

Ha puc. 94 u 9.5 usobpasmenpt 3TH ceMe#cTBa Napa6os, npuyeM CTPENKH

YKa3bBalOT HAampaB/eHHE ABHIKEHHA IIPDH B

14

A
e

Puc. 9.6.

Ny

o3pacrandy £ Ecau Touka A (x, Ug)

JeXHT Ha MNPOXOAAILMX Yepe3 Hauano
KOODAMHAT Jyrax mnapa6on

v=—Vxumuv=V_"x (9.8)
(puc. 9.6), To ontuMaabHOH TpaekTO-
pueit aBageTcs 1ayra OXHOH M3 3THX
napa6oj, coefmHsowas ToYky A ¢
Toukoit B. Ecam xe Touka A He ae-
MUT HAa STHX napabonax, To ONTH-
MaJbHOH TpaeKTOpHeH 6ymeT ayra na-
pa6oan AC, npoxoxsmas 4epes TOY-
Ky A, u nyra CB oxmHoll u3 mapa-
6oa (9.8) (cm. puc. 9.6, Ha KoTOpOM
YKa3aHH 1Ba BO3MOXHBLIX TOJOXEHHS
Touek A u C).

B sr0if 3anate BpeMa T nmepeMemeHHs TOUKH H3 noloxeHus A B monoxe-
une B spaserca (YHKIHOHANOM, ONpelensieMbiM TepBHIM H3 ypaBHeHu#t (9.7),
BTOpOE ypaBHeHHe u3 (9.7) MOMHO pacCMaTpHBaTh KaK ypaBHeHHe cBgasH. OxHako
npuMeHeHHe K STOH 3ajaue H3JOKeHHBIX BblI€ KAICCHYECKHX MeTOJ0B pelleHHA
6110 Obl 3aTpYAHATENbHBIM, TaK KaK ONTHMAaJbHOE YNpaBJEHHE JEKHT HA rpaHHie
06JaCTH RONYCTHMbX yupaBieHuHl |u|< 1 4 ABycTOpOMHHE BapHaMuu 3xecbh He-
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BOSMO)KHbI,Q KpOME TOTO. peLlleHHe HINETCY 08 KJaacce KYyCO9HO HETIPEPBIBHBLIX
YiipaBaeHHi. :

O6a stH 0O6CTOATENLCTBA2 BECbMA XaPaKTE€PHhl A4a GOAbUIMHCTBA MpaKTHue-
CKHX 33aJay HA ONTHMAaJbHOE YIIpABJCHHE.

3agauH K raaBse 9

1
1. Hafiti sxcTpeMann u30nepuMeTpuyeckoi 3afauu v [y (x)] = f(y'2+x2) dx
: 0

1
npH VCAOBHM f)ﬂ dx=2y(0)=0; y(1)=0.
0

2. Ha#itii reoesuyeckHe JuHUM KPYTJAOrO LMAHHAPA r = R.

Ykasganue Pemaine yjl06HO HCKaTh B UMIMHIDHYECKHX KOODAMHaTax
rog o2

3. Haitin sxcrpemasn u3onepuseTpHueckoil 3ajaul

Xy X
vy (x))= y’2 dx upu ycaosun fy dx = a.
x. X

rII¢ @ — MOCTOSHHAS.
4. Hanucats auddepeHuiansHoe ypaBHeHHe aKcTpeMaded w3omepHMeTpHue-
ckof 3afaud 06 skcTpeMyMe (BYHKUHOHaIa

X .
viy = [ p)y? +anyl dx
4]

Xy
P YCAOBHM f rxyytdx=1 y0)y=0 y(x)=0

0
5. HafiTh sxctpemasn B H30NEPHMETPHYECKOH 3afaue o6 axcTpemyme QyHk-
HOHAJa
1
/2 /2 7
oly (o 2] = [ +2—dr’ —42) dx

0
1
py yCJAOBHH f(y’z—xy’——z’2) dx=2, y0)=0, z2(0)=0, y(1)=1;

z(l)= L

26 . 3. Bascroabnu



TTABA 10
NPAMBIE METOJAbl B BAPHAIIMOHHBIX 3AJAYAX

8§ 1. IMpaMbie mMeTOaH

IlugpdepeHunaibHble ypaBHEHUS BapUALMOHHBIX 3afad HHTETPHPYIOTCH
B KOHEUHOM BHIE JMUIL B HCKJOYUTEJbHBIX caydasx. B cessu ¢ aTum
ecTeCTBEHHO BO3IIMKAaeT 10TPeOHOCTL B HHBHIX METOAAX PpelIeHHs ITHX
3apay. OCHORHAs MAeS TaK HA3LIBAEMBIX APAMEX MEMOOOB 3AKMOYAETCS
B TOM, YTO BapHalMOHHAs 3ajaya pacCMaTPHBAETCH Kak MNpelesbHas As
HEKOTOPOH 3a1aui HA IKCTPEMYM (QYHKUMH KOHEYHOrO YHCJIAa MEePeMEeHHBIX.
STa 3afaya HAa IKCTPEMYM QYHKUMM KOHEYHOrO 4YUCA2 MepEeMEHHBIX
pewaeTcss OOBLIYHBIMM METOJAMH, d 34TEM MpeNe bHbIM MEPEXONOM NOJY-
YaeTCA pellleHMe COOTBETCTBYWOWIEH BapHAuMOHHON 3ajauH.

dyHkunoHaa v [yfx)] MONKHO paccMaTpuBaTh kak ¢GyHKuuwo Oec-
KOUEYHOI0 MHO'KECTBA NepeMeHHbLIX. JTO YTBEpKAeHHe CTAHOBHTCS COBEp-
LIeHHO OYEBHIAHLIM, €CJaH MNPeAlOJIOXHTL, 4YTO JONYCTHUMBIE GQYHKUMH
MOTyT ObiTb pa3JOXeHbl B CTeNeHHble DAAb:

yO)=a,+ ax +ax?+ ... +a,x"+ ...,
il B paiu dypbe:

y(x)=%+ z“(a,l cos nx —+ b,sinnx),
n=1

UM Boobule B Kakue-HUOYAb pAAbI BUAA

[2.0]

Y = 3 a,9,(x),

n=0

rae @, (x) — sanauupie O¢ynkuuu. Jna sananus dysxuuu Y (x), nped-
oo

cTaBuMOR B BuIe pana y(x)== 2 4,9, (X), A0CTATOUHO 3akaTh 3HAYE-
n=0

HHA BCeX K03bDQUUUEHTOB @,, M C/1eA0BATe/]bHO, 3HaYeHHe (PYHKHUOHA/A
viy(x)] B 3TOM cayuae onpefesiercs 3ajaHueM GeCKOHeYHOH MOCreAOBa-
TEAbHOCTH HHCEN: @y, @1, g, « ey Gy «vo, T. €. QYHKIUHOHAN ABASETCS



§ 21 KOHEUHO-PASHOCTHLIMI METOXL SPJIEPA 395

gyukunefl GECKOHEYHOTO MHOXeCTHA MepeMeHHHX:
vly(N=0¢(3y @y ..., a, ...)

CnenosaTeibHO, PA3/IMuME MeXIY BADMALMOHHLIMM 3a4a4aMy M 3aia-
uaMM  Ha 3KCTPeMyM (YHKUMH KOHEUHOTO YHMCJA NePeMeHHLIX COCTOMT
B TOM, YTO B BAPHAUHOHHOM Cyyae NPHXONHMTCA HCCAENOBATH HA KCTPe-
MyM yHKUNW GeCKOHeYHOTO MHOXeCTBa nepeMeHnbix. [1osTomy OcHoBHan
nien NPSMBIX METONOB, 33KJIOMAIOLIAACH, KAK yXe CKAa3aHO BHillle, B TOM,
YTO BAPHAUMOHHAS 33Jaya DACCMATPMBAETCA KAK Mpele bliad AR 3alayu
H3 SKCTPeMyM (YHKLUA KOHEYHOrO YMCJA MePeMeHHBX, ABASETCA BeChbMa
eCcTeCTBeHHON.

JI. Dhnep B mepshifl Nepuol CBOMX HCCAeLOBaHUft B 00JacTH Bapua-
UMOHHOTO MCYHC/EHHS INPAMEHA] MeTOHN, HA3blBAeMBIH Tenepb KOHEYHO-
Pa3HOCTHLIM NPAMBIM MeTOAOM. DTOT MeTOA B Aa/bHeHlleM A/IHTe/bHOE
BpeMsi COBCeM He MNDHMEHAACS M JMIUb B TOC/CAHHE TPH AeCATHIETHS
Obi/l ¢ 6O/bIUMM YCMIEXOM CHOBA BO3POXKIEH B PAGOTAX COBETCKHX MaTe-
matukos (J1. A. Jliocrepurx, M. T. Tlerposckut 1 ap.).

Ipyro# npsMofi MeTOL, W3BeCTHbM MOA Hassaunem Meroma Purua,
B pa3dpaGOTKy KOTOPOrO BecbMa 3HAYHTENbHBI/t BK.1AQ BHECEH COBETCKUMH
marematukamu (H. M. Kpsizo, H. H. Boromwo6os u np.), B Hacrosuiee
BpeMsA HAXOINMT IWIMPOKOE NpDMMEHeHHe HDH DelleHHM pA3MUHBIX BapHa-
UMOHHBIX 3a4ad. '

TpeTu#t npaMofl .Metoa, npennoxenunit JI. B. Kawroposuuem, npu-
MeHUMbI K GYHKIIHOHANAM, 3aBUCAULMM OT (YHKUKN HeCKOIbKHX He3aBH-
CHMBIX TMepeMeHHbIX, HAXOAMT Bce Gosee M Goaee wWHPAKOE MpUMEHEHKe
B TeX Xe 00.1acT#X, B KOTOPHIX NPHUMeHseTCs MeTold Purua.

B nanbHefiieM MBI OCTAHOBMMCR JIMIIb HA STHX TPeX OCHOBHBIX
NPAMBIX MeTOnaX, MpHYeM ROKA3aTe/bCTBA MHOFMX yTBepIeHMH OYAYT
onyuweHn. YuraTens, #esaoulero 60/ee AeTaAbHO O3HAKOMHTHLCH C MpH-
MEHAIUWWMUCA B HACTOAllee BpeMa MNPAMbBIMKH MeTONaMu, Mbl OTChHi/1dEM
x xuure JI. B. Kanropossyya u B. M. Kpsirosa {10] u x kuure
C. T. Muxapnua [11}. '

§ 2. Koneuno-pasnocTunifi MeToa Jitnepa

Mnes KOHeYHO-pa3HOCTHOrO MeTOAA S3aKJIIOHAeTCH B TOM, 4TO 3Have-
Hua GyHxunoHana v [y (x)], HanpuMep

Xy
i 7
[Fy yrax yxo=a. yxp=b.
Xo
PACCMATPHBAIOTCA He HA MPOUBBOJbHBIX, AONMYCTHMBIX B IaHHOH Bapua-
UMOHHOH 3anaye, KPUBbIX, a JHIIb HA JIOMaHLIX, COCTABJICHHBIX U3 33H&H~
HOTO 4yucaa n npﬂMO.’lHHeHHuX 3BeHbeB, C 3aZaHHBIMU abcuuccaMu BepIUHH:

X + 0%, %+ 288, .0 X4 (1—=1)Ax, rae Ax == (pye, 10.1).

.26
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Ha rakux somaubx @ysxusonan o[y (x)] npeBpamiaercs B (QYHKLHUIO

(Y1 Yo -+ s Yp_1) OPAHHAT Y|, Yo, ..., Y,.; BeplUuil NOMaHOH, Tax
KaK JIOMaHas BMOJHe OMpeAe/seTCs ITHMH OPMHHATAMM.

BuibipaeM opauHaTtel Y, Yo, ... Y,y -TaK, 4robbt  pyHxuus
P(Yi» Yoo -+ Yp_1) AOCTHFANA  SKCTPEMyMa, T. €.  Ollpele/seM
Vis Yos »ees Yy M3 CUCTEMBl ypaBHEHHH

0 0 0
9 o, L2 _—p, ... ¢ —o,
oy 0y2 0Yn-1

-
a 3areM NEPeXOnHM & Npelefy npu n—co. B npelene MPH HeKOTOPBIX
OrpaHHYeHUSX, HaJjaraeMblx Ha @yHkUHIO F, N0JAydYdM pelreHue Bapua-
UMOHHOH 3azauM.

Ay
ym) yf yz yn-! !//It/
z
0 I, I*AT zyn-fjaz
Puc. 10.1.

Yao0uee, oaHako, 3HaueHde ¢yHKuUHOHAMA U[y(x)] Ha yKasaHHbIX
BHIIIE JIOMAaHBIX BbIYHCAATL NPUOJMKEHHO, HAlpuMep B npocTelwen
3allaye 3aMeHATb HHTerpan

n—1 %ot (R+ 1) Ax

Xy
y Vg
/F(x, y, ¥)dx %2 / F(x, ¥, —k%x—k)dx
ps k=0 xy+k Ax :

HHTErpaabHOR CyMMoli

n

Y Ay,
(e vi g b
=1

B kauectee npuMepa BbiBeleM ypaBHenue Iinepa Aas PYHKUHOHAAA

Tovly(x))= fF(x, y, y)dx.

Xo



§ 31 METON PHTUA 397
B atoM cayuae HZ pacCMaTPUBAEMBIX JOMaHLIX

n—1

yl -y
VY=o Yoo o e )’n—1)=ZF(xu Yo LAk

i=0 ’

Tan wax OT y; 33BHCAT AHlUb ABA CJaraeMblX 3TOH CYMMsl:
l-e u ({—1)-e,

- Y=Y
F(x,, Vo yl—*zx—ﬁ) Ax u F(x,._l, Vit -‘—Tl“) Ax,
TO ypaBHEHHS :T(P:O (=1 2, ..., n-—1) npuauMawT Bul
1
Yo — Y Yie1— Y, 1
Fy (510 % D) Ax 4 Fy (0 30 et ) (— ) ax
Y=Y} ! .
+ Py (i i S0 A =0 G=1 2 (i — 1)),
HJIH
Ayl Ay._1
Ay, A e )_0
Fy("l‘ Yo FTx) T Ax ="
HIH
Ay AF,,
Fy(xl, Vi —Sxi)— Axy =0.

[Nepexods ¥ npeieay NpH n-~> 00, NMOAYYMM ypaBHeHde Siaepa
d
Fy— - Fy=0.

KOTOpOMY JO/KHA YIOBJCTBODATH MCKOMAas QYHKUHMSA y (X), peanusyoulias
IKCTpPeMyM. AHA/JIOIHYHO MOXeT OHTbL MOJYYEHO OCHOBHOe HeOOXOIMMOE
YCJIOBHE IKCTPEMYMa B ADYTMX BADHALHMOHHBIX 3afayax.

Ecan He coBepluaTh NpeAe]bHOIO Mepexodd, TO H3 CHCTEMbl ypaB-

4] .
HeHHH d;P =0 ({=1, 2,..., n— 1) MOXHO ONpEREIUTH HCKOMbBIE
i
ODAHMHATHL Y;, Yo, -+-» Yp_3 M TEM CaMBIM IIONYYHTb JNOMAHYIO, SIBISIIO-
ILYIOCH NPHOMMKEHHBIM pelleHHeM BapHAlMOHHOR 3alauH.

§ 8. Meton Putua

Unes memoda Pumya 3axmodaeTcs 8 TOM, YTO 3HAUEHHS HEKOTO-
poro ¢ynxkuuonana vly(x)] paccMaTpUBAOTCA He HAa TPOM3BOJbHBIX

AOMYCTUMBIX KPUBKLIX JaHHOHR BapﬂauHOHHOﬂ 341344, a JHIUb Ha BCe-
n

:
BOSMOXHKIX JIMHEHHBIX KOMOMHAUMAX Y, == Z a,W;(x) C NOCTOAHHBIMH
i=1
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k05 HUMEHTAM}, COCTABJEHHBIX M3 n MepBbix (QYHKLHA HeKOTOpOH
BEIGpaHHON nocaenoBaTeAbHOCTH (yHKLUHUHA

W, (x), Wo(x), .... W,(x), ...

n -
DYHKUHE Y, == > a,W,(x) 20mxHH ObHThb NONYCTHMHIMK B PacCMaTpH-
i=1

BaeMOM 3ajaye, YTO HAJaraeT HeKOTOpble OrpaHuyeHHs HA BLIGOD nocue-
nosatenbHOoCcTH  ¢yHkuMf W, (x). Ha Takux auHe#HbIX KOMGHHaUMAX
¢yHkunoHan v|[y(x)] npespauwaercs B PyHKUMIO @ (O, Oy, ..., O,)
K03(pQHUUEHTOB O, Oy, ..., O, IDTH KO3PPHUHEHTH G, Gy, ..., O,
BbIOnpaloTcs Tak, yToOb GYHKUHA @ (G, Og, ..., O,) AOCTHraAa IKCTpE-
MyMa; CJlelOBAaTe/NbHO, @y, Oy ..., O, JODKHH OHITb ONpeAeNeHH
M3 CHUCTEMB YypaBHeHUH
g
— =90 l=1, 2,...,’1. -
30 ( )
Cosepluas npefeabHH mnepexol MNpH n—>coO, TNOAYYHUM B caydae

(e o]
CYUIECTBOBaHUA mNpefena GYHKUHIO y = Ea,W,(x), apasowytocs (pu
i=1

HEKOTOpPbIX OIPaHHYEHMNIX, HaJjaraeMbix Ha ¢yHKnuonan v [y (x)] u Ha

nocaenoBatebiocte W, (x), Wo(x), ..., W,(x), ...) TOuHbLIM pelle-

HMeM paccMaTpMBaecMO# BapuauWoHHO# 3amauu. Ecan He cosepluatsh

npenebHOro [Mepexofd, a OrPaHWYHTLCH JMINL 7 TEPBbLIMKU  UIEHAMH
n

c, .
Vp= ZQ,W, (x), TO noayunm MNpubAHKEHHOe DelleHHe BAPHALUHOHHOH
i=1

3anauH.

Ecan TakuM MeToJoM ompefeasercs abCOMOTHHIY MUHHMYM (YHKIMO-

Hana, TO TpPHOMMKEHHOe 3HaYeHHe MHUHMMyMa ¢YHKUHMOHANA HAXOIUTCH

¢ ¥30BITKOM, TaK KaKk MUHMMYM (YHKUHOHAMZ Ha MOOBIX IONYCTUMBIX

" KPDUBHIX He Oosbllle, YeM MHMHHMYM TOro e QYHKUMOHANA HA 4YacCTH
n

3TOr0 KJacca AOMYCTHMbIX KPHBbLIX — HAd KPUWUBbIX BHAd y,— 2 (lin (x)
i=1

[Ipn HaXOXMeHHH TEM KE METOLOM MaKCHMAJAbHOIO 3HauyeHHs (yHKUHO-
Ha/Jad TMOJaydaeM MO TEM KE NPpUYAHAM npn6nmi(em{oe 3Ha4YCHHe MAKCUMyMa
GbyHKUHOHAMA C HeJOCTATKOM.

n
Ilas Toro uToOH (yHKIUHHU y,,=2-a,W,(x) OblIM  AONYCTHMBIMH,
i=1

npexJje Bcero HeoOX0AUMO yNOBAECTBOPUTL FPAHHYHBIM YCAOBHAM (KOHEUYHO, -
He caenyeT 3abbiBaTh W O JAPYrMX OrpaHUuEHHAX, KOTOpHE MOryT OnTb
Ha/I0KEeHbl Ha AONYCTUMble (PYHKUMH, HanpHMep TpeGOBaHHUsAX, KacaoLIuXCe
MX HENpPepHBHOCTM WM [13aOKOCTH). Ec/Mu rpaHuyHble yca0BuUS JHHEHHH
¥ OLHODOILHH, HalpHMep, B npocreftielt 3agave y(xXo)=y(x)=0 um

Buyy (xp) =+ By’ (x)) =0 (=0, 1),
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rie f,; — NOCTOAHHHE, TO MpOWe BCEr0 H KOOPAMHATHHE GyHK iuH
BLIGPATh YLNOBJIETBODPAIOIIHMU 9THM TDAHHUHBIM YCAOBHAM. OueBuIHO,
n

YTO MpH 9TOM H Y, == Z o,W;(x) npu ao6ux @; 6y1yT yAOBAETBODATL
i=1

TeM Ke TpaHUYHBLIM ycaoBuaM. [lycTb, Hanpumep, rpaHuuHble yCIOBHSA
uMeloT BHA Y (X,)==y(x,)==0, TOr1a B KauecTBe KOOPAHHATHHX QyHK-
uu MoxHO BHOGpaThH

W, (%)= (x — x0) (x — x1) 9; (x),
rae ¢, (x)— Kakne-ﬂhéynb HENpepbiBHBIE PYyHKUHH, HIH

BE—% =12 ...

W, (x)=sin P

Ml Kakue-uubyab Apyrue (yHKUHM, YIOBJAETBOPAOUIHE YCIOBUAM
W (xpy=W,(x;)=0.

Ecan ycnoBus HeoRHOpOAHH, HampuMep Y (X)=1¥g y(X)}=¥,.
rie xota Ol ONHO M3 HuCed Y, HAH Y, OTJIMYHO OT HYAd, TO Tpolle
BCel'0 MCKATb pelllcHHe BAPUAHMOHHON 3adayu B Bule

n=§m%m+%u»

rae W,(x) y1roBeTBOpseT 3aNaHHBIM FpaHudHbLIM ycaoBusM W, (xy) == Y,

W,(x,) = y;. @ BCe ocTaibhbie W, (x) yAOBIETBOPSIOT COOTBETCTBYIOULHM
ol 34 i

OJHOPOLHbIM TpPAHMYHBIM YCIOBHAM, T. €. B PacCMATpHBAEMOM Cayuae

W, (x,)=W,(x;)=0. OueBHiHO, 4TO NpH# TakOM BEIOOpe NpH MOOHIX ©
i(Xg (X p i

¢dyHkuun y, (x) YAOBACTBODMIOT 33aNaHHBIM TDaHUYHBIM yCJIOBMAM. B Ka-

yecTBe QyHuuy W, (x) MOXKHO ppiOpaTh, HanpuMmep, AUHERHYIO PYHKIHMIO

Wo(x)= L3 (x — x0) + 3o,
Pemtenne cucreMbl ypaBHEHui %—:—-0 (¢==1,2, ..., n) BooGule

roBOp#, FABJSETCA BeCbMa CJAOXHON 3afavelt. Dra 3amdya 3HAYUTEBHO
ynpouwaeTrca, ecad Ha SKCTPEMYM HCCeAyeTCs KBAaAPATHUHBIR OTHOCH-
TeJbHO HEH3BECTHOM (YHKLUMH M ee NMPOU3BOAHHIX QYHKUAOHAM U, TaK KAk

B 9TOM C/yyae ypaBHEHHs —- —0—- =0 (=1, 2, ..., n) IMHEHHB OTHOCH-

TeNbHO Q.

Bbxﬁop nocnenoBateabHocTH QyHkuust Wi, W, .., W,, ..., HasH-
BAEMBIX KOOPAMHATHHMH (YHKUMAMM, CHJbHO BJMSET HA CTENEHb CAOXK~
HOCTH JAa/bHEHIIUX BRIYHC/AEHHH, M NMOJTOMY OT YIdauHOro BHGOpPA KOOpAH-
HATHOA CcHCTeMBb (YHKUMH B 3HAUMTE/LHOH MEpe 8aBMCHT ycmeX npuMe-
HEHHH 3TOr0 MeToJa.
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Bce cxasaHHOe BHINE B 110JHOH Mepe OTHOCHTCH # K (QYHKUMOHAAAM
v|z (%, X5 ..., X,)], TpHuYeM, KOHeyHO, B 3TOM cayudae dyuxuuun W,
AOMKHB ObITh ye QYHKUMAMH NMePEeMEHHBIX Xi, Xg, ..., X, @ TaKKe —
K (QYHKUKMOHAMAM, 3aBUCAULMUM OT HECKOJbKUX (yHKuUMH.

Meton PuTua uHacto npuMeineTcs AR TOYHOTO MM MPHOANHMKEHHOTO
pellleHdss 3anay MareMatHueckof ¢wusuxku. Hampumep, ecan tpebyercsa
HafiTh B HekOTOpoH oGaactu D peluenue ypaBHenus [lyaccoHa

0%z 0%z
g Ty =r(x 9

NpH 3aJaHHBIX 3HAYEHUSX 2 Ha rpaxuue 00aacTH D, TO MOXHO 3aMEHUTH
3TY 3apauyy BapuauHoHHOW 3anavet 00 skcTpeMyme dyHKUnOHANA, AIA
KOTOpPOro JAaHHOe ypaBHeHile sBaseTcR Yypasuenuem OCTpOrpaackoro
(cM. ctp. 318). B paccMarpuBaeMoM ciydae TaxkuM (YHKLWOHA.I0M OyaeT

ST+ 5T+ 2erce w]ocas
D

GYyHKLUMIO 2, Peaausyoulyld 9SKCTPeMyM 3TOro (yHKUMOHAZ. MOXHO
HAXOAUTL JJIOOBIM 43 NPAMbLIX METOMOH.

3agaun MarTeMaTHuyecKol u3UKU ODBLIYHO CBOASTCR K HUCCAELOBAHMIO
Ha SKCTpPeMyM QYHKUMOHA/JO0B, KBAjJPATHYHBIX OTHOCHTEAbHO HEU3BECTHOR
$YHKUAM M ee NMPOUSBOAHBIX, U C/lelOBATEJILHO, KaX YKA3bIBAJIOCHL Bbllie,
npuMeHeHHe MeToana PuTuLa B 3TOM cayude ymnpolliaercs.

Bonpoc 0 cxonuMocTit npub/mixenuit, nonyyaeMuix no Metoay Putua,
K MCKOMOMY pellleHAW BapHalMOHHOH 3ajauM, a Taxke 00 OUeHKe CTe-
MeHW TOYHOCTH 3THX npubaleHUH ABAAETCS BecbMa CAOXHBIM. [TosTomy
OFPaHMYMMCA 3JeChb JUIIL HEMHOTHMU 3aMEYaHMsMH, OTCHIIAA uyuTaTe.d,
Keaaouero noipofHee O3HAKOMHUTLCA C  3TUM BONPOCOM, K KHHTAM
Muxauna [11] w Kanwroposuua u Kpsirosa [10].

Hdaa onpesenennoctd OyzeM MMeTb B BUAY (PYHKUHOHAN

vy (x)]:fF(x, y(x), ¥ (%) dx

Xo

K MpeanoAaraTb, 4TO pedb MAET O er0 MuHuMyMe. [locaenoBaTeabHOCTh
KoopauHaTHHIX dyukuult W (x), Wo(x), ..., W, (x), ... ByaeMm cudratsb
NOJHOR B TOM CMbIC/IE, YTO Kawnaas AONYyCTUMas GYHKUUA MOWeT ObiTh
¢ mobolt CTeneHbi0 TOYHOCTH ANNPOKCUMHUPOBAHA B CMbICae BaAM3OCTH Mep-

n

.BOT'O TOPARKA JAHHefHOH KOMOUHaUMel 2 a,W, (x) koopauHATHLIX PYHK-
k=1

uMft, rae n ONOCTaTOMHO BeAMKO. Torjga, OuYeBMAHO, 4TO MeToaoM PuTua

\ n
MOXKHO MOAYUYHUTh q’yHKHHH Vis Voo seos Ypo vy TAE Y, = Zakwk(x)‘
R=1
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ofpasyiolide TaK HA3BIBAEMYI0 MUHAMH3APYIOLLYI0 [OC/IeA0BATEAbHOCTD,
T. €. 0C/1e40BATENbHOCTb, LIS KOTOPOH 3HAYeHUs GYHKUUOHAJA

Vinml vyl e VIV, -

CXOMATCA K MUHHMYMY HJAM K HiDKHeH rpany 3nHaveHu# (QyHKUMOHaaa

vy (x)]. OaHako us toro, yto lim v [y, (x)] =min v [y (x)], OTHIOAL He
n->»x
caenyet, 410 lim y, (x) ==y (x). MuuuMu3upyoLIas MOCIEA0BATEIbHOCTD
>0 -

MOXeT H He CTPeMHTbCHd X QyHKUHH, peanusyrollefl SKCTPeMyM B KJjacce
HNOMYCTUMBIX PyHKUHN.
LeficrBuTebHO, QYHKUHOHAN

vy, = [ F(x. y,00). v, (x))dx

MOXeT MaJ0 OTJAUYATLCA OT

v[y(x)]:fF(x, Y(x). v (%)) dx,

He TPJABKO B TOM C/yyae, KOTA4 Ha BCEM OTpe3Ke WHTErpUPOBAHUA Y, (X)
6au3Ka B cMblcie 6AM30CTH MePBOTO NMOPAAKA K Y (X), HO U B TOM CJayuae,
KOrld Ha [OCTATOYHO MAJbiX 4acTAX orpeska (x; X)) dyuxuuu y, (X)
u y(x) ua ux TpoH3s-
BOLHble pe3KO OT/AMYAITCS J
Ipyr OT Ipyra, ocra-
Basicb OMM3KUMU HA OCTab-

HOM 4acTH OTpe3Ka (X,, X;)
(puc. 10.2). TTosToMy MH-
HUMU3MPYIOLAs MOC/en0-
BaTEMbHOCTb Y1, Yo, + - +» Yy
MOMXET AdIKE HE WMeThb Npe-
Aena B Kjacce AOMYCTHMBIX
¢ynxuut, xoTd ¢yHKuMH g
Vi Vgre -y, CaMU 4 Oy-

AyT LOMYCTUMBIMH.

Ycaouf  CXOAMUMOCTH
NOC/eN0BATE/ILHOCTH Y,
noJayvyesHod Metonom PuTla, K pelleHHI0 BAPHALMOHHON 3alayd W OLEH-
ka OBICTPOTH CXOAWMOCTM O/ KOHKDeTHBIX, 4YacTO BCTpeyaloLluXcs
¢yukuuonanos Oslau paspaborausl B Tpynax H. M. Kpuutosa u H. H. Bo-
romo6oea. Tak, Hanpumep, 418 PYHKUMOHATOB BUAA

1

v=[1p(®)y?+a@y + [ Hylds yO=yH=0,
0

Puc. 10.2.
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rae p(x) > 0; ¢(x) >0, vacTo BCTpeHAlOMIMXCS B NPUIOKEHHAX, He
TOMLKO AOKA33aHa CXOIAHMOCTb NPHOAMNKeHHH, [OJAyuaeMBIX N0 MeTOLY
Putua, k ¢yskuun y(x), peanusywoued MUHUMYM PYHKUHOHAAA, NPH KO-
OpPJHHATHEIX GYHKUHAX

W,(x)=V2sinknx (k=1,2,...)

HO M JaHB BeCbMa TOYHblE OUEHKHM MOrpelrHocTH |y (X) — v, (x)].
[puBelieM OOHY W3 9THX OLEHOK MaKCHMyMa |y'(x) — y,(x)| Ha oTpe3-
ke (0, I) ) '

max‘y-‘ynl<

1
1 Y [reax
<n+l[maxl’(x)+%]2 0

X

ol enl

72y 2 [min p (%))
Y [max}p’ ()} —{—% max g (x) +nmin p (x)} *),

Jaxe B 9TOM, CP4BHHTEJbHO MPOCTOM CJyyae, OUEHKA NOTPeLiHOCTH
oueHb ciowHa. [109TOMY AN OUEHKH TOYHOCTH De3y.bTaTOB, NMOJY4YEHHBIX
MeTOAOM PuTua Wi ApYruMu NpPAMBIMH Me-
) TOLaMH, OOLIYHO MOAB3YIOTCA CJAELYIOLUM
© TeopeTHYeCKH, KOHEeYHO, HeCOBEpLIEHHLIM,
HO MPAKTHYECKH AOCTATOYHO HAMEHHDBIM MpH-
eMOM: BHIYHMCIUB Yy, (X) # y,.;(X), cpaBHu-
) > BAOT WX Mexay Co0OH B HECKOJbKHX TOH-
Kax otpe3ka [x,; x;J. Ecam B npenenax
TpebyeMO# TOYHOCTH HX 3HAayeHusa cosma-
L4I0T, TO CYHTAIOT, 4YTO ¢ TpebyeMoll Tou-
HOCTbIO DellleHHe pacCMaTpHBAEMOH BapHa-
uHoHHOR 3anauM paBHO y,(X). Ecan ke
3HaueHHa y,(X) 1 y,.,(X) X0t OB B HEKOTODHIX W3 BHOPAHHEIX TOUYEK
B INpefeNaX 3a1aHHOM TOYHOCTM He COBNAAAIOT, TO BHUUCAAT Y, o(X)
H CPaBHHBAIOT 3HaueHMs Y,.,(x) U y,.o(x). Iror npouecc nponoa-
HaeTca 10 TeX IOP, MOKA BHAYEHHN Y., (X) U y,,,,1(x) He coBna-
AyT B npejenax 3afaHHOH TOYHOCTH.

Puc. 10.3.

Mpum e& 1. Ipk u3ydeHHn kone6aHHE 3aleNaHHOrO KJAHHA NOCTOSHHOH TOJ-
muHe (puc, 10.3) npuxozuTCcs HCCACROBATH HA IKCTPEMYM (GYHKUHMOHAA

1
v= f (axty —bxyydx; y()=y 1)=0,
[

*) Cm. knury KanrtopoBuua u Kpmaosa [10].
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Flle a 0 b— nonoxuTteabHHe nOCTOAHHBE. 32 KOOPAHHATHHE GYHKUMH. YROBACT-
BOpSAIOLIHE FPAHHYHBIM YCJAOBHAM, MOXHO B3ATH

(x—17% (=1’ (=122 ., (x— 1)2 AL
CJ1e J0BATEBHO,

n
Vo= 2 a, (x — 1)2ek-1,
k=1

OrpaHuunBasACh JHIb ABYMS MEPBLIMH UJAEHAMH, OYyIeM HMETb

Yo = (x —1)? (a; +azx).
TOr1a .

vy=0[y,] = f [ax? (Bogx 4 20 —405)* — bx (x — 1)* (0; + apx)?] dx =
0

2 2

o, 24 2 ( %4 2040, o2
-_—_a[(al—Qaz) +—5-‘(12((11——202)+602]—b \—36—'—}— W—}—m/ o
o
oo,

dvz

HeobxoaMMbIE YCHOBHA 3KCTPEMYMA T 0; = (0 MNpHHAMAIOT B JdHHOM
1

cayuae BHJ
L a + Ea__i. =0
= 30) ' (5 105)“2‘

2 b 2 b
(3“—165")“‘+(€“—'2F6)“’=0‘

[laa noayueHHs pelieHufl, OTAHYHBIX OT pelleHHs a; = oy =0, KOTOpOe COOTBET-
CTByeT OTCYTCTBUIO KOJeGaHHil KaHHA, HEOOXOAHMO, 4TOOB oOnpeieauTenb 3TOH
ONHOPOAHOM JHHEHHOH cHCTeMB ypaBHeHHH OB paBeH HYJIO:

b2, b
1) 5 105
9 b2 p |=0

F4TT5 50T W0

b\(2, b 2 b \2_,
(“‘—36)(5 ‘2—86)“(5“‘105) =5

370 ypaBHEeHWe HA3HBAETCR ypaBHeHuem uactor. OHO onpefeaser wactoty b
cobcTBEHHBX KOMe6aHull K/IuHA, ONMKCHIBaeMbiX GYHKUMEH

u(x, t) = y(x) cos bt.

HJId

MeHbmHE H3 ABYX KOpHel b; H b, ypaBHEHHS 4acTOT AaeT npHOaHKEeHHOe 3Has
geHHe JacTOTH OCHOBHOTO TOHAa KOJeGaHHE KiauHa.

[Tpumep 2. B 3agayax, CBA3aHHBX ¢ KpyueHHEM LMAMHAPA HAM NPH3MH,
NpPUXOANTCH HCCAENOBATH HA 3KCTPEMYM QYHKIHOHAR

viz (x, y)]= f / [(%z; -»—;V)2+ (-g;— + x)i] dx dy.
D
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Jlas wMaHHAPA € SJAMOTHYGCKHM NONEPEYHHIM cedeHHem O061acTh HHTErpUPOBa
x2 y2

uua D 6yneT OorpaHHuEHa SJIMICOM -a—2—+~bg—= 1. B sToM cayuae. B3SB aMulb

OIHY KOODAMHATHYI0 OYHKUMIO XYy, TMOJYYHM

zymaxy vley= v = 2 a1y a4 @11 82)
0v,
Heob6xoaumoe ycnoBue 3KCTpEMYMa = 0 npuaMMaeT B NaHHOM CAyuYae BHJ
(a4 1)a?+ (a— 1) 62 = 0, otkyna
b — a2 b2 — g2
CTExE T g MY

NMpumep 3. Ecau B ycaosusx apexsliywero npumepa obaacts D 6yner
UPAMOYTOJBHHKOM €O cTOpOHaMu 2a u 2b, —a< x<a; —b< y< b 10 B3sB
33 KOOpAMHaTHHE GYHKUMH xy. xy3, x3y. T. e. MOJOXKHUB

23= Xy + daxy? + a;xy.
noay4um

Uy =0 [z5) = / [ dza__ -{-—(023+x)]dxdy=

4
5

(al—1)2+4ab5( +3a)a2-{-—45b( +322)“§+

—f-ga3b(a,+1)2+gab5(a,—1)a2+€ a®h (o) + 1) ay —

— % a’h (o, 4+ oy, — —g- adh® (a® 4 b2_) 0oty —% a*b (a; — 1) g

0 4]
Heo6xonumbie ycaoBHA 3KCTPEMYMa L o, TPy, 0vs

X = U nosso-
o, da, Oy

AS101 BRIUMCAHTD G, Og G
7 (a® — %) - 135a2h? (a2 — b?)

H= T T T ) + 10725 (a2 F 69) °
= — 7a? (3a? 4 35b%)

2 91 (a® + %) + 321a26% (a2 + %)’
oo — 7b2 (35a2 + 3b2)

21 (a8 -+ b%) + 3214282 (a? + 57)°
Mpumep 4 Hailtn peurenune ypasHeHud
0%z
P TyT flx
BHYTPH Lgsmoyro.ubﬂuxa D, 0Lxga 0Lygh ofpamaomeecs B HyJIb Ha

rpaHuue Pydxuua f(x, y) npennonaraerca pa3JIO)I(HMOH BHYTpH pacCMatph-
BaeMOro npaMOYFOJbHHKA B paBHOMepHO cxoaawmitcs aBokinoH paa Pypse:

\' \ X T
f(x y) = 2‘ Zﬁpqsiinsinq%.

p=1 g=1
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31y KpaeBylo 3aNauy MOXHO CBECTH K BapHAILIOHHON 3ajaue, T. e. noao6path
byHKWiOHaa. 048 KOTOpOro 3aflaliHoe ypaBHeHHe Obu1o 6w ypasuenuem OcTpo-
TP2ACKOrO. U 3aTEM OLHHM H3 NPAMHIX METOLOB HafTH QYHKUMIO, DEAIH3yOMyI0
SKCTPEMYM 3TOr0 QYHKUMOHAJNA. W TeM CaMblM HAiTH pellleHHe HCXONHOH KpaeBOH
3agauu Kak nerxo npoBepHTh,

02z 0%z
g;{+7),'{= fx
ABNAETCHA YpaBHEHHEM Ocrporpancxoro ans PyHKUHOHANA

v[z(x y)l——/ /[ ox A (g;) 42z f(x. y)]dxdy

(cm. cTp. 319). [panmunoc ycaosie coxpausietcs: 2 = 0 na rpanune obaacrn D.
Mceaeuyem o101 ¢yHinuoHan Ha skcTpeMym MetoaoM Putma. B kauwectne cu-
CTeMb! KOOpAMHATHBIX (yHKLHI BO3bMEM

nx &1/
sinm 25 stan 2L tm.n=1, 2,...).
a b
Kawpaas us sTvx qyHximil 4 X JHueHHbie KOMGMHALHMY YAORICTBOPAIOT rpaHug-

HOMY ycnoBuio z =0 ua rpaduue o6aactu D. CBoiicTBOM NMOJHOTH 3TH QyHKUUH
Takxe ob6aanaor. Bass

n m
N \} nx ny
2n, m= apq SiﬂpTSIﬂ(]—b-

p=1 g=1
6yneM VMETH

vi2nn] = f f o) (Lo}

e

+ 224 2‘ Zﬁpqsinp—-——s!nq W ax dy ==
p=1 g=}

n m

_ :rt‘ab ﬁ ab ~

= -l— b2 —2 Upafog
p=1 g=1 p=1 ¢q=1

‘3107 pesyabTaT JMETKO MOAYYHTh, €CAH NPHHATL BO BHHMaHHe, YTO KOODIAHHA THHIC

¢yHkuuy sin p%’x— sinqn—by (p. g=1, 2, ...) obpaaywr B obaactu D opToro~
HaJbHYIO CHCTEMY T. €.

/‘/‘sinp——sinq—bl sinp,—sinq, by dxdy=10

upx AIOOHX UEAbIX TOJOKHTENbHbIX p, g, P, §;, 38 HCKAOUEHHEM CIy4as p = Py,
g=gq, Ilpn p= p, u g-= g, noryuaem

[ sin p B sine g -
//stnpasinq bdxdy—4,
D
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l'losrom( U3 BCeX 4IEHOB, CTOSLIMX MOA 3HAKOM [ABOMHOrO HWHTErpana. pas-

HOro v {z,n,}, HaZo y4YHTHBATHL JHIObL Te, KOTOPME COXEPMKAT KBAIAPATH (yHKuull
nx Ly nx Ly nx ny

sin p— sin ¢—— lnp— cosq —— u cos p — sing—=—. HO,

P g—3» Sinp— 7 p— 9= Ouesuauo

v{z,,] aBaseTca dyHxkued @ (@1, @z ..., Gpy) KOIDOHHUMEHTOB Gyy, Gyy ...

«+y Qpm KOTODBlE ONpENENATCA H3 OCHOBHOTO HeOGXOLAMOrO yCJIOBHS 3KCTpe-
MyMa

o
=0 = cees 1, =1, 2 ...
0apq (p=1 2 n, g=1,2 m)

JTa cucteMa ypaBHenHH B 1aHHOM cJydae HMeeT BHA

2 2y
dp (%_4_%’,_,-) M Ppg=0 (p=12 .o,y g=12 ..., m),

OTKyaa’
0, —— . brg
pe n? _p_2 ﬁ
a? b2
CregoBaTe IbHO,
- n m
s e LWV Pog sinp ™ sin g X
nm o N P —sing ~—-.

p=1 g=1 7+b—2

[lepexogf « mnpegeay NMpH 2 H m, CTPEMAWMHXCA K OGECKOHEUHOCTH, B JAHHOM
Cayyae MOMYYHM TOYHOE DEUIEHHE: ‘

1 Poq nx ny
Z=— F 7 sinp Tslan.

p=to=l gt g

§ 4. Meroa KauTtopoBHua

Mpu npumenennu metoxa Purna x dyuxumonasam v [z (xy, Xy ..., x,)),
3aBucAWAM OT QYHKUMIA HECKOJbKHX HE3aBHCHMBIX TEPEMEHHBIX, BHOUpaeTcs KO-
OpAMHATHaf CHCTeMa GyHKIMH

Wl (xlv KXo evny xn)r W? (xlr X2y ooy xn)v ey Wm (xlv X2 eony xn)s e
H npué.'m)erHoe peuenne BapHauHOHHOﬁ 334a4H .MIIETCA B BHAE 2, =
m

= Z agWa (xq, o ..., Xp), THe K03DOHIMEHTH Op — NOCTOSHHHE.
k=1
Memod Kanmoposuua taxmke TpebyeT BWOOPa KOOPIAMHATHOR CHCTEMMb

GyHKUMH
W, (1, X3, o0y Xp) Wo(xy, Xo oo Xp) coer Wi (X1 X0 voes X vos

N OpPHOIHKEHHOE pellieHHe TAaKKe HUIIETCR B BHAE
m

Zm = 2 ap (x;) Wi (X, X3 eovy Xph
k=1
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OJHAKO xoadgdmuﬂemu G (X;) HE NOCTOANHBE, a ABJAIOTCA HEHIBECTHAIMH YHK-
IMAMM ONHOH U3 HE33BUCHMBIX NepeMeHHHX. PyHKUHOHAT v [z] Ha kaacce ‘QyHk-
uuii Buaa

m

Zm= D ap (£) Wg (X1, X0 .., %)
k=1

npeBpaitaercs B (QYHKIHOHAA vlog (x7), @2 (xi), -..s O (%)}, 3aBHCAWAIE OT m
tbyuxuuil onHOR He3aBUCHMOH mMepeMeHHOI

op (x0) 9z (X0 ooy A (X))

dyukuun o (%), 02 (X)), ..., @y (X;) BEIOMPAWOTCH Tax, 4TOOH GyHKUMOHAN 7
LOCTHran 3KCTPEMYyMa.

Ecan nocne storo nepelTH x INpeaesy npH m —>co, TO fIPH HEKOTOPHIX
YCAOBHAX MOXHO NOAYUYATh TOYHOE pEIIEHHE, €CAH Xe NMpPeJensHOro Mepexond
HE OCYIIECTBAATh, TO 3THM METOJOM OYyJeT MOJYYEHO NpHGAHKEHHOe pelleHHe d
[pUTOM, BOOOLIE rOBOPH, 3HAUMTENBHO 6ojee TOYHOE, 4eM TpH MPUMEHEHHH Me-
TOa PHTIA € TEMH K& KOOPAMHATHRMH QYHKIHSMU H C TEM KE YHCIOM UJEHOB M.

Boablas TOUYHOCTH 3TOrO METONA BHI3BAHA TeM, YTO Kaacc QyHKuuit 2, =

m
= 2 ap (%)) Wp(xy, X2 <00y Xz) € NEPEMEHHBIMH Oy (X;) 3HAYHTEAbHO [HPE

k=1
knacca GyHxumit

m
~

Zm= Z aka (xh X5 veey xn.)
k=1

1ipH# TIOCTOSHHBIX Gp H, CAENOBATENbHO, CPEAHM (YHKIHMH BHia
m

1
Tm = Z Qg (xi) Wk (xh X2y aees Xn)
k=1

MOIKHO TO106paTh (yHKUMH, JAyullle AMNPOKCHUMUPYIOIIME PELISHHE BapHaIMOHHOHK
m

Jajayd, yeMm cpeis GyHKumH Buaa E apWy (x), x5, ..., xp), Tl &p OOCTOSHHHL.
k=1
{lyctb, Hampumep. TpebyeTcs HCCAEAOBATH HA 3kCTpemMyM (GYHKIHOHAA
X Ga(x)
oz oz

U= Flx, y, 2. 5—, —\|dxdy.
f [ ( y ox’ Oy) Y
Xo @1 (%)

P ACLPOCTPAHEHHB N Ha 06aactb D, OrpaHUYEHHYI0 KPHBLIMU ¥ = @ (X), ¥ = @ (X)
{ ABYMS MPAMBIMH X ==X, 0 x==x; (puc. 10.4). Ha rpanuue obaacty D 3ananm
sHavyeHus GQyHKuHH 2 (x, y). Bbi6upaeM nocac10BaTenbHOCTb KOOPAMHATHHX
Dynxuu:

Wi(x, yh Wolx, y) «on, Wh(x v ...

OrpatiHyUBAsCh (TOKA M (epBHIMH (QYHKUMAMH 3TOH MOCAENOBATEIBHOCTH, MBl

6yleM HCKaTh pElCHHE BApHALUMOHHOH 3ajauH’ B BHIE CYMMBH Qyuxkumit z, =
m

= E ap (x) Wy (x, y) uan, MeHsas o6o3naveHus ap (X) Ha up (x), NOAyuUM:
k=1

Zn(x, Y)=u (x) W, (x, .y)+u2 ) W(x )+ ... +dm(x) W (2 y’u
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rie Wy — poibpannpie HaMH QYHKUHH, @ 4p — HEM3BECTHHRIE GYUKIHH, KOTOPLIC
MBI OnpejfenseM TaK, 4TOOR QYHKuUHOHAJ U goCTUran skcTpemMyma. Mueem

Xy @ (x)
Xo Q1 (x)

Tax xak nojubiHTErpaibHas ¢yHKuus sBAseTcs H3BecTHOH dyHKkuued y, 10 uHTe-
rpauus no y MOxeT OHTb BHnoauexa, N QyHKIMOHAA v [z, (x, y)] Oyaer ¢yHk-

1IHOHAJAOM BHAA
Xy

vlzm (2 ¥)] = f (p(x, u (%), oo g, (), 4y, e u,'")dx.

dynkunn  uy (%), u2(x), ..., up (x) BHOHpalOTCH Tak, 4TO6H byHKIMOHAA
fo e
D

~_—/
y=¢(zl

0 Zp Z

Puc. 104.

v [zm (x, y)] nocturan akcrpemyma. CaenoBaTesbHoO, #; (X) AOMKHEL YIOBJETBO-
pATh CHCTeMe ypaBHeHud IHnepa:

d

Yu = ax Yy =0
da

(PQQ—E(PQQ—O.
a

(pum—Tx—' u;" -—0.

TTpou3BONbHEE NOCTOSHHBIE BLIGHPAIOTCH TaK, YTOOH 2, (X, y) YAOBJIETBODANA
Ha MPAMBIX X == X, H X == X; 3a1aHHBIM FPAHHUHBIM YCJIOBHMM.
[Tpumep 1. UccnepoBath Ha skcTpeMyM GYHKUHOHAA

a b
vz (x. y)}= / '/‘ [(_g_i_)‘ + (3—;)2—— 2z] dx dy,
T -a -b
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MpHYeM Ha rpanune o6JacTH {HTECPHPOBAHUA Z = 0 Q61acTbI0 MHTETPHPOBAHUS
ABAAETCH NPAMOYroabHHKk —a L x < a; — b <y « b Pemenne umeM B nuae
zy=(b%— y?)u(x), npH 3TOM IpaHHUYHbBIE ycnoauﬂ Ha npaMblx y= + b Oynyr
YAOBAETBOPEHB. PYHKIHOHA

a

viz]= [[16 bl 4 — b3u“——§3—b3u]dx.

—-a

YpaBuenne Jitnepa aas storo dyskyHOHAMA

ABAfETCS AuHeHHBIM ypaBHEHHEM € MOCTOAHHEIMH ko3dduuHeHTaMu, ofulee pe-
IIEHHE KOTOPOrO MMeeT BHJ

u=2C Ich‘/i 4 Cosh‘/2 T + = 2
Mocrosuune C; v C, onpenenmolrcst M3 TPaHUUHBIX YCAOBHH 2(— a)= 2z (a)=0
2ch ‘/E i
ch ‘/
Tayze

otkyaa C, =0, C,=— , H OKOHUATeJNbHO NOJydaeM:

CAeN0BATEABHO, =
5 x
Uy wf "V 3%
2= g Wt et
ch 7—b_

Ecay HeO6XORMMO 0OJAYUHTH 60.uee TOUHBIH OTBET, TO MOXHO HCKaTh peuIeHHe
B BHJe
2y = (b2 — y?) iy (x) 4 (6% — y2)? uy ().

[Mpumep 2. Halith HenpepuiBHOE pelnleHHe YpaBHEHHA Az = —1 g 06-
dacti D, aBasiomedcs paBHOCTODOHHHM TPEYrOJbHHKOM, OFDAHHUEHHBM TIPAMBIMH
g

9 o
3 10.5) o6pamawimeecs B Hyab Ha rpaHuue 3TOR
obaacru.

Ypapnenne Az = — | aBasgercs ypasHeHneM OCTpOrpafgckoro ads (yHKuHO-
Hana

Va

v[2]= / [ ( g; ) —22] dxdy,
0
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npuueM Ha rpaHHue 06AacTH MHTerpHpoBaHus z= 0. Cneays Metony Kautopo-
BHua, GyleM HCKaTh MEPBOE HPHOAMIKEHHE B BHUAE

T \2
Z) = [y“— (—'%3— x) J u (x).
V3
[lpu Takom smbope z, rpaHHuHbLIE YCJIOBHA Ha MAPAMBX y ==t 5 ynosJaet-

BOpAITCA.
®yHkMoHaa v [z;] nocje BHNOAHEHHS HHTErPHPOBAHUA 10 y NMPHHUMAET BHA

b

ra

vz = 8_;0_53_ /. (245072 + 10xtuu’ 4 30x%u2 4 15x%) d.x.
0

. 1

YpapHervem 3iijepa aaa sToro ¢yHxkumonanta Oyner xzu”+5xu’—5u=-4£,

Jlnnedinple ypaBHeHus TaxOro THIA B TEOPHH AM(PepeHuuanbHBIX ypavHeruil ua-
3HBAIOTCA ypaBueHuamu 3Sitnepa (ctp. 110).

OxHO 4aCTHOE pelleHHEe 3TOr0 HEOAHODPOAHOrO YpaBHEHHA OYEBHAHO: & =

=—7 Pemenne cooTBEeTCTBYWOINEr0 OJAHOPOAHOrO YPaBHEHHS HIUIEM B Buie

- 3
u = x* u oxoHyaTesbHO ToayuaeM &= C,;x-+ Cox~5— I Tak «xak okoso
I TOukH x==0 pellenHe u HOMKHO ObITh

orpanxiero, T0 C, clepyer BHGparh pas-
HHM Hynio, a u3 ycjopus & (b) =0 noay-

s 3
+7% yaeM C,=— —-. Hrax,
w3 ! 4
I3
z:6 _x 31=—£( . (yz_,_l_xz.
7] - 4 & 3

Jameuanue s OpHOSHKEHHOrO pe-
s IieHHs KPaeBBIX 3a1aY YacTO NpHMeHAeTcs
4 eufe OJMH MPAMOH He BAPHAUMOHNBIA MeTOL —

~
s meroa bB. I'. Tanepkuna. dror metox oco-
Puc. 10.5 Geuno ynoBeH npn pelrenuu JuHEHHBIX kpae-

: . BhIX 3a1ad, HO MOMeT OLITb [PHMEHEH W KO
MHOTHM HeauHeHHHM 3apauam. las onpene-
AEHHOCTH HM3NOKUM Memod [asepxura B NPHUMEHeHHW K OCOOEHHO 4acTO BCTpe-
qajouMc B OPUJIOKEHHUSX JAWHEHHBIM YPABHEHHAM BTOPOrO MOPAAKA

Y +p(x)y +q(x)y=Ff(x) (10.1)

C ORHOpOAHBLIMK FPAaHHUHBIMH YCAOBUAMH y (Xp) = O; y (x;) =0 (HeogHopoRHbE
TPaHHYHBE YCHOBHA ¥ (Xg) = yo, ¥ (X)) = y; 33MCHOH nepemeHHHX

z=y—yo——il‘%,y;‘;— (x —x0)

AETKO CBORATCA K OJHOPOLHBIM).
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Ypasuenue (10.1) kpaTko 3anuumem B BHAe
L(y) =f(x)

Bribepem moaHyio Ha oTpeske [X, X,;] CHCTEMY HeNnpepHBHMX JHHE{lHO He-
3aBHCHMBIX QYHKHUM

w (x), w, (%), ..., Wa{x), ..., (10.2)
f'noaﬂeraopﬂwmux TPAHHUHEIM YCIOBHAM Wp (X)) =W, (x) =0 (n=1,2 ...

IpHOaHIKCHHOE pelieHie KpaeBOM 3amauu OyiueM HCKaTh B Buje JauHeiHOH KOM-
6uHauuu nepBoXx n ¢yukunit cucremsl (10.2):

n
= ) 0;w; (x).
=1
ﬁo,ac‘raa:mem y, B ypaBueune (10.1) u Bei6:paem kosbduurentai o; (i = 1,2, ..., n),
TaKk 4to6H Qyuxuus )
n \
L < 3 aw; (x)) — /)
i=1

6b11a OPTOrOHAJBHa Ha OTPEe3Ke [xg, x| KA oM u3 pyuwuHid w; (x) (= 1,2,..., n)

£ n
f {L 2 ww; () |~ 0| v (dr=0 (=12 ... a). (103
X L =1

EcTecTBEHHO OXHIAATH, YTO Y, CTPCMHUTCH NIPH 1 > OO0 K TOYHOMY DEIIEHHIO

~ 0
y= ) 0@ (x),

TaK KaK, €CJH l’IOJ'ly‘leHHblﬁ pan CXOlIP[TCﬂ # AONYCKaeT JMABYKpPAaTHOe [MOYJAECHHOE

middepeHnHpoBaHue, TO DYHKIMs L(y)— (x) OPTOTrOHAJBHA Ha OTpe3ke [x,, x]
kaxiao# yHKuMH @, (X) CHCTeMH (10. 2) Tak kak cucreMa (10.2) noana,

TO L(y)—f(x)=0 @ 3T0 O3HayaeT, 4TO y SBAAETCA pELICHHeM ypaBHe-

s (10.1). OueBnIHO, y YAOBACTBOPAET H TPAHHUHBIM YCAOBUAM y (Xg) = y (%) = 0
(Tak kak Bce w; (X)) = W; (xy) = 0)

Onpézrenuts Bce 0y U3 auHeHHOH Mo ortHOmIeHHIO K HHM cHctemsl (10.3) u
COBEpUINTHL TpejeabHBl Nepexox npH n —» oo YAAETCS BeCbMa DEAKO, [03TOMY
O6BIYHO OrPaHHYHBAIOTCSA JHINL KOHEYHBIM H TPHTOM  BechMa He60/b UM
yucaom n (n= 2, 3, 4, 5, a uHorna jgaxe n = 1).

[Tpu atoM, kOHeuHO, Hano BHIGpPaThL AHIIL n QYHKLHHA W, (x), NO3TOMY YcC 10~
BHE TMOJHOTH OTMagaeT H HX Hafo BHIOUpAaTh JMIOb JHHeHHO HE3aBHCHMBIMH i
YAOBJAETBOPAKIMHMH [DAHHYHBIM YCAOBHAM

w; (%) = Wy (x,) = 0.

Hacto B KadecTBe TAKMX TaK HA3LIBAEMBIX KOODAUHATHHX byHknuit  Gepy1
MHOTOU/EHBL!

(¥ — xp) (x —x1), (x— %) (x — x1), (x—xg)* (x— 1), ...
sany (x'—'xU)” (x——xl), ) (IO.J,
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(YnoGHO TpH 3TOM HAYan0 KOOPAMHAT MEpeHeCTH B [OYKY Xy, W Toraa B (10.3)
Xo==0) HAH TpHrOHOMeTpUuecKkHe GYHKIHH

nw (X — Xxg)
X1 — Xg

sin (n=1,2...)

3T0T MEeTOA MPHMEHUM K YPaBHEHHsAM a1060ro nopsiKa n, K CHCTEMaM
ypaBHeHHH ¥ K ypaBHEHHAM B YaCTHLIX TMPOH3BOAHBIX.

3apgauu K raase 10

. Ha#ith npubMmKennoe pelleHHe ypasHenMs Az= —1 BHYTpH KBan-

pata —ag x<Ka —a<gy<a ofpamaouieeca B HYJAb Ha TPaHHLE 3TOTO
KBajpaTa.
YkasaHue 3ataud CBORMICE K HCCASAOBAHHIO a IKCTPEMYd (PYyHK-
HOHaAa
L 0z3E [ 0z 2
.,/./[(dx)+(0y) l Y
D

[MpubanKeHHOE peureHHe MOXKHO HCKAaTb B BHJE
2g=a (x? — a?) (y? —a?).

2. Haittu npubanwennoe pentenne 331aud 08 sxcTpeMyMme DYHKIHOHAJAA
1
vy (x)] = f (#3y"* 4+ 100xy> —20xy)dx; y(1y=y (1)=0.
0

Yrasanue Peuwenne MOXHO HCKATh B BHIE
Ynix)=(x —1) (g +ux+ ... +a,x%);

NPOBECTH BHYHCJAEHHA Nph n = |
3. Hafity npubankennoe peulenve 3agayn o MuHumyme dynxumoHana

1
oly = [~y =209 dx yO=yW=0,
0

H CPaBHUTL C TOUHLIM PellleHHEM.
Ykasanuue /[lpubamxeHHoe pellleHHe MOMHO HCKATb B BHIE

Yo=x(1 —x) (0 o x4+ ... +ayx");

npoBecTy BuiuucaeHue Mpu n=0u n= 1.
4. Ha#ith npuGmpxenHoe peuwlenne 3apaun 06 3Ixcrpemyme dysxuMoHasla

2

a_ xt—1 9 ‘
v[y<x)l=/(xy‘—xT-yz—Zx‘y)dx; y)=y@2)=0,
t

H CDaBHHUTb ¢ TOUHBIM pEIIEHHEM.
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Vxaszanue Pewmenne MOXHO HCKAaTh B Buie
=a(x—1)(x—2)

5. Hafirn meronoM Purtna npubinieHHOe pelleHMe 3aJa4M O MHHHMYMeE
$YHKUMOHARA :

2
vly)= [yt ds yO=y@=0
0

M CPaBHMThL C TOYHBIM pPEIUEHHEM.

Vxasanne. Cum. sagauy 3. )

6. Halitu MeTogom Putua npubavxeHnyoe pelleHHe AH(depeHIHaALHOTO
ypaBHeHns y” 4 x2y=x; y (0)=y (1) =0. Onpeseanrs y, (x) 1 y;(x) u cpas-
HUTh MX 3HAgeHHA B roykax x =025 x=05 n x =075
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K raase 1

lsinycosx-c 2. x2+5xy+y’—9x—-‘3y=c. 3 x?—2cy =c%
4 y=}—+T.5 +-—i—=c.6,x=ce‘3’+%em. 7. y =<CCos x4 sin x.

n-.

8¢ " —e'=0c 9 x=ce ——-;— (cos t +siné). 10. OgsopoaHoe ypaBHEHHE:

X

gty Tl — 9 2 -______l__ — g — -T.
x=y" L llLy=cxu y'—x?=vc. l‘2.y1-_(3x+c)2. 13.ln|t|=c—e
! x =sint,
14, Moxno BBecTH napamerp, hoaaras y’ = cosf + sIth +e
| x=p3—p+2,
15. y=cx+?; ocoboe pewenne y? = 4x. 16, y=% ‘—‘%2-—'{—& 17. ¥Ypap-

. dx 3
HEeHHEe AHHeHO OTHOCHUTEABHO X U E’ x=2cy +%. 18
\y=p'—p—2
19. Tunepboab x? — y*=rc. 20, HuddepeHunaapHoe ypaBHEHHE HCKOMBIX KpH-
BBIX —%{- =y Oms. y* = 2cx. 2t. DuddepeHunanbHoe ypaBHeHHE HCKOMBIX KpH~
BHX y—xy =x Oms. y=cx—xln|x|. 22 x4 y>—2cy =0. Ocobeuno
fIpOCTO 3aJava pelliaeTca B MOJAPHHIX KOOPIAMHATaX. 23. NuddepenuuansHoe

ypaBHEHHE 3a1auH = & (T —20). Oms. Hepes 1 uac. 24. duddepenunan-

iz

dv
HOE YPaBHEHHE 3a1a%H -E_kv rae v~ ckopocte. Oms. v = 0,466 xm/4ac.
25. EcaM noMecTMTh H3yaJ0 KOODPAMHAT B 3aJaHHYIO TOYKY H HAMpaBUTh OCh
acuuce NapadaenbHO JaHHOMY B YCAOBHAX 33Ja4H HANPABAEHHIO, TO ZuddepeH-
HMaJbHOE YpaBHEHHE KPUBBIX, BpALUEHHEM KOTODHX 00pasyercs HCKOMas nosepx-

"/ 2
HOCTb, HMEET BHJL, Y’ = —xEV Ay (une dx — dp =0, rne p == Va2 £ y9).
y y y

Oms. OceBoe ceueHHe HCKOMON MOBEPXHOCTH OMPENSASLTCA  ypaBHEHHEM
yi=2¢x+¢%n MOBEPXHOCTb ABAALTCH napaGoJoHIOM BpaUIEHHS. 26 y=2sin(x—¢).

27, Duddepenunansioe ypapHeHHe HCKOMBX KPHBHX Y’ = -—-;. Omas. [ unep6o-
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a xy=c 28. (x+y+1)¥=c(x—y+3). 29. y=%%. 30.y(0.5) ~

~0,13. 31. y(0,6) ~ 0,07. 32 y(0.02) = 1,984 y (0.04) ~ 1,970, y(0,06) ~ 1,955;
y(0,08) ~ 1,942; y (0,10) = 1,930; y (0,12) = 1917: y (0,14) ~ 1,907; "y (0,16) ~ 1.896:
y (0.18) ~ 1886; Y 020) ~ 18773’y (0.22) ~ 186% y (0.24) ~ L861;  (0.26) ~ 1'85%;

=St 2P
y(0,28) ~ 1,849; y (0,30) ~ 1,841.33.] p2+ 3 uy=034 xpctgi Y —o

. 2
. = 2px— p.
3. (x+y+1)°P=ce¥V. 3 y=cy=e 4,y =-—e"+c 38, y?=2cxtc2
39, He umeer. 40, y X1, y =x—2:1—+—_—1-x+£_.£
) ! 2 2 2 15 4 6 20 °
X
5 v , ; 9y?
41, y=2x%2—x. 42, He umeer. 43. x=ce” . 4. x* T=c2. 45, x =2t
x2

46, x =12 41 y=—x+1lny=— T 48. JleficTBHTEABHOTO pelIeHus He
2 2
cymecTsyeT. 49, 3x—4y 4 | =ce* . 50.x = (4t +¢)sint. 5l.y =cx | £ 5 *

3
1 ocoboe pellleine y = — x2. 52, y = x7_7i—c’ y=0 53 x—c= —g— (2t—sin 2¢),

y= % (1 — cos 2t) — cemefictBo wukaoud. Ocoboe pemenne y=a. Y Kagsa-

Hue: yIo6HO BBECTk MapaMeTp !, nogaras y’ = ctgl 54. 3(x24 y}+ xy? =cx.
X

- = ce’ 2 V2 By — Oy =
55. n == (y2+xl)3.. 56. x=ce’. 57, x? - 2xy —y?—6x—2y=c.
— _ . —_— 2 . —_— = . -
58. y= TFexFinx ny=0 59 (x )y —sinx=c. 60. 8y+4+4x-45
=TT 61 Y P —3xy=c. 62 y=c(x?+y) 63 yi=x-+} %
\ ‘ 2 y
64. y = c(x + a)+ ¢ u ocoboe peuwenne y=——%ﬂ-‘ 65. x=—§. z+t_c2,
3 c
3 — 12 = = — 2. . _ ——
y=2xt—t*ny=0y i 66. y TTcos s
K rraBe 2
1. y=5e3xslnx+10. 2, x=c,cost+czslnt+%c052t—~tCQSt.
— e = = costx 1
3. (y—ce)=cx+co 4, y=c¢;cos x+ ¢y sin x4 S x TR

5.y=c,x2+ch3+—é—- 6.y=clsmx+c2cosx+%chx. 7'y=’c,x—-l{-c;+l'

ot 2% . 1 x cf—{—l
8. x =2 (¢, 4 ¢a) + % +e +Z~ 9-)’=—c—+ = Inj1+cxi+c,
1 1

. 2
10. c1x2+1=cf (t+c2)2. 11. y=cle2‘—j-c2e‘2‘+c3 cos 2x-+-¢, sin 2x— '1%—{—1—15 er.

4
12,y =cos (x — ¢])F-Cox 4¢3 13 y = Clé"+cﬂe—x+ch3+c.x2+c5x+ce—-;;‘-1.

wox=eetant et @G H1+A 15 y=a (1- 75+
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4248 (— )"’4" 4x!
ty3sE T T I35 (3k——1)3k + - )+Cl("_*3.4 +
4241 (— 1)k4k 3k+1 .
ts e T 3 e s T EEED) T ) 6. y=

—ol, Bo+al @0 11 y=x I8 y=(7x+l) 19, y=c, c0s 1 &
5 T )
J-¢;sinx 414 xcos x —sinxInjsinx|. 20.u=%+c2. 21, Ouddepen-

e sanaq d’r & dv &
UKaAbHOE YPAaBHEHHE 3aLAWH —rpm = — WIM U —— = &, [Ae f — DACCTORHHE
OT ueHTpa 3eMan A0 Teaa, v — CKOpocTb, k& = — 64002g. Oms. v = 11 camjcen.
2 2
22.  OuddepeHunannHoe  ypaBHeHHe  1BMXEHHS % =—g+k (%) .
Oms. x--%-ln ch% 23. [uddepenynanpHoe ypaBHEHHE ABHMKEHHA
d2s s g, _ l/—g =
—a—tz—_.k(s—i—l) wm = (s+ 1) Oms. t= Eln(6+V35)‘
3 F F -k
24, t == —o 11 (9 + J/B0). 95, s= L=, _F=dp _, vy,
Ve b bg

26. x = Acos ‘/_% t. 21, x=acos ‘/% t. 28. [ndodepenunadbHoe ypasHe-

2
i l/—kl + &
7 " ey

HHE IBHXKEHHS X + & x — kox =0, £, > 0. Oma. x = c;e(

2 o
+Cze("k2L“ %”z)‘. 29. x = 12 i_—(gz‘z;’;‘nﬁt. 30, y2 =
n=
=24 xVIFo2+mn|x4+VIiFa2])+c Bly=ce ey =-—.
32 x=g¢ cos3t+cgsm3t—-T2-t2 cos3t+—sin3t 33 y=e—* (c,—{—ch—-
1 — -
_% x2)+ %e‘. M oy= c,eX+e———1 (432 cos g’—x-{—caslnfg—%x)—k% xe*.
35. y = e*(¢; cos x4 ¢, sin x) - xe” Zosx + xze‘:inx‘ 3. y=c, (x—x)+
+c2[ 4 — 642 +3(x3—x)ln’ + ; H — ?15- 37, w=¢;In(x? 4+ y2) 4 c,.
38, u= —————+ 2 39. InddepenunansHoe ypaBHEHHE ABHKE-

Varyt e

]
. . 2 i
HHg mx=mg — kx. Oms. x=”/:—gt— mkzg (1——e m ) 40, a) t —ty =
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X v
° dx 6) m/ va’v . n Jdv
/ x ’ 7@’ fo== J f)
X. 9 2 .
vi+— [ f (0 dx
S
.’ X x4
rne v=x. 41, y=1¢ +czx+cax2+e‘(c4+csx+cex7)——Q——W.

42, x = (¢, + ¢ ) cost +(c3+ct) sint—%ﬁ cost 43.y=c;coslin(l+ x)-
_ ﬁ(? n?) sin nft —2n cos nt
4y sinln(14x)In(l14x)sinln(14-x). 4. x = 24 =y i

n=1

45 x— + 2‘ [— (n* —az)a, — al”ﬁn nt 4 ana, —(n* —a,) ﬁn sin nt]

—a2)2+a1 (n —az) +a
rie a, @, PBn— KO3QduuneHTH Pypbe dyHxkuuu f (¢). 6. x= COQ“ +
1
+—2P'T(1 + 3 cos 21). 47, y = cix + caxe *, 48. x2y" +xy' —y=0.

—- 5

V2 -
V2 2

Ly
49. x=¢ ° (cl cos —t+02 sin =~

V V2

)+e (03 COS —— V t-c, sin —= )+t3

0. x=popttly=sop Dy dp +(c1+ )t3+clt+cg. 51 x—
_ t t3 - 51 eur? 3 . .,
=(c,+czt)e } (5+In2)2 —+ .52, y== 0. B3 y = cretH-cpeF -
—_ X _
+22 (ca cos x—{—c4 sin ‘/23 x) +‘e 2 (cs cos _Vgé_x+cssln 4 )
2x
+ g B4 y=(eix 4 ¢5) cos xH(eex +c1) smx+cs+csx+—’g- 4 g
I
55. y = (¢;x 4+ C2)* + cax -t ¢, 56.y = el”“(ci—— ?)—{-02. 57. y=C¢; cOSx 4~
’ 1 1
sin 2x sin 4x _ 1 e 1
+C23‘nx—— 6 — 30 " 58.)’—__./?'——2‘. 59.)’——(‘-22 +E
K raaee 3

L x=sint, y=cost 2 x =2 x,=2" 3. x=c,el-1%VT) ‘4

+Cze(_1_1/15) '+%e’+—é~e”; Yy HaxoAHM H3 NEepBOro ypaBHeHHS: y = gl —
1 — —
-t
Zf 5x. 4 x= cle’+e 2 (czcos l/23 1+ ¢4 sin l/23 t); y u 2z onpe-
2
AeNAI0TCS M3 yDaBHEHHH: y=%w z:%. 5. x =% y = ¢,C,e%,

6 x=cicost+Csint 3 y=—cysint fcycost. 1. y=cJy(x)4 Y, (x)
z=x[c/y(x)+ o Yo) 8 x+y+z=¢, Py l=c 9 x=cpe 4
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e ymeldoaet =gl — (Gt 10 x=of4 2
,=—clt+—ct3. . x=c,cost+cysinf—tcost-+sintin|sinf};, y onpe-
Aensercs W3 ypaBHeHHS y=%—1. 120 X2—y?==¢, y—x—I(=20,

18. x=c,¢' + e +sing, y=—c,e' +cre’. 14 x=2¢ y=4¢".

15. 8(1) = 0,047. 16.  x==¢% (c,cost--c;sint) y=e (¢, sin¢— ¢, cos?).
17 x=2ce" T epe™ ™ y=—cie” + e 18. x=e % (2¢ cost+
-+ 2¢,sint), y= P [(c; —¢y) cos t 4 (¢, +-¢cy) sin ] 9. x=ce + ¢ 9=
=(f+c)et—t—1—c¢, 2z=y—ce. 2. x+y+z=c¢. xyz=c,

¢ ¢

ce -+ cpe

21, 2yl 42i=2F xyz=c, 22 X=| .
+y v XY 2 ¢, 4 3cpe™!

K raase 4
1. Touxka MOKOs acuMOTOTHYeCKH yctoHuusa. 2. Touka mokos HeyCTOMuMBA.

1 o o
3. llpy a< — = TOUKA IOKOS ACHMOTOTHUECKH YCTOHUHBA, pH & = — 7 YCTOk-

QHBa, TPH O > —% neycroHuuBa. 4. Ilpn a {0 TOUKa NOKOS aCHMNOTOTHYECKH
ycroituusa, npu o > 0 Heycroftunsa. 5. [lpn 1 <t <2 x(f, p) >V 4—£; npu
2<t<3x(t, W>—VI—£nput >3x(t p)>co. 6. x(¢ n)—>o0. 7. Touxa
noxos Heycroiiunea. 8. Touka mokos ycroituusa. 9. Touka mokos HeycroifusBa.
10. Touka noxos ycro#umpa. 11. Cenno. 12, lepuoanueckoe peuteHne x =

1 2 o
=z sin t——5-cost acuMnrorHYeckH ycroiuuso. 13. Bce peueHus, B TOM uMcae

H NepHOJHUeCKHe, aCHMOTOTHYeCKH ycroduubul. 14. Touka nokos Heycroituusa.
Pynxuns v = x* — y* ynosaersopsier ycaoBuaM teopeMb Yeraena. 15. Bee pewse-
His Heycroiuusel. [6. Pemenne x =0 ueycroituuBo. 17. Ilpn 1 < a < 2 peute-
e x==0 acumnrorudeckH ycroiiunpo. [Ipn a =1 4 npu a = 2 pewrenne x =0
ycrofiuuso. Ilpu o> 2 u npu a < 1 pemenne x=={ HeyctoAuuBo. 18. Peweiine
x=0, y=0 ycTOHYHBO NPH NOCTOSHHO AEHCTBYOUHX BO3MYINEHHAX. PYHKuHA
v =4x’ 4 3y? ylnOBIeTBOpSET YyCJIOBUAM Teopemsl Mankuna. 19, Peuenne
X (£) =0 Heycroituupo. 20. Bce pewenns ycroRuuBLL, HO aCHMITOTHUECKOH yCTO#M-
quBoCcTH HeT. 21. Bce peleHus ycTOH4YHMBE, HO acuMOTOTHYECKOH ycTOHYHBOCTH
cost —sint
2
ycrofiuusoctd 0 a < |, o6racte acumnToTHueckodl ycroitumBocth 0 < a < L.
24, O6nactb yCTOHUMBOCTH @ > 5. 06/1aCTh aCHMOTOTHUECKOH YcTOHTHBOCTH @ > 5.

net. 22, [lepuonuueckoe peuenve x == neycrofiuuso. 23. O6aactb

K rnaee 5

¥ X
L2=0(x+y). 2 z=e0O (x—y). 3 z=¢"0(x). 4 (D(z, yez>=0,
5+ 2050 =0 Tu=x0(%, 2 '
5 z= +—y—5. 6.u=0(x—y y—2). Tu=x L F) 8 2=
x=2

=10, (N FDy(y). 9 z=(Fy—1) 10.2=y¢ ¥ 1l 2=3x 12.2=
=(y4-27")”. 13, O(@i4a 2—y)=0. 14 O —x' x*—y?)=0.
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15. He wunrerpupyercst. 16. 2xy 4 y? 4 6x22 = ¢. 17. z=qax®} g—s -+ b (BO3-
a

MOXHEl # Apyrue oTpetbl). 18, 2= ax - by 4 a%® (Bosmoxub ¥ Apyre oT-

— (a’x+y) :
peTh). 19. 2 = 6 (BO3MOMHEL U 1pyTite 0TBeTH). 20. 2 = x sina 4 ay 4 &
(Bosmgmum K Apyrue otBethi). 21. x2y — 3xyz = ¢. 22, Takoro ceMelcTBa noBepx-
HocTeH Her. Tak kak ycaosue (F-rotF)=0 ue sunosneno. 23. Ypasuenue

S
BEKTOpHBIX MiHMA = =¢ xz2=0y Ypasuenue BEKTODHMIX noOBepxHOCTeH

1 o
z=;(l) %) YpaBHEeHHE MIOBEPXHOCTEH, OPTOrOHAaNLHMX K BEKTODHBIM JHHUAM

Xt y?—2t=1¢( 24 z=uxy+ L 25, 2 =3xy. 26. z= x4 y2

K raase 6

1. JkcTpemaasmy ssasioTca OkpymHOCcTH (x — C))* 4 y'2 = Cg. 2. HUurerpaa

He 33BHCHT OT TYTH MHTerpupoBanus. Bapuaumonnas 3anaua JuimeHa cMmcaa.
3. B xaacce venpepbiBupx QyHKUMH sxcTpeMyM He jocTuraercs. 4. JkCTpeManamu
2

ABAAIOTCH rnnepéo.rml y=—;’—+ Co 5 y=C/sin(dx—C,). 6. y=— xT +
+Cix+ €y T y=sh(Cix+Cy). 8 y=C,e‘+Cge"+%sin x. 9 y=

7
=Ce¥ 4+ Coe~ 4 Cycos2x+ Cysin2x. 10, y = % 4 Ciua® 4 Cox' 4 Cyx® 4~

+ Cx?+ Cox+ Cq. 1.y = (Cix+ Cy)cos x 4 (Cax 4+ C) sin x, 2 =2y + y”, 01-
Kyaa 2 Jerko ompejpeaderca. {2 221—-02—2—0 3 2u o ot
y pex R eaTge=t P gatogptam=

=f{x, y. 2. WWy=Cx*+C, 15 y= % xe* + Cie* + Coe™*. 16, y=

xcosx+cl cos x4 Cysinx. 17. y=C,ch x+C;sh x+ xsh x—

2

—chxinch x 18.y=C1x+%+%xln]x]. 19. y = (Cy+ Cyx) cos x 4

2 X
x%sin x (Cacosy—a

4+ (C3+4 C,x)sin x — 3 . 20, y=C,e"—+~C,e"'—i—e2 —2—x+

4 C, sm Q‘x)—{—e“f(a, cos_‘3x+CssinT3 x)+x3.

2
K raase 7
Ly=—xmpuldgx<y=x—2mpunl<xL4ny=xmpu 0 x <
y==—x-46 opn 3 < x< 4 Ha roii n npyrofl nomanoil ¢yHKuHMOHAA LOCTHraeT

abcoaoTHOro MuHumyMa. 2. He cymectByeT. 3. Jlomauble, mpoxopdiuue depes

3a/l@HHbIE TPaHUYHEIE TOYKH, COCTABJCHHBIE M3 NPAMOJHHEHHBIX OTPE3KOB C yrio-

’ ’

Bhnyn ko3bduuventamy 3 n — V3. 4 22

L4y’

WHbl [EPECEKATh KPHBYI y; == @ (x;), 10 KOTOPOH CKOJb3WT IpaHHYHAA TOUKA,
5

=1, T e 3KcTpemaau 20J-

Kid =X (x2 x? =+ 2.
moa yraom —. 5.y 120—1—24(411: x%. 6.y i4xnpu0<x< 5

y==2V9—(—5) npn —15£<x<%: y= =F%(x—10) npH %i <x<10,



420 OTBETH K YKA3AHHA K 3AINAYAM

1. €. KpHBas COCTOHT 43 OTPE3Ka MPAMOH, KacawomeHCs OKPYHHOCTH, 1yTH OKPYHK-
HOCTH M CHOBA OTpPe3Ka KacaTeAbHOH K OKpywHOCTH. 7. y==0. 8. [yru oxpywx-
HocTH y = + )/ 8x — &2,

K raase 8

-

x* o
1. Mlpn y= _T+1 nocturaercst CuibHH# MuHuMYM. 2. [Ipu y =0 pocru-
n n
¢ CCAM K@ a > 7, TO MUHHMYMA HET.

4
3. DkcTpeMyM Ha HenpepbiBHBIX KpuBbIX He pocturaetcs. 4. [lpu y =7—-7 —

raercsl CHAbHHIHA MHHHMYM, eclH 0 < a <

cunpiuti MunuMyM. 5. [lpu y = | — cnabHslit Muaamym. 6. [Ipy y = sin2x — 1
JIOCTHraeTCs CUAbHBIH MakcHMyM. 7. Tlpu y = X3 1OCTHraeTCs CHAbHBIK MHHHMYM.

8. [lpu y =%e” rocruraetcs cuapHuid muHumyM. 9. [Ipy y = sin 2x noctu-

raercs cuapbHuii Makcumym 10. Ha npamoil y = %x AOCTHraeTcs caabulit Muuu-
; :

MyM. 11. Ha npsamo# y=£1x focturaetcr caabuii muHumyM. 12, Tlpn y = x*
1 .

pocturaercs cnabeit MuHnMyMm. 13, [Ipy y = x®—1 nocturaercs CHIbHBEH

.sh x o
MakcuMyM. 4. [lpu y = m—{—x JOCTHI3ETCA CHAbHHIH MHHHMYM.

K rnaBe 9

1. y= £ 2sinnnx, rae n—ngeaoe yucno. 2, ¢=C, -+ Chz; r=R. 3. y =
=Ax? 4+ Cix+ C,. rae C;, Cy; 1 L onpelesioTCs M3 rpaHudHbIX YCAOBUH W K3

H30MEPUMETPHYECKOr0  YCJIOBHA. 4. Fd; P Y)+[Ar(x)—q(0)]y=0

y(0)=0; y(x)=0. Tpusuansuoe pemenue y==0 He yLOBAEeTBOpAET H3ONEpi-
METPUUECKOMY YCIOBHIO, a HETDPHBHAJbHHE peIleHHs, KaK H3BECTHO, CYIIECTBYIOT
JMUIb OPH HEKOTOPHIX 3HAYEHHAX A, Ha3blBaeMbX COGCTBEHHBIMH 3HAUECHHAMH.
CaepoBaTensHo, A J0MKHO OwiTh cO6CTBeHHBIM 3HauewweM. OJHa NPOH3BOJbHAS
NOCTOAHHAR OOUIEro peueHHA ypasHeHus Jiinepa onpejienseTcs U3  YCAOBHA

y (0) = 0, npyras — u3 H30nepHMeTpHUECKOrO yCAOBHA, 5. y = — %xz-{—%x; 2=x.

K raase 10

) 5 ; .
1l 2, = W(ﬂ— a?) (y2 — b?). Ecam Heo6xoimma 60abIIAA TOYHOCTH, TO

pellicHHe MOXHO HCKaTh B BHie Zp = (x2— a?)(y?— b%)[a;+ a; (£2 4 ¥?)}

2. y, = (x—1)2(0,124 4 0,218x). 3. TouHoe pelleHHe y = %%—x. 4, Pewe-
Hue ypaBHeHHus Jitnepa y = 3,6072J, (x)+40,75195Y,(x)—x, rae J, u Y, —

byukuan Becceas. 5. TouHoe pemenue y = ssh Qx

—x. 6. Ecau uckarb peure-

Hie B Bule: yy= x(x — L) (o; Fazx), ys=x(x—1)(a; + asx 4 03x2), TO
y2 = x (x — 1) (0,1708 4 0,17436.x), y; = x (x — 1) (0,1705 4- 0,1760.x — 0,0018.x2).
B 3afaHHBIX TOYUKAX 3HaUEHHS Y, H y; € TO4HOCTHIO A0 0,0001 comnanaioT.
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NMPEAMETHDbIH YKA3ATEND

ACHMITOTHYECKH YCTOMYHBOE pellieHHe
4

Bepuyann ypasuenne 30

Beccens ypasHenne 139

— ¢yuruuu 141143
Burapmonuueckoe ypasHedue 317
Bausocts KpuBbIX 285, 286
Bpaxuctoxpoua 281, 304, 332, 364

Bapnauuu nocrosHuo#i meton 28
BapuaunosHan 3anava 281

— — B [2paMeTpHYecKO dopne
317—320
— — Ha YCJOBHDI# 3KCTpeMyM 375—

— —, npsiMble MeTOZbl pewenun 394—
413

— — C NOABHMXKHDIMH Cpanuuamu 327—
350

BapuanuonHoe ncuucaesne 281

— —, OCHOBHaf JemMa 295

Bapuaunonunift npuHuun 281, 320

Bapuauun 284, 288, 289, 309, 313

BenepwTpacca ¢yHruus 359

Bektopuaa JuHuA 245

— M0BepxHOCTL 244

B3aumuocTH npuanun 388

Buanauna dynxuus 123, 161—165

Bpouckoro onpepennrtens 97, 185

lanepkuna metop 410

I"amuabToHa — flK06u ypashenue 370
Tamma-dyskuna 140
Teonesnueckas aunun 282, 381
lF'onoHomAnle cBa3n 382

I'pannudas sagaua 13, 159

I'puua ¢ynxuns 161—165

I'ypBuua teopema 227

Jukputuueckuit ysea 211
Junamudeckasi cuctema 170
Jupuxne 3apnaua 315 )
Juddepesunanvioe ypasuenne 9
— — bepuyaau 30 .

— — becceas 139

— = B NOJHHX AHpdepenunasax 32

Ouddepedunanpuoe ypaBHeHHe B ua-
CTHBIX npouspoaubix 10

————— nepBOro nopaaka 241—
279

— — Boicuiero nopaaka 85—167

— —, uuterpan 20

— —, uuTerpupoBasue 10

— —, — ¢ noMouibk pAaoB 137—146

— — Knepo 73
— — Jlarpauxa 73
— — JmHefiHOE  BbICIUIero  [OpRAKa

93—106, 113—124
— — — HeONHOPOAHOe ¢ NOCTOAHHDI-
M Kosdouuuentamu 124—136
— — — OAHOPOAHOE € [IOCTOAHHDIMA

ko3dpuuueHramn 107—110
— — — nepBoro nopsiaka 27
— — —, byuiamedranbuan

peweniu#t (00
— —, He pelUEHHOe OTHOCHTEJNbHO Npo-

u3BoaHon 68
— —, ofwee peurenne 15, 86
— —, ofmui uHTerpaa 20, 32
— — ofnkHoBeHHoe 10
— — oaHopoasoe 25
— —, ONepaTopHbIi

cucreMa

MeTOR  pelleHHus

129—136
— —.ocofoe pemenue 57, 78
— —, neproguueckHe pewenna 43—~
— —, nopsipok 10
— — Npadoa 255

— —, pemenne 10, 169

— — Purkama 3l

— — C pasgeleHHbIMU
19

— — € pas3aejaiOlNMUCH [OEpPeMeHHDI-
My 21

— —, TeOpeMa CYLIECTBOBaHUS M eqHH-
c1BeHHOCTH pelnenus 39—61, 75—
82, 85—87

— — Diinepa 110—113, 136

nepeMEeHHbIMHU

Hzoxanun 17
WaonepumMerpuueckas 3apaua 282, 317,

HaonepuMerprueckue ycaoBra 282, 386



APEAMETHHR YKA3ATEJb 423

Unuterpan auddepentuansnoro ypasse-
run 20

— nepeu# 89, 179

— nonubfi 261

Huterpanvias xkpusan 16, 169

— — oco6asg 78

— mnosepxHocTh 261, 268

Hnterpupyemasi kom6uauua 178

Huterpupyiolunii MHOXHuTeIb 35

KantopoBuua Meroa 406—412

KBa3uauHeliHoe ypaBHeHHe B UaCTHBIX
NpOH3BOAHLIX 243

Kaepo ypaBHenue 73

KoBanenckolt Teopema 242

Komu 3ajaua 13

— neron 121, 268

KpaeBas 3agaua 13, 159

Jlarpauxa ypaBHetne 73

Jlarpanxa — Ulapnu meron 264

Jlarpatxuan 324

Jlanaaca ypasHeune 315

Jlexxauapa ycJaosue 362

TtuneitHass 3aBucHMocTh 96, 185

— cucTeMa AHddepeHIHaNbHbIX ypaB-
Hennit 181—192

«— — — — C MOCTOSHHBIMHK K03ddH-
‘Huentamp 192—199

JTunefinoe anddepennnansnoe ypasue
une 27

-— — — B HaCTHGHIX MPOH3BOAHLIX He-
oaHopoaHoe 243

—————— OfiHOpOaHOe 243

— — — Bbicwl¥x popagxkes 93—I106,
113—124

— — —-C MNOCTORHHDIMH KO3phunH-
entamn 107—110, 124~136

-~ — —, byHnaMeHTaJbHaq
pewenu#t 100

Jinnefinbilt auddepeHuHaNbHLIE onepa-
Top 94—183

— ¢yHkudouan 287

JInnmnua ycaosue 40

JlanyroBa Btopoil Meron 215

— teopema 215, 217

— yHKUHA 215

cHcTeMa

Maxcumyy dyHKuHonansa 289

— — cHabHBI 290

— — cnabuit 290

— — crporufi 289

Manakuna teopema 235

Masoro mapamerpa Meron 147—158
Mertprueckoe npocTpaucTso 48
MuuumyM dynkuuonana 289

Munumym ¢yukouonana cuabubst 290
— — canabbiit 290

Haknon mona 351

Hanoxenns npurnun 114, 189
Hayancras 3ajaua 13
HerosonoMnne cBasn 382
HenpepbiBabift ¢yHKuHOoHan 285, 286
Heycroitunsoe pewmenne 204
HeycrofiunBnii npeaenbiblii unksa 226
— y3ea 208. 211

— doryc 209

O6ee peuiedne guddepenunasbroro
ypaBxenus 15, 86

O6miuit uHTerpan AxddepeHnHatLHOrO
ypastenus 20

OGLikHOBEHHOE
ypaBHenue 10

Orubatowas 74

Onepatop uHefHLIA nucpcbepeﬂuua.nb-
Hblil 94, 183

Onepa'ropﬂmu MeTO/ pellieHus aHbode-
peHuHaJbHLX ypaBHeHuft 129—136

— MHorousexn 129

Onpegenntean Bponckoro 97, 185

OntumanvHas ¢ywkuns 391

OnTtumadnbioe ynpasieuue 391

Oco6as uHTerpaibHas KpuBan 78

— Touyka 57

Ocofoe pewmense nmpcpepemmanbnoro
ypaBHenns 57, 78

OcTporpajcroro ypasHeHHe 314

nuddepenuHanbHOR

Octporpaackoro — I'amuibTOHa  OpHH-
uun 320
Octporpaackoro — JInyBuias  ¢popmy-

na 106

MepBoro npuGiauXeHHs cUCTeMa ypaBs-

HeHHA 221
Mepsruift unTerpan 89, 179
[Mepnoanueckne pemenns AxpgepeH-

LMaILHOTO ypaBHEHHs 143—146
IMeprnoanyrocTn ycnosua 157

" TlnotHocTy QyHKnuuM Jlarpauxa 324

[Toxos Touxka 171, 205
Tone cobcTBeHHOE 351
— peHTpanbHoe 351
— 3xcTpeMasneft 352

. IMonnan uHTETpHPYeMOCTb YpaBHeHus

Mpadgpa 256
[MonHoe mpocTpaHctBo 48
[MonuuA wHTETpan 261
I'Io.rfq):/z)écmﬁqnauﬁ npesenbHbIf

LHKA
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[Mopanok 1H(depeHIHaNbHOrO ypaBHe-
nus 10

[MocaenoBaTtenbHbix
roa 199

[Mpenenpuulfi uuka 23, 226

— — Heycroftuusnifi 226

— — noJayycrofiuusblii 226,

— — ycroiunsblii 226

IMpocTpaHeTBO MeTpHueckoe 48

— nonaHoe 48

— paBHOMepHOH cxoaumMoctH 50

-— ¢asonoe 12, 170

[psamble MeTOAbL! B B4PHALHOHHOM HC-
yucaeHHy 394—413

Ilyaccona ypasuerne 315

MNipapda ypaBrenne 255

MPHOAHKEHHT  nMe-

PaBuomepHo#t cxoauMocTH ppocTpan-
ctBo 50

Paccrosune 48

Pesouanc 145, 152

Pukkatu ypasueHue 3l
Prrua Merton 397—406
Pyure meroa 64, 201

CBsA3n rosoHoMHLle 382

— HeTOJIOHOMHble 382

Cesa3HBII 3KCTpeMyM 282

Ceano 59, 208

Cxatbix otofpaxeHHil npuHuun 48

Cuapubift sketpeMyM 290, 360

CucreMnbr auddepeHUHaIbHBIX
Huil 168—202

~— JHHeHHBIX AHQPepeHuHaNLHLIX ypas-
Henu# 181—192

— -— — — C TMOCTOAHHLIMK KO3pPu-
uveHramu 192—199

Cna6uit sxkcrpemym 290, 359, 360

Co6cTtBenHoe noae 351

Cneunanbibie peuienus 253

CrauuonapHoro AefictBust npuuuun 320

Crporuit akcTpeMym 290

Cynepnosnuun npusuun 114, 189

ypasHe-

TpanceepcasbhocTs ycaosne 331, 336

¥Y3en 58

— npukputuyeckuil 211

— Heycrofiuusbijt 208, 211

— ycrodunsblit 207, 211

¥YnpaBnerne ontuMaabHoe 391

Ynpasasioulas ¢yHknus 391

YpaBHeHUS B HaCTHHIX MPOM3IBOAHLIX 10

— 2—9— — nepsoro nopaaxa 241—
7

Ypasuusanue 61

YcnoBuuft sxkcrpemym 282, 375—393

Ycerofluusoe' pewtesue (mo JlanyHosy)
204

— — MO0 OTHOUIEHHI0 K MOCTOSHHO
AEHCTBYIILHM BO3MYylieHHAM 236

YeroliuuBoil npexeabrsli unka 222

— ysen 207, 211

— tokyc 209

®asopas tpaextopus 170

dasosoe npoctpaxcrso 12, 170

dokyc 59

— HeycroffuuBbil 209

-— ycrofiuuBbiii 209

dyujamentanpuan
100

dyuxunonan 280, 284

— auuefnbfi 287

— HenpepuiBHblit 285, 286

cucTeMa pculensfi

XapakrepucTuk Metoj 268

Xapakrepucthkn 245, 248, 254,
269, 273

Xapakrepuctueckas noJjoca 269, 273

Xapakrepuctiyeckoe ypasnerue 107,
194

268,

Lentp 59, 210
Llenrpansuoe nose 351
Uurn npenenvusii 23, 226

YeraeBa teopema 218
Llirepmepa metoa 62, 200

Bfinepa auddepeHunanbHoe ypaBHeHHe
110—113, 136

— KOHEe4HO-pa3HOCTHbIH
397

— Jaomanan 13, 40

— sertoa 39, 61, 199

MeTon 395—

* — ypaBHeHHE (B BapHAUKOHHOM HCYHC-

newun) 297, 306, 368, 377
Ditnepa — [Tyaccona ypasnenne 310
3kerpemans 297, 310 )
dKerpemMyM cBA3aHLIt 282
— ycaoBHbil 282, 375—393
— dbyukuxonana 290
— — cuabHbi 290, 360
— — caabui 290, 359, 360

AIko6u neppuiit meton 277
— ypaBHeHue 356
— ycaopee 355



