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NPEIUCJIOBHE

Passutue Teopun andideperunanstbiX ypasHeHW# ¢ Pa3pbIBHLIMW NPaBbIMK YaCTAMK B 3Ha-
YUTENLHOW CTENeHU BLISBaHO MHOMOYMCNIEHHbIMU NPUNOXEeHWAMU. Donbwoe uMcno 3agau uz
MEXBHNKMW, INEKTPOTEXHUKMN W TeOPUN aBTOMATHYECKOrO YNPaBNeHNUA, ONUCLIBAEMbIX ITUMK
ypaBHeHWAMK, paccmatpusaercr B KHure [1]. llMpokoe ucnone3osaHue pasnudHeIx nepe-
KniouaTenei (pene) B cUCTemMax aBTOMAaTUYECKOrO yNpaBneHuA NPUBOAUT K HeoBXOAUMOCTH
NOCTPOEHNA AOCTAaTOMHO Pa3BUTOW TeOPUM TaKWX ypasHeHuit. PasnuuneiM BONpPOCaM 3TOM
Teopuu NOCBAUieHLI OTAEnbHLIE Naparpasl ¥ rnaBel B kHurax [2] —[5], a Takke Gonbwoe
UMCMO KYPHaNLHbLIX CTaTeid. TeOpMA CUCTEeM aBTOMATMYECKOrO ynpaBneHuA, ONUCHIBAaeMbIX
AndxheperunanbHbiMKM YPaBHEHMAMN C Pa3pbiBHbIMW NPaBbiMKU 4aCTAMM {CUCTeMbl C nepe-
MEHHOW CTPYKTYPOW U CO CKONb3A LMK PEXXMMaMK) , paccMaTpusaetca B khurax [6], [7].

B npeanaraemMoi KHWUre U3NaraTCA OCHOBHLIE HaNPaBNeHWA Teopun AudihepeHLnanbHbIX
ypagHeHnA C pa3pbiBHbLIMU MpaBbiMK 4acTAMU. Ux paccmotperue Tpebyer ¢ camoro Havana
0606uieHA NOHATHA peweHUA. (lepeuncnAINTCA Pa3NUuHble ONpeaeneHnA peweHnn Takux
YPaBHEHUA U yKa3biBAOTCA YCNIOBUA UX NPUMEHMMOCTH,

NoKka3wiBaeTcA, YTO MHOIrMEe YTBEPXKAEHMA KNaccuueckon Teopum AundibepeHumnanbHbix
YPaBHeHWA OCTAIOTCA CNpaBeAnuBbIMW M ANA YpaBHeHUA C Pa3pbiBHLIMM NPaBbIMK YaCTAMMU.
O6GocHOoBbIBaETCA NPUMeHeHWEe K TaKWM ypPaBHEHMAM U3BeCTHbIX METOAOB WCCMeAOBaHunA,
KOHEUHO, C onpeAeneHHbIMU Or paHMYEHUAMU. PacCMATPUBAIOTCA TakKe Te CBOWCTBA pelle-
HUNM, KOTOpbie 06ycnoBnexbl Pa3puLiBHOCTHIO NPAaBOW 4acTM ypaBHeHuA. B uvactHocTw, Ae-
TanbHO M3yvaloTCA 0COGeHHOCTU, BO3HMKAIOUIME HA NMHUAX U NOBEPXHOCTAX Pa3pbiBa, AaeTCA
Knaccuukauma 3tTux ocobenHocTed W paccmarpusaloTcR uMx Gudypkauwn. NpusoanATtca
AOCTaTOYHbIE YCNOBUA YCTOWYMBOCTM NONOXKEHWA PABHOBECHA, NEXAUMX HA NIMHUAX U NO-
BEPXHOCTAX PA3pPbiBa, @ TaKXe Ha UX NepeceveHnAX.

Tam, rae 3To BO3MOXHO, pe3ynbTarbl pPasfiMiHbiX aBTOPOB U HOBbIE Pe3yNnbTaTel U3nara-
10TCA C eAMHOW TOYKM 3peHUA. B pAse cnyuaes 3TO NO3BONUNO AOCTUYL Gonbiselt OGLIHOCTH
MU YNPOCTUTL AOKA3aTenbCcTBa.

B KHure He paccMaTpUBAIOTCA Cneayiowmne BONPOCh! ANA ypaBHeHni ¢ pa3pbiBHOW NPaBoOn
4acTLIO: HaCTOTHLIN METOA MCCNEAOBaHMA YCTOMUMBOCTM, XOPOLWO u3noxeHHbId 8 (5], kpae-
Bble 3apauM, MCCNeAOBaHME YpPaBHEHWI CNeumnanbHOro BMAA WM Y3KUX KNacCOB ypaBHeHWW.

B rn. 1 » nocneaylowmx rnasax pacCMaTPUBAIOTCA PasHble TWMbl YPaBHeHWA, NO3TOMY
rnassl 2 — 5 MOXxHO uMTaTh 6e3 03HaKOMNEHNA ¢ coaepxaHneM § 2 u 3. Menkum wpudTom
u3naraoTcA o606uweHnA U cnewvanbHbie BONPOCh), KOTOPbIe MOXHO NponycTute 6e3 yuiepba
ANA NOHMMaHWA OCTanbHOrO TEKCTA, a TaKXKe HEKOTOpble POMO3AKME AOKAa3aTenscTea.

B kaxaom naparpade Teopembl, NeMMbi U JOPMYNbI HYMepYIOTCA Hesaancumo Mpwu ccobin-
Kax Ha martepvan Apyroro naparpacda yKassiBaeTCA €0 HOMep, Hanpumep: ‘B CHMAY fnem-
" MbI4 817,

NutepaTypHbie CCbIKY YKa3biBalOT OAHY W3 cTaTel (unu KHUr) , He oGR3aTensHO nepsyio,
B KOTOpOM pacCMaTpUBaeTCA M3y4aeMbi BONPOC, ‘M He BCEeraa O3Ha4aloT NPUHAANEKHOCTb
UMTUPYEMBIX pe3ynbTaToB aBTOPY yKa3zaHHOW cTatbu. B § 4 u 15 paoTCA CCbiNKy Ha CTaThby,
copepxawue 0630p UCTOPUM UCCNEAOBAHMA PaccMaTpusaeMbix Bonpocos. Mo Tem Hanpasne-
HUAM, KOTOpLIe 60nee NONHO, YeM ApYruve, OCBeuleHbl B nuTepaType (nepuoauueckue pelue-
HUA, YCTOWYMBOCTb), M3NAraioTCA NWLL OCHOBHbLIE NOHATWA M HEKOTOPble METOABI UCCNeAo-
BaHWA, a TaK)Ke AaAIOTCA KPaTKUe NUTEPaTypHble YKa3aHuA.

B chucke uuTMpoBaHHOW nuTepaTypbl nocne 6M6nnorpadnuecknx AaHHLIX YKasaHbl TaKxke
Homepa pecdrepatos 8 PedepaTMBHOM XypHane “MaremaTtunka’’.



BBEJEHHME

Kak n3sectHo, pewernem guddeped unansHoro ypasHeHun
% . i, x)
— = t, X
dt

C HenpepuiBHOM NPaBOM 4acTblo Ha3bIBAeTCA IYHKUUA X (L), KOTOPAA BCloay Ha AAHHOM UH-

Tepsane umeer NPOM3BOAHYIO U YAOBNETBOPAET 3TOMY ypasHeHwo. [lnA audepeHunanstpix

YPaBHEeHWH C Pa3pbiBHLIMKU NPaBbIMKU Y3CTAMM TaKoe ofnpeaeneHve HeNpPUrogHo, KaK nNoka-
dx

3b18aIOT Creayolwue Nnpumepsl (X 0603HaYaeT NPOU3BOAHYIO ;t-) .

Mpumep 1. x=sgn t. fMipn t <0 umeem X =— 1, pewerue BuipaxkaercA GhopmMyno
x=—t+cy; npn t >0 umeem x = 1, pewerne: x =t +c, (puc. 1). Ucxoan us Tpebosa-
HUA HeNpepLIBHOCTM pelleHnA npu t = 0, nonyuaem

x{0)= lim (—=t+c,)= lim (t+c,),. x{0)=c¢, =¢,.
t——0 t—+0

Noatomy pewsenue Boipaxaetch opmynoi x(t) =|t| +c. Mpu t = 0 nponssogHoii. x(t) He

cyulecTayer. .
NMpumep 2. x=1-2sgnx. Mpn x < 0 unmeem x =3, pewuenue: x{t) =3t +c¢,; npn
x>0 umeem X = —1, pewenne: x(t) = —t +c, (puc. 2) . Npun BO3pacTaHun t KaxKaoeE pe-

wexvne aoxoaut Ao npamoin x = 0. None HanpaBneHun He NO3BONAET pelleHUIo COATH C Hee
HMU BBEpX, HN BHM3. ECNK ke NPOAONIKUTL pelieHne NO 3TOM NPAMOI, TO Nonyvyaeman byHK-
unAa x(t) = 0 He yaosneTsopAeT ypaeHeHuio 8 06LINHOM CMbICNE, TAK Kak AnA Hee X(t) =0,
a npasan yacTs ypaBHeHnA npu x =0 pasHa 1 —2sgn0 =1# 0.

Takum o6pa3om, paccmoTpeHue audpepeHuUMANbHLIX YPaBHEHWIA C pa3pbIBHOK Npasoit
vacTblo Tpebyer o6Go6uieHuA noHATHA pewenun. Mpu 3ToM B cny4anx, xorpa Npasan 4acTb
ypaBHeHUA x = f(t, X) HenpepsiBHa NO X ¥ Pa3puiBHa TONBKO NO t, 06bIYHO OKa3biBaETCA
BO3MOXHbLIM 0606WNTL NOHATHE pelleHnA, NONLIYACL NIUWbL MAaTEMaTUYeCKUMKU coobpaxke-
HuAMK (B Nnpumepe 1 — TpeGoBaHmeM HeNPepLIBHOCTM peweHuA) . B cnyvanax, koraa npasan
YACTL YPABHEHWA Pa3pbiBHA NO X, YaCTO NPOCTeALIME MaTeMaTUieCKue coobpaxeHii oKasel-

Puc. 1. Puc. 2.



BaOTCA HEROCTaTouHbIMU. TOrAa peweHne onpegenAeTcA NPU NOMOUM NPEAenbHOro nNepexoaa
C yMeToM (PU3NNECKOr 0 CMbICSIa PaCCMaTpPUBAeMOA 3aaa4u.

Heobxoanmo, 4To6bl 0606UleHUEe NOHATUA pelleHVA YAOBNETBOPANO CNEAYIOW UM Tpe-
60BaHUAM :

1) Ana audxbepeHumanbHeiX ypaBHeHwuit C HeNpepbiBHOW NPABOA 4YacTbio OonpepeneHve
peLLeHnA AONXKHO GbITh PaBHOCUNBHO OGLIYHOMY.

2) Dna ypaBHenuAn X = f(t) pewseHuAMu aomkHbl Gbite ByHKun Xx(t) = [ F(t)dt +c w
TONLKO OHW. :

3) MNpu MoBbIX HavanbHLIX YCIOBUAX Xx(tg) =Xxo W3 paccmartpvsaemoni ob6nacTu peweHne
AOMKHO Cyu,ecTBOBaTL (xOTA 6bl NPU t > t,) ¥ NPOAOMKATLCA A0 rpaHuubi 06nacTu unn He-
Or PAHUYEHHO.

4) OnpeneneHue peweHNA RONXKHO ObiTo NPUroAHbBIM ANA ONUCAHUA AOCTAaTONHO LWINPOKO-
ro KAacca npoueccos B U3NMECKUX CUCTEeMax.

Y1066l YpaBHeHUA C Pa3pbiBHLIMY NPaBbiMK YaCTAMU MOXHO 6GbINO UCCNeaoBarTs XOPOWo
pPa3paboTaHHLIMU METOAaMU, ENaTensHO BLINONHEHUE TakxKe cneaylowmux TpeboBaHWiA:

5) Mpeaen pasHOMEPHO CXOAAULGHCA MOCNERAOBATENbHOCTH peleHnit gomkeH GbiTb pe-
weHuem.

6) Npwu Hanbonee ynoTpebuTenbHbIX 3aMeHaxX NepemMeHHbIX pellieHne 40MKHO NepexoauTs
B peiueHme.

HauGonee ussectHbie onpeaeneHun peweHuR audidepeHMantHOro YpasHeHUA C paspbis-
HOW NpPasown 4YacTeio usnaraotca B § 4. NMpUMEHUMOCTL TOrO UNU MHOTO OnNpeseneHnA K pas-
NUyYHLIM 3aaa4am obocHoBbIBaeTcRB N. 3 § 8.

K HacToRueMy BpeMeHu yXXe MHOrMe pe3ynbTaTel Teopun auddepeHLnansHbiX YpaBHeHUH
pacnpocTpaHexsl (MHOrpa ¢ HEOGXOAUMBLIMU M3MeHEHUAMKN) Ha AnddepeHuuanbHble ypasHe-
HUA C Pa3pbiBHbIMK NPaBbiMN YaCcTAMU. UccnepoBaHne TakuxX ypasHeHwid nposoanTcA obuiy-
HO TeMK XXe MeToflamu, YTO U uccneposaHve audrbepeHUnansHbiX YpasHeHni A C HenpepbiBHbI-
MU NpasbiMN YaCTAMU,



FTABA 1

YPABHEHHS1 C TIIPABON YACTHIO,
HENPEPBIBHOA I10 x U PA3PHIBHOH IO ¢

B rn. 1 paccmatpusaoTcR amddeperunanbHbie ypasHeHuA Kapateopopu u abdeperunansHeie ypasHe-
HUA C 0606weHHbIMU DYHKUMAMK. YCTaHaBNUBAIOTCA TEOPeMbl CYLLECTBOBAHUA peLUeHUd, U3YWaI0TCA
CBOWCTBA peweHnit, oco6eHHO 33BMCUMOCTb pelleHMA OT NPasOM vacTu ypaBHeHuA. Paccmarpusaerch
aNNPOKCUMAUMA YPABHEHUN Pa3NUYHLIX TUNOB YPaBHeHUAMMU C HENPEepPbIBHLIMKU NP3BLIMK YACTAMM.

§ 1. Duddepermansinie ypasHenust Kapareomopu
AnA audxbeperumnanbHbix ypasHeHui KapaTeoaopu U3naraloTCA TEOpeMbl O CYLLeCTBOBaHUM,
EAUHCTBEHHOCTY, HenpepbIBHOW 3aBUCUMOCTU peweHuii Npu ocnabneHHbIX NpeanonoXeHuAx
¥ TEOpeMbl O CBOACTBax MHOYKECTBA peLL eHuiA.
1. AnbdepeHunansHoe ypasHenue X = F(t, X} C HenpepbIBHOK NPABOi 4acTbio, KaK W3-
BECTHO, pasnocnusno UHTer panbHOMY ypaBHeHWo

x(t) =x(ty) + f f(s, x(s))ds. (1)

B cnyvae, Koraa d)yuxum f(t, x) paspbiBHa NO t » HenpepbiBHa NO X, PeleHUAMU ypaBHe-
HUA X = f(t, X) MOXHO Ha3BaTb (hyHKUWUM, YAOBAETBOPAIOWUE UHTEr PansHOMY ypasHe-
Hmo (1). Ecam npu 3ToM Nonb3oBaTLCA NOHATUEM UHTerpana Jle6era, To NoayvaercA onpe-
AeneHue pewseHUA, KOTOPOe MONOXEHO B OCHOBY Teopun AudxpepeHunanbHoiX ypaBHeHUi
KapaTteopopu.

Bcioay B8 § 1 x(t) m f(t, x) — n-mepHuie BeKTOp-yHKUMN. UHTerpan NOHUMAETCA B
cMmeicne Jlebera. MpeanonaraercA, uto f(t, X) yROBNETBOPAET CNEAYIOWUM YCAOBHAM.

YcnosuAan KapaTteoaopu. Mycts 8obnactu D npocTpaHcTea t, x

1) f(t, x) npu NouTK BCex t onpeaeneHa u HenpepsLIBHA NO X

2) dyHkuun f(t, x) uamepuma no t nNpu KaXKAOM X;

3) | flt, x})| < mi(t), dbyHkumAa mi(t) cymmupyema (Ha KaKROM KOHEYHOM OTpe3Ke,
ecAu t He orpaHudedo 8 obnactu D).

YpasHexue x = f(t, x), rae x — cKanAp uAwn BeKTOop, a PyHKUUR f YROBNETBOPAET yCho-
suam 1) —3), HaswiBaeTCA ypaeHeHuem Kapareodopu. dyHkumn x(t), onpepenedHan Ha
oTpe3Ke unu uHTepsane /, Ha3bLIBaeTCA peweHuem ypaeHeHuA Kapareodopu, ecnn oHa a6-
CONIOTHO HenpepsiBHa Ha Kaxxaom oTpeske [a, B1 C/ u nouTu BCloay YAOBNETBOPARET 3TOMY
YPaBHEHWO, WU, YTO PaBHOCHNLHO Npwu ycnosuAax 1) —3), ecan oHa onaneraopﬂer -
TerpanbHoOMy ypasHeHuio (1) npu Kakom-Hubyas to € /.

2. MNpuseaem ussectHuie (cMm., Hanpumep, [8], cTp. 120; [9], ctp. 54, 111, [10]) Teope-
Mbl O cymecmoaaum W eAMHCTBEHHOCTU pewleHuA audeperiyManbHbIX ypaBHexuid Kapa-
TeoAOpU.

Nemma 1 ([8], ctp. 121). Mycrs ynkyua fit, x) ydoenereopaer ycnoeuam Kapa-
Teodopu, a pyHkyua x(t) (a <t <b) usmepuma.

Toz0a cnoxwian gpynkyua f(t, x(t)) cymmupyema.

Teopema 1. Mlycre npu to <t <tg+a, |x—xo| <b ynxyua f(t, x) ydoener-
eopAer ycnoeuam Kapareodopu. '

To20a na orpeske [to, to +d], 20e d> 0, cywecrayer pewerue 3adayu

x=flt,x), xity)=xo- (2)



Npu 3roh yucno d mMowro 83aTs MobsiM, yO0BNETEOPAIOUIUM HEPABEHCTEAM
P .
0<d<a, olto+d)<b, ‘plt)= [ mis)ds. ' (3)
to .

Nokasatenscrteo. ina moborouenoro k = 1sossmem h = d/k. Nocneaosatens-
HO Ha OTpesKax

to+ih<t<to+(i+1)h, i=°,1,...,k—1,
nocTpouM NpubnuxeHHoe peliseHue, NONOXKUB X (t) =xo Npu t<ty,

t
xp(t)=xo + [ Fls, xx (s —h))ds (to <t <ty +d). (4)
LY

WUHTerpan nmeer cmobicn, U | xx(t) — xo | <b B cuny nemmsbi 1 1 ouerku (3) . Kpome Toro,
ana obuix a, B E [to, to +dI]

8
[ X (8) —x (@) |<| [ mithdt] = | p(B) — pla}]. , (5)
o .

dyHKUMA H(t) HenpepsiBHA Ha OTpesKe [tq, to + d], 3HauuT, OHA PaBHOMEPHO HenpepbIBHa.
MNoatomy anA nwboro € > O HaitgetcA Takoe 6 > 0,uto npu |f — a| < & npaeas vacts (5)
MeHbLIE €.

CnepoBarenbHo, hyHKkUMM Xi(t), kK = 1, 2, ..., paBHOCTeNeHHO HenpPepsIBHLI U PaBHO-
MepHO orpaHuveHsl. [lo Teopeme Apuena Bbibepem M3 HUX pPaBHOMEPHO CXOARLUYIOCR NOA-
nocnepoBatensHocTs. Ee npeaen o6o3Hauum x(t) . Tak kak

[ xkls — h) — x(s) | <V xpls = h) — xp(s)] + | xx(s) —x(s) |,

a nepsoe cnaraemoe NPaBoi YacTu MeHbuie € npu h = d/k < §, 10 no ssIGpaHHoOW Noanocne-
AoBatenbHOCTU X (s — h) cTrpemurea K x(s). B cuny HenpepeiBHOCTU hyHKumuu f(t, x) no x
n oueHkn | F(t, x)| <m(t) moxHo nepeliTn K Npeaeny NoA 3HakoM UHTerpana 8 (4) . Nony-
MM, YTO NpeaensHan yHKUMA x(t) yaosnetBopAer ypasHeHuio (1) npu x(tg) = xo, T.e.
ABNAETCA pelueHMeM 3anaym (2).

3 ame4aHue. Ecnin ycnosua Kapareonopu BoinonHeHsl Nnpu to —a <t Ktg, | x—xo | <
<b wu d<a, |plto — d)|<b, T0 peuweHue cywecTByeT Ha oTpeske [fo — d, t,].

Teopema 2. llycrs (to, Xq) € D, u nycrs cywecrayer rakas cyMmupyeman oyHKyua
l(t), yro OnA mobeix Tovex (t,x) u (t,y) obmacru D

| Fle, x) = At I <) | x =y |. 6)

Toz0a e obnacru D moxer cywecreosars He 6onee 00H020 peweHuA 3adayu (2) .

3aech U Aanee eAMHCTBEHHOCTbL pewleHWA O3HayaeT, YTO eclU CYLWECTBYIOT ABa peLueHUun,
rpagmKn KOTOpbIX NPOXOAAT B ob6nactn D, YO 3TN pelleHWA COBNAAAlOT Ha obLLer YacTu Ux
WHTepBanoB CyLLeCTBOBaHUA.

3amevuanue [11]. [Inr eaHCTBEHHOCTN pelieHUA Npu t = ty AOCTaTOYHO, 4TOGbI
sMecTo (6) BbINOAHANOCHL HEPAaBEHCTBO :

(Flt, x) = flt,y) - x = y) <Ilt) | x -y | (7)

(ecnu f, x, y — BeKTOpbI, TO Npou3BeaeHne — CKanapHoe) .
NokaszatenbcTtso. Nycrs x(t) nyl(t) — peweHnn sapaun (2), z(t) =x(t) —y(t),
to <t<t,.Tak kak |z |% =z -z, 10 noutn scioay

d|z(t) |2
dt
Yunteisan (7), nonyvaem d |z |2/dt <I(t) | z |*. Toraa noutu scioay

= 22 - == 2(fit, x) — Fit, y)) - x ~ y).
dt

d t
—(lz|12e L) <0 (L) = S lis)ds).
dt ty

A6conioTHO HenpepbiBHan dyHkuma |z |2e” (") we mospacraer, u ns z(ty) = O cneayer,
uto z{t) =0 nput = t,. NTaK, eAMHCTBEHHOCTb AOKa3aHa Npu t = Lo B cnyvae (7), a 3HauMT,
1 npm ycnosum (6) .



Mpu yenosun (6) enyuait t <t, CBOAMTCR K CAy4alo t = t, 3aMeHOW t Ha —t.
N3BecTHO MHOFO APYrMX AOCTaTOYHBIX YCNOBUA eANHCTBEHHOCTH.
PaccmoTpum nuHeiiHy10 cucTeMy B BEKTOPHOW 3anucu

x = Alt)x +b(t). 8)

Teopewma 3./lycrs ace anements: Marpuys:! A(t) u eexrop-gyHxyun b(t) cymmu-
pyemsi Ha KaxOOM OTpe3ke, codepi@awemca e uHrepeane (a, f).
Toz20a npu t, € (a, ) pewetiue cucrems: (8) ¢ mobbIM HavansHsiM ycnoeuem x(tg) = x,

cywecrayer Ha ecemM urrepeane (a, ) u edurcreenHo.
NoxkaszaTtenscrTso. NepeirgeMoT (8) K HTerpansHOMY ypaBHeHUIO, aHANOrN4YHO -
My (1), mn nochouM nocnepoBaTensHsle NpubankeHua: X, (t) = xo,

Xk“(t)"'xo""f [Als)x, (s) +bls)ds,  k=0,1,... (9)

M3 ycnosuii Teopempi cneayer, uto dyHkumu Y(t) = llA(t) ]l w o(t) =1 b(t)| cymmupyems
Ha xaxgom oTpesxe [a,,8,] C (a, f). Tak kak anA nw6oro BekTopa 2

[Als)z <[ Als) Il Lz 1=7(s) |21,
ToHa [a;,B,] Bce NpuBAMIKEHUA CYLLECTBYIOT, HENPEPbLIBHLI U

t
| X s g () =X () S| [ () Xy (s) — Xy ls)|ds, k=1,2,...
LY

Nonoxumm £ =max | x, (t) —xo{t) | Ha oTpe3xe [a;,B,],

'
Yle)=1 J visids |.
rD
Mo MHAYKUMK A0Ka3LIBAETCA, 4TO HA 3TOM OTpPe3Ke

(PleN*
[ x4 (8) =2, (8) | <% wl . k=1,2,...

MNpasan 4acTb ecTb K-/ YneH pAA3, PaBHOMEPHO CXOAALLerocA Ha oTpeske [a,,B;]. Cneposa-
TensHO, Npu k > o= cywectayeT lim x {t) =x(t) us (9) so3moxeH NpeaensHbI Nepexon noa
3HaKkoM uHTerpana. Noatomy dyHKuUuA x(t) RBNAETCA pewieHneM UHTErpanbHOro ypaBHeHuR,
a 3HauuT u ypasHeHuA (8), Ha oTpeske [a;,f;].

EAUHCTBEHHOCTL pelleHMA cneayeT u3 Teopembl 2. Tak kak [a;,f;] — npoussonsHbii
OTPe30K, coaepXaWwmiicA B uHTepsane (a, f), TO peweHue cymec‘raye*r W eAMHCTBEHHO Ha
3TOM mn'epaane

Ha nuHeiHble cncTeMbI Kapa'reop.ow (t.e. yaosnetBopAOLIKE YCNOBUAM TeOpeMbl 3)
NEepeHOCATCA TaKike WAPYrueyTBepXAEeHUA: O CYWIECTBOBaHUU (yHAAMeHTanLHOW cucTe-
Mbl peweHnii, 0 NPeACTaBneHun N06Oro peweHun yepe3 (YHAAMEHTANbLHYI0 CUCTEMY, O
cBOWCTBax AeTepmMuHaHTa BpoHckoro. OHM A0KaE3bIBAIOTCA TaKUM Xe NyTem, Kak ANA cuC-
TeM C HenpepoIBHbIMU KOIUUMEHTaMu.

3. PeweHuA ypasHeHuh KapaTeonopu 06nagaloT MHOrMMU CBOUCTBAMM, aHaNOrUYHbI-
MW CBOMCTBAM pelleHui ypaBHeHUil C HenpepbiBHbIMKM NpaBbiMKU 4acTAMU (Npoaonikae-
MOCTb pelueHWi, KOMMAKTHOCTL MHOXECTBa pellieHni, CBOWCTBA WHTerpantHblX BOPOHOK,
paccmoTpeHHsie B [12]), u uccneayoTca 8 OCHOBHOM TeMK e METOAAMH.

NMemma 2. Ha xoneyHom oOTpesxe ¢ <t <d sce peweHuna ypaeHenua Kapareodopu
PaBHOCTENEHHO HENPEPbIeHS!. :

AoxkasartenscTtso. [lycts pyHkuuA p(t) BuipaxaertcA WHTerpanom (3), rae to =
[AnA kaxaoro o*rpesxa [a,B] C [c, d] u mo6oro peleHun x(t)

| x(B) — xla)| = |ff(t,X(t))dt < f m(t)dt = p(B) — pla).

OTclona 1 U3 paBHOMEPHOW HenpepbIBHOCTM GyHKuuu o(t) Ha otpeske |[c, d]l cneayer
PaBHOCTENEHHaA HenpepbLIBHOCTb BCEX peLueHni,
3ameuaHue. YTeepxaeHue nemMmbl 2 CripaBeAnvBo U ANA peLeHUH, YAOBNETBOPAIO-
WUX pasHbiM YpasHeHUAM KapaTeoaopu, MMEIOWMM OAHY U TY XKe CYMMUPYEMYI0 Mao-
paHTy m(t).
9



Teopema 4. [lycrs x = f(t, x) — ypaeHerue Kapareodopu e 3aMKHyTOU o02paHuventod

obnacru D.
To20a kaxdoe e20 pewerue, npoxooﬂwee eHyrpu D, moxro npodonxturs & 06e CTOpOHbI

00 ebixo0a Ha 2paHuyy T" obnacru D.
DokasatenscTBo. PaccMoTpum peleHne x(t), npoxoaAuiee Yepe3 TOUKY Polto. Xo)
sHyTpu D. Mycts €, > 0 He Gonblwe NONOBUHLI PacCTORHUA p{py, I') ot 3toit Touku ao

rpaHuuel I,
Nycts ¢ <t <d 8 obnactn D. Tak Kak dyHkuua ¢(t) B (3) paBHOMepHO HenpepbiBHA
Ha [c, d], To naineTcA Takoe 8, > 0,8, <e€,, 4T0 anA noGeix a, Bus [c, d], yaosnetsopsio-

wwmx HepaseHctBy | —a | <5,, umeem | p(B) — pla) | <e€,. Toraa umnuuap
lt—1to 1<8;,, Ix—xol|<¢e A

copnepxmntcA B D. B cvuny Teopembl 1 1 3amevaHuA K Hel pelueHue x(t) CyluecTBYeT No MeHb-
wei Mepe Ha otpe3ke |t —to | <&; (Unn ero MOXKHO NPOAOXUTL HA 3TOT OTPe30K) . Ecnu
"paccToAHMe OT TouKM (to + 8, x(to + 81)) no I’ He meHblie 2€,, TO pewieHUe MOXHO NpPo-
AOMXKMTL ewe Ha 8; W T.4., NOKA OHO He AOWAET A0 TaKOW TOMKMU p,(t;, X,), uTo
p(p‘,l‘)<2€|. -

B3 €; - 0, / =1,2, ..., npoponxvm pewseHue NOCNEAOBATENLHO A0 TAKUX TOYEK
piit;, x;), uto

H<t;<..., plpp, T)>0 (i),
OrpaHuyeHHaR NOCNEAOBATeNbHOCTb ty, s, ... CXOAMTCA K Hekotopomy t°. Toraa ¢ no-

Moo neMMbl 2 M kKpuTepuA Kowu nonyqaem, 470 cywectayeT lim x(t) =x* nput ~t*— 0.
OuesuaHo, (t*, x*) € I. Monaran x(t*) = x*, nonyyaem pewerune, AocTuraouiee rpaHuubl I’
8 Touke (t*, x*). BneBo pelueHme NPOAONIKAETCA TaKNM XKe 06pasom.

[lpyrue ussecTHble TeOPeMbl O NPOAOMKEHUN peLueHNUn (HaanIMep, u3 [13], cTp. 24 u 43,
n u3 [11]) Takxke cnpaseanuBsl He TONbKO ANA andidepeHUNanbHbIX YPaBHeHUI ¢ Henpepsis-
HbIMU NPaBbIMK YaCTAMKU, HO U ANA ypaBHeHnit KapaTeogaopw.

Mepeitnem K BONpOCY 0 KOMNaKTHOCTM MHOXECTBA peLUeHWi.

N emma 3. lpeden xaxdoli cxodauselicA Ha orpesxe [a, ] nocnedosarensHocTu pewe-
HuU ypaeHeHun Kapareooopu ecTs pewerue T020 e YpaGHeHUA. .

AokaszaTtenscTB 0. [InA NOCNeAOBATENILHOCTU pelueHun x =xx(t), k=1,2,...,
BO3MOXHOCTb NpeaestbHoro nepexoaa B (1) oSecneumsaetcA ycnosurAmu Kapateoaopw.
Noatomy npepentHan (yHKUMA TOXe yAOBReTBOpAeT paseHcTBy (1), 3HaunT, ABNAeTCA pe-
WweHneMm ypaBHeHnA X = f(t, x) .

Nemma 4. [Ana ypaeneHus Kapareodopu e ozpanuvenHol 3aMxHyTol obnacru D mHo-
necreo M ecex pewerull, 2paghurcu KOTOpsIX HA OTpeske a <t <f codepmreﬁ & D, AaennAer-
cA Ton:ﬁa)xrom e merpuxe Cla, B] (r.e. @ merpuxe paeHomepHol cxodumocTu Ha oTpe3-~
ke [a

AokaszatensbcTtBO0. Bce aTu pewenun Ha orpesxe [a, B] paBHOMtePHO OrpaHu4eHbl,
a no nemme 2 pasHoCTeneHHO HenpepbiBHbI. Mo Teopeme Apuena ns moboro SECKOHeYHOro
MHO)XEeCTBa TaKUX pelseHnid MOxkHO BbIGPaTh NOCNEAOBATENLHOCTb, PABHOMEPHO CXOARALLYIO-
cA Ha [a, B]. Ee npeaen no nemae 3 €CTb pelueHue TOTO Xe YpasHeHA. Crnieposatensid,
MHOXeCTBO M — KOMNaKT.

Nemma 5. flyers xi(t) (ax <t <P, k=1,2,...) — pewenun ypaeHenun Kapareo-
dopu, 2paghuKu KOTOPLIX COOEPIATCA 8 02paHuUYeHHOU 3aMKHyTol obnacru D, u
(o, Xxlog)) =p, = p, By, X B =g, > q. ) (10)

Toa0a HaiidercA nodnocnedoearensHocrTs 3rux peweHull, CXO0RWAACA K peweruro, 2pagui
KOTOpO20 coedurAeT Touku pla, Xo) u qlf, x*) u npu a <t <f codepwurca @ D: npu nio6om
8 >0 cxodumocrs paeHomepHa na orpeske [a + 8, f —

Aokasatensctso. Mycw §; »0,/ =1, 2 nonbzyncbneMMou2uTeopeM0u
Apuena, u3 nocnenosatenbHOCTH x;(t) Bubigenum nOAﬂOOﬂeAOBGTeﬂbHOCTb x ey, j =
=1,2,..., pPaBHOMEPHO CXOARIWLYIOCA Npu at+ 8, <t < — §,, u3 Hee — NOANOCNEAOBATENL-
HOCTb xz,(t) PaBHOMEPHO cxoAALLylocA Npu & + 8, <t < B — §,, u 1.a. imaroHansHan
NOCNeRoBaTenbHOCTL X;;(t) cxoauTcA Ha uHTepsane (a, ), NPUTOM PaBHOMEPHO Ha KaXXAOM
otpeske [a+38;, f—6;].
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MpeaenvHan dyuxuna x(t) no nemme 3 AsnAeTcA peieHnem npu a < t < f. Ee MOXHO
ACONpeAennTb MO HenNPepbIBHOCTW Ha oTpesok [a, §] 8 cuny nemmsr 2. [ina cxons yrogHo
manoro € >0 nNpu AOCTAaTONHO ManbiX & ¥ AOCTaTOYHO GONbLIMX j UMeeM

[ x{a) —x{a+8) |<e/d, |x{a+8)—xjla+d)|<e/d.
Mo nemme 2 anAa Takoro k, uro X;i(t) = xi(t), umeem
Ixij(a +8) —x,-,-(ak) |<€/4, le'i(ak) —Xo |<E/4

8 cuny (10). CnenosatensHo, |x{a) — xo | < €.Tak kak € >0 — no6oe, 10 x{a) =x,, T.€.
peweHne x(t) NpoxoamuT Yepe3 TOUKY p. AHANOIrMYHO, OHO NPOXOANT Yepe3 TOUKY q.

Cneayouian TeopemMa B NpeanonoeHuu, 4to yHxkuua f yposnetsopAeT ycnosuAam Ka-
paTeopopn BO Bceit ob6nactu G, poxasava 8 [10]. Ocnabnenue 3T0ro Tpe60oBaHMA NONYUEHC
noao6Ho [12].

Teopewma 5. llycrs pynkyua f(t, x) yooenereopArer ycnosuAam Kapareodopu 8 Kax-
dod 3amkHyTol o2paHu4eHHol nodobpactu obnacru G. [lycte A — royka (to, Xo) (unu
02paHuverHoe 3amkHyToe mHowecreo), A C G. Ecnu 8ce peweHun ypasHeHuA x = f(t, x) ¢
HavansHsiM ycnosuem x(tg) = Xo (unu CO 6CEeB03MONHbBIMU HAYallbHbIMU YCOBUAMU
(to. x(tg)) € A) cywecrsyror npu a <t < u ux 2pagpuxu npu atux t cooepwarcA 8 G, 1o

1) mMHOMecT8O TOYeK, nemawux Ha 3Tux 2paguxax (r.e. orpesok o <t <B uHrepansHol
BOPOHKU MHONECT83 A) , 02DaHUYEHO U 3aMKHYTO;

2) mrowecTeo M 3Tux pewerui AenAeTcA komnaxTom e merpuxe Cla, 8].

Aoxa3zatenscTso0. Bo3zbMem TaKylo NOCNEAOBATENbHOCTL 3aMKHYThIX O PaHUYEH -
Hbix obnacten Dy, Dy, ..., 470 A nexut BHyTpu D, a Dy —BHYTPM Di 4y, k=1,2,.

W uTO Kaxaoe OrpaHuvYeHHOe 3aMKHyTOe MHOXecTBO K C G coaepXXuUTCA B KaKoW-10 13 06-
nacreir D;. Mokaxem, 4TO BCce paccMaTpuBaemble rpahmKu COAepPXKaTCA B OQHOW u3 06-
nacreit Dg.

Mpeanonoxmm npoTMBHOe. TOraa ANA KaxAoW u3 obnactei D, HaWayTCA Takoe pelleHue
X (t) v takne B; € [a, Bl n o, ut0

Py =log, xplog)) EA,  Bp. % B ) EG\Dy. (11)
BuiGepeM U3 3Tux peweHnii TaKyto nonnocneaoaarenwocn So k=ky,ky,...), AR
KoTopot p, »p € A. Tak kak A CD,; CD, C..., o us (11) cnenyer, ¥to npu KaxaoMm

m 2 1 Ha rpagmKe KaXaoro peweHua x(t), k 2 m, HaWp[eTCA TaKaA Touka qk € 0Dy,
(0D,, — rpaHuua obnactu D,,), uTo payra pqu atoro rpagmka coaepxutca s D,,. U3 noA-
nocnenoaarenwocru So BbiaenuM ROANOCNEeA0BaTeNLHOCTb pelleHni, ANA KOTOPbIX qk ->
- g' € 9D,, a n3 Hee no nemme 5 — nonnocneaoaarenwocn S1 peweHuin, CXORALWYIOCA K
peweHmio, rpadmK KOTOPOro COEAUHART TOUKU P EA un q' €3D,.

U3 S; Tem xe cNoco60M BbiaeNnUM' HOBYIO NOANOCNEAOBATENbHOCTs S3, CXOAALLYIOCA K
peltenmio, rpadMKk KOTOPOro COeAUHRET TOMKU P € A u g° € 3D, . Npoaonxan atoT npouecc,
nonyuyum peiueHue x(t), rpagmk KOTOpPOro NPOXoauT Yepe3 Touku p € A, g' € Dy, q* €
€ D,, ... Mo ycnoswuio, 310 pelieHue CyLLECTBYET Ha OTPe3Ke, COAePXallleM @, § u abcunccy
tp Touku p. padmk peweHnuA Ha 3TOM OTpesKe — OrpaHUYeHHOe 3aAMKHYTOE MHOXECTBO,
3HaYMT, OH COAEPXUTCA B HexoTOpoi obnactu D,,, T.e. BHyTpU D)y 4. IT0 NpoTUBOpPEUUAT

TOMY, 4TO OH NPOXOANT 4Yepe3 Touky g™ *1 €9D,, . ,.

3HayuT, npeanonoxeHue HeBepPHO, U BCe paccMaTpuBaeMble rpadMKu cogepXaTcA B OAHON
u3 obnacreit D ;. Toraa yreep)xaeHme 2) aokassisaercA Nogo6HO neMme 4, a U3 Hero cneayer
yrBepxaeHve 1) .

4. HenpepbiBHan 3aBUCUMOCTL pelueHnid ypaBHeHni Kapateofopu OT HayanbHbIX YCROBWiA
W NPaBoiA 4acTM ypaBHeHWA Unu OT NapameTpa paccMmarTpusanack 8 page paGoT, B 4acTHOCTH B
[10] w [14]-[27], anddeperunpyeman 3asucumocts — B [28] —[31]. Huxe npusoaATcA
ABe Teopembl O HeNpepbiBHOW 3aBUCMMOCTU: NPOCTedwWan (ANA cnydvan, Korpa cxoauTcR
nocneposatensHocTe yHKuun fi(t, x), ctoAwmx B npassix YacTAx avdibepeHunansHbIx
ypasHeHui) u Gonee o6wan (koraa cXOAMTCA NOCNEAOBATENLHOCTL MHTErpanos no t or
3TUX PyHKUWNA) .

B n. 4 Be3ge paccmaTpuBaloTCA pelleHUA X(t, p) ypaBHeHUW, NpaBble YacTW KOTOPbLIX 3a-
BUCAT OT NapaMeTPa [, MEeHAIOWEroca Ha KaKom-nnubo mHoxectee M (MeTpuueckoro npocr-
paHCTBa) C NpeaesibHON TOMKOM Ko € M, U BLIACHAIOTCA YCNOBWA CXOAMMOCTH X(t, u) -

3]



> x(t, o) npu p > o, T.e. npu plu, fo) = 0. K 3TOMY cny4aio CBOAUTCA U cilydyaid noche-
nposatensHocTh xi(t), k=1,2,..., ecnm nonowuts xi(t)=x(t, u), u=1/k—>0.

Kax ussecTHo, AnA anddepeHumnanbHbix YpaBHeHWA ¢ HenpepbiBHbIMKU NPaBLIMU YACTAMK
v ypaBHeHuh Kapateonopy 13 eanHCTBEHHOCTW pelLeHWA CNeayeT ero HenpepbiBHaR 3asBu-
CMMOCTb OT HavanbHbiX ycnosuit [32]. Cneaytowan nemma 0606uwiaer aTo yreepxaenue. OHa
npuMeHUMa He TONbKO K peweHUAM anddepeHUManbHbIX YPaBHeHUA, HO U K peweHAM avd-
theperumanbHbIX BKNOYeHWt. OHa yTOUHAET, B KAKOM CMBIC/IE MOXHO FOBOPUTL O CXOANMOC-
T K MHOXKECTBY pewieHnit, Koraa HeT eaMHCTBeHHOCTU. JTa NneMMa NO3BONARET CBECTU YyCNno-
BUA HenpepbIBHOW 3aBUCUMOCTH pellieHUA K pAAY 6onee NPOCTbIX YCNOBUIA.

NMemma 6. Mlycrs 3ad0aHbr Touka (tg,ao), yucna t, > to, €o > 0, KoHeyHar obnacts D
8 npocTparHcree t, X, MHOWECT80 M 3HaveHul napameTpa [ u cemMelcT80 S HenpepbI8HbIX
Pyuxyud E(t), Kawdol u3 KOTOpbIX NOCTaBNEHO 8 COOTEETCTEUE €€ HayaNbHoe 3HavYeHue
a=E(ty) u Hexoropoe 3navenue napamerpa pEM. lycrs

1) kawdaa yHxyua E(t) onpedenexa Ha HeKOTOpOM OTpe3Ke, ee 2pagpuKk npoxoour e
obnacru D, a e20 KoHyb! — 0ae TOYKU 2paHuys! obnactu D;

2) 0na mobeix a, pn (la—ae | <8, uEM) cywecrayer xora 6st 00Ha pyHKyuA cemelcT-
8a, KOTOPOU NOCTaeneHs! 8 COOTBETCT8UE 3TU 38 U U;

3) dna nwbold nocnedoearensHocTu dyrkyuld §;(tVES, i=1,2,..., KoTopsim cooreer-
CTBYIOT 3HAYeHUA a; > aqg, M; > Mo, 6C8 PYHKYUU 3TOU NOCNEO08ITENLHOCTU PAGHOCTENEHHO
Henpepb1aHst;

4) npeden xKawmool paeHOMEDHO CXO0OAWeUCA nocnedoearensHocTu yHxyul cemeticTea,
ONA KOTOPbIX 38 =a; > a8y, K=~ Po, €CTb PYHKYUA cemelicTaa, ONA KoTopold | = g,

B) sce pyrnkyuu cemelcrea, ONA KOTOpbIX =g, @ = agy, onpedeneHs: no menswel mepe
Ha orpeske [to, t,]; MHomecTeo arux gynkyuii 0603navum Xy ;

6) ona kawdod us pynxyud Eq(t) mHomecrea X, €y TpybKa

Ix—Eolt<eo, to<t<t,, (12)

codepmurcA e D.
To20a dnAa mo6oz20 € > 0 nalidyrcA rakue 8§ >0, >0, yrodnA ecex a u u, yoosner-
80pPARIOUWUX YCNIOBUAM

la—ao |<8, plu, o) <n, ’ : (13)

KamdaA u3 ynxyud E(t) cemeiicTea, cooTeeTcTeylowan arum a, [, Ha orpeske [ty.t,)
CYWeCT8YeT U OTNUY3EeTCA OT HeKoTopol PyHruyuu &g (t) €E X, MeHswe, yeM Ha €

LE(e) —Eolt) 1<e (to <t<t,). {14)

(nn paansix Elt) pyrnxyuu Eo(t) mo2yr bbite pasrnsimu.)

Aoxa3zatenbcTBo. [peanonoxum, 4T0 aNA HeKOTOPLIX @; > 39, H; > Mo CYUlecT-
BytoT dyrkumu £; (t) € S, onpeaeneHHsie He Ha BCem OTpeake [to, t;]. Kawaan n3 wux
cornacHo 1} pocTuraet rpaHuubl obnactu D B HexoTopon Touke q; (t;, x;)}, t; € (tg, ).
W3 ycnoswit 3) n 6) cneayer, uto t; = 7o >ty npu Beex /i > /). N3 nocnegosatensHOCTU
{q;} BLIbMpaem moanocnenoBaTeNLHOCTL, CXOAAWLYIOCA K HEKOTOPOW TOUKe g, a U3 COOTBeT-
cTBylowe# nognocneaoBaTtenbHOCTM ¢GyHKuni £; (t) — HOBYIO RoanOCnNeAOBaTenbHOCTH,
cxopAwylocA K dyHkumu £o(t), rpadmk Kortopoit coeamHAeT Touku (to, @p) M g, Kak B
nemme 5. B.cuny 4) dyukumna §,(t) € Xo. Torna B cuny 6) €o-Tpybka (12) copeprmrca
8 D, ag — touka (t,, £olt;)). 310 NPOTMBOPE4UT CXOANMOCTM K TOUKE g MOANOCNEROBa-
TenbHOCTN Touek  @,(t;, X;) rpaHuusl obnacTu D, Tak Kak t; <t;.

3HaumuT, npu HexkoTopeix & > 0, 7> 0 ana Bcex 2 u i, yaosnetsopAroumx (13), rpatpmk
yHxkummn £(t) copepxutcAa B8 D npu to <t < t;. Ecnu nemma HeBepHa, TO ANA HEKOTOPOro
€ > 0 HailfeTCA TaKaA MoCNenoBaTenbHOCTs yHKUMN Xx(t) € S, k=2,3,...,410 X; (tg) =
=a, > a9, Mx > Mo, rpadmku 3Tux dyHkunia copepxarcA B D npu to <t <t, n anAa
Kaxaoro k wn Kaxaon pyHKuum £(t) € X, ) -

| xp (ti) —Elty) [ Ze, te€lte, 3], k=23,...; - (15)
TOUKK t; MOryT 3aBucetb OT BbiGopa pyHkummn £(t) € X,.
B cuny 3) u 4) u3 nocneaoBaTenbHOCTH {x,‘(t)) MOXHO BbiGpaTte NoanocnegoBaTens-

HOCTb, PABHOMEDHO CXOARAWLYIOCA K HEKOTOPOH diyHKumn xolt) € Xo. 310 npoTUBOpEUnT
{15) npu E(t) = x¢ (t) . lemma pgoKa3aHa.
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CneacrtBwue. lMycrs asinonHens: ycnosua 1) —4) nemmst 6, 8 cemelcree S umeeTcR
onA a =ag, U = Jg TONbKO O0Ha PyHKyuAa £olt) u dna arod gyrryuu €o-Tpybra (12)
codepwurca @ D. Toz0a cnpagednueo yreepyoeHue nemMmbi 6 u Kawgan NocnedoaareibHoCTs
£ilt) pynryul uz S, Ona koropol a; > ag, I => Hg, PAGHOMEPHO CX00UTCR K Eqolt) wa or-
peske [to, t;].

3 ameuanue. [InA cemeicTBa pewenuii ypasHenna Kapareogopu x = f(t, x) ycnosua
1) n 2) nemmbl 6 BhINONHeHLI B cMRY Teopem 1 1 4, a ycnosur 3) u 4) — 8 cuny neMm 2 u 3.
Noaromy, ecnu pewexne ¢ HauanbHLIM YCnosuem x(to) = ap eAMHCTBEHHO, TO OHO HenpepbIs -
HO 33BUCHT OT HauanbHOro ycnoBuA. [InA ypasHeHur Kapateogopn x = f(t, x, u) ¢ napamer-
POM i ycnoBuR 1) u 2) BLINOAHAIOTCA, U HYXXHO NPOBEPATE TONLKO BbINOAHeHUe YCNoBuiA 3)
1 4)n eAMHCTBEHHOCTL pewseHun npu x(to) =ag, u = uo. |

Teopema 6 ([10];[9],crp. 71). flycre npu (t, XY ED, u€EM

1° f(t, x, u) u3Mepuma nNo t NPu NOCTOAHHBIX X U I

2° | F(t, x, u) | < mt), yHryua mit) cymmupyema;

3 npu noyru ecex t gynkyua f(t, x, u) HenpepsigHa No x, a npu U= g —NO X, U;

4° pewenue x = £, (t) 3adavu

x=flt,x,p), xltg)=a (16)

OnA a=ag, U=y EOUHCTEEHHO NPU t 2 ty; ITO peweHue CywlecTeyer npu to <t <t,, u
€20 2paghux umeer okpecTHocTs 8uda (12) , codepyawyioca e D.

Toz20a 0na mobsix a u u, 00CTaroyHo BRU3KUX K 8y U Mg, pewerue 3adavu (16) Ha
orpeske [ty,,t;] cywecreyer (He obazareasHo eQuHCcTeeHHOE) U pPasHOMEDHO CXOOUTCA
K Eolt) npu a—ag, u—>py.

3amevanne Ycnosue 3° NPUBOAUT K TOMY, 4TO ANA NouTu Bcex t dyHKumnA
Flt, x, u) = F(t, x, i)  paBHOMEPHO NO X (Ha nio6om KomnakTe) npu u > Hg.

DoxkasatenbctBo. B cuny 1° —3° ypasHenue (16) ¢ MaxopaHTon m(t) , He 3aBu-
cAweh oT u, — ypaBHeHue Kapareopopu, nostomy AnA €ro_peweHuit ycnoBmA 1)=3) nem-
Mbi 6 BuinonHexs); ycnosua 5). v 6) BeinonteHs 8 cuny 4°. Pewenue x = £lt, a, p)2anawm{16)
YAOBNETBOPAET UHTEr PaNibHOMY YpaBHEHUIO

14
Elt;a,p)=a+ [ f(s, Eis;a, p); pds, (17)
r0

Ecnan npu a; > a, K;~> Mo NOCNEAOBATENbHOCTL peweHun £(t, a;, 4;) cxopanTcR pasHomep-
o, T0 8 cuny 3°

fls, &ls; ay, py); wy) = Fls, Els; a, uo); wp) .

Toraa 8 cuny 2° B uHTErpanLHOM ypasHeduu anA E(t; a;, ;)  BO3MOXeH nNpeaenbHbiN
nepexoa NOA 3HaKOM MHTerpana. 3HauuT, npeaenbHan yHkuua £(t; a, i) yaoBNersopRer
ypasHenuto (17) npu u = o pABNAETCA pewenunem 3agauwn (16) npu u=ug, T.e. BbINOA-
HeHo ycnosue 4) neMmbl 6. 3 31O neMmbl CneAyeT AOKa3biBaeMOe yTBepIKAEHME.

HansHeitwee 0606uieHne TeopemMbl O HeNPepbLIBHOM 3aBUCUMOCTU COCTOUT B 3ameHe Tpebo-
BaHuA cxoaumoctn f(t, x; p) = flt, x; uy) (7.e. HenpepsIBHOCTU yHKUMM FNO 1 nNpu p=
= Hp) TpeGoBaHueM CXOAMMOCTH MHTerpana (no t) ot f(t, x; ) k wuterpany ot f(t, »; pg)
(141,171 n ap.).

TeopeM a717).Nycrsnpu LEM, to <t<t,, xEB (B— xoHewHan obnacrs & R")

1 PyHryua f(t, x; p) usmepuma no t npu NOCTOAHHLIX X, ;

If(t x; Wis<mlit, p), dyncyua mit, p) cymmupyemano t;

3 cywecreylor Taxan cymmupyeman pynxyua l{t) u moHoronnaa gyurxyua Yir) =0

npu r—=>0, 410 dna kawdo2o r>0-npu | x —y | <r unpunoyru ecex t

| Fle, x; ) —fle, y; p) | <UeWir) : (18)
4° OnA Kawdozo x € B npu p— g

f fis, x; u)ds f (s, x; wo)ds ' (19)
'ﬂ
pasuomepno not Ha orpesxe [ty,t, ]
5° pewerue x = £(t) 3a0avu (16) 0nA a =ao € B, u = U, eQUHCTBEHHO NpUt = t,
U codepxurca @ obnactu Bnpu ty, <t <t,.
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Toz0a 0na nwobsix a u u, 00CTaTONHO GNU3KUX K ag U I o, pewenue 3adavu (16) Ha
orpesxe [to, ty] cywecreyer (He o6A3arensHo eOUHCTBEHHOE) U PABHOMEPHO CXOOUTCA K
Eolt) npu a—~ag, n—>pe.

Aoka3zatenscTso. CHayana nOKaxem, YTO ANR KAKAOW NOCNEAOBATENLHOCTH
H;=> Ho M KaXXAOW NOCNeA0BaTenbHOCTV HenpepbiBHbIX dyHkunn x;(t) €8, /1 =1,2, ...,
PaBHOMEPHO CXORAWENCA K Xq(t), umeem anA Bcex t € [t,, ¢, ] .

t i
J (s, xi(s); my) — fls, xo(s); po)lds >0  (i—>o0). (20)
ty
Tax kak dyHkuma x{t) (p=1,2,...) HenpepsIBHA, TO NOCNEAOBATENBHOCTL KYCOMHO
NOCTORHHBIX HYHKU WA
Vp,qlt)=xpltg +jhg), to+(f—1hg <t<tyg+jhg, j=12,...,29, _
rae hg = 2%, —to), g=1,2,1.., paBHOMEpHO CXOMTCA K xplt) . Hanpetca Taxoe
.q(p) , 470 AnA dyHKUMKN 2, (1) S yp 4(p)lt)
l2p(t) —~xp () | <277 (to <t<ty).

Tak kaK Xp(t) > xo(t) npu p =, 70 2,(t) > xo(t). Benny 1° n 2°
t
S fls, 2p(5); po) —fls, xols), wo)lds >0 (p—>oo). (21)
7, :

U3 4° cneayert, uto noao6Hoe (19) coOTHOWEHUe CNPaBEANUBO ANA UHTErPanoOB NO NI0G0-
My uHTepsany, coaep)xawleMyca B [t,, ¢ ]. B Takom cooTHOWweHNM Ha nHTepaane, rae yHK-
WA Zp(t) NOCTOAHHA, MOXHO 3aMeHNTL X Ha Zp(t). CyMMMpyA no TakuM uHTepsanam,
nony4aem AnNA P = const

[ 4
Ji p)V = [ [fls, zp(s); m)) — s, zp(s); uo)lds >0 (i ).
to

3HauuT, ana kaxporo t € [t,, t,] u kaxporo p = 1 HairgetcA Takoe ip(t),uto | J; plt)| <
< 27P npu Bcex 7 > I p(t). Yucno ip(t}) MOXHO yBenuuute, NO3TOMy Gyaem cuuTats, 4To
ip+1(t) > ip(t) . Monowmm
vii, t)=p npu i) <i<ipy,(t), p=12,...
Toraa anA Kaxaoro t =const npu / —> °© umeeM
wi, ) > o0, 14y v, nit) 1<27°¢D 0. (22)
B cvny yenosua 3° npu noutu Beex s € (0, t)
| Fls, xils); pi) — (s, 2 (i, ) (8); w) | S USW Al Xil8) — 25, 1y (s) 1) .

MpaBar yacTe He NpeBoCXOAUT cyMmupyemon dyHkunmn [ (s) Y (d), rae d - anameTp obnac-
TV B, » Npu NouYTH BCex § CTPEMUTCA K HYAIO Npu / =0, TaKk KaK X; (s} = xols), Z,(;, 1)ls) -
- xo(s) . Moaromy

> .
J [fts, x;(s); u;) —fls, 2y, nls); pi)lds >0 (23)
'0

npu /. U3 (21) —(23) cneayet (20).
NycTb Teneps X;(t) — pewenne 3apaum (16) ¢ @a=a;, >ag, u=m; > o (> ) U dyHk-
umeit f, yanosneTBopRIOWLEH YCNOBUAM TeopeMsi 7. Toraa

t R
xity=a; + [ fls, x;s); p;)ds. (24)
rl]
Ecnm x;(t) — xolt) paBHOmepHO Ha HexoTopom oTpeske [to, t°], 1o 8 cuny (20) 8 pa-
seHcTBe (24) MOXHO nepeitT K npeaeny, u hyHKUMA xo(t) — pewseHue 3agawm (16) ca =a,,
i = py. CneposatensHo, ANA ceMeicTsa peweHnin 3apaumn (16) (c pasHbiMu @ n 1) sbinonwe-
HO ycnosue 4) nemme! 6.
NposepuM BhinonHeHue ycnosua 3) nemmel 6. Tak xak dyHKkuwn f(s, ag, Ho) 1 1 (s)
cyMMupyemsl, To AnA noboro € > 0 HapeTcA Takoe & > 0, uto npu niobeix &, B € [to, 8]
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n3 |f—a|<d cneayer
[ [ € ’
(s, ap; ds | <e, l(s)ds | < ——, 2
|af (s, a0; Molds | <e Iaf (s)ds | e (25)

rae d — pnametp obnactu 8. [inA Hekotoporo p;{e) pa3sHOCTL NeBOI U NPaBON uacTei COOTHO-
wenna (19) MeHbwe € npu plu, pg) < p, (€) necex tE€ [ty, t;]1.Orcionannz (25) cneayer

B
| f fls,a0; mids | <3¢ (p(p, po) < py l€)). (26)
[+3

Myere x;(t) (i =1,2,...) — nocnenosatensHocTs peweHwii 3agaun (16)c a =a; —a,,
M= o N3 (24) nmeem

i
x;(B) — xila) = [ s, x;(s); u;)dbs. (27)
a .

B cuny (18) noaviHTerpanbhbie hyHkuum 8 (26) npu pu=p; u e (27) otnuualoTch He 60Nb-
we, vem Ha ! (s) Y(d), nostomy c yuerom (25) uHTerpanbi OTAUHAIOTCA He BONbLIE, YEM HA €.

Tenepb u3 (26) n (27) npu plp;, ue) <oy le) wmeem

| x;8) = x;le)| < 4e. ' (28)

Tak KaK #; = Mg, TO HepaseHcTBO P(u;, Mo) < Pi(€) MOXKeT He BbINONHATLCA TOALKO
ANA KOHEYHOro 4YMCNa 3HaueHu# /. AnA 3Tux /i B cuny HenpepbiBHOCTM thyHKuuiA Xx; (t} cy-
utectByeT TaKoe 8, yto (28) suinonxAercA npu Beex &, B € [to. 1), 1B —al <§,. Cneno-
BatensHo, npu |B — a| < min{8; &, } Hepasercteo (28) suinonHAetcA anA Bcex /. Tax
KaK € NPOW3BONLHO, TO pacCMaTpuBaemble pelleHUA paBHOCTENEeHHO HenpepbiBHbI U ycnoaue
3) nemmbi 6 BbinonHeHo. Ycnosua 1) u 2) 310l neMmbl BbinonHeHsi B cuny 1°—3° 1 Teo-
per 1 u 4. B cuny cneactsnA neMmst 6 cnpaBeanuBo yTeepXaeHne A0Ka3biBaeMon Teopems! .

3 ameuaHue. YreepxaeHue TeOpeMbl 7 OCTaeTCA CNPaBeANuBbLIM, ecan ycnosue 3

3aMeHNTb CeAY IOWUM:
3" cyuecreyior Taxue dyHkummn [ (t, 7, ) n8ole) > 0, 0 < € < €. 4TO ANA KAKAOrO

r>0 npn nowrn Beex t u {x—y|<r
[Fle, x, m) —flt,y, u) |<Ut,r,p), U, r,u)~>0 (r—>0), (29)

u anr nobeix a,BE [ty, 1], 1B —a[<8y{€), npu Bcex r, u

8
o, Bl = [ Us,r,uds<e, - (30)
a

Ifte, 1 >0 (("0,#"#0)- (31)

Mpu 3tom B goKa3saTenbcTBe TeOpeMbl 7 HYXHbI AWWL ABA udMeHeHuR. B (23) noabiM-
TerpansHan yHKUMA 8 cuny (29) He Gonbiue, yem

Us, [ xi(s) = zu(i ryls) . me),

noatomy uxterpan (23) ctpemurcA K Hynlo npu /i —> = B cuny (31).

Mpn B — @] < min{3: Bo(e)} noabiHTerpanbHuie yHKkumn B (26) anA u =u; ms.
(27) ornuuaiotca He Gonbie, YeM Ha I (s, d, 4 ; ), NO3TOMyY UHTErpPanbl OTAUYAIOTCR He 6ONb-
we, yem Ha €, B cuny (30) . OcTanbHble paccyaeHUA 8 goKasaTtenscTse TeopeMsl 7 He Me-
HAIOTCA.

Cneaylowmi npuMep NokKasbiBaeT, YTO YCAOBWMA s TeopeMax 6 u 7, a Takxxe ycnosue
(31) 3amevanns He MOryT GbiTb OTOGPOWeEHBLI faxe B TOM CAy4ae, KOrAa NPU KaXxAom H
dyHKkuua f(t, x, u) HenpepbiBHa NO L, X U OrpaHUYeHa NOCTORHHOW, He 3aBUCHA et OT U.

Nycte u=1/k—>0, k=1,2,...; xER?,

1
->0.
k2 (x—t) — k]2 +1

OyHkumA  xi(t) =t + 1/k ABNAeTCA peweHueM YpagHeHuR X = filt. x), o npepen
lim Xxg(t) =t we yaosnersoprer ypasHeHuio x = 0.

k — oo

flt, x, u) =fi (t, x) =
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Teopewma 8./7lycrs anementer bijlt, 1) marpuys: B(t, u) u eexrop-Pynkuus g(t, p)
onA 1 € M abcontoTHo Henpepsi8He! Ha oTpeske [to, t, | y paeHomepro no t :

bjlt, u) > by(t, no), gt u) >glt, po)  (r—>no). (32)

Mycts cywecrayer raxoe ble) > 0 (0<e<e€q),4r00nm ecex i,j=1,2,...,n, ecex
HREM uvetex a,BE [ty, t,], IB—ai<ble), umesm

8 . .
S Lby(t, p) | dt <e. (33)
. ,

Toz0a na oTpesxe [to, t,] pewenue 3adayu

x =8(t, pix +4(t, p) x(to, H) =2 (34)
npu a >ag, K Ko PaGHOMEPHO CXOOUTCA K peweHulo TaKol xe 3adavu ¢

a=4d9, M=Ho.

Aoka3szatenscTBo. Tak kak ypasHenue (34) Tuna Kapateoaopu, 7o no reopeme 3
ero peweHne x(t; ap, o) ANA A =3y, U = Mo CylUlecTBYeT Ha OTpe3Ke [to, t;] u eamHcr-
8eHHO. Torpa anA 3agauwm (34) B o6nactu

Ixi<1+ max [x(t;a,,M0) |

[to. 241
BbINONHEHbl YCNOBUA TeOpembi 7 n 3amevaHnA, CnegosatenbHo, AOKa3biBaeMoe yTBepXKAeHUe
cnpasegnuBo.

Cneacrtsue. Ecnu dnA nocnedoearensHocTu nuHelHsix cuctem Kapareodopu ko3ag-
duyuentsl u ceoboOHsle YneHs! CXO0ATCA @ MeTpuke L |, a8 N0cnedoBaresisHOCTs HavalbHbIX
ycnoeuld CX00UTCA, TO NOCNE006aTenbHOCTb peweHuld CXOOUTCA pPaBHOMEPHO Ha OaHHOM
orpeske. v

CKOpOCTe 3TOW CXOAMMOCTYM MOXHO OUEHWUTb C NOMOWbIO nonyuyedHoit 8 [18] ouyexxu
Pa3HOCTU pelleHui ABYX NUHEHHbIX CUCTEM uYepe3 HOpmbl (B L) pa3HocTen ux Ko3addm-

.UMEHTOB U pa3sHOCTU cBOBOAHBLIX YNeHOoB.

5. CsoitcTBa MHTerpanbHbiX BOPOHOK, UcCneaoBaHHbie 8 [12] anA auddepeHunansHbix
ypasHeHu# C HeNPepbLIBHLIMW NPaBbIMKU YaCTAMU, COXPAHAIOTCA M ANA anddepeHLUanbHbIX
ypasHeHnit Kapateoaopu [10].

Ona pannoro andepeHuuansHoro ypasHewua x = f(t, x) (x € R") unrezpansHod eo-
porkou Touku (tg, Xo) (Mnu MHOXecTBa A) Ha3bIBaeTCA MHOXECTBO TOYEK MNPOCTPAHCT-
Ba £, X, Ne}awmx Ha BCeX pPeWeHWAX, NPOXOAALUMX Yepe3 TOouKy (to, Xo) (cooTBercTBeH-
20 g%pea TOuKU MHOXecTBa A). OTpe30K 8OPOHKU — ee 4aCTb, NeXalan B nonoce a <

t . .

B cneayowmx Teopemax NpeanonaraeTch, YTO B KaX/AOW KOHEYHOW 4acTW paccmaTpusae-
Mol o6nacTu ypasHeHue X = F(t, x) yaoBneTsopAeT ycnoBuAM Kapateogopw u 470 Bce pe-
WeHUA C AaHHbLIM Ha4yanbHbIM YcnoBuem x(ty) = xgo (unu Bce peweHun, npoxoaAwme Yepes
TOYKU A3HHOTO OFPaHUYEHHOrO 3aMKHYTOr0 MHO)KecTBa A) cywecTsyoT npu a@ <t <, a
Touka (tg, Xo) (cooTBeTCTBEHHO MHOXeCTBO A) cogepxuTcA B nonoce a <t <f. Komnakr-
HOCTb OTpe3Ka BOPOHKM 6bina AOKa3aHa B8 Teopeme 5.

Teopema 9. Ecmu A — Toyka unu ceA3HbIU KOMNAKT, TO ceverue 80POHKU mobod
nnockocteio t = t, € [a, f] ecTs c8A3HBIU KOMNAKT, MHOXECTEO peweHul, NPOXOORWUX
yepes ToYKU MHOXECTEa A, ecTs c8A3HbIU KoMnaxT & merpuke Cla, ] .

MepBoe yTBeppeHune ANA BOPOHKW TOUKU (to, Xo) B Cnyuyae AOCTaTOMHO Manoro ofT-
peska [a, B] nokasaHo 8 [10). Btopoe yTeepxaeHne AOKa3blBaeTCA aHaNOrUYHO C UCMONbL-
3osaHuem metpuxu Cla, B]. Ha cnyvair oTpe3aka nio6oi anuHel U n06Oro CBA3HOMO KOM-
nakra A yrsepxaeHuA 06o6UWIAIOTCA C NoMoOuLbI0 NpuemoB, usnoxerHsix 8 [12] w [33].

Teopema 10. /Tiobyro Touxy '(ty, X,) 2panuysl 80pPOHKU MONHO COOUHUTL C TOY:
KoU (tq, xo) Oy20U 2padhuxa peweHun, npoxodaujel no 2paHuye 80POHKU.

JDoxa3zano s [10].

Teopema 11.[lycrs f(t, x; io) u A yoo8nersopaOT ycioguUAM, chopMY U POBAHHBIM
neped reopemod 9,a pyrnkyuu

Flt, x; u), UE P> Mo, k=1,2,..,
— YcnosuAm Teopems! 6 unu Teopems! 7, Kpome yCnoSuA eUHCTBEeHHOCTU peweHuA. [TycTs
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Ay, k=1,2,..., — 1aKaa nocnedoearensHocTs MHONeECT8, 4To anA Kawdozo € > 0 ece
A, HaWIHaA ¢ HEKOTOPO20, COOEPIATCA 8 E-OKPECTHOCTU MHOXNECT8a A. ,

To20a nodo6HsiM we ceolcTeom 06nadaioT oTpeiku o <t < § 8opoHOK MHOMNECTS Ay
onAa ypasmenuli x = f{t, x; ;) No OTHOWEHUID K OTPE3IKY GOPOHKU MHOXecTea A OnA
ypagrerua x=f(t, x; fo) .

YTBepKAgHWE BbiTeKaeT U3 NEMMbI 6, TaK KaK nNpu BbINONHEHWW YCNOBWI Teopemst 6unn
TeopeMbl 7 (6e3 eAUHCTBEHHOCTM PELUEHWR) ANIA CEMeNCTBA PelleHUi BbINONHEHb! YCNOBUA
nemmbl 6.

§ 2. Ypasuemus ¢ 0GoGmennbiMi pyHKuusMH,
BXOAAIMMH B BHJIE CJIAraeMBbIX

3pech paccmaTpuBatoTCA pasnuuHbie KNaccel AuddepeHuManbHbiX YpaBHEHUA C aaAuTMBHO
BxoAALMMU 0606WweHHbIMU DyHKUMAMKM, B ToM wicne auddepeHunanbHbie ypasHeHUA c
TONYKaMu, nuHeiiHbie (M NpocTeilune HenuHediHble) ypaBHeHUA C 0606weHHbIMU DYHKUNA-
MM B NpPaBOW 4acTh, NUHeRHbIE CUCTEMBI, He padpelleHHbie OTHOCUTENbHO NPOU3BOAHLIX W
o6nanaime paspbiBHLIMA pelweHnAMM . U3naraioTcA MeToabl NPUBEAGHUA TaKUX Y paBHeHUN
M ouctem K cvucremam Kapateogopu, 4tO NO3BONAET [0Ka3aTh Cyl.eCTBOBaHWe U mccne-
AOBaTb CBOVCTBA PELUeHUNA.
1.B [34] (cTp. 169—179) paccmarpvBaioTCA ypaBHEHUA

x = f(t, x) + plt), 1

rae x € R", dyHkuma f(t, x) yaosnetsopret ycnoeuAm Kapateopopm, a pit) — o606
wleHHaA uan o6biyHan, He wHTerpupyeman no fle6ery cdynkuwa. B n. 1 npeanonaraetca,
4To yHKuMA p(t) ABNAETCA NpPOU3BOAHOW B CMbicne Teopun 0606LieHHbIX yHKUWA OT
HeKOTOPON M3MEPUMON W OF PAHUYEHHOW Ha KaXKAOM KOHEYHOM nHTepsane (yHKuuu ¢ {t), re.

plty =q(t), lal)I<y (@<t<p). (2

B uacTHOCcTH, p(t) mOXeT GbiTh 06bINHON DYyHKUNEH, UHTErPUPYEMOA B TOM MNU WHOM
cMmbiche, a g (t) — mHTerpanom ot p(t) (nHTerpans Meppoxa, Jaxxkya, [laHxya — XvHu4MHa;
Gonee o6ulan rocraHoBka sonpoca nmeercA 8 [35]); p(t) moxer GuiTh AenbTa-hyHKumen
(8 atom cnyyae ypaBHeHMe (1) OTHOCMTCA K BCTPEYalOUIEMYCA B MPUAOXEHUAX Knaccy
ypaBHeHMii C TONYKamu) , NPOM3BOAHOW B CMbICNE Teopuu OGOGIIEHHbIX PYHKUMA OT He-
NpepbIBHOW AN Pa3pbiBHOW DYHKUUM OF paHU4YEHHOW Baprauuv.

Bo Bscex atMx cnydanx ypasHeHwe (1) 3ameHoin x = ¥ + g (t) cBOAUTCAR K ypasHeHWio
Kapareoaopu

y =Flt, y+qlit)). ' (3)

N3mepumocTtb npasont yactu (3) no t npu NOBOM NOCTOAHHOM ¥ cneayeT U3 neMMsui 1 § 1.

Peweriuem ypasHenna (1) HasbiBaeTCcA N106aA yHkumA Buaa x (t) =y (t) + g (t), rpe
y (t) — pewenne ypasHennr (3). Takan dynxuma x(t) ypoenetsopner ypasHenuo (1),
ecnu MPOV3BOAHAA X MNOHUMAETCA B CMbICie TeopuW 0606WeHHbIX DyHKuu (3ameTum,
YTO NpoW3BOAHaR OT uHterpanoB MeppoHa u [aHXya n annpoOKCMMaTMBHAR NPOW3BOAHARA
OT uHTerpana [laHxya— XuHuMHa CyuwleCTByeT MoMTU BCIOAY U ABNAETCA NPOWU3BOAHOW B
cMbicne Teo pun 060 BlueHHbIX hyHKUWA; 31O cnegyeT u3 [36], cTp. 355) .

Tak Kak ypaBHeHue (3) umeeT pelleHue npu NIOGOM HayanbHOM ycnosuu Buaa yity)=a,
70 ypasHeHue (1) umeer peweHue NpyU HavYanbHOM yCROBUM BUAA

x(t) —qlt)l,= = a (4)

Ecnu dyHKUMA G HenpepbiBHa B TOuKe lo, TO ycnoBue (4) paBHOCMABHO HavanbHOMY yC-
nosuio

x{to)=b (b=a+qlty)). (5)

Ecim xe yHKUMA G paspbiBHa B TOYKe to, TO BCe pelleHnA ypaBHeHnA (1) Toxe pa3pbiBHbI

B 3TOW TOuKe U ycnosue (5) He nMeeT 0AHO3HAYHO OMpeAeNneHHOro cmbicna. Ecnu cyuecT-

gyeT lim gq(t) =qg{ty —0) van lim gq(t) =qlty + 0), 1o ycnosue (5) moxHO
t=1,-0 T —1,+0 .

3aMeHnTh Ha ycnosue x(to —0) =a+ gty — 0) wm x(t, +0) =a +g(ty +0).B apyrnx

CNyvaAx NPUXOAMTCA OT PAHNUMBATLCA 33laHMEM HavanbHOTo ycnoBwA B dopme (4),
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3HaA csoicTBa peweHuit ypasHeHua (3) Tuna Kapateogopy (§ 1), ¢ NOMOWLLIO 3ameHb!
x =y + q(t) nonyyaem cooTBeTCTBylOUWME CBOWCTBa pelleHui- ypasHeHnA (1): cywecrso-
BaHue peweHWA, KOMNAKTHOCTL MHOXECTBa peweHnid Ha otpeske [to,t,], coaepxawmxca
8 3aMIKKHYTOW OrpaHnueHHOU 06NacT, eAMHCTBEHHOCTL pewleHnA npu ycnosuAx (6) wnu (7)
§1. B [34] (crp. 176—179) nccneaosaHo nosegeHme peweHnA B6AM3N KOHUOB €ro UHTEp-
Bana CywecTBoBaHuA.

OcraHoBuMcA NoApo GHee Ha yPaBHEHWAX € TONUKamm. PACCMOTPUM ypasHeHue

x=flt,x)+p(t), {6)

rae f(t, x) — n3sectHan yHKUUA, a 0 PyHKUMM P, (t) M3BECTHO AMWbL, YTO OHa paBHa
HYMIo BHe Manoro uutepsana (t; — €,t; + €) U YTO ee HTerpan No aTomy UHTepBany pa-
BeH v . K Takum ypaBHEHWAM NPUBOAAT 3aflaw O ABMKEHUM Ten Npu HaNU4M yaapos
WAKU TONHYKOB, ECNU U3BECTHO, YTO YAAp UK TONYOK NPOUCXOAMT B MOMEHT T = [, UMeet
Manyio NpoAOANMTENLHOCTb, U WU3BECTEH OGWMA UMNYNLC, T.e. MHTErpan OT TOMKalouien
CHAbI N0 NPOMEXYTKY BpeMeHi, B TeYeHne KOTOPOTO NPOMCXOAUT TOMHOK.

Y106b! UCKNIOWMTE M3 PACCMOTPEHNA HER3BECTHbIe 3HaueHUA dyHKUuun p. (t) B npome-
xyTke (t; — €, t; + €), cosepwalot npeaensHbii nepexod € > 0, COXPaHAA NOCTOAHHLIM
3Hauenue v uHTerpanaor p, (t) . B npesene nonyuyaetca ypasHeHue

x=flt, x) +vé(t—t,), (7)
ree § — aenvta-chyHKuuA. B Teo pum 060 6teHHbIX hyHiumi 8 (t) =’ (t), rae
nit) =0 (<0, 7qit)=1 (t>0). '

Moatomy ypasHeHue (7) 3ameHoi x =y + v n{t — t,) ceogurcA K ypasxeHuto (3) cq(t) =
=vql(t —t,).Pewennn ypasHennna (3) abconioTHO HenpepbiBHbI. [103TOMY pelieHUA ypas-
HeHnAa (7) — ato dyHkuuu, KoTopbie Npu t < t; U npu t > t; abCONIOTHO HenpepbIBHbLI
M NOuYTM BCIOAY YAOBAETBOPAIOT ypaBHeHWo X = f(t, x), a Npu t =t, UMEIOT CKAYOK
x(t+0) —x(t —0) =v.

AHanoruuyHo, Bce pewweHnA y paBHeHUA

x = f(t, x) + §v,.8(t—ti) 8)
i=1 :

B TOYKax !; NMEOT CKauku, pasHbe v; (7 = 1,2,...), a B NpomexyTKax Mexay atumu
TOYKami abCONIOTHO HENPEPbIBHbI U YAOBNETBOPAIOT ypaBHeHnto X = £ (t, x) .

Cneayouian Teopema aaet obocHoBaHue nMepexofa Kaxk oT ypasHenua (6) x (7), rax
1 8 HekoTopbix BGonee oBumx cnyvarx. Cnyuam, korpa B (8) BekTOpbl V; 3aBUCRT OT X,
T.e. BEANYMHbI CKaYKOB 3aBUCAT OT X, ByayT paccMOTpeHbi 8 n. 3 § 3.

Teopewma 1.8 o2paHuveHHold 3amkHyTol oGnacru D paccmMoTpum ypagHeHUR

X, = F(t, x¢) + p(t), k=1,2,..., (9)
20e gpyHKyuA f ydoenersopAer ycnosuam Kapareodopu, py (t) =Gy (t), '
ta, W) I<mg  (k=1,2,...), aqxlit)=>ql). - (10)

To20a wawdan gyHkyun x(t), npedensHan dnA Kakod-nuGo nocredoeaTensHocTu pe-
weHuld xy (t) ypaerenud (9), AenAerca peweHuem ypasrenun (1) cpl(t) =g (t).
DokasatenbctBo. [lepeitaem or ypasHenua (1) k (3), a oT ypasHennn (9)

. NOA06GHOM e 3aMeHON X = ¥y + gy (t) — K ypasHeHnAm

yi = FIt, ye+aelt)), k=1,2,... (1)

LnA 3tux ypasHenun ycnosue 2) Kapateopopu (n. 1 § 1) sbinonHeHo B cuny nemmet 1 § 1,
ycnosue 3) BbINONHEHO C OAHOM M Toi e dyHKkumen m(t) anA scex k. Mpu nowrn ecex t
dyHikumA F{t, x) HenpepbieHa no Xx. YuutweiBaAn (10) n coBepular npeaencHbii nepexoa
k — °© B UHTErpanbHOM ypaBHEHWM, PaBHOCUNLHOM ypasHeHnio (11), nonyyaeMm, yto PyHk-
umA ¥ (t) = limy; (t) yaoBneTBOpAET aHaNOrMYHOMY WHTErPaNbHOMY YpPaBHeHWIc, HO C
tyrkumen g (t) Bmecto g, (t). CnegosarensHo, y (t} — peweHune ypasHexuna (3). Toraa
x(t) =y (t) +g(t) — pewenne ypaBHeHnAa (1) .

Ounddeperunanbible ypaBHEHUA C TONYKAMM paccMaTpUBanUChL BO MHOFUX paboTax,
KOTopble He MOTyT GbiTh BCE NepewicneHsl 3aech (HWKe yKa3aHbl ANl HeKoTopble M3 3TX
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paboT) . PaccMaTpuBannch ypaBHEHUA ¢ TONYKamMM B 3a4aHHbIe MOMEHTbI BpeMeHu, Kak s (8),
VAWM Np¥ BbIXOAE PelleHMA Ha 3aRaHHble NOBEPXHOCTU B NPOCTPaHCTBE T, X. BennuwiHbl CKay-
KOB peweHnuin Unu 3apaHbl 3apaHee, AW 33BUCAT OT TOYKU, B KOTOPO# NPOUCXOAMT CKawoK.

PaccmatpuBanuch BONPOChbI O CYLIECTBOBAHWM WM EAMHCTBEHHOCTU peLLeHW, NpPOAcHKe-
HAW pellieHnid, HenpepeIBHOW 3aBUCMMOCTM peweHwin [37] — [40], cBoitcTBa MHTerpanbHbix
BOPOHOK U NOFNOWBIOWMX MHOXECTB, U3 KOTOPbIX peweHUA He BuixoaAT [37], ycrou-
wsocts [41] —[47]), cywecTBOBaHVWEe U YCTOWWIBOCTD nepuOAMYeCKUX pewseHnin [37],
{48] —[52] , npuMeHeHne MeToAa YCpeaHEHNA K YPaBHEHWAM C MansiM napametpom [39],
[63] —[56] , ncnons3oBaHUe cicaukoB NPV BbIXOAE PelleHUA Ha rpaHuuy o6nact anA yaep-
WaHUA peweHUA B8 o6nactu [57].

2. C Gonee cnoxHoiMM 0606WEHHLIMA QYHKUMAMM, YeM B N. 1, U3y4anuce TAABHLIM
06pa3oM NUHeltHbLIE YPABHEHNA U CUCTEMbI M NNLLIL HEKOTOPble HETHEAMBIE.

B npunoeHUAX 4acTo BCTPe4aeTCA YpaBHeHne

y™ s a, vV e tagy = bz by 12D 4+ bz, (12)
raem <n, a;, b; — NOCTOAHHDBIE YWACNA UAW AOCTATONHO rnaakue dyHkumott, Z =2 (t) —
n3secTHan PyHKumA, ¥ = y (t) — uckoman. Ecnu z € C™, 1o (12) — o6bluHOe NUHeNHOE
YpaBHeHne, Xo0powo u3yueHHoe. Mpyu MeHbluel rnagkocT dyHKuun Z 8 npasyo sacts (12)
MOTYT BXoaMTb O6GoGuierHble dyHKumn. Huxe GyaeT noxasaHo, ¥To echn Z — 0O6GbIvHaA
dyHKUMA, TO peweHvie ypasHeHnAa (12) — oGbiuHble yHKUMM W MOTYT GbiTe HaliaeHs! Ges
nomMoLM Teopun 0606UIeHHbIX DYHKUNA.

AnA suifeneHnA eAMHCTBEHHOTO PeLLEHWA MOXKHO 3apaBaTe 0GbluHbIe HavanbHbie YCNOBMWA

ylto) = yo. ¥'lto) = vo, ..., ¥y D (o) =y 1,

TONBLKO NPU TAKOM Lo, NPU KOTOPOM yHKuMM Z,Z, . . ., Zm) HenpepbIBHbLI.

Yacto paccMaTpuBaeTCA Cneayloulan 3apaua. Haity pewenne y (t) npu t 2 0, ecnn ws-
BecTHo, yto ¥ (t) = z(t) = O nput < O (T.e. HARO HAATH PEAKUMIO CUCTEMbI HA BHEWHEE
BO3RHCTBME, KOTO PO HAMHaET AeNCTBOBATL TONLKO B MOMeHT ¢ =0) .

LNR peweHnA 3TON 3aaaw MOXXHO NPMMEHATL pasnnuyHbie MeToasl. Ecnu Bce 3; n b; no-
CTOAHHBI, TO, HaNPUMEP, MOXHO MPOUHTErpupPoBaTh YHKUMIO Z CTONLKO pa3s, 4To6el Npo-
nssogHan u'""’ ot nonyueHHon hyHKUMK U Bbina HenpepbIBHOW UAKW XOTA Gbl MHTEr py pyemon
no JleGery Ha paccmaTpuaemoM oTpeske 0 <t <t,, T.e.

.

t t
Jzs)ds=z,(t), [z;_((s)ds =2z;(t), i=1,2,...,k.
a a

Hvxnuit npeaen unterpnposaunA ¢ < 0 npon3soneH, Tak Kak Z = 0npu t < 0; uncno k
TaKoBo, yT0 QyHKUWMA U =2, (t) € C™ . Harnaem pewenne x (t) ypaBHeHun

x4 a, x4+ agx = byttt 4 by ™D & 4 bou, (13)

paBHoe Hynio npu t < 0. MpoavddepeHumposas k pas o6e vactm paseHctBa (13), sBuanm,
wto dyHkumA y = x(¥) ects pewenmne ypasrerma (12) , pastoe Hynio npn t < 0.

Dpyroi cnoco6 [58) pewenun ypasHewna (12) cOCTOWT B CBefieHUN 3TOMO YpPaBHEHWA
K cuCTemMe ypaBHeHuil, He coaepaulein 0606uieHHbIx dyHiuni. Mycts Bee 8; n b; NOCTOAH-
Hbi; ecnu m < n,70 b; =0 npui >-m, PyHKUNA Z (t) HenpepbiBHa MAWM MHTErpUpyema no
fNeGery Ha kaxaom KoHewHOM uHTepBane. Beeaem HoBbie Hem3BecTHble QYHKUMM Xy, . . ., X,
no ¢opMynam .

Xn=yY —bnz, Xp=Xjs1+ aqy—biz, i=n-1,n-2,...,1. (14)

flocnepoBatensHo NOACTaBNAA X, B GOPMyny ANA X,_ ), 3aTeM Xx,_; — B dopmyny anA
Xp—2 W T.A. M NOAL3YACL ypaBHenueM (12), nonyvaem nepsoe ypasHeHue Cheaylowei cucre-
Mbl (OcTanbHbie ypasHeHUA coaepraTtcAa s (14) ):

X1 = boz —aoy,
= bz —a,y+x, (15)

x
9
[

Xn=bp_1Z2 —ap_ ¥ +x,_1.

MoactaenAn y = x,, + b,z 8 cnctemy (15), nonyvaem cuctemy HopmansHoro suaa. Ecnu
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GyHKUMA Z HenpepbIBHA, TO 3Ta cuctema — O6bIYHaA NUHeHaA C NOCTOAHHbIMM KO3DDK-
uueHTamu, a ecau Z wunterpupyema no flebery, 70 — nuHeinaa cuctema Kapaveoaopw.
Halian pewenne 3toil  cuctemei, nonyuim pewerue ypasHewua (12) no dopmyne y=
=X, +bpz.
Dokaxem 370. Ilmbd)epenuupyn N pa3 paBeHCTBO ¥ = X, + b, Z u 3aMeHAR NOCNe KaXAoro
md)d)epenuupoaauun x,,, x,,_l,..., X} npassiMu vacTAMM ypasHewnin (15), nonydaem
y = b,,Z + by 12 —ay_ (¥ tx,_y,
"= b2+ by_12' ¥ by_22 —an_ ¥ —8n_2y tXp_3, (16)

y = b,z + b, 12"V 4 tboz—a,_yy "V o _ay.

CnenosatensHo, y YAOBNETBOPARET ypasHenuto (12).
Ecnv dyHKUMA Z orpaHuueHa Ha unTepeane & < t < Bu pyHkuum 2, 2’,...nput =7€
€ (a, f) umeloT cKaukn

z(r+0) — z(r-0) = (2], 2'(r+0) = 2" (r—-0) = [2'],...,
To cKauku {vl, /].... bynkumit v, ¥'....npu t =7 MOXHO BbipasuTe [59] uepes [21,

[2']. ... w koaddbuuments a;, b; . fina 3Toro 3ameTnm, 410 8 cucteme (15) dyHKUUU X, , . . .
- x,, HenpepoiBHbl. 03TOMY U3 COOTHOWEHUA ¥ = X, + b, 2 n (16) umeem

(vl = bn[z],
[y'] =o,,[z']+b,,_1[z]-a,,_,[y], (17)
(V'] = b,(2") + bp_y [2') + bp_z (2] —ap_1 [y¥') — ap_2ly],

CnenosatensHo, ckawku [y (%) ] suipaxaotch wepes ckauku (2], [2'],..., 2] dop-
mynon
by = colz® ]+ ¢, 2" D) 4.+ g lz], k=0,1,2,... (18)

Koadhdmumnentst ¢, €1, . . . ONPEAENAIOTCA NOCNEAOBATENbHO
€o=by, € =bp.1—Colpn_1, C1=bp_2— Codn_2— C1ap_y1,--..
€ =bn_i — Codpn_i~Ciay_j+y —-..—Cj—13n-1. [ =1,2,...

Ecwm pyHkumr 2 =0nput < 0, ZEC™ aput > 0, m 10 xe, wo B (12}, To ¥ (t) npun
t > 0 MOXHO HaliTK KaK peweHue ypasHeHUA (12) c HavanbHLIMKA YCNOBUAMKY

y(+0) = [yl, y'(+0) = [y'1, ..., y""Vs0) = [y¢i-V],
rae [yl. [y']....onpeaenaiorca no dopmynam (17) unu (18), B Kotopeix (2] = z(+0),
[2'] =2’ (+0),

Mycrs renepb 8 (12) KoahdurumenTsl a; , by 3aBUCAT OT t,Z (t) € L, {loc), T.e. hyHKuuA
Z (t) unrerpupyema no neﬁery Ha KaXAOM KOHEeYHOM OTpe3Ke, coaepXxaweMcA B o6nactn

ee onpepenerun. Torpaz’,z", . . . — 06o6uenHbIe yHKuUn. YT0661 Npousseaennn b, (t) z ()
n 3;(t)y ) umenn cmbicn, norpe6yem BLINONHEHUA YCNOBUN
b,ec, ae€c!, i=01,....n (19)

Toraa npoussenenve b (t)z (¥) (¢) onpepennaercA opmynoin [60]
k .
bzW=:®p= T (-k-ich p-D (20)
. i=0 .

rae Cj — GuHOMMansHbie KO3PUUNEHTbI, a2 NPOM3BOAHBIE MOHUMAIOTCA B CMBLICAE TeopuM
060 6uLeHHbIX DYHKLUMA .

lokaxem dopmyny (20) cwavana ana cnyyan b € C~ . MNonb3yAce onpeaeneHnAMM
npoussenexnA 06o6uleHHoN dyHkuMu Ha dyHkumio us C~ u nponssoaHoin o0606weHHoR
dynkuum ([61],rn. 1), umeem ana no6oi ocHoBHOW PyHKuuK ¢ € K

Bz®, o) = 25 pp) = (2, (1) K (b)) .
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Boipaxan (by) (%) ¢ nomowssto dopmyne NeisbHmuya, nonyvaem
k k .
b8, 9) =z, (-11* B CipE D@y = -0k 2 €tz 6E DD
= =

CHoBga nonb3yAch ONPEASNEHAMKY POM3BEASHURA 1 NPONM3BOAHOW ANA 06G06WEHHbIX hyHKUUA,
nonyvYaem

. k s » k s y . >
bz, g) = (-)* Eoc'k(b“‘-"z, o) = .‘fou—n"—'c; ¥ =Dz2) D g,
(21)

Orcioaa cneayer (20) Ann dyHkumn b € C~

Mycte Teneps b € CX. Annpoxkonmmpys yHKUMIO b NOCNeAOBAaTENbHOCTLIO (hYHKUWIA
bj = b (cxommmocTs B C") NONYYaeM, YTO BbipaXKeHUA, NOJlyuyaeMbie W3 NPaBon 4actu (21}
3amenou b na b;, cxopATCA K npason acth (21) npu noboi pyrkuum ¢ € K. fina b € Ck
npasan 4acTb 21) €CTb NUHEWHLIW HenpepbiBHLIN yHKUKOHAN Ha dyHkumAx ¢ € K, Te.
o6o6wienHan dyHkuuA. CnegosatensHo, npomasesenme b2z (X) moxHo onpepenuTe Kak
0606uleHHYI0 DYHKUUIO, YAOBNETBOPARIOUWLYI0 paseHcTay (21) anmr nwo6oit GyHkumn ¢ € K.
910 paBHocunbHO (20) .

Y1066 ONpeaenuTL pewenve ypasHedua (12) npu ycnosuax (19), moxxHO nnu ceectn
ero K nuHeiHOW cucreme Tuna Kapareonomm, Mnu BOCNONL3OBATLCA NPEACTaBNeHMeM pellie-
HUA B MHTerpansHoi dopme [62] (ana cnyvaay (t) =z (t) =0nput < 0)

t n
ylt) =bylt)z(t) + [ IE c, (shv,(t, shz (s)ds, t=>0,
0 I=1

rae v; (t,s) — peweHna nMHeMHOro OAHOPOAHOTO YPABHEHWA C ONPEACNEHHLIMYA HauyanbH bIMK
ycnoswAMu, a ¢; (S)  8bipaxaiorcA  4epe3 KkoadbuuueHTel @;, b; U X NpPoU3BOAHbIE
{cm. [62]).

OnA npusegeHnn ypasHeHna (12) npu ycnosuAx (19) k nuHeliHoi cucteme Kapateo-
nopw npeoGpasyem kaxpoe npoussenerne b, 2 (%) u a,y(*) no dopmyne (20) . O6vean-
HARA YNEHbI C ORAHUM W TEM Xe 3HaveHnem /, npuBoamm ypasHeHne (12) k suay

u ™y D T sy ug =0, (22)
Up=V—byz, Up_;1=a8n,_y¥— lby_y—nbpz, ...,
= ko " —1-kpk —1-k
Ui = 8k = Cli 18y + Clag2pug —-- -+ (17 (C )1ar(un1 Iy -
K PR —kpk K
= (b, —~ Ck+lbk+l Crsabrag = - ¥EN"TEC B0z,

Mocne BBEACHNA HOBbLIX HEM3BECTHbLIX
Xy, = U,, Xn_l=X"+un VR XI“X2+U]

ypasHenune (22) npuHumaeT Bua X, + ug = 0. Taknm o6pasom, ypasHeHune (12) csepeHo
K cucreme

X1=—uo, Xj, =x-uy, i=1...,n-1, ‘ (23)
rae Uo, Uy, ..., Up_| BLIPANAIOTCA HANWCAHHLIMA Bblle cdopMynamn uepes yunz,a
y E u, + b,z cnenyer 3aMeHuTb Ha X, + b,z. Np yKa3aHHbIX Bbilue NPEANONOKEHUAX O
hyHKUMAX 2z 48;, b; nonyyeHHaR cncTema — nuHelHaA cucTema Kapareoaopu.

s *3ameuvanune. Ecnu k npasoi vactv ypasHenmA (12) npu6asute oﬁwmyoo (ne 0605-
weHHyw) cyHkumo f (t, y, Z), T0 nepsoe ypasHeHne cuctemsl (23) BGyaet umeTs Bua x, =
= —~Up +f,a0cCTanbHbie ypagHEHNA HE W3MEHRATCA.

Muneitroe ypasHenve ¢ koddhuumeHtamm a; € C™ W C NPaBOi YacTbIO, KOTOPAR

ABARETCA NPON3BOAHON M06OTO NOPAARKA M > N OT NHTEr pHPYEMON DyHKUUM,
vy +a, )y v+ agltly =g () (24)

MOXHO CBECTM K NOAOGHBIM e YDaBHEHWAM C MEHLIUINMM 3HAYeHWAMW M. 3ameHa y =
=z +g{(m-n) paer

2M g, )2 4+ a ()2 =—a,,_,g(’”’” t) —... —ag (t)g™m-" ().
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Kaxablit uned npasoit 4acm moxHO NpeobBpasopats no dopmyne (20) . NMocne sroro npa-

Ban vacte GyAer umets BUA K (™=1) (t) + ...+ h,,(t),raeh;(t) —unTerpupyemsie dyHk-

uun. B cuny nuHeAHOCTN YpaBHEHWA €ro pellieHne eCTb CYMMa PeleHMd YpaBHeHMA Bwaa,

noao6Horo (24), HO ¢ MeHbWMMM 3HaueHAMM M. C NOMOLLBLIO KOHEYHOrO WCNa Takux

npeo6pasosBannin ypasHedne (24) CBOAMTCA K aHaNOFU4YHLIM YPaBHEHMAM, HO C M <N, T.e.

K y>e pacCMOTpeHHbIM YpPaBHeHWAM Buaa (12) ¢ nepemenHbiMu Ko3thdmuneHTamm. '
3.B [34], [66] n [63] paccMarpuBalOTCA NuHeitHbIe YPaBHEHUA

x'=A(t)x + F(t) . (25)

¢ o6o6uwenHbiMu yHkunamm F(t); x € R", A(t) — matpuua. Ecm A(t) €ECT, 1o f(t)
MOXeT 6biTb N106oM 0606weHHON hyHKumen, pasHon O nput < 0 (cm. [63]) .

Mycts Teneps f (t) = g™+ (t) — (m + 1)-A npoussoaHan oT dyHKumm g (t) . PaccmoT-
pvM aBa cnyyan:

a) dyHKuuA g (t) u3smepuMa u noKansHo orpaknyeHa, A (t) € WY (loc), 1e. A (m—-1) )
noxanbHo abconoTHO HenpepbiBHa, aAt™ ) € L, (loc), m=0;

6) bynkuma g {t) nokansHo OrpaHUYeHHOW BapMauumn, aA (t) €EC™~ t

focne 3ameHol x =y + g (™) (t) u3 (25) nonyuyaem

y'=Altly+ Alt)g™ (1). (26)

PaccmoTpum cnyvaid a). Ecnum =0, A(t) € L, (loc), To (26) — nuHeitHoe ypasHeHnue
Kapateopopu. Ecnu m= 1, 7o 8 cuny (20) nmeem

Agi™ = (ag) ™ _ L (A'g) ("D 4 4 (- emAlMyg, (27)

NoatoMy pewenne ypasHeHua (26) npeactasumo B BuAE ¥ =y¥o + ¥y + ...+ ¥, A€ Vi
(k=0,1,...,m) — peweHne ypasHeHnn

Ve = A+ )"0 ) = (—nReE AR g ). (28)

Ana k = m ypasHenne (28) — ypasHenme Kapateopopm. Anr k =0, 1,...,m — 1 dyHk-
una h, (t) namepuma n nokanbHo orpaHuuexa. lostomy ypasHenme (28) Toro xe Tmna,
410 (25), HO wcno M + 1 3aMeHEHO MEHbILMM YNCNOM M — k. B HeM ONATL MOXKHO CAENaTh
sameHy ¥y =2 + (h(t)) (m—k—1) 4 7.4 Nocne KoHeuHoro wicna 3ameH ypasHeHne (25)
CBOAMTCR K ypasHeHnam Kapareogopu. k

PaccmoTpum cnyuan 6). Tak kak AE C" !, m> 1,70 nponsaenetmeA('")g B (27)
ecTb 060 GueHHan GyHKUMA, pasHaR

d
A (t)g (2) =7.n_{ (dA{™ 1) (5))g (s). : (29)

WHTerpan noHumaeTcA B cmobicne Ctunreeca.

dopmyna (27) ocraerca cnpasepnueoit. ina ee AOKAa3aTensCTsa B8 3TOM Cnyyae paccMoT- -
puM Takyio nocnegosatenstocTs A; (t) > A (t), uto npoussoanse AK) (t), k =0,1,...

., M—1, Ha K&XXAOM KOHEYHOM OTpe3Ke a6CONIOTHO HeNpepbIBHbLI U CXOARTCA K A k) (t)
pasHoMepHo npu / —> o0, BO3MOXHOCTL NPEAentHOro Nepexoaa noa 3HaKOM WHTerpana
Cruntbeca 8 (29) cneayer n3 [64] (ctp. 250 n 254) . B dopmyne (27) c A; Bmecto A M
nocneaHum uneHoMm, Npeo6pasoBaHHbLIM COrNacHo (29) , MOXHO nepeT K Npeaeny B CMbiC-
ne teopun 0606iweHHbIX dyHkuuit. MonywmMm, wto cdopmyna (27) cnpaBeanusa # TOraa,
xorpaA € C'™ — !, a hyHKUMA g NOKaNLHO OT PAHMYEHHON BapMauwi.

B cwny (29) ypasHenue {28) ana k = m nmeer Bua

y;n = A (t)Y"' + (—ﬂmp'(f)s
rae pl(t) — uenpepbiBHaR dyHKUMA, pasHan wuHTerpany B (29). 3ameHon y,,
=z + (-1)"p(t) ato ypasHeHne CBOMTCA K ypaBHeHnio Kapateogopm. fina k < m ypas-
Hetue (28) csoamTcA K ypasHenuio Kapateoaopu TeM e METOAOM, YTO B cnysae a) .

Wrak, 8 obonx cnyvanx ypasHenne (25) csomrtcen K ypaBHewuAm Kapateogopu. B cuny
Teopembl 3 § 1 ero oGuiee pewenne umeer Bua

x=cuuy(t) +...+cou,lt) + x, (t), .
rae U,, ..., U, — dyHaaMeHTaNbHaR CUCTEMa petueHui 0AHOPOAHO IO Y PaBHEHNA u' =Al(t)u,
a x; {t) — vactHoe peweHne ypaBHewma (25); dyHkumAa x, (t) mMoxet 6biTb 0606GLIEHHON.
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PaccmoTpum cuctemy
x'=Alt)x + Blt)y + cit)y', (30)

rpe y(t) — u3secTHan BeKkTOp-PyHKUMA, MOXeT ObiTh, 0Bo6WeHHaR, x (t) — ucKkoman, a
KoapduuneHTsl knacca C ™. Takylo cuctemy MOXHO npusectn k cucteme Kapareopopu
Tem e cnocoGom, 4to u oncremy (25). B yacTHOCTH, 3aMeHa x = Z + C (t) y npusoanTt cn-
cremy (30} k suay

2’ = Az+ (AC+B-C)y.

B [65] wnssecrtHam topmyna Koum, Bbipaxalowan peuseHue NUHEMHOTO HEONHO POAHOIO
YpasHeHUA uYepe3 ero Npasyl0 4acTb. ¥ peaKuWio OAHOPOAHOTO YPaBHEHUA Ha UMIYNbCHOe
Bo3peicTene, 0GO6WaETCA Ha nUHeliHble ypaBHeHWA o6ulero BuAa ¢ 06O6LWEHHLIMY DYHK-
unAamn. Deetca obwee wKTerpomddepetunancHoe NPeACT2BACHUE peLUeHUA TaKWUX Ypas-
HeHWi .

B [66], [63] u [34] (cTp. 180—187), anA pewenuin ypaBHeHwn (25) uccneayercs yc-
TONYMBOCTL B CNEUMANnLHON TONONOTMK ONEepaTopa BXOA-BbIXOA, T.e. onepatopa, npeo 6pasyio-
wero aaHHylo yHkumio F (t) 8 pewenne x (t) .

B {63] n [66]—{68] paccmarpusaioTCA TaKme HEKOTOPbIE HenuHedHbie YPaBHEHUA,
Hanpumep, nonyvaemoe u3 (25) “no6Gasnenvem B8 NpaBylo YacTb yHwkumu ¢ (t, x) v nony-
vaemoe 3 {12) npu z = ¢ (t, y) + f(t). B vactHoC™M, TaM NONY4eHbI AOCTATOUHbIE YCNO-
BUA CYWECTBOBAHUA 1 YCTOWWABOCTU NEPUOAUYECKNX PeLLIeHni .

4. PeweHR-AMHEAHOR CUCTEeMbl C NOCTOAHHBIMU KO3MMUUNEHTAMN, HE PA3pelun MOR OTHOCK TeNbHO
CTapWKX NPOUIBOANBIX KANAOW U3 HEMIBECTHLIX (PYHKUUA, MOTyT OKA83aTbCA paspbisHbiMu Wnu 0606
wWeHHbIMK DYHKUMAMN A3XE TOraa, Koraa Npas bie 4acTu — o0 6biuHbie HenpepelBKbie GyHKuuK.

B [69] (rn. 12, § 7) n3naraeTcr O6wnit METOR PELUIEHNUA TaKKu X CMCTEM C NOMOWULLIO NDUBEACHUA NYHKA
MaTDUUL K KaHOHMYeCKOMY Buay. Jlpyrue metoab: peweHuA u3naraiotcA 8 (701, {71] (anemenTtapHuie
METOALI N NpuMmeHenue Npeo6Gpazosannn flannacal u B {72]—(75] (ucnonvaosanne 060 6UIEHNA NOHA-
TWA 06paTHOW MaTpUL!) .

Huxe 13naraeTCR 3neMEHTAPHLIA METOA pelleHuA, NpUuMeHUMbM B o6uieM cnyuae u RABNAIUMACA
passumem meroaa [70) . .

PaccMOTPMM CUCTEMY /M YPaBHEHWA C N HEM3BECTHLIMM (YHKUWAMM U C NOCTOAHHbLIMM KO3DdUUM-
eHTaMH, 38NN CAHHYIO 8 BEKTOPHOM Buae

Ax+8x=f(t). (31)

3aecs x n f — n-mepHble BeKTOpLl, A W B — Matpuubi m X n.
Cuctemy ¢ NPOK3BOAHbIMK NIOGOro NopAAKa

Ay® 2 Ay ® D v Ay =fl (ye R")

MOXHO WK CBECTM K cucTeme Buna (31) BBeAeHMEM HOBbIX HEMIBECTHBIX BYHKuWi y, ¥', . ;.
MNK MCCNEA0BaTL HENOCPEACTBEHHO, NOA06HO cncTeme (31) (cm. [70]). :
I.Echu m = nwn detA # 0, vo cuctema (31) pazpewmma OTHOM TENLHO NPON3BOAHLIX BCEX NCKOMbBIX
DyHKuUnA ;
X =—AT'Bx+A' I (1).

O6uiee pewieHne 388UOT OT 1 RPONIBOABHBLIX NOCTOAHHBIX. [TpK NIOGLIX HavanuHbix yenoauAx eupa x (t,) =
= x, CHCTEMA UMeeT eaMHCTREHHOE pewenne x (t) . Ecom £ {t) € O 1o x (t) € C'MYL, ’
I.TlycTem# nunu m =n, detA =0.0603Hawm paxr maTpuubl A yepes p. :

Echu p = 0, T0 MaTpuua A cOCTOMT TONLKO U3 Hyneit u- cucrema 131)--umeer 8ua Bx = f (t) . YcnoBun
PB3PEWIMMOCTU TAKOH CHCTEMbI W3IBECTHBI U3 NUHEAHON anreGpbl (Teopema KpowHeKepa — Kanennu) .

Miycts p > 1. Torpa Marpuya A coRepHT TONLKO p NUHEANO He38BUMMex cTpo¥. Ecm o < m, 70+
flepecTasum COOTBETCTBYIOWME p YpaBHeHni cnctembl (31) wa nepabie p MecT. Buiutem w3 SSTANbHLIX
m — p ypaBHEeHWA TdKue NMUHeAHbIE KOMGMHaUMKU NEePBbiX P YPaBHeHKA, yTOGL! CABNATH HYNAMU KOIP
rureHTL NP NPON3BOAHLIX B NOCNEeAM X M — p ypaBHeHnAX. Monyumm cucremy snaa

Ax+B x=f {t), C,x=g, (t). (32)

Mai ;Wb A‘l u 8, conepxar no P CTPOK Kawaan, rangA, = p, matpuua C, — m—p crpoK. CTpoku
smarpuubt AL ANHEAHO HEIEBUTUMBI, HO HEKOTOPLIE W3 HUX, HANPUMED NOCNEAHNE, MOFYT GbiTe NuHeR-
HbIMH KOMOWIOUUAMU OCTanbHBIX CTPOK MaTPMUst A, M HEKOTOpLIX CTPOK MaTpuuel C,. Borutem u3
YpasHeHuit cMcTeMbl, COOTBETCTBYIOWMX NOCNEAHMM CTPOKAM METpuub! A,, 3T RuHeliHbie KOomGuHa-
Unn ypaBHeHwi, coGTBETCTBYIOUNX OCTanbHLIM CTPOKSM MaTpuubi A,, 4 ypasHeHuit, cOOTBeTCTBYIO-
Unx HOIBAHHLIM CTpORAM MaTpHusl C,, npeasapntensio NpoamddepeHunposauHeim no t. Nonywm

oncremy )
4,;+5,x=fz t), Cyx=g10). {33

Martpuya A, COASpMMT p, CTPOK, ,a,;{gA, = p; < p. Echiu HexOTOpsIe CTPOKK M3TpUUbl A, ABNAIOTCA
AUHERHLIMU KOMOGUHBUNAMU OCTanbHbIX CTPOK ITOR MATPULLI U HEKOTOPLIX CTPOK MaTpWllbt C,, 10 co-
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sepwaem c cuctemon (33) Taxwe we NpeoBpalosannA, KaK ¢ auctemon (32) . Npoaonkaem ITh aecT-
8HA pO Tex NOpP, NOKA HE NONY4UM CMCTeMy

A Xx+8,x =f (t) (s ypesnennit, rang A, =5),
C*x =g*(t) {(m —s ypasremit),

8 KOTOpPOW CTPOKK MaTpuubl A, He CBA33HLI NNHEAHLIMK 38BWCAMOCTAMM CO CTPOKaMu maTpuubl C*

EcwmrangC* = g < m — s, TO HEKOTOpbie CTPOKW MBTpuusbi C * ABNAIOTCA NuMeRHbIMKU KOMGHHE-
UMAMN OCTanbHLIX § CTPOK. BuiwiTan n3 ypasHeHui cnCTeMel, COOTBETCTBYIOWMX 3TUM 38BMCH MLIM CTPO-
KaMm, NuHeAHbIe KOMGUHBUWN ADYTMX @ YpPaBHEHuH, NOony4aem ypasHeHMA C HyneBbimu KO3dduumen-
Tamn 8 neson yacTu. MNepecTasnAR ypesHeHNA, NPUBO MMM CUCTEMY K BUAY

A x+Byx =f,(t) (s ypasnenwi, rang A, =s),
Cox =g, {t) (g ypasnrenuit, rang C, =q), (34)
O =h(t) (m — r ypasHenwdi, r =s +q) .

Crpokn matpuu A, n C, Bce BMecTe nuMeiHO Hedasuonmbs. Mepavie s ypasHewnd 8 (34) coanapawor
C HeKOTOpbiMU s ypasHeHnAmu B (31). BexTop-hyHKuun g, (¢t) n h (t) nuneiiHO BLIPEXMIOTCA “epe3
KOMMOHEeHTbI BeKTOp-hbyHKuMn f () » Kx Npon3soaHbIe A0 NOPAAKA, He Gonblwero p —s.

Taxk xak Kaxgoe w3 NpoaenaHHsIx NPeo6pazosaHui 06pammo, T0 cncremst (31) n (34) pesHoouns
Hbl. CNenoBaTensho, ANA CYWECTBOBAHAA DBLUEHNA CHCTEMb! (31) Heo6xommo, utobbi B (34) H(t) =0.
Taxknm o6pasom, nocneanuwe m—r ypunenuu B (34) ABNAIOTCA HEOGXOAMMbIMM YCIOBUWAMM COB MeCT-
HOCTH cucTemsbr (31) .

ECNW e C CAMOrO Hauana p = m, To cuctema (31) yxe nmeer sun (34),rpes=m, g =0, Te. BTOpan
W TPeTLA rpynnbi ypasHeHun 8 (34) OTCYTCTBYIOT.

Ecnu @ > 0, T.e. BTOpan rpynna ypasHednn B (34) npucyrciByeT, TO ANA AanbHew wero ynpomeunn
CHCTeMb! BLIAENMM U3 MaTpUusl C, NUMeAHO He3laBncuMbie g cTon6uos. MycTs, nanpuwp, 3TH CTONGUbl
c (s + 1)-r0 po r-ro (B NPOTUBHOM CRyyBe W3MEHMM HYMEpBLMIO Hen3IBECTHBIX X,, ..., Xp, YTOGbI I3TW
cron6usl 38HANKM yKa3anHbie mecta) . Mycrs D — kBanpaTHaR maTpuua, oocr.nenuu “3 3T x cron6uos
matpuust C, . Toraa det D.# Q. YMHOxan 8TOPYI0 CTPOKY 8 (34) cneaa wa matpuuy D', nonyuaem

Lox =1(t). (35)
Cvon6ust matpuust L, ¢ (s + 1)-ro ao r-ro oﬁpa:wor eAMHNYHYIO MaTpuuy, T.e. cuctema (35) paape-
WeHa OTHOCMTENBHO HEN3IBECTHLIX X i1, . . . MoacraenAn BbIPaKEHNA 3TUX HEWIBECTHLIX Yepes Oc-

TansHbie U vepes /[ (t) B Nepsyld CTPOKY (34) (re YMHOKEA H3 HEKOTOpbLIE WCNA YPABHEWMA, BXOAR-
ume 8 cuctemy B (35}, n ypasHewnn, nonyuaemeie n3 Hux autbdepeHunpoBaHUeM NO ¢, W BLIWATAA MX
M3 ypasHemwit, COAGPXAMXCA B NepBoi cTpoKe (34) ), mul uckniouaem n3 nepeok cTpoku (34) Hewsecr-
HBI@ Xg 4], . . . Xp . [TONY4aEM .

ALX + Brx =f2(t), -~ (36)
rae cvonbusl ¢ (s + 1)-ro ao r-ro matpuu A; n 83 COCTOAT TONbLKO K3 Hyneid. CTpokn Matpuusl AJ oc
TalOTCA NuHeAHO He3asnMMbimu. MoaTomy umpuna A} COASPKMT S NUHEAHO HE3aBMCMMbIX cTONGUOB,
Hanpumep, ¢ 1-ro A0 s-ro (B NPOTUBHOM cnyuae Tak umemm HYMEPSUKIO Hen3BeCTHbIX, YTOGbl 3TM cTon6-
uel nonanu Ha neuue mecra) . Nycts D, — Marpnua U3 3atux cton6uos. Toraadet D, # 0. YmHOXaR
cneaa (36) Ha D;', nonyuaem

Hx + Kx =k(t),
rae nepesbie s cTOnGUOB maTpuubi A 06pa3yIOT eaMm uHYI0O MaTPULLY. BBOAR 0GO3HaYeHnA

oo %) T =t Uxgagsenne, X} =0, Upapeene, xp) T =w

(T ~ 3HBK TPaHCNOHW POBEHKUA) , 33NMCBIBAEM BCIO CHCTEMY B BhAe -
0+ H,w+Ku+ K,w=kit) (sypgummﬁ) R
Lu+tvil,we ) lg=r=3 ‘ypeaneHnit) , 7 en

0=hit) (m -r Wemu)

Hexoropsre W3 rpyrm ypaBHeHuit OTCYTCTBYIOT, eclin xOTA Gbl OAHO U3 wucen §, g, M—r PaBHO HYNIO.
_—edctema (37) pasHOOHNBHE uCXOAHON cucTeme (31), TaK Kax BCe Npeo GpaloBaHnA 0GPATU MBI,
CncTema paspelumma TONbKO B ABY X CAYYaAX: ,
a)r=m; 6)r<m, hit)=0. 38) -~

Ecnn BLINONHEHO OAHO M3 3TMX YCNOBWA, TO BEKTOP-PYHKUMIO W MOXHO BbiGnpaTs NPOW3BOMBLHO.

3atem w3 nepBO# rpynNnbi ypasHeHu# ONPEAENAETCA U Yepe3 Wiu S NPOU3BONbHLIX NOCTORBHEIX, a U3
8TOPOA rpynnbl  ypaBHeHuh aomop-d)ynxuun vV OAHO3HEYHO BbLIPAXAETCA 4EPe3 Y»E W3BEeCTHbIe
unw.
WUrak, anA Toro, 4To6b1 CUCTEeMa WMENa pelserue, HEOGXOANMO W AOCTATOYHO jﬁonueme 0AHOrO
u3 ycnosuit (38). 310 naeTr m—r (ckanApHbix) ycnosuid COBMECTHOCTH cucTembl. Ecnu am ycnosun
BbINONHEHbI, TO BCE MHOXECTBO pellieluit cCUCTeMbl 38BUCUT OT N—r npou/oﬂuuslx dyHkuni (komno-
HeHT BexTOpa w(t) ) u s NPON3BONBLHLIX NOCTORHHBIX.

Yuena r 1 s MOKHO ONPeAENUTL HENOCPEACTBEHHO NO Koad:dmuneu;aia cncremp (31), He npon3soan
W3INO0NEHHBIX Bbilwe NPeoBpalosawmi. Yucno 7 pPEBHO panry mpuuﬂ pA + B, y KOTOpO#A 3nemenTbi ¥
MMHOPLI ABNARIOTCA MHOrouneHamw OT p. Npu 3TOM r =rang (pA /f B) ects HamGONbWKMA NOPANOK MU~
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HOPOB, HE TOXABCTBEHHO PABHLIX HYNIO, 85 — HEMGONBLISA U3 CTeNeHe MHOTOMNIEHOB, KOTOPLIM PaBH bl
MMHOPbI NOPAAKA 7 .

Ana cuctemel (37) 310 OuesMAHO, @ Npu Nepexone oY cucreMer (31) K (37) wcnar u s He MeHRIOTCA.

Beerga O0<s <r<p<min{m; n); ecnw p=m, 10 s =r =m. Cayuah s =0 BOIMONEH ABKE NpH
r=m=n,p=n—-1. Hanpumep, ana cnctems!

x+y—x =f(t), x+y+y =0 (39)
nmeeM m =n=r =2, p =1, s =0. Petwenue sbipaxaercA GOpMynaMun

x=—flty)=flt), y=Ffu).

Takum 06pasom, cuctema (39) umeeT TONBKO OAHO pelweHne, HE 38BUCALLEE OT NPON3BONLHBIX NOCTORK-
Huix. B OTiMwme OT cnyuan |, pewenne meHee rnaaxo. Ecm 8 cucteme (39) F€ C™M, tox, y € CM—1,
Ecnn xe hyHKuMA f nMeeT CKAYO K, Hanpumep,

flt) =0 (<0, fie) =1 (> 0),
T0 X U y —o6o6weHHbIe PyHKUunN:
x ==8(t)— fle), y=8(t).

Oawe ecnn dyHkuua f(t) HenpepbisHa, HO He 86CONIOTHO HenpepbiBHA (NpUMEp Takoi (DyHKUWM cMm.
e [64],cTp.232), TO x n y ABAAIOTCA 060 GLLIEHHBIMK (DYHKUNAMM,

1. PaccmoTpum Gonee nNogpobHo cnywah s < 7 = m = n. Torna cucrema cosmecTHa n obutee pe-
weHne 38BUCUT TONBKO OT § NPON3BONBHBEIX NOCTOAHHBIX, § < 1. 3HAWIT, PELWEHUA CUCTEMbI 3BNONHAIOT
He BCe NPOCTPAHCTBO, 8 TONLKO HEKOTOpOe MHOrooGpasue MeHswed pa3mepHoc. Moatomy pewserme
cyuiecTayer He Npu MoGbix HauyaneHbIx ycnoeuax Bnaa x (t,) = x,. U3 (34) cneayer, uto npu Henpe-
pblBHbIX F, (1) W g, (t) ANA CYWECTBOBAMMA HENPEPLIBHOMD PELLEHMA HEOGXOANMO W AOCTATOUHO, YTOGbI
Hauan bHbie YCNOBUA GblNK TAKOBLI, YTO .

Coxlt,) = g, (t,). {40)

BexTopHoe paseHctBO (40) coaep¥MT @ =r —§ YCNOBWN COFNBCOBAHUA.

ANA HEKOTOPbIX CUCTEM, ONMCLIBAIOWIMX peanbHbie ¢mamyecKne 3843w, UMEeT CMbICA PacCMaTpUBaThL
Pa3pbiBHbIE pelEHWA. JTO MMeeT MECTO, Hanpumep, TOraa, KOraa Npu COCTasneHwn cuctembl andipe-
PEHUMANbHLIX YPABHEHWA He YW TbIB3IOTCA manbie “NapasuTHeie’” NapaMeTpbl, YYeT KOTOpeiX Npusen Gbi
K NORBNEHNIO B CACTEME HOBbLIX WIEHOB ¢ MafibiMM NapamMeTpamm npu Npoudsoausix (cm. [1]1, rn. 10).
Mpv 38p3HMN HAUBNBHBIX YCNOBUW, HE YAOBNETBOPAIOWM X cooTHOweHno (40) , pewenne cosepiuaeT GbicT-
Pbi CKaYO K B TAKYI0 TONKY, FAe COOTHO WeHne BLINONHABTCA.

Haflpem KOOPAMHETE! 3TON TOMKM 8 NPEANONOKEHWW, YTO NpU TaKOM CKEYKe pelleMWe OCTaetcA B
orpasmveHHoin obnacty NPOCTPaHCTBA X (NPEANONOXeHue ONPBBALIBEETCA B Tex (M3MvecKux 3agavax,
rAe OFPAHMUYEHHOCTL PELUBHWA 38paHee ACHA, HBNPUMED, N3 JHEPreTUYECKNX COOGPEKEHNA) n YTO dyHK-
unA f, (t) orpamuexa, a8 pyHkuwn g, (t) 8 (34) HenpepbBHa npu t = t,. Teneps TpeTeA cTpoxa s (34)
OTCYTCTBYET, TBK K8K r = m = n. Peuiedne C Ha4aNLHLIM YCNOBuem x (t,) = x, 33 OveHb mansit Npome-
KYTOK BpeMeHu 7 NepexOQMT B TOUKY X,, YAOBNETBOPAIOWYIO ycnOBuiO cornacosatma (40}, T.e. ycno-
8uio C, x, =g, (t, + 7). 13 (34) nmeem

[ #%a s
A, lx,—x,) =f (fo(t)—Byx(t))dt.
'o
Tax Kax pyHkunn £ (¢) u x(t) orpannyens:, To npu 7 — 0 nonyuaem

Aux, = Ayx,, Cox, =glt,). (41)
CTpokn maTpuy A, u C, BCE BMECTe NMHEAHO HE3aBu oMb, NOITOMY M3 CucTembl (41) 0aHO3Ha4HO ON pe-
ASNAIOTCA KOOPAWHATHI TOUKH X, .

Ecn ancrema npuseneHa K Bnay (37), To 8 paccmMarpuBaemMom cnyuae r = m = 1 PyHKUMA w OTCYT-
cveyeT u paseHcTsa (41) umerorBna

u, v,
u, =u,, v,=l(t,)—L u,; x,=( ) x, = )
Vo v,

B [70], [71] yxaspiBaeTcA, 4TO K ITOMY e PE3yNbT8TY MOXHO NpuitTH, pewsad cuctemy (31) npu
r =m =n c NOMOWbIO npeo6pasosarmn annaca.

§ 3. IIndepeHnuansibie ypasHeHHs ¢ 0GoGwennniMI QyHKIMSAMH B Ko duHenTax

3aecb pacCMaTpMBAIOTCR NUHeHbIE YPaBHEHWA, cCOAepkaume 06o6iueHHble dyHKUWM B
Kk03thPnuneHTax, u HeKOTOpbIE HENNHENHBIE YPABHEHWA. Y Ka3biBalOTCA KNACChl TaKUX ypas-
HeHWA, CBOARUMXCR 3aMeHaMM MepemMeHHbIX K cucTeMam ypaBHeHwii Kapateopopu. Pac-
CMaTPMBAIOTCA pa3nuuHbie npeaencHbie nepexofbt OT auddepeHUNanbHbIX YpPaBHEHNA ¢
HenpepbIBHLIMMA NPaBbIMK YaCTAMM K YPaBHEHUAM C 060 6uleHHbIMY DYyHKUNAMM.
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1. B [60] paccmarprBaetcA KnaccndunKaunA o 60 BuieHHbIX tbyHKuuﬁ, ABNAIOWAACA Npo-
RoNXeHneMm Knaccudmkaunm cyMmupyemeix dyHkumin {knaccsl L, u W, k). na 0< <1
Kknacc M(y) cosnanaet c L,{loc) npm p = 1/y, Te. coctont us Takux yHkumn f(t),
—oo < t < oo, yro f(t) un If(t)lP CYMMUpYEMbl Ha KaXXAOM KOHeYHOM uHTepsane. [nA
nwboro uenoro k = 1u 0< 7y <1 nycte M(—k +7v) — Knacc hyHKuMn, abooNIOTHO Henpe-
PLIBHBIX Ha KAXAOM KOHEYHOM UHTepBane BMecTe ¢ Npou3soaHeiMt ao (kK — 1)-ro nopﬂAKa
v uMeloWwMX k-0 Npon3soaHylo, npuHaanexawyo M (y) , re. M{—k +y) = W" (loc), p=1/y.
AnA uenoro k = 1 knacc M (k + ) — Knacc 0606wWweHHbIX yHKUWA, ﬂsnmoumxcn npousaon
HbiMY nopAaKa k oT dyHKuMn knacca M (y). CuuraeTtcA, ywto f € M (—=°) Toraa v Tonsxo
Toraa, korpaf = 0.

AnAa dyHKkuvi, onpepeneHHbiX He Npyi Beex t € (—o°, +°°}, a TONLKO Ha 32A3HHOM KO-
HeyHOM uHTepBane (c, d), MOXHO Take paccmarpusate Knaccel M (a). Takas dyHKumA
npuHaanexut Knaccy M(a) Ha wutepsane (c, d), echv OHa RBRRETCA CYXeHWEM Ha 3TOT
nHTepsan HekoTopou yHKkuuu knacca M (a) , onpeaeneHHon npu —oo <t < oo,

OueBuaHbl cneayiowme csoncrea knaccos M (a) (Ha Bce wACNOBOM OCW MM HA KOHew
HOM uurepsane)

Ecnw a< b, To M(@)C M(b).

2° Ecwm fE M(a),To f(k) € M(a +k) ,un nao6opoT.
3° Ecwm FE M(a), c=const,To cf € Mla).
4: Ecm f€ M(a), g€ M(b),T0 f+g€ M(c), c =max{a; b}.

5° Ecm FE M(a), g€ M(b), a<1, b<0,710 fg € Mlc), c =max{a; b}.
6° Ecm ¥E M(a), g€ M(b), a>0 b>0,a+b<1,70 fgE€ M(a+b).
(B camom pene, Ha mo60M KOHEYHOM uHTepBane d)yuxuun h =|f|lla +|g|libe,;
Tak KaK | FI<h?, |gI<hP, 1ol fg|<ha*b te. fg€ L, p=1/a+b))

MNponsseaeHne oﬁo&ueuuou byHkumm F E M (a), 2> 1, Ha 06biuny0 DyHkumMw g € M (b)
8 cnyvaea + b <1 MOXKHO ONpPeAenUTb C NOMO WLI0 dJOpMynbl (20) 8 2. NycTs

az=k+a, k=21-uenoe, 0K a<i; =—k+f, a+p<1. (1)
Toraa F=h ) h e M), g'¥) € M(B).No bopmyne (20) §2

gh® =pOg = (ng)® _cling)y* =D cling”) *=Ds 4 (-1)*hg™)
(2)

Cornacvo 5° u 6° hg, hg',..., hg* 1) € M(a),hg*) EM(c), c=a+Bumc=a.
CneposaTtenbHo, npasaf uacTh (2) ectb oGoGuieHHan ¢yHKumA knacca Mk + a) = M (a).
Taxum obpasom, npu ycnosum (1) npouw3sepenve fg mMoxkHo onpegenuTb dopmynoin (2) ;
npu 3atom fg € M(a). MpuHATHE TaKOro onpeaeneHMA MOXHO MOTUBMPOBATL NpPeaenbHLIM
nepexoaoM, kak anA dopmynsl (21) § 2, Ho B Apyron MeTpuKe, 3aBUCAWEN OT k u .

B cnyuae a + § > 1 nponsseaeHvie 1 g (¥) MOXKeT He ABNATLCA NOKANLHO WMMTEr Py pYeMON
tyHkumen . Toraa Henb3A nonb3oBaTbeA opmynoit (2) .

W3 cka3aHHOro BbITeKaeT CNeAYIOWMA Pe3ynsTar.

Nemma 1 [60].EcnufEM(a), g € M(b), a +b <1, ro npoussederue fg onpedeneHo,

fgEM(aob), aocb = max{a; b; a+b}. (3)
Ecnu ga=-—-o win b =— 710 Nnonazaem ao b = — oo,

Nemma 1 paeT nMLbL AOCTAaTOYHLIE YCNOBVA CYWeECTBOBaHVA npou3seaeHuA fg v ero npu-
HaANEeXHOCTU TOMY unu nHoMy Knaccy M (c) . Hanpumep, nycte

3
z—< y< 1, flt)=|t|"7€ M(y+e), glt)=1t—=1]1"7€ M(y+e),

€ >0 — nwoboe. 3pece a +b>3/2> 1,10 fg € M('y+e).

HenpepbiBHble yHKUMM, (PYHKUMW OF DaHWYEHHOW Bapuaumm U “3MepuMbie OrpaHUueH-
Hble (DYHKUMM, €CNM OHW He ABNAIOTCA abCONIOTHO HenpepsiBHBIMM (nNOKanbHO), He npu-
Haanexart knaccy M (0) , Ho npuHaanexar knaccy M (@) npn mo6om & > 0. Ecrm byHKUmA
HenpepbiBHa, a (DYHMKUWA ¢ OrpaHU4YeHHON Bapuauuv, TO Npou3BeAeHWe fg' vmeer cMebich
(x0TA 3gecs @ + b > 1) v onpeaenAeTcA Cc NoMoubio uHTerpana CtunToeca

d ¢
fitlg'(t) =— [F(s)dg(s), (4)
dt ¢

¢
rae ¢ — nwban TouKa HenpepsIBHOCTU yHKumMn g (t) .
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AnAa dyHkuuin, onpeaeneHHbix Ha uHtepsane (¢, d) » npuHaanexawmx xnaccy M (a),
<1,8BeaeM HopMmy || || ,.Ecnua=—-m+a, m> 0—uenoce, 0< a<1, p=1/a,10

Nrll, = IIfI|,,p: NNy = NFIlom—1 + ||f"")||Lp m=1).
C nomouwibio BBEAEHHOW HOPMbI onpejenum cxoanmocts. [nAa @ < 1 cxoaumocts f; = F

8 M (a) o3nauaer, wto || f; — fll, > 0. inAa =k +a (k — uenoe), 0 < a<1, cxoaumocts
f; =f B M{a) o3HavaeT, 4T0 AnA HexkoTopbixg; EM (a), g EM (a) nmeem :

fi=g®, F=g" g, >g8 M.

Toraa anr nwo6oro @ n uensix M > 0 n3 cxogumoctn f; =>f B M (a) cneayer cxoammocTs
£ £ (™) g M(a+m).

Nemma 2. Ecru 0<max{a; b} <1 u a+b<1, 710 6n7a FEMIa), g EM(B),
ao b =1y, umeem

Nfglly <Ufllg-Nglly. (5)

DoxkasartensbctBo. Ecmb<0<ax<1,toy=a llglly=21glc=maxlgl n
HepaBeHCTBO {5) cnpaseanueo. Cnyuait a <0 < b <1 aHanorunueH.

Ecnma>0, b>0,a+b<1,70y=a+b. HepaseHcTBo (5) npuHumMaeT Bua
1

a L yare a L oyafa L\
(flfgl"”’dt) <(f|f|”dt) (f|yl”dt) .
c [ c

Bo3BoaR 06e yacTh HepaseHcTBa B cTeneHs v = 1/ (a8 + b) n o6o3Havan

a+b a+b
=p’
b

[F1”=F. lg1¥ =g, =q,

nonyuaem U3BecTHoe HepaseHcTBO [€nbaepa.

3amevanue. Ecnu max{a; b} <0, To cnpaseanMBo HepaseHcTBO, nogo6Hoe (5),
HO C Y4CNOBbIM MHOXMTEfIEM B NPaBoM 4acTu, 3asucAummora, bnor |d—c|.

Nemma 3.Fcw a+b<tuf; >fe M@), g; >9 e M(b) npu i =, 10 f;g9; >Fg
e M(ao b).

Nokazatensctso. Ecnu max{a; b}<1,108 NpPaBoi 4YacTu paBeHCTBa

figi — fg =(f; — flg; + flg; — 9)
Hopma B M (a0 b) KaXporo cnaraeMoro CTpeMWUTCA K HYMIO Npu / = B cuny neMmel 2 1
3amevannA. Ecnu ke a=k+a, k=1 —uenoe, 0< a<1, 70 U3 COOTHOLEHNA

f=h® £ =hr B hi>h 8 M), g;>g 8 M)

B CUNy NpeabIAyLWero cneayer, 4To AnNA f <k
g >0 s Mb+i), hig{) D > hgU)ED 8 M@k,
1 13 dopmynsl (2) cneayet yrBepXxaeHUe NeMMbI.

Jho6aa o6biuyHan vnn o6o6uleHHan ¢yHKUMA ABNAETCA MpeAenoM HeKOTOPOW Mocneno-
BaTeNbHOCTV rnaakux dyHkumin us C~ ([76], ctp. 120) . Ecnu

W) €C™, wl)=0 (t]1>1), wit)>0, [wlld =1,

welt) = eTwie™t) (e>0), l (©)
a » — 3HaK cBepTKu, 10 hyHKUNA

Flt)ewelt) = f (t) € C™, Folt) > Flt) (e—0). (7
Cx0anMMOCTb NOHMMaETCA B TOM Ke CMbICNe, Y4T0 1 B Teopun 060 6uieHHbIX hyHKumiA. Ecnmn xe
fEL, 1< plo,nmfEW) 1o f,~>fB Ly, cootBeTCTBEHHO B W;,".

CnepoBatensHo,ecnr f EM (a) 1o f.>f 8 M@).
2. HexoTopble ypaBHEHNA U CUCTEMbI ¢ 0606WEeHHbIMK hyHKUMAMK B KO3ditbuumeHTax ¢
NOMOULLIO 3aMeHbl NCKOMbIX (PyHKUMIA CBOAATCA K cucTemam Kapateoaopu.
PaccmoTpum ypasHeHue [77]
y"+altly + bty = g'(t). ' (8)
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Nycrs hyHkumm a, b, g v (b — a)b, (b — a)g cymmupyemsl, a npoussoaHsie b’ (t) ng' (t)
NOHWMaAIOTCA B CMbicne Teopuu 060GWEHHbIX dyHKUMA. ITO ypaBHeHMe MOXXHO 3anvcaTb
B BUAe

v +by—g) = b-ay /
W 3aMeHOn y'+by—g=z csectn K cncreme Kapareopnopu
V' =2z—by +g, zZ'=(b—a)(z-by+g). (9)

AnA cuctemsl (9) MoXkHO 3anaBaTh 06bluHbIe HauyanbHbie YCNOBUA ¥ (to) =yo, Z (ty) =2,.
MNoatomy anA ypasHeHnA (8) MO)kHO 33gaBaTh HavanbHbie YCNOBUA

y(to) = yo, (10
'+ by =) =, = Zo-

3necs to, Yo, Zo — nioBbie. HauanbHbie yenoBua suaa ¥ (to) = ¥o, ¥ [to) = Yo MOXHO
3amaBath He Npu NO6bIX to, @ NPy TakUx, Npu KOTOPbIX ByHKUMKM b (t) n g (t) HenpepbIBHbI.

Kak BUAHO 13 U3N0>KEHHOTO, cBegeHve aAnddepeHuansHbix ypaBHeHUn ¢ 0 606weHHbIMU
byHkumAMM K ypaBHeHuAm Kapateogopu AaeT BO3MOXHOCTb AOKa3aTh CyllecTBOBaHue
peweHnA U BLIACHUTbL BUA AOMYCTUMbIX HayanbHbIX yCnoBuin. ITOT e MeToa NO3BONAeT
floKa3aTb, YTO pelueHue ypasHeHWA ¢ 060 bLieHHbIMU hyHKUMAMU B KO3duumeHTax Henpe-
pbIBHO 33aBUCUT OT KOMPHUUUEHTOB W ABNAETCA NpeaesioM NOCNeA0BAaTENbHOCTU peLieHuin
ypaBHeHun ¢ rnagkvmu koaddmumentamm a; {t), b; (t), ..., cTpeMAWMMUCA Npu / —> = K
NaHHbIM O606UIEHHBIM thyHKUMAM. Huxe 370 aoOKa3biBaeTcA ANA ypasHeHuA (8), Ho
TOT e MeToa NpuMeHum U K Gonee CNOXHBLIM ypPaBHEHWAM, PaCCMaTPMBAEMbiM B fanb
HeWLUM X Teopemax.

Nemma 4./Tycrs aft), b(t), glt) € L, naorpesxe [c,d],

a;(t) > ait), b;{t) >b(t), g;{t) >g(t)e L, (11)

U y¥oi > Yo, Z0i > 2o
Toz0a nocrnedogarensHOCTs peweHul 3363y

vy +ailt)y; + Uity =gile), i=1,2...,

vilto) = voi. (V; +biyi —9iMl =, = 20i 12)
cxodurcae W) k pewenuro 3adaw (8), (10) .

HdoxkasatenscTtBo. Kakaoe n3 paccmaTrpuBaeMbl X ypasHeHUA 3aMeHON

y; + biyi —g9; = 2; 13)

cgepeM K cucteme Kapateopopu, noao6Hon cucreme (J). KoadduumeHTol 3Tod cucrembl
npn / —> o cx0AATCA B L, K KoadvumeHTam cuctems! (9), HauanbHble YCNOBWA yg; ¢
Zy; ToXe CXOAATCA. B cuny cneacrsuA teopembl 8 § 1 nocnesosartenbHOCTb pelUeHUd y;,
2; (f=1,2,...) amx cucrem PaBHOMEPHO CXOAUTCA K peu.leHmo auctremol (9) . Torpa
w3 (11) m (13) cnenyer wroy; >y’ B L;.3uawmr,y; >y e Wj. Nlemma pokasana.

AnA nobbix byHxkumnit a, b, g € L, onpeaenum nocneaoBaTenbHOCTW rnaakux yHKuUuA
a;(t), b;(t),g;(t) nopobHo (7),83rB ¢ =1/i, i =1,2,... Torpa no nemme 4 nocnenosa-
TenbHOCTb 06bI4HbIX peleHui y; 3apay (12) cxonmcn 8 W% K peweHuto 3agawm (8), (10),
conepxatlieit 06o6wenHble yHkumm b’ (t), g’ (t) (cnyvait a{t) = g (t) = 0 paccmoTpeH
8 [77]). 310 no3sonAer pacnpoCTpPaHUTb Ha ypaBHeHWA C 0606LWEHHbIMM (DYHKUUAMYU He-
KOTOpble W3BECTHble pPe3ynbTaThl KayeCTBEHHOW TeOpUW NUHEHHbIX ypaauemm [78]. Pac-
CMaTpUBanuCh Takxke 3aiaw Ha co6CTBEHHbIE 3HAYeHWA ANA ypaBHeHMA x' + Ap(t)x =0,
raep(t) =q' (t), byHkumA g {t) — Hey6BuiBarowan [79], [80].

B cneayrouleii Teopeme pa3nuuHbie KOOPAWHATbI PELIEHUA Xi,..., X, — O006OG6LieHHbIE
yHKUMM pa3HbIX KNaccoB. XOTA 3TO CBOWCTBO He COXPaHAEGTCA Npu NUHEMHOM npeo 6pa-
30BaHUN KOOPAWHAT, HO PacCMaTpuMBaTb TaKue CUCTeMbl HYXHO, Hanpumep, NOTOMy, uYTO
K cMCTeMe Takoro pofia CBOAUTCA ypaBHeHue NOPAAKaA .

Teopema 1 [60]. Paccmorpum nurednyio cucremy

dx; n
—~i = Ea,,-(t)x,-+ff(t), f=1,....n, (14)
dt j=1
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20e

a; € Mlay), fi € Mig;). (15)
Ecnu cywecrteyroT Takue wuana A, ..., \,, 410

max{p;; max ;o N} <N +1, i=1,...,n (16)

J
a;+tN<1, Jj=1,...,n (17)
(0603HaveHue ao X cM. @ (3)), ro cucrema (14) nuHelHOU 3aMeHOU uCKOMbIX PyHKYuUld
c800UTCA K nuHeliHol cucteme Kapareodopu. Cuctema (14) umeer n-mepHoe nuHeurHoe
MHO200 6pasue peweHuli, ONA KOTOPbIX

x;, €EMN), Pi=1,...,n.

NoxkazatensbcrBo. Myctb dyHKUMK X; NepeHyMepOBaHLI B TAKOM NOPAAKE, 4TO A, <A, <. ..
... <X\, Ecnmece \; <0, 10u3 (16) cneayer,utoBce ;< 1, aj < 1,u cuctema. (14) — cncrema Kapa-
Teonopm . MoaTtomy nycrs

NS .. €X, SO0< Ay <. €Ay, 0Sm< (18)

{ecnn A, > 0,10 m = 0 v B panvHewnx GopMynax GyayT OTCYTCTBOBATL CYMMbI NO MHAEKCAM, He Npe-

BOCXOARWMM M) .
U3 (16) n (17) cneayer, uto gnA BCex/ wnj

@i €1 =X, oG S1+N;, o <T+A = A (19)

ajjo j KT+, pp S1+X; (20)
ecnn o F0, T0 A< A +1. 21)

Noxaxem, 4To cncteMy (14) 3aMeHOW NepemMeHHbIX MOIXKHO CBECTM K cucTeme, Y KOTOPO# 4Mchio Ay
3aMEHEHO MEHDBLUNM WACAOM

n =max{7\,,—1; 0}, (22)

8 0CTanbHbIE A HE U3MEHUNUCH.
r
NycTts b,,,- W g, — 1akne pyHKuuu, 4T0 b"l' = ay,, g;, = f,. NepenuwemM nocneaHee ypaBHeHne cicTe

mbl (14) B Buae
m m n
— (xp— Z bpix;—gp) =— z b,-,kx;(i' z 8pj Xj -
dt j=1 k=1 j=m+]}
B npaso# “acTW 3ameHum x;( (k =1,...,m) cooTseTcTBYIOWM MK NPaBuIMK YacTAMU u3 (14). MNonyuae-
Mbie NPON3IBEAEHNA bpxay; W by kfy NMEOT cMbiCn, TaK KaK by € M la,, — 1), 8 8 cnny (19) u (20)

g — 1< = Mg, ak,'<1+}\k, TR AREYY

Tak kak k < m, A <O w B cywde ay; # 08 cnny (21) w (19) —Ap <1 -2, akj <1+Ag —~\;, ono
nemwme 1

bykaki €M), vj=lagy — 1) cagi < 1= (23)
Ecnu yuecte, 410 a,x — 1 < N, ag; <1+ A <1, To nonyuaem
vi<max{Ay 1} = up+ 1. (24)
AHanoruuHo, bk fk €EMlp, +1).
B cucreme (14) c yxe npeo6pa3osaHHbiM NOCNEAHMM yPaBHEHUEM CAENAEM 3aMEHY
m
X, =Vyie-or Xpn—1 = Vn-1. Xn = ¥nt I bpjyi + gn (25}
i1
Monywm cncremy !
dyy 7 n .
-— = Gij+tainbpjlyi+ I ajyj *aingn *fi, i=1,2,...,n-1;
dt j=1 j=m+1
dyvn m n m
. =X [appn—dnun)bpj— dpjly; + = apj —dpj) vj— T bpxfr + layy— dpp) gn,
t j=1 j=m+1 k=1
(26)
127)

m
dpj= E bnkakj EM(U"), v K1—-Nj, v < upt+1,
k=1

dpj=0,ecnn A; > 1, tak kak Torpa ag,; =0,k <m (cm. (21)).



Mono6MO npeasiayweMy AOKa3bIBAETCA C NOMOWLIO HepasencTs (18) —(21) u (27), uto npoussene-
HUA, BXoARWME B KO3DDUUMEeHTbI cucTems! (26) , MeloT cMbICA U YTO

ajnbnj, aingn EMlajy ° Ny) C M1 +1), (28)

(81n —dpp) gn € M1 — Ny ° Ny) CTMp, +1). (29)
OueHum a;, b,; unave. Tak Kkak A, >0, j<m, Aj<0,To8 cuny (19)

ambpj € M), vij=ajn°® lagi—1) <1 =2,) o (=N) <1 =N (30)
AHBNOMMYHO Nonyyaem

(apn — dpp) by EM(1 — 1) . (31)
Ecnu e yuects, 40 api — 1 < Ay, To BMecTo (30) u (31) nonywm

8inbrj. dnnbpj €M (max {Np: 1}) =M(uy, +1). (32)

3anuwem cuctemy (26) 8 Buge

dy; n

—= I ¢ilt)y; + hilt), i=1,...,n . (33)

dat j=1

Mpu atom c;;€ Mly;;), hi€E MY, . Nycte
B =N, i<m y,,=max()\,,—1; 0}<)\,,. (34)

Mokaxem, uto uncna Yij. Vi, B YAOBNETBOPAIOT HEPABEHCTBAM, NOAO GHbIM (16) w (17).

HepaseHcTB0 v;; + u; < 1 npu / < n cneayet uz (17) u (30), 8 npu i =n — u3 (17), (27) u (31) c yue-
ToMm TOro, 4to 0 < ), < Ay HepaseHcTBo Y; < uj+ 1 npu i < n cneayetr u3 (20) u (28),anpki=n —us3
(29) w nony4enHoit oueHkn by fy. Hepasenctso Vjj © uj < u;+ 1 npn i <n cneayer w3 (20) u (28), a
npmi=n—n3 (17), (27), (31). U3 nonyueHHbIX HEPABEHCTB CNEAYyeT, YTO

max{wi; max -y"-°u,-}<u,-+l, i=1,...,n (35)
i

Takum o6pa3om, B cucteme (33) ko3adpduuueHTsl 06NBABIOT TeMU Xe CBOMCTBAMM, 4TO U B CUCTEME
(14) . Noatomy ¢ cuctemonn (33) MOXHO NOCTYNMTL Tak e, kak ¢ cuctemon (14) . B cuny (34) npu kax-
AOM TaKOM Npeo6pasoBaHun cUCTEMbI Hau GonbLLee M3 WICeN A; yMEHBILAETCA UNK Ha 1, ecnn OHO 6bINO He
meHblie 1, unu A0 HyNA, ecnu OHO 6bINO 3aknioweHo mexay Ow 1.

3HaunT, Nocne KOHEYHOrO YMCNa NPeo6pasoBaHKit Mbl MOAYYUM CUCTEMY

dz,- _ g q o . .
_— afilt) zj+ fle), i=1,...,n, (36)
ac iz

ANA KOTOpOW BCe waCna A7, NOAYUYEHHbIE U3 A; NOCNIEAOBATENbHLIMU YMEHLLIEHUAMM, HEMONONMNTENLHBI.
OHM KaK U WCNa A; W u;, YROBNETBOPAIOT HepaBeHCTBaM, NoAo6HbIM (16) n (35),

max{gp;'; ma_xa?io)\;’}<)\?+1, i=1,....,n, (37)
i
rae pfu o Takoee, uto 2 € Mlaf), FIEM(L?). Taxk xax ace AP <0, 10 u3 (37) cneayer, uto af,- <1,

o< 1. Apyramm cnosaw,a,-jEM(ﬂ,f;—'EM(ﬂ, u (36) — cucrema Kapareopopm. U3 teopemsr 3 § 1
cneayert, YTO 3Ta CNCTEMa UMEET N-MEPHOE NUHENHOE MHOroo6pasue peLweHH.
Mokaxxem, 4To AnNA N 6Oro ee peweHun z,-EM()\;'), i=1,...,n Tak kak dyHKuuu z; 86conoTHO

HenpepbtBHbE, T0 z; €M (0) . 3HauwaT, ajjzj € Mlajj o 0), ajjo 0 = max {af: 0}. MoatoMy npasaa sacTb
(36) npunaanexmt Mlv}),
vi = max{y} 0; max aj}<1. (38)
j

Torna z,-EM('y,! —1),i=1,...n. MNonb3yRcb 3TON YTOYHEHHOW OUEHKON Z;, NONY48EM, YTO NPEBAA YacTb
(36) npunaanexmt M (v3), .

v} = max {o}; max afi o (‘y; -1} (39)
]

CnenosatensHo, ziEM('y; — 1). MpoAONkaR 3TOT NPOUECC YTOYHEHWA OUEHOK, nonyyaem z; € M('ytk),
k=1,2,...,
13739i> ... >max{¢?; mfx a;’j}. (40)
k 0 = "
Moxaxem, 4to v; — 1 < A; ANA HexkoToporo k. Npm A < 0 umeem a o A -max{a, )\}. Anr
Tex /, ANA KOTOpbIx Npasan uyacTe (40) HeoTpUuaTensHa, OHa pasHa 7; 8 (38) u nesoit yactu (37). 3nawT,
v}—1<AlannA 3tux /. AnA octanbHbix /npasar wactb B8 (40) oTpuuaTentHa, 3HawT, B (38) v} =o0.
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Moaromy

v —1 < max{A}; -1}, i=1,...,n
Toraa, cpasHusan (39) n (37), nmeem
v -1 <max{A}; =2}, i=1,....n

MpoAaoni«an aHaNOruYHO, HMeem

v =1t < max{N: -k}, i=1,...,n; k=1,2,...
3HBYMT, NPy AOCTATONHO GoNbWOM Ak UMeem

Y1 <A eML - MY, i=1,.. 0 (41)

Bo3spawancs 06paTHO OT cuctemb! (36) NocnenoBaTeNnbHbIMU 3aMEHEMU NEPEMEHHbIX K MCXOAHON CH-
creme (14), nonyuaem, uto cucrema (14) umeer n-mepHoe nuHeHOe MHOroo6pa3ne pewenni. Moxaxem,
uto n3 (41) cneayert, uto x; E M(A;) .

JloCTaTOUHO PacCMOTPaTh OAWH M3 OAHOTUMHbLIX NEPax0A0B, KOTOPbIE COBEPWIAIOTCA NPU BO3B PALLEHUN
or cucremsl (36) k (14) . MycTte anA cuctems (33) aokasamo, uto

ViEMIu), i=1,...,n (42)
Mepexoa ot cucremst (33) k (14) cosepwaertcA no dopmynam {25). U3 (42) u (34) ann j < m umeem
yj CM(rj), an3 (18) n (19)

A €0, by €Mla, —1) C M(=A).
Moaromy npon3senenne b,,,- yj wmeet cmeicn. Aanee,

opj =1 < Ay, bpjyi € M, o Nj) = M),

In € Mlp, —1) C MA,).

Ywitbigan (25) u (34), nmeem
xi=y;i €M) (i<n), x,€ MQX,.

Teopema aoxa3saHa.

S3ameuvanue 1. flyywan us oueHok suaa x; € M(\;) nonyvaetcAa Toraa, Koraa Bo Bcex
cooTHoweHnAax (16) aocturaeTcA paseHCTBO.

3ameuyarnune 2. MNMepexoa ot aaHHoM cuctemsl (14) Kk cucreme Kapateogopy nossons-
eT yKa3aTb HayanbHble YCNOBMA, NPU KOTOPbIX AaHHaA CUCTeMa UMeeT eAMHCTBeHHoe pelue-
Hue. HexkoTopble apyrve ycnosua, obecneuvBalowe eAMHCTBEHHOCTb PelWeHUA, YKa3aHbl
s [60].

3amevaHune 3. Takum xe cnocobom, kak cucteMy (14), MOXXHO NPUBECTU K CUCTeMe
Kapateonopn HekoTopble HenuHelHble cucTeMsbl. Hanpumep, B cucteme (14) Te ay;(t), anA
KOTOPbIX Q)i = —my; + Yy, My =2 0 — uyenoe, 0 < Vi < 1, MOXXHO 3aMEeHUTb PYHKUNAMU
pylt,..., Xk, ...) xnacca C™ U (no cBOMM aprymeHTam) , 3aBUCALLMMYM OT t U TeX Xi, ANA
KOTOPbIX A < ;. B Apyrux uneHax ypasHeHuii CHCTeMb! Te Xj, ANA KOTOPbIX A i = -1 +§;,

l; 2 0 —uenoe, 0< 8,- < 1, MOXXHO 3aMeHNUTb DYHKUUAMM wilt, . o X, .o ) knacca C'j
(No cBOUM apryMeHTam) , 3aBUCALUMMM OT t U OT TeX Xx, ANA KOTOPLIX Ax SA;.

B cneayioweri Teopeme ycnosve (44) paBHOCMALHO YCAOBWIO aHaNOrMYHON TEOPEMbI
u3 [60], Ho BbipaxeHo B 3Hawi TenbHO Gonee npocToit hopme.

Teopema 2 [60]. Paccmorpum nuneiinoe ypaereHue

y™ 4 a, )y 4 L+ oa,(t)y= flt), (43)
20e a;€M(ay), i=1,..., n; fEMl(y). O603nayum max{a,..., 0, v} =pu. Ecnu
o —i<1—py, i=1,...,n, (44)

70 ypasvenue (43) npueodurca k cucreme Kapareodopu u umeer n-mMepHoe NuHeliHoe MHO-
2006pazue peweHul :

y = Clul(t) + ... +cnun(t) + Vl(t), (45)
20e y, (t) — vacrroe pewenue ypasHenua (43),c,,...,C,— NPOU3BONbHbIE NOCTOAHHDIE, @
uy (t), .. ., u,(t) — nurneino HesagucuMBbIE peweHUA COOTBETCTEyIOue20 00HOPOOHO20
ypaeHerun. Pewenun (45) npunadnewar M(u—n),a

uilt) € Mo — n),  po =max{ay,...,a,}, i=1,...,n (46)

31



LokasatenbcTBo. O6bIHHON 3aMeHOI NepeMeHHbIX

y=x1, y'=xy, ..., y" D =y,
csefem ypasHerue (43) K cucreme

x| = X1, P=1,...,n0-1; Xp = apX, —... — a1x, + . (47)
Mokaxem, 4To Npu BbinonHexun ycnoeuA (44) cylwecTsyloT uMcna Ay, . . ., A,, yAoBneTso-

pAowme ycnosuAm (16) (co sHakamu pasenctsa) u (17) Teopembi 1 B npumeHeHUn K cu-
creme (47), T.e. ycnoBuAm

>‘i+l=)‘i+1r i=1,..., n; (48)
max {7; a, °>\1;0"_I°R2; ee. 5 0y ° }\"} = )\,, +1.

BuipaxaABce A; uepes wucno A = A, + 1, nonyyaem
max{v; a, ° (A —n) ay_; °A—n+1);...;a°A -1} =A. (49)

Mokaxem, 4To wiCno A = YROBNETBOPAET 3ITOMY ypasHeHwio. Mpu A = i Kanaoe u3 BbI-
paxeHuii a; © {1 — i) B cuny (44) umeeTt cmeicn n pasHo max {a;; u — i; o + 1 — 7} AcHo,
4TO CYMMY @; +u — / CTOMT nUcaTL TonbKo B cnyyae u— 7 >0, Te. u>i = 1. Ho B 3TOM Cny-
vae B cuny (44) a; + u— i< 1< . MNoatomy neean 4acte (49) npu A == max {a,, ...
..., 0,,7) paBHa y, T.e. A = u ynoBneTBOpAET ypasHeHuo (49) .

Takum o6pazom, npn A, =u —n +i— 1 seinonHeHsl ycnosuA (48), T.e. ycnoeua (16)
anA cuctemol (47) . Ycnoeua (17) anAa /i =n npuHUmMaroT Bua

a,,_]-+1+;1—n+j—1<1, j=1,...,n,

1 BoinonHAloTcA B cuny (44). Ana 7 <n koabduuneHTbl B ypasHeHUAX (47) NOCTOAHHBI,
3HawT, a;; B (17) MOXHO B3ATL MeHbwe ni0BOro OTPMLATENbHOTO YACAA, W YCNOBWA (17)
BbINONIHEHbI.

Wrak, cuctema (47) ynposnereopReT ycnoBuAM Teopembl 1. CnepoBaTtensHo, oHa umeeT
n-mepHoe nuHeiHoe MHoroo6pasue peweHud, u Npu 3ToMm

y = x; €MA) = Mlu—n). (50)

Otcloaa BbITEKAT yTBEepXKIAeHNA TeopeMbl 2, kpome {46) . Yto6el gokasate (46), Hapo npu-
MEHUTL YKe nony4eHHbI pe3ynbTaT (50) K ypasHeHuo Buaa (43) ,Hocf = 0.

3amevaHune 1. Hanpaktuke o6biuHo ynoGHee npusoamTh ypasHeHue (43) K cucteme
Kapateozopw, He nepexoaR npeasaputensHo Kk cucteme (47). [nA atoro Te npousBeaeHWA
a;(t) y("_'_), B KOTOPbIX OANH U3 COMHOXMUTeNnen — oBobuieHHan pyHKumA (anA y(""—D  aror
Bonpoc pewaeTtcA ¢ yyetom (50) ), npeo6pasyiotcA ¢ nomowso dopmynbl (2) . 3atem, kak
BN.2 § 2, 06beAuHAIOTCA YneHbl, NPeACTaBNeHHbIe B BUAE NPOU3BOAHBIX OAHOrO NOPAAKAE OT
HekoTopbix (yxxe He 06o6lweHHbIx) dyHkuuik. OT nonyyeHHOro ypasHeHWA Buaa (22) § 2
(Ho Tenepb u; Y)xe Bpyrue) moxHo nepentu Kk cucteme (23) § 2. dtum cnocobom ypaerca
He Tonbko hopManbHO cBectu ypasHeHue (43) K cucteme Kapateogopu, Ho U NoNyHYUTb A0-
Kas3aTenbLCTBO TeopeMbl 2, He 3aBMCALLEe OT Teopembl 1.

3amevaHue 2. CnocobOM, M3NOKEHHBIM B 3aMeYaHun 1, MOXXHO cBeCcTH k cucteme Kapateoaopn
W HEKOTOpbIe HeNTUHENHbIe YPABHEHUA N-rO NOPAAKA, HANPUMED, yPas HeHne

n-1 : -
v =2 Uity v D gty Ly
j=k+1
k-1 (51)
. g (§))
+ Z bidwile gy v, .., v+l
j=0

3aecb 0<k <n —1, p;€ Ci_k, w; € ck-i (no ceoum aprymentam), dyrkuun bin f MoryT 6eiTb 0606-
weHHbiMu, FEM(n —k +a), 0<a <1,

b€ Mg, g < min{k—j +1 —a; n—k + a),
npu j > 2k cdyHkummn Pj 38BMCAT TONLKO OT I,

okl < (LyS N wa) p*ie,y,y'. ..., yE-1y, prec
B cnywe o > 1/2dyHkumm p; (j > k) He 3aBuCAT oT y(2k N,
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Toraa ypesvenue (51) cBoaMTCA K cucteme KapaTeoaopm U MMEET /-MEPHOE MHOXXeCTBO PBLUBHWMA,

npunaanexawmx M la — k). W
Yro6b! cBecTH 3TO ypesHene K cucreme, npeanonaraem, wto y € M (a — k). Toraa y € Mla) n

cnoxaibie GyHKumwu .
wilt, ylt), ..., y(’)(t)) € Mla—k +j),
ot vin), ...,y € M), pjE Mla® +k—j), j>k,

rae a® =a(a < 1/2), a® =a — 1 (a > 1/2) . Cnenosatensho, 8 (51) npousseaermn y(i)p,-u bjw; wmewor
CMBICN, ¥ MX MOXHO NPeoGpasosaTe no dopmyne (2) . lanee, Kak 8 3aMBuaHMM 1, NONY488M YpaBHEHUE

. V,(,'i—kk) +... tv v, =0,

a 3aTem cuctemy Kapareosopm. OuennBan rnaakocTs e pelueHMA W BO3BPAWARCL K ypesHenwwo (51),
nonysaeM y € M (a — k) .

3ametum, 410 B ypeshenun (51) kamaoe npoussesenve bjw; MOWHO 38MEHWTL CYMMONH KOHEYHOrO
WICRA CNaraemMbix b,-mw,-m, rae yHkuum b,',,, W Wjyy YAOBNETEOPRIOT TEM XE YCNOBHAM, 4TO b,~ " wj.

Henrue]i‘msm ypaaHeHma ¢ 0606uenHeIMM dyHkunAamu, HO Gonee npoctoie, vem B (51), paccmerpuaa-
nuce B [81].

N pwu me p. Mpuseaem kK cucreme Kopeteoaopu ypesHenne

TV ity ) 4 palt v v+ b0 wilty,y ) 4 by (R w, ) +100). (52)

Nycrs p, €C; p, EC', w, €C', w, €C 2, b, EM(3/2), b,E M(5/2), FEMI(5/2), ip,I<y"p*(ty.y'),
p* € C. Toraa ycnosua 3amevannn 2 BeinonHewsl, npuyeM n =4,k =2, a = 1/2. CneposatensHo, y" €
€ M(1/2) = L,l(loz). C nomouibio ToxaecTBa (2) sanuwem ypasrerwme (52) 8 snne

y@ - (y'py) —y'py + p, +la,w,) —a,w, + (ayw,)" —2(a,w,) +a,w; + g,
raea, =b,, a;=b, g" =f, a NPON3IBOAHLIE D, W), W,, W; — NONHLIE NPOM3IBOAHLIE MO t OT CNOMXHBIX
dyHkumit. Monaran

V; = —8,W, -9, v, =—y'py —a,w, + 25,w,,

Vo= ¥'Py =Pyt 8, W, —a,w, ,
nonyusem ypasHerue

y(‘)+v';+v;+v° = 0,

Bsoan HoBble HeM3BECTHLIG
X, =Y, Xy=X,, X;=x,tVv,, X, =x; t v,

nonyusem cucremy

Xy ==y, X=X, =V, Xy= Xy—Vy, X=X o
@yHKUWM V; 3BBUCAT OT NepeMenHbIX &, y, ¥y, ¥'; NpU 3ToMm y, ¥, y" cneayet 3samennts no Gopmynam

y=x,, ¥ =x,, y' =x,—vy=x,+a,(tlw,(t, x,) + glt).
MonyveHHan cucrema yaosnersoprer ycnosuAam Kapateoaopm.

3. B [82] paccmarpuBaeTCA NMHEHHaA CMCTEMA B BEKTOPHOW 3anucy

Y = B y+g't), (53)
rae matpuua B (t) v sextop-hyuxuua g (t) orpannveHwoir Bapuaumu, B (t) HenpepbiBHa,
Npou3B0oAHbIE NOHMAIOTCA B CMbicne Teopun oGobwenHbix dyHkumi. Panee [83], [84] pac-
CMaTPUBANWUChL MHTErpantHbie ypasHeHUA

t

y(t) = yla) + [f(dB(s)) y(s) + glt) —gla) (54)
a

(wHrerpan nowmmaeTcA B cmbicne Crunteeca), pasHocunbHble (53), a Takxke HeckoneKko 6o-
nee obuwwme. B [82] nokasbiBaloTCA CywecTBoBaHWE M EAMHCTBEHHOCTL PELIEHUA C HaYanbHbim
ycnosuem y (3) = yo, NOKasbiBaeTCH, 4T0 )YHAAMEHTanbHaA MaTPULLA HENPEPbIBHA U OT PaHK-
yeHHoN Bapuauun. PeiueHve BbipaxaeTch Yepes hyHAaAMEHTaNbHYI0 MaTPHUY U ByHKuMo g (L) .
CywecTBoBaHMe peleHMA MOXHO AOKa3aTh, HaNpUMep, NPUMEHAR 06bIYHLIN METOA NOCNeao-
BaTtenuHbiX NpubnmikeHnit K ypasHeHnio (54) M NONL3yACH MIBECTHLIMM OLEHKAMK WHTEr pa-
nos Cruntueca ([64], cTp. 254).

Apyro# cnocob uccneposanma cuctembt (53) — npuseaenne K cucteme Kapateoaopu. 3a-
meHon y (t) =2 (t) +g (t) na (53) u (54) nonyvaem

t

Z =B z+h'(), hit) = [(dBls)gls),  z(t) = zta) + [(dBIs)) 2ls) + hlr).

a
. (55)
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W3 oueHok B [64] (cTp. 254) nonyuvaem, uto hyukuma h (t) wenpepbiBHa. O603HaYMM ve-
pe3 b;;(t) anemeHTbl Matpuubl B (t), a vepes 7(t) — HenpepbisHyto hyHKLMIO

n
mit) =t + T var  byls)
i,j=1 a<s<t
AnAa mobbix t,, t, > t; nmeem
tg—t; + lb,-i(rz) - b,',‘(tl)l < T(tz)— T(t. ). (56)

Nyctb t (1) — dyHkumnA, o6patHaa k 7(t). U3 (56) cneayer, uto dyHxkumm t(1) n
b;i(t{r)) abconioTHo HenpepbiBHbI. MoaTomy unterpan 8 (55) pasen (([64], ctp. 290)

(1) dB(t(71))
S ——

a

z(t(7))d7

u ypasHenue (55) pasHocunbHO cucteme Kapateoaopu
dz dBl(t(r)) . dB(tir))
_—= z

dr dr dr

U3 pokasanHHoro cneayiot chopMynuposaHHble Bbille YTBEPKAEHWA O PeLUeHUAX Ch-
crembl (53). .

Bce 3to He 0606W1aeTCA HENOCPEACTBEHHO Ha Cnyvan, koraa B(t) — paspbiBHaR yHKUMA
OorpaHuYeHHon Bapwauumn, aaxe npu ¢ (t) = 0. B 3tom cnydae pelweHun, soobwe rosopn,
MMeloT paspbiBbl B TeX e Toukax, 4to B (t), n uuterpan Cunteeca B (54) n (55) moxer
He cywecTtBosaTh (npumep B [64] , cTp. 249) . Teopua 0606WEHHBIX DYHKUNIA 3AECL TOXKE HU-
yero He AaeT, Tak KaK, Hanpumep, npousseaeHne AenbTa-QyHKUMM HA ee HeonpPeaeneHHbIn
MHTErpan He onpeaenexo.

Ecnu we anA dyHKUMA OrpaHMvYEeHHOM BapuaumMu pasnuuath 3Havenma y (t — 0), y (t),
y(t + 0) n oTaenbHO paccMaTpUBaTL NEBbLIN M NPaBbii ckaukn y(t) —y(t — 0) ny(t +0) —y(t),
To MOXHO onpeaennTb uHTerpan B (54) , korpaB (t) ny(t) — paspbiBHble YHKLUUN OFPaHNUYEH-
Hoi Bapnaunn. NMpv pasHbix npeanonoxennax (Hanpumep, koraay (t) =y (t — 0) wnn korpa
y(t) = [y(t —0) +y(t +0)]/2 n ap.) nony4aloTcA pasnuyHbie YCNOBUA CYLLECTBOBAHUA pe-
weHnA ypasHennA (54) nnu (53), paznuualoTcA n camy pelueHnA. YPaBHEHUA Takoro poaa,
3anucaHHble B avddepeHumancHoi Unu uHTErpansHon opme, paccmatpusalotcA 8 [85] —
[90]. B [90] — [92] paccMaTpuBalOTCA HEKOTOPbIE HESIMHERHbIE YPaBHEHWA U CUCTEMbI NO-
pobHoro Tvna. K atomy xe TMny ypasHeHuA OTHOCATCA YPaBHEHMA C TONYKaMU B CNy4aAXx,
KOFAa BENMWIHA CKaYKa PELUeHUA 33BUCUT HE TOMbLKO OT t, HO M OT 3HaYEHUA PeLLeHNA nepea
CKaYKoM.

Mokaxem Ha NpocTellieM NpuMepe, YToO B TaKUX CNyvyanX pasnuyHbie NOAXOAL! K onpeae-
NeHMIO peLUeHUA NPUBOAAT K PasnUuHbLIM pesynpTataMm. PaccMoTpUM nuHeiHoe ypaBHeHne

y' = k&(t)y (k= const). (58)
Takkak ¥' =0 npu t <0 v npu t >0, 10
y(t) = c (t<0),

gltin).’ ' (57)

y(t) = c(1+a) (>0), a#0,

T.e. y(t) = c(1+ anlt)), rae

nit) =0 (t<0), nit) =1 (t >0). (59)
Y106b1 HaitTh a, noactraenaem y(t) B (58); n'(t)=5(t),
ad(t) = ki) + kad(t) nlr). (60)

MNpounssepenne & (t) n(t) B Teopun 0606weHHbIX yHKUMI He onpeaeneHo. Ecnu B3ATL no-
cneposaTenbHocTv rnaakux yrxkuun 8;(t) > 6(t), n;(t) > n(t), To npeaen npousseaennn
8;(t)n;(t), soobwe rosopn, He cywecTeyer. B Tex cnyyanx, KOraa OH CywecTBYeT, OH 3a8u-
cuT OoT BbIGOpa nocneaosaTenbHocTen &;(t), 7;(t). Mpn ecTecTBEHHBIX NPeANONOXEHNAX 3TOT
npeaen, ecnn OH CywecTsyeT, umeeT Bua Y5 (t), rae ¥ moxeT 6biTh NOGLIM WCNOM U3 OTpes-
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ka [0, 1. Ecnu cwrats, wto 8 (t) 1 (t) =8 (t), To m3 (60) nonyuaem
k
1-ky )

Pgocmotpum pasnuyHble NOAXOAL! K BbIGOPY 3HauYeHUA 7.
1 Ecnu cwmrarte, wto ¥ = 0, T.e. uto 8(t) n(t) = 0 (310 pasHOCUNLHO TOMY, YTO pelseHun
ypasHeHua (58) , no onpeaeneHnio, AonxHbI GbiTh HenNpepuiBHLI CnNeBa), Toa = k,

y(t) = c(1+ knlt)), (62)

C — NpoM3BOnbLHaA NOCTOAHHaA. K Takomy jxe pe3ynbraTy NpMBOAMT NpeAenbHbid Nepexon
yilt) = y(t), rpe y;(t) — pewueHne ypasHeHMA C 3ana3pbiBaHMEM

vilt) = k8;(t)y;lt—7), 7, > +0 (i >o); (63)

dyHkuma 8,;(t) ornmuHa ot O Tonbko Ha unTepsane (a;, B;) AnuHbI He Gonbwe T;, CTArUBalo-
wemcA K Touke t =0 npu i —> °°, 4 ANA HEKOTOPOro g = const

a=k+kay a= (61)

Bi Bf
fswvae > 1, f 18,)lc<q. (64)
aj aj

Benyvae v=0, k = —1u3 (62) umeem [92]
ylt) =c <0), vyl)=0 (t>0).

3710 3HaWMT, YTO BCE Te pelseHnA, KoTopblie CywecTayloT npu t < 0, B MoMeHT t = 0 ckauykom
nepexoAAT B Touky y = 0 u octaotcA tam. MNpy HavanbHbIX ycnosuax y(ty) =yo, to > 0,
yo 0, nmeem pewenue y(t) =y, (t >0), He npoaonimmoe B obnacts t < 0.

1
2° Ecnu cwtath, 4TO Y =7 , Te. &6(t)nlt) = —2— 8(t) (Hanpumep, 3 coobparkeHnin

CHMMETPUK, NN NPUHUMEA NO ONPEAENeHNIo, YTO peleHnA ypasHeHMA (58) aonxHbl 6biTb
takosbl, wTo y (t) = [y(t —0) +y(t +0)]1/2), o us (61) nonyvaem a = 2k/(2 — k) . Npun
k = 2 3roT pesynbrar TepAeT cMmbicn. TouHee, npu k = 2 peweHue C NoGbIM HauanbHbIM yCno-
BuemBupay (tg) =yo #0, to <0, He npoaonxmmo B obnactb t > 0.

Mpu & > 2 nony4aetch peweHKe y (), MeHAIOLWEe 3HaK, YTO HEeCTECTBEHHO ANA YPaBHEHUIA
suaay =¢(t)y (B cnyvae niobbix HeNpepLIBHBIX MAW CyMmMUPyembix yHKUMMA ¢ (t) ero pe-
WEHUA He MEHAIOT 3HaKa) .

3° Byaem paccmatpuBath ypasHeHnne (58) kak npeaensHoe AnA ypaBHeHWi

¥ = k8;(t) y;,

rae anA kaxporo /i yHKuMA 8; cymmmpyema, pasHa 0 sHe uHtepsana (o;, §; ) v yaosnetso-
pret ycnosuam (64), a;, §; > 0 npu / > 0. Torpa

t
yilth=cexp(k [ 8;(s)ds).
a;
MNpu j—>o0 nonyvaem ;(t) = y(t) (t#0),
yit) =c (£<0), . ylt)=ce* (>0). (65)
Ecnu cwmrams peweHnamu ypasHenua (58) dyHkuun (65) , To npu Bcex 3HaueHuax k sce pe-

weHnA cywectsywT M npu t < 0, n npu t > 0. Bboibop Takoro onpeaeneHNA peLIEHWA COOT-
BeTCTBYeT Cnyvato, koraas (61)

PLIS
kek —1)°
3ametum, uto ¥ > 1/2 npu k 0.

WUs atux paccyxaeHnii MOXHO clenatb cleAyowmii BbiBoA. Mycts ypasHeHne (58) pac-
CMaTPMBAETCA KaK uaeanu3aumna ypasHenmna (63), rae 7 = 0,

6;(t) =0 (t<o; t=86;), 8;{t) =20 (o;<t<B), ) (66)
35
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uHTerpan ot §; (t) no untepsany (a;, §;) paseH 1, a wacna 7;, a;, f; manei. Toraa B cnyvae
7; 2 B; — a; pewenme 6nm3ko Kk byHkuun (62) ,a B cnyyae 7; =0 — k dyHKumumn (65) .
Mo3tomy B cnyvae 7; = f§; — a; npeaenbHoe ypaBHeHWe nyvwe 3anucath He B Buae (58),
aBBuae
y'(t) = k&(t) y(t — 0);

peweHMAMU TaKOro YpagHeHUA ABNAIOTCA yHKuumn (62) .
B [92] noaoGHbie npeaensHbie Nepexofbl PaCCMaTPUBalOTCA ANA Gonee CnoXHbix ypas-
HeHWi

x| = flt,x) + 8;()glx),  xi(to) = xio. (67)
i=1,2,... MNycrb dyHkumm F(t, x), gix) wn 8;(t) nenpepbiBHbl (o <t <t,, x € R"),
f,g € R", 8;(t) ynosnetsopaer ycnosuam (64) u (66) :

a; > 0, g = 0, Xip ~* Xo (i), t,<0< ty.

PeweHne 3anaum (67) He 06A3aTenbHO eAMHCTBEHHO.
Teopema 3 [92). Mycrs 3adayu

u=flt,u) (te<t<0), ulto) = xo, (68)

vV=glv) ((0<et<1), v(0)=u(0), (69)

w="Fflt,w) (0<t<t,), wi(0)= v(1) (70)
umesoT edurcreennsie pewrenua u (t) , v(t), wit),

Toz0a dna moboi nocnedosarensHocTu pewenudli 3a6ay (67) (i=1,2,...)umeem

xi(t) > ult) (<1t <0),

xi{t) > wit) (0<t<t;).

Teopema 4. Mycrs 7,20, 0K<P;—a;<7;, i=1,2,.. ., unycrs 3adavwu (68) u
Z=flt,z) (0<t<t;), 2z(0)= u(0) +g(ul0)) (71)

umMeroT eduHcreennsie pewenua u(t), z (t).

To29a 0na mobol NocnedoearensHoOCTU pewenul 3a0ay

X; (0) = Fle, x(00) + 8;(8) glx;(t — 1)), xilta) = Xjo (72)
umeemM npu [ —>o°

x;i(t) = ult) (to<t<0), xit) = z(t) (0<t<t,).

NokasartenbcTtBo. Npui>/i, nmeem ty <a,-<B,-<'t1 u pewenve 3anaw (72)
YAOBNETBOPAET yPaBHEHUIO

xi{t) = flt, x;{t) (to <t<a; F<t<t). (73)
Tak kak AnA Hekotopbix @ > 0,6 >0umeem [ F(t, x)| < mnpult] <a, | x —u(0)| < 2b,

70 anA d = min{a; bm"} BCe Te peweHWA ypaBHeHMA x' = f(t, x), AnA KOTOPbIX
I1x(0) — u (0} < b, npm |t | < d cywecTByI0T M YAOBNETBOPHIOT HEpaBeHCTRY

Ix(t) — x(0) | < mlzl. . (74)

B cuny 3ameuanmnna K nemme 6 § 1 peuweHnA 3TOro ypaBHEHUA € HauyanbHbiMK YCNOBUAMA
x(to) = xjo NPU Xjo —> Xo PABHOMEPHO CXOAATCA K U (t), tg <t <0, 1.e. aAnA nwboro >0
3TM peleHWA Npu / > i3 () yAOBNeTBOPAIOT HEPaBeHCTBY

Ix{t) —ult)| < (to <t <0).
Orciona u u3s (74) cneayer, utonpu i >iy(n), |t <nqm”
| x(t) — u(0)|< 27. (75)

B cuny (73) npu ty <t <q@; 3TM peleHNA ABNAIOTCA pelueHMAMM 3apaum (72) . Tak kak
Bi—a;<7;>0,70B;— 1; <a;, unpui>iz(n) na; <t <pf; nmeem

-1, <t-71<q, |x@t—71)—ul0)] < 27
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Tak kak dyHkumAa g (x) HenpepbiBHa, To AnA moboro € > 0 npu AOCTaTONMHO Manom 1w
i>i3(n)
lglx;it — 7)) — glwlONI<e (o <t<P)). (76)

Bsenem o6o3Havenua | g(w(0)) 1= go,
t

J 8:5)glx; (s — T:Nds = J;(z).

aj
Toraa scuny (64) u (76) npm o; < t < f§;
1Vi(e)] < qlgo + ), Jilg) - glw(0)) (i~ =). (77)

Mok axem, YTo AnA aocTaTouHo Gonbloro iy M Bcex / >/, pewenne x;{t) 3apauw (72) npu
a; < t<f;ocraerca B wape K {|{x —u(0)|<qlgo +€)+2} . Npm [tI<a, x € K umeem
if{t, x)| < m,.B onny (75) | x,le;) — «(0) | <1 npu Gonbwmx i. Janee,

t
xi{t) — x;la;) = [ fls, x;(s))ds + J;(t). (78)

&

Ecnu 6bi pewenme np 0<t —ao; < B; — o; < m7 sbiwno Ha rpanvuy wapa K, To B TOYKe Bbi-
xoaa nesaa 4acTs (78) Gbina 6b1 Bonbwe q (go + €) + 1, a npasaA (¢ yyetoM (77)) — MeHbile
3TOro0 Yucna. ATO HEeBO3IMOXKHO.

Cornacno (75) x;{a;) = v (0) npu i =+, Noatomy u3 (78) npu t=F;u (77) nonyvaem
npu j oo

xi{B;) = vl0) + glu(0}). (79)

Mpu t > B; pewenne 3agawm (72) cosnapaer ¢ peweHnem ypasHeHUA (73) ¢ HavanbHbLIM
ycnosuem x; = x;(B;) npu t = ;. Ecnm §; > 0, To 310 pelseHne MOXHO NPOAONNMTL KaK peLue-
Hue ypasHewia (73) esnnotb aot = 0. Kak npu f; >0, Tak u npu §; <0 u3 (75) u (79) no-
Ny4aeM ANA TaKoro pelueHuA ypasHeHua (73)

xi(0) - u(0) + glu(0)).

B cuny 3amevanmna Kk nemme 6 § 1 pewenue x;(t) npu 0 <t <t, paBHOMEPHO CXOAMTCA K
pewenunio 3anam (71). 1o pewenue x;{t) npu B; <t <t, coBnanaer ¢ pewieHMeM 3aflaum
(72) . Teopema aokasaHa.

OuesunaHo, ycnoswe HenpepbiBHOCTH  (t, x) MOXHO 3ameHMTL ycnoenAamm Kapateoaopw;
tbyHkuma f (£, x) B (72) moxeT 3aauceTb TakXKe OT napameTpa My, M; —* Mo, KaK B Teope-
me 6 § 1; dyHKumMIo g (x) MOXHO 3aMEHUTL Ha HenpepbiBHYIo PyHKuMio g (L, x) .

Ouenb obwme (HO €O CNOXHBIMM OPMYNUPOBKaMU) TeopeMbl O HENPEPLIBHOW 3aBUCH-
MOCTY OT NapameTpa AnA AndrbepeHuMNantbHbiX YPaBHEHUN C Pa3PbIBHLIMMA PELUEHUA MU UMEIOT-
cas [92].

MNoasoan uTor, MOXHQ CKa3aTb, YTO NOHATHE PELUEHWA ANA yPaBHEeHW BMAA

x' = flt,x) + plt) glt, x),

rae ¢ (t) — penbTa-hyMKUMA MNW NPOM3BOAHAA OT Pa3PLIBHOW (YHKUWM OrPaHUYEHHOW
BapvauMn, Kak U AnA ypasHewun (53) ¢ paspeiBHOK MaTpuuer B (t) , He ABNAETCA OAHO3HAY-
HO onpegeneHHbIM. Mpu BLIGOPE TOrO AU UHOrO oNpeAeneHnA peweHUA Hapao Gonee nonHo
yWTbiBaTh XapaKTep NpeaensHoOro nepexoaa, NPMBeAWero K pacCMaTpMBaeMOoMy YPaBHEHWIO.

4. B pabovax A. Kypuse#na ([15], [16], [92] u ap.) paccmarpusaoTcA 0606iieHHbe andidpepeHunans-
Hble ypaBHeHnn

d
Z . pFix D). (80)
at

Y Ka3bi88€TCA, YTO npu onpeae. bIX npeanono X TAKOe YPaBHEHKE MOXXHO 38NWCaTh TaKXe B BH‘AG

dx F
— = —Flixt),
dt at

NPUYEeM NPON3BOAHLIE NOHUMBIOTCA B CMbICne TeOpuM 0606uieHHBIX DyHKUWA. Mpu onpeaeneHHbIX yCno-
suAax (paannurbix 8 {15] u B [92]) AOK83L1BEI0TCA TEOPEMbI O CYWECTBOBAHAN M EANHCTBEHHOCTU PeIe-
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HUA, O HENPEPBIBHOW 38BMCUMOCTH PELIEHMA OT HauanbHbiX YCNOBWK W OT napameTpa. Peuewwe ypaBHe-
HuA (80) onpeaenfAeTcA ¢ NOMOLULIO NOCTPOeHHOTo B [15] o6o6uennn vnTerpana Meppona.
B [16], [92] npeanonaraeTcn, uto

[Fix, t,) —Fle, t,) 1 <Vhlt,) —hie) |,
|Fix, t,} —Flx,t,) — Fly, t;) + Fly. t,)| < wllx—yl) [ hlt,) —hit),

rae dyHkuma h(t) — Hey6uiBalowan, HenpepsiBHanA CNesa, a win) — Hey6biBaOWARA, HenpepsiBHAR, W«
w(0) = 0. Mpu 3TUX YCNOBUAX AOKA3bIBAETCA, YTO pewenne ypasHenunA (80) C HauanbHbiM ycnoBuem
x(t,) =x, cywecrsyer Ha HeKOTOpOM oTpeske [t,, t, + ], 0 > 0. PeweHue yaoBneTBOpRET YCNOBKIO

Ix(t,) —x(t,) | < 1h(t,)—nlt,) ],

cneaoBaTensHO, HenpepsiBHO crieBa. B cnyuae wi(n) = kn pewenve eauHcTBeHHO NpU t > L.
Npumep [92]. Bobnactu | x| < 1, |t| <1 PyHKuun

Fix,t)=x (t<0), Fix,t) =0 (¢>0) 82)
yaosneTsopAeT 06oum ycnosuam (81) ¢ win) = 7,
h{t}=0, (t<0) Alt)= 1 (t>0).

(81)

Mpwu HavansHom ycnoewm x (t,) =x,, t, <0, nmeem pewenne
x{t)=x, (<0}, x(t) =0 (t > 0).
MNpu HavaneHoM ycnoeumn x (t,) =x,, t, >0, pewenne x(t) = x, (t>0) HenpoaonaercAs obnacTe

t< 0, ecnu x, #0.
B atom npumepe paccmaTpusaemoe ypasHenne (80) c dbynkuuer (82) moxHO Takixe 3anucaTte B BUAe

x'(t) = —8(t) x(t —0).

Noxaxem, 4To npu ycnoeunax (81) ypasHerne (80) MOXHO CBECTH K YPBBHEHWIO C TOAYKAMM, CXOAHO-
my ¢ (72).

Kax nssectHo ([64], cTp. 290), dynxkuma h (t) orpannueHHOn Bapuauumn Ha oTpeske [t,, t, | npeacra-
BVUMaE B B e

h(th = plt) + rle) + sle), . (83)

rae v (t) abconwTHO HenpepsisHa, r (t) — HeNpPepbIBHAA (YHKUKMA OF PBHMHYEHHOK BaPUBUWM, KMEIOLLaR
noutn Beloay r'{t) =0, s(t) —anre6panveckan cymma ckaukoB hyHkumm h (t) Ha oTpeske [t,, t]. Ecau
dyHKunA h (t) — HeyGbiBalowan, 10 yHKUMN @, r, s — TOXe.

Nycvb pyHkumA A (t) na (81) npeacrasnena B Buae (83). Toraa samena HE3aBUCUMOrO NEPEMEHHO-
ro t+ r(t)= 7, x(t) = z(r) npuBoanmT ypasrerue (80) K ypasHeHuio

dz(7)
= flr,2(7)) + Z8(t—t)) gjlz(r —0)), (84)
dr j
9
flr,2) = v Flz, tlr)), gjlz) = Flz,7;+0) — Flz, 7)),

CymMMa GepeTCH No BCeM TOUKaM 7; Paapsiea cyukuun h (¢t (1)) . MoxHO noxa3ats, 4TO NpU NOYTH BEEX T
1f(r,2) | < '(tlr)) + 1,
1 flr, x) — Flr, ¥} | < wll x—yl) (¢ (tlr)) + 1),

CneapsarenbHo, GyHKunA f yaoBnetTBopAeT ycnosnAm Kapareoaopu, a ecnu win) =kn, 710 M ycnoswio
Nunwwua (6) § 1.



FTTABA 2

CYNIECTBOBAHUE U OBIUE CBOHNCTBA
PEIIEHHUA PA3PHIBHBIX CHCTEM

B rn. 2 paccMaTpvBalOTCA pasnuuHble oNpeaeneHnA peweHnin andhepeHunanbHbiX YPaBHEHUR U CUCTEM C
Pa3pbiBHbLIMKM NPaBbIMKM HYACTAMM ANA CRYYaes, KOrAa, B OTNWuME OT rn. 1, NpaBble 48CTW He ABNAIOTCA He-
npepbiBHBIMK NO X. Y Ka3biBIoTCA 06naCTU NPMMEHMMOCTH Pa3nuuHbIX onpeaeneHni. [inA auddeperumnans-
HbIX YPABHEHUW C Pa3spbiBHbIMM NPABbIMK YGCTAMMK, @ TBKXKE ANA AnddeperunanbHbiX BKNIOYEHUA ROKA3bI-
BAETCA CYUIECTBOBAHNE PEWEeHWH M M3YYBI0TCA MX CBOWCTBA, B 4ECTHOCTH 38BUCUMOCTL PELUeHuA OT
HavanbHbiX YCNOBUA M NPABbIX 48CTeW YPABHEHNA, CBOWCTBA NHTEr panbHbiX BOPOHOK.

§ 4. PaanuuHbie onpeneneHus peilieHUs

3aecb M3naraloTcA pasnuyHble onpeaeneHUA peuwexnii auddepeHLuManbHbiX ypaBHeHUHA ¢ pa3-
PbIBHbIMM NPaBbiMK HaCTAMWU. YCTaHaBNMBAETCA CBA3b TaKUX ypasHeHun ¢ auddeperimans-
HbIMM BKNIOYEHMAMKM. B pasnmuyHbIX CAY4aAX ONpefeNAeTcA CKOPOCTb ABMXKEHUA NO NoBepX-
HOCTW pa3pbiBa (npoussopHan dx/dt ANA pelwieHUA, nexkawero Ha NOBepPXHOCTM Pa3pbiBa) .
B ABYX OCHOBHbIX CNy4aAX ONPeAeNnAeTCA CKOPOCTb QBMXKEHMA NO NepeceveHnio NOBepXHOo-
CTed pa3pbiBa.

1. Ucnonb3osaxHoe B § 1 onpeaeneHune pewieHUA Kak abConioTHO HenpepbiBHOW (yHKUMK,
NOYTM BCIOAY YAOBNETBOPRIOLLEN YPaBHEHWUIO, He BCeraa NPUMeHMMO ANA YPaBHEHWIA, Npasble
4acTU KOTOPbIX Pa3spbiBHbI Ha NPOM3BONLHOW rNaaKoON NUHUM MNu nosepxHocTM S. OHO npu-
MEHMMO B TOM CNy4ae, KOraa C OAHOW CTOPOHbI OT S peleHWA NOAXOAAT K S, a C APYron
CTOPOHbI CXOAAT ¢ S. 3pech peweHne nepecekaer S M yaoBNeTBOPAET ypaBHeHMIO BClOAY,
KpOMe TOYKWU NepecevyeHUA, B - KOTOPOA pelwieHMe He MmeeT NPoOM3BOAHOW (npumep 1
BBeAeHMA) .

B apyrom cnyuae, korpa ¢ o6emx CTOPOH NUHUM MNKM NOBePXHOCTM Pa3pbiBa S pelueHUn
npubnmkaloTcA K S, 3TO onpeaeneHne HENPUrofHO, TaK KaK HUYero He roBOPUT O TOM, KaK
NpoaosnKaeTCA pelleHue, nonasluee Ha S (Npumep 2 BBeaeHnn) . YTo6bi o6ecnewnTs cyuect-
BOBaHWE U BO3MOXXHOCTb MPOAOMKEHUA PeleHMd, B TaKOM CNydYae HeoGXORUMO MNK onpene-
neHHbIM 06pa3oM U3MeHUTL 3HaYeHMe NPAaBOW 4acTM ypaBHeHMA B TOYKaX ee pa3pbiBa, unu
A[oonpeaenuTb ee TaM, ecnu oHa Gbina Tam He onpeaeneHa.

Heo6xoaMMO MMETL TaKoe onpefeneHue pelleHMA, KOTOpPOe OXBaTbiBano 6bl 3T ABa OC-
HOBHbIX cNyyYan u GOpMyNUpoBanoch Gbl He3aBUCUMO OT PAcNONOKEHUA NUHMIA U NOBePXHO-
cTei paspuiBa. Monywaemble NP 3TOM peuleHMA AONXKHbI YAOBNETBOPATL TpeBOoBaHWAM,
W3N0XeHHbIM BO BBEAEGHMM.

W3naraemble HMKe pa3nuuHble ONpeaeneHUA pelleHUA OGbIYHO NPUMEHAIOTCA K YpaBHe-
HMUAM U CUCTEMaM C KYCOMHO HenpepbiBHLIMM NPaBbIMW YAaCTAMU, HO HEKOTOPbIEe U3 HUX
npuroaHsl M B 6onee obwmx cayyanx.

B npanbHewem X O3HavaeT TOMKY /FMepHOro npocTpaHcTea R” ¢ KoOpAMHaTamm
Xy, o Xy IXI= (x3 + ..+ x3) V2. Dynkuma unu sextop-byHkuma f(t, xh HaswiBaetcA
KyCOYHO HenpepbieHOU B KOHewHoW obnactm G (n+1)-mepHoro npocTpaHcTsa t, X, ecAu
o6nactb G cocToMT M3 KoHeuHoro wucnaobnacren G; (/i = 1, ..., l), B KaxAok U3 KOTOPbIX
yHKUMA f HenpepuiBHa BNNOTL A0 IpaHMUbl, 1 MHOXecTBa M mepbl Hynb, COCTOALLErO U3
TOYeK rpaHuMu aTux obnacveit. PyHKUMA Henpepbi6Ha B 06GNacTU @nN/oTb 00 2paHuybl, eCcnNw
npu NpuBAMKEHUM K KaKAOW TOYKe FpaHMibl OHa CTPEMMUTCA K KOHeYHOMY Npefeny, BO3-
MOXXHO, K Pa3HbIiM NpeAenam ANA pa3HbiX rpaHnyHbix Todek. Ecnu o6nacte G GeckoxeuHa, 70
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B oNpeneneHM KYCOYHO HenpepbiBHOM YHKUMKM KaAaA KOHewHan 4acTb o6nactn G mMoxer
MmeTh o6uime TOUKM NULWIL C KOHEe4YHbIM ucnom obnacTeir G;.

Hanbonee 4acTo BCTpewaeTCA cnyuaid, Korpa MHoXecTso M Touek paspeiBa yHkumm f
COCTOMT M3 KOHEWHOrOo 4ucna runepnosepxHocte. B /m -mepHom npocTpaHcTBe Kk-mepHOi
2unNepnoeepxHocTsio Gynem Ha3biBaTb TaKOe MHOMKECTBO S, YTO B OKPECTHOCTU KaXAOM ero
TOMKM 8 (MNM TOYKM 8, NpeaenbHON ANA ToueK U3 S) Bce KOOPAWMHATHI TOYEK MHOXeCTBa S
ABNAIOTCA HeNnpepbIBHLIMU (YHKUMAMKU KaKUX-NMBO kK M3 3TUX KOOPAMHAT, N3MEHAOWMNXCA

B HeKkoTOpOW k-mepHoii o6nactu G*(a) . Hanpumep,
x;=@ilxy, .., x )EC, i=1,..,m; (xy, ... xx) € G* (a).

Ecnu npu 3TOM TOuKa & ABNAETCA 06pa3om rpaHMyHoON Touku obnactm G* (a), To Touka a
npuHaanexuT Kpao runepnosepxHocTn S. Ecnu Bce ¢; npuHagnexat CP, T.e. umeioT Henpe-
pblBHbIE NPOM3BOAHBIE A0 NOPAAKA P BKNIOYMTENBHO, TO FMNEpProBePXHOCTb S NPUHaANeXUT
knaccy CP. MunepnosepxHocTn knacca C! HasviBatoTcA 2n1a0Kkumu. Ecnu Bce iyHKumm 0;
NuHediHbI, a 06nacTe G¥(a) ecTb k-MepHOe NPOCTPAaHCTBO, TO FMNePHOBEPXHOCTL Ha3bIBAETCA
2unepnnockocTsio. OpHOMEpPHaRA rMnNepnosepXHOCTb ECTb NUHUA.,

B aanbHeiwem AnNA KpaTKOCTM (M — 1)-mepHy0 rMNepnoBepXxHOCTL (rUNEpraoCcKOCTb)
B /M-MepPHOM NPOCTPaHCTBe GyaeM Ha3biBaTb NOBEPXHOCTbIO (COOTBETCTBEHHO NNOCKOCTLIO) ,
a ANA Apyrux runepnoBepxHOCTen GyaeM KaxAbif pa3 yKasbiBaTh UX Pa3MEPHOCTb.

2. PaccMOTpuM YpaBHeHWe MNK cUCTeMY B BEKTOPHOW 3anucu '

x=f(t, x) (1)

C KYCOYHO HenpepbiBHOW yHKumen f B obnacth G: x € R" x = dx/dt: M — MHOXecTBO
(mepobt Hynb) Touek paspbisa dyHKumm f.

BOoNbWHUHCTBO U3BECTHLIX ONpeaeneHni pPeweHMA MOoXKeT 6biTb M3N0XKEeHO CNeaYIoOWmnM 06-
pasom. [ina kaxpon Touku (t, x) o6nactu G ykasbiBaeTcA MHOXeCTBO F (t, X) B8 N-MepHOM
npoctpaHcTee. Ecnm B Touke (t, x) dyHKumA f HenpepsiBHa, TO MHOXecTBO F (t, X) cocTomT
#3 OAHOM TOYKM, COBNapaoLLen co 3HaveHuem dyHkuum B 3TOW Touxe. Ecnm xe (t, x) —
TOuka paspbiBa yHkuumn f, T0 MHOXecTBO F(t, X) 3apaeTcA TeM MNK UHBLIM CNOCOGOM.
Peweriuem ypasHerna (1) HasbiBaeTcA peuweHune auddepeHUManbHOro BKNOYEHNA

x € F(t,x), (2)

7.6. aGCOMOTHO HenpepobiBHan BexkTop-byHKUMA x(t), onpepaeneHHaA Ha uHTepsane WMnn
oTtpeske /, ANA KOTOPOiA NouTK Beiloay Ha /| X (t)E F(t, x(t)).

CyuwectBeHHbIW MHTepeC NPeACTaBNAKT Te cnocobbl aoonpepenedmA F(t, x) B Toukax
paspeiea pyHkumm f, npM KoTopsbix nonyuvedHoe auddepeHunanbHoe BkmoveHne (2) npu-
rOAHO ANA NPUEGAMXKEHHOTO ONUCaHMA NPOUECCOB B peanbHbiX (M3uvecknx cuctemax. MNycte
BHe HEKOTOPOV NOCTATOYHO MasNoN 5-0KPECTHOCTM MHOXECTBA M dM3UUECKan CUCTEME ONUCHI-
saetcA andbepeHumanbtbim ypasHednem (1). Torpa anA noctpoeHnA mHowectsa F(t, x)
Haflo METE HEKOTOPbLIE CBEREHUA O NOBeAeHUN (M3NYECKON CHCTEMbI B 3TOM 5-OKPECTHOCTH.
Yr1o6bt ONpaBaaTe Nepexoa K MaTeMaTYeCKOMY OnUCcaHuio (2) duanueckoi cucteMbi, Haao
noKasaTs, YTO NpU AOCTATONHO Manbix & pgukeHMe U3NUECKON CUCTEMBI CKOMb YFOAHO
6nM3K0 K HEKOTOPOMY peuieHuio AndybepeHunansHoro BKaloveHnAa (2) (Hanpumep, ctpeMuT-
cA K Hemy npu & = 0) . CTporoe 060CHOBaHUE BO3MOXXHOCTM TaKOr0 Nepexoaa NPU pasnuyHbIX
NPEANONOXKEHNAX O MOBEAGHMM CHCTEMbl B J5-OKPECTHOCTU MHoxectBa M Gyaer Aaawo
B N. 3 § 8, a 3gecb NPUBOAATCA Hanbonee 4acTo NpuMeHAeMble cNOCOoGbI AoONpeaeneHnA
dyHkumm F(t, x) Ha MHOXecTBe M.

Cnenytouiee aoonpeneneHve a) NPUMEHMMO, B YaCTHOCTH, K CHCTEMaM C ManbiM 3anasabi-
BaHMEM TOTO MAKM MHOIO POAa (TouHee cm. 1° — 3° n. 3'§ 8), a Takke K HEKOTOPLIM CHCTe-
MaM C CYXHMM TpeHueM.

a) Mpocretiwee Bbinyknoe aoonpeaenedue [93]. [ina kaxaon Toukm (L, x) € G nycts
F(t, x) — HauMmeHbwiee BbINYKNOe 3aMKHYTOE MHOXXECTBO, coaepikallee BCe npemenbHbie
3HaweHnA BeKTOp-MyHKuMmM F(L, x*), Korpa (i, x’) & M, x* - x,t = const. PeweHuem
ypasHennA (1) HasuiBaeTcA peteHme BKNIOYeHUA (2) ¢ TOMLKO YTO NOCTpOeHHbIM F (T, x).
Taxk kak M — MHOXXeCTBO Mepbl HyNb, TO NpU NOYTH Beex t € / Mepa ceveHua mHoxecTsa M
nnockocTblo t = const pasHa Hynto ( [64], cTp. 371) . Mpu Taknx t MHoXecTao F(t, x) onpe-
Aenexo anA Bcex (¢, x) € G.
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B Toukax HenpepbiBHOCTM (yHKuun f MHOXecTBO F (L, X) COCTOMT N3 OAHON TOYKWN
f(t, x) n pewenne yaoBnerBopAeT ypaBHeHuio (1) B 06GbluHOM cmbicne. Ecnu e Touka
(t, x} € M nexmT Ha rpaHMuax ceveHur ABYX UNKU HecKONbkux obnacrett G,, ..., G,  nnoc-
KOCTbIO t =const, To MHOXecTBO F (t,x) ecTb OTpe3oK, BbINYKAbIA MHOrOYrofnbHUK UAK
MHOrorpaHHuK ¢ sepwunamu f; (t, x) , i <k,rpe

filt, x) = lim flt, x*). (3)

(t,x')EGi,x'-x ’

Bce vouxn f; (t,x) (i = 1, ..., k) conepxarca B F(t, x), HO He 0GA3aTenbHO, 4TOGb BCE OHU
ABNIANNCL BepLUMHAMN.

PaccMmoTpum cnyuait, koraa dyHkuma fit, x) pa3pbiBHa Ha rnagKoW NOBepxHOCTH S, 3apa-
Baemoi ypasHeHueM ¢ (x) = 0. MosepxHOCTb S AenUT CBOI0 OKPECTHOCTL B NPOCTPAHCTBE X
Ha o6nactu G~ u G". MycTs Npu t = const u NpuBAKKEHNU TOuKKM X* K TouKe X € S u3 obna-

creit G~ n G* dyHkumn f(t, x*) uMmeeT npeaensbHble 3HaueHNA

lim f(t, x*)=f1t, x), lim F(t, x*)=f"(¢t, x).
x*€eq x*e G*,
X.—‘X x'—'x

Toraa MHOXecTBO F(t, X) eCTb OTPe3OK, COSAVHRIOWMIA KOHUbl BexkTopos f (t, x) u

f'(t, x) . 3necb U aanee cuMTaeM, YTO 3TM BeKTOPbLI NPOBEAEHbI U3 TOMKH X.
Ecnu 3tOT OTpesok npu t; < t < t, NEXNT C OAHOW CTOPOHb! OT NAOCKOCTH P, Kacatens-
HOM K NOBEPXHOCTW S B TOYKE X, TO pelleHMA NpW 3TUX ¢ NepexOAAT C OAHOW CTOPOHbLI MO-

BepxHOCTH S Ha apyryio {puc.3).
Ecnu 3T0T OTpPe30K nepeceKaeTcA ¢ NNOCKOCTLIO P, TO TOYKa NepeceyeHUA ABNARETCA KOH-

uom sexTopa 0 (t, x), onpeaenAioWEro CKOPOCTb ABWXKeHUA X = fO(t, X) no nosepxHocTu S
8 NpocTpaHcTBe X (puc. 4) . ITo 3HaunT, 4T0 DYHKUMA X(1), yROBRETBOPAIOLLAA YpPABHEHWIO

x=1°(t,x), @)

8 cuny onpeaenednn (2) cuntaercA pewennem ypasHewna (1). Ecom O #F 7, 0 #f*, vo
TaKoe pelieHne YaCTO Ha3bIBAIOT CKOMLIAUUM peXumMoMm. PazymeeTcA, HenpepbiBHaA QyHK-
umA x(t), KOTOpaR Ha OQHOW 4acTW PacCMaTPUBaeMOro MHTePBana BpeMeHy NPOXOAUT B 06-

nactm G~ (wnm 8 G*) v tam yAoBReTBOpAET ypaBHeHMIo (1), a Ha OCTaBLIEACA 4aCTh NPOXO-
AWT NO NOBEPXHOCTM S M YAOBNETBOPAET YPaBHEHWIO (4), TaKKe CYMTAETCA pelLleHUeMm
ypasHexun (1) 8 cmbicne onpeaenedun (2) .

Bce nu Takve ABMKEHNA OCYLLECTBAAIOTCA B PeanbHbiX (M3NYeCKUX cucTemax? 3gaeco Hago

pa3nuuatb ABa ocHOBHbIX cnyuan. Mycte fy(t,x) w fy(t,x) — npoexuw BexTopoB
f7(t, x) w ' (t, x) Ha HOpmanb K NoBepXHOCTH S B TOYKe X; HOPMans HaNPasneHa 8 CTOPO-
Hy o6nactu G*.

\\*’*.\.\_ff- \ X \
7
prr el

Pwc. 3. Puc. 4.

" e
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Ecnu ¢ 06enx cTOpOH OT NOBepXHOCTW S BekTopbl f(t, X) HanpaBneHb! K 3TOM NOBEPXHO-
cTy, T.e. f,; >0, f,:, < 0, To 86n13K NOBepXHOCTU S ¢ 06Genx CTOPOH BCe pelleHnA Npubnu-
MKaIOTCA K Heil NPW BO3PAacTaHWM t U HW OAHO pelleHne He MOXeT coifTu ¢ S. Moatomy peute-
HMe, KOTOpOe B Kakou-nMbBo MOMEHT f; NpOXoauT uepe3 TOUKY, nexauyio Ha S, GyaeT npu

t >t OCTaBaTbCcA Ha S.
Ecnun xe ¢ 06enx CTOPOH OT NOBepxHOCTU S BeKTOpPsI f (T, X) HanpaBneHsbl OT ITOR NOBepXx-

HOCTH, T.e. f,:, <0, fA', > 0, To peiueHue, NPOXOAALIEe NPU t = t; Yepe3 TOYKY NOBEPXHOCTH
S, npu t > t; MOXeT AU COWTH C NOBepxHOCTM S B obnacTs G, unu coitn B obnacts G,
nnu ocTasaTeCA Ha S. B nocneaHem cny4ae OHO MOXeT COUTHU ¢ S B NOGONW MOMEHT, NO3TOMY

ABWXKeHWe NO NOBepxHOCTH S B cnyvae £ < 0, f5 > 0 HEYCTONNMBO W He OCYUIECTBRAETCA

B peanbHbiX CUCTEMaX.
Merko noacunTarth, YTO B ypaBHeHnn (4)
- T
fo=af'+(1-a)f, a=—F—, o0<a<, (5)
NTIN
rae fy v fy, onpedenenb! Bhiwe. B caMoM Aene, OTPE3OK, COBAMHAIOLIMIA KOHUbI BEKTOPOB f

u f*, Bbipaxaerca nepsoi u3 copmyn (5), rae a menaerca ot 0 no 1; w3 ycnosua f,‘,’, =
= afy + (1 —a)fy = 0 Haxoaum yKasauHoe 8 (5) 3Havené a. Ecnu noBepxHOCTb S 3anaerT-

CA ypasHexveM ¢ (x) = 0unVy =grady #0, 10

_(w)-f' f‘=(V¢)-f‘ .- (Vo)-f~ )
Noolvel TN el (Vo) -(F=F*")

(npousseaeHnA BeKTOPOB — CKanApHble) .

Ecnn nosepxHOCTb paspeiBa dyHkuuu f(t, X) 3apaetcA ypasHexunem ¢ (t, x) = 0, To ana
oTbickaHuA Bextopa f(t, x) HaO NPOBECTM TaKOE e NOCTPOEHME B NPOCTPAHCTBe f, X C
(n+ 1) -mepHbimu BekTopammu (1, f*) u (1,f ). Torna sexktop F° 6yaer BbIpa)kaTbCA ONATL
nepsoi U3 opmyn (5), HO npu

+ .
e BT B (2 2 .
(Vo)-(f = 17) ot ox,  dxy,

Ecnun Beck OTPe3oK ¢ KoHuamn £ 1 f* neXxMT Ha NNOCKOCTU P, TO CKOPOCTb ABMKEHNA F°
NO NOBEPXHOCTH S ONpefenAeTcA HeOAHO3HAUHO.

s/ — 7T %

Puc. 5.

AHanornyHbiM 06pa3om Ha ocHOBe onpeaeneHWA (2) MOXHO HaUTU CKOPOCTb ABVXKEHUA
no nepeceveHuio NOBePXHOCTeN pa3pbiBa (puc. 5) . ITa ckOpOCTL ONpeAenAeTCA OAHO3HAYHO
VNN HEOAHO3HAYHO B 3aBMCMMOCTH OT TOFO, MMEET fin MHOXecTBO F (2, x) oaHy unu Gonblie
o6Wwux ToYeK ¢ KacaTenbHOM K aTOMy nepeceveHwio. Ecnu obwmx Tovek Her, To B6an3un pac-
CMaTPUBaeMON TOMKM HeT pellieHui, NPOXOAAWMX NO NepeceveHmnto 3TMX NOBepXHOCTeV pas-
povisa. B n. 3 yKasbiBaeTCA, KaK OnpeaennTb, KaKoh U3 3TUX CRyvYaeB WMeeT MECTO, U Kak
H3ATV CKOPOCTb ABWMKEHWA NO NEpeceYeHni0 NOBePXHOCTEN paspbiBa.
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[laHHoe BbilWwe onpeaeneHne peweHuAa MoXHO BuaonamenuTs { [94], cTp. 40) . Bo-nepsbix,
MOXHO MHOXECTBO npefenbHbIX 3Havewnin dyHkuuu F(t, x*) npn (t,x*) EM x' > x,t =
= Cconst 3amMeHUTb MHOXECTBOM NpeAentbHbIX 3HaueHui dyHkumn f(t°*, x*) npu(t®, x*) &
EMLt*>t, x*>x.

OKa3b1BaeTCA, YTO B 3TOM CRy4ae onpeaeneHne pelleHun GyaeT paBHOCUNLHO NepPBOHaYanb-
HOMY ASIA WWUPOKOro KNacca YPaBHEHWIA C KYCOMHO HenpepbiBHbIMW NPasBbiMKU YacTAMKU (CM.
Hwke n. 1 § 6). Teopur Takux ypasHeHui ponyckaeT Gonee npocroe u3noxkeHue, HO 3aTo
TaKue ypaBHEHWRA He OXBaTbIBalOT ypasHeHui Tuna Kapareoaopw.

Bo-8TOpbIX, MOXHO CYMTaTh, 4TO AaHHaR yHKUMR f(t, Xx) nNpuHumaeT 3apaHee 3anaHHble
3HauYeHUA B TOYKAX ee Pa3pbiBa, M He MCKAIONATL 3TM TOMKW NpU ONpeAeneH MHOXeCTBa npe-
AenbHbIX 3HaveHnH byHkumn 7.

B HexoTOpbLIX cRy4aAx MHoxecTBO F(t, x) B (2) B Toukax paspbiBa dyHKuuM f Henw3A
onpeaennTb, 3HaR TONbKO 3HayeHWR yHKuwM f B Toukax ee HenpepulBHOCTW. Hanpumep,
8 MEeXaHNYeCKON CUCTeMe C CYXMM TpeHnem

ag=v, mv=—glu)—~flv)+elt)

{m — macca Tena, U — ero oTknoHenue, g{u) — ynpyran cuna, f(v) — cuna TpeHuR, RBARIO-
WAaACA HeYyeTHOW W paspeiBHOW nNpu v = 0 yHKUMeNh CKOPOCTU V, é(t) — BHeWwHAR cuna)
Tpeuve nokoR f{0) MOXeT NpuHUMaTL noboe 3HaveHWe MeXAay CBOMMY HanbGonbLUMM U Han-

MeHbLUUM 3HaueHUWAMKU fo n —Fq. Ecnu fo = lim f(v), To npumeHnmo aoonpeaeneHue a).
v— 40
Ecnu xe fo > lim f(v), To aBvkeHve C HYNEBON HauaNlbHON CKOPOCThIO 3aBUCUT HEe TONbKO
v—+0

OT 3HaueHun dyHkumm f(v) B 06nacTAX ee HENPEPLIBHOCTH, HO ¥ OT BennunHbl fy. floonpeae-
nleHve a) TOrpa HempuMeHuMOo. B 060MX cRyYyaRX CUCTEMY MOXHO 3anucaTb B BuAe BKOMe-
unA (2) . MHoxecTBO F(t, x) npu v # 0 — Touka, anpu v = 0 — OTPe30K, ANUHA KOTOPOIro
3asucut ot fy.

CneposatensHo, MHOXeCTBO F(t, X) He BCeraa ONpeAENnAETCA NpPeAenbHbIMM 3HAYEHUAMMU
byukumn f(t,x) n3 (1), u 8 06WweM cnyvae 3TO MHOXKECTBO HaaO 3aAaBaTb, UCNONL3YA
KaKue-TO CBeAeHWUA O PacCCMaTPUBaEMOi cucTeme.

PaccmoTpuM eule npuMep Takoro poaa ( [5], crp. 148; [95]):

X=Ax+by, +cy;, V¥, =sgnxy, ¥, =sgnxy,

rae A — matpuua, b, c,.x — BEKTOpbI, X; — Nepeanr KoopawHata sextopa x. MycTe dyHkumn
Y1 v y2 B (hM3n4ecKoit cuCTeMe Peanu3yioTCA C NOMOLLLIO PasnuyHbLIX pene u npu X, = 0 se-
AUUAHLI ¥y ¥ Yy, MOryT NpuHuMate niobGble 3Hayednn ot —1 go +1. Torpa BcneacTBue
HEMAeaNnbHOCTN pene PaBeHCTBO ¥y = ¥, MOXET BLIMOAHATLCA He B KaXK/Ablii MOMEHT BpeMe-
HK. Y7061 3TO NOAYEPKHYTh, AMWIYT ¥ = SGN X, K¥; = sgn,x,. Ecnn 3anucatb cuctemy 8
suae (2), Tonpu x; = 0 Fix) ecTs MHOXECTBO TOMEK

Ax+bu, +cuy (—1<u, €1; -1<u, €1).

Ecnu sexTopbl b ¥ C He RBARIOTCA OAUHAKOBO HaNPaBAEHHLIMU, TO 3TO MHOXECTBO CYLWIECT-
BEHHO LWMpe MHOXECTBA Tovek Ax + (b +c)u (-1 <u< 1), nonyyaemoro npu aoonpeaene-
HWK a).

Heo6x0AUMOCTL OXBaTUTL Takue CMCTeMbl NPUBOAUT K cneayoweMy o6wemy cnocoby
([95], [96]; [5],cTp. 1561) nocTpoeHnn mHoXecTBa F (t, x) . PaccMoTpuMm cuctemy

x=1f(t, x, ult, x),..,u,lt x)), (8)

rae x € R", sextop-pyHKumn f(t, x, u,, ..., U, ) HenpepLIBHa NO COBOKYNHOCTH apryMeHTOB,
a CKanApHble unu BexTopHble hyHKunK U;(t, X} PaspuiBHLI COOTBETCTBEHHO Ha MHOXKECTBAX
M;, i =1, .. r, KOTopble MOryT UMeTh O6WME TOUKKU U naxe COBNAaAaTb. B kaxaon Touke
(t, x) paspbiBa pyHKUMM U; AONXKHO GbITb 3afaHO 3aMKHYTOe MHOXecTBo U;(t, X) — MHo-
MECTBO BO3MOXHbIX 3HaYeHWW aprymeHTa u; cdyHkummn f(t, x.u,, ..., u, ). MNpeanonaraetcn,
uTo NpM i #j aprymeHTel 4; w Uj MOryT He3aBuCMMO ApPYr OT Apyra npoberarte cooTaercT-
BeHHO MHoxectBa U;(t, x) un U; (t, x} . O6biuHO 3TO ycnoBue BbINONHEHO, eCAK YHKUUM
ui{t, x) » y; (t, x) onuceIBalOT pasnuuHble HE3aBUCUMbIE CocTaBHbie yacTH (6noku) duanue-
cxoit cuctemsl. B Toukax, rae dyHkuvR u;{t, x) HenpepbiBHa, MHOXecTBO U;(t, X) coctouT
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“3 OAHON TOMKM Uy (t, x) . B Toukax paspbiBa hyHKUMM u; (t, X) HEOGXOAMMO, 4TOGLI MHOXe-
creo U, (t, x) coaepxano Bce Touku, npeaenbHbie ANA ToYeK NOBGLIX NocneaosaTenbHOCTEN
eupa vy € Ujl(t, xg) ,rae xx 2> x, k=1,2,... (nan vy € Uj(ty, xi), rae t, >t, x; —>x,

k =1,2,...). O6biuo TpeGyioT, uTo6bl MHOXecTso U, (t, x) Gbino BbINYKAbIM (ecnn
u; (t, x) — ckanApHan dyHkumA, To U, (t, x) — oTpesok uau Touka) . Nycts
Filt,x)=f(t, x, Uy (t, x), ..., U,(t, x)) (9)

— MHOXeCTBO 3HaueHun dyHkumn f(t, x, u;, ..., U, ), KOrpa t, X NOCTOAHHLI, a Uy, ..., U, He-
3aBUCMMO ApYr OT Apyra npoGeraloT cooTeeTCcTBeHHO MHoXecTea U, (t, x) , ..., U, (t, x) . Pe-
weHnamn anddepeHumnansHoro ypasHeHna (8) HasviBaloTCA pelwlednA andbepeHunanbHoro

+

~X

BkmoveHnA (2), rae F(t, x) = F,(t, x), xak B [7], [97], nan F(t, x) = coF, (t, x), Kak
8 [95]. YacTHbiMn cnyuasmu Takoro cnocoba nocTpoeHnA dyHKuwu F(t, X) RBARIOTCA KakK
AoonpeaeneHune a) , TaK U N3noXeHHbIe HWKe aoonpeaeneHun 6) v .) .

6) [NoonpeaneneHne MeTOAOM 3KBuBaneHTHoro ypasHeHwa (([7], ctp. 37). Oxo npume-
HAETCA K ypasHenuAM Buaa (8) ) rae f — HenpepbiBHaa BekTop-byHKUMA, u;(t, x) — ckanap-
HaA (YHKUVA, Pa3pbiBHaR TONLKO Ha rnafkoi nosepxHoctM S; (¢,(x) =0),7i =1,..,r.
JonycKaioTCA nepeceveHnA U Aaxke COBNAJEHNA 3TUX NOBEPXHOCTEH.

B TOouKax, npMHaaneXxawuXx OAHOW MW OAHOBPEMEHHO HECKONbKUM NOBEPXHOCTAM, Ha-
npUMeP NOBEPXHOCTAM S, ..., S,, (3aece 1 <m K r), nonaraor (ecnu pelieHne He MOXeT
COWTH TYT Xe C TaKOM NOBEPXHOCTU UAK C NepPeceyeHUA 3TUX NOBEPXHOCTEN)

Xx=F(t, x,ufUL, x); ..., ud(t, X), Uy 41 (L, X), ..., u, (8, X)), (10)

rae IKeueanenTHsie ynpaenenusn us 9, ..., us! onpenenniotca Tak, YTo6bl BekTop £ 8 (10) Ka-
canca nosepxHocTedt S, ..., Sy, U uT06LI 3Hauenve uG(t, x) coaepxanock B oTpe3ke C KOH-
uamn u;(t, x), ui (¢, x), rae uj, uj — npeaensHble 3HaYEHNA BIYHKUMKM U; C 0Geux CTOpPOH
nosepxHoc™ S;, i = 1, ..., m. Takum o6pasom, dyHkummn u59(t, x), i = 1, ..., m, onpene-
NAIOTCA U3 CUCTEMbI YPaBHEHWH

Voulx) - £t x, uf9, ..., unf, Um+1 (8, X), .. 0p(t, x) =0, -i=1,.,m.

~ Peweénuem na3biaetca abconioTHO HenpepbiBHaA BEKTOP-(PYHKUVA, KOTOPaA BHe NoBepx-
HocTe#t S; ynosnetBopAeT ypaBHeHuio (8), a Ha 3TMX NOBEPXHOCTAX W UX NEPECeYeHNAX —
ypasxennam suaa (10) (npv nourwn scex t) .

Hanpumep, B8 cnyvae r = 1 koxeu b BexTtopa F(t, x, u®9(t, x)) nexuT Ha nepeceveHVn
KacaTensHoM K S B Touke X € ayroW abc, Koropylo npoberaer KoHeu Bekrtopa f(t, x, u),
Koraa v MeHAeTcA ot ¥ (t, x) ao u'(t, x) (puc. 6) .

YpasHenne (8), aoonpeaeneHHoe ykasaHHbiM 06pa3om, CBOANTCA K AnddrepeHunanbHOMY
BxmoveHnto x € F (t, x) . MHoxectso F,(t, x) onpeaeneHo B (9), rae U;(t, x) — orpesok
¢ koHuamu v, (¢, x) n u,’ (¢, x); ann Tex u;, KoTopble HenpepbIBHLI B Touke (¢, x) , U;(t, x)
ABNAETCA TouKoM u;(t, x) . MNpasan vactb (10) ecTb BEKTOP C KOHUOM B TOYKE nepeceYeHnA
mHowecTea F(t, x) c KacaTenbHOM K nepeceueHuio noBepxHocted S, ... S,, . Ha puc. 6
mHoxecTso F,(t, x) ecte ayra abc, a npasan vacTe (10) ectb BekTop Xxb.
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AAnA Tex cnyvaes, KOrAa U, ..., Uy BXORAT B ypaBHeHnne (8) nuHelHo, B n. 3 Gyaet nonyue-
HO ABHOe BbipaxeHue AnR ckopocTu aswxennA (10) no nepecevennio NnosepxHoOCTel paspeisa
S1yees Sm-

8) OGuiee aoonpeaenexme uz [95] . OHo npumennetca k ypasHenuam eupa (8), rae dymk-
unA f HenpepbiBHa No t, X, Uy, ..., U,, a KaxaaA u3 dyHxumin y;(t, x) paspeiaHa ToNbKO Ha
nosepxHocm S; (¢,;(t, x) =0),i =1, ...,r.

Nycte U;(t, x) n F(t, x) Te xe, yuto B 6), a F,(t, X) — HaumeHbLWEe BLINYKNOE 3aMKHY-
TOoe MHOXeCTBO, Coaepxaulee MHOoXecTeo F, (t, x) . Pewernuem ypasHennn (8) HasviBaerca
peLlenne BKNIONEHNA

xEF,(t x). (11)

Nsvxenne no nosepxHocTu paspeiea S (¢ (x) = 0) mMoxeT NPOUCXOANTL TONLKO CO CKO-
pocTbio X € K(t, x), rae K(t, x) — nepeceuenme MHOXeCTBa F, (f, X) C NNOCKOCTbIO, Kaca-
TenbHOM K S B Touxe x. B cnyuae, nzobpaxxeHHoM Ha puc. 6, mHoXkecTBO F, (t, X) — HauMmeHb-
Wwee BbINYKNIOE 3aMKHYTOE MHOXXECTBO, COaepXawee Ayry abc. Ecnu 3ta ayra nexmr 8 0AHON
NAOCKOCTH, TO MHOXECTBO F, (¢, X) — cermeHT Mexay 3TOW AYroM M ee XOPAOH, 3alTPUXO-
BaHHbIW Ha puc. 6, a K(t, x) — oTpe3ox, ABNAIOILMNCA NepecedeHnem 3TOrO CermeHTa C Kaca-
TenbHOW K S B TOuKe X.

Ecnu dyHkuma f HenuHe#Ha no u,, ..., U, , T0, Boo6LWE rosopA, MHoXecTeo K (t, x) coaep-
»uT 6onee OAHONW TOUKKM M CKOPOCTL ABMKEHMA NO S ONpeAeNnAeTCA HEORHO3HAYHO.

CpasHum onpepenexun a), 6), 8) . YpasHenne (8) moxaio 3anucate 8 suae (1) u npume-
HUTL K Hemy onpefenexue a) . Tak KaK npy 3TOM MHOXECTBO F ; (1, X) coaep»uT MHOXeCTBa
F(t, x) v Fi(t, x) n3 (2) n (9), To KaxRoe peweHne B CMbICNE ONpPeAeNneHnA a) U Kaxaoe
petueHne B8 CMbicne onpeaenesna 6) ABNAETCA Takike peleHMeM B CMbICNE OnpeaeneHnA B) .
OGparHoe, Boo6uie rosopa, HesepHo (Ha puc. 6 mHoXecTBo F — xoppa ac, F, — pyra abc,
F 2 — 33ITpuX0BaHHLIH CermenT) . i

Ecnu xe dyHxkuma f nuHeitHa no u,, ..., u,, 70 F, = F, n onpepenexna 6) n 8) cosna-
ApaoT. Ecnu, xpome TOro, Bce NOBEPXHOCTU S; Pa3nuuHbl W B TOMKAX UX NePeceveHnn BeKTo-
pbl HOpMarnen NUHEHHO He3aBMCMMbI, TO MHOXecTBa F, F,, F, coBnapaloT, Toraa u BCe TpU
onpeaenexnA a), 6), B) coenapaior.

NmeioTCA Takke Apyrve onpeaeneHnA peweHMA Kak ANA obuero cny4an, Tak un AnA cay-
4af NPaBOW 4acTH, Pa3puiBHOW Ha OAHON MW HECKONbKUX NOBEpPXHOCTAX. OnpeaeneHuA 8 pa-
‘Borvax [97] — [99] 6nu3km K uanoxexHbIM Boiwe. B pabortax [7], [95], [100] — [103] pac-
CMaTpMBaIOTCA NpeAenbHbIE NEPexXoAbl, -NPUBOAALUME K TOMY WMAM WHOMY ONpeaeneHuio
pewennAa. OnpeaenennAa n3 pabor [104] — [109] HeyaoGHbLI NO Tem UK UHLIM NPUYUHAM
(8 [104], [105] aswxeHMA NO NOBEPXHOCTAM Pa3pblBa CYMTAIOTCA HEBO3MOXKHLIMM, 3 B
[106] — [109] noHAaTMe peweHnA 3asMcuT OT BbIGOpa HanpasneHu oce#i KOOPAMHAT
X1, oo Xp) , HE OTPAXKAIOT XaPaKTEPa ABWKEHMA B PeanbHbix CUCTEMAX U He HaLW NpuMmeHe-
uuir. B paborax [110], [111] ann ypasHenun KapaTteopopm ocnabnaerca TpeGosaHue Henpe -
PLIBHOCTM npasod vacTw no x. B paborax [112] — [117] nposoautcR 0630p pas3nuuHbIX
onpeaeneHnit peweHMA M ux cpasHexne. 0630p UCTOpUM BONPOCa O NOHATUM pelleHMA pas-
PLIBHOW cucTeMbl umeetcr B [95] .

3. Ykaxem OCHOBHbIE Clly4aW, KOT/1a CKOPOCTb ABUXKEHUA NO NEPECe4eHnio NOBEPXHOCTeH
paspoiBa Sy, .... S;; ONpPeAenfAeTCA ORHO3HAYHO, U NPUBEAEM BbipaXkeHue ANA 3TOM CKOPOCTH
B HEKOTOPbIX CNY4YaAX.

Paccmorpum cnyvair ( [7], crp. 39), xorpa B ypasHenne (8) ynpasnewun u,, ..., Up,.
pa3pbiBHLIE COOTBETCTBEHHO Ha nosepxHocTAX S; (¢, (x) = 0),i = 1,...,m, sxoanT nured-
Ho v BexTopbl Pp; = Vo, (x),i = 1, .., m, nuneAHo Hesasucumbl npn x € S. B atom cnyvae
onpepaenewnA a), 6), B) cosnapaor. Torpa ypasHewve (8) 86nuM3n nosepxHOCTEH
S14 et Sy ¥ NX NEPECEUSHUA S MOXHO 3anNUCaTh B BUAE

x=folt, x)+B(t, x)ult, x), (12)

rae ult, x) — sekrop (uy, ..., Up, )T, B (¢, x) — marpnua nXm, T — 3nax TpPaHCNOHMPOBa-
HuA, 1 <Km <r. OctanbHble YNpasneHvA Uy, | , ..., U, HENPEPLIBHLI Ha S, N HECYLUECTBEHHO,
Kaknm 06pa3oM OT HUX 3aBUCAT HenpepbisHble dyHkuun fo n B, '
Y106b1 NONYYMTL ABMXKEHME NO NEPeceveHnio NosepxHocTel S, ..., S,, , HARO Tak NOAO-
6patb sektTop v = u°? B (12), uTo6bI BekTOp X KacancA Sy, ..., Sy, T.2. 6bIN OPTOroHaneH
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BceM Bektopam p;, i = 1, ..., m.NMycte G — matpua m X n, CTPOKN  KOTOPO#A — BEKTO-
pbl p;. Torpa

Gx =Gfy +GBu® =0, u®?=—(GB)Gf,, (13)

ecnn detGB # 0. Ecnu Kaxaan KoopavHata HaWaewHoro sektopa u®? yaosnersoprer
HepaBeHCTBY

u; (L x)<u$¥t, x)<u;l(t, x)
(14)
(mnm u; (8, x)<ufi(t x)<u[(t, x)),

70, noacvaenAA sektop U°? 8 (12), nonyyaem BEeKTOP CKOPOCTU ABUKEHMA NO Nepeceye-
Hwo S,

x =fo — B(GB)™ Gf,. (15)

Ecnm xoTA Gbi AnA oaHoM 13 KoopamHat u$? ycnoswe (14) He BbinonHeHO, TO ABMKEHMA

no S He cywecrtsyer. Ux Het u B cnyvae, koraa det GB = 0 u rang GB < rang(GB, Gf,),
rAe B8 NPasoi 4aCTU CTOMT paHr maTpuMubl GB, aononHeHHow cronbuom Gf,. [lanbHeiiwee
nccnenosakmne cnyvan detGB = Ocm. s [7] (ctp.70).

YpasHenve [118]

x=gy(t,x)+ ... +gpylt, x), (16)

rae kaxaaA w3 hyHkuvn g;(t, x) paspsisna Ha ceoe# nosepxHocTn S; (v ;(x) = 0), a pewe-
HUA NOHMMAIOTCA B CMbICAE onpeaenexvA a), ceoantcA K (12) . NMpu aTom npeanonaraerca,
uTO nepeceyeHne S nosepxHOCTed S, ..., S, €cTv rnaakan (nN—m)-mepHan runepnosepx-
HOCTb U YTO OKPEeCTHOCTb KaXAOW TOYKN X € S AennTCA NOBEPXHOCTAMU S, ..., S, Ha 2™
obnacTeii Tak, 4To KaXable ABe 0GNACTH NEXAT C Pa3HbiX CTOPOH XOTA 661 OAHON NOBEPXHOCTH
(avo ycnosue sbinonHexo, ecnu Bektopl Vo (x), i = 1, ..., m, nuHeiAHO He3aBUCUMBI Npw
xX€ES).

Yro6bl csectn ypasHedue (16) k (12), o6o3Hauum g l-(t, x) (gi'(t, x)) HenpepbisHoe

npoaosmKeHue HyHKUNK 9; (t, x) 1“3 OAHOCTOPOHHEH OKPECTHOCTH S,-' (cooTeeTcraeHHo u3
S; ) nosepxHocTH SI. B ee ABYCTOPOHHIO OKPECTHOCTb,

o_ 9 *te _g,-* -9 _ .0 °
9= —3 h,--T. fo=g7+..%+g,,.
Toraa ypasHenune (16) 3anuceisaetca 8 supe
m
X.=fo(t,x)+ 2 u,-h,-(t,x), (17)
ji=1
raeui =—18S;, uj =18 S;.Ypasnenne (17) cosnanaer c (12), ecrm B(t, x) — marpw-

ua co cronbuamu h;, j = 1, ..., m. Ycnosua (14) npunumaior ena —1 <u,?q <1,/ =
=1, ... m. Ctpokn matpuubiG Tenepb — nioGbie NUHEAHO He3aBUCMMbIE BEKTOPL! P; (X), ...
«sP,, (X) , OpTOroHansHuie S B TOuKe X, He 06A3aTensHO coananaoume ¢ V ¢, (x) .

PaccmoTpum ewe oanH A0BONLHO OGWMIA Cnyyait, KOTla CKOPOCTL ABMKEHUA NO nepeceye-
HUI0O NOBEPXHOCTEM pa3pbiBa ANA pelleHudA B CMbICNE ONPeAeneHuA a) onpepenAeTcA
OAHO3HAUHO..

Nycts S — rnagkan [-mepHaA NOBEPXHOCTL B N-MEPHOM NpocTpaHcTee X. MycTs K S npu-
MbikaeT kK n-mepHbix obnacteit Gy, ..., Gx, B kKaxaon u3 kotopeix npu @ < t < b sexTop-
byHkuma f(t, x) HenpepbiBHa BNAOTL A0 FPaHNALLI, T.€.

fl,x)=fllt x), x€G;, j=1,..k,

f/ uenpepuiBHa B 3aMbiKaHuu obnacTu G; . Taknm 06pasom, S ABNAETCA nepeceyeHneMm rpa-
HuL, Bcex obnacteit Gy, ..., Gi.
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MNpy duKcnpoBaHHbIX t € (a, b) , x € S HanmeHbLIEE BLINYKNOE 3aMKHYTOE MHOXXECTBO
F(t, x), conepwawee Touxn f/ (t, x),j = 1, ..., k, eCTb MHOXECTBO BCEX TOMEK BUAA

v=af e, x)+.. +apfi(t,x), @20, Zaj=1. (18)

Ana pewenna x(t) ypasvenna (1) noutw scioay x{t) € F(t, x(t)). Ecnv 3ro peuierne naer

no runepnosepxHocT S, To noutu Beroay x(t) € P(x(t)), rpe P(x) — l-mepHaa runep-
NNOCKOCTDL, KacatensHan Kk S B Touke X. CneaoBartensHO, NOYTU BCIOAY

x(tYEK(t, x(1), Kit, x)=F(t, x) NP(¢, x),

" ANA CYLLECTBOBAHMA TaKOro peweHna MHoxecTeo K'(t, x) aomito GbiTe He nycTo.

Nycre p,, ..., Py_; — Kakne-NMGO NUHEAHO He3aBMCHMbIE BEKTOPLI, OPTOrOHasnbHbIe Ss
Touke x. Toraa K(t, x) ecte MHOXeCTBO Tex BekTOpOB BuAaa (18), KOTOpPbIE OPTOrOHanbLHLI
8eKTOpaM P, ..., P,_ ;. fAna Takux sextopos v € K(t, x) KoadduunenTs «,, ..., @, yaos-
neraopAoT cucteme 1+n—1 ypaasHenun

)yt tap=1, apf +.. +raupifk =0, i=1,..n-1 (19)

CnenogatensHo, ANA HenycToTbl MHOXecTBa K(Z, x) He0o6X0AMMO 1 AOCTaTOYHO CYLLECTBO-
BaHVe HeOTPMUATENLHOro pelleHnA a, = 0, ..., ay 2 0 cuctemor (19) . ina Toro Yrobe cxo-
pocts f°(t,x) aBwxenwa no S onpesenAanach OAHO3HEYHO, HEOGXOAMMO M AOCTATOYHQ
410661 MHOXecTBO K(Z, X) COCTOANO TONLKO M3 OAHOW TOYKM, T.e. AOCTaTOMHO, Y4TOGbLI cucTe-
ma (19) umena oAHO HeOTpMUATENbHOE pelleHVe M He UMena APYrux HeoTPUUATeNnbHbIX
pelueHnA.

Nyctso M* — maTpuua KoacdmumenTtos cucrembl (19), marpuua M nonyvaerca s M* or-
6pacbiBaHeM NepBOiH CTPOKM, COCTORLUEN W3 eannmu, a matpuua M; nonyvaercA us M sbi-
yepkuBaHuem j-ro cronbua. Ecam k = n—l + 1, 1o nycte

detM* =D, (—1V"'detM;=A;,
T.e. A)j — anreGpanveckue AONONHEHUA 3MEMEHTOB NEPBOW CTPOKM AeTepMUHaHTa D, n

A2 +A .+ A, =D.

Teopema 1 [118]. a) Echu rangM* = rangM, ro mHowecteo K(t, x) nycro.
6) Ecnu

k=n—1+1, rangM® =k>ragM,

Y0 8 cnyvae, K020a cpedu yucen Ay, j = 1, ..., K, HET yucen pasHeIx 3HaK08, MHONECTEO
K(t, x) cocrour us 0OHO20 8eKTOpa

Ot x)=a, F e, x) + ... +axFo(t, x), aj=Ay; /D, (20)

a e nporueHom cnyyae mroxecreo K(t, x) nycro.

Rokaszavensctso. Bcnyyaea) nepsan cTpoka MaTpuubl M* ABNARETCA NUHEHHON
KOMGUHaUMEH OCTanbHbIX CTPOK. BbiunTan U3 nepBoro ypasHenua cuctemol (19) aty nuHen-
HYl0 KOMbBMHauUMIO OCTanbHbIX YPaBHeHUH, nonyvaem npotusopeuve 0 = 1. CneposarensHo,
cuctema (19) He umeet pewenunin, 1 mroxectao K(t, x) nycro.

B cnyvae 6) aerepmunant cuctembr (19) pasen D # 0 u cucTema MMeeT eaMHCTBeHHOE
72em)eﬂne. Npumenan npasuno Kpamepa a; = D; /D n 3ameyan, uto0 D; = Ay, nonyvaem

0) .

Ecim cpean uncen A;; HeT yucen pasHbiX 3HaKOB, TO CPeAw @; — ToXe U w3 1-ro ypaeHe-
wua (19) cneayert, uro Bee o; > 0. Ecnm xe cpean uicen A 1j €CTb YUCNa Pa3HbIX 3HaKOB, TO
cpean a; — voxe. Torna F0(t, x) 8 (20) He npuHapnexwT BRINYKNOMY MHOXecCTBY F (t, X)
u K(t, x) nycro.

Samevanue 1. Npu k< n —1 + 1 yreepxaeHve a) COXpaHAETCA, a yTBepKAeHwe 6)
OCTaHeTCA CnpaseanvBbiM, ecnu u3 cuctembl (19) BbIYePKHYTL ypaBHeHMA, NUHENHO 3aBUCM-
Mble OT OCTanbHbIX, M ANA NONYHEHHO CHCTEMbI NOCTPOUTL Matpuus M°*, M, M; .

3ameuaHue 2. MNycrs nocne BbivepkusaHnA umeem rang M* = r > rang M. Ecnu w3

MaTpmusl M* MOXMHO BbiepKHYTL Takue k—r cTonbuos, 4To Y NONyueHHOW MaTprubL! Cpeau
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anre6panveckux RONONRHeHWA A, j 3NEMeHTOB NepBoit CTPOKM HET YMCen PasHbIX 3HAKOB, TO
MHoxecTBo K (¢, X) He nycTo, a ecnn Taknx K—r cTonbuos He HaWAETCA, TO NYCTO.
3ameuarive 1 1 nepBan 4acTb 3aMeMaHUA 2 AOKa3bIBAIOTCA NOAOGHO Teopeme 1. [pu atom
nonaraeM PaBHbIMM HYMIO Teé @; , KOTOPble COOTBETCTBYIOT BbIYEPKHYTbIM CToNGUaM. Bropan
4aCTb AOKa3bIBAETCA C UCNONb30BaHWEM CBOMCTB BbINYKAbIX MHOXecTs (cm. [118]) .

§ 5. Boinyknblie MHOXeCTBa H MHOTO3HaUHbIe PYHKUHH

3aech M3NaraloTCA U3BECTHbIE CBOWCTBA 3aMKHYTbIX M BbiMyKAbIX MHOXECTB B /7-MEPHOM
NPOCTPAHCTBE, MCNOMb3yeMble B flanbHeileM, n HeoGxoanMble CBEAeHUA O MHOTO3HaYHbIX
DyHKUMAX.

1. Yncna n TouKkM r-mepHoro npocTpaKcTea R” Besne aanee 0603HavaloTCA manbiMn Gyksa-
MU, 3 MHOXECTBa U MaTpulbl — 6onbwmmu, Ecam @ m b — TOUKKM C KOOpAMHATAMM &, ..., @,
w by, .., b, cooTBeTCTBEHHO, @ ¥ — 4nCnO, TO @ + b, 8 — b, Y3 — TO4YKM C KOOPAMHATAMM
{cooTBerctBeHHo) a; + b;, a; — b;, Ya; (i = 1,...,n).Yepe3 A 0603Ha4aeTCA 3ambiKaHVe
MHOXECTBa A, Yepe3 ¢ — NyCTOe MHOXECTBO. PaccTOAHME MeXAY TOYKAMKU MAKW MHOXECTBaMM
0603HayaeTcA 6yKBO# p:

pla,by=la—b|=+(a, —b,)2 +...+ (ap — byp)?,

pla, B)= inf pla, b), pl(A, B)= inf  pl(a, b).
bEB ac A, bEB

MHOXecTBO A Ha3bIBAGTCA 3AMKHYTbHIM, ECAN OHO COAEPXMT BCe CBOM NpeAenbHbie TOMKM.

MHOXecTBO A Ha3bIBAETCA BbINYKLIM, ecnn ANA Mobbix ABYX ero Touek @ U b Bce TOUKH
oTpe3kKa, coeAnHAloWwero @ M b, npuHaanexar 3TOMy MHOXECTBY, T.e. ecnAu ANA Mobbix
8 €A bEBumeemaa + (1—a)bE A anascex a, 0 <ax1.

Jlerko A0Ka3bIB3I0TCA CREAYIOLIME M3BECTHbIE YTBEPXKAECHWUA

1) O6veanHeHne KOHEMHOrO YMCNa 3aMKHYTbIX MHOXECTB 3aMKHYTO.

2) Nepeceuenve no6oro MHOXXeCTBa 3aMKHYTbIX (MK BbINYKNbIX) MHOXECTB eCTb 3aMKHY-
70e (COOTBETCTBEHHO BbINYKNOE) MHOXECTBO.

3) B HenyCTOM 3aMKHYTOM MHOXeCTBe A BCeraa ecTb TO4Ka a, 6nmxaiiuan K RaHHON Toy-
xe b, T.e. Takan, uro p(b, a) = p(b, A).

4) p(b, A) =p(b,'A), plA,B)=p(A, B).

5) ®dyukuma ¢(x) = p(x, A) HenpepbisHa,

| pix, A) —ply, A) | < pix, y).

Nemma 1. Ecnu nenycrsie 3aMKHy Tbie MHOXECT83 A u B ne umeor obuux Tovex, B oz2-
PaHUYeHO, TO CyWecTByroT Takue Toyku a €A, b EB, yro

plA, B)=pla, b) > 0.

AokasaTtenbcTB 0. OyHkuma p(x) = p(x, A) HenpepuiBHa. Moatomy inf plx,A) ao
x€E B
CTUraeTcA B HEKOTOpoM Touke b € B. B cuny 3) HaiaeTcA Takan Touka @a €A, uto pl(b, A) =
= plb,a) >0 (tak kak. A N B = ¢) . inA niobbix Touek XE B, y € A umeem

pix, y) Zplx, A) = plb, A) =plb, a) > 0.

CnenosarensHo, p{B, A) = plb,a) > 0. Ho a € A, b € B, nostomy p(B, A) <pla, b).
Wrak, p(8, A) = p{b, a) > 0.
Ecnu 06a mHoxecTBa A n B — HeorpaHuueHHble, TO yTeepxAeHue neMMbt 1 HesepHo. Mpu-
mep: A — oaHa seTsb runepbonei, B — acumntora runepbons!.
. MMemMma 2. B Henycrom 3aMKHYTOM 8bINYKIOM MHONECTEE A €CTb TONLKO 00H3 TOYKA a,
b6nuwaliwan Kk Oanrol Touxe b, 1.e. rakan, yro plb, a) = plb, A) .
AokaszatenbcTBo. Bnnkaidwan Touka cywectayer (cm. 3)) . Mpeanonoxum, yto
WMEIOTCA ABe TaKmue TOMKHU @ M a;, U d — cepeanHa COeAnHAIOULEro MX oTpeska. Toraa

d€EA, plb d)<plb,a,)=plb, a,),
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TaK KaK MHOXecT8o A Buinykno, a bd — BuicoTa pasHOGeAPeHHOrO TpeyronbHuKa a:a2bh.
3HaunT, TOuUKK @, n @, — He Gavxaiwme K b.

Cneayoume nemmel nmeioTca, Hanpumep, 8 [119].

Nemma 3. Mlycts bE A, A — HEeNnycroe 3aMKHYTOE 8bINYK/I0€ MHONECTEO.

Toz0a cywecreyer (n — 1) -mepHaa nnockocrTs, pazdenAowan Touyxy b u mraxecreo A.

NokaszatensctvBo [ycre a — Gamxkaitwan K b Touka mHoxecTea A. MNposeaem
nnockocTs P L ab uepe3 mobGylo HeKOHUEBYIO TOMKY /M oTPe3Ka ab. Ecnu Gbl Hawnace 104Ka
¢ € A, nexawian unn Ha P, nnu ¢ To# Xe CTOPOHbI OT P, 4To U Touka b, To yron bac 6bin 6ol
OCTPLIM ¥ Halwunace 6bi Touka d € ac, kotopan Gavxke K b, yem Touka a (pmc. 7). Tak xak
a €EA, cEA, Asbinykno, 1o d € A. 370 NPOTMBOPEYUT TOMY, 4YTO0 @ — 6Gnuxaitwan kK b
TOuKa MHOXecTBa A.

Pue. 7. Puc. 8.

MMemma 4. JamKHyTOE 8BINYKIIOE MHONECTEO A ECTb NEPECEYEHUE 8CEX COOEPIAUIUX
€20 3aMKHYTbIX NONYNPOCTPAHCTE.

DokasaTtensctBo. Nycte M — vakoe nepecevenve. Torna A C M. Nycte b A,
Mo nemme 3 HaligeTcA NNOCKOCT P, ReNAWAA NPOCTPAaHCTBO Ha ABe yacTu an §, npuyem
ACQ, b€E S.Torpa A conepXxmTca B 3aMKHYTOM nonynpocTpaHctee Q, a b & Q. 3nawr,
bEM. Urak, A= M.

NMemma 5. Ecnu A u B — 3aMKHYTbIE 8bINYKNbIE MHOWECTE3 6@ R™ Be3 obwux Tovex,
mHOXECT80 B ozpanuvero, 1o cywecrayer (n — 1) -mepHana nnocKocTs, pazdenAowan A u B.

Dokasavensctao. Nyct Toukn a € An b E B Te xe, 470 B nemme 1. MnockocTs
P 1 ab, nepecexaiowan ovpesok ab B HeKOHUeBOW Touke, paspenner A u 8. J70 AoKa3bl-
BaeTcA NoaobHo nemme 3.

Nemma 5 HeBepHa, ecnut 06a MHOXXKEeCTBa A u B — HeorpaHnyeHHbie. Mpumep: A — BbiNyK-
Nnoe MHOXECTBO Ha NNOCKOCTH, OrpaHvWyeHHOe OAHONW BeTBbio runepbonsi, 8 — acumnrora
runep6one.

[na Beinyknoro mHoxectea A € R" (n — 1) -mepHan nnockocTs P Ha3bIBaeTCA ONOPHOU,
eCn¥ C ORHON CTOPOHLI OT P HeT ToYeK MHOXECTBa A, HO TaKuWe TOYKMW eCTb MM Ha P, nan ¢
APYro# cTopoHsl oT P ckonb yroaHo 6amako k P.

Nemma 6. Yepes nobyw rouxy 2panuysi I’ 3aMKHYTO20 @sINYKN020 MHOXECT8a A
MONHO NPOBECTU ONOPHYIO NAIOCKOCT.

Roxasatenscteo. Nycrba ET, Touxn b; €A, b; ~a (i +oo). Mo nemme 3
Touka b; ovaenexa or A nnockocTbio P;. Nycte v; — BexkTop anunlel 1,v; 1 P;, v; Hanpas-
ned ot @ kK P;. Toraaanaecex xE A, yEP; umeem v; - x< v; + y < v; -b;. U3 nocneno-
BaTenbHOCTH ¥; BbiGepem CXOAALUYIOCA NOANCTNEAOBATENLHOCTL ¥;, — V. [epexoan no He# K
npeaeny, NoAy4aeM v * X <V *a Ana Bcex X E A, T.e. MHOXECTBO A NeXUT C OAHON CTOPOHbE
OT NNOCKOCTU V :X=V -3, @ TONKa @ — Ha 3TOW NnockocTi. CneaoBatensHo, 3Ta NAOCKOCTL —
ONopHanA.

Hammexbluee Boinyknoe (BbinyKnoe 3aMKHYTOe) MHOXXECTBO, COAEPKaLLEe MHOXXECTBO A,
obosHavaerca coA (coorBetcTBeHHo COA) . MHoxecTBo cOA (COA) Bceraa cyuiecTsyer v
ABNAETCA NepeceYeHueM BCeX BbiNyKNbiX (COOTBETCTBEHHO BLINYKILIX 3aMKHYTBIX) MHO-
XecTB, coaepxawmx A. B cuny nemmel 4 COA ABNARTCA TaKKe NEPeceveHMeM BCeX 3aMKHY-
TbiX NONYPOCTPAHCTB, COAEPXAWMNX A . )

4. A.®. Gununnos 9



MNpumepsol. 1) MHOXecTBO A COCTOUT U3 ABYX Touek @ u b, Toraa co A — oTpesok ab.

2) MHoxecTBo A COCTOMT U3 Tpex Touek a, b, ¢, Toraa co A — TpeyronbHuk abc.

3) MHo»xecTBO A 3aluTpMX0BaHO Ha puc. B, Torna co A — nonykpyr abc.

Bosinyknold komburnayueld Touek Xg, X, ..., Xx Ha3blBaeTCA KaXXAaA TOYKA, 3aNUCbiBaeMan
B BuAe

X =0oXo tay Xy +. ... +ogxg, (1)
rae
a,~>0 (i=0,1,...,k), ao+a|+...+ak=1. (2)

Boinyknan KoMGMHaUMA ABNAETCA NUHEMHOW KoMGMHauven. He BCAKAA nuHerHaA KOMGuHa-
UMA ABNAETCA BbLINYKNOW, a TONbKO TaKaA, Y KOTOpPoW Ko3thduuueHTbl yaOBNeTBOPARIOT

ycnosuam (2) .
Nemma 7. Ecnu mHOXECTBO A COCTOUT U3 KOHEYHOZ20 YUCNA TOYEK, TO CO A €CTb MHO-

WECTBO BCEX BbINYKIIbIX KOMOUHaYUl ITUX TOYeK.

NokasaTenbctso. HeNOCPeACTBEHHO NPOBEPAETCA, YTO MHOXKECTBO B Tovek BUAa
(1) npwn ycnoeuax (2) samkHyTo ¥ Beinykno; B8 D A, cnepoBaTtensHo, B O co A.

NMio6oe 3aMKHyTOe NOAYNpOCTpPaHCTBO Q MOXHO 3anucaTeb B Buae ¢ * X <7 (¢ — sekTop) -
Ecnn Toukm x; € Q, 1e.c-x; <7, i = 0,1, ..., k, TO AnA Kaxpoh Toukn X € B n3 (1) n
(2) cnepyer ¢+ x <7, 1.e. x€ Q. 3Haunt, B C Q. MHOXecTBO COA ecTb nepeceveHue Bcex
Takux nonynpoctpaHcte Q, noatomy B Cco A. Utak, B = co A.

Nemma 8. lycrs c — 8ekTop, A — MHOWECTBO U ONA ecex x € A cnpasednueo Hepa-
8eHcTeo ¢ - X <. To20a oHo cnpaeednueo u ona ecex x € CoA.

DAoxka3sartensbcTBo. Mo ycnoBno, MHOXeCTBO A nexuT B nonynpocTpaxctee Q, on-
peaenAeMOM HepaBeHCTBOM C-X <. Tak Kak CO A ecTb nepecedeHMe BCeX 3aMKHYTbIX nony-
NPOCTPaHCTB, coaepxaumx A, 1o oA CQ, T.e. ¢ - X <7 AnA Bcex X € COA.

Teopema Kaparveoanopn. Jnanobozo 02paHu4eHHO20 3aMKHYTO20 MHOXECTEa
A C R™ niobas toyxa x € coA npedcrasuma e eude (1), 20e x; EA, i =0,1, ..k,
yucna a; yooenereaopawr ycnosuam (2) u k <n.

Dokasatensbcteo cm.8 [119] (crp.9).

CneactBue. Ecnu MHOXeCTEO A 3aMKHYTO U 02pP3HUYEHO, TO CO A = COA.

3amkHyTOU €-0KpecTHOCTBI0 M€ mHoxecTBa M Ha3bIBAaETCA_ MHOXECTBO TaKUX TOuEK X,
yto p(x, M) < €. OueBnaHo, M® — 3amkHyToe MHoxecTBo; (M)€ = MS. [ina no60oi TOuKK
a & M¢ umeem

pla, M€)=pla, M) —e.

Nemma 9. Ecnu MHOXECTEO A 02paHU%EHO, TO

(coA)€ = colA€). 3)

NDoxasatenbcteo. Nycte b & (coA)E, 1.e. p(b, coA) = a> €. Haniperca Takan
Touka @ € COA, uto plb, a) = a.MomecTUM Hayano KOOPAUHAT B #EuKY b M HanpaBuMm oCb
Ox; ot b k a. Bosbmem nioboe B, € < < a.Kax 8 nemme 3, MHOXECTBO COA fniexmT B 06-
nactu x; > f, mHoxecTBO A — ToXe. Torpa A€ nexmt B nonynpocrpaHcTee x; = f§ — €,
co (A€) — Toxe (nemma8) u b & co (A€).

Nycte b & co (A€). Hanpasum ocb Ox; OT Touku b k Gnukaiilue TOuKe C MHOXECTBa
co (A€). Toraa p(b,c) = ¥ > 0; coA® nexmut 8 obnactn x; > 6 (0<6<17v),A® —TOXe.
3HauuT, A nexauT B NONYNPOCTPaHCTBe X, > 8 + €, coA — Toxe, a (coA)¢ — B noaynpocT-
paHcTBe X => 6. 3HaunT, b & (coA)€.

Wrak, cootHoweHna b & (co A)€ un b & co(A°) pasuocunwu Nlemma aoka3saHa.

CneactBue. Ecnu mHowecTeo A esinykno, 10 A€ — roxe.

B cuny nemmsbl 9 emecto (co A)€ u co{A€) moxHo nucatsL kopoue: co A€,

2. Ecnu anA Bcex X € M onpeaenena dyHkumA f(x), To f(M) — MHOXECTBO 3HaueHMi
f(x) ana scex x € M. B yactHocTH, f(Xx) MoxeT 6biTb nuHeiHo: F(x) = Ax+ b, A — maTpn-
ua, vorpa f(M) = AM+b.

AHanornyHo, ecnu C — YNCNO UNN BEKTOP, TO cM — MHOXECTBO BCeX 3HaYeHW npousseae-
HUA cx, rae ¢ npoberaer mHoxectsBo M; M+ N (nnn F(M, N)) — MHOXECTBO 3HaueHWA CyM-
Mbl X + ¥y (Mnn dyHkumn f(x, y) ), koraa x npoberaer mHoxecteo M, a y — mHoxecteo N.
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1 e m ma 10. Ecau mHowecreo M o2paruverio, 3aMkHyTO, a Pyriyua fx) HenpepsieHa,
10 mrowecreo f(M) 3amiryro. Ecnu we M evinykno, f(x) = Ax + b, ro mroxecreo f(M) =
= AM+ b esinyxno.

JloKa3biBaeTcA HENOCPEACTBEHHO C NOMOLLLIO ONPeAeneHui.

Nemma 11. Ecau mHomecTeo M 02paHu4eHo u 3aMKHYyTO, TO

co(AM + b) = AcoM +b.

Jloka3zatenscTBO cneayer us neMmbl 10 n u3 toro, uto coM ecvb nepeceveHme
BCEX 3aMKHYTbIX NONYNPOCTPAHCTB, coaepxawmx M, a nuHenHoe npeo6pa3oBaHue nepesoanT
NnoNynpoCcTPaHCTBO B NONYNPOCTPAHCTBO.

Heo6Xx0AMMOCTE MCNONBL3OBAHUA BbINYKNLIX MHOXECTB NpU uccneaoBaHun auvdidepex-
UManbHbIX BKNIOYEHNIA BUAHA, HaNPUMEP, U3 CNEAYIoWUX NeMM.

Nemma 12 (o cpeaHem 3HaueHun BeKTop-byHKUMM) . Ecnu M — o2paruyenHoe 3aMKHy-
r0e mHowecTeo, v(t) EM npu a<t< b, 10

1 b
Vepen =—— [ vit)dt Eco M. (4)
b—-a ,

To we cnpasednueo AnA cpedHez20 3HaveHun eexTop-PhyHKyuu vix) Ha mobom usmepumom
MHOXECT8E KOHEeYHOU Mepbi.

HNDoxkaszatenbcTBoO. bepAa pasbuenve obnactu uHTerpupoBaHuAa (no PumaHy unu
NeGery) , nonyuaem Vcpen = limS,

i U

§=Z

v( t,'):
b—a b—a

Taxkum 06pa3om, nHTerpansHan cyMmma S eCTb BbinyKnaA KoMBurHauva sHavenmn v(t;) € M,
noatoMy SE€coM, imSEcoM =coM.

Nemma 13. llycrs npu a < t< b eexrop-oyHkyuu x,(t) abCcomoTHO HenNpepsIBHsI,
xi (1) = x(t) udna kamdozo k = 1, 2, . . . novtu eciody x;(t) € M, M — ozpaHuyeriHOe 3aMKHy-
T0€e MHOXECT80.

Toz20a eexrop-gdhyrrcyuna x(t) abconoTHo HenpepsiHa u x(t) € coM ram, 20e x (t) cywect-
ayer, 1.e. noyTu 6ciody Ha (a, b) .

BoxaszavenwbctBo. Tak kak [ x,(t) I<L toann t, t" E(a, b)

=a,->0, Ea,'='.

1
Jx, (t") —xp () =} S xftde|<llt"—1¢'| (5)
-

Mpu & — % nonyuaem, Yto yHKuuA x(t) yaoBneTBOPAET TaKOMY >X€ HEPaBEHCTBY, 3HAUMT,
abconiotHo HenpepeiBHa. Mo nemme 12

xp(t+h) —xx(t) 1 t+h

=—_— xi(s)dsEcoM.

qx h h { k

Mo3sromy
x(t+h) —x(t)
lim gg=———— EcoM. "(6)

k— o h
®yHkumnAa x(t) aBconioTHO HenpepbiBHa, NO3TOMY NOYTKH BCloAy cywecTayeT x(t). B cuny (6)
x(t) € coM.

3ameuanne. Ecnim mHOxecTBO M Heswinykno, To Npu ycrioBuAx neMMbl 13 Hensb3A
rapaHTMpoBaTth, 4To X(t) € M. Hanpumep, aAnA nocnepoBaTenbHGCTU ‘NUN006Pa3HbIX’ yHK-
umi (puc. 9)

2i 2i 2i+1
x(t)=t—— | —<t < ,
k k k
2i+2 2/ +1 2i+2
xi(t) = -t <t< ’
k k k

i=0,1,2,..., nmeeM noutu Beroay X (t) €M, MHOXeCTBO M  COCTOMT M3 ABYX TOuEK:
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Tun—-1. Npu k>co

x () =>x(t)=0, x(t)=0€& M.

Taxum 06pa3om, ana andbeperumansHoro sxnioveHna x(t) EM s cnyyae HeBbINYKNOro
MHOXecTBa M npesen paBHOMEpPHO CXOAALWIEACA NOCNEA0BAaTENbHOCTU PELUEHM MOXET He
GbiTh peleHneMm.

3. BnM3ocTs ABYX HENYCTbIX 3aMKHYTbIX MHOXECTB A U B B MeTpu4eCKOM npocTpaHcTae,
B yacTHocTH B R", MoXxHO xapaxTepu30BaTh wicnamu [120]

B(A, B)= sup pla B), B(B,A)=sup p(b, A),
a€ A bEB

alA, B) = max (B(A, B); B(B,A)} .
Hapuc. 10 B(A,B)=pla, b), B(B, A) =plc, d), alA, B) =max{pla,b); plc,d)} .

z, @)

Puc. 9. Puc. 10.

Ecnn A v B — orpaHuueHHble MHOXECTBA, TO 3TH wicna KoHeuHbl. Hepasenctso (A, B) <
< € PaBHOCUNBHO TOMY, YTO MHOXXECTBO A COAEPXUTCA B 3aMKHYTOW E-OKPECTHOCTU MHO-
wectBa B, 1.e. AC B, aa(A, B) <€ — Tomy, 4To Kaxaoe u3 MHoXecTs A u B cogeprmtca
B 3aMKHYTOW €-OKPeCTHOCTU APYrOro.

Ana no6bix HENYCTbIX 3aMKHYTbIX MHOXecTB A, B, C

0<p(A ,B)<B(A,B)<alA,B), alA B)=a(B, A),
B(A,B)=0 «=ACB, alA, B)=0=A=8,
alA, C)<alA, B) +a(B, C). (7)

Dokaxem (7). Nycts a(A, B) =8, a(B,C)=¢. TornaA C 8%, B C C¢,nostomy A CC®*¢
BIA,C)<8+e; BCA® CCBSnostomy CCA®*€ B(C, A) <& + €.CnenosatensHo,
a(A, C) <& + e. Hepasenctso (7) pokasavo.

Taxkum 06pa3om, HenyCTuie 3aMKHYThie MHOXKECTBa 06pa3yioT MeTpuuecKoe NPoCTPaHCTBo,
B KOTOPOM pONb PacCTOAHMA urpaet a (A, B), Ha3biBaeMoe OTK/OHeHUEM MHoXecTB A u B
no Xaycdopdy.

Ecom ACR", 70 sup |alo6oanavaem |A |.

a€A -

MNycTe xaxpon Touxe p 3 mHoxectsa D C R™ noctaBneHo B cOOTBETCTBME Henycvoe
3aMKHyToe MHoxecTBo F (p) C R". Toraa F(p) — mHorosHauHan dyHkuma. Ee rpadmx —
MHOXXeCTBO Takux Touek (p, g) ER™ X R", uto p ED, q EF (p). MHOrosHauHbie dyHKUMM
B AanbHedlweM 0603HavaloTcA Gonbluvmu GyksamMm, OAHO3HAYHLIE .WACNOBLIE U BEKTOPHbLIE
pyHKunn — mansimi. Ucnons3lyioTcA 0603HaueHnA

FIM= U Fp), IFMI= sup Iyl

PEM y € F(M)

MHorosHauHan yHKumA F Ha3biBaeTCA 02panuveHHol na mHoxectee M, ecnmn | F (M) | < oo,
T.e. ecnun BCe 3HaveHnA yHkuum F B Toukax MHOXecTBa M coaepxaTCA B HEKOTOPOM Luape.

MuorosHausan dyHkuma F(p) vaswiBaetca [120] a-wenpepsierod (wnu Henpepsienod) e
rouxe p,ecnu alF(p’), F(p)) >0npn p'~p; dyncuua F(p) Haswisaetch B-renpepsierod
(wnm nonyrenpepeierol ceepxy otHocuTensHo exnioverus) 6 Touke p, ecau B(F(p’), F(p)) >
> 0npup —p. dPyHkumna F(p) HaseisaeTcA a- unu f-Henpepsiaroli Ha mHowecTee D, ecnn oHa
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a- unu f-HenpepoiBHA B KaXXAON TOuKe 3TOr0 MHOXecTBa. Tax kak sceraa (A, B) < alA, B),
TO M3 O-HENPePLIBHOCTU (hYHKLUMKM CReayeT ee f-HenpepsiBHOCTb.

Nle Mmma 14, Mlycre mHowecteo D 3amxHyTo, 8 MHO203HauHaA dyHiyua F(p) ozpaHuve-
Ha 8 OKPECTHOCTU KawOou Toyku p € D.

Toz0a ona B-wenpepsieHocTu gynxyuu F(p) Ha mHOowecT8e D HeO6X00UMO U OOCTaTOYHO,
yr06b1 ee 2pagpux T" 6bin 3aMKHYT6IM MHOXECTEOM.

Nokaszatensctso. MNycrte hdyukuun F(p) P-Henpepuiena, a (p. g) — npenenbHan
TOYKA ee rpactmica. ITO 3HAYMT, YTO CYLIECTBYIOT NOCNEA0BaTENbHOCTH

Pi»PED, q;~q, q;EFlp), i=12,...
Torna .
plg;, F(p)) <B(Flp), Flip) >0, plg, F(p))=0

Tak xak mHoxecTsO F (p) 3aMKHyTO, TO § EF (p), 1.e. (p, ) ET .. CneposatensHo, I' — 3amk-
HYTO® MHOXECTBO. )
Nycts hyHxuma F(p) He B-HenpepuiaHa Ha D. Torpa HainayTcA Takue Toukn p ED n p; > p,

uT0
B(F(p), Flp))=€>0, i=1,2,...

3HaunT, uMetoTcA Takne q; € F(p;), uto p(q;, F(p)) = €. B cuny ycnoeua nemmbi nocneaosa-
TenLHoCTS | q,}orpaﬂuuena Bobi6Gepem 13 Hee CXOAALLYIOCA NOANOCNEAOBATENbHOCT Gj) > G.
Torna p(q, F(p)) = €. UTak,

(P, .9 ) ET, by, q;,) > (P, Q) £T,

1.e. MHOXecTBO I He 3amKHYyTO.

Nemma 15. Nlycre gpynxyua F f-nenpepsisna na xomnaxkre K u ona xkamoozo p € K
mroxecreo F (p) ozparuvero.

Toz0a pynkyua F ozpanuvera Ha K.

HdokasaTenbcTs 0. B npotTMBONONOXXHOM Cnyyae HanayTCA

PiEK, q,EF(p), lgjl—>ee (i=1,2,...).
BbiGepeM cx0aALLYIOCA NOANOCNEA0BATENLHOCTL Pi; - p € K. U3 ycnosui neMMbi cneayeT, YTo
| Fipll=a<oo, q,-ieF(p;,.) C (F(p))® (i> ile).

Toraa | qil.l < a + €. 370 npoTMBOPEYNT Npeanonoxenunto | g; | —> .

Nemma 16. Ecu ona xawdo20 p € D mrowecteo H (p) He nycTo, 3aMKHyTO, 02paHUYE-
HO U MHO203HawHaAa Pyxyua H B-wenpepsiena (unu a-HenpepsieHa), 1o u gpyrkyua F(p) =
=coH(p) B-HenpepsieHa (cOOTBETCTEEHHO a-HeNpPEPLIBHa) .

Aok asaTen bcTB 0. finAa nobbix po €D u € > 0 cywecrayer Takoe § >0, uto anA
scex p € (po)® umeem H(p) C (H(po))¢. Mo nemme 9

co H(p) C co [(H(po))] = [coH(po)]*,

1e. F(p) C{F(po))E. dyHkuma F B-wenpepbisHa.

Ecnu xe cyHkunmA H a-HenpepbiBHA, TO CNPaBeANMBO CKa3aHHOE Bbile U, KpOME TOro,
H(py) C (H(p))¢. Otcrona, nono6Ho. npeabiaywemy, cneayer, uto F(pg) C (F(p))€.  3uawr,
thyHkumna £ a-HenpepbiBHa.

§ 6. Iudpepenmanbibie BKIIOYEHHN

3aech uccneayloTCA CBOMCTBA NpaBbix YacTed AvdbepeHuManbHbIX BKNIOYEHUH, K KOTOPbIM
6binn cseaexsl B § 4 andibepeHumanbHbie YPaBHeHMA C Pa3pbiBHLIMW NPaBbLIMM 4aCTAMM.
YcraHasnuBaeTcA cBA3b AnddepeHuUMaNbHbIX BKNIOYEHUA C YPAaBHEHUAMMU B KOHTUHIEHUUAX.
PaccMaTpuBaloTCA HEKOTOPbLIE CBOWCTBA M3MEPUMbIX MHOIMO3Ha4YHbIX (OYHKUWA.

1. UccneayeM CBOMCTBa MHOTO3HauHbiX (YHKUWA, NONYYaEMbIX C MOMOLLLIO NPUEMOB,
MCNoNb30BaHHbIX B § 4.

Nemwma 1. Mycrs f(p) — ozpanuvennan odnosnayrana gyrkyua, p € D C R™, f(p) € R™.
Ana xawdozo po €D nycte H(py) — mHONECT80 6CEX npedensroix 3Havenul @yHKyuu
f(p) npu p = py, dononrennoe snavenuem f(p,) @ cnyvae py € D.

53



To20a gynyuu Hip) u F(p) = coH(p) B-+HenpepsiaHsi.

Nokasatenscteo. MNpu kaxaomp € D muoxecteo H{p) samxnyro, H(D} orparn-
yeHo. Mpadhmk dyHkuum H ecTb 3aMbikaHmue rpadmia cdyHkumm f, ROITOMY OH 3aMKHYT. B
cuny neMm 14 v 16 na § 5 dyrumn H v F f-HenpepbiBHbI.

Nemma 2. flyers fip, u,, ..., u,) oOHO3HaYHa U HenpepsigHa. Ecnu MHO203HaYHbIE
dyncyuu Uy (p), ..., U.(p) & rowce Po 02paHuYeHs! u P-HenpepsigHsi, TO yHrkyua H(p) =
=f(p, U, (p), ... ,U,(p)) 02paHuYeHa u -HenpepsIeHa.

NoxaszatenbcTB 0 nOAOGHO A0Ka3aTEeNLCTBY 3NEMEHTAPHON TEOPEMbI O HENPEPbLIB-
HOCTU CNOXHOW (BYHKLUMM B TOYKE Pg; AONONHUTENBHO MCNONL3YETCA PAaBHOMEPHaR Henpe-
PbIBHOCTL YHKUMM f H3 OTPaHUYEHHOM 3AMKHYTOM MHOXECTBE — 3aMKHYTOW OKPECTHOCTH
MHOXECTBa TOYeK C KOOPAMHATaMU P = po, Uy, EU,(py), ..., u, E U,(po).

PaccmoTpum andxbepeHumanbHoe ypasHeHnue X = f (t, X) € KYCOMHO HENnpepbLIBHON BeKTop-
cdbyukumenr f(t,x), xak 8 n. 1 8 4, unu ypasrenne (8) § 4. Kaxaoe ua poonpepeneHnn
a), 6), 8) § 4 zameHAeT aaHHoe ypaBHeHue anddbepeHUanbHLIM BKNIOYEHWEM BUAA

x €F(t, x), (1)

Mroxectso F (t, x) — HenycToe, Oor paHuyeHHOE, 3aMKHYTOE, a NPy AoONpPeaeneHUAX a) u ) —
ewe sbinyknoe. Peweruem pdibpepeHUManbHOro BKNIOYEHMA Ha3biBaeTCA aBCONIOTHO Henpe-
pbiBHAaA (MYHKUMA, ONPEAENEHHaR Ha UHTEPBane UNN OTPeaKe M NoYTHU BCIOAY YAOBNETBOPAIO-
LWanA 3TOMY BKNIIOYEHNIO.

Nemma 3. lMonyvenran npu doonpedeneruu a) mMHO203HaYHaA dyrkyua F(t, x}  f-ve-
npepsIeHa NO X, 8 npu doonpedeneHuax 6) ue) —not, x.

NokaszatenbcTe o. B cnyvae a) 3to cneayer u3a nemmsl 1 npu p = x. B cnyuae 6)
ypasHernue (8) § 4 pasHocunbHO andrbepeHunanbHOMy BKRtoYeHNI0 X € F (1 x) ¢ yHKumei
(9) § 4, rae dyHxuum U,;(t, x) B-Henpepbierbl No ¢ x B cuny nemmbl 1 npu p = (¢, x), a
byHkumua F, (t, x) — no nemme 2. B cnyuae 8) B hopmyne (11) § 4 dynxkuma F,(t,x) =
=co Fy(t, x) B-venpepriBHa no t, x B cuny nemMmbt 16 § 5,

Nokaxxem, 4To n B cny4ae a) § 4 dyukumio F(t, x) 8 (1) MOXHO 3aMeHUTb IyHKUUER,
B-HenpepbiBHOM NO £, X, eCNW ANA KaXAOK U3 obnactei G; HenpepbIBHOCTM  YHKUuKn f(t, x)
BLINONHEHO cneayiouiee ycnosue,

Ycnosue Y. 4naobnacru G, npu noyTu 8cex t ceyeHue zpaHuysl 06aacTu NNOCKOCTbIO
t = const cognadaer c zpaHuyeli ceveHuA obnacTu Tod e NNOCKOCTLIO.

Ipanuyed OM mHoXecTea M Ha3biBaeTCR MHOXECTBO TOYEK, ANIA KaXA0A M3 KOTOpLIX B
CKOMb YrOAHO MaNO OKPECTHOCTV MMEIOTCA M TOYKN MHOXXecTBa M, u Touknu, He npuHagne-
wawmue M. Cevenuem M, mrowectea M nnockocTeio P (t = const) Ha3wiBaeTCA MHOXECTBO

Z

k_.____

i
) !
L1l !
ol ¢ ¢ 3

Puc. 11.

&
&

MNP, Npu onpeneneHun rpaHuubl d (M,) ceveHnA MHOXECTBO M, pacCMaTpUBaeTCA Kak
MHOXeCTBO B NAOCKOCTU P, T.e. ANA ToueK u3 M, paccMaTpUBalOTCA OKPECTHOCTH, nexalume
B 3TOW nNnockocTM. C nomMowbio BBeAeHHbIX 0603HayeHWH ycnoswe 7 3anUCbiBaeTCA TaK:

(0G)); =03(G;;) npv noutm Bcex t. (2)

BuinonHenune ycnosma (2) o6biyHo nerko nposepreTcA. Hanpumep, anA o6nactu, uso6pa-
weHHoW Ha puc. 11, (0G); #0(G,) nuws npn t=t,, 13, t3, 14, CNEROBaTenbHO, YCNOBUE 7Y
BbINOAHEHO. YCNOBUE Y BLINONHEHO ANA O4YeHb LWUMPOKOro Knacca obnacrei, Hanpumep, AnA
BCEX NOKANbHO CBA3HbLIX O6nactei.

Nycre H{t, x) — MHOXKECTBO NPEAENLHbIX 3HAYEHUA dyHkuun F{t, x') npu x’ = x, t=const,
a Holt,x) Toweana Flt' x 1 nput' >t x' > x.
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Nemma 4. Ecnuobnacru G; HenpepsignocTu gyHkyuu f(t, x ) ydoenersoparor ycnoeuro
v (xopove: ynicyun f ydoenereopaer ycnosuro ), 10 npu novru ecext (t € Ty, uT, =0,
. — mepa /lebeza) umeem H, (t, x) = H(t, x).

AokasatenbctBo. nA Kaxaoih ob6nactn G; paseHctBo (2) BbLINONHEHO ANA Beex
tET,, uT;=0.Bo3bmem Takyo TouKyY (t, x), uT0 t € Ty = LiJ T:.

Ecnu (t, x) € Gy, T0 B 3T0i TouKe hyHKUMA F HenpepbIBHA U
Holt, x) = H(t, x) = f(t, x).

Ecnu (2, x) nenat Ha rpaHuue OAHOW Mnn HeckonbKux obnacteit G;, TO KakaaA TOuKa
vEH,(t, x) ecto limF(ty, xz) no HekoTOpo nocnegoBatensHocTn (t;, xi) — (t, x), cogep-
XaWeicA B 04HO# 13 obnactei G;. Tak kak (¢, x) € (0G;), = 9({Gy,), To 8 G;, Towe HaitaeTcA
nocneaoBaTensHOCTH ( t,xf") = (¢, x). PyHKuuA f KYCOYHO HenpepbIBHA, NO3TOMY

v=lim f( ty,xc) =lim £(t, x0) CHI(t, x).

k — oo m — oo
3Haunt, Hol(t, x) C H(t, x). O6paTHOe BKNIOYEHNE OYEBUAHO.
CneactsBwue. [lpuycnosuu vy dudheperyuanstoie 8KIOYEHUR

XEF(t, x)=coH(t,x), xEFylt, x)=coHylt, x) (3)

PaBHOCUNbHBI, T.€. UMEIOT 00HU U Te we pewenun. @ynkyua F, -Henpepwsiera no t, x.

B camom gene, peleHue OMKHO YAOBNeTBOPATb BKAIOYEHUIO NOUTU BCIOAY, HO B cuny
nemmst 4 Fy(t, x) = F(t, x}) npu noutn scex t. Mo nemme 1(rae p = (t, x))byHkumn Ho n Fq
f-HenpepbiBHbLI NO T, X.

Wtak, aoonpepenenue a) § 4 ceoaWT ypasHeHue X = F(1, x) Npu yCNoBUMU Y K BKNIOYEHUIO
x € Fyl(t, x) c bynxumen Fo(t, x), B-HenpepbiBHOW No t, x. MepexoA OT NEPBOro U3 BKNIOYE-
Hun (3) Ko BTOpoMy Npov3BOAUTCA NO TOW NPUYMHE, YTO ANA BTOPOrO A0Ka3aTenbcTBO
TEOpeMbl CyWecTBOBaHUA W WUCCNeAOBaHWe CBOWCTB PEWeHWA NPOBOAUTCA 3HAYUTENbHO
npouwe.

2. QudbepeHunanbHoe BKoveHe (1) npu AOCTaTOYHO LWMPOKUX NPEANONOXKEHUAX PaB-
HocunbHo [120] [121] ypaBHenuto B koHTUHreHUMAX [122] u ypaBHeHnio B napaTUHreHUMAX
[33]. NOHATUA KOHTUHreHUMM U NapPaTUHreHUUN NEPBOHAYANLHO UMEeNU YUCTO reoMeTpuuec-
Kkuid cmbicn (0606weHne NOHATUA KacaTtenbHON) . B Teopun audibepeHuManbHbIX BKNOYEHNA
OHW pacCMaTPMBAIOTCA KaK '‘MHOr03Ha4Hble NPOM3BOAHbIE" OT BeKTOP-hyHKUUA.

B cneayowmx onpegeneHnAX GeCKOHEYHOCTb CYMTaeTCA NpPeAenbHONW TOYKOW nocnefoBa-
TensHocTh {y;} , ecnn nocnegosarensHocTs { | y; |} He orpanuuena.

Kownrunzenyueld unu koHTun2eHTHOU npouszeodrod [120] — [123] sextop-hbyHkuun
x(t) 8 Touke to HasbiBaeTcR MHOXecTB0 Contx(ty) Bcex npeaenbHbiX TOueK nOCNeAoBa-
TenbHOCTeNn

x(t;) —x(t

M— (ti—’to, i=1,2,...). (4)

ti—to

Maparunzenyued [33] sextop-thyHkumm x(t) B TOuYKe t, HasbiBaeTCA MHOXXeCTBO
Parat x(to) BCEX NnpeaenbHbIX TOYEK NOCNEAOBATENLHOCTEN

x(t; ) —X(t])

i

Ona mobow tyHkuum x (t) scerna Contx (t) C Parat. x(t), Tak kak B (5) He uckmovaerca
cnyuan t;j =to. Ecnu B paccMatpuBaemoii TOuKe fo CyulecTeyeT npowssodHan x'(tp), 7o
Contx(tg) = x'(ty), a ecnu NPOU3BOAHAA CYUWECTBYET U B OK PECTHOCTU TOMKW To U HENpepbIB-
Ha B 3T0¥ Touke, T0 Contx (to) = Paratx (to) = x'(t,).

Nemma 5. Ecu | Cont x (t) | < m na untepeane (a, b), aexrop-gyHkyua x(t) Henpe-
PbI8HA CNPaBa @ TOYKe a3 U c1e8a & Toyke b, T0 oHa Ha oTpesxe [a, b] ydoenergoprer ycno-
euwo [lunwuya ¢ nocroaHHOU m.

DAoka3zatenbcTBO. B npotuBHOM cnyuae Ha (a, b) HaWAYTCA Takue TOuku a;, b,
yto a, < by,

IX(b])—X(a|)|>m1 Ib] —a I, m, >m. (6)
Toraa xovA 6bI ANA 0AHOM M3 NONOBMH OTpe3Ka [a;, b, ] cnpaBeanuBo HepaseHcTBO, NOAOG-

‘Hoe (6), c tem e m,. O6o3Hauum 3Ty nonosuHy [a,,b,] n cHoBa pasaenum nononam.
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Mpoaonxan npouecc, nony4aem NocneAoBaTeNsHOCTs BNOXEHHLIX OTpesKkos [a;, b;],
bj—a;=2""Yb, ~a,), i=1,2,...

Ana Kaxporo M3 AUX cnNpaBeAnvBO HepaBeHCTBO, noaoGHoe (6), ¢ Tem we m, . Nycts ty —
o6uwan Touka 3Tnx oTpe3kos. Toraa AnA Kaxaoro ¢ unn

|X(to) —X(ai) |>m1(to —a,),
uwm
| x(by) —x(to) |>m1(bi—to’.

CnegobaTtensHo, AnvHa BekTopa (4), rae t; = a; unu t; = by, He MeHbwe M, . 3HawMT, U3 nocne-

AOBaTeNLHOCTH BEKTOPOB (4) MoXHO BbLIGPaTL NOANOCNEN0BATENLHOCTL MMM HEOFPaHNYEHHO

B03pAacTaloUlyio, MM CTPEMALLYIOCA K KOHeuHoMmy npepeny v, |v |=m, >m. O6e Bo3mox-
. HOCTW NPOTMBOPEYaT YCNOBMIO NeMMbI.

Teopema 1 [121]. lTycrs npu nwobeix (t, x) us samxrHyrod obnacru Q MHOXECTEO
F(t, x) — Henycroe, ozpaHuyeHHoe, 38MKHYTOe, 8biNyKIIOe U MHO203HayHaA yHkyua F
B-renpepsiena. Mycrs (t, x(t)) EQnpu a<t<bh.

To2da cnedyoujue yT8epIOCHUA PABHOCUMbHLI:

l?. Ha(o)r)peske .[a, b) dymnrcyua x(t) abconiotno Henpepsiera u noyru sciody x'(t) €
EF(t, x(t)). .

B. llpu ecex t € (a, b) mHoecrgo Contx (t) (wiu Paratx(t)) codepwurce & F(t, x(t));
npu t = a gpyrxkyuAa x (t) HenpepbisHa cnpaea, a npu t = b — cneea.

NokaszatenscTBO. B cnyvae A ana xaxporo to € (a, b)u moboro €>0 npu
lt—to | € 8 =5(to, €) umeem F (¢, x(t)) C F€, rae F€ — 3aMKHYTaR €-0KPECTHOCTb MHOXECT-
8a F(to,x(to)).AnA nobbix t;, t; € [to — 8, to + 5] B cuny nemmer 12 § 5 BexTopst (4) n (5)
npuHaanexat F€ Moatomy MHoxectsa Contx (o) u Paratx (t,) — HenycTeie u coaepxatca B

F%, a 8 cuny npon3sonsHocTH € — u B F(to, x(tg)). 3nawmT, u3 A cneayer bB.

Myctb BeinonHeHo B. PyHkuma x(t) HenpepbiBHa Ha [a, b], Tak Kak ecnu 6bl Nnpu t =t,
oHa 6bina pa3peiBHa, “TO NOCNEAoBaTeNLHOCTL (4) mena Gbl NpeAenbHYIO TOUKY  ©°, He coaep-
wawylocA B F(ty, x(to). NMpn a<t<bs cuny nemmel 15 & 5 |F(t, x(t))| < m. Torna
| Contx(t) |<m npua<t<b. Mo nemme 5 BexTop-byHkuma x(t) Ha [a, b] ynosnersoprer
ycnoswio Jlunwmuua, 3HauwmT, abcontoTHO HenpepbiBHa. oYtk Bcloay CywecTByeT

x'(t) = Contx(t) C F(t, x(t)),

1.e.u3 b cneayer A.

3. lanee, 3naraloTCA HEKOTOPbIE CBOWCTBA MHOFO3HauHbIX (YHKLMH, UCNONb3yeMbie ANA
uccnepoBaHnA audxhepeHuManbHbiX BKAIOYEHUA C NPaBbiMKU YaCTAMW, KOTOPbIE He ABNAIOTCA
B-HenpepsiBHLIMY NO ¢, X.

Onoprod gyrkyued Beinyknoro mHoxectBa A C R” HasbiBaeTcA (YHKUMA BeKTOpa
vER", onpeaenfAeMan paBeHCTBOM

V(A ,v)=sup v* x. (7)

xXEA .
Tak kak Y(A, Av) =AY(A, v) ana moboro A =0, To AOCTaTOYHO paccMmaTpuBaTh (yHKUUIO
Y (A, v) Tonsxko AnA BeKTOpPOB v, ANMHa KOTOPLIX pasHa 1. B cuny (7) ana nwborov # 0
NAOCKOCTL V - x =7, rae Y = Y (A, v), ABNAETCA ONOPHOA ANA MHOXECTBA A, a NONYNPOCTPaH-
CTBO V - X < Y COAEPHMT MHOXECTBO A TOrAa v TONLKO TOraa, koraa ¥y 2 Y (A, v). Otciona n
u3 nemMmel 4 § 5 BoiTexaeT CneayioWan nemMma.

NMemmMma 6. 3amxHyTOe 8bINyKNIOE MHONECTEO A NOMHOCTHIO ONPEOENAETCA 330aHUeM
e20 onoprou ghynikyuu Y (A, v). Toyxa a € A To20a u TONIbKO TO203, KO0208 v - a < Y(A,v)
npu ecex v .

[ANA OrpaHN4YeHHOro BbINYKNOro MHOXECTBa A onopHan ¢dyHKUMA HeNpPepbiBHA, TaK KaK
3 |x|<m, |lvy —vi| . <8 cneayer

Ivy-x—va-x1<m8, |Y(A, v,) — Y(A, v2) | <mb.
l'loarromy e AOCTarto4HO 3apaBaTeh ANA NPOU3BONLHONrO CYETHOrO MHOXECTBA BeKTOpOB

v;, i=1,2,...,BC08y NNOTHOro Ha eanHuyHol cthepe | v | = 1. CnepoBatensHo, OrpaHudeH-
HOE BbLINYKNOE 3aMKHYTOE MHOXECTBO A OAHO3HAYHO ONpeAeNAEeTCA 3afaHMeM CYeTHOro
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MHOXeCTBa yucen
ﬂi(A)=lll(A,V'), |V1|=1, i=1,2,... (8’

INMw6oe HenycToe 3amMiHyToe MHOWeCTBO A C R MOXHO OAHO3HAYHO ONpeAeNnUTL 3anaHu-
€M CYeTHOrO MHOXeCTBa Yncen

pilA) =pla;, A), i=1,2,..., 9)

— PacCTOAHWI 3TOFO MHOXECTBA OT 3aflaHHOIO BCIOAY NNOTHOrO B R” MHOXecTBa Touek a;.
Yucna p;(A) MOoXHO paccMaTpuBaTh KaK KOOPAWHATBI 3aMKHYTOro MHoxectsa A. [nA
3aMKHYTOrO BbINYKNOr0O MHOXECTBa B KaweCTBe KOOPAUHAT MOXHO TaK>ke UCNONb3OBaTb
wicna (8). PazymeeTcA, npu 3aaaHHbIX TouKax 8; (unu v;) He BCAKOe CYETHOE MHOXECTBO
wacen ABNAETCA MHOXeCTBOM uncen (9) (unu (8)) ana HexoToporo MuoxecraaA

COOTHOLWEHUA MEXAY 3aMKHYTbIMK MHOXeCTBaMu Au B HaKNAaABIBAIOT BNONHE onpeaeneH-
Hbie CBA3N Mexay wicnamu p;{A) n p;(B), a ANA BLINYKNBIX MHOXECTB — TaKXe MeXAay
wcnamu m;(A) u m;(B) unn onopHoiMu hyHKUMAMK 3TUX MHOXeECTB. B yacTHoCTH,

AC B'=’p;(A)>p;(B), i=1,2,...,
pilAUB)=min{p,(A);p;(B)},
pilA€) = max {0; p;(A) —€}, P(A,B) =siup (pi(B) —py (A)), (10)

alA, B) =sup | plA) —py(B) |. plA,B) = i?f(pAA) + p;(B)).

[INA BLINYKABIX 3aMKHYTBIX MHOXECTB
ACB=mlA)<m(B),i=1,2,... = (A, v)<Y(B,v), .
BlA, B) = max {0; sup (mtA) —m,(B))} = max{ 0.'I sup (WA, v} = U(B, v},

vl=

1AS) =m(A) +€, YIAS, v)=YlA, v) +elvl.

Ecnu mHOXecTBO A ABNAETCA hyHKLUMesi Touku P E G, T.e. A=A(p), 710 uucna m; u p;
TaKXe 3aBMCAT OT P U UX MOXXHO Ha3BaTb KOOPOUHATHIMU PyHKYUAMU. A3 COOTHOWEHWUA
(10) BuiTexaeT cneaylowan nemma [124] — [126].

Nemma 7. 4na a-HenpepsieHocTu (unu f-renpepsisnocru) gyHnryuu A (p) Heobxodu-
MmO u docTaroyHo, YTobbi 8ce ee koopouHaTHsie PyHkyuu pA(p)),i=1,2, ..., 6smnu Henpe-
PbI8HbI (COOTEETCTGEHHO NOMYHENPEPLHIBH LI CHU3Y) .

Yucnosana hyHkuuAa p(p) .HaseaeTcA nonywenpepsiaHold CHU3Y B TouMKe Do, €CAM Ann
noboro € >0 npu 1p —po | < 8{e) umeem wlp) > p(py) —e.

Mycts ana kaxaoro p € £ C R™ muowectso A(p) C R 3aMKHYTO U He nycro. Mnoro-
3HavHaA dyHKUMA A(p) Ha mHoxecTBe £ Ha3biBaeTCA uamepumol, ecnn mHOXeCTBO £ uamepu-
MO U ANA KaXKAOTrO 3aMKHYTOro MHoecTsa B C R” uamepumo MHoxectso Tex p €EE,  ana
xoTopsix A (p) N B He nycTo. (310 pasHocmnsHo onpeaenewmio uz [127].)

Ecnu BMeCTO 3aMKHYTbIX MHOXECTB B B3ATL OTKPbITbie MHOXECTBA UNIU YKe TONLKO 3aMK-
HyTbie (UNW TONbKO OTKPbLITbIE) WapPbi, BCE WAKU TONLKO C LEHTPaMU U3 AaHHOrO BCIOAY NNOT-
HOrO MHOXeCTBa {a; } ¥ pPauMOHaNbLHLIMK PaaMycaMu, TO NONYWATCA Onpeaenexue, PaBHOCUNL-
HOe AaHHOMY Bbiwe. Ecnu B — OTKPbITbIN Wap C LeHTPOM 3; U PaAUYCOM 7, TO COOTHOLWEHUE
A(p) N B # ¢ pasHocunbHO cooTHoweHuo p (a;, A(p)) <r. To3TOMy HU3MEPUMOCTL MHOrO-
3HayHOW GyHKUMM A(D) PpaBHOCUMNBHAE W3IMEPUMOCTM BCEX KOOPAUHATHBLIX YHKUWNA
plAlp)) =pla, Alp)),i=1,2

Ecn MHOTO3HauyHaA (YHKUMA - unu f-HenpepsiBHa, TO OHa Wamepuma (cneayeT u3
nemmbl 7).

Ecnu dayrkumn A (p) (7= 1,2, ... ) nuamepumsi, TO uamepumsl u GyHKLUN

S(p) = YA,(p), Rip) = ?A,(p),

a TaK)xe BEPXHUM U HUXXHUIA TONONOTUYECKUE NPeaens! nocneaoBaTenvHocT™M A (p), i=1,2,...
Ecnu dyrnkuua A (p) namepuma, 7o C0A (p) — Toxe. .
Ecnu oaHo3HauHaA GyHKUUA F(p, Uy, . . ., U,) HeNpepbIBHAa, @ MHOrO3HauHbie (YHKLUUU
A, (p), ..., A p) nuamepumsl, To cnoxHaa yHKUUA F(p, A, (p), ..., A,(p)) namepuma. v
W apyrue yTeepxaeHUA 06 uamepumocTy yHKUMIA cM., Hanpumep, 8 [128] .
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Cneayowan Teopema 0606waeT Ha MHOrosHauHble dyHkuum Teopemy Jlysuna ([64],
ctp. 118) 06 namepumbix yHKumAax. Nycts MHOXecTBO M coaepxmnTcA B 06nacTu onpeaene-
HUA dyHKuuu A (p) . Byaem rosopuTtb, 4TO Ha MHOXecTBe M dyHKuuA A (p) a-wenpepsigHa
no ITOMy MHOXECTBY, ecnn yHKUMA A, (p), onpeaeneHHan TOo nb K 0 Ha M n pasHan Tam
dyHkuuu A (p), a-HenpepsisHa Ha M.

Teopema 2 [127]). Ecnu muozoznaunan gyrkuyua A (p) usmepuma Ha mHoxecree E,
70 ONA Kawd020 € > 0 cyuwecreyer raxoe mroxecreo E, CE, uE. <e€, vyro gyrxuyun A (p)
Ha mHoxecTae E\E, a-HenpepsigHa no 3ToMy MHONECTEY.

Nokasatenbcteo [124]. finA xaxaon KoopauHaTHOM dyHkuun P; (A(p)) no
Teopeme JlyauHa cywecteyeT mHoxectso £;, nE; < 27le, Takoe, 4To Ha MHowecTBe E\E;
thyHKuuA p; (A (p)) HenpepbiBHa No 3tomy mHOxecTBy. Nyctb £, =UE;, Torpa pE, <€ n

1

Ha mHOxecTee £\E, ace dynkuun p; (A (p)), i=1,2,..., HenpepsiBHbLI NO 3TOMY MHOXECT-
8y. B cuny nemmbt 7 pyHkuma A (p) a-HenpepuieHa Ha £\E, no aTomy MHOXecCTBY.

Cneayowan TeopeMa ucnonb3yeTcA ANA uUCCNeaOBaHUA CBOWCTB peweHun ypaBHeHuir Kapareogopwu.

Teopema 3[129]. /lycrs mrowecreo D CR" ozpanuvero u saminHyTo, npu Kaxdom xE D o0dro-
3naynan eexrop-pymnxyun f(t, x) uamepuma no t u npu noyru ecex t € T = [a, b] Henpepsiera no x.

Toz2da dna xawdozo e >0 cywecreyer raxoe OTKpsiToe mHowecrso T, CT, uTe < e, yro gynxyun
fe (t, x), onpedenenran Tonexo npu t € T\ T, ,xE D u 1am psenan Pyrxuyuu f(t, x), RenneTcA Henpe-
poigrod no t, x.

Dokaszatenbcteo. MNpu noutm Bcex t € T rpadmi I' (t) bynkunn f(t, x), paccmaTpueaemoi
KaK PYHKUUA OT X NPM £ = cONSt, ABNAETCA OTPAHNYEHHBIM 3aMKHYTbIM MHOXECTBOM. Mo Kaxem, 4TO MHO-
rosHauyHan ¢yHkuma T (t) uameprma Ha 7, T.e. 4TO ANA KAKAOIO OTKPLITOrO MHOXecTBa G CD X R uame-
pumo mHoxecteo T(G) vex t, npu kotopsix I'(t) N G we nycro.

Bosbmem B D cyetHOe BCIOAY NNOTHOE MHOXXECTBO {:q} u 3apmkcupyem t € T, npu KOTOpoM yHK-
uma f(t, x) HenpepsiBHa No x. CeueHnamn MHOXecTB G u I' (f) rMNepnnocKOCTLIO X = X; ABNAIOTCA OTKPSI-
Toe mHoxecTBO G; CR”™ n Touka v; =f (t, x;). Taxk kax f (¢, x} HenpepbiBHa NO X, TO MHOXECTAO TOYeK
{x;,v{),i=1,2,...,8croay nnovHo na I'(t) . NMoaromy, ecnu muoxectao I'(t) N G we nycro, T0 owo coaep-
MUY XOTA Bbl OAHY U3 Takux Touex (x;,v;), r.e. f(t, x;) CGi anA Hexkotoporo /. O6paTHOe OueBHAHO.
CneaosatensHo, T{(G) = U T;, rae Ty — mHOXecTBo Tex t, npu kotopeix f(t,x;) € Gi . ynwkuma f name-

puma no t, noatomy mHoxectsa 7; n T(G) namepnmer n byrruma T (t) — Toxe.

Mo veopeme 2 anA kaxaoro € > 0 HBAAGTCA Takoe MHOMXECTBO Te. CcT, uTe'< €, 4TO Ha MHOXeEcTse
T\T: dynkuma T'(t) a-HenpepsisHa NO 3TOMy MHOXEcTBY. MHomecTBO Te MOKHO NOKPbITE OTKPBITHIM
mHoxecTBoM T, uTe < e. Mo nemme 15 § 5 dynxuun ' (t) orpaunvena wa T\ T¢, a no nemme 14 § 5 ee
rpadmK 38MKHYT, T.e. MHOXECTBO Takux Touek (t,x,v), uTo t ET\ T, xE D, v =£(t, x), 3amKHyTO.
CnepoBatenbHo, oaHo3Ha4HaA (ynkuma f(t, x) na mHoxectse t € T\ T, x € D HenpepbieHa No 3TOMyY
MHOXECTBY.

Cneacrtswue. llpu ycnoaunx reopemst 3 Pyrxyun f (t, X} usmepuma na mrowecree T X D,

Teopema 3 NO3BONAET YTOYHWTH, HA KAKOM MHOXECTBE pewexnAa ypasHewnA Kapateoaopu umeior
NPOU3BOAHYIO M YAOBNETBOPAIOT YPABHEHMIO.

Teopema 4 [130]. [lycrs eexrop-gpynxyua f(t, x) yo PABT yCJ Kapareodopu
(n.1 § 1) B 3amkHyTON 02panuvenHold obnacru a <t <b,xE DCR",

Toz20a cywecreyer “raxoe mHoxecreo T, Cla,b] mepei Hyne, 4To npu ecex t € [a,b]\T, xawdoe pewenue
ypaereHua x = f (t, x) umeer npou3ssodnyio x(t), psenyno f (t, x(t)).

Aoxasarenscreo[131].Nycts mHoxecTao T, TO xe, 4To 8 Teopeme 3,

xlth=1 (teT), xlt)}=0 {teQ=I[sbI\T,)

Mo ycnosuio | (£, x) | <m(t), dbynkunam (t) cymmupyema. inA noutm scex t € Q

1 t+h dt
lim — [ x{slmislds= — [ x{s)mis)ds=0. (11)
0 h ; de 4

Nycts @ * — MHOXecTBO Tex TOYeK NNOTHOCTH mHoxecTea O, B koTOpsIx Beinonweno (11). Toraa ana
KaWAOro pewenun ypaaHenna x = f(t, x) npu xaxgom t € Q *nmeem

t+h) —x(t) 1 t+h 1 t+h
x(e+h - xl0 = T i, xtshds = —"F" (1 = xlsDds- £, x(e)) +
h h ; h ¢

1 .
+ =T = xo) (7, x6) — £te, x D)ot +—’"- T ), xs)ds.
t t

Tax kak x(s) =0 wa Q, at — TouKa NNOTHOCTH MHOXecTBa Q, TO nepBbIi YNeH NPABOW Y8CTU CTPEMUTCA
« f{t,x(t)) npu h —0. Bo BTopom unewe npu s € Toumeem 1 — X(s) =0, @ npu s & T, scneacteme
HenpepbiBHOCTH dyHKuwM f Ha Q NOAbIHTErpansHan hyHKUMA N0 MoAynio Mewbwe §(h) —0 (npn A—0),
1 Becb BTOPOW uneH mexbwe 5(h) . Tperuin yunen ctpemmtcen k O npu A2 0 B cuny (11). .

CnenoBaTtensHo, BCA npasaA yacTe cTpemmtcA K f(t, x(t)) npu h—0. UTak, anA kaxaoro t € Q ",
u@*=uQ>b —a —¢, cywecrayer x(t) =f(t,x(t)). Tax xax ¢ >0 — nwoboe, T0 Teopema AOKa3aHa.
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Teopema 3 n ee cneacTBue 0606WATCA Ha MHOTO3HauYHbIe PyHkuun F (t, x) , namepumMbie NO t U a-He-
npepbiBHbIE NO X. [INA 3TOr0 HaRO K KAXAOW KOOPAMHATHOW byHKumK oy (F (t,x)) npumernTs Teopemy 3,
a 3aTem pPaccyAaTh Tak xe, KaK Npu A0KAa3aTenbcTee TeopemMsl 2,

AanuHenwee o606weHne Ha MHOrO3HauYHbe (DyHKUMM, W3MEpUMBIe NO ¢ U f-HenpepbiBHLIE NO X, yxe
HEBO3MOXHO. TaKan PYHKUMA MOXKET He GbiTb M3MEPUMON NOo t, X.

B Teopum anddepeHunanbHbiX BKNIOYEHWA UCMONL3YIOTCA TEOPeMbl O BblAGNeHWU OAHO-
3HaYHbIX BETBEN (CeneKTopoBs) MHOrO3HauHbIX HYHKUWA.

Nemma 8. Ecnu mrowecreo A 3aMKHYTO U 8binyKno, To Gnumaliwan K 0aHHolU Tovke
b Toyxa a € A, a=al(A), HenpepsieHo 3aeucur or mMHowecrea A, r.e. alA;) >alA) npu
a(A;,A) =0.

NDoxkasatenbcTtBo. MNycts alA;,A) 20 (i +°°), Toukn a; EA; na< A — 6nm-
wanwwue K Touke b (cm. nemmy 2 § 5) . Toraa

pib,a;)=plb,A;)>p(b, A)=p(b, a). (12)

Ecnv HekoTOpaA NOANOCNeAOBaTeNbHOCTL 3;, —>ag #a, TO ao €A wn n3 (12) cneayer
p(b,ao) =p(b, a). 310 npoTnsopeunt nemme 2 § 5.

Teopema 5. [lycrs ona kawodozo p € E mHoxecreo A (p) C R" ne nycro, 3amkHyro,
abinyKno.

To20a cywecreyer odHo3HavHaa PyHkyua f(p) € A (p), HenpepsieHan,ecnu PyHkyua
A (p) — a-HenpepsieHan, u uamepuman, ecnu PyHkyua A (p) — uamepuman.

HNokasatenbctso. BozbMem kakyo-nbo Touky a € R". inAa kaxaoro pEE B
BbINYKNOM 3a8MKHYTOM MHOXecTBe A (D) MMeeTCA TonbKO OAHa TouKa, nmKaiwan K Tou-
ke a (nemma?2 §5).0603Haunmee f (p). OHa HenpepbiBHO 3aBMCMT OT MHOXecTBa A (p) . Mo-
aToMy 13 HenpepbiBHOCTH A (p) Ha E cneayeT HenpepbiBHOCTS f (D) , a U3 usmepnmocTn A (o) u
Teopembt 2 — HenpepbIBHOCTL f (D) Ha MHOXecTBe £\ £, rae pE, < €. Tak Kak € NPON3BONL-
HO, TO f (p) namepuma Ha E.

3ameuyaHune Ecnu ot6pocuTs ycnosue BbinyKnoCTW MHoXecTBa A (p), To Henpepbis-
HYIO BETBL MOXHO BbIAEANTL HE BCErAa, a MIMEPUMYIO — MOXHO BCEraa, HO 3TO AOKa3bIBaeT-

cA cnoxwee [132].

§ 7. CymecrBoBanue H CBoOHCTBa peleHHit

34ecb A0Ka3bIBAIOTCA TeOpeMbl CYWECTBOBAHWUA pelleHui ANA AudidepeHunanbHbiX BKNIO-
yeHU’ 1 auddepeHunanbHbiX YpPaBHEHN ¢ Pa3pbiBHbIMU NPaBbiMM YacTAMKU. MMokasbiBaeTcA,
4YTO Npeaenbi CXOAALWMXCA NOCNEA0BaTEeNbHOCTEN NPUGNVIKEHHbIX PeWweHnA ABNAIOTCA pele-
HuAMU. [loKa3bIBaIOTCA TeOpeMbl O NPOAOSIKEHWUN PELWEeHUH, O KOMNAKTHOCTUM U CBA3HOCTU
MHOXECTB PeleHUn.

1. MpnbnunxeHHble pPeLweHUA 4aCTO UCNONL3YIOTCA B TeOpeMax CyLeCcTBOBaHUA (Hanpumep,
nomaxbie Jiinepa) M nNpu NCCNeaoBaHWW 3aBUCUMOCTU PELWEeHWA OT HauanbHbiX YCAOBUA N OT
npaBo#t 4acTu ypasHeHWA. [AnA aAuddepeHUnanbsHOro ypaBHEHMA C KYCOYHO HenpepbiBHOW
NPaBoOi 4acTbi0O eCTECTBEHHO PaccMaTpvBaTb He TONbKO Manble U3MEHEeHWA NPaBOW 4acTh B
o6nacTAXx ee HeNPepbLIBHOCTM, HO W Manble W3MEHEHWA rpaHul 3Tux obnactedi. Moaromy
npubnnXeHHbIM PelweHneM ypaBHeHnA x = f(t, X) Hapo cunMTarb, B YaCTHOCTH, TaKylo abco-
NIOTHO HenpepsiBHYIO hyHKUWIO ¥ (t) , ANA KOTOPOW NOYTH BClOAY

ly(e) —Fle, z(e) 18, lz(e) —y(t) <38, (1)

rae z (t) — xaxan-HM6yabL hyHKUMA, a YICNo & AOCTaTOYHO Mano.
O603Havan M® 3amkHyTyi0 §-0oKpecTHOCTD MHOXecTBa M, ycnosue (1) MoXHO 3anucatb
Tak:

yt) E [flt, (yen®)n°. 2)
Ecnu 0603HaunTb Z (t) —y (t) =p(t), vo ycnosue (1) moxHO 3anucats Tak:

ylt)=Fle, (y(t) +plt) +qlt), |plt) 1<, lg(t)1<8.
B [117] so3mywenunn p(t) Ha3biBAOTCA HyTPEeHHUMU, q (t) — @HewHumu. YunTbiBaR nem-
Mbl 9 u 13 3 § 5, ycnosue (2) mMoxHO 3amMeHnTb HeCKONbLKO Gonee 06WMM ycnosvemM

y(t) € [co Fit, y(e)®))8. 3)

Taxoe xe onpeaenexve NpuGnnXeHHOro peweHWA NPUroaHo U AnA AuddepeHunansHoro
BKNIOYEHNA C NPaBoOi yacTubio, f-HenpepuiBHOW nO x. Ecnu e npasam 4acTb BKNIOYEHUA
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f-HenpepbiBHa NO 7, X, TO MOXXHO elie PACLUMPUTL . NOHATHE NPUGAKKEHHOrO PeleHnA, 3aMeHVB
B (3) flt, (y(t))®) naf(e®, (y(e))?®).

B §8§ 7 u 8 ucnonsayloTcA cnepylowme onpeaenesnn.

BexTop-hyHKuuAa y (t) HasviBaeTcA &-peweruem (npubnumernsim peweruem c¢ Toy-
HoCTsI0 00 8) BKAOYEHNA

XEF(t, x) ‘ (4)

¢ f -HenpepbiBHOW no t, x yHKUWel F, ecnM Ha PacCMaTPUBAEMOM MHTEPBane (YHKUMA
y (t) abconloTHO HenpepbiBHA U NOYTH BCIOAY

yI)EFs(t,ylt)), Fslt,y)=Ico Fed,y®N°s. (5)

3necs u nanee F (t %, y®) o3navaer obvennHexne mHoxecte F (t,,y,) ann Bcex t; €¢t96,
vi€y?, te lt, -t 1<, |y, -yl <6.

3amevanune. Ecnu mHoxectso. F (t, x) orpaHuueHo, Buinykno, PyHkuva F f-Henpe-
poiBHa no t,x B obnactn G u xomnaxkt. K CG, to anA nwoboro € > 0 HanpaercA Taxoe
8o (€) >0, yto npu Becex & <8, (€) rpadmx dynxkumn Fj (t, x) Ha K conepxnTCA B €-OKPECT-
HocTu rpagmka dyHkumm F (t,x) Ha K. (Ecnm ana HekoToporo € > 0 Touku (t; ,x;,v; ),
i =1,2,..., nexar Ha rpapunkax dyHKuniA F51 (6; =0), BO BHe €-OKPECTHOCTHN rpadmKa
dyHkuumn F, 10, 8616UpanR U3 3TUX TOYEK CXOAAULYIOCA NOANOCNEAOBATENLHOCTE U NOML3YACH
f-HenpepbIBHOCTLIO hyHKUMKU F B NpeaenbHOW TOUKe, NPUAEM K NPOTUBOPEYMIO.)

2. byaem rosBoputh, 4TO MHOrosHauHaA dyHkuma F (t,x) B obnactm G yaosnerBopRer
OCHOBHBIM yC108UAM, ecnn npy 8cex (t, x) € G MHoXecTBO F (t, X) — HenycToe, or paHuveH-
HOe, 3aMKHYTO®, BbinyKnoe U GyHKUMA F f-HenpepeiBHa No , X.

flemma 1. flycrs F (t,x) ydoenersopaer ocroewsiM ycnoeuam e obnacru G. Toz2da
npeden x(t) mo6old paeHOMEDPHO CXOORWEUCA NOCNeO0BaTensHOCTU Oy-pewenuld xi (t)
(6 >0, k=1,2,...) exmovyernua (4) ecrs pewerue 37020 exmoveHua (ecnu 2pagurc npe-

densrol dyriryuu x(t) ,a &t b, codepwurca 8 G) . :
DoxkasaTtenscTBo. Bossmem noboe ty € [a, 5] n noboe € > 0. dynkumwa F f-He-

npepsIBHA, NO3TOMY HaiaeTcA Takoe N > 0, uto B o6nactu Gol | t —to 1 <27, | x—x(to) | <
< 31) nmeem

F(t,x) CFg, Fo=Flto, x(to)). (6)
Tax xax Bce xi (t) HenpepbiBHLI, TO x(t) — Toxe. HalayTca Takme ¥ € (0, 1) v ko, 4TOo Npy
k>ko, |t —tg] <vumeem

dx<min{nie}, Ixx(t)—x(r)I<n, Ix(t) —x(to) | <n.

Orciopanus (6) cneayer npu d =8y, k> ko, It —to 1<y <n
t5Ced" U ()8 Cxl(eo))®™,  Fle?, by (e))®) CF§.
Tak kax xi (t) ecTb 6 -pewenve, a Fo BbINYKNO, TO NOYTH BCIORY

X (€) € [coF(e2, xy (2))®)]® C [coFEI® C F2e.

Teneps w3 nemm 9 u. 13 § 5 cneayer, yto npu | t —to | < v byHkuma x(t) abconoTHo
Tenpepuaua u x(t) €E FE€ 1am, rae cywecreyer X(t), T.e. noYTM BCIOAY Ha uHTepsane
t— tol < Y.

Taxknmm MHTEPBaNamMu MOXHO NOKPLITL Bech 0TPe3oK [a, b], nostomy Ha [a, b] dyHxumA
x(t) abconoTHO HeNpepbLIBHAE M NOYTH BCIOAY cyuecTsyeT X (t) . [lnA Kaxaoro ty, Npu KOTOPOM
cyuwlecTByeT x(to), AOKa3aHO, uTo X (to) E F 2€ npu cxone yroaHo manom € > 0. Noatomy
x{to) € Fo=F (to,x(to)), T.8. x(t) — pewetne.

CneactBue 1. Ecnu F (t,x) yooenersopAaer OCHOBHBIM yCNIOGUAM, TO npeden pae-
HOMEPHO CXOO0AWeUCcA nocnedoearensHocTu pewenul duddeperyuansHozo exmovenun (4)
ABNAETCA PeWeHUeM IT020 BKMOYEHUA.

CneacTtBwue 2. Ecnu F (t,x) yooenereopAeT OCHOBHLIM YyCAOGUAM, KPOME yCIIO8UA
8bINYKIIOCTU, TO NPEOes PaGHOMEPHO CXOOAWEUCA NOCNe008aTeNnsHOCTU peuweHul aKmove-
HuA (4) ecrs pewenue exmoveriun x € coF(t, x) . (Tax Kak B 3TOM crniyuae 8 cuny nemmsi 16
§ 5 dyHKUMA CcOF (t, X) yAOBNeTBOPAET OCHOBHLIM YCNOBWAM, TO K BKAIOueHMI0 X €
€ co F {t, x) MoXHO npUuMeHwnTL cneacTewme 1.)

Teopema 1 [120], [122], [33]. Iycrs F (t, X} yOoenereoprer oCHOBHLIM YCNIOBUAM
& obnacru G.
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To20a dna mobod Touxu (to, Xo) € G cywecreyer pewerue 3adavu
iEF(t,X’, X(to)=X0. (7)

Ecnu obnacts G codepwur yunundp Z (to St Sto +a, | x —xo | <b), T0 pewenue cywecr-
@yer no MeHswel Mepe Ha oTpe3Ke

b
to Sttty +d, d=min{a;—}, m=sup | Flt, x)|. (8)
m VA

3amevaHue Ecnuobnacte G coneprnt unnunap 2’ (to —a St Sto, | x —xp | <b),
TO peweHve CyLIECTBYeT Npu to —d 'St <ty, rae d’ evipaxaerca, nogo6Ho (8), u
a,bum'=sup| Fit,x) | BZ'
Noxasartenscrtso. Cywecrsyor Takue 8 >0, b>0, yto Z CG. No nemme 15 § 5
m<oo Nnak=1,2,... BO3bMEM
=d/k, tk[=to+l'hk, i=0,1,...,k.

Moctpoum nomaHyo xx (t) . Nonoxum xi (txo) = Xo. Ecnu anA HexoToporo / = 0 3Hauexwe
Xi (txy) = Xx; yxe onpeaeneHo u

Ixp;—x0|l&m ltg; —to!, {9)
10 NPyt £y <t Kty ;41 ONpenenum Xy (t) pasexcTsom
X (8) = x5 + (8 — te)vii, (10)

83AB M060e vi; € F (tx, Xki) . Tax xak B cuny - (9) (txs, Xis) €Z, 70 lvi || F ey, xi )<
<m,nnz (9) u (10) nmeem
Ix (e} —xol<m It —tg|  (tp; <t Ktg y+1). (11)

MoatoMy 3Hauenmne X (tx, ;+1) =Xk, ;+1 ONPEAENEHO W YAOBNETBOPAET HEPaBeHCTBy, nony-
yaemomy u3 (9) 3ameHon / Ha/i +1.

Takum o6pasom, X (t) nocneposarensHo CTPOMTCA Ha otpeskax [fxy,tx ;+1], 7 =
=0,1,...,k~1.Beuny (11) n (8) rpagmk dyHkuumn x,(t) (to St Kt + d) conepnmtca B
Z. B cuny (10) dyHxumn xi (t) HenpepuisHau [xx (EN<m (¢t #txy,i =1,2,...).Nosro-

My DyHKUMA X (t) abcomoTHO HenpepsiBHA. Tak Kak

X (t) = VkieF(tk[,XH) 0<t—ty; <hg, lx,‘ (£) — xx; |<mhk,
10 X) (t) ecTb 8 -pewenne BknioveHun (4), rpe
8k =max {h;mhi} >0 (k> oo).

Oynkumm x; () 8 cuny (11) v oueriu | %, (t) | <m pasHomepHo orpasmuerbl u pasHo-
cTeneHHo HenpepbiBbi. Mo Teopeme Apuena U3 HUX MOXXHO BbIGPaTL PaBHOMEPHO CXOAA LLYIO-
CA NoanocneaoBaTensHOCTs. Ee npeaen x (t) no nemme 1 ecTb pewenve BknoveHua (4). U3
Xx (to) =xo cneayer x(tg) =xp

Nemma 2. Ecnu F (t,x) ydoeneraoprer ocHOBHbIM YC/IOBUAM @ 38MKHYTOU 02PaHU-
vennoli obnactu D, ro ece pewenun exmovenuna (4), npoxodawue @ 3Trol obnacru, pasHo-
CTeneHHOo HenpepsIeHs!.

DoxasatenscrBo. Nonemme 156 8§ 5 | F(t,x) | <m 8 D. Nosromy anA Bcex npo-
xoanwmx 8 D pewennis | x | <Km

Ix(e") —x@e)N<mle" =¢'l.

Teopema 2 [122], [33]. Mycrs F (t,x) yOosnereopAeT OCHOGHLIM yCIOBUAM 8 3aM-
KHyTOU o2paruvennol obnacru D.

To20a xamdoe peweHue 8KMONeHUR (4) npoxodawee eHyTpu D, MoxcHo npodorxurs @
o6e cTopoHs! 00 8b1X008 Ha 2paruyy obnactu D.

Y0661 3T0 AOKa3aTh, HARO NOBTOPUTL AO0Ka3aTenLCTBO Teopembl 4 § 1, yuuTnisan, 4To
Tenepb B chopmyne (3) § 1 m(s) = const =m, v Bmecto Teopemsl 1 § 1 ucnonbiosare Teo-
pemy 18 7.

AnA pewennit andrdeperunansHoro Bkniovenun (4) ¢ dynkumeli F, yaosnersopRioweil
OCHOBHbLIM YCNIOBUAM B 3aMKHYTOW Or paHuveHHoi o6nactu D, cnpaseaAnuBbl TaKXe yTBepx-
aevvia nemm 4 n 5 u3 8 1. Ux aokasartensCTea He MEHAIOTCA, NWLLL BMECTO nemMM 2 U 3 u3
§ 1 ucnonbayorcAa u3 § 7 nemma 2 u cneacrave 1 nemmsbl 1.
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Teopema 3 [33], [122], [133]. Nycrs dhynxyun F (t,x) ydoenereopaer ocHOGHbIM
ycnoeuam @ obnacru G. lycrs ece pewerus exmoveHun (8) ¢ OaHHbIM HaYanbHLIM yCNoeuem
x(to) =xo (unu co ecesoamonrbimu HavansHsiMu ycnosuamu (to, x(tg)) €E A, A — 3a0aH-
Hb1G KomnakT, A CG) npu a<t <f cywecreyror u ux 2pauxu npoxodar e obnacru G.

Toz0a mHowecT80 H rovex, neawux Ha ITux zpagpuxax npu a <t <f (orpesox eopor-
mf), g]zpanuveﬁo U 3aMKHYT0. MHONECTBO ITUX PDeweHUli AGNRETCA KOMNAKTOM 8 MeTPpUKe
Cla, f1.

Y7106bl 3TO AOKA3aTb, HaAO NOBTOPUTL AOKA3aTeNbCTBO Teopembl 5 § 1, 3ameHuB cCbINkK
Ha yTeepxaeHun § 1 cCbinkamm Ha aHanormyHbIe yTeepkaeHna § 7.

3ameuanue. lNpu ycnoBuax Teopembi 3 B cniyvae, koraa A — TOMKA AW CBA3HLINA
KOMMNAaKT, MHOXECTBO peiweHnin csAsHo B meTpuke Cla, Bl v ceverne mHoxkectsa H nio6oit
nnockocteio t = const € [a, ] (ceuenne soporku) Toxe cBAswo. [133].

3. B pokasaHbiX B N. 2 neMMax ¥ TeopeMax Henb3A OTEPOCUTL YCNOBUE BLINYKNOCTY.

Mpumep. Mycte xE R!, MHOXKeCTBO F(t, X) COCTOMT W3 OAHOW TONMKM —SgNX nNpw
x#0 u u3 aayx Todek * 1 npu x=0. Torna mHorosHauHan thyHkumn F (¢, x) f-nenpepbiBHa
no t, x. inA nio6oro t, peweHne ¢ HauyanbHbLIM ycnosuem x (to) =0 He cywectsyer nput >
>to. Pynkumn xx (t), noctpoeHHbie B 3amevannn k nemme 13 § 5 (cm. puc. 9), AsnAoTCA
8 x-pewennamu, 8; = 1/k >0, Ho nx npeaen x(t) = 0 He ABNRETCA peilueHnem.

O7 Tpe60BaHMA BLINYKNOCTY MOXKHO OTKa3aTbCA, ECAIM BMECTO YCNOBUA f-HenpepbiBHOCTU
tyHkuumn F notpeGosarb, 4ToGbl OHa Gbina a-HenpepbiBHOW No X (cm. n. 5) . Toraa Teopems:
O CYWECTBOBAHUM ¥ MPOAOCIKEHUN PELeHUA COXPAHAIOTCA, HO MHOXECTBO pelleHUi U OTPe30K
BOPOHKMN MOTYT GbiTh HE3AMKHYTbIMM,

NMpumep [134]. PaccmoTpum cuctemy

x=—y?+u?, p=u; -1<ult)<1. (12’
3aeck MHoXecTo F (x, y) ecTb aAyra napabone!

V1=Vg—y2, —1<V2<1,
T.e. HeBbINYKNO (v, 1M v, — NpoeKuun Touexk MHoXecTBa F (x, y) Ha ocm koopaunHar) .

PaccmoTpum npu 0 <t €1 MHOXXeCTBO pelweHuii ¢ HavanbHbiMKu ycnosuamu x (0) =y (0) =
=0. Ecnm y(t) =0, 1o u(t) =0 noutm ecioay, X=—y2 +u? =0,x(t) =0. Ecnm y (t) #0
(0<t <1), 70 x=—y? +u? €1; npu arom x< 1 Ha Tex unTepsanax, rae y (t) # 0. Cneno-
satensHo, x(1) < 1 anA Bcex pewennit, u Toukat =1, x =1, y = 0 He npuHaanexmT rpadgm-
KaM peweHuit n He NpuHaanexuT oTpesky 0 <t <1 BOPOHKH.

PaccmoTpum pewenme x (t), yx (t), ana kotoporo x,(0) =y, {0) =0,

2 2i +1 2i +1 2i+2
u=1 — <t< , u=-1 <t < ,
k k k k

i=0,1,2,... Torpa

1 1 1
Oy lt)€— , xt)l21-——, x,(1)21——.
Yk X k ©2 k 2

CnenoBatentHo, Ckonb yroaHo 6nu3ko k touke t =1, x= 1, y = 0 uMe10TCA TOuKU rpagmkos
PeweHnit C HyneBbIMM HavanbHbLIMK YCNIOBAMU, a CamMa 3Ta TOYKA He NeXMT Ha rpadmke Tako-
ro petweHua. NtaK, MHOXECTBO 3TUX peweHni n oTpe3ok 0 <t <1 BOPOHKMN HEe 3BMKHYTbI.

YpasHennAa (12) MOXHO PaccMaTpMBaTh Kak YPaBHEHWA ynNpPaBAREMOW CUCTEMbl, T.e.
CUCTEMbI, ABMXKEHUEM KOTOPOM MOXHO yMpasnATb, BbiGupan npoussonbHo dyHkumio u(t)
B YKa3aHHbIX npeaenax. M3 cka3aHHOro cnegyer, Y4T0O 3Ty CUCTEMY 33 EAUHULLY BPEMEHW Herb-
3A nepesectTm w3 CocTOAHWA X =y = 0 B cocToAHue x= 1, ¥ = 0, HO MOXXHO NepesecTH B COC-
TORHME, CkOonb yroaHo Bnuskoe Kk x=1, y =0, MeHAA ROCTaTOYHO GbicTpo dyHKumio U (t) oT
1 a0 —1 n o6parHo (CKONL3IALUMNK pexum) .

Mpw oTikase oT TPEGOBaHUR BLINYKNOCTU MHOXECTBA F (f, X) COOTHOWIEHMR MeXAy MHOXe-
cTBamu petleHunii BknioweHna XE F (t, x) n BxnioveHnr X € co F (t, x) un3yuanuce, B vacT-
noctu, 8 [1356] —([140].

Ecnu MHorosHaysan dyHkuma F (t, xX) a-HenpepuiBHa NO t, X OrpaHnMyeHa u yAOBNETBO-
pAet ycnoswuio Jlunwwua no x:

alFt, x'), Flt,x"N <) |x' —x"1,
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rae dyHuma /(t) cymmmpyema, To AnA nio6oro pewexna X, (t) sxnoueHnn X E co F (t, x)
CYWeECTBYET NOCAEAOBATENbHOCTL PELIHUA BKMICHEHWA XE F (t, X), paBHOMEpPHO CXOAR-
WaACA K Xp (t) Ha aawHoM otpesxe [138]. 3w ycnoswm moxuno ocnabute [136], [140],
HO O0T6pOoCKTL ycnosue Jlunwnua unn 3ameHnTs ero ycnosuem Fénbaepa Henb3A,

Npumep [137]. MHoxecTeo F (x, y) He 3aBUCUT OT t U COCTOUT M3 ABYX TOYEK

(Lx2+/1y 1), (=1, x* +/Tyl).
Torna co F (x, y) — OTpe3cic, COBANHAIOWMIA 3TUX ToukK. BekTop-byHkuma (x,(t), yol(t)) =
= 0 yaoBnersopAeT sKnoveHuo (X, ¥) € coF (x, y), HO He yAOBNETBOPAET BKNICUEHNIO

(x, Y)EF(x,y). (13)
Mpeanonoxum, 4To sknoyedue (13) umeeT nocnenosaTensHOCTb pewenunt Xi (t), vy (t),
k=1,2,...,CXONAWYIOCA K HYNIO Ha HekoTopoM uHTepeane a< t < f. Tak kak x=y =0 —

He pewexve sxnioveHun (13), to Ha niebom untepsane (v, 8) C (a, f) anA kawaoro k Hai-
AETCA TOUKa t;, B KOTOPOW ¥ ¥ 0 unu ¥ =0, x; # 0. Tak Kak ANA BCEX peleHni

y=x®+yly i>\/ lyl,

ToBcnyuanAx yi (tx) >0unyy (tx) =0, xx (tx) #0 npu t > t; umeem yx (t) >0,

d fk (t)
— 2V lt) —t) =—— -1 >0.
dt Ve V¥ (t)

MoatomMy 24/ yy (t) —t He y6biBaeT nput = ty,
2V (O =t 22y (ted —tre. v (t) =t — 15)2/4,

n yx (t) He MOXeT CTpeMuTLCR Kk HyNIo Ha uxTepsane § <t < f.
B cnyvae yy (tx) <0 npu t <t umeem yy (t) <O,

yk(t))\/—yk(t (2v—yk(t)+t)<0

3HauuT, 2v/— yi (t) +t He BO3pacTaerT,

Vi (t) < —(ty — t)?/4 (t<tg),

Ny (t) He MOXeT CTpeMUTBCA K HynIo Ha uHTepeane a < t < 7.

Utak, pewenne x=y =0 skniovenun (X, ¥) EcoF (x,y) HM Ha xaxom uHTepBane He
MoXeT GbiTh Npeaenom NOCNeaoBaTeNlbHOCTU pelleHni BKnoveHua (13).

Onanako okasbiBaeTcA, 4To noboe pewenne sxmoveHnn XE coF (t,x) (xE R") Bcerpa
ABNAETCA NPeAenoM HeKOTOPOW NOCNeAOBaTENbHOCTU NPUBAMIKEHHBIX pelIeHUin BKIOYEHUA
xE F (t,x), naxe ecnu paccmaTpusaT, 6osiee y3KuA KNace NPUBAMKEHHBIX PeWweHnit, Yem
B n. 1, — KNacc KBa3UTPaeKTOPHA.

Ann andrbepernumancHoro siKnoueHua X € F (t, x) ¢ orpaHnueHHON a-HenpepbLIBHOW NO
t,x dyHkuvenr F (t,x) xeasurpaexropue’ waswisaetchR [135] abconioTHO HenpepsiaHan
BekTop-hyHkuma 2z (t) (@ <t <bH), AnA KOTOPOK CylwecTByeT NOCNEAOBaTENLHOCTL abco-
SIOTHO HeNpepbiBHbIX BeKTOP-ByHKUMIE X (), o6nagalowm x CBOWCTBaMM

Ixe(t) |<m ; xp(t)>2z(t) (a<t<b);
plxx (t), F(t, xx (t))) =0 noutn sciony Ha [a, b].

AononHutensHoe TpeGosaHue, uToGbl NOCNEAHUI NpeAenbHLIN NepexoAa Gbin PaBHOMEPHLIM
no t, He MeHAeT Knacca kaasuTpaekTopwi [141].

Teopema 4 [135]. Ecnu mmrowecreo F (t,Xx) He nycro, o2paHuyeHo, 3aMKHYTO u
dynyua F a-Henpepsiena no t, X, TO MHONXECTE0 KEa3uTpaeKTopul exmoyeruna x € F (t, x)
€08NadaeT c MHOMECTEOM PeweHuli 8K moveHua X € co F (t, x) .

4. B HeKOTOPOU OTKPLITOW UK 3aMKHVTOM obnactu (n+ 1) -mepHoro npoctpaxcTea t, x
paccmoTpum auddeperumnansHoe ypasHenne X =F (t,x) C KyCOuHO HENpepbIBHOW NPaBoM
yacTelo, kak 8 n. 1 § 4, a Takxe ypasHeHue

x=flt, x,uy(t, x),...,u,(t x) (14)

npu ycnosvax 8} n. 2 § 4. Ha nosepxHOCTAX pa3pbiBa NPaBaf 4acTb ACONPEAENAETCA KaK
B cnyvanx a)unue)n.2 § 4.NMycte 06nacTu HenpepLIBHOCTH tyHiunu f (t, x) yaosnetsopn-
o1 ycnoswio ¥ n. 1 §& 6. Toraa cornacrio n. 1 § 6 pewexna ypasrHennit x=f (t, x) u (14) cos-
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NafaloT C PeWweHnAMK HeKOTOPbIX AuddepeHuuanbHbIX B KNIOYEHUN C BbINYKNbIMU NPaBbiMK
vyacTAMK, B-HenpepbiaHbiMy No t, X. M03TOMy U3 yTBepXAeHui, A0Ka3aHHbIX B N. 2 ANA aud-
depeHyManbHbiX BKMIOYEHMA, BLITEKAOT TaKWe XK€ YyTeepXAeHUA AnA avddbepeHumnanbHbiX
YPaBHeHMit C Pa3pblBHLIMMW NPaBbiMKU YaCTAMU NPU TONBKO YTO YKa3aHHbIX YCAOBUAX:

A. Yepe3 nio6yio BHYTPeHHIOW TONKY (tg, Xo) OGNacTH NPOXOAUT peluenue.

b. Kaxaoe peiuenue, NPOXOAALLEE BHYTPU PaCCMaTpMBaeMOM 3aMKHYTOW O paHUYEHHOMN
o6nacTi, npoaomkaeTcA 8 06e CTOPOMb! A0 BbIXOAA Ha rpaHuyy obnacTu.

B. Bce pewexuA, NPOXOAAWME B 3aMKHYTOR OrpaHvMveHHOW oBnacTu, paBHOCTENeHHO He-
npepbIBHLI. '

. MNpeaen paBHOMEPHO CXOAAWIEACA MOCNEAOBATENbHOCTV peieHni (unu 8 ;-pewenni,
rae 8, —+0) ABNAETCA pelLeHvem.

A. Ecnu Bce peweHnA ¢ AaHHBLIM HauanbHLIM YCnoBueMm X (to) =X, (Mnu co BceBo3mox-
HbIMU HavanbHbIMK yCnoBuUAMK (Lo, Xg) € A, A — 3an8HHBLIN KOMNAKT) CyLIECTBYIOT Npy a <
<t < B, To MHOXECTBO TOUEK, NeXAWMX Ha rpamKax 3TMX petueHmii (OTPe3oK BOPOHKH),
OrpaHuyeHo M 3aMKHYTO. MHOXECTBO 3TUX pelueHni ABNAETCA KOMNaKTOM 8 MeTpuke Cla, b)

E. Ecnu 8 yTeepxaeHun [l KOMNABKT A CBA3EH, TO MHOXXECTBO PELIEHUA CBA3HO B MeTpu-
ke C [a, b]; noboe cevennet =t € [a, b] BOPOHKN — CBA3HDLIA KOMNAKT.

5. Ouenb O6WME TEOPEMbI CYUIBCTBOBAHMUA peweHnin ANR AnddepeHunansibix BN IOYEHNA C BbINY KNOR
npaesoit 4acTeo AoKasaxel B [142],[143]. fokaxem cHauana nemMmy O NPUGANKEHHBIX PELUBHHAX, YCUAN-
BaIOULYI0 OANH M3 pesynibTaTos cTaten [144].

Nemwma 3. /lycrs npu a <t <b sexrop-Pyrrcyuu xx (t) (k =1,2,...) abcomorio nenpepsiersl u
ux 2papuxu coOePICETCR 8 O2pSHUNGHHOU 33MKHYTOU O ru D. Mycrs e oBnacru D npu novru acex t
mroxecreo F (t, x) — wenycroe, ozpaHuvenHoe, 3amKHyToe, 8binyKnoe, Pynxyun F f-wenpepsiena no x,
| Ft,x) | <mt), Pynryun m(t) cymmupyema,

% lt) € [co Ft, Lrg () KD)) tk(D), (15)
b

20 >0, | ngltidt—0 ke — o). (16)
a

To20a a) Pymnrcyuu xi (t) peewocrenenno Henpepsiens: Ha la, b); 6) npeden moboil cxodnuseica nod-
nocnedoearensiocTu Gynryuu X (t) ecrs pewenue exmovenun x€ F (t, x) .
3ameuanue 1. Fle, g (t)) ng(t)) ecre obveamHenme mHowects F (t,x) anA scex x€

€ lxg () Nk (1) , 7.6. ANIA BCBX X N3 3BMKHYTOR OKPECTHOCTU paanyca ng (t] Toukm xp (t) .
3ameuanne 2. Ycnosne (15) BoinonHeHo, B 4B8CTHOCTH, TOr A8, KOTAB
Xplt) = up(t) +qplt), uglt)eFle, xplt) + pple));
1Pg(t) 1< nglt), 1ggle)l < ngle).
AoxasatenscTso. U3 (15) cneayer, uro noutu scloay
1% (8) 1 < m(t) + ngle). (17

Ana moBoro e > 0 cywecTayioT Takve & >0 w k,, 410 ANA N0oGLIX HENEePeceKaoWNXCA NHTepeanos
{ag, 87} C [8, b] c cymmoin anun, menswedi §, n noGoro k > k,

(] € b

€
Zf mitddt<—, [ ngltddt<—.
iag 2 a 2
Toraanpuk >k, w3 (17) cneayer
By
I xpB) —xplay) 1= | f xpltldti<e. (18)
i 1 o

OTciona BhiTeKaeT yTaepxaenmne a) .
Mepexoan 8 (18) Kk npeaeny NO NGO cXOAAWEHCA NOANOCNEAOBATENLHOCTM

xkle) = x(t), k=k,, k,, ... =, (19)

nonyusem, Y10 NpeaensHan dyHKumA x(t) aGCONIOTHO HenNpepsiBHa.

Nokaxem, 4r0 noumm scroay X(t) € Flt, x(t)). U3 (16) cneayer, 410 AnA N10OGOro ¢ > 0 Mepa MHO-
xectea, rae Inxlt)| > e, crpemMuTcs K Hynio Npu k — =, T.6. NocneaoBaTensHOCTL 7y (t) CxoaMTER K Hynio
no mepe. Nostromy n3 noanocnenosarensioctw nilt), k =k,, k,,..., mowno ewiBpars ([64], cTp. 110)
HOBYIO NOANOCNEROBATENLHOCTL, CXOAAWYIOCA K HYSIIO NOYTH BCIORY Ha [a, b]. inA KpaTKocTw 0603HaMM
ee {n;(r)}, a cootmercTaylOWyI0 NOANOCNenOBaTANLHOCTL M3 (18) OBo3HauNM {x; (1)} .

e Ipn nowtn Bcex ¢t n3 x;(t) > x(t), ny(t) =0 c yverom gHenpepsiswocTH pyHKuun Flt, x) no x
eAyeT
ni(r)

Fle, Oxyle))
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3aecs B NPaBO Y8CTU CTOMT BLINYKNOE MHOXECTBO, NOITOMY NEpeA NEBOW UYaCTLi0 MONHO AOMUCATL
anax c0. Toras ua (15) umeem

o € (Fte, x(en) OO,
3uaunt, ana nobBoro vE A" npu noutwu Bcex ¢
tim xi(t) v =plt) < Y (Flt, x(2),v), (20)
j—>oo
rae Y — onopHan pyHKuna (n. 3§ 6).
Anmnnoboix a, § @<a<p<b) nmeem
[} 8
v- () —xpla)) = [v-X;le)-dt < f sup v-%;(t) dt.
a a J>i

Tax kaxk sup v-:'tj (t) (j > /) npu Bo3pacTamum / HE BO3PECT3ET U CTPEMUTCA K nNeBo#H vacTu (20), 10 npu
i~ % NONyvdem

8 8
Jvsilt)-dt = v-lx(g) —xla)) < [ p(t) dt.
o o

Mn're[poan] {a, §) — npoussonsHeiit, NoatoMy v-x(t) < p(t) nourn scioay. B cuny (20) nowrtm scoay
Ha [a, b

v-x(t) Sy (Flt, x(2)), v).

To we cNpPaBEANMBO ANA CYETHOrO BCIO4Y NNOTHOrO MHOMeCTe2 BexTopos v. CneaoBavensHo (cM. nem-
My 6 § 6 u ab3auy nocne Hee) , x (t) € Fle, x(t)) noutn ecoay.

Teopema 5 [143). /lycrs npu novru ecex tE [t,, t, +a8] ana |x —x,| <D

1) mroxecreo F(t, x) — Henycroe, 3amKHyTO®, 8bINYKNOE;

2) dyuxyun F G-wenpepbiana no x; .

3) cywecreyer oowo3nawan aexrop-Ppymrcyun flt, x) C F(t, x), KOTOPaA npu KaXOOM X U3IMEPUME
no t;

4) cywecreyer raxan cymmupyemen Pyriyuns mit), vro |flt, x)| <mlt).

To20a 1a oTpesxe t, <t<t, +d, 208 d onpedennerca xax 6 (3) § 1, cywecreyer pewerue 3808%w

XEF(t, x), xlty)=x,. 21)

Jamevuanue Ecnunpu xaxaoMm X GyHKUMA F u3MepuMa No t, TO ycnosue 3) BLINOMHEHO B

cuny veopembi 5 § 6.
Aoxa3zatenscteo. AnA k =1, 2,... BO3bMeM

hy=dk, tgj=t, +ihy, i=0,1,... k.

Noctpoum dynikumio xx(t). Nycrs xiltxg) = x,. Ecnu ann Hexotoporo i > 0 3naverne Xxltx;) = xx;
Ye ONpeasneHo u .

t
1%g; = x4 | € pltgy) (plt) = [ mb)ds), (22)
to
TO Npw tx; <t <t ;4| NONAraem
t
xx(th=xg;+ [ fls, xpp)ds. (23)
tki

Tax xak 1£(t, x) | <m(t); T0u3 (22) n (23) umeem
IXglt) —x, 1< plt) Kb~ (g <t<tg4y). (24)

Taxum 06pasom, x(t) ctpourca nocneaosatensHo Ha otpesKax /i = [tk tkj+1), i = 0,1, ...
..., k—1. Hascem oTpesxe [t,, t, +d] cnpsseanuBsi HepaseHcTBa i24), BeKTOP-ByHiUnM Xi(t) a6co-
NIOTHO HENPEPLIBHLI W NOYTH BCIORY HA KEXNAOM OTpesKe /i;

Rplt) = uxle) = e, xp)) € Fo (8, xp),

rae F {1, x) — vacTe mHOXecTBa Flt, x), cOpepXalWBanch B wape paauycd mit) C UGHTPOM B Hauane
xoopanHaT. Pynkuun F, (t, x) Takwe yaosnetsoprer ycnosuam 1) —4) teopems: 5.
Nycre 2 (t) =xpy (tg; < t<txi+1. i=0,1,...,k—1). Toraa

Ixg (8) — 2xc(e) | < max lplty j41) —plex)) = 0 k- ).
i

B cuny nemmsl 3 u3 nocnesosatenssocu {xx (r)} MOXHO BbIGPATE PABHOMBPHO CXOARILYIOCA NOANO-
CI18ADBATENLHOCTSL; €6 Npeaen ecTe peluewue 388w X € Fo (t, x), x(t,) =x,, 3n8emT, u 3apawm (21).
Nemma 4 [143]). llycrs esmonmers: ycnoeun reopemss5 u |Fit, x) | < m, (t), Pynxyus m, (t)
Cymamupyens.
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To20a mHoXecTe0 peweHuli 3adawu (21) Ha oTpesxe [t,, t, +d] Aenmerca xomnaxrom e merpuxe C.

DAoxasatenscTBoO. YrBepxaeHue cneayer u3 nemmbl 3, ecnu Baate Zx(t) = xp(t), uylt) = x(t).

Teo pema 6. [Tycrs mwo203HauHanA dynkyun Flt, x) onpedenera e oBnacru G u @ Kawdou ozpa-
HUYeHHOU 38mKHyTOU 0BnacTu D C G @binonHensi ycnoeuA nemmsi 4, Moxer BbiTs, C pa3HbIMu ByHK-
yuAmu m(t) u m,(t) OnAa pasvsix oBnacred D.

To20a pewerun exmoverua x € F(t, x) @ obnacru G o06nadawor ceolicreamu A—E, nepevucnenHsIiMu
e n 4.

DOKA3bIBAGTCA TEMU X6 METOABMMH, MTO ¥ BHANOTNYHLIE YTBEDKAGHNA B M. 2; NPM 3TOM CChINKK Ha
neMMbl 1, 2 n TeopeMy 1 38M@HRAIOTCA CChINKaMu Ha8 neMMbl 3, 4 U TeopemMy 5. Npn HecKonNbKO MeHee
06Wux YCNOBUAX 3TH YTBEPXABHWA nOKa3aHs 8 [143]. .

B cnyuae, xorpa MHoXecTBO F(t, X) MOXer 6GbITh HEBLINYKNBIM, [-HENPEPLIBHOCTU DyHKUUK F  He-
AOCTATOYHO ANA CYWeCTBOBAHUA peweHnA (npuMep 8 Nn. 3) .

Teopema 7 [145). Mycronpu t, St < t, +8, | X — Xy | < b mHoXecreo F(t, x) — Henycroe, 3am-
kHyroe; |Flt, x)| < m(t), pynuxyua m(t) cymmupyema; PyHxyua F a-HenpepbieHa NO x, u3MepuUM8
no t. To2danpu t, <t<t, +d cywecreyer pewerue 380avu (21).

B [146] noxa3aHo, 4TO B Tex TOYKSX, rae MHOXecTBO F(t, Xx) BbINyKNo, yCNOBUE a-HeNpepbIBHOCTU
dyHxkuuu F N0 X MOXHO OcNabuTb A0 [-HENPePsIBHOCTH.

8. AuddepeHunansHbie YpasHeHuA ¢ PA3PLIBHLIMKM NPaBbiMK Y8CTAMHK, 0606wWaowme ypasHeHua Kapa-
TEOAOPWM H8 CNY4al, KOTA8 Npassie 4acTW MOTYT GbiTh PA3PbIBHLIMKA U NO t, U NO X, PACCMATPUBANUCL B
(1071, [108], (93].

NMycTtb a’mrop-d)vnxuun f(t, x) onpepeneHa nouTu scioay w u3Mepuma 8 obnactu G npocTpancTea
t, x (XER") n aNA KaXAOH OrpaHuyeHHON 33MKHyTOW obnacth D C G cywecTByeT TAKaR NOYTH BCIO-
AY KOHe4YHaA yHKUMA m(t), 4To nouTu Bcioay 8 D

1£(t, x)| < mile). (25)

Nycte Flt, x) — HauMeHbWEE 3BMKHYTOe BbINYKNOE MHOXECTBO, cOaep)Kaliee BCE NpenenbHbie 3HE-
yeHUA BeKTOpP-pyHKuun f(t, x'), Korpa x' — x, npoberaAn NOYTH BCIO (38 UCKNIOYEHWEM MHOXECTBa
Mepbl HyNb) OKPECTHOCTL TONKK X, T.e.

Fle, )= N N, Gt x5 W) 126)
§>0 uN=0

3pect CO O3Hauaer Bbinyknoe 3ameikanme (n. 1 § 5); nepecevenne GepeTch no BceM MHOXecT8aM N me-
Pbt HYNb 1 NO acem § > 0.

Tak xak pyHkunA f(t, x). namepuma 8 obnactm G, 10 Npu NOYTK Bcex ¢ OHa MIMEPUME HA ceve
HuM G; mHOoxectea G nnockocTeio t =const u B (25) m(t) < o=. Mpu 3Tux ¢t (MHOXeCTBO Takux t 060-
3HawmM E) dyHkuuA f(t, x), paccMaTpusaeman Kak (yHKUWA TONLKO OT X, NOYTH BCIOAY BNNPOKCUME-
TMBHO HenpepbiBHa ([64],cTp. 287, 396), T.e. BCloay, KpOoMme MHOXecTea N, (t) mepbi Hyne. Mpu tE £
smecTo (26) MOXHO HaNucaTh

Fle,x) = N &fle, x5 \Ng(0)), (27)
§>0

cnenosaTensHo, MHOXecTBO F(t, X) He NycTo, OrpaHnyeHo, 3aMKHYTO, Bbinykno. Mpu OCTanbHbIX t MHO-
wect80 F(t, x) MOXHO He ONpeaenATh. BMecTo nepeceveHun No 8cem & > 0 MOXHO B3ATH NepeceveHmne
Nno NPOU3BONBHON NocnepoBartensHocT & =5;—~ +0 (i=1, 2,...). Nlerko noxasare, 410 chyHxuma (27)
B-HenpepbisHa N0 X.

BexTop-pyHKumA X (t}, onpenenemHsn Ha oTpeske [a, b], waseisaetca (93] peweruem ypssHeHna

x = flt, x), (28)

ecny oHa abConIoTHO HenpepLIBHa u NOYTH Bcloay X () € Flt, x(t)).

OueBuaHO, 3TO ONpenengHue He 38BUCUT OT BLIGOPA cUCTEMB) KOOPAMHAT B NpocTpancTee x. Onpene-
nennA u3 (107] u [108] He 06nanaoT 3TUM CBORCTBOM.

PeweHun 8 cMmbicNe 3TOro OfnpeaeneHUA ANA ypaBHeHni KapaTeoaopw cOBNAQaIOT C peweHwAMU B
cMbicne . 1 § 1, 8 ANA ypABHENWH C KYCOYHO HEMNpepbiBHbIMK NPAaBbiIMK YSCTAMU — C pPeweHuAMn B
cMbicne onpepeneHuA a) n. 2 § 4.

Teopema 8 [93]. Mycrs 6 oGnactu G eexrop-hynxuyun f(t, x) uamepuma u noyru ecody ydoe-
nereopAer Hepaeercrey (25) ¢ cymmupyemol gyricuueld m(t).

To2da dnAa moboii Touxu (t,, x,) € G cywecreyer peweHue ypasHeHus (28) ¢ HAYaNsHLIM ycnoeuem
x(t,) = x,. PeweHue onpedeneHo no mensweld mepe Ha oTpesxe (t, —d, t, +d], 20e d 718K060, vTO
yunuwop 2

lt—t,1 <d, | X —xy | <71
(r paewo Bonswemy us uHTe2panos or gyHxyuu mit) no otpeskam [ty —d, t,] u [t,, ¢t, + d])

8ecs CO08PIUTCA 8HyTpu obnactu G. k
Dorazatenscreo. Mycrb p, =plZ, 3G), wx —obvem wapa lyi<px =2 "p,,

1
frlt, x) =—— [ flt, x +y)dy. (29)
wir WI<opg
Ann k=1, 2,... hyHkunR fi onpeaeneHd Npu [x —x, | <r n noutm Bcex tE [t, —d, ¢, +d], Henpe
PbIBHE NO X, W3IMEPMMA NO f, X, 3HAUNT, M3MEPUMa NO ¢ Npu NOYTK Bcex X (a BCNeacTBue Henpepbis-
HOCTH NO x — u npn Beex X), | fx(t, x)| <K mlt). Taxum ob6pasom, dyHkunr f 8 Z ypoeneTsOpAeT

N
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ycnosuAm Kapateogaopu, u no teopeme 1 § 1 npu t, —d <t <t, +d cywecrsyer pewenne xg(t) 3anauu
Xio = frlt, xp), Xi(ty) = x,,

npoxoanwee 8 uunuHape Z. U3 (29) w nemmer 12 § 5 cneayet, 410 nNouru BCloay (Touxee, npu t € E;
MHOXecTBO £ oNnpeaenero Boiwie)

felt, x) € @, x"K\ N, (2],

N, (t) 10 xe, uto 8 (27) . Mlpu y € xp"\N. (t) dyHxuuna f(t, y) 8NNPOKCUMAETHBHO HeNpepbiBHA NO ¥,
noaramy f(t, y) € Fl(t, y) . ChenosarensHo, noutm Bcoay

xic () = filt, xlt) € coF (e, L len™). (30)

Taxk xax GyHKumA F g-HenpepbiBHA NO X, TO u3 nemmbl 14 § 5 cneayer, YTO MHOXecTBO
F(t, (xg(t)Pk) & npasoi uact (30) 3amkuyTo. B cuny nemme: 3, rae ui(t) = xx(t), w3 nocnegosarens-
woctu  {xx(t)} MOXHO BLIGPaTL PABHOMEPHO CXOARLLYIOCA NOANOCNEAOBATENbHOCTL, U € NPeaen ecth pe-
weHue BKNIOYEHUA X € F(t, X). T.e. pelieHne ypasHenwun (28) .

Teopeaema 9 [93]. flpu es yes i reopembi B peweHun ypaenenun (28) obnedaior
ceoldcreamu A—E, nepevucnentsimu 8 n. 4.

AoxaszarenscTtso. PewennA ypasHeHua (28) coBnanaioT ¢ peiueHnAMu BKIOYeHWA X € F(t, x)
¢ bynkuuer F, onpeaennemoin B (26) u (27). OynkuwA F yaosnetBOpRer ycnosuam 1) u 2) teope-
mbl 5.

fMoxamem, 470 ycnosur 3) u 4) TOKe BbINONHeHL). BeINO NOKA3AHO, YTO hyHxuna (29) uamepuma no
t v [frlt, x) | < m(t) noutu ecoay, Touxee, npu t EE. Mycte Hit, x) ecTe MHOXECTBO BCex NPeAGNbHbIX
rouex nocneposarensHocTn filt, x), k=1, 2,... Ouesnano, npu tEE wmHoxectsa Hlt, x) w
co H(t, x) — orpaHuueHHsie, 3aMKHYThIe. Tak Kaxk anA nw6oro a € R™

pla, Hle, x)) = lim_|filt, x) —al,
k—oo

10 PyHxuun pla, Hit, x)) u H(t, x) uamepummi no t, co H(t, x) —roxe (n.3 § 6).
Tax xax, nogo6Ho (30), filt, x) €coF (e, xPk), ok — 0, 8 GyHKuuA F f-HenpepbiBH NO X, TO
coH(t, x) C coF(t, x) C Fit, x). Mo teopeme 5 § 6 cywecTByeT OAHO3HEYHEBA MIMEPMMAER NO ¢ DYHKUMA

F*(t, x) € coHlt, x) C Flt, x).

W3 (25) cneayer, uto [Flt, x)| < m(t) npn noutm Bcex t. CnepoBatensho, ana dyHkumwn Flt, x)
BbINONHEHbI TaKXE YCNOBWA 3) u -4) teopembt 5. Torpa B cuny teopemsl 6 peweHWA BKIIOYEHMA
X €F(t, x), 3naunt, u pelseHnn ypasHeHun (28) oGnaasior ceoicreamu A—E.

Teopeu]m 0 ancddeperunanbhbix HEPEBEHCTBAX ANA YPABHEHWA C PA3PbLIBHBIMK NPaBLIMKU YECTAMMK
cm. 8 [112],

§ 8. 3aBHCHMOCTD pellleHHS OT HAYATHHBIX YCTIOBHH
H OT NpaBOH 4acTH ypaBHeHHS

3necb NOKa3sbLIBAETCA, YTO B Cry4ae eAUHCTBEHHOCTM peweHuA OHO HernpepbiBHO 3aBUCUT OT
HawanbHbiX YCNOBUIA U OT NPaBOM 4acTh YPaBHEHUA MW BKIIOYEHUA, a B CNyyYae HeeAUHCTBEH-
HOCTM MHOXECTBO peWweHUH ¢ AaHHbIMU HaYanbHbIMK YCNOBUAMM NONYHENPEpbIBHO 3aBUCUT
OT HavaneHbix ycnosuit. OGocHOBLIBAETCR NpUMeHMMOCTL aoonpeaeneHnin a) —s) §4 ana
NpMGNNIKEHHOrO ONUCAHUA ABMXKEHUHA B Pa3NNUHbIX PU3NYECKNX CUCTEMAX.

1. Mycrts MHoOro3HauHan pyHkuuA F(t, x) onpefieneHa B HEKOTOPON €g-OKpecTHOCTM D)
mHoxecTBa D, a F*(t, x) —Ha mHoxectee D, Tornanpu 0<5+v/2<e, anA kawaoi Tow
ku (t, x) ED onpeneneHo MHoxecto F(t°, x®) — obveanHeHue MHOXecTB Flt,, X;) AnA
Bcex t; th, x; €Ex°. Bynem nucate dp(F*, F)<§ B Tex u TONbKO TeX CAy4Yanx, KOrAa
anA Bcex (t, x)ED

F*(t, x) C [coF(t®, x*)1® (1)

(o6o3HaueHun cm. B n. 1 § 7). MNpu BuinonHeHun (1) BcAkoe npoxoaAuee B D peleHue
sKmoueHnR X € F° (t, x) ABnAetcA 5-peweHuem (n.1 § 7) BrnioveHuR X € F(t, x).

Yucno dp(F*, F)}, paBHoe HuXHef rpaHn Tex §, AnNA KOTOpLIX cnpaseanueo (1), MOX-
HO Ha3BaTb MEPOV OTKNOHEHUA MHOrO3HauHoM pyHKumn F£* ot F. Mpu ycnosuAx, chopmy-
nAMPOBaHHLIX B 3amevaHun B N. 1 § 7,u3 (1) cneayer npu aocTatouHo manom 3, wTo rpatmx
byHkumm F* copepumTch B Manoii okpecTHOCTH rpatdvika dyHKumm F.

NNemma 1. Nlycrs F(t, x)ydoenereopAer ocHoeHeim ycnoeuam (n. 2 8§ 7) e ob-
nacru G, a x;(t) — 8;-pewerue exnoveHuR

x € F(t, x), (2)
npoxodauee npu o; St < f; e s3amkHyToU oz2paHuyentod obnacru D CG, i=1, 2,...;
5,0, o~>a B>, xiloy) > xo, x;(6;)>x (3)
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Toz0a u3 nocnedosarenstocty {x;(t)} momo ewsibpars nodnocnedoearensHOCTs, pas-
HOMEPHO cx00AWYIocA Ha Kawdom oTpesxe. [, '] C (o, B) K pewenuro x(t) exmoverun
(2); npu arom x(a) =x9, x(B) =x"*

NokasatenscTBoO. rlonemue15 §5 [F(t,x)|<m 8 D°, rae p>0 cvonb ma-
no, uto D® CG. Torpanpu 8,/2<p

15001 < [eo Fle™, by (en®)] ®1) < m +p. @)

Jlanee, Hano NOBTOPUTL PAacCY)KAGHWMA n3 AOKa3aTenLCcTBa nemMmbl 5 § 1, B3AB m(t) =m +p.
Npeaen cxoaruweicA nognocneaosarenbHocTH GyaeT pewennem no nemme 1 8 7.

Teopewma 1. flycrs F(t, x) ydoenereoprer ocHoeHeim ycnoeuam (n. 2 §7) e o6-
nacru G: to € [a, b], (ty, Xo) €EG; ece peweriun 380avu

X € F(t, x), xl(tg)=xq (5)

npu aSt< b cywecrsyor U ux 2paguxu cooepmarca e G.
To20a dna mobozo € > 0 naliderca raxoe & >0, yro dna mobeix ty € la, bl, xo u

F*(t, x), yooenereoparowux ycnosusam

ltg —to |<8, [x3—x01<8, dg(F*, F)<$ (6)
U OCHOBHBIM yCNOGUAM, KaXO00e pelleHue 330avu
X*EF*(t, x*), x*ltg)=xq (7)

npu aStS b cywecTeyer U OTAUYIETCA OT HEKOTOPO20 peweHus 3adavu (5) He Gonswe,
yemM Ha €.

3Jv0 3HauuT, YTO Kawaoe peweHve X*(t) 3anaun (7) wnu cywecrayer Ha [a, b], unu ero
MOXKHO NPOAOIKKTL Ha BeCh OTPe3ok [a, b], n anA Hero HaligeTcA Takoe pewetve x(t) 3apna-
un (5) ,uro

max |x°*(t) —x(t)]| <e.
a<t<b .

Doka3zatenscTeo. MHoxecTBo H Touek (t, x), a<t<b, nexawux Ha rpacdm-
Kax peweHunin 3anauwm (5), orpaHnueno u 3amkHyTO no Teopeme 3 §7. Mo nemme 1 §5
p(H, 3G)=pe > 0. '

Mpeanonoxum, 4To Teopema HesepHa. Toraa anA Hexotoporo € (0<2e<po) HahpercA
NOCNEeROBATENLHOCTL peweHwd x;(t), i=1, 2,..., 3apa4

X‘leF[(t: x{). xl(to[’ = Xoie i= 1, 2, ceey (8)

ANA KoTopeix Npu 6; > 0 (i = =) umeem

ltos —to | €8;, Ixo1—x01<8;, dg(F, F) <5,
¥ MAY pelseHne X; He NPOAOMKEETCA Ha Bech OTPe3oK [a, D], nnu ANR KaXAOro peleHuA
x(t) 3apawm (5) npu Bcex i

max |x{t) —x(t)| >e. 9)

as<t<bd
B oboux cnyvanx anA Bcex i >/y Touka (Lo;, Xo;) newmr BHYTPM H® u pewenne x;(t)
- npoxoant B H npu <t <P; to; € (o, B;). aToukm

pilay, xilog)),  qi= (B, x;6;))
nexar Ha rpaHuue 0H® samicHyTol obnactn M (teopema2 §7).

Buibepem TaKyio NOANOCNEROBATENLHOCT /=7, /3,... = ©, N0 KOTOPOH

Py > P=(tp, xp) EH®, q;>q=(tg, xg)EIH". - (10)
MNpumetine nemmy 1 K noanocnegoBarensHocTw Xx;(t), i =iy, iq, . . ., NonywMm HOBYIO NOA-
nocneaoBsaTensHoCTs P, CXOAAWLYIOCA K pewexnio x(t) sknovesuna (2), npoxoaruwemy ye-

pes TouKn P un q.
Tak Kak peweHue x;(t) Npoxoaur Yepe3 Touky (to;, Xo;) = (to, Xo). TO B cuny (4)
npu i>i* pewenue x;(t) Ha OTpeaKke C KOHUAMK To; U Lo NPOXOANT BHYTPpH HE n

x(to) = limx;(to) = limx;(to;) = x,.



3Haunr, x(t) — pewenue 3agaun (5), n ero rpadui npu
max{a; t,} <t < min{b; t,}

conepxurcA B H. Torpa uz (10) cneayer, yto t, <a, t, > b Tenepp M3 nemMmbi 1 BuiTe-
Kaer, W10 RQANACREA0AATeNbHOCT P cxoanTcA K x(t) pasHoMepHo Ha [a, b]. 3o nporw-
Bopeunt (U) .

Cneancteue 1. llycrs F(t, x) ydoeneraopaer ocHo8HsIM ycrnoeuam e obnacru G,
3adava (B) npu t =ty umeer edurcreerHoe pewenue x (t) u ez2o 2paghux na otpesxe [to, b]
npoxodur eHyTpu G. ’

To20a dna mo6ozo €> 0 cywecreyer raxoe &> 0, yro npu niobsix t, X, F'(t x),
yooenereopAowux HepageHcréam (6) u ocHoeHsIM ycnosuam e G, Kawooe peweHue 33084y
(7) Ha orpeske [to, b] cywecrsyer uornuvaerca or x(t) metbwe, yem Ha €.

Takum 06pa3om, 13 NPaBOCTOPOHHEN eAUHCTBEHHOCTM PelleHnA CneayeT NPaBoOCTOPOHHAR
HenpepbiBHaA 3aBUCMMOCTb PELLEHUA OT HaYanbHbIX YCNOBUK U OT PyHKUuMK F. AHanoruusoe
yTBepXAeHUe CNpaBeAnnBo anA oTpe3ka [a, tol.

CneacrBue 2. llycrs F(t, x) yooenereopaer ocHoGHbIM ycnoguAm e obnacru G
u ece pewerun 3a0ay (5) ¢ HavansHeimu ycnoeuamu (ty, xo) EM, M — 3a0aHHeId KOMNAKT,
npu a <t<b cywecreyor u ux 2pagpuxu cooepwarca e G.

Toz0a dna nw6ozo € > 0 cywecrayer rakoe & > 0, yro Ana nwbozo Komnakra M* C M
u mobold ¢Pynkyuu F*(t, x ), ydoenereopaiowed OCHOGHBIM YCNIOGUAM U YCROSUIO
dg(F*, F) <38, kawdoe pewerue 3adayu (7) ¢ nobeimu (ty, xg) EM* npu a <t <b
CYWeCT8yer u OT/IUYEETCA OT HeKOTOPO20 peweHun 3adayu (5) c Hexoropsimu (ty, Xo) EM
He 6onswe, yeM Ha €.

NAoka3zaTtenbcCTBOo. Ecnu yreepxaeHne HesepHO, TO HANAETCA NOC/N EA0BATENLHOCTb
peweHnii 3anay (8), ANA KOTOPbLIX HavanbHbIe TOYKK HEOrpaHUueHHO NpubnuxaoTcAak M, a
CaMyn pelleHUR Unu YAOBNETBOPRIOT HepaBeHCTBY (9) , Mnu cyuwecTByIOT He Ha BCeM OTpe3Ke
[a, b]. BuibepeM NOANOCNEAOBAaTENbHOCTL PelleHnii, ANA KOTOPbIX HavanbHble TOYKK CXO-
ARTCA K HeKOTopow Touke (to, xo) EM [nA 3Tux peweHuH CNpaBeAnMBO YTBEPXAeHue
Teopembi 1. Ho 310 NpoTMBOpEWAT caenaHHO MY NPeAaNONNIKeHNIO.

CornacHo cneacTeuio 2 MHOECTBO BCex pelueHwii 3aaaun (7) ¢ (tg, xg) EM* conepxur-
CR B €-okpectHocTM (B Mmetpuxe Cla, b]) mHOxectBa BCex pewexumit 3apaum (5) ¢
(to, xo) EM. CnenoBatensHo, OTpe3soK a<t<b BOPOHKW MHoXectBa M®' ana Bkniove-
HUA X EF°(t, X) COMEPKUTCA B E-OKPECTHOCTH OTPe3Ka BOPOHKM MHOoXectBa M- anA
BKnoveHnA (2) . NTak, MHOXECTBO peweHuit C HaYanbHbIMKU YCIOBUAMU U3 A3HHOI0 KOMNAK-
Ta U OTPE30K WHTErpansHOM BOPOHKM NONyHenpepbiBHbIM CBEPxY 06pasoM 3aBUCAT OT 3TOro
KOMNAKTa U OT NPaBOI YaCTU BKNIOYEHUA. -

2. N3 Teopemo! 1 BLIBOARTCA aHanoruvHbie Teopemsl AnA auddepeHunanbHbiX YpaBHeHw!
C KYCOWHO HenpepbiBHLIMU NPaBbiMKU YACTAMU, ECNU PeLUeHHA NOHUMAIOTCA B CMbICAe onpe-
AeneHuA a) unue) §4.

Mycte BexTOp-byHKkumm f(t, x) n f*(t. x) B o6nacth G KyCOYHO HenpepbIBHbI, KaK B
n. 1 §4, n yaosnersopaior ycnosmo ¥ n. 1 §6. Byaem nucate d°(f*, )<5 8 ToM ©
TONLKO B TOM Cllyvae, KOrAa ANR KaXAon HenpepbiBHocTH (t, x) dyHkuum f° Haiperca
TaKan Touka HenpepbisHocTn (t', x') dyHkuumn £, uto

1t —t1<5, |x'—x|<8,

£, x')—f*(t, x)| <38&. (11)

3ametrum, wTo u3 (11) He cnenyerT, 4To Npu KakoM-Nu60 M3 noonpeneneHuin a) —8)
§ 4 anavernn dyHkumin f* u f Ha NOBEPXHOCTW Pa3pbiBa OTAMUAIOTCA He Gonblue, Yem Ha § .
Hanpumep, ecnu x = (xy, X3),

fub)=(2-u; 01-01u), f'lw)=(2-u; 02-01u),

u=0 (x,<0), u=3 (x,>0),

vo [f"—F]=0,1 npm x,#0, aB cuny noboro us noonpenenedut a)—8) §4 npu
x2 =0 umeem £=(1, 0), f*=(0, 0).

B cneayoweti Teopeme npeanonaraercA, 4t0o B o6nactu G sextop-pynkumm f(t, x) w
F*(t, x) KYCOYHO HenpepsiBHLI W.YNOBNETBOPAIOT YCNIOBMIO 7Y, BCE PEWIEHUA MOHUMAIOTCA
Bcmeicne a) §4, to € [a, b, (tg, xo) EG.
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Teopema 2. [lycrs ece peweHua 3adayu
= f(t, x), x(to) = xo (12)
npu a <t<b cywecreyror u ux 2paguxu cooepwarca 8 G.

To20a 0na mo6o20 € >0 Halderca raxoe &> 0, yro Ona mobsix ty € [a, b], xq u
f*(t, x), ydoenersopriouux ycnosuam

[ts —to I<8, |Ixg—xol<8, d°f*, A<, (13)
Kanovoe peweHue 3a0avu
x* =f{t x*), x*(tg) = xg (14)

npu a <t< b cywecreyer U OTNUY3ETCA OT HEeKOTOPO20 peweHun 3adavu (11) ve 6onswe,
yeM Ha €.

NAoxaszatenbcTveo. CornacHo n. 1 86 ypaeHennAa (12) u (14) npu ycnosum 7y
PaBHOCUNBHLI BKNIOYEHUAM

x€FI(t, x), x*EF*(t, x*).
B o6nactAax HenpepbieHocTM dyHkuuu f umeem F =7, a B8 Toukax paspbisa F(t, x) =
= coH(t, x), rae H(t, x) .~ MHOXECTBO NpeAensHbiX 3HaueHui una flt;, x;) npn t; > t,
X; = X. AHanoruvHo ann F*. CornacHo n. 1 § 6 diyHkuum F u F* B-HenpepbigHbi not X,
Ecnu yHkuma f* wenpepbisha B Touke (t, x), To U3 (11) nmeem
F*'t, x)=F"{t, x)C [£(t', x)° C[F(?, x®)°.
Ecnu xe f° paspbisHa B Touke (f, x) 1 HenpepbiBHa B Toukax (t;, x;) = (t, x), To
2, x)CIFe;, x)8,  1ti—1<8, |xi—x;|<8. (15)

MokaxeM, 4o npu aocrarouno Gonbumx / Touku F(t;, X;) copepXaTtcA B CKONb YroAHO
Manol OKpecTHOCTU MHOXXeCTBa F(®, x?). Bnpomauom cnyvae ANA HEKOTOPOro e>0
Hawnack 6b1 NOANOCHEA0BATeNLHOCTL Tovek f(t), xj), He copepxawaaca B [F(t®, x%)] €.
W3 vee moxHO 6bino Gb1 BbIGpaTh HOBYIO NoanocneaosarensHocTs (i =7y, 7/, . . . = ),
no KOTOpOM

(t;, xi) = (to, xo) € (%, x®), f(tj, x}) > u

Ho Torpa v € F(t:), Xo)CF (t‘s, x%). 9% npoTusopeunTt BbiGopy nepeoit noanocneaosarens-:
HOCTH.
U3 pokasativoro u us (15) cneayer, 4to MHoxectso H'(f, x) npeaenbHbIx 3HaveHui AnA

£*(t;, x;) copepxurcas [F(t%, x%)]%. Tak kax F*{t, x)=coH*(t, x) (n. 1 §86), 70 ¢
nomausio nemmbt 9 § 5 nonyvaem

Fe, x) CeollF(e®, x°)1%) = [coF(e®, x%))°.
Wrak, u3 (13) cneayer (1), n u3 teopembl 1 BbITEKaeT CNPaBeanNUMBOCTL YTBEPXKAEHUA

Teopembi 2.

Cdhopmynupyem noao6Hyio Teopemy AnA 3anaun

x=f(t, x, ult, x),...,ult x)), (16)

X(to)=x0, (17)
rpe (t, x) €G, f — HenpepbiBHaA BeKTOP-QYHKUUA, U;(t, x) — ckanApHaA YHKUWA, pa3-
PbLIBHAAR TONLKO Ha MagKon noesepxHoctn S;, i=1,...,r. BnuakaRn  TeopemMa  uMeeTcA

B [95]. Kak B cnyyae B) § 4, peweHnAMu ypasHeHuR (16) Ha3biBalOTCA pelieHnA BKAIO-
uYeHuR

);GOOF, (t, X),
Fill, x)=£t, x, Uy(é, x), ..., U (t, x)). (18)

B Toukax HenpepbiBHOCTM hyHKUuKM U; MHOoXecTeo U;(t, x) ectb Touka u;(t, x), a B TOu-
Kax paspbiBa, T.e. Ha NOBEPXHOCTH Si, mHoxecteo U;lt, x) ecte OTPe3OK, COeAUHAIOWMA
Toukm u; (t, x) wn u}(t, x) —npeaentHbie 3HaveruA anA u;(t, x') npu ¢t x'>x.
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Mpeanonaraerca, 4To (g, Xo) €EG, a<ty, < b Taxkue e NPeANONOKEHVA AENAIOTCA M
ANR 33/34%

x=Ft x, uilt, x),..., ur(t, x}), xI(tg) =xg. (19)
dyHkuuA 1° HenpepbiBHa, DYHKUWA U] HeNpEpbIBHA WAW Pa3pbiBHa TORLKO Ha MOBEPX-
woctn S, i=1,...,n

Teopema 3. llycrs ace pewerun (8 cmsicne onpedenerun B) § 4) 3adawu (16),
(17) npu a <t< b cywecreywor u npoxodnar e obnacru G.

To202 dna mo6020 € > 0 wailiderca raxoe 8> 0, yTo OnA mobsix ty € la, bl, xg, f*,
u;', ydoenersopAlouux ycnoeuam

lto —to | <8, Ixg—xo|<8, |f*—F|<8, d°} u)<8, (20)

i=1,...,r, kawooe pewerue 380avu (19) npu a <t < b cywecreyer u OTnu4aercA or He-
KO0TOopOo20 pewenun 3adayu (16), (17) we Gonswe, yvem Ha €.

Noka3zatenbcTtBo. CornacHo n. 1 § 6 hyHkuuA coF, (¢, x) yaosneTsBOopReT OCHOB-
HbIM YCNOBUAM 1. 2 § 7. MHOXecTBO H Touek (t, x), a <t <b, nexawux Ha rpapuxkax pe-
weHnid 3agaun (16), (17), orpaHuueHo mn 3amMkHyTo no teopeme 3 §7. Mo nemme 1 §5
p(H, 0G)=>30>0. [anee, dyHkuun u; u f paccmaTpusaloTcA Tonbko npu (t, X} € H?,
(', x')YEH?, :

DnA nobeix Touek (t, x) n (t', x’) n3 oaHON n Toi e OGNACTM HeNPEPLIBAOCTH (YHK-
umm u; npu t' €t7, x' Ex" umeem

luglt', x') —uylt, x)1<uln). (21)
dyHkumo [i{n) mMoxHo B3ATL o6wen anABcex u;, /=1,...,r; uin)=>0 npu n 0. MNpn
teE, xExM u

luj —uy | <n +uin), i=1,...,r
nMeem

1A, x', uy,....u)=Fflt,x, uy,...,u)| < vin), (22)

vin) > 0 npu n-0. .

Paccy»«aeHnem OT NPOTMBHOrO C MCNONb3oBaHneM komnaxTHocTn H? pokaswisaerca cne-
Ayioulee yraepxaeHue. [inA nio6oro 0 > 0 Haligerch takoe § =5(0) >0, uto anA xawaoro
HaBopa uHaekcos N = (iy, ..., i) n xaxaoin taxkon Toukn (t, Xx) EH®, B oKpecTHOCTH
(t®, x%) Kotopoii conepmwarca Toukn scex nosepxHocte S;, /€N, HahpeTcA B_MHOXecTBe
(® R x?) o6wan Touxa Bcex 3Tnx noBepxXHOCTeN, TOUHee, TOYKA MHOXeCcTBa QN S;. Ouesna-

i
Ho, 8(0)< 6.
Nycte 0<8<0, 0<8<5(0). B cuny nocneaHero m3 HepaseHcts (20) anA Kawaoit
Toukmn (7, E), 6nn3koii kK paccmaTpusaemon Touke (t, x) E H?, v kawgoro /<r waiinercA
Takan Youka (1), §) € (%, £), wro

luitr, &) —u;lr, E)I<8. (23)

Ecms (£, 55) HeT TOuek nosepxwocted S;,...,S,, 1o npu (7,£) > (t,x) Bce npe-
AensHbie 3HadeHun diyHkuum u;' (1, £) B cuny (23) w (21) conepxarca 8 (5 + u(8))-oxpect-
HOCTH 3HaveHnA u; (t, x), T.e.

Ulle, x) C (Uit x)P*HB) =1, .1 (24)

Ecnu we 8 (£°, x°) umeioTcA Toukn OAHOIM MM HeckonbKMX nosepxHocreid S; (T.e. no-
BepxHocTedt S; c Homepamn JEN), 1o B (17, x°) nmeerca obwan Touka (', x') scex 3tux
nosepxHoCTeH. Ckonb YroaHo 6AN3KO K Hel HAMAYTCA TOMKKM KaXaoih u3 AByx obnacrei, Ha
KOTOpbie NOBEPXHOCTb S; AGNWUT NPOCTPAHCTBO, T.e. TOYKN KAKAOW 13 06nacreil Henpepbie-
HOCTH ¢y,HKuun u;, iEN. Bobonxcnyyanx (FEN n i€ N) ckonb yroaHo BAM3KO K TON-
ke (', x') nanayrca Toukm (1’?, £7), npunagnexaume TOM e o6nacTm HenpepbIBHOCTH
dyHKuMmM u;, 4To w Touka (7], £;) B (23).

MoxHo cumTaTh, 41O T, §, 177, £ ovamuaotcAoT t, X, t, x' (coOTBETCTREHHO) MeHbluse,
vem Ha 8/2. Tak xak (¢, x')E€ (¢%, x°), (7}, E)) € (+°, 23), ol i<n 1&—£1<
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<n, n=0+26. Avoraascuny (21)

Wity &) — uylrd, ED < pin). (25)
Npn (1, 8)=>(t,x), (), ED > (t',x") n3 (23) w (25) cneayer, uro
Ui, x) C (", x" 8 eM =, (26)

Wrak, ann Kaxpou Toukn (t, X) € H? naaperca touka (t,x') € (%, x%), anm xoto-
poi cnpaseanuso (26) (B cnywae (24) t'=t, x'=x). Torpa 8 cuny (22) u HepaseHcr-
Ba |[f* — <8 mHOXecTBO

T, x)=F%t, x, Ut x),..., U, x))

conepwarca 8 (5 +v(n) ) -oxpectHoctn mHoxectea Fy{t, x') C Fi(t?.x%). C nomousio
nemMsl 9 § 5 nonyvaem

coF}{t, x) C [coF, (t?, x%)1 8+v(m), (27)

Mpu 8 >0 moxmHo B3ATL 0 =0(8) >0, Toraa n =0 + 28 +0, v(n) = 0. 3nawmr, npu aoc-
TaTouHo Manbix 8 wcno dplcoF}, coF,) anA obnactn D =H° ckons yroawo mano, u
13 Teopembl 1 cneayer yTBepxaeHue TeopeMbl 3 ANA peweHwit BKMNIOYEHWA

XECcoF(t, x), XEcoFilt x),

paBHOCUNLHBLIX ypasHeHuAam (16) wn (19).

Cneactene Ecnu npu ycnoeuax reopems! 2 (unu reopems: 3) 3adava (12) ({co-
oreercreenno 3adava (16), (17)) umeer edurcreewnoe pewenue Ha orpeaxe [to,b], a
TaKwe Ha niobom merswem orpeske [to,c] C [ty,b], To 3ro pewenuve npu to, <t < b
HeNPEepLIBHO 38GUCUT OT HBYaNbHLIX yCnosuld U nNpaeoll Y8CTU yPpBEHeHUA.

B ABHHOM Cnyuae ManbiMM M3MEHEHWAMU NP3BOW YBCTM CWMTAIOTCR Takue, kKaxk 8 (13)
n (20) npu Manom 8. JTO 3HAYMT, YTO AONYCKAIOTCA He TONLKO Manbleé M3MEeHeHWA Ky-
COYHO HenpepbiBHbIX GyHkuwd f B (12) M u; B (16) B OBnacTAX nX HeNpPepLIBHOCTH,
HO M Manbie M3MEHEHUA rpaHuy 3TMX obnacren.

3. AuddeperumanbHble ypaBHEHNA C Pa3pbiBHLIMU NPaBbIMK YEGCTAMM 4aCTO NPUMEHRAIOT-
CA ANA YNPOULEHHOrO MaTeMaTU4ecKOro ONWCAHWA HEKOTOPbIX (m3nvecknx cucrem. BoiGop
TOro MK MHOTo cnocoba poonpeaeneHNA NPaBoM YacTH YPaBHEHWA HA NOBEPXHOCTU Pa3pbl-
83, Hanpumep aoonpeaeneHni a) ,6) wan B8) § 4, 3aBMCHT OT xapaKTepa ABMIKEHMA ITOH
dhmanveckoi cucrembl B6nM3n paccmaTpusaemoii nosepxHocTy. MycTs BHe HekoTSPoit oKpecT-
HOCTM NOBEPXHOCTHU paspeiBa (yMkuum f(t, x) ABMXKeHUEe NPOMCXOAMT B COOTBETCTBMM C
ypaaHeHnem x = f{t, x). B 3TOW OKPECTHOCTM 3aKOH ABMKEHWA MOXET GbiTb W3BECTEH He
nonHocTelo. Hanpumep, M3BeCTHO, 4TO B 3TOM OKPECTHOCTM ABMIKEHME MOXKET NPOUCXOANTH
TONLKO B ABYX peXxMMax, a nepeKnioueHme ¢ OAHOrO peXxMme ABMIKEHWA HAa APYrow npowc-
XOAMT C 3aNa3AbIBaHUEM, O BEIMYMHE KOTOPOrD M3BECTHO NMLLUL TO, YTO OHa mana. TpebGyetcA
C NOMOWLLIO 3TUX HENONHLIX CBedeHud BbLIGPaTL cNOCOb AconpeaeneHnA NPaBon 4acTu ypas-
HEHVMA HA NOBEPXHOCTM paspbiBa TakMM 06paloMm, 4TOGbl NPM AOCTATOYHO MANON LIMPUHE
O KPECTHOCTN ABMIKEHUA (MINYECKOW CUCTeMbl CKONb YIOAHO MAnoO OTANYANUCL OT pelueHwd
ypasHenun x = f(t, x), aoonpeaeneHHoro BbiGpaHHLIM cnocobom. [lokasanHbie Bbiule Teope-
Mbl nNo3sonAT o6ocHoBaTh BbLIGOP TOro Mnu mHoro cnocoba poonpeaenexHuA B pRae YacTo
BCTPEUAIOLWMXCA Cyvaes.

Mycrs Kyco4yHO HenpepsiBHAR BexTop-pyHKumuAa f(t, x) n pewennmn 3zagawm (12) ypos-
NETBOPAIOT YCNOBUAM Teopembt 2, yHKUMA y(t) abcOMOTHO HenpepwiBHa M |y({ty) —
—xo|<38. B xawpo# u3 obnacteir HenpepuiBHOCTM G; DyHKUMA f pasHa HexoTOpOM
HenpepsisHoi B G; yHkuum f;. MycTs dyHkuma f; HenpepuiBHO npogonkeHa u3 oBnactu
G; B ee 5-okpecTHOCTb.

1° Mycrb BHe §-0KpecTHOCTH M3 mmoxectea M, Ha kotopom dyHKuua f pa3pbIBHa,
y(t) yaoenersopraer ypasHeuwio y = f(t,y), a B CaMOl OKPEeCTHOCTM npu NOYTH BCEX ¢

() — f(t, z(t))| <3, (28)
rae z(t) — nio6an takan dyHkumAa, uto 1Z{t) — y(t)| <8. B 4acTHOCTM, B KaXROW TOuKe

ns M%, naxoanweica wa paccronHmm, He Gonoiuem 8, ot o6nacren G,,G,, Gk, ..., 880
MeHUe MOXET NPOUCXOAMTL NO NIOGOMY M3 3aKOHOB

y=~filt,y), y=£ilty), y="filty),...
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Mepexniouenue, T.e. Nepexoa OT ABMXKEHWA NO 3aKOHY y = f;(t, ¥) K ABMXKeHMIO NO 33aKO-
Hy y =f(t, y), moxer nponcxoaute B no6oi Touke us M®, HAaxOARWEHCA Ha PAcCTOR-
Huw, He Gonbwem &, oT obnacten G; n G; (puc. 12).

Torpa anA nwboro € >0 npu gocratouHo manom & ¢yHKumn y(t) Ha aaHHOM OTpes-
Ke aSt< b OTNMYaeTCA MeHbUle, YeM Ha €, OT HeKOTOporo peweHusa (B cMeicne onpe-
aenewnn a) § 4) sapaun (12).

Mokaxem 310. B cuny onpepenexnn a) § 4 ypasHenme X = f(t, x) pasHOCUNLHO and-
theperymnansHOMy BKNIOYeHMIO X € F(t, x). Cornacvo (28) y(t) € [F(t, (y(t))5]°, M K3 Teo-
pembl 1 cneayer AoKasbiBaemoOe yTBepXKAeHWe.

2" Mycts npu noytw Bcex t

yit)=F(t ylt—1)), 0<7<S.

3aqasnuaauue 8 moXer 6biTb NOCTOAHHBIM MAM KAK YrogHoO MeHAIoWuMCH Mexay Oné.

Puc. 12.

Toraa anr y(t} cnpaseanveo TO Xe yTeepaeHne, 4To B cnyvae 1°.

MNokaxem 3t0. B obnactu,.rpe Ifl<m, npu 07T 5 umeem

lylt — 1) —ylt)| <m8, y(t)EF(t, ytN™?),
byHkuma F ta xe, 4T0 B cnyyae 1°. U3 teopemsi 1 cneayeT AOKa3biBaeMOe yTBEPNKAEHME.

3° Nycts B 5-OKPECTHOCTN MHOXECTBa TOYeK Pa3pbiBa (ByHKuum f Npu nouTh Bcex t
npomssoaHan y(t) otnuuaetrcAa He 6oOnblwe, Yem Ha §, OT HeKOTOPOro cpeaHero (c nCGoiMK
HeoTpUuaTenbHbiMM Becamu) 3HaveHmin dyHkuum f(t, x) B S-okpecTHOoCTM Toukm (ty(t)),
Hanpumep,

Iy(t) — (g Flt,zy) +. .. +a,,flt, z,))| <8,

. (29)

a1+...+am=1, a,)O, Iz,—-y(t)l(&, I=1,...,m,
uMcna @; M BeKTOPbI Z; MOTYT NPOU3BONLHLIM O6pasom 3asuceTb OT t u yit).
Apyraa Bo3amoxHocTs: |y(t) —F*(t, y(t))| < 8,
ot y) = ) f(t, x)plt, x, y)dx,
lx—yI<8
(30)
plt,x,y) 20, I plt,x yidx=1,
- lx—yI<S

B wactHoCTH, ecnm dyHkuua plt, X, ¥) HenpepwisHa npu |x — y| <8, To “dyHkuna (30)

HenpepsIBHa.
Torna B KaxaoM mn3 cayuaes (29) u (30) anm y(t) cnpaBeanneo TO Xe yTBepXae

Hue, 4TO B cnyuae 1°.
NMokaxem 3710. 3HaueHnA dyHkumn flt, X), vepes KOTOpbIEe BLIPAXKAETCA CpeaHee, Npw-

Haanear MHOXecTBYy f(t‘,ys) CF(ta, ya), MO3TOMY CpeaHee NPHHAANEXMT MHOXECTBY
coF(t?, y%), a
y(t) € [coF(t8, y®)18.

W3 teopemsbi 1 cneayer aoKa3biBaeMoe yTaepaeHwe. 7



3amevanune Ecm B (29) a; — He uncna, a maTpuubl, TO yTBepkaeHne, Boobiie
FOBOPA, HECNpaBeAnMeo.

4" W3BecTHbi M Apyrve cnyvan, KOrpa pelleHnA pPaspbiBHOW CUCTEMbl AOMKHbLI NOHKU-
MaTbCR B CMbicne onpeaenednA a) § 4. Hanpumep, 8 [147] nokasano, 4t0 AnNA nAnHedn-
HOW cucTeMbl OGlIEro NOMOXEHWR CO CKANAPHLIM YNpaBfieHWeM pelweHne, ONTUManbHOe
no GLICTPOAEACTBNIO, ABRARETCA TaK)Ke peleHnem B CMbICne onpeaeneHnAa a) § 4 Hekoto-
PO Pa3pbIBHOM CUCTeMbI, MOAlyYEeHHOM B pe3ynbTaTe PeWeHWMA 3a/auM CHMHTe3a ONTMManb-
HOro ynpasneHuA.

5°PaccmoTpum Tenepb ypasHewne (16). Mycte dyHkumm f,u,, ..., U, 1 peleHnA 3a-
aaun (16), (17) ynaosneTBOpARIOT YyCNOBMAM, CHOPMYNMPOBaHHbIM B Teopeme 3 n nepea
He. MycTe abCcOMOTHO HenpepbiBHaR BeKTOP-QPyHKUMA y(t) yAaOBRETBOPAET HepaBeHCT-
Bam | y(to) — xol <6 n noutn scroay

()= £t y(t), vile, y(t)), ... vt y(t)) <8, (31

npuyeM |v;(t, ¥) —u;(t y)| <& BHe 6-0KPECTHOCTH NOBEPXHOCTU S;, HA KOTOPOK YHKUKUA
U; pa3pbiBHa, 8 B 3TOM OKpPECTHOCTM

infu,-8€v,<supu,-+8, (32)

rae inf n sup GepyrcR no S-oxkpectHocTM Toukm (t, y). Torpa anA cdyHxkumu y(t) cnpa-
BEANMBO YyTBepXAeHwe Teopembl 3. '
Mokaxem 3to. Mycts U; 1e xe, utoB (18). B cuny (32) n (31)

vilt, y) € U (e, y®)1 %= Ulle, y), VIVEF (L, yir)),
Filt,y)=Iflt,y, Uit y), ... Uit yD]®.

Mycrs F, — dyHxkuma (18). Noao6Ho (27)
coFi(t,y) C [coF, (t%, x%)] 8+¥(m),

M AOKa3aTenbCTBO 33BEPLIAETCA TaK Xe, KaK 8 Teopeme 3.
3amevaHwne YreepxiaeHne oCTaeTcA BepHbIM, ecrim B (31) dyHkumwo f 3ameHnTtsb
CYMMONn

4 k k

kzl o flt, y(t), vilt y(t)),....velt y(®))),
rae Bce oy =ai(t)=0,a, +...+a,, =1, a Bce v;‘ YAOBNETBOPAIOT TeM )Xe YCNOBMAM,
uyto v;. (Torpa B cuny nemmbl 7 85 y(t)EcoFi(t, y(t)), a B ocTansHOM AOKa3aTensCT-

BO He MEHAEeTCA.)
NloxkasaHHOe yTBepxaeHne M 3amedaHme cogepxatca B [95].

1/ 2y [/] Zy
Puc. 13. Puc. 14,

6° PaccMOTpMM crniyuan, KOrAa MOXHO NPUMEHATbL aoonpedenenve 6) § 4. Bo-nepsbix,
ecnn B (16) dpyHkuma f auHeltHa no u,, ..., u,, Kaxaan ¢yHKuuA u;(t, x) paspbiBHa
TONLKO Ha rAapKOW NOBEPXHOCTM S; M B TOYKAX NEepeceyeHMA BCEX WMAN HeKOTOpb!X NOo-
BepXHOCTe S; HOpManbHble K HMM BEKTOPbl NUHEHAHO HE3aBMCUMbI, TO  AOONpeaeneHnA
a), 6), 8) cosnapawotr (n.2 §4), n B no60M M3 TONBKO 4YTO PACCMOTPEHHbIX  CchNyyaes
1°—5° MOXHO NPUMEHATHL MI0GOE M3 3TMX ACONpPeAen eHwiA.
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Bo-sTopuix, aoonpenenedne 6) MOXKHO NPUMEHATHL B CneayloLLem cnyvae. Nycrsb B ypas-
Hetmn (16) FEC' n Ha rnagkow nosepxmoctn S, (p;(x) =0, 9, €C*) pa3pbiBHa Tonb-
KO oAHa dyHKUMA U, (t, x). MycTe B peanbHOW CUCTeMe BMECTO pPa3pLIBHOW yHKUWUM
uy(t, x) nmeerca HenpepbiBHaA (yHKUMA v, (t, X), paBHaR u,(t, X) BHe ‘. OKPECTHOCTM
ko1 ()] <8 noeepxHOCTM S| M nuHEHO 3aBMCAWEAA OT ¢ (X) (MNM OT X) Ha KaxaoMm
NPOXOAALLEM B 3TOM OKPECTHOCTM OTpedke HOpMmanu K S;. Toraa npoxoaswme BGaAn3M
nosepxHOCTM S| peweHWA peanbHOW cuctems! (puc. 13) npu 8§ = 0 cTpeMATCA KK peweHnAM
ypasHenna (16) 8 cmbicne poonpeaeneqnA 6) (puc. 14) . 310 gokasaHo 8 [7] (ctp. 40,57).

7° UmetoTcA M apyrme cnyvaw, koraa peweHns andepeHuManbHbIX ypasHeHWN C pas-
PbIBHLIMA NP3BbIMK YaCTAMM MOrYT WMCNONL30BAaTLCA ANA NPUGNMIKEHHOrO0 ONMCAHUA ABKM-
XeHui peanbHbix cuctem. B wactHoctm, B8 [7] (rn. B) paccmarpusaloTcA cuctTemsl, co-
AepXKawiune manble NapamMeTpbl NPW NPOU3BOAHBIX B 4acTu ypaBHenwuh. Hanuume Takux na-
pameTpoB MOeT 6biTb 06ycnosneHo, Hanpumep, ManbiMM MHEPUUOHHOCTAMM PA3NUYHOTO
pona, MansiMM UHAYKTMBHOCTAMM B 3nexkTpuyeckux uenAax m T.n. Ot6packiBaHne uneHoB ¢
ManbiMK NapameTpamMu NPUBOAMT K NOHMIKEHMIO NOPAAKA CUCTeMbl. MeToabl nccnefaoBaHUA
TaKux CUCTEeM C HenpepbiBHLIMW NPasbiMM 4aCTAMM XOpowo u3sectTHsl. B [7] nokassisa-
€TCA, YTO 3T METOAbLI NPUMEHUMbI M B CNy4YaAX, KOraa nocne NOHWKeHWA NMOPAAKAE NOAY-
YaeTCA CUCTeMa YpaBHEHWH C Pa3pbiBHbLIMWU NPaBbIMKU YaCTAMWU, B KOTOPOM WMEIOTCA ABK-
XeHUA NO NOBEePXHOCTAM Pa3pbIBa. .

g° JAvddepeHumnansHbie ypaBHEeHUA C Pa3pbiBHbIMKM MPaBbIMKM 4YaCTAMM BO3HWKAIOT B
peanbHbiX 3afayax He TONbKO B pe3ynsrarte NpeAenbHbIX NepexofoB, Hanpumep, Takux,
Kak B cnyvaAx 1°— 7°. B pane cnyuaes tmamyeckme 3aKOHbI BbIPAXAIOTCA Pa3pbiBHbIMKY
BYHKUMAMK, HaNpUMep, Pa3pbiBHAA 3aBUMCMMOCTbL CHAbI TPEHMA OT CKOPOCTM B Chyuae Cy-
xoro tpewmna [148], [149], monens Mparepa — NWnuMHCKOro ynpyro-nnactuyeckoro ane-
menta [150], [151] v ap. B prae ciyvaeB K NONyYeHHbIM TakuM NYyTEM ypaBHEHUAM
C Pa3pbiBHbIMK NPaBbIMK YaCTAMKU OGOCHOBAHHO NPUMEHANUCL METOAbI  KaYecTBEHHOMW
Teopun AnddepeHunanbHbiX YPaBHEHMA M AeNanuCb 3aKnioMeHWA, Hanpumep, o6 ycroit-
YMBOCTWU pelieHWd, O CYLLLeCTBOBAHWM MepuoaMUuECKMX peseHUi.

4. Huxe u3naraloTcA TEOPeMbl O HENPEepLIBHOR 38BUCUMOCTH peweHun npu Gonee cnabuix, yem B
nn. 1, 2, NPeANONOXEHUAX O NPaBOH vacTu ANPdOEPEHUNENLHOrO YP3BHEHNMA WM BKNIOYEHMA.

Teopema 4. flycrs @ 06nacTu G npu NOYTU 8CBX t MHO203HAYNER ByHKUUR Fft, x) ydoener-
BOPAET yCnoeuAM teopemel 5 u nemmbr 4 § 7. Mycrs ¢,€ (3, b],{t,, x,)EG v npu a< t< b xam-
doe pewenue 3808vu

KEFit, x), xlt,)=x, (33)

cywecrayer u npoxodur eéMyrpu obnacru G.
To20a Ona Kkamdo20 ¢ >0 watdercn rakoe 5 >0, yro dnm noboix ty Ela, bl, x}, F*{t, x}, ydos-
NereopAUUX YCROBUAM |ty — t,| < §, X, — x,1 <8,

b
F*ie, x) C [coF (e, x*NEO [ inde < 5 34)
a

u ycnosuAm 1) —-3) reopemsr § § 7 dna Pynkyuu F*, xawdoe pewenue 3adawu
XEF L, x), x(t))=x} (35)

npu 8 St <b Cywecreyer u OTNuYSETCA OT HEKOTOPO20 PeweHun 3808w (33) He Bonswe veM Ma €
(e rom xe cmbicne, vro @ Teopeme 1 § 8).

ﬂoxa?aten bCTBo. Mokawem, 4to anA pewenwh 3agay (33) u  (35) suitonmensi ycnoswa
nemMsl 6 § 1, rae a, = (t,, x,), a pons napametpa u urpaer dyHikuna pltleL {8, bl p, =0, ycno-
8Me U — u, 03HavaeT, uTO llyllLl — 0, v.e unterpan 8 (34) crpemuTcR K HynIo.

U3 teopem 5 u 6 § 7 cneayer, 4o BbINONHEHb! ycnosua 1) w 2) 3

, nemmel 6 3 1 v oTpeaok @ <

:: <yb aopou;)u 33:?% (33) — komnakT K C G. Crieacsatensio, BbINONHEHs: ycm::euﬁ 5)‘?6) nem-

I. Ycnoewn ] 8biNONHeHbLI 8 cuny nemmbl 3 § 7. Toraa u3 nemm 3 1 ¢ ] .
HUe AOKAILIBAEMON TEOopPEeMmb:. 3 e > 88 1 cneaver yracpuae

Aokaxem aHanoruuHyio TeopeMy ANA aunddepeHunansHOro v MON

YPBBHEHWA C pPA3PLIBHOW WIMepw

NPasoik 4acTLlo. PeweHuA NOHMUMAIOTCA B TOM e cMmbicne, wro 8 N. 6 § 7. P P .

Teopema 5. lycrs eexrop-dpynryuna fit, x) usmepuma e obnacru G u novru scrdy (e, x| <

;g:‘), @yHrcyua m(t) cymmupyema. lycrs t,€[8,b],(t,,x,))EG v npu 3 <t=<b xawdoe peweHue

x=flt, x), x(t,)=x, {36}

cywramd:'g u npoxodur eWyrpu obnacru G.
0208 Onn 0020 € >0 walderca raxoe 5 >0, yro npu no0mx t1 € la, b x*

o ), ° , b], . ydosnersopn-
owux ycnosuam It,; — 1 <8, Ix; ~X| <8, u n0oboii usmepumoi e G PyHrcyuu f‘(ﬁt, X) raxkoud, vro
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npu novru ecex t Ana (t, X) €G NONOXUTENsHE MEDE MHOXECTEA TeX Z, ONA KOTOPbIX
12— xi<ult), IF*(t, x)—Fit, 2)| < ule), (37)

npuvem untezpen ot u(t) no orpesxy (a, bl mewbwe 6, xawdoe pewenue 38084u
x=f*t, x), xltg)=x;

npu a<t<b cywecreyer u OTNUYSGTCA OT HBKOTOPO20 peweHuA 3adavu (36) Mewswe, vem
Ha €.

. BAoxkasatenscT B0. Pewenun ypasHeHua X = f(t, X) COBNBARIOT C  POWEHMAMM  BKMIOYBHUA
XE F(t,x) c dyHkuner F, onpenenenwwoirt 8 (26) m (27) § 7. Npu pokasarenscree Teopems: 9 § 7
noKasaHo, YTO DYHKUMA F ynoBneTBOpAET YCNOBUAM TEOpembl 5 § 7, 3HAYMT, U YCNOBMAM Teopemsl 4

§ 8 (wepasercrso |F(t, x)| < m(t) ouesnano). Pywkuun F*(t, x), onpenenAemsn aHanOruuHO uepes
dyuxumio f°(t, x), 8 cuny (37) yaosnersopmer ycnoswio (34). Moatomy U3 TeOpeMbl 4 BbITeKaET yT-
BepmaeHue Teopemb! 5.

O npumetHeHnn n3BECTHOrO METOAA YCPEeAHEHWA ANA NONYYEHMA aCUMMNTOTHYECKUX (npwm
Manbix €) pelueHnin avddepeHunanbHLIX YPaBHeHWH BWAa X = €f(t, X) C pa3pbiBHbIMM Npa-
BbiMM yacTAMKM M andybepeHumanbHbiX BKAOYeHwn cm. [27], [152] —[154].

§ 9. 3amMeHa mepeMeHHBIX

3nece NoKa3biBaeTCA, YTO OGbIYHbIE 3aMeHbl MepeMeHHbIX, NpuMeHAeMbie K AnddepeHum-
anbHbIM YPAaBHEHWAM C HENpPepPbIBHbIMM MPaBbIMM YaCTAMKW, TOVHO TaK XX€ MOXHO MNpuMe-
HATL U K AnddeperumanbHbIM YPaBHEHUAM C Pa3pbiBHbIMM NPaBbiMK 4YaCTAMM U K aUd-
cepeHuManbHbIM BKNIOYEHUAM.

1. Ucnonb3yemMbie HMXE AEACTBMA C MHOTO3HauHbIMM (PYHKUMAMM onpepeneHsl B8 n. 2
§ 5. PaccMOTpMM 3ameHy nepemMeHHbIX

vi=¥ult,xy,....xp), i=1,...,n, (1)

8 o6nactn D, rae ¥y,...,Vn €EC' n npeobpazpsanne (1) B3aumHO oaHO3Hauwo. [pe-
o6pazosanne (1) s3anvwem B BexTOopHOM Buae y = Ylt, x), a ob6parHoe npeo6palosa-
Hne — B Buae X = ¥ ! (t, y). NuHenHoe npeoPpa3oBaHWe N-MEPHOrO MPOCTPAHCTBA C MaT-
puueit (8Y;/0x;);j=1, . n OBO3HaUAM Y (L, x).

Nemma 1 ([155], crp. 321). BeAakoe 83aumHO 0OHO3HaYHOE U @ OOHY CTOPOHY He-
npepsigHoe oTobpaxeHue KOMNAKTa HENPEPLIBHO U @ Opy2ylo CTOPOHY U, CnedoearensHo,
ABNIAETCA TONONO2UYECKUM OTO6pameHuem.

Teopema 1 [120]. Kawdoe peweHue x(t) OugpgdhepeHyuansHo20 8KNIOYEHUA

XEF(t, x) (2)

nocne 3amensl y = Y(t, x) nepexodur e pewenue y(t) =y (t, x(t)) dudpgbeperyuansHo20
GKIIOYEHURA

Y E Ut X) + Wllt, XIF(E, X)lx=y -1 (1, ). . (3)

nonyvaemo2o u3z (2) opmansroii 3amernol y = Y(t, x).

NoxkaszatensctBo. Ha niobom oTpeske a<<t<b dyHkuna x(t) abconioTHo He-
npepbiBHa. B 3amMKkHyTO OrpaHnueHHon obnacru, copepxaiuen rpadmk dyHkuwm x(t),
dbyHkuna Y(t, x) yaosnersoprer ycnoswio fiunwwuua. Noao6ro [64] (crp. 264) nonyua
em, uTo tymxumua y(t) = Y(t, x(t)) abconoTHO HenpepsuiBHa.

Moutv Bcloay HaoTpeske [a, b] yi(t) = Y lt, x) + P (t, x) X(t). Orcona n w3 (2) cneay-

“eT, wTo y(t) — pewenne BKNOYeHNUA (3).

3amevanne 1 [120]. Ecnu dyHxkunA F 8 (2) yAOBNeTBOPAET OCHOBHLIM YCNO-
BWAM n. 2 § 7, to npaBan uacTe BknoveHmAa (3) toxe yaosnerBopAeT (PyHKUUA X =
=y~ (t, y) HenpepbiBHa no nemme 1).

CsoiictBo f-HenpepbiBHOCTM NO X (MAKM Q-HenpepbLIBHOCTM) Takke COXPAHAETCA npu ne-
pexoae ot (2) x (3).

.3amevanne 2. Ecm dety: #0, To npeo6pasosanne x =¥ (t, y) o6Gnapaer Temu
we csoucreamn, yto ¥y = Y (t, x). Toraa xaxaomy pewenunio y(t) Bxniowewna (3) coor-
sercreyer pewenne x(t) =y ! (t, y(t)) sBxnouenna (2).

Cneayowan teopema ycunusaer teopemy 6 uz [120].

Teopema 2. flycrs gpynkyaa t(t) — crpo20 MOHOTOHHEA u abBCONIOTHO Henpe-
PbI8HaA.
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To20a kawdoe pewenue Ougdeperyuansro20 exmovenua (2) npu 3amere nepeMeHH020
t = t(r) nepexodur e pewenue y(1)=x(t(1)) dudbdpeperyuansHo20 exnwoverun

d .
=LEGy), G y)=Fieln), yit'tn), @)
T

G(r,y) =0 npu rex 1, npu Koropeix t'(T) paena Hymo unu we cywecrayer. Kawdoe pe-
wetiue axmoverun (4) nony4eercA TaKod 3aMeHol u3 HeKOTOPO20 PeweHuR exmoverHun (2) .

NokasatenbcTBo. Ecnm dyHkuua x(t) ABnAeTcA petsenneM BkniovewuA (2),
To OHa aGCONIOTHO HenpepbiBHA U MOYTU BCIOAY

Ix(t)

=v(t) EFlt, x(t)),

byHkuma v(t) cymmmpyema. [lnA nioGeix to, 1)

x(ty) = xlto) + f' vit)dt. (5)

t,

MNocne 3amenst t =t(7) nonyyaem ([64], crp. 283)

Y(T.)—y(fo)+ f vit(n))t'(1)d7, (6)

l)

npuYeM NOALIHTErpanbHan (YHKUWA CYMTAETCA paBHOW Hynio Tam, rae t'(r) =0 wam t'(7)
He cywecreyer. Unterpan B (6) — wHterpan NeGera, noatomy dyHkuma y(7) abconiot-
HO HenpepbiBHA M NOuYTH BCloay dy/dT pasHO NoAbIHTerpansHon dyHKunn. 3Hauut, ¥ (T) —
pewenue BxnoveHA (4).

O6parHo, nycre y(7) — pewenne srnovennn (4). Tax kak d)ynxum t (1) abconoTHo
HeNpepLIBHa, TO MHOXECTBO M, mepbi O Tex 7, npu koTopbix t (1) uam y'(r) wHe cy-
wecrsyer unn y (1) we npunaanexwt GI(T, y(7)), oHa npeo6pasyer 8 mHOXecTBO N, 3Ha-
wennii t mepbt 0 ([€4], crp. 268). MHoxectso M, Tex 7, npu xoTOpLIX t'(T)=0,dyHK-
unA t(7) npeobpasyer B MHOXeCTBO Nz Toxe mepul O ([64], crp. 281). Mpu BCex oc-
TanbHbIX T cywectayiot y'(1) n t'(7), t'(7) #0, u n3 pasencrsa y'(7) = v(t(7))t'(1) dywk-
unA v(t) onpeaennercA oaHo3Haywo anA tEN, UN,, T.e. ANA NOYTH BGeX t. Mpu atux ¢,
T.e. npn TEM, UM,, nmeem

yY'(r) EGlr,y(1)) = Flt(r), y(r)t' (7). _
Moatomy, o6o3Hauan y(7(t)) =x(t), umeem npu tEN, UN,

vit) E F(t, x(t)). (7)
Mpu atux t cywmecrsywotr 7(t) = 1/t'(r) w y'(7), 7=7(t), noaTomy Cyuiecrayer
x'(t) =y'(r)7'(t) = vit) EF(e, x(1) ). 8)

Mokaxem, uto dyHnkumua x(t) = y(7(t)) abconoTHO HenpepuisHa, Aaxe ecnmu 7 (t) He
aboomoTHO HenpepbiBHa. Taxk kak 7(t) HenpepbiBHa M MOHOTOHHaA, a ¥(T)  orpaHuuex-
HOW Bapuauuu, 70 GyHKUmMA X(f) Toxke orpaHMueHHOn Bapuauuu. 3Haumt, GyHkumA v (t)
8 (8) cymmupyema. Toraa npasan 4acTb (5) ecte abconioTHO HenpepbBHaA YHKUMA OT
t, » pasHa npasou vactu (6), 1.e. pasHa y(7(t,)) =x(t,).  CneposarensHo, ¢yHKUuA
x(t) abconioTHO HenpepbiBHa u B cuny (8) /ABnReTcA peweHuem BrnloverwmA (2).

TeopeMy 2 MOXHO NPUMEHATL ANA TOro, 4ToGbl audibepeHumanbHoe ypasHeHue WNN
BKAIOYEHME C HEOTPAaHMYEHHOW MPABOW YacTbio, OUeHMBaeMOW CyMMMpyemou (yHKuue#h OT
t, ceecTn k AuddepeHuManLHOMY YPaBHEHWIO MW BKAIOYEHMIO C OrPaHMYEHHOW NpPaso
YacTbiO.

Nemma 2 (93] Mlycrs mHo2o3nawnan Pyukyun F(t, x) onpedenesa e obnactru Q
NPOCTPaHCT8a t, X, U NYcTs ONA KawOolU o2paruverHold 3aMKHyTol obnacru D C Q cy-
wecrayer raKkana cymmupyeman yHxkyua mp(t), vyro |F(t, x)| <mp(t) € D npu novru
gcex t.

To20a cywecreyer raxan Pyrxyuna t(1), abComoTHO HenpepbiaHan emecre ¢ obparHod
dyrryued 1(t), yro nocne 3amens: nepemernsix t =t(1) oupdpepenyuansHoe exnioveHue
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(2) nepexodur e duggheperyuansroe sxnoverue (4), npagan YaCTb KOTOPO20 O2pPaHUYeHa
8 KawoolU 3amMKHyTOU 02paHuveHHOU obnacru, codepwawetica ¢ Q. y
HNokaszatensctBo. Mycte D, CD, C...— 3aMKHyTble OrpaHudeHHbie obnacrm,
ofveanHeHne KoTopbix ecTb Q, npuuem D; copepxmTcA B nonoce —kK <t<k n 8 Dy
npu NouYTn scex t ’

IF(t, x)| < my(t), 9)
dyHKunm my (t) cymmmpyemsr, my(t) =0 npu lt| > k. Nycrs

k 1
b =2% [ me(t)dt, o(t)=— [ myls)ds.
-~k bk -0
OyHKUMA @ (t) — aBCONIOTHO HenpepbiBHan, Hey6GbBaowan, 0 < g (t) < 27K, Mo3tomy
pAa t+ o (t) + oy (t) +... cxoautcR n ero cymma 7{t) — Bo3pacraowan abconoTHO He-
NpepbiBHaR GYHKUMA Ha KaXKAOM KOHewHOM oTpeske. Moutw Bciogy 7'(t) > 1, cneposa-

TenobHo, ob6patHan GyHKUMA TOXe abCONIOTHO HenpepbiBHA,

t'r) = — —— (~k<t<k).
7 (t) 1+ b6, my(t)

Tenepe n3 (4) n (9) cneayer, uto 8 ToW obnacTu, B KOTOpyl nepexoamut obnacte Dy
npu 3ameHe t =t(1), nmeem |G(1, y)l <bg.

CneancTts ne Jupdepenyuanstoe ypasHenue x = f(t, x), yooenereopaiouee ycnosu-
AM Kapareodopu 8 obnacru  Q unu e kawdoud 3amkHyTOU O2paHuvenHod obnacru D C
C Q, moxtHo npeobpa3zoears 3ameHou t =t(T) @ ypaenerue Kapareodopu c npagol vacrsio,
02PaHUYEHHOU 8 KawO0oU 3amikHyTOl 02pavuveHHod obnacru D C Q.

2. MokaxeM, YTO K aBTOHOMHbLIM anthdepeHuManbHbIM BKNIOYEHMAM X € F(x)  MOXHO
NPUMEHATL Takue e npeobpa3oBaHnA, Kak K 3aBTOHOMHLIM cucTemam auddepeHimans-
HbIX YPaBHEHWN.

Teopewma 3. Mlycrs HenpepsieHaa yHxyua plx) >0 e obnacru G.

Toz20a & 3rol obnacru dudgpepenyuansHsie 8KMOYEHUA

x € Fix), (10)

XEpX)Fix) (1)

uMerT OOHU U Te WE TPAeKTOopUuU.
NokasatensctBo0. Nycts x(t) — pewenne sknovedua (11), T.e. pyHkuma x (t)
abCcoNIOTHO HenpepbiBHA W

ax{t)
—— =y{t) Ep(x(t))Fix(t))
dt '

npyu noutu Bcex t. Ha orpeske a<<t<b n;maraem
S
7(t) = [ px(s))ds
t, .
Mpoussoanan 7'(t) =pix(t)) =c > 0 HenpepbiBHa. CyuiecTByer oBpaTHan dyHKuma t (7).
OyHkuma x *(7) = x(t(r)) abconmoTtHo HenpepbisHa ([64], crp. 264), un
dx*(r) dx vit(r))

’

T) = EF(x*ir))
dr dt px*(7))

nouTy BCloAy (Tak Kak dyHkummu 7 (1) wu t'(7) HenpepbiBHLI, TO YCNOBMA ''Npu NOMTH
scex t’° v 'Npu nouTu BCeX T'' paBHOCWNbHLI, cMm. [64], crp. 268), 1.e. x *(1) — pewe-
Hue sknwovennA (10).

WUrax, TpaekTopuA noboro peweHnA BKNoveHMA (11) ABNAETCA TakKe TpaeKTopven
HexkoToporo pewerna BKnoveHna (10). BepHo v obparHoe, Tak Kak tyHKuuA 1/p(x)>
> 0 roxe HenpepbiBHa.

3amevanne Ecnu B HEKOTOPbIX TO4KAX Tpaextopuu X = x{t) Bkmovwenma (10)
byHkunA pi{x) obpawaercAa 8 0, TO 3Ta TpaeKTOpUA MOXKET Pa3bUBaTLCA TaKMMKU TOYKaA-
MM Ha HecKonbko (uHOrpa 6eckoHewyHo MHOro) Tpaexktopun BkmoveHua (11).
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AnddeperunansHoe BxnOYeHUE

dx

— EF(t, x), (12)

dt ’
rae x = (x,,...,X,), paBHOCUNbHO aBTOHOMHOMY AnddepeHunanbHOMY BKAIOYEHUIO B
(n+1)- Mepuom NPOCTpanCcTBe Xo, Xy, ..., Xy;:

dXo dx

=1, —EFI(t x). (13)
dt dt *

Mpadmkn pewennin sxmoueHnA (12) B NpocTpaHcTee t, X nocne nepeMMeHoBaHMA ¢ B
Xo COBMAaAaloT ¢ TpaeKTopuAmM BkNoueHnA (13) B npocrpaHcrBe Xg, X, ..., X,. Bknto-
veive (13) He obwero BWAA, TAK KaK MHOXECTBO AOMYCTUMbIX 3HaYEHMH NPOM3BOAHOW

Un
g
17 vy
2]
Puc. 15.
dx*/dt, rpe x* = (x9,Xy,...,Xn), NEXUT B Nn-MepHOW runepnaockoct (n + 1)-mepHo-

ro npocrpaxcrsa. MoatoMy o6paTHbii Nepexof OT aBTOHOMHOrO AncddepeHunansHOro
BKNOYeHUA K AnddiepeHuMansHOMY BKAIOYEHUIO B NPOCTPaHCTBE MeHbleN Pa3mepHOCTH
BO3MOXKeH He Bceraa u Tpebyer AOMNONHUTENBHOFO PacCMOTPEHUA.

Muoxecreo £ B (10) n (12) pacnonox(eﬂo B 1-MEPHOM NPOCTPAHCTBE, KOTOPOEe MOX-
HO Ha3BaTb NPOCTPaHCTEOM CKopocreld v, .. . Nyctes anA Bcex x €G, G- obnacTe B
R", mHoxecTBO F(x) 3aMKHyTO, orpanmeﬂo u ne)«vrr B nonynpocTpaHcree v; = v > 0,
tyHkumua F [-HenpepuiBHa. MpoeKTUPYA M3 Havana KOOPAMHAT MHOXeCTBO F(x) Ha nnoc-

KOCTh V; =1, nonyvyaem MHOXeCTBO H(x) (puc. 15). Mpn 3voM KaxAaon Touxke Vv =
=(vy,... v,,)EF(x) COOTBETCTBYET TOUKa

(1,1’_,...,"_"); (."i...,i)eum. (14)
1 41 1 4]

vy vy
O6o3HavaeM (x;,...,Xx,) uepe3 y, a Touky x —uepe3s (x;,y).
Nemma 3. flpu cpopmynupoearHHbix YCNOBUAX TPIEKTOPUU 6KIIOYEHUA

dx
— € Fix) (15)
dt
@ obnacru G coenadaior ¢ 2padhuKamu peweHul eKMIYeHUA
dy R
— €HIix,,y). (16)
dX]
OokasatenbctBo. Nycts x(t) = (x;(t), ..., x,{t)) — pewenne Bxnioyennn (15).
Toraa dyHkumna x(t) abconloTHO HenpepbiBHA M NOYTWM BCIOAY
dx(t)
(17)

— =(vy(t), ..., v,(t)) € Fx(t)).
dt
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flo npeanonoxenwmo, v, (t)=>v>0. MNoatomy ana dynkumm x, (t) cyuecreyer o6patHan
dyuxumna t{x,), MoHOTOHHER” 1 aBooMoOTHO HenpepsiaHan. fpu NouTv Bcex x, (3TO pPagHO-
cunbHo ‘npu noutu Bcex t° [64], crp. 268) us (17) nonyyaem

d)dt(x:)) dx i_ 1 v, (t) Vnlt) (18)
dx,  dt dx, ( vilt) " v (o) )
Tak xak x = (x;,y), 70 u3 (18} nu (14) cneayer (16).
O6parHo, nycrb yix;) = {xa{x;),...,x,{x;)) — pewenne Bxniouenwn {16), a < x; <b.
Toraa npu noutu Bcex X,
dy /dx, dx,
(22 ) s b uab D € H v D, (19)
dx, \dx, dx,
BoixopAwwid u3 touku (0,..., 0) npocrpancrsa (v;,...,V,) ny4, NPOXOAAWMWA yepes
Touky (1,us(x,),...,u,lx,)), nepecexaer mHoxectso Fix). Nycrb (vy (xy),..., Vylxy))—

TOYKa MepeceyeHUA C HauMeHblue KoopauHaton Vvy. OyHkuwm Fix) w Fix(x,)) B-nenpe-
PbIBHLI,  NO3TOMY yHKUMA V; (X) nonyHenpepsiBHa CHU3y, 3HaYuT, uamepuma, 0< v <
<v,(x;)<m. Nostomy dyHKuua

th,) = I ot
! a VI(E)
o6parHan dyHkuua X, (t) n cnoxHan dyuxkuma x(t) = (x,(t), yix,(t))) abGconoTHO He-
npepsiBHbl. Moyt BCIOAY
il dy) >, Iy by (2)) (20)
==, uy,...,uylv .

dt ( dx,/ dt 2 n
Tak xax 8 cny (19) (U,, ... u,) € Hix), To npasan uacts (20) npuHagnexmt F (x),
1.6. X(t) — pewexmne sxkmouerva (15).

3. N3 poKasaHHbIX TeOpeM WM fnemMM CNeayloT aHanorvuHbie yTsepxaenva ana awdipe-
PEHUMANbHLIX YPABHEHWH C Pa3pPbIBHLIMU NPaBbIMKU; Y3CTAMK

x = f(t, x) (21)
npu goonpepenewvn a) §4 un
=f(t,x,uy(t, x), ..., ult x)) (22)

npu nio6om u3 poonpepenednii 6) v 8) § 4. MNpu 3TOM NPeANONaralOTCA BLINONHEHHbI-
mu ycnoeua § 4 (KycouHar HenpepeiBHOCTh yHkuwn f B8 (21) v u; B (22), HenpepbiB-
Hocte F B (22)) wnm teopemsbi 8 § 7 (uamepumocts dpywkumm f no t,x 8 (21) n He-~
pasencreo [f(t, x)| < m(t) ¢ cymmupyemon dywkumeir m(t)).

B camOoM giene, BO BCeX 3TMX ClyuaAX pewleHUAMU ancdepeHUunansHoro ypasHeHnA Ha-
3bIBalOTCA peweHnA avddepediumnanbHOro BKMIONeHUA X € F(t, X), 8 KOTOpoM QyHKUMA
Flt, x) CTPOUTCA Onpeaen eHHLIM oGpmM C NOMOLLLIO MHOXECTBA NPEAENbHbIX 3HaYeHWH
dynkumn f(t', x') (wnvm vt x")) npu x' > x, t' =t wan npu x' > x, t' >t. Tak xak Bce
paccmarpusaembie 8 nn. 1, 2 npeo6GpaszosaHMA HeENPepPLIBHLI NO X (K, KPOMeE neMMbl 3, COX-
PaHAIOT NAOCKOCTU t = const MNU NEpPeBOAAT WX B MAOCKOCTM T = const), TO OHW nepeso-
AAT MHOXXECTBO MpEeAenbHbIX 3HAYEHWI# B MHOXKECTBO MpPEAEibHbIX 3HAYEHWA, BbINYKNoOe
MHOXECTBO AONYCTUMbIX 3HaYeHMIA NPOM3BOAMOA X NOABEPraeTcA NVHENHOMY npeo6paso-
BaHMIO W NEPeXOAUT B BbiNYKROe MMOXecTBO. M03TOMy u3 pe3ynsTsToB nn. 1, 2 cneayior
aHanorvuHble YyTBepXAeHWA AnA ypasHeuwd (21) m (22). B ;yTeepXaeHun, aHanorus-
HOM nemMme 3, B Ciyuae A0OONpeAeneHMA a) HaAo NpPeAnonaraTh BLIMNOMHeHWe YCNOBUA Y
n.186. Beuay cxasaHHoro npuseaemM TONbLKO (OPMYAMPOBKW 3TUX yTBEpX-
AeHWN.

Teopema 4 [Q3], [95]). Kawdoe pewenue ypagnenua (21) unu (22) nocpe zame-

‘y Vit x), 20e ¢gywxyua Y EC' u cywecrsyer o6parHoe npeobpasosanue X =
- 1[1' (t, y) € C, nepexodur 8 pewerue ypaeHeHUAR

V=it x) + Yo lt, X, X)x=y1 (1, y)e (23)



unu, COOTBETCTBEHNO, YypPasHeHUR
V=R, X)L, (e, X, uy (XD, . L U XD g=yt o, ) (24)

Cnenctsue. /lpu 3amene y = Y(t, x) ypaenenue % =f°(t, x), onpedenniowee pewe-
Hur ypaenenun (21), newawue Ha noeepxnocru Paspesea UNU Ha NEPECeYeHUU TaKuX Nno-
eepxwocreii, nepexodur e ypaswenue y =g°(t, y), onpedenniouiee 1aKozo me poda peuse-
HuA ypaeHenun (23).

3amevanue. Ecu V't y) €C', TO MOXeT OKa3aTbCA, YTO He KaxKaoe pelleHue
vpeswewsa (23) unu (24) nonyuaetca u3 pewesmA ypasHeHnA (21) wnu (22). Hanpu-
mep, ypasHenue X = 1 UMEET TONLKO petenuA X = t+c, a nocne 3ameHbt ¥ =x> nopy-
YeHHoe ypasHenue y = 3y*’3 kpome peusenm y=(t+c)® umeer ewe pewetue y =0, He
nonyvaemoe 3amMeHoOW ¥ =X~ u3 pewseHwin x =t +C.

Teopema 5 [93], [95]. flycrs dhymcyun t(1) cTpozo mororomwmwa u t'(t) Kycouwo
venpepbigHa. To20a kawdoe pewenue x(t) ypaevenun (21) unu (22) npu 3amere t =
=t(7) nepexodur e pewenue y(7)=x(t(r)) ypsenenun

= f(t(r), y)t'(7)
(npsean vacre cwraerca paswoi O, ecnu t'(7) =0) unu

dy
e Fe(r), y, uy (7). y), . . ., u,(t(7), yDt'(7).

Teopema 6. /lycrs wenpepsieran gynryua pix) > 0. Toz0a ypaewenua x=flx) u
X =p(x)f(x) umelor oOnu u Te w2 Tpaexropuu e ¢Hazoeom npocrparcree x. To we cnpa-
eeonueo onA ypaeHenud

x=flu lx), ..., ux), x=plk)fix,ulx),... ,ux)).

3amevanue. Mocne 3ameH, yKa3aHHbix B Teopemax 4—6, npasble 4acTu nonyueH-
HBIX YPaBHEHWA yAOBNETBOPAIOT Tem Xe yCcnoBuAM (u3 wucna chOpMynuMpoBaHHbIX B Ha-
yane n.3), KOTOPbLIM OHM YAOBNETBOPANM OO0 3aMeHbl. YCNOBUA, HanoxeHHsle Ha f (t, x)
8 Teopeme 8 § 7, COXPaHAIOTCA M nNpu NI0GOH aGCONIOTHO HENpPepbIBHOW CTPOr0  MOHO-
TOHHOW (YHKUuKM t(T) B Teopeme 5.

§ 10. Hocrarounsic yC/IOBHA €XHHCTBEHHOCTH

3nece A3IOTCA AOCTATOMHbIE YCNOBUA, NPU KOTOPLIX pellieHue, nNonasliee Ha NOBEPXHOCTb
paspeea npason uactu audpepeHUUansbHOro YpPasHEHMA MNU HA nepecevyeHue NOBEPXHOC-
TeW paspbiBa, NPOAONIKAETCA EAMHCTBEHHbIM O6GPalOM 8 CTOPOHY BO3IPACTaHWA f.

1. AnA ypasHeHnA

x =Ff(t, x) (1)

NMeEeT MECTO Npaean eOUHCTEeHHOCTs 8 Touxe (ty, Xo), ecnu cyuiectByer takoe t; > o,
YTO KaxAable ABA PeleHMA 3TOro YPaBHEeHnA, YAOBNETBOPAIOWMUE yCnoBuio X(ty) =Xo,coB-
NanaloT Npu to SKtt; WM Ha TOM 4acTU 3TOro OTpe3Ka, Ha KOTOpPOW oHu 06a onpe-
Aenenbl.

AnA paccmaTpuBaeMOro ypasHeMMA UMEET MeCTO Npasad eOUHCTEeHHOCTs & obnactu
D (oTkpbiTo#i wnu 3aMKHYTOW), ecnu ANA KaXpod Touku (to, Xo) ED Kaxpsie Asa pe-
WeHWA, YAOBNETBOPAIOWKE YCNOBUIO X (tg) = Xo, COBMNAAAIOT HA KaXAOM OTpe3Ke fo &t <
<t;, HA KOTOPOM OHu 06a CyUlecTBYIOT U NPOXOAAT B 3TOW oGnacru. :

AHANOrMYHO ONpenenAETCA /16637 eOUHCTEEHHOCTs B TOYKE U B OGNAcTU — eaUHCTBEH-
HOCTb Npy t; Kt <ty

Nemma 1. #3 npaeod eduHcreenHocTu 8 Kamdold royxe obnacru D cnedyer npasan
edurcreenrocrs @ obnacru D. W3 npaeoid eduncrsennoctu 8 obnacru D cnedyer npaean
eOUHCTBEHHOCTb @ KawOoU GHyTpeHHel Toyke 3Tol o6nacru.

Jloxa3atenscTBO 060MX yTBEpXAEHUA NEerKo NPOBOANTCA PacCy)XAeHWEeM OT NPOTUBHOIO.

AnA ypasHenwit Kapateogsopu teopema 2 § 1 paer AOCTaTtouHOE yCnoBWe U Npasoi, u
NnesoW eAMHCTBEHHOCTU B oGnactu D, a3ameyaHue K 3ITOM Teopeme — YCnoBue NPason
eAMHCTBEHHOCTU. TeopeMa U 3ameuaHne (a Takwe npuseseHHoe 8 § 1 AOKAa3aTenwCTBO)
6. A.®. dununnos ' 8



OCTalOTCA cnpaseanuBbiMM W ANA  anddepeHumnansHbiX YpasHeHuH C PaspbiBHbIMY NPaBbi-
MW 4aCTAMK, €CNW WX YCNOBWA YAOBNETBOPAIOTCA HEe TONbKO ANA 3HaueHwd YHKUUN
f(t, x) B 06NacTAX ee HeNpPEPLIBHOCTH, HO U ANA TEX 3HAYEHWWH, KOTOPLIMA AOONpeaenA-
€TcA 3Ta (PYHKUMA B TOYKax ee paspbisa.

Cneaylowan teopema naer yCNoBWA, NpU KOTOPbIX AOONPERENAEMblE 3HAYEHVUA (YHK-
uwm f(t, x) MOXHO He NPUHUMaTL BO BHUMAaHWe.

Teopema 1 [93])..Mlycre gyniyun f(t, x) @ obnactu D paspsigHa TonsKO Ha MHO-
xecree M meps: Hyns. [lycrs cywecreyer raxkan cymmspyeman PyHxyua Il(t), vto OnA
réolv(rz)l ecex rovex (t,x) u (t,y) obnacru D npu ix —yl< e, €g >0, umeem |f(t, x)| <

t),

x —y) - (flt, x) = £(t, y)) <Ut)x — y. (2)

To20a dnA ypaewenua (1) npu doonpedenequu a) § 4 umeer mecro npaeaa eoOuHcr-
eeHHoCTbs 8 obnacru D. :
Aoxkasatenbcreo. NMpu noutn Bcex t umeem I(t) <o, u HepaseHctso (2) BbI-
NONHAGTCA ANA NOYTH BCEX x U ¥y w3 paccmarpusBaeMon obnactu. Toraa npu atux t yxe

ANA nwbeix x*, y*

X*—y*) - (v—w) <I(t)x* — y* %, (3)

rae v v w—niobble 3HayeHUA 13 MHOXeCTB V u W npepenbHbix  3HaueHud  yHKUUM
f(t, x) npm x> x*, coorBercTtBeHHO yHKuun f(t, y) npu y—> y*. B cuny neMmmbl 8 § 5
HepaseHcTBO (3) COXpaHUTCA, ecnu cHavana ycnoBue vE V 3ameHuTs ycnosuem vEcoV,
a 3arem ycnoBue wE W — ycnosuem w € col. Noaromy HepaseHctso (2) cnpaseanu-
BOo Npu nouth Bcex ¢t AnA Bcex X U y, | x — yl < €, ecnnnpu (t, x) € M 3Havenue f(t, x)
3(ame|)mm nobbim M3 mMHoxectsa F(t, x), onpepaeneHnoro 8 § 4; aHanorvuyHo npwm
t,y)EM.
Ho vorpa anA asyx nio6bix pewenuit x(t) n y(t) B obnactu D npu nourn Bcex t

d
2 gt X —y@F = (t) — ye) x(e) — y(e) <U)be(e) — ().

Orciopa cneayer npasan eAWHCTBEHHOCTL (CM. aoKa3aTenscTBO Teopembl 2 § 1).

Teopema 1 cnpaseanwsa [93] v anA 060 paspbLiBHOW W3IMEPHMON B 36nacm D  dyHKunn
f(t, x) , ecnn pewernn onpepennoTca Tak, Kak B N. 6 § 7.

2. MNycte o6nacte G C R” pasaeneHa rnaakod nosepxHOCTbI0O S Ha obnact G~ n G*.
Nycts f(t, x) v 8f/dx;, i =1,..., n, HenpepbiBHbI B obnactAx (@ < t < b, x € G7)
m @< t< b, x€EG*) snnote ao rpaHuubl. Ha nosepxHoctn S AnA ypasHewuA (1) npu-
MeHAeTCA aoonpeaenedve a) § 4. Mycte £~ (t, x) wf* (t, x) — npeaentHbie 3HaYEHNA DYHK-
win f npu npubnvxeHun Kk Touke (t, x), x € S, n3 obnacteit G~ n G* cooreercTBeHHO,

e, x) —f(t,x) =h(t, x)

— ""BexTop paspeisa”’, fy, fN, hy — npoexuwu BexTopos f~ ,f*, h Ha Hopmans K S B
TouKe X, HanpaBneHHylo ot G k G*

B o6nactax G~ n G* umeer Mecro eANHCTBEHHOCTb pelleHVA (npasam v nesan) Bcnep-
CTBUE HenpepsIBHOCTU NPOU3BOAHbIX Of/dx;, i =1, ,n.

Nemma 2. Ecnu e Hexoropod Toyke xg €S umeeM fN (to, Xo) >0 (unu fN (to, xo) <
< 0), ro 8 obnactu G* cywecreyer eduHcTeeHHoe pewerue ypaeHenua (1) ¢ HavansHbIM
ycnosuem x (to) = xo. IT0 pewerue onpedeneHo Ha HEKOTOPOM UHTEPBane to < t < t;
(cooreercrgenro t, < t < to). AHanozuyHsle yTeep)OeHuA cnpasednues! 0nA G~ e cny-
vaAx fy < 0 u fy >0. :

Doka3atenbcTtso. [poaonkum HenpepbiBHo dyHkuwio f(t, x) w3 G* 8 non-
HYI0 OKPEeCTHOCTb TOo4KU (to, Xo) . Pewenve ¢ HavanbHbiM ycnosuem x(to) = xo Gyaer cy-
WecTBOBaTb. linA Bcex Takux peweHuwit sexTop X (tg) = f* (to, Xo) HanpaBnen B cTOpoHy
obnactn G*, Tak kak fy (tg, Xo) > 0. 3Hauut, Kaxpoe TaKoe pewexve npu to < t < t;
npoxoautre SU G*, a tam f € C'n pelieHne eAUHCTBEHHO.

Cneactsue 1. Ha yvacrxe nosepxvocru S, 2de fy, > 0, fy > 0 (unu fy < 0,
fy < 0), pewenun nepexodarus G~ e G* (cooreercreenro uz G* e G~), u eduncreen-

HOCTb He HapyWwaercA.
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MNpoxoAAWMX NO NOBEPXHOCTU S pelleHniA 3Aecb HET B cuny aoonpeaeneHnA a) 8 4 (cm.
noAcHeHve K puc. 3) .

Cneacvsue 2. Ha yvyactke nosepxvoctu S, 20e fy > 0, fN < 0, npu kawdom t
e Kax(dylo TOYKY NOBEPXHOCTU S NPUXOOUT POBHO OOHO pewenue u3 obnactu G~ u 00HO
uz G*

B cnyuae fy>0, fx < 0 pemennn npy BO3PacTaHWun t He MOryT COMTH C NOBEPXHOCTN S
HU B oﬁnacn, G~ HM 8 06nacte G*. OHu ocTaloTcA Ha S ¥ cornacHo a) § 4 yaoBReTBOPAIOT
YPaBHEHWIO X = £°(¢, x), rae tbynxuun f° onpenenena copmynoit (5) § 4. Ecom S € C!,
TO eAVHVYHLIN BekTOp n(x) Hopmanu k S ecTb HenpepbiBHaA (MYHKUWA TOYKK X, NO3TOMY
fyEC, fyEC wBcnny (5) §4 f°EC.

Ecnu xe f € C2?, 1o nix) € C', noatomy sextop f°(t, xX) — rnankan (knacca C')
byHKUMA OT NOKanbHbLIX KOOPAWHAT Ha NoBepxHOCTW. (ECAM B OKPECTHOCTV paccMaTpu-
BaemMoil Touku umeem dy/dx; ¥ 0, To' ypaBHeHve ¢ (x) = 0 noBepxHoCTM S pa3pelsaeTcA
OTHOCHUTENbHO X; W NOKaNbHBIMA KOOPAWHATAMW ABNAIOTCA Xy, ..., Xi_1, X{+1,+ -, Xp.)
Torna yepes KaXAyl0 TOMKY pacCMaTpuBaeMOro Y4YacTKa NoBepXHOCTU S NPOXOAWUT POBHO
OAHO pellieHVe ypasHeHna x = F° (t, x) .

Takue pacCyxaeHWA elle He AaOT BO3MOXHOCTb AOKa3aTh NPasByl0 eAWHCTBEHHOCTL B
Toukax, rae fy, > 0, fy, = 0 wnu f5, = 0, f5 < 0, 1 He NPUMEHNMBI K CNY4alo, KOTrAa pe-
WEHUA B TeyeHUe KOHEYHOro NPOMEeXYTKa BpemMeHW BECKOHeYHO MHOrO pa3 NonaaalT Ha
NOBEpPXHOCTb pPa3pbiBa W CXOAAT C Hee. Manaraemble HWXe nemMMa 3 M Teopema 2 OXBaTbl-
BalOT M 3TW CNyYaun.

NMemma 3. flycrs S € C!, e Toykax nexawel wa noeepxwoctu S obnactu So npu
a<t < beexrop h =f*—f" Hanpaenex no HOPManu K NoGEPXHOCTU (Unu Pagex Hynio)

Toz0a dnA ypaernenua (1) npua < t < b umeer MecTo npaean eOUHCTEEHHOCTb 8 OKPECT-
HoCcTu Mo6oU Toyku xog € S .

NokasatenbcTso. NMokaxem, YTo BbinonHeHo HepaseHcTso (2) c /(t) = const.
Ecnu oGe Touku X U y nexat C OAHOW CTOPOHbI OT S, TO (2) cneayeT M3 OrpaHMYeHHOCTU

0f/0x; B paccmaTpusaemMoit OKPECTHOCTU Npu x & S.
Echm xe x € G*, y € G-, 10 nycTb Z — 6nvKaiiaR K X TOYKa nepeceyeHUA oTpeska
Xy ¢ noBepxHOCcTbio S. W3 orpaHnuenHocTn 0f/0x; cnepyer

[Flt,x) =t 2) < llx—2z|, |Ff(t,2)—Flt,I<lz—y]|. (4)

Tak Kak z € S, ocTanbHble TOYKwn OTpe3ka zx nexar 8 G*, a sextoph =f*(t,z) —f " (t,2)
HanpaBneH B CTOpOHY obnact G~ no HopManu K S wnu paseH HYNKO, TO

(x—2)-(f(t,2) —f"(t,2) < O.

OT0 HepaBeHCTBO COXPaHAETCA, €CIM BEKTOP X — Z 3aMeHWUTb HanpaBneHHbiM B TY XKe
CTOpOHY BeKTOpoM X — Y. CKnaAbiBaR NONy4YeHHOe HEePaBeHCTBO C BbiTeKawoumm us (4)
HepaBeHCTBOM

x—y) e (Flt,x) —F*(e,2) + (6, 2) = Flt, ) < Il x —y|?,

nonyuaem HepaseHCTBO (2) . U3 Teopemsl 1 cneayeT yTeepKaeHne neMMmbl.

3amevanne. 3Hnak wncna hy = fy — fy He MEHAETCA HW NPV nepenMeHOBaHWN 06-
nacret G~ v G*, vn npu auddepeHunpyemMbix Npeo6pazoBaHMAX KoopaMHaT. Hanpumep,
ecnu hyy, < 0, 10 cymma | xy | + |yy| paccroanmin ot kacatensHoil nnockocTn k S Touex
x(t) € G* u y(t) € G, 6nuskmx K Touke Xo € S, yMeHblwaeTcA, Tak Kak x>0, ¥y < 0,

Xy = VN =falt, xo) = FR(t, xo) +a=hylt, xo) +a <0,
uncno & mano. CBONCTBO YMEHBLUEHNA UMW YBENHYEHWA ITOro PACCTOAHUA, a 3HAYNT U 3HaK

hy(t, xo), COXPaHAETCA Npu AuddeperumpyemsIx npeobpasosaHuax.
O6wwii cnyvai npu ycnosum hpy < 0 Gyaer cBepeH K cny4alo nemMmel 3 ¢ NOMOLWLIO and-

theperumpyemoro npeo6pa3oBaHuA KOOpPAWUHAT.

Nemma 4. flycrs pyrryun glz,,..., 2, t) € C', 8 Flzy, ..., 2y t) umMeer venpe-
PbIBHbBIE NEPBbLIE U 8TOPbIE NPOUIBOOHSIE, Moxrer 66175, Kpome 3°f/0t>.
To2da cywecreyer hyHKyuA M2y, ..., Z,, t), UMEIOWSA HENPEPLIBHBIE NEPELIE U 8TO-

pbIe Npou3eodHsbie, MOXET BbITb, KPOME 62 n/ot?, u ydoeneraopAarowan npu z, = 0 ycnoeu-
am n=f, an/oz, =g.
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AokasartenscTaso. Pywkumr | :
Mzy,....z0, 0=z, ..., 25, 0 +2, [ ... [glz; +uazy, ... 2, +
0 0

+ Upzy,t\du,...du,

yaosnersopAet ycnosuam 1 = f, dn/0z, = g npm z; = 0. B cneayloumx vHTerpanax apry-
MeHTbI PYHKUMM g Te Xe, YTO B NPeAbIAYLIEeM:

an 1 1 n 1

1
'—=f...fydU2...dU,,+le f...fu,-gdup..du,..
oz, o o i=2 0 o 0z

WHTerpmpyn no 4actAM, nonyvaem
1 ay 1
2 fuy— au;=gly,=1 — [ gdu,.
o 0z °

CneposarenbHo, 07)/0z; MMmeeT HenpepbiBHbie BRMOTL A0 RNOCKOCTM Z; = 0 nepsble npo-
M3BOAHbLIE NO BCEM aprymeHTaMm. TO e CNpaseannBo ANA an/az,., j=2,...,n

Nemma 5. Mycrs Ha nosepxrocru S (x, = Ex,,..., x,) € C?) 3a0an nexacarens-
woili gexrop hix,,. .., x,, tVEC!, |h|=8>0.

T020a @ OKPECTHOCTU NOBEPXHOCTU S CYUwIeCT8yeT Taxoe npeobpazoeanue

xi=yilzy,....z5,0), i=1,...,n,
¢ AxkobuaHom J #* 0, yro nosepxrnocte Z, = 0 coenadaer ¢ S, a KOOPOUHATHbIE NUHUU Z,
(r.e. nuHUU, Ha KOTOPBLIX NOCTOAHHB! Z,, ..., 2,) 8 TOYKEX NOBEPXHOCTU S KaCalOTCR 8€K-
ropa h;

e, dp/dx; €CY, i j=1,...,n,

npu z; =0 dyHryuu p; He 336UCAT OT 8.
Aoxa3zartenscTso. lNpeobpasosarne

y1=xy —Elxa,...,x5), Yi=x1, %., Yn=Xn
nepesoaut S B nnockocte y, = 0. Hanpasneune Bexktopa h = (h,,..., h,) Bbipamxaetca
YPaBHeHMAMMN

dxl _ dx,,

S e
B CTapbiX KOOPAUHATAX U YPaBHEHUAMN

dy n o
ﬂ:ii:".:__n., g=hl’—z_hi (5)
9 h, - hy, i=2 0Xx;

8 HOBBIX. BexTop h He KacaeTca S, nostomy g #0.
Tenepb nepeitaem K 2,,...,2Z, NO hopMynam

Y1 =2y, YI=ni(zl:---'zn,t). i=2,...,n, (6)
Tak, 41066l 7; W 91;/3z;EC', w npm z; =0
' om;
n;=2;; — =—., i=2,...,n. 7
i i all ( )
Takune dyHkuum 17, cyurecTsylor no nemme 4. Baons KOOPAMHATHBIX MIMHUW Z, NMeeM
dz; =...=dz,=dt =0, 1.e. 8 cuny ({6) u (7) 8 Toukax nosepxHocu z; =0
ay; = 22, dy, =7 dy;.

Ovciona u 3 (5) cneayer, 4To npu Z; = 0 KOOpAKHATHbIe NMHWK Z; KacalOTCA sekTopa h.,
BuipaxaR X;,..., X, 4epes Z,,..., Z,, nony4aem TpebGyemoe npeoGpasosanune. B cuny
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(7) Axo6uan npeobpasosanmAa (6) pased 1 npu z; = 0; Axo6GuaH npeob6pa3zosaHnA oT x
K ¥y TOXe paseH 1.

Teopema 2 [93). ycrs esinonnensi ycnosuA n. 2, noeepxrocrs S € C? u eexrop
hit,x) =f* —f~ € C'. Ecnu npu xawdom t € (a, b) e Kawdoi Toyxke x € S ebInonHeHo
XoTA 661 00HO u3 Hepasewcre fy > O unu fr, < 0 (803MONHO, paznuyHbie HEPaBEHCTEa
npu pasnsix x ut), 70 8 0bnmacru G npu a < t < b dnA ypaernerua (1) umeer mecro npa-
8aA eOUHCT@EHHOCTS.

Aoka3satenbcTBoO. B Kkaaoh Touke NOBepXHOCTH S BLINONHEHO XOTA Obl OAHO
¥3 TpeX ycnosuvn:

a) f7>0, f4;,>0; 6) fx<0,fy<O0 8) fyy—Ffy<0O0.

B cnyvaax a) v 6) B OKPECTHOCTU TaKO# TOYKW UMEET MECTO eRMHCTBEHHOCTb B CUNY Cnea-
cTBuA 1 nemmsbi 2.

B cnyvae B) B HeKOTOpPOI OKPECTHOCTU TOYKW HEPaBEHCTBO f,t, — fn < 0 Toxe sbinon-
HAGTCA, @ YPaBHEHWEe MNOBEPXHOCTU S MOXKHO Pa3pPelunTs OTHOCUTENbHO ORHON M3 KOOP-
AVHaT, Hanpumep, Xx;. [ocne Taxkoro npeobpasoBaHuA x = y (2, t), kak B nemme 5, nosepx-
HOCTb S nepewiaeT B NnockocTb Z; = 0, aBektoph =f* — f~ — B BeKTOp, OPTOrOHanbHbLIN
atoi nnockocTu. YpasHeHve (1) no reopeme 4 § 9 npeo6pasyerca 8 ypasHeHue

2=t x) + UL (e, X, X) |y 2 iz pye (8)

rae z = ¥ {t, x) — npeobpa3osanue, obpaTHoe K x = ¢ (2, t), ¥; — BexTOp, 3 Y5 — MaTpULa
(cM. n. 1 § 9). OyHkumA ¥ ob6nafaeT TaKUMK e CBOMCTBAMM FNAaAKOCTU, KaK ¢ B nem-
Me 5, noatomy npasan wacte (8) v ee npoussodHble 0/0Z; HenpepbiBHbI B OKPECTHOCTH
paccmaTpvsaeMoi Touku npm 2, > 0v npmn 2; < 0 BrnoTe AV nnockoctn 2; = 0.

NokaxxeM, 4To BEKTOP pa3peiBa NpaBoi yacTu (8)

B (e, x) = Yot ) (e, x) —£7(e, x)) = Yih

oproroHaneH nnockocTu paspeiBa z; = 0. KoopauHatHbie NUHMK Z; B NPOCTPaHCTBE X, T.e.
AMHUN

x=x(z,)=9lz,,€2,...,0n. 1), {9)

’
K3caloTCA BekTopa h B TOYKAX NOBEPXHOCTH S. 3HAUUT, BEKTOP Y, NPM Z, = 0 xonnuHeapex
sexTopy h, T.e.

¢z, 12,20 = M. (10)

MNpumeHAR k obGeum yacTAM pasexcTea (9) npeo6pasosanme z = Y (t, x), o6paTHoe K ¢,
nony4aem
z=(2y,¢2,...,c)=VYlt, plzy,€2,...,Cn, 1)),

OnddepeHumpya no z,, umeem
(1,0,...,0) =¢;-«p;l.

Npm z, =0otcionau us (10) cneayer, 4to sexTop V3 h = h* konnuHeapex sextopy (1,0, ...
..., 0}, 1.e. opToronanexd nnockocm z, =0,

B cuny 3amevanun k nemme 3 u3 Hepasenctsa hy = fy — fy < O cneayer hy < 0. Mo
nemme 3 B OKPeCTHOCTU PacCMaTpMBaeMOW TOUKW B CAy4ae B) MMeeT MECTO NpaBaA efnH-
CTBEHHOCTb ANA ypaBHeHuA (8), a 3HawmT, u AnA ypasHeHuA (1) .

3. PaccmotpumM andyepeHumanbHoe ypasHeHve

x =f(t, x, ult, x}) (11)

¢ aoonpeaeneduem 6) Ha noBepxHOCTW pa3pbiea. Mycre pyHkumn 7, 0f/ox; (i< 1,..., n),
0f/0u HenpepeiBHLI, 8 PYHKUMA U (t, x) pa3pbiBHa Ha rnaaxoit nosepxuoctn S (s(x) = 0},
AenAwen obnacte G Ha obnactn G~ (six) < 0) n G* (s(x) > 0), 8 kotopwIx U{t, X) ©
9u/dx; HenpepsIBHBI BNAOTL A0 rpaHuubl. Cuutaem, uTo s (x) € C', rpaavent Vs # O Ha S.
NpeaenbHbie 3HaveHUA GyHkuMKu U (L, x) npu npubnuxeHun K S U3 obnactelt G~ n G* 0603-
Hawum U (t, x) nu' (t, x), a pynxumm F{t, x, u(t, x})) —uepe3 £~ (t, x) u £*{t, x). Nycts
. fu f‘,’v — npoexumy Bextopos f,f~,f* Ha Hopmanb k S, kak B N. 2, T.e.

Vsix)  flt, x, u)

fylt, x, u)=
N |V stx)|



Mycts U(t, x) — oTpesok ¢ koHuammu v~ (t, x) nu* (t, x) . Ecnn xE S u fx (t, x) X (t, X)<
< 0, r.e. dyHkumuA fy (t, x, u) npu u3MeHeHuu u Ha oTpeske U(t, x) He coxpaHReT 3HaKa
"+ uam ", 10 cywectayert pewenuz v (t, x) € U(t, x) ypasuenun fy (t, x, u®9 (t, x)) =
=0, 1.2

Vsix) « At x, u®(t, x)) = 0. (12)

Toraa sextop F¥9(t, x) = F(t, x, u® (t, x)) KacaercA nopepxHocT S B TOUKE X U ypaB-
Henme (11) B TakMx TOuKax ACONPEASNASTCA cnaaylowmm obpasom:

x=flt x,ut, x)). (13)
Nemma 6. Ecnu S € C?, u 8 Toyke x € S umeem

of y (t, x, u)
N z0

Frlt, \)F it x) < 0, (14)

u
npu ecex u € Ult, x), o ypaarerue (12) orvocurensto ud Ha orpesxe U(t, x) umeer
edurcreenroe pewerue u®? (t, x); dyrrxyuu u? (t, x) u du9/0x; Henpepsiersl no t, X.

DokasartenscrtBo. OyHKuMA f, (t, x, U) npu naMeHeHun u Ha oTpeske U(t, x)
B8 cuny (14) MOHOTOHHA M MEHART 3HaK wnu paBHa 0 B KOHUE OTPe3Ka, NO3TOMY pRlleHu2
u9 (t, x) cywecrByer u eauHcTBeHHo. Mo Teopeme o HereHon dyHkumm u? (t, x) € C.
Ecnu S € C?, 10 ofy/3x; € C, noaromy cywiecTayioT HenpepbiaHbie du®?/dx;.
Cneacteue. EcnuHa kycke S, nogepxroctu S € C?

of, (t, x,
N’( x,u) +

fult,x) >0,  fylt,x)< 0, 0

u
npu ecex u € Ult, x), To Ha KycKe S, U 8 HeKOTOpPOLU OKPEeCTHOCTU KawooUu e20 ToYKuU
0nna ypaarersur (11) umeer MecTo npagan eOUHCTBEHHOCTb.

Cneaywulan teopema, nodo6Ho Teopemz 2, 0xBaTbiBaeT TaKXKe CNy4Yau, KOrAa peweHne
B T2YSHWUZ KOHEYHOrO MNPOMEXYTKA BPEMEHU MOXeT GeCKOHEYHO MHOTo pa3 nonaaath Ha
noBepXHOCTE S Y CXOAUTL C Hee,

Teopema 3. flycrs 8bINONHEHB! YCNOBUA, yKalaHHbie @ Havane n. 3, Kpome T020,

2, z 1. - + 1,
sec’; f, 3 e€EC;, ultx),uTlt,x)EC;
7

of . (t, x, u)
N T
ou

Ecnu npu xawdom t € (a, b) & kawdoti Toyke x € S 8bINONHEHO XOTA Bbl 00HO U3 He-
pasencrse fy, > 0 unu f ; < 0 (803MOXHO, paznuyHbie HEPaBEHCT8a ONA pasHeix t U x),
10 8 obnactu G npu a < t < b dna ynaenenua (11) umeroT MecTo cywecrgoeaHue pewe-
HUA C HavyansHbIM ycnosueM x (tg) = xo € G U npasan eQuHCTBEHHOCTS.

Nokasartenbcrso. Kak 8 Teopeme 2, AOCTaTOMHO PAcCMOTPeTh cnyyan fr ~ fxy <
< 0. B okpectHocTu Touku,rae fy >0, fy < 0, npaBan eAMHCTBEHHOCTL 06ecneuwmBasTCA cnea-
crBueM nemmbl 6. OcTaeTcA paccMoOTpeTh cnyvan, Koraa B paccmarpusaeMon Touke fp >0,
f,{, =0wm fy =0, f;, < 0. Bropo# cny4ad CBOAMTCA K NEepBOMY nepeumMeHoBaHWeMm ob-
nacteit G"wn G*. .

Nycrs fylto, xo) > 0, fr(te, xo) = 0. Mo TeopsMe 0 HeABHOW ByHKUMM pelueHwe
u®?(t, x) ypasHenun (12) cywectayer n npuxaanexut C' B HEKOTOPO# OKPECTHOCTM
Toukm (tg. Xo) ([t —to]l < 8, x €S, |x —xol < 8) paxe n ram, rae £y > 0. Moavo-
My dyHKUMA

npu ecex u € Ult, x).

' 2 " ole®d — e
V(t,X)=‘{ Ef(t,x,u + oW —u ))d(’:;eq—_u—;' (15)

rae £¢9 = £(t, x, u9(t, x)), B TaKoii okpectHocT npunaanexut C'. Tax xak dfy/du
cOXpaHAeT 3HaK (MOXeT 6biTb, B MEHbLUEW OKPECTHOCTU), TO vy (t, X) ToXe cCoXpaHA-
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a1 3HaK. MNycTtb
sgnvy(t, x) =8, e, x)+0vit, x)=f](t, x). (16)

Toraa f,(t, x) € C', sekTop v KonnuHeapeH pasHocTu F¢Y — f*, a koHeu BexTopa f|

AEXMT Ha MPAMON, NPOBEAEHHOM 42pe3 KOHUbI BekTopoB ' wn 9 (puc. 16). Mnagko

npoaomkum dyHkumio f,c NOBePXHOCTU S B 22 NONYOKPECTHOCTb, Nexawylo 8 G~
MokaxeMm, YTO PLUISHUA ypaBHEHNA

) fit,x, ult,x)), x€EG*,
x=f(t x)= (17)
f.lt,x), x€G-,

noonpeaensHHoro Ha S cornacHo a) § 4, 8 obnacty G* m Ha S CoBNaRalOT ¢ pPeLLeHUAMM
ypasHeHua (11), noonpeaenasHHoro cornacko 6) 8§ 4. B camom aene, 8 cuny (16)

e, x) —f]{t,x) = —0Ovit,x) =h(t,x), hylt,x)< —n<0, (18)

noatomy (), > n/2 > 0 8 okpecTHocTn Toukm (to, Xo). B Tex Toukax dTo# OKpecT-
Hoctu, rae f < 0, onpeaenensi sexTopel 9 = f(t, x, u“?(t, x)) n £ (t, x) —ckopocTb

Ip

Punc. 16.

ABWXEHUA No nosepxHocTu S AnA ypasHeHUA (17). KoHubl 3TUX BEKTOPOB nexaT Ha NpA-
MOii, NPOXOARALLEN Yepe3 KOHUb! BEKTOPOB f° W f,, U B TO )Ke BpeMA B NAOCKOCTH, Kaca-
TenbHOW K S. B cuny (18) 3ta npAman nepecekaeT NAOCKOCTbL TONbKO B OAHOW TOYKE, KO-
TOPan M ABNAETCA KOHUOM BekTopoe f°9 u f0. Cneposatensho, F°9 = ¢, (310 xe mox-
HO NONYWMTb M MHave, Bbipaxan f<9 uepes f* u 7 ¢ nomowsio dopmyn (15), (16), a
9 — ¢ nomowgio dopmyner (5) § 4.)

TakuMm 06pa3om, psiueHua ypasHennA (11) 8 G* v Ha S coBnaaaloT ¢ pewexnAmy ypas-
HenmA (17) . inA o6oMX ypasHEHWIA pewisHUA ¢ S He CXOAAT B obnacte G~. [InA ypasHeHWA
{17) c noonpenenenvem a) § 4 cywecTsoBaHUE PeLISHUA NPU NIOBLIX HaYanNbHLIX ycnosunx
AOKa3aHO B M. 4 § 7, a NpaBaA 2AMHCTBEHHOCTL — B Teopeme 2 § 10. Ycnosue FEC' 8 G~
obecneunsaeT CyiuecTBoBaHWE U SAMHCTBEHHOCTb PeweHnA ypaeHeHnAa (11) B8 obnactn-G~
MNoatoMy npu nobbix HawanbHbIX ycnosuAx x(tg) = xo € G CcywecTByeT pelieHne ypaB-
HeHnAa (11) u npu t 2 t, OHO 2AMHCTBEHHO.

4. YKaxeM AO0CTaTOYHLI? YCNOBMA NPaBOM EAMHCTBEHHOCTM B TOWKAX NESPECRYSHUA He-
CKONbKMX NOBEPXHOCT2M paspeisa.

MNycte o6nacte G C R" pa3sgeneHa rNagKMMMU rMN2pnoB2pXHOCTAMM S Ha obnactn S "
/=1,. e BepxHuit MHABKC 03HaYaeT Pa3MEpPHOCTb, HWXHWUN — Homep MOBEPXHOCTH Mnu
oGnacm S, — NWHWK, S° — TOYKHK. CunTaeMm, YTo KpaKk KaXAon runepnoBepxHOCTU He nNpu-
HaAN2XWUT e U COCTOUT M3 KOHEYHOro YUCNa FaaKuX runepnosepxHOCTeN MeHbLUMX pa3mep-
HOCTEN U TOYSK.

Hanpumep, ecnu G - Tpexmepuoe fIpOCTPAHCTBO, PA3AENeHHO? TPEMA KOOpAMHaTHbIMM
NNOCKOCTAMM, TO S (/= .8) — KoopAWHaTHble OKTaHTbI, .S‘2 (i = .12) — ver-
B82pTH KOOPAMHaTHle nnockocteir, S} (i = 1,..., 6) — koopauHaTHbIE nonyocu, s -
HavYano KOOpAWHar.
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flycte M — 3ambikaue mMHoxectea M. Bextop v # 0 Ha3bIBAGTCA KaCaTENIbHbIM K MHO-

wecTey M 8 Touke x € M, ecnm cyLeCTBYeT TaKaR NOCNEAOBAaTENbHOCTb TOYEK 3 i EM (i =
=1,2,...),410 3; > x,

ai—x - V_ (i > o). (19)

la; — x| vl
B o6nacty G paccMOTpuM ypasHeHue
x =flt, x). (20)

nycn BbINOAHEHO CneayIolLee YCnoBKe:

BeKroMynKuun fit, x) ppna<t<§p HenpepsiBHa no t, x B kaxao#u u3 obnac-
reu S BNAOTb A0 rpaHuubl, T.e. f(t, x) = f (t x) B S, , PyHKUMA f HenpepbisHa B S"
Ha Bcex unn HeKOTOPbIX rMNEPNOBEPXHOCTAX S ,0<k<n-1, unn Na UX HEKOTOPbIX
3aMKHYTbIX NOAMHOXECTBAX 3aAaHbl uenpepusuue BeKTop-PyHKUUN f (t, x); BsexTOp
f* {t, x) PexuT B Ak-MEpHO KacaTentHOM NAOCKOCTU K S; B Touke X. (Ecnu TOuKa X fie-
XWT Ha Kpae noaepxuocm S, , TO BEeKTOP, NeXalni B KacaTenbHO NNOCKOCTH, MOXET
He KacaTbCA S 8 cMbicne (19).) B Touke S, moxeT Gbite MnuU 3a0aH HyneBoi BeKTOp
f? =0, unn He 3313H0 HUKAKOrO BEKTOPA.

Pewenuem ypasHeHua (20) cuutaeTtcA abCcONOTHO HenpepbiBHaA Ha OTpe3ke BeKTOp-
dyHKUMA x (t), koTopaR npyM nouTyu sBcex Takux t, yto x(t) € S,", YAOBNETBOPAET ypas-
HEHUIO

x(e) = £ (e, x(t)) . (21)

CnefioBatenbHo, B Te TOUKWM NOBEPXHOCTEN Si" , Tae dyHKummn f,-" He onpeaenexbl, pewieHue
MOXXET NONaAaTh TONbKO Ha MHOXECTBE 3HAYEHWUIH [ Mepbl HYNb.

A1 yCnosvA BbLINONHEHbLI, B YaCTHOCTM, KOrAa AnA ypasHeHuA (20) Ha NOBepPXHOCTAX
paspbiBa NPUMeEHARTCA aoonpeaeneHve a) uam 6) § 4, ecnu TONbKO NPU 3TOM BCe BEKTOPbI
f,." (t, x) onpeaenAlOTCA O A H O 3 H a 4 H O, rAe OHW onpeaeneHbl, T.e. eCNK onpeaeneHHoe
8 n. 2 § 4 mHoxectBo F (t, x)° (unm, cooveercrBento, £, (t, x)) AnA kaxaoro x € §;

. . . k .
umeeT He Gonee oaHol o6lted Touku € k-mepHOW nNnockocTeio P; (x), xacarensHol K S,-k

B TOYKe X.
B camom pene, dyHkumA F(t,x) B-HenpeppisHano t, x (n. 1 § 6), no3ToMy oHa, a Takxe

dbyHKumA
KX, x) = F(t, x) N PFix) (22)

UMEIOT 3aMKHYTbIe rpapmkn (nemma 14 § 5) . 3naumt, dyHkumA (22) f-HenpepbieHa; ecnm
OHa OAHO3HaYHA, TO PYHKUMA f; k (t, x) = K," (t, x) HenpepouiBHa. Te e paccyXaeHWA cnpa-
seanuebl ANA DyHkuMKn F, (t, x) B Cnyvae Aoonpeaeneuun 6) .

Teopema 4. [lycrs esinonrero ycnosue 1°

1) pewerun ypasHenua (20) He mo2yT nepexodurb U3 00HO20 MHOXeCT8a S" e Opyzoe
BecKOHEYHO MHO20 Pa3 33 KOHEYHOe epemv

2) @ Kamoom u3 MHOXECTE S, , 20e onpedeneHa PyHKYA f {t, x), OnAa ypaenernun
(21) umeer mecro npasan e0UHCTEEHHOCTS ;

3) ecnu & Tovke x € S onpedenen eextop f[° (t, x), KacatemsHsIl K S," unu pagHeldi
Hymo, TO @ 370l TOYKEe HeT HU 00H020 eexropa f !¢, x) (0nA Kaxa)ozo S,' #* S, ), pasHo20
HYMO UNU K3acatenmbHo20 K CEOeM, S Kpome cnyvan f; k(r, x) = f (7, x) = 0 npu ecex
Tt

To20a dnn ypaenenur (20) & obnacTu G UMEET MECTO NPasan eOUHCTREHHOCTS.

HoxkasatenbcTtso. MpeanonoxumM, YTO YCNOBUA TeOpeMbl BbINONHEHbI, HO MNpPW
HEKOTOPOM HauanbHOM ycnoBuM x(tg) = xo € G cywecTsyioT aBa pewenuA x (t) u y(t),
npuvem x (t) Fy(t) anaty < t < to +h. NycTs t; — HUKHAA rpaHb Takux t € (to, to +h),
npu kotopseix x(t) # y(t). Toraa x(t,) =y (t;) = x; wn cyuiecTeyer yGeiBalowan nocnepo-
8avensHOCTs t,, —t, + 0, AnA koTtopow x(t,) *y(t,), m=2,3,... B cuny ycnosua 1)
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ANA HEKOTOpoOro m*
xiest, yimes) w<t<t,.).

B cuny ycnosua 2) Si" =/=S-' Cornacxo (21)

x(e) =x(t,)+ f X (r, x(r))dr.
l

Tak xak pyHKUMA f" HenpepsiBHa B S, ., TO CywiecTsyer sexvop x(t,) = f (t,, x;), xa-
caTensHbin K S" m'm pPaBHbIN HyMO. AHaNOrMYHO, CywecTsyeT BeKTop y(t.) = f, (¢, x,),
Kaca'renbnsm K S mm pasHeii Hynio. B cuny ycnosua 3) 3T0 BO3MOXHO TONbBKO B CAY-
yae, Korpa f, (¢, x.) f(t x1)=0 npu Bcex t=t¢,.

XotA 6bl oAHa u3 d)yum.mn x(t) n ylt) Henocrosluua nmt, <t <t+5anmcxkons
YroAHO Manbix &, Hanpumep, x (t) . Toraa :mwoa x= f (t,x), x(t;) =x, nmeer 8 S" ABa
peweHunA: x (t) # x; nx*{t) = x,, Tak xaK f {t, x.) = 0. 310 NPOTUBOPEYNT YCNOBMIO 2) .
CneposarensHo, NPEANONOXEHKE HEBEPHO, U reopeua AOKA3aHa.

Ycnosve 1) Teopems! Aaneko oT Heo6xoaumoro. Ero mMoxrno ocnabuts, Hanpumep, Tak:
“anA moboro t, M NGOro pelseHUA CywecTeyeT Takoe ty > t,, wto npu t; < t < ¢,
3TO pelenne COACPKUTCA B8 O A HO M K3 MHOXECTB S,-"". Ho or6pocuts ycnosue 1)
Henb3A. JTO BMAHO M3 Cneayiowero npumepa. Cucrema

Xx=sgnx —2sgny, y =2sgnx +sgny (23)

npu HavansHoM ycnosum x(tg) = y(te) = 0 umeer pewenne x(t) = y(t) = 0 u, kpome
Toro, 6eCKkOHeYHO MHOTO peLleHM, TPaeKTOPMM KOTOPbIX — PacKpPyYvBalOLMECA Cnupanw.

Tak Kak KawAaA CNeAYIOLLaA TOYKA NEPeceYeHnn TPaeKTOpHK C OCAMU KOOPAWHAT BTpoe
Aanswe ot Toukn (0, 0), yeM nNpeabiAYUldAR, 3 CKOPOCTb ABMXEHMA NOCTOAHHA, TO Npome-
KYTKN BpeMeHW MeXXAy MOMEHTaMKu 3TUX nepeceyeHuid 06pasyloT reoMeTpuyecKyio npo-
rpeccwio. Mo3atomy aswxexune oT Toukn (0, 0) A0 MOGOK ToukK TPaeKTOPUM 3aHUMaeT KO-
HEYHOe BPEMA. 3HAYMT, NPM HEKOTOPOM KOHEYHOM &, HauyanbHbiM ycnoswAM x =y = 0 yaos-
NETBOPRIOT NO MeHblLEH Mepe ABa peileHMA: oaHo x(t) = y (t) = 0w Apyroe C TpaekTo-
pvei B8 Buae cnupanu. Npasoi eAMHCTBEHHOCTY HeT.

3ameTtum, yTo B cuny cuctemsr (23) %—t- (Ix] +|y|) = 2. Nostomy BCe peweHnn, AnA

kotopeix | x(t;)| + |y(ty)] = 2a, seiwnn 3 Toukn (0, 0) B OAMH U TOT e MOMEHT Lo =
=t, —a.

§ 11. Bapuanus pemenmil

3nech BLIBORATCA YPaBHEHMA B BapMaumMAX, KOTOPLIM YAOBNETBOPAET rAasHan 4acTe pas3-
HOCTH ABYX OGNM3KMX pelleHnit B TeX CNYYaAX, KOrAa PelieHMA NepecexaloT NoBepXHOCTbL
paspbiBa Npasoi YacTn AnddepeHUMansHOro ypasHeHuA, BXOAAT Ha 3Ty NOBEPXHOCTb MNK
CXOAAT C Hee.

1. Bextopel x € R" n f(t, x) € R" Gyaem 3anuceisaTe B Buae CTON6UOB, Hanpumep,
x= ..., x) 7, 1 = anax Tpaucnouuposanun asexTop ¢y = (39/0x,, ..., 0p/dx,) —
B Buae crpoxn fr = (0f;/0x7); j=1,. ~ wmarpuua. lMpousseseHMA BeKTOpOB W Mar-
pvL OonpejenAem No Npasuny yuuox(euun NPAMOYronbHbIX MaTpuy (CTPOKK NEPBOH YMHO-
XAOTCA Ha cTon6Gubl BTOPOH) . B TaknX npou3sBefleHMAX MOXHO NPOU3BOAUTL FPYNMMPOBKY
coMHOXuTene’ 6e3 ux nepectaHosxu, Hanpumep, 3 (Ax) = (3A)x, rae a — BeKTOP-CTPOKaA,
x — ctonbey, A — marpuua. Toraa ax — CKanApHoe NPon3BefeHne BEKTOPOB, X3 — MaTpuua
0G85) ;i j=1,...,n; E — enuHnunan maTpuua. Sler Ko AOKa3LIBAETCA, 4TO

(xa)? = xa - ax. (1)

PeweHnA n NOBEPXHOCTU pa3pbiBa PacCMaTpMBaloTcA B (7 + 1) -mepHoMm npoc*rpaucrae
t, x. Bce paccMarpuBaembie NOBEPXHOCTH U UX NEPeCeveHnA — rnagkue Knacca C2.

2. PaecMO'rpuM BapMauMIO PewleHnA Ha Y4acTKe, rae NPasBan 4acTb YPaBHeHMA — rNajKan.
Nyers x(t) w x{t) — pewennn OAHOTO W TOrD e YpasHeHuR x=Ff(t, x) (xER") c Ha-
wanbHbIMu ycnosuamu x(to) = xo, X (tg) = xo + ho, npuvem f u 3f/0x; wenpepbIBHbI.
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Toraa, Kak U3BecTHO,

X(t) —x(t) = Y(thhg +olho), )
matpuua Y (f) YAOBNETBOPAET YPABHEHWUIC B BapuaLMA X
Y(t) =f (t, x(t) Y(t), Yito) =E. (3)

PesynbTaT OCTaeTCA crnpaseAnuBbIM, ecnM B HEKOTOPON OKPECTHOCTM PaccMaTpvBaemoro
y4acTika peweHnA X (t) dyHKuun f u 0f/3x; HenpepeiBHEI MO X U NO MOAYNIC He Npesoc-
XOAAT KaKoh-nn60 cymmupyemon dyHkuuu m(t). Ecnu Tem xxe yCNOBUAM yAOBNETBOPRICT
" 32f/6x,-6xk, 70 8 (2) OCTaTOuHbIN YneH MOXHO 3aMeHWTb Ha O (h3) ¥ MOXHO HanmcaTsh
ypasHeHue ANA BTOPOW Bapvaumu.

3. PaccMOTPpMM Bapuauvio pewseHA, nepeceKalowero NoBepxHoCcTs paspeisa [156]. MNyctb
BeKTOp<byHKuUMA f (t, x) wvMeeT pa3pbiB Ha rnaakow nosepxHoctu v (t, x} = 0, npuuem
f v 0f/9x; HenpepbiBHLI C 06EUX CTOPOH 3TOH NOBEPXHOCTHU BNNOTL A0 CaMOi NOBEPXHOCTY.
PeweHue 3agaun

x=f(t,x), xltg) =xq (4)
nycTs npu t = t, B TOuKe X, = x(t,) NepexoAuT c CAHOW CTOPOHBI NoBepxHocTH y (t, x) =0
Ha APYryic, NPUYEM B 3TOR TOYKe

Gt f#0, gt f#0, (5)
T.e. nepeceveHue npoucxoauT Ges kacaHuA. 3pech f* = f(t, + 0, x(t, + 0)). Toraa pas-

HOCTb ABYX 6nu3KMX peweHui npeacrtasuma 8 suae (2), rae matpuua Y (t) ¢ obeux cro-
POH NOBEPXHOCTU YAOBNETBOPAET yPasHeHni0 (3), a Ha NOBEPXHOCTU MMEET CKaYo K

(F* = F ) (F* — F )y
Yie, +0) = Yit, —0) = — 2% y{t, —0) = — X vt +0), 6)
¢ o f or ot

3HaueHUR ¢, n ¢, GepytcA B Touke (t,, x,). CornacHo o6o3xaueHuAm n. 1 uncnurens Apo-
6m B {6) — maTpuua paHra 1, a 3HameHaTenb — YMcno.

B cnyvae t, > tg Bmecto (5) aocrtatouHo notpebosate v, + ¢ .f~ # 0, Toraa cnpaeea-
nueo nepsoe U3 paseHcTs (6), HOo maTpuua Y (t, + 0) MoxeT 6biTe BbiPOXXAEHHOM.

fokaxem thopmyny (6). B6nuau Touku (t,, x,} ypasHeHue nosepxHocTh ¢ (t, x) =0
MOXXHO 3anucaTh B BuAe

ot —t)+o lx —x,)+ollt—t,|+|x—x,)=0, (7)
a ypasHeHue TpaeKTOpvM X (t) RO ee nepecedeHUA C NOBEPXHOCTLIC — B BUAE
x(t) =x(t)+ Y(t)hg +olhg) =x, +(t —t )+ Y hg tollt—t,|+]hel), (8)

rae Y™ = Y (t, — 0). Yrobbl HAATU TOUKY NepecedyeHun 3TOU TPAaeKTOPUM C NOBEPXHOCTLIO,
Hapo B (7) BMecTo x noactasuth X (t) u3 (8). Nonyuum

(t—t )l +o ) +9 Y hg+tol(lt—t,|+[hel)=0.
Orciona umeem AnA TouKK nepecedeHUA

Y°h Y~h
bt == 2T s othg), E=xa—f B0 4 vehgtothe). ()
ortxf” o1 +oxf

B cnyuae t < t, Ha unTepsane (t, t,) vumeem dx/dt = f* + O(hy), noatomy x (t,) —

—x(t,)=X(t,) —X(t) +x(t) —x, = (t, —t)f* +olhg) +X(t) —x,, u ¢ nomowsic (9) no-
nyvaem )
Y~h
%) —xte) = (=) 22T s yhy wothg). (10)
. ¢+ o f
Tak kak 06a peuweHnA yxe nepeceknu nosepxHocTe ¢ (t, x) =0, To nesan vacte (10) paBHa
Y(t, + O)ho + olhy) v nepsoe paseHcTBo B (6) AOKasaHo. B cnyuae t > t, aHanOrm4HbLIM
06pa3oM NONy4aeTCA TOT Xe pe3ynbTar.
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Bropoe paseHcTso B (6) nonyuaetcA u3 nepsoro, ecAu ero pas’pewnTs OTHOCUTENBLHO
Y (t, — 0) n Bocnons3oBaTscA ceoncTBOM (1) .

4 Paccmovpum BApMaUMIO pPeweHWA, NPOXOAAUIErO MO NOBEPXHOCTV Pa3peiBa. NycTs
npm t, <t < t' pewenun x(t) un x(t) npoxona'r no rnaakon nosepxHocTn ¢ (t, x) =0
M YAOBNETBOPAIOT TaM YPaBHEHUIO X = £(t, x). BexTop-byHkumA f® — HenpepeiBHan no
t, X W rnagkas no x; Bem'op (1, (e, x)) T kacaerca 3toii noepxHocTH B Touke (t, X).
MNpoaonxum cbynxumo f°(t, x) c noBepxHOCTW Ha ee OKPECTHOCTb C COXpaHeHueM Henpe-
poisHocT F° u 2. Torna anA Bapuauum HavansHoro ycnoswa x (t,) = x(t,) +h,, He BbI-

BOAAULEH C NOBEPXHOCTM (T.e. TaKOM, 4TO 9. (t,, x,)h, = o(h,), rae x, -—x(t )), sapwua-
UMA peLieHnA 3anuceiBaeTcA nogo6Ho (2), (3), T.e. ,
X(t) —x(t) = Y°(t)h, +olh,), Y°lt)=12(t x(t) Y°(r), (11)

Y°%(t,) = E. Pewennna X (t) u x(t) nexar Ha noaepxuocru nosromy 8 (11) x(t) —x(t)
He 3aBUCMT OT cnoco6a NPoOACNIKEHUA PYHKUMK O . 3HaumT, Y°(t)h Toxe He 3aBucuT (anA
BCeX Takux BexkTopos h, uto ¢, (t,, x,)h =0), xom matpuua Y°(t) moxeT 3asucers oT
cnoco6a npoaomxeHnA GyHikumm 0.

3Tn hopmynbl CNpaBeAnMBbLI M ANA PeLLeHWid, Nexawmx Ha rmaaKon rMnepnoBepxHOCTH
no6oi pasMepHOCTH, HaNPUMep, Ha NepeceYeHn KOHEYHOTO YMCNa NOBEePXHOCTEeR Pa3pbiBa.
[lnA npumeHeHnA 3Tux opmyn dyHkumio f° Hago rnaako NPOAOMKUTL C 3TOW runepno-
BEPXHOCTU B e OKPECTHOCTb.

5. PaccMOTpUm BapvauMio pellieHMA, AOCTUraloLLero NOBepXHOCTM pa3pbiBa M aanee Npo-
xOAALero no Heir. MNycth peweHne x (t) ypasHeHnAa x = F (t, x) npu to < t < t, npoxoauT
8 obnactn G,, rae f v f, HenpepbiBHbLY, NpU t = t, QAOCTUraeT rNaAKoW NOBEPXHOCTH
S(¢(t, x) = 0) nop HeHyneBbIM Yrnom, a 3atem NPOXOAWUT NO yuacmy nosepxHocTu S,
rie pelweHUA He CXOAAT C S M YAOBNETBOPAIOT TaM YPaBHEHUIO X = O, x). Mycte byHK-
um % u £2 HenpepbiBHbI.

Y1o6bl HanucaTb ypaBHeHWe B BapvauMAX, rMaaKo npoaomxum dyHkumo f° ¢ nosepx-
HOCTM S B ee OAHOCTOPOHHIOK OKPECTHOCTb, He NPUHaANeXaulyto oﬁnacm G, . Nocne 3roro
NPUMEHNUMBI Te XKe PacCYXKAEHMUA, 470 B N. 3, nuwwb dyHKkuwm - u f* 3amenAlorcA Ha fu £°.
Npu atom ¢, + ¢, . f#0 8 Touke (t,, x,). MNonobHo (6), npu t =t, matpuua Y (t) nmeer
pa3pbiB

(F°=fy
Y(t, +0) - Y(t, —0) = ———— Y(t, = 0), (12)
or +oxf
anavennn f°, £, ¢,, v, Gepyrca B Touke (t,,x,).
MoxaxeMm, yTo npu t = t, matpuua Y (t) — sbipoxaeHHaA. Bnuskue K x (t) peweHuA

nonaaaloT Ha S B MOMEHT, 6AN3KUA K t,, 1 OCTaloTCA Ha S. Mo3atomy B (2) nput >t, n
nobom (manom) hy BexTop Y (t)ho kacaetcA (n — 1)-MepHOro ceyeHMA NOBEPXHOCTH S
nnockocTelo t =const u rang Y (t) < n-—1.

Mpu t >t, matpuua Y (t) yaosneTsopAeT ypasHeHMWIO

Yit) = £3(t, x(e) Y(t). (13)

MNokaxxem, 4To Y (t) He 3aBMCUT OT cnoco6a npoaonxeHnA dyHKuun f °¢ noBepxHOCTH S
B ee OKPEeCTHOCTb.

Ecnu noBepxHocTs S — nNNockocTb X, = 0, To npu nio6om manom ho = x (to) — x(to)
BeKTOp Y (t)ho, Kak roBopunoch Beiwe, NpM t > t, NeXuT B NNockocTn x, = 0. Noatomy
NOCNeAHAA CTPOKa matpuubl Y (t) coctouT m3 Hyneir. OctanbHbie 7 — 1 CTPOK ONpeaenAlTCA
OAHO3HauHO u3 (N — 1) -MepHOro ypasHeHUR B BapuMauMAX, HANUCAHHOro B NNOCKOCTH X, = 0,
npu nm3secTHoM u3 (12) HaYankHOM 3HaueHuu Y (t,+ 0). No3atoMy oHKU He 3aBUCAT OT cno-

, coba npoaomkeHnA dyHkuun F° u matpuua Y (t) onpeaenAeTcA 0AHO3HaYHO.

Cnyyain no6oit rnagKkon NOBEPXHOCTU S CBOAMTCA K CAYYal0 NNOCKOCTM 3aMeHOW nepe-
MEHHbIX.

6. PaccmMoTpum BApMALMIO PELUEHWA C HauanbHbiM YCNOBMEM Ha NOBEPXHOCTU Pa3peisa.

Mccneayem cnyuan, koraa nonycxaercn BapWauMA Ha4yanbHOro YCNOBWA, BbIBOAALLAA
¢ nosepxHocTw paspbisa S (v (t, x) = 0). NycTs pewenne x(t) ¢ nauam,uuM ycnosuem
x(t,) =x, nput >t, nexur HaS n ynoaneraopne'r ypasHenuto x = f°(t, x), a 86nm3n S
B obnacu ¢ (t, x) > 0 nmeem ypasHeHue X = f* (t, x), a B o6nactm ¢ (t, x) < 0 — ypas-
Henue x = f ~(t, x) ; BexTopsl f* u f~ HanpasneHbl K noaepxuocms T.e.

Prtexf <0, ¢+ f >0
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HavansHoe ycnosme X {t,) = x, + h, pewennn x (t} B cnydae 9 h, >0 (¢ h . < 0) nexmur
8 obnactu ¢ (t, x} > 0 (cooreerctBenHo v (t, x) < 0), ecnn h, AoctaTouHo mano (Tpe-
6yeman manocts | A, | 3aBucuT or Hanpasnewun sexTopa h, ).

Toraa eapwauma pewexnA npu t > t, BbipaxaetcA dopmynamu (2), (13), B KOTOPBIX
B cnyvae ,h, ¥ 0 ycnoeue Y (t,) = £ 3ameHAeTcA ycnosuem

(r° —¢*
Yit,)=F + *)‘L , (14)
o, +o

rae f* (f”) Geperca B cnyuae ¢ h, > 0 (<0); 3nauenun £°, f*, F-, ¥,. ¥, Gepyrca
B Touke (t,,X,). ’

Rokaxem dopmyny (14). Nycts ¢, h, < 0. IToT cnyuat MOXKHO NONYYNTL U3 PacCMOT-
peHHoro B n. 3, ecnu nonoxute to = t, — 0, a dyHkumio 7°, NPOAONXKEHHYIO Ha obnacTb
¢ (t, x) > 0, o6osHaumte f*. Tak Kak peweHue X (t), RocTUrHyB nosepxHocTy ¢ (t, x) =0,
OCTaeTCA Ha Heid, T0 cnpaseanuea dopmyna (12). Ckawok Y (t) npu t = t, onucbiBaeTcAa
nepeLIM PaBeHCTBOM B (6), rne f* 3amennercAa Ha f°. N3 3toro pasecTea cneayer (14)
c f" BmecTo .

Cnyuait ¢, h, > 0 nony4aetcA U3 PacCMOTPEHHOIr0 O4EBMAHOW 3aMeHoW OBO3HaueHMiA.

7. PaccMOTpvMM Bapuauuio pelleHUA, NepexofRLiero ¢ OAHOW NOBEPXHOCTM Ha APYrylo.
MycTs pewexuA uayT no rnaakoit nosepxHoctn S' (V' (¢, x) = 0) w ynoenereopAloT Tam
ypaeHenwio x = f' (t, x) . DocturHys nosepxHoctu S2 (Y2 {t, x) = 0) noa HeHyneBbIM YrnOM
(T.e. ¥} + Y2f! # 0), oHM NPOAONKAIGTCA NO 3TOI NOBEPXHOCTM, He CXOARA C Hee, U YAOB-
NETBOPAIOT TaM ypasHeHuto X = F (t, x) .

Yr1o6b!l HanucaTh ypasHeHMe BapvauvMM TakKuX pellieHuli npu sapuaunAx h, HawanbHOro
YCROBMA, He BLIBOAALWMX C nosepxHocTn S ', npoponumm dyHkumo f' ¢ nosepxHoctn S'!
Ha ee OKPECTHOCTb, NEXallylo ¢ OAHOW CTOPOHLI OT S 2. Torna 3anava CEOAMTCA K PaccMoT-
peHHoi B n. 5. MNpu yKa3saHHbIX BblWe ho BapuaunA pelleHUA x (t) sbipaxaercA dopmynamm
(2}, (13), rae 7° 3amennetcA Ha ! nput < t, wHa F2 nput >t° (peweHne x (t) aoctw-
raer S2 nput =t,): ckawok Y (t) npu t =t, BbipaxaercA cdopmynon {12), rae Tenepb
f. F°w ¢ Hano 3amennTb Ha f!, F2 n Y2,

PaccmoTpuM cnyuaid, Koraa nosepxHocTe S| kacaerca nosepxHoctn S2 no (n — 1) -mep-
HOW noBepxHocTH P. MNpoeeaem uepe3 P BCnomoOratenbHylo nosepxHocTs ¢ {t, x) = 0 u pac-
CMOTPUM Cnyvan, xorpa ¢, + ¢ f 1 £ 0 Ha P, T.e. npoxoaawme no S ' pewseHna He KacaloTca
nosepxHoctu ¢ = 0. Takan 3apava aHanorumyHa paccMoTpeHHoi B n. 3. CKayok marpuubl
Y (t) sbipaxaetca cdopmynon (12),rae fu f°3amenntorca Ha f' u £2,

8. PaccMOTpUM Bapuaumio peLLieHUA, CXOARLLEro ¢ NOBEPXHOCTU pa3pbiBa. [ycTb pewseHuA
MAYT no rnaaxoi nosepxHocTH ¥' (t, x) = 0 u ynoBneTBOPAIOT Tam ypasHennto X = £ ! (t, x) .
JohaR a0 nepeceveHUA P 3TOW NOBEPXHOCTU C rNaaKol nosepxHocTeio v (t, x) = 0 (koTo-
paA MoXeT ObiTb UNK, KaK U NOBEPXHOCTL V! = 0, noBepxHOCTbIO paspbiBa NPasont 4acTy
AaHHOro anddepeHunansHoro ypasHeHna x = f (t, x) , unyM BCNOMOraTenbHOI NOBEPXHOCTbLIO,
CcnyXauled TONbKO ANA ONPeAReneHMA MHOXeCcTBa P ToYeK CXOAa PelleHUi C NOBEePXHOCTH
V' = 0), oHm cxopAT C NoBepxHOCTH V! = 0 u npoponxaoTcA B obnacte G, rae oHu yaoB-
neTBOPRIOT ypaBHeHuo x = f (t, x); dyHkuum f n f, HenpepbiBHbl B G. MHOXecTBO TO-
yex (t, x}, nexawmx Ha 3Tux pelleHUAX B obnactu G, o6pasyer nosepxHOCThb v, x) =0.
Torpna 3agaya o BapMauum peweHuA x (f), npoxoaAwero cHayana no nosepxHoctn Y'! = 0,
a 3aTem B 06nacTn G no nosepxHOCTH Y2 = 0, CBOANTCA K 3afave, PACCMOTPEHHOM B N. 7,
Ho ¢ dyHxumeii f BMecTo F2. Kak u B n. 7, npeanonaraerca, 4vo ¢, +¢, f! #0, 1.e. npn
ROCTMKEHVM MHOXXECTBA P pellieHUA He KACAOTCA nosepxHocTn ¢ {t, x) = 0.

B ToM cnysae, KOraa B TOYKAX CXOAa pellieHwit ¢ nosepxHocTn ¥! = 0 umeem f! = f,
matpnua Y (t) B TouKax cxona He uMeeT CKadKa.

9. PaccMOTpuM Bapuauuio pelweHuA, MAYWEero No NOBEPXHOCTW Pa3pbiBa M Nepexoan-
lero Ha nepeceveHwe P 3TOW NOBEPXHOCTU C APYroi NOBEPXHOCTLIO pa3pbiea. Mycre pewe-
HUA WAYT NO rnaakok k-mMepHOH NOBEPXHOCTH sk 2<k<n) n YAOBNETBOPAIOT TamM ypaB-
HeHmio x = f'(t, x). llonaa ao (k — 1)-MepHOro nepeceueHun P 310l NOBEPXHOCTH C rNAAKOI
n-mepAoi noeepxHoctbio S” (p(t, x) = 0), oHu nanee nayT no P u yaOBNETBOPAIOT Tam
ypasHeHwio x = f2(t, x) . Mpeanonaraetc, 4To0 ¢, + ¢ f' # 0, T.e. 40, AoMAR Ao P, pele-
HMA He KacaloTCA nosepxHocTu S”.
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BapuauuA peuweHMA onpeaenAeTcA Kak B nn. 5, 7, ckavoxk Y{t) B MomeHT t* gocTike-
HuA P BuipaxaeTca hopMynoi (12), rae teneps f u f° 3amenntoTca Ha F! n F2,

Moao6Ho n. 8 paccmaTpuBaeTCA Cliyvaid, KOrAa peweHMA MAYT NO nepeceveHmio (No6oi
PpasMepHOCTH) NOBEPXHOCTeH PaspbiBa, 8 3aTEM CXORAT C Hero Ha OAHY M3 3TUX NOBepX-
HOCTe#h unu B 06nacTb HenpepbIBHOCTM NPaBOW YacTK YPaBHEHWA.

10. Taxum 06pasom, Bapnaumio peLeHA MOXHO HanucaTh B hopme (2), Koraa peueHve
NPOXoAUT NO 06nacTy rnaaKkocTy NPaBOW YaCTU YPaBHEHUA, KOrAa OHO MEepeceKaeT nosepx-
HOCTb PaspbiBa WM BCTYNaeT Ha Hee W MAET MO Heid, KOrAa pewieHwe NONaaaeT Ha nepeceve-
Hue NOBEPXHOCTEeN PaspbiBa W MAET NO HEMY MAKN CXOANT C HEro, UK CXOANT C NOBEPXHOCTH
pa3spbiBa. Mpu 3TOM npeanonaraeTca, 4T0

1) BCce NOBePXHOCTU Pa3pbiBa M UX NepecedeHnn mo6|.|x pasMepHocTen knacca C?,
dyHKUMKM, ONpeaenAlowMe CKOPOCTH ABWKEHUA, knacca C! ;

2) u3 xaxaon obnactn S"*! HenpepuLIBHOCTM NPaBOW 4acTW YPaBHEHWA, C NOBEPXHO-
ctn S” paspbiBa unn c NepeceveHnA S* TaKux NOBEpXHOCTEW (BEPXHUI WHAEKC YKasbiBaeT
pa3mMepHOCTL) BapbupyemMoe peweHue x(t) NONagaeT TONLKO Ha NOBEPXHOCTL (MAWM nepe-
ceveHne nosepxHocTed) P’ HA eAMHMUY MeHblueid PasMepHOCTM M NOA HEHYNEBbIM YrnoM;
P! nexwr va S* unw ua rpannue S¥;

3) aanee, pewenne unu Totyac cxoamt ¢ PY, unu naer no P! B TeueHne HeKOTOPOro Bpeme-
HW; coitTh ¢ P! OHO MOXET, TONILKO AOCTMIHYB MOA HEHYNEBLIM YrNIOM KaKoM- nnﬁo rnan-

+ KOH runepnoaepxuocm o, j =i -1 (re dim Q' =dimpP! — 1) nexauten Ha P! nnu Ha
rpaHuue P!: cxon c P! BoamoxeH B nioGoe w3 NPUMBbIKAOWNX K P! mHoxects S™ pasmep-
HOCTU M 2 1 -1;

4) cxonbi pewwenwii ¢ nbbix S¥ oanosHawHo onpeaenatoTca nanpasnenunuu BEKTOpOB
ciopocTu F(t, x) B MHoxecTBax S™ (m > k), npumbikalowmx K S¥;

5) Ha KOHEYHOM WHTEpBane BPEMEHW MOXET CYLIeCTBOBaTb TONLKO KOHEeYHoe 4YMCNOo
TOUEK NepexoAa peLeHn’ U3 oAHOro MHowecTBa S* B Apyroe

Hanpumep, ecnn NOBEPXHOCTV Pa3pbIBa — rPaHu §? Kyﬁa 83,10 paocmarpuaanorm sapva-
UMM TONBLIKO TaKNX PeLIeHni, KOTopbie He nonaaatot u3 S> cpasy Ha pe6po S' wunw B Bepluk-
Hy S°, a Taioke 3 S? B S°. Cxon ¢ rpaHn S? oCywecTBNAETCA Npu AOCTWXEHUM NOA HeHyne-
BbIM YrfioM Hekovopo# nuHum Q', KoTopan MoxeT 6biTb Mnu He GbiTh peGpom. Cxoa c
rpaHu BO3MOXEH unu Ha pebpo (Ho He B BepwiMHy), UNu BO BHYTPEHHOCTb MAWM BHEWHOCTb
Ky6a.

Mpu ycnosuax 1) —5) Bce pel.uermn C HavanbHLIMK YCNOBUAMMK, AOCTATOMHO Gnuakumn
K x(to), nonanawot Ha nosepxHocTn S* B ToM e nopaake, uto pewenue x(t). Bapnauna
pewennA onpeaenAetcA dopmynoit (2). Matpuua Y(t) npu NPOXoXAEHUN PeLIeHNA B Kax-
aAoM Mnomecrae sk yaoBneTsopAeT ypasHenwio Buaa (3) uan (13), a npu nepexoae u3
oaHoro S B APYTOe MCNBITLIBAET CKauKK, yKasaHHbie B nn. 3—9.



FTABA 3

OCHOBHBIE METOZibl KAYECTBEHHOH TEOPHUH

B rn. 3 ocHoBHble MeTOAb! KayecTBEHHOW Teopun auddepeHuManbHbiXx ypaBHEHMA NPUMEHAIOTCA ANA
nccnenosaHnA AuddepeHunanbHbliX ypaBHEHUA C pa3pbiBHbIMK NPaBbiMK YacTAMKU U anddepeHunanbHblx
BKNOueHN . U3naraioTcA obwme CBOWCTBA TPaeKTOPWUA aBTOHOMHbLIX CUCTEM, CBOWCTBA TPaeKTOPMA Ha
nnockocTu (B 4aCTHOCTM, NPU HANWYMK TONBLKO NPAaBON EANHCTBEHHOCTH) , YCNOBWA CyLULECTBOBAHUA O pa-
HUYEHHBIX W NEPUOANYECKNX PELIEHUH, MEeTOAbl WCCNeA0BAHNA YCTONWMBOCTH C NOMOWbLI0 PyHkuwi Na-
NYHOBA U NO NepaoMy NPUGBANIKEHNIO.

§ 12. TpaeKTOpHM aBTOHOMHBIX CHCTEM

3pech NOKa3biBaeTCA, YTO MHOrMe CBOWCTBA TPAaeKTOPWA aBTOHOMHbIX cuUcTeM O6bIKHO-
BeHHbIX aunddepeHunansHbIX YpaBHeHW COXPaHAIOTCA 1 AnA anddepeHUNanbHbIX YpaBHeHUN
C paspbiBHbIMKM NPaBbiMK 4acTAMK, ¥ AnA auddepeHuranbHbix BKAOYeHWA. Wmetowneca
pasnuuMA B CBOMCTBaxX Bbi3BaHbI B OCHOBHOM He Hanuuvem pa3pbiBOB NPaBOW 4acTu ypas-
HeHWA, 8 OTCYTCTBWEM eANHCTBEHHOCTM.

1. B obnactu G npoctpancrea R” paccMoTpum aBToHOMHOe AudepeHUnansHoe BKAIO-
YeHue

x € Fix) m

“NU aBTOHOMHYIO cuctemy auddepeHuManbHbIX YPaBHEHUI C Pa3pbiBHbIMY NPaBbIMK YacTA-
Mu, npusoaAuytocAa K (1), wanpumep, ¢ noMowbio goonpeaeneHwa a) wnu B) § 4. MNpea-
nonaraeTcA, YTo BbINOMHEHbI OCHOBHbLIE ycnoeuA N. 2 § 7: npu KaxaoM x € G MHOXeCTBO
F(x) — HenycToe, orpaHuyeHHOe, 3aMKHyTOe, Bbinyknoe u yHkuuAa F f-HenpepbiBHa. B
3TOM Cnyyae ANA KaXAaoW orpaHudeHHoW 3aMKHyTou obnactm D C G dyHkuma F orpaHuve-
Ha B D (nemma 15 8§ 5) m peweHnn o6naaaioT cneayloWMMN LBOWCTBaAMMK, YCTaHOBNEHHbIMU
snn.2,487:

A° Mpu nio6om HauanbHOM ycnoeum x(to) = Xo, FAE Xo — BHYTPEHHAR TouKa obnactu D,
peweHue CyllecTBYeT ¥ NPOAOMKAETCA NPU Bo3pacTaHum t (u npu y6biBanum t) wnu He-
OrpaHmMyeHHo, T.e. NPU t —>°°, AN A0 BbIXOAA HA rpaHuuy obnactu D.

6° Bce npoxoaaiuue B D peleHnA PaBHOCTENEHHO HENpepPLIBHbI.

B° MMpeaen Kaxaoli PaBHOMEPHO CXOAAWENCA NOCNeAOBAaTENbHOCTU peleHui ecTb pe-
weHue.

I° Ecnm x(t) (to <t <t;) nylt) (t; <t <t;) — pewenna v x(t,) =y(t,), To pewe-
HUEM ABAAETCA TaKxe hyHKUMNA

z{t)=x(t) (o <t < t,), z(t) = y(t) (t; <t <t,).

Tonbko 13 Hanuuna ceoiicte A° — [° BLITEKAIOT N HEKOTOPbIE APYrWe CBOIHCTBA peLUeHMiA.
B uYacTHOCTW, ecnu BCe peleHWA C QaHHbIM HayanbHbIM ycnoBueM x(t,) = xo CyliecTBYIOT
npu to <t <t;, TO MHOXXECTBO 3TMX PeLUeHWA ABNAETCA KomnakToM B MeTpuke Clto, t;]
(teopema 3 § 7); 3TOoT KOMNaKT ABAAETCA NONyHENpepbiBHOW cBepxy (oTHOCUTENbHO
BKAOYEHMA) yHKumei HavanbHOW Toukm (tg, xo) (cneacteue 2 teopembr 1 § 8). Ecan
peweHue ¢ Ha4anbHbIM ycnoBueM x(to) = xo eamHcTBeHHO Ha oTpeske [tq, t;] 1 Ha nioGom
MeHbweM oTpeske [to, t'] C [to, t1}, TO OHO HenpepbIBHO 3aBUCHT OT tg, Xo U OT NPaBo
4acTu ypaBHeHUA unu BKnoYeHnA (cneacreve 1 Teopemsbl 1 § 8).
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2. AnA anddepeHunansHoro sknoveHnAa (1) (Mnn npusoaAwWwerocA K Hemy auddepen-
UManNLHOro YPaBHEHWA) 7paeKTopuell Ha3blBaeTCA TOMKA MNW NIMHUA B NPOCTPaHCTBe X, onpe-
[enAeMan BeKTop-hyHKumen x = ¢ (t), koTopan ABNAETCA peweHnem BrnioueHuA (1) . Tpaek-
TOpMM, NpPOXOAALLME Yepe3 Touky p, oBoaHavalotca T(p), T,(p), Talp), L(p), Rip) wn 1.n.
Yactb Tpaextopum T (p), npoGeraeman npu t >t {roe ¢(ty) = p), obosHavaerca
T (p), a npu t < t, obosHavaercA 7 (p) (nonoxmrtensHaA u OTpUUaTeNbHaA nony-
rpaaeToDuu)

Touka X = p Ha3bIBaeTCA CTAYUOHAPHOU, €CNM OHAa ABNABTCA TPaBKTOpwe®n, T.c. conwm
x(t) = p ecTo pewenune BknioveHnA (1) . HassaHue ""ocoban Touka'' 3gecbh He UCNONb3YeTCA,
TaKk KaK KpOMe CTauMOHapHbIX Touek GyayT paccMaTpuBaTbCA W Apyrue ocobble TOuKWM,
Hanpumep, TOUKY BETBAGHWUA ¥ TOUKYU CAIMAHWUA TPaeKTOPUNA.

W3 onpepeneHnAa peweHuA W HE3aBUCUMOCTYW OT t NPaBOW YacTu BrkatoueHnA (1) BbITeka-
10T CleaylouLMe CBOMCTBA PELUEHWIA U TPaeKTOPKA.

Ecan x = p(t) — pewenne (npu a < t < f), To aANA NOGOro NOCTOAHHOTO ¢ YHKUMA
x=p({t+c) (a—c<t<f—c) — TOXKE peweHne U 3T PELUEHUA WMEIOT OAHY U Ty
Xe TpaeKTopuio.

Touka p — craumoHapHan AnA BKMoueHuA (1) B TOM M TONBLKO B TOM Cnyuae, Koraa
0E Flp).

MHOXeCTBO CTaUMOHapHbIX TOYEK, COAEPXAlMXCA B 3aMKHYTOW obnactu D, ABnAeTCA
3aMKHYTbIM.

Kax wussectHo ([157], ctp. 30), npu Hanuunu eAMHCTBEHHOCTM PELUEHUA Ka)KAaR Tpaek-
TOPVA aBTOHOMHOI CUCTEMbl ABNAETCA MM CTAUMOHAPHOW TOYKOW, NN 3aMKHYTON KpUBOW,
¥NM He3aMKHYTOW Kpusow 6e3a camonepeceyeHwin. TpaeKTopun aBTOHOMHOro Auddepen-
umnanbHoro BkaoueHnA (1) B obuwem cnyyae MoryT umetsb nloGble CaMonNepeceyeHun.

Teopema 1. [Ipu Hanuyuu Npaeoli eOUHCTEEHHOCTU KaMO0aA TPaeKTopuR dughghepe-
yuansrozo exmovesun (1) npuHaonewur 00HOMy u3 credylowux TUNoe:

1) crayuonapHan Toyka — TpaexTopun peweHun x(t) = p;

2) samkHyTaA Kpuean 6e3 camonepecevyerul — TPAaeKTOPUA NEPUOOUYECKO20 PeuweHun
x(t) # const;

3) HezamkHyTan kpuean 6e3 camonepeceyenud;

4) 1paeKTOPUR, 6x00AWAA 8 CTaYUOHAPHYIO TOYKY, T.e. COCTORWAA U3 Npocrod dy2au bes
camonepeceverul x = (t) (t < t,) u crayuoraprod Touxu x = ¢(t) =p (t 2 t,);

5) TpaexTOpUR, @/UGAIOWAERCA @ 3aMKHYTYI0 TPaeKTOPUID, T.e. COCTOARWAR U3 Npocrol
dyau Ge3 camonepeceveruld x = p(t) (t <t;) u3amkryTod TPaexTopuu x = p(t) = p{t +1)
(t=2t;, I = const>0).

B cnyvaax 4) u 5) vacrut < t; ut 2 t, tpaexropuu x = ¢(t) He umeroT 06X ToYeK.

AoxkasartenbcrBo. Ecnuylt;) # ¢lt;) anA pewenna x = p(t) (—» <a<t <
< B <) npu nobeix t,, t,, t; ¥ t;, TO nMeeM cnyuaii 3). B ocTanbHbIx cny4aAx nycrb
t; — HWKHAA rpaHb Takux T, 4To ¥(1) = p(0) xoTA 6bi ANA opHOro 3HaveHuA o > 7. MycTe
0— 1 =h. Torpa Y(t) = ¢(t + h) — pewenne, Y(1) = p(0) = (7). 3Hauut, p(t) = Y(t)
nput=r,

olt) = plt+h) (t=>r1). (2)

Ecnm ¢(t) = y(7) npn 7 <t < g, To B cnny (2) p(t) = (7} npu Bcex t > 7, a Bcneact-
Bve HeNPepLIBHOCTY BYHKUMM @ — M NPY BCeX t = t,, ecam t; > a. Tak Kak ¢(t) *plt,)
npu t < t, B cuny BbIGOPA ¢, , TO MMeeT mecTo cnyuaii 4) . Ecnn ke t,; =, To p(t) = const —
cnyuai 1) .

Mycte ¢lt) # const npu 7 <t < 6 M T + ! — HAKHAA rPanb Tex t > T, ANA KOTOPLIX
w(t) = p(r). Toraa 0 <! <h (ecnu! =0, To,noao6Ho (2), p(t) = p(t +1;) (t > 1) npn
cKonb yroaHo Manbix /; u, Tak Kak thyHKUMA ¢ HenpepbiBHa, p(t) = const (t = 7), 4ro
NpoTuBOpeYnT npeanonoxxexuio) . CneposatensHo, v (t) = p(t +1) (t 2 7), Te.nput > 71
dyHkumA ¢(t) — nepuoamueckan: ¢ HammeHbWwHUM nepuogom ! > 0. 3aMKHyTaA KpusaA x =
=plt) (1 <t <7 +1) He MeeT camonepeceyeHnit, TaK KaK B NPOTUBHOM cnyvae p(7,) =
=y¢lay), 0< 0, — 7y <1, n, nopobHo (2), cyHkumuA ¢ umena 6bl nepuoa 0; — T, <l

Ecnu npn 3tom £, =q, To uMeem cnyuaii 2), aecan t; > @, To cnyyain 5) .

Nemma 1. Mycrs D— o2panuyersHan 3amxryTan o6macTs,

X=\p‘~(t), a,-<t<b;, i=12,...,
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— NOCNedo8aTensHOCTs dy2 TpaexTopuld exmoverud (1), codepwawuxca e D,

vila)=p;~>p. ¢ilb) = q;~>q (i >o0):
npu3rom bij—a; = ; Z2v>0, i=12,...
To2da:

1) ecnu lim l; = 1< o, 0 8 D codepwurcady2a 0 <t <l HexoTOpOU TPaeKTOpUU X =

j—» oo
=p(t),p(0) =p, pll) =q;
2) ecnu lim l; =90, 70 8 D codepmarca nexoropsie nonytpaextopuu T* (p) (x = p(t),

1 - o0
0<t<eo) uT7(q) (x=yY(t), =<t <0).
Ayza pq unu nonyrpaexropuu T*{p) u T™(q) menmwrca npedenamu HexoTopold nod-
nocnedoearensHOCTU JaHHbIX Oy2 Piq; UM ux vacTed.
Aoka3zatensbcTBo. Pewenna

x =Ylt) = g;la; + t) o<t<l) (3)

WMeIoT Te Xe TPaeKTopuM, YTo M pewennn v, (t). AnA cxoms yroaHo Gonblix k BO3LMEM
A =1 - 2% B cnyuae 1) u Ax = k B cnyyae 2). 3admxcupyem k. MocnenosatensHOCTb
pewenwit (3) anAi=iy, iy + 1, ... KoMnNaKkTHa B MeTpuke C Ha otpeske 0 <t <A cornac-
Ho B . Bbibepem u3 Hee noanocneaoBaTenbHOCTL, ANA KoTopon /; >1 B cayyae 1) wnn
l; o0 B cnyvae 2). U3 nocneaveit BbiGepem paBHOMepHO CXOAALLYIOCA NMOANOCAEAOBaTeNb-
HocTb. Ee npeaen — Toxe pewenne x = ¢(t), 0 Kt < A\g, TPAEKTOPUA KOTOPOro COAEPKNT-
casD,

»(0) = lim Y;{0) = limp; = p.

Tenepb PacCMOTPUM peWIEHNA NoAnocneaoBaTensHocT nNpu 0 <t < A; ;| 1 BbiGepem
M3 HAX HOBYIC NOANOCAEAOBATENLHOCT, PABHOMEPHO CXOAAULYIOCA Npu 0 <t < Ay y,. Ee
npegen — pewenve npn 0 <t < A\, ,, coBnagaouiee ¢ pewennem ¢(t) npu 0 <t <),
No3ToMy ANA HEro MOXHO COXPaHuTL 06o3HaueHme y(t). lMpoaonxkan aHanormyHo, nony-
yum petenmne ¢(t) npn 0 <t </ (B cnyvae 2) [ = °), TPaeKTOPUA KOTOPOro COREPKMUT-
ca B D. B cnyyae 2) nonytpaektopua T '(p) nocrpoena, T (q) crpoutcA aHanoruuHo.

B cayuae 1) | Fix)| < m 8 D, 3naunr, anA Bcex pewennid | x(t)] < m, n cywectsyer

li'm . w(t) = o(l) . AnA no6oro € >0 npu k> kole) n i>iylk, €) nmeem
t—=>] -

lol) — o) I <K mI=7) = 27%m < €, o) = vil\) | < €,
1VA) — )l <K mi -1 <e, 1Y) —9]1 =1q;,—ql <e

CneposarenbHo, | ¢(l} — g | < 4€. Tax kak € npoussonbHo, To wll) =gq.

3. B cneayioweit TeopemMe pacCMaTpwBaeTCA nosefeHue TpaeKTopuiA B6nM3v HecTauwo-
HapHOM TOuKU 63 NPEANONOKEeHUA eAUHCTBEHHOCTH.

Teopewma 2. [llycrs rouxa b — Hectayuoraprar ona exmovenua (1), r.e. 0 € F(b).

To20a cywecreyior raxue eextop v (v | = 1), nocroannaa v > 0u 3amxryTan oxpecr-
Hocts K {|x — b| < €¢) Tovku b, yro OnA ecex Tpaexropul, npoxodaujux & K, umeem

v-x(t) = v >0, (4)

a y2on mexdy eexropamu v u x(t) He 6omswe a,
.4

a=——arcsin—z-, m = max|Fix)]|. (5)
2 m xEK

Bce TpaexTopuu, umeowue obuie TOYKU C OUBMETDANLHBIM CeveHueM S (v -x=v-bpb,
|x —b| <e€¢) oxpecrnocru K, nepecexaor 310 ceveriue 8 OOHOM HanpPaeneHuu — 8 Hanpas-
NeHUU 803pacTanus NPOU3GEOeHUA V - X.

NloxkaszatenbcTBo. Tak Kak 0 ¢ F (b) , a mHoxecTso F (b) BbINyKNO, TO NO nem-
me 3 § 6 cywecTByet nnockocTs P, pasaenmiowan O n F (b) . YpasHenne nnockocTi P MOXHO
sanucatb B Buae v - x = v, rae [v| =1, 7y > 0. Touka O nexwnr B o6nactm v - x < 7, 8 MHO-
wectBo F(b) — B obnactn v - x > 7. Mo nemme 1 § 5 p(F(b), P) = po > 0. Tax kax dyHk-
uMA F P-HenpepeieHa, TO HaigneTcA Takoe €9 >0, uto npu |x — bl <€ wnmeeM
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B(F (x), F(b)) < py, 1.e. F(x) C (F(b)Po. Toraa F (x) nexmnt 8
obnactm v-X=7vy, 1 ANA N0b6Oro pelweHWA BKNIOYEHUA
(1) 8 06nactu |x — b| < €o nmeem (4) .

Danee, npu |x — b| < €y MHOXecTBO F(x) nexmr 8
wape |[xI<m (nemma 15 § 5). finA nwboro y €Fix)
umeem |yl <m, ISv-y= Ivl - lylcosa;, &y — yron mex-
Ay BeKTOpaMn v ny. Tak kak |v| = 1, 70 cosay = y/ly|> q 5
2 v/m. Otcioga cneayer (5). - v

Cneacteue 1. llpu ycnoeypx Teopemst 2 ONA
nwbozo € >0 naidderca raxoe & >0, yro Kawmdas Tpa-
eKTOpuA, NpoxoOAwan e d&-oxpectHoctu b° Touku b,
He 8bIx00A u3 ee e-oKkpecTHocTu b, nepecever nocrpo-
eHHoe 8 Teopeme 2 ceveHue S u 3aTem esiider u3 b . 7

NokaszatenbctBo. MNycrs €<¢€, YyKasaHHo- .
ro B Teopeme 2, & = 7e/m Kaxpan TpaekTopMA, Npoxo- Puc. 17.
AAUWEA Yyepe3 TOYKY qu , 8 cuny (4) He moxeT ocra-
BaThcA B S, NO3TOMY BBIXOAMUT HA rPaHALY OKPECTHOCTM
b v npwn y6BbiBaHWM, U Npn Bo3pacTaHuu t. PaccMoTpum (puc. 17) KOHYC C OCbio, HanpasneH-
HOW BAONb BEKTOpa V , ¢ ocHoBaHWeM PP (Ix—b| < €,v- x =v- b), c GoKOBOH NOBEPXHOCTLIO,
Kacalowenca wapa b’ . Toraa cosa = |br] : |bpl = 8/e = y/m, yron mexay o6pasyiowei rp u
BEKTOPOM v TaKie paseH . Tak KaK yron mexay sextopammu x(t) u v He Gonsiwe a (cm. (5) ),
70 TPaeKTOPUA M3 TOMKKM q wapa b° He BbINAET M3 KOHYCa, MOKa He NepeceveT ero OCHOBa-
HHWe pp; .

Cnepacteue 2. llycrs Ha Oy2e ab tpaextopuu T (x = p(t), a <t <, vla) =4,
¢(B) = b) umeer mecro npagan eQuHCTEEHHOCTH U TOYKa b — HECTaYUOHapHan.

To20a ona mo6o2o € > 0 Haliderca Taxoe n > 0, 4To KawOan TPaeKTOPUA, NPOXOOAWan
vepes Toyky a, € a", npu eo3pacTaHuu t nepecexaer cevyeHue S, npoxodaujee Yepe3 ToyKy b,
8 HexorTopou Toyke ¢y, aca Oyz2a a,¢; C (ab) u epems deuwenus no dyze a,c, cKons
Y200HO Mano oTnuvaercAa (npu mMansix 1) or epemeru dsumeHus no ab.

NAokazatenscTso. [Ana aaHHoro € HahgetcA Takoe § < €, kak 8 cneacrevm 1.
W3 HanuumA npasoi efMHCTBEHHOCTM chnepyeT cyllecTBoBaHue Takoro 1 > 0, yto y mo6on
Tpaextopun T,(a,) (x = Y(t), Yy(a) =a,) ayraa; b, (a <t <p) comepxurca 8 5-okpecT-
Hoctn (ab)® pyrm ab (cneacreve 1 teopemsi 1 § 8). Tak kak Y(f) = b, € b®, 10 Tpaexro-
pua T,(a,) nepecexaer S B HeKOTOpOW TOuKe C,; Npwu 3atom ayra b,c; C b®. Torpa scA
ayraa;c, C (ab)€. Tak xax ayra byc, Cb¢, 10 |v - {c; —b,)| <2 (ecnm|v| =1) nus
(4) cneayet, 4To BpeMA ABMXEHWA NO ayre b, c; He Bonbwe 2¢€/7y.

Cneayiowive ABe M3BECTHblE TeOopemMbl O BbINPAMEHUW TPAEKTOPUA B OKPECTHOCTM He-
CTauMOHapHOW TOMKM NPU HANWYUK EANHCTBEHHOCTU NPUBOAATCA B TOW (POpME, KOTOpaA HyXKHa
ANA AanbHEULLIEro U3NO0XKEHWUA.

Teopema 3. Mycrs Henpepbieraa gyHxuua x = Ylv),20ev = (vy, ..., v,_,),
@3auMHO 00HQ3Ha4HO aTobpawaer xomnakt K C R®~ ! va mHowecrso M CR". Nycrs ona
Kawoozo xo € M pewenue x = £(t; xo) exmovenus (1) unu ypaernenus x = f(x) c Havans-
Heim yenosuem £(0; xoY = xo va orpeake | = [a, ] (a <O<P) cywecrayer, edurcraenro
u dyeu a <t < f 1paeKkTopuid TaKux peuweHuld He UMET 06WUX ToYeK.

Toz20a pynxyun x = E(t; Ylv)) rononozuvecku orobpawaer mrowecrao | X K Ha mHo-
wecreo Q C R", 3anonnentoe Oyzamu o < t < B TpaeKTOpuUl C HavanbHLIMU yCNOGUAMU
x(0) € M. 31y dy2u RenmwoTca o6pazaMu oTpe3Kkoe NPAMBIX v = const.

AoxkasatenscTeo B3aumHan oaHozHauHocTe oTOGpaxeHwA / X K Ha Q cneayer
M3 OTCYTCTBMA O6WMX TOWEeK Yy pAaccMaTpuBaembix Ayr TpaekTopui. Ero wenpepbiBHOCTb
cneayer M3 HenpepbIBHOCTU thyHkumnin Y(v) m x = £(t; xo); dyHKuma ¢ HenpepbiBHa Bcnea-
CTBME eAMHCTBEHHOCTM pPelLeHWUN. 06pa1‘uoe oTobpaxeHne HenpepbiBHO No nemme 1 § 9.

Teopewma 4. lTycrs Onna ypasrenua x = f (x) asinonreHs: ycnosus reopemsi 3 u, Kpome
1020, K — 3aMKHyTas ozparuvenran obnacts @ R"~ !, FE C', Y€ C' v npu ecex v € K,
x=ylv) eexropss f (x), OY/ov,, . . . , OY/Ov, _ | nuHeiiHo HezaguCUMBI.

To20a orobpawenue x = &(t, Y(v)) muomecrsa | X K na Q u o6parHoe orobpawerue
HenpepsIeHo dugbgbeperyupyemsi.

ARoxaszatenbcreo. Mo teopeme 3 otobpanenne x =£(t, Y(v) ) — Tononoruyeckoe.
Ono HenpepbisHo anddepeHumpyemo, Tak Kak £(t, xo) € C' no Teopeme o anthdepeHimpye-
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MOCTH peLUeHWA NO HauanbHbiM YCnoBMAM. MpousBoaHble u; = dx/Av;, i =1, ,n—1,
YROBNETBOPAIOT yPaBHEHWUIO B BAPMALMAX C HaYanbHbiMKU ycnoBuAmK u; (0) = aw/av,

Tax kak ypaBHeHwe x = f(x) aBTOHMOMHO, TO peweHue x{t; ty, Xo) C HavaneHLIM ycno-
BueM x(to; to, Xo) = xo 3aBMCMT TONLKO OT t — tg WU Xg. [103TOMY DYHKUMA Yo = 0X/0t =
= —0x/0t, YROBNETBOPARET YPABHEHUIO B BAaPWAUMAX C HAYaNbHbLIM ycnosvem uo(to)
=f{xo} ((13], cvp. 120). U3 ycnoBuA Teopembl cneayer, 4To BEKTOPbLI U; (t),i=0,1, n-1,
nuHeitHo Hesaeucumbl Npu t = 0. OHM YAOBNETBOPAIOT NMHEHHOMY oauoponnomy ypaane
HWIO B BapuauuAx, NO3TOMY fNIMHEMHO He3aBMCHMMbI M NPU NIOGOM t. 3HAYMT, COCTaBNEHHbIN
M3 HUX NeTEPMUHEHT, ABNAIOWMIACA AKoGMaHOM otoGpaxeHnA x = E(t, Y(v)), He pasew
Hynio, n o6paTHoe oToGpaxxeHue ToXe HenpepbiBHO audbepeHunpyemMo.

4. MHorue cBoiCTBa NpepenbHbIX MHOXECTB TPaeKTOpPUW aBTOHOMHOW cucTeMbl audde-
peHUManbHbIX YPaBHEHU COXPAHAITCA W ANA NpeAenbHbiX MHOXECTB TpaeKTopwh aud-
thepeHUManbHOro BKAYEHNA X € F(x) npu BbiNONHEHUn OCHOBHLIX ycnosui n. 1. Mpexae
BCEro 3T0 OTHOCMTCA K TeM CBOICTBaM, KOTOpbIMK 061aaaloT npeaenbHblie MHOXECTBa no6bix
HenpepbIBHLIX KPUBLIX B NpocTpaHcTae R”, 3anaHHbix B BuAe x =@ (t), to <t < oo,

Touka g € R" HasviBaeTCR w-npedensHol anR kpwBon L (x = ¢(t), to <t <o, p €EC),
€cnu cywecreyeT TaKaA NOCNEAOBaTENbHOCTb tp,f;, . . ., CTPEMAIMAACA K =, yto ¢(t;) >q
(/ = o). MHoXecTBO BCex -NpeaenbHblX TOuEK KPUBOA L Ha3bIBAGTCA (J-NDEOEbHbLIM
MHONEeCTeOM KpuBoH L v oBoaHavaetca (L ).

Dnr kpusoii x =p(t) (=0 <t <ty, ¢ € C) Touka p € R" HasbiBaeTCA a-npedensHou,
€cnu CywecTeyeT NOCNeaoBaTenbHOCTb ToueK ¢(t;) »p (/1 =1,2,...; t; > —); onpe
0eNnbHOE MHOMECTE0 KPUBOW — MHOXECTBO BCEX €€ a-npepenbHbIX ToYeK.

Ecnu panHan kpuBaA x = ¢(t) ABNAETCA TpPaeKTOpWeA uan NONYTPaeKTopwel aBTOHOM-
Horo awddepeHUManLHOro YPaBHEHMA WAKM BKAIONE@HWA, TO FOBOPATO NpeaenbHbIX TOYKax
¥ MHOXECTBAX 3TO1 TPAEKTOPUWA MK NONYTPAEKTOPUMN.

CneayiouiMe M3BECTHbIE M NErKO I0KasbiBaeMble YTBEP)KAEHUA OTHOCATCA He TONbKO K
npefenbHbIM MHOXECTBaM TPAeKTOPMA, HO M K NpeaenbHbIM MHoOXecTBam mioGbix Henpe-
PbIBHBIX KpuBbIX B R”™.' YTBepxaeHuA Mpmynupymrcn ANA  W-NPeaenbHbiX MHOXECTB;
a-npeaenbHble MHOXECTBa 06NaflaloT aHanNor uuHbLIMK CBONCTBaMM.

1) NMycte L — kpuBan x = p(t), to <t <o0,al; —eeuacts, t; St < °, npuuem t; >
(k +o0). Torna

Qu cl Q= Nk
k=1

2) MHoxectBo S2(L) 3aMKHYTO.

3) Muoxectso £2(L) nycto Toraa u Tonbko Toraa, koraa | ¢(t) | =>o° nput >0,

4) MHoxectso S2{L) orpaHuweHo TOraa u TONLKO Torpa, Korpa kpwBam L (x = ¢(t),
to St < %) COAEPXUTCA B OFrpaHUueHHON obnacTu.

5) Ecnu mHoxecTso S2(L) orpanunyeHo, 1o

plelt), QL)) = 0 t = ).

6) Bcerna

plelt), QL))

1+]e()

Nemma 2. Mrowecrso SUL) He AsnAercA 06de0uHeHUEM O8YX HENEPECEKAIOWUXCA
HENYCToIX 3aMKHYTbIX MHOXNECT8, U3 KOTOPbIX XOTA 6b/ OOHO 02PaHUYEHO.

Doxkasatensctso. MpeanonoxuM, uto QL) =A UB, ANB=¢, A¥¢ BF¢,
A 1 B 3amxHyThI, B orpanmnsedo. Mo nemme 1 § 5 plA, B) =2d > 0. Bosbmem Toukna € 4,
b € B. Oum w-NpeaenbHble, NO3TOMY HAHAETCA TaKaA BO3PACTalOWaA MOCNeA0BATENLHOCTL
ty,ts,..., CTDEMALAACA K %, YTO

P(‘P(tzk_l), a) < d, P(‘P(tZk,. b<d k=12.
Toraa pleltax_1),B) > d, kK = 1,2,... (B npotusHOM cnyyae
pla, B) < pla, oltyr 1)) + ploltax_y). B) < 2d,

4TO HeBO3MOXHO, Tak kak p(A,B) =2d). HenpepbiBHaA dynkuna pl¢ (t), B) 6Gonb-
we d npm t=tr;_; w meHbwe d npu t =ty;, k=1,2, ..., 3Ha4UT, ANA HEKOTOPOro

(t = =)
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t =T, >tyx _| UMEEM
plolrk),BY =d, k=1,2,..., 71 = oo

OrpaHuyeHHaA nocneaoBaTenbHOCTb ¢ (T,) WMeeT npepenbHylo Touky ¢ € S2(L). Tak kak
plc,B) =d >0, plA, B)=2d, voc & B, c & A. ITo NpoTMBOPEUNT TOMY, YTo CEQ(L)=A U B.

Cneacteue. Ecnu 2L) ozparuvero, ToO OHO C8A3HO.

®opmMynupoBKa neMmbl 2 YNPOLLAETCA, eC NPOCTPaHCTBO A" AONONHWUTL OAHON TOYKOM
x = %0 no komnakta [R"] c ectrectBeHHOI Tononorueii: x; —>x, ecnu | x; — x| =0; x; =,
ecnunl xg | = o°. Torna neMmmy 2 MoxxHO chopMynMpoBaTh Tak: MHOXecTBO S2(L) cBA3HO
8 [R"]. .

Nemma 3. Ecnu'Q(L) He umeer obwux Tovek ¢ nunued L (x = p(t), to <t < =),
10 L codepmurca 8 odnoid us xomnoHent G, orxkpsito2o mrowecrea R™SUL), KUL)
Hu20e He nnotro, SUL) = 0G,, r.e. QL) renrerca 2panuyeti obnacru G, .

DoxkaszartenscrTso. lNepsoe yrsepxaeHne cneayer us ycnoBUA nemMmbl U CBA3-
HocTu nuHun L. N3 L C G, cneayer 2(L) C3G,, a tax kak G;CR"\Q(L), T0 3G, CUL).
CneposatensHo, S2(L) = 9G,. B cuny onpeaeneHuA rpawvusl obnactn 8 mo6oit oKpecTHo-
CTU KaXAoi ToukK a € 0G, uMeloTcA Toukm obnactu G, 3Haunt, MHoxectso (L) = 3G,
HWrae He NNOTHO.

Danee paccMaTpuBalOTCA hpenenbHble MHOXECTBAa TpaeKTopui awuddepeHumanbHoro
sKnioyeHnAa (1) 8 3aMxHyTon obnactu D Npu BbINOAHEHUWM OCHOBHBLIX ycnosun (n. 1) n
ycnosua | F(x)| <m 8 D.

Ycnosue | F(x)| < m He AaBnAeTcA cuAbHBIM OrpaHMyeHMeM, TaK KaK B KaXXAOW OrpaHu-
yeHHoM vactu D = D N B, (By — wap, | x| <k) obnactn D no nemme 15 8 5 | F(x)| <
< my. Noatomy BknoYeHue (1) MOXHO 3aMeHuTL BKIOYeHueM x € p(| x |)F(x), koTopoe
no teopeme 3 § 9 umeet Te xe TpaeKTOpUK, YTO u BKNKYeHne (1), HO y KoTOpOro npasan
4acTb orpaHuyeHa Bo Bcen obnactu D. [inA 3TOro AOCTaTouHO B3ATL B KayecTse p(§) Takylo
HenpepbIBHY0 Hey6biBatoWy0 hyHKumio, yToplk — 1) = my, k=1,2,...

Nemma 4. Yepes xawdyro rouxy a € SUT) npoxodur yenan tpaexropuna To (x=y(t),
—oo < t < ), codepmawanca 8 SUT) . To we cnpasednuso Ona a-npeodesibHO20 MHOXECT8a
A(T).

Boxkasartenscrtso. Toukaa — w-npenentHan ana Tpaextopun 7 (x=yp(t)), T.e.
CYWECTBYET TaKaA NOCNEAO0BaTeNbHOCTb t; —>%°, 4T0 ¢(t;) —>a. dyHKUUM

'l’i(t) = W(t""i) (to -t <t < )

ABNAIOTCA peweHnamn, u Y; (0) —> a. Tak kak | F(x)| <m, To Ha NO6OM KOHe4yHOM OTpes-
ke —k <t < k pewenuna ¥; (t), HayMHan c HeKOTOpPOroO, onpeaeneHbl, PaBHOCTENEHHO Henpe-
PbIBHbI M PABHOMEPHO OrpaHuveHbl. M03ToMy u3 nocneposarensHocTn {Y;(t)} MoXHO BbI-
6paTb noanoCnNeaoBaTeNbHOCTb, PABHOMEPHO CXOAALWMYIOCA Npu —1 < t < | K peweHno
¥(t), w3Hee—nNOANOCNEAOBATENLHOCT, PABHOMEPHO CXOAALLYIOCA NpU —2 <t <2 K TOMY *e
PeLeHnio, NPoAoMKeHHOMY Ha otpesok [—2; 2], u T.a. NMonyuum pewenune Y(t), onpene-
neHHoe npu — < t < oo, pu atom Y(0) = lim y;(0) = a. TpaexTopuA 3TOro peiweHuA
coaepxutca 8 7)), Tak kak anA no6oro t Touka Y(t) ecTb Npegen HeKOTOPOW noano-
cnenosarenbHoCTh Tovek Y;(t) = lt +1t;), i = j; > oo.

Cnyyani a € A(T) cBoaMTCA K PacCMOTpPeHHOMY 3aMeHOM t Ha —t.

5. Uccneayem Gonee netanbHO CBOWCTBAa NpenenbHbIX MHOXECTB B TOM CAy4ae, KOraa
BbINONHEHbI YCNOBMA, NepeyncneHHble nepea neMmon 4, U, KpOMe TOro, peweHue ¢ No6bim
HauanbHbIM yCnosum x(to) = xo € D eanHcTBEHHO Nput = t,.

Nemma 5. Ecnu rpaexropunT (x = p(t), a< t < ) umeer 06uiyro Touxy x, =p(t,)
¢ mHowecreom SUT), 1o unu T C QUT), unu nexoropas nonyrpaexropus T+ (x=yplt),
t) <t < =) codepmurca e QUT), a ocransnana vacrs Tpaexropuu T (t < t,) He umeer nu
camonepeceyeriuli, HuU 06wjux rovex ¢ SUT) . .

AoxkaszaTtensbcrso. Monemme 4 yepes TOuKy X, NPOXOAUT HEKOTOPAA TPAEKTOPHA
To CQUT). Nycts Ty — TpaexTopua peweHna x = Y(t). Tak Kak x = Y(t +¢) — peweHne
npu nio6oM ¢, To MoxHO cuutaTe, 4to Y(t,) =x, =y(t,). Toraa scneacreue npasoi eamH-
creeHHocTu Y(t) = ¢(t) npn scex t > t,. MNycTb t; — HWKHAA rpaHb Takux t,, 4T0 Y (t,) €
€ (7). U3 pokasaHHoro cneayer, uro y(t) € Q(T) npu scex t > t,. Ecnn t =a, 10T C
CQUT).Ecnnt, >a, 109 (t) € QT) npua <t <t, scuny suibopat,,ay (t;) € QT
B cMNy HenpepbiBHOCTM ¢ (t) n 3amkHyToctn SUT). OvcyTcTBMe camonepeceveHwit ayru
¢ (t) npna <t <t, cneayer ns reopembi 1.-
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Teapewma 5. llycrs esinonHeHs! ycnoeua yxazaHtsle neped nemmod 4, u & obnacru
D umeer mecto npasan edurcraexHocts. Ecnu tpaextopuna T umeer obwyro Touky ¢ SUT),
TO 803MONHb! TONILKO CNEOyowue CNyYau:

1) SUT) coenadaer ¢ T unu ¢ Hexoropol nonyrpaexropued T*C T; e 3tom cnyyae
QUT) — crayuorapran To4YKa UNU 3aMKHYTaA TDAEKTOPURA,

2) SUT) codepxur xora 6s! 00Hy TOYKy, He npuHadnexawyro T, & arom cnyyae SUT) co-
CTOUT U3 HeCYeTHO20 MHOXECT8a (KOHTUHYyMa) TpaexkTopul, 6 OKpecTHocTu mobol Toyxu
a € QUT) umernorca kax rouyxu Tpaexropuu T, Tak u Toyxu mHowecrea QUT)\T.

DokaszarenbcTtBo. Ecau S2T) — craumoHapHan TouKa MAM 3aMKHYTaRA TpaeKTo-
puA, TO uMeer MecTo cayyait 1) . Ecnu oH He uMeer mecta, To Touka b € T N Q(T) — HecTa-
unoHapHaA. Mo Teopeme 2 uepe3 Hee NPOXOAMT noKanbHoe ceveHue S. Tak Kak rouKab -
w-npenencHan AnA tpaextopun T (x = ¢(t) ), To cywecreyer nocneaosatensHocTs ¢(t;) b,
t = oo, i=1,2, . Tpaektopua 7, nonaBwan B HEKOTOPYID OKPECTHOCTb TOYKM b Npwu
t =t; i=i, i +1 .), B cuay cnencremA 1 TeopeMbl 2 nOMKHa Nepeceus CeyeHwe S
B HEKOTOPbI# MOMEHT t,,6nu3o<nu kt;. Takum 06pa3om, UMeeM NOCNEAOBATENLHOCTb TOYEK

olt;) =b; > b, b €ESNTL)C SN QUN,

Tak kak T*(b) CQT) no nemme 5.

Bce Touku b; pasnuuHbl, Tak kak T*(b) He ABnAeTCA 3aMKHyTOM TpaekTtopweir. Moaro-
My TouKa b — npeaensHan ANA 3aMKHyTtoro MHoxecrea M = 2(T) N S. To xe cnpaseanu-
BO ANA KAXAOW TOMKM MHOXecTBa M, MoxeT GbiTb, KPOME TOYEK, fexauux Ha rpaHuue
90S ceueHun S. Ypanus 3 M Touku, nexauwme Ha 0S M He ABAAIOWMECA NPeAENbHLIMU ANA
Touek U3 M\0S, nonyuumM Henycroe 3aMKHYyTOe MHOXeCTBO M, He coaepxaluee U30NUpo-
BaHHbIX TOYEK, CNEAOBaTENLHO, UMEIOUIEEe MOWHOCTL KOHTUMHYYMa ( [64], cTp. 58).

Kaxpan TpaeKTopuA, nepeceKalouidn S, NOCNe nepecevyeHWA AOMKHA BbIATU M3 HEKO-
TOpoh oKpecTHoCTH Touku b (B cuny (4)), npexae yem BHOBb nepeceys S. Moaromy npo-
MEXYTKU BPEMeHU MeXay ABYMA NepecevyeHMAMMU He MOryT GbiTb CKONb YroaHo MafibiMu.
3HaumT, KaxpaaA TPaeKTOPUA MOXeT nepeceus S He 6onee 4eM B CHETHOM MHOXXECTBE TOYeK.
Moaromy uepes Touxku MHoxectBa My C Q(7T) N S npoxoaut, Kpome 7, HECYETHOE MHO-
xecTBo (KOHTUHYYM) ApYyrux TpaekTopuii, coaepxaiumxca 8 S2(7). 3to cnpaseanuso anA
no6Boit oKpecTHOCTU Nto6oi Touku a € Q(T) .

Nlemma 5 u TeopeMa 5 NO3BONAIOT AeTanu3UPOBaTh KnacCUPUKAUMUIO TPAEKTOPUA, KO-
Topyto aaet teopemMa 1. Mpy 3TOM YYnTbLIBaETCA Hanuyue UAK OTCYTCTBUE NepeceveHui Tpaex-
TOpUM C ee wW-NpeaentHbIM MHOXECTBOM.

B cnyvanx 1) n 4) teopemul 1 2(T) ecTb Touka, B cny4aax 2) u 5) — 3aMKHyTaA Tpaek-
vopua. Mpu atom B cnyyaax 1) u 2) T) =T, a. cnyyaax 4) ub) QUT) CT, o QUT) #T.
B cnyuae 3) tpaextopuA T — He3aMKHyTaA KpuBaA 6es camonepeceyeHwui, U UMEIOTCA cne-
AylOWMe BO3MOXHOCTHU:

3a) UT) nycro;

36) Q(7) He nycTo u He umeeT obwmnx Tovek c T;

38) TCSUT), Ho T #QUT);

3r) vactb t < t, TpaektopuuT (x = p(t)) He umeer o6wmx Tovek ¢ 2(T), a ocransHaa
ee vacTb t; <t < o° copepxutca B $2(7), HO He COBNAAAET C HAM.

Mo teopeme 5 B cnyyaax 38) u 3r) mMHoxecrBo Q2(T) coaepxur, kpome Tpaexvopuu 7
(unu ee vactu t, <t < o), ewe HecYeTHOE MHOXECTBO (KOHTUHYYM) APYrux TpaeKTopuiA.

Mpumeps! TpaexTopwuit Tunos 1), 2), 4), 5) ouesmamsi, TMNa 3a) — TpaekTopuA x =t,
TMna 36) — TpaexkropuAa x = e~ ', TMna 38) — TPaEKTOPMA U3 MppauUMOHanbHol O6MOTKK
topa ([158], ctp. 70) ; apyrue npumepbl cMm. B [158] (cTp. 408 1 418), Tuna 3r) — Tpaex-
TOpUA, M3BHe NPUBAMKAIOWAACA K TOPY U BAMBAIOWAACA B OAHY W3 TPaeKTOPWIA ero uppa-
UMOHaNbHON O6MOTKM.

C noMowblo pacCyXaeHuid, aHanoru4yHbLIX WUCMONbL3OBaHHLIM B nemme 5 u Teopeme 5,
MOXXHO W3YYUTb PacnonoXXeHue TPAeKTOPUKU MO OTHOWEHWUIO K a-NpeaenbHOMY MHOXECTBY
A(T). BoamoxHbi cnydam A(T) = ¢ u A(T) #* ¢, A(T) N T = ¢. Ecnu Tpaextopua T umeer
obiuylo TouKy 3 ¢ MHoxectBoM A(T), To B cuny nemMMbl 4 U NpaBoli E€AUHCTBEHHOCTH
T*@) CA(T). Npn 3tom, Kax B8 Teopeme 5, Bo3moxHbl cnyvan: 7 = A(T), Torpa 7 — cra-
UMOHapHaA Touka wnu 3amkHyTaA TpaexktopuAa;, 7 CA(T), o T # A(T), torpa A(T) co-
nepxuT, KpoMe T, eule KOHTUHYYM TPaeKTOpWW; BO3MOXKEH Tak)ke cnyvai, korpa 7 co-
RepXnT Touku 3 € A(T) wb @ A(T), torna T™(b) N A(T) = ¢, T*(a) CA(T). Nocneanmit



Cnyvaii NMeeT MeCTo, Hanpumep, ANA TPaeKToOpUK
x=cosf{t), y=sinf(t); 6ft)=min{e";2n}.

6. Nycto 8binOnHeHbI OCHOBHbIE ycnosvA N. 1. EAWHCTBEHHOCTb He npeanonaraeTcA.
Ecnn Bce pewenun anddepeHunansHoro sknawueHna (1) onpegsenersl Npy — < t < oo,
70 onn onpeaenAloT [120] o6o6uwieHHyi0 (T.e. 6e3 eAMHCTBEHHOCTH) AVHAMMYECKYIO CUCTe-
my. Takue cucTembl 0613RAIOT HEKOTOPLIMW CBOMNCTBAMMU OBbLINHLIX JMHAMMYECKUX CHCTEM,
8 YaCTHOCTHW, OTHOCAWUMWNCA K MUHUMANbHLIM MHOXECTBAM U PEKYPPEHT HBIM TRACKTOPHAM
[1569], [160]

MHuoxectBo M Ha3biBAaeTCA MUMHUMAaNbHBIM, €CNN OHO He NYCTO, 3daMKHYTO,  COCTOMT u3
uenbix TpaeKTopuii (T.e. yepes KaxAaylo TOuKy p € M npoxoauT XoTA &bl OAHa Lenan Tpaek-
TopuA x = p(t), —oo < t < oo, cogepxawancA 8 M) N He COREPIKNT HUKAKOFrO NOAMHOXECTBA
M, #* M, obnapalowero 3atuMu xe cBOUCTBaMU. TpaeKTOpuA T Ha3bIBAGTCA PEKYPPEHTHOU,
ecnu anA moBoro € > 0 cywecreyer Takoe T(€), 4TO €-0KpecTHOCTL NGO Ayru TpaekTo-
pwn T, npoberaemoit 3a BpeMA 7(€), coaepuT BClo TpaekTopuio T.

Teopema 6 [159]. /lioboe HenycToe KoMnaKTHOE MHONECTEO, COCTOAWEE U3 UeNbIX
TpaeKTopul, cOOePMUT MUHUMAIIbHOE MHOXECTEO0.

Cneactewue Ecnumromecreo UT) He nycTo u 02paHuYeHO, TO OHO COOCPUT MUHU-
MaflbHOEe MHOXECTEQ. .

Teopema 7 [159)]). KawOas yenan 1paeKropun, cOOEPNAWancA 6 KOMNaKTHOM Mu-
HUMATLHOM MHOXECTEE, DEKYDPEHTHA.

Teopewma 8 [159]. 3ambixaHue pexyppeHTHOU TpaeKTOPUU, COOEPIAUEUCA 8 02paHu-
veHHoOU 06NacTu, ABIRETCA KOMNAKTHLIM MUHUMAIIbHbIM MHOXECTEOM.

§ 13. CpoiicTBa TpaeKTOpHIH Ha NOCKOCTH

30eck BbIACHAETCA, KaK1e U3 XOPOLLO M3BECTHLIX CBOWCTB TPAaeKTOpWil ypaBHeHnA X = F(x)
(x € R?, f € C') coxpaHAIOTCA ANA TpaeKTopwil andidepeHumansHoOro BKNoYeHnA X € F(x)
(x € R?) u, cneposatensHo, ANA audithepeHUManbHbLIX YPaBHEHUH C Pa3pbIBHLIMU NPaBbIMY
4acTAMW B O6nacTw Ha NNOCKOCTM Npu goonpepeneHwn a) wnwn 8) § 4. B uactHoctu, anA
TaKUX YpaBHEHWN W BKMIOYEHWW YyCTaHaBNMBAIOTCA TEOpEeMb!, aHanorudyHoie Teopemam bBen-
ANKCOHA O NpefenbHbIX MHOXECTBaxX Ha NNIOCKOCTH U O 3aMKHYThIX TPAaEKTOPUAX.

1. O6wwme ceoicTBa TpaekTopui avddepeHunansHbiX ypaBHeHWA Ha NNOCKOCTH NPY Hanu-
MM eAVHCTBEHHOCTW u3yvasmch 8 [161] n 8 [168] (rn. 2, § 1), a 6e3 npeanonoxeHnA
epmHcTBeHHoc™ — B [162] u B [13] (rn. 7, § 4). MHorve u3 aTux csoicTa ¢ HeBONbLWMMK
M3MeHEHUAMN COXPAHAIOTCA 1 ANA anddepeHunanbhbix BiciodeHui {cm., B YacTHoctw, [163],
[164]) . lokasaTenbctea NPOBOAATCA NO TOMY e NsiaHy, yto 8 [13] w s [158], co cneayio-
WM U3mMeHeHMAMWU. BmecTo OTpesaka Hopmanu K TpaekTopuu wnu ayru 6e3 KoOHTakTa,
nepeceKaemon TpPaeKTOPUAMM TONLKO B OAHOM HanpaBneHWW, PacCMarpuBaeTCR ceveHue,
nocTpoeHHoe B Teopeme 2 § 12; BMeCTO TeOpemMbl O HeNPepbLIBHOW 3aBUCMMOCTYA peLeHnin
OT HauanbHbIX YCMOBWMA MCNONb3YETCA NOKAaNbHaA KOMMAKTHOCTb MHOXECTBa pelleHun
(ceoictaa B° nB° n. 1§ 12).

B 3amKHyTOK ofnacTu Ha NNOCKOCTU paccMOTpum avddepeHunanbHoe BKnioYeHne

X € F(x), (1)

YROBNETBOPAIOLLEe OCHOBHLIM ycnoBuAM N. 1 § 12 n ychosuio | F(x) | <m.

CeveHuem HasbiBaetcA nioboi oTpe3oKk S, NepeceKkaembii TPaeKTOPUMAMU TONbKO B OAHOM
HanpasfeHun, TouHee, TaKOW, YTO B HEKOTOPON ero OKpecTHOCTH ANA nwboro x U modoro
UE F(x) nmeem v:-u = v > 0, rage v — 3alaHHbIA BEKTOP, OPTOrOHanbHLIW OTpPe3Ky S.
AnA no6oi HecTaumoHapHOW TOUKMW CYLECTBOBaHNE CeMeHUA, NPOXORALLErO Yepe3 3TY TOUKY,
ROKa3aHo 8 Teopeme 2 § 12,

Nemma 1. Ecnu Ha ceveriuu S umeerca toyxa b € Q(T) (unu b € A(T)), 1o Tpaexro-
pua T (x = ¢(t)) nepecexaer ceverue S npu ckons y2od0Ho Gomswiux |t | ,-u u3 rovex nepe-
CeYeHUR MOXHO 8b16paTL NOCIe008aTENLHOCTS

= ¢(ti) - b, t;—> oo (7 = )
(cooTeercreeHHo t; —> — o),
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NoxkasatenbcTBo. Toukab — w-npepensHan ana Tpaektopum T (x = p(t)), 3HaumT,
Ha T cylecTeyeT NOCNeaOBaTeNbHOCTL Touek a; = ¢(t;) = b, t; . B cuny cneacreua 1
Teopembl 2 §8 12 Tpaektopua T, npoxoaAwan yepe3 MOBYI0 TOUKY 3;, AOCTATOMHO SAU3KYIO
K b, nepecever S B TOuKe b;, n U3 a; — b cneayer b; = b, n, c yuetom (4) § 12, t; —t; -
- 0, t'. —> o0,

Cnyvait b €A(T) cBOAUTCA K pacCMOTPeHHOMY 3aMeHOW t Ha — t.

B cneayiowmx nemmax 2 — 6 npeanonaraerca, 4To aaHHaA Tpaektopua T (x = p(t)) ynos-
nersopAeT XOTA 6bl OAHOMY M3 ABYX YCnoBuwiA: a) wmm p(t,) # ¢(t,) npu mobeixX t,, t,,
t; #ty, 6) nam B Toukax TpaekTopuu T MmeeT MeCTO Npasan eMMHCTBEHHOCTb. O ApyrUx
TpaeKTOpUAX, Kpome T, HUMEro He NpeanonaraeTcA.

a 3
4 b

Puc. 18.

Takoe npeanonoxeHne ABNAETCA CUIbHLIM OrpaHnueHnem anA avddepeHLnanbHbIX BKAIO-
yeHnin. OHO BLIMONIHAETCA, B YacTHOCTU, ANA Tex anddepeHuManbHbIX BKAKOYEHUNA, K KOTO-
PbIM CBOAATCA C NOMOLLLIO foonpenenelna a) § 4 auddepeHumansHble YpaBHeHNA C paspbis-
HOW NpaBoW 4acTbi0 NPU HaNW4MM NPaBoON eAUHCTBEHHOCTH.

1 e mma 2. Ecnu TpaexTopur T nepecexaer ceveHue S HeCKONMbKO pa3, To TOYKU nepece-
YeHUR pacnonoxeHsl Ha S MOHOTOHHO (Npu yc/roeuu a) CTPO20 MOHOTOHHO) , T.e. 8 TOM Xe
nopAdke, 4YTo Ha TPaeKTopuU.

lokasaTtenbcTB o. Ecnu tpaektopua T nepecekna ceveHne S =ac 8 Toukax b, u
by, TO 3aMKHYTaR KpuBana, COCTOALWAA u3 ayrn b, b, Tpaektopun T n otpeska b, b, ceveHna
S, penut nnockocte Ha ABe wactm A u B. Myctb ab, CA, b,c CB (puc. 18) . MNpoiraa Tou-
Ky b, TpaekTopuA T OCTaeTCA B B 1 He MOXeT NONACTb HU HA YYacTOK ab; CeuYeHWA, NeXaluui
8 A, H1 Ha yvacToK b b, , K KOTOPOMY TpaeKTopun MNOAXOAAT TONbKO u3 obnactu A. MoaTo-
My TpaekTopua T nocne Touku b, MOXeT Nepeceyb ceveHue 8¢ TONLKO Ha yvacTke b,c.

Nemma 3. 4na rpaexropuu T (x = p(t)) mHoxwecteo SU(T) mower nepecexars ceve-
Hue S He Gonee Yem e 00HoU Toyke. Ecnu b — ToYka nepeceverurn SUT) ¢ S, ro T nepece-
KaeT S TOoNMbKO 8 ToYKax

bi=olt]), t;i<tiyy ((=1,2,...), ti=>es; (2)

ToYKu b; crpemMATcR K b MOHOTOHHO Ha S.

AHanorvuHoe yTeepxaeHue cnpaseanuso ana A(T), Ho Torpa t;4, <t; t; > —oo,

Nokasatensctso. MNycts b€ Q(T) NS. MNo nemme 1 cywecTByeT nocneaosa-
TenbHOCTL (2) Touek nepeceuennn T ¢ S. U3 ouenku v - x(t) = ¥ > 0 cneayer, 4To nocne Kax-
ROro nepeceveHUA pelieHne AOMKHO BbINTU M3 ONpeaefieHHOW OKPECTHOCTH ceveHnAa S. MNoaTo-
MY WHTepBsanbl BPeMeHW MeXAY NOCNnefoBaTeNnbHbIMA NepeceveHUAMU He MeHblle NOMOXKK-
TenbHON NOCTOAHHOW. lMepeHymepyeM BCe TOYKM NepeceveHWA, HAYMHAA C HEKOTOPOW, B NO-
pAAKe BO3pacTaHuA uucen t;. B cuny nemmbl 1 HeKOTOpaA NOANOCNeAO0BAaTENbLHOCTL 3TOW
nocnefoBaTenbHOCTU cxoauTcA K Touke b. lNo nemme 2 Touku b; pacnonoxeHbl Ha S MOHO-
TOHHO, NO3TOMY BCA NOCNEA0BaTeNntHOCTb b; = b.

Ecnu nepeceverne 2(T) N S conep¥mnT, KpoMme b, elle TOUKY @, TO NOAOGHO NpeablayLue-
My b; > a. JT0 HeBO3MOXHO, ecnu a + b.

Ana A(T) pokasatenbCTeo NPOBOAMTCA aHaNOrM4HO.

T eopema 1. Ecnu tpaexropur T umeer obuwyio Touyxy by ¢ mHowecteom SUT) uHa T
UMeeT MecTo npaean eduHcTeeHHOcTb, T0 S)(T) AeARETCA cTaYUOHAPHOU TOYKOU UNU 3aMKHY-
70U TPaexTopuel u coenadaet ¢ T unu ee nonyTpaextopued T (by) .

NokasaTtenscTteo. Ecnu b, — crtaumoHapHan TouKa, TO B CUNy NPaBoOi eAUHCTBEH-
HOoCTM b, = T+(b,) = Q(T). Ecnu Touka b, — HecTauuoHapHan, T0 No nemMMme 3 Touku b, ,
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b,, ... nepecedenun T c ceyeHnemM S, NpoBEAEHHLIM Yepe3 b, , pacnonoXeHbl HA S MOHOTOHHO
" CTPEMATCA K D). 370 BO3MOXHO TONbKO B cniy4ae by = b, =... 3HaunT, AnA Tpaektopum T
(x = plt)) nmeem l(t,) =plt,), t, ¥t,. Torpa T+(b,) — 3aMKHYTaR TpaeKTOpuA (cMm.
npokasatenscTso Teopembl 1 8 12) n Q(T) = T (b,).

CneacrTBwue. [lpunpagol eQuHCTEEHHOCTU Ha NSTIOCKOCTU HE MOXET CyuwecTeoears
Tpaexropud runoe 38) u 3r) (n.5812). .

Teopema 2. Ecnu tpaexTopuri T umeer obwyo Toyxy a ¢ mHowecréom A(T) urna T
UMeer MecTo nNpagan eouHCT8eHHOCTs, TO unu T — cTayuoHapHas ToYKa, unu T — 3amMKHyTaA
rpaexTopuA, unu A(T) cocTour TonbKo u3 cTayuoHapHsix ToveKk,a UT) =a € A(T).

NokaszaTtenbcTBo. NycTe HecTaumoHapHana Touka b € A(T) . MpoxoaAulee Yepes
TOouKy b ceveHne S no nemme 3 nepecexaer A(7T) TonbKO B TOYKe b, a TpaekTopuio T (x =
=p(t)) — B TOuKax

b,‘=\0(ti)—’b, ti+|<t,- (i=1,2,...), t; > —oo, (3)

Ecnm b; = b anA HeKOTOpPOro /, TO, TaK KaK NOCnea0BaTenbLHOCTb { b,-) MOHOTOHHA Ha §,
wMmeeM b; = b, = b anA Bcex kK = i. Torpa ayra x = ¢(t), tr4 St <ty, TpaekTopun T —
3amKHyTaA KpuBar. BcneactBue npaBoi eavHCTBEHHOCTM T+(bk+,) — 3aMKHYTaA KpuBaA.
Tak kax by = plty), tx > —o (k—>o°), 70 BCcA TpaekTopuAa T — 3aMKHYTaA KpuBaA u
A(T)=T.

Ecnu b; # b anAa Bcex /, To B cuny (3) v MOHOTOHHOCTK nocnenosafe_nwocm(bi} nMeem
b; ¥+ b;+| ANA HeKOTOPOFrO / =/;, a BCNeacTBWe NPaBOA EAMHCTBEHHOCTU — ¥ ANA BCex i =
2 i,. [AnA Takoro /-pyra b;,,b; Tpaektopuu T n ovpe3ok b;b;,, € S penAT NNOCKOCTHL Ha
TPU 4acTu, B OQHOM M3 KOTOPbLIX COAEPXWNTCA T*(b,- ), Kpome TOuKu b;, a B apyron —
T7(bi+1) w, 3HawT, A(T) (puc. 19). B3Ae Taxoe 6onbwoe /, yTo b; #a v Touka a € TN
N A(T) nexut Ha T*(b;), nony4aem npoTueopeuve.

Urak, unu T — 3amkHyTan TpaekTopuA, unu A(T) cOCTOMT TONbKO W3 CTaUMOHAPHLIX TO-
wek. B nocneaHem cnyvae 3z a € T N A(T) u u3 TeOpembl eAMHCTBEHHOCTHU cReayeT, 4To
T*a) =a=Q(T.Toraaunu T =a, unu T "(a) #4a, n A(T) COCTOMT MNK N3 OQHOM TOYKY 3,
Mnu M3 5eCKOHEYHOr0 MHOXECTBA TOMEK.

P B i
olv ¢, & §, 2

Puc. 19. Puc. 20. Puc. 21.

Cneayiowme npumepsbi (rae p, & — nonApHble kKoopanHaTel, ¢ = 0 — npOMSBOHbHaﬂ no-
CTOAHHAA) NOKa3biBaIOT, YTO 063 NOCNEAHN X CNYYaR BO3MOXHbI.

1) 0(t) =min{e"; 21}, plt) =
1
2) 0(t) =min{e'; 211}, plt)=c (2+sin m) Ota TpaexTopuA wn3o6paxkeHa Ha

puc. 20.

2. Ha auddepeHumanbHbie BKOMEHWA ¢ NPaBOW eAMHCTBEHHOCTHIO (a8 B HEKOTOpBLIX cny-
yaAx u 6Ge3 Hee) NepeHOCUTCA PAA YTBEpPXKAEHWA O CBOWCTBAX W -NpefefibHbiX MHOXeCTB,
COAEPXALUNX HECTAUMOHAPHLIE TOMKH.

B cneayowmx Huxe nemmax 4 — 6 u Teopemax 3 — 5 npeanonaratoTcA BbINONHEHHbIMK
ocHOBHbIe ycnoBuAa N. 1 § 12, ycnoeuwe | F{x) | <m n B Toukax TpaeKTOpUU Txom 6bi OAHO

13 ycnoswi a) u 5), cchopMynvpoBaHHbIX Nepen NeMmon 2.
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NNemma 4. Y xawdod Hecrayuornaprol rouku b € SU(T) umeerca raxan oxkpecrHocTs,
6 KOTOpoU NPOX0oJUT TOMbKO 00HA NpPocTaa dyza odHod Tpaexropuu L CQU(T) u wer dpyaux
Tovex mHoxecrea UT) .

NoxkaaatrenscTtBo. MNonemme 4 8§ 12 yepe3 Touxy b npoxoaut Tpaexktopna L C
C Q(T). No teopeme 2 § 12 cywecrsyer kpyr K (|x — b| <€y}, B KOTOpOM anA BCex
TpaeKTopun v - x 22y >0, yron Mexay BeKTopamu X W v He Bombwe a,a < 7/2, v — no-
CTOAHHbIA BekTOop, |v|=1. Nycts x = {x,, x,),0c6 Ox, napannenvHa v. Toraa anA Bcex
Tpaextopuit B K nmeem dx,/dt > v> 0, n kaxaan xopaa x; = const kpyra K asnaerca
ceyeHuemMm.

Mpoxoanuian vepes Touky b TpaekTopuA L nepecekaet Kaxayto U3 xopax, =c¢ (¢, <c <
< £,) B oaHo# Touke (puc.21). Mo nemme 3 ppyrux Touek us 2 (7) HerBvacm ¢, < x; <
<&, kpyra K.

Q(I'I emma 5 Ecnu zamixHyraa tpaexropusa (6e3 crayuoxaprsix towex) L CQUT), ro

T)=L.

AloxkasatenbctBoO. No neMme 4 KaxaaR Touka b € L nmeeT OKpecTHOCTb, He CO-
Aepxawyto Tovex MHoxectBa M = §2(T) \ L. O6beanHeHWe Taknx OKpPeCTHOCTeH — OTKpbITOe
mHoxectBo G D L. Ero aononweHne R*\G =D 3amkHyto, M CD. Tak kak M= Q(T) N
N D, to M 3amkHyTo. 3Hawnt, QUT)=L UM, L n M 3amkuytel, LN M =¢, L orpaHuue-
Ho. Mo nemme 2 § 12 310 BO3MOXHO TONbKO B criyvae M= ¢, QUT) = L.

JTemma 6. Tycrs Tpaexropua L C Q(T), mrowecreo SUL) unu A(L) nenycrouwa L
HEeT CTaYUOHAPHBIX TOYEK.

To20a unu L — 3amxHyraa tpaexropua u L =QU(T), unu ece ee a- u w-npedensHsie
TOYKU — CTaYUOHAPHblE.

Aokasartenscteo. MNycrs HecTaumoHapHan Touka b € 2(L ). Yepes Touky b npo-
xoamT cevyenme S. Mo nemme 1 L nepeceaer S B Toukax b,, by, ...» b. Tak kak L CQ(T),
10 b; €ESUT) n n3 nemmer 3 cneayer b, =b, =...=b. 3HaumT, yepe3 TouKy b npoxoanTt
ayra b, b, Tpaextopum L, ARBNAIOWAACA 3aMKHYTOM kpmBon L, CL C(T). No nemme 5
Q(T) = Lo. 3Ha‘lMT, Q(T) =L = Lo.

Cnyvan b € A(L) paccmaTtpuBaeTcA aHafornyHo.

3ameuvaHue. Jlemmbl 4 — 6 ocTaloTcA BepHbimu, ecniu S2(7) 3aMeHUTb (-NpeaenbHLIM
MHOecTBOM A(T) .-

Teopema 3./lycrs evinonHens: ycnoguA, yKalaHHsie @ Hayane n. 2. Ecriu mHowecreo
QUT) unu A(T) ozparuvero u HE COOEDIUT CTAYUOHAPHBIX TOYEK, TO OHO COCTOUT U3 OOHOU
3aMKHYTOU TPaeKTopuu.

RoxkasartenscyBo. Jlioban TpaexTopuA L Q_Q(T) OrpaHuyeHa, 3HaYnT, MHOXECTBO
Q(L) CL He nycro. Tak kaxk S2(T) 3zamxHyto, TOo L CQ(T) nB L HeT CTaUUOHApPHbIX TO-
veK. B cuny nemmii 6 S2(7) — 3amkHyTaR TpaeKTopuA.

T eo pema 4. 7lycre 8sinonHersl ycio8uA, yKasaHHsie @ Havane n. 2. [Tycre myomecreo
QUT) He aanAerca 3amrHyTOU TPaexropuel.

Toz0a

1) mrHowecreo Sl cTrayuoHapHeIx royex, codepx@uwuxca e (T, unu nycro, unu 3am-
HYTO;

2) MHOXecT80 HectayuoHapHsix Toyex, codepyawuxca e S2(T), unu nycro, unu cocrour
U3 KOHEYHO20 UM CYETHO20 MHONECT8a Henepecexaouwuxca dyz rpaextopul L; CQ(T);

3) OnA srux dyz L; mHomectea QU(L;) u A(L;) ununycre: (ecnu L; yxodut 8 GeckoHey-
HOCTb) , UNU COCTOAT TONMBLKO U3 CTAYUOHAPHLIX TOYEK U cO08pMaTcA 6 ).

HoxkaszatrenscTtBo. 1) MHoxecrso S2(L) 3amkHyTo {n. 4 § 12), mHOoxecTBO M
BCeX CTauMOHApHLIX Todek — Toxe (n..2 § 12), noatoMy mHoxecTBo 29 = Q(T) N M
3aMKHYTO.

2) Yepes Kaxaylo HeCTaUMOHapHy10 TouKY 13 Q(T) B cnny nemMMsi 4 NPOXOANT AMHCT-
BEHHaR TPaeKTOPWA L;, U Ayrn Takux TPaeKTOpWiA, He coAepKallive CTaUMOHEPHbIX ToYex,
MNKW He NepeceKalnTcA, unu cosnagaiot. Nokanem, yTo pasnuuHbix Ayr L; He 6onee yem cuer-
HOe MHOXECTBO. B cuny nemmbl 4 pnA Kaxaon ayrn L; MOXHO NOCTPOUTL KPYr € UeHTPOM
b € L;, He umetowmnit o6wmx Touek ¢ apyrumu ayramu L ;. Kpyrn sasoe MeHbwero paguyca
He nepecekawoTcA. Tax Kak Ux He Gosiee Yem CYETHOE MHOXECTBO, TO TpaeKTopuid L; — Toxe.

3) Nycts x = ¢, (t) (op <t < B;) — macumansHan ayra Tpaektopun L; CQ(T), He
COAePXXaUlan CTaLMOHapHbIX TOueK. JTa ayra (Mnu ee yacTb) He MOXeT 6biTb 3aMKHYTOM
TpaekTopue# no nemme 5, Tak kak £2(7) He ecTb 3aMkHyTan TpaexTopus. Ecnm §; < 0, To
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cyulectByeT lim ¥; (t) = q;. Touxa q; — CTauMOHapHanA, uHave AYrY L; MOXXHO 6610 6bi
18

APOAONXMTL 33 TOuKY ;. Monoxum ¢, (t) = q; npuf; <t < °°. AHanoru4Ho noctynaem,
ecnu a; > — o, MonyueHHYI0 Uenylo TpaeKTOpUID X = ¢, (t) (= <t < +) cHoBa 060-
3Haum L;. Toraa $2L;) (wmu A(L;)) — cTaumoHapHan Touka.

Ecnu B; =°°, 70 B cnyuae Iwi {(¢)| >== (¢t >==) muoecrao Q(L,;) nyctn. R npoTUBHOM
cnyvae §2(L;) He nycro. Tpaextopna L; — He3aMkHyTaA, n 2(L;) cOCTOMT U3 CTaUNOHAPHbIX
Touek no nemme 6. Tak kak (L;) C L; CQUT), 1o (L;) C Q.

Cneactswue. Ecnu mrowecreo U(T) codepmur KOHeyHOe unu TONLKO CYETHOE MHO-
xwecreo M crayuoraprsix tovek, o UT) unu AeNAeTcA cTayuoHapHoU ToYKoU, unu cOCToUuT
u3 MHOXecTea M U KOHEYHO20 UNMU CYETHO20 MHOMECTBa Oy2 TPaeKTopul, y KOTOPbIX

— o FL

Puc. 22.

KamobiU KoHey unu AGNAETCA 00HOU u3 ToveK MmHoXecréa M, unu yxodur e becko-
HewHocTs (puc. 22) . )

DoxkaszatenbcrtBo. MNonemme 2 § 12 MHoxectso §2{T), ecnu OHO He ABNAETCA
TOUKOW, He MOXeET MMeTb U30NMPOBaHHLIX Tovek. Toraa 2{7) — 3aMKHyTOe MHOXECTBO Ge3
M30NUPOBaHHLIX TOYEK, CNedOBaTeNbHO, WMeeT MOWHOCTL KOHTMHyyMma ([64], ctp. 58).
3nauuT, ecnn M — He 0aHa TouKa, TO, KPOMe ToueK MHOXxecTBa M, mHoxecTBo S (7T) coaep-
¥UT U HecTaumoHapHbie Touku. Mo Teopeme 4 OHKM NeXaT Ha KOHEYHOM UK CYETHOM MHOXKECT-
Be ayr TpaexTopwi L;; S(L;) vwnn nycto (Toraa L; yxoauT B 6eckoHedHOCTb) , unu copep-
¥UTCA B M » B cuny CBA3HOCTW ABMRETCA TOYKOW, B cuny ceoiictBa 5) n. 4 8 12 ypaexTopuA
L; vwnn npubnukaeTcR K 3TOW Touke Npu t = (uAu nNpu t = — ), unu BNNBaeTCA B Hee
NpU KOHEYHOM t. YTBepaeHue A0Ka3aHo.

MNpu ycnosuu a) nnu 6) (cm. nepea nemmoii 2) mHoxecteo S2(7T), copepatuee HecTaumo-
HapHyi0 TouKy b, o6nagaer HeKOTOPLIMK CBONCTBaMY YCTOWYMBOrO NpeaensHoro uvkna. Ecnu
2(T) ABNAReTCA 3aMKHYTOW TpaeKTOpWeid, TO BO3MOXHbI ABA CNMYYaA: WM TpaexTopuA T
BCA NeXAT C OAHOK CTOpPOHbI oT 2(T) (BHYTPY Hee nnun BHe) , He nMeeT obLnx Tovek ¢ §2(T)
1 "HasepTuiBaeTcA’ Ha 2(T), unu TpaekTOpuUA T BNMBAeTCA B 3aMKHYTYI0 TpaekTopuio 2{T)
B HexOTOpoOU Touke (cnyvait 5) teopembl 1 § 12); npu ycnoBuu 8) BTOpPOH cnyyad Heso3-
MOKEeH.

Mbi roBopum, 4to TpaekTOpuA T HaeepTHI83ETCA Ha npeaenbHoe MHoXectBo $2(7T),
ecnm oHa .

1) He umseT oSwmx Tovek ¢ {T) u, 3Ha4MT, BCA NeXUT B oaHOM U3 obnacTeit G °, Ha Ko-
TOpbie MHOXecTBO SU(T) aenuT NNOCKOCTSL;

2) cyuiecTBYeT He MeHee Tpex MpocTsIX Ayr a,-a; (j=1,...,m: m 2 3), He uMmelOLUX
nonapHo o6wmx Tovex, nexaumnx 8 G*, ¢ KoHUuaMK 8; € Q (T ) u nepecexaembix TpaexTopuen 7
TONLKO B OAHOM HanpasneHvu, T.e. BCeraa TaK, YTo TOYKa a,f OCTaeTCA cnesa ot 7, a Touka
a; —cnpasa, f=1,...,m (puc.23), unu Bceraa Hap6opoT;

3) HawHan ¢ HeKOTOPOW TOUKMW, TPaeKTOPUA T nepecexkaeT 3TV Ayryv NOOYEPeAHO B OQHOM
1 TOM Xe NOPAAKE, NOBTOPAEMOM 6eCKOHEYHO MHOTO pas.

Teopewma b./lycrs esinonnenst ycnoeun, yKkasanHsie @ Havane n. 2. Ecnu MHowecreo
SUT) codepmur HecrayuoHapHyio Touxy b, T0

1° unu rpaexropun T Haeeprsisaerca na SUT),

2° unu Tpaexropua T cosnadaer ¢ QUT) unu anueserca e SL(T) e HexoTopoii.Touxe, u
QUT) — 3amKHyTan TPaEKTOPUA.

Mpu ycnosum a) (cm. nepen nemmoii 2) cnyvait 2° Hesosmoxed. Ecnu T He RBnAetcA
38MKHYTOMN TpaeKTopuen, To B o6omx cnywaax A(T) He nmeeT oSwmx Touex ¢ (7).
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AokaszatenscTso. Yepes Touky b nposeaem ceverme S. Mo nemme 3 TpaekTopna T
nepecekaer S B Toukax b;, o6nagarowmx ceoicTeamu (2) .

Ecnn b; = b pnA HeKOTOPOro /, To BCNEACTBME MOHOTOHHOCTY nocnegosatensHocTu { b; }
umeeMm b;+) = by = b. 3HaunT, BLINONHEHO He yCNOBWe a) , @ ycnoBue 6) — npasan enuucraén-
HOCTb Ha 7; Torpa ayra b;b;+, Tpaextopum T ectb 3amKHyTan Kpuean L 6e3 cTauMoHapHbIX
Touek u 77 (b;) =L =Q(T), T.e. umeer MecTo cny4an 2°. Ecnm npu atoM T # L, 7o 3 Teope-
Ml 2 cnieayet, yTo TN A(T) = ¢, Tak kak QUT)C T, vo QUT)NA(T) = 0.

Mycre b; # b ann scex /. Toraa He TonbKo Npu ycnoswu a) , Ho u Npu ycnosuu 6) , Tpaex-
TopuR T He NPOXOANT ABaXAbI Yepes OAHY TOYKY (B NPOTMBHOM cnyvae B cuny NpaBow eamMH-
CTBEHHOCTW TpaeKTOpMA BNMBanach 6bl B 3aMKHYTYIO U 66110 661 b; = b, i > i,). MNoatomy

/

Puc. 24.

anA Bcex / nmeeM b; # b;4,, n kpuBan K, cocToAwWwan u3 ayru b;b;. | TpaeKTopun U oTpeska
by+y by cevennn S, nennT NNOCKOCTL Ha aBe o6nacTu: o6nacTs G;, conepxawyio 7 (by )\ by,
w obnacte H,, conepxawyio T *(b;+1)\ bys). Toraa G; CGisy C...; Gy N Hiyy = ¢,
QT) CH;vp, T(b;) CGy, ChepoBaTensHo, T-(b;) NQT) =¢. Tak Kak i/ NPOM3BONBLHO,
To TNQ(T)=¢, avak kak A(T)C T-(b;), 7o A(T)NQT) = ¢.

MNokaxem, yto T HasepTbiBaeTcA Ha S2(T). Mo Teopeme 4 2(T) copeput GecKOHeyHO
MHOTO HecTauuoHapHbix Tovek. Mycte S; (f =1,..., M) — ceveHnR B KAKWUX-TO /M U3 ITUX
TOMEK &), ..., @py. YKOPOTAM CeYEHUA, YTO6bl OHM He nepeceKanucb. MycTb TpaeKTOpUA
T (x = p(t)) nepBuii pa3 nepecexaeT S; Nput =7; n 7o = max 7, b; =p(1e) €S,.Toraa
T ~(b;) nepecexaer Bce ceveHnA Sy, ..., Sp. MNpn 3TOM TOUKN &}, ..., @y € Q(T) nexar
BHe Kaxaol n3 obnacren Gy. M03TOMy MOXHO YKOPOTUTL CeMEHNA TaK, YTO6bI NoNyTpaex-
Topua T ~(b;) nepecexana Bcex nx No 04HOMY pa3y n 4T06bl BCE TOUKKN ay,...,ay, (KoHub!
ceuenmit) nexanu B obnactu G;_,. Toraa npu Kaxaom k > / kaxasi otpesok aa; C S;
nepeceKaer rpaHnuy obnactn Gy, T.e. ayry by by, Tpaextopuu T.°

Ecom ayra b;b;. C T nepecexaer Bce CeveHWA, Hanpumep, B nopRake Sy, ..., S,,, TO
ayra b;41b;+ o NepecekaeT ux B TOM xe noprake. B camom gene, nyctb o6nacts Q orpaHnye-
Ha ayrow TpaekTopuu 7 OT TOuKu b; ee nepece4eHNA C ceveHnem S; A0 NepBOW TOUKM C; ne-
peceyeHnA CO CneaytolnMM ceveHnem S, oTpeakamu b;a; CS;, cfa; CS, atnx cevennin v
vacTeio MHOXectBa S2(7), orpaHuueHHOW ToukaMu a, u a, (puc.24). B Q Het Touek
APYruX CeYyeHwi, TaK KaK Apyrve Ce4yeHWA He nepeceKkaioT HU S, Hn Sy, Hn ayry b;c; CT.
Tpaektopua T, BoitaA B obnacte Q 8 TouKe b; 4|, He MOXET OCTaBaTbCA B HeW, TaK Kak nepea
BO3BpalleHnem Ha S; B TouKe by, ; TpaekTopuA T npoxoamt BHe Q. OHa MOXeT BbiitTh 13 Q,
TONbKO NepeceKan OTpe3ok ¢;a, C S,. CnepgoBarenbHo, NOCne Kaxaoro nepeceyeHnA C S,

TpaexTopuA T NepecekaeTr Apyrue ceMeHWA B OAHOM U TOM Xe NopRAKe.
3. Cneayrowue TeOpeMbl, aHanorMuHble WU3BECTHLIM TeOpeMaM KayecTBeHHOW Teopuw

avdbepeHumaneHeIX ypaBHeHWW, cnpaseAnmBbl AnA  AuddepeHunanHbix BKIIOYEHWA Bu-
aa (1) 8 3aMKHyTOW obBnacTm Ha NAOCKOCTM NPWU BbINONIHEHWM OCHOBHbIX ycnosuk n. 1
§ 12 nycnosnA | F(x) | <m, 6e3s Kaknx 6bl TO HM 6bINO NPEANONOKEHUN O eANHCTBEH-
HOCTH pelIeHuA.
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Teopewma 6. Ecnu nonyrpaexropun T* oepanuvena, To ee npedensHoe MHONECTeo
QUT) codepxcur unu CTayUOHAaPHYIO TOYKY, UNU 3aMKHYTYIO TDAEK TOPUIO.

RoxkasatenbctBo ([13],ctp. 192). MHoxectBo SHT) orpaHudeHo M He Nycto
(ceoitcteo 3) n. 4 § 12). Nycte (T) He coaepXUT cTaumoHapHbIX Touek. Yepe3s niobyio
Touky p € QUT) no nemme 4 § 12 npoxoaut Tpaextopua L C UT). Tak kax UT) 3amx-
HyTo, To S2(L) C L C Q(T). NoatoMy mHOxecTBO S2(L) oOrpaHuMYeHO W He copepxmt Cra-
uvoHapHeix Touek. Ecnu TpaextopuA L (x = Y{t)) He camonepecekaeTtcA, T.e. Y(t,) # Y(t,)
npu mobBbix t,,t,, t, ¥t;, 1o (L) ecTs 3aMKHyTan TpaeKTopuA NO Teopeme 3.

Ecnun xe Y(t;) = Y(t,) npu HexoTopeix t,,t;, t; <t,, TO YacTb t; £t <, TpaeKTOpUMN
L eCTb 3aMKHYTaR TPaeKTOpUA. ‘

Cneactewne. Ecnu nonyrpaexropua T* CcOO0epXUTCA 8 3aMKHYyTOU 006nacru, e Ko-
TOpOU HET CTayUOHAaPHbIX TOYeK, TO @ ITOU 06N1acTu UMeeTcA 3aMKHYTan TPaeKTOPUA.

3ameTM, YTO 3TO BO3MOXHO TOMbKO B KOMbUEBOW 06nacTv, KaK M B KayeCTBeHHOW
Teopun anddepeHunanbHbiXx YPaBHEHUN.

Teopema 7 [164]. flycrs @ s3amxnyTol obnactu D, o2panuveHHOU 3aMKHYTOU TpaeK-
Topueld L, @biN0NHeHbIgyCNOBUA, yKa3aHHbie 8 Havane n. 3. Toz0a e arol obnacru umeercA
CTayltoHapHan ToYKa.

foKazaTenbCcTBO MOXHO NpoOBecTU TeM ke Metogom, 4to B8 [158] (ctp.54),
ANA cuctembl aAByx avddeperumanbHbix ypasHeHun. [Mpeanonoxmm, 4to 8 D Her cra-
UMOHApPHLIX TOueK. Yepe3 NpoOM3BONIbHYI0 BHYTPEHHIOW TOMKYy p o6nacth D npoxoant
Tpaektopua T (x = p(t)).

Ecnu oHa asaxabl NoONaaaetT BO BHYTPEHHIO TOYKY q obnactn D, T.e. ¢(t}) = ¢(t,) =g,
t) <t;, Topyra t; <t <t, TpaeKTopuu T ecTb 3aMKHYTan TpaeKTopuA T, NPOXOAALLAA
yepe3 TouKy G. Ecnu T, nmeer camonepeceyeHnA, TO U3 Hee MOXHO BbIAENUTL MEHbLLYIO
3aMKHYTYI0 TpaekTopuio L, 6e3 camonepeceveHuit, NPOXOAARLLYIO Yepe3 TOMKY G (HeKoTto-
pan ayra TpaekTopuu T, COAep)caWan TOMKY §, He CamonepeceKaeTcA B CANY OLEHKHU
(4) §12). Takkak &L, To L, * L.

Ecnu tpaexktopuA T He nonagaeT ABakabl HYU B OAHY BHYTPEHHIOIO TOuKy obnactu D,
7O KaXKaaA w3 ee NONYTPaeKTOPWUIA MNnW BbIXOAMT Ha rpaHuuy L oSnactu D, unn HasepTbl-
BaeTcA Ha L nubo Ha 3aMKHYTyl0 TpaekTopuio L, # L. Ecnn o6e nonyTpaeKTopuu Bbi-
XORAT Ha L B Toukax @ u b, 1o ayra ab tpaektopwm 7 wu ayra ba CL cocrasnaor
3aMKHYTYI0 TPaeKTopuio, NPOXOAAULYIO Yepe3 BHYTpeHHII Touky p. Ecnu oaHa Bbixo-
ANT Ha L, a aApyraR HaBepTbiBaeTCA Ha L, TO OHW nepeceKalotcA BHyTpn D. He umen
nepeceveHnid BHYTpM D, o6e HaeepThIBaTLCA Ha L He MOryT, TaKk Kak no Tteopeme 5
A(T) #QT).

Taknm o6pasom, Bo Bcex cny4aAx B D COAEPXKMTCA 3aMKHYTaA TpaeKTopuA L, * L.
B obnactn D, CD, orpaHn4eHHON TpaeKTopuen L |, B cualy Tex »e pacCyAeHHi COAepKUTCA
3aMKHYTan TpaekTopuA L, # L,. OHa orpaHnumusaer obnacte D; CD; wnT.a.

MocnepoBaTenbHOCTb BNOXKEHHBbIX 3aMKHYTbix o6nacten DD D; D D, D ... umeer He-
nycroe nepecedenne D.,. Mo npeanonoxexunio, no6an Touka b € 3D, — HecTauMOHapHanA.
No Teopeme 2 § 12 cywecrsyer kpyr K (| x — b| <e€y), B KoTOpOM ANA peweHnii BuInoA -
HAIOTCA HepasencTBa (4) u (5) n3 8§ 12. Nycte x = (x,, x,), ock Ox, napannensHa BeKTo-
Py v u3 dopmynei (4) § 12. Torpa kaxpan xopaa Xx; =const kpyra K ABnAercA
ceveHuem.

MNpu i > i*(8) TpaextopmAa L; npoxoaut vepes &-0KpecTHOCTL ToukM b. B cuny cneacT-
81A 1 Teopemul 2 § 12 L; nepecexaer amametp x, =B, kpyra K, a 3HauuT, n Bce 6NM3KMe
K HeMmy XOpabl, NpUTOM Kaxkaylo 8 O AHOW Touxe (no nemme 3, Tak kak L; = (L;)).
B cuny , (8) § 12 ypasHenme TpaekTopun L; B Kpyre K 3anucbiBaeTcA B suae X; = Y (xy),
rae |Y; | <tga. Tak kak D; D D, D ..., To NOCNEAOBATENLHOCTb YHKLMIA ¥; MOHOTOH-
Ha M npu |x; — B, | <8, cxomTcA K dyHkumn Yix,;), rpadmk KOTOpON NpoxoauT Yepe3
TOuKy b 1 ABNAETCA TpaeKTopuel L sxniovenna (1) (csoiictea 6° u B° n. 1 § 12).

Ecnn anna HekoToporo / vacTe Kpyra K, neawan B nonoce | x, — 8, | <8, Bbiwe Kpuson
Lilxa = ¢;(x,)), He npuHaanexut o6nactu D;, a Huxe KPUBOW — NPUHAANEXUT, TO BCREACT-
Buve BNoXeHHOCTU oBnacted D; To xe 6yaeT npwm Bcex /. Moatomy vacTe kpyra K ; nexawan
8 3TOW Nnonoce Bbilwe TpaeKTopuu L(,, He NpuHagnexut D.,, a Huxe — NPUHAANEXUT, T.e.
MHOXecTBO D¢, “MeeT BHYTpPeHHUE TOYKKU. 3ambiKaHue NIOGOH KOMMNOHEHTbI MHOXeCTea
3TUX BHYTpeHHUX Tovexk o6osHauum D,,. Mo AoKa3aHHOMY, rpaHWuelt 3aMKHyTOW o6nac-
™ D,, ABNRETCA TpaeKTopuA L.,.
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Tenepb MOXHO NOCTPOWUTb TPAHCHMHWUTHYIO NOCNEAOBATENbHOCTb BAOXEHHbIX 06GnacTen n
3aBeplUMTb 4OKA3aTeNbCTBO C NOMOWbI0 Teopembl Bapa, kak B [168] (cTp. 65) .

Teopema 8. /lycrs @ oxpectHocTu U cTayuoHapHol TovyKu p HeT Opy2ux cTayuoHap -
HbiIX TOYEK.

Toz20a unu cywecreyer TpaeKTOpuA, 0OHUM KOHUOM 6XO00AWaEA 8 TOYKY p (38 KOHeYHOe
unu 6ecKoHeyHoe 8PeMA) , Uy 8 KawooL OKPECcTHOCTU TOYKU P UMEIOTCA 3aMKHYTbIe TPaeK -
TOpUU, OKPYN@IOWUE ITY TOYKY.

NoxkasatensbctBo. BkpyreK (|x —p| <€, € ckonb yroaHo mano) , conepxa-
wemcA 8 U, sBosbmem NocnegosatensHocTs p; —> p. Ecnu T*(p,-) CK, 10 mHoxecTteo Q(T) C
CK no TeopemMe 6 cOaepXWUT CTAUMOHAPHYIO TOYKY — TOYKY P (ApPYrUXx HET) Unwn 3aMKHYTYI0
TpaekTopuio 7y. B nepsom cnyuae unu 2(7) = p, unu B cuny cneactBuA Teopembi 4 (T)
COCTOUT U3 TOYKKU P U OAHOW vAn Gonblero Yucna TpaeK Topuin, 060MMM KOHUEMU B XOAALLINX
B TOMKY p (ApYruXx cTaumMoHapHbix Touek HeT B K). Taxum 06pa3om, cyillecTByeT TpaeKTo-
PWUA, OAHAM KOHUOM BXOAALLAA B TOuKY p. Bo BTOpOM cnyuvae BHyTpu o6nactn, orpaHuyeH-
HOW TpaeKTopueu T, no Teopeme 7 eCTb CTaUMOHAPHAA TOYKa — TOYKA P, TaK KaK Apyrux Her.

Ecwm T (p;) BbIXOAMT 13 Kpyra K B TouKe G;, TO BbiGEpEM CXOAALLYIOCA Noanocnenosa-
TeNLHOCTb q; > q, i =iy, i, ... >, Tak KaK ANA peweHni | x| <]F(x) | <m, 7o BpemA
ABMXKEHNWA NO TpaeKTopun T OT TOUKW P; A0 g; He MeHblwe HekoToporo Y>> 0. Toraa no
nemme 1 § 12 B K coaepxnTCA unu ayra TpaeKTopvn, COBAMHAIOWAA TOYKA P U G, MAK uenan
nonytpaektopus 7 (gq) CK. lMocneaHnWt cnywaih paccMaTpvBaeTCA TaK e, KaK chny4an
T (p) CK.

Bo3bmem nocnegoBavenbHocTe Kpyros K; (| x — p| <e¢€;}, €; = 0. [No aoxaszaHHOoMmYy,
WnU xOTA Gbl B OAHOM M3 HUX UMEeTCA TPaeKTOPMUAR, OHUM KOHUGM BXOARIMAA B TOMKY D,
MAN B KaXKJOM Kpyre uMeeTCA 3aMKHYTaA TPaeKTOPMUA, OKPY>KalowWwan TouKy p. Teopema ao -
KasaHa.

HekoTOopbie pe3ynbTaThl NO KayecTBeHHOW Teopun anddepeHunansHbliX BKNIOYeHUW coaep-
xatcA B paborax no Teopun ynpasnfAembix cuctem. Hanpumep, 8 [165] uccneayiorca obnac-
TU Ha NAOCKOCTU, 8 KOTOPbIe MOXHO NONacTb, MAR U3 AaHHON TOYKWU NO TPAEKTOPURM And-
thepeHUnanbHOro BKNIOYEHNA .

§ 14. OrpaHHYeHHbIe H TEPHOOHYECKHE peilieHHs

3pech M3naraeTcA NOHATWE BPAULEHUA MHOIO3HAYHOIrO BEKTOPHOTO NMONA ¥ (hOPMYNNPYIOTCA
CBOWCTBA BPaweHnA. C MX NOMOWbIO YCTaHABANBAIOTCA AOCTaTOUHbIE YCNOBMA CYLIECTBOBA-
HUA OFPaHUYEHHBIX N NEPUOAMYECKUX peleHni antdepeHLanbHbix BKAIOYEHWIH, aHanormy-
Hbie W3BECTHbLIM ANA 06bIKHOBEeHHbIX aAudibepeHiUnanbHbIX YpaBHEHNHA.

1. Bo Bcem § 14 npeagnonaraeTcA, YTO MHOro3HauHaA (YHKUUA F yaoBNeTBOpAET OCHOB-
HbIM ycnoBuAM n. 2 § 7 B obnactu G, komnakt K CG. Ucnonb3ylotcA 0603HaueHnA, Bee-

feHHbie B § 5.
Nemwma 1. 4na mobozo € > 0u mobozo komnaxra K Haldderca raxoe 83 > 0, 410 npu

scex 8 <8, 2pagpux ynxyuu Fglp) = [co F(pt)]8, p € K, Haxodurca @ e-0KpecTHocTu
epagguxa I" pynxyuu Flp), pEK.
lokasartenbcTBso. BnNpoTMBHOM cly4ae HailpayTcA Takoe € > 0w Takue nocneao-

BatentHocTh 8, >0, p, €K, q;€F;s (p), i=1,2,..., uro

ollp;,q), D =e, i=1,2,... (1)
Nycrs max8; =8, <p(K,dG). Mo nemme 156 § 6 | F(p) | <m aan pEK®!, nostomy
[ F.sl.(p) | <m + 8, annp € K. BcneacTsue 3Toit OueHKHU M KOMNAKTHOCTH K MOXHO CYMTaTh,

410 p; > po €K, g, qo. N3 (1) cneayer pl(pg. go). T') > ¢, 3naumr, plgo, Flpo)) > €.

B cuny B-HenpepbiBHOCTH tyHKunn F HalgetcA Takoe 8 > 0, wto F(B) C (F(po))€/* npu
scex p € pd, 1.e. FPpl) C (F(p6))€/%. Tak kak Flpe) u (Flpe))€/* Boinykns, To co Fipd) C
C(FlpoN/% nnpu 8;<8/2, 8, <e/4, |p;—po|<8/2 umeem (p;)%i Cp},

0:€ Fs (o) = oo F(p 1] " C [co FIpg)I€/% C (Flpg))®/2.

3710 NnpoTuBOpeunT HepaseHCTBY P(qo, F(po)) 2 €, Tak Kak q; > qo.
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Nemwma 2. A4na dannold mHozo3nayHol pyrkyuu F(p) u mobeix 6, € > 0 cywecreyer
00HO3HavHaA HenpepsieHan eextop-PyHkyua f(p), p € K, 2padpux Koropold HaxoduTcA &
€-0KPECTHOCTUY 2paguxa PyHxyuu F(p), p € K, unpu stom f(p) € co F(pl5 NK).

NokaszaTtenbctBo. [InA paHHoro € > 0 Bo3bMem Takoe 8y, Kak B nemme 1, u nio-
6oe § < §,. MokpoeM KOMNAKT K KOHEYHbIM YUCTIOM wapos lp—p; | <8, p, €K, i =
=1, k. Bo3sbmem Kakne umbyaes g, € Flip,), =1. .... k. TMMonoxum 6; (p) =
=max{0; & —Ip p; 1},

k
o;(p) = e(p)/z 0;lp), flp)= }‘ a;(plg;.

Bce 0;(p) HenpepbiBHbl, Z0;(p) > 0, Ea,(p) 1. I'Ioaromy cyHkumAa f(p) HenpepbiBHa.
Taxk kaxk «;(p) # 0 Tonbko npu p; Ep 1o f(p) € co F(p ). No nemme 1 rpagmk f(p)
COAEPXXNTCA B €-OKPECTHOCTH rpadmka d)yHKuuu F(p).

3amevanune. dynkuma f(p) yposnersopnaer ycnosuio Jiunwmnua.

Nemma 3. Fcru 0 ¢ Flp) ona ecex p € K, K — Komnaxt, To Haliderca Taxoe 8§, > 0,

yro onA ecex p € K, 8§ <6, umeem
p(0, [co F(p®)1%) = p, > 0.

NDoka3zavensbctBo. MNpadpuk pyHkumn F(p), p € K, — 3aMKHyTOe OrpaHnyeHHoe
MHOxecTBO (nemmsbl 14 n 15 n3 § 5) .Moatomy ero npoekumna F (K) — 3aMKHYTOE MHOXECT-
Bo. Tak kak 0 € F(K), To p(0, F(K)) = 2po > 0. Mo nemme 1 HanaeTcA Takoe 8, > 0, uto
anA Bcex & <8¢ rpadmk dyHkumun Fg(p) = [co F(pb )18, p € K, HaxoanTcA B p-0KpPeCTHOC-
T rpadmka pyrkunm F(p) . Torpa p(0, F5(p)) = pe ana x € K.

Nemma 4. flycts 0& F (p) ona ecex p € K, K~ komnaxr, a aextop-gyHryuu f(p) u
g(p) O0OHO3HaYMbI, HenpepsieHsr U ux 2paguxku OnA p € K codepwarcA 8 §-okpecTHocTu
2pagpura gpyHxyuu F(p), 6 <8,, 8o TO We, yT0 8 nemme 3.

To2da flp) # 06 K, glp) #0 e K u e K He HaddeTcA Toyku p, 8 KOTOpoU 8eKTOPbI
f(p) v glp) 6s1nu 661 NnpOTUBONONONHO HaNpaeneHsi.

NAoxka3zatenbcTso. Bekropbl f(p) n g(p) coaepxarca B BbiNyKNOM MHOXECTBE
[co F (pa) 1. Ecnm 6w npu Hekotopom p € K oHK 6binv Gbl NPOTUBONONOXXHO HaNpPaBNeHb!,
TO Hawnock Gbl Takoe ¢ € (0, 1), yto af (p) + (1 — a)g(p) = 0. Cymma npuHagnexnt Tomy
Xe BbiNyKNOMY mHOoXecTBy. Ho no nemme 3 310 MHOXeCTBO He coaepxmT HynAa. lpotu-

BOpeune.
Ne mm™ma 5. Fcnu ozpanuveHHsie 3aMKHYTsle 8bINyKbie MHOWECT8a A u B e R" He

co0ep)ar HU HyNA, HU NPOTUBONOJIONHO HanpaeneHHsIx eexropoe u € A, v € B, 1o

0¢co(AU B).
NDokasatensctso. Mpeanonoxum, 4yto 0 Eco(AUB).No Treopeme Kapareonopu
(5 5) HaWayTCA Takne TOUKHW ag, d,,...,a8x € AUB, k <n, nuncna ag, a,,...,ax = 0, yto
O=agag +...+axay, ap+...+ax=1. (2)
Mycte, HanpuMep, ao, ..., 8 € A; 3j4y,..., 8t € B; ap+...+0a; =@, Qj4; +...

.+tay=f. Ecnm §=0,70 0=apay +...+a;a; €EA; ecnina=0, 7o 0 € B, 4yto npoTneo-
peynT ycnosuio. 3Haunt, >0, $> 0. Toraa

a"(aoao+...+a,-ai)=uEA, B"(aH.a,-,,, +...+akak)=v€B

nBouny (2) au+fv =0, T.e. BEKTOPbI U N v NPOTUBOMNONOXKHO HaNpasnieHbl. ITO HEBO3-
MOXHO. [103TOMY NpeanonoXeHne HeBepHO, U NleMMa AOKa3aHa,

2. OnpepeneHne BpalweHWA HenpepbiBHOrO BEKTOPHOrO NOMA B /1-MEPHOM CAyYae npw
N > 2 ABNAETCA N0BONLHO CNOXHbIM. MO3TOMY CHavana W3noX@wmm: onpeneneHne BpaLLEHNA
W ero CBOWCTBA B CNy4ae /1 = 2, KOrAa OHO ABNAETCA 3/1IeMEHTapHbIM.

Mycte f(x) — oaHo3HauHOe HenpepbiBHOE BekTOpHOe None B ob6nacTu G Ha nnockoctu A2,
L — HenpepbiBHAA 3aMKHYTaA kpuBaa x = £(s) B G, so <s<s,. Ha kpuBoi 3agaHO Ha-
npasnene ob6xona — B HanpasneHnn Bo3pactanuA s. Mycts F(x) #0 wa L. Myctb O(s) —
HenpepbiBHaA (yHKUWA, PaBHAA BeMMMHE yrna Mexay HanpasneHwem oo Ox, u Ha-
npasnewnem Bextopa f(£(s)), s; < s < s,. Yron onpegened ¢ TOYHOCTbIO AO CNaraemo-
ro, KparHoro 27n. 310 cnaraemoe BbiGMpaeTcA Tak, uTo6bl hyHkumAa O(s) 6bina wenpe-
PbIBHOW.
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Bpaweruem eexTopHo20 nonAa f(x) Baonb KpUBOA L Ha3bLIBAGTCA YNCNO
Y(f, L) = (6(sy) —0O(so))/2n.

Tak KaKk KpuBaA 3aMKHyTa, To O(s,) — O(sy) kpatHO 27 n BpaweHue — uenoe wucno. Ecnn
0G,; — rpanuua obnactu G; C G, coctoAwan u3 OAHON NN HECKONIbKNX 3aMKHYTbIX KPUBbIX
L,,...,L,, TO NO ONpeaenexnio

Y(£,3G,)=v(f, L) +...+v(f. L,), 3

npuyYemM Ha Kaxaou KpuBOM L; HanpaBneHve ABvXKeHVA BbIGUPaeTCA Tak, 4To6Gbl 06-
nacte G, ocvasanacs cneBa (puc.25).

T2

Ocoboli Toyx0l HeNpepbiBHOrO BEKTOPHOro nonAa f(x) Ha3biBaeTCA TOWKa X =a, B KO-
Topow fla) = 0. MHdexcom 7Y(f,a) n3onNnpoBaHHOW OCOBOM TOUKKM X =a B BeKTOPHOM none
fix) waseiBaeTcA BpaweHne Y(f, 04) nonAa f wWa rpaHnue 84 moGon o6nactu H, copep-
»auer 3Ty ocoSylo TOUKY U He coaepkauied BHYTDH MnM Ha rpaHuLe Apyrnx ocoBbix TOveK.
(B cnny chopMynMpoBaHHOro Hue CBOWCTBA 3° uncno v(f,dH) opvo u To Xe anA BCex
Taknux obnacten H.)

Myctb Ha L onpepesieHo BekTopHoe none f(x, u), 3aBucAwee oT napaMerpa u . Ecnm sek-
Top-thyHkuma f(x, 4 ) HenpepbiBHA NO COBOKYNHOCTU NepemMeHHbIX, TO FOBOPAT, YTO BEKTOP-
Hoe none f(x, #) HenpepbIBHO MEHABTCA NpPY N3MEHEHWUN .

CsoicTBa BpaWeHnA HenpepbiBHOrO BEKTOPHOro MNOMA Ha NAOCKOCTM W WUHAeKCa
0CcO60OM TOUKM B TaKom Nofie U3noXxeHol, Hanpumep, 8 [157] (ctp. 205 — 216) v 8 [9]
(cTp. 434 — 437) .

MycTs L — 3aMKHYTaA KpuBaa 6e3 camonepecedeHnin UNn rPaHnLLa OrpaHUYeHHON obnacTh,
fix)#0 na L.

1° Mpw HenpepbIBHOM M3MEHEHMM BEKTOPHOro Nona ero Bpawenve f, L) He meHAeTcA,
ecnu Npu 3tom f He oSpawideTcA B Hynb Ha L.

2° Ecnn Hn B ogHoM Touke X € L BekTopbl f(X) n g(x) He 0BPalWAOTCA B Hynb 1 He AB-
NAIOTCA NPOTUBONONOXHO HanpasneHHbiMK, To Y(f, L) = (g, L).

3° Ecnn f(x) # 0 B 3amKHyTO# obnactu D, 1o Y(f, 3D) =

4° WNngexc Toukn x = 0 B BeKTopHOM noRe F(x) = Ax (det A # 0) pasen 7{Ax, 0) =
= sgn det A.

5° Ecnu B 06nacTu Gy MMeeTcA TONbKO KOHEYHOE YUCNO OCOBbIX TOMEK @y, ..., 3, W HA
ee rpavnue f(x) #0, To

Y(f,3Go)=v(f,a,) +...+7(f, a,).

Mycts F(x) — MHOro3sHauHaa BeK TOp -hyHKUWA, YAOBNETBOPAIOLLAA OCHOBHBIM YCNOBUAM
B o6nactn G Wa npockoctu, L — wAn rpaHnua orpaHnYeHHOW 3aMKHyTO#W obnactm D C G,
vnu 3amMKHyTaa Ge3 camonepeceyeHWin Kpusaa B obnactm G, n Ha L 3apaHo HanpasneHne
o6xoaa (ecnu OHO He yKa3aHO, TO 06X0A NPOM3BOAMTCA B NMONMOXMTENbHOM Hanpasnexnw) .

Mycrs O € F(x) ana kaxporo x € L.
Bpaweruem YIF. L) MHO203HAUHNIO o01TOpHO20 nona F(x) na L nasuvivacten [1GC]

spawenve Y(f, L) noboro Takoro ogHo3HayHOro BeKTopHoro nonA f(x) Ha L, yro rpagmk
dyHkumn f(x) Ha L coaepxmnTca B 89-0KPecTHOCTH rpadmia yHkumn F(x) Ha L; 8, To we,
uto B nemme 3. Taxkan ¢GpyHKUNA f cywecTByeT NO NeMMme ‘2. N3 nemmbi 4 u csoucraa 2°
cneayer, uto f(x) #0Ha L v uto yncno 7Y(f, L) He 3aBncuT oT BbiGOpa hyHKuuK f.
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Oco0600 TOYKOU MHOrO3HaYHOro BEKTOPHOro nonA F(x) HasbiBaeTCA TaKaA TO4YKa X = a,
yto 0 € Fla). Undexc oco6c37 royxu y(F. a) onpenennerca, nopobro Y(f, @), yepes Bpawe-
tue Y(F,0H) ,rpe a€E H n H He cofepHnT Apyrnx ocobbix ToueK.

Moxaxem, yto Y(F, dH) ne 3asucut ot BbiBopa obnactn H. Nycte H, n H, — o6nactu c Te-
MK xe cBoicTBamu, 4To H, n obnacts Hy coaepXnTcA cTporo BHyTpu nepecewena Hy N H,,
a € Hy. Tak kax O & F(x) anm mcex x B 3amKHyTo# 06nactn K = (H, UH,)\H,, 10 8 K
MOXHO NOCTPOMTbL OAHO3HAYHYI0 HenpepbiBHYI0 BeKTop-dyHkuwo f(x) #* 0, rpagpmk Korto-
poW coaepUTCcA B 8y-0kpecTHOCTH rpadmka dyHkummn F(x) 8 K (nemma 3) . Mo onpepene-
H1I0 BpaweHnA nonA F numeem

Y(F, 0H,) =7({f, 0H,),  YIF, dH;) =lf, 3H,).
Tak kak fix) #0 8 K, To B cuny csoitcrea 3° u cdopmyne (3)
0 =y(f, 3(H; \Ho)) =v{f, dH;) — y{f, BH,), =12

CnepnosatensHo, Y{f, 3H,) = y(f, 0H,), Y(F, dH,) = y(F, 0H,).

JnA MHOroaHaYHbLIX BEKTOPHbLIX NOMEeA COXPAHAIOTCA CBOMCTBA 3° 1 5° ¢ 3ameHoit f Ha F
n ycnoeuA f(x)} # 0 na ycnosue 0 fé F(x). 1o cnepyet u3 onpegenednAa YF, L) uepes
¥(f, L} v nemmsi 4.

CBoicTBO 2° 3amMeHAETCA CNeayIoWMM:

2°. Ecnu Ha L Her Takold Toyku x, & koropod unu 0 € F,(x), unu 0 € F,(x), unu mHo-
wecreéa Fy(x) u F,(x) codepmar npoTueononowxo HanpaeneHHsie eexTops: u € F,(x),
VEFy(x), o ¥(Fy, L) =7(F,, L).

RAokaszaTtensbcTso. dynkuma F(x) =co(F,{x) UF,(x)) yaoBneTrBOpAeT OcHOB-
HbIM YCNOBMAM, TaK Kak f3-HenpepbiBHOCTb AnNA dyHkumn F,(x) UF,(x) oduesnaHa, a anA
Fix) cnep.¥er n3 nemmbl 16 8§ 5. NonemmeS5 O0€¢ Fix) anAa Becex xEL. Mo nemme 3
0€¢ coFix°) npn 8 <8y. Mo nemme 2 anAa nioboro 8§ >0 cywecrByioT Takue Henpe-
pbiBHbIe OfAHO3Ha4Hbie PyHKuun f, f,, yt0 AnA x €L

fix)Eco FIxX* NL)Ceo FIX®), i=1,2,

Tak xak sekTopel f,(x) n f,(x) npuHagnexar ogHOMY U TOMY e 3aMKHYTOMY BbiNly KNOMY
MHOXECTBY, He COAEPXKALLEMY TOUKM 0, TO OHM He PaBHbLI HYAIO M He HanNpPasneHb) NPOTUBO -
nonoxHo. B cuny ceoiictea 2° y{f,, L) = v(f,, L). Otciona u m3 onpeaenenna y{F;, L)
cneayet yTaepxaeHve 2°.

3. NMyctb f(x) — HenpepbiBHOe BekTOpHOe nMone B A” wnu Ha rpatvue L = 3G, orpaHm-
ueHHOW o6nactn Gy CR", npuuem fix) # 0 na L. Bpawenue Y(f, L) onpeaenAeTcA, Hanpu-
mep, B [167] (cTp. 88) kak creneHb oToGpakeHnA

Tx=Ff(x)/1flx)| (xEL)

rpannubl L obnactu G, Ha eamHuuHylo chepy. BpaweHue AsnAeTcA uenbim uncnom. IMpaHuua
CHavana npeAnoONaraeTcA rNagKoW, HO 3aTem onpejeneHve BpalleHWA PacNpPOCTPaHAETCA Ha
cnyvait npoussonsHon rpaHvubl ([167], n. 5.3).

B cnyvae n > 2 cteneHb OTOGPa}eHnA — HeanemeHTapHOe TONOOTrUYecKoe NOHATHE, MNo-
3TOMY 1 NOHATUE BPALLEHNA HEMNPEPbLIBHOIrO BEKTCPHOTO MONA HeaneMeHTapHo. B GonblwmHeT-
8e NMPUNOXKEHNA MCNONbL3YETCA He ONpeaeneHve BPALLEHWA, a ero CBOMCTBA, W3Naraemble HuXe
no khure [167] (8 5).

Bpawetue v{f, L) obnapseT ceoicteamu 1°—5°n.2. ¢opmynupoaxu 3TUX CBONCTB M Onpe-
AeneHne nHaekca ocoboi TOUKM cOXPaHAIOTCA 6e3 nameHeHn Npu NO60M N = 2. Huke yka-
3bIBAIOTCA ewe HeKoTopble CBOMCTBA BpawleHnA U MHAeKca ANA cay4an nwboro n = 2,

6° y(—f L)=(=1)"y(f, L).

7° Ecnm fix) EC!, fla) =0, f'la) — maTpuua

(af,/ax,),..].:‘l a Mpn Xx=3a w det F'a)#0, 1o
Y{f, a) = sgn det £'(a) .

8° Ecnm o6nactb Q pasbuta nosepxnocmmu Ha obnactn Q,, ..., Q,; v Ha ux rpaHuLax
fix) #0, 7o
Y, Q) =7(f, Q)+ ... +¥(f, Q).
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MNoHATHe BpalleHUA BEKTOPHOrO NONA MCMONb3YETCA B TEOPeMax O HernoABMXKHbIX TOUKAX
HenpépbIBHOro oto6paxenwua h(x), T.e. 0 peweHnAax ypasHeHnA h(x) = x. Takue TOuKM
ABNAIOTCA 0CO6GLIMM TOUKaMK BeKTOPHOro nopia fix) = hix) — x.

Teopewma 1. lycrs orobpawerue h(x) HenpepsieHO 8 02paHUYeHHOU 3aMKHYTOU
obnacru DC R" u v(f,3D) #0, flx) =h(x) —x-

To20a cywecreyer rakaa royka x € D, yro h(x) = x.

Joka3daTtenbcTBo. Ecnu bl Takon Touku He Hawnock, To f(x) ¥ 08 Dw B cuny
ceoiictea 3° spaiserve Y(f, 3D) 66110 Gbl PaBHO HYMIO.

T eopewma 2 (teopema Bpayapa). [Tycrs 3amkHyTaa obnacts D CR"™ 20meomopgra wiapy.

Toz0a npu HenpepbieHom oTobpawernuu h(x) obnactu D e ceba umeerca no meHbweld Mepe
00H3 HeNnooBUNHAA TOYKa Xq, T.e. TakaAa, yto hixy) = xq.

Joka3szaTvtenbcTso. CHauana nokaxkem Tteopemy anA wapa K ¢ ueHtpom x = 0.
AnA noboir Toukn x € S = K nmeem h(x) € K, noatomy BexkTop A (x) — X He MOXeT BbITb
HanpasneH B TY e CTOPOHY, 4TO BeKTOp X. 3HauuT, ANA nwboi Toukm X €S BekTo-
«pot A(x) —x N —x He ABNAIOTCA NPOTMBOMNONOXKHO HaNPaBNEHHbIMMU.

Ecm h(x) —x =0 anA Hekotoporo x € S, To X — HenoaBwkHaA Touka. Ecnn xe
h(x) —x#0 Ha S, To 8 cuny ceomcts 2° n 4°

vlh(x) —x, S) = y(—x, S} = (=1)* #0.

Mo Teopeme 1 cywecTayer Takan Touka Xo € K, uto h(xg) = xq.

Tenepb nycTb 3aMkHyTaA o6nacTs D romeomopdHa wapy K, T.e. cywecTayeT roMeoMop-
duam y=g(x), x=g"'(y), XxED, yEK, gng' nenpepbisHbi. Toukam x n h{x) o6nactn
D cooTsetcTyloT Toukm g(x) =y wn glh(x)) =glhlg~'y))) =z(y) wapa K, ovo6paxxeHune
Zz(y) wenpepsiBHO. o aoKa3aHHOMY, cywecTBYeT Touka ¥y, € K, ana Kotopoin 2(yo) = yo,
T.e.9(h(g™" (vo))) = yo. Otcrona h(g™" (yo)) =97 (yo) , T.e. hlxo) = X0, rae xo =g (o).

MycTts F(x) — mMHOrosHauHaA BeKTOp-PyHKUMA, YAOBNETBOPAIOLLAA OCHOBHLIM YCAOBUAM
8 orpaHnyenHoii o6nactn D C R" ¢ rpanvuen L.

Mycte O ¢ F(x) ana xaxporo x € L. BpaweHue Y(F, L) MHOroaHauyHoro BeKTOpHOro no-
nA F(x) na L onpepenAeTcA TOWHO Tak jXe, KaK B ciyyae 1 = 2 (cMm. n. 2), uepes BpaweHne
BCMOMOraTenbHOro 0AHO3HaYHOr0 BeKTOPHOro nonA f(x) . N3noxeHHble B N. 2 0Ka3aTenbCT-
B0 He3asucumocTu ¥(f, L) ot ssi6opa nona f(x) npu pocTatouHO manbix 8 u cBOWCTBa Bpa-
weHmA y(F, L) coxpaHATCcA B cny4ae nwboro n = 2. NMoapo6Hoe n3noxeHne Teopun Bpaule-
HWUA MHOrO3HauHbIX BEKTOPHLIX Monel cMm. B [166] .

4. Acnonb3ogaHme NOHATMA BPAULEHMA BEKTOPHOrO NOAA aeT BO3MOXHOCTb YCTaHOBUTH
PAA TeOpeM O CYLLECTBOBaHMW OrpaHM4eHHbIX W Nepuoauveckux peweHuni avddepeHumnans-
Hbix ypasHenun ([167], §§ 6 — 8). Huxe nanarawotca HekoTopble U3 NonyueHHbIx 8 [168],
[169] 0606weHuit 3TX Teopem Ha andbepeHuManbHble BKAIOYEHWA.

Teopema 3 [168]. [Tlycrs W — oz2paHuyerHan 3amxHyTaA ésinyknaA obnacts e R™,
plx) € C', p(x) <06 obnactu W, p(x) = 0Ha ee 2panuye dW. fTycTs MHO203HaYHaA dyHK-
yua F(t, x) yooenereopAaer ocHoeHsiM ycnosuamn. 2 8§ 7 u

F(t+I,x)=F(,x) (xeW), (4)
grad p(x) #0 (grad pix)) -y <0 (5)

onAa ecex x € oW, y € F(t, x).
To20a exmmoveHue
XEF(t, x) (6)

umeer @ obnactu W pewerue c nepuodom 1.

NAokasavtenbcTvBo. Nycrs Touka x = 0 nexxut BHyTpn W (B NpoTMBHOM cnyuae
nepeHeceM Hayano KOOpAWHAT BHyTpb ob6nactm W). B cuny (5) w seinyknocTu o6nactu
nMeem

(grad plx)) "x =g, >0 (xEW). (7)
Ana no6eix € n § > 0 nocTpoum TaKylo pyHKumio
fit, X)Eco Flt? x> Nnw)  (0<t<l xEW),

KaK B neMme 2 npu p = (t, x). PaccyxaeHnem 0T NPOTUBHOIO C Y4€TOM KOMNAKTHOCTM OV,
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B-HenpepsiBHOCTH F(t, X) v HepasencTBa (5) ROKa3bIBaeTCA, YTO
sup (grad p(x)) - ft, x) <n(b6,e) >0 (6 >0, e—~>0).
0<1<l xEIW
Bosbmem nocneposatensHoctM §; >0, €; = 0. O603Haumum 1(5;, €;) vepes n;, a hyHKumio
fit, x) ana 8 =5;, € =¢; — uepes f;(t,x). Mycts f;(t,x) —2n,95"'x = £ (t,x). B cm-
ny (5) n (7)

‘(grad p(x)) - £(t, x) < -0, <0 (0<t<I x€E€W).

3HauuT, pelweHnA ypaBHeHniA X; = f,.'(t, X) He BbIXORAT u3 o6nactm W (p(x) <0) npw s03-
pactanmm t. Tak Kak fi' yaosneTBopAeT ycnosmio Jlunwuua, To pewenve x; = Y;(t; a)
€AMHCTBEHHO, OHO HEeNpepsIBHO 3aBUCMT OT HavanbHoro ycnosua x;(0) = a.

Toraa y = Y;(I; x), x € W, ecTb HenpepbiBHOe 0TOGpaxkeHue 3aMKHyToiH obnacTu W 8
ce6n. o Teopeme 2 cywiecTayer Takan Touka a3, EW, uto Y,(l; a;) = a;.

MocnenosaTtensHocTe pewennin x;(t) = Y,(t; a;) (0<t<!),i=1,2,..., koMnaKTHa,
TaK KaK .
|Fit,x)|<m (xEW), [%; |<m+2n;g5" (W],

M 13 Hee MOXHO BbIGpaTh paBHOMEpPHO CXOAAWYIOCA MOAMOCNEAOBATENbHOCTb. TaK Kak
rpagmuk f; nexwut B e,-'-oxpecmocm rpacmka cpymkummn F, rae

€ =€ +2n,95' iW|~>0 (i~>),

10 no nemme 1 § 7 npeaen noanocnenoBaTenbHOCTU ecTh peweHue x(t) sBknioueHna (6),
nexawee 8 o6nactn W. Tax xax Y, (l; a;) =a;,1.e. x;(I) =x;(0),70 x(I) =x(0). Nponon-
wum pyHkumio x(t) Tak, utobbi x(t + I) = x(t). OHa 6GyaeT NeprMOAMYECKUM peLLeHNeM
BCneacTBMe NepuoanyHocTn yHKumm F(t, x) .

Teopemy 3 moxHO pacnpocTpaHuts [168] u Ha cnyvait, koraa o6nacTe W 3apaeTcA KoHeu-
HbIM YUCNOM HepaBeHcTB o, (x) <0, /i =1,...,r,Kaks [167] (cTp. 44).

Ana nmo6oro xo € D nycte x{t) = Y(t; xo) — eanncrseHHoe pewenne (0 <t </)
ypasHeHnAa X = f(t, x) ¢ HauanbHbim ycnoBuem x(0) = xo; dyHkumA f HenpepsbisHa. Toraa,
xax uzsectHo [32], dyrkuma Ylt; xo) HenpepbisHa (0<t </, xo €D).

Nemma 6 ([167], ctp. 101). lycrs D — 3amxHyran ozpaHuvenHan obnacts 6 R",
flo,x)#0 (x€0D=1),

Uit; x) #x  (0<t<l, x€L). (8)
Toz20a '
yix — YU, x), L) =y(—£0,x),L). (9)

NoxkaszaTtenscTBoO. DyHKumA
1 11
ylt, x) = — [ f(At, Y(At, x)dh = —— [ fr, Y(r, x))dT
0 to

HenpeppiBHa no t, x (0 <t <I, x € D) n pagna —f(0, x) npnt = 0, (x — Y(t, x))/t npu
0<t<!.Bcuny (8) yit, x) # 0 npu x € L, ue cuny csoicTea 1° n. 2 cnpageannso (9) .
Teopema 4 [169]. [Tycrs MHoz03Haynan gyrkyua F(t, x) yooeneresopAer OCHO8HbIM
ycnosuam n. 2 § Tnpuecext ER', x ER"u F(t +1, x) = F(t, x) . Mycts Kawdoe pewerue
exnoveHuA (6) npodonwumo Ao ckone y200H0 6onswux t. Mycrs
eIx) EC', (gradpix)) -y <0  (Ix|>ro, 0<t<)) (10)

ona ecex y € F(t, x). lycrs epawerue eexTopHo2o nona grad ¢(x) Ha Hexoropold cihepe
|x|=r*>ry He pasno Hymo.

Toz0a exnioverue (6) umeer pewerue c nepuodom I .

Noka3saTtensbcTBO, Bconny teopemst 3 § 7 cywsectaytor Takne ry >ro + 1 ur,, uto
BCe PELIEHUA C HaYanbHLIMU YCNOBUAMK To, Xo (0 <to <1, |xo| <ry) nputy <t <! co-
aepxatcA B wape |x| <r; — 1, a peweHnA ¢ HayanbHbLIMK YCROBUAMK Lo, Xo (0 <ty </,
Ixol <ry) —8 wape |x| <r, —1.Us (10) n B-HenpepbiBHOCTH byHKUMM F cneayer, 4TO
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AnA HekoTtoporo >0 npn O0<t </, ro KX <r,, yEF(t,x) nmeem (grad ¢(x)) -y <
<-27<0.

Bo3sbmem nocneaosatenshocm 8; > 0, €; > 0 m anA Kaxporo / = 1,2, ... NocTpoum
Takylo cdyHkumio f;(t, x), KaK B AOKa3aTenbcrBe Teopembl 3, B3RB B KauecTse W wap
Ix1<r,. Torpa npn i=i; nmeem

(gradw(x))'fi(t,x)<—ﬂ<0 (0<t<l, ro<|x|<r2). (11)

AnA j > i, sce peweHnA ypasHewmA x = f;{t. x) c HavanbHeIMK ycnosuAmn 0 <t, </,
Ixol <ro npnty <t <! copepwarcA 8 wape |x| < ry, a c HauanbHbIMM ycriosuAMM 0 <
<to </, Ixo| <r; —8 wape | x| <r, (B cuny cneacrsna 2 teopemsbl 1 § B).

Mokaxem, yTo ANA Bcex pewenuin ypasHenuA x = F;(t, x) (i > max{i,; 7.}) c navane-
HbiMn yenosuAamu | x(0) | =r, nmeem

x(t)#x(0), 0<t<l ' (12)

A1n pewennn coaepxatcA B wape | x| < r,. Ecnm Ix(t)| =2 ro, 0<t <ty <!, 10 NpHn
atux t B cuny (11) p(x(t)) y6eisaer, 3Haumt, x(t) # x(0). Ecnn to <1, |x(to) | < ro,
To no pokasanHomy | x(t) | <r,, to <t <, 3anawmT, x(t) # x(0).

Tak kak grad g{x} # 0 npu | x| = ro, 8 cuny (10), 10 -Bpawenne grad ¢(x) Ha cepax
Ix| =r* wL(lx| =r,) opunakoso (B cuny ceoiictea 3° n. 2) u He paBHO Hynio. B cuny
(11) f,(x) ¥ 0 n BexTopbl —f;(x} n grad ¢ (x) He NPOTMBONONOXKHO Hanpasnexbs Npm
XE L, 3naumr,

(= f;, L) =vlgrad ¢, L) # 0. (13)

- NMyete x =y, (t; xo) — pewenne ypasHeHnn x =f;({t, x) ¢ HauanbHLIM ycROBueMm
¥;(0; x0) =xo €EL. VU3 (12), nemmbt 6 n (13) cneayer

yix — YAl x), L) =y(— £, L) #0.

Cornacho 3° n. 28 0bnactn | x | <r, ecTs TOuKa Xo;, B KOTOPO#H Y, I; X0i) = Xo;.

M3 nocneposaTensHOCTH pewennin Y; (t; Xo;) BbiBepem paBHOMEPHO CXORALLYIOCA NpW
0 <t <! noanocneposatensHocTb. Mo nemme 1 § 7 ee npepen x(t) — pelseHne BKAIOYEHUR
(6); npu atom x(I) = x(0). Npogonxus dynkumo x(t) c neppoaom I, nonyuum ncKomoe
NepuoAnYECcKOe peLeHue.

Teopema 5 [169]. lycrs esinonners: 8ce ycnogun Teopems: 3, kpome ycnosua (4) .

To20a exnioveHue (6) umeer xoTA 6s1 OOHO 02panuYeHHOe peweHue

xit)eW  (—eo<t <o), (14)

JokaszatenbcTBo. BsrBnwoboe K =1,2, ... nnposeas T'emepaccyxmenun, uTO
B8 fOKa3aTensCcTBe TeopeMbl 3, HO Ha O0Tpe3Ke —k <t <k BmecTo oTpeska 0 <t </, nonyuum
pewenne x,{t) €W (—k <t <k) sxmouennn (6). U3 nocnenosatensmoctu { xx(t)} Bbi-
6epeM NOANOCREAOBATENbHOCTb, CXOAAWYIOCA Npu |t ]| < 1, u3 Hee BbiGepem HOBYIO NoA-
nocnefoBaTensHoCTb, cxopAwylocA npu [t| < 2, n 1.4. MpeaensHan dyHKumA x(t) ypos-
nersoprer (14) w8 cuny cneacteuA 1 nemmbl 1 § 7 ABNAETCA pelweHnem BKnoyernAa (6) .

Teopembl 0 AMCCMNATUBHLIX cMCTeMax anddepeHUManbHbix YpaBHeHni, Hanpumep Teope-
ma 2.5 n3 [170], Taxxe pacnpocTpaHAIoTCA Ha audiPepeHiManbHblie BKIIOUEHUA,

DnbdepeHumansHoe sknioverme (6), rae dyHkuma F(t, x) onpepeneda nput >t,, x €
€ R™, 06nanaeT CBOICTBOM AUCCUNATMBHOCTH, €CAN Kaxa0e pelierne NPOACAKNMO A0 CKONb
yroano 6onbwmx t u cywecTtsyeT Takou wap | x| < b, uTo kaxaoe peweHve Npu BO3pacTa-
HAW ¢ BXOAMT B 3TOT AP N OCTaeTCA TaMm.

Teopema 6./lycrs mHo203HauHaA yHrkyuAa F (t, x) ydoenereopAeT OcHO8HbLIM ycho-
suamn. 2 § 7 u ycnosuro (8) . Mycrs npu | x | >a cywecreyer gynkyua o(t,x) € C' co
cnedyuumy ceolicTeamu ;

plt +1L, x)=plt, x);  olt,x) Zgolx) >0 (| x]|—>00),
u ona xawdozo y € F(t, x)

9
% + (grad o(t, x)) - y <O. (15)
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Toz0a exniwoveriue (6) obnadaer ceolicT@OM QUCCUNATUBHOCTU.

AoxkasaTtenbcTs 0. NMycts x(t) — pewetne sxnouelmna (6), x(ty) =xo. MHOXECTBO
D, 0<t<I,m<olt, x)<m,, |x|>a), rae m= max olt, §); m>m, m; >

lEl=a, 0K <!

> plto, xo), 3aMKHYTO u orpavndero. Ha 3Tom MHOXecTBe rpadmk dyHkumm F(t, x) —
koMnakT K (nemmbl 14 n 15 § 5). 3naunt, nesan vacte (18) npu (t. x, y¥) € K pocruraer
MaKCMMYMa B HeKOTOpPOW TOuYKe, U 3TOT Makcnmym pased — 1< 0. Noatomy anAa Kaxaoro
pewexnA BrAOueHnA (6), npoxoanuiero 8 obnactu D), a B cuny NepuoaNYHOCTH (DYHK -
umi F n ¢ — n B obnactn D (Ix|=a, m<ylt,x)<m,), npu noutn ecex t

d dy ,
— olt, x(t)) =— + (grad, o(t, x)) - x(t) < —n <O0.
dt at

CneposatenbHo, ¢(x(t)) y6eisaer, n pewetue x(t) 3a KOHeuHOe BpemA BbiMaeT M3 obnac-
™ D B obnacte, rae ¢l(t,x) <m wan |x |<a, n ocraHercA Tam. JTta 0o6GnacTb He 3asu-
CUT OT peweHnA x(t) 1 coaepxMTCA B HekOTOpom wape | x | <b.

5. Bonpoc 0 cyuiectsoBaHuM nepuoguueckux pewseHuin  auddepeHunanbHbix ypasse-
HUW C Pa3pbiBHLIMU NPaBbiMM 4acTAMU B8 pAAe pabor, Hanpumep 8 [1] (rn.8), [4]
(rn. 18, 19), uccneayercA 06blYHLIMM METOAAMU KaueCcTBeHHOW Teopun amdrpepeHunans-
HbIX YpaBHeHWW. [INA OTLICKAHMA NEPUOAMYECKNUX DelleHWid NPUMEHRIOTCA MeTon TOoueu-
HbIX OTOGpaeHnii, “‘cknemsaHue’’ peweHni u3 OTaensHbix Kyckos [3] (rn.2,§ 4),
[59], [171], [172], ‘a TaKkxe npubanIKeHHbIE METOAbI, B 43CTHOCTU, MeTOAL FapMOHMUYec-
koro Ganamca [172], [173]. WccneayeTcA yCTOMYMBOCTL NEPUOAMMECKWX peLueHni, Ha-
npumep, 8 [96], [159], [172]. PaccmatpuBaloTcA 6GuUypKauum NepUOAMMECKNX peLue-
i [174], [175].

§ 15. YcroirmBocts

3necb M3naraloTCA HeKOTOPble METOAbI WUCCNEeAOBaHWA ycToMumBocTM AnA  auddepeH-
UManbHbIX YpaBHEHUM C Pa3pbiBHLIMM NPaBbiMK YacTAMU U ANA anddepeHUnanbHbIX BKMO-
yeHnii: metop (GyHkuuin JlAnyHoBa, MccneaoBaHMe YCTOWMMBOCTM NO NepBOMy Npubam-
WEHNIO, pasneneHne ABUXKEHWW, METOA TOuYeuHbix OTO6paweHun. MPUBOAATCA npumepbl
NPUMeEHeHUA 3TUX METOAOB. )

1. Qna andrbepeHunanbHbix BKAIOYEHMHA MMEIOTCA ABAa TUNA YCTOWYMBOCTUA: YCTOWYM-
80CTb 1 cnaban ycroiumsoctb [176] .

Pewenne x = p(t) (t, <t <o) gudrpepeHLNanbHOro BKNIOUEHUA

X EF(t, x) (1)

Ha3bIBaeTCA ycTolvuebiM (COOTBETCTBEHHO C/RA00 ycToldvuesim), ecnn ANA Kawaporo € >0
cywecrayeT Takoe 8 > 0, ¥TO ANA KAXAOIO TAKOr0 Xg, 4T0 | Xo —¢lte) | <8, kaxpoe pe-
wesme (COOTBETCTBEHHO HEKOTOPOE peleHne) X (t) c HauanbHbIM ycnosuem X(to) =X, npu
to <t <co cyulecTsyer M yAOBRETBOPAET HePaBeHCTBY

| x(t) —plt) | <e (tg <t <o), (2)

AcCuMNTOTUYECKAR yCTOUYUBOCTb W CNaBaA acuMNTOTUYECKaA ycTOUYUEOCTs ONpefenAloTcA
aHANOrMYHO, HO C AONONHUTENbHLIM ycnosuem X(t) — p(t) = 0 npu t oo,

PaccmoTpum cuctemy c ynpasnexvem u(t): -

x=f(t,x,u), u=ult)EU(, x). (3)

Peweruem nasviBaeTcA napa pyHKUMA: aGCONIOTHO HenpepsiBHaA dyHKUUA x(t) 1 n3mepu-
MaA dyHKumMA u(t), KoTopble MOYTU BCIOAY HA PACCMaTPUBAEMOM UHTEPBane yAOBNETBOPAIOT
oncteme (3).

Y1061 paccMOTpeTe MHOXECTBO BCex peleHud cucTeMbl (3), MOXHO ee 3ameHUTb aAnd-
depetumnansHeiM BKNtoveHnem (1), rae

F(e, x) =f(t, x, Ult, x) ).

Toraa ycToitunsocTs pewexnA x = p(t) Bicmiotenun (1) o3navaer, 470 npu [X(tg) — @lty) | <
< & pewenne x(t) ypasHenua x = f(t, x, u(t)) ynoenersopaer HepasencTy (2) npw ece-
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B803MONHbIX AONYCTUMBIX YNpaBneHuAx u(t), a cnaGan ycTOMYMBOCTL — 4TO NPU HEKOTOPOM
aonyctTMMoM ynpasneduu u(t). Takum o6pa3om, cnaGan acMMNTOTUYECKAA YCTOWYMBOCTb
pewseHMA X = (t) o3HavaeT, YTO cucTema cTabunu3vpyema K 3TOMY peLUeHuio Npu aocTa-
TOYHO ManbiX HaYanbHbIX OTKNOHEHNAX.

Npumepsl. 1) x=—|x|% (- < x <oo, a=const=0).Pewenue x(t) = 0 acumnTo-
Tuveckn yctonumeo. Npu 0 < a < 1 nwoboe apyroe pewseHe AOCTUraeT NONOXKEHUA PaBHO-
BecuA X =0 3a KOHeyHOe BpeMmA, a Npu & = 1 — 3a 6eckoHeyHoe BpemA.

2) x € F(x), F(x) — oTtpe3ok c KoHuamu kxu mx; k <m. Bcnerpa x(t) = 0 — petweHue.
AnAa apyrux peweHnin umeem

X x{t
k<—<m, e’“s—i—)se"” 0<t<0oo),
x x(0)

Mpu k<m <0 pewenne x(t) =0 acuMNTOTUYECKM YCTORUMBO,

npu k <m = 0 — ycToiumeo,

npu &k <0 <m — cnabo acMMNTOTUMECKKN YCTOHUMBO,

npu & =0<m - cnabo ycroinumso,

npu 0 <k <m — HeycTOWYMBO.

Ona dyukumm v (t, x) € C' onpeaenaiotca BEPXHAA U HWXKHAA NPON3BOAHLI2 B cuny aud-
cepeHumansHoro BknoveHmna (1) :

.e av\® . dv

viEl—]) = sup (v, +Vv-y), v.=E\—] = _inf (v,+Vv-y).
dt yEF(t,x) dt yEF(, x)

3pecs Yv = grad,v. Mpu noutu Bcex ¢ NpPOM3BOAHaA x(t) CyleCTBYeT u ya0BNeTBOpAET

BKnaovennio (1). Npu 3atux t cywecTteyer

d L. . . e
vE—vit,x(t)=v,+VVv-x; v, <v<V', (4)

Teopema 1./lycrs @ 3amrryrol obnactu D (to <t < o0, | x| <e€q) PyHryun F(t, x)
yooenereopaer OcHOBHbIM ycnosuam n. 2 §7: 0€ F(t,0); cywecrsywr gyHxyuu
vit, x) EC', vo(x) € C, ona koropsix

v(t,0)=0, vit,x})=v,{x)>0 0<|x|<ep).

Toz0a:
1) Ecnu v* <0 8 D, ro pewenue x (t) = 0 exmovenua (1) ycrodyuso.
2) Ecnu, xpome 1020, cywecreyroT dyrkyuu vy {x) EC, wix) EC (x| <€), npuvem

0<vplx) < v(t, x) < vyix), v <-wix)<0 (0<|x|<e€p), v, (0) =0,

10 pewenue x (t) = 0 acumnroruvecku ycrodyueo.

WU3ecTtHble AOKa3aTenbCcTBa 3TUX yTBEPXKAEHMIW AnNA amddepeHLmManbHbIX YPaBHeHUH OCTa-
I0TCA CNpaBeAnvuBbIMY U ANA AvddepeHUnan bHbIX BKAIOMEHUA; NPWU 3TOM ANAOLUEHKM CBepXY
tyHkumm v (¢, x(t) ) ucnonsaylorca cooTHowenun (4).

Teopema 2 [176]. Ecnu esinonxens: ycnosua 1éopemst 1, HO C 3aMexoli v* Ha Vs, TO
pewenue x (t) = 0 cnabo ycrolvuso 6 cny4ae 1) u cnabo acumnroruvecxu ycrolivueo e
cnyvae 2) .

DokasatenbcTBo. MHoxectBo F (t, x) 3aMKHyTO, noatoMy inf B dopmyne ana v,
AOCTMFaeTCA Ha 3aMKHYTOM noAMHoxectBe F, (t, x) C F (t, x). lna Bcex y € F, (t, x)

v, +Vv-y<0 (van <—wix)<0). (5)

3amkHys rpadmk G; MHorosHauHon dyHkumm F, (t, x), honywum rpadmk G, dyHKumum
F, (t, x), P-uenpepwiHoit no nemme 14 § 5. Tak Kak_thyHkunAa F f-Henpepbisxa, To ee rpa-
vk G 3amkHyT, noatoMy us G, CG cneayer G, =G, CG =G, 1e. F, {t, x) CF(z, x).
Tax xak nesas vacTh (5) HenpepbiBHa no t, X, y, To anAa scex (t, x,y) € G, = G,, T.e. AAA
Bcex y € F, (t, x), Take cnpaseanmso (5) .

Npu dmkcnposaHHbiX t, X nNUHEHOE NO y HepaseHcTBO (5) BbINOAHAETCA ANA TeX U Tonb-
KO Tex y, KOTopbleé NPUHaAnNexaT HeKOTOPoOMYy 3aMKHYTOMY nonynpocTpaHctey P(t, x).
3SnauwmT, F, (t, x) CP(t, x). Avoraa Fo (t, x) = co Fa(t, x) CP(t, x), 1.e. (5) cnpaseanvso
anAa Bcex y € Fy (t, x) . No nemme 16 § 5 pynkumna F, (t, x)  f-HenpepbiBHa. No Teopeme 1
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pewenme x (t) = 0 sknioveHna X € F (t, X) ycTonwmBo (Mnn aCMMNTOTHUYECKHU YCTOMYMBO) .
Tak kax

Folt, x)=co Fo(t,x) C co F(t, x) = F(t, x),

TO Kaxaoe peweHwe BknioyeHnA X € Fo (t, X) ABnAeTCA peweHnem BrnoveHna (1) . Orcio-
Aa cnepyeT yTBepPXAeHNe TeoPeMbl.

B [176] nonyueHbi 6onee o6wme pe3ynbTaThi, 4eM B Teopemax 1 M 2. B 4aCTHOCTH, TaM pac-
CMaTpvMBaeTCA He TONbKO YCTOMWABOCTb TOukM X = 0, HO U YCTONYMBOCTb KOMMN3KTHOrO MHO-
KEeCTBa; RONYCKAOTCA Hernaakue v faxe paspbiBHble dyHKumm v (t, x) ; npu 3Tom BMecTo
npou3soaHowu dv/dt paccMaTpueaeTCR BEPXHAA NpaBan NPOM3BOAHAA W T.M.

B [5] (§ 2.3) pa3nnualOTCA YCTOWYMBOCTb CTaYUOHaPHO20 MHOXECTEa (MHOXXeCTBa, CO-
CTOAWEro M3 BCeX CTayMOHapHbiX TOYeK BKNtoYeHUA (1)) u ToueyHaA yCTOMYMBOCTbL 3TOrO
MHOXKecTBa. ToYKa ¢ Ha3bIBaeTCA CTayuorHapHou, ecnun x (t) = ¢ ecTb peweHune BknoveHue (1).
Ecnu BknioveHne (1) ynoBneTBOpPAET OCHOBHbIM YCNOBUAM N. 2 § 7, TO CTaumMoOHapHOe MHO-
)KeCTBO 3aMKHYTO B cuny cneacteua | nemmbr | § 7.

MuoxectBo M CR" (He 06A3aTensHO CTaMOHapHOE) Ha3biBaeTCA yCTOUYUEHIM, eCnv ANA
nwdoro € > 0 cywecTtsyet Takoe § > 0, uTo Kaxaoe peweHue X (t) ¢ HaYanbHbIM ycnosvem
x (to) n3 8-oxkpectHoc™ MHOXecTBa M npn to <t < ° CyuwlecTByeT U YAOBNETBOPAET Hepa-
seHcTBY 0 (x (t), M) < €.OueBnaHO, ANA YCTOMYMBOCTM 3aMKHYTOro MHoxecTBa M C R He-
06xoanMMO, 4TOBbI N06oe pewenue ¢ HavanbHbIM ycnosuem X (to) € M octasanock 8 M npu
to <t < o, inAa anddepeHumnanbHOro BKnoYeHnA X € F (x) cTauMoHapHOe MHOXECTBO MO-
XeT He obnagatb 3TMM cBoWCTBOM (npumep: x € R', F (x) — otpesok [x — 1, x + 1], us3
MHO)KeCTBa CTaLMOHaPHbIX ToYeK —1 <x <1 yxoauT peweHue X = e’).

CraunoHapHOe MHOXXeCTBO Ha3biBaeTCA ycTolyuesim 6 yenom [5], ecnn oHo ycTonumso u
KaXxaoe peleHne npu t —>°° HeorpaHMYeHHO NpbnukaeTcA K ITOMy MHoXXecTBY. CTaumoHap-
HOe MHOXXECTBO Ha3biBa@TCA TOYEYHO yCTOU4UBLIM 6 yeniom [5], ecnn oHO yCTOMYMBO M KaX-
ROe pelieHne npu t —> % CTPEMUTCA K CTauMOHapHOW Touke. [loCTaToYHbie YCNOBUA YCTOWYMN-
BOCTH, YCTOMYMBOCTM B LENOM M TOYEYHOW YCTOWYMBOCTU B LENOM ANA OrPaHMYeHHOro CTa-
UMOHApHOro MHOXecTBa AuddepeHumansHoro sxnioverna X € F (x) B8 [5] (§ 2.3) chopmy-
nMpoBaHbl C NoMoulbto hyHkuuin JTIAnyHoBa.

B [5] (rn.3) paccmaTpusaloTcA cUCTeMbl BUAA

X = Ax + byplcy - x) + ...+ byl x),

rae x,b;, ¢; € R", hyHKUMN @; KYCOYHO HenpepbIBHbI M B TOYKAX Pa3pbiBa MHOFO3Ha4HbI,
3HayeHneM QPyHKUMM ¢; B TOYKE pa3pbiBa CAY>XUT OTPE30K, COAePXaLUMM npeaenbHbie 3Haue-
HMA  DYHKUMKM NPy NpUbaMKeHMn K 3TOW Touke. [lNA TaKMX CUCTEM NOMYYEHbl YaCTOTHbIE
YCNOBMA YCTOMYMBOCTUA (B TOM MM MHOM CMbICNle) CTaUMOHapHOro MHOXeCTBa.

Nyctb anddepeHunanbhoe sxntodenne (1) nonyuero n3 audepeHunansHOro ypasHeHmA

x =flt, x) (6)

C KYCOYHO HenpepbiBHOW MPaBOM 4acTbio C MOMOLLLIO. agoonpeaeneHnAa a) § 4 u dyHkumna
v(t, x) € C'. Torna npn npoBepKe BbINONHEHNA YCNOBUA TeopeMbl 1 ROCTaTOYHO y6eanTb:
CR, 4TO

dv

— SV tuvf<o mm <-wix)<0), 1x|<ée @
TOonb KO BObGnactAx HenpepbIBHOCTU pyHKUMK F (t, x) . B camom gene, B 3T X obnactax
F(t, x) =f(t, x), aB Toukax paspbiBa ¢yHkuun f MHOXecTBO F (t, X) onpeaenAeTca C no-
MOLWbIO Onepaunin 3aMbiKaHWA rpatmka pyHkumn £ (6e3pa3nnyHo, B NPOCTPaHCTBE X Unw B
npocTpaHcTee ¢, X) n nepexoAa k BbinyKnow o6onouxe. Kak noxasaHo npu nokasatenscrae
TeopeMbi 2, 3TM Onepaunn He YBENMYMBAIOT BEPXHEN rpaHu BbipaxeHnAa v, + Vv . f. [lostomy
13 BbINONHeHWA HepaseHCTBa (7) B o6nacTAx HenpepbIBHOCTM PyHKUMKM f CneayeT BbINOAHe-
HMEe TaKOro ke HepPaBeHCTBa ANA (PyHKUWM V°, onpeaeneHHOW BbiWe, T.e. BLINONHEHUE YCNO-
BWUA Teopembi 1.

PaccmMoTpum Tenepe cnywaW, koraa ¢yHkuua Jlanywosa v (t, x) MoXeT He npuHap-
nexats C'; Ho yaosneTtBopret ycnosuio MNunwmua 8 OKPECTHOCTU KaXA0h TOYKKN pacCMaTpu-
Baemon obnacu. Torpa ana nwGon abconoTHO HenpepbiBHOW dyHKUMKM X (t) , 3HauMT 1 anA
mo60ro pewennA, cnoxHaa dynkuma v (t, x (t)) abconoTHo HenpepbiBHa M NOYTH BCIOAY
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v“MeeT NPoU3BoAHYIo No t. OAHAKO petleHne MOXET B TeHeHNE HEKOTOPOro NPOMEXYTKa Bpe-
MEHN MATW NO AMHUW WAW NOBEPXHOCTU, Ha KOTOPOW grad v He CyllecTByeT, U NPON3BOAHYIO
dv/dt Henb3n Bbipa3nTs Kak B (7) . Mokaxem, 4To B 3TOM Cnyvae

d d
o VX = ——vie b, xlt) + hy) o ly = x(t). (8)
B camom aene, ecnu Npu HEKOTOPOM ¢t Npou3BoAHbIE X (t) =y u dv(t, x(t))/dt cywecTBytoT, TO
d vit +h, x(t+h)) —vit, x(t))
— vlit, x(t)) = lim =
dt h—0 h- _
vit +h, x(t) +hy) —vit, x(t)) o vit+h, x(t + ) —vit + h, x(t) + hy)

= lim im
h—>0 h h—0 h

Mocneaxwit npeaen pasex Hynio, Tak Kak x(t + h) = x(t) + hy + o (h), a byHkunAa v yao-
snersopAet ycnosuio Jlunwmua. MoaroMy v npeanocneaxuii npegen cywecrsyet. OH paseH
npaso yac (8) . Yrsepwaenve agoka3saHo.

Npumep. Nyctb v=|t> — x|, u B Touke t = x = 1 nycTb M3BECTHO, 4To X = 2. Toraa B
370K TOuKe B cuny (8)

. d d

v=—uvit+h, x+2h) = — h? =0.

dh t=x=1, h=0 dh h=0

3aMeTUMm, YTO BLIPaaUTL V Yepe3 Npasbie NPoOM3BoAHbIE GYHKUMM v MO ¢ WU X HEeNb3A, TaK

Kak B Touke t = x = 1 (3navok *. 03HayaeT npasyio NPOM3BOAHYIO)

vi =2, vi=1, V'=0#v] +vi  x=4,

B cuny ckasaHHOro ebille, Hanpumep, ANA Heso3pacTaHuA dyHkuwm v (t, x (t) ) poctaTou-
HO, 4T06bl BbipaxkeHne (8) Gbino HenonoxmrtenbHbiM. Takum o6pasom, B cnyuae (byHKuuu
v(t Xx), yaosneteopAiowei ycnoswio JiMnwuua, BEPXHIOID N HVKHIOID NPOWU3BOAHbIE V' 1
v, oT hyHKumm v B cuny BkmoveHnmA (1) MoxHo onpeaenmTh kak sup v inf npasoi ua-
cm (8) noscemy € F (t, x). Toraa Teopembi 1 U 2 COXpaHAIOTCA, HO AOKA3aTeNLCTBO TEO-
pembi 2 ycnoxunaetca [177].

Bonee obume, yem (8), onpeaeneHnA npoussoaHolN B8 cuny anddepeHuMansHoOro BKNOYe-
HuA (1) ,umelorcas [176] n [177]. i

Ecnuv & C', 10 yxe Henb3n npeHe6perats oTbicKaHuem dv/dt Ha IMHMAX M NOBEPXHOCTAX
paspbisa hyHkuuwm f (t, X) Aaxe B Cnyuae AoonpeaeneHvn a) § 4.

N pumep. NpoussoaHan pyHkumm v =| x|+ |yl s cuny cucremsl X =sgnx, y =—2sgny
npu xy ¥ 0 pasHa

V=X tvy =1-2=-1<0.

JTOro HeAOCTaTOYHO ANA NPUMEHEHUA TEOPEMbI 1, TaK KaK NPOM3IBOAHBIE Vx U V), PaspbiBHbI
H3 OCAX KOOPAMHAT, T.e. TaM e, FAe PaspbiBHbI NPaBbie 4aCTU CHCTEMbI. Ha ocn Ox npv po-
onpeaenexvm a) § 4 umeem x =sgn x, y =0, v= | x|, nostomy

. d .
v=—/|x{t)] = xsgnx =1>0,
dt Sg

n ycnosua teopembl 1 He BbinonHeHbl. TOT Xe pe3ynbTaTt nonyuaetcA no dopmyne (8):

. d ’ d

v=——uvix+ hsgn x,0 =—1|x+hsgnx| =1,

dh h=0 h=0

Tak Kak Ha Ox umeem X = sgn x, y = 0, To peiieHMA NO OCY yAANATCA oT Toukn (0,0) co
ckopocTbio 1 n pewenune x = y = 0 Heyctoinwso (puc. 26) .

Mpuseaem npumep npumeHeHnA pyHKuum JIAnyHoBa ANA NONYy4YeHWA AOCTATOYHbIX YCAO-
BWIA YCTOMWIBOCTU HYNeBOro pPelleHUA PaspbiBHON CUCTEeMbI. YCNOBUA cneaylowen Teopembl

He MHBAPMAHTHbI OTHOCUTENLHO Npeo6pazoBanHwii BAA X; = 7;yi, i=1,...,n. YcnosnAa ycTon-
YMBOCTH, NHBAPMAHTHBLIE OTHOCUTENLHO TakMx NPeo6pa3oBaHuiA, M3BECTHbI [178] anan =3,
ajj = const.



Teopema 3. ([7], ctp. 85).4na acumnroTuveckoU yCTolyUEOCTU HYNEBO20 PEWEHUR
cucremol
. n . )
X; =—2 aylt, x)sgn x;, i=1,...,n, (9)
j=1
doonpedennemod coznacro a) § 4, c HenpepsiansiMu a;; (t, x) docrarouro, 4Tobsl npu x =0 u
gcex t KeaoparuyHana hopma

oor,....Pps . X) = E a; e, x)p,p,
if=1

Obina nonomurensHo onpedenenHol (ycnoeue ajj = aj; He 06r3aTensHo) .
DokaszatenbcTtBo. Nycts ult, X) = min v Ha nosepxHocTn Ky6a | p;| <1,/ =1, .
, n. B cuny nonoxmTensHon onpeaeneHHocTH opmel ¢ umeem ultq, 0) > 0. TaK KaK

Z
N

Puc. 26.

dynkumm a;;(t, x), 3nawt n ult, X}, Henpepbisrbl npu x = 0, To ANA HeKoToporo 8o > 0 B
o6nacm Q (|x, | +...+|x, <8y, to <t <ty +8y) nmeem ult, x) =h>0.
Oycre v= |x,| +...+|x,|. Bo6bnacm Q npm x, ¥ 0,..., x,#0
1

It n
v=Z xisgnx; =— Z a;sgnx; sgnx; < —h<0.
i=1 ij=1

PaccMoTpM Teneps TOUKY X, y KOTOPOW OAHA MNN HECKONbKO KOOPAWHAT PaBHbl HYMIO.
Hanpuwmep, nycts

X1= ... xk =0, X1 F0,... ,x,F0, 1<k<n—1. (10)

CornacHo aoonpeaenewmio a) § 4 B Takol Touke x (f) moxer NPUHUMATL NWLUL 3HAYEHWA U3
HaUMEHbILEro BbINYKNOro 3aMKHYTOro MHOXXECTBA, COAEPXKALEro MpPeAenbHbie 3HaYeHNA
npasow yactm (9), re.anA/ =1, ,n
. k n n
x; = _,'Z:x a;; pj — ,,33“ a;j sgn x; =—l,§l ajj bj.,
(11)
-1<p; <1, j=1,...,k;

;= sgn X;, j=k+1,.

Ecnu pewenne x(t) YAOBRETBOPAET YCNOBUAM (10) Ha MHOXecTBe 3Ha4eHuid t mepbl
Hynb, TO 3HaYEHUA X; W V NPU 3TMX ¢ MOXXHO HE yuiTbiBaTb. ECnn pewenue yaosnetsopaer
ycnosnAm (10) Ha MHoxecTse M 3HaueHni t NONOXKUTENBHOW MEPbI, TO NOYTH BCE 3TU 3Have-
HWA ¢ — HEeN30NUPOBaHHbIE TOYKU MHOXeCTBa M. Npu NouTH BCEX TaKNX HEM3ONUPOBAHHbIX ¢
cyuwecrayeT Xx;,. u u3 (10) u onpeaenenua npoussoaHol cneayer, uto x;=0, i=1, ..., k.
Orvciona n 3 (11) nmeem npm Taknx t i

n

v= I xjsgnx;=-— E Ea,,p,p,

i=k+1 i=k+1 j=1
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Mpn6asnAA K 3TOM CYMME PaBHYIO HYNIO CYMMy
k k n

0= E pixi = — X E a;; p;pj,
i=1j=

nonyyaem KsaapaTMuHyio gopMy v = —p(p;,..., Pt x) S —-h <0 (Tak kak kK <n — 1, To
XOTb OAHO M3 pj eCTb 1 unn —1).
WUrak, B obnactn Q npu noutn BCeX ¢ nmeem

vix(t)) <—ult, x(t)) <-h<o0,

noka x (t) # 0. CnenosavensHo, ecnu vix(ty)) < min {60; hao}, TO BAONL peweHuA v (x (t))
y6biBaeT u peweHne He BbIXOAUT M3 3Ton obnacTv Ao MomeHTa t =ty + 8. B 3TOT MoMeHT
vix(t)) =0, x(t) = 0. PaseHctao x (t) = 0 coxpaHAeTCA n npu Bcex? >ty + 8¢, Tak Kak B
OKPECTHOCTN Kaxaol Touku (t, 0) umeem v < 0. ACMMNTOTUYECKAA YCTOMYMBOCTb AOKa3aHa.

3ameuvanue 1 ([7],crp.86). Ecnu npu Bcex t, x dyHKuUnn 3;; (t, X) orpaHuyeHsl

det |l ajj + aj; "i.l'=l,- ..,n 2 const> O,

To ult, x} = h >0 npu scex t, x n Hynesoe peweHue cuctembl (9) aCUMNTOTUYECKM YCTOI-
ynBo B uenom. (B camom aene, u(t x) 2 A (t, x), roe A (f, X) — MUHUMYM KBaAPATUYHON
dhopmbi @ Ha cepe p3 + . + pf, =1, paBHbIA HaMMeHbLIEMY COBCTBEHHOMY 3HaYeHUI0 MaT-
pyu |l a;; +al')/2":./—1,.,,,,,' Mpun ctbopmynuposannblx Bbillle YCNOBMAX KOPHW XapaKTe-
PUCTUHECKOrO YpPaBHEHUA 3TOM MaTPULlbl OFPaHUYEHbl CHU3Y NONOXMTENbHLIM WACAOM) .
3amevaHune 2. [InA aCMMNTOTUYECKOA YCTOWYMBOCTU HYNEBOFO DELUEHUA CHCTEMbI
k
X; = bit,x)— T aylt,x)sgn x;, i=1,...,k,
ii=1

C HenpepbiBHbIMK b; (t, x) 1 a;; (t, x) aocTaTouHO BbINONHeHWe XOTA Gbl OAHOrO M3 ABYX
yCcnosum:

k
a) |b,| + 2 |a,','|<a,',-, i=1,..., k;

i=1
6) |byl+... + | bl < Ay, N} —HauMeHbLUMIA KOPEHb YDaBHEHWA

8:: + a:;
det “L__a’_l. - )\8" =0'
2 ij=1, .k
rae §;; — cumeon KpoHekepa: 6;, 1, 8;; =0 (j ;4:/)

B camom aene, B 0601x CRyyanx BCNEACTBME HENPEPbLIBHOCTU Pa3HOCTb MEXAY NpPasod W
nesoi YaCTAMW HEPaBeHCTBA B HEKOTOPOIA OKPeCTHOCTH Touku (t, 0) He MeHblle HeKOTOPOro
h >0. Toraa e 3toi okpecTHOCTM B cnyyae a) npu x;{t) #0 (j=1, , k) nmeem x;(t) <
< -h <0, ecnmn x;(t) >0,un x;(t) = h >0, ecnn x;(t) <O. CornacHo noonpeneneuum a) §4
3To e cnpaseAnuBo n npv nio6eix X;(t) {7 # i), ecnu xi(t) cywectayer, x;(t) #0.  3Hawmr,
Te KoopaMHaTthl X;{t), koTopbie He pasHbi 0, y6biBalOT no abconloOTHOW BEAMYMHE CO CKO-
POCTbIO, HEe MeHbLeN /1, u yepe3 KOHE‘IHOE B8PEMA pelleHne CTaHeT PagHbIM HYNIO.

B cnyuae 6) smecto HepaseHcTBa vV < —u < —h < 0 nonyyaem

VS—u+ | byl+... 4 |bp|< =N +byl+ ... +]|b| < -1 <O,

M AOKAa3aTenbCTBO 3aBePLUAETCA TaK Xe, KaK paHbLue.

O apyrux ycnosuax ycToiiwmsocTM AnA cuctembl (9) n 06 Mx cpaBHeHUU CM., Hanpu-
mep, [178].

2. Huxxe M3naraloTCA HEKOTOPbIe MeTOAbl UCCNEAOBAHUA YCTOMWIBOCTU OAHOPOAHbIX And-
epeHuManbHbiX BKNIOYEHNA U ypasHeHnit. Ecnn A — mHoxectBo 8 R”, ¢ — wicno, To cA
0603HavaeT MHOXXeCTBO TOMeK BMAA CX ANA BCex x € A.

MHoro3HauHan ¢yHKUMA F (x) Ha3biBaeTCA 00HOPOOHOU cTeneny &, ecnm F (cx) = c*F (x)
ana scexc >0

AnddepeHunansHoe Bk noNeHUE

x € Fix) (Flcx) = c“F(x); c>0 (12)
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Ha3bIBAETCA 0OHOPOOHbIM. OHO He MEHAETCA NpW 3aMmeHe X = ¢x;, t = ¢!~ %t, ¢ nobuim
¢ > 0. Ecnm x = p (t) — pewenune BknoveHnAa (12), To ana noboro ¢ > 0 dyHKUMA X =
=cy (c®~'t) Tome ABNRAETCA peLeHreM.

Brnioennn (12) u x € Fy (x),rpe Fo (x) = |x|"*F(x) — oaHopoaHaR (yHKUWA Hyne-
BOW cTeneHn, umeloT B obnactn x + 0 oaHu U Te XKe TPaeK TOpUu, HO Pa3Hble CKOPOCTU ABMKe-
HWA No TpaeKTopnAM (Teopema 3 § 9) .

OavopoaHoe audbepeHuvansHoe ypaBHeHne

x = f(x) (flex) = ¢“f(x), ¢> 0) (13)
npu nobom n3 goonpeaenenwit a), 6),8) § 4 Takxe obnanaet yKasaHHbIMu Bbile CBOMCTBaMM.
Bce noBepxHOCTM pa3pbiBa OAHOPOAHOW KYCOWYHO HerpepbiBHOW yHKuum f (x) — KoHu-

YECKMWE C BEepLUMHOW B Ha4yane KoopAUHarT.

Danee B n. 2 npeanonaraeTcA, YTO MHOro3HayHaR YHKUMA F (X) yaoBneTBopRET OCHOB-
HbIM ycnoBuAaM n. 2 § 7uutos (12) n (13) a= 0.

Nemma 1. Ecnu exnoverue x € F (x) umeer aCUMNTOTUYECKU  yCTOUYUG0E PeweHue
x(t) = 0, 710 cywecreyer rakoe 6y >0, 410 6ce peweHus ¢ HaYaNsHLIMU YCOBUAMU
[ x(0) < 6y npu t — o cTPEMATCA K HyJII0 PABHOMEDHO.

DoxkasatenbcTBo. BnpotuBHoM cayyae anA noboro 6 > 0 HakayTca Takue pewe-
HA x; (t), kK =1,2,..., 4t0 .

[xc(0)]1 < 8, Ixelte)l > nid) >0, k=1,2,...; tx >,

Peiwerne x = 0 aCMMNTOTMUYECKU YCTOWYMBO, NOITOMY MOXHO  B3ATb 8 CTOMb ManbIM, YTO
anA scex pewennni ¢ | x(0)| <8 nmeem

Ix(t)| < € (0 <t <), x(t) > 0 (t >o0), (14)

v npu HekoTtopom (>0 ana scex pewennin ¢ | x(0) | <pu umeem | x(t)|<n(d) npu 0 <
<t <o, ToraaanABcex Xy (t)

Ixx(0)| €8, u<|xlt)] <e npm0O<t<ty, k=12,..., (15)

Tak Kak 8 cnyvae | x, (t*))1 < u, t* <ty anA pewennn 2z(t) = x;(t +t*) sBbinoanAnUcy Gbl He-
pasenctea |z(0) | < u, |z(tx —t*) | >nld), uro npotusopeunt BbIGopy . N3 nocnesosa-
TeNbHOCTU OTPEe3KOB pewwenuni (15) MoxHo BbI6paTe NoANOCNEAOBaTENbHOCTb, CXOAALLYIOCA
npn 0 <t < t,, w3 Hee — HOBYIO NOAMOCNEAOBATENLHOCTb, CXOAAWYIOCA Npy 0 <t <t,, w
1.4. MpenensHan GyHKUWA X (t) — peweHue, ANA KOTOPOro

[x(0) <58, usix(t)| < e (0<t<eo),

310 npotusopeunt (14).

" Nemma 2. Crpemnenue ecex pewenut ekmoverun (12) k Hynwo npu t —>°° neobxodu-
MO U B0CTaToYHO OnA 1020, YT06b! PPynkyua x (t) = 0 bsina acumMnrToTuUYeCKU YCTOUYUEHIM
peweruem,

Aokaszatenscrte o. Heo6xo0uMocTs cneayeT w3 onpeaeneHuA acUMNTOTUYECKOW
YCTOWYMBOCTH B CHMY CBOICTBA OAHOPOAHOCTY.

Dokaxem docraroyHocrs. lMycTb BCe peweHnA CTPEMATCA K Hy o nput = 2, Torpa dyHkK-
umA x = 0 — pewenue (oHa ABMNAGTCA NPeaenoM pewennin x; (t) = xo (t +k) , k=1,2,...,
rae xo (t) — kakoe-Hubyas pewenue) .

Mpeanonoxum, uto pewenne x (t) = 0 Heyctonuwmso. Toraa HakAyTcA Takue € > 0w no-
CneaoBaTeNLHOCTb peweHni X;(t) , uto

| X,(O)l = 5,' - 0, IXi(t,')l > €, t,'>0.

MycTb @; — nocneaHAR w3 Tovek oTpeaka [0; t;], 8 koTopow | x;(a;) | =8,ab; — nepsan
nocne a&; To4ka, B Kotopou | xi(b;)| = €. Toraa y;{t) =x;{t +a;) — pewenne, z;{t) =
= 871y, (8} ~*t) — vome pewuenue sknioverma (1),

[z40) =1, lzi{t) | = 8;'e > oo, 1< |2;(t)] < 8;'e (0<t<1t}),

t}=8%""b;-a).
Bce pewenun ¢ |z(0}| =1 cywectayioT npn 0 <t < °°, taKk KaK NO yCAOBUMIO OHW CTPEMATCA
K Hymo npu t —>°°, [lo Teopeme 3 § 7 MHOXeCTBO 3TUX peweHun Ha NOBOM OTpesKe
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0 <t </ xomnaxtHo. Moatomy /- (i >=). U3 nocnesosatenbHoct { z;(t) } BuiBepem
noanocneaoBarenbHOCTb, PaBHOMEPHO cxoaAwyiocA npu 0 <t < 1, u3 Hee — noanocneaosa-
TeNbHOCTb, PaBHOMEPHO cxoAAwylocA npm 0 <t < 2, u 1.a. ﬂpep.enbuan dyHKuuA z (t) —
peweHue, |z(t)| =1 npu 0 <t < . 3710 NPOTUBOPEUUT TOMY, 4TO BCE PELLEHUA CTPEMATCA
K HynIo.

CnenoBatensHO, NPeanoNoOXeHue HEBEPHO, n pewenune x (t) = 0 yctonunso. Tak Kak Bce
PeleHNA CTPEMATCA K HYNI0 Nnpy t —>°°, 1o pewenue X (t) =0 acUMNTOTUYECKN YCTORUMBO.

Teopema 4 [144]. Ecnu Hyneeoe pewenue exmovenus (12} acumnroTuyecku ycrod-
weo u 0 < a < 1, 70 CywecTayroT TaKue NOCTOAHHLIE Co U Cy, YTO ONA Kawd020 PeweHuA
x(t) clx(to | <a umeem

Ix(t) | < coa (to<t<ty +t*), x(1)=0 (o +t* <t <o), t*=c,al"
(16)
Doxkaszatensbcts o. MNo nemme 1 HaigercA Takoe T > 0, uTo AnA BCeX peweHuit ¢
IX(0)| < 6y umeem | x(t)1<8y/2 npm 7 <t < o, ano Teopeme 3 8§ 7 |x(t)| <cyby npu 0 <
<t<rT.
Ecnm x {t) — pewenue ¢ |x(0)|<a, To npu ¢ = 8oa ~! dyHkumua xg (t) =cx (¢~ t) —T0-
we peweHue, | x, {0} <8, noaromy

[xo(t)] < 8p/2 (7 €t <o), [ xo(t) | < cody 0<t<7).
Boaspalmancs oT X, (t) Kk x(t), nonyvaem npu g =865 'a'~®
Ix@) | < co I x(0) (0<t<gq7), [x(e) | <Ix(0)1/2 (g7 <t <oo). 17)

Tak Kak 3ameHa t Ha t + const nepeBoAVT pewenue B pewenue, 1o M3 (17) cneayer, uro.
ecnu | x(t;)| <a;, 10

Ix@ I <Ixt) /2 (t+qr<t<os; g = 857 'a}™). (18)
AnA pewehun x (t) cIx(t0)|<asosbuemai=2‘ia, tisg =ti+qmT, i=0,1,2, .. . Toraa
us (18) cneayer q; = (27'65'a)! ¢,

Ix@) 1< 2 {1 xito) | t;<t<eo, 21). (19)

Tak kak a< 1, 10

ti—ty =(go+ g, +... +gi_)r<c,a'"®

Mpu t=> t, + c,a' ™% HepaseHctBo (19) BbinonHeHo AnA Bcex / , T.e. x (t) = 0 npn 3Tux t.
3 ame yaH une. BceckasaHHoe B AOKa3aTensCTBe BNNOTh A0 oueHku (19) cnpaseanuBo
npu Bcex a=> 0. B cnyvae = Tumeem q; = 1,¢t; =ty +i7,nu3 (19) cneayer

[ x() 1< c e %) [ x(tg) | (to<t<oo; 7>0). (20)

Noao6Han oueHka umeercr e [179), [180].
B cnyuae a> 1 un3 (19) moxHo nonyunts [144] oueHky

1

[x(t) ] < min{co | x(to) ; €1t —10)P} (to <t <os; =—-——1),

a —_

PaccmMoTpum BONPOC O COXPaHEeHMM aCMMNTOTUYECKOW YCTOMYMBOCTUM HYNEBOFO PeweHuA
0AHOPOAHOTO AuddEPeHUNanbHOro BKAIOYEHUA NPU ManbiX BO3MYLLEHWAX, He Hapywaio-
WKX ero OAHOPOAHOCTH. l'lpu 3TOM [ONYCKalOTCA Maflble U3MEHEHUA W apryMeHTa, u byHK-
umm, kak B8 N. 1 § 7. Yepes x° u M€ 0603Ha4alOTCA €-OKPECTHOCTM TOUKU X U MHOXecTBa M.
AnA oaHopoaHow hyHKuuK F (x) crenexv a v wcen p >0,qg >0 nyctb

Fpyx) = [co FxPlly) 4ixI® : (21)

DyHkumuA F,, — oaHopoaHan YHKUMRA To# e crenenm a. Ecau F yaosneTBopRreT OCHOB-

HLIM YCNIOBUAM, T Fpq — TOXE.
Teopema b. Ecnunynesoe pewernue axmovenuna (12) acumnroruvecku ycroudyueo u

a = 0, 70 npu 00CTaTOYHO ManbIX p U q HYNEBOe peweHue 8 KIIIOYEeHUA
XE Fpylx) (22)

TOMEe acuMNTOTUYECKU ycToUwueo. [lpu 3TOM nOCTroAHHble Cy, Cy, C2, Y 8 oyeHkax (16) u
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(20) Ona pewenud exmovenusn (22) MOMHO 63ATb CKOMb y200HO MAN0 OTAUYAIOWUMUCA
OT 3HaveHUl 3TUX NOCTOAMHLIX OnA exmwverua (12), ecnu p u q 0ocTaToyHO Mans: U
o0<a<l.

DokasatenbcTteo. Nycte 0 <e <1/2, noctoaHHsle ¢y, €1 Te xe, uto B (16) AnA
sxknovenna (12), 0 <a < 1. B cuny cneacteun 2 teopeMs! 1 § 8 Hairaerca Takoe § >0, uto
npn 0<t <c, Bce pewenuna BknoueHnA X< F*(x) c¢ | x(0) | <1 ornuvaoTcAa MeHb-
we, Yem Ha € , OT pewennit BodeHnA (12) ¢ TeMu e HauyanbHbLIMM YCNOBMAMU, ECAIN TOMb-
ko d (F* F) < 6 (€). Toraa onn copep>arca .B wape | x| <co +€ npn 0 <t <c,. Npu po-
CTaTO4YHO ManbiX p ¥ q HepaBeHCTBO dp (Fp,,, F) <&(€} BeinonHeno ana obnactn D(Ix| <
< ¢y +2¢). Torpa anA pewenuit srmovenna (22) c | x(0)| < 1 umeem

Ix(t) | <cy +e 0<t<c,), Ixlc,)I<e. (23)

Tak kak BkatovyeHne (22) 0AHOPOAHO, TO C NOMOLLLIO NPUEMOB, UCNONb3OBAHKHbLIX NPY Bbl-
Boae HepasexcTB (18) u (19), nonyvaemmus (23) anAi =1,2,...

Ix(t) I<cie (d;_y <t <dj),
' i (24)
|X(d,-)|<e'”, di=d;_, +C;€’“_°),

3aecb c§=co t€,dy =c,. Tak kak d; ~d*=c, + 0 (¢), vo x(d*) = 0. BcneactBue oaHopoA-
HOCTU BKAOYeHUA (22) oTcloaa cnepyeT yTBepKaeHWe TeopeMsl.

Ecnu a> 1, To ¢ nomowsto nemMmbl 1 nonyuum ana pewenuit sknovermna (12) c | x(0) | <
<1 ouenky | x{c,) | <e/2 npu HexoTopom ¢, > 0. Kak B cny4ae a < 1, BbIBOAMM ANA pe-
wenun BxnovenmAa (22) vepaseHcTBa (23) n (24). U3 (24) c d* = °° cneayeT acuMnTOTUYEC-
KafA YCTOAYMBOCTb HYNEBOro PEWEeHuA,

Mycts @ = 1 u AnA pewenuit BkMmoueHna (12) umeerca ouenka (20). Ana nwboroe >0
u BE (0, y) Boasmem Takoe s > 0, uto ¢; + € <el? FS Kak u B Havane nokasatenscTsa,
NOKa3bIBAaETCA, YTO NPV AOCTaTOYHO Manbix P U G BCE PelleHWA BKAYeHnA (22) ¢ HavanbHbI-
My ycnosuamu [x{(0)| <1 npu 0 <t < S OTAMYAIOTCA OT HEKOTOPbIX PelweHut BKIOYeHNA
(12) c | x{0)| <1 menble, yem Ha €¢ 7', u nostomy c yusetom (20) yaoBnetBopAIoT Hepa-
BeHcTBY | X(t)| < (c;, +€)e™ 7" (0 <t <s). Bepa 3a HauanbHble ycnoBuA x (), x(2s), ...u
NPUMEHARA NONYYEHHYIO OUEHKY, HAX0AUM

[ x(t) | < (c; + e)fe”” Wi-Ns<t<is; i=1,2,...).

B cuny eeibopa s npasan yacTe He Bonbwe (c; +€) e P, Teopema A0Ka3aHa.

B cnyvae a = 1 3ta Teopema aokasava B [180].

Paa pesyneTaToB 06 yCTOMYMBOCTU OAHOPOAHBIX AuddepeHUUanbHbIX BKTHOYEHUA C BO3-
MylueHuAmMM U 6e3 HuX nonyyed B [181] Ha ocHOBE NPUHUMNG OTCYTCTBUA OF PaHUUYEHHbIX
peLueHuiA.

Cneayiouwan Teopema AaeT yCnosue yCTOWYMBOCTM oaHopoaHoro (a =0) anddeperumans-
HOFO BKIIOMEHWA C KYCOYHO NMOCTOAHHOW NPaBoit vacTeio. Ee MoXHO npumeHATL U Kk aude-
PeHUManNbHLIM YPaBHEHMAM C KYCOYHO MOCTOAHHOW NPaBOi 4acTblo Npu AoonpeaeneHuu a)
wiu ) § 4.

MNycTs KYCKU KOHUYECKUX rUNeprnoBepxHOCTen S’" (m — pasMepHOCTb, P — HOMEP KYC-
ka) aenAt npoctpaHctBo R’ Ha Konnueckue obnactu S ¢ BepwuHor x = 0. MpaHuua Kaxao-
ro Kycka S’" COCTOUT U3 KYCKOB FUNeproBepxXHOCTER MeHbI.IJMX pa3MepHOCTerR 1 He Npuunc-
NAETCA K S';’,

Teopema 6. flycrs mHo203HayHan dyHkyuAa F (x) yOoenereopAaer 0CHOBHLIM yCho-
euAm u 68 kamdou u3 obnacrel S;; U Ha Kawoom Kycke S,’," He 3aeucur or x, 1.e. F (x) =
=F) npu xES, m=1, ,n; p=1,....0n. [llycrs pewenun exmovenua x € F (x)
He mMoz2yT 6ecxoue-moe wuCcno pas nNepexoouTs U3 00HO20 S”' e Opyzoe (1<m<n). Ana
7020, yT06b1 hyHKYyuA X (t) = 0 6b1na acumnToTUYECKU ycrouvueb/M peweHuem, HEOb6Xx00u-
MO U 00CcTaroyHo, yTober OnA Kax0020 S,'" (1<m<n)wu odun sexrop u3 F He nexarn
e Sy" unu Ha ezo 2paHuye oSy

[l,o KaszaTenscrso Heobxodumocrs. Ecnuv #0,vEF" MVES,C" unu vES, C

C Sy, 7o x =vt — pewenne (8 cnyuae VES C oS umeem vEF] C Fq BCreacTBue
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f-wenpepbiBHOCTU yHkumm F) . Ecnu v=0 € £", 1o anA nwoboro x, € € Sy dyHkumA x (t) =
= xo — pewenue. B 3tux cnyyaAax Touka x 0 He RBNAETCA acummormecxu YCTONWBOM.

Hocrarourocts. Mycte pewenne x (t) He BXoAuT B Touky X = O npu koHeuHoM t. Torpa
npu t, <t < ° OHO OCTaeTCA 8 HEKOTOPOM S’ 1

x(t)—xlt;) 1 Lo
= [ xtn)dr=ylt), |y@t)|i<ec (25)
t— tl t-— tl U

Tak kak X(1) € F,”, MHomecTBo F)' 3aMKHYTO M BbINYKNO, TO Mo nemme 12 §5 ()€ F
nput, <t <o CAPVrou cTopoHsl, X (t) € 5., S;' — KoHu4ecKoe MHOMECTBo ¢ Bepum-
Hoit 0, cneaosatensHo,

x(t) x(t) [ x(t) |

—— e, plyl). S < plyte), =

t—t, t—t; t—1t,

npu t - . lMo3atomy nw6an u3 npeaenbHbIX TO'leK ana y(t) npu t —> % NPUHAANEXUT W
F;," S'" 370 NpPOTUBOPEYUT YCNOBUIO. 3HAUUT, NPEANONOKEHNE HEBEPHO, U KaXAoe pe-
wewue onnwr B TOuYKyY X = 0 Npn KOHEYHOM t.

BoiiTu us Toukm x = 0 pewenue He MoxeT, Tak Kak Toraa x(t,) =0, x(t) € S’ (t, <
<t<t;) usouny (25) y(t) € S, ylt) € F)'. 3To HEBO3MOXKHO, TaK Kak FRnsy =¢.

MoatoMy kakpoe peweHue BxoauT B TOuKY x = 0 u octaetca Tam. Mo nemme 2 x(t) = 0 —
aCMMNTOTUMECK M YCTOMYUBOE PELLIEHUE.

3 amevuaHue EcnupeweHun MoryT nepexoautb 6@CKOHEYHO MHOrO pas M3 OAHOrO
MHOXECTBa S;,” B APYyroe, TO YTBEPXAE€HWE O AOCTAaTOYHOCTM HesepHo. MMpumep: cuctema
(23) u3 § 10.

B cnyuae, koraa peweHMA CcOBEPWAOT GECKOHEYHO MHOro NEPEXOA0B, YCTOWYUBOCTH
Hafo MCCNeaoBaTb APYrUMU METOAAMM, HanpuMep, ¢ NOMoLLbLI0 yHKUMIA JIAnyHOBa, 4acToT-
Horo metoaa ([5], rn. 3) wnu metoaa ToyeuHbix oTobpaxenun ([3], ra. 2, § 2). Usnoxum
KPaTKO NOCAEAHUI METOA B NPeANONOXEeHUM NPABON €AUHCTBEHHOCTM peweHunit. OH MOXeT
NPUMEHATLCA He TONbKO K OAHOPOAHBLIM, HO U K APYr UM YPaBHEHUAM.

MycTe B okpecTHOCTM Touku x = 0 peweHus nepecekawT Kakyr-nu6o NOBepxXHOCTL P
6eCKOHeYHO MHOro pa3 B OAHOM HaNpaBfeHuM ¥ TaKue NepeceYeHUn NPOUCXOART B KaXKAOM
TOYKW NOBEPXHOCTU. TpaeKTopuA, BbIXOAALWLAEA U3 NOBoN Touku x € P, nepecekaeT nNosepx-
HOCTb P cneayrowmii pas B Touke 7 'x. Tak Kak w3 nNpaBoil eAMHCTBEHHOCTU CREAyeT NPaBo-
CTOPOHHAR HENpepbiBHaA 33aBUCUMOCTb PEWEHUA OT HauafbHbIX YCNOBMIA, TO ToukKa T x
HENPEPLIBHO 33BUCUT OT TOMKU X, T.e. T 'x — HenpepbLiBHOE OTOBpPaXeHWe NOBEPXHOCTM
P B cebn.

Ecnu oToBpaxkexne 7' umeer HenoaswkHylo Touky a € P, T.e. T!a=a, 7o unn a — cra-
UMOHapHaA TouKa, T.e. NOoNoXeHne paBHoBecwA (ecnu x(t) = a — pewenue), nu pewenHue,
NPoXoAAWEE Yepe3 TONKY 3, — Nepuoan4ecKoe.

Ecnu ynaetcR aokasaTtb, 4To anA niobok Touku x € P, poctatoyHo 6nuskon K Touke O,
nocneaoBsaTeNlbHOCTL

X, T'x, T’x=TUT'x), Tx=T"Tx),
cxoantcA K 0, To nocne 3Toro o6bIYHO Nerko A0Ka3bIBaeTCA aCUMNTOTMHECKAA yCTOWYU-
BOCTb HYNeBOro PewWweHun.

Ecnu aaHHoe AuddepeHunanbHoe YpaBHEHWE AN BKAKOYEHME OAHOPOAHO, TO B KavecTee P
6epyT NoAyNNOCKOCTb UAKM MNNOCKOCTb, NPOXOAAWYIO Yepe3 Hayano KOOpAWHAT WU KOHKU-
YeCKY0 noBepxHocTb ¢ BepwuHon x = 0. Toraa nepBoHavanbHaA nN-mMepHan 3agava CBOAUTCA
K uccneaoBaHuo otobpaxenun T! (n — 1)-mMepHoii nosepxHocTu P, a 3aTeM, B cuny 0aio-
POAHOCTH, K WUCCAEAOBaHWIO OTOGpaXeHUA HekoTopolh (n — 2)-mepHoW noBepxHOCTH (Npwu
n =3 — AuHuum) .

MpumMepb! NPUMEHEHMA METOAA TOYEYHbIX OTOGpPaXKeHUit K Pa3pbiBHLIM CUCTEMAM UMEIOT-
cA, vanpumep, 8 [1] (rn.8).

N pumep. NccneaoBaTb, YCTOWYMBO NN HYNEBOE PELLEHUE CUCTEMbI

)'(=25gnx—ﬁsgny — 2sgnz,
y=6sgn x — 4sgnz, (26)
z=12sgnx+sgny — 9sgnz.
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Bo Bcex KOOpAUHATHBIX OKTaHTax

sgN X = —sgny, sgny =sgnZ = sgn X.
MoatoMy TpaekTopuu coBepwatoT 060poTbl BOKpyr ocu Ox; M MHOro pas nonagawdT Ha
naockocTb x =0, nepecexan ee npu y > 0 B 04HOM HanpaBneHuu, a npu y < 0 — B gpyrom.
MocTpoum oto6paxenue 7' nonynnockoctu x = 0, y > 0 B ce6a, ONPEAENAEMOE ABUKEHUEM
NoO TPAaEKTOPUAM CUCTEMbI.

PeweHue ¢ HavanbHbIMK ycnosuamm xo = 0 Vo > 0 2o < 0 npoxoauT cHavana B o6nactu
x<0,y>0,z<0.B aroi o6bnacty x = —6 y = =2, Z = —2 u peweHne uMeeT Bua

x=—~6t, y=yo—2t, z=2zy—2t.
OHO nepecekaeT NNOCKOCTL ¥ = 0 B MOMEHT t* = y, /2 B TOuKe
x*==3yp<0, y*=0, z"=29—y,<0.

Danee, oHo npoxoaur B obnactn x < 0,y < 0,z < 0, rae x =6, y = =2,7 = —4, n umeeT
Bua

x==3yo +6(t—1t*), y==2(t—t*), z=2zy —yo — 4t —t*).
OHo nepeceKaeT NNOCKOCTs> X =0 B MOMEHT &, =t* + (/2 B TOuKeE

x1=20, y, =-y<0, z,=2¢9—3y,<0.

AnanoruyHo paccmatpusawtca cnyvaum 0 < zo < 2y, (B 3TOM u cneayiouwemM cnyvasx
HaQo YuYecTb, YTO TPaeKTOPUA nepecexaeT nnockocTb Z =0), 2y, < 2o < 13yo ¥ 2o = 13y,.

Mony4aem, 4T0 TpaeKTOpUA U3 Touku xo = 0, yo > 0, Z, Bo3BpawWaeTcA Ha NnockocTb x =0
nepBbI pa3 B TOYKE Xy, ¥, Z;, rae x, =0,

Y1 =—Yo. 21 =20 — 3o (zo <0),
Zy 7
Vi=—V¥o + ——, 2z1=-—=120—-3y0 (0<zy<2y)
3 6 27)
17y — 14z 2z, — 26y,
4 - . zl=__“____2 (2yo <2y < 13y0),
33 33

vi =—5yo, 2Z;=2¢ — 13y, (zo 2 13y,) .

310 — otobpaxenue nonynnockoctu Py (x =0,y > 0) Ha nonynnockocte Py (x =0,y < 0).
Danee, TpaeKTopuRA n3 Touku (x;,y,;,2,) € P, uepes o6nacTb x >0 unaer B TOuKy (x,,y,,2,) €
€ P;. Tak kak cuctema (26) He MeHReTCA OT OAHOBPEMEHHOIA 3aMEHB! X, I, Z COOTBETCTBEH-
HO Ha —X, —y, —Z, TO 3T0 oTofpaxeHue BbipakaeTcA topMynamu, aHanoruyHeimu (27),
C 3aMeHOM Yo, Zo cooTBeTcmenHo Wa —y,, —2Zy, @y, Z, — Ha —y,, —Z3. CnepoBsatensHo,
BMecTo oTo6paxenua T! nonynnockoctu Py B P, B WaHHOM CNy4ae MOXHO PaccMOTpeTb
omGpameuue T,, nonyqaeMoe n3 (27) 3ameHOW y; U Z; COOTBETCTBEHHO HAa —y; W —Z;;
npuatom T! = (T,)2.

Monb3aynacs 0AHOPOAHOCTBIO OTOGpakeHWA T,, CBOAUM €ro K OTO6pPaKeHnio NPAMON
B cebn. Monaras z, = kyy, z, = flkly,, nonyyaeM uz (27) (nocne 3ameHb! y,, Z, COOT-
BETCTBEHHO HA —y,, —Z1) y; = y¢lk)yo, .

olk)=1, flk)=3-k (k<0),

k 18 — 7k
elk) =1 ——, flk) =———— (0<k<2),

3 6 — 2k

14k — 17 26 — 2k

olk) =——— , flk} = —— (2<k<13),

33 14k — 17

13-k

¢lk) = 6, flk) = s k=>13).
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Y106b1 M3yunTb UTEpauumn (T.)' ,i=1,2,..., npeobpazoBanna T,, paccMOTpum anA
nw6oro ko nocneposarensHocTk wucen k; = flk; _ ), i = 1,2, ... dyHkuma f(k) — Henpe-
pbiBHaA, yb6biBaowan. Ecan ko nexut BHe oTpeska 0 < k < 13, T0 nocne Kaxabix ABYX
nUTepauMii pacctoAHME OT TOYKM k; A0 3TOro OTpeska yMeHbliaeTcA Gonee yem B 5 pas, u
nocne KOHEYHOro YnMcna urepaunv 6yaem mMeTn

0<k<13, 0<kj,;<3, 08<k<I (j+2<i<).

Toraa ¢(k;) < 0,8, 3nauut, y; =0,2; >0 npui >0, CneaoBarenbHO, BCE PELIEHNA CUCTEMBI
(26) crpematca k O npu t — ° (NpU 3TOM Yy4YWUTLIBAETCA, YTO NPU ABWKEHUU OT TOUKMU
(0, y;. z;) no vouxu (0, y; ., Z;+ ;) TpaekTopuna npoxoaut B obnactn |x | + |y | +]z| <
<const(|y; | + |2z;|) nuro Ha ocu Oz B cuny aoonpeaeneHna a) § 4 UMeIOTCA pelLeHun,

YAOBNETBOPAIOWME YPABHEHWO Z = ——4— sgn z) . No nemMme 2 HyneBoe peweHne acCUMNTOTK-

4eCKU YCTONYUBO.
Moxaxem, yto anA cuctemMoi (26) He cyuwecTByer yHkuum flanyHosa Buaa

v=a x| +aly| + alz| + Bix + By + fs2,

rae o; > | B |, 7 =1, 2, 3, nHaue dyHKUMA v He Gbina 6bi NONOXKUTENLHO ONPEAENEHHON.
Pewenne u3 toukn (0, yo, o), rae zo > 13y, > 0, nonaaaer Ha NNOCKOCTL X = 0 B TOUKY
(0, — Syo, 2o — 13y,), a 3atem B Touky (0, Sy,, Zo + 2y,). B nocneaHeir u3 atux Touek
3HaueHue nio6oit hyHkuMM v yKasaHHOro Buaa Gonbwe, vem B Touke (0, yo, Zo). Noaromy
Takan yHKUNA He MOXET cnyXuTb yHkumMen JlanyHoBa.
C nomowblio MeToaoB, M3noxeHHbix B [182], ana cuctemsl (26) MOXHO nocTpouts
ctyHkuuio NlanyHosa

v=|x|+ 2ly| +10|z—-2y]|.

K oaHopoaHbim auddepeHunanbHbiM BKNIOYEHUAM cTeneHu 1 CBOAUTCA BaXKHbliA ANA
NPUNOXKEHUI KNACC KYCOYHO NMHEAHbIX CUCTEM — CUCTEM C NEpemMeHHOW CTpykTypon [6].
®a30B0€ NPOCTPAHCTBO TaKON CUCTEMbI AEAUTCA NAOCKOCTAMU NEPEKNIOYEHUA, NPOXOAA M-
MU 4Yepe3 Hayano KOOPAMHAT, Ha 0bBnacTu, B KaXAOW U3 KOTOPbIX CUCTEMA NUHEAHA, HO C
pasHbIMM Ko3duumMeHTamMu B pasHbix obnactAax. OaHMM U3 ynotpe6uTenbHbIX MEeTOAOB
WUCCNEeAOBaAHMA YCTOMYMBOCTM TaKMX CMCTEM ABNAETCA cneaylowuin. Ecnu 1) kaxpan Tpaek-
TOPMUA NONaAaeT Ha NAOCKOCTb NEPEKMOYEHMA P UNM HEOrPaHUYEHHO NPUBAMKAETCA K HEW;
2) ¢ nnockocTn P TPaeKTopuMM HE MOFYT COWTM HW B OAHY, HU B APYTYI0 CTOpoHY; 3) Ha
3TOM NNOCKOCTM BCE PELUEHNA CTPEMATCA K HYNIo NpU t —> <, To pewexue x = 0 acumnToTU-
yecku ycronumso. Moapobree cm. [6] (rn.2mn 3), [7] (rn.8).

Y cTOMYMBOCTb CUCTEM aBTOMAaTUYECKOro ynpaBneHua MCCnegoBanach BO MHorux paborax,
KOTOPbIE HEBO3MOXKHO 3fiech Nepeuucnutb. OaHoON U3 nocnegHux 0630pHLIX CTaTel ABNA-
erca [183].

3. AnA uccneaoBaHMA YCTOMYMBOCTM HYNEBOFO pelieHUA anuddepeHumnanbHbIX YPaBHEHUN
M BKNIOYEHMIA, BNU3KMX K OAHOPOAHLIM, MOXXHO 3aMEHUTL AAHHOE YPAaBHEHME UNW BKAKOYE-
Hue ‘‘nepBbiM nNpubnimkeHnem’’ — ypaBHEHMEM WMNU BKNIOYEHMEM C OAHOPOAHOW NpPaBoOM
vactbto, cM. [180] ana cnysan a = 1 u [144]. 3tu pesynbTatel ManaraoTcA HWxKe B Bonee
obweir hopme.

B n. 3 Be3ne npeanonaraeTcA, YTo MHOro3HauHbie dyHkuun F(x) n F(t, x) yaosnerBo-
PAIOT OCHOBHbIM ycnoBuam n. 2 § 7uuro a= 0.

Ana kaxaoi Touku x € R" onpeaenvm "' nonApHbie KoopAaUHaTBI'': uncno p = | x| u
BekTop W = x/| x| Anunbl 1. Toraa x = pw. AnA x = 0 BEKTOP w NPOM3BOANbHbLIN UAK, NydLe
CKa3aTb, MHOFO3Ha4HbI 1 NPUHUMAET Bee 3HavennAc | wl =1,

MycTs mMHorosHauyHaa dyHkuma F(x) (Ix| < p,) ynosnetBoprer ycnosuam: | F(x)| <
< m,;|x|% cywecrsyer takam nocnepoBatensHocTe x; > 0, uto | Flx;)| = molx; 1,
my > 0. Boigenum 00HOpoOdHyto 2naeHyro vacts H(x) dyHkumm F(x). Ana kaxaoro w,
lwl| = 1, paccmoTrpum BceBo3moXHble nocnegosatensHocTU x; — 0, Takue, uto x; # 0,
w; = x;/lx; | = w, n nocneaosarensHocTH y; € | x; |~ *F(x;). Nycte H(w) = co H%(w),
rae H%(w) — MHOXECTBO NpegensHbIX TOYEK ANA BCEX TaKWUX NocneposarenbHocTed { y;}.
Ana kaxaoro x # 0 nycrb Hix) = | x |*H(w), w =x/|x|; nycte H(0) =0, ecnua > 0, un
H(0) = co H°(0), rne H°(0) — obveamunenue Bcex MHoxects H{w) (Jw| = 1) u mHo-
xecvea F(0), ecnna =0.
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Torpa dyHkuma H(x) — oaHopoaHaa ctenenn a, | Hix)| <m,jx |“. Fpaduvx dyHxuun
H®(w) ectb MHOXECTBO BCeX NpeAenbHbIX TOYEK NOCNeA0BaTenbHOCTeN (Wi, vi), i =1,2,...
MoatoMy oH 3aMKkHYT U dyHkuun H%(w), H(w) n Hix) fHenpepsiBHbl (nemmbl 14 u 16
§5).

Npumenp. MNycre kpyr x3 + x2 <p? paanenen rNaaKUMK KPUBLIMU Ha KOHEYHOE YHCNO
CeKTOPOB M B KaXAOM cextope S; dyHkuuAa F(x), rae x = (x,, x,), oaAHO3HaYHa wu Henpe-
pbiBHa BNAOTL A0 rpaHWusl. Ha rpannue L; ABYX cexTopos NycTs F(x) — BbINYKAbIA KOM-
NaKT, coaepawmi npeaentHoie 3HaveHuAa F(x’) npu x' = x. Nycte im F(x) = F; npu
x € 8;, x>0; alF(x), F) >0 npu x € L;, x >0; o6o3HaveHue alA, B) cm. B n. 3 § 5.

Toraa H(x) — KycouHO NOCTOAHHAA (yHKUWA, paBHaA F; B KaXRow yrnoBow obnacrtu,
rPaHuUbl KOTOPOW — ny4u, KacalowmecA B Touke O rpaHuu cekTopa Sy, U paBHaA F ,-‘ Ha nyve,
Kacaowemca nuHuu L; B Touke 0. Ecnu oaHOro nyvya xacaetca B Touke D Heckonbko nUHMI
Lj, Ly, ..., 70 Ha 3TOM nyuye H(x) — BbINyKnoe 3aMbikanue 06LeauHeHUA MHoXecTB F°,
FZ.. .. (B nocneaHeM cnyuyae 6b1n0 Gbl OWNGKOW NEpeATH OT ABHHOrO HEOAHOPOAHOFO
anddepeHunanbHOro YpaBHEHMA C pPa3pbiBHOW NPaBOW 4aCTbi0 K OAHOPOAHOMY AuddepeH-
unanbHOMY YpaBHeHWt0, a 3ateM K auddepeHunanbHOMY BKAIOYEHWIO - TOraa MoryT no-
TEPATLCA NpeaenbHble 3HaYeHUA NPABOI YacTU ypPaBHEHUA B GECKOHEYHO CYIXKAIOWUXCA CeKTO-
pax mexay Takumu auHuamu L;, L)

Myctb MHOro3HauHaa dyHkuva F(t, x) (Ix | € p,, a<t <b) yaosnersoprer ycnoBuaAm
| Flt, x)| <m,|x|* n ana kaxaoro t € [a, b] cywecrsyer Takaa NOCAEAOBATENLHOCTb
xj =0, uv0 | F(t, x;)| = my| x; |%. Myctb H,o(w) — MHOXECTBO NpeAenbHbIX TOYeK ANA
BCEBO3MOXHbIX nocnieposarensHocten y; € | x; |~ F(t;, x;), rae t; »s, x; =0, x; # 0,
xi/lx; | = wy - w. Toraa rpadux dyHkuun H2(w) (@ <s <b,| w| = 1) 3amxHyT. flanee,

He(w) = co HP(w), Hlx) = | x|"Hg(w), w = x/|x|;

H;(0) =0, ecnu a>0,aecnua =0, 7o H; (0) — BbInyknoe 3aMbiKaHue MHOXECTBa NpeAent-
HbIX TOYeK BcCex nocnepoBavenbHocTeW y; € F (t;, x;), t; =s,x; >0. ®yHkuua H (x)
f-HenpepbIBHa KakK no S, X, Tak U O x Npu niobom s = const.

Mycrb dyHkuma H(x) — oaHopoanan creneHu a. Byaem nucate do(F, H) < 6 npu
| x| < po, ecnu ana xkaxaporo p € (0, po] rpadmk dyHxuun p~“F(pw), paccmaTpusaemoir
KaKk DYHKUMA OT w, | w| =1, siexut B §-0KpecTHoCTH rpaduxa dyHkuun H(w), n F(0) C
CHI(0)®. Byaem roBopuTh, YTO MHOrO3HauyHaR PYHKUUA F (x) 6aM3Ka K 0AHOPOAHOW YHK- -
uwmn H(x) ctenenn a, ecan d,(F, H) <56(p) npu | x| <P, rpe 6(p) =0 npn p—>0.

MuorosnauHan dyHkuua F(t, x) npn a <t < b 6nu3ka K OAHOPOAHON PyHKunu H(x)
cTeneHu @, 3aBUCALLEA OT napameTpa s € [a, b), ecnu anA kaxaoro s € [a, b) n kaxaoro
8§ > 0 Hanpyvca Takue ! > 0 u > 0, 4TO NpU KaXXAOM UKCUpPOBAHHOM t € (s - I, s +1),
t € [a, b) nmeem

do(F, H) < 8 npu [ x| < n. (28)

Nemma 3. Ecnu H(x) — o0Hopodran 2naeHan vacte MHO203HayHOU dyHkyuu F (x),
10 pyrruuna F(x) 6nusxa k 00HopodHolu gyHkuyuu H(x). To we cnpaeednueo ona PyHk-
yuu F(t, x) u nocTpoetHod onAa Hee 00HOPOOHOU Pyricuuu Hg(x) .

NAokaszaTtensbcTso. [peanonoxum, uto cywecTsyer takoe § > 0, yTo aAnA Hexo-
TOpbIX CKOAb YroAaHo Manbix p > 0 rpadmk dyHkuun p~ “F(pw) He nexxut B 5-oKxpecTHo-
ctu rpaduxa G dyHxkuumn H(w). Toraa HaayTcR Takue nocnepoBatenbHocTu p; —> O,
w; (lw;i | =1),y; € pi*Flp; w;i) 70 paccToRHUe

pllw;, yi).G) =8, i=1,2... : (29)

Tak kak |y; | <m,, To AnA HeKOTOPOK NOANOCAEAOBATENLHOCTH {ik} - MMeeM y;, >y,
Wy > w. Ho voraa y € H(w) no onpeaenexuto mHoxkectBa H(w), 1.e. (w, y) € G. Iro
npotusopeuut (29). OTciopa cneayer nepBoe yTBepxaeHue nemmbl. Bropoe pokasbisaer-
CA aHaNOrUYHO.

Cneayowve aBe TeopeMbl NO3BONARIOT UCCAEAOBATHL ‘N0 NEPBOMY NPUBAMKEHUIO' YCTOM-
YYMBOCTb KaK aBTOHOMHbIX, TaK U HEKOTOPbIX HEABTOHOMHbIX AudipepeHUManbHbIX BKAKO-
veHuii. lpeanonaraeTcA, 4To npaeblie 4acTW BceX paccMatpuBaembix AuddepeHLUanbHbIX
BKAIOYEHUIi YAOBNETBOPAIOT OCHOBHbLIM ycnoBuam n. 2 § 7.
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Teopema 7. NNycrs pyrnxyusa Hix) — odnopodraa crenenu a >0 u cywecreyer raxan
dynryua 6(p) = 0 (p - 0), yr0 dna xawdozo gurcuposannozo t € [t,, =) u p < p,

do(Fit,x),H(x)) < 6(p) npu |x| < p.
Ecnu exmovenue
X € H(x) (30)

UMEET aCUMNTOTUYECKU yCTOUYUBOE HYNe8oe peweHue, To 3T0 Xe Cnpasednueo ona 8Kmo-
yenus

X € F(t, x). (31
DokasartenscTs o WU3ycnosua TeopeMsl cneayer, YTo ANA BCEX YKa3aHHbIX ¢ U
p rpacmk dyHkumm o~ F(t, pw), paccmarprsaeMoii Kak yHKUuMA oT w, | w| = 1, nexur

B 8-0ercmo‘::m rpacduka dyHkumm H(w) = p~“H(pw); & = 8(p). Toraa Flt, pw) C
C [H(pws N* 5 te.
Flt,x) C [HIxP®)]?%8 CHpalx), p = Ix]|, (32)

rae p=g=56=56(p),a o6o3ravenne Hp, cm. B (21).
Tak Kak HyneBoe peweHue BKmoueHna (30) acumnToTMyecKu ycToMuMBO, TO NO Teope-
Me 5 npu aoctaTouHo Manbix p M g (p, g <p,) TO >Ke CNpaBeannBO ANA BKAIOYEHNA

XEHyqlx). (33)

B cuny Teopembl 4 u 3aMeuaHMA AnA pewseHnin BKmoyeHua (33)c p =g =p,; umeem
[x(t)| < col xltg) | (tg <t<oo), x({t}>0 (t—>o0), (34)

npu = 1 4uCno €, 3aMeHAETCA Ha ¢, n3 (20).

Nyctb ynucno p; > 0 Tak mano, uto npu Bcex p € (0, p,] nmeem 6(2cyp) <p,. Toraa
B8 obnactu | x | < 2cqp cnpaseanuso (32) ¢ p = g = p,, 3HaumMT, B 3TOI OBNacTu peweHuA
skmoveHua (31) asnAlotca peweHnamu sknioveHna (33). Mo3aTOMy peweHnA BKIOYEHUA
(31) c |x(ty)|l = p < p, ocraiorca B8 obnactu | x| < cop. Toraa ANA HUX CNpaBeanMBO
(34), T1.e. Hynesoe pewexne BkmoueHUA (31) acMMNTOTUYECKM YCTOMYMBO.

Cneacrtsue Ecnu Ppynkyua Fix) 6nusxa k o0wopodnol gyruxyuu Hix) u dugp-
deperyuansnoe srxmoverue (30) umeer acumnrToTuvecKu ycCTOU4YuB0E Hyneeoe peweHue,
70 exkmoueHue x € F(x) Taxme umeer acuMnTOTUYECKU YCTOUYUBOE Hynesoe peuweHue.

B cnyuae a = 1 nopo6Hoe yTeepxaeHue aokasaHo 8 [180].

Cneaywowan teopema yteepxaaer, 4to B cnyvae 0 < a < 1 anA uccneaoBaHWA yCTOM-
YUBOCTU HEABTOHOMHOro AucdepeHUManbHOro BKMIOYEHUMA MOXHO MCNONb3OBaTh METOA
'“3aMopakuBaHuA KoagduumueHToB" .

Teopema 8. lMycrs pynxyus F(t, x) npu t, <t < o 6ausxa Kk 00HOPOOHOU pyHKyuU
Hg(x) crenenu a, 0 < a < 1. Ecnu npu xkawdom 3Havenuu napametpa s € [t , o) exmoverue

x € Hylx) (35)

UMEET acuMnToTUYeCKu ycToldyusoe Hyneeoe peweHue, 10 exmoverue (31) raxxe umeer
acumnroruvecku ycroldyueoe Hyneeoe pewenue. Kawdoe pewerue exmovenus (31) ¢ do-
craroyHo mansim | x(ty) | docrueaer rouxu x = 0 3a KoHeyHOe 8pema.

RDokaazatenscreo. MlNyctbty € [t;, ). Bo3bmems =t . Hynesoe pewexne Bknio-
yenua (35) acumnToTuueckn yctouumso. Mo Teopeme 5 cyuwecrtsyer Takoe § > 0, yTo npu
P = q =5 Hynesoe peleHme BKNIOYEHNA

XEH, pqlx) (36)

TOXe acuMNToTMYecKkn ycTonuuso (dyHkumA H,, onpeaenfAercA uyepes QyHKUWIO H
nogo6ro (21)).Mo Teopeme 4 pewenun sxnoveHnn (36) ¢ | x(ty,) ]| = a, a — mo6oe, yaos-
NETBOPAIOT COOTHOWeEHUAM (16) .

Tak kak dyHkuua F(t, x) 6nuska K oaHopoaHon dyHkuun H (x), To HailgeTcA Takoe
ag =a,l8), 4T0 NpU KaxaoM duKcupoBaHHoM t € [to, to + a8~ %] un=2c4a, (co uc,
Te xe, yTo B (16)) cnpaseanuso nepaseHcTBo (28). N3 wero cnegyer cootHowenue (32)
B UMNMHApE to <t <tg + €38 7% | x| <2080, HO ¢ hyHKUME#H Hg pq BMecTO Hp,,. Torna
Bce peweHUA Bknovenua (31), npoxoaAauive B 3TOM UUNUHAPE, ABNAIOTCA peEWeEHNAMMU
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srnioueHna (36) . 3naunt, pewenun BrknoveHuA (31) ¢ [x(ty)] =a, a <ay, nput = t,
ABNAIOTCA pelweHUAMK BKaloueHuA (36) w B cuny (16) BLIXOAAT M3 3TOrO UMNMHAPA TONb-
KoBTouKe t =tg +c a8~ %, x =0.

Danee, pewenun BknoyeHun (31) He cxoaAT ¢ npAMon x = 0, TaK Kak B NPOTUBHOM
CNy4ae aHanorvyHoe PaccyXaeHue ANA UMNMHAPA, NOCTPOEHHOro B6NU3N TOYKM CxOAa, Npu-
BOAMT K npoTuBopeumio ¢ (16).

B [184] paccmMaTpuBaeTCR YCTOWYMBOCTb HYNEBOro peELUEHWA OAHOpoAHOro Aucddepen-
UMEnLHOrO BKIIOYEHWA CTeneHW o = 1 N0 OTHOLWEHU K NOCTOAHHO AEWCTBYIOWMUM BO3-
mMywenuAam. Ecnu BexkTop-yHKUWA g(t) abCONOTHO HENPepbIBHA, TO BKIHOYEHUE

XEF(x)+g4' () (37)

PaBHOCUNbHO BKIOYEHKIO
YyEFly+g(t) (y=x—-glt)). (38)

Bkniovenue (38) umeer cmbicn He TOnbKO ANA aBCONIOTHO HenpepbiBHbIX dyHKuun g(t),
HO ¥ ANA HekoTopbix aApyrux. B [184] nepexoa k (38) cnyxuT anA onpeaeneHVA peLLIeHUA
BKknoveHua (37) u uccneaoBaHuA ero CBOWCTB B cnyyae, Koraa yHkuuA gl(t) — dyHKumuA
OrpaHWYEHHOW BapuauMKM Ha KaXKAOM KOHEYHOM uHTepBane. Ecnu dyHkuusa glt) umeer
ckaukuy, 10 (37) — anddepeHunanbHoe BKIHOYEHNE C UMNY NLCHBIMY BO3MYLLEHUAMMU.

Cneayowan teopemMa OTHOCUTCA K CAyuvalo, KOraa ana aaxHoro auddepexumnansHoro
YPaBHEHUA UMW BKIYEHNA pEWeHUA eCTeCTBEHHbIM 06pa3oM pasfiefIRtOTCA Ha peLUeHuA,
nocruraowme /-mepHoi runepnosepxHoctu S C R” 33 KOHeYHOE BPEMA, ¥ peleHnA, uayLme
no 3Toii runepnoBepxHOCTU. B yacTHOCTH, COAa OTHOCUTCA Cnyyail, KOraa S ABNAETCA nepe-
ceyeHMeM NOBEPXHOCTEN pa3pbiBa NPaBon YacTu AnddepeHumnanbHoro YpaBHeHMA Unu BKIO-
ueHUA (HO (-HenpepLIBHOCTb COXPaHAETCA U Ha S), U UCCNeayeTCA YCTOWYMBOCTb ABWKEHWUA
B CKOMNb3ALEM pEXUME NO NOBEPXHOCTM S NO OTHOWEHUIO K BO3MYLUEHUAM, BbIBOAR-
wum c S.

PaccMotpum Bknovenne (31) npu t € [t,, ©), x € G, rae G CR" — OKpecTHOCTb -
nepnosepxHoctu S. MNycTb KOOpAWHATBLI Xy, . . . , X, BbiBpaHbl Tak, 4T0 S— ruNepNROCKOCTb
x,(= ... =X,_; =0. 0603Hawum (xy, ..., X, _4) =y, X, 4y, ..., X,) =2. Torgax =
=y, 2).

Mycte Git, y, z) w H(t, y, Z2) — npoexkuun MHoxecTea F(t, x) u3 (31) Ha noanpocrpas-
cTBa y M Z. Toraa kaxaoe peweHue BkaoveHnA (31) ecTb pewieHue cucTembl

yEGI(t,y,2), zZ€EHI,y,2). (39)

O6partHoe He Bceraa sepHo. AnA nexawmx Ha S pewenunit x(t) = (0, z(t)) sxkmovenun (31)
yHKUMmM Z (t) ABNAIOTCA peLUEHUAMU BKMIOYEHUA

ZEH(t, z) (Holt,z)=Flt,x)NS npu x=(0,2)). (40)

Mycte G, y) — BbINyKNOE 3aMblikaHMe MHOXECTBa BCEX NPEAENbHLIX 3HAYEHUN IYHKLIUK
Glt;, riyi, zi) nput; »>s,z; »v,y; >y, r; >0. Toraa dynkuma G, (y) — oaHopoaHan
no y crenenn a = 0.

Teopema 9. Mlycrs xylt) = (0, 24{t)) (ty <t < ) — pewenue exmovernua (31).
Mycrs Ona mobbix nocToanHsix s, v (s € [ty, ), | v — z4ls) | < €,) exmovenue y €
€ G, ly) umeer acumnroruvecku ycrotivusoe pewerue y = 0, a pewerue 2 ,(t) exmoverun
(40) ycroduyueo (unu acumnroruvecku ycrolivyueo) .

To20a peweriue x(t) ycrodyueo (cOOT8ETCTEEHHO acCUMNTOTUYECKU YCTOUYUBO) .

DAoxkaszatensbcrteo [Mycrex(t) = (ylt), z{t)) — pewenne Bkmoyernua (31),
npuyem
[y(te) I<m, l2(tg) —2zolte) | < 1. (41)

B 3amkHyTo#n o6nactn B(b) (ly| <b, |z — z,lty)] <b, ty <t <ty + b) npu HeKOTOpOM
b=be>0umeem |H(t,y,z)| <m, |Hylt,z)| < m.

MeToaoM, 1CNONb30BaHHLIM NpU AOKA3aTenbcTBE NeMMbl 3, NOKa3bIBAaeTCA, 410 ANA Nito-
6oro & > 0 npu aoctatouHo Manom b = b(8§) > 0 B obnactu B(b) umeem

Git,y,2) CGs y;pyly), (42)
rae s =tg, v = 2Zgoltg), p = @ =39, a bynkuua G y.pq(y) onpeaennerca uepes dyHkumo

G,vly) noao6Ho (21). Mo Teopeme 5 uucno & MOXHO B3ATH CTONbL ManbiM, YyTo6kl Hynesoe
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pewneHue BK NoYeHnA
Y€ Gsyipqly) (43)

6610 acumnTOTMYECKN ycToMumBbIM. Torpa anA Bcex peiseHuii Bknowenna (43) no Teo-
pemed4c a=0

[y(t) [Scoa (to <t <ty +c,a), yit)=0 (t=ty +c,a), (44)
rae a=|ylty) |. Nycry 1y >0 vaxk mano, uto
(Co+1 +c, +mcl)no <b(6)<bo. (45)

Pewenne cucremer (39) c HavaneHbiMu ycnosuamu (41), rae 7 < 1, Ha HEKOTOPOM
oTpeske to St St, npoxoavt B obnactu B(b(8) ). NMycTs t, > t; —nepsbiit MOMEHT BbIXOAA
peweHnA Ha rpaHvuy 3von obnactu. Moka peweHie NPOXOAUT B yKa3aHHOW obnacTu, ero
KOMMNOHeHTa y(t) ABNAETCA pelleHnemM BKnOueHNA (43), cneaoBarenbHo, yAOBneTBOpAET
(44) npnt, <t <t,,a |z | < m. Noaromy npu Takux t

Ip(t) | <con<bl(d), |z(t)—zolty) |<n+mit—t,). (46)
MNpaBsan uacTe Npu t — ty < cyng B cuny (45) menbwe bH(5), Nno3ToMy peleHne BoIXOANT

n3 B8(b(8)) nwwe npu t, > ty + c 7, T.e. NOCAE TOro, Kak OHO B cuny (44) pocrurno
nnockoctu S (y =0) B MoMeHT t* <ty +c;n< t, B8 Touke (0,2(t*)). B cuny (46)

| Z{t*) —z4(to) | <n+mcyq. (47)

Mpu t = t* pewenne (y(t), z(t)) yxe He cxoaut ¢ S (AOKa3LIBAETCA TaKuMKu Xe pac-

CYXAEHVAMY, KaK B KOHUE A0Ka3aTenscrea TeopemMs: 8) .
fNycre z*(t) — pewenne Bkniovenna (39) (t = t,), cosnanaowee c z{t) npn t > t*.

Tak kak | Hy| <€ m, 7o
|Z2*(t) =2 (t*) | <m(t* — ty) Smcy .
Orciona u u3 (47) nonyuaem
|2*(tg) — 20 (te) | < + 2mcy 1. (48)
Tak kak pewenue Zy(t) Bknouenna (40) no ycnosuio ycrownumeo, To us (48) cneayer
|z*(t) —zy(t) 1 <€ (ty <t <o),

ecnm 1 AOCTarouHo Mano. Tak Kak z(t) =z*(t) nput =2 t*, anput, <t <t*umeem oueH-
ku (46), To AnA BCcex AOCTaTO4HO Manbix 1 pewenue (y(t), z(t)) npu t, <t < o oTnnva-
erca ot pewenna (0, z4(t)) meHble, yem Ha €. CnepoBarensHO, pewenne xq(t) = (0,24 (t))
rRKModeHnA (31) ycroitumeo.

Ecnu xe peweHune Z,(t) sxmovernAa (40) acuMnTOTMYECKW YCTOMYMBO, TO, KPOME YXKe
AOKa3aHHOro, umeem z*(t) — z4(t) = 0 npu t = oo, anauut, z(t) — zy(t) = 0, v peweHne
Xxolt) acumnroTUYECKu yCcTONYMBO.

NMpwme p. [laTh AOCTATOMHbIE YCAOBUA ACUMNTOTMYECKOW YCTOMYMBOCTU HYNEBOro

peweHUA CUCTEMbI

. k
xp=bylt, x) — X aylt, x)sgnx;, i=1,...,n, (49)
i=1
rae n =k +1 >k, dyHkunn b; v a;; HenpepbiBHLI, U UCNONLIYETCA aoonpeaernexue a) 54,
Npumennem Teopemy 9, B3AB y = (x, ..., x )T,z = X4y, - - -, X} T. OBo3HAUZEM
lagle, x) llj=1,...,k=A1. ot x) liz=k+1,....n =A2,
j=1,...,k
(by(t, x), ..., belt, XN\ =clt,y,2), bgslt,x),... bult,x)T=dlt,y,z2),
(sgn x,, ..., san xz) T= sgn y. Cncrema (49) npuHumaer Bua
y=clt,y,z) —A\(t,y,2)sany, Z=dlt,y,z) —A,(t y,Z)sany, (50)
aHanoru4HbIn cucteme (39). Bkniowenne y € G, (y) w3 Teopemsl 9 3aece umeer Bua
y=c(s,0,v)—A,(5,0,v)sgny (51)
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c poonpegeneHuem a) § 4. YpaBHeHue (51) ecTb BeKTOpHaA 3anmucb CUCTEMbI, aHanoruy-
HOW PaccMOTPeHHON B 3amedannn 2 K Teopeme 3; s u v — napametpel. Mycts 4;;(t, x) n
by(t,x) (i,j =1,...,k) npuscext =2ty x=1(0,2),|z| < €, YAOBNETBOPAIOT OAHOMY
13 ycnosun a) unu 6) yKasaHHoro 3ameuawuA. Toraa npu mobeix s 2 to u | v | < €, pewe-
nue y = 0 ypasruenna (51) acumntoTnvecku ycronuuso u, kpome toro, det A; # 0.
YpaBHenue ABWXKEHWA NO runepnnockocTu y = 0 nonyyaeTcA, ecnu, Kak Npu AOKa3a-
TenbcTBe Teopembl 3, 3amennTs B (50) sgny wa BekTOp p, onpeaenuTb ero u3 nNepBoro
ypasHenun (50) npu y = 0 v noactaButs Bo BTopoe. lonyvaem ypasHenue Buaa (40):

Z=Hylt,z), Holt,z)=d—A.A{'c|,=o. (52)

Ecnu HyneBoe pewenue ypaBwewur (52) (c wenpepbiBHOW nNpaBoW 4acTbio) acuMNTOTH-
4YecKU YCTOMYMBO, a8 ANA ypaBHeHwuA (51) BbINONHEHO OAHO M3 yKa3aHHbIX Bbille YCAOBWM,
TO no Teopeme 9 HyneBoe peweHune cucTembl (49) ToXke aCUMNTOTUYECKWU YCTOWYMBO.

B TteopeMe 3 1 3amMevaHUAX K HeW QAIOTCA fIMLUb AOCTaTOYHbIE YCNOBUA aCUMNTOTUYECKON
YCTOW4YMBOCTH Hynesoro pewexnna cuctem (9) u (51) . B cnyyae nocToAHHLIX KO3(dmuuen-
TOB HEo6xoauMble U ROCTaToOuHbIE YCNOBUA ANA cucTembl (51) u3BecTHbl auwb npu k <2
(cm.wmxe B n.3 § 20), a anA cuctemsl (9) npn <3 (cm.B [182]). B cnyyae n =3 atu
YCNOBUA MMEIOT BeCbMa CNoXHui BUA. JlocTaTouHble yCNoBUA ANA N =3, KOTOPbIe B Cnyyae
NOCTOAHHBLIX KO3(MUUMEHTOB Ycunuealot Teopemy 3, cm. B [178].



F'TABA 4

JIOKAJIbHBIE OCOBEHHOCTH JBYMEPHBIX CUCTEM

B 3Toi rnase n3yu4alOTCA OCOGEHHOCTW B PacnonoOXeHvWn TPaeKTOPUIl ABYMEPHbIX aBTOHOMHbIX CACTEM
C KYCOYHO HenpepsiBHbIMU NpasbiMv 4acTAMU, [laeTcA TONONOrM4ecKaR KNaccndUKauna ocoBeHHoCTen
Ha NUHUAX N 0COBEHHOCTEN B TOYKAX. Y Ka3biBAKOTCA BCE TUMbI rPYBbix 0COBLIX TOUEK, NEKAUIMX HA TNMHUN
Pa3pbiBa Npasbix 4acTed cUcTemsl, ocobbix TOueK NepBONA cTenedn HerpybocTv u nx Gudyprkaunun. Nayva-
I0TCA Taxke 0OCOBLIE TOYKK, Neaumve Ha NEPeCceveHU NMUHUA Pa3pLiBa.

§ 16. Jluneitnbie ocobeHHocTH

3pech ycraHaBNMBaeTCA TONONOrMMECKaA KnaccudPUKaumA OCOBEHHOCTEH Ha NMHUAX W
A3IOTCA aHanNUTUYECKME YCNOBMA NPUHAANEKHOCTH OCOBEHHOCTU Ha NUHWK TOMY MKW MHOMY
Kknaccy. [laetca TaK)xe KnaccuuKauma oTHOCUTeNbHO authdeomopdnamos.

1. PaccMOTPUM aBTOHOMHYIO CUCTEMY

Xy =F1{x;, x3),  Xq=F0x1, X5) (1)
B KOHeYHoM o6nactn G NNOCKOCTH X; , X5. Cuctemy (1) MOXHO 3anucaTb B BeKTOPHOW hopme
)’(=f(X) (X=(X|.X2)EG)- (2)

MpeanonaraercA, 4TO HeNPEPLIBHOCTL NPaBOM 4acTv ypaBHeHWA (2) © eAMHCTBEHHOCTb
pelieHnit MOTyT HapyLaTLCA TONLKO HA OTAENbLHBIX KYCOYHO MNaAKUX NIMHUAX U B U30NUPO-
BaHHbIX TOYKaX.

B vex cnywaAx, Korpa peiueHve, nonapBiuee Ha NUHUIO pPa3spbiBa, He MOXXeT C Hee COMTH
npu Bo3pacTakmm ¢t (wnu npu y6biBaHum t), NpaBaA 4acTb ypaBHeHUMA AoMkHa 6biTb AO-
onpeneneHa Ha 3TOW NUHWKM, 4TOGbI O6GecnewnTb CylWecTBOBaHue pelweHnA npu Niobbix Ha-
YanbHbiX ycnoBuax X (ty) =xp n 4TOo6bl NPeaen KaXXA0HW PaBHOMEPHO CXOARLENCA Nocnepo-
BatenbHOCTH pelieHwi Gbin pewenueM. Bextop-byHkuua O (x), onpeaenaowan ckopocTs
ABWXEHWA NO NWHUK Pa3pbiBa, AO0MKHA ObiTb, KPOMe M30NUPOBaHHbBIX TOYEK, OAHO3HAYHA
v HenpepbiHa. Mpu aTux npeanonoxeHnAx B 060aCTAX EAMHCTBEHHOCTA UMeeT MeCTO Henpe-
PbIBHAA 3aBUCUMOCTb PeleHUA OT HavyaNbHbIX YCNOBUA.

Touka X =3 Ha3biBaeTCA CTAYUOHapHOU, ecnu BeKTOp-QyHKUWA Xx(t) = a ABAReTCA pewe-
HUeM. B Touke X =b HapywaercA eOUHCT8EHHOCTb, ECAW CYWECTBYIOT ABa PELEeHWA, yaoB-
NeTBOPAIOWME OAHOMY U TOMY XKe HavyanbHOMY ycnoBuio x (t o) = b, HO pasnu4Hbie Ha CKONb
yroAHo Manom untepsane to —8 <t <ty +6. Ecnu B crauMoHapHOW Touke HapyliaeTcA
€AMHCTBEHHOCTb, TO HEKOTOPbLIE PeleHA BXOAAT B 3Ty TOUKY (Npu Bo3pacTaHuu unu y6eiBa-
HUK ) 33 KOHEuHOe BPEMA, 8 eCAK He HapyLUaeTCA, TO TaKUX PelleHni HeT.

O6nacTv, BCe TOMKM KOTOPbIX ABAAIOTCA TOMKaMU HapYLWeHWA eANHCTBEHHOCTW, MOTyT
BCTPEYaThCA ANA YpaBHEHUM U cUcTeM C HeandbepeHuMpyemMbiMy NPaBbiMY YacTAMKU (NpumMep
8 [13], ctp. 31), a Taxxe ana audepeHumnanbHbix BKoYeHuin (npumep: x=1, | y | <1).
Taxwue cnyyamn 3geck He PacCMaTPUBAIKOTCA.

an 3ITNX NPEANONIOKEHNAX MOXXHO BbLIAENWUTL ABa TUNA TONOANOrUYeCKU OA/HOPOAHbLIX
oGnacreit:

1) He coaepxaume craumoHapHbiX ToueK o6nacTu, yepes KaXAylo TOMKY KOTOPbIX Mpo-
XOAWUT eAUHCTBEHH3A TPaeKTOPUA;

2) obnactu, cOCTOAWME TONLKO M3 CTAauMOHapPHbIX TOuek, T.e. ob6nacT, B KOTOPbIX
fix)=0.
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Tononozuveckaa o0HOpooHOCTs obnacTu (MNAM NMHWK) O3HAHEET, HTO Y KaXKAbIX ABYX
ee ToueK a u b UMEeIOTCA Takue oKpecTHOCTU V, u V,, AnA KOTOPbIX CyluecTByeT Fonosao-
2uveckoe (T.e. B3aMMHO OAHO3Ha4YHOe U B 06e CTOPOHbI HenpepbiBHOE) oTobBpameHue OaAHON
OKPECTHOCTM Ha APYryio, NepeBoAAuLee TOMKY @ B TOYKY b U TPaeKToOpuM B TPaeKToOpUM;
obpatHoe oToBpaxkeHne ToXKe NEPEBOANT TPAEKTOPUU B TPaeKTOpUU.

Mo teopeme 3 & 12 y kaxxaon Touku B 06nacTv 1-ro TMNa HakAETCA OKPECTHOCTb, ANA KOTO-
poVi CywiecTByeT TONONoruieckoe o Tobpaxenne Ha NPAMOYr ONbHUK, NEPEBOAA LWEe TPAaeKTOPpUn
B NpAMbie, NapannensHbie CTOPOHe NPAMOYronbHuka. Moatomy obnacts 1-ro Tuna Tononoru-
yecku oaHopoaHa. Tononorwyeckas OAHOPOAHOCTL 06nacTM 2-ro Tuna ovweBMAHA. Tak Kak
npeanonaraeTCA, H4TO TOYKM HapylleHWA eAMHCTBEHHOCTW HEe MOTyT 3anonHATL obnactw,
TO ApPYyrux TUNOB TONOMNOrMYeCKU OAHOPOAHLIX obnacTen AnNA paccMaTpuBaemMoro Knacca
CUCTEM He CyLllecTByerT,

MpaHuubl TONONOrUYeCKM OAHOPOAHbLIX 06NacTen COCTOAT M3 TOUEK HapyuleHWA eauHCT-
BEHHOCTM U U3 CTAUMOHAPHbIX ToueK. [INA ypaBHEHUI C KYCOMHO HENPEPbLIBHLIMU U KYCOYHO
rNaAKUMM NPasbIMU HaCTAMM TUMUHHLIM ABNAGTCA CAY4Ya, KOrAa TaKylo rPaHULy MOMKHO
pa3butb Ha KOHEYHOE YUCNO TOMNONOrUYeCKU OAHOPOAHBIX NUHUA.

JluredHol 0cobeHHOCTbID Ha3biBAETCA MaKCUMMAanNbHaA TONONOrMYSCKN OAHOPOAHAR NNHUA,
HE NPOXOAALLLEA BHYTPU TONONOrMYECKM OAHOPOAHON oBnacTh.

TpebosaHne MaKCMManNnbHOCTU 03HaYaeT, YTo 3Ta NUHUA He ABNABTCA YacTbi0 APYroN NMHWUAK,
obnapnaowien Temu xe csonctaamu. JIMHMA A0MKHA GbiTh. HE3AMKHYTOW NPOCTOW AYron
x=y(t) (a<t<fB) v zamkHyTOoM kpuson. OTCyTCTBUE CaMONepeceYeHnuit cnepyer w3
TONONOrMYECKOW OBHOPOAHOCTU. 3Ta NMHMA He AONKHA NPOXOAUTL BHYTPWU TONONOrMYeCKU
OAQHOpPOAHOW 0obnactu, nHaye ee Touku He ByayT TONONOTrUYECKMN BbIAENATLCA CPean ApPYyrux
Touek obnacTn.

He y kaxaoW nuUHeMHOM OCO6eHHOCTU UMeeTCA MNONYOKPECTHOCTe (OAHOCTOPOHHAA OK-
PECTHOCTb), ABNAIOLLAACA TONONOTMYECKK OAHOPOAHON oBnacTeio. Hanpumep, nycts L — Ok-
PYXHOCTb, Ha KOTOPYIO CHapy>XXu U M3HYTPU HaBepTbIBAOTCA TpaexkTopun. Cpeay HMx ecTu
KOHEYHOE YMCNO TPAeKTOPWUNA, B KaXKAOW TOYKE KOTOPbIX HAPYLW3ETCA eAUHCTBEHHOCTb,
T.e. KOTOpbie ABAAIOTCA NUHUAMM CrIMAHUA TpaeKTopui . Ha Apyrux TpaeKTOpUAX MHA L eanH-
CTBEHHOCTb  He, HapywaeTcA. (KOoHKPeTHbIA NPUMepP MOXHO MONYYMTL, CAenaB B cucTeMe
1= (sinn) /3, £=1 3ameny £=0, n=0+Inl p— 1] u ucronkosas p, & Kak nonApHLIE
KoopauHatbl.) Toraa L — TONONOrvUYecKn OAHOPOAHAEA NUHUA, T.e. NMHENHaA 0COBEHHOCTD.
B nwoboii NoOnyokpecTHOCTM KaXAoN TOYKM NMHMM L eANHCTBEHHOCTb HapylWaeTcA TONbKO
B TO4Ykax 6ecKOHeYHOro MHOXecTBa Ayr, cxoaAawmMxcA K L. CneaosatenbHO, TakaA NoONyoK-
PEeCTHOCTb He ABNAETCA TONONOrUYEeCKUM OAHOPOAHOW obnacteio. B panbHeitwem noaobGHbie
cnyvYam 6yayT WUCKAIOYEHbI  YCNOBUAMMW, HaKnaibiBaemMbimmn B 1. 2.

MpuseaeM npumepbl NUHENHbIX OCOBEHHOCTEN PasNNUYHLIX TOMONOFMYECKMUX KNAaccoB.
Bo scex npumepax nuHenHon ocobeHHOCTLIO ABNARTCA npAMasa v = 0.

Nuneinbie ocobenHocTn 170 Poaa, 7.6, HE COAEPIKALUME CTAUNOHAPHLIX TOYEK:

1) g=1,v==sgnv; 2) 4=1,v=0(v <0),v=—1 (v>0);3) d=1,v =3v2/3,

NMureitHbie ocobenHocTu 2-r0 POAA, T.e. COCTOALWUME TONLKO U3 CTAUMOHAPHbIX TOUEK:
_4)0=0, v==sgnv; 5)6=0 v=v (¢<0), v=—1 (v>0);6)u=v, v=0 (v<0),
=0, v==1Ww>0); 7)4=0, v=0 (v<0), v==1(v>0); 8u=0,v=—v;9d=v,
v=0; 100d=0 v=v (v<O0), d=v, v=0 (v>0) 11)d=0 V=0 {(v<0), v=—v
(v>0); 12)0=0 (v<0), 4=v (v>0), v=0; 13)u=0, v=3v23; 14) npumep Hepery:
NAPHOWU NUHEMHON 0COBEeHHOCTH:

Gd=vcoslifvl (w#0), O=0 (v=0), v=—v>;

TPaEKTOPUAMM ABAAIDTCA MMHUM U = C + sin {1/v) un cTaumoHapHslie Toukn u=c, v = 0. Hepe-
rynApHble NnHenHble 0co6eHHOCTU UCKMOYAIDTCA ycnosuAMK N. 2 n Bonee noapo6HO He pac-
CMaTPUBAIOTCA.

Te “3 npuBeaeHHbIX NPUMEPOB, B KOTOPbIX MPasble 4aCTU Pa3PbiBHLI, MOryT GbiTh 3ame-
HeHbl APYrUMM, C HEMPEPbIBHbIMM NPaBbIMMA YaCTAMU U NPUMHAANEXKAWMMU TEM Xe TONONOT -
YeCKUM Knaccam. [INA 3TOro, Hanpumep, ypasHeHue V = —SgNV MOXHO 3aMeHWUTb ypaBHe-
Huem v = —v 1/3 4 1.n. Takum 06pa3zom, nNpueeseHHaR HUXKEe B N.2 TONONOrMYeCKan Knac-
cnduKaumA anHenHbIx ocobenHocTen ¢ HeboNbWMMN AONONHEHNAMY (M3-33 HaNWYMA Npume-
pos 3) n 13)) npuroaHa n AnA anddepeHumanbHbiX ypPaBHEHUHA C HENPEPLIBHBIMUA NPaBbiMA
yactAMU, HeanddepeHU NPy EeMbIMU NNLWL Ha OTAENBHBIX NIMHUAX.
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ToveunbiMu OCOBEHHOCTAMU HaE30BEeM BCe TOYKWU, KOTOPbIE HE NPUHAANEXaT NNHEAHbIM
0CO6EHHOCTAM M TONONOruYecCKU OAHOPOAHbIM 06nactAm. Takum ob6pa3som, K ToHeyHbIM
0COBEHHOCTAM OTHOCATCA KOHUbI AMHENHbIX OCOBEHHOCTEN M He NPUHAANEeXAWMNE Ha38aHHbIM
sbiwe 0COBEHHOCTAM 1 06N1aCTAM TOUKU HaPYLWEHUA eANHCTBEHHOCTH, NpeaenbHbie ANA HUX
TOUKM U CTAUMOHAPHbIE TOMKH,

2, YKaem yCNoBWA, AOCTaTOYHbIE ANA TOrO, 4To6bl paccMatpusaeman cuciema (1) nmena
nuHenHble 0Co6EHHOCTU TOro MAKM MHOrO TUMA, U NEPEeYNCNMM NOKanbHbIE TOMONOFUYecKue
KNAcCbl NMHEMHbIX 0COGEHHOCTEN.

Mycte L — rnaakan nuHKA, HanpUmep, AMHUA Pa3pbiBa BeKTOp-byHkumn F(x) = (f, (x,,x;),
fa{x;,xz)) vnu nuvHunA, Ha kotopou f (x) = 0. O6o3znauum f —(x) n f* {x) npeaensHble
3HaveHnA BexkTOp-byHKUWM F Npu NpubanxeHnn K Touke X € L U3 npUMbiKalowmx K nuHnm L
obnacteit G ~u G * wenpepbiBHOCTM dyHkumm f,a FN (x) u F Y (x) 0B6oszHaunm npoekynm
BexTopoB f ~ (x) u f ' (x) Ha HOpMane K nuHuM L B Touke X, HanpasneHHyto oT G ~ «k G *.

1° NycTe B KoHe4HoW o6nactu G BeKTOP-pyHKUUA f (X} KycoYHO HenpepsIeHa u KyCOYHO
2/1a0Ka.

370 3HaunT, 4TO 06nacTb G KOHEYHbIM YMCAOM FNAAKUX MUHUIA KOHENHOW ANWHbI (KoTO-
pble MOFYyT UMeTh O6WwMe KOHUbI) AENMTCA H3 KOHEYHOE YACNO nNoAobGnacTed, B KaXAOW U3
woTopsIx f, 0 F/0 x, n 8F/0x, HenpepsIBHbI BNAOTL A0 PaHWLLbI.

2° B Tex Toukax x nuHvm paspeisa L, rae f v (x) £ ¥ (x) <0, kpome, MoxeT BbiTb, Ciyyan

fyvix)=fyix)=0, £ ix)=*f"(x), (3)
3a/laHa HenpepbisHaA BeKTOP-PYHKUMA 9 (x), onpenenAoOWan CKOPOCTL ABWKEHWA X = £ © (x)
no nuHmm L. Bextop f° (x) Kacaetca L B Touke x. Ecnm £ (x) =0, o % (x) = f(x);

ecnn f yix) =0,70 FO(x) =F " (x).

Ycnosue 2° 8bINONHAGTCA, B YaCTHOCTM, TOrAa, KOFAa BEKTOP f%(x) Ha L onpeaenserca
cornacHo a) n. 2 § 4.

3° Cnyuair (3) 2ONYCKAETCA TONbKO B KOHEYHOM YUCHE TOUEK.

4° Ecnuf T (x) =0 (unn f ~(x) =0) Ha nuHMM L, TO BENM3M KAXKROW TOYKM nnHum L,
MOXeT 6biTb, KDOME KOHEYHOro 4ncna Tovek, B G ' {cootBerctBeHno 8 G ) unm f (x) #0
M QyHKUKUA

gix) =f(x)/1flx} (4)
yaosnersoprAer ycnosmio flnnwmnua, unm f (x) = 0.

Nemma 1. Ecnu L — nunura x = Yix,), Y€ C',u f*(x) =0wa L, ro OnA esinonHeHus
ycnosua Jlunwuya dna ynxyuu (8) @ G+t docrarouno cywecreoeamnue Tako2o m= 1,
yrobs: va L odnocroponrue (8 cropony obnactu G *) npouseodnsie ydoanersopAnu ycno-
euUAM

akr 0 0 : 3" f

= k=0,1...m-1;

Ixk : axy"

u vrobsi bnusu L 8 G ¥ npoussodnan 3 F/3 xi" ydoenersoprana ycnosurw flunwuya. To

we cnpagednugo udna G ~,ecnuf ~ (x) =0wa L.
foxkazatennCTBO cneayer uia rnpeactasnednAa GyHkumu fx,, x;) no dopmyne

TeWnopac nHrerpanbHblM OCTaTOUHbIM YNEHOM !

#0 (5)

o o) +2) 1 f (z=s)"" 13" f(x,, yix,) +s) J
+2)= s =
i bl e = 2rm as™
m 1 amf ‘t +l )
z fa—gm-! b v * 1z dr, x;=y(x)+tz,

T m—-1m axT

TaK KaK nocneaHwW uHTerpan nNpu Manvix 2 (Ha L u 8 G* 86nu3an L) He obpauwiaercA
B HyNb W yaosneTBOPAeT vcnosuo Nunwmua.

M3 nemMbl 1 cneayer,  4to ycnoBue 4 “BbINOAHAGTCA, B 4aCTHOCTH, TOr A3, KOraa s6nnau L
dyHKuma f — ananutuyeckan otrenbHo 8 G ' s G ~ennote o L.

Nemma 2. Nlycrs esinonreno yenosue 1° u f 3 (x) = 0 (unu <0) wa L. Tozda wu odHa
TpaexTopuA u3z obnactu G* we moxer cTpemMuTbcA K KakolG-nubo Toyxke nunuu L npu €os3-
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pacranuu (coorgercreeHHo ybbiganuu) t 00 KoHewHo20 npedena, a ecnu ewe f * (x) # 0 Ha
L, ToUu nput —> (cooreercrgeHHo npu t —> — =),

BokaszatenscTso. Npeanonoxum, uto TpaekTopua x; = ¢y (t), x; = ¢2 (t) U3 06-
nactu G* (x; > Vix,)) aocturaer Toukmn (0, 0) nummm L (x; = Yix;), YE C'; moxHo cum-
Tate Y(0) =¥/ (0) =0) nput ~t, — 0. Torna .

zt) =t v (EN>0 [ty <t <ty), z(t;)=0.

CnenoearvenwHo, Z =h (t,2), roe

hit,z)=Ff — ¥ 'l (e) F,,

fi=filp (t), ¥l (0) +2), i=1,2.

Tak kak (=Y {¢;), 1) ecTb BekTOp, HopmankHLIM K L 8 Touke (¢, Ylyy)), 10

hit, 0 =f, —Y'f, =/ 1+ fyle, Uig ) =0

W3 orpatinuenHoctu 0h/0z cneayer, wtonpu z >0
2=hit, 2V 2h(t,0)—kz=—kz; z{t)Zzlty)e (1~ %)

nputy St <t;. 3to npotmsopewmT npeanonoxkennio Z (t;) = 0.

Ecnuxe f N(x) 20,f*(x) #0Ha L, 10 | £7(0,0) | =m>0. Nosromy unu ;' (0,0) =
=fn(0,0) >m/2, van | £, (0,0) | >m/2. XorA 661 oaHO U3 HepaseHcTs Fy >m/2 wvnmn
| £, | >m/2 suinonHeHo n B HekoTopom omHocTopoHHen (B8 G *) okpectHocTU Toukm
(0, 0) . 3HaunT, pewseHue 3a KOHEYHOE BPEMA BbIXOAUT M3 3TOW OKPECTHOCTU U HE MOXKeT
crpemuTtbheA K Touke (0, 0) nput — oo,

NMemma 3. Mlycrs dynxyuu f(xy, x2) npu x5 2 Yix,) u yix,) ydoenereopawr ycno-
euro Jlunwuya. To20a pyrkyuo f MoXHO npodonmuTs 8 obnacts x; < Y(x,) c coxpanerHuem
ycnosuAa flunwuya.

DokazatenbcTBOo. MoxHO B3ATL F (X, x3) =7 {x;, Yixg)) npmaxs < Yix).

PaccmMOTpUM  BO3MOXKHbIE PACMONOXKEHUA TPALK TOPUIA CUCTEMb! (1) B8 0AHOCTOPOHHEN
OKPECTHOCTU NuHUA L npw ycnosuax 1° n 4 °

A. Ecnn f y(x) #0 Ha L, 70 B Kawayto Touky nunun L u3 obnactn G * npuxoamT posto
OAHAa TPaeKTOPWA: Npu Bo3pacTaHun t, ecnu f 'Q <0, n npu ybwsanun t, ecnu f A >0
(pnc.27). Tpaextopum u3 o6nactu G * AocTUraloT L NPy KOHEUHbIX 3HAYEHUAX T .

AnA aokasarenscTBa MOXHO npofonmkuTe dyHkumio £ uz Gt 8 G ~ no nemme 3 n npume-
HUTb TEOPeMy CYULECTBOBAHMA U EAUHCTBEHHOCTH.

S

Puc. 27. Puc. 28. Puc. 29.

B. Ecnu Fyi{x) =0, F* (x) #0 Ha L, T0 13 G *Ha nuHnio L He NPUXOAUT HU 0AHaE TPaeKTo-
puna (puc. 28) .

310 cneayer U3 TOro, 4TO NOCNE NPOAONKEHUA PyHKUUM f U3 G* 8 G~ no nemme 3 nunuA
L cama 6yner TpaexTopmei.

Ecnm e ¥ (x) =0 Hal,nof# 08 G"* 86nn3m nunun L, To anA dyrkuwv (4) onpeaens-
emMg* (x) ngnix) nonoBro ¥ (x) nfx(x) . Toraa:

a) ecan gfv(x) # 0 Ha L, To TpaexTopuu B G pacnonoxensl Kak 8 cnyvae A, HO MOryT
NPMBNUKATLCA K TONKaM NnHWN L Tonbko npn t >+ (ecnm g y < O wa L) wnv nput > —oo
(ecnughr >O0mnal);

b) ecnng N (x) =0Ha L, To TpaexTopun 8 G* pacnonoxeHsl Kak 8 cnyuae B.
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B camom pgene,B obnactu G tpaekTopuwu ypasHenit X=f (x} u X=g (x} cosnapawrT,
a dyHKuWA, pagHan g (x) 8 G T ug " (x) Ha L, 8 cuny 4 ° ynosneteopreT ycnosuio Nunwmua;
acerpa | g (x) | =1; noatomy pasnuuHbie TPaeKTOpUM He MeOT 06WMX Tovek HU B G

Ha L.
c) Ecnn F=08G " 86n1aun L, T0 HeKOTOPaR ORHOCTOPOHHAR (B G *) OKpecTHOCTb nuHUM

L 3anonHeHa CTauMoHapHbIMU TOYKaMU.
B cnyuarx B, a), b), c) HekoTOpbIe DyHKUMM 06PALLAIOTCA B HYNIb HAa NMHUKM UK B obnacTu.
Mo3atoMy Takune cnyuam ABARIOTCA UCKRIOUMTENLHEIMU, PEAKO BCTPevalowmmMucA. Onn npuso-
[ATCA ANA NONHOTLI KRaccugUKauuu.
B o6nactu G~ 86nM3n L MOXET nMeTb MeCTo Takxke nioboi n3 cnydaes A, B, a),b), c).
Couetan kaxAbiit M3 cnyyaes 8 o6nact G 'c kaxabim 8 G ~, NONY4YaeM CreaytowWyo Knac-

cudrKaumnIo.

>>>' H \\\?\

Puc. 31. Puc. 32.

Cnyuaw AAg. fyf N> 0. Tpaektopuu nepecexalor nuHWI0 L, M OHa He ABNRETCA nn-
HeitHoW ocoBenHocTbio. Mpumep: x =1,y =2 + sgny (puc. 29) .

Cnyuan AA,. FNfu<O0, % +0. Tpaextopuu c 06enx CTOPOH BAMBAIOTCA B NUHMIO
L Npu KOHeYHbIX 3HaueHuAX t, nuHUA L — Toxe TpaektopuA. Cm. npumep 1 n. 1 (puc. 30).

Cnyuan AA,. FyfN <D0, f% =0. Tpaektopun c 06eux CTOpPOH BNMBaOTCR 8 L npm
KOHEUHbIX 3HAYeHWAX t; NUHWMA L COCTOUT BCA U3 cTaumoHapHbiX Touexk. Cm. npumep 4
n. 1 (puc. 31). '

Cnyuait AB. fy#0,fN=0,f" #0 (umm fy#0,f y=0,f* #0). ConHoit cTOPOHb!
TPaeKTopUit BNWBAIOTCA B TPaeKTOPWIO L NPy KOHEWHbIX t, @ C APYF O CTOPOHbLI HE BNIMBAETCA
Hu oaHa. Cm. npumep 2 n. 1 (puc. 32).

Cnyuait Aa. fy#0,f*=0,gy#0 (wam fF;#0,f ~ =0,g y#0). C oBenx cTopoH
TpaeKTOpMM NPUBAKMIKAIOTCR K TOYKAM NMHWW L, C ORHON CTOPOHbI — MPW KOHE4HbIX [, @
C APYrO# CTOPOHbI — NPU t > (Man t > — ) ; auHUA L COCTOWUT 13 CTaUMOHAPHbIX TOYEK.
Cwm. npumep 5 n.1.

Cnyuyan Ab. FN#0,f =0,g8v=0 (unu fNy#0,f~ =0, g y=0). C oaHOMN CTOPOHb!
TpaekTopun NpUBNMKAIOTCA K TOYKAM NIMHUM L NP KOHEYHbIX t, a C APyron — He npubnu-
XKaeTCR HWX OAHA; NUHUA L COCTOMT U3 CTauMcHapHbIX Touek. CM. npumep 6 n. 1.

Cnyvuainn aa. f =f*=0,g5v+#0,9#0. C o6enx CTOPOH TPAaeKTOPUM NPUBRMKAIOT-
CA K TOYKaM niHUA L npu t > uam Nnput —> —o; 3T TOYKU — CTauMoHapHbie, CMm. npu-
mep 8 n. 1.

Cnyuain ab. f~=f"=0 u, kpome Toro, umm g v#0,95 =0, nan g5 =0,g 4# 0.
C oaHOW CTOPOHLI TPAaeKTOPUN NPUBAMIKAIOTCA K TOUKaM nuHuM L nput = (uant > —o),
ac Apyrow — He NpuBAMXKAIOTCA; 3TU TOMKW — cTaunoHapHsbie. CMm. npumep 10 n. 1.

Cnyuann bb. f-=f*"=0,gn=gN=0. Nlunmr L COCTOMT M3 CTaUMOHAPHLIX TOYEK,
M K 3TUM TOMKAM HU C ORHOWU CTOPOHbI He NpubnuxaTcA TpaekTopun. CmM. npumep 9 n. 1.

B cneaylowmx cny4aAx TpaeKTOpPUU C OQHOW CTOPOHbI OT L pacnonoeHb! TaK e, Kak B
cnyvanax A, a)l, b) (cwm. Bblwe), a c apyrou CTOpoHbl OT L BCe TOMKU — CTAaUMOHApPHbLIE.

Cnyuain Ac. f(x) =08 G~ sbnuan L,ffv;éo (unu fix) =0 G* s6nuzu L,fx+0).
C™m. npumep 7 n. 1.

Cnyuainn ac. fx) =08 G~ gbamau L, f =0, gHn+#0 Mnnf(x) =0eG*sbaman L,
f- =0, gn#0).Cm. npumepiln.1.

Cnyuyain bc. Bénmsau L 8 G~ fix) =0, B8 G f(x)#0, na L f° =g,$=0 (wnm B
G" fix) =0, 8 G~ flx)#0, Ha L f~ =9y = 0). Cm. npumep 12 n. 1.
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Bcnyu4ae ccscuny 2° L He ABNARTCA NUHEAHON 0COBEHHOCTHIO.

Ecnu ocnabute ycnoswe 3°, nonyctus cny4air {3} He TONLKO B KOHEYHOM YMCNE TOMeK,
HO U B KaXXAOW TOUKE KOHEYHOrO MMCna Ayr, TO NOABNAKTCA BO3MOXHOCTH BB, Ba, Bb, Bc.
WUx knaccuukaunA 3asucuT 0T cnocoBa ROONPERENEHUAR NPaBOW 4acTy AuddepeHiiManbHOro
ypaBHeHuA Ha nuuvun L. JoonpeaeneHue a) 8 4 B 3Tom cny4ae MHOT03Ha4HO. [IpuHAB Takoe
poonpeAeneHue, MOXHO BbIABNUTL CNEAYIOWME Cryy4au.

Cnyvan BB,.fy=f }; =0, sextopst f T u f ¥ HanpaBneHsi B 0AHY CTOPOHY.

Cnyvai BB,. fy=f}, =0, sextopsi f ~ v " Hanpasnembl MPOTUBONONONKHO.

Cny4wawn Ba, Bbun Bc He 1pebyroT noAcHeHun.

lanee, Takue cnyuan, Kkoraa Ha L CKOpPOCTL ABUXEHUA ONPEAENAETCA HEeOAHO3HA4HO,
He ByAyT pacCMaTpPUBaTbCA.

YKaxeM A0OCTaro¥Hbie yCNOBWA CyWECTBOBAHWA NUHEAHOW OCOGeHHOCTM Takoro Tvna,
xak B npumepe 3 n. 1. MNMpwu 3tom npoussoaHsie hyHkuuu f(x) yrke He ByayT HenpepbiBHbI

Puc. 33.

BNNOTo A0 nunnu L, T.e. ycrnosue 1° yxe He ByaeT BuinonHero. Mycte x; = ¥ (x;} la< x<

< B) — ypasHeHue nunum L, YE C'. 3amena x; = x, x, — Y{x;) =y nepesoant nunwio L
B kycok @ < x< f npamos y =0, acuctemy (1) — B cucremy
x=plx,y), y=qixy). (6)

Nemma & [lycrs 8 okpecTHocTu nutuu L ghyHkyuu p, p:v, q HenpepsigHbl, p F 0,

€

gix, y)=vlylhix, y), f

-e ¢ly)
€ >0, PyHxkyuu \,c,h,h; HenpepsigHbl, \h| Z¢>0, g(0) =0, npu 0< |y} <e wnu
¢ely) >0, unu sly) <O0.

To20a nuvua L (y =0) aenamerca Oyz2od TtpaexTopuu cucrems! (6) u u3 Kawodol Tovyxku
nuHuu L @ 00Hy CTOpPOHY yX00UT NONOXUTENsHaA NONYTPaeKTOPUA, 3@ 8 Opy2yi0 — OTpuya-
TeNbHAA, T.e. 8 KaXOoU Toyxe NuUHUU L ee nepecexaer rpaex TOpuA.

AokasatensctBo. Tak xak plx,y) #0,9 (0) =0, vo y =0 — vpaextopmua. [lenn
BTOpOe ypasHeHue B {6) na nepsoe, nocne 3aMeHs!

Yy dy

# too -7

=z, dy=vlyldz, hix, y)=plx ylkix, y)

o wly)
nonyvaem dz/dx =k (x,y (z)). Tak xak byHkumm k u 3k (x,y (z)) /0 z = k;, - @ HENpepbIBHbI,
TO uepes Kawayw Touky (xg,0) npoxoaut eamHcTBenHoe pewenue Z (x) . Tak kak dz/dt =
=h, T0 oHo waet w3 obnactn z < 0 B oBnact z >0 {unn HaooboporT), ecnn h = ¢ >0 (co-
oTBetrcTeeHHo, ecnu h < —c < 0) . Bo3zspawancs 0T Z K y, NoNy+aeM yTBepXAaeHWe NemMMbl.

3amMedaHue MoxHO aonycTuts, 4tobel dyHxuma ¢ (y) npu y = 0 umena paspeis 1-ro
poaa (cka4ok) c cobnioaenvem ycnosua ¢ (+ 0) ¢ (—0) =0.

NuneitHbie 0COBEHHOCTU, ONUCaHHbIE B yTBEPKAEHUM nemMMmbl 4, OTHECEM K KnacCy AA;
(npumep 3 n. 1, puc. 33) .

Ecnu we nuuma L COCTOMT U3 CTAUMOHaPHbLIX TOYEK M B KaXAOW TOYKEe €@ nepecekaer
TpaexTopmA, T0 L — nuHenHan ocobeHHoCTs Knacca AA, (npumep 13 n.1). [locratouHbie
YCNOBUA HaNUuuA TakoW OCOBEHHOCTU nony4alTcA U3 neMmbl 4, ecnu oT6poCUTL ycnoBue
p# 0 v notpebosate, 4To6bl p(x, £ 0) =0 u uT06bl yHkuuu p n h npunagnexanu C' npu
y>0wunpuy <0snnots 40 nurvn y = 0.

CneayiowaR Teopema yKasbiBaetT yCNOBUA, NPW KOTOPbix cuctema (1) wnu ypaBHeHne
(2) umeeT TONBKO KOHEYHOE YMCTIO NUHEHAHBIX U ToYeyHbIX ocobeHHocTen.
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Teopema 1. llycrs npasaa vacrs ypaeveHua (2) e xoHewHod obnacru G ydosner-
aopAer ycnoeuo 1° u MoXeT obpawarscA € Hynb TONMbKO & KOHeYHOM wucne obnacred,
2paHuysbl KOTOPbIX COCTOAT U3 KOHEYHOR20 YUCNE 271a0KUX NUMUL, U, KPOME T020, ewe 8
KOHEYHOM YUCNE TOYeK U 2na0KuX NuHud. Bce 3tu nunuu koneyHol Onumsl. [Mycrs Ha nu-
HuAx paspsiea Pymxyud f,0f/0x,,0f/0x, eexrTopsr f~ (x),f*(x), % (x) mozyr obpa-
warscA 8 Hyns, a f ~ (x) u f* (x) — Kacarsca nuMuG pa3peiBa TONbKO 8 KOHEYHOM Yucne To-
yeKx U, MoXeT bbiTb, euie 8 KaXO0U TOYKE KOHEYHO20 yucna dy2. Ha nuHuAX paspeisa u nu-
HuAx, 20e f (x) =0, nycrs esinonmens! ycnoeus 2° —

To20a @ obnactu G MOXeT cOOepXaTsCA TOMLKO KOHEYHOE YUCIO NIUHEUHbIX U TOYEYHbIX
ocoberHocred.

NokaszatenbctBo. B noboit nogobnactn, rae f,0f/0x,,0f/0x, Henpepblauu u
f (x) ¥ 0, yuepes KaxAyl0 TOUKY MPOXOAUT TONLKO OAHa TpaeKTopuA. Tam n 8 nonobnacTax,
rae f (x) =0, HeT AnHeNHbIX U TouedHbIX ocobeHHocTen. [paHuubl Tex noaobnacTen, B KOTO-
pbix f (x) = 0, COCTOAT N3 KOHEYHOr0 YACNA NMHUIA, Ha KOTOPbLIX BbINOAHEHbI YCNOBUA 2° —
4°. Takue NUHUM COCTORT U3 KOHEYHOrO YNCNa NUHERHbIX 0CcoBeHHOCTeR Knaccos Ac, ac, bc.
JIuHuM pa3pbiBa COCTOAT M3 KOHEYHOrO YMCAA rMNafKUx KYCKOB, Ha KaXAOM M3 KOTOPbIX
KaxaaA w3 yHKUMA £ 5 U f N UNKW COXPaHAET 3HAK, NN TOXAECTBEHHO PaBHA HYMIO, @ KaX-
AaA U3 BEKTOP- cbyHKumT‘ Ff urf® unu ne 06pawiaeTcA B Hynb, UNKU TOXAECTBEHHO paBHa
wynio. B cuny ycnoewii 2° -4 U paccyaeHui, NPoOBeAeHHbIX npu KnaccumKaumm, Takue Kyc-
ku (kpome cnyuan AA,, Korga 0cO6eHHOCTH Her)nanmorcn NMHeHHbIMKU 0CO6EHHOCTAMM Knac-
coB AA,, AA,, AB, Aa, Ab. B cuny ycnosua 4° octanbHble nuHumM, Ha Kotopbix f =0, COCTOAT
U3 KOHEYHOr 0 YMCN3 KYCKOB, ABNAIOWMNXCA NUHENHbIMU OCOBEHHOCTAMM K Naccos aa, ab, bb. Ta-
KM 06pa3om, NMHENHbIX 0OCOBEHHOCTEeN KOHeYHoe Yucno. TodeuHbiMMU 0COBEHHOCTAMIU ABNAIOT-
CA UX KOHUbI 1 M30NMPOBaHHbIe ToukK, rae f(x) = 0, 3HaYUT, N UX KOHEYHOoE YUCNo.

3ameuanune Ecan BbinONHeHb ycnoeua Teopembl 1 U dyHKUMA f (x) HenpepbiBHa
8 G, 10 MOryT CyulecTBoBaTb NuHenHbie 0COBEHHOCTY TONbKO KNaccoe aa, ab, ac, bb, be.

3. MNokaxem, 4TOo nposeaneHHan B N. 2 NPU YCNOBUAX 1° —4° KNaccumKaumMA NUHENHbIX
ocobeHHOCTEN —NOKaNbHaA Tononoruyeckan. byaem rosopuTs, YTO TPAEKTOPUU ABYX AHHbIX
CACTEM B OTKPbITbIX UK 3aMKHYTkIx o6nactax G, n G, (COOTBETCTBEHHO) UMEIOT 00UHa KO-
ey10 Tononozuveckyto crpyxrypy ([157], ctp. 125), unu, kopoue, o6nactn G, n G, umeloT oam-
HAaKOBYIO TONONOIMYECKYI0 CTPYKTYPY, €CK CyulecTBYeT Tononorudeckoe otobpaxenue obna-
ctv G, Ha o6nacTe G, nepesoaALlee, Kak u 06paTHOe OTOBpPaXeHNe, TPAEK TOPUN B TPAEK TOPUM.

3710 03Hauaer, uto oTOoGpaxkeHme obnacTn G, Ha obnacte G, NEePeBOAWNT KaXAyl coaepa-
wytoca B G, Ayry TpaekTopuu (MNK CTaUMOHAPHYIO TOUKY) NepBOM CUCTEMbI B AYry TPaeKTo-
puu  (COOTBETCTBEHHO CTAUMOHAPHYIO TOYKY) BTOPO cucTembi, a obparHoe oToGparkeHue
nepesoanT Kaxaylo coaepxawyiocA B G, Ayry Tpaexktopuu (Mnu CTauMOHapHYI0 TOuKY)
BTOPOW CUCTEMbI B AYrY TPaeKTOpUM (Mnun CTaumoHapHyil TO4Ky) nepeoi cucrembt. 10 oTO-
6paxexue He 06A3aHO COXPaHATL HaNpPaBnNeHue ABUXXEHUA MO TPAEKTOPUAM WU MEHATL ero
oAHOBpPeMeHHO Ha Bcex TpaekTopuAax ([157], ctp. 128) . Mpumep: ToxaecTBeHHoe oTo6paxe-
HUe X = X, ¥ = y NepeBOAUT TPAEKTOPUM CUCTEMbI X = X, ¥ = 0 B TPaeKTOpUM CUCTEMbI X = X
y =0 n obpaTHo ; HanpasneHue ABMKEHWUA MO TPaeKTOPUAM B nonynnockoctu x > 0 coxpa-
HAETCA, a B nonynaockocTn x < 0 meHAeTCA.

Ecnu o6nacte G, 3aMKHyTa U OrpaHuU4eHa, TO U3 HenpepbiBHOCTU B3aUMHO OAHO3HAYHOrO
otobpaxenna G, Ha G, cnefyeT HenpepbiBHOCTL 06paTHOro oTo6paxenua ([155], c1p.321).

TpeboBaHue, 4To6bl 06paTHOE OTOBpPaXKeHUe TaKKe Nepesoavwno Ayry TPaexKTopuu B Ayry
TPpaeKTOPUN, He BbiTEK3eT U3 OCTanbHbIX Tpe6oBaHWUA.

NMpumep ([157], cTp. 126) . KaxkpanA ayra TpaeKTopuu CUCTEMBI

x=x2+y?, y=0 (8)
PV TOAECTBEHHOM OTOBPAKEHUM X = X, ¥ = ¥ NEPEXOAUT B AYrY TPAEKTOPUMN CUCTEMDI
x=1, y=0, (9)

Ho ayra —1 < x < 1 rpaekTopun y = 0 cuctembl (9) He nepexoavT B Ayry TPaeKTOPUK CUCTe-
mbi (8) . lononuuTensHoe Tpeboeamue, 4ToGLI CTaUMOHAPHAA TOUKA NEPBOM CUCTEMbI NEPEXO-
AUNa B CTaWMOHAPHYIO TOUKY BTOPOM CUCTEMbI, HE  NOMOraeT, TaKk Kak cucteMy (9) mMoxHo
3aMEeHNTbL CUCTEMON

. 3 .

x=y2+3 x?, y=0, (10)
anA kotopoit Ta ke ayra —1 < x< 1,y = 0 ecTb Ayra TPaeKTOPUK  pelennAa X =t 3.y=0.
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TpeboBanue, 4T06bI CTAUNOHAPHAA TOYKA NEpPexXoAnna B8 CTaUMOHAPHYI0 TOYKY BTOPOH

CUCTEMbI, He BbiTeKaeT U3 ocTanbHbix TpeboBawnii. IJTo nokasbiBaer oTobpaxexne x = x,
y =y TpaexkTopuin cuctemol (9) 8 Tpaextopun cuctemol (10) u o6patHoe otobpaxenne (10) B
9).
B [157] (cTp. 125) smecTo TpeGoBaHua, uToBbl 0TOBpaxKeHne NEPeBOAUNO KaxAylo Ayry
TPaeKTopun B AYry TpaexkTopuu, coaepxurca tpebosaHue, 4Tobel oTo6paXkeHne nepesoanno
Kaxabie ABe TOYKWU, Nexaliue Ha OAHON TPaeKTOPUM, B ABE TOUKK, NeXxawme Ha 0AHON TPaeKTo-
pyun. 3TU TpebosaHUA PaBHOCMNbHLI B TOM CnNyyvae, KOraa Npu niobbiX HavanbHbiX yCNOBUAX
x(0) =xp, ¥ (0) =y, pewenne eANHCTBEHHO, HO HE PAaBHOCUNLHbI ANA CUCTEM C HAPYLWeHUEM
eAVHCTBEHHOCTHU, KaK NOKa3siBaeT cnepylowmnii npumep (puc. 34, 35) .

&
a» ;

Puc. 34 Pwnc. 35.

B 06oux cnyuaax oce Ox — TPaeKTOPWA, B KAKAON TOYKE KOTOPOA HapywaeTCA eAUHCT-
BEHHOCTb; .PELUEHMA NOCTUraloT cTaumoHapHow Touku O 3a koHewyHoe BpemAa. CywecTtsyer
TOononoruuecKoe oTobBpaxeHne, Hanpumep, ToXxAecTeeHRoe B 06nactax y > 0 u Huxe TpaekTo-
pn mOn v overuaHbIM 06pa3oM NPOACIKEHHOE (no TpaekTopuAam) B obnactu mOd wnOf,
nepesoaAuiee Mnbbie ABe TOUKU OAHON TPAaeKTopUN B ARE TOYKWU OAHOW TpaekTopuu. Touku
a v b nepexoAAT 8 TOMKKU a; W b, HO COBAUHAIOULAA WX Ayra TpaekTopunacOdefb He nepe-
XOAUT B AYry TPAeKTOpuUWU; TOUKW @ ; M b, coeavHenb! Ayron Tpaextopum a, k,0c¢,f b,.
NHaekc craumonapHom Toukn O paser 0 Ha puc. 34 v pasen +1 wa puc. 35.

Byaem rosoputs, 4T0 nuHelHble ocobeHHocTu L w K npuHadnemar 00HOMY u TOMy Me
Tonono2uveckoMy Knaccy, ecnn y mobeix (Hexonuesbix) Touek xE L, x*€ K umerwtca
OKPECTHOCTU OAWHAKOBOW TONONOMMUYECKON CTPYKTYpbl. Takum o0bpa3om, 3aece NPOBOAUTCA
710KanbHaA TONONOr NYECKan KNacCU(pMKaumna NMHeNnHbIX 0cobeHHOCTeN.

Teopema 2. flpu ycnosuax 1° — 4° n. 2 cywecreyror romxo 11 Tononozuveckux
Knaccoe nuHelinbix ocobennocred: AA,, AA;, AB, Aa, Ab, Ac, aa, ab, ac, bb, bc.

NokaszatenbcTBO. [lokaxem, YTO y KaXXAON HEKOHUEBOW TOUYKU Xy NUHEMHOW OCO-
6eHHOCT L cyllecTBYeT OKPECTHOCTb, KOTOPYH MOXHO TORONOrvwYyecku otobpasuts Ha ok-
pecTHOCTb ntobon Touku ocu Ou 8 COOTBETCTBYIOLIEM U3 NPUMEPOB, yKa3saHHbiX 8 nNn. 1, 2,
TaK, 4To6bl TpaekTOpuu nepexoavnu B Tpaexktopuu. Mycre x = Y(s) (—€ <s <€) — ayra
I nuHenHon ocobennoctn L, yE C, ¢ (s) #0, Y(0) = x,. Ecnn Ha aton ayre fr(x) >0
(0603HaueHnA cm. B n. 2), a x =y (t,s) — npoxoaAwee npu 0 <t <t; B G* pewenue ¢ Ha-
vanbHbIM ycnosuem ¢ (0,s) =Y (s), To no teopeme 3 § 12 dyHkuma ¢ (v, s) Tononoruvecku
oTO6paxaeT NPAMOYronbHUK —e <s <e,0<v <t,;, Ha HeKOTOpPYyld OAHOCTOPOHHIOW (B
G ") OKPECTHOCTb TOUKM Xo NuHMM L . CywecTBoBsaHue uucna t, > 0, o6wero anA Bcex Takux
pewennn ¢ (t,s), | s | <e, cneayer u3 ycnosua £ 1 (x) > 0 n paBHOMEPHOK HeNPepbIBHOCTY
dyHkumn f(x) 8 G* B6nn3n ayrm .

Cnyuaii f 5 < 0 CBOANTCA K paCCMOTPEHHOMY 3aMeHOM t Ha —t, a cnyuaiig > O0ug A<0-—
NnepexoioM K ypasHeHuio X =g (x), nmelowiemy B cuny (4) Te e TpaekTopun 8 obnacTn G*.

Ecnu xe Ha ayre [E L nmeem F1=0,f #0, 10 u3 ~oukn X, € I nposeaem B o6nactb
G* )Aocrarouuo Manbiii oTpesok 6e3 koHTakTa X=X (n),0<n<§ (XEC!, X #0,x(0) =
=Xo) .

dynkumio f poonpeaenym Ha L 3HadeHnAaMu F=f' Mycre x=y¢, (t,N) — pewenue
ypasHeHus x = f (x) ¢ HavanbHbIM ycnoauam ¢ (0, 71) = x (n). Npu n = 0 310 pewenne npobe-
raet yacte Ayru /3a npoMexyTox BpeMeHu t, <t <t,, rae t; < 0<t,. B cuny Henpe-
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PbIBHOW 33BUCUMOCTW PELIEHUW OT HauanbHbIX YCNOBUW NPU AOCTATOYHO Manbix & dyHKUMA
Y| ONpeaefieHa n HeMpepLIBHAa B NPAMOYyronbHuke P (t) <t <t,,0<n <4§). No reopeme 3
§ 12 ona Tononoruuecku orobpaxaet P Ha HEKOTOPYIO OAHOCTOPOHHIO OKPECTHOCTL TOM-
KW Xg .

Cnyuait, xoraa f*=0,gv=0,g"#0 Hal,cBOANTCA K PACCMOTPEHHOMY, ECMN NepeiiTn
K ypaBHeHuio X = g (x) .

Taxum o6pa3som, B cnyuaax A, B, a), b} n. 2. cywecteyer Tononoruseckoe orobpaxenve
HEKOTOPOW ORHOCTOPOHHEWH CKPECTHOCTU TOYKU Xo € L Ha NPAMOYroneHKK, NP KOTOpOM
TPaeKTOPUM NEepexoanRT B NapannenibHbie NpAMbIe. B cnyuae C) MOXXKO B3ATE NPOU3BONbLHOE
Tononoruyeckoe oTobpakeHWe TaKOW OKPECTHOCTW Ha NPAMOYrofibHUK, AuWwe Bbl ayra
I CL nepexoauna s _OAHY U3 CTOPOH npﬂmoyronbnuka.

Couetan Kaxawiit u3 cnyyaes A, B, a), b), c) B G* c kaxabim e G~ 1 3amevan, uto Tono-
noruvyeckue oToGpaxKeHnA AByX OAHOCTOPOHHUX oKpecTHocTent (B G u G ~) MoxHO Henpe-
PLIBHO COEAMKUTL BAONL Ayru [, nonyyaem oToBpaXkeHnMe NONHOW OKPECTHOCTU TOHKWU Xo
Ha Heogoropuﬁ npamoyronsHuk. Cnyvau BB,;, BB,, Ba, Bb, Bc uckniouaorca u3-3a ycno-
8uA 3, B Cliyvae cC NUHEMHON 0CO6eHHOCTU HeT. Cnydain AA pa3buBaercA Ha MOACHYYaM,
KaKkshn. 2.

B cnyvanx AA,, Aa, Ab, Ac, aa, ab, ac, bb, bc nocrpoerHoe Tononoruveckoe orobpaxenue
OKPECTHOCTU TOYKU Xp Ha NPAMOYrONbHUK ABNAETCA UCKOMBLIM (C TOUHOCTbI0 A0 0603Have-
HUA koopauHat). B cnyyae AA; ocTaeTtcA Tonbko o6e NoNOBUHLI NPAMOYronbHUKa (B Cnyuae
AB — oaHy) c nomMowbio nuHeitHoro npeo6pasoBaHuA 0TOoGPa3nMTL Ha Napannenor pamMmsl,
orpaHuueHHbie NUHUAMU v = 0, v = £ § n aByMA TpaexkToprAMKU npumepa 1(unn npumepa2)n. 1.

Takum 06pa3om, Bce nUHenHble 0COG6EHHOCTU, YAOBNETBOPAIOWMNE YCAOBUAM OAHOrO M
toro xe (nwoboro) s 11 cnyvaes AA,, ..., bc n. 2, npuHaanexar oAHOMy U TOMY e TOno-
noruueckomy knaccy. tu 11 Tononoruuyeckux Knaccos pa3nuuHbl. Hanpumep, B cnyvae
AA; Kaxaaa Touka NUHENHOW OCOBEHHOCTU ABNAETCA CTaUMOHAPHOW M, KPOME TOrO, Npwu-
HaAANEXUT ABYM APYrMM TPaeKTOPUAM, BXOARIUMM B 3Ty TOUKY 33 KOHEYHOe BPeMmSA, B cny-
yae Aa — TONbKO OAHON TakOil TPaeKTOPWUM, a B Cnyvae aa — HWU OAHON. Pasnnume gpyrux
CNy4aeB A0Ka3bIBAETCA CTONb e NpPocTo.

Ycnoana 2° — 4° n. 2 gonyckaoT, To6bl TPeGOBANUA, HANOXKEHHbIE B KAXKAOM U3 Cny-
yaes AA;, ..., HapPyLWanuCb B KOHEYHOM YKCNE ""MCKNIounTenbHbiX'' TOoueK nunum L. Ecnn
CTPYKTypa OKPECTHOCTU TaKOW TOYKWU OTAMYHA OT CTPYKTypbl OKPECTHOCTEN APYrnx ToueK
KUK L, TO TakaA TOuKa He NPUHAANEXUT NUHEAHOW OCODEHHOCTM, a ABNAETCA rpaHunuen
ABYX nUHeHblix ocoBeHHocTen, nexawmnx Ha L. Ecnn e cTpyKTypa OKPecTHOCTH TaKow ToM-
KW OAMHAKOBAE CO CTPYKTYPOW OKPECTHOCTeN 6nM3Kux K Hen Touek nuHun L, TO 3Ta Touka
NPUHaANeXUT nMHenHon ocobernHocTn. MNpUHAANEXHOCTL NUHEHMHONW OCOGEHHOCTH TOMY WUAKU
MHOMy TONONOrMYECKOMy KNacCy ONpeAesiAeTcA NO BLINONHEHWIO TpeBoBaHWW Ha yHKUUK
ft,f—,... B TOYKAxX, He ABNAIOWMUXCA '‘ucknounTensHbimu’’. Tak kak B8 n. 2 paccMoTpe-
Hbi BCe Chyvyan, KOTOPble NPU YCNOBUAX 1° —4° MOrYT BbINONHATLCA HA UENON Ayre
fiviun L, To Npu 3TUX YCNOBUAX KaXKAaR NuHenHaR 0COBeHHOCTb NPUHAANEXUT OAHOMY U3
YKa3aHHbiX 11 TONONOrMYecKnx KNaccos.

W3noxkeHHaA 3aeck NoKanbHaR TONONOrMYecKkan knaccudWKaunA NUHEUHbIX 0COBEHHOC-
Ten moxeT GbiTh AeTanuanpoBaHa. Hanpumep, ecnu paccMaTpuBaTh TONLKO TOMNONOFUYECKne
OTOOpaXeHWA, COXpaHAIWWe HanpaBneHue ABWXXEHWA NO TP3AEKTOPUAM UMM MEHAIUMe
ero OAHOBPEMEHHO Ha BCeX TPaeKTOPUAX, TO KaxAbiv U3 knaccoB Aa, aa, bb pacnanaercA
Ha 1Ba KNacca, a OCTanbHble KNacCbl COXPaHAIOTCA.

4. Npoponxum Teneps TONONOrM4ecKyio Knaccudukaumo A0 knaccupuKaumu OoTHOocHMTensHo Augh-
peomopPuamoa, T.e. TONONOFNYECKUX OTOBpaXEHNH, KOTOpPLIE ABNAIOTCA HENpepbiBHO anddepeHunpye-
MbIMW BMecTe ¢ 06patHbiMu 0TOGpaxkeHuAMMU.

Ycnosue 4° n. 2 Hago Teneps ycunuTs, MOTPeboBsas, 4yTobel g (x) € C' BnnoTte a0 nunuu L. 3ametum
Taroke, 470 ecnu sexTopbt £ M F~ (mu FTug ", mnuf gt unug — y g *} B HeKOTOpPO® TOuke X
KONNUHEAPHbLI, TO OHW COXPAHAIOT 3TO CBOWCTBO M nocne nwboro auddeperunpyemora oTtobpaeHma.
NostoMy B Aononuenue Kk ycnosuam 1° — 4° notpebyem, uTo6ul nnHMA L COCTOANE U3 KOHBYHOrO Yucna
AYF, Ha KaKaou U3 KOTOPbLIX 3TW BEKTOpPLI UNK HEe KONNKUHEAPHbLE HN B OAHOK TOuKE Knun KONNUHeapHbl B
Ka)aon TOuKe Ayru. .

Danee, 8 cnyuae bb nocne nepexopa kK ypasHeHuio x = ¢ (x) BexTopbi g~ (x) n g* (x) xacawotca L.
Ecnu oMM NpOTMBONONO KHO HAaNpPaBneHbi, TO 3ameHnMm t Ha —t B8 G~. Tax Kax Bceraa | g (x)| = 1, 70 no-
Nnyuwm ypasHeHue x =g (x) c HenpepsiBHOW hyHKumeii g (x) . ECNu Ha HEKOTOPOM y4acTKe nuHuM L umMeeM

)

9
—gpynlx) = — g,\;(x) , To nocne nw6oro amhbeomMopdmima anA Npeo6pa3oBaHHOrO ypaBHEHUA 3TH
aN aN
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]
NPOU3BOAHLIE OKa3bLIBAIOTCA Pa3NMyYHLIMU, T.e. Pa3psie NPOU3BOAHON —gN(x) no Hopmanu K L Hene:
) aN

3A YCTPaHUTb ¢ NOMOULbIO anbdeomopdnma. Mo3ITOMY HAAO HANOXUTL eule OAHO YCNOBUE: KAXAAA NUHNA
paspbiBa COCTOMT U3 KOHEYHOTO YNCNA AYF, H8 KaXKA0K U3 KOTOPbIX PaBEHCTBO

9 ]
—gyix) =
an N aN
#AM BLINONHAGTCA BO BCEX TOYKAX AYFW, UNKU He BbINONHAEGTCA HKX B O AHOW TOUKe AYrU.

AnA Taknx ayr MOXHO AaTh KNaccudu Kaunio oTHocuTensHo addreomopdu3imos.

Teopema 3. llpu chopmMynupoeaHHeIx ycnosuAx TcA 18 K, NuHetHbIX 0coBeHHoCTed
otHocuTensHo dugpeomopPuimos. M3 11 knaccos, ykalarHeix @ Teopeme 2, knacc AA, pacnadaetcA
Ha 3 Kknacca, Kamobii u3 Knaccos AA,, Aa, aa, bb — na 2 knacca, u doBaennerca knacc AA, ¢ Hexonnu-
HeapHbimu eexropamu - u F*.

Ecnu Ha nunuu paspeiea npumMeHAeTCA doonpedeneHue a) § 4, 170 emecTo 3rux 18 Knaccos umeroTcA
ronsko 15 (knaccer AA, u AA, He pacnadarorcr) .

AoxalavensvctBo. MNycrs L — Kycox nuHetHOW ocobenHocm knacca AA, M B Kaxpoh Touke
x € L sextoput f(x) u f* (x) wexonnumHeapHsl, fy # 0, fy # 0. MocTpoum anddeomopdmam, nepe-
BOAALUNA TPIEKTOPUKA ABHHON CUCTEMBbI

gI'V(x) (11)

x =flx) (x¢L), x=f(x) (xeL) (12)
86U L B TPAEeKTOPUU OAHON U3 ABYX CUCTeM:

G=1, v=—sgnv (w#0, ¢=1, v=0 (v=0, (13)

O=1, ¥ =—-sgnv Ww#0, &=-1, v=0 (v=0). (14)

PaccMmoTpum cnyvan f,{, > 0, f,{, < 0 (K HemMy CBOAMTCA cnyvan f& <0, f,:v > 0 ¢ NOMOULbLIO 3aMeHbl T
Ha —t) .
Ona x € L paccMOTpuM yHKuUMIO

fivlo)

yix) =— >0, ~vylx)e C'.

fyix)

Mpogon»mm ee B OKPECTHOCTL NUHUM L C cOxpaHeHnem ycnoswi v (x) > 0, y(x) € C' (wanpumep,
TaK, k8K B nemme 3) . 3ameHn M nanHoe ypasHeHne (12) ypasHeHnem

x=h(x) thix) =flx), x€G*; hix) =ylx)fix), x=G°), (15)
umeroumm 8 G* u G~ te xe Tpaexktopun, uto (12). Tak kak h p, =f3; = —h ;< 0, T0 Npu x € L nonoxum
X =h®(x), A°x) = (h*{x) + h (x)) /2. (16)

~

B%Krop h°(x) wacaetcA L B Touxke x. Tak kak Bektopbl f~ n f*, 3HaunT A~ n h*, HexonnuHeapHs!, To
h°x) #0.

Nycrte x, € L,a x = ¥ (t) — pewerue ypasHeHnA (16) c HauanbHbIM ycnosuem ¢ (0) = x, . AnA Hexo-
Toporo € > 0 ayra x = Y(t), |ti<e,nexurHal.lyctobx = ¢ (t,s) mx=yp"(t,s) — npoxonAume
cooTeeTcTBeHHO B G~ 1 G* peweHnA ypasHeHnA (15) c o6wnmm HavanbHeiM yenosuem ¢~ (0,s) =¢* (0, s)=
= y(s). Kax 8 poxazatenscrae TeopeMsl 2, hyHKUUN ¢ 1 ¢ * onpeaeneHs Npu | s <e, -t, <t <0.

Moxaxem, yto

x=¢p v, u=v) (v<0), x=¢p*'(-v,u+v) (v=20) “an

— nckomeiik ambdeomopdnim. B camom aene, kak B pokasatenscTee Teopemb! 2, dopmynel {(17) on-
PEAENAIOT FOMEOMOPEM3M 38MKHYTOW OGnac™ |v |<t,, |u*|v||<e H3 OKpECTHOCTL TOUKK X, .
Tpaektopuu ypasHeHnna (15) BoipawaoTcA GopMynamn x = ¢* {t, S) Npu s = CONst W NepeMeHHOM t,
3HaunT, TpaekTopuu cuctemsl (13) npu v # 0 dopmynamu (17) OTOGPaXAOTCA B TPaeKTOpUU ypasHe-
HuA (15) . B cuny Teopemul 0 mddepeHUMPYEMOCTH peleHnA no napameTtpy v, v ' € C'. Ouesna-
Mo, B {17) nponssoaHan 3x/3u HenpepbiBHa W Npu v = 0.

OcraeTcA AOKE3aTe HENPepsLIBHOCTL NPOM3BOAHOW dx/3v npu v =0. Tak kak " (t,s), o' (t, s)

n Y (t) — pewieHmA yKa3aHHbIx BbiWwe ypaBHeHun, To npu v = 0
3p~ 3’ d3p~  dp’ By
— =p-, =ht, ——— = —— =—— =fO,
at at as as as
CnenosatensHo, anA 0Tobpaxenun (17)
ax d¢ (v,u—v) d¢ ~ oy ax
— ——— = —— = —h°; =—h*+ ho.
W ,-_o av at as W |, =40
B auny (16) 3tn BuipaxeHnn cosnapawt. 3HawmT, (17) — oTobpameHue knacca C'. Mpu v = O BekTOp

ax/du = ¢’ (s) = h°(x) xacaevcA L ,a dax/ov = h™ — h° He xacaetcA. CneposartensHo, AKOBMaH O To6pa-
weHnA (17) He paseH Hynio Ha nuHUA L ¥ B ee OKPeCTHOCTH.
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(15‘;'“('1('6)“7) — mpeoMopdIM, NepeBOARWKIA Tp3eKTOopun cncTembl (13) B TpaekTopun cucTeMbi

Ecnn Bextopel F'(x) u h®(x) npu x € L wanpasnensi 8 0aHY CTOpOHY, TO TpaexTopum cuctem (12)
n (15), (16) cosnapaor u anddeomopdusm (17) nepesoanT Tpaextopun (13) B8 tpaextopun (12).
Ecnn sextoper f'(x) u h°(x} nNnpoMBONONDOXHO HanpasneHbi, To awddeomopduam (17) nepesoant
Tpaextopun onctemer (14) 8 tpaextopun (12). Ecan xe F(x) = O (cnyuait AA,) n BexTopw F* n f~
HexonnuHeapHsi, To anddeomopdmsm (17) 0To6paxmaeT TPIEK TOPUKU CUCTEMbI

0 =1, v=-sgnv (v=0), v=v=0 (v=0

8 TpaeKTopum cucremsr (12) .

K p3ccMOTpeHHOMY Cy4alo cBOARTCA cnyuam AA, (3ameHon f(x) Ha — fix) B G* nnus G ) n Aa,
aa (JaM,eHov‘v dyHxumn f (x) Ha dyHkunio g (x) n3 (4)) npu HekonnuHeapHsix BexTopax f* n £~ {unn
grng).

Ecnu we sextoper £ {x) u f7(x) (man g’ (x}) n g (x)) npu xawpom x & L KonnuHeapHel, HO He
KacaloTcA nNuHuu L, TO B cnyude AA, TP3eKTOpUK He uMetoT 0CoBeHHOcTer n 0 ToGpanaloTcA Ha cemencT:
BO NApannenbHbix NPAMLIX, @ B cny4aAx AA , AA,, Aa, 83 — B 43CT™M NPAMLIX ¥ = CONsSt B NONYNNOCKOC-
1AXVv > 0uv < OnB. TpaexTopuio (8 cnyuse AA,) unu B CTaUNOHEpHLIE TOYKK Ha NnpAMon v = 0. flnA
nocTpoeHnA antdbdeoMopduima 8 3TMX CyuyaAx Hano 3ameHuTs, ypasHeHne (12) ypasHeHuem x' = g (x)
{cm. (4)) n B cnyvae g ygy < 0 33menuT 8 G* wnn B G~ HanpaeneHue BeKTopa g (x) Ha NpoTMBONONOX-
woe. Nocne atoro g (x) € C' 8 oxpecTHOCTM NuHun L n anddeomMopdm3m cTpoun TcA kak 8 Teopeme 4 § 12.

Ecnn Ha numwu paspuiBa NpMMeHAETCA poonpeaenexue a) § 4, 1o sexTopsl f° 8 (12) n h° 8 (16)
B8Ceraa HanpasneHsl B OAHY CTOPOHY, 3 B cnywae xonnuHeapHoct f* u f umeem f° = 0, h° = 0. Noa
ToMy B cny4arix AA, n AA, 0CT3eTCA TONbKO NO 0QHON U3 NEpPeY CNEHH biX BO3IMOXHOCTEN.

B cnywaax AB,Ab, ab c oanoh cropoHbl OoT L crponTcA BexTop-hpyHKuur x = ¢ (t, s), a c apyron
x = ¢, {t, n), xak B poxazatensCcTBe TeOpembl 2, HO NpW 3TOM BYHKUMA f NpeaBapUTENbHO 3aMeHAETCA
dyHKumeRn g 3 (4) . Tak Kax Ha L BEKTOPhI v U p; HEKONNWHEAPHSI N BEKTOPbI Y M 9}, TOXE HeKON-
NMHE3PHbI, TO AKOOBMaHLI BEKTOP-QYHKUMIA ¢ W v, He 06pawaoTcA B Hyns. MoatoMy B6AMIN L dyHKumnn
s =si{x) €C', n=nlix) € C' snnote po L. Npoaonxan kaxayo n3 dyHkumh s (x) nn(x) Ha apyryo
CTOPOHY nuHum L ¢ coxpaHenmeMm Knacca C', nonyuaem anchdeomopdmam s = s {x), n = nix), npn Ko-
TOpoM L nepexoamut 8 NpAMYIO 1 = 0, a TpaekTopun cuctemsr (12) ¢ 0AHOW CTOpOHLI OT L — B NpAMBbIE
§ =const, a C APyron — B NpAMbIE 1] =CONst, T.e. B cny4aAax Ab n ab — B TpaekTOpun NpumepoB 6) n
10) n.1. B cnywae AB Hapo ewe caenath nunetHoe Npeo6palosanve, 4ToGbl NONYWATL TPAEKTOpun Npu-

mepa 2) n.i. .
B cnyyae bb nocne nepexona k ypasHeHnto x = g (x) (n, ecnn g~ (x) = —g*(x), nocne 3amewbl t Ha
—~t 8 G*) nonyuaem ypasHeHne ¢ HenpepbiBHON dyHkuveh g (x). Tak kax g {x) | = 1 u 8 cnydae bb

Ha nNuHwn L BexTtop ¢ (x) «acaetcA 3Tom AuHumn, To Ha ayre /C L, rae Buinonderdo (11), npoussoakbie
3g/dx; HenpepsiBHbi, i =1, 2. B OKPECTHOCTH KaXAOW TOukK 3704 Ayrng (x) € C'!,nno reopeme 4 8§12
cyuwectsyeT anddeoMophusm, 0TOBPIXAMOWNIA TPAEKTOPMN YpaBHeHnA x = g (x) Ha cemeicTeo napan-
nenbHbix NpAMbIX. TP3EKTOPMU MCXORHOW oncTeMsl k = f (x) OW OTOGpaxaeT B TPaeKTOpun NpuMe-
pa9) n.i.

Mycte MW B8 oaHon Touke ayrm /C L He sBwinonHeHo pasenctso (11). Kak 8 cnyuae ab, c NnOMOwbio
mbdeomopdbnima nepeBeneM TpaekTopuu 8 oBnacw G~ 8 NapannensHbie npAMbie. Cuctema npu-
meT Bua

E=1. 7-0 (<0); E=1, n=ql, 7 (=0 (18)
Npu 3tom g(E, O) = 0 (nmeem cnyush bb) . Tax Kax pageHcTBO (11) He BLINDNHABTCA, TO B CUNY CKa
3aHHOrO nepea GOPMYNN pOB KOA TEO peMbl q;, {£,0) =plt) #0.Cagenaem 3ameny

£

v =ult) = [plE)dE, dr =plE)dt.
0

Monywim cucremy

du dy du dn  qlg(w),n
— =1, — =0 (n<0); —— =1, s (> 0).
dr dr dr dr plE (u))

MocneaHoto apobs o6o3Hawm 0 (v, n) . B cuny 8b160pa byHkumm p () umeem 30/37n =1 npn n=0.
Myctbuw = 7, n = ¢ (7, ¢} — pewenne c HavanvHeiMn ycnosuamu v{0) = 0, n(0) = ¢ > O Nonormm
n=¢lu, ve) v20, n=v (v<0); u-u (19)

Torna TpaexTopum ¢ = 7, 0 = ¢ (7, ¢) NEPEXOART B NnuHMM u = 7, v =ce’ npu ¢ > 0. CneposarensHo,
cucTema nepexoanT B cuctemy (3pece 0 =du/dT v 1.a.)

=1, v=0 (v<0); d=1, v=v (v=0). (20)

MokaxeM, 410 3n/3v wenpepsvisHa npu v = 0. U3 (19) 3n/av = e “apidc. Nponssoaran 3p/dc = w
YROBneTROPRET ypasHEHWIO B BAPHAUWNA X

w =wd0/an;, wi0) =1,

Npu n =0 umeem 06/dn =1, chegoBartensHo,

T g

w=e'; oanlov e e

v=40
Npuv <0 umeemn=v, 3n/dv| , ..o =1. CnenosarensHo, (19) — auddeomopdusm.
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N1aK, 8 cnyyae bb TpaekTOpwu AAHHOW CUCTEMb) OTOGPAXKAIOTCA WNn B TpaexTopuu Npumepa 9) n.1,

nnn B TpaeKTopuu cuctemsl (20) .

B ocTanpHeix cny4aAx AC, 3C, b C O AHOK CTOPOHBI OT NUHWUK [ CTPOUTCA, Kak B cnysae ab, amddeo-
MOpPEM3M, NepesoAAWMA TpaeKTOpMK B NapannenbHele MpAMble. 3aTem 3ToT anddeomopdu3M Npous-
BONBHO NPOAONIXAETCA Yepe3 NUHKI0 L B 0GNacTb, 3aN0NHeHHYI0 000 6biMU TOYKaMMK.

§ 17. Tononomueckas KinaccipHKauus 0coObix ToueK

M3secTHaA TononoruyeckaA KnaccutvkaumA ocOBbIX TOYEK NO 4WACAY U PACMONOKEHWUI0
runepbonnueckux, Napabonuueckux, 3NNUNTUYECKUX CEKTOPOB PacnNpOCTPaHAGTCA Ha OCO-
6ble TOUKU W Apyrue TO4eYHble OCOBEHHOCTU CMCTEM C KYCOWYHO HEeNnpepbiBHbIMM MPaBbiMK
vacTAMU. Mpy 3TOM YMCNO TONONOIMYECKNX KNAccoB CeKTOPOB YBEIM4MBaeTCA.

¥

Z
\z

N

Puc. 36. Puc. 37.

1. AnA 3BTOHOMHBLIX CUCTEM C HapyWeHWAMM eAMHCTBEHHOCTH Heo6x0anMmO 0606WKnThL
NOHATUE cenapaTpucel. OEnapaTrpCbi MOryT VMETbCA HEe TONbKO Y CTaUMOHAPHbIX TOYeK
(nonoxeHnA pPaBHOBECUA), HO M Y TOMEK HaPYLEHUA eAMHCTBEHHOCTU, M Y APYTUX TOMEUYHbIX
ocobeHHocTen. Hanpumep, ecnu NyYoK TpaeKTOpUA CNUBAeTCA B HeKOTOPOM TOuKe B OAHY
TpaeKTOpMIO, TO ABe KpalHWe NONYTPaeKTOPUM NyvyKa M NONyTpaeKTopuA, 06pasylowanca
nocne CNUAHWA, ABNAIOTCA CenapaTpucaMu, TaK KakK OHW pPa3sfenAloT TPaeKToOpHW, WMelome
pa3Hoe nosepenve (puc. 36) . T cenapaTpucCbl aHaNOTrM4HbLI TPEM cenapaTpucam ceanoysna
W OTAUYAIOTCA OT HUX TN b TeM, YTO He ABNAIOTCA UeNbIMA TPAeK TO PUAMM.

Y ocobBoW TOYKU MOryT MMeTbCA OPBUTHO-YCTOMUMBLIe cenapaTpucel. Hanpumep, y cucte-
mbl (puc. 37)

0 x<-=lyl),
X = —x, };= -y (|x|<|y|).
—xsgny (x=lyl)

BCE NONOXWUTenbHbIe NONYTPaEKTOPMM CTPEMATCA K ycToismsoMmy y3ny (0,0) » AenaoTcA
wW-optnTHO -ycTonwmebiMu( [157] ,cTp.257). Tpu nonyTpaekTopuu:

y =0 x>0, vy =x<0; y = —x>0
— NnHeHble 0CO BEHHOCTM ¥ TPY NONYTPaeKTOPUN:

y =0, x<O0; y = x>0; y = -x<0
— CenapaTpMcel. 3T WeCTb NONYTPaeKTOPViA Pa3bnsaoT oxkpecTtHocts Touku (0,0) Ha wecTw
napabonuyeckux CeKTOPOB, U3 KOTOPLIX ABAa NPUHAANEXaT OAHOMY TOMOAOTU4ECKOMY
T™MNY, 3 YeTbipe — APYroMy.

Huxe paetcA onpeaenenne cenapaTpuchli ANA CUCTEMbI C KOHEYHBIM YACNOM NMHEMHbIX
W ToueuHsIx ocobenHocTen (n.1 § 16) . Bo Bcex cnyyaAx KOHWbI AYrH CHMTAIOTCA He NpPUHaa-
nexawumu 3Ton ayre.

Cenaparpucod | ToueuHon 0cOBeHHOCTU b Ha3bIBAETCA TPAEKTOPVA, CTPEMAWBACA K
Touke b, UNM pyra TPaeKTOPUM C KOHUOM B TOowKe b TakaA, uTo Ha [ He HapyuwiaeTCA eauH-
CTBEHHOCTL M 4TO ANA no6on Toukm @ € / cywecTByloT Takue AyrW TpaeKTopwit [,
i=1,2,...,ytob&l; n, kpome T0ro, nnu

1) 1,' = a,‘b,'C,‘, a,'b,' - ab, p(C,~, b) = €o > 0, i = 1,2,... ,
nuan
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2) l; = a;b; > ab, To4Ka b; nexm1T Ha NUHENHOW 0COBeHHOCTH.

Pa3nuyatorcAa cenapatpucbl 1-ro u 2-ro poAa, ANA KOTOPbLIX BbINONHAETCA COOTBETCTBEHHO
ycnosue 1) unu 2) . CenapaTtpuca MOXXeT NpuHaanexars 0 AHOB peMeHHO K 1-My u 2-my poay,
Hanpumep, cenapatpuca ab Ha puc. 38 u 39 (Ha 06oux pucyHKax bc — NuHeHaA 0Co6eH-
HOCTB) .

CenapaTpvca Touku b Ha3bIBAeTCA yes10U cenaparpucod, ecnyu OHa OT TOYKK b Npoaon keHa
WNWU HEOr PaHNUYEHHO, UNKU Ao Bnuikainwen (BAONL Hee) TOYEYHOW VNKU NUHENHON OCO HEHHOCTY.

AnA onctemsi 6e3 HapyweHU eAUHCTBEHHOCTM U TONLKO C M30NUPOBaHHbLIMKU OCO6GbiMK
TOYKaM MOTYT CyLlecTBOBaTbL TONbKO cenapatpucsl 1-ro poaa. B atom cnyvae aaHHoe Bbiwe
onpeaeneHue cenapaTpucbi paBHOCUMNLHO (B cny Teopembl 38 u3 [157]) onpeaenexuto

b 6;

a;

a, L' S
\b’. R c= Ci

Puc. 38. Puc. 39.

cenapaTpucbl Kak OpBMTHO-HeyCTONYMBOW NONYTPaeKTOpUM, CTpeMALencA K ocobon Touke,
naHHomy 8 [157] (cTp.277).
2. PaccMOTpUM CnCTeMy B BEKTOPHOM 3anucy

x=f(x), x€ GCR?, (n

yaoenetsopAowyto ycnosuam 1°—4° n.2 § 16. Mo Teopeme 1 § 16 3Ta cucTeMa B8 KOHeY
HOM 06nacTu G MOXKeT UMeTb TONbKO KOHEYHOE YNCNO NMHENHbIX U TOYEeUYHbIX 000 GEHHOCTEN.
Mycte Touka 0 (x = 0) ABNAGTCA CTAUMOHAPHON TOUKON WMNK TOYEYHOW OCOGBHEHHOCTHIO, K
NycTh Y Hee MMeeTCA OKPECTHOCTb, He COAePXKaUWan APYrMx CTaUWMOHAPHbIX TOYEK, TOUEUHbIX
000 6eHHOCTEN, Uenbl X NUHEeWHbIX 0COBEHHOCTEN 1 Uenbix cenapaTpmc.

Ecnvu uMeloTcA pelueHnA, BXOARWME B TOuKy O (x = 0) 3a KOHeuHOe BPEMA, TO 3aMEHUM
paHHoe ypasHeHue (1) ypasHeHnem

x=|x|Fx), (2)
nmerownm 8 obnact x # 0 e e Tpaektopmn. Tak kak | f(x) |<m npy | x | <8, 10 n3 (2)
cneayer,uto | d I x I/dt |<|x|I<mlx|, IInlx(t:2) | =Inlx(t,)]I<ml|ty —t, |. Noavo-

My pelweHuA ypasHeHnAa (2) moryt Bxoantb 8 Touky X = 0 ToNbKO 3a BecKOHeuHOE BpeMA 1
Touka x = 0 ABNAETCA cTaunmoHapHon Toukon (8517 Gyaem rosopuTs 0c060U TOUYKOWM) .

Huxe 6yaeT NOKasaHO, YTO NPU 3TUX YCNOBUAX y TOoukn X = 0, ecn oHa He ABNAETCA
UEHTPOM UNKU UEHTPOGOKYCOM, CyluecTByeT OKPeCTHOCTb, KOTOPAA TPAaeKTOPUAMM, CTPEeMA-
WMMUCA K 3TOM TOuKe, Pa3bueaeTcA Ha KOHEYHOe YUCNO CEKTOPOB AeCATH knaccos (puc. 40) .
Kak u3ssectHo ([157], §.19), ana cucremsl (1) ¢ FE C' atn cexTopsl MOryT NnpuHaanexars
TONbLKO TPem Knaccam, T.e. 6biTe annuntuveckumu (£) , runepbonuueckumu (H) nnu napabo-
nuuecknmn (P) .

B KaxaoM ceKTope oAHa M3 ToyeK rpanuubl (Ha puc. 40 — HUXHAAR) AsnAeTcA ocobown
TOYKOM, a APYrUx 0COBbIX TOYEK U TO4YeUHbIX OCOBEHHOCTENW B CEKTOPE U Ha ero rpaHuue Het.
HanpasneHue aBuXeHUA Ha BCeX TPAEKTOPUAX OAHOBPEMEHHO MOXXHO 3aMEeHWTb Ha NPOTUBO-
nonoxHoe. B KaXA0M CeKTope uepe3 KaXAayl BHYTPEHHIOW TOYKY, a B cextopax £, H, P —
M 4Yepe3 rpPaHUuHYIO NPOXOAMT TONLKO OAaHa TpaekTopuA. CexTopwl £, F, G — annuntuveckue
(ce TpaexkTOpUM, MOXeT ObiTb, KPOMe MAYWMX NO FPAHALAM ceKTopa, 06oMMM KOHUaMK
cTpeMATCA K ocobon Touke), H, K, L — 2unepbonuveckue (Bce TpaeKTOpuW, KPOMe UAY-
WMX NO rpaHuue cextopa, 0BOMMM KOHUAMW BbIXOAAT U3 OKPECTHOCTU 0CO6OI TOuKM),
P, Q, R, S — napabonuyeckue (Bce TPaeKTOPUM OAHAM KOHUOM BXOAAT B 0cobylo TOuKy, a
APYFMM — BbIXOAAT U3 e OKPECTHOCTH) .

Kaxxabii CeKTOp OrpaHuMYeH NPOCTOM 3aMKHYTOW KpUBOW, coaeprkauied ocobyto TOUKY 1
KOHEYHOe 4YMCNO Ayr TpaekTopuh M ayr 6e3 KOHTaKTa, nepeceKkaeMbix TpaeKTopuAamn 6Ge3
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KacaHuA U TONbKO B OAHOM HanpasneHwn. paHuua cekTopa £ COAEPXUT OAHY TPAeKTOPUIO,
CTPEMALLYIOCA 060MMU KOHUAMK K 0cO6OM TOYKe, FpaHUia KaXXaoro W3 OCTanbHbiX CEKTOPOB
CONepPXUT ABE NONYTPaeKTOPUMW, CTPEMALUMECA K OCOBON TOuKe W HasbiBaeMble 60K08s6/MU
rpaHuuamu cextopa. B cektopax Fu R 3tTu ase nonyrpaektopuu umeioT obuiylo Touky 1
3ambiKaloT cekTop. Cektopbl G, L, S 3aMbIKalOTCA OAHOW AYrOW TPaeKTOPMW C KOHLAMU Ha
60KOBbIX rpaHuuax, cektop P — ayroi 6e3 koutakTa, cekTopsl K u Q — pyrow 6e3 KoHTaKTa
W oaHOM Ayrow Tpaektopuu, a cekTop H — asymAa ayramm 6e3 KOHTaKTa u OAHOW AYron
TpaekTOopun. Ha puc. 40 atu ayrn 6e3 KoHTakTa 0603HaYeHbl NYHKTNPOM.

Y cextopos F, K, Q, R oaHa rpaHU4HaA TPaeKTOPWA ABNAETCA NUHEAHOW OCOBeHHOCTbIo
(unu ee uacTbi0), a y cektopos G,L,S — pse. B 3Tu nuHeitHble 0cOBEHHOCTU BNUBAIOTCA

AR A

Puc. 40.

(cooTBETCTBEHHO OAHUM KOHLOM WUNK ABYMA) BCE TPAaeKTOPUW, NPOXOAAUME Yepe3 BHYTPeH-
HUe TOuKu cekTopa. B cextope Q Ha ayre TpaeKTopuu, coeanHAlowen Nobyio BHYTPEHHIOW
TOMKY CeKTOpa C 0COBOM TOMKOW, eCTb TOYKA CNUAHUA 3TOW TPaeKTOopuu c ocoboin Toukown, a
B cektope R = HeT. B cextope £ Bce TpaekTopun — netnu, o60uMu KoHUamMu BxoaAaLuMe B
0co6Yyi0 TOUKY, NpU4EM U3 KaXAbIX ABYX NETeNb OAHA NEXXUT BHYTPU APYrOW.

3ameTuM eule, YTO BCA OKPECTHOCTb OCOBON TOMKWU MOXKET COCTOATb U3 OAHOrO CeKTopa
P, Q wnuS. Takon cektop Byaem o6o3Hauate Py, Q, unu Sy. CekTop Knacca Sy conepxuT
nuHenHy ocobeHHOCTb knacca AA; W NO3TOMy MOXKET BCTPEYaTbCA TONbKO B CNy4aAXx,
koraa ycnoswe 1° n. 2 § 16 ocnabneHo, HanpuMep, Taxk, kak B nemme 4 § 16. Mocne Toro,
Kaxk Mbl pa3peXXemM CEKTOP 8A0Nb OAHOW U3 TpaeKTopuMW, OH ByaeT umeTb TaKylo Xe CTPYK-
TYpY, Kak cekTop P, Q unu S. Y ocobon TO4KKU TMNa "‘ueHTP’’ UMEeeTCA OKPECTHOCTL, 3anon-
HEHHAA 3aMKHYTbIMU TPAEKTOPUAMMU, OK PYIKAJOLUMMU 3TY TOYKY, U OFPaHUYEHHAA 3aMKHYTON
TpaekTopyen. TaKyo OKPeCTHOCTL MOXXHO PaccMaTpusaTh Kak CeKTop knacca Oy .

Jokakem, 4TO ONMUCaHHbIE 30eCb KNACChl CEKTOPOB ABNAIOTCA TONONOMMYECKUMM.

Nemma 1. B cexrope nwbo2o uz knaccos F, R, G, L, S Ha 6okoaol 2paHuye oc, ABNAIO-
welca nuHeuHoU 0COb6EeHHOCTbHO, 803bMEM MOHOTOHHYIO NOCNEe006arensHoOCTs ToYeK  a;,
i=1,2,..., cxo0awyrcAa k ocobol Toyke 0. TpaexkTopuu, 8/1UBAIOUIUECA 8 OC 8 TOYKAX a;,
ordenAoT or cexropa obnacru D;, Ha 2panuyax KOTOPbIX NEXUT TOYKA O U HE NeWUT TOYKA C.
Tozo0a duamerp obnacru D; CTDEMUTCA K HYM0 NPU | — oo, _

NDokasatenbcTso. Nyctsp; — Touka 3amKHyTON 06nactn D;, HanbBonee yaaneHHan
OT TOoukM 0. [locneaoBaTenbHOCTb @; MOHOTOHHA , NO3ITOMY

D D>D,D..., Ipj—ol=d, d,>dy>...

Mpeanono»mum, 4To p; He CTPeMUTCA K 0. Torpa cpeau npeaenbHblX TOYeK NOCNeaOBaTeNnbHOC-
TV p;j €CTb TOYKa p # 0, NpHaanexaulana Bcem obnactam D;.

Tak kak 4acTb NUHUM OC, copepxawanca B D;, ecTb ayra 0a;, CKONb YroAHo ManaR npw
Gonbwmx /, 1o p € oc. B cexTopax paccMaTpuBaeMbiX KNAccoB Yepe3 KaXAylo TOYKY CeKTopa
NPOXOAWUT AYra TPaeKTOPUU, MAYLLAA BHYTPU CEKTOPA OT 3TON TOYKMU A0 HEKOTOPOW TOUKM Ha
OC, OTNIMYHOM OT TOYKM 0. 3HAUMT, M3 TOYKM P UAeT Ayra TpaeKTopun pq, g € oc, @ # 0. OHa He
MOXeT nepeceyb BbiLEALIYIO U3 TOYKM @; TPAEKTOPMIO, MAYWYIO NO rpaHuue obnactu D;,
no3tomy coaepxutcA 8 Dj u MOXeT BbINTU HA OC TONbKO B TONKAX AYru 0ad;. 3HawT, ¢ € 0a;
npu Bcex /, @ 0. 310 NPOTUBOPEYUT TOMY, 4TO a; ~> 0 (/i = °0). NTaKk, npeanonoxeHue Hesep-
HO, U NeMMa A0Ka3aHa.

Nemma 2. llycrs dy2a xy b, TPaeKTOPUU, 8bIXO0AWAEA U3 TOYKU Xo U NPOXO0AWan 8
obnacru e0uHCT8EeHHOCTU peweHul, docTuzaer nuHelnold ocobenHocru |8 royke by. To20a

1) 8ce TpaekTOpuu, 651X00AWuUe U3 TOYEK X HEKOTOPOU OKPECTHOCTU TOYKU X, TOXe
docruzaror [ 8 Toykax b = b(x);

.
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2) rouxa b u 8pema OBUIKEHUA typ, NO dy2e xb HENPEPLIBHO 388UCAT OT TOYKU X.

AokaszatenbcTBO. Yepes Kaxkyw-nnbo Touky a3, Ayru Xxoby nposenem ceue-
nue [y (Hanpumep, ayry 6e3 koHTakTa), nepeceKkaemMoe TPaeKTOPHAMH TONLKO B OAHOM
HanpasneHun. B cuny cneacteuA 2 teopembl 2 § 12 Bce TPaeKTOPUX, BbIXOAALLIME M3 TOMEK X
HEKOTOPOW OKPECTHOCTU V| TOUKKM Xo, NnepeceKaroT /y, NpUYeM TOYKA NepeceyeHUn 8@ u BPeMA
ABMKEHUA T\, NO AYTe X& HeNPepPbIBHO 3aBUCAT OT X,

B cuny Teopemsl 2 §8 16 y Touku by €/ ecTb 0AHOCTOPOHHAR (C TOIM CTOpoHLI OT /, rae
npoxoant ayra xobo) okpectHocTe U, kOTOpas Tononoruuyecku otobpakaeTcA Ha NPAMO-
YronbHUK, 3an0fHeHHbIN NPAMBIMYU — o6pasamu TpaekTopun. TpaekTopur T (x), BeixoaAwan
13 no6on TOUKM X OKPeCTHOCTU V; TOUKU Xy, naeT 86nusun ayru xo by v nonapnaer 8 U. Toraa
oHa gocturaet ! B Touke b, 6nu3kon k by.

Puc. 41.

CneposatenbHo, anA x € V, N V, onpeaeneHsl TouKu a (X) n b(x) nepeceyeHnn TpaexkTo-
pun T(x) ¢ nunuamn lo n /,; npv atom @ (x),b(x) wn t,, HenpepbieHo 3aBucAaT ot x. Ecnu
B3ATb X €/, T0 b(x) = X, 3HaWMT, BPEMA ABUKEHNA {5, HENPEPLIBHO 33aBMCUT OT Toukn b. Tor-
Batep=1tx, tlgp (MM Ixp=1t,p — t,x B 32BUCHMOCTM OT NOPAAKA TO4EK &, X, b Ha TpaeKTo-
pun) HenpepbIBHO 3aBACUT OT X.

Nemma 3. Kawmodsid uz cexropos K u Q momHO TOnono2uvecku orobpazuts Ha NPAMO-
Y20/1bHUK TaK, YTO B8Ce TP3eKTopulU, NPOXOORWUE GHYTPU CeKTOpa, OTOOPamarorca Ha
nNpAMBbIE, N3PAIINIENLHbIE €20 CTOPOHE.

NokaszatenbcTBo. CekTop orpaHuyeH ayroit by0 nuHenHon ocoBGeHHOCTH, Ayramu
TpaexkTOpuit 3gb, 1 €O n payroi 6e3 kontaxkTa dec (x = Y(v), 0<v <vy, ¢ = ¥(0)) (puc. 41).
Mo onpeaenennio cextopa K {(unu Q), yepes KaxAayw ero TouKy X, KpoMe 0coboi Touku O,
NPOXOAWT TPAaEKTOPMA, OAHUM KOHUOM BbIXOAALLAA HA AYry 39C B TOMKe @, APYrWMK — Ha
ayry boo B TOouKe b, M Takue TpaeKTOpMM He mMelT obwmx Touex. B cuny cneacteuna 2
Teopembl 2 § 12 Touka @ 1 BpemA aBUXKeHUA T(x) oT X A0 @ (unn ot a fo x) HenpepsIBHO
33aBMCAT OT X Npu X ¥ 0. JT0 BepHO U Npu x € by 0, T.e. npn x=b. CnenoBaTensHo, 3 Henpe-
PbIBHO ¥ MOHOTOHHO (TaK KaK TpaeKTOPWM He NepeceKaloTCA) 3aBvcuT oT b, a b — oT a
(HenpepLIBHOCTE 06pPaTHON thyHKUUM) .

MycTb aBvXKEHWE NO TPaeKTOPMAM HallPaBNEHO OT AYrv @oC K ayre b0, a x = ¢(t,a) —
pewenune ¢ HadanbHbIM ycnosuem 9(0,a3) = a. Torpa b = ¢(7(b), 8). Touka b  wcno 7(b)
HeNPepLIBHO 3aBMCAT OT TOYKKW @ € 3¢C, HO Npn @ —* ¢ nMeeM T(b) — o (8 npoTneHOM cnyuae
no nemme 1 8 12 BpemA ABUXKEHUA OT € A0 O 6biNO 6bl KOHEWHbIM) , b — 0 (Tak KaK B Kax-
AYI0 TOMKY Ayru b,0 BNUBAETCA TPaEKTOPUA, APYrMM KOHUOM BbIXOAALAR U3 CEKTOP3 vepe3

ayry aoc).

Ana 0<v<v,, 0<Su <1 nycrts a(v) =7{b) — sBpema asnxennAa ot Toukn a = Y(v) ao
Touku b € byo, slv) =1 —-e %Y,

tlu, vl = —=In(1 —uslv)), x=9pltlu,v), Yiv)). (3)

Mpyv v = const 1 namerennmn u ot 0 10 1 Touka X NpoberaeT Ayry TPaeKTOPUM OT TOWKM @ =
= Y(v) no Toukn b. CoorBercraue mexay (U, v) n TOUKamMn X CEKTOPa B3aUMHO OAHO3HAYHO.
Npu (u, v) # (1, 0) oHO HenpepLIBHO BCNEACTBME HENPEPLIBHOCTW BCEX PacCMaTpuBaembix
byHkumin. lokaxem HenpepbiBHocTe Npy =1, v=0.Mpn v~ 1, v ~ 0 numeem

a—c, b—o, 7(b) >0, s(v)—=1, tlu,v)—> o,
Tak kaxk GyHkumA 7(x) =t,, =tlu, v) HenpepbiBHa nNpu X ¥0 wn T(x) —>°° TONBLKO Np“
x—0, 70 npu u—>1, v—>0 B (3) nmeem x —o0.
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Urak, dyrkumAa (3) HenpepbieHa BO sBcem npamoyronbHnke 0<u <1, 0<v <v, n ot106-
PaXKaeT ero Ha paccMaTpmMBaeMbin cexTop rononornyecku (nemma 1 § 9).

Nemma 4. /Tobsie 083 ceKTOPa, NPUHAONENAUW UE PA3HLIM K1ACCaM, UMEIT PAa3fNUYIHYI0
rononoezuveckyro cTpykTypy (n. 3 8 16), a npunadnewawue 0OHOMy u TOMy Xe Knaccy
(xpome S,) — oduHaxo8yro cTPYKTYPY.

Aoka3satenbcTeo. [lepeoe yTBepXAeHWE NEMMbI CneayeT U3 NPUBEAEHHOrO Bbille
onucanma cextopos. [lokaxem BTopoe yreepxaerve. [na cextopos xnaccos £,H, P, R, v O,
oHo aokasaHo B 1157] {(cTp. 341 - 346 1 361) . [InA cekTopoB KnaccoB F u A OHO AoKa3bl-
BAETCA C NOMOLLIO leMMbI 1 1 TOrO »e pacCy)XXAeHnA, 4To ANA ceKkTopa knacca £ s [157]
{cTp. 345) . inA cexTopoB K u Q ytsepxAeHue cneayer ui neMmot 3.

B cextopax knacca G, L unu S uepes niobyro TONKY X NPOXOANT TPAEKTOPUR, BbiXOAALLAA
o6oumMn KoHuamu Ha GokoBbie rpaHnubt /, U /> cekTopa B Toukax aw b coortsercreeHHo. Mo
neMme 2 TOMKKU @ U b 1 BPeMA ABMXKEHUA L, WU [, HENPEPbLIBHO 33BUCAT OT Touku x. B
4acTHOCTW, NPY X = @ NONY4AeTCA, YTO b U t,, HenpepbIBHO 3aBUCAT OT a. Tak Kak Ayru
TPaeKTOPUA He NepeceKaloTCA BHYTPK CeKTOPa, @ B KaXKAyH TouKy Ha /; n [, NpMXoL&nT posHO
OAHAa TaKaA Ayra, T0 TOYKa & MOHOTOHHO 3aBUCUT OT &.

Pa3obbeM ceKTOp NocnenoBaTensHOCTLIO Ayl 3;0; TpaekTopun, rae a; €/, b, €1, i
=1,2,...; a; 7 0, Ha KPUBOMNMHEAHbIE YeToIpexyronsiuku M; =a;b;b;, ya; v, i=1,2,. ..
Oro6paaum M; Ha obnactb

7' p< 27, 0<g<q/a
TaK, uTo6b! TPaeKTOpUW nepewnu B Ayrn p = const. ATO AenaeTcA, KakK B AOKa3aTenscise
neMmbl 3, C YNpOWEHUAMK U3-338 HENPEPLIBHOCTK W OrpaHu4eHHoCcTM t,, B M,;. Ha obwwux
CTOPOHAaxX uYeTbiPeXyrofibtHMKOB OTOoBpa)eHMe MOXHO caenats HenpepoiBHbim ([157],
ctp. 340) . NMonyuum Tononornyeckoe otobpaxenne Bcero (B cuny nemmel 1) aavworo
cexTopa a, b, 0 Ha kpyrosown cextop 0<p<2"', 0<60<7/4, npu KOTOPOM TpaeKTOPUM
nepexoAfAT B8 Ayru P = const. HenpepuiBHOCTL OTOBparkeHuAa B Touke p = 0 foKa3biBaeTCA C
nNoMowWbI0 NeMmai 1 1 TOro >xe paccyxaenus, uro 8 [157] (ctp. 342).

3amevanue. flpu Tononoruueckom otobBparkeHun o4HOro cexTopa knacca G, L nan S
Ha APYrov CEKTOP TOro e KNacca MOXHO caenats, 4To6bi 310 0TOGpakeHue Ha oaHoOW Boko-
BOW rpaHUue CeXKTOpa COBNAaAano C 3aAaHHbIM TONONOrU4YeCKnuM 0To6paXkeHnem 3Toi rpaHuubl
(nepeBoaAWMM 0COByl0 TouKy B OCOByl0 TOYKy), a anA cexTopa NBOro u3 ocCransHbIX
Knaccos — 4to6bl OHO COBNAAANO € 33A3HHbLIM HA ABYX BOKOBbIX rpaHnuax. 3T0 AOKA3bIBALT-
CA TaK e, kak NoaobHeuie yreepxaenna 8 [1567] (ctp. 340-345) .

3. PaccMOTP1M U30NMPOBAHHYIO OCOBYI0 TOYKY O CMCTEMBI, YAOBNETBOPRIOWEN YCNOBUAM
1° — 4° n.2 §16 1 MMeIoLWEeR TONbKO KOHEUHOE WACNO NUHENHBIX W TOYEYHbIX 0COBEHHOCTEN.

Nemma 5. Mlycre 8 ckons y200HO Manod OKPECTHOCTY TOYKU O UMEIOTCA TOYKU MTUHEd -
Hb1X 0co0BenHocTeld. To20a y TOYKU O UMEETCA CKOMb Y200HO MAaNaA 3aMKHYTaR OKPECTHOCTb
U, epanuya kOoTOpOU — 3aMKHYTaR Kpueana bez camonepeceveHul u 8 KOTopou

1) HeT Opy2ux TOveyH b1x 0c0beHHOCTEeU, KpOMe O;

2) xawodan nuneldHan 0cOBEHHOCTb OOHUM KOHUOM 8X00uT 8 0COBYi0 TOYKY, @ Opy2uUM —
8b/X00UT U3 OKPECTHOCTU,

3) Kaxoaa NoNyrpPaeK TOPUA UM CTPEMUTCA K TOYKE O, unu 00cTu2aer 1uHelHoU ocobeH-
HOCTU, UNU 8bIX00UT U3 OKPECTHOCTU.

AoxkaszarenscTBO. B cuny ycnosunm nuHenHble 0COGEHHOCTU WUMEIOT KOHEYHYIO
ANUHY, NO3TOMY OHU HE MOTYT UMeTrb NPefenbHbIX MHOXECTB, OTNKMYHbLIX OT Tovek. CneaoBa-
TenbHO, HaMAETCA OKPECTHOCTb, B KOTOPON BCE NUHENHLIe 0COBEHHOCTH BXOAAT B TOUKY O
oaHMM unn oBouMM KOHUAMMU. Y MEHbWMB OKPECTHOCTb TaK, YTODOb! OHa He coaep>kana Hu
OAHOW NUHERHOW 0COBEHHOCTU UENUKOM, HW TOYEYHbIX 0COBEHHOCTE, KPOME TOMKKW O, nony-
yam yTeepxxaeHna 1) un 2).

Ecnu nonytpaextopua T He BbIxoAMT U3 oxkpecTtHocTh U, oBnaaarowein ceoicteamu 1) n
2), n He umeeT OBWMX TOYEK C NUHEAHBIMUA OCOBEHHOCTAMM, TO OHA COAEPKUTCA B oBnactu
eAMHCTBEeHHOCTH peweHui. Ee npeaensHoe MuoxecTBo M He nycto u conepxutca 8 U. Ecnu
M = 0, 10 nonytpaextopua T ctpemntcA K 0. Ecnu M He copepxut ocobbix Touek, 1o M —
3aMKHyTan Tpaextopma. BHyTpu M ponxHa coaepxateca ocobam Touka — touka ©. Torpa
TpaexTOpuA M, a 3HaumuT u T, nepecekaer nuHeidHy10 0COBEHHOCTb, KOTOPAA OAHUM KOHLIOM
BXOAWUT B TOMKY O, 8 APYIMM — BbIXOAUT U3 OKPECTHOCTH.

Ecnu M conepxunT n Touky 0, U 06bIKHOBEHHbIE TOYKKW, TO M COCTOMT M3 0COBOIH TOUKK O
W TPaeKTopu#, BXOARWMX 0BOMMU KOHUuamK B 3Ty Touky. Ecnu npu atom T HaepToiBaetcA
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Ha M crnapyxm, To T nepecekaet nuHenHyw 0coBeHHOCTb, Kak B npeabiaywem cnyyae. Ecau
we T wHasepTbiBaeTcA Ha M n3nyTpu, To B U COREPXATCA N Q-, U (W-MPEAENbHBIE MHOXKECTB
ana T. Mo teopeme 5 § 13 oHu He uMmeoT 0BWMX ToueK. 3HAYUT, NNLWL OAHO M3 HUX (M)
cofepxmnT ocobylo Touky 0, a apyroe (N) nexut sHyTpu M. Tam HeT 0coBbix ToueK, NO3TOMY
N — 3amknyraa TpaextopuA. Ho Torpa sHyTpu N ectb 0c06an TOUKA, OTAWYHAA OT TOYKM O,
nexxawert BHe V. IT0 HEBO3MOXKHO.

Teopema 1. flycte 6 HexOTOPOU OKPECTHOCTU U30NUPOBaHHOU OCcOBOL TOYKU cOdep-
MUTCA TONbKO KOHEYHOEe YUCNo (Unu He cOOepPXUTCA 8OBCE ) TOYEYHLIX 0COBEHHOCTel, Yenbix
£enapaTpuc u KycKoe nunelHsix ocobennocred. To20a nubo ocoban TOYKa AGNAETCA YEHTPOM
unu yeHTpoPokycom, nubo y Hee ecTs OKPEeCcTHOCTs, COCTOAWAA ufld U3 00HO20 CeKTopa
Kknacca Py unu Qy, unu u3 KOHEYHO20 YUCNa CeKTOPOB, KOTOPLIE MO2YT NPUHAONENATL TO/b-
ko knaccamE,F,G,H, K, L,P, Q R, S.

AokasatenbcTBo. NycTb B HEKOTOPOW OKPECTHOCTU OCOBOM TOUKK O HeT nuHen-
HbIX 0cobeHHOCTEN u APYrMX 0COBLIX TOYeK U TOoueuHbIX ocoberrocTen. Toraa B8 aToi oKkpecT-
HOCTU He HApYWaeTCA eAMHCTBEHHOCTb PeweHUA (ANA AaHHOrO ypaBHEHWA WUNU ypPaBHEHWA
(2), umerowero Te we TpaekTopuun) . CnepoBaTtensHO, CNpPaBeANUBbLI U3BECTHLIE PE3YNLTATLI O
CTPYKType OKPeCTHOCTM 0coBon Toukwm.

Ecnu npu 3TOM B CKONb YFOAHO Manoi OKPECTHOCTU TOYKW O UMEIOTCA 3aMKHYTble TpaeK-
TOpWM, TO OHa ABNARTCA UeHTPOM unu uenTpodoxycom ([158], cTp. 77, 78) .

Ecnun »xe B HEKOTOPON OKPECTHOCTU 0COBON TOUKWU O HEeT 3aMKHYTLIX TPBeKTOPUN, a YACRO
cenaparpmuc koHeuwHo, To ([157], crp. 351) cywecTByeT KaHOHMYECKAR OKPECTHOCTb ITOM
TOUYKW, COCTOALWAA UNU U3 ORQHOIO CEKTOPa Knacca Py, N W3 KOHEYHOrO YMCNa CEKTOPOB
knaccos E, H, P.

MycTb Teneps B CKONb YrOQHO Manon OKPECTHOCTV 0COBOW TOYKU O WMEIOTCA NUHeRHbIe
ocobeHHocT. OHN He MOFYT COCTOATL W3 ocobeix Touek (ocobam Touka O W30AMPOBaHa),
NO3TOMY MOFYT NPUHaAnexaTh ToNbko knaccaMAA,,AB (n. 2 §16). HanaercAa okpect-
HocTe U Touku O, obnagarowan CBOMCTBaMM, yYKa3aHHbIMU B nemme 5, U He coaepkawian
uensix cenapatrpmc. MycTs /y — oaHa n3 nuHenHoix ocobenHocteir B U. Mo nemme 5 ona
OAHVWM KOHUOM BXOAUT B TOUKY O, a APYruM — Bbixoant u3 U.

a) Myctb B U nMeeTCA NONYTPaeKTOPUA, MAYLLEA U3 TOMKW P €1, B TOUKY O U He WMeI-
wan obumx Touek, Kpome P, C nuHerHbIMn ocobeHHOCTAMKU. 3T1a NONyTpaeKTOpMA 1 Ayra
po Cl, orpannumsaor obnacte D,, B KOTOPOW HeT NUHERHbIx ocobenHocTen, Tak Kax
umerowmeca B U nuHeitHbie 0COBEHHOCTM OAHUM KOHUOM BbIXOAAT u3 U. Bce nonyTtpaexro-
pvn, BeixoaRwWmMe U3 Toyek ayru po Cly B obnacte Dp, octaotca B D, n no nemme 5 cTpe-
MATCA K Touke O. Ecnn oHu 3anonHaior oo obnacte Dy, 70 373 06nacTe — ceKTOp Knacca
F wnn R B 3aBMCMMOCTY OT Hanpas neHWA ABWXKEHWA MO 3TUM TPAEKTOPUAM U no /.

Ecnv ke Takue NONYyTPaeKTOPUM 3aNONHAIOT nuwe 4acTe B obnactn Dy, To yepes Touxy
a€D, N8B (08 —~ rpannua mHoxecTea 8) NpoxoauT TpaeKTopHA T(a) , sBxoaAwan o6onmm
KOHUaMK B TOuKy O no nemme 5. Tak kak uepe3 Toukn 3; €8,a; »>a (/=1,2,...) npoxoaAT
TpaexTopuy, BoixoaAwwme Ha /y, To T(a) — cenapatpuca 2-ro poaa. T0 HeBO3IMOXHO, Tak
Kkak U He conepmmT ueneix cenaparpuc.

6) MNycte He umeeT mecta cnyuan a), HO B U nMeeTcA [yra pg TpPaeKTOpUWU, MAYLLAR U3
TouKu p € Iy B TOUKY @ ApPYyron nuHenHon ocobeHHocTv /| U He umelowan obuwmnx Touex C
APYTVIMY NUHEAHBIMW 0COBEHHOCTAMM.

Ecnmn 8 o6nactu D, ,, orpaHuyenHon ayroi pg w ayramm po C ly,qo Cl,, Bce TpaekTO-
PMM TaK)Ke ORHWM KOHUOM BBIXOAAT Ha Iy, a apyrum — Ha /;, To D,, — cexTop knacca
G,Luwm S.

Ecnu xe TpaekTopum, BbIXOAAWME OAHVUM KOHUOM Haly, Apyrum — Ha /|, 3anonHaloT
nwe uacte obnactw Dpg, TO, Kak B cnyuae a), 8 D,, nmeeTcA uenan cenapatpuca. 370
npoTusopeunT Bbibopy okpectHocTn U.

B) MMycTe He umeroT mecTta cnyvam a) u 6). B cuny nemmebl 5 Kaxnas nonyTpaektopwa,
BbIXOAALWAA U3 TOMEK NUHUKW [, B paccMatpmsaemylo CTOpoHy, BbixoanT w3 U. Takue nony-
TpaexTopum, Hanpumep T *{p,), 3 Tovek p; €1y, p; > 0 (TOuKa P;+ | NEXUT MexAy P n
pi+2,i=1,2,...)Bbix0nAT U3 U nepeeiit pa3 8 Toukax qg; € 0U. llyru p;q; He nepecexaloTcA,
no3TOMy nOCNeaAOBaTeNsHOCTL TOYeK q; Ha OU Toe MOHOTOHHA v wmeeT npeaen q. Mo
nemme 1 8§ 12 uepes Touky g npoxoanTt nonytpaextopua 7 ~(g)C U, ABnAoWwanAcA npegenom
Ayr q;p; (puc. 42) .
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Kpome cnyvan T (q) =p,0 Cly, nonytpaextopua T (g) He mMOxeT umeTb 06wmMX Touek
€ nuHenHbiMKU ocobeHHocTAMK. B camom aene, ecnu 661 77 (qg) nmena 661 06wyio Touky p* #q
C NUHERHON 0COBeHHOCTLIO [, TO Mo nemme 2 Npu ROCTaTOuHO BonbwMX / Ayrn @;p;  ROCTM-
ranu 661 /), (3HawmTt, /, =1,) c TOM e cTopoHsl, uTo 7 (q), 8 Toukax, ckonb yroaHo 6nM3kmx
Kp*; 3T0 HEBO3MOXHO, TaK Kakp,; — 0,p* # 0. Torpa 8 cuny nemmel 5 77(q) cTpemuTcA K o.

N3 toukmn ¢ € T7(q), nexaweit BHyTpu U, B Ty ctopoHy ot 7 (q), rae npoxoaRT ayru p;q;,
nposeaem Ayry 6e3 kowtakta 7. Mpu Bcex / = k ayru p;q; nepeceKaiotT Y B TOuKax ¢; = C
(i = o). Ka»xpan TpaeKTOPWA, BbIXOAALWAA U3 Kakou-HUbyab Toukn ayrm pyo C [, nexuT
MeXAYy HEKOTOPbIMWA TPaeKTOPMAMN D,;G; W P;+ ¢q;+ (/i = k) wnn coenapaet ¢ oaHon u3
Hux. Tak KaK OHa He MOXXET HW BEPHYTHLCA Ha /), HU NOAOMTU K TOYKE O, TO OHA BLIXOAUT U3
U (nemma 5), 3HaunT, nepecekaet ayry cic C . Ananorwmo B8Ce TPaeKTOp1MU, NepeceK ato-
wme 3Ty Ayry, BbIXOAAT U3 Touek ayru p,o C /.

Puc. 42.

Ecnu 3t TpaeKTOpvM 3anonHAKT BCto obnacte D, OFrpPaHWYEHHYI0 AyramMu TpaexkTopuiA
prck, oc CT(q), pro Cly n ayrom cxc C7y, 10 ara obnacTe — cektop knacca Kvnm Q
(knacca Qy,ecnu T (q) =pgo Cly).

Ecnu ke Takue TpaeKTOpuu 3anOnNHAIOT AUWbL vacTe B obnactm Dy, TO uepe3 TOYKy
a€D, NIBnpoxoant TpaekTopuA 7 (a), KOTOpaR B CUNY CKaA3aHHOrO Bbile HE MOXeT
bt u3 D, Hn Ha ayry pio Clg, vu Ha ayry cxc Cv. Toraa no nemme 5 ona o6oumu KoH-
uamMm CTpeMUTCA K TouKe 0. Yepes TOuKMU a,, €B,a,,~a (m=1,2,...) npoxoaAT TpaeKTo-
puK, BbIXOAAWME HA AYFY CxC B TOYKAX Cpy (Npmm >m ) . Monb3yAcsk HenpepbIBHON 3aBUCKH-
MOCTBIO OT HauanbHbIX YCNOBWMN, W3 AYl @,,Cp 3TUX TPAEKTOPUIA MOXHO BbIAENUTbL 4acTW
a,, b,,, cxopAwmecA k ayre ao C T(a). 3nawar, T(a) — cenapatpuca 1-ro poaa. 310 HeBO3-
MOXKHO, TaK Kak B U HeT uensix cenaparpuc.

Takum 06pa3om, Npu HanuuMn nuHenHbix ocobeHHocTen u3 U BbiaenAeTcA uUnu CeKTop
knacca Q,, coaep>Kalumit HEKOTOPYH OKPECTHOCTL TOYKW O, UNN KOHEYHOEe YUCNO CeKTOPOB,
Kaxabi U3 KOTOPbIX OFPaHWYeH NUHEHHOW OCOBEHHOCTbIO, HEKOTOPOW AYrOW TpaeKTopuw,
BXOAAULEW B TOYKY O, MOXeT BbiTh, ewe Ayroi 6e3 KOHTaKTa CxC. N NPUHaANeXawmn OQHO-
My us knaccoB F, G, K, L, Q, R,S. B ocTalolumxcA ceKTopax OKpecTHOCTU U, or paHuuYeHHbIxX
KaXAabl ABYMA NONYTPaeKTOPUAMM, BXOAALWMMW B TOYKY O, HET TOUEYHBIX W NUHENHbIX
ocobeHHOCTeN, 3HAYWAT, HET TOMEeK HapyLUeHWA eANHCTBEHHOCTU. DT CEeKTOPbLl pasbuealoTcA
Ha KOHeuHOe wicno cektopos knaccos £, H, P, nonobHo ToMmy, kak 370 caenavo 8 [157]
(§ 19). MNpn 3atom o0T6pacLIBAOTCA HEKOTOPbLIE 4acTU oKk pecTHOCTH U 0TCTOALME Ha NONOXM-
TenbHOe PAacCcTOAHWE OT TOYKK 0. B pe3aynbTaTe OCTaeTCA OKPEeCTHOCTb TOYKW O, COCTOALLAA 13
KOHEYHOro YACNa CeKTOPOB YKa3aHHbIX Knaccos. Teopema aoKa3aHa.

M3yunm HekoTOpble CBOMCTBA 3TOr0 pa3bueHnA Ha cekTopbl. [[paHMuUa KaXKAOro cexTopa
COAEPXMT ABE NONyTPaeKTOpUWU, CTPEMALWMECA K Touke 0. KaxaaA M3 HAX ABNAETCA TaK) ke
rpaHWyYyHOW nonyTvpaeKTopuen cocegHero cektopa. Mo3aToMy 8ce CeKTOps! pacnonoweHns: e
YUKTUYECKOM NOPAOJKE 8OKPY2 TOYKU O.

Bce nuHeltHbie 0COGEHHOCTV M CENAapaTPUCLI, UMEIOWMECA B OKPECTHOCTH, UAYT NO rpaHun-
uam CeKTopos, KpoMe Toro, cexTop £ ¢ ABYX CTOPOH, a ceKTopbl F u R C 0AHON CTOPOHLI
orpaHuueHbl OObIYHBIMM NONYTPAEKTOPUAMKN, He ABNAIOIUIMMUCA HW CENapaTpMcamMu, Hu
NUHEAHbIMY 0cOBeHHOCTAMM. TIpM YMEHbLIEHUM OKPECTHOCTM NVHeHbIe 0COBeHHOCTH 1 cena-
paTpUChl OCTAlOTCA rPaHALLAMW CEKTOPOB, @ Ha3BaHHbIe Bbiwe 06bIYHbIE NONYTPAEKTOPUM YrKe
He uayT no rpannuam. Npu atom ot cextopos £, F, R oTaenAOTCA 4acTv, 3anONHEHHbIE Tpaex-
TOPUAMKN, KOTOPblE OAHUM KOHUOM CTPEMATCA K O, @ APYrvM — BbIXOAAT U3 OKPECTHOCTU.
3Th 4acTM NPUCOEAMHAIOTCA K COCEAHUM CeKTOPaM Knacca P.
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K cexropy E ¢ 06eux cTOpoH, a K cextopam F u R ¢ 00HOU CTOPOHbI NPUNe2atT CEKTOPbI
knacca P (k Toi rpannue cextopa F unn R, B KOTOPYIO He BAMBAIOTCA ApYrue TpaekTopuw) .
B camom fgene, pa3obpas Apyrve BO3MOXHble cnyvawn, ybBekpaemca, 4to ecnu 6bi K 3TON
rpanvue npuneran cektop nioboro Apyroro knacca, 7o oHa 6bina 6bl uenon cenapatpucon
UAW UENON NUHENHON OCOBEHHOCTBLIO, a MX HeT B BbIBPaHHON OkpecTHOCTM. NTcloaa Takike
CNeayeT, YTO NpU yMeHsWeHUU OKDECTHOCTU YUCNO, KNACChl U YUKAUYECKUU NOPAJOK CeKTO-
pO8 COXPaHAIOTCA.

[nA onucaHWA cTPyKTypbi 0COBON TOMKW HBN0 NEPeYnNCAUTbL KNAcChl CEKTOPOB, BCTpeyalo-
wwecA npn 06xoae BOKPYr 0coBoi TOUKK B NONOXKWUTENLHOM HaNPaBNEHNM, HauMHaA ¢ nobo-
ro cextopa. Ecniu npu 3TOM BCTPEYaeTCA CEKTOP, ABNAIOWMACA 06pazom craHaapTHOro
(w306paxenHoro Ha puc. 40) cextopa knacca F, K, Q, R nan S npu Tononornyeckom oTto6pa-
KEHWN, MEHAIOLLEM OPUEHTALMIO (Hanpnmep, Npy 3epKanbHOM OTPaXkeHun) , To Han 0603Have-
HWEM KNacca CTaBMTCA YepTa: F K, Q, R, S. OaHOBPeMEeHHOE N3MeHEHUE HANPABNEHUA ABMXKE-
HWUA Ha BCEX TPaEKTOPUAX CEKTOPA, BKNIOYAA rPaHNyHbIe, He BNWAET HA Hanuuue Unu oTCyTCT-
sue yeptbl (puc. 43) .

YUYy

Puc. 43.

CornacHo cka3sanHoMy 3annce HKPQ o3navaeT cTpykTypy ocoboit Touku Ha puc. 44, a
HKPQ — na puc. 45. Ha 060ux pUcyHKax KaXAbld CEKTOP 3aHUMaeT OAHY KOOPAWHATHYIO
yetBepThb. [Tpu uMknuueckon nepecraHoske byks (Hanpumep, HKPQ n KPQH) unknuyeckun
NOPANOK CEKTOPOB U CTPYKTYpPa ocobon Touku He meHAtotcA. Mpu Tononoruveckom oto6pa-
XKEHVUM, MEHAIOWEM OPUEHTAUNI, NOPAAOK CEKTOPOB MEHAETCA Ha 06paTHbIN. Mpn 3TOM ByK-
ol F, K, Q, R, S npuobpertatoT uepty (unn Tepalr ee, ecnu oHa 6bina) Hanpumep, 3anuce
HKPQ nepexoaut 8 QPKH.

CymMa Yucna 3NNUNTUYECKUX CEeKTOPO8 U YUCna 2unepbonuYecKux ceKropos ona nwbou
0cob0ol Toyku 8ce20a verHaA. (YTeepxaeHve cneayer u3 Toro, 4To Ha obenx rpaHnuax napa-
BonnuecKoro CeKTopa ABWXKEHUE NPONCXOAUT B OAHOM HanpaBneHnn — K ocobon Touxke unu
OT Hee, a Ha ABYX rpaHWuUax 3NNMNTUYECKOro Unn rmnepbonMYecKoro CeKTopa — B Pa3HbIX
HanpasneHnAX.)

Ecnu TpebyeTcA yka3aTb HanpasneHue ABWKEHWA NO TPAEKTOPUAM, TO AOCTATOYHO 3aAaTb
HanpasneHue ABUXXEHWA Ha OAHOW rpaHuue MexAy ABYMA CexTopamy — K ocoboit Touke
(ckaxeMm, 3HaYKOM *'+’) unn ot Hee (3Haukom “—"'). Toraa Ha OCTanbHbIX TPAEKTOPUAX HaN-
pasneHue ABMXEHUA ONpeenAeTCA OAHO3HaYHO. Hanpumep, ¢ yYeTOM HanpasneHWA ABwKe-
HWA CTPyKTypy ocoboit Touku puc. 44 MOXHO 3anucath Tax: H_KPQ (unu
HK,PQ u 1.n:).

B cnyvae, Koraa oKpecTHOCTb 0Cob0i TOUKU coCcToMT U3 nBOro Yucna CeKTOPOB TONLKO
knaccos G, L, S, B 3701 OKPECTHOCTH UMEIOTCA OK py>Katolme ocobyio Touky KpuBsle, COCTOR-
wme 13 ayr vpaekTopuin. Kaxaan ayra nepecexaet OANMH CEKTOP, e KOHUbI NeXaT Ha NuUHew-
HbIX 0COGEHHOCTAX, @8 KOHLbI BCE KPUBOW — HAa OAHOW W TOW K€ NUHeNHoOW ocoBeHHOCTW
(puc. 46) . Kpusana moxeT 6bITb 3aMKHYTON UNK He3aMKHYTOW. Mo3aToMy aae ocobbie ToOukK ¢
CEKTOPaMM OAHUX W TeX e Knaccos G, L, S MOryT uMeTb pasHylo TONONOMMYECKYI0 CTPYKTy-
py. X pazanuuatb MOXHO C NOMOULbIO 0606UeHHON DYHKUWIKW NOCNEa0BaHUA.

Ha HexkoTOopoui ayre / 0AHOK U3 nuHelHbIX O0cOBEHHOCTeN, HaumHaWencA B 0cobon Touke,
BBeAeM napameTp S, MOHOTOHHO U HenpepbiBHO Bo3pacTaowmn ot s =0 B ocoboin Touxke A0
HeKoToporo s = @y > 0. inAa kaxaoro sy € (0, ay) 13 Touku s = s Ha Ayre [ BoIXOAUT NUHUA,
COCTaBNEHHaR U3 Ayl TPAeKTOPUA, NePeCeKaloOWan KaXAylo rpaHALy CeKTOpOB TONbKO B
OAHOW TOYKE W AEeNaulan oAnH 06OPOT B NONOXKUTENLHOM HanNpPaBneHn BOKpyr ocobow Tou-
Ku. 3Ta NMHUA BO3BpaLaeTcA Ha [ B Touke s =5, . DyHkumnA s, = Y(s,) Ha3siBaeTcA 0606wen-
HOU gpyHKyueld nocnedoeamus.
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GyHKUMA Y — CTPOro BO3PacTaloulan, Tak KaKk BHYTPU CEKTOPOB TPaeKTOpUU He NepeceKa-
HOTCA U B KAXKAYIO TOMKY NMHEMHOR OCOBEHHOCTN MOXKeT BXOAUTb U3 ceKTopa He 6onee 0aHON
TpaeKTOpun. OYHKUMA ¥ HenpepbiBHa 8 cuny nemMmbr 2; Y(s) ~+ 0 npu s = + 0 (cneayet ns
nemmst 1) .

[ee dyrkumv U n U™ Ha30BEM IKBUBATEHTHLIMU, €CNN CYUWECTBYET HeNnpepbiBH3A U BO3-
pPacTalolLan 3aMeHa NepemMeHHbIX, NPU KOTOPOW 0AHAa QYHKUUA NEPexXoauT B APYT Y0 Ha HEKO-
topom uniepsane 0~ s<a, v.e.

Y 0(s)) = 8(Ji(s). (4)

Nemma 6. 18 3IK8UBANEHTHOCTU 803PACTAOUIUX HENPEPLIBHBIX BYHKYUU Y U Y " Heob-
XOOUMO U B0CTaTOyHO, yT06b! 8 HexoTopod obnacru 0 <s < a uwrepsansi, 20e Yls) >s, 20e
VUis) <s, a rakwe rouxu u orpesku, 20e Y(s) =s, bbinu pacnonoxernsi 8 TOM e NOPAOKe,
KaK TaK020 We pO0a wTep8ans:, TOYKU U OTPpeiKu 08 gyrrkyuu §*{s) obnacru 0<s < a*.

K &H\ K H
g -

Puc. 44. Puc. 45. Puc. 46.

Noxkaszatenwcteo. Heobxodumocrs cnepyer us Toro, 4To npu npeobpasosarum s* =
=0(s), Y*(s*) = 8(Y(s)) 3nak paanoctu Y*(s*) —s" cosnanaey co 3Hakom pasHocTn Y (s) —s
(dbyHxumum Yis) u 6(s) ~ soapacrawowme) .

fJocraroyHocrs. Kakpoh Touke unu otpesky, rae Y{s) =s, nocraeum B COOTBETCTBUE TOY-
Ky unu oTpe3ok (c coxpaHeHwem ux nopApka), rpe Y°(s”) =s*; Ha Takux oTpeaxkax cooT-
BETCTBME MEXAY S U §° MOXHO 3anaTh, HANPUMEP, NUHeRHbIM. Nonyunm dyHKkumio s* = 8(s),
ONpeAeneHHy0, HeNPEepPLIBHYI0 U BO3PACTAIOWLYI0 Ha 3aMKHYTOM MHOXXECTBE TeX S, NPYU KOTo-
pmix Y (s) =s.

Nycte Y(s) > s na untepsane (a,, az), a Ha ero xoHuax Y(s) =s. [inA kaxoro-uubyas
s € (a,, a;) onpeaenum nocneaoBaTeNbHOCTH

S,"—‘w(s,'_”, S,,‘=¢’—l(s-i+|), i=1,2,..., (5)

rae pynkuva ¥ ' — o6patnaa ana . Toraa
. <$_2<S_I<SU<S]<52<.,., $;TQx, S_;Q

npu / — >, Untepsany (&, &;) cooteetcteyet untepsan (§,, ;) = (6la, ), 8(a;)), wa koto-
pom Y~ (s*) >s*. Ha nnvepsane (B, , ) aHanornyHo nocTpoum BO3Pacraloulyo NOCNeLoBa-
teneHocTs {5/}, :

Yt =5, i=...-2,-1,012,... (6)

3agaaum dyHkumo 0(s) npu s, <s<s, Tak, 4To6bl OHa Gbina HenpPepLIBHOR U BO3pacTaroLLen,
Hanpumep, nuHedHon, u 0{s,) =s;, O(s,)=s]. Korpa s Bo3pacTtaeT ot 59 A0 s, , hyHKLUMA Vis)
BO3pacTaeT OT §; AC S3, NO3ToMy ¢ nomowsbrwo (4) dynkuua O(s) onpeaennerca npu
s; <s<s;, ee HenpepuiBHOCTL NpU s =5, cneayeT u3 (5) un (6). Takum xe o6pazom ¢

nomouwsio (4) onpegenAem dynkumo 9 (s} nocnegoearensHo Ha oTpeskax [s;, s;j+ ), /=
=23,... U3 (4) cneayer pasencTBO

0ls) = ¥* " (8 (U(s)),
u3 kotoporo 6(s) onpeaenaerca nocneaoBaTensHO Ha oTpe3Kax [s_;, s_;+ (), i = 1,2,

Takum o6pa3zom, ynkumun 8 (s) onpeaenena Ha Bcem untepsane (o, a2 ) u otobpaxaer ero
Ha untepsan (B, B2). AHanornyno mMoxHo onpeaenuTs 0 (s) Ha untepsanax, rae Yls) < s.
Nonyum dyHkuuio B(s), kotopar npu 0< s < a HenpepsiBHA, BO3PAcTaeT M yAOBRETBOPAET
{4) . CnepoBatenbHo, DyHKUWUM Y U {* 3KBUBANEHTHBI.
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3ameuanue. Mpu3epkansHOM 0ToBPakeHU OKPECTHOCTH 0CoBOM Toukn 0606uLeHHaR
thyHKkuMA nocneaosaHna Y:(s) 3ameHaeTcA o6patHoM dyHKumen V' (s) (HanomHuUM, uTo
V(s) onpeaennetca npu 06xoae 0co60i TOYKK B NONOKUTENLHOM HanpasneHuu) .

Teopema 2. 4na 1020 4r06b1 y 08YX U3ONUPOBAHHBIX OCOBLIX TOYEK, Y OORNETROPAI0-
wux ycnoeuam Teopemsi 1 u He ABNAIOUIUXCA UeHTPOPOKYCaMU, CyuecT808aNU OKPECTHOCTU
O0UHAKO8OU TONONO2UYeCKOU CTPYKTYPbI, HEOBXO0UMO U OOCTaToOYHO, 4TOBbLI OHU UMENU
(moxcer 6biTs, nocne 3epKanbHO20 OTPameEHUA OOHOU U3 OKPECTHOCTEeU) OOHWy U Ty e
UUKITUYECK YO NOCNe008aTeNlsHOCTs CeKTOPOS8, 8 8 CyYae HaNUYUA TOTbKO CeKTOpoa KNaccoe
G, L, S ewe yrobsi 0606weHHsbie PyHKYUU NOCTEO08AHUA BbINU IKBUBSNEHTHLIMU.

AokasartenscTteo. Heo6xo0uMOCTs cneayeTr u3 TOro, YTo Tononoruyeckoe npeob-
pa3oBaHue OAHOW OKPECTHOCTM B APYTYH0 COXP3AHAGT KNAcChl CEKTOPOB, UX LUKNUYECKWI
NOPAAOK U nepesoAnT hyHKUUIO NOCNeA0BaHUA OAHON 0CoBOI TOUYKKU B hyHKUMIO nOcnefoBa-
HUA Apyron ocoboi Touku.

Alocraroyrocrs pnA ocobbix Touek Tuna ‘‘ueHTp’’ pnoxasana s [157] (ctp. 361). B ocrans-
HbIX CNYYaAX ANA KaXAOW U3 AsyX 0cobbix TOYeK B €e OKPECTHOCTU, Pa3AeneHHOW Ha CeKTOo-
Pbl, NOCTPOUM MeHbLUYIO ''KAHOHMUYECKYK'' OKpecTHoCcTb, noaobHo n 2. § 19 [157]. Npwu
3TOM KaXA4bih CEKTOP MOXXHO 3aMeHUTb MeHbLUMM CEKTOPOM TOrO Xe Kiacca.

PaccMOTpMM cly4ail, KOraa MMeeTCA XOTb OOMH CEKTOP, He MPUHAANEXawMin Knaccam
G, L, S. B 3toM cnyyae uMeeTcA XoTb 0anH cexTop knacca H, K, Punu Q, tak Kak K cextopy
Kknacca E, F unu R Bcerpa npuMbikaeTt cekTop knacca P. Y cextopos knaccoe G, L, S ymeHs-
weHue oAHOM OGOKOBOW rpaHuubl BbI3biBaeT BRONHe onpeaeneHHoe yMeHblueHue Apyron
6okoBsow rpaHuubl. Y cektopoe knaccos H, K, P, Q MOHO yMeHbwWwaTb ux 60KoBbie rpaHuLbl,
KAyl He3aBMCMMO OT APYroW, Tak Kak Ayru 6e3 KOHTaKTa, 3aMbiKalowmne Takue CeKTOPsbI,
MOXXHO nposecTu u3 Nobeix Touek ero Bokosbix rpanwuu (anA cextopos P u H cm. [1567],
cTp. 331-339, a anA cextopos K u Q 3to cneayeT u3 neMmbl 3) .

Mo3roMy B paccMaTpuBaeMOM Cnysae, yMeHbLUaA CeKTOPbI, MOXXHO NOCTPOUTL AnA oco6on
TOYKW OKPECTHOCTb, FPaHMLUA KOTOPOM — NPOCTaA 3aMKHYTAA KPUBAR, COCTOALLAA TONbKO U3

1) ayr TpaeKTOpUW, MAYLWMX NO rpaHULam ceKTopos knaccos £, F, R n He poxoaRwMx
A0 ocobon Touku;

2) Ayr TpaexTOpui, 3aMblKarowmnx cextopwl G, L, S;

3) ayr 6e3 KoHWTakTa M Ayr TPaeKTopwui, 3aMbiKalWux cektopbl knaccos H, K, P, Q.

Takyo OKpecTHOCTb Ha30BeM KanoHuyeckolU (puc.47) .

NocTpoum KaHOHM4YeCKMe OKpecTHOCTU ANA obeux ocobbix Touek. Mo ycnosuo, 8 0benx
OKPECTHOCTAX CEKTOPbl PachnonoXXeHbl B OAHOM M TOM e LUMKNuYecKom nopaake. B cuny
nemMmbl 4 MOXHO NOOYEPEAHO TORONOruYecKu 0To6pPaXaTh KaxAbi CEKTOp NepBoi OKpecT-
HOCTW Ha COOTBETCTBYIOWMWA CEKTOP BTOpPON okpectHocTu. MocneaHum oTobpakaem cexkTop
knacca H, K, P unu Q. B cuny 3amevaHna k nemme 4 oTobBpakeHUA COCEAHUX CEKTOPOB
MO>XHO CAenaTh cCOBMNafaloWwMMmn Ha ux obuwen rpaHuue, a oto6paxkeHue nocneaHero cekTopa —
cosnanawwmumMm Ha obeux ero 6OKOBbLIX rpaHULaxX C paHee NOCTPOEHHbIMWU OTOGpaXkeHUAMU
coceaHux cextopos. Monyyum Tononoruveckoe oTobpakeHne KaHOHWMYECKOW OKPECTHOCTW
OAHON OCOBOM TOYKWU Ha KAHOHUYECKYK OKPECTHOCTb APYrod O0Co60W TOuku, nepesoAAuLee
TpaekTopun B TpaekTopuu. CneaosaTenbHO, 3T OKPECTHOCTU UMEIOT OAMHAKOBYIO TOROAOIU-
4YeCKYI0 CTPYKTYpY.

PaccmoTpum cny4ain, Koraa UMEITCA TONbKO ceKTopbl knaccos G, L, S. Kpuson, cocras-
NeHHOW U3 Ayr TPaeKTOPWUW, HaYUHAIOWMXCA Ha nNu-
HeHon ocobeHHocTn | B Touke s = s, (06o3Have-
HWA BBEAEeHblI nepea neMmoun 6), obxoaAulen Bo-
Kpyr 0co60i TOuKM U BO3BPALLAIOUWENCA Ha | B TOu-
ke s, = Y (so), noctaBum B cooTaeTCTBUE TaKylo
e KpPUBYH B OKPECTHOCTU APYron 0co6omn TouKw,
BbLIXOAAULYIO U3 TOMKMW §* = §g = 0 (so) nuHeirHon
ocobenroct | *; dyHkumna 6(sy) Ta xe, uto 8 (4).
MpaHuua KaHOHUYECKOW OKPECTHOCTU COCTOMUT U3
OAHOM TaKoW KPUBOW U, ecan Y (sy) # so, U3 Kyc-
Ka nuHenHon ocobeHHocT ! € KoHuamm s = g
ns = Y(sy); rpaHuua oKpecTHOCTH ApYroi oco6omn
TOMKWU — W3 COOTBETCTBYMOLIEA KPUBOW U aHano-
FMYHOro Kycka nuHenHow ocobewnoctu /. C no-
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MOLULLIO TEMMbI 4 U 38MEYAHUA K Heil CTPOUTCA TONONOrUYECKOe 0TOBpakeHUe NepBoro cex-
Topa, npuneralowero K /, Ha COOTBETCTBYIOLMUI CEKTOP OKPECTHOCTU APYrO# 0COBGON TOUKU.
Ha [ oHo ponxHo coBnapath ¢ oTo6paxeHnem s * = 0(s) . 3arem cTpoutca aTo6paxeHue 8T0-
pOro ceKTopa, COBRafalolee Ha ero rpasuue ¢ NepBbIM C YXKe UMEeIoWUMCA oToBpaxeHnem
nepBoro cextopa, u T.4. OTo6paxeHue NnocneaHero CeKTopa coanaaaeT Ha [ ¢ yxe NOCTPOeH-
HbiM oToGpaxeHuem s*° = 0(s) scneacteue axkeusaneHTHOCTH hyHKUMIA NnocnegoBakua. Bo
BCEX CAYYaRx Teopema f0Ka3aHa.

Ocnabum ycnoewe 1° uau 2° n. 2 § 16 Tak, 4T066l KPOME NUHEIAHBIX 0COBEHHOCTE, yKa:
3aHHbIX B8 Teopeme 2 § 16, AONYCTMTH TakiKe CyLIECTBOBAHWE NUHEWHLIX ocobenHocTe:
xnacca AA;. Toraa KpoMme pacCMOTPEHHBIX Bbille CAyYaeB BO3MOXXEH TaKiKe CNy4au, Korga
OKPECTHOCTL 0COBOM TOUKM COCTOMT W3 OAHOrO ceKTopa kKnacca So- Mpu aonyuwieHuy nuHer-
HbIX ocobernocTen AA; BepHbl neMmel 1—5; nemma 1 BepHa u anA cextopa So. B hopmynn-
poBke Teopembl 1 nocne Qy po6asnAetcA “unu S;’’. N3meHenna B ee AOKa3aTensCcTee: BO3-
MOXKHbI TalKe nuHeHsle ocoberHocT knacca AAj; 8B cnyvae 6) MOXeT 0ka3aTbCA, YT0
1, = l,, torna obpasyerca cextop S,. B Teopeme 2 Bmecto ‘G, L, S" wapo "G, L, S, S,"".

Teopema 2 v npeablAyLine PacCy>KAeHNA AT CNEAYIOLLYHO TONONOFUYECKYIO Knaccudmka-
UMIO U3ONUPOBaHHbLIX 0COBbLIX TOYEK MPU HANUYMUW NULWbL KOHEYHOr O YUCNA TOYEYHbIX U NUHEN-
HbiX ocobenHoCTe U cenapatpuc (AoNycKawTCA nuHenHble ocobeHHocTn knaccoe AA,,
AA;, AB).

Touku 6e3 cextopos: ueHTp — knacc Oy n ueHTpodoKyc — GeCKOHEWHO MHOr0 TONONOr K-
YECKUX KNaccHB.

Toyxku ¢ 00HUM cexTopom: y3nel knaccos P, Qo, SolY). Cumeon Sy(¥) o3swnavaer, uto
B Cnyuae cexTopa So MMEETCA 6eCKOHEYHO MHOrO TOMONOrUYECKMX KNACCOB, KaXAblii U3 KO-
TOpbIX ONPERENAETCA KNAacCOM 3KBWBaNeHTHbIX (yHKuwi nocneposannA V. Knace So(y)
coenagaet ¢ So(V¥').

Toyxu ¢ 08ymAa u Gonee cexropamu. CTpyKTypa TaKon ocobon Toukmn 3a03eTCA_KOHEUHOM
UMKNUYECKOR NOCNEN0BaTENbLHOCTLIO, cocTaBnedHon u3 6yke E, F,F,G, H, K, K, L,P, Q,
Q, R, R, S, S cocnenylowiumMmn or paHuueHNAMN :

1. Cymmapnoe wucno 6yxe E, F, F, G, H, K, K, L vetHo.

2. bykswl E,F,F, R, R moryTr BxoaunTs Tonbko B coueTawnAx PEP, PF, FP, RP,PR.

3. iee 6ykBbl P He CTOAT PAAOM.

4. Mpw nanuumm TonbKo cexTopos G, L, S, S Hano 3apaBath Takxe 0606weHHyI0 hyHKUWo
nocnenoBaHnA ¥ (C TOYHOCTLIO A0 IKBUBANEHTHOCTH) .

5. Mio6ar nocneaoBaTensHOCTL M CUMMETPUUYHEA NOCNEAOBATENLHOCTb, T.€. NOCNEAOBATEeN.-
HocTh Tex xe Gyxe B 06paTHOM nopAake ¢ 3ameron F, K, Q, R, S wa F, K, Q, R, S (1 wao6o-
pot), a dyHkuwn ¥ — Ha ', onpesenAioT ABa pacnonoXeHUA CEKTOPOB, NONYYAOWIMECA
OAHO W3 APYFOrO 3epPKafibHbIM OTPAXKEHUEM .

Bce paccmatpusaeMsie 3aeck Knaccsl 0COBbIX TOUEK CYWECTBYIOT M y cucteM audrdepen-
LuanbHbiX YPABHEHUA C HE NP EP bl B H bl MU NPaBbIMU YaCTAMM.

Mpy RONONAHUTENBHbLIX OrPAaHUUEHUAX Ha MPaBbie YCTU YUCNO TOMONOrUYECKMUX KNACCOB
yMeHbwaeTcA. B yactHocrw, npu yenoeuAax 1°—4° n. 2 § 16 He MOXeT CyLLeCTBOBaTL NMHEN-
Hbix ocobeHHOCTe Knacca AAj3, NO3TOMY B OKPecTHOCTU 0coBon TOoYkK nocne moboro w3
cextopoB F, G, Q, S ne MoxeT CTOATL HW oanH u3 cextopoe K, L, R, S, a nocne nw6oro uz
cextopoe K, L, R, § — uu oawn us cextopoe F, G, G, S.

B cnyuae, koraa anA nobbix HavanbHbiX ycnoBuk Xx(ty) = x, peweHne eaAnHCTBEHHO Npu
t > o, He MOryT CyuIecTBOBaTL CeKTOpbl Knaccoe G, L, S, Sy; B cektopax knaccos F, F Q,
Q, Q,, 00 no NUHEWHOW ocoﬁeuuocm BO3MOXXHO ABUXEHWE TONbKO B CTOPOHY 0COBOM TOUKM,
a B cekTopax knaccos K, K R, R — TonbKO OT Hee; 3TO HaNaraeT euwle HOBbLIE OF PaHUYEHUA Ha
NOPAAOK CNEA0BAaHUA CEKTOPOB.

PaccMoTpuMm Teneps cnyuai, Koraa cPean AMHerHbIX oCOGEHHOCTeN, OKaHYUBBIOWNXCH B
paccmaTrpuBaemon 0coboir Touke 0, MOryT 6biTh Tak)ke NuUHeiiHble ocobBeHHoCcTn 2-ro poaa,
T.e. COCTOAWMe u3 0cobbix Touek. Torpa ocobar Touka 0 — HeusonuposawHan. Mo-npexHemy
NpeanonaraeTcA, YTO B HEKOTOPOW OKPECTHOCTU 3TOM TOYKU MOXET UMETLCA TONbKO KOHeY-
HOE YKCNO TOUEUHbIX U NUHERHbIX 0COBEHHOCTEN 1 cenapaTpuc, a NUHeNHbie 0COBeHHOCTU Npy-
Haanexar Knaccam, paccMoTpeHHbim B nn. 2, 3 § 16. B atom cay4ae usnoxeHHbie Boilue pe-
3yNbTaThi O CTPYKTYPE OKPECTHOCTU OCOGOA TOYKM B OCHOBHOM COXpaHRTCA. [lobaBnreTch
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elle KOHEYHOe YMCNO TONONOrUYECKUX KAACcCOB CEKTOPOB, OTAUYAOWNXCA OT U306parKeHHbIX
Ha puc. 40 TonbKO Tem, 410 OAHa UNKn ABe BOKOBLIE MPaHMLbLI ABNAIOTCA NUHEWHbIMWU 0CObBeH-
HOCTAMU, COCTOAWMMM U3 0COBbIX TOMEK, W KPYroBbie cexTOpsi, NOAOBHbLIe cekTopam P,
Qop, Sy, HO ¢ nuHenHOW 0cOBGeHHOCTLIO M3 0COBbIX Touek. [TOABNAIOTCA OYeBUAHLIE OF PaHMYe-
HWA Ha KNacCbl COCEAHUX CEKTOPOB.

4. UccnepoBaHne M30AUPOBAHHON TO4EYHOW ocoBeHHocTH X = 0 ypaBHenwa (1), we AB-
nAloweincA ocoboir (CTaumoHapHoR) TOYKOW, CBOAUTCA K MCCNEROBaHWI0 0COBOIW TOUKU X=0
ypasHenunA (2). Takan Touka He MOXeT BbiTh LEHTPOM MAM UEHTPOMOKYCOM, TaK KakK Toraa
oHa 6bina 661 ocoGomn Touxkon u ana ypasHeuna (1) . Noatomy B cuny Teopems: 1 ee okpect-
HOCTb pa3buBaeTcA Ha KOHEYHOE HUCAO CEeKTOPOB, MPUHAANEKAWMX YKa3aHHLIM B 0. 2
KNnaccam.

Teopewma 3. lycrs npagaa yacts ypaaHeHua (1) KYCOYHO-HenpepsiaHa, NPUMEHRETCA
doonpedenerue a) § 4 u roveyHan 0cobeHHOCTb O U3ONUPOBAHA U HE ABNACTCA CTAUUOHAPHOU
To4K04U. [Tlycre 8 HEKOTOPOU OKPECTHOCTU TOYKU O MOXET UMETLCA TOMbKO KOHEYHOe YUuCno
nunelrHsix ocobeHHocred. To20a y ITOU TOYKU UMEETCA OKPECTHOCTb, COOEPXAWanA POBHO 083
2unepbonuveCKUX CEKTOPA U HEe CO0DIAWUIAR INNUNTUYECKUX CeKTOPOE.

RAoxkaszavtenbcrtso [oTeopeme2 § 12 aonA 8Ccex TpaeKTOPUIt B OKPECTHOCTMU TOY:
Ku 0 cnpaBeanuBo HepaBeHcTBO (4) § 12. Torpa B 3TOW OKPECTHOCTU HET CTAUMOHAPHbIX
TOYEK, 3aMKHYTbIX TPaeKTOPUA U TPaeKTOPUI, CTPEMAILMXCA 060MMH KOHUAMK K Touke O,
3HauMT, HeT 3nnunTudeckmux cextTopos. Cevenne S (Teopema 2 § 12) asnrAetcA AnameTpom
HeKOTOPOro Kpyra. TpaeKTopuu, nepecekawowme S, He MOryT BOWTU B TOuKY O B cuny (4)
§ 12, cneaoBarenbHO, 3anNOAHAIOT ABa runepbonunueckux cextopa. OHW pa3aeneHs! TPaekTo-
PUAMU, NPOXOCAAWMMK 4Yepe3 TOuKy O (U 3anonHAOWMMK Napabonuuyeckune cekTopbl, ecnu
Takux TpaexTopuit Gonee oaHon) . Jpyrux runepbonuuecknx cexTopos Het, Tak Kax mobaa
TPaeKTOPUA B OKPECTHOCTU TOYKWU O AOMXKH3 Nepeceyb ceveHne S.

3 18. I'pyGble u HerpyGbie cHCTEMbI

MoHATUR rpy6OCTH CUCTEMBI U CTeneHen HerpyBoCTM PacnpOCTPaHARIOTCA Ha cucTembl Andde-
PEeHUManNbHLIX YPABHEHWUIA C PAa3PbIBHbIMW NPaBbiMK YacTAMM. Y Ka3biBaoTCA Heobxoaumsie v

AOCTaTONHLIE YCNOBUA rpybOCTU CUCTEMBI,

1. Mpybbie cNCTeMbl — 3TO TaKmne, KOTOPbIE COXPAHAIOT CBOK TONONOMMYECKYIO CTPYKTYpY
npy N6GbLIX AOCTATOYHO ManbiX AONYCTUMbIX BO3MYLUEHMAX (T.e. U3MeHeHWAX Npasbix
yacten) . TouHoe onpeaeneHne 6yaet aaHo Hwxke. CHayana paccMOTPUM NPpUMeEpbI.

Cuctema x = y, y = x umeet ocobylo Touky x = y = 0 {tuna ‘ceano’’) n 8 ee OKpecTHo-
CTW ABNAETCA rpyBON N0 OTHOWEHWIO K BO3MyiLeHnAM knacca C' ([185], § 9). 1o oawa-
4aeTt, B 4aCTHOCTK, 4T0 noBan cuctema

x=plx,y), y=4qlx,y),
npasbie 4aCTU KOTOPOW B 3aaaHHOM okpecTHoCTH Toukn (0,0) pocTarouHo Bnusku B meTpuke
C! {1.e. BmecTe ¢ NPouU3BOAHBIMKU 1-r0 NOPAAKA) K NPaBbIM YaCTAM A3AHHOW CUCTEMbI, UMEET
8 3TOM OKPECTHOCTW TONbKO OAHY 0coBylo TouKy; 3Ta Touka 6nmixa K Touxe (0,0) u TOXe
ABNAETCA CEANOM.

Cuctema x = x, y = y? — Herpyb6an, Tak Kak oHa uMeeT oaHy ocobyio Touxy (0,0), a cu-
cteMaxX=x, y= y2— a? , CKOAb YroAHO 6Nn13KaA K AaHHOW, ECNIN YUCNO 8 Mano, nmeert ase
ocobbte Touku: (0,a) n (0, —3) B8 oxpectHoctu Toukn (0,0} .

Tpy6octs unu HerpyBoOCTs CMCTEMb! MOXeT 3aBWCeTb OT TOFO, KaKue BO3MYUWIEHWA CYMu-
TaOTCA AONYCTUMLIMKU. Hanpumep, pacCMOTpeHHan 8biwse cucTema X = y, y = x — rpyGan
OTHOCUTENbHO BO3Myweruin knacca C'. Ecnu e CYNTaTL AONYCTUMLIMU BO3IMYLUEHUA, Pa3*
pbiBHbie Ha npAamon ¥ = 0 u rnagxkue BNAOTL A0 rpaHulbl B Kaxaow u3 obnacten y < 0 un
y > 0, To 312 )Xe cncTema He Byaet rpyboi, Tak Kak CKONb YroAHO Bnu3Kan cuctema

x=y+8, y=x (y<0),

x=y-8, y=x (y>0)
(8 > 0 ckone yroaHo mano) umeet Tpu ocobeie Touku: ceana (0, ~8) n (0, 8) wn uentp
(0,0) . B 370" rnase AONYCTUMBIMU CHUTAIOTCA BO3MYLWIEHNA, PDa3PbiBHLIE HA 3apaHee 3afaH-
HbIX TUHUAX.
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B xoHeuHon 06nactn G NnNOCKOCTH PaCCMOTPUM CUCTEMY B BEKTOPHOW 3anucu

x=flx) (xE€GC R?). (1)
O6nactb G KOHEYHLIM YNCNOM FNAAKMX NUHWA KOHEYHOW ANWHbLI, KOTOPble MOTYT UMeTh
obuwiMe KOHUBI, AENUTCA Ha KOHeuHoe uucno noaobnactein G;, j = 1, ..., 1, B xaxao# u3 xo-

vopbix f, 93f/0x;, 0f/dx, HenpepbIBHLI BANOTL AC rpaHvubl. Ha NnMHMAX paspbiBa UCNONL-

3yeTtcA foonpeaenexue a) § 4. "
Nycre C? ~ xnacc cuctem Buaa (1), y KOTOPLIX NMMHWUK Pa3pbiBa Knacca c? (n.184)

Y OAHW 1 Te e ANA BCeX CMCTeM 3Toro Knacca, a hyHkuum f {x) sBMecTe c NPON3BOAHBIMK A0
PTO NOPAAKA BKAOYATENLHO HENPEPbiBHLI B KaX4on M3 noaobnacten G; snnoTs Ao

rpaHnubl.
Byaem roBopuTs, 4To cuctema (1} u cucrema

x=Tx) (2)

m ~ * -
€ Temu e nuHMAMKN pa3pbiBa 6-6u3xku B metpuke C, , T-e. |f — fIl,, <&.,ecnus K awaoM

u3 nopobnacted G; KOMNOHEHTbI BeKTOP-yHKUMU f — f 1 ¥x vaCTHbIE NPON3BOAHbLIE 40 NO-
PAAKA M BKNIOYNTENBHO HEe NPEeBOCXOAAT & no aBconioTHOW Benuunke,

Nanee, B §8 18—-20, paccMaTpvBalOTCA CUCTeMbl Knacca C,p, p = 1. Ocobsimu Toyxkamu
Ha3bIBAOTCA CTauMoHapHble ToukKM (B KoTopeix F(x) = 0 wunmn f%(x) = 0; o6osHaueHur Te
we,uto B n. 2 § 16), roueurble ocobenHocTn (cm. n. 1 8 16) u BCe TOYKK, B KOTOPbIX BEKTOP
f(x) kacaeTcA nuHum paspuiBa,T.e. fy (x) = Ownnu fy (x) = 0.

3710 onpeaenexne He ABNRETCA YNCTO TONONOFMYECKUM, TaK KaK UCNONb3yeT NOHATHE Kaca-
HuA. OHO PaBHOCUNLHO CneayioweMmy onpeaenedno, OcobsiMu TOYKAIMU HA3bIBAIOTCA CTaUMO-
HapHbIe TOWYKKW, TOueuHble OCOBEeHHOCTH M GUdypUMPYIOLUME TOYKW, T.e. TaKue, y KOTOPbIx
CKONb YrOAHO ManaR OKPEeCTHOCTb MEHAET TONOMOrUYecKyld CTPYKTYDY NPU HEeKOTOPbIX
CKONb YroAHO ManbiX U3MeHeHMAX cucTemsbi. Mocneaxee o3Havaer, yTo AnA nwboro m =2 1 u
mobbIX CKONL YroaHO Manbix €4, € < €y 1 & HanpeTcA cucteMa (2), 5-6nm3kar B €, -OKpecT-
Hoctu U, paccmaTtpuBaeMon TOuUKM K AaHHOM cucteme (1) B meTpuke C:" M TaKaRA, YTo He Cy-
UleCTByeT TONONOruYecKoro orvobpaxeHua okpecTHocTu Uy, CABUramolWero KaXxayw TOuKy
MEHbLUE, YEM H3 €, U NePeBOAALWIEro Ayrv TpaeKTopwin cuctemst (2) B Ayru TpaekTopuin
cuctembrl (1) tak, uto 06parHOe OTOBpaxeHne TOXe NEePEeBOAUT AYrU TPaeKTOpUA B Ayru
TPaeKTOPUA.

PasHoCMnbHOCTL 3TUX ABYX onpeaeneHni ocobon Touku cneayer u3 nemm 1—4. It nem-
Mbl A3I0T TaKxXe MHGHOPMAUMIO O TOM, Kakme 0COBEHHOCTM MOryT UCNbiTbiBaTh Budyprauum,
a Kakue — Het: B 3Tux nemmax ‘‘ocoban Touka'’ — 3TO TOYKa, YAOBNETBOPRIOWAR BTOPOMY

onpeaeneHnio.
Nemma 1.8 obnacru G; 2nadkoctu yrkyuu f Te Toyxu, 8 kotopsix f(x) # 0, ve Ag-

nATca 0cobsimu. Ha nunuax paspeiea gymxyuu f Te Toyku, e Koropeix fy (x)# 0,
fulx) 20 (u FO(x) # 0, ecnu onpedenena dymryun FO(x)), He RaNAIOTCA 0COBBIMU.

Aoxkasavensvcreo Mycw x, €G;, flxg) # 0. N3 reopemer 3 § 12 cneayer, uto
TOuKa X, He ABNAETCA TOMEuHOW ocoberHocTbio. Mycts x= Y (s) (YE C!, ¢ #0, |s| <h) —
Ayra 6e3 KOHTaxkTa ¢ TpaexTopmAmm cuctems (1), v (0) = xy, a x = £(t, s} (|t|<7) —
peweHune cuctems! (1) ¢ HavanbHbeim yenosuem £(0, s) = Y (s); h v 7 cTons mansl, 4To 3Tk .
pewenvn copepxatca B G; nylt,, s1) #¢(ty, s2) npu (t,,s5,) # (t1,52).

Ecnu cuctema (2) aocrarouHo 6nuska k (1), To x = Y (s) — ayra 6e3 KOHTaKTa u ANA cu-
cremst (2), u ann ee pewennn x = (t, s) ¢ 2(0,s) = ¥ (s) umeem

lolt,s)—olt,shi<e (Isi<h |tI<r)

OroBpaxerue, KoTopoe Touke ¢ (t, s) crasuT B cooTsercTBue TouKy ¢ (t, ), — Tononoruye-
ckoe. CTPYKTypa OKpPECTHOCTM TOMKKU X, He MEHRETCR npu nepexoae K 6nu3Kon cucTeme.

Touka x, — Heocoban.
B cnyvae, Koraa ToMKa Xy NEXUT Ha NWHWUW pa3pbiBa, B KavecTee Ayrv x = Y (s) GepeTcA

4acTb ITOM NUHUKU. B OCTanbHOM AOKA3aTENbCTBO aH3NOr UYHO.
Cnyuali, korpa xo — KoHeu nuhnu paspeiBa {Torpa fy (xo) = fA‘.(xo) # 0), cBOANTCA K

NpeabLIAYULEMY, ECKN NUHMIO FNAAKO NPOACMKUTL 38 ITOT KOHEeW.
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NMemma 2. Obwan T104Kka Xy HECKONbKUX 2N30KUX NUHUU Pa3pb18a AGNAECTCA Heocobod,
€cniu OHa He ABNAETCA HU CTaYUOH3APHOU TOYKOU, HU TOYEYHOU OCOGEHHOCTbIO, U €CNU ONA
KamdoU u3 ITux NuKUl paspeiea umeem fy (xo) #0, £y (xo) # 0.

NokaszaTtenbcTBO. MNMycTh TOUKA X, HEe NEXUT HA NUHENHOR OocoBeHHOCTU. Toraa e
HEKOTOPON ee OKPECTHOCTW HeT JIWHeWHbIX OCOBeHHOCTeW KW  Ha NWHUAX Ppaspbisa
fN'(x) f,J (x) > 0, 1.e. TpaeKTOPUK NEPECEKAIOT IMKMK Pa3pbiBa MOA HEHYNEBLIM YrNOM. 3Ha-
YMT, B OKPECTHOCTM TOMKMK X, EAUHCTBEHHOCTL He HapywaercA. B touke x, TOoxe, Tak Kak
OHa He ABNAETCA TOYEYHOW 0CO6GEHHOCTHIO.

SInwe B OAHOM CEKTOpe, Ha KOTOPbIE OKPECTHOCTL TOUKWU Xo AENMTCA NUHWAMKU pa3pbisa,
UMEeTCA TPaeKTOPUA, BXOAALLAA B TOYKY X, NMpW BO3PACTaHUM t, U MWL B OAHOM — BbIXO-
AAULEA U3 3TON TOUKU. TpaeKTOPUKM HEe KacalTCA NWHUIA paspbiea. Bee 3to cnpaseanueo u anA
nobon aoctatouHo 6nuskon k (1) cucremnr (2).

Yepe3 Touky X, NpoBeaem Ayry Y 63 KOHTaKTa C TPaeKTOPUAMU cucTemsbl (1), He Kacato-
wyocA nuHuia paspeiBa. OHna 6yner ayron 6e3 KoHTakTa M ANA GnAU3KoN cuctembr (2) . Kax-
AYD TOuKy a &7y orobpasum B cebAa. Touku nepeceveHnA TpaekTopun x = ¢(t, a)
(¢ (0, a) = a) cucrembr (1) ¢ nUHMAMKM pa3pbiBa 0TOGPa3uM B TOUKM MEpeceyeHnA TpaeK To-
pun x = ¢ (t,a) cuctembl (2) ¢ Temm xe NMHUAMKM pa3pbisa. [ONYYMM B OKPECTHOCTU TOU KK
Xo TOMONOrKUYeckoe OTOBpaXKeHKe rpaHUuL cexKTopoB (nuHKIK paspeisa U AyrK v) . Ha kaxxabi
CeKTop ero NpoACMHKMM NO Tpaek TOpUAM. Ecnu TpaekTopuA x = ¢ (t, a) nepecexaet rpaHuL bl
cexTopanpu t = t, Wt = t,, a TPaeKTOPUA x = ¢(t,a) —nApn t =7, Ut = T,, TO TOuKeE
plt,a) (t; <t <t,) noctaBum B cooTBercTBWe TouKy ¢ (7,8), rae T onpeaenAevcA w3
ycnosuA

(t—t)):lt, —ty)={r—1():lry = 7y).

Ecnv npu t > t; TpaexkTopuR x = p(t,a) yxe He NnepecekaeT rpaHuLlbl 3TUX CEKTOPOB, TO
Touke ¢ (t,a) (t > t,) noctaBum B cooTeercTBUE TOuKy ¥ (7,3), T —7, =t — t,. Taxk Kak
TPaeKTOpPUK HE KacalTCA rpaHWl CeKTopoB, TO MyHKUWK t, = t;(3) W T.M. HenpepbIBHbLI W
370 COOTBETCTBUE — TONONOrM4ecKoe B OKPECTHOCTU TOYKMU Xo. CTPYKTypa OKpecTHOCTH He
MEHAECTCA NPU nepexoae K A0CTaTOMHO Bnu3komn cucteme (2) . Touka xg — HeocoBan.

MNycTh TOuKa Xo NeXNT Ha NMHEeWHOW ocobeHHocTu /. Torpa [ cOCTOMT U3 NUHWIA pa3pbiBa
L, n L, c 06WMM KOHUOM X, U B CHAY YCNOBWUMA Ha f/v- ] fv' npuHaanexmT knaccy AA,.
B kaxayo Touky a € [ ¢ KaXKaoh CTOPOHbI BXOAUT MO OAHOW TPaeKTOPUK, U OHK HE KacarT-
CA NuHUIA pa3pbiBa. 103TOMY € KaxA0M CTOPOHLI 0T [ TONONOrUYeckoe OTOBpaXKeHUe MOXKHO
NOCTPOUTHL W3N0XKEHHbIM Bbitle cnocobom. M B aTom cnyuvae Touka x, — HeocobaA.

Nemma 3. Towvka xo Ha 2naokou nuMuu paspbiga L unu Ha ee KOHWuE 8 Cyvae
fn (x0)fy (xy) = O Aenmerca oco6od.

Roxasatenbcvse o Ecnu s Touxe xy onpeaenera yHKUWA fourfoxy) =0, 10
TOYKA X — CTALMOHAPHaAA, 3Ha4YKT, 0coban. PaccMOTpUM Apyrue cny4auw.

MNycTs B CKONb YrOAHO ManoOW OKPECTHOCTU TOUYKM X, Ha L WMEIOTCA TOUKK (3HauuT, U ay-
rw), rae fN—(x)fA\;(x) < 0. 3™k AYyrn NpUHAANexaT NUHeNHbIM 0coBeHHOCTAM Kknacca AA, .
Ecnv npu 3ToM B N06GOA OKPECTHOCTH TOYKKU X( UMEKOTCA KOHUbI 3TUX NMHENHbIX 0COBeHHo-
CTer, T.e. TOMeYyHble 0COBEHHOCTH, MAK TOYKa X, CaMa ABNAGTCA TAKUM KOHUOM, TO X, —
TOoveyHaA 0co6eHHOCThL, 3HauUKT, 0c06an To4ka.

Ecnu B HEKOTOPOA OKPECTHOCTU TOYKMU X TAKUX KOHUOB HeT, TO X, — HEKOHUEeBaA To4YKa

nuHenHo ocobenHocTh knacca AA . B ee €,-okpecTHOCTH fN‘ 7] f,J He MEHAIOT 3HaKOB, Ha-
npumep, f,. > 0, fy <0, a B Touxe x;, Hanpumep, fy (Xo) = 0. Monoxamm fix) = f{x) +an,
8 G uBG", raen, — BexTOp, HaNpPaBNeHHLIW B CTOPOHY oBnacti G * no Hopmann k L
B TOuKe X;, 8 4ucno a > 0 ckonb yrogHo Mano. TOoraa B TOMKE X, 3HaYUT U B HEKOTOPOU ee
OKPECTHOCTH, fi\; >0, f(; > 0, T.e. Tam TpaexTOpuK NepexoaAT vepez L naG 8 G ', Crpyk-
TYpa € o -OKPEeCTHOCTU TOYKK Xy U3MEHWNACH, 3HAYNT, TOYKA X, — OcOBan.

Nycrs f,:v(x)f_,{-(x) 2 0 B HEKOTOPOWN €(-OKPECTHOCTH TOYKM Xo HAa L, a B 3TOW TOuKeE
f‘,\_,(xo)f;\,(xo) = (. Toraa B 3TOM OKPECTHOCTU HET NUHeWHbIX OCOBeHHOCTeW knacca AA,
(cneayer n3 nemmei 2 §8 16) . Nonoxum

fix)=fix)+an, (xEG"), fix)=Ffx)—an, (xEG"), (3)
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riie BEKTOp Ny TOT Xe, uTO Boiwe, |a| ckonb yroawo mano, a > 0, ecnm fy(xg) = O,

f,:,(x(,) <0, a <0 B octanbHbix cny4anax. Toraa f,;(xo)f;v {x0) < 0, 3HaunNT, TOUKA Xo NEHMUT
Ha nuHedHoW ocoBeHHOocTU knacca AA,;. CTpyKTypa OKPecTHOCTM TOMKM Xo W3MEHWNAach,
3HaYMT, TOYKA X, — 0coban.

Nemma 4. O6wan Toyka xy, HECKONLKUX 2Na0KUX NUHUU pa3peiea & Cnyvae, KO20a
XOTA 6b1 ONA 00HOG U3 ITuX AUHUG T (Xo) F ,:, (x9) = 0, AenAerca ocobod.

JoxkasaTtenscTBO NPOBOANTCA TEM e CNOCOGOM, 4TO B nemme 3, CO cneayowmnm
aononHennem. Ecnu x, — HexoOHUeBaA Touka nuHenHon ocobeHHoCTH I, TO B6NM3N TOUKM X,
nuHnA | COCTOWUT U3 Ayr ABYX nuHui paspeiBa (L; u L) v BbIXOAMT 060MMN KOHUAMM HA
TPaHuLly €,-OKPECTHOCTU TOYKM Xo B TOYKax @; u ai. Ecnv npu atom ana nuiwm Ly (unm
L)) fylx) 2 0 ([x = x| <€), f;v(Xo) = 0, T0 npu nepexoae K hyHKUUn ?(x) =
= f{x) + an, (cM. nOKa3aTenbCTBO NeMMbi 3) vacTb nuHumn L, {(unw L;) nepectaet 6biTh
NUHERHOW OCOBEHHOCTLIO. B AOCTAaTOMHO Manoi €-okpectHocT nunumn [ cuctema (2) yxe He
UMEeT NUHeRHbIX 0COGEHHOCTEN, CORAMHAIOWUMX TOUKN 3; 1 3; (unn 6nnskue K Hum) . Toraa
He CylulecTByeT TONONOruYyecKoro oTobpaxeHun, nepeBOARWEro TpaeKiopun cuctemol (1) B
€ -OKPECTHOCTU TOYKMK X B TPAEKTOPUU cUCTeMsl (2) 1 CABUraIOWIErO KAXKAYI TOUKY MEHb-
we, yem Ha €. 3HauuT, X, — 0co6an Touka.

Ecnu e anA obeux nunuin L; un L; umeem

fyulxo) #0, Fylxg) #0, (4)

HO ANA KakoW-Hubyab TpeTbed NuHUW paspsiBa L, umeem f_,{,(x(,) = 0, 710 nuHKuA L ,, B6nu3n
TOUKWU X, HE COREPXUT Ay NUHEHHbIX 0COBeHHOCTeNH (MHaue Touka X, 6bina 6kl TOYEUHOW OCO-
6ennocTsio) . Toraa npu nepexoae K ¢yHkumn (3) Ha L, NOABNAETCA NUHENHAA 0COGEHHOCTL
C KOHUOM X, U NpXU AOCTaTOYHO ManoMm « nNuHun L; u L, OCTalOTCA nuHeWHbIMU 0cO6enHo-
cramu B cuny (4). inA cuctembl (2) TOuKAa X ABNAETCA TOMKOMK CTbIKA TPEX NUHEWHbLIX OCO-
6eHHocTen. TONONOrMYeCKan CTPYKTYpa OKPECTHOCTY TOYKUK X, MEHRETCA NPV nNepexcae K cu-
creme (2), u x, — ocoban Touka. N N

2. NMycts An A — cuctemnr (1) u (2). Cuctema A B obnactu H c-romdecreernna ([185],
ctp. 41) cucreme A B o6nactn H, t1.e.

(HA) = (HA),
eCNn CyWecTBYeT TaKoe TONonoruieckoe otoGpaxkenue obnactu H wna obnacte H, npu Koto-
POM KaXKAaA TOYKa CABUraeTCA MEHbLUE, YEM Ha €, 3 TPAeKTOPUM U 0cobble TOYKKU cucTemsl A
nepexoanAT B TpaekTopun u 0cobbie Touku cucTemst A, u ecnu o6patHoe oTobpaxenue obna-
RaeT 3TUMMN e CBOWCTBaMU. Taxoe oToGparkeHnMe B RanbHEWWEM Ha3nIBaeTcA €-0robpa-
MEHUEM.

MycTts cuctema A Kknacca C,l 8 obnactn G, a W — 3amkHyTaR nnu OTKpbITaR nopobnacts,
WCG.

Cuctema A HasbiBaeTcA 2py6od ([185], ctp. 64) B o6nactu W, ecnu cylwecTByeT Takan
obnacts H, W CH CH CG, uto ana nioboro € > 0 Haiperca TaKkoe 6 > 0, uTo AnA KaxAOH
cuctemsl A, 5-6nmskoin k A B C! (G), naiipeTca Taxan obnacts H, uto

(HA) = (H A). (5)
MoxHo noka3ate, yto rpy6ocTs unu Herpy6ocTs cucTemer A B obnactn W He 3aBucuT oT TOrO,
Kkakosa obnacte G DO W.

3amevanue MNycm D CG. Ecan anA nwboro € > 0 nairgeTcA Takoe § > 0, uTO ANA
Kawaon cucremsr A, O-6nuskon Kk A B C_I (G), wnanpetcAa TakaA obnacte D, uTO

~ ~ € .

(D, A) = (D, A), 10 cuctema A He obasatensHo rpy6a 8 D {npumep B [185], cTp. 482),
Ho rpy6a B nio6oin nopo6nactu W, ctporo BHyTpeHHeh ana O (B camom Aene, Toraa ycnosue
(5) BbinonHeHo, ecnu B3aTs H = D) .

Ecnu cuctema A rpy6a B W, 10 HailgetcR 1akaA o6nacte H,, coagepxawar W ctporo
BHYTpM, 4TO cuctema A rpy6a m B o6nactu H ;.

N3 onpeaenennr rpy6ocTu cneayert, 4TO ecnu cuctema rpyba B HekoTopow o6nacTu, To oHa
rpy6a u 8 mobon nopobnactu. JTo No3BONAET AaTL cneaylowiee onpeaenexne. Tpaek TOpUA
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unu ee yacTe (Ayra, Touka) HasbiBaeTcA 2py6oU, ecnu Y Hee CyLLEeCTBYeT OKPeCTHOCTL, B KO-

TOPOW cucTEMa ABNAETCA rpyGon.
O6bikHOBEHHaR TOuka (B KoTopon f(x) # 0), nexawas BHyTpu obnacTu G; rnagkocTtn

tbyHkumn f(x) B8 (1), ABnReTcA rpy6on. Mpy6oir ABRAETCA Takxke NOGaR Touka WAM Ayra
rnam(ou NMHWM Pa3pbiBa, €CNW B 3TOW TOYKE UNK HA 3TOW Ayre fN(x)fN(x) #0 (nf%(x) #0,
ecnn £ (x)fa(x) < 0). 370 cneayer u3 gokasatenucrsa nemmb: 1.

erGbIMM ABNAIOTCA TaKkxe nexawme BHYTpn G; ocobble Touku Tuna “ceano’’, "’ysen”,
"thokyc”, ecnv maTpuua nuHeapu3oBaHHOW (B paccmatpuBaemMon ocobod Touke) cucremol
umeer Re A, ; #0 ([185], §8 8, 9). Mpyu Hannumn xOTA Bbl ORHOrO COBCTBEHHOTO 3Have-
A A ¢ Re A = 0 ocoban Touka — Herpy6an ( [185], ctp. 75, 103).

Nexawan Ha NMHUM pa3psiBa TOuKa MOXeET GbITb Kak rpy6oW, Tak u HerpyGoW, Aake B TOM
cnyuyae, KOrAa B ee OKPECTHOCTU TP3eKTOPUM PAacNONOXKeHbl TONONOrMYECKHU TaK e, KaK B
OKPECTHOCTH 06bIKHOBEHHOW TOuKK. Hanpumep, ana cucrems!

y=1 (y<o), y=x* (y>0) k=1 (6)
yepe3 KaXAYylo TOUKY NPOXOAWT eAMHCTBEHHaR TpaeKTopuA. Touka (0, 0) B Tononornyeckom

OTHOWeEHUH Huyem He BouigensercA. Ckone yroaHo 6nm3kan Kk (6) (npu manbix @ # 0)
cncrema

y=1 (y<0), y=x*—-a® (y>o0); x=1 (7
uMeeT NUHENHYI0 OCOGEHHOCTL — nuHnIo —a < x < a, y = 0, B TOuKax KOTOPOit TpaeK TOpUK
cnuBawTCcA. 3HaunT, cuctema (7) He e-toxpecTeeHHa cucteme (6) . Moatomy cucrema (6) —
Herpy6an B noboi ok pecTHoCTH Toukn (0, 0) n 31a Touka — Herpy6an.

fMobar vourxa unn ayra nuHerHon ocobeHHocTn knacca AB ana cucremet (1) — Herpy6an,
TaK Kak ckonb yrogHo 6nn3kan k (1) cucrema (2) c cbyHkuwnen f Bnaa (3) nmeert nuHeinHyio
0coBeHHOCTL Y)Ke ApYroro knacca — knacca AA .

F'pybble cucTeMsl MOXHO Ha3BaTb CUCTeMamu Hynesow creneHn Herpybocrtn. Cpean Herpy-
6bIX cUCTEM MOXKHO NOCNEAOBATENLHO BbIAENUTL CMCTEMbI 1-4, 2-4 1 T.4. CTeneHen Herpy6o-
ctu. Mycto k 2 1 v cncremsl 04, ..., (k—1) 4 crenenn Herpy6oCTn yrke onpeaeneHs.

Cuctema A knacca C2¥*! g obnactu G HasuiBaetcA cucremol k-i crenewu Hezpy6ocTu

([185], crp. 217, 338) B o6nactn W, WC G, ecnn A He ABNAETCA CNCTEMOW MEHbLUEN cTene-
Hu Herpy6ocTn B W v ecnwn cywecTeyer Takan obnacte H, WCHC H C G, uto anA nioboro
€ > 0 HangetcA Takoe § > 0, 4TO KaXKAan cucTema A, 5-6nuaxan k A B MeTpuKe Cz" *HG),
unu imeet B W cteneHs Herpy6GocT MeHsiue kK, AW ANA Hee CywlecTBYeT obnacrTs ﬁ, 8 KOTO-

~ o~ [3
pow (H,A) = (H, A).

Cucrema A knacca C:° nMeeT cTeneHs HerpybocTh oo B obnactn W, ecnu ana nobeix 6 > 0
n k CyllecTBYIOT cMCTeMbI cTeneHn Herpyboctn == k B obnactn W, 6-6nuikue k A B MerT-
puke C2K+1.

N3 amx onpeaenexnin cneayet, 4To cncrema k4 crenenn Herpy6octn B obnactn W nmeer
B n1oboi nogobnactn creneHs Herpy6oCTn He Gonbiwe k.

Mycre nocnepoBatensHocTL obnacren Gy 2O G; O G, D ... CTArMBAaeTCA K TOYKe @ u B
obnactn G; cucTema umeer crenexs Herpyboctu k;. Torpa ko = k, = k. 2 ... n cywecTeyer
TaKkoe j, wro k; = k; ana Bcex / > j. [InA Kawpoin cogepxawei Touky @ obnactu G CG;
HanaeTcA takaa obnact G;, yto @ € G; CG CG; , no3tomy B G creneHb Her py6ocTm cucre-
Mb! paBHa k; . 3TO YnCno k; Ha3LIBaeTCA CTeneHso Hezpy 60cTu Toyku 2. Takum obpa3om, cre-
nNeHb HerpybOCTM TOUKM @ ANA CUCTeMbl A eCTh CTeneHb HerpyGOCTH 3TOW CUCTEMBI B KaWAON
AOCTAaTOMHO ManowW o6nacTh, copaepaulen TOUKY 3. AHanOrvyHo ONpPeAenAeTcA CTeneHb

HerpyGoCTH TpaeKTopuK.

Bwi6op knacca rnaaxkocTu Cf" *1 B onpeaenennn cuctemsl k41 crenenn Herpy6ocTh onpe-
NenReTCA CBONCTBamMM 0COBbIX TOueK Tuna cnoxHoro okyca ( [185], cTp. 264) v nexawmx
Ha NMVHUAX Pa3pbiBa U MX NepeceyeHnAX 0CcoBLIX TOYeK, COCTOALLMX TONbKO U3 CEKTOPOB Knac-

cos G, L, S, Sy (nn. 2, 3 § 17). Npn otcyTcrenmu Takux Touexk knacc C¥*! moxmo

3ameHnTL Knaccom CX*!
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3. YUcno xo Ha3bLIBAETCA KOPHEM KpaTHOCTU r dyHkuumn f(x) € C7 (a <x<pf), ecnu
flxo)=0, Fxe) =0 (i<r), ) xo)#0, r=1. (8)

Cneayowme nemmbl 6nnskn K yreepxaenuam n. 3 § 1 [185] n aokaswiBaloTcA Temn xe
MeTogamm,

Nemma 5. [lycrs xo — xopews kparnocru r gyuryuu f € C", f(x) #+ 0 npu
a Kx<xo Unpu xo < x<pf. Toz0a dna mobozo € > 0 natiderca raxoe § > 0, yro moban

PyHrkyua f, npu KaKom-+Hubyds m = r yGoenereopAowan HepageHcTey
HF=fll m <38, (9)

moxer umets Ha orpeixke [a, ] He Gonswe r KopHed; ece OHU newar Ha uHrepeane
(xo —€, Xo + €); cyMma ux KpaTHOCTeU PaBHa I UMU MeHbUR HA YETHOE YUCNO.

Nemma 6. Mlycrs f(x)ECp[a,b],p>1, xo € la b)u
flxg)=F'lxo) = .= f(Pixg) = 0. (10)

Toz20a dna mabsix € > 0,5 >0, m= 1,1 <k <pcywecrgyer yHkyusa f(x) € ¢?, yooener-
eopAaowan HepaseHcrey (9), cosnadawowan ¢ f(x) npu |x — xo| =2 € u umewwan Ha
orpesxe | x — xo| < €/2 xopeus x, kparHocTu p + 1 —k u ewe He menee k paznuyHsIx Kop-
Hed ¢;.

3ameuvanune 1. Moxro aobutecA TOro, ytobel moboe 3apanHoe wncno j < k Kop-
HEH C; nexkano Ha nkrepsane (xo — €/2, xq) .

3amMeuvanune 2. MoxHO caenatb TaK, yTO6blI KOPHU C; Gbin NPOCTbIMM, T.€. MENU
KparHocTs 1.

NMemma 7 ([64], ctp. 248). Ecnau f(x) — HenpepsiaHan PyHKUUA O2paHuyerHOU aa-
puayuu Ha [a, b], ro npu nouru ecex ¢ yrHryua f(x)—C umeer nuws KOHEYHOE YuCHo KOop-
Heliva [a, b].

Y 1BepkAeHue NemMbl CNpaBeanvBo, B 4acTHOCTH, ANA Bcex dyrkumi knacca C! [a, b).

NN emma 8. fycrs gyricyun fix) € CP umeer na orpesxe [a, b] Geckorneuno mrozo
KOpHed, xo — 00Ha u3 npedensHsix Tovek ONnA Kopreld. Tozda Ona mabeix 6 > 0um = p
nadoerca gyuxyua f(x) € CP, ydoenereoparwan (9) u umerowan na [a, b] Tonsxo xorey-
Hoe yucno ropHell, U3 KOTOPLIX KOPeHs X UMEET KPAaTHOCTS P.

DokazatenbctBo. Npumensak f, f', ... F(P- N Teopemy PonnA, nonyyaem, 410
£ (i=1,..,p)umeer Ha [a, b] BecKOHEYHO MHOrO KOpPHEH C NPEAENsHOW TOYKOW Xxo. B aTON
TouKe cnpaseanuBbl pasexcTsa (10). [ina 3apanHbIX 6 1 M DyHKuMA

fix;a)=Ff(x)+alx—xy)P

npu Bcex a € (o, 2@, ), rae a, > 0 aocratoNHo Mano, yaosnetsopAeT (9) w umeer KopeHb
X Kpathoctu p. B cuny (10) anA rexovoporo n>0

flx;o,) >0 (xg <x<xg+7), (=1)Pf(x;0)>0 (xo —n<x<xp)

To xe cnpaseanuBo anA f(x; a) npu Bcex a € (a,, 2a,).
Mo nemme 7 raineTcA Takoe a € (o, 20, ), 4TO ByHKUMA

fix; a) (x —xg) P =Flx) (x —x4) P +a

uMeeT Ha oTpeskax [a, xo — Nl u [xo + 1, b] Tonsko KoKeuHoe Yncno kopren. Toraa fix) =
= f(x, a) ynoBneTBopReT BceM TPe6GOBaHNAM NEMMbI.

4. MNpu nccnepoBaknum rpy6oCTH CMCTEMBI C TMAAKUMN NPaBbIMKM Y3aCTAMMU HAAO BbIACHWTS,
ABNAIOTCA Nu rpybbimn ee 0coGble TOUKM, 3AMKHYTbie TPAEKTOPUK U UMEIOTCA N TPaeKTo-
pwn, ¥y KoTopbix 06e nonyTpaexTopun ABNARIOTCA cenapatpucamu ([185], crp. 165) . Mo aro-
MY XXe NNaxy uccneayetcA rpy6oCTb CUCTEM C KYCOYHO HeNPepbiBHLIMU NPaBbIMY YacTAMW
knacca CL. Ycnosua rpyBocTn 0coBbix TOYeK TaKMX cucTeM nonyserst 8 [186], cm. Hnxe
§5 19, 20, a 3peco paccMaTpuBAIOTCA 3aMKHYTbie TPaeKTOPUM, CENapaTpUChl U NNHENRHbIE
ocobexHocTh. Mpu ITOM OKa3biBaeTCA, YTO KPOMe TPAEKTOPWA Hago PaccMaTpuBaTh TAKIKe
fMHUK, cOCTaBneHHble M3 YacTel TpaeKTOpui. C NOMOWBIO Takux nnHui B N. 3 § 17 cTpom-
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Puc. 49.

nach (YHKUMA NOCNEeAoBaHUA U ONpPeaenANCA TONONOTrMYeCKNIA Knacc 0CO60M TOUKK, OKpecT-
HOCTb KOTOPOW COCTOMT M3 cexTopoB G, L, S. MNokaxeMm, YTO Takne ke COCTaBHble NMHUKA MO-
ryT wrpate ponb cenapaTpuc, MAYUWMX n3 OoqHOW ocoBon Toukwm B apyryw. Ocobble Touku
NOHWMAIOTCA B CMbICNe onpeaeneHnA, aaHHoro B N. 1. CenapaTpuca ocobon ToukKn oNpege-
NAETCA TaK e, KaK OnNpeaeNAnach cenaparpuca ToueyHou ocobennocm s n. 1 § 17.

Ha puc. 48 cuctema c ABymMA AMHWAMKW pa3spbiBa (mn wn pq) coaepXmT cenapatpucsl ab v
cd Tovek a u d. 3tm cenapaTpucbl BMecTe ¢ Ayron bc TpaeKTOpum COCTABAAIOT AuHUIO abcd,
KOTOpaR nieT u3 OQHOW 0CO6GOW TOYKM B APYryiO M y KOTOpoi 06a KOHLA ABNAIOTCA cena-
patpucamu. Hanuune Takon nnHUmM NpUBOAKMT K Herpyboctm cuctemsl. B camom aene, meHAR
CKONb YroAHO Mano HaKMOH TPaeKTOPUM MEXAY NIMHUAMU MN 1n PG, MOXKHO NOAYYNTL CUCTe-
My, B KOTOpOit KoHUbl b u ¢ cenapatpuc ab w dc He coeanHeHb! TpaexkTopuen (puc. 49).
TakaA cucTeMa uMeeT yxxe APYryl0 TOMONOTMYeCKYld CTPYKTYpy. CnepoBaTtenbHo, cucTema,
n3o6paxeHHan Ha puc. 48, — Herpyb6an.

Cuctema, n3obpaxenHan Ha puc. 49, ABnAeTcA rpy6oi, ecnn ocobble Toukn a n d — rpy-
6bie. B 3TOM cny4ae Toukn 3 u d coeamHeHbl nnHWen abecd, COCTORLLEN N3 QYT TPAEKTOPUA 1
CcOepKauien 4acTb €C fNMHeMHON OCOBeHHOCTH.

CxasaHHoe NpUBOAMT K cneaylouiemMy onpeaenexuio [186].

flunwmA, cocTaBneHHan M3 NOCNeAOBaTeNbHO PACNONOKEHHbIX Ayl TpaeK TOpniA, Ha3biBaeTCA
nonurpaexropued, ecnu OHa He NPOXOAMT Yepe3 0COGble TOMKK KM He COAREPKMT Ayl nuHei-
HbIx 0cob6eHHOCTEN.

MonuTpaek TOpuAMKM ABNAIOTCA Nk abed w a'b'c’'d’ wa puc. 48 u He ABnAeTcA MUHmA
abecd wa puc. 49.

W3 3Toro onpeneneHnA 1 TeOpeM O CYULeCTBOBaHUKM, eAMHCTBEHHOCTH WU NPOACTKEHNN pe-
WeHWi creayet, YTO ANA cucTemsl knacca C! uepes kaxayio Heocobyio Touky npoxoamt
eAVHCTBEHHAA NonuTpaexTOopuA. OHa NPOAONKAETCA MK HEOT PaHWYEHHO, MM A0 MPaHWULbI
paccmatpusaemor o6nacTi, nnn A0 ocoboir Touku. MonNMTPaeKTOPHA MOXKET NepeceKaTts an-
HeliHbie 0cOGeHHOCTH KnaccoB AA| u AA;. [lpyrue nuHelinbie ocoOGeHHOCTM B COOTBETCTBUM
c onpeaeneHueM n. 1 COCTOAT M3 0COBbIX TOYEK, U NOANTPAEK TOPUA, ECNKM AOCTUraeT TaKOoW
TOYKK, 3aKaHymBaeTcA. MoNnrpaexTOoprA MoxXeT GbiTh TaK)Ke 3aMKHYTOW Kpueo#n Ge3 camo-
nepeceveHi.

Kaxpaan HeKOHUEBaR TOYKa NOAMTPAEKTOPUK ABAAETCA WM TOUKOW eAMHCTBEHHOCTH, UMK
TOYKOW, B KOTOPOH NONMTPaeKTOPMA NepeceKaeT NMHeNHy0 0COBeHHOCTL, Nepexoan C OQHON
ee CTOPOHbL! Ha Apyryo. [loaTomy aBe pa3nuyHble (M3 KOTOPLIX KaxaaA He ABNAEGTCA NPOAON -
MeHMeM APYroi) NONUTPaeKTOPUKM MOTYT uMeTb OBLWMMKM TONBKO KOHUbI — OCOBbIe TOUKMU.
MNonutpaek TopuA MOXeET KacaTbCA NIMHMM pPaspbLiBa NpPaBOW 4acTWM CUCTeMbl TONLKO CBOMM
KOHUOM (TaK KaK TOYKa KacaHWR TpaeKTOpwM C NWHMEA pa3pbiBa ABNRETCA Ocobow;
cm.n. 1).

Aeodnod cenaparpucold HasbiBaeTCA TPaeKTOPMA WMNKM NONWMTPAEeKTOPUA, Y KOTOpon o6e
KOHUeBble AYrv ABARIOTCA CenapaTpucamm.
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Nemma 9 [186]. Cucrema, epyban e ozparuverHold 3amiHyTol o6nactu W, mower
umers @ 3ToU 061acTu TONBKO KOHEYHOE YUCNO 0cobbIX TOYEK.

Cneacrtsue. fluHelHoie ocoberHocTu 2py60L cucTemMst MO2yT NPUHAONEXATs TONLKO
knaccam AA; u AA;.

B camoM gene, nuHelHble 0COBEHHOCTM APYrUX KNaccoB COCTOAT u3 ocobbix Touvek. lpy-
6an cMcTemMa MMeeT TONbKO KOHeYHoe YMCNo ocobbix Touek.

NNemma 10 [186]. Cucrema, 2py6an e o6nacru W, He moxer umers 080UHbIX cenapa-
Tpuc, codepwawjuxcA e 3Tol obnacru. :

DokasavtensbcTBo. [peanonoxum, yto cuctema A suaa (1), rpybas 8 obnactu W,
vMeeT ABOIAHYIO cenapaTpucy ab CW. Nycte H — 1akan obnactb, Kak B onpeaeneHnn rpy-
6octn, W C H. Toraa AnA HeKOTOPOro Py > 0 3aMKHYTaA p,-OKPEeCcTHOCTL V cenapaTpuce!
ab copepxntcAa B H 1 He coaepXuT aApyrnx ocobbix Tovek, kpome @ u b.

MycTsb Touka xo€ ab TakoBa, 4TO B ee okpecTHocTu f(x) € C',u Flxo) # 0. Torpa anAa
Hexotoporo p € (0, py) yron mexay Bektopamu f(x) n f(xo) menbwe 7/ npu | x — x4 | <

< p. Nonoxum anA cuctemsr (2)
fix) = flx) +anllx — xo |,
rae v # 0 — BeKTOp, OPTOroxHanuHbi BeKTOpy f(x(), yncno o > 0 ckonb YrogHo Mano, a

n{t) — dyHkuna knacca C~ (0 <& <oo),
ng >0  (E<p), nE)=0 (£=p), n(E) =1 (E<p/2).

Torana sHe P-oKpecTHOCTH U TOuKK X TpaeKTOpum M NONMTPaeKTOpuu cucTemsl (2) Te xe,
uto y (1), a sHyTpn U Tpaextopumn cuctemsl (2) nepecexawor TpaeKTopun cucTemsbt (1),
BCe B O4HOM HanpaBneHwu, Hanpumep, cnesa Hanpaso. Bue U, Ho B TOW »xe o6nacTu rnaa-
koctn ynkumu fix), yepea Touky p ayru xob C ab nposesem cedeHue S {Ayry 6e3 KOH-
takta) (puc. 50). PaccmoTpum nonutpaextopuio 7, cuctemsr (2), coBnaaawulywo c cena-
patpucoi ab cuctembl (1) Ha yyactKe OT TOuku @ g0 Bxona 8 U. B U oHa yxe e cosna-
Aaet c ab » nepecexaer ceveHme S B Touke P(&), HenpepbIBHO 3aBUCALLEH OT O U CTPEeMALLEeN -
cAKpnpua—>0.

Tak kak ab — cenapaTtpmuca Touku b, TO CyLLECTBYET TaKaA NOCAeA0BaTENbHOCTb Ayl TpaeK -
Topuir a;b;c; (mam a;b;), i=1,2,..., wo

ajb;—~>aob Cab, plci, b) > €

(unu TOYKa b; NeXMT Ha NMHERHOK 0COBEHHOCTH) . ITU AyruU, NPOAON KEHHbIE 338 TOUKY 3; Kak
nonMTpaeKTopuu, NepeceKawT S B Toukax p; — p. CywecTsyeT nocnegoBartensHocTb a; —
=0 (i =), ann Kotopon pla;) = p;. Npn o = ; nonutpaekTopnA T,, ABNAIOWAACA cena-
paTpucoil ToukK @, nocne nepecedeHun ¢ S B Touke pla;) = p; panee upet no ayre a;b;c; v

(1)

Puc. 50.

BbiXOMT U3 €(-OKPECTHOCTM TOYKM b (unu B Touke b; AOCTUraeT AMHeHON OCOBEHHOCTH) .
Mo onpeaenennio cenapatpuce, Ha ee ayre agh HeT ToYeK AMHEIHbIX ocobeHHocTe, NoaTo-
My B 0BOMX cry4aAx Npu AOCTaTONHO Manbix € €-0TOGpaxeHue, nepesoafllee TpaeKTOpUU
cuctemol (1) B TpaexkTOpumu cuctembl (2), He MOXeT nepeBoAUTL ABOWHYIO cenapaTpucy ab
B NonuTpaexktopuio 7,.

C Apyro# cTopoHbl, CenapaTpucy ax, TOYKW 3 OHO AONKHO nepeBOAMTL B cenaparpucy
Toukn 2. Ho anA rpy6oi cucTeMsl 0COGaA TOYKA 8 MOXET UMETb TONLKO KOHEMHOE YHMCHO
cenapatpuc (cneayet u3 [186]). NoatoMy npu A0CTaTOUHO Manbix € €-oTtob6parkeHne He Mo-
XeT NepesoAMTb CenapaTpucy axo HU B KaKyio APYrYio, KpOMe cenapatpuchl 7., COBNaaarwo-
Wen ¢ axo B6MM3N TOUKK 3. ITO NPOTUBOPEIUT CKA3AHHOMY Bbile, 3HAUUT, NpeanonoXxexue
O CYLECTBOBaHWM ABOIHOW CENapaTpUChl HeBepHO, U NeMMa A0Ka3aHa. ’
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Y rpy6bix cuctem knacca C, rpy6biMu ABAAIOTCA He TOABKO 3aMKHYTbIE TPAEKTOPUM, HO
v 3aMKHYTble NnoAnTpaekTopuu. MNycTs 3aMKHYTaA NoAUTpaeKTOopMA T nepecekaeT MNocneaosa-
TeNbHO rnaakue NUHMKU paspuiBa L, ..., L, dyHkuwn f(x). No cBoiCTBY NOANTPaeK TOpuN,
nepecededne npovcxoamT 6es kacawuA. fycts ewe 7 nepecekaer 6e3 KacaHuA rNaaKywo
ayry Lo, nexawyo B 06nacTvM rnaakoctn dyHkuam fix) mawn cosnagaowyto ¢ L. Nunmn
L; 3apaHb) NapamMeTpuyYecKu :

x=le)EC’, o) #0  (a;<0;<B)).

NonutpaextopuA T BuixoaMT M3 Toukmn x* = [y(05) € L, v Bo3BpawaeTcA Ha L, B Ty xe
Touky. C noMowsio Teopembt 0 AnddepeHUUPYEeMOCTH peLleHnA MO HavanbHbIM YCAOBUAM U

4
v
—

Puc. 51.

TeOpeMbl O HEABHOW (DYHKUMMW AErKO MOAYuYMTb, YTO M3 MWBoI TouKKM xo = [y(0y) € Lo,
AOCTaTOMHO 6AM3KOH K X, BbixoauT NoAMTpaeK TOPUA, NPoxoAAilan B6nm3n T, nepecekaro-

wan amHmumn Ly, ..., Ly B Toukax ! ;(0;), i =1, ..., k, » BO3BpawaowancA Ha L ¢ B TOuKe
Xi+1 =1p(0k 4 1), n 4TO ANA 3TUX TOYEK nepeceueHUn tyHKUuN
Oivy =G lopyEC!, o,.'H(o,-)#:o, i=0,1,....k (12)

Syukuma Ylog) = 6, 410k (... 0,(0y)...)) € C' naswiBaeTcA 0606wenHol dyHiyueli
nocnedoeanun. MoAMTpaeKTOpuM He NEpeceKaloTcA, noatoMy Y(0,) Bospacraer: Y {(0g) #
# 0. MonAuTpaeKTOPUA 3aMKHYTaA TOraa u TOALKO TOraa, koraa Ylo,) = 0;.

Ecnm nonuTtpaeKTOpUMA NpoxoaMT Yepe3 TOUKY CTbiKa HECKOAbKWX AMHWIA pa3pbiBa, TO 3Ta
Touka — Heocoban (no onpeaeneHnio nonnTpaekTopuu) . [l0ITOMY B ee OKPECTHOCTH BEKTO-
pbi f(x) He KacawTcA nuHWA paspbisa. [og06HO NpeablaylWeMy AOKa3bIBaeTCA, 4TO TOraa
CYWeCTBYIOT NeBaA 1 NpaBaA NPoOU3BOAHbIE \b'_(oo) " 11/;(00) yHKuMm Y(o,) .

Nemma 11 [186]. 4na epybocru 3amxHyTOl NOAUTPaeKTOpuUu, nepecexaoujed dy2y L
e royxe x* =1y(0,), HEO6Xx00UMO U DoCTaTOYHO, YTObLI

(¥’ (0g) = 1) (Y lo5) —1)>0.

3amevuaHue. B otnnune oT noantpaeKkTopun, TpaeKTOpun CUCTEM Knacca C', MoryT
CAMBATLCA M MOFYT MPOXOAUTL Yepe3 OcobGble TOuku. [O3TOMY He BCAKaA 3aMKHYyTaR
TPaeKTOPMA ABAAETCA NOAMTpaeKTopuen. [INA TaKMx 3aMKHYTbIX TPaeKTOpwit He BCeraa
crnpaseanvBbI YTBEPKAEHUA, A0Ka3aHHbIe ANA NONUTPAEKTOPUN,

Hanpumep, y rpy6od cmMcteMbl yCTOWUMBLIN NpefenbHbid UMKA WAW ero 4acTb MOXKeT
ABAATLCA NMHEWHOW OCOBEHHOCTbIO Knacca AA,. B 3tom cnyuae V(0¢) =const Ha He-
KOTOPOM uHTepBane v; < 0y <7;.

Janee, rpy6an cuctemMa MOXKET MMeTb HECYeTHOE MHOXECTBO 3aMKHYThbIX TPaeKTOopwi,
npoxoaRwWMx yepe3 ocobyto Touky. Hanpumep, y cucremol

Xx=2+sgnx —2sgny, y=2+2sgnx —sgny,

AOONpefeNAeMON Ha NUHUMAX paspsiBa cornacHo a) § 4, 3aMKHYTbIMU TPAaeKTOPUAMM AB-
NAIOTCA Tpex3BeHHble NOMaHbie ¢ BepwuHamn (—a,0), (0,00 w (0,a) anA nw6oro
a>0 (puc.51).

Teopema 1 [186]. Jna 2pyboctu cucrems: (1) knacca C\ e 3amiHyrol oz2panuven-
HOU obnactu Heobxo00uMO U 00CTaro4Ho, 4TO6b! OHA He uMena 080UHbIX cenaparpuc, YTobs:
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OCOBbiX TOYEK U 3aMKHYTbIX NONUTPaexTopul (ecnu oHu ecTs) 66110 TONLKO KOHEYHOE

wucno u 4robs! 6ce oHu bbinu 2pybsimu.
na cnctem knacca C! nopo6Han Teopema noxasana s [185] (cTp. 165).

§ 19. Ocobble TOUKH Ha NHHUH Pa3pbiBa

3aecy M3yualoTcA 0COGble TOYKWU U TOuewHble OCOBGEHHOCTM, neXauive Ha AMHWM paspbiBa
Npasbix 4acTed cucrembl ABYX AuddepeHunansHbix ypaBHeHWW. YCTaHaBNMBAOTCA aHa-
ANTUYECKME KPUTEPUWM NPUHAANEKHOCTU 3ITUX TOYEK TOMY WAW MHOMY TOMONOrUYeCKO-
My Knaccy. YKaswiBawoTcA BCe rpybble ocobble TOMKM W TOYKM NepBOW CTeneHW Herpy-

60CTH, 3 TaKXXe HEKOTOPbLIE ApYrUe.
1. Y7106b1 MCCNEQOBATL CUCTEMY, NPaBble YaCTM KOTOPOW PaspbiBHbLlI Ha TNAAKOW NUHWM,

MOXHO cAenatb rnagkoe npeo6GpasoBaHue, NPU KOTOPOM 3Ta NMHWA NEPEXOAUT B OTPE30K
ocn Ox. Moatomy panee paccMaTpMBaIOTCA CUCTEMbI, C NPaBbIMK YaCTAMM, Pa3pbiBHLIMK Ha
ocu Ox.

B o6nactu G, paspenenton ocbio Ox vavactu G~ (y < 0) u G* (y > 0), paccmoTpum
cuCTeMy

x=Plx,y), y=0Qlx,y). (1)
Nycrs P,Q E C'f, k 2 1. 370 3HauuT, 4TO
P=P(x,y), Q=Q7(x,y) B G’ P=P'(x,y), Q=Q%(x,y) 8 G*,
P, a-eckG7), P, a*eckiG).
No tem otpeskam ocn Ox, rge Q7 (x, 0)Q*(x, 0) < 0, BO3MOXKHO ABMKEHME CO CKOPOCTbIO
x=P%x), y=0. (2)

dyukuma PO (x) onpenenena u NpuHaaneXuT ck wa arux oTpe3kax BCHOAY, MOXeT GbiTb,
KPOMe ToueK, rae

Q7 {x,00=Q%x,0)=0, P (x,00¥P"(x,0). (3)
MpegnonaraeTcA Takxe, YTO
P%(x) =P (x,0), ecnu Q~(x,0) =0, Q*(x,00#0,
PO(x) = P*(x,0), ecnu  Q*(x,00=0, Q" (x,0)#0. 4
3T ycnoBUA BbINONHEHBI, B YaCTHOCTU, NPy AoonpeaeneHun a) § 4. B aTom cnyvae
f{x)
PO(x) = Aix) = P*(x, 0)Q"Ix, 0) — P™(x, 0}Q* (x, 0). (5)

Q0 (x,0) —Q*(x,0) '

2. WUccneayem cnyuau, koraa yHkuun Q(x, 0), Q" (x, 0) u P°lx) moryTt o6pawaTbeA
B HYNIb TONLKO B U30AWPOBaHHLIX TOYkax. Cornacto n. 1 § 18 Tonbko 3TH TOuKK U GyayT
ocobbimu. UmeloTcA 6 THNOB Takux Tovek [187], xapakTepuayeMbix cneayioWMMK YCROBUR-
mu (3HaueHnA Bcex hyHKuUuN GepyTcA B paccmaTpuBaemon Touke (¢, 0) ocu Ox) :
.0 0* <0, P°c)=0.
Q*=0, Q" #0, P*#0 wwm Q =0, Q*+£0, P #0.
Q-=Q*=0, P~#0, P'+0.
P*=0%"=0, @#0 wwm P =Q0"=0, Q*'+0.
Q- =Q%* =0 unTonbko oaHa U3 dyHkumii P, P* paswma 0.
.P" =@ =P*=Q*=0.
AnA Kamaoro U3 aTUx TUNOB MCCneAyeM BO3IMOXHbIE PAcCNONOXKEHWA TPAEKTOPUIA B6AM3N
paccmarpusaemon Touku (c, 0) .

Tun 1. Nycre B TOuKe (c, 0)

a->0, a*<o0, P°=0 ’ (6)

(cnyyain @~ < 0, Q" >0, P° =0 cBOAMTCA K PACCMAaTPUBAEMOMyY 33MeHO t Ha — t B CHCTe-
me (1)). B okpectHocm Touku (c. 0) nmeem |y | > const >0, | x| < const {npuy # 0},
NO3TOMY M3 HEKOTOPOW MEeHbLUEH OKPECTHOCTU 3TOW TOYKKU BCe PeLUeHNA 32 KOHeYHOe BpeMA
nonanalT Ha oce Ox. Mocne 3TOro OHM OCTEOTCA TaM U YAOBNETBOPRIOT cucTteme (2). Tak
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Puc. 52. Puc. 53, Puc. 54.

Puc. 55. Puc. 56.

KaK X = C — U30NMPOBaHHbLIA KOpeHb hYHKUMK P°(x) , TO Npu ManbiX | x — c| 8O3MOXHbLI 3
cnyyan (npu ycnosum (6)).

1a. B cnyuae (x — ¢)P°(x) < 0 (x #¢) peweHun no ocu Ox ¢ 06eux CTOpOH Npn6nuxator -
CA K TOuKe X = C. JTa TOuKa — ycTonuusbiit yzen (puc. 52). MNpumep: X = —x, y=—sgny.

1b. B cnyvae (x — c)P°(x) > 0 (x # c) pewennn no ocu Ox ¢ 06eux CTOPOH yAanAIOTCA
OT Touku x =c. J7a Touka — ceano (puc. 53). Mpumep: X =x, y = —sgn y.

1c. B cnyuae, koraa P°(x) umeer oauH U TOT Xe 3HaK npu x < C U NN X > C, pellieHWA No
oc Ox ¢ OAHOW CTOPOHLI NPUBAMKAIOTCA K TOYK® X =C, a C APYrOA — YAanAIOTCA OT Hee.
Jra Touka — ceanoy3en (puc. 54) . Mpumep: x =x2, y=—sgny.

WraK, Tan 1 copepxuT 3 TONONOrMYECKNX Knacca:

Knacc 1a — y3sen, COCTOALWMA U3 CeKTOPOB QQQQ (0603Ha4eHnA Te we, uTo B N. 3 § 17);

knacc 1b — ceano n3 cexTopos KKKK

Knacc 1¢ — ceanoy3en n3 cexTopos KQaKx.

TononoruyecKan 3KBUBANEHTHOCTb OCOGbix TOueK, NPUHAANEXaWUx OAHOMY WU TOMY e
Knaccy, cneayer U3 veopemsl 2 8§ 17.

Ecnm TpeGoBanue U30NMPOBAHHOCTU OCOBGbLIX TOUEK 3ameHnuTb TpeGoBaHMEM KOHEeYHOCTU
YMCNa NUHElHbIX N TOYeuHbIX 0coBeHHOCTel, To yHKuMA P%(x) cMoxer o6pawaTscA 8 Hynb
B OTAENbHbIX TOMKAxX U Ha Uenbix oTpe3kax. AT oTpe3ku GyayT nuHeliHbIMU OCOBEHHOCTAMU
Knacca AA;, a UX KOHUb! — TOveuHbiMM ocobGenHocTAmu. Ha puc. 55 Touka a — nonyysen,
Touka b — nonyceano.

Tun 2. I"chn, 8 Touke (c, 0)

a->o0, *=0, P*>0 (7)

(apyrue cnyvyaun CBOAATCA K 3ITOMY 3ameHaMKu NepemeHHbix). B HEeKOTOpoOi OKpecTHOCTH
3TOW TOYKHU

y>const>0 npu y<O0, x>const>0 npu y>0.

W3 Toin vactn okpecTtHocTu, rae y < 0, pewexnA nonanaiot Ha oce Ox. Mpu ¥ > 0 BO3MOXHbI
cnepylowme Cnyvan:

2a. Ecnu (x — ¢)Q@*(x, 0) > 0, 10 B Kaxayio TouKy (x, 0), rpe ¢ — 6 < x < ¢, npuxoaut
oaHa TpaeKTOpuR U3 obnactu y '> 0, a u3 kaxaoii Toukn (x, 0), ¢ < x < c+38,yxoaut B
3Ty obnactb oaHa TpaekTopuA. MpeaenomM 3Tux TPaeKTOpWiA ABNAGTCA TpaeKTOpuA, NPOXO-
ARWAR uepe3s Touky (c, 0) u nexawan B obnactu y > 0 (puc. 56) . Mo yvactkyc — 8 <x <c
ocu Ox ripoxoanT TpaekTopuA, AnA Hee X =P%(x) >0 8 cuny (4) . Mpumep:

x=0, y=1 (y<o0); x=1, y=x (y>0)
2b. Ecnu (x —¢)Q’(x, 0) <0, Tous Touek (x,0), ¢ —-86<x<c YXOAAT TpaeKTopuu 8
obnacte ¥y > 0, a B Touku (x, 0), ¢ < x < c + 6 NPpUXOAAT TpaeKTOPKUM U3 3TOi 06nacTu. Tak
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Puc. 57. Puc. 68. Puc. 59.

T N T

Puc. 61. Puc. 62.

—\

RSN

Puc. 63.

waK B6nu3n Touku (c, 0) npu ¥y > 0 umeem x > const >0, |y | < const, To HasBaHHbIE
Bbille TPAeKTOPUM MepeceKaloT HeKOTOPbIK OTpe3okK x =¢, 0 <y <y, . Yepes TOuKu 3TOro
oTpe3Ka, AOCTaToOYHO 6nu3kue K {c, 0), NPOXOAART TpaeKTOpPUM, BbIXOAALUME OGOMMU KOHUAMK
Ha ocb Ox (puc. 57). Mo y4acTky ¢ < x <c + & ocn Ox NPOXOANT TPAEKTOPMA, ANA Hee X =
=P%x)>0 Bcenny (4).Mpumep: X =0, y=1{y<0); x=1, y=—x (y>0).

2c. Ecom Q*(x, 0) > 0npu 0 < | x — c| < &, 70 BCe TPAEKTOPUM B OKPECTHOCTU TOUKM
(c, 0) nepexoanT u3 obnactn y <0 B obnacte y > 0 (puc. 58) . Mpumep:

x=0, y=1 (y<0); x=1, y=x> (y>0).

2d. Ecam Q*(x. 0) < 0 npu 0 < [x —c| < 8, T0 BCe TPAEKTOPUM B OKPECTHOCTU TOYKM
(c, 0) BnuBaloTCcA B TPaeKTOPUIO, Nexautyto Ha ocv Ox (puc. 59) . Ocb Ox — numHeiiHan oco-
GeHHocTs Knacca AA, . Npumep:

x=0, y=1 (y<o) x=1, y=-x* (y>0).

Takum 06pa3om, TuN 2 COCTOMT U3 4 TONONOrMYeCKUX Knaccos: 2a (okpecTHocTL 0cobok
TOUKM COCTOMT U3 cekTopos HQQH), 2b (cexTtopbl KK), 2¢ (cextopst HH), 2d (cextops!
KQQK). Bo scex 3tux cay4aax touxka (¢, 0) He ABAAETCA CTaUMOHAPHOM TOMKOW, TaK KaK
13 (7) n (4) cneayer, 4TO0 B Tex CNy4aAx, KOFAa MMEOTCA pelueHnA, nexawmue Ha ocu Ox,
anA Hux X = P%(x) > 0. 3Tum oTNMyaeTcA, B YacTHOCTU, Knacc 2d OT Knacca 1c.

Ecnu tpe6oBanue u3onupoBaHHOCTU OcoBON TOuKM 3ameHnTh TpeboBaHuem KOHEYHOCTH
YWACNAa TOYEYHbIX M AMHEeNHbIX O0coGeHHOCTeN, TO hyHKUMA Q*(x, 0) cmoxer obpawarecA B
HYNb Ha uenbix oTpedkax. OHu ByayT nuHeAHbIMU 0coGeHHOCTAMM Knacca AB, a ux KOHub —
ToueyHbiMn ocoberHocTAMKu (puc. 60—63, knaccel HK, HQQK, HQH, KQK).

Tun 3. B rouke (c, 0)

Q =0, P #0, Q'=0, P*+0. (8)
No3ToMy B Kaxa0k M3 NONYOKPECTHOCTEH 3TON TOUKKU TPaeKTOPUM MOryT 6biTb pacnonoxe-

Hbl TaK e, KaK B BepXHeid NONyoKpecTHOCTU TOYKKU {c, 0) Ha N6OM K3 puc. 56—59 Takum

obpa3oM, UMelOTCA Cneayiotuue BO3MOXHocTH (puc. 64 — 71) .
Kaxaomy pucyHKY COOTBETCTBYET HECKONbKO TOMOAOrMYECKMX KNacCos PacnofoXXeHWUs

TPaeKTopuiA B 3aBMCUMOCTU OT TOTO, MMelT N P~ u P* opnHakoBbIe naw pa3Hble 3HAKK, W
B HEKOTOPbIX CNYYaAX B 3aBMCMMOCTH OT 3HaKoB P%(x) c o6enx cTopoH ot paccmaTpuBaeMon
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P 2K

Puc. 65. Puc. 66.

N, Y

Puc. 67. Puc. 68. Puc. 69.
Puc. 70. Puc. 71.

Touku (c, 0). npu poonpeneneHuu a) § 4 B cnyyae PP > 0 Touka {c, 0) — HecTaumoHapHan,

aBcnyyae P"P* <0~ crau,uouapnan
Ha puc. 64 B cnyyae P~ P* < 0 — ceano (knacc HHHH) , a8 cnyvae P-P* > 0 — kBasucen-
no (xnacc QHQQHQ) ¢ TpaekTopuen, nayweir no ocu Ox. Ha puc. 65 u 70 B cnyvae P~ P*>0
TOYKM TONOMOFUYECKM He OTAMUYAIOTCA OT 06bIKHOBEHHbIX (Knacc HH), a B cnyyae P~ Pt<o
MMeIoTCA NO TPU Knacca (GOHO LKHK, SQHK ann puc. 65, Qaaa, KKKK KQQK ann
puc. 70) B 3asucmmocTu ot uanpaaneuun ABWXeHWA no ocu Ox ¢ obenx cTopoH oT ocobon
Touxu. Ha puc. 66 B cnyyae P~ Pt > 0 — oauH TONONOrMYECKNMN knacc QHHQ, a B cnyuae

P P" < 0 — psa xnacca: HKKH w HQQH. Ha puc. 67 n 68 B cnyvae P~ P* < 0 — knaccel P
(pokyc) n- Oy (uentp), a B cnysae P-P* > 0 — knacew LL(Y) ¢ Yls) #s (xeasmdoxyc)
umc Yls) =s (xsasmueHtp); CNyuan ueHTPOOKYC3 3aeCb He PacCMaTpPMBaIOTCA. Ha puc. 69
B cnyuae P P* > 0 — knacc KK, a B cnywae P~P* < 0 — knaccer QQ v KK. Ha puc. 71 8 cny-
wae P P <0 — knacc HH, a & cnywae P P" > 0 TOuewHO OCOGEHHOCTH HeT —
knacc KQQK.

Kaxabit n3 3Tux Knaccos COCTOUT U3 OAHOIO UMM HECKOMNbKNX TONONOFMYECKMX KNaccoB
B 3aBMCMMOCTM OT TOFrO, BXOAAT N TPpaekTopum No ocu Ox 8 0cobylo TOYKY 338 KOHeuHOe Unn
6eckoHeuHoe BpeMA. Bcero nony4aercAa 39 Tononorudeckrx KNaccos (B cny4ae aHanutuuec-
Kux pyHKkumn P-, Q~, P, Q" — 24 knacca) .

T v n 4. N3 ogHOn NonynnockocT TpaeKTopuu AocTuraT ocu Ox, He KacaAch ee, a B
APYFro# NONyNNoCKOCTU HAa ee rpaHuue WMeeTCcA CTauuoHapHan Touka. OHa mMoxeT GbiTh Mi0-
60l cTauMoHapHOW TOYKOW, KOTOPAA BO3MOXHA Y cucTeMebl knacca C . MNMostomy tun 4
conepXmT GeCKOHEWHO MHOro TONOMOFMYECKMx Khaccor. [Ipocreidwue M3 HUxX GyAyT nepe-
uucnedsl B N. 5,

T un 5.8 ognoit nonynnockoctn Bektop (P, Q) kacaetcA ocu Ox B paccMaTpusaeMon
TOYKe, U TPaeKTopun pacnonoxerbl Kak B o6nactn y > 0 Ha nw6om 13 puc. 56 — 59. lna
CUCTeMbl 8 APYFro# NonynNIOCKOCTU pacCMaTpuBaeMan TOYKa — CTauMOHapHan, noboro smaa.

T v n 6. PaccmatpuBaeman TOuKka ABMAETCA CTaUMOHApHOW KaK ANA CUCTeMbl X = P,
y = Q7, Ta v anA cuctemer X = P*, y = Q*. KaptuHa pacnonoeHnA TpaeKTopui 86nm3an
ITOW TOUKM CKneeHa M3 ABYX KapTMH NONYOKPECTHOCTen Mo6bix CTAUMOHAPHBLIX TOuEK.

Kaxabiit 3 Tnos 5 u 6 coaepuT 6eCKOHEYHO MHOTO TONONOIMYECKUX KNacCoB.
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MNokaxem, 410 rpy6Bble 0COGbIE TOUKK COAEPXKATCA TONLKO B TuNax 1 1 2, a 0CO6bIe TOUKM
1-%4 cTeneHn Herpy60CcT — TONLKO B TunNax 1 — 4.

Nemma 1 [188].M30onupoearrsie ocobsre Toyku Tunoe 3 u 4 — HezpyBsre.

Aoxkazarenbcrts o MNycts {c, O} — nsonuporanHan oco6aa Touka Tuna 3 cucre-
mbi A Buga (1), te. 8 370K TOuKe BbINOfHeHb! ycnosuA (8). AnA nw6oro c¢,, 6anskoro
K C, paccMOTpUM cucTemy A nonyuaemyio n3 A sameHon Q' (x, y) Ha dbynkumo Q*(x, y) —
— Q%(c,, 0). Cucrema A umeer B HeKOTOpOW 2€- -okpectHoctn H Touku (c, 0) Tonbko oaHy
0cobyio Touky — Touky (¢, 0),anpu |c; —c | <e cucrema A CKONb yrogHo 6nu3kan K A,
ecnn |c; —c | pocTatouHo mano, meeT 8 €-oxkpecTHOCTH Touku (c, 0) ase 0cobbie TOUKY

{c. 0) n {c;,0). Noaromy (H, A) # (H,A) ana nio6oit o6nactn H. 3HaunT, Touxa {c, 0) —
Herpy6an.

Nycte (¢, 0) — ocobaa Touka Tuna 4 cuctembl A u B 3700 Touke P =01 =0,Q" #0,
a B ee 2¢-okpecTHocTn H HeT Apyrux ocoBbix TOuek. Bosbmem ckonb yrogHo manoce ¥, > 0.
Cucrema A nonyqaeman u3 A sameront Pt(x,y) n Q% (x,y) ma dynkumu  PY(x. y) —
—PYe,y) w QYix, y) -Q* (c.¥1), ckonb yrogHo 6nu3ka kK A W uMeeT 0COBylo TOYKY
(c. y1).NMpu y >0 cucrema A knacca C!, nostomy Her TpaeKTOpUA, BXOAALINX B 3Ty OCO-
6ylo TouKy 33 KoHeuHoe BpemA. Y cuctembl A B 0cobyio Touky (c, 0) u3 obnactn y < 0
BXOAMT 33 KOHeWHOe BPEMA TPaeKTOPWA, T.e. OCOBAA TOUKA NEXUT Ha 3TOM TpaeKTOpuM.
Noatomy anA no6oi obnactn H umeem (H, ;U é (H, A), n Touka (c, 0) — Herpy6an.

NMemma 2 [188]. Usonuposanran ocoban royxa Tuna 5 He MOMET uMeTs crencHs He-
2pybocTu Huwe 2,a runa 6 — Huxe 3.

foxkasatenbcTteo. Nycts y cuctemer A touka (c, 0) ™Na 5 n B Heit a =0"
=p*t=0, P-#0. rlpw cy, noc'rarouuo 6nM3KomM K ¢, cucrema A nonyyaemaAa M3 A 3a-
meHo# yHikumia P*(x, ), Q1 ix, v} Ha

P, y) =P (x,y) =P (c,,0), Q*(x,y)=0Q%(x.y) —Q*(c;,0), (9)

WMeeT B OKpECTHOCTH TOUKW (ci,0) nse ocobbie Toukn: (c, 0) TMna2 un g:,,O) Tuna 4.
MNoaromy cuctema A He €-Toxpectsewna cucteme A. Mo nemme 1 cuctema A — Herpy6aa,
3HAYNT, CMCTeMa A He MOXET UMeTb CTeneHb Herpy6ocTn Huxe 2.

Nycte (¢, 0) — Touka TMna 6 cuctembr A. Cuctema A, nonyyeHHan 3ameHon (9), nmeer
ABe ocobbie Touku TMna4d: (¢, 0) u (c;, 0). NoatoMy OHa He €-TO)KAECTBEHHA cucteme A.
CasuHys ocrmyvo Touky (c;,0) B o6nacts y > 0, Kak B goKa3atenbCcrae neMmol 1, nonyyum
onctemy A’ He €-ToXaecTBeHHylo cucteme A mn MMelowLyIo 0cobyto Touky (€1, ¥1) w He-
rpy6yio ocobyio Touky (c, 0). Moaromy cucrema A - Herpybana, cucrema A He MOXET UMeTh
cTeneHb Herpy6oCcTu Huxe 2, a A — Huxke 3.

3. Yxaxem sce rpy6bie u HerpyGble nzonuposarnHbie ocobbie Toukn TMNOB 1 1 2, a Takxe
HekoTopble nx Gudypikauvn. Mpeanonaraetca, 4to cuctema (1) 8 o6nactu G yaosnersopaer
ycnosuam n. 1. Ha nuHUK pa3pbiBa MCNONL3YETCA goonpeaeneHne a) § 4.

Nemma 3 (187} . Ecnu (c, 0) — ocoban royxa runa 1 (unu 2) cucrems: (1), 10 8 He-
KOTOPOU OKpecTHacTu 3Tol TodKu mobaa Oocraroyno Bnuskan (8 merpuxe cl) cucrema
MOXeT UMETH 0COBbIE TOYKU TONTBKO TO20 ¥e Tuna.

NokazatenbcTBO cCneiyer M3 TOro, uto Hepasexctsa Q~ (x,0) Q* (x,0) <0
anAa tuna 1w Q@ (x,0) #0, P* (x,0) #0 anA Tuna 2 cNpaBeanuBbl U B OKPECTHOCTH TOYKM
{c, 0) ; oHM COXPaHAIOTCA 1 ANA BCeX AOCTaTONHO BNM3KNX cuCTEMm.

Mycte HaoTpeske T {a Sx<b) ocn Ox UMEETCA TONLKO KOHEYHOE YUCNO OCOBbIX ToueK
(c;, 00,/ =1,...,m (m =2 0) cucremb: A suaa (1), sce oHu TUna 1, TONKM X=an x=b —
Heocobbie. Toraa dyHkuum Q ~ u QF Ha 3TOM OTpeaKe COXPAHAIOT 3HAKM, U B HEKOTOPOW ero
okpectHocT V umeem | Q(x, y) | > const > 0 npu y # 0. ConepxawyiocA 8 V 3aMKHYTYI0
obnactb, orpannuenHyio 4 Ayramu TPaeKTOpPUiA, BbIXOAALMMU M3 KOHUOB OTPE3Ka, U ABYMA
oTpeakamu npAameix ¥ = h (puc. 72) , nazosem obnacteio Tvna 1.

Nemma 4 [187]. Paccmorpum cuctemy A e obnactu H runa 1. AnA mobozo €>Q
Haidyrca wyucna 8§ >0 u 1 >0, obnadawowue cnedyrwwum ceoidcreom. [lycre cucrema A
8-6nusxa K A e merpuxe C: u dna cucremesr. A PyHkyua P°(x) umeer na orpesxe la, b]
KopHU Tommsko 8 Touxax &, 1 6 — ¢l <m, i=1,...,m.
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To20a Haiiderca raxan obnacre H, yro (H, A )
BokaszavenscTtBo. Mycms

III-a

(H, A},

a=ce <1 <...<ep <cpar =b; 2n< min (¢4 — ).
1

Kaxawin u3 otpesxos [c;, ¢;+ ;] oTobpasum 8 oTpesox [c;, ci‘tl] nuuelino. Monyunm Tono-
noruveckoe oto6paxenue £ = Y(¢) otpeska [a, b] L cebn, | £ —¢| < 7. MNpu pocratouro
Manbix § U 0 dynkuma P® umeer Ha KakAOM uHTepBane (c;, Cj+1) TOT Xe 3HaK, YTO yHK-

uva PO na untepsane (c;, ¢/4 ) .
TpaekTopuu cuctemsl A yaOBNETBOPAIOT ypaauenmoNdx/dy =P/Q. Nycts x=ply, &)

era peweHve ¢ HauanbHbiM ycnosuem ¢ (0, £) =&, ax =y ly, £) — ananornuHoe pewenne anA

Puc. 72.

A. Orobpakenne, crasAwee B coorTeercTeve kawgon Touke (¢ly, £), y) € H touky
(wly, ¥(£)), y), — Tononoruueckoe. OHO NepeBOANT TPaeKTOPMM CUCTEMbI A B TPaeKTOpUM

cucTeMsl A 1 NPU AOCTATOMHO ManbiX § WM 7] CABUTaeT KaXKAYl0 TOMKY MeHblUe, YeM Ha €.
Teopewma 1 [187]). Mycrs Ona cucremsi A € Ch guda (1)

0 (x,00Q*(x,00<0 (a<x<b), Pa)#0, P°b)#0. (10)

AnAa ro2o 40661 373 cuctema umena crenews Hezpyboctu s (0 <s <p—1) & obnacru H,
Tuna 1, nepeceverue iKoropol ¢ ocslo Ox ecrs oTpesok a Sx<b, Heobxo0uMo u OOCTaTroYHo,
yrobsr @ynxyun P°(x) Ha arom OTPE3Ke UMeNa TOMbKO KOHEeYHOoe Yucsno KopHed cy, ...

,Cm (m =0) u yrobsr ux xparvocru ry,...,r,, y0oenereopanu ycnoeuw S =s, 20e

S=lry =1)+...+(r,, —1). (1

fokaszaTtensCTBO AROCTATOYHOCTM NPOBOANTCA MHAyKUMER NO uucny §, a Heobxoammoctn —
wHaykumer no wucny s. Nycts n > 0. Ecnu n > 0, 7o npeanonaraem, 4TO AOCTATOMHOCTL AOKa3aHa ANA
scex S < n, a Heo6xoaMMOCTe — ANA BCcex § < M 1 TO, U APYroe — AnA Bcex obBnacrei Tmna 1.

Aocrarourocrs. NMycts dyrwkuna P {x}) umeer Ha la, b] ToNbKO KOPHW C, , . . ., Cpyy KPATHOCTERA 7y , . . .

,rmuvs (11) 8§ =n. B cuny NpeanonoxeHnn NHAY KUMK CUCTeMa A B OKPECTHOCTH oTpeska [a, b] ocw
Ox He mMoxer umerts creneHo Herpyboctm s < n. AnAa cuctembt A B o6nactn H TakoW, Kak 8 nemme 4,
H2>2H, wn moGoro € > 0 noabepem uncna & u n no nemme 4. B cuny (5) npu nocratouno manom & aAnA

n+ =,
noboi cucremo! A 5-6nuskon k A 8 metpuxe Co , yHkumnn P° Gyaer ctons 6namska kK P°, uto He
CMOXET UMeTb KOPHEH BHe 7-0KpecTHocTH V; Touex ¢;. ﬂpu AOCTATONHO Manom & yHxuna P° & V; umeer

KOPHW C; KPAaTHOCTER Gy, kK =1, .1y, n no nemme 5 §
4] I
T gy <, slgp—-N<rp-1li i=1...,m (12)
iop ik 1 5 ik [
Ecnu m =0 unu I; =1 anA 8cex /, To NO Nemme 4 HANAGTCA Takar o6nacTs ;7 uto (H, A) £ (H,A).
B8 wacTHOCTM, Npu N = 0 BO3MOXEH TONLKO 3TOT CAyYaKk, 3HAYMT, cuctema A — rpy6aR.
Ecnu xe!; > 2 ana Hexotoporo /, To uz (12} nmeem
- (] m
S = bos b (q,-k-—ﬂ( pA (r[—‘l)—1—S—1. (13)
=1 k=1 i=1

Mpwu pocratouso manom 6 > 0 anA cucrtemsb: A MOXHO TaK nocTpouTe o6nacTe H tuna 1, yt06b1 H CH n

4Tt06461 3ambikanne oGnactn H He conepmano ocobeix Touex cucrembt A He nexawmnx 8 H. Tak kak S <
<n—1 (cm. (13)), 10 8 cMNY NPEANONOXEHNA UHAYKUMUK CUCTEMA A umeer 8 H cTeneHs Herpy6ocTu we

Gonbwen — 1.
CneanosarennsHo, B o6nactu H cucrema A umeer crenenb Herpyboctn s <n. Tak kak cnyuan s < n He-

Boamoxen (cm. Boiwe) , Tos =n.
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Heobxodumocrs. MycTs cuctema A nmeer creners Herpy6octu n 8 o6nactn H.

RonycTim, YyTO CYWECTBYIOT Takue Toukn ¢; € (8, ) vwuncnar; =1 (i =1,...,m),uto P°(x) « 0O
npm x # ¢y,
a P i) m
—xr =0 *k=0,1,...,p=1, £ y-1=n+1. {14)
dx i=1

Toraa rj > 2 pnA HexoToporo j. MNycTe 3aMKHYTan OKpPecTHOCTs V Toukn ¢; nexur 8 (a, b) w wne coaep-
wuT Touex ¢;,/ #j. Mo nemme 6 § 18 anA mobbix 6 >0 u g > p vanaeTcA GyHKUUA P, (x), nmelowan 8
V xopens ¢; kpatHocTUr; — 11 KOpEHbC] # €}, COBNafalowWwan ¢ P°(x) BHe V u 1axan, yto I P, -P° “Cq(
< &'. B cuny (5) waiiperca cucrema A 5-6nn3Kan B Cq K cucTeme A U TaKan, 4TO ANR Hee PYHKUMA POlx)

cosnanaer ¢ P, (x). Cncrema A umeer 0coBbie TOUKM c;,0),i =1, ,m, n (c/, 0). Nx 6onbuwe, 4em y
cucrembl A, noaromv DHa He € -TOXAeCTBeHHa cucteme A. B cnyuae n= 0 3TO NPOTUBOPEYMT Npeanonoxe-

HUI0 O rpy60oCTHU cucTemsl A.
B cnyvae n > 0 crenens Herpy6ocTh cuctems: A pasHa N, 3HAWMT, ANA cUCTEMbI A oMa He Bonbwe n — 1,

o NPeanONOXEHUI0 MHAYKUUK, ANA CUCTEMbI A cymma S ananorwusan {11), ve Bonbwe n —~ 1. Ho anaA

cuctemst A hyHkunA P° nmeeT KopHu C;j, i =1,...,m, KpaTHOCTeh ;,- zr; i #7), 71' =rj —1,4
~ ~ f

kopeHs ¢; . Moatomy ana cucrems: A

. mo m
S>> I lri=1> Z {ri-1)=12n
=1 i=1

8 cvny (14) . NpoTusopeune noka3visaer, ¥T0 HepaBeHCcTBO {14) REBO3MOXHO.
Aonycrum, uto P°{(x) nmeer BeckOHEYHO MHOrO KopHen Ha (a, b) . Mo nemme 8 § 18 HalpercA dyHx-
uur P, (x), cronb yroaHo 6nuskan k P (x) »n umeowan Ha {8, b] TONLKO KOHEWHOE YNCAO KOpHER, XOTA

B6bi 0AMH M3 KOTOPbLIX X, UMEET KpaTHOCTL r | =n+ 1. Hanperca cucrema A, 6nuikan x A, onA KoTopOH
P°(x) =P (x). Torna oHa He e-TOXAECTBEHHA cucTeme A, cTenens Herpy5octu cucrembt A He Gonbwe
n - 14, N0 NPeANONOXEHUI0 UHAY KuuKM, S <n — 1. 3T0 NpoTHBOPEUNT TOMY, YTOr, =n+ 1.

WTaK, AnR cuctembl A n-4 cTenenn Herpy60ctu pyHxuma P (X) umeeT T0NbKO KOHEYHOE YUCNO KOPHEN
1 He MoxeT 06nagars ceoncTBamn (14) . 3HAUUT, ITM KOPHM MMEIOT KPATHOCTU £ W

S={r, —1)+._ . 4lr,, —1)<n
B cnyuae S < 1, N0 NPEANONOXKEHUIO MHAYKUNN, CUCTEMB AMeeT CTenaHs Herpybocrtn mernswe n. Nostomy
S =n

Cneactewe 1. 4na cucrems: (1) xnacca ck (k =5 +1) ocobaa royxa runa 1 umeer
creneHs He2pybOCTU § To20a U TOMbKO To20a, K020a 6 3TOU TOoYKe PyHKYUA PO%{x) umeer
KOpeHb KpaTHocTu s + 1.

o0

Cnepactewve 2. Ecnu ona cucremsr (1) xknacca C, Ha HeKOTOpOM OTpeske ocu Ox

Q7(x,0Q"x,00<0, P°(x)=0
TO 3TOT OTPE30K — 4acTb NuHedHolU ocobewHocTu xnacca AA; (n. 2 3 18) v cucrema ¢
mobol oxkpecrHocTu 31020 oTpezxa {unu noBolU e20 Tovku) UMeEeT cTeneHs HezpybocTu =,

3ameuanue Otciona He cneayer, 4TO BCAKAA (DM3UYECKAA CUCTEMA, NMEIOWaAA LenbiA
OTPe30K, COCTOALLMIA U3 NONOXKEHWW PaBHOBECUA, MOXXET NOTEPATL €ro NPU CKOMb YroaHO
Manbix BO3MyweHnAX. PaccMOTpMM KonebaTenbHyl0 CMCTEMy, ONUCHLIBAEMYIO YpaBHeHWeM
BTOPOro NOpAAKa,

X+bsgnx+gix)="~fix, x), {15}
rae dyHkuum £, g € C'. Miobbie BOZMYLIEHNA 3TUX (ByHKUNA NPYBOAAT K BO3MYLIEHHAM
NUWL BTOPOTrO YPaBHEHMNA CUCTEMDI

x=y, y=flx,y)l—gilx)—bsgny, (16)
K KOTOpOi cBoauTcA ypasHenne (15). Ecnu umeercA otpesok ocu OXx, Ha KOTOpom
| f{x,0) —gix) | <b, To OH uenuKoMm cOCTOUT U3 MONOeHuit paBHoBecuA. Ta ero 4acTb,
rae | f{x,0) —gix) | <b —e, coxpanmercA npu nO6uIX BO3MyweHNAX hyHkumn f —g,
He NPeBOCXOAAMNX €. Taxou OTpe3ox ABAAETCA rpybon 0OCOBeHHOCTLI0 NO OTHOLIEHINO
K BO3MYyLWWEHWAM BTOPOro ypasHewuwAa B8 (16) wunu ypaswenma (15), .1.e. no oTHoweHwo
K BO3MY LWEHNAM (PU3NYEeCKOW CUCTEMDI.

Mo oTHoweHnio K BO3MyweHnAM o6oux ypasHennin (16) 3Ta occbeHHOCTs MeeT CTeneHs
‘HerpyBocTu °° B cuny cneacreua 2 (ecnn f,g € C*). Ho Taxkue BO3IMyWEeHUA He UMEIOT
thusmueckoro cmeicna. Takum o6pasom, 8 pAae cnyvaeB Han0 PAaccMaTpuBaTh Tpy-
6ocTb  cucTeMbI N0 OTHOWEHVIO K BO3MYWEHWAM fIMWbL  HEKOTOPbIX YpaBHeHMN
CUCTEMDI.
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B [5] (8§ 3.1, 3.2) paccmaTpuBaeTCA MHOro NPUMePOB (hU3NYECKUX CUCTEM, MMEIOLLAX
6eckoHeYHOe MHOXECTBO COCTOAHWUN PaBHOBECWUA, 3aNONHAIOLLEE LeNbili OTPE30K B (ha3oBOM
npoctpaHcTee. MccneayeTcA yCTOMUMBOCTb 3TUX COCTOAHUIA PaBHOBECUA.

B [189] ykasbiBaercA, 4To ANA HErONOHOMHbIX MEXaHWYECKWUX CUCTEM TUMUYHBLIM RBNA-
€TCA CRy4Yan, KOrAa MHOXEeCTBO COCTOAHWI PaBHOBECMA — MHOroobpasune, paaMepHOCTb KO-
TOPOro paBHa YMCNY HeroNOHOMHbLIX CBA3eH.

Budypkauun ocobbix Touek TMNa 1 NOAHOCTLIO ONPEAENAIOTCA BUdYPKAUMAMN  KOPHel
dyHKUUKN P°(x) C Y4YETOM 3HaKOB 3TOW (YHKUMKN C KaXAON CTOPOHbI OT KAXKAOIrO KOPHA.

Ecnn x=c — kopeHb kpatHocTn 1 dyrkumm P%(x), To npn nepexoae uepes 3toT KOpPEHb
dynxuma P%(x) MeHRer 3Hax, no3atomy Touka (c, 0) knacca 1awnm 1b (puc. 52, 53) . B cuny

POz

Puc. 73. Puc. 74.

cneacteuA 1 Teopembl 1 3T1a TOuka — rpy6an, T.e. He UCNbiTbiBaeT Bnudypxaunin NpM Manbix
(8 C') namenennnx cucremol.

Ecnu x=c — KopeHb kpatHocTM 2 diyHkumun P°(x), To dyrxuna P°(x) ne MenaeT 3Haka
npu nepexoae 4epes 3T0T kopeHb. [o3ToMy ocobam touka (c, 0) knacca 1c. Mpn manbix
(8 C?) wamenennAx dyHKummn P%(x) BO3MOXHbI 3 CAY4aA: KOpPeHb KPAaTHOCTM 2 COXPAHAET-
cA (B03MOXHO, caBuraeTcA nNo ocu OX); KOPeHb UCYe33eT; KOPEeHb PacnafaeTCA Ha ABa KOP-
HA kpatHocTu 1 (puc. 73). MNo3aromy ocoban Touka xnacca 1c 14 creneHn Herpy6octu
(puc. 54) Npu ManoM M3MeHeHMM CUCTEMbI MAW COXPaHAET CBOW TOMONOrMYecKuii Knacc,
nnn uncuesaet (NPu 3TOM OCTaeTCA NWHeHan ocobedHocTh knacca AA,, puc. 30), nan pac-
nanaetcA Ha 2 rpy6ble ocobble Touku knaccos 1au 1b (puc. 72) .

PaccmoTpes 6Gudypkauumn TPexKpaTHOro KOPHA (yHKUWK PO(x), moxHO flonyynTth BCE
BO3MOXHble Budypkaunn ocobbix Touek Tuna 1 2-i crerieHm Herpyboctu.

PaccmoTtpum Teneps cuctemy A suaa (1) ¢ ocobbimu Toukamu Tuna 2. MycTs, Hanpumep,
Ha paccmaTpusaeMom otpeske T ocu Ox

Q (x,00>0, P'(x,00>0, P°x)+0. (17)

3nech 1 aanee HepasencTea AnA P (X) OTHOCATCA K TeM TOYKaM WM OTPe3KaM, rae onpeaene-
Ha yHkuma P (x) . Ha KoHUax K@KAOro TaKoro oTpeska B cnyuae (17) nmeem Q% (x, 0) =0,
nostomy 8 cuny (4) Tam, a 3HaunT u Ha Bcem oTpeake, P%(x) > 0. Bce aanbHeiwee oTHOCHT-
CA K TaKoh oxpecTHOCTn V oTpe3ka T, B KOTOPOW Npu HeKOTOpom u >0

Q- ) 1> (P 1> 1P 1> (18)

Mycte H CV, 8 H nmeetcA KoHeuyHoe 4nucno ocobbix touek (B cuny (17) own tuna 2),
H — 3aMkHyTaR o6nacTb, rpaHuua KOTOpPOM — NPOCTaA 33MKHYTaA KpWBaA, COCTOALLAR 13
KOHEYHOro 4Yucna ayr TpaekTopuih u Ayr 6e3 KOHTaKTa, He NPOXOAR WAA Yepe3 ocobble TOukN,
umelwan Tonbko aAse obwwme Toukn (a, 0) n (b, 0) c ocvto Ox v nepecekalowan ee B 3TUX
Toukax (puc. 74) . KoHubl 3TuX Ayr TPaeKTOPWA Ha30BeM y2/1086/MU ToYkamu. Toukn (a, 0)
u (b,0) He aomKHbI nexartb Ha BbIGPaHHLIX Ayrax 6e3 koHTakTa. O6bnacte H He AONXKHa
COAepXKaTb CEenapaTpuc, COEAUHRIOLMX OCObYI0 TOYKY C yrnoBoi, U NPOXOAALWUMX BHYTpu H
(Ho He no ocu Ox) ayr TpaeKTOpWiA, COEAMHAIOWMX ABE yrnossie TOYkW. Takylo obnacts
Ha3zoseM o6nacTbio TUNA 2.

Cenapatpucy oco6oi toukmn (c, 0) cucremsr A ¢ ycnosuwem (17) Haszosem negold (npa-
800 ), ecnn B6An3Mn 3TOM TOuKK Ha cenapaTpuce x < ¢ (x>c¢) ny >0.

Nemma 5 [187]. lMycrs @ obnacru H tuna 2 dnA cuctems: A 8biNoNHeHs! yCNOBUA

(18) u umeerca ronsxo KoHeyHoe yucno ocobibix Tovex (c;,0),7/ =1,..., n. lMycrs cucrema
A 8-6nuskae C' Kk cucteme A, umeer ronsko ocobsie Toyxu (d;, 0),i =1, ..., n, npuvem
1) I d.. —¢;| <nurouxa (d;,0) roz0 we knacca, yro (c;,0),i =1,...,n;
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2) u3 royxu (d;,0) esixo0ur codepwawascAa 8 H Oeodrnan cenaparpuca cucrtems: A,
neean unu npaeana dnr toyku (d;, 0), T020a u Tonsko r020a, K020a u3 Toyku (c;, 0) esixo-
Qurt codepwawanca @ H daodHan cenapatpuca cucrems! A,CoOTEETCTEEHHO N1€8aA UM NPAaGan
ona 310l TOYKU. ~ ~

Toz0a dnm nwbozo € > 0 cywecrayror takue § > 0,1 >0, vro {(H, A) = (H, A) e Hexo-
Topod obnacru H.

Aokasavrenscreo. MNycts ¢, <c,<...<cyp w n Tak mano, uro d, <d, <...<dy,. Ecm
NBOWHAR cenapatpuca S;,, cucrembl A naet w3 touxu (7, 0} 8 Touky ic,y,, 0), m >/, 10 no ycnoawio
u3 touku (dy, 0) waer npasan aso#Har cenapatpuca S;; cuctemsl A 8 HexoTopylo Touky (dp, 0), 1>,

Mokaxem, yto ! =m.
oA
\\/\\ —o@

Puc. 75.

Mpeancnoxum, Hanpumep, uto / < m. U3 touku {c;, O) maer nesam cenaparpuca S,', cucremol A 8
HexoTopyo Touxy (¢j, 0). Cenapatpucel Sy, ¥ Sj; He MoryTt umetb 06wimMx ToueK Npu y = 0, noatomy
i <f <1. W3 touku (d,-, 0) uper npasan cenapartpuca S;; cucTemMs! A 8 HekOTOpYI0 Touky dy, i <j <
< k <1, tak Kak §/k v S;; He moryTt umers obuwmx Towex. U3 Touku (i, 0) maet nesan cenapatpuca
cuctemnl A 4 T.A. Monysaem NOCNEAOBATENLHOCT BROXeWHbIx oTpeskos [, €] O [cjiep 1D .
ocn OX; KOHUb! KaXACTro OTPE3Ka COEAUHEeHbI cenapatpucon cucrembl A. OCoGbiX TOHEK KOHEYHOE YUCNO,
N03TOMy NPOUEece AoMKeH 06opBaTecA. ITO NPMBOAUT K NPOTUBOPEUUIO C YCNoBueM 2) nemmsi.

Nocrpoum obnacts M. Nposeaem TpaexTopuu cucreMbr A uz touek (a, 0), (b, 0) v vz oaHoro M3 Kow-
LUOB KaMAOW ¥3 OCTANbHbIX AYr L; TPaexTopui cucTembl A, MAYWMX NO rpaHuue obBnactu H {(vnn w3
TOMEK, QOCTATOMHO BNU3KUX K ITUM TOYKEM), A0 NEPECEMEHMA C TeMK Xe Ayramu Ges xowvaxta (vnn
6NM3KUMKN K HUM) , H8 KOTOPbIX KOHYalRTCR Ayru L;. Mpn AOCTaTOMHO MaNOM & TOMKW Nepece4eHun Cy-
WIECTBYIOT W 6nu3Kn K KOHUAM Ayr L;. DT TOUKW W TOUKU NEPECEYEHNA CENapaTPWC ¥ MPaHuyHbIX Tpaex-
TOPUIA C rPaHNYHBIMU AYramu 6e3 KoHtakTa (v c ocsw Ox) PACNONOXeHbl HA ITUX AYFrax 8 OAHOM U TOM

e NOPRAKE ANA cuCTem A W A, eCniid 5 U 1 ROCTATONHO Marnbi. MOCTPOEHHBIE AYTY TPAGKTOPHUA CUCTEMBI A
v AYyrn 6e3 KOHTAKTa OrpaHu4MBsaloT obnacte ﬁ ™NA 2 ANA CHCTENib A

TpaexTopun cuctemsl A (cooTaercreerHo 7\) , NPOXORRALWME Yepe3 0cobeie M YrroBble TO4KK, U 0C6 OX
pas6usaor obnacte M (cootsercreenno H) Ha anemeHtapHbie verbipexyronsuuxu ([157], crp. 86),
2606meuuble 3INEMEHTaPHbIE YEeTbIPEXYTrONLHUK YN R,- W 3NeMeHTapHbie cerMentol 73 (COOTBETCTBEHHO 7?,- "
Tx) (pnc. 75). NMpw AOCTATOYHO ManbIX & ¥ 11 U3 CKA3BHHOFO O NOPAAKE TOMEK [IBPECEHEHMR TPAeKTOPUA
¢ Ayramu Ges KOMTAKTa CNEAyeT, 4TC 3TH InemeHTapHbie obnactne Hwe H pPacnonNoXeHbl OAMHEKOBO.

Ana kaxpon obnactu Rj wnu T MOXKHO NoCTpouTe c-oTobpaxenune (n. 2 § 18) Ha cooTBercrByWYIO
obnactb R,- wnu T; (Kak ANA anemMeHTapHbix veThipexyronbHukos 8 [ 185], crp. 51—53, u kak anr cexTo-
poe knaccos K, Q,L 8 nemmax 3 u 4 § 17). O106pameHnA coceanux NemMeHTapHbix 06NacTen MOXHO
caenate COBNaRAOWMMHU HA WX obwen rpaumue. [ANA 3TOro CHavans 0 TOGPAXKAIOTCA OTPE3KWU NUHUK PA3PbI-

Ba, ABNAIOWUECA Ayramu TpaexTopui, 3ateM obnactun R,- u T, NnpuMbiKaloiMe K 3TUM OTPe3Kam, a nocnhe
3T0re — ocrtansHbie. Monyvaem e-0106paxexHue o6nacTn HuaH.
Teopema 2 [187]. flycrs Ona cucremsr A € C? guda {1)

Q7 (x,00#0, P'{x,00#0, P°Ix)#0; Q'@ 00#0, Q*(b 0 +#0;

W — 06nacts Tuna 2, nepecexaeman ocsio Ox no otpesky a <x<b. Ana 1020 410661 CUCTEME
A 8 o0b6nactu W umena crenens ne2pyboctu h (0 <h <p — 1), Heo6xo0d0umo u docraroyHo,

yro6b1 yHryus Q*{x,0) Ha [a, b] umena Tomsko Kowewwoe wucno KopHeii c,,...,Cn
(n=0) vux kparHocru ry, ..., r,yooenereopanu ycnoauw S = h, 20e
S={ry =1} +...+(r,, = 1) +s, (19)

§ — Yucno 08olHbIX cenapaTpuc, COOePHaluxca & obnacru W

AoxkasavenbcTso. locTaTONHOCTL ROKA3LIBAETCA WHAYKUMER NO S, 38 HeO6XOAMMOCTL — MHAY K-
umed no h. MNycts uenoe wucno q > 0. Mpn g > 0 npeanonaraem, 4To AnA BCex obnacTedt Tuna 2 AoCTaTou-
HOCTb AOKa3aHa ana 8cex S < q, 3 HeobxoanmocTe — anA scex h < q.

Aocrarownocts. Nycts S = q. Toraa, N0 NPERNONONKEHNIO UHAYKUKY, CH.TEM3 A HE MOXKET WMETb CTEMeHb
Herpy6ocTn menbwe q. Bosomem obnacte H DO W, o6nanaowyio temu xe csoincraamu, uto W, u He coaep-
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wauwywo aApyrnx ocobbix Touek u cenapatpmuc. Bossmem nio6oe € > 0 n crons mance n > 0, ytobui 8 3n-0k-
PECTHOCTM KaXAOro KOPHA C; He GbINC HU Apyrux KopHed, HM Touek @ n b. Mycrs cuctema A (X = Plx, y),
y =Qlx,y)) 6-6nnska C:’” K cucreme A; uucno 6 < u (cm. (18)) tak mano, uro sgn 5’()(, 0} =

= sgn 0+(x, 0) 8He N-OKPECTHOCTEN BCEX TOMEK Cf.
Cnyuan 1. Oynkunr Q*(x, 0) umeer poBHO NO OAHOMY KOPHIO df B N-OKPECTHOCTN KAXAOW TOMKN
¢;. Torpa AnA cucTems! A BbINONHEHbI HepaBeHCTBA, NOAOGHbie (18), HO ¢ u — 6 BMECTO u /¥ 3HAKN

a* (x, 0) cnesa un cnpaBa KaAOro KOPHA TE Xe, 4TO Y O)'(x, 0) . Toraa sbinonHeHo ycnosue 1) nemMmbs 5.

Ecnu u3 toukmu (cy, 0) He BbixoaMT nesan (unm npasan) ABOWHAA cenapaTpuca cucTeMbl A, COAepXa-
wancr 8 H, To npn Manwix & 310 xe CNPaBeaniBo n ANA TOUKM (d{, 0) u cuctemol A (e cuny Henpepbia-
HOW 33BMCUMOCTH PELIEHNA OT HauaNbHbIX YCNOBWA N NPABbIX YacTen cucrems:) . .

a) Ecnu BbinonHeHo Takxe ycnosue 2) neMmsl 5, To no aton neMme (H, A = (H,A).

B vactHocTu, ecnu S =0, To Bcer; = 1,5 = 0, 3HaYUT, NMeET MECTO CNyyan 1 U y cucTeM A HeT ABOMHbIX

~ ~ €
cenaparpuc. Torpa (H,A) = (H, A) ncncrema A — rpy6an.

6) Ecnn ycnosue 2) neMmbi 5 He BbINOAHEHO, TO B CUMly CKasaHHOro CMCTeMa A nNpu mansix § umeer
MeHbWe ABOWHbIX cenapatpuc, yem A. Mo nemme 5 § 18 KpaTHOCTb KaAOro KOpHA d; He Gonbuie, Yem
KpParHoCTU KOPHR ¢;. Mo3TOMy ANR cucTeMbl A cymma S supa (19) mensweq.

Cnyuan 2. B OKPECTHOCTH KEKAOH TOUKKN C; MMEETCA He 60nee OAHOro KOPHA GyHKunn a*ix, 0,
NpU4em B OKPECTHOCTH HEKOTOPOW TOUKW Cj HET HW OAHOTO KOPHA 3TOM ¢yukuuu B cuny nemmbi 5 § 18
KOPEHb Cj WMEEeT KPaTHOCTb rj = 2. No3toMy npn nepexoae OT cucTemMbl A K A u3 (19) nckniovaerca
cnaraemoe r; —1 > 1, a ocranctHbie He yBeNnYnBaloTCA, KaK B cnyyae 1. Yncno ABOMHbIX CENapaTrpuc He
YBENU4YUBAETCA, TaK KaK OHM MoryT nepectarts 6biTo apoum,mm nnu ase (ne8aA ¥ NpPaBaA CcenapaTpPMChb!
TOUKHU Cj ) cnutech 8 oaMy. Toraa anA cuctems! AumeemS < S = =q.

Cn yuau 3. B oxpectHocTn Toukm ¢; nmeetcA n; = 0 KopHe#n dl/ G=1,...,m; i =1,... ,n)
dyHKunn a* (x, 0), npnuem n; > 2 xoTA 6bI ANA OAHOIO .

Ecnn ann kakoro-Hubyab i/ u3 toukn (c;, 0) He ebixoant nesam (npasaA) asowHan cenapatpuca
cucTembl A, TO NMpu ROCTAaTOMHO Manom & wa Touek (d;;, 0),j =1,..., M, He BLIXOAMT HN ONHOW nesoiH
(coorsetcreenHo nNpasoi) ‘‘sHewHeR’’ ABOWHOW CENapaTpMChl CucTemb! A, T.6. MAyWEA B KaKylo-NM6o
ocobyo Touky (dks, 0), kK #i. B camoM nene, BHelwHue nedoble CenapaTpuChl TOueK (di 0), ecnu rta-
KWe CYUlecTayioT, NPU Manom & ACMKHbI COAEPKATLCA B MANOW OKPECTHOCTU Nesow cenaparpucu TOuKMN
(c7, 0) cucrembr A, a 3Ta cenapaTpuca, N0 NPEANOCNOKEHWIO, NPOXOANT Ha NONOXKNTENLHOM PaCCTOAHMM OT

Apyrnx ocobbix Touex. '

Oyukuna Q% (x, 0) Ha uurepsaﬂe I leg—n,cp + n) MEHRAET 3HaK OAMH Pa3 B TOUKE C; UMW He Menner
3Haka. Yucno nepemeu 3Hakac "~ Ha “+* dyHkunn Q" (x, 0) Ha 3ToM nnTepBane Gonbuie, vem y O {x, 0),
Ha uucno py > 0,c "+ Ha "'~ Toxe GONbwe Ha P;; 4MCNO KOpPHe#H, NPU Nepexoae Yepes KoTopbie a+ (x, 0)
HE MEHAEeT 3HaKa, Gonswe Ha nj — 1—2p;. Cornaco n. 1 npu ycnosuu (17) Touka nepeMeHbl 3HaKa c
“—“na "+"” (unM c "+ na =) ecTb ocoBan Touka knacca 2a (knacca 2b), x He NOAXOART n3 cbnactn
y > 0 ABe cenapaTpuchi (cooraercraenno Hn ogHon) . KopeHs, Npu nepexofe uepes KOTOPbIA (x, 0) we
MEHAeT 3HaKa, eCTb TOYKA Knacca 2c unu 2d, K Hel NOAXOAMT O0AHA cenapaTpuca. Moxer GbiTh, He BCe 3TH

cenaparpuch! ABOWHbLIE,
Takum o6pazom, Korga 1; > 2, YACNO KOHUOB QBOWHbIX CENAPATPUC B WHTEpBane /{ MOXeT yBENUUNTb-

cA  He 6onwwe, wem Ha 2p; + (np — 1 —2p;) =m; — 1. Korna weny =1 u ny =0, 44CNO TAKMX KOHUOB
He yBenuuuBaeTcA, kak B cnyyarx 1 u 2. Kaxnan ABOAHaR CENapaTpuca MMEET ABA KOHUA B OCOGbIX TO-

Kax, NO3TOMY 4YMCNO BCEX ABOMHbIX CENapaTpuc NP NepexoAe OT cucTeMsl A K A MOXET yBENUUUTLCA HE
1 .

6onewe, yem Ha wicno B Y £*(ny —1); cymMmmnpoBanue NPOM3BOANTCA TONLKO NO TEM /, ANA KOTOPbLIX
m > 2.

Cymma kpaTtHoCcTew Kopue« dyHKUNKU at (x,0) 8 nHTepsane /; pasHa r, <r; {nemma5 § 18). MNpu
nepexone ot cuctembi A Kk A cymma (r; — 1) 8 (19) 3ameHAeTCR CyMMOn

n o no

r X (f],'-‘l) = X (r,'—n,).

i=1 j=1 i=1
KOTOparR MeHbwe CymMmebl X(r; — 1) no kpaiHe# mepe Ha uucno B, = £*(n; —1). Moaromy npn nepe-
xoae ot A k A cymma (19) nonyuaer npupawenne

~ 1
§$-5<8,-8,= —-5-):'(0,-—1).

l"locnemcnn CYyMMa NONOXMWTeNtHa, TaK KAK B Crydae 3 xots oaHO /iy > 2. Yucna Sus - uensie, NO3TOMY
s-s< — 1, T.e. ANA CHCTEMD! A mmeeMS <q-1.

Takum o6paizom, anA cUcTeMs! Ae cnyvanx 16, 2, 3 nmeem s < q. AnA A noctponM obnacre H
TMNa 2, He COREPKAULYI0 APYFUX 0COBbIX TOYEK U RBOWHBIX CENapaTpuc, KPOMe UMEIOWUXCR B H, rak, uTto6b!

H cH. No NPeAnoNOKEHNIO MHAY Kunk, CTenetb Herpy6ocTn cucremst As H asHauutue H, He Gonbwe
q — 1. YunTbigan takoke cnywain 1a, nonyuaem, yto cucrema A 8 obnactn W umeer crenens uerpyﬁocru q.
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Heobxodumocrs. Mycte cuctema A umeer crenews werpyboctu g 8 obnactu W. Toraa cywecteyer
Takanobnacte H mna2,410 W nexut crporo BHYTDH H, cuctema A umeet B H crenens HerpybocTtu q,
u H coaepwut ToNLKO Te 0COBbIE TONKWU ¥ ABOWMBIE CENApPATPUCHI, KOTOPLIe coaepxatcA 8 W. Mpeanono-
WUM, YTO CyWecTByIOT Takue yucna ¢; € (a,b) w p; > 1, uto anA dynkuuu R (x) = Q*(x, 0) umeem

Ry =0 (j=0,1,...,pi=1; i=1,....n) (20)
(b, =N+.. . +(py—N+s>q+1, (21)

rAe s — YMCNO ABOUHBIX cenapaTpuc 8 cbnactu W.
Ana HeKoTOPOro € > 0wunwboros >0 nocrpouM TaKylo cucTemy A 4ro

1° cucrema A 5-6nu3ka k A B MeTpuke C. H
2° (H,A) # (H, A) ann no6oi o6nacTn H, ecnn WCH;
3°cywecrsyiot Takue wicnad; € (s, b) u E,- > 1, 410 ANA DyHKUKUK Rix) =a* (x, 0) umeeem

;?(i)(d;)=0 (j=0,1,....pi—1; i=1,...,k), (22)
(p, —=N+...+lpy—N+s32q, (23)

rae § — YACNO ABOMHbLIX CENapaTPUC CUCTeMb) A 8 obnactu W.
Nycts s > 0. Nycte p € Cp, ¢ (x, y) >0 8 manoi okpectHoctu V', Touku (x,,y,),y, > 0, nexawen

Ha OAHOW M3 ABOMHLIX cenapatpuc, v = 0 ewe V,. Cuctema A, nonyyennan us A 3ameHon dynkumn Q Ha

O Q + Ny, Npu pocTaTouKo mansix A >0 6nuska k A, umeer Te e 0cobeie Touku (dy =c;) w wucna
p, =Py, HO Ha OAHY ABOMHYIO CenapaTpucy MeHswe, kak 8 nemme 10 § 18, Taxan cucrema A o6napser

ceoicteamu 1° —3°.
Nycte s = 0. Torna e cuny (21) p; > 2 ann nexoroporo j . Mycrs oTpesox 1*= lej —v,¢f +v] C(a b)

He COAEPXNT oooGux Tovex ¢;,i #j. Mo nemme 6 § 18 Ann nwoboro § > 0 HahaetcA d:ynxuun R(x)
umetowan 8 /* KopeHs Cj xpaTHOCTH p, =pj —1 v xopews cl #¢j , cosnanarowan ¢ A (x) 8He /° n Taxan,
uTO

1 Alx) — Rix) Yoanr <8 (24)

Toraa npu ACCTaTOYHO Manom & cucrema K, no'ny-qennan u3 A 3amenon Q (x, y) Ha
Qix,y)=Qlx, y) + Rix) — Rix), (25)

o6nanaet ceoicTeamu 1° u 3° npu c, =¢; (raxk xax p, =pyi #1 p, =pj —1). Ecnu cuctema A umena

KOHe4Hoe ynucno ocobeix Touek, To A umeet euwle ocobyio TOUKY (c, 0) u o6nanaer ceoncTeom 2°.
Ecnu xe cuctema A umena GeckoHewHO MMOro ocobeix Tovek, T.e. PyHkuun R(x) umena GeckoHeuHo

MHOro KopHe# Ha [a, b], To no nemme 8 § 18 cywecTayer dyHKuuA R, yaosnevsopriowan (24) u
umelowan Ha [a, b] T0NbKO KOHENHOE YUCNO KOPHEeW, U3 KOTOpbIX OAMH KOPEHb C, KpaTtHocTu p. Toraa
cuctema A, nonyyenHan nogo6ro (25), umeer koweuHoe wmcno ocobeix Toyek M O06napaeT cBOMCTBaMM

1° w2°.Bepr 8 (22) i =k=1, f)} =pns ,4T0 NO Y p— 1> gq, nonysaem (23).CnenoBa-
TensHo, cucTema A o6nanaer ceoicTeom 3° .
WUrak, 8O BCex cNyyanx cyuwlecTeyer cucrema A co ceoicTeamu 1° — 3°.

B cnyyae g = 0 310 NpoTMBOpEYMT rPy6OCTH cucTems! A.

B cnyuse ¢ > 1 anA aocrarouHo 6nu3xou K A cuctembl! A cTpoum obnacTtb H _Tuna 2, kak 8 nemme 5.
Npu 3TOM MOXHO caenate, 4To6bi WCH CH.N31° u 2° cneayer, 4TO cuCTemMa A 8 o6nactu H, a 3HaumuT
ns H umeer creneHs Herpy60cTu Mexbiue g. Torna B CUNY NPEANCNOKEHUA MHAYKUUK KOpHU d; dYHKUUK
R(x) = Q" (x, 0) umeIOT KOHEwHbIE KPATHOCTH 7}, nphuem

{r;, =N +... .+l -1 +s5<gq (26)

Tak kak r~f P p? 8 cuny (22), o HepasexcTeo (26) npotusopeumt (23).

Bo BCex CNy48AXx CyWecTBOBaHWe cucTembi A co cBowWcTBamu 1° —3°  NPUBOAMT K NPOTUBOPEYUIO.
3nauwnT, npeanonoxenue (20), (21) nesepHO, T.e. KOPHU Cf MMEIOT KOHEUHbIE KPATHOCTH I, u Cymma (19)
pasHa q (B cnyvae S < g creneHs Herpy60cTu cucTems A Gbina 661 MeHbwe q) .

Cneactewve 1. /Jna cucrems: (1) xnacca C¥ (p=> q +1) royxa (c,.0) Aenmerca oco-
60U ToykoU Tuna 2 u uMeer cTeneHb HEPybOCTU q TO20a U TONLKO TO20a, KO20a @ 3ToU

Toyke Q~ #0,P*#0, a Q'lx, 0) umeer xopews x=c «patHoctu q+1 (unu Q* #0,
P~ #0,a Q (x,0) umeer xopeHs x = c kpaTHocTu q + 1) .
Cneacteue 2. Ecnudna cucrems: (1) knacca Co Ha nexoTopom otpesie ocu Ox
Q™ #0, P*#0, Q'(x,0=0 (unw Q*#0, P~ +#0, Q (x,0)=0),
TO 3TOT OTPE30K — YacTb nuHeldHol ocoberHocTu knacca AB u cucreMa e ckons y200HO Ma-
N0l OKPECTHOCTU 3T020 OTPE3Ka UMeeT CTeneHs He2pybocTu 6eciKOHeYHOCTb.
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Doka3zatenscTtBo. Cuctema, nonyueHHan uz (1) sameroin Q(x,y)  Ha dyHKumo

Q (x, y) =Q(x, y) + N(x —c)? (>0 ckonb yroaHo mano), B cuny cneactsuAa 1 nmeert 8
okpecTHocTh Toukn (c, 0) cteneHs Herpy6octn p — 1; wicno p — cKkons yroaHo 6onbluoe.

Eud)vpxauvm 0cobbix ToYeK THNa2 ONpPeAenAloTCA BUdYPKaUMAMM KOpHelh GyHKUUK
Q*(x, 0) (unn Q (x, 0)), 3HaKaMy 3TOi YHKUNMN C KBKAOH CTOPOHBI OT KaWAOrO KOPHA U
pacnonoxeHuem cenaparpuc. Mycte Q> 0, P* > 0.

Ecnu x =c¢ — KOpeHs KpaTHocTk 1 byHK UMM R(x) =Q"(x, 0), 10 ocoban Touka (c,0) knac-
ca 2a (ecnn R'(c) >0) unn 2b (ecnu R'(c) <0) (puc. 56 n 57): owHa AenAeTcA rpy6oit u He
ncnbiThiBaeT Gudypraumni.

Ecnu x = ¢ — KopeHb KPaTHOCTH 2, TO hyHKUMA R(x) He MeHAeT 3HaKa n ocoban Touka
(c, 0) knacca 2¢c (ecnu R"(c) > 0) u knacca 2d (ecnn R"(c) < 0) (puc. 58 n 59) ; oHa umeeT

nepey!o cTeneHb Herpy6octn. Mpu Manbix (8 C2) nameneHnAx dyHKumm R(x) KopeHb Kpat-
HOCTH 2 MOJKET COXPaHUTLCA, UCYE3HYTb MAN  PAacnacTbCA Ha ABa NPOCTbIX KOPHA, Kak Ha
pmc. 73.

Mo3tomMy 0co6an Touka knacca 2¢ npy Manbix (8 C2) N3MEHEHNAX CUCTEMbI MOXET WAM
COXPaHWUTLCA, UNK MCYe3HYTL (NPU 3TOM OCTaeTCA TakaA 0cobeHHOCTb Ha nuHum ¥ = 0, Kak B
cnyvae AA, n. 2 8§16, puc. 29) , unu pacnacteca Ha ase rpy6Gble ocobble TOuKK Knaccos 2a u
2b (puc. 76), coepnHeHHbIe NMHWER CAMAHWA TPEEKTOPUIA — NHEHHOW 0coBeHHOCTBLIO Knacca
AA,;. Ocoban Touka Kknacca 2d TaK»xe MOXXET UNW COXPAHUTLCA, MNW NPEBPATUTLCA B HUYEM He
BbIAENAIOWYIOCA TOMKY NuHenHoW ocobeHHocTw knacca AA, (puc.30), unn pacnacTecA Ha ase
0cobsie Touku Knaccos 2a U 2b; NMHWA CNUAHNA TPaeKTopUi NPU 3TOM pa3spsisaeTtcA (puc.77).

Ecnu x =c¢ — KopeHb KpaTHOCTH 3 dyHkumm R(x), To ocoban Touka (c, 0) BTOpOM CTeneHn
Herpy6ocTu n knacca 2a (ecnm R (c) > 0) unn knacca 2b (ecnm BR™'(c) <0). Paccmarpusan
6udypraummn KOPHA KPaTHOCTH 3, nonyyaem Bce BOo3MOXXHble 6udbypkauuu Takow ocoboi
touku. Mpu R"(c) >0 ana 6nuakux (B8 C3) cucrem BO3MOXHBI CREAYIOLLME CAYYaN HANVYURA
ocobbix Todek: 1) oaHa Touka Knacca 2a; 2) ase Toukm knaccos 2d n 2a; 3) pase ToukM
Kknaccos 2aun 2c; 4) Tpu Touku knaccos 2a, 2b, 2a, pacnonoeHHble B YKa3aHHOM NOPAAKE

e NS N

Puc. 76. Puc. 77.
Pnc. 78. Puc. 79.

(34€Cb BO3MOXKHbI TPV TOMONOIMYECKN Pa3Nn4HLIX PacCNonoxeHnA cenapatpuc) . Mpu A '(c) <
< 0 803MOHbI cnyuan: 1) oaHa Touka knacca 2b; 2) ase Touku knaccos 2¢c n 2b (puc. 78) ;
3) ase Toukn knaccos 2b v 2d (puc. 79) ; 4) TPpY NOCNEA0BATENbHO PACNONOXKEHHbIE TOUKK
Kknaccos 2b, 2a, 2b.

3amevaHne. BaeaeHHoe 8 n. 2 § 18 noHATHe CTeneHn Herpy60CTH CyECTBEHHO U3Me-
HUTCA, eCNu B8 onNpeaeneHnn €-ToXKAeCTBeHHOCTH cucteM A n A He Tpe6oBaThb, 4To6bl 0CObLIE
TOYKKM Nepexoaunu B oCobBble TOUKK (MM €CNK He CYMTaTb 0COBLIMK Te ToYKWU, B OKPECTHO-
CTN KOTODbLIX TPaeKTOPUM PacnonoXeHbl TONONOrUYECKMK TaK >Ke, KaK B OKPEeCTHOCTH 0bbik-
HOBEHHbIX TOMEK MAW KaK B OKPECTHOCTH HEeKOHUEBbiX TOYEeK NMHEeMHOW 0CoBeHHoCTH,
pwc. 58, 59) .

Hanpumep, npu 6udypxauum nocneaHer u3 paccMOTpPeHHbIX 0cobbix TOuek (korpa

m

R (c) <0} 8 cnyuanx 1), 2), 3) nonyyeHHaR CMCTeMa TONONOTrMYECKH IKBMBANEHTHA NCXOA-
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HOW, TaK KakK o0cobble Touku knaccoB 2¢ u 2d TONONOrM4YECKWU 3KBUBANEHTHbLI Heoco6biM
(cpaHnTe puc. 57, 78, 79), a B cnyyae 4) nOny4YeHHaA cucTeMa — rpy6an. Mo3atomy npu
M3MEHEHHOM, KaK YKa3aHo Bbile, OnpeaeneHuu €-TOXAECTBEHHOCTH (um'an n3MeHeHUH onpe-
AenennA ocoboi Toukm) Takoi ocobon TouxecR(c) = R'lc) = R"(c) =0, R"(c) <0 npuwnocs
6b1 NpMNUCaTL Nepeylo cTeneHs Herpy6octn. AT ycnoxHuno 61 hopMYNUPOBKY 1 AOKa3a-
TenLbCTBO Teopemsl 2.

4. Cpeam ocobbix Touek Tuna 3 HaubGonee aeTanbHO U3y4eH ([4], cTp. 393; [190]) “cwm-
T pokyc’’ (pmc. 67) .

Mycte ana cuctemsr (1) knacca C¢.", m = 2, 8 Touxe (0,0

Q@ =Q'=0, P <0, P'>0, (27)

a B ee OKPECTHOCTM
xQ7(x,00 <0, xQ*(x,00<0 (0<IxI|<po). (28)

Mpv 3TMX YCNOBMAX ANA AOCTaTOYHO MANoro xo > 0 TPaeKTOPHA N3 Touky (x0,0) npoxoamt
8 obnactn y < 0, nepecexaeT ocb Ox B Touke (x,, 0), x, <0, npoxoaut B obnactn y >0wm

J'W% N/xo

Puc. 80. Puc. 81.

B0O3BpawaeTcA Ha ocb Ux B Ttouke (x3, 0), x; > 0. Bmecto dhyHKUMM nocneaoBaHnA X, =
= f(xy) yno6Hee paccmarpuBate ([4], crp. 396) dyHkuun

Xe=0(x1), x3=0%(x;), X(x\)=x2—x0=0"(x;) =0 {x,). (29)

Ecnu x(x,) > 0 Ha HekoTOpoM unHTepsane —8 ;< x; <0, T0 hokyc HeycTonumBbI (puc. 80) ;
ecnm X(x,) <0, vo ycronumsbin (puc. 81), a ecnmn X(x,) =0, To 0coban TouKa — CLKTLIA
ueHTp (puc. 68). Ecnu Ha kaxaom nHTepsane Buaa —&, < x; < 0 dYHKUMA X NPpUHMMaeT U
HyneBble, N HeHYNeBbie 3HAaYeHUA, TO 0CO63A TOUKA — CLNTLIN UEeHTPOdOKYC.

NnAa n3yveHua ceoiicte dyHkumid 0 (x) n 07 (x) yaobHo ux moonpeaenuts npu x =0,
nonoxue 0<(0) =0, o* (x;) = x;, 07(xq) =x,,raex; >0,x, <0,xo >0 1e xe, 4To BbIWE.
Toraa dyHkumm o (x) onpeaenets npn —p; < x < py, p1, P2 >0, m

g'(o*(x)) =x, o (g (x)) =x. (30)

Nemma 6. Ecu P, {", Q-,Q"€C”,m=1, e royce (0, 0) 8s/nonrens: ycnosua (27)
u npou3eodrsie Q; <0,0,<0,7007, 0", xIx) EC™ npu |x 1<8,,8, >0.
DokaszatenbctBo. U3 (1) npu y > 0 umeem

+

dy Q
— =F(x,y), F=—€C™ (y=0), F,(0,0) = — 2p* <0.
dx P

Monaraa y = %2, nonyvaem ypasHenne 208%dz/dx = F(x,z?), oT KOTOpOrc nepexomMm K
cucteme

az 1 £ 2) = ) dx
—_— = X,z = ,2), —_— =z
dr  2p? X2 dar ‘ (31)

Tak kak H € C™ (x? +22<82), Hix, z)=—x +oflx| +|z ), To pokasbiBaemoe yTBepxae-
Hue cneayet u3 [185] (ctp. 252).

Nemma 7.Ecnu olx) €EC', 0(0) =0, ola(x)) =x, xolx) <0 (0< IxI<8), ro ¢'(0) = —1.

Doxkasarvtensctso. AuddepeHunpyn paseHcteo d{o(x)) =x B Touke x = 0, nmeem
(6'(0))2 = 1. Tak kak x0(x) <0 (0< IxI<8§), T00'(0)=—1.

Nemma 8. Ecu gpynkyuu o, (x) u 0, (x) ydosnereaopawor ycnoguam nemms: 7 u
g1 (x) < 03(x) npu 0 < x< &, 10 0,(x) < 0,(x) u Ha HexoTOPOM UHTEP-
gane -6, <x<0.
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NoxasatensctBo. Ecnn 0,(x) =y, 10 0,ly) =x, Te. rpagmk dyHkummn 0, (x)
CUMMeTPUYeH OTHOCUTENbHO NPAMON ¥ = X; TO e BepHO 1 AnA 0z (x). N3 cummetpumn rpa-
($MKOB 1 y6biBaHMA hyHKUMK O, 02 cneayeT yTBepxaeHue nemmbl (puc. 82) .

Nemma 9 ([4], ctp. 397). ®ywkyuu o7, ¢, x o6nadaor ceolcreamu:

1°07(0) =0"(0) =x(0) =0, (0)'| _,=(6""1,_,==1 XxI(0)=0. (32)
2° Ecnu dna nexoropozo k =2 cywecreyior XD (0), i=1,... k u
xD)=0, (i<k-1),  x% o) #o, (33)

10 kK — vyerHoe yucno. o
3° KawoaAa u3 gyrkyud o u o¢* raKwe o6nadaer ceolicreom 2 -
NokasatensbcTBO. CBoincTBO 1~ BbiTekaeT u3 (29), (30) v nemmbr 7.

Puc. 82.

2° Ecnu 6618 (33) uicno k 6biNo HEWETHBIM, TO Pa3HOCTb
()

o'(x) — o (x) = x(x) = xk +o(x¥)
meHAna 6bl 3HaK Npy nepexoae Yepe3 TOUKY X = 0. 310 npotusopeunno 61 Nemme 8.

Ceoitcteo 3° Aoka3sbiBaeTCA noaobHo 2°, ecnu oaHy U3 dYHKUWA ' MAM G 3aMeHUTH
tyHKUMel 0, (x) = — x.

Y o6biuHoro ¢hokyca, B oTnuume oT “‘cluMToro’’, nepean w3 oTNNYHbLIX OT HynA npu p =0
npou3ssoaHbix hyHkuun d(p) = f(p)—p (f(p) — dyHKUMA NnocneaoBaHNA) MMeeT HeveTHbIN
nopranok ([185], cTp. 253) .

Hanaem Heckonbko nepBbix KO3PMUNEHTOB PasnoxxeHnA yHKuumn X (X) no creneHAm x.
MNpu ycnosuax (27) tpaextopun cuctemsl (1) B6amam touxkm (0,0) npuy > 0u y <0 ygos-
NeTBOPAIOT yPaBHeHUIO (ero kKo3adduuneHTol paznunumsl npm ¥y >0 u npu y <0)

dy Qlx,y)
- =ax +by tex® +dxy +ey? +olx, y), (34)

dx Plx,y)
olx, y)€C?, olx, y) =0(x? +y?). Ecnm P, Q €C?, ro Moo Hanucats
wlx, y)h=fx* vgxly #hx® +¥ix,y),  ¥ix,y) =olx* +y?). (35)

Wwem pewekve, BbixoaAwee u3 Touku (— p, 0). inA wvero x = O(p), y = O(p?). fenan B
(34) 3ameny 2y = —ay,, a 3atem —2x +by, =— 2x,, nony4yaem

dy, 2 c
—— = —2x,; +3Ax} +olx? +|y, ), A=—{b-—) (36)
dx 3 a

WHTerpupyR ot —p RO X; W yuuTbiBeA, 410 ¥, (— p) = 0, nonyyaem (Bmecto X, nuiem X)
yilx)=p? —x? +A(x® +p®) +ol(x + p)p?). (37)

®ynxuua (37) pasHa Hymo npm x = —p u npn x = a(—p). l'lpupasunaaﬂ (37) x Hynio n
COKpaLyan Hax+p, nony4aem

x—-p=Ap>+Ax(x —p) +olp?). (38)
Tak KaK niweTca kKopeus x = 0{— p) = O(p), 7o u3 (38) umeem x — p = O(p?). Noacraenan 3to
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cHoea B (38), nonyuaem

2 2 2 c
o(—p)=p +Ap* +olp®), =—|b——). (39)
3 a
B cnyuae, korga pyHkuna ¢ 8 (34) umeer sua (35), Tem e cnoco6om nonyvaem
a(fp)=p-l»,¢\p2-l»A2p3 +Kp4+o(p4), (40)
10 . Ad 2 (b* 2 2bf  5c¢f 3h
K=—A+ — + —— ——— -2 ——+—— —_—
11 5 15 a a a a
Teneps 3 (29) n (39) umeem an~ cucrem knacca C2
x(—p)=a:p? +olp?), a;=A"-A", (41)

a AnA cuctem knacca Ch

x(—p) = a;p* +a3p* +a,p* + o(p®), (42)
a;=(A") —(A)?, a; =K' - K"
3necsA”, K (A~, K~ )aupamarorcn dopmynammn (39) u (40) uepe3 3HaueHuA Ko3hduumnen-
toBa=a <0,b=b", ypasHenna (34) 8 obnactu y > 0 (cootBerctBeHHo @ = 3~ > 0,
b=b,... 8 oﬁnacm y<0) Ax MOXHO BbIPa3uTL M HENOCPeACTBEHHO Yepe3 3HAYeHUA
(byHKuuﬁ P, Q n ux npoussoaHeix B Touke (0,0), Hanpumep,

a, a, Q,, PO, 2( c) Z(P_Y+Oy Q,
a: = — = e—— = —— | —

. . - . b——|=—
P P 2P P? 3 a 3\ P 20,

3HaHue KOIPDUUMEHTOB 33, 34, . . . DYHKUMKM X (— P} AaeT BO3MOXKHOCTL WUCCNEAOBaTb
YCTONYBOCTb CLUMTOrO PoKyca u ero Budypraumu.
Teopewma 3. Tlycrs esinonHerisr ycnosua (27) u

0;(0,0)<0, Q4(0,0) <o0. (44)

Ecnu a; <0,unu 3, =0, a3 <0, unu x(")(O) <0 & (33), r0 Hyneeoe pewerHue acumMnroru-
vecky ycrolyuso. Ecnu a, >0, unu a; = 0,3, >0, unu x(¥)(0) >0 e (33), 70 nynesoce
pewenue Heycrold4ueo. B cnyvae ycrodvyusocru Tpaexkropua docruzaer royxu (0, 0) ronsxo
38 BeCcKOHEYHOE 8PEMA U PELIEHUA-CTPEMATCA K HYMO C XaPaK TEPUCTUYECKUM NOKa3arenem

—— 1 a 1 1
y=Tm —InVx3+y*(t)=—, 7=— + . (45)

t— o t 27 P~(0,0) P’(0,0)

DoxkasatenscTso. Tpaektopua, npoxoaAwan 4epes Touky (—p, O) nepecexaer
nonyock Ox, x >0, 8 Toukax xo =0 (= p) u x5 =6 (= p). Ecan x(—p) <0 (0 < p < py),
T0 X3 < Xxo (puc. 81) u ganee TpaeKTOPUA NepeceKaeT Ty NONYOCh B TONKAX X4 > Xg > . . .

. > 0. Cywectayer lim x,;=> 0. Tak kak, nono6ro {29),

). (43}

i oo

Xzi+2 =X2; v X{x254 1), (46)

TO NP/ —>° umeeM X (Xx2;+ 1) > 0,x2; + 1 = 0. 3Hauwut, x2; =0 (x2;+ 1) > 0, u Ha TpaexTo-
puv umeem x (t) = 0 npu so3pacTanum t, a Tak kak | dy/dx | <const, Touy (t)=> 0. Acumn-
TOTMYECKaA yCTOMYMBOCTb AOKa3aHa.

Ecm X (—p) >0 (0<p < p,), T0 aHanoruuHo nonyvaem,4to x (), y (t) = 0 npw yBuisaHum
t, U HyNesoe PeLLeHe HeyCTONYMBO.

OueHum cxopocts npubnuxkennAa peweHnA Kk Hynio B8 cnydae X<0. B cuny (32)
X3i+1/X2;> — 1 npn i—> o, noaromy ana nwboro € >0u3 (41) u (46) umeem ana scex

I‘?il (6)
2
(a2 —G)Xz,-Xz,n;.z <X2,’+ 2 —X2i< (a, +€)X2i.

Tak xkak Inx <x —1 (0<x <), 10

X2i+2 — X2 X2i+2 Xap+2 — X2y
(a; —€)lxy;i < < In < < (3, +€)x2;- (47)
X2i+2 X2i X2
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BpemA aBwxeHuAa no TpaekTopun ot Touku (Xz; 0} #o Touku (x5;.,,0) pasHo t; =
=27x ;{1 +0(1)), rae 7 70 xe, uto B (45). Cymmmupya (47) no / or wHekotoporo j = j(€)
Ao nwoboro k, nonyuaem

a, —2¢ X2k +2 aj +2¢ k
Tk< In < Tk, Tk =2 t;.

27 X2 27 i=j

Orcrona ¢ y4etom orpanuueHHoct dy/dx cneayet (45).
PaccmoTpum Gudypkauvu cwmtoro okyca npu ycnosuax (27), (44). Mpu nepexoae ot
dyHKuni P, Q k 6nnzkum B C. dyHKumam P, 0 ucoban Touka unu ocraerca W30NMPOBaHHON

e\
N

Puc. 83.

(koraa dyHkumu @ (x, 0) u Q"(x, 0) uMetoT 06w KOPeHb) , NN PAaCAARAETCA HA HECKONb-
Ko 0cobbix Touek (Korpa KopHU 3TMX MyHKUUW Pa3nuyHbl) . NepBuid cnydan paccMarpusaet-
cas [4] (ctp.398) v [190], a Bropon — Huxe, B . 5.

B nepeom cnyvae nocne nepeHoca Havana KoopauHat B8 ocobylo Touky ycnoeua (28)
coxpaHAotcA. Ecnma, #08 (41), To B cuny (43) npn maneix (8 C) un3meHeHnAX dyHKUMA
P, Q 3Hak a, coxpaHAetcA, M no TeopeMe 3 ocofam Touka OCTaeTCA ycronumebiM (ecnn
a; <0) unu HeycToumeeIM (ecnu a; > 0) dokycom.

Mycte /, QECE v a; =0, a; <O0. Toraa ocoban Touka — ycroinumsbit hokyc. Mpu mManbix
(8 C¥) uameneHnAx dyHkuuit P, Q 3HaK a, COXpaHAeTCA. BO3MOXHbI ABa cnyvaA. Ecnu npu
3TOM OKaxeTcA 3; < 0, To hoKyc ocTaHeTCA ycTtonumBbiM. Ecnu xe cTaHet a; > 0, 1o dokyc
CTaHeT HeyCTOM4YMBEBLIM W BOKPYr Hero NOABUTCA YCTOWYMBLIA NpeaenbHuin umkn (puc. 83).

B camom gene, npm manbix o dyHkumAa (42) otpuuatensHa B cnydae a; =0, a; < 0 u numeer
4-xpaTtHbit KopeHs p = 0. Mpu a4 < 0 u pocTatouHo Manuix @, > 0 OHa OCTaeTCA oTpuuaTens-
HOW Npy HexkoTopeix p* <0 u p** >0, HO CTAHOBUTCA NONOXKUTENbHOU NPK Manbix | o |. Cne-
poBaTenbHo, oHa o6pawaeTcA B Hynb Npu HekoTopsix p; <0 n P2 >0, u yepe3 TOUKM
(—=p,0) n (—p, 0) npoxoanTt 3aMKkHyTaa tpaextopuAa. Mo nemme 5 § 18 cymma kpaTHoc-
Teit kopHen yHkumn (42) (ca; #0) B8 okpecTHoctTn Touku p = 0 He Bonswe 4. Tk Kak
p=0 — ABYKPATHbIA KOPEHb, TO Py U Py — NPOCTbIe. 3HAYMT, 33BMKHYTaA TPaeKTOPMA —
npepensHbii unkn. OH ycToilume, Tak Kak npy Bo3spactaHuu | o | hyHKUMA X MeHAET 3HaK C
"+ Ha =",

5. Mo nemme 1 ocobbie Toukn TMNoB 3 n 4 HerpyGuie. Boinenum cpean HMxX Touku 1-i
cTeneHn Herpy6octi. Mpeanonaraem, yto P, Q € C2 ¥ 4TO CKOPOCTL ABMXEHNA NO TEM yuacT-
kam ocu Ox, rpe Q™ (x, 0} Q°(x, 0) <0, onpeaennetca copmynon (5). [okasatenscrea
M3NaralnTcA KPaTKo.

MNycte (0, 0) — ocob6an Tovyka TMNa 3, T.e. B 3TON TOuKe

0" =Q"=0, P #0, P"#0, (48)

Nemma 10. Ecnu (0, 0) —ocobaa royxartuna3 1-U creneHu He2pybOCTU, TO OHa U3OIU-
poe8aHa u 8 3Tol ToyKe

Q,(0,0)#0, Q(0,0)#0. (49)

AoxkasatenbcTBO. ﬂxcn Touka (0, 0) — npeaensHan ana ocobuix Touek (x; 0),
T.e. TOYeK, B KOTOPbIX M P"(x;) =0, nam Q (x;, 0) =0, nnan Q'(x;,0)=0,i=1,2,...
dynkumm PO f(x) onpeaenemsts (5).

‘PaccmorpuM cuctemy A, nonyyeHHyro m3 cuctemsl A Buaa (1) 3ameHon dyHKkumnm
Q7 (x, y) Ha dyHKUMIO

a'(x,y) =Q"(x, y) —ax. (50)
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AnA cuctembr A nmeem Fix) = flx) + axP (x,0). Tak kak P~ #0, To,xaxBnemme 8 § 18,

npv noutn Beex & dynkumn Fix) u Q*(x, 0) UMEIDT TONBKO KOHEYHOE YACNO KOPHeH B
OKPecTHOCTH U toukn x =0. bepem A0CTaToONHO Manoe U3 Takux & 1 3aMeHOM Q (x,y) Ha
Q7(x,y) = Q7(x, y) — Bx BobusaemcA, 4tobbl hyHkuun F* =P* Q" = P~ Q' u @ (x,0) umenu
KaXaaA KoHeuHoe uucno KopHew B U. MonyvyeHHaA cucTema umeeT v30NMpoBaHHy0 ocobyio
Touky (0, 0) Tuna 3, 1.e. HerpybByio, u He €-ToXAecTBEHHa cucTeme A. 3HauuT, cuctema A ¢
HGWBOHMDOBBHHOM 00060!4 TOUYKOW HE MOXKET MMeTh 1-10 cTeneHhb Herpyﬁocm

Mycte w3onupoBaHHaA ocobana Touka (0, 0) ™na 3 u B Hel, Hanpumep, Q_ = 0. PacemorT-
puM cuctemy A c dyHiumein (50), 83rs a=c ' Q*(c, 0). B 3€-oo<pecrﬂocm Touku (0, 0)
HeT Apyrux ocobeix Tovek, noatoMy a # 0 npu ¢ = €. Cucrema A umeet 8 V 0cobbie TouKM
(0, 0) tuna 3 u (€, 0). 3HaunT, oHa HerpybBam u He e-TokaecTBeHHa cucteme A. Moatomy
cuctema A u touka (0, 0) He MOrYT UMeTb 1-10 cTeneHs HerpybocTu. ATo NpoTUBOPEYMT yCno-
BUI. 3HaYMT, NPeANONOXeHue O = () HeBepHo.

CnenpncTtewne. Ocobse roqxu runa 3, uzobpawerHsie Ha puc. 66, 69, 70, 71, ne mo2yr
umers 1-10 crenens Heapyboctu. (Pynkuua Q' (x, 0) unu Q™ (x, 0) He MeHaer 3Haka, u ycno-
eue (49) He esinonHero.)

NTemma 11. B6ausu rouxu (0, 0) rpaexropuu cucrem

A x=Px,y), y=0Q(x,y); A x=P'lx,y), y=Q°(x,y) (51)
3anucsi8aoTcA e gude y = _(x), y = p.(x), npuvem, ecnu ¢,(0) =0, ro
¢ (0) = Q%(0,0)/P7(0, 0), v+10) = Q5 (0,0J/P*(0, 0). (52)

NokasatenbcTBoO cnegyert ¢ yuyetom (48) u3 hopmyn
Yi=0QP yii =10 + Q)P — (P, + Py, )01 /P2

Cneacteue 1. Ecnu e Touxe (0,0) Q. P <0, O P*> 0, r0 ocobaa royxa (puc 64) —
cedno (npu P~ P* <0) unu xea3zucedno ¢ rpaexropued, udyweu no ocu Ox (npu P P > 0}).

CneactBue 2. Ecnu e Toyke (0,0)Q P >0, Q;P* <0, 1o 86nu3su 3100 TOYKU 8CE
TpaeKTopuu 060UMU KOHUaMU 8bIXOOAT Ha ocs Ox. Ecnu HeT 3aMKHYTbIX KPU8bIX, COCTaa-
nerHbIX U3 Oy2 TpaeKropud, 10 0co6an Toyka (puc 67) — goxyc (npu P"P* < 0) unu
Keasughoxyc ¢ Tpaexropued no ocu Ox (npu P~P* > 0)

Cneactewue 3. Ecnue royce (0,0) Q; QP P >0, 710 TpaexTopuY npu y<0uy>0
8bINYK/bI 8 OOHY U Ty We CTopoHy (puc. 65) B cnyvae P P' <0 umeerca Tpaexropus,
uldywaAa no ocu Ox.

Bo scex tpex cny4aax [(cneacteuAa 1—3) B86nu3u Touku (0, 0) umeerca TpaekTOopmA,
naywaa no ocu Ox, TONbKO ecnu

Q;(0, 0) Q4(0,0) < 0. {53)
B rouxe (0,0) u3 (5) u (48) cneayer, 40
£'10) = P*{0, 0) Q5(0, 0) — P7(0, 0) Q4(0, 0). (54)

B cnyuanx 1u 2 npu ycnoeun (53) umeem £(0) = 0, £'(0) # 0, Q; # Qy, noatomy P%(x) 8 {5)
He MeHAeT 3Haka BOGnuau Touku x =0, T.e. aABuxeHue no ocu Ox ¢ oBeux CTopoH oT ocobon
TOYK# NPOMCXOAUT B OAHOM Harnpasnexwuu. B cnysae 3 aTto umeeT mecTo, ecnn

Q3(0, 0) P*(0, 0) # Q4(0, 0) P7(0, 0),

T.e. ecnu B Touke (0, 0) kpuBu3HLI TpaekTopuh AByx cuctem (51} pasnuunbl (cneayert
u3 (562)).

Teopema 4 [188]. Ecau cucrema A knacca C? u @ royke (0, 0) esinonrens: ycnosun
(48), ro0 3ra royxa umeer 1-10 creneHs He2pyBOCTU TO20a U TONBLKO T020a, KO20a 86IN0JHEHb!
cnedyrowue yCnoeua:

° Q;(0,0) #0, Qil0, 0} #0.
2° Ecnu e Toyke (0,0) Q, P~ >0,0;P' <0, 10 @ rol Toyxe
P;+Qy’ B Q;, B P+ Oy'+ Q..
P’ 2Q; P 2q,
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3° Ecnu 8 Touxe (0,0) P"P* < 0,Q;Q; <0, 70 6 3100 TOYKE

0' 0’ Q. [o M
)—#& . 6) —# 6 —,
P P P
0=2 npu QP >0, 0=1/2 npu O_\*.P*<0. (55)

Noka3savtensbcTso. Jocrarowocrs. Mycts suinonvers ycnoeuA (48) u 1° —3°. Toraa B Hexo-
Topoit okpectHocTu U Touxn (0,0) dyuxuuw P~, P*, Qy, Q% (as cnysae P~P* < 0 takwe f *(x)) co-
XPAHAOT 3HEKK M NO MOAYAN IO NPEBOCXOAAT NOCTORKHKYIO u > 0. l.'l,nn f *(x) avo cneayer a cnyuae 3°n3 (55),
ascnysae PP <0, Ox Ox >0 —us\(54) AnA no6on cucremsl A AOCTATOYHO GNU3KON B C. K cncre-
me A, byHKumn P P Gx, 0* (m ', ecnn P~ P* < 0) 8 Unmewor Te xe 3naku, yto P~, P*, Qy,
Qay ). noatomy cnctema A moxer umete 8 U ocobble Touku Tonsko Tunos 1, 2 u 3 (Tom.go ™NOB
2u 3 ecnu P°P' > 0). Tax Kanbx #+ 0, 5\,¢0 mf +0, tod)qumua (x,0), @* (x,0)
(n f(x), ecnu P™P* < 0) 8 UNMEIOT N0 0AHOMY, NPUTOM NPOCTOMY KOPHIO (x,, x,, x, COOI'Be'I'c‘I’BeHHO)

Ecm x, = x,, TO f(x ) =0, n03‘l’0MV x, = x; = x, n 8 Ucywecrayer Tonbko OaHa ocoGan TouKa 0

cncteuu A. B weit dyHkumm P Ox (u ) YAOBNETBOPAIOT TeM e HepasewcTsam, yto P 7, O‘
(w 7). Noatomy ocobuie TouKK (0 0) u 0 NpUHaaNexaT OAHOMY TOMY e TONONOTrHYECKOMY Knaccy
B uXx OKPECTHOCTAX MOXXHO AOKa3aTb €-TOXKAECTBEHHOCTL CUCTem A 1 A

B cnysse x, # x, nmeem f(x,) # 0,f(x,) # 0, noatomy x, # x, # x,. CucteuaAumera U aee oco-
Goie Touku (x,, 0) u (x,, 0) Tmna 2 (u oaMy Touky x, TMna 1, ecnu P P* < 0). 3T Touxm — rpy6uie
(teopembt 1 M 2) , Tak KaK KOPHMU X,, X,, X, — NPOCTbIE.

a) Ecnm P"Qx < 0, P*Q} > 0 8 Touke (0,0), TO TaKMe e HEPABEHCTBA UMEIOT MECTO ANA CUCTeMbI A
8 U. Tpaextopuu BbinyKnbi B8 CTOPOHY ocu Ox (pnc. 84) . Oco6buie Touxu (x,, 0) u (x,, 0) xnacca 2a,
(x,, 0) xnacca 1b. Fpy6ocTe cuCTems! A n0Ka3bIBAETCA KaK B nemme 5.

6) Ecnu P~Qy > 0, P"Qy < 0, To Tpaextopun cuctem A u A BOrHyTbI B CTOpPOHY 0cH OX. Ocobbie Tou-
xu (x,, 0)m {x,, 0) knacca 2b, (x,, 0) knacca 1a. B cuny ycnosua 2°a,+ O 8 (41). 3nawr, (0*)" — (07)" =
= x" #0, u rpadmku dynxumit o° M 0" pacnonoxens: kak Ha puc. 82. Mpu mansix (8 CZ) namexennax
cncTembl A yHKuMK 0 U ¢~ MaBno MeHAOTCA B8 C? (310 MOXHO NonyunTs, Npumenus K cucteme (31) pe-
3ynbratel u3 | 185], crp. 252). Toraa anA cucTemsi f\, 6nu3xon K A, rpadmKu unu TOXe KacawoTCA, Unn He

uMeT O6UWNX TOUeK, MM NEPECeKalOTCA B ABYX TOWKax, T.e. ypasHenue x (x) = 0 unn umeer asykparTHsin
KOpeHb, UAK He nmeeT KOpHeN, MAu umeet AB8a NpocTbix (nemma 5 § 18) xopxA. B nepsoM cry4ae cucre-
ma A e-toxaecteeHHa cucteme A. Bo BTOpOM U TpeTeem CnywaAx TpaeKTopumu cuctemMel A n3o6paxersl Ha
puc. 85 n 86,ecnu P~ < 0,P" >0,a, <0 (npn apyrux anakax GyAeT APYruM HanpaeneHne ABMXKEHNA NO
TPaeKTOPHAM B OAHOW MAM ABYX nonynnockocTAx; npu P~ P* > 0 TpaexTopun no ocn Ox uayT NuwWb BHe
untepsana (x,, x,) ) MNpocTbie KopHu dyHKUUKM X coorsercraylor rpy6Gomy npeaenbHOMY umkny. [BONHLIX
cenapatpuc HeT. 3TO NO3BONRET A0Ka3aTh rPy6OCTL cuCTemb! A,

8) Ecnm 8 Touke (0,0) P~P* >0, @7 Q% > 0, 1o 8 Usce Tpaextopuu cucTeM A u A BrinyKnet B oaHy
cTopoHy. Cucrema A umeet Tonsko ase ocobuie Touku (x,,0) u (x,,0) knaccos 2b u 2a (puc. 87). Ipy-
60CTb cuCTEMBI A AOK83bIBBETCA KaK B Cllyyae a) .

r) Ecnu BTouxe (0,00 P"P* < 0, Q, Q5% < 0, 10 8 Usce TpaexTopuu cuctem A u A BbINYKNbI B OAHY
cropory. AAnA cuctemsl A ocb Ox nannercn TpaeKTopuen, ABMXKEHME NO HeH ¢ 06enx CTOPOH OT TOYKM




S,

Puc. 87. Puc. 88.

x = 0 HanpaBneHo B 0AHY CTOPOHY B cuNy ycnosuf 3 a). Cuctema A nmeer Ase oco6bie Touxy (x,,0) u
(x,, 0) tuna 2 xnaccos 2a u 2b u oaHy ocobyio Touky (x,, 0) Tuna 1 (puc. 88) . 3amKHYTeIX TPaEK TOPHA
HeT. Cenaparpuca oco6oi TouKu Knacca 2a MoeT naT B 0co6yo Touxy Tuna 1. Moxaxem, 4To npu ycno-
sumn 3° 6) 3TO HEBOIMOMHO ANR cuCTeM A, n0CTaTOYHO Bnuaxux Kk A.

B cuny (48) anm TpaeKktopnii cuctembi A Umeem

av ., . @110,0)
=h'x+px,yl, hW=——=#% 0,
dx P~(0,0)
3nawok ~ (7)) GepercAa npu y > 0 (y < 0)\; ¢TECY ot =0(x* +1yl). Nycts, Hanpumep, QcP° >0,

voraa h° > 0, h~ > 0. AnA cuctembl A NOCne NepeHOCa Hawana KOOpAWHAT B Touky (x,, 0), rae
Q" {x,, 0) = 0, umeem
dy a:
-—--\—_d +AT+p85 I + 25 x, y), (56)
dx P~
rae o« = 0,a”, 8%, 8" manoy, g * EC.,} = O(x? + |y\).Cenaparpuca oco6oit Touxu (0,0) cucremu A

8 o6nacTn y < Oumeer BMuA
y=a x+{h +p8 ) /2+0x 1 +1a I x*).

2a” _
Owa eule pa3 nepecexaer ocb Ox 8 Touke x;, = — +0((a”)?).
h +8”
C ApYroW CTOpOHbI, B TouKe X, umeeM f (x,) = 0, 1.e. @"/P~ = Q*/P". Orciona u 3 (56) nonyuaem
Xq =——+'a~_—_— +0a)?);
h+3 —h"—8

“(2h -+ 25" —p)
X, —x, = —2 £ =0 4R R=0la"1). : (57)
(A"+3"Wn"+8"—n" — ")

Ecnu CywecTayioT cucTemsl A c ABORHON CenapaTpucon, CKonb YroaHo 6nuaxme K A, 10 x, — x, =C
ANA HEKOTOPOW MNOCNEAOBATENLHOCTU 3HAYEHUN G~ = a; 0,8 = [3,7 -0,8" = ﬁ,f -0,/ =1,2,..MNpu
pasnusan {57) x Wynio, AENR Ha &~ y nepexoaR K Npeaeny NO TaKOH NOCNEAOBATENLHOCTH, NONyuaem
2h* — h” = 0, v.e. 20Q¢/P* = Q. /P~ 8 Touxe (0,0). ITo npoTUBOpeEuHT ycnoswio 3° 6) . CneaosatenbHo,
cucTema A He umeeT ABORHBLIX cenapaTtpuc. Ee rpy60CcTs A0Ka3bIBAETCA KaK B Cnyvae a) .

UTtak, 8 cnyvae x; = X, nMeem (H,A) < (H, A}, aBcnyvae x, # x, cucrema A — rpy6en. Noatomy
cuctema A u ee ocob6an Touka (0,0) nmetor 1-10 creneHs Herpy6ocTw.

HGOGXOdUMOCTb ycnosua 1° goxasana B nemme 10. [flokaxem ee anA ycnosun 2° wu 3°.

2°Mycte QxP ™ > 0, QxP " < O u, Hanpumep, P~ < 0, P* > 0. Nycts a, = 0. Toraa anA cucrems: A
umeem x (x) = 0(x*) 8 cuny (41) » (43). OnA cuctems A, nonyuaemoii ua A 3smeHoin P* (x, y) na
Piixy) =P* {x, y) + ux, bynkuur x B cuny (43) pasHa

x(x;u)=—2“—x’ +olx?). (58}
3P*(0,0)
Ecnu (0,0) — ueHTp wnu ueHTpodOKYC ANA cUcTembl A, TO Npu No6om i # 0 8 cuny (58) 3Ta Touka —
OKYC ANA CUCTEMBbI A.
Ecnu B HexoTopoi oKpecTHocTH Touxu (0,0) wer :umxnyrux TpaexTopmii cuctemsl A, 1o x {x,) # 0
AnA ckonb yroawo manoro x, > 0, wanpumep, Xx(x,) > 0. HsihgetcAa vaxoe manoe u+ 0, uro

X (x,; u) > 0w ann Hexotoporo x, € (0, x,) & cuny (58) X(x,; u) <O. Toraa X (x,; u) =0annanexo-
Toporo x, & (x,, x,). Yepes Touky (x,, 0) NPOXOAWT 3aMKHYTaA TPAEKTOPMA CUCTEMbI A,
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B o6oux cnyvanx CHCTEMBI Awn A ne €-TOXAECTBEHHbI Npu Manbix €. [INA cucTembl A touxa {0,0) Tn-
na 3, noatomy cuctema A — Herpy6Gan. 3Hauut, cuctema A n ee ocoban touka (0,0) He mMOryT mmers
1-10 cTeneHb Herpy6ocTu.

3° Nycte P"P* < 0, Q5Q5 < O 8 Touxe (0,0). Ecnu He suinonnAeTcA ycnosme 3° a), vo £/(0) = 0
{cm. (54) ). Myctb cuctema A nonywaerca ns A 3amenoi dynkumi Q% (x, y) Ha dymxuno

a*(x, y) =Q%(x, y) — aP*(x, y) — axPE(0,0).

Cuctema A 6nuska Kk A, eCNU & Mano, U ANA Hee
@*10,0037(0,00 =a*P*(0,00P (0,00 <0, 7(0)=0, 7'(0)=

3Maunr, AnA cucrembl A oco6an Touxa (0,0) — Merpyﬁaa T™na 1 (reopeua 1) . OHa TONONOrUYeCKn OTNNY-
Ha OT 0co6oM Touxm TMna 3 Npu ycnosuax PP < 0, Oy Qx < 0 (ee OKPECTHOCTb COCTONT U3 APYIUX CeK-
Topos, cM. n. 2) .

NMyctb He BuiINnonHeHo ycnoewe 3° 6) n, Hanpumep, OYP > 0. I'locrpoum cucvemv Ac Aaom-vou cenapa-

TPHCO#, cKoNb yroaHo 6nu3kyio k A. inA aroro 8 (56) sossmem a* = ' = 0, 3% = p*, u ana cxons

yroaHo manoro a~ # 0 tak noa6epem B, 4To6bl x, — x, = 08 (67). Tak kak h ™ = 2h”, 10 w3 ypasHe-
HUA X, — X, = 0 nmeem

B = (2n* +3 MA* +B8 )R/ (59)

Tax xax [R| < k(a”)?, 10 ypasHeune (59) nmeer pawenne 8 =0(a ).

WUtax, Npu HEBLINONHEHNUN YCNOBUA 3° a) unu 3° 6) cywecTeyioT CKONb YroaHo 6nuakue Kk A HerpyGote
CUCTE@MbI, TONONOrUYECKHU OTNMUHDIE OT A. 3HauuT, cuctema A B okpacTHocTH Toukmn (0,0) He moxeT umets
1-10 cTeneHb Herpy6ocTh.

6. Nyctb (0,0) — ocoban Touka TMna 4 n
P*'(0,0)=0Q%(0,0)=0, Q7(0,0)#0. (60)

Byaem cuntath, 4to cuctema A" (cm. (51)) knacca C'! onpeaeneHa B NONHOW OKPECTHOCTH
Touku (0,0), a He Tonbko npu y = 0. B cuny (60) Touka (0,0) — craumoHapHan Touka cucre-

\\\\\'////{z 7 AV///
/177 ”

Puc. 89. Puc. 90. Puc. 91.

A [ A

Puc. 92. Puc. 93. Puc. 94.

(SN K\
ASNNE

Puc. 95. Puc. 96.
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mbl A", Monoxmm
a=P;(00), b=P;(00), c=0500), d=a;(00),

oc=a+d, A=ad-bc.

MNpy nuHenHbIX NPeo6pa3oBaHUAX NNOCKOCTU U 3aMeHax t Ha —f U X Ha —X He MEHAIOTCA
3HaKu senuumH A, 62 —4A, 6Q (0,0) n £'(0), rae f(x) Ta ke, 410 B (5) .

U3 (60) cneayer, uto B cnyvae Qy(0,0) # O pyHkuma Qx(x, 0)Qyx (x, 0) meHAeT 3HaK
npu nepexoge ot 3HaveHun x < 0 k x > 0. Moaromy asnxeHne no ocu Ox MMeeTcA TONLKO B
oaHoin nonyokpectHocTH (x < Ounu x> 0) Toukn x = 0. 10 ABUIKEHUE U ABUKEHUE NO NPoO-
xoaAwen npu y < 0 yepes touky (0,0) tpaektopuu cuctemsl A~ (cM. (51)) cornacHo (5)
HanpasneHbl 06a K Touke (0,0) unu 06a OT 3TON TOUKK, ecnu £'(0)< 0, u HanpaBneHsbl OAHO K
3TOi Touke, Apyroe ot Hee, ecnu f'(0) > 0. B cnyuae A < 0 ocoban Touka (0,0) cucremsl
A’ — ceano, B cnyvae 0 < 4A < 0% — y3en, B cnysae 0 < 0 < 4 A — dokyc. ITn paccyxae-
HMA Aal0T cneaylowme 8 TONoNOrMYeCcKMX Knaccos 0Cobbix ToveK. _

1) Ecnm A < 0, Q;(0,0) # 0, vo B cnyuae f (0) < O umeem knacc HQQH (puc.89),as
cnyvae f ' (0) >0 — knacc HKKH (puc. 90) .

2) Ecm 0 < 4A < 6%, Q1(0,0) # 0, To B cnyvae ' (0) < O umeem knaccel QPQ, ecnu
gQ™(0,0) < 0 (puc. 91), u HPFQ, ecnu aQ (0,0) > O (puc. 92), a B cnyuae f'(0) >0 —
knaccel KPK, ecnw 6Q™(0,0) < 0 (puc. 93),n HPRK, ecam 6Q™(0,0) >0 (puc. 94) .

3) Ecnn 6% < 4A, 10 B cnyvae f'(0) < 0 umeem knacc QQ (puc. 95), a B cnyuae

f'(0) >0 — knacc KK (puc. 96) .
q

Ecnu ocobaa Touka — y3en unv ceano, To ( [167], ctp. 186) TpaexTopuun, BxoaAwwme B 3Ty
TOYKY, KacaloTCA B Heit COBCTBEHHbIX BEKTOPOB MaTpuub!

\ . .
M- ( ") - (”* ”") 1)
c d, o: o/ . y=o
HeHynesoii Bextop (u, v) Toraa ABnAeTcA COGCTBEHHBIM, KOrAa
au+bv=Au, cu+dv=2Av, (62)
T.e. KOraa
(au + bv)v = (cu + dv)u. (63)

Ecnu ¢ # 0, 1o cobcrBeHHble BekTOopbl uMeloT BUA (K, 1) u (k,, 1), rae kK, K3 — KOpHU
ypPaBHeHUA

plk)=ck* +(d—ak —b=0. (64)

Nemma 12 ([185], § 9). Mycrs (0,0) — ocobaa Toyxa cuctemsr A* € C', npuvem
A #0. To20a
a) cywecreyror takue p> 0,69 > 0,yro npu 0< & < 8§, 6cAaran cuctema A*, 5-6nuskan
8 C! K« cucreme A', umeer 8 kpyae K (x* + y? <p?) poeno odHy ocobyo Touky (Xo, Vo) ;
npu 3tom xo = 0 (8),yo = 0 (8);
183



6) ecnu A< Ounu 0< o* #4A> 0, 70 Ona HeroTopo20 §, >0npu 0 < § < §, ocoban
royka (xq, ¥o) TC20 We tuna (ysen, cedno unu gpoxyc), yro royxa (0,0) cucremss A’ ;

8) ecru A< Ounu0< 4A < 02, To 9na mo60o20 € > 0 Hauddyrca Takue p,le), 5, {€),
yronpu 0< p< p, (€),0< 6 < 8, (€) cywecrayror 2nadxue nunuu L |, L ;, kaxwdasa us xo-
TOPbIX COCTOUT U3 OBYX NONYTPaEKTOPUU CUCTEMbI A", exodauwux 8 ocobyro Touxy (xq, Vo),
u denur kpy2 K({x — x4)% + (y — yo) 2 < p?) ma Ose vactu (pvc. 97): kacarenswaa K
L;, i = 1,2, e mobol royxe obpasyer ¢ cobereenHsim eextopom (u;, v i) marpuus! (61)
y2on, mewbwuu €,

3amMeuaHue Ecnu Qy #0, 70 yrBepxaeHue o6 yrne MoXKHO 3aMeHUTb CIEAYIOWMM
Ha L;

i=1,2 (65)

NNemwma 13. /lycrs cucrema
x=ax+by, y=cx+dy (66)

umeer ocobyio Toyky Tuna “‘gporxyc”. To20a TpaexkTopusa CuCTeMbI, KacarOWanca npAmMod
y = — 1, umeer e nepaod royke (£ ,, 0) caoezo nepeceveHun ¢ 3T0d NPAMOU NPOU3IBOOHYIO
dx/dy = k¢; npuarom ola — Cky) >0,

r clekd + (d —alko — b] 2A .
—In 3 +arctig{——— — 0 )= 2msgno — arctg —,
20 (a—cky) a—cCKo r
(67)
r=+/—abc—{d-3a)* > 0.

HdAoxkasatenscTso. [lena nepsoe ypaBHeHne (66) Ha BTopoe, Nnonyvaem oAHOPOA-
Hoe ypasHeHue. Pewaem ero noactaHoBkon x = uy. [IpOXOAAWaR Yepes TOMKY KacaHvA
y = —1,u= —d/c nnterpansHan KpMBaA pa3buBaeTCA Ha KYCKM, Ha KaXXAOM U3 KOTOPbIX no-
CTOAHHAA MHTErpMPOBaHMA onpelenAeTcA oTaenbHo. B Touke nepeceveHna ¢ npamon y = — 1
nony4aem ypaBHeHMe ANA U; Bbipaxan U vyepes dx/dy = K ,, nonyvyaem (67).

Teopema 5 [188]. /Tycrs cucrema A € C‘f u 8 ocobodi royxe (0,0) esinonners! ycno-
sun (60). [4na roz2o yrobsr 31a Toyka umena 1-10 creneHs HeepybocTu, Heobxo0umo u 0ocTa-
TOYHO 8bINONTHEHUE CNEJYIOUWUX YCNo8UU :

1° Unu A< 0,unu A>0,6+0, 0° # 4A.

2° 0,(0,0) #0.

3° P£(0,00Q7(0,0) #P " (0,00Q(0,0).

4° Ecnu A < Qu esinonnero (63) c u= P~ (0,0),v = Q7(0,0), 70 donwmHO 8bINONAHATLCA
ycnoegue

0%(0,0}710,0) + @,(0,0007(0,0) < 0. (68)

5° Ecnu 4A>6? uodna k, = P (0,01/Q7(0,0) esinonreno (67), 20e a, b, c, d Te we, yro
@ (61), ro donwwro esinonnatsca ycnogue aQ(0,0) < 0.

RoxkaszartenscTtso HeobxodumocTs. OnA ycnoeua 2° oHa noxassiaaeTcA noao6Ho nemme 10.
Nycts ycnosue 2° suinonHeno, a 1° — weT. Ecnit A = Ounn & >0, 0 = 0, To Touxa {0,0) anA cuctems!
A' — uerpy6an (I 185], reopemsbt 11 n 15). Casurem ee 8 Touxy (0, 1), T.e. 3amennm byHkumwm P " (x, y)
wQlxy vaPix,y) =P Ix,y — n) wa (x,y) = Q"(x, y — n). Nonyuennan cuctema Herpy6an n,
KaK B KOHUe AO0KalaTtennbCcTsa nemmsl 1, He c-TOomAaecTBEHHA cucTeme A. 3HAuMT, CUCTEMA A HEe MOXeT
umeTb 1-10 cteneHb HErpyBocTu. (3aece W Aanee He yxa3wiBaeTCA, Kak 8bibupate o6nacrs 4, ANR KOTOPO#A

(H, A) (H A), n3-33 ouesnaHOCTH 3TOro BbI6OPa.)

Ecnm ¢° = 44 0, To anA cuctemsl A Touxa (0,0) — yzen. B cuny 2° sextop (1,0) He yaosnerso-
prer. (64), 3nauut, n3 o6nactu y > 0 8 Touky (0,0) BxoauT 6ecKOHEUHO MHOro TpaekTopmui. Ckonb yroa-
HO Mano W3MeHUM CUCTEMy, 4To6bl 6bin0 4A > o, Touxa (0,0) craHer hoxkycom cuctemsi A”, u u3 o6Gna-
ctu y > 0 B 3ty Touky He Gyaer exoamMTe Hi oawa TpaekTopuA. Oana TpaekTopuA Gyaer sxoamts u3
obnactu ¥y < 0 n ogHa — no ocn Ox (cm. puc. 95 u 96) . NonyuernHan CNCTEMA HE ¢ -TOXKAECTBEHHA UCXOA-
HOW cucteme A u Herpy6am no nemme 1. 3Hauut, cucTema A He MOXET wmeTb 140 CTeneHs
Herpy6ocru.
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MycTs He BbinonHeHo ycnoewue 3 . Toraa ann dyHkumn f(x) uz (5) umeem f '(0) = 0. AnAa cucre-
mbi A, nonyuenHon u3z A zameHoin dyHkuun P°, Q" Ha

P*ix, y) = P*lx, y) —aP (0,0) — axP5(0,0),
Q'tx, y) =Q"(x, y) — aQ "10.0) — a’x05(0,0),
Npu CKONL YrOAHO ManoM « > 0 umeem
Q (0,003°(0,0) = -a(@ (0,01 <0, £(0)=F'(0)=0

AnA cucremsl A (0. O)— ocoban Touka Tuna 1, Herpy6an no Teopeme 1. B6nnam Hee G~ @ < 0, noaromy
Ha 06oux uHTtepeanax —p < x < 0n 0 < x < pocu OX CANBAIOTCA TPAEKTOPUK, 8 ANRA CUCTEMBI A — TONLKC
Ha oAHOM, TaK Kak Q (x, 0) Q' (x, O} menrer sHaxk 8 cuny 2° u (60). Toraa ocoban Touxa (0,0) cucre-
Mbi A ¥ oco6an Touka (0,0) cuctemsl A TONONOrUMECKK PB3NUUHBI. 3HAUUT, CUCTEME A HEe MOXET UMETL

1-10 CTENeHs Herpyﬁocm
Mycre, kaxk 8 4", A < 0. Toraa ANA cUCTEMBI A’ vouxa (0,0) — CeAnc W ero CenapaTpuchl KacaloTcA

sexTtopoe (x;, 1), x; (i = 1,2) — xopHu ypasHenun (64). AnA cuctemnl A
x=P(x,y) =P Ix,y) =P (0.0), y= Q'ix,y)=Q {x, y)—Q"(0,n) (69)

no nemme 12 npu maneix n > 0 Touka (0, n) — ceano.

MycTs suinonmero (63) ¢ u =P (0,0),v = Q@7 (0,0). Toraa (u, v} — cobCTBEHHDbIA BEKTOP MaTPULb)
(61) . OH Konnuneapen oawomy u3 sextopos (4, 1), Hanpumep, sextopy (k,, 1}. No nemme 12 opHa
cenapatpuca T cuctemui A’ nepecexaer ocb Ox 8 Touke (x,, 0), u B 3T0i TOUKE

dx P'ix,,0) P(0,0)

— = =k, tpln) =———+pln); (70)

dy Q°(x,,0) Q°(0,0)
npu atom x, —~0, u (n) —0npn n—0.

Nycts cucrema A npu y > 0 cosnapaer c A a npu ¥y < 0 nonyvaetcR u3 A 3aMeHOn yHKUUN
P~ (x, y). Ha byHKuUIO P (x,y). =P {x,y) + v, roevonp TCA W3 pa T8a

P (x,,0l+r P7(0,0)

= + uln); v--0 (n-—-0),
Q tx,,0) Qa~(0,0)
a @° - Q. Toraa ans cucremnbl A 8 Touke {x,, 0) sextope! (P,Q" ) m (P, a) KOMNUHEapHb! u
flx,) =P Q@ -P Q" =0.
Ecnu A — cobctBenHoe 3HaweHue marpuusi (61), cootsercrayowee sextopy (u,v) = (P~ (0,0),

“(0,0)), To B cuny (62) nesan uacts (68) pasHa AQ~ (0,0). Ecnu ycnosue (€8) He BuinonHeHo, TQ
AQ7(0,0) > 0. Ecnu A > 0, 1o Q7 (0,0} > O u asnxenue no cenaparpuce Tnanpasneno ot ceana (0, n)
k Touxe (x,, 0}, nostomy Q"  (x,, 0) < 0. Toraa npu mMansix ¥ X, uMeem a- {x,,0) Q- {x,,0) <0.Tak
KaK f(x ) = 0, 7o (x,, 0) — ocoban Touka Tuna 1 cUcTeMbl A, a T — ABO#HARA cenapaTpuca. 310 xe cnpa-
BeAnuBo B cnyvae A < 0.

No3romMy cuctema A — Herpy6an, a cuctema A He MOXeT umeTb 1-10 cTeneHs Herpy6ocTu.
MNycrte, kak 8 57,44 > ¢?. Toraa (0,0) — pokyc Kak ANA cucTemsl A*, TaK U ANA €e NUHENHOR YacTu —
cuctems! (66). Teneps npu mankix n touka (0, n) — dokyc anA cucremsl (69). Mocne 3amensl x = nX,

y = nlY + 1) touka (0, n) nepexoanT B TouKy X = Y = 0,a npAaman y = 0 — B npAamyio ¥ = — 1. Cucre-
ma (69) nepexoamT B cucTemy, ckonb yroaHo 6nuskyio k (66) B obnactu | X| <m, |Y| < m,ecau n aocra-
TOYHO Mano. MonyyeHHaR cucTema uMeeT TP3EKTOPHIO, KacaloulyloCA NpAMOR ¥ = -1 u 3areM nepecexaio-

wyro ee B Touke X, ,6nu3Koi K £, ¢ npoussoaHon dX/dY =k, + uln),raep(n) ~Onpu n—0,ak, ux,
Te e, 4To 8 nemme 13. Bo3epauwtancs K X, y, NOAy4aem, 410 TpaeKTopuA T cuctemsl (69), xacaowanch
ocu Ox B HekoTopon Touke (x*, 0), satem nepecexaer ee 8 rouke {x,, 0), x, = nX,, c NPOU3IBOAHON
dx/dy = k., + u(n). fanee, kax B A0Ka33TenbCTBE HEOGXCAUMOCTU YCNOBUA 4° , NOKA3LIBAEGTCA, YTO NPU
HEBLINONHEHUU YCNOBUA 5° cywecTayer Ckons yroaHo 6nu3kaR K A cuctema K, ANA KOTOpPOWA TO4Ka
(x,, 0) — ocoban tuna 1, a T — aBONHER cenapaTpwca. CneaoBarTenvHo, CUCTEMa A HE MOXET UMeTh 1-10
cTeneHs HerpybocTu.

,aocrarownocrb. MycTs BbINOAHEHL! yCROBMA 1° —~5° M V — AOCTaTOMHO ManaA OKPECTHOCTb TOWKH
(0,0) . Cornacro 1° TouKa {0,0) ann cucremsl A* — ceano, d:oxyc wnu o6eiuHbIA y3en. MNpu manom 6 > 0
anA Mobon cucremel A 5-6nuakon B C} K cucteme A, hyHKuuA a- (x, y) # 08 V.MNo3ToMy cuctema A
MOXeT umeTs B V ocobeie Touku Tonbko Tunos 1, 2 n 4 u He Gonee oaHOH c-rauuouapuou Touku (x,, y,)

npu y > 0. Ecnu 5 mano, To B cuny 2°, 3° u (60) ann cucrems: Atbyuxuuu Q' (x,0) u
flx)=P" (x, O)O‘(x, 0) —P'(x, 0)a*(x, 0)

UMEIOT Ha oTpe3ke ocu OX B V TONLKO MO OAHOMY KOPHIO X * ¥ X, COOTBETCTBEHHO (TaK KaK AnA (yHK-
umu f u3 (5) umeem F{0) = 0,7’ (0) = 0); 3tu KopHu npocTeie; x*, x,, x,, ¥, = O(5), Touxa (%, .}
TOro e Tuna, 4To Touxa (0,0) ann A"*. ’
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A’ Ecrm y, = 0,70P" (x,,0) = @*(x,,0) = 0,f(x,) = 0,no3atoMy x*= x, = x,. Toraa 8 V umeer-
CA TONLKO 0AHa 0co6an Touka (x,, 0) cucrembr A. 3ta Touxa Tuna 4. MNpn Manbix 6 B Hei# BLINONHAIOTCA
yCnoBuA, aHanoruuHsie ycnosuam 1°—3° anA cuctemsr A, u dynxumu G~ ,Qx, f' A, a* — 44, o (npw
A = 0) umeloT Te xe 3HaKW, 4TO COOTBETCTBYIOULIME DyHKUMM ANA cucTemb) A. TOraa OKPECTHOCTU 3TUX
0co6biX TONEK COCTOAT U3 OAHUX W Tex e cexTopos (cMm. cnyuau 1) —3), puc. 83—96) u Tononoruvecku

~ € ~
aksusaneHTHs).. Umeem (V, A) = (V,A) npu manom 6 > 0 aAnA HEKOTOPOW OKPECTHOCTH V TOUKM
(x,,0

B° Ecnmn ¥, > 0 unun ecnu B yacTh ¥ > 0 OKPECTHOCTU V HET CTAUUOHAPHLIX TOYEK CUCTEMb) A (x=
=P (x,y),y =08 (x,y)), 0o B V umeercA posHo oaHa ocoban Touka (x*, 0) Tuna 2, e Gonee 0aHOM
oco6oit Touku (x,, 0) Tuna 1 u He Gonee OAHOA CTaUMOHBPHOH TOuKM (X,, ¥,) B 06nacTu y > 0. Tax Kak
0‘_\’»()(', 0) #0, f’(x,) # 0, T0 8 cuny Teopem 1 u 2 u ycnosua 1° 3t TouKku — rpy6bie. Moxaxem, 4To
8 V Her ABONHbIX CENapPaTPMC U Herpy6BbiX 3aMKHYTbIX NONUTPAEKTOPUA.

®yHkunA Q7 coxpaHAer 3HaK B V, NOITOMY 3aMKHYTAR TPABKTOPUA HE MOXET XOTA 6bl 4aCTUYHO ne-
warth 8 o6nactu y < 0. Ecnu Gbl OHa uenukom nexana 8 obnacru y > 0, To BHYTpu Hee umenace 6s1 ocoban
Touxa (x,, ¥,) wHaexca 1, r.e.c &4 > 0. Ho toraa o # 0 anA cuctembl A, 3HaUUT, Npu ManbiIX V u é anA
cucrembr A cymma E{ + 5;, 6nu3kan B8 V k wacny o, coxpaHrer 3Haxk B V. Torana e V npu y > 0 Her
3aMKHYTbIX Tpaextopuin (|157], ctp. 228). MO3TOMY 3aMKHYTaR TPaeKTOPUA MOXET TONbKO YaCTUYHO
nexars 8 (Lﬁnacm y > 0, a vactnuHo — Ha ocn Ox (puc. 98) . Ho torana oHa coaepnt Kycok ocnm Ox, Ha
koTopoM Q@ # 0, T.e. KyCOK NUHERHON 0COBEHHOCTN, N He ABNAETCA NONUTPAEKTOPNen.

Mokaxxem, 410 B V Het ABONHBIX CENapaTpuc.

1) MNpeanonoxwum, 4To cenaparpuca T 0co6oit Touku (x* 0) Tuna 2 uaer 8 Touky (x,, 0) Tuna 1.
B touxe (x,, 0) dyHkuma hix) =Q (x, 0)Q*(x, 0) < 0, ona meHReT 3HaK TONbKO B Touke (x* 0).Cneno-
sarenbHo, h(x) < 0 Ha yvactke ocn Ox Mexay 3TUMK TOYKaMW, W NO YKa3aHHOMY Y4acTKy uaet TpaeKTo-
puR L. Tpaextopun T u L orpannumsaloT o6nacte W. Bropan cenaparpuca Touxu (x*, 0) xoaut BHyTpe W,
TaK Kak B8 NPOTUBHOM cny4dae GYyHKUMA O*'(x, 0) Ha yKa3zaHHOM y4acTke euie pa3 MeHANa 6ol
3Hax (puc. 99), 4to HeBO3MOXHO. Toraa sHyTpu W ecTb 0co6an Touka (x,, ¥, ). Mpu maneix 6§ oHa moxer
6b1Te TONbKO (POKYCOM, TaK KaK B CNy4ae y3na v ceana 8 cuny nemme 12 8) yepe3 rouxy (x,, y,) npoxo-
anT penAwan W Ha gBe 4acTu NUHMA, KOTOPYIO He MOXeT nepeceus TpaeKTOpuA T. 3HaUUT, AnA cucTemMb!
A* rouxa (0, 0) — Toxe bokyc. A vorpa u3 paccyxaeHuin, NoAo6HbIX NPOBEAEHHBIM NPU A0KAa3aTenbCcTae
Heo6x0auMOCTH ycnosun 5°, cneayeT, 41O NPV BbINONHEHUM YCNOBUA 5° HeT ABOMHLIX CeNapaTpuc.

2) Mycvb cenapatpuca BoixOaMT U3 Touku (x,, v,), ¥, > 0. Toraa 3va vouka — ceano cucyemsbi A
Tak kax 0;(0, 0) # 0, vo cenapatpucel 0co6oi Touku (0, 0) cuctemsr A He xacawTcA ocu Ox B 3TOW
Touxe. Mo nemme 12 npu maneix & cenaparpuck! Touxku (x,, ¥,) cucrembl A Toxe He KacalwTcR ocu Ox
8 OKpecTHOCTM V. 3HaunT, OHM He NONaaalT B8 Touky (x*, 0) B KOTOPOW TPaeKTOpUA KacaercA acu Ox.
MNpu BbINONHeHMU ycnosuA 4° OHW He NONapaldT u B8 0cobylo Touky (x,, 0). 3t0 pokassiBaevcA ¢ no-
MOUWLbIO PAacCyXaeHnit, Noao6HbIX MCNONL3OBaHHLIM NPU AO0Ka3arenbcTBe HEO6GX0AUMMOCTH yCNnOBMRA 4°.
3HaunT, n B 3TOM cny4ae B V HeT ABOWHbIX cenapaTpuc.

Takum 06pasom, B cnyvae B° cucrema A npu Manbix 6 He umeeT Herpy6bix 0CO6bLIX TOueK, Mgrpyﬁux
3aMKHYTBIX NONUTPAaEKTOPUA M ABOMHLIX cenapatpmc. Toraa B cuny teopemol 1 § 18 cucrema A — rpy-
6anB V.

N3 A° u B° cneayer, 4T0 cucrema A B o6nactn V u 0co6anr touka (0, 0) umeloT 1-10 cTeneHs Herpy -
6octu.

B cuny noKa3aHHOW TeopeMbi CYLLecTBYIOT 8 TONONOrMYeCKUX KNaccoB ocobbix Toyex Tu-
na4 1-a crenenn Herpy6octn (puc. 89 — 96) . PaccmoTpum 6uchypkaumm 3aTux Todex.

!
B cnyvae A< 0, f (0) < O (puc. 89) Bo3moxHbI cneayrowme 6ucdypkaumn. [ina cucre-

Mbl A, 6nu3koit k A, npu yo > 0 B6am3n Havana koopavHat umerotcAa (puc. 100) ocoban
Touka (x* 0) knacca 2b, ocoban Touka (x,, 0) knacca 1a u ceano (x,. ¥o). Touka (x* 0)
neXxuT Ha MHTepBane MexxAay TOMKamu repecevyeHnA cenapaTpuc ceana c ockto Ox, a Touka
(x,, 0) unu Ha 3TOM xe umepeane WnN BHe ero.

Ecnu yy < 0, T.e. cucteMa A’ He MMeeT cTaumoHapHeix Tovex fipu vy, > 0, T0 cuctema A
MmMeeT Tonbko ocobyio Touky knacca 2a (puc. 56) .

Bfnyuae A< 0, f'(0) >0 (puc. 90 anA cuctemst A) pacrionoxeHue TPaeKTOPUIA CUCTe-
Mbl A CXOAHO C NpeabIAYLWMM CliyYaem, HO Npu ¥, > 0 HeT ocobon Touku Tuna 1, a npu y, <
< 0 umerotca ocoban Touka (x,,0) knacca 1b u oco6an Touka (x* 0) knacca 2a.

B cnyvae 0 < 4A < 02, '(0) < O (puc. 91 1 92 anA cuctemsr A) cuctema A, ecrm y, > 0,
nmeet ocobyro Touky (x* 0) knacca 2a u yzen (x,. yo),aecnm y, < 0 — ocobbie TOuKH
xknaccos 2b n 1a. budypkaummn ocoboit Touku, nsobpaxenHon Ha puc. 91, NnpeacraBneHsl Ha
puc. 101. (Budypkaumnm ocoboit Touku puc. 92 paccMaTprBalOTCA aHANOMMUHO .)
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Bucdypkauum ocobbix Tovex B cnyuae 0 < 4A < 02, £'(0) >0 (puc. 93 1 94) otnuuaoT-
CA OT PaCCMOTPEHHbIX TeM, YTO Y CUCTEMbI A 0c06an TouKa TMna 1 MMEeTCA NUWL B CRyYae
yo > 0, ona npunaanexut xnaccy 1b.

B cnyuvae 0 < af < 44, f(0) > 0 TpaexTopum cucTeMbl A U306paxeHbl Ha puc. 96. Ecnm
yo > 0, cuctema A umeer ocobyio Touky (x*, 0) knacca 2a, ocobyio Touky (x;, 0) knacca
1b u dokye (xo. yo) . NMpu BuInOAHeHuM ycnoenA 5° cuctema A MOXET UMeTb rpy6bli npe-
aenbHuin unkn (puc. 98) unu He umets ero (puc. 102) . B cnyyae 0Q7(0, 0) < 0 npeaensHo-
ro umkna Het. Ecom yo < 0, cuctema A umeeT Tonbko ocobyto TouKy knacca 2b (puc. 57).

B cnyvae 0 < 0? <44, f'(0) <0 (puc. 95 anA cuctemsl A) 6ndypraumm 0co60i TouKu
OTAMHAIOTCA TeM, 4TO Yy cUCTeMbl A 0cOBaR TOuKa TMNA 1 MMeeTCA NMWb npu y, < 0, oHa npu-

Hagnexur knaccy 1a.
Yucno TONoNOrudvecKUx KnaccoB M3ONMPOBaHHLIX 0COBbIX TOYEK KAXAOro TmMna (He cuu-

TaA UeHTPOOKYCOB, KOTOPLIX 6eCKOHEYHO MHOrO) yKa3aHo B cneaywowen Tabnuue [188] :

Tun 1 2 3 4 5 6
Bcero Tononoruveckux knaccos 3 4 39 o0 o0 o
N3 Hux rpy6bix 2 2 0 0 0 0
1-% cTeneHn Herpy6ocTu 1 2 7 8 0 0

Mpumevanue. AnaTuna 3ucnonsayeTcA goonpeaencHue a) § 4

Budypkauum BeKTOpHbIX nonien ¢ 0CO6eHHOCTAMM Ha FpaHMue NOAYNAOCKOCTU Paccmar-
pusanuce 8 [191], [192].
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§ 20. OcoGbie TOUKH HA NepeceYeHHH JHHHKI pa3phiBa

MpoBoauTCA KauecTBeHHOE UCCNeAOBaHWe OCOGOW TOUKKM, Nexawed Ha NepecedeHMn N6GOro
KOHEYHOr0 4ucna NUHWK pa3spbisa. [laloTCA AOCTaTOMHbIE YCNOBUA YCTOMYMBOCTU N HEYCTOW-
YMBOCTW TAKOW TOUKM U AOCTaTOYHbIE YCNOBWUA ee rpy6ocTu. Bonee nonHble pesynbratel Npu-
BOAATCA AnA 0COBOM TOUKM Ha NnepeceveHnn ABYX MHNIA pa3pbiBa.

1. Nycvs kpyr K (x} + x% < r3) c uentpom O pasaeneH rnagKUMK AMHUAMK (npocTeiMn
ayramu knacca C') L,, ..., Ly Ham obnacten S; (/ =1,...,m; m=2), Ha3biBaeMbIX
cextopamu. Cextop S; nexxut mexay nuimAmMn L; v Livy; Lyey = L. TONbKO KOHUbI
a; nuHA L; nexaT Ha okpyxHocTu kpyra K. Hanpasnenue o6xoaa a,a;...4a,,a,; — NOno-
wutensHoe. Kaxavie aBe nuHun L; n L; He UMeioT o6uinx Touex, kpome Touku O, ABnAio-
WencA Ux 06WUM KOHUOM.

B kpyre K paccMOTpuMm cucTeMy B BeKTOPHOMK 3annciu

x = f(x), x=(x;,x,). 1)

MpeanonaraevcA, Y4TO B KaXKAOM ceKTope S; BekTop-dyHKUnA f(x) yaoBnersopReT ycnosuio
NMunuwuua. OHa mMoxeT GbITb Pa3pbIBHOW TONbKO HAa NUHUAX Ly, ..., L,y,. Nycts f;(x) — He-

npepsIBHOE NpoacnkeHne hyHKUuMK f N3 cekTopa S; Ha ero 3aMbikanme S;. inA x € L; nyctb
falx) wm ffv(x) — npoexuun BexkTopoB f; _;(x) nf;(x) Ha Hopmane Kk L;, HanpaBneHHyo OT
Si—1 k S;. Ha tex yuactkax nuHun L;, rae fr(x) £y (x) <O (unu xotA 661 Tam, rae f yix) >
=0, f;,(x) < 0), onpeaeneHa HernpepbiBHaA BeKTOP-GQyHKUWUA f:.’ (x), kacarensHaA K L; u
onpeaensiowWan CKOPoOCTb Aamxeﬂuﬂ_i = f? {x) no Taknm yvacTkam.

Nemma 1. Ecau fi{x) #0 8 S;\ 0, 70 TpaeKTOPUR, NPOXOOAWIAA YePEe3 NPOU3IEONBHYIO
TOYKY CeKTOpPa S, NPpu NPOCONINEHUU 8 KaXOYI0 CTOPOHY UMU 8b1X00UT Ha 2paHUYy CeKTOpa,
unu ctpemutca K toyxe O.

Jloka3siBaercA Noao6HO yTeepxaeHnio 3 neMMel 5 § 17.

MNycts a; — OTCYMTbIBaEMbIA B NONOXUTENLHOM HaNpasfeHnn Yron Mexay nonoxuTeNs-

- HbIM HanpasneHvem ocu Ox n Nyvom, KacatensHuiM K ayre L; B Touke O; npu aTom

0<a,<0;< ... <, <a; +21m;, @y, =0 +27.

Ecnu f;(0) # 0, To ¢; — yron mexay Ox u sextopom f;(0). Mpubasnnan, ecnn Hago, K v;
cnaraemoe, KpaTHoe 2T, BCerAa CYMTaeMm, YTo

ai<¢i<ai+2n. @)

Nycts K, — kpyr xi +x3 <p?.

Nemma 2. 7lycrs f;(0) # O 0nA nexoropozo i. Tozoa: .

a) ecnu o; < ¢, < 4y (unu a; <y, —w< a;+y), 70 HaddeTcA Taxoe p> 0, 410 Kax-
0aA TpaeKTopuA, NPoxodAwan 6 S; N K,, npu 8o3pactanuu t (cOOTEETCTBEHHO NpU y6b16a-
Huu t) eeixodut u3z S; N K, yepes dy2y okpymHocTu | x| =p; e S; umeerca TonsKO 00Ha
TDaeKToOpuA, 8x00AwWan 8 Tayxy O npu ybsigaHuu t (COOTEETCT8EHHO NPU 803PACTaHUU T) ;
8 310U TOYyke OHa Kacaerca eextopa f;(0);

6)ecnua; .y <yp; <oa; +7 (unu oy <
<y¢; —na<a; +7), 70 HalidyTca Takue Kk u
D, 4TO KaWO3A TPAGKTOPUA, NPOXOOAWaAn Yepes
Kakyl0-Hubyds Touky b € §; N K,, npu y6bsi-
@aHuu t @sixo0uT u3 S; Ha nunuto L; (coor-
8eTcT8eHHO L ,), @ Nnpu 803pacTaHuu t — Ha
nunuto L; ., (cooreercreenno L;),u dyaa 3tol
TPaexTopuu oT 8x00a 8 S; 00 8sixo0a codep-
wurca 8 o6nactu k7 |b|<|x | <k|b].

AoxkaszartenscrBo. Mycmw a; <
<¢; < a;+. Torna sekvop f;(0) N3 TouKM
O HanpaBneH BHYTpbL cexTopa S;. Bcneacreue
HenpepsiBHocTn fi(x) B S; W rnaakocrn nn-
Puc. 103. HuWA L; n L;,, HahpercA takoe p > 0, uto B




KaXXA0A TouKe X ITUX AUHWK, B KoTopoii | x| < p, BexTop f;(x) TOXe HanpaBneH BHYTPb CeKTO-
pa. Yepe3 Kaxayl0 TaKyl0 TONKY B CEKTOP BXOAWUT NO OAHOM (B cuny ycnoBuA flunwuua) tpa-
extopuu. U3 cextopa S; N K, oMM BLIXOAAT TONbLKO Yepes ayry | x| = p.

Niyere o;4) < 9, < a; + n. BosbMem Takoe 171> 0, 4t06b1 6bIn0 &+ + 1 < v; <a; +
+ 1 —7n,urakoe p; > 0, uto6el B o6nacu | x| < p;, x €S,, HanpasneHun sekTopa f; (x)
M KacaTenbHLIX K MHMAM L; 1 L;, | OTAMYanWcL OT Hanpasnewuit nyued y =y, cooTser-
CTBEHHO ¢ =y, Y = 0;4+,, MeHbwe, yem Ha € (0<e <n/4). Toraa npu | x| <p; nuHuA L;
nexmnt Mexay nyvamu Oc, u Oc, {p=0a; F€), nuHna L;,, — Mexay ny4amu Oc; n Oc,
{p=a;,y ¥€) (puc. 103) . Bozemem p =p,sinmy, M, =N —2€, n nposBeaeM yepes no6ylo
Touky bES;NK,, b# 0, npAMbie PG U 'S NO HaNPaBNEHUAM C NONAPHLIMU YrNaMu ¢ =
= y; ¥ €. Onmn nepecexyT nyun Ocy,....Ocs B 06nactu | x | <p,, Tak kak, Hanpumep, pa3-
HOCTb NONAPHBIX YrNo8 nyvyen bp un Oc4 paBHa

(p; —€) — oy +e)=p; —0y4y —2e2m,,
Lopb > 1,1 No Teopeme CMHYCOB ANA TpeyronsHuka obp nmeem

sin obp 1 1
lop|=10b | -— <lob|— <p— =p;. (3)
sin opb sinn, sinn,

AHanNoOrMYHoO Nony4aeM, YTO paccToAHue OT Toukn O p0 Gnnxkalien TOYKU NPAMBIX PG ©
rs He meHbwe, yem |0b |sin7n,. NpoxoaAwan uyepe3 TOuKy H TPaeKTOPUA 3aKNIOUEHA MeX-
ay 3atumu npAMeiMu. OTclona cneayet yTeepaeHue 6) neMMbl B paccMarpuBaeMOM Cnyuae.
OcTanbHbie CNy4an CBOAATCA K PacCMOTPEHHbIM 3aMeHOW ¢ Ha — I,

Teopema 1. flycre f;(0) #0 Ona ecex i, a yucna y; re »e, yro e (2)./4na acumnro-
Tuveckol ycrodyusocru voyxku x =0 docrarovyHo, yrobsi

1) npu kamdom i Obinu 8sINONHEHbI HEPABEHCT8A

04y <y, <oy +2#; (4)
2) npu 0< |x }<py Bexrops! f° {x) ram, 20e ovu onpedeneHsi, Boinu HANPABAEHsL! NO

KacarensHsiM K nuHuam L; e cropory rouku O, u f° (x) #0;
3) ecru

a,-+,<¢l.<a,+1r, i=1,...,m, (5)
10 TpebyercAa, 4yT00b!
m sinfo; +m — .}
g<1, q= I HTTTO (6)
i=1 sin{p, — ;)
aecnu
(!,'+l+1l<\pi<(!,'+21l', i=1,...,m, (7)
0 ¢ > 1.
Ecnu xe 2panuys! ceKTopoe — npAmsie, a3 HanpaaneHue eexropa f(x) e Kawdom ceKrope
NOCTOAHHO, TO ycnoeuAa 1) — 3) ABNAINTCA u HEOGXOOUMBIMU.
3 amevaHue Ecmm ckopocTe aBuXeHMA NO NUHUAM L; onpeaenAercA cornacHo a)
§ 4 n BoINONHeHO ycnosue 1), TO ANA BLINOAHEHMA YCNOBUA 2) AOCTATOMHO, YTO6bI
lg; —w;4y | <7 anA Tex i, npu KoTopIX
(¢i+l —ai+l - ") (‘pi _ai+l _") <0
AoxkasaTtenscTB 0. CHayana pacCMOTPUM CRy4ai, KOraa
sp,-*(!i"'ﬂ, ¢'¢ai+l+": i=1,...,m. (8)
Torpa npu AOCTaTOMHO Manom € > 0
|¢i—a,—n|>2e, lwi—&i+1—ﬂ|>2€, i=1,...,m. 9)
B cuny (4) u (9) ana |x| < p, Bektop f;(x) npu x € L; He xacaercA L;, a npu x

€ L;+1 He xacaetcA L;+;. Toraa ANA Kaxaoro / B 3aBUCUMOCTM OT 3HAKA PA3HOCTH ¢,
— ; — 7 unn Ha Bcem yvactke | x| < p, nuHMmu L; TpaeKTopuu TONLKO BLIXOAAT M3 CeK-
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Topa S; Ha nuHuio L;, Unn Ha BCeM 3TOM yyacTKe CXOAAT ¢ nuHum L; B cektop S;. To xe
cnpaseanueo npu | x| < py Ha rpanmue L; 4, cextopa S;. B 4acTHocTh, B cnyvae (5) Bbi-
nonHeHo (8), n Bce TpaeKTopum Npu Manbix | x| nocnepoBatensHo NepexoaRT W3 S, 8
S2, ..., Sm, 3aTeM cHoBa B S; u T.A. [InA Tovek X; MepeceveHNA TpaekTopuu ¢ L;, i=
=1,2,..., w3 (3) cneayer

sin (0X,'X,‘+ 1 )

|x1+l I lxl | sin(oxi+lki)
B aocvatouHo manow oKpecTHocTu Toukn O 310 OTHOLWeEHWE CUHYCOB CKONb YroaHo 6amako k
OTHOWeEHUIO CMHYcoB B (6). 3HauuT, npu aocTaTouHo mManoMm | x; | TpaekTOpuA M3 ToukM X,
caenaeT 060poT BOKpyr Touku O n BepHeTcA Ha L) B TOUKE Xp 41, FA€ | X4y | <@y x5 |.
Tak kak § < 1, 10 q; < 1 ecm | x; | < p*. Ho rorpa TpaekTopua caenaet ewe o6opoT
Bokpyr Touku O u 1.a. Nocne N 060poToB | Xm+1 | <qrlx; | =0 npun —ce. Ha ayre
TPAEKTOPMK MEXAY TOYKAMU Xpm +1 M X(ne1)m +1 MMeem | x(t) | <clxpm+; | B cnny (3).
M3 3Tux oueHOK cneayer aCMMNTOTUYECK AR YCTONYMBOCTL TOYKKM X = 0,

B cnyuae (7) paccyxpeHMA aHanofuuHbl, HO 06OPOTHI COBEPLUAIOTCA B OTPHUATENLHOM
Hanpasen eHnn.

Ecnm BeinonHeHo (8), Ho He BbinonHeHo HW (5), Hu (7), TO TpaekTOpmA He MOXeT Bep-
HYTbCA B TOT CEKTOP, B KOTOPOM Yie no6biBana. B cuny (3) B kaxpom cextope | x(t) | mo-
XeT BO3pacTn He Gonee uem B (sinm;)”! pa3, aWaunt, | x(t) | < (sinn,)”™ | x(ty) | npu
to St < oo, HaymHaA C HeKOTOPOro MOMEHTA ), TPaeKTOPUA OCTAeTCA B OAHOM U3 CEKTOPOB
S; (n voraa Bxoaut B Touky O no nemme 1) unu Ha ogHOWM U3 nuHuin L; (4 Toraa crpemutca
k touke O B cuny ycnoBua 2) Teopemsl) . UTak, 8 cnyvae (8) acumnToTM4eckan yctomnum-

BOCTb AOKAa3aHa.
Myctb anA HexkoToporo / BekTop f; (x) KacaeTcA nuHuKM L; B HEKOTOpLIX TOuKax x € L;,

ckonb yroaHo 6nu3knx k 0. Torpa ¢; = ¢o; + mm npu | x| < p HanpasneHna BexTOpOB
filx) n f:.’(x) OT/IMYAIOTCA OT HanNpasneHnA ¢ NONAPHLIM YriOM @; MeHblue, YeM Ha €. o-
aTOMY B Tex YacTAX cekTopa S; M nNuHuK L;, KOTOpble HaxoaATcA B cekTope | ¢ —a; | < /8
kpyra K ,, dyHkuna | x(t) | y6eiBaer BaOnL TPaeKTopumn Aaxe B TOM Cnyyae, KOraa TpaexTo-
puA 6eCKOHeYHO MHOrO pa3 NoNaaaeT Ha NMHMIO L; 1 CXOAMT C Hee B CEKTOP S; MNU B CeKTOp
Si—1,ecrmnTamy; | =a; + 7. Ecnv k8 ¢;_; ¥ &; T, TO NP1 AOCTATOMHO Manbix | X |
TPaeKTOPUWU MNN CXOAAT C L; B S;_ |, He BO3Bpawancs Ha L;, Wnu He MOryT COMTHU.

Ecnn coBnapalot 3HaueHua y; ANA rpynnkl COCEAHUX CEKTOPOB S;, a ANA Pa3nenAoWMX nx
AvHniA Lj 3MaveMMA @ + T COBNAAaloT C 3TUMK ¢, , TO TPAEKTOPUA MOXKET B TeueHNe HEKOTO -
POro NPOMEXYTKa BPeMeHn OCTaBaTbCA B 3TUX CeKTopax, Nnepexoan nioGoe Ynucno pas (aaxe
6eCKkOHEYHO MHOro pas} M3 OAHOro cekTopa S; B8 APYron U, BO3MOXXHO, NPOXOAA NO NANHK-
AM L;. U3 cka3anHOro BuiWwe Cneayer, 4T0 Ha TakoM npomexyTre Bpemenn | x(t) | yGeisaer
BAONbL TpaekTopuu. Ha ocTanbHeIX NPOMEXyTKax BpeMeHU CNPaBeAnnBbl Te )Ke OUEHKM, YTO
n B cnyvae (8). CneaoBarensHo, Bo BCEX CNyYaAx Npu BLINOAHEHWU YCROBUI TEOpEMb! MMeeT
MECTO aCMMNTOTMYECKAR YCTONYMBOCTD.

2. Paccy>xaeHnA, Ucnonb3oBaHHble NpU AOKa3aTtenscTee TeopemMbl 1 M nemMm, NO3BORAIOT
NPOBECTH KauyeCcTBEHHOe MCCneAoBaHWe OkpecTHOCTM Toukn O B cnyvae, KOrAa Bce BEKTOPbI
f;(0) He paBHbI HYNIO M KaXKAbIM U3 HUX He KacaeTcA rpaHuy L; n L;,, cexTopa S; B TOuke
O, te.anri=1,2,...,m

¢i¢ai1 ‘Pi#:ai"'n: tp,'#ai"'ll ‘pi¢ai+l iT(, (10)

n f?(x) # 0 Ha nuHnAx L;. B aToM cnyvae B HeKOTOPOH OKPECTHOCTH Toukn O HeT 0coBbIX
Touek, otnuuHbix ot O, a cama Touka O mMoxet 6biTe 0cO60M Unu HeocoGoi# (onpeaeneHne
ocobont Touku cm. B n. 1 8 18).

B cnyvaax (5) n (7) ocobar Touka O— hoKyc, UeHTP UaN UeHTPODOKYC U B6AM3N Hee
HeT nnHelHbIX ocoBGeHHOCcTel. B cnyvae (5) pBmXeHme No TPaeKTOPWAM BOKpPyr Toukn O
NPOMCXOAMT B NONOXMTENLHOM HanpasneHuun, Npu @ < 1 uMeeM ycToiuuBbLIN OKYC, Npu
q > 1 — HeycTonumBbIA. B cnyvae (7) aBmikeHre NPOMCXOAWT B OTPULATENBHOM HanpasneHun,
npu g < 1 — HeycToWuMBbIn OKYC, NP § > 1 — ycronumesin. Cnyvan ¢ = 1 — KpuTHYECKUK,
Touka O mMoxeT 6biTe (POKYCOM, UEHTPOM MK LEeHTPOOKYcOM. Ecnn sce nuHmmn L; — npA-
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Mbie U HanpasBneHWA BeKTopoB f; (x) NOCTOAHHLI B KaxaOM cekTope S;, u g = 1, 170 ocoban
TOMKA — UEHTP.

Ecnn xe npu HeKOTOPbIX {He BCex) 3HaYeHWAX / BbINOAHEHO ABOVIHOe HepaBeHCTBO (5),
a npu BCex ocTanbHbix — (7), TO HaAAeTCR TakaR nNuHWA L;, anA Kkotopon fy > 0, f;, <0,
¥ ApYram nuHWUA, anA Kotopon fy < 0, f;, > 0. Taknx nuHui vetHoe Ynucno. OHW ABNRIOTCA
nuUHeHLIMU OCOBeHHOCTAMM Knacca AA; 1 AeNAT OKPecTHOCTb Toukn O Ha TononoruvecKkune
ceKTOpbl knaccoB G, L, S (B oTnnune OT ceKTOpoB S;, TONOAOMMYECKUMI 34ELD HAa3bIBAIOTCA
CeKTOpbl, PacCCMOTpEHHbIE B § 17) . YCTORUMBOCTL OCOBOW TOYKY M NPUHAANEXKHOCTL TONONO -
rmuecknx cektopoB knaccy G, L vnu S 3@BUCAT OT HaNpaBNeHNA ABWXKEHUA NO AMHWAM L;,
ABNAIOWWMCA NIMHENHBIMWA OCOGEHHOCTAMM.

Ecnm anA Hekotoporo / umeem &; < ¢, < &4y (i a; <y, — 7 < a;4+y), 70 No nemme 2
B cexTope S; UMeeTCA TPaeKTOPWUA, BXOAALULAR B TouKy O npu y6biBaHun (BO3pacTaHuu) t.
MycTs xoTA 661 B 0AHOM CeKTope §; BbINONHEHO HepaseHcTBO &; < ; — T < @41, HU B OA-
HOM M3 OCTanbHbIX He BbINONHEHO HEPAaBEHCTBO «; < ?; < @j4) ¥ HA Ha OAHON W3 NNHWIA L,
86nMan Toukm O Her Hu Touek, rae f%(x) = 0, HU ABWXeHuiA, HanpaeneHHbix oT Touku O.
Torpa toyka O acMMnTOTUYECKKM yCTOWYMBA. B ee OKPECTHOCTM MOryT MMETLCA TONLKO TO-
nonoruyeckue cektopkl Knaccos Q u S. Ecnm o; < ; < ;41 X0TA 6bI ANA ofHOrO /, TO
Touka O He MOXeT 6bITb YCTOUUMBON.

Ecm o; < ¢; < @j+) XOTA 6bl ANA 0aHOrO / Moy < ; — T < @j 4+ xOTA 6bl ANA OAHOTO /,
TO Npw OTCYTCTBMMU CeKTOPOB S; ¢ HepaseHcTBaMu (5) n (7) touka O ceanosoro Tmna; ee
OKPECTHOCTb MOXET COCTOATH TONbKO U3 TOMONOrnYecKux cektopos Knaccos H, K, Q. Npu
Hanu4nU TaKxKe CEKTOPOB S; ¢ HepaBeHcTBamu (5) nnu (7) moryT umertsca n Tononoruyec-
kune cektopst knacco G, L, S. Touka O moxet 6biTb 0cO60N Unu Heocoboir (knacca HH
wnn KQQK).

Nemma 3.Ecnudna i =1,...,m asmnonrenst ycnosua (10), f;(0) #0u f?(O) #0
Ha nuHuAx L;, Ha KoTopeix onpedenera PyHkyun f 0 uecnu q # 16 cnyvaax, Kozda onA
xawodoz2o i esinonHaercA unu (8), unu (1) (moxcer 6bi1Ts, OnA Hexoropsix i — (5), a onAa
dpyaux — (7)), 1o rovka O — 2pyban.

NokasaTtenscTao. Npu aocratouHo manbix (8 C') n3MeHeHUAx NpaBoi YacTn
AvdepeHLnanbHOro ypaBHEHMA ANA KAXAOTO /i COXPaHAEGTCA TO U3 YETbIPEX YCNOBUIA NYHK -
108 a) 1 6) nemmbi 2, KOTOpoe GbINO BLINONHEHO ANA 3Toro /. Toraa noBeaeHne TpaeK TOpUA
B KaXAOM CeKTOpe W Ha KaxAaoW nuHumn L; octaeTcA npexHuM. Ycnosue g 7 1 obecneun-
BaeT OTCYTCTBME 3aMKHYTbIX nonutpaektopui (n. 4 8 18) 86nu3n toukn O. [InA Kaxaoro
ceKTopa §; ero €-oTobpaxeHue Ha COOTBETCTBYIOWMI CeKTop (Ha30BOW NNOCKOCTU APYroro,
6-6nM3KOro ypaBHEHWA CTPOMTCA METOAaMM, paccCMOTpeHHbIMM B § 17. JTO aoKasbiBaeT
rpy6ocTte Touku O.

YcnoBuA neMMbl 3 nMwWb AocTaTouHbl ANA rpyboctn. Heo6xoaumble U 4OCTATOMHbIE YCNO-
81A nonyveHbl 8 [186].

Paccmotpum Tenepb ypasHenne (1) c poonpepenenvem a) § 4. Bce npeabiaywive pesyns-
TaTul CNpaBeAnuBbI U B 3TOM Cny4ae, HO Ux (hOPMYNUPOBKHK Tenepb YNPOWAIOTCA.

HapRay c¢ ¢a3oBoi NNOCKOCTbIO X, X, pa3fieneHHON nuHUAMK L; Ha cekTopsl S;, pac-
CMOTPUM "'NAOCKOCTb CKOPOCTERA” V,, V,, pasaeneHHylo ayvamu I; (¢ = a;) Ha yrael s;
(a; < ¢ < @j+;). Touka O cunraeTcA NpuHapnexawen scem nyvwam /;. NycTe ¥, — KOHew
sekTopa f;(0) , nocTpoeHHOro Ha NNOCKOCTU V1, V;. MycTb P — 3aMKHYTaR NOMaHaA AWHWA
C BePWHHAMWN Uy, Ua, - . ., U, Um +1 = Uy. Ecm OTpesoK u;u; 4+ nepecekaer nyul; 4+ (van
ero npoaomxeHne 3a Touky O) B Touke w, T0 cornacHo a) § 4 wa nunmu L., onpeaeneH
BeKTOp f?”(O) = w. BoinyKnoe 3amMbiKaHWe MHOXeCTBa TOMEK Uy, . .., Uy O603Havaem M.

CnpaseanuBb! cneaylowme yTBep)KAeHNA,

1) Toyxa x = 0 — cTayuoHapHaA T020a u TONLKO T0208, k0208 O EM (n.2 § 12).

2) Ecnu OEM, O€& P, 170 royxka x = 0 — u30nNupPOGaHHaA CTaYuOHAPHaA (TaK Kak Toraa
8 cuny HenpepbIBHOCTH hyHKumniA f; npn [ x [<p umeem f;(x) # 0, f?(x) #0).

3) Ecnudna i =1, ..., m TOYKa u; He newut Hu Ha nyyax l;,1; +,, HuU Ha ux npodonxwe-
wuax, O & P u ecnu q # 1 @ cayvanx, Ko20a OnA Kaxdozo i evinonmeHo unu (5) ,unu (7),
70 Toyka x =0 — 2pybaa (nemma 3) . '

4) Ecnu xora 6b1 OnA 00HO20 i He ebinonHeHo HU (5), Hu (7), Tovku u; &5; uorpesxu
Uju; 4 He umeoT obwux Tovex ¢ nyvamuli.y, i =1,...,m, 70 Toyka x = 0acumnroruvec-

KU ycTod4Yuea (cneayet u3 Teopems! 1) .
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5) Ecnu nomanar u,u; ... UpmuU, He NPOXoduT vyepe3 Touxy O, To uHdexc Touky x =0
pageH yucny 060poToe eokpye rouku O, koTopsie denaer 3ra nomanaa (n.2 § 14),

6) Ecnu nunuu L; — npameie u 8 kKawdom cextope S; Pynkyuu f;(x) nocroanmsi, To
ycnosun, chopmynupoearHsie 8 2) u 3), AGARIOTCA He TONMbKO GOCTATOYHBIMU, HO U HEO6XO0 -
QumMbIMU.

KauectBeHHOe nccnenosaHne cucrTembl C NPaBoOM 4acTblo, pa3pbiBHOW Ha NMHUAX L ;, BbIXO-
aAwmx us Toukn O, nposoamnock B pabotax [104], [193]— [196] v ap.

3. PaccmoTpum cnyvan, Korga npaBble 4acTu CMCTEMbl ABARIOTCA CyMMamn AByXx Cnarae-
MbIX, OAHO N3 KOTOPbLIX Pa3pbiBHO HA OAHOW NAagKON NUHWK, ApYroe — Ha ApyroM, n 3Tn nun-
HUW NepeceKaloTCA NOA HeHyneBbiM yrnom. Ecnv caenath 3ameHy NepemeHHbIX Tak, 4To6bl
3TV ABE NMHNK CTaNN OCAMK KOODAWHAT, TO CUCTEMA NPUMET Bua

x=filx,yl+gix,y), y=Fhixyltgixy);

thyHKumn f; pa3pbiBHLI Tonbko Ha ocn Oy, g; — Toneko Ha Ox. YT06b1 NcCnegosaTh Noseae-
Hue TpaeKTOpui B6NM3N TOYKWU nepeceYeHnA NMHUW pa3pbiBa B rpy6bix CAy4aAX, MOXHO B
KaXA0M M3 KOOPAWHATHBIX ueTBepTen 3ameHnTs yHKummn f;, g; nx NpeaenbHbiMmM 3HaYeHUA -
My npu x =0, y = 0. Monyuntca cucrema [197])

x=at+tbsgnx+csgny, y=d+esgnx+fsgny. (13)

Ha nuHWAX paspbiBa MCNONb3yeTCA goonpeaeneHune a} § 4. MNepewncnum pAA cBOMCTB pelue-
HWA 3TOW CUCTEMbI, YaCTb N3 KOTOPbLIX HENOCPEACTBEHHO CNeayeT n3 Pe3ynsbTaToB N. 2, a 4acTb
nonyveHas [197].

Ecrm |f|l =2 |d+esgnx]|, x > 0 wnnmx <0, 10 nMeeTCA pelueHne, nayulee No paccmar-
pusaemon nonyocu Ox; npu aTom

1 .
)2=7(D, +Dsgnx), y=0,

b a
e d

b ¢
e f

a ¢
d f

D= ., Dy

. Dy =

Ecm |b| =2 |latcsgnyl, y> Ownuy < 0, To cywecTByeT peleHne, Mayulee NO paccmar-
pvuBaemon nonyocu Oy; npu 3Tom

1
x=0, }"=;(Dz +Dsgny).

Touka (0, 0) — craumoHapHanA Tor4a n TonNLKO TOraa, Koraa nam

1Dy I<ID], 1D, I<ID|, D#0,
unn

D=D,=D,=0, lal<|bl+lcl, IdI<lel+]|f];
Touka (0, 0) — n3onnpoBaHHaA CTaUMOHAPHAA TONLKO B TOM CAyvae, KOr Aa

1D, I<ID], D, [<|D]. (14)
B cayuae (14) vnpexc / ocoboi Ttoukn (0, 0} paseH sgn D; ecnu Touka (0, 0) — Hecraumo-
HapHaAa, 1o / =0,

Touka (0, 0) —ceano,ecnn DL<—|D, |, D<—|D,|.
Touka (0, 0) — choKyc nnn ueHTp, ecnn

lcl>lal+|bl, lel|>1d]l+]|f]|, ce<O. (15)
Mpwn 3aToM B cnyuae
be
Fb? +c? —a?) < — (e? +F2 —d?) (16)
e

touka (0, 0) — ycronumebin GoKyc, Npu BbINOAHEHUM NPOTMBOMONOXKHOrO HepaBeHCcTBA —
HeycToiunBbIN (POKYC, 3 B Cnyvae paBeHcTBa B (16) — ueHTp.
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AnA Toro utobbl x = 0, ¥y = 0 6bIN0 aCUMNTOTUYECKK YCTOWYMBLIM peLUeHUueM CUCTeMbl
(13), Heo6xoamMmo U aoctaTouHo, 4To6bl B cny4ae (15) BbinonHAnoce HepaseHcTBo (16),
a B Cnyvae HeBbINOMHEHNA XOTA Gbl 0AHOrO M3 HepaseHcTB (15) 6Gbino BbINOAHEHO

D>|Dy|, D>|D; b<[llal-lell, f<ild|—lell. (17)

Touxka (0, 0) — ycrolumseif y3en, ecnu BbiNnonHeHs! HepaseHcTea (17) u He BLINONHEHO
x0TA 6b1 OAHO W3 HepaseHcTB (15). Ecnu BuiNONHEHbI Te e YCNOBWUA, HO C 3aMeHOW b u f Ha
— b n —f B nocneaHnx asyx HepaseHcTBax (15), To (0, 0) — HeycTOWuMBLIA y3en.

Touka (0, 0} — craumoHapHan c anaunTuueckon obnacteio (puc. 51),ecm D> | D, |,
D > | D, |, n, Kpome TOro, uan

lc+al<b<a-—c, —e—d<f<—le—-d|,

wnu o

—c—a<b<-—|c—-al, le+d |<f<d -e.

Ycnosua rpy6octn: @ 2 b tc# 0, dtetf#0 (8 ycnoBuit cCO BCeBOZMOXHbIMM COveTa-
HUAMUK 3HaKos), | D| # max {l D,|,|D; l} , U eClin BO BCeX YETBEPTAX NNOCKOCTH uMmeem
xyxy <08 cuny cuctremsi (13), 1o

ef(b> +c* —a*)#bcle* +f2 —d?)

(Tor ga HeT 3aMKHYTbLIX NOMaHLIX, COCTORLWNX U3 KYCKOB TPaeKTOpUN) .

13. A.®. dununnos



FTABA S

JIOKAJIbHBIE OCOBEHHOCTH TPEXMEPHbBIX
U MHOI'OMEPHBIX CHCTEM

B rn. 5 nccneaytorcA nokKanbHbie 0CO6EHHOCTH TPEXMEePHbIX 88 TOHOMHbIX CUCTEM C KYCOYHO HenpepbiBHb -
MW U KYCOYHO rNagKumMu NpasbiMy 4acTAMK. PaccmartpuealoTcA 0co6eHHOCTH, neXauwmne Ha NOBEpXHOCTH
pPa3pbiBa NPasbix YacTeW CUCTeMbl MNK HA NepeceveHMn NOBEepXHOCTel PaspbiBa. YKa3biBalOTCA OCHOBHbIE
Tononoruueckue Knaccel ocobenHocren. BoiaenAoTcA rpybble ocobeHHoCTH. YacTb pe3ynbTaroB nepeHo-
CATCA H8 MHOTOMEDHbLIE CUCTEMBI.

§ 21. OcHoBHble THIBI ocoGeHHOCTeH. [IByMepHBle 0COGEHHOCTH

3necb yKa3biBalOTCA OCHOBHble NPU3HAaKK, NO KOTOPLIM NPOBOAWTCA Knaccupukauna oco-

6eHHOCTeln TpexmMepHbIx cucTeM. U3yualotrcA 0co6eHHOCTU pacnonoXeHnA TpaeKk Topun B6n13n

rNagKoN NOBepXHOCTM pa3pbiBa NpaBbix 4acTed cucTeMbl. PaccmartpuBaloTCcA AByMepHble

0C06eHHOCTH, BbIAENAIOTCA MX TOMONOrMYeCKHe KNacChl U YKa3biBAlOTCA YCNOBWA rpy6ocTu.
1. B o6nactn G paccmaTpusaeTcA aBTOHOMHAA cucTema

X =f(x), X =(xy,x,%x3) EG. (1

O6nacte G COCTOMT M3 KOHEYHOrO YMCNa KOoHeuHuIx obnacten G; (f =1,...,1), B kaxaon
13 KOTOpbIX BeKTOp-byHKUMA f(x) npuHagnexunt ¢! ennote ao rpaHuubl, 1 MHOXecTBa M,
coAepXawero Te rpaHuuHble TOMKK BCex obnacTen Gj, koTopble NpuHaaneXxar G, u cocToAwe-
0 U3 KOHEYHOro Y1ucna KYCKoB rnaakux NoBepxXHOCTel KOHeYHOW NAOLAAn, ragknx NnuHUA
KOHEYHOW ANWHbI K Touek. Kaxaaa 13 aTux NMHUIA M TOveK NeXUT Ha Kpae OAHOrO MAKU He-
CKOMbKUX TaKMUX KYCKOB NOBEpXHOCTEN.

MpaHnua (Kpai) Kaxporo Kycka NoBepXHOCTH UNKU NUHUK CYMTAETCA He NpUHaanexawew
emy. PasnuuHble KycKW He MMeoT OBWKX ToveK, a UX rpaHulbl — MOryT umetb. Hanpumep,
ecnu pyHKUMA f pa3pbiBHa Ha TpeX KOOPAWHATHbIX NAOCKOCTAX, TO obnactu G; — Koopau-
HaTHble OKTaHTbl, @ MHOXeCTBO M codepxuT 12 yeTBepTer KOOpPAMHATHbLIX NnocKocTen, 6 ko-
OpAWHaTHbIX Nonyocen U 0AHY Touky x =0.

Ha To# yacTu MHOXecTBa M, OTKyAaa peweHne He MOXXeT COMTH HU B OAHY u3 obnacTel G;,
cucTema aonxHa 6biTh aoonpeaeneHa. [lonyckaeTrcA aoonpeaeneHve a) 8 4 wnn nwob6oe po-
onpeaeneHve, yaoBneTBopAtoULee YCAOBUAM, KOTopble GyAyT yKa3aHbl HUXe, B n. 2.

Byaem rosopuTb, 4TO OKPECTHOCTH ABYX ToueK X* W y*, 3anonHeHHble TpaeKTOPUAMM
cucteMbl (1) (Mnu AByX pa3HbIX CUCTEM) , UMeIOT OOHY U Ty Je CTPYKTYPY, ecAun CyuecTteyeT
oTo6pakeHne OAHOM OKPECTHOCTM Ha ApYryl, KOTOpoe NnepeBOAMT TOYKy x* B Touky y*
W KoTOpoe, KaK u o6paTHoe oTo6pakeHne, OAHO3HAYHO, HENPEPLIBHO W NepeBOAUT TpaeKTo-
puu B TpaekTopuu (T.e. KaXKAyl0 AYry TpaeKTOpUW — B AYyry TPaeKTopuu, a CTaUMOHAPHYIO
TOMKY — B CTaUMOHAPHYI0 TOYKY) .

Touky x* € G nazoBeM TOnosmozuvec. | 0661KHOBEHHOU ToYKOU cncteMbl (1), ecnu y Hee
eCTb He COAepP)allan CTauMOoHapHbIX TOMeK OKPECTHOCTL V, KOTOpYyt0 MOXHO TaK Tononoru-
4yecku 0T06pa3nTb Ha HEKOTOPYIO 061acTb, YTO BCe COAepXauimecA B V ayru TpaeKTopui ne-
PeXOAAT B OTPe3KW NnapannenbHbix NPpAMbIX. OcTanbHble TOMKK 06nacTu G Ha3oBem ToNono-
2uvecku ocobeimu pnA cnctembl (1) . U3 Teopemsl 3 8 12 cneayert, 4To BCce BHyTpeHHWe TONKHU
obnactn, B Kotopoi f(x) yposnersopAeT ycnosuio Jlunwwuua u He obpawiaeTcA B Hynb,
ABNAIOTCA Tononoruyeckn obbikHOBEeHHbIMKU. Takum 06pa3om, BCe TONONOTrUYeCKU 06bIKHO-
BeHHble TOYKW MMEeIOT OKPECTHOCTM OAHON U TOW Xe CTPYKTypbl. Tononoruyecku ocobeie Tou-
KK cuctembl (1) MOryT MMeTb OKPECTHOCTU Pa3HOW CTPYKTYPbI.
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PaccmoTpum B 06nacTu G CBA3HOE MHOXXECTBO, BCE TOYKWU KOTOPOro TONONOrMYECKH 0Co-
6ble 1 UMelOT OKPECTHOCTU OAHOW W TOMU e CTPyKTypbl. MycTe OHO He COAEPXXUTCA HU B Ka-
KOM ApYroM MHOXeCTBe C 3TUMM XXe CBOWCTBaMM. Ecnn 3TO MHOXXECTBO — NOBEpXHOCTb,
TO OHO Ha3biBaeTCA d8ymepHolU ocobeHHocTsio cuctembt (1); ecnn — nuUHUWA, TO AuHelHOU
0COBGeHHOCTbIO; ecnn — TOUKa, TO TOYeYHOoU 0COBEeHHOCTSIO.

Bce Tononoruyeckn ocobblie TOYKK M, CNEAOBATENbHO, ABYMEPHble, IMHENHbIEe N TOueYHble
ocobeHHOCTH cucTembl (1) MOryT nexaTs TONbKO Ha MHoxecTBe, rae f(x) = 0, n Ha MHO-
wecTBe M, T.e. Ha NOBepXHOCTAX pa3pbiBa (byHKUMK f 1 Ha UX KpanAXx.

3710 NpMBOANT K Cneayiouien npeasapuTenbHoU Knaccubukaumm oco6eHHOCTeln

1) Oco6eHHOCT B 06nactu rnaakoctu yHkumn f (BCce OHWM COCTOAT M3 CTAUMOHAPHbIX
Touek, T.e. u3 Tovex, rae fix) =0).

a) WN3onupoBaHHble CTauMoHapHble TOUKK (UXx U3yueHWe COCTaBNAET OAHO U3 HanpaBeHun
Ka4yecTBeHHOWU Teopun AndepeHUManbHbIX YPaBHeHWN) .

6) JluHuK, COCTORLIME N3 CTAUMOHAPHBIX TOYEK.

8) MoBepxHOCTH, COCTOAWME N3 CTAULMOHAPHBIX TOYEK.

Taxkue 0COGEHHOCTHM m3yvanuch C Gonee obuier TOMKKW 3peHWA: B nN-MepHOM (Ha3oBOM NPOCTPBHCTBE
paccMarTpueanoch /m-MepHoe MHOroo6pasue, BCe TOMKM KOTOpPOro — CTAUMOHApPHble. C TOWKM 3peHnA
Teopun anddepeHunansHbix YPaBHeHWA 3TOT CRy4an MOXeT NOKAa3aTbCA MCKAIOYMTENbHbLIM, PeAKO BCTpe-
YaKOULUMCRA, OAHBKO OH ABNAEGTCA TUNWUHBLIM ANA MEX3HWYEeCKUX CACTEM C HeronOHOMHbLIMW CBR3AMW
[189],[198]. B [198] uayvanucs ROCTaTOMMbIE YCNOBUA YCTOMYMBOCTM CTAUMOHADHLIX TOMEK, NEXaLiNX
Ha TaKOM MHOroob6paswuu, B hopmMe TeopeMsi 06 yCTOWYMBOCTM NO NepsBOMY Npubnwxeduio, 8 [199]
paccMaTpuBamCh NDOCTENLNE KPNUTUYECKWE CNyuan YCTORYMBOCTU M HEKOTOpbIe BudypKaumn.

2) Oco6eHHOCTH Ha rNaaKon NOBepxXHOCTU PaspbiBa.

a) QsymepHbie ocoGeHHOCTH.

6) NuHeliHbIe ocoBeHHOCTH.

8} ToueuHble ocoBeHHOCTH.

3) OcobeHHOCTH Ha rnaaKof nuHUKM NepecevyeHWA NOBEPXHOCTEN pa3pbiBa MKW Ha FNaaKoM
Kpae noBepxHOCTW pa3pbiBa.

a) JuHeitHble ocoBeHHOCTH.

6) ToueuHble 0COBEHHOCTH.

4) TouewHble OCOGEHHOCTU B TOYKax Nepece4eHMA HECKONLKUX NOBEpPXHOCTeA paspbisa,
a TaK)Ke B TOYKax HErnagKoCTU KpanA NoBepPXHOCTH pa3pbiBa UNW NMHUKM NepeceveHnn nosepx-
HOCTe# pa3pbiBa.

[nA nancHelwwed KnaccudmKaumn BCcex 3TUX 0COBEHHOCTEH YU TLIBAIOTCA Cneayiolwve 06-
CTORTENbCTBA: COCTOUT NN OCOBEHHOCTL U3 CTAUMOHAPHLIX TOYEK MW U3 AYT TPaeKTOPUA UK
He COCTOUT; MUMEIOTCA NW TPaeKTOPUK, CTPEMALLMECA K ee TOYKaM 3a KoHe4yHoe unu GeckoHeu-
Hoe BpEMA; Kakue 0COBeHHOCTH Bonblueit pasMepHOCTH NPUMBIKAIOT K AAHHOW NUHEAHOH
WM TOMEMHOW OCOBEHHOCTW; KacaeTCA Nu NMOBepXHOCTW pa3pbiBa BeKTopHoe none f(x) B
TOuKax 0CO6eHHOCTU (C OAHOM UnK € ABYX CTOPOH 3TOi NOBEpXHOCTH) ?

BbIACHUM, Kakue 0COBEHHOCTM ABNAIOTCA TUMMYHBLIMKW W KaKue BCTPE4alnTCA peako, B
UCKNoYUTENbHBIX Cnyvarx. [AnA rnaakon cdyHKuun YAx,) OAHOro nNepemMeHHOro TUNWUYHLIM
ABNAETCA Cnyuvai, Koraa oHa o6pawiaeTcR B Hynb NULLIL B W30NNMPOBaHHbLIX TOYKAxX U umeeT
MWb NPOCTLIe KOPHU WMAW BCIOAY OTAMYHA OT HynA. JTO 3HAYMT, YTO YKa3aHHOE CBOWCTBO
COXPAHAETCA NpU No6OM AOCTATOYHO ManNoM u3MeHeHUU GYHKUMM (B AaHHOM Cnyvae — B
metpuke C').

AnR oaHoi rnagkon dyHKkuMu ¢ (X;, X2) ABYX nNepeMeHHbIX TUNWYHLIM RBNAETCA
cnyvail ee o6pawieHWA B Hynb Ha rnankux nuHuax (c gradyg #0 Ha 3Tux nuHuAX), a
ANA ABYX Takux (hyHKUMNA — B M30NUpOBaHHLIX TOYKaX. Cnyvan KpaTHbIX KopHel anAa Y(x,)
MAn opHOBpeMeHHOro o6pauieHuA B Hynb ¢(X;, x,) wn grad ¢ — Gonee peakue. Cnyvan,
korpa Yix;) (vnn onHoBpemeHHO ¢ (X, X3) v @,(x,, X;)) obpawiaoTcA B Hynb Ha NUHUK
unm ¢lx,, x,) — B 06NacTH, ABAARIOTCA UCKNIOYNTENbHBIMK.

Mo3sTomy TUNMYHLIMK ABNAIOTCA, Hafipumep, CNy4Yau, Koraa BeKTopHoe none f{x) kacaetcAa
noBepxHOCTH pa3pbiBa TONbKO B TOYKAX HEKOTOPOW NuHuKM (Mnu He KacaeTcA BoBCe), a cny-
Yall KacaHWA BO BCex TOYKAX KakKoM-nM60 06nacTM Ha NOBEPXHOCTU — UCKNIOMATENLHBIA.
OnHako B HeKOTOPBLIX Knaccax MexaHMYecKnux cucTem (cucTema ¢ cyxum TpeHuem (15) § 19;
HeronoHOMHbIe CUCTEMbI) BCTPEYaloTCA U HETUNKUYHble 0COBEeHHOCTH.

2. ToBOPAT, uTO NnoBepxHOCTL P Knacca c¥, ecnu OKPEeCTHOCTH KaXXAOW ee TOYKW ypaB-
HeHne NOBepxXHOCTU P MOXHO 3anucaTb B (POpMe, pa3peleHHOW OTHOCMTENLHO OAHOW U3
KOOpAMHAT, Hanpumep, X3 = p(x,, x;), npudem pEC".
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Mycte nosepxHocTs P Knacca C™*! (m > 1) nenut obnacte G CA? Ha nopo6nacTu G~ m
G*. 0603Hawmm CT knacc BexTOp-thyHKumi f(Xx), HenpepbIBHbIX B KaXaoi M3 o6nacTei
G~ n G* BNNOTL A0 rPaHWLbl BMECTE CO CBOMMM YaCTHbIMM NPON3BOAHLIMM A0 NOPAAKaE M
BkmounTensHo. Mycts F(x) u f¥(x) — npenenbHble 3HaueHuA BeKTOp-byHKuun f npun
npubnuxeHnn K Touke x € P u3 obnacten G- u G * COOTBETCTBEHHO, a f;,(x) " f;, — npoek-
umu sekTopoe f(x) M f¥(x) Ha HOpmans K P B TOMKE X, HanpasfieHHylo B CTOPOHY
obnactu G *,

PaccmoTpum cuctemy B BeKTOpPHOM 3anucu (1) npu cneayiownx ycnosumax:

1° dyukunma fF € C" B obnacth G CR®> u paspbiBHa TONbKO Ha noBepxHocTu P €
ecm*! m>1.

2° B vex Toukax x € P, rpe f(x)fy{x) <0, 3anaH sekTop f°(x), KacatenbHbiit K P u
onpeaenAlowmMii  CKOPOCTb ABWkeHuA X = f°%(x) no nosepxxoctw P: Ff° € C™ r1am, rae
[ Fy(x) 1+ | Fylx) | #0; ecnm Fyix)=0, To fO(x) = f7(x); ecom fy(x)=0, 10 O (x) = f*(x),
MOXeT BbITb, KpOMe cnyyan

fux)=fy(x)=0, fx)#f*(x). (2)

Ecnu BbinONHeHO ycnosue 1° u Ha noBepXHOCTK P ucnonb3yeTcA goonpeaneneHue a) 8 4,
10 ycnosue 2° ToXe BbINONHEHO.

3° Cnyuair (2) RONYCKaeTCA TONLKO B KOHEYHOM YMCNE TO4EK.

4° Ecan F(x) =0 (wnu f*(x) = 0) Ha noBepxHOCTK P, TO NyCTb B6AM3N KaXIOW TOUKM
nosepxHOcTn P, MoxeT BbiTh, KPOMe TOYEK, NeXaWNX Ha KOHEYHOM 4uCne rNagKnx JKUHWA,
B G~ (cootBercTBeHHO B G ) nam flx) £ 0 n dyHKuua

glx) = flx)/ | f(x)| (3)
yaosnetsopAer ycnosuio Jlunwuua, unu fix) = 0.

ftemma 1. Ecau P — noeepxHocts x3 = Ylx,, x2), VE C', uft(x) =0wa P, 10 dna
esinonHenun ycnosua 4° e G* docrarowno, yrobsl cywecreoeano raxoe g > 1, yro Ha P
00HOCTOpOHHUe (8 CTOpOHY o6nactu G*) Npou3eodHbIe yO08METEOPAIOT TPebO8aHUAM

ot o k=01 1 ot #0 (4)
—Tx - U =0, 1,...,g-1; T a ’
aX3 axg

u 4ro6s: ebnusu P 6 G* npouseodrnan df/ <')x‘37 yooenereopana ycnosuio flunwuya. AHano-
2uyHOoe yreepydeHue cnpasednueo uona G-, ecnu f~(x) =0 wna P.

JokaszartenscTB 0 noaobHo AoKa3arenscTBy nemmsi 1 § 16.

W3 nemmbl 1 cneayer, YTo ycnosue 4° BbINOAHAETCA, B YaCTHOCTH, ANA KYCOYHO aHaMTH-
uecknx hyHkunin f(x).

6,4-

Puc. 104. Puc. 105.

PaccMOTPUM BO3MOXHbIE PACNONOXeHUA TpaeKTopuii B obnactu G' B6nusu noeepx-
Hoctu P npu ycnosuax 1° —4°,

A. Ecnu fN+ #0 Ha P, T0 B KaXAyl0 TOMKY NoBepxHOCTM P u3 obnactu G' npuxoant
(NnpuTom npu KoHeuyHoMm t) TONbKO oaHa TpaektopuA (puc. 104). AnA Kaxaoro Kom-
nakta K CP cywecrayer Takoe 7> 0, 4To BCe TaKue TPaeKTOpuM, NPUXOAALIME B TOYKM
komnakta K npu t =0, conepkarcA 8 G* npn — 7<t < 0 unmu npn 0< t <7 (Bcneacrtsme
PaBHOMEPHON HenpepbIBHOCTH thyHKumM f(x) B coaepxaweicAa B G okpecTHOCTH Komnak-
1a K) u He nepeceKaioTcA (Tak Kak f € C! B aroii okpectHocTh) . U3 Teopems 3 § 12 cneayer,
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YTO TaKue TpaeKTopuu 3aMonHAIOT HeKOTOPYIO OAHOCTOPOHHIO OKPECTHOCTL NOBEPXHOCTH P.
MNpumep: ¢=v=0, w=1 (w>0)

3ameuanune. Ycnosme f # 0 AanAetcA nuwb AOCTAaTOMHbLIM ANA TONLKO 4TO OMUCAH-
HOro pacnonoXeHuA TpaeKTOpMVI B cnyuae fEC' (G UP) Heobx0amMmbIM 1 AOCTATOM-
HbIM ABNAETCA ycnosue: f 20 Ha P (nnm f <0 Ha P) n HM oaHa nexawan Ha P pyra
He ABNRETCA AYrOi TpaeKTopun cuctembl X =F ' (x).

B.Ecom fy =0, f* #0 Ha P, T0 8 Kaxaoh Touke x € P BEKTOp f*(x) wacaerca no-
BEePXHOCTH P 1 OHa 3anonHeHa TPaeKTOPMAMN CHCTEMbI x=f*(x). Npoxoarwme 8 G
TpaekTopuu cuctemebl (1) He MOryT BbIiTM Ha P no Teopeme eguHcTBeHHOCTH (puc. 105) .
Mpumep: ¢ =1, v=w=0 (w=>0).

B cnyuanx, koraa f'(x) = 0 Ha P, Ho fix) # 08 G* 86nu3n P, Bce Touku nosepxHoc:
™ P — cTaumoHapHble anA cuctemsl (1), AoonpeAeneHHoﬁ 3HaveHuAMu F(x) = f *(x) Ha P.
Mo Teopeme eanHCTBEHHOCTH NPOXOAALUUE B G* tpaexTopum He MOFyT pOCTHYL NOBEPXHOC-
™™ P 3a KOHeuHOe BpemA. B cuny ycnoeua 4° cuctema (1) 8 G* nmeer Te xe TpaekTopuu,
4TO CucTemMa

x=glx). (5)
Bcneacteve BbiNOAHEHMA ycnoenA Jinnwuua dyHKUMA g(x) HenpepbiBHO NPOAONIKAETCA U3
G* wWa P; sesne |glx)| = 1% 0. Inn dyHKunm g(x) onpeaenalorca g*(x), gpix) v .0,

noao6Ho £, f,"V

a) Ecrm gN # 0 HaP. 10 ann cuCcTeM! (5) nmeet mecto cnyvan A. MNoatomy 8 Kaxkayo
TOuKY Ha P npuxoanT n3 o6nactn G* posHo ogHa TpaekTopuA (3a KOHe4HOe BpemMA ANA
cuctembl (5) u 3a 6GecKOHeuHOe BpeMA AnNA cucTeMol (1)). MNpumep: u=v =0, w =
=w (w=0).

b) Nycrs gy=0waP, g€ Llp(locG ). MocneaHAR 3anuch O3HaYaeT, YTO y KAXAOW TOUKK
X € P ectb NONyOKpecTHOCTL (B G* )}, B KOTOpOW hyHKUUA g yaoBneTsopAeT ycnosuio flun-
wuua. AnA cuctembl (5) B6nM3n P nmeeT mecTO cnyuain B, Noatomy ee TpaeKTOpUK, a 3HaUNT
n TpaeKTopuu cucremsl (1), NnpoxoaAwme B OAHOCTOPOHHe (B G*) OKpecTHOCTH NoBepx-
HoCTU P, He BbIXOART Ha P. Bce TOYKM NOBepxHOCTU P — cTaumOHapHbie AnA cuctemsl (1),
Ho He anA (5).Mpumep: u=w, v=w=0 (w=>0).

c) Ecnm f(x) = 0 8 G* 86an3n nosepxHOCTH P, TO OAHOCTOPOHHAR {8 G ) OKpecTHOCTL
noBepXHOCTH P 3anonHeHa CTauMOHapHbIMM TouKamn cuctemsl (1). Mpumep: o =v =

=w=0 (w=0).

Mpu HeBLINONHEHNU YCNOBNA 4° BO3MOXEH TaKiKe HeperynApHbIA cny4ail, Npeacrasnexune
0 KOTOpOM paer npumep 14) n. 1 § 16, ecnu K Hemy nonm:arb ypasHeHue 2 = 0.

Couetan Kawablii U3 cnywaes A, B, a), b), c) 8 G* ¢ kaxasim 13 Taknx xe cnyvaes 8 G,
nonyvaem cneayouime aosmomnue CnyYau pacnonoxeHuA TpaeKTOpun cucremsl (1) B6nu3mn
noaepxHocTu P npu ycnoeuax 1° — 4°: AAg, AA,, AA,, AB, Aa, Ab, Ac, aa, ab, ac, bb, ,
bb,, bc. OnucaHme aTux cny4aeB aHanOrM4YHO ONUCAHUIO OAHOMMEHHbIX CNy4Yaes pacnoNoXeHna
TpaeKTOpUIA Ha NAOCKOCTW BONM3N NuHeAHOK ocobeHHocTn B N. 2 § 16, no3TomMy Her Heo6x0-
AUMOCTU ero npusoanTs. TONbKO cayyain bb' pacnapaetcA Ha cnyuait bb,, Korpa sekTopbl

g (x) u g*ix) KOMNUHeapHs! Npu KaxAoMm X € P, n cayuan bb,, Koraa oHn HeKonnuHeapHb!
Npu Kaxaom x € P.

Mpn HeBbINONHEHNW YCNOBUA 3° BO3MOXHBI Takxe cny4an BB,, BB,, Ba, Bb,, Bc, aHano-
rUYHble COOTBETCTBYIOWMM cny4aAm B N. 2 § 16, a Takxe cny4an BB;, Bb,, otnuuaowmecn
Tem, uTo BeKTOpbl ' (x) n f(x) unu g*(x) n g “(x) HexonnuHeapHsl Npu KawaoMm x € P.

Teopema 1./lpu ycnosuax 1° — 4° cywecrayior TonbKO 12 NOKANLHBIX TONOAO2UYEC -
Kux Knaccoe deymeprsix ocobennocrel: AA |, AA,, AB, Aa, Ab, Ac, aa, ab, ac, bb, , bb,, be.

AoKa3aTenbCcTsO NPOBOAATCA TeM e MyTeM, YTO U AnA Teopembl 2 § 16, u noaro-
My 13naraeTcA KparTKo.

Ecnu anA cuctembl (1) 8 G* umeeT MecTo oauH n3 cnyvaes A, B, a) , b), ), 10 ana npous-
BONLHOW TOMKMK X, MOBEPXHOCTU P Tem >xe MeToaOM, 4TO B Teopeme 2 § 16, ctpouTca Tono-
noruveckoe OTOGpaxKeHne HeKOTOPOW NonyokpecTHoctn U¥(xg) CG* Ha noONyoKpPecTHOCTb
Toukn ¢ = v = w = 0, Npu KOTOPOM TpaeKTOpun cucTembl (1) NepexOaAT B8 TpaeKTopWm CO-
OTBETCTBYIOWEro U3 npuBefeHHbIX Npumepos. Ecnu c oaHOW CTOpPOHBI OT P MmeeT MecTo
cnyvain B wnu b), 1o cHavana cTpouTcA OTOGpa>keHue 3TOW NONYOKPECTHOCTH, @ NOTOM —
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otobpaxeHne ApYroii, cosnanatouiee ¢ nepsbiM Ha P. B cnyyae bb, Ha P umeloTcA TpaekTopuy
cucTembl X = g (x}, nepeceKalowmecR ¢ TPaeKTOPURMU CUCTeMbl X = g*(x). CHavana 3ty
ABa cemeilCTBa TpaeKTOpwi OTOGPaXKalOTCR B CemMeiiCTBa NMHMIA U = const U v = const
nnockoctn w = 0, a 3aTem cTpouTcA OTOo6pa)keHUe NONYCKPECTHOCTER, coBnanaoulee Ha P
C NoCTpoeHHbIM oTOBpaxeHnem. B Kakaom cnydae nonyuaeTcA Tononoruyeckoe otobpaxeHne
MONHOA OKPECTHOCTU TOYKW Xp HA OKPECTHOCTb TOMKWM U = v = w = 0, Npy KOTOPOM TpaeKTo -
pun cuctemsl (1} nepexoaAT B TPaeKTOPUKM COOTBETCTBYIOWEN CTAHAAPTHON cucTemsl. M0aTo-
MYy y miobLix 4BYX CMCTEM, ANR KOTOPbIX MMEET MECTO OAMH U TOT Xe U3 cnyvaes AA,,
AA,, ..., OKpecTHOCTM ABYX niobbiX ToYeK MNOBEPXHOCTH P MMEIOT OAYHAKOBYIO
CTPYKTYpY.

Pasnuuve CTPYKTYpLI TAKMX OKPeCTHOCTEA ANRA CUCTeM, OTHOCALUMXCA K Pa3HbiM CNYYaAM,
AOKa3biBaeTCR Kaxk 8 Teopeme 2 § 16; pa3nuuume CTpYKTyp B cnydyaAx bb; wu bb, cneayer
43 TOro, YTo & cnyvae bb, Ha nosepxHocTn P UMeeTCA NULLIL OAHO CEMEACTBO NIUHYIA, ABNAID-
WMXCA NpeaenaMn CXO0AWMXCA NOCNEL0BaTeNbHOCTEN TpaeKTopuiA cucTemst (1), a B cnyvae
bb, — nB8a cemeiictea (TpaekTopum cuctem x =g (x} n-x =g (x)).

[okaxem, 4TO Npu YCNOBUK 1° — 4° kaxpan ABymMepHan ocobeHHOCTb P NpuHaanexur oa-
HoMmy ¥3 3tux 12 knaccos. B cuny 1° — 4° na P naitdetca Touka y, B okpectHoctn U (y) C
CG* xotopoit umeeT MecTo oaum u3 cnyvaes: (A) Fr#0; (B) Fy =0, P #0; (a) f* =
=0 Ha P, gy#0; (b)f =0, gy=0mna P, g€ Liplloc U (y)); (c) F=0 8 U™ (y).

B6nM3u TOUKW ¥ Ha P HaleTcA TOYKA Z, ANA KOTOPOW CO CTOpOHbI o6nact G* umeer
MeCTO TOT e U3 3TUxX Cfly¥aes, a CO CTOPOHbI 06nacTn G~ — OANH U3 TaKuX e NATU Cnyyaes,
HO C hyHKUMAMU F~ 1 ¢7, M KOTGPaA OTNNYHA OT TOUeK, YNOMAHYTHIX B YCNOBUK 3°. Cnyuvan
AA pasbusaetca Ha noacnyvan f (x}f(x} > 0 (AAg, TONONOrMYECKON OCOBEHHOCTH HeT) ,
Frix}f¥(x) < 0u fo%x) = 0 (cnyvait AA;) wam F%(x) # 0 (torna B6nM3n 2z Gepem TOUKY
q EP, & kotopoit FO(q) # 0, cayuait AA;). AHanornuHo pa3bueaerca cnyvait bb.

Torna oKpecTHOCTL TOYKH Z (MK TOYKK ) NPUHAANEXNT OAHOMY U3 yKa3aHHbix 12 Tono-
noruveckux knaccoe. flo onpeaeneHnio AByMepHOW OCOBEHHOCTH, y NOGOW ee TOUKKU X nme-
€TCA OKPEeCTHOCTb TOW XK@ CTPYKTYpbl, YTO OKPECTHOCTb TOUKKU Z (Mnn g}, T.e. NpuHagnexa-
WanA oaHOMY 13 3tux 12 knaccos.

MokaxeM, YTO rpy6uiMy ABNAIOTCA TONbKO ocobeHHOCTH knacca AA, B cnyudae f;, I;, <0.
MpeanonaraeTtcA, YTo BLINOAHEHO Cneaylouiee yCnosve.

Ecnm f f;, < 0 Ha P B 3aMKHYTON OKpeCcTHOCTH V TOuKK X9 € P, TO Npu A0CTaTOYHO Ma-
NbIX U3MeHeHUAX (B Ci) dyHKUnn f yHkunA FO MeHAeTCA CKONb YroAHO Mano B MeTpuke
C'(V); ecnm fx) = 0 B V, TO MOXHO TaK U3MeHNTL yHKUMIO £ (CKONb YrogHo Mano
BCl), urobei 6bino fO(x) #0 B kakaoh OKpecTHOCTM nioBo ToukKM X, € V.

MNpw poonpenenexny a) § 4 310 ycnosue BLINOAHEHO.

Nemma 2. Ecnu 8 HeKOTOPOU OKPECTHOCTU TOYKU Xo € P umeer mecto cnyvaid AA,
(fy f;, > 0) unu AA; (fy, f;v < 0, f® # 0), 70 8 HeKOTOPOU OKPECTHOCTU TOYKU X CUCTE-
ma (1) aennerca 2pybod.

Noka3zaTtenscTe o. [pn AOCTaTONHO Manbix U3MEHEHUAX PYHKUUK f HANKUCaHHbIe
HepPaBeHCTBa COXPAHRIOTCA, U AByMepHaR ocoBGeHHOCTb cOoxpaHAeT cBo# Knacc. CHavana
nocTpouM € - oTo6paxeHne X = Yi{x), x € P, koTopoe nepeBoAUT nexauine Ha P B6nn3n
TOUKM X TpaeKTopuu cuctemst (1) B8 TpaexkTopum 5-61M3KON CUCTEMBI.

Mycte x = lt, x*) ux=9(t, x*) —nexawme 8 G pelueHnA 3TUX CHCTeM C HAYaNbHLIMMU
ycnosuamu x*E€ P u x* € P npu t = 0. Oto6paxeHne, CTaBAwWee B COOTBETCTBUE TOYKE X =
= @(t, x*) Touky X = g(t, Y(x*)),npu | x* —xo| <p, 0<t <7 (nan —7 <t <0) — Tono-
noruveckoe, ecnM g U T Manbi. ITO cneayer u3 Teopemsl 3 § 12. Mpyu gocratouHo Manbix &
OHO CABMraeT KaXxaylo TOYKY MeHbLLie, ¥eM Ha €, B CUNY HenpepbLIBHOW 33aBUCUMMOCTU petieHni
M KOMMAKTHOCTYW OKPEeCTHOCTU | Xx — xo| < p. To e cnpaseannaec anA TpaexTopuiat 8 G ~.
3HauMT, B OKPECTHOCTU TOUKY X cuctema (1) — rpy6Ban.

Nemma 3. Ecnu Ha deymepHoi ocoberHnocTu P 8 HexoTopod Touke xo umeem f (xg) =
=0 (unu f,';,(xo) =0, unu f%xy) = 0), 10 cucrema (1) 8 Mo60U OKPECTHOCTUY ITOU TOYKY —
He2pybaA.

DoxkaaatenbcTBo. Ecm f%xe) =0, f&(xo)f;,(xo) < 0, 10 Xy — cTauMcHapHas
Touka. Tak kak P — pBymepHaA ocobeHHOCTb, TO Ha P BCe TOYKKU — CTauMoHapHbie. U3menum
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CKONb YrOAHO Mano cucTemy TaK, 4To6bl uMetb FO(x) # O 86nM3mn ToukK Xo. Toraa Tam He
B8Ce TOMKY 6YAyT CTaUMOHapHbIMU. 3HauuT, cuctema (1) — Herpy6an.

Mycts fi{xo) =0, h — BeKTOp HOpMmanu K P 8 Touke Xo.
YpasHenna x = F(x),i=1,2, rae

flix) = flx) + ph xE€G"), fix)=flx)+{-1)Vuh  (xEG),

Npu Maneix U CKONb YrOAHO Mano OTAMH4AlOTCA OT ypasHeHnA (1). Mpu aocrarouro Mansix
H>0 anA 0AHOrO M3 HUX B OKPECTHOCTA TOYKU Xo MMEET MeCcTo cnyvan AAg, anAa apy-
roro — AA;. XotAa 6bl B OQHOM M3 3TUX Cnyvaee CTPYKTYpPa OKPECTHOCTU TOYKMK Xo OT-
NNMYHA OT CTPYKTYPbl 3TOW OKpecTHOCTU AnA ypaBHenuAa (1). Herpy6octe Aoka3aHa.

3. PaccmMOTpum Npeobpa3osannA TpaeKTopuin cuctemnl (1) ¢ nomowsio anddeomopdmsmos, T.e.

TAKUX B3aWMHO OAHO3HAYHLIX OTOGpaxernit y = Vix)E C', y Kotopuix obpatHoe oToGpaxenue v ' (y)
npuHaanexut C'. MpeanonaraeTch, 4TO Ha NOBEPXHOCTW Pa3psLiBa NPUMEHRETCA aoonpeaeneHuea) §4.

Mycre npasbie uyactn cucrem (1) w

y=gly) (6)
Knacca C: P33pbiBHLI TONBKO Ha NOBEPXHOCTAX S # ; wnacca C° cCOOTBETCTBEHHO, W NYCTL
fy>0, fy<Omwa$S, gy>0, gy<0wH S 7

Teopema 2 [200]. Mycrs ebinonneno ycnoeue (1) u cywecraeyer dugdpeomoppusm y = x(x) ,
X ES, y €S, ydoenersopaowul ycnosuro

x'x)F (x) =k(x)g°ly)|}=x(x), kix) >0, kix)ecC', (8)

cnedoearensHo, Npeo6pasy ol NEXauIue Ha NOBEPXHOCTU S TPaeKTOpUY {x = £°(x)) cucrems: (1) & ne-

wawue na S rpaexropuu (Y =g°iy)) cucremsr (8) ¢ cOXpavenueM HaNp88neHUA OGBUNEHUA NO TPIEK-

Topuam. To20a u @8 OKPECTHOCTU NOBEPXHOCTU S cywecreyer oOuggheoMopguim, npeobpasyowuid
deu.

rpaexkTopuu cucremsi (1) e rpaexropuu cuctemsl (6) ¢ coxpareHuem eHun

Aoka3zartenwncreo. Tak Kak rnagkme (knacca C?) nosepxHOCTH $ u S MOXHO rnagkum
npeo6pasoBaHueM nepesecTn B NNOCKOCTH, TO Gyaem cumTath, YTO § u § — KOHeuHsie o6nacTm Ha
NNOCKOCTAX X; =0 u y, =0 (3pece x = (x,,x,, x,), f=1{f, f,, f,)nrn). Nycrs

fix) gly)
plx) = . qly)= .
1£, (x ) 19, ()l

Toras

pPN=py =1, py=p%=—1 q,=1, qi=-1,
, P tP" q +q"
p’= , q°= 9)
2 2
n cucremer x =plx), y =ply) no Teopeme 6 5§ 9 umeloT Te e TpaeKTOpum, uto cuctemst (1) u (6)
cooTeercreenHo. Boipaxan B (8) f° u g° no dopmyne (5) § 4, nonyusem
N At L4 @ +q")-g% )}
x'(x)p™ +p*)— " =k (x) -
P (93"'93) y=x(x)
Qynkumun £, f',,9,,9%, kix) npunaanexar C' u ne 06pawaoTcA B Hyns NO3TOMY tyHkuuic mly) >
> 0 moxHO noad6partb Tak, 4TOGbI BLINOAHANOCHL

x'{x)p° (x) = mly)g® iy} I} x(x)" (10)

Nycre x=¢ a,t) » x=¢t"a, t) — pewennn cucremer x = plx) ¢ HavansHBIMKM ycnosuAmu E (8, 0) =
=¢"(a,0)=ac< S, npoxoarwme npn —6 <t <0 8 obnactAx x, <0 u x, >0 000 TBETCTBEHHO. Ann
cucrembt y =qly) aHaNOrMuHO ONPERENRAIOTCA pELLeHNA Y =1 (b t) wy=n"lbt), b= x(a)ES Kaxaown
vouke x = £ (a,t) Ha Tpaexvopuu TaKOro peweHuR (uam x = £'(a, t)) nocTasum BCOOTBETCTBME TOYKY

y =n'(b, mib)t) (cooveercvaenHo y = n'lb, m(b)t)).

MonyuexHoe oTo6paxenna y = y(x) cosnapser wa .S c otobpaxennem y = x{x) wn nepesoant Tps
eKTopuM cucTemsl X = plx) 8 TpaexTopun cuctemobr y =gly) c coxpaHeHmem Hanpas
NMpu x, 0 vIx)EC', anpu x, =0 HenpepLIBHb! oy lox;, i=1,2. Anr nenPepblsnocm av/ax,
ADCTATOYHO HENPEPLIBHOCTH npou:nonuou OT y No Hanpasnewuio sextopa n=p° —p" =p —p°, Te
ROCTaTOYHO HenpepsiBHOCTH V' (x)n (Y’ (x) — marpuua AKO6K).

Tak xak vix) = x(x) wa nnockoctm x, =0, a sextop p° nexur B8 3TCH ANockocTk, 10 B cuny (10)
npu x, =0

v'ix)p® = x'Ix)p°ix) = miy)g® ‘y)|y=x(x)‘ (11)
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Danee,
+ d + a
v,ixp x=,=; vit (o, r))=;— n (b, mib)t) 12)
t

npu t=0, b=xla), \b't(x)-' ”—Tzo vix,, x;, x,). Tak ke y-n*(b, t) — pewenne cucremm y =qly),
10 npasan vacte (12) pasn’a‘sm(y)qt(y), rae y = xla). 3naunT, npu y = x(x)

\,':'t(x)pi = m(y)qi(y).
Ovcioas m u3 (11) cneayer npu y = x(a), 8€ S,

v (8)(p® la) — p*la)) = miy)lg® ty) —q*ly)), ‘

v. (@) ta) — p® ta)) = miy)a~ly) —g° ). ha)

Mpaseie wactu cosnapawT 8 cuny (9). Toraa npeaencHuie 3HaueHun sextop-dywkuun v'ixln ¢ oa-
HOW M C ApYro#i CTOpPOHbI MOBEPXHOCTM S COBNAABIOT, T.8. 318 (PYHKUMA HenpepbisHa Ha S. Cnenosa-

rensHo, v ix)EC’.

Texk Kok y = xi{x) — anddbeomopdmsm na S, 1o Bektoppt ¥'ixle,, v'Ix}=e, IXES;e,, 0, — Bex-
TOpSI, NapannenbHsie ocAM Ox,, Ox,) nuHe#iHO He3aBWMCMMBbI W NEXaT B nnockocth x, =0. B cuny (7)
u (13) sextop ¥'Ix)(p° — p°) we nexur B 3TOH nnockocTu. O6nacTs 3HaueHwit nuHeiRHoro npeobpa-
soBaHnA U'{x) COAEPWMT TPU NUHERHO He3BBMCMMBIX BEKTOPS, nNo3tomy dety’'(x) #0 (xES).  Cne-
AoBaTENBHO, ¥ = Y {Xx) — anddeoMopdu3M B OKPECTHOCTM NOBEPXHOCTM S.

Cneacrsune /lpu doonpedenequu a) § 4 8 oxpecrnwocTu nwobold Tovyxu OeymepHol ocobenHoc-
Tu, 208 fix) fyix) <0, FO(x) # 0, cywecrayer dudppeomopduim, npu KOTODOM TPAEKTOPuU CucT8-
mor (1) nepexoOAar e rpaexropuu cucrems:

y’| = 1. V., = 0: y‘; = _99"73'

4, BonuLWwanA 4acTL pesynsTatos N. 2 COXPAHAEGTCA M ANA aBTOHOMHbIX cucTeM audde-
peHUuManbHLIX YPaBHEHWA 8 N-MEPHOM NPOCTPAHCTBE C NPaBbIMM 4aCTAMMW, Pa3pPbIBHLIMU
Ha rnaakont (n — 1) -mepHoin nosepxHoctn. OaHako cnyvan bb,, Bb,, BB3 (koraa Bek-
Topul ¢ (x) n g (x) KacawoTcA NOBEPXHOCTM P, HO He KONNWHeapHbl) pacNaaaloTCA Ha
Gonee Menkuve TOMONOrMYECKHE KNACChbl.

NMpumep. AnA cucremsl

*l=1, *2=*3=X'4=0 ‘X4<0), k2=1, k|=*3=)'(4=0 ‘X4>0)
UMEKTCA nexauine Ha TpeXMepHOﬁ rmnepnnocKoCTn P (X4 =0) ABYMEpHbIE nosepxHoOCTH
X3 =C, Xg4 = 0, 3anonHeHHble ABYMA cemeiicTBaMu TpaeKTopMﬁ — TPaeKTOPUAMU CUCTEM

x=f(x) w x=f"(x). [INA cnCTeMbl, NONYY3EMOIi U3 HANNCAHHOW 3aMEHOM MWL OAHOrO
ypasHeHnA X3 = 0 ypasHeHnem X3 =X; npU X3 > 0, Takux ABYMEpHbIX NOBEPXHOCTE HeT.

§ 22. Jinnefimie u ToueuHbIe 0COGEHHOCTH Ha IOBEPXHOCTH Pa3phiBa

BoiaenAoTCA TOMONOruYeckue KNacchl NUHEMHBLIX U TOYeuyHbiX O0cobGeHHOCTEM, nexawmx
Ha rNapgKol nOsepxHOCTH pa3pbisa NPaBOA 4acTU CUCTeMbl. Y Ka3biBaloTCA rpyGbie 0cobeH-

HOCTW W HEKOTOpbie Herpybsie.

1. Mycrs nosepxHocts SE C? penut koHeuHyto obnacte G C A> Ha wactn G~ u G°,
a BeKTOp-hyHKUUA fec. paspbiBHa Tonbko Ha S. Mycts BuinonHews! ycnosua 1°— 4°
n.2 § 21. O6o3sHaweHuA f', fy ¥ T.0. Te xe, 410 B § 21. PaccMOTpUM cucTemy

x =fix), x ={xy,x,;,%x;) €G. (1)

Cnyvau fy fn >0 (tTononoruueckoi ocobenHoctu HeT) n iy fny <0, F°#0  (asy-
mepHan ocobeHHoCT Knacca AA,;) paccmotpedsl 8 8 21. MoatoMy apyrve ocobeHHOCTH
MOTYT NOABNATLCA TONLKO Ha Tex MOAMHOXECTBax MOBEPXHOCTW S, rae wnu £ =0, unu
fny=0, nan fy = 0. MoxHO 8b1AeNUTL 6 TMNOB OCOBGEHHOCTEN, NeXaulnx Ha MOBepXHOC-
TM S ¥ XapaKTepn3yembix BbINONHEHWEM CMERYIOWMX YCROBMIA B TOYKAaX PacCMaTpusaemol
oco6eu_nogu: '

1.fyfy <0, f%=0

2.fy =0, f"#0, fy #0 (wnu fy =0, f #0, fy # 0).

3.fy=fy=0 F+0, f +0.

4.f =0, fy #0 (wnm f =0, fy # 0).

f*'=0 fy=0F#0 (um £ =0, fy =0, £ #0).
f=f=0.

5.
6.
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YcnoBuA, xapaktepusyowme Tunsl 4—6, MOryT HapyLwaTtbCA NPU CKONb YFOAHO Manbix W3-
meHeHnAX byHKuwn f. Mo3ToMy panee paccMaTrpvBalOTCA TONLKO ocoGeHHOCTM Tunos 1-3.
B n-mepHoM cnyuae ocobeHHocTM Tunos 1—3 paccmartpusanuce B [3], rm. 2, 81, m
s [100], [199]-—-[202].

Byaem npeanonarats, 410 dyHkummu f, f° fiy, fN MOryT 06palllaTbCA B HYNb TONb-
KO B WIONUPOBaAHHLIX TOYKax, Ha Koneunom ynucne KyCcOYHO rNaaKuX NUHMA U B KOHeu-
HOM uucne o6nacteti ¢ KyCOYHO FNAAKUMWU rpaHuuamu. JTO NPeanonoeHve BbINONHAET-
CA, B 4acTHOCTW, KOrpa GyHKuMA f(X) U NOBEPXHOCTb S — KYCOWHO aHanutuueckue.

PaccmoTpum cnyuait £y f <0. Mycts, Hanpumep,

fv >0, fy <0. (2)

O6nactu Ha nosepxHoctu S, rae O # 0, ABNAIOTCA ABYyMepHLIMW OCOGEHHOCTAMW Knac-
ca AA,, a obnactu, rpe f° =0, — knacca AA; (n.2 § 21). Ocraerca paccmorpen. rpa-
HUUb) O6nacted, B KoTopbix f° =0, U OTAenbHsIe NUHUKM W Toukw, rae f° =0. flnAa cuc-
Tembl

x=f%(x), X €S, (3)

ONUCLIBAOLLIEN ABMXEHUA MO NOBEPXHOCTM S, 3T AuHUKM (UAM KX KYCKU) ¥ TOYKU AB-
NAIOTCA NUHEAHBIMU U TOMEYHbLIMU OCOGEHHOCTAMM, COCTOALLMMMU U3 CTAUMOHAPHLIX TOYeK.

Tak kak f° €C', 1o u3 Teopembl 2 § 16 cnepyeT, 470 Takue NUHEIHLIE 9coGenroc-
TN MOTYT NPUHAANEXaTb TONLKO Knaccam aa, ab, ac, bb, bc (echw dynkuma f° ypoene-
TBOpAeT ycnosuio 4 n. 2 § 16). PaccmatpuBan pasnuukblie HANpasneHnA [OBWXEHWA No
TpaekTOpuAM cuctembl (3) C OAHOW U C APYroW CTOPOHbLI UcCcneayemow nunun L u yuu-
TeiBaR (2), nonyyaem 10 pas3nuuHbIX CNyvaeB NOBEeAEHUA TPAeKTOPUA B TPEXMEPHOW OK-
pectHocTu nuHum L. Knacc aa paer 3 cnywaa, knaccel ab, ac v bb — no asa, knacc bc —
oavH cnyyan. Mokaxem, 4o 3Tn 10 cnyvaes asioT 10 TONONOrUYECKUX KNaccoB NUHEH-
HbIX ocoﬁgnuocteﬁ;

Ecnu fy >0, fy <0 8 3amxHyTOW OrpanuueHHod obnactu K, nexauledt Ha noBepxHOC-
™S, 7108 KaXAYI0 TOuYKY a€K npuxoautr npu t =0 oana TpaekTopua u3 obnactu G
n oaHa w3 G, [lna nexkotoporo T>0 BCe 3T TpaekTopuu nNpm —T7<t <0 Cywecrsy-
10T, He UMeloT ob6wux Touek, Kpome obuinx koHuos aEK (cm.cnyvai A, n. 2 § 21),
M 3aNONHAIT 3aMKHyTylo obnacte Z(K, 7). % ~

PaccmoTpum cuctemy (1) v cucremy x =fix) c dyukumeli fEC’,, paspuiBHO# Ha no-
BepxHoCTM S; nogobHo (2) u (3), Ha §

v >0, fn <0, x=Fx).

Nemma 1 [200]. Ecnu cywecreyer ronono2uveckoe orobpawenue T 3amMxkHyTOU 02-
parnuventold obnacru KC S Ha 3amxHyryto obnacts KC S, npu Koropom TpaexTopuu
cucremsi (3) nepexodAT 8 TpaexkTopuu cuctems: X =F°(x) (u 0bparHo) c coxpaeruem
HanpasneHuA OBUXEHUA NO TPAeKTOPUAM, TO oOTobpawenue T MONHO NPOOONMUTL Ha
Z(K, T) ¢ coxpaHeHuem yKazaHHbix c80OUCTE NO OTHOWEHUIO K TpaeKkTopuam cuctem (1) u
x=flx).

Nokasatenscteao. Nycs Nnpu —7<t <0

x=9p%ta) (p(0,3)=a€EK)

— pewenuA cuctemsl (1), ¢ npoxoauT 8 G’, ¢ — B G . AHanorwuno, x = Y (t, b) —
PeUIHUA CUCTEMBI x 7(x) bEK ~ 7, St<0. Touke x=¢ *(t, a) nocrasum B cooTBeT-
creue Touky X = ' (1,7 1¢, Ta), ananormuno anA ¢~ TaK KaK pelEHNA HenpepbiBHO 3a-
BUCAT OT HaYaNbHLIX YyCNoBuW, a B cuny (2) TOuKa 2 n BPEeMA ABUXKEHUA ! HenpepbIB-
HO 33BMCAT OT TOYKM X = ¢ (t, 3}, TO nocTpoeHHoe OTOGpameHwe yaoBneTBOpAET Tpebo-
BaHUAM NEMMBbI.

3ameuanune flna aaHHOM cuctembl (1), o6nactn K un moﬁoro € > 0 HaiipeTcA wuc-
no §>0 oo cnepyouwumn ceonctsamn. [NA KakAOH cuCTeMbl X = f(x) Takow, uto f €
ec!, F—fl<8 n |[Tx —x|<8IxEK), oTo6paxenue 7, NpoaoniKeHHOe B CUAy nemmol 1,
casuraetT kaxayw Toduky obnactm Z(K, 7) meHwbiue, vem Ha €. [lnA Bcex § u3 HexoTo-
poro npomexyTka (0, 8¢) ucno 7>0 MOXHO B3ARTb He 3aBUCAWMM OT & n oT BbIGOpa
byHukummn f.
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AokasatenbcTBOo. Bo3moxHOCTL BbiOpa T BbiTeKaeT ui (2) u PaBHOMEPHOW He-
npepbisHOCTU dyHKumn f B obenx NONYOKpPeCTHOCTAX KoMnakTa K. YTeepxaeHue O casu-
fe, MeHblIEM €, CneayeT M3 T¢OpeMbl O HENpPEepPbLIBHOW 33BUCWMOCTM pelueHnA. Henpe-
PLIBHOCTL paBHOMepHa Ha KomnakTe K.

N3 nemmsbl 1 cneayer, 4To Npu yecnoswm (2) u yenoeuu 4° n.2 § 16 ana f°sce cuc-
TeMbl, ANA KOTOPbIX WMEET MECTO OAMH W TOT xe (NGO} U3 yKaszaHHbIX Bbiwe
10 cnyvaes, COCTaBNAIOT OAMH NOKanbHLIA TONONOrMYECKMI Knacc. Takum obpa3som,
npu 3tux ycnosuAax umeoTcA 10 NOKanbHbIX TOMONOrMYECKMX KNAaCCOB NWUHENHHBIX OCO-
6eHHOCTEN.

Y1o6b1 nccneposate rpy6OCTL OCODEHHOCTH, NPEANOAOKMM, YTO BbINONHEHO cneayouwee
ycnosme:

5 Anm HeKoToporo m=1 numeem SECTY! fe C”, » Ha KaXaoMm KoMmnakTe, rae
IfoN(x)H Ifn{x}# 0, npn pocratourHc Maneix namexernAx (8 C7') dywkuunm £ byHKuUmMA
f” toxe mano Menretcr (8 C™), u nwboe manoe mameHewme (B C'") byrkummn £O Mox-
HO MOAY4ATe, Mano MeHAA dyHkuwio £ (8 C),

JT10 ycnoeve BLINONHAETCA, B 4acTHOCTM, Npu aoonpeaeneuu a) § 4.

Nemma 2 [200]. /Tycre cucrema (1) ydoenersoprer ycrmosurwo 5° ¢ m=1 u ycno-
euro (2). Toz20a apyGocrs cucrems: (3) & 3amuHyTOU O02panuveHnol obnactu W C S Ae-
nAeTcA HeobXOO0uMBbIM u GocTarowHsiM ycnoguem 2py6ocru cuctems: (1) & o6nracru
ZW, 7).

Noka3aTensCcTBO NPOBOAMTCA NYTEM NPUMEHEHWMA CTaHAAPTHLIX PACcCYXAEHWA O
rpy6bix cucreMax € UCNONL3CBaHMEM 3amedaHuA K nemme 1.

3ameuaHue. MogobHoe nemme 2 yrBepKAeHMe, HO yxe ¢ m=3, cnpaseAnnwBo ANA
cuctem 1-4 ctenenn Herpy6ocCTw.

Cneactvewne 1. J/luneinsie ocobennocTu ykazanHsix @siwe 10 nokansHsix ronono-
2UYECKUX KNacco8 RGNAIOTCA NOKaNbHO Hepybsimu, T1.e. cuctema (1) — Hezpybas 8 Kaw-
dol oxpecTrocTu mobod TOYKU Takoll nuHeldHold 0cobeHHOCTU.

MoXHO MoOKa3aTh, YTO B 3TOM Cryuae CTeneHs HerpybocTn GeckoHeuHa.

Cneactemue 2. llpu ycrnoeuu (2) cywecrsyor ronsKo 3 TONONOUYECKUX KIiacca
2pybsix ToveyHsix ocobernHocTed cucremst (1). [lpu 3rom cucrema (3) Ha nosepxwHocTu
S umeer cooreercrgenno: 1) 2pybsii ycrodwussiti y3en unu gokyc; 2) 2pybeid  Heyc-
rodvuesid y3en unu dokyc; 3) 2pyboe cedno.

Cneactewne 3. [Tpu ycnosuu (2) cywecreyror Tonsko 4 TONON02UYECKUX KNacca
roveyHsix ocobennocred 1-a crenenu He2pybocru ona cucrems! (1). flpu 3rom cucrema
(3) Ha noeepxHocru S umeer unu cednoyzen kparnwocru 2 ([185], crp. 236}, unu cnoxc-
uoii ghoryc kparwocru 1 ([185], crp. 2563). Kawdomy u3 arux cnyvaee ona cucrems: (3)
COOTEETCTBYIOT. NO 083 TONONO2UYECKLUX KNIACCa TOYeYHbIX ocobennocreld OnA cucremsr (1),
PaINUYAIOWUXCA HaNPaaneHliem OBUNEHUA NO TPAEKTOPUAM Ha NOBEPXHOCTU S.

370 yTBepaeHMe cnefyer U3 3aMevaHMA K feMMme 2 U ¥U3 TOro, MTO TONLKO yKa3aW-
Hbie ABa TUNa ocobbix ToueK cucteMsl (3) wmeloT 1-10 cTeneHb HerpyGoctm  ((185],
crp. 382).

PaccmoTpum Tenepb ypasHenue (1) B N-MepHOM NPOCTPaHCTBE B OKDECTHOCTW rnaag-
ko (n — 1) -mMepHoi nosepxHOCTM S, Ha KOTopow BekTop-PyHkuma f(x) paspbiBHa. Kak
B8 cnyvae n=3, npu ycnosun (2) tononormyeckaa knaccudmkauua ocoGeHHOcTen cuc-
vembl (3) (c coxpaHeHMeM HanpaBneHWMA ABWXEHWA NO TPaeKTOPMAM) NONHOCTLIO Onpe-
AeNAeT TONONOMMYeCKYIo Knacaudumkaumio ocobeHHocTert cnucteMbl (1), nexawmx Ha no-
BepxHOCTM S, U BCe Takue 0CO6EHHOCTM COCTORT U3 CTaUMOHAPHbLIX ToueK. fleMMbl 1 1 2
OCTalOTCA CNpPaseAnuBbiMU U B8 N-MepPHOM cnyuae. MNonobHO cneactenio 2 nemMMsl 2 cnpa-
BEANWBO CleAyioulee yTBepXAeHne:

Ana ypaenenun (1), 20e xER", npu ycnosuu (2) cywecreyer ronsko n rononozu-
YeCKUX Knaccog 2py0bbix TOYEK, neX@ujix Ha noeepxHocru S. Ecnu S — nnockocrs x, =
=0, ro 9nA ocobsix To¥eKk k-20 Tononoz2uveckoz2o Knacca marpuya (n — 1)-20 nopAdka

( af?)
Oxj /ij=1, . .n—1

(3#avenun npous3soOHsix b6epyTcA 8 0ocobol Toyxke) umeer n —k orpuyarensisix u k — 1
nonowurensHsix Rel;. lpu esmonnenuu ycnosuid (2) u Re\;<0,i=1,...,n—1,0c0-
6aA TOYKa acuMNTOTUYECKU YCTOUYUBa.
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2. PaccMoTpum cnyuai, korga Ha rnaakod nuaum L C S tonbko 0AHa M3 hyHKuWN
fy v fy pasHa Hyniw. lycts, Hanpumep,

fy >0, £°#0, fy=0wa L. (4)

Yacte nosepxHocTu S, nexauwan 86nv3m paccmatpusaemMow nNuHMM L, NENUTCA 3TOW nu-
Huewt Ha aBe obnactu: S, u S,. Benny (4) moxHOo cwTtath, uto fy >0 8 S; M S,.

MNycts dyHKumA fy 8 Kaxaon w3 obnacten S; U S, WAM COXPaHAET 3HAK, WNKU pas-
Ha Hynio, a sexTop f (x) 8 Toukax x €L Hanpasned unu oT S; KkS,, unn ot S, K S,
WAU NO KacatenbHo Kk L. PaccmaTpusaA paanuuHble KOMOGMHAUMK 3TUX BO3MOXXHOCTEN,
nonyYaeM OCHOBHblE KJ1acChi AIMHENHbIX OCOBGEHHOCTEN, nexawmx Ha NOBEepPXHOCTU S, Npu
ycnosun (4). Cnyuam, korpga 8 CKONb YroaHoO Manovd OKPecTHOCTH paccmaTpusaemon
TOoukM A€ L cdynkuua fy nubo B8 S, nnbo B8 S, MeHAReT 3HaK wnu sexTop f° MeHA-
eT Hanpasnewne, NPMBOAAT K TOYeuHbIM ocobeHHocTAM. Bauay Gonbworo amcna 8o3mMoX-
HOCTEW fJanee paccMaTpPUBAIOTCA NUWb OCHOBHbLIE U3 HUX, B TOM 4uche 8ce rpy6ble ocobex-
HOCTW.

a) MNycrs BbiNONHeHo ycnoBue (4) ¥ dyHKUMA fn MMEET pasHbie 3HaKw B S; M B
S,, Hanpumep,

f;(;(OBS., fl‘:l>0382. (5)

Torpa « nuumn L B8 obnactm S| npumbikaer aBymepHaa ocobeHHOCTs kKnacca AA,, a 8
o6nactu S, TpaekTopuu nepecexaioT nosBepxHocTs & u uayT 3 G 8 G .

AnAa x €L nycre nix) — HeHyneBoW BeKTOp, KacaTenbHbi® K S, HOpManbHbil K L n
HanpaBneHHeit ot S, K S,. PaccMOTpuMm cnyuamn

n-f">0Ha L, (6)
n-f"<0 wna L, {7)
n-f"=0 Ha L. (8)

Nemma 3 (200]. Bce cucremsi, ydoenersopaowue ycnosuam (4) — (6), & oxpecr-
HOCTU KaO00U TOYKU Aunuu L umeioT Takywo we Tononozuseckyro crpyktypy (puc. 106),
Kak cucrema

vi=1, y2=0, y3=y,, ly;>0),
V|=}"2=0, }"3=1 (y; <0), (9)

doonpedenernan coznacHo a) § 4, 8 oxpecrHocru Towku O = (0,0, 0).
Aoxkaszartenscreo. MMoctpoum Tononoruvyeckoe otobpaxeHue, nepesoaAuiee Tpa-
eKTOpUM NaHHON cucTembl (1) B OKpecTHOCTM TOuku 4<€ L B TpaeKTopuun cuctemsi (9).
Mycte P — rnagkan nosepxHocTs, NPOXOAAUIAA Yepe3 NUHUIO L, H1 B8 KakKOW TOuKe
X € L we xacawouanca sextopa f(x) u pacnonoxeHHan 8 G' 86Anav nunuu L. Nycte
y = Ylx) —tononorudyeckoe otobpaxene, nepesoaAuiee TONKY @ 8 Touky O, cogepxawmin
TOYKY @ KyoOK ! nuHum L — 8 OTpedok |y, |<p o Oy, . anpumsikaowme K | Kycku
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nosepxHocTed S; u P, nepecekaembie TPaeKTOPUAMMA cucTembl (1) TONBKO B OAHOM
Hanpasnexun, — B8 KyCku nonynnockocten y3 =0, y; >0 n y; =0, y3 >0, npumbika-
oume K otpesky ocu Oy,.

NMpoponxmm 3to oTo6pakeHe No TPaeKTOPUAM ha S,. Ecnu x=¢ (t b) —  pewe-
Hue cuctemnbl (3) Ha S; c HawanbHbiM ycnosuem ¢°(0,b) =bEI, ay= ") °(t, B) — nexa
utee Ha nonynnockoctn y3 =0, y; <0 pewenne cuctemsl (9), moonpeneneHHoM cornmac-
Ho a) §4,9°0,6)=b=yl(b), To kawaoi Touke x =y°(t, b) nocrasum B coOOTBETCTBUE
Touky y =¢"(t, Y(b)).

3ateM Takum xe 06pa3oM NpPoAONMUM 3TO OTOGpakeHue MO TPAEKTOPUAM CUCTEMDI
(1), BbIXOAAWMM M3 TOwek nosepxHocTesi S n P B o6nactn G  u G~ MoctpoenHoe
oto6pakeHMe B3aUMHO OAHO3HAYHO U HENPEPLIBHO B HEKOTOPOA OKPECTHOCTU TOYKWU a
B CMNY HenpepbiBHOW 33BUCMMOCTM PELLEHWA OT HauaNnbHOro YCNOBWUA M HEeNnpepbLIBHOW 3a
BUCUMOCTM TOMKU X0 €ES 1 wacna t oT Toukn X = (t, xo). Mo nemme 1 89 310 0706
paXkeHue — TONONOrUuYeCKoe.

Nemma 4 [200). Bce cucremsi, ydoenereopsioujue ycnosuam (4), (5), (7), e ox-
PECTHOCTU KamO0U TOYKU NUHUU L UMEIT Takyio e TONOMO2UYeCKYlo CTPYKTypy
(puc. 107), xax cucrema

yi==1, v2=0, y3=y:, ly3>0);
Vi=y2=0, y3=1 (y3<0),

doonpedenenHan coanacHo a) 8 4, @ okpecrHocru Toyku O = (0,0, 0).

Nokazatensbctso. CHauana nocTpoum otobpaxenne y = Y(x ) Hanuumm L. Kak
B nemme 3, NPOAON UM €ro MO TPaeKTOPUAM Ha S:.

TpaekTOpua X = ¢ (t b) cuctembl (1) c HauanbHeiM ycnosuem ¢ (0, b) =bES,, npo-
xoAaAWwan 8 o6Gnactu G', nepecever S, B Touke c =c(b), ecnu Touka b gocTatouHo 6aus-
ka K nuium L. (B camom gene, ecnu dynkumio fix) 8 (1) rnagko npoaonxute U3
o6nactn G* 8 G, 0 8 cuny (5) uepes Toukn nuhumu L 6GyRyT NPOXOAUTH TPAeK TOpPHUM,
o6oumu KoHuamm yxoanAuwme 8 G . MoaToMy uepes BCe AOCTaTOuHO 6An3kue K L TOuKKH
b€ES, UG npoxoanr TPaeKTopuu, UAyluUe CHavana B G', a 3atem nepecexaiowme S,
86nu3n L n yxoaAwwe 8 G ) -

Ovo6paxenue c(b) HenpepbiBHO B _OKpECTHOCTH, ANHUK L. Ecnm c= = (t.(b) b), b=
=y(b) v anm cucremwr (10) Touka €=¢ (t,(b) B) TpaekTopuu X = =¢*(t, B) newmt 8 no-
nynnockoctu y3 =0, y; =0, 10 npyu ( 0=2t2t,(b) Touka x=y *(t, b) TpaexkTopWM cucTe
mbi (1) oTo6paxaetcA B Touky y =@ (tt; (B)/t, (b), b) TPaeKTOpuM CHCTEMBI (10). Takum
o6pa3zom, oto6paxenme y = Y(x) npomonkaeTcA Ha nexauwlyio 8 G nonyokpectHOCTb nu-
Hum L. MNpogonxkenme 8 G~ Npou3BOAUTCA Kak B8 nemme 3.

Byaem rosoputb, 4TO NUHeHaR O0CO6GeHHOCTL NpuHagne»mMT knaccy L, (wam L), ec-
NN OKPECTHOCTU ee TOYEK WUMEIOT Ty >Keé TONONOMUYECKYI0 CTPYKTYPY, YTO OKPeCTHOCTH
Touek nuHumM L anA cuctembl (9), (puc. 106) (cootserctseHHo anA cuctemsl  (10),
puc. 107).

Nemwma 5. llpu ycnosuax nemmer 3 (unu nemmer 4) u ycnosuu 5° n. 1 cucrema
(1) — 2pyb6aa e docraroyHo Manoid oKpecTHocTu mobol Toyxku nuxuu L.

Aoxasatenscvso. Tononornyeckoe oTo6paxeHne OKPECTHOCTU TOYKK A € L, ne-
pesopAulee TpaekTopun cuctembl (1) B8 TpaekTopun 5-6NU3KON CUCTEMBbI X = =flx), cTpo-
WTCA Tak e, kak B nemmax 3 u 4. Mpu aocratouHo Manom 6 3To oToGpakeHMe MOX-
HO cAenath €-0TOGpakeHMeM, Kak B 3aMevaHun K.iemme 1.

AnR nccneposaHuA Herpy6biX CnyvaeB HY>XHa gneayrowan nemma.

Nemma 6. Mycrs 6 yunundpe Z(x,|<n, x3 +x3 <p?)

f=(f,f,f3)EC', f12h>0, f,(x,,0,0) >0, f;(x,,0,0)=0. (11)

Ecnu 1> 0 docrarovHo Mano, To cywecreyer noeepxrocrs P (x, =g(x,, x3) € C), npoxo-
Orwan vepes ocs Ox,, denawaa Z Ha Ose vacTu Z" (x2<glxy,x3)), 2% (x5 >g(x,,x3)
U nepecexaeman TPBEeKTOPURMU CUCTEMb! X =f(x) ronsxo e 0O0HOM Hanpsenewuu — u3
2~ e Z°. Kawdan TpaexkropuA nepecexaer P e 0OHOU TOYKe, KDOME Crly4aA, K020a TpaeK-
Topua codepmur orpesok ocu Ox,, Ha xoropom f, =0.

Nokasatenbcteo. NMycts I — nocroAnHaa Jlunwuua anA dyHkun fe Z un 0 <

<7 <h/4l,r=\/x2! +x!3. Bo3bmeM k = 4l/h. ®GyHKUMA v =X, +kX,r pasHa Hyni0 TONbKO
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Ha nosepxHocTu P,
Xy = —kxybesl(1 = k2x3)7V2

Npu Ix,|<7n, r#0 8 cuny cucrembl x =f(x) umeem

, X2 X3
V,=krf| +(1 +kX|—)f2 +kX|——- fg.
r r
B cuny ycrosuAa flunwuua v cootwowenwn (11) £, = —1Ir, |f31<Ir. Tak kak lkx,|<1,
x;i/rl<1,i=2,3, 7o npn r>0
Viy=krh —2Ir —Ir = rikh — 31) > 0.

3HauuT, peweHwA He MOryT nonacte u3 obnacru Z°, rpe v>0, Ha noBepxHoCTb P, rae
v=0, a c P He Moryr contn 8 Z .

Nemma 7. Bee cucremsi, yooenereopatowue ycnosuam (4), (5), (8), @ oxpecrHoc-
Tu noboid Toyxu nuHuu L E C* umeror TaKyI0 e TONonoO2UYeCKyio CTPYKTYypy., KaK cuc-
rema

yi=1 y2=0, y3=y, (y3>0);
Yi=v2=0, y3=1 (y;<0) (12)

8 okpecriocru toyku (0,0, 0).

DokasatenscTso. C nomowsio rnaakoi (knacca C2) 3aMeHbl nepeMeHHbIX nepe-
8efieM NOBEPXHOCTb S B NAOCKOCTb So, @ NUHUIO L, ABNAIOWYIOCA TpaekTopuel 8 cuny (8) ,—
8 npAMyio Ly. Tofaa 6yayT sbinonHeHbl ycnosua, nofobHbie (4), (5), (8). N3 nemmbl 6
CneayeT, YTO y KaXaon Touku 3 € L, UMeeTCA OKPECTHOCTh, B KOTOPOW HET Ayr TPaekTo-
pWi, BbLIXOAAWMX OBONMU KOHLLAMU HA NAOCKOCTL Sp. B Takoi OKPECTHOCTM MOXHO NOCTPO-
WUTL TONONOrU4YeCcKoe oTobpaxkeHue, NepesoAAULIEe TPAEKTOPUN AAHHON CUCTEMbI B TPaeKTopuu
cuctembl (12), Tem xe cnocobom, uto 8 nemme 3.

Nemma 8. /lpu ycnosuax (4), (5) u L € C? umeiorca Tonsko 3 noxansubix rononozu-
YeCKUX KNacca nuHedrbix ocobeHHocTed, yKa3aHHbix e nemmax 3,4 u 7.

JNoka3zatensbc T80. Ha kaxaon nuHeAHon ocobeHHOCT L nwmeeTCA Ayra, Ha KOTO-
pow BbINONHEHO OAHO u3 ycnosun (6) — (8). B okpecTtHOCTU 060 TOYKM TaKOW AYrv NUHENR-
HaA 0COGEeHHOCTb NPUHAANEXNT OAHOMY u3 3TUX Tpex knaccos. U3 onpeaeneHuA nuHeiHon
0cobeHHOCTU ChnepyeT, YTO TO XXe CNpaBeANUBO ANA OKPECTHOCTU niobGon Touyku nuHum L.

Taxkum o6pa3om, B8 cnyyae a), Koraa sbinonHensl ycnosuA (4) n (5), paccmoTpeHbl BCe
nuHeWHble 0Co6eHHOCTH.

6) Mycrtb BbinonHeHo ycnosue (4) nfx>08S5, nS,. Toraac o6enx CTOPoH oT AuHuK L
TPaeKTopuu NepeceKalnT NOBEPXHOCTb S. B Kaxaylo TOUKy AuHuM L BXOAWUT OAHA TPaeKTOPUA
u3 obnactu G ~. Ecnu Ha L (unu Ha kakoit-nnu6o ayre!/ CL) sbinonHeHo ycnosue (8), 1o L
(vnn ayral) ABnAeTCA TpaeKTOpuWen, a B CUNY CKa3aHHON O BbilE — IMHEMHON 0COBGEHHOCTbLIO.

- Ecnu »ke HiM Ha KakoW Ayre nuHumu L He BbinoNHeHO ycnosue (8), To HUKaKaA ayra nuuum L He
ABNAETCA TpaexkTopuen. Toraa yepes KaXAYI0 TOUKY AMHUK L NPOXOANT €AUHCTBEHHAA TPaeK-
TOPUA 1 B 3TO OKPECTHOCTU HET HUKAKMX Tononoruuecknux ocobeHHocTed no Teopeme 3 § 12.

Cnyuait, Korna sbinonHeHo ycnosue (4) v F <08 S; u S,, CBOAUTCA K NpeabIayLeMy
3aMmeHoit t Ha —t B ypasHenuu (1) B 06nacTuG * . CneposarensHo, ecnu ycnosue (8) sbinon-
HeHo Ha ayre | CL, 7o 3ta ayra — TpaeKTOPUA, B KaKAYI0 TOYKY KOTOPO BAUBAETCA TONLKO
OAHA TPaeKTOPUA — TpaeKTopuA u3 obnactu G ~. B kaxayio Touky obnacteit S, u S, snusa-
I0TCA ABe TpaekTopuu — oaHa w3 G —, apyran w3 G*. lyral — nunHeitnan ocoberHocTs. Ecau
e HUKaKaA Ayra nMHuM L He ABAAETCA TPaekTopueil, TO NOBepXHOCTb S (86nu3au nuHum L)
ABNAGTCA ABYMepHOW 0COBEeHHOCTLIO Knacca AA .

8) Cnyvan, Koraa sbinonHeHo ycnosue (4) n Fy=08S,,a8S; unuf >0, unn fN <
< 0, pacCcMaTpUBAlOTCA aHanorMyHo. B KaaoM u3 3Tux cnyvyaes umeeTcA no 3 Knacca nu-
HefiHbIX 0COBeHHOCTEH, BbiAGNAGMbIX COOTBETCTBeHHO ycnosuAamu (6), (7) w (8).

WUtak, npu ycnosun (4) u L € C? umeetcA 11 noKanbHbiX TONOMOrMYECKUX KNacCos
NUHeAHbIX ocoberHocTen. U3 HuxX Tonbko 2 rpybbix (ykasaHHbix 8 nemmax 3 u 4) .

r) PaccmoTpum cnyuau, kKoraa sbinonHAWTCA ycnosuA (4) u (5) u Ha ayre ab avnuu L
BbINONHAEGTCA 0AHO U3 ycnosuit (6) — (8), a Ha ayre bc — apyroe. Toraa atn ayru — naun-
HerHble 0CO6EHHOCTU Pa3HbIX KNAcCoB, a UX 06wmin KoHeu b — ToueMHaA 0COGEeHHOCTS.
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Mycts x= ¢ (s) — ypasHenve nunmn L, o € C2, ¢' (s) #0, a <s < B. Oynkuma f iy (x) €
€ C! onpeaenena anA xE S, u Vf j; — ee rpaavenHT, T.e. BeKTOP, KacaTenbHbiit K S. O Han-
pasnex B8 CTOPOHY BbicTpeliwero pocTa dyHKuuu f iy Ha S, a ero AnNuHa pasHa NPoOU3BOAHOK

ot f } no atoMy Hanpasnewwio. inA X € L sextop nix) € C' kacaerch S w Hanpasnew no
HopManu K L oT S; Kk 8, n(x} #0. PaccMoTpum cKanApHOe Nnpov3sseaeHne
= LFt
pley=nbe) - F x) |, _ - (13)
NycTe napaMetp s Bbi6pax Tak, 4To s < 0 Ha ab, s > 0 Ha bc, ¢ (0) = b. Bextop f* (b) kaca-
etcA L. Nycte BexTop ¢’ (0) wanpaBneH B Ty xe ctopoHy, 4to f * (b) . Viccneayem pacnonode-

-~
\\(
AN,
s
Puc. 108.

Hue TpaekTopuit 8 o6weM cnyuae, T.e. NpU yCAOBUAX

Viny #0 wa L, p'(0)#0. (14)

CornacHo [203] sexTopHoe none f(x) € C” obwero nonoxeHua, He uMeloutee 0CoBbIX
Tovek (T.e. f(x) #0), 8 o6nactn G* CR3 ¢ rnapkoit (knacca C™) rpaHuueit S B okpecT-
HOCTV 06O TOYKKM rpaHvUbl FNaaKOW 3aMeHOI NepeMeHHbIX NPUBOAUTCA K OAHOMY u3
Tpex BUAOB :

£ =1, & =0, £3=0;

£,=&,, £, =1, £ =0;

£ =k, £ =¢&;, £y =1.
B kaxAOM u3 3TUX CAYYaeB UMEIOTCA ABe BO3MOXHOCTU: 06nacTe G * nepexoaut B8 06nacTb
£; >0 unu B obnacte £, < 0. MNepBbIli cAy4ait paccMaTpuBanch B8 n. 2 8 21 (cnyuait A),
a 8TOpOit — B neMMax 3 u 4 § 22, B TpeTbeM ciydae 3aMeHa 2&, =y, £2 _2k,=y,, 8=y,
NPUBOAKUT cucteMy K Buldy {puc. 108)

yi=1, y2=0, yi=yi-y; lys > 0); (15)
eCnu Xe cucTemMa paccMaTtpusaeTcR B obnactu £, < 0, 10, 3aMeHAR y; Ha —y3, UMeeM
(puc. 109)

yi=1, y2=0, y3=y2—yi (y3>0). (16)
Ha o6omx pucyHkax TpaekTopuu B 06nacTu y3 > 0 pacnonoxeHbl TONONOM MYEC KU O ANHAKOBO.

Myctb cuctema (15) wau (16) nonyuena ua cuctemb: (1), rae dpyHkuun f onpepeneqa
8 G ne G, npuuem f 5> 0. TpaekTopuu n3 o6nactu G~ ROCTUraloT NOBEPXHOCTU S Npu
BO3pacTaHuu t, a NOBEPXHOCTbL S nepexoavT B nnockocTb y¥3 = 0. MoatoMy Ha naockocTu
y3 =0 wumeloTcA TpaexkTopum B o06nactu y, >y? (puc. 108) unu 8 obnactu y, < y?
(puc. 109) . 31a o6nacTs ectb 06natts S; (cM. (5)). Ha aunun L (v, =y}, y3 = 0) sexTop
ftiy) =(1,0,0) KacaeTCA NNOCKOCTH y3 = 0, a Touke y; =y, =y3 =0 kacaetcA nvunum L.
B cuny ycnosua 2° n. 2§21 wa L umeem 0 (y) =" {y) = (1,0,0). NonbayAck Tem, uto
f%{y) € C' 86nuan Toukm y = 0, MOXHO NOKa3aTh, 4TO Tam y cucreMsl (15) cywecrsyior
nexxawme Ha nnockoctn y; = 0 TpaexTopun, 06oumu KoHUuamy BbIXOARWME Ha MvHuo L, a
y cucrtemsl (16) ux HeT. 3HauuT, 3TM ABa CAYYAR TONONOMUHEC KU PA3NUUHbI.

BepA s =y, u yuurbiBan, 4To BekTOp 71{y) HanpasneH ot S; K S,, nony4aem, uTo npu
nly) = (2y,, —1,0) dyuxkuur (13) anA cuctemeur (15) pasHa ply,) =2y,. [nA cuctemss
“(16) nly) = (—-2yv,,1,0), ply) = -2y,.
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Teopema 1 [200). Ecnu FEC™ ¢ G*US,fEC' 6 G—,SE C™ u Ha S ucnons-
3yerca doonpedenerue a) 8 4,10 npu ycnoeuax (4), (5) u (14) cywecrsyror ronsko 2
TONONO2UYECKUX KNAacca ToveynsiX ocoberHocTed Ha nutuu L. Onu 6510enAI0TCA ycnoguamu
p (0) >0 (puc. 108) u p' (0) < O (puc. 109). -

Aoka3zatenscTBO. Nycte cuctemMsl A U A yaoBneTBOPAIOT YCNOBUAM TeOPEMBI U,
nanpumep, p (0) < 0,5 (0) < 0. C noMouwwio CHOPMyNNPOBAHHOTO Bbillle yTBEPNAEHUA
u3 [203] npusoaum o6e cuctemu k Buay (16) B obnactu y3 > 0. O6a npeo6pasoBaHuA
rnagko npogonxalwTcA B obnacte G, u nonydewHble cuctembl B u §, BooGwe
roBopA, pasnuuHbl Npu y3 < 0, 3HauuT, ux TpaekTopum B NAOCKOCTM y3; = 0 Toxe

pasnuuHel.
Tpaektopun cuctems! (16), KacalowmecA nnockoctu y3 =0 B Toukax Ayru K; (y; =

=y? y, <0), Bo3BpawWaioTcA HaNNockocTy y¥3 =0 B Toukax ayru K3 (4y,; = yf, yi1 =0),
n306pakeHHON NyHKTUPOM Ha puc. 109. B6nun3um toukun O = (0,0, 0) anAa ayru K5 dy,/dx, =
=y,/2, a anA nexauwen Ha nnockoctu y; = 0 TpaekTopuu B cuay poonpeaeneqvA a) § 4 no-
nyvaem Ha K3

ldy,/dy,|<ky}, k=const. (17)

B okpectHoctn toukn O Ha K3 Haknow (17) TtpaexkTopuit MeHble HaKnoHa ayru K3, v 3tn
TPaeKTopUK nepeceKaoT Tam Ayry K3, No OQAHOMY pa3y Kaxapan.

B oxpectHocTM Toukn O NOCTPOMM Tononoruueckoe otToGpaxenue y=v(y), npn koto-
pPOM TpaeKTopuu cuctembl B nepexomaat B Tpaektopuu cuctemsl B. Ha ayrax K,, K3, Ha
nonynpAMon y; =y3 =0, ¥y, <0 u Ha nNpoxoaAwMx uepe3 HUX TPaeKTOPUAX, feXawux B
obnactu y; >0, nycts Y(y) =y. Nanee, Ha YacTb y, <y’ nnockoctn y; =0 otobpaxeHne
pacnpoCTPaHAETCA NO TPaeKTOPUAM, nexawvm B nnockoctu y3 = 0. Ha ‘octanbHyio vacTs
NPOCTPaHCTBEHHOR OKPECTHOCTU Touku O OoTOGpaxeHue PacnpOCTPaHAETCA NO TPAaEKTOPUAM,
npoxoaAwmm B obnactax y3 > 0uy; <0, kak B nemmax 3 u 4.

Cnyuaii p'(0) > 0 pacCMaTpvBaeTCA aHanoruuHo.

3ameuaHue. YcnoBun FECT, SEC™ B Teopeme 1 He ABNAIOTCA HeOBXOAUMBIMK.
Ux moxHO ocnabuts, ucknioums cebinky Ha [203] u uamenuB aokasatenvcrso. Mpu stom
ycnoxxHAeTcA BbiBoa oueHku (17). Monyuenue oueHku (17) (xova 6bic o(y,) 8 npasow
4acTu) , paBHOMEPHON ANA BCEX CUCTeM, AOCTaTOMHO 6AM3IKUX K AaHHOM, NO3BONAET AOKa-
3atb rpy6ocTb ToueyHou ocobenHocTu npu ycnosuax (4), (5) v (14).

PaccMoTpum Teneps cnyuai, koraas (11) ycnoeue p'(0) # 0 3ameHAeTcA ycnosuem

p®P0)=0 ( =0,1,...,k, p¥*Y0)+0. (18)
Mpu 3ToM BO BCeX yCAOBUAX rNafKoCTU NOPAAOK rAaqKoCTU Hafo NOBLICUTL HA kK eavHUU.

Ecnu k HevetHo, yHKUMA p(S) He mMeHAeT 3HaKa u obpaliaeTcA 8 Hynb ToAbko npus =0.
Toraa HUKaKoi ToueuHo 0co6eHHOCTH HET B CUNY CNeayIoLULEen NeMMBI.

Nemma 9. Tycrs esinonrero ycnosue (4), L € C?,

fN<0 6 S, fy=08 S,

U Hu 00Ha Oy2a, newawan Ha S, He RenAeTcA dyzoli TpaexTopuu ypasHerud x=f * (x) . To20a
L — nunednan ocobemnrocts wnacca Ly, ecnun-f* >0nHa L, u knacca L,, ecnun-f* <0
Ha L.

AoxkasatenscCcTBO. U3 ycnoBuit neMmbl B Cuny 3ameuaHvA K cayvaie A n. 2 § 21
cneayet, 4Tto B S; umeeTcA aABymepHar ocobeHHOCTb knacca AA,, a B8 S, TpaeKTopuu nepe-
cexalet nosepxHoct S. NMycts F*=f B G*, F*E C' B nonHoit OKPeCTHOCTH ToukM b € L,
CpenaB 3ameHy nepemeHHbIX, MOXEM CuuTaTb, YTO S — nNOcKocTs, a L — npAman. Npu
Haanexawem BbiGope koopavHat dyHkuuA f * yposnerBopAer ycnoBuiw (11). Mo nemme
6 B OKpECTHOCTU TOUKU a CYLLECTBYET NOBEPXHOCTb P, NPOXOAALLUAA Yepe3 AnHuIo L, nepece-
KaeMaA TPaeKTOPUAMM cucTeMbl X = f *(X) TONbKO B OAHOM HanpaBReHUW U UMEIOWLAA NULLb -
OAHY o6uyI0 TOUKY C Kaxaon u3 Hux. C nOMOLWbLIO 3TOW NOBEPXHOCTN CEYEHNA MOXKHO MOCT-
pouTh, Kak B nemmax 3 u4, Tononoruueckoe otobpa>keHve, nepeBoaALLEe TPAGKTOPUA AAGHHON
cucTemMbl B TpaeKTopuu cuctembl (9), ecnu n-f* > 0, n B Tpaextopun cuctembr (10), ecnu
n-f*<o.

MNpu yetHOM k = 2 hyHKumA p(s) meHAeT 3HaK, n Touka b € L ABNAETCA KOHUOM NUHEN-
HbIX ocobeHHOCTel Knaccos L v L,, Kak B Teopeme 1.
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Mpu k2 1 cnyvan (18) — HerpyGbifi, TaK KakK NpPU CKONb YrOAHO ManoM M3MeHeHuMn
dbyrkuum F 8 (1) y dyHkuum p(s) KpaTHbI KOpeHb MOXET pacnacTbCA Ha HECKONbKO NpoC-
Toix. Torna TodeuHan 0COGEHHOCTb PAaCNafaeTCA HA HECKONbKO APYrMX TOYEYHbIX 0COGeH-
HOCTe#,

AHaNoOrnM¥HLIMM METOABMM MOXHO PAacCMOTPETb TAKXKe TaKWe TOUKW NUHMK L, c opHon
CTOPOHBI OT ikoTopbix p (s)= 0 Ha L, a ¢ apyroit p(s) # 0, a Takxe cnyvait, koraa f j; nmeer
OAVH 1 TOT e 3HaK B §; 1 S, NPK Pa3nmuHbIX NPEANONOXEHUAX O hyHKUMKn p (S) .

a) Mycts sbinonHexo ycnosue (4) U B HEKOTOPOI TOYKeE NOBEPXHOCTU S

frv=0 Vfy=0. (19)
ByaeM cuMTaTh, 4TO NOBEPXHOCTb S — NNOCKOCTb X3 = 0, a 3Ta Touka — Havano koopauHat O,
uuto f 5 € C*. Torna 8 oKpecTHoCTH Touku O

Fr=Ff}=ax? +2bx,x; +cx} +olxy, x3), p=0ix? +x3}). (20)

Ecnm a>0,ac>b% (unm 3<0,ac>b?), 10 ksBanpaTmuHan ¢OPMa NONOKUTENLHO
{oTpuuatensHo) onpeaeneHHan w f5 >0 (F5 < 0) sciopay, kpoMe Touku O. Toraa 8 oKpect-
HOCTU Toukn O Het Tononoruuyecknx ocobeHHocTel (COOTBETCTBEHHO Ha S UMEEeTCA TONbKO
AsyMepHan ocobBenHocTb knacca AA;). 3To cneayer u3 3aMeuaHuA Kk cnyuao A n.2 § 21,

B oGoux atux cnyvaax cuctema 8 noboi okpectHocTu Touku O — Herpy6an, Tak Kak Ao0-
6asneHve 8 (20) ckonb yrogHoO Manoro NUHeNHOrOo Y1eHa NPUBOAUT K NOABNEHWIO NMHENHON
ocobeHHOCTH. .

Ecnu ac < b2, to kBaapaThunan opma 3HaKonepemeHHaR u 3 =0 Ha AByx rnagkwx
nUHMAX, nepecexalowmxcA 8 Touke 0. [lsa ceKTopa NNOCKOCTU X3 = 0 MeXAy 3ITUMU NUHUAMKU
NepPeceKanTCA TPaeKTOPUAMKU, a ABA APYruX — AByMepHbie 0coGeHHOCTU Knacca AA, . Yactu
YKa3aHHbIX AByX NWMHWUA — NuHeilHble ocobeHHocTn knaccos L, n L,, Touxka O — ToueuHan
ocobeHHOCTb, Herpy6an, Kak B NpeAbiAyLWieM CnyYae.

AHanorMuHo MOXHO PaCCMOTPETb Cy4aii ac = b2 u apyrue cnyvan.

B 06uieM cny4ae MHOXECTBO, Ha KOTOPOM f J = 0, MOXeT UMETb U Bonee CROXKHYI0 CTPY K-
Typy. Mpu npeanonoxeHUAx n. 1 OHO COCTOMT U3 KOHEYHOrO Yucna rnaakux Kpusesix K,
BXOAALMX OAHUM KOHUOM B PaCCMaTPUBaeMyt0 TOMKY p € S, n, MoXeT 6bITb, KOHEYHOr 0 YuCNa
obnacTert MeXxAy HeKOTOPbIMM M3 3TUX KpuBbIX. MNPU TONONOrMYecKoi Knaccupuikauum
TaKux Cny4aeB HaQO y4UTbiBaTb, B CTOPOHY Kakoi U3 abnacrei mexay kpusbimu K; Hanpas-
nen sextop f* (p). EcNnu B OKPECTHOCTU TOUKW P UMEIOTCA AYrU TPaeKTopui ¢ 060MMM
KOHUAMU H3 S, TO HaAC TaK>e PaCCMaTpPUBaTh PAacroNOXeHUe NUHKUIA, KOTOPbie ONUCLIBAIOT
OAVWH KOHel TaKon AYyru, Korfa Apyroi ABwxeTcA no kpusomn K; wnv no TpaeKTopuM, nexka-
wiev Ha S.

3. MycTb Ha NoBepXHOCTU S B HEKOTOPOI TOUKe P

fn=fN=0, Ff~#0, f"#0, (1)
7.6. B 3TOI TOuKe BeKTopbwi f ~ n f * KkacailoTcA S. C KaXKAoM CTOPOHbI OT S TPaeKTOPUN MOTYT
6biTh pacnonoceHbl Tak, Kak B8 o6nactTm G* B n.2. CoueTan KaAOe U3 PaCNONOKeHUH, pac-
cMoTPeHHbIX B N.2 ANA obnactn G *, ¢ kaxabim B8 G ~, nonyyaem Gonblwoe Yucno cnyuaes,
KOTOpble B CBOI0 OuYepedb PAacNafaoTCA Ha TONONOrUYeCKUe KNacchbi. [03TOMy paccMOTpUMm
TONbKO Cny4ait 0B1uero NonoXeHuA, Koraa Kaxaan u3 dyHKuMiA £ 5 u f  06paLlaeTcA 8 HyNb
Ha HEKOTOPOW NUHUK. DTU lBE NUHUW NEPEeCeKalNTCA B TOMKE P NOA HEHyNeBbIM yrnoMm, BeK-
Topbl £~ wn f* He KacalOTCA 3TMX nuHWiA, u rpaguenTsl V£ 5 (p) #0, VF ¥ (o) # 0. Torna
C KaXA0i CTOPOHbI OT S TPaeKTOPUKU PacnoNo>KeHbl TaK XXe, kak 8 nemmax 3 u 4 8 o6nacTn

G* (puc. 106 n 107) . Ha nosepxHOCTU S NYCTL UCMONL3YeTCA Aoonpenenenue a) §4.

Touka p — CTauMoHapHaA TonbKo Toraa, Korfa sektopbl £ (o) u f *(p) npotusononoxmo
HanpasneHsbl. B Apyrux cnyyanx 8 ee OKPECTHOCTU HET CTALLUOHAPHbIX TOUYEK.

Mepeiifiem K HOBBIM KOOPAMHATAaM, B KOTOPbIX NOBEPXHOCTL S — NAOCKOCTL Z = 0, a yKa-
3aHMble Bbile nuHum — ocn Ox n Oy. Bbibupan noaxoasiumM o8pa3oM HanpasneHue U Mac-
wTab Ha ocAX, NONyvYaeM cucTeMy

X=0"+..., y=b+..., Z=x+mz+... (z<0), {22)
Xx=a+..., y=0%*+..., Z=—ytnz+... (z>0), (23)
rae 1 871 =18%| =1, a nenanucaHHbIe YneHbl BEAM3N Toukn O BECKOHENHO Manb! NO CPas-
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HeHWI0 C HanucaHHbIMU. Ha nnockocTn S (2 =0) Bo 2-4n4-n 4YeTBepTAX TPaeKTOpUK nepe-
CeKaloT MNoCKOoCTb S, 3 B 1-4 U 34 YeTBEPTAX Ha Hell UMEIOTCA TPaeKTOPUU, ANA KOTOPbLIX

. ax+0Ty+. .. . B'x+by+... .
x=_—_ " " =T 7 " i=0. (24)
x+ty+... x+ty+...

Bcerna, kpome cnyvan ab=0"0%,a0 ~ <0, Touka x=y =0 He ABNAETCA CTaUNOHAPHON.

Nocne ot6paceiBaHUA 3HaMeHaTenen B8 (24) (Npu 3aTOM MEHAETCR HanpasfieHUe ABUXEHUA
B 34 uerBepTu) Marpuua M NUHEMHON YaCTU CUCTEMbl MMEET XapaKTEPUCTUYECKOE YPaBHEHUE

AN —(a+b)A+lab—0-0%=0. (25)
Yrnoseie kKo3gdmumneHTbl K, U k; HanpaBneHW’, NO KOTOPbIM TPaeKTOPUU BXOAAT B TOUKY
O, — KOPHU YpaBHEHUA

0 k*+@a—bk—-0* =0. (26)
Ecnu KopHu BewlecTBeHHbI, TO cunTaeM k; <k,. Tak kak (1,k;) wn (1, k;) — cobcTeeHHbie
BeKTOpbI MaTpuusl M, To

)\1=a+0’k,, i=1,2. (27)

a) PaccMotpum cayuaii 6 =0 = —1. Toraa KoopauHaTHbIE MONYOCH — NUHEHbIE OCO-

6enHocT knacca L; (n.2) (puc. 110). B cuny (26) k;k; = —1, noatoMy B 141 1 34 ver-
BEpPTAX TPaeKTOpPUKU BXOAART B TouKy O ¢ yrnosbiM Ko3adduumneHtomM k; > 0. Ecnn oT6pocuTs

oco6bii cnyyait, korna sexTopbl £~ (0) u £ * (0) nporuBononoxHo HanpasneHs!, To B 14 U
34 ueTBepTAX BO3MOXHLI B3 TOMONOrMYECKU Pa3NUYHLIX PaCNONOXKEHUA TPaeKTOPUN.

1) Benyyaeab > 1,a+b>0umeem 0 < Ay < A; (puc. 111).

2) Benyvaaxab< 1unab=1,a +b < 0umeeM cootsetrcTBeHHO A3 <0< A\ m A, <A €
<0 (puc. 112). NonyckaetcA, ytobbia =0unn b =0.

6) PaccmoTpum cnyuaii @~ =—1, 0% =1 (puc. 113). (Cayuain 6~ =1, 8% = —1 ceoaunTer
K 3TOMY 3aMeHOI Z, X, ¥ Ha —2Z, ¥, x.) O6e nonyocu Oy — anHeliHble ocobeHHocTu knacca L

2 Y

7]
yAdl/N |

PR

Puc. 110. Puc. 111.

7
7 77

/“

14. A.®. dununnos



Puc. 114,

Puc. 115. Puc. 116. Puc. 117,

o6e nonyocn Ox — knacca L,. B cuny (26) B 1-41 yeT8epTH A HET HanpasneHuit, N0 KOTO-
pbIM TPaeKTopUM MOryT BxoauTts B TouKy O (B cnyvae b>a —2, puc. 114}, unu aBa Takux
nanpasnedvR (B cnyvae b<a — 2; npu b=a—2 omncosnapawor). Ecom b<a — 2, To 8
cnyuae ab > —1 umeem A Ay >0,0< k; <1<k,, v Touka O — y3aen, 8 1-1 yersepTn yc-
ToMumebin npu a + b <0 (puc. 115}, neycronumesiit npu @ + b >0 (puc. 116). B cnyuae

b<a--2,ab< -1, 10ouka O — ceano (puc. 117).
Kak 8 nemme 4, 86nu3n Touku O Tpaektopum n3 obnactu z > 0 o6oumu KoHuamm (X, Yo, 0)

u {x;,y;,0) BoixoaAT Ha nnockocTk Z = 0. C nomowsio (23) nonydaem

X1 =xo —2ayo +yi{xg.¥0), Y1 =—Yyotv: (xo0.¥0).

9y; 0 4; (28)
gi=ollxgl+lyol), i , i =0(1) (xo—=0, yo=0).

dxg Yo

Ovo6paxenve (28) oBosravaem T*; npu atom (T*) 1 =T*.

Tononoruueckui Knacc pacnonoXeHun TpaekTopuin 8 o6nacTu x2 +y? +2%2 < 8% 3asucur
He TONbKO OT PaCcroONOXKEHUR TPAEKTOPUIA B MNOCKOCTU Z = 0, HO M OT B3aMMHOIrO PacnonoXe-
HUR UX 1 ux 06pa3oB npu otoGpaxenuu T*. B Manoit okpectHocTu Toukn O T otoBpaxaer
avnmio ¥ = Y (x) ¢ dy/dx= ks nunmo y = Y (x) ¢

dy k
— = —— +o0(1), (29)

dx  2ak—1
ecnu 2ak ¥ 1, v B nunnio x = Yy (y) ¢ dx/dy = o(1), ecnu 2ak = 1. O6pa3sb1 ocu Oy u Tpaek-
TOopwiA, BXoAAWMX B Touky O ¢ yrnoBbimu ko3dduumeHtamm k; n k,, ABARIOTCA KPNBbIMHK,
BXOARWMMU B Touky O ¢ yrnoBbiMu KoathbuuveHTamm

k* = 1 it = ks ! s o1

. 1 = ’ k2 -, -
2a 23k|—1 23—k2 23"‘k|
CnenoBarensHO, TONONOrMYECKMIA KAAacC 3aBUCUT OT NOPRAKA PacnoONOXeHWA Ha YMCNOBOW
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ocu Tex u3 uncen ky, ka, k* ki, k3, KOTOpble ABNRIOTCA NONOXUTENbHLIMU. [TpMpaBHUBaAR NX

nonapHo, HanaemM 6ucdypKaunmoHHbIe 3HaYeHNA NapameTpos a, b.
Monaraa k*=k; >0, umeem 2a = 1/k, =k, >0, B cuny (26)

2ala+b)=-1, a>0.

Monaran k, =k, >0, umeem a — b =2, Monaras k, =k; >0, umeem k; =a>0wu n3 (26)

ab=—1. Nonaran k, =k, >0, umeem ky =1/k, =2a —k, >0n n3 {26) a+b=0,a>0.
MonyuyeHHble COOTHOLIEHUA ONPEAENAIoT MNHUK, nenﬂume NNOCKOCTb napamMeTpos &, b Ha
11 obnacten (puc. 118).

Teopema 2 [200]).Bcnyyae 6 ~ =6 * = —1cywecrsyor TonsKo 2 TONONO2UYECKUX
Knacca 2pybbix ToveuyHbIx ocobeHHocTeld 8 Toyke O 0nAa cucremsl (22), (23), ebidenaemeix
Hepagencrgamu: 1) b>a' >0, 2) b<0 unm ab< 1. B cnyvae 0* = -0~ =1 — romxo
11 knaccoe, obnacru 3HaveHul a u b onA Kax(doeo Knacca yxaszaHe! Ha puc. 118.

DokasatenncTBoO. Bcnyyae 8~ =8* = —1 Tononoruueckne Knacchi pacnonoXeHna
TpaexTOpuM Ha NnockocTu 2 = 0 ykasaHsl B NyHKTe a) . OHWM NONHOCTLIO ONPEAENAIoT TONONO-
FUYECKUM XapaKTep PacrofOXKeHUA TPAeKTOpPUiA B NPOCTPAHCTBEHHOW OKPECTHOCTU TOYKM
0, kaxk B nemme 3. MpybocTh AOKa3biBaeTCcA kak B nemme 5. ina cuctem cb=a >0
WMEIOTCA CKOfIb YroaHO 6nn3kue cucTembl, Kak NPUHaAnexalule OAHOMY U3 3TUX KNaccos,
TakK ¥ npuHaanexawme Apyromy. Mo3atomy cuctembic b =a~ 1'>0- HerpyG6blie.

B cnyuae 0% = <0~ = 1 Bo3umem nioBbie ABe cUCTeMb! A MB, ANA KOTOPLIX 3Ha4YeHNA napa-
MeTpoB a n b npuHaaneXxar OAHOW U TOW e obnactm Ha 6udypxkauMoHHOW Anarpamme
puc. 118, Hanpumep, obnactn 8, anA kotopon a>0, ab< -1, 2al@+b) < —1. B arom
cnyuae

ki <0<k, <k*<k;<ky, AN <O<L),, (30)
W TPaeKTOPUM PacrnonokeHbli Tak, Kaxk CnNOLWHble fiMHUM HA puc. 119, a nx obpassi npu
ovo6paennn T — kak npepoiBucTbie. Niniun Ok, , Ok*, ... nmeor B Touke O Kacarenn-
Hbie C yrnosbiMu Ko3ddmumnentamm k,, k*, ... coorsercreeHHo. B o6nacTtn mexay nnHuA-
Mu Ok*n Oy umeloTcA aBa CeMenCTBa NuHMA. ITa obnacTe AenntcA nuHnamMu Ok, u Ok,
Ha TPWU CeKTOpa, pacnonoXeHHbie ANA cuctem A n B oannaxkoso B8 cuny (30). CnnowHsbie u
npepLiBUCTbIe NUHMKM B6NM3n Toukn O KacaloTcA Apyr Apyra Tonbko Ha ocu Ox (u3 dopmyn
{24), (28), (29) cnenyer, 4TO KacaHue BO3MOXHO Tonbko Npn (@ +b) (ab+1) y=0,a >0,
HO B cnyuaax 1—11 puc. 118 3tn ycnosua sbinonNHAIOTCA Tonbko npu iy = 0) .

MocTtpoum cHavana tononoruueckoe ovobGpaxenme Ha nnockoctu z =0. Ecnu Ha rpa-
Hnuax Ok, n Oy cexTopa k, 0y ovobpaxeHne yxxe BbibpaHo nm Toukam p € Ok, n g € Oy
COOTBETCTBYIOT TOUKM png ANA CUCTeMbI B, To nuHun gr v pr (punc. 119) pomkHbl neperitn
B TPaeKTOPNIO §'r' n 06pa3 pr ' TpaeKTopUM cucTembl B, 3HAUWT, TOuKa r AOMXKHA NepeiTy
B nepecevenue r . Takum 06pa3om, oToBpaxenne B CEKTOPE onpeaenfseTca oToBpaxeHnem
ero rpaHny {unu vactv uv rpaHuubl B cnyvae puc. 120). Ctponm orobpaxkeHnna cekTopos

16
\sﬂ'
°/
—— 4 n—2a
bs"’
)
iey » 10
<> Px
6 \7’ Z,
5 8 /ox@\ \0
2 o
Puc. 118.

14* 211



C ABYMA CEMeNCTBaMN NUHUIA, 3aTeM (C Gonbluel CTeneHbio NPOM3BONA) — C OAHMM CeMeiCT-
80M. [InA kawaoro u3 11 cnyvaee nerko NPoBepuThb, YTO, NOCNEAOBATENbHO OTOBPaXKan cex-
TOPbl, MOXXHO NONYYUTL TONoNoruueckoe otobpaxenne 14 u 34 yersepreit nnockoctu z =0,
nepesoanulee TpaekTopuu cuctembl A u ux 7 *-06passi B TpaekTopun u ux o6pasbl ANA cuc-
Tembl B. Ecnan cuctemsl A v B npuHaanexar pa3HbiM KNaccam, TO Takoro oto6paxeHun He
cywecTayer.

MocTpoenHoe B 1# u 341 uerBeprAx nnockoctu z =0 oto6paxenue pacnpocTpaHAerca
Ha NPOCTPAHCTBEHHYI0 OKPECTHOCTb ToYkn O npu z > 0, kak B nemme 4, anpn z < 0, Kak B
nemme 3. Mpy6ocTs cucteM 3Tux 11 KNAccoB U OTCYTCTBME APYruX rpyBbix CUCTEM AOKa3bI-

BaloTCA Kak B cnyyae§ ~ =01 = -1,
Zz

\
1N Ny 7
| ysd ysd

Puc. 120. Puc. 121.

B) PaccMotpum cnyuair 8~ =6 = 1. Toraa uepes KaXayl0 TOYKY OKPECTHOGTW Touku O
NPOXOAUT TPaeKTopuA, oboMMK KoHUaMU BbIXOAAWaA Ha nnockocte Z =0 {puc. 121).
YeTbipe KOOPAUHATHbIE MONYOCU — fMHEHHbIe ocobeHHocTn Knacca L ;. AToT cnyvain (u aHa-
noruuHbivi cnyuain B R") uccnegosanca 8 [202] meronom ToueuHbix oTo6paxeHuit.

B o6nactu z> 0 Tpaextopuu pacnonoxedbl Kak B cnydae 6), NO3ITOMy Ha NNOCKOCTW
z =0 86nu3u Touku O onpeneneHo oto6paxenue T+ Buaa (28) — nepexoa n3 oaHOM TouKM
nnockoctv z =0 B APYryio NO TpaexkTopun cuctembl (23). AHanorMyHo onpeaenAeTcA OTo-
6paxenne 7,

xy =—x0 +Y1lxe, ¥0).  ¥1 =yo —2bxo +Y2ixq, yo) (31)
— nepexoA No TpaekTopun cuctemsl (22).

TpaeKTOpUA uaeT U3 TouKku P = (Xo, Yo), ecnu yo < 0, B Touky T *p, 3atrem, ecnu B atoii
Touke x< 0, B Touky 7~ T*p, 3atem, ecnu tamy < 0,8 touky 7' 7~ T*pu ra.

CornacHo {28) wn (31) oto6paxerve T=T " T* umeer Bua

. X=—xo t2ayp +..., y=—2bxo+(@ab—1)ye +... (32)
HeHanucaHHble Cnaraembie MMEIOT TaKue ke oleHKu, Kak B (28). Tak kak (T7) ' =7",
(TH =7 70 (T-T*) =7 T~ Nuneiinan vacto otobparkeHna (32) umeer cobereeH-
Hble 3HaYeHnA

My,2=2ab—1%t2~\/ablab—1); Mypa = 1. (33)

Mposeaem kauecTBeHHOe uccneaoBaHue cuctemsl (22), (23). NMycre R; —/-A KoopAUHaT-
Han verBeptb nnockoctn z = 0. Ecnu a > 0, to B6nu3n touku O B cuny Kaxaow M3 cucrem
(22) — (24) nmeem x> const >0, aecnu b> 0,10 y > const > 0. Ecnu xe a< 0, b< 0,
ab<1,70

d
W[“_b))”.“ —alyl=1—ab+...>const>0. {34)

B 3tux Tpex cnyuaax B6nu3n Touku O Kaxaan TPaeKTOPWA NOCNe KOHEYHOro Yucna nepece-
yeHuni ¢ nnockocTeio Z = 0 nonagaer B A, (B TperbeM cnyuyae Hafo yuectb, ytos cuny (33)

My 2 =cosvtisin, o<v<m, {35)

No3TOMYy NUHeNHaA YacTb 7o oTobparkaeHUA T npu HeKOTOPOM Bbibope 6asuca Ha NnockocTH
X, y NPUBOAUTCA K NOBOPOTY Ha yron v). B R, B cuny (24) u Tex ke oueHOK BCe peleHus
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YXOAAT 13 okpecTHOCTH Touky O. YctonuusocTu Her. {[pu apyrux cnocob6ax Aoonpeaenesna
cucreMbl B R; U R3 Hanuuve yCTOWYMBOCTM 33BUCUT OT NOBEAEHUA TpaeKTopuit B R, .)

Bcnyyaea<0,6<0,ab>18 {34) umeem 1 —ab+...< const < 0, noaromy Te Tpaex-
TopuM, KOTOpble He nonanu B R, nepecexaioT nnockocTM z =0 noouepeaHo B A, u RA,,
YA3NAACL B KOHEYHOM cueTe oT Touku O. Ycrohumsoctu HeT {npu nobeix AoonpeaeneHnax
cuctemui B8 R, u R3).

Cnyuaii a < 0,5 < 0,ab=1 — xputuueckuin. Touka O — craumoHapHan, 0Ha MOXeT BbiTb
YCTOHYMBOK MNM HET B 3aBMCMMOCTW OT YNEHOB BbiCWMX fMopAakoB B (22) wu (23). Ha-
npuMep, ANA CUCTEMbI

x=1—x-—y, y=—1—x—y, Z2=x—2 (z<0),

x==1=x—y, y=1—-x-y, Z=—y—2 (z>0),
npoonpeaeneHHol npu z = 0 cornacHo a) § 4, Touka O aCUMNTOTUYECKK YCTOWYMBA. JTO AOKa-
3bIBAETCA C NOMOLLbLIO DyHKuuK JIanyHoBsa

v={x—y)l +4|x+yj+8|z|.

MoxHO nokasats, 4To 8 cnyvae §~ = 8" = 1 cucrema (22), {23) knacca C', poonpenense-
maA cornacHo a) § 4 npw nobbix 3HaueHnAX @ n b, — Herpy6an B no6GOn OKpPeCTHOCTU TOU-
ku O v 4TO cywecTByer 6eCKOHeYHO MHOIr0 TONONOMMYECKKX KNaccoB TaKUX CUCTEM.

PaccmoTpum cnyvai, koraa, B8 oTnuume ot (22), (23), o6a paBeHctBa f =0 u f;v =0
BLINONHAIOTCA He Ha pa3HbIX NUHMAX, @ Ha OAHOW U TOMN Xe NUHWK L. ITa NUHKA UnK ee YacTu
MOryT 6biTe NuUHeHbiMM 0coBeHHOCTAMU. OHM UCCNEAYIOTCA Temu >Xe MeTOAaMU, KaK B
cny4anx a) — B) n.2, B 38BUCMMOCTH OT 3HakoB f 5 u f }, B 06nacTAx S| n S, n OT Hanpasne-
Huii BexTopoB f(x) u f*(x) npu xE L.

Haubonee cnoxHeiii cnyuait — koraa 8 G * TpaekTOpUM MAYT OT S; Kk S;,aBG 0TS, K
S1 — paccmartpusancAa B [201], [202] ¢ nomowsio MeToaa TOYeuHbIX O0TOGpaXkeHunit. Mony-
YeHbl AOCTATOYHbIE YCNOBUA aCUMNTOTUYECKON YCTOMYUBOCTU CTaUMOHAPHOK TOMKK, Nexkallen
Ha L. Mpu 3ToMm aaHHaA cuCTeMa PacCMaTpUBaeTCA B N7-MepHOM NPOCTPaHCTBe, a ee NpaBan
yacTb pa3spbiBHa Ha (n — 1)-mepHoit nosepxHocTu S, fy = f,+v =0 Ha (7 — 2)-mepHoi
runepnoBepxHocTu L.

4. OcobeHHocT TUNOB 4 — 6 (n. 1) COCTOAT U3 CTaUMOHAPHBLIX TOYEK, NeXxauux Ha no-
BepxHOCTH pa3pbiBa. Ecnu TakaR TOYKA M3ONUPOBAKA, TO ee HerpyboCTs AOKa3bIBaeTCA Tak
*e, KaK B ABYMepHOM cny4ae {nemmbl 11 2 § 19).

§ 23. OcoGexnocTH Ha nepecedeHHH NOBepXHOCTel pa3pbiBa

3a6eCb PacCMaTPUBAIOTCA NUHeNHbIe U TOYeYHble 0COBEHHOCTH Ha NUHMAX NepeceveHnA KOHeY-
HOTO YMCNa NOBepXHOCTEN Pa3pbiBa U TOYe4Hble OCOBEHHOCTH B TOYKAX nepeceveHuA noBepx-
HOCTeW pa3pbiBa. B HeKOTOPbIX CnyuaAx BbIACHAEYCA TOMONOrMYeCcKaA CTpyKTypa pacnono-
KeHWA TpaekTOpud BONM3M 0COGEHHOCTU. YKa3sbiBAIOTCA MeTOAbI MCCNEAOBAHUA YCTOM-
ynMBOCTH.

1. Mycts K nmHmu L € C? npumbiKaeT KOHe4HOe YMCNO MoBepxHocTeil S; € C2, i =
=1,..., P, He umetownx obuMx 1 rpaHuyHbIX Touek, He nexawmux Ha L (puc. 122) . 3tu no-
BEPXHOCTU AeNIAT OKPECTHOCTL NuHUK L Ha obnactu G;,/ =1,...,p, B K&XAOW U3 KOTOPbIX
f(x) € C' BnnoTs g0 rpanuubl. SIMHUA L MOXeT BbiTh TaK)Ke KpaeM FNagKoi NOBepXHOCTH
pa3puiBa; B 3TOM cnyvae p = 1. Uccneayem nexawme Ha L nuHeiHble u TOMeuHble 0COBeH-
HOCTU cUCTeMbl (B BEKTOPHOW 3anucu)

x=flx). (1)

Ha noBepxHOCTAX U NUHWAX pa3pbiBa NPUMeHAGTCA UM aoonpeaeneHue a) § 4, unu nboe
noonpeaeneHune, ynosnetsopaouiee ycnosuam 1° u 2°n. 2 § 21 {cm =1).

MNpeanonaraeTca, 4T0 HUKaKue ABe NOBepxHOCTM S; U S; He KacalOTcA Apyr APyra B Tou-
xax nuHum L. lonyckaetcAa, 4To6bl 0gHa M3 HuX Gbina NPOAOIKEHNEM APYrOM, KakK S; u S3
Ha puc. 122. .

YCTOWYMBOCTb CTAUMOHAPHON TOYKM, nexkaweit Ha nuHWu L, MOXHO UCCneAoBaTth ¢ No-
mouwpbio Tteopembl 9 8 15. Mycts nunmuAa L npoxoaut no ocu Ox;. Toraa, Kak B Teopeme 9
§ 15, nonaraem x ={y, z), rae y = {x;, x3), Z=x3,

fix)=(gly,z), hly,2)), g=1(9,.92).
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Cuctema (1) 3anucbiBaercA Tak:
v=g'ly,2), Zi=h'ly,2), (v.2)€G;, i=1,...,p,
y=9y.2), i=h°y.2), (y.2)€S, i€,
rae / — MHOXECTBO Tex 3Ha4eHWid /, ANA KOTOPbIX Ha NOBEPXHOCTAX S; NEXaT KYCKU Tpaek-
Topui. [InA peleHui, nexxawmx Ha nuHuK L, nmeem
z=h"02)), (3)
pyHKUMA h(z) fpeAnonaraeTcA HenpepbsiBHONA.

Touka y = 0, z = z, nuHum L — craumoHapHan, ecnu h®(zo) = 0. 1nA uccnenoBaHuA ee
VCTOAYMBOCTM B ee OKPECTHOCTM PacCMOTpum nepsoe npubnuxkeHue K cucteme (2). Mpwu

(2)

Puc. 122,

3TOM noBepxHOCTH S; 3aMeHAIOTCA NonynnockocTAmu S?, KacaTenvHbiMu K S; B Touke
(0, 25), obnactu G; — ABYrDaHHbIMM YrNaMu G;? C rpaHamu S,‘-’, a pyHkummn g'(y, z) u
9% (y, 2) — noctoruHbIMK g° (0, zo) M g°7(0, zo) . Nycts Vi u L; — cevenun o6nactn G}

urpaHn S nnockocTsio Z = Z,.
Teopema 1. [lycrs pewenue y =0 deyMepHOU cucTemMsi

y=9'0,2), YEV, i=1,...,p,
y=9°10,20), vyEL;, i€l

aCUMNTOTUYECKU yCTOUYUBO, peweHue Z =2, ypasHeHun (3) ycrodvuso (unu acumnroruvec-
KU ycTodvyueo) u

9'0,20)#0, i=1,...,p, ¢°(0,20)#0, i€l (5)

Toz0a pewerue y =0, z =z, cuctems: (2), (3) ycrodyueo (cooreercreeHHo acumnroTu-
YecKu ycTouvyueo) .

Teopema aoka3sbiBaeTcA Nopo6HO Teopeme 9 § 15.

Teopema 1 cBOAMT uUcCneAOBaHME YCTOWYMBOCTH CTauMOHapHoW Touku (0, Zo) € L K uc-
CNepoOBaHUIO ORHOMEPHOTro ypaBHeHua (3) M aByMepHO® KYCOYHO NOCTOAHMHOW
cuctemb! (4). Cuctema (4) uccneayercA metropamu, paccMOTpeHHbiMu B § 20. HaubBonee
CyulecTBeHHoe orpaHnueHue B Teopeme 1 — ato Tpe6oBaHue (5) . Ecnu oHO He BbINONHeHO, TO
cucrema (4) MmeeT CTaumMOHapHble TOMKKM, CKOMNb YroaHO 6nu3kue K Touke y = 0, N03TOMY ee
peweHne y =0 He MOXeT 6biTb aCUMNTOTHYECKKU YCTOWUMUBLIM.

Cnyvan HeBbiNONHeHWA YCcnoBuA (5) — KpuTuueckui, NOAO6GHO Cy4alo HanuuuA HynesBbix
KopHe B 0GbivHOM Teopeme 06 YCTOWYMBOCTH NO NepsoMy NpubnuxeHuto. OH aonxeH uc-
CNeAoBaTLCA APYIMMM METOAAMM, YXKe C YHeTOM 3Hauennd g'ly, z) npu y #0, z#2z,.

2. YKaxeM OAMH KNAcC NuUHelHbix 0coBGeHHOCTed, Neauux Ha nuHum L, 1 onuweM mnx
cTpyKkTypy. [pocrediume Npumepbl NuHeldHbix OCOGEHHOCTEW MONYYalOTCA B Tex Chay4asx,
KOrAa NoBepxHOCTU S; — MNOCKOCTU WMNKU UWAMHAPUYECKHE NOBEPXHOCTH ¢ 06pasyiownmu,
napannensHbiMu ocn Oz, a dynkumn ¢, A, g®', h°', h® He 3aBucat or z. Toraa nw6oi
caeur, napannenesHeid ocu Oz, nepeBoavT TpaeKTopuu cuctemsl (2) B Tpaektopuu. Moatomy
CTPYKTYpa OKpecTHOCTed Nobbix ABYyx TodeKk ocu Oz oaHa M Ta e U 3T OCb ABNAETCA
NUHeWHOW OCOBEHHOCTbIO (KOHEUHO, ecnn OHa He NPOXOAWT MO NOBEPXHOCTU WAK
B o6nacty, BCe TOYKM KOTOPOA MMEIOT OKPECTHOCTM OAHOAW K TOW Xe CTPYK-

TYPbI) .
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Bbiaenum cnyyau, KOraa OKpecTHOCTb KaKAOM TOYKM NuHuM L paccnauBaetcA Ha NOBepx-
HocTk Z = z{y; A) (A — napameTp cemeiicTBa), 3anonHeHMuble AYramMu TpaeKTOPWIA cucTe-
Mbl (2) . EctectBeHHO Tpe6oBaThb, 4TO6bI YHKUMA Zy; A) 6bina HenpepbIBHOW U YTO6GLI pac-
CnoeHue COXPAHANOCHL NPW MANbLIX M3MEHEHWAX NPaBbix 4acTed cuctembl (2). [nA atoro
Heo6x0AMMO, 4TO6LI B6NM3N nuHnuKM L He 6bINO TaKMX NUHUA, COCTOALLUX U3 AYr TPaeKTOpui
cuctemsl (2), KoTopble NpoekTHpOBanuCb Gbl Ha nnockocte Z = 0 B 3aMKHyTbie KpUBbLIE
{ecnu TakaA NUHWA He 3aMKHYTa, TO ee KoHUbl (¥, Z,) n (y, 23}, 2; ¥ Z;, He nexaT Ha oa-
HOI NoBepxHOCTH Z = Z{y, A), a ecnn OHa 3aMKHYTa, TO OHa Pa3pyLUAETCA NPU Manbix u3me-
HeHuAx cyHkuuii ' B (2)). CnepoBaTtenbHo, Ha TaKOW NOBePXHOCTU TpaeKTOpuM B6NM3M
ocoboit Toukn ¥ = 0 He gomxHbi 06pa3oBLIBaTL ceKTopoB knaccoB E, F, G, L, R, S (n. 2
§ 17). Ycnosue (5) Takke HeOGXOAMMO MO aHANOTrUMHbIM MpUYMHAM. JTU COO6GpaXKeHUA
06BACHAIOT NPOUCXOXKAEHUE HANAraeMbiX HUXKe YCNOBURA.

NMemma 1. flycrs nogepxHocTu S; — nonynnockocTu, npumsikaoujue Kk ocu 02, e cuc -
reme (2), (3) xawdan u3 dyuxuyud g, h', g°, h®', h° nocroanna, kaxdei sextop g' He
KOnnuHeapex cTopoHam To20 yena V;, 2de oH 330aH, u oKkpecTHOCTs ocobol Toyku y =0
cucremss (4) cocrour Tonsko u3 cekropoe knaccoe H, K, P, Q. To2da oce Oz — nuHelHan
0CO6EeHHOCTb. E@ OKPEeCTHOCTb 3aN0NHeHa cemelicT8oM noaepxHocTeud

z=ply) +c (—oo<c <o), wEC. (6)

KamO0an U3 KOTOpPbIX 3aN0NHeHa Oy 2aMu TPAeKTopud cucteme! (2) .

HDokasatenbctBo. Mycts My — MHOXECTBO, COCTOALLEE U3 TOUKKU ¥ =2 = 0 1 TOueK
(v. 2), KoTOpble NexaT Ha TpaeKTOPUAX cuctembl (2), naywmx No NOBePXHOCTAM S; U BXO-
aAAWMX B TONKY ¥ =Z = 0 npu Bo3pacTaHuu unu y6biBaHuu t. B Kaxxaom cexktope knacca H
Ha nnockoctn Z =0 NOCTPOMM nyY, BbixoaAwmMi U3 Toukn O 1 nepeceKkaowmii Nog HeHyne-
. BbIM YFAIOM TpaeKTOpuHK 3TOro cektopa. NpucoeanHAn kK M, Touku, nexxawme Ha Ayrax TpaeKk-
TOpUX C OAHMM KOHUOM B TOYKax MHOXecTBa My, U Ha TpaeKTOPUAX, NepeceKalowmux no-
CTpOeHHble B NNockocTh Z = 0 nyuu, nonyvyaem mHoxxecTBO M. Ero npoekumA Ha nnocKocTs

= ( 3anonHAer Bce ceKTopwnl Knaccos H, K, P. Q. U3 npeanonosxeHui o dyHkumAax g°,

A", ... W HanMYMA TONLKO 3TUX CEeKTOPOB CMeayeT, YTO B KaXAylo TOMKY fnockoctu Z = 0
NPOeKTUPYETCA NULb OAHA TOYK3 MHOXeCTBa M, T.e. MHOXXecTBO M 3apaeTcA ypaBHeHUEM

= ply) . B kaxaoh o6nactu G;, 3aKnioveHHOR MeXAY NNOCKOCTAMKU S; U S 4, TOUKKU MHO-
xectBa M 3anonHAIT KycoK nnockocTu. Moatomy dyHKUMA oly) HenpepbiBHa U gaxe yaO0B-
nerBopAeT ycnoBuio Jlunwmya.

Tak Kaxk nwb6o# caBur, NapannensHsid ocu OZ, NepeBOANT TPaeKTOpUM B TPaeKTOpWM,
TO Npu N0WBOM ¢ NOBepxHOCTL Z = (y) + ¢ TOXe 3aNONHEHA AyramMu TPaeKTOpUA u, Kak B
Havane n. 2, ocb Oz — nuHelHaA 0co6eHHOCTL. JlemMa a0Ka3aHa.

B cneaywouier Teopeme noBepxHOCTU S; U cucTema’ (2) yaoBNeTBOPAIOT yCNOBMAM, yKa-
3aHHbiM B Havane n. 1, nuHuAa L — oce Oz. .

Teopema 2. llycrs 0na kaxdoz2o zy € (a, f) sexrop g' (0, 25) He xonnureaper
cropoHam yena V; (i =1, ..., p}, okpecrnocrs ocobol rouxu y =0 cucrems: (4) cocTour
r0n6K0 U3 cexTopoe Knaccos H, K, Q u h°(zy) # 0. Tozda uxrepean a < z < f ocu Oz As-
NAETCA NuHeuHOoU ocobeHHocTero (unu ee vactsro) ona cucrems! (2). OxkpecrHocTs nobod
TOYKU 3TO20 UHTEP8AaNa 3anonHeHa cemMelcTeOM NOBepxHOCTel, KamOaA u3 KOTOpbIX 3a-
nonHena (rononozuvecku 00uHakoeo) Oyz2amu Tpaexropuld cuctems: (2). B Hexoropod
OKPECTHOCTU NPOU3BONBHOU TOYKU ITO20 uHTepeana cuctema (2) AsnAerca 2py6od.

AokasartensbcTtBoO. [AnAanwboro 2z, € (o, f) nocTpoum cuctemy Ay Nepsoro Npu-
6nuxeHuA, Kak B n. 1, 3amenus takke h®(z) na h°(z,). 3atem 6yaem CTPOUTL TOMONOT K-
Yeckoe OTOGpa>keHne OKPecTHOCTH Touku ¥ =0, 2 =2,, Npu KOTopom Touxku ocv Oz nepe-
XOAAT B ceBGA, a TpaeKTOpuM cucTembl Ap NEPEXOAAT B TPaeKTOpUM cuCTembl (2).

Nycts x = E'(t;b) u x =§4(t; b) — peweHun cucTembl (2) u cucTemul Ag, Mayllme no
NoBepxHOCTU S; K MNNOCKOCTH S? COOTBETCTBEHHO W MpPOXOAAWME Yepe3 TOYKY X = b npu
t =0. Mpu gocratoyHo manbix ¢t (TOro 3Haka, NpU KOTOPOM 3TH peLeHHA UAYT MO YKa3aH-
HbIM NOBEPXHOCTAM) KaXAoW Touke 3= £4(t; by), roe by = (0, Z,), nocraBum B coOTBET-
cTBue Touky fa) =’ t; b,). AHanoruYHo nacTynaem Ha TPaeKTOPUAX, MAYUIUX U3 TOYKK
(0,2,) HenocpeactBeHHO B o6nactu G;. Ha nyuax I, nexauyx B NNOCKOCTA Z =2, U NpoeK-
TUPYIOWMXCA Ha nnockocTb Z =0 B Nnyun, NOCTpOeHHble MPW AOKAa3aTenbCTBe nemMmsl 1
B ceKTopax Knacca H, nonoxmm Y(a) = a.
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Yepe3 KaxAayl0 BHYTPEHHI00 TOYKY cekTopa K unn Q npoxoanT TpaeKTopua cuctemsl (4),
BbIXOAALLAA HAa HOKOBYIO rPaHULLY CeKTOpa TONbLKO OAHUM KOHUOM, a B cexTope H npoxoamT
TPaeK TOPUA, NMEIOLLaR TONbKO OAHY O6LLYI0 TOYKY C NOCTPOEHHbIM Ny4om. B Takylo Tpaek -
TOPUIO NPOEKTMPYETCA TpaeKTOpuA X = £4(t; @) cucremsbl Ag, NPOXOAALLANA MO NOCTPOEHHON
8 nemme 1 nosepxHocTu M, (z = ply) + 2,). Touka 8 nexauT Ha NOBEPXHOCTH S? “nn Ha
nyue I, n B Heit oto6paxeHune Y(a) yxe onpeaeneHo. Touke x = £y(t; a) nocrasum B coor-
BercTeue Touky Y (x) = E(t; Y(a)) wa TpaekTopwn cuctemol (2) .

NonyveHHoe oToGpa>keHne Y (x) B HekoTOpoW okpectHOCcTH Touku (0, Zg) B3aumHO oa-
HO3HaYHO M NEepesOANT TPaeKTOPUM cuCTeMbl Ay B TpaekTopun cucTembl (2). Touka a, B
KOTOPO# TPaeKTOPWUA BbLIXOAMT Ha IPaHUUY CeKTOpa wnu nepeceKaercA C nyvom [, Henpe-
PbIBHO 3aBUCUT OT Toukn x = £,(t; a) BcneAcTBue YCNOBMA HeKONNUHEApHOCTH, a8 TOYKA
by = (0, z,) — ot Toukn a. Orciona n U3 TeopemM O HenpepbIBHOW 3aBUCUMOCTH peLLIeHUA cne-
Ayer, 4To oToGpaxeHue Y (X) HenpepbiBHO U Ha NOBEPXHOCTH M, U B NONHON OKPECTHOCTH
Toukn (0, zo) (Touka z; npoberaeT HeKOTOPYIO OKPECTHOCTL TOUKKM Zg) . B cuny nemmei 1
§ 9 otobpaxeHne Y(x) — Tononoruveckoe B 3aMKHyTON okpecTHocTn Touku (0, Z,). OHo
nepeBOANT CeMeNCTBO noBepxHocTen Z = ¢ (y) + ¢ B CeMeACTBO NMOBepPXHOCTEN, 3anONHA-
IOWMX HEKOTOPYI0 OKPeCTHOCTb Toukn (0,Z,) 1 cocToAwmMX U3 Ayr TpaeK TOPKUi cuctemsi (2).

Ona cncremsl A, Bce Touku ocn Oz B cuny nemmel 1 UMEIOT OKPECTHOCTH OAMHAKOBOM
cTpykTypbl. OTo6paxeHue Y (x) — Tononoruueckoe, NO3ITOMy ANA cucteMbl (2) Bce TOYKW
ocn Oz, nexauwme B paccMaTpUBaeMON OKPECTHOCTU TOYKM Z(, TOXKE MMEIOT OKPEeCTHOCTK
OAUHAKOBOW CTPYKTYpPbl ANA cncTemsbl (2). J1io6yl0 KOMNAKTHYIO 4acTb AaHHOroO WHTepBa-
na a <z < f ocm 0z MOXKHO NOKPLITE KOHEYHBIM YUCAOM TaKUX OKPECTHOCTel. MMo3TomMy
nobble ABe TOYKW 3TOr0 MHTEPBanNa WUMET OKPECTHOCTU OAMHAKOBOW CTPYKTYpbl U ANA
cucteMbl (2) aToT MHTEepBan — nuHelHaA 0CO6eHHOCTb {MNK ee yacTh) .

Ecnn cuctema (2) mano meHAercA B CL (n. 1 § 18), 1o cuctemsl Ag u (4) Toxe mano
MeHAIOTCA. BeneacrBue ycnoBuA HeKonnuMHeapHOCTU BCe CeKTOpbl ANA cuctemsl (4) coxpa-
HAIOT CBOM TOonosoruveckue knaccol. B cuny Teopemsl 2 & 17 Ttononoruveckasa crpyKrtypa
OKPEecTHOCTH Touku ¥ = 0 anAa cuctemsl (4) He MeHAeTcA. To e cnpaBeanuBO W ANA cucte-
Mbl A M3-332 HanuuuA paccnoeHnA (6), a 3HaunT, u AnA cuctemMbl (2) B HeKOTOpPON OKpecT-
HOCTM oGOV TOuKKM paccMaTpuBaemoro mHTepsana ocu Oz, Tak Kak TONOMNOrMyeckoe ovo-
6pa>keHue, aHanoruyHoe Y(x), cywecTByeT u AnA U3MEHEeHHOW CUCTEMbI.

Y106b1 NOCTpouTh €-0TOGpaXkeHne, NepeBoaAuLiee TpaeKTOpuKn cuctemsl (2) B Tpaek TOpuu
W3MEHEHHOW cuCcTeMbl, Haf0, KaK B NepBOM 4acTu AOKa3aTenscTBa, CHayana NoCcTPouTL 3TO
oto6pakeHue ANA TPaeKTOPUM, UAYLMX NO NOBEPXHOCTAM S;, a 3aTeM ANA OCTanbHbIX
TpaekTopuit. [InA AOCTaTOYHO 6An3KuX cuctem 3TO oToGpaxkeHue CABUraeT Kaxaylo TOMKY
MeHbLe, YeM Ha €, B CUNY HeNpepbLIBHOW 3aBUCMMOCTU pelleHWA OT HauyanbHbiX YCNOBUA K
oT npaebix uvactei cuctemsl. floatomy cuctema rpy6a B paccMaTtpuBaemMOW OK PecTHOCTH.

W3 poxasanHoOW TeopeMbl u Teopembl 2 § 17 cneayer, YTO TONONOruYeckana Knaccupuka-
uMA Tex NuHenHbIX 0co6eHHOCTeN, KOTOpble MOryT CYWecTBOBaTh NPy BbINONHEHUU YCNOBUW
TeopeMbl, NONHOCTLIO ONPEAENAeTCA YMCNOM M UMKAUYECKUM NMOPAAKOM CEKTOPOB KNaccoB
H, K, Q ana gsymepHOM cuctemsl (4).

MycTs TOnonoruveckaa CTPyKTypa OKpPecTHOCTH ocobor Touku ¥ = 0 ana cuctemsb: (4)
npu 2z, € (a, B) .onHa, a npu 2z, € (B, v) apyraa (Mnu Ta xe caman, Ho (yHkuua h%(z) e
(3) Ha uHTepBanax (a, B) u (B, ¥) umeer pasHbie 3Haku) . Toraa uHtepsans (a,B) u {8, 7)
ocu Oz npuHaanexar pa3HbiM fIMHENHbIM OCOBEHHOCTAM, a ux O6wmui KoHey Z = f ecThb
To4YeyHaAa 0co6eHHOCTb.

Bonee pevanbHO pacnono)keHue TpaeKTopui B6AM3M NUHUKM NepeceveHnA MoBepxHOCTeN
pa3peiBa He n3ydyanocb. PaccmarpuBanucb OTAenNbHbIE CUCTEMbI TaKOr0 POAA, BCTpe4alouuecn
8 npunoxeHnAax (Hanpumep, 8 [204]), a Takke CUCTeMbl aBTOMATMYECKOr0 ynpaBneHnA ¢
ABYMA u 6onee peneliHbiMn byHKUMAMK (Hanpumep, 8 [5], cTp. 197 1 249) .

3. ToueuHan 0CO6EHHOCTb B TOUKe MNepeceyeHnA HECKOMbKUX NOBEPXHOCTEH pa3pbiBa M3y-
uanace B OCHOBHOM C TOYKM 3peHuA ee yctoiumsoctn [182], [178], [205]. Mpu ectecTBeH-
HOM NpPeAnon0XeHnK, YTO NOBEPXHOCTH Pa3pbiBa {BO3MOXHO, UICKPHBNEHHbIE) PacronokeHsb!
KaK rpaHn MHOrorpaHHbiX Yrnos, aBBTOHOMHAaA CUCTeMa B OKPECTHOCTM TaKOW Touku 6nu3ka
K OAHOpPOAHOW. HekoTopbie MeToAbl KUCCNeAOBAHMA YCTOMYMBOCTM TaKUX CUCTEM yKasa-
Hol B § 15. B [182] anAa nonyyeHna HeobXoanMbiX U AOCTaTOYHBIX YCAOBUIA YCTOMYMBOCTH
CUCTeMbI C TpeMA Pa3pbiBHbIMU (YHKUMAMK (sgn x, sgny, sgnz) npoBOAUTCA KauyecTBeH-
HOe UCcCneaoBaHMe PacronNoMXXeHUA TPaeKTOPUI B Pa3fiIuHbiX CNy4aAX.
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