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OT USOATENILCTBA

Mbl npomonxkaem nHawy cepuio «IlonyasaprHas mare-
MaTHka» nyOJgHKauHeH nepesofa COOPHHKA, KOTOPHLIM
OTKphHIach HOBasg cepust «MareMaTHYeCKHe MHHHATIO-
pHI», BHINycKaeMas u3gateanbcTBoM Dupxxofizep. B stom
cOOpHHKe IHpeACTaBJeHB MATh JEKUHH [Js1 IIHPOKOH
NyO6JIHKH, NPOYHTAZHHHIX IPH BCTYIJIEHHH B JOJKHOCTb
NATHIO HoueHTaMu DoOHHCKOro yHuBepcurera. [Toxpo6-
Hee 00 3TOM pHTYyaJie TOBOPHTCS B OTKphiBalouleM cbop-
HHK [IPEIUCJOBHH H3BECTHOIO HEMEUKOr0 MAaTeMaTHKa
npogeccopa bonHckoro ynusepcutera ®. Xupuebpyxa.

IIpencraBseHHLIA B cOOPHHKE MaTePHAJ NpaKTHYECKH
OTCYTCTBYE€T B HAYyyHO-IIONyJSPHOH JHTepaType Ha pyc-
CKOM f3HIKE.

JKuBoe H HOCTYyNHOE H3MOXKEHHe, yIayHOe coYeTanue
9JleMeHTapHeX (akTOB C pe3yabTaTamH rayGOKHX HC-
CJeLOBAHHI JealoT KHHTY HHTePECHOH H NOJIe3HOH IJst
CaMOro IIHPOKOTI0 Kpyra JIHL — OT IUKOJbLHHKOB 10 MNpe-
nojasaTte/ied HHCTHTYTOB.

Mbl HazeeMces, UTO YHTaTE]b I[IOJYYHT YJOBOJLCTBHE
OT 3HAKOMCTBa € 3THMH [OATbIO NpPEKPacCHLIMH MHHHAZ-
TIOPaMH.



NPEAUCIIOBUE

Putyasm BCTymjieHHf B psfB Npenofasarenelf — CTa-
past TpagHIHA HeMELKHX VHHBepcuTeTroB. [locie npHu-
CyXJIeHHSI YYeHOH CTelleHM JOKTOpa OyAyului npenoia-
BaTeNb NPOJOJIKACT HaYUHYI0 paboTy M yepe3 HeCKOABKO
JET npejcTasiger qakyabreTy 60Jiee OOIUHPHLIHA TEKCT —
IMccepTauMio Aaa nojyyedus Venia Legendi — npasa
CaMOCTOATeJIbHO 00y4uaTh CTYJeHTOB M YHMTaTb JCKIHH,
Hucceprauss gokJaabiBaeTcs Ha 3acegaHHH copeta (a-
KyJbTeTa, Tle H IPOUCXOAHUT €e HayuHoe OO0CyXKAeHHE.
Hepes Hecko/IbKO HeZedb PHUTYaJd 3aBepliaercs CBoel
KyJAbMHHAIHEH — OTKPBLITOH BCTYNHTEJIBHOH JEKLHeH.

B HekoTOpHIX YHHBEpPCHTETaX BCTYNHTENbHBHIE JIEKHHHU,
KaXeTcd, yTepsanaH c¢Boe 3HaueHue. B DoHHe e MH no-
CTapajuCh COXPAHHTHL TPAaZHIHIO H CHeJaTh BCTYIHTE b=
Hble JIEKIMH OJHOH M3 BAXKHBIX COCTaBHHIX YacTedl Hayd-
HOH XH3HH. Ha 3THX JeKUHUAX cepbesHast M 3HAUYMUTEJIb=
Hast TeMa JOJ:KHa OBITH H3JO0XKeHa TaK, uYToOH He
TOJBKO MaTeMAaTHKH, HO H NpeACTaBHTEJNH [JPYrHX ecTe-
CTBEHHBIX HayK, a TaKXe H CTYAEHTH MOIJIH CJeAHTh
3a XOJOM paccyxaeHu#. B jeknuu HaJo OCBETHTb HCTO-
pulo BOIpOca, CBfA3b Pa3fesioB MaTeMaTHKH MeXAy CO-
6off u ¢ mApyruMu HaykaMu. Kpome TOro, Hy:XHO, 4TOOH
caymatesqn X071 66 B He6OJablIOH cTeneHH MOUYyBCTBO-
BaJIi OYapoBaHHE MAaTEMAaTHKH H siCHee NMOHAAH ee POJb
B AYXOBHOH XKXH3HH 00lIeCTBa.

B 3toM HeGoablioM cO6OpHHKe NYGJHKYIOTCA NATh
BCTYNHTENbHBIX JEKUHH, NMPOYHTAHHBIX B DOHHCKOM yHH-
Bepcutete B 1974—1979 rr.; Bce OHM HAYT NmOA OOIIHM
nesusoM «Hucaas. I cunralo, yTO M3 aHHe 3TOrO CHOP-
HHKa BIOJIHE ONPaBAAHHO, TaK KaK KaXJIBIH H3 aBTOs
POB H3SIIIHO H YBJIEKaTe/bHO H3JIaraer H30paHHYIO HM
TeMY H JaXe OTKpPHBaeT INepeji YHTaTeJeM NaHOPAMY.
COBpEMEHHBIX HccaefoBaHuH. Hapewoch, 4ro mnofmJe-
HHe HacTOfllileH KHHrH OyxeT crnoco6CTBOBATb BHINYCKY,
U APYrHX COODHHUKOB BCTYNHTENLHHIX JIEeKIHid.

Bonn, okra6pb 1980 D, Xupyebpyx



BCTYIJIEHHE

Kax bl U3 nsiTH aBTOPOB 9TOH HeGOJBIHOH KHHIKKH,
paccka3pBasi 06 u36pPaHHO# HM MaTeMaTHYeCKOH TeMe,
crapancs AOOHTLCA TOro, 4to6H OOGHUYHHE uYHCJa Npelr
cTanAn Hepej] 4HTaTeNeM Kak Xupbie. Moxer G6HTh, C
YIOMOHILIO 3THX NATH MHHHATIOP YZAacTCs XOTd 6Hl B Ma-
JIOH cTelleHH NMepefaThb HEKOTOPHIM YHTATEJNsAM OILYLIeHHE
yap MaTeMaTHKH, KOTOPOE HCIBITHIBAIOT Te, KTO H30paJ
ee CBOeli CHellnaabHOCTBIO.

IIyTe K XHBbIM COBPE€MeHHLIM MAaTeMaTHYECKHM HC-
CNefOBAHHAM, pasyMmeercsd, JHOJOr. IIATh THICAYENCTHH
NoHago6HJI0Ch Ha HEro YeJOBEUECTBY, MATb JeT HYXKHO
cerogusf crymeHtaM. Tak Kak 3Ty KHH3KEUKY MOXHO
HpoYecTh 3a MNATHL YacoB, TO He CJjelyeT OXHIaTh OT
Hee OO0JIbLICrO, HexXKeaH OerJioro noKa3a OTAeNbHHIX yac-
Tel JaJsibHell M TPYyAHOH JOporu. YaobHore «HapCKoro
NyTH» B MaTeMAaTHKe HeT.

Mpbl npuryialzaeM YHTaTeNst Ha NAThL HEGOJBLIUHX JKC-
Kypcuit B mup uuces. Ilo xkpacuBbiM H pa3HoO6pasHBIM
MecTaM OHH B€IYT K HEeCKOJbKHM BO3BHILICHHOCTAM, C
KOTOPHIX MOXHO YBHIETh BJajd INepBble TOpHEIE Bep-
IHHB HOBBIX HCchaenoBanu#t, Kaxpasa ®3 nporynox Ha-
YUHaeTCss «BHH3Y B JOJIHHE», T. €. ¢ UNOHATHR M 3alay,
AJsl NMOHHMAaHHST KOTOPBIX JOCTATOYHO LUIKOJNBHBIX 3Ha-
HUHA: NpoCThle YHC/Aa, CYMMBI JequTeneil, Teopema [Iuda-
ropa, Kpusble, pa36ueHusa. OpHako NOTOM TO TYT, TO
TaM NOMajaloTCs MecTa, AJs NPEOJOJICHUS KOTOPHIX Tpe-
6VIOTCST KOe-KaKHe aNbIHHHCTCKHE HaBHIKH, YTOGH H 60+
Jiee ONBITHBIM YYacCTHHKaM M0Xoxa He OBLJIO CKyYHO.
Bnpouem, Kaxapiii caM JEerKO YCTaHGBHT, IAe eMy HaJ0
6ynetr oboiitu mapy TpyaHbix mecr. Ho Ko Bcem rias-
HBIM BO3BBIIEHHOCTSIM, C KOTOPHIX OTKPHIBAIOTCSI BHIHI,
AyTEIIeCTBCHHHKHY GYOyT OOCTABJEHH IO KAaHAaTHOH JHO-
pore H TeM Hu3GaBJeHH OT TSJKKOTO TpyZa NOAbEMa —
ROKa3aTelIbCTB,
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PacckaxkeM Tenepb KOPOTKO O KaXXJIOM M3 NSITH Map-
ILIPYTOB.

IlepBnifi NpOXOAHT MO COBCeM JIerko#, poBHOH TPoO-
NMUHKe MeXJy CYMMaMu JAeJuTesJed M KPHTePHAMH HpO-
CTOTBHI 4YHcJja. JIumb B KOHUE CTaHeT BHAHO, 4TO OHBQ
BJAHBAEeTCHA B Ba)XHOE HamnpaBJiecHHEe COBPeMeHHOW MafTgr
matukd, BanwTep DBopo paccka3biBaeTr HaM 3aMe-
YaTeJLHYIO HCTOPHIO O OpyicecT8eHHslx 4UcAQX, KoTopast
BeleT M3 ABopua 6armgajckoro xanuda B COBpeMeHHBIE
BHIYHC/JHTEAbHBIE UEHTPHI. MBI MO3HAKOMHMCH C OJHHM
H3 CTapblXx MaTeMaTHYeCKHX BHJOB CIOPTa — OXOTOH 3a
APYXKeCTBEHHBIMH 4YHCJIaMH, B KOTOPOM HenpeB3OHJeH-
HHIM YeMIIHOHOM MHpa JoJroe BpeMsi 6ol JleoHapx
Dinep.

Joun lLlarmp npeapaBiger HaM CIHCOK MMPOBHIX
peKopAOB — HauGOJbIINX H3BECTHBIX NPOCTHX YHCeN, H
MBL C OJHOTO B3IJIsAAa ybOexiaaeMcs, 4TO NPOCTHE YHCJIA
CJIeAyeT NMPH3HAThb CAMBIMH KaNpPHU3HHBIMH H CTPONTHBEIMH
3 BCeX OOBEKTOB, KaKHe TOJbKO HM3yYalOT MaTeMaTHKH.
M tyT xe OH y6exaaeT HaC B NPAMO INPOTHBOIOJOXK-
HOM — Y70 INpPOCTHie 4YHCJa O06e3ycJOBHO M 4yTh JH He
C MeJaHTHYECKOH TOUYHOCTLIO NOAUHHSIOTCS OIpe/eseH-
HelM 3akoHaM. Oco6eHHO H3YMJIeT sBHas (QopmyJa
Pumana nas uhcaa m(x) NOPOCTHIX YHCE, He NPEBOCXO-
JSWuX X. A 3areM CHOBa BHABJSAETCS CTPONTHBOCTD
NMPOCTHIX YHCEJ NPH CPaBHEHHH aCHMNTOTHYECKHX (op-
mya Jlexauzapa, I'aycca u Pumana aast n(x) ¢ daktu-
YeCKHM pacnpefelcHueM nepsoix 50 MUAAUOHO8 NPO-
CTbLX 4uces, IPHBOASHIEM K JHMKO CKauyHle# KpHBOH, HO-
XOXeH Ha TeMIepaTypHYIO.

IOpren Poabdc pacckasmiBaeT HaM O cyMmax
dsyx keadparos. Ero mapuwpyT HauuHaercd ¢ nudaro-
POBBIX TPOEK YHCEJ, MAJIST KOTOPHIX BMHI BBIBOAHTCH 06-
mas dopmyna. Beneg 3a aTHM onpejednsiercsl YHCIO NH-
(aropoBBIX TpPEYrOJbLHHKOB, Y KOTOPHIX JAJIHHA THIIOTE-
Hy3bl He MpeBbILAeT 3aJaHHOK BesguunHbl. [Ipn sTom
OKa3bIBAETCH, YTO TeMa NHGaropoBHX TPOEK He TOJBKO
He 3aBepHiaeTcsl C OTKPBITHeM oOOUled QopMynn, a Ha-
060poT, JHIIL NOCKE 3TOr0 CTAHOBHTCA MO-HACTOALIEMY
HHTepecHOH. KoHyaeTcss nyrtellectBHe 3azaued u3 ¢u-
3UKH O PpACOPOCTPAHEHHH Teljla MO CIACATEJBHOMY
Kpyry (Topy) H3 TOHKO# XeCTH, JTO pacnpocTpaHeHHE
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onucoiBaerca And¢epeHuHaNsbHHM YpaBHeHHEM B Y4acT-
HBIX TNPOU3BOAHBIX, NPH pEUIEHHH KOTOPOro KJIYEeBYIO
pOJIb HTpaeT HHCAO U(m) NpencTaBJeHHA YHCAa m B
BHIE CYMMH JBYX KBaApartoB. TakuMm o6pa3oM, 3lech
¥eopHs 4Yncen W MareMaTHUeCKHH aHajiM3 TeCHO CBs3a-
¥l Mexny coboii.
3" XaHcnetep Kpadr BBOIHT Hac B obgacts, rie
HEPAa3PHIBHO NepeneJHCh TEOPHA YHCEJ H IeOMEeTpHSsI, —
aszebpauyeckue kpusvle U OuoganTosel Ypaswenus.
H sra skckypcusi HauuHaercs ¢ GopMmyas s nuda-
FOPOBHIX TpPOeK, KOTOpasi BHIBOAMTCH ¢ TNOMOIIBIO TIeo-
MeTpHueckoro Merona Iluodanra. Touno Tag e MOXKHO
peliiTh Gosee OO6IUYyIO 3anauy O HaXOXKACHHH BCeX TO-
YeK C palHOHaJbHHIMH KOOpPAHHATaMH, JieXalluxX Ha
KPHBGH BTOPOr0o mnopsika. AHajorHuHast 3ajada JJst
KPHBOH TPEeTbero MOPsiiKa OKa3biBaeTCss HECPaBHEHHO
6oJiee TPYOHOH u HHTepecHON. Ham gemoHCTpHpYIOT
reOMeTPHUYCCKHH MeTOJl, KOTOPHIM MOXXHO INOCTPOHTH BCe
HCKOMEIE palHOHAJbHBIE TOYKH, UCXOAA H3 HEKOTODPOro
KOHeYHOTO MHOMKecTBa Takux Touek (TreopeMa Mopaes-
Ja). B manbHefimeMm Xonxe 3KCKYpCHH MH y3HaeM d ellie
MHOroe JApyroe 06 SJJUNTHYECKHX KPHBLIX; IIpaBla, pac-
€Ka3 O TOYKAX KDPYYGHHS H NOCACAHHX pe3yJabTarax
B. Ma3sypa paccunTtad yXe Ha 4HTaTtess, HECKOJLKO ce-
MeCTPOB H3Yy4yaBIllero MaTeMaTHKY.

B 3akJioueHne Enc KapcrteHn S uunen sHako-
MHT HAC C JeATeJbHOCTHIO CIEUHAJHCTOB IO KOMOHHA-
TOPHKE — JII0Jel, KOTOPHE J[eJaloT C KOHEeYHBIMH MHO-
JKecTBaMH BCE MBICJIUIMOE M HEMBICJHMOE, a [OTOM
ClpalliUBaOT cebs, CKOJbKHMH CNOCO0aMH 3TO MOXKHO
cienatb. OH paccKka3shBaeT HaM O INepeCTaHOBKAx #
pas6uenusix, auarpammax lOHra m kaHoHHYecKux Tab-
JIUIax, a Takxke 00 VIHBHTEJIBHOH CBSI3HM MEXIAY 3THMH
KOMOHHATODHBIMH INOHATHSIMH, 3aTeM Mbl y3HaéM, uem
8aHHMAIOTCA CICHHAJJHCTBl 1O TCOPHH NpeACTaBJEHHH H
CKOJIb MHOrHM OOSI3aHH CHeNHaNuCTaM 0 KOoMb6HHATO-
PHKEe Te, KTO H3ydaeT INpPeACTaBJEHHS CHMMeTPUUYECKHX
HIn oOwHx JuHefinuix rpynm. W naxonew, HOBHIHA IOBO-
POT TeMH O €8A3U Teopuu npedcrasrenuil ¢ Kombuna-
TOPUKOU: TeOpUs NpPEACTABJICHHM BO3BpalllaeT NOJr KOM-
OuHaTOpHKe, YHHOHUUDYS H 00001Iasl 3HAMEHHTHE TOXK-
dectBa Ditnepa, 'aycca u SIk06H AnsA cTeNeHHHX PsSIOB.
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Htak, SKCKypCUH NPOBOJATCA IO NSATH COBEPIUIEHHO
pa3JHYHEIM MapUIpyTaM, Ja eHle MH HMeeM AeJ0 ¢
OATBI0 HECXOXKHMH HHAMBHAYAJBHOCTSAMH H TeMIepa-
MEHTaMH 3KCKYpPCOBOJOB, TAK YTO XOPOXKHOH CKYKH Ona-
caThbCA He mNpHXoxurcs., IIpm BCEM TOM BHHMaTeJbHBIH
YHT4TENb 3aMeTHT, UTO MapLUPYTHl 3KCKYpCHA NOCTOAH-
HO COMpHKAacalTcs U NepeceKkalorcs.

Hanpumep, T1oxzecTso SIKOOH AN CTeneHHAHX PALOB
BCTpEUAeTCSI He TOJNbKO Yy $IHIeHa, a pg3era-QyHKIHSA
Puvana He Toapko y Llarupa—u 1O M apyroe ymnomm-
HaeTcs, yCcTh H MHMOX0a0M, Y Dopo u Poasdca. CyM-
Mbl ne.rm'reﬂeﬁ HOSIBJASIIOTCA He TOJbKO B IIepBOH, HO H
B TpeTbell 3KCKypcuH. KOMy XOTb pa3 LoBeJOCh HOrpy-
BHTBCS TOIVYGKE B MHD MaTeMaTHKH, H3BECTHH TaKHe
HEOXXHJaHHblE B3aHMOCBS3H., 3aqac'ryro BBISIBJISAIOTCH
CBA3H MeXAy ee pasjgeslaMH, He HMEIOHIMMH Ha HepBHIH
B3ryasx abcogiotHo HAYero obmero. M aro — He kakas-
HuOyMb TaM BSK30THKa HJAH cJAyHaiiHoe nepudepuiinoe
fIBJleHNe, a THIOHYHAsA 4YepTra BCAKOH HAacTOAIEH Mare-
MaTHKH. MaJjieHbKHe HEOXKHZAHHOCTH, C KOTOPBIMH MH
8liech CTOJIKHEMCSH, COBEpHICHHO «HEBHHHH» II0 CpAaBHE-
HHUIO ¢ (QaHTaCTHYeCKHMH CIOPIIPH3aMH Takoro poxa, To
H JeJ10 BCTPEUAIOUIHMHUCA B MaTeMaTHYeCKHX HCCIeloBa-
HHSAX. OﬁHapyxceHHe TAKHX HEOXKHAAHHHIX, OYeHb 4acTo
TJyOHHHBIX CBsi3ell NMPHHAJJIEXXHT K CaMbIM BOJHYIOILIHUM
COOLITHAM B JKH3HH MaTeMaTHKa.

OnxHako mopa HaM KOHYaTh ¢0 cC60paMH H OTIpaB-
JAAThCHA B popory. O6paTuMcs K CaMHM YHCJIaM,

Baasrep Bopo

Enc Kapcren Suyen
Xancnerep Kpagr
IOpeen Poasghe

Hon Hazup



Banstep bopo

APYXECTBEHHBIE YACIIA,
ABYXTbICAYEJIETHAS UCTOPUS
OAHON APUDMETUUECKOW 3ALAUM

D10 HCTOPHA IBYX UHCEJ

A =90 2364653062 3313066515 5201592687 0786444130 4548569003
8961540360 5363719932 5828701918 5759580345 2747004992
7532312907 0333233826 7840675607 3892061566 6452384945

H

B=86 2593766501 4359638769 0953818787 1666597148 4088835777
4281383581 6831022646 6591332953 3162256868 3649647747
2706738497 3129580885 3683841099 1321499127 6380031055,

B kaxnom u3 Hux 152 mudpwu. ¥ nepsoro 800 pasmmy-
HHIX Aenutesnedt, y sroporo— 3200. Uucna A u B o6na-
JaloT CJeRYIONIHM 3aMedaTeJIbHBIM CBOMCTBOM: CcyMMa
779 coGcrBeHnHXx meaunteaeit ) A paBHa B, CJAOXKHB Xe
3199 cobcrBeHHHnX penuTeneil B, Mu moayuum A. 91y
HHTepecHyl0 mnapy Hallead B 1972 r. amcrepAaMCKHH
Matematuk XepmaH te Puje. Ero oTkpmTHIO npexiue-
CTBOBalla AOJIras HCTOPHS, Ha4aJO0 KOTOPOH TepsieTcs B
Tiy6HHe BekoB, C 3TOH HCTOpHeR s M Xxotea OH BaG
IIO3HAKOMHTb.

IIpu sTom s nombiTalock (B MOJIHOH Mepe 3TO BPAX JH
BO3MOXHO) YIIOBJIETBOPDHTb KaK MaTeMaTHKOB, Tak H
HeMaTeMaTHKOB. B mHHTepecax NOCJAeXHHX MBI II0 BO3-
MOXHOCTH HOCTapaeMmcsad o0XoZurtbcs 6e3 (dopMys, Teo-
pPeM H HOKa3aTeJbCTB, 3a YTO # 3apaHee NPHHOIIY H3-
BHHEHHsSI KoJuieram-npodeccuoHanaMm. HeMarteMaTHKOB
¥e §i Npollly NPOSIBJISTE TEPIEeHHe B TeX PeAKHX ciyyasnX,
Korja BCE K€ NOfBHTCS Kakas-HuGyxb dopmyna HIH
Korjga si mo3soJilo cebe HeGOMBIIOE OTCTYIJIEHHE, NMOHAT-
HOe TOJBKO CHEHHAJHCTY.

) To ectb pgenmrenci, OTARUHHX OT CaMOrQ W9HCAA, = [/pus,
sepee,
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M3BecTHO, YTO B JpeBHeM BaBuioHe OCHOBaHHEM CH-
CTEeMbl CYHCJIEHHS CJAYKMWIO uHucao 60, o yeM 10 CHUX MOP
HanoMHHaeT OOb4ail AeauTh yac Ha 60 MuHYT, a MH-
HyTy Ha 60 cexkyna. Y xoTs npocThie JIIOAM H B TO BpeMs
NMOJB30BAJNHCh JNECATHUHON CHCTEMONi CUHC/IEHHs, Mard:
MaTHKH INPHMEHANH WiecTHAecaTepuuHylo. [eno B TOM,
4TO AeHCTBAS C APOGAMH He MOJbL3OBAJHCL Y HHX GOJb-
IIOH HONYNSIPHOCTBIO (KaK H y CErOAHAUIHHX LIKOJbHH-
koB). Iloaromy umcio 60, cpaBuurtennno ne6oJbIIDE H
HMelollee MHOrO AesuTeliell, 0Ka3aJloch HaeaJbHEIM OCHO-
BaHHeM CHCTeMH cuucjeHusi. M3 aBenaaunaTtu pasauyHbIX
Aenuresedl ydcaa 60 GOJNBUIMHCTBO TOJYYHJIO JaXKe OCO-
Obie Ha3BaHMsd, BOUIeJUIHE B S3LIKH PAa3HBIX HAPOMIOB.
Hanpumep, HeMelkHe kpecTbiHe W ceHyac OXOTHO YIIO-
TpeONAT HpH cyere moxuHbl (12), Maugenu (15) m
kKoibl (60) — BCé penuTeNH wWIECTHIECHTH.

AHTHYHBIE MaTeMATHKH BOOOLIE CYHTAJNH OYeHb BAXK-
HBIM paccMaTpHBaTb BMECTE ¢ KaXKABIM YHCJIOM BCE ero
aenuteqd. UHcoa, HMeIOIlHe MHOIO JeJiuTenel, Ha3blBa-
JHCh «abundant» (H3GHITOYHBIMH), a HMEOIHE MaJo
aenutenedt, — «defizients> (memocrarounnimu). [Ipu atoMm
B KayecTBe Mepbl HCHOJb30BaJOCh HE KOAUYEeCT80, a
CyMMa COOCTBeHHBIX JesiHTened, KOTOPYIO CPaBHHBAJH
C caMuM uucjJoM. Tak HampuMmep, AJA AeCATH CyMMa

JeJuTeNel
142+ 5=8 Mennuie 10,

TaK 4TO JesHTeNed «HeZocTatoK». [lns JABeHaaumaTH Ke
14+24+34446=16 Goaplue 12,

T. €. JenuTenedi «u3buiTok», ITosromy 10 — «uenocrartoy-

Hoe», a 12 (M yx TeM GoJsee 60) — «H3GHTOUHOES YHCJIO.

Bcrpeuaerca u «norpaHuusbifi» coyyalt, korga cymMma
cOGCTBEHHBIX JAesuTeneif passa caMmoMmy uuciy. Hanpu-

Mep, JJAs LIeCTH
14+243=6.
To xe gasa 28:
14+24-447-4 14 =28,

Takue uucna japeBuse rpexH OcoGeHHO IEHHIM H Ha-
3BaJld HX cosepuieHnuimu, TOUuHO Hen3BeCcTHO, KOTHZZ H
IAe BUepBble OOpaTHJH BHHMAaHHE HA COBEpULIEGHHBIE YH-
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cna. Ilpenmonaraior, 4T0 OHM OBIH H3BECTHH YyXe B
ApeBHeM BaBusoHe m JapeBHem Erunte. Bo BCAkOM cay-
gae, BIJIOTH ZO 5-ro Beka H.5. B Erunre coxpaHsics
paJjblieBblit cuer !, NIpH KOTOPOM pyKa C S3arHyThiM Ge3bl-
MAHHBIM HaJiblieM M BHIPSIMJACHHBIMH OCTaJbHBIMH H30-
paxana 6 — nepBoe coBeplleHHOe UHCJ0. TeM caMbM
YToT masen Kak GBI caM CTaJ OpHUACTEH K COBeplleH-
CTBY ¥ MOTOMY UOJY4HJI TPHBHJErHIO HecTH Ha cee
koaslio (Qporo 1), Takoeo oxHo u3 0GDBSCHeHHH TOrO

Poro 1. Yxke B ApeBHue BpeMeHa CYWECTBOBaJA TPAAUUHA HOCHThH
KoJplo Ha Oe3niMsfHNOM nagwsie. Pyka Adpoxnursl. Bponsa, Ipeuus,
3-§—2-it B. o H. 9. Myseii «Ypenmyseym» B Bynneprane. (Poro-
rpagus BocupoH3BORMTCA ¢ Jiobesuoro paspemwenns M. Abenepa.)

OTMEYaeMOro CHeuHaJUCTaMH 0O HCTOPHH KYJbTYPH
¢dakTa, 4TO NOUTH Y BCEX UABUJIHA30BAHHBIX HapoJ0B
cyliecTByer 0O6BblHafi HOCHTb KOJbBLO HMEHHO Ha 6e3bl-
MSHHOM IIaJIblIe,

[TepBoe aokasaHHOe yTBepXKAeHHE O COBepLIEHHBIX
yucaax npuHagaexutr IBkauay (mpumepHo 300 r. go
H.3.). B ero «Hauanax», BpaepxaBlinx nocnre 6ubauH,
noxany#, Hauboabllee GHCAO H3JAaHUH, MBI HaXOAHUM B

1) O6Go3HaueHHe uHCeJ MPH NOMOWIM MNaJgbneB; CM. HanpHMep,
Henvan H. $5I. Hcropua apudmeruru, — M.: VYunearus, 1959, —
Ilpum. nepes,
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kuure 1X TecpeMy 36, ycTaHaBAHBaIOIRYI0 €10c0b moy-
yeHHS COBeplUeHHHX 4HCend. Ha coBpeMennoM si3biKe OHa
3BYUHT TaK:

Teopema Iskanpa. B rex cayuasx Kozda 4ucao
p=14+2+4484 ... + 28 =211
»— NPOCTOC, 2" D ABAACTCA COBEPULERHBIM,

a1 noxkasaTenbCTBa STOMO YTBEPKIACHHT OBKIHI
HCNOJIb3YeT CBOIO TeopeMy 35— (POopMyJay CyMMH YJICHOB
reomerpuueckofi nporpeccun. Ilosanee Huxomax u3 Te-
pacH yKasaJj mnepBbie CoBeplIeHHbIe uyucaa: 6, 28, 496 n
8128. Bce oHH noayualorTcs no cnocofy OBKJAHAA,

Boablioe BHHMaHHe YAeJsJH B aHTHYHBIE BpeMeHa
H yucaaM 220 u 284, y Kortopulx OHJIO nojAMedeHO CJe-
Ioyooulee YAHBHATEJNbHOE CBOHCTBO: CyMMa COOCTBEHHBIX
denutejielt uucia 220 paBHa 284 u, Hao6opoT, cyMMa
co6CTBeHHBIX Aejimrenell 284 paBHa 220. X naspanm
OpysicecTsertoimy., Cheasl 3THX 4YHCE) TOXe TepsAloTCsH
BO ThbMe BeKOB. BecbMa BEpOATHO, UTO HepPBHM OOpaTHI
Ha HEX BHUMaHHe JTugpazop (cMm. ta6a. 1). Bupouewm,

Tabauya 1, Xponoaornueckan taGamna.

ok. 500 no H. s. | ITudarop 1636 Pepma
O6k. 300 mo u. 3. | dekaHA 1638 Jegapr
oK. 1750 ditxep
oK. 100 u. s. Hukomax 1830 J'_[e}xaﬁnp
oK. 300 Ampnux 1851 | Ye6umas
1911 Juxcon
836901 Cabur 1929 Ilyne
1346 ?cho'rr
n6n Xansnyn 1968 H
1007 anb-Maxxpurs 1972 Te Pure
1256—1321 | w6 ann-Bauna

HEKOTOpHE cchlanTcss Ha TO 60snee JpeBHee MeCTO B
616y, rae rosopurcd, uto Makos B 3HaK NMpUMHPEHHA
noaapunt Hcasy posuo 220 osenm m 220 ko3. CpenHese-
KOBbl€ KOMMeEHTaTOpbl 616aun oOBACHSAM CBOMM YHTaTe-
JIAM «Ta#iHy», 3aKJouUeHHyl0 B yucae 220, ¥ cumranu
HEeNpeJIOXKHBIM (aKTOM, 4TO HA MACHYecKylo CHJIYy 5TOro
UHCJIA M pacCYHThIBAaJ XUTPOyMHb#t Hakop. C nomoubio
8HAJOTMYHBIX YJIOBOK HauM mpeAk#u Oyaro OH 3aBOEBHI-
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BaAH TaKXe CHMHATHH KOpoae# B caHOBHHKOB. B 06-
iteM, 06 3TOM KaKIAHHA BOJEH HMeTh cOGCTBeHHOE MHe-
HHE, 3 NEePBLIM He ROMYCKAIOUIHM ABYCMBICHICHHONO TOJ+
KOBAHHA JOKYMEHTOM, COJepiKallHM YIIOMHHaHHE O ApY-
JKeCTBEHHBIX wHCaaX, #ABasgercHd «l3noxenue mudaro-
peHCKOro yuYeHHs» — TPAKTAT, HANMHCaHHHA B 3-M Beke
H.3. Hekum JImBanxom u3 Xagabuuca. Iludaropefickas
LIKOJIa NMOJYYHJa HMIAPOKYIO H3BECTHOCTH HE TOAbKO 6.Jia-
roxaps NPHCTPAaCTHIO ee YJIEHOB K MHCTHKE UYHCEJ, HO H
Gnaroxaps ToMy, UTO OHHM BHICOKO LEHHJAH APYKOY. fm-
BJIUX PAacCKashiBaeT, Kak OAHaxAwl Benukui ITudarop
H& BOHPOC, KOI0 CJeAyeT CUYHTATBh HAPYroM, OTBETHJI:
«To20, KTO Aeasnercs moum 6Topoim s, KAK uucaa 220
i 284>,

Hexkoropne ucTOpHKH He cyHtalorT fMBJIHXa AOCTOM-
HEIM foBepus. OHH XoTequ GH pacrojiaraTh CBHAETEJb-
¢TBamMu coBpeMmeHHukoB [Iudaropa. K coxaneunio, ¢ ta-
KHMH CBHIETEJbCTBAMH Jena o6CTOAT HEeBAXKHO, TaK Kak
nrgraropefickas mKoJga HapsAy ¢ YHCJAOBBIM MHCTHIHS-
MOM H KyJbTOM APY3KOBl CcJaBuJach ellle H NpHBEpIKeH-
HOCTBIO K TAHHCTBEHHOCTH. Pasriamensie AOOBITHIX Ma-
TEMAaTHUYECKHX 3HAHHA cyurTanocr, KomyHcrBoMm. Coxpa-
HHJICCh, HallpHMep, HpeJaHHe O TOM, KAaK MOCJHe OTKpbI-
T Iludaropom pdojgekasapa oiuH U3 ero Yy4eHHKOB
YCTaHOBHJ, 9TO 5TOT MHOIOrPpaHHHK MOXHO BIHCaTh B
map, H, BONPeKH TPaiHUUAM LWKOAH, ofGHApOROBaNd CBOe
OTKPBITHE. 3a Takoi#t «GOroxyJbHbIN» NOCTYNOK OH HOHEC
HakasaHHe — yTOHYJ B Mope. MoxkeT GBITh, IIC3TOMY HC-
THHHHH NEePBOOTKPHBATENADb APYXKECTBEHHHX YHCENR Hpen-
noyeJd OCTaThCH HEH3BeCTHHIM.. CaM s cuHTalo, 4TO
npome BCE-TaKH BepHTb FIMBJIHXY M CUHTATH IEPBOOT<
KpbiBateneM ITudaropa.

Ecnu He yuuTblBaTh COBEpUICHHBIe YHCAa (Ipyxe-
CTBEHHBIE, TAK CKa3arb, caMum cebe), T0 B ApPEBHeM
MHpe OBbljla H3BecTHa eJHMHCTBEHHas napa ApyXecTBeH-
HHX yHcea— napa Iludaropa, co caeAyloumuM npex-
CTaBJiecHHEeM B BHAE NPOH3BEAEHHA NpOoCThIX I} umcen:

220=2*.5.11,
284 =2%.71.

1) Onpenenenne NPOCTOrO UHCAZ HANOMHHAETCA B Hauane BTOs
poro nyremectBus, — [Hpum. ped.
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Yka3atb Kaxkof-HuOyAb 0OIMHA cnocol® mnonyveHHd
APYXECTBEHHHIX 4HCeJ, Jalomuit Ty Hapy H JpyrHe,
}keJaTeNbHO B OeCKOHeYHOM KonaHudecTBe (UTo AAfA CO-
BepUIEHHBIX YHCEN YAaJOoCh CIAeJaTh IBKJIHAY)-— 3aja-
ga, NpeACTABASIONIAS 3HAYHTEbHbIE TPYJAHOCTH H B Ha-
i AHH. IlpaBma, oxMH cnoco6 Takoro poja ykasald
eiiie B 9-M Beke apabGckuii maremaruk Cabur ubu Kop-
pa Ilycte OH OPOCTHT MeHsl, HO f He OyAdy HasbBaTh
ero moJusiM uMmeHeM: a6y-Xacau Cabur n6H Koppa ubH
MapBaH aabp-XappaHH, KOTOpO€ CEerojHsi HnpeacTaBs-
eTCs HeCKOJbKO AJHHHOBaTbiM. Cabur Obl1 BpauoM H
ACTPOHOMOM H B TO Ke BpEeMs OJAHHM H3 CaMbiX Bblja-
IOIIMXCA MYCYJbMaHCKHX MaTeMaTdkoB. On xun ¢ 836
no 901 r, nocaeaHol vacrbh 3KH3HH — B Dbaragane, rae
O6blJl JOBEPEHHLIM JHIOM M COBETHHKOM Xanuda altb-
Myraguna Hailigenunt Ca6uroM cnocob nosyyeHHsA
JAPYXKeCTBEHHBIX HHCEJ 3BYYHT Ha COBPEMEHHOM s3bIKe
TaK:

Teopema CaGura. Ecau sce tpu wucsa p = 3.2 — 1,

g==3-2"—1 u r=29-22"1—1—ppocroe, 7o wucia
A=2"p.qgu B=2"r

— OpyxcecTsenHsie.

Ilpu n =2 uucna p=25, g= 11 51 r =71 — npo-
cTole, H MOJyuaercs Hapa uuces, HaiaeHHas IIudaro-

pom Opnako Teopema Cabura Jaer [ApyKeCcTBEHHHe
ypcJia B NIPH APYTrHX n, HanpuMep HNpu n=4 u n=71

n=2 = npn=4 n=7

p= 5 r= 23 p= 191
g = 11 q= 47 q = 383
r o= 71 r= 1151 r = 73727
A= 220 A= 17296 A =9363584

B = 284 B = 18416 B =9437056

L4

B Hacrosiee BpeMsi H3BECTHO, 4TO 3THMH TpeM4u Cly-
vassMH HCUepmuBaloTCs Bce 3Hadenus n << 20000, npu
KOTOPBIX YKasaHHBIA cnoco® paer ApyrKECTBEHHBbIE YHC-
na. Hcnoas3osan au cam Cabur cBOW TeopeMy JUIf
OTHICKAHHSl [APyXECTBEHHBIX YHCeJ INpH 7 > 2, HEeHs-
BectHo. OTKpHITHe BTOpOHt (n=4) u Tpernelt (n=7)
map ApyXeCcTBeHHbIX Yuces NMPHIHCBHIBaJOCh paHee Dep-
ma 4 Iekapry coorBercTBeHHO, OJHAKO HEJABHO B OA-
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©Poro 2 Crpauuna pyxkonncu apaGecKolO Ma-
TemMatHka HOH aJjp-Dannn (1256—1321), co-
nep¥Kauas BLIBOJ, BTOPOH Iapbl JpYIKecTBeH-
BblX wdcen 17296 u 18416, oTKphITHE KOTOpPOH
Ao cux nop mpunuceiBasock Pepma (1601—
1665) (Yacrroe coGpanune npodeccopa dumro-
Jorkyeckoro ¢axyanrtera TyHHCCKOro yHuBEp-
cutetra Moxammena CyunccH, KOTOPOMY MH
OGjarofapHn 3a JwbGe3sHOe pa3peuicHHe HOMe-
CTHTb 3]eChb 3TO PaKCHMHIE )
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HOM H3 TPaKTaTOB MAapOKKAHCKOrQ YYeHOro HOH alb-
Dannbt (1256~—1321), cuna apxurekropa, GHIH OGHa-
PyXeHH cJefywmpe cTpokr (¢poro 2): «Umcsna 17 296
4 18416 ABASIOTCA EPYXKECTBEHHRMH, OJHO H3 HHX H3-
OBITOYHO, APYroe HeIoCTaToyHo. AJaax BCEBeAyLI».

C TeyemmeMm BpeMeHH GOpPMyJH, npemjoxkenHbe Ca-
6uToM, ObIIH 3a6BHITH,, 2 €r0 KHHIY OTKPHUIH 3aHOBO
aumwb B 19-M B, BupoueMm, MHOrHe aHTHYHBle H apab-
CKHE YYeHHe, a TakKxke yueHbe Cpe/IHEBEKOBbs [IOCBSA-
HIaJH B CBOHX TpaKTarax OJHY H3 IVIaB COBepLICHHBIM
H JpyxeCTBeHHbBIM uncjaaM. OpHako OOJbliel HacTbIO
B 3THX TpakKtarax OHJ0 MaJO HOBBIX CBeleHHH H MHOTO
omnbok. Kpome TOoro, coBpemMeHHOrO yHTaTeNs HECKOJb~
KO VIHBHT TO NOpPasHTeJbHOe eAWHOJAYIIHE, C KOTOPbIM
ABTOPbl STHX COYHHEHHH HACTaHBAIOT Ha BO3MOXKHOCTH
IIPAKTHYECKOTO HCIOML30BAHHA JPYKECTBEHHBIX YHCeJ,
Hanpuwmep, n6n XaapiyH nmpunaraer K CBOEMY TPaKTaTy
PYKOBOJACTBO MO H3rOTOBJEHHIO TaJHcMaHa JApyxOH, a
MaJIpHJICKHH Yy4eHBl auab-Manxputu (yMm. B 1007 r.)
IPUBOJAKT PelenT, HO3BOJAAIOMUNA JOGHTHECA B3aHMHOCTH
B JIIOOBH: HaZo 3amucartb Ha 4éM-i1ubo umcia 220 u 284,
MeHdblllee ZaTh CBHECTh NpeAMery cTpactd, a OoJjbllee
CheCTh CaMOMYy; y4eHbli n006aBnaser, 4TO AeHCTBEHHOCTD
3TOro crnocofa oH npoBepua Ha cebe.

B nanane 17-ro B. ABa (ppaHUY3CKHX MareMaTHKa —
ITbep ®Pepma B 1636 r. u Pens Jekapr B 1638 r. — He-
3aBucUMO Apyr oT Apyra u ot Cabura NoJydu/jH Te XKe
dopmyabl. O garax u 06CTOATENALCTBAX 3THX OTKPHTHH
HMEIOTCA Camble TOUHHIe CBeJieHHs. XOTH H B TO BpeMs
npobiema o6MeHa HOBBIME 3HAHHSAMH elle He OblIa pe-
IIeHa — H3/laHHe KHHUI' 3aHHMaJO0 AJUTENbHOe BpeMs, a
MAaTEeMaTHYECKMX XYPHAJICB He CYUleCTBOBAJIO, — TEM He
MeHee Aedo 00CTOANC 3HAYHTENbLHO Jydule, YeM BO Bpe-
meHa [Iudaropa: yueunle nucsmMeHHo coobllanH O CBOHX
OTKPHITHAX mnatepy Mepcenny!), ¥ Takoe H3BellleHHE
OBLJIO paBHOUEHHO NHCbMY, OTIIPABJASEMOMY B HACTOfA-
mee BpemMst B pepakiuuio «Mathematischen Annalen»?,

1) HMspecthuft ¢pannyackmit MareMarnx (15688—1648). — IIpunm,
nepes.

» Ilepnonnueckoe m3panHe, coobMlaloOmiee 0 MaTeMaTHIECKHX OT«
KPHITHAX, == [Ipus, nepes,
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®epma n Hexkapr Takxe Hapucans MepceHHy, KOTOPH#
B OPEANCJIOBHH K CBOeH Oauxaiilued KHHIe HasBajg HX
OTKPHITHE KPYIHBIM JOCTHKEHHEM reHHaJIbHHIX MaTeMa-
THKOB.

B xoje cBoux HccienoBaHuit Pepma m [ekapT BH-
sean GopMyay, AAOILYI0 CYMMYy JeJHTeNell YHCAA 1O
ero MpeACTaBJEHHIO B BHJle NIPOH3BeJEHHA CTeneHe#l nmpo-
CTHIX 4HCeJ, 3Ty (POPMYJaY JIErKQ NOJYYHTh, HCXOAS H3
CAeAVIOUIMX ABYX TOXKIECTB:

(1) o(B:C)=0(B)-0(C), ecn B u C B3aUMHO NMPOCTH;
2 o)=1+p+p+...+p"=

ecJH p — NpPOCTOe.

pﬂ--l-l___l
p—1

3zech ueped o(A) obo3nayeHa cyMma 6cex JeanTedeft
yucna A, Tak 49TO CyMMa ero COGCTBEHHBIX JAesauTenei
paBHa o(A)— A. CnepoBarenbno, ycjaosie Toro, uro A
H B — gpyXecTBeHHBIe UHCJAA, MOXKHO 3aNHCAThb B BHJE

0(A)—A =B n o(B)—B=A4,
Ay
{3) 6(A)=A+4 B=o0(B).

31 TpU QopMynbl yIOOGHH Ans BouHciaeHu#t, KpoMe To-
ro, paBedHcTBO (2) npeAcTaBiAseTr HCTOPHUECKHH HHTE-
pec, TaK Kak OHO CNMOCOGCTBOBAAO OTKPHITHIO 3HAMEHH-
xolt Mar0ll Teopemot Pepma:

Ecau wucao n 4 1 —npocroe, 7o oHO s8a3€TCA
deauresem p*— 1 npu 11060M HATYPALLHOM P,

B npouecce moHcKa COBepIIEHHBIX H JApYKeCTBEHHBIX
guces Pepma (kKak 3TO mo3xke B OoJblieM o0beMe CAe-
Jaj Diep) cocrasisn Tabaulbl passioKeHHs Ha 0po-
CThié MHOKHTENH BeJWYHHB o(p*) W IpH 5TOM Heus-
GexkHO «JoJKeH» OBl OTKPHITH CBOIO MAaJjylo TeopeMmy.

[Tocae nepuora mMasnosHayamux pabor, nocjeroBas-
mero 3a paboramu Pepma u [lekaprta, cyLleCTBEHHOIO
NPOJABHKEHNAS B PEIIEHHH TMPOGJeMHbl PyXKeCTBeHHBIX YH-
cesi pobGuica Jleonapd 3Jirep. C npucyumiefi eMy OCHO-
BaTeJbHOCTBI0O H SHepruefi Havyaad OH IWITYpM 9TOH



20 BAJIGTEP FOPO

- il

3anayn. Feanoxenne pesysnvrartoB Idifilepa MOXKHO HaHTH
B MHOTOTOMHOM H3A2HHHM NOJHOro cobpaHus ero couH-
neuuii D,

Hpexme Bcero, Jitiep A0Kasalj, 4To No cnocoby IB-
KJIRLa NOJNYUAIOTCH 8Ce 4eTHule COBEpULeHHble YHCJA, a
HeteTHble cOBepUIEHHbIe YHCJIA (ec/d TAKOBLIE BOOGILE
CYLIECTBYIOT) AOJIKHBL HMETb HEKOTOpHH crelnuaJjbHbIHA
BulI. OrMeruM, uto yxe JlexapT oOCTOATEJIbHO 3aHH-
MaJjCcs BONPOCOM O CYIECTBOBAHHM HEUYETHHIX COBep-
weHHHX 4Hceld. OfHaKo, HECMOTPA Ha TO HYTO 3TOMY
BONIPOCY nocmmeﬂo GoJsiblroe  KosuuecTBO pabor —u
MOYTH KaxABIH roj MOSBASAIOTCA HOBHE, BOIIPOC 3TOT HeE
pellieH [0 CHX MOp.

Hanee Dfinep 3aHssca APYXKeCTBEHHHIMH YHCJAaMH
BH1a

A=2"p.g u B=2".r

C IPOCTBIMH p, g, r. (YCJOBHMCS, 9TO 3amHuCb NPOH3BeE-
JeHHs abc Cc TouKaMH MeXJY COMHOXKHTEISIMH, T. €.
a-b-c, o3Hayaer B3aHMHYI0O IIPOCTOTY COMHOIKHTeJEH.
D10 u36aBuT Hac B JaJbHeHlIeM oT rpoMosakux ¢op-
MYJIHPOBOK.) 2DHJep NOJYYHJ yTBepXKIeHHe, OYeHb IIO-
xoee Ha TteopeMy Cabura, HO 4yTb Gojee obllee,
IIpaBma, ¢ moMoluibid cBoero 06OGINEHHS OH He CMOT
Ha#iTd HOBHe JPYyXKeCTBeHHHe 4YUCJa, TAK KakK B TO Bpe-
M TaGAHUBL NPOCTHIX 4HCEN ObLIH COCTaBJIEHHl TOAbKO
go 100000. Jlnup Jlexauap u UYebniués, uHcnoMb3ys
HOBHI KPHTEPHH NPOCTOTH 4HCEJ, CyMeaH OOHapYyXKHUTh
C DIOMOILBIO TeopeMH 2#Jepa elle OJHY MNapy Apyxe-
CTBEHHBIX 4Hces]. B Hacrosulee BpeMs npHMeHeHHe DBM
NO3BOJIHJIO TIOJYYHTH 3THM METOAOM H JpyrHe TMapHL
Haxkoneu, Disep HcKaa ApyiKecTBeHHble YHCJIA H CO-
BepIIEHHO HHOrO BHJA, YeM ero mnpeAlleCTBEHHHKH, B
JacTHOCTH Heuerunle. OH 3amHcHIBaJl HX, HAaOpuMep, TakK:

A=a-p.gqu B=a-r (p,q,r—npocrhe)

# 60, 3aJaBUIKMCh OOLIMM MHOXHTEIEeM @, NOJyyal
A oNpeleJeHHst p ¥ ¢ KHOPAHTOBO ypaBHeHHEe BTOPOH

1} Opera Omnia; cM. paspeant: De numeris amicabilibus (O apy
MecTBeHHHX dHcNax) M De summis divisorum (O cymmax meaute-
Jeit),
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creneny, nu60, 3a/aBIIHCL ABYMS M3 TpeX NPOCTHIX YH-
cesql p, g, r HAM BCeMH TpeMs, HCKaa noaxoasuiui oo6-
WU MHOXHTEIb a. BropuiM MeroAoMmM uM ObH Hakje-
Hbl, HAipHMep, CJeAYIOUHe Napbl HeYeTHbIX JipyxKe-
CTBEHHBIX YHCeJI:

3%.7.13-5.17, 3*.5.11-.29.89,
3%.7.13.107, 3*.5.11-.2699.

B cBoux paGorax Ji#jep usnaraeT nATh pasJHYHBIX Me-
TOAOB [Jis OTLICKAHHUA JPYXKECTBEHHBIX 4HCeJ; KEMOH-
CTPHPYA BHPTYO3HOCTh B BLIUHCJAEHHAX H TeplicHHe, IO-
KasblBaer Ha OOJbLIOM KOJHYECTBE NPHMEPOB, KaK NpH-
MEHSTb 5TH METOJAbl, H B 3aKJIOUeHHe LapHT H3yMJeH-
HbIM COBpeMeHHHMKaM (3aHHMAaBIIHMCHA TOH e mpobJe-
MOH NMpPHMEPHO ¢ TaKHM K€ YBJe4YeHHeM, HO nodtH Oes-
pe3yabTtaTHo) noyty 60 HOBHIX map.

MHe He XoTesoch 6B MOApOOHEE OCTAHABJHBATHCS
Ha MeToAax OJijepa. Bce oHH cBOASATCA K TOMY, 4YTO
YaCTh PAa3JIOKEHHS HCKOMOIO YHCJAAZ HAa NPOCTble MHO-
XKHTeNH JOJ/KHA OBITh NpPOCTO yeadauxa, B 4YeM Cylies
CTBEHHYIO IIOMOIlb OKA3BLIBAK)T HHTYHIIHS, MAacTepCTBO H
ONBIT, & 3aTeM JJIsI ONpeAcJeHHsI NPYTHX COMHOMXHTENEH
HeoGXOJAHMO peEIIHTh HeKoTopoe ypaBHenHe. IIpm atoMm
BO3HHKAIOT /JBe pasjuiHble npobieMbl, KamAas H3 KO-
TOPHIX Ha CBOH JiaJ, BeCbMa TPYJAHA: BO-NEPBLIX, pellle-
HHE ypaBHEHHfl B LeAbX YHcIaXx (AHodaHToBa ypaBHe-
HHfI) M, BO-BTOPBIX, IPOBEPKA TOr'0, SIBJSIOTCS JH YHCIA,
KOTOPpble IOJXKHBI OBITH IPOCTHIMH, Ha CaMOM Jeje Ta-
KOBBLIMH.

Ciaenyer oTMerHTh, 4TO HNpoGJjeMa [APYKECTBEHHBIX
yHcen OJgarojaps paboraM Dinepa mnprobpena coscem
Opyeoll xapaxrep, Rexcesl npobiema COBEPUICHHbLX 4U-
cea. Jl nHIIen BO3MOMKHOCTH CHCTEMATHYECKH H3JIOXKHTD
JanbHeflyo, NOJHYI0 COGLITHH HcTOpHIoO 00enx 3aaav
CO BpeMeH Jiiepa A0 HalUIHX JHeH, OTpaxKeHHYIO B COT-
HaX nybankanpi. OjaHako st xores Obl B caMblX o0LIHX
yeprax o6pucoBaTh pasHuly MexAy HHMH. [Toucku uér-
NblX COBepulennbiX wucea NMPEeBPATHIHCH B BBICOKOTEXHH«
YCCKMH BHJ cHoopra (MO YeTKHM HNpaBUJIaM IBKJIHAA).
KaxJoe HOBOe JoCTHXKeHHe 3/eCh OBLIO OJHOBPEMEHHQ
4 HOBBHIM MHDOBHIM PEKOpDJAOM B 0XOTe Ha 60JIbliHe NPOe
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cThie yHcna, CO COHCKOM PeKOPACMEHOB B 3Tod objact
no3HakoMHT Bac Jlon llarup BoO BpeMsA 3KCKYpCHH K
NPOCTHIM uHCJaM. PaboTH, NOCBSAICHHHE HE4ETHLIM CO-
B8EPULEHRLIM HUCAQAM, HATIOMHRAIOT OXOTY 3a NPH3PAKOM:
HHUKTO HHKOrxa ero He BHAAJ, HO IIPOBEIeHO MHOI;Q
OCTPOYMHBIX HCCJEAOBAHHH TOro, Kak OH He MOXKET BH-
rasineTh. JanbHeHHIYIO HCTOPHIO APYKECTBEHHBIX YHCEJI
s1 OB, HaNPOTHB, CPABHUJM C OXOTOH 3a SK30THYECKUMMU
6abouKaMHu: HaiTH HOBHI 5K3eMIJISIp YPE3BbIYAHHO TPYA-
HO, HO eCJIH BOOPYXKHTbCA NpPaBHJABHOH METOZHKON H He-
O6X0AUMBIMH IO3HAHUSIMH A NPOSIBHTh JIOBKOCTb H Ha-
CTOMYHBOCTb, TO HHOTAa BCE Ke YyHaeTcsi ero IOAMAaTh
{ecau K TOMYy XKe elle H NOBE3ET).

OuapoBaHue TaKOH OXOTH M PpajfoCTh NPH KaXKIAOH
yaaye, O4eBHAHO, H NOOyXKianu Dfiiiepa He JOBOJNLCTBO-
BaTbCA TPeMsl, YeTHPbMsA NpHMepaMH, a HCKaTb BCe HO-
Bhle M HOBHe uHCJa. JTH YyBCTBa, Kpome JOBHOB Ga-
604ek, Moryrt, HoxkaJiyi, BIOJIHE NOHATb ellle JHILIb Ma-
TeMaTHKH, BTSHYBIUHMECA B OXOTYy 3a KOHEYHHIMH IIpO-
CTHIMM Trpymnamu (H chnpawupaiomue cebsi, nozobHo
b. ®umepy, cymecrByer JaH eme OXIHH <«pe6GeHOK-
MOHCTDP»)., OXMH H3 MaTeMaTHKOB, OTKPHBIINX HOBHIE KO«
HeyHHE IPOCTHE I'PYNIH (a MMeHHO, rpynns «tuna Gi»),
amepukanen, JI. Jlukcon, oxoTuics Takxke H 3a ApyHe-
CTBeHHBIMH yuciaamu. OH MCNOJb30BaJ MeTOAH Jiijepa,
HO JOGHIT TOJBLKO JIBe HOBHIe NapH.

Boo6uie, kak BHAHO H3 TabJ. 2, B KOTOPOH yKa3aHo
qUCJO HaHAEHHBIX KaxjahlM MaTeMaTHUKOM nap ApyXe-
CTBEHHHX YuceJs, 2iijiep — NpU3HAHHLIH BCEMH aBTODPH-
TeT — OCTaBaJICA HelNpeB3OHJEeHHHM BIJIOTH A0 NOCAEXA-
HEX AecarHaerud. [leppuM noGui pexopn Jhjaepa Gelib-
rufickuii Martematuk Iloap Ilyne. Ero nByxToMHas MoO-
Horpa¢Hs NO Teopuu 4ducen Oblja u3faHa B 1929 r, B
Bprocceste mnox MHOro3HauuTeJbHbIM Ha3BaHHeM «La
chasse aux nombres» («Oxora 3a uyucaamu»). Kpome
BCerg mnpoyero, B Hed npHBegeHH 62 HOBHe HapH ApPY-
xecTBeHHHX uncen. IIpn atoM Ilyne-— kak pasee Jle-
KaHjap B YeOHIEB — nollies1 MO NYTH CO3ZaHHA HOBHIX
KpDHTEpHeB MPOCTOTH YuCeJ. 3HAUHMTEAbHAsA YacTh €ro
HCC/IeIOBAHKH IMOCBSIHIEHA Pas3BHTHIO HAeh (DpaHIy3CKO-
ro Maremaruka JIIOKa, OTKpHIBIIErQ B BHICUIeH CTelleHR
addexTHBHBE KPHTEPHKE IPOCTOTH,
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Tabauys 2. MareMaTHKA, OTKPHBMEE NApH IPYRKECTBEHHHX
THCLL.

B rabinne mepevuciaednl Bce MATEMaTHKH, OTHCKaBIUIHE Napw
APYHKECTBEHHNX YucCeld; yKa3ausl KOJHYeCTBO HafifeHHWX Hap H TOX
orkputan. {Ilo cratse J. JIx. JIa, Journal of Recreational Mathe-
tatics, 1972; gomosueno asTopoM.)

1

ITadarop 1 — 500 Byaed 4 1950
nOH anp-Dauna 1] ox. 1300 j I'apcra 153 1957
Hexapr { 1 1638 Poapd | 1965
ofnep ~—————» | 59] 1747—1750 Ope, Anawuen,
Jlexauxp/Ye- CreMmn 9 1967

GHIIEB 1] 1830/1851 || Bopo 411 1967—1974
ITaranuuu 1 1866 JIn > {3901 1968—1972
Jeensxodd 2 1884 Bpstay,
Jaxcoxn 2 1911 Maxk-Kefi 14 1968
Msilicou 14 1921 Kosu 62 1970
ITyne}————> [ 108 ] 1929—1948) Hssux 12] 1971—1972
JKepapusu 9 e Pune 4 1974
Bpayu i 1939 Bopo, Xodd-
ACKOTT -> {219 1946 mMauy, Heb-

red, Pekkor | 25 1979

HoBbilfi «MUpPOBO# peKkOpA» OB YCTAHOBJIEH AMepH-
KaHueM 3. JCKOTTOM, a 3aTeM PEeKOpA Ilepeiliesl K ero
cootTeyecTBeHHUKY yiBuHy k. Jin. Ilo cyumecTsy oHHm
TAaKXe I0Jb30BAJHUCh MeTOAaMH Jinepa, XOTA H B yCO-
BeplIeHCTBOBaHHOK ¢opme. Kpome roro, Jlm mnpuGer-
HyJl — BlepBHe B cTOJb OojblIHX Macurabax — Kk MNe-
moluix OBM.

C wnacrynnenueM 3ps OBM BO3HHMK HOBHI# MeTOI,
O KOTOpOM Jiinep He MOr M NOMBIHIAATH, — NepebHpaTh
BCe YHCJHA IOAPAXN, NMOKA XBAaTHT MAaHIMHHOIO BpeMEHH.
Hamincp J1014, KOTOpHE, BHAMMO, TOMBKO H KAAJNH,
KOI'Jla IOsIBUTCA BO3MOXKHOCTh NPOH3BOAMTE IpoMajHhe
puyucaenns. OHM 3aHEMAaNHCh HMH B TeueHHe ABYX JeT,
He CYHMTasiCb C 3arpaTaMH, U AobOpaduch, Kaxkercd, JO
BeCATH3HAYHHX yucen. Kak oTHOCATCA K 3TOMY rpybomy
HATHCKY KOHKYPEHTOB TOHKHE HCKYCHHE JOBIUH, OXOTH-
1HecH 3a uyHcaaMH noxobGHo inepy, Ilyne u Jiu?
Tpyzano nmepexath ux 4yBcTBa. [IpencraBbTe cefe crpact-
HOMO pPHOOJOBA-JIIO0HTENA, HEOXHAAHHO 3aMeyaiollero
¥ Pydba JIOAEH, KOTOPHE MPOCTO OCYLIAlOT Pyc/ao H 3a-
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TeM CIIOKOHHO co6upaiorT pri6y! Bnpouem, npu atoM 06-
Hapy>XHIOCh, YTO DHIGOJOBHE VAWM BecbMa YCHElIHO H
BLIJIOBHJIH NOYTH BCHO PHIGY, TaK 4YTO <«O6pakoOHLEpam»
HOCTaJiach JIHHIL JOBOJBLHO CKPOMHasA HOGHYa.

B Hnacrosiliee BpeMs H3BeCTHO B OOINEH CJOXHOCTH
okono 1100 map xpyxecrBeHHHIX uHced. Hx noJunfi
cnucok Oma onyGaukoBad B 1972 r. B xypuaje «Jour-
nal of Recreational Mathematics» («Martemaruka Ha
aocyre»). Ero cocraBunu obnazartenb MUpPOBOro pekopia
9. JIlu u uspartenp xkypHana JIxk. Mspasuu. ITapm pac-
NOJIOXKEHH B MOPsSAKe BO3PacTaHUA HaWMEHbIEero YHC-
na. CHHCOK HauWHaeTcsi TPex3HagyHoil mapoit ITudaropa
H KOHYaeTcs 25-3HauHOH mnapol, HaljeHHOH ICKOTTOM.

[Toxa HensBecTHO, KOHEWHO JIH MHOXKECTBO map Apy-
J)KeCTBEHHBIX 4YHCeJ, H JIHYHO f AYyMamw, 9TO 3T0, MOXKeT
OLITh, TaK HHKOIZa M He OyXeT H3BeCTHO. BrpoueM BeH-
repckHit MareMaruk Ilayns Dpuémi aokasan, gTo ApYy-
JKeCTBEHHble YHCIa MMeloT miaoTHOCTh 0, T. e. HX JAOJSA
CPeJlM YHCceJ, He NpeBOCXOAAMX X, cTpeMuTesd R 0 ¢
pocTtoM x. bBpaynmseiirckuii maremaruk Xanc-Floaxum
Kanonps ycTaHoBHJ, 4TO B JI060H nape JApYXKeCTBEH-
HEIX YHCEeJ OJHO YHCJO MOJKHO HMeTh IO KpafiHeHd Mepe
TPH Pa3JUYHBEIX HNPOCTBIX NeJHTeNs, H MO3TOMY TeopeMa
Cabura paeT camble IpocTele Maphl ApyXKeCTBEHHHX YH-
cei. CaMm s mokasan, uro map A, B npyxeCTBeHHHX YHU-
cesi, Y KOTODHIX HpousBefienne AB mMmeer 3aZaHHOE KO-
JAYECTBO W MNPOCTHIX JejuTeliel, cyulecTByeT JHIOb KO-

HeWHOe YHCJO, 4 UMEHHO He GoJdee ueM w? . OXHaKO Ha
3THX ¥ Ha MHOTHX IPYruX OTHAEJbHBIX pe3yJpTarax Teo-
peTHYECKOro Xapakrtepa s He xoTes OHl 3/leCb OCTaHaB-
JIUBAThCH, TaK KAk CYHTaI0, YTO AYXYy paccMaTpHBaeMOH
3afayd ropasjo GoJbuie OTBeYaeT NOCTPOEHHe KOHKDET-
HHIX YHCJIOBHIX NPUMEPOB.

IToaToMy B 3akJiOyeHHe HAUIEro NyTelleCTBUSA s IIPH-
rjamamp Bac OTHPAaBUTHCH BMeCcTe CO MHOH Ha OXOTy 3a
APYKECTBEHHEIMH GHCJAMH, BOOPYXKHUBLIUCH METONOM,
CYLIECTBEHHO OTVIMYAIOIIMMCA OT MeTofioB Jijepa. Peus
urer o6 OIHOM pelellTe, IO KOTOPOMY M3 y¥Xe H3BeCT-
HBIX APYXKECTBEHHBIX YHCEJN MOXKHO H3LOTOBHTb HOBHIE,
3HAUHTENBHO IDEBOCXOJAAIIHEe HCXOAHHE IO BeJHYHHE,
S1 cnepBa coo0lly BaM caM pelent, 3aTeM JaM HeCKOJb-
KO NpOOGHHX NPHMEPOB €ro NPaKTHYECKOro NMpHMEHeHHS
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¥, HAKOHell, naMe4y BKpaTie, KaK NPHATH K TaKOMYy pe-
LEnTy.

Penenr. Bosbmure napy ApyxKecTBeHHBIX YHCEJ] BHAA
A=a.u, B=a-.s ¢ TIPOCTHIM &,
ITposepere, siBaserca aum gucjao p=u-+s-+ 1 npo-
CTHIM.
Ecnu na u ecnm He okaxerca (Bcsxoe OHIBaeT), 4To
@ JAeluTCqs HA p, 10 npu n=1,2,3, ... CIpaBeisHuBO

cjenyomee
IIpasuso: ecnu 06a uncaa

G=(u-+1)p"—1un ¢g=@w+1)(s+1)p*—1
— NPOCTHE, TO YHCAA
Bi=A:p*q u Bo=a-p*q

— IpyKecTBeHHEIE,
IIpumep 1. Bosbmem napy Ilucdaropa:
220=22.55 284 =2%.71
A=a.u B=a-s

Unena s=71 u p=u-+s+ 1=55+72=127 — npo-
crile, IloaToMy MOXKHO HCMONB30BAaTh YKa3aHHOe Ipa-
BuJio. IIpH n=1 wucaa q;, g» He SABASAIOTCA MPOCTHIMH,
HO yXe NpH n==2 MH NOAy4aeM Mapy ApYy>XKeCTBEHHHLIX
quced

B; =220 . 1272 . 903223,
B,==4.127%.65032127.
OTH, OueHb GoOJblIMe YMCJa, NOJyYEeHHble M3 mnapu 220,

284 nouru 6e3 BCAKMX BBHIGHCJAEHHH, IO CHX NOD He 6HaM
H3BEeCTHH!

[Ipumep 2. Bossmem napy dDitnepa
A=3%.5:11.29.890=¢q.u,
B=3%:5.11+:2609 =a - s.

31ech TakXe yHcsaa s=20699 H p=u 4 s 1 =5281

apasoTcss npocthiMu. Takum o6pasoMm, no 3TOH mape
Dfiepa TOXKe MOXHO NOCTPOHTH COOTBETCTBYIOLIEE «mpa-
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Bujio CabHra». B arom cayuae yxe npum n==l uucaa

¢1, Gz OYAYT NPOCTHIMH, H MH NOJIyiIae€M IpPYIKECTBEH-
HHe YHCAa

By=3*.5.11.29.89.5281.13635541,
By =3'-5.11.5281 - 36815963399,

Tenepb st xoTenm G HAMETHTh IyTh, KOTODHII IIOABO-
AUT K YKasaHHoMy penenty. (I'1aBHoe — «HanacTb» Ha
Takoh petent. llaTh <«noKasaTenbCTBO» ANA MaTeMa-
THKa — 3TO YyXKe HrpyukH.) Dynaem HckaTh GecKOHeYHYIO
IIOCJISAOBATENbHOCTb JAPYKECTBEHHHX YHCEa CJIeAylo-
1mero BEAa:

(4) Bi=b;-p*q;, i=1,2

(npeanonaraercs, 9TO YHCAA ¢y, ¢z, p — ApoctHe). Ilo-
yeMy HMeHHO TaKOro BHJIAa —HA 3TOM MHe He XoTe-
Joch OBl cefiyac ocTraHaRauBaThes. Buibupamwotes H Puk-
CHpPYIOTCA TpH uucaa by, bs, p, U NPH KaXIOM n==
=1,2,3, ..., amyTes ¢ u go. Tor dakrt, uro B; u By —
IpyKXeCTBeHHHe uyucsaa, o3Hayaer (corsacHo (3)), uTo

o(B1)=B) -+ B; ==0(Bs),

B B, __
o (B)) + o (B2) =1

OTKyza

Hcnoassya (1) u (2), naxonum, 4ro
l _ Z Bi — Z b‘ . pﬂ ] qt ]
et 2 G(B‘) i=1,2 o (by) ﬂ:.l..:.!. 9+ 1
p—1

3aMeTuM, YTO NPH n— o0 YHCAA ¢, H ¢, TaKkKe cTpe-
MsAITCH K OecKOoHe4HOCTH. TakuMm o6pas3oM, nmepexois B
Moc/JeXHEM paBeHCTBe K IpeAesly IPH 71— oo, MoaydaeM

(5) 1= ) % Pl

-
¢=1,20(‘) 4

Ilocnennee cooTHolleHue CBsi3biBaeT TPH uucnaa by, b
H p, KOTOPHE CjlelyeT NMOACTABAATH B HCXOAHYIO ¢op-
mMyay (4). OreickuBas mpocTeiiliie pelIeHHs ypaBHe-
nust (5), yHOBJIETBOPAIOIIME YCIOBHIO 3a/ayd, MH HOCJE
HEKOTOPHX MONBITOK JOBONLHO OHICTPO MpHAEM K YHCAAM
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by =220, by=4 u u3 (5) nalizeM nas p 3HaueHne 127,
TeM caMHM MBl MOJYYHM Napy, YKa3aHHYIO B npumepe 1,
[Ipp sTOM ~— Ha mepBHi B3ragA CAyYaiHO — IOABUIOCH
yucao 220, caMo sBasiolleecst ApyKecTBeHHBIM, [lo-
CKOMBKY MBIl KaK MaTeMaTHKH HEeOXOTHO BEPHM B CJly-
YadHOCTb, MOMLIeM IMPHUYMHY., TyT MH H OOGHApYyXKHM
VKa3aHHBIH Bblule o6Iuii «perent», Kak Mo yXKe H3BeCT=
HHM JDYXKeCTBEHHHIM YHcJaM CTPOHTbh IpaBHJa THIIA
npasuna Cabura, pamooume HOBHE NapH JpyiKecTBeH«
HBLIX gHCceJ.

B nurepatype Bcrpeuaercs (o MeHbllefi Mepe).
67 nap XpyxecTBeHHHIX yucen TpebGyeMoro BHAa. Jas
2 M3 HUX YHACHO p=u -+ s-+ 1 HeficTBUTEJBHO OKa3hl-
BaeTCs NPOCTHIM. TeM caMbiM Ha#meHo 22 «caGHTOBHIX
npasujaa». IlosicHeHHble YHCJIEHHHMH IpHUMepaMH C HaH-
MeHBIIMMH BO3MOXHBIMH YHCJAAMH, OHH OLIIH onyO6.JIHKO-
BaHkl MHo#t B 1972 r. B xypuane «Mathematics ol com-
putation» BMecre ¢ NpH3BIBOM K ClleliHajliCTaM MO MpO-
CTHIM YHCJaM IpOCYHTaTh JHdafbHeHlune NPUMepH Ha
IBM.

3aech s1 xorenm OHl CKAa3aThb HECKOJBLKO CJIOB O TOM,
KaK TPYAHO pEHIHTb, sABJAsETCA JH 3aJaHHOe YHCJIO ¢
NPOCThHIM. TpHBHANBHHH CIOCO6 — HEAUTh ¢ Ha BCe YH-
cia, He NMpeBOCXOAsllne KBAAPATHOTO KOPHSA H3 ¢, — Tpe-

o6yeTt ,\/ g apHdMeTHUeCKMX AelcTBHH. [TpuAyMaHO MHO-
ro OCTPOYMHBLIX YCOBEDIIEHCTBOBaHHH 3TOr0 MeTronxa, HO
B QOJIbHIMHCTBE H3 HHX, KaK OOHAPYXKHBaeTCs IIpH BHH-

41
MaTeJbHOM paccMoTpeHHH, Tpebyiotes Te ke O (4/q )"
apudMeTHUeCKHX oNlepauuil. HelaBHO YHanoCh CHHU3HTD

4 ———
yucno omepaumit 10 O (4/q) 6maromaps ToHKOMY Me-
tony JI. Ilsnkca, mo kKoTopoMy crnepsa onpegpeisercs
YHCAO  KIaccoB  MHHMOrO  KBaJPaTHYHOIO  MNOJA

Q(V—q ).--—-Ec.nn O6H 3HaMeHHTas TruHINoTesa PuMana
0 HyNfAX A3erTa-pyHKUMH (a TOYHee ee 06OOLIeHHE AJS
L-¢pyukuufi dupuxye) okasanacb CHOpaBefJHBOH, TO
MOXHO OHJIO 6H n0Ka3aThk, 9TO AAsi DeHIeHHs BOIpoOCa,
SIBAAeTCA JH ¢ TNPOCTHIM  YHUCJOM, JOCTaTOYHO
O((Ing)®inlnlng) omepauuit. Anaps Beiunio B 1948 r,

9 To ecTs, Ipy60 roBops, ¢y ¢, TAE € ==HEKOTOPAR KOHCTAHe
va, — ITpum, nepes,
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yAanoch JAOKas3aThb aHajnor rumnoreset Pumana s
L-pyuxkuufi anrefpanyecKuX KPHBBIX Haj KOHEUHBIMH
IMoJIAMH; OCHOBHIBasicb Ha atoM, J. Bépaxecc u I'. MuJ-

%
nep mokasand, urto xoctarouno O (4/g) apuomernues
CKHX ollepanui. .

OnHako cmTyauusi MOJIHOCTBIO MeHsieTCsH, eCHH H3p,
BECTHO pasfoKeHue YHcna g -+ 1 Ha NpoOCTHE MHOXKU-
1enu. A MMeHHO, Hcnoab3ys kpurepuit Jlioka — Jleme-
pa (nmpemjioxennnit 3. Jlloka H YCOBepllleHCTBOBAHHLLH
B 1930 r. 1. Jlemepom (cMm. Annals oi Mathematics))
MOXHO, B OOJBUIHHCTBE CJyyaeB, yxKe C IOMOULIbIO
O(Ingq) apudmernuecknx onepauufi yCTaHOBHTb, SABJS-
eTcsd Jin ¢ NpocThM. To ecTh KOJAMYECTBO onepauui, He-
O0XOZUMHX HJIA TAKOH NPOBEPKM, pacCTeT JHUIb IpONop-
HHOHAJbLHO YHCAY HHPP uHcha ¢. DTOT PpaHTAaCTHYECKUH
pe3yJabTaT eIBa JH MOXeT OBITH yJayuuieH, Brpouew,
Ipu oleHKe TpeGyeMoro o6beMa BHIUNCAEHHH (H3Mepse-
MOro, CKaxXeM, B CeKyHJaxX MalllHHHOrO BPeMeHH) cne-
AyeT TNPHHAMATh BO BHUMAHHe, YTO YHCJIA C TaKHM
GOJIbIIHM KOJHUEeCTBOM UUPP 2, KAK paccMaTpUBaeMhe
3lleCch, — He3aypsifHble OOBEKTH HaKe AJd COBpeMeH-
HHX OBM. Ilpu BX mNepeMHOXEHHH BBIUHCJAHTENBHOE
YCTPOHCTBO OKa3WBaeTCsi 3aHSATHIM HeBepOATHO JOJ-
ro-——B TeYeHHe BpeMeHH, Tpelbywoulerocs aas O(z2?%)
OOLIKHOBEHHBIX YMHOMKeHHH (370, IpaBna, IpH TpajH-
I{MOHHOM CHOCOGe YMHOXEHHS; INpPH IPHMeHeHHH HOBO-
ro, UCKyYCHO NOCTPOEHHOr0 airopuTMa OBICTPOrO YMHO-
JKeHHs 6GoJbHINX yHucen, H3o6perenHoro A. Illémxare u
®, Hlrpaccenom, mpocratoyno O(zlnzlnlnz) o6ukHO-
BeHHBIX yMHOXeuHui). Ho naxe ecaH Mu oueHuM Jeit-
CTBHTEJIBHEIA 06beM BHUHCJeHHH ¢ HCI0JAb30BaHHEM
Kputepusi Jlioka — Jlemepa, O((In¢)?%), To BCé XKe 3TO
ouresoMjsiomie GHCTPHIY CIMOCOO BHIACHEHHS MPOCTOTH.

€ oxuoro B3riisija Ha NONYyYeHHRBIE MO HaHIeMy pellen-
1y caOUTOBH NpaBH/Ja fICHO, YTO OHH CJOBHO CO3JAaHH
Ans mpUMeHeHHd Kpurepus Jlioka — Jlemepa. Xors ara
0cOOeHHOCTh NpUCYUla TakeKe npaBuny camoro Cabura u
ero o6oOblleHHio — npaBuay Jinepa, ofHako Hamu $op-
MYJH MMEIOT 10 CPaBHEHHIO ¢ HHUMH ellle JBa BaXHHX
AOCTOHHCTBA: BO-NEpPBLIX, OLHOBPEMEHHO MO/XKHH OHTH
NpPOCTHIMH JHIUB 08a, a He TPH OOMBLIMX YHCHa H, BO<
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BTOPBIX, HAWIUM CNOCOGOM MOXKHO INOJMYYHTH IpH XKena-
HHH MHOTO HOBHBIX aHAJIOTHYHBIX IIpaBHJ, eCcJH HNaHHOe
IPABHJIO HEJOCTATOYHO «IIPOU3BOAHUTEIBLHOY.

Moit npu3biB K BHYMCAHTENIM Hauiea oTKAuk. I[Ipas-
na, UX TepleHHe NOABEPrJOCh CYPOBOMY HCILITAHHIO, TAK
KaK BHayaJe OIHO u3 OOJLILINX YHCEJ ¢ B (2 BCE BpeMd
OKa3biBa/oCh COCTABHLIM. Broporo okrabpst 1972 r.
XepMmaH Te Pune Banucan MHe, yto 1m0 (QopMyJie, IIPH-
BeIEHHOH B KayecTBe IIpuMepa 2, Jaulib Hpu n =19
CHOBa MnoJydaloTcd 4YHClIa ¢y, ¢z, IO Meliblled Mepe
ncegdonpocreie (NCEBAONPOCTHIM HA3HIBAETCS YHCAO ¢,
AJI KOTODOrO BBINOJIHAETCH 3aK/JAKueHne Majsofi Teo-
peMbl Pepma, T. e. g geaur a9-!— 1 npH HeKOTOPOM
a > 1), Takue uncaa He 0OGA3aTENbHO SABIAIOTCA IPO-
CTHIMH, OIHAKO 3TO BeCchbMa BepoATHO. — Yepes yeThpe
nHsa te Pune coobwun Mue, uro Kpuarepuii Jlioka — Jle-
Mepa [aJ TOJOXKHTeJbHHE peayiabTaT — 00a yucsaa mpo-
crbie. Takum o6pa3oM u Oblia OoOHapyXKeHa Ta Iapa
152-3Ha4YHbBIX OPYZKEeCTBCHHBIX 4yHceJs, ¢ KOTOPOH s HavyaJl
CBOH pacckas.

* ¥ 0 %

BoTr u Bcs ncTOpHs, KOTOPYIO $I XOTeJl BaM paccka-
3atb. Kak u3 KaxIoi cTapoii HCTOPHH, U3 Hee cjelyeT
H3Bnedb mopasb. HekoTopbiM BIOJHe XBaTaeT HeBHH-
HOTO VIOBOJIbCTBHSI, HOCTaBJsfeMoro noA0OpKod Kyphbe-
30B M aHEKAOTOB. TeX e, KTO CTPEeMHUTCS K Cepbe3HBIM
3HAHUAM, 1 XoTeJ OBl INO3HAKOMHTHL ¢ MHeHHeM Jleonapaa
Jitnepa, BbHCKa3aHHEIM BO BBeAeHMH K ero pa6ore «De
numeris amicabilibus» («O Zpy>XeCTBEHHEIX YHCJAAX»)?:

«Inter omnia problemata, quae in Mathesi tractari
solent, nunc quidem a plerisque nulla magis sterilia
atque ob omni usu abhorrentie existimantur, quam ea,
quae in contemplatione naturae numerorum et diviso-
rum investigatione versantur...»

«H13 Bcex npobaem, paccmMarpHBaeMEIX B MaTeMaTHKke,
HeT TaKHX, KOTOphle CUHTaJUCh OBl B HacTosillee BpeMs
Oonee GecmnoAHBIMH H OeClojie3HBIMH, YeM NpobieMHI,
Kacaouwueca npupoder uuces U uX Oeauresed, B atom
OTHOLICHHH HBIHELIHHe MaTeMATHKH CHJbHO OTNHYAIOTCSA
OT ApEBHHX, NpHAABABLIHX ropa3no Gojbllee 3HAYEHHE
HeCNeIOBaHUAM TaKOro pofa.. A HMeHHO, OHH He TO/Jib-
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KO CYHTAJH, YTO OTHCKAaHHE HCTHHH NOXBAJbLHO CAMO NO
cebe B AOCTOHHO YeJOBEYeCKOro NO3HAHHA, HO, KpoMe
TOrO, COBEDIIEHHO CchpaBefJIHBO IOJarajdd, 410 [pH
3TOM 3amedaTe/ibHHM 00pa3oM pasBuUBaercs H300perTa-
TeNbHOCTh H NepeXk UYesJOBeYeCKHM pPasyMOM DacCKpHIBa-
JOTCSI HOBHIE BO3MOXXHOCTH pelIaTh CJOXHEIe 3a3JadH..,
MareMaTuka, BeposiTHO, HUKOrZxa He JAocTurja OH Ta-
KOH BBICOKOH CTeIleHH COBEepIIeHCTBa, eclNH OHl JpeBHHUE
He NPHNOXKUJIM CTONBKO YCHAHH AJA H3yYeHHS BOIMPO-
COB, KOTOPHMH CeronHs MHOrue npeHebperalor u3-3a HX
MHHMOH 6eCHIOJHOCTH.»

SI Xorenn OBl K 3THM cJoBaM Dilnepa [o6aBHTh JHLUIb
HECKOJIbKO TIPHMepoB, BecbMa YyOeJHUTeNbHO IOATBepHK-~
Ralolux ero MHeuwme. TakK, elife M CeroJAHsA BOCXHLIaeT
pexyppentnas gopmyasra Jisepa 0an cymmuos esruresetl

M o(d)=0c(A—1)+0(A—2)—0o(4 —5)—
—0(A—T7)F vrus

KoTopyio 6o/iee TOYHO MOXKHO 3aIllHCaTh B BHJE
o0

> (—1ro(a—25E) =0

= — oo

37ech CyMMHpOBAaHHe BeIeTCHA [0 BCEeM LeJbiM 3Haye-
HUSIM n, IpUdYeM cuyuraercs, 4To o(2)=0 npu BCex oT-
puuareapHbx 2, a ¢(0)=A. D1y 3aBucHMOCTb JHJjep
Hallle/l 3MIUPHYECKH NPH NPOBeleHUH CBOHX OOIIHPHHIX
BHYHCJEHUH, CBSI9aHHHIX C JADY3KecTBeHHBIMH YHCJAZMH.
A oThHckuBas J0OKa3aTeNbCTBO, OGHAPYKHJI 3HAMEHHTOe
roxcdecrao Jidrepa

00 +4-00 _!_ tpn
(1) ILA == 3 (=14 it
] H=—00

U3 KOTOpOro Iocjie JOrapupMUpOBaAHHA U CpaBHeHNd
KosahduuuentoB noayyaercs (I). CyMma B npaBoél yac-
™ (II) npexcraBasier cobo#i Tak Ha3blBaeMylo T3Ta«
GYHKIHIO, B 9TO ObLIO CAMBIM NepBbIM NOSIBJICHHEM T3Ta-
(QYHKHUH Ha MaTeMaTHYECKOH apeHe, a HNpOU3BEREHHE
cleBa — ¢ TOYHOCTbIO 10 MHOXHUTeNs xV/24 nemekHHAOBA
ara-pyHkn¥s. CaMo TOXAECTBO SIBJASIETCHA YACTHHRIM CHaYy-
yaeM (npe y==x3, 2=x"') opmyavt fAxobu 043 rara-
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Ppynryuil (1828 r.)

am I (=) —y2) (1 — otz =

400 1
= 3 (=12 "

f=—co

Arpalolliell BaXKHYIO POJIb B TEOPHH SJINUNTHYECKUX (DyHK-
uuit. Hakonen, stu ¢opmynst B 1972 r. npusenn Mak-
JOHAJbAA K OTKPHITHIO HeJsioff CepHH TOXKIECTB ANA 5Ta-
¢pyuxkund Jleneknnna — 0o OZHOMY AJsI KaxXJ0H NPOCTOMH
rpynna Jlu G (3HaMeHuTas craThd B XypHaJte <«In-
ventiones mathematicaes»). ®opmynn Ditnepa u HAxobd
BXOAAT B ToxgectBa MakpoHanbza Kak NPOCTEHIIUHA
yacTHHH cayualh (G =S8L;), ¥ HCTOKOB XKe 3TOH 3BO-
JIOUWH CTOMT, HECOMHEHHO, JHJjep co cBoehd Gopmy-
aoft (I) ansa cymmu penutened. Mau Iludarop?

Bn6anorpaduueckne 3aMeuauns H JONONUEHHA

CaMufi Hcyepno!BAIOHIHMA M3 Beex Koraa-aubo onyO6JyKoBaHHBIX
AOKYMEHTOB, KacalomiyXxcs XPYHeCTBEHHHIX YHCeJ, — 3TO BHIIeAlIas
B Tpex uacTax crartba Jld ® Msmegn [12] ¥, B npuBepensoll Tam
npeBocxonuoi Gubanorpadum, copepxalied 67 HauMeHOBaHHH, npen-
CTaBjieHH OpPHrHHaJbHEE paborst Bnioth go 1971 r., Tak 9rto a Mory
HO0 CYyUeCTBY OrpaHHYHTHCH OTACJbHBIMH OHOIHOrpadHyecKMMH A0-
NOAHEHUSAMH ¥ 3aMevaRusAMy. T'naBuoe Bumanue Jlu u Magsuu [12]
YAEJAAIOT AOCKOHAJLHOMY NPOTOKQIHPOBAHHIO BCeX UHCNEHHHX pes
3YJALTATOB C YKa3aHMEM NOJYYHBUIHX MX MaTEMaTHKOB N HCHOJb30-
BaRBWX MeTof0B. K HX nepeuHio cienyer A00aBuUTh JHUIbL ONHCAHHBIHA
BHINe HOBHEH Merox {i1] H ero npumenesive te Puae {18} Henasuo
Mo cryaedtt X. Xoddmann, . Hebren u P, Pekkop moxreepanin
# CYyIUeCTBEHHO paclUHpuAd pe3yabTaTH Te Puge (Bymmeprains,
1979 r.; cm. |36}, [37]).

ToT, KOro 3aupTepecoBasu aKTuU4HAA B apabckas TAaBH 9TOH
HCTOPHH, MOXET COBepUIHTb YBJEKATeJbHOE HYTellteCTBHE K HCTOKaM
C noMOHIBI meTHpexroMHOro tpyaa M. Kamropa «Hctopusa matema-
THKH» {4]; B HeM comepXHTCA He TOAbKO GOJbUIOE KOJAHYECTBO CBes
HeHHH O COBepHIeHHHX H APYXECTBEHHHIX JHUCJaX, HO H OGUEPK KYJibs
TYPHOA M HcTOpHUECKOH OOGCTAMOBKM, 2 TaKXKe XaJdbHeHIIHX pe3yJbpTa«
TOB, ¥Ka3zauue 06 ymomMugauuu uucaa 220 B 6ubauu (Kuura Brurus,
XXXII, 14) umeerca y Hukcona {5], KoTopslit B CBOIO Ouepean ccChls
JlaeTcH ¥a KoMMeHTatopa Oubimm AbGpaxama Asyjes; TOT Xe IUTH«

1 Yucna 8 KBaapaTHHIX CKoGKaX OTCHLIAIOT K CHHCKY JIHTepas
TYPH 8 KOHIE CTaTby,
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pyer xoMMmeHraropa 9-ro B, Hexoro Pay Haxkcxona, — JIu 1 Magsyn
[},2] coobmwator, uto no Muennwo Il. Tonnepn uyHeno 220, BO3MOXHO,
ObLIO «OTKPLITO» y2ke B ApeBHeM ErumTe.

O. Bekkep BbicKasan HHTepecHble coobpaxeuua o ¢opMmyne Ia-
KJIHAa JAJA 4eTHHX COBeplueHHHX uHcea [23]; oH cuuTaer ee H3Ha-
UAJbHONK <LeJbl0 H BEHIOM Y4yeHHA IBKAHLA O YETHHX H HEURTHLIKS
H OOBACHAET, KAK MOXKHO OHJ/O IPHATH K €€ OTKPBLITHIO, OTTa/iit
BafACb OT NPHEMOB cueTa Ha ynorpebaaslihxcs B ApeBHed ['penyh
abarax V. Kpome toro, O. BekKep BHICKA3bIBAET H IBITAETCS OBOCHS-
BaTb CBOE MHeHHe, OyATO NOKa3aTeNhCTBO TEOpEMbl DHaepa O TOM,
YTO BCe WYeTHble COBEpHIEHHMEe YHCJa [JOMXKHBL IOJIyuYaThes IO * CHO-
coly IBxauga, OO H3BECTHO yXe B APEBHOCTH, — HOPMYJIHPOBAN
xKe MBAHX a1y Teopemy Ditnepa. AHaNHM3HpysA TeKcT TpakTrara fim-
Bauxa, ®. Xyabu [26] menaer naxe BHIBOA, yTo SIMBJIHX «B pesyJiibs
TaTe MU COOCTBEHHBEIX BEIYHCHEHHA, H3 LIPEXKHHX JH HCTOYHHKOB 3HaJ,
uyto H 8191, ® 131071 — npocTble uncaa» (3TH yHcAa PaBHLEI COOTBET-
CTBeHHO 218 — ] n 217 — 1), ¥ yro, CNEAOBATENBHO, B AHTHUHLIE Bpes
MeHa 3HAHHA O OOJBUIHX NPOCTHX H COBEpPLIEHHLIX YHCTAaX HaXomH-
JUCh HA 3HAYHTENbHO O6OJee BBHICOKOM YpOBHe, ueéM 3TO HNPHHATO
CYHTATb.

HoxazareasctBOM TOro, uTo apabaM GuLJIO H3BECTHO O COBEpILEH-
HbIX H APYXX€CTBEHHBLIX YHcjaxX GOJIblIe, HeXeJH A0 CHX NOP NPearo«
JlaraJH, Mel o6a3ansl npoeccopy TynHcekoro yHHsepcHreTa Moxame«
meny CyHccH, KOTODHE HenasHO nepeBel H ony6aukosan [32] ymo-
MHHaBHIEECA paHee COUHHeHHe HOH anb-DaHuel © CcOBepLICHHBIX H
APYXeCTBEHHBIX uHcaax. Kpome rToro, rpymnna cOBeTCKHX HCTOPHKOB
H3 Cpeameit Asun [38] o6Hapykuaa B pykonucax Kyr6spmuna Iu-
pasu (XIII B.) n snamennroro Mxemwuaa ams-Kamu (ym. B 1430 T.;
B nociennde rogkt pa6oran B CamapkaHiackofi o6cepBaTOpHH) NpH-
MeHaTeJbHble PACCYXKACHHA O APYKCCTBEHHBIX uyHcaax, CoraacHo HX
AaHHBEIM, yHcsaa 17296 u 18416 Omiin HsBectH Kak B Mapokko
(anp-Banua), Tak u B Upane (Kyr6sznun) 3a TPH C IIOJIOBHHOH CTO-
JeTHS A0 Pepma. Anp-Danna uames o6a yueha (cMm. doto 2), cJaes
Ays OGIeMY npaBHJy, (GOPMYJHPOBKZ KOTOPOrG TaK TOYHO COBHA«
maer ¢ ¢opMmyanpoBkoii CabHTa, yTO 3TO, NO-MOEMY, HKOK43LIBaeT
3aHMCTBOBaHHe ee y nocnenuero (B IPOTHBONOJOMKHOCTb MHEHUIO
Cyncci). Aab-Kamu, HanpoTHB, 2aeT HECKOAbKO HHYIO (OPMYJHDOB-
KY, OLHAKO [ONYCKaeT INPH 3TOM OWHOKY, nosaras 0e3 IPOBEpKH
UHCJIO r NPOCTHM (0603HaueHHs npexkuue). IMosTomMy oH oOlIHGOUHO
canraer 2024 u 2296 BrOopoft mapoit ApyKecTBeHHHX uHced. § yKas
3bIBAKO 3nech Ha 3Ty oulubKy, Tak kak B [38] oua He Gnuia 3ameuyena.
Haunee, st xoTen 651 OTMETHTB, YTO 6OJee NO3AHHE HCIAMCKHE aBTOPH
He NPHBONAT HHKAKOro AOKA3aTeJIbCTBA JJIsi H3JaraeMoro croco6a,
B TO BpeMA Kak CaGHT Hamucan cBoe TEOPETHKO-YHCIOBOE COYHHE-
HHe, No o6pasny «Hauans IDBKAnIa, COBepICHHO CTPOrO H NOTPATHA
Ha JOKa3aresibcTBa HeMaJO yCHABH.

1) TIpHGOp THIa DYCCKHX CueTOB; cM., Hanpumep, Henman H. f.
Vicropus apmgmemm. — M.: Yunenrns, 1959, wan Buiropckut M. 4,
Apudmeruxa u aare6pa B apesneMm MHpe, — M.: Hayka, 1967,
lipunm, nepes,
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Kuura A6y’sib-Kacum Macnama n6u Axmep anp-Mamkputa (uam
anb-MagmpHTH), OTKpHIBLIETO JIO00BHOE BO3NEHCTBHE [APYKECTBEH-
HBIX uHces, HaseiBaeTca «Lleap wmyapeua» H noapoGHO OmHcaHa
IItafinmuainepom [33].

Xora counHeHre KauTopa OXBaThiBaeT KakK CPeiNHe BeKa, TaK H
Hosoe epemsa 0o 1799 r., opgHaKo NPHMEHHTENbHO K Hallel TeMe cy-
IMecTBEHHO GOJMbMIMA MaTepHan (ma eiwe BmIOTh no 1919 r.) conmep-
xut xuura JI. Qukcona [b], naynnalomascsa 50-i0 cTpaHHUAMH CKpY-
nyA€sHofi XpPOHUKH CcOOBITHHA, pe3yJbTaTOB H NyOJHKAHHi B 06JacTi
COBepLIEHHRIX H APYIKECTBEHHLIX YHCEJ H BLI3BAHHLIX HMH HCCJAEL0Ba-
HHH, NMOCBAILEHHBIX cyMMaM aennrteneft. B otauume or Kantopa uk-
COH OrpalHuuBaeTCsl CYXuM nepeyHeM Jat H (DakTos.

Yr1o6bl nosyuyHTh X HBOE BnewaT/eHHe O paborax Pepma H [e-
Kapra, peKOMeHayeM NOJHCcTaTh nepenHcKy Mepcenna [15] B npe-
JHCNOBHH K cBoei «Bceobuieit rapmoHnH» MepceHn nHier:

«Or, si je voulois parler des hommes de grande naissance ou
qualité, qui se plaisent tellement en cette partie des mathématiques

u’on se sgauroit peut-étre leur rien enseigner, je répéterois le nom

e celui 4 qui le livre de l'orgue est dédie [E. Pascal] et ajoute-
rois Monsieur Fermat, Conseiller au Parlement de Thoulouse,
auquel je dois la remarque qu’il a faite des deux nombres 17296
et 18416, dont les parties aliquotes se referont mutuellement,
comine tout celles des deux mombres 220 et 284.. Et il scait les
régles infaillibles et 'analyse pour en trouver une infinité d’autres
semblables.»!)

31-ro mapra 1638 r. Mekapr numer Mepceuny: «Leur autre
question est ce probléme: trouver une infinité de nombres, lesquels
estant prix deux & deux, 'un est égal aux parties aliquotes de
l’autre, et reciproquement l'autre est égal aux parties aliquotes de
premier. A quoi je satisfait par ceite regle: ®» Si sumatur bimarius,
vel quilibet alius mumerus ex solius binarii multiplicatione produc-
tus, modo sit talis ut si tollatur unitas ab ejus triplo, fiat numerus
primus; et denmique si tollatur unitas ab ejus quadrati octodecuplo,

D «Oanako ecnH Oum A 3axoTed Has3paTb JOjell 3HATHOrO poxa
WJIH BBICOKAX JOCTOIIHCTB, KOTOpPbleé OO TOTO YBJEKAHCH 3TOH 06-
JacThl0 MaTeMAaTHKH, YTO HX, NOXaJy#, HHKTO we Mor Onl 3gcch
HAYYHTh HHYEMY HOBOMY, TO fi IOBTOPHJA OH HMA TOro, KOMy 3Ta
KHHra TOpxecTBeHHO nocesmena [3. llackans], u Haspaxa 6u ewe
r-Ha ®epma, uaena Tynysckoro mapiaMeHTa, 0 KOeM il MOTY 3aMe-
THTH, YTO OH Haumten ABa uucaa, 17296 u 18416, neaHTesH KOTOPHIX
HaxomaTcas APYT K APYry B TakoM Ke OTHOLUeHHM, KAK H ACJHTENH
yucen 220 u 284 ... M on 3paer H yMeer o6ocHOBaTh BepUbLIE NPaA-
BHAa, KaK HafiTH GeKOHeuxoe KOJHYECTBO APYTHX TaxkuX nap.» (cra-
po-@pany.)

2 «JIpyrum Bamum BonpocoM Obiia 3agaua: HaWTH GeCKOHey-
H0e KOJHYECTBO YHCeJ, CTPYNIHPOBAHHBIX B ITaph, B KaXKAOH H3 KO-
TOPBIX OAHO HYHCJO PaBHO CyMMe JAedHreaed apyroro, H HaobBopor,
BTOpPOE PaBHO cymMe jJeantesefi mepBoro. Mol oreer -— Cliefyiollec
‘npaBuao:» (crapo-¢pany.). Tpasuno [exkapr ¢opMynHpyer Ha Jja-
THHH, — [Ipun. ped,
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fiat numerus primus; ducaturque hic ultimus numerus primus per,
duplum numeri assumpti; fiat numerus cujus partes aliquotae
dabunt alium mumerum, qui vice versa partes aliquotas habebid
aequales nmumero praecedenti. Sic assumendo tres numeros 2, 8 et
64, habeo haec tria paria numerorum.

Takop nexaproB Bapuant npasHia Ca6rra, Bor pycckuil nepes
BOJ:

«Beperca uHcaO 2 HAH yHCNO, NOJAyHAIOIEecA NOBTODHLIM YMHEO<
HeHHeM yHcJa 2 caMoro Ha cebsa H o0Jnajaloilee TeM CBOHCTBOM, 4TO
NpPH BLIYHTAHHH E€JHHMIB H3 €r0 TPEXKPaTHOrO HJH IECTHKPAaTHOrO,
a TaxkxXe H3 BOCEMHAALATHKPATHOrO €ro KBaaparta BCAKHA pas ocTa-
eTcsi nmpocroe. Toraa mociefHee YHCAO, YMHOXKEHHOE Ha YABOSHHOE
B35TOE, OACT YHCJIO, CJOKEHHEM JeJHTeNell KOTOpPOre moJydaercd
YHCAO ¢ CyMMOM peJuTeneHl, COCTaBJAfOIIEN INpelHAyIlee UYHCION,

ITH CBe€HHA NpPHBEACHH B Bhllenuied B 1723 r. cTaThe HEKOEro
B. Bogapxa o «TouHOM NnOsHaHHY yHceJ», B KOTOPOM TaKiKe HOAPOG«
HO paccMOTPeHB cOBeplIIeHHBle H ApyXKecTBeHHHe udHcaa. OHa Onlia
onyO/HKOBaHa B caMOM, TOXKAaJyH, CTapOM MareMaTHUYecKoM KypHaJe
«llmopei HckyccTBa» I'amMOyprckoro MareMaTHYECKOro o0mecTBa, HO-
CHBIEro Torna HasBaHHe «TOBapHUIECTBO AIOOANIHX H 3AHHMAIOLIHXCH
HCKYCCTBOM BLIUHCJACHHH®» M ABJAIOMETOCA CaMbiM CTAPHM H3 MOHLIHE
CYUISCTBYIOIIHX B MHpe MaTeMatTH4YecKHX ofuecrs. § ynoManyn 3necs
3TO COYHHEHME He TOJbKO B KAaUecTBe INpHMepa HCTOPHUECKHX PeJHK-
BHil BpeMeHd 2J#iiepa, HO Npexje BCero MOTOMY, YTO OHO YCKONb3-
Hyso or BHHMaHHA [Hukcona [5], Jlu u Mansun [12] u mosBoaser
BreCcTH monpasky B [12] (cTp. 79, neBasg Kosouka, cTpokH 29—31).
JnkcoH BpAj AM H MOr HaiTH crathio Bojgapxa — Beab TOM CUH-
rajncd B laMOyprckoM MarteMaTHueckKoM OOilecTBe yrepanuauiM! Tak
KaK JKGHTeNAM HelnpocTo OyjeT AOCTAThb STOT €NHHCTBEHHLIH 3K3eM-
NAAp, HawexlHACA Gaaropapsa CAyyaiHOCTH, NO3BOJIO cefe MPOIHTH«
pPOBaTH eille HECKOJLKO MECT:

«<KeM OBlafea0 NPHUYAJIHBOE XEJaHHe HCKATb COBEpUIEHHbIE 4HCJAa,
TOMY NOHAmOOHTCA AJasl 3TOH DPabOoTHl 3HaHHe NPOCTHIX, YIOMAHY-
THX COBEDUIEHHHX uHces OHJIO OTKPHTO A0 CHX NOP TOJNBKO 8 ...»
«He B Menbuieii Mepe norpelyercs 3HaHHe NPOCTHIX AJSA OTHCKAHHA
APYyXKeCTBeHHHIX uHCeJ. 1akoro poja uHcea A0 CHX nop ObIO M3«
BCCTHO JIHLIL TPH Naphw, a MMeHHO nepBad mapa —220 u 284, ...»
<«[TocTpoeHne TaKHX UHCEJI NPH NOMOIUH DA3IAHYHLIX anre6panuecKHX
METOHOB OTHOCAT K 06/acCTH BBICOKOTO MacTepcTBa H HCKYCCTBA 3Has
MEHHTBIC MYXKH, 8 HMEHHO MHOTOKPATHO YNOMHHaBIUHHCA BhILIE PO+
tdeccop Tlpecter BO BTOPOM TOME CBOHX «DJNEMEHTOB MaTeMaTHKH»)
paBHBIM o6paszoM npogeccop ¢on lloren B cBOHX «MaTeMaTHYECKHX
OTKpPLITHAX®, 4 TAaKXKe BbileynoMaHyruifl XelaHHrysppd B cBOHX
«BHCKOHCHHCKHMX OTKpHTHAX»>. Bennkuii Jexapr paer creaymoiuee 06+
Hice IIPABHNO BHIYHCJAEHHA TAKHX YHCEJ:» )

Ianee chaenyer uUHTHpoBaHHaa panee Bepcds mpasuna Cabnra,

a 3aTeM HEKOTOpHe NMPHMEDH BhIYHCJ/CHHH.
«..H BNJOTH JO 46-r0 3HavueHHd Nojyual A BCE BPeMf COCTEBHBIE
YHcJA4 H TeM CaMuIM He Hawre NOAXOAAUIero yHcja, KOTopoe MOTJo
6. AaTh ueTBEpTyI0 napy xpysecrsennmX udcen. [lpa 46-m oGpa-
eHHH K NPaBHJIY nocje YKa3aHHHX YMHOXKEHH# noJyqaloTcs 4HCA3
211106232532991 u 422212465065983, Ho Mue YK€ He XOueTcsd YI«
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py:Kzaarth ce6s mpoBepKOH TOro, npocrsl Jim oBH. H6o ecyin okaxercs,
uyTo 00a OMHM mpocThie, TO HaAao GyAeT eule MPOBEPHTh HA NPOCTOTY
gyHcae 89131682828547379792736944127, uaroByo paGoTy MHE XO-
Feqoch 6Ll OCTABUTH JIOOHTE/IAM...»

«llockonbky Bcé Xe Ocof0f nonb3W OT 3THX Bemeft Her, s cyen
BO3MOXKHBM OCTAHOBNTBCH HA 3TOM; H TaK Y& R NOTPYAHACA AOCTa-
TOYHO, & ¢ HanpachHoft paboTofi xoTea 6l MOBPEMEHMTb.»

CorJjacHo 3TOMY BBICKa3biBaHHIO, Boaapx nposepHn ¢opmyay
Cabura BmioTh 40 45-ro 3HaueHHA 7, T. €. 3HAYHTENDHO JaJblUe, UeM
3TO czesaJtH no3pHee ditep (mo 8), Jlexaupp (no 15; 1830 r.) u
JIe Jlaccép (mo 34; 1908 r.), xora H He Tak Hajeko, Kak JKepapiasH
(no 200; 1908 r.) n Puzenv (mo 1000; 1969 r.); cp. [12]. Crymentm
M. Byab 1 3. MepTeHc H3 MOero KpyXKKa no 3ileMeHTapHOH TeopHH
yncesl BHIACHHNH, 4TO ¢opMyna Cabura He jaer APYrHX map Apyxe-
CTBEHHBIX YHCeJ, KPOMe TpeX H3BeCTHhIX, AaxKe BIIOTh g0 n == 20000
(cm. [36], [37]). [lpa aroM, Kpome uHcnra 3-2126°¢ | — morcTpa H3
3817 undp, oxkaszaaHch NPOCTHIMHM elle POBHO 30 MEHbLIUHX UHCeN
paccmarpiiBaeMoro B cnoco6e Cabura BHga 3-2% — 1,

{ Paborer Jisrepa no yHTepecyloileR Hac TeMeé HacTOJIbKO OOIIHp-
(HB, MHOTOCTODOHNH H OCTPOYMHH, UTO M Tenepb HX CTOHT YHTATh B
‘opurnnane [7). Tlockonbky yrauueii 0630p ero BaXHeRmHX HAeH H
'MeTonoB HMeerca Kak y JHkcoma [5], Tak B y JIn B Msasuu [12],
A CuHTAl0 BO3MOXHBIM He OCTaHaBJIHBATHCA 3jech Ha ITOM noOmpob-
nee. Hro Kacaercd MOero yNOMHHAZHHA B KOHLE 3KCKYPCHH O peKyp-
'pentHO# dopMyse Ddsepa (I) misa cymMmb pesnteneR, TO OHO OCHO-
'BaHO HENOCPEACTBEHHO Ha NOJPOGHBIX OPHTHHABHBIX paboTtax ine-
pa [7]. Bopouem, y Ckpu6d [19] (crp, 127—129) MOXHOo HalTH H
CBOAKY pe3y/bTaToB MJjepa, COCTABJCHHYI0 Ha OCHOBE MEpertHCKH
Biuepa ¢ Nonppbaxom. T'ae-1o mexay 21 mapra u 1 anpens 1747 r.
Dfinep nwnuer Toababaxy: «HenasHo s o6HapyXun BecbMa yIAHBH-
TeJALHYIO 3aKOHOMEPHOCTb AJisl 4HCes, NPeACTaBAAIILHX COO0OR CyMMBE
neXuteneil HaTypajbEbLIX UHCed. Jta 3aKOHOMEPHOCTb KAXKETCH MHE
TeM GoJee CTPaHHOM, 4TO OHA OKa3ajach TECHO CBA3AHHOA ¢ mpo-
cThiMH uncaaMu. [losroMy npomry Bamy cBersocTs yAOCTOHTH 3TY
ROTajIKy HEKOTOPHIM BHHMaHHeM.» ... «lIpHuHHy 5TO# 3aKOHOMEpHO-
CTH HOHATbL TeM TPYAHeE, uTo HeACHO, Kak uHcaa 1, 2, 5, 7, 12, 15
H T. A CBa3aud c AeanrensaMd. M A He Mory mnoxmacrarbesl, 4TO
HMEI0 €e CTporoe AoKasaTenneTBo. Ho ecan Ob s gaxe He HMed
HHKAKOr0 OO0OCHOBAHHA NOAMEUYEHHOH 34KOHOMEPHOCTH, H TO MOXKHO
OLlio 6bl e cOMHeBaThcd B €€ CNPaBeANMBOCTH, HO0O OHA BRHINOJ-
HaeTca Oonee ueM A0 300, Mexay TeM s Mory BHIBECTH STy TeOpeEMY
H3 Celylonero yrBepxKpenHa» — Hasee uper toxaecrso () nnst
CTeneHHOro paza (B T0 BpeMA edleé He NOK4A3aHHOE), Ha KOTOpoOe
Dfmep HaTONKHYJACA B CBA3H ¢ pa3GueHHeM uHcen!) H KOTOpOe OH
CMOY AOKa3aTh juwmb rox cnycrs. O roxaecrBax Jitaepa, Jlexaunpa,

) PasGienneM HaTYpPaJbHOTO YHCIA HA3HBaerci MpeACTaBlicRAe
€ro B BHJE CYMMH R =1+ fMad...+ns, A M =0, np20,...
«e.y g = 0. DneMenTapuoe nokasatenscrso (opmyant (II) moxwno
HalrtH, Hanpumep, B Kunre: Brzenxun H. §I, KomGunaropuka, - M.:
Hayxka, 1969, ¢, 116-=120, = [Ipum, nepes,



%6 BAJNLTEP BOPO

Tlaycca m dxo6H (B 4acTHOCTH, 0 TOXAecTBax H3 tpakrarta «Funda
menta nova» nocAenHero) MOXHO nOuHTarbh Takxke B [19]; mo mo«
BOAY HoBefturHx oGoGmennfi Makaonansia @ Kanma, noayuedHbx ¢
NPHBJICYEHHEM TEOPHH NpeacTaBJeHH# aiare6p JIH, OTYCH/IAK0 uHTaTens
K OpHrHHaNbHoOM pabore Makjonanapma [13], a TakXe X 3KCKypCHH
Enca KapcreHa flHunena B o6JsacTe TeopHH npeacrasJ/eHHH H KOMGH-
HATOPHKH H YKAa32aHHOH TaMm JuiepaType.

OxuBseHHbIH H Hanbonee GOraTulil peaynbTaTaMH NEPHON €0OXO+
THl Ha TNpU3PaKa» — MOMCKOB HEYETHBLX COBEPULeHHbIX Hlcen — IPH«
XONHTCA HA Hallle CTOJETHE H He OXBaueH XpoHHKOR [Iukcona [5];
ofHaxo uMeeTcd noapo6Hmit o63op II. Mak-Kapru [14], B kxotopom
NpeACTaBJEHE [e3yJbTaThl, IoJgyuesibie 3a nepuons c¢ 1919 o
1957 r. Ilo nosony Oonee nMO3AHHX HCCAEAOBAHHH COLLTIOCH, HAIpH-
Mep, Ha OpHTHHaJbHeie paboTh Xefinxuca [8] u Pob66unca [17] u
YyKa3aHHy10 TaM Jutepatypy. CCHUIKH Ha ApPYTrHe HHTE€pDecHnleé pabGoTH
Nno 3TOMY BONpPOCY MOXMO HafitH B 00630pHO#l Jekuun Kammca [9],
npountannoit B 1975 r., KoTopas HHKaK He omupaercd Ha o0630p
Mak-Kaptd H BOOOIE HOCHT COBEDIUEHHO HHO/l Xapakrep, TaK Kak
ofpaieHa HCK/IOUNTEJBHO K HemaTemartuxkam. B 310l npekpacHoit
BCTYNHTEILHON JIEKIHH, IPOUHTAHHON B YHHBepcHTere ropoma Kon-
CTaHia, TOBOPHTCH TAKKE O 4ETHHIX COBEPUIeHHLLX HUCAGX H O CBA-
3aHHOM ¢ HHMH IIOrOHE 32 PEKOPAHHLIMH II0 BEJHYHHE IPOCTHIMH YHC-
JaMH. MHOro HOBBHIX (hakTOB 06 3TOA OXOTe 3a PeKOpPAAMH, HAyHHasA
c JIioka (1876 r.), npuseneHo B «pefine» JIona llarupa no nepsum
50 MuaHOHAM HNpocThIX uHcesd. C XPOHHKOH npefINeCTBYIOMErO Ie-
pHONa MOXKHO O3HaKoMuThca no Idukcony [5]. O nocaennem 1) pe-
Kopae KanuOpHHHCKHX WKOAbHHKOB Huxkkesna nu Hosna, 6533-3n2u-
HOM npocTOoM uHcde 2270 — | rasera «Siiddeutsche Zeitung» H3se-
CTHJA CBOMX uHTateneii 17 Hos6pa 1978 r. mon saronoBkoM: «Han-
GoJablIee IPOCTOE YHCJIO NOHMaHO peunleTom JIpartocteHa #» (Xopo-
nrasg WyTKa. TaK Kak peuero DpaTtoceHa FOAHTCA AJs OTHCKAHHA
TaKHX OOMNBIIHX NMPOCTHIX UHCEJ NPHMEPHO TaK Ke, KaK TONOp AJA
pacmieIieHnss aTOMHOro saapa). PaxkcHMHJIe aMEepHKAHCKOTO IOYTO-
Boro wiramna <«2'28—1 js pimes («2!'213 -] —npocToe uHCIO®)
BMecTe ¢ BHBaHHO# IBM pacneuatkoii storo 3376-3HauHoro uucaa
MOXHO HaliTH CPe/JIH APYTHX Kypbe30B Ha CTpaHHLUAX pa3jena 3aHH-
MaTeJIbHON MaTeMaTHKH xypHana «Scientific American» ®), xoropuie
Maprun TapaHep nocBATHA «BGecnOJIe3HOf KpPacOTe» COBEpINEHHBIX
¥ JpyXecTBEHHHIX uncesa [24].

b [lo camets nocaedHum cBeLEHHSIM INPOCTHIMH SABJISIOTCA TaKe
xe uncna 282 — 1 (Hoan) u 24497 —1 [31]. [B sansape 1983 r.
MOABHNOCH COOOILlenre, UTO NMPOCTHM aABafeTca H 25962-3naunoe yuc-
a0 2828 .. ] gainenHoe JI. CHOBHHCKHM, CM, HaIpuMep, XypHad
«Ksanr», 1983, Ne 7, c. 16. — ITepes.]

2) Peuleto IpatoceHa — OAHH H3 CNOCOOOB HAXOMXAEHHA IpPO-
CTHIX YHCEJ, NMPAKTHYECKK NPHTOAHBIA AJA CPAaBHHTENbHO HeGOJMbIIHX
ynces. Cm, HanpuMep, Byxmra6 A. A. Teopus uncen. — M : Ilpocse-
mente, 1966. — [Tpum. nepes.

3 IlepeBonsmerges ¢ 1983 r. uaparesbcTBOM «Mup» noR Hassa-
BreM «B mupe mayku». — Ipum. ped.
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Tor, KTO HHTepecyeTcs npogepkoidl OGOJbIIHX WHCEJ HA IPOCTOTY
M, MoxKeT OblTbh, ellleé He 3HAKOM c KpHTepHeM Jlioka AJd mpocTalX
BHAa 2 — 1 (ocHOBaHHOM Ha BapuaHTe MaJioh teopemul Pepma nas

uncen n3 noneft Q(4/5) unn Q(4/3)), nerko Moxer momyunts
fpepcTraBieHHe 06 3TOM BONpOCE NO KJIacCHYecKOMy yuebumky Xapau
n Pafira no reopur uncea ([25], § 6.14 u 15.5) Han no csoeobpas-
Hoit kumxeuke [I. Illsnxca «Pemennble u HepemreHHnle npobJjembr
TeOpHH uHcesa» [30], JeHTMOTHB KOTOPOi — cOBepUIeHHbIe yHcaa. Te,
KTO XOTesJ OBl TOYHO 3HATh, Kak CAMBIM palHOHaJbHBIM 0O6pasoM
NIpaXTHYECKH NPHCTYNHTbL K JeJy B cjyuae NOABJEHHA (NpH NpHMe-
HeHHH crnocoba Cabura) OoablIMX YHCENX ¢4, g2, MOTYT O3HAKOMHTHCH
o pabore [37] ¢ ynpoiiesHsM BapHaHTOM KpHTepHs JIoKa, Koto-
pHit oueHb MOAXOAHT AJis 3TOH NEJH; NONYTHO TaM RaHO o6cTOofA-«
Teabnoe ofilee BBefeHHe B TEOPDHIO KPHTEpHEB nMpocTOTH THIA JlioKa.
CBofi HOBLIH KPHTepHH HPOCTOTH, TPeOYIOIUHA AJAA JIOGLIX THCEJ

0 (%/q) BuuncHHTENHHEX OmepamHfi (KPYXHEIM NMyTeM, 4UEpPe3 BEHI-
yHCJeHHe YHoaa KJaaccoB moayneit), L. Ilzuke npemsoxua B {30];
MeXAay NpPOuXM, 3TOT cNocob uMeeT MO CpaBHEHMIO CO MHOTHMH ApY-
THMH TO NPEHMYHIECTBO, YTO INO3BOAAET NPH HeoOXOAHMOCTH SIBHO
OnpeAeJHTb MHOXHTEeNH uHcesaa g. O TOM, KaK TEOPETHUECKH OHEHHTh
KOJHYeCTBO aPHQMETHUECKHX OnepalMil, ¢ MOMOIIBI0 KOTOPHIX HEKHi
KPUTePHl NPHBOAHT K UeaH (B NpeRNOJIONKEHHH, ur0e obobuleHHas
runoresa Pumana pepna), MOXHO npounrats y M. Munvorra [27], a

xax moayiaerca ouenka O (4/g )—y T. Muuepa [28]. Beé sto —
JHUL OTHEJbHEIE MPHMEpPH H3 OTPOMHOTO MOTOKA HOBBLIX OPHIHHAJL-
HiIX palboT, NMOCBSLIEGHHLIX DA3MOMEHHI0 HAa MHOXHTENH H IPOBepKe
GOJLIIHX YHceJd Ha HPOCTOTY, CHCTEMATHYECKHA 0030p KOTOPHIX IO-
TpeGoBas Obl OTAEJBHOH JIEKUHR 1.

IMoxany#, 3gecs He Oyner JHIIHHM OTMETHTh, OITHOOQHOCTHL HO-
BOJBHO pPAacnpoOCTpaHeHHOr0 MHeHHA, OyATO paHHAs TEMa — 3aHATHe,
noaxonfilee JHWH OJA TYNBIX BLIYHCHHTE/EH, a AJiS HACTOAUWIHX Ma-
TEMATHKOB CJHIIXOM CKY4YHOe. $I He MOry ycTosiTh nepen HCKyHIeHHeM
NPOLHUTHPOBATL 1O 3TOMY NOBOAY HECKOJBKO (ppasz u3 «Disquisitiones
Arithmeticaes («ApupMernueckrie uccaenoBaHus») K, [aycca [40]:
«Uro 3amaua pasiHuaTh HNPOCTbIE H COCTABHBIE 4KC/Ia, & NOCAeIHHe
pasjaraTh Ha OPOCThle MHOMHTENH, IPHHANICKHT K BaXKHEHIIHM H
MOJIC3UEHITHM 3aayaM BO Bced apH(QMETHKE H YTO OHa 3aHHMala
yM Kak JAPeBHHX, TaK H COBpPEMEHHLIX MaT€MaTHKOB, HACTOJBKO H3-
BECTHO, uTO Obuio OB H3JAHLIHHM TPATHTh Ha 3TO MHOro cjos, Tem
He MeHee caenyeT INPH3HATh, uTO BCe OO CHX INOP IHpeasOXeHHbe
MEeToAbl HIH OTPAHHYHBAIOTCS YAacTHHIMH CJydasiM¥, HJAH HACTOJBKO
rPOMO3AKH H TPYHLOEMKH, UTO ... B OCHOBHOM €71Ba JIH MOTYT OHTb
ADHMEHHMBHI ... K OOJIBIIHM 9¥ciIaM .., BOCTOHHCTBO HAYKH Tpebyer,
yTOoOH NPHJACKHO YCOBEPLICHCTBOBANHCL BCE BCIIOMOTAaTENbHbIE Cpen-
CTBa, MOIYIHe IIOMOUb B PpeLICHHH 9TOH 3HAMEHHTOK mpOOJIEMHL»

) Henasno V. BoasdapT Kak pa3 npouuTas Takylo BCTYNHTENb-
Hylo JeKuHo. Ente 6osee moppoOHLIE 3aMeyaTenbHHIE COBpEMEHHH
0630p 3TOR OOnacTH-—co 100 JHTEPATYDHLIMH CCHIIKAMH — AaJ
X. Yuasamc [39].
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H Tayec BHOCHT B pemeHHe mpoCseMnt cBOfi BKlan, mpeasaras
ABa NPHHIUHNHAJBHO HOBHX METOJa, HCNOJb3YIOUIHX B KaueCTBe BCIO-
MOraTe/]IbHOTO CPEACTBA €ro TEOpHI0 KBajApaTHuHHX ¢opm (ryaBHasn
rema <«HcenenoBaHuiis). OHH OKa3hIBAIOTCA CTOJMb MOMIHBIMH, 9TO
O6LIYHO CTONb CTPOTHH H HEMHOTOCJOBHHK I'aycc paspaxaerca Le-
Joit THpajaoi: «[lo caMoit mprpoae 3azaul J00GOA METOA CTaHOBHMTCA
Bce 6ojiee TPYROSMKHM MO Mepe YBeNMueHHA uHced, K KOTOPHM OH
NpHMeHsercA; ONHAKO AJIA ONHCHBAEMBIX HHXKE MEYOHROB CJOXHOCTB
BO3pacTaer OYeHb MENJEHHO, M OHH IIPHMEHHMH K YHCJIaM, HMEK0«
ILHM CeMb, BOCeMb H naxe Gojee mHGp, ... ¢ HCH3MEHHHIM YClHeXOM
H CO Bcelt BO3MOXHOM CKOPOCTHIO, HA KOTOPYIO TOJABKO MH BIpaBe
HajeATbCA AAS CTOAb GOJBIIHX YHCEN, NPH HCHOOJb3BAHMH BCEX JApPY-e
THX AO CHX NOP H3BeCTHHX METOMOB TpPeOYIOIIHX HEBHHOCHMOR Das
GOTHL Kaxe OT CAMOTO HEYTOMHMOIO BLITUCIUTENH.»

O630pa reopsruteckux uccaedosanuil no OpYyiecTseHHbIM WUCs
A0M, KOTODHIA CBOJARJA Ol BOGAHHO De3YJNbTATH HPEKJE BCEro MO«
CHAeJHHX AReCATHJIETHH H, CTaN0 OHITh, CAYXHJI CBORTO poaa MNpPOLOJi«
xeHHeM 063opa Maxk-Kaptu [14], noka uyro mer. ¥ JIu B Mazsyn [12]
BO TIJIaBY yrJia HOCTaBJeEHb! YHCACHHLIE Pe3yJbTaThl, H XOTA Y HHX #
IepeyHc/e sl TeOpeTHuecKHe paboThl, OnybjankoBaHHHe go 1971 r.,
ONHAKO Ha HX OOCYXISHHH OHH IOUTH He OcTaHaBJHBalOTcA. [IpHBe-
AeHHHE B MOE€H JexygHH B KauecTBe NPHMEPOB TEOPETHUECKHE pee
syabratil MOoXuo HaiiTH B [2], {6] u [11} Uuraremo, unrepecyiome-
MyCS 5THM HaNpaBJicHHeM, CJAeRYeT TakKiKe O3KakoMuthes ¢ [3], rae
yayumens pesynaprartsl AprioxoBa [35] d, cosceM rpy6o rosops, mo-
Ka3aHO, UTO, €CJIH He CUMTATh HEKOTOPOr0 KOHEUHOTrO HWHCJAA HCKJIIYe«
HH#, BCE APYXKECTBEHHLIE YHCAA C 3aJAHHBIM KOJMUECTBOM Pa3NHuMbLIX
NMPOCTHX JejHTeell JOMKRH YHAOBJETBOPATh HEKHM <CHJILHQ 060G«
ImeHHLIM npaBuiaM CalbuTa». PexkoMeHpyercd TakXKe NpPOCMOTPETh
pabotet Kanonpbaa uw Xefiaxuea, Kak BEKAIOueHHHE B NPHBOAKRMBIR
HHXKE CNHCOK JHTEepaTyphl, Tak H ApyrHe, yKasanuuie B [12] Pesyab«
taT Jpaéwa [6] o6 acHMHOTOTHUECKOM pacHpeAeseHHU APYKECTBEHs
HHIX YHces Gbi1 Heaaswo yayumieH K. Ilomepaucom [41], noxasasiuum,
UTO CYMMa BeJIHYHH, OOPATHHX APYXKECTBEHHbIM YHCJAM, KOHEUHA.

B 3axsroueHHe A XoTes GHl elle OTMETHTb SaCHYXHBAKMIYIO BCs«
yeckOro BHHManHs JekuHio Kanoavaa [10] o cosepiernnix u dpysces
CTBEHHbIX HUCAQX, KOTOpafA, KAK M JekuHa Kawmnca, ofpaiieHa Hce
KMOYHTENIBHO K HEeMATEMATuKAM, XOTA npecielyeT HECKOJALKO HHHE
neaH, yem Kamnca M MOA. B NoJHyO NpOTHBONOJOXHOCTL JIH H M3-
Bouy [12], Kasonbx mo9TH NMOJHOCTHIO HIHOPHMPYET KOHCTPYKTRBHRIA
H BLIYHC/IHTENbHBA acnekTH reMmul. OpHako, no-MoeMy, TaknM o6Gpa-
30M MOXHO PacCKasHBaTh JIHIUD HCTOPHIO COBEPLIEHHHIX, HO He Jpy-
XKECTBEHHbIX YHCeJ, TAK KaK 5Ta BTOPafd B 3HAUHTENbHON CTEneHH
CBA3aHA ¢ KOHKPeTHHIMH npumepaMy (Hipa C UYHCHAMM, NOCTPOEHHE
YHCeJ, «0X0Ta 3a YHcAaMu»)., Takum B3rafsgoM s H PyKOBOACTBO«
BAJICA MNMPH COCTABJCHHH N/A3HA HACTOAIIEH SKCKYPCHH, H 3TO IO«
3BONIACT Md€ HAJEATBCA, YTO MOA BCTYNHTENbHAA JEKIHA Kak pa3
3anonHUT npoben Mexny goknanoM Kaxonspna o xpouuroit JIH H
Mospaud, Tlon60op MartepHana, CTHIb H3NMOKenus, OBUIHA saMbiCen H
PaccTaHOBKY 3KUERTOB (JIefyeT pacCMaTpHBaTh MMeHHO Ha QoHe yxe
cymiecrsyoniefi 0G3opuoift JHTEPATYPH, KOTOPYIO 51 B 9THX HpHMeyas
HHAX ¥ NOCTapaica npeicTaBUTh BO3IMOXKHO NOJAHEE,
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MHe xortenoch GBI IOTOBOPHTH C BaMK 06 OXHOH NPO-
6JseMe, Kotopas, XOTd caM s Haja Hell u He paborad,
BCErha MeHst YPe3BLIYafdHO LpHBJgeKasa U KOTOpasd OYa-
pOBBIBaJla MaTEMAaTHKOB, IOXKaJyH, C JOHCTOPHYECKHX
BpeMeH M A0 Hauimx JAHeHd,— a HMeHHO O mpobJgeme pac-
IpefedeHNsT NPOCTHIX YHCel.

BaM, KoHeYHO, U3BECTHO, YTO MPOCTHIM YHUCJIOM Ha3hl-
BaeTCs OTJIHYHOe OT | HaTypaJbHOe YHCJO, He Jessllee-
Csi HH HAa Kakde WHble HaTypaJbHHIE YHCNA, KpoMe 1;
BO BCSKOM Cjay4yae, HMEHHO TakKoe ONpeaecseHHe HaloT
crneHuaJHcTh o Teopuu uucel. IlpaBxa, Apyrue mare-
MATHKH HHOIZA HCIOJBL3YIOT K HHBle onmpejedeHmd, Tak,
JJIA CrenpaJHCTa MO TEOPHMH (YHKUHHA NMPOCTOE YHCJIQ —
5TO HEJOUHC/JAECHHBIN HYJb aHAJHTHYECCKOH (DYHKUHH

sin :n:I‘s(s)
l — ; ﬂ
Sif] ==
S

Jast angre6paucra — 310

«XapaKTePHCTHKa KOHEUHOTo NoJsa» V),
HJIH

«TOYKA M3 Sspec Z» 2,
HJIH
«HeapXHMe/JOBO HOPMHpPOBaHHe»?),

1) Cwm., nanpumep, Kypowr A. I'. Kypc BHcwmed aare6ps, — M.
Hayka, 1968. — Ilpum. nepes.

2) Cwm., naupemep, Jleur C. Aare6pa.— M.: Mup, 1968, — ITpum.
nepes.

) Cwm., nanpumep, Kobauu H. p-aauueckme umcna, p-agnueckuit
aHaaus u x3era-byskuug, — M.: Mup, 1982, — IIpum. nepes.



TMMEPBBIE §0 MUJNJTUOHOB MPOCTHIX YWHCEN 43

Has coeunanucra mo KoMGUHATOPHKE INIPOCTHIE YHCAA
OnpenessiioTca peKyppeHTHO# dopMydodn [1]D

n
1 — A1
Pat1 = [l - 10g2(’§' + Z Z p; ( p); )]
rel 1L €<, €n2 ! r—1/ 1
rae [x]—wuenas wacte umcaa x2, Y, HakoHell, JIOTHKH

ONpeHe/sIOT B IOCJeJlHee BpeMs NPOCTHIE YHCAA KaK
I0JIOKATEeNbHB € 3HAYCHUs] MHOTOUJIeHa [2]

Fa,bedefghijklLmnopqrstuy,wxy, 2)
=&k+2} {l—-Wz+h+j—g)*—~Q2n-+p+q+z—e)?
- @~y +1=x)—({e* +26°} {2 +1)? ~—0?)?
— (6 +1P{k+2} n+1}* +1—f7)?
= ({@+u* =1y =1} (n+4dy}? +1—{x +cu})?
— @itk+1—~]-i?
—{gk+2g+k+1} A+ +h—2)?
— (16r%y% {a? — 1} + 1 —u?)?
~@-mtl{a—n—1}+b{2an+2a~-n*=2n~2}y
— (Ez—pm+pla—p*l+t{2ap—p*—1})?
~@—x+yla—p—1}+s{2ap+2a—p*—2p—2})
— @ PP+ 1-m?) —(m++v—y) L

Ho 4 nywmaio, BH BIOJHEe YAOBJETBOPEHB! HEPBHIM H3
NpUBEJSHHBIX MHOH OnpelesieHHH.

HMelorcs1 aBa ryiaBHBIX (pakTa o pachpellefleHnH
IPOCTHX 4YHCesJ, O KOTOpPHIX §1 laJeloch pacCKa3aTh Bam
Tak, YTOObL OHH HaBeK 3amneyarT/ieqHch B Balled maMsITH.
IlepBHft: mpOCThle YHC/IA, HPH CBOEM TAaKOM IMPOCTOM
onpejefieHHH W INIPH CBOeH pOJIH KHUPNWYHKOB, K3 KOTO-
PHIX CTpPOAITCS BC€ HaTypaJbHbHE uHcaa?d, SBASIOTCA

D Ypena B KBAaApaTHLIX CKOOKAaX OTCBMIAIOT K NPHMEUaHHAM B
KOHIIE SKCKYDCHH.

2} To ectr HamboJbllee MEJ0€ YHCJIO, He NPEBOCXOAAIMICE X, =
llpun. nepes.

8 BeAkoe HaTypasibHOE 4HCJO, OTJIHUEOS OT 1, MOYKHO mpeactas
BuTh (H [PHTOM €IUHCTBEHHBIM OOpa30M)} B BUJE NPOH3BENCHHSA PO+
CTHIX UHced. JloxasareJbCcTBO €M., Hanpumep, B KHure: Kaiayx-
auH A. A OcunoBras Teopema apupmerskd, — M.; Hayka, 1969, —=
llpum, nepes,
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CAMBEIMH KanpPH3HLIMU H VOPIMBIMH H3 BceX OGBEKTOB, BO-
obllle wu3ydyaeMbix MareMartukamu. OHH pactyT Ccpeiu
HaTypaJbHRIX YHCEJ KaK COpHad TpaBa, He NOXYHHANACD,
KaXKeTcs, HHYEeMY, KpoMe cJydas, ¥ HHKTO HE MOXKeT
npeacKasarp, e B30OHAEeT ellle ONHO NPOCTOE, &, YBH-
IeB YHCJO, — ONpeJe/iuTh, NPOCTOe OHO HJau Her. py-
rodn ¢axkr o3azauusaeTr emie OojblUie, TaK KAK OH CO-
CTOMT B INPAMO HPOTHBONOJIOJKHOM YTBepPXKIEHHH, a
HMEHHO: IPOCTHIE YHC/Ja KEeMOHCTPUPVIOT YAHBHTENbHYIO
pPeryJ/isipHOCTh, OHHM HOAYHMHAIOTCA 3aKOHaM, H TPHTOM
C IOYTH NeJaHTHYHOH TOYHQCTHIO.

Uro6bl NOfACHUTL NEPBOe YTBep:KAeHHe, s NOKAKY
BaM CIMHCOK HPOCTBIX H COCTABHBIX YHCEJ, HE MPeBOCXO-
asamux 100 (ra6a. 3), npudeMm, 3a HCKJIOYEHHEM YHUC-
Jla 2, npuBe/leHHl JHLIb HEYeTHBHIE YHCJI4, a 3aTeM CIH-
COK MPOCTHIX W3 CTa HATypaJbHBIX YHCEJ, NpeAlliecTBYIO-
mux u caepytomux 3a 10000000 (ra6a. 4). Iloaaralo,
Bbl COTJIACHTECh, YTO HET $BHO BHAMMOH MHNPHYHHH, IO
KOTOPOH OAHO YHCJO $SBJAAETCA IPOCTHIM, a APyroe —
HeT. Hanporus, npu B3mIsile Ha 3TH TalJauLbLl BO3HHU-
KaeT ollyuleHHe, OYATO CTOHIIbL Nepel HeNOCTHXHMOH
TaWHOH TBOpeHHs. YTO H MaTeMaTHKH KO CHX IIOp eLle
He packKpblJId 3Ty TafHy, noxaJjyH, Haunbosee yOexH-
TSJAbHO HNOATBEPKEaeT TO ycepAHe, ¢ KOTOPHIM OHH H

Tabauya 3. MpocThle U (HeyeTHBIE) COCTABHBIG
yucaa or 1 no 100.

npocrsie COCTAaRHHIE

2 43 9 63

3 47 15 65

5 33 21 69

7 59 25 75
11 61 27 77
13 67 33 81
17 71 35 85
19 73 39 87
23 79 45 91
29 83 49 93
31 89 51 95
37 97 53 99
41 57
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Tabauya 4. NMpocTHe yicaa B uHTepBaaax Aanum 1000
cnepa m cnpasa or 10 MHAAHOHOB,

MENIY MeXcny
9999900 u 10000000 | 10000000 u 10000100

9 999 901 10 000 019
9 999 907 10 000 079
9999 929
9999 931
9 999 937
9 999 943
9999 971
9999973
9999 991

NOHLIHE HLIYT Bce GOJsbime mpocThie. Il duces, pac-
TYUIUX 3aKOHOMEPHO, HampuMmep MAJasT KBajpaToB WU
cTerneHeldl ABOHKH, OBIJIO Obl, KOHEYHO, HEJeno pasbiCKH-
BaTh 3K3eMIISIPp, NPEBOCXOAAILMH Bce H3BecTHhle. s
IPOCTHIX e 4Hces, HANPOTHB, NPHJIAralTcsd rpoMajHele
ycuans, 49ToGbl HUMEHHO 3To u cienars. Hanpumep B
1876 r. Jlioka mokasaj, uto yucao 2!%7 -— | —npocroe,
H 75 JeT OHO 0OCTaBaJOCh HaHOOJBIIMM H3 HU3BECTHHIX
NPOCTBIX YHCEJN, YTO HE HOKaxKeTcs YIAHUBHTEJLHHIM, €CJIH
B3rJsiHyTh Ha HEro:

2127 — 1 = 170141183460469231731687303715884105727.

Tonbko B 195! r.—nocie BO3HHKHOBEHHA 3JeKTPOHHEBIX
BHIYHC/IMTENbHBIX YCTPOHCTB — Hauiu GOJbiliee NPOCTOE
qucao. CBefeHHst O CMEHSBUIMX APYr Ipyra 4duciax-pe-
KOpJCMeHaX BH Haiiere B Ta6n. 5 [3]. B nacrosmee
BPEMH pekopacMeHoM sBJasgercsi 6002-3HauHoe Yuca0
219937 .1 (g Ob He XOTeJd ero 3J7ieCh BHIIHUCHIBATH);
CYaCT/IMBYUK, OHO MOXeT TOPAHUTBCSI CBOeH cJaBoH !
Kro coMHeBaeTC B CKa3aHHOM, MOXKET CHPaBUTLCS B
KHHI'e MHPOBBIX peKOpnoB I'mHHecca.

OnHako ropasjio HHTepeCHee BOHPOC O 3aKOHaX, KO-
TODHM IOAUYHHSIIOTCA I@pocThie uyucaa. §I npuBes BaM

1y C Ttex mop 3TOT pEeKOpX GHIN HEOJHOKDATHO NOGHT, cM. A0+
GaBacHHe 2 B KOHUE 3RCKYypcHH. — [lpum. nepeas.
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Ta6aruya 5. Hauboapmee H3IBECTHOE NMPOCTOE HHCHO.

2 qUCHO Toy,
UMQP B | OTKPLITHA]  KTO  OTKPHLR
yuone p
2127 1 39 1876 Jioxa

4

(" +1)17 | 44 {1951 | deppre

114 Q%7 —-n+1 | 4
180 (2127 =~1)2 +1 79} 1951 | Muanep+-Yunaep

2 ] 1571 +EDSAC |

2007 w1 183

2127 —1 386 ¢ | 1952 | JleMep+Pobuncon
22203 o 664 + SWAC

228l 687 J

2327 —1 969 | 1957 | Pusens+BESK
2429 — 1 1281

04423 _q 1332 } 1961 Xypeuril -+ Cenppunoic
29689. -1 2917 + IBM7090

29941 — 1 2993 } 1963 I'nannc-+ILIAC 2
21218 o g 3376

21987 —1 6002 | 1971 | TaxKepMau-+IBM 360

paHee B TalJs. 3 CHHCOK INPOCTBHIX uHces Mexnay 1 u 100,
Ha puc. 1 Ta e uHpOpmauus npeacramnena rpadgu-
yeckn. OyHkuus m(x), 0 XKoropoH Tenepb nofizer peuys,
BHIpaXKdaeT KOJHUYECTBO IPOCTHIX YHCEJl, MEHBUINX WJIH
pPaBRHHIX X; CJI€ZOBaTeJbHO, B HYJe OHA HMEET 3Haue-
Hue 0 U CKAaYKOM yBeJHuHBaeTcsd Ha | B TOodkax x =
=2,3,5 U T. &, T. e. KOTZla X PaBHO IIPOCTOMY YHCJYy.
Yxe H3 3TOr0o rpaduka BHAHO, 9TO pacteT m(x), He-
CMOTPA Ha MaJble JIOKaJpHHe KoJeOaHHA, B oOGLIeM,
IOBOJIBHO peryispHo. Ecau ke yBeqHuHTH 06J2CTH H3-
MmeHenns: x A0 50000, TO peryasipHOCTH 3Ta CTAHOBHTCS
HaCTOJbKO OTYETIMBOH, YTO AYX 3aXBaThiBaer (puc. 2).
Ilo-mMoemy, IIAaBHOCTB, C KOTOpPO# mOJHHMAaeTcs 5Ta
KpHuBas, CJleAyeT OTHECTH K HHCJAY YHIUBHTEIbHEHHINX
thakToB MaTeMaTHKH.

Ho rme 3akoHoMepHOCTH, TaM H Y4YeHBIe, KOTODHle
nETalRTCAd ee pasrazarth. M paHHmA cayval He cTada
ucknodenneM, Herpyauo uadtH smnupnyeckyio opmy-
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J1y, XOPOUIO OMHCHBAIOUIYIO POCT KOJHYECTBA IPOCTHIX
ynces. Ot 1 mo 100 umeercs 25 nmpOCTBIX yHceNd, T. €.
yeTBepTb Bcex gmcedt; Zo 1000 mx 168, 1. e. okojsO OJ-
Ho# wectoil; mo 10000 ux 1229, 1. e. npuMepHO OAHA
BocbMasn. Ilpoponxkasn seuncaenus go 100000, 1000000
B T. J. H onpenessisi KaxKAHH pa3 OTHOLIeHHe KOJHUe-
CTBAa NPOCTHIX K KOJHUYECTBY BCEX HATypaJbHBIX UHCEI,
[IOJyYdM JaHHble, npuBefeHHble B Taba. 6. (Tak ckpom-

Tabauya 6.
x 7(x) x/7(x)
10 4 2,5
100 25 4,0
1 00C 168 6,0
10 000 1229 . 8,1
100 Q00 9592 10,4
1 000 000 78 498 12,7
10 000 000 664 579 15,0
100 000 000 5761 455 17,4
1 000 000 000 50 847 534 19,7

106000000000 455052512 22,0

HO BHINHCaHHBIe B HeH 3Hayenus st(x) noTrpe6oBasIH THi-
csY 4acoB TPYAOEMKHX BhiumcjaeHHN.) Buzso, 4TO OTHO-
ImeHHe x K 7(x) OpPH mepexo/le OT JAHHOH CTeleHH xe-
CATH K INOC/IeRylolled BCe BPEMsl YBeJAUYHBAETCH MPH-
MepHO Ha 2,3. MareMaTHku cpa3y y3HaloT B 4ucie 2,3
gorapupm 10 (pasymeercss, mo ocHoBaHHIO ¢). B pe-
3yJbTaTe BO3HHKaeT NpelloJIoKeHNne, YT0

X
:TI:(JC)NT——

nx'

NIpHYeM 3HaK ~ O3HauaerT, YTO OTHOLIEHHE COeIUHEHHBIX
MM BBHIpaj)KeHHH C POCTOM X CTpeMHTCAd K 1. DTO acHMm-
NTOTHYECKOE PaBEHCTBO, BNepBbIe JOKa3zaHHoe B 1896 r.,
Ha3bIBaeTCs B HacTOsIee BPeMs B3aKOHOM pacnpelese-
rnus npocroix uuces. I'aycc, Beqmuafinii U3 MareMaTH-
KOB, OTKPBIJI 3TOT 3aKOH B NATHAAUATH/JIETHEM BO3pacTe,
H3yuas TaGJuUbl IPOCTHIX YHCeJ, COAepiKaBluvecss B MO-
JapeHHOH eMy 3a rojg A0 TOro rabnuue JOrapugpmos.
B Teuenne Bceit cBoel XKH3HH 'ayce XKUBO HHTEpecOBaJ-
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e

C pacnpeiesieHHeM OPOCTHIX YHCET H NPOBOIHJI OGLIKP-
HBEle BBIYHCJICHHS AJIA BHISICHEHHS 3TOrO Bonpoca. B cBoeMm
nucbMe K OHKe [4] Taycc omuchiBaeT, Kak OH «OdeHb
yacTo ynoTpebssi cBobojHbIEe YeTBepPTh uYaca, YTOOGH TO
TaM, TO 3JeChb IPOCUHUTATh XWauaay» (T. e HHTEPBAJ
B 1000 yucesn), u Tak XO Tex nOp, NOKa OH He Hallren,
HaKOHel, BCe NpOCThHe, MeHbUIHe TPeX MHJIJIHOHOB (!),
H He CPaBHHJ NOJy4YeHHBle pe3yJibTaThl € mpeanoJarae-
Mol GHOPMyJION UX pacnpejesieHusl.

3aKOH pacmpefieieHus] MNPOCTHIX YHCes YTBepkKAaer,
4TO QyHKUHA ;(x) acuMOTOTHYeCKH (T. €. C OTHOCHTE/b-
Hoii norpeurHocreio ) 09%) pamua x/lnx. OmHako ecsd
Mbl cpaBHEM rpaduxku ¢yskuuii x/Ilnx u n(x), TO yBH-
AuM, 4TO, XOTd (YHKUIHS x/Inx KadeCTBEeHHO W oOTpa-
JKaeT moBejeHHe m(x), HO BCE Xe corjacyercs ¢ Hel
He C TaKOH TOYHOCTBHIO, KOTOPas IO3BOJHJIA OBl 06BsC-

6000 i~
J000 [~
4000
J008 -
2000

1000

X
_ | 1 i 5.
0 10000 20006 30000 40000 50000

| L

Puc. 3.

HUTH IJaBHOCTb rpaduka m(x) (puc. 3). Hrak, ciaeayer
IIOCTaBUTH BONpPOC O JyyleMm npubiuxkeHud. flocMorpes
cHoBa Ha Tabauny oTHoweHH# x/m(x), MBI YBHAUM, YTO
3TO OTHOUIeHHe mouyTH TOuHO pasHO Inx— 1. IpoBens
Gosiee TulaTesJbHbie H NOJHBIE BHUHCAEHHA, JlexaHAp
i[8] B 1808 r. o6Hapy:Kuja, 9ro OCOGEHHO XOpoliee IpPH-

1} OTHOCHTENLHON NOrpeniHocThi0 HA3LIBAGTCA OTHOLIEHHE MOAY-
ag  (abconoTHON BeNHUYHHBI) PasHoOCTH HPHOAHMKEHHOTO 3HAYCHHA H
TOYHOro 3HAUCHHs K MOAYJI0 mocaexkero.-— I[lpus. nepes,
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bl

O/HXeHHEe ToJyYaeTcs, ecjH BHYecTb M3 Inx He 1, a
1,08366, T. e.

X
In x — 1,08366 °

7t (x) ~

Ilpyroe o4enp xopomee npubiuskeHue (x), BIOepBHE
yka3aHHOe ['ayccoM, MOMKHO MOJIy4uTH, HCXOAS H3 TOrQ
3MOUPUYECKH YCTaHOBJEHHOro (akra, 4To NJOTHOCTh
NpOCTHIX BOJH3H O4YeHb GOJBLIOrO YHCJa X NOYTH TOYHO
paBHa 1/Inx. ITosTOMy KOJHYeCTBO HPOCTHIX YHCeJd, HE
HPeBOCXOAAININX X, HPUOJHU3ATEbHO BHIPAXKALTCHd 4020+
pupmuueckoldl cymmor

! i
Ls()=q7 + 11113 Tty

Inx’

HJIH, 4TO TNPHMEPHO TO 3Ke camoe [6], unreeparsnoim
A02apUPMoM:

x
. di
Ll(x)-"—_'—Sm.
2

CpasuuBasti rpadpuku Li(x) m m(x), npuBeseHnbe Ha
pHC. 4, MBI BHAHM, 4TO B pPacCMaTPHBaeMOM JAHaNa30He

)

6000 |-
5000 L ar(x)
4000 -
\Li(x)
3000 (-
2000 -
1000
I f t 1 ] ";__
0 10000 20000 30000 40000 50000

Puc. 4.

B fpejejax TOUHOCTH PUCYHKa OHHM MPOCTO COBHALAIOT.
KapTunky gas npubiauxkcuus JlexxaHapa He CTOMT Jaxke
NOKa3plBaTh, TAK KAakK B yKasauloMm JHamasolie 3Haye-
HUH X OHO ellle Jyyllle,
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CymiecTByer eule OAHO NPHOMHXKEeHHe (PYHKLUHH nt(x),
0 Kotopom £ xoren 6H ynomsiHyrb. Hccienorauus Pu-
MaHa [0 HPOCTHM YHCJIAaM HAaBOAAT Ha MEIC/]Ab, YTO Be-
POSTHOCTb TONO, YTO OOJBLIOE YHCJAQ X SIBJIAETCH MHpO-
CTHIM, OyAer ¢ OOJblieli TOYHOCTHIO 3afaBaThCA (PyHK-
uue#t 1/Inx, ecnu yYHTBIBATH He TOJIBKO CAMM IIPOCTHIE,
HO M HX CTenexu, MIPAYEM KBaApaT HPOCTOro 4HCJA CUH-
TaTh 3a MOJOBHHY TIPOCTOTO, TPeThio CTeleHb— 34
TPETh ¥ T. A. DTO NPHUBOJHT K CJASAYIOIEeMY OPHOIHKEH-
HOMY paBeHCTBY:

x4+ 5 a(Vx)+5a(@Wr) 4+ ...~ Lix),
HJIH, ec/IH «O00pAaTHTh» 3TY 3aBUCHMOCTD
w(x) ~ Li(x) — 5 Li(vx) — g Li(#/x) — ... [7]

OyHKIMIO, CTOSILYI B IPaBOA YacTH IOC/JeLHEr0 pa-
BeHCTBa, 0603HayuM (B YecTh Pumana) uepes R(x). Kak
BHAHO u3 Taba. 7, OHa InpeacTaBjaseT COGOH ynuBH-

Tabauya 7.
x 7(x) R(¥)
100 000 000 5761455 5761 552
200000000 11078937 11079090
300000000 16252325 16252355
400000000 21336326 21336185
500000000 26355867 26355517
600000000 31324703 31324622
700000000 36252931 36252719
800000000 41146179 41146248
900000000 46009215 46009949
1000000000 50847534 50847453

TeLHO Xopouee npubmmxkenne K m(x). Yuraremo, He-
MHOTO 3HaKOMOMY C TeopueH (PYyHKHHH, MOTY CKasars,
yro R(x)— uenas ¢yuxkuusa ot Inx, 3agaBaemMas GHICTPO

CXOASIUMCS CTENEHHHIM PALOM

(In x)*

- 1
R(")=1+Zl nf(n+1) nl °?
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rae {(n -+ 1)— nsera-pynkuusa Pumana [8] 1.

BnpoyeM, HaXo NOAYepPKHYThb, uTO HpuOAHXKeHUA [ a-
ycca u Jlexanapa anst n(x) ObIH mOJydyeHBl YHCTO M-
NHPHYeCKH H 4To Jaxe Puman, koropmifi npuwea k
cBoel (PyHKuUMH R(x) C NOMOIILIO TEOpeTHYeCKHX pac-
CY>KJeHHH, He JN0Ka3aJ aCHMITOTHYECKOro 3aKOoHa pac-
npefejednd NPOCTHIX uducead. IDT0 ObJO caenaHo (Ha
OCHOBe MccaenoBanuii Pumana) aummp B 1896 r. Ana-
MapoM H (He3aBucHMo) Baaae Ilyccenowm.

I Xorten 6bl ellle NMPHBECTH HECKOJbKO YHCJIEHHBIX
IPUMEPOB, TNMOKA3LIBAIOIINX BO3MOXKKHOCTb MPEJCKA3aHAA
(hakTOoB 0 mpocthiXx uHucaax. Kak yxe 6bl10 oTMEuEHO,
BEPOSITHOCTb TOrO, YTO YHCJIO TOPAAKA X SIBASETCA IpO-
CTHIM, NpHGAN3HTEABHO paBHa 1/Inx; 3ro osHauaer, uro
KOJIHYECTBO MPOCTHIX B HHTEpPBaJie AJHHBI @ NOGIH3OCTH
OT X AOJXKHO OLITh NPHMEPHO pPaBHO a/In x, BO BCAKOM
clydyae ecJIH JAJIHHA HHTEpBajna JOCTAaTOYHO BeJIHKA,
yTOoOB HMeJI0O CMHEICJ 3aHHMAaTbCH CTATHCTHKOMH, HO HO-
CTATOYHO MaJia 10 CPABHEHHIO ¢ Bejuuunolt x. Hanpu-
Mep, B HHTepBaJe MeXJAy CTa MHJJIHOHAMH H CTa MHJI-
guonamu naioc 150000, cnenyer oxXupaTth MNOABJEHHS
0K0J10 8142 npocrhiX, TaK KakK

150000 150000

T 100000000 — 18457 ... ~ Sl42.

CoOTBEeTCTBEHHO BEPOATHOCTH TOMO, YTO JABa 3aJaHHHX
yucsaa BOAH3H x 06a OKaXXyTcsd HpOCTHIMH, NPHGJIH3H-
teabHO paBHa 1/(Inx)2 IlosTomy oXxHjaaemoe KoJauye-
CTBO NPOCTBIX yucea-6au3HenoB (T. €. Hmap npocTHX, OT-
JuyaiouinxcAd posHo Ha 2, spogme 1l, 13 wam 59, 61) B
HHTEpBajJe OT X A0 Xx-+a MNpHOGJH3HTEJLHO PaBHO
a/(lnx)2, Ha camoMm pesie OXHjaeMmMas BeJHYHHA He-
MHOTO GoJibllie, ITOCKOJILKY €CJIH y¥Ke H3BECTHO, YTO YH-
CJO 1N #ABJAETCS IPOCTHIM, TO 3TO HECKOJbKO H3MEHAET
IIaHCHl, YyTO ¥ n - 2 OyneT NPOCTHIM; Hanpumep, n -+ 2
B 3TOM CJyuyae 3aBeioMo HeueTHO. Hecnoxnbie 2BpHCTH-
yecKHe pacCyxjiacHua [9] mnokasmiBaloT, yro oxupaemoe
KOJHYECTBO TMPOCTHIX YHCEN-OJM3HEUOB B HHTEpBaje

0 C onpenpencuneM H CBOHCTBaMH [-QYHKIEH MOXHO IO3HAKO-
MUTBCAA, Hampumep, no kumre: Turumapm E. K. Teopua nsera-¢yHx-
win Pumapa, — M.: WJI, 1953. — ITpum. nepes.
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Tabauya 8. TipocThie B npocThie-6iuH3Hen B 8 HHTepBAJAX
aaaam 150 000,

'-' Aot

YHCITO YUCNO
wnTepsan NPOCTEIX TIROCTHIX~0/IH 3HEU QOB
OMUTAE[PAKTUYE~ | OWHLUE~| PAKTHYE~
. Moe | CKO8 Moe cKoe
100 000 000~
100150000 | 8142 | 8154 584 | 601
1 000 000 000~
1000150000 | 7238 | 7242 461 | 466
10 000 000 000~
10000150000 | 6514 | 6511 3714 | 389
100 000 000 000—
100000150000 | 5922 | 5974 § 309 | 276
1 000 000 000 000
1000000150000 |} 5429 | 5433 259 | 276
10 000 000 000 000~
10000 000150000 | 5011 | 5065 211 | 208
100 000 000 000 000~
100000000 150000 | 4653 | 4643 191 | 186
1 000 000 000 000 000~
1000000 Q00150000 {4343 | 4251 166 | 161

i[x, x+ a] pasno Ca/(lnx)2 rne C — nocrosiHHas, OpH-
6ausutenpio pasnas 1,3 (rounee C = 1,3203236316...).
Tak, mexxny umcaamu 100000000 u 100 150000 moJx-
HO OmThb npumepHo 1,32 ... X 150000/(18,427 ...)’=~
/584 npocTHX uHcen-6au3Hen0B. B Ta6a. 8§ A npuBOXKY
noayuennble JlxoynsoMm, Jlsnom u Dbaannomom [10]
JaHHblE O NEHACTBHTENLHOM KOJHYECTBE MPOCTHIX UHCEJ
H IpPOCTHIX YHCEJA-GJIM3HEN0B B 3TOM H B HEKOTOPHIX
Jpyrux HHTepBanax TOH e IJHHEI OKOJO GOJBIIHX CTe-
nedefl nAecATH. BHIOHO, 4TO peaJbHbIE 3HAYEHHA OYEHL
XOpOLO COIVIACYIOTCA € OXHJIAeMbIM pPe3yAbTaToM. IJTO
0COGEHHO YIHBHTENBLHO JJs1 TNPOCTbIX-GAH3HENOB, TakK
KaK MMOKa He ynaercs JX0oKa3aTh jgaxce ToT (hakT, 4To HUX
0eCKOHEUHO MHOIO, He roBOpA yxKe 06 aCHMITOTHYECKOM
3aKOHe HX pachnpejeseHHs.

B kayecTBe nocneaHero npHMepa Ha TeMy O HpelCKa-
8yeMOCTH CBOACTB NpOCTHIX HHCeJ YNOMSIHY ellle Npo-
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Oaemy o «npoBanaax» MexXnay HEMH. PaccmaTtpuBas TaG-
JHIY NOpOCTHIX YHCEJN, MOXHO 3aMeTHTb, YTO HHOrAa
BCTpeyaloTcs 0co6eHHO GoJiblilne HHTEpPBAaNH (HaNpHMep,
mexay 113 um 127), coBcem He ComepiKalliie NPOCTBIX.
[TIycte g(x)— Aanna nanGoJabllero ¥3 HHTEPBAJOB MEXs
Zy | u x, He comepxamux npocTeix unceal). Hanpuwmep,
g x =200 caMbIM AJHHHBIM H3 HHX ABJAETCHA TOJbKO
4YTO YNOMSHYTHIH HnHTepBaa or 113 mo 127, tak uro
g(200) = 14, Benuunna g(x) pacrer, pasymeercsd, O4YeHb
HepaBHOMEPHO, OJHAKO HEKOTOpHe IBPHCTHUECKHE C000-
paxenuda [ll] npmBoasAT K acuMnroTHUecKoH dopmyiie

g (x) ~ (Inx)?

HacKo/lbKO BCE-TaKH XOPOIIO COTJIACYETCS € OXKHAAEs
MHIM [OBeleHHeM J[axKe 3Ta Ype3BHYafiHO CHJIBHO CKae
gyymas yHKIuA g(x), BLAHO H3 puC. .

700F

600 [

500 -

400 -

300 |-

200}

100}

D 1 1 1 ! 1 1 1 t 1 1
1 10 10% 103 104 105 10° 107 0% (0% 1070 10% 012
Puc. 5,

JlOo cux mnop f raaBHOe BHHMaHHE YAeafAs OOGOCHOBA-
HHIO YTBEPXKIEGHHS O TIOCHOACTBYIOUIEM CpeldH HPOCTHIX
yHCeJ NMOPAZKe, HexXeJih OOOCHOBAHHIO YTBEpXAeHHA 06
HX cBoeBoJuH. KpoMme Toro, s ele He MNoOKasal, Kak

1) OGo3HaueBHe NPOHCXOAHT OT AHIVIHACKOrQ gAap == DPODYCK,
upoben, paspuB, == I[lpum, nepes,
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o
gt (x)+3001 (2) @) W
t)
gr{xc )+ 20r | /\'\ ‘ (1) (1)
z) ¥
v J+100
( )
GT(JC) - A__JHY;FlA 5 ‘ ‘ AN J“ “ ‘ 5 ' ' m
i
' ol (3 w W
ot (x)-100F

Puc. 6. T'paduxu npubnuxensir Faycca (1), Jlexawapa (2) u Pu-
MaHa (3); 3HaueHHS X OTJOXKEHH B MHJJIHOHAX.

6uuno o6ellano B Ha3BaHHH JIEKIHH, mepBhle 50 MHJMHO-
HOB IPOCTHIX, 4 NPHBEJ JaHHbIE JIHIIL O HECKOJbKHX
ThHICAAYaX MpOCThIX. Tak BOT, Ha pHc. 6 rpaduyeckH
npeacrasgeHa (QpyHkuudg m(x) B cpaBHeHHH ¢ IpHOaH-
KennaMu JlexaHapa, 'aycca u Pumana npH H3MeHe-
Hun x go 10 munnuonoB [12]; Tak Kak rpadukH 3THX
yeTbipex ¢$YHKUHA MOYTH COBNANAKT MEXKAY CO0O# (Kak
MBI 3TO YyXKe BHjuead Ha pHC. 4), To Ha puc. 6 nmpusene-
HH rpa¢)uKH COOTBETCTBYIOLIHUX pPa3HOCTEH.

Jymaroo, yKe oiHa 3Ta KapTHHKa SICHO IIOKA3BIBAeT,
yTd OXHMAAeT TOro, KTO pelaercss H3ydaTb IPOCTHIE
yHcaa.

Kak BuAHO H3 pHCYHKa, Npubaumxkenue Jlexkanapa
x/(lnx—1,08366) npu HeOGosbIIMX x (HDpHMEpPHO Jo
1 MHJANHOHA) 3HAYHTEJBHO TOYHee NpuOAHXKeHHS [ayc-
ca Li(x), onHako HaynHafs ¢ O MHJJHOHOB TOYHEe CTa-
HoBuTcd Li(x) M MoXHO MOKasaTth, YTO € AajbHeHALIHM
POCTOM X 3TO CTAaHOBHTCH BCE BEpHee.

Ho 10 MuanuoHoB uMeerca npumepro 600000 mpo-
CTHIX YHceJM. UYUTO6H npeicTaBHTh Bce ofelllaHHbIE
50 MHJJIHOHOB NPOCTHIX, CJaelyeT AoHTH n0 1 Muanmap-
na. I'paduk pasnoctn R(x)—mn(x) B 3r0oit o6aacTH nO-
Kasan Ha puc. 7 [13]. KoneGaunsa dpynkunn R (x)— m(x)
CTAaHOBATCA € pPoCTOM X BCé Gosee CHJIBHEHIMH, OIHAKO
He NPeBOCXOAAT HECKOJbKHX COTeH JaXKe HPH TakHX,
MOUTH HeBOOOpPa3uMO OGONBILIHX X.

31eCh MOXHO YNOMSHYTb ellle OAMH (akT O ¢yHK-
nad nx(x). Ha puc. 6 npuGauxenne I'aycca Li(x) Bcio-
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600}
300

=300

Puc, 7. Tpaduk pasmocta R(x) — x(x)
Ha uHTepBane 0 << x << 1 000 000 000.

ny Goavwe m(x), U 9TO ocCTaeTCs CUPaBEeJJHBHM H 10

MHJUIHAp/la, Kak SIBCTByeT H3 pHC. 8 (Ha KOTOpOM
JaHHbIE OTJOXEHH B JorapuMuyeckHX wmKaxnaxl),
Ilocaennuit rpaduk, HeCOMHEHHO, CO3ZaeT BleYaTJCHHE,
4YTO pa3HocTb Li(x) — n(x) ¢ pocToM x crpeMurcd K 6eCe

2od

1000

R Li(x) -R(.x)’
500 N

-

200

100 L L1 ! 1 X
10 20 30 30 70 100 200 500 1000

Puc. 8. 3nayesns X oTJOXKEHH B MHJJHOHAX.

KOHEYHOCTH, T. €. YTO HHTerpaibueiii Jorapubm Li(x))
NPHHIHNHAJIBHO IIepeolleHHBaeT KOJHYECTBO NPOCTHX, He
npepocxogsawux x (M rtak Kak R(x) Bcerza MeHbiue
Li(x), To 3to coorBercTBOBaNO GHl YTBEPKIAEHHIO, YTO

$) To ecTs Do ocaM oOryokenn (B BriGpaumoM Macuitale) He
caMu YHcha, 8 HX JorapHdMel — ITpus. nepea,
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W

R(x) naer nyymee npubauxenue, yem Li(x)). Onnako
Aesio 0GCTOHT HHaye. MoOXKHO J0Ka3aTh, UTO CYLIECTBYIOT
TOYKH, B KOTOPLIX f(x) H3MeHAeTcHd HACTONBKO pe3Ko,
uTO CTaHOBHTCA GoJbiue Li(x). Takue yuciaa o cux mop
He HaHAEHH H, MOxeT ObITh, HHKOrga M He 6yAyT Haf-
JeHbl, HO JIMTTABYR HOKasaj, 4TO OHH CYLIECTBYIOT, a
Ckbioz [14] ycraHoBua naxe, YTo OANO H3 HHX He IIpe-
BOCXOJHUT

10100

(ITo moBoay sToro umcsaa Xapau 3ameTrH], YTo OHO, IIO-
XXKaayh, nauwbosblieec H3 BceX, Korjaa-aubo C/AyXHBILHX
B MaTeMaTHKe Kakoi-uubGynp onpeieneHHodl uenau.) Bo
BCAKOM cJydae, 370 yOeAHTE/NbHO NOKa3hBaeT, Kak He-
pasyMHO Jesats BLIBOAbI O CBOHCTBaX HPOCTHIX, OCHO-
BHIBASICh TOJILKO HA YHCJICHHHIX RaHHHIX.

B mocneane#t yacta Moero coofuieHHs A XO4y pac-
CKa3aTb O HEKOTOPHIX TEOpeTHYeCKHX pe3yJabTarax, Ka-
caromuxcs n(x), 97066 Y BaC He CJOXKHJOCh BHeyaTtJe-
HHue, OYATO HCCAeJOBAHHA NO TNPOCTHIM YHCAAM CHAeAyeT
OTHECTH HCKJIOYHTEJbHO K 00J1acTH KCnepHMeHTaJbHOH
maremaTukd. HenocssilueHHoMy MoOKeT NOKa3aTbCH, UTO
CBOHCTBO 4YHCJA OLITh NPOCTHIM CJAHLIKOM CAYYaikHO H
HMCK/0YaeT BO3MOXHOCTb J0OKa3aTeJbCTBA KaKHX-JHGO
$aKTOB O TAKHX YHCJaX. DTOT B3rJIA[ GhLI ONPOBEPrHYT
yxke 2200 ner Tomy Hasajl DBKJIHIOM, AOKa3aBIIMM CY-
LIeCTBOBaHHe GEeCKOHEYHOTO MHOKECTBA NpPOCTHIX YHCeJ,
Ero paccyxkzhenue yKnaabBaeTcsa B OxHY ¢pasy: ecyu 6u
HMEJIOCh JIKIIb KOHeYHOe HYHCJO INPOCTHX, TO MOXKHO
ObiIo GBI HX NEePEeMHOXXHTb H, NPHOABHB €NHHHIY, TOJY-
YHTh YHCJO, KOTODOe He JENHUTCS HH Ha ONHO NPOCTOE,
41O HeBO3MOXHO. B 18-M B. Ditnep nokasana 6ojiee CHJIb-
HOE YTBEp)KIeHHe, a HMEHHO YTO psifi, COCTaBJICHHHH W3
BEJHYHH, OGpATHHX MPOCTHM, PACXOAHTCHA, T. €. €ro yac-
THYHBIE CYMMBI D CTAaHOBATCA C POCTOM KOJHYECTBA CJlas

£) To ecTb CyMMNl
1 1 1 |
gry gt

Thae Pa— 2TO n-e NPOCToe uucno. — Ilpum. nepes.
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A
L,

raeMuix 6ogblue Jgwo6oro sajaHnoro uucaa. B ero (rak-
JKe ouenHb mnpoctoMm !)) AoOKasarTenbcrBe Obla HCIOJB3O-
BaHa (PYHKIHA

) =1+ +5e+ .0

poab KOTOpOH pas Hu3yuyeHus m(x) OHI2 HOJHOCTBIO
OLEHEeHa JHIIL no3fHee, 6aaromapa paboram Pumana.
B 5TOH CBSI3H CTOHT OTMETHTb, YTO, XOTS CyMMa BeJH-
yuH, O6GpaTHHIX BCEM IPOCTHIM, OGeckOHeyHa, OAHAKO
CyMMa BeJHYHH, OOGDAaTHEIX BCEM H3BECTHHIM IIPOCTHIM
(1. e. npuMepHo nepBuiM 50 MuANHOHAM), MEHblle ye-
teIpex [15].

Toavko B 1850 r. Uebnmépy ynanoch cienarts nep-
BHIH IUar K JOKa3aTedbCTBY 3aKOHA paclhpeneseHns
npocThix uHcesn [16]. On nokasaJ, YTo NMpH ROCTATOWHO
6oaBbIIHX X cpaBeJJIHBa OLIEHKA

0,897 — < m(x) < 1,11 2,

T. €. YTO 3aKOH pacnpefesNeHHs NPOCTHX YHCeJ crpa-
BeMVIHB C OTHOCHTEJNbHOH NOrpelIHOCTbIO, HE NPEBOCXO-
names 11'%. Ero nokasarensCTBO, HCNOJB3YIOliee O«
HOMHaJbHble KO3 @dHUHEHTH %, TaK KpacHBO, YTO f He
MOI'Y YCTOSTb Hepe], HCKYLIeHHeM IPHBECTH €ero ynpo-
IeHHBIH BapHant (pasyMmeercs, BBHAY 3TOTO, C HECKOJb-
KO XYAUIHMH NOCTOSHHBIMH).,

[TokaxeM, YTO BLINOJHAETCS TaKas OLEHKAa CBEPXY:

n(x) < 1,7 2~

Inxg'

Ona HemoOCpPeACTBEHHO mposepserca Aas x << 1200. By-

1) CoBceM 3/eMeHTapHOE NOKA3aTeJbCTBO MOXHO HafTH, HanpH-

mep, B xmure:. fraom A. M, firmom H. M. HesnemeHurapuue 3a-
Naup B SJEMeHTapHOM HanoxeHHd. — M.: Tocrexuspar, 1954. —
ITpum. nepes. '

%) Ilo noBoay onpeAcieHHAs M HCOOJNB3YEMHIX B JaJibHeluem
CBOMCTB OHHOMHANBHEIX K03(QQDuLHEHTOB CM., HampHMep, KHHry: Bu-
aeuknH H. fl. KomuOmmatopmka.— M.: Hayka, 1969. Hapagy ¢ mc-

n
NOJIL3YeMBM  2BTOpoM 00o03HaueHHeM (m) JJIT  OHHOMHAMBHEX

Koo uuueHTOB Yynorpebaserca takke oGo3mavemue Ch',— ITpum.
nepes,
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e

JeM paccyKIaTh IO HHAYKIUHH!) M NPeANoJIOXKHM, 4TO
Hallla OlleHKa JoKasaHa HJd Bcex X =< n, PaccMorpum

§ 2n
«leHTpaJibHbii» OHHOMHAJBHBEIH Ko3(p]HIHEHT n )

TTockonbky

22n-=(1+1)2"=(2§)+(2f)+ oo

+(2,f)+ +(§Z)

oH, Ge3ycnoBHO, Menblle 22°, C apyro#i CTOpoOHHI,

20\ @l @n)e@n—=1)-... 2.1
n)- @) (a(a—1)-e.-2-17°

Kaxnoe npocroe YHCJAO p, MeHbllee 272, BEXONHT B YHC-
JIHTeJdb, MO, ecJH p OoJblle 7, He BXOJHT B 3HaMeHa-

2n
venb. llosTOMY (n) IEeJHUTCA Ha Kaxjoe INPOCTOE,
Jexkaiiee Mexay n u 2n:2)

I »

(%)
nLpin n

B npoussenenny ciaesa n(2n)—mx(n) coMmuoxurenef,
KaXXJIblH H3 KOTOPHX 6oJbllie £2, HOITOMY

pe2n)—an(n) < ]:[ p \<~ ( 2; ) < 9,
n<pKn
IpoaorapudmMupoBas, NOJTYYHM

n2n)—mnn) < 2;:112 2

n
< 1,39m0

CorflacHO mNpeANONOXKEHHI0 HHAYKUHH, TeOpeMa BepHa
ana n, T, €,

n(n) < 1,7+

lnn*

" C 5THM MSTOAOM MOXKHO NO3HAKOMHTBHCSH, HAnPAMED, N0 KHH«
re: Comuuckuit Y. C. Meroa marematHueckofi mHAYKuHH, — M.: Hay-
Ka, 1974. — IIpum. nepes.

2 3amuchk b|a 0s3Hayaer, yTo @ Haueno AenHTCs Ha b, — ITpus,
nepes,
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il

CxynaaniBast JBa NMOCJAEAHHX HepaBeHCTBA, HAXOAHM, UTO

m (2n) < 3,09 T <17|(2) (n > 1200),

T. €. TeOpeMa BepHa H AJd 2n. Tak kak

1
n(2n+ )<n2n) +1<3,09 =4 1< "7111%3%
(n > 1200),

TO OHa ClpaBelquBa H Ajada 2n - 1, yem u 3aBepluaercsd
LIar HHAYKIHH.

JAA nonyyeHHs OUEHKH CHH3Y HaM HOHAJAOOHTCA
CTeAyloIas NPOCTas JIEMMa, KOTOpas JIETKO BBIBORHTCA
M3 H3BecTHOH (OpMyJH pJas fokasareld CTeNEHH INpo-
CTOI'0 YHC/Ia, C KOTOpPbiM oHO BXogur B nl [17]:

JIEMMA. Illycre p— npocroe uucao. Ecau p°s — Hau-
b6oasbuian crenexs p, KoTopas 6X00uT 8 ( Z ), TO

pr < n.
CJIEACTBUE. Qaa awbozo Ounomuaasnozo Koaggpu-

n
yuenra

p ) cnpasediusa oyesKa

( ) pr ey

IIpuMeHHB yTBEepXKIEHHE 3TOTO CACACTBHA KO BCeM
6uHOMHAJIBHHIM KO3(UIHeHTAM ¢ 3aXaHHEIM 72 H CJO-
JKHB NOJIYyYeHHble HEPABEHCTBA, HaliieM

2" =(l+ 1) = an(',:)g(wr 1) - oo,

ke =0
HJIH, nocse JorapupMupoBaHus,
aln2 In(n41) n
nn) = T T > ST (n>200)

B 3ak/joueHHe S XOUy CKa3aTh HeCKOJBKO CJIOB O pe-
syapratax Pumana. Xorda PuMaH # He l0Kasal acHM-
NTOTHYECKOIO 32KOHA pacnpeedieHHs IPOCTHIX YHCe,
3aTO OH cAejas Heuto ropaspio OoJiee YAMBHTEIbHOE —
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najn rounyo dopmyay ang s(x). Ita ¢opmyna Burad-
IKT TaK:

n()+ga(Vx)+5a@x)+ .=
=Li(x)— ) Li (xp),
1]

rre CyMMHpOBaHHe HAET 10 KOPHAM pa3era-OyHKUUH
E(s) [18]. Kopuu a1#1 (MOMHMO TaK Ha3HIBaeMBIX «TpH-
BHAaJbHBIX KOpHed» p=-—2 —4, ~—6, ..., BKJaIOM KO-
TOpPHIX B O6LIyl0 CyMMY MOXKHO npeneﬁpe%) ABJSOTCA
KOMIIJIEKCHBIMH YHCJIaMH C BELECTBEHHON YaCTbIO, 3aKIII0~
yennoil Mexnay 0 u 1; nepBuie 10 U3 HUX TakoBwl [19]:

pr =S+ 14134725 |, Fy =S~14134725

=%+21 0220404, 7, --%-—21,0220404
ps=1+250108561, 7y =1 25010856
pe = -15+ 304248781, Py =%-——30,424878 f
ps =5 +32,9350574, py=7—3293507 1.

Jlerko moka3sarthb, UTO BMECTe C KaXKJIbIM p B YHCJO KOp-
Hell A3eta-dyHKIHH 0043aTeJIbHO BXOJHT H KOMILJIEKCHO-
CONMPSIXKEeHHOE ¢ HHM YHCJO0. A BOT 3HAMeHHTAs THIOTE34
Pumana, yTo BelllecTBeHHAs YacTbk KOPHS BCerja B TOY-
HOCTH paBHa l/2, euie HHKeM He JOKa3aHa, XOTHA ee JO-
Ka3aTeJbCTBO HMeN0 Obl O/ TEOPHH NPOCTHIX YHCEJN B
BrICIIEH CcTelneHH BaxHoe 3naueHue [20]. B Hacrosliee
BpeMs THIOTe3a NPOBepeHa s 7 MHJJIHOHOB KOpHeH.

C nomouibio BBenenHoil Bhne ¢ynkuuu R(x) dop-
myay PuMaHa MOXHO 3allHCaTh B BHAE

n(x)=R(x) — 5’; R (x°).
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3T0 Jaer B KauecTBe k-r0 npHOAHXKenua K 7(x)
(PYHKLIHIO

Rp(x) =R %)+ T () + To(x)+ ... + T, (%),

rie T, (x)=— R (x°?) — R (x°7) — caaraemoe, orTBeya-
ollee n-# nape kopHell psera-gysxuuu; T,(x) npu Jdio-
OoM 7 SBJASETCS IVIAaAKOH OCHUJIupYIOUlell (QyHKIHEH
oT x. I'paduru T,(x) Aas mepBBIX 3HAUEHHl 1 IOKa3aHbI
na puc. 9 [21]. Bmectre ¢ Ta(x) B Rp(x) sBasercs
raankod ¢yuxuuei npu aiobom k. C pocTom 2 3Ta QyHK-
nua npHbanxaercs K m(x). Ha puc. 10 u 11 npuBenens
aadg uamoctpauuid rpadukn 10-ro m 29-ro mpubGanike-
HHii, 4 €CJH CPaBHHTb 3TH KpHBBIE ¢ rpadHKOM m(x)

03 /TI (JC)
02
01
0 N
») |
-7

0.3

62
0.1
0
~0.1
=02

02
01

0
~0.1
0.2

02
04

@
~{.1
(2

0.2
(1§

U.
-0.1
-{0.2
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25
201~
A \Rm {x)
10+
5.
b 30 e
A w0 Puc. 10,
2
20
15
10
5.
0 L LS Puc. 11,
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Ha uurepsa’te or 0 mo 100 (cm. puc. 1), TO MONYYHTCH
KapTHHA, NpeACTaBJeHnas Ha puc, 12,

$1 magmeroch, 4YTO IIOCJe MOEGIO paccKkasa y Bac OCTa-
JOCh HEKOTOPOE BIEUAT/IEHHE O 3aMedaTe/]bHOH Kpacore
NPOCTHX YHCEA M O TeX HEHCUHCHHMHIX CIOPNpPH3aX, KO-
TOpbie OHH HaM TOTOBAT,

2515-

15

10

Tlpumeyanuy

[1] J. M. Gandhi, Formulae for the n-th prime, Proc, Washington
State Univ. Conf. on Number Theory, Washington State
Univ., Pullman, Wash., 1971, 96—106.

[2] J. P. Jones, Diophantine representation of the set of prime
numbers, Notices of the AMS 22 (1975), A-326.

[3] K ToMy uTo Tak MHOrO 49Hced M3 3TOr0 CHNHCKA HMET BHA
M, = 2% — 1, cyuecTByer BecKas NpHYHHA: COTJIACHO OAHO#H
reopeMe, BocxoasimeH K Jlioka, umcao Mg (8 = 2) rorpa
TOMBLKO TOTAA HABJASETCA NPOCTHIM, KOTAZ OHO AGJAHT HHC/O
Ly, tpe uncna L, onpeaensiorcd peKyppeHTHHM COOTHOIG-

miem: Ly=4, L, =L} —2 (tak wro Ly =14, L; = 194,
Ly=37634, ...) B, takum ob6paszom, npocrory M, nposeputs
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[4]

[5]
6]

[7]

SHAYHTEJIBHO JIerye, 4eM NPOCTOTY JApPYTHX udAcesa TOro e Io-
paaka, Ilpoctnie BHaa 28 —1 (B sTom cayuae & camo o6asa-
TENbHO AO/MKHO OBITh NPOCTBIM) HA3LIBAIOTCA MPOCTEIMH 9uC-
aamMu Mepcenna (Mo HMeHH (paHIly3CKOTO MaTeMaTHKa, KOTO-
poit B 1644 ykasan B Ooabliell cBOedl YacTH BEPHBIA CIHCOX
BCeX TaKHX NpocThlxX, MenbmHx 107%). Uncia Mepcenna urpaor
BaXHy10 POJb M B HEKOTOPHIX Apyrix IpobGireMax TeOpHH ui-
cel. IBKJIHA ofHapyXHJ, 4TO ecaH yHclo 2P — | — mpocToe, TO
yhesno 2°~1(27 — |) aBiserca «coBepLIEHHBM», T € PaBHO CyM-
Me cBOMX COOCTBeHHH XY acaurened (Hanpumep, 6 = 1 + 2+ 3,
28=1424-4-4+7+14, 4% =14+24+44+6416 431 +
-+ 62 4 124 4 248), a Jiinep aokazan, uToO BCE UCTHBIE COBEp-
LIeHHbIe 4HCJa MMeT ykasadHbd BHA. HeussecrHo, cyumie-
CTBYIOT JIH BOOOWIe HeYeTHbIE COBCPIUEHHBIE YHCJAa; BO BCAKOM
cJlyqyae, TAKHe YHCJAA A0MKHL ObIThb Goabme [0190, HMwueercs
poBHO 24 sHauenuH p << 20000, npu xoTOpLIX yucho 2P — 1 —
IIpocToe.

C. F. Gauf, Werke, 11, 1872, 444—447. OG6cyxKaexue HCTOPHH
BOMpoca O MpHOMmKEHHAX m(X) CM., HAIpHUMEp, B CTAThLE

L. J. Goldstein, A history of the prime number theorem, Amer.
Math. Monthly 80 (1973), 599—615.

A, M. Legendre. Essai sur la théorie des Nombres, Paris,
1808, crp. 394.

Tounee, uMeroT MecTo HepaBeHCTBa

Ls(x) — 1,5 << Li(x) << Ls(x),

T.¢. pa3HocTh Li(x) u Ls(x) orpanmuena. OTmeTHM, 4rTO B HAa-
CTOsllee BpeMsA MHTErpajdbHoiii Jjorapugm 0O0bLIYHO NOHHMAETCs
B CMbIC/IE IVIaBHOrO IHAYEHHS:

- dt ' ar ¢ at
li (x)=P. V. STE‘?=J‘_,“‘0 S 7 S = )
0 0 1+e

OJHAKO 3TO ofpeAC/sieHHE OTJAHuYAeTCA OT IIPHBEACHHOTO B TEKCTE
JIHIIL HAa KOHCTaHTYy.

rn
Koad¢unuent npu Li('\/x) onpejenserca caeaymomum o6-

pazoM: OH paBeH -1/n, ecin n ecTb NPOH3BEAEHUE YETHOrO
yHcJa pas3/HYHBIX NPOCTHIX, paBeH — l/n, ecaH n — upousBeje-
HHE HEYyeTHOr0 uHCJIa Ppa3NHYHBIX MPOCTHX, H paBeH 0, ecad
n AeJHTCA HA KBAAPAT KAKOro-HUOGYIAb NPOCTOTO.

[8] DTy dyuxunio MOXKHO TpeACTABUTH H II0-APYTOMY:

(s8]

R(x)=S

0

(In x)? dt
trE+1n)gE-+1)

) Cm. nomcrpounoe mnpumeuanne Ha ctp. 11, — ITpun. nepes.
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[9]

[10]
[11]

[12]

(£(s) — m3era-dyuxnus Pumaua, I'(s) —ramMa-pyskuua) Hiu

2nx _,i _2_ 4 3 __6 5
R (e )—'"u{ng_]—BB;;x +5ng +...}==

E 3 _2._53._2.__ 5

(Br — 270 k-e uucno Depuyii;, 3HaK == 03HAUAET, UYTO pPald«
HOCTh COEeJUHEHHLIX TAKHM 3HAKOM BBIpAXEHHHA cTpeMmuTrcd K ()
C pocTOM x); 00a mupeicTaBieHHs YKazaa Pamauyaxan, Cm,
H. G. Hardy, Ramanujan: Twelve Lectures on Subjects Sug-
gested by His Life and Work, Cambridge University Press,
1940, ra. 2.

A nvenHo: ana napn (m, n) cjayuaiiHo BLIOpAHHBIX YHCEN Be-
POATHOCTL TOTO, YTO m H n 00a He cpaBHHEMH ¢ 0 no MoayJai0
pY, oueBuaHO, paBHa ((p— 1)/p)% a Ajaa oaloro ciayyaiHo
BLIOpAHROro YHCJIA N BEPOSATHOCThL TOrO, 4TO N H # -+ 2 ofa He
cpaBuuMbl ¢ 0 mo wmoaymo p, paBHa 1/2 npu p=2 u
{(p—2)/p npu p == 2. IlostoMy BepOATHOCTL TOrO, 4TO 7 H
n -+ 2 npenctaBasiorT co00# mapy <«KaHAWAATOB B NPOCTLIE MO
MOAYJO p», OTJAHYAETCH OT COOTBETCTBYIOUIEH BEpPOSATHOCTH IS
JBYX HE3aBHCHMBIX YHCE] /M M N MHOKHTEJEM

p—2  p?
p (p—1)?

NpH p % 2 ¥ MHoxXKHTeNeM 2 unu p = 2. TakuM oOpasoM, HH-
TePeCymoliaa HAC BepoATHOCTBL OTJAHYRETCA OT YKa3aHHOH# B
TEKCTE HAJIYHEM MHOXKITENS

— pPP—2p
c=2 ] ] = 182032 ...
p>2

p— npocToe

Heckoapko 60see TWIATENBHO 3TH PACCYXKACHNS NpPOBEACHH B
KHHIE:

G. H. Hardy, E. M. Wright, An Iniroduction to the Theory of
Numbers, 5th ed., Oxford, 1979, § 22.20, crp. 371—373.

M. F. Jones, M. Lal, W. J. Blundon, Statistics on certain
large primes, Math. Comp. 21 (1967), 103—107.

D. Shanks, On maximal gaps between successive primes,
Math. Comp. 18 (1964), 646—651.

I'patuk g(x) MOCTPOEH € HCNOJIb3OBaHMEM TAO/HL, npHBEIEH4
HHIX B CJeayloUIHX paborax:

L. . Lander, T. R. Parkin, On lirst appearance of prime dif«
ferences, Math. Comp. 21 (1967), 483—488.

R. P. Brent, The f{irst occurrence of large gaps hetween suca
cessive primes, Math. Comp. 27 (1973), 959—963.

Hauduvie ans 3Toro rpadHka B3ATH H2 TA6/HILI NPOCTHIX YHCEJ]
Jlemepa:

1) To ects HEe AensrcAa Ha p, — Ilpum. nepee,
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D. N. Lehmer, List of Prime Numbers from 1 to 10006721,
Hafner Publishing Co., New York, 1956.

[13] Dror H crepyomnii rpaduKH NOCTpOeHH MO 3HAUEHHAM &t (X),
NpHBEJEHHBIM B CTaThe
D. C. Mapes, Fast method for computing the number of pri-
mes less than a given limit, Math. Comp. 17 (1963), 179—
185.
B otnvune o1 aanenX Jlemepa, HCIIONML3OBAHHBIX NPH NOCTPOE-
HHH npe,ubmyu.xero rpa(bm{a, 2TH 3HA4YyeHHd BBIYRCJAeHH! 110 O[-
no#i u3 dopMyn m(x), a He NyTeM HCMOCPEACTBEHHOTO MOACUETA
HPOCTHX, HE NpeBLiA0IIX X,

[14] S. Skewes, On the difference m(x) —1i (x). I, J. Lond. Math,
Soc. 8 (1933), 277—283.
ITpusencHHyio oueHky Ckbl03 cnepBa foKas3al B HpeANoJokKe-
HHH cIpaBequBOCTH OOcyXXJ1aeMoii gajee B TeKCTe TIHIOTE3bl
Pumana. Yepes 22 roga on xe:
S. Sktewes, On the difference m(x) —1li(x). I, Proc. Lond.
Math. Soc. (3)5 (1955), 48—70.
He HCIOJb3YS STOH rHNOTe3H, J0Ka3aj, 9TO CYLIeCTBYET x, He
hpeBocxojsllee (euwle HaMBOrO OoJbiero) 3HaueHHS

10964
101

aas Koroporo ;(x) > Li(x). dra rpanunma Onia 3aMeHeHa

KosuoM u Mefixsio Ha 10109297 a JlemaHom:
E. Lehman, On the difference m(x) — li (), Acta Arithm. 11
(1966), 397—410.
Ha 1,65-101165, Jleman paxe moxazaJj, uro mexay 1,53-101163
u 1,65-101185 yMmeeTca HHTEpBaJ, cojepXKalwufii No MeHbLIEH
mepe 1059 ypces, Ha xoTopoM s (x) OGoapme Li{x). Corsacuo
€ro HCCACAOBAHMSAM, OueHb BEPOATHO, YTO HMEETCA HHCIAO X,
6auskoe x 6,663-1037%, nna xoroporo m{x) > Li(x) m uer nu
OMHOro uHcaa, MeHblero 10%, ¢ teM Xe cBOHCTBOM.

[15] BooGme, umMeeT MecTO cOOTHOWEHHE (npeanosoxenHoe B 1796 r.
I'ayccoM u pokasaHHoe B 1874 r. MepreHcoMm):

Z -%’- =Inlnx+ C -+ e (x),
p<<x

rne e(x)—>0 Apu x—>oc0 H € -—KOHCTAHTA, NPHOJH3IHTEJLHO
pasnag 0,261497. D10 Belpakenne npa x = 10° menbmwe 3,3 H
jaxe npu x = 1018 eme He npeBocxoxaHT 4.

[16]) I1. JI. Yebwuués, Recherches nouvelles sur les nombres pie-
miers, Paris 1851, C. R. Paris 29 (1849), 397—401, 738—739.
CoBpeMeHHOE H3JMOKeHHe JoKasatejaocrBa YeOwllIéBa Ha He-
MEIKOM fI3HKe CM. B KHHTe V):

W. Schwarz, Einfiihrung in Methoden und Ergebnisse der
Primzahliheorie, Bl-Hochschul-Taschenbuch 278/278a, Mann-
heim, 1969, § II. 4, crp. 42—48.

4

$ Ha pycckom cM., nanpumep, Byxmraé A. A, Teopus umcens. —
M.: ITpoceewenue, 1966,
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[17] HauGonvwas crenens p, koropas aeaur n!, ecth P
L5 ]+
p ,

rde [¥] o6o3tiagaer Leayi0 YacTh 4HMCAAQ X ~— HaKGOABIIES ULNIOE,
He [pPeBOCXOAsiulee X; NO3TOMY B OGO3HAYEHHSX JIEMMbL

o= T {1354

B srofi cymme xampoe caaraemoe papno 0, wm 19, npuuem
3asBejoMmo paBho 0 npu

Inn
r >
Inp
(rak kax rtoraa [n/p’] = 0). 3uagur,

Inn
v,,g[m pJ’

OTKY/la H CAeAYeT YTBEPKASHHE JeMMBI.
[18] Ykasamhoe panee onpeaeqenne L(s) B BHAe paaa

1 1
455 +ge + -

HMeeT CMBLICH JIHIIbL TOPja, KoJa S — KOMIJIEKCHOe YHC/IO, Belje-
CTBEHHAas 4acTb KOTOporo GoJjbuie 1 (W60 TONMBKO NPH TAKOM
ycaosun paa Oyper cxopsiuguMcesi), H B 9Tofi obaactu {(s) ne
HMeeT HyJe#, DPyHRUHIO {(S) MOXKHO, OAHAKO, AOOIpPEAE/]HTH
JUI BCeX KOMIIIEKCHBIX YHces H pacCMaTpHBATh €€ KOpHH B KOM-
MIeKcHOH naockocTH. Pacumiupenne o6smacth onpedenenus C(s)
Ao noaynaockoctH Re(s) > 0 monygaerca oco6eHHO NpOCTO,
€CJIH BOCNOAB30BaThCAl clpasedHBHIM NpH Re(s) > 1 toxae-
CTBOM

(=292 () =14 got g+ oo

1 1 1 1 1
'-t—-2 §T+—F+—6—S—+-.. =1"""—2"§"+"3"s—_t|.

H 2aMeTHTh, 4ro CTOsILHA cnpaBa psig CXOAMTCS IPH BCeX S,
HMEIOIHX NOJCIKHUTebHYIO BEIUECTBeHNYy0 uacTh, OTciofa Jerko
BbIBECTH, YTO <«HHTEpECHLIC» KOPHH [3eTa-(QPyHKIHH, T.e. KOPHH
Buga o == B -}-iy, 0 << f <1, sanmaiorca ABYMSl ypaBHEHHAMH

o0

_ nyn-l
Z L—%—-—-— cos (y ln n) =0,
n

=l
oo

-1
Z —(:-"%n— sin (y In n) =0.
n

n=\1

) CM, ram e,
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Psaa mo kopuaMm p B Qopmyne Pumana cxourcs KeaBGcOMOTHO,
H [OTOMY €ro WICHH CJEAyeT pacnojarat B HalJexallem
noprxke (nmo Bo3pactaMuio aGcomoTHoro 3HaueHus Im{p)). Ha-
KOHEi, OTMETHM, 4TO Tounas QopMmyna and m(x) Oblna HaligeHa
Pumanom ewe B 1859 r., a goxkazaga MaHroapaToM JHuip B
1895 r.

[19] DT1u xopun yxe B 1903 r. Betgucaun I pam:

I.-P. Gram, Sur les zéros de la fonction {(s) de Riemanm,
Acta Math. 27 (1903), 289—304.

Ogenb ypayHoe H3JOKeHHe TeopHH jA3era-QyHKuun Pumana #
MeTOAOB BLIUHC/IeHMA ee HYJeH gaHO B KHHTe:

H. M. Edwards, Riemann's Zeta Function, Academic Press,
New York, 1974.

"[20] A umewmwo, u3 runotesst Pumana BETekaeT c/elyioulee yTBep-
XKJexHe (BeplO H OGPATHOE): NMOrPEIIHOCTL NpHOAMXKEHHA I (X)
bynxuueit Li(x) ne npesocxoaur Cx'/2in x, rae C — Hexoropas
MOCTOSHHAS; B TO M€ BpPeMs WeH3BeCTHO, MeHbiie JH 9Ta IHO-
IpelIHOCTL X° npu KakOM-Hubyab ¢ << 1.

[21] D1oT rpaduk, Kak H TpH moOC/ASAYOLIMX, 3aHMCTBOBAZH H3 pa-
6OThI:

H. Riesel, G. G6hl, Some calculations related to Riemann’s
prime nuinber formula, Math. Comp. 24 (1970), 969—983.

Jo6asaenne

Tax xak NpPUBeAEHHBLI BbIlle TEKCT, NPeACTaBAAIO-
mui co60H TOYHYIO 3allHCh MOEH BCTYNHTEJNbHOH JICKIHH,
yiKe Obla ony6aukosaH paHee !, a1 mou€nm 3a Jydllce He
NHTATbCA «OCOBPEMEHHTL» TEKCT, & OCTABHB ero Ge3 us-
MeHeHH#, YIOMAHYTh Pe3yJAbTAaTH HOBEHIIHX HCCAEeA0Ba-
HHil B 5TOM KOPOTKOM I00GaBJIeHHH.

1. K cnHcKy HeOOGLIYHBIX ONpEAENEHHH NPOCTHIX YH-
ceJ1, ¢ KOTOpOr0 MBI HayaJu Hallle TMyTellecTBHE, CIEAyeT
706aBUTD ellle OJHO, HA 3TOT pa3 H3 TeOpHH Hrp. A MMEH-
HO (no KoxBew), otnpasisisick oT N =2, Ha KaXIOM
ware Mo 3amensem N Ha alN, rie o — NMepBOe H3 Ye-
THIPHAALIATH PAIlHOHAJIBHBIX YHCEN

17 78 19 23 29 77 95 77 1 11 13 15

91 * 8’ 51’ 38’ 33" 29’ 23" 19 17’ 13 11’ 14°
15
—2—'»

55,

1 Elemente der Mathematik, Betheft Ne 15, 1977 [anrnuiicknf
nepesoa: Mathematical Intelligencer 0 (1977),) 7—19].
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Iast koroporo umcio oN — uenoe. Hasa noayuaroueiics
IpH 2TOM TNochefioBaTenbHOCTH 2, 15, 825, 725, 1925, ...
sce urypupymoumue B Heil cTelleHH ABONKY O6yAyT HUMeTb
BHI 27, TAe p — NPOCTHIe, HAYLLlE B CBOEM €CTECTBEHHOM
nopgaake! C nomMomplo XOpPOUIET0 KaJbKyJasaTopa MOXKHO
TAKUM [yTeM 34 HeCKOJbKO MHHYT OTHICKATBb IepBhie 4
HJH 5 NPOCTHIX yuCeJ.

2. C 1971 r. yxxe Tpu pasa 61 MOOUT MHUPOBOI pe-
KOpJ HanOoJbllero M3BCCTHOrO MPOCTOro 4YHCIAa; MO yKa-
3aHHOH B NMpPHMeYaHHH 3 NpHylllie KaxXJAbH pas 3T0 Oblio
cHOBa wyucao Mepcenna 29 — 1, a mmenso ¢ p = 21701,
23209 u 44497 1. IMonpobuee 06 3ToM cka3aHo B Oub-
JHOorpaUYeCKHX NPHMEUYaHHAX K NCPBOH KCKypCHH.

3. JlaHHble O KOJMHYECTBe NPOCTHX H MPOCTHIX-OJH3-

nenon (ra6a. 8) renepr umerorcs no 101
R. Brent, Tables concerning irregularities in the distribution
of primes and twin primes to 10!, 12 computer sheels depo-
sited in UMT File 21, Review in Math, Comp. 30 (1976) 379.

Oco6GeHHO HHTepecHa ¢ 3TOH TOUKH 3PEHHS CTaThsl
R. E. Grandall, M. A. Penk, A search for large twin prime
pairs. Math. Comp. 33 (1979), 383—388.

B Hell He TosbKe ykaszaHa HauboJibllasg H3BecTHas Napa

6snsHenos (no 303 uudpwl B KaxaoM!}), HO H ONHCaHAa

CTaTUCTHYECKaA IIPOBEPKa ACHMINTOTHYECKOH ¢HOPMYJIHI

1,32...4a
(uucq0 GMH3HEUOB MEXKIAY X U X -+ a) ~ T

anst 132947 cayuafino Bei6panubix gucesa or 104 go 1054

fIpH OXHAaeMBIX 24525 napax 6GaH3HeN 0B (akTHYECKH

6pi10 Halgeno 249 nap. B nacrosiuee BpeMs u 0 QyHK-

LHH «[IPOBaJoOB» g{x) uMeeTcd Go/blle AAHHHX, YeM IO+

Ka3aHo Ha PHC. D] CM.
R. Brent, The distribution of prime gaps in intervals up to
106, Review in Math. Comp. 28 (1974), 331.

B KauecTpe ellle 0HOro HpuMepa HEPEryJAsSPHOCTH pac-
IpeJlesieHHd NMPOCTHIX YHCEN CJAeJAyeT YHOMSHYTb Pe3y/ib-
taT Defisa u XaacoHa 0 pasHOCTH A(X)= 14 3(x)—
— Ttg, 1 (X):

C. Bays, R. Hudson, Math. Comp. 32 (1978), 281—286.
(2, 5 (x) 0603HaYaeT 4HMCAO HPOCTHX BHAa an -+b, He
NpeBOCXOAAINX X.) 3ra pasHOCTh, KOTOpas MpH

Y CM. nepsoe mOACTPOUHOE HpHMeuaHWe Ha CTp. 36, — HHpus,
nepes,
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MaJblX x BCerza TNOJIOXKUTENALHA H NPH BCeX X OYeHb MaJia
(tak, my, 1(1010) == 227523275, a m,, 3(10'%) = 227529235),
cornacHo pesyabraraM befisa B Xaxcowa, ocraercsl no-
JoxuTeabHoi no x = 950000000, 3a uckIOUeHHEeM MEHEe
yeM OJIHOI THICSYH 3HaueHuil, onHAKO A0 X = 2-10'° ecTb
oueHb Goabulofi uwuTepBan [1,854-10'9, 1,895-10!%], na
KOTOpPOM OHa OTpHUATENbHAa, H ee MHHUMYM B 3To# 00-
JacTti pasen A (18699356297)= —2719.

4, Tunoreza Pumana mpoBepeHa yxe jauaa 150 mui-
JIHOHOB KODHeH, a HMeHHO JUId BCeX p, Y KOTOPHIX
JIm p| < 32585736,4. Cwm.

R. Brent, On the zeros of the Rlemann zeta function in the
critical strip, Math. Comp. 33 (1979), 1361—1372.



Oprex Ponudhe

O CYMMAX ABYX KBAAPATOB

S1 pacckasky o HaTypaJbHBIX ducaax @, b 1 m, yAOB-
JETBOPSIOIWUX YpaBHeHuI0 a2 b2=m. C nOMOULIO
5TOH HA NEePBBEIH B3I/ HPOCTOH TeMB OuYeHb YAOOHO
NPOAEMOHCTPHPOBATE PAL 3a4a4 H MSTOAOB, UMCIOLIHX
OoJiblllIoe 3HAueHUue AJdA Beel
TEOPHH IHCEJ.

Oco6eHHo HHTepecHH (H,

BCPOAAITHO, HE TOJLKO MHE Ia-

MATHBH CO LIKOJBHBIX JIET) TaK ~
Ha3bIBaeMEie IHGbaroposhb /
TPOHKH HATypaJbHBIX YHCe 7
a, b, ¢ ¢ a® 4 b? = c?. Takue

TPORKH AJA KPaTKOCTH OyjieMm ! | .
3anucuiBaTh B BUAe (a, b, ¢), Puc. 13
npuyeM TPoHKH (a, b, ¢) U ue. 24
(b, a, ¢) cunTaOTCA OLHHAKO-
BeIMH. [IpumepoM MoxeT cayxuTh Tpoika (3, 4, 5),
KOTopasa OblJla H3BECTHA M TIHCHbMEHHO neépegasajach
M3 IOKOJE€HHsi B IOKOJEHHEe BO BCEX PAa3BHTHX
ApeBHUX KyaeTypax [1]D (ctp. 49, 51, 96, 105). Dra
TPOHKA TPHMEYATEJbHA CBOMM TreOMETPHUECKHUM CcOJep-
KaHueM — B Hell HaXOJUT apudMeTHUECKoe BhipadeHle
JAPeBHHHU criocob NnoCTpoeHHs NPsiMBIX YrJoB (cM. puc. 13).
Fuie B 14 r. 10 H. 5. pUMCKHI nucatejbp BUTpyBuii BoOC-
CTABUJA TIOCTPOEHHE MHPSMOro VyIia ¢ IOMOUIbIO TPOHKH
(3, 4, b) Kak BeJnuaiiliee AOCTHUKeHHE Bcell TOrpallHed
matematuku [1] (crp. 326). Ilpeanoaarator, 4to Oaa-
rogapst HagJeHHol — BHayaJsle 3KCHepHUMEHTaJJbHO — CBf-
31 TPOHKH (3, 4, 5) ¢ nocTpoenueM HpPAMOro yria ¥ Bo3-
HUKJa Boobule uaes TeopeMm [Iucdaropa. [lnaron cuu-
TaJ, 4ro Tpo¥ka (3, 4, 5)—3TO CHUMBOJ CynpyxecTBa

1) Ypcna B KBaApaTHBIX CKOOKAX OTCHUJIAIOT K CIOHCKY JIMTEpa-
TYPH B KOHILE 3KCKYpPCHH,
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[1] (ctp. 157). OH HCTOAKOBLIBAN KAaTeT MAJHHH 4 Kak
JEHCKOe HauaJo, BePTHKAJLHBIH KareT MJIHMHH 3 — KakK
MYKCKOE HayaJo, a THIOTEHYy3y — Kak HX IOTOMCTBO.
Takoe w™iucTHUecKOe TOJKOBAaHME HaMm celyac yYyxXJIo
M CcOBepiIeHHO HenoHsATHo, OJHAKO ero CylLecTBOBAHHE
OKA3bIBART, KakKoe OoO/blIOE 3HAaueHHe NIPHAABAaJOCh
Tpoiike (3,4, 5).

B 1apeBHocrn mnucdaropoBm TPOHKH HCIOJAb30BAIHCDH
Ha NpaKTHKEe — B 3e€MJEMEpPHOM jejle H B apPXHTEKTYpe,
Ha 4TO MMEIOTCA Aaxke ykaszaHud B bubOauun. Taxk nampu-
Mep, TaM CKa3aHo, YTO NPH MOCTPOEHUH CKHHHH HCIOJb-
30BaJIHCh KOBPBI, OCHOBHOH KBalApaT KOTOPHIX HMeJj H3-
mepenust 3 X 4 noxkta (Mcxon, 37.10), a npu Bo3BeAeHHH
COJIOMOHOBA Xpama OblJId M3TOTOBJIEHH INMOACTAaBKH JJf
JKepPTBEHHLIX Yall ¢ OOKOBHIMH TpPaHAMH pasmepoM
3 X 4 nokra (I ku. Llapers, 7.27). SI nymai, 4To yImoMH-
HaHMe 3THUX YHCEJ B CBASH C BeJHKHMH CBSATBIHAMHU
HyJeeB MNOJXKHO BhIpaxarh HeyTo OoJbllee, yeMm MPOCTO
TOPAOCTH NPAKTHUECKH II0JIe3HBIM 3HAHHEM. DBO3MOXKHO,
Tpofika (3,4, 5) BoCnpHHHMAJach KAK MECTO COENHHEHHHA
MHpa AYXOBHOIO ¥ MHpa MaTEPHAJBLHOrO, TaK YTO YIIOMH-
HaHHe ee B Bubauu umeno rayGokui# BHYTPEHHHH CMEIC.

EcTecTBeHHO BO3HHKAET 3ajadya— HalTh Bce mudaro-
poBBl TpOiKH. IIpn 3ToM MBI mopbiBaem co chepoit npax-
THYECKOro IPHMEHEHHs, TAK Kak [Jf TOCTPOeHHA ups-
MHBX VIVIOB [IOCTATOYHO, KOHEYHO, OJHOH-eIHHCTBEHHOH
nugaropoBoil TPOUKH, H HINEM TEOPETHUECKHE 3HAHHS
pann HHX CaMHX.

Ecin (a, b, c)— nmudaropoBa Tpofika, TO TaKOBOI)
Oyner u Tpoiika (na,nb,nc) npu Bcex n=1, 2, 3, ... .
[TosroMy pnoctaToyHo HaAHTH Te nOUMATOPOBH TPCHKH,
y KOTOPBIX HauboJasluui oOuHi ae/uTesb @ U b pased 1.
Takue TtpolikH HaswBaloTca npocredwunmu. Uyrb aerie
HaRTH TPONKH, Ha3HIBAeMbIE KB8A3UNPOCTEUWUMNU, Y KO-
TOpBIX HauboablIH# oOwui aeluTens a U b He npemoc-
xoruT 2. duodant u3 Anekcagapuu (300 ger mo H. 3.)
npenaoxul ciaenyiouiee pemtedue [1] (cTp. 485):

[Tycts (¥, y) mpoGeraer Bce mapnl B3AHMHO INPOCTLIX
(1. e. He MMelOmMuX OTAHYHHX oT | oOmMX HenuTenaeH)
uyuceJs, Takue, uro X >y. Eciam B3aATb a4 =2xy, b=
= x? —y?, ¢ = x?-4y?, TO moJyuarci Bce KBa3HIpPO-
credllle MH¢aropoBLl TPOHKH H IIPH HTOM KaxKAas POBHO
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onuH pas. Tpofika (a, b, ¢) Toraa u ToJbKO TOrAa Gyrner
IpocTeiiuel, Korja oJHO K3 4ucea X H y 4€THO, a Apyroe
HEYEéTHO.

1 Xoren Obn mHpuBecTH JBa OOOCHOBaHHS 3TOro
YTBEpK/ACHHS.

[TpocThie coobGpakeHHs ACJNHMOCTH IOKa3BIBAIOT, YTO
JeJIO CBOAHTCA B CYHIHOCTH K NAaX0XJIAE€HHI BceX nap
(a,b) panmHOHAJLHHX YMCeJ, AJAfA KOoTophix a?-4 b2 =1,
a0, b%~=0 u Touka (a,b) JeXHT B nepBOoM KBaX-
paHTe miaocKocTH V. Pac-

CMOTPHM TPAMYIO g CyT- A

JIOBHM KO3(dULHEHTOM &

m, NPOXOASNYI0 Yepe3 @b)
’

Toukn (a,d) u (0, —1)
(puc. 14). Ecnu g v b —
pandoHaJbHBEIE YHCJIA, TO
Ko3dobuuueHT m, oue- -
BHAHO, TAKXe pailioHa-
aed. OO6parHo, ecaum m
panHoHaJseH, TO KOOPH-
HATHI TOYKH NepeceyeHus
npaMoit g ¢ YKasaHHOIEI (0,-1)

Ha pHCYHKE eAHIHUYHOH

OKDPYKHOCTBIO OIpeAe/s- Puc. 14,

I0TCA KaK KOpHH KBaj-

PATHOTO YpAaBHEHHSI C pAaUHOHAJBHBIMH KO3(D(HUHEHTa«
mH. [Ipn sTOM OAHO peuleHHe, COOTBETCTBYIOINEE TOUKE
(0, —1), HaM H3BeCTHO, H OHO ABAAETCHd palLlHOHAJILHBIM.
[TosToMy B BTOpO€ pelleHHE, COOTBETCTBYIOLIEE TOUYKE
(a, b), Toxe 6yzeT palHOHAJBHHBIM. DBIYHCJAEHHS LAOT

_ 2m b = m? —1
ST T
Tlonoxus m == x/y, nonyuaem Tpebyembie QOpMYJIHL.
pyroe obOocHOBaHHE, B MeHblefi CTemeHH HCIOJb~
3ylllee reoMeTpHyeckue coobpaxeHusd, TaxkoBo. [Iycth
a B b— panuoHa/JbHBIE TOJOXKHTENbHBIE uHcaa u a4

H-b%2=1. [TonoxXum 2=">0 -} ia, rgei =+/— 1. Torza

11 To ecte B mepBOii KOOpAMHATHOH werBepTH, — [Ipum. nepes,
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2 Z=1lunl4+z==z2+z=2(2+1),1 e

1+ 2 -,
Z:—:m (Z=7—="“'l).

3nech Z = b —ia. lonaras 1 4z = x4 iy a1a panuo«
HaJbHHX X W Yy, CHOBA HOJydydeMm HaujgeHHOe paHee pe«
iweHHe. CroenHa uCThl 3aMeTAT, YTO 324 STHMH HECKOJIBKO
GopMaJbHLIMYM BBIK/JIAJKAMH CKPBIBA€TCS UYACTHBLIH CJy-
uay Tak HaspBaeMoi teopembl 90 I'miapbepra.

OdeBnaHO, YTO B NPOCTEHIINX IHGPArOPOBBIX TPOHKAX
aubo a, 160 b uéTHO, YKazaHHBE (QOPMYJB AAIOT TOJbe
KO Te¢ TpO#HKHU (a, b, ¢), B KOTOPBIX YETHO Q.

Hanee, u3 dopmyJs BHIHO, UTO B KaxA0H mudaropo-
BOH Tpoiike a uad b genurcs Ha 4. Kpome TOro, oano
U3 4yHcen a, b penurcd Ha 3. JleHCTBHTENbHO, ecJH OBl
HH @, HH b He AEJAHJOCH HA 3, TO HPH HEKOTOPHIX HATYy-
pPaJbHBIX YUCJAAX | W kK BBINOJHAJHCH ObI PaBEHCTBA
a=3j41,0=3k41, a Toraa

a’ + b? = 3(3j2 + 3k2 = 2j + 2k) -+ 2.

Ho npu geneHmu xBajapara HATYpaJbHOro 4ucjia Ha 3
B OCTATKe MOxKeT noayuuTbcss 0 uau 1, 1o He 2. Takum
o6pa3oM, B 3TOM cJaydae cymMMa a2+ b2 He gaBadaach Onl
KBaJparoM, BONPEKH VYCJAOBHK. AHAJOrHYHO HAOKa3hbl-
BaeTcd, Yro OAHO M3 uucen a, b, ¢ geaurca Ha 5. Ha
npuMepe Tpodku (3,4,5) BUAHO, YTO APYTHX AHAJOTKY+
HBX YTBEpXKAEHUH NOJIYYUThL HeJMdb3d, T. €. YTO clpaBef-~
JIYB CJAeAYIOnIUil pe3yibTar:

Uucaa 1, 2, 3, 4, 5 06pa3yloT MAKCHMAJbHOe HOAMHO<
¥ecTBO M MHOKeCTBa HATypaJbHBIX uHces, obmagaioiiee
TAKHM CBOHCTBOM: AJS KaIKAOrO 3jeMeHTa n u3 M B jalo-
6o nugaropoBoil Tpoiike ecThp UHCJO, Aejslieecs Ha M.

KBasunpocrefinine nudaropoBst Tpoliku (a, b, ¢), mo«
JyUYeHHble TI0 MPHBeAEHHLIM Bhilie dopMyJjaam aJasd HEeKo+
TOPBIX MaJblX 3HAYEHHA X U y, npuBejieHnl B Taba. 9.
Jladabie 2T0H TabJauOBl MOMXKHO HArJAgAHO NpPEeACTaBHTDL
caeayomim obpaszom. IToctaBuM B COOTBETCTBHE KaXKIA0H
nugaropoBoit Tpofike (a, b, €) TOUYKY IJIOCKOCTH ¢ KOOp=
ausatamu (a,b), ecaiu a > b, u (b,a), ecau b > a.
OTH TOYKHK JIEXKAT B IIEPBOM «OKTAHTE» IIOCKOCTH, T. €.
B TOH yacTH IepBOro KBajpaHTa, rae abcuucca 6oJbuie
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b,

OpAHHATHL. TOUuKH TIOCKOCTH ¢ LEJOYNC/JACHHBMHU KOOp-
AHHaTaMHu 06])213}”0’1‘ TAK Ha3pIBACMVIO LCJOYHCJACHHYIO

«peméTKY», W U3 TabJHLLI

BUAHO, UTO TIPOCTEHINHM

IHbaropossIM TPOfKAM COOTBETCTBYET CPABIHTEILHO He-

O0JIbIIOE YHUCJO TOUEK
IEeJ0YHC/ISHHON peuleTKH
B rnepBoM okranre. [la-
Jiee 3TO0 00CTOATENBC BO
GyieT uccaeloBaHo 0o-
Jee noipolbHo.

Hrak, Bce nndaropo-
Bbl TPOHKH HaM H3BeCT-
Hel. Tenepb MOXHO U3Yy-
yaTh Te TPOHKH A, KOTO-
pue 006sagal0T KaKHUM-
Ju6o  JOMOJHHTEJbHEIM
cBoiictBoM E(A), u npu
5TOM BO3HHKAIOT HHTE-
pecHble 3aJauH.

Hanpumep, 3agaaum-
cA BonpocoM, OeckoHeu-
HO Jli MHOXKECTBO IH(pa-
TOPOBHIX TPEYTrOJbHHKOB,
Y KOTOPHIX MAJHUHEL Of-
HOro KarteTa M THIOTE-
Hy3hl BBIpaKaioTca HPO-
CTHIMH uHcJaaMu. Ecau
(g, v, p)— Tpofika c npo-
CTHIMH p U g, TO (p—
—v) (p +v)=4¢* Cie-
josartesbHo, p—vuv =1
u p-+v=g% Illoatomy
2p—1=¢2 C ppyroi
CTOPOHDI, €CJaH 2p = g~
41, 0o pP=q°+(p—

Tadauya 9.
X y a b ¢
2 1 4 3 5
3 1 6 8 10
3 2 12 5 13
4 1 3 15 17
4 3 24 7 25
5 1 10 24 26
5 2 20 21 29
5 3 30 16 34
5 4 40 9 41
6 1 12 35 37
6 5 60 11 61
7 | 14 43 50
7 2 28 45 53
7 3 42 40 58
7 4 56 33 65
7 5 70 24 74
7 6 84 13 85
8 1 16 63 65
8 3 48 55 73
8 5 80 39 89
8 7 112 15 113
9 1 18 80 82
9 2 36 77 85
9 4 72 65 97
9 5 ‘90 56 106
9 7 126 32 130
9 8 144 17 145
10 1 20 99 101
10 3 60 91 109
10 7 140 51 149
10 9 180 19 181

— 1)2. Takum o6pa3oM, 3Has pellleHUs] YpaBHeHHS 2p =
=g? 4+ 1 B HNPOCTBIX YHCJAAX p H ¢, MOXKHO HaHTH BCe
nckomple TpoHKH. OAHAKO 70 HacToAllero BpeMeHH He-
H3BEeCTHO JaiKe, KOHEUHO HIM OeCKOHeyHO MHOXKeCTBO
pelieHu# 3TOr0 YpaBHEHHU.

Jlpyroii npuMep BO3HHKAeT U3 TOro 3aHsATHOro Hab.a1o-
JeHus, uro Hapaay ¢ (5, 12,13) mudaropoBoil Tpoikoi
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apagerca Takxke (15,112,113), B, JleBu noxasan [3],
YTO HMeeTcA OecKOHEYHO MHOro MUQaropoBLIX TPOEK, U3
KOTOPHIX TaKHM IpHIIHCHIBAHHEM cllepeaH uugpol 1 cHoBa
nojsyyaercsa nagaroposa Tpoilka, a Canranao [6]—uro
9TO CpaBeMJHBO A8 KaxkAao® 3 uudp 1, 2, ..., 7.

YTOUHHM NoOcTaHoBKY Bompoca. Ilycre E(A)— Hekoe
CBOHCTBO, KOTOPLIM OOJgajaeT WAH He obJjajaeT AaHHASA
nudaroposa Tpoiika A, H V — Hekoe npasBuio, No KOTO-
poMy KaxXJAoH mH(paropoBoil Tpoike A cTaBUTCsI B COOT-
BeTCTBHe BeutecTBeHdoe yueao V(A), Paccmorpum ¢pyHk-
nHio F, CONoCTaBASIONIYIO KAXKAOMY BelleCTBeNHOMY 4HC+
Jqy v uMcao F(v) nudaropoBnix Tpoek, 00aagaloumux
cBoiicTBOM E(A) M yJIOBJIETBOPAIOMHX HepaBEHCTBY
V(A) << v. B cokpauieHHoii 3anucu

F(v)=4k{A| umeer mecto E(A), V(A)<<uv}.

Ecan lim F (v) = oo, TO HcCJeAyeTCS aCUMNITOTHYECKHH
V=> o0

poct F(v) npu v—-00, T. €. OTHICKHBAeTCA H AOKA3HI-
Baetrcss paBeHcTso Buaa F(v)== cv*+ O(vB)Y, rpe ¢,
a, f§ — BellecTBEHHBE YHCJA, nprueM o > f > 0.

B kauectBe npumepa (3ammcrBoBaHHOro y Jlambeka
¥ Mosepa [4]) paccMOTpHM QYHKIHIO
F(v)=4{A = (a, b, c) | Tpotika A — npocreiiasg,

¢ << v}.

MeTon, ¢ MOMOUIBID KOTOPOrOo OHA H3Y4aeTCs, HECAOMEeH
H yacTto yrnorpebasercs B TEOPUH UHCEJ, IOITOMY CTOHT
ero 3/1eCh IPOJAEMOHCTPUPOBATS.

Mmu pacnoaaraeM dopMynaMu Al HaXOXJIEHHA KBa-

3UNpOCTeHIINX MHGAropOBHX TPOEK. B cBA3H ¢ 3THM pa-
3yMHO BBECTH (QYilKIHIO

Q(v)=3{A =(a, b, ¢} | tpofika A — kBasunpocreiimasd,
¢ << v}.

Tak kak Q(v)= F(v)+ F(v/2), To MOXKHO BHPA3UThb
F (v) uepes Q(v):

F (v) =};(—- l)iQ(é%)-

D Osunayaiowee, uro |7 (v) — cv®| << AvB npu Bcex AOCTATOUHO
Gonbuinx v, rge A — HEKOTOpasa NOJOXKHTENbHAA IOCTOAHHAA, —
[Ipum. nepes.
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[Toutu Bce caaraeMble 270 OE€CKOHEYHOH CyMMH paB-
wol 0. TTojoxuM pAsisi BCAKOTO BelIeCTBEHHOrO 4YHcJja
t>0

g(t)y=FH{(x,y)| x, y — veible U B3aUMIIO NPOCTHE,
24yt <t x>y >0}
CoraacHo pazee ckasaHHoMmy, Q(v)= gq(vV?). IlycTs
[(y=F{(x,y)| x, y—ueanle, x >y >0,
x4 y? < 2.
Toraa, oueBu gHoO,
[£]

Lo=yq(+).

=1

rae [{] obo3Hauaer HauboJblllee ueg0e UYHCI0, HE TIpe-
BocxoAdiiee ¢, [TociaenHee ypapHeHHe MOXKHO pa3peluTh
OTHOCUTENbHO ¢(f), UCMOMB3Yd TAK HA3bIBAEMYIO (PyHK-
yuro Mébuyca n (cm. [5], (16.4)VD). Ona onpenensercs
cjaelyionuM o0pa3oM: ecin n = pipz ... Pr— pasznoxe-
HHEe 7 HA NPOCThHle MHOXKUTEAU p,, TO p(n)==10, Korzaa
B 3TOM PAa3JI0XKEHHUH €CThb ABAa OJUHAKOBHIX COMHOXKUTEN,
n p(n)==(—1)", xorga Bce COMHOXKHTEAH PAa3JIHUYHDL.
Ecau nmonoxuts p(l)=1, ro kaxjgomy n=1, 2, 3, ...
Oy/JeT nocTaBjieHO B COOTBETCTBHE POBHO OJHO H3 UHCEJ
—1, 0, 1. B pe3yabrarte noaydaercs

(4] t
1= n0)1(7)-
i=1
Takum o6pasom, AjsT pelleHHs] NePBOHAYAJIbHOH 3aJa4H

ciaelyeT HalTH acHUMOTOTHUECKOe BblpaxeHue anas [(f).
Mun yTBepxaaeM, 4TO

()= 54 0().

JTO 03HAuaeT, YTO HNOTPeliHoCTh, BOZHUKAIOULAS NpPH 3a-
MeHe [(f) Ha (n/8) 2, camoe OoJiblice NPONMOPIHOHAMBHA
{. lns BBIBOAA IOCJIeAHEr0 PaBEHCTBA CJAEAYET 3aMeTHTD,

P

D HWan Byxurra6 A. A, Teopusa uncear. — M. Ilpocseiuenne,
1966. — HIpum. nepes.
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YTO UHCJAO BCEX Y3/0B 1eJOYHCJACHHOH pelleTKH, JexXa«
IIHX B mMHoxecTBe M Touek (X, y) MIOCKOCTH, AIf KOTO-
pHX x>=y>=0 u x24y2<<t? (puc. 15), npuOIH3H-

\
L} (-]
L]
L] L]
» . -8

Puc. 150

TEeJLHO paBHO mjaowlazu M, a BosHMKamUias HpH 3TOM
NOrPEeHOCTh [PONOPUHMOHAJNBHA YHCIY fYeeK pPeuleTKH,
yepe3 KOTopblie MPOXOAUT rpaHuua M. DTa norpelHocTs,
OYEBHAHO, NPONOpPUHOHAJBHA AJHHE rPaHUNb], UTO U AAeT
YKa3aHHOE COOTHOIICHHE, DTO — KJIKUYCBOH MOMEHT BCETO
paccyxaenus ¥, OHO KHCIOJb30BAJOCH B aHAJOTHYHOH
cHuTyanuH yxe I'ayccoM, Hrak,

[#] i#]
. t\2 t
Q(t)='-Zlu @-5 () + 0(;‘,-)
i= =
Ho usBecTHO, 4TO

» Bosee moapoGuo o6 stoMm ¢M.: Byxwra6 A. A, Teopus um+
ceq. — M.; IIpocsemenne, 1966,
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CJAeAYET, YTO

Tak kax

TO Npa { == n? NPHXOAUM K PaBEHCTBY

Q(n) = gﬁﬁ-n + O(n'21nn),

OTKyJAa, YYUTBHIBAS, UTO

(=2 =7,

{=0

nojy4yaeM HaKOHell,

F(n)= -2% + O (n'“1n nj.

Beauuuny 2F(v) MOXHO HHTEPHPETHPOBATH KAK KO+
JINYECTBO Y3JIOB LIEJOUHCIEHHOH pPelIeTKH C HOJOXKHTEMb«
HBEIMH H B3aHMHO NPOCTHIMH KOOpPAHHATAMH, PacCTOSHHE
KOTOPHIX OT Hayaja KOOPJAHHAT eCThb HATypa/JbHOE 4HCJO,
He mpeBocxojaiiee v. Kak MBI TOJBKO 4YTO BHACNH, ANA
yucjaa L(v) Bcex ysjoB pemeTKH B NEePBOM KBaJpaHTe,
paccTofaHHe OT KOTOPHIX A0 HAayaja KOOpAHMHAT MeHbUIe
v, CpaBeiJiiBO PaBeHCTBO

L(v)=-=3 v*+ 0 (v).

Hacrhoe 2f(v)/L(v), acuMmTOTHYeCKH paBHoe 4/n?p,
MOXKHO paccCMaTpHBaTpb Kak IIpHOJMKEeHHOe 3HayeHHe
IIJTOTHOCTH TOYEK, COOTBETCTBYIOLIHX HPOCTEeHIINM nuda-
rOpoBbIM TpOMKAaM, CpeAH BCeX Y3J0B MHE&JOYHCACHHOH
pelIeTKH, JdeXauux B NepBOM OKTAHTE Ha PACCTOAHHHY,
MeHbplleM U, OT Hauana KOOpAHHAT,
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JlamBex u Mosep mpoBenn aHaJOrHUHBIE PaCCyie-
HUA A4ad QyHKIHA

Fa (0)2
{ 2 . a-b _
= 3t 1A=(a, b, ¢)| Tpofixa A — npocrelimas, T< z;}

H
Fp (U) —=
=k {A=(a, b, ¢)|Tpoiixa A—npocreitmas, a+b-+c<v}.

Ecau ana oyHruud F(v) "aiiieHo acHMITOTHYECKOE
npeacraBaedue Buga F(v)= cv* 4 O(vB), rae o >
>pB >0, 10 Ha cJeaywlWeM 3Tane MOXKHO NHTATbCA
ONPEACJHTL  ACHMITOTHYECKOE MNOBEJeHHe pPAa3HOCTH
F(u)—cv®* npu Ooapmiux v w 1. A Hasd PyHKUMH
F = F, Rauano TakhHxXx HCCJeNOBAHHH ObJIO NOJ0XKEIO
P. Yuapom [7].

Bo Bropo#l uYacTH Hamel 3KCKYPCHH MB paccMoT-
puM pemeHHs Gosee obuiero ypaBHenus a4 b= m
C HeJauIMH @, b 1 m. Eciu HaTypaJbHOE YUC/I0 M 3a[aHO,
TO IIpexje BCEero cJeayeT BBISICHHTb, HMEET JIH ypaBHe-
HHe BooOlie LENOYHCNICHHble pellleHMs1 (Hanpumep, npH
m == 3 ux "er). Eme Huodpanrom us Anexcanapuu 6u.10
3aM€uyeHo, YTO 3TO YypaBHEHHE HEpaA3PEIIHMO, €CAH IIpH
AeNeHUu m Ha 4 mosydaeTcs OCTATOK 3, TAK Kak Ksan-
paTel HaTypaJbLHHIX YUCeN MOrYT HNpH JeJeHHH Ha 4 faa-
BaTb B octaTke jqullb 0 uau 1, a caenoBaTenasHo, a? 4 b2
MoxeT gmath B ocratke 0O, 1 maum 1 4 1 = 2, HO HHKak
He 3. McuepnniBaromui orser Ha 3TOT Bonpoc Guin Haii-
neH B 1638 r. ®epma. Ou nokasaa ([5], § 20V), yro m
TOrAa ¥ TOJIbKO TOrjia NpeAcTaBHMO B BHHAe a? - b% ¢ we-
JLIMH @ H b, Korpa Bce NpOCTHE AeJUTE]H fn, darouiue
NpH OejeHud Ha 4 ocTaTok 3, BXOAAT B /1 B YETHOH CTe-
neud. Kpome rtoro, Pepma ypanoce Aaxe HalTH ¢op-
MyJay mjas uucia v(m) pasnauunmx nap (a,b) wednix
yuces, ajas Koropux a? 4+ b2 = m. A nMeuHo,

v(m)= 4(d:(m)—ds(m)),

1 Cum. raxxe Hoaseunopr I'. Bucwasa apudpmeruxa, — M. Hayxka,
1965, ~ llpun, nepes,
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rie di(m) u ds(m)—uucno peaureneit m, JaOMUX OpU
Jenennu Ha 4 octatku | u 3 cootBeTcTBeHHO ([5],§ 19.9).

Ecan nonoxuth y(d) =0 npu n1060M YeTHOM HaTypab-
HOM d, % (d) = (—1)©-Y/2 npu HeyéTHOM HaTypaabHOM d
K HMCIOJb30BaTh 0603nauenne d|m njst 3amucH BBICKA3bI+
BaHHuA ,,M JeJUTCa Ha d’, TO MOXKHO TAaKKe HalHcaTh

v (m) = 4d2|:m % (d).

Korga m == p—nmnpoctoe u p = 4]’—{-‘3 IpH HEKOTOPOM
HaTypaJbHOM j, MH moJydaeM v(p)==0; ecau xe p ==,
=4f+1, 10 v(p)=28. Uncio 8 aerko o0O6BLACHUMO,
Ecin @2+ b2 =p=4j-+1, To a = b 1 umeercs 8 pas-n
JIHYHHX pewesHu: (a, b), (—a,b), (a,—b), (—a, ~b),
(b, a), (—b,a), (b,—a), (—b,—a).

[Nonyuennyio past v(m) GopMysy MOXKHO HHTEPIIpPEC+
THPOBATb H coBceM HHaue. IlycTh g npuHHMaeT Beies
CTBEHHBIE HJIH KOMILIeKCHble 3HaueHHs H |g|<< 1, Hc-
II0Jb3Ys1 H3BECTHOE BLIpa’KeHHe JJisi CYMMB I'eOMeTpHYe+
CKOHM IIporpeccHH, jerko yb6eJHThcs, 4yTOo sTa ¢Gopmyna
3KBUBAJEHTHA CJAEAYOLIEMY TOXAECTBY MM CTENCHHHX
PALOB:

o0

Y v(m)q™ -—Z(-——-l)" Q"ZH-

m=1

HurtepecHo, uto fxo6u B 1829 r. 10Ka3aJd 3TO TOXKJAECTBO
COBepIICHHO APYTHUM IyTeM, 3aHHUMAasich TEOPHCH 3IMJHUI-
THUeCKUX ¢yHKuuA (cM. mo atomy mnosoay [D], § 17
H VKa3aHHyl0 TaM JMTeparypy). EcaH NOJOXKHTH

+ 0

0 (g) = Z q",

n=-—oo

TO, OYEBHIHO,
0(qP=1+ 3 v(m)q",

TaK 9TO Haule yTBepXKIeHHe O CyMMax JABYyX KBaJparoB
MOXHO TPAaKTOBaTh KakK pPa3jIOKeHHe TaK Ha3hBaeMOH
T2Ta-QyHKOHH 0(¢)%? B crenenHo#t psax. Ilpm atoM Has
npaluBalTCA pas3anurble oGobwenus, Hanpumep, ecamu
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JKeJaTeNbHo ONpPeAeaHTh KOMHYECTBO C(m) PpasJAHYHLIX
npeAcTaBieHHA HATypaJbHOTO 4YHCJIa m B BHAE CYMMH
yeTpIpeX KBAJApPaToB LEJbIX YHCeJ, TO HAI0 «BCEro JIHIIbL»
3HaThb pasnoxKeHne (ynkuuu 06(g)* B cTemeHHoH paX.
Axo6H HameJ, YTO

Blg) =1+ Y c(m)qm=1+8)" 12,

tim] n

3fech LITPHUX O3HayaeT, YTO CYMMUpOBAHHE BENETCs IO
ECEM HaTypaJdbHBIM 4YHCJIaM n, He JejaslluMca Ha 4
(9], § 20). CpaBunBasi kos3duuuenTs B JeBof u npa-
BOH 4acTaX NMOCJEeNHEr0 paBeHCIBAa, nojayuaeM, uro c(m)
PaBHO CyMMe BCeX AeJHTeNeH m, HE AeaAliuXcsa Ha 4:

cimy= Y, d.

dim4gd

B wyacTHOCTH, OTCl0A& BhITEKAaeT 3HAMEHHTas TeopeMa,
chopmynuporaHHas Pepma M BIepBhIE J0Kas3aHHas Jla-
rpaHXkeM: BCSKOE HATYPAJbHOE UYHCIO MOXKHO TPencTa«
BHTb B BHJIe CYMMEl YETHIPEX KBAJPaToOB.

S1 He Gyay nuITaThCa OGOCHOBATHL BCE NEpEUYHCHEHHHE
pe3yJbTaThl, @ XOUy B 3aKJI0UeHUe yKa3aThb OAHY (H3U-
YECKYH0 3ajauvy, NJs pelieHHd KOTOPOH HYXKHO 3HATh
LleJOYHCHIeHHble pelileHHs ypaBHeHus a? -+ b2 = m. Ilpu
9TOM OKaXKeTcsd, YTO TEOPETHKO-UHCJIOBHE H AHAJHTHYE-
CKHE BOIpPOCH <«caMH co0boii» cBoeoOpasHo nepernJe-
TawTCAd APYr ¢ APYroM.

Paccmorpum  aBymepumit Top 7. Harasasno ero
MOXHO INPeACTaBHUTh cefe Kak (IOJbIH) crnacaTeNbHbIH
Kpyr (puc. 16): dopmansuo-mareMatuuecku T = (R/Z)¥X
X (R/Z), rne R/Z— unurepsan [0,1] co Cck/I€eHHBIMH
roukaMy O n 1, JlomycTuM, 9TO Haml TOpP H3TOTOBJMEH U3
TOHKOH KECTH H ero HepaBHOMEPHO HarpeBalT Nassb-
uoft mamnoi, B MOMeHT BpeMenu { =0 yOepem maammy.
K 3TOMy MOMEHTy B KaX/OH TOUKe p TOpa yCTAHOBHTCH
HekoTOpas temuepartypa u(p, 0) = u(p). OuesHpHo, 4TO
BO BCSIKMH OoJiee TIO3AHHH MOMEHT BpeMeHH ! TeMmiepa-
Typa B TOUKe p OyAET HMETh BIOJHE OTnpeAescHHOe 3Ha<
genne u(p, t). Ero MOXHO onpeAesuTs HE TOMbKO H3Me-
peHueM, HO H YHCTO TeopeTHueckd. A HMeHHO, GyaeM
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CONMHCHIBATH KaXKAYI0 TOUKY p Topa I ABYMSA BellleCTBeH-
HBIMH YHCJAaMH X, ¥ (XOOpAMHATaMH), B3ATHLIMH IO MO-
avao 19, M3 ¢u3ukn #3BecTHO, 4TO npu BhHibope Hapjde-
)auiero maciitaba BpeMend QyHKIMSA 4 ABJIAsSETCH OIAHO-
3HAYHO onpeleisieMblM pelileHHeM YpaBHCHHSA TeIJIOMNpo-

BOAHOCTH
g? o* 0
g T gt gru=0

¢ HauanbHBIM ycaosueM u(p, 0) == u(p). Byaem cunrars,
uTo ¢yHROusg u(p, f) nepruonuydHa ¢ nmepuojoMm l mo Kax-
JIOH M3 INepEeMEeHHHIX X, y H 4TO

¢ysguu©0 p—>u(p,0) MOXKHO

Pa3na0XHThE B «XOpoOIIOo» cXols-

wudca psanx BUAa

u(x:yso):: T=
Z 8a,p" fa, (x y)

abe'::

I'Le ga, » — KOMILIEKCHBIE UYHCJHA,

a fa,» (¥, y) = exp(2ni(ax + by)) Puc. 16.

(Tak HasblBaeMoe pa3A0NeHUe

8 pad Pypove). Crporo rosops, u(x,y,0) sanaercq Belle-
CTBEHHOfl 4acThIO 3TOrO pﬁ,ua Hmeem

aaxz ) fa. A'a. b* fa,b»

rae ha, o = (2n)2(a? + b2) . Hafinem temepnb— coBepIUEH-
HO (hOpMaJIbHO — peilleHHe YPaBHEHHS TeNJOIpPOBOA-
HOCTH:

ulp, )=, &ap*fap(p) - exp(—hap- )=

= 3 (L5 garefaslp)) - expl— (2P - me 1)

a2+b.!_
Hucao
v(m)=#{(a, b)| a, b—uenne, a2+ b? == m}

MOXKHO Teneph TPAKTOBATh KaK PasMepHOCTb COOCTBEH-
HOTO TMOAIpOCTpaHcTea AuddepeHUNaNbHOrO olleparopa

D Toeers 0 << x << 1, 0 <<y < l.—TlIpunm, nepes,
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—(0%/0x? 4+ 0?/0y?) Ha T, orseuawllero coO6CTBEHHOMY
3HaueHuio (2mx)2m.

CrnekTp omepatopa 02/0x%-}-02/0y? a TouHee pac-
'TnipefieieHHe ero coOCTBEHHBIX 3HAaUYCHHH ONHCHIBAETCS
GyHKILHEeH

B(v)==Hdk{m|m == a2 b2, a, b —uenne; m < v}.

Ona 6wniia B 1909 r. mccaemosana . Jlanaay ([2],
§ 183), KOTOpHIll ycTaHOBHI, UTO

B(v)=(2 [T a- p“2))_”2- (vno)™ (1 +
p=23(mod 4) |
O ( Inv )) )

BosBpamasce K ypaBHEHHIO TEMJONPOBOIHOCTH, BBE-
JeM o0Oo3HaueHHe

F(p, v, )= Y, fas(p) + Fa, 5 (@) eXp(— A 5 - O).

a be

ITycts dv = dx /\ dy — 3nemeHT noBepxHOCTH Topa. He-
NOCPeICTBEHHO TIPOBEpAETCs, UTO

u (p, t)=SF(p, v, {)u(v)dv mpu £ > 0.
T

dyukuua F(, , ) HasHBaeTCs QyrHdamenTasvrHbim petle-
Huem ypaBHeHHS TEIIONPOBOAHOCTH Ha Tope; 3Has F,
MOXHO HaiTH pellleHHe YpaBHEHHS TEIJOIPOBOIHOCTH
¢ JIOGBIMH 32JaHHBIMH HauaAbHHIMH ycaoBusiMH, Oue-
BHIHO,

SF(U, v, Hdv=1-} Z v (m) - exp(— (2r)* - m - ¢)
T

m=1

npu £t > 0. dyHrus

[ —> mzl v (m) exp (— (2n)? - m - f)

— 3T0 Kak Ol CTeHorpaMma, B KOTOPOH 3allUCaHHl BCE
v(m). Ilonoxus z—=i-4nf, g = exp(miz), noayyaeM
BMECTO IOCJIeIHErO BHIPaKEeHHA

oo

Y, v(m)g™

n=l
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e

Ora cymMa uHMeeT cmbica mpH Im(z2) > 0 u onpenensier
B 3TOH 0o0nacTdH aHaJNUTHYeCKYI0 GYHKUHMIO (YKe BCTpe-
uaBUIylocst HaM uon uMeHeM Tata-GyHxuun). Ecam cos
BepIIeHHO (OPMaJIbHO COMOCTABHTh BHIpaxKeHHIO

[0 ]

>, vim)qg™

GYHRUHIO m=l

t(s)= Dy 2o,
m=1

ONpEAENEHHYIO JUI KOMIIJIEKCHBIX S, Y KOTOPHIX Bellle«
CTBeHHas 4acTe Oojpme 1, TO, K&K MOXKHO JOKa3aTh,

Z(s)= 41}(1 —x(p)p=)" (1 —p=)~,

rae 6eckOHeuHoe NpoH3BeAeHHE Oepercss Mo BCEM HPO-
cTIM uncaaM. @yHruus {(s) ¢ TOYHOCTBIO A0 MHOXKH-
TeNsa 4 npeacrasager cob6oHd TAaK Ha3bBAEMYIO /J3€Ta+

dyuxuuio moas Q (4/— 1).

Takum o6pasoMm, MBI BHJIHM, YTO C YpaBHeHHEM Tell
JIONIPOBOJHOCTH Ha TOPe TECHO CBS3aHBI HEKOTOpble aHa~
JurHdeckne (QyHxkumH. Hx MoxHO omnpejenuTth, 3HadA
GbyHKIHIO m—>v(m) u HaoGopoT.

Bce 3aTponyThie BhiIlle BOIPOCH K 6ersio HaMeueHHBe
CBfI3H upe3BHUaiiHO Jerko noanawTcsa o0o0nicHHIO H AB-
JSIOTCSI YacThbiO KHBOH, HOJHOKPOBHOH Teopuu. i Ha-
JAel0Ch, YTO MHE yAaJoch npoOyAHTL Banie JIO0NBITCTBO.
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Xancnerep Kpadpr

AJTTEBPAUMECKME KPUBLIE
M ANODAHTOBEI YPABHEHUS

Te, KoMy HOCYaCTIMBHIOCH XOJAHTL Ha YPOKH Mare-
MaTHKH ellle A0 BBeICHHS TEOPHH MHOMKECTB B HIKOJBHYIO
IporpaMMy, HecOMHeHHO, HmoMHsT Teopemy Iludaropa:

B npamoyzoaibuom Tpeyeosbruke cymma naowadel
K8aOpQTOo8, MOCTPOCHHLLY HA KATETAX, PasHA naouia-
du keadpara, nocTpoenno2o Ha eunorenyse (puc. 17).

777,
Fi/

Puc. 18.

Puc.

Drta teopema Obla U3BeCTHA B BaBUJOHHUH yXe BO Bpe-«
meHa XAMMYPAIIH, a B03MOXHO, €€ 3HAJHH B JIPEBHEM
Erunrte, oAHAKO BHepBble OHa OblMa MOKa3aHa, MO-BUAH-
MoMy, B nudaropeiickoil mkone, Tak HaspiBanach Ipylia
HHTEpPeCYIOIHXCH MaTeMaTHKOR (QHJIOCOGOB I0 HMEHH
ocHoBateas mxoanl ITMPATOPA (ok. 580—500 r. a0
H. 3.)— JHYHOCTH AOBOJbHO MHbHuUecKOi. 2T0 OH MHCH
THK, YYEHHBIH H IOJUTHK apHUCTOKpaTHYecKoro tosaxa. On,
nomxkuo OHTh, nyTteiectsosan mo BasugoHunn u Erunry,
a nosnHee Ha tore Mraauu, B KporoHe, co6pan BOKDPYT
cels KPYXOK YBJEUEHHBIX IOHOIIEH, W3 KOTOPOI'O H BO3-
HHxJa nugdaropeiickas 1Koga. B Hacrosluee Bpemsl yxe
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HEeBO3MOXHO YCTAaHOBHTb, KakHe MAOCTHXKeHHs nHdaro-
peillleB NPHHALAMEKAT CAMOMY YUHTENIO, @ KaKue ciaeayer
TIPHIIHCATH €ro YYEeHHKaM,

[TycTh AJIMHBI CTOPOH NPSIMOYTONBHOI'O TPEYTOJbHHKE
ABC (puc. 18) o6osuaueHw uepe3 a, b, ¢, HPUYEM CTO-
pOHA AJUHE ¢ HAXOAUTCS HANPOTUB IpsimMoro yraa. Teo-
pema Iludaropa yTBep:KaacT cnipaBejiUBOCTh PaBeHCTBA

(1 a’+ b% = 2

OHo BbITIONHSIETCSI, HAPUMEP, eCJH BMecTO a, b, ¢ moa-
cTaBUTh uncaa 3, 4, 5, nau 5, 12, 13, nau 41, 140, 140.
Takue pemeHHs ypaBHeHHa (1) B LeNBIX HOJOXHTENb-
HBIX YHCJAAX HALWIH yxKe IH(aropeinnl, # NOTOMYy Takue
pelicHusi 1Ha3blBalOT nugacoposomu Tpotixamu. Broaue
BO3MOKHO, 4TO NOHCKH 3THX TpPOEK H INpPHBEIH K Teo-
peme Iludaropa. Brnpouewm, Tpoiika (3,4, 5) Obvina H3Be-
CTHA 3HAYHTEAbHO PaHbUIE, O UeM CBHIETEJbCTBYET, CKa-
XKeM, AOUIeAWIHi N0 Hac guajor ummepatopa UXXKOY-
IFYHA (ok 1100 r. a0 H. 3.) u yuedoro IIAH TAO
([2]Y, cTp. bB54—65); ©Ooasee moapobHO 0 TpOIKe
(3, 4, bB) pacckasbiBaeTcs B IpeAblAyliedl JeKUHH
10. Poabdca.

3anaauMca BOIPOCOM, CKOAbKO CYLIeCTByeT nudaro-
poBux Tpoek, OueBHAHO, YMHOXas BC€ TPH UHCJIa Ha
Joloe 1nenoe rn, MOXHO H3 TpoikH (a, b, £) MOJYUHTb
GEeCKOHeYHO MHOTO HOBHIX TpOeK; Hu3 Tpoiiku (3, 4, 5)
BO3HHKAeT TakKHM o00pa3oM IOCNeA0BATENBHOCTh TPOEK
(3,4,5) (6,8,10), (9,12,15), (12,16, 20), ... . [losToMy
YTOUHHUM IIOCTaBJAEHHBIH Bonpoc ¥ OyAeM HCKaTrb npo-
crefiviue mudaroposs Tpoku (a, b, c), T. e. TE, Yy KO-
TOPBIX HaUGOJBIIUH OOMHA AeJHTEN b YHCen @, b u ¢ pa-
BeH |. PemeHue 3TOH 3ajaud ykaszan emé JMOPAHT
u3 Anekcanppuu (ok. 250 r. H. 3.):

Ecau n u m— dsa s3aumno npocretx yeavlx (no-
AONCUTCABHBIX) HUCAQ, PA3HOCTb KOTOpLIX N — m
noroKcuTe bHa U HewéTHa, To (2mn, n?— m?2, n* 4~
-+ m?) — npocreiwias nugazoposa Tpolka, u arobas
U3z Takux Tpoex moocerT ObiTe Halidena 3Tum Cno-
cobonm.

1) Uucna B KBaAPATHHIX CKOOKaxX OTCHLIAIOT K CHHCKY JHTepas
TYPbl B KOHIUE 3KCKYPCHH.
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[TepBast yacTp yTBepXAEHHS JIerKO HpoBepseTcss Hero-
CPEICTBEHHOH TMOACTAHOBKOH; yaCTHHIE CJAy4Yad 3TOro
«MpaBH/Ia TOCTPOeHHUsi» NH(PAropoBbIX TPOEK ObIIM H3-
BeCTHHl W paHblue, Bosee clI0XKHO A0Ka3aTh, YTO TaKHM
o0pa3oM nonydyamwTcs ace npocrteiimine TpoikH. Cefuac
MBl YCTAHOBHM 3TO C IIOMOILBIO TEOMETPHUYECKHX CO006-
paxenuil, Pasnenus paseHcto (1) Ha ¢?, momyuum

(£)+(2)=r

ITostomy kaxaas nudaropoBa Tpoiika (a, b, ¢) maer pe-
IIeHHe ypaBHEHHS

(2) 2 yr=1

B payuonaasbHolx yucaax (apo0sx), a uMeHHO X = a/c,
y ==b/c; HasoBeM Takyl0 Napy payuoOHAAbHbIM pelile-

Ay
g
Py =(X0Yr)
x
§=(0,~1)
Puc. 19.

Huem ypaBHenus (2). HaobopoT, u3 BCAKOro Takoro pe-
IIeHNs, eCqaHd NPHBeCTH Apob6H x M y K obuieMy 3Hame-
Hateqo: x = ajfe, y =b/c, rae a, b, ¢ — neabe, ToTYAC
BO3HHKaeT IH¢aroposa Tpodka. CheaoBaTesbHO, Halla
3ajlaua CBeJIeHa K OIpefieJieHHI0 PalluOHAJBHBIX PellleHHH
ypaBHeHust (2). To ypaBHeHUe TaK¥Xe XOPOIIO HU3BECTHO
H3 WIKOJHBl — OHO 3ajaer Ha 3BKJAUJIOBOH IJIOCKOCTH
OKPYKHOCTb C LIEHTPOM B Hauajie KOOPAHHAT H paaHy-
coMm 1 (puc. 19). Ecan paccMmorpers npsMylo g ¢ yrJo-
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BHIM KO3(DQHIHEHTOM A, NPOXOAANIYI0 Yepe3 TOUKY
(0, —1):

(3) g y=hix—1,

TO KOOpAHHATH 00cHX Touyek mnepeceueHus S == (0, —1)
B Py = (xa 4,) UpAMOH g C OKPYXKHOCTbIO YAOBJETBO-
psoT ypasHeHusam (2) m (3). IHoacraeasaa (3) B (2),
[oJyyacm

(4) (A2 4 1yx?2—20x =0,

OTKYAa MOXKHO HafATH KOOPAHHATHL (X3, Ya) TOUKH Py:
24 At —1

(5) xh=m—l—. y;‘:?hxx—l =-I§-‘:I:T.

(/lerko yGenuThcsl TOACTAHOBKOH, uTO OHH SBASIOTCA
peuteHnieM ypasuenus (2).) Ilpn paunmoHambHBIX A 3TH
peilenus, oueBuAHo, OyayT panHoHajabubiMH. O6partHo,
ectn (xy, Yo) — panMoHaJbHOE peilleHuHe ypaBHeHHsT (2)
B Py-— COOTBETCTBYIOILASA eMy TOUKAa Ha OKPYXKHOCTH, TO
yriaoBo# Ko3h(GpUUHEHT NpsAMOH, IpoxoAslled uepes
touku (0, —1) n Py, paunonanes: A = (yo+ 1) /xo. Caie-
JOBaTeNbHO, (X9, o) ecTh pewreHue Buaa (D). Takum o6-
pasoMm, [0OKasaHO, UYTO Bce palHoHaNbHBlE peELIeHud
ypaBHenus (2) Haxojasrcs mo dopmynam (5) ¢ paiHo-
HanbubiM A. Eciu 3amucate A B BHJAe APOGH: A == n/m,
TO ¢opMyabl (5) NepelHIIyTCS TaK:
__ 2nm n: —m?
W m I = W fme

Hraxk, mobas nudaropoBa TpolKa NpeiAcTaBHMa B BHIE
(2nm, n?—m?, n®- m?), uto U TpebOBANOCh AOKA3ATb.

[IpuBeeHHH pe3yJabTaT — JHIIL OJHH M3 MHOINX,
cogepxamuxcsa B «Apubmeruxe» luodanra, 1o Hawero
BpPEMEHH COXPAaHHJHCH 6 KHHT 3T0ro couypHeHHs; 00 HX
ofiieM yHCJAe MOXKHO TOJBLKO CTPOoHTH Aoraaxu. Heusse-
CTHO TakxKe, keM 6ula Jnodadr. Bo BcakoMm cJayuae, ero
TPYyA — OAHO M3 CaMBLIX BCJAUKOJENHBIX COUHHEHMH aHTHY-
HOH 310XH, B KOTOpOM co0paHbl BecbMa pasHooOpasHHe
3a/ayd H YacTo C YPEe3BHIYAHHO OCTPOYMHBIMH pelle-
unsimu, (bosee monpobHBle cBedeHHs HHTepecyloUluics
yuTaTeJbh MOMXeT HaHTH B yJauHOH kHHKeuke Dbamma-
KoBoit [1].)



ANEBPAMUECKHE KPHUBbLIE U AHO®AHTOBBl YPABHEHHSA 91}

HMMenno counHenne Inodanra — uspanHoe B 1621 1,
B nepepoae Kimoaa lacnapa ge Bame ne MESHPbIAKA
(1581—1630) — nano nosox Ilbepy ®EPMA 3anucath
Ha TIOJAX TepeBOAa OAHO M3 caMblX JOCTOIpUMeyarelbs
HEIX W JajeKo NOBeJAlIHMX 3aMeyaHHi B HCTOPUH MaTes
MAaTHKH:

«Cubum aulem in duos cubos, aut quadrato-qua-
dratum in duos quadrato-quadratos, et generaliter
nullam in infinitum ultra quadratum potestatem
in duas ejusdem nominis fas est dividere; cujus
rei demomnstrationem mirabilem sane detexi. Hanc
marginis exiguitas non caperet.»

«Hero3MOXKHO pa3noxuThb Ky0 Ha jgBa Ky6a, HiIH
OukBajpaT Ha ABa OHKBajpara, WIH BOOOHIE CTCH
nedb, OoJbLIYI0 ABYX, HA JABe CTENEHH C TEM Xe
caMBIM IIOKa3artejeM; f HalleJ 3ToMYy IOHCTHHE
YyJecHOe J0KAa3aTeJbCTBO, OAHAKO MNOJA CJAHILIKOM
MaJie, YTOOH OHO 3J1eChb YMECTHIOChHY.

Takum o6pasoM, b6oasvutan reopema Pepma yrBepKIaeT,
4TO YpasHerue

(6) ar -}- b" = ¢*

HU npu Kaxkom HaTypaseHom n, 6oasvuiem 2, Hepaspes
WUMO 8 YEAbIX NOAOHCUTENbHbIX YUCAAX.

O6ulee M0Ka3aTeNLCTBO CHOPMYJTHPOBAHHOIO YTBEP-
KACHHS He yjajoch HalTH JO CHX IIOp, HECMOTPS HA 10
YTO 3THM 3aHHMAaJHCh INOKOJEeHHs MaTeMaTHkoB. Be-
posatHee Bcero, Pepma omubascs, npepnonaras, 4To
pacnonaraer pewlenneM. B 1908 r. [Tayns BOJIb®-
CKEJIb 3apenian mpeMHIO B CTO THICAY MapoK TOMY, KTO
NnepBblM INpeACTaBUT JAOKas3aTenbcTBO. B pesyabrare
HHPISHHA Tocjae EepBOH MUPOBOH BOMHH BEIHUYHHA IIpe-
MHH B HacTofllllee BpEMsl COCTaBJSET €ABa MOECATYIO
YacTh NEepBOHaYaNbHOH cymMmbl (cM. [15}, nekunusa I,
nyHkT 7). K ToMy Xke, kak ykaswBaeT I'. DaBapac B cBoel
kHure [b] o teopeme Pdepma, npeMHs Ha3HayeHa JIHIIb
3a JOKa3aTejbCTBO IMPEAIIOJOXKEHHS — KOHTPIpHUMED HE
npuHecér Hu nenuural

CrpaBesauBocts Ooabuioil TeopeMbl Pepma nJasd He-
KOTOPHIX YacTHBHIX cjyyaeB OLlIa YCTAHOBJEHA YXKe A0+
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BOJIbHO naBHO: caM (DepMa [0Ka3ag HepaspeIIHMOCTb
ypasHenusa (6) npu n=4, JI. SUJIEP —npu n=23
(1770 r.), A, JIEXXAHIOP —npu n=5 (1825 r.) n
I'. IAME —npu n =7 (1839 r.). CaMble 3aMeyare/ib~
Hbl@ pe3yJbTathl 3Jcch NPHHALIERKAT, OJHaKo, D. KYM-
MEPY (1810—1893), KoTOpHIil CBOUMH HCCJAEJOBAHHAMHU
110 npobaeme Pepma oKasal peuiaoLiee BJAUSIHHE HA pas-
BUTHe anreGpaudeckOd Teopud yuce . B HalleM CTOJETUH
ero MeToJAb OBIH YCOBEpPlUEHCTBOBAHW U JONOJHEHH
(1929 r. u mosxe) mnpexpe Bcero Gaaroaps YyCHIUAM
¥. BAHOHVBEPA, O. JIEMEPA u 2. JIEMEPA, rtak
YTO K HACTOSLIEMY BPEeMEHH HepaspellMMOCTb YpABHEHHHA

- Pt S ity Ne
n=6/" =2 AN =3
rn.4 \\\\ ‘\
F \\
' \
H “1 x
& ——2
i
:
)
Puc. 20.

(6) nokaszana (c ucmonb3oBaHueM IDBM) juas Becex
n << 125000 (3. BATIITA®®, 1976 r.; cMm. Takxe [15],
gekuus 2, «Ilocnennue pesyaptatei»). Eciau npaHATH BO
BHUMAaHMe, 4TO yuc/a0 2129000 3amuceiBaeTcsi MOCPeJICTBOM
37628 uudp, TO NOUCKY KOHTpHpuMepa K O0JbIIoH Teo-
peMe @PepMa nNpeACTAaBJSAIOTCA COBepIleHHO Oe3HaJex-
HBIM 3aHATHEM!

PaccykaeHusi, aHajoruuuble HpPOBeAEHHBIM HpH Ha-
XOXJAeHHH NHGAropoBHIX TPOEK, MOKA3hBAIOT, YTO MPOO6-
gemMa @epMa cBOAUTCH K ONPEJIJICHHIO PAYUOHAALHOLX
peuienuli ypaBHeHHUd

(7) x4 yr =1,

PaccmorpeB Ha 3BKJAHJOBOH NIJIOCKOCTH KpHBylo Fj,, 3a-
JaHHYl0 3THM YpaBHEHHeM, NOJYYHM JBe KayecTBeHHO
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pas/JHYHbIE BO3MOXKHOCTH B 3aBHCHMOCTH OT YETHOCTH
HJIH HedéTROCTH n (cM. puc. 20). KpuBas F, HasbiBaeTc
kpusoti Pepma mopsinka n. [losromy runoresa depma
Oo3HayaeT, 4T0 Ha Kpueod F, nopadrxa suwue 2 edunu-
CTBEHHBbIMU PAYUOHAAbHBIMU TOYKamu (T. €. TOYKAMH
C PalMOHaANbHLIMM KOOpDJAMHATAMH) ABAAOTCA TO4KU ne-
pecederHus ¢ ocamu Koopdunar.

Cam co6oli HanpamuBaeTcd caAeAY0OLHE O6GHM BO-
poc:
Kaxose. payuonarvuvie Touku xkpusod C Ha 38KAu-
00806 nAOCKOCTU, 3A0Q6AEMOI NPOLU3BOALHOIM AA-
eebpauneckum ypasnenuem

(8) C: Y aux’y =0

C YCAOUUCACHHLIMU KO3DPuyenTamu a,;?

Ilopsadox xpuBoii C, T. e. MakcuMalbHasd H3 CTeleHeH
i + j onHowreHoB x’y/, Bxojasmux B ypasHexue (8), cay-
XHUT rpyObol Mepolt CaoXHOCTH KpHBOW., QueBHAHO, 4TO
YeM BbLIIE NOPANOK, TeM TPyAHee HalTH palMOHAJbHbLIE
peulenus ypabHeHHs1 (8). D10 06cTOATENILCTBO HAXOAMT
6onee TOuHOe BHIpaxKeHwe B eunorese MOPEJIJIA:

Ha Kpusoi, nopadok xoropol eeiuie uiu pases 4e-
ToLpEM, UMEETCA AUULL KOHEeYHOe HUCAO PAytoHAlb-
HolX TOHEK.

31echb caeayer CAeMaTh OTOBOPKY, UTO PAacCMAaTPHUBAIOTCH
KpuBble «00miero Buaa» V, a BLIPOKACHHHIE CJAydYyaH BO
BHUMAaHHE He MPHHAMAIOTCH.

OTHOCHTE/IBHO CIIPaBeJJIUBOCTH TunoTednl Moprenna
H3BECTHO OUeHb Maji0; eJHHCTBEHHbIM OOLIUM pe3yJ/ibTa-
TOM 3Jechb siBiasieTcss reopema SHIEJA ([16], 1929 r.):

Ha kpusod obujeeo suda, nopadox KoTopol eviuie
2, AeMUT AUWL KOHEYHOE UUCA0 YervlX To4ex (TO-
4eK ¢ HeJbIMH KOOpAHHATaMH), T. €, y COOTBET-
CTBYIOIUlero ypaBHeHus (8) cyllecTByer JUHIb KO-
HeuyHOe YHMC/I0 HEJOUHCASHHBIX pelieHu .

1) dopMaibHO-MAaTEMATHUYECKA 9TO 0JHAU2eT OTCYTCTBHE ocoled-
HocTell y COOTBeTCTBYIOWEH KOMMNJIEKCHON [IPOSKTHUBHOR KPHBOH, Npea-
cTaBasiioliell coGoit TeM caMbiM HoBepxHocTs Pumana poga g > 1,
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Insi KpuBBIX MaJjioro nopsijaka d KapTuHa Caeayiouas:
npu d =1 uMeeM HpAMYIO H Ha HeHl GeCKOHEUHO MHOIO
panHOHAJNbHHX (M JaxKe LeJbX) Touek; npu d = 2 mo-
Jiydaercs xgadpurxa (3aaunc, mapabosia, runepGona); Ha
KBajgpuke naub0 coBceM HeT, JAuHO0 OeCKOHEYHO MHOIO
palHOHANBHHX Touek 1), DTo IOKa3BIBaeTcd TeM XKe Teo-
MeTpHYeCKHM MeTOAOM, KOTOpHil Bhillle OblE NPHMEHEH
JUIslT HAXOXJEHUS PANHOHANBHHIX TOYEK HAa enUHHYHOM
OKPDY3HOCTH H KOTOpPBIH, COrJMacHo AaHHEIM bammako-
BOH, Takxke BocXoguT K Jduopanty ([1], § ). M umenHo,
NPAMAA C PayUOHAAbHUM Y2A08biM KOSPDHUYUEHTOM,

AY Q4

Q3

Qg X
Q_/"“\R

g
PT0, TN

Puc. 21, Puc, 22.

npoxodawan 4epes payuoHaibHyro Touky P xsalpuxu,
nepecexaer ee 8 payuoxHarvrolx TOwkax. IloBopauusas
NpAMYI0 BOKPYr' TOYKH P, mojiyuaem GecKOHeYHO MHOIO
palHOHAJBHEIX ToYek (puc. 21).

Cayyait d =3 sBJAeTCA B HM3BECTHOM CMBICJE MNpO-
MEKYTOUHBIM MEXKAY pacCMOTpPeHHBIMH. Kak MBl BHJJH,
na xkpusoii Pepma Fy (puc. 20) nexar Jaullb ABe palHo-
HaJIbHbIe TOYKH, & ceHyac Mbl NpUBeAeM [puMep KPHBOH
TPeTbero NOpHAKa, Ha KOTOPOH OECKOHEUHOE YHCJAO pa-
IIHOHAJMBHBIX TOueK. /1 3TOro BOCHOJB3yeMcsl CJAeAyIo-
LIHM MeTOOOM Cexyuwjux, mpencTaBiasiioliuM coboii 0606-
LEHHE YKAa3aHHOrO paHee cnocoba AJA KBagpuK (U 5TOT
MeTon Toxe BcTpeuaercs y Huodanra; cm. [1], § 6):

1) Cayyan, Koria KBaJpuHKa BHIPOXKZAETCH B TOUKY (kax 310 Oy-
Jet, Ranpumep, AJS KPHBOH, 3ajaBaeMOii ypasHeHueM x? + y? = 0),
He NPHHUMAIOTCS BO BUHMAaHUE,
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Ecau P u Q — Jae payuonarsHeie Touxku kpusod C
Tperveso nopadKka u npamaf, npoxodaujas wepes P,
u Q, nepecexaer xpusyro C euwje 8 00noli Toure R,
To R Taxyce ABAACTCA PAYUOHANbHOU To4KOW
(puc. 22).

3TO yTBepiKJeHHEe JOKAa3biBaeTcsi oueHb nmpocto. Eciu
(9) g y=rx-+s

— ypaBHeHHe NpPsIMO#H, Ipoxoisinefl Yepes Touku P u Q,
TO r ¥ §— panyoOHaJIbHbe yHucaa, 100 HX MOXKHO BHIpA<
3UTh Yepes KOOpAMHATH (Xp,Yr) H (Xq,Yo) TOUEK P u Q
110 popMysaaM
r=u’ S:yP—--rxP: xpr nyQ.
XP—JCQ

[ToacraBus (9) B ypaBHeHHe KpHBOH (, NOAyYHM AJSA X
ypaBHeHHe TpPeTbeH CTeneHH

(10) taxxt+bx+c=0

C pauMoHaJbHBIMH KO3(duumenramu a, b, c¢. Ilo ycio-
BHIO KOPHSIMH ero fIBJAKTCA abCHHCCH TOYEK Iepeceues
aud P, Q 1 R npamoii g ¢ kpuBo# C, T. e. Xp, XQ, XRr.
Opxaxo, 3Had KOpHH ypaBHeHHs, MOXKHO HAHTH ero Ko«
5bOUIHEeHTE COBEpLIEHHO Tak Ke, Kak 3TO JeJaercd
B IIKOJe M5 KBajapaTHOro ypaBHeHud. Hanpumep, cym-
Ma KOpHeH, B34Tas ¢ MPOTHBOMOJOXKHLIM 3HAKOM, pPaBHA
ko3 dunuenTy npu x2:

Xp -+ Xq -+ Xr = —a.

Ilo npeanosnokeHnio xp U x¢ palMOHaJbHLl, I03TOMY pa-
IHHOHANBHLIM OyneT M Xg, a 3HAUUT, H Ygr == rig -+ S, 1. €.
R — pauronanvras Touka, 4to U TpeGoBajoch JOKa3aThb.

OnpobGyem »3TOT cnoco6 Ha Kpuso# E, 3agaHHOH
ypaBHEHHEM

(11) E: y? = x®—25x,

OTIpaBAsiach OT Touek P = (—5,0), Q = (0,0); R=(5,0)
u S =(—4,6) (puc. 23). Cuauana, UCHONB3Ysl NPAMYIO
SQ, noJyYyuMm TOUKY S: ¢ KOOpAMHATaMyu (6 -i—, —9 —g—) .
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34TEM NOJYYHUM TOUKY S, == (-—g—, -3 -!2), jaJjiee TOYKY
473 13790
(12 o1+ — 40597

BIIJHO TaKxe, 4TO KpuBas E cummerpuuna OTHOCUTEALHO
ocu x: BMecTe ¢ KaXpao#d toukoi T (xr,Yyr) Ha KpHBOM
JEXHUT M CHUMMEeTPHUHAS el OTHOCHTEJIbHO OCH X TOYKA
7" = (xr, —yr), ¥ ecnu Touka T
pauuoHanbHa, To ¥ I’ Byzner pa- by
LUHOHAJBIOU. 3TO MOXKHO MO0~
THATb NOJ ONHCAHHHI BhILIE Me-
TOL CEeKYIUHX caelyrmuM obpa-
30M: JONOJHUM KpuUBYKW £ «He-
cobcreennoil TOuKOl» O B Ha-
npasaeHnu ocu y. [lpsaMeie, npo-
xoadue uepes 0O,— 370 nps-
Mble, mapaJiieqbHbIe OCH Y, H Mbl
MOKeM NOJY4YHThb TOUKY T/ Kak
«TPETEI0 TOYKY IIepeceveHHs»
npamoii, npoxoasilleii yepes O
u T, c xpusoii E. [lasnee, MOXHO
HCNONb30BaTh hpedervrbil CAY-
Yaid MeToda CeKYLIMX — MerTod
KacaTenbHblx: BMECTO NPSAMOH,
npoxojsiieli yepe3 pauuoHasdbHBIE TOYkH P H Q, 6paTh
KacaTeJbHYIO ¢ K KPUBO# B PauHOHAJbHOH Touke P (cun-
Tast Toyku P v Q cosmaBliuMHu). PaccyxAeHuaMH, aHalo-
THYHBIMH NPOBEJEHHBIM paHee, MOXHO II0Ka3aTh, YTO
TOYKa NepeceueHuss ONpsAMON ! ¢ KpuBod E ToXe Oyjer
paunoHasbHOR (H omATh 2T0 Oblio H3BecTHO yxke Jlno-
danty: cm. [1], § 6).

B paso6panHoM BbiLIe mpuMepe cO3AaeTCss — U COBep-
IUCHHO CHpaBeJJHBO — BleYar/eHHe, YTO [OPOBOJAHMBIE
[IOCTPOCHMSI HUKOTrJa He 3aKaHYHMBAIOTCA U IO3BOJSAIOT
HalTH OecKOHeYHO MHOT'O PAaUMOHAJbHEIX TOYEK HA KPH-
BoH E. 3arpyaHeHHA MOIVIH 6bl BO3HHKHYTh, JIHIIL €CJIH
OBl MBI NOCJIEe KOHEYHOTO YHCJIa IIaroB BepHYJHCb K OJI-
HOH M3 paHee IIOJYUYEHHBIX TOYeK, HO 3TO NPEACTABJSACTCH
BeCbMa MaJOBepPOSTHHIM BBHAY BCe YCJIOXHAIOIHXCH
3HaMeHareJjelil,

Caenysoliee yrBepxKaeHue OblIO BecKka3aHo B 1901 r.
A. [TYAHKAPE (1854—1912) [14], a noxasaHo TO/IbKO

) H T. 4. 3 ypasHenus (11)

Puc. 23,
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enyers 20 ager (B 1922 r.) J1. MOPIOEJIJIOM [19]:

Bce payuonaassbrbie Touku Kpueoti TpeTsveeo nNo-
pPAGKA MONCHO NOAYHUTL U3 HEKOTOP020 KOHEe4H0zO
UX Hucaa ¢ noMouwlbro OnuUCaAHHO2o cnocoba no-
CTPOCHUS.

Kak u B Teopeme 3urensi, KpUBasg CYHTAETCS «NOMOJIHEH-
HOM» cBOMMHU HecOOCTBEHHHIMH TOYKaMH, U KpOMe TOro,
NpeAnoJIaraercs, YTo OHA sABJAseTcA KPHBOH o0mero BHAA
(. e. He HMeer ocobGeHHocTell). Takume KpuBble HA3bi-
BAIOTCA saAunTudeckumu V.

CgopmynnpoBaHHas BHlue Teopema Mopdeara Gblia
o6o0mena B ABYX pasjHMYHHIX HalpaBJeHHsX: BMECTO
pPalHOHAJbHBIX TOYEK CTaJH PaccCMaTPHBATb TOUKH C KO-
OpA¥HATAMH H3 3aJaHHOTO YHCJOBOrQ IOJsi, a BMECTO
SJIMNTAYECKHX KPHBHIX ~— IOBEPXHOCTH NPOH3BOJILHOH
paaMepHOcTH (TaK HasblBaeMmble abe.egol MHo2000pasus).
Hagano stuM o6obiieHuam Obo mosoxeHo A. BEH-
JIEM, # okonuaTe ibubifi pesy/bTaT HAa3wBaWT ceHyac
reopemoil Mopdeara — Beiias.

B ¢Bfi3u ¢ 3THMH BONPOCAMH O PaUHOHAJNBHLIX TOYKaX
sa mocaenune 15 Jet mosBHJCA PAA OTHACTH (paHTACTH-
yeckux rumnotes (b. BEPY, X. Il. CYUHHEPTOH-
JNAVIEP, Ox. TOWT, 3. OIT; cm. 0630pHYI0 CTaTblO
'[17}). ChopapegiuBOCTb HEKOTOPHIX H3 HHX HEAAaBHO

1) [Tponucxoxkaense 9TOro HA3BAHHA HMeeT ROJNTYI0 HCTODHIO. YXKe
B 17-M croseTHH npH BLMHCAGHHUH JJMH JYr 3JJIHICOB B APYrHX
KPHBLIX MATEeMATHKH CTOJKHYJAHCH C HHTErpaZiaMH BHAa

e

rae f(x) — MHorounen creneHu He Bhilie 4. MccnenoBaHHe STHX 34-
AunrTuveckux uwtezpasos unavan dinep. ABEJIb n mesaBucumo ot
Hero AKOBU paccmorpenn ofpartHuoie PYHKUHM AAd9 STHX HHTErpa-
aoB. Caenya SIKOGH, uy cTaNH Ha3uiBaTh SAAUNTUHECKUMU DYHKLUA-
Mu, BHIACHHJOCH, UTO 3TO ABOSIKONEpHOAHYECKHE MepoMOp@Hbe ¢ YHK-
1uH, yzaoBaeTBOpsiomne nuddepeHuualbHOMY YPaBHEHHIO BHAA

X2 —f(X) =0.

Hcxoas u3 9TOr0 ypaBHeHHS, MOMKHO MOKAa3aTh, YTO SJUIHITHUECKHE
QYHKUHE — 9TO B TOYHOCTH (YHKIHUH, MepoMopdHbe HA SJAJIMITHYE-
CKHX KPHHLIX (HOHHMAaeMHBIX KaK KOMODAKTHME pPHMAHOBbl NOBEPXHO-
cTa).
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6bl1a MOATBEPXKAEHA B IIPOJIOXHBIUEH HOBHIE MYTH pa-«
6ore 5. MA3YPA ([8], 1976 r.}, Peun HOéT 0 Bompocax,
CBSI3AHHBIX C TaK HAa3blBAEMOH «TOHKOA CTPYKTYpO#»
palmyoHaJbHHX TOYEK Ha 3JUIMITHUYECKOH KpHBOH, H 00
5TOM MHE XOTeJOoch ObI HEMHOrO pacckasaTe B 3aKJIO-
yeHUe.

PaccmoTpuMm 2JJIHNTHYECKYIO KpuBylo E, 3ajaHHylO
B KaHoHuueckotl ¢popme Bedlepuitpacca, T. €. ypaBHEeHHEM
BHJIA

(12) Ei 2=x3-t+ax2-}-bx+te

C HeJIOYHCAECHHBIMH KosdduuueHtamu a, b ¥ ¢, Kaues
CTBEeHHO BO3MOXKHBH! [Ba IIOKa3aHHLIX Ha pHC., 24 cayuas,

I

Pup. 24,

B COOTBETCTBMH € TeM, OOMH MJH TPH BelleCTBEHHHX
KOpHS HMeeT MHOrowleH B mnpaBod uyactd (12) (atH
KOpPHHY COOTBETCTBYIOT TOUKaM mepeceueHusi E ¢ ocbio x).
ByaeM onsaTb CYHTATh KPHBYIO £ TONOJHEHHOH HecoOl«
cTBeHHOR Toukoii O B HanpaBneHud ocu y. Cuenys
A. llyankape [14], ompenenum Ha KpuBoit E omepaumuio
PxQ: Oan arboix To4ex P u Q T0dka P » Q— 3710
TpeTvA TOYKA nepecedenusn npamod PQ ¢ kpueoil E, cum-
METPUUHO OTPAKHEHHAS OTHOCUTEeAbHO ocu % (pHc. 2b),
Jlerko BHAETb, YTO BBeJeHHAsl ONEpalUsi KOMMYTa-
TugHa (T. e, P*Q = Q= P), urto Touka O aBjaAerca Ans
Hee HelTpasvHoim saemerTom (1. e. OxP == P = Pa0)
M 9T0 ANA KaxAo# Touku P cymectByer obparwoul 9ae-
MEHT — CHMMeTpHYHAs efi OTHOCHTENbHO OoCH X Touka P’
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(r. e. P+ P’ = O = P’« P). Hecxo/bk0 ciOXHee N0Ka«
8aTh, UTO 9Ta onmepauns accoyuarusna (T. e. (P+Q)*R=
= P+(Q+R) nna mobex Touek P, Q, R). Ha sA3bixe
COBPEMEHHOH MaTeMAaTHKH 3TO O3HAYAeT, YTO TOXKU KPu-
goti E 06pa3ytoT KOMMYTATUBHYIO 2pynny OTHOCUTEAbHO
onepayuu *.

M3 npeawayliuXx pacCyXJeHu# cjenyer, 4Yro A
JO6LIX ABYX pauuoHAJbHHIX Touek P, @ TOdYKa Px»Q
TAaKXe palHoHaJNbHa, — CO0«
=P@Q  CTBEHHO, 3TO H MOCIYXHIO
HCXOMHBIM TYHKTOM HAallero
MeTO/a CeKYIIHX JJif MOCTpOe-
HHS pAHHOHAJNBLHBIX TOYEK,
HUTak, payuounarsHoie TOYKU
E:at kpusoii E ob6pasyror nod-
epynny epynnet E. (HecoO-
cTBeHHass Touka O cumuraercs
P#Q paunHoHa/bHOH. )

UckymeHHBI#t YHTATEJNb

JEerKo 3aMETHT, 4TO Teopemy

Puc. 25. Mopleasra MOXHO Temlepb
chopMyaHpoOBaTh Tak:

Yy

X

~—~piigeupppeerrrt 3 BT TP L LA

PayuoHasvuble TOYKU 3AAUNTUYECKOR Kpueoll
06pas3yroT KOHEYHO-NOPONOEHHYIO KOMMYTATUBHYIO
apynny.

Dta ¢dopMysHpOBKA HMeeT ONpejesieHHHEe IpenMyiies
CTB2, TAK KaK JJISl TAKHUX TPYNN H3BECTHH CTPYKTYpHBIE
teopembl. Hanpumep, rpynny E;;t MOXHO NpeJACTaBHUThb
B BHAEe npousselenus Hexoropoll kowuewnol epynnot Tg
L KOHEHUHO20 4UCAQ OEeCKOHeYHbIX YUKAUHECKUX 2pYynm.
KonunyectBO GeCKOHEUHBIX UAKJIHYECKHX COMHOXHTeJeH
HA3HBAaeTcHd panaom saruntuyeckoldl xpusod E, a KOHeu-
Hag rpynna Tg-— ee gpynnod Kpyuenus. O paHre H3-
BeCTHH /0 CHX HOp TOJbKO OTJesabHble (PakThl. Tak,
A. HEPOH ([11}], 1953 r.) nokasaj, 4TO CYIHIECTBYyeT
KpuBasg, paHr KoTopo#i He wmenbwe 10, He mpHBend,
npapjaa, seHoro npumepa. A. BUMAH ([20], 1948 r)
NOCTPONJ NpuUMEp KpuBOoH panra =4, . INIEHHHU
# K. [IOMEPAHC ([13], 1975 r.) naan npuMep KpuUBOK
pawra =7, a ¢, 'PIOHEBAJIbJA u P. IITUMMEPT
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.

([6], 1977 r.)— kpmnBofi panra ==>81); K uHCIy KPHBHX
paHra =8 OTHOCHTCH, HanpHMep, KpPHBas, 8aJlaBaeMaf

ypaBHEHHEM
Y=x34+ax*4+bx+c

a=—3%?.1487 . 1873,
b==2°.3".5.151-. 14661 - 33353,
c=2%.3.5%.7.151%.193 - 277 . 156307,

Paccmorpennas panee kpusaa (11) (puc. 23) umeep
paHr 1, coorsercTBylolWlan OeckOHeuHas MUUKJIHYecKasd
NOATPYyNNAa MOpoXjAaerca TOYKOH S = (—4,6). I10 cie.
ayet u3 pesyasratos P. BAXEHIOOP®A ([19],1974r.),
KOTOpbiHl HCCeH0Baj KpUBHlE, 3afaBaeMble ypaBHEHH«
MH Buja Y? = %3 — p%x, rle p — npocroe.

Iloxa HesicHO, CYLIGCTBYIOT /¥ SNJHITHYECKHE KDH-~
Bhle CKOJb YroJHo Oonbmoro paumra (9TO CUHTaercs
BecbMa BeposATHbIM). MaBecTHO, OAHAKO, YTO paHr ole-
nuBaercsi yepes KosdhduuneHtH ypaBHenus (12) (rou-
Hee, yepes YHCJAO Pas/HYHLIX MPOCTHIX COMHOXKHTeJeH
014enbHbIX Kos(pgnunento {18]). I[losromy HeyauBH-
1€JIbHO, YTO B NMOCTPOEHHKIX IpUMepax KpHBHIX BHICOKOIO
paHra ypaBHeHHI HMeloT OoJbluHe K03¢¢PHuueHTH. Co-
[J1aCHO OZHOH N3 YIOMAUYTHIX BHIlle THIOTE3, PAHr 5JI-
JUNITHYECKOH KpUBOH £ papeH KPaTHOCTH HyJAs Tak Ha-
aniBaeMoro L-papma Lg(2) xpusot E B TOuke 2==1
(bépu n Cynuneprod-Haitep [3]).

Paccmotpum, Hakouel, epynny kpy4enus Te. OHa co-
CTOMT H3 pAalHOHAJbHHIX TO4yek P KOHEYHOro MOpPAAKaA
(T. e. W3 TeX, AN KOTOPHX n-KparHasd KOMIIO3HLHUS
PxPw .., »P paBHa O npum HEKOTOPOM n), HasbiBae-
MHX (pauMoHaJbLHHMA) Toukamu kpydenus. Ilpexne
BCer'o Ha OCHOBAaHHH CaMOro BHAA KPHBOH MOXHO 3aKilo-
YHTb, UTO CApaBEeAJHBa cjaeayiomas ofmas cTpyKkTypHas
treopema: epynna Tg aubo cama yuxauduna, Aubo ecro
npousaederue zpynnot Zy nopadka 2 HA YUKAUHECKYIO
epynny. DT0 MOXHO OGOCHOBATH CJEAYIOMIHM 06pa3oM.
Kpusass E (momonHeHHas) COCTOMT M3 OAHOH HAH ABYX

C

1) Bunousmerus mertos Ipiosenanbia H llummepta, K HAK{\TA
Hames HezaBHO npuMmep kpueoi panra =9 (K Nakata, Manuscripta
Math. 29 (1979)).
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8AMKHYTHX JauHu#t (cMm. puc. 24), a MOTOMYy TOIOJOrH-
YeCKH BHIIVIAIHT KaK OAHA HJH JBe OKpyxHOcTH. [IpH
9ToM vacTb E, copepxkamas (HecoGCTBeHHYI0O) TOuKy O,
o6pasyer noAarpynmy. MoxKHO AZOKasaTh, YTo Jio0as KO-
HeuHaa noarpynna B E° puxandeckas (370 Jenaercd
TOUHO TAK XK€, KaK JJif IPynnbl BpalileHuil OKPYKHOCTH).
CyneioBAaTeNIBHO, €cyIM Tpynna KpydeHus Tg UETHKOM
Jexut B E° to Tp— uMkindyeckas rpynna. B mporHBHOM

cnywae Tr ecth mpoussenenue Z, Ha rpynny Tz TOUeK
KpyueHus H3 E°,

O rpynne KpydeHHs Koe-yTO OLIJIO H3BECTHO YyKe KO-
sonbHo paBuo. Tak, T. HATEJIJIb ([10], 1935 r.) yu,
nosguee, JI. JIVTLL ([7], 1937 r.) nonyumau crenyio-
MUl HHTEepecHLIH pe3yabTaT, AWM OJHOBPEMEHHO
MEeTOA JJiA SIBHOIO ONpefe/;eHHA TOYeK KpPyueHHS KOH-
KPETHbIX KPHBBIX:

Ecau P—(payuornasvHas) TOYKQ KpY4eHU 3AAUN-
Tudeckoll Kpusot E, salannoil ypaenernuem

Y=x4ax?+ bx-c,

TO ee KOOpOUHAT6L Xp U Yp ABAAIOTCA UEAbIMU 4UC-
aamu, npudem yp pasio uau 0, uru xaxomy-nubyde
deaurenrro uckpumunanra D xpusoil E.

(JUCKPUMHHAHTOM KPHBOH HAa3BIBAETCS ONpPeAeeHHbI
MHOrO4YJ/IeH OT KO3(p(hHIHEHTOB ypaBHEHHSs; B JAHHOM
cjiydae DHCKPHUMHHAHT paBeH

D = 4a3¢ — a?b?— 18abc -} 4b°% -}- 27¢2;

yciaoBue D == 0 spasierca HeoOXOAMMBIM H JOCTATOYHBIM
yCIOBHEeM peryasipHoctd KpuBoit £ ) Hanpumep, nada
KPHUBOH

E: P = x3—14x2 }-81x

rpynna kpydeHuss Tp ecTh UMKJAHYeCKas Ipymnmna nopsaji-
Ka 8, nopoxaeHHasa Touko# P = (3, 12). Hpyrum npume-
POM CJYXHT KPHBas

E: y? = x3—43x -}- 166

C LUHKJIUYECKOH Trpynno#l KpydeHusi HOpsijKa 7, MOPOK-
peHHo#M Toukolt P = (3, 8). BecbMa 3aHuMaTeNbHO H COs
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BCEM HECJIOKHO CaMOCTOfTE/NbHO HNPHAYMATh H HCCHAEHO+
BaTb LPYTrHUe NPUMEpH.

¥iKe ZaBHO CYLIECTBOBAJO HpPEANOJ0MXKEHHe, MOATBEps
XKJIaBleecsl BC& HOBHIMH YUCJIEHHBIMH NpUMepaMH, YTO
HNOPAKOK TPynnm KpydeHHs orpannued. K 1960 r. Gwijio
U3BECTHO, YTO OH He MOKeT NPHHHMAaTh HEKOTOPHIX 3Ha-
yeHul, HanpuMep Kpatueix 11, 14, 15, ... (cM. [4]).

B 1976 r. b. Masyp cyulecTBeHHO NPOJBHHYJCS BlIE<
peA, KOKa3aB, 4TO nopAdoKk 8CAKOU payuoOHAALHOE TOYKU
Kpy4erus pasen 12 uau une npesocxodur 10 (30 yxe
B 1974 r. npegnonaran 3. Orr [12]). Tem camuim Onina
[IOJIHOCTBIO BHIICHEHA CTPYKTypa rpynnu 7 e.

Hmeerca 15 sosmoocrocredi: aubo ~Tg— yurxauyes
ckas epynna, nopadox koropoli paser 12 uasu He
npesocxodur 10, aubo oHa ecrs npoussedexue
epynnot Zo HO yurkiudeckyro epynny nopaika 2, 4,
6 uau 8.

Bripawomumca pesyabratroM b, Masypa 6nisia 3asepulesna
OfHAa W3 TIJIaB TEOPHH SJJUNTHYECKHX KPHUBHX, NpPHUEM
BecbMa HEOXHJAAHHO Jaxe [JSl HEeKOTOPHIX Chenualcs
TOB, CUNTABLIUX, YTO Haj 3TOH NpobjeMOH IpUAeTCH pa«
6otaTh eule pouaroe Bpemsa. MoxHO cMeno yTBepXAaThb,
YTO STOT Pe3yJbTaT NPHHALJICKUT K UHCJAY UHTepecHefh-
MNX MaTeMaTHYEeCKHUX pe3y/bTaToB HOCHAeIHUX JeT. Pas
3yMeercsd, B paMKax HacToslled JeKIHH HEBO3MOXKHO
yKa3aTh Jaxe XoTs Obl HAEl0 METoJa J0Ka3aTelbcTBA
Masypa. [la 370 1 He BXOAHNT B MOIO 3aja4y.

S Xoten TOJBKO HONBITATHCS NPOATH BMeCTe ¢ BaMH
HeGOJABIIYIO 4acTh NMYTH pPa3BUTUS OXHOH MaTeMaTHye-
ckolt mpobaemsl — ot [Iugaropa uyepes duodhanra H ru-
notesy PepMa K panHOHAJbHBHIM TOUKAM 3J/NIHNTHYECKHX
KPUBBIX — H II0Ka3aTh, KakK B XOJe HCCJeNOBaHUA MNpos
6aemy BuAOH3MEeHANH, 00600IMaJH U CHOBA KOHKPETH3H4
pOBAJIH, YAaCTHYHO peIlaJd H BO3BOAHIH HA €e OCHOBE
HOBBle TeopHH. IIycTb HeMaTeMaTHKH NPOCTAT MHE, YTO
BpeMs OT BpeMeHH i BHHYKAeH Obiji 06pallaThCs K Ma<
TeMaTHYECKUM NOHATUAM H popMmynaMm,
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Exe Kapcren SiHuen

CBA3b MEXXAY TEOPUEM MNPEACTABNEHMA
M KOMBUHATOPHUKOW

1 monblTAal0Ch ONMMCATb BaM B3aHMOCBA3b JABYX ob.a-
cTet MaTeMaTHKH — TEOPHH NpeACTaBjJeHUR H KoMOHHA-
tTopuku. Haunem co BTOpO#, Kak 6oaee npocroit., Cnenua-
JHCTH N0 KOMOHHATOPHKE CHAuaJja AeJaloT ¢ KOHeUHBIMH
MHOXECTBAMH BCE MBLICIHMOe H HEMBICJIHMOE, & 3aTeM
CpaIuBaOT cebs, CKOJAbKHMH CnocofaMH 3I0 MOXKHO
clejiaTh. B KauecTBe KOHEUHBIX MHONKECTB Mbl 6Vaem
paccMaTpuBaTh MHoxectBa Bupa {1, 2, 3, 4, 5, 6, 7,
8, 9}, 1. e. mpoxectBa {l, 2, ..., n}, rie n— Hatypajb-
HO€ YHCJIO.

CaMoe mpocTOoe, UTO MOXKHO COTBOPHTb C HLAHHHM
"MHOKECTBOM — 3TO 3amnHucaTh €ro 3JeMEHTHl B APYroM
NopsAaKe, CKaXeM TakK:

0:325,91,8,7,4,6

HaH, B ofuiem caydae, a(l), ¢(2), ..., o(n). Takue no-
CJEeNOBATEIbHOCTH HAa3bIBAOTCA NEepecTAHOBKAMH MHO-
xectsa {l, 2, ..., n}. Hrak, nepsuii koMm6finaropusi
BONPOC: KAKOBO YHCJO BCEX BO3MOMKHBIX IN€PECTAHOBOK
Muoxecrsa {1, 2, ..., n}? 10— nonyAsipHOe ynpaxmue-
HHe Ha TIPHHINI MaTeMaTHUYeCKOH HHAYKHUH D, OTBeTOM
CAYKHUT
1-2- ... -n=nl

(tak uto npu n =9 umeercsi 362880 mepecTaHOBOK).
MoXHO 3aAaTh elle HECKOJbKO JAajJeKo BeAYUIHX BO-
IIPOCOB, HaNpHMEP: CKOJLKO 3/JeMEHTOB B CaMOH [AJHH-
HOH Bo3pacralmed NOonoCHeA0BaTeJbHOCTH HOC/Hen0Ba-
TeabHOCTH 6 (1),0(2), ..., 0(n)? Kak HaliTH Takylo MOA-
rocJea0BaTeNbHOCTL? B paccMarpuBaeMoM cay4ae NpH
n — 9 ykasaHHasa AJMHA paBHA 3, a IpHMepaMH Bo3pac-
TAOUIMX NOANOCAE 0BaTeNbHOCTEH AJMKHBI 3 ABJASIOTCH |,
4, 6; 2,5, 9; 3, 5, 8 u muorue apyrue. Hanpamusaercs

D CM. nepsBoe NOACTPOYHOe NpHMeuaHHe Ha ctp. 59, — Hpum.
nepes.
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H TaKOA BONPOC: KakoBO KoauuectBo N(n,r) mepecraHos
BOK MHOXecTBa {l, 2, ..., n}, Aas1 KOTODHX YHCJAO 3J€-
MEHTOB camoii AJNHHHOA Bo3pacramuiefi NmoxNocaeKoBa-
TEAbHOCTH PaBHO r? ECNH paccMOTperb BCe BO3MOXHHE
NepecTaHOBKH, CKaxeM, 1is n =9 (a HX, KaK yxe GblI0
cKka3aHo, 362880), To monyuaTcs 3HAUEHHS, YKa3aHHbE

B Taba, 10.
Tabauya 10,

r Q2 | 3 | ¢ s | 67 [s]o

NGO, 1) ”1}4861 | 89 497 l 167449[83029 |16465 1 1513|64l 1

O6wuii oTBeT Ha NepeuMcJeHHble BONPOCH HalIea
B 1959—1960 rr. K. llleacTen. Jins 3TOrOo OH HOCTaBHJ
B COOTBETCTBHE KaXJOH MmepecTaHOBKE TPH APYrux obsbe
exTa KOMOHHATOPHMKH, & HMEHHO OJHO pa30HeHHe H ABe
KaHoHpueckue tabauuni., OO0bACHHM 3TH TNOHATHA. Pa3s-
OueHHeM IeJOTO MOJOXKHTEJLHOro 4HcJa # Ha3blBaercs
BCSiKash HEBO3PacTamoulad nocjJeloBaTeNbHOCTh A =
== (A1, A2, +.., As) LEJILIX NOJOXKHUTEJBLHBIX YHCEJ, CYMMa
KOTOPHIX paBHa 1.

Al__}-AQ? s e >Ks>0, A[+h2—h vy :'_'l:?\:8=n.

Hanpuwmep, (3, 3, 2, 1)—onno u3 pasGuenuit uucaa 9,
Bcero ke #ux 30, a y uucna 200 pasbueHuit yxe
3 972 999 029 388.

Hanee, pasbuennio A =(A1, Ag, ..., As) TOCTABHM
B COOTBETCTBHE TAaK Ha3piBaeMyio puarpammy IOnra (uaH
NPOCTO AHATPAMMY) THIIA A: IOMECTHM B IIEPBOH CTpOKe
A1 KJeTOK, BO BTOPOi# cTpoKe (NOJ NnepBoH) Az KJAETOK,
B Tperbell cTpoke Az Kjaetok # 1. A, [Ipu aTtom mepBas
KJIeTKa JOAXKHA CTOATh MOJ NepBoi, BTOpas-— INOJK BTO-
poit u T. A, Juarpamma aas A = (3, 3, 2, 1) noxkasana Ha
puc. 26,

1 15 17 1 {3 14 2 |6 (42
2 |8 2 16 3 19
3 19 S {7 s |11

Puc. 26, Puc, 27,
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Ecnn B Kaxay KJAeTKy JHArpaMMH THIA A BIIHCaTb
[0 OAHOMY YHCAY TAK, YTOOH B KAXI0H CTPOKe C/leBa Ha«
[IpaBo H B KaXAOM CcTOJOLE CBEpXy BHHM3 YHCJa CTPOro
BO3pacTaJH, TO 3anoJHeHHast TaKUM o6pa3om AHarpamma
Ha3uBaercsa tabauieil (tuma A). Hampumep, Ha puc. 27,
npHBeJeHb TpH Tabaunu tuna (3,2,2). Tabauua tunak,
rie A — pasbuenye 4ucJaa 71, HA3HBAETCS KAHOHHYECKOH,
ecii B Hell codepxatcs Bce yucaa or 1 po n. M3 Tpex
TabJaul, Ha pHuC. 27 TOJBKO CPeaHss ABJASETCS KaHOHHYe-
CKOit; HampoTus, Ha puc. 28 o6e TabaHIBI — KaHOHHYEC~

1 |4 |56 1 {3 {4

2|5 |7 2 16 |9 11517

3 |8 1 s |7 218

9 8 3109
Puc, 28. Puc. 29.

ckue (tuna (3, 3, 2, 1)); xaK MH BCKOpe YBHIHM, 3T0
pMenno Te nABe Tabauup, Kotopue IlleHcrexm craBur
B COOTBeICTBHE NEpPECTaHOBKE O, YKA3aHHOH B CamMoM
Hauaje B KauecTBe NPHMeEpa.

IlocTpoeHne xaHonMueckHx Ttabauu IleHcrex mnposo<
JHUT NO3TaNHO: KaXXJAOMY H3 MNOCJEJ0BATEIbHO YBEJHYH<
PAIOMIHXCSI <«HAYAJAbHHIX OTPE3KOB» MOCHEHAOBATEAbHO
cTH (B pacCMaTPHBAE€MOM NpHMEpe KamkAOMY H3 LOTpe3=
KoB» 3; 3, 2; 3,2,5; 3,2,5,9; ...) cTaBUTCA B COOTBET+
cTBHe TabJauua Io NpaBWwly, YKaswBalouleMy, Kaxk U3
1a0AunH A4 OAHOrO HaYajbHOI0 OTpe3Ka HOJAYYUTh Tah+
auny anas caenywouero. Ilponecc Haunnaercs ¢ TaGaHubE
tuna (1), B eIUHCTBEHHOH KJeTKe KOTOPOil nUuIeTcs Inep-
BOE WYHCJ0 Tnoc/jexoBaTenbHocTH., CaMo npaBuao o0bsce
HuM Ha npuMmepe. [IycTs nHayadapHOMYy OTpesKy 3, 2, 5, 9,
1, 8, 7 yXe nmocraBjeHa B COOTBETCTBHE HEKOTOpas Tald-
auna (puc. 29). Torma tabauua a1s8 orpe3ka 3, 2, 5, 9,
I, 8, 7, 4 moayuaercs Tak: Gepem HoBOe 4HcaAO (T. €, 4)
H paccMaTpHBacM HNepBYI0 CTPOKY TabJauiupl. Ecan oHO
GoJsibllie BCEX YHCeJ, CTOSAIIMX B CTPOKe, To AoOaBiaseM
B €€ KOHLE ellle OAHY KJETKY, BOHCHBaeM Tylda B3gTOe
yuca0, ¥ Tabauna roroBa. B mporuBHOM ciyuae (Kak
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y HaC, H3-3a HAJAHYHA D M 7) HAaXOJHM B NEepBOH CTPOKE
HaHMeHblllee YHCJ0, NpeBOCXoixsulee HOBoe (T. e. D),
B 3aMeHseM ero Ha sto HoBoe (T. e, Ha 4). Tencpb
C «BBIHYTHIM» M3 NEPBOH CTPOKH uucIoM m (T.e., B Ha-
eM cJayuae, 5) NEpexXoauM KO BTOPOH CTPOKe; €C/IM BCe
ypcJjia B Heli MeHblle 71, TO YAJHHSIEM ee HA OAHY KJETKY,
BnHuchiBaeM Typa m, M Ttabauua rorosa. B mpoTHBHOM
cayuae 6epeM HaHMeHbIIECE YHCJIO BTOPOH CTPOKH, 60Jb-
uree m (B HalleM cjayuae 8), aamessieM ero Ha m (Ha 3)
H C HU3IBSTHM M3 BTODOH CTPOKH 4YMCJIOM [EepexOAHM
k Ttperbell (puc., 30). Ilpomecc mpomosxkaercs A0 TeX

1 5 7 1 4 7 1 4 7 1 4 7
2 | 8 52 |8 215 215
3 19 3 19 8+ 319 3 |8
9
Puc. 30.

mop, MOKa, HakoHel, K KakoiH-HHOyIb CTpoke He Oyner
po6aBjaeHa KJaeTKa HJAH e NoKa He OYAeT H3BATO YHCIO
U3 nocjaelHell CTpOKH (B paccMaTpHBaeMOM npumepe 9).
B atoM cayuae k tabaune 1006aBisieTCs HOBasi CTPOKA,
COCTOSILLLASI M3 OJHOH-eAHHCTBEHHOH KJETKH B IIEPBOM
ctonifUe, Kyla H BIHCHBAeTCs YHCJO, H3rHaHHOE N3
nocaejged cTpoku crapoit Tabaume. Ha puc. 31

2 2 15 2 15 9 1 5 9 1 5 8
3 3 3 2 2 19
3 3
5 7 1 4 |7 1 4 |6
‘8{ 2 15 2 5 7
9 3 18 3 8
9 9

Puc. 81,
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MpHBeeHbl TA0/MIB, TOCTPOEHHBIe TAKHM 06pa3oM OfH4
3a Apyrod Mjs mocJeloBaTedbHoCTH 3,2,5,9,1, 8,7, 4, 6.

Herpynno 3ameruTsh, 4TO npu yKasaHHOH mpoueaype
KaXJbld pas AeHCTBHTENbHO BO3HHMKAeT Tabauua, T. e.
4YTO JJMHA CTPOK CBepXy BHH3 HE YBEJIHYHBAeTCs, 4 B
KaXJ0M CToJ0Le CBEpXY BHH3 H B KaXJOi CTpPOKE CJeBa
HanpaBo 4HCJa BO3pacTaloT. B KoHue KOHHOB Bce 4muciaa
1, 2,,.., n 6yAyT HcuepnaHel M MH MOJYYUM KaHOHHYE-
ckylo Ttabauuy, Koropyio ob6osnauuM A(c). Ilpu stom
aBTOMATHYECKH BO3HHKAaeT ellle OJHA KAaHOHHMYecKas Tab-
auua B(o) Toro xe Tuna, uto u A (o). A umenno, 6epem
AHarpaMMy, cCOOTBeTCTBYIoULyI0 Tabnuue A (o), H B Kax-
AYI0 KJAeTKY BIMCBIBaeM HOMEp TOro lara, Ha KOTOpOM
3Ta KjaeTka Ownljia Jo6aBneHa npu noctpoeHun A(o).
Ta6avua B(o) nns paccMaTpHBaeMOro mnpumepa H30-
O6paxkeHa Ha puc 32.

1 4 6 1 3 4
1 2 3 9

2 5 7 2 6 9

= ) = 4 5 8
A(o) = s | g B(0) s |4 A(c*)

6 7

9 8

Puc, 32. Puc. 38.

Tenepr MOXHO OTBETHTh Ha MEPBHI M3 MOCTABJIEHHbLIX
BOMPOCOB: YHCJ0 3JE€MEHTOB B caMo#l JAJHHHOH Bo3pac-
TAIOUEH NMOANOC/eA0BaATEAbHOCTH NOCAEA0BATEILHOCTH O
B TOUHOCTH PABHO YHCJY K/JIETOK B NepBOi CTpoke Tabau-
net A(o). CaMa Takas noAmoCaefOBaTENbHOCThL (AJHMHY
KoTopo#i OyaeM, KakK M npexje, 00603HauaTb uepe3 r)
MoOXeT OHIThb BBRIIHCAHA NO CJAEAYIOLIEMY NpaBHJAY: H3
TabJHL, COOTBETCTBYIOIIUX pPA3JHYHLIM HAYaJbHHIM OT-
peskaM ¢ (puc. 31), BubupaeM J106yI0 U3 yKe HMEIOHINX
B MepBOH CTpPOKe r KJIETOK (B HalleM Ciy4yae, CKaxewm,
NpeAnocaeiHIOn) U 4epe3 a, 0003Hauaem 9YHUCJ0, CTOSI-
Llee B r-i KJeTKe 3TOH mepBo#t cTpoku (y Hac a,=7).
3aTeM Bo3BpaliaeMcsi K TabJuie, NOCTPOeHHOH a0 BNU-
ChiBaHUs @, (B HameMm cjayuyae K IIeCTOH), H Iojaraem
Q-1 PABHHIM YHCIY, CTOALLEMY B Hedt HA (r— 1)-M MecTe
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nepBoit ctpoku. llajee 6epem tabauny, uMeBIIylOCS A0
BOMCHIBAHHA Q,-1 (BTOPYW0), H (r—2)-e UHCJIO ee HEp-
BO# CTPOKH Ha3miBaeM a,—. Ilpojosxas TakuM obpasoM,
IOJNyuaeM BO3pacTaiollyi0 NOANOCAEXOBATENBHOCTL @1,
Qs, ..., @, nochaegoBaTenbHOCTH ¢ (a4 uMeHHO 2, b, 7).
Jlerko nmokasath, yto 60Jiee IJIMHHOH BoapacTaloueid nogi-
IIOC/I€0BATEJbHOCTH He CYHIECTBYET.

B paccMatpuBaemMoM npHMmepe nepBas CTPOKa TabJH«
ua A(o) (1. e 1, 4, 6) cama npeacrasasier coboil BO3-
pacTarouyo NoANOCAeA0BaTeAbHOCTh 0. OAHAKO 3TO COy-
YAaHHOCTh, €CJAH B3fTh, CKaXKeM, NOCJAEN0BATENbHOCTD

c*: 6,4,7,8, 1,9, 5, 2, 3,

TO NOJYy4YHTCS TabJjuIla, NpHBedeHHasa Ha pHc. 33, n 1,
2, 3, 9 He Oyzger BO3pacTalouled NOANOCJAENOBATE/]b-
HOCTBIO O* (XxoTa eio Oyner 4, 7, 8, 9). IlocrenoBarens-
HOCTb ¢* eCThb O, 3amHcaHHass B oOpaTHom nopsaake. Pa-
3yMeeTcsl, TAKYIO ONMepanuio MOXKHO NPOAeJaaTh C J00oH
nepecraHoBkoit Muoxecrea {1, 2, ..., n}, u llleHncrex
noKasan, uto A(o*) noaydaercs u3 A(0) «OTpaxxeHHeM
OTHOCHUTEJLHO JHAroHajJH», T. e. NEPBHIH, BTOPOH, Tpe-
TUl, ..., cToabun A(c) CTaHOBATCH COOTBETCTBEHHO MHep-
BOH, BTOpOH, TpeTbel, ... cTpokaMu A (c¢*). Ilpumep Ha
puc. 33 HANIOCTpHpPYyeT 3TOT peayabrar. IloaTtoMmy, sHasn
A (o), MOXHO HAATH YHCJIO 3JeMEHTOB M CaMOH JJIHHHOH
ybulearoueli NOANOCASOBATEILHOCTH NEPECTAHOBKH G —
OHO paBHO JAJIHHe mepBoro crojabua tabauus A (o). Kak
nokasaj K. I'pHH, MOXHO Zarb KOMOHHATOPHYIO HHTEp-
NpeTaluio JJIHHe J1060# CTPOKH H JA6oro croabua A (o).

HayuuBmHch jJs1 JI000H nepecTaHOBKH ONpeHessiTh
CaMyl0 JJIMHHYI0 BO3DAaCTAIONmIyld IOANOCJAEeL0BATE/b-
HOCTb, NepefijleM K CJAeNYIOUIeMYy BOMPOCY: KAKOBO YHCIO
N (n,r) mepecranoBox MuoxectBa {l, 2, ..., n}, y Ko-
TOpHIX TaKas NOMNOCJAEJ0BATENbLHOCT, HMeeT IJHHY r?
3aech Goapuryio ponb OyAer MrpaTh BTOpas KaHOHHYe-
ckas rabauua B (o). [1pexne Bcero, 0 0AHO3HAYHO OINpe-
Ieaserca ynopapodenHo#t mapoft A(o), B(o). Tax,
B paccMarpuBaemMoM npHmepe Tabauuna B (o) noxaso-
BAeT, UTO Ha nocJefHeM [are nocrpoeHus A(e) Bropasn
CTPOKa YBEJHYHJACh HA OAHY KJAETKy. TeM caMbiM H3-
BeCTeH gul mpennociaeaHell Tabaullbl, H MB TaKXe 3HAEM,
NTO BTOpas CTPOKa, 34 HCKJAIOUYeHHEM OJHOH KJETKH,
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H BCe NOcJeNyIOUIHe CTPOKH Yy INpeAanocaeaHell H MocJIe/s
He#i TabaMy coBnagaloT. KpoMe TOro, MH 3HaeM, YTO Ha
IocJefHeM Niare M3 nepBoil CTPOKU OHIIO BHITECHEHO
YHCJAO 7, H IPUTOM BHITECHEHO HAHGOJBUIUM WYHCJIOM, HE
NPEeBOCXOAAUIUM 7, CoepXaulMMCss B NepBOH CTpOKe
nociaeanefl Tabaunpl, T. e. 6-10. 3HayYHT, 6 — mocieaHee
YHCJIO TEepEeCcTaHOBKH, H NepBasi CTPOKA IIpejanocyaejHei
TabJaUIBE NOJy4YaeTcsd M3 NepBod CTpOKU mocaeaHei Tab-
Juisl 3aMeHoit 6 na 7. Takum obpasoM, npeanociaeIHsIs
Tab/anuna onpejesaeHa MOJHOCTBIO, H NPOLECC MOXKHO aHa«
JIOTHYHO NPOJOJIKHTD.

C nmomoublo TAKOTro pacCyXJeHHs YCTaHaBJAUBAaeTCs
He TONLKO €IHHCTBEHHOCTb, HO H CYLIeCTBOBaHHE O,
Hrak, ecnu A — pa3buenne yucaa n U A, B — KaHOHH=«
yecKHe TaOJHIbI THNA A, TO HMeeTCS OJHA M TOJbLKO
OfiHa TNepecTaHoBKa ¢ muoxectBa {l, 2, ..., n}, ansa
xotopoit A(o)= A, B(c)=B. TakuM o06pasom, cyuie~
CTBYeT B3aHMHO-OJHO3HAYHOE COOTBETCTBHE MEXAY MHO«
XecTBoM &, Bcex mepecTaHoOBoK mHoxectBa {1,2,...,n}
¥ MHOXECTBOM Nap KaHOHHYECKHMX TalJHI OJHHAaKOBOTO
THNA A, TAe A npoberaer BCe pa3bHeHHS YHCJA M.

Ecau mig panHoro pa3buenus A yepe3 N 0603HaYHTh

KOJMUECTBO KAHOHHUECKAX Tabunm THna A, To Nj Gyxer
paBHo uuc1y nap takux Tabauun. IloatoMy oTBer Ha
MOCTABAEHHBIH BOMPOC MOXHO CPOpMYJTHPOBATH CAELYIO~
wrM oBpasoM: HCKoMoe umcao N(n,r) pasHo 3, Ni,
TJe CYMMHPOBaHHe BeleTcsl Mo BceM pa3bHeHuAM A =
== (M1, A2, «..) 4ncaa n (M=h = ...), ¥ KOTOPHX
7(.1 ="T.

Ot 37Ot hopMyNBl 6LI0 OB HEMHOIO TOJKY, €cld Obl
He MMeJOCh npoctoro cnocoba aias suHuuciaedus N,. Ho
y llencrena 6uisa nox pyko#t ony6ankoBaHHas B 1954 r.
pa6ora Hx. C. ®paiima, T. ne B. PobGuncona u
P. M. Tpoana, B KOTOpO¥ jaHa oueHb Npocrag ¢opmyaa
Ias BuiuMcaeHHss N,. A HMeHHO!: KaXJOH KJeTKe JHa<
rpaMMbl THNA A CTABHUTCH B COOTBETCTBHE «YTOJOK», CO~
CTOSIUMHA M3 KJAETOK TOH K€ CTPOKH, PaclnojOXeHHBX
npaBee JAAHHOH, KJETOK TOro xXe CToabna, Jexamux
HuXe pmauHoi, ® ee camoi. Ha puc. 34 cieBa samrpu«
XOBaH OXHH Tako# yrosok, KosnuecTBo KJ1€TOK B yTroJKe
H43HBaercq ero JAHHOH, Taxum 06pas’oM, Kaxno¥ KICTe
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Ke AHarpaMMH THNA A NOCTaBJeH B COOTBETCTBHE Yro-
JOK, a cJaejosaTeNbro, H ero aauHa. Ha tom xe pu-
CyYHKe CnpaBa NpHBEACHH AJHHH YrOJKOB Ana A ==
=(3, 3, 2, 1). ®psfim, Pobuncon ¥ Tpoaa nokasaiy,
YTO

nl
Ny = NpoM3BEleHHe [UVIHH BCeX YrolKOB °

Tak, B paccMaTpHBaeMoOM HaMH npHMepe

9!
Ng g2 n=575.3.5.3 — 168

K coxaxenuto, [llencren ne snan o 6onee panneit pa.
6o1e I'. ne B. PoGuucoBa 1938 r. B nefl yxke Onia1 onu-
can cnoco0 nocrpoeHus A(o) H
B (o), n n03TOMYy yKa3aHHOE Bbl-

Ile B3aMMHO-0LHO3HAYHOE COOT- N 8142
BEeTCTBHE B HACTOfLIee BpeMs Ha- N 5131
3bplBaeTca cooTBercieHem PoOHH- 3|1
cona — Illencrena. Oanako Po- N

6MHCOH HHTEpecoBaJ/Cs BOBCE He 1

BO3PaCTAIOMUMH H YOLIBAIOLIUMH
NoAnoc/ael0BaTeNbHOCTAMH, @
Teopuel npeACTABACHUN CUMMeT-
pHYeCKHX Tpyln, ¥ HMEHHO B CBA3H € 3TOR Teopuel U BO3-
HUK ero HuTepec K uuciaam N,.

Hrak, npHiuL1o BpeMs nepefiTH K TEOPHH NpeacTanje-
e, [lpaBga, Tenepbh s AOJMIKeH mpeanojararb, MTO BH
3HaeTe, YT0 TaKoe «rpynma», W 3Haere, 4To rpynny o6-
pasyeT, K npuMepy, MHoxkecTBO &, BCeX HepeCTaHOBOK
muoxecrsa (1, 2, ..., n) (OTHOCHTENBHO OnepamHH
(ot) (j)=0(t(j)))— 310 Tak Ha3LHBaeMasa CHUMMeETpPHUE-
ckag rpynna— uan xe MroxectBo GL.(C) Bcex o6pa-
THMBIX 12 X n-MaTpHll (@) 1<i j<n € KOMILICKCHHIMHU 9J1€<
MeHTaMH (OTHOCHTEJbHO MATPHYHOro YMHOMXKeHHsa), Ta-
KUM o6pasoM, HaM noHaRo6sTca cBéleHHA, coofllaeMble
CTYJeRTaM-MaTeMATHKAM B NlePBOM CEMECTpe,

Ilon n-vepHbiM (KOMIUIEKCHBIM) MNpeACTaBAeRHeM
rpynnn G noxumaercs oToGpaxeHHe, CTaBAlllee B COOT-
BETCTBHE KaXKAOMYy SJeMeHTy g rpynnn (G HeKOTOpYIO

Puc, 34.
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Matpuuy M(g) us GL,(C):
my (g mip(g) «ov myy (Q)]
Mo (8) Mo (Q) +o0 My, ()

g—>M(g)= e GL,(C)

| My (g) mn2(g) see Mpyy (g)
Tak, 4YTO NpPH BceX g U i HMeeT MecTO paBeHCTBO
M(g)M(h)= M(gh).

B uactHocTH, M(1) sABasiercs eAMHHYHOK 7 X n-MaTpH-
nef (mul Bcerna cugraem, uro n > ().

[IpocTefiluuMu npuMepaMH CHAyXKaT TOXAECTBEHHOE
npeactasnende rpynnsl GL.(C), onpeaensemoe cooTHo-
menueM M(g)= g, U <«TpPHBHUAJLHOE» N-MEPHOE INpej-
cTaBJIeHHe NPOH3BOJALHON Ipynnn G, salaBaeMoe pPaBeH-
ctBom M(g)==M(l) ana Bcex snementoB g u3 G, Ewe
OJHHM, TaK¥e OYeHb MPOCTHIM MPUMEPOM CHNYKHT n-mep-
Hoe mnpeicTaBlieHHe CHMMeTpHueckol rpynns &, craBss-
[lee B COOTBETCTBHE Kaxk/JA0H NEpeCTraHOBKE ¢ MaTpHIY
M(o), B koropoit Ha o(i)-M wMmecrte i-ro croabua (1 <
< i=<<n) crout 1, a HA BceX OCTaJbHBIX MeCTax HYJH.
Ecau komnaekcuyio n X n-MaTpHily HHTEPNpeTHPOBATH
KaKk JauHefiHoe orToGpaxenue (F na cebsa H uepes e,
e, ..., €, 0003HauuTh KaHoHHYecku#t Oaszuc (", TO
M (o) (e:)) = eqguy. Onpenenntenns matpuum M(o) Ha3LI-
BaeTcs CHTHaTypOH NepecTaHOBKM o H 0003HAYaeTcs ue-
pes sign(o). Otobpaxenne o->sign(o) saBasercs ro-
MoMopdusMoMm rpynnsl &, B MYJAbTHNJIHKATHBHYIO [pyl-
Ny KOMIIEKCHBIX uuced, T. e. B GL;(C), u ero Moxuo
NO3TOMY paccMaTpHBaTh KaK OJAHOMepHOE MpeacTaB-
Jaenve G,

Baxnyio uudopmanuio o npeiciasiennn g->M(g)
rpynnbsl G HeceT ero xapakrtep Yu, T. €. KOMIJeKCHO3Hay-
naa ¢yHkUHs Ha G, onpenensemas popMyaon

Xm (g)=1r (M (g)) = ;l my; (8)-

B ©acTHOCTH, pa3MepHOCTL DpeACTaBJeHHsi n == yu(1).
B npuBeneHHOM Bbillle npuMepe NpeAcTaBACHHsE CHMMET»
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pHUeckOll rpynnbl ¥y () paBHO KOJHYECTBY TeX [ B Ie+
pecTanoBKe o MHOxecTBa {1, 2, ..., n}, LIs8 KOTOpHX
6(i)==1i. Y TPHBHAJbLHOTO ~n-MEPHOro NpeACTaBJCHUS
wm(g) = n npu Bcex g&.

Xapakrep ¥m (2@ TaKxKe M CaMo NpeACTaBjeHHE) Haw
3BIBACTCA HENPUBOAUMBIM, €CJAM He CYyILLeCTByeT IPYrux
XapakTepoB Y1, %2 (HEOOXOAHMO ABJAAIOUIHXCS XapaKTes
paMH NpeAcTaBJeHUH MeHbUIeH pasMepHOCTH), AJA KO-
TOPBIX Xm (&) = %1(g)+ X2(g) npu Bcex g u3 G. fcuo,
YTO XapakKTepbhl ONHOMEDHLIX NpEACTaBJEHHUN Bceraa Hes
NIPUBOAMMEL. ECHH Y, XapakTep n-MepPHOr0 TPHBHAJh*
HOTO TpejcTaBaeHus rpynmul G, To %.(g) == ny1(g); mayp
3TOMY Y. HeNPUBOAUM JUIIb IpH n==]1. Xapakrep onu
CaHHOTO BbIlle MpeAcTaBJaeHus rpynnsl &, mpu n > 1
He sBJfleTcst HenpuBoguMbIM. JlelicTBHTEAbHO, eCiH
onfATh paccMmartpusarts MaTpuuy M(o) Kak JaHHeHHOE
nipeobpaszoBanue " u nepeditH K Oasucy e;-f+ ey ..y

.o F€n, €1—8€3 e3—€3, .i., €n—1-—€p, TO NOJYUHTCA
MartpHuia BUja

M’ (0)

S ase QO Q

IIpu stom o-+M’(0) Byner (n—1)-MepHBIM mpeAcTaB«
nenueM, H ¥m(0) = yw (0) 4 x1(0), rAe x;-—xapakrep
OJHOMEDHOr0 TPUBHAABHOIO INpejicTaBleHHs. 3AeCh MEL
HCIOJb30BaMH TOT (AKT, YTO NPH Iepexojae 0T OJHOro
Gasuca K IpyroMy Cjaej] He MeHsercs. A BOT Xapakrep
Ymr YKe HempHUBOAUM. TO Ke OTHOCHTCS H K XapakTepy
TOXKJeCTBeHHOro npejacraBaexust rpynoe GL,(C)., (Mu
jonyckaeM auiib Takue npeacrasaeHuss GL,(C), y xo-
TOpLIX MaTpuuHble KOapdHIMeHTH my;(g) ABAAIOTCH
AHAJHTHYCCKHMH (YHKUHAMH OT 3J1eMEHTOB Jr MarT-
puLL £.)

OnHa H3 OCHOBHHLIX 3ajau TEOPHH NPEACTaBJACHHH —
HaXOXK/leHHe BCEX HeNpHUBOAWMBLIX Xapakrepos (mpen-
¢TapjeHuil) sagadHoii rpymnnil. (Bce npoule Xapakrephk
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HONYy4aloTcd KaK CyMMHB HeNnpPHBOAHMKX.) IlepBHIMH He«
TPHBHANBHBIMH CJAYYAsMH, AJ9 KOTOPHX 3Ty 3a4ayy yAds
JIOCh pelluTh, OblJIH — B HayaJje 3TOro CTOJeTHH — rpym-
nu &, u GL.(C).

I'. ®pobennyc Aokaszan, 4ro HENpHUBOAHUMBIE Xapak-
Tepul rpynnel &, HaXoAATCS BO B3aHMHO-OAHO3HAYHOM
COOTBETCTBHH ¢ pasbueHusiMH A uncaa n. Ecau o6osua-
YHThL 4Yepe3 %, XapaKTep, COOTBETCTBYWINUHA A, TO pa3-
MEpHOCTL COOTBETCTBYWOIIEr0o TMpeACTaBlNeHUss paBHa
v (1) = N,. Orcioga BBHLY cooTBercTBHs PobHHCOHa —
IUencrena BrITeKaeT, 4To

al= ¥ (0. (),

T. e, nopsanok rpynns &, paBeH cymMMe KBaJpaTOB pass
MepHOCTe!l HeNPUBOJAMMHIX MNpeACTaBJeHHH. IDTO— 00«
mas TeopeMa AJs KOHEUYHHIX rpymi. JJad chydas rpynmnbl
&, ee 3JeMeHTAapHOE KOMOHHATOPHOE JAOKa3aTeabCTBO
II0Jy4aeTcsi ¢ MOMOLIBIO MeTOA0B, OMHCAHHWX B NePBOH
yacTH Hamero pacckasa. (IIpu oroGpameHun A — 1y,
pasbuennio A = (n) COOTBETCTBYET, HallpuMep, XapakKrep
OZHOMEPHOIO TPHBHAJBHOIO pa3bHeHHs, a4 Y(n—I, 1) PABHO
VNOMSIHYTOMY BBILIE ¥u’.)

®agtuyeckd Ppobenuyc mnoayqun 60jee CUIbHHINA
pesyiabTaT. C KaxapiM pasbueHHeM A == (A1, M, ..., As)
(M=M= ... Z=hs) OH cBs3an JBe (QyHKUHMH OT
m > n nepemeHunx Xi, Xs, ..., Xm

(X, Xoy voey Xm) =TI (X} 4+ X7 0. + X
44
Up X1y Xgy o0 0y Xp)=

. Atm=1_ 2. 4+m—1 A tm=1
—— Z Slgn (T") qu‘!([) th(Z) s X,‘Tm)
o (X;—Xp
= Cm 1I<i<j<m

(nperunonaraercs, uro A;==0 mpu j > s). @yHKUUH S)
g U, ABIMIOTCS CHMMETPDHUECKHMH MHOFOYJIEeHaMH OT
X1, X2 «vey Xm (a1 Uy, 3T0 cllexyeT H3 OJHOTO TOXKAE-
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ctBa Axo6m u Tpyau) u CBS3aHLI OAHA ¢ APYrof pae
BCHCTBOM

() S, = ; WU,

Qpobennyc yrasan LI KaXaoH NepecTaHOBKH o & &,
TaKoe pasbuenue p, 4to Y, (0)=1y% mnpu Bcex A. (Hano
3aMMcaTh 6 B BHJAE NPOH3BelleHHs LMKJIOB, He HMeEIOLIUX
OOLLHX 3JIEMEHTOB; €CIH Pj = Mo = +.0 == s — JJIHHH
9THX IHUKJOB, TO P ==(i, Mg, «.», Hs)— HCKOMOE Dpa3s-
Ouenue.)

CoortHoutenne (1) MOKHO paccMarTpHBaTb KAaK CH-
cTeMy YpaBHeHHH, KOTopylo cJienyer pewdth, Ilpu
u = (n) pelLueHHe Jerko HaXOoAHTCA:

n

S(n) = 2 (""' l)i U(n- L L1, 0es )

=

OueBnaHo, UTO Sy PaBHO mpou3BefeHHI0 Sy y. IloaTomy
AJsl onpeAeneHMst ¥§ B o0meM ciaydae MOJIE3HO HMETh

dopmyay ana npousBefieHus U,, a HMEHHO PaBeHCTBO
BHA

2) UU,= 2% ¢, U,

(eciu A — pa3CueHHe YHCAA Ny, a W— pa3bueHue nNa,
TO CYMMUPOBaHHe BeAeTCS 10 BCceM pa3bGHEeHHSAM v 4HC/A
ni + ng).

Cucremy ypaBHeHHBI (2) KenaTeNbHO yMeTb pelllaTh
u mo gpyroi npuwune, M. Llyp B 1901 r, mokasan, uto

ecId A= (A1, A2, ..., As)— pasbueHue ¢ s=<cm, TO,
comocTaBMB Kaxa0il Mmarpuue g uucio U, (&1, &2 ...y Em),
rae &, &, ..., Em— coGCTBeHHEIe 3HAUEHHA g, MBI 110-

JAy4YuM HenpuBoAumuiil xapakrep rpynnsl GL»(C). Kpo-
Me TOrO, YKa3aHHHIMH (DYHKIHfAMH 1O CyLIeCTBY Hcuyep-
NLIB2IOTCS BCe HENPUBOAUMEIE XapaKTepel [pymmb
GLn(C). ITosToMy uuena c¢) , MOXKHO TPaKTOBaTk KakK

KPATHOCTH B TEH3OPHHX TPOH3BENEHHSAX INpelcTaBJeHHH
GLn(C). Takum obpasoM, ¢} , ROJKHB OBITE UCHHMH

HeOTPHHATEJbHHMA.
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Uucaa ¢} , BBI3HIBAIOT HHTepec ellle ¥ HOTOMY, 4TO

OHY ONHMCHIBAKOT YMHOXKEHUE B KOJbil€ KOTOMOJOTHH MHO-
roobpasus I'paccmana.
Ilepeiinem tenepp k ompeneienuio ¢y . Ilpexne

BCEro, MOXHO [10KasaTb, YTO ¢} , OTJIHYHO OT Hyas,

JHIbL eCcaAu Ay << vy, A2 <X Ve, ... . IIYyCTh 3TH YCJNOBUS
BLIIOJNHEHB. Torga MOXHO BBeCTH MOHSITHE «KOCOH» Ka-
HOHHUEeCKOH Tabiuus tuna v/A. Takde TabauUEBEl CTPOAT-
ca caedyrouum obpasoMm. B puarpamme rtena v orbpa-
ChiBaeM IIepBBHIEe A; KJACTOK NepBOH CTPOKH, IepBble Ao
KJIEeTOK BTOPOH CTPOKM M T, A. (CM. pHuc. 35, rge v ==

3 | 4
5 |6
1
2 |7
Puc. 35. Puc. 36.

= (5, 4, 2, 2), A=(3, 2, 1)). BoucaB B KJaeTKH 3TOli
auarpaMMel uHcaa ot 1 g0 (vi—A) - (ve—hAo) 4 ...
Tak, 4TOObI B KaxXJOM CT0J0Ie CBepXy BHU3 # B KaXKAOM
CTPOKE CJIeBa HAIpaBo yMcJa BO3PacTtasd, MONYYUM KO-
CYI0 KaHOHH4YeCKylo TabJauuy rtuma v/A (418 YyKa3aHHBIX
BhiUle v H A TpuUMep TakoH Tabjaulsl NpPUBeleH Ha
puc. 36).

Kocyio KaHOHH4YecKyio TalbjHuily MOXKHO mnpeobpaso-
BaTh B 00bIuHy0. [lasi 9TOrO0 BhiGEpEM B AdarpaMme THIIA
)\ Kakyoo-HUOYILb KJAETKYy, CTOSALLYI0 HA NOCAeJHEM MecTe
KaK B CBOEH CTPOKe, TAK H B CBoeM cToabue. B naua-
rpaMme THna v/A COOTBETCTBYHWILLee MECTO <«BAKAaHTHO»
{ckaxem, Ha puc. 36 BTOpoe MecTO BTOPOH CTPOKH).
Bosbmem Teneps B TabJjHue THIA v/A Ty U3 ABYX KJIETOK,
HaXONAIIUXCsE HelloCpeACTBEHHO ClipaBa HJM HENoCpen-
CTBEHHO CHH3y OT PacCMaTPHBAEMOro BAKAHTHOTO MecCTa,
B KOTOPOH 3amHCaHO MeHblUIee 4YHUCAO0 (a eclad Takas
KJeTKa TOJLKO OAHa, TO €e caMmy), U CABHHEM €€ Ha Ba-
KauTHoe MecTo (cM. puc. 37, rae BaKaHTHHIe MecTa 0060-
dHaYeHB! KHUPHOHA Touko#). IIpu sTOM HOJyuuTCA HOBOE
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BakKaHTHoe MecTto. Ecin npaBee m HHXKe Hero HHYeEro
HeT, TO MepBbIN 9TAI 3aKOHYeH. B npoTUBHOM chyuae Ges
peM KJeTKY HemoCpPeJCTBEHHO IlpaBee HJU Helocpen«
CTBEHHO HHIKe, COAepXamylo MeHbllee YHCAO (MAH eLnH»

3 4 3 14 3 14
e [ 85 |6 1 316 1 |5 1|6
1 ® 7
2 |17 2 17 2 1@
Puc. 37.

CTBEHHYIO), M cIBHraeM ee Ha BakaHTHoe Mecto. Ilpoe
IecC NpojoJKaeM J0 TeX NOp, NO0Ka Npasee H HHXE BO3<
HUKAIOero BaKaHTHOrO MecTa He ocTaHercs Ooablue
KieTok. B pe3syabrare BO3HHKaeT HOBaf KOCasg KaHOHH«

314 e 13 |4} , o3 |4
1 185 |6 1 |5 ]6 1 |5 |6
o |7 2 17 2 117
2
1 13 |4 ® |1 |3 4 1 13 14
® |5 |6 2 |85 |6 2 15 |6
2 {17 7 7

Puc. 38.

yeckas rtabauua (AJad paccMaTpHBaeMOro MpuMepa-—,
tHoma (5, 4, 2, 1)/(3,1,1); cm. puc. 37). Onucannyic npo-
LieYPY MOXKHO MOBTOPSAThH, NOKa He NOJyuHTCS oOHYHAA
KaHOHHYecKasa Ttabaumna, Pe3yibTar He 3aBHCHT OT BHl«
6opa HavuanbHOro BakaHTHOro Mecra. [IpofgoniKenue mnpo-
mecca AAA HaIIero nmpumepa nokasaso Ha pHc, 38, Tam
BOT, CPaBe[JIHBO YTBepKACHHE: YUCIHO KOCHX KaHOHH-
yeckHX TabJul, Tuna v/A, KOTOpPHE ONHCAHHLIM CIOCOOOM
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.
|

nepeBoAATCA B 32AdHHYIO KaHOHHUYECKYIO TaﬁJIPIIJ,y THIIA

u, paBHo ¢y .

B ¢opmyauposke 3TOro yTBepXKAeHHA A CAeIyIO
M. II. Iloruenbepxe. A caMo yTBepXAeHHe BOCXOAHT
K . 2. Jlurtasyny u 3. P. PuuapncoHy, KoTopHe yKa-
zanu B 1934 r. npaBuno, no3poasiiollee (B Hallell TepMH-
HOJIOTHH) $IBHO ONKCaTh KOCble KaHOHHYECKHEe TaO/HILHI,
npeobpasyomuecs B <TPHBHAJbHYIO» KaHOHHUYECKYIO

o(n)

o(n—1)

o(2)

1

o(l)

Puc. 39,

gaGaMIly THIIA B, Y KOTOPOH B NepBOii CTPOKe 3amHCaHBl
ypeaa 1, 2, ..., pu, BO BTOpoH — uncna py + I, w42, ...
eevy, W1+ pe H T. &. B ux pabore npaBuio GbJO AAHO
6e3 poKasaTe/bcTBA. Brnepsuie ero mpuBea B 1938 r.
T. ne B. PoGuucon B TOil Xe craThe, Ije ONHCaH H pac-
CMOTPEHHH B Hadaje 3KCKYPCHH cnoco6 nocrpoeHust
rabauusl A (o). Ilocnegnuit MoXHoO Temeph paccMaTpH-
BaThb KaK YaCTHBIA Clyyald H3JI0XKEHHOH Mpolelypsl: CO-
II0CTaBHB IEePecTaHOBKE O KOCYI0 KaHOHHYeCKyw Tab-
guny tama (n, n—1, ..., )/(n—1, n—2, ..., 1)
(puc. 39) H HCMONBL3YSA TONBKO YTO YKasaHHMH Merof, no-
ayuum A (o).

YrnoMsaHYTHE 00 CHX NOP CBA3H KOMOHHATOPHUKHU C TEO+
pHeidl npeAcCTaBJeHHH 3aKNIOYaNHCh B TOM, 4TO KOMOHHA-
TOpHHE Pe3yJbTaTH MOXKHO HCIIONL30BAThH B TCOPUH NpeA-
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Tuity

CTaBJeHUH, a nochAefHsAs AaeT HMNyJabe a8 KoMOHHA-
TOPHLIX HCCJEROBaHHH, NpHYEM MOAYAC CHellHaJHCTH IIO
TEOPUH NPeJCTaBJIEHHH HAXOAAT pelueHHe KOMOHHATOD-
HbIX BONpocoB (mpumep — dopmyaa nasa N,). B nocnen-
HHe roabf Obiia O6HApYyIKeHa HOBas CBA3bL MEXAY STHMH
o6JacTAMH: C [IOMOILLbIO TEOPHH MpeAcTaBJeHHH yaaNnoch
3aHOBO [JOKa3aTh HECKOJABKO CTAapHX KOMOHHAaTOPHBIX
¢opmya U HalTh 60JblIOE YHUCJIO HOBLIX.

Ob6parumMcs eme pas K ¢yuruuam U,. Kak nokasan
Illyp, oHU TO3BOAAIOT ONPELEJNHUTL MO CYLIECTBY BCE He-
upusoauMee xapaktepsl rpymns GL,(C). Ilpu arom
pasbuenne A =(0) orBeyaerT TPHBHANBLHOMY OIHOMED-
HOMY MPEACTaBJEHHUIO, XapaKTep KOTOPOro TOXKJeCTBEHHO
paseH 1. ITostomy U= 14

X — X)) =
I€i<1<m( l /)

. -1 -2 | 0
= Y, sign(®) X7 Xe@ -+ Xz m-,Xz me

‘CE@m

Ho 310 He uTO HHOe, Kak ¢opMyna AAf oNpefeNuTeas]
BaHnjepMonaa, KOTOPYKW MBI TeM CaMBIM 32HOBO AOQKa-
3a/4M OBl C MOMOLLBLIO TEOPHH NpeACTaBJACHHH, ecnH OH
ara QopMyna He HCNONL30BaJjach CyllecTBeHHuIM ofpa-
3oM B pabore Hlypa.

Bmecro rpymnsl GLn(C) unum ee aareGput Jim
gl(m,C) (mas TeopHH NpeACTaBJEHUH pasHUUa HeBe-
JIHK&) MOKHO paccMOTpeTb Heabi psajg GeCKOHeYHOMep-
HeiX aarebp Jiu (sBkauzosuw anrebpmi Kama — Myan,
KoTOophle sBJAsIOTCA anrebpamu Jiu Hag (G, u mo cyue-
cTBy ycrpoeHnl Kak g ®@ C|X, X~!], rie g— Hekoropas
npocras KoHeuHoMmephas ajare6pa Jiu waxn C, a X — ne-
pemennas)., [as kaxkgo# Tako# aare6psl JIu moay-
yaercs cBos ¢opMmysaa AJd XapakTepoB, Koropas, Kak
u B cayyae GL,(C), naer coOOTBEeTCTBYIOLIEE TOXAECTBO
yXKe JJAs HECKOJAbKHX MepeMeHHBX (TakHe TOXJecTBa
cmepsa Owid HaigeHw M. I'. MakjoHanbJoM HeCKOJBKO
NO-UHOMY, & 3aTeéM TaKuM BOT 00pasoM HMHTEPIPeTHpO-
BaHu Kamnem u Mynan).

[lToacraBasis BMecTO NMepeMeHHHX MNOJAXOIsllHe MHO-
TOWIeHbl OT OJHOH nepeMeHHOH X, MOXHO IOJYy4YaThk
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pasiaHyHBle TOXKeCcTBa Ansl GyHKUuH Dhinepa

QX)) = 2, (1—X".

N=ai

Dinep HccaesoBan 3Ty GYHKUMIO B CBSI3H ¢ HalileHHON
UM ¢opMyson
-1

o@=(1+ Fomx) .

rae p(n)— xonuuectBo pa3buenui uncna n. KoMGUHUPYS
aTy GopMyay C nepBbIM M3 YKa3aHHBIX HHXKe TOXKAECTB,
MOXCHO MNOJYYUTh HTepalHOHHYI0 ¢opMyay ansa p(n),
¢ noMowbio kotopoit Mawop [I. Mak-MsHoH BBYHCAUN
3HaueHus: p(n) aaa n < 200, M3 ero (omy6aukoBaHHOH
Xapau u Pamanyaxanom) Tabauugbnt H 3aHMCTBOBAHO
yKasanHoe panee sHauenue p(200).

C noMolibio YNOMSIHYTHX BhILIE NOJCTAHOBOK MNOJY-
yalorcs (B TaK HasblBaeMOM CJlyyae «IepBOro fOpsiaka»)
caeayomue ToxaecTsa aaa ¢ (X):

Q)= X (— 1) x¥F+HP (ditaep),
(XP =2, (4k+ 1) Xx**** (S1x06H),
—3—%—3;— = Z (— 1) Xx¥ (Faycec),
L= xr (Tayce),
=Y (= D*@e+ X (Topaom),
7:1(%(}%;—= Z (6% - 1) XBF+0I2 (Fopxon),
=L,
ST 6 T = 2 (— T,
$E§2;$(§z; Z (k+ 1) X(k’+k)l2
Y= T ()
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CyMMupOBaHHe Be3je BeAECTCA N0 BCceM HEJHM A&;
n
B ABYX HociaefHUX GopMynaax (g)—am CHMBOJ Jle«

)kaugpal, 1. e. —I1, 0 unm 1, cMOoTps mo TOMY, ¢ ueM
CPaBHHMO 4HCI0 n no Moiyaio 3. B cxkobkax cmpasa
npuseneHs! GaMRJIHH MaTeMAaTHKOB, BHepBule o6Hapy-
®upmnx (opmyny. [loacTanoBky, NMPUBOAJILYI0 K TOXK-
decTBy $Iko6GM, yxkasan MaxkaoHanbA, a NOACTAHOBKY,
C IOMOLIBI0 KOTOpPO#f moJiyuaeTcsd InepBoe TOXKAECTBO
Taycca,— [Ix. Jlenmoscku. IlopcraHOBkM Ais  Becex
ocTajibHBIX caydaeB Hawes B. I'. Kan.

Sl Bapeloch, 3TH INpHMepnl y6eAHUJH Bac, UTO TEOpUS
NpeACTaBJIeHHH MOXKeT NOAApUTh KOMOHHATOpHKe HeE
TOJbLKO NMPO6JEMEl, HO H UHTEPECHBLIE pe3yJbTaThl,
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